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fIPOnOfOX

H rogouoa 6rn),copcrrlcq epyooic oolol,eitcrr ps to npoBl,qpa eLey;1ou Fl

ypaprprxcitv ouotrlpdtcov pr rrlv rrXVlKn rou Axg$oug Tcrpttioporos oE l-goF$txo

llgotuno. H pslr:rl nou oKol.ou0el aQoga orov eLeylo:

i) Avteotpo5r$svou Erxpeproug. el.ey1o1.r6vou olro DC Ktvrltqp%

ii) Merotpoflao rweXoug 06 Evotr^l,aoooprvo prupo,

iii) Anootclc:rKrls tcr1trr1g rcot

iu) EnayorylKqs MnXa,.qS.

H egyooic auill. 6opeitcr tos sfrls:

Iro rlooycoyu(o KeQ&)rcrro I ylvetcr ovooKofiwrl rns oxsttKlg B$].uoyga0ias

Kat nopouolaoq rns ouppolnS crls rropouols drn],copcrucrls egyaoiog.

Ero KeQc,Iaro 2 ncgouoro(ovtor ro 0ecoprlcrrd anore).eopatc flou aQopouv oto

Axg$eg Tcigraopra prl ypoppu(cirv ouougpritrov oe fpapprxo trQorutro.

Iro KeQriicro 3 eQappo(etor q rsxvu(l rou AxprBoug toprdopotos oe l-ga,14rxo

flporuno or svo povrei'o AwsorQopprvou Errpepouq rou odqyeitot c,flo DC Kwqrqeo.

Ico KeQri'l,nro 4 eQcrppo(etor rl raxvlt<rl rou Axp$oug rorproopotos oe I-pc44rtxo

Ilpotuno oE evc powel,o DC/AC Merotporrco.

Ero KeQdfl.cro 5 eQappo(ercrt rl rsxvucTl tou AxgrBoug rorptdoporos oe l-ga14rxo

flpotuno or evo powelo rou aQopa otrl 6ra6rxooic tqg Anootofr1g.
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Ito KeQrilarc 6 egappo(etot rl rsxvlr(q rou ArpuBoug toprdoproros oe l-prc4-lptxo

flporuno or evc uor-ce),.o Enoyoyufflg MqXouqS.

Ito flapapqpcr A ncpouorci(eror 11 BrB),ro01611 owoprqortov nou XQqcr+rofiot;10qxe

yto roug ofiottouurvous uno).oylopous rrov Keqol,oicov 3, 4, 5, rcar 6. Ot owcQTr?oets

outts XQno4ronorffircrv ono to l.oyropxo TroKero MATHEMATIKA VER.2.1 . rar oo'oeouv

npnferg xor te],.emeg rrlg 6towoporuffls o],yeBpog.

Ito flcrpcgrqpcr B neprl,crpBoveror ro avoyrolo po0TlporrKo unoBa0go oflo to 7<irgo

fftg 6taQoptrqs Te"lFrctpiag. Trou onc,tteiror orqv rropouoa drntrcoparuffl epyaoia-

@a r10e),c vo tuxogrlrtrloc,l Oeppo rov Ko0nynt-rl rc'lv Iuotqptitt lv Awop,iitou

E)'ey1ou, x. ft. N- flcpcroreuonoulr,o, ylo trlv rrrorllrovllffl ra0o6rlyrlorl Kcr Trlv

ovOpcilnrvq oupncrpxiotaoq rou pou d6er{e rc0' olq rn 6r<iprera qS sKrrovrlols rqs

Stnl'coporusls [r^ot epycroi.cg. Enloqg, vo rov ruxoeurrrloo yro rrlv entoulpowKrl

nporl,rlorl Trou poL peteDooe, er.oayayowag pe oro Tvooru(o ne6io rou Awopratou

E),eyXou.

Idtoitega, ga r10e),o vc, ercQpooo.r rrs Oegporateg eulapr,otieg pou crEov

unoryrlQro du5cxtoptr K. A0avcroro Torpiro yro cqv overripqrq Kor ouoracrxq

npootlopa tou orrl\ negctc,.roq rns naQouoas Srnl.coprattKrlg epyaoiog, raO<ig lcot Tr,a rrl

Qr)"r"rr1 Kot crvOpcirrnrrl oupnrgrQoQo rou oe ouvSraopo Lre rrlv rrrwtrlptovtKrl porpeta

nou pou npooQegs psoa aTro rrs cvefcwl.rlreg yvcooerg rou orov ropro tou Aurolrritou

E),ey1ou.

Aev 0o pro€nuoa vo napcl,rppcrl rLS ruxoQrodeg pou orous oupQotclreg pou

Aqpqteq KcloQcrvo xcrt EevoQtirvtc Kourooriro yrcr rqv ngooQopa rous, Fraoo ar:o rrl

Qtl,rrrl ouvtQyooia pcg, orqv rKrrovlorl rns 6rntropcrrrKTls pou egyooiag.



Eniorlg, tuxoorrcdr 0eppa q Mqrepc pou rqs onoiog q ouprogtiotaorl otexetar

povc6rrrl Kot ovancvdlqnq o' otrrl pou rn (ton. Tetrog, erQpo(co rrg rno OeQp"g Frou

euxoQlodeg oto 8eo. Xcogis q porlOera rou onolou, 0a qrov c6uvoro vo Fpeen srqv

rroQouoo 0doq.

Evc peyci).o eulaptotcil, oE 6)roug rous ovOpcilnoug rou Frou epoOov o;1 to

ent0uprqto eivot ndrra xctopO<oro KoL orr 11 ngoo6os rou cvOgcilnou nrlya(at orro crlv

Avoyrq yrcr yvcirol.
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EIUATOfTI

H napouoa drn],cllporuffl epycrora onotel.ei ou;rpo).Tl oro neSio tou e}cYxou Fq

ypoppu(rilv ouocqpd:.ov. Avtrpretconi{ovtor npop},Tlpora e},ey1ou rrporfiLl(t'i,u pn ygapptx-tilv

ouotrlpotov. ErSxotepo, owrprr(onl(owar npoB)'rlpoto orros: O eleylog.ns

rol.awcoons Aweoq)a+rprvou ErrpeprouS, o tll.eylog DC/AC Merotpofito, o d)'eyXog trqS

6ra6rxaoiag Anoordqs xor te)'og, o e),eyxos FroS Enaycoyllcrls MqXotnS. Errlv flogot-oo

6rn)rcopattKrl epyooia- ta npoBtrqporo rcllv npoavoQep0evr@v tlrl ypopprxcirv ouorqproru)v,

avrqrcttont{,owar F€ filv rsxvusl rou Arcprpoug Topraoporos pq fpcp4rtxdrv

Iuouqpcrrctrv or fgrllFrrxo flpoono.

O pl yQolrptxoS dIeyXoS ouotrl;.rdtcov ftou nrQrygaqowcrr oro Xcirpo xatdotaoqs

otTo Frn ygopptKeg dtasoprxeg ef rociroerg elvor prv rvo 6uoro].o ngoB]',.qpo, cOO,o

ancpaicqrog, eQooov or Lerroupyieg ol,c'lv rov ououlpritcov Trou ouvcvtdpe orrlv nea{n,

eivat uryq),o Fn ypap1rrKes 6lo6rrcooieg. H TroyKoopra prBtrroypoQic Awopatou Etreylou

txet oolo).qOei pe ;o npoBtrrlpa e),eyXou pq yQol,lprrccilv ouorqparov, Xerlorpoflottlvrcg

ttxvuces onog. anoou(eufqS emo6cov - e[o6ov, rarprdoporos oa n€)orulro xct

onoKonrls 6rcrtaprclcov, ngoKs+ravou vo rKcr,voflorrl0ouv rdnowg enr0upqt€g

npodtcryQo$ss, nou 6a Oel,ope vo rropouord(er ro pn yQapprKo ouorqpo.

H enr-l,oyq nS rrxvucrlg rou ArgrBoug Tapraoporos rou pq ypopptxou
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ouotrlFrotos ot fpcpptxo flgoono, paolorrlre oro yryovos orr pro<o ourrls TrlS

rtxvllflls to ovorKro Fn YQo[rptKo ouorrlpa o6qyeltar or rvo r]\eroto ouorrllro roL

onoi"ou q neprypcrQq ercodurr' - e[o6cov (ouvopqoq preraQogag), "rotprci(er" pr rrl\

negrypoQrl eLooSov - e[o6.ov tvos ygoHrtKou rataL],r1],cr enr]*s ytrEvou figorurroL-

neruloivovros TouroxQovo, onou eivar enr0uprlto, TTlv clnoou(eu(r1 Tou r<l"etotou

ouornporos. H pd0oSog ror Tc,rpraoporog or fpcpprro flpoono, XQTloqrorrorqror

tuQtcog otrl B$l"rcygaQto rou Auropcirou EMylour fro rov el,eylo 6roQopcov

xculyopr<iv ououlprdtorv, oncrls ypapprxcr ouorrlpora, ouorrllroro pe Xeovu(rs

xo0uotaQTlosls, pn yQaF+uxci onorlporq x.Ln. [4J, [5],[13], [14], Kclr [14-t191-

llpooQoto, exet cvctrr -,,-X0et prcr v6c pe0o6og rou AxprBoug Torpr<ioparos Fr!

ypoppu(cov ouotqpatcov oe I-pcpprxo llporuTro lre ovorQoQo6orrloq xatcoroo1s q onoic.

lrogouotd(etor orrl 6rScxtopuq 8ratprBrl [19] H pe0o6og aur1 uneprepei rvsvrr rcov

pexQt oqpspo yvcootcov pe0o6olv oro otr avcyet rn truorl rou npoplqporos roL

tc,r"proopotos ot ypalrprKo rr€)otuno, orqv e ni],uoq svos ouorrlporos peprrcilv

StoQoprrccirv efrccioeov nQ6Trlg tofqS.Me Faoq rrlv enrl,uorporqro rou ouorrlporos

outou, Sroruncovovtq,t ot LKavtS Kor crvoyxcrieg ouvorlreg, o)orr ro npoB).r1pcr roL

Argrpoug Torpraoparos tou Fq yQopplrKou ouorTlporos c,urou oe fgcppu(o llpocuruo, vcr

t1st )'uor1, evcil raurox€)ova, XoQoKTqpi{etar rl yrwKq i'uorl rou vopor

avotpoQo6oulorlg, o onoios tnrruyXover ro Axpr.Beg Taiproopa oe fpopprKo flgoono.

H pd0o6og nou exet cvcnoX0ei [9], enetcX0r1xe, cilote vo enr]ruoer ro

npoBtrqpa qS arpr.Boq ypa+rpu(onoirlorlg Kor rou XogoKTqQwpou TrlS rl,dolg rtov

ypa;.rptxcilv ouotrlpctttov ptos etooSou - prcs efo6ou, rc onola elvor "roo60vopcr" pa

to oQxtt(o pn YpaF$rxo orrocrllio (feedback equivelance) Kor rrogouora(etor ofilv

epyooio [23).

H pd0o6oq flou XQTloqrottotoupr, FroS 6ivet q Suvarorqrc vo peLerqooupr ro

ngopllpo rou AxptBouq Tc4ruioporos oe l-pcrppu(o flpotuno, [m TroQolmrgu(ri xdnore

ototleio rou npotufiot, ono"K Yto nopoSetypc or ouvtel"eoreq rou XoQolffrlerorrKol
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nol.uovupou rou xr.e rotou ouorqporos. Enil,oyq rtov rtoQopsrpcov tou n€,otunou, FrS

6iver q Suvototl:o vo rKovoftorrlooupr Kr ul),eg npodraypoQeg tou x),'eto:cu

ouorrllroros, olrcog yro nopridetypa rrlv euotaOera. EQooov to r].eroto (ruotrlllo eivat

yQapLrLKo, 1.rnoQoups Twgarrego vo eQcrgprooouFre Tvtoorss reXwKeS el,eylou oflo :rl

Oeorpio rov ypaS4nxtilv ouotqpotc,lv. orrtlls yro ncpadetypc vo ngoo6ropiooupe tov

rcoraLl,r1l,o vo5ro eieylou nou 0c enrtuyXcrvrr rrlv aouplrtcotucq napcrxol.ou0rloq tpoyttig.

Itqv noQouo.o drnl,co;rorrlffl epyooia egcpSro(ovror tc Oecopr'1trrd cnotetreopo:a

TTou TroQouoro(owct orl Sr-doxrogrxq 6rcrtp$r1 [19] Kor oQopouv oto Axp$eg

Toipraopa prl yQolrt.nKcirv ouotlpatcrrv oe fpappu(o llpoono. Iuyrexp+rsvot, to fito rttivcl

anoretreoporo eQcrgro(owo,r or rroorQo Trpoxtrxri ouorqporo ro onola neprygaQorrccrr

oro pq yQo;rprKeg efwc,roers xctooroons. Tc Fn yQop+nr(ri ouotrlpota cutti, eivq,t:

Avreorgappsvo Exrcpepeg, d,eyXopevo ano DC Ktv4t4pa,

MeratgoTt;d,S d-o Zuveyeg oe EvaMdoooltsvo psultd,

AnootaKrrKrl ZrqAn KoL

Enaycoyucq Mqyavq.

Etc npoctvcQep0ewo fiQdl(Tu(ti ouorrlporo, xaoopi,loTTlKe q otQotTlyufll eleylou q

onolq, pnopei vo, rrrtaul0ei pe rrlv rsxvrKn rou AxprBouq Tarprcopotos oe fpopptxo

Itrgoruno Kor vo o6rlyrloer otrlv rKovofloiqon rov oroxcov el^6y1ou. H eQagproyrl tlrtg

rrxvrrfflg rou Axprpoug Tcrpcroporos or fpapprxo flpoono, o6r1ye[ oe ypc;rprxa

ouofilporo Koq onou eival e nr0uprlro, onoou(euylravo. Erdrrotega, I pe],erq tou

npoBl,rlparos tou .{xpfous Tor"prcolroros or l-goptrnrco flpotuno yro to rtoosga Frl

ygapprrc ouoffl;ra:cl crne6erfe orl:
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To ArgrFeS Tcriprcopa oe fgcrpprxo flpoturf,o, p6oo cvatgoQodotqoqg rcrtc-

trtaorls, eivcr 6uvar6 Kar Tro ta t6ooega rrgaxtrra pq Tgapprrd ououlglntcr-

H tQoQ;loyq outrls trls trxvufflg o6r1yr1oe oro vo yivouv ta aro)'ouOa:

1. llpooStoplotqre rl yrvucrl luoq rou voprou ovorpoQoSotqoqs.

2- Ilpoo6ropiotqre n Soprl tou xl.e uotou ouorqporos Kor eylvr peLe q r<,lv doplrxov

rSlotrpcrrv rou.

3. Xapartrlpi,oqxe ro rmoowol,o tcov l,uoeov rou vopou cvcrtpoQodotqoqs To onoro

oSrlyei ot tuotaoeg x).euoto ouorqpo yro ro lrQol(tu(o ouoTTlporo el,eylou tatrawr'roqg

tou AvteorQoppa'ou Errpepous nou o6rlyeitcn ano DC Kruq.rlpo Kcr eleylou rou DC/AC

M etatporeo.

4. llpoo6roplocqxe o xctdLl,rlhog vopog eLeyXou cilote or efodor rov ouocrltrrtirov rrr

nopcxol.ou0ouv oouptrt<llrrxd en€uprlteg tpop6g.

Irlpercilvttc,t oct yto rrlv eQcrgpoyq rqs TeXVLKIS rou Arcpr.Boug Tarpraoparos

ttov pq ygapptxcilv or.ucqpatrrrv oa fpcrpprro flpoono, Xerlorponorrl0qre oxecKrl

ptBllo0r6rl pc&qpcnxcitv ouvoprrloeo)v, nou rxow ul.onorl0er ;raoo rou )royropmou

TroKetou MATHEMATIKA V8R.2.1. Evc Baorxo ntreovsKtrllro rqs fiapouorls 6rrc]'otpcurnls

epyooiog eival ott peLetd ra pn ygoF+lrrc ouocqFroro tls oupBolrurrl pogoTl, lrlErig ru

ofiottouvrat agr0pTlrxa 6e6opeva. Me rov rQorro ouro, avrqmroni{,etcr rl yrwl(oregq

6uvctrl negintcooq Kat orxencilg ro onoteLeopara propow vo rrgooogpoorow KCrr \rr

eQcrgpoorouv oa p€yolq notrrtrla enr.].oyqg rtlrv rogoperQt,lv Trou XogaKTle(ow io

ouorqlro.



Ercayayq

IYMBONH TH: AIIINr)MATIKHU EPTA:IA:

H oupBoll .ttS rroQouorlg 6rn),olprortKqs epycoiag ouvlotctrct otrlv eQctgpoyrl t.t,rv

0ecoprltrrcdrv onoteheopcirrrlv rou noQouora(owor ocq Stiarcogrrq DtatgrBq If 9],

cvoQoprxri pr ro Axp$dg Taipraqrc FnoS xtrcoqg prl ypc,ppuccirv ouocqpottov oa

fpopprrco llpoono. Itllrexglprvo, ro Oecogrluro anoteL"eopato eQagpo(ovtol. oa

reoosQo lrgor(tu(a ouorqFrota:

1) Avreorpapptvo ExrcpepeE, eheyyopevo ano DC Kwqrqpa,

2) MerarpoftsaE ano Eweyeg oe EvaMaoooltsvo psulra,

3) AnooroKrtK\ EtrTArT xat

4) EnayaytrcrT MTlxsvrl.

H eQcrpproyq :ng rrxvrlcrls tou AxprFoug Ta4rrcopatos rou ouotqpotos e)teryou

tcrl.crwoorlg rou Ar=eorpop[revou Erccgepoug Ttou oSqyelrat oro DC KtqtnQa' oa

I-popprxo llpoono. oSrlyei oro "ro,iproopc,n rou pq ypoFr;ru(ou otlorrlporos tou

rKKgepous or ypappu(o nQotuno, rvo) "{La to ouorqlroro e]'ey1ou tou DC/AC

Metorporrrc, rrls AnoorcrKtrKrls lq),r1g Kor fitS Encycoyuqs Mtlxo,rtls, oOrlyei o:o

tcripraopo rqs onoKgurrls rous [m rrlv onoxer"oq awiototxov ygappuxcilv ttp)orutr@v, EC

onoia rxow enr^l,eyei etot drme vc aivct anoor.(,euypevo.

Erdrxotrgq peoco qg petr^eqg ourtilv rov troocgcov tlTl ypop{nr6v ouoqpurrrv:



Ercayayry

- Ano6erKvuetar ott ro Axpfeq Tciguaotrrc oe fpcpprro flgonmo, pecot

avotpoQo6oqoqg rctaoraorls, eivor 6woto Kot Yto tc ttootSo npcrttxo :rTl

YQol-lplt(o ouotrlparo.

flgoo6rogi(etcr q yevlKtl ).uor1 tou voFrou crvatpoQo6oqoqg.

llpoo6ropi(etar I 6optt rou x).elotou ouorrlpotos Kct yivetcrr ;reL"eq 
--*Dv

Soptxcilv t6rorqtctlv tou.

Xopoxtrlgi{etar ro unoouvo},o tc,lv }.uo6tov tou vo;rou avotgo$o6otrloqs to onoio

odqyei oe ewta0eg rl,ewto ouorrl;ro yra to rtQaKrtxd ouofflpotc e]reylou =ou

Aweotpop+rsvou stfl(Qep;lous Kot tou DC /AC Metctpofiao.

- flQoo6topi{,ercr o rattiL},qi'og vopog etr6y1ou tilote ot tifodot tcov ouorrlptitov va,

nogorotrou0ouv ooupnrottxo euotoOeig tpoltdg.

fro ro npcrrrrct ouorrlproro lrs ro onolc, ooXo].oupoott orlv rrosoLso

drn)'copcrrrKrl e6rycoicr, Fr eQogpoyrl rrls tsxvufils rou AxprBoug Tcrtpraopatos sa

fgopprro llporuno, Kcrol,rlfapre or ofloreMopatq, rou oupnintow ps outti qg dreSvotg

BrB),roypoQiog Awopcrtou Etre ylou or pn ygcpprxc outrrrlpoto, Kq,t tcl onoin

telreuroio, rxow e[c1€ei pr eQoppoyq otr-].ov teywxtilv e]e ylou l-tTl ypapprr6v

ouorqparo)v, orrc,ts n anoou(eufr1 eroodcov - e[o6ov, Kot q "6tdoncror1" ::ou

axol.ouOeitar atro TpalrFu(onoilon.

H rsxvuffl eieylou nou XQqoq.ronorrl0rpce ornv flopouoo 6tnLr'lparucrl spYoor-o,

noQouoro(er to axoiouOo XopoKrnprottxc:



Ercayay4

1. H onorcQlon tou x)\.erorou ouorrlporog "rorpro(er" pr rrlv ofioKQloq evos YSoFrpll(ou

ouoTTlp.oros.

2. Avcyoyer ffl hroq rou Tapraoporos or I-papprxo llporuno orrlv enll.uor'1 EvoS

ouorrllrotos ;.reptxcilv 6roQoprrxrriv efroc'roeoiv npcotns taEns, ot onoieg, Ytc :tt

ouyr(rl(Qr5rsvo npcrnxd ouorrlFroro, eivar euxol,o va l.u0ouv.

3. Enrl,oyq tcov rroQoFrsrpiov rou llporunou, pas 6ivar rq Swatotrlto vcl

tKovonorqooups trg enr0uprlttig npo6roypaQds yr"a ro ouornpo.

4. Avtqrerconi(er fil yrvu(orrQq neplnri,rorl rov teoocpcov r[polcrrccilv ouoqparo)v, aQou

cnoQeul0qre 11 crnoti.prrloq rcov roQoperQov os opr0prrltrro beSopsvo rat pe),'eu1Orpcav

ro povtel,c rcov ouorqpotcov ;re rn ouppol,rrrl rous FoQ0l.

10



KEOA,/!{IO 2

AKPIBE: TAIPIAIMA MIA> KAAZH' MH ruAMMIKON ZYITHMATON

IE TPAMMIKO TIPOTYNO

2.1. EIXAICII-H

Ito napov Ke0ti).cto 0a noeouorootei q Oecopio yro cqv eni.l,uorl rou npoBlrlporos

tou orpfoug tcrpr"uopatos ttrl ypopprrcirv ouotrlptircov or yga;rprKo nporuno. H pE

go6ol,oyicr, n onoia neprypaQerar oro Trogov KeQdl,cro, noQouor<i(etar oE1

DrSoxtoQllffl 6uatgr$r1 [19] Kot 0o eQoppootei oro rroFrevo KeQa],oro oa povtetro

fiQoKtrKcirv ouotrl;rnariv.

To npoBtrrlpa --ou oK€)SoX tar.prdoparos ouocrlpar@v tr6 rrQorurro eivar rvc orno

tc ttto oqpawtrc nooBLqpatc o;eSicoqg luro-crlpcrrcov Auropcirou E)',6y1ou. To paorro

xivqtpo yto to ot(pfs; tcriprcopo svos outrcrlporos or ngoruno eivor ro ysyovos orr

ps ouro to tQorro xc:cQeevoupe vo ngoodcirooupe oro ouoqpo FroS rrs r6rotrlres Kot

npo6r"cryQo06g tlg oroles txer xdnoro enr0uprlro trporuno. To npopl,qpo rou crrgrpoug

tcrprtiopatos ot ttpolnro rxsr anoolol.rloer, rrs 6uo tetreurcrieg 6exaedeg, n)'qOrilgo

epeuvrlt6v KCr,r EX€r peleqOe i rooo yra ypopprro ooo KCtr yw Frn ypappxri

ouorrlpota. H epetnq:rrr1 npocrndOero Errlr(rwQrilvetar otc, aro}.ouOa Boorxri or;peicr:



ArcgBeE Taiprco\ta pq fg,appwcbv Zuorr\parav oe
fpapprco lTpowno T?

a) Eupeor'1 T0)\' LKovdv

toiprooporos os neorurro u6

p) flpoodropwlros rou

tcriprcropo oe fi€)oLulto.

Kor ovayrcricov ouv0r6cbv

avatpogo6ocrlorl.

vopou avarpoQo6otqorlq

enil.uotpotrltas Tou arPrSoug

nou enrtuylovet to orptPeg

Ooov asopo o:a Frrl yooprprKa ouorqFroro, to ngoBtrrlpo tou ot(Qtpors tatprdopctos

os nporurto, pr ova:poQo6ot1orl, exrr ouyt(rvrpriroer to ev6rogegov no)'-l'cilv aQeuvrlt\ov

Fre ofiordleopa vcr urcapxsr EVos peycrl,og ag€prog 6rlpooreuoaov oto ovTtreipevo or-:o

t3]-t14]. Iuyrexpqrsva. rl enil.uorl rou ngoplqporos outou ouviotcrtct o:ov

npoo6roQrcpo rvos ororrxou n duvaprxou vopou eleylou rou 0a tapro(et :rl

oupneQrqogo rou or.oq1.rs:os or rvo ngorufio eite outo eivcr yQolrpuco, eite eivat

tlrl yeolrpnKo. H nepri.ntcoorl rou l-lrl yQolrprKou rrporurrou rxet pe].ecr1Oal apreto a:rl

Brp).toygoQicr. Ev6e rrtrrdr- avaQepoupe trs epyooieg [4], [13] Kot ll4l. H

neplnrooq rou ygn+r+nKoL neorufiou, n onoio npoQcvcilg txst Kot rrl trreyctruteQrg

nQoKruffl oqpooicl exrr peleul0ei xara KoQo orrl B$hoygoQia. H neplntcoorl oL"!I

c,nc,wotar lre trg 6uo axoiouOeg popQtig:

1. To yQop+lxo neorlno sxet ouyr(tt(gqrdvrl neprypoQrl IzJ Kot t5l.

2. fro ro TreorJTro anc,rteitcr. povov rl ypapprKorrlro rlg trsQtyQo0ng etoo&rrv

e[o6cov, [3J xat [6]-[12].

fleportepco, avcrQepnupre o:r or o),yogrO;ror en[],uor1g rou npoptrqpotog tou arptpoug

tcupucroporos pq ygappu(tirv ouocqporo.rv or yQo[rprKo rrQorulro anotetrouv oqpovrlxo

epyo)'eio yro rov n€)oooplroorrKo tiLeyXo rcDv pn ygcrppurcilv ouou'1;,rdro)v, [15] xct

l l6 l .

H te;6vrrr1 eni).r.roqs rou npoBlrlporog rou ol(grBoug rorgrooproros ptos xloaqg pr1

yeoppu(cirv ouocrlgittrv (Fs oerolmvo to 6rawolrarrKo cxsru(o pcr0po [2]) oe yeopptxo

figoruno fiou napourord(etsr oro KeQaloro ouro cQopc trrrlv nepintoorl lrou to YQop[rrxo

trQorutro rxer oufKeKgr$rvn neprypoQrl. Euyrcercprprvo, q enrtruotpotqto totr



Arcp$eE Talprcopd tnl Tpapprccbv tuorqparav oe
f gappuco llpotuno

ngoB)'r'lproros crvdyercr orqv enuLuorpornro evos olrofflporos pegrxcilv 6toQogtxtiv

efwciroecov npciltr"lg tofqS. Me Focrn ro ouorrlpo suro e(ayovtar ot tKovss Kcrt

ovayroieg ouv0rlreg cirote ro npoBi"qpa vo sxrr ).uor1. fleportepco, XoQoKfflpi(atou :o

ouvo)'o T(l)v orottrcrov volr(l)v avarEroQodotrlorls nou enrruylcvouv to orprBeg tciptoslr(t

rou lrrl YQoFtltl(ou ouocrlparos oro yQotlpu(o lrQoruno.

2.2. ITPOKATAPKTIKEU ENNOIEI

@eopou;re ro Frl ypoppu(o ouocrlpa ro onoio neprypoQerar oto XcirQo xotcrota.oqg

13

x=So(x )+G(x )u

KOt

Y = h(x)

x(0) = *o

a
n x

2

(2.2-r)

i-
I
I

i

i
I
i

I
I
I
i

otrou rl eioo6og ueRt eivar Ct cval.utrKq 8rcvuolloruffl ouvagcqorl, n 6[o6o9 y€RP, q

xatdotaorl x ovonruoorrc,r ntivc,r oa eva n-6rd,otcrto, cvalutrxo ne6io (manifold) 0t q

So(x) Kot ra0e otrltrn tou nlvarq, G, fiou oupFol(rror ps gi, eivat q rorcrxrl

avcnagdotoorl tt,.lv orrwrroylrsvtov evos Ct (cvo],utrxou) 6rcrwoporrKou Xcilpou o.-.o

nedio M. Tel,og, h elvar Frtc C' cvol,utrxrl oTrerKovrcrq oro ro Nl oto Rp. EnopevoS,

ov [M, go(x), f, gi Kor h eivat C' cvc,].urrxri drcrwoporo, to ouofflpo Q.z-l)

ovopo(etcr l,eio (avolrwrro). H epyaoio [19] cqlo]'eitar povo pt outrlv rrlv

racrlyopic rt,.tv ouougpritc,.rv.

Opi{,oupe rq 6wSogr^oq @S neos plo C' drcvuoporucrl ouvripulorl t(x) oto D(

Xgnoryonorcirvtog to oupSo).o cns Lie 6roQogroqs cog eEnS

= ['i, ft^] 't'lL' n,t, t,(x)a/ax (2.2-=)



ArcgBeE Taiprcotrtd pll fpapprccitv Zuorr1ltdrav oe
fpappuco Ilpouno

oflou a / ax eivar ro povo6raio 6rovuopcr otrlv xoteuOuvorl rou x . Eniaqg, aorco o(x )

eivar FrLo C' SrcwqroflKrl ouvagtqorl oro M. Or Sro6opxoi tetreoteg Lie bracket

tcov r Kor o opi(owar tos eEqS

L1,,o1(*) 4 [qo](x) 4 ffix)t(xl - #f-)o(')
(2.2-3)

Eotco g(x) prw owoeqo-n oto M. Tote, f-(0) 6r1).cirver tr1 Lie nopdyo.ryo rqs 0(x)

Ttou opi(etct

l4

n
adOo(x) A o(x) Kcr adko(x; 4 

[r,uaoto] 
t*)

y la k=^1,,2. , . . .

tr(o) A <d6(x),t(*)t

onou dQ(x) 6r1)'civer ro gradient (r},ior) rrls owaQrqols O(x) nou opi(etcrr

do(x)s t+l ry ryl
Kot to roorrQu(o yrvoprvo < d4(x),r(*) t opi{etcr

<dq(x),t(*)t  g dq(x)(x)

Tel,og, q Lie ncgayc,ryos rrls d0 opi{,etcr

t,(do) A d(tro)

(2.24)

(2.2-s)

(2.24)

(2.2-t 1



AxgBeE Taiprcopd ttll fgappwcitv Duot4parav oe
I'pappwo lTporuno

Tcirpo 0o eroaydyou;rs xdnoroug ogrcFrous or onoiot 0o Qavouv XQTlotpot oErlv

napouoioon rt,lv Oecoprltrrov cnotel'eoprorov rqs epyaoicrg [19].

Optoltos 2.1.1.(Involutive distribution) Mro rotcvopq A treyetct neginl'oxq

(involutive) ov yto xdOe r, oeA wxutt otr [t,o]eA

Optotrtog 2.1.2. (Involutive closure) @eogou;re pto t(otovo;rq A q onoia 6ev

elvor involutive. Eexwcitvtog cno rlv t(orovoprl A pfioQoulrs vo KotooKaudooupe pto

l(orovopq n onoia vo elvcr involutive. Etoq involutive closure rrls Katovoprls A

ovopd(etor rl lru(QorrQq t(orovoprl rl onoia rtQtexet rrl A Kot eivat involutive.

Auq q involutive Korovoprl oupBo)"i{,rror Frc inv(A). Iqu epyaoio [19], o

r 1
ouprpol,uofros inv I n1x) | , orrou n(*) etva,t nlvcrca,g nou ncipver rqlts oro M, 6r1]tdrver

L J

Tn prKQorsgn involutive Korovopq rou nsQlexrr rqv Karavopl rou ncrpdyetot oTro rts

ocql,eg tou fl(x).

Mnopel va ono6etl0ei ort rl Bcroq tou anotel.eltor ano ototlela cqg

15

i* 
[nr.l]

poQ0ns

x-  , ( x )  =, k r . . . r r  
1

KOt

[*,u(*)'*iu-,,-..,,,

Fre

x. (x)
' l

i 1 , . . . r i k

n(*).

n. (x)
'1

r)
{ 

t, 2, n}, onou Fr nr(x), nn(x) ouppoli(ouFrs tts orrll'€s

Opi(oupe -D^ g 
{ 1,2,...,g}, orou ep

{0,1,...,-}. H sfielKovuorl ewo6ou-efo6ou

rrq e[rociroerg (2.2-l) Diwtar o,no rrl

functional expansion t2])

eivor svos Oetrrog opr0pog Kot J- 4

EvoS ouotrlpotos lTou negtygoQetcr otrro

ouvoptrlotor<rl cvdntufq Fliess (Fliess



Arcp$eg Taipwoltd ptt fgo1tlttxcitv Euor4pdrav oe
fpapprco llgowno t6

oo m r t
y(xo,u,t) = h(xo) *,,I^ . I L ...L- h(xJ.J 

ooE,u...oE,ou 
t?o io,.?., iu =o tto t tu

(2.2-8)

(2.2-e)

n L
orou ro enovcl.qTrrrKo o),oxLqptopo I OE, ...d8. divetar oro trlv oro).ou0r1

J o  t k  t o

ava6po;nrcr1 oxroq

K(tL

Eo(t) = t , E,(t) = 
Ir",(t)dt

Jjot' or,o = Ijot,u,',Jrotr_ , 
oE,o

yra ieJl , i .  e{O,J } rcr ke,!'  m ' k '  m '  c o

2.3. OPIIMOU TOY ITPOBNHMATOI

@eopoupe ro Flrl ypopl.lu(o crvc,),urtxo ouorqlro (2.2-1). Irolog uos elvat vct

ppe0ei svos vopos al,eylou u1g crrol,ou0rls popQTlg

u=a (x )+B(x )w (2.3-r)

orou weRm Kor I B(x) | *0, VxeM, o onoiog, orov erlappromei oro oQxu(o ouorqpo

(2.2-l) vo odrlyrloer or evo ;rr1 ygoptlu(o x)',ewro ouocqpo rTlS FoQOqS

t _

x  =  Co{ * )  +  G(x )w,  x (0 )  =  *o

KCrr (2.3-2)

y = h(x)
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onou Eo{*) : = So(x) +

"tc,rprti(er" orqv e[o6o

c(x)a(x) KoL G(x) :-

rou firo rcotco YQoppu(ou,

G(x)B(x), tou onolou rl 6[o6o9 0a

lpovrxri cpetoB),Tltou ouotrlpotos

z=e-z+Br* z(0) = ,o

KOr

YM= cu'

n

onou zeR, , weR* and y"eRP.

M e rov opo "Tci.ploopc",swooupr oi l  q dtaQopa

(2.3-3)

Kc,r [14]. O oQLopoS ouros

y(xo,w,t) - yr(zo.w,t) = Ave[apqrq crls Eroo6ou

yro xdOe (euyog

pnopei vo ygaQei

apprcirv ouv0r6cbv {xo,zo}, lzl, t5l

uooSuvapd oS eEqS

L- L- L- ...L- h (x) =
g i  g i  g i  g .  r '
, , I ' 2 J k

yro VxeM, i r , i r , . . . , i * . {0, . !m},  ke{0,.0.o},

ygoppn tou ntvoxo C rcor (8,)" eivot

ie-Do Kot j .Jr,  orou (",),

n j-otn oqlrl tou nivcra Br.

1,",,r\u(s;)no
Io

Y t o  j t = j z =  '

YtA rcrOe aD.o
t o u  j ,  , j  z '  

.

= j k = o

o u r , 6 u c t o  p o

,  j u .  { 0 ,  - ! m }

Qs-al.

(2.3-4b)

6IVOt n l-oTrl

2.4. BA>IKA @EOPHMATA KAI ETII1\Y:H TOY

AKPIBOYE TAIPIAXMATOX XE T"AMMIKO

TIPOBNHMATOX TOY

fIPOTYNO

OUTOIro e6a0ro 0a 6tilooupe tous Bcorxoug opto;rous Kot 0ecoprlpatc nou
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ouvovtorvtot apretd ouxva orrl p$l,roygcrQi.c Kor oleri(ovtcr Fm rriOe pn ygappuco

ouorrllro rnq poQons Q.1-1) rct 0a scvouv xQno4ror offl owrxsra.

Optopog 2.4.1. Yno0etoupe orr yro io ouornpo (2.1-1) unoplouv l.rrl opvrltrrcoi

oKeQoror opropol d., yra xci8e ieJ]_, nou opi{ovror (,)s e6nsp

18

lk h.(x) = o
gj  g0 I '

d .

L  L  ' h ( * )  *  0
gj g0 r'

Vje.!. Kor V k d
I

vxeM, ofiou h (*) eivat ro i-oto ororXelo rou h(x). Or crpr0poi. cruto! ro di,

ovopd(ovtot XdpqKrllprcrwoi apt1ltoi (characteristic numbers). O agtOpog ri,

opr(o;revog ros .i = d, + 1, yra i e Jp, ovopo(erar oxsrtKos palpoE eelative

degree) rrlg i-oou1g efodou [2].

ilpenet vo orlpero0ei ou cv d. = o fra rtinora ie.!', rore Xgqoqrono(ilvtcs Trlv

ouvoQfflotoKn avantu[r1 Fliess, pnopei vo anoderX0ei orr exoupe pq6evropo rrls

ef o6ou ^{La tqv i-ottl ef o6o, 6q},cr6r1 n i-otr1 efodog 6ev e nrlpged(etor ofio t1v

e[oo6o. H epyootc [19] oolo],eitar pr ouorqlrora rqs r.rogqns Q.l-1,) yro ro onolo

or XoQoxtrlprotrrol aprOpoi elvot rensgooprsvol.

Or XoQoKtqpuottxoI agrQroi. tvos yQaFrFrKou lpovrrco prl perapa],]roprvou

ouotrllrotos rns poSOnS Q.3-3) opi{owot pe tQono owiororXo ps ourov rou oeupou

2 . 4 . 1 . .

Ogropog 2-4-2. Yno0etoupe ott ^fia ro ouorrlpa (2.3-3) undplouv prl oKsecr,ror

oprOpol, V ieJlo, nou opi{,owcr cos eEm

KC,t

(",)n,

KOr

(" ' )"

yta xanoro ;eJl

B"  =  0  ,  vk

B"*o

Q.a-1.a)

4
d .

\ ,

(2.4-rb)
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Ag opiooupe Ft (d1)1ey, (d;)6nl Kq,r (d1)rr,4 rous xogqKrqprorlr(ous opr0protg

tou ovotxtou ouo:IFra:os (2.1-l),, tou xl.erotou ouorqporos Q.3-2) Kor rou

;rowel'ou (2.3-3), ar;io:ot1cr. Ano rK ef r.ociroeq (2.3-4) rroeotrlgou;m orr Fra

avayrcaia ouv$qrcq t-;6t urote to npoBtrtlpo rou rolgrclopatos oro ygoppLKo trgorutro vo

sxrr Luoq, eivar

l 9

(d;)6nl = (d,)o,,

E0ooov o e nr0uprrltog vopos el.eyxou (2.3-l) 0eorpeircr

( | B(x) | * 0, vxeM) xcr or xagoKrrlprorrroi agr0;roi nogol.r.svouv

ono q lrrl r6roprop0q ayaipoQodorqoq rcatcioroorls, n nQonyoupsvrl

(2.4-2) nalpver fflv cxolor0q poQQq

d'  = (d; )1ey =(d,)cr t

(2.4-2)

pl u5ropopOog

apetaB)"nroL Ko,:o

cvcyrcio ouv0qxrl

(2.4-3)

2.4.1. Xledr.aorrKrg E{uotiroer.g

Xprlo4ronotcirr-a; :ous optolrous rov Xogo,Krlprottxcirv agrOpcirv Kor rrl ouv0qrrl

(2.4-3) o6rlyouproort ot tvo ouorrlpo efrodroecov ̂ {La ro ayvcrloro a(x) Kor B(x), :o

onoio diverau oto aro).ou0o Anp{ro.

AnPpo 2.4.1- Katro cfto rq ow0qrq (2.4-3), or ef rociroerg (2.3-4), eivat

6uvorov vc ypcrgow o:rl' oxol,ouh t opOq nrvcirccov

ni{*)n{*) = Mo

(2.4-4)

nirx) -,1r",, [.;'-'rJ c(x) = ru*r-l1x;

ofiou

[",-l] 
'

o(x) : = a(r )

,  y t o l ' k s2n -1

(2.4-5a)
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(c

:

(c

M.=
J

h, (-))l

nr(-))l

+ J

+ J

r d

I o (."t

l:'
l o

Lo (r"o
t0

d , + i  t,)"\' I
d  + i  lB *

o)"arn l

G(x ) ,  j =0
*

B, (x )  : -
J

MA

n(*) A

!r'or 
-i

tto,oo - j
, j-0 (2.4-5by

(2.4-5c)

rrs efrociroer;

lr6porr6Q)(') vcr

(2.4-6)

(2.a-7a)

(2.4-7b)

Zrlpreuivtrct o:r ov unc,pXouv a(x) Kor B(x) Trou vo LKovoTrorouv

(2.4-3a), rorr 0a toxLouv Kor or e[rocboers Q.4-3b).

Ittl ouvoxero or e(rcciroerg (2.4-4) rou Aqpprcrrog 2.4.L pnopouv

ypaQouv oe ouvonrrxrl FrogQrl ni.vc,Kcr, onos napc,xatco

M A ( x )  =  - B ( r )

oltou

M

Y
Mo M,

:Y'
00

2 n-I

2 n-2

Mo

-Lo(x)  L ,  (x )

0  - L  ( x )
U '

00

L ,  n - ,  ( * )

:  
L ,  n - r ( * )

... _Lo(x)
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B (x) (2.a-7c)

Lo(x) 4 n-t(*) *o, L*(x) 4 y L a l s k = 2 n - 1 . (2.4-7d)

Tdrpo, opi(oupe F=rankBo(x). Yno0eroupe ou ro p eivar ota0ego yra xoOe xes,l.

flagatr'lpouFrt ott ono KotooKsurl o nivaxog n(x) 0a npsflsr vo elvot rvos

ovttotptvt;los nivaxa; eQooov ryaXvouprs ylo xcinorov nivarca B(x) pre I B(*) | *0. Kcrrur

orro outrl trlv nopotrlQrlorl, Tl cvayrca,io ouv0rlxl Eror coore \ Q.a-q uo rxrr ),uor1 Trcr

rov nivaxcr A(x), pr lA(x) | *0, eival

2nF = rank[ t ' , - l  
]  

= rank[  
"  ]  

= rank[u. ,* , ' "  
]  

,  vxes, l

o [ri 
'oJ o,.,

(2.4-E)

Itlv epyooi.a [19], to e vSraQegov ewoni{,etcr onox}.elotrxa, Kor Frovo orrlv

rtrao1 rcov Frrl yQappxrilv ouocqpatcov onou p = m (Aql,o6tl o' auto ro orxrrrllroro rrou

txouv tcdnoro oxtrrKo \tavuoltdrtKo fugtro (vector relative degree tzl)-

Eqpatcilvatot ort rc pn ygappnrcc ouorrlpara aufils rrls xl,norlg elvar crpmrepxi

ovrtotQtvlpo. I-ra au:1 rqv x),rioq rov Fn ygaF+nxcirv ouoqprctolv (B = *) pnopei. euro).a

vo derXtei ott n ot\gqK1 (2.4-8) eivar Kor u(ovrl cirore n ef loorq (2.4-6) vo axrr

l'uoq yr"a A(x), ps n(x) awrltQsvtpro VxeM, Kor enrnl.eov q ),uor1 exrr trl (r1tou;rern

popOn (ni.vorca,g Toeplitz). flegcrtepor, pnopei vc cno6erl0ei orr rl tr*q rrls Q.44)

eivot pova6rrr1. Atrrl q povcrduxrl )'uart qS e[ioooqg (2.4-6) diveror orrlv

llpotcrorl nou c,Ko^odsi..
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ITpotaoq 2.4.1. Av B = m Kot toxust enrnl.eov n ouv$qrrl (2.4-8) tott go

undpler rvog ovrlo:orvrpos nlvorcag Vo npcy;rctrrc'-lv cptOprilv

f P l
Vo = 

I 
' 

I orou VoeRp*p, PoeRmtP *o, KoeRG-m)xP-  
L*oJ

o onoiog ovo6uatdooer ttg yQappss rc'lv nrvtircov Mo rar no(x) tos eEnS

voMo= [:l',] 
= 
L*T']

K o t r r

voB;(x)= [.l ' l:1.] l= ['o'ot*rl
lxoBo(x)J L o J

orrou PoMo Kor foBo(x) eivor. owrorQsry4ror mxm nivcreg yra VxdH-

H unogfq tou ovrr..ct:o6lyrpou nivo,rco Vo [re rrs nro novco rdrotqreg efaoQc]ri(eror or\o

rn ouvOrlrq (2.4-8), q onoic ytverar

H ouvOr1rcr1 ourl unovoei. orr

r 1
oftou rankO 

| 
. 

J 
opi(etct ornv epyooic I2l, onorr e[coQo]"i(etcr q unopfq rou

nivc,rco Vo pe otorleic r{,ayporu(ous apr.0poug.

floLl,anl,oorti(o\Tos q,no a,protegd rrq efrociroerg (2.4-6) pr tov owrorptyq.ro

nivarco V o onoiog oQl(etcr tog eEnS

2nm =  rank [u ' , . ,  
]  

=  rank [ "  
]  

=  rank lu " , * , i t  
]  

,  vxes , l

m = ranko[ t i t - l ]  =  rank[ " r ]  =  ranko[n i t - l  ,Mo] ,vxe$, l
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v = Blockdias{vo) v€R2nP"2np

or efrocboerg (2.4-6) pnopouv rco6uvapo vo ypaQouv otr1 poQ0rl

fronir-l] u,-, = PoMo

[r,nir-l] -,1, [r,rJ o [.

[ronjt.)] 
t,-, = KoMo

[x,nir.r] .,1, [*,r,] o [.

k - 1 - j  \

o O lC( * )  
=

b 0 )

k - l - j  \

o Olc(* )  =
o 0 t

f ' l  1

L*otul 
B-'(x) ,

f ' l  1

lK^M,. lB- ' (x) ,
L U  A J

Q.a-ea)

(2.4-eb)

Q.a-ec)

(2.4-ed)

Q.a-fia)

(2.4.10b)

(2.a-rra)

yro 1 . k = 2n-1. EQooov o nivaxog PoMo

efr"ociroerg (2.4-9a Kot b) proeouv vo ]'u0ouv

6ivouv

r-t(*) = Lo(x)

KOt

6rvor svos owloTQtvtpos TItvoKos. ot

( k \ - r
t,ts ngos d lt" O I C1x) Kct B-'(*) xct

\ E o )

o[,

o'Iou

l -  ( x l
0 \ , 1

L, (x)

k - l  \

*o t,| 
G(x) =

= 
[*r"J *r{"r,-)} ,

= 
[rr"r] 

-'*o{u,n-'1*;

Lk(x) 1=ksZn - l

- r,r-l)

KOt

(2.4-l lb)
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Lk(x) =

y L c r l = k =

[rr"J 
-'.0{run-'(*) 

-

2n -1 .

nirx)
k - 2

-, lr" i*t lu-;- '(*)) ' (2.aalcl

Tl l.uoq yra

enioqg tr;

Elvar euro],ovonro ou- rcatcrr rcrrco ono rls uno0eoeug (2.4-B) Kor p = m,
r k  \

tous nivorceg d I t" 0 | G1x; Kor B(x), Trou Bpe0qre nopantivtrr, Lrcvonorei.
\ 6 0 )

efrociroerg (2.4-10c, d).

Eloupre l.otnov a,vcydyet rrl l.uor1 tcov efr.oiiroeov (2.4-4) cos rrgos O(x) xot B(x)

orrl l'uor1 tcov efuociroecov (2.4-l0a Kor b) cos npos O(x) Kcr B(*). Iuyrerprp,rvcr,, q

(2.4-10a) eivot pto c)'yeBptrcr1 efiocoor1, 6vcD q (2.4-10b) eivar 6vo ouorrllro FregrKt-\'

SraQopuxtov ef rooroe av 2n- 1 ta[r1g. Ito enoprvo @ecirpqpcr onodeln trrror orr rl truort

tou ouotrlllotog t@\' pegrxcirv 6raQogrxcirv efrcciroecov (2.4-10b) pnopei va cva1Oe[ sa

6vo ouorqpo pegxotr' 6rcQogrxrov ef wcloecov rrg6rqs tofrlg, ro onolo pnogei. \u

enrl.uOei nro euro).s.

@ecirpqpcr 2.4.L Kctc,-r ono rrs uno0eoerg I B(x) | *0, v x € M, (d1)1e;= (d;)61r,.

Yto ie.0-, p = m Kot toxuolroos trls ouv0r6r1g (2.4-S), ro ayvcooro (duyog {a(xt.

B(*)) tou xl'erotou ouor1pratos Q.3-Z) 0c pge0ei ano sq truorl trls or(o).ouOr1g opdde;

efrociroeov ot onoi.eg 0a ovopti(ovtor ZyednorlKts e{rccboetE axgtBous ralguioparog

oE TldpptKo neoruno (Linear Exact Model Matching Design Equations)

(2.4-12)

ofiou

a(x)  :=
[o, ' , ,ad*G(x) i  

. i  ,4: - tc t*) ]  ,

n- t ( * )  =  Lo(x )

d(o)[or-r] = k,-,]

(2.4-13.r)



AxptpeE Ta[prcopd lt\ Tpappttxcbv ZuorrTpatcov oe
Tpapprco lTporuno 25

z(*) :  = 
lzre, '  

zr(x) i . . . izzn-,( .) ]  ,

u4oo(*) ,= 
[.40*,(x) i ...i ,{os,"(*)]

Kor (2.4-15)

zul):= r-rl\- '{r-ot*l .,1,,-t)*-' 
[-l;1 ,)r 'rr{r-n,.,}} , z= k = Zn-r

o[.i 'oJ o,., =,L,-'/[-l,i,J.lo' '{r[rJ ,%or-l]

(2.4-13b',r,

oflou

(2.4-14)

Kor Z,(x), yro j.*I.- ,, divowar ouvogrrlosr rtov npcirtcov 2n - 1 pn pqdevrr<iiv
l '  

'  j l - l

M cprcoprcvcov ttopoirEtQ(l)v, tj, rou yQoplrtKou povte]rou, ono rLS orco]rouoe;

enavcrl,rlfirlKrs oXeoErS

ZrG)  : -  L , (x r

Anoderfq (@r"gtlporos 2.4.2). H ngcoul efiocooq rou Oeopqpatog 2.4.L, txat

ei6q anoderltel. flqnrceqrcvou vo cno6ai{oupr rrl deutegl efi,ocoo1 rou @ecogqpotos

2.4.1,., 0a lpqolp.ofl.olrpoups ro arcol.ou0o Arlppo.

Arlltlto 2.4.2. Or axol.ouOeg efrcciroer"g

roxuouv yro k

EuvSuo(owos n oX6on rou Arlpparog 2.4.2. pE rrlv efi,ocooq (2.4-10b) Ktrt
k _ 1

l.wowog rLS orTop€r€orrors efrcdroers tos npos d (0) 
"d r 

G(x) n€,orrurtst rl aro)'ou0rl
'0

oXdorl
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o ltl "4-'c(*)\ , r o 0

= zu$) , k'Jr,n-t

Te),og, opcr6onorclwcg xcrtol),q).o trg nro ndvco eftociroats, onogQttt

rov efrociroei.,iv (2.4-12) rou @ecoprlpotos 2.4.1.

euxol,a 11 Seutegrrg

A[(er vG oqperoOei otr neoKrl;mvou vo raOoprcrouv ot nivoreg B(x) Kct

a(x), aprcei vo i'u0ouv or ZTedoorLKsS e{wcboery orcgpouE taryrcoporos oa

ypappxo Ttgorufto (Linear Exact Model Matching Equations) (2.4-12) yro Lo(x) xat

O(x) Ana[ Kor ra0ogro:otru or nivcrreg Lo(x) Kor O(x), or nivc,rceq B(x) and a(x)

lrtropouv va ro0opwrouv cr,Tro crlv axo],ouOq o-Xaon

B(x) = L;t(x)

KOr

a(x) '= B(x)o(x) = r;t{x)O(x)

(2.4-r6a)

(2.4-r6b)

2.4-2. Ircrv6g xar Avc,TKaiES ouv0rlreg

Baor{,otrrcvor rcirpe orr5 ZTe\rcorLKsS E{lodtoetE ArgpovE Taryuiotrtaros oa

fgappuco lTpowno (2.4-12) 0c Bgoupe rrs avayroleg Kor rKoveg ow€r1xeg yto trlv

uncrpfrl hrarlg oro npop),r1ptcr rou rarpraopraros or ypappu(o tt€,oruno. Auceg ot

ouv0qreg pooi(owcr ornv entl,uorprorrlro rc'lv efrcdoeov (2.4-12) tos nQoS B(x) xot

O(x) rcar dlvowor oto axoLouOo @ecirprlpa.

Oedlpqpo. 2.4.2- Ot ovcyraieg Kor rKovdS ouugqKes yro rq luorl f,ou treoplrlparog

tou rol€)rdopctog or ygap+uxo neoruTro, proo avctpoQodorrlorlg xottimoons TnS poe0r6
f * 'l

(2.3-1) yro rqv rcl,oor1 rr,lv ouorrlpotr,rv trls l-ropols (2.2-1), pt rank 
LB'(X)J 

= m,

elvat
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1) (di)1ry = (d;)1u; for ieJIo

r t
oTrou, inv ln (x) | 6qi.c,rvet to " involutive closure" rrls t(oravopqs Trou ncrptiyetar orlo

L J

rrs otrl),eg rou A(x).

fta rrlv anoSet{n tou Oecopqpraros 2.4.2., Xgrlolponorq0qre ro rro xarc,r Arlppo.

Anppa 2.4.3. H ngcbcqs rofns prQLKq drcQopucrl efiocoorl

(2.4-17)

sxrr ;na l.uoq yro 0(x), VxeM, q,v KCtr povov ov

2.4.3. Xcrpcrru;propog rou vopou eleylou

Ittl ouvsxtltr ulro tqv npounoOeorl orr rKovorrolouvror or ow€rlreg rou

@eoprlpotog 2.4.1., 0o KotooKeuriooupe rq yevLKq truorl rt,lv efrociroeov (2.4-12). H

KotctoKaurl trls yevrrrlg l*ls rrov ZTedtaotxdv e{rc6o6@v tou ArcgtpouE Taryrcoptdros

oe TpatrtltlKo lTpoeno (2.a-12) (Linear Exact Model Matching Equations), 0rS ngo;

O(x) rar B(x), Sueuxol,weror lre q XQqorl rou nuo rdt<,l Arlpporos.

z) rank 
[u.,-,] 

= rank 
["] 

= rank 
[u.,*, 

i 
"]

3) aim{i,,[or.r] 
] 

= aim{in,[']|j]] 
] , vx

, VxelM

d(o)[or.r] = luol

aim{invfo,.,] 
} 

= aim{in,[]|-]] 
] 

, vxe'r,,
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Arltrpa 2.4.4. IqXuer q orcol,ou0q ouvOr1rcq

Xprlorponordlwcg ro Aqppa 2.4.4., oupfiEQoivoupe orr ov rtrxuouv ot tKovtg Kcrt

cvaycoieg ouvOqxeg rou @ecoprlporos 2.4.2, rora n yrvuffl truorl rTlS dewepqg r(,,r

efrcciroecov tou @eo6n1lrorog 2.4.1. odqyei ou"1 ].uon qS orotrou0qg efi,oooqg

d (o) O(*) =

ofiou

O(*) = [ot*i
L

KCr

z(x)

a d  G ( x )  i
t0

(2.4-re)

(2.a-20a1. .  ,  t4tct* l l
o 0 J

z^(,)]r
LZt@,Zr(x) : . . . i

zG) = Q.4-2ab)

eQooov yro k = n, oL efrociroer"g rou @eotgrlporos

cfio ttg npcilres n drociloeq.

2.4.2. eivor. ygapptxa eEoprnpavei

Xpqorponouiwa; Iornov ro Anppo 2.4.4. Kor ro @ecirgrlpo 2.4.2. tccta]',r1youpa

oto nagoxritco @eci4qpc-

@erilprlpa 2-43- Av tcyuouv or rKavrg Kor cvoyrcaieg ouv0r6eg tou @etopnpotc5

2.4.2., ylo trlv Klriol ttov pn ypa;rprrcirv ouotqpdrcov rrls poeQng Q.z-l) pE

f * 'l

rank 
LBot*l-1 

= m, iorr, q yrvlKq truorl ylo ro vopo el"eylou (2.3-l), Tl onolu

end\uer to npoBl,rlpc tou aKp$oug tcrr"purioporos oe yQopprKo tteorutro, unol.oyi{,elu,t

)"wovtcg, Kor' ogxrlr rug orol.ouOeg efwdroeq crls ngos B(*) xcrr Q(x)
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n-t(*) = Lo(x)

KOr

oTrou or nivarceg O(*)

avti,otOtla.

AQou unoloyioou;rr

tts oxeoeK

do(x) Q(*) -Z$)

r-;1{x)

(2.4-21)

Kor Z$) Sivovror ono rrs oxsosrs (2.a-20a Kot b l.

ro O(x) (2.4-21), tc a(x) KoL B(*) 0a 6ivowot telrra or:o

B(*)

KOt

a(x)

(2.+-z''1

= B(x)a(x)

2.5. 'YMNEPAZMATA

Ito Kerlcrl,cro outo cvcrm-rfope rrlv reXVrKn enilucqg rou npoplrtpatos rou

Arpfoug Tcrgraopotos Ftas rc}'oorts Mr1 fpcpprxcirv luocqpcr@v 06 fgcprprxo llpotuno rl

onoia fioQouora(etar oq 6tdcrrcoprrrl dratprBrl [19].To ngoB]rqtrra cruro ovcl0rpe

orqv eni")'uoq svos ouorrlparos peprrclv draQoprxcilv ef rcciloecov rrQd,TTls raEqs rfou

ovoptiotqr.av Zye\rcourceE E$o6osLS AxptBoug Tapnoparos oe fpapprco flgorurro.

Me F"otl rts efwciloerg auceg r4rooSrogiorqxov or u(oves Ko,r ovoyrcleg ouvOqxeg

drote to npoB)tqpc tou AxprForg Torpttioporos oe l-gap4lxo flporuno vc sxtt iruoq rut

rouroxeovo XoQol<tqpiorqre o trrorrKos vopos c,vatpoQo6otrloqg nou eTttrtryydvet :o

taiptaopa oto ypo1.qru(o fl€)orurro. Iqpercirvoupe pdBarc orr I en[].uoq Fsgtf(rr\'

dtaQoprxdlv ef rcciloeo.rv ourrlg rng popqlS pnopei vc cnorel.el eva no}.u 6uorcoi.o
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unol.oyroq.ra ngoplrlpa. H pe0o6ol.oyic rrou ovonol0rlxt lrfiogti va 6cilott oov er;6ua;

nepintororl ro anorel,aopora rou rolercroparos or rreorurro ypopFll(orv ouotqpatolv nou

noQouoro(etar otrs epyooieg [17) Kot [18]

H pre0o6ol.oyic Trou ovonrux0qrce sxrr enerctaOei yto trlv enihuotl :L-ru

ngop)"r1poros rrls orol(orrls 6rorapalcilv pq ygapprxcirv ouotrlpatiov pt toutoxQo\n

enireufrl rou oxprBoug ror"prao;rcros 06 yQop;rll(o Treoturo [19]. Eniorlg, n

peOo6otroyia ouffl enertaOqxe cbore vo enrtruoer ro npop).qpra TnS ypoprptKonoirlong

erooOou efoSou pq ygoF+nrcov ouorrlporov pros eroo6ou ptos efodou [231.

30



KEAA AIO 3

EAETXOI ANTEITPAMMENOY EKKPEMOYI

NOY OAHI-EITAI Ar]O DC KINHTHPA

ME THN TEXNIKH

TOY AICIBOY' TAIPIA'MATO' ZE TPAMMIKO IIPOTYNO

3.1. EIXA|O|H

Ito Kepti),aro cluro 0o pretrernooups rvc ovtaoteolrpsvo tlc(Qepds tou ottoiou 11

rpoQodorncrrl Kr o e),ey1og ylvetcr proo rvos lflvrlrrlQo ouvaxous Seupatos, olr{r)s

Qaivetar oro lxtlt o 3.1.1.

Bootrog oroxos el.eylou rou ouoqporos ourou eivct o dtreylog rns Ycovtolffls

roxufiltos l(ot trls 0,lorlS tou ErrQEpouS.

Mua 6ro6a6op€vq rsxvu<q aLeylou rou Aweotpo;rptvou Errge;roug cruvi,otcttot

Kor' oQxnv orrl yQolrpu(ofioiqon rou ouorrllroros ptoco cvcrtgoQodotrlaqg xcrt<ioroorls

l24l Kor orrl ouvrxrro, eQagproyrl evos yQop[nKou vopou e],ey1ou (yvootog oTro rrl

BrBl,roypaQio) yra rrlv eni.teufrl rtinorotv npo6r,oypaQdrv, ontos yLa nopoSetypa rl

ooupntcofll<rl ncrpcrxo).ouOqoq tpoXttig.

Equ fiogouoo dur)topattKrl epyooic eQogpo(ovror ta 0eolpqu.ro anotetraopoto Tqs

drdarcogwcrls 6urqqBqg [19J, yro rrlv eni"]'uor1 rou npoFllpotos tou axpqBoug

tcr4rraoSraros rou ouorrlporos Tou awsorQclrptvou tlfl(Qelrous ot 6vc YpoFFtl(o
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TrQoruTro. Itq ouvexaro, yro

el.eylou o onoiog ETnruyxavar

m

J=f

Iryelo IrpC{nC

Krvrlr@q
f-uve;u\ Pet4rorog

to yQotrplr(onollprvo ouorqpq o1e6td(etar o vopos

trlv ooupnrcorrKrl rroQoKolou0rloq tgollog.

m

\

E1qpc 3.1.1. Aweorpolrpsvo Errpepeg, eleyloplrevo oro DC Krvrlulpa [241.
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EEA|OTH TOY MONTEAOY TOY ANTEITPAMMENOY EKKPEMOYZ

NOY OAHT-EITAI AI]O DC KINHTHPA

3.2.L E[ayop1 tov e[rociroecov rou n€erypaQouv ro o0oulpa

Yno0etou;re ott o Krvrlrrlros }€rroupyei Fr rov rQono flou l.ertoupyei Fria

Yev\.rlrQto. Aql'a6q to QtuFra cvontuooercr,r peoco rIS fieerotpoQrlg rou onl,uopou rou

Qoroeo oe poTvnttro na6i.o. En[or1g, unoOetrxd ayvooups crlv a6pdve,ra rou t(rvqfileo,

eQooov ei.vor apel.qtaio ot ouTrQroq pr rqv odpdvera rou rlfl(gepous. Autog o

Ktvqrngas owsxous ptupotos, pnopei vo, ovonopooraOel, on<os Qcrivetor oro Extlt o

3.1 .2 .

ub= Kbrnn= q 10 e

Ixqpo 3.1.2. Movtel,o tou DC KrvlrTlgo- eleyloprvo Freo(l) rou on)l,mpou rou goroQq.

(Armature-Controlled DC motor) [2a].
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H ponq orptiryrlg nou ovofiruoorrcr qno

fiou ovortruoottor o' outov xot dlvetot oflo

rov rflvrlcrlpo eivcrr ovcl,oyrl tou pe0proros

rqv oKol,ou0q oxsorl

=K I ,
m m

10T = 10K I
m m

Or ef todroerg fiou neprypdQouv

cro),ouOeg:

(3.2-2)

(3.2-r)

eQooov to Qeu;ro nou ovottruoorror oro poroQo elvar ora0ego, orou K_ elvcr. plo

orc0epd.

Av l'aBoupe ur' ovq poq orr n ova).oyia rov pcyvrlurcirv pocirv pe tafu

rou ottitopo Kot rou gotoQo eivct 1110. ontrlg Qaivetcr oto oxnpo 3.1.1., Tl eorrrl

otgdyqg nou tragciyetot oto trffprl.lss. 6r1l,a6r1 oro QoroQo, 0o 6i,vercr ono q o1dor1

T=
p

@ecopcitvros ott 6ev undpxouv anooFeorrs orrl peta6oorl peoco rov ygovo(rcirv,ro

duvoplro nou nopdyetat ono tov Krvqrqga ouvrxous peuporog (oXtttro 3.2),divetar

ono ro vopo tdoeov tou Kirchoff olg eEqS

V =  L I (1 )+  R I  +  \ toe ( t l (3.2-3)

H nrQrorgoQrKrl xiwton rou rtffpepous

6roQogrxrl efiorr.rorl

neptypciQetar ofio rrlv aro)'ou0r1

T- = - l2-o(2)+ lmg sinop (3.2-4)

ro ououqpo Trou npoavoQrip0qxe eivct or



EAeyyog Avteotgai;yevou Erocpepous rcou o\ryye[rat ano DC Ktvqu\pa,
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o(1) = 0)

s  lOK
,( ' )  =  

-  
s inF r  ;  

-  I
l l '

H onoia tel.eutoio e[iocoorl onoperrr

rorv efrociroecov (3.2-2), (3.2-4), (3.2-5), tos

(3.2-s)

(3.2-6)

oro tq )ruor1

lrQos o).

( 1 )  10K
r - l '
l = - - l J

I
L

RI
- - l + -V

LL

H onola anoggrrr ono qv e(iocoon Q.2-3).

(3.2-7)

3.2.2- EfcrTolyrl rtov eftociloeolv xataotcons

Opi{oupe c,lg FetcB}'rlttig tcctaoraorlg rr{ oro}.ouOeg: Tq ycovio onorc}.ur1g rou

AweotpapFrevou Encprepoug orTo tov rccrrarcoguQo dfova, crlv ycovroKrl roxurrlro

fisptotQo0rls tou Etatospous Kot to Q6upo rrou ovofiruooetor orov Krrqrttpc,, l,oyor tou

6wc;.nxou eroo6ou V

*l = e, *2 = u), *3 = I (3.2-8)

Og eioo6o rot powel,ou 0ecopoupre ro 6uvcprrro nou el.eyler rov l<r\rrlfllgo

owexous toorlg

u=V (3.2-e)

og d[o6o noi4noupt rrl ycovia anorc].rcrr1s rou cvreorQoppevou eKKQEpous orro rov

rctaxopuQo crfovq r1 onoia eivor 1 petaB]tqrrl rou enrOupoulr€ vo e],eyfoupe

h(x )=* r=0 (3.2-10)
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Me ouv6uaopo rolv

Qtovoupre offlv orol,ou0rl

negrypoQer tqv xivrlol rou

(3.2-l) (3.2-7) xm t<ov

ouorrlporos rrrrv e(wciloecov

o onoiog el,eyleror ofto rov

(3.2-8) - (3.2-10),

rcctdorcorlg rrou

DC rctvrlfilgo

eftociloecrlv

Fogon rou

srfl(prpous

X = f(*) + g(x)u' x(0) = *o

oflou:

y = h(*)

g
K . = - r, L

g
-sin( * , )

L I

_10 \
L

t 2

10  K
,  1 r r  m

?  t u  
;  

-  x :

I M

R
xz -  ,  * 3.L

(3.2-rr)

I

orolrou0o

r(x) --

g(x) =

KOr

h(x) = *1

frc euxol"lc orlv cvcnopooroorl rou povrel,ou,

srovoopwlro rtrlv orcOepdlv rraeoprrQtrlv

0

0

1
T

r(ovoupr tov

10K
t r m
t'r,, = 

T-r
a l L

l m

l 0 \

1
K5= ;

L
Ko KCt

Kr=

(3.2-12)
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ofiou ot otaOepeg \ yta i - 1., 2, ..., 5 eivar npoQav6q 6rdQopeg rou prl6evog

eQooov ncrprotavou\' puolt(ss oto0egeg.

Av ovttKotoornroulrt tts oxrosrs Q.2-12) oro ouotqpo (3.2-11), oL efr"ociroerg

xotaotcoqg rou fteprypri0ouv ro ouorrl[ro nolpvouv rq poQorl

x = f(*) + g(xl u, x(0) = ro

KoL (3.2_t3)

y = h(x)

ofiou

f(x) =

*z

K,s in (  x , )+  K r r ,

K, t : *  K o  * ,

g(x) =

u=V

KOt

h(x) = x,
L

3.3. KAEOPITMOI TON XTOXON ENEI-XOY fIA TO XY:THMA ENETXOY

TANANTOII{Z TOY ANTE>TPAM MENOY EKKPEMOYZ

Ano rrlv avd)'rol Tou povtel,ou, eivcrr Qcvepo orr ro powel.o rou lcrvrlrrl€ltr

owtxous ptulrotog c onoiog e].ey1et r1v riwlorl rou avanodoyugropsvou rlocgrlroLs

ol
I

0l

K, I



E)'eyXog Avreorpapyevou Ercxpspous nou odqyettat ono DC KtvqrrTpa,
Its r\v rsxwKn rou ArgtFous Taryrcoparos oe fpapprKo [Iporuno 38

neptygaQet pto uryrll'c Frl Ypopl.ttlq drodrrooio. Enoprevcog, n sugsol rrlq ofioKQrorls

rou ouorrlForos eivat 6vo r6r"cirega 6uorcol,o npoB),r1pa. Ano rrlv n),sup<i rou

Autoptitou Ei'ey1ou, 6ivot Qovego eni.or'1g orr eivcr nol.u 6uorol.o vo ole6roo--ei.

vopos e)'ey1ou yto Trl LKovonoinotl rtov nQo6rcypaQcirv nou 0c 0e),ape vo noeouord(et

to ouoTrlpo.

Ito ouyrsKgqrsvo nogci6etypo tou el.eylou rqg ral,ovtoorlg rou rKKQrtlous proo)

tou DC KtvrlrrlQo, eivc,t 6uorol.o, ov oxr o6uvcto, vc ppoups vopo eireylou Baowtrrer.o

oto pn TSoPptKo ouorqpo rrou vo neruXoi.vet filv ncpoxo),ougno-n pLaS en6uprltrlg

tpoltog Yto ffl Tcovic anox)"ror1g tou ovonodoTueropsvou sKKgelrous ono rov

xctorcopuQo o[ovo. Itolog FoS 6q],o6r1 elvat eite o e],ey1og rng to],tivtooqg rou

eKKQtFrouS, 6tol cirote ourq vo eivor pro nepro6rrcrl rcr)dwcooq Kor n ttFrl rou

nl'atoug rrls tol'tiwooqg vo ruprai.vetor ;.reto{u rdnorov ogicov, eire vo 6rarrlpelrat

to slcKQrlres orrlv t(oraKoQuQq 0dcrn.

ftc tous npocvcQep0eweg l,oyoug, eivar l.oyrxo vo ava(rltrlooupe npcilto rTlv

unopfr1 tvos vopou e].ey1ou o onoiog 0o an].onorai to oQXLt(o tlrl ygappu(o ouorrlpo.

Me tov opo anl'onoi.qoq swooupe rrl duvatorlro ro rtrsroto ouornpa nou 0a neor<uryrr

vq txtt pto YQoptlucrl neprypoQq eroodou - e[o6ou. Av ouro eivor. 6wcto, eir"ar

Qcvepo ort o lrtQattes(l) 6)"ey1og rou ouornparos anl.onoreirar ncipa nolu ener6q

ptroQoupt vc Xgnoqronotrlooupe nol.u Tvcootss pe0oSoug ole6icoqs sfio q 0eogic rirrv

YQopFrLKcrtv ouorqpdtcov.

3.4. EIIINYXH TOY NPOBNHMATOI TOY AKPIBOYT TAIPIA>MATOU TOY

TYITHMATOT IE TPAMMIKO ITPOTYIIO

3.4.1. E0geoq rolv XapaKtrlgrotrrdrv apr.Opdtv

Ot npcilteg "Markov" ncpdprrQor rou ouorrlporos Q.2-13), rou opi{,owcrr orrs

cxroers (2.4-l), eivor
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a*alon{*)=L**,=o

'rttron(*) = LrLro*, = Lr*, = o

(3 .4-1)

t rtl on{*) 
= L rL ro*, 

= t* 
[ur 

sin(x, ) + ur*, 
J 

=

= 
[L,"or(r,), 

o, tr] e(r) = krk, * o

llcrpacqpcirvtag ott rl ngc,lcn pl pn6svrKn Maprcopwvrl nopcpereos rou ouorrlporos

(3.2-13) ptos e[o6ou, e[vat n L -L: h(x). KCn XQrlortronorcowcrg rov oQlopo 2-4-l-,
5 5 0

ouFrntQoivoupe ort o XoQoKcqplotlr(og opr0pog rou oQxu(ou ovorKrou ouorrllrorog

elval

do=2 ' (3.+2)

o onoiog eivor ftEregoopevog.

Ano tov oQropo tou nivaxa g"(*), fiou 6iverol oq oXdon (2.4-5c), BpioroupeU '

orr ouros 0a sxer rqv aKolouSq provodr<iorofil poQQn.

nir*) = trtlon{*) = krk, (3.+3)

3.4.2- Kc0opropos TrlS rlaoqg rou 
. 

powelou

To awaotSop{levo ttffptpss neprypoQerot l,m rvo povte},.o ro onolo ovqKsr oillv

r)toor1 ttr)v ouorrlpdtorv nou efetti(er 11 Oeolpio rou KeQal,oiov 2, eQooov LcrXUEr
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B = rank 
[ujf.lJ 

= r

m = 1

o1Iott

B = rank["r t - lJ  = m = r

KOL

o1Iou

(3.4-4)

(3.4-6)

3-4.3- Enrlroyrl tou YQapprrof reorurrou Tra ro ouorrlpcr eldylou rou erxpepoirg

@ecopoulrt ro ypop"plKo, Xpovu(cr pl percrpa].],opevo ouorrlpo rou rregr.yptiqetcr oro

X6go rcardotaons pe tts arcol,ou0eg efwcboerg

z = A-,2 + b, ,w z(0) = z^
M M \ / - 0

(3.4-s)

YM = cvlz

\ = 
[f,i,:,] 

b* = 
[f ] 

cM = rcool

onou fr, f, f, € R Kc,r o € R {0}, evcir n ouvcpcqcq peraQopag rou elvar rTls

axol,ouOqg poeOrls

Hr(s)  =  cr (s l - \ ) - tb ,  =  
o

w
Eqperdlvetcrr ott to n€)orurTo Trou Orcki[ope elvcr rvc ouorqpa 3qS ta€qS LrE

ou0ai"petoug no}otg., eQooov or ouvteLsorrs fl, fr, f, rou XogaKqQLoru(ou rou

nol,uotvutrrou elva,r au0oiperor rrgoyparlrcoi. aprOpoi".

Tcilpa, 0o Bpoupe tous XoeaKtqgrorLr(ous agr0poug rou n€)orlnTou,



Eleyyog Avteorpaputvou Ercrcpeuous nou odqyelrat ano DC KtvrTrr1pa,
trtt rqv rsxvtKrl rou ArptpouE Tapuioltdros oe l-paptplKo flporuno 41

XQnoqronorcilwcg rov opr{rpo 2.4.2, eQooov rxouFrs rrlv neprypoQq rou oro X6eo

xottiotaons.

Or npcilteg "Markovn napcrpe:gor rou figorufiou eival

. " {Ur=""b"=0

rr4b, = cr\b^, =

"r t3rb, 
= cr*o

flopatrlQoupr o:r rl

) -
n cffib*. Enop^err'4

XaQoKTqgrorlr(os oQrqros

net,.lrq prl pn6swKrl nMarkov" napd;rsteos rou fiporutrou eivqt

yro ro neorulro (3.4-5) pros eroo6ou - pros efo6ou, o

dr, outrrrfcova ;.re rov oQrosto 2.4.2., alvor

(3.4-7)d t=2

Iq;rercirvarot o:r o XopaK:1Qroru(og cpr0pog d" efayetat e nloqg oro rrl

owaprqoq lrtrooopos. XQnoq.ronororwcrs ro yeyovos orr o oxrru(oS PofuoS r 4 d* * 1

cnelrovi{er rn Srcr$opc tou paopou tou no}'uovupou rou crpr0prlTr] oro ro pa0po rou

nolucowpou rou nogovopaocrl qg Hr(s).

Enopevog, o povo6rdororos nivoxog Mo, rrou 6iveror ofio rTl oxdorl (2.4-5b),

eivor

Mo="ff iu^r=a*o (3.4-8)
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3.4.4- Elreylog rory rKcvdrv xcrr cvtryrcricov ouv0qrcilv

- Iuv0rlrcrl 1

Ano trl ouTt(grorl rou XoQorcrlprorrKou aprOpou rou oQXrKou c,votKtou ouotrlpot<>s

do Q.4-2) pt tov XoQoKrqQrcrrKo agrOpo rou TrQorurou d, (3.4-7), rrapofflQoups o:l

do = d, = 2. Enopevorg, encr),qOeurror 11 ngcilul rtov ouvOrlxcilv tou @ecoenp,otos Z-1.2.

-  Iuv0r lxn 2

H deutegrl ouv0rllcn rou @ecopqporog 2.4.2. yLo ro ouTKsl(Qqrtvo powetro rou

avreorQoplrtvou slo(Qslroug nou e].ey1etol proc,l rvos ]ctvrlrrlpo ouvrxous etulrotos, 1.to

ro onoto powe)o trrxutt p = m (aptQpoq efo$cov = ogt$pog eroo6ov), aivcrt

rooduvoprrl pe rrlv napaxcrtc,r

rank 
[uir.l] 

= rank 
["J

= m

Ano tts trxrorrs (3.4-3) rar (3.4-8), sxoupr awiotorlo:

(3.4-e)

(3.4- 10)

Fra

rank 
[uir.l] 

= rank 
[urur] 

= 1

rank 
["J 

= ,^"u 
["] 

= 1

Enopevc,lg, encrl,rl0euttct. t(ot q 6euteprl t<rtv ouvOrlrcilv rou @ecoQTlpotos 2.4.2.
:.'. " 

-\

1, . , * r i  
" , . , '

- Euv0nxrl 3 ,,,....{ 
'i ' '- !' '

;u
I-rc vo efettiooupe rrlv r,oXU qg rpirqs ouv0r6rlg, crprei vo uno).oyi,ooup6

ill 
ill

Foon tou lcirpori inv I O(*) | xat prc paort rou lcirpou i"" lO"(D I
L J

r .r LZ(x)J
Mta Foctq torJ Xcirgou inv I Q(x) | , unoloyi(etcr Bpiorovtag Kor' oQxrlv

L J
:1S



EAeyyog Avreorpc,t.pevot Ercrcpspous nou o6r7yeltat ano DC Ktvqrr1pa,
Its r\v rsXvLKn ror ArcptBouE Tarptooltdros oe fgapprKo lTporuno

ypopprrco cvefcprq=g orqleg rou Q(x), o onoiog opi(etcrr offlv (2.4-13a) Kor eXeL

rn lropQq

(3.4- I  1)

H tofn rou rivarco, curou eivcrr 3, eQooov LoXUouv ra axol.ouOo:

To 6rdvuopra

43

a(x) = 
[sfr;' 

ad*s(x) : adros(x) : ad]os(x) : 
"alos(*)]

udsoe( * )=  [So(x l  .g (x ) ]  =

0

krk,

- kok,

krk ,

k rko  k ,

-  krkrkr+ U]O,

(3.+- t r ;

(3.+13)

elvcr. ypopprro adoQcrlro rou g(x) Kor ro Srdwopc

aolos(x) = 
[* , ' , , Iso(*) ,e(x) ]  ]  

=

''' r:"r 
rank 

[of-l] 
= rank 

I 
et-l i ad*s(x) : aof,s(-) 

] 
=

eivar enlorlg ypaH{'xa avefdpqro rr,lv g(x) xc,t ado g(x).
-0

Apo,
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= rank

0 o  k rk ,

0 - krk, krko k,

K, - kok, -krkrk, + olu,

=3=n (3.4- i4)

(3.4- l5)

(3.4- l6)

O XcirQoS rrou ncgcyetar orro rrg otrll"eg g(x), ad*^S(x) Kcr aO]^S(x) elvar

J 1

involutive eQooov ei.va,r npoQoves orr roxurr

[. , "] 
€ ,nun{ s(x) , udsoe(*) , uoSort*l}

yL, .  r ,  o € rnun{ g(x) ,  udsos(*) ,  .o]or f . l }

Enopevcog, o x.,gos i"" 
[ot*l] 

, oivetcrr ono

i"" 
[of-l] 

= ,nrn{s(*), udeoe(*), .oiod-l}

ai'"{inu[or-l] 
] 

= 3

rq oxrorl

Xprloq.ronorcirwcs rrs oxrosr{ (3.4-14) rcor (3.4-15) rxoupr orr

I a(*) I
flporcerpevou va tmotroyiooups plo Faon tou lirpou inv | - - | , 0o uno).oyioouF.a

L z(*) J

Kcr' oexnv tts yg'g'rcti cveftigrqreg oq],eg rou nivarc, | 31t) I , o oer.opos rou
L Z(X) J

onoiou dlvetor oq oxeon Q.4-15) xar sxsr trlv ol(olou0q poQQn
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H.l l I 
e(x) i 

u d*os{*) 
i

l- i i
L z l (x )  i  zz$)  i

u o] s(x)
o0

aol s(x) i  aol  s(x)
o 0 i D 0

-.-.--..i.--...........

ot

Or ygoppnxcr avefdpqteg

cxo).ouOeg

(3.4-t:1

z 36)
i
:  Z  o ( x )

otrl^rs rou nlvarca TTou Sivetar orrlv (3.4-17) eivar

Ijli];l
0

0

K,

k rk  (
o {f3 _ koj

0

-  k r k ,

(3.4- 18a )

(3.4- 18b )

(3.4- 18c)

- kok ,

- 
+t Gz*frko-k,cosx1- k2k3- kl)

krk,

krkok,

uik,- krkrkr+

k ,  k .

f(f, 
-2k2\k4

+ k,xrsinxr-

- ki + krkrf, + kifr* frko

krkocosx, + krfrcosxr)
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M, = 
"r4b" 

= o(fz + {l

M, = 
"r4b" 

= o(fr + Zfzf3 + {l

46

olrou Yto tov urrciroywpo rc,lv Zi$) yro i - 1, 2, 3, uno),oyiorll(ov np<ii:cr

ot "Markov" ncrgcip:rpor f llx;, M (x) Kor orq ouvsxrro ro L'(x), L.(x), Zi(x), TLo

i = 1, 2, 3, oncDs Q,:[vstc,r ofil ouvextro.

Ano trlv er-:voi.r1rtuffl oxeol (2.4-5c), yra rrs ngcoreg pI ;rrl6ewreg

Moprcoprovrs t, t*, ; .  unohoyi.,otr lxcv or nivoxeg autol yra i  = 1. 2,3.
I .

n,t-) = Lrt3 n1x) = ar[u,rr"os(xr) + krkr*, + krkorrJ = krkok, (3.4-t9a)

nrt*l = l*ra h1x) = ,* 
[- 

krx]sinx, + (k,sinx, + krxr)(krcosx, + k2k3) +

krkrkor, + OrUl-rJ = krkr(k,cosx, + krk, + ki) (3.4-t9b)

nrt*l = L*ls h1x; = a*[- k,x]cosx,- klxrsin2*r* kfrr.or2xr- k,krx2*:ri*, +

krkrkrrrcosxl + (krkrko - 2krxrsinxr)(k,sirur, + krrr) +

(k.r, + ko*:)(t ,krcosx, + o'ru, + k2k1)] f3.4-l9c)

Ano rK enavairlfiTLr(rs oxrorrs Q.4-5b) uno).oylorqKov ra M. yr.a i - l, 2, 3

Mr="ff iu*r=of,

(3.4-2O\
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Xgqotponotcbwog orn ouvexsro rrlv enavol.qnrlrfil oxdoq (2.4-11), Bprlxopre ro

Lo(x), ro onoi.o rxsr rrl pop0n

Lo(x) = M;tnit*) =
k ,  k ,

ofiou 0eoape orqv (2.4-11) Po = 1.

Ano rrl oxroq (2.4-10a), Bprlrccrpe

(2.3-l), o onolog sxrr rrl troQ$rl

(3.4-2r)

tov nlvoxa B-r(x) tou voFrou ovorQoQo6otrloq;

Q.4-n)

(3.4-22) orq

3, Kor rr1gopr

encval,rlnrxrs oxrorrs

k ,  k ,
g-t(*) = Lo(x) =

Awtxa0rotcilvcog

(2.4- 1 1), unol,oyioapc

Ll (x)  =

L2(x) =

L3(x) =

o

rrs Q.4-19)

ta L.(x), yra i

rot["rn-t(*) - nrf*l

+!L*rrko-k,cosx,-

" ; ' IMrB-t(x) 
-  nrt* l  -

k,  k .
-3f1- k2k3ko- kl +

- krkocosx, + k,frcosxr)

k"k .
(L - ko)

krkr- kl)

nArl-r(x) -

krkrfr+ u?or, + f ,ko + 3krxrsinx, -

ro'[",n-'(*) - nir-lJ =

KOr

=  1 ,2 ,

- ftl,l,(x)J =

urr-r(x)J =

(3.4-23a1

(3.4-23b1

(3.4-2k)

TeLrrd, ono rK enavaLrlfiTlKeS oxrorrs (2.4-15), Bpqrcpe ro tpia npcirta
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- krkocosx, + krfrcosxr)

Enotrrevc,tg, xotcri.rlyoupE oro oKol.ou0o oulrfirgoopo

18

ototleio tou nlvarca Z(*) rou opi(etar orn oxroq (2.4-13b), ro orcolo sxouv t-rt

poQ0n

k "k .
ZJx) = Ll(x) =

k "k .
Zz(x) = Lr(x) + Lrozr(*) = - 

#(fr+frko-k,cosx,- k2k3- k1) Q.a-2abs

Zr(x) = Lr(x) + 2Lrozr\*1 - t2 
ozrlx) 

=

= 
#\t, 2krkrko - ki + krkrf, + uzotr+ rrko+ k,xrsinx,

(3.a-2acl

cnq. Ja(x) l= "^,nl Ist.tl ['o:.gtt' ' l |.".;ntlll Ispanj l=snanJ l_-l, l 
y 

Il" -l 
I e4-zs,)

t2")) |.lr,,',J L2,6) J Lz,$) J ) _
'l

orrou ,n""{rrt*l} ei,var o xci,eos nou noQdyercr o,no trg otrl}.eg rou nivara A(x).

Anoder"rcvueroL ot. o x6gos lrou ncgoyetcr ano ug otql.eg

f e(-)l tudcos(*)l f uol^c(xll
It,,,(.)J f#;l Lt;;, J

eival involutive, eQooov
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(3.4-26)

(3.4-27)

TeLtrd oro rE axeoets (3.4-16) Kor (3.4-27) oupnspoivoupe orr I ouv0qrcrl 3

tou @eoQrlproros 2.42. urxusr.

EnopevcDs ro ngoplqpo tou tc4rudqrsros rou prl ypoppu(ou ouorrl;roros Q.2-13)

oro yeoplnKo rrgotLrro (3.4-5) EXer ]',uotl.

Iuvencog, 0a s/oupr

,^.,Iot.,I .^^^[e(x)i"deo'(*)i"oiott-11rnvl 
| 

= spanl i- : -__i

LZ(x)J  LzJx) :  Zr (x )  iz r (x )  J

eivc,r ypopptxo ovefdprqrss Frrafu toug, ouFrt.egoivou;re orr

l ' l- a(x) lldimJ invl  - - l f  = 3
t l
L Lz@))



EAeyyog Aweorgaypevou Ercrpspous nou odqyekat afto DC Ktvnrnpa
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3.4.5. Eupeoq tou vopou elreylou

Iu;rQcova Ft to @e6pr1po 2.4.3., q l,uor1 rou fiQoBtrrlpcrog ovayeror orrl )'.uor1 rcrv

axo),ouOotv ef rociloeov.

50

n-t(*) = Lo(x)

A ri'
dQ(x)Q(x) = 'Z(x)

H e[i,ooo1 Q-+zSa), enr^],uotrcvrl cos ngos B(x), 6iver

B(x) = t-;l{x)

Z6)=| . , iZ , , , , )=+[ . , ,_ko) i_ tz_f ,ko*k ,cosx,+k 'k , *

+ ki i f, - 2k2k3ko - kl + krkrf, + r<lrr+ frko + krxrsinx, - krkocoor

(3.4-28a)

(3.4-28b1

olrou or nlvoxeg Q(*) Kor ZG) nou opi{,owar orrs Q.a-20a) Kor (2.4-20b',

cwiotorxc, sxow wrol.oyrotet orrlv napcypoQo 3.4.4. xcrt eivc,r

0 o  k rk ,

o -krk, krko k,

k, kok, krkrk, + kF,

Kq,r

Q(*)  =  
[s t - r  

iad*s(x)  iuo ]os( - ) ]  =

+ krfrcorx, 
]

(3.4-2e)

O nivaxag Otx) eivar rrtpayt,;vrKos. Enopevog, I ef iorrrorl (3.4-28b) dpr
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povodrrcr1 trrorl oS ?T{oS dQ(x), nou Diveror ofto tr1 o1eor1

do(x) = zg) Q-t(*)

oftou

(3.4-30)

O-t(*) =

k .  k .  1
3 4_E_ _ 

TF -T-
5 z  )  

'5

k1.t
r -TF '

_ )  2  5

,.
-m00

- )

Ano cqv (3.4-301. exoupr

1
do(x )  =  

o  [ t , r r r i * ,  
*  k r f r cosx ,  +  f ,  +  f r - f r :  t z -_k rcosx r -k rk ,  i

i krk, - uruo 
]

Ol,ox),qpcilvowol ro draQoprro dO cos npos x, 0a EXouFrs

1 (
O(x)  =  

o  [k - f rs inx ,  
+  f , r ,  +  f rx r - f rx r -k ,x rcosx, -k rkrx ,  +  f r *z  +

f r cosx ,  +  f ,  +  
{ - {Xx l  

-
1  [  

t t ( * 2 = ' 2 ' x ' =  c ' )

o(x)  = a 
L. |  

(k , ' r ' i * ,  +  k ,

t r = "1

!  
(  * t  =X l  '  x ,  =c r )

|  , t  -  k , cosx ,
) - r

t  
z="2

| l  
( *r =Xr, xr=xr) 

I
krkr)dx, + 

.| 
,urk3 - krko)erj

* 3 = " 3

+ krfr*, - f<rkoxrJ (3.4-31)



E)reyXog Avreorpoppsvou Ercrcpepous nou oiqyeirat dno DC Ktvqrnga
ps rnv rexvwn tou Axptflous Tarynoparos oe fpapplKo [Tporvno

ofiou Oeoape to xrito oQro o),oxl,qpcDorls .i = 0 yro i = l, 2, 3, eQooov to olpsr,o

("r, *2, *r) = (0, 0, 0) 6ev ei.var r,5topoQoo.

Tc a(x) xar B(x) rou vol-r.ou eLeyxou rrlg poQOnS

u = a(x) + B(x 1r+'

52

6[vowar, ro ptv B(x) ono qv (3.4-29), ro 6e a(x) uno],oyi(eror pe ovrrxctrioroorl

tou tou o(x) otqv (2.1-22). Enopevorg, ro (euyapr ["(*) , n(*)l , Ocr eler rrl [roe4n
L J

B(*)=l- ; l {x)=-n-

a (x)  = B(x)a(x )  = -Eb 
fu,trsinx, 

+ f,', * fr*,- fr*r-

krx rcor r l -  k rk rx  , *  f  , r  r+  k r f . rx r -krko*, J

(3.4-3:)

3.4.6. Er.6rxr1 l[oq tou npoBlqparos rou ArprBo0g Tcrlpraoparos Ttru

ouotrlparos oa l-pcpprxo flp6runo

@ecopcirwog ro ypop{rrxo, lpovrxa a;retcrp}.r1ro ouorrl[ra qS pogQqg (3.4-5 ),

0etoupe f, = 0 yta i - l, 2, 3, onorr or nivaxeg xardoraorls, etoodou Kor efodou

rou rrgorurou, l,opBcvow crp cxo).ou0rl pogQq

0

0

1

0

1

0

1

0

0

0

0

0

b^, = aM= t loolAM=
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H ouvrtptrlorl lrsroqoQog rou v6ou fgc;rprKou flporunou eivor q orco]"ou0q.

\ (s) = Z*tst-A)-tbro = +
S

(3.4-33 )

Enopevcos, o voFrog etreyxou nou enrruylovtr to ArcprBeg Tcigtoopo oto 1rQottfr^o

rrls l-roQorls (3.4-5) Fr f, = f, = f, = 0, Frs q poqOeta rc'iv oxtottov (3-4-29) Trts

nopoypnQou 3.4.5., }.apBavet rqv er,6ucr1 pog0Tl

: .  .  ot t (x )  =T l ;

^  k ,  k ,  ko_
a (x) = - -1-F x2cosxl - -1;tz - 

{x:

(3.4-34 )

oro nQoculro (3.4-33)

ouorqpotos (3.2-13),

Eqpetcilvaror orr I FrogQq tov

nogcyetor Kot ctto crl @ecopia

xQnowonordrwag tc crote)\'eopata

3.5. AOMH TOY I(NEIZTOY 'Y:THMATO'

| r ' l

I u(*) , B(x) | nou oSrlyouv
\ /

rrls ypotttltt(onoirlorlg rou

rou [Isidori].

To ngotuno ei.vc,r

eQooov o nivotcas tou

Eva YQoppLKo ouotrlpo

eLdyfr4rou

3r1g tofqs, eltYEtt o Kor traQaTrlQTlo+ro,

sA[o" iAbu,a%^, ]

elvar owrtQtvtl.los Kct o nlvcxcg rou ndQornQqoqrou



EAeyyoE Avteorpappevou Ercrcp;pous nou odqyeitat ano DC Ktvqr1pa
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Rg

eivor. enioqg ovrtorQsyrl-ros. Ano ro firo ntivc,t oupnrQoivoupe orl to fieoturro eivcn

el.dpotrlg to€m KCr prcrl.rora iSrcg roErtS pr ro crvorKro pq yecptlll(o truoclro.

Iupnepoivoupe l.otnov ott 6ev unaplouv l.lrl rroQorlgrloqres xarootriosts oto t<)r.srsto

ouornlro. Etot, untipler evos 1-1 Kor owrorQr\+rq.ros prrooxqparloFros x = F(z), flou

;rnopei vo Fros o6rlyqoer ono to x),.euoto prl yQoul.rtKo ouorrlpo oro YQo[rprKo lIQo:uIIo.

Elvot onpovrrl(o eni.,or1g vo nogofflQTloouFrt orr rQooov o nivoxog 
\ 

eivat ot

KcvovtKrl poQ0n 0oorls, Frs to fr, fr, fr, vo ei.var auOaipetot rtQoypotrrol aptQroi,

pnopoupe Frs rctcr),).r11,r1 enr"l,oyrl rt,'lv fr, fr, f, vo tono0errlooupr cu0oipetcr tous

nol.oug rrls ouvoQqons patclQoprig tou rcl.erorou ouorrlpatog. Eivcrt npoQovsg )rotrrov

otr pltopoupr vo ruoroOeronorqooupr ro xl.euoro ouorqpo.

YAONOIHTH TOY NOMOY ENE|XOY

I-ro tr1v ul.ono[1or1 rou prl ygclrprKou vopou e],eyXou cqg poQ0qs

u=a (x )+B(x )w

ofiou to a(x) Kor B(*) 6ivovtar cro rn oxeoq (3.4-22), a,ncrteitcr n petpqoq tou

6tcvuoparos xotaotaorls x (*t= e, X2= o), X3= I). H ytoworcrl toXUTTlto u),;-rnopei vc

pretpqOei pe rq poq0era Fno roxolrsrguflls yswrlreros Kcr rl Otioq g ;rogei vo

petpq0ei pe tvs,v trstprlrrl 0,ioqS (codeur). Or pq ygoppnr(ss ouvogrrlosts a(r) xct

B(x) pnogouv vc ulonotq0ouv pr svov pu(goefie[epycorrl. H oxTlporrKq ovoflapaocoorl

qg ul,onoilorlg tou vopou eldylou rou ovrsorgopFmvou afl(pspoug divetot oro ol[rlpa

"Ml
"4' I
cMA; I
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3.6.1 .

TPOXOE
I

Iryrelo lrpd{4q

Ktqrtrg
Euveloug Pe0porog

Auvulrtx6
el6ylou

EXftrc 3.6.1. Ylonoirlorl rou vopou EIEyXou ru)u

ouprrrpr.$ogos tou Avreorpolrprvou

rvo DC xrvrlrrlgo, orq oupnegrQopo

ernnryldvar ro rcriprcopa rqs

Errpepoug, ro onoio o6qyeitor oro

tvos fpcrppnxou flpotunou [24].
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3.7. A:YMIITOTIKH NAPAKONOY@HTH TPOXIA'

H anerrcovroq eroo6cov - e[o6cov rou opxll(ou pq yQoftpu(ou ouorrlpotos, psra lrlv

eQoppoyrl rou vopou ovotgoQoSotnons rcctootooqg (2.3-1)

u=a (x )+B(x )w

eXrL rrlv or(o),ouOq popQn

y(r)- trrrrr- fy(1)- f,V = aw (3.7 -r)

EQooov rl neprygaQq ercodcov - efodcov eivor. yQopptt<r; elvcr euro]'.og o oXe6raopog

rvos enrnl.eov pu0puocq yto cqv ooulrfirtortKrl nopoxo].ou0r1oq tpop.dg.

Ag uno0eooupe orr ei.val enrOupqro rl efo6og tou ouotrlpotos vo flaQoxolou0ei

TTlv ngoxcr0oQropevrl tpopd yd(t). Tore, ov eQagpoooupt trro xleroto ouornlra

(3.2-13) tov crxotrouOo vopo el.eylou

w = * ol')- r3y(2)- r/:t,- r,yo)
a

To rl,eroro ouotrlpa flou TrQoKulrtrr neprypcQetot oro crl draQoprrcrl efi,crcooq

y(')- ,rr"'- t/tt'- t,t = r:')- t tlt'- t t[t'- Ito

H firo ncvol oX6orl pnogei uooduvopro vo ypoQei

"(')- 
f.eQ)- fr.(l)- f,. = o (3.7-2)
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. A
ofiou e = y - yo opi{etcrt to oQc},pa o,vdtrreoa orlv y r(or yd. Ar1},adr1 to e ergpo(et

trlv anoxl"rorl qS anoKQuFqS y rou xl.arotou ouorllFraros, oflo trlv enr0ultrltrl tpoltc

yd.H OtaQopucrl e[iocoorl Q.7-Z) anerxovi{er cqv efdh{n rou oQti\rctog pt ro

XQovo. H oouplrtcor,*i ncpcxol,ouOqorl rgopcrg enrtuyXrivaror orsv

lim
t J o

r \
lrttl 

- yd(t)j 4 rm e(t) = o
t J o

Arrn n oncrltqor1 eivar 6wa,rov va enrteulOei av 6ra],e[ou;re r.a f 
,, 

fr, f, , etor

cirote q l"uor1 yrc ro e(t) va eivcr euoto0qg. llpcrypctl" Srol"eyowag

fr .  0, fr .  0 Kor frfr* fr .  0 n fr.  0, fr .  0

XQTloqronorcivtag to KQrrqpro euotd0erag rou Routh [20], [22) tort rl efi,ocoorl

(3.7-2) elval ooupnr{Drucri euroroOqg. H ruo rcrco enu}.oyq rcov fr, fr, fr, o6rlyei <16

oouptrtottra euotcrOeg oSri*pcr yLa onorco6rlrorr aeXrKeS ouv0qreg e(0) = y(0)

yd(0) tou oQo),pcrtog.

3.8. >YMIIEPA:MATA

Eto KeQa),aro curo, frelacn0rlKs o e).ey1og tqg rcl,awcoorlg svos awsotgappevou

tlo(ptlroug ro onoio o6qyeitcrr ono DC KrvqrrlQo , ro onoio ouorrlpo Auroptitou

El,6y;1ou neprypcrQetcr ano tr{ pq yQappmds efw<ioeug ratooraoqs nou dtvovtoL orq

oXeon Q.2-11). O eire111og outos enrteu;@qre, peoo rrlg rrxvunls tou Argr.Boug

Ta4rrdoporos oe l-pnpptxo flporulro.

I.ra ro pq yQol4rtt(o powe]'o rou naprypdqer Trlv tc]rcwool Evos

1
Kor f,



EAeyyog Avreotpaypevou Errcptpous nou odqyeltat ano DC Kwqrqpa
lts rTlv rsXvLKTl rot ArcptBouE Tarywoqtoros oe fpapprco lTporurro

ovttorQo[rtvou eKK€lepous q onoia e],ey1eror ofio rvov DC xrvrlrqQo, npoodropioulxe o

pn yQoppu(og vop.oq ovarQoQo6otrlorls l(orcrotoorlg

u=a (x )+B1x )w

58

o onoiog diverar ano

neptypaQrl euooSotr' -

efo6cov tou fpcrppu(ou

rK oxdoeq (3.4-32) xar odrlyei oe rvo ouorrlpo rou onoiou

e[o6cov "tctptd,(et" Fre rqv yQopFn]crl neprygoQrl eroo8cov

llpocunou (3.a-5).

q

c)

B)

T)

Iuyrerpqrsvcl yra ro ouorrlpro ouro:

Ko0opiorrlKav or oroxol eLeylou,

Enr)"e10r1Kr :o I-gcprprxo flporuno,

Ano6eirc0rpce ort to AxgrBdg Taiprcropa 06 fgopprxo flporuno eivar nd,r-cr

eQtrto, Fre cvarpogo6oqorl tou dt,awoporos rordoraols,

flpoo6ropr^cqxe q yrvlKq l,uor1 rou prl ygoppll(ou vol-l.ou avotpoQo6oqoqg.

IlpooSropioqre q 6oprl rou rtrerotou ouorrlporos,

Me).erq01**- or 6opxdg drocqrrs TqS e).eyfrporqros, qS nagocrlQqorlroqr€tg

l(or rrls euro:ri0eros rou xLeuotou ouorlpctros Kar

flgoodtopimrlxe o vopos eLeryou fiou enrruylcver rrlv a<ruprrrorcrL-rl

napaxoLouorpq tporcrg cns eEo6ou yro to r).etoro yQappu(o olroTrllro.

6)

e)

or)

o

Icrlv epyaoi"c I24l enttuylovarcr q ygoplnl(onoirloq rou ou<rcrlparos Tou

etrdylou to)'dwcrrr;g rou Aweotgop{rsvou Errgepoug, eQcrppo(owog rdnoro

Frsrocrxrlpoturtrro oro 6xrrnropa xardotooqg rou oQXLI(ou ouorrlporos, Eror <irore :o

ouorrl|ro vc, o6qyaitat oe pro nro cnl.q poeQq Kor orrl ouvrxrlc unol,oyi{,rror o vopos

ovctgoQo6oqolg trou o6rlyei or ypapprxeg SrcrQoprrceg ef uo6oerg yro ro drcwopc



EAeyyoE Avreorpappevou Ercrcpspous nou o\qye[rat ano DC Ktvqrqga
pe rqv rlxvtKTl rou AxgtBouE Tatpwoltaros oe fpaptltlKo llpowno

rc,triotaorlg x (State Linearization).

Ito roQov KeQdl,c,r"o, eqogrpo(ovros rqv rsxwKrl rou Arcgrpoug Tcrgrooparos oe

I-popptxo llpoono, to xl.eroto ouorrlpo ro0ioratar 6vo ouorrlpa rou onoiou rl

aroKQtoq oupnintet F' ourq rou fpcrpprxou flporunou rrou enrl,ef crpe (3.4-5). H

YewKq )'uoq rou npooStopiotrlxe o' ouro ro KeQdl,aro, nogrxer rn Ouvatocqtcr

enr,),oyr1s tcllv rrogolrsrgtov tou vopou e],ey1ou, rrol cirote ro x],eroro ouorrllro vo eivcrr

rvo yQoppu(o Kor euotaOeg ouorqpo.
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KEOAAAIO 4

ENETXO> METATPOITEA ZYNEXOYT 'E ENAAAA:ZOMENO PEYMA

ME THN TEXNIKH TOY

AIGIBOYX TAIPIAXMATOI EE TPAMMIKO NPOTYIIO

4.1. EIZATOTH

Ito KeQd),crto curo 0a

evol^l.aoooFrprvo prrpa (DC/AC

psroreorraa DC/AC. divetor oro

O dleylog tou lrtrotQoftto

Tovrolffls roxucnrog nrQr,crrQoQns

evcl^l.oooopsvrls rdorlg ef o6ou,

rdnorov npodrcypaQo;revorv opirov.

pe),erqooupr avov prrorgotwo ofio ouveleg oa

converter) 1251. Mro oxTlpattKq avanapoorooq rou

oxTll.ro 4.I.1.

DCIAC, aQopa rc,tri npcirro ).oyo orov dleylo rq;

rou Qotogc,, Kcr rard deutepo ),oyo orov elreylo cqg

yta trg onoie g enr0upoupe vc, ru;rolvowcrr peccr{u

Mta 6tcr6e6oprvq teXVLKq el,eylou rou DC/AC prrorQotwo ouviotctor crrqv

anoou(eu[r1 ero&ov - e(o6ov. Ecrlu rraQouoc, dunklparr]cTl epycoia, rgagpo(oupe rtr

Oeotgrltr.xd anoteLeopctc rns SdarcropucTls 6rarpfrlg [19], yLa rrlv eni"],uor1 Tou

ngoFlqpatos tou aKefoX targrdoporos rou outrrqporos rou lrerorgorrso, orf,o or]\NEIrl

oe evalr\.oooopsvrl qiorl, oa 6vc, yQoppu(o r€roruno. Tautoxgova F€ Tqv ygapprKonoirprl

tou ouorqpatos, enrtrryXdvoups r(ol rrlv cnoou(eu(r1 euoo6ov - e[o6<ov.



EAeyyoE DC/AC converter
TarytdoltaroE oe TpaTt[tLKo

ps rqv rsXvLKn tou Arcptpoug
ITporuno 61

4.2. EEArCIrH TOy MONTE^OY TOy DCIAC METATPOIEA

@eopouLrt ro ouorq;ro tou DC/AC petorQorrso tou Ip1[roros 4.1.L Og eroo6oug

tou ouolrllroros Auto;ratou E]..ey;ou, naigvoupe, ofitos Srarcplveror KCr oco Ep1pa, rrl

ouvsxq taorl aloo6ou V, Kot rrlv toorl oro drcgo rou orcrtogc vz. AvaQepoupr orr

Oecopou;.rs rts KovovlKolrorrlprvss avrwtdoerg R ror R, loeg petafu roug. Og a[o6oug

tou ouorqptotos Autopotou E]"ey1ou nciQvoupr rn yovloKq roxurrlro nreKrrgoQqg tou

Qoroea (o, r(or cqv evaLl,cooopsvq tdorl V, [ZS], tZ6l.

n
Lt

lu

EXqpo 4-1.1. Eftlporucrl avcnapdorooq tou DC/AC pecargonaa



EAeyyog DC/AC converter pte rqv rs)(y:Kn rou AxptBouE
Taryrcogtoros oe l-paptptKo llgowno

4.2-1. E(crycoyrl rtov efr"odloe@v nou neprrypcrQouv to ouotrlpa

Ot efrocootts Trou ntQrypcrQouv ro frrornpo rou DC/AC petorQofira, oupqrrlvo pr

tlv epyaoio [25], ei.vor or aro].ou0eg

t", 
I 

v, - v,ro 
]

KOr (4.2-r)

62

v2
2

dco

d t

dV

Or ntOaveq eioo6ot tou ouofflpo:og elvc,r or Vl, u 
2 

Ko,r Vr, evcil or efo6or

elvar ot o Kot V 
z. 

Ot elooSor ror, oL,cirlporos Oral,eyovtcrt rror cirote vc sxouv

xcinolo Quotxq orlpaotcr xa&r,rg entorlg :o ovoyopsvo ouoTrll-lo vo eivar ovcr)"uTtxo.

Aral'eToupe l.otnov oov eroo6oug rrg v2 xar V, Kor rcuroxgovo 0aroupe v, = l. Me

Trlv teLeutaia nopc6opl to ouorrlFro tr*)v efrcciroecov (4.2-l) ncipver rrlv clroLougrl

popon

dor
= 5[  v ,  -  . '  

]

KOt

d t

dV,

d t
=* [  

* ) - ,u ,+  
2 . , , ,

v2
2

V3
2 5V

-7v^ +  2  \ '  +  2 . ; lv
2  

- l  - * ' 2
0)

(4.2-2)

d t 2
CO

4.2.2. Efcyoryrg tarv

@ecopoupe <oS

evo),-l,ooooprvTl toon

ef r"otiloeov rcrtaoruons

petcplrlteg rcrttioturorlg, Trlv y@waKrl raxurqra

efo6ou, Y 
z, rou (rumrlparos

t l =  0 )

(D, KCtt TTIV
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Its rrlv rtXvLKn rou ArcptBouE
Il potuno

converter
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KOt

*2= Y,

Oncog ngoovcQsQoFrc, cog efo8oug Oecopoupr

QoroQo l(or rrlv er'cLl,cooopevrl raoq efo8ou or

ratdotaorls, 6r1l,a6q or e[odor rou ouocrlporos

oxsoers

(4.2-3)

tqv ycrlvroKrl roxurqra nrgrcrgoQrlg tou

onoleg oupnintouv Frs trs lreraBlrlteg

y| l(or y2 Dlvowar ofio rrg ftto rdrco

t

i

Y - =  x , =  u )' t  I

KOr

y ^ =  X ^ =  V ^J ' )  )  1- -

rov eroo6oq u, KCn u2 rou ouorrlFraros rou DC/AC lmrorQofiro

tooerg V, KCrr v2 cr-cirotorXo, 6q),a5r1

u1 = v,

u2= '2

(4.24)

0eopoupe rK

(4.2-s)

Enopevcog, ot 8toQoprreg efrodroer.g (4.2-2) rou nepryptiqouv ro (ruoa1lpa rou

DCIAC lrtrarQonec, pnopei. vo ovoropootcr0el oto X6Qo xordcrcooqs pr duo eloo6ors,

6uo rctaotdotts Kct 6uo e[o6ouq. H neprypoQrl rou psrorgorrso ono (ruvrxss 1y6

evol^l'ooooptvo peupo, oto lcirpo xatdotooqs 6tverar ofto ro pn yQol.tlrlKo ouorrlpo nou

arol,ouOai

x = S o ( x ) + G ( x ) u

KOt

Y(x) = h(x)

(4.2-6)



E]ryxgE DC/AC converter pe rqv r;xvxn rou AtcptBouE
Tarynoptcrros oe TpatrtptKo [Iporuno'- &

orr'ou ro x € 0J. To ouvol,o 0J opi(etcrr otg eErlS

Irlperciv8tot ort to xl= 0 owlctrotlei oe p46ewrcr1 y@waK1 roxuTqro rou eorogo. or

ncgcipetpor go(x), G(x) xcr h(x) qg (a.2-6) divovtar orro rls nro xdr<o oxroers

so(x) =

1
xl
z -_ ) x

1x
I

t
Jx"
L q

I Y
2  " ' 2

x
I

50

c(x)  = [c , (x)  iq(x)J =

5* ,

-  2 ^ ,

[J = 
{*rr ,  

, r }  € R2 ps *r*  t }

x

h(x)= [ ' ' l
L*r j

4.3. KA@OPIXMOU TON ETOXON ENEI-XOY TIA TO XYXTHMA TOY

DC/AC METATPONEA

Ano u1v ovtilLon tou Fowel'ou, eivar Qovepo orr rl prrarponrl trls (ruvr1ous cra

evotr-l'ooooF8vq tacrrL oQopa pta u\trlld pn ygoppu(r1 6rc6rxao[o. Enopevog,, Tl rugsorl



E)teylog DC/AC
Taptoopdros oe

converter lJs rnv rsXvLKTl rou ArcptpouE
Tpappuco llpowno

trls onoKQLorlg tou ouotrlpotos ei.var rvo rdroltepa duorcol.o npoBi.rlpo. Ano rrlv

nl'eupo tou Auto;ratou E),ey1ou, ri.vor Qavepo enioqg ou eivar nol,u Suorotro vo

oXeSr"ootei vo;ros el.eylou TLo rI rKovonoinotl rov npodrcygoQcilv flou 0o 0e),opre so

TroQouold(er ro ouorrlpo.

Og erco6oug tou ouotqporos Autopritou El,eylou Oeorgoupe rrlv ouvsxq rdorl

erooOou rou QotoQo t(ot qv ),apBcvoprevrl ofto ro otritopa tcorl l,oyco firQrorgoQrlg tou

SoroQo. Itolog eivol. o e),ey1og rns yovroKrls roxurrlros TwQrotpoQqs rou poroeo Kar

fflg tvoLl'coooptwls taons e(o6ou tou otriroQo, rrol cilote ourss vcr ppiorovror lreoa

ot rcinora ngoSrcyeyQoppevo oQro. Eivar trornov 6uorcoLo, cv oxr a6uvaro, va Bpouge

vopo el.eylou Bcrototrrevo oro pn yQoppu(o ouorlFro rou vo narulciver rqv

ncrporol.ou0qo4 Frtas ent0uprlcqg tgolrcs ylo rqv evcLl,oooopsvrl raorl e(o6ou, nou Oa

napo1Oei. ono ro lrttooxqprortopo rrls ouvexous roorlg, t(or yro rrl ycDwaKTl roxurq:a

ntQrotQoQns rorr Qoroga.

fto rous n4rocvagepOevteg l,oyoug, elvar l,oyrro vo ova(rlqooupe npdrta rqv

unapfr1 tvos voFrou e],ey1ou o onoiog 0c an],onorei ro ag1u(o pn ygoppu(o ouorrllro.

Me tov opo onl.onoirlol swooupt crl dwotorqro ro xl,eroro ouorqpo nou 0a ngoKu\yer

vo eler pto ygctlpll<rl neptygogrl eroo6ou - e[o6ou. Av ouro elvor 6uvcro, eivcrr

Qovepo ort o ntsotreQco 6l,eyXog rou ouorrlporos cnl.onoreiror nopo nolu enet64

pnopoupt vq, XQqoqrofiot1ooupe nol,u Tvcoorss pe0o6oug ole6icorls ono cq 0acogio trov

yQappu(cilv ouocqpdtotv.

M ta enunLe ov ),oyrxr1 cnoiqaq ylo ro rlQorufio, eivor vo ro Oecoprlooupe o1r

l-rovo YQo[rpt]co aL].c Kot tc,utoxQovo cnoou(euypsvo. H anaiqorl ylo anoou(euypr\CI

trporutto odrlyei ocrl 6uvoroulro el.eylou t"qg rage efo6ou crno F.ro Kar Fowl ei,oo6o.
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$"yXog DC/AC cont,erter pe rqv rtxvwn rou ArcptBouE
Taryuioltdros oe Tpappno llporuno 6

4.4. EIIIAYXH TOY IIPOBNHMATO: TOY AKPIBOY: TAIPIAZMATO' TOY

'Y>THMATOI 'E TPAMMIKO IIPOTYNO

4.4.1. Erigeoq ralv XapaKTqerotrxdlv crprOpcirv

or npcilreg "Markov" ngaprerpor rou ouornporos @.2-6), yro i = 1,, z, eivor

L -L -o  h , ( x )  =  L "h , ( x )  =  Lo * ,  =  5g l %  -  o 1 -  o 1

' r" '!^hr(x) = L*.hr(*) = Ln1r= +8t-80 
--2'--' 

gr'-zr"t -gl'2 
rl

(4.4-r)

L -  Lo  h , ( x )  =  L "  h ' ( x )  =  Lo * ,  =  o
4  

g 0  I '  
\  

t '  o 1

L  L  0  h r { * )  =  t n  h r ( x )  =  Ln . * r=  2  * ,  * 0 ,  y ra  v  x  €  [ J
%  

g 0  z '  
\ 2 '  D l -

Iu;rQcovcr FrE rov ogrclro (2.4-1), or XaeoKrrlgr.ouxoi. opr0proi rou ovolKrou Frrl

yQolrprKou ouorrlparog (a.2-6) eivor

(4.4-21

Ilogarqpoupe otr ot XopoKfflgrorrxoi crprOpoi rou ouorqparos ei.vcn

tlrrltQoolrtvor.

Ano tov optopro tou nivoxo nl(*), ont,ls ouros Diverar orq oxdrrrl Q. -Sc)-
u '  '

Bpioroupe ott 0a eXr,L Tq poQQq

[o,Jo= o

[or) o= 
o



EAeyyoE DC/AC
Tarywoqtdros os,

converter ps rnv rtxwKn tou ArcptBoug
I-pappu<o ITporuno 67

nor*) I
j

t
L

r-oh, (x)

I-oh., (x )

G(x) =
5

5* ,

0

2r ,

(4.4-3)

to onolo ovnKsr orrlv x]tcio1

e$ooov roxurr

(4.44)

X
1

4.4-2- Kc0oproFos rqs xlcoqg rou [rovt6],.ou

O DC/AC pr.etc:gonros neprypaQetcr Frs evo povreLo

rov ououlpritcov nou efeto(er 11 0ecopia tou KeQa],c Lov 2,

B = runmo{* )  =  2 .  V  x  e  [J

KOr

m=2

IwSua(ovtcrs rt6 oxdoerg (a.4-4) oupftegoivoupe orr

*
rankB^ (x )=m=2

U '

4-4.3- Enrltoyrl

@ecopoupe

Tou TgaplrlKou lrgoTunou

neprypaQetor oto

rcopc ro yQappu(o, lpovr.xd pq

X&,po xatdotoorlg tl'r rrs efrociroerg

; = 
\f + Bu'

YM= c;

peraBoLl,oprvo ouorrllro

lrou oKolrou0ouv

oflou

(4.4-s)



EAeyyoE DC/AC
Taryuiopqrog ot

converter pe rryv rtxvrKn rou AxgtBoug
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\ = B"=

[ ; ; ][ ; : ]

[-n, o I
L o -p2J ' c"=

onou 0, p € 
{-  

f  o l}  Kor pl ,  pz .  R.

Hr(s) = c" [,r 
- \J 

'r"

H ouvrigrrlorl petaQoptig rou nQorurTou eler q pog0l

s + P 1

0

0

p
s  +  P2

(4.4-6)

ouOalperoug nol"oug

rou rrQorufiou,

rou r[goTurlou o:o

(4.4-5) eivat

To npooro rou 6ra).efcrpre e[vor rvo ouornlro 2r1g tcifTrs trs
oro oqpeic - p1 Kar - p2.

Tcirpo, 0a ppoupe rous XoQoKrqgloru(ous apr0poug

xQno4ronorcirvtcg rov ogrcrFro 2.4.2., eQooov sxoupe rlv rrsQrygooTl

xcoQo ratdotoons. or npcirteg "Markov" nopdpeteol rou ngorurou

(rr)r{n* = (",)rBno =

("r)r{,n* = ("r)rBnn =

[ "

[ '

' ]

Bl

*0

*0

(.a-7a)

(4.4-7b)

Ano rrs efior,roerg (a.a-7a) Kor (4.4-7b) ouprnsgoivoupe avriotorxo orr

(dr), = o

KOr

(dr)" = 0

Enopevorg, o nivcrrag Mo nou divercr otq oxdoq (2.4-sb), 0c eivct

(4.4-8)
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Mo = cffin, = CrB" =

4.4.4. Elreylog r<rlv rxavcirv xcr avayrcriorv ouv0r6dlv

-  Iuv0nrn 1

Arco trl ouyKpron riov XoQotftqQrorrKorv

(d,)o l.ts tous XopoKrlQlorrKoug aptOpror..,q ror

(4.4-e)

aprOprc,.rv rou ovorKrou oQxu(ou ouorrlFraros

neorunou (d,)", raporrlgoupr orl

[ ; ; ]

(d,)o = (d,)n,, = 0, yro i - 1. 2. rcar v x € [J

Enopev<rlg enal.rl0eurror 11 np6tq ouvOqrq tou @ecoQTlporos 2.4.2.

@4-n)

- Iuv0rlrr l  2

H deutaprl ou\Onlcrl tou @ecoprlporos 2.4-2., 14o ro ouyr(rKgqrcvo powelio rou

DC/AC psratpoTrea yro to onoio roxuer p = m (AprQpog efo$ov = Agu$pog eroo6orv),

eivor wo6uvaprrl ps rlv nogarcdtol

Ano tts oxrosrs 9.4-3) Kor (4.4-9), exouFr cwi.,ororlo orr

rank 
["it-l] 

= rank 
["J

5

5* ,
rank 

[rrt-l]

0

2xx
l

= rank =  2  V x e [ J
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converter ps rnv rtXvLKn rou Arptpoug
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(4.4-11)

a

Enopevcog, enol.q0euttot l(or rl deuregrl tcov ouv0rlxcirv tou @ecoprlporos Q.4-2).

- Iuv0rlrcn 3

f rc vo ef eta,ooupe rrlv wxu qS tpitrlg ouv0nKrlt,, oQ*"1 vo uno),oyi,ooulr8 lrla

Faon rou 1c,.rgou int fOt*ll Kor pro Foot tou lcirpou inv I ee IL r LzG))
M tcr Foon toL ltiipou i"" fO1*11 uno).oyi{sror., ppi^orowag Kor' apxTlv rrs

L J

ypa;rprra ovef oprrl:es otrl).eg rou e(x), o onoiog opi(etct offlv (2.4-13a) Kor rxrr

trl liogQq

r ank [ " r ]  = r r " k [ ;  

; ]

t-
L

rank [o,-,] = ,""u 
I

a(*) s,(x) i q(x) udco81(*)

I-ra ro ),oyo oL:o, noQolqpoupr ott rl

2xx ,|
l.

udgoez(*) i ad2 g,(x) , uo,rorr(.) 
]

taEn tou nivc,xc G(x) eivat

5

5* ,

eQooov 11 orrl),r1 SrG)

XprlorporoL@\-aS

Kor rrf oxroq (4.4-12).

= 2 ,  V x € [ J

elvcn ygappu(d ovefcigrnrrl ono

ro ysyovos orr o Q(x) eiva,r

ouprrseaivoupe orr

(4.4-12)

rn orrl)'q S, (x)

EvoS nivarag 6raordoeorv 2X6,



EAeyyoE DC/AC
Taryuiotrtaros os

converter ps rnv rtxvlKrl rou ArcgtBoug
lpopprco lTporuno 7t

ol
'r.r)

5

5* ,
-r r ''r l-rank 
Lo(x)l 

= rank 
Lof -lJ = rant 

I
L

n ' )
l l  - (4.4-13)

(4.4- l4)

(4.4- t5)

O XcirgoS nou roQayerct

ei.val npoQaveg orr roxurr

oflo rrs oqheg rou G(x) eivor "involutive" eeooov

%(.)), "] 
€ ,nun{s,(*),

€ ,nun{s,(*), %(.)}

oim{inu[or-r] 
] 

= z

t.
Y r o  T , o

Enoprevorg. prrc Baol rou dlverar ano q oxsorl

Euv6rd(ovros rrg cxsoas $4-13) Kor (4.4-14) exoups orr

Etrl ouvsxsror,,

unol,oylooups KCr'

ogtolros tou onolou

i"" 
[or*l] ,

i"" 
[or-l] 

= ,pun{c,(*) , sr(*)}

0angoKrrp6\'ou 'o unol.oyirooups pro paol rou lcirpou inv 
[:gtl ,

F(.){
'QXq' trs ypopp*xc avefoprrlres orrl}."s rou nivarco I 

O(.D 
I

Lz<*lJ
dlvetcr orq oxson Q.4-15) KoL rxrr rrlv ol(o],ouOr1 pog0rl

. o
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[;BI
) i

a  d"  g , (x )  j
o 0 -  

I
I

:
a  d "  g , ( x )  i

b n ^ :
\ r .

;
. . . - - . - - - - - . . . . . . . . . . ' .  . . . . . - . - - . - . i - .

i

z r r (* )  i

:
a  / - \  i
- t . I r a ,  :

I

i- - - i

Z (x ) ,
l l '  '  i

S ,(x)

zrr(x)

:
a d" gr(x) i

D n - :
U . :

"""' i"-"

:

" olo%(x)

z , r(*)

(4.4-17b)

1, 2 unol"oyiorrlK€tv

L (x) Kcr Z.(x), yra

z rr(x)

(4.4-16 t

avef crptrlrrs otrl),eg rou nivcrrco, fiou dlvetor orrlv (4.4-16) siuc,r

5

5* ,

(4.4-17a)

z rr(x) i

o t

Or ypoppnxci

orol,ouOeg

s,(x)

z r r (x )

t 1

5pr) + t I +l 1
r  t -  .  (  *2-F-L ) t -, spz)+

r

I
i
I

0

2x
1

sr(x)

zrr(x)
4
o  *2

- zpr)*,J
I

I
L

2
|  ( .  * 2

-F-| .u 
\  

+ (14

ofiou, yro rov unoioTr,opo Ttllv

n4r6to or "Markorf ;rapdpetpor

i  =  1 ,2 ,3 .

Zt{*) yro i =
*

B (x), M,, Kor

1 , 2 . 3 K o L j

olrl ouvrxrro TO
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Ano tTlv encvc)'qnalcrl oxeorl Q.a-sc) yLa rrs l.lrl prl6evrxeg "Markor'

noQoprrQoug nl1x). unoio-ytocrlKov or nivorc"g n11*y. yro i = l, z.

)F

B=
1
_l

LoLl  h lxy  =

L*,Lroh,(*)

Lo Lo h?(x)
-l oo

(4 .4 -18a)

att*on,t*l'l

L 
rrL roh'(*) 

)
oTtou:

'l^
L,  Lo h , (x )  =  t  ( -5x .  -  _ - )  =

8 1 t s 0 '  g l  t  t ,

)
[ -  x ,  

1 ^  I= 
l-5 + ; ,  -  :Zx, 

le,
I  x t  r  j

L*rLrohr(*) = L ( -5x
q ' I

x . 2= -2s - sr+)\ X ,
1

= 

[ t  
+

x,
-  - )=

x /
1

)
*2  

1^  I

, i '  
- 
\" ')t '=

4*,

LrrLrohr(*)=L (_
( t '
o 1

t
J

* 2 \

)  
_ t x r )  =

x - '
1

^ 3
[ 

'*2
=  t -

l 3 '
L*r

3

L*L*^hr(*) = L*(- +-hr) =
2 oo n xi

t*3
-  ' ] ' ,  =

a
J

X, x"
-5+-35 "

J X
* r 1

2x
I

n 2
t * 2

^ 3
r  l x .
l L

! 3 !
; xL l

2*r

2
l X t

1le,  = -6f  -  t4x
J l
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lrB; = 
L.

o L '  h r  (x )
o l T

,,tf,nrt*)
(4.4- l  Eb)

ofiou

t*, t3on,{*) = tt I 125

trrtlrn r{*)

trrtlf;rr*)

1 A;+

J
X )̂

2
X

1

=  5  
[ ; ] '

z4s | 
*'

\ * r

56x,

trrt?ron.,{*) = 10

(  x - ,  \3
+ 90 1 ' I

f  * r  )

.,-
X"

108 ' + 98xx - I
1

4
X,

3x
1

Ano tt"S encrva).r1rtrKss oxrorrs (2.4-5b) uno)'oyiorrlKov ro M..

Xpqorponorcr,rrrcg orrl ouvrxera

unol,oyioops rrs rooaprrpous L-(x), yrc i

(4.4- l ea )

(4.4- 1eb)

rK encvcl,qntr"f(rs oxsosr{ (2.4-Ill-

= 0, 1, Oetovtog orrs Q.4-11) Po = I.

M, = Cr\B" =

M, = cffin- =

_ apr

0

2oPr

0

- Fp,

0l

w:,)
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Ano q oxeorl Q.a-rc{ ppe0rlxe o nlvcrcag n-t(*) rou vopou cvcrtpoQoSocqoqg

(2.3-1), o onoiog rlrr rrl pogQrl

Lo(x) = rrt;ln j{x) =

5o
c

J z )-F- 
L T-*r' 1 r

(4.4-30)

(4.4-i1)

Eno;revcog, eQappop rlov (2.4- 1 1), 6tvet

Ll(x) = tot 
[ t ,s-t(*) 

- n,f . l ]

5-F-

5o
o

X ,̂ \
- J

L l-xr
l r

+['t+J '. 
?'-,0,] **,

+t't+J '. 
[,,-,0,J t+]l +t++ [,0-,o,J

(4.4-22)

Tel'rrcd, otto :1S enavcr)'qrtu(ts oxsoers (2.4-15), ppqxcpe rov unonivcxc 21.

tou nivqrc z(x) Tqs oxroqs e.4-13b), o onoiog exrr crlv or(ol,ouOr1 pop0rl

z{x) = | z,,t*) i  2.,"t*) I = L,(*) =
L  . r i  t z  J  l '

+['[+J '. 
P'-,0,J 4

q .xz

+t't+J '. 
[,,-,0,J t+]l +t++[,0-,o,)

(4.4-23\
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Eno;.revcrtg, rca:al,qyoups oro orol,ouOo oupfirQoopo

o1*,
z(*)l=,e""{ (4.4-21)

onou ro""{^f. l} eivor o

AnoSerrvurror orr o

Xcilpos fiou Troeayetar ano

X,.irpos nou nogc,yercrt ono

trg ou1),es rou ni.vcrrc n(*).

trg otql,eg

eivar involutive eOooov

[. [-*l L'It t)

lt':,;]t s'(x)

L ;;i;,

, "] 
€ ,or"{

€"""{ [i;l'] Lll ]]
=  * " " [

yro

v T, o

Iuvencig, Ocr rxoup^r

,""f ogl I
L z(x) J

Xprlor;ronou.rn:ag tdrpa rqv (a.a-25) Kor ro ysyovos orr or otql,eg

(4.4-T)
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eivat ygcprptrxd avefaprqres prrofu toug, ouprrsQaivoupe orr

(4.4-%)

Taittrcd, ono ttg oxsoets (4.4-15) Kor (4.4-26) ouprrseoivoutrre orr roxurr Kor rl

tpitrl ouvOr1rr1 rou @ec,.rQrll.rcros 2.4.2.

Enoprevc^rg, to npoplrlFto tou torprooporos rou lrq ygoptnKou ouor1poros g.Z4)

oro ypoppu(o figoruno (4.4-5) sxrr l,uor1.

4.4-5. Erigeoq rou vopou el',671ou

Eqooov KrXUouv ot u(oves Kot avayrcrieg ouvOrlreg rou @eirrprlporos 2.4.2. yto

ro prl YSopptr(o ouotqFa tou AC/DC Frerorgonso trls pogqns 62-6) KoL ro yeolqnxo

nQoruno rn$ pop0ns (.4-5), n ysvuffl l,uor1 yro ro vopo etriyXou (2.3-1), Tl onoia

0a 6ciroer rr1 l'uor1 oto npoB),r1;ro tou Argrpoug To4rroopcros oa fpcppnro flpoturro.

unotroyi(ttot ouprQu.rva Ft to @eciiQqpo 2.4.3. Kor rrl Borl0erc rov oxro6cr)v (2.4-22) {..}S

eErts.

B(x) = t- i ttx)

KOt

a(x) = B(x)$(x)

om{i""El:] 
]] 

= 2
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orou ro O(x) 0a Bpe0ei Ft rrl Borl0eto trlg 6eutegrlg rcDv oxroecov rrls (2.4-Zl), orou

Yto rrl ouyKeKQtFrs\"rl eQcpproyrl or nlvaxeg O(*) Kor 76) oup<porva [rE rrl oXrlol

(2.4-20) eivcr rng oKo),ou0r1g FroQQrlS.

(4.4-27)

Xglorponorul:cg ro yryovos orr

Kot ott n ouv0rlrrl 3 tou @e<opqpotos 2.4.2. roxurq rrgoKunrrr otr rl oxroTl Q.4-Zl)

trlv onolo tKcvorouei to O(x), eival r.oodwcprq Frc rrlv naQcrx<itco ef;ocool

,\ ,\
do(x)O(x) = z(x)

78

KOr

Q(*)  = 
[s, f* l :sr(x)  i  ud*os,(*)  i  uo*o%(r) ]

Zg) = zJx) = 
lzrrr l :  zrr(x):  zrr(x)

span[ot- l  
]  

=  spanf  or- l  
]  

=span[s, r* l

6f*l  = 
[c,(* l  isrt-) ]

i (*)  = zJx)= 
[2,, t* l  

tzrr(gf

z-,'6) l

t ( - ) ]

onou

(4.4-28)

IlcpotrlQoulrt ott o a(x) egooov eivar drootdoeorv 2x2,, Kor ovrrorervqros
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V x € [U, tott n oxtorl (2.4-28) yro rrlv ruQroq rou O(x), naigver rqv crxo]"ot0rl

poQ0rl

do(x) = 2(*)6t*)-t (4.4-zs)

oflou

79

6-t (*) =

dg(x) =

+o
*z  1

t*? 2',,

(4.4-30)

(4.4-3 I )

Kot o nivara,g 2f*l = 2.,(x) Siveror oTTo rn oxeoq (4.4-23). Enopev<,rg, q aX6oq

(4.4-29) 6iver

Ol,oxl"qgdlvowag

1  l - :

o1(x)= a l l
L . '

x

o2(x) =+ | 'llfJ '..'+ 
II: !!r. [?-0,]l ,-i

to draQoprrd dO, xc,r dp, cog nQoS x, 0a rxoupr

, ( t z= r2 )  x r ( ^ r= * r )

[['-p,J t+] 
'l o-,+ 2J t+l .-,]

r = t r  * 2 = " 2

* r (x r=c r )  * r ( * r .=*1  )  
(4 '4 -3?)

Kdvovtag ttg npaEeq o)"orcLr1p@oqs offlv (4.4-32) xora).qyoupr oro rno xatt.r
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crrrote)teopo

2

o,(x) = + [[r - o,)*, +, + 
- [s - 0,J., ]

, 
( 4'4'33 t

o,(x) = + [[t- or)*r+ ++ Zt

oTrou 
"r* 

0 Kor rxoupr Oeoer 
"2 

= 0, eQooov ro olpreio x = (*r, *r.) = (.r, 0) dev

eival dropogQo oq;reio ̂ {Lo rLS ouvoQrqosrs Or(x) Kcr,r $r(x).

Or oXeoetg (2.4-22) rou nQoo6rogi{ouv ic a(x) rcr B(x) rou vopou e},ey1ou

u = a ( x ) + B ( x ) u ,

psg 6i.vouv
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o:
)

B(x )  =  L ;1 ( x )  =
c r  

* 2

\ 1
L

A
5

1
* 1

X
1

a  ( x )  =  B (x )q ( x

1r
TL

+t
(4.4-34)

4.4.6. Er,6rrr1 )*uotl rou lrgoplrlpotos rou npoBlrlporos rou Arprpoug

TcrgrcroFaros rou outlrrlFaros or l-pcrpprxo rlpotuno

@ecogr,rvtaq ro ypopFnKo, lpovr"xd apetoBl,rlto ouorlpo rns pog0ns (3.4-5 ),

Oetoupre Pi= 0 ^(La i - 1., 2, oflore or nivorceg xatootooqs, eroodou Kor efo6ou.

),apBovouv rrlv oxolou0q lrogQn

AM=o ' B*= I ,  Cr= (4.4-35)

H ouvriprrlorl F€ioQopclg rou vtou fgaptrrcou llporurrou eivar 4 c,xol,ou0q
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\ ( s )=c r (s l -A ) - tB r , ,

Enopevcog, rl tr nn tou npoplnporos AxprBoug torpraoporos oa rrgorulro - qs

pop0qs (.4-5) P" Pr = pz = 0. pt trl Borl0era rtov oxrorc,lv (4.4-34) rng rragaypdgou

4.4.5., l,opBcrver rnv teLrrq FogQrl

I-=_
)

B(*)  = r - ;1{x)  =
X

o 2
-

) 2
X

I

11
TX

I

x +L
1 )

*z
x

1
I

c
1

a  (x )  =  B (x )q (x  ;  =

2-:-
)

*2 
, 1 r 1 *) *2

\ rT+r + +:-",1
" 1  

t l  x ;

(4.4-36'

4.5. AOMH TOY I(AEIITOY :Y:THMATOI

To npoono eivo,t tvo Ypolry.Lt(o ouorrllro 2r1g rofrls, rtrsy€,t o Kor Trogorqgrlcr+ro.

eQooov o nivarog tou e).ey€r+rou

Lf il

sa[u"'**]
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eivar n)"r1poug roETK Kor o nivcrxcg rou noQorqgnorpou

RA
C"

CM\

eivot eniorlg nirrlpoug taEnS. Ano to nro ndvco (rupnegoivoupe orr ro neoruno eivcrt

el'apoqg toEnS xot pd),rota lSrcg tofqS pr ro ovorKro tlrl ypopplr(o ouorr1ro.

Iuprnegoivoupe ),otnov ott 6ev unapXouv url noeorqgrlo4ms raraotriorrs oro rcl.eroro

ouorlFro. Etot, unriplet svos 1-1 Kor cvrlorQsl+/rpos lrcrooxqporr{+log x = F(z), ;rou

pnogei vc I,loS o6rf,rrrloer ono ro r<l.aloto prl ygotrpu(o ouorqpo oro ygopprKo Treoruno.

Ei.vat oIFra\TrKo entolg vo naQcfflQnooupr orl eQooov o nivcxag 
\ 

eivor 06

dtcycrtvro pop0q, pe to, pl. p2 \'c ei.vor au0cipetot npaypaaxoi ogrOpo| pnopoups

ps xotoLl'r1)'r1 enri.oyrl rcrlv p1, p2 vo tono0etrlooupo ou0c4lera rous no)',oug ,rls

ouvcpulons lrtrcrQogrig tou x].elotou ouotllporos. Ei.vcr npoQcveg ]rotnov orr prroQowr

vo euotaOerofionlooupr ro xL.ercro ouorrllro.

YNOilOIHTH TOY NOMOY EAETXOY

I-ro trlv ul.onoiqoq rou pn yQotll.lrKou vopou e).ey1ou trls pop0ls

u=a (x )+B(x )w

orrou ro a(x) Kot B(*) 6ivowar oro rrl ox6oq (4.4-36),, c,ncrteitot rl ptiteqon ;ou

6ucvuopotos xattin-ccoqg x (*t = 0J, *z= Vr). H ycovrolcrl roxufilro crl pnopei vc

petpq0ei pe cn Forlp€to pros to1opsrgrKns ysvvqrgros r(or rl rcroq V, Fre rrl Boqfura

EvoS no).poypogor,. Ot pn ypcrppxeg ouvogrrlosrs a(x) Kor B(x) pnogouv vo

u)'.onorr10ouv p6 rq porl0era EvoS prKQoenefepyaoq.
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H oxtlt orllffl crvcrnopci:oroorl trlg u).onoirloqg

ono ouvrxrl oe evaLl.croooprvrl rdor1, 6tvetar oro

rou vopou el.eylou rou petoteorrco

Ixnpa 4.6.1.

EXttt o 4-6-l Yironoirloq

ouotTlporos

n
v

tou vopou eley;1ou nou enrruylaver

rou FrerorQone,a DC IAC

Tq yeopprronoirlfil tou
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4.7 . AIYMITTOTIKH NAPAKONOYAH:H TPOXIA.'

H anerrcovtol erco6cov - e[o6o.rv ror- oQXrKou pn ygopprKou ouorqporos, preta tqv

eQcrgpoyrl rou voFrou avarpoQodoqorlg xatcorcrorlg rns poQ0rls Q.3-1)

u=a (x )+B(x )w

rxsr rTlv oKotrou0r1 poQQn

(4.7-r)

Eqooov rl treQtypoorl etoo6cov - efodcov etvor, ygolrprKll, elvar euxol,og o oleSroopog

svos enlnLeov puOprorn yto filv oou;rr*.o*lrrK1 flaQoKol,ou0r1or1 rpopcg.

Ag unoOeooupe ott eivat enr0u;rqro q efodog rou ouorrll.roros va ncparco],ou0el

rnv nQoxa0ogroprvq tpolro

yd(t) =

Tote, c,v eQcppoooqra oto rl.errro ouorqpa (4.2-6) rov oKol,ou0o ygoppu(o vopo

e),ey1ou

l;lll+[:':,][;;]L;;lll,l

[ ' , ] .

[ ' , )  .
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w
1

w
2

l o
o

o+
[ ,

[ ,

["J.
[',J.p2

p 1l:"
) : "

0a rxoups

t l t ' *  PrYr =

t\t ' * PzY z=

[',J1"
[',J j"

+ p1 [r,J.

+ pz [rJ ,

Or nro navcrl oxrorrs Frrogouv wo6uvapa vo ypoQouv

y2 -

opi{,etar ro oQa\ro cvtipeoo

rgoxtrs yd. To ouaTpa r&,v

rou oQaLpctog pr --o 
Xgovo.

oTov

(4.7-2)

otts ef o6oug rou (ruotqporos y Kor rrs enr0uprqteg

drcQopr"rcirv efrociroecov (4.7-2) crnelxovi{er trlv e[a],r{r1

H ooupnrtrtrllffl nogarco)'ouOqcttt tpopdg enr.ruyltivrrcr

. l t '

.t"
0

0

e
1

tz

P l  o

[i pz

J.
J.

[ '

[ '

ofiou

g =
e (  

1 )
1

(  1 )
,2

v' l
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/ \ A

l im lv(t)  -  y,( t )  I  e [m e(t)  = 0
t J o  \  u  )  t - -

Auq q onciulol ei.vor Suvatov va entteuX0ei ov 6ral.e[oupe ro p1, p2, aror coore n

l,uoq yto to e(t) vo aivc,r cou;rrr@tlrca euoto0qg. llgcyprcrrq XQTlorponorcovtog :o

KQrrnQro euora0eros rou Routh, ouplmQoivoupe orr yro

p 1 p2

n a(iocool @7-2) aivat ooupTrtotrxa euotc0rlg. H flro ndvo enrl.oyrl Tolv pl,p.,

odqyei ot oouprnrtl;ttrca euotoOeq oQa)"pa ylo onoreodqrorr aeXrKrS ouvOr1rceg

e(0) = y(0) - yd(O) rou oQa).trrotog.

4.8. TYMIEPA:MATA

Ito KeQaharo outo, pel,eq0rlKa Kor enrteul0rlKs o e)'ey1og rvos psrorQofi8c orro

ouvtxts oe evatrIooooptvo Qtupo, ro oTroi.o ouotrlpo Autopcrou Eldylou neprypcrQetot

ono pq ypoppuceg efr"ocooerg xottiotoorlg (.2-6), psoo rqs rrx\rKrls rou AxgrBotg

TatprooFroros oe fpoppu(o flporuruo.

I-ra to pq TQoFrFtKo powetro rou negrypaQer rn psrorgonn ono ouvsxes sa

eval^l.oooopevo Qtupo, npoo6ropiocqxe o pn ygoppucos vopos cvarpoQodotrlcrq;

xotootcorlg $.4-34) o onoiog odrlyei or avo crnoou(euypsvo (ruorrllro rou onoiou n

neprypoQrl erooDorv - e[o6cov ttpoooporci(erar Fre cnv yQaLrpucrl negrypaQrl eroodcov

efodcov tou fpoppu(ou llpoonou (4.a-5).

Iuyrcercplpcvo, yro ro ouocqpo ouro:
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c) flpoodropirrnxe o Xr,rQoS ratdotooqg (4.4.2.),

B) Kcr0opiorqli$' or oroxor el.eylou (4.3.),

y) Enrl"eltqre :o fpappnro lporuno,

6) Ano6elrcOtlte ott ro Axprpeg Toi.proopa 06 fpoprprxo llpotuno eivar nar-a

eQrrcro. l-lr *'atpoQoSoqorl tou Sravuolraros rorootoorlg 9A.4.),

e) flgoodroprc:4rce rl yevtKTl ),uor1 rou pn yQopplr(ou vopou avcrrpoQo6oqaqg

(4.4-34),

or) llpoodtoprr':1xe q 6optl rou xl.elorou ouorrlproros (4.5.),

() Mel'etr1Or1xcv ot 6optttceg rsrotnres trlg e),eyfrpoqtas, rrls nogorqgrlorFrorrlrcrs

Kar fflS euo:d0eros rou rcl,erctou ouofilproros l(or

d llpooSropto:r1rce o vopos e l,eyXou TTou enrtuyXdver rrlv o<ru;rrr@fllirl

naparo).ou8qan rpolrog rIS efo6ou (4.7.).

Itrlv epycroic t] entcuyltivaror n yQol-tttu(onoirlorl rou ouorqlrarog rou DC/AC

prrorQonec,, XQnoqionorcovtos rrlv rsxvlrffl rrlg oroou(eu[r1g.

Ito ropov Kerlal.oto, eQoppo(owos rqv rrxvufll rou ArcprBoug Ta4rrcolroros oE

fpatrrptro flgotuno. :o x).ercto ouofilplo rc0iotator rvo ypotrplKo ouor4po Kor polrro:a

anoou(euYptvo. H 'revrrcrl ),uoq nou npoo6ropioulrce o' ouro ro repalaro, rrogsxsl =rl

6uvatocqta enr"l,o'y6 tt,;v nopcprcrgcov rou voFrou eMylou, 610r cilote ro rlsro:o

ouorrllro vo eivq,t s\.4 anoou(euypevo, yQof^rpu(o Kor euotaOeg ouorrlpo.
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KEOANAIO 5

ENEI-XOX TTIZ ATOXTAKTIKH: :THAH: ME THN TEXNIKH TOY

AKPIBOYI TAIPIA:MATO: IE TPAMMIKO IIPOTYTIO

5.1. EIXA|CITTI

H ofiootoKtutrrl orrl).rl eivor olro ro flro Srose6opsvo Kor oqpavtucti epyc,l,eic

rou exouv pel"etq0el oTT1 Brr8ruoypaQic r(,)v Xqprrccirv 6r.epyoor.cov.

H 6r"o5trcaoia rns anootofr1g XQr]ortronoreitar rgol(rqrevou vo 6rclc,lgrorow

rdnora nQotowo lrou tpoQoootouv rrl orTl).T1, Tl vo rcooprctei ror vc, anopovcoOel ro

tel'rro trQotov onoorofqg. Ar1]'odr1, oroxos e].ey1ou rou ouorlporos ourou eivor o

6leyxog rrls ouorq,rrrK n rrls nooorrlros rt.,iv nQorovrcov olTooroEls.

Evag 6rade6optvos r€)onog e).ey1ou cqg 6ro6rxcoiag rrls orootcrfqg, owiorcrtat

[28],' orrlv onoo0(eu{r1 etoo6cr.rv - e[o6orv. Itnu fiogouoo 6r.nircopourrl epycroicr

eQcppo(ovrot to 0eoprlttxti anote)"eopora rTlS Sr.SorroQrrfils drctprBrlg [19], yro rrlv

enll,uorl tou ttsoplrltloros rou oxprpoug rarprdoporos rou ouorTllroros 116

onooroKttlffls oql'r6 ot avo, ypotr.pu(o rrporufio Kor o1edrc(erol o vopos e)reylou nou

erutuyldvet ro tele ro tciptcropcr oro ygoppuco rrgorulro. Ecrl ouvexero, yLa ro

YQopptl(otrotrlpEvo oucrqpo oye6rtr(tror o voprog eireylou o onoiog enlruy;ltiver rrlv

oouptrrcrlrrKq nagaxolou0rlon tgopog.
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5-1.1- EnefrlTrlporrreq ewores Xrlpricg nou aQopouv orrl 6tadrraoio trlg crnootcr€qS.

l27l

Eotcrr tvo tJi'nlo ro oruoio

(nol.uouoroto Friypa), rvo 6K ru)\'

Tou ouototucou i cvcQoprxci npog

rl,ciopcl:

Y, l* ,
o i k =  

u / *  
'

u k '  k

anotal.eltat oTro n tov aptOpro ouotottro

onoi"r,.lv elvat to ouotottKo i. Ilettxrl fitqttKorq:a

ro ouorcrrKo k (ouorccxo crvoQopog), opi(etct ;o

(s . l -  I  )

onou *i (**) eivar :o xLaopra ro)\' moles rou ouororlKou i (k), flou Bpiorowctt o-rlv

uyQn 0oorl, evci.r )'i 0*) aivcrr ro r<l.aopo rc,lv moles rou ouotortKou i (k), rtou

ppiorcovtar or-rlv orolo Qaon.

H ou)4(svrp{!o1 rou nagandvc,t piyporog oa moles dlvetor oflo rrlv aro]'or.Or1

oxton:

n

I
i  - t
J - t

n

T
j = l

H
uypou

H
oeprou

H. moles
J,CtEptou

H,--.^^.. moles piypctog rou Bglorovtot
J'WQou

piypatos ftou Bplorowot

oa uygn 0oo-rl

(s.1-2)

oa asgto Qooq.

r<l,oopo rcov moles rou ouorortKou j (ei:e

n aurcilv nou Bgiorovtct orrlv ospto QttorD,

Tdlpa, ylvetcr Kotovorlro orr ro

outcirv fiou Bpioror-c,t orrlv uyeq Qooq

dlvetar awiotorxo ano tus cxrorrs:

H.
I , uYpor,

H
J , Cr,rprou

x .=
J H

oe0  rou

Kot yj = (s.1-3)
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Aoycrl Tc,lv floocrndvor oxtotc,lv, ei.vot npoQcrvqg q uoXUS tcov oKol'ou0ov:

n

IH
i =  1  J ' u Y P o u

t1 + *2 + X =
n H

u Ypou

n

t  H .
l ]  f  

J ' C t e Q t o u

Y - T v ^ T i - =' 7  ' 2  - n  
H

o  e p  L o u

@eopoupe tt 4n rvc tliytlo Duo ouo.rocKc,l\' (n = 2). Ie avchoylcr pt to

fiQoqyoupevc, cvcrQmtxd r[eos ouro ro 6rouoroto outo piy;ro, 0o toxuouv ot oxsott;:

= 1

=1

(5.1-4 )

(s.1-s )

Onote, n oxc:ucn nfilrll(orqro rou ouorotrKou 1 (to onoio oto petr-l'ov 0a :o

0ecopqooupe iog ro ruQrooorspo fitqflr(o oE ouTl(ptorl pt to ouotottro 2), 0c elvau

* 1 + * Z = 1  +  t 2 =  1 - t ,

Y l+Y2=1  =  t 2=  t -Y r

Y 1  ( l - x l )
O =

(  l -yr  )  r r
(5 .1{ )

ortrora, ro xtrdopc -l.rv moles rou trsQrooorspo nfllrtKou ouororlKou ltou Bgi"orowct

orqv osQro Oocrrl, c'waprqoet rou rl,oopatog rtrlv moles tou i6rou ouotcttKou, ftou

ppioxovtot orTlv ulgq Ocrorl, Kor rrls oXrrLKnS nrlttKorrlros ourou Tou ouotortKL)u,

0a 6ivetor ofio rrt r{eoq
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o * l
V =' 1 ,

y=

(5.1-7)
1  +  (a -  1 ) x r

Anal,eiQc,.lvtos :o Seixrn 1,

TrrQrooorrQo nTntrKo ouoTottKo,

oxrons

eQooov oto ;reLl,ov 0a

q oxeorl (5.1-7) ncipvet

crvaQepcilFoors povo

trl poQQt1 trls rto

o:o

rdtul

ox

1  +  ( o  -  l ) x

v
=

x
(s. l-s)

1 + ( a - 1 ) x

5.1.2- fleprypaQrl rqg drcrdrxcroicg rrls cnootcfqg 1271, 1281, [30]

Or neprooorrp)ss onotrrolcrrKss oqtrss orrlv nQoyl.lotu(ot1to tpoQodorouvrot [r8

nol,uouororo TrQoro\ro. llpnoeyylotrrd, 6elopoote orl oa ruolJteg onootoKrucs

orqLeg, q tpoQodorrlo-n n€oyporonoreitor pr Srouotato n ryeutodrouotcto piypattr.

llopoi,.a curri, oro napc8erypcr poq Ocr rtivoupe notr)reg entnl,eov unoOeoerg Kot Oo

0eopqooupe rdnoreg u5awreg neprntciloars, or onoleg opxetc ouXva aflo6elKwovr€Lr

cnl,dg Ko[ rTl<uQeS crL],a ouxvo enirorlg, ano6errvuovrot cn],c pn tKovoflot1rt]ces

nQooryyi.oerg.

Ero oXTlFlo 5.1. Qaivetc,r Fuo apxera onl,q cvanopoorooq qS 6rcdrrooicrg qS

onootafqg, q onoi.a cvcr)'.uetcr lroQor(atc,r:

Atpog yn, nopoxns Vn rTou noQdyetar oro Lspqta, (enine6o n), cveBaivet peot,l

rTls oTTl)rqs |(t rgxrror 06 enoQrl pr ro uygo x1 nopolqg L' rou KoteBoivet cno iov

\yuxrqeo (enine6o l). Kard cq 6rdgxerc rrls enoQqg, o oqros ldvet pegoS ctro io

)\,ryotepo nTrlttKo or.oro,rrKo rou, ro onoio rurlyoivel orrlv uYQn odorl. Awloetcl Eo

uyQo ldver pdpoS oru) To rraprcrooreQo fiTrltlt(o ouorottKo tou to onolo nlyoivtt orqv

aepro 0o0q.

Etor, rcaetbg o stpos ,gtcrver orqv rogugrl tqg otrl\qg, txet Xaoet to ptYoltuteqn
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lrdpos ofio ro ].ryotepo rrrrlru(o ouorcrrKo rou Kor raO<iq to uypo Otaver 6ov

nu0preva, rxrr looer ro poyol.utepo lreeos orro ro e],crQpu ouorottKo tou.

Av ro ouotcrttxti 1 xor 2 eivor, ro FoQ, Kor ro el,aQgu ouotottKo avtiotolxct,

rorr ro ul.rro rn (nou orrogQssr ono rrl gorl Ln), pnopel vo aivc,t xoOopo ro

ouororrKo 1 ror ro ul,rro 
"1 

(-o onoio nopdyecor peot,l :rls eorls Lo), pnopei" vcl

eivar rco0opo ro ouororrKo 2, opxel vo elvar rKovonorqttKo ro uVoS :rls

ofiooroKrrKrls oql"r1g.
v /

H o X t T L } f f | n f r l r t K o t T | t o o t 2 = + , e i v o t n n o p c r p e t g o g f l o U x c r 0 o p i , ( e r " I o

Y z/*z
ofiorroupsvo uvog. Oeopcirvtog orr or 6uo Qcoerg elvcn or roogponia q pio pt :-qv

.itrlrl, yLo rlv ertiprloq rls oxrrrlcrls rrrlrlKofilros erz, Xgera(ovtot ot

nl.rlpoQopieg: Taoe6 arprcfv Kor ouvretreoreg svrpyoqtag uov 6uo ouotottxcilv. H

efioprvrl napcryposog cvcQeprerat ofil poweLonoir'1oq evos ouorqpotos to otcoio

Bpioretcr apxeto rowa otrlv npoyparrKorrlro. flvetat eni,oqg crvoQogri o,Tt,g

nQooryyi,oerg Kor uno0eoerg rou ),oppavoupe urr' ovrl pos yro trl 6rlpr.oupyio 6'vos

crnl,onorqprvou por"ce),ou, fiQoKr4revou vo, avayoyoupe ro npoBl"rlptcr ot tvo a-),o

npoB),r1pa rror cilote n Bcrotxq 6optt rt,tv ef wciloeov rcrao:ao1q nou oTropQtou\ vcr

pnopei eurcol.c, vc avoTvtl.lptotei.
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tUuXrnp0q

En(ne6o 1

Eninedo 2

Ernnedo 3

En(nedo j

Ernnedo f _

Eninedo f+1

Rectifying
section

l-pappn Avapponq

L

xz

^,

"j_.,

L
X

)

L
Xt

l t+
*j,

AnodernXr

flp6v AnturuSr1q

Tpogo6orqorl
*rA

Entnedo j

En(ne6o n-1

l r*  t

Xn-1

Eninedo n

Avoppoornpoq x
n

Stripping
section

E1r1pc 5.1.Avoncpdorcoq tqg 6rc6rrcoicg qg Anootofr1g [28], [30]
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5.2. EEATOTH TOY MONTENOY TOY XYXTHMATOX

5.2.1. Yno06orrs

YTIO@E'H A

H onoororcrKq orql,rl 6uo ouototrxcirv sxrr ora0epq oxsrlrffl rrrrlttKotrlto ot roOe

6ioro. Ka0e diorog eivar t6avrrog, 6q),c6r1 e[o],or<],Tlgou 6pootrxos. O orlros unepovto

rcOe 6iorcou eivor oe nl,rlpq LoopQoni.a, pe ro uygo nou Bpior<eror peoo oto diorco. H

oxrorl roopporriog petofu ctpou - uyQou 6lvetar oflo rn ygopprKororqptvrl ouvtipulorl:

(s.2-1)
i'  x  1  +  (a  1 ) x

] J

OTTOU:

x. , y, : Iuotool uypor, crepiou owi.,otorXo rou dlsrou j (Klcropa moles tou
J  - 1

nrprcoorsQo filqrLr(ou ouorouxou).

o. : Elerrxrl nrrlru(o:Iro rou Siorou j (enine6o j).
t "

YTIO@E'H B

Ito Siorco f 11 tgoQodoqorl yi.vetct Lm ro uypo rf (moles) vo Bploratot oto

oqpeio Quoool.ldcrg rou, 6r1],o6q vo eival KoQroFmvo. H tpoQodorTlorl outqs TqS

ouyl(tKQrprvqs ouyr(svtQt,loqs tou uyQou yi.veror pr Qol L. (moles / sec).

YNOOEIH I-

O orpos rou onopaKeuvrror ono rov npcirro 6loro (Vr), \tuxttct oluca otov

oulrT[ulcv(l)Tlpo.

YNO@E'H A
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H ouvol,rxrl ouyKrvrQcoon or moles rcaOe 6[orou, rou oupfiulcv@Tqeo Kot tou

cvaBgooqQa (reboiler), eivar otcr0epq, 6r1l,cdq 6ev percBdtr),etat pt to Xpovo Kot

erurrplotei oporoysvclo, 5r1],o5r1 To ouorarrrca tou piypatoq elvor ts],.ercr

ovoFrrFrrrypevo. (H, = constant, lta j = 0, 1, 2, , n)
.l

YNO@EIH E

H ouTl(svrQt,.rcq rc^lv moles xaOe di.orcou ouvol,rrti elvor ouTKewpt,lorl uYQou,

aQooov n ouyKrvrQtooq rou oeplou Oecopeitor cpel.rltcio. I-evrxotego, ontrls aivor

yv@oro oTro rq Oecoplcr, n fluKvorrlro rcDv aepicrrv eivar no],u FttKQoreQq oflo rrlv

nuKvorrlro tov uypt,;v ot XoFrnlsg nrrorrs.

YNOOEIH 'T

Kd0e Xgovos ra0uotegrlorls, (dead time) orq vorlrTl ypotlprl oqrou cfio tov ngdrto

6iorco (enineSo 2) ^poS rov oupnuKvcofflQo l(or ofil vorlcq ypo1lprl ovopQorls, pnopel vo

ayvorlOei. o oTlros y2 uygolrorsirar o]"uca orov ouFfluKv(l)TTlQo Kq,t naoter otov

ono6ertrl o orcoiog crnorel.eitar ofio *i moles uygou, ro onoio ei.vcrr enLoqg

l(oQtoFrtvo.

YIIOOEIH Z

Katco ono rrlv uno0eoq ota0eprlg xatooroons (Mc Cabe - Thiele diagram), nou

crvcrQep0r6e otrlv uno0eorl A, rnrror orr or gors or;r6v xcn uygcirv xatd tu lrrlKq t<ov

qrrlpctcov cvaxa0cripeorlq Kor ro0oporlg (recti$,ing &. stripping sections), elvot

[5r,og, Kor' crvTrororlic prcr op rot' avoyrcrl ora0epog.

IupBol"rxo, 0a ai.vc,t: V = Uj, j = 2, 3, n. (5.2-2)

L = tj, j  = 7, 2, ..., f-1,

KOr

L  +L r= t j , j = f , f  +1 ,  n -1 .

(s.2-3)
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YIIO@EIH H

Av rcar oa nohlri ouotrllroro 11 SuvoprKq orTo]cgro1 rou cvaBQootrlpo eivat nohu

yQnyoeotegn on' ouffl qS otntrqs, oyvooupr tr1v npdrtrl.

YnooEtH @

IuveXera toJv unoOeoecov A anotel,ei 11 unoOeoq orr xo0e Oiorcog cnotel.ei:at

ono rov iSro oQr,Opo moles. A11),o611: H = H, ylo j = 2,3, n - 1.

5.2.2. E{cryolyrl ttov efrodloecov xatcroraols

Me yvcirpova to oxqtro 5.1. Kor rLS uno0eoetg trlg nopoypctqou 5.2-1,

nopo0etovtCI,r orrl ouvsxero or efrociroerg nou oQopow orq ouvol,lrrl rcopgonio ttov

6uo Qrioacov or rcaOs enine6o, Kor orqv rooeQorrio trov ouorcrlKrilv nou ouvundpxouv ot

xa0e 6lorco:

EIIIIIEAO 1 :tlluXnpog, Anodextrlg, Noqtrl fpoppn Avapporlg.

Iuvol.rrrl roopQonic po(cg:

dHo
= 0 + V^- L. - L^ = 0 + V - L - L^ = 0 + V = L + L^ (5.21)

d t  
' 2  - r  - 0

Evepyerorcrl roopponia ouotarlK@v:

*,tor,,  
= Y ryr- Lor, - Lx1 + tr} = Y ryr-*,(L, + Lo) +

"05- 
= Yryr-x,v + x, = 

t,rr- 
x,) + x,= 

t,", 
x, - x,) (s.2-s )
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E|III IEAO 2: Aiorog 1gs

Iuvol.rrcrl Looggonic pa(crg:

= 0 + L, - L.,+V3- V2 = 0

Evepyerarrl rooQQolrio ouotcrrKov:

+ {
dH

d t

L,  =  L r=  L

A(*.,)
d t L

' L ,
x ? = : ( X , - x r )

H I L

Lr*, + Vr)'r- Y ], -

+ 
#"rx3 

- Mr,r)

=  L t t ,

Y, = v, = v
(5.2-6 )

(s.2-7 )

(5.2-8)

E|IIIIEAO j :Tulcrog 6i-oxoq nprv fflv rgogo6oqorl oro enlnedo f

(Recti f l ine section).

Iuvol,trrl rooQponia pa(crg: O;roic'rg pr ro rQonyouFrcvo:

L .=L
j  j -1

V  = V
i  t + l

Evepyer.orrl LooQgonin ouoratrxcirv:

d

I (Hx,) = hr-, - Lx + utj*, - uyj +
d t J '
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Lx'  = : (" j - ,  - ' : )  + 
* , t ,+r*,+,  

-  Mj ' j )  (5 '2-s)
l g

EIIIIEAO f: Aioxo; tpoQoSoqons.

Iuvol,rxrl rooggonie pa(ag:

dH

d t
= 0 + L--, - L, + Lo = 0 + L, = Lu, + L, (s.2- 1o)

Opoicrrg:

Evepyerorcrl rooQQo::ro ouototlrccilv:

V _V
f + l  f

I(Hrr) = Lru, - (L + Lo)*, + V(yr*,

Iuvol,txrl roopQoflio 5ra(crg:

Evegyerarrl rooQporia ouotcrrrKcov:

3-(H*i) = (L + Lr)*j-, - (L + tJ*i + v(y1+r - y;) +
d t r

|  ,  =L . , .=L+L-
a ,  + " j * ,  

" . ,=o+1  
'  J r r  r  

6 .2 - l= )

I  u i+1=u j=u

=  0 + L
r -  l

E
t

g
d

-YJ +  Lo"o*

'  L  V  , , .  ,  L ,
*r = 

f, ' ,- ,-*J 
+ 

*,t ,+rrr+,-MfJ-f 
-,  + 

f- 
(5.2-1r)

EIIIIEAO j:Tulcriog 6ioxog peta rrlv rQoQo6oqoq oto enina6o f.

(Str ippini section)
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-  L-(*,- ,  -  x)+ *t t ,* ,X,*,  -  M.x,)  + 5,- ,- ,  
-  * i )  (5.2-r i )X . =

I  p 1 ' J - r  J '  H  J f r J + r  l l '  H

EnIilEAO n-1: Teieutoiog 6i-orcog

Iuvol.rxq r"ooQQonia pcr(ag: Opoic,rg ps ro, nQoqyouFrevo:

Ln-t  = Ln-?.= L+Lo

(s.2-14l|

Vn=vn - t= f

Evepyerarrl Loogporrla ouotarlKov:

-9-(Hr"-,) = (L + Lo)*r,-, - (L + Lo)rn-,*vyn-vyn-, +
d t n

in-, = 
#*"-r-xn-r) 

+ 
f,t"*" 

- Mn-rxn-r) + 
*,-" 

-z - xn-1,) (s'2-15)

E|IIIIEAO n : AvaBgoorrlQos (Boiler)

Iuvol,rrcrl Loogponia po(ag:

d ( H n )
= 0 - Ln_r Ln - Vn = 0 + (L + LJ - Ln - Vn = 0 +

d t

Ln=L  +LF -v  (5 .2 -16 )

Evepyerarcrl r"crogponla ouorc,nx6v:

3 
1H.x.) = (L + Lr)*n-, - Ln*n - vyn +

d t  
n n -

Hn*n = (L + Lr)*n_, - (L + LF - Vn)xn-Vyn *
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;^ = 
#,-"-r 

xn)+ 
*,-" 

- Mnxn) + 
*,-"-, 

- *n) Q.2-r7)

Aral.eyowos oov xatcotciosrs rou ouorrllroros ro Xl, xz, ..., Xn, Xf_1, *t"

Xf * 1, *j, rn. Kor Xgqorponorcirwag rrs ncrpcrnavco efrociroetg (5.2-4) errs

(5.2-17) nou oQoQouv orrs 6wc;nxes Koroottioerg tc,tv enrnedcrlv I ecog n ovoYoltoo:e

oto orol.ouOo ouorrlps rorv efrcciroecov rorooraoqs:

x = so(x)  * ,1.8, (x)u,  * , ! ,d , (* )* ,
t - i  l - t

(5.2-1E)
y = h(*)

o'Iou:

co(x) = o,

sr(x) =

0

(x . -  x ^ )
L Z '

:

( x  . -  x  )
J - r  l

:
t"-l- *r)

( x  , -  x  )
J - r  l

:

H \
T  ( xn_ r -  xn )

' cr(x) =

+ (Mzx2_ *,)
t t  

o  
L

(M:*i- t  '* ' )

( t i - , t l +1  M i * i )

(M 
r  *  , t  ,  +  1  Mr ' r )

( t i * , * ; +1  M i " i )

H
j i ( * n -  Mn*n )
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d , (x )  =

0

0

:

0

.
- x -

I

t f  -  
" f - t

.

d2(x) =

x .
J

- x  )
n '

Kor ro drcvuopa e[o,5ou 0a Srvetar oro rrl oxroq

h(x) =

eQooov enr0upoupr :o\' 6)reyxo qs ygappol-rogrcn(Tls ouyt(rvrg(l)ons r(l)v oKol.ou0cov DLo

TtQolovtrov. Tou rrporo\-cos nou oroFroKQuvrror ono ro oupnuKvorqgo (condenser) xo Fe

puOpo Lo, 6r1),o6q ;ou neorowos rrlg anootofr1g, Kor rou rrQorovtog FootlS (liquid

bottoms product) ro onolo orrolroKQuvrrot oro rov avoBpoorrlpo (reboiler) *n, tre

puOpro Ln.

E66 flprlmr vo cvcrQepoupe ofl n yQot'r,pol.loQrolffl ouyr(svrQcooq tou oqro6 yz fiou

olropor(Quvercr ono --ov npdlto Siorco rrlg onooroKrlKrlg oq),r1q elvar Suvaptxo ioq FrE

trl ouyr(rvrQLoon roL uYQou nou oropol(guvrro,r olro rov oupnuKv(l)trlso povo povo orqv

ora0epl rordorcory lrq ouvrxrlo, ourrl ffl ouyt(rvrQcrlorl rou uypou *0 rrou elvcrt

ei,oo6og orov rcopu0aio 6i"oro rqq orooroKrrKrlg oql,lS *r ( *o = ,r), q ),appdvoupr.e

og d,[o6o tou ouorrl"tatos, 6r1],odr1 q yQopt-lopogrohrl ouyKewpt,loq xl eivar to trgolov

x
I

.

t l
- J Y

H  
' ' '  

n - l
n

r ''l

I  x " l
|  . l

t l
l x lL n-r
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6tu},toqg. Avti vo ndpouge ocv

*2 oleri(erar dpeoa oro ro 
"l

x i .

Ta Srovuoporo ercodou Kor

e[o6o ro Xl, ],crpBavoupre

Kr 6roq o el,eylog rou

og 6[o6o ro *2,

*z o6rlyei orov

eQooov To

e)"ey1o :ou

Sratopclov di.vovtor cvti.otorxo ono rK oxroag:

L
T

V
T_

Lr.
r-

KOr W =
L  F*F-ll-

Etqv noSouoo 6tn),otpcrttKq epycoia ooXol.ouproorr pe crl FrldTn tou roo6uya$ou

(ruotrlpotos pt curo rrls FogOnS TnS (5.2- 18). elerryet SrotopcrXov (nomimal system)

@eolpoupe 6r1l"adq ott n eni.6gco1 rc,lv 6to,rapo,l,rv oro ouorqlro eivat ope].r1rarcl

Enopevcrrg ro ouorqFro (5.2-18) ncrpver trlv ol(ol,ou0r1 pog0n

x = G(x)u

KOt

y(x) = h(x)

n
I  ,  ( x )u

yta i  = 7,2

. m

x=I
i  = 1

KOr (s.2- te)

Y , ( x )  =  h  ( * )

To dvotKto olrorrlpa :t,lv efwdroeov xcrtdotoorlg (2.2-1), ofil ouyr(sl(grpdvrl

eQoppoyr'1 mxuer yra m = 2 xcr go(x) = 0

5-2-3. Anlonorrlol rou povle}.ou rrls aroorcKrlKrlg otrllqg

Onolg Qoi.vetct olro ro o-Xlpa 1.1, crv Oetlgrlooup.s orr n = 4,6q),a6r1 ),crBouFm ufi
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ovn pos Frovo tc en[ne6a l, 2, f, n, rou oxnporos 5.1. 0a ouvelioer vc eivcrt

ayrupo ro powel.o pog.

H enil,oyr1 tou povtel.ou trls onooroKrucrls ou1l"r1g VE 2 dioroug yivetcrr Xo€iS

FIoFn qS ysvtKotntos yto vo peror8er o unoLoyroru(og Qoprog qS oleOioorlg;ou

vopou eheyXou. Auto oupBoi.ver 6lotr q nrlQoporrKq ofiooroKruffl oql,r1 pas 0a

neptl.appcvet rov lyuxrqQo, tov ano8ertrl, crl vorlrrl yQotrprl ovogeoqs Kor :ov

avoBgaorrleo, ra0drg entorls tov nqrcilro 6ioro rns crrooroKrrlcrls otq),r1g (enineSo 2)

Kot rov 6iorco otov onoio ytveta,t 11 tpoQodorqoq tou ul.rxou neos anootcrfrl. Ar1tro.6q,

negtl.apBctvet o)'o to Baotrca epyol"eia nou oflorrouwol yro ffl l,erroupyicr :nS

ofloorolcrucrls otrl],r1g.

Eno;revcog, to tal,tro p.ovce).o nQoS ava).uol exrr rq poQOI rcov e(rociloeov

rcotootcaqg rns oxrong (5.2-19).

y rc  i  =  1 ,2 .

(s.2-20)

Y = h(x)

oITOU:

e,(x) =

Tl d[o6og

h(*)

sr(x) =

t , trxr-x,)
Mrxr-Mrx,

Moxo-M, x,

T-(ta 
-M4x4)

0

*1-*2

*2-*3

t3-t+

[ ; ]

Kor n eioo6og
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U =

5.3. KA@OPI'MOT TON :TOXON ENETXOY

Ano rrlv cvtil,ucq tou povtel,ou, eivcrl Qovego orl n Sro6rxaola rns crnootafrlg

cQopo pto uyrll,cr pn yQapptKq draSrxaoio. Ano tqv nl.eupci tou Auropctou El.ey1ou,

ei.vat Qovego ott eivar nol,u 6uorcoi o vo oXedrcorei vopos el.eylou yro rq

LKqvoroitlon tc,.lv fi€)o6rcypoQcov nou 0a ftLape vo fioQouoro(er ro ouocqpo.

Ito ouyKsKQt$svo ncgadety;ra rqs o,flooroKruflls oql,qg elvar 6uoro]to, oV oxr

oduvato, Vo Bpoupe voFro el,eylou Bacruopevo oro l-lrl yeolrprKo ouorlpo nou vo

rretulaivtt trlv nopaycoyrl qS ouyKeKerpsvrlg enr0uprlrrls ouoroorls Ttov 6uo nporowov

efo6ou: TnS yQo1rprottoQloKrls ouTKrvrg<uons rou fiQorovros rrlg onootafqg xr(moles)

Kot rqg yQotlpopoQrol<rls ouTr(Evrgcoons rou rreorovros FoonS x,r(moles). Etolog lros

6q)'o5r1 eivst n Beltiooq qS xo0apocqrag rou rrQorowos onoorofr1g pr rauroxeovrl

peicool rrls ouyr(rwptoorls rou nQorovros F"onS.

I-ra tous npoavaQep0eweg l.oyoug,- eivat hoyrrco vc ava(rluloouLrs npcirto rrlv

uncpfr1 Evog voFrou e].eyXou o onoiog Ocr an].onorei ro ogxrKo pq yQoFlpu(o ouorrll,Lo.

Me tov opo cnl.onoirlol swooupr rI 8uru.torqro ro rl,eroto ouotrlpo nou 0a rreor<uqrer

vo 61et pto ygapptKrl neprypaQrl eroo.Sou - e[o6ou. Av ouro elvqr 6uvcto, eivor

Qavepo ott o lrspotrtQt,.l dl,eylog rou olrocrlporos anlonoreitar ndpa nolu enerr8rl

pnoQoupe vo Xprloltlolrotqooupe nol,u Tvtoorrs pe0oSoug oledioorls ono rq 0eotgio trov

ypopplr(cirv ouocqpdrov.

M ro entnl,eov },oyxr1 anoiqoq Trtr ro rrQorutro, e lvur vo ro Oeopqooupe oxr

povo YQoppu(o o),-)rc Kor ro,uroxpova ancrou(euypsvo. H cnairlorl yro anoou(eLrrprvo

nporuTro nqyo(et orlo rqv avdyKq yro ai-ey1o tc^lv efo6otv, avefaptrlra rqg lnog ono

Tqv ol.}'q.

L
T

V
T-
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5-4.L Eupeorl rcov XopaKTrlprorlrdrv agrOpdrv

Or npcoteg "Markov' ncgaprrgor rou ouorn1.roros (5.2-2A), flou 6ivowat oro rLS

oxrorrs (2.4-1), eivar

L -Lo -h r ( x )  =  Ln *2  =  * r - * z *  o
g 1  g o  l .  E t ,

L* Lo. hr(x) = Ln*, = Mr*r- Mrx, * o
9 2  g 0  t  8 2 .

(s.4-1)

L- Lo- h"(x) = Lr*o = 
+ (xr- xo) * o

g 1  g 0 L  t s l *  n

L.L: hr(x) = Lr*o = 
+ 1xo- Moxo) * o

g z  g 0  
"  8 2 ,  n

oflou txtr Xpnorponorq0el 11 unoOeol A.

IupQcovo 1.re rov oQto[ro 2.4.1., or XogoKtqgroruxot ogrOproi tou aQxtl(ou

ovotKtou ouofilporog eivcr

(s.4-2)

flopotqQoupr orr or XaQoKrrlprotlroi opl0poi eivar rttrtpoo[rsvot rr€)oYpattxol

apr0poi".

[o,J^ = o,

[orJ ^ 
= o,
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Ano rov optoFo rou nivoxa ni{*), nou divetar orrl oleoq (2.4-5c), Bpi^oroupe

otr outog 0o exrr :rlv ct(olor0n poQQn.

not-) =

L*, h,(*) t*rhr(*)

L*,hr(*) Lqhr(*)

x i -  * 2  Mr * r -  M r * ,

* t*3-rq)  +(x+-  Mo*o)
(s.4-3)

5.4.2- Kcooptopos rqs *loorts rou lrovre]tou lrou lItQrTgcrQer to errpepdg

H anootq,Ktltfil orrltrn neprygciQerot ps svo ;rowe),o ro onolo avqKer otrlv rclroc'q

tiDv ououlpcttcov nou efeto(er 11 Oecrlpia tou KeQa],ci ov 2, eQooov LoXUer

(5.4-.* )

m=2

orlots Loxurr orr

. (  *  )
r a n k l B ^ ( x ) l  =  m  =  2  V  x  €  0 . J

t u  )

orou 0J = R4- {x: lt.tr) l = 0 } Anodarrvueror ocrlv egyaoia U orr o X<irQos [u
l . r t )

eivar o XcilgoS xatoo:croqg rou ouorqForos.

5-4-3- Eniloyrl rou yeaHnrou nprorunou yra ro orioulpa rqs

Anoorarurrlg EdIqS

@eopoupt to Tgapptxo, XgovtKa prl petapatrl.opsvo ouorrlpd nou firQr.ypdqerar cr()

Xopo ra,rdoto,oqg p.€ rrs arco).ou0eg e[uottorLs

B = rank[njtrrJ = z , v x e rr
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Z = \F + B**

YM = c;z

ofiou

olrou pl, p2 € R Kor c, B € R {0}, evc,r rl

axol.ouOrlg poe0ns

(5.4-5)

c"=

ouvoprlorl peroQopaq rou elvcrr rrls

(s.ffi)

Q.a-7a)

\ =

-  p l

0
Bt=

o0

0B

10

01p2

H'(s) = cr(sl - 
\)-tB* 

=
s + P l

0 J
To npotuno rou StaLefape elvcr 6vo ouorrl[ro 2qg tofrls pr au0oipecoug no]roq,

esooov ot ouvtel'eoreg pl, p2, tou XaQoKrqQr{rrlr(ou rou no},ucovupou eirur

au0cigetor aprOpoi.

Tcopa, 0a ppoupe rous XaQolcrrlgroru(ous cpr0proug rou rrQorufiou,

XQnotfronotcilvtctg tov oQLoFo 2.4.2, eQooov sxoupr rrlv neptygcrQrl rou oro Xcogo

rataotoons.

or npclteg "Markov" nopoprrpor rou rrQorufiou (5.4-5) eivat

[",J"4", = =  
[ "  

' ]

= 
[ '  B]

[",J "
[",J nn4uno 

= [",J 
"

Bt

Bt (s.4-7b)
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llapatqgouFrt oir rl np6Tq prl pn6ewKq "Markov" napapsrgos rou rrgorurrou aivr:t

q artlr"r. Enopevc,rg yto to nQoruno (5.4-5) 6uo eroodcov - 6uo efo6ov, or

XoQor(trlprotlxoi aprQroi |'O,l ,yra i = 1, 2, oupQcova pe rov ogro 1t"o 2.4.2., eivar
\  ' / M

KOt

[o,Jr= o

[0 , ) r=  
o

Mo=.nn4"*r=crB, [ "  o-1= 
L' BJ

[o , l  =  | ,o , l  =  o,yra i  -  t ,z ,  vxerJ
I t / e  l .  t / t r

(s.4€)

(s.4-e)

Enopevc,.rg, o m'oKos Mo, nou Olvetar oTro rrl o-xtio-rl (2.4-5b), ei.vor

5.4.4. Ixcrvdg Kcr cvcyrcieg ouv0rlreg

- Iuv0rlrrl 1

Ano rl ourKp'n r.,v xoQoKrlprotrc,rv apropciv [o,l rou oQx,(ou ovorKrou
\  , / A

ouofflltotos Q.4-2) FE rous XopoKrqQrorrKous opr0proug [o,l rou neorulrou (5.4-s]-
\  , / v

lloQorrlgoupe orr

Enopevcog, enai.rl0euetot 11 ngcltq torv ouvOrlxdlv rou @ecopqporos 2.4.2.
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- I uvOrlrn 2

H 6eurepq oL\enKq tou Oecopqparos 2.4.2. yro ro ouyl(sKQqrtvo povte)'o 116

onooroKtuffls oq).r6 ,yro ro onoi.o rrrxurr p = m (opr0pog ef o6cov = opr0po;

eroo6cov), eivct roduvcpq pr rqv noQardro

rank 
["it,l] 

=

rank [ " r ]  =  . ' " [ ;  
:

ill
rankL"r l  =m=) ,  Vxe[J (s.4- l0)

Ano tts oxrorrs (5,44) xar (5.4-9), rxouprs owiotorXc

rank 
[urr-l] 

= rank

* t -  * 2

H/ \-tr-(xr- xo)

Mrr r -  M , * r .

I{
j i ( , ,0- Mo*o)

,  V x e [ . J

(5.4-r  1)

Enopevog, enol,rl0er€tc,t l(or rl 6eutegrl rcov ouv0rlrco.lv tou @ecogrlprotos 2.4.2.

- E uvOrlrn 3

Fuc vo efetcoot,pe rqv r.oXU rrls rpitrlg ouv0r1rcr1t,roQ*"1 vo

Faon rou lcirpou inr'lot-ll Kor prcr Booq tou lcirpou inv I 
o(D 

IL "J  L  '  n  '  
Lz i ' - ) )

Mra F,ion roL lirgou inu fO1*11 , uno),oyi(sror pgioxovtag
L J

ypapplra cvefcpqreg o-cq]eg rou Q(x), o onolog opi(etar trrnv

rrl poQ$Tl

unol,oyirooups ptc

KC!T, cQxrlv Tts

Q.a-Ba) Kot sxar
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Arcptpoug Tarytaoyatog oe fpaptplKo lTporuno l l I

flopoulpcowcg orr adt C1x; = 0, yro i > 0, eQooov So(x) = 0, ratol.rlyou1r€
0

orrlv orcol.ou0r1 o-Xdoq

(5.4- 12b)

H toErl tou nivcrKo outou eivar 2, V x € U.J, eQooov trrxurr ott: To drrivuopcr

sr(x) =

t,"rxr-x,)

Mrr

* t o -  
M o * o )

eivor. ypapprro owftigulro rou gr(x), oftou

s, (x) =

0

tt- *2

*t- *z

H-H{ xr- xo)

a(* )=  
[s t r l iad*oG(x)  

iao2oc{x) iao3oc1x) i .  iua6oc{* ) ]  (s .4- rh)

a(x)  = 
[s , f ' l  I  sr (x)  i0  i0  i . .  io ]

AQo
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rank 
[ot.l] 

= rank 
[",-l]

= rank

*1,- *2

*r- *z

t , trxr-x,)
Mr t  , -  M  , * ,

Mr t  , -  M  , * ,

$tro-  Mo*o)

(5.4- 13 )

involutive

f{"r-'o)
Vx€ [J

O XrilQoS rou ncpdyerar orro

e0ooov

rrg otrll,eg gr(x), Kor q(x) dav eivcr

I s,(*l , q(*l ] e rnun{ t

I s,t*l , sr(x) ] 
=

s, (x) i sr(x) ] )
ofiou

t*r,x,-xr)

Mrx,Ml,t(Mrxr-x,)

Mrxr-M:*:-Mg, z* M o* o* *to(xr-xo)

ttl 
21 

t-tuto),r- *(Moxo-Mrxr)

vc unol.oyirooupr ro inu [O1*)l , go rrQsrer vo Korooreudoou;re rc
L I

rTou napdyowcrr q,ro ro Sr(x) rcar g;(x), psot,l qS npaElS rou

I
ioyo ouro, unoLoyi(oupe Kor ro 6rcwoporrKo ne6io 

l8r(x)
L

onoi,o rxrr Tq poQorl

(s.4-r4)

Enopevos, yra

dravuopoturd nedla

ill

L J 
l-ra ro

r rl
le,(x) ,sz(x)JJ,ro
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trr,x,-xr)
I
t
I
I

I
I

[,,,.,,[s,(*),q,.,]] 
=

Mrr,- Mrr, * 
t,r,- 

2Mrxr+ Mr*r.)

- Mr*,- ZMrxr+ Moro* 
t,tr- { *t) +

(Morz* Morr- 2Mox) + 
[ q-J 

'(*o*o- 
Mo*r),H+'H

n

*tr* {z- Mz*z-

(  H  ) 2 ,+ 
tqj (x2-x:-

Mo*o) + ttl 
'("r- 

Mo*r) +

Mq*z* Mo*o- M+"1* Mr*r)

eival ypapprxc cve[optrlto

j
(s.4-15)

To SrovuoporlKo ne6io s,(x) ,

t (-)]
[r,,-, , %,-,]],

crrTo ra gr(x), q(x) Kcr [e,(r).  L I

onote, o nivaxc; 6(r), 610'r (l)s

6t*l = S, (x) cr(x)

nou opi{ eEns

sr(*l][s,r*l ' F,,.,, [*,,*,,srr-l]]

, %,-r]],
rtifrls, 6tlt

I
lsr 

tx)

aivor

[r,,', , q(*)] ,

r (5.4-15), cvt io

(s.4-16)

Tou onoiou or otrlhe;

orrs oxroerg (5.4-14) ro

KOt

torxo,

, [r,,*,
nl.rlgoug

txouv 6o0ei
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r a n k Q ( x ) = 4 ,  V x e [ . J

npogcves rorr orr o XcoQos nou Tragoyerar ono rrs orrll.eg ,o, 61*;

Ano ro rlto ndv<o oupltreolvoupe orr ro involutive closure

nou Trogdyetar c,no trg otrll,rg rou Q(x), 0a eivar

(s.4-rr)

Eivor

involutive.

KarovoFrrls

tlvcl.r

rrll;

q(x)

Ano rK oxsoerg (5.4-17) rcor (5.4-18), 0o eloupe orr

[s,(*),sr(*l]

i"" 
[or-l] 

= span 
[or-l] 

=

= spanF,,.,

Fooq rou lcirpou inv IAell ,
Lz(*)J-

otrl).es rou ntvaxc I SC-f | ,
Lz(*)J

rxer illv oKol,ou0rl poQ0Tl

[c,r.l, [s,(*),q,.,] ] l
(s.4-18)

oim{inu 
[or-l] ] 

= di.{sna"[or-l] 
] 

= 4 (5.4- l e )

0o uno),oyioouHc

o optopos Tclru

flpoxer;revou va unol.oylooupr Fno

Kor' ogxTlv rrg ypapq-nxa ovefdgrlrrs

onoiou 6i.vetar orq o1eo1 Q.4-15) Kor

L;i:l
^d :c (x )

o0f  
o,-,  

iud*oc{*)

L rJr | ;. r,1;-)

: .  i ad
: :

s(x)l

;, I
6

lp

6(

G.4-2al
i
i _
i  / .  { x  );  - 2 \ - - . /

: : . 7
: . . . i I 2

Ot ypapprxc cwfaptlrts oq].eg rou nlvoro nou Oivetar otrlv (5.4-20) eivcrr

arol,ouOeg



EAeyToE AnooraKnKqs
ArcptBoug Tarymoprros

Z:r1Ar1E trtd rtlv rsXvLKn rou
oe Tpappmo lTpowno 115

0

x  
1 -

x 2 -

H /- F ( x 3

*z

t 3

t o )

p 1

-  (  x r -  * r )

P2  H- -F: -";( x'- xo)

Q.a-2ra)

(5.4-2lb)

'l

Z rr(*) ), 
unotroYloultccv

ro Lo(x), L.(*), Zi(x), TLa

rrs M cpxoBroves nl1*;,

Lll 1

t{
+;-( M

I I

U

M,  X

M,  x

H /
F (x

z *2 -  x

3  M  r *

3  M  r *

4  M  o t

1 )

2

J

4 )

P L /

" - (  
M 3 * : -  M r * r )

P 2  H

n- 
- i i (x4 Mo'o)

r
olTou yro rov unolo.popo :ou nivaxo Z ,(x) 

= 
lZ t Jx) :
L  r r

or "Markov" nopcipstgor n, (*), M,(x) KCt orrl ouvrxrrc
\  l  \  

I  
\  /  

l a  
/

i - 1, 2, otros Qolvetct olrl ouvsxero.

Ano tlv enava).rlnrlKrl oxeol (2.4-5c), ylo

unotroylorrll(ov ot niva,xss ouroi cos eElS

*
B , ( x )  =  0  Y w  i

l '  
'

eQooov So(x) = 0.

(s.4-22)
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Ano rK encvc),r1Trru(rs cxrorrs e.4-5b) uno)"oyiorrlr(ov

i - 1 ,2 ,3 . , 4 .

ta M. yrc

M, = trt'l,u* =

Mr= cr{n"

Mr= cn,,{r^,
-pi' o

o -p)p

p?* o

o p:p

-Pro

0

0

nrF
Q.a-Ba)

(s.4-23b)

(s.4-2k)

(s.4-23d)

(s.4-24)

Mo = cr{n^,

Xgrlo4ronorcirwcg

oxeoers (5.4-3 ) Kor

Oetovtog Po = I.

Clurl ouvsxsra tts

(5.4-9) unol,oyioopr

enovc),r1rrucs oxeorrs (2.4-ll),

to L(x) yLo i  -  0,  1,  Z,

=f':"0

p:e

Kot Tr,s

3, ___

Lo(x) = rra;lnjtx) =

-  *z )

H/ \
T(x r -  xo)

n

* f  M:* : -  M r * r )

t, '.- 
Mo*o)

*r*,

1-F-I-F-

Ano q oxdorl (2.a-10a), Feryopt rov nivaxa n-t(r) rou vopou ovorgoQo6ocrlor6

(2.3-l),, o onolog rxer rrl Fop0n
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Enopevorg,

+ (  x,-  xr)  *rMr*r-  M ,*r)

+*r*3-*c) +t,-o- Mo,o)

Ll(x) = ro'[r,n-t(*) - rif*lJ =

Q.a-27a)

(s.4-2s )

Q.a-26a)

(s.4-26b'

(s.4-2kl

Tel'txci, ono tK enavcrlrlrrtrKes oXroeLS Q.4-15), Bpqrcope rous unoni.voreg Z_

tou nlvara z(x) qs o-xso'rls (2.4-13b), Trou sxouv ffl t]oQorl

#r *{ *z) +(M:,:- Mr*r)

+#t*3-,0) +t,-o- Mo,o)

* , - , -  , r )  * rMr*r -  Mr^r)

+#r,3-*c) +t,-o- Mo*o)

L2(x) = 
";t [MrB-t1*) 

- M,L,(x)- 
"rf-lJ 

= 0

L. ( * )=0,yro i .2

zJx) = 
[r,,t*l 

i zrz$)f = L,(x) =

Z j (x )  =o  y ra i (s.4-27b|
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Enopev<r.rg,

ratal,rlyoupr oro

ouvduci(owos rrs oxeoers

arcoiou0o ou1rnegooFro

(s.4- 12b), (s.4-20) Kor (5.4-27b),

span{ ;::l } ,.""{ f ;;lllj[;I]J (s.4-28)

n(x).

(s.4-2e)

. ( \
onou spanj A(x) | eivat o

\ /

Ano6arrcvueTor orr o

Xc,lQoS nou ncrgdyetcr ono

XcirQoS nou rroQdyeror ono

trg ou'1l,ss rou nlvcrca

16 otrlLeg

Ii]l'l'l
6ev eival involut ive r0ooov roxusr n arol,ouOrl ox"on

L;;l;lJe span i:l.l
zrr (x) z rr(x)

sr(x)

onou

Iill]'l nl l [e,r* l ,sr(*)]

Lr tz ' , ( * )  -  t r rzr r ( * )
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trr,x,-xr)

Mr*, Mr*,- 
t,*rxr-x,)

Mr*{ Mrrr- Mr*r* Mo*o* *"otxr- xo)

[tJ 
',t - Mo)x,- 

t," q*q-M,*,)

$rtr*,- Mrxr) (Mz*z- *r)

t *'o,o- M,x,) - ttl' fi' - Mo)*,

H olaort (5.4-30),nQorKul+rr ofio rov aro)'ouOo oQropo [19]

,  H  P l
rq  o

(5.4-30)

tlll;l l',r;.,'' l

" [j'l']']]

"[j,],]]

A b.l::ll,J

Fu;:l,lL';l,l,l (5.4-31)
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ofiou ro Srcrwoprcro gr(x), Sr(x) eivar Oraoraoecog 4

zrr(x) eivcrr Sucotdoec,ig z. To € aival pro porlOqtrxrl

€**.

Enopev<rrg, ),oyco rou oQropou (5.4-31) 0a rxouFrr

Kcr ro 6rcrwopctc Zrr(x),

peraBl,rltrl Srootdoecog 2 pe

(s.4-32)

l';lll'lHl, l
[srtxl I
lzrrt*))

d Is r(x)
* 
[zr ,  (x)

F[;::t],1
F.[:1:,]

']E',,1,]F.[;ill,l
] ,'.f =s,(x) -

Lr ,z"(*)  -  t , rz , r (x)

onou XQrlortlonorrl0rpce ro

ouvoQTrloels rou x povo Kr

y8yovos oTr ro

o1t rou f.

Ir ,,' ) ,8 r.( - )]

Br(x), sr(x), zrr(x), zn8) eivat
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ilr
Iuvendrg, |to va unoLoyi,ooupe to inv I 

O(.D 
| , 0a rgrr6r vo KorooKruriooupe ro

Lz(*lJ
Sravuopatrxd neSia nou trapciyowar pro.o qg npofqg tou 

t 
, 

] 
ono ro dravuoparo

l- s, (x) I I s"(x) I
|  '  |  |  

- z  
I

|  :  .  I  Ko t  l - : - , .  I , t aono i . asxouvuno ) ,oy ro te i o r r soxso r r s  6 .4 -21 ) .
I  z lJx)  |  |  2 , , , ( * )  |L  r r  J  L  L ! '  ,  

J

fra to l"oyo cL:o, xenorpororcovrog ffl oxron e.4-32), unol.oyi.(oupre ro

Li;lil;lffil sz(x ) 
I

;:,,.;)

l(ol ExouFrr

L';lll'lI s'(x)

l;,;,,.
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trr,,r*,)

Mr*,- Mr*, * 
t,-,- 

2Mrxr+ Mr*r)

2Mrxr- Mrrr- ZMrxr+ Mo*o (Mrx, x,) +

tt" {z-Mz*z-Moxo)+

.  (  H  ) 2 ,+ 
tT;,J 

(*z- ':- Mo*r*

.H+q

+ 
t,"0,,* 

Mo*r- zMox) + ttl 
'(*o*o-Mo"r)

[-^tJ 

"'r-toxr)+Mo*o- Mo*: * Mrrr)

$r"rr,- Mrx,) * ,tt f{ Mr*{ *,)

(5.4-33)

.Hfq

l:s1 .
Lzr4 l

onoiog opi(etor rS efrtS

rJ P"

" 
q t'Mr*r* Mo"o- zVrxr) +

L

(u ' l  Pz ,
lT;j 

-p (- *r+ *:* Mo*t Mr*r- Mo*r* Moto) +

+ ttl 
'#t'ox,-x,)

fra tov nivoxa
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sztx) 
I

;:;,;.1,.:; )L';lil,l

Ij;li]'l
exouLre orr

Enioqg, o lcbpng nou nogoyetor ono trg otrll,es rou

Xprlorporcorcovrog ).ornov .q oxeon (5.4-35), exoupe

= span f-.-ol.' I
L z(x) )

=4

l- s,(x )

l,';,.,,.;Ell'l['l;]

(5.4-s)

(5.4-35)

elvar involutir-e.

(s.4-36)

(s.4-37)

Hl; l
[ 6t.r

rank I ^

L z(x)

t 6r*r I
L zi;i l

t a(x)
rnv 1......--.

L z(x)

o'*{'""[ #] ] 
=0,."{,0""1i.l.:]l}

Apa,

oTroxroa5 (5.4-19) ror (5.4 -37), 0a ExoupsTel"lrcd, ouyxpivowos rK
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rlor*{r"" I Q(x) ai'"{i""F:]} = 4 (5.4-38)

Enoprevcog, q ouveqrrl 3 tou @ec,lgrlporos 2.4.2. roxusr. AQo, ro npoptrrlpa rou

toprooporos rou Frl yeol4rtKou ouornporos 6.2-20) oro yQopprKo nporurro (5.4-5)

sxsr l,uor1.

5.4.5. Eupeoq tou vopou eleylou

EQooov toxuol^' ot txovts Kor avayrcoreg ouv0qxeg rou @ecoprlproros 2.4.2. yro

ro pn ypopl-nl(o or.orqpa rqs o,nooroKrunls ocrltrns qs pog0ns F.2-20) Ko,r ro

ypop;rtKo nQoruno ;rls pog$nS (5.4-5), I yevrK1 l,uor1 yro ro vopo el.eylou (2.3- l ),

q onoio 0a dciloet :rl luorl oto ngoB),qpa rou AxprBoug Torprcroporos oe Fpapprxo

flpotuno, uno),oy[(e:cr ps rrl Borl0era rtllv oxsoec,lv (2.4-16) o4 
"EnS

B(x) = l-;ttx)

KCI,T

a(x) = B(x)a(x)

onou ro d0(x) unoi,.oyi{rror ono rn },uor1 rou oro}.ouOou ouorqporos pegtrtiv

6raQoptr6v eftociroeruv nprnqg to[ns, nou divovror oro @ecirprlpa 2.4.1., rcol sxow rl

poQ0rl

= 4x)o* [or.l]

H rpoqyoup€r1 efiotrrol p.nopei" rooduvopo vo ypcQei o.rg eEqS
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(5.4-3e )

orou xQnolponorrl0qxov or oxroilq (5.4-27b) ror (5.4- 12b).

flepartepc,.r, rcti;u.r oro rtg unoOeoerg rou @e<rigrlporos 2.4.2., unopler O(x) rtoL

lrcvonoui cqv e[ilot'io1 (5.4-39), onote 0a LCrXUouv or orco].ouOeg oxsorrs

o*[s,(x) i  et-) ] 
= 

lzrrtt :  zrr6)f

Ln. o(x) = zrr(x)
o l

KOt

LoO(x) = Zrr(x)
2

(5.a-40a )

(s.4-40b)

(s.,t-al)

Xpqorponotc,l:ag rls oxsoerg (5.4-40), pnogoulre vo yparyoupe ru

L!sr{g,zr1*110(x) Kot L[s,{r),lcrt*),crt*)]lo(*) crwiotorlc', o:rs

orol,ou0eg poQQrq

Llsr{i,er1*110(x) = Lcr{*)Lqt*10(*) - L4t*lLcrtr)o(x) =

= Lsrtizt (x) - Lqt*lzrr(*) =

*,Mr*,- Mrxr) .t + (Mz*z- *,)

t #,'.x4-M,x,)- ttl 
'ftrl -Mo)x,

KOt

l[srt*),lc,t*l,ert'tllO(x) =
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= trr(trr(*\zrz(x) - 'rrr*r',,(*)J - Lls,{*) ,*r(*tlzrJx) 
=

= t?rr'rrt*, - Let 
%zt,(x) 

- Llr'*rrz,,(*) =

*,",*,- Mrxr) + 
t + (ZMrxr- Mr*r- ",)

t f{"r*r* Moro- zlrxr) +
(s.443)

o1Iou

= 
l'rrrtl 

i zr28) i ,rrrrr(x) - L*rzrr(*) i

(  t l  ) 2  P2

lql 
_p_ (- xr+ t3* Motr- Mrtr- Motr* Mo*o) +

+ ttl 
'#t"ox,-x,)

onot6' n e[ioc'-ro1 (5'4-39) po(i ps tls G.441 rcar (5.4-42) trs onoleg rxcrvonorsi

to dQ(x), ),cprpaver q Fropl4q

da(x)Q(x) = Z(x) (5.443)

a(x)

KOr

2r*l
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i Lzrzr26) - 'rrt%.Zrr(x) - ,rrr,rrlzrr$)]

oTrou oL otqLes [s,t*l , ert*)] Kor 
fs,frl 

, 
[s,t*) , srr-)] 

'l 
'", nrvora 6t'l

L  ^  -  
L  

I  L - r '  -  J J

di.vovtot otts oXtoEtS (5.4- 14) Kcr,r (5.4- 15) c,vriotorXo, ev6 or reooeQls otqLeg
/\

tou ni.varca Z(x) sxouv unol.oyrotei orrs oxrorrs Q.a-27a), (5.4-41) ror (5.4-42).

llpoQavcirg, o nlvorcag dQ(x) otrlv (5.4-43) elvat 6rootdoec,rv 2X4. Auvovca;

)'otnov to ouotqpa 15.4-43), tos npos dq(x), Bpioxoupre ro axol.ou0o crrcorel.eopo

d o ; ( * )
p,

0^00
o

dq(x) =

d0.,(x) ooo+

o)'orl,rlpcirvovta; ro dtaQoprrca dQr(x) Kor dq2(x) os rrpos x, 0a 61oupe

avrlororXo

(s.4-44a)

(s.4-44b)

t l

.  I  f  P r  )  P ro,(x)= | t, ,J*r=#',J
* z = C I

t a

. , .  I  f  P r  \  P2o2(x)= | t" , |*o 
=i1

J
t o = o

Ano rK oxroa; (5.a-aaa) rar (5.4-44b) oupnegoivoupe orr
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0, (x )

0(x) =

0r(x)

B(x) = r- ; ' tx)  =

p 1

a x z

p2
-F-

Mo*o) - (x:- xoXMrxr- tr*r)]

*c

Ano rn oxdoq (5.4-25) Bgioroupe tov nivo,xc B(x)

1
;(il

ottou

n(x) = + [,*,-xr)(xo-
n L

o${ro- Mo*o) F(Mzrz- Mr*r)

H/ \a- ; i (xo-  * r )  F(xr - r r )

To a(x) xor B(x) rou voFrou etreylou

u=a (x )+B(x )w

Oivowaq to pev B(x) cro rrlv (5.4-46), ro 6e a(x) unol.oyr(erar ps c,vrrrorciotoo{

rou 0(x), orqv (2.4-16), orrors rxoupr

(s.4-4-5)

(5.4-46',t
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"#t*o- M o*o)

H/c1i(xo- * r)

+t,(*o- 
Moxo)xr+

tt,(" o - xr)xr+

B(x)  = I\  /  n ( x l

a(x) = -#

F( Mz*z- Mr*r)

P(* r -  * r )

Pz(Mz*r- Mr*r)*o

Pr ( * , -  * r ) *o

(s.4-47)

oflou

n (x) = 
t [{*,-r, 

lt *o-Marq)-(r:-*q) ( M:*:-tr"r)]

5.4.6. Et6txrl lrcrq lou tteoplrlpcrtog Arprpoug Tcrrprcropcrros rou ouorrllroros

oa fpappr.xo flporuno

@ecoprcbwcrg to ypopptKo, lpowrd crpreropLrlto ouorrlpo rng poppng (5.4-5),

0etoupe pi = 0 yra i = 1., 2, oflott or nivoreg xarciotcorls, etoodou Kor e[o6ou,

)rapBavouv rrlv axolorfrq pogQn

:lAM=L: 
:] 

' BM= 
"' 

e'=[

H ouvdprqorl FE:a$opaS rou vaou fpcrprprKou llporunou elvar 11 orcoi"ouOr1.



E)reyyog AnoordKuKns
AxptpouE Tarytdoparog

DrqAqE pe rnv rsXvLKn rou
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11 ol
\(s)=e"{sl-\)-tr*=1" , I

LU SJ

Enopevcog, n ),uoq rou ngoplqporos ruQsoqs

Arpfeg Tclpraopo oro llgoruno rns poQOnS (5.4-48)

rov oxroatov (5.4-47) TrlS naeaypaqou 5.4.5., ),apBaver

vopou e),ey1ou ps

f" Pt = Pz = 0' Pt

u1v er.6rrr1 pogOrl

(5.4-48 t

oKotIo to

tq Borl0era

(s.4-4e,

onou

n(x) H=-F i_
n [,-,- 

xrXxo- Moro) - (xs- *oXMr*,

5.5. AOMH TOY KNEf,DTOY :YTTHMATOT

To npoono elvq,r sva ypoppu(o ouorqpa 2r1g

eQooov o nlvoxcrg rou e].eyfqrou

s4[ur '*"]

tofrls, el.tiyfupo Kot rrogotrlQqoq.ro.

IJ
j itro- Mo*o) (Mz*z- Mr*r)

(xr- * ,)

B(x) = +D-

a (x )  =  0

elvor nLrlpoug tafnS Kol o nivaxcrg rou nogornprlorpou

(5.5-1)
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eivar eniorlg n)"r1poug tcrfnS. Ano ro Tuo navco oupnsQoivoupe orr ro nQoruno elvct

el,ciXrotrlg td€qS.

To opxtt(o ovotKto pq yQol-rpu(o ouorrlpo, oQo Kor ro Kl.eroto, enioqg pq

YQopptt(o ouotqp% tivot 4qS toErls, oflorr ouplwgolvoupe ort 6uo xotaotdosrs rou

rl,elotou ouotqpotog elvar prl rroporrlQqortlss. To yeyovog ouro Ocr olol,rtiooupe orrl

ouvExsro.

To rcl.etoto ouor1po rns onooroKrlKls oqlrls, ou;rQotvc pr rn o1eor1 (2.3-2),

rxrr rrlv arol,ou0rl pogQn

R s 
Ll:"]

x = So(x) +G(x)w

y(x) = h(*)

(5.5-2)

(5.5-3)

ofiou

G(x) =

g0lcl  osed

P t *z

g03closed

Pz*q

gl lclosed

o

93lclosed

0

gl2closed

0

g32closed

B
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h(x) =

OlIOU

g0l cfosed = {((x1 - mz'x2)*(h*p1*x2"x3 - hn*p2*x1*x4 - h*p1*x2'x4 +
hn*p2"x2-x4)\/

(ho"(m2.x2*x3 - m3*x3^2 + x1*x4 - m4.x1*x4 - x2*x4 - m2*x2*x4 +
m4"x2*x4 + m3*x3.x4)))

gO3cfosed = {(-(h.m3*p1*x2*x3^2) - h.p1*x2^2'x4 + h*m4*p1*x2n2*x4 -
hn*m2*p2*x2^2*x4 + hn*m3*p2*x1*x3'x4 + h.p1*x2*x3*x4 +
h*m3.p1 *x2*x3*x4 + hn*m2*p2*x2*x3*x4 - hn*m3*p2.x3nl*x4 -
h n*m4*p 2* x1 * x4 ̂2 - h *m4*p 1' x2* x4n2 + h n*m 4* p2* x2* x4^2)/

(h.(-(rn2-x2.x3) + m3*x3 ^2 - x1*x4 + m4*x1tx4 + x2*x4 + m2*x2*x4 -
m4*x2*x4 - m3*x3.x4)))

91 lclosed = (a-h"(-x1 + m2*x2)-(-x3 + x4)\/
(ho-(m2.x2*x3 - m3"x3^2 + x1*x4 - m4*x1*x4 - x2*x4 - m2"x2*x4 + m4*x2"x4 +

m3.x3"x4))

g3l closed = (a.(-(m3-x3^2) - x2*x4 + m4*x2*x4 + x3*x4 + m3*x3*x4 - m4.x4^2))/
(-(m2-x2.x3) + m3*x3n2 - x1*x4 + m4*x1*x4 + x2*x4 + m2*x2*x4 - m4*x2*x4 -
m3*x3*x4)

gl2cfosed = (b.hn.(x1 - x2).(-x1 + m2.r2\)/
(ho*(m2.x2*x3 - m3*x3^2 + x1*x4 - m4*x1*x4 - x2.x4 - m2*x2*x4 + m4*x2*x4 +

m3.x3.x4))

g32cfosed = (b.hn-(m2*x2^2 - m3*x1*x3 - m2*x2*x3 + m3*x3^2 + m4*x1*x4 -
m4-x2.x4\\/

(h"(m2.x2*x3 - m3*x3^2 + x1*x4 - m4*x1*x4 - l<2*x4 - m2*x2*x4 + m4*x2*x4 +
m3*x3*x4))

Irrl ouvrxero, oro r)'eroro ouorrl[ro aQappo(ovros rov 1

prrooxlporropo, V x € lU, qS pop0qs

*2

x ,
.+

1 rot c,vrLorgsvrpo
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x
I

* 2

* 3

X
4

= F(r) =

t 3

t l

t 4

, 2

(5.5-4)

xotcr),r1youpr or svo ouoTrlpo Trls aro),ou0qg pog0qg

0

p2
Ir
t2

tr'r]t::v
" 1

y2

z
1
I

7
2

w
1

w
2

q , 0

0B
(5.5-6a)

(s.s-6b)

(5.5-6c)
;"

J

;o

Eo, { ' )

Eo r {')

w
1

w
2

+ f e,,@)
L s' '@)

E t r { ' )

Etrt')

l lcparqpouprt ott ot e(rocioerg (5.5-6a) Kor (5.5-6b) alvar or efrociloerg rou

TtQorulrou pos, evcil ot efrocooerg (5.5-6c) elvor or 6raQogrxeg efrcdruerg trs onoieg

lKovolTolouv ot pn noQolretQu(rs xatcoraorls ,3 Kor t4 Tou ouoffllroTos Tns

ottootoKrrlfils otq),r1g.

Ooov aQopo tts ef rcciroeq (5.5-6a) Kor (5.5-6b), rrogornQoupr orr n xototrl,ql,r1

enrl.oyrl rtov Pl, Pz, o Kot p pos o6qyouv or oouplrrc,ltr,rd euoraOei.g efo6oug.

BeBcrua, 0a ttQsrtt vo, noporrlQqooupr orl yLa vo ei.var ro xltetoro gruorlpa BIBS

euot0Oeg, 0a fietntt or pn fiagorqgqoqrss ratootrioars ,3 Kcr ,4 vq, elvor

ooupttttr)ttxti euotc0eig. H pel,errl qS euotciOerog rt,lv xctoorriorto\' .3 Kct2 q eivcr
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6vo nol.u 6uorol'o npoB)'r1pro ro onoio 6ev eferd(etar ornv rogouoo 6rnircopa11Krl

epyooio.

YNONOIH:H TOY NOMOY ENEI-XOY

fro ulv u)'onoiqorl rou lrrl yQopp,(ou vopou e]"ey1ou rrls poQoTls

u=a (x )+B(x )w

oftou to a(x) Ko,t B(x) dlvowor oTro rn oxrol Q.4-47), c,ncrtei"tcrr n ptltprlorl rou

6tavuopotog rcarcrotoor1g x (rr, Xf_l, *f *n) rrou eivcr ro xl,dopo rc,rv

moles rou uYpou rou ewoyetot 06 rdOe 6ioro qg Anoororcufilg ltrltrqs, awiotorXa.

H petprlorl rc,lv rcaraordorov Xl, x2, xn, 6ev pnopei vs ylver pr opeoo

tQo1to. Itrlv ngaYpatlKorqto, petpope q Oeppoxgaoia rou ouororrKou nou BpioKsror

otov ovti.ototXo 6t"orco Kot otrl ouvsxrlo exr4rcilvtcr ro x1, x2, ..., Xn,

Xglottlonotciivtcrg TrttsoFottt(ts ra;rnu),eg qS ouoroorls, ocrv ouvdpqorl rrls

0epporpaoiag [3 1]

H oxnportlffl cvanapootooq u1g uLonoiqoqg rou vopou e),eyXou yro ro rreolovro

anootofqg xata q 6rc6rxcroia trlg 6rul,qoqs, Sivetat oto rrlpa 5.6.1.
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ffi$
fimi

rI/dCErune6e'!

Enns6o 2

Emnedo 3

Emne6o j

Ertnedo f -

Enrne6o f+l

Erunedo j

Ennedo n-l

Erane6o n

-T
I
I

Rectifying I
section

I
I
* 

Tpo<po66rqorl
-T- xF 

+I
I

Stripping
section

I
I
Y

Avo9poor{pos

EXrtf.a 5.6.1 Yl,onoirloq

ouorrlporos

rou vopou el.eylou

qg Anoorotftuffls

trou eruruyxctver rrl ygapprxonoiqorl rou

IrrlLqg.



EAeyyoE AnooroKrrcng Z:o1A4S Ft rnv r;NvtKrl rou
ArcptBoug Tarytaoparog oe fgaptltlKo [Tpowno 136

5.7. A:YMfITCITIKH IIAPAKONOY@H>H TPOXIA:

H anerrcovtoq etoodcov - efo6cov rou oexu(ou pn yQo1lpu(ou ouofilporos, ;.rera u1v

eQappoyrl rou vopou cvorpoQo6oqoqg xataota,ons rns pop0Tls (2.3-1),

u=a (x )+B(x )w

exrr rrlv oKol"ou0q poQQrl

[;l ]+[, :,][;; ] [; :]L:, 1 (s.7- 1)

E0ooov n ntgtypo0n euooSorv - efo6cov eivc,r ygopprKrl, eivor. euro].og o oledraopog

svos enlnl.eov puOptotrl yto rrlv ooupfirtoruffl nopaxol.ouOqorl tpopag,.

Ag unoOeooupe otr eivc,r enr0uprlto n efo6og rou ouorqlroros vc noporo].ouOei

fflv rrQoxa0oprope,.n rpolra

vo(t) =
[',J.
[',J .

Tote, av eQcpFroooupt oro xlreuoto ouorqlro (5.2-20) rov oKohouoo voFo eldylou
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+o]

0+l
w ,

I

w
2

[',J.
[',J .

["Jj"

["J j"
P1 o

oP2

0a rxoupr

t l t '*  PrYr =

,\t' * PzY z=

Or nro ndvcrt oxeoEr; FnoQouv r.oo6uvcpo vo ypoQouv

[',Jj". pl [r,J,

[',) j". p, [r,) .

L.;ll:f"l"I [0, o
I  l+ l
L.t"J Io p2

(s.7-2)

ottou

A
A

opl(etat lo oQd].po cvcipeocr otls y Kor yd 6roQoprxeg e[rociroerg. To ouorqpo r@v

drcQoprrcirv ef rociroaov (5.7 -2) anerrcovi(el rqv efdlrfq rou oQri],potog pr ro Xgovo.

H oouF.firi,lrufll ncr6aKslou0rlcrq tpolroq enrruylovrrot orov
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r \ A
l im ly(t) -  y,(r) |  3 [m e(r) = o
t J o \ s ) r J c o

Autrl rl anaiulorl eiru,r 6uvatov vo 6luraul0ei av Orol.efoupre .o pt r(or p2, aror cilo -e

l"uoq yto to e(t) \'o e[vq,t euotcOrlq. llpoyporq XQTloqroflor.,rvros ro r(grrrlgr.o

euotdOerag Routh Tr€nKufirrr orr 11 enrl,oyq

p1

odqyel oe oouFrtrrortxa erio:a$q luon orq npog e(t) tqg efi]orllgrrls Q.7-2). H nro rcrtur

ent)'oyr1 rr,)v p1 Kot pr, o6q7ei ot oou;rnic,lrtrci euotaOeg oQcl4-ra ̂ {La onorcoSrlrora

opXrKsS ouvOrlrces e(0)=y(OFyo(O) rou oQciLpatog.

5.8. >YMIIEPA:MATA

Ito KeQa)'ato ouro, pelerq0qKt Kor enrreuX0qKe o e),ey1og trlg drodrxcroicrg rrlg

onoota[r1g, n onoia 6ra6rrcota ovtos uryrl].c pn yQopFn]cq, neprygciQetcrr oflo ro

ouoffllrs tcov pn yg"l'lttxtirv efuociroeclrv xatootcorlg rng poeqqs 6.2-20). O dIeyXoS

sfittuYxdvetar ptooJ :rls tsxvtxrlg tou Arcgf oug Tcrprooparos rou ouofflparos TrlS

AnootaKrrKrlg otql,qg oe l-gcrpprro flpotuno.

I-to ro pn ygr'l'lruco porrce},o fiou ne prypoQer q 6ra6rraoio rTlS Anooto6qS-

npoo6topiotrlrce o FTI 7Qop+ru(os vol.los ovc,tpoQodoqorlg rcrooroorls 6.4-47) o onolog

o6qyei ot Evo onoor.(eunrtvo ouotqpo rou onoiou n neprygoQq erooSolv - ef,o6rrn.

"tctptd(et" pe rrlv Ypa++Ltfll neprypoQq ercodov - efo6cov rou fpcrpprxou flpoonou

(5.4-s).

Iuyxerprprvo, ]ro ro orronlpo ouro:
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c)

p)

T)

6)

llpoodrcpiorqxe o lcrrpog rotdotaons.

Ko0opiorrll(o\ or oroxor el,eyXou,

Enil,tl10qKr :o yQoprprKo figorufio,

Ano6e[rc0n*" ott ro ArgrB6g Tci.prcopcr oa fpcpprro flgotuno eivcr novrcr

eglrcto, pe cnutpoQodouqorl tou dravuoporos rcatriotoorls,

llgoodropiarrlxe n Ttwlcrl truott rou pq yQotrpu(ou vopou cvcrrgoQodoqoqg

(2.3-l) rl onoia rraQouorci(etcr orrs oxeor6 6.4-47)

llpoo6ropioqxe q Sopn tou xl.euorou ouornFroros,

M e)'ecq0rFcv or doprxeq drorrlteg rns e),ey[rporqros Kor rrls

T[aQotrlQrlolForrlros tou rcl'elotou ouofflFroros Kar o1o\roorlKr 11 euotri$erc,

flpoo6ropiorqxe o vopos el,eyxou rou enrruylcver rnv oouprrr1gTsfll

ncrgoro)'ou$qorl tpolrag t-qg e[o6ou yra ro unoouvo],o tou x].^ewrou ou<rrrllroros

To onoio ro[nFrver noQorqgrloqro Kor ruora0es.

e)

or)

o

rt)

Itnu epyooia [28] enrruylcvttot n yQotruu(onoirlorl rou ouorrlp.oros rr]S

AnootaKr*fils otqtr6, xQqowonorcilwos rrlv rrxvrffl rrls onoou(eufr1g.

Ito noQov Ke0tilcuo, eQcrppo(ovros Tnv rexwKll tou ArcprBoug Tcnprrioporos 6ra

fgcpprro llgotuno, -'o tclercto ouotrlpo roOiorctar ypqpprKo ouorrlpa Kor pri).roto

anoou(euyprvo.

H yevrrcrl l'uor1 nou ft€)oodrcpi"orqKr o' curo to reQtil,c,ro, rragsxsr rr1 dwcrorqra

enr)toyr'1s t(Dv naQaF"E:€)tr)v rou vopou e),eyXou, etor cilore ro xl,eroro ougirrllro va elvor

tvo croou(euyptvo Kot YSopptl(o ouotrlFra. Ooov oQopri ro npoBtrlpa rqs Euot1i6erc9

eloupe vo noQorqQTloouFe ort n rcataLl,ql,r1 enrl.oyrl rcrlv nogoprretov tou l-gcpprKou

llgotunou, pog o6rlYow ot aoupntortrrca euotc0ei.g e[o6oug. Iqpercilvetat og cv ourrg

ot l.lrl noQorqpnory€'S xctaotdotK eivot aoupnrotrrd euoraOeig, rorr ro x).eroto

ouorqpo 0a eivar BIBS euoraOeg.
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ENETXOI EIIATONKHU MHXANHI

ME THN TEXNIKH TOY

AKPIBOYT TAIPIAUMATOX IE TPAMMIKO IIPOTYIIO

6.1. EDA|OIT{

rto KeQdl,cro curo 0c peleq0ei o dl.eylog pros rnoyolyu<rls pqxavqs pr rgia

tul'lYpata oto Qorooo Kot tgic tu],iypora oro otritopo, rrls onoiog ro powe].o

ovotroQootdvetat Ft 6vo, too6wopo prrooxrlporwlrsvo ftou onote].eitar oro 6uo

rul'iypora oro poro€r rat 6uo ol,iypraro oro otatopc t3z).

O d)'ey1og rrlg tnaYoYtrcrls pnxovls, aQogd, rcarci ngcirro l.oyo orov ri),ey1o rrls

YowaKrls roxurrltas rtsQtotQo0ns tou gotopo o onolog regloreeQercrr pr y1ovlor1T

toxufflto (l) (l)s npo! rov floKtcoprvo otatopc, 11 onoia enr.0upoupe vq, rupcrlvetar

petofu rdnotcov npodraytYgo0opavcov opicrlv rcar rard deurepo troyo, osopo orov dA^eyyo

rou a0polopotos tc^' tetgcycilvcov rov ;rcyvqtrrclv pocilv rtov 6uo ru],rypcrrc,rv rou

otooepou ottitoQo o onotog e),eyxog aQopo orov el,eylo rrls rvrgyrraKTls xotaotocr6

tou ouorrllroros.

H otgcqyurrl e).e111ou ltou Xploqronorelror orrlv epyooio t32) cQopc orrN

ano(t{eufq eroodcov - efo6ov, entoyXtivovros orrl ouvrxsro r(or ypoppu(onoinoq roL
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ouotrlpotos. Itrlv nogouoa drnLalpcrltq epyoola eQoppo(oups ro Oecoprlcrxa

onotel"eopoto rrlg ddortopucrls Orotpfrlg [19], yra rqv eni]ruor1 rou npoBlrlpo:os

tou ArcprBoug Tcrprooparos tou prl ypoppu(ou ouofflporog tqg EnoycoyrKqs MnXounS ot

fpopprxo llpotuno. Tcurolpovo FIE ro ArprBeg Tciprclopra oro fpcpprrco flporurro,

snrruyxdvoupa Kor crlv ono(r{,eu[q euoo6cov - efo6olv.

6.2. EEATOTH TOY MONTENOY TOY :YXTHMATOT

Mra Eroycoyuffl Fqxovrl anote),eltar oro tgia rul.iyprora oro Qotopo Kot tpio

tu).iypcta oto otatopn. Ot Krause xar Thomas [28], rxouv eroyayer tvo rooduvapo

povte).o avcnapdotaor6 rqs rrayc,lyucrls plxavns peoco svos perooxlpotwfrou t<ov tgtrirv

tu),typatov 06 6uo, 6rp,,a6r1 6uo rul,lypato oro QoroQo ror 6uo oro orriroeo.

6.2.1. E(crycoyrl tolv efrodtoealv nou nepr.lp&qouv ro otiotqpa

H 6uvopnrrl rattiotcroq tou roo6uvapou powel.ou rns rnoyc,lyuffls pqxovns

onote)'sitcrr onotelsitar ofto 6uo rul.typrata oro ototogc Kor 6uo tul,iyparo

goToQo, neprypaQetar org aro)tou0og

drv
R i  +  

' s a  
=  u

s s a  
d t  

s a

nou

gco

Ri .  +
s s D

Ri . .  +
r ro'

dvro 
=

d t

dvro' 
=

d t

urb

dv
R i  +  

- r r g  
=  o

r r q  
d t

( 6.2-r)
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ofiou R, i, V, u. unoSq),cirvouv rrlv epQar.vopevrl avti.oroorl, To Qeulro, cTl gorl, To

Suvcptxo rou otcltooa. Or 6elrcteg s Kor r uno6erKvuouv ro orcrrogo Kor ro goroga

ovtiototlcr. To 6rciruopa (u,b), avcQepercrr oro n).oi.oro rvos moQepou otriropcr, r\,(r)

To 6r"dwopcr (d',q') avcrQegetcn or nl,cioro Krvoul-r.rvo cos rgos ro oexu(o, lrr

taxufflto Dl.,, . o apu0pog tcov (euy<ov rcrrv no)"cov u1g rna7(')yncrls t-lrlxovls eival n_,
P p '

evcil o elvor 11 roxuTrlro rou Qorogo.

@eotgoupe tos 6 lna ycovio, tetora cirore:

d5
5(0) = 0=  n ( o ,pd t

(6.2-2)

(6.2-3)

ttg efrocboerg

Arol'ou0ei evos pstooxlpotropog rcDv 6rcvuopdtcov ono ro ota0epo ouorrgro

ouvtttoYFttvtr)v ota dtavuopoto rou ouorTlporos ouvraroyprvcov nou rwgrotgeeetar po{i

pt to Qorogo l(or TrsQrypoQercr ono rr"g efrociroerg

l[;;]L;; l = L
l[;"]t.

L

s i n(6)

cos(6)

s i  n(6)

cos(6)

vrd,

vro,

Ri  +
s s a

cos(6)

- s in (6 )

cos(6)

- s i n (6 )

=u

Eqagpo(ovtag ro prraoxqpon{rpo (6.2-3), Kor xQqolponouiwag

(6.2-l) rc.at (6.2-2) ncrigvoupre ro aro}.ouOo ouorrlFro efrociroeov

R i .  +
s s D

dv' s a

dt

dv.o

d t
= u .

SD
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(6.2-4)
dv

Ri  +  
' ra  

+  n  co \u .  =  0
r r a  

d t  
p  ' r D

drv .
R i .  +  

' rD  
+  n t , . r \ y  =  0

r r D  
d t  

p  ' r a

Kotco ono rK uno0aoers rns yeopplt(orrlros rcov Froyvrlttxtov ruxl,co;rarov Kot tc'lv

iocov aporBaicov our€ettov crwrotrioro)v, c.'yvocilvtcg enioqq tlg ondll.eteg or6r1pou, o[

lroyvrlru(ts efrocloetq prloQow va ypaQoLs t,.lg eErlq:

\ y  =  L i  +  M i' sa  s  sa  ra

Vsu=L r i r u+M i ru

(6.2-s)

V =' r a Mi  +  L i
s a  r r a

V r u = M i r u + L r i r u

ofiou L., L, eivcr or ourrnayc,ryrs Ko,r M eivcr 11 cr;rotpaio troYo)Yl. Oncog 0c Qavei

orq ouvsxslo 11 unogeon rns ypcp[ru(orqmlg Ocr evroXu0ei ono trlv eQoQpoYq e]reylou 11

onola 0o drctqQrlosr rrlv oTrotrurrl fl+rrl rr5 pons tou Qotopo xotco otro rqv ovopootllffl

rrls rqrrl. O orcoros qS rrrayc,lyrlg rcov psrooxlpattqr6v (6.2'3) eivor vo

Korcoro0ouv or efuci.rorls 6.2-5) avefaprcqres ono tq ytovia 6. Itqv rrQaYportKorqto

or gors Kor ro gru;roro oro ouorrlpcr. (6.2-3) oled(owor pt rrl ytovic 6 ptoo)

oursfiaycoyrilv t(ot aporBaitrlv encrycoycitv.

Anal.oiQt,.lwos tts petcrp},r1teg ir^, iru KCt Vsa, Vsu otrlv (6.2-4)

Kor XQqoqronordrv-lag qv (6.2-5) nafpvor-r5re to ouotq;ro tov efrotiroeu.rv
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M dry M2 di
R i  +  

' r a  
+  ( Y - )  t u  =  us s a  

L  d t  
\  s  

L  
'  

d t  s a

M dv .  M2  d i .
R. i - *+  

' rD 
+ (L . - ) - -  =  urbsso  L  d t  

\  s  L  
'  

d t

(6.2-6)
RRdv

t r y  -  t l t 4 i  
+  

r a  
+ n c o l y .  = o

L  
' r a  

L  
s a  

d t  P  
' r D

RRdwt  
v ,  -  t  M i .  +  

' r b  
+  n  o \ y  =  o

L  
' r D  

L  
s b  

d t  P  
' r a

H ponrl otgtlyqg nou rapayetcr ono rq pqxovq ercQgo(eror ouvoQTqost tcov gocirv

tou goroQcr Kor rt,rv peupcrcov rou otatopa, oS e€qS

nM
T =;- tv" i 'u-v 'u i* )

Enopevcog, 11 6uvcpuffl rou QoroQo ercQpa(eror Frs tq oleoq

(6.2-7)

dc'l n M T,-
(6.2-8)

d  t  JL J

orrou Tl petoBl,qq J erQpcr(er trl Qofirl a6paveuog rou gorogo Kor onorouSqrort

epycrleiou ftou eQxetor oe enaQrl t-ls ourov, evcir q peraB)',qtrl Tl eivar n gonq otpdryrlg

tou Qogtlou.
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6.2.2. E[cryolyrl rtov e(rocboeov rcrtd,oraorls

llpooOtirovros crlv efioooq (6.2-8) orrs r1],ercpopqyvrltu(ts 6uvapnxeg

ef uodroerg (6.2-6) KCr c,voKororriooovtog rrs ef tociloerg tr6 l-loeQq efr.ociloeov

xatd,otaoqs, q ouvo)*rq 6wcrprrq xaraotaorl rrls rnayc,lyrlfflg urlxovrls, xtito ano rr,5

npoavoQrQoFrevsg uno0eoars, neptypoQetar ono ro oxol.ou0o nspnfilg toEqS povtelo

d ( l )  n M  T -
=  o  ( v r " i r u - v r u i * )  -  - L

d t  J L  
r q J U  r v *  

J

dvRR'ra 
= -  t  

vr ,  -  Do-vrb + '  lu i
d t  L  

' r a  p  ' r D  
L  

s a

r

di  MR
s a  =  4 y  +  1 , ) u r .  P  +  - u  (  t -  t  t ' l  

i
z ' t a  ' r D  ,  S 3  \  , 2 ,  l

d t  o L  L 2 ' r a  
- r r b  

o L  L  o L  
o  t  

o L 2 L  
' r - 5 3

s r s r s s r

di.u 
= 

MR, 
,,. 

n M t trrt2R + L2R
-v*  -  rv -^3  r  -u^ .  - , -  

i z  
*  

) i ru
d t  o L  L z  

' r D  ' r a  
o L  L  L  

s D  '  
o L  L '

r s s r

onou rl petoBl,rlnl o opi(etor t,.rg rEnS

1

M.
O = 1 - -

LL
s r

dv ,  R  R' rD  
= -  t , y . - n .gv  +  t l t l i .  ( 6 . 2 -9 )

d t  L  
' r D  

P  
' r a  

L  
s o

nM t  M2R +L2R

(6.2- l0)

E4ooov oro p"e ),}ov 0a Xeqo+ronoroupe cos peraBl,rlrdg rotdoraoqg rtg

percrBl,qteg (ir", i*) Kor (Vr., Vru), KoroQyoupr, yro euxol.ia rous 6eixteg r Ktrt

s. Eu1 ouv6x6tc,, opi{oupe ro nro xrirt.r i
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Oeopoupe c'lg Srcrwopo Kotriotuoqg to

x = (co, Vu, Vo. i., io)t = (*r, x2, X3, X4, *r)t

Enlorlg, 0acoproupe cog 6rawopo sroo6ou to

u = (uu, uo)t

onou uu Kor ubervor rcl Swaprxcr erooSou oro 6uo tu).iyproto tou fioKtcolrsvou

otritopo.

Tel.oq, opi{,oqre rrs rogq,prrgous

o = (Rr/Lr), P = (M/oLrLr),

y = 1vt2Rr/ol-rl-r2) + (R./oL.), (6.2-11)

KOt

y(x) = h(x)

oITOU:

tr = (noM/JL.)

Onore, ro ouc:Tlpa (6.2-9) ;rnopei vo ypaQel oe ouveTrruypevq lrop0rl, tog eEng

x= f ( x )+ r "9 "+uu%

(6.2-12)
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f(x) =

E a =

0

0

0

1-ot
s

0

C t =

%

0

0

0

0

1
oT

S

$(v . io  vo iu

q\y - n (l)\lr.' a  p  D

n 0r\u - oly. +
p  t a  ' b

oFv.+ noFrvo

noFrV"  +  oFVo

T,
\ I -) - -T-

+  o M "

a M i
b

v i, a

Y io

Or d[o6oL or onoieg 0c el.eyl0ouv ei"vor or.:

l r ( x )=h l ( x )=0 )

vr(x) = h2(x) = vu'* vbt

(6.2-r3)

6r1l,o6q, Tl l-ricr efo6og eivar I yc'lvroKrl roxuTrlro nrgrorQoqrls rou Qotoeo Kot q a]'Iq

eivar to c0pompd t@y tetgaycilvov rov Froyvrlrrrccov gocilv rou ottitopo.

Metopotroupe tolpo ro ouorrl;ro ouvrrroypsvc,.lv, Ktivowos rrlv ol(olou0q ol},cryq

tov percBl,rlrcilv xcrtioroorlg:

* 1  = 0 )

*2 = P(Vuio -
T*

votr j  -  
T-
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o onolog lrsrooxlparw[ros LoXUer yro 
t )

XcirQoS xotriotcons rou ouorrlpotog 0o avaQepetct cog 0J, oflou

fro anl,onollor1 rcov uno)'.oyropciiv xo,voups rous arol.ou0ous sfiovooQlopous

T,-
o 0 = : ,  o t = - ( a + Y )

J

oJ  =  
{ [ * , , * r , * rJ  

, t r to rc  6o te ' *3

2 .  2*3=va+vb

*q = -2"@1+ v3) + 2aM(ryuiu + Voio)

*s = arctan ffl

o2= -  _ ,  o3= -p (B+  - )2oM"M

oM
o4 =  ,  o5  =  ZazpM-2oT

l-r

22
o 6  =  z Q 4 ,  o 7  =  o 6 o 0

2oM
o g = T '  o 9 =

" o L o L

(6.2-14)

(6.2-r5)

To ouorqpo trrrv efuodroeolv rotootoorls, tal.rxd ypoQetcrt r,.lq eEng:



E)reyyoE EnayaylKqs MqTav4S tts rTlv r;XvLKn rou AxptBoug
Tapwotrtaros oe TpatrtptKo flpowno 149

x = So(x) + g(*) u

Y(x) = h(x)

8o(x) =

2 o o o o * ,  +  o 5 * 3  +  o l r o

e(x) = [s,(*) i sr(x)J =

* 2

o 1 * 2  *  o 2 * r * 4  +  o 3 * r t 3  +  o l o o

(6.2-16)

OTIOU:

* i  +

* 4

2o  o *  , * ,

* 2
o

o  t g

-i (+.1* "u*l+ a.i+zauarxr)

+ 
"ooo{

0

orfrrco s(xr)

0

an{sin(xr)

0

0

-or{sin(xr)

0

arScos(xr)

0

h(x) =

h1(x)

h2(x)

* l

x_
J
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6.3. KA@OPIXMOI TON ZTOXON EAEIXOY T-tA TO TY:THMA EAETXOY

THX ETIATONKHX MHXANHZ

Ano tqv pelerrl KoL crvol,uorl rou povtelou rrou TrQoqyr10r1rce, eivcrr Qcrvego ott rl

Lettougyio ptos Enayoryrlcrlq MlXounS aQopo Fno uryrl),o t-lrl yeap;rtKrl 6uo6trcooia-

Enopevc,:g, n tuprorl qS orot(Qroqs rou ouorrlporos elvor rvo uDraitepo 6uoxo]o

npoBLrlpc, nol.u firQrooorsQo 6uorol.o npop),r1po oriorr),e i 11 ncrpcrrcol.ouEorl ourrls. Arto

q pegro tou Autopritou E),ey1ou, 6lvcr eniorlg Qovepo otr eivor Suorcol,rl q oxt6i.aorp

sos voFrou el.eyXou o onoiog, eQappro(oFrevos oro ouorqpo 0o r.xcvonorei rts

ngodrayQoQrs rou.

C)g ercoSoug rou ouocrl1.roros Auropctou El,eylou Oecogoupe ta duvaptxo tov 6uo

tul,tytrrdtov rou noKrc,.rlmvou orriropo. ItoXog eivcrr, oQ' evog o 6].ey1os rrls ytowaKr]S

toxutrlros ttsQLCrrQoQnS rou goroQo, avaQoptxa og rrgos rov ota0epo otatopo etor

cirote ouffl vo sXrL xdnouc enrOuprlq rr;lrl ovcpeoa or rdnora oQto, oQetepou o

dl"eylog rrls nopoyoprswlg ano ro otriropa rll,eKrQucrlg evrQyerog, 5ql.o6rl ro oOpotopa

tolv rargcrycirvc,:v rt,:v Froyvrlurcbv gocirv tov 6uo rul,rypat@v Trou crnotel.ow to otcrtopn-

Eivor trornov 6uoxoi,.o, riv oxr a8uvato vo Bgoupe voFro el.eylou rou vo neculotvet

rqv nopoxol,ouOrloq pros enrOuprltrlg tpolrag yro rrs 6uo npoovoQeg0eioag efodoug

tou pq ypol-lFnKou ouocrlparog Autoprarou E),ey1ou, rng Enaycoyuffls MqXotnS.

fta toug l.oyoug fiou ovoQdp0r6ov ngonyouFrcvc,ls, elvcrr ],oyrro vo ovo(rlrrloou$E

Kor' opxrlv rrlv uncrap[r1 svos vopou e].ey1ou o onoiog 0a antronorei ro ctQxuco Frl

yQolrprKo ouorqpa. M e rov oQo cnl,onoirlorl 6wooupr, ro xl.eloto ouotrlpro rou ea

trpolru\ttt vo exer Frc yeol.lurKl neprypogrl eroo6cov - ef o6ov eQooov cuto eo

"tc,tpud(er" pr rvo l-pxrgruxo flpoono fiou 0a enu].efoupe. Av ouro elvar 6uvctor"-

slvor Qcvego ott o twgortsgo el,eylog rou (ruotrllroros eivar rco]',u euxo]',og 6rort

lrfiogoupr vo Xgnoqmrorqooupe no].u Tvoorss pe0o6oug ole6iaorls oTro q @ec,-rpic torv

YQq,pptKtrlv ouotrlp0tc.rv.
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Mrq enrnl.eov )toyrrrl crnatulon yro ro figotuno eivc,t vo to OecoprloouFE oxt povo

ygoppll(o, oLl,o Kor rouroxQovo crnoou(euyFmvo. H cnoitqorl Yta anoou(euYpevo

flpoono o6rlyei ocq 6uvarorrFa e)reylou qg rc$e efo8ou olto pto l(ot povq eiooSo'

6.4. EIIINY'H TOY ITPOBAHMATO: TOY AI(PIBOYI TAIPIAUMATOX

TOY XY'THMATO: ZE TPAMMIKO IIPOTYTIO

6-4-L Eripeorl tolY XaQaKtrlprotrrdrv aprOp<ilv

Ot npciiteg "Markov" npclpergot Iou ouornFlotos 6.2-16), yta i = L, 2,

aivar

trrtloh,(x) = L*,h,(*) = trr*, = o

L t  o h.(x)  = L h-(x)  = L x"  = o
% so 

rr(x) = rrhr(x) = trr,*, = I

$.4-Ia)

L Lo h^(x) = L h^(x) = L x^ = 0
s1 so 

rr(x) = L*rh'(*) = trr*' =

trt:oh2(x) = rrhr(x) = t%.*, = o

trrtrtrhl(x) = tr,tfo*, = -cr{sin(xr)

trtr)oh1(x) = t*r.t%^, = cr{cos(xr) * 0, v x e 0J

(6.4- 1b)

L-L- |  hr(x)  = LoLo*,  = an{cos(xr)  *  0 ,  v  x  e [J
\  

g o  z  t s t  h '  
7  J

L^ L-| hr(x) = L, L,*, = cn{sin(xr)
% go  z  k  fo '  7  r
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IupQrovo pr rov oeurpo (2.4-1), or XoQolcrrlprotrxoi

yeoppu(ou ouornporog (6-2-16) elvar

r \
ld ' l  =  I
\  ' /  

A

Kq,t

apr0poi tou cvotKtou ltrl

(6.4-2)

[o,J ^= 
1

llapatqeoulrt otr or Xoparcngwttroi. opr0poi rou ouorrl;rotos elvcrr

IltTtsQoolrtvor.

Ano tov oQtoFro tou ni.voxa g^(*),ont,lg ouros 8iveror offl ox6o-rl Q.a-Sc).U '

Bpioroupre otr 0a exa q pogQq

Bo(x) =
toh, (x)

tohr(x)

-or{s i n(x, )

an{cos(x, )

or{cos(xr)

anfrls i n(xr)l (6.4-3)

4.4.2. Kcr0oproF6g cr6 Kfdorls rou pow6lou

H enoyoytlcrl Frgavrl neprypdQercr pe rvo powel,o ro onoio ovrlKar

Tov ouotrlprotu.tv nou detcr(er q 0etopio rou KeQol.aiov 2, eQooov Loxuer

B = runml(x) = 2. v x e 0.,

KOr

m=2

otqv xldorl

Iwduo(ovros 1r; o1doeq (6.4-4) nspaqQouFr orr

(6.44)
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,unmj{*)  = m = 2,  v  X € oJ

6.4.3. Enrltoyrl tou yeaFptKo0 ngotilnou

@ecopoupe ttirpa ro ypo;rprKo, lgovrrcd pn peroBal^l,opevo ouotrlpa fiou

neprygdQeror oto lilpo xotriotaoTls tm rrg efuociroers nou axolrouOouv

z = 
\F + B"*

(6.4-5)

YM = c;z

onou

\ =

0100

-p3  -p l  o  o

0001

o  o  -P4  -Pz

00

10

00

0r

Bt=

onou o,  p  e  
{ -  

-  {o} }  Kcr  pr ,  pz .  R

a 0  0  0 l

,  cM= 
|  |  

,

Lo o b ol

H ouvrigtqorl p€roQopas tou TrQoturou EXrr rrl popQTl
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(6.44 t

$.a-7 a)

(6.4-7b)

= tc t] *o

= 
[o 

p]  *o

HM(s) =.r[u-\J- '" ,  =

)
s - +  p - s  +  D ,' l  ' 3

0
, 2 *  pz ,  +  p4

To nporuro ttiou drcrldcrpe elval avo ouorqpa 4r1g tcr[r1s Fr au0aigetoug no]'.oug

eQooov or ouwelecr:eg pt, p3 Ktrr p2, p4 rt,rv no).ucowpcov ,2* pt, + p3 Ktrr
.,

s-+ pzr + p4, owi.o:ot1ct elvcn cru0aipetor nQoypatrxoi aprOproi.

Tcbpo, 0a fonupe tous XaQol$rlpuru(ous opr0poug rou ngoruTroL-

Xpnoqronot6wcg ro\- oQtopo 2.4.2., eQooov exoupr rrlv nrQrygoqrl rou rrQorurrou oco

X6go xq,tdotctons. Or np6reg 'Markovn napopereor rou rrQorunou (6.a-5) eivar

(" , )*4Br=(",) rB*r=o

("r)*4Br=(.r)"8*r=o

(",)*tlB, = (c,)*a*n*

(cr)r{n, = ("r)*\P*,

Ano tts a(i.oc.neq (6.4-7) oupnepcivoupe otr

(dr), = 1

(dr), = 1

K(lt (6.4-8)
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Erropevorg, o nivcrrcs MO nou 6ivetat otrl o1dor1 (2.4'5b), 0a elvot

(6.4-e)

6.4.4. Eleylos r(')v rxcvdrv KcL cvcyrciov ouvoqxcilv

- Iuv0rlrcrl I

Ano trl ouYt(guoq t6ov XcQcKTrlgwtrrcilv crpt0p6v tou ovotKrou ouotqlroTo5

(d,)o pr rous XoQolcrqQrortKous opr0poug tou Tr€)otunou (d,)", TroQorrlQouFt ort

(d,)o = (d,)* = l, yta i = 1, 2, xar v x € [J

Enopevog eno)'rpeuatct n fiQ6trl o"uv0rlKrl tou @eoQrlttotos 2'4'2'

(6.4-10)

- Euv0rlxr l  2

H $eureprl ouv$qrq rou oeolpq;rotos 2.4.2., Yto ro ouyl(tt(SLptvo Srovte)'o rqs

Etroy1gytKqs prlxavrls Ttrr to onoio toxutt p = m (Apr0pog e[o6c''rv = Apr0pog etoo6ov)'

elvor roo8uvotrrq ps filv TtoQaxdtc.l

Mo = .*{0", = 
L; :]

rank 
["rr.l1 

= rank 
["J 

= m

Ano ttg oxsoet{ (6.a-3) xar (6.4-9), sxoupt avtiototxo ort



EAeyyog Enaycoywns Mq2lavt1s lts rllv rEXvLKrl rou ArptBouE
TarynopdroE oe fPaPPLKo llPotuno t56

rank 
[uit.l] 

= rank

-cr{sin(xr)

an$cos(xr)

o*{cos(xr)

on{ti n(xr)

= 2 ,  v x e 0 . J

Enoprevog, ena),qOeurror t(or rl deutegq tcov ouvOrlxotv rou @ecogrl;roTos 2.4'2'

rank["J =.""u[ 
;  ; ]

(6.4-11)

lrro

- Iuv0rlrrl 3

I-ra vo ef ettiooupe rrlv ,o;X, qS rQirrls ouv0qrr'1s, - oQK.sl vo uno)'oyiooups

l- o(x) I
Faon tou lcirpou inv [Ot-11 Kot FrLa Foo-n tou ltopou inv | -; : IL'r  Lz(*)  J

Mra Foorl rou *irgou in" fo1*y-l unotroyi(etc'" Bgiorowcg Ksr' oQxnv
L J

ypopprra cvefagtrltss orrl)res rou Q(*), o onoiog opi(etat orrlv QA-Ba) Kot

ro oqfKsKQq.rsvo ouorqFro rrls sttoYorYtKrls pnxovTlg' txst trl pop0l

trs

yro

a(x) = 
[o,-, 

i ad*G(x) i aa2 c1x; I ao3oc{x) : uo8oc{*)] (6.4- l2)

H toEn tou nlvcrxc a(x) elvq,t 5, eQooov toxuouv to orotrouOa:

To 6r.avuo;rc
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sr(x) =

0

arflcos(xr)

0

cn{sin(xr)

0

eivar ypcl-tprxa ave[apqto ofio ro dravuopo gr(x), onou

sr(x) =

0

-crr{s i n(xr)

0

a;fxrcos(xr)

0

To 6rowopro

ad*s'(x)

%r

%z

%:

%q

%s

(6.4-13)

eivcrr yQopptKc avefclprrlto tcov 6uowoptirov nou e[vor or ou1].es rou nivaro
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c(*) = 
[r,O, i rrtrl] 

=

-ar{sin(xr) cr{cos(xr)

00

anficos(xr) cr{sin(xr)

(6.4-r4)

ofiou tcl morXeia %r, %2, %g, %0, %s, elow unotroyrtei pe rrl porl0erc rou

loywpr.xou ttoKttou MATHEMATII(A Kar nagouorc(owqr otrl ouvsxers.

931 = a8'x3^(1/2)'Sin[x5]

g32 = -(2'a0'a4'a8'Cos[x5l + 2'a4'a8'x2'Cos[x5] + 2'a8'x1'x3*Cos[x5] +
2' a2* a9'x 1 *x3 *Cos[xfl - 2' a1*a8'x3'S i n [x5] + a8'x4'Si n [x5])/ (2' x3 ̂ (1 | 2\

g33 - -(a9'xgn(1/2).Gostx5D

g34 = -(2'a1ta9'x3*Cos[xfl + a9*x4*Gos[x5] - 4'a0*a6'a8'Sin[x5J +
2' aO* a4*a9.Sin [x5] - 4-a6*a8*x2 *Si n [xSJ + 2* a4* a9*x2'Si n [xsJ -
4' a4' a9'x 1 *x3'Sin 

[x5] + 2 *a9*x1 *x3*Si n [x5])/(2.xg n(1 l2))

935 = (a4'a8'Sin[x5[/x3 a( 12)

Erlpeuilvoutlt ott rl neoygotrparwrlrrl 6ra6rrcaorc nagayt,ryqs rc'lv ouvogrqoetov

fiou ctQogow orc Lie Brackets raQouora(ercr crro ncpdpqppc, oto teloq rng

nopoutog Ornl,rrr;rarucTlg egTcoi.ag.

To drcrvuopc
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ad*%(x) =

8cr

Eaz

943

944

8cs

(6.4-rs)

elvar eniorlg ypappxa cre[crprqto rcov drcwopritr,lv Br(x), q(x) Kct ad*8r(x),
T

oltou

941 - -(a8'x3n(1 /2)'Cos[xsD

942 - (-2'a1'a8*x3'Cos[x5J + a8'x4*Cos[x5J - 2'ao'a4'a8'Sin[x5] -
2' a4' a8*x2 -Si n[x5J - 2'a8'x 1'x3 *Si n [xSJ - 2' a2* a9'x 1'x3-Sin [xSp

(2'x3n(1/2))

g43 = -(a9'x3n(1 /2).Sin[xsl]

gM -- (-2*a0"a6*a8'Cos[xfl + a0*a4'a9'Cos[xfl - 2'a6'a8'x2'Cos[x5] +
a,4'a9*l€*Cos[xfl - 2'a4'a8'xl *x3'Gos[xfl + a9'x1'x3'Cos[xfl -
al'a9'x3'Sin[x5l - 0.5'a9'x4*Si n[x5[/x3 n (1 2)

g45 = -(a4'a8.Cos[x5l/x3 aF /2\)

Td).og, to dnvuopa

8sr

%z

gs3

gy

8ss

aof,e,(x) (6.4-16)
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elvat eniorlg ypcrppuxri cwfcprqto clro rct drawotrrcrtc gr(x), q(x)' ad*gr(x), Ktrr
t0

ad" e;(x), onou tct otorleia rou, Bsi (i = 1, 2, 5), fiogouota(owct
5 0 '

oTrl owtx8w

951 = (2*a0'a4'a8'Gos[xfl + 2'a4'a8'x2'Cos[x5] + 2'a8'x1'x3'Cos[xfl +
a2' a9'x1*x3'Gos[x5l - a1'a8'x3'Sin [xfl + a8'x4'Sin[x5l[x3 ̂(1 l2l

952 = (2*a0'a1 *a4*a8'x3*Cos[xfl + 2'a1*a4'a8*x2*x3'Cos[x5J +
4' a1'a8 *x 1 *x3 ̂2'Cos[x 5J - 2' a3' a4*a8*x 1'x3 ̂  2 *Cos[x5J +
4' a1'a2'a9*x 1 *x3 n2'Cos[xfl + 2' a3' a9*x1'x3^2'Gos[x5J -
2' a8'x2'x3^2*Cos[xfl - 2' a2* ag'x2*x3^2'Cos[x5J - 2'a8"x1 *x3'x4*Cos[xfl -
2' a2' a4*a8*x 1 *x3'x4'Co s{x 5] + 2* aA ̂2' a4 ̂2' a8.S i n [x 5] - a7' a8'S i n [x5] +
4* aO' a4 ̂2* a8* x2'Sin [xfl - 2'a0'a6*a8'x2 tS i n [xfl +
2' a4a2' a8' x2^2*Si n [x5] - a6'a8'x2 n2.S i n [xfl + 2.a0'a4*a8'x 1'x3*S i n [xsJ -
4' aO' a2'a6*a8'x 1'x3'Si n [xfl + 4'a0' a2' a4' a9'x 1'x3.S i n [x5] +
2' a4' a8* x1 *x2'x3 iSi n [x5J - 4' a2' a6*a8'x 1'x2'x3'S i n [xSJ +
4' a2' a4'a9*x 1 *x2'x3'S i n [xSJ - 2' a1 n2'a8'x3 n2'S i n [x5J -
a5'a8*x3n2-Sin[x5J + 2'a8'x1 ̂2'x3n2.Sin[x5J -
4' a2' a4'a8*x 1 ̂ 2' {3^2'S i n [xfl + 4' a2' a9 tx 1 ̂2' x3^2-S i n[xfl -
2ta3'a8*x3 n3*S i n [x5] + a 1'a8'x3'x4*Si n [x 5l - 2' a2*a8*x3^2 -x4*S i n [x5[/

(z',{3^(3/21)

953 = (a1*a9*x3.Cos[x5] - 2'a0'a6'a8*Sin[x5J + 2'a}'a4'a9-Sin[x5J -
2'a6*a8*x2 *S i n [x 5) + 2' a4'a9'x2'Si n [xSJ - 2' a4* a8'x 1'x3.Sin [xSJ +
2'a9nx 1'x3'S i n [x5[rt3 a W 2l

g54 = (8*a0n2'a4*a6'a8.Cos[x5J - 2'a0n2'a4^2'agOos[x5] - 3'a7*a9'Cos[x5J +
1 6'a0*a4*a6*a8*x2'Cos[x5] - 4'a0.a 4n2' ag' x2'Cos[x5] -
6ta0'a6'a9*x2 *Cos[x5] + 8*a4'a6' a8' x2^2-Cos[xfl -
2' a4^2' a9' xz^z'Cos[xfl - 3*a6'a9*x2 ^2 *Cos[x5J +
8'a0*a4^2*a8'x 1 *r3'Cos[x5] + I'a0'a6*a8'x 1'x3'Cos[x5] -
6'a0'a4'a9'x1 *x3'Cos[xfl + 4' a0' a2'a6'ag'x 1 *x3tOos[x5J +
8* a4a2* a8*x1 tx2*x3'Cos[x5j + 8'a6*a8*x1'x2*x3'Cos[xfl -
6'a4'a9*x 1 *x2tx3'Cos[xfl + 4' a2' a6'a9*x 1 tx2'x3'Cos[x5J +
2' a1^2*a9*x3n2'Cos[x5J + a5'a9*x3 ^2'Gos[xfl +
8'a4'a8*x1 n2*x3n2'Cos[x5] - 2'a9*x1 ̂2*x3a2.Cos[x5] +
4' a2' a4*a9'x1 ^2' {3^z-Cos[xfl + a1'ag'x3*x4*Cos[x5] -
4'a0*a1 *a6'a8'x3-Sin 

[xSJ + 2' a0' a1'a4*a9'x3.Sin[x5J -
4* a1'a6*a8'x2 *x3*Sin 

[xfl + 2'a1' a4' a9' x2*x3.Si n[xfl -
4'a0'a4'a8'x3^2'Sin[xfl - 8'a1'a4*a8*x1'x3^2'Sin[x5] +
4'a3'a6*a8'x 1'x3^2'Sin[x5J + 4' a1'ag'x1'x3^2'Sin[x5J -
2' a3' a4'a9'x 1'x3 ̂ 2€i n[xsJ - 2' a9' fl'x3 ^2'Si n [xfl -
4*a0'a6'a8'x4'Sin[x5l + 4'a0'a4'a9'x4*Sin[x5J - 4'a6'a 9'fl'x4'Si n[xfl +
4'a4'a9'l€'x4'Sin[x5j + 4' a2' afaS'xl "x3'x4'Si n[x5J +
2 *a9'x 1'x3'x4'Si n[x5j - 2' a2' a4'a9'x 1'x3'x4'S i n [xfl)/(2 

.x9 n(3/2))

955 = (2'a0'a4^2'a8*Cos[x5l - a0'a4'a9'Cos[x5J + 2'a4^2*a8'x2'Cos[x5J -
a4'a9'l€.Cos[x5J + 2'a4'a8'x1'x3'Cos[xfl + a2'a4'a9'x1'x3'Gos[x5J -
a1'a4'a8'x3'Si n[x5l - a8'x3 n2'Sin[x5l/xg ^(312)
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AQo,
e ' l

rankQ(x) = rank 
[s,(r), 

q(x), ad*s,(x), ad*%(x), uaf,c,(x)J = s = n

(6.4-r7)

O XdrQoS ttou nopcyetcr cro ttg otrl)ltg 8, (x), q(x)' ad*g, (x)'

ad- g(x) xcr ud1 gr(x) eivar involutive, egooov eivat npogcves ott toxuet
fo '  fu r

y,o r , o . ,n"n{q(x), q(x), ad*e,(x), "dfo%(*;, .of,sr(-)}

Enop^6vcor;, o 1d4ng inv 
[Ot-l] 

, dtvetcr otto crl oxdoq

r  r '  ,  . ) . . )
in"lOtx)J = span{c,(x), q(x), ad*e,(x), ad*%(xr, uo;r,(-)} (6.4-18)

Ew6ucr(owas tt5 oxdoetg (6.a-13) xcrt (6.4-14) exoqrt ott

(6.4- le)

[. 
, "] 

€ ,p"n{s,(x), %(*), ad*e,(x), ao*%(x), "of,sr(-)}

aim{inu[o,-,] 
] 

= s

f ' l

flgorerpavou va tmolroyiooupe Ftc paorl tou ltirpou inv 191D | , to unoltoytoouFe

Lz(*)J
r 1

rcd og1rlv rtg ypqrprrd cvefcrpqteg orqleg tou nivaxa lgG) | , o opropos tou

Lz(*)J
onoi.,ou diratar orrl crxdcnl (2.4-15) xcr eler rqv oKolou0rl po80n
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c(x) a d" G(x)
'0

ao2c 1x;
o 0

a o!c1xy

zJx)

Izr.l]= [z,r't

"rr(*) 
zo$)

zrr(x) zo$)

z2 g)

zrr(x) zro(x)

zu(x) z^(x)

zs $)l =

Lxl =
Z, (x)

(6.4-20)

zs(x)

(6.4-2r)

or cxolouOeg

z2 G)

ofiou

zrr(x) zrr(x)

zrr(x) zu$)

Or ypcptrnxri cra!.igtrtoS orrl)reg tou f o(x) l
t twCKc l -1,  t tvcl t

L z(x) J

e,(x) q(x)

I

ad" g,(x)
T "olr(')

olrou rc drarmopcw q(x) , Z"$) , ad*sr(x)

pomd cno npoqyorry€voug mo},,oywpouq Kcr

umonrvdrcov Zi$) Tto i = l, 2, Kcr 3, Kcr Kcr'

= 1, ?- i = 1, 2, 3, 4, 5, !c,rv Z'!) (i =

'Markolf nagapetgor nr{r), M, Kar trrTl owr1erc

t, 2, 3.

Ano rqv ennvclqnurq cleq (2.4-Sc), yrc

wotroyiorrlKav or nivarrs auroi ytc i = l, 2, 3.

ad*%(x)

t ro$)

'ro$)

z,  , (x )

'r.r(*)

(6.4-22)

, &d^ g(x) Kcr ad2 g, (x) elvar
h '  Bo r

onou, Yro rov tmoLoTropo ttov

rneKrafil rcov otorXeirov ,ri yw i

1, ?- 3),woloyiorqxcv rqxiltct ot

tcr Lo(x), I-,(x) rcr Z.(x) t- i =

TrS 'Markot' na6rcrpdtpous B.(x),

"r, 
( *)

'rr(*)

zrr(x)

z'G)

z r r(x)

'rr(*)
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Bl (x)  = tot2 n1x; =

tot3 trlx;

h1(x)

h2(x)

tr,tf,n,{*)

tr,tf,nr{*)

rll^nrtx)

trf;f,nrt*t

trflon,r-l

rlf,nrr*t

'rlrf,n't*>

trlrf,nrr*t

(6.4- 2 3a)

(6.4- 2 3b)

(6.4- 2 3c)

nrt*l =

nrt*l =

L2
%

Lz
tu

blstarl l b1star l2

b1star12 blsrar22

b2starl1 b2starl2

b?star12 b?srar22

tot*h(x) =

L4
%

L4
to

h1(x)

h2(x)

ottou

b3starl1 b3star12

b3starl2 b3srar22

b1 starl 1 = a2'a9ix1'r6{1/2)'Cos[x5l - a1'a8'x3^(112)'Sin[x5J

b1 starl 2 = a1'a8'16{1 l2)'Cos[x5] + a2'ag'x1 
"3n(1 

/2)'Sin[xfl
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b1sta21 = (a1'a9'x3'Cos[x5J + a9'x4*Cos[x5J - 2'a0'a6'a8'Sin[x5J -
2'a6'a8'x2 € i n [x 5l - 2' a4'a8'x 1 *x3'Si n [x Sff / fi n fl 2l

b1star22 = (2'a0*a6'a8*Cos[x5] + 2*a6'a8'x2*Gos[x5J + 2'a4*a8'x1*x3*Cos[x5] +
a1'a9'x3-Sin[xfl + a9'x4*Sin[x5]/x3n( /21

b2starl 1 - Q'a1'?2'a9'x1*x3*Gos[x5] + a3*a9'x1*x3*Cos[x5] +
a2' a9* x2*x3.Gos[x fl + a2' a9*x 1 *x4*Cos[xsJ - 2' a0* a2*a6*a8*x 1 .Si n [xSJ -
2* a2' a6'a8'x 1 *x2 tSin[x5] - a 1 n2'a8*x3.Si n [xfl -
2* a2* a4*a8*x 1 ̂2'x3'Si n[xfl - a3*a8*x3^2*Sin[x5] - a2'a8*x3*x4-Sin[x5]/

:/3nfl2)

b2starl 2 - (2-a9*a2'a6'a8tx1 'Gos[x5] + 2*a2*a6.a8-x1'x2'Cos[x5] +
a1 n2' a8'x3'Cos[x5] + 2* a2' a4*a8*x1 ^2*x3*Gos[x5] + a3'a8*x3n2'Cos[x5J +
a2'a8'x3.x4tOos[x5J + 2' a1'a2*a9*x1 *x3*Sin[xfl + a3*a9"x1 *x3*Sin[x5J +
a2'a9*x2'x3'Sin[xfl + a2'a9*x1 *x4*Sin[x5])/xgn 

F /2')

b2staf21 = (2'a9'a4'a9'x1'Gos[x5J + 2*a0'a2'a6*a9'x1'Cos[x5J +
2' a4* a9'x1'x2*Gos[x 5l + 2' a2'a6*ag*x 1 *l2tCos[xfl + a1 n2*a9*x3*Gos[x5] +
2'a5'a9*x3*Cos[x fl + 2' a2*a4'a9*x 1 n 2'x3'Cos[x5] + 3'a1'a9*x4*Cos[x5j -
6'a0*a1'a6'a8'Sin[x5] - 6'a1 *a6'a8'x2'Sin[x5] - 2*aO'a4*a8*x3*Sin[xfl -
4' a1ta4ta8*x1 *x3'Sin[xfl - 2*a3'a6'a8*x1'x3.Sin[xfl -
4'a4'a8'x2*x3*Sin[x5l-2'a4'a8'x1'x4tSin[xsl-2'a2'a6*a8*x1*x4'Sin[x50

1*3afl2)

b2star22 = (6*a0*a1'a6'aStOos[x5J + 6*a1 'a6'a8*x2'Cos[x5J +
2' a0* a4'a8'x3*Cos[x5] + 4ta1'a4*a8'x 1 *x3'Gos[xfl +
2* a3' a6' a8'x 1'x3'Cos[x 5l + 4' a4*a8*x2'x3-Cos[x5J +
2* a4* a9*x 1'x4'Cos[x fl + 2* a2*a6'a8'x 1 *x4'Cos[xfl +
2* aO' a4'a9*x 1 *Sin[x5J + 2' aO' a2*a6*a9*x 1'Si n [x5] +
2' a4* a9'x1'x2*Sin[x5J + 2* a2' a6*a9'x1'x2*Sin[x5] + al ̂ 2*a9*x3'Sin [x5] +
2*a5*a9'x3-S i n[xfl + 2' a2' a4*a9*x 1 n2*x3'S i n [x5] + 3'a1 *a9*x4*Si n [x5[/

^gnr/2)

b3starl 1 - (2-a1' a2'a9'x1'x3'Cos[x5] + a3'a9'x1 *x3*Cos[x5] +
a2' a9' x2'x3'Cos[x5J + a2'a9'x 1'x4'Cos[xs] - 2' a0' a2'a6*a8*x 1 .Sin[x5J -
2' a2' a6'a8'x 1 tx2€in[xS] - a1 ̂2'a8'x3'Sin[x5] -
2' a2' a4'a8'x 1 ̂ 2'x3'Si n [xSJ - a3'a8'x3 n2'Si n [xsJ - a2'ag*x3"x4-Sin[x5]/

,3n(1/2)

b3starl I = (2' a0' a2' 6' a8'x 1'Cos[x5l + 2' a2'a6'a8*x 1'x2'Gos[x5J +
a1 ̂2'a8'x3'Cos[x5l + 2' a2' a4'a8'x1 ̂2'x3'Cos[x5J + a3*a8'x3^2*Cos[x5J +
a2'a8'x3'x4'Cos[x fl + 2' a1' a2' a9' x1 *x3*Sin 

[xSJ + a3'a9*x 1'x3*Si n [xSJ +
a2' a9' fl'x3'Si n[xfl + a 2'a9*x 1'x4'Si n [x5px3 n( 12)

b3star21 = @*a0'a4'ag'x1'Cos[x5l + 2*a0*a2'a6'ag*x1'Cos[x5J +
2*a4'a941'x2*@x 5l + 2' a2'a6'a9'x 1'x2'Cos[x5] + a1 n 2'a9'x3.Gos[xfl +
2'a5'a9'x3*Cosffi + 2' a2' a4*a9'x 1 ̂ 2'x3'Gos[xfl + 3'a1 *a9'x4'Cos[x5j -
6'a0'al'a6'a8'sin[x5l - 6'a1'a6'a8*x2.sin[x5J - 2' ao' a4'a8'x3'Sin[xfl -
4' a1'a4'a8'x1'x3'Sin[xs] - 2'a3'a6'a8'x1'x3'Sin[x5J -
4'a4'a8'x2'x3*sin[x5l -2'a4'a8'x1*x4'Sin[xsl-z'aa'a6'a8*x1'x4'Sin[xsD

1*ga(f2l
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b3star22 = (6*a0*a1'a6'a8-Cos[x5] + 6*a1'a6'a8*x2-Cos[x5J +
2*aO* a{*aStx3tOosfxfl + 4.a1'a4*a8*x1 *x3*Cos[xfl +
2*a3*a6*a8*x1 *x3*Gos[x 5l + 4' a4*a8*x2*x3-Cos[x5J +
2' a4' a9'x 1'x4*Cos[x 5l + 2' a2*a6*a8'x 1'x4tGos[x5] +
2* a0* a4'a9'x1 -Sin[xfl + 2' aO* a2*a6*a9*x1 .Sin[x5] +
2'a4'a9'xl *x2'Sir{xsJ + 2'a2*a6*a9'x1*x2'Sin[x5] + al ̂ 2*a9*x3'Sin[x5] +
2'a5'a9'x3.Si n [x 5l + 2' a2*a4*a9'x 1 n2*x3'Sin [xfl + 3'a1 *a9'x4'Sin[x5l/

,73a4J'l2l

Ano tt5 ennvclr;rrrxrs o;16oerg (2.4-5b), uno).oytotrlKav ot nivareg M,,

oncos Traeoutrd(owcrr orq owrxerc

Ml(x) = CAh =

_  ap ,  0

0  _bp2

$.a-Zaa)

(6.4-24b)

$.a-2ac)

2api- apl 0

M2(x) = cA3n =

o upl- upo

- ("pi) * hprp,

M3(x) = Ca4B =

o tupl) * Zbpzp a

Xgrloqronouirrroog ocq owExEra n€ encrvc)'r1fittxts oxtosts (2.4-rr),
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unolroyloape rrs ncrpnpdtgous L.(x), yro i - 0, 1, 2, 3, 0erowcg Po = I, ontos

ttopouord(owcr otrl ouvexrra

o 8 F 8 -
- 

a ,*3 slru(s a vx3 cosxs

16

Ano rrl oxdoq (2.a-l0a), Bge0qxe o nivoxcg B-t(*), tou vopou

cvcrtpoSodorqoqg (23-1), o onolog eler rrl FoE$n

Lo(x) = u;lno{x) =

g-t(*) = Lo(x) =

Eni.oqg, or nivcreg

Ll(x) = Ll =

122

o9 
/ -  

o9  
--b- Yx3 cosx5 -T- u*3 srlD(s

o 8 _ _  o 8 -
-  

a 
n*3 s l rurs 

a 
yx3 cosxs

o 9 - o 9 F
-f Yx3 cosxs T- 

u*3 sllus

(6.4-2s)

(6.4-26)

$.a-26a)

l12l l t

12r

l 13 l 14

= 
{1", 

, 'z},{o, , p2}}

= 
{{',, 

, ,a},{nr,oo}}L2(x) = 12 =

123 124

(6.4-26b)
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115 116

= {1"' '
t25 126

divowar orrlv crrotrorsrl pogQn

Ll = {t-G3"(1 l2l' (aZ a9'x 1'Cos[x5l - a1'a8'Sin[x5J - a8'p1'Sin[x5g/a),
-(x3n(1 /2)1a1 *a8tos[xfl + a8'pl'Cos[xfl + a2'a9'x1'Sin[xfl]]/a]],
t-(a1'a9'x3*Cos[x5l + a9'p2'x3.Cos[xfl + a9'x4'Cos[xfl -

2'a0*a6*a8.Sir{xfl - 2' a6* a8'x2*Si n[xs] - 2* a4' a8'x 1'x3*Sin[x5p
-x3n(1 /2))'), {Pa0'a6'a8'Cos[x5J + 2* a6' a8*x2*Cos[x5J +

2' a4' a8*x1'x3€os[xfl + a1'a9'x3'Sin[x5] + a9*p2'x3'Sin[xfl +
a9'x4*S i n [x5Xt/F'x3 n (1 /2)))]]

12 = tt(-2-a1*a2'a9X'x3'Cos[x5] - a3'a9*x1 'x3'Cos[xsl -
a2*a9*p1'x1'x3rOos[x5J - a2'ag'x2'x3'Cos[x5] - a2'a9'x1 *x4'Gos[x5] +
2' aO' a2'a6.a81r1 €i n [xfl + 2' a2' a6'a8'x 1'x2'Si n[xfl +
al n2*a8'x3.SinF5l + a1'a8*p1'x3'Sin[x5J + a8'p3'x3'Sin[xfl +
2' a2' a4'a8'x 1 ̂n(3'S i n [x5] + a3'a8'x3 ̂2'Si n [xSJ + a2ta8tx3'x4*Si n [x5J
/(a'x3 n1 1 / 2l), -(Q' aO' a2'a6ta8'x1 -Cos[xfl +
2* a2' a6'a8'x1 ?'Cos[x5J + a1 ̂2* a8tx3*Cos[xfl +
al'a8'p1'x3'Cos[x5J + a8.p3*x3*Gos[x5J +
2* a2' a4'a8'x 1 ̂2'x3*Gos[x5J + a3*a8'x3 n2.Cos[x5J +
a2'a8'x3'x4'Gc[xfl + 2'a1 *a2*a9*x1 *x3*Sin[x5] +
a3'a9tx1'x3€ir[x5J + a2*a9'p1 *x1.x3.Sin[x5] +
a2' a9' x2'x3 €i{x 5l + a2' a9 *x 1'x4'S i n [xSff (a'x3 ̂ (1 /2)))],

{-((2'a0'a4*a9'x 1 tos[x5J + 2* aO' a2'a6'a9'x 1 .Cos[xfl +
2' a4* a9*x 1'x2tos[xSl + 2" a2' a6'a9'x 1'x2 *Cos[x5] +
a1 n2'a9*x3*Cc[x5] + 2*a5*a9'x3*Cos[x5] + a1'a9'p2'x3tOos[x5] +
a9'p4*x3.Cos[x5J + 2' a2' a4*a9*x 1 ̂2'x3'Cos[x5J +
3'a1'a9*x4'@x5] + a9-p 2*x4' Cos[x5] - 6'a0'a1'a6'a8'Sin[x5] -
2'a0'a6'a8.p2€in[x5J - 6*a1'a6*a8'x2.Sin[x5] -
2'a6*a8'p2'#in[x5J - 2' a0' a4'a8'x3*Sin[xfl -
4' a1*a4'a8'x1 16'Sin[x5] - 2'a3'a6*a8'x1'x3-Sin [xSJ -
2' a4' a8* p2' x11t3'S i n [x 5l - 4' a4'a8'x2'x3'S i n [x5] -
2' a4* a8'x 1'x4€i n [xSJ - 2' a2' a6'a 8'x 1'x4'S i n [x5J)/@'x3 ^ (1 /20),

-(6.a0'a1'a6'a8tos[x5J + 2' aO' a6*a8'p2'Cos[x5] +
6'a 1'a6*a8'Ptos[x5] + 2* a6' a8' p2' t2'Cos[x5J +
2' aA' a4'a8'r3Tos[x5] + 4' a1'a4*a8'x 1'x3'Cos[x5l +
2'a3'a6'a8'x1 16'Gos[x5J + 2' a4' a8'p2'x 1 *x3'Co{x5J +
4' a4' a8' x2'x3fi Cos[x5J + 2* a4' a$'x 1'x4'Cos[x5] +
2' a2' a6'a8'x1 A4'Cos[x5l + 2'a0'a4'ag'x l'Sin[x5J +
2' aA' a2'a6'afir1'Si n[xfl + 2' a4' ag'x 1'x2*Si n [x5l +
2' a2' a6'a9'x1 ?'Sin[x5J + a1 ̂2'ag'x3'Sin[xfl + 2'a5'a9'x3-Sin[x5J +
a1'a9'p2.x3€i{x5l + a9'p4'x3*Sin[x5J +
2' a2' a4'a9'x1 ̂fx3'Sin[x5J + 3'a1'a9'x4'Sin[xfl + a9'p2'x4-Sin[x5p

@'x3n(1 l2)l')ll

Uf - {(-((2'a0' a2' a4' d'x 1 n2'Cos[x5J + 2' aO' a2^2'a6'a9'x1 ^2'Cos[xfl +
2' a2' a4'a9'x 1 ̂2' x2' Cnls[x 5l + 2' a2 ̂2'a6'a9'x 1 ̂  2'x2'Cos[xfl +

L3(x) = L3 = no),{ns,"r}} $.a-26c)
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a0-a1'a2'a9'x3tos[x5] + 3'a1 a2'a2' a9tx1'x3*Cos[xfl +
2' a1'a3*a9*x 1'lr3'Gos[x 5l + 2. a2*a5'a9'x 1'x3'Gos[x5l +
2* a1*a2*a9*p1'x1'x3'Gos[xfl + a3*a9*p1'x1 tx3'Gos[x5l +
a2*a9*p3'x1 "x3'Coslxfl + 2' a2^2*a4*a9*x1 ^3'x3*Cos[x5] +
4* a1' a2* a9* x2'x3'Go s[xfl + 2 ta3*a9'x2'x3'Cos[x5] +
a2'a9'p 1'x2*x3'Cos[x5] + 2' a2* a3'a9'x1'x3^2*Cos[x5J +
4' a1'a2*a9*x1 *x4'Cos[x5] + a3'a9*x1 *x4*Coslxfl +
a2'a9tp1 *x1'x4*Cos[xfl + 2'a2'a9*x2*x4*Cos[xfl +
2' a2 ̂2* a9'x 1 *x3'x4'Co s [x 5l - 2' a2*a7*a8*S i n [xfl -
8'a0*a1' a2* a6' a$'x 1'Si n [xfl - 2.a0*a3*a6'a8'x 1 .Si n [xSJ -
2' a0* a2*a6'a8'pl *x 1'Si n [xfl - 8.a0*a2*a6'a8'x2.Si n [xfl -
8'a1'a2*a6*a8'x1'x2'Sin[x5J - 2*a3'a6.a8'x1 *x2'Sin[x5J -
2' a2' a6'a8'p 1'x 1'x2'S i n [xfl - 6*a2'a6 * a8' x2 ̂Z-Si n ffi -
a1 a3'a8'x3.Sin[x5J - a1 n2*a8'F1'x3'Sin[xs] - a1'a8'p3*x3'Sin[x5] -
6*a0'a2'a4*a8'x 1'x3'Si n [xfl - 6'a1' a2* a4* a8'x1 ̂2'x3*Sin [xSJ -
2' a3' a4*a8'x 1 ̂2 1€'S i n [xfl - 2' a2' a3'a6'a8'x 1 n2'x3'Sin [xfl -
2' a2' a4'a8'p 1'x1 ̂2'x3'Si n [xfl - 1 2' a2' a4ta8*x 1 *x2'x3'Si n [x5] -
2' a'l'a3'a8'x3 n2'Si n [xfl - 2' a2' a5'a8'x3 ^2'S i n [xfl -
a3'a8'p 1 *x3 n2'Sin [x5] - 2' a2' a4'a8'x 1 ̂2 tx4*S i n [x5] -
2* a2^2* a6'a8'x 1 n 2'x4'S i n [xfl - 4' a1'a2 *a8'x3'x4'Si n [x5] -
2*a3'a8'x3'x4'Sin[x5j - a2'a8'p 1'x3*x4'Si n [xfl - a2' a8'x4n2.Si n [xSJ
/(a.xgnfl /2)l), -(Q' &' a7'a8'Cos[xfl +
8*a0'a1 *a2'a6'a8'x1'Cos[x5J + 2'a0*a3*a6'a8'x1'Cos[x5] +
2* a0' a2'a6'a8'p1'x 1'Cos[x5] + 8* a0' a2'a6'a8tx2'Gos[x5] +
8ta1' a2' a6' a8'x1'x2'Gos[xfl + 2* a3' a6'a8*x 1'x2'Cosffi +
2' a2' a6'a8'p 1'x1'x2'Cos[x5J + 6*a2*a6*a8'x2 ^2'Gos[xfl +
a1 n3ta8'x3'Cos[xfl + a1 n2'a8'p1*x3'Cos[x5J + a1*a8*p3*x3'Gos[xfl +
6*a0'a2'a4'a8'x 1'x3'Gos[x5J + 6*a 1' a2* a4* a8'x 1 ̂2*x3'Cos[x5] +
2' a3* a4*a8*x 1 ̂ 2'x3*Cos[x5J + 2' a2' a3ta6*a8'x 1 n2'x3*Cos[x5J +
2' a2' a4'a8'p 1'x1 ̂2'x3'Cos[x5J + 1 2' a2'a4*a8*x 1'x2'x3tCos[xfl +
2* a1'a3*a8'x3 ^2'Cos[x5J + 2* a2* a5'a8*x3 n2'Gos[xfl +
a3.a8*p1'x3n2'Cos[x5] + 2'a2' a4*a8*x1 ^2'x4*Cos[xfl +
2' a2 ̂2' a6*a8'x 1 ̂2'x4'Go s[xS] + 4' a1' a2' a8' x3'x4'Cos[x5] +
2* a3' a8*x3*x4'Cos[x5J + a2* a8*p 1'x3.x4-Cos[x5J +
a2' a8' x4n2'Coslxfl + 2'a0' a2* a4' a9'x 1 n2'S i n [xSJ +
2' a0' a2^2'a6*a911 n2'S i n[xS] + 2' a2' a4'a9*x 1 ̂2* x2* Si n [xfl +
2' a2^2' a6'a9'x1 ^2'x2'Sin[xfl + aO'a 1'a2'a9'x3'S i n [xSJ +
3'a1 ̂2' a2' a9'x1'x3'Sin[xfl + 2* a1'a3'a9'x 1'x3'Si n [xSl +
2' a2' a5'a9*x 1'r3'Si n [x5J + 2'a 1' a2' a9' p1'x 1'x3'Si n [xSJ +
a3'a9'p1'x1'x3€in[xfl + a2' a9'p3'x1'x3.Sin[x5] +
2' a2^2' a4'a9'x 1 ̂3'x3'S i n [xfl + 4' a1 * a2' a9* x?'x3'Si n [xSJ +
2' a3' a9' x2'x3*Sin[x5l + a2'a9'p 1'x2'x3*Si n[xS] +
2' a2' a3'a9'x 1 *r3^2'Sin[x5J + 4'a 1' a2* a9' x1'x4'Si n [x5] +
a3'a9'x1'x4'Sin[x5l + a2'a9'p 1'x1'x4'Sin[x5J +
2' a2' a9' f,'x4'Sin[x 5l + 2' a2 2'a9'x 1'x3 *x4€i n [xSff(a'x3 ̂(1 /2)))],

((2. aO a2'a1 *a6'a9'@xfl - 2' a1'a7*ag'Cos[x5J -
1 0'a0'a1 *a4-a9"xl A3'Cos[xSJ - 1 0'a0'a 1' a2' a6'a9'x1'x3'Cos[x5J -
2' aA' a4'a9'p2'xl 13'Cos[x5] - 2' aA' a2'a6'a9'p2'x 1'x3'Cos[x5J -
2'a0*a4*a9'x2 *r3'Cos 

[x 5J - 2' a0' a2'a6'a9')€ *x 3'Go s[x 5J -
1 0'a1'a4*a9'x 1'x2'x3'Cos[xfl - 1 0'a1' a2' a6' agtx 1'x2'x3'Cos[x5] -
2' a4' a9' p2'x 1'x213'Cos[x5J - 2' a2' a6'a9'p2'x 1'x2'x3'Gos[x5J -
2'a4'a9'x2^2'{3'Cos[x5f -2'a2'a6'a9'y2^2'x3'Cos[x5l-
a1 n3'a9'x3^2'Cos[x5J - 6'a1'a5'ag'x3^2'Cos[x5l -
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a 1 ̂2'a9' p2' fia2'Cos[x5l - 2' a5' a9'p2'x3 nl'Cos[lt5l -
a1'a9'p4'x3^2tostx5l - 2' a0' a2'a4'a9'x1'x342'Cost t5l -
6'a1' a2' a4' a9'xl ̂ 2'x3 n2'Cos[xfl - 4'a3ta4'a911 ̂2'r6^2t0os[xfl -
4' a2' a3'a6'a9'x 1 ̂2' x3 ̂ Z.Cos [xSJ - 2' a2' a4'a9'p2 1 1 ̂2'x3 ̂  2'Co s [xfl -
8' a2' a4'a9'x 1'e' t'3^z'Cos [xfl + 2* aO' a4*a9txl'x4'Cos[x5l +
2' aO' a2'a6'a9'x l'x4'Cos [x5] + 2' a4' ag'x 1'x2'x4'Gas[xfl +
2* a2' a6'a9.x 1')e'x4'Cos[x5J - 7' a1^2*a9'x3*x4'Gos[x4 -
2'a5'a9'x3'x4-Cos[xfl - 3'a1'a9'p2'x3'x4'Cos[xfl -
a9'p4'x3*x4'Cos[xq - 6-a2'a4'a9'xl ̂ 2'x3'x4'Cos[xq -

. 4*a2^2'a6'a9'xl ̂2'x3*x4'Cos[x5J + 4'a0^2'a4'a6'a8'x1'Sin[x5l +
4' a0 ̂2' a2*a6^2'a8'x 1'S i n [x 5l + 2' a4'a7'a8'x 1'S i n [xfl +
2' a2' a6'a7'a8'xl'Si n [xSJ + 1 2'a0*a4'a6*a8*x 1'x2'Sin[xfl +
1 2' aO' a?'a6 ̂2'a8'x 1'x2'S i n [xSJ + 6'a4*a6'a8'x 1'x2 ̂2'S i n [xSl +
6'a2'a6a2'a8'x1'x2^2'Si n[x5J + 1 4'a0*al ̂ 2'a6'a8'x3'Sin[x5J +
4'a0'a5'a6'a8'x3'Si n [xSJ + 6'a0'a1'a6ta8*p2'x3*Sin[x5l +
2'a0'a6'a8'p413'Si n [xfl + I'a0'a 4^2' a8' x1 ̂2'x3'Si n[x5J +
1 2' aO' a2'a4'a6"a8'x 1 ̂ 2'x3'Si n [xfl + 1 4'a1 ̂2'S?8'x2'x3'S i n [xfl +
4'a5'a6'a8'x2 1€'S i n [x fl + 6'a 1'a6'a8 t p 2' P' t's'Si n [xfl +
2'a6'a8' p 4' fl1f'S i n [xSJ + 8' a4 ̂2'a8'x 1 ̂2' x2't3'S i n [xfl +
1 2' a2' a4'a6'a81t 1 ̂2' x2' x3'S i n [xSJ + 1 0*a0'a1'a4'a8'x3 ^2'Si n [xSJ +
2'a0'a3'a6'a813n2'S i n [xSJ + 2'a0*a4'a8' p 2' x3^2'Si n[x5J +
6'al ^2' a4' a8A1 13 ̂ 2'S i n[x5J + 6'a4'a5'a8'x1'x3^2'Si n[xfl +
8*al'a3'a6'a8'x 1 1€^2'S i n [xSJ + 2' a2' a5'a6'a8'x 1'x3^2'Sin[xfl +
4' a1'a4'a8' p 2\1?3 ^ 2'S i n [xSJ + 2' a3' a6'a8' p2'x 1'r3 ̂ 2'S i n [xfl +
2' a4' a8'p4'x 1 16^2'S i n [x4 + 4' a2' a4^2'a8'x 1 ̂3'x3 ̂ 2€ in[x5J +
1 6'a1' a4' a8' fl'S ^2'S i n [x5J + 4'a3'a6'a8tx2'x3^2'Sin[x5J +
4'a4'a8' p2' fl' {3n2'Si n [xfl + I'a3'a4'a8'x 1'x3^3'Si n[xSl +
2' aA' a4'a8'x3 lx4'S i n [xfl + 2' a0' a2'a6'a8'x3.x4'Si n [x5l +
1 0.a1'a4'a8'x 1 16'x4'S i n[xfl + 1 0'a1' a2' a6' a8'xl'r3'x4'Si n [xfl +
2' a4' a8' p2' x116 14'S i n [x5l + 2' a2' a6'a8' p2 *x 1'x3'x4'S i n [xSJ +
4' a4' a8' fl'x3 a4'S i n [x 5J + 4' a2' a6'a8'x2'x3'x4'S i n [xSl +
8' a2' a4'a8'x 1 Y3 2' x4-S i n[x5J - a4'a8* xl' x4^2'Si n[xSl -
a2.a6,ag, xl, x4^Z.Si n [x5D/(b'x3 n(3/2)),

(-4.a0nt'a4'a6'a8'x1'Cos[x5] - 4' a0n2' a2'a6^2'a8'xl'Cos[x5l -
2' a4' a7'a8'x 1 €os[xsl - 2' a2' a6'a7'a8'x 1'Cos[xfl -
1 2' aO' a4'a6'a8ix 1'x2 *Cos[x5J - 1 2' aA' a2' a6 ̂2'a8'x 1't€'Cos [xsl -
6'a4'a6'a8'x1'r2 a2'Cos [xSJ - 6'a2'a6^2'a8'x 1'x2^2' Cpls[xfl -
1 4*a0'a1 n2' at aB'r3'Cos [xsl - 4'a0'a5'a6'a8'x3'Cos[x5l -
6'a0'a 1'a6'a8'p2'x3'Cos [x5J - 2'a0'a6'a8'p4'x3'Cos[xfl -
8*a0'a4^2'a8'x 1 ̂2'x3'Cos [xfl - 1 2' a0' a2' a4' a6'a8'x 1 ̂2')6*Cos[x5l -
1 4'a1 ̂2'a6'a81e'x3*Cos[x5J - 4'a5'a6'a8'l€'x3'Cos[x5J -
6'al'a6'a8'p z?'fr'Cos[x5l - 2'a6'a8'p4'l€'x3'Cos[xfl -
8'a4 a2'a8' xl n21f'x3'Cos [x 5] - 1 2' a2' a4'a6'a8'x 1 ̂2')e'r3'Cos[xfl -
I 0'a0?1'a4'a816n2'Cos[x5J - 2'a0'a3'a6'a8'x3^2'Cos[x5l -
2'a0'a4'a8'p23,r2tosffi - 6tal ̂ 2' a4' a9'x 1 -r6^2'Gos[x5l -
6'a4'a5'a8'x11&12'Cosffi - I'a1'a3'a6?8'x I 16^2'Cos[x5l -
2' a2' a5'a6'a81 1')O ̂2'Cos [x 5l - 4' a1'a4'a8' p 2' x1'x3 ̂2' Gos[x5l -
2'a3'a6'a8.p21 1'x3 ̂2'Cos[x5l - 2' a4' a8'p4'x 1'x3^2'Cos[x5l -
4' a2' a4 ̂2'a8'x 1 ̂3'x3 ̂ 2'Cos [xSJ - 1 6'a1'a4'a8'x2'x3 n2'Gos[xfl -
4'a3'a6' a8' flBn2' Cos[xsl - 4'a4'a8' p2' t2' x3^ z'Cos [xSJ -
8'a3'a4'a8'xl'16^3'Cos[x5l - 2'a0'a4'a8'x3'x4'Cos[x5J -
2's0's2'a6'a8161t4'Cos[x5l - 1 0'a1'44'a8'x 1'16'x4'Costxsl -
1 0'al'42'46'4811'x3'x4'Cos[x5l - 2' a4' a8'p2'xl'x3'x4'Co8[x5l -
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2' a2' a6'a8'p2'x1'x3tx4*Cos[x5J - 4' a4' a8tx2'x3*x4-Cos[x5J -
4* a2' a6'a8'1d13'x4*Cos[x5J - 8* a2' a4*a8'x1 *x3^2'x4'Gos[x5] +
a4'a8*x 1 *x4^2*Cos[x5l + a2' a6*a8*x 1' x4^2' Cos[xfl +
2' a0 ̂2' a1'a6*a9*Si n [x5] - 2' a1*a7'a9'Si n [x5] -
1 0'a0'a1 *a4ta91x 1 .x3€i n [x5] - 1 0*a0*a1' a2* a6' a9*x1 -x3.Si n [xSJ -
2' aO' a4'a9'p2a 1'x3 *Si n [x5] - 2.a0* a2' a6* a9'p2 "x 1 -x3€ i n [xSJ -
2' aO* a4*a9'f 13'S i n [xfl - 2' a0' a2*a6*a9*x2.x3'Si n [xfl -
1 0'a 1 ta4*a9'x1 ir2.x3€i n [xfl - 1 0.a1 * a2' a6* a9*x 1 *x2*x3*Si n[x5J -
2' a4* a9' p2' x1?'x3€i n [xfl - 2* a2' a6*a9 *p2 *x 1'x2'x3'S i n [xSJ -
2* a4' a9' >r2^2'S'S i n [x5] - 2* a2' a6* a9' x2 ̂ 2.x3'S i n [xSJ -
a1 n3'a9'x3^2€in[x5J - 6'a1'a5'a9*x3^2.Sin[x5] -
a1 n2' a9' p2'{3a2'S i n [x5] - 2'a5 *a9'p2 *x3 n2.S i n [xfl -
a1 *a9'p4'x3^2€ i n [xSl - 2* a0' a2*a4'a9*x 1'x3 n2'Si n [xfl -
6'a1' a2' a4' agal ̂ 2'x3n2'Sin[x5] - 4'a3*a4*a9'x 1 ̂ 2'x3^2'Si n [xfl -
4' a2' a3*a6'a9a 1 ̂2' {3 ̂ z'Si n [x5] - 2' a2* a4' a9* p2'x 1 n2'x3 n 2.S i n [x5] -
8' a2* a4*a9'x 1 V' {3 ̂ 2'S i n [xfl + 2' a0' a4'a9'x 1'x4'S i n[x 5J +
2' aO* a2*a6'a9a1'x4€in [x fl + 2. a4'a9*x1'x2'x4'Si n [xfl +
2' a2' a6'a9'x 1 1€'x45i n [x5] - 7' a1 ̂2 *a9 *x3*x4'S i n [xfl -
2'a5'a9*x3'x4€in[x5l - 3*a1 *a9*p2*x3*x4*Sin[x4 -
a9'p4'x3'x4€i{x5l - 6'a2'a4'a9*x 1 n2'x3'x4.Si n[xfl -
4' a2 ̂2'a6'SY ^z'rTx4€i n [x 5p(b.x3 n (U2)]]

I

Telxd, c,tto tts encvcr}'rlnrrK8s oX€oELS (2.4-15), pgrlxcrpe tous tmonivareg

Zi$) ylcr i = 1, 2. 3, rou nivcrc Z(x) qs oxrcrqs (2.4-l3b), orrcos nagouord(owat

orq ou|ExEto

zr(x) =

t t t  ta

tzt 'n

(6.a-28a)

ottou

zlf =-(p1'x1y4+bliPya

212 = -(O'p2'x3yFTn)) + 0'p214/(btrn)

2.1 = (m2'p1'r€llla- (rng.pl.x3/a

22 = -(O?2'x4}4btn)) + frrtn4.p2.x4V@trn)
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z2g) =

'21

213 = (2'a0'a1 'a4'ffos[xfl + 2'a0'a4'a8'p1.Cos[xfl +
2' a1' a4' a8'x2fo{x5] + 2' a4' a8.p 1'x2 *Gos[x5l + 2' a1'a8*x 1 .x3'Gos[x5J +
4* a1' a2* a9' x1 1dl'Cos[x5l + 2' a3' a9'x 1 *x3*Gos[xfl +
2*a8'p1'x1 *x3tos[x fl + 2'a2'a9*p1 'x1*x3'Cos[x5J + a2'a9'x1 'x4'Cos[x5J -

4' aO* a2*a6'a8X €i n [x5l + 2' a0' a2*a4*a9'x 1'S i n [xSJ -

4* a2' a6'a8'x 1 6i n[x 5l + 2' a2'a4'a9*x 1'x2'S i n [x5] -

2'a1 2'a8'x3Thtx5J - 2'a1'a8*p1'x3'Sin[xfl - 2'a8'p3'x3'Sin[xfl -

4' a2* a4'a8'x 1 ̂2)<3€ i n[x5J + 2' a2' a9'x 1 n2'x3'S i n [xSJ -

2'a3*a8'x342'Silxfl + a1'a8'x4'Sin[x5] + a8*p1'x4.Sin[xfl -

2' a2* a8'x3'x41Sfl x 5$ (2' a' xg n ( 1 /20

z'l 4 = (4' a0' a2'a61afix 1'Gos[x5J - 2' aO* a2*a4'a9'x 1'Gos[xfl +
4' a2' a6'a8'x 1 WostxSJ - 2' a2' a4'a9'x 1'x2 *Co s[x5J +
2* a1^2'a8'x3to{xfl + 2' a1'a8tp1'x3*Gos[x5J + 2'a8'p3'x3.Cos[xfl +
4* a2' a4'a8'x 1 nZldrGoslx 5l - 2' &*a9'x 1 ̂ 2 *x3*Cos[xfl +
2*a3'a8'x3n2'@x5l - a1'a8*x4*Cos[x5] - a8*p1'x4*Cos[x5] +
2' a2' a8'x3'x4tos[x5l + 2' a0' a1'a4'a8'Si n [xSJ + 2' aO' a4'ag' p 1'S i n [xSJ +
2' a1' a4* a8' x2Sf{xfl + 2' a4* a8.p 1'x2'Si n[xSl + 2' a1*a8'x 1'x3'Si n[x5J +
4*a1'a2'a9'x1 B€in[xfl + 2*a3*a9'x1 .x3*Sin[xfl +
2* a8' p1'x 1'x3lSflx 5! + 2' a2*a9 *p 1'x 1'x3'S i n [x5] + a2' ag'x 1'x4'S i n [x5[/

(2'a*x3nFl2'))

t3 = (4'a1^Z'a4lfa8to{x5l - 2'a-Ta9'Gos[x5J + 8'a0'a4'a6'a8'x210os[xfl -

4.a0'6*agfercosFS'l + 4'a4'a6' a8' x2 a2'Cos[xfl - 2' at c.fla2'' 6sffi +

4'a0'44^2'a8tl fr3fo{xfl + 4'a0'a6'a8a1'x3'Cos[x5l +
4' aO' a2'a6'a9ir1 l€rCo{x fl + 4' a4n 2'a8'x 1 *x2'x3'Cos[x5l +
4'a6'a8'xl'Pll3€os[x5l + 4' a2* a6'a9*x 1'x2'x3'Cos[xfl +
2* a1^2'a9'x3n2tos[x5l + 2* a5' a9'x3 ̂2'Cos[x5J +
2' a1'a9*p2'x3fftos[x!l + 2' a9' p4'x3^2'Gos[xfl +
4' a4' a8\1 ̂ rc2'Coslx 5l + 4' a2'a4'a9'x 1 n 2'x3 n2'Gos[xfl +
3.a1 *ag'x3'x4todx5l r a9'p2'x3'x4'Gostx5l - 8'a0'al'a6'a8'x3-Sin[xfl +

2' aO' a1'a4'a9B€intxsl - 4'a0'a6'a8 *p2'x3€ i n [xfl +
2, aO* a4'a9'pffiiSinlxsl - 8'a 1'a6'a8'x2'x3€i n[xfl +
2'a1'a{'a9'1ff'Shffil - 4'a6'a8'p2'x2'x3'Sin[x5l +
2' a4' 8'p2'1ffi Siir[x5l - 4' aA' a4'a8'fJ a2 €i n [xSl -

8*a1'a4'a8'x1 Ba2€b{x5l + 2'a1'a9'x1'r3^2lsin[xfl -

4' a4' a8' 92' xla9€lSinlxfl + 2' a9' p2' x1'x3 ̂  2'Si n [xfl -

4'a4'a8'x2'fp?|Sin[x5l-2'a}'a6'a8'x4'Sin[xfl +
2. aO, il'a9'x4r$r{x5J --2' a6' a8'x2'x4'S i n[xfl + 2' a4' a9'x2'x4'S i n [xSJ -

2. a4' df,'x 1 t(f,zf Stnlxll + 2'a9'x 1'x3 1x4'Sin[x5X/€'6',6n$l2D

,ra' t3

'23

(6.4-28b)

ottou
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224 = (8*a0'a1'a6*a8'x3'Cos[x5J - 2' a0* a1 ta4.a9.x3'Gos[x5J +
4*a0'a6'a8*p216'Cos[xfl - 2* aO' a4'ag'p2.x3rGos[xfl +
8'a 1 *a6*a8*x2'x3'Cos[x 

fl - 2' a1' a4* ag* x2*x3 rOo s[x5J +
4 ta6 *a 8 * p2' x2' {3'Co s[x5J - 2' a4' ag *p 2 *x2'x3 -Co s [xSJ +
4* aa' a4*a8'x3^2'cos[x5J + 8'a1 *a4*a8'x 1'xg ̂2'cos[x5J -
2* a1'a9*x 1 *x3^2'cos[x5J + 4' a4* ag*p2*x 1'x3^2'cos[x5J -
2* a9* p2* x1 -x3^2'Cos[x5J + 4' a4' a8'x2 *x3 n2.Cos[x5J +
2 *a0*a6'a8'x4'Gos[x5j - 2' ao' a4*ag*x4*Cos[x5J + 2'a6.ag*)€.x4*Gos[x5J -
2' a4* a9' x2'x4'Cos [x fl + 2' a4'a8 *x 1 *x3'x4*Cos 

[x SJ -
2'a9*x 1'x3'x4tcos[x5J + 4' a0^2*a4*a6*a8-si n [xsJ - 2* aT' ag-si n[xfl +
8'a0*a4*a6'a81@'Sin[xfl - 4ta0'a6'ag*x2'Sin [x5] +
4' a4* a6' a8' yQ aZ'S i n [xfl - 2' aG' ag* x2 ̂  2,S i n [xfl +
4' a0* a4^2'a8\r1 1r3.Sin[xfl + 4'a0'a6'a8'x 1'x3rS in [xSJ +
4* aO* a2' a6'a9'x1'x3'Sin[x 5l + 4' a4 2*a8.x1 .x2.x3*Sin[xfl +
4*a6*a8*x 1'r21fJ'Si n [xfl + 4' a2' a6'ag*x 1 .x2'x3*Sin[x5] +
2* a1 n 2'a9'x3 ̂21S i n [xfl + Z' aS' a9'x3 a2'S i n [xfl +
2' a1*a9*p2'x3^2'Sin[xfl + 2'a9'p4'x3^2'Sin[xfl +
4*a4*a8*x 1 ̂zw2.sin[x5J + 4' a2' a4*a9'x1 a2' x3 n2'sin[xfl +
3'a 1'a9'x3'xa Tiir[xSJ + a9'p2 a3'x4'S i n [x5lye.b.x3 " $fZ)l

z3g) =

ortou

z1 5 = (-8'a0n2' at *' a6'a81x1 rcos[xfl + 2' #2' a2' a4^2'a9'x1'Gos{xfl +
3'a2'a7*a9'xl tc[xSl - 1 6*d}'a2'a4'a6'a811 .r€.Gos[xfl +
4'a0'a2'a4nT8\1'r2lCas[x5J+6'a0'a2,a6,ag.x1.x2*Cos[x5]-
8'a2'a4'a6'a$1rJ.fl ,a2tos[xfl +2'a2'a4^Z'ag*x1,fl .A2.Cos[xfl +
3'a2*a6'a9'x1 1@^2'Co{x5l - 2'a0' a1 ̂2' a4'a8*x3'Cos[x5J -
2'a0 *a 1 * a4' a8' 91 a3'Cos[x5l - 4'a0'a4'a8'p3'x3.Gos[x5J -
8' ao* a2' a4 ̂2' &1 a2ldtos[x5J - 8'a0 * a2' a6' a8'x 1 ̂2'x3'cos[xfl +
6'a0 *a2 * a4' aff;rja2'x3toslx5l - 4*a0' a2 nz' a6'a9 -x 1 ̂2'x3.Gostxfl -
2' a1 A2' a4' a81fir3.Cos[x5l - 2'a1'a4'a8.p 1't€ tx3.Cos[x5l -
4' a4' a8.p3'r21fCo{r6l - 8' a2' a4n2'a8*xl A2'x2.xg.Cos[x5J -
8'a2'a6'a8' xl tffi')6toqx5l + 6'a2'a4'd'x I ̂ 2're't'}'Cos[x5l -
4' a2^2'a6'a911 ^2' r?B'cos[x5l - 4'a0'a3'a4'a8'x3 n2 *cos[xg -
4' al ̂ 2'a8'x 1 wz' crlslxsl + 2' a1'a3'a4'a8'x 1'x3 ̂2'costxsl -
6'al ̂ 2' a2' a9\78^2'cos[x5f - 4'a1'a3'a9'x 1'x3n2'cos[x5l -
a2*a5'a9'x1' fr^Z'coslxq - 4' al'a8'p 1'x1'x3^2'cos[x5J +

zrr(x)

'n$)

zruF)

z,.$)

(6.4-2E.')
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2' a3' a4'a8'p1 l1'x3n2.Cos[xfl - 4'a1'a2'a9*p 1'x 1'x3^2'Cos[x5l -
2'a3'a9'p 1 .xl Ba2'Gos[xsl - 4'a8'p3'x1'x3n2'Cos[x5l -
2* a2* a9*p3'x1 13n2'Cos[x 5l - 8' &'a4'a8'x 1 n3'x3 ̂2'Gos[x5J +
2' a2* a9'x 1 n31642' Cos[x 5l - 4' a2 ̂2' a4' ag*x 1 ̂  3'x3 n2'Go s[x5J +
2* a1 *a8 *x2'x3 a2'Co s[x5J - 4'a3 * a4* a8' x2'x3 ̂  2 *Cos 

[x 5] +
2* a1 * a2' a9* fl16^2'Cos[x4 + 2 *a8'p 1'x2'x3 n2'Cos[xfl +
2' a2* a9*p 1'x21€n2'Cos[xfl - 4'a3*a8'x1'x3^3'Cos[x5J -
2' a2' a3*a9.x 1 l3^3*Cos[xfl - 4' aO' a2'a4'a8'x3'x4'Cos[xfl +
2' a1 *a8*x 1 *x344'Cos[x5J + 2' a1' a2' a4' a8*x 1'x3*x4*Gos[x5l -
a1' a2' a9*x1'r314'Cos[xfl + 2'a8'p 1'x1'x3'x4'Cos[xfl +
2' a2' a4*a 8*p 1 1 1 a3'x4'Cos [x5] - 4' a2' a4* a8'x2'x3'x4'Cos[xfl -
4* a2* a8' xl'x3a?x4'Cos[xfl - 2' a2^2'a9*x 1'x3 ̂2*x4'Cos[xfl -
2' a0 a2' a1' a4n2'a8.Si n [xSJ + a1'a7'a8*Si n [xfl -
2' a0n2* a4n2*8p1'Sin[xfl + a7'a8'p1 -Sin[xfl -
4'a0*a1 * a4^2' ffi'Si n [xfl + 2' aO* al ta6*a8*x2'Sin[x5J -
4*a0*a4^ 2- a9pl1€'Si n[xfl + 2'a0*a6'a8'p 1 *x2'Si n [x5] -
2' a1 * a4 ̂2' a81A ̂2'S i n [x5l + a 1'a6' a8' x2n2'S i n [xfl -
2* a4n2* a8' p1 Y.a2'Si n [x5J + a6'a8* p1' fl. nl-Si n [xfl -
2* a0' a1'a4'a8?1 13€i n[xfl + I'aO' a1' a2' a6'a8'x 1'x3'Si n[xfl +
4'a0*a3*a6'a841 13'S i n [xfl - 6ta0' al' a2' a4*a9'x 1 *x3'S i n [xSJ -
4'a0'a3'a4'afi1 13'Sin[xfl - 2'a0'a4'a8'p 1'x1'x3'Sin[x5J +
4* aO' a2'a6'a8! 1 lt 1'16'lsi n[x5J - 4' aA' a2'a4'a9'p 1'x 1'x3 *Si n [xfl -
2' a1 *a4ta8'x 1 1413 *Si n[xSf + 8'a 1' a2* a6' a8'x 1'x2'r3*S i n [xfl +
4*a3'a6'a8'x 1 1A'x3'S i n[xfl - 6'a 1' a2' a4' a9*x 1'x2'x3'Si n[xfl -
4' a3* a4*a9'x 1 1A)G € i n[x5l - 2* a4' a8'p 1'x 1 *x2'x3 €in [x5f +
4' a2' a6'a8'p 1 X le'x3'lsi n[xfl - 4' a2' a4*a9'p l'x 1 *x2'r35n 

ffi +
2* a1 ̂3*a8 *x3n2€i n [x5J + a1'a5'a8'x3^2'Si n [xSl +
2'a1 n2' a8'g1 B 2'Sin[xfl + a5'a8'p1'r3a2'Sin[xfl +
2' a1*a8*p3'x3afSi n [xSJ + 4' a0' a2*a4'a8'x 1 *x3^2*Sin[x5J -
2' a1'a8 *x 1 ̂ 2W2'S i n [xfl + 1 2' a1' a2* a4' a8'x 1 n2' x3 a2'S i n [xSJ +
4* a3' a4'a 8'x 1 ̂XJ ^2'Si n [xSJ - 4' a2' a3'a6'a8'x 1 n 2'x3 ̂2 € i n [xfl -
8*a1'a2 *a9'x 1 ̂21f3^z'Sin[xfl - 4'a3'a9'x1 ̂2'x3n2'Sin[x5J +
2*a2'a3'a4'ffi ^2'{3^2€in[x5J-2'a8'p1"x1^2't'3^2'Sin[x5J+
4' a2' a4'a8'p 1'!r1 ̂2' {3^21Si n[xfl - 4' a2' a9'p 1 *x 1 ̂2'x3 n2 *Si n [x5J +
2' a2' a9* x1' ffi2'Sin[xfl + 4' a1'a3'a8'x3 n3'Si n [x5] +
2'a3'a8'p 1'x3n3€i n [xfl + 4' aA' a2*a6'a8'x 1'x4'S i n [xsl -
4'a0*a2'a4'ffi 14€in[x5l+4'a2*a6oa8'x1'f,'x4'Sin[x5J-
4' a2* a4'a9 *x 1 ?x4lSi n[x5J - a1 n2' a8'x3'x4'Si n [xfl -
a1 *a8'p 1 *x3'x4€in[xsl - 2'a8'p3'x3'x4'Sin[xfl -
4' a2^2'a6'a81r1 ^2'x3'x4Tii n[x5J - 2' a2' a9'x 1 ̂2'x3'x4'S i n[xSl +
2* a2a2' a4'a9X ^2'x3'x4€i n [xSJ + 4'a 1'a2'a8'x3 ̂2'x4'Sin[xfl -
2'a3*a8.x3 a214tii n[xfl + 2' a2' a8'p 1'x3^2'x4'Si n [xfl -
2' a2* aB'x3'x4A2lSin [xfl /(2'"'6 n(3/2D

25 = (- 1 2'a0 n 2' al' 4'a6'a81t3'Cos[x5l + 2' a0 a2' al' a4n2'a9'x3'Cos[x5J +
5'a1'a7'a9*l6to{xq - 8'a042'a4'a6ia8'p216'Cos[x5l +
2' a0a2' a4^2' *fe1<3PGIr6l + 3'a7"a9'p2')6'Coslx5l -
24'a0'a1'a4'881€16-Gc[x5l+4'a0'a1'a4^2'a91€13'Gos[x5J+
1 0'a0'a1' a6' d11r13'Cos[xq - 1 6'a0'a4'a6'a8'p2'r2'x3'Cos[xfl +
4'a0'a4 ̂ 2' ag ffd'x3'Cos[x5] + 6'a0'a6'a9*p 2' fl' x3'Cos[xs] -
1 2' a1' a4' a6' ffi.^2'x3'Cos[x5J + 2'a1' a4 A2' a9'x2 n 2'x3'Cos[xfl +
5'a 1''a9')€afi6€o{xq - I'a4'a6*a8'p 2' 2,^2' x3'Co{x5l +
2' s4 a2' a9' pffi^z1t3'Cos[x5f + 3'a6'a9'p2'x2 ̂  2'x3'Co{x5l -
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8'a0/\2'a4 ̂2r a81€Az'cos[xsf - 1 2'a0? r' a4n2, ag'xl .n3^2.cos[xfl -
1 6'a0'a1'affa8lr(1 )6^2'Cos[x5l + 4'a0'a"3'a4'a6-a8*xl'r3 ^2'Cos[xSI +
6'a0'a1'a4'a911 B^z'cos[x5l - 1 2' ao'al .a2'a6'ag.xl lg^2'costxst -
4'a0*a3'a6'a91 1 16^2'cos [xSJ - 8'a0'a 4n2' aB' p2. x1')€ ̂2.cos txsl 

j
8'a0'a6'a8*p211 16^2'cos[xsl + 6'a0*a4?g'p2'x 1 .xg^z'cos[xq -
4' a0' a2'a6"a9'p21 1'x3 ̂2'cos [x bJ - 1 6'a0' a4 ̂Z' ag' fl. xS ̂z.cot[rsl *
4'a0'a6'a8'x2l6afcos[xs] + 4'a0'a2'a6'ag'*'x3n2'cos[xbJ -
1 2. al' a4^2' a81l 1€*x3^2'cos[xsl - 1 6'a1'a6'ag'xl'x2.x3n2.cos[xsJ +
4' a3' a4' a6'a811 ?13n2'cos[xsf + 6'a I'a4.a9'x 1')e16 ̂ 2 rcosfiq -
1 2' a1'a2'a6'a91tl le'xg ^2'cos[xsJ - 4' a3' a6'ag.x 1 .p.{J ^z.coi1xq -
8' a4a2' a8' p2\1w3n2'cos [xsJ - 8'a6'ag'p2'x I .)e.xg ̂z.costxh ;
6'a4'a9' p2' xlffi2'Cos [x5J - 4' a2' a}'ag' p2'x 1' r€1t'J ̂z.cos 1xq -
8' a4n2' a8' fl ,^21& 2'Cos [xbf + 4'a6.a8, fl ,a2, x3n2.Cos [x5t +
4' a2' a6' aglf,^z*\2' Cos [x Sl - 2' al n3'ag'x3 n g.Cos [x4 -
3'a1'a5'a9?343€c[x Q - 2' a1n2'ag.F2'x3 aS.CosFq -
a5'a9'p2'r6n3!s{xq - 2' a1'ag'p4'x3ag.Cos[x5| -
8'a0'a4'a8'x1 1643€os[xfl - 4' ao' a2'a4*agrx1'xg^g'costxfl -
1 6'al'a4'a81 1 ̂rc$'Cos[x5J + 4' aB' a4 2'a8'x1 ̂216^g'Cos[xSJ +
2' a1'a9'x 1 ̂2 16^3lCos lxsl - 1 2' aI' a2' a4' ag'x I ̂ 2'x3a3'cos[xol -
4' a3' a4' a91 1 ̂216^ 3'cos [xsf - 8'a4ta8 *p2'x 1 ̂2'xg^ g'cos[xsJ +
2' a9' p2' xl ̂ z1frsrcos [xsl - 4' a2' a4'a9'p2'x I ̂ 2.]e^ g.Cos[xfl -
4'a4?8'x1 1e16^3fos[x5l - B?0^2.a4?6'ag'x4'Go{x5J +
2' a0^2'a4n2'Sr{!os[x5l + 3'a7'ag'x4.Cos[xfl -
1 6'a0'a4' aff a6fr4'cos[x5J + 4'a0'a 4a2' a9' fl'x4'coslxbl +
6'a0'a6'a91e14tctx5l - 8'a4'a6'a8'fl,^2' x4.Co{x5f +
2' a4a2' ag 1e ̂ ?14rosffi + 3'a6'ag' fl , ̂z' x4'cclxsl -
8'a0'a4n2'a8qx1 Blt4'cos[xbJ - 4-a0'a6'a8'x 1'x3'x4*cos[xfl +
4' ao' a2'a4'a6iafir1 13'x4'cos[x5l + 6'a0'a4'a9'xl 16'x4'Gos[xsJ -
4' ao' a2'a6'a911 16'x4'cos[x5J - B' a4n?'a8'x fx2')6'x4.cos[xfl -
4'a6'a8'x 1 1e16a4ros[xs] + 4' ?2' a4'a6'a8'x I'l€ y3'x4'Gos[xfl +
6'a4'a9'x 1 1e16a4rcos[xbJ - 4' a2' afi"ag'xfx2'x31r4'cos[x5J -
3'a1 ̂2' ag1€nZlr4tos[xsl - a5'ag'x3n2'x4'Costx5l -
al'a9'p2'x3^214tos[x5] - 4'a4'a8*x 1 n2'x3 ̂2'x4'@xsJ +
4' a2' a4 a2' a8\1 ̂ rc ^2' x4' 6s [x sl + 2'a9'x I ̂  2'r3^2:x4;cos[xsJ -
4'a2'a4'ag'x1 ^zBt^2'x4'Gos[x5l - 4'a0 ̂3'a4n2'a6'ag'si nffi -
2'a0'a6'ai"a8tiinp5'l + 4'a0'a4'a7'ag'S I n [xSt -
1 2' aa a2' a4ar fz$l€'s i n [xSJ - 4' ao a2'a6 n2'a8'x2 tsrn [xsJ -
2'a6'a7*a81€€i{61 + 8'a0 ̂2'a4'a6'ag'rp'S i n[xSf +
4'a4'a7"a9141sit6'l - I 2'a0' a4 n2' a6, aB. re^2'Si n[xfl -
6*a0'aoa 2' aBw,^rein[x5J + 1 2'a0'a4'a6'ag'x2 n2 €i nF6l -
4'a4n2'a6'a81€n3'Sln[x4 - Z' a6a?.a8.x2^3'Sln[xfl +
4'a4'a6'a91e^3rsr{q - 4'ao^2'a4n3'a8'x1'x3'sln[x{f -
4'a0n2'a4'atraffi 16'15l n [xsl + 8.a0 az' a2' a6^2 *a8tl'r6.Slntxsl -
2' a4' a7' a$1tl lcrshfxsl - I'a0^z'a2'a4'a6*a9'x r 16lsrn[xbf +
4'a7'a9'xl 161sif6f - 8'a0'a4^3'a8-xl .re16.Sln[6l -
12'a0.a4'46'am?13'Sln[x4 + 1 6'a0'a2'a0^Z'a8.xl 1e.r6.islnffi +
ffdl'a8'a91t1 1Crffilnffi - I O*a0'a2'a4'a6'ag'xl 1€16tSinffi -
4'84^3'481 l?^rc€|n[x5l - 6'a4'a$a8'x1'tQ,affi19nffi +
8'42'a6n2'a8t1 1e^2'81sin[x5l + 4'a6'ag'x1' x2^216'Slnffi -
8'a2'a4'a6'ag)d 1a^2'r6'sln[xsl + B'a0?l a2'a6'a916^2'rstnJ*5t +
6'a0'a5'a6'a8164?$ n[xSf - 2'a0'a 1 a2' a4' ag'x3a2iSln[x5J -
4'a0'a4'a5'a916r2'slnt 6l + 4'dl'al's6'a8' p21f^nz.sttU,.st -
2'a0'a1'84'a9;ff42'sl n [xSJ + 4'a0'a6'a8'p4'x3^2€lntxsl -
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:

4' a0' a4'a9'p416^2€i n [xSJ - 4'a0*a 4 aZ, aB, x1 ̂ 2.x9 ̂ 2.Si n ffi -
4'a0*a6'a8'x 1 ̂?tfJA?'S| n [xSJ + 1 6ta0' a2' a4* a1'a8'x 1 az' ig az'S i n [x5] -
8* ao* a2' a4 n2' 81 1 n2'x3 n2 -s i n [xSJ - 8'a0 * a2' a6, ag'x 1 ̂z* x3 a2.si n [xfl +
8*a 1 ̂2 *a6*a8'flY3 ̂ 2's i n [x 5J + 6*as *a6*ag'x2'x3 n2.si n [x5] -
2' a1 ̂ 2* a4* a9' flY3 ^2's i n [x sJ - 4* a4* as *ag *x2 *x3 n 2.s i n [xSJ +
4' a1*a6*a8'p 2Y'x3 ^2's i n [x5] - 2* a1'a4*a9*p 2* x2' x3 n2.si n [xb] +
4'a6'a8' p 4' flrea2'S i n [xSl - 4' a4'a9'p4*x2.xg ^2'Si n [xSJ -
4' a4^2' a8.x1 ̂21P'{342.si n [xsJ - 4'a6'a8*x 1 ̂2' fl'x3^2'sin[x5J +
1 6', a2', a4*a6'agi)r1 ^2'x2* x3 n2 -Si n [x5] -
8' a2* a4 ̂2 ta9a1 ̂  2'Q' x3 n2's i n [xfl - 8'a2 ra6'ag *x 1 ̂2, x2, xgn2.si n [x5J +
8*a0'a 1' a4' aB16^3 € i n [x5] + 4*a0'a3'a6*a8.x3 ^3€in [xSJ +
4' aO' a4* a8'p23n3'S i n [x 5] + 1 2' a1 nZ' a4, al.x 1 .x3 ̂ 3.S i n [xS] +
6'a4'a5*a8'x 1 1643-si n [xsJ - 4' a1'a3*a6rag'x 1'x3n3€in[xsJ -
4' al n2'a9'x 1 16^3'si n [xSJ + 2* a1*a3*a4*a9'x 1'x3 n3€ i n [xs] -
4*a5*a9*x 1'x3/*3€in[x5] + 8*a1 *a4'a8'p 2* x1*x3a3*Sin[xfl -
4'a3'a6*a8*p2al 13^3'sin[x5] - 4* a1'ag'p2'x1'xg^g*sin[x5] +
2' a3' a4' a9-p21rl 16n3'S i n[x 5l + 4' a4?8.p4*x 1 .x3^3*Sin[x5J -
4'a9'p4*x1'x3^3isin[x5j - 4' a4' a8*x1 n3.x3n3.Sin[x5] +
8* a2' a4n2 *a81r1 ^3'r3 ̂ 3's i n [xfl - B' a2' a4'ag'x 1 n3'x3 n3-s i n [xfl +
4* al' a4' a8' fl1643:Si n [x 5J + 4'a3 *a6'ag *x2 *x3 n 3.S i n [xSJ +
2' a1*a9'x2'x3 ̂3i'Sin[x5J + 2.ag' p2* x2, x3 ̂  3.S i n [xfl +
4' a3* a4' a8'x 1 161'4:si n [x5] + 6'a0'a 1'a6'ag'x3'x4's i n[xfl -
6'a0'a1 *a4*a916aa€in[xfl + 4'a0'a6'a8'p2'x3'x4'si n[xs] -
4' ao' a4' a9'p2Baals i n [xSJ + 6'a 1'a6'ag*x2'x3'x4'si n[x5J -
6'a1' a4' a9' flBx4lsi n[x5] + 4'a6'a B, p2,x2,x3.x4.Sin[xfl -
4'a4*a9* p2' f,16\4:Si n [xSJ + 4' aO' a2'a6'a8']Ba2.x4*Sin[xfl +
6'a1'a4*a8'x 1 18^l2\4's i n [xfl - 4' a1' a2* a6' a8'x 1'x3n 2 *x4-si n[xS] -
4'a3'a6'a8'x 1 w2\4'si n[xfl - G'a1'a9'x1'x3^2'x4-sin[xsJ +
2* a1* a2* a4* agx 16 ̂ 2'x4*S i n [xsJ + 2* a3* a4' a9'x 1'x3 A2 *x4€i n[x5J -
4' a2' a6* a8'p2 11 13,*2'x4 ts i n [xSJ - 2'ag'p 2* xl' {J ̂ z' x4's i n [xfl +
2' a2* a4' a9.p2 1r1 16a2 *x4's i n [xsJ - 4* a4' a8'x2'xg ̂ 2'x4 *s i n tx fl +
4' a2* a6' a8' r21€4za4's i n [x fl + 2'a9 * fl* x3 ̂ 2'x4's i n [x5J +
4* a2' a4' a8*x 1'ldn3'x4's i n [xsJ + 2 *a0'a6'a g'x4 ̂ 2's i n [xfl -
2' a0' a4' a9'x4 ̂2€in[x5J + 2'a6 *a8 * ye\4 ^Z'S i n [xfl -
2' a4' a9' x2'x4n2lSin[x5] - 2' a4' aB* x1'x3'x4 ̂2 Tii n [xfl -
4'a2'a6'a8'x 1 ffi4^2'si n[xs] + 2* a2' *'a9'x 1'x3'x4^2'sin[x5p

(2'bronFt2ll

Enqavtog, rcrrulrpoqr^E oro crolot0o oarnepcopc

s, (x) sr(x) i "orrrr(r) i{ a(x) I
sPanl-l = sPan

l z(x) | ' r t

'2 t

tt3

':l3
" t t

'zo

' ts

tzs

zt2

'zz
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o'Iou
f \

span{ n(x) [ etvcr o
\ /

Anoderrrmgror orr

e, (x)

XcbgoS nou naQdTetcr aro trs orqlag rou nivara A(x).

o lirgog nou rraQdyetcr afto rr5 orrl).sg

' t t

'zt

' t2

t2z

sr(x) "dso4(*)
ud'o%(*) "o Sotr{')

' t s

'2s

i"osoBr(x)i "dso%(t)i 
'oiot't*l

' ts

'2s

' t3

'zl

"u
'20

eivar involutive, efooov

ill
Lr,"J  

€sPan
s,(x)  isr(x)

' tz

'22

C, (x) 
:

' r t

'21

't3

'23

yrcr rti0e

T r O € S p a n

Ewencirg, 0a iloqre

. f a(,)l
mvl- l  = span

L z$)J

sr(x)i "dsos1(x) i 
.rso%(*) ! adiot,t*)

' t t

'zr

' tz

'22

' tg

'23

,M

'2q

' ts

tzs

(6.+30)

r{irga

er(x) sr(x) udeo8r(t)

,u

'2q

;

sotL(x) i

:

aA2 e'' (x)
D 0 -

' ro

'2q

Xprlor4ronouirwcrg Tqv nsorlYoupswl (rx8orl Kcr ro IcTovoS otr ot o4l€S
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s, (x) sr(x) a d  
"  

g ,  ( x )
o0

ad ,  Br (x )
oo

u o 3ot' {*)

' t t

' z t

' t z

t2z

t t l

'zs

, M

t2q

t t 5

tzs

elvar ypo;rprro ove[optrlrrs perofu rous, ouprmQolvou;re orl

(6 .4-31)

Ta)'lrd, ono rts oxtosrs (6.4-19) Ko,r (6.4-3 1), oupneQoivoupe orr Tl ouvOqxrl

3 tou @ecr.rQnporog 2.4.2., roxurr.

Enoprevc^tS, to npoB),r1po tou ArcprBoug Torproo;roros rou pq ygofrprKou ouofilporos

(6.2-16) or fpcpprxo flpotuno qS poQqqg (6.4-5), sxrr truor1.

6.4-5- Erlpeoq rou v6pou e)l6y1ou

Eqooov LoXUouv ot tKovss Kor avcyrci.eg ouvgrlxeg rou @ecoprlporos 2.4.2., rl

)'uor1 tou npoB)'rlporos tou ArcprBoug to,4ncroproros or l-papr;nro flpotuno yLa trlv

Enaycoyrrcq Mnxawt rou neprypoQetor ono ro ouorqlro rt,,rv droQoprrccilv efuocloeolv

(6.2-16), ovdyercrr ofil tr*tl rorv crKo}ou&r:v e[rodioecov

oi-{i""8l.:]}

n-t(*) = Lo(x)

a(x) = B(x)a(r)

$.4-32a)

(6.4-32b)

onou ro dQ(x) unol,oyi{rror crro ffl l0oq rou ouotTlporos peprrdlv 6roQoprrdrv
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efrodioecov npdrqg :{ng, nou 6ivovror oro @ecilprlpa 2.4.1. Kor rxouv trl poeQn

= 7ax)

178

oo [or.l]

H nQonyoupmwl

pnoget roo6uvopo vo

e[iooo1. eQooov roxuouv or ouvOrlreg rou @ecogrlpotos 2.4.2.,

ypaQei o4 e[rtS

)l

t
oo [6r-

= hl,

e,(xt i  er(r)

(6.4-33)

onou
'1

a(x) =

KOL

,\
Z(x) =

uoiot'{*)ad" g' (x)
o0

ud*o%(*)

orr o nivcrog a(*)

Frnopoups vo ),uooupe

eivar rstQayc,lvtKos, oflota elvor

ro ouorrlpo (6.4-33) c,ls nQoS dQ(x)

IlapculQoupr orl

owLorQeVLpoS. Ono=,

eEqs

dq(x) =

dor (*)

ds(x; =

Z
l t
r - t

7-21

' ts

'25

z
14

tzo

tt3

,?3

7
,  " 1 2
::
: z
, "22

KOt

(l)s

2rs[ot.l] 
'

rl

-  
* tor*  o3 '3* oz*o) i 

- f to,*P, )

+ 'drJ-+["0''* t(ooou
dQz(*)

2o
- -+( oo+ *z)
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o3
-  

a  
- x t

!{"r* 2ooodr* ou^?r- "t:- vor!* o.s*l)
bx l  '

J

o 2

a  
x t

1-lb4 Pz"g *
[ o " , *

'.J

0

0

(6.4-341

o)'orlrrlgcirvowag qv efiocoorl (6.4-34) tos rQos x, 0a sxouFrs

1
Ol (x )  =  -  

o

1
Or(x) = - -6-

=2 -4 ,5 ,

)

r ,  ( r j

+l ['
*2=o

= 
"r)

J o*,
x r ( x j=0 ,

f l r

L.| lo,*
*,  =o

xo  (  xs  =0 )  * ,

l r  r  I  I
J toz*,Jd*o*.|oo-' l=
*o=0  *5=0

x ,  (  x  j = 0 ,  j

Ir  )+ 
I l  or*tJ
* 3  = t 3

x r (x j=0 ,  j *1 ,3 ,  x r=c r )  * r (

Il ( 
,oo(oo* *,rJ o*r* I ,(

t r  =o *z=o

j * l  , 3 ,  * 3

o3*3 * oz*q

=0 ,  j

, *  P l

" 3  
= '

+

> 3 )

d * ,  +

* [o*, 
- o1'2* Pr*z* o3*rr3 *

" ,  
(  t j  = 0 , j  > 3  )

*  j=0  ,  i=2 ,4 ,5 ,

oq*r* 
f {oo"u*

or*r*oJ (6.a-3sa)

x,  =cr)

KOr

ou*r)J e, +

+ 
| t +o 7* zooou*r* ou*l- or*3- v ox!+ o.s*llJ ar, +
J\  x i
* 3 = t 3
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* 5

\r  I  I+ *o f  l dxo+  |  0  dx - l  =
' J  J  

' I

*5=o

* 4

+t
J
X

4

(*s=o)

[  '  lo
L *- ,  t
= Q

, t 3  
* P z*t

B(x) =

Ta a(x)

6ivovror, To

rou rou 0(x)

q
1 

srnxs

aq
cosx5o8 *3

q
t 

cosxs

q
= 

srlrxs

x
4 +x.
J

(6.4-36)

+ B(x)w

ps awrxcttioraoq

* ['"r'4*r 
* (os + Po)x, + 2uo*r*r.* (ur * pr)*o

- 
t ["r* ho^{z* cr(ar+ po)- 

t-f

++

(6.4-35b)

orou rl ota0epcr c, exQpo(tr Fno rrpoyporrKn oro0epo, SrcQopq tou pr16svos.

Ano q oldoq (6.4-26), Bpiorcoupe tov ntvc,ra B(x), o onoioq 0c rxer trl pogqE

^di)

o8 o 9

b

o 9

xot B(r) rou vopou eLeylou rqs pogqqs u = a(x)

Fev B(r) cro rrlv (6.4-36), ro 5e c(x) unol.oyi(6ror

otrlv (2.4-32b) Kor nogouoro(ovror orrl ouvrxero
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B(*) =

a(x) = B(x)Q(x) =

aqbq
- -  - -  S i n X ,  -  C O S X 5

o 8 * 3 t o 9 * 3

aqbq
cosx5 stnx

o g  * 3  
- - - ' - 5  

o g  * 3  
- - - - - 5

2

[- 
,uo"o*,* (os+ po)(cr- *r) - Zaoxrxr+ (ur* pr) xo- + + 

+

i[ur* 
houe*z* 

"d:) 
- (ur+ pr)*r*o+ a= 

] ["or"r/" r{;) 
+

+ 
[or" 

* or*z* pr*z+ o3*1*3* or'r*oJ 
['inxr/", 

r\)

[- 
,uouo*r* (os+ poXcr- *r) - Zaoxrxr+ (ur* pr)xo- + + 

+

i[ur* 
ho^e*z* ^d:) - (.r* pr)rrro + 

A [sinxr/arEr)

[or*, 
* or*2* prrz* o3*r*3* or*r*oJ 

["or*r/"rqJ

(6.4 -37)
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6.4.6. Er6rrrl Afoq rou neoBlrrlpatos rou Argrpoug Tcrpr,cropcttog rou

ouotqpatos oe fpcrpprxo flporuno

@ecopci.rvtcg to yQop$u(o, lpovrra operaB),r1ro ouotqlro rns pop0ng (6.44),

Oetoupre pi= 0 yra i - 1, 2, 3, 4, ofiorr or nivaxeg xorriotaorls, eroodou K::t

efo6ou, l,cppovouv rqv axol.ou0q poQQn

A*= '  BM=

0

0

00

000

00

10

0001

0000

00

01

eM=

H ouvaprqorl FsroQopos rou vrou I-pa;rprrou flporunou eivat 11 oxotrouOr1.

t l  o o o
I
L0 0  I  0

\ (s )  
=  er {s t - \ l - tBM=

+o
S

o+
S

(6.4-38)

Enopevorg, I i,rro"rl rou npoplqporos sugeorls vopou al.eylou [rE oxotto -io

AxgrBtig Tcripuoopo sro flponmo qs poQOrls (6.a-38) p" p1 = p2= p3 = p4 = 0, pe rrl

porlOaua rcov oxeoa&ry (6.4-37) TnS rropcrypaQou 6.4.5., )'cppcver rrlv eu5ucr1 lroeQrl
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aq_:___bq
-  

% =s inx,  % 
- - tcosxs

B(*) =

aqb4

% \  
cosxs  

% Lsrnxs

i (*) = F(*)o(r)

f r U

L- 
'o"o*, * ar(cr- *r) - 2aoxrxr+ u1*4- + 

*o
, x 3 +

i["r* 
ho^e*z* ^d:) - u1'3*q + 

t-f ["o,rrlu r#r) +

+ 
[o,'r* 

o3*r':r or*r*o) 
['i*r/urq)

i(*) =
2

r  t ^  - -  \  A  1  
xq

L- 
*otot,* ar(cr- *r) - 2^o*r*r* 

"rt4- + \ 
+

i["r* 
ho^s*z* ^d:) - u1'3*4 + 

ff [sinxr/un 6t)

[o,'r* Pr*z* o3*1*3* %-r*o) ["o'*r/"rqJ

(6.4-3e)
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6.5. AOMH TOY KNEIXTOY :YITHMATOZ

To npotuno eir-q,r 6vo ypoppu(o ouorqpo 4qS toEns, el,dy[4ro Kor noQotrlQrloqrcl.

eQooov o nivarcrg mu el.eyfrpou

s a 
["r iArB, i4",  i  4Br] (6.s- n )

eivor n),r1poug taEnS Kor o flrvoKos tou rroQornprlorpou

c"

RA
cr\

cM4

cM4

; = eo(x) +G(r)w

Y(x) = h(x)

(6.s-21

eivcr enlor1g n],r1por-g tofqS. Ano ro rro ndvco ouprrsQolvoupe orr ro TrQoruno elvct

eLaluotqg taEqS.

To opxu(o o\orKro Fq yQalrpu(o ouorqpo, .iQo Kor ro xtre uoto, eniorlg prl

ypappu(o ouorrlpq" elvar 5nS tafrls, onor6 ouFrnsQcivoupe ott Fuo xcttiotcrorl Torlu

xlterotou ouoTrlForoq etvor l-lrl noQoT-rlQnorpl. To yryovos q,uro 0a o1o),rtiooupe ow,!

owrxrro.

To rc)retoto ol,otrlpa crts Encyirryu(Tls Mtlxoutls, oupQrova pE tTl oxtoq (2.3-2tr,

extt trlv ol(o).ou0q FoAQrl

(6.5-3)
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ofiou

* 2

o r  oo -  P : * r -  P r tz

* 4

o  
5  

t3  *  Pa" t -  P  z *  q -  Pc* :

Of*l =

*1

*,

*,

*o

c ?
I

+
c .

J

*1* "r+ + oooof

0

a

0

0

0

0

0

0

b

0

h(x) =

To x)'et('to ouorrlpo rIS oxdorls (6.5-3), pnopei va ypaQei cog efrtS

* t

t3

- P3 -Pl

00

00

00

00

01

*1

*2

*3

*4-  P4 -  P2
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w
I

w
2

o j
-+

0

o loo

0

o5 t3  *  Pc t r

(6.5-aa)

(6.4-5b)

(6.a-sc)

t 3

Vr "l,

y2

t1

x.
J

*s= *1* t.+ + oooof

l lcrpocqgou[re orr or e[uociroerg (6.a-5a) Kor (6.4-5b) elvar or eftociroerg rou

trsotuTtou FraS, tvt.u n e[uociroerg (6.a-5c) ei.var rl 6raQopurrl efi,ocooq qv onola

tKovofiotei 11 pq rogarrlQqolprl xc,rriotoe *s rou ouofllporos qg Enayoyucrls MqXornS.

Ooov oQopo rt5 ef rociioer.g (5.5-6a) KoL (5.5-6b), rrogarrlQoupe orl q rotoLl,q|.r1

enrl,oyq tc'lv p1, p2, p3, p4, a Kcr b pas o6qyow or oouprrr@ttxri euotcrOe ig

efo6oug. BdBoua, 0c tt€,tfiet vo troQaqprloou;ls orr Tro vcr elvcr to r},ermo orxrlr1ro

BIBS euotaOeg, 0o tt€rsftet Tl tlrl noporrlQloqrrl xatdotcorl 15 vo eivcrr aoupnrtorrrti

euotoOqg. H pelrdtq trlg euotdOercg rrls Karaoraoqq x, eivct avc Suoxotro npoBlrpa

to onolo 6ev efeto(etar orTlv TroQouoo 6rn].coparrKn epyaoia.

6.6. YNOIIOIHZH TOY NOMOY ENETXOY

[-ra rqv u],onoilaq rou lrrl ygoptnr(ou vopou e]dy1ou filg pogQns

u=a (x )+B(x )w
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onou ro a(x) Kot B(x) Sivovtcrt ono q oleoq (5.4-37), c,nc,tteitc,t n p6tpqorl rou

Srovuoproros ratdotaoqs x (*r, X2, X3, *0, *5) = (u-r, Vu, Vb, iu, io)'

H ycrivrolffl roxurrlro (D, pstQtttot pe rl Borl$ero ptog toxoYswntQtog' evcil to

peupota i", io tJr rrl porl0ero evos noLuperpou. H petprlorl tc,lv lroTvqtttccov pocbv qru,

Vb, elvar oveQrrtrl. fIoQ' otrcr c,utri, orqv epyaoicr l32i avarlepetat rl uncg(r1

SuaQopcov oouFrrt<otrrca euota0cilv rroQorrlgltcilv poTvqttKqg QoqS rrou txouv avoQep0el

orrl prBl,roypaQic 1371. H oQXq l,ertougyiog tou nopotrlpqtrl ourou Baoi(etot ot

l-EtQTlosts tTls ToxutrlTos Tou QotoQo l(ot Tc0v Qeupratc''iv rou otoroQo'

H oXtlt orrKrl ovcncrgcrorccrl tr1g u),onoinorls rou vopou e)'ey1ou yto to lrSolowo

onootcfrlg rata tq 6rc6rxooto crlg 6tu),.Tlorls, divetot mo Eplpa 6.6.1.

MH TPAMMIKO

EYETHMA

Eftptr 6.6.1. Y).onoir1or1 tou

fipotuno YLa To

vopou etrey;1ou rou

ouofilpo el.eylou trlq

enrtuylovet Tqv nQ)oooQlroyrl

Enayc,rytrffls M qxc*qS.
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6.7. AZYMIITOTIKH ITAPAKONOY@HZH TPOXIAT

H onetrcovlorl etooSov - efo6orv rou aexu(ou l.lrl ygopr;nKou ouotrl;raros, l-rtro tr1v

eQoppoyrl rou vol.loL ovorQoQo6otrlorls l(orcroroorlg qs poQqng (2.3-1),

u=a (x )+B( r )w

rxsr rrlv ol(otrou0q Fog0n

EQooov q fteprypoQrl eroo6@v - e[o6<rlv elvor yQoppucrl, elvo,r euro]'.og o ole6tootrrog

svos enrnl,eov pu0pwrq yro fflv ooulrnrorrKrl noparco]'ou0r1oq tpoltog.

Ag uno0eoouFra orr eivar enr0u;rqto rl ti[o6og rou ouorrlporos vo napcxo].ouOei

trlv ngoro0oQlo;c\T ;po1ro

yd(t) =

Lill + L, :, 1[;1,]l + L:' :. lL;: l L; ;l[:: ] s7,

[ " ) .

["J .
Tote, av eQappooor4rr oto r),eroro ouorrl[ro (5.2-20) rov oKotrou0o vopo e],ey1ou
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1o
c [',J:"1

[ , , ) : " ] +

Ir,)

['Jp4

p3[',J:"1
[,,J:"]+p2

p 1
1

2

0c rxoups

t l"* n,vl t)* P:Yr=

w

w 1-F-

[ ,

[ ,

[ : ][ . ,

l-"['l + fo, o
L"l"l lo p4

0

p2
|. "1"
l, "\"

["J.

[ ' , ) .

p3

p4

r ( 2 )  r  r ( l )

|  +p1 lv , l  +
) 6  ^  \ ' t 6

1 ( 2 )  1  1 ( 1 )
|  +p.)  lv ,  I  +
t 6  \  - / d

Or nro ndvco

,\"* ort\" * PaYz=

oxeorK pnoQouv woduva;ro vo ypoQouv

+1, (s.7-2)

ofiou

v' 7

y2

A
e =

opi(etar ro oQalpa cvdpeoo orrs y r(or yd 6raQopuceq efrdloeug. To ouorrluc rrtv

6roQoprxcirv efrociroeorv (5.7-2) onerxovi(er rrlv e[el{r1 tou opatrpatog Ft to Xgo\o-

H oouplrtcottKq ncrplcro).ou0qoq tgoXrdg enrtuyXovtrclt otov
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/ \ A

l im ly( t)  -  y"( t )  |  = l im e(t)  = 0
r + @  \  '  )  t + *

Autrl n analtr1oq e,ivot 6uvc,tov vo entteul0ei ov 6rol^efoupe to Pt Kot

truorl yro to e(t) vc elvcrt euota0rlg. flptiypctt, XQqotponouirvtag

euota0erog Routh neotcuilttt ort I enrl,oyrl

P2,

TO

atot (l)oTa

K8tfilQto

p1

o6rlyei oe oouprronnd euoroE i'uor1 cos nQoS e(t) tqg e[iocoorlg Q.7-2). H nto rdror

enrl,oyrl rc,,lv pl. p1. p3 Kor p4, o6rlyei or oou[-rfirt,ltrrca euotoOeg oQo].pa ]4o

onore oSqnors ogxrKt; ouvOrlreg e(0) = y(0)-yo(0) tou oQal.pratoq.

6.8. :YMNEPA>MATA

Ito KeQal,aro ouro, pe}.scr10r1xe Kor enrreuX0qre o tll,eyXog trls Encycoytlcr6

Mtlxaurls, 11 Lerrougyia rrls onoiog, ovros uyrll,a pn ypollpuffl, neptypcQetot ono to

ouornpo rc,lv pq ypqrprxcirv efwciroec,.rv xarcotaorlg rng pogQns (6.2-16). O direylog

eftrruyxdvetar Fmoco irls rsxvrlcrls rou Axpr,poug Targraoparos rou ouotq;rotos rr$

EncycoyrKrls Mqlavqg oe l-pcrpprro llgoono.

I-ro ro pn ygo+qnKo powelo nou neprypaqer q trertoupylc tng EnoycoytKrls

Mrlxoung, npoodropio:qrc o Frl ypoptlu(og vopos ovotpoQodoqorlg rcrtootoorls $.4-37)

o onoiog o6qyei or rvo anoou(euyprvo ouorlFro tou onolou n neptygoQrl eroo6ql' -

efo6ov rgooopord(e:crr pr rrlv ypotrpu(q nrQrypdqq erco6ov - e[odcov rou l-popprrou

flporunou (6.4-5).

Euyrcexgqrevo' ';.ra to ouotqFa ouro:
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c)

p)

Y)

llpoodtopio:qxe o lcirpog ratdotaorls rou ouorrlpotos,

Ka0opiornKsv ot otoxor etrey1ou,

Anodeir0rlxe ott ro Arcprpeg Tciproopo or fgcpprro flpotuno elvar ndv:a

eQlxro, ps avorpoQo6otrlon rou 8ravuoporos Korootaolg,

llpoo6rogio-cqxe rl yrvllffl l.uor1 rou pq ygoptru(ou vopou avatpoQodotqorlg,

llpoo6ropiorrpce n 6opn tou rl.erotou ouorrlpotos,

Mel.etq0qrcv ot doprtreg rdrotlrss qg etreyfrprorrlrcs, filS noQorqQrlolpoffltcs

r(ol trls euotd0etos iou xl.etotou ouotrlpotos l(ot

llpoo6rogio-rqxe o vopos e),ey1ou nou entnry;1dvet filv aouFtrroJTtKrl

noporol.ou0qoq tgoltcg trlq efodou yto ro ufloot]vo]to tou x]'.erotou olJotrlpatog

ro onoio roQalrtvst nogornpnotpo Kot euotcr0eg.

6)

e)

or)

o

Irq epyaoi;eg 1321, [33], [34J, [35], [36], [37], enrtuylavatot q

ygopprKonoirloq rou orJcrrlporos rqs Enaycoyuffls Mqxcurlg, Xgrlotttonorcirwag cqv

rsxvuffl tIS oroot{,eufqg.

Ito ftoQov Ke9cr)'aro, egcrppo(ovrog rrlv rrxvrKq rou Arprpoug Targrooporog cE

fpapptro flporuno. ro r).ercto ouorTlFro rcaoiototcr YQottptKo ouotnFo Kot potrto:tr

onoou(euyptvo.

H yewrrl luoq nou n€)oodropiorqrce o' ouro ro reQcLcto, rroQsxtt u1 OuvotorrFa

en0.oyr1s rtov fiapcprTQ)olv Tou vopou e),ey1ou, 6T0[ cilote to xlaroto ouotTlpo vo eiven

6vo ctfioou(euypevo Kor yQa;rprKo ouorrlpa. Ooov aQopa to n4roptrtlpa qS suoraOeta;

rxouFrs vo nogarrlorlooupe otr q rataLtrqtrrl enf.oyrl rcrlv ltosopttQtr)v tou fpapprrcoi

flgotunou, pas odrlyow oE oouFurrcrltrrca, euoto0e [g a[o6oug Yto 6vo unoouvo]'o tou

rc)reuotou ouorrlpatos lrovo, eQooov unoplouv pTl naeorlpno$€S rataotdosts. Av aual

n pq rroQorrlQno+q xatdotaorl eivor. ooulrrltt'ttrro euotc0rlS, tote to xtrswro ouotqFn

0c eivor BIBS eroraOdg. Autq n 6rel,eq 6ev sytvt orrlv nogouoo drnlroprcrrrill

epyoolo.
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IIAPAPTHMA A

flpoxerpavou vo e).ey10ow or LKovsS KoL avcyroieg ouv0qreg tou @acrrprl;ra:os

2.4.2. Kor vo efcfei n luoq yro ro vopo ovotgoQodoqoqg rou Erowopraros

rcrraotaoqg fiou 0a nrruxrr ro ArcprBdg Toiprcropra oto fpcpptrc flpotuno ttou

enil,610r1Kov yro xriOe 6vo ono ra nQoKttxti pq ygot4uxa ouotqporo rcov KeQotralcuv 3

sols 6, Xg1orponorrl0qxe ro troyrprxo troKeto MATHEMATIKA. H ptplrtoOrlrcq ttov

owoQrqorcov fiou lQlot$ottotrl0qrcv aivat ot arol.ou0eg:

A=

4 . .  a .
l t  l n

a a
ml rtn

Ogi(ouos tou flivaxa A

A=

a a
1 1  m l

a a
ln rm

m a t r i x A  =  { { u r r ,  ? L z , . . . , & t n } , . . .

det[matrixA]

Transpose[A]
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A-1

L*o*r(*r' x2' "'' *n)

L- L: x,(X', x..,., *n)
g 0  9 1  r ' I  2

Anl,onoinoq - ncgqyowonolqcrq

[utt ,  . . . '  utn]

["tr' un'tJ

Auorl ouofillroros n e(rodloeorv

l.ls cryvcirotous ra rt, x2, ..., xr,

(l)s nSos x1

Inverse[matrixA]

Lieprodu ctlgl,g2,{ x 1,x2,..,xn } ]

Lie[x 1,g0 ,{xl,x2,..,xn }]

Lie[Lieiterated[x1,

g0, i, { x 1,x2,..,xn } ],g 1, {x^1.,x2,..,rr, } l

Simplify[%]

ExpandlVol

Takerows[matrixA, 1]

Takecolums[matrixA, 1]

Solve[ f t  == gx,x l ]

xl = xl/.Vo

x l  =  x1[ [1 ] l

I s,(*l , sr(*) ]
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IIAPAPTHMA B

Alvetat nc,pcrcto o oQtopos TqS "yQapprKrlg' efcpqorlg Flrl-yQoLrpnrcirv

6tc,vuopotrrcirv nedlov oQwpsvov 06 evo Ct q,vo,Iuttro nepiB]rr1po M.

Optopog B. 1. Eotco to 6ravuopcrrrxci neSia v, (x), vr(x), , v_(x) ofior, x

tcottiotoorl trou cvo,ttruoottcr or eva n-draotcrro Ct avaLucKo nepiB),r1po M. @o tipe

ott ro drarruopraq.ra neSia v.(x), r= 1,2, ,m elvar "ypo;rpurcc," efapqpdva cv

Kot lrovo ov undglouv pq-ygap;nKsg owagrqor4 a.(x), i= 1,2, ,m ogwpsvss trro

M eror ciote vo urxuer

a r ( x ) v , ( x )+a r ( x ) v r ( x )+  +a . ( x ) v_ (x )=0

Kor rvos rou).a1t{Irov l-lrl-yQappu(os ouwel.eoQs a,(x) - 0, vxeM, L=L,Z, ,m

Axo)'ou0et pria pd0o6og I*nS preprr<ig 6rcQoprxcirv efr.ociro6@v np6qg ta[qg nou

ngotipletot ctto q pe0o6o gradient rou Xgqo+rororelrou yro rov npoo6rogmpo FroS

ouvapuloTls Lyapounov [22].

Eotco V(x) pro C' crvc)'.uurr1 ouvogu;oq oro M. Av pcrg eivor yvcoorq 11 ouvcrgrrprl

VV, 1016 q V unolo/{,rrot. cfio ro o},or}rrlpopo
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1'(*i
= c'i>1)[#Jo-,+ 

f]: 

=*l'*i=c'i>2) 

ffio-,

=1r2r-..rn-L)

fav I
l * ld*n
L n J

1

,i

Ynev0upi{,oupe otr VV = eivor ro gradient (x),ior1) rrls ouvopulor6 V.

I.ra va eivat q poOpcorrl ouvogrnoq V povadrrcrl, 6r1La64 ovefopqtrl ofto ro fonpo

o)'oxl,r1p@orls fflS V, 0c ngenrr vo roxusr 11 ouv0rprl

VxVV = 0

ottou Vx orlpaiver tr1v ngcr€q curl.

Erlper"cilvetct ott o prldevroprog rou otgoBil,ropou rc,lv ouvogffloaov gradV rtou

efaycowct oo,v ).troetg trreprxcirv droQoprrcdlv efro6oecov orrlv rroeouoo drnklpcrcurrl

egyooio, efcoQali{,etor Ftoco rov rravdlv Kor ovayralrrlv ow€nrcilv rou @ecoprryrctog

2.4.2.

AV
ax

1

:

av
6 x

n
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