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“The significant problems we face cannot be solved
at the same level of thinking we were at when we
created them.”

- Albert Einstein

“We are what we repeatedly do.
Excellence, then, is not an act, but a habit.”
- Stephen R. Covey

“If a man does not face adversity in life, he cannot
develop a reliable and robust personality.”
- Yamamoto Tsunetomo
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ABSTRACT

This thesis is concerned with the performance aspect of a two-dimensional navigation
and collision avoidance problem. It considers both single and multiple vehicle settings.
In particular, the vehicles (agents) considered in this work are aircraft-like in the sense
of non-holonomic kinematics and bounded lower speed. Therefore agents are modeled
as unicycles to resemble the kinematics of an aircraft flying at constant altitude. By
performance we refer to task related criteria, like control effort, deviation from a nominal

speed or path, arrival time etc.

The proposed scheme combines the Navigation Functions (NFs) methodology with the
Model Predictive Control (MPC) framework. The motivation for this work was the fact
that a robot navigating by tracking an artificial potential field’s gradient direction cannot
choose one trajectory over another. The specifics change depending on the setting (single
or multi-agent navigation), but the main idea is to deviate from the direction of a NF’s
gradient. A NF-based (feedback) control law is used as reference and an added devia-
tion term is calculated by solving a Finite Horizon Optimal Control Problem (FHOCP).
The performance criteria are encoded in the FHOCP’s cost functional. The lower speed
bound is satisfied by an appropriate NF-based linear velocity control law. An important
advantage of the proposed scheme is that the navigation properties (convergence, collision

avoidance) of the NF-based control scheme are preserved.

Two settings are examined. In the single agent navigation setting, a single nonholonomic
agent navigating in a workspace that contains static obstacles is considered. The artificial
potential field used is an extension of the original NFs, a Dipolar NF. Dipolar NFs
allow convergence to a desired orientation in addition to target destination. It should
be noted that, in the single agent case, our contribution is only a minor extension of [2].

In the multi-agent setting, the case of N nonholonomic agents navigating in the same
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workspace is examined. The multi-agent extension of the NFs methodology, a (dipolar)
Decentralized Navigation Function (DNF), is used to generate the artificial potential.
Furthermore two cases in the multi-agent setting are explored. Centralized predictive
navigation and decentralized predictive navigation. The difference lies in the information
available to each agent’s predictive controller for the solution of the FHOCP. In the
decentralized case, each agent does not take into account the decisions of others in the
control law calculation (a form of uncertainty). Therefore we employ event-triggered
(E-T) recalculations of the FHOCP. An event occurs when the discrepancy between the

predicted an actual performance of the agent exceeds some limit.

To verify the efficacy of the proposed schemes, i.e., the improvement in performance
with regard to (wrt) the (D)NF-based control laws, various navigation scenarios were
simulated in MATLAB. Simulations also provide comparative results, demonstrating the
difference in performance between each instance of the scheme: DNF-based control law
(no deviation), Centralized predictive navigation, Decentralized predictive navigation (no

E-T) and Decentralized E-T predictive navigation.

Keywords: Nonholonomic vehicle, Navigation Functions, Model Predictive Control, Pre-
dictive Navigation, Multi—agent system, Decentralized navigation, Event-triggered navi-

gation, Air—Traffic Management
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EKTENHY IIEPIAHUH !

20vodn

Avth 1 Ammhwpatix epyaoia aoyolelton pe to {ATHO TG AELTOURYIXNAS amdd0oTS EVOG
TEOPAAUATOC DUBLAGTATNG TAOTYNOTS XU ATOPUYHG CUYXPOUCEWY. Ou UEAETHAGOUPE TOGO TO
TEOPANUA EVOS OYAUATOS, OGO Xk AUTO TWV TOAMY. LUYAEXQUIEVA, TAL OY AUATA (npdxTopeg)
elvot TOTOL AEPOTAGYOU, UTO TNY EVVOLXL OTL UOVTEAOTIOLOUVTUL UE [UT)-OAOVOUXT] XVNUOTIXT)
XU XATOTATO 60 GTNY TayLTNTA Touc. Me TOV PO ATHBOGT) AVAPEPOUACTE GE XPLTHpLa
OYETWXE UE TO EXACTOTE GEVAPLO, OTWS EAXYICTOTOMOT) TNG EVEQYELAS, UTOXALGT) OO XUTOLX

OVOUOOTIXA TOYDTNTA K ToOYLd X.o.
M 1 TOYVTTTAL 1) TROY

To oyfua eréyyou mou mpotelvouue ouvdLAlel T uéVodo twv Yuvapthcewy IThofynong
(X1I) pe auth tou llpoBrentivol Eréyyou (Ilapopthuata A1, A.2). To xivhteo yio auth
N Oovked ebvonr To YEYOVOG OTL €val OUTOT Tou xweltan axohovlwvTag TV XxAlon €vog
TEYVNTOL duvauixol Tedlou dev umopel va emAéler Ty tpoyld Tou. Omndte, 1 AEVTEIXY
Wéa elvar to Gymua (mpdxTopac) vo amoxhiver and v xatebduvon tou opilet 1 xhion g
Yuvdptnone IThoARynong. ‘Evag vopog avddpaong, Pactouévog otn Xl1I, yenowonoeitou
WS avopopd, ot oc autdy TpooTileTon €vag 6pog ATOXMOTE TOU TEOXUTTEL and TN AUOT)
evoc mpoPAfuatoc Bedtiotou ehéyyou ue enepaouévo optlovta. Ta xpitripla Aettoupyixnc
ATOO0CTS XWOLXOTOLOUYTOL GE EVA CUVIRTNOWIXO, EVG 1) AToUTNOT| YLl PRAYHEVY] XATWTERT

TOYUTNTO LXOVOTOLOOVTAL AT TOV 0pYLX6 VOUO EAEYYOU Yol T Yeauux T taytnte. Bootxo

TAbyo tne mindopas bpwy tne Yewmplog cUSTNUATOY, AUTOUSTOU ENEYYOU XU POUTOTIXAC, TTOU dUC-
TUY WS BEV TUYYEVOUY ETUTUYNUEVNS UETAPEaoNE oTal EAANVIXG, 0AAS €X TV TEUYUITWY EUTEQLEYOVTOL OTNV
napovoa epyacio, o xuplwg Yépoc authc elvar oty AyyAu| Yhwooo. Ilapolautd, oe auth v evotnta
napéyeTon Lol exTeTapéVn TeplAndn ota EAAnvixd.
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TAEOVEX T TNG PEVOBOU elvan 6L, ETTAL0Y, BLATNEOUYTOL O MAdNUATIXES EYYUNOELS TOU

TPOGEPEPE TO vy 0 oy fua erEYyou, Bactouévo €&’ ohoxhfpou oe X1

YNy TERINTWOT) TOU EVOS O AUATOC, TO TEYVNTO duvauLxd Tedio efvar uta Simolx | Xuvdptnon
IMofynone (Iapdptnua A.1.3), evéd 610 TOAUTEAXTOPIXG GUGTNUA YETOWOTOUVTOL SLITo-
Axée Anoxevitpwuévee Luvapthioec IThovynone (Hopdetua A.1.4). Eto tolunpoxtopixd
OEVAPLO, TPOTEIVOUUE Xl CUYXEVTPWUEVO XAl ATOXEVTIPWUEVO GY U TROBAETTIXAS TAOTYNOTG.
H Swagopd €yxeiton otnv TAnpogopla mou €yer oTn Sdect| Tou 0 TEdXTOPAS OTAY AUVEL
10 TEOPBANUa Pehtiotou eAEyyou.  XTNV AMOXEVIPWUEVY TERITTWOT, 0 xdVe TEdXTOPAS
0c Aaufdver unddiv T ano@doelc Twv umololnwy (woc wopehc afeBadtna).  Ondrte,
TPOTEIVOUYE TNV EXTEAEOT] TwY LTohoYIoU®Y Pdoet oupBavtov (Hapdptnua A.3), xar oy
omAd ovd ToxTA Y povixd dtac Tt Eva cupfBdy AauBdver Empa dtay 1) dtopopd UETAEY TNG

TEOPAETOUEVTS %ot TN TRy UaTixrg amddoorg evog mpdxtopa utepPBalvel xdmolo Oplo.

[t vor enaAnebooupe TNV ATOTEAEGUATIXOTNTA TOU TROTEVOUEVOU Oy AUATOC EAEY Y OU, ONAADT
™) Bedtiwon ot hertoupyiny) anddoor oe GEEOT UE TOV apyxO VOUo eAéyyou Baciouévo ot
Y11, npocopoimoaue mouxido cevdpta oto MATLAB. Ané autd e&dyaue ouyxpttixd omo-
TEAEOPOTA, TOOO Yo TNV TERITTWOT TOU EVOS TEUXTOPA, 00O XU YId TNV TERINTWoT TOU

TOAUTEAXTOPXOU GUOTAUATOS (ATOXEVTPOUEVOU X0 U)).

Axohoulel o extevic tepthndn Tou xuplou Yépoug authc Tng epyactag ota EAAnvixd.

AéZeic Khewdd: Nonholonomic vehicles, Navigation Functions, Model Predictive Con-
trol (MPC), Predictive Navigation, Multi—agent system, Decentralized navigation, Event-

triggered navigation, Air—Traffic Management

Bihoypaopinr) Avaoxdnnon

Mo shdion ueddiwy mou €ouv mpotoel Yl To TEOBANUA TOU TEOYPUUUATIONOU TopElag ebvou
oL TEYVNTS SuvoLXd TEDLa [3]. Buyxexpuéva, ot Anoxevipwuéveg Yuvopthoeg [IoRynong
(AXTI) [4] efvor o Tohumpoxtoptxy| enéxtacy, Twv Luvopthoewy Ihofynone [5]. ‘Alec
TeooeYYIoES Yl TY TAOHYNOT /XU TO GUVTOVIOUS TOAUTPUXTOPIXWY CUCTIUATWY YEYol-

wonototv Ilpohentind ‘Ereyyo (n.y. [6, 7, 8, 9, 10]).

Ot Souketée mou oyetilovia TeploobdTepo Ue Ty apoloa epyaota elvon ot [7] xou [2]. Xtny

[7], mpoteiveton o wéVodoc 6mou évar oyrua Ipofhentinot EXéyyou napdyet evdidueooug
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otdyoug yio wo AXTIL v [2], ot ouyypageic napouctdlouy éva mhaioto yio Ty mhorynon
eVOg pounot yernowornotwvtag eniong mpoBiédec. To mpdfBinua tou Behtiotou eréyyou
renepacyévou optlovia avtyetwniletor ye tn yehon Tuyuornomuévey Alyopiduwy [11].

Medodoroyieg ITpofrentinod EAcyyou Pacioyevov oe cugfavta €youv tpotatel oTig €p-
vooleg [12, 13, 14].

[Tp6BAnuo xou Hpooeyyton

Movtelomolnon

Ta unéd perétn oyfuata (eite éva, eite ToMOMAL) LoviEROTOWUVTOL G POVOXUXAA. Anhadt

oAV XWVNUATIXG 0EROOXAPY) TOU XWOUVTAUL G oToepd Oog.
. T V; COS @;
. Pi . .
QG= | |= |4 |=| wsing |, (1)
o; :
o Wi
6mou p; 1) VE€on xot @; 0 TEOGAVATOAMGUOS Tou oy Aatog 4. To Sidvucua eréyyou etvan:

u; = [Uz‘ wi]T

To oyfuata Jewpolvton un-onuetaxd. Juyxexpuléva, xdlde éva Bploxetar 610 EoWTERLXO
€VO¢ B0, ONAUDY) TNG TPOCTATEVUEVNC TEPLOY TS TOU, OTWS QUVETAL GTO Oy UL

H ovopootixd toydtnta nthiong tou xdde oyfuatog diveton and T oyéon:

Uid, llp: — Piall > 70
||Pz' _pid“ '
To

UZ‘ - y
Uia, ||pi — piall < 7o

6mouL 1 1) axTiva VO % OXA0U YHPW ATO TOV TPOORICUO Qig TOU EXACTOTE OYHUATOS.
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L S. oW L S. oW
= Raq,,

[Tpoaéyyion (HpoPrentins [Thorynon)
Oa YeNCUOTOLCOUUE WG AVAPOES TOV THUPAXYT® VOUO Yiol TOV EAEYYO TOU EVOG TRAXTOQRN

v = —sgn(P)-U, (3a)
W= _k¢(¢ - ¢nh) + d)nh; (3ﬁ)

cu



6ToL

N Yd

X0 TOV ToEaXdTw Yo xdde by nua TOU TOAUTEAXTOPXO) GUGTAHATOS:

09,

v; = 8<I>Z 4 EUZ‘ ‘ (50()
—s, - 0L O U(P = o)
1 ’PZ’ bl at K2 A
wi = — ko(di — dnni) + ¢nhz (58)
OTou ;
i + Ji
®,(pi) = T (6)

((yai + fi)F + Hppi - Gy - 501')1/'“7

To xprtiipLor AELTOUPYIXAG ATODOCTC XWOLXOTOLOUVTAL GTO OAOXATIPWUA TOU GUYAPTNGLAXOY

t+T
J@qmﬂwzl‘.Mmﬂmvmh+¢ma+ﬂx (7)

omou T' etvon 0 ypovixodg optlovtag tng TEOPAedng, EVe T 0 TEAYPATINOS YPOVOS.

Ewdyouue wo andxhiorn 6 and v xatedduvor mou opilet 1 xAiorn tou TESOU @y xoU

unoloy{Couue T BéEATIOTN andxiior 0% Aovovtog To Tapodtew TeoBinua fehtiotou eAéyyou:

t+T
JtauT) = [ Aatr)u()+ o+ 1), ®)
t
J(t,q,T) = oin, J(t,q,u,T), (9)
O*[t,t +T) =arg J*(t,q,T), (10)

Omnéte ta Véa oyfpata TEoPAenTinAc TAOHYNONG, Yl €vay xal ToAlamhoUg TpdxTopES,

olvovTol and T TUpaxdTe CYECEL:
o 'Eva dynua/mpdxtopoc:

v = —sgn(P)U, (11a)
w = —kg(¢ = bun — 0%) + b + 0". (118)

St



o ITolunpaxtopixé olotrnua, i € N:

—s; - U; 3@‘? < Ui(|Pi| —€)

v; = a;;i + el . (120)
—Sj - 2 8251 > Ui(| P =€)

wi = — kg(ds — nni — 07) + Pui + 9? (128)

To medfhnua Behtiotou ehéyyou menepaouévou opilovta Vo avTiuetwmioTel Ue Tn yeron
Tuyoonotnuévwy Ahyoplduwy. Luyxexpléva, Hog EVOLUPESEL TO ATOTEAEGHO TOU TAURUXITE

AAPUATOC:

Afupoa 1: Anowtotyevog opriude deryudtov ([2],[11],[15]):

O oprdude derypdtov Ny mou eyyudton ott to J*(+) elvor ‘mdavé xovtvé erdytoto’ tou J(-),

7 X / 4
O€ ETUTEOO (v AU EUTULOTOOLVY) 1— 6 elvou:

(13)

Ye x&de otrypr) vtohoyiouot t, xdde/o npdxtopac Vo extelel Tov mapaxdtw ohyderduo:

Alyopuuog: Bektiotonolnon Ierepacuévou Optlovta

Hogdyetoot: o, 6, ©, P(9), T, J(ty,q,u,T)

1: Trohbytloe Tov emopxt| aptiud derypdtwy Ny and to Afuuo 1.

2: Anuotpynoe N, tu€aia delypota 0, m =1,..., N,

and éva oOvoho © C (=5, +7), olugwva ue tny xatavous;, P(6).
3 ytom =1:Ng

4: Anwotpynoe wa unodhgua andxhon 0™ [ty t + T') wg e&hc:
Ot b +T) = (1 — %)e*(tk) + (%)em, 6rou 7 € [0, 7).

5: llpocopoiwoe 10 clotnua oto Sdotnua [t, t, + 1) yenowonowdvrog v 0" [t tp, +T).
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6: YTroloyoe 1o J™(t, q,u, T).
7: TEPUATIONOS POy Yo

8: Awbhee O*[ty, tr, + T') = arg mingmp, 4, 11y J"(tr, q, 1, T).

H cuvohuch andxhion yio t > 0 divetoaw and tny arinrouyla
0(t) 2 0°[0,t1)] ... |0 [ths tis1)] - - - [0 [Eps tosr)] - - - [67°(E > ty), (14)

omou Ty elvon 1) ypovixy| oTtyUr| Tou Evag TedxTopas EWGHAYE GTNY TEpLOY T axTivag Ty YOpw

amo TOV TEOOLIGUO TOU.

Oewpntind Anoteréopata xou [lpocouotmoeic

Modnpatixéc Eyyuroeic

To mapondte pordnuoatixd cuutepdouata VEUEAWVOUY TNV TpoTevouevT pédodo. Ot arodeilelg

Toug undpéouy oo Hapaptrua A.5, ota Ayyhxd.

Afupa 2: Yuveyhc xar Ppayuévr Andxhor:
H anéxhor and tny xhion tng X1, 6nwe unoroyileton anéd tov Tapandvew Akyoprdyo, elvor

WL CUVEY TS CUVARTNOT TOL YPOVoU (xhdore CO) 2o ovoTotel To 6plo

s
0" (t —
0°(0)] < 5

Ocwpnua 1: YOvoho derypatoindiog:

"‘Eotw éva dynua mou xwvelton ue BAor 10 TpOTEWOUEVO GY AU EAEYYOU, ot Y 1 Ywvio UETAED
™ xMong e XII xou tou TpocavatoMopol Tou oyRuaTog. X xdE YpOVO EXTEAEGTS Ty

Tou Ahyopidpou, to clvoro © C (—F,+7) da divetow and 1n oyéon

O = (=5 + [ws(t) = O (t0)], +3 = l(te) = 0" (t))):



Téte €dv 10 || = |p — Pnn| ebvar apyixd prxpdtepo tou T, Vo mapoyeiver yia mdvta 670

Sudotnua [0, §).

Ibpoua 1: Tlemepaouévr yoauuxy| Ty TnTos

Eqg" 60wy ané 10 Ocwpnua 1 |¢ — ¢un| € [0, 5), 1 mpofol) g xhiong V@ otov dZova tou
oyfuatog, P, dev elvon moté€ undevixt) Yo p # pq. Ondte, 1 ypouu] taydtnTto v oTo VEOo

VOUO EAEYYOU OEV TIAEL TOTE GTO ANELPO.

[Mépropa 2: Katedduvor xivnong:

To Oeoprnua 1 utovoet 6TL av Eva oynua ZEXVACEL GTOY UTOYWEO ToW A6 TOV TEOOELOUO
TOU, PE TO apyixd BLdvuoua NG xAoNg Vo ToV 0ONYEL TPOG Tol EUTEOC (P < 0), t6te Yo
YenowdorotnUel povo xvnor Teog ol EUTEOS YLol TAOTYNOT) XAl ATOQUYY| CUYXPOLCEWY. AUTY

1 ouvdn ebvan amapainTy Yio EQapuoY ) o€ oyfuaTta TOTOU AEPOTAAVOU.

Oewpnua 2: Atoguyr cUYXEOUCEWY:

‘Eva éynua mou xveltan UE TO TPOTEWOUEVO O EAEYYOU TOPAUEVEL TAVTA ACQUAES,

OnAadY|, 0 cupPaivouy ToTé cUYXEOUCELS.

Ocpnua 3: XOyxAior 6Tov ETYUPNTO TPOORIGUO:

To éva oynua, xo®S XAl T0 TOAUTEAXTOPXO GUGTANA, ETLOEEOVTAL TOV OPLOUO UIAS GUVEY UG
ouvdptnong Luapunov , V. Emnkéov, xdlde mpdxtopag cuyxhivel 61OV Tpo0ploud Tou Py

Ue Tov EMYUPNTO TPOCAVATOAGUO Pg.

Arnoteréopata Hpocopoldoewy

[ ¢ mpocoyolwoelg yenoworotiinxay otoyela and 1o agpooxrdpog Airbus A321 . Buy-
xexpWéva, yio tThom oc udopeTeo 33000 todw, N BEATIoTY TorydTnTa TTHoTS efvon 454 x6uSot
[16]. "Apa Vétoupe U = 454 yio xdle dynua. H mpootateudpevn (v xdde oyruoatoc Yo

vt 1; = 2.5 vautixd uihe v To TohuTpoxToexd oVotnud (onéte 2-1; = 5H), xou r = 5
i M Y P e nu i 5
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7 ’ 7 7 14 /7 7 7 /
vouTixd Uikl yioo 10 oevdplo Ue To €va Oynua. Télog, ro = 10 vavtixd pila oe dho Ta

OEVAPLAL.

IIpocoyolwon: Eva oynua

2007 200
150 B 1500 il
100 B 100 il
501 B 50l i
€
£ o 4 > of il
>
-50 q -50 1 &l
100F 4 1000 il
-150f B 150k 4
2001 L L L L L 1 L L 200k I I I I I I I I
-250 -200 -150 -100 -50 0 50 100 150 200 250 -250 -200 -150 -100 -50 0 50 100 150 200 250
x [nm] X
(o) Exeyxtic pe Xuvopthoeic IIhovynone wovo. (B) HpoPhentinhy mhofynon.
14
80 1
121 T
>
=
9o
g |
=
2
>
[o]
c |
2
20 1 3
>
—
40 4 ]
60 1 |
801 8
0 560 10‘00 15‘00 20‘00 25‘00 0 500 10‘00 15‘00 2(;00 2500 3000

Time Time

Hapdpetpol oevapiou: T' = 700, T, = 300, Ny, =29, @ = R = 500.

1
TRZ>

cu



[Tpocoyolwon: Tlolumpouxtopind choTrnua

() IpoBrentxd TAofynon.

1000 2000 3000 4000 5000 6000 7000 8000 9000 1000 2000 3000 4000 5000 6000 7000 8000
Time Time

(v) Exeyxthc e Buvaptioewc IThofynong. (n) HpoBrentinh mhofynom.

Yuyxpitixd Anoteréoyota

[TocoTxd amoTEAEGUATA TOU GUYXEIVOUY TNV ATOTEAECUATIXOTYTOL TOU TROTEWVOUEVOL GY AUATOS
ENEYYOU UE TOV dpytxd EAeYXTH Topéyovtar oty Evotnta 4.3 (Ayyhixd).
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CHAPTER 1

Preface

1.1 Introduction

This work lies at the intersection of Robot Navigation, Multi-Agent Systems and Model-
Predictive Control (MPC), as depicted in Fig. 1.1. The ultimate objective is the design
of control schemes that can guarantee the convergence of one or more agents to their
goal configurations (destination plus desired orientation) along collision-free trajectories,

while taking into account task-specific performance criteria, e.g., minimum control effort.

Robot Multi-agent
Navigation Systems
Model- LS nests

Predictive Control

Figure 1.1: The approach proposed in this thesis employs tools from the topics of Robot
Navigation, Multi-Agent Systems and Model-Predictive Control.

The motivation for this work came from the emerging topic of automated Air Traffic
Control (ATC), which has attracted a lot of attention during the last years [19]. But,

automated ATC is just a subset of multi-agent navigation problems, that also include



settings where multiple robotic vehicles (ground, underwater, aerial) operate in a shared
workspace. However, automated ATC favors the design of control schemes that tackle the
issue of performance, since aircrafts operate over time horizons long enough to allow for
the solution of optimization problems on-line. MPC is one such scheme, as it generally

involves computationallly costly optimization.

Robot navigation, in particular Path or Motion planning, is a fundamental problem in
the field of robotics. In simple terms, it involves finding a safe path from the initial to the
desired configuration. Safety means avoidance of collision with obstacles while using this
path. We make a distintion with regard to (w.r.t.) the term collision'. In the single agent
case, collision refers to static obstacles that lie in the agent’s configuration space (state
constraints). In particular, these constraints result from actual obstacles in the agent’s
workspace. One such obstacle is the boundary of the workspace. In the multi-agent case,

PAN1A

collision refers both to the intersection of two or more agents’ “protected zones” and to
the intersection of an agent’s protected zone with the workspace boundary. A multi-agent

setting with static obstacles is not examined in this work.

By the term agent, we refer to a physical entity, e.g., a robotic agent, equipped with
computing power, sensing capabilities, actuators and some form of control scheme. The
kinematics and dynamics of an agent are of particular interest to Robot navigation as
each level of complexity in modelling requires increasingly advanced control schemes. In
this work, we focus are attention to a particular type of agent, a kinematic aircraft-
like agent. As will be discussed in detail later, an aircraft-like agent is an oriented two
dimensional disk of radius equal to the protected zone of the aircraft it represents. Its
kinematics are those of the unicycle, i.e., it is underactuated. This means that the agent
has three states, its position in a coordinate reference frame, and its orientation relative
to this frame, but only two control inputs, linear velocity and angular velocity. This
underactuation introduces a type of constraint on the agent’s motion called nonholonomic.
Nonholonomic constraints will be discussed in detail in a later section. Apart from an
aircraft, the unicycle model is also an abstraction for vehicles with similar kinematics,
like a differential drive robot or a car. However, for aircrafts, a lower bound on its speed
is also required. Vehicle dynamics are not examined in this work. In addition, there
is no uncertainty, stochastic or otherwise, due to external disturbances or model-system

mismatch. However, it will become evident that in a decentralized setting, the lack of

In ATC terminology, the terms conflict and loss of separation are used to describe what we refer to
as collision in this work. However, we will adopt the more general term collision, which is used in the
robot navigation literature. Likewise, collision avoidance substitutes the ATC term conflict resolution.



information w.r.t. the decisions of other agents, is a form of uncertainty w.r.t. each

particular agent.

Finally, the term performance does not refer to an algorithm’s computational complexity
but rather to physical quantities which depend on the particular task. Examples of
such task-specific performance criteria include, but are not limited to, minimum control
effort criteria, such as minimum fuel consumption, minimum deviation from a nominal
speed, e.g., an aircraft’s cruising speed, or nominal path, and minimum arrival time.
These criteria are stated as mathematical expressions and encoded in a functional (the
performance measure). This cost functional is one of the building blocks of a Model-
Predictive Control scheme. It should be noted that, in this work, hard constraints, such
as collision avoidance and a lower bound on an aircraft’s speed, are part of the navigation

problem, not performance criteria to be optimized.

All of the terms introduced in the introductory passage are explicitly defined in Chapter
2, along with some additional terms and assumptions required in order to mathematically

describe the problem statement.

1.2 Literature Review

A class of methods used to solve path planning problems is artificial potential fields [3]. In
particular, Decentralized Navigation Functions (DNFs) [4] are a multi-agent extension of
Rimon’s and Koditschek’s Navigation Functions (NFs) methodology [5]. Dipolar DNFs
offer guaranteed collision avoidance and convergence to target destination with the desired
orientation. Other approaches to the multi-agent navigation or coordination problem
employ Model Predictive (MPC) or Receding Horizon Control (RHC) Examples include
6,7, 8,9, 10].

A rough illustration of the literature related to our work is provided in Fig. 1.2. Most
relevant to this work are [7] and [2]. In [7], a distributed approach where MPC is used to
generate way-points for DNF's is proposed. At each iteration, each agent solves an opti-
mization problem and broadcasts its solution to others. The scheme is distributed since,
at each recalculation time, each agent solves an optimization problem and broadcasts its
solution to others. No theoretical guarantees were given on the convergence of the overall
scheme. In [2], the authors present a framework for the navigation of a single robot
that combines RHC and control Lyapunov functions. Control inputs are parametrized

using a perturbation on the direction of a potential field’s gradient. The Finite Horizon
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Figure 1.2: Rough illustration of the related literature.

Optimal Control Problem (FHOCP) is solved using randomized algorithms [11, 15] and

Lyapunov-like stability conditions are given in [20].

Event-triggered (E-T) nonlinear MPC appears in [13, 14]. In addition, event-triggered
strategies for model-predictive controllers have been proposed in [12]. In the above, events
are used to trigger a recalculation of a FHOCP when the system’s evolution differs from

the predicted one, due to external disturbances.

1.3 Contributions

The contributions of this work can be summarized as follows:

Extension of the work in [2] for a single nonholonomic vehicle using dipolar NF's.

Extension of the above scheme to multiple vehicles using dipolar DNF's.

e Improvements in order to make the scheme applicable to ATC scenarios.

Decentralization of the new scheme using an event-triggered strategy.

We offer hard, mathematical guarantees on the properties of the proposed schemes.
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However, the main contribution of this work is the Decentralized Event-Triggered Pre-
dictive Navigation scheme. Our results have already been published in [1]. Our paper [1]
and this thesis extend ideas from [2] to a decentralized multi-agent navigation setting by
employing Dipolar DNF's [4]. The aircraft-like vehicles considered here are modeled as
unicycles. The fact that agents navigating by tracking an artificial potential field’s gradi-
ent cannot choose one trajectory over another motivates us to introduce a deviation from
the direction of the DNF’s gradient. This deviation is calculated by solving a FHOCP,
using the randomized algorithms —based control design in [11] and [15]. The sampling set
is adjusted at each iteration such that the navigation properties of the original scheme
are preserved. Performance requirements are encoded in the cost functional. A DNF-
based controller guarantees that agents’ velocity is lower bounded. The overall scheme is
decentralized in the sense of [21], i.e., agents’ predictive controllers do not communicate
during navigation. The only additional information required, compared to the original
scheme using just DNFs, is the broadcast of each agent’s target configuration to other
agents at the beginning of the collision avoidance manoeuvre. This information exchange
is minimal compared to the broadcast of state and/or input trajectories. Decentralization
introduces uncertainty wrt each agent. This motivates us to use event-triggered recalcu-
lations of the FHOCP. An execution rule based on the discrepancy between the predicted
and actual performance of an agent generates the events. The inter-event times are lower
bounded in terms of the maximum values of the involved variables. Each agent derives

its own event times independently, in a decentralized and asynchronous manner.

1.4 Diploma Thesis Structure

The rest of this thesis is organized as follows. Chapter 2 casts the problem statement in
a mathematical setting, presents the tools that will be employed in our approach, and
also outlines our approach. In Chapter 3, the Predictive Navigation scheme for a single
aircraft-like vehicle is presented along with simulation results. Chapter 4 includes the
main contributions of this work. In §4.1, we present the Centralized Predictive Naviga-
tion scheme for multiple aircraft-like vehicles, whereas the Decentralized Event-Triggered
scheme is presented in §4.2. Simulation results are provided in both sections, but §4.3
presents additional comparative? simulations. Chapter 5 discusses our results, summarizes

our conclusions, and offers future research directions.

2The original DNF-based controller is compared to the proposed centralized and decentralized pre-
dictive navigation schemes in terms of a performance measure (§2.1.2).



Finally, two appendices are provided. Appendix A provides details on mathematical
and control theoretic tools that are mentioned and/or employed throughout this work.
The mathematical proofs of various lemmas, corollaries and theorems, in particular, are
gathered in Appendix A.5. Appendix B elaborates on the MATLAB code developed for

simulations of our proposed scheme.



CHAPTER 2

Problem Statement & Approach of
Solution

2.1 Technical Problem Statement

Regarding the accuracy of the model used to describe the motion of aircraft-like agents,
we are interested in the simplest abstraction. In particular, we want an agent model that
can capture three basic features of an aircraft:

e The lateral degree of freedom (d.o.f.) is not actuated;

e A volume of airspace surrounding an aircraft (protected zone) should not be in-

fringed upon by any another aircraft;
e Aircrafts cannot use zero-speed manoeuvres due to aerodynamic limitations such

as stalling.

These criteria are taken into account in §2.1.1, where an adequate agent model is pre-
sented. Briefly, the first criterion suggests the use of a nonholonomic model [22], the
second leads to modelling aircrafts as non-point agents and the third to lower bounding

agents’ speed.

Regarding the control objectives, we set three requirements:

e Convergence to the destination with the desired orientation;
e Safety, i.e., trajectories are collision-free;

e Improved performance wrt a performance measure.

The individual parts of our problem statement are introduced in the following sections.



2.1.1 Agent Modelling

Aircraft-like vehicles (agents) navigating in a 2-dimensional workspace W C R? are con-
sidered. In order to model the kinematics of an aircraft flying at constant altitude, each

agent is described by the unicycle model:

. T V; COS @;

q; = PZ = U | = v;sing; |, (2.1)
Gi -

Gi )

where i € N = {1,...,N} and I; £ [cos¢; sin¢;]" is a Jacobian matrix. The index i
will be omitted in the single agent scenario, whereas in the multi-agent setting N € N
is the total number of agents. Also p; = [z; yi]T is the position vector of agent ¢ wrt
an earth fixed frame and ¢; € (—, 7] its heading angle, i.e., the angle between agent i’s
longitudinal axis and the earth-fixed z-axis, as depicted in Figure 2.1. The configuration
of each agent is then q; € @ = W x (—m,m|. The control vector consists of the linear

and the angular velocities as follows:

u; = [Uz‘ wi]T

Each aircraft-like agent is subject to one nonholonomic constraint [22] due to underactu-

ation in the lateral d.o.f. In Pfaffian form, this constraint is expressed as:

[—sin¢; cos¢; 0] q; =0 (2.2)

Agents are considered non-point. Each one occupies a disk (its protected zone), of radius
r;, centered at p; € W (see Figure 2.1). The agents’ workspace is assumed to be a
2D disk of radius R,, centered at the origin of the earth-fixed frame. Its boundary
OW is considered an obstacle. Furthermore, a destination p;; and a desired orientation

oiq, at Ppig, is assigned to each agent. Therefore, the desired configuration of agent 7 is

Qid = [Piy id] "

Definition 2.1 (Collision). In the single agent case, the term collision will refer to the
intersection of an agent’s protected zone with the (static) obstacles that lie in W or with
the workspace boundary OW . In the multi-agent case, the term collision will refer to the
intersection of two or more agents’ protected zones or an agent’s protected zone with the

workspace boundary OW .



Figure 2.1: Aircraft-like agent ¢ and its protected zone (blue) of radius r;. The aircraft
sketch is not in scale wrt the protected zone.

Figure 2.2 illustrates the two different scenarios; single agent and multi-agent.

f—_-~\\ - \\
. B W e 2q. "
/ qq \\ / P Q34 \\

-———

/

Figure 2.2: Single agent (left) and multi-agent (right) scenarios. Blue is for agents, red

is for obstacles, and the orange arrows represent the goal configuration of each agent.



Finally, since we want to approximately model the motion of an aircraft, agents’ speed
should be lower bounded. This is in contrast to a car-like vehicle which is allowed to stop
(zero speed) during a collision avoidance manoeuvre. Therefore, a nominal speed U; is

assigned to each aircraft-like agent, as follows:

Uid, llp: — Pial| > 70
Hpi - pz‘d“ _
To

U, = (2.3)

)
Uia, ||pi — piall < 7o

where 1 is the radius of a circular region around each agent’s destination and U4 is the
desired absolute speed — constant or varying independently of the control scheme —,
that corresponds to an aircraft’s cruising speed. The switch in (2.3) is continuous; once
inside the region ||p; — piu|| < 7o, an agent’s speed is linearly reduced as a function of

the distance from the destination. A plot of equation (2.3) appears in Figure 2.3.

Nominal speed

0.5 b

0 I I I I I I I I I
2 1.8 1.6 1.4 1.2 1 0.8 0.6 0.4 0.2 0

Distance from destination

Figure 2.3: Nominal speed U; as a function of the distance from the destination

||pi — Pial|, as defined in the continuous switch (2.3). In this example, 7o = 1 and U; = 1.

Model used in Simulations

In the numerical examples and simulation results that we will present in Chapters 3 and

4, we will use realistic figures. Specifically, we will assume that all aircraft are of type

10



Airbus A321 (depicted in Fig. 2.4), flying at an altitude of 33000 ft, a typical cruising
altitude for commercial flights [7]. The airspeed at this altitude must belong to the range
[336, 540] knots ("), with a nominal value of 454 knots [16]. Thus, we set

Uiq = 454 knots ,Vi € N

Figure 2.4: Picture of an Airbus A321.

Regarding the aircrafts’ protected regions, we will use » = 5 nm (nautical miles) for the
single agent case. This corresponds to a minimum distance of 5 nm between the vehicle
and the boundary of an obstacle (undesired region of the workspace-airspace). In the
multi-agent setting, we will use r; = 2.5 nm, Vi € N. Again, this corresponds to a
minimum distance (separation) of 2r; = 5 nm between any two vehicles. Finally, the
radius ry of the neighbourhood around each agent’s destination p;q is set to 2.5r;, for all

scenarios.

2.1.2 Performance Measure

We will now mathematically define the term performance. High-level requirements, such
as minimum fuel consumption, can be represented by a performance measure of the
following form:
ty
| At amn (24)
to
where [to, /] is the time interval over which the performance of the system is quantified,

A(+,-) is a convex, positive definite function of the state, q, and the control input, u, and

11



T € [to, ts] is the integration variable. The exact structure of A(-,-), which we will call the
running cost function, may be straightforwardly dictated by the task requirements or the
choice may be less obvious. In the latter case, it is up to the control designer to formulate
the running cost function such that is corresponds to the actual task requirements. Some

examples are provided below:

e A running cost function that quantifies a trajectory tracking specification would be
of the form A(q(7)) = (q(7) — r(7)) "Q(q(7) — r(7)), where r(t) is the desired tra-

jectory and Q is a square, symmetric, weighting matrix of appropriate dimensions.

e A running cost function that quantifies a minimum control effort specification would
be of the form A(u(7)) = u(r) "Ru(r), where, likewise, R is a square, symmetric,

weighting matrix of appropriate dimensions.

e The individual performance requirements can be combined in one running cost

function by summation, e.g.,
Ala(r),u(r)) = (a(r) = (7)) 'Q(a(r) — x(r)) + u(r) 'Ru(7).

The functions in the examples provided above are quadratic and zero-mean attractive
cost functions. These functions penalize, i.e., assign higher values to, deviation from
the zero valued inputs, (q(7) — r(7)) = 0 and u(7) = 0 respectively. A visualization of
such (quadratic) functions is given in Fig. 2.5 (right). It is not necessary for the cost
functions to be quadratic. However, quadratic functions have some welcomed properties.
If Q and R are chosen to be positive definite, as is the case in practice, then A(:,-) is
strictly convex and there exists a unique global minimum [23]. Other cost functions that
may be used, depending on the task-specific performance requirements, include one-sided
attractive cost function, point-wise repulsive cost functions (see Fig. 2.6) and linearly

repulsive cost functions.

12
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The integral in equation 2.4 is a special case of functional. The mathematical term
“functional” refers to a map from a space of functions into its underlying scalar field. In
our case, Eq. 2.4 assigns a positive scalar value to each pair of state and input trajectories
q(7), u(r), where 7 € [to,tf]. In the remainder of this thesis, we will refer to Eq. 2.4
as the performance measure, or running cost, and to A(q(7),u(7)) as the running cost

function. The term "cost functional” will be introduced later.

2.1.3 Problem Statements

The three control objectives mentioned in §2.1 (convergence, safety, performance) are
integrated into the following problem statements. We describe both the original for-
mulations (convergence and safety only), and the ones including the performance re-
quirement. In the multi-agent case, we also make a distinction between centralized and
decentralized performance. In the former, there is one performance measure for the en-
tire multi-agent system. The corresponding running cost function is A(q(7), u(7)), where
d=[q{ 9 ...qy]  andu=[u] uj ...uy]". In the case of decentralized performance,

each agent tries to minimize its own performance measure ftzf Ai(qi(7),u(7))dr.

Single agent

Problem 2.1 (Single agent Navigation (original)). Design a control law for an
agent, described by the kinematic model (2.1), that will steer the agent to its target des-
tination pg with the desired orientation ¢q, while avoiding collisions with static obstacles

and the workspace boundary OW .

Problem 2.2 (Single agent Navigation (performance)). Design a control law for an
agent, described by the kinematic model (2.1), such that the resulting state and input tra-
jectories, q(7) and u(7) respectively, minimize a performance measure ftzf A(q(7),u(r))dr

and are also a solution to Problem 2.1.

Multi-agent

Problem 2.3 (Multi-agent Navigation (original)). Design a control law for each
agent i € N, described by the kinematic model (2.1), that will steer the agent to its target
destination p;q with the desired orientation ¢;q, while avoiding collisions, as defined in
Definition 2.1.

14



Problem 2.4 (Multi-agent Navigation (centralized performance)). Design a con-
trol law for each agent i € N, described by the kinematic model (2.1), such that the result-
ing state and input trajectories of the multi-agent system, q and u respectively, minimize

a performance measure Lif A(q(7),u(r))dr, and is also a solution to Problem 2.5.

Problem 2.5 (Multi-agent Navigation (decentralized performance)). Design a
control law for each agent i € N, described by the kinematic model (2.1), such that the
resulting state and input trajectories of each agent, q; and u; respectively, minimize each

performance measure j;zf Ai(qi(7),u;(7))dr, and is also a solution to Problem 2.3.

It will become apparent that, in practice, the minimization requirement in Problems 2.2,
2.4 and 2.5 will have to be relaxed. That is, the resulting solutions will still take into

account the corresponding performance measure, but they will be suboptimal.

2.2 Approach of Solution

Briefly, the approach we take to tackling the problems in §2.1.3 employs three method-
ologies; Navigation Functions (NFs), Nonlinear Model Predictive Control (NMPC) and
Randomized Algorithms. Specifically, NFs and NMPC are combined to derive novel con-
trol laws and Randomized Algorithms are used to tackle the online Finite Horizon Optimal
Control Problem (FHOCP). Once again, in the single agent case, our contribution is only
a minor extension of [2]; nonholonomic kinematics instead of single integrator. In the
decentralized multi-agent setting, we also employ concepts from Event-Triggered (E-T)

control. The reasons will become apparent as we present the decentralized methodology.

2.2.1 Navigation Functions—based Schemes

In this section we provide a brief overview of navigation schemes based on the Navigation
Functions (NF) methodology. In particular, we start with the control law for a single,
nonholonomic agent based on Dipolar Navigation Functions (see Appendix A.1.3). Then
we present the control laws which this work will expand on. That is, control laws based
on Decentralized dipolar Navigation Functions (see Appendix A.1.4) for the navigation of
multiple nonholonomic agents. A introduction to the Navigation Functions methodology,
from Khatib’s artificial potential fields to Decentralized Navigation Functions (DNF), is
provided in Appendix A.1.
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Single nonholonomic agent

Given an agent, described by the kinematic model (2.1), a spherical workspace W, static
obstacles in W, and a desired configuration qq € W x (—, 7] (see Fig. 2.2-left), one can

define a dipolar Navigation Function, based on [24] and [25], as follows:

- Yd
2®) = Hon G ) (2:5)

where v4(p) = ||p — p4l|” is the distance from the destination, and the obstacle function G
is defined in Appendix A.1.2. Furthermore, the term Sy; refers to the workspace bounding
obstacle, while H,,, corresponds to the artificial obstacle used to render the potential field
dipolar (see Appendix A.1.3 for figures and mathematical details). Finally, £ > 0 is a

tuning parameter for this class of NF's.

Navigation for the nonholonomic agent is based on the projection of the dipolar NF’s

gradient V& = [®, ®,]" on the agent’s heading direction (longitudinal axis):
P =cos¢ sing| - VO. (2.6)

The projection is depicted in Figure 2.7. The sign of P, s = sgn(P), determines the

direction of motion (forward/reverse). The sign function is defined as follows:

1, ifr>0
sgn(z) = L . (2.7)
-1, ifz<0.

Nonholonomic system cannot be stabilized by continuous, time-invariant, state feedback

control laws [26]. In [24], the authors propose a discontinuous feedback scheme. Control

laws u = [v w]' are of the generic form:

v = —kisgn(P) - ||V|, (2.8a)
w = —ka(& = 6un) + Gun, (2.8b)

where the nonholonomic heading angle ¢,5, and the projection of the current position

vector with respect to the destination, on the direction of the desired orientation, d, are
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Figure 2.7: Projection of dipolar NF’s gradient V& on the agent’s heading direction.

given as follows:

Gnn = atan2(sgn(d)®,, sgn(d)®,), (2.9)
d = [cos ¢g sin @y - (p — Pa)- (2.10)

In practice, the time derivative gzgnh is calculated numerically at each time step. The

two-argument function atan2(-,-) is defined as:
atan2(y,x) = arg (z,y), (z,y) € C.

Therefore, sgn(d) is equal to 1 in front of the target configuration, and —1 behind the
target configuration. Finally, k; and ks are positive real gains. To ensure the continuity
of ¢, on the destination, where the potential field’s gradient vanishes, V& = 0, we use

the following approximation scheme [27]:

~ N ¢nh7 p > €
Pnn = nh (—203 + 3€p2) + Pq (—2 (e — p)3 + 3e (e — p)z) (2.11)

63 bl —

where p = |/®2 + ®2 and e is a small positive constant. Thus, q@nh is continuous when
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p =0, where p = pg:

Gun(Pa) = M Gnp = lim G = G| = du.
P—Pd p—0 p=0
Control laws of the form (2.8) track the direction of a dipolar NF’s gradient. Using the
norm of V& to scale the linear velocity v is not mandatory. In an ATC-like scenario,
aircraft-like agents use their nominal speed U (see Eq. (2.3)), rather than ||V®||. That
is, v = —sgn(P)U. The interested reader is also referred to [28] for an analysis of control

laws derived from gradient flows, including the discontinuous type, similar to (2.8a).

Multiple nonholonomic agents

Similarly, in a multi-agent setting (see Fig. 2.2-right), a dipolar Decentralized Navigation
Function (DNF) is defined for each aircraft-like agent i € N, as it appears in [29]:

/ Yai + fi

P - 1/ 2.12
(PP ((Yai + f3)* + Hpni - Gi - Bo) /k ( )

where p’ refers to the current position of agent 7 and the current positions of all other
agents (since they appear in the “obstacle” function G;):
’ T T T T
P =[P - PiiPip1 - Pal -
Note that for the construction of ®;, no knowledge of agents’ 7 € N, j # 1, desired
configurations (or even destinations) q,, is required by agent i. The dependence of ®; on
p’, and even p;, will be dropped for the sake of notational brevity. Additional details on

the Multi-agent Navigation Functions methodology, including the construction of G; and

fi, are provided in Appendix A.1.4, and in the following references: [18, 29, 30, 31].

Collision avoidance and convergence depend on a decreasing rate for potential ®;, whose

time derivative can be expanded to two terms:

0%,

JF

. . : . . .. 09,
The second term is due to the motion of agent 4, while the partial derivative —— sums

ot
the effect of all, but the i*", agents’ motion on ®;; j € N, j # i. We remind the reader
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that Iz £ [COS (ZDZ sin (bi]—r, and that V(I)Z = [(I)zx (I)iy]T.

A DNF-based control law (similar to the one in [17]), that solves the multi-agent naviga-
tion and collision avoidance Problem 2.3, and is suitable for aircraft-like vehicles appears

below. The linear and angular velocities, v; and w; respectively, are given by:

—s;-U; 8({;1:- < Ui(|Pi| —¢)

v = 8;1: b g (2.14a)
—S; - ’R| , atl > Uz(‘Pl| — 6)

w; = — kg(di — Guni) + iy (2.14b)

where the nominal speed U; is given by 2.3, s; = sgn(P;), k4 is a positive real gain, and €
is a small positive constant. Similar to the single agent case, the nonholonomic heading

angle is defined as:

i = atan2(sgn(d;) Py, sgn(d;) @iy ),
d; = [COS Giq sin ¢z‘d] : (pz‘ - pz‘d)~

In the linear velocity control law (2.14a), the nominal speed U; is applied as long as it can
guarantee the decrease of ®;, while the angular velocity control law (2.14b) is responsible
for tracking the direction of the dipolar DNF’s gradient, V®;, by reducing the tracking
error, (¢; — dnni), between the agent’s orientation and the nonholonomic heading angle.
In Eq. (2.13), note that each agent is assumed to measure the position, orientation and

linear velocity of all other agents, but has no knowledge of their desired configurations.

2.2.2 Model-Predictive Navigation for Nonholonomic Agents

The inability of control laws (2.14a)—(2.14b) to handle performance criteria motivates
the use of Model-Predictive Control (MPC) methodologies. The term Model-Predictive
Navigation in particular was introduced by Piovesan and Tanner in [2]. Their approach,

along with the extensions developed in our work, is described below.

We introduce a performance measure (an extension of (2.4)) as follows:

J(tqu,T) = /t T Q) u(r))dr + Mgl £ T)), (2.15)
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where A(q(7),u(7)) is the running cost function (see §2.1.2) that encodes the desired
performance criteria, and M(q(t + 7)) is called the terminal cost and will be discussed
later. MPC is based on minimizing the functional (2.15), using iterative finite horizon
optimization, at each sampling time q(t), resulting in a feedback' scheme. The finite
horizon is quantified by the prediction horizon T > 0. Then, the minimizing control
policy

u'ft,t +7T) = arg m&n J(t,q,u,T), (2.16)

derived during the prediction phase [t,t + T'), is applied to the actual system over the
time interval [t,t 4+ T.), where 0 < T < T' is the (typically fixed) control horizon. Thus,
if ¢ is the current sampling instant, the next one would be ¢t + T,.. In our predictive
navigation framework, a Navigation Function will be used as the terminal cost in (2.15),
i.e., M(q(t+T)) = ®(q(t+T)). This is because the value of a NF at ¢ 4+ 7T can serve as
a heuristic or approximation of the cost-to-go from ¢t + 7T — co. It will become apparent
that no special requirements need to apply for a NF to be used as a terminal cost. For
example, we do not require the dipolar NF to be a Control Lyapunov function (which it

is not).

The rest of this section will specifically refer to Model-Predictive Navigation, not MPC in
general. A brief, general overview of Optimal and Model-Predictive Control is provided
in Appendix A.2. Furthermore, in this section we will discuss the proposed approach
in general, and the specifics of single agent and multi-agent navigation problems, with

performance criteria, will be presented in detail in Chapters 3 and 4, respectively.

Agents using a feedback control law based solely on the negated gradient of a Navigation
Function, cannot choose one trajectory over another while navigating. Their trajectory
only depends on initial-final conditions and NF’s parameters which are set at priori and,
in addition, are not intuitive for tuning. To this end, we introduce a deviation 6(t)
from the direction of the dipolar NF’s (DNF’s in the multi-agent case) gradient, ¢,,.

This deviation is translated into a control input, for use during the prediction phase, as

u(r) £ [2] =

where kg is once again a positive gain. To simplify the notation, an existing NF-based

follows:

0

A, Teftt+T) (2.17)
ko + 6

feedback control law will be denoted as “—k(q, V®)”. The control input u is incorporated

'Each optimization is performed in an open-loop fashion, but the resulting scheme is a feedback
control scheme since the system state is sampled, and the control policy/input is recalculated, at each
time instant. However, it is not a closed-loop feedback control scheme.
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into the original framework as follows:

u=u(q,V®,0) = —k(q, V®) + u(d). (2.18)

We are now ready to establish the generic Model-Predictive Navigation framework for

nonholonomic vehicles. Consider the following Finite Horizon Optimal Control Problem

(FHOCP):

t+T
J(t,q,u,T) = / Algq(7),u(r))dr + @t + T, (2.19a)
t
* T) = i T 2.1
J(t,q,T) siin, J(t,qu,T), (2.19b)
O*[t,t+T) =arg J*(t,q,T), (2.19¢)

where the term ®(t + 7T') is used to simplify the notation of ®(q(t + 7T')), since this
differs depending on the scenario (single or multi-agent). At each sampling instant,
{ teytesr, toyoy - = {0tk te + Tyt + 2T, ... }, the FHOCP (2.19) is solved for
0*[t,t + T) and the resulting control input

u" = —k(q,VP) + u(f")

is applied over the control horizon [tg,t; + T.). By letting “—k(q, V®)” be the control

laws for v and w presented in the previous section (§2.2.1), we get for each case:

e Single agent setting

v = —sgn(P)U, (2.20a)
W = _k¢(¢ - ¢nh - 0*) + Q‘th + 9* (220b)

e Multi-agent setting, 1 € N

00,
—Si'UZ‘ ot < Uz<|Pz| _E)
;- Ot LS U(P] - e)
Cer e B
wi = — kg(pi — Gpni — 07) + Buni + 9? (2.21b)

All parameters involved have been defined in the previous section. The specifics of the
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calculation of 6*, 8*, and 67, in the single, centralized multi-agent, and decentralized
multi-agent settings will be described in the corresponding chapters. Figure 2.8 illustrates

the deviation 6 from the direction of the dipolar NF’s gradient.

Figure 2.8: Nonholonomic heading angle ¢,; and deviation 6.

The following section presents the theoretic background of the optimization tool that will
be employed to tackle the FHOCP (2.19), i.e., Randomized Algorithms. Their application

to our Predictive Navigation setting with be presented for each setting individually.

Randomized Algorithms

The optimization implied in (2.19) is computationally complex and requires the use of
specialized optimization algorithms. However by relaxing the need for optimality, a class
of randomized algorithms used in distribution-free statistical learning methods can be
used to solve the FHOCP. The basic idea is to generate a sufficient number of candidate
solutions by sampling a set (according to some probability distribution P), simulate the

system’s dynamics using each candidate, and select the one that performs best [2].

Using the notation is [2], we state the following definition and lemma from [11] and [15].

Let 0 € X be a decision vector and R : X — R a cost functional. One is interested in
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the decision parameter o* that yields the best performance R* = info € ¥ R(0). Take
N independent and identically distributed (i.i.d.) random samples o;, i = 1... Ny from
¥ according to a probability distribution P(c). Then R* = min; R(0;) can approximate
R* [15].

Definition 2.2 (Probable near minimum [11]). Given R(o), 6 € (0,1), and « €
(0,1), a number R* € R is said to be a probable near minimum of R(c) to level a and
confidence 1 — 8, if there exists a set & C X measuring P{i} < «, such that

P{inf R(c) < R* < inf R(0)} > 1 -0
X T\E

Lemma 2.1 (Number of samples [2],[11],[15]). The number of samples Ny that guar-
antees R* is a “probable near minimum” of R(o) to level a and confidence 1 —§ satisfies:
In(1/9)

n(1=;)

N, > (2.22)

fum—
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CHAPTER 3

Single-agent Predictive Navigation

In this Chapter, we present a brief extension of the Model-Predictive Navigation scheme
in [2] to the case of nonholonomic (aircraft-like) agents. The analysis will be rather
superficial, since the main contribution of this work involves the multi-agent setting.

Therefore, additional discussion and mathematical details will be provided in Chapter 4.

3.1 Predictive Navigation for a Nonholonomic Agent

Consider an aircraft-like agent, described by the kinematic model (2.1), navigating in a
workspace (airspace) YW. Undesired regions of the workspace will be modelled as obstacles
(see Figure 3.1). The performance criteria are encoded in a performance measure (cost
functional) as stated in Eq. (3.1).

J(t,q,u,T) = /tt+ A(q(7),u(r))dr + ®(p(t+ 1)), (3.1)

where the running cost A(q(7),u(7)) is a function of the agent’s state and controls, that
encodes the performance criteria, and a dipolar Navigation Function (see Appendix A.1.3)

® is used as the terminal cost (see §2.2.2).

We are now ready to restate Problem 2.2, i.e., the predictive navigation problem for a

nonholonomic agent:

Problem 3.1 (Centralized Predictive Navigation). Given a dipolar DNF (2.12),
a running cost function A(q,u), and a prediction horizon T, derive, for each of the
prediction intervals [ty ty + T), the control strategies u*[ty,ty + T) that minimize (3.1)
for each interval, in such a way that their concatenation, applied over t € [0,00), is also

a solution to the original navigation Problem 2.1.
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Figure 3.1: An aircraft-like vehicle (blue disk) navigating a workspace with obstacles; i.e.
undesired regions (red disks). Its goal configuration q, is depicted with an orange arrow.

The optimal control problem to be solved for each prediction interval [ty, ty + T) is:

te+T
J(tr,q,u,T) = / Ala(r),u(r))dr + @(p(tx + 1)), (3.2a)
tg
* T) = 1 T 2
J (tka q, ) 0*[tI:,ltlkI}|—T) ‘](tk7 q,u, )7 (3 b)
[t tx + 1) = arg J*(ty,q,T), (3.2¢)

where 0* is the optimum deviation from the direction of the dipolar NF’s negated gradient.
Then the resulting deviation 6*[tg,t; + T') is applied to the agent, according to (2.20),
over the control phase [ty,txt1) = [tk, tr + T¢), and the FHOCP (3.2) is solved again for
the new system state q(tgt1)-

Since deviations 6*[ty, tx + T') will be calculated in a finite horizon manner, denote as

0*(t) the concatenation of deviations over t € [0, 00) as follows:
0*(t) 2 0°[0,t1)|0%[t1, t2)| . . - |07 [t trs) - - -, (3.3)

obtained iteratively by solving the FHOCP (3.2) at each recalculation time ¢, and ap-

plying the resulting deviation 0*[ty,tx + T') only over the time interval [ty,tx11), where
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tey1 =t + To. We set tg = 0 and 6*(0) £ 0.

Randomized Finite Horizon Optimization (Single—agent)

The optimization in the FHOCP (3.2) will be tackled using Randomized Algorithms. We

restate Lemma 2.1 in the current setting:

Lemma 3.1 (Number of samples (Single—agent)). The number of samples Ny that
guarantees J*(tg,q,T) is a “probable near minimum” of J(tx,q,u,T), to level o and

confidence 1 — 9, satisfies:

At each recalculation time t, the centralized authority calculates a near optimum devi-

ation vector 6*[ty, tx, + T') by executing Algorithm 1.

Algorithm 1: Single-agent Finite Horizon Optimization

Parameters: «, 0, ©, P(0), T, J(tx,q,u,T)
1: Calculate a sufficient number of samples N, using Lemma 3.1.

2: Generate N; i.i.d. random samples 6™, m =1,..., N,
from a set © C (—%,+%), according to the probability distribution P(6).

3: for m=1:Ng
4: Generate a candidate deviation 0™[ty, tx + T) as:

0" [te, te +T) = (1 — %)9*(%) + (%)9’", where 7 € [0,7") is a dummy time variable.

5: Simulate the agent’s dynamics over [tg,tx + T') using 0™ [ty t + T).
6: Calculate J"(tx,q,u,T).

7: end loop

8: Pick 6* [tk, tk + T) = arg mingm[tk,tk+T) Jm(tk, q,u, T)
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Each candidate deviation (Algorithm 1, Step 4) is a line segment (1st degree polynomial)
connecting the point (x,0*(tx)) with one of the Ny sampled points (tx + T,0™(t;, + 1))
of Step 2. Higher degree polynomials would result in “smoother” deviations but the

condition |0*(t)| < § (proven in Lemma 3.2) would not hold for any value of the involved

parameters (see Figure 3.2).
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Figure 3.2: Generation of candidate deviations 6™[ty, ¢, + T) — Step 4, Algorithm 1 —
using polynomials of increasing degree. Note that, despite the fact that samples 6 &
© C (—5,+7%), we cannot guarantee that 0™[t;,t, + 1) € © C (=7, +7%) for polynomials
higher than 1% degree. This is influenced by the following parameters: 0(t;,),0(t;,), T, 0™.

Finally denote by ty = inf{t : |[|p — pal| < 70} the time instant when the agent enters a
neighbourhood r( of its destination pgy. For ¢t > t;, 6 will be given as a function of the

distance S = ||p — pd||:

Ot >t;) =0(S) =S btty)

T02
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We could say that the predictive controller is “turned-oft” for ¢ > ¢;. This deviation term

has the following mathematical properties:

i 0(S =ry) = 6"(ty),

i, 6(S = 0) =0,
e o ds .
iii. (S =0) = S pls=o= 0.

Therefore 6*(t) is restated as in (3.4)

0 (t) £ 0%[0,t1)] ... |0 [ty trra)| - - | [tp, thga)| - - - |05 (2 > t4). (3.4)

Lemma 3.2 (Continuity and Boundedness of deviations). The deviation (3.4),
where O0*[ty,t, + T) is calculated by Algorithm 1 and applied over the control phase

[tr, trs1), is a continuous function of time (class C°) that satisfies the bound:

* T
0°(0)] < 3

Proof. The proof of Lemma 3.2 can be found in Appendix A.5, Proof A.1.

Sampling Set ©

The non-holonomic nature of the unicycle and the control law (2.20b) make it impossible
to accurately track a desired heading angle. A tracking error, (¢ — ¢, — 6), will be
present at all times. This means that the result of Lemma 3.2, i.e., |6*(t)| < 7, does not
guarantee that ¢ also satisfies [¢ — ¢,n| < 5. Satisfaction of this condition is necessary
to preserve the navigation properties of the original DNF—based control law (2.14b). At
each recalculation time ¢z, the sampling set © C (—7, +7) has to be adjusted accordingly

in order to take into account the tracking error.

Theorem 3.1 (Sampling Set adjustment (Single agent)). Consider an agent de-
scribed by Eq. (2.1) under the control law (2.21b) and denote by 1) the angle between the
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field’s gradient and the agent’s longitudinal axis. At each recalculation time t;, let the

sampling set © C (=%, +5) in Algorithm 1 be

O = (5 + [wa(t) — 05 (1), 35— llte) — 0" (t)).

Then if |1h| = |¢ — dnn| is initially smaller than 7, it will always remain in [0, 3).

Proof. The proof of Theorem 3.1 can be found in Appendix A.5, Proof A.2.

3.2 Analysis of Navigation Properties

We will now demonstrate how the predictive navigation scheme preserves the naviga-
tion properties of the original, DNF-based controller (2.20). This will be accomplished

through a series of corollaries and theorems.

Corollary 3.1 (Finite linear velocity). Since, by Theorem 3.1, |¢ — ¢nn| € [0,7), the
projection of the field’s gradient V® on an agent’s longitudinal axis, P, is never zero for

p # pa. Therefore the linear velocity v in (2.20a) does not go to infinity.
Proof. The proof of Corollary 3.1 can be found in Appendix A.5, Proof A.4.

Corollary 3.2 (Direction of motion). Theorem 5.1 implies that if an agent starts in
the subspace behind its target (d < 0 in §2.2.1), with the initial negated gradient vector
driving it forward (P < 0), only forward motion will be used for navigation and collision

avoidance. This is a necessary condition for application to aircraft-like vehicles.

Proof. The proof of Corollary 3.2 can be found in Appendix A.5, Proof A.5. The re-

quirements of Corollary 3.2 are mild and represent reasonable physical conditions.
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Theorem 3.2 (Collision Avoidance). An agent described by (2.1), navigating under

the control laws (2.20a)—(2.20b) remains always safe, i.e., no collisions occur at any time.

When the result of Theorem 3.2 is combined with that of Theorem 3.1 and Corollary
3.2, we get that the agent will avoid collisions without ever resorting to a change in the

direction of motion (from forward to reverse).

Proof. The proof of Theorem 3.2 can be found in Appendix A.5, Proof A.6.

Theorem 3.3 (Convergence of the multi-agent system). An agent described by
(2.1), navigating under the control laws (2.20a)—(2.20b), admits a continuous Lyapunov
function, V. In addition, the agent converges to its target destination pg with the desired

orientation ¢q.

Proof. The proof of Theorem 3.3 can be found in Appendix A.5, Proof A.8.

3.3 Simulation Results (Single agent)

The performance of the proposed scheme is verified via MATLAB simulations. The
agent parameters used in the simulation below are given in §2.1.1. In addition to those,
ky =3-107, and k = 7. The number of samples is calculated by Lemma 3.1. The cost

functional used is as follows:

J(tr,q,u,T) = / " [(P—Pa) QP — pa) + R -w’]dr + ®(p(ty + T)). (3.5)

123

The linear velocity v does not appear in the cost functional as it is regulated independently
by Equations (2.20a)—(2.3). We used the uniform probability distribution for P(#) in
Algorithm 1. Any parameters not provided, will appear in the caption of the respective

figure.
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Figure 3.4: Scenario 2 — The NF-based controller forces the agent to make unnecessary
turns. Using the predictive navigation scheme results in an improved trajectory. Param-
eters: T'= 500, T, = 300, N, =29, Q = R=0.
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CHAPTER 4

Multi-agent Predictive Navigation

Throughout this chapter, we will use the notation initially introduced in Chapter 2. The
multi-agent navigation setting involves N aircraft-like agents navigating in a common
workspace, as already illustrated in Figure 2.2(right). Each agent i €¢ N'={1,2,..., N}
is described by the kinematic model (2.1) and the additional properties described in §2.1.1.
In addition, a dipolar Decentralized Navigation Function (DNF) ®; (2.12) is defined for
each agent. Issues regarding the performance criteria differ between the centralized and
decentralized navigation settings. These will be described separately in §4.1 and §4.2

respectively. Finally, in §4.3, we present comparative simulation results.

4.1 Centralized Predictive Navigation

4.1.1 Centralized Predictive Control Scheme

This section provides the details and analysis of the approach presented in §2.2.2 that
are specific to a centralized multi-agent setting. Specifically, in this setting, there exists
a centralized authority that is responsible for deriving the deviation of all agents, i.e., the

decision (deviation) vector
0" = [0:,6;,...,0%]".

Since the centralized authority has access to the state q;, control inputs u; and deviation
07 of all agents, we will use the following notation for the multi-agent system. The

system’s configuration, position and control vectors respectively are as follows:

>

[af a5 ...ay]" € QV,
P! ps -..py]" €RY,

u/ uy ...uy]’ € R,

£ T Q
(1>

[I>
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In the centralized setting, performance is encoded in a single performance measure which

is a function of the multi-agent system as a whole. That is,

J(tqu,T) = /t Ala(r), u(r))dr + 3 @lp(t +T)), (4.1)

where the running cost A(q(7),u(7)) is a function of the multi-agent system’s state and
controls, that encodes the performance criteria, and the terminal cost is the sum of all

agents’ DNFs. The centralized predictive navigation scheme is depicted in Figure 4.1.

0Tt +T)

DNF-based
Controller

MPC  [¢----------

Figure 4.1: The centralized MPC scheme updates the deviation vector 8" at each recal-
culation time t;, and feeds it to the DNF-based controllers.

The DNF-based controllers, Eq. (2.21), provide inputs at each time instant ¢, whereas the
centralized authority (MPC scheme) updates the deviation vector 8* at each recalculation
time instant t5,1 = t + 7., where T is the control horizon (see §2.2.2), and k € N.

We are now ready to restate Problem 2.4, i.e., the centralized multi-agent predictive

navigation problem:

Problem 4.1 (Centralized Predictive Navigation). For the multi-agent system,
giwven a dipolar DNF' (2.12), a running cost function A(q,u), and a prediction horizon T,
derive, for each of the prediction intervals [ty,t, +T), the control strategies u*[ty, ty +T)
that minimize (4.1) for each interval, in such a way that their concatenation, applied over

t €10,00), is also a solution to the multi-agent navigation Problem 2.5.
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The optimal control problem to be solved for each prediction interval [ty,ty + T) is:

te+T N
J(te,q,u,T) = / Aa(r),u(r)dr + ) ®i(p(te + 1)), (4.2a)
tk i=1
J*(tg,q,T) = in _J(t T 4.2b
( k4, ) 9*[5:,1;13_11) ( k4, W, )7 ( )
O [ty tr, +T) = arg J*(t,q,T), (4.2¢)
where 0 = [07,0;,...,0%]", as already mentioned. Then the resulting deviation vector

0%t tp + T) is applied to the multi-agent system, according to (2.21), over the control
phase [ty, tkr1) = [tk, tx + Tc), and the FHOCP (4.2) is solved again for the new system
state q(tx+1). Note that the recalculation instants, {...,tx, tx41. .}, are common for all

agents, i.e., the recalculations are synchronous in the centralized setting’.

Since deviations 8" will be calculated in a finite horizon manner, denote as 6*(t) the

concatenation of deviations over ¢ € [0, 00) as follows:
0*(t) 2 0*[0,11)|0%[t1, t2)| . . . |0 [tr, ths1) - - -, (4.3)

obtained iteratively by solving the FHOCP (4.2) at each recalculation time ¢, and ap-
plying the resulting deviation 6*[tg,t; + 1) only over the time interval [ty,tx11). We set
to = 0 and 6*(0) £ 0.

Randomized Finite Horizon Optimization (Centralized)

In the centralized setting, we tackle the FHOCP (4.2) similarly to the single agent case.
Rather than solving for the deviation 6*[ty,tx + T'), we solve for the deviation vector
O [tite +T) = [05tr, tr + 1), 05plteste + 1)y ..., O5pltete + T)]". To simplify the
notation, if necessary, 8; will be used instead of 0*[ty, ¢, + T') to refer to the deviation
vector over the time interval [tg,t, + T'), and ;(t') will be used to denote the value of

the deviation at a specific time instant ¢’ € [tg, ¢, + T).

We restate Lemma 2.1 in the current setting:

Lemma 4.1 (Number of samples (Centralized)). The number of samples Ny that

guarantees J*(tg,q,T) is a “probable near minimum” of J(tx,q,u,T), to level o and

! This is in contrast to the Decentralized Event- Triggered scheme in §4.2.
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confidence 1 — ¢, satisfies:

At each recalculation time tj, the centralized authority calculates a near optimum devi-

ation vector @[ty t;, + T') by executing Algorithm 2.

Algorithm 2: Centralized Finite Horizon Optimization

Parameters: «, 9, ©, P(0), T, J(tx,q,u,T)
1: Calculate a sufficient number of samples N, using Lemma 4.1.

2: Generate N, i.i.d. random samples 0™, m =1,..., N,
from a set © C (—5,+%)Y, according to the probability distribution P(8).

3: for m=1:Ng
4: Generate a candidate deviation vector 8™ [ty, tx + T) as:

0" [ty tpy +T) = (1 — %)0*(25,@) + (%)07”, where 7 € [0,7) is a dummy time variable.

5: Simulate the multi-agent system’s dynamics over [tg,t; + 1) using 0™ [tg, tr, + T').
6: Calculate J"(t,q,u,T).
7: end loop

8: Pick O"[ty, tp + T') = argmingmp, 4, +7) J" (te,q, 1, T).

The i*™ row of the candidate deviation vector 8™[ty, 1, +T) (Step 4, Algorithm 2) is a line
segment (1st degree polynomial) connecting the point (¢, 67 (t,)) with the i*" element of
one of the Ny samples (¢, + T, 07 (t), + T)) of Step 2, i € M. Higher degree polynomials
would result in “smoother” deviations but the condition |f;(¢)| < § (proven in Lemma [#

Chapter 3|) would not hold for any value of the involved parameters, (see Figure 3.2).

Finally denote by t% = inf{t : ||p; — pi|| < 70} the time instant when agent i enters a

neighbourhood r( of its destination p;q. For t > tjc, 0; will be given as a function of the
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distance S; = ||p; — Pidl|:

0;(t > 1) = 0;(S;) = S;* -

We could say that the centralized authority no longer calculates a deviation for this agent

for t > tjf. This deviation term has the following mathematical properties:

do; dsS;

- Pils,=o= 0.

Therefore 0*(t) is restated as in (4.4)
0°(t) £ 0°[0,t1)| .. |07 [th, tisr)| - |O°[th, tesr)] ... |07 (E > ty), (4.4)

where téc is the first time an agent (say, agent ¢) entered the neighbourhood of its desti-

nation, and t; the time instant the last agent did so.

Lemma 4.2 (Continuity and Boundedness of deviations). Fach row of the devia-
tion vector (4.4), where each 0*[ty, t, +T) is calculated via Algorithm 2 and applied over
the control phases [tg,tyy1), 0 < tpy1 — tx, < T, is a continuous function of time (class
CY), that satisfies the bound

ymm<g Vie N

Proof. The proof of Lemma 4.2 can be found in Appendix A.5, Proof A.1.

Sampling Set ©

The non-holonomic nature of the unicycle and the control law (2.21b) make it impossible

to accurately track a desired heading angle. A tracking error, (¢; — ¢nn; — 07F), will be

2
guarantee that ¢; also satisfies |¢; — dnni| < 5. Satisfaction of this condition is necessary

present at all times. This means that the result of Lemma 4.2, i.e., |0/ (t)| < %, does not

to preserve the navigation properties of the original DNF-based control law (2.14b). At
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each recalculation time ¢, the sampling set © = ©' x ©2 x --- x OV C (=%, +%)N has

to be adjusted accordingly in order to take into account the tracking error.

Theorem 4.1 (Sampling Set adjustment (Centralized)). Consider the multi-agent
system, whose agents i € N are described by Eq. (2.1) and navigate under the control law
(2.21b), and denote by 1); the angle between the field’s gradient and the agent’s longitudinal

axis. At each recalculation time ty, let the sampling set © in Algorithm 2 be
Or =060, x07 x---x 0L x---x 6y,

where
O} = (=5 + [(te) — 65 (Bn)], +5 — Ialts) — 6 (80))):

Then if ;| = |¢s — dnnil is initially less than 5, it will always remain in [0,%), Vi € N.

Proof. The proof of Theorem 4.1 is almost identical to that of the decentralized case
(Theorem 4.4), which can be found in Appendix A.5, Proof A.2. This proof discusses

only the sampling of one agent, i.e., ©}, a subset of ©;. The extension is straightforward.

4.1.2 Analysis of Navigation Properties

We will now demonstrate how the multi-agent predictive navigation scheme preserves the
navigation properties of the original, DNF-based controller. This will be accomplished
through a series of corollaries and theorems. The main objective of this section is to
mathematically verify the applicability of the proposed Centralized Predictive Navigation

scheme to aircraft-like vehicles.

Corollary 4.1 (Finite linear velocity). Since, by Theorem j.1, |¢; — dnni| € [0,5),
Vi € N, the projection of the field’s gradient V;®; on each agent’s longitudinal azis, P;, is

never zero for p; # pia. Therefore the linear velocity v; in (2.21a) does not go to infinity.

Proof. The proof of Corollary 4.1 is almost identical to that of the decentralized case
(Theorem 4.3), which can be found in Appendix A.5, Proof A.4.
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Corollary 4.2 (Direction of motion). Theorem /.1 implies that if an agent starts in
the subspace behind its target (d; < 0 in §2.2.1), with the initial negated gradient vector
driving it forward (P; < 0), only forward motion will be used for navigation and collision

avoidance. This is a necessary condition for application to aircraft-like vehicles.

Proof. The proof of Corollary 4.2 is almost identical to that of the decentralized case
(Theorem 4.4), which can be found in Appendix A.5, Proof A.5. The requirements of

Corollary 4.2 are mild and represent reasonable physical conditions.

Theorem 4.2 (Collision Avoidance). A team of agents described by (2.1), navigating
under the control law (2.21a) for linear velocities remains always safe, i.e., no collisions

occur at any time.

Proof. The proof of Theorem 4.2 is identical to that of the decentralized case (Theorem
4.5) and that of the original DNF-based controller. It can be found in Appendix A.5,
Proof A.7.

Theorem 4.3 (Convergence of the multi—agent system). The multi-agent system
described by (2.1), navigating under the control laws (2.21a)—(2.21b), where the deviations
(4.4) are computed in a centralized manner, admits a continuous Lyapunov function, V.

In addition, each agent i converges to its target destination p;q with the desired orientation

(;bid -

Proof. The proof of Theorem 4.3 is similar to that of the decentralized case (Theorem
4.6). A proof sketch is provided in Appendix A.5, Proof A.9, and the rest can be inferred
from Proof A.10.

4.1.3 Simulation Results (Centralized)

The performance of the centralized scheme is verified via MATLAB simulations. The

agents’ parameters used in the simulation below are given in §2.1.1. In addition to those,
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ky ="5-10"%, and k = 10. The number of samples is calculated by Lemma 4.1. The cost
functional used is as follows:

t+T N
Jit, ai, wi, T) =/ Q1P = pall* + Ri(v = U)*ldr + ) @i(p(ty +T),  (4.5)
t i=1

We used the uniform probability distribution for P(#) in Algorithm 2. Any parameters

not provided, will appear in the caption of the respective figure.
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4.2 Decentralized Predictive Navigation

4.2.1 Decentralized Predictive Control Scheme

This section provides the details and analysis of the approach presented in §2.2.2; that
are specific to a decentralized multi-agent setting. Specifically, in this setting, each agent
is equipped with its own predictive controller, and is responsible for calculating its devi-
ation 07 from the direction of a dipolar DNF, ®;, in a decentralized manner. However,
since an agent now solves a Finite Horizon Optimal Control Problem with limited in-
formation, discrepancies appear between its predicted state and actual state, over each
time interval [t,¢ + T.). Subsequently, there are also performance discrepancies, in terms
of the performance measure (cost functional). A simplified overview of the decentralized

predictive navigation scheme is given in Fig. 4.3.

& Tt t +T)

Figure 4.3: The decentralized MPC scheme on each agent updates the deviation 8 at each
recalculation time ¢, and feeds it to the DNF-based controller C (2.21). Note that agent
i does not have knowledge other agents’ decisions, i.e., deviations 67(¢). The derivation
of recalculation time instants {. .., %, ¢\ +1,--- } is not depicted in this figure.

As we shall see, recalculations of the FHOCP, i.e., executions of Algorithm 3, are asyn-

chronous in general. They are derived implicitly by an ezecution rule (event generator).
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One additional piece of information that we will require in the decentralized approach is
knowledge of all other agents’ goal configurations by each agent 7. This is accomplished
by a broadcasting of each agent’s goal configuration q;; to others, at the beginning of
the collision avoidance manoeuvre, i.e., at t = t; = 0. However, this is not mandatory
in order to guarantee safety and convergence. It is just a simplification to facilitate the

prediction phase, since the design of an estimator is beyond the scope of this work.

Similarly to the single agent and centralized multi-agent settings, we state the cost func-
tional, and the new, decentralized predictive navigation problem, Problem 4.2. For each

agent i € N/, the cost functional is given as follows:

Ji(t,qs, v, T) = /tt+ Ai(qi(7),u;(7))dr + @;(t + T), (4.6)

where the running cost A;(q;, u;) encodes the performance criteria of agent ¢ only. The

terminal cost is the value of a dipolar DNF, ®;, at time ¢ + 7.

Problem 4.2 (Decentralized Predictive Navigation). For each agent i € N, given
a DNF (2.12), a running cost function A;(q;,w;), and a prediction horizon T, derive,
for each of the prediction intervals [ti,t, + T), the control strategies u}[ti, ti + T) that
minimize (4.6) for each interval, in such a way that their concatenation, applied over

t € [0,00), is also a solution to the multi-agent navigation Problem 2.5.

The FHOCP to be solved by each agent ¢, over a prediction interval [t} t: + T') is:

. AT ,
Ji(ty, qi, wi, T) = / Ai(qi(7), wi(7))dr + @i(t;, + T), (4.7a)
th
J’L*( ;'mqin) = mm Ji(t27qiaui7T)7 (47b)
0,ti i +T)
0; [t ty + T) = awg J; (t),, a5, T). (4.7¢)

The resulting deviation 6} [t:, ¢ + T') is applied to the multi-agent system, according to
(2.21), over the control phase [t}, ;. ), and the FHOCP (4.2) is solved again for the new
system state q(tx.1). As mentioned already, in general, ¢ aF t: +T. in the decentralized

event-triggered scheme. However, we have that t} =2 = ... =t)) =1, 2 0.

Deviations 6 will be calculated in a finite horizon manner. Thus, denote by 60 (¢) the

concatenation of agent i’s deviations over ¢ € [0, 00) as follows:
07 (t) = 0710, 00107 [t1, 1)1 - . 07 [tk thgr) - - (4.8)
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obtained iteratively by solving the FHOCP (4.7) at each recalculation time ¢}, and ap-
plying the resulting deviation §;[t:, t: +T') over the control phase, i.e., only over the time
interval [ti,ti ). We set ;(0) £0, Vi € N\

Randomized Finite Horizon Optimization (Decentralized)
We restate Lemma 2.1 in the current setting:
Lemma 4.3 (Number of samples (Decentralized)). The number of samples Ny that

guarantees Jf(ti,q,T) is a “probable near minimum” of J;(ti,q,u,T), to level a and

confidence 1 — 0, satisfies:

At each recalculation time ti, agent i calculates a near optimum deviation 6;[ti, i + T)

by executing Algorithm 3.

Each candidate deviation (Algorithm 3, Step 4) is a line segment (1st degree polynomial)
connecting the point (¢i,07(¢i)) with one of the N, sampled points (¢ + 7,07 (t: + T))
of Step 2. Higher degree polynomials would result in “smoother” deviations but the
condition |0} ()| < § (proven in Lemma 4.4) would not hold for any value of the involved

parameters (see Figure 3.2).

Finally denote by t% = inf{t : ||p; — pi|| < 70} the time instant when agent i enters a
neighbourhood 7 of its destination p;q. For t > t%, 6; will be given as a function of the
distance S; = |[p; — pual|: Oi(t > t}) = 0,(S;) = S 0; (t})/ro®. We could say that the

Predictive Controller is “turned-oftf”. This deviation term has the following properties:

iii. 6;(S; = 0) = db;/dS; - dS;/dp; - p;

S;=0— 0
Therefore 0} (t) is restated as in (4.9) and depicted in Figure 4.4:
07 (t) = 07[0,41)] - 167 [th tiya)| - - - 1638 > £5). (4.9)
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Algorithm 3: Decentralized Finite Horizon Optimization

Parameters: a, §, ©, P(0), T, J(ti,q,u,T)
1: Calculate a sufficient number of samples N, using Lemma 4.3.

2: Generate N; i.i.d. random samples 6", m =1,..., Nq,
from a set © C (—%,+%)N, according to the probability distribution P(6).

3: for m=1: Ny
4: Generate a candidate deviation vector 07t} ¢t + T as:

. . T . T
07t 1+ T) = (1= D)0 (1) + (-

T)H;”, where 7 € [0,7") is a dummy time variable.

5: Simulate the multi-agent system’s dynamics over [ti, ¢ + T) using 0" [ti, ¢t + T).
6: Calculate J™(ti,q,u,T).
7: end loop

8: Pick 0f[tj, t} +T) = argmingmi yi 17 J™ (t, @, 0, T).

A
0,(t)
a A e

L R e

Figure 4.4: Concatenation of deviations as a function of time, Eq. (4.9), for agent i.

Stars denote the time instants a new deviation is calculated (either ¢, or t%).
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Lemma 4.4 (Continuity and Boundedness of deviations). The deviation (4.9),
where each 07 [ti, ¢, +T) is calculated by Algorithm 3 and applied over the control phases
[t th.q), 0 < th, —t. < T, is a continuous function of time (class C°) that satisfies the
bound

16:(8)] < g Vi€ N.

Proof. The proof of Lemma 4.4 can be found in Appendix A.5, Proof A.1.

Sampling Set ©

The non-holonomic nature of the unicycle and the control law (2.21b) make it impossible
to accurately track a desired heading angle. A tracking error, (¢; — ¢nn; — 07F), will be
present at all times. This means that the result of Lemma 4.2, i.e., |0 ()| < §, does not
guarantee that ¢; also satisfies [¢; — ¢npi| < 5. Satisfaction of this condition is necessary
to preserve the navigation properties of the original DNF-based control law (2.14b). At
each recalculation time ti, the sampling set © C (=%, +7%) has to be adjusted accordingly

in order to take into account the tracking error.

Theorem 4.4 (Sampling Set adjustment (Decentralized)). Consider an agent de-
scribed by Eq. (2.1) under the control law (2.21b) and denote by 1; the angle between the
field’s gradient and the agent’s longitudinal axis. At each recalculation time t, let the

sampling set © in Algorithm 3 be
i a5 i * (4 ) i * (4
O = (‘5 + |¢i(tk) —0; (tk)| >+§ — |¢i(tk) —0; (tk)l)

Then if [1hs| = |¢s — Gnni| is initially smaller than T, it will always remain in [0, 7).

Proof. The proof of Theorem 4.4 can be found in Appendix A.5, Proof A.2.

Nominal multi—agent System

In the centralized setting (central authority with perfect information) and in the absence

of uncertainty (external disturbances, model-system mismatch etc.), the solution of Al-
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gorithm 2 for each horizon [ty,tx + T') would also be (a probable near) optimum for the
actual evolution of agent i (over the control phase). In a decentralized setting however,
limited information is a source of uncertainty wrt each agent’s predictions. That is, each
agent ¢ does not have the information necessary to execute Step 5 of Algorithm 3. First

let us state the assumptions wrt information available:

I. Each agent can measure the configuration (position & orientation, q;) of all other

agents at each time instant.

II. Each agent can measure the speed (linear velocity v;) of all other agents at each

time instant. However, it has no knowledge of their nominal speed U;.
II1. Agents broadcast their target configuration q;q to all other agents at t = ¢, = 0.

IV. Agents’ predictive controllers do not exchange any information regarding their de-

cisions (future state or input trajectories and deviation trajectory).

Assumptions I, IT are present in similar settings, i.e., when DNF's are used for the naviga-
tion of nonholonomic agents [4]. The information exchange in Assumption III is minimal
compared to the broadcasting of state/input trajectories. Assumption IV is what differ-

entiates our decentralized scheme from a distributed [32] or cooperative approach [9)].

Definition 4.1 (Nominal multi—agent System). We define as nominal multi-agent
system, wrt agent i € N, the one whose agents j € N are described by (2.1) and navigate
under the control laws (2.21a)—(2.21b) with:

Ot t,+T), j=i

‘9]'[ ;c?t;c + T) = ' y (410&)
0, J#
~ Ul 5 :Z
Ug={ . i jEN. (4.10D)

Uj<t;'c)7 J 7&2

Deviations 67ttt +T) correspond to the samples generated by Algorithm 3. Regarding
the prediction phase of agent 4, it starts at the initial conditions: q;(;) = q;(t) and
0;(t;) = v;(ty), Vj € N, ie., the predicted trajectories at 7 = t} are equal to the
measurements made by agent ¢ at ¢ = ¢.. The rest of the predicted trajectories are
derived by calculating the direction of —V,;®; and applying control laws (2.21a)—(2.21b),

as stated above, over [ttt +T), Vj € N. Therefore uncertainty enters the system since,
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at each ti, agent i solves the FHOCP (4.7) by simulating the dynamics of the nominal
multi-agent system (Def. 4.1), i.e., without taking into account the future decisions of
other agents (deviation from —V;®;, j # i) and their actual desired absolute speed, Ujq.
In other words, agent i’s prediction is based on the nominal system’s assumptions (4.10),

not the actual evolution of the multi-agent system.

4.2.2 Event-Triggered Executions

We introduce event-triggered execution of the predictive navigation scheme (indepen-
dently on each agent), in order to tackle the deterioration in performance, caused by the

uncertainty described in the previous subsection. For each agent 7, denote by

Ci(r) = /; A (qi(7), @l (7))dt, ettt +T), (4.11a)
Ci(r) = /t: Ai(qi(7), ui(7))dt, T et ti+T) (4.11b)

the predicted and real running costs respectively, where q;, 4}, q;,u; correspond to the
predicted and real state and input trajectories of agent ¢ while applying the optimum (wrt
the nominal system) deviation 6 [t:, ¢ + T) = arg J(ti,q;, T). Due to the uncertainty
caused by decentralization, there will be a discrepancy between the predicted and actual
running costs. An execution rule will be introduced to derive the recalculation times
(events times) {t{,t5,...,ti ... }. Its goal will be to maintain the discrepancy below
some bound. Consider the inequality: C;(7) > C’Z(T) + ¢, where ¢, > 0 is the cost

discrepancy bound.

Then an appropriate execution rule for the event times is:

4 T, 7. .= inf{r : C(1) > C’,(T) +c.}
k1 =9 ‘ . (4.12)
tn + T, if Ci(ty, +T.) < Cith, +T,) + ce

where T, < T is the (maximum) control horizon. Execution rule (4.12) requires the
storing of the predicted cost éi(T), corresponding to 6 [ti, ¢: + T'), and monitoring of the

above inequality over the time interval [ti, i + T).

Let the running cost function A;(+) be of the general form:
Ai() = (@i — qia) ' Q(ai — qia) + Ri(Jvi] — U;)* + Row?, (4.13)
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where @ is a matrix of constant coefficients and R;, Ry, are constant parameters, used

for weighting purposes.

Lemma 4.5. For A;(-) of the form (4.13) and a bound c., the recalculation times
{ti,... ., ...}, implicitly defined by the execution rule (4.12) satisfy

Ce , :
O<W§t;€+1—t;ﬂ<T,
Zik

where

APE > A () = M(), T € [t +T), Yk €N and i € N.

Proof. The proof of Lemma 4.5 can be found in Appendix A.5, Proof A.3.

4.2.3 Analysis of Navigation Properties

We will now demonstrate how the multi-agent predictive navigation scheme preserves the
navigation properties of the original, DNF-based controller. This will be accomplished
through a series of corollaries and theorems. The main objective of this section is to
mathematically verify the applicability of the proposed Decentralized Event-triggered

Predictive Navigation scheme to aircraft-like vehicles.

Corollary 4.3 (Finite linear velocity). Since, by Theorem J.4, |¢; — dnni| € [0,5),
Vi € N, the projection of the field’s gradient V;®; on an agent’s longitudinal azis, P;, is

never zero for p; # pia. Therefore the linear velocity v; in (2.21a) does not go to infinity.

Proof. The proof of Corollary 4.3 can be found in Appendix A.5, Proof A.4.

Corollary 4.4 (Direction of motion). Theorem /./ implies that if an agent starts in
the subspace behind its target (d; < 0 in §2.2.1), with the initial negated gradient vector
driving it forward (P; < 0), only forward motion will be used for navigation and collision

avoidance. This is a necessary condition for application to aircraft-like vehicles.
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Proof. The proof of Corollary 4.4 can be found in Appendix A.5, Proof A.5. The re-

quirements of Corollary 4.4 are mild and represent reasonable physical conditions.

Theorem 4.5 (Collision Avoidance). A team of agents described by (2.1), navigating
under the control law (2.21a) for linear velocities remains always safe, i.e., no collisions

occur at any time.

Proof. The proof of Theorem 4.5 is identical to that of the original DNF-based controller.
It can be found in Appendix A.5, Proof A.7.

Theorem 4.6 (Convergence of the multi-agent system). The multi-agent system
described by (2.1), under the control laws (2.21a)—(2.21b), where the deviations (4.9)
are computed in a decentralized event-triggered manner, admits a continuous Lyapunov
function, V. In addition, each agent i converges to its target destination p;q with the

desired orientation ¢;q.

Proof. The proof of Theorem 4.6 can be found in Appendix A.5, Proof A.10.

4.2.4 Simulation Results (Decentralized Event-Triggered)

The performance of the centralized scheme is verified via MATLAB simulations. The
agents’ parameters used in the simulation below are given in §2.1.1. In addition to those,
ky =5-107%, and k = 10. The number of samples is calculated by Lemma 4.1. The cost

functional used is as follows:

t+T
Ji(t,qi,ui,T) = / [QHpi—pidW—i—Rl(w — UZ)2]dT+®l<tk+T), (414)
t

We used the wuniform probability distribution for P(#) in Algorithm 2. Any parameters
not provided, will appear in the caption of the respective figure. The incremental cost
in (4.14) penalizes time spent away from the destination as well as any deviation from
the nominal speed, U;. The performance discrepancy bound is set at each iteration to
Ce = Tic - Ci(th + T.).
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Figure 4.5: Parameters: 7' = 600 (10 min), 7. = 60 (1 min), N, = 22.

4.3 Comparative Simulation Results

In order to demonstrate the improvement in performance achieved by the proposed
scheme, we present (normalized) comparative results for the following multi-agent navi-
gation scenario involving N = 4 agents. The agents’s initial and target configurations are
depicted in Fig. 4.6 by the first and last triangle of each trajectory. The desired absolute
speed Uy is set to 1- 1073 for all agents. Finally, R, = 4, ro = 0.3 (purple circles),
r; =0.05,Vi e N, ky=5-10"* and k = 10.

For the Predictive Navigation scheme (corresponding to Fig. 4.6(b)) we use for all agents

the same cost functional:
t+T )
Ji(t,qi,ui,T) = / [QHpZ —pidH +R1(|UZ| —Uz)Q]dT—Fq)Z(t—'—T), (415)
t

where T' = 1200, Q = % and Ry = 1-10°. Finally, @ = 0.10, § = 0.10 (resulting in
Ng = 22) and P is the uniform distribution. The incremental cost in (4.15) penalizes
time spent away from the destination as well as any deviation from the nominal speed,
U;. The performance discrepancy bound is set at each iteration to ¢, = Ti . CA'fL(t}C + T.)

and 7. = 400.

The convergence and collision avoidance properties of the proposed scheme are verified

by Figures 4.6(b) and 4.8 respectively. The improvement in the linear velocities used by
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each agent is depicted in Fig. 4.7. Finally, Fig. 4.9 shows the deviation trajectories 67 (t)
of each agent and Fig. 4.10 illustrates the effect of Theorem 4.4.

(a) Original DNF-based control scheme, (b) Decentralized Event-triggered Predictive
(2.14a)-(2.14D). Navigation, (2.21a) - (2.21b).

Figure 4.6: A multi-agent navigation scenario involving 4 agents. The trajectories result-
ing from the application of the original and the proposed schemes are depicted in 4.6(a)
and 4.6(b) respectively. The red triangles, representing agent position and orientation,
are not to scale.

In order to quantitatively demonstrate the efficacy of the proposed scheme, the original
DNF-based approach (2.14a)-(2.14b) is compared with three instances of our scheme.

These are:

i. Centralized Predictive Navigation (PN),
ii. Decentralized Predictive Navigation,
iii. Decentralized Event-triggered (E-T) Pred. Navigation.
The navigation scenario is the same as above. In each case, the overall performance, in

terms of the incremental cost of (4.15), is calculated along each agent’s trajectory and

the mean values for 10 runs are presented in Table 4.1 for comparison.
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Figure 4.7: Linear velocities used during navigation. Left: DNF-based control law. The
spike around t = 4500 corresponds to agent 2. Right: Proposed scheme. In accordance
with the cost functional (4.15), the linear velocity was maintained equal to the nominal
speed, U;. Note that agents also converge to their destinations faster using the proposed
scheme.
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Figure 4.8: Distance between each pair of agents during the above navigation scenario.
The dashed line represents the minimum safety distance, 2 - r;.
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Figure 4.9: Deviation from the direction of the DNF’s gradient, 6/(¢). Only agents 1
(blue) and 2 (green) recalculated due to performance discrepancies.
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Figure 4.10: Deviation (black), angle between the field’s gradient and the agent’s longi-
tudinal axis (red) and sampling set adjustments (blue) for agent i = 1. As the tracking
error decreases, the sampling set tends to (—5,+7).

Table 4.1: Comparative results for 10 runs per instance of scheme

Total Running Cost

Agent DNF law Centrl. PN Decntrl. PN  Decntrl. E-T PN

#1 0.1869 0.1829 0.1859 0.1830
#2 0.3175 0.2045 0.2372 0.2047
#3 0.1860 0.1860 0.1864 0.1863
#4 0.1862 0.1857 0.1859 0.1857
Sum 0.8767 0.7591 0.7954 0.7597
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CHAPTER 5

Conclusions and Future Work

5.1 Discussion

We proposed three schemes, for the navigation or a single agent, a centralized multi-agent,

and a decentralized multi-agent systems, that consider the issue of operating performance.

Our main contribution, the Decentralized Event-triggered Predictive Navigation scheme,
employs MPC to calculate deviations from the direction of a dipolar DNF’s gradient.
Randomized algorithms are used to find a probable near minimizer of the cost functional.
The sampling set involved is adjusted at each iteration to take into account the agents’
nonholonomic nature. Event-triggered recalculation of the deviation trajectories is used
to tackle the discrepancy between the expected and actual performance, caused by the
limited exchange of information between agents. The approach focuses on aircraft-like
agents but can be reformulated to address scenarios involving other multiple robotic ve-
hicles (wheeled, underwater). It is proven that the proposed scheme preserves the naviga-
tion properties of the original DNF-based approach. Simulations are used to demonstrate
the performance improvement wrt previous methods and verify the collision avoidance

and convergence properties of the scheme.

Major issues that demand our attention are the computational cost of predicting the
evolution of the multi-agent system (Algorithm 3, Step 5), and the scalability of our

scheme. Possbile solutions are proposed in the following section.

5.2 Future Work

Future research directions are towards the extension of the proposed scheme to a 3D
navigation setting while avoiding an explosion in computational cost. To this end,
further decentralization could be employed. Specifically, one could use a limited sens-

ing/communication range for each aircraft-like vehicle of the multi-agent system. This
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will reduce the computational burden of predicting the motion of N agents over the pre-
diction horizon. It will also render the overall scheme scalable, since additional agents
will not necessarily increase the number of agents in one’s sensing range, and thus opti-

mization time (execution time of Algorithm 3, Step 5).

In addition, it is possible to remove the requirement of broadcasting each agent’s goal
configuration information to other agents. We propose that a “motion estimator” can be
designed. This module will be used to facilitate the prediction process in Algorithm 3 (see
§4.2.1) in two ways. First of all, it will lift the aforementioned requirement, effectively re-
moving the need for communication between agents (they will still need to sense/measure
the configuration and linear velocity though). Second of all, it could reduce the computa-
tional cost of simulating the multi-agent system’s dynamics over the prediction horizon.
This could be achieved by using an abstraction of the multi-agent system for prediction

purposes.

Furthermore, finding a problem-specific, but computationally efficient, method to tackle
the finite-horizon optimization (4.7) is also of interest. However, there is another random-
ized optimization that could be used; the variant of Simulated Annealing in [33], which
offers finite-time guarantees. It remains to be seen if it can out-perform the Randomized

Algorithms [11, 15] employed in our work.

Finally, we would like to consider more complex (dynamic) aircraft models, as well as the
effects of external, bounded or stochastic, disturbances (wind) on the discrepancy between
prediction and actual performance. Our scheme will probably need to be “robustified” if

it is to account for such disturbances.
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APPENDIX A

Mathematical Tools and Proofs

A.1 Note on Navigation Functions

A.1.1 Artificial Potential Fields

The idea of tackling the robot navigation (motion planning) problem using artificial
potential fields came from Oussama Khatib [3]. The proposed potential function consisted

of two terms, an attractive and a repulsive potential:

U(q) = Uatt(q) + Urep(q)- (A1)

The attractive potential does not depend on the obstacles while the repulsive potential
does not depend on the desired configuration (destination).

The robot (agent) is driven by an artificial force, which is based on the vector field
generated by the gradient of the artificial potential:

F(q) = —V,U(q) (A2)

However, this approach is prone to local minima, i.e., ¢ # ¢4 s.t. ﬁ(q) = (0. These local
minima can “trap” the agent and prevent successful convergence to the destination (goal

configuration).

A.1.2 Rimon-Koditschek Navigation Functions

Navigation Functions (NFs) are a class of scalar valued analytic maps on analytic mani-
folds with boundary, in particular sphere worlds [34]. This class is invariant under com-

position with analytic diffeomorphisms and the existence of a smooth NF is guaranteed
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on any smooth manifold. The gradient vector field of a NF, if integrated, produces curves

to the destination point that never leave the free space.

Briefly, a sphere world is a compact connected subset of Euclidean n-space E™ whose
boundary is formed from the disjoint union of a finite number, M + 1, of (n — 1)-spheres.

Thus, the workspace (largest sphere) is defined as
W= {ge E":|lql]* < pg) (A.3)

and the remaining M spheres bound the obstacles
O;2{qgeE" |lg—ql’<p}, j=1...M (A4)

Note that for simplicity, the workspace is centered at the origin of the coordinate system.

The free space (configuration space) is the result of removing all obstacles from W:

Few-Jo; (A.5)

ow

Figure A.1: Workspace W (blue), free space F (green) and obstacles (red) in E2.

This sphere world (see Fig. A.1) is just a “model space”; a valid diffeomorphism to any

manifold preserves the navigation properties of a NF, which are stated in the following.
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Definition A.1 (Navigation Function [34]). Let F C E™ be a compact connected

analytic manifold with boundary. A map ¢ : F — [0, 1], is a navigation function if it is:

1. Analytic on F (locally convergent power series erists);
2. Polar on F, with unique minimum at g4 € F (interior of F);
3. Morse on F (all critical points are non-degenerate);

4. Admissible on F (uniformly mazimal on OF ).

Intuitively, ¢ takes the value of “1” at the boundary of F and the value of “0” only at
the desired configuration g;. The navigation function proposed in [34] is a composition

of three functions, used to obtain all of the desired properties (Definition A.1):

Yd

A A
— 0400 O =
RN L

where

k
@:%:’%, o) = 7o oulw) = (@) keN

The target and obstacle functions, 74 and ( respectively, are defined as follows:
va(@) £ llg—qall* >0, Blg) 2 ][ Bi(a) 20, Vg F

The control law
q(t) = =Vyp(q(t)),

where ¢ is a navigation function, applied to a holonomic agent, whose state is ¢, solves
the motion planning problem for this agent. This method can be applied to any spherical
agent moving in a workspace with obstacles, whose configuration space connected com-
ponents are sphere worlds. In the case of a non-point agent, the Minkowski sum of agent

with obstacles leads to the configuration space.

Finally, it should be noted that, even though a sufficiently large k guarantees that the
destination is the only minimum (no local minima), the manifestation of saddle points

(unstable equilibria) is unavoidable. However, the set of initial conditions that will result
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in the agent getting trapped by a saddle constitute a set of Lebesgue measure zero. There-
fore, in real applications, finite computation arithmetic renders it practically impossible

for an agent to remain in a measure zero set.

A.1.3 Dipolar Navigation Functions

Conventional Navigation Functions are not suitable for the control of a non-holonomic
vehicle, as they do not take into account the kinematic constraints that apply on such a
vehicle. Use of the original Navigation Function as introduced by Rimon and Koditschek
n [34], [5] with a feedback law for the control of a nonholonomic vehicle can lead to
undesired behavior, like having the vehicle rotate in place. In order to overcome this
difficulty Dipolar Navigation Functions have been developed [35], that offer a significant
advantage: the integral lines of the resulting potential field are all tangent to the desired
orientation at the origin, eliminating the need for in-place rotation at the origin, as the
vehicle is driven there with the desired orientation. This is achieved by using the plane
whose normal vector is parallel to the desired orientation, and includes the origin, as an
additional artificial obstacle (see Fig. A.2).

-10

|

Figure A.2: [17] A Dipolar Navigation Function in a 2D workspace with two obstacles.
Left: Level sets and artificial obstacle H. Right: Potential field over the workspace.

We briefly elaborate on dipolar Navigation Functions, as they appeared in [36]:

N Yd
)= (V5 + Hop - G - Bo) V¥ (A.6)

where 74(p) = ||p — pal|” is the distance from the destination (only position, not orienta-
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tion) and the obstacle function is as in §A.1.2:

M

G=1]o (A.7a)
i=1

g=llp—pilf — (r+r)? i=1...M (A.7h)

with r, p, r; being the radius of the vehicle, and the position and radius of obstacle 7,
respectively, and M is the number of obstacles. As the workspace is considered spherical

with radius 7,014, the workspace bounding obstacle is' By = (Tworia — )2 — ||P| ]2.

The factor H,, is what makes the potential field dipolar. As explained before it is
responsible for the repulsive potential created by the artificial obstacle used to align the
trajectories at the origin with the desired orientation ¢, (either roll-pitch-yaw or just

heading angle):

Hup = €nn =+ pun (A.8a)
= ||5 - (0= pa)||” (A.8b)
Ja = J(ba) (A.8c)

where €, is a small positive constant and J(-) is the transformation matrix between

body-fixed and earth-fixed velocities?. Finally, k is again a positive tuning parameter.

Navigation Function (A.6) provides almost global convergence to the agent’s destination,
along with guaranteed collision avoidance [25]. The potential of such a Navigation Func-
tion in a 2D workspace with two obstacles O, O, is shown in Figure A.2. The target
is with orientation ¢y = 0 and the corresponding nonholonomic obstacle H is the line

r="T.
A.1.4 Multi-agent Navigation Functions

The Centralized Approach

Rimon-Koditschek Navigation Functions are not suitable for the navigation of multi-
ple robots (agents), without proper modifications. Multi-Robot Navigation Functions

(MRNFs) were introduced, in a centralized setting, in [18]. A central authority was as-

LCorrected wrt [36].
2See this thesis, §2.1.1, for the 2D case and [36] for the detailed, 3D case.
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sumed to have knowledge of each agent’s goal configuration (destination). The resulting

potential function has the same form as in §A.1.2:

Yd

A P
R N OV e N

but the obstacle function, G, is calculated differently. In particular, besides the distance
between agents, it also encodes the possible collision schemes, termed relations, (see Fig.
A.3 for an illustration). The set of relations between the members of a set can be defined
as the set of all possible collision schemes between the members. A binary relation is a
relation between two robots. Any relation can be expressed as a set of binary relations.
A “relation tree” is the set of robots-obstacles that form a linked team. The number of

binary relations in a relation is called the relation level (see Figures A.3 and A.4).

@@]@@@18;@@)(%@@

11 >

Figure A.3: [18] I, II are level-3; IV, V are level-4 and III is a level-5 relation.

In the definition of G (see [18] for details) three functions are used. Namely, the Robot
Proximity Function measures the distance between two robots, the Relation Proximity
Function provides a measure of the distance between the robots involved in a relation
and the Relation Verification Function is zero if a relation holds, while no other relation

from the same level holds.

The four properties of a NF, §A.1, are proven to hold for the new formulation.

Decentralized Navigation Functions

The centralized multiple robot navigation function [18] was extended to a decentralized
navigation setting in [30] and [31]. In contrast to the centralized case, each agent plans
its actions without knowing the destinations of the other agents. Asymptotic stability is
guaranteed by the existence of a global Lyapunov function for the whole system, which

is actually the sum of the separate NFs.
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a b

Figure A.4: [18] Part (a) represents a level-1, and part (b) a level-3 relation wrt agent R.
A Decentralized Navigation Function (DNF) is defined for each agent i:

Yai + fi .
ilq) = —, N A9
#iq) e G i E (A.9)

where N' = {1... N}, where N is the total number of agents, and ¢ = [q1 ¢2...qn]".
The key difference of the decentralized method with respect to the centralized is that the
control law of each agent ignores the destinations of the others. The function f; is added
to the goal function v4 so that the cost function ¢; attains positive values in proximity
situations even when agent ¢ has already reached its destination. It was proven in [31]
that, the destination point is a non-degenerate local minimum of ¢;. The construction of

G, and f; is explained in great detail also in [31].

Figure A.5 shows a contour plot of a DNF of an agent in an environment of 3 (other)

agents denoted by Ai, [31]. The destination (goal) is also depicted.

The potential function (A.9) contains a time-varying element which corresponds to the
movement in time of all the other agents apart from i. The time derivative of ¢;(q) is

given by:

dy; | Op; dp; | i |
; =9 q; + Z

.i = i + - 45
YT 0T o qi por dq; K
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Figure A.5: Contour graph of a DNF as an agent moves amongst other agents.

0
The term <2 does not appear in the case of only static obstacles, as in the single agent
case, §A.1.2. In the decentralized multi-agent case, it cannot be neglected in the stability

analysis of the system.

Finally, DNFs have been combined with Dipolar NFs in [29] to tackle the distributed
navigation and collision avoidance problem for nonholonomic, aircraft-like vehicles. In

this case, the resulting potential is the one that is used throughout this thesis:

s 7 LEN A10
@ (s + ¥ 4+ Hppi - Gi - Boi) '* ( )

A.2 Note on Optimal and Model-Predictive Control

A.2.1 Optimal Control

Optimal Control theory is aimed at solving the following problem:

Problem A.1 (Optimal Control Problem [37]). Find an admissible control u* € U

which causes the system
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to follow an admissible trajectory x* € X that minimizes the performance measure

J = h(a:(tf),tf)—|—/fA(3:(t),u(t),t)dt,

to

where ty is the final time, x(ty) is the final state and A is a given function (the running

cost). Then, u* is called an optimal control and z* an optimal trajectory.

If a relationship of the form:

can be found for the optimal control at time t, then the function g(x(t),t) is called the

optimal control law, or the optimal policy.

In a particular problem, either g or h may be missing. Furthermore, the Optimal Control
Problem (OCP) is subject to one of the following boundary conditions [37]:
e Problems with Fixed Final Time:

i. Final state specified;
ii. Final state free;

iii. Final state lying on a surface;
e Problem with Free Final Time:

i. Final state fixed;

i. Final state free;

—

i. Final state lies on a moving point;

—

i
iv. Final state lying on a surface;

v. Final state lying on a moving surface;

The performance measure A(z(t), u(t),t) quantitatively evaluates the performance of the
system and is selected by the control designer. In certain cases the problem statement
may clearly indicate what to select for a performance measure, whereas in other problems
the selection is a subjective matter. Optimal Control Problems include, but are not
limited to, minimum-time problems, terminal control problems, minimum-control-effort

problems, tracking problems and regulation problems.
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A.2.2 Model-Predictive Control

The optimal feedback control system could be derived by solving the Hamilton-Jacobi-
Bellman (HJB) partial differential equation (PDE), for a given cost functional. For the
linear system with quadratic cost, the HJB equation recuces to an ordinary differen-
tial equation, i.e., the Riccati equation, [37]. However, this PDE is generally hard and
usually impossible to solve for the nonlinear system, in that the nonlinearity results in
non-convexity on the control system [38]. In addition, most control systems have hard
constraints on the states and control inputs. These include, but are not limited to, safe
operation limits (state) and actuator saturation constraints (input). These remarks mo-

tivate the development and application of Model-Predictive Control (MPC) schemes.

MPC is a feedback control scheme that generates the control inputs based on iterative,
open-loop optimization, over a finite horizon. For each iteration, the measured state
acts as an initial condition. In particular, at a calculation time t, the current system
state x(t) is sampled and a cost minimizing control law is computed for a relatively short
time horizon [t,t + T'). That is, one aims at minimizing a cost functional (performance

measure) of the form
t+T
J(t,x,u,T) = /t Az (7),u(r))dr + M(z(t +T)), (A.11)

which consists of an incremental cost (also called running cost) and a terminal cost. The
functional J(-) quantifies the cost of flowing along a system trajectory z[t, t+T), with z(t)
the initial condition, under the control law wu[t,t + T"). In the above, t denotes (current)
time, T is the (fixed) prediction horizon and A(z, u) is a positive definite function of x and
u (running cost function). The function V'(-) is an approximation of the infinite horizon
cost-to-go from t+71 — oo. A practical way of incorporating state and input constraints is
through exterior penalty function ([38]) which, in general, implies a relaxation of the hard
constraints. Stability and robustness require additional constraints and/or tightening of

the existing constraints.

Definition A.2 (Nonlinear Model-Predictive Control scheme). Consider the non-
linear dynamical system & = f(x,u), where x € R"™ is the state of the system and
u € U C R™ is the control input and f satisfies the standard local Lipschitz continu-

ity conditions. Then, given a performance measure (A.11), the Finite Horizon Optimal
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Control Problem (FHOCP) at time t is to determine the optimal control input:

w*[t,t +T) = argmin J(t, z,u, T),

st. &= f(r,u), € X CR", uel,

where X is the admissible region of the state space. This control law is then applied over
the interval [t,t + T.), the control phase, where 0 < T, < T is the (typically fixed) control
horizon® and the FHOCP is solved again for the updated system state x(t + T.).

This process is then repeated (iterated) until the control objectives have been met.

A.3 Note on Event-Triggered Control

A.3.1 Event-Triggered Real-Time Scheduling

Event-triggered control was introduced by Tabuada [39] as a means of scheduling stabi-
lizing control tasks on embedded processors, in real-time. This approach is based on the
notion of Input-to-State Stability (ISS) [40]. A short overview of event-triggered control

is presented in the following.

Consider a generic nonlinear system
&= f(x,u) (A.12)

and a feedback controller u = k(x). Typically, sensor measurements and actuator updates
are performed in a time-triggered fashion. That is, the system’s state is sampled at
time instants to, t1,to,%3. .., the control input is computed as wu(t;) = k(z(t;)) and the
actuator values are updated. The term “time-triggered” simply means that ¢;,1 —t; = 75,
where 7, > 0 is the sampling or update period. In [39], the case of event-triggered
executions is considered. The sequence tg, 11,19, t5... of time instants is neither periodic
nor pre-specified, but rather implicitly defined by an execution (triggering) rule, which is

a function of the system’s state. A measurement error e is introduced:

3In an instantaneous MPC scheme, T, is equal to one timestep of the discrete implementation.
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The feedback controller has been designed as to render the closed-loop system
T = f(z,k(z+e)) (A.14)

ISS with respect to the measurement error e, (A.13).

Definition A.3 (ISS Lyapunov function [39]). A smooth function V : R" — R{ is
said to be an ISS Lyapunov function for the closed loop system (A.1]), if there ezist class

Ko functions a, @, and vy satisfying:

affz]) < V() <a(|z]) (A.15a)

2 i, k(x + ) < ~a(fa]) + () (A.15D)

Then, by executing the control task when
v(le]) = oa(|z]), 0 <o < 1 (A.16)

there exists an ISS Lyapunov function for (A.12) and it is guaranteed to be decreasing.
Note that, at execution time ¢;, we have e(t;) = x(t;) — x(t;) = 0 and y(Je(t;)|) = 0. The
execution rule (A.16) guarantees global asymptotic stability by construction. In [39], it

is proven that this rule does not result in an accumulation point (Zeno behavior), [41].

A.3.2 Event-Triggered Model-Predictive Control

Execution of a Nonlinear MPC (NMPC) scheme in an event-triggered fashion has been
explored, amongst others, in [14], [13] for a single plant and in [12] in a decentralized
setting. We shall use [13] as a reference point to state the basic principles behind event-
triggered NMPC strategies.

Consider a nonlinear continuous time system with additive perturbation w(t) (may rep-

resent modelling errors, external disturbances, other forms of uncertainty):

(t) = f(x(t),u(t)) + w(t), (A.17)

where the additive term is bounded, w(t) € W C R™.
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The nominal system is defined as (A.17) without the additive perturbation term:

i(t) = f(a(t), u(t)). (A.18)

The plant is controlled by a nonlinear Model-Predictive Controller (NMPC), as in §A.2.2.
In [13], the FHOCP also includes a terminal state constraint, z(t; +7") € & C R™, and a
tightened constraint set X;_,,, instead of X, for robustness purposes, where ¢, is a state

measurement time (which is also a FHOCP recalculation time).

The goal of an event-triggered strategy is to enlarge, as much as possible, the inter-
calculation period, t;1 — t;, for the system (A.17). The enlargement of the inter-
calculation period results in the overall reduction of control updates which is desirable in
numerous occasions, e.g., energy consumption reasons. By denoting as &(t;+7, u(-), z(t;))
the predicted state of the nominal system (A.18) at time ¢; + 7, based on a measurement
of the actual state at time t;, while applying a control trajectory u(-;x(t;)), an error
e is defined, as in the previous section (A.13). However, in the event-triggered NMPC
scheme, this “prediction” error represents the discrepancy (mismatch) between the actual
state trajectory of the system and the one predicted during the solution of the FHOCP.

This discrepancy is due to the perturbation w(t). The prediction error is defined as:
e(ti+71)=|lx(t; +7) — 2(t; + Tyul-), z(t))||, 7>0
Note that Z(t;, u(-),z(t;)) = z(t;). Given some assumptions, the prediction error defined

above can be shown to be upper bounded by a function of time and system parameters.

Instead of measuring the system’s state at the next time instant and solving the FHOCP
for this new measurement, a triggering rule dictates the recalculation time ¢;, ;. In order to
guarantee convergence, the optimal cost functional J*(-) is used as a Lyapunov function.
The need to have J*(-) decreasing, provides with the sufficient conditions for triggering
(see [13] for details).

A.4 Elements from Nonsmooth Analysis and Discon-

tinuous Feedback

We review some elements from nonsmooth analysis, discontinuous feedback and Lyapunov

theory for nonsmooth dynamical systems that have been used in the stability (conver-
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gence) analysis of the proposed schemes. The interested reader can refer to [42], [43],
[44], [45] and [46] for additional details on the topic of nonsmooth analysis from a control

theoretic perspective.

We consider the vector differential equation with discontinuous right-hand side:
i = 1), (A.19)

where f : R” — R” is measurable and essentially locally bounded. In such case, the
classical concept of “solution” of a differential equation is inappropriate. We will adopt
Filippov’s solution concept in this work. Other alternatives include Caratheodory solu-

tions and Sample-and-hold solutions (see [46] for a detailed overview).

Definition A.4 (Filippov Solution [47]). In the case when n is finite, the vector
function x(-) is called a solution of (A.19) in [to,t1] if it is absolutely continuous on
[to, t1] and there exists Ny C R™, u(Ny) =0, such that for all N C R", u(N) =0 and for

almost all t € [to, t1] we have:

i € K[f](@) = eof lim f(wi)lz: ¢ Ny U N} (A.20)

Here, o denotes the closed “convex hull” and the set K[f](x) is called the Filippov
set. Another way to state Filippov solutions is via differential inclusions (multi-valued
differential equations), as presented in [44]. The above definition of a solution, along with

the assumption that f is measurable, guarantees the uniqueness of solutions of (A.19).

In the following, we shall need the definition of Lipschitz continuity.

Definition A.5 (Lipschitz Property [44]). A function f : R® — R is said to be
Lipschitz on a set S C R™ if there exists K > 0 such that, for all z,y € S,

£(y) — f(z) < K|y — al.

We say that f is locally Lipschitz on S if each point z € S admits a radius r > 0
and a constant K (both depending on z) such that the Lipschitz condition holds for all
x,y € B(,r). This is equivalent to requiring that the Lipschitz condition hold on any
bounded subset S” of S (for some K depending on S’) [44]. The Lipschitz property is
closed under many operations, such as sums, lower or upper envelopes, compositions, etc.
It is a fundamental result in analysis that a function which is Lipschitz on an open set in

R™ is differentiable almost everywhere in the set (Rademacher’s Theorem).
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Lyapunov stability theorems have been extended to nonsmooth dynamical systems in
[45]. There, the authors use the concept of generalized gradient which, for the case of

finite-dimensional spaces is given by the following definition:

Definition A.6 (Generalized Gradient [43]). Let V : R" — R be a locally Lipschitz
function. The generalized gradient OcV (x) of V' at x is given by:

OcV(z) =co{ im VV (z;)|x; ¢ Qv }, (A.21)
T;—T
where y 1s the set of points in R™ where V' fails to be differentiable.

See [44] for some properties in the calculus of generalized gradients.

Stability theorems for nonsmooth systems require the Lyapunov function to be regular.
Regularity is based on the concept of generalized derivative which was defined by Francis

Clarke as follows:

Definition A.7 (Generalized directional Derivative [43]). Let f be Lipschitz near
x and v be a vector in R™. The generalized directional derivative of f at x in the direction

v 1s defined as:

fo(l'; ’U) _ il_fg Stljg) f(y + tvt) _ f(y), (AQQ)

which should not be confused with the Dini derivate.

Regularity of a function can now be defined as follows:

Definition A.8 (Regular function [43]). The function f:R™ — R is called reqular if

i. Yv, the usual one-sided directional derivative f'(z;v) exists and
i. Y, f(z;v) = fOz;v).

The following chain rule provides a calculus for the time derivative of the Lyapunov

function in the nonsmooth case:

Theorem A.1 ([45]). Let x be a Filippov solution to & = f(x) on an interval containing
t and V : R™ — R be a Lipschitz and regular function. Then V(x(t)) is absolutely

continuous, LV (x(t)) ezists almost everywhere (a.e.) and

Vam) e Vo) = () EKfE)
£V (x(t))
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We shall use the following, nonsmooth, version of LaSalle’s invariance principle to prove

the convergence of the prescribed system:

Theorem A.2 ([45]). Let Q be a compact set such that every Filippov solution to the
autonomous system & = f(x), x(0) = z(ty) starting in § is unique and reamins in S for
allt > 0. Let V : Q — R be a time independent reqular function, s.t. v < 0 Vv € f/(x)
(if f/(x) is the empty set then this is trivially satisfied). Define S = {x € Q|0 € f/(x)}

Then every trajectory in €2 converges to the largest invariant set, M, in the closure of S.

A.5 Mathematical Proofs

Proofs of all lemmas, corollaries and theorems presented in this work have been collected
here for easy reference. Since the three settings (single agent, centralized and decentral-
ized multi-agent) have many similarities, many proofs are only presented once, for the
sake of brevity. In this case, any noteworthy differences in the derivation of the proof are

highlighted beneath the respective lemma, corollary or theorem.

Proof A.1 (Proof of Lemmas 3.2, 4.2, and 4.4 | Continuity and Boundedness).
The continuity part is a direct result of Algorithms 1,2,3, respectively (Step 4) and the
definition of 6;(t > t%;). Consider a recalculation time #,. Then

0; (t?) = HZ[H t L +T) (ﬁe) and 0; (tﬁ) = 91,[t;’g,t§€+T) (ti) = Hf(tif),

k—1"k—

because of Algorithms 1,2,3 respectively, (Step 4) for 7 = 0 (dummy variable). Now
consider the time instant at which agent i’s predictive controller is “turned-oft”, t}. Then
Hi(t?r) =0,(5; =ry) = Hf(t;_) by construction. Thus, 67 (¢) is a continuous function of

time.

We have —2 < 07[0, 1) |67 ¢}, t3)| . .. |05 [th, thq)| - - - < 2 since 07 (0) £ 0, each 0} (¢}, +T) €
© C (—3%,+3%) and each pair 0;(t},), 07 (t},,) is connected by a line segment, Yk € N.

2
Finally |0;(t > )| < |05 ()| < g since 0;(th) = 0; (1), 6:(S; = 0) = 0 and the only
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critical point of 6;(t > t%) in S; € [0,7] is at S; = 0 by construction:

do; ds;
dSz dpz

“Pils,

Thus, deviations also satisfy the boundedness condition |0 (t)| < g |

Proof A.2 (Proof of Theorems 3.1, 4.1, and 4.4 | Sampling Set).

At a recalculation time t; (or ti in the decentralized case), consider the dynamics of the
term [¢; — 0F] (which is continuous because of Lemmas 3.2, 4.2, 4.4 respectively) over a

time interval spanned by 7 € [0,T):

W:Zbi—éf:Cbi—ébnhi—éf:wi—énhi—éf:
= —ky(p; — Gnni — 07) +¢nhi+9: _énhi _9; = —ko(vi —07) =

= 4y = —kg (i — 07) + 07 = 9i(r) = [(0) — 6 (0)]e ™7 + 67 (7).

Therefore: [v;(7)| < [:(0) — 0;(0)[ ™7 + |07 (1) < [¢:(0) — 0;(0)] + |6;(7)|. From
Algorithms 1,2,3, note that 65(T) € ©) = [0(7)| € 0, g— |4;(0) — 7(0)]). Thus:
i (T)] < 11h:(0) = 07 (0)] + 5 — [¢:(0) = 67 (0)] = [ehi(r )l < %, 7 €0,T). This results in
1;(t4)] < 5 since t} € [0,T) and therefore [¢;(t)] <
following result of Lemmas 3.2, 4.2, 4.4 respectively:

5, Vt > 0, by also employing the
o; ()] < 5. M

2

Proof A.3 (Proof of Lemma 4.5 | Lower bound on recalculation times).

Denote as Z(7) the cost discrepancy:

Zi(r) £ Ci(r) — Cilr) = / TAC) — A)]dE 2 / " Asin(r),

where Az; (7 ) & Ai(qi(7), wl (7)) — Ag(Qu(T), ai(7)).

The following conditions hold:

e Az is continuous in q;, u;,

e (, is continuous in time,

e |v;| is continuous at all switching instants and
e w; is continuous in [ti, ¢ + T)).
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Therefore Z;(7) is differentiable in [ti, i + T), with: Z;(1) = Azix(7). Also note that
Zi(t = t}) = 0, i.e. the discrepancy is zero at the beginning of the control phase. In
addition, let v,,q, = max,{|v;(7)|}. Thus |v;| is upper bounded by v,4,. It is proven
in Corollary 4.3 that |v;] - 00 = Ve - o0. The angular velocity w; is bounded,

llpi — Pid|| < 2R, and ¢; € (—m, w]. Thus ||q; — qiq|| is also bounded. Therefore
NG > Agig(T), st 217 = NG

Then the inter-event times satisfy 0 < ¢./AZ% < t; ., — t}. Finally, the t , —t; < T
side is trivially satisfied by the execution rule (4.12), since T, < T by default. B

Proof A.4 (Proof of Corollaries 3.1, 4.1, and 4.3 | Finite linear velocity).

The projection of the field’s gradient V,;®; on each agent’s longitudinal axis, P; can be
written as |P;| = |V, @ - L;| = ||V;®;]| - |cos (¢ — dpni)|. For ||[V;®;]] = 0 to hold, agent
i must have arrived at its destination p; = piq [31]. For |cos (¢; — ¢nni)| = 0 to hold, the
agent’s longitudinal axis must be normal to the field’s gradient V;®;, i.e., |¢; — ¢nni| = 7,
which contradicts |¢; — ¢nni| € [0,5). Therefore |F| # 0 = |v;| = oo in (2.21a). W

Proof A.5 (Proof of Corollaries 3.2, 4.2, and 4.4 | Direction of motion).

The condition d; < 0 substituted in the definition of ¢,;; results in:
Onni = atan2(—D;y, —P;,),

meaning that ¢,,; defines exactly the angle of —V;®;.

Initially, P; < 0 therefore the agent’s heading, ¢;, is initially in the direction of —V;®;,
i.e., @i € (Gnhi — 5, Puni + 5). From Corollaries 3.1, 4.1, and 4.3, we have P; - 0. Thus P,
remains negative and —s; = —sgn(P;) > 0 always holds. As a result the linear velocity

in (2.21a) is always positive (forward motion). W

The requirements of Corollaries 3.2, 4.2, and 4.4 are mild and represent reasonable phys-

ical conditions.

Proof A.6 (Proof of Theorem 3.2 | Single agent Collision Avoidance).

First of all, since the agent is considered spherical (disk), collisions can occur only by
translation. Second of all, by definition, a Navigation Function is uniformly maximum
on the boundary of obstacles, i.e., internal obstacles and the workspace boundary OW.

As a result, on the boundary of obstacles the negated gradient of a NF points away from
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them. Assuming that at ¢ = 0, the agent is safe, i.e., not involved in a collision, then
®|,—g< 1. We will show that & < 0, V¢ > 0, which in turns implies that ®(p(t)) < 1,
vt > 0.

cos ¢

b=ve' - p=ve'.|
sin ¢

] v=—Psgn(P)U=—|PU<0

|
Proof A.7 (Proof of Theorems 4.2, and 4.5 | Collision Avoidance).

Since the agents are considered spherical (disks), collisions can occur only by translation.
Thus, to ensure collision avoidance, it suffices to show that each agent i uses its linear
velocity v; (2.21a) to stay away from its neighbours. By definition, a Navigation Function
is uniformly maximum on the boundary of obstacles, i.e., other agents and OW in the
multi-agent setting. As a result, on the boundary of other agents the negated gradient
of a DNF points away from them. It can be shown by (2.21a) that, for each agent i, the

inner product V;®, - p; is non—positive. Specifically, we derive from (2.21a):

COS @;

Vz“DiT’I')z‘:Vz"I’:'[ .
sin ¢;

Let us assume that a group of agents, which initially are sufficiently far apart from each
other so that ®;|;—g< 1, Vi € N, cause a collision. Since each ®; is continuous and
differentiable in space, this would mean that at least one colliding agent ¢ moved towards
the direction of V;®; causing the DNF ®; to attain its maximum value of 1. As shown

in Eq. (A.23), this cannot be true and therefore no collisions can occur between agents
under the control law (2.21a). B

Proof A.8 (Proof of Theorem 3.3 | Single agent Convergence).

Consider the finite, strictly increasing sequence of recalculation time instants:
= {to,tl, ce s by Thg1, - - ,tf}, ke N,

where t;, denotes the time instant the agent executed Algorithm 1 (recalculation time),
tkr1 = tp + T¢, and £ (0. The last element in 7, t 7, denotes the time instant at which

the agent entered the neighbourhood r( of its destination.

On each time interval [tg,tx11), tx # tr, we employ the following Lyapunov function

candidate: .
Vi=®+ §(¢ — G — O [tr, tes))”. (A.24)
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We consider the extended system Xs = f(xs):

X, = [pT b b 9*?, (A.25)

Flxs) = [U-IT W b e'*r. (A.26)

We can now follow Proof A.10, modulo the summations over the N agents, to show that

V' is strictly decreasing and that the agent converges to the singleton set:

{a: (p=pa) A (¢ = ¢a)},
i.e., the agent converges to its target destination with the desired orientation. W

Proof A.9 (Proof of Theorem 4.3 | Convergence of the multi—agent system).

Consider the finite, strictly increasing sequence of recalculation time instants:
™= {to,tl, ce s by Tty - - ,tf}, k eN,

where ), denotes the time instant the centralized authority executed Algorithm 3 (recal-
culation time), tx.1 = t + T, and t £ (0. The last element in m, ty, denotes the time

instant at which the last agent entered the neighbourhood r( of its destination.

On each time interval [tg,tx11), tx # tr, we employ the following Lyapunov function

candidate:

N
1
Vi= Vi Vi = @it 5 (01 — duni — O [tr: tas1))* (A.27)
=1

We consider the extended multi-agent system x = f(x):

1, (A.28)

X = [P{ - PL 61 - ON Gnn1 - buan OF o O%

We can now follow Proof A.10 to show that V' is strictly decreasing and that the multi-

system converges to the singleton set:
{a: (Pi = Pia, Yi € N) A (1 = dia, Vi € N},

i.e., all agents converge to their target destinations with the desired orientation. H
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Proof A.10 (Proof of Theorem 4.6 | Convergence of the multi-agent system).

Consider the finite, strictly increasing (because of Lemma 4.5) sequence of recalculation
time instants:
™ i= {to,tl,...,tk,...,tf}, ke N,

where t;, denotes the time instant at least one agent triggered an execution of Algorithm
3 (recalculation time) or entered the neighbourhood ry of its destination and %, £ 0.
The last element in 7, t¢, denotes the time instant at which the last agent entered the
neighbourhood ry of its destination. The sequence of recalculation times of an agent
i € Nis a subset of 7, {0,t, ..., 1}, ..., t%} C .

On each time interval [tg,tx11), t # tr, we employ the following Lyapunov function

candidate:

N
1
Vi = Z Vik, Vi = @ + 5(@ — Gnni — OF [t trs1))”. (A.30)
i=1
We consider the extended multi-agent system x = f(x):

X = [P o Py @1 o &N Sun o bunn OF o 0% ] (A.31)

F(%) = [00T] o onTh @1 o o8 Gt o S 0 o 03] (A.32)

In order to apply the chain rule in [45] , we employ the Filippov set [47] K[f(x)] and the

generalized derivative [42] of Vi (x):

K[Ul]Il I Zz V19,
K[UN]IN Zz VNq)z
w1 ((bl - ¢nh1 - HT)
K[f] = WN ’ oV, = (N — Pnnn — 97\1)
Onh1 —(¢1 — Pnn1 — 07)
Q'Srth _(¢N - ¢nhN - 97\/)
01 —(¢1 — Pnna — 07)
| 9}1, i | —(on — dnnn — Oy)

84



We calculate the generalized time derivative of Vi (x):

= (<K=

geov

N N N
=D D KT+ Jwi - (61 = dui = 6)

N N
—Z¢nm- 61 = Guni = 07) = D_ 07+ (65 = duni = 07) =
—ZKUZP—i—ZZKU] (D;rIj+Z(¢i_¢nhi_0:)'(wi_énhi_é;'k):
T A ;
_ZKUZP+ZZKUJVCD I Z/{?¢ — Onhi — z)a

i j#i

We discriminate between the following two sets of agents:
rie i arl-a}
ot apl-a}.

with Aj [JN2 = N. By the control law (2.21a) we deduce:

—K[Sl] 'Ui, 'iENl

K[/UZ] = 0, U
_Kls)] - % i€ Ny

We can now proceed with ‘7k:

< 09,
Vk:Z{_K[Si] ili 815}:
M
U-e+% 09, 2
Z{ s;] P; 7 + —%:/%'(Gbi—ﬁbnhi—@i) =
UZE‘F% 8(I>Z £\ 2
DN AL oy STt Bl oy (ke (B dui—0]) =
M ¢ N

N2
=—Z{!R-|Ui
M

} ZUG—Z/% — i — 07)* <0
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We deduced that 0 ¢ ‘N/k because in Ny, |B;| U; — %{;i > Use, and for both M}, Ny, we have

that > Ui > 0 because p; # piq holds for at least one agent since ¢ < t;.

Now consider a recalculation time ¢; € w. For the subset of agents j € N that triggered

at t =1t = ti, we have
05t tr) = 051t i) = O [th_1. te) = 05 [tk thy0),

The same holds if t, = tjc, as proven in Lemma 4.4.

Using this result in V;, we get: Vi (tx) = Vi(tx), i.e., the multiple Lyapunov functions [41]
Vi are equal at t = #;. It is easy to show that the same also holds for ¢ = ¢;. Finally, let
Vi = Zf\il <I>i+%(¢i—¢nhi—9i(t > tr))?. Using the same analysis, we deduce that 0 € ‘7f.
This is possible since for ¢t > t;, all agents have entered the neighbourhoods ry of pi4,
making U; = 0 possible Vi € N. Therefore the concatenation V' = Vo|Vi|...|Vi|... |V} is

a continuous, strictly decreasing Lyapunov function for the multi-agent system [41, p. 53].

Since each Vi, and consequently V', is regular and the level sets of V' are compact, we
apply the nonsmooth version of LaSalle’s invariance principle. Thus the multi-agent
system converges to the largest invariant subset S : S £ {[pT, ¢]T |0 € \7} .For V=0
to hold, we get:

0P;
ot
/\(UZE - 0, VZ € NQ) /\ (¢7, - qbnhi - 9% - 0, VZ € N)}

1

S:{q(|PZ|UZ— =0, ViGNl)/\

Since |P;|U; — ‘9;;" > U;e > 0 (condition of A7), the equality U; = 0 must hold inside

S, requiring p; = pyg so that! ¢nn; = ¢iq and 67 = 0 (by construction), Vi € N. Thus
¢; = ¢iq Vi € N. Therefore S reduces to the singleton:

{a: (pi = pia, Vi € N) A (¢s = bia, Vi € N)},

i.e., all agents converge to their target destinations with the desired orientation. W

The tools from Discontinuous Feedback and Nonsmooth Analysis used in the derivation

of this proof are provided in Appendix A .4.

4This is a property of dipolar DNFs; see §A.1.3.
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APPENDIX B

Software Structure

This Appendix elaborates on the implementation of the proposed predictive navigation
schemes in MATLAB simulations. For the sake of brevity, only the simulation code for
the Decentralized Event-Triggered Predictive Navigation scheme will be presented. The
single agent and centralized multi-agent cases are much simpler and can be derived by

simplifying the decentralized case.

Firstly, we provide some of the MATLAB variables and structures used in our simulations.
Secondly, we list all MATLAB scripts and functions employed. Finally, we provide the

structure of Main.m, which is the main routine of our code.

B.1 Definition of MATLAB Variables

We list the most important variables and structures used in our MATLAB simulations.
ragent, Rworld (variables): r;, R,,.

NFdata (struct): Contains all parameters required for the definition of a Navigation
Function (k, A, h etc). For example, NFdata.k is the NF parameter k.

alpha, delta, Tpred, Tctrl, Ns (variables): «,d, T, T,, N;.
Unom, kf, ro (variables): Usq, kg, 7o.

agents (struct): Contains all agents’ state vectors and other variables. For example,
agents(iagent) .p is agent ¢’s position vector p; and agents(iagent).fi is agent i’s
orientation ¢;. In addition, agents () .history(,) stores all agents’ state history q(t).
agents() .Vq, dVdq, dfdt: &;, V;P; and 88_(715)

th-optimum(), th-dot (), fnh, fnh-dot (variables): 0f[t;, + T, 0:, nn and Gup.

u, omega (variables): Control input vector [u w]'.
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mpc (struct): Contains all agents’ predicted state and inputs trajectories over [ty, tr +T).
Q, Ru, Rw, Li (variables): @, Ri1, Ra2, and running cost A(:).

Jfunct, Mterm (variables): Cost functional J(-) and terminal cost M (¢t +7) = ®;(t +T).
trigger () (variable): Monitors the triggering condition in (4.12).

check (variable): Checks for convergence of the multi-agent system.

B.2 MATLAB Routines and Functions

B.2.1 List of Routines and Functions

Main.m (script)
The main MATLAB routine. This is the m-file that should be executed (Run). It
initializes most variables and structs, calls all other scripts (m-files) below, and also

contains the main prediction—control loop.

Data.m (script)
Contains all constant parameters, i.e., those used by NF.m, Prediction.m, and other

scripts and functions.

Agents.m (script)

Agents’ initial and goal configurations are set in this scripts.

Prediction.m (script)
This scripts executes Algorithm 3. It also calls PredNavigation.m to simulate the dy-

namics of the multi-agent system over [ty, tx + T).

PredNavigation.m (script)
Performs Step 5 of Algorithm 3.

CtrlNavigation.m (script)

Applies the actual control inputs to each agent.

NF.m (function)
Calculates the dipolar DNF’s value ®; and its gradient V;®;.

Lfunct.m (function)

Calculates the running cost.
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thital.m (function)
Performs Step 4 of Algorithm 3, i.e., generates candidate deviations (1%* degree polyno-
mials) over [tg,t +T).

Plots.m (script)

Uses the values stored in agents.history and other variables to generate all figures.

Kyklos.m, crtriangle.m (functions)

Called by Plots.m to create the circles and the red arrows (triangles) respectively.

B.2.2 Structure of Main.m

Without getting into unnecessary details, the structure of Main.m is summarized in the

following algorithm.

Main.m: Decentralized Event-Triggered Predictive Navigation

1: Call Data.m and Agents.m

\)

: Initialize (preallocate) all structures and vectors

w

: while(check) % Start main loop

4: for i = 1:N % For each agent i € N

5% Check triggering condition

6:  Call Prediction.m % Execute Algorithm 3 over [t} ¢! + T)
7:  Call CtrlNavigation.m % Apply control inputs over [t},t} )
8: end for loop

9: end while loop % if check= 0, exit main loop

10: Call Plots.m
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