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Kef�laio 1

Eisagwg 

1.1 Skopìc

Sthn ergasÐa aut  melet¸ntai mèjodoi autom�tou elègqou me skopì el�ttwsh

tou pl�touc kÐnhshc elastik� edrasmènou hlektrokinht ra. H kÐnhsh tou

hlektrokinht ra prokaleÐtai apì thn èkkentrh m�za tou peristrefìmenou

strofeÐou. H paradosiak  antimet¸pish enìc tètoiou probl matoc eÐnai h

zugost�jmish tou strofeÐou, proasart¸ntac m�zec se dÔo epilegmèna epÐpeda

tou �kamptou strofeÐou. Sthn paroÔsa ergasÐa ja meiwjeÐ to pl�toc thc

kÐnhshc ask¸ntac dun�mh sto sÔsthma tou st�th mèsw hlektromagnhtikoÔ

phnÐou (voice coil), pou ja diegeÐretai apì enisqut  odhgoÔmeno apì ènan

elegkt .

Gia to skopì autì qrhsimopoi jhkan dÔo tÔpoi elegkt¸n. O pr¸toc

elegkt c  tan ènac Brìqoc Kleid¸matoc F�shc (Phase - Locked Loop), o

opoÐoc par gage periodikì s ma, sugqronismèno se f�sh me thn tal�ntwsh

tou sust matoc. Pollaplasi�zontac to s ma autì me kat�llhlo arnhtikì

kèrdoc, ask jhke dÔnamh antÐjeth sth dÔnamh - aÐtio thc tal�ntwshc

(counterforce).

Sth deÔterh mèjodo qrhsimopoi jhke èlegqoc me montèlo prìbleyhc

(Model Predictive Control) . O elegkt c autìc, basizìmenoc sto aplousteumèno

mhqanikì isodÔnamo tou upì èlegqo sust matoc, epidroÔse sthn kÐnhsh tou

hlektrokinht ra. Me b�sh thn prìbleyh thc kÐnhshc, upolìgize mÐa akoloujÐa

tim¸n tou s matoc elègqou. To pr¸to stoiqeÐo aut c thc akoloujÐac
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efarmozìtan sth di�taxh kai o kÔkloc epanalambanìtan se k�je perÐodo

deigmatolhyÐac.

1.2 Episkìphsh bibliografÐac

O sqediasmìc kai h ulopoÐhsh hlektromagnhtik¸n epenerght¸n, ìpwc autìc

pou qrhsimopoi jhke se aut  thn ergasÐa èqei melethjeÐ apì touc M. Bai kai

K. Ou (2003). Sthn ergasÐa aut  parousi�zetai h montelopoÐhsh, parametrik 

anagn¸rish kai h diadikasÐa sqediasmoÔ enìc sust matoc energhtik c apìsbeshc

me voice coil.

Apì ton C. Olson (2002) èqei melethjeÐ h diadikasÐa sqediasmoÔ ki èqoun

sqediasteÐ algìrijmoi kai perib�llonta exomoÐwshc gia Active Noise and

Vibration Control gia thn autokinhtobiomhqanÐa, me skopì na elaqistopoihjoÔn

oi dun�meic pou metafèrontai sto s¸ma tou oq matoc.

AlgorÐjmouc anagn¸rishc diat�xewn pou upìkeintai se talant¸seic èqei

melet sei o J. N. Wang, sto biblÐo. EkeÐ parousi�zetai kai o algìrijmoc

ERA pou qrhsimopoi jhke sthn ergasÐa aut .

1.3 Peiramatik  di�taxh

H peiramatik  di�taxh apoteleÐtai apì ènan hlektrokinht ra me èna strofeÐo,

sta �kra tou opoÐou brÐskontai dÔo dÐskoi, p�nw stouc opoÐouc èqoun

topojethjeÐ antidiametrik� èkkentrec m�zec 5 gr. To sÔsthma eÐnai edrasmèno

se elastik� el�smata, ¸ste na mporeÐ na kineÐtai eleÔjera sto orizìntio

epÐpedo. Me th bo jeia enìc epitaqunsiomètrou, prosarmosmènou p�nw sth

di�taxh, metr�tai h metatìpish tou foreÐou sto epÐpedo autì.
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Sq ma 1.1: Prìoyh thc peiramatik c di�taxhc, ìpou diakrÐnontai ta epimèrouc

stoiqeÐa

Sq ma 1.2: Arister  pl�gia ìyh thc egkat�stashc
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Sq ma 1.3: Dexi� pl�gia ìyh thc egkat�stashc

Sq ma 1.4: K�toyh thc egkat�stashc me ton epenerght 
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Sq ma 1.5: K�toyh tou hlektrokinht ra

Sq ma 1.6: Pl�gia ìyh tou hlektrokinht ra
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Sq ma 1.7: Prìoyh tou hlektrokinht ra, edrasmènou se eÔkampta el�smata

Sta sq mata 1.1 èwc 1.7 faÐnetai h di�taxh, sthn opoÐa diakrÐnontai:

1. O epenerght c (voice coil)

2. Oi peristrefìmenoi dÐskoi me tic èkkentrec m�zec

3. To epitaqunsiìmetro

4. Ta elat ria thc èdrashc

Oi metr seic thc epit�qunshc me to epitaqunsiìmetro diex�gontai apì

mÐa k�rta sullog c dedomènwn (Data Acquisition Card), apojhkeÔontai

ston upologist  kai qrhsimopoioÔntai apì ton elegkt . Metr seic èqoun

prohgoumènwc qrhsimopoihjeÐ gia thn anagn¸rish tou sust matoc.
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1.3.1 Perib�llon ProgrammatismoÔ

Gia thn epikoinwnÐa tou upologist  me thn peiramatik  di�taxh qrhsimopoi jhke

perib�llon MATLAB kai eidikìtera h efarmog  xPC Target. Gia autì to

skopì qrhsimopoioÔme dÔo upologistèc:

• O kÔrioc upologist c (Host PC) ekkineÐtai me to kanonikì tou leitourgikì

sÔsthma kai perièqei to MATLAB, sto opoÐo ulopoioÔntai oi ek�stote

efarmogèc.

• O deutereÔwn upologist c - stìqoc (Target PC) qrhsimopoieÐ èna

leitourgikì sÔsthma pragmatikoÔ qrìnou, basismèno sto perib�llon

MATLAB. Autìc o upologist c sundèetai me thn egkat�stash, mèsw

thc k�rtac sullog c dedomènwn.

H efarmog  se Simulink metafr�zetai mèsw tou MATLAB se gl¸ssa C kai

mèsw topikoÔ diktÔou metafèretai ston deÔtero upologist . Me autì ton

trìpo, k�je for�, o upologist c autìc èqei th dunatìthta na ektelèsei mìno

th sugkekrimènh efarmog .

1.3.2 Epenerght c (Actuator)

O epenerght c thc di�tax c eÐnai ènac hlektromagnhtikìc epenerght c (voice

coil). O elegkt c upologÐzei èna s ma - entol  kai mèsw thc k�rtac sullog c

dedomènwn to stèlnei ston enisqut , o opoÐoc me th seir� tou odhgeÐ to phnÐo

tou hqeÐou, to opoÐo sundèetai me th di�taxh mèsw enìc embìlou (sq mata 1.8,

1.9).

1.3.3 Dunamik  tou sust matoc

To aÐtio enÐsqushc twn kradasm¸n pou parathroÔntai sthn peiramatik 

di�taxh eÐnai oi èkkentrec m�zec twn 5 gr pou èqoun topojethjeÐ stouc dÐskouc

tou strofeÐou, oi opoÐec san apotèlesma èqoun thn apìklish tou �xona

peristrof c apì ton kÔrio �xona adraneÐac tou s¸matoc [1][2]. Sto sq ma 1.10

blèpoume tic èkkentrec m�zec n topojethmènec se apìstash a = d
2 = 62.5mm

apì ton desmeumèno �xona peristrof c tou strofeÐou m�zac m. Sto shmeÐo S

brÐsketai to kèntro b�rouc tou s¸matoc. H topojèthsh twn maz¸n se aut�

ta shmeÐa, strèfei ton �xona peristrof c kat� gwnÐa θ.
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Sq ma 1.8: O epenerght c

Sq ma 1.9: SÔndesh epenerght  me th di�taxh
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Sq ma 1.10: StrofeÐo m�zac m me èkkentrec m�zec n

Oi kÔriec ropèc adraneÐac tou strofeÐou eÐnai I1 = I2 = 2.17kg · m2,

I3 = 0.539kg ·m2, to m koc L = 319mm. To strofeÐo èqei m�za m = 5.57kg.

Oi nèec ropèc adraneÐac gÔrw apì touc �xonec x1, x2, x3 met� apì

prìsjesh twn èkkentrwn maz¸n (sq ma 1.10) eÐnai

I ′1 = I1 + 2na2

I ′2 = I2 + 2n(
L

2
)2

I ′3 = I3 + 2na2

I ′23 = −2na
L

2
(1.1)

EÐnai

tan2θ =
2I ′23

I ′3 − I ′2
(1.2)

IsqÔei ìmwc ìti tan2θ ≈ 2θ, kai sunep¸c θ gÐnetai

θ =
I ′23

I ′3 − I ′2
(1.3)

ìpou

I ′3 − I ′2 = I3 − I2 + 2na2 − 2n
L2

4

= I3 − I2 + 2n(a2 − L2

4
) (1.4)

H posìthta 2n(a2 − L2

4 ) eÐnai t�xeic megèjouc mikrìterh apì th diafor�
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twn I2, I3. Sunep¸c, h gwnÐa θ eÐnai

θ =
2naL2
I2 − I3

(1.5)

=
2 · 10 · 0.0625 · 0.1595

2.17− 0.539

= 6.11 · 10−2rad = 3.502o

H exÐswsh 1.5 perigr�fei th strof  tou kÔriou �xona adraneÐac tou

strofeÐou met� apì prìsjesh èkkentrwn maz¸n n se apìstash a apì to

kèntro peristrof c tou strofeÐou, T .

Sq ma 1.11: Sunolikì sÔsthma st�th kai strofeÐou me epiballìmenh dÔnamh

elègqou F (t)

Sto sq ma 1.11 blèpoume èna aplousteumèno sq ma thc peiramatik c

di�taxhc, me tic èkkentrec m�zec n topojethmènec antidiametrik� sto strofeÐo,

sto opoÐo askeÐtai h dÔnamh F apì ton epenerght . To strofeÐo peristrèfetai

gÔrw apì ton �xona x3.

H dÔnamh pou kaleÐtai o elegkt c na ask sei eÐnai an�logh me thn

epit�qunsh thc gwnÐac peristrof c θ, h opoÐa metriètai me to epitaqunsiìmetro,

kai antistrìfwc an�logh me thn apìstash tou kèntrou peristrof c apì to
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epÐpedo dr�shc thc dÔnamhc F .

I1θ̈ = F · l⇒

F =
I1θ̈

l
(1.6)

1.3.4 EpÐdrash tou epenerght 

Sto strefìmeno �kampto strofeÐo epidr�, mèsw twn edr�nwn A, B tou

hlektrokinht ra, h dÔnamh F (t), pou askeÐtai sto s¸ma tou apì ton

hlektromagnhtikì epenerght . H periodik  dÔnamh F (t) metab�llei thn

apìstash tou kèntrou peristrof c tou fortÐou èdrashc tou hlektrokinht ra,

T , an�loga me to pl�toc thc, th suqnìtht� thc kai th diafor� f�shc thc

sqetik� me thn tal�ntwsh thc peristrofik c kÐnhshc tou foreÐou gÔrw apì

ton �xona x1. 'Otan h apìstash l eÐnai di�forh tou mhdenìc, to sÔsthma

kineÐtai se dÔo bajmoÔc eleujerÐac, ènan palindromikì sthn kateÔjunsh x2

kai ènan peristrofikì sthn kateÔjunsh x1. 'Otan h apìstash l mhdenisteÐ

kai to shmeÐo peristrof c T sumpèsei me to epÐpedo epenèrgeiac thc dÔnamhc

F (t) kai tautìqrona mhdenisteÐ to pl�toc thc kÐnhs c tou sthn kateÔjunsh

x2, tìte to sÔsthma kineÐtai se ènan bajmì eleujerÐac. O hlektrokinht rac

kineÐtai tìte diegeirìmenoc apì to èkkentro strofeÐo kai th dÔnamh F (t) gÔrw

apì ton �xona x1 me kèntro peristrof c to shmeÐo T , pou sumpÐptei me to

epÐpedo epÐdrashc thc dÔnamhc F (t).
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Kef�laio 2

'Elegqoc me Qr sh Phase -

Locked Loop (PLL)

2.1 Basikèc arqèc

O Brìqoc Kleid¸matoc F�shc (Phase - Locked Loop   PLL) [5],[6] eÐnai

ènac brìqoc elègqou, o opoÐoc par�gei, mèsw enìc talantwt , èna s ma

to opoÐo sugqronÐzetai, se suqnìthta kai f�sh, me to s ma eisìdou.

'Otan o sugqronismìc èqei epiteuqjeÐ, sth legìmenh {kleidwmènh} (locked)

kat�stash, to sf�lma f�shc metaxÔ thc eisìdou kai thc exìdou tou talantwt 

eÐnai mhdenikì,   paramènei stajerì. 'Enac tètoioc brìqoc apoteleÐtai apì trÐa

basik� stoiqeÐa:

• Ton talantwt  (Voltage Controlled Oscillator - VCO)

• Ton aniqneut  f�shc (Phase Detector - PD)

• To fÐltro (Loop Filter - LF)

To domikì di�gramma tou PLL faÐnetai sto sq ma 2.1. Ston brìqo tou PLL

emfanÐzontai ta ex c s mata:

- To s ma eisìdou   anafor�c u1(t)

- Thn gwniak  suqnìthta ω1 tou s matoc eisìdou

- To s ma sthn èxodo tou VCO, u2(t)
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Sq ma 2.1: Domikì di�gramma PLL

- Thn gwniak  suqnìthta ω2 tou s matoc exìdou

- To s ma sthn èxodo tou PD, ud(t)

- To s ma sthn èxodo tou fÐltrou, uf (t)

- To sf�lma f�shc θe, pou orÐzetai wc h diafor� f�shc metaxÔ twn

shm�twn u1(t) kai u2(t)

Sth sunèqeia, ja analujeÐ h leitourgÐa pou epiteleÐ kajèna apì ta stoiqeÐa

pou apartÐzoun to kÔklwma.

To VCO par�gei mia hmitonoeid  tal�ntwsh se suqnìthta ω2, thn opoÐa

kajorÐzei to s ma exìdou tou fÐltrou. H suqnìthta ω2 eÐnai

ω2(t) = ω0 +K0uf (t) (2.1)

ìpou ω0 eÐnai h kentrik  suqnìthta tou VCO kai K0 eÐnai to kèrdoc tou

talantwt  (VCO gain) se rad s−1V−1.

O aniqneut c f�shc sugkrÐnei th f�sh tou s matoc exìdou me th f�sh

tou s matoc eisìdou kai par�gei èna s ma exìdou ud(t), to opoÐo eÐnai kat�

prosèggish an�logo me to sf�lma f�shc θe:

ud(t) = Kdθe (2.2)

Ed¸, to Kd eÐnai to kèrdoc tou aniqneut , se mon�dec Volt/rad.

Sun jwc, h èxodoc tou PD apoteleÐtai apì mÐa DC kai mÐa, anepijÔmhth

sun jwc, AC sunist¸sa, h opoÐa exaleÐfetai apì to Loop Filter.

Analutikìterh parousÐash thc leitourgÐac kai majhmatik c perigraf c

twn tri¸n aut¸n stoiqeÐwn ja gÐnei parak�tw.
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Mia genik  perigraf  tou trìpou pou douleÔei o brìqoc eÐnai h ex c:

Upojètoume arqik� ìti to s ma eisìdou u1(t) èqei suqnìthta Ðsh me thn

kentrik  suqnìthta ω0 tou VCO. Se aut  thn perÐptwsh, kai an to sf�lma

f�shc θe eÐnai mhdenikì, h èxodoc ud tou PD kai kat� sunèpeia h èxodoc uf

tou fÐltrou eÐnai epÐshc mhdèn. Tìte to VCO leitourgeÐ sthn kentrik  tou

suqnìthta,.

Ac upojèsoume t¸ra ìti to θe eÐnai mh mhdenikì. Se aut  thn perÐptwsh,

o aniqneut c f�shc ja par�xei èna epÐshc mh mhdenikì s ma ud sthn èxodì

tou. Me k�poia qronik  ustèrhsh, to fÐltro ja d¸sei kai autì sthn èxodì

tou k�poio peperasmèno s ma uf . Autì ja odhg sei to VCO na all�xei th

suqnìthta leitourgÐac tou èwc ìtou to sf�lma na exaleifjeÐ.

An h suqnìthta tou s matoc eisìdou all�xei xafnik� kat� mÐa posìthta

∆ω, ja arqÐsei na dhmiourgeÐtai èna sf�lma θe. Autì ja odhg sei to PD

na d¸sei èna s ma sto LF, pou kai autì me th seir� tou ja odhg sei to

VCO na all�xei th suqnìthta leitourgÐac tou mèqri na apokt sei akrib¸c th

suqnìthta thc eisìdou, en¸ to telikì sf�lma f�shc mporeÐ na eÐnai mhdenikì

  na èqei k�poia peperasmènh tim .

2.2 ParousÐash twn domik¸n stoiqeÐwn tou

PLL

2.2.1 Aniqneut c f�shc

O aniqneut c f�shc eÐnai èna kÔklwma me thn ikanìthta na par�gei èna s ma

exìdou an�logo me th diafor� f�shc metaxÔ dÔo shm�twn sthn eÐsodo tou,

u1 kai u2. O pio aplìc aniqneut c f�shc eÐnai ènac aplìc pollaplasiast c,

en¸ me thn p�rodo tou qrìnou parousi�sthkan kai �lloi tÔpoi, ìpwc h pÔlh

EXOR kai to JK-flipflop. Autìc ìmwc pou dÐnei kalÔtera apotelèsmata stic

perissìterec peript¸seic, kai ja qrhsimopoihjeÐ kai sthn paroÔsa ergasÐa,

eÐnai o aniqneut c f�shc/suqnìthtac - Phase/Frequency Detector (PFD).

O tÔpoc autìc aniqneut  èqei mÐa basik  diafor� apì touc upìloipouc: to

s ma exìdou tou exart�tai ìqi mìno apì to sf�lma f�shc θe, all� kai apì to

sf�lma suqnìthtac ∆ω = ω1 − ω2, ìtan to PLL den èqei akìma {kleid¸sei}.

Aut  h ikanìthta tou PFD epitrèpei sto PLL na {kleid¸sei} akìmh kai se
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peript¸seic ìpou up�rqei meg�lh diafor� an�mesa stic suqnìthtec twn dÔo

shm�twn eisìdou.

H di�taxh tou PFD, ìpwc ulopoi jhke sto Simulink, faÐnetai sto sq ma

2.2. To s ma exìdou ermhneÔetai wc t�sh (Voltage output PFD).

Sq ma 2.2: Phase Frequency Detector

To kÔklwma PFD aniqneÔei tic metab�seic twn shm�twn eisìdou apì ta

jetik� proc ta arnhtik� (zero crossing technique) kai qrhsimopoieÐ trÐa logik�

epÐpeda, -1, 0 kai 1. 'Otan to s ma u1 pern�ei apì to mhdèn (me aut  th for�),

to kÔklwma anebaÐnei èna logikì epÐpedo. 'Otan pern�ei to u2, katebaÐnei

èna logikì epÐpedo. Autì faÐnetai kalÔtera sto di�gramma katast�sewn tou

sq matoc 2.3.

Sto sq ma 2.4 epideiknÔetai h leitourgÐa tou PFD. 'Eqoume mÐa hmitonoeid 

eÐsodo me suqnìthta 8 Hz, en¸ o talantwt c tou PLL èqei kentrik  suqnìthta

6 Hz kai epiprìsjeta èqei mia arqik  f�sh −π/3 rad . Blèpoume ìti met�

apì k�poio qronikì di�sthma ta dÔo s mata èqoun sugqronisteÐ. Akìmh,

blèpoume to s ma pou par�getai apì ton aniqneut  f�shc, to opoÐo èqei th

morf  orjogwnik¸n palm¸n. 'Otan ta s mata arqÐsoun na sugqronÐzontai, to

pl�toc twn palm¸n mei¸netai.
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Sq ma 2.3: Di�gramma katast�sewn PFD

Sq ma 2.4: AnÐqneush thc diafor�c f�shc apì to PFD
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ParathroÔme ìti ìso to s ma u1 prohgeÐtai, h èxodoc tou PFD kumaÐnetai

metaxÔ 0 kai 1. Sth sunèqeia, to s ma u2 aux�nei th suqnìtht� tou kai

arqÐzei na prohgeÐtai, el�qista, tou u1. Tìte, to s ma sthn èxodo tou PFD

kumaÐnetai metaxÔ -1 kai 0.

To PFD eklamb�nei mia tim  tou θe = 2π (  antÐstoiqa −2π) wc mhdenik .

Sunep¸c, h qarakthristik  tou eÐnai periodik  me perÐodo 2π. 'Otan to sf�lma

f�shc èqei tim  entìc tou diast matoc −2π < θe < 2π , to mèso s ma ud eÐnai

ud = Kdθe (2.3)

ìpou Kd eÐnai to kèrdoc tou aniqneut . Kaj¸c o aniqneut c ulopoieÐtai sto

Simulink, to kèrdoc den exart�tai apì thn t�sh twn logik¸n epipèdwn kai ja

dojeÐ exwterik�.

2.2.2 FÐltro Brìqou

Up�rqoun treic tÔpoi fÐltrwn brìqou (Loop Filters) pou mporoÔn na

qrhsimopoihjoÔn se èna kÔklwma PLL: Passive Lead - Lag filters, Active Lead

- Lag filters, Active PI filters. Sthn paroÔsa efarmog , all� kai genikìtera,

ìtan o aniqneut c f�shc eÐnai tÔpou PFD, qrhsimopoieÐtai Passive Lead - Lag

filter.

H sun�rthsh metafor�c enìc tètoiou fÐltrou pr¸thc t�xhc eÐnai

F (s) =
1 + sτ2

1 + s(τ1 + τ2)
, τ1, τ2 > 0 (2.4)

ìpou s eÐnai o telest c Laplace kai τ1, τ2 qronikèc stajerèc.

'Ena tètoio fÐltro onom�zetai Lead - Lag, giatÐ sundu�zei mia dr�sh

proporeuìmenhc f�shc (phase lead), pou proèrqetai apì ton arijmht , kai mia

dr�sh upoloipìmenhc f�shc (phase lag), pou proèrqetai apì ton paronomast 

thc sun�rthshc metafor�c. To sq ma 2.5 deÐqnei thn apìkrish enìc tètoiou

fÐltrou.

ParathroÔme ìti to Loop Filter èqei qarakthristik  fÐltrou qamhl c

dièleushc (lowpass filter).
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Sq ma 2.5: Apìkrish Lead Lag fÐltrou pr¸thc t�xhc

2.2.3 Talantwt c

O talantwt c tou kukl¸matoc (Voltage Controlled Oscillator - VCO) par�gei

èna s ma, h apìklish tou opoÐou apì thn kentrik  tou suqnìthta eÐnai an�logh

thc tim c tou s matoc elègqou uf (t):

ω2(t) = ω0 +K0uf (t) (2.5)

H exÐswsh (2.5) afor� mìno th suqnìthta thc exìdou. To s ma sthn èxodo

tou VCO eÐnai

u2(t) = A0 cos(2πf0t+ 2πK0

∫ t

0
uf (τ)dτ + ϕ) (2.6)

Se aut  th sqèsh f0 (  ω0) eÐnai h kentrik  suqnìthta tou talantwt , K0

to kèrdoc (pou kajorÐzei pìso ja apoklÐnei apì thn kentrik  suqnìthta), ϕ

eÐnai h arqik  f�sh, en¸ A0 eÐnai to pl�toc thc exìdou, par�metroc h opoÐa

sthn paroÔsa ergasÐa den èqei endiafèron kai jewreÐtai Ðsh me 1, kaj¸c to

kÔklwma ja qrhsimopoihjeÐ mìno me skopì na sugqronÐsei to s ma exìdou

tou me thn tal�ntwsh tou sust matoc.

27



2.3 An�lush dunamik c sumperifor�c PLL -

sunart seic metafor�c

2.3.1 Perigraf  sthn kat�stash kleid¸matoc

'Eqontac perigr�yei th dom  enìc sust matoc PLL, ja prèpei sth sunèqeia

na analujeÐ h dunamik  sumperifor� tou

An upotejeÐ ìti o brìqoc tou PLL èqei kleid¸sei kai ja meÐnei kleidwmènoc

gia k�poio qronikì di�sthma, mporoÔme na anaptÔxoume èna grammikì montèlo

gia to sÔsthma. Sto montèlo pou ja anaptuqjeÐ, ja qrhsimopoihjoÔn

sunart seic metafor�c f�shc, thc morf c

H(s) =
Θ2(s)
Θ1(s)

(2.7)

ìpou Θ1(s) kai Θ2(s) eÐnai oi metasqhmatismoÐ Laplace twn shm�twn f�shc

θ1(t) kai θ2(t) antÐstoiqa. Ta s mata f�shc prokÔptoun apì ta antÐstoiqa

s mata (t�seic) u1(t) kai u2(t), kai metafèroun plhroforÐa pou afor� mìno

stic f�seic θ1(t) kai θ2(t) twn shm�twn aut¸n, kai ìqi sto pl�toc   sth

suqnìtht� touc.

'Opwc faÐnetai kai sthn par�grafo 2.2.1, sthn kleidwmènh kat�stash, to

s ma ud sthn èxodo tou aniqneut  f�shc mporeÐ na proseggisteÐ wc

ud ≈ Kdθe (2.8)

Kat� sunèpeia, o aniqneut c mporeÐ na perigrafeÐ apì mÐa sun�rthsh

metafor�c mhdenik c t�xhc (èna aplì kèrdoc):

Ud(s)
Θe(s)

= Kd (2.9)

H sun�rthsh metafor�c tou Loop Filter pr¸thc t�xhc èqei  dh anaferjeÐ

(sqèsh (2.4)).

'Oson afor� sto VCO, h kuklik  suqnìthta thc exìdou tou eÐnai

ω2(t) = ω0 + ∆ω2(t) = ω0 +K0uf (t) (2.10)
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H parap�nw sqèsh anafèretai se suqnìthta. Oloklhr¸nontac ja

prokÔyei h antÐstoiqh èkfrash gia th f�sh tou VCO.

θ2(t) =
∫

∆ω2(t)dt = K0

∫
uf (t)dt (2.11)

Efarmìzontac to metasqhmatismì Laplace lamb�noume th sun�rthsh metafor�c

tou talantwt :
Θ2(s)
Uf (s)

=
K0

s
(2.12)

O talantwt c anaparist�tai apì ènan oloklhrwt .

Apì to domikì di�gramma tou brìqou (sq ma 2.1) upologÐzetai, sÔmfwna

me touc kanìnec thc �lgebrac diagramm�twn, h sun�rthsh metafor�c f�shc

kleistoÔ brìqou

H(s) =
Θ2(s)
Θ1(s)

=
K0KdF (s)

s+K0KdF (s)
(2.13)

Eis�gontac thn exÐswsh tou fÐltrou (2.4) sth sun�rthsh metafor�c

(2.13), prokÔptei

H(s) =

K0(1 + sτ2)
τ1 + τ2

s2 + s
1 +K0Kdτ2

τ1 + τ2
+

K0Kd

τ1 + τ2

(2.14)

'Opwc sunhjÐzetai, gr�foume ton paronomast  sthn kanonikopoihmènh tou

morf  s2 +2ζωns+ω2
n, ìpou ωn eÐnai h fusik  suqnìthta kai ζ o suntelest c

apìsbeshc.

Autì epitugq�netai me thn antikat�stash

ωn =
√

K0Kd

τ1 + τ2
, ζ =

ωn
2

(
τ2 +

1
K0Kd

)
(2.15)

Me aut  thn antikat�stash, h sun�rthsh metafor�c (2.14) paÐrnei th

morf 

H(s) =
sωn

(
2ζ − ωn

K0Kd

)
+ ω2

n

s2 + 2sζωn + ω2
n

(2.16)

Sthn parap�nw exÐswsh emfanÐzontai oi par�metroi ωn, ζ, kaj¸c kai to

ginìmeno K0Kd, to opoÐo onom�zetai kèrdoc brìqou (loop gain) kai oi

diast�seic tou eÐnai diast�seic kuklik c suqnìthtac (rad s−1).
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Stic perissìterec peript¸seic isqÔei ìti

K0Kd >> ωn (2.17)

Se aut  thn perÐptwsh lème ìti èqoume brìqo uyhloÔ kèrdouc(high - gain

loop) kai h (2.16) mporeÐ na proseggisteÐ me thn

H(s) =
2sζωn + ω2

n

s2 + 2sζωn + ω2
n

(2.18)

Sto sq ma 2.6 faÐnetai to di�gramma Bode thc sun�rthshc metafor�c

f�shc tou PLL gia di�forouc suntelestèc apìsbeshc ζ.

Sq ma 2.6: Di�gramma Bode thc sun�rthshc metafor�c f�shc

Apì to di�gramma pl�touc faÐnetai ìti to PLL èqei sumperifor� fÐltrou

qamhl c dièleushc (lowpass filter).

GÐnetai epÐshc faner  h shmasÐa tou suntelest  apìsbeshc sth dunamik 

sumperifor� tou brìqou. Gia mikrìterouc suntelestèc apìsbeshc, h apìkrish

parousi�zei talant¸seic. 'Oso mikrìteroc o suntelest c, tìso megalÔterh h

uperakìntish (overshoot). Gia suntelestèc megalÔterouc tou 1 h sun�rthsh

metafor�c gÐnetai polÔ epÐpedh kai h apìkrish polÔ arg . Stic perissìterec

efarmogèc, ènac suntelest c apìsbeshc ζ = 1√
2

= 0.707, pou antistoiqeÐ se

èna fÐltro Butterworth deÔterhc t�xhc, eÐnai h idanik  epilog .
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Qr simh gia thn an�lush thc dunamik c sumperifor�c tou brìqou eÐnai kai

h sun�rthsh metafor�c sf�lmatoc, h opoÐa susqetÐzei to sf�lma f�shc θe(t)

me th f�sh thc eisìdou θ1(t)

He(s) =
Θe(s)
Θ1(s)

(2.19)

EÐnai θe(t) = θ1(t) − θ2(t), sunep¸c Θe(s) = Θ1(s) − Θ2(s), kai h (2.19)

gÐnetai

He(s) =
Θ1(s)−Θ2(s)

Θ1(s)
= 1−H(s) (2.20)

kai telik� prokÔptei

He(s) =
s

s+K0KdF (s)
(2.21)

Upojètontac ìti isqÔei h sunj kh (2.17), èqoume telik� gia th sun�rthsh

metafor�c sf�lmatoc

He(s) =
s2

s2 + 2sζωn + ω2
n

(2.22)

2.3.2 Metabatik  apìkrish sthn kat�stash kleid¸matoc

GnwrÐzontac thn sun�rthsh metafor�c H(s) kai th sun�rthsh metafor�c

sf�lmatoc He(s), mporoÔme na exet�soume thn apìkrish tou PLL se k�poiec

apì tic pio shmantikèc morfèc diègershc.

Bhmatik  metabol  f�shc

Sto sq ma 2.7 faÐnetai èna s ma, h f�sh tou opoÐou pragmatopoieÐ mia

bhmatik  metabol  th qronik  stigm  t = 0. To s ma f�shc se aut  thn

perÐptwsh eÐnai mia bhmatik  sun�rthsh

θ1(t) = ustep(t) ·∆Φ (2.23)

ìpou ustep(t) eÐnai h (monadiaÐa) bhmatik  sun�rthsh kai ∆Φ to mègejoc tou

b matoc.

H metasqhmatismènh kat� Laplace sqèsh eÐnai

Θ1(s) =
∆Φ
s

(2.24)
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Sq ma 2.7: S ma me bhmatik  metabol  f�shc

To sf�lma f�shc eÐnai

Θe(s) = He(s)Θ1(s) = He(s)
∆Φ
s

(2.25)

Sundu�zontac thn (2.25) me thn (2.21) prokÔptei gia to sf�lma

Θe(s) =
∆Φ
s

s2

s2 + 2sζωn + ω2
n

(2.26)

Efarmìzontac to je¸rhma telik c tim c tou metasqhmatismoÔ Laplace

prokÔptei ìti, gia t→∞, to sf�lma f�shc θe(∞) teÐnei sto mhdèn.

θe(∞) = lim
s→0

sΘe(s) = 0 (2.27)

Bhmatik  metabol  suqnìthtac

Sto sq ma 2.8 faÐnetai èna sq ma tou opoÐou h suqnìthta ufÐstatai bhmatik 

metabol  kat� ∆ω th qronik  stigm  t = 0.

Se aut  thn perÐptwsh, h gwniak  suqnìthta tou s matoc anafor�c

gÐnetai

ω1(t) = ω0 + ∆ωu(t) (2.28)
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Sq ma 2.8: S ma me bhmatik  metabol  suqnìthtac

Oloklhr¸nontac, paÐrnoume to antÐstoiqo s ma f�shc

θ1(t) = ∆ω · t (2.29)

O metasqhmatismìc Laplace dÐnei

Θ1(s) =
∆ω
s2

(2.30)

Efarmìzontac xan� to je¸rhma telik c tim c prokÔptei ìti to sf�lma teÐnei

sto mhdèn ìtan t → ∞, mìno ìmwc sthn perÐptwsh brìqou uyhloÔ kèrdouc.

An aut  h proôpìjesh den isqÔei, ston arijmht  thc (2.30) up�rqei ènac

epiprìsjetoc prwtob�jmioc ìroc, kai tìte θe(∞) 6= 0.

Metabol  suqnìthtac me stajerì rujmì

Se aut  thn perÐptwsh h suqnìthta sthn eÐsodo tou brìqou eÐnai

ω1(t) = ω0 + ∆ω̇ · t (2.31)

ìpou ∆ω̇ o rujmìc metabol c thc suqnìthtac. BrÐskoume thn antÐstoiqh

sqèsh gia th f�sh oloklhr¸nontac:
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Sq ma 2.9: Metabol  suqnìthtac me stajerì rujmì

θ1(t) = ∆ω̇
t2

2
(2.32)

O metasqhmatismìc Laplace eÐnai

Θ1(s) =
∆ω̇
s3

(2.33)

Se brìqo uyhloÔ kèrdouc, me to je¸rhma telik c tim c brÐskoume ton

telikì sf�lma f�shc

θe(∞) = lim
s→0

sHe(s)Θ1(s) =
∆ω̇
ω2
n

(2.34)

To grammikì montèlo isqÔei mìno gia mikrèc timèc tou sf�lmatoc. Gia

meg�lec apoklÐseic h parap�nw exÐswsh dÐnei sthn pragmatikìthta

θe(∞) = sin
∆ω̇
ω2
n

(2.35)

Kaj¸c to hmÐtono den mporeÐ na xeper�sei th mon�da, o mègistoc rujmìc

metabol c pou den ja k�nei to brìqo na {xekleid¸sei} eÐnai

∆ω̇max = ω2
n (2.36)
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H exÐswsh (2.36) dÐnei èna jewrhtikì ìrio to opoÐo den mporeÐ na epiteuqjeÐ

sthn pragmatikìthta. MÐa pio realistik  prosèggish eÐnai

∆ω̇max =
ω2
n

2
(2.37)

2.3.3 Sf�lma mìnimhc kat�stashc

To sf�lma mìnimhc kat�stashc (Steady State Error) èqei shmantik  epÐdrash

se k�je upì èlegqo sÔsthma. OrÐzetai wc h apìklish thc elegqìmenhc

metablht c apì thn epijumht  tim , ìtan èqei aposbesteÐ h metabatik 

apìkrish kai to sÔsthma brÐsketai se hremÐa. Sthn perÐptwsh enìc sust matoc

PLL, to sf�lma mìnimhc kat�stashc eÐnai to θe(∞).

Gia na upologisteÐ to sf�lma mìnimhc kat�stashc ja qrhsimopoihjeÐ h

(2.21) kai to je¸rhma telik c tim c.

θe(∞) = lim
s→0

sΘ(s)
s

s+K0KdF (s)
(2.38)

Qrhsimopoi¸ntac mia genik  èkfrash gia th sun�rthsh metafor�c tou

fÐltrou, F (s)

F (s) =
P (s)

Q(s)sM
(2.39)

ìpou P (s) kai Q(s) eÐnai polu¸numa tou s kai M o arijmìc pìlwn sto s = 0

(stic perissìterec peript¸seic M = 0), prokÔptei h exÐswsh gia to sf�lma

mìnimhc kat�stashc

θe(∞) = lim
s→0

s2sMQ(s)Θ1(s)
s · sMQ(s) +K0KdP (s)

(2.40)

To sf�lma θe(∞) èqei upologisteÐ stic enìthtec 2.3.2 kai 2.3.2 gia touc

sugkekrimènouc tÔpouc diègershc.

2.3.4 Sumperifor� tou brìqou se mh-kleidwmènh kat�stash

H grammik  prosèggish pou anaptÔqjhke parap�nw isqÔei mìno ìtan o brìqoc

eÐnai {kleidwmènoc}. Sthn mh-kleidwmènh kat�stash h sumperifor� eÐnai

entel¸c mh - grammik  kai de ja analujeÐ se b�joc. Ta erwt mata pou prèpei

na apanthjoÔn se aut  thn perÐptwsh eÐnai ta ex c:

• K�tw apì poiec sunj kec o brìqoc ja {kleid¸sei}
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• Pìsoc qrìnoc ja qreiasteÐ gia na epiteuqjeÐ to {kleÐdwma}

• K�tw apì poiec sunj kec to {kleÐdwma} ja qajeÐ

Sto teleutaÐo er¸thma èqei  dh dojeÐ mia ap�nthsh, apì tic sqèseic

(2.36), (2.37). Mia perigraf  gia th sumperifor� tou brìqou sthn mh-

kleidwmènh kat�stash dÐnoun oi ex c par�metroi, oi opoÐec eÐnai qr simec

kai sth diadikasÐa sqediasmoÔ enìc tètoiou sust matoc elègqou: To EÔroc

Kleid¸matoc (Lock Range), ∆ωL kai o Qrìnoc Kleid¸matoc (Lock Time), TL.

EÔroc Kleid¸matoc: H par�metroc aut  upodhl¸nei to eÔroc twn

suqnot twn, mèsa sto opoÐo o brìqoc ja epitÔqei �mesa to kleÐdwma, kai

se genikèc grammèc antistoiqeÐ kai sto eÔroc leitourgÐac tou sust matoc.

Sth sun jh perÐptwsh, sto mèso tou eÔrouc brÐsketai h kentrik  suqnìthta

tou VCO, ω0 (bl. enìthta 2.2.3). Ston tÔpo PLL pou exet�zetai, dhlad 

se brìqouc me aniqneut  f�shc tÔpou PFD, to eÔroc kleid¸matoc mporeÐ na

proseggisteÐ apì th sqèsh

∆ωL ≈ 4πζωn (2.41)

Qrìnoc Kleid¸matoc: Upodhl¸nei to qronikì di�sthma to opoÐo prèpei

na parèljei mèqri o brìqoc na kleid¸sei. Kat� th diadikasÐa tou kleid¸matoc,

ta s mata ud kai uf pragmatopoioÔn tal�ntwsh suqnìthtac ωn. H tal�ntwsh

aut  aposbènetai met� apì thn p�rodo perÐpou mÐac periìdou. Sunep¸c,

mporoÔme na proseggÐsoume to qrìno kleid¸matoc me th sqèsh

TL ≈
2π
ωn

(2.42)

2.4 Peiramatik  efarmog  - Apotelèsmata

H idèa thc qr shc tou PLL sthn paroÔsa ergasÐa basÐzetai sthn skèyh

na efarmosteÐ dÔnamh antÐjeth sth dÔnamh-aÐtio thc tal�ntwshc. 'Etsi,

qrhsimopoi jhke to PLL gia na par�xei èna hmitonoeidèc s ma sugqronismèno

me th suqnìthta kai f�sh thc tal�ntwshc. To s ma autì sth sunèqeia

pollaplasi�sthke me to kat�llhlo (arnhtikì) kèrdoc, ¸ste o epenerght c

na ask sei thn epijumht  antÐjeth proc thn tal�ntwsh dÔnamh.
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Pio analutik�, h diadikasÐa eÐqe wc ex c: To strofeÐo peristrefìtan

se gnwst  suqnìthta, entìc tou eÔrouc kleid¸matoc tou PLL. An�mesa

sthn k�rta sullog c dedomènwn kai ton epenerght  eÐqame paremb�lei ènan

diakìpth. Me thn ekkÐnhsh thc efarmog c, o diakìpthc parèmene anoiktìc,

gia to qronikì di�sthma, to opoÐo qreiazìtan o brìqoc gia na kleid¸sei

(TL). Mèsa stìn qrìno autì, to PLL kat�ferne na sugqronÐsei to s ma

thc exìdou tou me to s ma thc eisìdou tou (th mètrhsh thc tal�ntwshc apì

to epitaqunsiìmetro). Sth sunèqeia o diakìpthc èkleine kai to s ma elègqou

efarmozìtan sth di�taxh.

Sto sq ma 2.10 blèpoume to di�gramma ro c thc diadikasÐac, ìpwc

ulopoi jhke sto Simulink. O upologist c, mèsw thc k�rtac sullog c

dedomènwn, diab�zei th mètrhsh tou epitaqusiomètrou kai thn oloklhr¸nei

dÔo forèc, prokeimènou n� èqoume mètrhsh metatìpishc. 'Ena yhfiakì fÐltro

qrhsimopoieÐtai gia na apomakrÔnei to jìrubo kai thn olÐsjhsh apì to s ma.

To s ma sth sunèqeia odhgeÐtai sthn eÐsodo tou PLL. O talantwt c tou

brìqou par�gei to s ma tou, sugqronismèno me autì thc eisìdou, to opoÐo,

pollaplasiasmèno me to arnhtikì kèrdoc, odhgeÐtai sto kan�li exìdou thc

k�rtac kai apostèlletai ston epenerght .

Sq ma 2.10: Di�gramma ro c

H perÐodoc deigmatolhyÐac pou qrhsimopoi jhke sto sugkekrimèno peÐrama

 tan Ts = 0.001 sec.

2.4.1 Sqediasmìc tou elegkt 

H diadikasÐa sqediasmoÔ tou elegkt  eÐnai sthn ousÐa mÐa diadikasÐa epilog c

kai upologismoÔ k�poiwn paramètrwn. H diadikasÐa xekin� epilègontac to

suntelest  apìsbeshc ζ kai to eÔroc leitourgÐac tou brìqou. Epilègoume

dhlad  th mègisth kai el�qisth suqnìthta sthn opoÐa ja leitourg sei, ωmax

kai ωmin. An den suntrèqei k�poioc eidikìc lìgoc, epilègetai ζ = 0.707.
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Wc kentrik  suqnìthta tou VCO epilègetai to mèso tou diast matoc [ωmax,

ωmin], ω0 = ωmax−ωmin
2 . Sth sunèqeia, mporoÔme na orÐsoume to qrìno

kleid¸matoc TL, kaj¸c kai th fusik  suqnìthta, ωn. Me b�sh aut  thn

tim , mporoÔme na upologÐsoume to eÔroc kleid¸matoc tou brìqou, sÔmfwna

me th sqèsh (2.41). Epilègontac sth sunèqeia kai tic timèc twn K0, Kd (to

K0 eÐnai èna mètro thc {euaisjhsÐac} tou talantwt  kai epilègetai me autì to

krit rio), upologÐzoume to τ2 kai to �jroisma τ1 + τ2 apì thn sqèsh (2.15).

Analutikìtera, qrhsimopoi jhke o ex c algìrijmoc: Wc eÐsodoi dÐnontai

ta K0, Kd, ωmax, ωmin, ζ, TL. Sth sunèqeia, upologÐzetai to ∆ω = ωmax −
ωmin kai oi dÔo {upoy fiec} timèc thc fusik c suqnìthtac: ωn1 = ∆ω

4πζ kai

ωn2 = 2π
TL
. H megalÔterh apì tic dÔo epilègetai wc fusik  suqnìthta ωn.

Me b�sh aut  thn tim , upologÐzontai ta τ2 kai τ1 + τ2 sÔmfwna me thn

sqèsh (2.15). An epilegeÐ to ωn1 wc fusik  suqnìthta, epanaprosdiorÐzetai

o qrìnoc kleid¸matoc TL qrhsimopoi¸ntac th sqèsh 2.42. An epilegeÐ to ωn2,

epanaprosdiorÐzetai to ∆ω = ∆ωL me b�sh th sqèsh (2.41).

Met� tic aparaÐthtec dokimèc, epilèxame qrìno kleid¸matoc TL = 2 sec,

ζ = 0.707, K0 = 10, Kd = 1, ω0 = 13 · 2π rad/sec, me b�sh thn ektÐmhsh gia

tic sunj kec leitourgÐac, ωmax = 14 · 2π rad/sec kai ωmin = 12 · 2π rad/sec.

H fusik  suqnìthta tou brìqou proèkuye ωn ≈ 2.57 rad/sec. ParathroÔme

ìti h fusik  suqnìthta eÐnai diaforetikì mègejoc apì th suqnìthta ω0   apì

tic ωmax, ωmin kai den ja prèpei na sugqèetai me autèc.

2.4.2 Apotelèsmata

Qrhsimopoi¸ntac tic upologisjeÐsec timèc twn paramètrwn tou brìqou kai thn

arq  leitourgÐac pou perigr�fhke sthn eisagwg  thc enìthtac, efarmìsthke

kai peiramatik� o brìqoc elègqou sth di�taxh.

Arqik� ègine mia dokim  me to diakìpth mìnima anoiqtì, gia na elegqjeÐ

kat� pìson to PLL katafèrnei na akolouj sei th f�sh tou s matoc

anafor�c. Sto sq ma 2.11 blèpoume ìti o brìqoc katafèrnei na suntonisteÐ

me to s ma anafor�c me epituqÐa.

Sth sunèqeia dokim�sthke to sÔsthma me to brìqo kleistì. Sto sq ma

2.12 blèpoume èna stigmiìtupo apì to apotèlesma thc dokim c (sÔgkrish

twn metr sewn me anoiktì kai kleistì brìqo). To stigmiìtupo autì
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Sq ma 2.11: SÔgkrish s matoc anafor�c - s matoc tou VCO

Sq ma 2.12: Apotèlesma elègqou me PLL

eÐnai qarakthristikì thc sumperifor�c tou sust matoc se ìlh th di�rkeia

thc leitourgÐac tou. O brìqoc elègqou dhmiourgeÐ mÐa kumatomorf  me

metaballìmeno pl�toc, to opoÐo eÐnai sth megalÔterh di�rkei� tou mikrìtero

apì ta ìria pou orÐzei h tal�ntwsh tou eleÔjerou sust matoc.

KalÔtera mporoÔme na ektim soume aut  th beltÐwsh parathr¸ntac

to mètro tou metasqhmatismoÔ Fourier (sq ma 2.13). O metasqhmatismìc

thc tal�ntwshc tou eleÔjerou sust matoc èqei mia koruf  sth suqnìthta

peristrof c. O metasqhmatismìc twn metr sewn me ton elegkt  se leitourgÐa,
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deÐqnei ìti to Ôyoc aut c thc koruf c èqei meiwjeÐ, èqei eisaqjeÐ ìmwc mÐa

qamhlìterh koruf  se pio mikr  suqnìthta, lìgw thc nèac morf c pou paÐrnei

h apìkrish.

Sq ma 2.13: SÔgkrish sto pedÐo thc suqnìthtac
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2.4.3 Sumper�smata

Apotim¸ntac ta apotelèsmata twn dokim¸n, sumperaÐnoume ìti o brìqoc PLL

katafèrnei na mei¸sei mèqri èna shmeÐo to mèso pl�toc twn talant¸sewn,

dhmiourg¸ntac mÐa kumatomorf  pou sth megalÔterh di�rkei� thc perikleÐetai

apì ta ìria pou orÐzei h tal�ntwsh tou eleÔjerou sust matoc, qwrÐc ìmwc

h beltÐwsh thc sumperifor�c na eÐnai jeamatik . Se autì rìlo sÐgoura

paÐzoun tìso h ustèrhsh pou eis�gei to fÐltro (ìso kai an ègine prosp�jeia

na elaqistopoihjeÐ, eÐnai anapìfeukth), ìso kai h ustèrhsh pou eis�gei to

uposÔsthma tou epenerght , me apotèlesma o sugqronismìc na mhn eÐnai

apìlutoc.
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Kef�laio 3

Anagn¸rish tou

Sust matoc

3.1 Eisagwg 

Gia to sqediasmì tou elegkt  MPC ja qreiasteÐ èna majhmatikì montèlo,

to opoÐo ja problèpei thn apìkrish tou sust matoc se gnwst  eÐsodo,

en prokeimènw to s ma elègqou. H exagwg  autoÔ tou montèlou me

b�sh tic fusikèc idiìthtec tou sust matoc ja  tan arket� qronobìra kai

perÐplokh, en¸ ja katèlhge se montèlo polÔ meg�lhc t�xhc, kai pijanìtata

periorismènhc akrÐbeiac. O basikìc lìgoc gia autì eÐnai ìti an�mesa ston

elegkt  (upologist c) kai sto axonikì sÔsthma paremb�llontai akìmh h

k�rta sullog c dedomènwn, ta aisjht ria, o enisqut c kai o epenerght c

(Voice Coil), kaj¸c kai to fÐltro, stoiqeÐa thc egkat�stashc ta opoÐa

aux�noun thn poluplokìtht� thc, kai gia ta opoÐa den èqoume gia ìla pl rh

gn¸sh. Mia l�joc ektÐmhsh se k�poia apì tic paramètrouc ja mporoÔse na

epifèrei meg�lh apìklish tou montèlou apì thn pragmatikìthta. Gia autoÔc

touc lìgouc, kai kajìti skopìc den eÐnai h melèth twn fusik¸n idiot twn

tou sust matoc, all� h exagwg  enìc montèlou ikanopoihtik c akrÐbeiac, ja

pragmatopoihjeÐ anagn¸rish tou sust matoc (System Identification) [11].

Me ton ìro anagn¸rish perigr�fetai h diadikasÐa an�ptuxhc (  beltÐwshc)

miac majhmatik c anapar�stashc enìc fusikoÔ sust matoc, me b�sh peiramatik�

dedomèna. EÐnai dunatìn na exaqjeÐ montèlo akìma kai qwrÐc na èqoume
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kamÐa gn¸sh gia tic fusikèc idiìthtec enìc sust matoc. Sthn paroÔsa

ergasÐa h anagn¸rish ja gÐnei me sunduasmì dÔo mejìdwn anagn¸rishc. Ja

qrhsimopoihjeÐ o algìrijmoc ERA (Eigensystem Realization Algorithm), o

opoÐoc ex�gei èna montèlo tou sust matoc sto q¸ro katast�sewn, basizìmenoc

stic paramètrouc Markov. Gia thn eÔresh aut¸n twn paramètrwn qrhsimopoi jhke

anagn¸rish Kalman me parathrht  kat�stashc (Observer Kalman Identification

- OKID) [9].

3.2 MejodologÐa gia thn anagn¸rish tou sust matoc,

Algìrijmoc ERA, EÔresh twn paramètrwn

Markov me th mèjodo OKID

3.2.1 JewrÐa PragmatopoÐhshc Susthm�twn (System Realization

Theory) - basikèc arqèc

'Ena sÔsthma diakritoÔ qrìnou, anaparist�tai sto q¸ro kat�stashc wc ex c

x(k + 1) = Ax(k) +Bu(k) (3.1)

y(k) = Cx(k) +Du(k) (3.2)

ìpou u(k) eÐnai to di�nusma twn eisìdwn tou sust matoc, y(k) to di�nusma

twn exìdwn kai x(k) to di�nusma katast�sewn. Jètontac ui(0) = 1 kai

ui(k) = 0(k = 1, 2, ...), gia k�je stoiqeÐo thc eisìdou, stic (3.1) kai (3.2),

paÐrnoume thn akoloujÐa thc kroustik c apìkrishc Y :

Y0 = D, Y1 = CB, Y2 = CAB, ..., Yk = CA(k−1)B (3.3)

Ta stoiqeÐa Yi thc akoloujÐac onom�zontai par�metroi Markov tou sust matoc.

O upologismìc touc apì ta peiramatik� stoiqeÐa ja anaptuqjeÐ argìtera.

Oi par�metroi autèc eÐnai h b�sh gia thn kataskeu  tou montèlou diakritoÔ

qrìnou, pou anaparist�tai apì touc pÐnakec A,B,C kai D. Kajìti D = Y0,

arkeÐ na upologistoÔn mìno oi A,B,C.

PragmatopoÐhsh eÐnai o upologismìc miac tri�dac [A,B,C] apì tic

paramètrouc Markov thc sqèshc (3.3), pou na ikanopoieÐ to montèlo (3.1),

(3.2). To k�je sÔsthma èqei �peiro arijmì pragmatopoi sewn pou dÐnoun
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thn Ðdia akrib¸c apìkrish gia opoiad pote eÐsodo. El�qisth pragmatopoÐhsh

shmaÐnei ìti to montèlo èqei th mikrìterh dunat  di�stash. 'Olec oi el�qistec

pragmatopoi seic èqoun to Ðdio sÔnolo idiotim¸n.

An m eÐnai o arijmìc twn exìdwn, kai r o arijmìc twn eisìdwn, h

pragmatopoÐhsh susthm�twn èqei wc b�sh ton αm × βr pÐnaka Hankel twn

paramètrwn Markov.

H(k − 1) =


Yk Yk+1 . . . Yk+β−1

Yk+1 Yk+2 . . . Yk+β

...
...

. . .
...

Yk+α−1 Yk+α . . . Yk+α+β−2

 (3.4)

Gia k = 1 prokÔptei

H(0) =


Y1 Y2 . . . Yβ

Y2 Y3 . . . Y1+β

...
...

. . .
...

Yα Y1+α . . . Yα+β−1

 (3.5)

ParathroÔme ìti to Y0 = D den sumperilamb�netai ston pÐnaka H(0). Gia

α ≥ n kai β ≥ n, ìpou n h t�xh tou sust matoc, o pÐnakac H(k − 1) eÐnai

bajmoÔ n.

3.2.2 O Algìrijmoc PragmatopoÐhshc Idiosust matoc

(Eigensystem Realization Algorithm - ERA)

O pÐnakac Hankel tou sust matoc mporeÐ na ekfrasteÐ wc

H(k − 1) =
[
Ysi+k+tj

]
; Ysi+k+tj = CjAsi+k−1+tjBi (3.6)

ìpou s0 = t0 = 0, si, tj akèraioi. Gia i = j = 0, Yk = CAk−1B.

H sqèsh (3.6) mporeÐ na grafeÐ wc

H(k − 1) = PαAkQβ (3.7)
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ìpou Pα,Qβ eÐnai genikeumènoi pÐnakec parathrhsimìthtac kai elegximìthtac:

Pα =


C

C1As1

...

CαAsα

 (3.8)

Qβ =
[
B At1B1 . . . AtβBβ

]
(3.9)

Apì thn (3.7) eÔkola prokÔptei ìti, gia k = 0, H(0) = PαQβ .

'Estw ìti up�rqei pÐnakac H† pou ikanopoieÐ thn exÐswsh

QβH†Pα = In (3.10)

ìpou In monadiaÐoc pÐnakac n× n.
O pÐnakac H† eÐnai yeudoantÐstrofoc tou H(0):

H(0)H†H(0) = PαQβH†PαQβ = PαQβ = H(0) (3.11)

H diadikasÐa tou ERA xekin� me thn paragontopoÐhsh tou pÐnaka (3.6)

gia k = 1, efarmìzontac thn Di�spash Idiazous¸n Tim¸n (Singular Value

Decomposition):

H(0) = RΣST (3.12)

ìpou oi st lec twn R, S eÐnai orjokanonikèc, kai o Σ eÐnai

Σ =

[
Σn 0

0 0

]
(3.13)

me Σn = diag[σ1, σ2, . . . , σi, σi+1, . . . , σn] kai

σ1 ≥ σ2 ≥ . . . ≥ σi ≥ σi+1 ≥ . . . ≥ σn ≥ 0.

Qrhsimopoi¸ntac tic pr¸tec n st lec twn R kai S, prokÔptoun oi pÐnakec

Rn kai Sn antÐstoiqa. Apì thn (3.12) prokÔptei

H(0) = RnΣnST
n (3.14)

ìpou RT
n Rn = In = ST

n Sn. Se sunduasmì me thn (3.11) prokÔptei gia ton

pÐnaka H(0):

H† = SnΣ−1
n RT

n (3.15)
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Apì tic (3.7) gia k = 0 kai (3.14) eÐnai fanerì ìti o pÐnakac Pα sqetÐzetai

me ton Rn kai o pÐnakac Qβ me ton ST
n . MÐa epilog  eÐnai Pα = RnΣ1/2

n kai

Qβ = Σ1/2
n ST

n .

Gia k = 1, apì thn sqèsh (3.7) prokÔptei

H(1) = PαAQβ = RnΣ1/2
n AΣ1/2

n ST
n (3.16)

MÐa profan c lÔsh wc proc ton pÐnaka A eÐnai

A = Σ−1/2
n RT

n H(1)SnΣ−1/2
n

An orÐsoume wc ET
m =

[
Im Om . . . Om

]
kai ET

r =
[
Ir Or . . . Or

]
,

ìpou m eÐnai o arijmìc twn eisìdwn, r o arijmìc twn exìdwn, kai Ii monadiaÐoc

pÐnakac t�xhc i, Oi mhdenikìc pÐnakac t�xhc i, apodeiknÔetai ìti:

Yk = ET
mRnΣ1/2

n [Σ−1/2
n RT

n H(1)SnΣ−1/2
n ]k−1Σ1/2

n ST
n Er (3.17)

Apì thn parap�nw sqèsh, eÔkola prokÔptei h èkfrash gia touc pÐnakec

pragmatopoÐhshc tou sust matoc:

Â = Σ−1/2
n RnH(1)SnΣ−1/2

n , B̂ = Σ1/2
n ST

n Er, Ĉ = ET
mRnΣ1/2

(3.18)

H parap�nw tri�da sunist� mÐa el�qisth pragmatopoÐhsh. To sÔmbolo ˆ

upodhl¸nei ìti oi parap�nw pÐnakec den eÐnai oi pÐnakec tou pragmatikoÔ

sust matoc, all� mÐa ektÐmhsh aut¸n. H t�xh tou pÐnaka A eÐnai n, h opoÐa

eÐnai kai h t�xh tou sust matoc.

3.2.3 Anagn¸rish Kalman me parathrht  kat�stashc

Pollèc mèjodoi anagn¸rishc susthm�twn sto q¸ro kat�stashc, ìpwc h

ERA pou perigr�fhke parap�nw, basÐzontai sthn akoloujÐa thc kroustik c

apìkrishc tou sust matoc,   alli¸c stic paramètrouc Markov. Oi pio

�mesec mèjodoi gia na upologistoÔn autèc oi par�metroi eÐnai dÔo: Na gÐnei

metasqhmatismìc Fourier stic akoloujÐec eisìdou kai exìdou (metr sewn) pou

proèkuyan kat� to peÐrama anagn¸rishc gia ton upologismì thc apìkrishc

suqnìthtac tou sust matoc kai sth sunèqeia mèsw tou antÐstrofou metasqhmatismoÔ

na upologisteÐ h zhtoÔmenh akoloujÐa tim¸n. H deÔterh teqnik  perilamb�nei

thn epÐlush kateujeÐan sto pedÐo tou qrìnou. To basikì ìmwc meionèkthma
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kai twn dÔo aut¸n mejìdwn eÐnai ìti perilamb�nei thn antistrof  tou pÐnaka

twn eisìdwn, o opoÐoc mporeÐ na eÐnai polÔ meg�lwn diast�sewn, idÐwc gia

sust mata me qamhl  apoìsbesh.

AntÐ loipìn na anagnwristoÔn oi par�metroi Markov tou Ðdiou tou

sust matoc, oi opoÐec mporeÐ na parousi�zoun polÔ arg  sÔgklish, qrhsimopoi¸ntac

ènan eustaj  parathrht  kat�stashc mporoÔme na sumpièsoume ta dedomèna

kai na aux soume, teqnht�, thn apìsbesh tou sust matoc kai na belti¸soume

telik� ta apotelèsmata thc diadikasÐac thc anagn¸rishc.

Parathrhtèc Kat�stashc - Basik  exÐswsh

'Estw to sÔsthma diakritoÔ qrìnou pou perigr�fetai apì tic exis¸seic sto

q¸ro kat�stashc:

x(k + 1) = Ax(k) +Bu(k) (3.19)

y(k) = Cx(k) +Du(k) (3.20)

ìpou x(k) eÐnai di�nusma n × 1 (di�nusma katast�sewn), to y(k) di�nusma

m× 1 (di�nusma exìdwn) kai to u(k) r× 1 (di�nusma eisìdwn). Upojètontac

mhdenikèc arqikèc sunj kec, kai gia k = 0, 1, 2, . . . , l− 1 prokÔptoun oi timèc

tou y(k):

x(0) = 0

y(0) = Du(0)

x(1) = Bu(0)

y(1) = CBu(0) +Du(1)

x(2) = ABu(0) +Bu(1)

y(2) = CABu(0) + CBu(1) +Du(2)
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...

x(l − 1) =
l−1∑
i=1

Al−1Bu(l − 1− i)

y(l − 1) =
l−1∑
i=1

CAl−1Bu(l − 1− i) +Du(l − 1)

Sugkentr¸nontac tic parap�nw sqèseic se morf  pin�kwn prokÔptei

y[m×l] = Y[m×rl]U[rl×l] (3.21)

ìpou eÐnai

y =
[
y(0) y(1) y(2) . . . y(l − 1)

]
Y =

[
D CB CAB . . . CAl−2B

]

U =



u(0) u(1) u(2) . . . u(l − 1)

u(0) u(1) . . . u(l − 2)

u(0) . . . u(l − 3)
. . .

...

u(0)


Sth sqèsh (3.21) o pÐnakac Y perièqei tic paramètrouc Markov pou prèpei

na upologistoÔn. Oi diast�seic tou eÐnai m × rl. O pÐnakac U eÐnai rl × l
�nw trigwnikìc. Gia sust mata mÐac eisìdou eÐnai tetragwnikìc, se �llh

perÐptwsh èqei perissìterec seirèc apì st lec.

Sth sqèsh (3.21) up�rqoun m × rl �gnwstoi kai mìno m × l exis¸seic.
Sunep¸c, sthn perÐptwsh pou r > 1 den up�rqei monadik  lÔsh. Akìma ìmwc

kai se aut  thn perÐptwsh, kai idÐwc an to l eÐnai meg�lo,   h eÐsodoc den eÐnai

arket� ploÔsia se suqnìthtec, o upologismìc tou U−1 mporeÐ na odhg sei

se arijmhtik� sf�lmata.

An upotejeÐ ìti o A eÐnai asumptwtik� eustaj c, gia k�poia arket� meg�lh

tim  p, ja eÐnai Ak ≈ 0 gia k ≥ p. H sqèsh (3.21) mporeÐ na proseggisteÐ apì

thn

y[m×l] = Y[m×r(p+1)]U[r(p+1)×l] (3.22)

ìpou

y =
[
y(0) y(1) y(2) . . . y(p) . . . y(l − 1)

]
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Y =
[
D CB CAB . . . CAp−1B

]

U =



u(0) u(1) u(2) . . . u(p) . . . u(l − 1)

u(0) u(1) . . . u(p− 1) . . . u(l − 2)

u(0) . . . u(p− 2) . . . u(l − 3)
. . .

... . . .
...

u(0) . . . u(l − p− 1)


Ta sÔmbola U,Y upodhl¸noun tic proseggÐseic twn U,Y. Gia l ≥ (p + 1)

ja up�rqoun perissìterec (m× l) exis¸seic apì agn¸stouc (m× r(p+ 1)).

Sunep¸c, oi pr¸tec p par�metroi Markov ja ikanopoioÔn kat� prosèggish th

sqèsh Y = yU†, ìpou U† eÐnai o yeudoantÐstrofoc tou U.

EÐnai pijanì ìmwc, idÐwc gia sust mata me qamhl  apìsbesh, to l na

qrei�zetai na gÐnei p�rei polÔ meg�lh tim  kai, kat� sunèpeia, o pÐnakac U

na gÐnei polÔ meg�loc, ¸ste o upologismìc tou U na epifèrei arijmhtik�

sf�lmata. Sunep¸c, ja  tan epijumhtì na auxhjeÐ me k�poio trìpo h

apìsbesh tou sust matoc.

An prosjèsoume kai afairèsoume ton ìro Gy(k) sto dexÐ mèloc thc (3.19),

prokÔptei

x(k + 1) = Ax(k) +Bu(k) +Gy(k)−Gy(k)

= (A+GC)x(k) + (B +GD)u(k)−Gy(k)

kai telik�

x(k + 1) = Āx(k) + B̄v(k) (3.23)

ìpou

Ā = A+GC

B̄ =
[
B +GD, −G

]
v(k) =

[
u(k)

y(k)

]
(3.24)

O G eÐnai pÐnakac tètoioc ¸ste o Ā na gÐnei ìso eustaj c eÐnai epijumhtì.

H sqèsh (3.23) èqei ìmoia morf  me thn (3.19), all� me diaforetikoÔc

pÐnakec kai diaforetikì di�nusma eisìdwn. H sqèsh (3.23) onom�zetai exÐswsh

parathrht , to di�nusma x eÐnai to di�nusma kat�stashc tou parathrht  kai oi

par�metroi Markov tou sugkekrimènou sust matoc eÐnai oi par�metroi Markov
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tou parathrht . Se morf  pin�kwn, h sqèsh eisìdou - exìdou, se antistoiqÐa

me thn (3.22), eÐnai

y{m×l} = Ȳ{m×[(m+r)(l−1)+r]}V{[(m+r)(l−1)+r]×l} (3.25)

ìpou

y =
[
y(0) y(1) y(2) . . . y(p) . . . y(l − 1)

]
Ȳ =

[
D CB̄ CĀB̄ . . . CĀp−1B̄ . . . CĀl−2B̄

]

V =



u(0) u(1) u(2) . . . u(p) . . . u(l − 1)

v(0) v(1) . . . v(p− 1) . . . v(l − 2)

v(0) . . . v(p− 2) . . . v(l − 3)
. . .

... . . .
...

v(0) . . . v(l − p− 1)
. . .

...

v(0)


Oi idiotimèc tou pÐnaka Ā epilègontai, me b�sh ton pÐnaka G, ¸ste CĀkB ≈ 0

gia k ≥ p, ìpou p eÐnai k�poioc arket� meg�loc akèraioc. Tìte, h prosèggish
thc sqèshc (3.25) me b�sh ta pragmatik� stoiqeÐa (metr seic), gr�fetai

y{m×l} = Ȳ{m×[(m+r)p+r]}V{[(m+r)p+r]×l} (3.26)

ìpou

y =
[
y(0) y(1) y(2) . . . y(p) . . . y(l − 1)

]
Ȳ =

[
D CB̄ CĀB̄ . . . CĀp−1B̄

]

V =



u(0) u(1) u(2) . . . u(p) . . . u(l − 1)

v(0) v(1) . . . v(p− 1) . . . v(l − 2)

v(0) . . . v(p− 2) . . . v(l − 3)
. . .

... . . .
...

v(0) . . . v(l − p− 1)


Ta sÔmbola V, Ȳ upodhl¸noun tic proseggÐseic twn V, Ȳ. Akrib¸c ìpwc

kai me th sqèsh (3.22) oi pr¸tec p par�metroi Markov ja ikanopoioÔn, kat�

prosèggish, th sqèsh

Ȳ = yV† (3.27)
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ìpou V† eÐnai o yeudoantÐstrofoc pÐnakac tou V. To sf�lma thc prosèggishc

mei¸netai ìso to p aux�netai. Gia na up�rqei monadik  lÔsh, prèpei ìlec oi

grammèc tou V na eÐnai grammik� anex�rthtec. Sunep¸c to p den mporeÐ na

auxhjeÐ aperiìrista. To �nw ìriì tou eÐnai h tim  pou megistopoieÐ ton arijmì

(r +m)p+ r ≤ l anex�rthtwn seir¸n tou V.

Upologismìc paramètrwn Markov

Par�metroi Markov tou sust matoc Gia na ex�goume ton pÐnaka

Y twn paramètrwn Markov tou sust matoc, apì tic paramètrouc tou

parathrht , qwrÐzoume to Ȳ wc ex c:

Ȳ =
[
Ȳ0 Ȳ1 Ȳ2 . . . Ȳp

]
(3.28)

EÐnai

Ȳ0 = D (3.29)

Ȳk = CĀk−1B̄

=
[
C(A+GC)k−1(B +GD) −C(A+GC)k−1G

]
(3.30)

,
[
Ȳ

(1)
k −Ȳ (2)

k

]
; k = 1, 2, 3, . . .

Na shmeiwjeÐ ìti h par�metroc Ȳ0 èqei mikrìterh di�stash apì tic upìloipec

paramètrouc. Apì thn (3.30) prokÔptei ìti h par�metroc Y1 eÐnai

Y1 = CB

= C(B +GD)− (CG)D

= Ȳ(1)
1 − Ȳ(2)

1 D (3.31)

OmoÐwc

Ȳ(1)
2 = C(A+GC)(B +GD)

= CAB + CGCB + C(A+GC)GD

= Y2 + Ȳ(2)
1 Y1 + Ȳ(2)

2 D

Kai sunep¸c

Y2 = CAB

= Ȳ(1)
2 − Ȳ(2)

1 Y1 − Ȳ(2)
2 D (3.32)
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Kat� ton Ðdio trìpo eÐnai

Ȳ(1)
3 = C(A+GC)2(B +GD)

= C(A2 +GCA+AGC +GCGC)(B +GD)

= CA2B + CGCAB + C(A+GC)GCB + C(A+GC)2GD

= Y3 + Ȳ(2)
1 Y2 + Ȳ(2)

2 Y1 + Ȳ(2)
3 D

Telik�

Y3 = CA2B

= Ȳ3 − Ȳ(2)
1 Y2 − Ȳ(2)

2 Y1 − Ȳ(2)
3 D (3.33)

ParathroÔme ìti to �jroisma twn deikt¸n k�je ìrou, kai sta dÔo mèlh

twn parap�nw parast�sewn, eÐnai to Ðdio. Epagwgik� prokÔptei h genik 

sqèsh an�mesa stic paramètrouc Markov tou arqikoÔ sust matoc kai stic

paramètrouc Markov tou sust matoc me ton parathrht  kat�stashc:

D = Y0 = Ȳ0 (3.34)

Yk = Ȳ(1)
k −

k∑
i=1

Ȳ(2)
i Yk−i, k = 1, . . . , p (3.35)

Yk = −
p∑
i=1

Ȳ(2)
i Yk−i, k = p+ 1, . . . ,∞ (3.36)

Apì thn (3.36) faÐnetai ìti to Yk gia k > p + 1 den eÐnai par� ènac

sunduasmìc twn prohgoÔmenwn p paramètrwn Markov (Yk−1, Yk−2, . . . , Yk−p)

tou sust matoc. Up�rqoun dhlad  mìno p anex�rthtec par�metroi Markov.

ApodeiknÔetai ìti o arijmìc paramètrwn Markov, p, pou epilègoume, prèpei

na eÐnai tètoioc ¸ste mp ≥ n, ìpou m eÐnai o arijmìc twn exìdwn kai n h

t�xh tou sust matoc. Gia èna sÔsthma mÐac exìdou, o arijmìc twn paramètrwn

prèpei na eÐnai Ðsoc   megalÔteroc thc t�xhc tou.

Par�metroi Markov tou kèrdouc tou parathrht  (Observer

Gain Markov Parameters) To kèrdoc tou parathrht , G, prokÔptei

afoÔ brejeÐ h akoloujÐa twn paramètrwn

Yo
k = CAk−1G; k = 1, 2, 3, . . . (3.37)
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O pr¸toc ìroc sthn akoloujÐa eÐnai

Yo
1 = CG = Ȳ(2)

1 (3.38)

H epìmenh par�metroc prokÔptei apì to Y(2)
2 :

Ȳ(2)
2 = CĀG = (CAG+ CGCG)

= Yo
2 + Ȳ(2)

1 Y1
o

kai prokÔptei

Yo
2 = Ȳ(2)

2 − Ȳ(2)
1 Yo

1 (3.39)

OmoÐwc

Ȳ(2)
3 = CĀ2G

= (CA2G+ CGCAG+ CĀGCG)

= Yo
3 + Ȳ(2)

1 Yo
2 + Ȳ(2)

2 Yo
1

kai

Yo
3 = Ȳ(2)

3 − Ȳ(2)
1 Yo

2 − Ȳ(2)
2 Yo

1 (3.40)

Epagwgik�, prokÔptei h genik  èkfrash

Yo
1 = CG = Ȳ(2)

1 (3.41)

Yo
k = Ȳ(2)

k −
k−1∑
i=1

Ȳ(2)
i Yo

k−i, k = 2, . . . , p (3.42)

Yo
k = −

p∑
i=1

Ȳ(2)
i Yo

k−i, k = p+ 1, . . . ,∞ (3.43)

'Eqontac upologÐsei thn akoloujÐa Yo
k = CAk−1G; k = 1, 2, 3, . . ., ìpou ta

C,A èqoun upologisteÐ me th mèjodo tou ERA, to kèrdoc tou parathrht 

mporeÐ na upologisteÐ apì th sqèsh

G = P †Yo (3.44)

ìpou

P =



C

CA

CA2

...

CAk


, Yo =



Yo
1

Yo
2

Yo
3
...

Yo
k+1


=



CG

CAG

CA2G
...

CAkG


(3.45)
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3.3 Efarmog  thc mejìdou - Peiramatik� apotelèsmata

3.3.1 Sqediasmìc peir�matoc - Upologistik� b mata

To peÐrama thc anagn¸rishc sust matoc eÐqe wc skopì thn exagwg  enìc

majhmatikoÔ montèlou pou na perigr�fei kai na mporeÐ na problèyei thn

apìkrish tou sust matoc (peiramatik  di�taxh) se gnwst  eÐsodo, dhlad 

to s ma pou ja dÐnei o elegkt c. Gia to skopì autì, diegeÐrame thn

egkat�stash me èna hmitonoeidèc s ma metaballìmenhc suqnìthtac (chirp

signal) kai katagr�yame thn apìkris  thc. To sugkekrimèno s ma epilèqjhke

gia touc ex c lìgouc: eÐnai parìmoiac morf c me ta s mata pou anamènetai na

par�gei o elegkt c kai, epiprìsjeta, an epilegeÐ swst�, mporeÐ na kineÐtai sto

f�sma twn suqnot twn sto opoÐo anamènetai na leitourg sei h egkat�stash

(kai o elegkt c).

Sth sunèqeia, me dedomènec tic qronikèc akoloujÐec thc eisìdou kai

thc katagegrammènhc exìdou tou sust matoc, akolouj jhkan ta parak�tw

upologistik� b mata:

1. Epilog  tou arijmoÔ twn paramètrwn Markov, p pou ja upologistoÔn.

Met� apì tic aparaÐthtec dokimèc, prosdiorÐsthke h tim  p = 6. Me

b�sh ta arijmhtik� dedomèna, sqhmatÐsthkan oi pÐnakec y kai V thc

sqèshc (3.26).

2. Upologismìc twn paramètrwn Markov tou sust matoc kai tou kèrdouc

tou parathrht , ìpwc perigr�fetai sthn par�grafo 3.2.3.

3. Kataskeu  tou pÐnaka Hankel H(0) apì tic paramètrouc Markov pou

èqoun upologisteÐ.

4. ParagontopoÐhsh tou H(0) me Singular Value Decomposition. Epilog 

t�xhc montèlou sto q¸ro katast�sewn. H t�xh prosdiorÐsthke se n =

3, arqik� me to skeptikì ìti oi treic katast�seic antistoiqoÔn stic

treic katast�seic tou fusikoÔ sus matoc (jèsh, taqÔthta, epit�qunsh),

all� kai me b�sh ta ikanopoihtik� apotelèsmata. AÔxhsh thc t�xhc tou

montèlou de belti¸nei ta apotelèsmata, kai m�lista, xepern¸ntac thn

tim  n = 6, to montèlo arqÐzei kai apoklÐnei apì to pragmatikì sÔsthma,

en¸ o parathrht c kat�stashc gÐnetai astaj c.

55



5. Apì th sqèsh (3.18), upologismìc thc pragmatopoÐhshc [Â, B̂, Ĉ].

3.3.2 Apotelèsmata - Axiolìghsh

Sto peÐrama anagn¸rishc to sÔsthma diegèrjhke me hmitonoeidèc s ma

metaballìmenhc suqnìthtac 20-10 Hz. Sto sq ma 3.1 faÐnetai h apìkrish

pou katagr�fhke.

Sq ma 3.1: Apìkrish tou sust matoc se hmitonoeid  diègersh 20-10 Hz

Sth sunèqeia faÐnetai h sÔgkrish twn apotelesm�twn pou proèkuyan apì

di�forec mejìdouc me thn pragmatik  apìkrish tou sust matoc, sto pedÐo tou

qrìnou:

• Sto sq ma 3.2 faÐnetai to apotèlesma pou proèkuye qrhsimopoi¸ntac th

mèjodo anagn¸rishc n4sid [11], pou qrhsimopoieÐ to System Identification

Toolbox tou MATLAB.

• Sto sq ma 3.3 faÐnetai h apìkrish tou sust matoc pou proèkuye me th

mèjodo ERA, qwrÐc qr sh tou parathrht  kat�stashc.

• Sto sq ma 3.4 faÐnetai h apìkrish tou sust matoc pou proèkuye me th

mèjodo ERA, me qr sh tou parathrht  kat�stashc.

To montèlo pou èdwse h mèjodoc n4sid par�gei mÐa prosèggish h opoÐa

parousi�zei polÔ auxhmèno pl�toc stic mesaÐec suqnìthtec, en¸ stic qamhlìterec
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Sq ma 3.2: Apìkrish sust matoc pou proèkuye apì th mèjodo n4sid

Sq ma 3.3: Apìkrish sust matoc upologismènou me th mèjodo ERA, qwrÐc

parathrht  kat�stashc

(proc to tèloc tou �xona tou qrìnou) parousi�zei èna metaballìmeno pl�toc,

to opoÐo akoloujeÐ wc èna bajmì th morf  tou pragmatikoÔ s matoc. Se

uyhlèc suqnìthtec (arq  tou �xona tou qrìnou) dÐnei èna s ma me pl�toc

stajer� polÔ qamhlìtero apì to pragmatikì. Tèloc, h f�sh thc tal�ntwshc

akoloujeÐtai pist� sth megalÔterh di�rkeia twn metr sewn.

H prosèggish tou sust matoc ERA, qwrÐc ton parathrht  kat�stashc,

katafèrnei se megalÔtero bajmì na akolouj sei thn aÔxhsh tou pl�touc stic
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Sq ma 3.4: Apìkrish sust matoc upologismènou me th mèjodo ERA, me

parathrht  kat�stashc

mesaÐec suqnìthtec. Stic qamhlèc suqnìthtec epitugq�netai mÐa prosèggish

tou metaballìmenou pl�touc, metatopismènh ìmwc se f�sh, en¸ stic uyhlèc

suqnìthtec to mèso pl�toc thc tal�ntwshc eÐnai shmantik� mikrìtero tou

pragmatikoÔ.

Tèloc, to montèlo ERA me parathrht  kat�stashc par�gei èna s ma me

morf  ìmoia sqedìn tou pragmatikoÔ, se ìlo to eÔroc twn suqnot twn, tìso

se pl�toc, ìso kai se f�sh.
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Oi pÐnakec tou sust matoc me parathrht  kat�stashc, sto q¸ro katast�sewn,

diakritoÔ qrìnou, pou proèkuyan apì th mèjodo ERA kai qrhsimopoi jhkan

ston elegkt  eÐnai

A =


0.6665 −0.7878 −0.0002

0.6185 0.5700 −0.1404

−0.2096 0.0921 0.6466



B =


0.1436 1.1140

−0.0121 −1.2728

0.0260 −1.2559


C =

[
−0.1341 −0.0012 −0.0368

]
D =

[
0 0

]
MÐa ektÐmhsh thc prosèggishc apì to statistikì Best Fits, to opoÐo

dÐnetai apì th sqèsh

BestF it =
(

1− |y − ŷ|
|y − ȳ|

)
ìpou y eÐnai h mètrhsh, ŷ h prosèggis  thc kai ȳ h mèsh tim  tou y [17]. Gia

to sÔsthma ERA me ton parathrht  kat�stashc to Best Fits upologÐsthke

se 83.05%, gia to sÔsthma ERA  tan 21.8%, en¸ gia to sÔsthma n4sid h tim 

tou  tan polÔ mikr , mìlic 5.1%.

EÐnai profanèc ìti to montèlo me parathrht  kat�stashc akoloujeÐ ta

pragmatik� dedomèna polÔ kalÔtera apì ta �lla dÔo.

Sto sq ma 3.5 blèpoume to di�gramma Bode tou montèlou.

ParathroÔme ìti to di�gramma èqei mia koruf  sta 84 rad/sec,   13.37

Hz, pou antistoiqeÐ sth suqnìthta suntonismoÔ tou sust matoc. Sthn Ðdia

suqnìthta parathreÐtai kai allag  thc f�shc, apì 180o, arqik� se perÐpou

45o, en¸ sth sunèqeia h f�sh akoloujeÐ poreÐa proc to 0.

Sth sunèqeia, k�noume thn Ðdia sÔgkrish twn apotelesm�twn, aut  th

for� sto pedÐo thc suqnìthtac, anaparist¸ntac thn apìkrish suqnìthtac

(Frequency Response), p�li gia kajèna apì ta trÐa aut� montèla.

Epeid  kat� th di�rkeia twn peiram�twn, ta elat ria thc di�taxhc

upèsthsan kìpwsh kai k�poia stigm  astìqhsan, qrei�sthke na antikatastajoÔn.

H allag  aut  �llaxe kai th sumperifor� thc di�taxhc, opìte to teleutaÐo
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Sq ma 3.5: Di�gramma Bode tou montèlou ERA

Sq ma 3.6: Apìkrish suqnìthtac sust matoc n4sid
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Sq ma 3.7: Apìkrish suqnìthtac sust matoc ERA

Sq ma 3.8: Apìkrish suqnìthtac sust matoc ERA me parathrht 

kat�stashc
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skèloc dokim¸n ègine me b�sh èna nèo montèlo, pou proèkuye p�li me ton Ðdio

trìpo. To di�gramma Bode tou faÐnetai sto sq ma 3.9.

Sq ma 3.9: Di�gramma Bode tou nèou montèlou
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Kef�laio 4

'Elegqoc me Montèlo

Prìbleyhc

4.1 Eisagwg 

4.1.1 Basik  arq  leitourgÐac - 'Ennoia tou olisjaÐnontoc

orÐzonta

O 'Elegqoc me Montèlo Prìbleyhc (Model Predictive Control - MPC) eÐnai

mÐa sÔgqronh mèjodoc elègqou, h opoÐa xekÐnhse na qrhsimopoieÐtai sthn

petrelaiobiomhqanÐa, all� ìlo kai perissìtero plèon exapl¸netai se ìlouc

touc tomeÐc thc teqnologÐac. H basik  idèa pÐsw apì th mèjodo aut  mporeÐ

na sunoyisteÐ wc ex c: O elegkt c èqei sth di�jes  tou èna montèlo, to

opoÐo qrhsimopoieÐ gia na problèyei th sumperifor� tou sust matoc, apì thn

trèqousa qronik  stigm , kai mèsa se ènan orÐzonta prìbleyhc (Prediction

Horizon). Me b�sh thn epijumht  tim  thc upì èlegqo metablht c (setpoint),

to montèlo autì kai thn trèqousa tim  thc exìdou, o elegkt c upologÐzei to

s ma elègqou se ènan mellontikì orÐzonta elègqou (Control Horizon), to

opoÐo epilègetai tètoio ¸ste to sÔsthma na èqei th bèltisth sumperifor�

(ìso plhsièstera eÐnai dunatìn sto setpoint).

Sth sunèqeia ja perigrafeÐ analutikìtera h leitourgÐa tou MPC.

O elegkt c leitourgeÐ se diakritì qrìno, me sugkekrimènh suqnìthta deigmatolhyÐac.

Me k upodhl¸netai h trèqousa qronik  stigm . Sunep¸c, thn trèqousa

qronik  stigm  h èxodoc eÐnai y(k). To setpoint ja upodhl¸netai me s,
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kai deÐqnei thn poreÐa thn opoÐa prèpei na akolouj sei h èxodoc, se idanik 

perÐptwsh. Suqn� to setpoint eÐnai mÐa stajer�. Ektìc ìmwc apì to setpoint,

up�rqei kai to s ma thc akoloujÐac anafor�c r(k), (reference trajectory), to

opoÐo xekin� apì thn trèqousa tim  y(k), kai perigr�fei thn idanik  troqi�

mèsw thc opoÐac h èxodoc tou sust matoc ja prèpei na ft�sei sthn epijumht 

tim . Sth sun jh perÐptwsh, to r(k) sugklÐnei ekjetik� sto s, me mÐa qronik 

stajer� Tref na kajorÐzei thn taqÔthta thc prosèggishc. An to trèqon

sf�lma eÐnai

ε(k) = s(k)− y(k) (4.1)

epilègetai mia troqi� prosèggishc tètoia, ¸ste to sf�lma met� apì i qronikèc

stigmèc, an h èxodoc thn akoloujoÔse epakrib¸c, na eÐnai

ε(k + i) = e−iTs/Tref

= λiε(k) (4.2)

ìpou Ts eÐnai h perÐodoc deigmatolhyÐac kai λ = e−iTs/Tref , me 0 < λ < 1.

Sunep¸c

r(k + i|k) = s(k + i)− ε(k + i)

= s(k + i)− e−iTs/Tref ε(k) (4.3)

O sumbolismìc r(k + i|k) upodhl¸nei ìti to r exart�tai apì tic sunj kec th

qronik  stigm  k.

O elegkt c perilamb�nei èna eswterikì montèlo prìbleyhc, to opoÐo

qrhsimopoieÐ gia na problèyei th sumperifor� tou fusikoÔ sust matoc,

xekin¸ntac apì thn trèqousa qronik  stigm , sto b�joc enìc orÐzonta

prìbleyhc. H problepìmenh sumperifor� tou sust matoc exart�tai apì thn

akoloujÐa twn shm�twn elègqou, pou upologÐzei o elegkt c, û(k + i|k) me

(i = 0, 1, . . . ,Hp − 1), ìpou me Hp upodhl¸netai o orÐzontac prìbleyhc. To

sÔmbolo û(k+ i|k) upodhl¸nei thn prìbleyh pou gÐnetai th qronik  stigm  k

gia thn tim  tou s matoc elègqou, u, th qronik  stigm  k+ i. Upojètoume ìti

diajètoume th (metroÔmenh) tim  thc exìdou, y(k), ìtan upologÐzetai h tim  thc

eisìdou elègqou, u(k). Autì shmaÐnei ìti to eswterikì montèlo tou elegkt 

prèpei na eÐnai austhr¸c kat�llhlo, pou shmaÐnei ìti to y(k) exart�tai mìno

apì tic pareljoÔsec timèc u(k− 1), u(k− 2), . . . thc eisìdou, kai ìqi apì thn

tim  u(k).
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Sthn pio apl  perÐptwsh mporoÔme na orÐsoume thn akoloujÐa thc eisìdou

tètoia ¸ste h tim  thc exìdou sto tèloc tou orÐzonta prìbleyhc, dhlad  th

qronik  stigm  k + Hp, na p�rei thn epijumht  tim  r(k + Hp). Se aut  thn

perÐptwsh èqoume èna shmeÐo sÔmptwshc (coincidence point), sto qrìno k+

Hp. Up�rqoun di�forec akoloujÐec {û(k|k), û(k + i|k), . . . , û(k +Hp − 1|k)}
pou na to epitugq�noun autì, kai o elegkt c upologÐzei k�poia sugkekrimènh,

basizìmenoc se k�poia krit ria (b�rh), gia par�deigma aut  pou apaiteÐ th

mikrìterh enèrgeia.

Sun jwc protim�tai h eÐsodoc (s ma elègqou) na parametropoieÐtai, me

mikrìtero arijmì paramètrwn. An upotejeÐ ìti h eÐsodoc metab�lletai sta

pr¸ta n qronik� b mata tou orÐzonta prìbleyhc, kai met� paramènei stajer ,

dhlad  û(k + n− 1|k) = û(k + n|k) = . . . = û(k +Hp − 1|k), mènoun mìno n

{par�metroi} na upologistoÔn, oi û(k|k), û(k + 1|k), . . . , û(k + n− 1|k).

AfoÔ o elegkt c epilèxei thn mellontik  akoloujÐa twn tim¸n thc eisìdou,

efarmìzetai sto sÔsthma mìno to pr¸to stoiqeÐo thc. EÐnai dhlad  u(k) =

û(k|k), ìpou u(k) eÐnai to pragmatikì s ma pou efarmìzetai. Sthn epìmenh

stigm  deigmatolhyÐac, o Ðdioc kÔkloc epanalamb�netai: Metr�tai h èxodoc

y(k+1), upologÐzetai h nèa akoloujÐa anafor�c r(k+i|k+1), gÐnetai prìbleyh

ston orÐzonta k+1+ i, me i = 1, 2, . . . ,Hp, upologÐzetai h nèa akoloujÐa twn

tim¸n thc eisìdou (s matoc elègqou) û(k+ 1 + i|k+ 1), me i = 0, 2, . . . ,Hp−
1, kai to pr¸to stoiqeÐo aut  thc akoloujÐac, u(k + 1) = û(k + 1|k + 1),

efarmìzetai sto fusikì sÔsthma. O orÐzontac prìbleyhc suneqÐzei na èqei

to Ðdio m koc Hp, all� olisjaÐnei kat� èna di�sthma deigmatolhyÐac k�je

for�, gia autì kai apokaleÐtai olisjaÐnwn orÐzontac (receding horizon).

Sq ma 4.1: SÔsthma elègqou kleistoÔ brìqou me elegkt  MPC

Sto sq ma 4.1 faÐnetai èna sÔsthma elègqou kleistoÔ brìqou me elegkt 
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MPC. O elegkt c lamb�nei sth eÐsodì tou thn tim  thc upì èlegqo

metablht c, h opoÐa eÐnai èxodoc tou upì èlegqo sust matoc (Plant sto

sq ma). Thn tim  aut  thn sugkrÐnei me to s ma anafor�c (Reference). Sth

sunèqeia, mèsw thc diadikasÐac pou ja analujeÐ parak�tw, o elegkt c epilègei

mÐa mellontik  akoloujÐa tim¸n, to pr¸to stoiqeÐo thc opoÐac efarmìzei wc

eÐsodo sto upì èlegqo sÔsthma.

4.1.2 Upologismìc Bèltisthc eisìdou

Se aut  thn par�grafo ja skiagrafhjeÐ h mèjodoc epÐlushc tou probl matoc

tou MPC (epilog  bèltisthc eisìdou), se mia aplopoihmènh ekdoq  tou.

Sthn aploÔsterh perÐptwsh, èqoume èna mìno shmeÐo sÔmptwshc k + Hp

kai mÐa mìno par�metro na epilèxoume, ìson afor� sthn akoloujÐa twn

tim¸n thc eisìdou û(k|k). Se aut  (kai mìno) thn perÐptwsh to prìblhma

èqei monadik  lÔsh. Me b�sh to montèlo, upologÐzoume thn problepìmenh

eleÔjerh apìkrish yf (k + Hp) tou sust matoc, dhlad  thn apìkrish pou ja

eÐqame sto shmeÐo sÔmptwshc k +Hp, an to s ma elègqou parèmene stajerì

sthn teleutaÐa tim  tou u(k − 1). An S(Hp) eÐnai h bhmatik  apìkrish tou

montèlou, Hp qronikèc stigmèc met� thn efarmog  thc bhmatik c eisìdou, h

problepìmenh èxodoc sth qronik  stigm  k +Hp eÐnai

ŷ(k +Hp|k) = ŷf (k +Hp|k) + S(Hp)∆û(k|k) (4.4)

ìpou

∆û(k|k) = û(k|k)− u(k − 1) (4.5)

eÐnai h metabol  thc eisìdou, apì thn tim  u(k − 1) (trèqousa) sthn

problepìmenh û(k|k). Jèloume na gÐnei

ŷ(k +Hp|k) = r(k +Hp|k) (4.6)

kai kat� sunèpeia, h bèltisth metabol  thc eisìdou eÐnai

∆û(k|k) =
r(k +Hp|k)− ŷf (k +Hp|k)

S(Hp)
(4.7)

Sta parap�nw èqoume upojèsei ìti h èxodoc tou montèlou eÐnai Ðdia me aut 

tou fusikoÔ sust matoc mèqri th stigm  k, k�ti pou den sumbaÐnei sthn pr�xh.
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Sthn perÐptwsh pou èqoume p�nw apì èna shmeÐo sÔmptwshc, h lÔsh mporeÐ

na dojeÐ mìno proseggistik�, kaj¸c up�rqoun perissìterec exis¸seic apì

metablhtèc. An upojèsoume ìti èqoume c shmeÐa sÔmptwshc, kai antÐstoiqa

tic timèc r(k + P1|k), r(k + P2|k), . . . , r(k + Pc|k), me Pc ≥ Hp, prèpei na

upologisteÐ to û(k|k) tètoio ¸ste

r̂(k + P1|k) = ŷf (k + P1|k) + S(P1)∆u(k|k)

r̂(k + P2|k) = ŷf (k + P2|k) + S(P2)∆u(k|k)
...

r̂(k + Pc|k) = ŷf (k + Pc|k) + S(Pc)∆u(k|k) (4.8)

MÐa tètoia exÐswsh epilÔetai kat� thn ènnoia twn elaqÐstwn tetrag¸nwn.

OrÐzoume ta dianÔsmata:

T =


r̂(k + P1|k)

r̂(k + P2|k)
...

r̂(k + Pc|k)

 Yf =


ŷf (k + P1|k)

ŷf (k + P2|k)
...

ŷf (k + Pc|k)

 S =


S(P1)

S(P2)
...

S(Pc)

 (4.9)

H lÔsh kat� thn ènnoia twn elaqÐstwn tetrag¸nwn eÐnai

∆û(k|k) = S†(T − Y) (4.10)

ìpou S† eÐnai o yeudoantÐstrofoc tou S.

An t¸ra upotejeÐ mÐa pio perÐplokh morf  thc mellontik c akoloujÐac

thc eisìdou, dhlad  ìti h eÐsodoc metab�lletai mèsa sta epìmena Hu b mata

(Hu < Hp), èqoume na epilèxoume thn akoloujÐa û(k|k), û(k+1|k), . . . , û(k+

Hu− 1|k), en¸ eÐnai û(k+Hu− 1|k) = û(k+Hu|k) = . . . = û(k+Hp− 1|k).

Tìte eÐnai

ŷ(k + Pi|k) =ŷf (k + Pi|k) +H(Pi)[û(k|k)− u(k − 1)]

+H(Pi − 1)[û(k + 1|k)− u(k − 1)] + . . .

+H(Pi −Hu + 2)[û(k +Hu − 2|k)− u(k − 1)]

+ S(Pi −H)u+ 1)[û(k +Hu − 1|k)− u(k − 1)] (4.11)
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ìpou H(j) = S(j) − S(j − 1) (kroustik  apìkrish). H (4.11) mporeÐ na

xanagrafeÐ wc

ŷ(k + Pi|k) =ŷf (k + Pi|k) + S(Pi)∆û(k|k)

+ S(Pi − 1)∆û(k + 1|k) + . . .

+ S(Pi −Hu + 1)∆û(k +Hu − 1|k) (4.12)

An orÐsoume

Y =


ŷ(k + P1|k)

ŷ(k + P2|k)
...

ŷ(k + Pc|k)

 ∆U =


∆û(k|k)

∆û(k + 1|k)
...

∆û(k +Hu − 1|k)



Θ =


S(P1) S(P1 − 1) . . . S(1) 0 . . . 0 0 . . . 0

S(P2) S(P2 − 1) . . . . . . . . . . . . S(1) 0 . . . 0
...

...
...

...
...

...
...

...
. . .

...

S(Pc) S(Pc − 1) . . . . . . . . . . . . . . . . . . . . . S(Pc −Hu + 1)


(4.13)

to sÔsthma exis¸sewn mporeÐ na grafeÐ

Y = Yf + Θ∆U (4.14)

Jèloume na epitÔqoume Y = T . H lÔsh dÐnetai kat� thn ènnoia twn elaqÐstwn

tetrag¸nwn kai eÐnai, qrhsimopoi¸ntac ton Ðdio sumbolismì me thn (4.10)

∆U = Θ†[T − Yf ] (4.15)

Epilègontac to pr¸to stoiqeÐo tou ∆U , dhlad  to ∆û(k|k), mporoÔme na

upologÐsoume thn tim  tou s matoc eisìdou pou ja efarmosteÐ sto sÔsthma:

u(k) = ∆û(k|k) + u(k − 1) (4.16)
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4.2 MorfopoÐhsh tou probl matoc

To montèlo tou sust matoc, sÔmfwna me to opoÐo o elegkt c k�nei thn

prìbleyh, eÐnai sto q¸ro katast�sewn:

x(k + 1) = Ax(k) +Bu(k)

y(k) = Cyx(k) (4.17)

En¸ epiplèon prostÐjetai h exÐswsh

z(k) = Czx(k) (4.18)

ìpou z eÐnai to di�nusma twn elegqìmenwn metablht¸n exìdou. Suqn�, ìpwc

kai sthn paroÔsa ergasÐa, oi metablhtèc y kai z tautÐzontai.

To montèlo den prèpei na perilamb�nei ton ìro Du(k) sthn exÐswsh

exìdou (direct feedthrough), giatÐ p�nta up�rqei mÐa kajustèrhsh an�mesa

sth mètrhsh tou y(k) kai sthn efarmog  tou u(k). An to montèlo perilamb�nei

autì ton ìro, to prìblhma mporeÐ na lujeÐ me kat�llhlo metasqhmatismì.

4.2.1 Sun�rthsh kìstouc

H sun�rthsh kìstouc V {timwreÐ} tic apoklÐseic thc (problepìmenhc) exìdou

apì to s ma anafor�c kai kajorÐzei se meg�lo bajmì th sumperifor� tou

elegkt . OrÐzetai wc ex c:

V (k) =
Hp∑

i=Hw

∥∥∥ẑ(k + i|k)− r(k + i|k)
∥∥∥2

Q(i)
+
Hu−1∑
i=0

∥∥∥∆û(k + i|k)
∥∥∥2

R(i)
(4.19)

O sumbolismìc
∥∥∥x∥∥∥2

Q
= xTQx upodhl¸nei tetragwnik  morf . Sth

sun�rthsh kìstouc (4.19) mporoÔn na mpoun periorismoÐ me th morf  anisot twn,

tìso ìson afor� sthn èxodo, ¸ste na mhn xepern�ei k�poia oriak  tim , ìso

kai ìson afor� sthn eÐsodo elègqou kai th metabol  thc. O deÐkthc Hw

deÐqnei ìti h sun�rthsh mporeÐ na mhn lamb�nei up' ìyin tic apoklÐseic apì to

xekÐnhma, sth sun jh perÐptwsh ìmwc eÐnai Hw = 1.

4.2.2 Prìbleyh

O elegkt c prèpei na problèyei tic mellontikèc timèc thc (elegqìmenhc)

exìdou tou sust matoc, ẑ(k + i|k), me b�sh thn paroÔsa tou kat�stash,
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x̂(k|k), kai tic mellontikèc timèc tou s matoc elègqou ( , alli¸c, thc

teleutaÐac eisìdou u(k − 1) kai tic mellontikèc allagèc thc ∆û(k + i|k)).

H epilog  thc strathgik c prìbleyhc eÐnai mÐa shmantik  par�metroc

gia ton sqediasmì tou elegkt . Enallaktik�, mporeÐ na jewrhjeÐ ìti me

thn epilog  aut c thc strathgik c, sthn ousÐa epilègetai èna montèlo

tou perib�llontoc mèsa sto opoÐo leitourgeÐ o elegkt c, kaj¸c gÐnontai

upojèseic pou aforoÔn sta sf�lmata metr sewn, ston jìrubo kai stic

di�forec diataraqèc pou epidroÔn sto sÔsthma. Autì ja faneÐ kalÔtera

analÔontac tic pio basikèc mejìdouc prìbleyhc.

ApousÐa diataraq¸n, pl rhc mètrhsh kat�stashc

Aut  eÐnai h pio apl  perÐptwsh. JewroÔme ìti mporoÔme na metr soume

ìlo to di�nusma kat�stashc, dhlad  isqÔei x̂(k|k) = x(k) = y(k) kai kat�

sunèpeia Cy = I, ìpou I o monadiaÐoc pÐnakac.Tìte

x̂(k + 1|k) = Ax(k) +Bû(k|k)

x̂(k + 2|k) = Ax̂(k + 1|k) +Bû(k + 1|k)

= A2x(k) +ABû(k|k) +B(̂u)(k + 1|k)
...

x̂(k +Hp|k) = Ax̂(k +Hp − 1|k) +Bû(k +Hp − 1|k)

= AHpx(k) +AHp−1Bû(k|k) + . . .+Bû(k +Hp − 1|k) (4.20)

'Eqoume upojèsei ìti h eÐsodoc all�zei mìno sto qronikì di�sthma k, k +

1, . . . , k +Hu − 1 kai paramènei stajer  met� apì autì, kai �ra û(k + i|k) =

û(k +Hu − 1|k, gia Hu ≤ i ≤ Hp − 1. Ja ekfr�soume t¸ra tic mellontikèc

timèc tou s matoc elègqou û(k + i|k) se ìrouc twn diafor¸n ∆û(k + i|k):

û(k|k) = ∆û(k|k) + u(k − 1)

û(k|k) = ∆û(k + 1|k) + ∆û(k|k) + u(k − 1)
...

û(k +Hu − 1|k) = ∆û(k +Hu − 1|k) + . . .+ ∆û(k|k) + u(k − 1) (4.21)
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Kai kat� sunèpeia

x̂(k + 1|k) = Ax(k) +B[∆û(k|k) + u(k − 1)]

x̂(k + 2|k) = A2x(k) +AB[∆û(k|k) + u(k − 1)]+

+B[∆û(k + 1|k) + ∆û(k|k) + u(k − 1)]

= A2x(k) + (A+ I)B∆û(k|k) +B∆û(k + 1|k) + (A+ I)Bu(k − 1)
...

x̂(k +Hu|k) = AHux(k) + (AHu−1 + . . .+A+ I)B∆û(k|k)+

+ . . .+B∆û(k +Hu − 1|k) + (AHu−1 + . . .+A+ I)Bu(k − 1)

(4.22)

'Eqontac plèon ft�sei sthn qronik  stigm  k +Hu, h sunèqeia gÐnetai

x̂(k +Hu + 1|k) = AHu+1x(k) + (AHu + . . .+A+ I)B∆û(k|k)+

+ . . .+ (A+ I)B∆û(k +Hu − 1|k)

+ (AHu + . . .+A+ I)Bu(k − 1)
...

x̂(k +Hp|k) = AHpx(k) + (AHp−1 + . . .+A+ I)B∆û(k|k)+

+ . . .+ (AHp−Hu + . . .+A+ I)B∆û(k +Hu − 1|k)+

+ (AHp−1 + . . .+A+ I)Bu(k − 1) (4.23)
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Oi (4.22), (4.23), gr�fontai se mÐa exÐswsh, se morf  pin�kwn:

x̂(k + 1|k)
...

x̂(k +Hu|k)

x̂(k +Hu + 1|k)
...

x̂(k +Hp|k)


=



A
...

AHu

AHu+1

...

AHp


x(k) +



B
...∑Hu−1

i=0 AiB∑Hu
i=0A

iB
...∑Hp−1

i=0 AiB


+

+



B . . . 0

AB +B . . . 0
...

. . .
...∑Hu−1

i=0 AiB . . . B∑Hu
i=0A

iB . . . AB +B
...

. . .
...∑Hp−1

i=0 AiB . . .
∑Hp−Hu

i=0 AiB




∆û(k|k)

...

∆û(k +Hu − 1|k)

 (4.24)

T¸ra mporeÐ na upologisteÐ h prìbleyh gia tic timèc pou ja p�rei h metablht 

z:

ẑ(k + 1|k) = Czx̂(k + 1|k)

ẑ(k + 2|k) = Czx̂(k + 2|k)
...

ẑ(k +Hp|k) = Czx̂(k +Hp|k) (4.25)

 , isodÔnama
ẑ(k + 1|k)

ẑ(k + 2|k)
...

ẑ(k +Hp|k)

 =


Cz 0 . . . 0

0 Cz . . . 0
...

...
. . .

...

0 0 . . . Cz




x̂(k + 1|k)

x̂(k + 2|k)
...

x̂(k +Hp|k)

 (4.26)

Sth sqèsh (4.24) apaiteÐtai upologismìc thc posìthtac Ai, pijanìtata kai

gia meg�lec timèc tou i. Kaj¸c oi upologistèc leitourgoÔn me peperasmènh

akrÐbeia, mporeÐ na odhghjoÔme se arijmhtik� sf�lmata. Gia autì to lìgo,

eÐnai pio asfalèc oi upologismoÐ na gÐnontai me epanalhptikì trìpo.
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Stajer  diataraq  exìdou

Se aut  th je¸rhsh up�rqoun diataraqèc oi opoÐec epidroÔn p�nw sthn èxodo

tou sust matoc kai isqÔei z = y. Th qronik  stigm  k den gnwrÐzoume poia

eÐnai h tim  thc diataraq c, d(k), all� mporoÔme na k�noume mÐa ektÐmhs  thc,

d̂(k), sugkrÐnontac thn èxodo pou metroÔme me thn problepìmenh:

y(k) = ŷ(k|k − 1) + d̂(k)

= Cyx̂(k|k − 1) + d̂(k|k) (4.27)

Upojètoume epÐshc ìti h diataraq  aut  paramènei stajer  kat� th di�rkeia

tou orÐzonta prìbleyhc. Sunep¸c, an kai oi sqèseic (4.17), (4.18) paramènoun,

h prìbleyh twn y kai z gÐnetai wc ex c:

ẑ(k + i|k) = ŷ(k + i|k) = Cyx̂(k + i|k) + d̂(k + i|k) (4.28)

ìpou

d̂(k + i|k) = d̂(k|k) (4.29)

SÔmfwna me ta parap�nw, se k�je qronikì b ma k gÐnontai oi ex c enèrgeiec:

1. Mètrhsh thc exìdou y(k) tou sust matoc.

2. EktÐmhsh thc diataraq c sÔmfwna me thn (4.27).

3. Prìbleyh twn mellontik¸n tim¸n thc exìdou sÔmfwna me thn (4.29).

EÐnai dunatìn na gÐnoun kai pio perÐplokec upojèseic gia thn fÔsh thc

diataraq c. H upìjesh thc stajer c diataraq c onom�zetai DMC (Dynamic

Matrix Control).

ParathroÔme ìti uiojet¸ntac aut  thn upìjesh eÐnai ŷ(k + i|k) 6= x̂(k +

i|k), akìma kai an Cy = I.

Se aut  thn perÐptwsh, kai genik� stic peript¸seic pou den mporoÔme

na metr soume ìla ta stoiqeÐa tou dianÔsmatoc kat�stashc, mporoÔme na

qrhsimopoi soume ènan parathrht  kat�stashc gia na ta ektim soume, ìpwc

perigr�fetai sto kef�laio pou afor� sthn anagn¸rish tou sust matoc.
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4.3 EpÐlush tou probl matoc

Stic parak�tw paragr�fouc analÔetai h mèjodoc epÐlushc tou basikoÔ

probl matoc tou MPC. Kaj¸c kat� th di�rkeia twn dokim¸n den proèkuye

an�gkh gia qr sh periorism¸n, ja anaptuqjeÐ mìno h lÔsh tou mh periorismènou

(unconstrained) probl matoc.

Sthn an�lush aut  ja enswmatwjeÐ h sun�rthsh kìstouc (4.19) sthn

epÐlush tou probl matoc kai ja anadeiqjeÐ h shmasÐa thc. H an�lush

ja xekin sei apì thn pio apl  perÐptwsh, kat� thn opoÐa ìlo to di�nusma

kat�stashc eÐnai metr simo, sth sunèqeia to prìblhma ja morfopoihjeÐ

wc prìblhma elaqÐstwn tetrag¸nwn kai, tèloc, ja prokÔyei h epÐlush

tou probl matoc sthn perÐptwsh kat� thn opoÐa prèpei na qrhsimopoihjeÐ

parathrht c kat�stashc.

4.3.1 Pl rhc mètrhsh kat�stashc

H sun�rthsh kìstouc, ìpwc eis qjh sthn par�grafo 4.2.1, eÐnai

V (k) =
Hp∑

i=Hw

∥∥∥ẑ(k + i|k)− r(k + i|k)
∥∥∥2

Q(i)
+
Hu−1∑
i=0

∥∥∥∆û(k + i|k)
∥∥∥2

R(i)
(4.30)

pou mporeÐ na grafeÐ kai wc ex c:

V (k) =
∥∥∥Z(k)− T (k)

∥∥∥2

Q
−
∥∥∥∆U(k)

∥∥∥2

R
(4.31)

ìpou

Z =


ẑ(k +Hw|k)

...

ẑ(k +Hp|k)

 T (k) =


r̂(k +Hw|k)

...

r̂(k +Hp|k)



∆U(k) =


∆û(k|k)

...

∆û(k +Hu − 1|k)

 (4.32)

kai ta Q, R eÐnai oi pÐnakec bar¸n:

Q =


Q(Hw) 0 . . . 0

0 Q(Hw + 1) . . . 0
...

...
. . .

...

0 0 . . . Q(Hp)

 (4.33)
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R =


R(0) 0 . . . 0

0 Q(1) . . . 0
...

...
. . .

...

0 0 . . . Q(Hu − 1)

 (4.34)

SÔmfwna me tic exis¸seic (4.24), (4.26), to Z mporeÐ na grafeÐ sth morf 

Z(k) = Ψx(k) + Υu(k − 1) + Θ∆U(k) (4.35)

me Ψ, Υ, Θ kat�llhlouc pÐnakec. OrÐzoume to di�nusma tou sf�lmatoc

E(k) = T (k)−Ψx(k)−Υu(k − 1) (4.36)

wc th diafor� metaxÔ twn mellontik¸n tim¸n tou s matoc anafor�c kai thc

{eleÔjerhc apìkrishc} tou sust matoc, dhlad  thc apìkrishc pou ja eÐqame

sth di�rkeia tou orÐzonta prìbleyhc an jèsoume ∆U(k) = 0. Sunep¸c

V (k) =
∥∥∥Θ∆U(k)− E(k)

∥∥∥2

Q
+
∥∥∥∆U(k)

∥∥∥2

R

= [∆U(k)TΘT − E(k)T ]Q[Θ∆U(k)− E(k)] + ∆U(k)TR∆U(k)

= E(k)TQE(k)− 2∆U(k)TΘTQE(k) + ∆U(k)T [ΘTQΘ +R]∆U(k)

(4.37)

H par�stash aut  eÐnai thc morf c

V (k) = const−∆U(k)TG + ∆U(k)TH∆U(k) (4.38)

ìpou

G = 2ΘTQE(k) (4.39)

kai

H = ΘTQΘ +R (4.40)

Kanèna apì ta G, H den exart�tai apì to ∆U(k).

Gia na brejeÐ to bèltisto ∆U(k) ja prèpei na jèsoume to

∇∆U(k)V = −G + 2H∆U(k) (4.41)

Ðso me to mhdèn. Sunep¸c, h bèltisth akoloujÐa mellontik¸n eisìdwn sto

sÔsthma dÐnetai apì th sqèsh

∆U(k)opt =
1
2
H−1G (4.42)

75



Kaj¸c mìno to pr¸to stoiqeÐo aut c thc akoloujÐac efarmìzetai sto

sÔsthma, eÐnai

∆u(k)opt = [Il, 0l, . . . , 0l︸ ︷︷ ︸
(Hu−1)

]∆U(k)opt (4.43)

ìpou l o arijmìc twn eisìdwn sto sÔsthma, Il o l × l monadiaÐoc pÐnakac kai
0l o l × l mhdenikìc pÐnakac.

H sun�rthsh kìstouc (4.19) prèpei na eÐnai jetik� orismènh (positive

definite), V (k) > 0,   èstw hmi-jetik� orismènh (semi-positive definite),

V (k) ≥ 0. Gia autì apaiteÐtai na isqÔei h sunj kh Q(i) ≥ 0 gia k�je i,

pou sunep�getai ìti ΘTQΘ ≥ 0. An paragwgÐsoume xan� wc proc ∆U(k),

lamb�noume ton pÐnaka me tic deÔterec parag¸gouc

∂2V

∂∆U(k)2
= 2H = 2(ΘTQΘ +R) (4.44)

An isqÔei ìti R > 0 gia k�je i, h lÔsh (4.42) dÐnei to el�qisto thc (4.44), h

opoÐa ja eÐnai sÐgoura jetik� orismènh.

Se pollèc peript¸seic ìmwc de jèloume na anajèsoume b�roc sthn eÐsodo,

pou shmaÐnei R(i) = 0. 'H mporeÐ akìmh na jèloume na mhn anajèsoume b�roc

se k�poiec apì tic eisìdouc, k�ti pou shmaÐnei ìti R ≥ 0 kai ìqi R > 0. 'Otan

loipìn R = 0, ja prèpei na eÐnai ΘTQΘ > 0 gia na èqoume el�qisto.

4.3.2 Wc prìblhma elaqÐstwn tetrag¸nwn

H bèltisth lÔsh thc exÐswshc (4.42) den prèpei potè na upologÐzetai me

antistrof  tou pÐnaka H. Gia na apofeuqjoÔn ta arijmhtik� sf�lmata,

o kalÔteroc trìpoc eÐnai na brejeÐ h lÔsh kat� thn ènnoia twn elaqÐstwn

tetrag¸nwn.

Kaj¸c isqÔei ìti Q ≥ 0 kai R ≥ 0,up�rqoun oi pÐnakec - {tetragwnikèc

rÐzec}, SQ, SR antÐstoiqa:

STQSQ = Q, STRSR = R (4.45)

An oi Q, R eÐnai diag¸nioi, ìpwc eÐnai sqedìn p�nta (bl. ex. (4.33), (4.34)),

tìte gia na broÔme touc SQ, SR den èqoume par� na broÔme thn tetragwnik 

rÐza k�je stoiqeÐou thc diagwnÐou.
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OrÐzoume to di�nusma [
SQ{Θ∆U(k)− E(k)}

SQ∆U(k)

]

gia to opoÐo isqÔei∥∥∥∥∥
[
SQ{Θ∆U(k)− E(k)}

SQ∆U(k)

]∥∥∥∥∥
2

=

∥∥∥∥∥
[
SQ{Z(k)− T (k)}

SQ∆U(k)

]∥∥∥∥∥
2

= [Z − T ]TSTQSQ[Z(k)− T (k)]

+ ∆U(k)TSTRSR∆U(k)

=
∥∥∥Z(k)− T (k)

∥∥∥2

Q
+
∥∥∥∆U(k)

∥∥∥2

R

= V (k) (4.46)

To ∆U(k)opt eÐnai h kat� thn ènnoia twn elaqÐstwn tetrag¸nwn lÔsh thc

exÐswshc [
SQ{Θ∆U(k)− E(k)}

SQ∆U(k)

]
= 0 (4.47)

  alli¸c [
SQΘ

SR

]
∆U(k) =

[
SQE

0

]
(4.48)

H exÐswsh (4.48) eÐnai p�nta uper-orismènh. To ∆U(k)opt brÐsketai kat� thn

ènnoia twn elaqÐstwn tetrag¸nwn:

∆U(k) =

[
SQΘ

SR

]† [
SQE

0

]
(4.49)

4.3.3 Me parathrht  kat�stashc

Sthn pragmatikìthta sun jwc den èqoume mètrhsh ìlou tou dianÔsmatoc

kat�stashc, k�ti pou sumbaÐnei kai sto en lìgw peÐrama. Se tètoiec

peript¸seic qrhsimopoioÔme parathrht  kat�stashc. H lÔsh se aut  thn

perÐptwsh eÐnai parìmoia, mìno pou antÐ gia to di�nusma x(k) qrhsimopoioÔme

thn ektÐmhs  tou, x̂(k|k). Antikajist¸ntac sthn exÐswsh (4.35) paÐrnoume to

di�nusma twn problepìmenwn exìdwn

Z(k) = Ψx̂(k|k) + Υu(k − 1) + Θ∆U(k) (4.50)
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kai to antÐstoiqo sf�lma

E(k) = T (k)−Ψx̂(k|k)−Υu(k − 1) (4.51)

Apì ekeÐ kai pèra, o upologismìc tou ∆U(k) gÐnetai me ton Ðdio akrib¸c trìpo.

4.4 Peiramatik  efarmog  - Apotelèsmata

Sthn paroÔsa efarmog  èqoume mÐa upì èlegqo metablht  (th metatìpish

thc di�taxhc sto egk�rsio epÐpedo), h opoÐa sumpÐptei kai me th monadik 

èxodo tou sust matìc mac (sunep¸c Cy = Cz). O èlegqoc epitugq�netai me

èna monadikì s ma elègqou, pou eÐnai to s ma pou dÐnei o upologist c ston

epenerght  (Voice Coil) kai autìc efarmìzei p�nw sth di�taxh, sthn opoÐa

efarmìzontai akìmh dÔo mh metr simec diataraqèc (oi dun�meic pou askoÔn

oi èkkentrec m�zec stouc peristrefìmenouc dÐskouc). Me b�sh aut� ègine

kai o sqediasmìc tou elegkt , me skopì na elaqistopoihjeÐ h metatìpish

(tal�ntwsh) thc di�taxhc.

Sq ma 4.2: UlopoÐhsh sust matoc elègqou

Sto sq ma 4.2 faÐnetai to di�gramma ro c thc peiramatik c diadikasÐac.

O upologist c diab�zei tic metr seic tou epitaqunsiomètrou apì thn k�rta

sullog c dedomènwn. To s ma oloklhr¸netai dÔo forèc, gia na metatrapeÐ h

metroÔmenh epit�qunsh se metatìpish, kai pern�ei apì èna yhfiakì fÐltro gia

na afairejoÔn ta anepijÔmhta stoiqeÐa (jìruboc kai olÐsjhsh). Sth sunèqeia

odhgeÐtai ston elegkt  kai to s ma elègqou pou upologÐzetai apostèlletai

sto kan�li exìdou thc k�rtac kai apì ekeÐ ston epenerght .
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4.4.1 Sqediasmìc tou elegkt 

Gia to sqediasmì enìc elegkt  MPC qrei�zetai na upologistoÔn/epilegoÔn

ta parak�tw stoiqeÐa/par�metroi:

• To montèlo prìbleyhc

• O orÐzontac prìbleyhc

• O orÐzontac elègqou

• To s ma anafor�c

• H mèjodoc prìbleyhc kai h antimet¸pish exwterik¸n diataraq¸n

• Ta b�rh thc sun�rthshc kìstouc

• Oi periorismoÐ (an up�rqoun)

Wc montèlo prìbleyhc qrhsimopoi jhke to montèlo sto q¸ro katast�sewn

pou proèkuye apì th mèjodo anagn¸rishc ERA, me mÐa prosj kh pou

ja analujeÐ parak�tw, me skopì thn antimet¸pish twn mh metr simwn

diarataq¸n.

'Oson afor� stouc orÐzontec, met� apì tic aparaÐthtec dokimèc apofasÐsthke

na qrhsimopoihjoÔn oi ex c timèc: gia ton orÐzonta prìbleyhc Hp = 20 kai

Hp = 10, se �llec dokimèc, kai gia ton orÐzonta elègqou Hc = 4 kai Hc = 2.

KalÔterh epilog  apodeÐqjhke to zeÔgoc Hp = 20 kai Hc = 4.

Wc tim  anafor�c tèjhke y = 0 (dhlad  sthn idanik  perÐptwsh h di�taxh

de ja talantwnìtan kajìlou).

Sth sun�rthsh kìstouc qrhsimopoi jhkan ta ex c b�rh: Gia th metabol 

twn metablht¸n eisìdou, to b�roc  tan R = 0.1 kai to b�roc thc apìklishc

thc exìdou apì thn tim  anafor�c Q = 1.

PeriorismoÐ den qrhsimopoi jhkan, kaj¸c den krÐjhke aparaÐthto.

H perÐodoc deigmatolhyÐac  tan pantoÔ Ts = 0.01 sec.

Montèlo prìbleyhc tou elegkt  - tropopoÐhsh up�rqontoc

montèlou

'Opwc anafèrjhke parap�nw, gia thn prìbleyh qrhsimopoi jhke to montèlo

sto q¸ro katast�sewn pou èdwse h mèjodoc ERA. Autì to montèlo
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perigr�fei thn apìkrish tou akÐnhtou sust matoc sto s ma elègqou. P�nw

sth di�taxh ìmwc askoÔntai kai oi dun�meic lìgw twn peristrefìmenwn

èkkentrwn maz¸n, oi opoÐec eÐnai �llwste kai h aitÐa thc tal�ntws c thc kai

oi opoÐec den sumperilamb�nontai sto sugkekrimèno montèlo. Prèpei loipìn

to montèlo na uposteÐ na tropopoihjeÐ, ¸ste na tic sumperil�bei. Sthn

up�rqousa di�taxh den up�rqei dunatìthta mètrhshc aut¸n twn diataraq¸n.

Gia ton parap�nw lìgo, den eÐnai dunatì èna pl rec montèlo me sqèsh

eisìdou - exìdou. Ja k�noume loipìn mÐa apl  paradoq , gia mÐa hmitonoeid 

diataraq  gnwst c suqnìthtac ω = ωr = 2πfr (fr h taqÔthta peristrof c

tou �xona), me �gnwsta pl�toc kai f�sh, ta opoÐa ja kajoristoÔn apì

tic arqikèc sunj kec, h opoÐa dra apeujeÐac sto di�nusma kat�stashc

tou sust matoc. H pragmatikìthta eÐnai pio sÔnjeth, all� autì to

aplousteumèno montèlo krÐjhke ikanopoihtikì gia th sugkekrimènh efarmog .

Epilègontac wc bohjhtikèc metablhtèc kat�stashc tic xd, ẋd kaprokÔptei to

parak�tw montèlo suneqoÔc qrìnou sto q¸ro katast�sewn

d

dt

[
xd

ẋd

]
=

[
0 1

−(2πfr)2 0

][
xd

ẋd

]
(4.52)

H bohjhtik  metablht  xd ekfr�zei thn suneisfor� thc diataraq c sthn olik 

kat�stash tou sust matoc.

To pl rec montèlo tou sust matoc, pou ja perilamb�nei tìso th dr�sh

elègqou, ìso kai tic dun�meic pou askoÔn oi èkkentrec m�zec ja prokÔyei

sundu�zontac ta parap�nw me to montèlo pou proèkuye apì th diadikasÐa

anagn¸rishc tou sust matoc, to opoÐo ja èqoume metasqhmatÐsei sthn

parathr simh kanonik  morf  (observable canonical form), pou shmaÐnei ìti

o pÐnakac C èqei th morf  C =
[
1 0 . . . 0

]
.

Jètontac

F =


1 0

0 0

0 0


Ωr =

[
0 1

−(2πfr)2 0

]
kai me On×m na eÐnai o n×m mhdenikìc pÐnakac, Ac, Bc oi pÐnakec A, B tou

kanonikopoihmènou sust matoc pou proèkuye apì th diadikasÐa anagn¸rishc,
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metasqhmatismènoi sto suneq  qrìno, to pl rec montèlo tou sust matoc ja

eÐnai (sto suneq  qrìno):

d

dt



x1

x2

x3

xd

ẋd


=

[
Ac F

O4×3 Ωr

]


x1

x2

x3

xd

ẋd


+

[
Bc

O2×1

]
u(t) (4.53)

MetasqhmatÐzontac kai p�li sto diakritì qrìno, me perÐodo deigmatolhyÐac

Ts = 0.01 sec, prokÔptei h exÐswsh pou ja qrhsimopoihjeÐ ston elegkt .

H exÐswsh thc exìdou paramènei h Ðdia, me monadik  allag  thn prosj kh

mhdenik¸n stoiqeÐwn ston pÐnaka C =
[
1 0 0

]
, g¸ste na sumperilhfjoÔn

kai oi nèec metablhtèc kat�stashc:

y(k) =
[
C 0 0

]


x1

x2

x3

xd

ẋd


(k) (4.54)

4.4.2 Apotelèsmata

Me b�sh to montèlo pou anaptÔqjhke parap�nw kai epilègontac tic sqediastikèc

paramètrouc ìpwc sthn enìthta 4.4.1, sqedi�sthkan tèsseric elegktèc, oi

opoÐoi sth sunèqeia dokim�sthkan sthn peiramatik  di�taxh.

Arqik� ègine mÐa prosomoÐwsh thc leitourgÐac tou elegkt  ston upologist .

Gia na omoi�zei aut  h eikonik  dokim  ìso to dunatìn perissìtero stic

pragmatikèc sunj kec, to upì èlegqo sÔsthma (Plant sto sq ma 4.1),  tan

diaforetikì apì to eswterikì montèlo tou elegkt . Autì sumbaÐnei kai

se pragmatikèc sunj kec, kaj¸c kanèna montèlo den perigr�fei epakrib¸c

th sumperifor� enìc fusikoÔ sust matoc. To apotèlesma aut c thc

prosomoÐwshc faÐnetai sto sq ma 4.3, pou sugkrÐnei thn apìkrish tou

sust matoc kleistoÔ brìqou me thn apìkrish tou sust matoc anoiktoÔ

brìqou, dhlad  qwrÐc th dr�sh tou elegkt .

To apotèlesma thc prosomoÐwshc, ìpwc faÐnetai sto sq ma,  tan shmantik 

meÐwsh tou pl�touc twn talant¸sewn, qwrÐc ìmwc na aposbestoÔn pl rwc,
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kaj¸c to montèlo tou elegkt   tan diaforetikì apì to upì èlegqo sÔsthma,

en¸ sto sÔsthma epidroÔsan kai mh metr simec diataraqèc, akrib¸c ìpwc kai

stic pragmatikèc dokimèc.

Sq ma 4.3: ProsomoÐwsh leitourgÐac elegkt 

Oi dokimèc pou parousi�zontai èginan se dÔo f�seic. Sthn pr¸th f�sh

dokim¸n qrhsimopoi jhkan oi elegktèc MPC I kai MPC Ia. Sth sunèqeia

qrei�sthke na gÐnei allag  twn elathrÐwn thc di�taxhc. Oi elegktèc MPC

II kai MPC III qrhsimopoi jhkan kat� th deÔterh f�sh dokim¸n, me ta nèa

elat ria.

H pr¸th f�sh twn dokim¸n ègine me ta arqik� elat ria. Ta kalÔtera

apotelèsmata epiteÔqjhkan me ton elegkt  MPC I, o opoÐoc eÐqe orÐzontec

prìbleyhc kai elègqou Hp = 20 kai Hc = 4 antÐstoiqa kai b�rh Q = 1,

R = 0.1. Sto sq ma 4.4 blèpoume èna stigmiìtupo twn dokim¸n, sto opoÐo

sugkrÐnontai oi apokrÐseic tou sust matoc qwrÐc ton elegkt  kai me autìn,

se taqÔthta peristrof c fr = 13.5 Hz. ParathroÔme ìti h tal�ntwsh qwrÐc

ton elegkt  akoloujeÐ se f�sh thn tal�ntwsh tou eleÔjerou sust matoc,

en¸ h meÐwsh tou pl�touc twn talant¸sewn eÐnai emfan c.

Sto sq ma 4.5 faÐnontai h metroÔmenh èxodoc tou sust matoc (p�nw), me

ton elegkt  se leitourgÐa, kai to s ma elègqou (k�tw), pou èdwse o elegkt c

82



Sq ma 4.4: Elegkt c MPC I, me taqÔthta peristrof c fr = 13.5 Hz

kat� th dokim .

Sq ma 4.5: 'Exodoc sust matoc (p�nw) kai s ma elègqou (k�tw) kat� th

leitourgÐa tou elegkt  MPC I

Akìma pio kajar� faÐnetai h beltÐwsh thc sumperifor�c blèpontac tic

metr seic sto pedÐo thc suqnìthtac, sugkrÐnontac to mètro tou metasqhmatismoÔ

Fourier thc exìdou, me kai qwrÐc ton elegkt  (sq ma 4.6). O metasqhmatismìc
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èqei mÐa koruf  sth suqnìthta peristrof c tou strofeÐou. H koruf 

brÐsketai polÔ qamhlìtera ìtan qrhsimopoieÐtai o elegkt c (perÐpou sto 0.022

antÐ gia 0.07). Na shmeiwjeÐ ìti oi parast�seic autèc èqoun prokÔyei apì

metr seic megalÔterhc di�rkeiac apì aut n pou faÐnetai sta stigmiìtupa.

Sq ma 4.6: Elegkt c MPC I - sÔgkrish sto pedÐo thc suqnìthtac

Gia na faneÐ h shmasÐa thc qr shc tou tropopoihmènou montèlou thc

enìthtac 4.4.1, pou montelopoieÐ tic mh metr simec diataraqèc pou prokaloÔn

oi èkkentrec m�zec, sta sq mata 4.7 kai 4.8 paratÐjentai ta apotelèsmata

pou proèkuyan apì dokim  me ton elegkt  MPC Ia, o opoÐoc eÐqe tic

Ðdiec rujmÐseic me ton MPC I, qrhsimopoioÔse ìmwc to aplì montèlo pou

proèkuye apì th diadikasÐa anagn¸rishc tou sust matoc, qwrÐc dhlad  na

sumperilamb�nei th mh metr simh diataraq . Oi dokimèc pou parousi�zontai

èginan se mikrìterh suqnìthta peristrof c, 11 Hz. ParathreÐtai ìti h

beltÐwsh eÐnai polÔ mikrìterh, ìpwc faÐnetai apì to di�gramma pl�touc, all�

kai apì ton metasqhmatismì Fourier twn metr sewn.
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Sq ma 4.7: Elegkt c MPC Ia

Sq ma 4.8: Elegkt c MPC Ia - sÔgkrish sto pedÐo thc suqnìthtac
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Kat� th deÔterh f�sh dokim¸n qrei�sthke na allaqjoÔn ta elat ria

thc èdrashc kai na gÐnei ek nèou anagn¸rish tou sust matoc, kaj¸c autì

eÐqe all�xei sumperifor�. Sth f�sh aut  twn dokim¸n qrhsimopoi jhkan oi

elegktèc MPC II kai MPC III.

O elegkt c MPC II, me orÐzontec prìbleyhc kai elègqou Hp = 20 kai

Hc = 4 p�li kai b�rh Q = 1, R = 0.1 èdwse ta apotelèsmata tou pou

faÐnontai sta sq mata 4.9 kai 4.10.

Sq ma 4.9: Elegkt c MPC II

Apì to sq ma 4.10 faÐnetai ìti h apìkrish tou sust matoc èqei nèa

morf , me dÔo korufèc sto pedÐo thc suqnìthtac. H mÐa koruf  antistoiqeÐ

sth suqnìthta peristrof c fr = 13.5 Hz kai h nèa koruf , sta 7.5 Hz,

antistoiqeÐ sthn suqnìthta me thn opoÐa talant¸netai to trapèzi p�nw sto

opoÐo brÐsketai h di�taxh, tal�ntwsh thn opoÐa ta pali� elat ria, pou eÐqan

uposteÐ kìpwsh, den mporoÔsan na paral�boun.
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Sq ma 4.10: Elegkt c MPC II

- sÔgkrish sto pedÐo thc suqnìthtac

Se aut  th f�sh dokim¸n qhsimopoi jhke kai o elegkt c MPC III,

me diaforetikèc paramètrouc apì ton MPC II. Oi orÐzontec prìbleyhc kai

elègqou Hp kai Hc mei¸jhkan kat� 50%, lamb�nontac tic timèc Hp = 10 kai

Hc = 2, en¸ ta b�rh thc sun�rthshc kìstouc parèmeinan ta Ðdia, Q = 1,

R = 0.1. Sto sq ma, 4.12 faÐnetai ìti, en¸ to Ôyoc thc pr¸thc koruf c ,

suqnìthtac 7.5 Hz, èqei meiwjeÐ apì 0.038 se 0.015, to Ôyoc thc koruf c sth

suqnìthta peristrof c fr = 13.5 Hz èqei meÐnei amet�blhth. Parathr¸ntac

to sq ma 4.11, pou eÐnai stigmiìtupo qarakthristikì thc sumperifor�c tou

elegkt , faÐnetai ìti oi talant¸seic èqoun meiwmèno pl�toc.
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Sq ma 4.11: Elegkt c MPC III

Sq ma 4.12: Elegkt c MPC III - sÔgkrish sto pedÐo thc suqnìthtac
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4.4.3 Apìkrish suqnìthtac

O elegkt c MPC qwrÐc periorismoÔc (  sta diast mata pou oi periorismoÐ

eÐnai anenergoÐ) apoteleÐ grammikì sÔsthma. MporoÔme ètsi na parast soume

ta diagr�mmata Bode twn sunart sewn euaisjhsÐac (sensitivity function) kai

sumplhrwmatik c euaisjhsÐac (complementary sensitivity function), S kai T

[6], tou elegkt  MPC I, pou qrhsimopoioÔntai sthn klassik  jewrÐa elègqou.

Sq ma 4.13: Di�gramma Bode twn sunart sewn euaisjhsÐac kai

sumplhrwmatik c euaisjhsÐac

H sun�rthsh euaisjhsÐac S eÐnai to basikì mètro thc apìdoshc enìc

brìqou elègqou, ìson afor� sto pìso kal� mporeÐ o brìqoc na akolouj sei

to s ma anafor�c kai sthn apìrriyh twn diataraq¸n. H sun�rthsh sumplhrwmatik c

euaisjhsÐac T antistoiqeÐ sth sun�rthsh metafor�c kleistoÔ brìqou kai

apoteleÐ mÐa èndeixh gia ta perij¸ria eust�jeiac tou sust matoc. Perissìtera

p�nw stic sunart seic euaisjhsÐac anafèrontai sto Par�rthma Bþ.5.

Parathr¸ntac to sq ma 4.13 prokÔptoun ta ex c: H morf  thc sun�rthshc

S eÐnai h anamenìmenh se èna sÔsthma elègqou, èqontac qamhl  tim  stic

mikrèc suqnìthtec, k�tw apì 1 rad/sec kai anebaÐnontac sto 1 (0 dB) p�nw
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apì aut  th suqnìthta, me mÐa mikr  koruf  sth suqnìthta peristrof c.

H morf  aut  deÐqnei ìti up�rqei kal  apìrriyh diataraq¸n (disturbance

rejection) kai o brìqoc akoloujeÐ ikanopoihtik� to s ma anafor�c.

H sun�rthsh T èqei tim  0 dB mèqri th suqnìthta tou 1 rad/sec kai

sth sunèqeia h tim  thc arqÐzei na pèftei, parousi�zontac ìmwc mia koruf 

sth suqnìthta peristrof c. H morf  thc sun�rthshc upodhl¸nei ìti o

brìqoc kinduneÔei eÔkola na metapèsei se ast�jeia, se mÐa pijan  metabol 

thc dunamik c tou sust matoc.

4.4.4 Sumper�smata

San genikì sumpèrasma, f�nhke ìti, ìson afor� stouc orÐzontec prìbleyhc

kai elègqou, idanik  epilog   tan Hp = 20 kai Hc = 4. H tropopoÐhsh tou

montèlou, ¸ste na lamb�nontai up' ìyin oi mh metr simec diataraqèc, beltÐwse

shmantik� thn apìdosh tou elegkt .

Ta kalÔtera apotelèsmata èdwse o elegkt c MPC I, o opoÐoc qrhsimopoi jhke

kat� thn pr¸th f�sh twn dokim¸n. O elegkt c MPC Ia, me tic Ðdiec

rujmÐseic ìson afor� sta b�rh kai stouc orÐzontec tou elegkt , all� qwrÐc to

montèlo twn mh metr simwn diataraq¸n pètuqe mikr  meÐwsh twn kradasm¸n.

SugkrÐnontac touc metasqhmatismoÔc Fourier twn apotelesm�twn, o elegkt c

MPC I kat�fere na mei¸sei to Ôyoc thc koruf c kat� perÐpou 68%, en¸ o

MPC Ia den pètuqe meÐwsh megalÔterh tou 20%.

Sth deÔterh f�sh twn dokim¸n, an kai den epiteÔqjhkan to Ðdio entupwsiak�

apotelèsmata, o elegkt c MPC II eÐqe ikanopoihtik  apìdosh. Parathr¸ntac

kai p�li touc metasqhmatismoÔc Fourier, up�rqei mÐa meÐwsh thc koruf c sth

suqnìthta peristrof c kat� 38%. H deÔterh koruf , pou emfanÐsthke stouc

metasqhmatismoÔc met� thn allag  twn elathrÐwn, mei¸jhke kai aut  kat�

23%. O elegkt c MPC III, o opoÐoc qrhsimopoioÔse orÐzontec prìbleyhc kai

elègqou meiwmènouc kat� 50% (Hp = 10 kai Hc = 2), parousÐase meiwmènh

apìdosh.
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Kef�laio 5

SÔgkrish Mejìdwn -

Mellontik  ErgasÐa

Sthn paroÔsa ergasÐa pragmatopoi jhke èlegqoc me tic mejìdouc MPC kai

PLL. SugkrÐnontac ta apotelèsmata pou proèkuyan apì tic mejìdouc autèc,

prokÔptei to sumpèrasma ìti me ton èlegqo MPC epiteÔqjhkan kalÔtera

apotelèsmata.

H mèjodoc tou PLL basÐsthke se mÐa apl  idèa kai mÐa exidanikeumènh

prosèggish tou sust matoc, upojètontac ìti ìla ta uposust mata pou

peril�mbane to peÐrama (k�rta sullog c dedomènwn, enisqutèc, hqeÐo, upologist c),

all� kai h Ðdia h peiramatik  di�taxh tou axonikoÔ sust matoc, droÔsan

akariaÐa, qwrÐc na sunupologistoÔn oi, èstw kai polÔ mikrèc, kajuster seic

pou prokaleÐ kajèna apì aut� ta stoiqeÐa. Sunep¸c, akìmh kai an o brìqoc

epitÔqei pl rh suntonismì me th f�sh tou s matoc exìdou, to s ma elègqou

pou par�xei telik� de ja eÐnai pl rwc suntonismèno me thn pragmatik  kÐnhsh

thc di�taxhc.

H mèjodoc tou MPC eÐnai pio perÐplokh kai apaiteÐ perissìtero qrìno

kat� to sqediasmì. 'Omwc h qr sh tou montèlou prìbleyhc thc sumperifor�c

tou sust matoc, kaj¸c kai h idiìtht� tou elegkt  na diorj¸nei se k�je

upologistikì kÔklo ta sf�lmata pou proèkuyan ston prohgoÔmeno, od ghse

se polÔ kalÔtera apotelèsmata. Akìmh kalÔtera apotelèsmata ja mporoÔsan

pijan¸c na epiteuqjoÔn, an up rqe h dunatìthta mètrhshc twn dun�mewn pou

jewr jhkan wc mh metr simec diataraqèc. 'Etsi, antÐ gia to aplopoihmèno
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montèlo thc mh metr simhc hmitonoeidoÔc diataraq c pou qrhsimopoi jhke

ston elegkt , ja up rqe èna montèlo akribèstero pou ja mporoÔse na

problèyei me megalÔterh akrÐbeia th sumperifor� tou sust matoc entìc tou

orÐzonta prìbleyhc. Akìmh ki ètsi ìmwc, o elegkt c MPC I (kat� kÔrio

lìgo) pètuqe meg�lh meÐwsh twn kradasm¸n sth di�taxh.

Wc mellontik  ergasÐa mporoÔn na protajoÔn ta ex c:

Sthn egkat�stash qrhsimopoi jhke èlegqoc MPC gia leitourgÐa se

sugkekrimènh taqÔthta peristrof c. Gia leitourgÐa se diaforetik  taqÔthta,

o elegkt c èprepe na tropopoihjeÐ. Sthn perÐptwsh miac egkat�stashc pou

leitourgeÐ me metablht  taqÔthta peristrof c, ja mporoÔse na qrhsimopoihjeÐ

elegkt c me rujmizìmenec paramètrouc (adaptive control).

Sth sugkekrimènh di�taxh up�rqei ènac epenerght c (voice coil), pou

epidr� ston èna �xona kÐnhshc. Endiafèron ja parousÐaze h perÐptwsh qr shc

kai deÔterou ìmoiou epenerght , ¸ste o èlegqoc na gÐnetai kai stouc dÔo

bajmoÔc eleujerÐac.
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Par�rthma Aþ

Peiramatikìc Exoplismìc

Sto sq ma Aþ.1 faÐnetai to domikì di�gramma tou peir�matoc: O antistrofèac

(inverter)(1a) peristrèfei to strofeÐo thc di�taxhc (1b) me thn epijumht 

taqÔthta peristrof c. H kÐnhsh thc di�taxhc katagr�fetai apì to epitaqunsiìmetro

(2). To s ma enisqÔetai apì ton enisqut  (3) (Charge Amplifier) kai odhgeÐtai

sto kan�li eisìdou thc k�rtac (4), ìpou apì analogikì metatrèpetai se

yhfiakì. To yhfiakì s ma odhgeÐtai ston upologist  (Target PC)(5a). O

upologist c autìc perièqei ton elegkt  pou èqei sqediasteÐ ston upologist 

(Host PC) (5b). O elegkt c apostèllei to s ma tou sto kan�li exìdou thc

k�rtac (6), ìpou metatrèpetai se analogikì. To analogikì s ma odhgeÐtai

ston enisqut  isqÔoc (8) tou hqeÐou. An�mesa sthn k�rta kai ton enisqut 

paremb�lletai ènac diakìpthc (7), ètsi ¸ste na apokìptetai to s ma tou

elegkt . To hqeÐo (9) lamb�nei to enisqumèno s ma kai efarmìzei thn

kat�llhlh dÔnamh sth di�taxh.
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Sq ma Aþ.1: Domikì di�gramma tou peir�matoc

O exoplismìc pou qrhsimopoi jhke gia to peÐrama  tan o ex c:

• Enisqut c (Charge Amplifier) KISTLER Type 5007 me tic ex c

rujmÐseic:

- Scale 20/1. . . 11

- Sensitivity 4.71 pC/ms−2

• K�rta sullog c dedomènwn National Instruments PCI-6024E me analogik�

kan�lia

- Kan�li eisìdou 68 (signal)/34(ground)

- Kan�li exìdou 4 (signal)/74 (ground)

• Antistrofèac HITACHI L200

• Piezohlektrikì epitaqunsiìmetro Brüel & Kjær me qarakthristik�

- Charge Sensitivity 4.71 pC/ms−2 / 46.2 pC/g

- Voltage Sensitivity 3.71 mV/ms−2 / 36.4 mV/g

• Logismikì MATLAB/Simulink 2007b
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Par�rthma Bþ

JewrÐa Pin�kwn - Q¸roc

Katast�sewn - Sunart seic

EuaisjhsÐac

Bþ.1 Di�spash idiazous¸n tim¸n (Singular Value

Decomposition)

An A eÐnai pÐnakac diast�sewnm×n, up�rqoun p�nta pÐnakec U , S, V , tètoioi
¸ste

A = USV T (Bþ.1)

Oi U , V eÐnai orjokanonikoÐ pÐnakec:

UUT = I, V V T = I (Bþ.2)

kai o S eÐnai hmidiag¸nioc me idi�zousec timèc wc diag¸nia stoiqeÐa:

S =

[
Σ 0

0 0

]
(Bþ.3)

me

Σ = diag[σ1, σ2, . . . , σi, σi+1, . . . , σn] (Bþ.4)

(diag¸nioc pÐnakac me tic mh-mhdenikèc idi�zousec timèc) kai

σ1 ≥ σ2 ≥ . . . ≥ σi ≥ σi+1 ≥ . . . ≥ σn ≥ 0 (Bþ.5)
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Bþ.2 Jetik� orismènoi pÐnakec - tetragwnikèc

morfèc

MÐa èkfrash thc morf c xTQx, ìpou x di�nusma kai Q summetrikìc pÐnakac,

kaleÐtai tetragwnik  morf . MÐa tetragwnik  morf  sun jwc sumbolÐzetai

‖x‖2Q.
O pÐnakac Q kaleÐtai jetik� orismènoc (kai gr�foume Q > 0) an isqÔei

xTQx > 0 (Bþ.6)

gia k�je x, ektìc tou x = 0. ApodeiknÔetai ìti o summetrikìc pÐnakac eÐnai

jetik� orismènoc an kai mìno an ìlec oi idiotimèc tou eÐnai jetikèc.

O pÐnakac eÐnai hmi-jetik� orismènoc (kai gr�foume Q ≥ 0) an isqÔei

xTQx ≥ 0 (Bþ.7)

 , isodÔnama, an ìlec oi idiotimèc tou eÐnai mh-arnhtikèc.

Bþ.3 El�qista tetr�gwna - YeudoantÐstrofoc

MÐa exÐswsh thc morf c

Ax = b (Bþ.8)

ìpou b, x dianÔsmata kai A pÐnakac m× n (mh tetragwnikìc) den èqei akrib 

  monadik  lÔsh. LÔnetai ìmwc kat� thn ènnoia twn elaqÐstwn tetrag¸nwn,

dhlad  mporoÔme na broÔme di�nusma x pou na elaqistopoieÐ thn EukleÐdia

nìrma

‖Ax− b‖2 (Bþ.9)

H lÔsh aut  eÐnai h

x = A†b (Bþ.10)

ìpouA† eÐnai o yeudoantÐstrofoc touA. O kat� Moore-Penrose yeudoantÐstrofoc

eÐnai

A† = (ATA)−1AT (Bþ.11)
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Bþ.4 Q¸roc Katast�sewn

'Ena sÔsthma suneqoÔc qrìnou anaparist�tai sto q¸ro katast�sewn me dÔo

exis¸seic thc morf c

ẋ = Ax+Bu (Bþ.12)

y = Cx+Du (Bþ.13)

ìpou x eÐnai to di�nusma kat�stashc tou sust matoc, u to di�nusma twn

eisìdwn kai y to di�nusma twn exìdwn.

MÐa anapar�stash autoÔ tou tÔpou den eÐnai h monadik  perigraf  enìc

sust matoc. To Ðdio sÔsthma mporeÐ na perigrafeÐ me �peirec tri�dec [A,B,C]

(pragmatopoi seic), oi opoÐec eÐnai tautìshmec. MporoÔme na per�soume apì

mÐa pragmatopoÐhsh se mÐa �llh mèsw enìc grammikoÔ metasqhmatismoÔ. An

orÐsoume to nèo di�nusma kat�stashc z tètoio ¸ste

x = Tz (Bþ.14)

mporoÔme na ekfr�soume tic exis¸seic tou sust matoc se ìrouc tou nèou

dianÔsmatoc kat�stashc

ẋ = T ż = ATz +Bu

ż = T−1ATz + T−1Bu (Bþ.15)

ż = AT z +BTu

ìpou

AT = T−1AT (Bþ.16)

BT = T−1B (Bþ.17)

H exÐswsh thc exìdou (Bþ.13) gÐnetai

y = CTz +Du (Bþ.18)

y = CT z +Du

ìpou

CT = CT (Bþ.19)
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Kat' autìn ton trìpo mporoÔme na metasqhmatÐsoume èna sÔsthma se

opoiad pote morf  epijumoÔme. H sun�rthsh metafor�c enìc montèlou sto

q¸ro katast�sewn upologÐzetai wc ex c (upojètontac ìti x(0) = 0):

H(s) = C(sI −A)−1B +D (Bþ.20)

ìpou I monadiaÐoc pÐnakac me kat�llhlec diast�seic.

Se èna sÔsthma diakritoÔ qrìnou, oi (Bþ.12), (Bþ.13) paÐrnoun th morf 

x(k + 1) = Adx+Bdu (Bþ.21)

y = Cx+Du (Bþ.22)

Oi pÐnakec Ad, Bd sqetÐzontai me touc antÐstoiqoÔc touc sto suneq  qrìno,

A, B wc ex c:

Ad = eATs , Bd =
(∫ Ts

0
eAξdξ

)
·B (Bþ.23)

ìpou Ts eÐnai h perÐodoc deigmatolhyÐac. Oi pÐnakec C, D paramènoun Ðdioi.

Me autì ton trìpo, oi timèc tou dianÔsmatoc kat�stashc tic stigmèc thc

deigmatolhyÐac tou sust matoc diakritoÔ qrìnou tautÐzontai me tic timèc tou

dianÔsmatoc kat�stashc tou sust matoc suneqoÔc qrìnou.

H antÐstoiqh sun�rthsh metafor�c diakritoÔ qrìnou prokÔptei apì th

sqèsh (Bþ.24):

H(z) = C(zI −Ad)−1Bd +D (Bþ.24)

Bþ.5 Sunart seic EuaisjhsÐac

Sto sq ma Bþ.1 faÐnetai h genik  morf  enìc sust matoc elègqou, me

monadiaÐo kl�do an�drashc. O elegkt c (D) sugkrÐnei to s ma pou paÐrnei

sthn eÐsodì tou me to s ma anafor�c (r) kai stèlnei èna s ma elègqou sto upì

èlegqo sÔsthma (G). Sthn èxodo tou sust matoc prostÐjentai diataraqèc (d)

kai jìruboc (n) kai to s ma autì apostèlletai kai p�li sthn arq  tou brìqou,

gia na sugkrijeÐ me to s ma anafor�c.

Stìqoc eÐnai na kataskeuasteÐ èna sÔsthma ìso to dunatìn ligìtero

euaÐsjhto se diataraqèc. H sun�rthsh euaisjhsÐac orÐzetai wc

S(s) = (1 +GD)−1 (Bþ.25)

98



Sq ma Bþ.1: Domikì di�gramma tupikoÔ brìqou elègqou

kai eÐnai sthn ousÐa h sun�rthsh metafor�c apì to r sto sf�lma pou e

prokÔptei sthn èxodo tou pr¸tou ajroist .

OrÐzoume epÐshc kai th sun�rthsh sumplhrwmatik c euaisjhsÐac wc

T (s) = (1 +GD)−1GD (Bþ.26)

h opoÐ antistoiqeÐ sth sun�rthsh metafor�c metaxÔ thc anafor�c r kai thc

exìdou y, ekfr�zei sunep¸c th sun�rthsh metafor�c tou kleistoÔ brìqou.

EÐnai profanèc ìti isqÔei

S(s) + T (s) = 1 (Bþ.27)

H sun�rthsh euaisjhsÐac S eÐnai to basikì mètro thc apìdoshc tou

brìqou, ìson afor� sto pìso kal� mporeÐ o brìqoc na akolouj sei to s ma

anafor�c (k�nontac to e mikrì gia dedomèno r), kaj¸c kai ìson afor� sthn

apìrriyh twn diataraq¸n. H sun�rthsh euaisjhsÐac eÐnai dunatì na èqei

mikr  tim  gia qamhlèc kai mesaÐec suqnìthtec, all� ìqi se pio uyhlèc. 'Etsi,

h sun�rthsh èqei sun jwc mikr  tim  se qamhlèc suqnìthtec, k�ti pou eÐnai

epijumhtì gia na èqei o brìqoc thn apìdosh pou perigr�fhke parap�nw. Se

uyhlìterec suqnìthtec, plhsi�zei th mon�da kai thn xepern�ei gia èna mikrì

eÔroc suqnot twn.

Tautìqrona, ja  tan epijumhtì h sumplhrwmatik  euaisjhsÐa T na  tan

Ðsh me 1 se ìlec tic suqnìthtec. Autì ìmwc eÐnai adÔnato na epiteuqjeÐ. 'Etsi,

sthn pr�xh, h sun�rthsh T eÐnai sun jwc Ðsh me th mon�da stic qamhlèc kai

mesaÐec suqnìthtec kai h tim  thc pèftei stic uyhlìterec (en¸ h S plhsi�zei

sto 1). H T apoteleÐ epÐshc mÐa èndeixh gia ta perij¸ria eust�jeiac tou

sust matoc [6], [10], [15].
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Par�rthma Gþ

Yhfiak� FÐltra

Ta yhfiak� fÐltra [8][13] qrhsimopoioÔntai eurèwc gia na {kajarÐsoun} to

s ma apì anepijÔmhta stoiqeÐa, ìpwc, kat� kÔrio lìgo, ton jìrubo. DÔo

basikoÐ tÔpoi touc eÐnai ta fÐltra qamhl c dièleushc (lowpass filters), kai ta

fÐltra uyhl c dièleushc (highpass filters).

'Ena fÐltro qamhl c dièleushc apokìptei suqnìthtec uyhlìterec apì mÐa

suqnìthta apokop c. H qarakthristik  enìc tètoiou fÐltrou faÐnetai sto

sq ma Gþ.1.

Sq ma Gþ.1: FÐltro qamhl c dièleushc

'Ena fÐltro uyhl c dièleushc (highpass filter) (sq ma Gþ.2) k�nei akrib¸c

to antÐjeto, apokìptei dhlad  tic qamhlèc suqnìthtec.

Sunduasmì twn dÔo apoteleÐ to fÐltro dièleushc z¸nhc (bandpass filter)

(sq ma Gþ.3), to opoÐo epitrèpei th dièleush suqnot twn pou brÐskontai mèsa
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Sq ma Gþ.2: FÐltro uyhl c dièleushc

se k�poio eÔroc.

Sq ma Gþ.3: FÐltro dièleushc z¸nhc

Sthn ergasÐa aut  qrhsimopoi jhkan fÐltra Infinite Impulse Response

- IIR, kai sugkekrimèna tÔpou Butterworth. Ta fÐltra IIR, antÐjeta me ta

FIR, den parousi�zoun fainìmeno Gibbs (talant¸seic thc apìkrishc sthn

perioq  kont� sth suqnìthta apokop c, bl. sq ma Gþ.4), kaj¸c den èqoume

apokop  thc kroustik c apìkrishc. Akìmh, h t�xh touc eÐnai polÔ mikrìterh.

Endeiktik�, èna sÔnhjec fÐltro IIR eÐnai 5hc - 10hc t�xhc, en¸ èna FIR mporeÐ

na eÐnai 100 c t�xhc   kai uyhlìterhc.

K�ti pou prèpei na proseqjeÐ kat� to sqediasmì enìc yhfiakoÔ fÐltrou,

all� kai opoioud pote �llou sust matoc diakritoÔ qrìnou, eÐnai h suqnìthta
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Sq ma Gþ.4: Fainìmeno Gibbs se fÐltro FIR qamhl c dièleushc

deigmatolhyÐac na mhn eÐnai qamhlìterh thc suqnìthtac Nyquist, ¸ste na

apofeuqjeÐ to fainìmeno parallag c (aliasing).

H suqnìthta Nyquist eÐnai

ωNyq = 2ωmax (Gþ.1)

ìpou ωmax eÐnai h uyhlìterh sunist¸sa thc suqnìthtac pou parathreÐtai sto

s ma.
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Par�rthma Dþ

Progr�mmata MATLAB

Dþ.1 Prìgramma MATLAB gia Anagn¸rish tou

Sust matoc, me Qr sh Observer Kalman

Identification kai Eigensystem Realization

Algorithm

%% Script for OKID - ERA system identification %%

%uses Observer Kalman Identification to compute

%system Markov parameters

%and Eigensystem Realization Algorithm

%to construct state space realizations

%Reference:

%Juang, J. N.: ’Applied System Identification’

%Author: H. Christopoulos

%-------------------------------------------------

%% input data

% y: measured output

% u: plant input

% y & u must be ROW vectors

% Ts: sampling period

Ts=0.01; %sampling period

t=0:length(u)-1;t=t*Ts; %construct time vector
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l=length(y);

v=[u; y]; % observer input vector

%--------------------------------------------------

%% Acquire observer markov parameters

p=6; % No of observer Markov params

%upper triangular input matrix:

U=toeplitz([u(1); zeros(p,1)], u(1:l-1));

yt=toeplitz([y(1);zeros(p,1)],y(1:l-1));

V=[];

for i=1:2:2*p

j=i/2+0.5;

V(i,:)=U(j,:);

end

for i=2:2:2*p

j=i/2;

V(i,:)=yt(j,:);

end

V=[zeros(2*p,1) V];

%upper triangular observer input matrix:

V=[u;V];

Yob=V’\y’;

Yob=Yob’; % observer markov params vector

%------------------------------------------------

%% Computation of Markov parameters %%

%-----------------------------------------------

%% System Markov params

K=50 ; % number of parameters to be computed

Ysys=[]; Y2k=[]; Yk=[];

d=Yob(1);

Yob1=[]; Yob2=[]; Ydif=[];
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Yob1(1)=d; Yob2(1)=0;

% input markov params

for i=2:2:length(Yob)

j=i/2+1;

Yob1(j)=Yob(i);

end

for i=length(Yob1+1:K+10)

Yob1(i)=0;

end

% output markov params

for i=3:2:length(Yob)

j=i/2+0.5;

Yob2(j)=Yob(i);

end

for i=length(Yob2+1:K+10)

Yob2(i)=0;

end

Yob2=-Yob2;

for i=1:K+1

Ydif(i)=(Yob1(i+1)-Yob2(i+1)*d);

end

Ydif=Ydif’; %must be a column vector

Yk=toeplitz(Yob2(2:K+1));

Yk=tril(Yk);

Yk=[zeros(1,K);Yk];

Yk=[Yk zeros(K+1,1)];

Yk=Yk+eye(K+1);

Ysys=Yk\Ydif;
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Ysys=[d;Ysys]; % system markov params

%-------------------------------------------

%% Observer Gain Markov params

Yog(1)=d;

for i=1:K+1

Y2k(i)=(Yob2(i+1));

end

Y2k=Y2k’;

Yog=Yk\Y2k;

Yog=[d; Yog]; %observer gain markov params

%--------------------------------------------

%% direct markov params

% directly compute Markov parameters,

%in the least squares sense

Utop=toeplitz([u(1); zeros(p,1)],u);

Yer=Utop’\y’;

%% Create ERA models

% creates state space models based on previously

% calculated Markov

% parameters, using function era

% without observer

[A,B,C,D]=era(Ysys,3,30,Ts);

sys=ss(A,B,C,D,Ts); %create state space model

ysys=lsim(sys,u,t); %system simulated output

%with observer

Yo=Yob(2:length(Yob));Yo=Yo’;

P=[];

for i=1:length(Yo)

P(i,:)=C*A^(i-1);

end

G=P\Yo; %matrix G
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Ao=A+G*C;

Bo=[B+G*D -G];

sysobs=ss(Ao,Bo,C,[0 D],Ts); %create state space model

yob=lsim(sysobs,v,t); %system simulated output

% with directly computed Markov parameters

[A2,B2,C2,D2]=era(Yer,3,30,Ts);

sysls=ss(A2,B2,C2,D2,Ts); %create state space model

yls=lsim(sysls,u,t); %system simulated output

%-----------------------------------------------------------

%% Plot and compare model outputs

plot(t,y,t,yob,’r’,t,ysys,’m’,t,yls,’k’)
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%% Function ERA %%

%calculates discrete-time state-space realizations

%using Eigensystem Realization Algorithm

%with system Markov parameters as input

%-----------------------------------------------------------

function [A,B,C,D]=era(h,n,N,Ts);

% [A,B,C,D]=era(h,n,N,Ts);

%

% Inputs:

% h: discrete-time impulse response

% n: order of the system

% N: number of samples to assembly the Hankel matrix

% Ts: sample time

%

% Outputs:

% [A,B,C,D]: state-space model

% Hankel matrix

H0 = hankel(h(2:N+1)); % k = 0

H1 = hankel(h(3:N+2)); % k = 1;

% Singular Value Decomposition

[R,Sigma,S] = svd(H0);

Sigman = Sigma(1:n,1:n);

Wo = R(:,1:n)*Sigman^0.5; % observability matrix

Co = Sigman^.5*S(:,1:n)’; % controllability matrix

% Identified system matrices

A = Sigman^-.5*R(:,1:n)’*H1*S(:,1:n)*Sigman^-.5;

B = Co(:,1);

C = Wo(1,:);

D = h(1);

end

110



Dþ.2 Prìgramma MATLAB gia RÔjmish Paramètrwn

PLL

function [t2,t12,wn,w0]=pll_params(Ko,Kd,wmax,wmin,z,TL)

%[t2,t12,wn,w0]=pll_params(Ko,Kd,wmax,wmin,z,TL)

%calculates PLL tuning parameters

%for PLL with PFD and passive lead lag filter

%inputs:

%Ko: VCO gain

%Kd: PFD gain

%wmax - wmin: operating frequency range

%z: damping (usually 0.7)

%TL: lock time

%Reference:

%Ronald E. Best: ’Phase Locked Loops:

%Design, Simulation and Applications’

%

%Author: H. Christopoulos

Dw=wmax-wmin;

wn1=Dw/(4*pi*z)

wn2=2*pi/TL

w0=(wmax+wmin)/2

if wn1>wn2

wn=wn1

t2=2*z/wn

t12=Ko*Kd/wn^2

TL=2*pi/wn

else

wn=wn2

Dw=4*pi*z*wn

t2=2*z/wn

t12=Ko*Kd/wn^2

end
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