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PerÐlhyh

H paroÔsa diplwmatik  ergasÐa epikentr¸netai sthn eÔresh nèwn trìpwn, me mikrì
upologistikì kìstoc, gia ton upologismì mèqri kai twn 3wn parag¸gwn sunart sewn
- stìqwn aerodunamik¸n morf¸n, wc proc tic metablhtèc sqediasmoÔ, pou kajorÐ-
zoun thn aerodunamik  morf , wc proc tic metablhtèc pou kajorÐzoun tic sunj kec
tou probl matoc ro c (kai ja apokaloÔntai efex c stibarèc metablhtèc, robust vari-
ables) kaj¸c kai wc proc touc aparaÐthtouc sunduasmoÔc twn anwtèrw metablht¸n
(miktèc par�gwgoi). Autèc oi par�gwgoi mporoÔn na qrhsimopoihjoÔn gia ton stibarì
sqediasmì (robust design) aerodunamik¸n morf¸n, dhlad  to sqediasmì morf¸n me
ikanopoihtik  apìdosh se eÔroc sunjhk¸n leitourgÐac.

Pio sugkekrimèna, sth logik  thc idèac pou dièpei to Six-Sigma Design, uiojeteÐtai
sun�rthsh - stìqoc pou ekfr�zei afenìc men thn aerodunamik  apìdosh stic ono-
mastikèc sunj kec leitourgÐac, afetèrou de thn apìklish thc apìdoshc aut c se
endeqìmenh allag  twn sunjhk¸n leitourgÐac (allag  tim¸n twn stibar¸n metabl-
ht¸n). Me b�sh aut�, upologÐzontai oi aparaÐthtec par�gwgoi pr¸thc, deÔterhc kai
trÐthc t�xhc aut c thc sun�rthshc.

Apì autèc, oi men pr¸tec kai deÔterec, wc proc tic stibarèc metablhtèc, summetèqoun
sth sun�rthsh - stìqo, en¸ oi par�gwgoi aut¸n wc proc tic metablhtèc sqedias-
moÔ uposthrÐzoun mia mèjodo apìtomhc kajìdou gia thn epÐlush tou probl matoc
stibaroÔ sqediasmoÔ.

H ergasÐa esti�zei kurÐwc sthn eÔresh tou oikonomikìterou trìpou upologismoÔ ìl-
wn twn aparaÐthtwn parag¸gwn. GÐnetai programmatismìc logismikoÔ gia to prìblh-
ma yeudo -1D ro c se agwgì, ìpou kai dokim�sthke h proteinìmenh mèjodoc me mia
eikonik  sun�rthsh - stìqo.
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Abstract

This diploma thesis focuses on finding new ways, with low computational cost, for
the calculation of up to third order sensitivity derivatives of aerodynamic shapes’ ob-
jective functions, with respect to design variables (which determine the aerodynamic
shape), and variables determining flow operation conditions (which will henceforth
be referred to as robust variables) and with respect to the appropriate combinations
of design and robust variables. These derivatives can be used to design aerodynamic
shapes with good/optimal performance in a range of operational conditions (robust
design).

In particular, an objective function based on the concept of Six Sigma Design is
introduced, which not only depicts the aerodynamic performance in the design point,
but also the variation in performance when the operation conditions are changed (i.e.
for different values that the robust variables may take on). Then, the first, second
and third order sensitivity derivatives of the objective function are computed.

First and second order derivatives, with respect to the robust variables, affect the
objective function’s value, whereas their derivatives, with respect to the design vari-
ables, support a steepest descent method for the solution of the robust design prob-
lem.

This thesis mainly focuses on finding the less expensive way for computing the
necessary derivatives. Software is developed for the quasi-1D flow in ducts, where
the suggested method is tested, using a simple objective function.
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Kef�laio 1

Eisagwg 

1.1 Stibarìc Sqediasmìc

Ton teleutaÐo kairì, up�rqei èntono endiafèron sto mhqanologikì q¸ro gia to sqe-
diasmì aerodunamik¸n morf¸n pou na apodÐdoun ikanopoihtik�, ìqi mìno sto ono-
mastikì shmeÐo leitourgÐac, all� se èna eÔroc sunjhk¸n leitourgÐac. H diadikasÐa
eÔreshc tètoiwn morf¸n onom�zetai stibarìc sqediasmìc (robust design).

O stibarìc sqediasmìc èqei qrhsimopoihjeÐ se di�forouc tÔpouc problhm�twn. En-
deiktik� anafèrontai probl mata aerodunamikoÔ sqediasmoÔ aerotom¸n [17], [18],
[20], [21] all� kai probl mata domikoÔ sqediasmoÔ pterug¸n [19]. H kÔria mèjo-
doc pou qrhsimopoieÐtai gia th diatÔpwsh thc sun�rthshc - stìqou tou probl -
matoc stibaroÔ sqediasmoÔ eÐnai h mèjodoc tou Six Sigma Design. GÐnetai dhlad 
h paradoq  thc kanonik c katanom c twn metablht¸n pou kajorÐzoun tic sunj kec
leitourgÐac (stibarèc metablhtèc - robust variables). Me autìn ton trìpo eis�getai
h metablhtìthta thc apìdoshc thc aerodunamik c morf c se endeqìmenh metabol 
twn stibar¸n metablht¸n. Merik� paradeÐgmata stibar¸n metablht¸n eÐnai o ar-
ijmìc Mach kai h gwnÐa prìsptwshc se aerotom . 'Epeita apì th diatÔpwsh thc
sun�rthshc - stìqou tou probl matoc stibaroÔ sqediasmoÔ, sun jwc qrhsimopoieÐ-
tai k�poia stoqastik  mèjodoc (exeliktikoÐ algìrijmoi [18], [20], [21], mèjodocMonte
Carlo [17], [19], neurwnik� dÐktua [17], metaprìtupa , Surrogate models [19]) gia thn
elaqistopoÐhsh thc. AntÐjeta, sthn paroÔsa diplwmatik  ergasÐa, ja efarmosteÐ
aitiokratik  mèjodoc elaqistopoÐhshc me skopì thn el�ttwsh tou upologistikoÔ
kìstouc.

An 𝐹 sun�rthsh - stìqoc klasikoÔ probl matoc beltistopoÐhshc (l.q. o sunte-
lest c apwlei¸n 𝑐𝐷   o lìgoc tou suntelest  apwlei¸n proc ton suntelest  �n-
wshc 𝑐𝐷

𝑐𝐿
, an anaferìmaste se aerotom ,   oi ap¸leiec pÐeshc ìtan anaferìmaste se

agwgì), eis�getai h tropopoihmènh sun�rthsh - stìqoc 𝐹 (  sun�rthsh - stìqoc tou
probl matoc stibaroÔ sqediasmoÔ) gia thn opoÐa isqÔei

𝐹 = 𝜇𝐹 + 𝑘𝜎𝐹 (1.1)

1



2 1. Eisagwg 

Sq ma 1.1: Suntelest c opisjèlkousac ptèrugac, gia klasik  beltistopoÐhsh (suneq c
gramm ) kai stibarì sqediasmì (diakekommènh gramm ).

ìpou 𝑘 stajer�, 𝜇𝐹 h mèsh ektim¸menh tim  thc sun�rthshc 𝐹 kai 𝜎𝐹 h metablhtìthta
thc 𝐹 gÔrw apì th mèsh ektim¸menh tim  thc. ParathroÔme dhlad  ìti h sun�rthsh

𝐹 ekfr�zei thn mèsh apìdosh thc 𝐹 all� kai th metablhtìtht� thc se endeqìmenh

allag  twn stibar¸n metablht¸n. H epilog  thc 𝐹 ègine me b�sh thn idèa tou Six
Sigma Design kai tic prot�seic thc bibliografÐac [17] gia ta probl mata stibaroÔ
sqediasmoÔ.

Oi ekfr�seic twn megej¸n 𝜇𝐹 , 𝜎𝐹 ja dojoÔn sto Kef�laio 7. 'Opwc ja gÐnei emfanèc
oi ekfr�seic autèc, exart¸ntai apì tic timèc twn pr¸twn kai deÔterwn parag¸gwn thc
sun�rthshc 𝐹 wc proc tic stibarèc metablhtèc. Sunep¸c, gia na efarmosjeÐ h mè-
jodoc thc apìtomhc kajìdou gia thn epÐlush tou probl matoc stibaroÔ sqediasmoÔ,
eÐnai aparaÐthtoc o upologismìc twn pr¸twn kai deÔterwn parag¸gwn thc 𝐹 wc proc
tic stibarèc metablhtèc, kaj¸c kai o upologismìc twn parag¸gwn touc wc proc tic
metablhtèc pou elègqoun th gewmetrÐa thc aerodunamik c morf c (metablhtèc sqe-
diasmoÔ). Oi par�gwgoi thc sun�rthshc 𝐹 wc proc touc sunduasmoÔc twn stibar¸n
metablht¸n kai twn metablht¸n sqediasmoÔ, ja onom�zontai miktèc par�gwgoi kai
oi sunduasmoÐ aut¸n twn metablht¸n ja onom�zontai miktèc metablhtèc. Pio sug-
kekrimèna, oi miktèc par�gwgoi pou apaitoÔntai gia thn efarmog  thc mejìdou thc
apìtomhc kajìdou, eÐnai h mikt  deÔterh par�gwgoc thc 𝐹 wc proc tic stibarèc
metablhtèc kai tic metablhtèc sqediasmoÔ, kai h mikt  trÐth par�gwgoc thc 𝐹 (deÔter-
h wc proc tic stibarèc metablhtèc kai pr¸th wc proc tic metablhtèc sqediasmoÔ).



1.2. Upologismìc Pr¸twn Parag¸gwn me th Suzug  Mèjodo 3

Meg�lh èmfash ja dojeÐ sthn eÔresh tou oikonomikìterou trìpou gia ton upologismì
twn anwtèrw parag¸gwn, miac kai lìgw thc t�xhc touc all� kai tou pl jouc twn
metablht¸n sqediasmoÔ (se pragmatikì prìblhma endèqetai na eÐnai kai triy fioc
arijmìc), to upologistikì kìstoc mporeÐ na auxhjeÐ polÔ.

1.2 Upologismìc Pr¸twn Parag¸gwn me th

Suzug  Mèjodo

Up�rqoun polloÐ trìpoi upologismoÔ twn parag¸gwn, eÐte gia par�deigma me peperas-
mènec diaforèc eÐte me th jewrÐa twn migadik¸n sunart sewn [6], [7]. Wstìso h
an�ptuxh nèwn teqnik¸n oi opoÐec sthrÐzontai sth jewrÐa elègqou epitrèpoun ton
upologismì twn aparaÐthtwn parag¸gwn me shmantik� mikrìtero upologistikì kìs-
toc (CPU cost), miac kai to kìstoc upologismoÔ eÐnai praktik� anex�rthto tou ar-
ijmoÔ twn metablht¸n wc proc tic opoÐec gÐnetai h parag¸gish. Oi teqnikèc autèc
apokaloÔntai suzugeÐc (adjoint).

Oi suzugeÐc teqnikèc eÐnai dÔo eid¸n, h suneq c suzug c teqnik  (continuous ad-
joint method ) kai h diakrit  suzug c teqnik  (discrete adjoint method) [2], [10],
[11]. Kat� th qr sh thc suneqoÔc suzugoÔc teqnik c, oi suzugeÐc exis¸seic di-
amorf¸nontai apì tic antÐstoiqec exis¸seic thc ro c se diaforik  morf  kai èpeita
diakritopoioÔntai prokeimènou na epilujoÔn arijmhtik�, en¸ ousiastikì eÐnai ìti h
prokÔptousa suzug c exÐswsh den exart�tai apì th diakritopoÐhsh tou eujèoc prob-
l matoc [12], [13], [14], [15], [16]. Apì thn �llh pleur�, qrhsimopoieÐtai h diakrit 
suzug c diatÔpwsh, me b�sh thn opoÐa diakritopoioÔntai oi exis¸seic ro c kai sth
sunèqeia diamorf¸netai apeujeÐac to suzugèc prìblhma se diakritopoihmènh morf .
Me autìn ton trìpo gÐnetai xek�jaro ìti sth diakrit  suzug  teqnik , h b�sh thc
ìlhc an�ptuxhc eÐnai oi diakritopoihmènec exis¸seic ro c.

AkoloujeÐ sunoptik  parousÐash thc diakrit c suzugoÔc mejìdou, h opoÐa qrhsi-
mopoieÐtai sthn paroÔsa ergasÐa. H sqèsh (1.2) dÐnei thn olik  par�gwgo thc
sun�rthshc 𝐹 wc proc èna di�nusma −→𝑥 , to opoÐo èstw ìti apoteleÐtai apì 𝑁 s-
toiqeÐa. An to mègejoc −→𝑥 ephre�zei th sun�rthsh 𝐹 tìso �mesa, ìso kai èmmesa

- ephre�zontac ta roðk� megèjh pou sumbolÐzontai me to di�nusma
−→
𝑈 - tìte h olik 

par�gwgoc thc 𝐹 wc proc −→𝑥 ja eÐnai

𝑑𝐹

𝑑−→𝑥 =
∂𝐹

∂−→𝑥 +
∂𝐹

∂
−→
𝑈

𝑑
−→
𝑈

𝑑−→𝑥 (1.2)

Oi exis¸seic ro c mporoÔn na grafoÔn se dianusmatik  graf  mèsw tou telest −→
𝑅 = 0. Lamb�nontac upìyh thn �mesh kai èmmesh ex�rthsh thc ro c apì to mègejoc
−→𝑥 èqoume gia thn par�gwgo tou

−→
𝑅 wc proc −→𝑥

𝑑
−→
𝑅

𝑑−→𝑥 =
∂
−→
𝑅

∂−→𝑥 +
∂
−→
𝑅

∂
−→
𝑈

𝑑
−→
𝑈

𝑑−→𝑥 = 0 (1.3)
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O ìroc 𝑑
−→
𝑈

𝑑−→𝑥 mporeÐ na upologisteÐ apì th sqèsh (1.3) kai sth sunèqeia na antikatas-
tajeÐ sth sqèsh (1.2), apì ìpou kai upologÐzetai telik� h olik  par�gwgoc 𝑑𝐹

𝑑−→𝑥
(mèjodoc thc eujeÐac diafìrishc - direct differentiation - DD). Wstìso, o upolo-

gismìc tou ìrou 𝑑
−→
𝑈

𝑑−→𝑥 mèsw thc (1.3) apaiteÐ thn epÐlush 𝑁 susthm�twn. To kìstoc
autì mporeÐ na gÐnei idiaÐtera meg�lo se didi�stata   tridi�stata probl mata ìpou
o arijmìc 𝑁 mporeÐ na eÐnai ènac meg�loc diy fioc   kai triy fioc arijmìc. H lÔsh
se autì to prìblhma mporeÐ na dojeÐ qrhsimopoi¸ntac th suzug  mèjodo (adjoint
method - AM).

Skopìc thc suzugoÔc mejìdou eÐnai h par�kamyh tou upologistik� akriboÔ ìrou 𝑑
−→
𝑈

𝑑−→𝑥 .
Gia ton skopì autì eis�getai h epauxhmènh sun�rthsh 𝐹𝑎𝑢𝑔, h par�gwgoc thc opoÐac
wc proc th metablht  −→𝑥 gr�fetai

𝑑𝐹𝑎𝑢𝑔

𝑑−→𝑥 =
𝑑𝐹

𝑑−→𝑥 +
−→
𝜓 𝑇 𝑑

−→
𝑅

𝑑−→𝑥 =
𝑑𝐹

𝑑−→𝑥 (1.4)

Antikajist¸ntac tic (1.2) kai (1.3) sth sqèsh (1.4) kai ektel¸ntac tic pr�xeic èqoume

𝑑𝐹𝑎𝑢𝑔

𝑑−→𝑥 =

(
∂𝐹

∂
−→
𝑈

+
−→
𝜓 𝑇 ∂

−→
𝑅

∂
−→
𝑈

)
𝑑
−→
𝑈

𝑑−→𝑥 +

(
∂𝐹

∂−→𝑥 +
−→
𝜓 𝑇 ∂

−→
𝑅

∂−→𝑥

)
(1.5)

Jèlontac na apofÔgoume ton akribì upologismì tou 𝑑
−→
𝑈

𝑑−→𝑥 , mhdenÐzoume ton pollaplasi-
ast  tou sqèsh (1.5) kai odhgoÔmaste sth diatÔpwsh thc suzugoÔc exÐswshc (1.6),

apì thn opoÐa kai upologÐzetai h suzug c metablht 
−→
𝜓 .

[
∂
−→
𝑅

∂
−→
𝑈

]𝑇 −→
𝜓 = −

[
∂𝐹

∂
−→
𝑈

]𝑇
(1.6)

To kìstoc epÐlushc thc suzugoÔc exÐswshc (1.6) eÐnai mìlic èna sÔsthma kai eÐ-
nai anex�rthto apì to pl joc twn stoiqeÐwn 𝑁 tou dianÔsmatoc −→𝑥 . Blèpoume
sunep¸c, to shmantikì pleonèkthma thc suzugoÔc mejìdou, idiaÐtera ìtan to pl joc
twn metablht¸n 𝑥 eÐnai meg�lo.

1.3 Upologismìc Parag¸gwn MegalÔterhc

T�xhc

H pr¸th par�gwgoc thc sun�rthshc - stìqou mporeÐ na qrhsimopoihjeÐ se èna sq -
ma beltistopoÐhshc me th mèjodo thc apìtomhc kajìdou. Wstìso, h epijumÐa gi-
a taqÔterh sÔgklish od ghse ston upologismì twn deÔterwn parag¸gwn (Hessian
mhtr¸o) thc sun�rthshc - stìqou. Ousiastik� up�rqoun 4 trìpoi upologismoÔ thc
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deÔterhc parag¸gou, pou eÐnai ìloi oi dunatoÐ sunduasmoÐ thc eujeÐac diafìrishc

(upologismìc twn parag¸gwn 𝑑
−→
𝑈

𝑑−→𝑥  /kai 𝑑2
−→
𝑈

𝑑−→𝑥 2 ) kai thc suzugoÔc teqnik c (epÐlush
twn suzug¸n exis¸sewn). Arqik� loipìn, mporeÐ na upologisteÐ h pr¸th par�gwgoc
me th mèjodo thc eujeÐac diafìrishc kai to Hessian mhtr¸o eÐte me eujeÐa diafìrish
eÐte me th suzug  mèjodo. Enallaktik�, mporeÐ na upologisteÐ me th suzug  mèjodo
h pr¸th par�gwgoc thc sun�rthshc - stìqou kai h deÔterh, eÐte me eujeÐa diafìrish
eÐte me th suzug  teqnik .

Me b�sh thn empeirÐa tou EJS/EMP gia ton upologismì thc deÔterhc parag¸gou
wc proc tic metablhtèc sqediasmoÔ [8], [9] kai thn an�lush pou ja akolouj sei
(Kef�laio 3), apodeiknÔetai ìti o oikonomikìteroc trìpoc gia thn eÔresh tou Hes-
sian mhtr¸ou, wc proc tic metablhtèc sqediasmoÔ, eÐnai o sunduasmìc thc eujeÐac
diafìrishc gia thn eÔresh thc pr¸thc parag¸gou kai thc suzugoÔc teqnik c gia
thn eÔresh thc deÔterhc parag¸gou. Me b�sh aut  thn empeirÐa, ja diereunhjeÐ
o oikonomikìteroc trìpoc upologismoÔ twn deÔterwn parag¸gwn thc sun�rthshc -
stìqou, wc proc tic stibarèc kai tic miktèc metablhtèc. EpÐshc ja anazhthjeÐ o
oikonomikìteroc trìpoc upologismoÔ twn mikt¸n trÐtwn parag¸gwn.
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1.4 Proôp�rqon Logismikì - Epèktash kai

dhmiourgÐa nèou

Gia tic an�gkec thc paroÔsac diplwmatik c ergasÐac, prosarmìsjhkan kai epekt�-
jhkan proôp�rqontec k¸dikec. Sugkekrimèna, proôp rqe [1] :

∙ Logismikì gia parametropoÐhsh gewmetrik¸n morf¸n me qr sh poluwnÔmwn
Bezier-Bernstein.

∙ Logismikì gia thn epÐlush twn Euler exis¸sewn ro c se yeudo - 1𝐷 agwgì.

∙ Logismikì gia ton upologismì thc pr¸thc parag¸gou thc sun�rthshc - stìqou,
wc proc tic metablhtèc sqediasmoÔ, me th mèjodo eujeÐac diafìrishc kai th
diakrit  suzug  mèjodo.

∙ Logismikì gia ton upologismì thc deÔterhc parag¸gou thc sun�rthshc - stì-
qou, wc proc tic metablhtèc sqediasmoÔ, me th diakrit  suzug  mèjodo, afoÔ
pr¸ta eÐqe upologisteÐ h pr¸th par�gwgoc me th mèjodo thc eujeÐac diafìrishc
(mèjodoc DD-AM).

To anwtèrw logismikì epekt�jhke ¸ste na upologistoÔn oi par�gwgoi thc sun�rthsh-
c - stìqou wc proc tic stibarèc kai miktèc metablhtèc, me touc ex c trìpouc:

∙ UpologÐsthke h deÔterh par�gwgoc thc sun�rthshc - stìqou, wc proc tic
metablhtèc sqediasmoÔ me th mèjodo thc eujeÐac diafìrishc, afoÔ eÐqe pr¸-
ta upologisteÐ kai h pr¸th par�gwgoc me thn Ðdia mèjodo (mèjodoc DD-DD).
To sugkekrimèno b ma den eÐnai aparaÐthto gia ton stibarì sqediasmì, prag-
matopoi jhke ìmwc gia thn exoikeÐwsh me th mèjodo thc eujeÐac diafìrishc.

∙ UpologÐsthke h pr¸th par�gwgoc thc sun�rthshc - stìqou, wc proc tic stibarèc
metablhtèc, me tic mejìdouc thc eujeÐac diafìrishc kai thc suzugoÔc teqnik c.

∙ UpologÐsthke h deÔterh par�gwgoc thc sun�rthshc - stìqou, wc proc tic
stibarèc metablhtèc, me tic mejìdouc thc eujeÐac diafìrishc - eujeÐac diafìr-
ishc kai thc eujeÐac diafìrishc - suzugoÔc teqnik c. H an�ptuxh tou logismikoÔ
basÐsthke sthn empeirÐa pou up rqe gia ton upologismì tou Hessian mhtr¸ou
wc proc tic metablhtèc sqediasmoÔ.

∙ UpologÐsthke h deÔterh par�gwgoc thc sun�rthshc - stìqou, wc proc tic
miktèc metablhtèc, me th mejìdou thc eujeÐac diafìrishc - suzugoÔc teqnik c.

∙ UpologÐsthke h mikt  trÐth par�gwgoc thc sun�rthshc - stìqou. H parag¸gish
wc proc tic metablhtèc sqediasmoÔ ègine me th suzug  teqnik , afoÔ pr¸ta
eÐqan upologisteÐ h pr¸th kai deÔterh par�gwgoc thc 𝐹 , wc proc tic stibarèc
metablhtèc, me th mèjodo thc eujeÐac diafìrishc.
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∙ UpologÐsjhke, tèloc, h pr¸th par�gwgoc thc tropopoihmènhc sun�rthshc

- stìqou 𝐹 , wc proc tic metablhtèc sqediasmoÔ, kai ent�qjhke se sq ma
beltistopoÐhshc me th mèjodo thc apìtomhc kajìdou.

To anwtèrw logismikì anaptÔqjhke eis�gontac wc sun�rthsh - stìqo to olokl rwma
thc pÐeshc kat� m koc yeudo - 1D agwgoÔ. 'Eqoume dhlad 

𝐹 (
−→
𝑈 ,

−→
𝑏 ) =

∫
(𝐿)

𝑝(𝑥)𝑑𝑥 =

𝑛𝑝∑
𝑖=1

𝑝𝑖Δ𝑥𝑖 (1.7)

H sugkekrimènh sun�rthsh - stìqoc epilèqjhke kurÐwc lìgw thc aplìtht�c thc, miac
kai ìpwc ja faneÐ sto Kef�laio 7, h eÔresh thc trÐthc parag¸gou eÐnai arket� perÐ-
plokh. Skopìc thc paroÔsac diplwmatik c ergasÐac den eÐnai h diatÔpwsh kai lÔsh
enìc pragmatikoÔ probl matoc, all� h diereÔnhsh twn duskoli¸n pou sunant¸ntai
ston upologismì twn aparaÐthtwn parag¸gwn pou qrhsimopoioÔntai sto stibarì sqe-
diasmì. Ta sumper�smata pou ja prokÔyoun kai h empeirÐa pou ja apokthjeÐ, mporoÔn
na qrhsimopoihjoÔn èpeita se èna pragmatikì didi�stato   tridi�stato prìblhma, to
upologistikì kìstoc tou opoÐou den af nei idiaÐtera perij¸ria gia peiramatismoÔc.
Wstìso, to olokl rwma thc pÐeshc sunant�tai kai se pragmatik� probl mata, miac
kai perièqetai gia par�deigma, stouc suntelestèc �nwshc (𝑐𝐿) kai opisjèlkousac
(𝑐𝐷) aerotom c.
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1.5 H dom  thc ergasÐac

H paroÔsa diplwmatik  ergasÐa epikentr¸netai ston upologismì twn pr¸twn, deÔter-
wn kai trÐtwn parag¸gwn miac sun�rthshc 𝐹 wc proc tic metablhtèc sqediasmoÔ kai
tic stibarèc metablhtèc. H dom  thc ergasÐac èqei wc ex c:

∙ Kef�laio 2
Parousi�zetai analutik� h epÐlush tou eujèoc probl matoc se 1D agwgì,
qrhsimopoi¸ntac diakritopoÐhsh deÔterhc t�xhc akrÐbeiac. Epiplèon, perigr�fe-
tai o trìpoc epibol c twn oriak¸n sunjhk¸n pou qrhsimopoi jhkan kat� thn
arijmhtik  epÐlush twn exis¸sewn ro c. Shmantik  prosj kh apoteleÐ h eis-
agwg  ekfr�sewn parag¸gwn gia mh isapèqontec kìmbouc.

∙ Kef�laio 3
Miac kai to antÐstoiqo logismikì proôp rqe, parousi�zetai sunoptik�, h eÔresh
thc pr¸thc kai deÔterhc parag¸gou thc sun�rthshc - stìqou wc proc tic
metablhtèc sqediasmoÔ. DÐnetai èmfash sth diereÔnhsh thc suneisfor�c twn
parag¸gwn twn oriak¸n sunjhk¸n, wc proc tic metablhtèc thc ro c, stic timèc
thc 𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
. Katab�lletai epÐshc prosp�jeia gia thn el�ttwsh twn apait sewn

mn mhc.

∙ Kef�laio 4
Parousi�zetai h eÔresh thc pr¸thc parag¸gou, wc proc tic stibarèc metabl-
htèc. AnaptÔssontai h suzug c mèjodoc kai h mèjodoc eujeÐac diafìrishc.

∙ Kef�laio 5
Parousi�zetai h eÔresh thc deÔterhc parag¸gou, wc proc tic stibarèc metabl-
htèc. QrhsimopoioÔntai oi proseggÐseic me th mèjodo thc eujeÐac diafìrishc -
eujeÐac diafìrishc kai thc eujeÐac diafìrishc - suzugoÔc teqnik c. Diereun�tai
h suneisfor� twn parag¸gwn twn oriak¸n sunjhk¸n, wc proc tic metablhtèc
thc ro c, stic timèc thc deÔterhc parag¸gou.

∙ Kef�laio 5
Parousi�zetai h eÔresh thc deÔterhc parag¸gou, wc proc tic miktèc metabl-
htèc. QrhsimopoieÐtai h mèjodoc thc eujeÐac diafìrishc - suzugoÔc teqnik c
kai diereun�tai h suneisfor� twn parag¸gwn twn oriak¸n sunjhk¸n, wc proc
tic metablhtèc thc ro c, stic timèc thc mikt c deÔterhc parag¸gou.

∙ Kef�laio 6

Eis�getai h ènnoia thc tropopoihmènhc sun�rthshc 𝐹 kai analÔontai oi ìroi
pou thn apoteloÔn. Parousi�zetai h eÔresh thc trÐthc parag¸gou, wc proc
tic miktèc metablhtèc ( 𝑑3𝐹

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
) me th mèjodo thc eujeÐac diafìrishc - eujeÐac

diafìrishc - suzugoÔc teqnik c. Tèloc, dÐnetai o algìrijmoc sqediasmoÔ me th

mèjodo thc apìtomhc kajìdou, qrhsimopoi¸ntac thn par�gwgo 𝑑𝐹
𝑑𝑏𝑙
.
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∙ Kef�laio 7
Parousi�zontai ta apotelèsmata twn upologismènwn pr¸twn, deÔterwn kai
trÐtwn parag¸gwn, qrhsimopoi¸ntac th sun�rthsh - stìqo 𝐹 =

∫
𝑝𝑑𝑥 kai

wc monadik  stibar  metablht  ton arijmì 𝑀𝑖𝑠(𝑜𝑢𝑡). Parousi�zontai epÐshc ta

apotelèsmata thc beltistopoÐhshc thc sun�rthshc 𝐹 gia di�forec timèc thc
stajer�c 𝑘 kaj¸c kai to sqhmatizìmeno mètwpo Pareto.

∙ Kef�laio 8
Sto teleutaÐo Kef�laio sunoyÐzontai ta sumper�smata thc paroÔsac diplw-
matik c ergasÐac.
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Kef�laio 2

Arijmhtik  EpÐlush Yeudo - 1𝐷
Ro c se Agwgì.

2.1 EujÔ 1𝐷 prìblhma

H enìthta aut  asqoleÐtai me ton upologismì thc atriboÔc, sumpiest c, yeudo-1𝐷
ro c mèsa se agwgì. JewreÐtai dhlad  ìti ta qarakthristik� thc ro c metab�llontai
mìno kat� thn axonik  kateÔjunsh tou agwgoÔ. H diatÔpwsh wc proc ton epilÔth thc
ro c basÐzetai sth jewrÐa twn uperbolik¸n susthm�twn, eis�gontac ton yeudoqrìno
gia qronik� mìnimec roèc me skopì thn enÐsqush thc diag¸niac kuriarqÐac.

Sq ma 2.1: YeÔdo - 1𝐷 ro  se agwgì.

H parametropoÐhsh thc katanom c 𝑆(𝑥) eis�gei tic eleÔjerec metablhtèc (  metabl-

htèc sqediasmoÔ), oi opoÐec emperièqontai sto di�nusma
−→
𝑏 , di�stashc 𝑁 . Par� th

fainomenik  aplìthta tou, to 1𝐷 prìblhma pou ja epilujeÐ èqei mia polÔ shmantik 
diafor� apì ta 2𝐷   3𝐷 probl mata. H diafor� eÐnai ìti se èna 1𝐷 prìblhma, oi
exis¸seic ro c kai o stìqoc orÐzontai ston Ðdio q¸ro (kat� to m koc 𝑥 tou agw-
goÔ). Den sumbaÐnei to Ðdio kat� to sqediasmì miac aerotom c (2𝐷 prìblhma), ìpou
oi men exis¸seic ro c isqÔoun sto q¸ro pou perib�llei thn aerotom  (2𝐷 qwrÐo)

11
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en¸ o de stìqoc - katanom c pÐeshc orÐzetai sun jwc kat� m koc (tm matoc) tou
perigr�mmatoc thc mìno.

2.2 Majhmatik  diatÔpwsh exis¸sewn ro c

Gia to 1𝐷 prìblhma diatup¸nontai oi exis¸seic (Euler) diat rhshc m�zac, orm c kai
enèrgeiac wc ([3])

∂(𝜌𝑆)

∂𝑡
+

∂(𝜌𝑢𝑆)

∂𝑥
= 0

∂(𝜌𝑢𝑆)

∂𝑡
+

∂[(𝜌𝑢2 + 𝑝)𝑆]

∂𝑥
= 𝑝

𝑑𝑆

𝑑𝑥
(2.1)

∂(𝜌𝐸𝑆)

∂𝑡
+

∂(𝜌𝑢𝐻𝑆)

∂𝑥
= 0

ìpou 𝜌 h puknìthta tou reustoÔ, 𝑢 h taqÔthta, 𝐸 h olik  enèrgeia an� mon�da m�zac
tou reustoÔ kai 𝐻 h olik  enjalpÐa, gia tic opoÐec isqÔoun oi qr simec sqèseic apì
thn jermodunamik  twn teleÐwn aerÐwn:

𝜌𝐸 = 𝜌𝑒+
1

2
𝜌𝑢2 (2.2)

𝐸 = 𝐻 − 𝑝

𝜌
(2.3)

𝜌𝐸 =
𝜌𝑐2

𝛾(𝛾 − 1)
+

1

2
𝜌𝑢2 (2.4)

𝑝 = (𝛾 − 1)𝜌𝑒 = (𝛾 − 1)

(
𝜌𝐸 − 1

2
𝜌𝑢2
)

(2.5)

kai 𝑒 = 𝑐𝑣𝑇 eÐnai h eswterik  enèrgeia an� mon�da m�zac tou reustoÔ, 𝛾 o ekjèthc
isentropik c metabol c gia to tèleio aèrio, 𝑐𝑣 o suntelest c jermoqwrhtikìthtac
upì stajerì ìgko, jewroÔmenoc stajerìc gia tèleia aèria, 𝑇 h statik  jermokrasÐa

kai 𝑐 =
√

𝛾𝑝
𝜌
h taqÔthta tou  qou.

Oi exis¸seic thc ro c (2.1) mporoÔn na diatupwjoÔn sthn akìloujh morf  (sun-
thrhtik  graf )
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∂𝜌

∂𝑡
+

∂(𝜌𝑢)

∂𝑥
= − 1

𝑆

𝑑𝑆

𝑑𝑥
𝜌𝑢

∂(𝜌𝑢)

∂𝑡
+

∂(𝜌𝑢2 + 𝑝)

∂𝑥
= − 1

𝑆

𝑑𝑆

𝑑𝑥
𝜌𝑢2 (2.6)

∂(𝜌𝐸)

∂𝑡
+

∂(𝜌𝑢𝐻)

∂𝑥
= − 1

𝑆

𝑑𝑆

𝑑𝑥
𝜌𝑢𝐻

  akolouj¸ntac thn perissìtero qr simh dianusmatik  graf :

∂
−→
𝑈

∂ 𝑡
+

∂
−→
𝑓

∂ 𝑥
= −→𝑞 (2.7)

ìpou
−→
𝑈 to di�nusma twn sunthrhtik¸n metablht¸n,

−→
𝑓 to di�nusma thc atriboÔc ro c

kai −→𝑞 to di�nusma twn ìrwn phg c pou ofeÐletai sth metabol  thc diatom c 𝑆 kat�
m koc tou agwgoÔ, ta opoÐa dÐnontai apì tic sqèseic

−→
𝑈 =

⎡⎣ 𝜌
𝜌𝑢
𝜌𝐸

⎤⎦ =

⎡⎣ 𝜌
𝑚
𝐸𝑡

⎤⎦ (2.8)

−→
𝑓 =

⎡⎣ 𝜌𝑢
𝜌𝑢2 + 𝑝

𝑢 (𝜌𝐸 + 𝑝)

⎤⎦ =

⎡⎢⎣ 𝑚

(𝛾 − 1)𝐸𝑡 +
𝑚2

𝜌

(
3−𝛾
2

)
𝑚
𝜌

[
𝛾𝐸𝑡 − (𝛾 − 1)𝑚

2

2𝜌

]
⎤⎥⎦ (2.9)

−→𝑞 = − 1

𝑆

𝑑𝑆

𝑑𝑥

⎡⎣ 𝜌𝑢
𝜌𝑢2

𝑢 (𝜌𝐸 + 𝑝)

⎤⎦ =

⎡⎢⎣ 𝑚
𝑚2

𝜌

𝑚
𝜌

[
𝛾𝐸𝑡 − (𝛾 − 1)𝑚

2

2𝜌

]
⎤⎥⎦ (2.10)

Oi exis¸seic ro c (2.7), qrhsimopoi¸ntac ton kanìna thc alusidwt c parag¸gishc,
xanagr�fontai wc

∂
−→
𝑈

∂ 𝑡
+ 𝐴

∂
−→
𝑈

∂𝑥
= −→𝑞 (2.11)

ìpou 𝐴 to Iakwbianì mhtr¸o twn sunthrhtik¸n metablht¸n

𝐴 =
∂
−→
𝑓

∂
−→
𝑈

=

⎡⎢⎢⎢⎢⎣
0 1 0

𝛾−3
2
𝑢2 (3− 𝛾)𝑢 𝛾 − 1

−𝛾𝑢𝐸 + (𝛾 − 1)𝑢3 𝛾𝐸 − 3
2
(𝛾 − 1)𝑢2 𝛾𝑢

⎤⎥⎥⎥⎥⎦ (2.12)
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me treÐc pragmatikèc idiotimèc, tic 𝜆1 = 𝑢, 𝜆2 = 𝑢+ 𝑐, 𝜆3 = 𝑢− 𝑐.

Wstìso, mac endiafèrei h qronik� mìnimh ro , epomènwc apaleÐfontac apì thn exÐsw-
sh (2.11) to qronikì ìro kai proqwr¸ntac, sth sunèqeia, se qwrik  diakritopoÐhsh
ja èqoume:

−→
𝑅 𝑖(

−→
𝑈 ,

−→
𝑏 ) =

[
𝐴
∂
−→
𝑈

∂𝑥

]
𝑖

Δ𝑥𝑖 −−→𝑞 𝑖Δ𝑥𝑖 = 0 ,∀ 𝑖 = 2, ..., 𝑛𝑝− 1 (2.13)

ìpou me 𝑛𝑝 sumbolÐzoume ton arijmì twn kìmbwn tou plègmatoc, en¸ to sÔmbolo−→
𝑅 parist�nei to upìloipo (residual) thc exÐswshc ro c. Oi oriakèc sunj kec sthn
eÐsodo kai thn èxodo gr�fontai antÐstoiqa sth sumbolik  graf  (analutikìtera h
parousÐash touc gÐnetai sthn enìthta 2.4):

−→
𝑅 1 = 0 ,

−→
𝑅 𝑛𝑝 = 0 (2.14)

'Opwc eÐnai profanèc, gia na ikanopoioÔntai oi exis¸seic ro c, prèpei o telest c ro c−→
𝑅 se k�je kìmbo na eÐnai Ðsoc me 0. Epomènwc prèpei na upologisteÐ to di�nusma

twn sunthrhtik¸n metablht¸n
−→
𝑈 gia to opoÐo mhdenÐzetai to upìloipo.

H epÐlush tou probl matoc thc ro c gÐnetai mèsw dèlta-diatÔpwshc (d-formulation).
Dhlad : [

𝐼
𝛿𝑥

𝛿𝑡
+
∂
−→
𝑅

∂
−→
𝑈

]
𝛿
−→
𝑈 = −−→

𝑅 (2.15)

ìpou, o yeudo - qronikìc ìroc eis�getai (parìlo pou h ro  jewreÐtai qronik� mìnimh)
¸ste na ekmetalleutoÔme tic idiìthtec twn uperbolik¸n susthm�twn kai na efar-
mostoÔn oi teqnikèc qronoproèlashc (time-marching) gia thn epÐlush tou pedÐou
ro c. Epiplèon, sthn exÐswsh (2.15) ta emplekìmena dianÔsmata eÐnai:

−→
𝑅 =

[ −→
𝑅 1 ,

−→
𝑅 2 , . . .

−→
𝑅 𝑛𝑝−1 ,

−→
𝑅 𝑛𝑝

]𝑇
(2.16)

𝛿
−→
𝑈 =

[
𝛿
−→
𝑈 1 , 𝛿

−→
𝑈 2 , . . . 𝛿

−→
𝑈 𝑛𝑝−1 , 𝛿

−→
𝑈 𝑛𝑝

]𝑇
(2.17)
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∂
−→
𝑅

∂
−→
𝑈

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂
−→
𝑅1

∂
−→
𝑈 1

∂
−→
𝑅1

∂
−→
𝑈 2

∂
−→
𝑅1

∂
−→
𝑈 3

. . . ∂
−→
𝑅1

∂
−→
𝑈 𝑛𝑝

∂
−→
𝑅2

∂
−→
𝑈 1

∂
−→
𝑅2

∂
−→
𝑈 2

∂
−→
𝑅2

∂
−→
𝑈 3

. . . ∂
−→
𝑅2

∂
−→
𝑈 𝑛𝑝

...
∂
−→
𝑅𝑛𝑝−1

∂
−→
𝑈 1

∂
−→
𝑅𝑛𝑝−1

∂
−→
𝑈 2

∂
−→
𝑅𝑛𝑝−1

∂
−→
𝑈 3

. . . ∂
−→
𝑅𝑛𝑝−1

∂
−→
𝑈 𝑛𝑝

∂
−→
𝑅𝑛𝑝

∂
−→
𝑈 1

∂
−→
𝑅𝑛𝑝

∂
−→
𝑈 2

∂
−→
𝑅𝑛𝑝

∂
−→
𝑈 3

. . . ∂
−→
𝑅𝑛𝑝

∂
−→
𝑈 𝑛𝑝

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.18)

Kat� thn epÐlush thc diakritopoihmènhc exÐswshc se d-diatÔpwsh, to dexÐ mèloc eÐnai

autì pou kajorÐzei thn akrÐbeia. Opìte mac endiafèrei h diakritopoÐhsh tou
−→
𝑅 na

gÐnei me akrÐbeia 2hc t�xhc, ¸ste na paraqjoÔn ikanopoihtik� apotelèsmata . W-

stìso, kai to mhtr¸o ∂
−→
𝑅

∂
−→
𝑈

sunant�tai sto dexÐ mèloc twn suzug¸n exis¸sewn pou ja
parousiastoÔn se epìmena kef�laia. En¸ dhlad  den eÐnai aparaÐthtoc o upologis-
mìc tou me 2hc t�xhc akrÐbeia gia thn epÐlush tou probl matoc thc ro c, epilègetai
aut  h t�xh akrÐbeiac ¸ste na paraqjoÔn swstìtera apotelèsmata apì tic suzugeÐc
exis¸seic (Kef�laio 3) .
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2.3 EpÐlush d-diatÔpwshc me akrÐbeia deÔterhc

t�xhc

Sthn paroÔsa enìthta, ja parousiasteÐ analutik� h diakritopoÐhsh tou eujèoc prob-
l matoc (dhlad  twn exis¸sewn ro c) gia deÔterhc t�xhc akrÐbeia stouc eswterikoÔc
kìmbouc. Arqik� qrhsimopoieÐtai h mèjodoc diaqwrismoÔ twn dianum�twn ro c (Flux
Vector Spliting   FVS) me sq ma proekbol c MUSCL (Monotone Upwind Scheme

for Conservation Laws) gia th diakritopoÐhsh tou telest  ro c
−→
𝑅 , qwrÐc ìmwc na

efarmosteÐ sun�rthsh periorismoÔ [5]. Sth sunèqeia, upologÐzetai to mhtr¸o ∂
−→
𝑅

∂
−→
𝑈

me

akrÐbeia deÔterhc t�xhc, wc apotèlesma thc parag¸gishc tou telest  thc ro c
−→
𝑅

pou prokÔptei apì th mèjodo FVS.

Mia diaforetik  apì thn (2.13), èkfrash tou diakritopoihmènou telest  thc ro c
eÐnai:

−→
𝑅 𝑖(

−→
𝑈 ,

−→
𝑏 ) =

(−→
𝑓 𝑖+ 1

2
−−→
𝑓 𝑖− 1

2

)
−−→𝑞 𝑖Δ𝑥𝑖 = 0 (2.19)

kai qrhsimopoi¸ntac th mèjodo FVS deÔterhc t�xhc akrÐbeiac, èqoume gia ta dianÔs-
mata thc ro c

x

𝑖− 2

x

𝑖− 1

x

𝑖

x

𝑖+ 1

x

𝑖+ 2
- -

-

−→
𝑓 𝑖− 1

2

−→
𝑓 𝑖+ 1

2

−→𝑛

qqq q q qq q q

(L) (R) (L) (R)

Sq ma 2.2: DiakritopoÐhsh deÔterhc t�xhc akrÐbeiac tou dianÔsmatoc thc atriboÔc ro c me
th mèjodo FVS.

−→
𝑓 𝑖+ 1

2
=

−→
𝑓 −
(−→
𝑈 𝑅

𝑖+ 1
2

)
+

−→
𝑓 +
(−→
𝑈 𝐿

𝑖+ 1
2

)
(2.20)

−→
𝑓 𝑖− 1

2
=

−→
𝑓 −
(−→
𝑈 𝑅

𝑖− 1
2

)
+

−→
𝑓 +
(−→
𝑈 𝐿

𝑖− 1
2

)
(2.21)

𝜇𝜖
−→
𝑓−(

−→
𝑈 ) = 𝐴−−→𝑈 ,

−→
𝑓+−→𝑈 = 𝐴+−→𝑈 (2.22)
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ìpou ta
−→
𝑈 𝑅

𝑖+ 1
2

kai
−→
𝑈 𝐿

𝑖+ 1
2

, antistoiqoÔn stic arister� (L=Left) kai dexi� (R=Right)

katast�seic thc diaqwristik c gramm c sto mesìkombo tou sq matoc, kai upologÐ-
zontai me an�ptugma Taylor, sÔmfwna me tic sqèseic:

−→
𝑈 𝐿

𝑖+ 1
2

=
−→
𝑈 𝑖 +

1

2

(
∂
−→
𝑈

∂ 𝑥

)
𝑖

(𝑥𝑖+1 − 𝑥𝑖) (2.23)

Efarmìzontac kentrikèc diaforèc (2hc t�xhc akrÐbeia) gia mh isapèqontaΔ𝑥 (Par�rth-
ma Aþ ) èqoume:

(
∂
−→
𝑈

∂ 𝑥

)
𝑖

= 𝑑𝐴𝑖
−→
𝑈 𝑖−1 + 𝑑𝐵𝑖

−→
𝑈 𝑖 + 𝑑𝐶𝑖

−→
𝑈 𝑖+1 (2.24)

ìpou o k�tw deÐkthc twn suntelest¸n 𝑑 dhl¸nei ton kìmbo tou plègmatoc ston opoÐo
gÐnetai h parag¸gish, en¸ o p�nw deÐkthc dhl¸nei ton ìro ton opoÐo pollaplasi�zei
(sqèseic (Aþ.5), (Aþ.6), (Aþ.7))

Me thn Ðdia logik  to
−→
𝑈 𝑅

𝑖+ 1
2

upologÐzetai wc ex c:

−→
𝑈 𝑅

𝑖+ 1
2

=
−→
𝑈 𝑖+1 − 1

2

(
∂
−→
𝑈

∂ 𝑥

)
𝑖+1

(𝑥𝑖+1 − 𝑥𝑖) (2.25)

kai efarmìzontac kentrikèc diaforèc (2hc t�xhc akrÐbeia) ja èqoume:

(
∂
−→
𝑈

∂ 𝑥

)
𝑖+1

= 𝑑𝐴𝑖+1

−→
𝑈 𝑖 + 𝑑𝐵𝑖+1

−→
𝑈 𝑖+1 + 𝑑𝐶𝑖+1

−→
𝑈 𝑖+2 (2.26)

AntÐstoiqa gia ta
−→
𝑈 𝑅

𝑖− 1
2

kai
−→
𝑈 𝐿

𝑖− 1
2

isqÔoun ta ex c:

−→
𝑈 𝑅

𝑖− 1
2

=
−→
𝑈 𝑖 − 1

2

(
∂
−→
𝑈

∂ 𝑥

)
𝑖

(𝑥𝑖 − 𝑥𝑖−1) (2.27)

ìpou to
(

∂
−→
𝑈

∂ 𝑥

)
𝑖
upologÐzetai apì th sqèsh (2.24), en¸
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−→
𝑈 𝐿

𝑖− 1
2

=
−→
𝑈 𝑖−1 +

1

2

(
∂
−→
𝑈

∂ 𝑥

)
𝑖−1

(𝑥𝑖 − 𝑥𝑖−1) (2.28)

kai efarmìzontac kentrikèc diaforèc (2hc t�xhc akrÐbeia) ja èqoume:

(
∂
−→
𝑈

∂ 𝑥

)
𝑖−1

= 𝑑𝐴𝑖−1

−→
𝑈 𝑖−2 + 𝑑𝐵𝑖−1

−→
𝑈 𝑖−1 + 𝑑𝐶𝑖−1

−→
𝑈 𝑖 (2.29)

Qrhsimopoi¸ntac tic anwtèrw sqèseic, h exÐswsh (2.20) metasqhmatÐzetai se

−→
𝑓 𝑖+ 1

2
= 𝑓−

[−→
𝑈 𝑖+1 − 1

2
(𝑥𝑖+1 − 𝑥𝑖)(𝑑

𝐴
𝑖+1

−→
𝑈 𝑖 + 𝑑𝐵𝑖+1

−→
𝑈 𝑖+1 + 𝑑𝐶𝑖+1

−→
𝑈 𝑖+2)

]
+ 𝑓+

[−→
𝑈 𝑖 +

1

2
(𝑥𝑖+1 − 𝑥𝑖)(𝑑

𝐴
𝑖

−→
𝑈 𝑖−1 + 𝑑𝐵𝑖

−→
𝑈 𝑖 + 𝑑𝐶𝑖

−→
𝑈 𝑖+1)

]
(2.30)

kai met� apì pr�xeic

−→
𝑓 𝑖+ 1

2
=

[
1

2
(𝑥𝑖+1 − 𝑥𝑖)𝑑

𝐴
𝑖 𝐴

+
𝑖+ 1

2

]−→
𝑈 𝑖−1

+

[
−1

2
(𝑥𝑖+1 − 𝑥𝑖)𝑑

𝐴
𝑖+1𝐴

−
𝑖+ 1

2

+

(
1 +

1

2
(𝑥𝑖+1 − 𝑥𝑖)𝑑

𝐵
𝑖

)
𝐴+

𝑖+ 1
2

]−→
𝑈 𝑖

+

[(
1− 1

2
(𝑥𝑖+1 − 𝑥𝑖)𝑑

𝐵
𝑖+1

)
𝐴−

𝑖+ 1
2

+
1

2
(𝑥𝑖+1 − 𝑥𝑖)𝑑

𝐶
𝑖 𝐴

+
𝑖+ 1

2

]−→
𝑈 𝑖+1

+

[
−1

2
(𝑥𝑖+1 − 𝑥𝑖)𝑑

𝐶
𝑖+1𝐴

−
𝑖+ 1

2

]−→
𝑈 𝑖+2 (2.31)

Me ton Ðdio trìpo, h sqèsh (2.21) gr�fetai

−→
𝑓 𝑖− 1

2
=

[
1

2
(𝑥𝑖 − 𝑥𝑖−1)𝑑

𝐴
𝑖−1𝐴

+
𝑖− 1

2

]−→
𝑈 𝑖−2

+

[
−1

2
(𝑥𝑖 − 𝑥𝑖−1)𝑑

𝐴
𝑖 𝐴

−
𝑖− 1

2

+

(
1 +

1

2
(𝑥𝑖 − 𝑥𝑖−1)𝑑

𝐵
𝑖−1

)
𝐴+

𝑖− 1
2

]−→
𝑈 𝑖−1

+

[(
1− 1

2
(𝑥𝑖 − 𝑥𝑖−1)𝑑

𝐵
𝑖

)
𝐴−

𝑖− 1
2

+
1

2
(𝑥𝑖 − 𝑥𝑖−1)𝑑

𝐶
𝑖−1𝐴

+
𝑖− 1

2

]−→
𝑈 𝑖

+

[
−1

2
(𝑥𝑖 − 𝑥𝑖−1)𝑑

𝐶
𝑖 𝐴

−
𝑖− 1

2

]−→
𝑈 𝑖+1 (2.32)
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Antikajist¸ntac sth sqèsh (2.19) tic ekfr�seic twn
−→
𝑓 𝑖+ 1

2
kai

−→
𝑓 𝑖− 1

2
apì tic sqèseic

(2.31) kai (2.32) antÐstoiqa, prokÔptei mia exÐswsh thc akìloujhc morf c,pou ja
isqÔei gia ∀ 𝑖 = 3 . . . 𝑛𝑝− 2 :

−→
𝑅 𝑖(

−→
𝑈 ,

−→
𝑏 ) =

[
𝑏𝑏𝑒𝑓𝑖

−→
𝑈 𝑖−2 + 𝑏𝑒𝑓𝑖

−→
𝑈 𝑖−1 + 𝑑𝑖𝑎𝑔𝑖

−→
𝑈 𝑖 + 𝑎𝑓𝑡𝑖

−→
𝑈 𝑖+1 + 𝑎𝑎𝑓𝑡𝑖

−→
𝑈 𝑖+2

]
− −→𝑞 𝑖Δ𝑥𝑖 = 0 (2.33)

ìpou oi suntelestèc kwdikopoioÔntai me ta eukolomnhmìneuta onìmata 𝑑𝑖𝑎𝑔 (di-
ag¸nioc), 𝑎𝑓𝑡, 𝑎𝑎𝑓𝑡 (epìmenoi dÔo) kai 𝑏𝑒𝑓, 𝑏𝑏𝑒𝑓 (prohgoÔmenoi dÔo kìmboi).

O anagn¸sthc parapèmpetai sto Par�rthma Bþ gia ton trìpo eÔreshc twn mhtr¸wn
𝐴+, 𝐴− pou sunant¸ntai stic sqèseic (2.31) kai (2.32). Ta roðk� megèjh pou em-
fanÐzontai ston upologismì aut¸n twn mhtr¸wn antistoiqoÔn sto mèso di�nusma tou

ek�stote mesìkombou, eÐnai dhlad  gia touc 𝐴+/−
𝑖+ 1

2

:

−→
𝑈 𝑚𝑖𝑑 =

−→
𝑈 𝑅

𝑖+ 1
2

+
−→
𝑈 𝐿

𝑖+ 1
2

2
(2.34)

en¸ antÐstoiqa, gia touc 𝐴+/−
𝑖− 1

2

:

−→
𝑈 𝑚𝑖𝑑 =

−→
𝑈 𝑅

𝑖− 1
2

+
−→
𝑈 𝐿

𝑖− 1
2

2
(2.35)

Apì tic sqèseic (2.31) wc (2.35) mporeÐ na upologisjeÐ o telest c thc ro c
−→
𝑅 .

Wstìso, gia thn epÐlush thc ro c me d-diatÔpwsh eÐnai aparaÐthth h prosèggish kai

thc parag¸gou 𝑑
−→
𝑅

𝑑
−→
𝑈
. DiaforÐzontac th sqèsh (2.33) wc proc tic kombikèc timèc twn

−→
𝑈 kai me thn paradoq  ìti

∂ 𝐴+

∂
−→
𝑈

= 0 ,
∂ 𝐴−

∂
−→
𝑈

= 0 (2.36)

èqoume gia touc kìmbouc 𝑖 = 3 . . . 𝑛𝑝− 2, ta akìlouja apotelèsmata :
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∂
−→
𝑅 𝑖

∂
−→
𝑈 𝑖−2

= 𝑏𝑏𝑒𝑓𝑖 = −1

2
(𝑥𝑖 − 𝑥𝑖−1)𝑑

𝐴
𝑖−1𝐴

+
𝑖− 1

2

(2.37)

∂
−→
𝑅 𝑖

∂
−→
𝑈 𝑖−1

= 𝑏𝑒𝑓𝑖

=
1

2
(𝑥𝑖+1 − 𝑥𝑖)𝑑

𝐴
𝑖 𝐴

+
𝑖+ 1

2

−
[
−1

2
(𝑥𝑖 − 𝑥𝑖−1)𝑑

𝐴
𝑖 𝐴

−
𝑖− 1

2

+

(
1 +

1

2
(𝑥𝑖 − 𝑥𝑖−1)𝑑

𝐵
𝑖−1

)
𝐴+

𝑖− 1
2

]
(2.38)

∂
−→
𝑅 𝑖

∂
−→
𝑈 𝑖

= 𝑑𝑖𝑎𝑔𝑖 − ∂−→𝑞 𝑖

∂
−→
𝑈 𝑖

Δ𝑥𝑖

= −1

2
(𝑥𝑖+1 − 𝑥𝑖)𝑑

𝐴
𝑖+1𝐴

−
𝑖+ 1

2

+

(
1 +

1

2
(𝑥𝑖+1 − 𝑥𝑖)𝑑

𝐵
𝑖

)
𝐴+

𝑖+ 1
2

−
[(

1− 1

2
(𝑥𝑖 − 𝑥𝑖−1)𝑑

𝐵
𝑖

)
𝐴−

𝑖− 1
2

+
1

2
(𝑥𝑖 − 𝑥𝑖−1)𝑑

𝐶
𝑖−1𝐴

+
𝑖− 1

2

]
− ∂−→𝑞 𝑖

∂
−→
𝑈 𝑖

Δ𝑥𝑖 (2.39)

∂
−→
𝑅 𝑖

∂
−→
𝑈 𝑖+1

= 𝑎𝑓𝑡𝑖

=

(
1− 1

2
(𝑥𝑖+1 − 𝑥𝑖)𝑑

𝐵
𝑖+1

)
𝐴−

𝑖+ 1
2

+
1

2
(𝑥𝑖+1 − 𝑥𝑖)𝑑

𝐶
𝑖 𝐴

+
𝑖+ 1

2

+
1

2
(𝑥𝑖 − 𝑥𝑖−1)𝑑

𝐶
𝑖 𝐴

−
𝑖− 1

2

(2.40)

∂
−→
𝑅 𝑖

∂
−→
𝑈 𝑖+2

= 𝑎𝑎𝑓𝑡𝑖 = −1

2
(𝑥𝑖+1 − 𝑥𝑖)𝑑

𝐶
𝑖+1𝐴

−
𝑖+ 1

2

(2.41)
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en¸ isqÔei:

∂
−→
𝑅 𝑖

∂
−→
𝑈 𝑗

= 0 , 𝑗 ∕= 𝑖− 2, 𝑖− 1, 𝑖, 𝑖+ 1, 𝑖+ 2 (2.42)

Tèloc, o ìroc ∂−→𝑞 𝑖

∂
−→
𝑈 𝑖
, upologÐzetai apì parag¸gish thc exÐswshc (2.10). 'Etsi èqoume:

∂−→𝑞 𝑖

∂
−→
𝑈 𝑖

= − 1

𝑆𝑖

[
𝑑𝑆

𝑑𝑥

]
𝑖

⎡⎣ 0 1 0
−𝑢2 2𝑢 0

−𝛾𝑢𝐸 + (𝛾 − 1)𝑢3 𝛾𝐸 − 3
2
(𝛾 − 1)𝑢2 𝛾𝑢

⎤⎦
𝑖

(2.43)

en¸ gia 𝑖 ∕= 𝑗 eÐnai ∂−→𝑞 𝑖

∂
−→
𝑈 𝑗

= 0.

AxÐzei se autì to shmeÐo na epishmanjeÐ ìti eÐnai dunatì na upologisjeÐ o telest c−→
𝑅 apì th sqèsh

−→
𝑅 𝑖(

−→
𝑈 ,

−→
𝑏 ) =

(−→
𝑓 𝑖+ 1

2
−−→
𝑓 (𝑖−1)+ 1

2

)
−−→𝑞 𝑖Δ𝑥𝑖 = 0 (2.44)

antÐ thc (2.19), apofeÔgontac dhlad  ton upologismì tou
−→
𝑓 𝑖− 1

2
. Wstìso ed¸ gia

lìgouc plhrìthtac ègine analutik  parousÐash.

EpÐshc, an oi oriakèc sunj kec
−→
𝑅 1 = 0 kai

−→
𝑅 𝑛𝑝 = 0 eÐnai diakritopoihmènec me

deÔterhc t�xhc akrÐbeia kai paragwgistoÔn, ìpwc ja apodeiqjeÐ kai analutik� sthn
enìthta (2.4) , ja èqoume:

∂
−→
𝑅 1

∂
−→
𝑈 𝑗

= 0 ,∀𝑗 = 4, . . . , 𝑛𝑝 (2.45)

∂
−→
𝑅 𝑛𝑝

∂
−→
𝑈 𝑗

= 0 ,∀𝑗 = 1, . . . , 𝑛𝑝− 3 (2.46)

Epomènwc mènei h apìdeixh twn sqèsewn gia touc eidikoÔc kìmbouc 𝑖 = 2 kai 𝑖 =
𝑛𝑝− 1. Gia ton kìmbo 𝑖 = 2 den up�rqei pro-prohgoÔmenoc kìmboc, kai ètsi h morf 

tou telest  thc ro c ja eÐnai

−→
𝑅 2(

−→
𝑈 ,

−→
𝑏 ) =

[
𝑏𝑒𝑓2

−→
𝑈 1 + 𝑑𝑖𝑎𝑔2

−→
𝑈 2 + 𝑎𝑓𝑡2

−→
𝑈 3 + 𝑎𝑎𝑓𝑡2

−→
𝑈 4

]
− −→𝑞 2Δ𝑥2 = 0 (2.47)

Efarmìzontai kai p�li oi sqèseic (2.19) wc (2.22), kaj¸c kai oi sqèseic (2.23),(2.25),
(2.27),(2.28) pou dÐnoun ta dianÔsmata twn sunthrhtik¸n metablht¸n. Wstìso den

eÐnai dunat  h qr sh kentrik¸n diafor¸n gia ton upologismì thc parag¸gou
(

∂
−→
𝑈

∂𝑥

)
1
.
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Gia na antimetwpisteÐ to prìblhma qrhsimopoieÐtai prìsw parag¸gish 2hc t�xhc
akrÐbeiac, sÔmfwna me tic sqèseic (Aþ.12), (Aþ.13), (Aþ.14) kai èqoume

(
∂
−→
𝑈

∂𝑥

)
1

= 𝑑𝐴1
−→
𝑈 1 + 𝑑𝐵1

−→
𝑈 2 + 𝑑𝐶1

−→
𝑈 3 (2.48)

AntÐstoiqa, sthn efarmog  twn sqèsewn gia ton kìmbo 𝑛𝑝−1, to prìblhma thc mh Ô-

parxhc tou mejepìmenou kìmbou emfanÐzetai ston upologismì thc parag¸gou
(

∂
−→
𝑈

∂𝑥

)
𝑛𝑝

kai antimetwpÐzetai efarmìzontac pÐsw parag¸gish 2hc t�xhc akrÐbeiac, sÔmfwna me
tic sqèseic (Aþ.16), (Aþ.17), (Aþ.18)(

∂
−→
𝑈

∂𝑥

)
𝑛𝑝

= 𝑑𝐴𝑛𝑝
−→
𝑈 𝑛𝑝 + 𝑑𝐵𝑛𝑝

−→
𝑈 𝑛𝑝−1 + 𝑑𝐶𝑛𝑝

−→
𝑈 𝑛𝑝−2 (2.49)

odhg¸ntac sth diatÔpwsh tou telest  thc ro c, sth morf 

−→
𝑅 𝑛𝑝−1 =

[
𝑏𝑏𝑒𝑓𝑛𝑝−1

−→
𝑈 𝑛𝑝−3 + 𝑏𝑒𝑓𝑛𝑝−1

−→
𝑈 𝑛𝑝−2 + 𝑑𝑖𝑎𝑔𝑛𝑝−1

−→
𝑈 𝑛𝑝−1 + 𝑎𝑓𝑡𝑛𝑝−1

−→
𝑈 𝑛𝑝

]
− −→𝑞 𝑛𝑝−1Δ𝑥𝑛𝑝−1 = 0 (2.50)

Efarmìzontac tic anwtèrw exis¸seic katal goume stic akìloujec ekfr�seic twn
parag¸gwn

Kìmboc 𝑖 = 2 :

H exÐswsh gia to
−→
𝑓 𝑖+ 1

2
eÐnai h (2.31) kai grammènh sto sugkekrimèno kìmbo dÐnei

−→
𝑓 2+ 1

2
=

[
1

2
(𝑥3 − 𝑥2)𝑑

𝐴
2𝐴

+
2+ 1

2

]−→
𝑈 1

+

[
−1

2
(𝑥3 − 𝑥2)𝑑

𝐴
3𝐴

−
2+ 1

2

+

(
1 +

1

2
(𝑥3 − 𝑥2)𝑑

𝐵
2

)
𝐴+

2+ 1
2

]−→
𝑈 2

+

[(
1− 1

2
(𝑥3 − 𝑥2)𝑑

𝐵
3

)
𝐴−

2+ 1
2

+
1

2
(𝑥3 − 𝑥2)𝑑

𝐶
2 𝐴

+
2+ 1

2

]−→
𝑈 3

+

[
−1

2
(𝑥3 − 𝑥2)𝑑

𝐶
3 𝐴

−
2+ 1

2

]−→
𝑈 4 (2.51)

en¸ gia to
−→
𝑓 2− 1

2
, qrhsimopoi¸ntac thn sqèsh (2.48) anti thc (2.29) katal goume
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−→
𝑓 2− 1

2
=

[
−1

2
(𝑥2 − 𝑥1)𝑑

𝐴
2𝐴

−
2− 1

2

+

(
1 +

1

2
(𝑥2 − 𝑥1)𝑑

𝐴
1

)
𝐴+

2− 1
2

]−→
𝑈 1

+

[(
1− 1

2
(𝑥2 − 𝑥1)𝑑

𝐵
2

)
𝐴−

2− 1
2

+
1

2
(𝑥2 − 𝑥1)𝑑

𝐵
1 𝐴

+
2− 1

2

]−→
𝑈 2

+

[
−1

2
(𝑥2 − 𝑥1)𝑑

𝐶
2 𝐴

−
2− 1

2

+
1

2
(𝑥2 − 𝑥1)𝑑

𝐶
1 𝐴

+
2− 1

2

]−→
𝑈 3

(2.52)

Antikajist¸ntac tic (2.51) kai (2.52) sthn (2.19) kai paragwgÐzontac wc proc
−→
𝑈

èqoume

∂
−→
𝑅 2

∂
−→
𝑈 1

= 𝑏𝑒𝑓2

=

[
1

2
(𝑥3 − 𝑥2)𝑑

𝐴
2𝐴

+
2+ 1

2

]
−
[
−1

2
(𝑥2 − 𝑥1)𝑑

𝐴
2𝐴

−
2− 1

2

+

(
1 +

1

2
(𝑥2 − 𝑥1)𝑑

𝐴
1

)
𝐴+

2− 1
2

]
(2.53)

∂
−→
𝑅 2

∂
−→
𝑈 2

= 𝑑𝑖𝑎𝑔2 − ∂−→𝑞 2

∂
−→
𝑈 2

Δ𝑥2

=

[
−1

2
(𝑥3 − 𝑥2)𝑑

𝐴
3𝐴

−
2+ 1

2

+

(
1 +

1

2
(𝑥3 − 𝑥2)𝑑

𝐵
2

)
𝐴+

2+ 1
2

]
−
[(

1− 1

2
(𝑥2 − 𝑥1)𝑑

𝐵
2

)
𝐴−

2− 1
2

+
1

2
(𝑥2 − 𝑥1)𝑑

𝐴
1𝐴

+
2− 1

2

]
− ∂−→𝑞 2

∂
−→
𝑈 2

Δ𝑥2 (2.54)

∂
−→
𝑅 2

∂
−→
𝑈 3

= 𝑎𝑓𝑡2

=

[(
1− 1

2
(𝑥3 − 𝑥2)𝑑

𝐵
3

)
𝐴−

2+ 1
2

+
1

2
(𝑥3 − 𝑥2)𝑑

𝐶
2 𝐴

+
2+ 1

2

]
−
[
−1

2
(𝑥2 − 𝑥1)𝑑

𝐶
2 𝐴

−
2− 1

2

+
1

2
(𝑥2 − 𝑥1)𝑑

𝐶
1 𝐴

+
2− 1

2

]
(2.55)
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∂
−→
𝑅 2

∂
−→
𝑈 4

= 𝑎𝑎𝑓𝑡2 = −1

2
(𝑥3 − 𝑥2)𝑑

𝐶
3 𝐴

−
2+ 1

2

(2.56)

∂
−→
𝑅 2

∂
−→
𝑈 𝑗

= 0 , 𝑗 > 4 (2.57)

Kìmboc 𝑛𝑝− 1 :

Gia to
−→
𝑓 (𝑛𝑝−1)+ 1

2
, qrhsimopoi¸ntac thn sqèsh (2.49) anti thc (2.26) èqoume

−→
𝑓 (𝑛𝑝−1)+ 1

2
=

[
−1

2
(𝑥𝑛𝑝 − 𝑥𝑛𝑝−1)𝑑

𝐶
𝑛𝑝𝐴

−
(𝑛𝑝−1)+ 1

2

+
1

2
(𝑥𝑛𝑝 − 𝑥𝑛𝑝−1)𝑑

𝐴
𝑛𝑝−1𝐴

+
(𝑛𝑝−1)+ 1

2

]−→
𝑈 𝑛𝑝−2

+

[
−1

2
(𝑥𝑛𝑝 − 𝑥𝑛𝑝−1)𝑑

𝐵
𝑛𝑝𝐴

−
(𝑛𝑝−1)+ 1

2

+

(
1 +

1

2
(𝑥𝑛𝑝 − 𝑥𝑛𝑝−1)𝑑

𝐵
𝑛𝑝−1

)
𝐴+

(𝑛𝑝−1)+ 1
2

]−→
𝑈 𝑛𝑝−1

+

[(
1− 1

2
(𝑥𝑛𝑝 − 𝑥𝑛𝑝−1)𝑑

𝐴
𝑛𝑝

)
𝐴−

(𝑛𝑝−1)+ 1
2

+
1

2
(𝑥𝑛𝑝 − 𝑥𝑛𝑝−1)𝑑

𝐶
𝑛𝑝−1𝐴

+
(𝑛𝑝−1)+ 1

2

]−→
𝑈 𝑛𝑝

(2.58)

en¸ to
−→
𝑓 𝑖− 1

2
dÐnetai apì th sqèsh (2.32), kai gia to sugkekrimèno 𝑖 dÐnei

−→
𝑓 (𝑛𝑝−1)− 1

2
=

[
1

2
(𝑥𝑛𝑝−1 − 𝑥𝑛𝑝−2)𝑑

𝐴
𝑛𝑝−2𝐴

+
(𝑛𝑝−1)− 1

2

]−→
𝑈 𝑛𝑝−3

+

[
−1

2
(𝑥𝑛𝑝−1 − 𝑥𝑛𝑝−2)𝑑

𝐴
𝑛𝑝−1𝐴

−
(𝑛𝑝−1)− 1

2

+

(
1 +

1

2
(𝑥𝑛𝑝−1 − 𝑥𝑛𝑝−2)𝑑

𝐵
𝑛𝑝−2

)
𝐴+

(𝑛𝑝−1)− 1
2

]−→
𝑈 𝑛𝑝−2

+

[(
1− 1

2
(𝑥𝑛𝑝−1 − 𝑥𝑛𝑝−2)𝑑

𝐵
𝑛𝑝−1

)
𝐴−

(𝑛𝑝−1)− 1
2

+
1

2
(𝑥𝑛𝑝−1 − 𝑥𝑛𝑝−2)𝑑

𝐶
𝑛𝑝−2𝐴

+
(𝑛𝑝−1)− 1

2

]−→
𝑈 𝑛𝑝−1

+

[
−1

2
(𝑥𝑛𝑝−1 − 𝑥𝑛𝑝−2)𝑑

𝐶
𝑛𝑝−1𝐴

−
(𝑛𝑝−1)− 1

2

]−→
𝑈 𝑛𝑝 (2.59)

Antikajist¸ntac tic (2.58) kai (2.59) sthn (2.19) kai paragwgÐzontac wc proc
−→
𝑈

èqoume
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∂
−→
𝑅 𝑛𝑝−1

∂
−→
𝑈 𝑛𝑝−3

= 𝑏𝑏𝑒𝑓𝑛𝑝−1 = −1

2
(𝑥𝑛𝑝−1 − 𝑥𝑛𝑝−2)𝑑

𝐴
𝑛𝑝−2𝐴

+
(𝑛𝑝−1)− 1

2

(2.60)

∂
−→
𝑅 𝑛𝑝−1

∂
−→
𝑈 𝑛𝑝−2

= 𝑏𝑒𝑓𝑛𝑝−1

=

[
−1

2
(𝑥𝑛𝑝 − 𝑥𝑛𝑝−1)𝑑

𝐶
𝑛𝑝𝐴

−
(𝑛𝑝−1)+ 1

2

+
1

2
(𝑥𝑛𝑝 − 𝑥𝑛𝑝−1)𝑑

𝐴
𝑛𝑝−1𝐴

+
(𝑛𝑝−1)+ 1

2

]
−
[
−1

2
(𝑥𝑛𝑝−1 − 𝑥𝑛𝑝−2)𝑑

𝐴
𝑛𝑝−1𝐴

−
(𝑛𝑝−1)− 1

2

+

(
1 +

1

2
(𝑥𝑛𝑝−1 − 𝑥𝑛𝑝−2)𝑑

𝐵
𝑛𝑝−2

)
𝐴+

(𝑛𝑝−1)− 1
2

]
(2.61)

∂
−→
𝑅 𝑛𝑝−1

∂
−→
𝑈 𝑛𝑝−1

= 𝑑𝑖𝑎𝑔𝑛𝑝−1 − ∂−→𝑞 𝑛𝑝−1

∂
−→
𝑈 𝑛𝑝−1

Δ𝑥𝑛𝑝−1

=

[
−1

2
(𝑥𝑛𝑝 − 𝑥𝑛𝑝−1)𝑑

𝐵
𝑛𝑝𝐴

−
(𝑛𝑝−1)+ 1

2

+

(
1 +

1

2
(𝑥𝑛𝑝 − 𝑥𝑛𝑝−1)𝑑

𝐵
𝑛𝑝−1

)
𝐴+

(𝑛𝑝−1)+ 1
2

]
−
[(

1− 1

2
(𝑥𝑛𝑝−1 − 𝑥𝑛𝑝−2)𝑑

𝐵
𝑛𝑝−1

)
𝐴−

(𝑛𝑝−1)− 1
2

+
1

2
(𝑥𝑛𝑝−1 − 𝑥𝑛𝑝−2)𝑑

𝐶
𝑛𝑝−2𝐴

+
(𝑛𝑝−1)− 1

2

]
− ∂−→𝑞 𝑛𝑝−1

∂
−→
𝑈 𝑛𝑝−1

Δ𝑥𝑛𝑝−1 (2.62)

∂
−→
𝑅 𝑛𝑝−1

∂
−→
𝑈 𝑛𝑝

= 𝑎𝑓𝑡𝑛𝑝−1

=

[(
1− 1

2
(𝑥𝑛𝑝 − 𝑥𝑛𝑝−1)𝑑

𝐴
𝑛𝑝

)
𝐴−

(𝑛𝑝−1)+ 1
2

+
1

2
(𝑥𝑛𝑝 − 𝑥𝑛𝑝−1)𝑑

𝐶
𝑛𝑝−1𝐴

+
(𝑛𝑝−1)+ 1

2

]
−
[
−1

2
(𝑥𝑛𝑝−1 − 𝑥𝑛𝑝−2)𝑑

𝐶
𝑛𝑝−1𝐴

−
(𝑛𝑝−1)− 1

2

]
(2.63)

Sumperasmatik�, to mhtr¸o ∂
−→
𝑅

∂
−→
𝑈
eÐnai pentadiag¸nio, me k�je stoiqeÐo tou na apoteleÐ-

tai apì èna pÐnaka 3× 3. H morf  tou mhtr¸ou dÐnetai parak�tw:
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∂
−→
𝑅

∂
−→
𝑈

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂
−→
𝑅1

∂
−→
𝑈 1

∂
−→
𝑅1

∂
−→
𝑈 2

∂
−→
𝑅1

∂
−→
𝑈 3

0 0 0 0 . . . 0 0 0

∂
−→
𝑅2

∂
−→
𝑈 1

∂
−→
𝑅2

∂
−→
𝑈 2

∂
−→
𝑅2

∂
−→
𝑈 3

∂
−→
𝑅2

∂
−→
𝑈 4

0 0 0 . . . 0 0 0

∂
−→
𝑅3

∂
−→
𝑈 1

∂
−→
𝑅3

∂
−→
𝑈 2

∂
−→
𝑅3

∂
−→
𝑈 3

∂
−→
𝑅3

∂
−→
𝑈 4

∂
−→
𝑅3

∂
−→
𝑈 5

0 0 . . . 0 0 0

0 ∂
−→
𝑅4

∂
−→
𝑈 2

∂
−→
𝑅4

∂
−→
𝑈 3

∂
−→
𝑅4

∂
−→
𝑈 4

∂
−→
𝑅4

∂
−→
𝑈 5

∂
−→
𝑅4

∂
−→
𝑈 6

0 . . . 0 0 0

...

0 0 0 0 0 . . . 0 ∂
−→
𝑅𝑛𝑝−1

∂
−→
𝑈 𝑛𝑝−3

∂
−→
𝑅𝑛𝑝−1

∂
−→
𝑈 𝑛𝑝−2

∂
−→
𝑅𝑛𝑝−1

∂
−→
𝑈 𝑛𝑝−1

∂
−→
𝑅𝑛𝑝−1

∂
−→
𝑈 𝑛𝑝

0 0 0 0 0 . . . 0 0 ∂
−→
𝑅𝑛𝑝

∂
−→
𝑈 𝑛𝑝−2

∂
−→
𝑅𝑛𝑝

∂
−→
𝑈 𝑛𝑝−1

∂
−→
𝑅𝑛𝑝

∂
−→
𝑈 𝑛𝑝

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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2.4 Oriakèc sunj kec

Skopìc thc paroÔsac enìthtac, eÐnai h perigraf  tou trìpou epibol c twn oriak¸n
sunjhk¸n sto prìblhma thc ro c kai h parag¸gish touc wc proc tic metablhtèc thc
ro c. Gia upohqhtik  ro , oi oriakèc sunj kec sthn eÐsodo:

𝑝𝑡1 = 𝑐𝑜𝑛𝑠𝑡1 (2.64)

𝑇𝑡1 = 𝑐𝑜𝑛𝑠𝑡2 (2.65)(
𝑑𝑝

𝑑𝑥

)
1

= 0 (2.66)

en¸ gia thn èxodo:

𝑝𝑛𝑝 =
𝑝𝑡1

(1 + 𝛾−1
2
𝑀𝑖𝑠(𝑜𝑢𝑡))

𝛾
𝛾−1

= 𝑐𝑜𝑛𝑠𝑡3 (2.67)(
𝑑𝜌

𝑑𝑥

)
𝑛𝑝

= 0 (2.68)(
𝑑(𝜌𝑢)

𝑑𝑥

)
𝑛𝑝

= 0 (2.69)

'Opwc eÐnai emfanèc apì tic parap�nw exis¸seic, sthn eÐsodo kajorÐzontai apì to qr -
sth stajerèc timèc sta olik� jermodunamik� megèjh thc ro c (𝑝𝑡, 𝑇𝑡), en¸ sthn èxodo
èqoume stajer  tim  thc statik c pÐeshc, h opoÐa kajorÐzetai apì ton arijmì𝑀𝑖𝑠(𝑜𝑢𝑡)

kai thn olik  pÐesh thn eÐsodo, miac kai prìkeitai gia isentropik  ro (exis¸seic Eu-
ler). Epiplèon, epeid  h morfologÐa tou agwgoÔ pou antimetwpÐzetai, sto plaÐsio
thc diplwmatik c aut c, diajètei stajer c diatom c 𝑆 tm mata sthn eÐsodo kai thn
èxodo, epib�llontai oriakèc sunj kec tÔpou Neumann gia th statik  pÐesh(eÐsodoc)
kaj¸c kai gia thn puknìthta kai th taqÔthta(èxodoc). Pio analutik�, gia thn eÐsodo

isqÔei ∂𝑝
∂𝑥

= 0, en¸ gia thn èxodo ∂𝜌
∂𝑥

= ∂(𝜌𝑢)
∂𝑥

= 0. H diakritopoÐhsh twn Neumann
oriak¸n sunjhk¸n gÐnetai me monìpleurec ekfr�seic, sÔmfwna me to Par�rthma Aþ

Oi parap�nw exis¸seic mporoÔn sunoptik� na grafoÔn mèsw tou telest  ro c. Pio
sugkekrimèna gia ton pr¸to kìmbo ja èqoume

−→
𝑅1 = [𝑝𝑡1 − 𝑐𝑜𝑛𝑠𝑡1, 𝑇𝑡1 − 𝑐𝑜𝑛𝑠𝑡2, 𝑑

𝐴
1 𝑝1 + 𝑑𝐵1 𝑝2 + 𝑑𝐶1 𝑝3] (2.70)

en¸ gia ton teleutaÐo kìmbo ja èqoume
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−−→
𝑅𝑛𝑝 = [𝑝𝑛𝑝−𝑐𝑜𝑛𝑠𝑡3, 𝑑𝐶𝑛𝑝𝜌𝑛𝑝−2+𝑑

𝐵
𝑛𝑝𝜌𝑛𝑝−1+𝑑

𝐶
𝑛𝑝𝜌𝑛𝑝 , 𝑑

𝐶
𝑛𝑝(𝜌𝑢)𝑛𝑝−2+𝑑

𝐵
𝑛𝑝(𝜌𝑢)𝑛𝑝−1+𝑑

𝐴
𝑛𝑝(𝜌𝑢)𝑛𝑝]
(2.71)

Sth sunèqeia, diaforÐzontai oi parap�nw exis¸seic ¸ste na upologistoÔn oi ìroi,
∂
−→
𝑅1

∂
−→
𝑈 𝑗

kai ∂
−→
𝑅𝑛𝑝

∂
−→
𝑈 𝑗

𝑗 = 1, ..., 𝑛𝑝.

Pio analutik�, qrhsimopoi¸ntac th dèlta-diatÔpwsh, èqoume gia ton pr¸to kai ton
teleutaÐo kìmbo tic ex c exis¸seic, pou prokÔptoun Ôstera apì pr�xeic pin�kwn
(sqèsh (2.15) agno¸ntac ton yeudo-qronikì ìro):

∂
−→
𝑅1

∂
−→
𝑈 1

𝛿
−→
𝑈 1 +

∂
−→
𝑅1

∂
−→
𝑈 2

𝛿
−→
𝑈 2 + . . . +

∂
−→
𝑅1

∂
−→
𝑈 𝑛𝑝−1

𝛿
−→
𝑈 𝑛𝑝−1 +

∂
−→
𝑅1

∂
−→
𝑈 𝑛𝑝

𝛿
−→
𝑈 𝑛𝑝 = −−→

𝑅 1

(2.72)

∂
−−→
𝑅𝑛𝑝

∂
−→
𝑈 1

𝛿
−→
𝑈 1 +

∂
−−→
𝑅𝑛𝑝

∂
−→
𝑈 2

𝛿
−→
𝑈 2 + . . . +

∂
−−→
𝑅𝑛𝑝

∂
−→
𝑈 𝑛𝑝−1

𝛿
−→
𝑈 𝑛𝑝−1 +

∂
−−→
𝑅𝑛𝑝

∂
−→
𝑈 𝑛𝑝

𝛿
−→
𝑈 𝑛𝑝 = −−→

𝑅 𝑛𝑝

(2.73)

Wstìso, ìpwc eÐnai fanerì apì thn (2.70), sthn eÐsodo up�rqoun megèjh pou exart¸n-
tai apì tic metablhtèc thc ro c mìno twn tri¸n pr¸twn kìmbwn. AntÐstoiqa apì thn
(2.71) gÐnetai fanerì ìti up�rqei ex�rthsh mìno apì touc treic teleutaÐouc kìm-

bouc. Dhlad , mac endiafèrei na upologistoÔn mìno oi ìroi ∂
−→
𝑅1

∂
−→
𝑈 𝑗

gia 𝑗 = 1, 2, 3

kai ∂
−→
𝑅𝑛𝑝

∂
−→
𝑈 𝑗

gia 𝑗 = 𝑛𝑝− 2, 𝑛𝑝− 1, 𝑛𝑝 en¸ oi merikèc par�gwgoi wc proc ta upìloipa

dianÔsmata thc ro c eÐnai mhdenikèc.

Kat� ton upologismì twn parap�nw merik¸n parag¸gwn, qr simec eÐnai oi akìloujec
sqèseic:

𝑝 = (𝛾 − 1)

[
𝜌𝐸 − 1

2
𝜌𝑢2
]

= (𝛾 − 1)

[
𝐸𝑡 − 1

2

𝑚2

𝜌

]
∂𝑝

∂𝜌
=

𝛾 − 1

2
𝑢2

∂𝑝

∂𝑚
= −(𝛾 − 1)𝑢

∂𝑝

∂𝐸𝑡

= 𝛾 − 1 (2.74)
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𝑇 =
𝑝

𝜌𝑅
=

𝛾 − 1

𝑅

[
𝐸𝑡

𝜌
− 1

2

𝑚2

𝜌2

]
∂𝑇

∂𝜌
=

𝛾 − 1

𝑅

[
−𝐸
𝜌
+
𝑢2

𝜌

]
∂𝑇

∂𝑚
= −𝛾 − 1

𝑅

𝑢

𝜌
∂𝑇

∂𝐸𝑡

=
𝛾 − 1

𝜌𝑅
(2.75)

𝑇𝑡 = 𝑇 +
𝑢2

2𝑐𝑝
=

𝑝

𝜌𝑅
+

𝑢2

2𝑐𝑝
=

𝑝

𝜌𝑅
+
𝛾 − 1

2𝛾𝑅

𝑚2

𝜌2

∂𝑇𝑡
∂𝜌

= −𝛾 − 1

𝑅

𝐸

𝜌
+

(𝛾 − 1)2

𝛾𝑅

𝑢2

𝜌

∂𝑇𝑡
∂𝑚

= −(𝛾 − 1)2

𝛾𝑅

𝑢

𝜌
∂𝑇𝑡
∂𝐸𝑡

=
𝛾 − 1

𝜌𝑅
(2.76)

𝑝 𝑡 = 𝑝

(
𝑇𝑡
𝑇

) 𝛾
𝛾−1

∂𝑝𝑡
∂𝜌

=
∂𝑝

∂𝜌

(
𝑇𝑡
𝑇

) 𝛾
𝛾−1

+ 𝑝
𝛾

𝛾 − 1

(
𝑇𝑡
𝑇

) 1
𝛾−1

∂𝑇𝑡

∂𝜌
𝑇 − 𝑇𝑡

∂𝑇
∂𝜌

𝑇 2

∂𝑝𝑡
∂𝑚

=
∂𝑝

∂𝑚

(
𝑇𝑡
𝑇

) 𝛾
𝛾−1

+ 𝑝
𝛾

𝛾 − 1

(
𝑇𝑡
𝑇

) 1
𝛾−1 ∂𝑇𝑡

∂𝑚
𝑇 − 𝑇𝑡

∂𝑇
∂𝑚

𝑇 2

∂𝑝𝑡
∂𝐸𝑡

=
∂𝑝

∂𝐸𝑡

(
𝑇𝑡
𝑇

) 𝛾
𝛾−1

+ 𝑝
𝛾

𝛾 − 1

(
𝑇𝑡
𝑇

) 1
𝛾−1

∂𝑇𝑡

∂𝐸𝑡
𝑇 − 𝑇𝑡

∂𝑇
∂𝐸𝑡

𝑇 2

(2.77)

An o telest c tou upoloÐpou thc ro c grafeÐ sth morf 
−→
𝑅 1 = [𝑅1

1, 𝑅
2
1, 𝑅

3
1] tìte

èqoume

∂ 𝑅1
1

∂
−→
𝑈 1

𝛿
−→
𝑈 1 = −𝑅1

1 ⇒
[
∂𝑝𝑡
∂𝜌

,
∂𝑝𝑡
∂𝑚

,
∂𝑝𝑡
∂𝐸𝑡

]
1

𝛿
−→
𝑈 1 = −[𝑝𝑡 − 𝑐𝑜𝑛𝑠𝑡1]1 (2.78)

kai : ∂ 𝑅1
1

∂
−→
𝑈 2

=
∂ 𝑅1

1

∂
−→
𝑈 3

= [ 0 , 0 , 0 ]
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∂ 𝑅2
1

∂
−→
𝑈 1

𝛿
−→
𝑈 1 = −𝑅2

1 ⇒
[
∂𝑇𝑡
∂𝜌

,
∂𝑇𝑡
∂𝑚

,
∂𝑇𝑡
∂𝐸𝑡

]
1

𝛿
−→
𝑈 1 = −[𝑇𝑡 − 𝑐𝑜𝑛𝑠𝑡2]1 (2.79)

kai : ∂ 𝑅2
1

∂
−→
𝑈 2

=
∂ 𝑅2

1

∂
−→
𝑈 3

= [ 0 , 0 , 0 ]

∂ 𝑅3
1

∂
−→
𝑈 1

𝛿
−→
𝑈 1 +

∂ 𝑅3
1

∂
−→
𝑈 2

𝛿
−→
𝑈 2 +

∂ 𝑅3
1

∂
−→
𝑈 3

𝛿
−→
𝑈 3 = −𝑅3

1 ⇒

𝑑𝐴1
∂𝑝1

∂
−→
𝑈 1

𝛿
−→
𝑈 1 + 𝑑𝐵1

∂𝑝2

∂
−→
𝑈 2

𝛿
−→
𝑈 2 + 𝑑𝐶1

∂𝑝3

∂
−→
𝑈 3

𝛿
−→
𝑈 3 = −(𝑑𝐴1 𝑝1 + 𝑑𝐵1 𝑝2 + 𝑑𝐶1 𝑝3) ⇒

(2.80)

An�logh eÐnai kai h diadikasÐa pou akoloujeÐtai gia tic oriakèc sunj kec sthn èxodo
tou agwgoÔ. UpenjumÐzetai ìti ìson afor� ton telest  ro c tou teleutaÐou kìmbou

èqoume
−−→
𝑅𝑛𝑝 = [𝑅1

𝑛𝑝, 𝑅
2
𝑛𝑝, 𝑅

3
𝑛𝑝]. Epomènwc:

∂ 𝑅1
𝑛𝑝

∂
−→
𝑈 𝑛𝑝

𝛿
−→
𝑈 𝑛𝑝 = −𝑅1

𝑛𝑝 ⇒

(𝛾 − 1)

[
1

2
𝑢2 , −𝑢 , 1

]
𝑛𝑝

𝛿
−→
𝑈 𝑛𝑝 = −[𝑝− 𝑐𝑜𝑛𝑠𝑡3]𝑛𝑝 (2.81)

kai
∂ 𝑅1

𝑛𝑝

∂
−→
𝑈 𝑛𝑝−1

=
∂ 𝑅1

𝑛𝑝

∂
−→
𝑈 𝑛𝑝−2

= 0

∂ 𝑅2
𝑛𝑝

∂
−→
𝑈 𝑛𝑝−2

𝛿
−→
𝑈 𝑛𝑝−2 +

∂ 𝑅2
𝑛𝑝

∂
−→
𝑈 𝑛𝑝−1

𝛿
−→
𝑈 𝑛𝑝−1 +

∂ 𝑅2
𝑛𝑝

∂
−→
𝑈 𝑛𝑝

𝛿
−→
𝑈 𝑛𝑝 = −𝑅2

𝑛𝑝 ⇒[
𝑑𝐶𝑛𝑝 , 0 , 0

]
𝛿
−→
𝑈 𝑛𝑝−2 +

[
𝑑𝐵𝑛𝑝 , 0 , 0

]
𝛿
−→
𝑈 𝑛𝑝−1 +

[
𝑑𝐴𝑛𝑝 , 0 , 0

]
𝛿
−→
𝑈 𝑛𝑝 =

− (𝑑𝐶𝑛𝑝𝜌𝑛𝑝−2 + 𝑑𝐵𝑛𝑝𝜌𝑛𝑝−1 + 𝑑𝐴𝑛𝑝𝜌𝑛𝑝) (2.82)

∂ 𝑅3
𝑛𝑝

∂
−→
𝑈 𝑛𝑝−2

𝛿
−→
𝑈 𝑛𝑝−2 +

∂ 𝑅3
𝑛𝑝

∂
−→
𝑈 𝑛𝑝−1

𝛿
−→
𝑈 𝑛𝑝−1 +

∂ 𝑅3
𝑛𝑝

∂
−→
𝑈 𝑛𝑝

𝛿
−→
𝑈 𝑛𝑝 = −𝑅3

𝑛𝑝 ⇒[
0 , 𝑑𝐶𝑛𝑝 , 0

]
𝛿
−→
𝑈 𝑛𝑝−2 +

[
0 , 𝑑𝐵𝑛𝑝 , 0

]
𝛿
−→
𝑈 𝑛𝑝−1 +

[
0 , 𝑑𝐴𝑛𝑝 , 0

]
𝛿
−→
𝑈 𝑛𝑝 =

− [𝑑𝐶𝑛𝑝(𝜌𝑢)𝑛𝑝−2 + 𝑑𝐵𝑛𝑝(𝜌𝑢)𝑛𝑝−1 + 𝑑𝐴𝑛𝑝(𝜌𝑢)𝑛𝑝] (2.83)
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2.5 EpilÔthc eujèoc probl matoc

'Opwc  dh tonÐsthke parap�nw, skopìc tou eujèoc probl matoc eÐnai h epÐlush thc
exÐswshc (2.15) me thn teqnik  thc qronoproèlashc. SÔmfwna me ta ìsa anafèr-

jhkan, o telest c ro c
−→
𝑅 kai h par�gwgoc tou wc proc to di�nusma twn sun-

thrhtik¸n metablht¸n, ∂
−→
𝑅

∂
−→
𝑈

diakritopoioÔntai me 2hc t�xhc akrÐbeia èpeita apì olok-
l rwsh se ìgkouc anafor�c.

H diakritopoÐhsh aut  odhgeÐ se pentadiag¸nio sÔsthma, k�je stoiqeÐou tou opoÐou
eÐnai 3 × 3 mhtr¸o (mplok). H epÐlush tou mplok-pentadiag¸niou sust matoc gÐne-
tai qrhsimopoi¸ntac ton tropopoihmèno algìrijmo Thomas, o opoÐoc mporeÐ na di-
aqeirÐzetai, antÐ gia bajmwt� megèjh, upopÐnakec 3 × 3. Autì epitugq�netai me
di�spash twn upopin�kwn me di�stash 3 × 3 se p�nw kai k�tw tridiag¸nia mhtr¸a.
(paragontopoÐhsh LU).

'Ara dhmiourgeÐtai ènac epanalhptikìc algìrijmoc me epanal yeic   orjìtera yeudo-
qronik� b mata, ìpou gia k�je yeudoqronik  stigm  oi diakritopoihmènec exis¸seic
epilÔontai epakrib¸c . H akrib c epÐlush an� yeudo-qronikì b ma, apoteleÐ pleonèk-
thma tou 1−𝐷 probl matoc.

O epanalhptikìc algìrijmoc epÐlushc tou probl matoc thc ro c dÐnetai parak�tw :

∙ B ma 1:
GÐnetai arqikopoÐhsh tou dianÔsmatoc twn sunthrhtik¸n metablht¸n thc ro c,−→
𝑈 , gia k�je kìmbo tou plègmatoc. Gia thn arqikopoÐhsh, h ro  mporeÐ na jew-
rhjeÐ isentropik  kai asumpÐesth kai �ra na dojoÔn arqikèc timèc stic kombikèc

timèc tou
−→
𝑈 .

∙ B ma 2:

Me to up�rqon di�nusma
−→
𝑈 upologÐzetai to mhtr¸o tou upoloÐpou

−→
𝑅 , ìpwc

parousi�sthke stic enìthtec 2.3 kai 2.4. 'Epeita ajroÐzontai ìla ta stoiqeÐa

tou
−→
𝑅 (Residual) kai to apotèlesma sugkrÐnetai me to krit rio sÔgklishc pou

èqei d¸sei o qr sthc. An to apotèlesma eÐnai ikanopoihtikì, o algìrijmoc
stamat� ed¸.( H tim  tou krithrÐou sÔgklishc eÐnai idiaÐtera mikr , miac kai

jewrhtik�, ìtan o algìrijmoc sugklÐnei èqoume
−→
𝑅 = 0).

∙ B ma 3:

UpologÐzetai to mhtr¸o ∂
−→
𝑅

∂
−→
𝑈
me deÔterhc t�xhc akrÐbeia, sÔmfwna me tic enìtht-

ec 2.3 kai 2.4.

∙ B ma 4:
Qrhsimopoi¸ntac ton tropopoihmèno algìrijmo tou Thomas, lÔnetai to penta-
diag¸nio sÔsthma (2.15) me yeudoqronikì ìro, h tim  tou opoÐou kajorÐzetai

apì to qr sth, kai upologÐzetai to mhtr¸o 𝛿
−→
𝑈 .
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∙ B ma 5:
GÐnetai h ananèwsh tou dianÔsmatoc twn sunthrhtik¸n metablht¸n sÔmfwna me

th sqèsh
−→
𝑈 𝑘+1 =

−→
𝑈 𝑘 + 𝛿

−→
𝑈 𝑘, ìpou 𝑘 h epan�lhyh tou algìrijmou.

∙ B ma 6:
Epistorf  sto B ma 2.



Kef�laio 3

Upologismìc 1hc kai 2hc
parag¸gou wc proc tic
metablhtèc sqediasmoÔ

3.1 Eisagwgik� Sqìlia

Sto kef�laio autì epiqeireÐtai mia sÔntomh parousÐash twn mejìdwn upologismoÔ
thc pr¸thc kai deÔterhc parag¸gou thc sun�rthshc stìqou wc proc tic metabl-
htèc sqediasmoÔ. Prèpei na anaferjeÐ ìti èna meg�lo mèroc tou antÐstoiqou k¸dika
proôp rqe apì prohgoÔmenec diplwmatikèc ergasÐec [1]. Skopìc thc èntaxhc tou
antÐstoiqou kefalaÐou sthn paroÔsa diplwmatik  ergasÐa  tan h exoikeÐwsh me tic
di�forec mejìdouc beltistopoÐhshc kai h apìkthsh empeirÐac h opoÐa qrhsimopoi jhke
gia thn eÔresh twn parag¸gwn thc sun�rthshc stìqou wc proc tic oriakèc sunj kec,
k�ti pou apoteleÐ kai ton kÔrio skopì thc paroÔsac diplwmatik c ergasÐac. Sto
parìn kef�laio èginan oi ex c belti¸seic se sqèsh me to proôp�rqon sto
EJS/EMP logismikì:

∙ Qr sh deÔterhc t�xhc akrÐbeiac gia ìlec tic diakritopoihmènec ekfr�seic.

∙ Qr sh ekfr�sewn peperasmènwn diafor¸n gia mh - isapèqontec kìmbouc.

∙ EÔresh parag¸gwn twn oriak¸n sunjhk¸n wc proc tic metablhtèc thc ro c
kai diereÔnhsh thc suneisfor�c touc stic timèc twn parag¸gwn thc sun�rthshc
stìqou wc proc tic metablhtèc sqediasmoÔ.

∙ MeÐwsh twn apait sewn mn mhc.

33
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3.2 Upologismìc Pr¸thc Parag¸gou wc proc

tic Metablhtèc SqediasmoÔ

3.2.1 Eisagwg 

Sto parìn kef�laio ja anaptuqjoÔn treic mèjodoi upologismoÔ thc pr¸thc parag¸-
gou. Oi mèjodoi kai to upologistikì kìstoc thc k�je miac (se antÐstoiqec epilÔseic
twn exis¸sewn ro c) faÐnontai ston akìloujo pÐnaka, me 𝑁 ton arijmì twn metabl-
ht¸n sqediasmoÔ. H apìdeixh gia to kìstoc twn mejìdwn gÐnetai stic enìthtec pou
parousi�zetai h ek�stote mèjodoc.

Mèjodoc Upologistikì kìstoc
Diakrit  Suzug c (Discrete Adjoint) 2

EujeÐa Diafìrish (Direct Differentiation) 𝑁 + 1
Peperasmènec Diaforèc (Finite Differences) 2𝑁 + 1

PÐnakac 3.1: Upologistikì kìstoc eÔreshc thc tim c thc sun�rthshc 𝐹 kaj¸c kai thc
pr¸thc parag¸gou thc.

Apì ta parap�nw eÐnai emfanèc ìti h suzug c mèjodoc eÐnai saf¸c taqÔterh twn
�llwn duo. Wstìso eÐnai qr simh h an�ptuxh thc mejìdou eujeÐac diafìrishc miac
kai ja qrhsimopoihjeÐ gia thn eÔresh thc deÔterhc kai thc mikt c trÐthc parag¸gou
se epìmeno kef�laio. EpÐshc h mèjodoc twn peperasmènwn diafor¸n par� to meg�lo
upologistikì thc kìstoc, eÐnai eÔkolh ston programmatismì kai mporeÐ na leitourg -
sei wc mia axiìpisth b�sh sÔgkrishc gia ta apotelèsmata pou ja prokÔyoun apì tic
�llec duo mejìdouc.

3.2.2 Upologismìc 1hc parag¸gou me eujeÐa diafìrish

'Opwc eÐnai gnwstì apì to Kef�laio 1, h 𝐹 exart�tai apì dÔo dianÔsmata metablht¸n,

afenìc men apì autì pou kajorÐzei th morf  tou agwgoÔ (
−→
𝑏 ), afetèrou de apì to

diamorfoÔmeno pedÐo ro c (
−→
𝑈 ). 'Ara h metabol  thc sqèshc (1.7) ja upologÐzetai

apì ton parak�tw tÔpo:

𝑑𝐹 =
∂𝐹

∂
−→
𝑏
𝑑
−→
𝑏 +

∂𝐹

∂
−→
𝑈
𝑑
−→
𝑈

Sunep¸c, h pr¸th par�gwgoc prokÔptei apì th sqèsh:

𝑑𝐹

𝑑
−→
𝑏

=
∂𝐹

∂
−→
𝑏

+
∂𝐹

∂
−→
𝑈

𝑑
−→
𝑈

𝑑
−→
𝑏

(3.1)



3.2. Upologismìc Pr¸thc Parag¸gou wc proc tic Metablhtèc SqediasmoÔ 35

ìpou h merik  par�gwgoc thc 𝐹 wc proc
−→
𝑈 kai

−→
𝑏 upologÐzontai sÔmfwna me tic

parak�tw sqèseic :

∂𝐹

∂
−→
𝑏

=

∫
𝑝(𝑥)

∂(𝑑𝑥)

∂
−→
𝑏

(3.2)

∂𝐹

∂
−→
𝑈

=

∫
∂𝑝

∂
−→
𝑈
𝑑𝑥⇒

∂𝐹

∂
−→
𝑈 𝑖

=
∂𝑝

∂
−→
𝑈 𝑖

Δ𝑥𝑖 (3.3)

ìpou to ∂𝑝

∂
−→
𝑈 𝑖

sÔmfwna me th sqèsh (2.5) ja isoÔtai me:

∂𝑝

∂
−→
𝑈 𝑖

= (𝛾 − 1)
[

1
2
𝑢2𝑖 −𝑢𝑖 1

]
(3.4)

Wstìso, ed¸ ∂𝐹

∂
−→
𝑏

= 0 (sqèsh 3.2), miac kai epilèqjhke stajer  katanom  kìmbwn
ston �xona 𝑥 gia ìla ta b mata thc beltistopoÐhshc.

Epomènwc, gia ton upologismì thc pr¸thc parag¸gou thc sun�rthshc - stìqou, me
th mèjodo thc eujeÐac diafìrishc (direct differentiation), apaiteÐtai o upologismìc

thc parag¸gou 𝑑
−→
𝑈

𝑑
−→
𝑏
, pou eÐnai èna mhtr¸o 𝑛𝑝 × 𝑁 , ìpou 𝑁 o arijmìc twn shmeÐwn

elègqou thc gewmetrÐac kai 𝑛𝑝 o arijmìc twn kìmbwn tou plègmatoc.

'Opwc kai me th sun�rthsh 𝐹 , o telest c ro c
−→
𝑅 exart�tai apì ta dianÔsmata

−→
𝑏

kai
−→
𝑈 , opìte h sunolik  metabol  wc proc tic metablhtèc sqediasmoÔ ja eÐnai

𝑑
−→
𝑅

𝑑
−→
𝑏

=
∂
−→
𝑅

∂
−→
𝑏

+
∂
−→
𝑅

∂
−→
𝑈

𝑑
−→
𝑈

𝑑
−→
𝑏

= 0 (3.5)

H sqèsh (3.5) prokÔptei apì thn apaÐthsh ikanopoÐhshc twn exis¸sewn thc ro c

èpeita apì th metabol  thc gewmetrÐac kat� 𝑑
−→
𝑏 . 'Etsi èqoume

−→
𝑅 + 𝑑

−→
𝑅

𝑑
−→
𝑏
𝑑
−→
𝑏 = 0.

'Omwc afoÔ
−→
𝑅 = 0 prèpei kai 𝑑

−→
𝑅

𝑑
−→
𝑏
= 0.
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Epomènwc, gia ton upologismì tou 𝑑
−→
𝑈

𝑑
−→
𝑏
, qrhsimopoieÐtai h sqèsh:

[
∂
−→
𝑅

∂
−→
𝑈

][
𝑑
−→
𝑈

𝑑
−→
𝑏

]
= −

[
∂
−→
𝑅

∂
−→
𝑏

]
(3.6)

ìpou o ìroc ∂
−→
𝑅

∂
−→
𝑈

èqei upologisteÐ apì to kef�laio 1. Epomènwc arkeÐ na upologisteÐ

o ìroc ∂
−→
𝑅

∂
−→
𝑏
.

'Opwc èqei  dh anaferjeÐ gia ton telest  ro c
−→
𝑅 isqÔei h sqèsh (2.13). DiaforÐ-

zontac wc proc
−→
𝑏 èqoume

[
∂
−→
𝑅

∂
−→
𝑏

]
𝑖

= −
[
∂−→𝑞
∂
−→
𝑏

]
𝑖

Δ𝑥𝑖

[
∂
−→
𝑅

∂
−→
𝑏

]
𝑖

=
∂

∂
−→
𝑏

(
1

𝑆

𝑑𝑆

𝑑𝑥

)
𝑖

⎡⎣ 𝜌𝑢
𝜌𝑢2

𝑢(𝜌𝐸 + 𝑝)

⎤⎦
𝑖

Δ𝑥𝑖

kai telik�

[
∂
−→
𝑅

∂
−→
𝑏

]
𝑖

=

[
1

𝑆

𝑑

𝑑
−→
𝑏

(
𝑑𝑆

𝑑𝑥

)
− 1

𝑆2

𝑑𝑆

𝑑𝑥

𝑑𝑆

𝑑
−→
𝑏

]
𝑖

⎡⎣ 𝜌𝑢
𝜌𝑢2

𝑢 (𝜌𝐸 + 𝑝)

⎤⎦
𝑖

Δ𝑥𝑖 , ∀𝑖 = 1, ..., 𝑛𝑝

(3.7)

ìpou
[
∂
−→
𝑅

∂
−→
𝑏

]
eÐnai èna mhtr¸o 𝑛𝑝×𝑁 to opoÐo parousi�zetai parak�tw:

∂
−→
𝑅

∂
−→
𝑏

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

[
∂
−→
𝑅1

∂ 𝑏1

] [
∂
−→
𝑅1

∂ 𝑏2

]
. . .

[
∂
−→
𝑅1

∂ 𝑏𝑁

]
[
∂
−→
𝑅2

∂ 𝑏1

] [
∂
−→
𝑅2

∂ 𝑏2

]
. . .

[
∂
−→
𝑅2

∂ 𝑏𝑁

]
...[

∂
−−→
𝑅𝑛𝑝

∂ 𝑏1

] [
∂
−−→
𝑅𝑛𝑝

∂ 𝑏2

]
. . .

[
∂
−−→
𝑅𝑛𝑝

∂ 𝑏𝑁

]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Wstìso, apì th sqèsh (3.7) krÐnetai aparaÐthto na anaferjoÔn k�poiec genikèc sqè-
seic pou prokÔptoun apì th parametropoÐhsh thc gewmetrÐac tou agwgoÔ. Sthn
paroÔsa ergasÐa, h parametropoÐhsh ègine me polu¸numa Bezier, an kai mporeÐ eÔko-
la na genikeuteÐ se �llouc trìpouc parametropoÐhshc [2]. GnwrÐzoume ìti:
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𝑆(𝑡) =
𝑁∑
𝑖=1

𝐵𝑖(𝑡) 𝑏𝑖 (3.8)

ìpou 𝑡 par�metroc , 𝑡 ∈ [0, 1] kai 𝑖 ∈ [1, 𝑁 ]. Epiplèon, upenjumÐzetai ìti to di�nusma

twn paramètrwn sqediasmoÔ eÐnai
−→
𝑏 = [𝑏1, 𝑏2, . . . , 𝑏𝑁 ] kai ìti 𝐵𝑖(𝑡) upologÐzetai apì

thn ex c sqèsh:

𝐵𝑖(𝑡) = [𝑚𝑖,0,𝑚𝑖,1, . . . ,𝑚𝑖,𝑁 ]

⎡⎢⎢⎢⎣
𝑡0

𝑡1

...
𝑡𝑁

⎤⎥⎥⎥⎦ (3.9)

ìpou 𝑁 =(arijmìc twn shmeÐwn elègqou)-1 kai

𝑚𝑖,𝑗 = (−1)𝑗−1

(
𝑁
𝑗

)(
𝑗
𝑖

)
(3.10)

en¸ ìtan 𝑖 > 𝑗 −→ 𝑚𝑖,𝑗 = 0.

'Ara apì thn èkfrash (3.8) prokÔptei ìti:

𝑑𝑆(𝑡)

𝑑 𝑥
=

𝑁∑
𝑎=1

𝑑𝐵𝑎(𝑡)

𝑑 𝑥
𝑏𝑎 ,

𝑑 𝑆(𝑡)

𝑑 𝑏𝑎
= 𝐵𝑎(𝑡) ,

𝑑

𝑑 𝑏𝑎

[
𝑑𝑆(𝑡)

𝑑 𝑥

]
=

𝑑𝐵𝑎(𝑡)

𝑑 𝑥
(3.11)

Epomènwc, gnwrÐzontac to ∂
−→
𝑅

∂
−→
𝑈

apì thn epÐlush tou roðkoÔ probl matoc (2.15) kai

qrhsimopoi¸ntac thn sqèsh (3.7) upologÐzetai to 𝑑
−→
𝑈

𝑑
−→
𝑏

me thn epÐlush sust matoc

exis¸sewn(sqèsh 3.6) pentadiag¸niac morf c (deÔterhc t�xhc akrÐbeia mhtr¸o ∂
−→
𝑅

∂
−→
𝑈
).

Sth sunèqeia, qrhsimopoi¸ntac tic sqèseic (3.2 èwc 3.4) upologÐzetai h pr¸th par�g-
wgoc thc sun�rthshc - stìqou (sqèsh 3.1). Shmei¸netai ìti h eujeÐa diafìrish dÐnei
<< akribeÐc parag¸gouc >> me thn ènnoia ìti autèc eÐnai apìluta sumbatèc me thn
akrÐbeia diakritopoÐhshc twn exis¸sewn ro c. Me apl� lìgia, opoiod pote arijmhtikì
sf�lma emfanÐzetai sthn epÐlush twn exis¸sewn ro c, to Ðdio sf�lma metafèretai kai
stic parag¸gouc. Epeid  ìmwc jewreÐtai apodekt  h epÐlush tou pedÐou ro c jew-
roÔntai << akribeÐc >> (orjìtera sumbatèc) kai oi par�gwgoi apì thn eujeÐa diafìrish.

To upologistikì kìstoc efarmog c thc mejìdou se èna b ma beltistopoÐhshc mporeÐ
na upologisjeÐ apì ta epìmena:
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H mèjodoc thc eujeÐac diafìrishc apaiteÐ, gia 𝑛𝑝 kìmbouc, thn epÐlush N susthm�twn

𝑛𝑝× 𝑛𝑝 gia ton upologismì tou mhtr¸ou 𝑑
−→
𝑈

𝑑
−→
𝑏
:

[
∂
−→
𝑅

∂
−→
𝑈

]
(𝑛𝑝×𝑛𝑝)

[
𝑑
−→
𝑈

𝑑
−→
𝑏

]
(𝑛𝑝×𝑁)

= −
[
∂
−→
𝑅

∂
−→
𝑏

]
(𝑛𝑝×𝑁)

(3.12)

Sth sunèqeia apì to parap�nw mhtr¸o kai th sqèsh 3.1 upologÐzetai h olik  par�gw-
goc. Blèpoume sunep¸c pwc to sunolikì kìstoc gia thn efarmog  thc mejìdou eÐnai

𝑁 lÔseic susthm�twn 𝑛𝑝× 𝑛𝑝 gia ton upologismì tou mhtr¸ou 𝑑
−→
𝑈

𝑑
−→
𝑏
(sqèsh 3.12) kai

mia lÔsh sust matoc 𝑛𝑝× 𝑛𝑝 gia tic exis¸seic ro c (sqèsh 2.7)

3.2.3 Upologismìc 1hc parag¸gou me th suzug  mèjo-

do

'Eqontac upologÐsei thn pr¸th par�gwgo thc sun�rthshc - stìqou me th mèjodo thc
eujeÐac diafìrishc, ja parousiasteÐ sthn paroÔsa enìthta, o trìpoc eÔreshc thc
pr¸thc parag¸gou me th suzug  teqnik .

Kentrik  idèa thc suzugoÔc teqnik c eÐnai h epaÔxhsh thc sun�rthshc - stìqou me

mia kat�llhlh posìthta me skopì thn apofug  upologismoÔ tou ìrou 𝑑
−→
𝑈

𝑑
−→
𝑏
, o opoÐoc

èqei kai to megalÔtero upologistikì kìstoc. H epauxhmènh sun�rthsh orÐzetai wc:

𝑑𝐹𝑎𝑢𝑔

𝑑
−→
𝑏

=
𝑑𝐹

𝑑
−→
𝑏

+
−→
𝜓 𝑇 𝑑

−→
𝑅

𝑑
−→
𝑏

ìpou
−→
𝜓 eÐnai to di�nusma twn suzug¸n metablht¸n. ParathroÔme ìti 𝑑𝐹𝑎𝑢𝑔

𝑑
−→
𝑏

= 𝑑𝐹

𝑑
−→
𝑏

miac kai 𝑑
−→
𝑅

𝑑
−→
𝑏
= 0 apì (sqèsh 3.5). Antikajist¸ntac tic 𝑑𝐹

𝑑
−→
𝑏
kai 𝑑

−→
𝑅

𝑑
−→
𝑏
apì tic sqèseic

(3.1) kai (3.5) antÐstoiqa èqoume:

𝑑𝐹𝑎𝑢𝑔

𝑑
−→
𝑏

=

(
∂𝐹

∂
−→
𝑏

+
∂𝐹

∂
−→
𝑈

𝑑
−→
𝑈

𝑑
−→
𝑏

)
+

−→
𝜓 𝑇

(
∂
−→
𝑅

∂
−→
𝑏

+
∂
−→
𝑅

∂
−→
𝑈

𝑑
−→
𝑈

𝑑
−→
𝑏

)
⇒

𝑑𝐹𝑎𝑢𝑔

𝑑
−→
𝑏

=

(
∂𝐹

∂
−→
𝑈

+
−→
𝜓 𝑇 ∂

−→
𝑅

∂
−→
𝑈

)
𝑑
−→
𝑈

𝑑
−→
𝑏

+

(
∂𝐹

∂
−→
𝑏

+
−→
𝜓 𝑇 ∂

−→
𝑅

∂
−→
𝑏

)
(3.13)
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'Opwc tonÐsjhke prohgoumènwc skopìc eÐnai h apofug  eÔreshc tou upologistik�

akriboÔ ìrou 𝑑
−→
𝑈

𝑑
−→
𝑏
. Autì epitugq�netai jètontac ton pollaplasiast  autoÔ tou ìrou

sthn exÐswsh (3.13) Ðso me to mhdèn. 'Etsi odhgoÔmaste sth diatÔpwsh thc suzugoÔc
exÐswshc apì thn opoÐa kai upologÐzetai h suzug c metablht :

∂𝐹

∂
−→
𝑈

+
−→
𝜓 𝑇 ∂

−→
𝑅

∂
−→
𝑈

= 0 (3.14)

Me autìn ton trìpo, h metabol  thc sun�rthshc - stìqou sunart�tai mìno thc

metabol c tou dianÔsmatoc twn metablht¸n sqediasmoÔ 𝛿
−→
𝑏 kai ìqi twn epagìmenwn

metabol¸n 𝛿
−→
𝑈 tou pedÐou ro c. Dhlad , ja èqoume parag¸gouc euaisjhsÐac:

𝑑𝐹𝑎𝑢𝑔

𝑑
−→
𝑏

=
∂𝐹

∂
−→
𝑏

+
−→
𝜓 𝑇 ∂

−→
𝑅

∂
−→
𝑏

(3.15)

en¸ to pedÐo twn
−→
𝜓 , to opoÐo onom�zetai plèon pedÐo twn suzug¸n metablht¸n,

prokÔptei apì th lÔsh thc suzugoÔc exÐswshc (3.14):

[
∂
−→
𝑅

∂
−→
𝑈

]𝑇 −→
𝜓 = −

[
∂𝐹

∂
−→
𝑈

]𝑇
(3.16)

h opoÐa eÐnai grammik  wc proc
−→
𝜓 , afoÔ to mhtr¸o

[
∂
−→
𝑅

∂
−→
𝑈

]𝑇
den sunart�tai tou

−→
𝜓 .

To upologistikì kìstoc thc mejìdou prokÔptei apì thn exÐswsh (3.16) :

[
∂
−→
𝑅

∂
−→
𝑈

]𝑇
(𝑛𝑝×𝑛𝑝)

−→
𝜓 (𝑛𝑝×𝑀) = −

[
∂𝐹

∂
−→
𝑈

]𝑇
(𝑛𝑝×𝑀)

(3.17)

ìpou 𝑀 o arijmìc twn stìqwn thc beltistopoÐhshc (sthn perÐptwsh mac 𝑀 = 1) .
Sunep¸c to sunolikì kìstoc thc mejìdou an� b ma beltistopoÐhshc eÐnai 𝑀 sust -
mata 𝑛𝑝×𝑛𝑝 gia th suzug  exÐswsh (3.17) sun èna sÔsthma 𝑛𝑝×𝑛𝑝 gia thn epÐlush
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twn exis¸sewn thc ro c (2.7). Sthn perÐptwsh mac loipìn apaitoÔntai duo lÔseic
susthm�twn 𝑛𝑝×𝑛𝑝. SugkrÐnontac to kìstoc autì me to kìstoc thc mejìdou eujeÐac
diafìrishc parathroÔme to meg�lo pleonèkthma thc suzugoÔc mejìdou: to kìstoc
ektèleshc thc mejìdou eÐnai praktik� anex�rthto apì ton arijmì twn metablht¸n
sqediasmoÔ. An l�boume epÐshc upìyh ìti sta probl mata aerodunamik c o arijmìc
twn stìqwn (l.q. 𝑀 = 1÷ 3) eÐnai polÔ mikrìteroc tou arijmoÔ twn shmeÐwn sqedi-
asmoÔ èqoume mia xek�jarh uperoq  thc suzugoÔc mejìdou.

3.2.4 Upologismìc 1hc parag¸gou me th mèjodo twn

peperasmènwn diafor¸n

Sth sunèqeia, parousi�zetai mia sÔntomh perigraf  thc mejìdou twn peperasmènwn
diafor¸n. 'Opwc èqei anaferjeÐ h mèjodoc twn peperasmènwn diafor¸n èqei meg�lo
upologistikì kìstoc all� eÐnai eÔkolh ston programmatismì, k�ti pou thn kajist�
mia kal  b�sh sÔgkrishc twn apotelesm�twn pou èqoun prokÔyei eÐte me thn suzug 
mèjodo eÐte me thn mèjodo thc eujeÐac diafìrishc.

H par�gwgoc thc sun�rthshc - stìqou 𝐹 wc proc ton 𝑖�iostì bajmì eleujerÐac m-
poreÐ na proseggisjeÐ me sq ma kentrik¸n peperasmènwn diafor¸n, akrÐbeiac deÔterhc
t�xhc, wc ex c:

𝑑𝐹

𝑑𝑏𝑖
=

𝐹 (𝑏1, 𝑏2, ⋅ ⋅ ⋅ , 𝑏𝑖 + 𝜖, ⋅ ⋅ ⋅ , 𝑏𝑁) − 𝐹 (𝑏1, 𝑏2, ⋅ ⋅ ⋅ , 𝑏𝑖 − 𝜖, ⋅ ⋅ ⋅ , 𝑏𝑁)
2𝜖

(3.18)

ìpou 𝜖 stajer� mikr c tim c, pou kajorÐzei o qr sthc. H exÐswsh (4.12) prèpei na
efarmosteÐ 𝑁 forèc (gia tic 𝑁 timèc tou deÐkth 𝑖) gia k�je b ma thc beltistopoÐhshc.
'Etsi, to upologistikì kìstoc eÔreshc tou mhtr¸ou thc olik c parag¸gou eÐnai 2𝑁
sust mata 𝑛𝑝 × 𝑛𝑝, twn exis¸sewn ro c (2.7). Pèra apì to meg�lo upologistikì
kìstoc thc mejìdou èna epiplèon meionèkthma eÐna h euaisjhsÐa tou apotelèsmatoc
sth tim  thc posìthtac 𝜖.
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3.3 Upologismìc DeÔterhc Parag¸gou wc proc

tic Metablhtèc SqediasmoÔ

3.3.1 Eisagwg 

Sthn prohgoÔmenh enìthta, parousi�sthke o upologismìc thc pr¸thc parag¸gou
thc sun�rthshc stìqou kai anafèrjhkan ta pleonekt mata thc diakrit c suzugoÔc
mejìdou ènanti twn �llwn, apì pleur�c upologistikoÔ kìstouc.

Sto kef�laio autì ja analujoÔn mèjodoi upologismoÔ twn deÔterwn parag¸gwn thc
sun�rthshc stìqou (dhlad  tou Hessian mhtr¸ou). Ousiastik� up�rqoun 4 trìpoi
upologismoÔ thc parag¸gou 𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
. Arqik�, mporeÐ na upologisteÐ h pr¸th par�gwgoc

𝑑𝐹
𝑑𝑏𝑖

me th mèjodo thc eujeÐac diafìrishc kai to Hessian mhtr¸o eÐte me eujeÐa diafìrish
eÐte me th suzug  mèjodo. Enallaktik�, mporeÐ na upologisteÐ me th suzug  mèjodo
h pr¸th par�gwgoc thc sun�rthshc - stìqou kai h deÔterh, eÐte me eujeÐa diafìrish
eÐte me th suzug  teqnik .

Wstìso, sthn paroÔsa diplwmatik  ergasÐa, ja dojeÐ idiaÐterh èmfash sth mèjodo
eujeÐac diafìrishc gia ton upologismoÔ twn deÔterwn parag¸gwn, èqontac gnwst 
thn pr¸th par�gwgo epÐshc apì thn mèjodo thc eujeÐac diafìrishc. H mèjodoc aut ,
parousi�zetai ektenèstera miac kai efarmìzetai gia ton upologismì thc deÔterhc
parag¸gou twn metablht¸n thc ro c, wc proc tic stibarèc metablhtèc ( 𝑑2𝑈

𝑑𝑐𝑖𝑑𝑐𝑗
), ìroc

pou sunant�tai ston upologismì thc trÐthc (mikt c) parag¸gou ( 𝑑3𝐹
𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙

), ìpwc ja

gÐnei emfanèc sto Kef�laio 7. Wstìso prèpei na tonisjeÐ ìti an skopìc eÐnai h
eÔresh mìno thc deÔterhc parag¸gou wc proc tic metablhtèc sqediasmoÔ, tìte h
oikonomikìterh, apì pleur�c upologistikoÔ kìstouc, mèjodoc, prokÔptei upologÐ-
zontac thn 𝑑𝐹

𝑑𝑏𝑖
me eujeÐa diafìrish kai sth sunèqeia thn 𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
me th suzug  mèjodo.

Sto parìn kef�laio ja parousiastoÔn mìno oi duo autèc mèjodoi (mazÐ me th mèjodo
peperasmènwn diafor¸n, gia thn epal jeush twn apotelesm�twn), lìgw thc auxh-
mènhc shmasÐac touc. Gia leptomèreiec gÔrw apì tic �llec duo mejìdouc pou den
parousi�zontai ed¸, o anagn¸sthc parapèmpetai sth bibliografÐa [1]

Gia dieukìlunsh tou anagn¸sth, parousi�zontai ston PÐnaka 3.2 oi suntomografÐec
pou ja qrhsimopoioÔntai sth sunèqeia:

SuntomografÐec OnomasÐa
AM-DD Adjoint Method-Direct Differentiation
DD-AM Direct Differentiation-Adjoint Method
DD-DD Direct Differentiation-Direct Differentiation
AM-AM Adjoint Method-Adjoint Method

PÐnakac 3.2: SuntomografÐec twn mejìdwn pou efarmìzontai gia thn eÔresh tou Hessian
mhtr¸ou.
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Ston PÐnaka 3.3 perigr�fetai h ek�stote mèjodoc, kaj¸c kai to upologistikì thc
kìstoc, se isodÔnamec epilÔseic twn exis¸sewn ro c, me 𝑁 ton arijmì twn metabl-
ht¸n sqediasmoÔ.

Sunt/fÐec 1h par�gwgoc 2h par�gwgoc Kìstoc
AM-DD Suzug c Teqnik  EujeÐa Diafìrish 1+2N
DD-AM EujeÐa Diafìrish Suzug c Teqnik  N+1

DD-DD EujeÐa Diafìrish EujeÐa Diafìrish N+ 𝑁(𝑁+1)
2

AM-AM Suzug c Teqnik  Suzug c Teqnik  1+2N

PÐnakac 3.3: Mèjodoi upologismoÔ tou Hessian mhtr¸ou kai to upologistikì kìstoc touc,
se isodÔnamec epilÔseic twn exis¸sewn ro c.

3.3.2 Upologismìc 2wn parag¸gwn me th mèjodo DD -
DD

'Eqontac upologÐsei thn pr¸th par�gwgo thc sun�rthshc - stìqou, wc proc tic
metablhtèc sqediasmoÔ, me eujeÐa diafìrish, ja perigrafeÐ sthn paroÔsa enìthta o
trìpoc eÔreshc twn deÔterwn parag¸gwn, wc proc tic metablhtèc sqediasmoÔ, me thn
Ðdia mèjodo.

Pio analutik�, h deÔterh par�gwgoc, uiojet¸ntac th tanustik  graf , prokÔptei
diaforÐzontac thn (3.1):

𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
=

∂2𝐹

∂𝑏𝑖∂𝑏𝑗
+

∂2𝐹

∂𝑏𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑏𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑗

+
∂𝐹

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
(3.19)

ìpou upenjumÐzetai ìti 𝑖, 𝑗 ∈ [1, 𝑁 ], ìpou N o arijmìc twn metablht¸n sqediasmoÔ.
EpÐshc èqoume 𝑘,𝑚, 𝑛 ∈ [1, 3] kai 𝑎, 𝑑, 𝑒 ∈ [1, 𝑛𝑝] ìpou 𝑛𝑝 o arijmìc twn kìmbwn tou
plègmatoc.

Wstìso, lamb�nontac upìyh th sun�rthsh - stìqo pou qrhsimopoieÐtai sthn paroÔsa
diplwmatik  ergasÐa (h opoÐa eÐnai anex�rthth thc diatom c 𝑆 pou elègqoun oi metabl-

htèc sqediasmoÔ
−→
𝑏 ) kai thn epilog  mac gia stajer  katanom  kìmbwn sto 1𝐷 plèg-

ma, isqÔei ∂𝐹

∂
−→
𝑏
= 0. Epiplèon, upenjumÐzetai ìti to mhtr¸o 𝑑

−→
𝑈

𝑑
−→
𝑏
eÐnai gnwstì apì thn

enìthta 3.2.3. Epomènwc, ja èqoume:

𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
=

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑗
+

∂𝐹

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
(3.20)
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O ìroc ∂𝐹
∂𝑈𝑘,𝑑

dÐnetai apì tic sqèseic (3.3) kai (3.4), en¸ paragwgÐzontac xan�, thn

(3.4) wc proc tic sunthrhtikèc metablhtèc èqoume

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑑

=
∂2𝑝

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑑

Δ𝑥𝑑 = (𝛾 − 1)

⎡⎣ −𝑢2

𝜌
𝑢
𝜌

0
𝑢
𝜌

−1
𝜌

0

0 0 0

⎤⎦
𝑑

Δ𝑥𝑑 (3.21)

en¸ gia 𝑑 ∕= 𝑒 isqÔei ∂2𝐹
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

= 0.

O mìnoc �gnwstoc, proc to parìn, ìroc sth sqèsh (3.20) eÐnai plèon o 𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
. Di-

aforÐzontac th sqèsh (3.5) prokÔptei h sqèsh:

𝑑2𝑅𝑛,𝑎

𝑑𝑏𝑖𝑑𝑏𝑗
=

∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑏𝑗
+

∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑗

+
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
= 0 (3.22)

Analutik� gia ton k�je ìro èqoume:

Gia ton ìro ∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑏𝑗
, diaforÐzontac thn (2.33) wc proc tic metablhtèc sqediasmoÔ 𝑏,

èqoume :

∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑏𝑗
= 𝑄𝑖𝑗 Δ𝑥𝑎

⎡⎣ 𝜌𝑢
𝜌𝑢2

𝑢 (𝜌𝐸 + 𝑝)

⎤⎦
𝑎

(3.23)

ìpou 𝑄𝑖𝑗 =
𝑑

𝑑𝑏𝑖𝑑𝑏𝑗

(
1
𝑆

𝑑𝑆
𝑑𝑥

)
isoÔtai me:

𝑄𝑖𝑗 =

[
− 1

𝑆2
𝑎

𝑑

𝑑𝑏𝑗

(
𝑑𝑆

𝑑𝑥

)
𝑎

𝑑𝑆𝑎

𝑑𝑏𝑖
− 1

𝑆2
𝑎

𝑑

𝑑𝑏𝑖

(
𝑑𝑆

𝑑𝑥

)
𝑎

𝑑𝑆𝑎

𝑑𝑏𝑗
+

2

𝑆3
𝑎

𝑑𝑆𝑎

𝑑𝑏𝑗

𝑑𝑆𝑎

𝑑𝑏𝑖

(
𝑑𝑆

𝑑𝑥

)
𝑎

]
(3.24)

Sth sunèqeia, ìson afor� ton ìro ∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑈𝑘,𝑑
, me b�sh th sqèsh (2.42) kai thn paradoq 

(2.36), gia 𝑎 ∕= 𝑑 to ∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑈𝑘,𝑑
= 0 gia ta eswterik� shmeÐa tou plègmatoc, en¸ gia 𝑎 = 𝑑

prokÔptei (paraleÐpetai gia lìgouc aplìthtac o deÐkthc tou kìmbou):
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∂2𝑅𝑛

∂𝑏𝑖∂𝑈𝑘

=
∂

∂𝑏𝑖

(
∂𝑅𝑛

∂𝑈𝑘

)
= − ∂

∂𝑏𝑖

(
∂𝑞𝑛
∂𝑈𝑘

)
Δ𝑥𝑎 (3.25)

Epomènwc, lamb�nontac upìyh thn èkfrash (2.43), h parap�nw sqèsh ja gÐnei:

∂2𝑅𝑛

∂𝑏𝑖∂𝑈𝑘

= −
[
𝑑

𝑑𝑏𝑖

(
− 1

𝑆

𝑑𝑆

𝑑𝑥

)
𝑎

]
𝑊 =

[
− 1

𝑆2

𝑑𝑆

𝑑𝑥

𝑑𝑆

𝑑𝑏𝑖
+

1

𝑆

𝑑

𝑑𝑏𝑖

𝑑𝑆

𝑑𝑥

]
𝑎

𝑊𝑎 (3.26)

en¸ gia to 𝑊𝑎 =
∂

∂𝑈𝑛
[𝜌𝑢 , 𝜌𝑢2 , 𝑢(𝜌𝐸 + 𝑝)]𝑇 èqoume :

𝑊𝑎 =

⎡⎣ 0 1 0
−𝑢2 2𝑢 0

−𝛾𝑢𝐸 + (𝛾 − 1)𝑢3 𝛾𝐸 − 3
2
(𝛾 − 1)𝑢2 𝛾𝑢

⎤⎦
𝑎

Δ𝑥𝑎 (3.27)

Me thn Ðdia logik , o ìroc ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑗
gia 𝑎 ∕= 𝑑 isoÔtai me 0 en¸ gia 𝑎 = 𝑑 ja èqw

(paraleÐpetai kai ed¸ o deÐkthc tou kìmbou) :

∂2𝑅𝑛

∂𝑈𝑘∂𝑏𝑗
=

[
− 1

𝑆2

𝑑𝑆

𝑑𝑥

𝑑𝑆

𝑑𝑏𝑗
+

1

𝑆

𝑑

𝑑𝑏𝑗

𝑑𝑆

𝑑𝑥

]
𝑎

𝑊𝑎 (3.28)

ìpou 𝑊𝑎 gnwstì apì th sqèsh (3.27).

'Oson afor� ton ìro ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒
, lamb�nontac upìyh th sqèsh (2.42) kaj¸c kai thn

paradoq  (2.36), prokÔptei ìti gia 𝑎 ∕= 𝑑, 𝑒 isoÔtai me 0, en¸ gia 𝑎 = 𝑑 = 𝑒 èqoume
(paraleÐpetai o deÐkthc tou kìmbou):

∂2𝑅𝑛

∂𝑈𝑘∂𝑈𝑚

= − ∂2𝑞𝑛
∂𝑈𝑘∂𝑈𝑚

Δ𝑥𝑎 (3.29)

Epomènwc, sÔmfwna me th sqèsh (2.43) ja èqoume:

∂2𝑅𝑛,𝑎

∂𝑈𝑘∂𝑈𝑚

=

[
1

𝑆

𝑑𝑆

𝑑𝑥

]
𝑎

∂

∂𝑈𝑚

⎡⎣ 0 1 0
−𝑢2 2𝑢 0

−𝛾𝑢𝐸 + (𝛾 − 1)𝑢3 𝛾𝐸 − 3
2
(𝛾 − 1)𝑢2 𝛾𝑢

⎤⎦
𝑎

Δ𝑥𝑎

(3.30)
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ìpou

∂

∂𝑈𝑚

⎡⎣ 0 1 0
−𝑢2 2𝑢 0

−𝛾𝑢𝐸 + (𝛾 − 1)𝑢3 𝛾𝐸 − 3
2
(𝛾 − 1)𝑢2 𝛾𝑢

⎤⎦
𝑎

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎣ 0 0 0
0 0 0
0 0 0

⎤⎦
⎡⎣ 2𝑢2

𝜌
−2𝑢

𝜌
0

−2𝑢
𝜌

2
𝜌

0

0 0 0

⎤⎦
⎡⎢⎣

(2𝛾𝐸𝑢)−3𝑢3(𝛾−1)
𝜌

3𝑢2(𝛾−1)−𝛾𝐸
𝜌

−𝛾𝑢
𝜌

3𝑢2(𝛾−1)−𝛾𝐸
𝜌

−3𝑢(𝛾−1)
𝜌

𝛾
𝜌

−𝛾𝑢
𝜌

𝛾
𝜌

0

⎤⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
𝑎

(3.31)

H exÐswsh (3.22) xanagr�fetai sth morf 

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
= − ∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑏𝑗
− ∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑗
− ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

− ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑗
(3.32)

me mìno �gnwsto ton ìro 𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
, miac kai o ìroc ∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑
èqei upologisteÐ apì to ke-

f�laio 2, en¸ oi ìroi tou dexioÔ mèlouc dÐnontai apì tic exis¸seic (3.23) wc (7.40).
Gia 𝑛𝑝 kìmbouc h epÐlush thc (3.32) isodunameÐ , me thn epÐlush 𝑁2 susthm�twn

𝑛𝑝 × 𝑛𝑝,   ekmetalleuìmenoi to gegonìc ìti to mhtr¸o 𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
eÐnai summetrikì, me

𝑁(𝑁+1)
2

sust mata. Se aut� prèpei na prostejoÔn kai ta 𝑁 sust mata pou prèpei na
epilujoÔn gia thn eÔresh thc pr¸thc parag¸gou me th mèjodo thc eujeÐac diafìrishc.

'Epeita apì thn epÐlush thc (3.32) kai thn antikat�stash tou ìrou 𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
sthn (3.20),

èqoume ton upologismì thc 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

, pou eÐnai kai to zhtoÔmeno.
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3.3.3 Upologismìc 2wn parag¸gwn me th mèjodo DD -
AM

Sthn enìthta 3.3.2 parousi�sthke h eÔresh thc deÔterhc parag¸gou thc sun�rthshc
- stìqou, wc proc tic metablhtèc sqediasmoÔ me th mèjodo DD-DD. Se aut  thn
enìthta ja parousiasteÐ o upologismìc tou sugkekrimènou mhtr¸ou me th mèjodo
DD-AM, èqontac upologÐsei dhlad  thn 𝑑𝐹

𝑑𝑏𝑖
me eujeÐa diafìrish kai sth sunèqeia

efarmìzontac thn suzug  teqnik  gia thn 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

'Opwc èqei  dh anaferjeÐ, h sun�rthsh - stìqoc exart�tai apì ta dianÔsmata
−→
𝑏 ,

−→
𝑈 (

−→
𝑏 ),

epomènwc h deÔterh par�gwgoc thc, analÔetai wc ex c:

𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
=

∂2𝐹

∂𝑏𝑖∂𝑏𝑗
+

∂2𝐹

∂𝑏𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑏𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑗

+
∂𝐹

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
(3.33)

H diakrit  suzug c mèjodoc, sthrÐzetai gia ton upologismì twn 2wn parag¸gwn,
ston orismì thc epauxhmènhc sun�rthshc - stìqou wc ex c:

𝑑2𝐹𝑎𝑢𝑔

𝑑𝑏𝑖𝑑𝑏𝑗
=

𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
+ Ψ𝑛,𝑎

𝑑2𝑅𝑛,𝑎

𝑑𝑏𝑖𝑑𝑏𝑗
(3.34)

ìpou 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

dÐdetai apì thn (3.33), en¸ gia to 𝑑2𝑅𝑛,𝑎

𝑑𝑏𝑖𝑑𝑏𝑗
èqoume th sqèsh (3.22). Ek-

tel¸ntac tic pr�xeic èqoume

𝑑2𝐹𝑎𝑢𝑔

𝑑𝑏𝑖𝑑𝑏𝑗
=

∂2𝐹

∂𝑏𝑖∂𝑏𝑗
+ Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑏𝑗
+

∂2𝐹

∂𝑏𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑗
+ Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑗

+
∂2𝐹

∂𝑈𝑘,𝑑∂𝑏𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖
+ Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑗

+ Ψ𝑛,𝑎
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑗
+

(
∂𝐹

∂𝑈𝑘,𝑑

+ Ψ𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

)
𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
(3.35)

Wstìso, h kentrik  idèa thc suzugoÔc mejìdou eÐnai na epilegeÐ to di�nusma
−→
Ψ ètsi

¸ste na mhdenisteÐ o ìroc 𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
. 'Ara ja isqÔei h sqèsh:
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∂𝐹

∂𝑈𝑘,𝑑

+ Ψ𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

= 0 ⇒ ∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

Ψ𝑛,𝑎 = − ∂𝐹

∂𝑈𝑘,𝑑

(3.36)

ìpou Ψ𝑛,𝑎 eÐnai èna di�nusma me 3 sunist¸sec ston kìmbo 𝑎. Dhlad , Ψ𝑛,𝑎 =
[Ψ1,Ψ2,Ψ3]𝑎. Epiplèon, upenjumÐzetai ìti 𝑖, 𝑗 ∈ [1, 𝑁 ] ìpou N o arijmìc twn metabl-
ht¸n sqediasmoÔ, 𝑘,𝑚, 𝑛 ∈ [1, 3], kaj¸c kai 𝑎, 𝑑, 𝑒 ∈ [1, 𝑛𝑝] ìpou 𝑛𝑝 o arijmìc twn
kìmbwn tou plègmatoc.

Epomènwc, gia na upologisteÐ to Ψ𝑛,𝑎 prèpei apl� na epilujeÐ h exÐswsh (3.36) h
opoÐa eÐnai sÔsthma pentadiag¸niac morf c (deÔterhc t�xhc akrÐbeia), dhlad  gia 𝑛𝑝
kìmbouc, prìkeitai gia mia epÐlush sust matoc 𝑛𝑝×𝑛𝑝. 'Eqoume dhlad  èna sÔsthma,
pou to upologistikì kìstoc epÐlushc tou, eÐnai anex�rthto tou arijmoÔ twn metabl-
ht¸n sqediasmoÔ. AxÐzei epÐshc na anaferjeÐ ìti h suzug c exÐswsh pou prokÔptei
apì to sugkekrimèno prìblhma, tautÐzetai me th suzug  exÐswsh pou sunant�tai ston
upologismì thc 𝑑𝐹

𝑑
−→
𝑏
me th suzug  mèjodo. Autì mporeÐ na epalhjeuteÐ sugkrÐnontac

tic sqèseic (3.16) kai (3.36).

SÔmfwna me ta proanaferjènta, èqontac upologÐsei to Ψ𝑛,𝑎, to mhtr¸o 𝑑
−→
𝑈

𝑑
−→
𝑏
(epÐlush

sqèshc (3.6)) kai lamb�nontac upìyh ìti ∂𝐹

∂
−→
𝑏
= 0, h sqèsh (3.35) aplopoieÐtai sthn:

𝑑2𝐹𝑎𝑢𝑔

𝑑𝑏𝑖𝑑𝑏𝑗
= Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑏𝑗
+ Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑗
+ Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

+

[
∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

+Ψ𝑛,𝑎
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

]
𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑗
(3.37)

'Oloi oi ìroi pou sunant¸ntai sth sqèsh (3.37) èqoun upologisjeÐ eÐte sthn paroÔsa
enìthta, eÐte sthn enìthta 3.3.2.

ParathroÔme dhlad  ìti to upologistikì kìstoc efarmog c thc mejìdou DD-AM

gia ton upologismì tou mhtr¸ou 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

, eÐnai mia epiplèon twn 𝑁 exis¸sewn pou a-

paitoÔntai gia ton upologismì thc 𝑑𝐹

𝑑
−→
𝑏
me th mèjodo thc eujeÐac diafìrishc. Oi suno-

lik� 𝑁 + 1 exis¸seic deÐqnoun èna safèc pleonèkthma thc DD-AM mejìdou, ènanti

stic 𝑁 + 𝑁(𝑁+1)
2

exis¸seic thc DD-DD, eidik� an analogistoÔme ìti se polÔploka
aerodunamik� probl mata o arijmìc twn metablht¸n sqediasmoÔ eÐnai ènac meg�loc
diy fioc   kai triy fioc arijmìc.
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3.3.4 Sumbol  twn oriak¸n sunjhk¸n stic timèc twn

deÔterwn parag¸gwn

'Ena apì ta kainoÔrgia stoiqeÐa pou parousi�zontai sthn paroÔsa diplwmatik  er-
gasÐa, eÐnai h diereÔnhsh thc sumbol c stic timèc twn deÔterwn parag¸gwn thc
sun�rthshc - stìqou, wc proc tic metablhtèc sqediasmoÔ, twn deÔterwn parag¸g-
wn twn oriak¸n sunjhk¸n, wc proc to di�nusma twn sunthrhtik¸n metablht¸n thc

ro c. Oi oriakèc sunj kec, o trìpoc graf c touc me b�sh ton telest  thc ro c
−→
𝑅 ,

kaj¸c kai h eÔresh twn pr¸twn parag¸gwn touc wc proc to di�nusma
−→
𝑈 , dÐnontai

sthn enìthta 2.4. Sthn paroÔsa enìthta ja upologistoÔn oi deÔterec par�gwgoi
twn oriak¸n sunjhk¸n kai ja diereunhjeÐ h sumbol  touc sth deÔterh par�gwgo thc
sun�rthshc - stìqou, wc proc tic metablhtèc sqediamoÔ.

Gia th diatÔpwsh twn deÔterwn parag¸gwn twn oriak¸n sunjhk¸n, qr simec eÐnai oi
parak�tw sqèseic:

Gia th statik  pÐesh, ìpwc dÐnetai kai apì th sqèsh (3.21), èqoume

∂2𝑝𝑑
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑑

=
𝛾 − 1

𝜌

⎡⎣ −𝑢2 𝑢 0
𝑢 −1 0
0 0 0

⎤⎦
𝑑

(3.38)

en¸ ∂2𝑝𝑑
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

= 0 gia 𝑑 ∕= 𝑒.

ParagwgÐzontac th sqèsh (2.75) wc proc to di�nusma twn sunthrhtik¸n metablht¸n,
èqoume gia th statik  jermokrasÐa, ston kìmbo 𝑑

∂2𝑇𝑑
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑑

=
1

𝜌2
𝛾 − 1

𝑅

⎡⎣ 2𝐸 − 3𝑢2 2𝑢 −1
2𝑢 −1 0
−1 0 0

⎤⎦
𝑑

(3.39)

en¸ ∂2𝑇𝑑

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒
= 0 gia 𝑑 ∕= 𝑒.

AntÐstoiqa, paragwgÐzontac th sqèsh (2.76) wc proc to di�nusma twn sunthrhtik¸n
metablht¸n, èqoume gia thn olik  jermokrasÐa 𝑇𝑡 ston kìmbo 𝑑

∂2(𝑇𝑡)𝑑
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑑

=
1

𝜌2
𝛾 − 1

𝛾𝑅

⎡⎣ 2𝛾𝐸 − 3(𝛾 − 1)𝑢2 2(𝛾 − 1)𝑢 −𝛾
2(𝛾 − 1)𝑢 −(𝛾 − 1) 0

−𝛾 0 0

⎤⎦
𝑑

(3.40)

en¸ ∂2(𝑇𝑡)𝑑
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

= 0 gia 𝑑 ∕= 𝑒.

Gia thn olik  pÐesh 𝑝𝑡 ston kìmbo 𝑑, èqoume thn par�gwgo
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∂2(𝑝𝑡)𝑑
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑑

=
∂2𝑝

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑑

(
𝑇𝑡
𝑇

) 𝛾
𝛾−1

+
∂𝑝

∂𝑈𝑘,𝑑

𝛾

𝛾 − 1

(
𝑇𝑡
𝑇

) 1
𝛾−1

∂𝑇𝑡

∂𝑈𝑚,𝑑
𝑇 − 𝑇𝑡

∂𝑇
∂𝑈𝑚,𝑑

𝑇 2

+
∂𝑝

∂𝑈𝑚,𝑑

𝛾

𝛾 − 1

(
𝑇𝑡
𝑇

) 1
𝛾−1

∂𝑇𝑡

∂𝑈𝑘,𝑑
𝑇 − 𝑇𝑡

∂𝑇
∂𝑈𝑘,𝑑

𝑇 2

+ 𝑝
𝛾

(𝛾 − 1)2

(
𝑇𝑡
𝑇

) 2−𝛾
𝛾−1

∂𝑇𝑡

∂𝑈𝑘,𝑑
𝑇 − 𝑇𝑡

∂𝑇
∂𝑈𝑘,𝑑

𝑇 2

∂𝑇𝑡

∂𝑈𝑚,𝑑
𝑇 − 𝑇𝑡

∂𝑇
∂𝑈𝑚,𝑑

𝑇 2

+ 𝑝
𝛾

𝛾 − 1

(
𝑇𝑡
𝑇

) 1
𝛾−1

∂2𝑇𝑡

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑑
𝑇 + ∂𝑇𝑡

∂𝑈𝑘,𝑑

∂𝑇
∂𝑈𝑚,𝑑

− ∂𝑇𝑡

∂𝑈𝑚,𝑑

∂𝑇
∂𝑈𝑘,𝑑

− ∂2𝑇
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑑

𝑇𝑡

𝑇 2

− 𝑝
𝛾

𝛾 − 1

(
𝑇𝑡
𝑇

) 1
𝛾−1

2
∂𝑇

∂𝑈𝑚,𝑑

∂𝑇𝑡

∂𝑈𝑘,𝑑
𝑇 − 𝑇𝑡

∂𝑇
∂𝑈𝑘,𝑑

𝑇 3
(3.41)

en¸ ∂2(𝑝𝑡)𝑑
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

= 0 gia 𝑑 ∕= 𝑒.

'Epeita apì tic anwtèrw bohjhtikèc sqèseic kai lamb�nontac upìyh tic ekfr�seic
twn oriak¸n sunjhk¸n apì th sqèsh (2.70), èqoume gia tic parag¸gouc twn oriak¸n
sunjhk¸n sthn eÐsodo:

∂2𝑅1,1

∂𝑈𝑘,1∂𝑈𝑚,1

=
∂2𝑝𝑡1

∂𝑈𝑘,1∂𝑈𝑚,1

∂2𝑅2,1

∂𝑈𝑘,1∂𝑈𝑚,1

=
∂2𝑇𝑡1

∂𝑈𝑘,1∂𝑈𝑚,1

∂2𝑅3,1

∂𝑈𝑘,1∂𝑈𝑚,1

= 𝑑𝐴1
∂2𝑝1

∂𝑈𝑘,1∂𝑈𝑚,1

∂2𝑅3,1

∂𝑈𝑘,2∂𝑈𝑚,2

= 𝑑𝐵1
∂2𝑝2

∂𝑈𝑘,2∂𝑈𝑚,2

∂2𝑅3,1

∂𝑈𝑘,3∂𝑈𝑚,3

= 𝑑𝐶1
∂2𝑝3

∂𝑈𝑘,3∂𝑈𝑚,3

(3.42)

en¸ apì thn (2.71) gia thn èxodo:

∂2𝑅1,𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

=
∂2𝑝𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

∂2𝑅2,𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

=
∂2𝑅2,𝑛𝑝

∂𝑈𝑘,𝑛𝑝−1∂𝑈𝑚,𝑛𝑝−1

=
∂2𝑅2,𝑛𝑝

∂𝑈𝑘,𝑛𝑝−2∂𝑈𝑚,𝑛𝑝−2

= 0

∂2𝑅3,𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

=
∂2𝑅3,𝑛𝑝

∂𝑈𝑘,𝑛𝑝−1∂𝑈𝑚,𝑛𝑝−1

=
∂2𝑅3,𝑛𝑝

∂𝑈𝑘,𝑛𝑝−2∂𝑈𝑚,𝑛𝑝−2

= 0 (3.43)
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KamÐa apì tic oriakèc sunj kec den exart�tai apì tic metablhtèc sqediasmoÔ. Sunep¸c
èqoume:

∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑏𝑗
=

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑗
=

∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑈𝑘,𝑑

= 0 , 𝑎 = 1, 𝑛𝑝 (3.44)

'Ara, gia th mèjodo DD-AM, h suneisfor� twn oriak¸n sunjhk¸n (boundary condi-

tions, bc) se k�je stoiqeÐo tou mhtr¸ou 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

, dÐnetai apì thn akìloujh posìthta:

[
𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗

]
𝑏𝑐

= Ψ1,1
∂2𝑅1,1

∂𝑈𝑘,1∂𝑈𝑚,1

𝑑𝑈𝑘,1

𝑑𝑏𝑖

𝑑𝑈𝑚,1

𝑑𝑏𝑗
+ Ψ2,1

∂2𝑅2,1

∂𝑈𝑘,1∂𝑈𝑚,1

𝑑𝑈𝑘,1

𝑑𝑏𝑖

𝑑𝑈𝑚,1

𝑑𝑏𝑗

+ Ψ3,1
∂2𝑅3,1

∂𝑈𝑘,1∂𝑈𝑚,1

𝑑𝑈𝑘,1

𝑑𝑏𝑖

𝑑𝑈𝑚,1

𝑑𝑏𝑗
+ Ψ3,1

∂2𝑅3,1

∂𝑈𝑘,2∂𝑈𝑚,2

𝑑𝑈𝑘,2

𝑑𝑏𝑖

𝑑𝑈𝑚,2

𝑑𝑏𝑗

+ Ψ3,1
∂2𝑅3,1

∂𝑈𝑘,3∂𝑈𝑚,3

𝑑𝑈𝑘,3

𝑑𝑏𝑖

𝑑𝑈𝑚,3

𝑑𝑏𝑗
+ Ψ1,𝑛𝑝

∂2𝑅1,𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

𝑑𝑈𝑘,𝑛𝑝

𝑑𝑏𝑖

𝑑𝑈𝑚,𝑛𝑝

𝑑𝑏𝑗
(3.45)

ProgrammatÐzontac ton parap�nw ìro se sugklÐnonta agwgì me 11 metablhtèc sqe-
diasmoÔ kai ektup¸nontac ta apotelèsmata gia 𝑖, 𝑗 ∕= 1, 11, èqoume to Sq ma 3.1.

O lìgoc pou den upologÐzontai oi timèc twn parag¸gwn thc 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

, gia ta pr¸ta kai

teleutaÐa shmeÐa sqediasmoÔ, eÐnai h epijumÐa diat rhshc stajer c diatom c eisìdou
kai exìdou. Sunep¸c to pr¸to kai 𝑁 -iostì shmeÐo elègqou thc gewmetrÐac paramè-
noun amet�blhta.

Gia ton Ðdio agwgì oi sunolikèc timèc twn parag¸gwn 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

, upologismènec me th

mèjodo DD-AM, dÐnontai apì to Sq ma 3.2.

O lìgoc thc parousÐashc thc suneisfor�c twn parag¸gwn twn oriak¸n sunjhk¸n,
wc proc tic metablhtèc thc ro c, sthn 𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
, me th mèjodo DD-AM, eÐnai h apeujeÐac

ex�rthsh twn megej¸n
[

𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

]
𝑏𝑐
, 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

, pou emfanÐzetai mèsw twn sqèsewn (3.37)

kai (3.45). AntÐstoiqa, gia thn mèjodo DD-DD, me thn parag¸gish twn oriak¸n

sunjhk¸n wc proc tic metablhtèc thc ro c, ja eÐqame allag  tou ìrou 𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
o

opoÐoc prokÔptei apì th sqèsh (3.32), h opoÐa me th seir� thc, ephre�zetai apì tic

timèc tou ìrou ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒
stouc oriakoÔc kìmbouc.

Se k�je perÐptwsh, sugkrÐnontac ta sq mata 3.1 kai 3.2, parathroÔme ìti h sune-
isfor� twn deÔterwn parag¸gwn twn oriak¸n sunjhk¸n wc proc tic sunthrhtikèc
metablhtèc (sqèsh (3.45)), stic timèc twn parag¸gwn 𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
eÐnai praktik� amelhtèa.

Sunep¸c, eÐnai dunat  h par�leiyh twn parag¸gwn twn oriak¸n sunjhk¸n wc proc
tic sunthrhtikèc metablhtèc thc ro c qwrÐc ousiastik  allag  stic timèc thc 𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
.
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3.3.5 Upologismìc 2wn parag¸gwn me th mèjodo twn

peperasmènwn diafor¸n

'Hdh sto prohgoÔmeno kef�laio, anafèrjhke o trìpoc upologismoÔ thc parag¸gou
pr¸thc t�xhc me th mèjodo twn peperasmènwn diafor¸n. Sthn enìthta aut , peri-
gr�fetai h Ðdia mèjodoc gia ton trìpo eÔreshc parag¸gwn deÔterhc t�xhc.

Oi sqèseic oi opoÐec qrhsimopoioÔntai eÐnai oi ex c:

𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
=

𝐹 (𝑏𝑖 + 𝜖, 𝑏𝑗 + 𝜖) + 𝐹 (𝑏𝑖 − 𝜖, 𝑏𝑗 − 𝜖) − 𝐹 (𝑏𝑖 + 𝜖, 𝑏𝑗 − 𝜖) − 𝐹 (𝑏𝑖 − 𝜖, 𝑏𝑗 + 𝜖)

4𝜖2

(3.46)

en¸ gia 𝑖 = 𝑗 isqÔei:

𝑑2𝐹

𝑑𝑏𝑖
2 =

𝐹 (𝑏𝑖 + 𝜖) − 2𝐹 (𝑏𝑖) + 𝐹 (𝑏𝑖 − 𝜖)

𝜖2
(3.47)

To mhtr¸o twn deÔterwn parag¸gwn eÐnai summetrikì. Sunep¸c, gia ton upologismì
tou �nw trigwnikoÔ upopÐnaka, apaitoÔntai 4𝑁2−𝑁

2
= 2𝑁(𝑁 − 1) upologismoÐ thc

sun�rthshc - stìqou, pou antistoiqoÔn se Ðdio pl joc epilÔsewn thc ro c, ana b ma
beltistopoÐhshc. Gia touc ìrouc thc kÔriac diagwnÐou, apaitoÔntai 3𝑁 epilÔseic thc
ro c, an kai gia lìgouc oikonomÐac ta sugkekrimèna stoiqeÐa mporoÔn na upologistoÔn
mazÐ me tic peperasmènec diaforèc gia thn pr¸th par�gwgo, mei¸nontac to kìstoc
se 𝑁 epilÔseic an� b ma beltistopoÐhshc. (UpenjumÐzetai ìti oi ìroi 𝐹 (𝑏𝑖 + 𝜖) kai
𝐹 (𝑏𝑖 − 𝜖) up�rqoun kai ston tÔpo upologismoÔ thc pr¸thc parag¸gou me th mèjodo
twn peperasmènwn diafor¸n, sunep¸c den apaiteÐtai ek nèou o upologismìc touc).
To sunolikì upologistikì kìstoc eÐnai sunep¸c 𝑁(2𝑁 − 1) epilÔseic thc ro c an�
b ma beltistopoÐhshc, arijmìc polÔ meg�loc akìma kai gia monodi�stato prìblhma.

Sto plaÐsio thc diplwmatik c aut c, h mèjodoc twn peperasmènwn diafor¸n qrhsimeÔei
wc mèso sÔgkrishc gia tic timèc twn parag¸gwn deÔterhc t�xhc, pou upologÐsthkan
me tic mejìdouc DD-DD kai DD-AM, miac kai par� to upologistikì thc kìstoc, eÐnai
eÔkolh ston programmatismì.

Tèloc dieukrinÐzetai ìti protoÔ qrhsimopoihjoÔn oi peperasmènec diaforèc eÐqe pro-
hghjeÐ diereÔnhsh wc proc th tim  tou 𝜖, ètsi ¸ste oi upologismènec par�gwgoi na
eÐnai anex�rthtec thc posìthtac aut c. H deÔterh par�gwgoc eÐnai polÔ euaÐsjhth
sth tim  thc stajer�c 𝜖, miac kai aut  eÐnai idiaÐtera mikr c tim c kai brÐsketai ston
paronomast , uywmènh sto tetr�gwno.



Kef�laio 4

Upologismìc 1hc parag¸gou wc
proc tic stibarèc metablhtèc

4.1 Eisagwgik� Sqìlia

Se autì to kef�laio ja parousiasteÐ h eÔresh thc pr¸thc parag¸gou thc sun�rthshc
- stìqou wc proc tic stibarèc metablhtèc. Wc stibarèc metablhtèc mporoÔn na jew-
rhjoÔn k�poiec apì tic oriakèc sunj kec tou probl matoc, ìpwc h olik  pÐesh kai
h olik  jermokrasÐa sthn eÐsodo,   o arijmìc 𝑀𝑖𝑠(𝑜𝑢𝑡) pou kajorÐzei th tim  thc s-
tatik c pÐeshc sthn èxodo tou agwgoÔ, ìpwc parousi�sthke sthn enìthta 2.4. Ja
parousiastoÔn oi genikèc exis¸seic kai ja gÐnei efarmog , qrhsimopoi¸ntac mia mìno
stibar  metablht , aut  tou𝑀𝑖𝑠(𝑜𝑢𝑡). Sunep¸c, gia thn efarmog  aut , prokÔptei mia
bajmwt  tim  thc pr¸thc parag¸gou, antÐ gia mhtr¸o. Oi par�gwgoi thc sun�rthshc
- stìqou wc proc tic stibarèc metablhtèc mporoÔn na èqoun meg�lh fusik  kai prak-
tik  shmasÐa, kaj¸c mac deÐqnoun th sumperifor� tou probl matoc pou exet�zoume
sthn allag  twn oriak¸n sunjhk¸n. Gia par�deigma se èna didi�stato prìblhma
pterÔgwshc sumpiest , mporoÔme na doÔme th sumperifor� twn suntelest¸n �nwsh-
c kai opisjèlkousac sthn allag  tou arijmoÔ Mach thc ro c. Sto 1D prìblhma
pou exet�zoume h fusik  kai kurÐwc h praktik  shmasÐa eÐnai emfan¸c mikrìterhc
axÐac. Wstìso skopìc thc paroÔsac diplwmatik c ergasÐac den eÐnai h efarmog 
thc mejìdou se pragmatikì prìblhma, all� h diereÔnhsh thc shmantikìthtac twn
ìrwn pou emfanÐzontai stic exis¸seic kai h apìkthsh empeirÐac pou ja qrhsimeÔsei
se praktikèc efarmogèc sto mèllon (p.q. se didi�stata   tridi�stata plègmata).

Oi timèc twn pr¸twn parag¸gwn thc sun�rthshc - stìqou, ja upologistoÔn kai
ed¸ me th mèjodo thc eujeÐac diafìrishc, thc suzugoÔc teqnik c kai th mèjodo twn
peperasmènwn diafor¸n. IdiaÐterh shmasÐa èqei gia th sunèqeia h mèjodoc thc eujeÐac
diafìrishc, miac kai ja qrhsimopoihjeÐ gia thn eÔresh thc trÐthc, mikt c, parag¸gou
se epìmeno kef�laio.
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4.2 Upologismìc Pr¸thc Parag¸gou, wc proc

tic stibarèc metablhtèc, me th mèjodo thc

eujeÐac diafìrishc

Se aut  thn enìthta ja parousiastoÔn oi genikèc exis¸seic eÔreshc thc pr¸thc
parag¸gou thc sun�rthshc - stìqou wc proc tic stibarèc metablhtèc kai ja gÐnei
efarmog  gia to mègejoc 𝑀𝑖𝑠(𝑜𝑢𝑡).

H metabol  twn oriak¸n sunjhk¸n ephre�zei thn tim  thc sun�rthshc stìqou me
duo trìpouc, afenìc �mesa kai afetèrou metab�llontac thn tim  tou dianÔsmatoc

twn sunthrhtik¸n metablht¸n,
−→
𝑈 , dhlad  tic timèc thc puknìthtac, thc taqÔthtac

kai thc pÐeshc tou reustoÔ se k�je kìmbo. Lamb�nontac ta parap�nw upìyh, h
par�gwgoc thc sun�rthshc - stìqou wc proc tic stibarèc metablhtèc, mporeÐ na
grafeÐ

𝑑𝐹

𝑑𝑐𝑖
=

∂𝐹

∂𝑐𝑖
+

∂𝐹

∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
(4.1)

me 𝑖 ∈ [1,𝑀 ], ìpou 𝑀 o arijmìc twn stibar¸n metablht¸n, 𝑘 ∈ [1, 3] (gia to 1D
prìblhma) kai 𝑎, 𝑑 ∈ [1, 𝑛𝑝] me 𝑛𝑝 ton arijmì twn kìmbwn tou plègmatoc.

O telest c thc ro c
−→
𝑅 , èqei epÐshc dipl  ex�rthsh apì tic stibarèc metablhtèc, h

opoÐa perigr�fetai apì th sqèsh

𝑑𝑅𝑛,𝑎

𝑑𝑐𝑖
=

∂𝑅𝑛,𝑎

∂𝑐𝑖
+

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
= 0 (4.2)

H tim  thc 𝑑𝑅𝑛,𝑎

𝑑𝑐𝑖
= 0 prokÔptei apì thn apaÐthsh gia ikanopoÐhsh twn exis¸sewn

ro c kai met� apì opoiad pote metabol  twn oriak¸n sunjhk¸n. 'Eqoume dhlad 

𝑅𝑛,𝑎 +
𝑑𝑅𝑛,𝑎

𝑑𝑐𝑖
𝑑𝑐𝑖 = 0 (4.3)

kai afoÔ 𝑅𝑛,𝑎 = 0, èqoume kai 𝑑𝑅𝑛,𝑎

𝑑𝑐𝑖
= 0.

H sqèsh (4.2) xanagr�fetai sth morf 

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
= −∂𝑅𝑛,𝑎

∂𝑐𝑖
(4.4)

apì thn opoÐa gnwrÐzontac ton ìro ∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑
mèsw tou kefalaÐou 2 kai upologÐzontac ton

ìro ∂𝑅𝑛,𝑎

∂𝑐𝑖
an�loga me thn epilog  twn stibar¸n metablht¸n pou èqei gÐnei, mporeÐ na

upologisjeÐ h metabol  twn metablht¸n thc ro c lìgw thc metabol c twn oriak¸n

sunjhk¸n, dhlad  o ìroc 𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
. O upologismìc autìc antistoiqeÐ sthn epÐlush 𝑀

susthm�twn 𝑛𝑝× 𝑛𝑝.
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Sth sunèqeia, antikajist¸ntac ton ìro 𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
sth sqèsh (4.1), kai upologÐzontac ton

ìro ∂𝐹
∂𝑐𝑖

an�loga me th sun�rthsh - stìqo, èqoume thn tim  thc 𝑑𝐹
𝑑𝑐𝑖

, pou eÐnai kai o
skopìc mac.

Efarmìzontac thn parap�nw diadikasÐa qrhsimopoi¸ntac wc stibar  metablht  ton
arijmì 𝑀𝑖𝑠(𝑜𝑢𝑡), èqoume gia k�je èna apì touc ìrouc pou emfanÐzontai stic exis¸seic:

O ìroc ∂𝑅𝑛,𝑎

∂𝑐𝑖
dhl¸nei thn apeujeÐac ex�rthsh tou telest  thc ro c apì ton arijmì

𝑀𝑖𝑠(𝑜𝑢𝑡). O deÐkthc 𝑖 èqei ed¸ tim  1, gi' autì kai apì ed¸ kai k�tw ja paraleÐpetai.

H monadik  èkfrash tou telest  thc ro c sthn opoÐa perilamb�netai o arijmìc
𝑀𝑖𝑠(𝑜𝑢𝑡), eÐnai aut  pou afor� sth statik  pÐesh sthn èxodo tou agwgoÔ ìpwc dÐnetai
apì th sqèsh (2.70), h opoÐa gia lìgouc plhrìthtac dÐnetai kai ed¸:

𝑅1,𝑛𝑝 = 𝑝𝑛𝑝 [𝑈𝑘,𝑛𝑝] − 𝑐𝑜𝑛𝑠𝑡3[𝑀𝑖𝑠(𝑜𝑢𝑡)] = 𝑝𝑛𝑝 − 𝑝𝑡1

(1 + 𝛾−1
2
𝑀2

𝑖𝑠(𝑜𝑢𝑡))
𝛾

𝛾−1

(4.5)

'Eqoume dhlad  gia ton ìro ∂𝑅𝑛,𝑎

∂𝑐
= 0, ektìc apì

∂𝑅1,𝑛𝑝

∂𝑐
=

𝛾𝑝𝑡1𝑀𝑖𝑠(𝑜𝑢𝑡)

(1 + 𝛾−1
2
𝑀2

𝑖𝑠(𝑜𝑢𝑡))
2𝛾−1
𝛾−1

(4.6)

H sun�rthsh - stìqoc 𝐹 =
∫
𝑝𝑑𝑥 den exart�tai �mesa apì ton arijmì𝑀𝑖𝑠(𝑜𝑢𝑡). Prèpei

na tonisjeÐ ìti h statik  pÐesh sthn èxodo, 𝑝𝑛𝑝, exart�tai mìno apì tic metablhtèc
thc ro c kai h tim  thc tautÐzetai me thn 𝑐𝑜𝑛𝑠𝑡3 mìno ìtan èqei sugklÐnei o algìrij-
moc epÐlushc thc ro c, qwrÐc autì na shmaÐnei apeujeÐac ex�rthsh apì ton 𝑀𝑖𝑠(𝑜𝑢𝑡).
Sunep¸c èqoume

∂𝐹

∂𝑐
= 0 (4.7)

O ìroc ∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑
analÔetai ekten¸c sto kef�laio 2 en¸ o ìroc ∂𝐹

∂𝑈𝑘,𝑑
dÐnetai apì th

sqèsh (3.3). Sunep¸c, ìloi oi ìroi pou perilamb�nontai ston upologismì thc 𝑑𝐹
𝑑𝑐

eÐnai gnwstoÐ.

Sthn perÐptwsh mac, èqoume𝑀 = 1, sunep¸c apaiteÐtai mia mìno epÐlush sust matoc

𝑛𝑝× 𝑛𝑝 gia ton upologismì tou mhtr¸ou 𝑑𝑈𝑘,𝑑

𝑑𝑐
.
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4.3 Upologismìc Pr¸thc Parag¸gou, wc proc

tic stibarèc metablhtèc, me th suzug  mè-

jodo.

Se aut  thn enìthta parousi�zetai o trìpoc upologismoÔ thc pr¸thc parag¸gou
thc sun�rthshc 𝐹 , wc proc tic stibarèc metablhtèc, me th suzug  mèjodo. H mèjo-
doc eÐnai Ðdia me aut  pou anaptÔssetai gia ton upologismì thc pr¸thc parag¸gou
thc sun�rthshc 𝐹 , wc proc tic metablhtèc sqediasmoÔ (enìthta 3.2.3), gi' autì kai
parousi�zetai sunoptik�.

H epauxhmènh sun�rthsh orÐzetai wc :

𝑑𝐹𝑎𝑢𝑔

𝑑𝑐𝑖
=

𝑑𝐹

𝑑𝑐𝑖
+ 𝜓𝑛,𝑎

𝑑𝑅𝑛,𝑎

𝑑𝑐𝑖
(4.8)

kai antikajist¸ntac se aut  tic ekfr�seic twn 𝑑𝐹
𝑑𝑐𝑖

kai 𝑑𝑅𝑛,𝑎

𝑑𝑐𝑖
apì tic sqèseic (4.1) kai

(4.2) antÐstoiqa, èqoume

𝑑𝐹𝑎𝑢𝑔

𝑑𝑐𝑖
=

∂𝐹

∂𝑐𝑖
+

∂𝐹

∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+ 𝜓𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑐𝑖
+ 𝜓𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

=
∂𝐹

∂𝑐𝑖
+ 𝜓𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑐𝑖
+

(
∂𝐹

∂𝑈𝑘,𝑑

+ 𝜓𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

)
𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
(4.9)

Skopìc thc suzugoÔc teqnik c eÐnai h apofug  upologismoÔ tou ìrou 𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
lìgw tou

sqetik� meg�lou upologistikoÔ kìstoc tou. Sunep¸c, mhdenÐzetai o pollaplasiast c
tou sth sqèsh (4.9), odhg¸ntac sth diatÔpwsh thc suzugoÔc exÐswshc:

∂𝐹

∂𝑈𝑘,𝑑

+ 𝜓𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

= 0 ⇒
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝜓𝑛,𝑎 = − ∂𝐹

∂𝑈𝑘,𝑑

(4.10)

ParathroÔme ìti h suzug c exÐswsh, eÐnai Ðdia me autèc pou emfanÐzontai sto suzugèc
prìblhma eÔreshc thc pr¸thc parag¸gou wc proc tic metablhtèc sqediasmoÔ, ìpwc
kai sto prìblhma eÔreshc thc deÔterhc parag¸gou wc proc tic metablhtèc sqediasmoÔ
me th mèjodo DD-AM.(sqèseic (3.16) kai (3.36) antÐstoiqa)

To kìstoc epÐlushc thc (4.10),gia mia sun�rthsh - stìqo, eÐnai èna sÔsthma 𝑛𝑝×𝑛𝑝,
anex�rthta apì ton arijmì twn stibar¸n metablht¸n.

H sqèsh (4.9) aplopoieÐtai sthn
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𝑑𝐹𝑎𝑢𝑔

𝑑𝑐𝑖
=

∂𝐹

∂𝑐𝑖
+ 𝜓𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑐𝑖
(4.11)

kai antikajist¸ntac th suzug  metablht  𝜓𝑛,𝑎, h opoÐa upologÐzetai apì th (4.10),
èqoume ton upologismì twn 𝑑𝐹

𝑑𝑐𝑖
.

An jewr soume ton arijmì𝑀𝑖𝑠(𝑜𝑢𝑡) wc th mình stibar  metablht , ìla ta megèjh pou
sunant¸ntai ston upologismì thc 𝑑𝐹

𝑑𝑐𝑖
èqoun anaptuqjeÐ se prohgoÔmenec enìthtec.

Sugkekrimèna oi ìroi ∂𝐹
∂𝑐
, ∂𝑅𝑛,𝑎

∂𝑐
, ∂𝐹
∂𝑈𝑘,𝑑

dÐnontai apì tic sqèseic (4.7),(4.6) kai (3.3)

antÐstoiqa, en¸ o ìroc ∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑
anaptÔssetai ekten¸c sto kef�laio 2.

AxÐzei na shmeiwjeÐ ìti gia th sugkekrimènh perÐptwsh, to upologistikì kìstoc
eÔreshc thc 𝑑𝐹

𝑑𝑐
, eÐnai Ðdio gia th mèjodo eujeÐac diafìrishc kai th suzug  teqnik 

(epÐlush enìc sust matoc 𝑛𝑝× 𝑛𝑝).



58 4. Upologismìc 1hc parag¸gou wc proc tic stibarèc metablhtèc

4.4 Upologismìc Pr¸thc Parag¸gou, wc proc

tic stibarèc metablhtèc, me th mèjodo twn

peperasmènwn diafor¸n.

Sth sunèqeia, parousi�zetai o trìpoc eÔreshc thc pr¸thc parag¸gou me th mèjodo
twn peperasmènwn diafor¸n. H mèjodoc aut  qrhsimopoieÐtai kurÐwc gia epal jeush
twn apotelesm�twn pou par�gontai apì tic duo prohgoÔmenec mejìdouc.

H merik  par�gwgoc thc sun�rthshc - stìqou 𝐹 wc proc ton 𝑖�iost  stibar  metabl-
ht  mporeÐ na proseggisjeÐ me sq ma kentrik¸n peperasmènwn diafor¸n, akrÐbeiac
deÔterhc t�xhc, wc ex c:

𝑑𝐹

𝑑𝑐𝑖
=

𝐹 (𝑐1, 𝑐2, ⋅ ⋅ ⋅ , 𝑐𝑖 + 𝜖, ⋅ ⋅ ⋅ , 𝑐𝑀) − 𝐹 (𝑐1, 𝑐2, ⋅ ⋅ ⋅ , 𝑐𝑖 − 𝜖, ⋅ ⋅ ⋅ , 𝑐𝑀)

2𝜖
(4.12)

Efarmìzontac thn parap�nw sqèsh gia mia stibar  metablht , ton arijmì 𝑀𝑖𝑠(𝑜𝑢𝑡)

èqoume

𝑑𝐹

𝑑𝑐
=

𝐹 (𝑀𝑖𝑠(𝑜𝑢𝑡) + 𝜖)− 𝐹 (𝑀𝑖𝑠(𝑜𝑢𝑡) − 𝜖)

2𝜖
(4.13)

ìpou 𝜖 stajer� , idiaÐtera mikr c tim c, pou kajorÐzei o qr sthc. Sth genik 
perÐptwsh apaitoÔntai 2𝑀 epilÔseic twn exis¸sewn thc ro c gia ton upologismì
tou mhtr¸ou thc pr¸thc parag¸gou. Sto par�deigm� mac, apaitoÔntai 2 epilÔseic.
'Opwc kai k�je for� pou efarmìzetai k�poio sq ma peperasmènwn diafor¸n, prèpei
na gÐnei parametrik  an�lush ètsi ¸ste oi timèc twn parag¸gwn na eÐnai anex�rthtec
tou 𝜖.



Kef�laio 5

Upologismìc 2hc parag¸gou wc
proc tic stibarèc metablhtèc

5.1 Eisagwgik� Sqìlia

Sto prohgoÔmeno kef�laio ègine h genik  parousÐash eÔreshc thc pr¸thc parag¸-
gou thc sun�rthshc - stìqou 𝐹 wc proc tic stibarèc metablhtèc kai parousi�sthke
mia efarmog , jewr¸ntac wc stibar  metablht  ton arijmì 𝑀𝑖𝑠(𝑜𝑢𝑡). Sto parìn ke-
f�laio ja akoloujhjeÐ parìmoia diadikasÐa gia thn eÔresh thc deÔterhc parag¸-
gou thc sun�rthshc 𝐹 wc proc tic stibarèc metablhtèc. 'Opwc kai sto antÐstoiqo
kef�laio pou afor� sthn eÔresh thc deÔterhc parag¸gou wc proc tic metablhtèc
sqediasmoÔ, ja parousiastoÔn oi mèjodoi eujeÐac diafìrishc - eujeÐac diafìrishc
(DD-DD) kai eujeÐac diafìrishc - suzugoÔc teqnik c (DD-AM) gia thn eÔresh thc
deÔterhc parag¸gou. EpÐshc ja elegqjeÐ h suneisfor� twn parag¸gwn twn oriak¸n
sunjhk¸n, wc proc tic metablhtèc thc ro c, sto prìblhma kai ja parousiasteÐ h
mèjodoc twn peperasmènwn diafor¸n gia ton èlegqo twn apotelesm�twn.

5.2 Upologismìc thc DeÔterhc Parag¸gou ,

wc proc tic stibarèc metablhtèc, me th mè-

jodo DD-DD

'Eqontac upologÐsei thn pr¸th par�gwgo thc sun�rthshc - stìqou me th mèjodo
thc eujeÐac diafìrishc (sqèsh (4.1)), ja upologisteÐ h deÔterh par�gwgoc, wc proc
tic stibarèc metablhtèc, qrhsimopoi¸ntac thn Ðdia teqnik . H sun�rthsh - stìqoc
exart�tai me duo trìpouc apì tic stibarèc metablhtèc, afenìc apeujeÐac kai afetèrou
mèsw thc metabol c twn qarakthristik¸n thc ro c lìgw thc metabol c twn stibar¸n
metablht¸n. 'Eqontac upìyh aut  th dipl  ex�rthsh kai diaforÐzontac thn (4.1),
èqoume:
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𝑑2𝐹

𝑑𝑐𝑖𝑑𝑐𝑗
=

∂2𝐹

∂𝑐𝑖∂𝑐𝑗
+

∂2𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

+
∂𝐹

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
(5.1)

me 𝑖, 𝑗 ∈ [1,𝑀 ], ìpou 𝑀 o arijmìc twn stibar¸n metablht¸n, 𝑘,𝑚, 𝑛 ∈ [1, 3] kai
𝑎, 𝑑, 𝑒 ∈ [1, 𝑛𝑝], ìpou 𝑛𝑝 o arijmìc twn kìmbwn tou plègmatoc.

Analogizìmenoi, ìti kai o telest c thc ro c
−→
𝑅 exart�tai me duo trìpouc apì tic

stibarèc metablhtèc èqoume:

𝑑2𝑅𝑛,𝑎

𝑑𝑐𝑖𝑑𝑐𝑗
=

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

+
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
= 0 (5.2)

H sqèsh (5.2) xanagr�fetai sth morf 

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
= −∂

2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗
− ∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
− ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

− ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
(5.3)

apì thn opoÐa, me gnwstoÔc touc ìrouc tou dexioÔ mèlouc (upologÐzontai an�loga me
tic stibarèc metablhtèc pou epilègontai), upologÐzetai h metabol  twn qarakthris-

tik¸n thc ro c, 𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
. O upologismìc autìc sunÐstatai sth lÔsh 𝑀2 susthm�twn

𝑛𝑝× 𝑛𝑝,   an ekmetalleutoÔme to gegonìc ìti prìkeitai gia summetrikì mhtr¸o, sth

lÔsh 𝑀(𝑀+1)
2

susthm�twn. Sto sunolikì kìstoc thc mejìdou prèpei na prostejoÔn

kai oi𝑀 epilÔseic pou apaitoÔntai gia ton upologismì tou ∂𝑈𝑘,𝑑

∂𝑐𝑖
. Lamb�nontac upìyh

ìti o arijmìc twn stibar¸n metablht¸n eÐnai sqedìn p�nta mikrìc (l.q. 𝑀 = 1÷ 4),
to kìstoc upologismoÔ den eÐnai idiaÐtera meg�lo.

'Epeita, antikajist¸ntac to 𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
sth sqèsh (5.1) kai upologÐzontac touc ìrouc twn

merik¸n parag¸gwn thc sun�rthshc - stìqou 𝐹 , èqoume to telikì apotèlesma gia
thn olik  par�gwgo 𝑑2𝐹

𝑑𝑐𝑖𝑑𝑐𝑗
.

AkoloujoÔn oi ekfr�seic twn ìrwn pou perilamb�nontai sthn anwtèrw diadikasÐa,
jewr¸ntac wc monadik  stibar  metablht  ton arijmì𝑀𝑖𝑠(𝑜𝑢𝑡)(h di�stash tou dianÔs-
matoc twn stibar¸n metablht¸n eÐnai𝑀 = 1, gi' autì kai ja paraleÐpontai oi deÐktec
𝑖, 𝑗).
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Apì th sqèsh (4.6) èqoume ìti h monadik , mh mhdenik  tim  tou ìrou ∂𝑅𝑛,𝑎

∂𝑐
, eÐnai

h ∂𝑅1,𝑛𝑝

∂𝑐
. ParagwgÐzontac ek nèou wc proc ton arijmì 𝑀𝑖𝑠(𝑜𝑢𝑡) èqoume,

∂2𝑅𝑛,𝑎

∂2𝑐
= 0,

ektìc apì

∂2𝑅1,𝑛𝑝

∂𝑐2
= 𝛾𝑝𝑡1

(
1 + 𝛾−1

2
𝑀𝑖𝑠(𝑜𝑢𝑡)

) 1
𝛾−1 − (2𝛾 − 1)𝑀𝑖𝑠(𝑜𝑢𝑡)(

1 + 𝛾−1
2
𝑀𝑖𝑠(𝑜𝑢𝑡)

) 3𝛾−2
𝛾−1

(5.4)

'Opwc èqei  dh anaferjeÐ, h monadik  tim  tou telest  thc ro c, 𝑅, pou emfanÐzei
�mesh ex�rthsh apì ton arijmì 𝑀𝑖𝑠(𝑜𝑢𝑡) eÐnai h :

𝑅1,𝑛𝑝 = 𝑝𝑛𝑝 [𝑈𝑘,𝑛𝑝] − 𝑐𝑜𝑛𝑠𝑡3[𝑀𝑖𝑠(𝑜𝑢𝑡)] = 𝑝𝑛𝑝 − 𝑝𝑡1

(1 + 𝛾−1
2
𝑀2

𝑖𝑠(𝑜𝑢𝑡))
𝛾

𝛾−1

(5.5)

Wstìso, ìpwc eÐnai fanerì, o pr¸toc ìroc exart�tai mìno apì tic metablhtèc tic ro c
kai o deÔteroc mìno apì th stibar  metablht . Sunep¸c, gia tic miktèc parag¸gouc
ja èqoume

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑

=
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗
= 0 (5.6)

O ìroc ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒
, dÐnetai, gia ta eswterik� shmeÐa, apì th sqèsh (3.30), en¸ o ∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

analÔetai ekten¸c sto kef�laio 2. Me aut� ta mhtr¸a gnwst�, eÐnai dunat  h eÔresh

tou 𝑑2𝑈𝑘,𝑑

𝑑𝑐2
apì thn aplopoihmènh morf  thc sqèshc (5.3):

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐2
= −∂

2𝑅𝑛,𝑎

∂𝑐2
− ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐

𝑑𝑈𝑚,𝑒

𝑑𝑐
(5.7)

Antikajist¸ntac èpeita to sugkekrimèno ìro sth sqèsh (5.1) kai lamb�nontac up-
ìyh ìti ∂𝐹

∂𝑐
= 0, eÐnai dunatìc o upologismìc thc 𝑑2𝐹

𝑑𝑐2
, lamb�nontac thn tim  thc

∂2𝐹
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

apì th sqèsh (3.21). Gia lìgouc plhrìthtac dÐnetai h sqèsh upologis-

moÔ thc deÔterhc parag¸gou, wc proc tic stibarèc metablhtèc, sth sugkekrimènh
perÐptwsh

𝑑2𝐹

𝑑𝑐2
=

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐

𝑑𝑈𝑚,𝑑

𝑑𝑐
+

∂𝐹

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐2
(5.8)
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5.3 Upologismìc thc DeÔterhc Parag¸gou, wc

proc tic stibarèc metablhtèc, me th mèjo-

do DD-AM

Se aut  thn enìthta ja parousiasteÐ sunoptik� o trìpoc eÔreshc thc deÔterhc
parag¸gou thc sun�rthshc - stìqou wc proc tic stibarèc metablhtèc, efarmìzontac
th suzug  teqnik , afoÔ pr¸ta èqei brejeÐ h pr¸th par�gwgoc me th mèjodo thc
eujeÐac diafìrishc.

Eis�gontac kai ed¸ thn epauxhmènh sun�rthsh èqoume:

𝑑2𝐹𝑎𝑢𝑔

𝑑𝑐𝑖𝑑𝑐𝑗
=

𝑑2𝐹

𝑑𝑐𝑖𝑑𝑐𝑗
+ Ψ𝑛,𝑎

𝑑2𝑅𝑛,𝑎

𝑑𝑐𝑖𝑑𝑐𝑗
(5.9)

kai antikajist¸ntac tic ekfr�seic twn 𝑑2𝐹
𝑑𝑐𝑖𝑑𝑐𝑗

kai 𝑑2𝑅𝑛,𝑎

𝑑𝑐𝑖𝑑𝑐𝑗
apì tic sqèseic (5.1) kai (5.2)

antÐstoiqa, èqoume gia thn deÔterh par�gwgo:

𝑑2𝐹𝑎𝑢𝑔

𝑑𝑐𝑖𝑑𝑐𝑗
=

∂2𝐹

∂𝑐𝑖∂𝑐𝑗
+ Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗
+

∂2𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+ Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗

+
∂2𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+ Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

+ Ψ𝑛,𝑎
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

(
∂𝐹

∂𝑈𝑘,𝑑

+ Ψ𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

)
𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
(5.10)

MhdenÐzontac ton pollaplasiast  tou ìrou 𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
¸ste na apofÔgoume to meg�lo

upologistikì tou kìstoc, odhgoÔmaste sth diatÔpwsh thc suzugoÔc exÐswshc.

∂𝐹

∂𝑈𝑘,𝑑

+ 𝜓𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

= 0 ⇒
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝜓𝑛,𝑎 = − ∂𝐹

∂𝑈𝑘,𝑑

(5.11)

ParathroÔme kai ed¸ ìti h suzug c exÐswsh eÐnai Ðdia me ìlec tic suzugeÐc exis¸-
seic pou èqoun anaferjeÐ mèqri t¸ra (gia thn eÔresh thc pr¸thc parag¸gou thc
sun�rthshc 𝐹 wc proc tic metablhtèc sqediasmoÔ kai tic stibarèc metablhtèc, ka-
j¸c kai gia thn eÔresh thc deÔterhc parag¸gou thc 𝐹 wc proc tic metablhtèc sqedi-
asmoÔ). Sunep¸c, to upologistikì kìstoc efarmog c thc mejìdou DD-AM eÐnai 𝑀

epilÔseic susthm�twn gia ton upologismì tou 𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
, +1 gia thn epÐlush thc suzugoÔc

exÐswshc.

Efarmìzontac thn mèjodo DD-AM gia thn eÔresh thc deÔterhc parag¸gou thc
sun�rthshc 𝐹 =

∫
𝑝𝑑𝑥 wc proc ton arijmì𝑀𝑖𝑠(𝑜𝑢𝑡) kai lamb�nontac upìyh ìsa èqoun
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anaferjeÐ sthn prohgoÔmenh enìthta gia touc ìrouc pou sunant¸ntai stic exis¸seic,
èqoume:

𝑑2𝐹𝑎𝑢𝑔

𝑑𝑐2
= Ψ1,𝑛𝑝

∂2𝑅1,𝑛𝑝

∂𝑐2
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐

𝑑𝑈𝑚,𝑑

𝑑𝑐
+ Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐

𝑑𝑈𝑚,𝑒

𝑑𝑐
(5.12)

SugkrÐnontac to upologistikì kìstoc twn dÔo mejìdwn gia th sugkekrimènh perÐptwsh,

ìpou 𝑀 = 1, èqoume 𝐶𝑃𝑈𝐷𝐷−𝐷𝐷 =𝑀 + 𝑀(𝑀+1)
2

= 2 kai 𝐶𝑃𝑈𝐷𝐷−𝐴𝑀 =𝑀 +1 = 2.
Blèpoume dhlad  ìti lìgw tou mikroÔ arijmoÔ twn stibar¸n metablht¸n, h mèjo-
doc DD-AM den èqei plèon to xek�jaro pleonèkthma pou eÐqe ston upologismì twn
parag¸gwn wc proc tic metablhtèc sqediasmoÔ. (Sth sugkekrimènh perÐptwsh to
upologistikì kìstoc eÐnai akrib¸c to Ðdio, all� to sumpèrasma mporeÐ na genikeujeÐ
miac kai o arijmìc twn stibar¸n metablht¸n eÐnai sqedìn p�nta mikrìc.)
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5.4 Suneisfor� twn oriak¸n sunjhk¸n

Sthn paroÔsa enìthta ja diereunhjeÐ h suneisfor� twn parag¸gwn twn oriak¸n

sunjhk¸n wc proc tic metablhtèc thc ro c,
−→
𝑈 , sth deÔterh par�gwgo thc sun�rthshc

- stìqou 𝐹 , wc proc th stibar  metablht ,𝑀𝑖𝑠(𝑜𝑢𝑡). Apì thn an�lush pou ègine sthn
enìthta 3.3.4, eÐqe exaqjeÐ to sumpèrasma ìti oi antÐstoiqoi ìroi eÐnai el�qisthc
shmasÐac gia thn deÔterh par�gwgo thc 𝐹 wc proc tic metablhtèc sqediasmoÔ.

H an�lush pou prohg jhke sthn anwtèrw enìthta èdwse ta akìlouja apotelèsmata
gia tic parag¸gouc twn oriak¸n sunjhk¸n wc proc tic metablhtèc thc ro c:

Oriakèc sunj kec eisìdou.

∂2𝑅1,1

∂𝑈𝑘,1∂𝑈𝑚,1

=
∂2𝑝𝑡1

∂𝑈𝑘,1∂𝑈𝑚,1

∂2𝑅2,1

∂𝑈𝑘,1∂𝑈𝑚,1

=
∂2𝑇𝑡1

∂𝑈𝑘,1∂𝑈𝑚,1

∂2𝑅3,1

∂𝑈𝑘,1∂𝑈𝑚,1

= 𝑑𝐴1
∂2𝑝1

∂𝑈𝑘,1∂𝑈𝑚,1

∂2𝑅3,1

∂𝑈𝑘,2∂𝑈𝑚,2

= 𝑑𝐵1
∂2𝑝2

∂𝑈𝑘,2∂𝑈𝑚,2

∂2𝑅3,1

∂𝑈𝑘,3∂𝑈𝑚,3

= 𝑑𝐶1
∂2𝑝3

∂𝑈𝑘,3∂𝑈𝑚,3

(5.13)

Oriakèc sunj kec exìdou.

∂2𝑅1,𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

=
∂2𝑝𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

∂2𝑅2,𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

=
∂2𝑅2,𝑛𝑝

∂𝑈𝑘,𝑛𝑝−1∂𝑈𝑚,𝑛𝑝−1

=
∂2𝑅2,𝑛𝑝

∂𝑈𝑘,𝑛𝑝−2∂𝑈𝑚,𝑛𝑝−2

= 0

∂2𝑅3,𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

=
∂2𝑅3,𝑛𝑝

∂𝑈𝑘,𝑛𝑝−1∂𝑈𝑚,𝑛𝑝−1

=
∂2𝑅3,𝑛𝑝

∂𝑈𝑘,𝑛𝑝−2∂𝑈𝑚,𝑛𝑝−2

= 0 (5.14)

Oi deÔterec merikèc par�gwgoi twn megej¸n 𝑝𝑡, 𝑇𝑡, 𝑝 wc proc tic metablhtèc thc ro c,
dÐnontai apì tic sqèseic (3.41),(3.40) kai (3.38) antÐstoiqa.

Gia th mèjodo DD-AM, h suneisfor� twn oriak¸n sunjhk¸n sth tim  thc 𝑑2𝐹
𝑑𝑐2

dÐnetai
apì ton ìro
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[
𝑑2𝐹

𝑑𝑐2

]
𝑏𝑐

= Ψ1,1
∂2𝑅1,1

∂𝑈𝑘,1∂𝑈𝑚,1

𝑑𝑈𝑘,1

𝑑𝑐

𝑑𝑈𝑚,1

𝑑𝑐
+ Ψ2,1

∂2𝑅2,1

∂𝑈𝑘,1∂𝑈𝑚,1

𝑑𝑈𝑘,1

𝑑𝑐

𝑑𝑈𝑚,1

𝑑𝑐

+ Ψ3,1
∂2𝑅3,1

∂𝑈𝑘,1∂𝑈𝑚,1

𝑑𝑈𝑘,1

𝑑𝑐

𝑑𝑈𝑚,1

𝑑𝑐
+ Ψ3,1

∂2𝑅3,1

∂𝑈𝑘,2∂𝑈𝑚,2

𝑑𝑈𝑘,2

𝑑𝑐

𝑑𝑈𝑚,2

𝑑𝑐

+ Ψ3,1
∂2𝑅3,1

∂𝑈𝑘,3∂𝑈𝑚,3

𝑑𝑈𝑘,3

𝑑𝑐

𝑑𝑈𝑚,3

𝑑𝑐
+ Ψ1,𝑛𝑝

∂2𝑅1,𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

𝑑𝑈𝑘,𝑛𝑝

𝑑𝑐

𝑑𝑈𝑚,𝑛𝑝

𝑑𝑐
(5.15)

Prèpei se autì to shmeÐo na tonisjeÐ ìti stic oriakèc sunj kec an kei kai o ìroc

Ψ1,𝑛𝑝
∂2𝑅1,𝑛𝑝

∂𝑐2
, o opoÐoc ìmwc èqei anagrafeÐ  dh sth sqèsh (5.12), gi' autì kai den

anafèretai sth sqèsh (5.15).

Gia th mèjodo DD-DD, oi ìroi twn exis¸sewn (5.13) kai (5.14) sumperilamb�nontai

sthn exÐswsh (5.7), ephre�zontac thn tim  tou ìrou 𝑑2𝑈𝑘,𝑑

𝑑𝑐2
, o opoÐoc me th seir� tou

metab�llei thn tim  thc 𝑑2𝐹
𝑑𝑐2

.

ProgrammatÐzontac tic dÔo mejìdouc, me touc ìrouc twn parag¸gwn twn oriak¸n
sunjhk¸n wc proc tic metablhtèc thc ro c kai sth sunèqeia qwrÐc, èqoume ta akìlou-
ja apotelèsmata (prìkeitai gia ton Ðdio agwgì pou parousi�zetai kai sthn enìthta
3.3.4):

Mèjodoc Me parag¸gouc O.S. QwrÐc parag¸gouc O.S. Diafor� %
DD-DD −338418.26 −432817.95 21.81%
DD-AM −338418.25 −432817.95 21.81%

PÐnakac 5.1: Timèc thc 𝑑2𝐹
𝑑𝑐2

me tic mejìdouc DD-DD, DD-AM me kai qwrÐc tic parag¸gouc
twn oriak¸n sunjhk¸n.

Parathr¸ntac ta apotelèsmata tou anwtèrw pÐnaka, blèpoume ìti oi timèc thc 𝑑2𝐹
𝑑𝑐2

eÐnai praktik� Ðdiec anex�rthta apì th mèjodo upologismoÔ (toul�qiston 7 shmantik�
yhfÐa Ðdia). To shmantikì sumpèrasma wstìso eÐnai ìti oi par�gwgoi twn oriak¸n
sunjhk¸n wc proc tic sunthrhtikèc metablhtèc thc ro c èqoun meg�lh suneisfor�
sth tim  thc parag¸gou 𝑑2𝐹

𝑑𝑐2
, se antÐjesh me thn amelhtèa suneisfor� pou èqoun stic

timèc twn 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

. H sumperifor� aut  eÐnai m�llon anamenìmenh, miac kai oi timèc twn
𝑑2𝐹

𝑑𝑐𝑖𝑑𝑐𝑗
eÐnai �mesa sundedemènec me tic oriakèc sunj kec.
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5.5 Upologismìc thc DeÔterhc Parag¸gou, wc

proc tic stibarèc metablhtèc, me th mèjo-

do twn peperasmènwn diafor¸n

Gia lìgouc plhrìthtac parousi�zetai sthn paroÔsa enìthta o trìpoc upologismoÔ
twn deÔterwn parag¸gwn me th mèjodo twn peperasmènwn diafor¸n. Sthn ousÐa
prìkeitai gia touc Ðdiouc tÔpouc pou emfanÐzontai sthn enìthta 3.3.5.

Oi sqèseic oi opoÐec qrhsimopoioÔntai eÐnai oi ex c:

𝑑2𝐹

𝑑𝑐𝑖𝑑𝑐𝑗
=

𝐹 (𝑐𝑖 + 𝜖, 𝑐𝑗 + 𝜖) + 𝐹 (𝑐𝑖 − 𝜖, 𝑐𝑗 − 𝜖) − 𝐹 (𝑐𝑖 + 𝜖, 𝑐𝑗 − 𝜖) − 𝐹 (𝑐𝑖 − 𝜖, 𝑐𝑗 + 𝜖)

4𝜖2

(5.16)

en¸ gia 𝑖 = 𝑗 isqÔei:

𝑑2𝐹

𝑑𝑐𝑖
2 =

𝐹 (𝑐𝑖 + 𝜖) − 2𝐹 (𝑐𝑖) + 𝐹 (𝑐𝑖 − 𝜖)

𝜖2
(5.17)

To mhtr¸o twn deÔterwn parag¸gwn eÐnai summetrikì. Sunep¸c, gia ton upologismì
tou �nw trigwnikoÔ upopÐnaka, apaitoÔntai 4𝑀2−𝑀

2
= 2𝑀(𝑀 − 1) upologismoÐ thc

sun�rthshc - stìqou, pou antistoiqoÔn se Ðdio pl joc epilÔsewn thc ro c, ana b ma
beltistopoÐhshc. Gia touc ìrouc thc kÔriac diagwnÐou, apaitoÔntai 3𝑀 epilÔseic thc
ro c, an kai gia lìgouc oikonomÐac ta sugkekrimèna stoiqeÐa mporoÔn na upologistoÔn
mazÐ me tic peperasmènec diaforèc gia thn pr¸th par�gwgo, mei¸nontac to kìstoc
se 𝑀 epilÔseic an� b ma beltistopoÐhshc. (UpenjumÐzetai ìti oi ìroi 𝐹 (𝑐𝑖 + 𝜖) kai
𝐹 (𝑐𝑖 − 𝜖) up�rqoun kai ston tÔpo upologismoÔ thc pr¸thc parag¸gou me th mèjodo
twn peperasmènwn diafor¸n, sunep¸c den apaiteÐtai ek nèou o upologismìc touc).
To sunolikì upologistikì kìstoc eÐnai sunep¸c 𝑀(2𝑀 − 1) epilÔseic thc ro c an�
b ma beltistopoÐhshc.

Sthn perÐptwsh pou wc mình stibar  metablht  jewrhjeÐ o arijmìc 𝑀𝑖𝑠(𝑜𝑢𝑡), to

sunolikì kìstoc gia ton upologismì thc 𝑑2𝐹
𝑑𝑐2

eÐnai 3 epilÔseic thc ro c (2 gia ton
upologismì thc pr¸thc parag¸gou kai mia epiplèon gia th deÔterh). JumÐzoume
ìti gia ton upologismì thc Ðdiac posìthtac me tic mejìdouc DD-DD kai DD-AM
apaitoÔntai dÔo lÔseic susthm�twn 𝑛𝑝×𝑛𝑝. Bèbaia prèpei na tonisjeÐ ìti mia epÐlush
thc ro c mporeÐ na apaiteÐ pollèc epilÔseic susthm�twn 𝑛𝑝 × 𝑛𝑝 miac kai gÐnetai me
thn epanalhptik  mèjodo thc d - diatÔpwshc. AntÐjeta, ta sust mata stic mejìdouc
DD-DD kai DD-AM epilÔontai apeujeÐac.

H mèjodoc twn peperasmènwn diafor¸n qrhsimeÔei wc mèso sÔgkrishc gia tic timèc
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twn parag¸gwn deÔterhc t�xhc, pou upologÐsthkan me tic mejìdouc DD-DD kai DD-
AM.
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Kef�laio 6

Upologismìc thc DeÔterhc,
mikt c, parag¸gou

6.1 Eisagwgik� Sqìlia

Sto prohgoÔmeno kef�laio ègine h genik  parousÐash thc eÔreshc thc deÔterhc
parag¸gou thc sun�rthshc - stìqou 𝐹 wc proc tic stibarèc metablhtèc kai parousi�sthke
mia efarmog , jewr¸ntac wc stibar  metablht  ton arijmì 𝑀𝑖𝑠(𝑜𝑢𝑡). Sto parìn ke-
f�laio ja akoloujhjeÐ parìmoia diadikasÐa gia thn eÔresh thc deÔterhc parag¸gou
thc sun�rthshc 𝐹 wc proc tic miktèc metablhtèc (stibarèc kai sqediasmoÔ). Ja
parousiastoÔn oi mèjodoi eujeÐac diafìrishc - eujeÐac diafìrishc (DD-DD) kai eu-
jeÐac diafìrishc - suzugoÔc teqnik c (DD-AM) gia thn eÔresh thc deÔterhc parag¸-
gou kaj¸c kai h mèjodoc twn peperasmènwn diafor¸n gia ton èlegqo twn apote-
lesm�twn.

6.2 Upologismìc thc DeÔterhc, Mikt c, Parag¸-

gou me th mèjodo DD-DD

'Eqontac upologÐsei thn pr¸th par�gwgo thc sun�rthshc - stìqou wc proc tic
stibarèc metablhtèc, me th mèjodo thc eujeÐac diafìrishc (sqèsh (4.1)), ja upolo-
gisteÐ h deÔterh par�gwgoc wc proc tic miktèc metablhtèc qrhsimopoi¸ntac kai p�li
thn Ðdia teqnik . H sun�rthsh - stìqoc exart�tai me duo trìpouc apì tic metablhtèc
sqediasmoÔ, afenìc apeujeÐac kai afetèrou mèsw thc metabol c twn qarakthristik¸n
thc ro c lìgw thc metabol c twn metablht¸n sqediasmoÔ. 'Eqontac upìyh aut  th
dipl  ex�rthsh kai diaforÐzontac thn (4.1) wc proc tic metablhtèc sqediasmoÔ, è-
qoume:

69
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𝑑2𝐹

𝑑𝑐𝑖𝑑𝑏𝑙
=

∂2𝐹

∂𝑐𝑖∂𝑏𝑙
+

∂2𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑙
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑙

+
∂𝐹

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙
(6.1)

me 𝑖 ∈ [1,𝑀 ], ìpou 𝑀 o arijmìc twn stibar¸n metablht¸n, 𝑘,𝑚, 𝑛 ∈ [1, 3], 𝑎, 𝑑, 𝑒 ∈
[1, 𝑛𝑝], ìpou 𝑛𝑝 o arijmìc twn kìmbwn tou plègmatoc kai 𝑙 ∈ [1, 𝑁 ], ìpou 𝑁 o arijmìc
twn metablht¸n sqediasmoÔ.

Analogizìmenoi, ìti kai o telest c tou upoloÐpou thc ro c
−→
𝑅 exart�tai me duo

trìpouc apì tic metablhtèc sqediasmoÔ èqoume:

𝑑2𝑅𝑛,𝑎

𝑑𝑐𝑖𝑑𝑏𝑙
=

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑏𝑙
+

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑙
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑙

+
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙
= 0 (6.2)

H sqèsh (6.2) xanagr�fetai sth morf 

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙
= −∂

2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑏𝑙
− ∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑙
− ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

− ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑙
(6.3)

apì thn opoÐa, me gnwstoÔc touc ìrouc tou dexioÔ mèlouc (upologÐzontai an�loga me
tic stibarèc metablhtèc pou epilègontai), upologÐzetai h metabol  twn qarakthris-

tik¸n thc ro c, 𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙
. O upologismìc autìc sunÐstatai sth lÔsh 𝑀𝑁 susthm�twn

𝑛𝑝 × 𝑛𝑝. Sto sunolikì kìstoc thc mejìdou prèpei na prostejoÔn kai oi 𝑀 kai 𝑁

epilÔseic pou apaitoÔntai gia ton upologismì twn ∂𝑈𝑘,𝑑

∂𝑐𝑖
kai ∂𝑈𝑘,𝑑

∂𝑏𝑙
antÐstoiqa, me th

mèjodo thc eujeÐac diafìrishc.

'Epeita, antikajist¸ntac to mhtr¸o 𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙
sth sqèsh (6.1) kai upologÐzontac touc

ìrouc twn merik¸n parag¸gwn thc sun�rthshc - stìqou 𝐹 , èqoume to telikì apotè-
lesma gia thn olik  par�gwgo 𝑑2𝐹

𝑑𝑐𝑖𝑑𝑏𝑙
.

AkoloujoÔn oi ekfr�seic twn ìrwn pou perilamb�nontai sthn anwtèrw diadikasÐa,
jewr¸ntac wc monadik  stibar  metablht  ton arijmì 𝑀𝑖𝑠(𝑜𝑢𝑡) (h di�stash tou di-
anÔsmatoc twn stibar¸n metablht¸n eÐnai 𝑀 = 1, gi' autì kai ja paraleÐpetai o
deÐkthc 𝑖).

Oi ìroi ∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑
, ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒
, ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙
èqoun  dh analujeÐ kai dÐnontai apì tic sqèseic

(5.6), (3.30) kai (3.28), en¸ o ∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑
analÔetai ekten¸c sto Kef�laio 2.
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Lamb�nontac upìyh ìti kamÐa tim  tou telest  tou upoloÐpou thc ro c den exart�tai
tautìqrona apì ton arijmì 𝑀𝑖𝑠(𝑜𝑢𝑡) kai apì tic metablhtèc sqediasmoÔ èqoume:

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑏𝑙
= 0 (6.4)

Me ta anwtèrw mhtr¸a gnwst�, h sqèsh (6.3) tropopoieÐtai sthn (6.5), apì thn opoÐa

kai upologÐzetai o ìroc 𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑑𝑏𝑙

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑑𝑏𝑙
= − ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐
− ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑙
(6.5)

Antikajist¸ntac èpeita to sugkekrimèno ìro sth sqèsh (6.1) kai lamb�nontac upìyh
ìti ∂𝐹

∂𝑐
= ∂𝐹

∂𝑏𝑙
= 0, eÐnai dunatìc o upologismìc thc 𝑑2𝐹

𝑑𝑐𝑑𝑏𝑙
, lamb�nontac thn tim  thc

∂2𝐹
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

apì th sqèsh (3.21). Gia lìgouc plhrìthtac dÐnetai h sqèsh upologismoÔ

thc deÔterhc parag¸gou sth sugkekrimènh perÐptwsh

𝑑2𝐹

𝑑𝑐𝑑𝑏𝑙
=

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐

𝑑𝑈𝑚,𝑑

𝑑𝑏𝑙
+

∂𝐹

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑑𝑏𝑙
(6.6)
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6.3 Upologismìc thc DeÔterhc, Mikt c, Parag¸-

gou me th mèjodo DD-AM

Se aut  thn enìthta ja parousiasteÐ sunoptik� o trìpoc eÔreshc thc deÔterhc
parag¸gou thc sun�rthshc - stìqou wc proc tic miktèc metablhtèc, efarmìzontac
th suzug  teqnik , afoÔ pr¸ta èqei brejeÐ h pr¸th par�gwgoc wc proc tic stibarèc
metablhtèc me th mèjodo thc eujeÐac diafìrishc.

Eis�gontac kai ed¸ thn epauxhmènh sun�rthsh èqoume:

𝑑2𝐹𝑎𝑢𝑔

𝑑𝑐𝑖𝑑𝑏𝑙
=

𝑑2𝐹

𝑑𝑐𝑖𝑑𝑏𝑙
+ Ψ𝑛,𝑎

𝑑2𝑅𝑛,𝑎

𝑑𝑐𝑖𝑑𝑏𝑙
+ 𝐾𝑖𝑛,𝑎

𝑑𝑅𝑛,𝑎

𝑑𝑏𝑙
(6.7)

kai antikajist¸ntac tic ekfr�seic twn 𝑑2𝐹
𝑑𝑐𝑖𝑑𝑏𝑙

, 𝑑2𝑅𝑛,𝑎

𝑑𝑐𝑖𝑑𝑏𝑙
kai 𝑑𝑅𝑛,𝑎

𝑑𝑏𝑙
apì tic sqèseic (6.1),

(6.2) kai (3.5) antÐstoiqa, èqoume (met� apì anadi�taxh twn ìrwn) gia thn deÔterh
par�gwgo:

𝑑2𝐹𝑎𝑢𝑔

𝑑𝑐𝑖𝑑𝑏𝑙
=

∂2𝐹

∂𝑐𝑖∂𝑏𝑙
+Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑏𝑙
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+𝐾𝑖𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑏𝑙

+

[
∂2𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑

+
∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+𝐾𝑖𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

+ Ψ𝑛,𝑎

(
∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑

+
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

)]
𝑑𝑈𝑘,𝑑

𝑑𝑏𝑙

+

(
∂𝐹

∂𝑈𝑘,𝑑

+Ψ𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

)
𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙
(6.8)

MhdenÐzontac touc pollaplasiastèc twn ìrwn 𝑑𝑈𝑘,𝑑

𝑑𝑏𝑙
,
𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙
¸ste na apofÔgoume to

meg�lo upologistikì touc kìstoc, odhgoÔmaste sth diatÔpwsh twn suzug¸n ex-
is¸sewn.

∂𝐹

∂𝑈𝑘,𝑑

+ Ψ𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

= 0 ⇒
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

Ψ𝑛,𝑎 = − ∂𝐹

∂𝑈𝑘,𝑑

(6.9)

∂2𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑

+
∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+𝐾𝑖𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

+Ψ𝑛,𝑎

(
∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑

+
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

)
= 0

(6.10)

ParathroÔme ìti h suzug c exÐswsh (6.9) eÐnai Ðdia me ìlec tic suzugeÐc exis¸seic
pou èqoun anaferjeÐ. To kìstoc twn ìrwn pou sunant¸ntai ston upologismì twn
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deÔterwn mikt¸n parag¸gwn dÐnetai ston PÐnaka 6.1. 'Opwc parathreÐtai se autìn
ton pÐnaka, to sunolikì kìstoc efarmog c thc mejìdou DD-AM eÐnai anex�rthto tou
arijmoÔ twn metablht¸n sqediasmoÔ.

'Oroc Upologistikì Kìstoc

Exis¸seic ro c 1

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
𝑀

Ψ𝑛,𝑎 1

𝐾𝑖𝑛,𝑎 𝑀

SÔnolo 2𝑀 + 2

PÐnakac 6.1: Upologistikì kìstoc twn ìrwn pou sunant¸ntai ston upologismì thc 𝑑2𝐹
𝑑𝑐𝑖𝑑𝑏𝑙

me th mèjodo DD-AM, se epilÔseic susthm�twn 𝑛𝑝× 𝑛𝑝

Oi miktèc deÔterec par�gwgoi dÐnontai telik� apì th sqèsh

𝑑2𝐹𝑎𝑢𝑔

𝑑𝑐𝑖𝑑𝑏𝑙
=

∂2𝐹

∂𝑐𝑖∂𝑏𝑙
+Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑏𝑙
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+𝐾𝑖𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑏𝑙
(6.11)

Efarmìzontac thn mèjodo DD-AM gia thn eÔresh thc deÔterhc parag¸gou, wc
proc tic miktèc metablhtèc (wc stibar  metablht  jewreÐtai o arijmìc 𝑀𝑖𝑠(𝑜𝑢𝑡)), thc
sun�rthshc 𝐹 =

∫
𝑝𝑑𝑥 kai lamb�nontac upìyh ìsa èqoun anaferjeÐ sthn prohgoÔ-

menh enìthta gia touc ìrouc pou sunant¸ntai stic exis¸seic, èqoume:

𝑑2𝐹𝑎𝑢𝑔

𝑑𝑐𝑑𝑏𝑙
= Ψ𝑛,𝑑

∂2𝑅𝑛,𝑑

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐
+𝐾𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑏𝑙
(6.12)

SugkrÐnontac to upologistikì kìstoc twn dÔo mejìdwn gia th sugkekrimènh perÐptwsh,
ìpou𝑀 = 1, èqoume 𝐶𝑃𝑈𝐷𝐷−𝐷𝐷=𝑀+𝑁+𝑀𝑁=2𝑁+1 kai 𝐶𝑃𝑈𝐷𝐷−𝐴𝑀 =2𝑀+2=4.
Lamb�nontac upìyh ìti o arijmìc twn metablht¸n sqediasmoÔ eÐnai arket� meg�loc
(se pragmatik� probl mata meg�loc diy fioc   triy fioc), eÐnai xek�jarh h uperoq 
thc DD-AM mejìdou.
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6.4 Suneisfor� twn oriak¸n sunjhk¸n

Sthn paroÔsa enìthta ja diereunhjeÐ h suneisfor� twn parag¸gwn twn oriak¸n

sunjhk¸n wc proc tic metablhtèc thc ro c,
−→
𝑈 , sth deÔterh par�gwgo thc sun�rthshc

- stìqou 𝐹 , wc proc tic miktèc metablhtèc, an wc stibar  metablht  jewrhjeÐ o
arijmìc 𝑀𝑖𝑠(𝑜𝑢𝑡).

H an�lush pou prohg jhke sthn enìthta 3.3.4 èdwse ta akìlouja apotelèsmata gia
tic parag¸gouc twn oriak¸n sunjhk¸n wc proc tic metablhtèc thc ro c:

Oriakèc sunj kec eisìdou.

∂2𝑅1,1

∂𝑈𝑘,1∂𝑈𝑚,1

=
∂2𝑝𝑡1

∂𝑈𝑘,1∂𝑈𝑚,1

∂2𝑅2,1

∂𝑈𝑘,1∂𝑈𝑚,1

=
∂2𝑇𝑡1

∂𝑈𝑘,1∂𝑈𝑚,1

∂2𝑅3,1

∂𝑈𝑘,1∂𝑈𝑚,1

= 𝑑𝐴1
∂2𝑝1

∂𝑈𝑘,1∂𝑈𝑚,1

∂2𝑅3,1

∂𝑈𝑘,2∂𝑈𝑚,2

= 𝑑𝐵1
∂2𝑝2

∂𝑈𝑘,2∂𝑈𝑚,2

∂2𝑅3,1

∂𝑈𝑘,3∂𝑈𝑚,3

= 𝑑𝐶1
∂2𝑝3

∂𝑈𝑘,3∂𝑈𝑚,3

(6.13)

Oriakèc sunj kec exìdou.

∂2𝑅1,𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

=
∂2𝑝𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

∂2𝑅2,𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

=
∂2𝑅2,𝑛𝑝

∂𝑈𝑘,𝑛𝑝−1∂𝑈𝑚,𝑛𝑝−1

=
∂2𝑅2,𝑛𝑝

∂𝑈𝑘,𝑛𝑝−2∂𝑈𝑚,𝑛𝑝−2

= 0

∂2𝑅3,𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

=
∂2𝑅3,𝑛𝑝

∂𝑈𝑘,𝑛𝑝−1∂𝑈𝑚,𝑛𝑝−1

=
∂2𝑅3,𝑛𝑝

∂𝑈𝑘,𝑛𝑝−2∂𝑈𝑚,𝑛𝑝−2

= 0 (6.14)

Oi deÔterec merikèc par�gwgoi twn megej¸n 𝑝𝑡, 𝑇𝑡, 𝑝 wc proc tic metablhtèc thc ro c,
dÐnontai apì tic sqèseic (3.41),(3.40) kai (3.38) antÐstoiqa.

Gia th mèjodo DD-AM, h suneisfor� twn oriak¸n sunjhk¸n sth tim  thc 𝑑2𝐹
𝑑𝑐𝑑𝑏𝑙

gÐnetai
mèsw thc deÔterhc suzugoÔc exÐswshc (sqèsh (6.10)). Sugkekrimèna, o ìroc pou
antistoiqeÐ stic parag¸gouc twn oriak¸n sunjhk¸n, wc proc tic metablhtèc thc
ro c, dÐnetai apì th sqèsh
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(
Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

)
𝑏𝑐

= Ψ1,1
∂2𝑅1,1

∂𝑈𝑘,1∂𝑈𝑚,1

𝑑𝑈𝑘,1

𝑑𝑐
+Ψ2,1

∂2𝑅2,1

∂𝑈𝑘,1∂𝑈𝑚,1

𝑑𝑈𝑘,1

𝑑𝑐

+Ψ3,1
∂2𝑅3,1

∂𝑈𝑘,1∂𝑈𝑚,1

𝑑𝑈𝑘,1

𝑑𝑐
+Ψ3,1

∂2𝑅3,1

∂𝑈𝑘,2∂𝑈𝑚,2

𝑑𝑈𝑘,2

𝑑𝑐

+Ψ3,1
∂2𝑅3,1

∂𝑈𝑘,3∂𝑈𝑚,3

𝑑𝑈𝑘,3

𝑑𝑐
+Ψ1,𝑛𝑝

∂2𝑅1,𝑛𝑝

∂𝑈𝑘,𝑛𝑝∂𝑈𝑚,𝑛𝑝

𝑑𝑈𝑘,𝑛𝑝

𝑑𝑐
(6.15)

Gia th mèjodo DD-DD oi ìroi twn exis¸sewn (6.13) kai (6.14) sumperilamb�nontai

sthn exÐswsh (6.5), ephre�zontac th tim  tou ìrou 𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑑𝑏𝑙
, o opoÐoc me th seir� tou

metab�llei thn tim  thc 𝑑2𝐹
𝑑𝑐𝑑𝑏𝑙

.

ProgrammatÐzontac th mèjodo DD-AM, qwrÐc touc ìrouc twn parag¸gwn twn o-
riak¸n sunjhk¸n wc proc tic metablhtèc thc ro c kai sth sunèqeia sumperilam-
b�nontac touc, èqoume ta akìlouja apotelèsmata (prìkeitai gia ton Ðdio agwgì pou
parousi�zetai kai sthn enìthta 3.3.4):

-1500

-1000

-500

 0

 500

 1000

 1500

 2  3  4  5  6  7  8  9  10

d2
F

dc
id

bl

l-th control point

Boundary Conditions’ Derivatives Contribution

with derivatives without derivatives

Sq ma 6.1: Timèc thc 𝑑2𝐹
𝑑𝑐𝑑𝑏𝑙

me (suneq c kampÔlh) kai qwrÐc (diakekommènh kampÔlh) tic
parag¸gouc twn oriak¸n sunjhk¸n wc proc tic sunthrhtikèc metablhtèc thc ro c. Orizìn-
tioc �xonac: aÔxwn arijmìc metablht c sqediasmoÔ. Katakìrufoc �xonac: Tim  thc parag¸-

gou 𝑑2𝐹
𝑑𝑐𝑑𝑏𝑙

.

Blèpoume loipìn ìti h sumbol  twn parag¸gwn twn oriak¸n sunjhk¸n wc proc tic
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sunthrhtikèc metablhtèc thc ro c, eÐnai shmantik  sto apotèlesma twn parag¸gwn
𝑑2𝐹
𝑑𝑐𝑑𝑏𝑙

.

6.5 Upologismìc thc DeÔterhc, Mikt c, Parag¸-

gou me th mèjodo twn peperasmènwn di-

afor¸n

Sthn paroÔsa enìthta ja parousiasteÐ o trìpoc eÔreshc thc deÔterhc, mikt c, par�g-
wgou wc proc tic stibarèc metablhtèc kai tic metablhtèc sqediasmoÔ me th mèjodo
twn peperasmènwn diafor¸n. Se aut  thn perÐptwsh h par�gwgoc dÐnetai apì th
sqèsh

𝑑2𝐹

𝑑𝑐𝑖𝑑𝑏𝑙
=
𝐹 (𝑐𝑖 + 𝜖𝑐, 𝑏𝑙 + 𝜖𝑏) + 𝐹 (𝑐𝑖 − 𝜖𝑐, 𝑏𝑙 − 𝜖𝑏)− 𝐹 (𝑐𝑖 + 𝜖𝑐, 𝑏𝑙 − 𝜖𝑏)− 𝐹 (𝑐𝑖 − 𝜖𝑐, 𝑏𝑙 + 𝜖𝑏)

4𝜖𝑐𝜖𝑏
(6.16)

To upologistikì kìstoc thc mejìdou eÐnai 4𝑀𝑁 upologismoÐ thc sun�rthshc - stì-
qou 𝐹 , pou isodunamoÔn me Ðsou pl jouc epilÔseic thc ro c. SugkrÐnontac to kìstoc
autì me to ta kìsth twn mejìdwn DD-DD kai DD-AM blèpoume ìti eÐnai arket�
megalÔtero.

Mèjodoc Upologistikì Kìstoc

DD-DD 𝑀𝑁 +𝑀 +𝑁

DD-AM 2𝑀 + 2

Peperasmènec Diaforèc 4𝑀𝑁

PÐnakac 6.2: Upologistikì kìstoc twn di�forwn mejìdwn pou qrhsimopoioÔntai gia ton

upologismì thc 𝑑2𝐹
𝑑𝑐𝑖𝑑𝑏𝑙

, se epilÔseic susthm�twn 𝑛𝑝× 𝑛𝑝

Sto plaÐsio thc diplwmatik c aut c, h mèjodoc twn peperasmènwn diafor¸n qrhsimeÔei
wc mèso sÔgkrishc gia tic timèc twn parag¸gwn pou upologÐsthkan me tic mejìdouc
DD-DD kai DD-AM.

Tèloc dieukrinÐzetai ìti protoÔ qrhsimopoihjoÔn oi peperasmènec diaforèc eÐqe pro-
hghjeÐ diereÔnhsh wc proc tic timèc twn 𝜖𝑐, 𝜖𝑏, ètsi ¸ste oi upologismènec par�gwgoi
na eÐnai anex�rthtec twn posot twn aut¸n.



Kef�laio 7

Upologismìc thc trÐthc, mikt c,
parag¸gou

7.1 Eisagwgik� Sqìlia

Sto kef�laio autì anaptÔssetai o kÔrioc skopìc thc paroÔsac diplwmatik c er-
gasÐac. Mèqri stigm c èqei parousiasteÐ h eÔresh thc pr¸thc kai deÔterhc parag¸-
gou thc sun�rthshc - stìqou wc proc tic metablhtèc sqediasmoÔ, kaj¸c kai h eÔresh
thc pr¸thc kai deÔterhc parag¸gou thc Ðdiac sun�rthshc, wc proc tic stibarèc
metablhtèc. Stìqoc tou parìntoc kefalaÐou eÐnai h diatÔpwsh miac tropopoihmènhc

sun�rthshc - stìqou 𝐹 , h opoÐa ja perilamb�nei kai thn ex�rthsh thc sun�rthshc 𝐹
apì tic oriakèc sunj kec, kaj¸c kai h elaqistopoÐhsh thc sugkekrimènhc sun�rthsh-
c. H par�gwgoc miac tètoiac sun�rthshc wc proc tic metablhtèc sqediasmoÔ ja
odhg sei, mèsw miac diadikasÐac beltistopoÐhshc, sth morf  enìc agwgoÔ, o opoÐoc
ja kalÔptei tic apait seic pou jètei o qr sthc se èna meg�lo eÔroc katast�sewn
leitourgÐac. O antÐktupoc miac tètoiac diadikasÐac se èna pragmatikì didi�stato  
tridi�stato prìblhma eÐnai polÔ shmantikìc, miac kai ja mporoÔse na odhg sei se
ptèrugec pou ja èqoun apodektèc timèc stajer¸n �nwshc kai opisjèlkousac se è-
na meg�lo eÔroc arijm¸n Mach   gwnÐac prìsptwshc thc ro c,   sto sqediasmì
sumpiest¸n me apodekt  sumperifor� se meg�lo eÔroc atmosfairik¸n sunjhk¸n (h
olik  pÐesh kai jermokrasÐa sthn eÐsodo, pou qrhsimopoioÔntai kai se aut  th diplw-
matik  ergasÐa wc oriakèc sunj kec, tautÐzontai me ta antÐstoiqa periballontik�
megèjh). 'Opwc èqei anaferjeÐ  dh, skopìc thc paroÔsac diplwmatik c ergasÐac den
eÐnai h epÐlush enìc pragmatikoÔ probl matoc, all� h diereÔnhsh twn dunatot twn
thc mejìdou kai thc suneisfor�c twn megej¸n pou perilamb�nontai se aut .

H mèsh ektim¸menh tim  thc sun�rthshc 𝐹 , gia diaforetikèc timèc twn stibar¸n
metablht¸n, mporeÐ na upologisteÐ, ìpwc proteÐnetai sth bibliografÐa [17], apì to
an�ptugma Taylor thc 𝐹 , an jewrhjeÐ ìti oi stibarèc metablhtèc akoloujoÔn kanonik 
katanom . Apì th diadikasÐa prokÔptei

77
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𝜇𝐹 = 𝐹 +
1

2

𝑑2𝐹

𝑑𝑐2𝑖
𝜎2
𝑖 (7.1)

ìpou 𝜎𝑖, 𝑖 ∈ [1,𝑀 ] oi metablhtìthtec twn stibar¸n metablht¸n. AfoÔ jewreÐtai
ìti oi stibarèc metablhtèc akoloujoÔn kanonik  katanom , tìte 𝜎𝑖 eÐnai h tupik 
apìklish thc 𝑖-ost c metablht c.

Me ìmoio trìpo mporeÐ na upologisteÐ h metablhtìthta thc ektÐmhshc thc mèshc tim c
thc sun�rthshc 𝐹 wc

𝜎𝐹 =

√[
𝑑𝐹

𝑑𝑐𝑖

]2
𝜎2
𝑖 +

1

2

[
𝑑2𝐹

𝑑𝑐𝑖𝑑𝑐𝑗

]2
𝜎2
𝑖 𝜎

2
𝑗 (7.2)

DiaforÐzontac tic (7.1),(7.2) wc proc tic metablhtèc sqediasmoÔ èqoume

𝑑𝜇𝐹

𝑑𝑏𝑙
=
𝑑𝐹

𝑑𝑏𝑙
+

1

2

𝑑3𝐹

𝑑𝑐2𝑖 𝑑𝑏𝑙
𝜎2
𝑖 (7.3)

𝑑𝜎𝐹
𝑑𝑏𝑙

=
2 𝑑𝐹
𝑑𝑐𝑖

𝑑2𝐹
𝑑𝑐𝑖𝑑𝑏𝑙

𝜎2
𝑖 +

𝑑2𝐹
𝑑𝑐𝑖𝑑𝑐𝑗

𝑑3𝐹
𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙

𝜎2
𝑖 𝜎

2
𝑗

2

√[
𝑑𝐹
𝑑𝑐𝑖

]2
𝜎2
𝑖 +

1
2

[
𝑑2𝐹

𝑑𝑐𝑖𝑑𝑐𝑗

]2
𝜎2
𝑖 𝜎

2
𝑗

(7.4)

Mia tropopoihmènh sun�rthsh pou perilamb�nei thn 𝐹 all� kai thn ex�rthsh thc 𝐹
apì tic stibarèc metablhtèc mporeÐ na jewrhjeÐ h

𝐹 = 𝜇𝐹 + 𝑘𝜎𝐹 (7.5)

H stajer� 𝑘 dhl¸nei to perij¸rio pou èqei h sun�rthsh 𝐹 na kinhjeÐ gÔrw apì
th mèsh ektim¸menh tim  thc. An epijumoÔme thn elaqistopoÐhsh thc sun�rthsh-

c 𝐹 , mikr  tim  thc stajer�c 𝑘 shmaÐnei epijumÐa gia ikanopoihtik  apìdosh se
meg�lo eÔroc exwterik¸n sunjhk¸n (mikr  metablhtìthta), en¸ meg�lh tim  thc 𝑘
shmaÐnei ìti epikentr¸noume thn prosoq  mac sthn apìdosh sto shmeÐo leitourgÐac,
me meionèkthma th meg�lh metablhtìthta thc lÔshc se pijan  allag  twn sunjhk¸n
leitourgÐac. DiaforÐzontac th sqèsh (7.5) wc proc tic metablhtèc sqediasmoÔ ( 
swstìtera metablhtèc elègqou thc gewmetrÐac) èqoume

𝑑𝐹

𝑑𝑏𝑙
=
𝑑𝐹

𝑑𝑏𝑙
+

1

2

𝑑3𝐹

𝑑𝑐2𝑖 𝑑𝑏𝑙
𝜎2
𝑖 + 𝑘

2 𝑑𝐹
𝑑𝑐𝑖

𝑑2𝐹
𝑑𝑐𝑖𝑑𝑏𝑙

𝜎2
𝑖 +

𝑑2𝐹
𝑑𝑐𝑖𝑑𝑐𝑗

𝑑3𝐹
𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙

𝜎2
𝑖 𝜎

2
𝑗

2

√[
𝑑𝐹
𝑑𝑐𝑖

]2
𝜎2
𝑖 +

1
2

[
𝑑2𝐹

𝑑𝑐𝑖𝑑𝑐𝑗

]2
𝜎2
𝑖 𝜎

2
𝑗

(7.6)

Oi ìroi 𝑑𝐹
𝑑𝑏𝑙
, 𝑑𝐹
𝑑𝑐𝑖
, 𝑑2𝐹
𝑑𝑐𝑖𝑑𝑐𝑗

, 𝑑2𝐹
𝑑𝑐𝑖𝑑𝑏𝑙

analÔontai ekten¸c sta Kef�laia 3,4,5 kai 6 antÐstoiqa.

Apomènei loipìn h eÔresh tou ìrou 𝑑3𝐹
𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙

. Met� ton upologismì thc parag¸gou 𝑑𝐹
𝑑𝑏𝑙
,

ja gÐnei h èntaxh thc se sq ma beltistopoÐhshc me th mèjodo thc apìtomhc kajìdou
kai ja dojeÐ o antÐstoiqoc algìrijmoc sqediamoÔ.
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7.2 Upologismìc thc trÐthc parag¸gou

H deÔterh par�gwgoc thc sun�rthshc 𝐹 wc proc tic stibarèc metablhtèc me th mèjodo
DD-DD, mporeÐ na upologisteÐ apì tic sqèseic (5.1),(5.2)

𝑑2𝐹

𝑑𝑐𝑖𝑑𝑐𝑗
=

∂2𝐹

∂𝑐𝑖∂𝑐𝑗
+

∂2𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

+
∂𝐹

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
(7.7)

𝑑2𝑅𝑛,𝑎

𝑑𝑐𝑖𝑑𝑐𝑗
=

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

+
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
= 0 (7.8)

DiaforÐzontac thn (7.7) wc proc tic metablhtèc sqediasmoÔ kai lamb�nontac upìyh
ìti h 𝐹 exart�tai �mesa, all� kai mèsw thc metabol c twn metablht¸n thc ro c, apì

to di�nusma
−→
𝑏 èqoume

𝑑3𝐹

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
=

∂3𝐹

∂𝑐𝑖∂𝑐𝑗∂𝑏𝑙
+

∂3𝐹

∂𝑐𝑖∂𝑐𝑗∂𝑈𝑞,𝑔

𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙

+
∂3𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗

𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙
+

∂2𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑗𝑑𝑏𝑙

+
∂3𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+

∂3𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙

+
∂3𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂3𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙

+
∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑2𝑈𝑚,𝑒

𝑑𝑐𝑗𝑑𝑏𝑙

+
∂2𝐹

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙
+

∂𝐹

∂𝑈𝑘,𝑑

𝑑3𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
(7.9)

me 𝑖, 𝑗 ∈ [1,𝑀 ], ìpou 𝑀 o arijmìc twn stibar¸n metablht¸n, 𝑙 ∈ [1, 𝑁 ], ìpou 𝑁 o
arijmìc twn metablht¸n sqediasmoÔ, 𝑘,𝑚, 𝑛, 𝑞 ∈ [1, 3] kai 𝑎, 𝑑, 𝑒, 𝑔 ∈ [1, 𝑛𝑝], ìpou 𝑛𝑝
o arijmìc twn kìmbwn tou plègmatoc.

Anadiat�ssontac touc ìrouc ¸ste na xeqwrÐsoun oi mhdenik c, pr¸thc, deÔterhc kai
trÐthc t�xhc par�gwgoi twn metablht¸n thc ro c, wc proc tic miktèc metablhtèc
(stibarèc kai sqediasmoÔ):
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𝑑3𝐹

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
=

∂3𝐹

∂𝑐𝑖∂𝑐𝑗∂𝑏𝑙
+

∂3𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

+

(
∂3𝐹

∂𝑐𝑖∂𝑐𝑗∂𝑈𝑞,𝑔

+
∂3𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

)
𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙

+

(
∂2𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

)
𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙

+

(
∂2𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑

+
∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑖

)
𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑗𝑑𝑏𝑙

+
∂𝐹

∂𝑈𝑘,𝑑

𝑑3𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
(7.10)

Oi par�gwgoi tou telest  thc ro c,𝑅, wc proc tic metablhtèc sqediasmoÔ:

𝑑𝑅𝑛,𝑎

𝑑𝑏𝑙
=
∂𝑅𝑛,𝑎

∂𝑏𝑙
+
∂𝑅𝑛,𝑎

∂𝑈𝑞,𝑔

𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙
= 0 (7.11)

kai wc proc tic miktèc metablhtèc:

𝑑2𝑅𝑛,𝑎

𝑑𝑐𝑖𝑑𝑏𝑙
=

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑏𝑙
+

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑞,𝑔

𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙

+
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙
= 0 (7.12)

Anadiat�ssontac touc ìrouc

𝑑2𝑅𝑛,𝑎

𝑑𝑐𝑖𝑑𝑏𝑙
=

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑏𝑙
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+

(
∂2𝑅𝑛

∂𝑐𝑖∂𝑈𝑞,𝑔

+
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

)
𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙

+
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙
= 0 (7.13)

Oi par�gwgoi tou 𝑅 wc proc tic miktèc metablhtèc, me antÐstrofh seir� parag¸gishc

𝑑2𝑅𝑛,𝑎

𝑑𝑏𝑙𝑑𝑐𝑗
=

∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑞,𝑔∂𝑐𝑗

𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙
+

∂2𝑅𝑛,𝑎

∂𝑈𝑞,𝑔∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙

+
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑗𝑑𝑏𝑙
= 0 (7.14)
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kai anadiat�ssontac touc ìrouc

𝑑2𝑅𝑛,𝑎

𝑑𝑏𝑙𝑑𝑐𝑗
=

∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

(
∂2𝑅𝑛,𝑎

∂𝑈𝑞,𝑔∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑞,𝑔∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

)
𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙

+
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑗𝑑𝑏𝑙
= 0 (7.15)

DiaforÐzontac thn (7.8) wc proc tic metablhtèc thc ro c kai lamb�nontac upìyh ìti−→
𝑅 (

−→
𝑈 ,

−→
𝑏 ) èqoume (anadiat�ssontac touc ìrouc) :

𝑑3𝑅𝑛,𝑎

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
=

∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗∂𝑏𝑙
+

∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

+

(
∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗∂𝑈𝑞,𝑔

+
∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

)
𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙

+

(
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

)
𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙

+

(
∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑

+
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑖

)
𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑗𝑑𝑏𝑙

+
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑3𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
(7.16)

Oi ìroi 𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
, 𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
, 𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙
, 𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙
, [𝑑

2𝑈𝑘,𝑑

𝑑𝑐𝑗𝑑𝑏𝑙
] kai 𝑑3𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑗𝑑𝑏𝑙
mporoÔn na upologistoÔn apì

tic sqèseic (4.2), (7.8), (7.11), (7.13), [(7.15)] kai (7.16) (fully direct approach). O
upologismìc twn trÐtwn, mikt¸n, parag¸gwn, èqontac gnwst� ta anwtèrw mhtr¸a
mporeÐ na gÐnei apì th sqèsh (7.10).

Efarmìzontac tic sqèseic tou pÐnaka 7.1 èqoume gia :

CPU cost gia M=1: 3+3N epilÔseic susthm�twn 𝑛𝑝× 𝑛𝑝

CPU cost gia M=2: 6+6N epilÔseic susthm�twn 𝑛𝑝× 𝑛𝑝

Lamb�nontac upìyh ìti 𝑁 >> 𝑀 (oi metablhtèc sqediasmoÔ eÐnai polÔ perissìterec
apì tic stibarèc metablhtèc), h akìloujh suzug c prosèggish tou probl matoc, eÐnai
emfan¸c oikonomikìterh. H epauxhmènh sun�rthsh thc trÐthc parag¸gou orÐzetai wc:

𝑑3𝐹𝑎𝑢𝑔

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
=

𝑑3𝐹

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
+𝐾𝑖𝑗𝑛,𝑎

𝑑𝑅𝑛,𝑎

𝑑𝑏𝑙
+ 𝐿𝑗𝑛,𝑎

𝑑2𝑅𝑛,𝑎

𝑑𝑐𝑖𝑑𝑏𝑙
+𝑀𝑖𝑛,𝑎

𝑑2𝑅𝑛,𝑎

𝑑𝑐𝑗𝑑𝑏𝑙
+𝑁𝑛,𝑎

𝑑3𝑅𝑛,𝑎

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
(7.17)
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'Oroc Upologistikì Kìstoc

Exis¸seic ro c 1

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
𝑀

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

𝑀(𝑀+1)
2

𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙
𝑁

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙
𝑁 &𝑀

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑗𝑑𝑏𝑙
0 (Ðdioc me ton prohgoÔmeno ìro)

𝑑3𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑗𝑑𝑏𝑙
𝑁 𝑀(𝑀+1)

2

SÔnolo 1 +𝑀 +𝑁 +𝑁 &𝑀 + 𝑀(𝑀+1)(𝑁+1)
2

=

(𝑁 + 1)(𝑀 + 1)𝑀+2
2

PÐnakac 7.1: Upologistikì kìstoc twn ìrwn pou perilamb�nontai ston upologismì thc
𝑑3𝐹

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
me th mèjodo DD-DD-DD, se epilÔseic sust matwn 𝑛𝑝× 𝑛𝑝

Antikajist¸ntac touc ìrouc pou perilamb�nontai sthn anwtèrw exÐswsh apì tic sqè-
seic (7.10), (7.11), (7.12), (7.14) kai (7.16) èqoume:
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𝑑3𝐹𝑎𝑢𝑔

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
=

∂3𝐹

∂𝑐𝑖∂𝑐𝑗∂𝑏𝑙
+

∂3𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

+

(
∂3𝐹

∂𝑐𝑖∂𝑐𝑗∂𝑈𝑞,𝑔

+
∂3𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

)
𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙

+

(
∂2𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

)
𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙

+

(
∂2𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑

+
∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑖

)
𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑗𝑑𝑏𝑙

+
∂𝐹

∂𝑈𝑘,𝑑

𝑑3𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙

+ 𝐾𝑖𝑗𝑛,𝑎

(
∂𝑅𝑛,𝑎

∂𝑏𝑙
+
∂𝑅𝑛,𝑎

∂𝑈𝑞,𝑔

𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙

)
+ 𝐿𝑗𝑛,𝑎

[
∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑏𝑙
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+

(
∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑞,𝑔

+
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

)
𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙
+
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙

]
+ 𝑀𝑖𝑛,𝑎

[
∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗

+

(
∂2𝑅𝑛,𝑎

∂𝑈𝑞,𝑔∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑞,𝑔∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

)
𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙
+
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑗𝑑𝑏𝑙

]
+ 𝑁𝑛,𝑎

[
∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗∂𝑏𝑙
+

∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

+

(
∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗∂𝑈𝑞,𝑔

+
∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

)
𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙

+

(
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

)
𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙

+

(
∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑

+
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑖

)
𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑗𝑑𝑏𝑙

+
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

𝑑3𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙

]
(7.18)
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Anadiat�ssontac tou ìrouc, ètsi ¸ste na diaqwristoÔn oi aplèc kai miktèc par�gwgoi
twn sunthrhtik¸n metablht¸n wc proc tic metablhtèc sqediamoÔ, èqoume:

𝑑3𝐹𝑎𝑢𝑔

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
=

∂3𝐹

∂𝑐𝑖∂𝑐𝑗∂𝑏𝑙
+

∂3𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

+ 𝐾𝑖𝑗𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑏𝑙
+ 𝐿𝑗𝑛,𝑎

(
∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑏𝑙
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

)
+ 𝑀𝑖𝑛,𝑎

(
∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗

)
+ 𝑁𝑛,𝑎

(
∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗∂𝑏𝑙
+

∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

)
+

[
∂3𝐹

∂𝑐𝑖∂𝑐𝑗∂𝑈𝑞,𝑔

+
∂3𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
+𝐾𝑖𝑗𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑈𝑞,𝑔

+ 𝐿𝑗𝑛,𝑎

(
∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑞,𝑔

+
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

)
+ 𝑀𝑖𝑛,𝑎

(
∂2𝑅𝑛,𝑎

∂𝑈𝑞,𝑔∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑞,𝑔∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

)
+ 𝑁𝑛,𝑎

(
∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗∂𝑈𝑞,𝑔

+
∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗

+
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+

∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

+
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

)]
𝑑𝑈𝑞,𝑔

𝑑𝑏𝑙

+

[
∂2𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

+ 𝐿𝑗𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

+𝑁𝑛,𝑎

(
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

)]
𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑏𝑙

+

[
∂2𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑

+
∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑖

+ 𝑀𝑖𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

+𝑁𝑛,𝑎

(
∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑

+
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑖

)]
𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑗𝑑𝑏𝑙

+

(
∂𝐹

∂𝑈𝑘,𝑑

+𝑁𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

)
𝑑3𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
(7.19)
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Stìqoc thc suzugoÔc teqnik c eÐnai h apofug  upologismoÔ twn parag¸gwn twn
sunthrhtik¸n metablht¸n wc proc tic metablhtèc sqediasmoÔ, lìgw tou meg�lou ar-
ijmoÔ twn teleutaÐwn. Met� thn anadi�taxh twn ìrwn sth sqèsh (7.19), h diatÔpwsh
twn suzug¸n exis¸sewn eÐnai eÔkolh:

∂3𝐹

∂𝑐𝑖∂𝑐𝑗∂𝑈𝑞,𝑔

+
∂3𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
+𝐾𝑖𝑗𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑈𝑞,𝑔

+ 𝐿𝑗𝑛,𝑎

(
∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑞,𝑔

+
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

)
+𝑀𝑖𝑛,𝑎

(
∂2𝑅𝑛,𝑎

∂𝑈𝑞,𝑔∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑞,𝑔∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

)
+ 𝑁𝑛,𝑎

(
∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗∂𝑈𝑞,𝑔

+
∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗

+
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+

∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

)
= 0

(7.20)

∂2𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+ 𝐿𝑗𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

+𝑁𝑛,𝑎

(
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

)
= 0

(7.21)

∂2𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑

+
∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑖
+𝑀𝑖𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

+𝑁𝑛,𝑎

(
∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑

+
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑖

)
= 0

(7.22)

H sqèsh (7.22) eÐnai Ðdia me th (7.21) kai sunep¸c𝑀𝑖𝑛,𝑎 = 𝐿𝑗𝑛,𝑎. H teleutaÐa suzug c
exÐswsh:

∂𝐹

∂𝑈𝑘,𝑑

+𝑁𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

= 0 (7.23)

H seir� epÐlushc twn suzug¸n exis¸sewn eÐnai h (7.23) (upologismìc 𝑁𝑛,𝑎), (7.21)
(upologismìc 𝐿𝑗𝑛,𝑎) kai tèloc (7.20) (upologismìc 𝐾𝑖𝑗𝑛,𝑎).

Efarmìzontac tic sqèseic tou pÐnaka 7.2 èqoume:

CPU cost gia M=1: 6 epilÔseic susthm�twn 𝑛𝑝× 𝑛𝑝

CPU cost gia M=2: 12 epilÔseic susthm�twn 𝑛𝑝× 𝑛𝑝

ParathroÔme ìti h aut  h prosèggish (mporeÐ na onomasteÐ DD-DD-AM) eÐnai saf¸c
oikonomikìterh apì thn pl rwc eujeÐa prosèggish, dedomènou ìti oi metablhtèc sqe-
diasmoÔ eÐnai polÔ perissìterec apì tic stibarèc metablhtèc (𝑁 >> 𝑀). Meg�lo



86 7. Upologismìc thc trÐthc, mikt c, parag¸gou

'Oroc Upologistikì Kìstoc

Exis¸seic ro c 1

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
𝑀

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

𝑀(𝑀+1)
2

𝐾𝑖𝑗𝑛,𝑎
𝑀(𝑀+1)

2

𝐿𝑗𝑛,𝑎 𝑀

𝑀𝑖𝑛,𝑎 0 (Ðdioc me ton prohgoÔmeno ìro)

𝑁𝑛,𝑎 1

SÔnolo 2 + 3𝑀 +𝑀2

PÐnakac 7.2: Upologistikì kìstoc twn ìrwn pou perilamb�nontai ston upologismì thc
𝑑3𝐹

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
me th mèjodo DD-DD-AM, se epilÔseic sust matwn 𝑛𝑝× 𝑛𝑝.

pleonèkthma thc mejìdou aut c eÐnai ìti to upologistikì thc kìstoc, eÐnai anex�rthto
tou arijmoÔ twn metablht¸n sqediasmoÔ.

Tèloc afair¸ntac apì th sqèsh (7.19) touc mhdenikoÔc ìrouc pou prokÔptoun apì
th diatÔpwsh twn suzug¸n exis¸sewn, èqoume ton tÔpo pou dÐnei th trÐth par�gwgo:

𝑑3𝐹𝑎𝑢𝑔

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
=

∂3𝐹

∂𝑐𝑖∂𝑐𝑗∂𝑏𝑙
+

∂3𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

+ 𝐾𝑖𝑗𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑏𝑙
+ 𝐿𝑗𝑛

(
∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑏𝑙
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

)
+𝑀𝑖𝑛,𝑎

(
∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗

)
+ 𝑁𝑛,𝑎

(
∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗∂𝑏𝑙
+

∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
+

∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

+
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

)
(7.24)
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7.3 Efarmog  twn exis¸sewn thc trÐthc parag¸-

gou

Sthn paroÔsa enìthta ja gÐnei efarmog  twn exis¸sewn thc trÐthc parag¸gou sthn
perÐptwsh pou wc monadik  stibar  metablht  jewreÐtai o arijmìc 𝑀𝑖𝑠(𝑜𝑢𝑡).

Lamb�nontac upìyh ìti ∂𝐹
∂𝑐

= 0 (sqèsh (4.7)), èqoume gia touc akìloujouc ìrouc :

∂3𝐹

∂𝑐𝑖∂𝑐𝑗∂𝑈𝑞,𝑔

=
∂3𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

=
∂3𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑈𝑞,𝑔

=
∂2𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗
=

∂2𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑

=
∂3𝐹

∂𝑐𝑖∂𝑐𝑗∂𝑏𝑙

=
∂3𝐹

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑏𝑙
=

∂3𝐹

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑏𝑙
= 0 (7.25)

EpÐshc, lamb�nontac upìyh th sun�rthsh - stìqo (
∫
𝑝𝑑𝑥) kai thn epilog  mac gia

stajeroÔc kìmbouc sto plègma èqoume, ∂𝐹
∂𝑏𝑙

= 0. Sunep¸c, gia touc akìloujouc
ìrouc isqÔei:

∂3𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙
=

∂2𝐹

∂𝑈𝑘,𝑑∂𝑏𝑙
= 0 (7.26)

Epiplèon anatrèqontac sth sqèsh (5.6) èqoume ∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑
= ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗
= 0. Apì thn Ðdia

sqèsh sunep�getai ìti :

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑞,𝑔

=
∂2𝑅𝑛,𝑎

∂𝑈𝑞,𝑔∂𝑐𝑗
=

∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗∂𝑈𝑞,𝑔

=
∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

=
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑈𝑞,𝑔

=
∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑈𝑘,𝑑∂𝑏𝑙

=
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑐𝑗∂𝑏𝑙
= 0 (7.27)

Tèloc diaforÐzontac th sqèsh (4.6) wc proc tic metablhtèc sqediasmoÔ èqoume:

∂2𝑅𝑛,𝑎

∂𝑐𝑖∂𝑏𝑙
=
∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑐𝑗
= 0 (7.28)

apì thn opoÐa sunep�getai ìti

∂3𝑅𝑛,𝑎

∂𝑐𝑖∂𝑐𝑗∂𝑏𝑙
= 0 (7.29)

ApaleÐfontac touc mhdenikoÔc ìrouc twn sqèsewn (7.25) wc (7.29) apì tic suzugeÐc
exis¸seic kai th sqèsh upologismoÔ twn trÐtwn parag¸gwn èqoume :
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Pr¸th suzug c exÐswsh:

∂𝐹

∂𝑈𝑘,𝑑

+𝑁𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

= 0 (7.30)

Prìkeitai gia th suzug  exÐswsh pou èqei sunanthjeÐ arketèc forèc wc t¸ra. H
epÐlush thc exhgeÐtai apì th sqèsh (3.16).

DeÔterh suzug c exÐswsh:

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑖
+𝑀𝑖𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑

+𝑁𝑛,𝑎
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑖
= 0

(7.31)

Me ta mhtr¸a ∂2𝐹
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

kai ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒
, gnwst� apì tic sqèseic (3.21) kai (3.30) (gia

touc eswterikoÔc kìmbouc), kaj¸c kai th suzug  metablht  𝑁𝑛,𝑎 gnwst  apì th
sqèsh (7.30), upologÐzetai eÔkola h suzug c metblht  𝑀𝑛,𝑎 = 𝐿𝑛,𝑎(afoÔ 𝑖 = 1).

TrÐth suzug c exÐswsh:

'Opwc èqei  dh anaferjeÐ, h deÔterh suzug c exÐswsh tautÐzetai me th trÐth. 'Eqoume
sunep¸c:

𝐿𝑛,𝑎 =𝑀𝑛,𝑎 (7.32)

Tètarth suzug c exÐswsh:

∂3𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
+𝐾𝑖𝑗𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑈𝑞,𝑔

+ 𝐿𝑗𝑛,𝑎
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+𝑀𝑖𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑈𝑞,𝑔∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

+ 𝑁𝑛,𝑎

(
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

)
= 0 (7.33)

O ìroc ∂2𝐹
∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

dÐnetai apì th sqèsh (3.21). DiaforÐzontac aut  th sqèsh wc proc

tic metablhtèc thc ro c èqoume:

∂3𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑑∂𝑈𝑞,𝑑

= (𝛾 − 1)𝐺𝑑Δ𝑥𝑑 (7.34)

ìpou:
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𝐺𝑑 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎣ 3𝑢2

𝜌2
−2𝑢

𝜌2
0

−2𝑢
𝜌2

1
𝜌2

0

0 0 0

⎤⎦
⎡⎣ −2𝑢

𝜌2
1
𝜌2

0
1
𝜌2

0 0

0 0 0

⎤⎦
⎡⎣ 0 0 0

0 0 0
0 0 0

⎤⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
𝑑

(7.35)

en¸ ∂3𝐹
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

= 0 gia 𝑑 ∕= 𝑒, 𝑔.

Oi ìroi ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔
, ∂2𝑅𝑛,𝑎

∂𝑈𝑞,𝑔∂𝑈𝑚,𝑒
, ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔
dÐnontai, gia touc eswterikoÔc kìmbouc, apì

th sqèsh (3.30). DiaforÐzontac th sugkekrimènh sqèsh wc proc tic metablhtèc thc
ro c èqoume:

∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑎∂𝑈𝑚,𝑎∂𝑈𝑞,𝑎

=

[
1

𝑆

𝑑𝑠

𝑑𝑥

]
𝐻𝑎Δ𝑥𝑎 (7.36)

ìpou :

𝐻𝑎 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎣ 0 0 0
0 0 0
0 0 0

⎤⎦ ⎡⎣ −6𝑢2

𝜌2
4𝑢
𝜌2

0
4𝑢
𝜌2

− 2
𝜌2

0

0 0 0

⎤⎦
⎡⎢⎣

−6𝛾𝐸𝑢+12(𝛾−1)𝑢3

𝜌2
2𝛾𝐸−9(𝛾−1)𝑢2

𝜌2
2𝛾𝑢
𝜌2

2𝛾𝐸−9(𝛾−1)𝑢2

𝜌2
6(𝛾−1)𝑢

𝜌2
− 𝛾

𝜌2
2𝛾𝑢
𝜌2

− 𝛾
𝜌2

0

⎤⎥⎦
⎡⎣ 0 0 0

0 0 0
0 0 0

⎤⎦ ⎡⎣ 4𝑢
𝜌2

−2𝑢
𝜌2

0

− 2
𝜌2

0 0

0 0 0

⎤⎦
⎡⎢⎣

2𝛾𝐸−9(𝛾−1)𝑢2

𝜌2
6(𝛾−1)𝑢

𝜌2
−𝛾
𝜌2

6(𝛾−1)𝑢
𝜌2

−3(𝛾−1)
𝜌2

0
−𝛾
𝜌2

0 0

⎤⎥⎦
⎡⎣ 0 0 0

0 0 0
0 0 0

⎤⎦ ⎡⎣ 0 0 0
0 0 0
0 0 0

⎤⎦ ⎡⎣ 2𝛾𝑢
𝜌2

− 𝛾
𝜌2

0

− 𝛾
𝜌2

0 0

0 0 0

⎤⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
𝑎

(7.37)

O deÐkthc 𝑛 deÐqnei th st lh tou pÐnaka 𝐻𝑎, o deÐkthc 𝑘 ton upopÐnaka thc st lhc
𝑛, o deÐkthc 𝑚 th gramm  tou upopÐnaka 𝑘 kai o deÐkthc 𝑞 th st lh tou upopÐnaka 𝑘.
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Me ta anwtèrw mhtr¸a gnwst�, tic ∂𝑈𝑘,𝑑

∂𝑐𝑖
,
∂2𝑈𝑘,𝑑

∂𝑐𝑖∂𝑐𝑗
upologismènec me th mèjodo thc

eujeÐac diafìrishc kai tic suzugeÐc metablhtèc 𝑁𝑛,𝑎,𝑀𝑛,𝑎, 𝐿𝑛,𝑎 na dÐnontai apì tic
sqèseic (7.30), (7.31), (7.32), upologÐzetai h suzug c metablht  𝐾𝑖𝑗𝑛,𝑎 = 𝐾𝑛,𝑎 (miac
kai 𝑖 = 𝑗 = 1), apì th sqèsh (7.33).

Me ìlec tic suzugeÐc metablhtèc gnwstèc, h trÐth par�gwgoc thc sun�rthshc stìqou
dÐnetai apì th sqèsh:

𝑑3𝐹𝑎𝑢𝑔

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
= 𝐾𝑖𝑗𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑏𝑙
+ 𝐿𝑗𝑛

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+𝑀𝑖𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗

+ 𝑁𝑛,𝑎

(
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

)
(7.38)

me touc ìrouc ∂𝑅𝑛,𝑎

∂𝑏𝑙
, ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙
, [ ∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑈𝑘,𝑑
] na dÐnontai apì tic sqèseic (3.7),(3.30),[(3.30)]

kai ton ìro ∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙
na prokÔptei diaforÐzontac th sqèsh (3.30) wc proc tic

metablhtèc sqediasmoÔ:

∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑎∂𝑈𝑚,𝑎∂𝑏𝑙
=

[
1

𝑆

𝑑

𝑑𝑏𝑙

(
𝑑𝑆

𝑑𝑥

)
− 1

𝑆2

𝑑𝑆

𝑑𝑥

𝑑𝑆

𝑑𝑏𝑙

]
𝑎

𝑇𝑎Δ𝑥𝑎 (7.39)

me :

𝑇𝑎 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎣ 0 0 0
0 0 0
0 0 0

⎤⎦
⎡⎣ 2𝑢2

𝜌
−2𝑢

𝜌
0

−2𝑢
𝜌

2
𝜌

0

0 0 0

⎤⎦
⎡⎢⎣

(2𝛾𝐸𝑢)−3𝑢3(𝛾−1)
𝜌

3𝑢2(𝛾−1)−𝛾𝐸
𝜌

−𝛾𝑢
𝜌

3𝑢2(𝛾−1)−𝛾𝐸
𝜌

−3𝑢(𝛾−1)
𝜌

𝛾
𝜌

−𝛾𝑢
𝜌

𝛾
𝜌

0

⎤⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
𝑎

(7.40)

en¸ ∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙
= 0 gia 𝑎 ∕= 𝑑, 𝑒.
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7.4 Upologismìc thc trÐthc parag¸gou me th

mèjodo twn peperasmènwn diafor¸n

Se aut  thn enìthta parousi�zetai h eÔresh thc trÐthc parag¸gou thc sun�rthshc -
stìqou me th mèjodo twn peperasmènwn diafor¸n.

Apì tic sqèseic (5.16) kai (5.17) èqoume tic ekfr�seic gia th deÔterh par�gwgo thc
sun�rthshc 𝐹 wc proc tic stibarèc metablhtèc:

𝑑2𝐹

𝑑𝑐𝑖𝑑𝑐𝑗
=
𝐹 (𝑐𝑖 + 𝜖𝑐, 𝑐𝑗 + 𝜖𝑐) + 𝐹 (𝑐𝑖 − 𝜖𝑐, 𝑐𝑗 − 𝜖𝑐)− 𝐹 (𝑐𝑖 + 𝜖𝑐, 𝑐𝑗 − 𝜖)− 𝐹 (𝑐𝑖 − 𝜖𝑐, 𝑐𝑗 + 𝜖𝑐)

4𝜖2𝑐
(7.41)

en¸ gia 𝑖 = 𝑗 isqÔei:

𝑑2𝐹

𝑑𝑐2𝑖
=
𝐹 (𝑐𝑖 + 𝜖𝑐)− 2𝐹 (𝑐𝑖) + 𝐹 (𝑐𝑖 − 𝜖𝑐)

𝜖2𝑐
(7.42)

DiaforÐzontac tic anwtèrw exis¸seic wc proc tic metablhtèc sqediasmoÔ, èqoume:

𝑑3𝐹

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
= [𝐹 (𝑐𝑖 + 𝜖𝑐, 𝑐𝑗 + 𝜖𝑐, 𝑏𝑙 + 𝜖𝑏)− 𝐹 (𝑐𝑖 + 𝜖𝑐, 𝑐𝑗 + 𝜖𝑐, 𝑏𝑙 − 𝜖𝑏) + 𝐹 (𝑐𝑖 − 𝜖𝑐, 𝑐𝑗 − 𝜖𝑐, 𝑏𝑙 + 𝜖𝑏)

− 𝐹 (𝑐𝑖 − 𝜖𝑐, 𝑐𝑗 − 𝜖𝑐, 𝑏𝑙 − 𝜖𝑏)− 𝐹 (𝑐𝑖 + 𝜖𝑐, 𝑐𝑗 − 𝜖𝑐, 𝑏𝑙 + 𝜖𝑏) + 𝐹 (𝑐𝑖 + 𝜖𝑐, 𝑐𝑗 − 𝜖𝑐, 𝑏𝑙 − 𝜖𝑏)

− 𝐹 (𝑐𝑖 − 𝜖𝑐, 𝑐𝑗 + 𝜖𝑐, 𝑏𝑙 + 𝜖𝑏) + 𝐹 (𝑐𝑖 − 𝜖𝑐, 𝑐𝑗 + 𝜖𝑐, 𝑏𝑙 − 𝜖𝑏)]
1

8𝜖2𝑐𝜖𝑏
(7.43)

en¸ gia 𝑖 = 𝑗 isqÔei:

𝑑3𝐹

𝑑𝑐2𝑖 𝑑𝑏𝑙
= [𝐹 (𝑐𝑖 + 𝜖𝑐, 𝑏𝑙 + 𝜖𝑏)− 𝐹 (𝑐𝑖 + 𝜖𝑐, 𝑏𝑙 − 𝜖𝑏)− 2𝐹 (𝑐𝑖, 𝑏𝑙 + 𝜖𝑏) + 2𝐹 (𝑐𝑖, 𝑏𝑙 − 𝜖𝑏)

+ 𝐹 (𝑐𝑖 − 𝜖𝑐, 𝑏𝑙 + 𝜖𝑏)− 𝐹 (𝑐𝑖 − 𝜖𝑐, 𝑏𝑙 − 𝜖𝑏)]
1

2𝜖2𝑐𝜖𝑏
(7.44)

To upologistikì kìstoc efarmog c thc mejìdou twn peperasmènwn diafor¸n, ekmet-
alleuìmenoi to gegonìc ìti h deÔterh par�gwgoc thc sun�rthshc - stìqou wc proc
tic stibarèc metablhtèc eÐnai summetrikì mhtr¸o, dÐnetai ston pÐnaka 7.3.

Efarmìzontac tic sqèseic tou pÐnaka 7.3 èqoume:

CPU cost gia M=1: 6N epilÔseic thc ro c. Ed¸ up�getai kai h perÐptwsh pou
monadik  stibar  metablht  eÐnai o arijmìc 𝑀𝑖𝑠(𝑜𝑢𝑡)

CPU cost gia M=2: 20N epilÔseic thc ro c
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'Oroc Upologistikì Kìstoc

Sqèsh (7.43)(𝑖 ∕= 𝑗) 8𝑀(𝑀−1)𝑁
2

= 4𝑀(𝑀 − 1)𝑁

Sqèsh (7.44)(𝑖 = 𝑗) 6𝑀𝑁

SÔnolo 𝑀𝑁(4𝑀 + 2)

PÐnakac 7.3: Upologistikì kìstoc twn ìrwn pou perilamb�nontai ston upologismì thc
𝑑3𝐹

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
me th mèjodo twn peperasmènwn diafor¸n, se epilÔseic thc ro c.

Mèjodoc Upologistikì Kìstoc

𝐷𝐷 −𝐷𝐷 −𝐷𝐷 (𝑁 + 1)(𝑀 + 1)𝑀+2
2

𝐷𝐷 −𝐷𝐷 − 𝐴𝑀 2 + 3𝑀 +𝑀2

Peperasmènec diaforèc 𝑀𝑁(4𝑀 + 2)

PÐnakac 7.4: SÔgkrish upologistikoÔ kìstouc eÔreshc thc 𝑑3𝐹
𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙

gia tic di�forec

mejìdouc.

Ston pÐnaka 7.4 parousi�zetai to upologistikì kìstoc twn tri¸n mejìdwn gia ton
upologismì thc trÐthc parag¸gou pou èqoun anaptuqjeÐ sto parìn kef�laio.

Apì touc anwtèrw pÐnakec eÐnai emfanèc ìti to upologistikì kìstoc efarmog c thc
mejìdou twn peperasmènwn diafor¸n eÐnai polÔ uyhlì. Wstìso h mèjodoc eÐnai
arket� apl  ston programmatismì kai mporeÐ na qrhsimopoihjeÐ wc b�sh sÔgkrishc
gia ta apotelèsmata pou èqoun prokÔyei apì tic �llec duo mejìdouc.

Prèpei epÐshc na tonisjeÐ ìti eÐnai aparaÐthth h diereÔnhsh thc sumperifor�c thc
trÐthc parag¸gou me th mèjodo twn peperasmènwn diafor¸n, me diaforetikèc timèc
twn stajer¸n 𝜖. Gia na dieukolunjeÐ h eÔresh lÔshc anex�rththc tou 𝜖, èqoun
eisaqjeÐ duo tètoiec stajerèc, oi 𝜖𝑐, 𝜖𝑏, lìgw kai tou diaforetikoÔ epipèdou tim¸n
pou èqei h k�je fusik  posìthta . H pr¸th stajer� anafèretai sth metabol  twn
stibar¸n metablht¸n kai h deÔterh sth metabol  twn metablht¸n sqediasmoÔ. H
trÐth par�gwgoc eÐnai idiaÐtera euaÐsjhth stic timèc twn 𝜖, miac kai to ginìmeno touc
brÐsketai ston paronomast  kai sthn trÐth dÔnamh (jumÐzoume ìti oi stajerèc 𝜖 èqoun
idiaÐtera mikr  tim .)
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7.5 Sqediasmìc me th mèjodo apìtomhc kajìdou

H mèjodoc thc apìtomhc kajìdou (steepest descent) apaiteÐ se k�je nèo b ma ton
upologismì thc klÐshc thc sun�rthshc - stìqou. H ananèwsh thc morf c tou agwgoÔ
gÐnetai sÔmfwna me th sqèsh:

−→
𝑏 𝑛+1 =

−→
𝑏 𝑛 − 𝜂(∇𝐹 𝑛)

ìpou �𝜂� stajer� kat�llhlhc tim c, ¸ste na eÐnai elegqìmenh h metabol  thc gewmetrÐac
apì b ma se b ma. H epilog  thc stajer�c apaiteÐ idiaÐterh prosoq , kaj¸c up�r-
qei kÐndunoc lanjasmènh tim  thc na odhg sei se egklwbismì thc lÔshc se k�poio
topikì akrìtato, eÐte na kajuster sei thn eÔresh thc lÔshc (epomènwc megalÔtero
upologistikì kìstoc), eÐte na mhn sugklÐnei kajìlou h mèjodoc.

7.6 Algìrijmoc sqediasmoÔ

Sthn paroÔsa enìthta ja parousiasteÐ o algìrijmoc sqediasmoÔ agwgoÔ, ston opoÐo
emplèkontai kai oi stibarèc metablhtèc. Sugkekrimèna ja parousiasteÐ o aglìrijmoc
sthn perÐptwsh pou wc monadik  stibar  metablht  jewreÐtai o arijmìc 𝑀𝑖𝑠(𝑜𝑢𝑡). Se

aut  thn perÐptwsh h par�gwgoc thc tropopoihmènhc sun�rthshc stìqou 𝐹 wc proc
tic metablhtèc sqediasmoÔ, dÐnetai apì th sqèsh:

𝑑𝐹

𝑑𝑏𝑙
=
𝑑𝐹

𝑑𝑏𝑙
+

1

2

𝑑3𝐹

𝑑𝑐2𝑑𝑏𝑙
𝜎2
𝑀 + 𝑘

2𝑑𝐹
𝑑𝑐

𝑑2𝐹
𝑑𝑐𝑑𝑏𝑙

𝜎2
𝑀 + 𝑑2𝐹

𝑑𝑐2
𝑑3𝐹

𝑑𝑐2𝑑𝑏𝑙
𝜎2
𝑀𝜎

2
𝑀

2

√[
𝑑𝐹
𝑑𝑐

]2
𝜎2
𝑀 + 1

2

[
𝑑2𝐹
𝑑𝑐2

]2
𝜎2
𝑀𝜎

2
𝑀

(7.45)

H metablhtìthta 𝜎𝑀 dhl¸nei to perij¸rio pou èqei o arijmìc 𝑀𝑎𝑐ℎ na kinhjeÐ gÔr-
w apì th mèsh tim  tou. Sugkekrimèna, ìpwc gnwrÐzoume apì th statistik , to
99, 87% twn tim¸n miac metablht c pou akoloujeÐ thn kanonik  katanom  brÐsketai
sto di�sthma [𝜇−3𝜎, 𝜇+3𝜎], ìpou 𝜎 h tupik  apìklish thc katanom c kai 𝜇 h mèsh tim 
thc. An h mèsh tim  tou arijmoÔ𝑀𝑎𝑐ℎ eÐnai 0.3, mia endeiktik  tim  thc metablhtìth-
tac ja mporoÔse na eÐnai 𝜎𝑀 = 0.01. 'Etsi sth beltistopoÐhsh pou ja gÐnei to 99, 87%
twn pijan¸n tim¸n tou arijmoÔ 𝑀𝑎𝑐ℎ brÐsketai sto di�sthma 𝑀 ∈ [0.27, 0.33].

O algìrijmoc sqediasmoÔ gia thn elaqistopoÐhsh thc sun�rthshc 𝐹 eÐnai o ex c:

∙ B ma 1:
DÐnetai arqik  tim  sto metrht  twn kÔklwn kai epilègetai h arqik  gewmetrÐa,
dhlad  èna arqikì sÔnolo tim¸n twn 𝑁 metablht¸n sqediasmoÔ. DÐnetai epÐshc
h mèsh tim  tou arijmoÔ 𝑀𝑎𝑐ℎ
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∙ B ma 2:
QrhsimopoieÐtai wc sun�rthsh parembol c to polu¸numo Bezier-Bernstein, ¸-
ste na sqhmatisteÐ h gewmetrÐa tou agwgoÔ (katanom  𝑆(𝑥) pou antistoiqeÐ
stic trèqousec timèc twn metablht¸n sqediasmoÔ).

∙ B ma 3:
EpilÔetai to eujÔ prìblhma (exis¸seic ro c, Kef�laio 2)

∙ B ma 4:
UpologÐzontai h tim  thc sun�rthshc 𝐹 kaj¸c kai oi timèc twn parag¸gwn
𝑑𝐹
𝑑𝑐𝑖
, 𝑑2𝐹
𝑑𝑐𝑖𝑑𝑐𝑗

(Kef�laia 4 kai 5). Me gnwst� aut� ta megèjh upologÐzontai h

mèsh ektim¸menh tim  𝜇𝐹 kai h metablhtìthta thc mèshc ektim¸menhc tim c 𝜎𝐹
(sqèseic (7.1) kai (7.2)). 'Epeita brÐsketai h tim  thc 𝐹 (sqèsh (7.5)).

∙ B ma 5:
Efarmìzetai krit rio sÔgklishc pou dÐnetai apì to qr sth. Lìgw thc idiomor-
fÐac thc sun�rthshc - stìqou, h tim  tou krithrÐou sÔgklishc mporeÐ na apaiteÐ
peiramatismì. An ikanopoieÐtai to krit rio sÔgklishc, o algìrijmoc stamat�
ed¸.

∙ B ma 6:
UpologÐzontai oi timèc twn parag¸gwn 𝑑2𝐹

𝑑𝑐𝑖𝑑𝑏𝑙
, 𝑑3𝐹
𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙

apì ta Kef�laia 6 kai 7.

∙ B ma 7:

UpologÐzontai oi timèc twn parag¸gwn euaisjhsÐac thc sun�rthshc 𝐹 apì th
sqèsh (7.45).

∙ B ma 8:
Diorj¸nontai oi timèc twn metablht¸n sqediasmoÔ me th mèjodo thc apìtomhc
kajìdou.

∙ B ma 9:
'Enac nèoc kÔkloc xekin� apì to b ma 2.



Kef�laio 8

ParousÐash Apotelesm�twn

8.1 Sqìlia

Sto parìn kef�laio ja parousiastoÔn ta apotelèsmata twn parag¸gwn pr¸th-
c, deÔterhc kai trÐthc t�xhc pou analÔjhkan sta prohgoÔmena kef�laia, ja gÐnei
diereÔnhsh thc shmantikìthtac twn ìrwn pou perièqontai stic sugkekrimènec parag¸-
gouc tautìqrona me thn parousÐash twn apait sewn mn mhc tou k�je ìrou kai tè-
loc ja parousiastoÔn ta apotelèsmata thc beltistopoÐhshc thc tropopoihmènhc

sun�rthshc - stìqou 𝐹 (robust design). 'Emfash ja dojeÐ kurÐwc stic suzugeÐc
mejìdouc miac kai parousi�zoun to mikrìtero upologistikì kìstoc.

H arqik  gewmetrÐa tou agwgoÔ sthn opoÐa ja anafèrontai ta perissìtera sq mata
twn akìloujwn enot twn dÐnetai sto Sq ma 8.1.

 0.88
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 0.92

 0.94

 0.96

 0.98

 1

 0  0.5  1  1.5  2  2.5  3

s(
x)

x

Initial duct

s(x)

Sq ma 8.1: Arqik  gewmetrÐa tou agwgoÔ. Orizìntioc �xonac: m koc agwgoÔ. Katakìru-
foc �xonac: Diatom  tou agwgoÔ sth jèsh 𝑥.

ParathroÔme ìti to plègma eÐnai puknìtero sto kampÔlo komm�ti, ìpou ta megèjh è-

95
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qoun entonìterec metabolèc kai sto opoÐo apaitoÔme meg�lh akrÐbeia apotelesm�twn.
AntÐjeta to plègma eÐnai araiìtero sta eujÔgramma tm mata eisìdou kai exìdou sta
opoÐa h metabol  twn perissìterwn megej¸n eÐnai mhdenik , mei¸nontac ètsi tic a-
pait seic mn mhc. Thn epilog  aut  epètreye h qr sh parag¸gwn gia mh isapèqontec
kìmbouc (Par�rthma Aþ).

8.2 Pr¸th Par�gwgoc wc proc tic Metabl-

htèc SqediasmoÔ kai th Stibar  Metabl-

ht 

Sthn paroÔsa enìthta ja parousiastoÔn ta apotelèsmata thc pr¸thc parag¸gou thc
sun�rthshc - stìqou 𝐹 =

∫
𝑝𝑑𝑥 wc proc tic metablhtèc sqediasmoÔ me tic di�forec

mejìdouc pou analÔjhkan sto Kef�laio 3, kaj¸c kai h tim  thc pr¸thc parag¸gou
thc sun�rthshc 𝐹 an wc monadik  stibar  metablht  jewrhjeÐ o arijmìc 𝑀𝑖𝑠(𝑜𝑢𝑡).

Analutikìtera, oi timèc thc pr¸thc parag¸gou thc sun�rthshc 𝐹 wc proc tic metabl-
htèc sqediasmoÔ, pou anafèrontai sthn arqik  gewmetrÐa tou Sq matoc 8.1, dÐnontai
sto Sq ma 8.2.
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Sq ma 8.2: Pr¸th par�gwgoc thc sun�rthshc - stìqou 𝐹 wc proc tic metablhtèc sqedi-
asmoÔ. Orizìntioc �xonac: AÔxwn arijmìc metablht c sqediasmoÔ. Katakìrufoc �xonac:
Tim  thc pr¸thc parag¸gou 𝑑𝐹
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.

'Opwc èqei anaferjeÐ kai prohgoumènwc, de tup¸nontai oi timèc twn parag¸gwn pou
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anafèrontai sthn pr¸th kai teleutaÐa metablht  sqediasmoÔ, miac kai epijumoÔme na
krat soume stajer  th diatom  eisìdou kai exìdou tou agwgoÔ.

Parathr¸ntac to Sq ma 8.2 blèpoume ìti oi timèc thc pr¸thc parag¸gou, upologis-
mènec me th mèjodo eujeÐac diafìrishc kai th suzug  mèjodo ousiastik� tautÐzontai me
tic timèc pou prokÔptoun apì th mèjodo twn peperasmènwn diafor¸n. Autì shmaÐnei
ìti h paradoq  (2.36) den ephre�zei tic timèc twn pr¸twn parag¸gwn thc sun�rthshc
- stìqou wc proc tic metablhtèc sqediasmoÔ. UpenjumÐzoume ìti h paradoq  pou èqei
gÐnei eÐnai

∂ 𝐴+

∂
−→
𝑈

= 0 ,
∂ 𝐴−

∂
−→
𝑈

= 0 (8.1)

H tim  thc pr¸thc parag¸gou thc sun�rthshc 𝐹 wc proc ton arijmì 𝑀𝑖𝑠(𝑜𝑢𝑡), up-
ologismènh me tic di�forec mejìdouc pou anafèrontai sto Kef�laio 4 dÐnetai ston
PÐnaka 8.1.

Mèjodoc 𝒅𝑭
𝒅𝒄

Direct Differentiation −101403.340

Adjoint −101403.340

Peperasmènec diaforèc −101400.714

PÐnakac 8.1: Timèc thc parag¸gou 𝑑𝐹
𝑑𝑐 gia tic di�forec mejìdouc upologismoÔ. Ta

apotelèsmata anafèrontai sthn arqik  gewmetrÐa tou Sq matoc 8.1

ParathroÔme kai ed¸ taÔtish twn tim¸n twn diafìrwn mejìdwn (diat rhsh 5 shman-
tik¸n yhfÐwn). Sunep¸c kai sthn pr¸th par�gwgo thc sun�rthshc 𝐹 wc proc th
stibar  metablht , den up�rqei ousiastik  epÐdrash thc paradoq c (2.36).
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8.3 DeÔterh Par�gwgoc wc proc tic Metabl-

htèc SqediasmoÔ, th Stibar  Metablht 

kai tic Miktèc Metablhtèc

Sthn paroÔsa enìthta ja parousiastoÔn ta apotelèsmata thc deÔterhc parag¸gou
thc sun�rthshc - stìqou 𝐹 =

∫
𝑝𝑑𝑥 wc proc tic metablhtèc sqediasmoÔ me tic

di�forec mejìdouc pou analÔjhkan sto Kef�laio 3, kaj¸c kai h tim  thc deÔterhc
parag¸gou thc sun�rthshc 𝐹 an wc monadik  stibar  metablht  jewrhjeÐ o arijmìc
𝑀𝑖𝑠(𝑜𝑢𝑡). Tèloc, ja parousiasteÐ h mikt  deÔterh par�gwgoc wc proc tic metablhtèc
sqediasmoÔ kai th stibar  metablht  𝑀𝑖𝑠(𝑜𝑢𝑡).

Analutikìtera, oi timèc thc deÔterhc parag¸gou thc sun�rthshc 𝐹 wc proc tic
metablhtèc sqediasmoÔ, pou anafèrontai sthn arqik  gewmetrÐa tou Sq matoc 8.1,
dÐnontai sto Sq ma 8.3.
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�xonac: Tim  thc deÔterhc parag¸gou 𝑑2𝐹
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.

Parathr¸ntac to Sq ma 8.3 blèpoume ìti oi timèc thc 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

pou upologÐzontai me tic

mejìdouc DD-DD kai DD-AM tautÐzontai metaxÔ touc, all� ìqi kai me tic timèc pou
prokÔptoun apì th mèjodo twn peperasmènwn diafor¸n. UpologÐzontac tic timèc thc
deÔterhc parag¸gou thc 𝐹 me th mèjodo twn peperasmènwn diafor¸n all� krat¸n-
tac tautìqrona to mhtr¸o 𝐴 stajerì, paÐrnoume thn kampÔlh me ta tetr�gwna tou
Sq matoc 8.3, h opoÐa tautÐzetai ousiastik� me tic kampÔlec twn mejìdwn DD-DD
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kai DD-AM. Autì shmaÐnei ìti sth deÔterh par�gwgo thc sun�rthshc 𝐹 wc proc tic
metablhtèc sqediasmoÔ, h epÐdrash thc paradoq c (2.36) eÐnai polÔ shmantik . W-
stìso apì to anwtèrw sq ma parathroÔme ìti h prosèggish thc 𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
me thn paradoq 

twn mhdenik¸n parag¸gwn ∂𝐴+

∂
−→
𝑈
, ∂𝐴

−

∂
−→
𝑈
, diathreÐ to prìshmo kai th t�xh megèjouc sta

perissìtera zeug�ria metablht¸n sqediasmoÔ.

H par�gwgoc 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

me th mèjodo DD-AM dÐnetai sthn perÐptws  mac apì th sqèsh

(3.37). Gia lìgouc plhrìthtac paratÐjetai kai ed¸:

𝑑2𝐹𝑎𝑢𝑔

𝑑𝑏𝑖𝑑𝑏𝑗
= Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑏𝑗
+ Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑗
+ Ψ𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

+

[
∂2𝐹

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

+Ψ𝑛,𝑎
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

]
𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑗
(8.2)

H suneisfor� twn ìrwn pou sunant¸ntai sthn anwtèrw exÐswsh dÐnetai apì to Sq ma
8.4.
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Sq ma 8.4: Suneisfor� twn ìrwn pou apartÐzoun thn deÔterh par�gwgo 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

. Orizìntioc

�xonac: AÔxwn Arijmìc zeÔgouc metablht¸n sqediasmoÔ. Katakìrufoc �xonac: Suneis-
for� tou ek�stote ìrou, upologismènh sto zeÔgoc metablht¸n sqediasmoÔ (𝑖, 𝑗).

H ex ghsh twn suntomografi¸n pou sunant¸ntai sto Sq ma 8.4 kai h apaitoÔmenh
mn mh gia k�je ìro thc sqèshc (8.2) dÐnontai ston PÐnaka 8.2. Gia thn el�ttwsh twn
apait sewn mn mhc mporoÔme na ekmetalleutoÔme to gegonìc ìti ta mhtr¸a ìlwn twn
ìrwn eÐnai summetrik�.
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SuntomogrfÐa 'Oroc ApaitoÔmenh Mn mh

d2Fdbidbj 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

𝑁(𝑁+1)
2

psndRdbidbj Ψ𝑛,𝑎
∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑏𝑗
𝑁(𝑁+1)

2

dFdUidUj ∂2𝐹
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑗

𝑁(𝑁+1)
2

psndRdUidUj Ψ𝑛,𝑎
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑗

𝑁(𝑁+1)
2

psndRdbidUj Ψ𝑛,𝑎
∂2𝑅𝑛,𝑎

∂𝑏𝑖∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑗

𝑁(𝑁+1)
2

psndRdUidbj Ψ𝑛,𝑎
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑗

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

𝑁(𝑁+1)
2

PÐnakac 8.2: Ex ghsh twn suntomografi¸n tou Sq matoc 8.4 kai apaitoÔmenh mn mh gia
k�je ìro thc sqèshc 8.2.

AxÐzei se autì to shmeÐo na epishm�noume ìti miac kai o upologismìc thc 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

me

th mèjodo DD-AM gÐnetai se èna b ma apì thn exÐswsh (8.2), mporoÔme na apofÔ-

goume thn apoj keush twn endi�meswn mhtr¸wn (p.q. tou ∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑘,𝑑

𝑑𝑏𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑏𝑗
), ex-

oikonom¸ntac meg�la pos� mn mhc. AntÐjeta h mèjodoc DD-DD gÐnetai se duo b -

mata, upologÐzontac arqik� to mhtr¸o 𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
apì th sqèsh (3.32) kai sth sunèqeia

antikajist¸ntac to sth sqèsh (3.20). Autì shmaÐnei ìti prèpei na apojhkeutoÔn ta
endi�mesa mhtr¸a, aux�nontac polÔ tic apait seic mn mhc. Endeiktik� anafèroume

ìti mìno o ìroc 𝑑2𝑈𝑘,𝑑

𝑑𝑏𝑖𝑑𝑏𝑗
apaiteÐ 3× 𝑁(𝑁+1)

2
× 𝑛𝑝 stoiqeÐa mn mhc. Sthn perÐptwsh mac

ìpou 𝑁 = 11, 𝑛𝑝 = 500 apaitoÔntai 99000 stoiqeÐa mn mhc mìno gia autì ton ìro, se

antÐjesh me ta 5𝑁(𝑁+1)
2

= 330 stoiqeÐa mn mhc pou apaitoÔntai gia thn apoj keush
ìlwn twn ìrwn pou emplèkontai sth mèjodo DD-AM. Blèpoume dhlad  ìti ektìc apì
to mikrìtero upologistikì kìstoc, h mèjodoc DD-AM upertereÐ kai stic apait seic
mn mhc ènanti thc mejìdou DD-DD.

Ta apotelèsmata thc deÔterhc parag¸gou thc sun�rthshc - stìqou wc proc th
stibar  metablht , 𝑀𝑖𝑠(𝑜𝑢𝑡), gia tic di�forec mejìdouc upologismoÔ dÐnontai ston
PÐnaka 8.3.

Mèjodoc 𝒅2𝑭
𝒅𝒄2

DD-DD −343879.885

DD-AM −343879.885

Peperasmènec diaforèc - 𝐴 = 𝑐𝑜𝑛𝑠𝑡 −343875.687

Peperasmènec diaforèc −272249.659

PÐnakac 8.3: Timèc thc parag¸gou 𝑑2𝐹
𝑑𝑐2

gia tic di�forec mejìdouc upologismoÔ. Ta
apotelèsmata anafèrontai sthn arqik  gewmetrÐa tou Sq matoc 8.1



8.3. DeÔterh Par�gwgoc wc proc tic Metablhtèc SqediasmoÔ, th Stibar  Metablht  kai
tic Miktèc Metablhtèc 101

ParathroÔme ìti ta apotelèsmata twn mejìdwn DD-DD kai DD-AM tautÐzontai
metaxÔ touc kai me to apotèlesma twn peperasmènwn diafor¸n me pagwmèno to mhtr¸o
𝐴 (diat rhsh 5 shmantik¸n yhfÐwn), all� diafèroun apì to apotèlesma twn peperas-
mènwn diafor¸n me metablhtì mhtr¸o 𝐴. Blèpoume kai ed¸ thn èntonh epÐdrash thc
paradoq c (2.36). Wstìso, ìpwc kai me tic deÔterec parag¸gouc thc 𝐹 wc proc tic
metablhtèc sqediasmoÔ, h prosèggish pou gÐnetai diathreÐ to prìshmo kai th t�xh
megèjouc thc parag¸gou 𝑑2𝐹

𝑑𝑐2
.

H mikt  deÔterh par�gwgoc thc sun�rthshc - stìqou 𝐹 =
∫
𝑝𝑑𝑥 wc proc tic metabl-

htèc sqediasmoÔ kai th stibar  metablht  𝑀𝑖𝑠(𝑜𝑢𝑡) dÐnetai sto Sq ma 8.5.

 0

 1000

 2000

 3000

 4000

 5000

 6000

 7000

 8000

 9000

 10000

 2  3  4  5  6  7  8  9  10

d2
F

dc
db

l

l-th control point

Second Derivative with respect to mixed variables

DD-AM
Finite Differences

Finite Differences - A=const

Sq ma 8.5: Mikt  deÔterh par�gwgoc thc sun�rthshc - stìqou 𝐹 wc proc tic metabl-
htèc sqediasmoÔ kai th stibar  metablht  𝑀𝑖𝑠(𝑜𝑢𝑡). Orizìntioc �xonac: AÔxwn arijmìc

metablht c sqediasmoÔ. Katakìrufoc �xonac: Tim  thc parag¸gou 𝑑2𝐹
𝑑𝑐𝑑𝑏𝑙

. To parìn sq ma
anafèretai sthn arqik  gewmetrÐa tou Sq matoc 8.1.

Apì to Sq ma 8.5 parathroÔme ìti oi timèc thc 𝑑2𝐹
𝑑𝑐𝑑𝑏𝑙

pou upologÐzontai me th mèjodo
DD-AM diafèroun apì tic timèc pou upologÐzontai me th mèjodo twn peperasmènwn
diafor¸n. An upologistoÔn ìmwc oi timèc thc 𝑑2𝐹

𝑑𝑐𝑑𝑏𝑙
me th mèjodo twn peperasmènwn

diafor¸n krat¸ntac par�llhla stajerì to mhtr¸o 𝐴, parathroÔme taÔtish touc
me autèc thc mejìdou DD-AM (suneq c kai estigmènh kampÔlh tou Sq matoc 8.5).
EÐnai faner  loipìn h epÐdrash thc paradoq c (2.36) stic timèc thc 𝑑2𝐹

𝑑𝑐𝑑𝑏𝑙
, miac kai h

prosèggish touc, jewr¸ntac ìti ∂𝐴+

∂
−→
𝑈

= ∂𝐴−

∂
−→
𝑈

= 0 dÐnei apotelèsmata pou diafèroun

apì ta pragmatik� kat� mia t�xh megèjouc (diathr¸ntac wstìso to prìshmo).
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8.4 TrÐth, Mikt , Par�gwgoc

Sthn paroÔsa enìthta ja parousiasteÐ h mikt  trÐth par�gwgoc 𝑑3𝐹
𝑑𝑐2𝑑𝑏𝑙

, an wc monadik 
stibar  metablht  jewrhjeÐ o arijmìc 𝑀𝑖𝑠(𝑜𝑢𝑡). Ja gÐnei epÐshc an�lush thc shman-
tikìthtac twn ìrwn pou sunant¸ntai ston upologismì thc.

Sugkekrimèna, oi timèc thc parag¸gou 𝑑3𝐹
𝑑𝑐2𝑑𝑏𝑙

dÐnontai sto Sq ma 8.6.
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Sq ma 8.6: Mikt  trÐth par�gwgoc thc sun�rthshc - stìqou 𝐹 wc proc tic metablhtèc sqe-
diasmoÔ kai th stibar  metablht  𝑀𝑖𝑠(𝑜𝑢𝑡). Orizìntioc �xonac: AÔxwn arijmìc metablht c

sqediasmoÔ. Katakìrufoc �xonac: Tim  thc parag¸gou 𝑑3𝐹
𝑑𝑐2𝑑𝑏𝑙

. To parìn sq ma anafèretai
sthn arqik  gewmetrÐa tou Sq matoc 8.1.

Parathr¸ntac to Sq ma 8.6 ex�gontai qr sima sumper�smata. Blèpoume ìti oi timèc
twn parag¸gwn 𝑑3𝐹

𝑑𝑐2𝑑𝑏𝑙
pou upologÐzontai me th mèjodo DD-DD-AM apèqoun polÔ

apì autèc pou upologÐzontai me th mèjodo twn peperasmènwn diafor¸n (suneq c
kai diakekommènh kampÔlh antÐstoiqa). Wstìso an upologistoÔn oi timèc thc sug-
kekrimènhc parag¸gou me th mèjodo twn peperasmènwn diafor¸n krat¸ntac tautì-
qrona stajerì to mhtr¸o 𝐴 (estigmènh kampÔlh), èqoume sqedìn taÔtish twn apote-
lesm�twn me aut� thc mejìdou DD-DD-AM. Parìla aut�, oi upologizìmenec timèc di-
afèroun apì tic pragmatikèc sto prìshmo, all� diathroÔn th t�xh megèjouc. Sunep¸c,
gia th sugkekrimènh perÐptwsh kai mìno, mia kalÔterh prosèggish twn pragmatik¸n
tim¸n thc 𝑑3𝐹

𝑑𝑐2𝑑𝑏𝑙
, ja mporoÔse na eÐnai h apìluth tim  twn parag¸gwn pou upologÐ-

zontai me th mèjodo DD-DD-AM. 'Etsi, ìpwc faÐnetai kai sto Sq ma 8.6 (kampÔlh
abs(DD-DD-AM) me ta tetr�gwna), h prosèggish aut  diathreÐ th monotonÐa, to
prìshmo kai th t�xh megèjouc twn pragmatik¸n tim¸n.
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H par�gwgoc 𝑑3𝐹
𝑑𝑐2𝑑𝑏𝑙

dÐnetai apì th sqèsh (8.3):

𝑑3𝐹𝑎𝑢𝑔

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
= 𝐾𝑖𝑗𝑛,𝑎

∂𝑅𝑛,𝑎

∂𝑏𝑙
+ 𝐿𝑗𝑛

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
+𝑀𝑖𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗

+ 𝑁𝑛,𝑎
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
+𝑁𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
(8.3)

H suneisfor� twn ìrwn thc sqèshc sth trÐth par�gwgo thc sun�rthshc 𝐹 dÐnetai
sto Sq ma 8.7.
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Sq ma 8.7: Suneisfor� twn ìrwn pou apartÐzoun thn par�gwgo 𝑑3𝐹
𝑑𝑐2𝑑𝑏𝑙

. Orizìntioc �xonac:
AÔxwn arijmìc metablht c sqediasmoÔ. Katakìrufoc �xonac: Tim  tou ek�stote ìrou. To
parìn sq ma anafèretai sthn arqik  gewmetrÐa tou Sq matoc 8.1.

Me mia pr¸th mati� sto Sq ma 8.7 blèpoume ìti oi ìroi 𝑁𝑛,𝑎
∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
,

𝐾𝑖𝑗𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑏𝑙
èqoun shmantik  epÐdrash sth tim  thc 𝑑3𝐹

𝑑𝑐2𝑑𝑏𝑙
en¸ oi ìroi 𝐿𝑗𝑛

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
=

𝑀𝑖𝑛,𝑎
∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
, 𝑁𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
èqoun mikr  suneisfor� kai ja mporoÔsan na

amelhjoÔn. An sugkrÐnoume loipìn th tim  thc 𝑑3𝐹
𝑑𝑐2𝑑𝑏𝑙

upologismènh me ìlouc tou-

c ìrouc kai upologismènh mìno me touc ìrouc 𝐾𝑖𝑗𝑛,𝑎
∂𝑅𝑛,𝑎

∂𝑏𝑙
, 𝑁𝑛,𝑎

∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗

èqoume to Sq ma 8.8.

ParathroÔme ìti en¸ arqik� oi ìroi 𝐿𝑗𝑛
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
=𝑀𝑖𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑏𝑙∂𝑈𝑘,𝑑

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑗
, 𝑁𝑛,𝑎

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗

faÐnetai na èqoun mikr  epÐdrash sth tim  thc trÐthc parag¸gou, h par�leiyh touc
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Sq ma 8.8: SÔgkrish twn tim¸n thc 𝑑3𝐹
𝑑𝑐2𝑑𝑏𝑙

ìtan upologÐzontai ìloi oi ìroi kai ìtan par-

aleÐpontai o deÔteroc, trÐtoc kai pèmptoc ìroc thc sqèshc (8.3). Orizìntioc �xonac: AÔxwn

arijmìc metablht c sqediasmoÔ. Katakìrufoc �xonac: Tim  thc 𝑑3𝐹
𝑑𝑐2𝑑𝑏𝑙

. To parìn sq ma
anafèretai sthn arqik  gewmetrÐa tou Sq matoc 8.1.

odhgeÐ se kampÔlh diaforetik c monotonÐac, k�ti to opoÐo de mporeÐ na gÐnei apodek-

tì. An tèloc paraleifjeÐ mìno o ìroc 𝑁𝑛,𝑎
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
apì th sqèsh (8.3), èqoume

to Sq ma 8.9.

Apì to Sq ma 8.9 parathroÔme ìti h par�leiyh tou ìrou 𝑁𝑛,𝑎
∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
apì th

sqèsh (8.3) diathreÐ th monotonÐa tou apotelèsmatoc kai èqei mikr  sumbol  sthn
arijmhtik  tim  tou. Sunep¸c, o mìnoc ìroc pou ja mporoÔse na paraleifjeÐ gia
lìgouc oikonomÐac mn mhc kai pr�xewn eÐnai autìc.

Oi mon�dec mn mhc pou apaitoÔn oi ìroi twn tess�rwn suzug¸n exis¸sewn, kaj¸c
kai thc sqèshc (8.3), gia to prìblhma pou antimetwpÐzoume, dÐnontai ston PÐnaka 8.4.
Sto sugkekrimèno prìblhma èqoume 𝑖 = 𝑗 = 1, 𝑁 = 11, 𝑛𝑝 = 500.
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Sq ma 8.9: SÔgkrish twn tim¸n thc 𝑑3𝐹
𝑑𝑐2𝑑𝑏𝑙

ìtan upologÐzontai ìloi oi ìroi kai ìtan par-

aleÐpontai o pèmptoc ìroc thc sqèshc (8.3). Orizìntioc �xonac: AÔxwn arijmìc metablht c

sqediasmoÔ. Katakìrufoc �xonac: Tim  thc 𝑑3𝐹
𝑑𝑐2𝑑𝑏𝑙

. To parìn sq ma anafèretai sthn arqik 
gewmetrÐa tou Sq matoc 8.1.
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'Oroc ApaitoÔmenh Mn mh

∂𝐹
∂𝑈𝑘,𝑑

3× 𝑛𝑝

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑
3× 3× 𝑛𝑝

𝑁𝑛,𝑎 3× 𝑛𝑝

∂2𝐹
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑖
3×𝑀 × 𝑛𝑝

∂𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑖
3× 3×𝑀 × 𝑛𝑝

𝑀𝑖𝑛,𝑎 3×𝑀 × 𝑛𝑝

𝐿𝑗𝑛,𝑎 0 (Ðdioc me ton prohgoÔmeno ìro)

∂3𝐹
∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
3×𝑀2 × 𝑛𝑝

∂2𝐹
∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
3×𝑀2 × 𝑛𝑝

∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑈𝑞,𝑔

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
3× 3×𝑀2 × 𝑛𝑝

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑞,𝑔

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
3× 3×𝑀2 × 𝑛𝑝

𝐾𝑖𝑗𝑛,𝑎 3×𝑀2 × 𝑛𝑝

∂𝑅𝑛,𝑎

∂𝑏𝑙
3×𝑁 × 𝑛𝑝

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖
3×𝑁 ×𝑀 × 𝑛𝑝

∂3𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑈𝑚,𝑒∂𝑏𝑙

𝑑𝑈𝑘,𝑑

𝑑𝑐𝑖

𝑑𝑈𝑚,𝑒

𝑑𝑐𝑗
3×𝑁 ×𝑀2 × 𝑛𝑝

∂2𝑅𝑛,𝑎

∂𝑈𝑘,𝑑∂𝑏𝑙

𝑑2𝑈𝑘,𝑑

𝑑𝑐𝑖𝑑𝑐𝑗
3×𝑁 ×𝑀2 × 𝑛𝑝

PÐnakac 8.4: ApaitoÔmenec mon�dec mn mhc twn ìrwn pou apartÐzoun tic tèsseric suzugeÐc
exis¸seic thc trÐthc parag¸gou kaj¸c kai th sqèsh (8.3). Me 𝑁 sumbolÐzetai o arijmìc
twn metablht¸n sqediasmoÔ, me 𝑀 o arijmìc twn stibar¸n metablht¸n kai me 𝑛𝑝 o arijmìc
twn kìmbwn tou plègmatoc.
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8.5 Stibarìc Sqediasmìc

Se aut  thn enìthta ja parousiastoÔn ta apotelèsmata thc beltistopoÐhshc thc

sun�rthshc 𝐹 tou KefalaÐou 7, efarmosmènhc ston agwgì tou Sq matoc 8.1. Up-

enjumÐzetai ìti h sun�rthsh 𝐹 dÐnetai apì th sqèsh:

𝐹 = 𝜇𝐹 + 𝑘𝜎𝐹 (8.4)

me th mèsh ektim¸menh tim  thc 𝐹 na dÐnetai apì th sqèsh

𝜇𝐹 = 𝐹 +
1

2

𝑑2𝐹

𝑑𝑐2𝑖
𝜎2
𝑖 (8.5)

kai th metablhtìthta thc mèshc ektim¸menhc tim c thc 𝐹 apì th sqèsh

𝜎𝐹 =

√[
𝑑𝐹

𝑑𝑐𝑖

]2
𝜎2
𝑖 +

1

2

[
𝑑2𝐹

𝑑𝑐𝑖𝑑𝑐𝑗

]2
𝜎2
𝑖 𝜎

2
𝑗 (8.6)

H par�gwgoc thc 𝐹 wc proc tic metablhtèc sqediasmoÔ, pou qrhsimopoieÐtai gia
thn eÔresh thc bèltisthc gewmetrÐac tou agwgoÔ mèsw thc mejìdou thc apìtomhc
kajìdou eÐnai:

𝑑𝐹

𝑑𝑏𝑙
=
𝑑𝐹

𝑑𝑏𝑙
+

1

2

𝑑3𝐹

𝑑𝑐2𝑖 𝑑𝑏𝑙
𝜎2
𝑖 + 𝑘

2 𝑑𝐹
𝑑𝑐𝑖

𝑑2𝐹
𝑑𝑐𝑖𝑑𝑏𝑙

𝜎2
𝑖 +

𝑑2𝐹
𝑑𝑐𝑖𝑑𝑐𝑗

𝑑3𝐹
𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙

𝜎2
𝑖 𝜎

2
𝑗

2

√[
𝑑𝐹
𝑑𝑐𝑖

]2
𝜎2
𝑖 +

1
2

[
𝑑2𝐹

𝑑𝑐𝑖𝑑𝑐𝑗

]2
𝜎2
𝑖 𝜎

2
𝑗

(8.7)

O algìrijmoc sqediasmoÔ sthn perÐptwsh pou wc monadik  stibar  metablht  jew-
reÐtai o arijmìc 𝑀𝑖𝑠(𝑜𝑢𝑡) dÐnetai sthn enìthta 7.6. Jètontac èna krit rio termatismoÔ
tou algìrijmou (sthn perÐptwsh mac ton arijmì 284000) kai dokim�zontac okt¸ di-
aforetikèc timèc gia th stajer� 𝑘 (𝑘 ∈ [0.5, 4] me b ma 0.5), oi morfèc twn agwg¸n
pou prokÔptoun dÐnontai apì to Sq ma 8.10. Ed¸ prèpei na anaferjeÐ ìti sto k¸di-
ka qrhsimopoi jhke h ∣ 𝑑3𝐹

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
∣ antÐ thc 𝑑3𝐹

𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙
, miac kai aut , sth sugkekrimènh

sun�rthsh - stìqo kai mìno, proseggÐzei me megalÔterh akrÐbeia thn pragmatik  tim ,
ìpwc faÐnetai kai apì to Sq ma 8.6.

Se autì to shmeÐo prèpei na analujeÐ mia idiomorfÐa thc sun�rthshc - stìqou 𝐹 =∫
𝑝𝑑𝑥. H sun�rthsh 𝐹 eÐnai ousiastik� to �jroisma thc statik c pÐeshc ìlwn twn

kìmbwn tou plègmatoc. Oi Euler exis¸seic ro c eÐnai atribeÐc, k�ti pou shmaÐnei ìti
h olik  pÐesh kat� m koc tou agwgoÔ paramènei stajer . Apì thn exÐswsh gia thn
olik  pÐesh se sumpiest  ro  èqoume

𝑝𝑡 = 𝑝𝑖(1 +
𝛾 − 1

2
𝑀2

𝑖 )
𝛾

𝛾−1 = 𝑐𝑜𝑛𝑠𝑡 (8.8)

Apì th sqèsh 8.8 blèpoume ìti gia na elaqistopoihjeÐ h tim  thc statik c pÐeshc 𝑝𝑖
se k�je kìmbo (kai kat' epèktash se ìlo ton agwgì) prèpei na auxhjeÐ h topik  tim 
tou arijmoÔ Mach, dhlad  prèpei na auxhjeÐ h topik  taqÔthta. Autì gÐnetai elat-
t¸nontac th diatom  tou agwgoÔ. An tejeÐ polÔ mikr  tim  sto krit rio termatismoÔ
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Sq ma 8.10: Morfèc twn agwg¸n pou prokÔptoun apì th diadikasÐa beltistopoÐhshc gia
diaforetikèc timèc thc stajer�c 𝑘. Orizìntioc �xonac: m koc tou agwgoÔ. Katakìrufoc
�xonac: diatom  tou agwgoÔ sth jèsh 𝑥.
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tou algìrijmou, h diatom  ja mikrÔnei tìso ¸ste na emfanisteÐ hqhtikìc laimìc, k�ti
pou odhgeÐ se termatismì tou progr�mmatoc, miac kai den eÐnai dunatì na per�sei h
apaitoÔmenh paroq  apì ton agwgì. Prèpei dhlad  na tejeÐ prosektik� to krit rio
termatismoÔ tou algìrijmou ¸ste na mhn emfanisteÐ hqhtikìc laimìc. H epilog  aut 
mporeÐ na apait sei peiramatismì mèqri na brejeÐ h kat�llhlh tim . EpÐshc apì thn
anwtèrw an�lush prokÔptei ìti h anamenìmenh bèltisth gewmetrÐa qrhsimopoi¸ntac
wc sun�rthsh - stìqo thn 𝐹 =

∫
𝑝𝑑𝑥, ja eÐnai aut  me th mikrìterh dunat  diatom .

'Eqontac k�nei thn anwtèrw an�lush kai parathr¸ntac to Sq ma 8.10 bg�zoume ta
akìlouja qr sima sumper�smata. Gia meg�lec timèc thc stajer�c 𝑘 parathroÔme
agwgoÔc me mikrèc diatomèc. Autì shmaÐnei ìti oi sugkekrimènoi agwgoÐ èqoun kal 
sumperifor� (dhlad  mikr  tim  thc sun�rthshc - stìqou 𝐹 =

∫
𝑝𝑑𝑥) sto shmeÐo

sqedÐashc (𝑀𝑖𝑠(𝑜𝑢𝑡) = 0.3), all� meg�lh metablhtìthta, dhlad  h sumperifor� tou-
c all�zei èntona ìtan metablhjeÐ èstw kai lÐgo o arijmìc 𝑀𝑖𝑠(𝑜𝑢𝑡). AntÐjeta, gia
mikrèc timèc thc stajer�c 𝑘 parathroÔme megalÔterec diatomèc tou agwgoÔ. Autì
shmaÐnei ìti oi sugkekrimènoi agwgoÐ èqoun qeirìterh sumperifor� sto shmeÐo sqe-
diasmoÔ (megalÔterh tim  thc 𝐹 =

∫
𝑝𝑑𝑥) all� mikrìterh metablhtìthta, dhlad 

h sumperifor� touc den metab�lletai idiaÐtera me th metabol  tou arijmoÔ 𝑀𝑖𝑠(𝑜𝑢𝑡).
Ed¸ prèpei na tonisjeÐ ìti h sumperifor� twn agwg¸n me meg�lh tim  thc stajer�c
𝑘 se perÐptwsh metabol c tou arijmoÔ 𝑀𝑖𝑠(𝑜𝑢𝑡), de ja eÐnai aparaÐthta qeirìterh apì
th sumperifor� twn agwg¸n me mikr  tim  thc stajer�c 𝑘, apl� h metabol  thc tim c
thc sun�rthshc 𝐹 ja eÐnai megalÔterh stouc sugkekrimènouc agwgoÔc.

Parathr¸ntac ta sq mata 8.5, 8.6 all� kai touc PÐnakec 8.1, 8.3 mporoÔme na
ex�goume to sumpèrasma ìti h paradoq  ∂𝐴+

∂
−→
𝑈

= ∂𝐴−

∂
−→
𝑈

= 0, an kai ephre�zei tic timèc

twn parag¸gwn 𝑑𝐹
𝑑𝑐
, 𝑑

2𝐹
𝑑𝑐2
, 𝑑2𝐹
𝑑𝑐𝑑𝑏𝑙

, 𝑑3𝐹
𝑑𝑐2𝑑𝑏𝑙

se meg�lo bajmì, odhgeÐ telik� se anamenìmena
apotelèsmata, wc proc th fusik  touc shmasÐa (bèbaia prèpei na anaferjeÐ ìti gia
th mikt  trÐth par�gwgo èqei gÐnei kai h epiplèon prosèggish me to apìluto) (Sq ma
8.10). Autì shmaÐnei ìti oi lÔseic pou prokÔptoun apì th diadikasÐa beltistopoÐhshc
eÐnai proc th swst  kateÔjunsh all� ,pijan¸c, ìqi oi bèltistec dunatèc. Gia thn
eÔresh twn akrib¸n lÔsewn ja èprepe na paragwgisteÐ to mhtr¸o 𝐴 wc proc tic
metablhtèc thc ro c, diadikasÐa auxanìmenhc duskolÐac (tìso stic pr�xeic ìso kai
ston programmatismì) me th t�xh thc parag¸gou.

Sto Sq ma 8.10 èqoume to mètwpo Pareto thc diadikasÐac beltistopoÐhshc me di-
aforetikèc timèc thc stajer�c 𝑘. Apì to Sq ma autì parathroÔme ìti den up�rqei
kuriarqÐa k�poiac lÔshc stic upìloipec, k�ti pou shmaÐnei ìti h telik  epilog  tou
agwgoÔ exart�tai apì th barÔthta pou jèloume na d¸soume sthn ektim¸menh mèsh
tim  thc 𝐹 (apìdosh sto shmeÐo sqedÐashc) kai sth metablhtìthta thc ektim¸menhc
mèshc tim c (apodekt  sumperifor� se meg�lo eÔroc sunjhk¸n leitourgÐac).

Tèloc, sto Sq ma 8.12 dÐnetai h poreÐa sÔgklishc thc mejìdou thc apìtomh kajìdou,
gia tic di�forec timèc thc stajer�c 𝑘.
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tim c thc sun�rthshc 𝐹 .



8.5. Stibarìc Sqediasmìc 111

 283500

 284000

 284500

 285000

 285500

 286000

 286500

 287000

 287500

 288000

 288500

 0  2  4  6  8  10  12  14  16  18  20

C
os

t F
un

ct
io

n

Iteration

Convergence for different k constants

k=0.5
k=1.0

k=1.5
k=2.0

k=2.5
k=3.0

k=3.5
k=4.0

Sq ma 8.12: PoreÐa sÔgklishc thc mejìdou thc apìtomhc kajìdou gia tic diaforetikèc timèc
thc stajer�c 𝑘. Orizìntioc �xonac: AÔxwn arijmìc epan�lhyhc . Katakìrufoc �xonac:
Timèc thc sun�rthshc 𝐹 . Wc krit rio sÔgklishc èqei tejeÐ o arijmìc 284000.
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Kef�laio 9

Sumper�smata - Sqìlia

Sthn paroÔsa diplwmatik  ergasÐa anaptÔqjhkan h diakrit  suzug c mèjodoc kai
h mèjodoc thc eujeÐac diafìrishc, gia ton upologismì thc pr¸thc parag¸gou miac
sun�rthshc - stìqou 𝐹 , wc proc tic metablhtèc sqediasmoÔ (𝑑𝐹

𝑑𝑏𝑙
) kai tic stibarèc

metablhtèc ( 𝑑𝐹
𝑑𝑐𝑖

). EpÐshc anaptÔqjhkan oi -me praktik  shmasÐa- sunduasmoÐ twn
parap�nw mejìdwn gia ton upologismì thc deÔterhc parag¸gou thc sun�rthshc 𝐹 ,
wc proc tic metablhtèc sqediasmoÔ ( 𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
), tic stibarèc metablhtèc ( 𝑑2𝐹

𝑑𝑐𝑖𝑑𝑐𝑗
) all�

kai tic miktèc metablhtèc (stibarèc kai sqediasmoÔ, 𝑑2𝐹
𝑑𝑐𝑖𝑑𝑏𝑙

). 'Epeita, upologÐsthke h

mikt  trÐth par�gwgoc thc sun�rthshc 𝐹 ( 𝑑3𝐹
𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙

) me th suzug  mèjodo, èqontac

upologÐsei thn pr¸th kai deÔterh par�gwgo wc proc tic stibarèc metablhtèc, me th
mèjodo thc eujeÐac diafìrishc. Tèloc, eis�gontac tic ènnoiec thc mèshc ektim¸menhc
tim c thc sun�rthshc 𝐹 (𝜇𝐹 ), thc metablhtìthtac thc (𝜎𝐹 ) kai thc tropopoihmènhc

sun�rthshc (𝐹 = 𝜇𝐹 + 𝑘𝜎𝐹 ), oi anwtèrw par�gwgoi qrhsimopoioÔntai se kÔklo
beltistopoÐhshc me th mèjodo thc apìtomhc kajìdou, me skopì to sqediasmì agw-
goÔ me ikanopoihtik  apìdosh se eÔroc sunjhk¸n leitourgÐac (stibarìc sqediasmìc,
robust design). 'Epeita apì efarmog  thc anwtèrw diadikasÐac, qrhsimopoi¸ntac th
sun�rthsh - stìqo 𝐹 =

∫
𝑝𝑑𝑥 kai wc monadik  stibar  metablht  ton arijmì𝑀𝑖𝑠(𝑜𝑢𝑡),

prokÔptoun ta akìlouja sumper�smata:

∙ EpideÐqjhke h orjìthta upologismoÔ twn pr¸twn parag¸gwn 𝑑𝐹
𝑑𝑏𝑙
, 𝑑𝐹
𝑑𝑐𝑖

me th
suzug  mèjodo kai th mèjodo eujeÐac diafìrishc qrhsimopoi¸ntac wc mètro
sÔgkrishc thn mèjodo twn peperasmènwn diafor¸n. Kai stic duo parag¸gouc,
h epÐdrash thc paradoq c ∂𝐴+

∂
−→
𝑈

= ∂𝐴−

∂
−→
𝑈

= 0 eÐnai amelhtèa. 'Ara genikeÔontac,
mporeÐ na eipwjeÐ ìti h par�gwgoc tou mhtr¸ou 𝐴, wc proc tic metablhtèc thc
ro c, èqei mikr  epÐdrash stic timèc thc pr¸thc parag¸gou thc sun�rthshc
- stìqou wc proc tic metablhtèc sqediasmoÔ kai tic stibarèc metablhtèc, kai
sunep¸c mporeÐ na amelhjeÐ.

∙ AntÐjeta, apodeÐqjhke ìti o upologismìc twn Hessian mhtr¸wn 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

, 𝑑2𝐹
𝑑𝑐𝑖𝑑𝑐𝑗

me tic mejìdouc DD-DD, DD-AM ephre�zetai arket� apì thn paradoq  ∂𝐴+

∂
−→
𝑈

=
∂𝐴−

∂
−→
𝑈

= 0, wstìso h t�xh megèjouc kai to prìshmo twn proseggÐsewn pou gÐnon-
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tai, tautÐzontai me ta megèjh pou prokÔptoun apì th mèjodo twn peperasmènwn
diafor¸n. H prosèggish tou mhtr¸ou 𝑑2𝐹

𝑑𝑐𝑖𝑑𝑏𝑙
me th mèjodo DD-AM k�nontac thn

anwtèrw paradoq , odhgeÐ se apotelèsmata pou mporeÐ na diafèroun apì aut�
twn peperasmènwn diafor¸n shmantik� all�, eutuq¸c, diathroÔn to prìsh-
mo. Sunep¸c, oi anwtèrw par�gwgoi mporoÔn na qrhsimopoihjoÔn se sq ma
beltistopoÐhshc me th mèjodo thc apìtomhc kajìdou.

∙ ApodeÐqjhke ìti h sumbol  twn parag¸gwn twn oriak¸n sunjhk¸n, wc proc
tic sunthrhtikèc metablhtèc thc ro c, eÐnai amelhtèa kat� ton upologismì tou
mhtr¸ou 𝑑2𝐹

𝑑𝑏𝑖𝑑𝑏𝑗
, all� eÐnai idiaÐtera shmantik  kat� ton upologismì twn mhtr¸wn

𝑑2𝐹
𝑑𝑐𝑖𝑑𝑐𝑗

, 𝑑2𝐹
𝑑𝑐𝑖𝑑𝑏𝑙

.

∙ Parathr jhke ìti h prosèggish tou mhtr¸ou 𝑑3𝐹
𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙

me th mèjodo DD-DD-AM

kai thn paradoq  ∂𝐴+

∂
−→
𝑈

= ∂𝐴−

∂
−→
𝑈

= 0, sugkrinìmenh me th mèjodo twn peperas-
mènwn diafor¸n, diathreÐ thn t�xh megèjouc all� èqei diaforetikì prìshmo.
Dhlad  h sugkekrimènh paradoq  èqei idiaÐterh epÐdrash sto telikì apotè-
lesma. Sunep¸c, gia na qrhsimopoihjeÐ h mikt  trÐth par�gwgoc se sq ma
beltistopoÐhshc prèpei na brejeÐ ènac trìpoc beltÐwshc twn apotelesm�twn.
Sth sugkekrimènh perÐptwsh, h meg�lh epÐdrash thc anwtèrw paradoq c Ðswc
mporeÐ na apodojeÐ sto gegonìc ìti exet�zetai yeudo - 1D agwgìc, ìpou apì
jèsh se jèsh up�rqei èntonh metabol  twn roðk¸n megej¸n.

∙ Parathr jhke ìti par� th shmantik  epÐdrash thc paradoq c ∂𝐴+

∂
−→
𝑈

= ∂𝐴−

∂
−→
𝑈

=

0 stic timèc twn parag¸gwn 𝑑2𝐹
𝑑𝑏𝑖𝑑𝑏𝑗

, 𝑑2𝐹
𝑑𝑐𝑖𝑑𝑐𝑗

, 𝑑2𝐹
𝑑𝑐𝑖𝑑𝑏𝑙

, 𝑑3𝐹
𝑑𝑐𝑖𝑑𝑐𝑗𝑑𝑏𝑙

, ta apotelèsmata thc

beltistopoÐhshc èqoun thn anamenìmenh fusik  shmasÐa. O upologismìc bèbaia
twn akrib¸n apotelesm�twn apaiteÐ thn parag¸gish tou mhtr¸ou 𝐴.

∙ Gia th sugkekrimènh perÐptwsh, ìpou o arijmìc twn metablht¸n sqediasmoÔ eÐ-
nai shmantik� megalÔteroc tou arijmoÔ twn stibar¸n metablht¸n, diapist¸jhke
h uperoq  thc suzugoÔc teqnik c ènanti thc mejìdou eujeÐac diafìrishc, tìso
apì pleur�c upologistikoÔ kìstouc, ìso kai apì pleur�c apaitoÔmenhc mn mhc.

∙ Tèloc, ta sumper�smata thc paroÔsac diplwmatik c ergasÐac ja mporoÔsan na
qrhsimopoihjoÔn se èna pragmatikì didi�stato   tridi�stato prìblhma. Sth
sugkekrimènh perÐptwsh bèbaia, lìgw tou auxhmènou upologistikoÔ kìstouc,
ja  tan epijumhtì na qrhsimopoihjeÐ par�llhlh epexergasÐa. H shmantikìterh
Ðswc beltÐwsh pou ja mporoÔse na gÐnei, eÐnai h parag¸gish tou mhtr¸ou 𝐴 wc
proc tic metablhtèc thc ro c, miac kai ìpwc apodeÐqjhke, h mh parag¸gish tou
mhtr¸ou 𝐴 ephre�zei tic timèc twn deÔterwn kai trÐtwn parag¸gwn, wc proc
tic stibarèc metablhtèc, tic metablhtèc sqediasmoÔ all� kai tic miktèc metabl-
htèc. Mia tètoia parag¸gish eÐnai bèbaia kopi¸dhc (eidik� gia tic parag¸gouc
deÔterhc kai trÐthc t�xhc) kai aux�nei tic apait seic mn mhc tou upologist .



Par�rthma Aþ

'Ekfrash 1hc parag¸gou gia mh
isapèqontec kìmbouc.

Se aut  thn enìthta ja parousiasteÐ h apìdeixh twn tÔpwn thc diakritopoihmènhc
morf c thc pr¸thc parag¸gou sun�rthshc 𝑓 gia mh isapèqontec kìmbouc.

Kentrikèc diaforèc, deÔterhc t�xhc akrÐbeia:

x

𝐴

Δ𝑥1 = 𝑥𝐴 − 𝑥𝐵

x

𝐵

Δ𝑥2 = 𝑥𝐶 − 𝑥𝐵

x

𝐶

Sq ma Aþ.1: EswterikoÐ, mh isapèqontec kìmboi.

Apì to an�ptugma Taylor gia ton kìmbo 𝐶

𝑓𝐶 = 𝑓𝐵 + Δ𝑥2

[
𝑑𝑓

𝑑𝑥

]
𝐵

+
(Δ𝑥2)

2

2!

[
𝑑2𝑓

𝑑𝑥2

]
𝐵

+ 𝑂(Δ𝑥2
3) (Aþ.1)

En¸ gia ton kìmbo 𝐴

𝑓𝐴 = 𝑓𝐵 + Δ𝑥1

[
𝑑𝑓

𝑑𝑥

]
𝐵

+
(Δ𝑥1)

2

2!

[
𝑑2𝑓

𝑑𝑥2

]
𝐵

+ 𝑂(Δ𝑥1
3) (Aþ.2)

Pollaplasi�zontac thn (Aþ.1) me (Δ𝑥1)2 kai thn (Aþ.2) me (Δ𝑥2)2 kai, sth sunèqeia,
afair¸ntac kat� mèlh èqoume :
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(Δ𝑥1)
2𝑓𝐶 − (Δ𝑥2)

2𝑓𝐴 = [(Δ𝑥1)
2 − (Δ𝑥2)

2]𝑓𝐵 + Δ𝑥1Δ𝑥2(Δ𝑥1 −Δ𝑥2)

[
𝑑𝑓

𝑑𝑥

]
𝐵

⇒

[
𝑑𝑓

𝑑𝑥

]
𝐵

=
(Δ𝑥1)

2𝑓𝐶 − (Δ𝑥2)
2𝑓𝐴 − [(Δ𝑥1)

2 − (Δ𝑥2)
2]𝑓𝐵

Δ𝑥1Δ𝑥2(Δ𝑥1 −Δ𝑥2)
(Aþ.3)

  suntomìtera [
𝑑𝑓

𝑑𝑥

]
𝐵

= 𝑑𝐴𝑓𝐴 + 𝑑𝐵𝑓𝐵 + 𝑑𝐶𝑓𝐶 (Aþ.4)

Me touc sunetelestèc 𝑑 na dÐnontai apì tic sqèseic

𝑑𝐴 =
−(Δ𝑥2)

2

Δ𝑥1Δ𝑥2(Δ𝑥1 −Δ𝑥2)
(Aþ.5)

𝑑𝐵 =
−[(Δ𝑥1)

2 − (Δ𝑥2)
2]

Δ𝑥1Δ𝑥2(Δ𝑥1 −Δ𝑥2)
(Aþ.6)

𝑑𝐶 =
(Δ𝑥1)

2

Δ𝑥1Δ𝑥2(Δ𝑥1 −Δ𝑥2)
(Aþ.7)

Monìpleurh parag¸gish, deÔterhc t�xhc akrÐbeia:

x

𝐴

Δ𝑥1 = 𝑥𝐵 − 𝑥𝐴

x

𝐵

Δ𝑥2 = 𝑥𝐶 − 𝑥𝐵

x

𝐶

Sq ma Aþ.2: OriakoÐ, mh isapèqontec kìmboi.

Prìsw parag ģish :

𝑓𝐵 = 𝑓𝐴 + Δ𝑥1

[
𝑑𝑓

𝑑𝑥

]
𝐴

+
(Δ𝑥1)

2

2!

[
𝑑2𝑓

𝑑𝑥2

]
𝐴

+ 𝑂(Δ𝑥1
3) (Aþ.8)
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𝑓𝐶 = 𝑓𝐴 + (Δ𝑥1+Δ𝑥2)

[
𝑑𝑓

𝑑𝑥

]
𝐴

+
(Δ𝑥1 +Δ𝑥2)

2

2!

[
𝑑2𝑓

𝑑𝑥2

]
𝐴

+ 𝑂[(Δ𝑥1+Δ𝑥2)
3] (Aþ.9)

Pollaplasi�zontac thn (Aþ.8) me (Δ𝑥1 +Δ𝑥2)
2 kai thn (Aþ.9) me (Δ𝑥1)2 kai afair¸n-

tac kat� mèlh èqoume (qrhsimopoi¸ntac kai tic diaforèc tetrag¸nwn):

(Δ𝑥1 +Δ𝑥2)
2𝑓𝐵 − (Δ𝑥1)

2𝑓𝐶 = [(2Δ𝑥1+Δ𝑥2)Δ𝑥2]𝑓𝐴 +Δ𝑥1Δ𝑥2(Δ𝑥1 +Δ𝑥2)

[
𝑑𝑓

𝑑𝑥

]
𝐴

⇒

[
𝑑𝑓

𝑑𝑥

]
𝐴

=
−2(Δ𝑥1 +Δ𝑥2)Δ𝑥2𝑓𝐴 + (Δ𝑥1 +Δ𝑥2)

2𝑓𝐵 − (Δ𝑥1)
2𝑓𝐶

Δ𝑥1Δ𝑥2(Δ𝑥1 +Δ𝑥2)
(Aþ.10)

  suntomìtera [
𝑑𝑓

𝑑𝑥

]
𝐴

= 𝑑𝐴𝑓𝐴 + 𝑑𝐵𝑓𝐵 + 𝑑𝐶𝑓𝐶 (Aþ.11)

Me touc sunetelestèc 𝑑 na dÐnontai apì tic sqèseic

𝑑𝐴 =
−2(Δ𝑥1 +Δ𝑥2)Δ𝑥2
Δ𝑥1Δ𝑥2(Δ𝑥1 +Δ𝑥2)

(Aþ.12)

𝑑𝐵 =
(Δ𝑥1 +Δ𝑥2)

2

Δ𝑥1Δ𝑥2(Δ𝑥1 +Δ𝑥2)
(Aþ.13)

𝑑𝐶 =
−(Δ𝑥1)

2

Δ𝑥1Δ𝑥2(Δ𝑥1 +Δ𝑥2)
(Aþ.14)

PÐsw parag ģish :

Me ìmoio trìpo apodeiknÔetai:

[
𝑑𝑓

𝑑𝑥

]
𝐴

= 𝑑𝐴𝑓𝐴 + 𝑑𝐵𝑓𝐵 + 𝑑𝐶𝑓𝐶 (Aþ.15)

𝑑𝐴 =
2(Δ𝑥1 +Δ𝑥2)Δ𝑥2

Δ𝑥1Δ𝑥2(Δ𝑥1 +Δ𝑥2)
(Aþ.16)

𝑑𝐵 =
−(Δ𝑥1 +Δ𝑥2)

2

Δ𝑥1Δ𝑥2(Δ𝑥1 +Δ𝑥2)
(Aþ.17)

𝑑𝐶 =
(Δ𝑥1)

2

Δ𝑥1Δ𝑥2(Δ𝑥1 +Δ𝑥2)
(Aþ.18)
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me Δ𝑥1 = 𝑥𝐴 − 𝑥𝐵 kai Δ𝑥2 = 𝑥𝐵 − 𝑥𝐶 .



Par�rthma Bþ

Upologismìc mhtr¸wn 𝐴+, 𝐴−

Sthn paroÔsa enìthta parousi�zetai o trìpoc eÔreshc twn mhtr¸wn 𝐴+ kai 𝐴− tou
yeudo - 1𝐷 probl matoc thc ro c. Apì thn diagwnopoÐhsh tou mhtr¸ou A isqÔei
ìti:

𝐴 = 𝑃Λ𝑃−1 (Bþ.1)

ìpou L eÐnai diag¸nio mhtr¸o me stoiqeÐa tic idiotimèc tou IakwbianoÔ mhtr¸ou A.
Dhlad :

Λ =

⎡⎢⎢⎢⎢⎣
𝑢 0 0

0 𝑢+ 𝑐 0

0 0 𝑢− 𝑐

⎤⎥⎥⎥⎥⎦ (Bþ.2)

en¸ tautìqrona to 𝑃=𝑀𝐿 kai to 𝑃−1=𝐿−1𝑀−1, ìpou M kai 𝐿 gnwstoÐ pÐnakec [3],
oi opoÐoi parousi�zontai parak�tw:

𝑀 =

⎡⎢⎢⎢⎢⎣
1 0 0

𝑢 𝜌 0

1
2
𝑢2 𝜌𝑢 1

𝛾−1

⎤⎥⎥⎥⎥⎦

𝐿 =

⎡⎢⎢⎢⎢⎣
1 𝜌

2𝑐
− 𝜌

2𝑐

0 1
2

1
2

0 𝜌 𝑐
2

−𝜌 𝑐
2

⎤⎥⎥⎥⎥⎦
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Se upohqhtik  ro , dhlad  ro  ìpou isqÔei gia ton arijmì 𝑀𝑎𝑐ℎ 𝑀 = 𝑢
𝑐
< 1,

kateujunìmenh kat� ta jetik� tou �xona 𝑥 kai se k�je jèsh 𝑥 tou agwgoÔ, oi treic
idiotimèc èqoun gnwstì prìshmo. Oi dÔo apì autèc eÐnai jetikèc (𝜆1 = 𝑢, 𝜆2 = 𝑢+𝑐)
kai h trÐth (𝜆3 = 𝑢 − 𝑐) arnhtik  afoÔ 𝑢 < 𝑐. AntÐstoiqa, sthn perÐptwsh ìpou h
ro  eÐnai uperhqhtik  kat� ta jetik� 𝑥, up�rqoun treic jetikèc idiotimèc. Wstìso, h
paroÔsa diplwmatik  ergasÐa, anafèretai apokleistik� se upohqhtikèc roèc, qwrÐc
autì na bl�ptei thn genikìthta thc mejìdou.

Epomènwc, sÔmfwna me ta ìsa anafèrjhkan, h sqèsh (Bþ.1), ja gÐnei:

𝐴+ = 𝑃Λ+𝑃−1 (Bþ.3)

𝐴− = 𝑃Λ−𝑃−1 (Bþ.4)

ìpou Λ+ kai Λ− mhtr¸a me tic jetikèc kai arnhtikèc idiotimèc antÐstoiqa. Pio analu-
tik�, ta mhtr¸a Λ+ kai Λ− eÐnai:

Λ+ =

⎡⎢⎢⎢⎢⎣
𝑢 0 0

0 𝑢+ 𝑐 0

0 0 0

⎤⎥⎥⎥⎥⎦

Λ− =

⎡⎢⎢⎢⎢⎣
0 0 0

0 0 0

0 0 𝑢− 𝑐

⎤⎥⎥⎥⎥⎦
Wstìso, apaiteÐtai, ìpwc ègine safèc apì thn parap�nw parousÐash sqèsewn, h
gn¸sh twn antÐstrofwn tou 𝑀 kai tou 𝐿. Gia ton pÐnaka 𝑀 , o antÐstrofìc tou
upologÐzetai apì thn parak�tw sqèsh:

𝑀−1 =
𝑎𝑑𝑗𝑀

𝑑𝑒𝑡𝑀
(Bþ.5)

ìpou 𝑎𝑑𝑗𝑀 o sumplhrwmatikìc tou 𝑀 kai 𝑑𝑒𝑡𝑀 h orÐzous� tou. Me ton Ðdio trìpo
ja upologisteÐ o antÐstrofoc tou 𝐿. Epomènwc, ja eÐnai gnwst� ìla ta dedomèna
pou qrei�zontai gia ton upologismì tou 𝑃 kai tou 𝑃−1.

Me b�sh ta ìsa anafèrjhkan parap�nw, met� apì pr�xeic, èqoume touc ex c pÐnakec
gia touc 𝑃 kai 𝑃−1.



121

𝑃 =

⎡⎢⎢⎢⎢⎣
1 𝜌

2𝑐
− 𝜌

2𝑐

𝑢 𝜌
2
[𝑢+𝑐

𝑐
] −𝜌

2
[𝑢−𝑐

𝑐
]

1
2
𝑢2 𝜌

2𝑐
[𝑢

2

2
+ 𝑢𝑐+ 𝑐2

𝛾−1
] − 𝜌

2𝑐
[𝑢

2

2
− 𝑢𝑐+ 𝑐2

𝛾−1
]

⎤⎥⎥⎥⎥⎦ (Bþ.6)

𝑃−1 =

⎡⎢⎢⎢⎢⎢⎢⎣
[1− 𝑢2(𝛾−1)

2𝑐2
] 𝑢(𝛾−1)

𝑐2
−𝛾−1

𝑐2

[
1
2
𝑢2(𝛾−1)

𝜌𝑐
− 𝑢𝑐

𝜌𝑐
] [ 𝑐

𝜌𝑐
− 𝑢(𝛾−1)

𝜌𝑐
] 𝛾−1

𝜌𝑐

−[
1
2
𝑢2(𝛾−1)

𝜌𝑐
+ 𝑢𝑐

𝜌𝑐
] [ 𝑐

𝜌𝑐
+ 𝑢(𝛾−1)

𝜌𝑐
] −𝛾−1

𝜌𝑐

⎤⎥⎥⎥⎥⎥⎥⎦ (Bþ.7)

'Eqontac pia gnwstoÔc touc parap�nw pÐnakec 𝑃 kai 𝑃−1, mporoÔn na upologistoÔn
oi pÐnakec 𝐴+ kai 𝐴− me b�sh tic sqèseic (Bþ.3) kai (Bþ.4) gia opoiod pote kìmbo  
mesìkombo tou 1−𝐷 plègmatoc.
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