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[TepiAnym

St yYAwoouwd povtéda Metypatog Ewdwkav (Mixture-of-Experts, MoE), o dpopoAoyn-
g emAéyel ko oTaBpilel Toug edikovg Paoel TNG KPLENG avamapacTacng Tov token,
XPTOHOTOLOVTAGS TEPLOPLOHEVT) TAPOPOpio atd Tax yelTovikd tokens. TIpoteivoupe T
Apoporoynon Paocet Ilpocoxng (Attention-Aware Routing, AAR), n omoia epmAovrti-
(el TOV OPOHOAOYNTH HE XPOVIKA KL PACHATIKE XOPOKTNPLOTIKA TOL eEqyovTol otd
€Vt KUALOPEVO TTapdBupo PBap®dv TPOcOoXNG, ATOTLITOVOVTAG TNV KATAGTACT] CUHPPOL-
Copévwv Tov HoVTEAOL. ALXTNPOVTAG TANPOG TAYOHEVO TOV PACLKO HETACYNHATIOTY
(transformer), exmondedovpe ATOKAELGTIKA TIG TOPAPETPOVS SPOROAOYTNOTG, OTTOHOVED-
vovtag tr dpopoAdynon wg tn povadikr petafAntrn. H AAR Bedtiddver to GSM8K katd
+3,37 mocootiaieg povadeg évavtt tov SFT mapadooiakrg dpopordynong, cto OLMoE.
[Iépo amtd v ammddoot, deiyvoupe 6TL 1) SpopoAdynon kot 1 TPOcsoxn oXNHATI{OVY Eva
ovlevypévo KUKAwHo: oL petafolég dpopoAldynong oto eminedo [ TOL peTACYNHATL-
otr dradidovron ko evioybovv ta fubicpata tpoooxng (attention sinks) oto eminedo
[+1, avadropoppdvovtag Tnv Tpocoyn XwpLig Kapio AUeCT) EVIHEPWOT) TOVL UNXOVICHOD
npocoxns. EmumAéov, N AAR pelodvel TNV omtokAlvovoo taparyyn HEYAA®Y akoAovOLmdv
tokens: ot AavOaGpéVEG ATAVTHGELS YIVOVTOL GUVTOPOTEPEGS, EVE OL COOTES TTAPPEVOLV
apetaPAnteg oe pnkog. Agloonpelwta, 1 emlekTikr katd eninedo AAR Aeitovpyel g
PLOLKOG VLY VELTHG TPOCOYNG KATX PABOC, ATOKAADITTOVTOG Pt TROT] AVTXYWOVLIGHOD
ovaKTnong—ovAloyloTikng Kot Pabog. Toa mpoTa eminedo amodetkvoovtol Kpioipo
yloL TNV VAKTNGT) TANPOPOopLOVY Kot evaicOnta otig adAayég mov emdyel  AAR, eved
Ta kEPON cLAAOYLoTIKNG edpatwvovTal 0tav 1) AAR epappoletal ota Pabitepa emine-
da.

To képdn awtd drtnpovvon 6ty pootibeton pix Tumikn Pfondnrtikn cuvaptnon
e€loopponnong goptiov (load balancing), arokAeiovtog tnv TAnoty Katdppevon Twv
eLOLKOV WG outior TOLG, Ko avortapdyovtol oe éva devTepo povtélo MoE, to Qwenl.5-
MoE-A2.7B, 6mov 1) AAR BeAticdver To GSMSK kata +1,88 mocooTiaieg povadeg Evavtt
tov SFT mapadociakng dpopordynong. Mot GUPTANPOHATIKT HEAETN EPUNVEVLCILOTN-
tag delyvel OTL 1) SpOpOAOYNON €L TOL AKATEPYXGTOL TapatBOPOL TPOCOYTG LTTEPTEPEL
NG OPOROAGYNONG ETTL TV GUVOTTIKOV CTATIOTLKOV TOV, VITOOELKVDOVTAG OTL 1] AETTO-
Hepng Beotokn dopn NG TPOGOYXNG, KOl OXL TAKDG 1) KATOVOUT TNG, PEPEL TO GO TTOV
a&lomolei 0 SpopoAoYNTHG. ZUVOALKE, TA ATOTEAECHATA AVTA TTaLPOLGLALoLvV T1 Apopo-
Aoynon Paoet IIpocoyxng wg évav poxAd dpopordynong mov PeAtiodvel T HabnpaTik
OUAAOYLOTLKY), EVK TUTOYXPOVA ATTOKAAVITTEL L0 EPUNVEDCLN SLETTALPT] TTPOG TOV €G-
TEPLKO LITOAOYLOHO TOVL HOVTEAOV.

Aggerg kAerdrd: Meydha I'hwookd Movtéda, Metypa EWdikodv, Apopordynon, Mnyoa-
viopog Ilpocoyng, Eppnvevopotnta, Mabnpatikr ZoAloyiotikr, Avaivon oto Iledio
NG ZuYVOTNTOG






Abstract

In Mixture-of-Experts language models, the router typically selects and weights experts
based on the token’s hidden state, utilizing limited contextual information. We propose
Attention-Aware Routing (AAR), which augments the router with temporal and spec-
tral features extracted from a sliding window of attention weights that represent a sum-
mary of the model’s contextual state. Keeping the base transformer entirely frozen, we
train only the routing parameters, isolating routing as the sole variable. AAR improves
GSMS8K by +3.37 pp over a routing-only SFT baseline on OLMoE. Beyond performance,
we show that routing and attention form a coupled circuit: routing changes at layer [
propagate through the residual stream to amplify attention sinks at layer [ + 1, reshap-
ing attention without any direct update to the attention mechanism itself. Further, AAR
reduces long diverging generation, with incorrect answers getting shorter, while correct
answers remain unchanged in length. Notably, layer-selective AAR serves as a natural
depth-wise attention probe, revealing a retrieval-reasoning tension across depth. Early
layers prove critical for retrieval and sensitive to AAR-driven changes, while reasoning
gains solidify when AAR is applied in deeper layers.

These gains persist when a standard auxiliary load-balancing loss is added, ruling out
greedy expert collapse as their source, and replicate on a second MoE model, Qwen1.5-
MoE-A2.7B, where AAR improves GSM8K by +1.88 pp over the routing-only baseline.
A complementary interpretability ablation shows that routing on the raw attention win-
dow outperforms routing on its summary statistics, indicating that the fine-grained po-
sitional structure of attention, not merely its distribution, carries the signal the router
exploits. Taken together, these results frame Attention-Aware Routing as a routing lever
that improves mathematical reasoning while exposing an interpretable interface into a
model’s internal computation.

Keywords: Large Language Models, Mixture of Experts, Routing, Attention Mecha-
nisms, Interpretability, Mathematical Reasoning, Frequency-Domain Analysis, Layer-
Selective Routing






Evyapiotieg

Evxoplotd Beppd tov emiPAémovra kabnyntr pov, AAé€avdpo IMotapidvo, yio tnv ka-
Bodnynon, Tnv vrootplEn Ko TIg TOAVTIHEG cLlNTHOELS pag kKo OAn TN didpkela TNG
EKTTOVNONG ALTAG TNG OUTAWHATIKAG EPYATLNG, ALK KO GUVOALKA TOV XPOVO TTOVL TTé-
paca oto epyactrplo Tov Speech and Language Processing group. Eiya tnv evkaipio
vo ektefd e TOANEG KoL SLUPOPETLKES TTTUXES TNG EPELVAG GTOV TOHER TNG HITXOVIKNG
p&Onong kau ng eneEepyaciag puoLKNg YAOOoOS, va TApw TPwToBovAieg kat va avo-
TTOEW TNV €PELVNTLKT MOV okéYTN kat avefopTnoia, epmelpia mov SLAPOPPLoE APEC
Kot To emopeva Pripoatd pov. Eniong, Oa 10eha va evyoplotow tov peta-didaktopticd
epevvnth) EvBoun Fewpylov, pe Tov omoio cvvepyaotrkaje otevd oe TOAAQTAG projects
EVTOG KoL €KTOG TOL TANLGLOL QUTNG TNG EPYACLAG, YO TNV AVTAA QYT WOEDV, TNV Kot-
Bodnynon kot Tig cupPfovAég Tov. Akoun, evyaplote tov I'dvvn Kopoapoavordkn kot
tov Swastik Roy yia Tig cupfouvdég kot Tig e00TOXES TAPATNPTOELS TOVS KOTA TNV €K-
TOVNON QUTHG TNG epyaoiag, kol tov Taoo Toétolla ylo TNV cuvepyacia 6Ta TPOTH
otadi TnG dovAeldg avTig.

Evpltepa, evxoplotod Toug kabnyntég twv topénv Enpatwnv, EAéyyov kot PoproTti-
kg kot IIANpo@opikng, yio To evaOGHAT TTOL POV €dwaay Vo 0laX0ANO® pe otvTdV ToV
CUVOPTACTLKO KOGHO KXTA TT) SLAPKELX TV GTOVI®V HOV.

AvomtooToeTO KOPHATL TV GTTOLO®V POV HTOV Ol GULNTHOELS e GUHPOLTNTEG KOl
@ilovg, oL omoieg édwoav xpopa kot {wn oe avtd 10 Takidl. Tovg evyaploTd Pabid.
Télog, eLXAPLOTAD TNV OLKOYEVELX HOU YLot TNV LITOSTHPLEN KoL TNV AydITr) TOUG, TOL He

ouvodevoav 6e OAN TN SLAPKELX TWV GTOLI®V HOU.

Aéamova KaAlippon Koopomovdov
ABnva, IovAlog 2026
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Extetapévn EAAnvikn epiAnyn

1. Ewayoyn

To televtaia xpovia, Ta YAwooLkd povtéa peyaing kAipokag (Large Language Models,
LLMs) éxovv petapoppacel tnv enekepyacia guoikng YAowooag. Odnyovpeva amd tnv
KAUAKWOT) 08 SLIOEKATOPPOPL TTAPOPETPOVG Kol EKTTOLOEVHEVOL GE deSOPEVOL KALHOKOLG
AdLkTHOL, TO GVYY POV CLCTHHATO ETTLIELKVDOLV LKAVOTNTEG CUAAOYLOTLKNG TTOAADV
Prnpéartwv, ovvBeong kddika, akolovOnong odnyldv kot ovolyto Staddyov mov fTow
aVEPLKTEG Alya xpoOvia TTpLy. XTO ETIKEVTPO QLTS TNG TPOOJOL PPloKETAL 1) XPYLTEKTO-
vikr) Metaoynpatiotr (Transformer), n omoia eme€epydleton akolovbieg tokens pécw
Hiog otoifog emumédwv, avavenvovtag oe kK&Oe entimedo Tnv avarapdotoct k&be token
pe o ta tponyolpeva kKo HeETOOXNIATILOVTAG TNV HEG® £VOG DLKTVOVL TPOPODOTNGOTG
npog ta epnpog (Feed-Forward Network, FEN).

H woxvpn Toug amddoon cuvodevetal amd KO6GTOG O¢ eNiNeSO CLGTNUATWV: CE EVOLV
TLUKVO MetaoxnpatioTh), kdbe Topapetpog epappoletal oe kdbe token oe kdbe emimedo,
HE QUTOTEAECHO TO VITOAOYLOTIKO KOGTOG VO ALEAVETOL avAAOYa He TOV aplOpo mopo-
pétpwv. H apyirektovikr Metypatog Etdikov (Mixture-of-Experts, MoE) Abvel avtd to
TPOPApA pEGW TOL Katd ovvlikn vroloyiopot: avti yia éva eviaio FEN, kaOe eninedo
MOoE Swbéter E aveEdptnrovg edikovg (experts) kot évav ekmotdevpévo Spopoloyntn
7oL evepyomotel povo K < F amd avtovg yua k&Be token. H cuvolikr) xwpntikotnTo
KALpOK®OVETOL e ToV aplOpod Tov eldikov E ot kabe eninedo, evod o aplbpog evepywv ma-
POHETPOV OV EKTENECT) TALPOpEVEL OTAOEPOC — ETLTLYYAVOVTOG HEYAAVTEPO HOVTEAQL

e ovolaoTikd otabepd KOGTOG eKTEAETTG.

Apoporoynomn. O tumikog Spoporoyntrig MoE Aettovpyel amd meploplopévn omTikm
yovia. T éva token oto eminedo [, vtodoyilet pia ypappikr) TpoPoAr tng kpvers Ka-
tdoraong petd v avro-mpocoyr hl ko emhéyel Toug e1dikovg 6ToVG omoiovg amodiSet
TG LYMAOGTepeg Pabporoyieg. H kpuer katdotaon gépel TANPOPOpiot GLYKELHEVOL, OLA-
A& povo Eupeca: katorypapel Too €xel kataAnéel ) avamapaotact) tov token, aAA& Oyt
WG dopopemOnie N pnta g oxetifeton pe T yopw tokens.

MoapaiinAo, To idro emimedo €xel 110N ToPhyel — WG AVATOPEVKTO LITOTPOLOV TNG
QUTO-TPOGOYNG — éva oxecLakd orpa: o fdpn mpocoytic wi(t), To ool kwdikomolohy
molx tokens kpiOnkav oxetikcd ko oe oov Babpod. Avtd o fapn XPNOLHOTOLODVTOL Yot
TOV LTTOAOYLOHO TNG €600V TPOGOYTG Kol 6T cLVEXEL amoppirtoval. O dpopoloyn-

g PAémeL TV ££odo Tng Sradikaciag Ttpoooyxng, aAAd OxL tn Stadikacia kab’ eavtr). H
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oxeolokn dopr mov 1 TPocoyT kavel pnth elvan dtabéoipn oto eninedo, aA & avoELo-
moinTn katd tn dpopordynon. Avto amotelel évav meploplopd ot SpopHoAdYNoT), TOV

o7olo dlepeuVa 1) TAPOLGX EPYATiaL.

Epevvnuiké Epotnpa kot mpotewvopevn Adon. H epyoacia éxel cov otdoxo vo o-
TOVTNOEL VoL OTTAO epdTNpO: TL ovpPaiver eav dchoovue otov Spoporoynty mpocfaon oe
TAnpopopic CUYKEIUEVOD;

IIpoteivoupe tn ApopoAoynon facet ITpocoxng (Attention-Aware Routing, AAR),
1 omola epmAovtilel Tov dpoporoyntr) MoE pe éva kvuAlopevo moapdBupo mpodcspatwv
Bapwv mpocoxng wg mpdcbeto onpa etlcddov. o va amodobel k&be mapatnpodpevn
peTaPOAN amoKAELGTIKA TN SPOHOAOYNGT], TO GOVOAO TV TUPAUETPWOV TOL PAGIKOD
HETXOXNHATLOTH dtoTnpeiton aywuévo — povo oL TopAPETPOL dPOHOAOYN oG eKTTodeD-

OVTOL, QTTOPOVOVOVTOG TT OPOHOAOYNOT WG TN HovadikT) aveEaptn T peToANTH.

Kbpieg ovvelopopég.

1. BeAtiwon pabnpatikng cvAdoyiotikng. H dpoporoynon Pacel tpocsoxng (AAR)
BeAtidver To GSM8K katd éwg +3,37 mocootiaieg povadeg (AAR-TF) évavt Pa-
owkng pebodov SFT pe mapadooiakn dpopordynon oto OLMOoE, evod 1 amddoon

oe dAo benchmarks diatnpeitou.

2. X0CevEn dpoporoynong-npocoxng. Aeiyvoupe epmelpicd 0TL oL aAlayég dpo-
poAoynong mov endyel ) AAR drodidovton PEcw TV VITOAEPHATIKOV CLVIECEWDY
ToV dL1KTLOV, evicyvovtag Ta Pubicpata tpocoyng (attention sinks) oto endpevo

entinedo — ywpig Koo GpecT) EVIHEPWOOT) TOV HIXAVIGHOD TTPOCOXNC.

3. Aviyvevtig Aettovpytkng e€etdikevong kata fabog. H emidekTikr kat& emise-
d0 AAR amoxaAOTTEL SO PETIKOVG AELTOLPYLKOVG pOAOLG avd Pabog: Ta Tpw-
Ta entimeda elval ONUOVTIKE TNV avAKTNGT) TANPo@oplog Ko eivor evailoOnta oe
aldayég Spopoloynong, eve Ta Pabitepa entineda edpa®dvouvv Ta kedn 6T GULA-

AOYLOTIKTG.

2. Oewpntikod YnoPadpo

Nevpwvikn 'hwooikn Movtelomoinon

H vevpwvikn yAwoowkn povtelomoinon dixtvmovetal og tpdPAnpa tpoPAeng emope-
vou token: d00évtog evog mpoBEpaTog 4, TO HOVTELO EAYLOTOTOLEL TNV CLPVNTIKT) AO-
yapOpikr) mbavogaveion L(§) = — >, log P(x | <45 0). O otdxog avtdg dev amontei
avBpomveg emonpedoelg: k&be kelpevo mapéyel ad povo tov ta dedopéva emife-

yng, emrpémovtag npo-ekmaidevorn oe dedopéva kAipokag Ataductoov. Katd tnv mpo-
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ooappoyn (fine-tuning), o idog otd)0G ePappdletan oe emonpelwpéva (ebyn eVToAnG—
anavtnong (emPAenodpevn tpooappoyr, SFT), exmoudevovtag To povtéAo vo akohovBet

odnyleg KoL vor TXPAYEL XPT)OLYLEG OTTAVTTOELS.

Apxitektovikn Metaoynuatiotn

O Metaoynpatiotig povo-pe-amokwdikonolntég eneEepydletar akolovbieg tokens pé-

ow plag otoifag L tavtoéonpwy emmédwv. Kabe eninedo cuvdvalel Tpio ototyeio:

+ Avto-npocoyn (Self-Attention). K&Oe token i cucowpebel TAnpogpopio amd tor
mponyobpeva tokens pe Bépn wi(t) = softmax, (q; k:/+/dx). H piitpo mpocoyrig
Al € R™" amotumével deca molo TAaiclo kpivel To povTélo oyeTikd Yl k&Oe

token oe k&0Oe eminmedo, kol amoteAel To KeEVTPLKO onpa Tov aflomotel ) AAR.

+ Aixtvo Tpog@odotnong Eunpog (FFN). Eeappoletor aveEaptnrta oe kébe Oéon
péow demektelvopevov MLP. To FEN mepiéyel T GUVIPUITIKT TAELOVOTNTA TWV
TOPOPETPWVY KL ATTOTEAEL TO VITOGVO TN TTOL Tl povTéAa MOE avtikabiotodv

HE Opado ELOLKOV.

« Kwdwomnowoeig O¢ong (RoPE). Elodyouv oxetikr mAnpogopia Oéong mepiotpé-
QOVTOG T SLOVOOHATA EPWOTHHATOS KAl KAELOLOD aVAAOYX HE T GXETLKY TOVLG
Oéom, OoTe TO TOTEAECPATA TNG AVTO-TPOCOXNG VO EEXPTOVTAL HOVO OO TN

OXETIKT) amdoTaon ¢ — t.

Movtéda Meiyparog Ewdikmv

To povtédo MoE avtikabiotoov 1o FEN ke emumédov pe E aveEdptntovg edikotg
{F,..., Fr} xau évav exmoudevpévo dpoporoynty. To tumikd oxrpo top-K emhéyel
toug K e1diko0g pe Tig vPnAotepeg Pabpoloyieg oL TPOKVITTOLY ATTO YPOHHULKT] TTPO-
BoAt) tng kpueng katdotaong: g = W,hl. H é€08og Tov emuéSov MoE eival To otadp-
OpEVO ABPOLOHN TV ETAEYHEVWV ELOLKOV, HE TOVG LITOAOLTTOVG Vo TapadeirtovTot. T
TNV AVTIHETOTLOT TNG TAoNG kKatdppevong oe Alyoug eldikolg, ewcdyeton Bondntikm
oLVAPTNOT KOGTOVG Y EELGOPPOTNGT) POPTLOL KATA TNV TPo-eKTaidevOT).

To kOpra povtéda tng epyaciog eivor to OLMOoE (64 edikol avé emtimedo, top-8 Spo-
poAdynon, 1B evepyég / 7B ocvvolikég mapdpetpotl, 16 emineda) — v TANPWG arvolyTod
HoVTEAO TOL elvar Wavikd yio avadvot dpoporodynong — kot To Qwenl.5-MoE (2,7B

evepyéc / 14,3B cuvoluég mapdpetpot, 24 emimeda), Tov xproomoteital yio eahnfev-
on.
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3. Apoporoynon Paocet Ilpocoxng

MéBodog

Tomikn dpopordéynon MoE.  Ztnv tumikr) dpoporoynon, ta logits emdoyng eldikav
yio To token i 6to eninedo [ vtohoyilovron wg gua = WihL, pe W! € RE*4, Ou top-K
elducol emAéyovton petd amod softmax kot to teAucd hidden state eivon éva otabpiopévo

aBpotopa twv e£60wV TOLG.

AAR-T: Xpovucog Apoporoyntnig IIpocoxng. Opilovpe To Sidvvoua fapdv mpocoytic
wl € RM yia 1o token i oo entinedo | wg T Pépn mpocoyxng — péGOg OPOG KEPOADY —
o€ éva KUALOPEVO TopdBupo twv tedevtaiwv M Bécewv, pe cUPTAN PO pe pndevikd
(zero padding) apiotepd yio i < M. O Bondntikdg xpovikdg Spoporoyntng eivat pic
otAn YpoppLkty Tpofoir):

Battn = AlTWiy Ay € RMXE,

To ofpa Wl avtikatontpilet T dopr} tng Tpocoyrg Tov povtélov: moteg Oécelg AopPé-
VOLV TTPOCOYT], TTOLEG CLYVOOUVTAL, TTOD CUYKEVTPWVETAL 1) e0TiaoT). Ymoloyileton 1dm
WG HEPOG TNG KAVOVIKNG EKTEAEOTG KaL 6T oLVEXELX autoppimteTal — 1) AAR atAdg to

avakoatevfvvel oTov dpoporoynTh.

AAR-TF: Enéktaon oto nedio tng Tuyxvotntag. To mapébupo wl propet va Bew-
pndet wg drokprtd onpa ypovov. O Awakpitég Metaoynpatiopdg Fourier (DFT) tou
ONHATOG ALTOV TTAPAYEL £VO CUHTANPWHATIKO QUOHATIKO SLAVUoH pe d0O YPTIOLHEG
wotnteg: (1) avalloiwto wg mpog petartomioels, dGTE TPOTLTIO TPOGOXNG LdLov o)T)-
HOTOG AN SLapopeTikig armdALTNG BEong evTOg TOL TapadOPOL VO AVTLGTOLYOVV G
TOPOOLEG ELOSOVG SPOHOAOYNONG, Kot (2) Un-YPopIKOS HETATYUATLONGG, TTOV ETLTPE-
TIEL GTOV YPOUHULIKO PACHATIKO SPOHOAOYNTI) VA TPOSTTEAXDVEL XAPAKTNPLOTLKA TTOL B
amaitovoov droopetikd Pabitepn emeepyocia. H gaopatikn é€0dog gg = fllTvNVi
vrohoyileton omd ta pétpa SFT petd amd AoyopiBpikn cupmieon duvapikng e0poug,

Swatnpadvrag povo tig K = | M /2] + 1 pn-mheova{ovoeg GUVIGTOOEC.

MopepPorn Apoporoyntr. K&be Pondnticodg dpoporoyntrig cuvodeveton amd pio
TOAN epmiotoovng (confidence gate) e€aptdpevn T060 ATO TNV KPLPT] KATAGTACT) OGO

KO(L 07TO TO ALVTIGTOLYO O CUYKELPEVOU:

ar=o(GUIw]), e =o(G[n|w]).
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To telika logits dpoporoynong opilovtal wg:
gi = BO ®© 8std + Bl ®© Lattn + B2 ®© S,

pe o + B + P2 = 1xan By, B2 < 3, doTe 0 TUMIKOG Spopoloynthig va Srtnpel To
peyadtvtepo Papog. H dwatdnwon avoaktd tnv AAR-T 6tav o = 0 kot tnv TUTTLKT

dpopoAroynon MoE otav a; = ay = 0.

IMepopoticn Atodikacio

To xOpLa etpdpota mpaypatonotovvtal 6to OLMoE-1B-7B-0125-SFT. To mpwtokoA-
A0 eXTTaidEVLONG KPATR TTAYWHEVO TO GUVOAO TWV TAPAPETPOV TOL HOVTEAOL EKTOG ALTTO
TOUG oPYLKOVG SPOROAOYNTEG KL TOVG VEOLS dpopoloyntég mpocoyng. H exmaidev-
on yivetou pe AdamW (pvOuédg pédnong 1074, ypoppikr wrwon) eni 25% tov cuvdlov
Tulu-3 SFT (~220K tapadeiypata, pe péytoto pikog axolovdiog 512). To amoteréopo-
TOL TOPOLGLALOVTOL WG HEGOG OPOG 5 TLXAULWV APYLKOTOLCEWV.

To benchmarks a&loAoynong kaddvmrovv: GSMSK (pabnpartikn cuAloyiotikr), MMLU
(yevikn} yvoor), HumanEval (kddikag), IFEval (akoAo0Bnon odnywov), BBH (ctvBetn
ovAhoylotikr)), ARC-Challenge ko ARC-Easy. Qc¢ Pacucég pébodol yia odykpion xpn-
opomotovvton To opyLkd OLMoE-0125-SFT ko mavoporotumeg ektedéoelg SFT amokAet-
otk mopadootakng dpoporoynong (xwpig Pondntikodg dpoporoynTég), amopovovo-

VTOG TNV eMSPACT) TOV GNHATOG TPOGOXNG AITO LTI TNG CLVEXOVG EKTTALOEVOTC.

Koprx Amotedéopata

H xoadOtepn Siopdpowon — AAR-TF egappoopévn ota entineda S = {9,...,15} pe
nopaBuvpo M = 40 — emrvyyavet GSMSK 55,36 £ 0,74, BeAtiowon +3,37 mocooTiainwv
povadwv évavtt Tng pefodov SFT pe mapadosiakt dpopordynon (51,99). H AAR-T pe
M = 20 BeAtidver 10n 1o GSM8K katd 42,58 povadeg. Ta amoteréopata oe BBH kot
IFEval dtatnpotvtot evtog otatiotikod BopvPfov, eved To HumanEval pewovetan ehappd
(~1 povada) otnv kaAdTepn Sropdpewot). To képdn GSMBK emainBedovton emiong
oto Qwen1.5-MoE (+1,88 mocootiaieg povadeg), emiPePoardvovtag tn yevikevon g

pebodov oe dapopetiég apyirektovikég MoE.

Méyefog IMopaBvpov kot Aopr Enpotog

H avéAvon tng kavovikomownpévng ovvaptnong avtoovoyétiong (ACF) tov ofjpartog
Bopwv mpocoyric wi(t) asmokadOmTel OtL, oe OAa Ta emimedo ko peyédn mapadipov,
N ACF pndeviletan mepi to 7 ~ 20. Avtd vmodelkviel €va eyyeveG UKoG OUOYETIONG
20 tokens oto onjpa mpocoyng: éva mapabupo M = 20 emapkel yor TNV Kataypogn

NG mAeLoYn@lag tng ypoappikd dopnpévng mAnpogopiog. Ipdypartt, n pébodog AAR-
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T éxer moA0 koA enidoon M = 20 otn Swapopewon pe Oha ta eminedo. H AAR-
TF petatomiler avtn tn PéAtiotn tipn oto M = 40, kabdg o aplBpodg @aopatikov
owviotwo®v K = | M /2| + 1 aw€bvetan pe M, o@eAdvtag amd AenTOTEPT) PAOUOTIKT

avaAvon.

Eowtepikég Emdpaoerg: Avadrapopewon tng Ilpocoyng

INo v atokadv@Bel 0 VITOAOYLOTIKOG HXAVICHOG TG W oo Ta KEPST) GUAAOYLOTIKTG,
eEetalovpe av katL oG dapépouvv Ta Papr TPOocoXNG HETAED TV povTEA®VY NG pHebo-
dov AAR-T kot Twv peBodwv aykplong katd tnv eneEepyocio GSM8K prompts. Aio-
mot®vovpe 0Tt 1) AAR-T evioyver ta fubiouara mpoooyris (attention sinks), dnAadr
OUYKEVTPWAOT TNG PALaG TPocoxTg, 6To TpiTo token Tng akolovbiog. H ovvdeon avtr
TEKHNPLOVETAL HEGW® TNG ETMIAEKTIKNG KaTd emimedo maparioyng: 6tav n AAR epoppo-
Ceton o6 to emimedo [ xou €merta, 1) evioyvon towv fubiopdtov tpocoxng eppaviletol
akplpag oto eninedo [+1.

O vrmokeipevog pnyoviopog eivot o €€ng: oL aAAayég dpopoAdynong oto eminedo |
TPOTTOTOLOVV TNV eMLAOYT EOLKOV Kol TOUG cLVTEAEGTEG cUVOeoNG, avadLapopPdvo-
VTOG TIG OVOUTALPAGTACELS TTOV TPOPOSOTOVVTAL GTO LITOGVGTIHA AVTO-TTPOCOXNG TOL
emuédov [41 Pécw TWV VITOAEPHATIKOV CLVOECEWY — XWPIG KOPIX APEST EVIHEP®-
on Tov unxevicpov npocoxng. H Spopodoynon evepyel apa 6L HOVO G emAOYENRG
EUTTELPOYVWOHOGOVNG, OAAL WG Eupecos puBuiotrs tng enefepynciog TPocoyng oTo emod-
peve emtimeda. H evioyvon Pubiopdtwv tpocoyrng otabepomotel TNV amrokwdlkoroinor
QYKUPOVOVTAG TOV LITOAOYLOHO o éva dlokpltd avapopdg otabeprg Oéong — pnyovi-

OPOG oLVeTNG pe PeEATLOHEVT) HOONPATIKT) GUAAOYLOTLKT).

EEwtepucég Embpaoeig: Meiwon AmokxAivovoog Ilapaywyng

Jvykpivovtag ta pnkn amaviioewv 6to GSM8K petafd Cevywv AAR-T kau Pacikrng

YPOHUNG, TpokOmTeL eEolpeTikd eKAEKTIKT) enidpaon):

« Otav apeodtepa o povtéda amavtovv AavBaouéva, n AAR-T mopdyel onpovTiké
OLVTOPOTEPES amavTnoelg: pécog 6pog —11,8%, P99 —14,9%, mocootd «@Avopi-

ag» (>1000 yapoktnpeg) —23,9%.

« Otav ap@dTepa Ta LOVTELX ATAVTOVV 0WOTd, TAL PHKT) ELVOL OLCLULOTIKE AdLAKPL-

ta (—0,8% ooV péco 0po).

H enidpoon evromiletot 670 kotBeaTmG AvOXGHEVNC ITdVTNONG KOl ELVOL GUVETTNG
o€ OAOKANPN TNV KATAVOUN UKOLS TTapaywyng, vmodniovovrag ot 1 AAR pewdvel
NV amokAivovoa wapaywyn: To HOVTELO deGHEVETUL VOPLTEPO GE ATTAVTINGT] OTAV KAVEL
A&Bog, avti va tapdyel pokpég Aavlaopéveg aAvoideg cuAloyiopov. Ol cwoTég ama-
vtnoelg dev emnpedlovtal ovoloTIKE, emttPefatdvovtag OTL To HOVTELD Sev ExeL UTAMG

H&BeL vou elvat OPOLOHOPPO GLVTOUOTEPO.
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YopnAnpopatikd Hetpapata

E&woopponnon goptiov. Eeappolovtag fondnrtikn cvvaptnon kdéotoug yia e€loop-
pomnon goptiov (A = 0,01) kata tnv ekmaidevon, n AAR-T cuveyilel va PeAtidvel To
GSMS8K o¢ 0ha to peyén mapabvpov. Ta képdn Sev amodidovtar Aowdv oe katdp-
peLOT) G€ EAAYLOTOVG ELOLKOVG, OAAG avTiKaTOTTPilouV Yol LkavOTn T alomoinong

TOV GTHATOG TTPOGOYTG.

YTATIOTIKA TPOCOYNG £VOVTL TANPOoUG tapafpov. AvTikabloTOVIAg To Topa-
Bupo mpocoxng He Eva SIAVUCHA CTATIGTIK®OV XAPAKTNPLOTIKAOV (HEST) T, 21 Kot 31
pomn, deiktng Gini, awdxAion KL artd opotdpopen katavopr, palo tpdéopatev tokens,
péon Béon kevrpoeldong), 0 oTATIOTIKOS SPOHOAOYNTHG emTLYXAveL kKot Pedtiwon
(+1,70 mocootiaieg povadeg GSM8K yix M = 20) A& dev @tavel 6To AN pEG eTti-
nedo g AAR-T. Avto Seiyvel OtL, evid 0 dPOHOAOYNTAG TPAYHATL EKHETAAAEDETAL TOL
XOPOKTNPLOTIKA TNG KATAVOUNG, 1) Aemtopepr|g dopr) Béong Twv Papdv tpocoxng gépet
emiong onpovtikn TpodcOetn mAnpogopic.

4. Emexktikn Apoporoynon katd Eninedo wg Avixvev-

e lIpocoxng

Kivntpo

To amoteAéopato amokadbITOLV pLa diapkn) TaoT: 1) dpopordynon faoel Tpocoxng oe
OAa Ta emimedo Tov Siktvov PeAtiwvel benchmarks évrovng pabnpatikng cvAloyioti-
kng (GSM8K, MMLU-Math) evéy voPabpiler benchmarks avéxtnong yvoong (MMLU
ovvohik®, —1,5% 1) meprocdtepo o k&Be péyebog mapabvpov). Ava pédnpo tov MMLU,
1 vroPfaduion evtomifeton oe podnpoata avaktnong tAnpogopiog (Bioroyia —4,5%,
Iotopia —2,5%, Phocopio —3,2%), eved Tar pabnpata cvAloylotikng (Mabnpatika,
[TAnpogopikn) PeAtidvovtal 1) Tapopévovv otabepd.

H vnoBeon eivor 6tL 1 vtoPabpion ogeileton oe mapepfoArn oTovg PNXOVIGHOUG
avakTnong mtov edpalovy ota tpota enimeda. ZOPPwvVa e TNV vapyovoa PAtoypo-
olo, Too prx& emimedo MeTAOYNHATIOTOV KUPLOPYXOUV GE €PYACLES AVAKTNONG TANPO-
poplag, eved T pecaia-Pabitepa emineda eivar kpioa yioe T cvAloyiotikr). Egap-
polovtag AAR oe 0ha Ta emimeda, eivor mBavo va diatapdccovton TpoTLTA EteEep-
YOOLOG YIot VKT OT) OTO TTPOTO eTLTed XWPIG VO LITAPYOLV OVCLUGTIKA OPEAT) OTN)

oLAAOYLOTIKY.
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Yxediaon: Emhextucn katd Eninedo Eeappoyn

H emidexnixy kara emimedo AAR e@oppolel tov pnyoviopod povo oe enineda | > I, eved
ta eminmedo [ < g Sratnpodv apetafAntn tnv Tumikn dpopordynon xwpig fondntikég
TopopéTpovg. AEiCel vo onpelwbel OTL avth dev elval ATAMG PLot XPOLPETLKT) TTAPALA-
Aayr): 1 koAovTepn Stopopewon OLMoE ota k0Opa amoteAéopata (AAR-Tg pe Iy = 9)

xpnoipomotel akplpog avtn Tn oxedioon.

Yapwon Emnédov: Anotedéopata

Exnadedovrog povrédo AAR-Tg yw I € {1,3,5,7,9,11,13,15} pe M = 20:

« MMLU: H axpifeio avakdpmntel povotovikd kabog av€davetal to l. ol > 7, 1
MMLU emictpépel otnv tipn g Paociknig pebodov SFT (53,92%), eved yw g = 9-
11 mapartnpeiton ehappd vépPoon (= 54,0%). H avéxopyn avé paOnpa dev
elvort opolopope: oL KAAJOL TTOL ATTALTOVV GLVSVAGHO AVAKTNONG TTANPOPOPLRG
Kot oLAAOYLoTIkNG (Xnpeia, Blodoyia, Owovoptkd, duoikn) emwpelodvtol mepio-

0OTEPO ATO TNV TPOCTAGLN TV TPAOTWV ETLTESWV.

« GSMSK: Awxtnpei onpovtikd pépog tng Pertiovong oto ebpog emumeédwv Evapéng
ls = 7-9 (= 53,5-53,8% évavti 54,10% pe mAnpn dpopordynon). T l; > 13, n
Beltiwon pewwdvetatl, deixvovtag OtL 1 padnpatikr) cvAloylotiky alomolel orpo-

TAL TPOGOYNG G€ VPV PACHX ETLTEWV KaL OXL POvo oTa Lo Pobid.

« ARC: ITapovoialet mo dixgpopomoinpévn etkova. To ARC-Easy akolovBel mpo-
tumo opopoto pe o GSMS8K (1 éykoupn epappoyn AAR wgelet), eved to ARC-
Challenge axolovBel tpodTLTTO TTApOpOLO pe To MMLU (1 mpooctacio TpdTtwv &-
médwv eivon kpion). H Stapopd amodideton 6to yeyovog 0Tt Tar o amAd &-
POTHHOTO ETOPELOVVTOL TTEPLGTOTEPO ATTO EVIOYVIEVT) GUAAOYLOTLKT], VA TX TTLO

QTALTN TIKA elvat TTLo evaicOnTa o8 AAAXYEG KATR TNV OVAKTNOT) TTANPOPOPLaG.

To BéAtioto Evpog: Emineda 7-11

Ta emimedo 7-11 (undevik apibunomn) amoteAovv o PéAtioto e0pog ekkivong: n MMLU
ovakapntel ot Poocikn ypoppun f tnv vaepPaivet, eved o GSM8K dwatnpel to peyodv-
Tepo pépog g Pertinong. H Swapopowon I; = 9 avtiotoiyel axpipog otnv AAR-Tg
OV avaPEPeTal WG KoAOTeEPO povtédo OLMOoE ota kOpLa amotelécpara.

I epappoyég mov divovv mpoTepadTNTA 6T GLVAAOYLOTIKT, 0 [, = 7-9 dwtnpel
ta Loyvpotepa kEPON GSM8K evdy avaktd tnv ko enidoon oto MMLU. I egpappo-
Y£€G OTTOL 1) AVAKTNOT) TANPOYOpiag eival o onpavTikn, 1) emhoyn [, > 11 emavagpépel
oxedov mANpwg v arddoon MMLU, évavtt ehappd petwpévov képSovg GLANOYLOTL-
KNG.
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Emihektikn AAR wg Aviyveutng Katd B&Bog

[Tépa omd Ta coteAéopata amrddoomc, 1) oxedlaoT avTh TAPAYEL WG TAPATPOLOV EVOLV
aviyvevty tpoooyns kata fabog: petofdAlovtog povo wov epappoletar n AAR, propoo-
HE Vo aviy veDGOUVHE TL eldoug TANpogopia pépovv ta Pépn Tpocoyng k&be emmédov. Ta
Bapn mpocoxng ava eninedo AeltovpyodV WG aTOTOTTOHA TNG enteEepyaciog TANPOPo-
plag exeivov tov emmédov. H povotovikn avakopyn MMLU amokaAdmTEL OTL T) TPOTA
enimeda elvo KPLoLA YL TNV AVAKTNOT) KoL VTLOTOLYLOT) TPOTOTT®V, £ved Ta fabiTepa
entineda ekTeAOVV MO GUVOETN GLAAOYLOTIKT.

Ye avtifeon pe mapadooiokég pebodouvg aviyvevong mov Pacilovtor oe fondntikovg
TaELVOUNTEG EKTTOLOEVHEVOLG GE AVATTXPAOTAOELS, 1] emttdekTikr) AAR aviyvebel Tov Aet-
TOVPYLKO POAO TV PapwdV TPocoxng oe kdbe emimedo PHeTPOVTAG TIG EMLOPACELS HET K

apeong mopépPaocng otn dpoporoyno.

5. Xvlntnon

Avtoppibuion péow dpoporoynong. Ilapéxovtag ctov Spoporoyntn éva amotod-
Topo NG enefepyaciog CLYKEWEVOL TOL HOVTEAOV, OTTWG Kwdlkomoleitol ot Papn
TPOCOXNG, ETLTPETOVHE HLOL HOPPT) LTOPPLOILETG: OL SPOHOAOYNTEG HITOPOVV VO GL-
YKALVOUV O€ SLHOPPAOCELG KATW OTTO TIG OTTOLEG TOL ETOHEVA TTPOTLILAL TTPOCOYNG HETAL-
tomilovtat pe TPOTOLG TTOL cuveppavilovtal pe PedTiwpévn amddoon. Avtod dev eivou
PNTA ETOTTEVOUEVO GO — avardVeTOL aTTd TUTTLKT TTPOPAeYT emopevou token pe exmai-
deVOT) ATTOKAELOTIKA TV TAPAPETPOV SPOHOAOYNOTNG, KoL TOV POOLKO HETAGYXNHATLOTY)

TTOYWHEVO.

Ao tn dpopoAroynon otnv napaywyn. To amoteAéopata aviyvebouy pix alvcida
enidpaong: n dpoporoynon oo eninedo | TPoKaAel AVASLOPOPPHOCT) AVATAPACTACEWV
HEC® LITOAELUHATIKOV oLVOETEWY, KoL T Pdpn mpocoxng arldlovv oto emimedo [+1
(texpnpropévn ad evioyvon PuBLoPATOV TPOGOXNG HE XPOVIKT LOTEPNOT) EVOG ETLITE-
dov). Tavtdypova, Tapatnpeltol GUVTOHOTEPT) TAPAYWYT & AAVOATHEVEC ATTOVTHOELS.
To yeyovog OTL pi dAAQYT] EVTOTLGHEVT) OTTOKAELGTIKA OTLS TAPAPETPOLS SPOPOAOYN-
oNG TopayeL HETPHOLHES EMOPAOELS TN GUUITEPLPOPA TTaparywyng deiyvel OTL dpopo-

AOYNOM, TPOooOoXN KL Tapaywyn eival otevd cLleVYHEVEG.

T&on avaktnong-ocvAloyiotikng. TaemhekTikd kota entinedo welpapota Seiyvouv
OTL TO KUKAWHX TPOGOXNG—OPOHOAOYNONG PEPEL TTOLOTLKA SLOPOPETLKY TATPOPOpLa OE
drapopetikd Padn. Ta mpodta emimedo eivar Kploa ylor avaKTnon TANpo@opiog Ko
evaioOnta otig allayég oo tn péBodo AAR: petd Ta Tpod T emtimedar, 1) Sopn oXeTIKN
pe avaktnon mAnpogopiag éxel edpotwdei kot 1 AAR propel va epappootel Ywpig va

N Satopaéel. Avtd vodnAovel OTL i eviada TapépPoacn oe Ol ta emtimeda eivor
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vTo-PEATIOTN Yl epyacieg Tov cLVOLALOVY VAKTNGT] KOl GUAAOYLOTLKY.

Apoporoynon wg Podpog eAevbepiog.  ZUVOAIKE, TOL ATOTEAEGHAT EVIOYDOVV TNV
amoym otL 1 dpopordynon dev eivor ATADG PN AVIGHOG KATAVORNG LITOAOYLGHOD, AAAG
evag onpavtikog Pabpog elevbepiag ota YAwooikd povtéla. Metabétovtag tn dpopo-
AOYNo™ o pio Tomiky, ava-token atO@aoT) G Pl ATTOPUGT) TTOL EVIHEPDOVETOAL OTTO TOL
S TPOTLTTX TPOGOYTG TOL HOVTEAOU, ETLTUYYAVOLE KAADTEPT) ATOS00T) GLAAOYLOTL-

KNG KO Pl TTLO EPHNVEDG LT SLETOPT] HE TOVG ECWTEPLKOVG VITOAOYLGHOVG TOV SLKTVLOV.

6. Xvunepaoparo kat MeAdovtikn Epyaocic

Yopunepaopata. H mapovoa epyacio delyvel 6Tl 1) emadEnon twv dpoporoyntov
MOoE pe Bépn mpocoyng — éva onpa Tov LITOAOYILETAL XAAL ATOPPLTTETOL OTOL TUTTL-
K& povTé o — PeATIOVEL TNV ATTOS0GT) HOONUATIKG CUAAOYLOTIKNG XITOKAELOTIKA HEG®
dpoporoynong. H gaopartikn enéxtaon (AAR-TF) mapéyer mpocBeta képdn péocw @o-
OHOTIKOV YOPAKTNPLOTIKGOV TOU 1810V Tapabipov. Autég ol BeATidoeLg emttTuyydvovTol
EKTTOLOEDOVTOG HOVO TIG TTOPOUHETPOVS OPOHOAOYNOTNG, He TOV PACLKO PHETACYNHATIOTT
AN pwg ayopévo. To vokeipevo kUKAoL SPOPHOAOYNOTC—TTPOGOXNG edpaL®OVEL OTL T
dpopoAoyneon dev elval amA®g Evag HNXOVIGHOG KATAUVOUNG epyaaiag, dAAd évag kpi-
owog Pabpog ehevbepiag mov SLpOPPOVEL TNV E0WTEPLKT] emeEepyocio ko eEwTePLKT)

CUUTTEPLPOPA TOV HOVTEAOV.

ITepropropoi. Evtomiloupe d0o kOplovg meplopiopovg. Ilpadtov, n AAR amoutel ptr
vAomoinon twv Papdv Tpocoyng, amokAeiovtag tn xpron FlashAttention kot eléyo-
vtog emtPapuven VNG avaAoyn pe To pHNKkog akoAovBiog Kot Tov aptBpd evepywv e-
mtédwv. AebTepov, Ta TELPAPATH EGTLAlOVV o€ TpocappoyT] petd TNV drodikacio SFT
HE TTLYWHEVO HOVTENO, 1) OTTOlOL ELoGYEL EEQPTNOT) QIO TO LOTOPLKO eKTTaidevong KoL L-

YnAoTepn SLokOUAVOT) Ge OYECT) He KOLVT] EKTTOISEVGT) OAWV TWV TAPAUETPOV.

MeAlovtikég katevbhvoergs.

+ Evoopdtwon katd tnv npo-eknaidevon. H evowpdtwon AAR 1dn and v

npo-ekTaidevomn Do enéTpeTne 6TO HOVTEAO Kol TOUG SPOHOAOYNTEG VO GLV-eKTToLdEDOVTALL,

evdeXOpEVROG eVIoYVOVTOG TN 60(eVEN SPOPOAOYNGNG—TTPOGOXTG KOl HELOVOVTOG

v e£&pTnom artd 10 eDPOG EMUTEdWV.

+ ITAovootepeg paopatikég avanapootdoelg. Exmadedoipa gpidtpa 1) eEayw-

YEIG XOPAKTNPLOTIKOV EVIEYXETAL VA ATTOSDGOLV eTLTAEOV KEPON.

+ IIpocappootikn emdoyn emnédwv. H tpéyovoa emiektikn oxedioon Pacile-

TOUL G€ XELPOKIVITN 0dpwoT vITocLVOLOVL emutédwv. Evag exmoudevpévog i e€op-
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TOPEVOS atd TNV elcodo pnyaviopog emhoyng Ba kabiotovoe tnv AAR eupéng

EQPUPUOCIUN XWPLG pUOULOT) TTPOCAPHOCHEVT) GTO EKAGTOTE HOVTEAO.

ApopoAoynon wg pnxavicpog kabodnynong. To xdxAwpa dpopordynong-
TPOGOXNG LILOINAWVEL OTL 1) dPOHOAOYNOT) PITOPEL VO OTTOTEAEL GTHELD GTOYEV-
HEVNG Tap€pPaong yio SLapOPP®CT) GUUTEPLPOPAS XWPLG TPOTOTOLNCT) TOV -
xaviopoo mpocoxng. H a€lomoinon avtng tng mpoomtikig 6to TAaiclo ereyyo-
HEVNG TapaY®YNG, ac@dlelag 1) evOLYpapLonG amoTeAel eAkvoTiKT) kKartebBLVON:
OL TPOTOTTOLGELG OPOHOAOYNONG Elval EAAPPLES, EPHUNVEDOLUES KOL EVTOTILOHEVEG

o€ GLYKEKPLLEVQL eTtimeda.






Chapter

Introduction

1.1 The Rise of Large Language Models

The past decade has reshaped natural language processing. Driven by the scaling of neu-
ral language models to tens and hundreds of billions of parameters, trained on web-scale
text, modern systems display capabilities that were out of reach a few years ago: multi-
step reasoning, code synthesis, instruction following, and open-ended dialogue. Many
of these behaviors are emergent, appearing only beyond a certain scale rather than being
explicitly engineered [2]. At the center of this progress sits the Transformer [[1], which
processes a sequence through a stack of layers, each refining a token’s representation
by attending to its context and then transforming it through a feed-forward network.

This capability comes at a structural cost. A dense Transformer applies every param-
eter to every token at every layer, so the compute spent at inference grows with the pa-
rameter count. As models are scaled to acquire new capabilities, this coupling becomes
a fundamental tension: the very growth that yields stronger models also makes each
forward pass proportionally more expensive. Resolving this tension— adding capacity
without paying for it on every token—is the central motivation of the Mixture-of-Experts
(MoE) architecture.

1.2 Mixture-of-Experts as Conditional Computation

Mixture-of-Experts (MoE) models [3, 4] break the link between capacity and compute
through conditional computation. Instead of applying a single feed-forward network to
every token, each MoE layer holds a pool of E independent expert sub-networks and
a small, learned router that activates only X < E of them per token, per layer. The
model’s total parameter count scales with F, but the number of parameters actually
used in a forward pass is fixed by K. Capacity and compute are thus decoupled: a much
larger model can be served at roughly the inference cost of a small one.

This design has made MoE a dominant paradigm for efficient large-scale language
modeling. Architectures such as Mixtral [5], OLMoE [§], and Qwen-MoE [7] match
or exceed dense models of comparable active-parameter budget. Within this design, the

router is a significant component: it does not merely allocate computation, but it notably
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determines which computational pathways shape each token’s representation at every
layer. The quality of an MoE model is therefore tightly bound to the quality of its routing

decisions—which makes the information the router has access to a first-order concern.

1.3 The Routing Bottleneck

The standard router operates from a narrow vantage point. For a token at layer [, it
computes a linear projection of the post-attention hidden state h! € R and selects the
top-K experts from the resulting scores. The hidden state is a compressed summary of
the token together with its context, filtered through [ layers of computation. It carries
contextual information, but only implicitly: it records where the token’s representation
has ended up, but not how it was shaped, or explicitly, how it relates to its context.

This thesis operates on this limitation: the blindness of the router to relational in-
formation regarding the token’s surrounding tokens. Specifically, we take advantage
of the fact that the model already computes a such relational signal, in the same layer,
for free. The attention weights {w!(t)} produced in the same layer encode the model’s
contextual focus— which past tokens were judged relevant, and how that relevance was
distributed. These weights are computed inside the attention sub-layer, used to form the
attention output, and then discarded. By the time the router acts, this explicit relational
structure has been collapsed into a single vector. The router sees the output of the at-
tention process but not the process itself. Thus, the contextual structure that attention
makes explicit is available in the layer, yet unused at routing time.

We can identify this as a routing bottleneck: the routers are popularly confined to

the post-attention hidden state, while contextual information is available, but unused.

1.4 Thesis Motivation and Contribution

This thesis investigates one deliberately simple question: what happens if we give the
router access to contextual information?

We propose Attention-Aware Routing (AAR), an augmentation of the MoE router
that incorporates a sliding window of recent attention weights as an additional input
signal. The router thus conditions its expert selection not only on the hidden state, but
on the relational contextual structure that shaped it—which context it attended to, and
how that attention was distributed.

To attribute any change cleanly to routing, we adopt a strict experimental protocol:
the entire base transformer is kept frozen, and only the routing parameters are trained.
Routing is thereby isolated as the sole variable, so that observed effects on performance
and on the model’s internal behavior can be traced to the routing decision itself rather
than to continued adaptation of the backbone.

The main contributions of this thesis are:
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1. AAR improves mathematical reasoning. Temporal and spectral routers that im-
prove GSM8K mathematical reasoning by up to +3.37 percentage points (AAR-
TF) over a routing-only SFT baseline on OLMoE, while preserving performance
on other benchmarks—achieved by training the routing parameters alone, with

the base model frozen.

2. AAR reveals and exploits a routing-attention coupling. We present empirical
evidence that AAR-induced routing changes do not stay confined to the router: a
routing change at layer [ propagates through the residual stream to reshape atten-
tion at layer [+1, amplifying attention sinks one layer downstream without any
direct update to the attention mechanism itself. The same routing changes mani-
fest externally as shorter incorrect generations, while correct answers remain un-

changed in length.

3. Layer-selective AAR can serve as a depth-wise attention probe. Restricting
AAR to a subset of layers reveals a clean retrieval-reasoning tension across trans-
former depth: early layers are critical for factual retrieval and sensitive to routing
changes, whereas reasoning gains consolidate when AAR is applied to deeper lay-
ers. Layer-selective AAR thus can serve as a probe that reads off functional spe-
cialization across depth through direct intervention, without the use of auxiliary

classifiers.

1.5 Thesis Outline

The remainder of this thesis is organized as follows.

Chapter 2 provides the necessary background on Transformer language models, the
pre-training and fine-tuning paradigm, and the Mixture-of-Experts architecture. It es-
tablishes the notation used throughout, with particular emphasis on the self-attention
weights that the routing mechanism of this thesis later exploits, and the token-routing
problem that AAR augments upon.

Chapter B introduces Attention-Aware Routing in full. It describes the AAR-T and
AAR-TF mechanisms, the router interpolation scheme, and the frozen-backbone train-
ing setup, and then reports the main experimental results: window-size ablations, the
internal routing—attention circuit, the generation-length effects, complementary exper-
iments (load balancing, attention statistics), and generalization to other MoE models.

Chapter [ studies layer-selective AAR, restricting the mechanism to a subset of lay-
ers. It shows that applying AAR only from mid-to-deep layers recovers the MMLU degra-
dation seen under full-layer routing, reveals a depth-wise retrieval-reasoning distinc-
tion, and explains why the layer-selective variant outperforms the all-layer baseline—

reframing the layer sweep as a depth-wise attention probe.
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Chapter B discusses the broader implications of the results: what AAR reveals about
the role of routing in language models, the coupling between routing, attention, and gen-
eration behavior, and the retrieval-reasoning tension as a structural property of trans-
former depth.

Chapter f| concludes with a summary of contributions, a discussion of limitations,

and directions for future work. Supporting material is provided in the appendices.
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Language Models and Mixture of Experts

This chapter provides the technical background necessary to follow the contributions
of this thesis. Section P.1 introduces neural language modeling and the pre-training
and fine-tuning paradigm. Section P.7 describes the Transformer architecture in detail,
with particular attention to the self-attention weights that the routing mechanism of this
thesis later exploits. Section R.3 covers Mixture-of-Experts models, the token routing

problem, and the specific models used in our experiments.

2.1 Neural Language Modeling

2.1.1 Language Modeling as Next-Token Prediction

Bengio et al. [8] introduced neural language modeling as a next-token prediction task,
where the model learns to predict the probability of the next token (unit of language) z;

given the preceding tokens x4:
P(zy | x<4) = softmax(fy(x<)), (2.1)

where fy is a neural network parameterized by 6. Factorizing the joint probability of a
sequence x.7 autoregressively as P(z1.7) = Hthl P(zy | <), the model is trained to
maximize the likelihood of the training corpus, which is equivalent to minimizing the

cross-entropy (negative log-likelihood) loss

T
L(0) = =) log P | x<4;6). (2.2)

t=1

This objective requires no human annotation: any text corpus supplies its own supervi-
sion, since the target at each position is simply the next observed token. This property
is what enables training on web-scale corpora and underlies the self-supervised pre-

training paradigm discussed below.
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2.1.2 Training with Gradient Descent

To train a neural model we use gradient descent to update the parameters 6 in the direc-

tion that decreases the loss:
0« 0 —nVyeL(0), (2.3)

where 7 is the learning rate. In practice we use mini-batch stochastic gradient de-
scent (SGD) or, more commonly for language models, the Adam optimizer [9] and its
decoupled-weight-decay variant AdamW [10], which adapt per-parameter step sizes
from running estimates of the first and second moments of the gradients. Gradients
are obtained efficiently by backpropagation, and training proceeds over many passes

through the data until convergence.

2.1.3 Pre-training and Fine-tuning

Modern language models are built in two stages. In pre-training, the model optimizes the
autoregressive objective above on a very large, heterogeneous corpus, acquiring broad
linguistic and world knowledge in a task-agnostic manner [11, 12]. The resulting model
is then fine-tuned for downstream use. The dominant form of fine-tuning for instruction-
following models is supervised fine-tuning (SFT), in which the same next-token objective
is applied to curated prompt-response pairs so that the model learns to follow instruc-
tions and adopt a helpful response format [13]. SFT is frequently followed by alignment
from human or Al preference feedback, e.g. reinforcement learning from human feed-
back [14]. The fully open OLMo and OLMOoE efforts [15, 6] release the data, code, and
checkpoints for both stages, and the open-instruct SFT framework and its Tiilu data

mixtures [[16] are the basis for the router-only fine-tuning experiments in this thesis.

2.1.4 Scale, In-Context Learning, and Reasoning

As models, data, and compute are scaled jointly, language models acquire qualitatively
new behaviors. The GPT-3 model [17] demonstrated in-context learning: the ability to
perform a task from a few demonstrations supplied in the prompt, with no parameter
updates. Subsequent work showed that chain-of-thought prompting—eliciting interme-
diate reasoning steps—substantially improves performance on arithmetic and symbolic
reasoning benchmarks such as GSM8K [18], and that several such capabilities appear
only beyond a certain scale [2]. These observations motivate efficient ways to grow
model capacity, the central concern of Mixture-of-Experts architectures (Section P.3).
The open LLaMA family [19, 20] established that strong performance is attainable at
moderate active-parameter counts, and its architectural choices (RMSNorm, SwiGLU,

rotary embeddings) are inherited by most of the models considered here.
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2.2 The Transformer Architecture

Transformers are the dominant architecture for modern neural language models, intro-
duced by Vaswani et al. [[1]. A decoder-only Transformer maps a sequence of tokens to
a sequence of contextualized representations through a stack of L identical layers, each
composed of a self-attention sublayer and a position-wise feed-forward sublayer, both
wrapped in residual connections and layer normalization. We write h! € R? for the

hidden state of token i at layer [/, where d is the model dimension.

Qutput
Probabilities

Add & Norm
Fead
Forward
I Add & Norm :
~| Add & Norm | T
Feed Attention
Forward ) } MNx
- |
N Add & Norm
p—l-| Add & Norm | Masked
Multi-Head Multi-Head
Attention Attention
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\ S— 7 \ —
Pasitional D A Positional
Encoding ¢ Encoding
Input Output
Embedding Embedding
Inputs Qutputs
(shifted right)

Figure 2.1. The Transformer encoder—decoder architecture as introduced by Vaswani
et al. [1]. The models in this thesis use only the decoder stack (right half), which applies
masked self-attention followed by a position-wise feed-forward sublayer at each layer.

2.2.1 Tokenization and Embeddings

A Transformer does not operate on raw characters but on tokens produced by a subword
tokenizer. Byte-pair encoding [21] and its byte-level and unigram variants [22] learn a
fixed vocabulary that balances sequence length against the rate of out-of-vocabulary
symbols, segmenting frequent words into single tokens while decomposing rare words
into reusable subword units. Each vocabulary entry is mapped to a learned embedding

vector via an embedding matrix W € RIVI*?, yielding the layer-0 representations h?.
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At the output, a (typically tied) projection maps the final hidden states back to vocabu-
lary logits.

2.2.2 Self-Attention

Self-attention lets each token aggregate information from other tokens in the sequence.

For each token i, the layer projects its hidden state into a query, key, and value:
q; = WQ hi? k; = Wk hia vi =Wy hi? (2'4)

with Wg, Wi, Wy, € R%*?, The attention output for token i is a convex combination
of the value vectors, weighted by the normalized compatibility between its query and

every key:

Tk
Attn(h!) = ) v, L) = soft (q’ t). 25
n(h}) zwwvt wi(t) = softmax, | === (2.5)

In a decoder-only (causal) model the sum runs only over ¢ < i, so a token attends to

itself and its predecessors. Stacking over all positions gives the familiar matrix form

Attention(Q, K, V) = softmax(QKT) V, (2.6)
Vi
where the scaling by 1/d}, keeps the dot products in a numerically stable range. In prac-
tice the layer uses multi-head attention: H heads each operate in a d/H-dimensional
subspace with their own projections, and the per-head outputs are concatenated and
mixed by an output projection Wy, allowing the model to attend to several relational
patterns simultaneously.

The quantity w!(t) in Equation (2.5) is the attention weight that token i places on
token ¢ at layer [; collecting these over all pairs gives a row-stochastic attention weight
matrix A' € R™" with Aé,t = w!(t). This matrix is a direct, layer-local readout of which
context the model deems relevant to each token. It is computed in every layer regardless
of the downstream architecture.

Naive attention has time and memory cost O(n?d) in the sequence length n, which
dominates at long context. FlashAttention [23] computes the exact same result with an
I0-aware, tiled kernel that avoids materializing the full n X n matrix in high-bandwidth

memory.

2.2.3 Feed-Forward Sublayer

Each attention sublayer is followed by a position-wise feed-forward network (FFN) ap-

plied independently to every token:
FFN(h) = Wy o(Wih + b;) + bs, (2.7)
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Figure 2.2. Attention mechanisms from Vaswani et al. [1]. (a) Scaled Dot-Product
Attention computes query-key compatibilities, scales by 1//dy, applies softmax, and
weights the values. (b) Multi-Head Attention projects queries, keys, and values into H
lower-dimensional subspaces, runs Scaled Dot-Product Attention in each, and concate-
nates the results.

a two-layer MLP that expands to an inner dimension dg > d and projects back. Early
Transformers used ReLU or GELU [24] nonlinearities; most recent models adopt the
gated SwiGLU variant [25]. Because dy is several times d, the FFN typically holds the
majority of a dense Transformer’s parameters. It is precisely this sublayer that Mixture-
of-Experts replaces with a collection of independently parameterized experts, making

the FFN the locus of conditional computation.

2.2.4 Positional Encodings

Self-attention is permutation-equivariant and therefore order-blind on its own, so po-
sition information must be injected explicitly. The original Transformer added fixed
sinusoidal encodings [1], while later models used learned absolute embeddings. The
models in this thesis instead use Rotary Position Embeddings (RoPE) [26], which rotate
the query and key vectors by an angle proportional to their absolute position, so that

the attention score in Equation (2.5) depends only on the relative offset i — t.
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2.3 Mixture-of-Experts Language Models

Mixture-of-Experts (MoE) [3] is an architecture that replaces the dense feed-forward
sublayer with a collection of F independent expert networks { F}, ..., g} and alearned
router that selects a small subset of K' < F experts for each token. The model’s total
parameter count scales with F, but the active parameter count per forward pass is de-
termined only by K, enabling a favorable decoupling of capacity from compute—larger

models for roughly fixed inference cost.

2.3.1 'The Expert Layer

Each expert F, is itself a standard FFN of the form in Section P.2.3, with its own param-
eters. Given the router gate values g! (defined below), the output of the MoE layer for

token ¢ is the gate-weighted sum over the selected experts:

W =hi+ > gl F(h), (2.8)

e€Top-K(g!)

where the residual connection is kept as in the dense case. Only the K selected ex-
perts are evaluated, so the cost of the sum is independent of E. Several modern designs
add one or more shared experts that process every token unconditionally, alongside the
routed experts, to capture common computation and stabilize training; this is the design
adopted by Qwen1.5-MoE and the DeepSeek family [27].

2.3.2 Token Routing

The router maps each token’s hidden state to a distribution over experts and selects the
top-K by score. The standard formulation computes routing logits as a linear function
of the hidden state:

g. = softmax(W;h}), W, € R"*, (2.9)

and selects the K experts with the highest scores. This is the baseline routing mechanism
that the attention-aware router of this thesis augments. Variants differ chiefly in & and
in how the selection is made: the Switch Transformer [4] routes each token to a single
expert (K = 1) for maximal efficiency, while GShard, Mixtral, and OLMoE use top-K
routing with K > 2 [28, 5, 6]. Expert-choice routing [29] inverts the assignment so that
each expert selects its top tokens, guaranteeing balanced load by construction at the cost
of a non-causal selection.

A structural feature of Equation (R.9) is central to this thesis: the router observes only
the post-attention hidden state hi—a single vector that compresses the token together
with its aggregated context—and not explicitly the context, or the attention weight ma-

trix A’ from Equation (2.5) that was computed in the same layer. The contextual struc-
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ture that attention makes explicit is thus available but unused at routing time, a gap that

attention-aware routing is designed to close.

2.3.3 Load Balancing

Left unconstrained, routers tend to collapse onto a small set of experts: a rich-get-
richer dynamic in which frequently chosen experts receive more gradient signal, im-
prove faster, and are chosen even more often, leaving the remaining experts under-
trained [3]. To counteract this, MoE models add a differentiable auxiliary load-balancing
loss [28, 4]:

E
Ly=aEY [P, (2.10)
e=1

where f, is the fraction of tokens in the batch routed to expert e, P, is the mean router
probability assigned to expert e, and « scales the penalty. The loss is minimized when
both quantities are uniform across experts, encouraging balanced utilization. Training
is often further stabilized with a router z-loss that penalizes large routing logits [30].
OLMOoE [6], the primary model of this thesis, is trained dropless (no tokens are discarded
under capacity limits) with both the load-balancing loss and the router z-loss during

pretraining, and no auxiliary losses during SFT.

2.3.4 Key MoE Models

We briefly summarize the MoE models referenced or used in this thesis.

Switch Transformer. Fedus, Zoph, and Shazeer [4] gave the first large-scale demon-
stration that sparsely activated experts scale efficiently, simplifying routing to top-1 and
introducing capacity factors and training tricks that made trillion-parameter sparse mod-

els trainable.

GShard and GLaM. GShard [28] scaled sparse MoE for multilingual translation with
automatic sharding and the now-standard top-2 auxiliary-loss recipe, and GLaM [31]
showed that an MoE language model can match a much larger dense model’s quality at

a fraction of the inference compute.

OLMoE. Muennighoff et al. [§] released a fully open MoE—data, code, logs, and checkpoints—
with 64 experts per layer and top-8 routing, dropless training, and load-balancing. It
being open-source and having a fine-grained expert pool make it the primary model for

the routing analyses in this thesis.
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Qwen1.5-MoE. The Qwen1.5-MoE model [7] combines fine-grained routed experts
with always-on shared experts and is upcycled from a dense checkpoint; it is the second

model used in our experiments.
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Attention-Aware Routing

3.1 Introduction

In Mixture-of-Experts (MoE) architectures [3, 4, 28], language models scale capacity
while keeping inference cost manageable by activating only a subset of experts per to-
ken. The router—the mechanism that decides which experts process each token—is a
load-bearing component [32]: it not only ensures efficient allocation of computation,
but determines which computational pathways shape each token’s representation at ev-
ery layer.

Standard routers make this decision from a narrow vantage point. Given a token’s
hidden state hl, the router computes a linear projection and selects the top-k experts [3].
The hidden state carries contextual information, but only implicitly; it does not explicitly
represent how a token relates to others in the sequence.

We propose to augment the router with a sliding window of recent attention weights.
While hidden states summarize what each token represents, attention weights encode
compressed relational intra-sequence structure: which positions the model attends to,
which it ignores, and where focus concentrates. The attention weights are not unstruc-
tured signal: as illustrated in Figure B.1, they naturally carry task-specific information
that clusters by domain at shallow layers and evolves with depth.

We introduce Attention-Aware Routing (AAR), which augments the standard router
with a sliding window of attention weights, incorporating both time-domain and frequency-
domain features. AAR-T operates on the raw attention window in the time domain;
AAR-TF extends it with a parallel frequency-domain router on the DFT magnitude of
the same window. To gauge AAR’s effect on performance experimentally, we isolate it
as the sole variable, by training the routing parameters of the base transformers alone,

while keeping all other weights frozen.

3.2 Related Work

We summarize related work across several axes, highlighting how our approach dif-

fers from and builds upon prior research. More detailed discussion of related work was
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Figure 3.1. PCA of Attention Window Fingerprints. We visualize the first two
principal components of the attention windows (only including the 128-sized attention
weight vectors, averaged across heads) for different MMLU subjects. Each point repre-
sents the average attention weight vector of the final question’s tokens in each 5-shot
prompt. At Layer 0, attention patterns exhibit strong subject-specific clustering. This
clustering becomes more entangled by Layer 7, showcasing the progression of the inter-
nal processing. Notice how semantically similar subjects get relatively closer, compared
to dissimilar subjects.
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provided in Chapter . Here we focus on the specific connections to our method and

findings.

MOoE routing. Standard token-choice routing computes a softmax over expert logits
derived from the token representation and selects the top-£ experts [3]. Load-balancing
auxiliary losses encourage uniform expert utilization [4]. Expert-choice routing [29]
inverts the assignment. Our work keeps token-choice routing intact and augments it

with an attention-conditioned auxiliary signal.

Various routers. Qiu et al. [33] implement MoE routing with a recurrent unit, shared
across layers. The input to the router at each layer comes from the hidden state at the
current layer, as well as previous routing decisions (the recurrent unit’s hidden state).
In Do et al. [34], a fixed randomly initialized hypernetwork generates the router’s pa-
rameters, conditioned on a trainable router embedding; this alleviates representation
collapse and limits the number of experts used during inference. Similar to these works,
our routing method does not rely on the hidden state alone to generate each layer’s

routing logits, but incorporates attention weights as an additional signal.

Attention sinks. Xiao et al. [35] observe that transformers concentrate disproportion-
ate attention mass on the first token (the “attention sink”), which stabilizes representa-
tions under streaming contexts. Barbero et al. [36] show that sink presence slows in-
formation mixing and increases robustness to prompt perturbations. We find that AAR
systematically strengthens attention sinks in layers following the routing modification,

linking this to improved reasoning.

Layer-wise functional specialization. Yang, Gao, and Wu [37] and Song et al. [38]
show that shallow LLM layers dominate likelihood and retrieval tasks while mid-to-
deep layers are essential for reasoning and generation. Yang et al. [39] distinguish latent

reasoning from factual shortcuts across depth.

Attention-aware interventions for reasoning. Nguyen, Huu-Tien, and Inoue [40] im-
prove chain-of-thought reasoning through attention-aware interventions at inference
time, based on empirical hard-written rules. Our work differs in that the attention signal
is incorporated into the routing mechanism during training, making the effect persistent,

learnable, and architecture-native.

Overthinking in chain-of-thought. Li et al. [41] and Su et al. [42] show that longer
reasoning chains correlate with higher error rates. Our finding that AAR reduces output
length specifically on incorrect answers connects routing-induced changes to this line

of research.
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3.3 Method

3.3.1 Standard MoE Routing

In a typical MoE layer of a transformer LLM at depth [, given a token representation

h! € R? after the attention sub-layer, the router computes expert selection logits as
Il l d
gaa = Wi,  Whe RF*Y (3.1)

where E is the number of experts. Top-k experts are selected after applying a softmax
over g;, and the token is processed by a weighted combination of the selected experts’

outputs [3].

3.3.2 AAR-T: Time-Domain Attention Router

At each transformer layer, the attention submodule computes attention weights over the
input sequence as part of its normal forward pass. These weights are never utilized again
after computing the attention output, yet they encode a compact summary of how the
model has distributed its focus across the context at that layer. We propose to make use

of this otherwise discarded signal by including it in the routing module’s input.

Notation. For MoE layer [ € {0,...,L — 1}, let h! € R? denote the hidden state of
token i after the attention sub-layer, and let w! € R™ denote the attention weight vector
at token position ¢: averaged across heads, taken as a sliding window over the last M
positions and zero-padded on the left for « < M. We write £ for the number of experts
and k for the number of selected experts (top-k). Every parameter introduced below
(WL, Ay, A, Gl(l), Gl@)) is layer-specific; no weights are shared across layers.

The auxiliary time-domain router A, is a single linear layer that maps the M/ -dimensional

attention weight vector w! to £ expert logits:

Bam = A/ W, A € RM*E, (3.2)
The attention weight vector w! is constructed as follows: for the very first token of a
prompt, the vector is all zeros. When processing the next token, the window shifts by
one position. For tokens after position M, the window is full and the weights occupy

the vector in first-in, first-out order.

3.3.3 AAR-TF: Frequency-Domain Extension

The attention window w' can be viewed as a discrete signal in the time domain. Taking

its DFT magnitude yields a complementary representation with two useful properties:
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(1) shift-invariance, so attention patterns with the same shape but different absolute po-
sitions within the window map to similar router inputs; and (2) a non-linear transforma-
tion, allowing the linear frequency router to access features that would otherwise require

a deeper module to extract.

We define the frequency-domain attention vector as

M
wl[k] = ij.(t) e~ 2 (k=1)(t=1)/M | (3.3)

t=1

for k € {1,..., K} with K = | M /2] + 1. We retain only the first K bins, since w! is
real-valued and its DFT magnitude is symmetric about the Nyquist frequency. We apply
log(1 + W!) to compress the dynamic range before passing it to the frequency-domain

router:
g = Al—r\i’i, /L € REXE, (3.4)

Appendix (d develops the shift-invariance argument in detail, and presents empirical
evidence that the spectral structure of attention windows varies systematically across
layers—providing post-hoc justification for why the frequency-domain router benefits

from being applied selectively to deeper layers.

3.3.4 Router Interpolation

Each context router is associated with a confidence gate conditioned on the hidden state

and its respective context signal:
ar=o (G |w]), GfY e REXE, (3.5)

o = o (G W) G e RE4, (3.6)

The gates determine per-expert interpolation weights, with the standard router retaining

the largest share of the total weight:

a o
51271, 52:727 fo=1—p1— B (3.7)

The final routing logits are then:
g = Bo © 8std + B1 © Lattn + 2 © g (3.8)

This formulation recovers AAR-T when s = 0, and standard MoE routing when a; =

ay = 0.
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3.3.5 Layer-Selective AAR

Both AAR-T and AAR-TF can be applied selectively across depth. We introduce the
layer-selective variant: AARg is applied only on a subset S of layers {0,...,L — 1},
while standard routing is used elsewhere. This is motivated by prior work showing that
shallow and deep layers play functionally distinct roles in LLMs [37, 38, B9]: rather
than applying AAR uniformly, we let the choice of S reflect where in the network the
attention signal carries task-relevant structure. Section §f shows that this layer-selective
design also serves as a depth-wise attention probe, letting us read off where different

capabilities are encoded in attention by varying only where routing is modified.

3.4 Experiments

3.41 OLMOoE

For our main experiments, we use OLMoE [6], an open-source sparse Mixture-of-Experts
language model with 1B active parameters and 7B total parameters. The model consists
of 16 decoder blocks, each containing a feedforward layer with 64 experts, of which
k = 8 are active per token, and has a sequence length equal to 4096.

Specifically, we use the OLMoE-1B-7B-0125-SFT checkpoint, which was obtained
by supervised fine-tuning of the pretrained OLMoE-1B-7B-0125E. The pretrained model
was trained on a mixture of Dolmino-mix-1124% and OLMoE-mix-09248. For post-training,

following [[16], the model was fine-tuned on the Tulu-3 SFT mixturef.

3.4.2 Training Configuration

To isolate the effect of the routing mechanism, we freeze all model parameters except
for the original routers and the newly introduced attention routers. We fine-tune using
the AdamW optimizer [[10] with the hyperparameters listed in Table B.1.

The attention routers are initialized by sampling from a normal distribution with
o = 0.01. Experiments are repeated across 5 random seeds. Training is performed on
4xA100 (64GB) GPUs; a single OLMoE run takes approximately 4 GPU hours.

Unless stated otherwise, we train on a 25% sample (~220K examples) of Tulu-3 [[16],
the SFT dataset used for OLMoE, including high-quality math, code, and instruction-

following samples.

'https://huggingface.co/allenai/0LMoE-1B-7B-0125-SFT
2https://huggingface.co/allenai/0LMoE-1B-7B-0125
Shttps://huggingface.co/datasets/allenai/dolmino-mix-1124
‘https://huggingface.co/datasets/allenai/0LMoE-mix-0924
*https://huggingface.co/datasets/allenai/tulu-3-sft-mixture


https://huggingface.co/allenai/OLMoE-1B-7B-0125-SFT
https://huggingface.co/allenai/OLMoE-1B-7B-0125
https://huggingface.co/datasets/allenai/dolmino-mix-1124
https://huggingface.co/datasets/allenai/OLMoE-mix-0924
https://huggingface.co/datasets/allenai/tulu-3-sft-mixture
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Hyperparameter Value
Learning rate 1x10™*
LR scheduler Linear
Warmup ratio 0.03
Weight decay 0.0
Batch size 1024
Max sequence length 512
Precision BF16

Table 3.1. Training hyperparameters.

3.4.3 Baselines

We compare AAR against the original OLMoE-0125-SFT model and identical routing-
only SFT runs without the auxiliary routers, isolating the effect of the additional at-
tention signal from that of continued training. We verify our results with the same
comparisons on Qwenl.5 [7] (24 layers, 2.7B active parameters, 14.3B in total)f with its

corresponding chat template.

3.4.4 Evaluation

We evaluate on GSM8K [18], MMLU [43], HumanEval [44], IFEval [45], BBH [4€] and
ARC-Challenge and ARC-Easy [47]. These tasks cover a wide spectrum of linguistic
capabilities, including multi-step reasoning, code generation, instruction following, and
general knowledge across various domains. Evaluation configurations and hyperparam-

eters are detailed in Appendix [A]

3.4.5 Main Results

Table B.4 consolidates results across reasoning and factual benchmarks. AAR-TF, ap-
plied to layers S = {9,...,15} with M = 40, achieves the best GSM8K performance
at 55.36 £ 0.74, a gain of +3.37 pp over routing-only SFT. AAR-T at M = 20 already
improves GSM8K from 51.99 to 54.57 (4+2.58 pp), with AAR-TF providing further gain.
Performance on BBH and IFEval is maintained within noise; HumanEval ticks down
slightly at the best configuration. GSM8K gains replicate on Qwen1.5 as shown in Ta-
ble B.4, though MMLU-Math does not improve for that model.

3.4.6 Window-Size Ablation: AAR-T Applied to All Layers

We additionally report the full ablation over context window sizes M € {10, 20, 40, 64, 128,512},
with AAR-T applied to all layers (no layer selection), in Tables B.3 and .4,

%Qwen/Qwenl .5-MoE-A2.7B-Chat
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Configuration GSM8K BBH MMLU MMLU-Math HumanEval IFEval

OLMOoE-0125-SFT 51.33 36.80 53.96 31.01 41.46 56.19

+ routing—only SFT 51-99i0,76 36.1710‘45 53-91i0.01 30-45i0,56 41-46i0,80 56.56i1,09
+AAR-Tg, M = 20 54.5711.10 36.331061 53.781+0.14 32291064  40.851114 56.341; 88
+AAR-TFs, M =20 54.8911.02 36.3040.42 53.93+0.10 33.484+049 40.98+180 56.67+1.36
+ AAR-TFs, M =40 55.36:‘:0.74 36.71:‘:0,46 53.96:|:0_20 32.91:|:0_54 4000:&1.26 55.64:|:0,41

Qwen1.5-MoE-A2.7B-Chat
+ routing-only SFT 53.4841 45 40.9640.43 59.224004 42.064 .43 39.2610.83 36.4541.26
+ AAR-TFSQ, M =40 55.3641.41 40.511036 59.0240.13 41.4040.41 40.48.19597 35.8240.97

Table 3.2. AAR compared against trained baselines. GSM8K consistently improves.
AAR-TF achieves best results. S = {9,...,15} for OLMoE; Sg = {14,...,17} for
Qwenl.5. Best in bold.

Configuration GSM8K  ARC-C (acc) ARC-C (norm) ARC-E (acc) ARC-E (norm)
Original SFT checkpoint 51.33 46.59 49.40 75.72 75.25
Baseline (SFT on Tulu-3 25%) 51.994¢97¢ 46.0840.45 49.3040.38 75.7140.25 75.6010.18
AAR-T, M =10 51.9941.13  46.5040.76 49.6140.76 76.1410.26 76.5240.48
AAR-T, M =20 54101052 46.1910.69 49.20410.08 76.58.10.24 76.6910.35
AAR-T, M =40 53.1840.55 45.8510.59 49.2240 .76 76.30+0.47 76.4610.65
AAR-T, M = 64 52874175  45.8510.76 48.77 +0.44 76.30+0.63 76.65+0.54
AAR-T, M =128 53.7410.91  45.6310.46 49.3740.88 76.30+0.38 76.59+0.47
AAR-T, M = 512 52961076 46.141056 49.64410.66 76.4219.49 76.5810.47

Table 3.3. AAR-T (all layers) results (% accuracy) on reasoning benchmarks (averaged
over 5 seeds, mean =+ std). ARC-C = ARC-Challenge, ARC-E = ARC-Easy (0-shot, with-
out a chat template).

Configuration MMLU IFEval  HumanEval

Original SFT checkpoint 53.96 56.19 41.46
Baseline (SFT on Tulu-3 25%) 53.9119.01 56.561109 41.4641.50

AAR-T, M =10 52.064+0.12 956.044184 38.2740.87
AAR-T, M =20 92.2140.05 955.97+190 40.1541.16
AAR-T, M =40 52.3540.15 955.274132  38.294733
AAR-T, M =64 52131020 54.714130 39.414210
AAR-T, M =128 92.314023 956.124096 39.0041.30
AAR-T, M =512 92.2240.24 956.3010.77  39.68+1.71

Table 3.4. AAR-T (all layers) results (% accuracy) on coding, general knowledge and
instruction-following benchmarks (averaged over 5 seeds, mean + std). For HumanEval
we report the pass@10 % accuracy.
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3.5 Window Size and Signal Structure

3.5.1 Intrinsic Correlation Length of the Attention Signal

We analyze the temporal structure of w! via its unbiased normalized autocorrelation
function (ACF), computed for GSM8K prompts and averaged over query tokens. For a
signal w!(t), t € {1,..., M}, the normalized ACF at lag 7 is defined as

M-t

1 ! N _
i Z (wi(t) — w) (wi(t +7)— w)

R(7) = tzll = , r=0,1,....,.M—1, (3.9

37 2 (wl(t) —@)°

t=1

where w = +; S M wl(t) is the sample mean. By construction R(0) = 1, and R(7) — 0

as 7 grows when successive weights are uncorrelated.

3.5.2 Window Size

AAR-T peaks at M = 20 in the all-layers configuration (Table B.3), consistent with the
intrinsic correlation length identified above. AAR-TF marginally shifts this optimum
to M = 40 (Table B.9): with K = |M /2] + 1 frequency bins growing with M, the

frequency-domain router benefits from finer spectral resolution.

3.6 From Routing to Generation: Internal and External
Effects

Routing decisions are not confined to the router itself; they determine which experts
process the token, thus shaping the representations that are passed to subsequent mod-
ules, including attention. This raises the question of how AAR-induced routing changes
propagate through the model and manifest in its behavior. We analyze the effects of
AAR on model behavior at two levels: internally, by examining how routing changes
propagate to the attention mechanism, and externally, by examining how they manifest
in the model’s generation. For clarity, both analyses use AAR-T, which isolates the effect

of the time-domain attention signal alone.

3.6.1 Internal: AAR Reshapes Attention

To understand the low-level changes underlying the reasoning improvements, we exam-

ine whether and how attention weights differ between AAR-T and baseline models. We
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Figure 3.2. Normalized autocorrelation function (ACF) of the attention window signal
wi(t) at layers 4, 9, and 12, for example window sizes € {20,64,128}. The ACF is
averaged over query tokens and prompts from GSM8K (5-shot). The dashed vertical
line marks lag = 20. Across all layers and window sizes, the ACF has decayed below
0.1 by lag ~ 20, revealing an intrinsic correlation length of 20 tokens in the attention

signal. A window of M = 20 is thus sufficient to capture most structured information.
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collect attention weights generated when processing GSM8K prompts, using the AAR-T

models with M = 20 and their corresponding baselines.

We find that AAR-T amplifies attention sinks, i.e., the concentration of attention mass
on the first token of the sequence [35], and verify that this effect is associated with AAR
via the layer-selective variant: when AAR is applied from layer [ onwards, attention
sinks are amplified starting precisely in layer [ 4+ 1 (Figure B.3). Routing changes at
layer [ alter expert selection and weighting, which in turn reshapes the representations
passed to layer [ + 1’s attention submodule, without any direct update to the attention

mechanism itself.

e
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Figure 3.3. Top: Absolute weight to the attention sink, per layer (averaged across
prompt’s tokens). Bottom: the absolute difference, isolated. The different routing de-
cisions of layer 9, because of AAR, lead to different attention weights produced in the
attention submodule, at layer 10.

This suggests a mechanism consistent with how AAR may improve mathematical
reasoning. Prior work has established that attention sink formation stabilizes decoding
by anchoring computation to a fixed reference token [35, 4§]. Under AAR, the model re-
inforces the pattern of concentrating attention on the first token, through routing alone.
Routing thus acts not only as a selector of expert capabilities, but as an indirect regulator

of attention’s processing downstream.
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3.6.2 External: AAR Reduces Long Diverging Generation

We compare answer lengths on GSM8K between matched pairs of AAR-T and baseline
models (Table B.5). When both models answer incorrectly, AAR-T produces substan-
tially shorter answers (mean —11.8%, P99 —14.9%). When both models are correct,
lengths are indistinguishable. The effect is concentrated in the wrong-answer regime
and consistent across the full output length distribution, suggesting that AAR reduces di-
verging generation length [41, 42]: the model commits to an answer sooner when wrong,
rather than generating long rambling reasoning chains. Correct answers are mostly un-

affected, indicating the model has not simply learned to be uniformly brief.

Condition Metric Base AAR-T Rel. A
Mean 68.2 67.6 —0.8%

Both Correct Median 54.0 54.0 0.0%
P99 (chars) 251.0 248.0 —1.2%
Mean 163.7 144 .4 —11.8%

Both Wrong Median 78.0 73.0 —6.4%

P99 (chars)  8513.0 72420 —14.9%
Ramble Rate  5.63% 4.29% —23.9%

Mean 140.4 89.5 —36.3%
Wrong — Correct Median 83.0 80.0 —3.6%
P99 (chars)  7306.0 1036.0 —85.8%

Table 3.5. Length analysis (characters) on GSM8K averaged across seeds and context
sizes M. Ramble Rate denotes responses exceeding 1,000 characters. AAR-T leaves
correct responses nearly unchanged while reducing the length of incorrect reasoning,
especially in the tail (P99). The answer length reduction also persists for answers that
get corrected by AAR-T (Wrong — Correct row).

3.7 Complementary Experiments and Ablations

3.7.1 AAR and Load Balancing

In all previous experiments, following OLMoE’s SFT training regime, we do not apply an
auxiliary load-balancing loss during the routers’ fine-tuning. However, load balancing is
a common component of MoE training, and it is important to verify that AAR’s improve-
ments are not contingent on its absence. We thus conduct an additional experiment with
the auxiliary load-balancing loss applied at a standard weight of A = 0.01. We find that
AAR-T with load balancing still improves GSM8K across window sizes when applied to
all layers (Table B.6). Thus, AAR’s performance gains are not a mere artifact of greedy
expert collapse, but reflect a genuine improvement in the routing mechanism’s ability

to leverage the attention signal for mathematical reasoning.
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Configuration GSMS8K HumanEval MMLU
Baseline (routing-only SFT) 51.991076 41.46410s0 53.9110.01
AART, 3 = 20 IR Tew ST 52
AART, 3 = o1 IR SaSie BNw 5a1lien
AR, ) = 1 WIB B0ge 85k %23ien
AART, 1 =512 WIB A0 33lam 522l

Table 3.6. Effect of auxiliary load-balancing loss (weight A = 0.01) on AAR-T applied
to all OLMOoE layers. GSM8K (8-shot CoT), HumanEval (pass@10), and MMLU (5-shot).
Bold marks the best AAR variant per column.

3.7.2 Routing with Attention Statistics

While testing AAR at inference-time, we saw that simple interventions in the structure of

the attention signal that kept its distributional characteristics intact, such as shuffling the

order of the attention weights, did not necessarily yield complete performance degra-

dation to baseline levels. This suggests that the routing mechanism indeed leverages

distributional characteristics of the attention signal, along with the positional charac-

teristics. To isolate the distributional effect and aggregated positional effect, we conduct

an additional experiment, focused on interpretability: we replace the attention signal

window with a feature vector carrying distributional characteristics: mean, 2nd mo-

ment, 3rd moment, Gini index, KL divergence from uniform, recency mass, and average

centroid position. Results are reported in Table B.7.

Configuration GSM8K  HumanEval MMLU
Baseline (routing-only SFT) 51.99407¢ 41.4641080 53.9140.01
M =20 AAR-T (window) 54.1049 52 40.1541 .16 52-21j:0.05
o Statistics 53.691088 39.241198 52.3240.94
M — 64 AAR-T (window) 52.87:“,75 39.4]&:2.10 52.13;&).20
o Statistics 52.7210.84 38.8040.82 52.2940.14
M = 128 AAR-T (window) 53.7410.91 39.0011,30 52.3110.23
o Statistics 53.3941.37 38.5141.18 52.1640.22
M =512 AAR-T (window) 52.96:“)‘76 39.68:‘:1.71 52.22:‘:0.24
o Statistics 53.6940.60 38.7342.06 52.2310.18

Table 3.7. AAR-T with raw attention window vs. routing conditioned on attention
statistics (mean, 2nd/3rd moment, Gini index, KL divergence from uniform, recency
mass, centroid position), applied to all OLMoE layers. GSM8K (8-shot CoT), HumanEval
(pass@10), MMLU (5-shot). Bold marks the best AAR variant per column.

We see that the statistics-based router captures some of the AAR-T gain on GSM8K,
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improving over the baseline by +1.70 pp at M = 20, but does not reach the full window-
based AAR-T performance. This shows that while distributional characteristics of the
attention signal are indeed leveraged by the routing mechanism, the fine-grained posi-
tional structure of the attention weights also carries important information that is not
fully captured by global statistics. At the same time, the statistics-based router consis-
tently degrades HumanEval performance more than AAR-T, suggesting further inflexi-

bility at generation time.

3.8 Summary of Results

AAR demonstrates that augmenting MoE routing with attention weights—a signal that is
computed but then discarded in standard models—improves GSM8K performance, with
minor regressions on coding and instruction-following at the best configuration. The
frequency-domain extension (AAR-TF) provides further gains through spectral features
of the attention window. Both improvements are achieved by training the routing pa-
rameters alone, with the base transformer remaining frozen. The underlying mechanism
is a routing-attention coupled circuit: routing changes at layer / propagate through the
residual stream to reshape attention at layer [ + 1, without any direct update to the

attention mechanism itself.



Chapter

Layer-Selective AAR as a Depth-wise Atten-

tion Probe

4.1 Motivation

The results of Chapter ff reveal a consistent tension: attention routing improves reasoning-
heavy benchmarks (GSM8K, MMLU-Math) while degrading performance on knowledge-
intensive tasks, most notably MMLU overall (—1.5% or more across all context window
configurations). We hypothesize that this degradation stems from interference with the
factual retrieval mechanisms that reside in the earlier layers of the network.

This hypothesis is grounded in a growing body of evidence that transformer layers
serve functionally distinct roles. Song et al. [38] demonstrate that shallow layers dom-
inate likelihood estimation and factual retrieval, while mid-to-deep layers are essential
for reasoning and generation. Similarly, work on latent reasoning modes in LLMs [39]
distinguishes between factual shortcut pathways, which rely on early representations,
and genuine reasoning pathways that engage deeper computation. If attention routing
modifies expert selection in early layers—where the model retrieves stored knowledge—
it may disrupt well-calibrated retrieval patterns without contributing meaningfully to

reasoning.

4.2 Overview

Layer-selective AAR is a targeted refinement of the full-layer design described in Chap-
ter B Rather than applying attention-weighted gating at every layer, we restrict the

mechanism to layers at or above a designated start layer /,:

" Wih; ifl <,
S INC 0 *1)
Q; @I/[/Ihz—i‘(l—Oé )@Alai Ilels,

i

where all notation follows Chapter B. Layers below [, retain the original routing with

no auxiliary parameters; layers at or above [, use the full attention-aware mechanism.
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This design is not merely an ablation variant: the best-performing OLMoE configu-
ration in the main evaluation (Table B.J) is AAR-Tg, which uses this design with [, = 9.
The sweep over start layers [ € {1,3,5,7,9,11,13,15} (zero-indexed) reported below
is therefore both a performance study and a post-hoc explanation of why the selective
variant outperforms full-layer AAR. All experiments use a fixed context window M = 20

and the training configuration of Table B.1, repeated over 5 random seeds.

4.3 Experiments

Our experimentation involves training AAR-Tg models with different start layers /; and
evaluating them on key benchmarks of interest, as in Chapter . The key questions we

seek to answer are:

« How does the choice of start layer [, affect performance on reasoning-heavy bench-

marks versus knowledge-intensive benchmarks?

« Where should we apply attention routing to maximize reasoning gains while min-

imizing retrieval disruption?

« Broadly: What does the layer-wise performance pattern reveal about the func-
tional specialization of attention in transformer layers? Namely, under AAR,
which layers’ attention weights carry the most useful information for routing,

and how does this relate to the retrieval-reasoning distinction?

431 MMLU

Motivated by the performance degradation on MMLU observed in Chapter f when AAR
is applied to all layers, we first do a per-subject analysis. Table #.1) reports the abso-
lute accuracy difference from baseline when AAR-T is applied to all layers, across rep-
resentative MMLU subjects and window sizes M. Reasoning-oriented subjects (Math,
Computer Science) are preserved or improved, while retrieval-heavy subjects (Biology,
History, Philosophy) suffer consistent degradation.

We train AAR-Ts models with different start layers [, and evaluate on MMLU. The
results show a clear pattern: as [, increases, MMLU performance recovers and plateaus
near baseline for [, > 7, with the most significant gains occurring when [; is in the
mid-to-deep layer range (7-11).

The recovery of MMLU performance is not uniform across subjects. Figure .9 shows
per-subject accuracy as a function of start layer. The subjects exhibiting the strongest
recovery are those that require both factual retrieval and reasoning: Chemistry, Biology,
Economics, and Physics. These are precisely the domains where early-layer disruption
could be most damaging: under an oversimplified view, the model must first retrieve

relevant knowledge (e.g., chemical properties, biological mechanisms) and then reason



4.3. EXPERIMENTS

MMLU Subject AM=10 AM=20 A M=64
Math +0.7 +0.6 +0.5
Computer Sci. +0.5 +0.4 —0.1
Biology —4.5 —-34 —-3.8
History —-2.5 —-24 —2.2
Health —-14 -1.8 -1.9
Psychology -14 -1.7 —-1.2
Geography -1.0 +0.2 +0.0
Philosophy —-3.2 -3.1 -34

Table 4.1. MMLU subcategory A (absolute % accuracy difference from baseline, 5 seeds)
when AAR-T is applied to all layers of OLMoE. Reasoning-oriented subjects (top) are
improved; degradation is concentrated in retrieval-heavy subjects (bottom).

Attention Routing: MMLU Accuracy vs. start layer
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MMLU accuracy (%)

52.50 A

52.25 A
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—— Baseline (53.92%)

1 3 5

9

Attention Routing start layer

15

Figure 4.1. MMLU accuracy (%) versus attention routing start layer (mean = SEM
over 5 seeds). The dashed red line indicates the routing-only SFT baseline (53.92%).
Performance recovers and plateaus near baseline for l; > 7, with a slight peak around

ls =9-11.
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over it. By exempting the early layers from attention routing, we preserve the retrieval

step while enhancing the reasoning step.

Attention Routing: MMLU Accuracy across subjects vs. start layer

70 T = = T T
% 4 o # o
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Attention Routing start layer

MMLU accuracy (%)
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Figure 4.2. AAR-T (M = 20) accuracy across MMLU subjects as a function of starting
layer. Most subjects’ accuracy curves follow a bell shape. Retrieval-heavy subjects (Bi-
ology, History, Philosophy) are worst when AAR starts early and recover as the starting
layer increases; reasoning-heavy subjects improve regardless of starting depth; subjects
combining both (Economics, Physics) peak around layers 7-11.

Math follows a different pattern: performance peaks when routing starts from lay-
ers 7-9, then declines when routing is applied only to the very deepest layers (I, > 13).
This suggests that mathematical reasoning engages a broader range of layers, and re-
stricting attention routing to only the last few layers removes useful signal.

Philosophy is a notable outlier, showing smooth, monotonic improvement as [, in-
creases. This can be attributed to a variety of factors, including the subject’s potentially
heavy reliance on retrieval of specific concepts and the robustness of AAR training, in

general.

4.3.2 ARC-Challenge and ARC-Easy

We evaluate on ARC —a benchmark that combines reasoning and retrieval capabilities—
to assess layer-wise performance of AAR, as well as robustness. In this section, we
consider 0-shot prompts with a chat template.

The ARC results present a more nuanced picture than MMLU. For ARC-Easy, AAR-
trained models surpass the baseline, when AAR is applied early. Performance decreases
as the AAR start layer gets deeper. For ARC-Challenge, the pattern is monotonic: early

startlayers 5-11 yield severe performance degradation, which then recovers at deeper
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Attention Routing: Arc Challenge (chat) vs. Start Layer
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Figure 4.3. ARC-Challenge accuracy (0-shot, with chat template, log-likelihood) ver-
sus start layer. The blue line shows raw accuracy; the orange line shows normalized
accuracy.
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Figure 4.4. ARC-Easy accuracy (0-shot, with chat template, log-likelihood) versus start
layer.
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start layers. The conclusions we can draw with this experiment are 2-sided and task-
dependent. In the case of the much harder ARC-Challenge, the results are consistent
with the MMLU pattern: early-layer routing disrupts retrieval and harms performance,
while deeper-layer routing preserves retrieval and recovers performance. In the case of
ARC-Easy, the results suggest that the reasoning boost from AAR can actually enhance
performance on easier questions, but only if applied from early layers. ARC-Easy follows
a pattern more similar to GSM8K, where the reasoning boost is more important than
retrieval preservation, while ARC-Challenge follows a pattern more similar to MMLU,

where retrieval preservation appears crucial.

4.4 Discussion

The layer-selective experiments yield three main insights.

Functional specialization of layers. The start-layer sweep serves as an implicit ab-
lation study on where in the network attention patterns carry information useful for
routing. The monotonic recovery of MMLU with increasing [, confirms that shallow
layers handle retrieval and pattern matching, while mid-to-deep layers perform com-
positional reasoning. This is consistent with prior work [38] and extends it to the MoE

routing setting.

The sweet spot. Layers 7-11 (zero-indexed) represent the optimal range to start atten-
tion routing. Within this range, MMLU is recovered to or above baseline (53.92% —~
54.0%), and GSM8K retains most of its improvement (= 53.5-53.8% vs. 54.10% with
full routing and 51.99% baseline). The configuration [, = 9 corresponds directly to the
AAR-Tg model reported as the best OLMoE variant in Table B.2.

Task-dependent trade-offs. The optimal start layer depends on the application. For
reasoning-first settings, [ = 7-9 preserves the strongest GSM8K gains while recovering
MMLU. For settings where factual accuracy is paramount, [; = 11 or higher recovers

nearly all baseline MMLU performance, at the cost of a slightly reduced reasoning boost.

Layer-selective AAR as a depth-wise probe. Beyond the performance gains, this de-
sign yields a depth-wise attention probe as a byproduct: by varying only where AAR
is applied, we can read off what kind of routing-relevant information each layer’s at-
tention weights carry. Per-layer attention weights thus act as a fingerprint of each
layer’s information processing. The probe reveals where the retrieval-reasoning ten-
sion is concentrated, and that it is readable from the attention signal. This is consistent

with and extends Song et al. [38], who show that shallow layers dominate retrieval tasks
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while mid-to-deep layers are essential for reasoning. Rather than probing representa-
tions post-hoc, layer-selective AAR probes the functional role of attention weights by
measuring the downstream effect of routing changes directly—without the use of auxil-

iary classifiers.
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Discussion

Self-regulation through routing. By providing the router with a fingerprint of the
model’s contextual processing, as encoded in the attention weights, we enable a form
of self-regulation: the routers can settle into configurations under which downstream
attention patterns shift in ways that co-occur with improved task performance, making
this coupling directly available during optimization. The effect is reflected internally in
the reshaping of attention (Section B), and externally in the reduced length of wrong
answers. It is not an explicitly supervised signal; it emerges from training with standard

next-token prediction on the routing parameters alone.

From routing to generation. Our results trace a cascade: routing at layer [ reshapes
the representations passed to layer [ + 1, which alters that layer’s attention weights
(evidenced by the one-layer-delayed sink amplification), and is accompanied by shorter
generation on incorrect responses. That a change confined entirely to routing param-
eters can produce measurable effects at the level of generation behavior suggests that
routing, attention, and generation are tightly coupled, and that routing is a consequen-
tial component of how the model processes information, beyond its role as a dispatching

mechanism.

Retrieval-reasoning tension. The layer-selective experiments reveal that the attention-
routing circuit carries qualitatively different information at different depths. Early layers
are critical for factual lookup and sensitive to AAR-driven changes; beyond the middle
layers, retrieval-relevant structure has consolidated and AAR can be applied without dis-
rupting it. This is consistent with and extends Song et al. [38], and suggests that a single
uniform intervention across all layers is sub-optimal for tasks that combine retrieval and

reasoning.

Routing as a degree of freedom. Taken together, the results reinforce the view that
routing is not merely a dispatching mechanism but a consequential degree of freedom
in language models. Shifting routing from a local, per-token decision to one informed
by the model’s own attention patterns yields better reasoning performance and a more

interpretable interface into the model’s internal computation.
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Closing Remarks

6.1 Conclusion

Standard MoE routers select experts based on each token’s hidden state alone, without
direct access to the attention patterns that shaped it. We show that augmenting the
router with a sliding window of attention weights can meaningfully reshape model be-
havior through routing alone, improving GSM8K performance. The frequency-domain
extension provides further gains through spectral features of the same window. These
improvements come with modest regressions on HumanEval and IFEval, reflecting the
retrieval-reasoning trade-off discussed in Chapter §. These routing changes also prop-
agate through the network: they amplify attention sinks one layer downstream, and
at generation time they reduce output length on incorrect answers while leaving cor-
rect ones unchanged. The retrieval-reasoning tension we observe demonstrates that the
attention-routing circuit carries qualitatively different information at different depths,
with layer-selective AAR serving as a natural probe into this structure. Taken together,
our results reinforce the view that routing is not merely a dispatching mechanism, but

a consequential degree of freedom in language models.

6.2 Limitations

Efficiency. AAR requires explicit attention weight materialization at each AAR-active
layer, which precludes the use of FlashAttention [23]. The resulting eager-attention
fallback introduces memory and compute overhead that scales linearly with sequence

length and the number of active layers.

Training regime. Our experiments focus on post-SFT adaptation: auxiliary routers are
trained jointly with already-initialized routing parameters, while the base transformer
remains frozen. This asymmetric setup has two consequences. First, the optimal set
of AAR-active layers is entangled with the model’s prior training history, which limits
turnkey cross-model generalization — the best layer ranges for OLMoE and Qwen1.5

both concentrate in middle-to-deep layers, but differ in their exact span. Second, training
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only a small number of new parameters on top of a fixed model introduces performance

variance that full-parameter joint training from scratch would likely reduce.

6.3 Future Work

Pretraining integration. Integrating AAR during pretraining rather than as a post-
SFT adaptation would allow the model and its routers to co-evolve from the outset, po-
tentially unlocking stronger routing-attention coupling and alleviating the layer-range

dependence on prior training.

Richer spectral features. AAR-TF demonstrates that simple spectral features of the at-
tention window carry complementary routing signal beyond what the raw time-domain
window provides. Richer signal transformations — learned filterbanks, wavelet decom-
positions, or jointly trained feature extractors — may yield further gains, particularly for

tasks where the relevant attention structure varies across layers or prompt types.

Adaptive layer selection. The layer-selective design currently relies on a manually
swept layer subset S. A learned or input-conditioned mechanism for selecting S would
make AAR more broadly applicable without per-model tuning. The spectral flatness
heuristic of Appendix [J offers a data-driven proxy for choosing S, and could serve as

initialization for such a learned selector.

AAR in masked and diffusion language models. AAR was developed entirely within
autoregressive, decoder-only MoE models, but its premise — that the router benefits
from conditioning on the contextual state summarized by attention — is not specific
to that setting. Masked and diffusion language models expose a bidirectional attention
structure that, in the diffusion case, evolves across denoising steps. Porting AAR into
these regimes, where a router could additionally condition on the denoising step or local
masking density, is a natural and largely unexplored direction; it would also test whether
the attention-routing circuit of Chapter B, including the downstream amplification of
attention sinks, has an analogue under bidirectional attention. This connects directly
to concurrent work by the author on frequency-informed masked diffusion language
modeling (Appendix D).

Routing as a steering mechanism. The routing-attention circuit identified in this work
suggests that routing can serve as a targeted intervention point for shaping model be-
havior without modifying the attention mechanism itself. Exploring this perspective in
the context of controlled generation, safety, or alignment is a promising direction: rout-
ing modifications are lightweight, interpretable, and localized to specific layers, making

them a natural candidate for fine-grained behavioral control.
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Appendix

Evaluation Details

A.1 GSMS8K

GSMBK [118] is a benchmark of 1317 grade school math word problems (dev set) requir-
ing multi-step arithmetic reasoning. We use the implementation in open—instruct,
with 8-shot chain-of-thought prompting. We apply the Tulu-3 chat template, which

structures each conversation as:

<s><|system|>

system message
<|user|>

user message

<|assistant|>

assistant response</s>
<|user|>
next user message

<|assistant|>

where <s> and </s> denote the beginning and end of sequence tokens, and the final
<|assistant|> prompt signals the model to generate its response. We use use the na-
tive implementation in open-instruct. We have verified that the 1m-eval-harness
implementation (task: gsm8k_cot) preserves, or enhances, the relative differences be-

tween the baseline and our models.

A.2 HumanEval

HumanEval [44] is a code generation benchmark consisting of 164 hand-written Python
programming problems, each with a function signature, docstring, and unit tests. We
use the native implementation in open-instruct, with the same chat template as above.
We set the unbiased sampling size to 10 and report pass@10. We repeat the evaluation

as denoted in the main text.

'https://github.com/allenai/open-instruct
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A.3 BBH

BIG-Bench Hard [46] is a suite of 23 challenging reasoning tasks drawn from the broader
BIG-Bench benchmark, specifically selected as tasks where prior language models had

failed to surpass average human performance. We use the same chat template as above.

A.4 IFEval

IFEval [45] is a benchmark that evaluates instruction-following ability through verifiable
constraints, such as response length, keyword inclusion, or formatting requirements. We

use the same chat template as above.

A5 MMLU

Massive Multitask Language Understanding (MMLU) [43] evaluates a model’s knowl-
edge and reasoning across 57 academic subjects spanning STEM, humanities, social sci-
ences, and professional domains, at difficulty levels ranging from elementary to profes-

sional. We use 5-shot evaluation without a chat template. The full list of subjects is as

follows:
« Abstract Algebra « High School Computer Science
« Anatomy « High School European History
« Astronomy « High School Geography
« Business Ethics « High School Government and Poli-
+ Clinical Knowledge tics
+ College Biology « High School Macroeconomics
+ College Chemistry « High School Mathematics
+ College Computer Science « High School Microeconomics
+ College Mathematics « High School Physics
+ College Medicine « High School Psychology
+ College Physics « High School Statistics
« Computer Security « High School US History
+ Conceptual Physics « High School World History
« Econometrics « Human Aging
« Electrical Engineering « Human Sexuality
+ Elementary Mathematics « International Law
« Formal Logic « Jurisprudence
+ Global Facts « Logical Fallacies
« High School Biology « Machine Learning
« High School Chemistry « Management



A.6. ARC

« Marketing + Professional Law

+ Medical Genetics « Professional Medicine

+ Miscellaneous « Professional Psychology
+ Moral Disputes « Public Relations

+ Moral Scenarios « Security Studies

« Nutrition « Sociology

« Philosophy « US Foreign Policy

+ Prehistory « Virology

+ Professional Accounting « World Religions

A.6 ARC

The AI2 Reasoning Challenge (ARC) [47] is a multiple-choice question-answering bench-
mark drawn from science exams. It is split into an Easy and a Challenge partition, where
the latter contains questions that require more complex reasoning and cannot be an-
swered by simple retrieval methods. We report both accuracy and normalized accuracy.
For ARC, we use EleutherAl’s evaluation harness? [49] with the same chat template as

above.

Zhttps://github.com/EleutherAl/lm-evaluation-harness






Appendix E

Training with Different Data

In all experiments, we report performance after SFT on a Tulu-3 25% sample. Our exper-
iments suggest a preference of AAR for mathematical reasoning tasks. We now change
the SFT data mix and train separately on two alternative datasets—CodeFeedBack and
MetaMath—to examine whether AAR’s gains persist under different data regimes and
to probe which part of the training signal drives the improvement. For code, mirroring
Chapter , we include ablation tables with and without load balancing, different at-
tention window sizes, as well as the attention-statistics router. For math, we focus on
the best-performing AAR-T with M = 20.

B.1 CodeFeedBack

CodeFeedBackll is a code-focused instruction dataset that is already fully included in
the Tulu-3 SFT mixture used to train the OLMoE-0125-SFT checkpoint. Training AAR
on CodeFeedBack alone therefore measures whether attention-aware routing can still
extract a useful signal from a data distribution that the backbone has already seen during
its original post-training, and where code generation is the dominant task.

Tables and B.J report results for, respectively, the raw attention-window router
(AAR-T) and the attention-statistics router, each with and without an auxiliary load-
balancing loss. Because CodeFeedBack is code-centric, MMLU performance drops sub-
stantially relative to the Tulu-3 baseline for all AAR variants; GSM8K improvements are

smaller but still present.

B.2 MetaMath

MetaMath? is a math-only dataset, part of which is included in Tulu3. Training AAR
exclusively on MetaMath isolates its effect in a maximally math-focused regime, at the
cost of catastrophic forgetting on general knowledge tasks. At the same time, even the

baseline’s performance on GSM8K substantially degrades, hinting at routing collapse.

thttps://huggingface.co/datasets/m-a-p/CodeFeedback-Filtered-Instruction
*https://huggingface.co/datasets/meta-math/MetaMathQA


https://huggingface.co/datasets/m-a-p/CodeFeedback-Filtered-Instruction
https://huggingface.co/datasets/meta-math/MetaMathQA

APPENDIX B. TRAINING WITH DIFFERENT DATA

Configuration GSM8K  HumanEval MMLU

Baseline (SFT on CodeFeedBack) 50.934024 40.884084 53.9240.11
Baseline (SFT on CodeFeedBack) + LB 51.694038 40.904050 53.9440.05
AAR-T, M = 10 w/o LB 51-63i0.83 37-54i1.99 50.18i0_32

w/ LB 51.80:|:0_75 37.98:|:1_50 50.18:|:0_31

w/o LB 51'55:|:1.06 37.80:&1,54 50.16:&0‘35
w/ LB 51-39i1.08 38.32i0,72 50~14i0.23

w/o LB 52-13i0.65 38.34i0_74 50-02i0.16
w/ LB 52.39 0984 38.6111 37 49.94 1916

AAR-T, M =20

AAR-T, M =64
w/oLB  51.404¢ .40 37.7341.57 50.224¢9.18
w/ LB 51.86i0,73 38-41i1.96 50~13i0.15

w/o LB 51.16i1_54 37-00i1.15 50-04i0.18
w/ LB 51.16:|:1_05 36.93:|:0_65 50.15:|:0_22

AAR-T, M =128

AAR-T, M = 512

Table B.1. AAR-T (raw attention window, all layers) trained on CodeFeedBack. GSM8K
(8-shot CoT), HumanEval (pass@10), MMLU (5-shot). Bold marks the best value per
column.

Configuration GSM8K  HumanEval
Baseline (SFT on CodeFeedBack) 50.934004 40.8810.84
Baseline (SFT on CodeFeedBack) + LB 51.694038  40.904¢ 52

w/o LB 52.62:&1‘16 38.29:|:1‘98
w/ LB 52.86i1,14 38.61i1,53

w/o LB 51-81i0.76 38.05i2_11
W/ LB 51.61:|:1_41 37-51:|:1.98

w/oLB  51.3741.44 37.2741.09
w/ LB 51.61:&1,10 37.05:&1,29

w/o LB 52-04i1.06 36-05i3.46
w/ LB 52-51i0.99 37-93i1.39

w/oLB  52.0741.53 37.6141 .02
w/ LB 52.4640.26 37.6341.60

Statistics, M = 10

Statistics, M = 20

Statistics, M = 64

Statistics, M = 128

Statistics, M = 512

Table B.2. Attention-statistics router (mean, 2nd/3rd moment, Gini index, KL diver-
gence from uniform, recency mass, centroid position; all layers) trained on CodeFeed-
Back. Bold marks the best value per column.



B.2. METAMATH

Table B.3 reports results for the baseline (SFT on MetaMath) and AAR-T with M = 20

applied to all layers. We can draw two main conclusions:

« Inconsistent with the Tulu-3 SFT results, Math-only training yields no improve-
ment on GSM8k relative to an untrained baseline. This is not an artifact of AAR,
or AAR training, as the baseline SFT model severely degrades relative to the un-
trained baseline. This showcases that the GSM8K improvement from AAR-T in
the Tulu-3 SFT setting is not simply due to better math performance, but rather
to a more complex interaction between the math training signal and the model’s

existing capabilities, and it cannot be attributed to overfitting on math data alone.

« Code data outperform Math-only data on mathematical tasks (tables B.1 and B.J).
Broadly, multi-task training data appear important for AAR to learn a routing
strategy that generalizes well across tasks, and the math signal alone is insufficient
to drive the learning of a routing strategy that benefits GSM8K.

Configuration GSMS8K MMLU

Baseline (SFT on MetaMath)  47.7919.71  53.74410.12
AAR-T, M =20 (all layers) 50.3311 65 48.98i0_15

Table B.3. AAR-T trained on MetaMath only. GSM8K (8-shot CoT), MMLU (5-shot).
AAR yields a large GSM8K gain (+2.54 pp) but at the cost of a severe MMLU drop
(—4.76 pp) relative to the MetaMath baseline, consistent with catastrophic forgetting
on non-math tasks. The GSM8K gains are over the severely degraded performance of
the SFT baseline on GSM8K. Bold marks the best value per column.






Appendix

Frequency-Domain Analysis of Attention Rout-
ing

This appendix provides the theoretical and empirical background for the frequency-
domain router (AAR-TF) introduced in Section B.3.3. Section [C.1 motivates the use of
DFT magnitudes over raw time-domain windows. Section @ presents an empirical

analysis of how spectral structure varies across transformer layers.

C.1 Shift-Invariance and the Case for Spectral Features

The rolling attention window w! € R has several properties that complicate routing

when it is fed directly to a linear layer:

« It is position-agnostic: the window slides over tokens without encoding the abso-
lute position of the current token in the sequence.

« It may contain structural zeros: at the beginning of a sequence, positions outside
the context history are zero-padded.

« It is a sequence: the positional structure of attention weights within the window
may carry information, so treating it as a bag of weights would discard that struc-

ture.

The shift-invariance problem. Consider the task of detecting whether the window
contains an attention sink — a single token capturing a disproportionately large fraction
of attention mass, which correlates with improved reasoning (Section ). A localized

attention sink can appear anywhere within the window depending on the current token
!

position. A linear layer on the raw window w; cannot reliably detect such a pattern at
an arbitrary offset: it would need to draw a separating hyperplane that outputs a high
activation for any single-spike pattern, regardless of its position, while suppressing flat

or multi-modal distributions. This is not achievable by a single linear map.

FFT magnitude as a shift-invariant representation. The magnitude of the Discrete

Fourier Transform (DFT) is inherently shift-invariant: if x’ = shift(x, k) is a cyclic shift
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of x by k positions, then |DFT(x’)| = |DFT(x)|. This means that a localized attention
pattern yields the same frequency signature regardless of where it falls in the window.
A linear layer on |[DFT(w!)| can therefore detect structured patterns (e.g., an isolated
sink, a periodic attention rhythm) anywhere in the window with a simple learned linear
combination over frequency bins.

Concretely, a single attention sink approximates a discrete impulse d[n — ng|, whose
DFT magnitude is flat (]X [k]| = 1 for all k) — a uniquely identifiable signature. Dis-
tributed attention produces destructive interference across bins, yielding a non-flat mag-
nitude profile. The two cases become linearly separable in the frequency domain, but not

in the time domain.

Trade-offs. The DFT magnitude discards absolute positional information. A router
that needs to distinguish “the sink is at the start of the window” from “the sink is at
the end” cannot do so from |DFT(w!)| alone. AAR-TF retains both representations: the
frequency-domain router A; operates on the DFT magnitude, while the time-domain
router A retains positional sensitivity. The two are combined through the interpolation
mechanism in Section B.3.3, so the joint model can leverage both shift-invariant structure

detection and positional context.

C.2 Layer-wise Spectral Structure

Setup. To characterize how spectral content varies across depth, we pass 50 GSM8K
prompts through OLMoE and Qwen1.5-MoE and, for every generated token, collect the
attention weights to the M/ = 100 most recent tokens at each layer. We then compute

two statistics per layer:

« Spectral flatness: the ratio of the geometric mean to the arithmetic mean of the
DFT power spectrum, [DFT(w!)|2. A perfectly flat spectrum (value = 1) indicates
a noise-like, unstructured signal; lower flatness indicates energy concentrated in
a small number of frequency bins, i.e., a more structured periodic or impulsive
signal.

« Shannon entropy of the raw attention weight sequence, as a complementary mea-

sure of how concentrated or diffuse the attention distribution is.

U-shaped spectral flatness. Figure C.1 shows both metrics across OLMoE layers. Spec-
tral flatness exhibits a clear U-shape: it is relatively high (flatter, less structured) in the
earliest and deepest layers, and dips to its minimum in the middle layers (roughly layers
4-10). Entropy does not mirror this pattern exactly, suggesting that spectral flatness and
entropy carry partially complementary information about the attention signal.

The same U-shaped pattern appears in Qwen1.5-MoE (Figure [C.d), confirming that

this is not an artifact of OLMoE’s architecture. DeepSeek-V2-Lite is a notable exception:
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Figure C.1. Layer-wise spectral flatness and Shannon entropy of attention windows
in OLMOoE. Spectral flatness follows a U-shape: middle layers (~4-10) exhibit the least
flat, most structured frequency content, while the earliest and deepest layers are flatter.

The dashed red line (entropy, right axis) does not follow the exact inverse, indicating
complementary information.

its least-flat region spans roughly layers 0-15 rather than the middle third, consistent

with its different depth distribution and suggesting that the optimal AAR start layer
would be deeper for that model.
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Figure C.2. Layer-wise spectral flatness and Shannon entropy for Qwen1.5-MoE. The

U-shape in spectral flatness is more pronounced than in OLMoE, reinforcing the model-
agnostic nature of the finding.

Connection to layer-selective AAR. The U-shaped spectral flatness profile offers a
model-intrinsic heuristic for choosing the AAR start layer [, without running the full
layer-sweep of Chapter l: apply AAR from some layer where spectral flatness has dropped,
i.e., where the attention window starts to carry more structured, non-flat frequency con-
tent that a linear frequency router can exploit. For OLMOoE, this corresponds roughly to
layer 5 onwards, which is slightly earlier than the empirically optimal [, = 9 found in
Chapter §|. Similarly, Qwen1.5-MoE’s flatness dip starts being substantial around layer
8, and has a minimum at layer 13: applying AAR-TF in layers 14, ..., 17 yielded perfor-
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mance improvements for GSM8K. The spectral flatness analysis also reveals that entropy
and spectral flatness are not redundant: layers that appear similar in entropy can dif-
fer substantially in flatness, and vice versa. This is consistent with the complementary
gains of AAR-TF over AAR-T reported in Table B.2: the frequency-domain router ac-

cesses structure in the signal that the time-domain router cannot represent.



Appendix m

Future Work: AAR and Masked Diffusion
Language Models

During the course of this thesis, work was conducted on data-efficient language mod-
eling, published at the First BabyLM Workshop (2025) [50]; the submission ranked first
on the NLP task suite of the BabyLM Challenge’s sTRICT (100M-word) track.

The BabyLM 2025 Challenge asks whether competitive language models can be trained
under a strict data budget, roughly the amount of language a child is exposed to, rather
than the internet-scale corpora used for frontier models. Under this constraint, every
training signal must be spent efficiently, which makes the choice of learning objective
especially consequential.

The work in [50] approaches this problem through masked diffusion language mod-
eling [51] rather than the conventional autoregressive objective. In a masked diffusion
model, a forward process progressively corrupts a sequence by masking tokens accord-
ing to a noise schedule, and the model is trained to denoise, i.e., to reconstruct the orig-
inal tokens, by optimizing a negative evidence lower bound (NELBO). The central con-
tribution concerns the noise schedule: the study designs and compares several schedul-
ing strategies, including two-mode schedules, together with different NELBO weighting
schemes, while preserving the theoretical validity of the diffusion objective. Building on
this, a complementary frequency-informed component biases the masking process by to-
ken frequency so that rare tokens, which carry disproportionate information yet appear
too seldom to be learned well under a fixed data budget, are prioritized for reconstruc-
tion. Evaluated across the challenge’s axes, linguistic competence, world knowledge,
and human-likeness, the resulting models attain performance competitive with strong
hybrid autoregressive-masked baselines, indicating that diffusion-based objectives are
a viable alternative for data-restricted language learning.

This concurrent work points to a concrete direction for future research. Attention-
Aware Routing was developed and evaluated entirely within autoregressive, decoder-
only Mixture-of-Experts models, but its core premise, that a router benefits from condi-
tioning on the contextual state summarized by attention weights, is not specific to that
setting. Masked and diffusion language models expose an attention structure of their

own, one that is bidirectional and, in the diffusion case, evolves across denoising steps
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as the noise schedule unmasks tokens. They therefore invite a natural and largely unex-
plored extension of AAR: a diffusion-time router could condition not only on the current
attention window but also on the denoising step or the local masking density, coupling
the routing signal to the corruption process itself. Whether the attention-routing cir-
cuit identified in Chapter B, and in particular the downstream amplification of attention
sinks, has an analogue under bidirectional masked attention is an open question that

would test the generality of the mechanism proposed in this thesis.
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