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iiiEuqarist�eMe to pèra th didaktorik  aut  diatrib , �a  jela na euqarist sw ìlouìsou sunetèlesan sthn epituqhmènh olokl rws  th.Arqik�, euqarist¸ ton epiblèponta Kajhght  K. Giann�koglou, pou mou anèjeseto polÔ endiafèron �èma pou pragmateÔetai h diatrib  kai na qrhsimopoi sw tiupologistikè upodomè tou Ergasthr�ou Jermik¸n Strobilomhqan¸n, qwr� tiopo�e h olokl rws  th �a  tan adÔnath. Oi upode�xei kai sumboulè tou p�nwsta �èmata pou antimetwp�zei h diatrib  kajìrisan/diamìrfwsan se meg�lo �ajmìthn pore�a aut  kai to telikì apotèlesma.Ep�sh, euqarist¸ idia�tera ta dÔo mèlh th sumbouleutik  trimeloÔepitrop , tou Kajhghtè K. PapahlioÔ kai K. Majioud�kh, gia ti upode�xeitou sthn parous�ash kai to ke�meno th diatrib . Euqarist¸ kai ta upìloipamèlh th eptameloÔ epitrop  gia thn tim  th summetoq  tou sth diadikas�ath telik  parous�as  th. Ja  jela na euqarist sw ep�sh ton Kajhght  I.Aikaterin�rh, gia ti gn¸sei pou moir�sthke maz� mou p�nw se �èmataaerodunamik  aeroskaf¸n kai di�spash th kÔria d�nh aut¸n.Ja  jela na euqarist sw �erm� kai ta upìloipa mèlh th ereunhtik om�da tou Ergasthr�ou Jermik¸n Strobilomhqan¸n tou EMP, gia ti gn¸seipou moir�sthkan maz� mou, th metaxÔ ma sunergas�a kai to kl�ma �ilikìthtapou diamìrfwsan sto q¸ro ergas�a ma (kai ìqi mìno). Kat' arq n, tou Dr. D.Papadhmhtr�ou kai A. Zum�rh gia th sunergas�a ma p�nw se �èmata suzug¸nmejìdwn. Tou Dr. P. Liakìpoulo kai I. Kampìlh gia ti sumboulè tou p�nw se�èmata programmatismoÔ kai genikìtera upologist¸n, kaj¸ kai gia thsunt rhsh tou upologistikoÔ sust mato tou ergasthr�ou, thn opo�aanal�mbanan se ��ro tou wfèlimou w pro to didaktorikì tou qrìnou. Thn Dr.B. AsoÔth gia th metaxÔ ma sunergas�a ston programmatismì tou �asikoÔepilÔth �o  tou ergasthr�ou. Ep�sh, euqarist¸ thn Dr. Q. GewrgopoÔlou kaitou up. Dr. E. Kontolèonto, X. TrompoÔkh, S. Kuri�kou kai E.Papouts �Kiaqagi� gia th �il�a tou kai ti apolaustikè suzht sei pou e�qamep�nw se �èmata episthmonik� kai mh.Tèlo, �èlw na euqarist sw to 'Idruma Kratik¸n Upotrofi¸n, to opo�oupost rixe oikonomik� tm ma th diatrib  me thn upotrof�a pou mou pare�qe.



iv Per�lhyhH didaktorik  aut  diatrib  asqole�tai me thn an�ptuxh, ton programmatismìkai thn efarmog  mejìdwn upologistik  �eustodunamik  pou aforoÔn sthnprìlexh ped�wn �o  kai sth �eltistopo�hsh aerodunamik¸n morf¸n meaitiokratikè mejìdou kai th qr sh tou akriboÔ essianoÔ mhtr¸ou thsun�rthsh stìqou kai twn periorism¸n. 'Emfash d�netai ston trìpo pou taparap�nw ulopoioÔntai me enia�a diatÔpws  se ubridik� 2D kai 3D plègmata, taopo�a w gnwstìn èqoun pleonekt mata w pro to upologistikì kìsto, thnpistìthta twn apotelesm�twn kai ti apait sei se mn mh. H diatrib  qwr�zetai sedÔo �asik� tm mata. To pr¸to kalÔptei thn ep�lush tou eujèo probl mato(dhlad  probl mato �o ) kai perilamb�nei th diatÔpwsh twn exis¸sewn poumontelopoioÔn th �o  sumpiest¸n �eust¸n, th diakritopo�hs  tou se ubridik�plègmata kai thn arijmhtik  ep�lush tou. To deÔtero e�nai h diatÔpwsh toudiakritoÔ suzugoÔ probl mato gia thn eÔresh parag¸gwn euaisjhs�a pr¸thkai deÔterh t�xh, kaj¸ kai tou algìrijmou pou �a ekmetalleute� th gn¸sh tousuzugoÔ ped�ou e�te se mejìdou �eltistopo�hsh e�te se mejìdou an�lushsf�lmato gia thn akribèsterh prìlexh sunarthsiak¸n me praktikì endiafèron.Sto ped�o th upologistik  �eustodunamik , h paroÔsa diatrib suneisfèrei sth diatÔpwsh mia oloklhrwmènh mejodolog�a gia thn ep�lushturbwd¸n �o¸n se ubridik� didi�stata kai tridi�stata plègmata. Autìperilamb�nei thn kataskeu  kat�llhlh dom  dedomènwn gia to plègma kai thmajhmatik  diatÔpwsh tou sq mato diakritopo�hsh. H mejodolog�a aut pistopoie�tai se èna sÔnolo 2D kai 3D efarmog¸n eswterik  kai exwterik aerodunamik . Sto sq ma pou parousi�zetai up�rqoun kainotom�e oi opo�eentop�zontai kur�w sthn parembol  kombik¸n megej¸n stou ìgkou elègqou kaiston trìpo me ton opo�o aut� suneisfèroun sta dianÔsmata �o . Epiplèon,programmat�sthke mèjodo prosarmog  didi�statwn ubridik¸n plegm�twn, hopo�a e�te lamb�nei plhrofor�e apì thn upì exèlixh lÔsh e�te qrhsimopoie�tai sesunduasmì me th suzug  mèjodo gia th me�wsh tou sf�lmato ston upologismìsunarthsiak¸n ìpw h �nwsh, h opisjèlkousa   oi ap¸leie pterÔgwshstrobilomhqan  lìgw sunektikìthta.Sto ped�o th �eltistopo�hsh, h prwtotup�a th didaktorik  diatrib ègkeitai sthn an�ptuxh m�a diakrit  suzugoÔ mejìdou gia ton upologismì twnparag¸gwn pr¸th kai deÔterh t�xh sunarthsiak¸n pou kalÔptoun efarmogèant�strofou sqediasmoÔ all� kai elaqistopo�hsh twn apwlei¸n olik  p�eshpterug¸sewn strobilomhqan¸n upì gewmetrikoÔ kai �oðkoÔ periorismoÔ. Tologismikì pou programmat�sthke gia thn ulopo�hsh th mejìdou aut apofeÔgei th qr sh logismikoÔ autìmath diafìrish, h opo�a sunhj�zetai sth�ibliograf�a, kai w ek toÔtou e�nai polÔ apodotikì w pro thn taqÔthtaektèlesh kai th diaqe�rish mn mh. Sto pla�sio th ergas�a efarmìsthkemèjodo Newton h opo�a ekmetalleÔetai th dunatìthta upologismoÔ tou akriboÔessianoÔ mhtr¸ou gia ton taqÔtero upologismì tou akrìtatou. Epiplèon,melet jhke o èxupno sunduasmì th mejìdou Newton me mejìdou



vquasi�Newton gia thn taqÔterh olokl rwsh twn algìrijmwn �eltistopo�hsh.W pro ti suzuge� mejìdou, epiplèon twn mejìdwn Newton anaptÔqjhketeqnik  a posteriori an�lush sf�lmato gia ubridik� plègmata, h opo�asundu�zei th diakrit  suzug  mèjodo me thn prosarmog  plègmato, pouprogrammat�sthkan sto pla�sio th diatrib , gia thn akribèsterh prìlexhposot twn pou èqoun praktikì endiafèron, ìpw h �nwsh, oi ap¸leie olik p�esh   h paragwg  entrop�a sto ped�o �o .



viOptimization methods in aerodynamis and turbomahinerybased on the adjoint tehnique, hybrid grids and the exathessian matrixTHOMAS ZERVOGIANNISPh.D. ThesisNational Tehnial University of AthensShool of Mehanial EngineeringLaboratory of Thernal TurbomahinesSupervisor: KYRIAKOS C. GIANNAKOGLOU, Professor N.T.U.A.Athens, 2011AbstratThis Ph.D. thesis deals with the development, programming and appliationof Computational Fluid Dynamis (CFD) methods for the numerial predition of�ow �elds and the optimization of aerodynami shapes using deterministimethods and the exat hessian matrix of the ost funtion and the onstraints.Emphasis is put on the suitable formulation of the above on hybrid grids. Thethesis is strutured in two basi parts. The �rst part overs the solution of thestate problem and onsists of the mathematial formulation of the �owequations for turbulent ompressible �ows, the disretization of theaforementioned equations on hybrid grids and the iterative shemes used fortheir solution. The seond part presents the mathematial formulation of thedisrete adjoint problem for the omputation of the �rst� and seond�ordersensitivities, as well as the neessary tools whih use the omputed adjoint �eldin the ontext of inverse design/optimization and the a posteriori error analysisfor omputing funtionals with arbitrary auray.In the �eld of CFD, the thesis' ontribution is a omplete methodology forsolving turbulent �ows on 2D and 3D hybrid grids. The methodology omprisesthe grid data struture and the formulation of appropriate disretizationshemes. The method is validated through an adequate set of 2D and 3D asestudies of internal and external aerodynamis. Proposed numerial shemes, theinterpolation of nodal values to the �nite volume edges and their ontribution tothe numerial �uxes must be reported. In addition, a hybrid grid re�nement



viistrategy was also developed; this an be used either as a traditional gridadaptation or in onjuntion with disrete adjoint methods for reduing the errorin the omputation of quantities suh as the lift, the drag or the total pressurelosses of turbomahinery asades.In the �eld of optimization, a novel method for omputing �rst� andseond�order sensitivities using the disrete adjoint method is proposed. Themethod overs funtionals used in inverse design and total pressure lossesminimization problems and utilizes their so�omputed sensitivities in designingoptimal geometries subjet to geometri and �ow onstraints using deterministioptimization methods. The developed software omprises onlyhand�di�erentiated routines, in order to ahieve maximized e�ieny andmemory savings, in ontrast to other works whih alsmost exlusively depend onautomati di�erentiation. A Newton method was implemented, whih uses theexatly omputed Hessian matrix to rapidly loate the optimum in inverse designand total pressure losses optimization problems. Furthermore, the hybridizationof the Newton method with quasi�Newton methods was also explored, to furtherinrease the e�ieny of the optimization algorithm.In addition to the aforementioned Newton methods, the a posteriori erroranalysis method for hybrid grids was also developed, whih ombines thedisrete adjoint method and the re�nement tehnique developed in this thesis, toaurately predit quantities with pratial interest, suh as the lift, the totalpressure losses or the entropy generation in the �ow �eld.
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xiv Perieqìmena



Kef�laio 1EISAGWGH
1.1 Stìqoi th diatrib  kai topojèthsh se sqèshme ti drasthriìthte tou Ergasthr�ouJermik¸n Strobilomhqan¸nOi upologistikè mèjodoi ep�lush ped�wn �o  èqoun �t�sei se eparkè ep�pedowrimìthta ¸ste na mporoÔn na prolègoun praktik� axiopoi sima aerodunamik�qarakthristik� (ìpw dun�mei �nwsh kai opisjèlkousa, ap¸leie olik p�esh, �opè) me polÔ kal  akr�beia. Tautìqrona, h ekrhktik  aÔxhsh twndunatot twn twn upologistik¸n susthm�twn epitrèpei plèon th qr sh twn mejìdwnaut¸n se diadikas�e sqediasmoÔ kai �eltistopo�hsh sth �iomhqan�a. M�a tètoiadiadikas�a sqediasmoÔ��eltistopo�hsh emplèkei pollè sunist¸se(parametropo�hsh, gènesh plègmato, ep�lush �o , upologismì parag¸gwneuaisjhs�a, algìrijmo �eltistopo�hsh), kajem�a apì ti opo�e epidèqetai�elti¸sei w pro thn apodotikìthta kai thn pistìthta�akr�beia. Sto pla�siokajem�a apì ti sunist¸se autè anaptÔssontai di�fore mèjodoi, oi opo�eallhlosumplhr¸nontai, kalÔptonta diaforetikè an�gke   efarmogè.H paroÔsa diatrib  stoqeÔei sthn an�ptuxh mejìdwn aitiokratik �eltistopo�hsh kai ant�strofou sqediasmoÔ sthn aerodunamik  kai tistrobilomhqanè me qr sh ubridik¸n plegm�twn kai tou akriboÔ essianoÔmhtr¸ou th sun�rthsh stìqou. Sqetik� me thn ep�lush th �o  me qr shubridik¸n plegm�twn, diatup¸netai m�a kentrokombik  mèjodo peperasmènwnìgkwn, gia m�a poikil�a sqhm�twn diakritopo�hsh pou diaforopoioÔntai w proton trìpo upologismoÔ twn qwrik¸n kl�sewn twn metablht¸n �o  kai touperioristè1. Basikì prwtìtupo qarakthristikì th mejìdou pou parousi�zetaie�nai h ikanìthta na antimetwp�zei enia�a ìla ta e�dh plegmatik¸n stoiqe�wn qwr�na apaite� paradoqè pou mei¸noun thn akr�beia twn sqhm�twn diakritopo�hsh.To logismikì pou anaptÔqjhke sto pla�sio th paroÔsa diatrib  perilamb�neiarket� montèla tÔrbh m�a kai dÔo exis¸sewn, apì ta opo�a ed¸ d�netai èmfash1limiters 1



2 1. EISAGWGHapokleistik� sto montèlo tÔrbh twn Spalart�Allmaras, to opo�o e�nai idia�teraelkustikì gia efarmog  se diadikas�e �eltistopo�hsh lìgw twn sqetik�qamhl¸n upologistik¸n apait sewn tou. Dedomènou ìti mèsa apì oloklhrwmènediatribè tou Ergasthr�ou Jermik¸n Strobilomhqan¸n (EJS) up rqe  dh k¸dikaep�lush sumpiest¸n �o¸n pou dièpontai apì ti exis¸sei Navier�Stokes giamh�domhmèna 2D kai 3D plègmata trigwnik¸n kai tetraedrik¸n stoiqe�wnant�stoiqa, [1℄, [2℄, enarkt rio shme�o th mejìdou pou parousi�zetai sthnparoÔsa diatrib  apotèlesan oi ergas�e autè. H prosj kh th ikanìthtadiaqe�rish ubridik¸n plegm�twn e�nai pleonektik  diìti aux�nei thn pistìthta kaithn apodotikìthta th mejìdou sthn opo�a �as�sthke, lìgw th ikanìthta touparagìmenou logismikoÔ na diaqeiriste� di�forou tÔpou plegmatik¸nstoiqe�wn, kajèna apì tou opo�ou e�nai apodotikì se sugkekrimène perioqètou ped�ou �o . Gia par�deigma, kont� sto stereì ìrio �èloume stoiqe�a meakmè kat� to dunatìn k�jete w pro autì, ¸ste na meiwje� h arijmhtik di�qush, en¸ makri� apì autì �èloume stoiqe�a twn opo�wn to mègejo aux�neigr gora gia me�wsh tou upologistikoÔ kìstou kai tou kìstou apoj keush.Epiplèon, h ikanìthta qr sh ubridik¸n plegm�twn apì ton en lìgw epilÔth tonkajist� idia�tera euèlikto, afoÔ e�nai dunatì na diaqeiriste� plègmata poupar�gontai apì meg�lh poikil�a genet¸n plegm�twn (domhmènwn, [3℄, kaimh�domhmènwn, [4℄, [5℄) pou anaptÔqjhkan sto pla�sio �llwn didaktorik¸ndiatrib¸n tou EJS. Basikì mèlhma th diatrib   tan kai h parallhlopo�hsh touk¸dika, en¸ h prosj kh teqnik¸n prostajeropo�hsh qamhl¸n arijm¸n Mah2kai dunatot twn ep�lush mh�mìnimwn ped�wn �o  pragmatopoi jhke stopla�sio th didaktorik  diatrib  th B. AsoÔth, [6℄.O parap�nw epilÔth ent�ssetai sth diadikas�a tousqediasmoÔ��eltistopo�hsh aerodunamik¸n morf¸n me qr sh th mejìdouNewton kai twn akrib¸n parag¸gwn euaisjhs�a deÔterh t�xh (dhlad  touessianoÔ mhtr¸ou), pou ulopoie�tai sthn paroÔsa diatrib  me efarmog  thdiakrit  suzugoÔ mejìdou3, kat� thn opo�a oi  dh diakritopoihmène exis¸sei�o  (eujÔ prìblhma) qrhsimopoioÔntai gia th diatÔpwsh tou suzugoÔprobl mato. Prwtotup�e se sqèsh me ant�stoiqe melète th �ibliograf�aeis�gontai sto st�dio upologismoÔ tou akriboÔ essianoÔ mhtr¸ou, ìpou hperiorismènh qr sh logismikoÔ autìmath diafìrish4 (AD) epitrèpei thntautopo�hsh kai diagraf  amelhtèwn ìrwn, kaj¸ kai ston tomèa twn efarmog¸n,ìpou gia pr¸th �or� h mèjodo Newton me qr sh tou akriboÔ essianoÔ mhtr¸ouqrhsimopoie�tai gia sunarthsiak� eswterik  aerodunamik , kai m�lista seprobl mata �eltistopo�hsh me �oðkoÔ periorismoÔ. W gnwstìn, h enallaktik prosèggish th diakrit  suzugoÔ mejìdou e�nai h suneq  suzug  mèjodo5,sthn opo�a to suzugè prìblhma diatup¸netai pr¸ta me analutikì trìpo,odhg¸nta sti suzuge� merikè diaforikè exis¸sei (MDE), oi opo�e katìpin2low Mah preonditioning3disrete adjoint method4automati di�erentiation5ontinuous adjoint method



1.2. Mèjodoi ep�lush �o  me qr sh ubridik¸n plegm�twn 3diakritopoioÔntai kai epilÔontai arijmhtik�. Diakritè kai suneqe� suzuge�mèjodoi gia domhmèna plègmata èqoun anaptuqje� sto EJS ep�sh apì tou D.Papadhmhtr�ou, [3℄ kai B. AsoÔth, [6℄ kaj¸ kai pio prìsfata sth diatrib  touA. Zum�rh, [7℄, ìpou anaptÔqjhkan diatup¸sei gia to suzugè prìblhma ìtansto eujÔ prìblhma qrhsimopoioÔntai montèla tÔrbh me sunart sei to�qou,kaj¸ kai gia efarmogè me teqnikè energoÔ elègqou �o . Sti parap�nwdiatribè dìjhke ��sh mìno ston upologismì twn parag¸gwn euaisjhs�a pr¸tht�xh (dhlad  thn kl�sh th sun�rthsh). Antijètw, h paroÔsa diatrib epikentr¸netai ston upologismì tou akriboÔ essianoÔ mhtr¸ou me qr shdiakrit¸n suzug¸n mejìdwn kai ubridik¸n plegm�twn. Ex�llou, h paroÔsadiatrib  asqole�tai me th diakrit  mèjodo, en¸ oi prohgoÔmene diatribè (meexa�resh èna tm ma th [3℄) aforoÔsan apokleistik� sth suneq  suzug  mèjodo.Ektì apì ton upologismì twn parag¸gwn euaisjhs�a, h dunatìthtadiatÔpwsh tou suzugoÔ probl mato kai h diajesimìthta sqetikoÔ logismikoÔ�ohj� kai se probl mata an�lush ped�wn �o , afoÔ epitrèpei thn efarmog mejìdwn a posteriori an�lush sf�lmato, gia thn prosarmog  plègmato kai thnepibol  diorj¸sewn oÔtw ¸ste posìthte pou endiafèroun to mhqanikì naupolog�zontai me dedomènh apì to qr sth akr�beia,   akìmh sthn kataskeu qart¸n parag¸gwn euaisjhs�a6, [7℄, [8℄. Efarmogè th a posteriori an�lushsf�lmato sthn exwterik  aerodunamik  kai ti strobilomhqanè me qr sh thdiakrit  suzugoÔ mejìdou sumperilamb�nontai sto tèlo th diatrib .1.2 Mèjodoi ep�lush �o  me qr sh ubridik¸nplegm�twnH an�gkh gia qr sh ubridik¸n plegm�twn kat� thn ep�lush th �o  antanakl�ti diaforetikè apait sei pou epib�llontai w pro ta qarakthristik� touplègmato se diaforetikè perioqè tou melet¸menou ped�ou �o . 'Etsi, kont�sta stere� toiq¸mata apant¸ntai perioqè sti opo�e h metabol  th kat�stashtou �eustoÔ èqei èntona kateujuntikì qarakt ra kai h prìlexh eunoe�tai apì thqr sh anisìtropwn plegmatik¸n stoiqe�wn twn opo�wn oi akmè e�nai k�jete stostereì ìrio, Ant�jeta, makri� apì aut� e�nai epijumht  h taqe�a aÔxhsh toumegèjou twn plegmatik¸n stoiqe�wn, ¸ste na epitugq�netai oikonom�a kat� thnep�lush. H qr sh mh�domhmènwn plegm�twn me trigwnik� (se 2D) kai tetraedrik�(se 3D) stoiqe�a apotele� sumbibasmì o opo�o qrhsimopoi jhke kat� kìron stopareljìn gia thn prìlexh atrib¸n kai sunektik¸n �o¸n, [9℄, [10℄, [11℄, [12℄, [13℄,[14℄, [15℄, [16℄, [17℄, [18℄, [2℄. Gia thn akribèsterh prosomo�wsh twn sunektik¸n�ainomènwn sti parap�nw anaforè dhmiourge�tai kont� sto stereì ìrio ènadomhmèno plègma apì tetragwnik� (se 2D)   exaedrik�/prismatik� stoiqe�a (se3D), ta opo�a sth sunèqeia diasp¸ntai se tr�gwna   tetr�edra ant�stoiqa. Aut  hprosèggish èqei tr�a �asik� meionekt mata :6sensitivity maps



4 1. EISAGWGH� H di�spash eis�gei pollè epiplèon akmè, oi opo�e aux�noun toupologistikì kìsto kai ti apait sei se mn mh tou epilÔth.� Oi akmè autè eis�goun epiplèon arijmhtik  di�qush, mei¸nonta ètsi thnpistìthta th mejìdou, eidik� an lhfje� upìyh ìti ta tr�gwna/tetr�edra poudhmiourgoÔntai apì th di�spash èqoun polÔ meg�lo �ajmì anisotrop�a.� Up�rqoun peript¸sei ìpou h di�spash se tr�gwna   tetr�edra e�nai adÔnathqwr� thn eisagwg  epiplèon kìmbwn.Oi parap�nw lìgoi apoteloÔn shmantikì k�nhtro gia thn an�ptuxh mejìdwnep�lush ikan¸n na qeiristoÔn prismatik�  /kai exaedrik� stoiqe�a tautìqroname tetraedrik�, ta opo�a plhroÔn to upologistikì qwr�o makri� apì to stereììrio, endeqomènw de kai puram�dwn tetrapleurik  ��sh, oi opo�eqrhsimopoioÔntai gia th diasÔndesh twn tetrapleurik¸n edr¸n twnprism�twn/ex�edrwn me ta tetr�edra. M�a ekten  �ibliografik  anaskìphshsqetik� me ti mejìdou gènesh mh�domhmènwn kai ubridik¸n plegm�twnperièqetai se prìsfath diatrib  tou EJS, [4℄.Sthn kathgor�a twn mejìdwn peperasmènwn stoiqe�wn èqoun parousiaste�mèjodoi ep�lush th �o  me qr sh ubridik¸n plegm�twn, l.q. [19℄, [20℄, [21℄.Idia�tera sthn teleuta�a anafor�, or�zetai sÔsthma topik¸n suntetagmènwn kaiqrhsimopoioÔntai kat�llhloi metasqhmatismo� oi opo�oi apeikon�zoun timetablhtè apì to kartesianì sÔsthma suntetagmènwn sto topikì sÔsthma. Oimetasqhmatismo� auto� e�nai diaforetiko� gia k�je tÔpo plegmatikoÔ stoiqe�ou,opìte m�a tètoia mèjodo den antimetwp�zei ta stoiqe�a tou ubridikoÔ plègmato meenia�o trìpo. H paroÔsa diatrib  �qt�zei� to montèlo parembol  twn metablht¸nsto eswterikì twn stoiqe�wn �asizìmenh sthn idèa aut , all� qrhsimopoie�digrammikoÔ kai trigrammikoÔ metasqhmatismoÔ, me tètoio trìpo ¸ste oimajhmatikè ekfr�sei twn algor�jmwn pou qrhsimopoioÔn thn parembol  aut na e�nai enia�e gia ìlou tou tÔpou twn plegmatik¸n stoiqe�wn.Sthn kathgor�a twn mejìdwn peperasmènwn ìgkwn, anafèretai h sumbol  thereunhtik  om�da tou Kallinderis, h opo�a qrhsimopo�hse kat� kìron thnènnoia tou duadikoÔ ìgkou gÔrw apì ti akmè tou plègmato7, ìpw arqik�parousi�sthke kat� thn an�ptuxh m�a mejìdou ep�lush th �o  semh�domhmèna 2D plègmata tetrapleurik¸n stoiqe�wn, [22℄. H mèjodo aut epekt�jhke gia ton qeirismì ubridik¸n 3D plegm�twn apoteloÔmenwn apìpr�smata trigwnik  ��sh kai tetr�edra, gia strwtè, [23℄, kai turb¸dei, [24℄,�oè. Prokeimènou na qrhsimopoihjoÔn oikonomikè domè dedomènwn gia thnapoj keush twn topologik¸n plhrofori¸n tou plègmato, h sugkekrimènhmèjodo ekmetalleÔetai th domhmènh �Ôsh twn diastrwmat¸sewn twn prismatik¸nstoiqe�wn kont� sto stereì ìrio, gegonì pou eis�gei m�a �yeudodom � sthdiaqe�rish twn stoiqe�wn. Asump�este, mh�mìnime �oè, efarmogè me metablht�ìria tou ped�ou �o  kai efarmogè me allhlep�drash �eustoÔ�kataskeu 87edge dual8�ow�struture interation



1.2. Mèjodoi ep�lush �o  me qr sh ubridik¸n plegm�twn 5antimetwp�zontai sta [25℄ kai [26℄. Tèlo, h mèjodo aut  epekte�netai ¸ste naqeir�zetai ex�edra kai puram�de tetrapleurik  ��sh, [27℄. Sti parap�nwergas�e, kaj¸ kai sti [28℄ kai [29℄ antimetwp�zontai kai �èmata ìpw hprosarmog  tou plègmato sthn upì exèlixh lÔsh, h diatÔpwsh kat�llhlwnekfr�sewn yeudoqronikoÔ � mato gia ubridik� plègmata, h gènesh ubridik¸nplegm�twn, h parallhlopo�hsh th mejìdou kai leptomèreie sqetik� me tidomè dedomènwn pou qrhsimopoioÔntai. Apì thn �llh pleur�, èna �asikìmeionèkthma th mejìdou aut  e�nai h aÔxhsh se apait sei mn mh pouepib�llei h dom  dedomènwn pou apojhkeÔei ta stoiqe�a gÔrw apì k�je akm  touplègmato, kai h opo�a qrhsimopoie�tai gia ton upologismì twn dianusm�twnsunektik  �o .M�a arket� diaforetik  prosèggish akolouje�tai sta [30℄, [31℄ kai [32℄. Stien lìgw ergas�e d�netai èmfash sthn epèktash  dh uparqìntwn teqnik¸npoluplègmato kai prosarmog  plègmato ant�stoiqh mejìdou mh�domhmènwntrigwnik¸n kai tetraedrik¸n plegm�twn, [33℄, se ubridik� plègmata metrigwnik��tetragwnik� (2D) kai tetraedrik��puramidik��prismatik��exaedrik� (se3D) stoiqe�a. G�netai anafor� sti sunj ke pou prèpei na plhro� èna arijmhtikìsq ma gia na diathre�tai akr�beia deÔterh t�xh, akìma kai an to plègma èqeipolÔ anisìtropa stoiqe�a, kai ekfr�zetai sq ma pou na ikanopoie� autè tisunj ke gia 2D, ìqi ìmw gia 3D plègmata. Sthn teleuta�a per�ptwsh, epilègetaih aplopo�hsh tou sq mato parembol  stou mesìkombou twn akm¸n, pou e�naiupeÔjuno gia thn aÔxhsh th t�xh akr�beia, prokeimènou na meiwjoÔn oiapait sei se mn mh. H paroÔsa diatrib  dane�zetai kai epekte�nei stoiqe�a twnparap�nw ergasi¸n, ìpw �a �ane� sto oike�o kef�laio, diatup¸nei de sq matapou diathroÔn thn akr�beia deÔterh t�xh kai se 3D ped�a �o .M�a tr�th prosèggish, h opo�a akolouje�tai apì thn ereunhtik  om�da touHaselbaher, [34℄, [35℄, ente�nei thn prosoq  th sthn an�ptuxh m�a mejìdou hopo�a e�nai agnwstik  w pro ton tÔpo twn keli¸n tou plègmato se ìla ta st�diaep�lush th �o  ektì tou stad�ou proepexergas�a kai metepexergas�a9. Hprosèggish aut  �ront�zei na ikanopoioÔntai gia ton telest  diakritopo�hsh touìrou di�qush oi sunj ke eust�jeia kai akr�beia deÔterh t�xh poudiatup¸nontai gia 2D sq mata sto [36℄ (ant�stoiqe sunj ke gia 3D plègmataexaedrik¸n stoiqe�wn anaptÔqjhkan se mellontik  ergas�a, [37℄). Prokeimènou oqeirismì twn diafìrwn plegmatik¸n stoiqe�wn na g�nei me enia�o trìpo gia ìloutou tÔpou plegmatik¸n stoiqe�wn, o upologismì twn qwrik¸n kl�sewn twnmetablht¸n �o  stou kìmbou tou plègmato pragmatopoie�tai me th mèjodo twnelaq�stwn tetrag¸nwn. Ep�sh, prokeimènou na mhn emfaniste� kat� tonupologismì twn sunektik¸n dianusm�twn �o  to �ainìmeno apemplok  twnpr¸twn geitìnwn enì kìmbou apì to ant�stoiqo upologistikì �stenil�,diatup¸netai majhmatik  èkfrash h opo�a antikajist� ti suneisforè sthqwrik  kl�sh twn metablht¸n kat� thn kateÔjunsh th akm  tou plègmato mem�a isodÔnamh èkfrash pou prokÔptei apì kentrikè diaforè. H paroÔsa9grid transpareny



6 1. EISAGWGHdiatrib  qrhsimopoie� stoiqe�a th mejodolog�a aut , prosjètei de thdunatìthta qr sh kai �llwn mejìdwn, pèran aut  twn elaq�stwn tetrag¸nwn,gia ton upologismì qwrik¸n kl�sewn se 2D kai 3D ubridik� plègmata.Sth sqetik  �ibliograf�a up�rqoun kai �lle mèjodoi, oi opo�e diaqeir�zontaiubridik� plègmata, qrhsimopoi¸nta ubridismì twn mejìdwn peperasmènwnstoiqe�wn kai peperasmènwn ìgkwn, [38℄, [39℄,   domhmènwn/mh�domhmènwn kaikartesian¸n plegm�twn, [40℄, [41℄, kentrokuyelikè diatup¸sei kai polu¸numaparembol , [42℄, kai di�spash twn (sth genik  per�ptwsh mh�sunep�pedwn)tetrapleurik¸n epifanei¸n se trigwnikè, [43℄. Kam�a apì ti parap�nw mejìdouden antimetwp�zei me enia�o trìpo tou tÔpou twn plegmatik¸n stoiqe�wn poudiaqeir�zetai.1.3 Suzuge� mèjodoi � eÔresh tou essianoÔmhtr¸ouShmantikì tm ma th prìsfath ereunhtik  drasthriìthta tou EJSprosanatol�zetai sthn an�ptuxh suzug¸n mejìdwn, suneq¸n kai diakrit¸n, [44℄,[45℄, [46℄, [47℄, [48℄, [49℄. Oi mèjodoi autè upolog�zoun thn kl�sh twnsunart sewn stìqou w pro ti metablhtè sqediasmoÔ me upologistikì kìstoanex�rthto tou arijmoÔ twn metablht¸n sqediasmoÔ. Dedomènou ìti sqedìn p�ntoteta probl mata th upologistik  �eustodunamik  (URD) e�nai probl mata memikrì arijmì sunart sewn stìqou kai meg�lo arijmì metablht¸n sqediasmoÔ, oisuzuge� mèjodoi uperèqoun kat� polÔ se sqèsh me �lle mejìdou upologismoÔtwn parag¸gwn euaisjhs�a (l.q. euje�a diafìrish twn exis¸sewn �o ).Oi suneqe� suzuge� mèjodoi efarmìsthkan gia pr¸th �or� sthn URD kai seprobl mata ant�strofou sqediasmoÔ apì ton Pironneau, [50℄, gia prìtupa �o elleiptik¸n exis¸sewn kai argìtera apì ton Jameson, [51℄, [52℄, [53℄, gia atribe�dihqhtikè �oè pou dièpontai apì ti exis¸sei dunamikoÔ kai ti exis¸sei Euler.H mèjodo aut  epekt�jhke gia sunektikè �oè kai efarmìsthke se 3Dgewmetr�e pterÔgwn all� kai aeroskaf¸n sta [54℄, [55℄. Sti ergas�e autèepishma�netai ìti h �èltisth gewmetr�a pou prokÔptei den èqei apara�thta kalèepidìsei an oi sunj ke �o  all�xoun, ton�zonta thn qrhsimìthta tou stibaroÔsqediasmoÔ. 'Ole oi parap�nw ergas�e �as�zontan se ekfr�sei twn suzug¸nexis¸sewn oi opo�e perie�qan kai qwrik� oloklhr¸mata. Se metèpeita ergas�eanaptÔqjhkan suneqe� suzuge� mèjodoi gia atribe�, [56℄, [57℄ kai sunektikè,[44℄, [58℄, sumpiestè kai asump�este �oè, sti opo�e oi ìroi pou apart�zoun tisuzuge� exis¸sei kai ti parag¸gou euaisjhs�a den perilamb�noun qwrik�oloklhr¸mata. H suneq  suzug  mèjodo èqei efarmoste� kai se probl mataelaqistopo�hsh tou hqhtikoÔ krìtou10 uperhqhtik¸n aeroskaf¸n, [59℄, [60℄,[61℄, [62℄. Gia m�a plhrèsterh �ibliografik  anaskìphsh sti suneqe� suzuge�mejìdou, o anagn¸sth parapèmpetai sti sqetikè me to antike�meno10soni boom



1.3. Suzuge� mèjodoi � eÔresh tou essianoÔ mhtr¸ou 7oloklhrwje�se diatribè tou EJS, [3℄, [6℄, [7℄. Ax�zei na anaferjoÔn sto shme�oautì kai oi mèjodoi one�shot, [63℄, [64℄, [65℄, [66℄, sti opo�e oi metablhtèsqediasmoÔ, oi metablhtè �o  kai oi suzuge� metablhtè anane¸nontaitautìqrona.Anaforik� me ti diakritè suzuge� mejìdou, oi Elliot kai Peraire parous�asanergas�e oi opo�e asqoloÔntai me ton ant�strofo sqediasmì 2D kai 3D morf¸n seatribe� �oè, [67℄, kai strwtè �oè, [68℄, [69℄. H mèjodo pou parousi�sthke stiergas�e autè programmat�sthke gia perib�llon par�llhlh epexergas�a sto[70℄, en¸ sto [71℄ antimetwp�zontai pio �ealistik� probl mata stibaroÔ sqediasmoÔupì periorismoÔ. Sti ergas�e autè d�netai idia�terh èmfash sth diatÔpwshtwn sunjhk¸n pou exasfal�zoun th dhmiourg�a TVD11 sqhm�twn gia ti exis¸sei�o  kai ti suzuge� exis¸sei ¸ste na epitugq�netai sÔgklish mèqri akr�beiamhqan 12.Sthn [72℄, o Anderson parousi�zei m�a ant�stoiqh mèjodo gia turb¸dei �oè,ìpou diereun¸ntai kai telik¸ aporr�ptontai paradoqè kat� th diatÔpwsh twnsuzug¸n exis¸sewn, ìpw to na amelhje� h par�gwgo tou suntelest  turb¸dousunektikìthta, twn ìrwn deÔterh t�xh   twn parag¸gwn euaisjhs�aplegmatik¸n posot twn13. Oi paragwg�sei sthn ergas�a aut  pragmatopoioÔntaiqwr� th qr sh logismikoÔ AD. 'Idia taktik  akolouje�tai sto [73℄, kai ep�sh sto[74℄, ìpou h mèjodo parallhlopoie�tai. Sto [75℄ diereun¸ntai di�forestrathgikè metak�nhsh/prosarmog  tou plègmato sth metaballìmenh kat� tosqediasmì gewmetr�a, en¸ sto [76℄ parousi�zetai m�a suzug  mèjodo gia tonupologismì twn parag¸gwn euaisjhs�a plegmatik¸n posot twn.H ereunhtik  om�da tou Giles anaptÔssei ep�sh diakritè suzuge� mejìdousta [77℄, [78℄ kai [79℄ gr�fonta isodÔname ekfr�sei gia to sunarthsiakì,sunart sei e�te twn metablht¸n �o  e�te twn suzug¸n metablht¸n. M�lista, oimèjodoi epanalhptik  ep�lush tou eujèo kai tou suzugoÔ probl mato pouparousi�zontai sti ergas�e autè d�noun se k�je yeudoqronik  epan�lhyh thn�dia akrib¸ tim  gia to sunarthsiakì, ��sei twn dÔo aut¸n isodÔnamwnekfr�sewn. Sta [80℄ kai [81℄ parousi�zetai h analutik  lÔsh twn suzug¸nexis¸sewn gia to 1D prìblhma parous�a kum�twn kroÔsh kai sugkr�netai me thdiakrit  suzug  mèjodo. Ta [82℄, [83℄ kai [84℄ efarmìzoun th mèjodo semh�mìnime �oè strobilomhqan¸n. Sta [78℄, [82℄, [83℄, kai [84℄ d�netai èmfashsthn akrib  diatÔpwsh twn diakrit¸n suzug¸n oriak¸n sunjhk¸n sto stereì ìriogia sunektikè �oè.Th diakrit  suzug  mèjodo se mh�mìnime �oè ef�rmose kai o Jameson sta[85℄, [86℄, [87℄ kai [88℄, en¸ sto [89℄ antimetwp�zontai 2D uperhqhtikè �oè stiopo�e to emplekìmeno sunarthsiakì ekfr�zetai se tm ma tou or�ou tou ped�oudiaforetikì apì autì pou elègqoun oi metablhtè sqediasmoÔ. Ant�stoiqaprobl mata �apomakrusmènwn� parag¸gwn euaisjhs�a14 antimetwp�zontai kai se11Total Variation Diminishing12mahine auray13grid sensitivities14remote sensitivities



8 1. EISAGWGHergas�e tou EJS gia mìnime �oè sti strobilomhqanè, [90℄, [91℄, kaisugkekrimèna gia thn elaqistopo�hsh twn apwlei¸n olik  p�esh, kai apì �lleereunhtikè om�de sta [92℄ kai [93℄ gia thn elaqistopo�hsh tou hqhtikoÔ krìtouuperhqhtik¸n aeroskaf¸n, en¸ sta [94℄ kai [95℄ antimetwp�zontai probl mataallhlep�drash �eustoÔ�kataskeu 15.Tèlo, anafèrontai kai oi mèjodoi proodeutik  �eltistopo�hsh16, [96℄ kai[97℄, ìpou oi metablhtè sqediasmoÔ anane¸nontai qwr� na èqei epèljei sÔgklishtwn exis¸sewn tou eujèo kai suzugoÔ probl mato, me tautìqronh stadiak pÔknwsh tou arqik� araioÔ plègmato.Ektene� sugkr�sei twn dÔo prosegg�sewn (suneqoÔ kai diakrit ) èqoun g�neista [98℄, [99℄, [100℄ kai [101℄. Sti dÔo teleuta�e ergas�e parousi�zontaiprot�sei gia ubridismì twn prosegg�sewn prokeimènou na up�rxei pl rhekmet�lleush twn pleonekthm�twn tou. 'Ole oi parap�nw ergas�e katal gounsto koinì sumpèrasma ìti me th suneq  suzug  mèjodo epitugq�netai kalÔterhkatanìhsh twn ìrwn pou upeisèrqontai sth majhmatik  diatÔpwsh twn suzug¸nexis¸sewn kai up�rqei sqetik  euelix�a w pro thn epilog  tou sq mato kai thmejìdou ep�lush. Apì thn �llh pleur�, h diakrit  suzug  mèjodoefarmìzetai pio �mesa, afoÔ h majhmatik  th diatÔpwsh e�nai arket� pio apl kai h an�ptuxh tou sqetikoÔ logismikoÔ mpore� na epitaqunje� shmantik� me thqr sh teqnik¸n AD, [102℄, [103℄, [104℄, [105℄. Epiplèon, epishma�netai ìti sthdiakrit  suzug  mèjodo e�nai pio sumbatì kai �ra akribèstero o èlegqo thulopo�hsh th mejìdou mèsw th sÔgkrish twn upologizìmenwn parag¸gwneuaisjhs�a me �lle mejìdou (l.q. peperasmène diaforè, [106℄, [107℄,  mejìdou pou upolog�zoun ti parag¸gou euaisjhs�a me qr sh migadik¸nmetablht¸n, [108℄, [109℄). Parìla aut�, h ulopo�hsh se ep�pedoprogrammatismoÔ m�a diakrit  suzugoÔ mejìdou apodotik  apì pleur�mn mh kai kìstou epexergast  ton�zetai ìti e�nai duskolìterh.Oi mèqri t¸ra anaferje�se ergas�e kalÔptoun mìno ton upologismì thkl�sh tou sunarthsiakoÔ w pro ti metablhtè sqediasmoÔ kai thn qr sh thse mejìdou aitiokratik  �eltistopo�hsh pou e�te de qrhsimopoioÔn to essianìmhtr¸o (l.q. mèjodo apìtomh kajìdou17) e�te qrhsimopoioÔn m�a prosèggishautoÔ (l.q. proseggistikè mèjodoi Newton18). O upologismì tou akriboÔessianoÔ mhtr¸ou kai h qr sh tou se m�a akrib  mèjodo Newton epitaqÔnei upìpro�pojèsei shmantik� ton algìrijmo �eltistopo�hsh, idia�tera se probl matapou o arijmì kat�stash tou akriboÔ essianoÔ mhtr¸ou e�nai sqetik� meg�lo,opìte h kateÔjunsh pou d�nei m�a mèjodo apìtomh kajìdou e�nai kak , [110℄,  se probl mata me meg�lo arijmì metablht¸n, ìpou m�a proseggistik  mèjodoNewton parousi�zei meiwmènh apodotikìthta  /kai apotelesmatikìthta, [111℄,[112℄, [113℄. Sunep¸, h diajesimìthta m�a mejìdou gia ton apotelesmatikìupologismì tou akriboÔ essianoÔ mhtr¸ou e�nai epijumht .15�uid�struture interation16progressive optimization17steepest desent18quasi�Newton



1.3. Suzuge� mèjodoi � eÔresh tou essianoÔ mhtr¸ou 9Sqetik� me ton akrib  upologismì tou essianoÔ mhtr¸ou oi ergas�e pouèqoun dhmosieute� e�nai idia�tera olig�rijme, akìma kai se episthmonik� ped�aektì th URD. Sta [111℄, [112℄ kai [113℄ g�netai qr sh an�lush Fourierprokeimènou na ektimhje� m�a prosèggish h opo�a na e�nai kalÔterh apì aut  twnproseggistik¸n mejìdwn Newton kai th opo�a h akr�beia na mhn ephre�zetaiarnhtik� apì th di�stash tou q¸rou sqediasmoÔ. H mèjodo qrhsimopoie�tai giaton ant�strofo sqediasmì morf¸n se 2D kai 3D, gia �oè pou dièpontai apì tiexis¸sei dunamikoÔ   ti exis¸sei Euler, pro�pojètei de ìti to shme�o ekk�nhshde �a e�nai polÔ makri� apì to �èltisto. Epiplèon, sti ergas�e autèparousi�zontai teqnikè prostajeropo�hsh th mejìdou �eltistopo�hsh. Sto[114℄ upolog�zetai analutik� to essianì mhtr¸o gia 1D �oè me kÔma kroÔsh,èqonta w ��sh thn proanaferje�sa ergas�a tou Giles, [81℄, sthn opo�aparousiazìtan h analutik  lÔsh twn suzug¸n exis¸sewn se 1D probl mata. Sto[115℄, to essianì mhtr¸o upolog�zetai gia tou suntelestè �nwsh,opisjèlkousa kai �op  w pro th gewmetr�a kai w pro ti sunj ke �o (gwn�a ep' �peiro �o , arijmì Reynolds kai arijmì Mah) qrhsimopoi¸ntasunduasmì th euje�a diafìrish twn exis¸sewn �o  kai th diakrit  suzugoÔteqnik , epekte�nonta ant�stoiqh mèjodo gia ton upologismì twn parag¸gwneuaisjhs�a pr¸th t�xh, [116℄. Gia thn an�ptuxh th mejìdou qrhsimopoioÔntaiteqnikè euje�a AD19 kai g�netai ekten  sqoliasmì twn pleonekthm�twn kaimeionekthm�twn th AD, an�loga me thn èktash th qr sh th kai thn epilog twn shme�wn tou phga�ou k¸dika pou kale�tai na diafor�sei. AkoloÔjw, hmèjodo epekte�netai se perib�llon par�llhlh epexergas�a, [117℄, kai sto [118℄qrhsimopoioÔntai teqnikè ant�strofh AD20, prokeimènou na arjoÔn arket� apìta meionekt mata th prohgoÔmenh mejìdou. Ant�stoiqe mèjodoiakolouj jhkan kai se ergas�e �llwn ereunhtik¸n om�dwn, [119℄, [120℄ kai[121℄. Pèran th URD apant¸ntai ergas�e gia upologismì tou akriboÔ essianoÔmhtr¸ou se efarmogè mhqanik  stere¸n kai dunamik  mhqan¸n, [122℄, [123℄,[124℄, [125℄, metafor� �ermìthta, [126℄, elègqou atmosfairik  �Ôpansh,[127℄, sth �eltistopo�hsh hlektronik¸n ��ltrwn, [128℄ kai se probl mata�Ôjmish enaèria kuklofor�a, [129℄. H qrhsimìthta tou upologizìmenouessianoÔ mhtr¸ou �a�netai idia�tera sti mejìdou stibaroÔ sqediasmoÔ, ìpouemplèketai sthn posotikopo�hsh th tupik  apìklish th sun�rthsh stìqou seefarmogè ìpou oi metablhtè sqediasmoÔ   oi sunj ke �o  metab�llontaisÔmfwna me k�poia pijanotik  katanom , [130℄, [121℄. Shmei¸netai ìti sthnpleionìthta twn efarmog¸n stibaroÔ sqediasmoÔ th �ibliograf�a oupologismì tou essianoÔ mhtr¸ou e�te apofeÔgetai pragmatopoi¸ntatautìqronh �eltistopo�hsh gia diaforetikè sunj ke21 kai qrhsimopoi¸ntakat�llhla epilegmèna ��rh, [71℄, [131℄, [131℄, [132℄, [133℄, [86℄, [134℄, [135℄,  ektim�tai me upologistik� dapanhrè mejìdou pou �as�zontai se deigmatolhy�e(l.q. mèjodo Monte Carlo), [136℄, [137℄, [138℄, [139℄, [140℄.19tangent mode automati di�erentiation20reverse mode automati di�erentiation21multipoint design



10 1. EISAGWGHTo EJS sune�sfere sto ped�o autì me m�a seir� prìsfatwn dhmosieÔsewn,[141℄, [46℄, [48℄, [47℄, oi opo�e parousi�zoun tèsseri diaforetikè mejìdou giaton akrib  upologismì tou essianoÔ mhtr¸ou sundu�zonta th mèjodo euje�adiafìrish me th suneq    th diakrit  suzug  teqnik  se domhmèna plègmata, kaih oikonomikìterh ex' aut¸n qrhsimopoie�tai se probl mata ant�strofousqediasmoÔ. Sti ergas�e autè arketo� ìroi, oi opo�oi m�lista e�nai arket�dapanhro� kai majhmatik� per�plokoi, �ewr jhkan amelhtèoi kai apale�fjhkanapì thn akrib  èkfrash tou essianoÔ mhtr¸ou. H paroÔsa diatrib  efarmìzei thmejodolog�a twn ergasi¸n aut¸n, qrhsimopoi¸nta th diakrit  suzug  teqnik  giaubridik� plègmata, se probl mata ant�strofou sqediasmoÔ kai elaqistopo�hshtwn apwlei¸n olik  p�esh upì periorismoÔ. H sqetik  mèjodo èqeidhmosieute� sti ergas�e tou EJS [142℄ kai [143℄. Sthn teleuta�a per�ptwsheidik� apodeiknÔetai ìti oi ìroi pou e�qan apaleifje� se palaiìtere ergas�ee�nai plèon shmantiko�, opìte sumperilamb�nontai sthn telik  èkfrash touessianoÔ mhtr¸ou. Epiplèon, pragmatopoie�tai endeleq  èreuna thshmantikìthta ìlwn twn ìrwn pou summetèqoun sthn pl rh èkfrash touessianoÔ mhtr¸ou, ¸ste na diapistwjoÔn enallaktikè aplousteÔsei, oi opo�emei¸noun to upologistikì kìsto qwr� na hmi¸noun thn akr�beia touupologizìmenou essianoÔ mhtr¸ou.1.4 A posteriori an�lush sf�lmato'Ena teleuta�o ped�o pou kalÔptetai sth diatrib  e�nai autì th a posteriorian�lush sf�lmato (APEA22) me qr sh suzug¸n teqnik¸n. Sth mèjodo aut pragmatopoie�tai susqètish tou arijmhtikoÔ sf�lmato kat� ton upologismìenì sunarthsiakoÔ (sun jw, all� ìqi apara�thta, oloklhrwmatik  posìthta)me to suzugè ped�o kai h ekmet�lleush th susqètish aut  me thn epibol diorj¸sewn sthn tim  tou sunarthsiakoÔ  /kai thn diadoqik  prosarmog  touplègmato gia peraitèrw me�wsh tou sf�lmato. H mèjodo aut  antagwn�zetaiklasikè mejìdou prosarmog  plègmato, oi opo�e �as�zontai sthn kl�shk�poiou megèjou th �o , kai oi opo�e den e�nai p�nta kat�llhle gia thnakribèsterh prìlexh tou sunarthsiakoÔ, en�ote de odhgoÔn se l�jo ekt�mhsh,[144℄. Praktikì kèrdo apì th mèjodo aut  e�nai h apofug  ep�lush twnexis¸sewn �o  se èna exarq  puknì plègma, h opo�a upokaj�statai apì thnoikonomikìterh ep�lush twn exis¸sewn �o  kai twn suzug¸n exis¸sewn se ènaaraiìtero plègma.M�a seir� ergasi¸n sqetik� me th mèjodo APEA èqei dhmosieute� apì thnereunhtik  om�da tou Oden gia majhmatik� probl mata pou perilamb�nounsust mata elleiptik¸n merik¸n diaforik¸n exis¸sewn, [145℄, [146℄, [147℄, [148℄,gia probl mata URD, [149℄ kai gia probl mata mhqanik  stere¸n, [150℄. Stiergas�e autè, oi opo�e aforoÔn sth mèjodo twn peperasmènwn stoiqe�wn, ìpwh pleionìthta twn ergasi¸n pou èqoun oloklhrwje� �llwste sto ped�o autì,22a posteriori error analysis



1.5. Dom  th diatrib  11stìqo den e�nai h �elt�wsh tou upologismoÔ k�poiou sunarthsiakoÔ, all� thlÔsh twn exis¸sewn �o  genikìtera. Me thn an�gkh tou akriboÔ upologismoÔenì sunarthsiakoÔ me praktik  shmas�a asqol jhke o Rannaher seprobl mata URD, [151℄, [152℄, [153℄, [154℄, kai o Patera sta [155℄ kai [156℄.Sqedìn tautìqrona o Giles parous�ase m�a mèjodo APEA h opo�a, parìtiefarmìsthke arqik� se mejìdou peperasmènwn stoiqe�wn me qr sh th suneqoÔsuzugoÔ teqnik , [157℄, [158℄, epekte�netai kai se mejìdou peperasmènwnìgkwn, [159℄, [160℄, [161℄. Idia�tero endiafèron parousi�zei kai h dunatìthtasunduasmoÔ th mejìdou me �lle mejìdou me�wsh tou arijmhtikoÔ sf�lmato,[162℄, [163℄, [164℄, [165℄.M�a ant�stoiqh mejodolog�a h opo�a �as�zetai sth qr sh diakrit¸n suzug¸nteqnik¸n kai sth mèjodo twn peperasmènwn ìgkwn anaptÔqjhke apì ton Darmofalgia atribe� sumpiestè �oè se 1D, [166℄, [167℄, kai 2D, [168℄, [169℄. Sta [170℄,[171℄ kai [172℄ antimetwp�zontai 2D turb¸dei �oè, en¸ th diadikas�a prosarmog sunepikouroÔn mèjodoi me aisjht ria �asismèna sth deÔterh par�gwgo �oðk¸nmegej¸n23. H en lìgw mèjodo epekt�jhke apì ton Park se 3D atribe�, [173℄, kaiturb¸dei, [174℄, �oè.To EJS ef�rmose m�a parallag  th parap�nw mejìdou se 2D peript¸seieswterik  aerodunamik , [175℄, [176℄. Idia�tera sthn teleuta�a ergas�a, hmèjodo efarmìsthke gia sunarthsiak� pou posotikopoioÔn ti ap¸leie touped�ou �o  kai upolog�zontai me olokl rwsh se ìria apomakrusmèna apì thgewmetr�a (ìpw oi ap¸leie olik  p�esh) kai me olokl rwsh sto sÔnolo touped�ou �o  (paragwg  entrop�a). Epiplèon, melet jhke h ep�drash thefarmog  teqnik¸n exom�lunsh24, [177℄, kai prosarmog  mèsw metak�nhshtwn kìmbwn tou plègmato25, prokeimènou na meiwjoÔn oi apait sei th mejìdouse mn mh upologist .Se pio prìsfate ergas�e, ìpw h [178℄, h mèjodo APEA efarmìzetai qwr�prwjÔsterh gn¸sh tou arijmhtikoÔ sq mato pou qrhsimopoi jhke sto eujÔprìblhma. Anafèretai ep�sh h [179℄, h opo�a afor� sthn efarmog  th mejìdougia probl mata metafor��di�qush�ant�drash kai probl mata pou dièpontaiapì ti exis¸sei Stokes, kai oi [180℄ kai [181℄, ìpou h mèjodo efarmìzetai giapeperasmèna stoiqe�a me sq mata tÔpou disontinuous Galerkin. H mèjodo èqeiefarmoste� sqetik� prìsfata kai se episthmonik� ped�a ìpw h metafor��ermìthta, [182℄, kai o hlektromagnhtismì, [183℄.1.5 Dom  th diatrib Dedomènou ìti skopì th paroÔsa diatrib  e�nai h parous�ash m�aoloklhrwmènh mejodolog�a h opo�a �a antimetwp�zei thn an�lush kai tonant�strofo sqediasmì/beltistopo�hsh me qr sh ubridik¸n plegm�twn, diakrit¸n23Hessian�based anisotropi grid adaptation24smoothing25r�adaptation



12 1. EISAGWGHsuzug¸n teqnik¸n kai tou essianoÔ mhtr¸ou, h diatrib  qwr�zetai se tr�a �asik�tm mata, ta opo�a antistoiqoÔn sta tr�a ereunhtik� ped�a pou k�luyan oiprohgoÔmene enìthte. Ta tm mata aut� aforoÔn :� sthn ep�lush tou eujèo probl mato (exis¸sei �o ) me qr sh ubridik¸nplegm�twn kai enia�a diatÔpwsh gia ìlou tou tÔpou plegmatik¸n stoiqe�wn� sthn proteinìmenh mèjodo upologismoÔ tou essianoÔ mhtr¸ou kai th qr shtou se diadikas�e ant�strofou sqediasmoÔ/beltistopo�hsh sthnaerodunamik , mèsw akrib¸n kai proseggistik¸n mejìdwn Newton� sthn a posteriori an�lush sf�lmato gia �elt�wsh th akr�beia twnapotelesm�twn pou lamb�nontai apì ti mejìdou pou analÔontai sto pr¸totm ma, qrhsimopoi¸nta ti suzuge� teqnikè pou anaptÔssontai stodeÔtero tm maGia k�je tm ma, pr¸ta parousi�zetai h sqetik  �ewr�a kai akolouje� ènasÔnolo efarmog¸n pou pistopoioÔn thn orj  ulopo�hsh th mejìdou. 'Etsi, hdiatrib  diarjr¸netai w ex  :� Kef. 2 kai 3: Parousi�zetai h mejodolog�a ep�lush twn exis¸sewn �o (eujÔ prìblhma) me qr sh ubridik¸n plegm�twn se 2D kai 3D. Dedomènou ìti��sh th mejìdou apoteloÔn ergas�e oi opo�e èqoun  dh oloklhrwje� stoEJS gia 2D kai 3D plègmata trigwnik¸n/tetraedrik¸n stoiqe�wn, g�netai m�asÔntomh parous�ash th mejìdou pou anaptÔssetai se autè kaiperigr�fontai ekten¸ oi anagka�e epekt�sei   allagè gia thnepiprìsjeth dunatìthta qeirismoÔ mikt¸n plegmatik¸n stoiqe�wn me enia�otrìpo. Par�llhla, pragmatopoioÔntai sugkr�sei se k�je upo-enìthta(diakritopo�hsh twn exis¸sewn, ep�lush th diakritopoihmènh èkfrash,parallhlopo�hsh, prosarmog  plègmato) me ant�stoiqe mejìdou thsqetik  �ibliograf�a. Tèlo, h mèjodo ep�lush pistopoie�tai se 2D kai3D efarmogè eswterik  kai exwterik  aerodunamik  me thnpragmatopo�hsh prosomoi¸sewn, th sullog  twn apotelesm�twn kai thsÔgkris  tou me diajèsima peiramatik�   arijmhtik� dedomèna.� Kef. 4, 5 kai 6: Parousi�zetai h diakrit  suzug  mèjodo kai oi trìpoime tou opo�ou mpore� na suneisfèrei ston upologismì tou essianoÔmhtr¸ou. Melet¸ntai aplopoihtikè paradoqè, oi opo�e epitaqÔnounaisjht� ton upologismì twn parag¸gwn euaisjhs�a qwr� na hmi¸nounsthn akr�beia aut¸n. Ep�sh, parousi�zontai en suntom�a oi mèjodoi�eltistopo�hsh Newton kai quasi�Newton, kaj¸ kai dunatìthtesunduasmoÔ aut¸n. Oi mèjodoi autè sugkr�nontai w pro thnapodotikìtht� tou se probl mata ant�strofou sqediasmoÔ kaielaqistopo�hsh twn apwlei¸n olik  p�esh 2D aerotom¸n kai pterug¸sewnupì gewmetrikoÔ kai �oðkoÔ periorismoÔ.



1.5. Dom  th diatrib  13� Kef. 7: Parousi�zetai h mèjodo a posteriori an�lush sf�lmato, hopo�a �as�zetai sthn prosarmog  ubridik¸n plegm�twn pou parousi�zetaisto kef. 2 kai th diakrit  suzug  mèjodo pou parousi�zetai sto kef. 5. Hpistopo�hsh th mejìdou pragmatopoie�tai me thn efarmog  th sti 2Dpeript¸sei pou melet jhkan sto kef. 3.� Kef. 8: Parousi�zetai m�a sÔntomh anakefala�wsh th diatrib ,aparijmoÔntai ta prwtìtupa stoiqe�a aut  kai ta sumper�smata poumporoÔn na exaqjoÔn apì ta sqetik� apotelèsmata kai prote�nontai ped�agia mellontik  èreuna.To logismikì pou anaptÔqjhke gia thn ulopo�hsh twn parap�nw mejìdwn èqeiparallhlisje� me qr sh twn prwtokìllwn PVM kai MPI (gia to prìblhmaep�lush th �o ) kai th diepaf  programmatismoÔ efarmog¸n26 OpenMP giath mèjodo eÔresh tou akriboÔ essianoÔ mhtr¸ou. H pistopo�hsh kai oiefarmogè twn mejìdwn pou perigr�fontai ektelèsthkan sto upologistikì kèntrotou EJS, sq. 1.1, to opo�o apotele�tai apì dÔo eterogene� sustoiq�e Beowulf kaièna uperupologistikì sÔsthma27 me ta ex  qarakthristik� :� H pr¸th sustoiq�a apotele�tai apì 22 kìmbou (32bit, 35 pur ne sunolik�).me sunolik  mn mh RAM 20GB.� H deÔterh sustoiq�a apotele�tai apì 30 kìmbou (64bit, 80 pur nesunolik�). me sunolik  mn mh RAM 100GB.� To uperupologistikì sÔsthma apotele�tai apì 40 Dell Poweredge blades medÔo tetrapÔrhnou epexergastè Xeon èkasth (64bit, 320 pur ne sunolik�)kai sunolik  mn mh RAM 512GB

Sq ma 1.1: To upologistikì kèntro tou EJS.26appliation proess interfae, API27high performane omputer, HPC
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Kef�laio 2TO PROBLHMA ROHS SE UBRIDIKAPLEGMATASto parìn kef�laio diatup¸nontai oi exis¸sei Navier�Stokes gia to sumpiestì�eustì, oi opo�e montelopoioÔn to legìmeno eujÔ prìblhma1 kai epilÔontaiarijmhtik� gia ton upologismì tou ped�ou �o  sti peript¸sei an�lush kai�eltistopo�hsh pou exet�zontai. Oi exis¸sei autè sumplhr¸nontai me tomontèlo tÔrbh m�a ex�swsh twn Spalart�Allmaras, [184℄. H mèjodo pouperigr�fetai sto kef�laio autì apotele� epèktash th mejìdou ep�lush twnexis¸sewn �o  gia mh�domhmèna plègmata trigwnik¸n (2D) kai tetraedrik¸n (3D)stoiqe�wn pou anaptÔqjhke se palaiìtere dhmosieumène ergas�e kaididaktorikè diatribè tou Ergasthr�ou Jermik¸n Strobilomhqan¸n, [185℄, [1℄,[2℄, prokeimènou na prosteje� h dunatìthta qr sh ubridik¸n 2D kai 3Dplegm�twn.H mejodolog�a pou akolouje�tai ed¸, kat� th diakritopo�hsh twn exis¸sewn,parousi�zei pleonekt mata/kainotom�e se sÔgkrish me ant�stoiqe ergas�e sthsqetik  �ibliograf�a sta ex  shme�a :� Antimetwp�zei me enia�o kai apodotikì trìpo ìla ta e�dh twn plegmatik¸nstoiqe�wn pou apant¸ntai sta ubridik� plègmata kai m�lista gia m�a poikil�asqhm�twn diakritopo�hsh. To kèrdo apì thn enia�a antimet¸pish antanakl�ston èlegqo apodoq  twn plegmatik¸n stoiqe�wn, ton upologismì tou ìgkoutou kai ton upologismì twn kl�sewn megej¸n se aut�.� AnaptÔssontai dÔo trìpoi apoj keush twn �ar¸n pou summetèqoun stonupologismì twn qwrik¸n kl�sewn megej¸n, kat� akmè kai kat� kìmboustoiqe�wn, metaxÔ twn opo�wn epilègetai o kat� per�ptwsh apodotikìtero wpro to kìsto mn mh.� Ekfr�zetai tÔpo upologismoÔ tou yeudoqronikoÔ � mato kat�llhlo giaubridik� plègmata, kai o opo�o lamb�nei epiplèon upìyh thn ep�drash toumontèlou tÔrbh sthn eust�jeia tou sq mato.1diret problem 15



16 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAEkten  an�lush g�netai kai w pro th grammikopo�hsh twn exis¸sewn �o ,dedomènou ìti poll� apì ta stoiqe�a th �r�skoun �mesh efarmog  kat� thnan�ptuxh th diakrit  suzugoÔ mejìdou pou �a parousiaste� se epìmenakef�laia.2.1 Oi exis¸sei Navier�Stokes2.1.1 DiatÔpwsh twn 3D exis¸sewn �o Oi exis¸sei pou epilÔontai e�nai oi exis¸sei Navier�Stokes, se adi�stathsunthrhtik  morf , gia qronik� mìnimh �o  sumpiestoÔ �eustoÔ, apous�adun�mewn �arÔthta, sto kartesianì sÔsthma anafor����t + �(�ur)�xr = 0 (2.1a')�(�ui)�t + ��xr (�urui + pÆri) = ��ri�xr (2.1b')�(�E)�t + ��xr [ur (�E + p)℄ = �(uj�jr)�xr + �qr�xr (2.1g')ìpou � e�nai h puknìthta tou �eustoÔ, ur kai qr h sunist¸sa th taqÔthta kaith �o  �ermìthta, ant�stoiqa, kat� thn kateÔjunsh xr, E = e + 12urur h olik enèrgeia an� mon�da m�za, e h eswterik  enèrgeia an� mon�da m�za, p h p�eshtou �eustoÔ, kai �ij o tanust  twn t�sewn. Efex , me tou epanalambanìmenoude�kte �a noe�tai �jroish sÔmfwna me th sÔmbash tou Einstein, ektì an dhl¸netai�ht� to ant�jeto.An oriste� to di�nusma twn sunthrhtik¸n metablht¸n~U = 266664 ��u1�u2�u3�E
377775 = 266664 ��u�v�w�E

377775kaj¸ kai ta dianÔsmata mh�sunektik  kai sunektik  �o  kat� thn kateÔjunshxr ~F invr = 266664 �ur�u1ur + pÆ1r�u2ur + pÆ2r�u3ur + pÆ3rur (�E + p)
377775 ; ~F visr = 1Re0 266664 0�1r�2r�3ruj�jr + qr

377775oi ex. 2.1 mporoÔn na sumptuqjoÔn sthn parak�tw dianusmatik  graf �~U�t + � ~F invr�xr � � ~F visr�xr = 0 (2.2)



2.1. Oi exis¸sei Navier�Stokes 17Oi exis¸sei Euler prokÔptoun me diagraf  twn dianusm�twn sunektik  �o  apìti ex. 2.2.Upojètonta ìti ta upì melèth �eust� e�nai isìtropa neut¸neia kai ìti isqÔei hupìjesh tou Stokes gia th sunektikìthta, [186℄, o tanust  twn t�sewn d�netai apìthn ex  sqèsh �ij = �effRe0 ��ui�xj + �uj�xi � 23 �ur�xr Æij�ìpou �eff = � + �t e�nai to �jroisma moriak  kai turb¸dou dunamik sunektikìthta kai Æij to dèlta tou Kroneker.H adiastatopoihmènh �o  �ermìthta montelopoie�tai sÔmfwna me to nìmo touFourier qr = p �effRe0Pr �T�xrO arijmì Reynolds emfan�zetai w sunèpeia th adiastatopo�hsh twn ex. 2.2 kaiekfr�zetai sunart sei twn megej¸n adiastatopo�hsh �o, uo, lo kai �o (puknìthta,taqÔthta, m ko kai sunektikìthta adiastatopo�hsh, ant�stoiqa) w ex Re0 = �ouolo�oen¸ o adi�stato arijmì Prandtl ekfr�zei to lìgo tou �ujmoÔ di�qush th orm w pro to �ujmì di�qush th �ermìthta kai gr�fetaiPr = p�k (2.3)To �kle�simo� tou sust mato twn exis¸sewn pragmatopoie�tai me thn upìjeshìti to ergazìmeno mèso ikanopoie� thn katastatik  ex�swsh twn tele�wn aer�wnp = �RT (2.4)Sti ex. 2.3 kai 2.4, p e�nai h eidik  �ermoqwrhtikìthta tou aer�ou, R h stajer�tou aer�ou kai k h �ermik  agwgimìthta.2.1.2 DiatÔpwsh twn 2D exis¸sewn me metablhtì p�qo touswl na �o Gia th montelopo�hsh �o¸n se pterug¸sei strobilomhqan¸n upì th �e¸rhshyeudì-3D �o  pou diamorf¸netai epitrèponta metabol  tou p�qou tou swl na�o  (o opo�o upert�jetai sto 2D qwr�o) kat� thn axonik  kateÔjunsh x1, mesunèpeia thn tautìqronh metabol  tou lìgou th axonik  taqÔthta ep� thnpuknìthta2, qrhsimopoioÔntai oi exis¸sei �o  metablhtoÔ p�qou h(x1)��h~U��t + ��h~F invr ��xr � ��h~F visr ��xr = ~Sh (2.5)2AVDR, Axial Veloity�Density Ratio



18 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAìpou ~Sh = 26664 0dhdx (p� �33)00
37775Oi t�sei pou emfan�zontai sta dianÔsmata sunektik  �o  kai ston ìro phg  ~Shd�nontai apì ti sqèsei�ij = �effRe0 ��ui�xj + �uj�xi � 23Æij ��ur�xr + u1h dhdx�� ; i; j = 1; 2�33 = 23 �effRe0 �2u1h dhdx � �ui�xi� ; i = 1; 2Oi ex. 2.5 prokÔptoun oloklhr¸nonta ti ex. 2.2 kat� th m�a kateÔjunsh (ed¸ton �xona egk�rsia sto ep�pedo (x1; x2) th �o ) kai qrhsimopoi¸nta tÔpou apìth �ewr�a twn kampulìgrammwn suntetagmènwn, [187℄.2.2 Montelopo�hsh th tÔrbh � To montèloSpalart�AllmarasGia th montelopo�hsh th tÔrbh epelègh to montèlo mia ex�swsh twnSpalart�Allmaras, [184℄, prosarmosmèno se sumpiestè �oè, [1℄, [188℄, [189℄. Hprosèggish pou akolouje�tai sti dÔo pr¸te anaforè qrhsimopoie�tai kai sthnparoÔsa diatrib . To montèlo twn Spalart�Allmaras prosomoi¸nei th metafor�,paragwg  kai di�qush th posìthta ~�, h opo�a sqet�zetai �mesa me to suntelest turb¸dou sunektikìthta, �t, �ewr¸nta ìti isqÔei h upìjesh tou Boussinesq,dhlad  ìti oi t�sei Reynolds montelopoioÔntai kat� trìpo ant�stoiqo me autìntwn moriak¸n t�sewn� tij = ��u0iu0j = �tRe0 ��ui�xj + �uj�xi � 23 �ur�xr Æij�Se adi�stath morf , h ex�swsh tou montèlou gia sumpiestè �oè d�netai sth morf �(�~�)�t + �(�ur~�)�xr| {z }C = b1 (1� ft2) ~S�~�� 1Re0 �w1fw � b1�2 ft2�� ~�d�2| {z }S ++ 1Re0 1 + b2� ��xr �(�+ ~�) �~��xr �� 1Re0 b2� (�+ ~�) ��xr � �~��xr�| {z }D ++Re0�2ft1�~u2| {z }T (2.6)



2.2. Montelopo�hsh th tÔrbh � To montèlo Spalart�Allmaras 19ìpou o ìro �C � montelopoie� th metafor� th posìthta ��~��, o ìro phg  �S� thnparagwg  kai katastrof  aut , o ìro �D� th di�qush en¸ o ìro �T �energopoie�tai proairetik� kai mìno ìtan epijume�tai h prosomo�wsh met�bashapì strwt  se turb¸dh �o , se �èsh h opo�a e�te kajor�zetai apì to qr sth (trip)  upolog�zetai apì qwristì montèlo met�bash. H parap�nw ex�swsh epilÔetai wpro to ~�, to opo�o sth sunèqeia �a d¸sei to suntelest  turb¸dou sunektikìthta�t. Oi posìthte pou emfan�zontai sthn parap�nw ex�swsh d�nontai apì ti sqèseifv1 = �3�3 + 3v1� = ~��~� = ~�� ~fv2 = 1�1 + �v2�3~fv3 = 1� (1 + �fv1)�1� ~fv2�~S = ~fv3S + 1Re0 ~��2d2 ~fv2S = j~!jfw = g� 1 + 6w3g6 + 6w3� 16g = r + w2 �r6 � r�r = 1Re0 ~�~S�2d2ft1 = t1gtexp ��t2 j~!tj�U2 �d2 + g2t d2t ��gt = min�0:1; �U!t�x�ft2 = t3exp ��t4�2��U = j~uj � ��~ut��dt = ��~x� ~xt��

(2.7)

ìpou ~xt, ~ut kai ~!t e�nai to di�nusma �èsh, h taqÔthta kai h strobilìthta ant�stoiqasto shme�o met�bash, to opo�o sumbol�zetai me ton ekjèth t, en¸ �x e�nai to m kopou qarakthr�zei to mègejo twn stoiqe�wn tou plègmato sto shme�o autì kai d,dt e�nai oi apost�sei apì ton to�qo kai to shme�o met�bash, ant�stoiqa. Tèlo, hturb¸dh dunamik  sunektikìthta upolog�zetai w ex �t = �fv1Oi stajerè sthn ex. 2.6 kai sti posìthte pou emperièqei lamb�noun ti ex timè, [184℄: � = 23 , � = 0:41, v1 = 0:71, v2 = 5, b1 = 0:1355, b2 = 0:622,



20 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAw1 = b1�2 + 1 + b2� , w2 = 0:3, w3 = 2, t1 = 1, t2 = 2, t3 = 1:2 kai t4 = 0:5.To sugkekrimèno montèlo prosegg�zei ikanopoihtik� se praktikì ep�pedo taturb¸dh �ainìmena se èna meg�lo eÔro peript¸sewn �o , sumperilambanomènwntwn tmhm�twn th �o  kont� se stere� toiq¸mata gia sqetik� uyhloÔ arijmoÔReynolds (thin shear layer �ows) kai th �o  ston omìrou twn pterug�wn (freeshear �ows), [184℄, pou w ep� to ple�ston kalÔptoun ti efarmogè poumelet¸ntai sthn paroÔsa diatrib . Se sÔgkrish me �lla montèla tÔrbh,parousi�zei kalè idiìthte eust�jeia kai sÔgklish, oi oriakè sunj ke touepib�llontai �mesa kai den apaite� polÔ pukn� upologistik� plègmata. Idia�terase sqèsh me ta montèla tÔrbh dÔo exis¸sewn, den parousi�zei to prìblhma thuperbolik  paragwg  turb¸dou kinhtik  enèrgeia sto shme�o anakop  thakm  prìsptwsh kai ti anakr�beie pou autì eis�gei. Epiplèon, to montèloautì èqei sqetik� mikrè upologistikè apait sei (�ra apotele� elkustik epilog  gia efarmog  se mejìdou �eltistopo�hsh) kai èqei �topikì� qarakt ra,dhlad  oi exis¸sei se k�je kìmbo tou plègmato den emplèkoun megèjh �llwnkìmbwn pèran twn pr¸twn geitìnwn (aut¸n dhlad  pou sundèontai me ton en lìgwkìmbo mèsw plegmatik  akm ), gegonì pou to kajist� kat�llhlo giaefarmogè se mh�domhmèna plègmata. Ta shmantikìtera meionekt mata tou e�naih meiwmènh akr�beia sthn prìlexh �ainomènwn pou sqet�zontai me thn tÔrbh seaxonosummetrikè �oè kai se �oè me mazik  apokìllhsh, [184℄, h èlleiyhmhqanismoÔ gia autìmato entopismì th �èsh met�bash, en¸ e�nai sqetik�anakribè (sthn prwtìleia toul�qiston morf ) gia peript¸sei �o  me shmantik tim  èntash th tÔrbh sthn e�sodo tou ped�ou �o . Gia to teleuta�o, palaiìterhèreuna sto EJS od ghse se prìtash metatrop¸n tou montèlou���sh, [190℄, ¸stena antimetwp�zontai �oè eswterik  aerodunamik  autoÔ tou tÔpou.2.3 Adiastatopo�hsh twn exis¸sewnGia thn adiastatopo�hsh twn exis¸sewn, h opo�a prohge�tai th diakritopo�hshkai ep�lus  tou, qrhsimopoioÔntai megèjh adiastatopo�hsh pou h epilog tou kajor�zetai apì to e�do �o  pou melet�tai (eswterik    exwterik aerodunamik ). B�sei twn megej¸n adiastatopo�hsh prokÔptoun, ìpwproanafèrjhke kai sthn par. 2.1.1, oi timè tou adi�statou arijmoÔ Re0(Reynolds). Sthn perigraf  pou akolouje�, gia èna mègejo U pou emfan�zetaiadi�stato sti ex. 2.2, 2.5 kai 2.6, me Û �a sumbol�zetai h diastat  tim  tou kaime Uo �a sumbol�zetai to ant�stoiqo mègejo adiastatopo�hsh, opìte �a isqÔeiU = ÛUo (2.8)Analutikìtera, se peript¸sei eswterik  aerodunamik , dedomènou ìtisun jw d�nontai sthn e�sodo h olik  p�esh p̂int kai h olik  �ermokras�a T̂ int ,epilègetai na isqÔei pint = 1 kai T int = 1 opìte, apì thn ex. 2.8, sun�getai ìtipo = p̂int ; To = T̂ int



2.3. Adiastatopo�hsh twn exis¸sewn 21Ep�sh, epilègetai R =  � 1 kai p =  opìteRo = ̂p (2.9a')po = R̂ � 1 (2.9b')en¸, apì thn apa�thsh h adiastatopoihmènh katastatik  ex�swsh, 2.4, na gr�fetaise ìmoia morf  me th diastat , prokÔptei ìti�o = poRoTo (2.10)Dedomènou ìti h adi�stath taqÔthta �èloume na susqet�zetai me taadiastatopoihmèna megèjh �ermokras�a mèsw th sqèsh Tt = T + j~uj22p , h opo�ae�nai kai p�li ìmoia me thn ant�stoiqh diastat , h taqÔthta adiastatopo�hshe�nai uo =pRoTo (2.11)en¸ h sqèsh pv =  exakolouje� na isqÔei, ìpw kai sth diastat  th morf , arke�na teje� v = 1, pou prokÔptei an vo = R̂ � 1Tèlo, h adi�stath moriak  sunektikìthta epilègetai na e�nai � = 1, opìte toant�stoiqo mègejo adiastatopo�hsh e�nai �o = �̂, en¸ h olik  enèrgeia an�mon�da m�za adiastatopoie�tai me thn posìthta E0 = u20. Oi upìloipe posìthteadiastatopoioÔntai qrhsimopoi¸nta par�gwga twn  dh epilegmènwn megej¸nadiastatopo�hsh.Sti peript¸sei exwterik  aerodunamik  akolouje�tai m�a elafr¸diaforetik  prosèggish, afoÔ sun jw d�nontai h statik  puknìthta �̂1 kai htaqÔthta ���~̂u���1 sto ep' �peiro ìrio, opìte epilègetai na isqÔei �1 = 1 kai j~uj1 = 1.H apa�thsh aut  d�nei �o = �̂1; uo = ���~̂u���1en¸, apì ti ex. 2.9a', 2.10 kai 2.11, prokÔptei h p�esh kai h �ermokras�aadiastatopo�hsh To = u2oRo; po = �oRoToTa upìloipa megèjh adiastatopoioÔntai ìpw kai sti peript¸sei eswterik aerodunamik .



22 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATA2.4 Diakritopo�hsh twn exis¸sewn �o Akolouje� h perigraf  th mejìdou twn peperasmènwn ìgkwn me kentrokombik apoj keush gia th diakritopo�hsh twn ex. 2.2 kai 2.6. 'Emfash d�netai sta ex shme�a :� Oi diakritopoihmène exis¸sei pou �a prokÔyoun na e�nai sunepe� me toanalutikì montèlo (dhlad  na sump�ptoun me autì ìtan oi diast�sei twnstoiqe�wn tou plègmato g�noun apeirostè), [191℄.� Oi telestè olokl rwsh, diafìrish, upologismoÔ kl�sewn klp. pouqrhsimopoioÔntai na e�nai akribe� gia megèjh pou metab�llontai grammik�mèsa ston peperasmèno ìgko, ¸ste na exasfal�zetai akr�beia deÔterh t�xh,[30℄, [31℄.� Kat� thn ep�lush, h mèjodo na mh qrei�zetai plhrofor�e w pro to e�dotwn plegmatik¸n stoiqe�wn, (grid transpareny, [34℄, [35℄), gegonì pou �aaÔxane ti apait sei se mn mh kai thn poluplokìthta touprogrammatismoÔ. Oi diaforè sth diaqe�rish k�je e�dou plegmatikoÔstoiqe�ou e�nai epijumhtì na perior�zontai mìno se proepexergastikì (dom dedomènwn) kai metepergastikì ep�pedo (epexergas�a apotelesm�twn). Meton ìro plegmatik� stoiqe�a apì ed¸ kai sto ex  �a ennooÔme tatr�gwna/tetr�pleura se 2D kai ta tetr�edra/puram�de tetrapleurik ��sh/pr�smata trigwnik  ��sh/ex�edra se 3D plègmata.2.4.1 H mèjodo twn peperasmènwn ìgkwn � Orismì twnkuyel¸n elègqouGia th diakritopo�hsh twn ex. 2.2 kai 2.6 qrhsimopoie�tai h kentrokombik parallag  th mejìdou twn peperasmènwn ìgkwn. H mèjodo aut  pro�pojèteiton orismì kuyel¸n elègqou gÔrw apì tou kìmbou tou plègmato (stouopo�ou apokleistik� apojhkeÔontai ìle oi metablhtè th �o ), oi opo�eprèpei afenì na kalÔptoun ìlo to upologistikì qwr�o kai afetèrou na mhnallhlokalÔptontai.Ta ajroistik� ìria twn kuyel¸n elègqou sta 2D plègmata or�zontai apì taeujÔgramma tm mata pou sqhmat�zontai en¸nonta ta mèsa twn akm¸n touplègmato me to kèntro ��rou twn kìmbwn twn ekatèrwjen k�je akm plegmatik¸n stoiqe�wn, sq. 2.1. To di�nusma �èsh tou kèntrou ��rou twnkìmbwn enì stoiqe�ou kajor�zetai w ex xGi = Pk2N xkiNìpou N oi kìmboi tou en lìgw stoiqe�ou.Epeid  kont� sta stere� ìria e�nai sÔnhje na apant¸ntai diastrwmat¸seistoiqe�wn me meg�lo �ajmì anisotrop�a gia thn kalÔterh prìlexh twn sunektik¸n



2.4. Diakritopo�hsh twn exis¸sewn �o  23�ainomènwn, sthn per�ptwsh plegm�twn me apokleistik� trigwnik� stoiqe�aenallaktik� mpore� na qrhsimopoihje� to kèntro tou perigegrammènou stotr�gwno kÔklou, ant� tou �arÔkentrou, sq. 2.2. 'Otan autì �r�sketai èxw apì to enlìgw stoiqe�o, dhlad  ìtan èqoume amblug¸nia tr�gwna, antikaj�statai apì tomèso th akm  pou �r�sketai apènanti apì thn amble�a gwn�a. Basikìpleonèkthma aut  th prosèggish e�nai h akribèsterh prìlexh twn sunektik¸n�ainomènwn kont� sto to�qwma kai h me�wsh th arijmhtik  di�qush sta �kak poiìthta� tr�gwna, [15℄, [192℄. El�ttwsh th arijmhtik  di�qush epitugq�netaikai gia tou ìrou metafor�, afoÔ ta dianÔsmata atriboÔ �o  upolog�zontaikat� thn kateÔjunsh tou dianÔsmato ~n, sq. 2.2, kai, me thn enallaktik diatÔpwsh, h gwn�a tou ~n w pro thn akm  PQ e�nai mikrìterh. H qr shubridik¸n plegm�twn, profan¸, �ohj� shmantik� sthn ex�leiyh aut¸n twnproblhm�twn kai aux�nei thn pistìthta tou sq mato diakritopo�hsh, [34℄.
G S1

S2

Sq ma 2.1: Orismì th kuyèlh elègqou se 2D ubridik� plègmata.
P Q

P QSq ma 2.2: Orismì th kuyèlh elègqou se 2D plègmata qrhsimopoi¸ntato �arÔkentro (�nw)   enallaktik� to kèntro tou perigegrammènou kÔklou(k�tw). Ant� tuqa�ou tetrapleÔrou sti diastrwmat¸sei, gia epoptikoÔ lìgouqrhsimopoie�tai orjog¸nio parallhlìgrammo.



24 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATASta 3D ubridik� plègmata, o ìgko me ton opo�o suneisfèrei èna opoioud potetÔpou plegmatikì stoiqe�o ston peperasmèno ìgko pou or�zetai me kèntro ènankìmbo tou (l.q. ton kìmbo P tou sq. 2.3) prokÔptei an oi mesìkomboi k�je akm tou stoiqe�ou pou suntrèqei ston kìmbo autì (l.q. oi mesìkomboi S1, S2 kai S3, sto�dio sq ma) sundejoÔn me ta kèntra ��rou twn kìmbwn twn dÔo pleur¸n toustoiqe�ou pou èqoun koin  thn akm  aut  (l.q. ta F1 kai F2 me ton S1) kai me tokèntro ��rou G twn kìmbwn tou stoiqe�ou. Ax�zei na shmeiwje� ìti ta tèsserashme�a pou or�zoun k�je epimèrou tetrapleurik  epif�neia (l.q. S1, F1, F2 kaiG) tou peperasmènou ìgkou den e�nai apara�thta sunep�peda (autì isqÔei mìnosthn per�ptwsh twn tetr�edrwn, [193℄). W ek toÔtou prèpei na �reje�monos manto trìpo gia th majhmatik  èkfrash kai diaqe�rish twn epifanei¸naut¸n ¸ste na ikanopoie�tai h sunj kh th mh�allhlok�luyh twn ìgkwnelègqou. To �èma epanexet�zetai sthn epìmenh enìthta.

Sq ma 2.3: Orismì th kuyèlh elègqou pou perib�llei ton kìmbo P se èna 3Dubridikì plègma.H mèjodo twn peperasmènwn ìgkwn perilamb�nei thn olokl rwsh twn ex. 2.2kai 2.6 stou ìgkou elègqou pou or�sthkan me autìn ton trìpo. Sthn per�ptwsh3D �o¸n, h olokl rwsh twn ex. 2.2 sthn kuyèlh elègqou enì kìmbou P d�neiZZZV P �~U�t dV + ZZZV P � ~Frinv�xr dV � ZZZV P � ~Frvis�xr dV = 0 , me qr sh tou �ewr mato th apìklish, isodÔnamaZZZV P �~U�t dV + ZZ�V P ~F invr nr d (�V )� ZZ�V P ~F visr nr d (�V ) = 0 (2.12)ìpou V P e�nai o ìgko th kuyèlh elègqou kai �V P h oriak  epif�neia aut .



2.4. Diakritopo�hsh twn exis¸sewn �o  25Ant�stoiqa, olokl rwsh th ex. 2.6 d�neiZZZV P �(�~�)�t dV + ZZ�V P �urnr~� d (�V ) == ZZZV P "b1 (1� ft2) ~S�~�� 1Re0 �w1fw � b1�2 ft2�� ~�d�2# dV++ 1Re0 ZZ�V P �1 + b2� (�+ ~�) �~��xrnr� d (�V )� 1Re0 ZZZV P �b2� (�+ ~�) ��xr � �~��xr�� dV++ ZZZV P Re0�2ft1�~u2 dV2.4.2 Parembol  kombik¸n tim¸n sto eswterikì kai ta ìriatwn stoiqe�wn tou plègmatoSth sunèqeia g�netai m�a upìjesh gia thn parembol  twn �usik¸n megej¸n stoeswterikì twn stoiqe�wn tou plègmato apì ti kombikè timè tou. M�a tètoiaparembol  �a qrhsimeÔsei afenì ston kajorismì th diepif�neia metaxÔ twnstoiqe�wn (oi topologiko� p�nake th dom  dedomènwn den emperièqounplhrofor�e ep' autoÔ) qrhsimopoi¸nta thn ènnoia twn isoparametrik¸nstoiqe�wn, [194℄, kai afetèrou e�nai apara�thth gia thn tèlesh pr�xewn se aut�(l.q. thn olokl rwsh sta ìria twn kuyel¸n elègqou   thn eÔresh tou ìgkou twnplegmatik¸n stoiqe�wn). Gia thn enia�a efarmog  twn diadikasi¸n pouperigr�fontai parak�tw se opoiod pote plegmatikì stoiqe�o, h an�lush pouakolouje� g�netai pr¸ta gia tetr�pleura (2D) kai ex�edra (3D) kai, katìpin,epekte�netai kai sta upìloipa e�dh stoiqe�wn pou qrhsimopoi jhkan.H digrammik  parembol  se 2D ubridik� plègmataGia ta 2D plègmata, epidi¸konta thn enia�a perigraf  twn stoiqe�wn tou, or�zetaimetasqhmatismì se topikè suntetagmène (r; s), sq. 2.4. Uiojete�tai digrammik parembol , [194℄, gia thn apeikìnish opoioud pote megèjou sta ep�peda (x; y)kai (r; s) sunart sei twn ant�stoiqwn tim¸n stou tèsseri kìmbou. Sto kartesianìsÔsthma suntetagmènwn (x; y) h digrammik  parembol  gr�fetai wU(x; y) = a1 + a2x+ a3y + a4xy (2.13)me tou suntelestè a1, a2, a3 kai a4 na prokÔptoun apì thn apa�thsh h parap�nwsqèsh na ikanopoie� ti gnwstè timè tou megèjou U stou tèsseri kìmbou. Stotopikì sÔsthma suntetagmènwn, h �dia parembol  gr�fetai isodÔnama wU(r; s) = Ni(r; s)Ui (2.14a')



26 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATA
Ni(r; s) = 14 (1 + rri) (1 + ssi) (2.14b')Antikat�stash twn topik¸n suntetagmènwn twn kìmbwn sthn ex. 2.14b' sÔmfwna meto sq. 2.4 d�nei gia tou suntelestè morf  Ni(r; s)Na = N1(r; s) = 14 (1� r) (1� s)Nb = N2(r; s) = 14 (1 + r) (1� s)N = N3(r; s) = 14 (1 + r) (1 + s)Nd = N4(r; s) = 14 (1� r) (1 + s)Sto sq. 2.5 �a�nontai oi isogrammè twn paramètrwn r kai s (topikèsuntetagmène) se èna tetr�pleuro sto kartesianì sÔsthma. Ta stoiqe�a, twn
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Sq ma 2.4: Metasqhmatismì apì ti kartesianè suntetagmène (x; y) stitopikè suntetagmène (r; s) gia èna tetr�pleuro.
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Sq ma 2.5: Isogrammè twn topik¸n suntetagmènwn r kai s se èna tetr�pleurosto kartesianì sÔsthma suntetagmènwn.opo�wn to sq ma ep�sh kajor�zetai me qr sh twn parap�nw sqèsewn, sta opo�adhlad  oi kartesianè suntetagmène se opoiod pote shme�o susqet�zontai me titimè stou kìmbou kai me ti topikè suntetagmène me ti �die sunart sei��sh pou qrhsimopoioÔntai gia ta upìloipa (l.q. ta �oðk�) megèjh, onom�zontaiisoparametrik�, [194℄.



2.4. Diakritopo�hsh twn exis¸sewn �o  27H iakwbian  tou metasqhmatismoÔ apì ti kartesianè sti topikèsuntetagmène d�netai parak�twJ = 2664 �x�r �y�r�x�s �y�s 3775 = 2664 �Ni�r xi �Ni�r yi�Ni�s xi �Ni�s yi 3775H iakwbian  prèpei na e�nai omìshmh se ìlh thn epif�neia tou tetrapleÔrou,¸ste o metasqhmatismì apì ti kartesianè sti topikè suntetagmène na e�naièna�pro�èna. H apa�thsh aut  exasfal�zetai me èlegqo th kurtìthta toutetrapleÔrou mèsw tou prìshmou th iakwbian  stou tèsseri kìmbou, [195℄.To sq. 2.6 apeikon�zei ìle ti pijanè peript¸sei (ègkure kai mh)tetr�pleurwn. Ax�zei na shmeiwje� ìti h deÔterh per�ptwsh (m�a iakwbian  mìno�sh me to mhdèn, ekfulismì se tr�gwno) e�nai praktik� ekmetalleÔsimh, all� èqeiarnhtikè epipt¸sei sthn akr�beia twn upologism¸n, [196℄, kai epiplèondhmiourge� probl mata ston upologismì twn kl�sewn me th mèjodo twn elaq�stwntetrag¸nwn, ìpw �a deiqje� sthn par. 2.4.3. Dedomènou ìti ta tèssera shme�a tou
D<0

D<0

D<0

D=0

Sq ma 2.6: Par�deigma ègkurou tetrapleÔrou (�nw arister�) me tèsseriomìshme kombikè timè th iakwbian  or�zousa, kai twn peript¸sewn mh�ègkurwn tetr�pleurwn. 'Ole oi parap�nw peript¸sei e�nai dunatìn naapanthjoÔn se èna 2D plègma.tetrapleÔrou e�nai sunep�peda (2D plègma), to embadìn tou �r�sketai eÔkola apìton tÔpo Aabd = 12~xa � ~xbd, ìpou me ~x sumbol�zontai ta dianÔsmata �èsh stokartesianì sÔsthma suntetagmènwn.O metasqhmatismì th ex. 2.14a' mpore� na qrhsimopoihje� kai sthn per�ptwshtrigwnik¸n stoiqe�wn, sq. 2.7 kai 2.8, qrhsimopoi¸nta ta megèjh tou kìmbou  stisunart sei ��sh N3 kai N4 th ex. 2.14b' (uperjètwnta, dhlad , dÔo kìmboutou tetrapleÔrou sto ep�pedo (r; s) kat� thn antisto�qhs  tou me ton kìmbo ). Se



28 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAaut n thn per�ptwsh, o metasqhmatismì gr�fetaiNa = N1(r; s) = 14 (1� r) (1� s)Nb = N2(r; s) = 14 (1 + r) (1� s)N = N3(r; s) +N4(r; s) = 12 (1 + s)O parap�nw metasqhmatismì isoduname� me thn èkfrash tou P1�grammikoÔstoiqe�ou, sto opo�o èna mègejo U se k�je eswterikì shme�o tou stoiqe�ouupolog�zetai sunart sei twn tim¸n tou megèjou autoÔ stou kìmbou toustoiqe�ou, sÔmfwna me ti sqèseiU(x; y) = Ni(x; y)UiNi(x; y) = 12A (ai + bix + iy)ai = xjyk � xkyjbi = yj � yki = xj � xkìpou A e�nai to embadìn tou trigwnikoÔ stoiqe�ou, en¸ oi k�tw de�kte (i; j; k)antistoiqoÔn se �etik  met�jesh twn koruf¸n (1; 2; 3) tou stoiqe�ou. Apotèlesmath parap�nw grammik  katanom  e�nai h stajer  kl�sh tou megèjou U stoeswterikì tou trig¸nou, pou ex�llou qarakthr�zei thn paradoq  twnP1�grammik¸n stoiqe�wn sthn orolog�a twn peperasmènwn stoiqe�wn. H stajer tim  th kl�sh d�netai parak�tw rU = ~niUi~ni = (yj � yk; xk � xj)Mia parallag  th parap�nw prosèggish (th qr sh, dhlad , enìdigrammikoÔ metasqhmatismoÔ) sunant�tai kai sth �ibliograf�a, [21℄, sto pla�siotwn mejìdwn peperasmènwn stoiqe�wn, me endi�mesh qr sh ìmw twn eke�eponomazìmenwn �kartesian¸n� suntetagmènwn kai k�poiwn epiprìsjetwnmetasqhmatism¸n, qwr� h sugkekrimènh anafor� na katal gei se ekfr�seianex�rthte tou e�dou twn plegmatik¸n stoiqe�wn. Basikì pleonèkthma thmejodolog�a pou parousi�zetai sth diatrib  aut  e�nai h an�ptuxh telest¸n kaialgor�jmwn oi opo�oi efarmìzontai me enia�o kai �meso trìpo se ìlou tou tÔpoustoiqe�wn enì ubridikoÔ plègmato. Autì �a g�nei idia�tera emfanè sthnparous�ash th ant�stoiqh mejodolog�a gia ta 3D plègmata, ìpou kai oimajhmatikè ekfr�sei e�nai pio polÔploke kai oi tÔpoi twn stoiqe�wnperissìteroi.H trigrammik  parembol  se 3D ubridik� plègmataKat' antistoiq�a, gia thn enia�a perigraf  twn stoiqe�wn sta 3D plègmataqrhsimopoie�tai trigrammik  parembol , sq. 2.9, h opo�a sto kartesianì



2.4. Diakritopo�hsh twn exis¸sewn �o  29
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Sq ma 2.7: Metasqhmatismì apì ti kartesianè suntetagmène (x; y) stitopikè suntetagmène (r; s) gia èna tr�gwno.
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Sq ma 2.8: Isogrammè twn topik¸n suntetagmènwn r kai s se èna tr�gwno stokartesianì sÔsthma suntetagmènwn.sÔsthma suntetagmènwn gr�fetai wU(x; y) = a1 + a2x + a3y + a4z + a5xy + a6yz + a7xz + a8xyz (2.15)Oi suntelestè ai; i = 1; : : : ; 8 th ex. 2.15 d�nontai sth �ibliograf�a sunart sei twntim¸n tou U stou kìmbou, [197℄. H trigrammik  parembol  gr�fetai, isodÔnama,sto sÔsthma topik¸n suntetagmènwn (r; s; t) wU(r; s; t) = Ni(r; s; t)Ui (2.16a')
Ni(r; s; t) = 18 (1 + rri) (1 + ssi) (1 + tti) (2.16b')



30 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAAntikat�stash twn topik¸n suntetagmènwn twn kìmbwn sthn ex. 2.16b' d�neiNa = N1(r; s; t) = 18 (1� r) (1� s) (1� t)Nb = N2(r; s; t) = 18 (1 + r) (1� s) (1� t)N = N3(r; s; t) = 18 (1 + r) (1 + s) (1� t)Nd = N4(r; s; t) = 18 (1� r) (1 + s) (1� t)Ne = N5(r; s; t) = 18 (1� r) (1� s) (1 + t)Nf = N6(r; s; t) = 18 (1 + r) (1� s) (1 + t)Ng = N7(r; s; t) = 18 (1 + r) (1 + s) (1 + t)Nh = N8(r; s; t) = 18 (1� r) (1 + s) (1 + t)Sto sq. 2.10 �a�nontai oi isoepif�neie twn topik¸n suntetagmènwn se ènaex�edro sto kartesianì sÔsthma.
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 Sq ma 2.9: Metasqhmatismì apì ti kartesianè suntetagmène (x; y; z) stitopikè suntetagmène (r; s; t) gia èna ex�edro.Oi tèsseri kìmboi k�je èdra enì isoparametrikoÔ ex�edrou den e�naiapara�thta sunep�pedoi. W ek toÔtou, h diatÔpwsh telest¸n olokl rwsh staìria prèpei na lamb�nei upìyh thn akrib  èkfrash th ex. 2.16a'. Up�rqounanaforè oi opo�e e�te qeir�zontai ti mh�ep�pede tetrapleurikè èdreqwr�zonta k�je m�a apì autè se dÔo trigwnikè, [198℄, [43℄ (sq. 2.11 arister�),e�te antimetwp�zoun ta ex�edra w tetr�ki ex�edra, [199℄, qwr�zonta k�jetetrapleurik  èdra se tèssera tr�gwna me eisagwg  enì �nohtoÔ� kìmbou stokèntro ��rou twn kìmbwn th tetrapleurik  èdra, sq. 2.11 dexi�. H pr¸thprosèggish qrei�zetai apoj keush th akm  diaqwrismoÔ gia k�je tètoia èdra,aux�nonta to kìsto mn mh. Epiprìsjeth duskol�a apotele� h apa�thshsumbatìthta th di�spash th èdra apì ta dÔo plegmatik� stoiqe�aekatèrwjen aut . Autì pragmatopoie�tai e�te me qr sh plhrofori¸n apì to
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Sq ma 2.10: Isoepif�neie twn topik¸n suntetagmènwn r, s kai t se èna ex�edrosto kartesianì sÔsthma suntetagmènwn.logismikì gènesh plegm�twn, [43℄, gegonì pou mei¸nei thn euelix�a th mejìdou(l.q. ìtan e�nai diajèsimo mìno to plègma kai ìqi o genet  plègmato), e�te anupoteje� ìti oi tetrapleurikè èdre diasp¸ntai p�nta kat� th megalÔterhdiag¸nio. Sthn perigraf  kai twn dÔo prosegg�sewn sth sqetik  �ibliograf�a deg�netai mne�a gia th sumbatìthta tou sq mato th diepif�neia me th mèjodoparembol  pou qrhsimopoie�tai ston ant�stoiqo epilÔth, prokeimènou nadiathrhje� h akr�beia t�xh tou sq mato ep�lush akìma kai se perioqè touplègmato ìpou ta stoiqe�a e�nai polÔ epim kh kai strebl�, [30℄. H paroÔsaergas�a �ewre�, mèsw th upìjesh isoparametrik¸n stoiqe�wn, trigrammikèdiepif�neie oi opo�e d�nontai apì ti ex. 2.16a' ekfrasmène gia tisuntetagmène x, y, kai z gia ti oriakè timè twn topik¸n suntetagmènwn r, s kait. Oi telestè pou �a anaptuqjoÔn sti epìmene enìthte, ��sei tou trigrammikoÔmetasqhmatismoÔ, e�nai sumbato� me th �e¸rhsh aut .

Sq ma 2.11: DÔo mèjodoi orismoÔ tou or�ou enì ex�edrou pou sunant¸ntaisth �ibliograf�a : katìpin dia�resh k�je tetrapleurik  èdra se dÔo tr�gwna(arister�) kai �ewr¸nta to stoiqe�o w tetr�ki ex�edro (dexi�).



32 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAH iakwbian  tou metasqhmatismoÔ d�netai parak�twJ = 26666664 �x�r �y�r �z�r�x�s �y�s �z�s�x�t �y�t �z�t
37777775 = 26666664 �Ni�r xi �Ni�r yi �Ni�r zi�Ni�s xi �Ni�s yi �Ni�s zi�Ni�t xi �Ni�t yi �Ni�t zi

37777775 (2.17)kai e�nai epijumhtì na e�nai omìshmh se ìlo ton ìgko tou ex�edrou, ¸ste otrigrammikì metasqhmatismì na e�nai èna�pro�èna. Oi sunj ke poudiatup¸nontai, prokeimènou h iakwbian  na e�nai omìshmh, e�nai arket� piosÔnjete sthn 3D per�ptwsh kai d�nontai sth �ibliograf�a, [197℄, [200℄. Ax�zei nashmeiwje� ìti oi sunj ke pou d�nontai sthn ergas�a aut  e�nai ikanè, ìqi ìmwkai anagka�e. 'Ena praktikì algìrijmo gia thn ikanopo�hsh twn sunjhk¸naut¸n e�nai o èlegqo twn upotetraèdrwn, [201℄, pou perilamb�nei ton èlegqo touprìshmou twn iakwbian¸n 32 upotetraèdrwn pou sqhmat�zontai apì tou kìmboutou ex�edrou. Oi iakwbianè pou apaite�tai na e�nai �etikè e�nai oi parak�twJ1237; J2348; J3415; J4126;J5837; J8762; J7651; J6584;J2158; J4376; J1487; J3265;J1235; J2346; J3417; J4128;J5871; J8764; J7653; J6582;J5146; J3782; J4853; J2671;J1245; J2316; J3427; J4138;J5861; J6572; J7683; J8754
(2.18)

ìpou Jijkl = (~xij � ~xik) ; ~xij = ~xj � ~xikai ~xi to di�nusma �èsh tou kìmbou i sto kartesianì sÔsthma.H eÔresh tou ìgkou enì ex�edrou pragmatopoie�tai me olokl rwsh sto topikìsÔsthma suntetagmènwnZZZV dV = 1Z�1 1Z�1 1Z�1 det(J) dr ds dt == 1Z�1 1Z�1 1Z�1 ��Ni�r ��Nj�s �Nk�t � �Nk�s �Nj�t �++ �Nj�r ��Nk�s �Ni�t � �Ni�s �Nk�t �++ �Nk�r ��Ni�s �Nj�t � �Nj�s �Ni�t ��xiyjzk dr ds dt



2.4. Diakritopo�hsh twn exis¸sewn �o  33ìpou ìpw èqei anaferje� stou de�kte i, j kai k uponoe�tai �jroish stou okt¸kìmbou tou ex�edrou. To parap�nw olokl rwma mpore� na upologiste�analutik�. H telik  sqèsh upologismoÔ tou ìgkou tou ex�edrou sunart sei twnsuntetagmènwn tou apodeiknÔetai, telik�, ìti e�nai �dia me ton tÔpo tou Grandy,[199℄, o opo�o ìmw e�qe k�nei entel¸ diaforetik  upìjesh gia to sq ma twnex�edrwn, kai e�nai h parak�twV = 112 ([~xg � ~xb + ~xh � ~xa; ~xg � ~xd; ~x � ~xa℄ ++ [~xh � ~xa; ~xg � ~xd + ~xf � ~xa; ~xg � ~xe℄ ++ [~xg � ~xb; ~xf � ~xa; ~xg � ~xe + ~x � ~xa℄) (2.19)ìpou h~a;~b;~i = ~a & �~b� ~�Oi parap�nw algìrijmoi (èlegqo upotetraèdrwn kai upologismì ìgkou)mporoÔn na qrhsimopoihjoÔn kai gia ta upìloipa stoiqe�a tou ubridikoÔplègmato. Sugkekrimèna :� Gia ta pr�smata trigwnik  ��sh (sta opo�a �a anaferìmaste efex  apl�w pr�smata), sq. 2.12 kai 2.13, qrhsimopoioÔntai ta megèjh tou kìmbou sti sunart sei ��shN3 kaiN4 kai ta megèjh tou kìmbou f sti sunart sei��sh N7 kai N8. Se aut n thn per�ptwsh o trigrammikì metasqhmatismìgr�fetai w ex Na = N1(r; s; t) = 18 (1� r) (1� s) (1� t)Nb = N2(r; s; t) = 18 (1 + r) (1� s) (1� t)N = N3(r; s; t) +N4(r; s; t) = 14 (1 + s) (1� t)Nd = N5(r; s; t) = 18 (1� r) (1� s) (1 + t)Ne = N6(r; s; t) = 18 (1 + r) (1� s) (1 + t)Nf = N7(r; s; t) +N8(r; s; t) = 14 (1 + s) (1 + t)Ep�sh, o èlegqo twn upotetraèdrwn g�netai aploÔstero afoÔ, lìgwsÔmptuxh twn deikt¸n, oi parak�tw iakwbianè mhden�zontaiJ2348; J3415; J5837; J8762;J4376; J1487; J2346; J3417;J5871; J8764; J3782; J4853;J3427; J4138; J7683; J8754



34 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAen¸ oi parak�tw iakwbianè e�nai �se an� eÔghJ1237 = J4128J1235 = J1245J7653 = J6584J4126 = J2316J7165 = J5861J6582 = J6572Telik�, oi iakwbianè pou prèpei na elegqjoÔn e�nai oiJ1237; J1235; J7653; J4126;J7165; J6582; J2158; J3265;J5146; J2671Ant�stoiqa, o tÔpo gia ton upologismì tou ìgkou enì pr�smato d�netaiparak�tw V = 112 ([~xf � ~x + ~xe � ~xa; ~x � ~xa; ~xf � ~xb℄ ++ [~xe � ~x; ~xf � ~xd; ~xf � ~xa℄ ++ [~xe � ~xa; ~xf � ~xd; ~xf � ~xb℄)� Gia ti puram�de tetraedrik  ��sh (pou �a anafèrontai apì ed¸ kai stoex  apl� w puram�de), sq. 2.14 kai 2.15, qrhsimopoioÔntai ta megèjh toukìmbou e sti sunart sei ��sh N5, N6, N7 kai N8. Se aut n thn per�ptwsho trigrammikì metasqhmatismì gr�fetai w ex Na = N1(r; s; t) = 18 (1� r) (1� s) (1� t)Nb = N2(r; s; t) = 18 (1 + r) (1� s) (1� t)N = N3(r; s; t) = 18 (1 + r) (1 + s) (1� t)Nd = N4(r; s; t) = 18 (1� r) (1 + s) (1� t)Ne = N5(r; s; t) +N6(r; s; t) +N7(r; s; t) +N8(r; s; t) = 12 (1 + t)P�li, lìgw sÔmptuxh twn deikt¸n, pollè iakwbianè mhden�zontai  exis¸nontai metaxÔ tou, ¸ste telik¸ na qrei�zetai na upologistoÔn mìli oitèsseri parak�tw iakwbianè, prokeimènou na elegqje� to stoiqe�oJ1235; J2345; J3415; J4125



2.4. Diakritopo�hsh twn exis¸sewn �o  35Ant�stoiqa, o tÔpo gia ton upologismì tou ìgkou m�a puram�da d�netaiparak�tw V = 112 ([~xf � ~x + ~xe � ~xa; ~x � ~xa; ~xf � ~xb℄ ++ [~xe � ~xa; ~xf � ~xd; ~xf � ~xb℄)� Gia ta tetr�edra, sq. 2.16 kai 2.17, qrhsimopoioÔntai ta megèjh tou kìmbou sti sunart sei ��sh N3 kai N4 kai tou kìmbou d sti sunart sei ��shN5, N6, N7 kai N8. Se aut  thn per�ptwsh o trigrammikì metasqhmatismìgr�fetai w ex Na = N1(r; s; t) = 18 (1� r) (1� s) (1� t)Nb = N2(r; s; t) = 18 (1 + r) (1� s) (1� t)N = N3(r; s; t) +N4(r; s; t) = 14 (1 + s) (1� t)Nd = N5(r; s; t) +N6(r; s; t) +N7(r; s; t) +N8(r; s; t) = 12 (1 + t)O parap�nw metasqhmatismì isoduname� kai p�li me thn èkfrash tou P1-grammikoÔ tetraèdrou, sto opo�o èna mègejo U se k�je eswterikì shme�o toustoiqe�ou upolog�zetai sunart sei twn kombik¸n tim¸n tou megèjou sÔmfwname th sqèsh U(x; y) = Li(x; y)Uiìpou Li(x; y) oi �usikè suntetagmène, [194℄, oi opo�e d�nontai apì tisqèsei 2664 L1L2L3L4 3775 = 16V 2664 a1 b1 1 d1a2 b2 2 d2a3 b3 3 d3a4 b4 4 d4 37752664 1xyz 3775Sthn parap�nw sqèsh, o ìgko V tou tetraèdrou kai oi suntelestè ai, bi, ikai di upolog�zontai w ex V = 16 �������� 1 x1 y1 z11 x2 y2 z21 x3 y3 z31 x4 y4 z4 ��������ai = ������ xj yj zjxk yk zkxl yl zl ������ bi = � ������ 1 yj zj1 yk zk1 yl zl ������i = � ������ xj 1 zjxk 1 zkxl 1 zl ������ di = � ������ xj yj 1xk yk 1xl yl 1 ������



36 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAOi de�kte (i; j; k; l) antistoiqoÔn se �etik  met�jesh twn koruf¸n (1; 2; 3; 4)tou tetraèdrou.
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Sq ma 2.12: Metasqhmatismì apì ti kartesianè suntetagmène (x; y; z) stitopikè suntetagmène (r; s; t) gia èna pr�sma.
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Sq ma 2.13: Isoepif�neie twn topik¸n suntetagmènwn r, s kai t se èna pr�smasto kartesianì sÔsthma suntetagmènwn.2.4.3 Diakritopo�hsh twn ìrwn metafor�Diakrit  èkfrash twn dianusm�twn atriboÔ �o  � To sq ma MUSCLTo sq ma pou qrhsimopoie�tai gia th diakritopo�hsh twn ìrwn metafor� e�naièna an�nti sq ma deÔterh t�xh me qr sh periorist¸n (sq ma MUSCL), [17℄. Hdiakritopo�hsh twn ìrwn metafor� gia thn ex. 2.12 ston peperasmèno ìgko pouantistoiqe� se ènan kìmbo P pragmatopoie�tai stou mesìkombou ìlwn twn akm¸ntou plègmato pou en¸noun ton kìmbo autì me tou pr¸tou ge�tone tou. 'Estw KPto sÔnolo twn pr¸twn geitìnwn tou P , tìteZZ�V P ~F invr nr d (�V ) = XQ2KP ~F PQ;invr nPQrìpou to di�nusma nPQr e�nai to k�jeto di�nusma sto tm ma tou or�ou toupeperasmènou ìgkou ìpou ekfr�zetai h suneisfor�, sq. 2.18, kai èqei mètro �so



2.4. Diakritopo�hsh twn exis¸sewn �o  37
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Sq ma 2.14: Metasqhmatismì apì ti kartesianè suntetagmène (x; y; z) stitopikè suntetagmène (r; s; t) gia m�a puram�da.
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Sq ma 2.15: Isoepif�neie twn topik¸n suntetagmènwn r, s kai t se m�a puram�dasto kartesianì sÔsthma suntetagmènwn.
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Sq ma 2.16: Metasqhmatismì apì ti kartesianè suntetagmène (x; y; z) stitopikè suntetagmène (r; s; t) gia èna tetr�edro.



38 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATA

r s t

a
b

d

a
b

d

a
b

d

Sq ma 2.17: Isoepif�neie twn topik¸n suntetagmènwn r, s kai t se èna tetr�edrosto kartesianì sÔsthma suntetagmènwn.
me thn epif�neia tou tm mato autoÔ. Epeid  k�je akm  PQ suneisfèrei me to�dio di�nusma �o  ~�PQ;inv = ~F PQ;invr nPQr (me apl  antistrof  prìshmou) stoudÔo kìmbou th, e�nai apodotikìterh h s�rwsh kat� akmè. To di�nusmaatriboÔ �o  upolog�zetai �ewr¸nta èna 1D prìblhma Riemann metaxÔ twnkatast�sewn L kai R ekatèrwjen tou mesìkombou M , sq. 2.18, kaiqrhsimopoi¸nta ton proseggistikì epilÔth tou probl mato Riemann kat� Roe,[202℄, o opo�o epelègh epeid  prolègei arket� kal� perioqè �o  me kÔmakroÔsh. To di�nusma �o  pou antistoiqe� se m�a akm  gr�fetai w ex 

~�PQ;inv = ~�L + ~�R � 12 ��� ~APQ��� �~UR � ~UL� == 12 �AL + ��� ~APQ���� ~UL + 12 �AR � ��� ~APQ���� ~UR == AL~UL +AR~UR (2.20)
ìpou ~�L = AL~UL, ~�R = AR~UR, AL = A(~UL), AR = A(~UR),AL = 12 �AL + ��� ~APQ����, AR = 12 �AR � ��� ~APQ����, kai A = �~��~U e�nai h iakwbian  twndianusm�twn atriboÔ �o , en¸ h perispwmènh upodhl¸nei ìti ta megèjh



2.4. Diakritopo�hsh twn exis¸sewn �o  39upolog�zontai kat� Roe, sÔmfwna me ti parak�tw sqèsei~~U = � ~� ~�~u1 ~�~u2 ~�~u3 ~� ~E �T == � ~� ~�~u ~�~v ~� ~w ~� ~E �T~� =p�L�R~u = uLp�L + uRp�Rp�L +p�R~v = vLp�L + vRp�Rp�L +p�R~w = wLp�L + wRp�Rp�L +p�R~H = HLp�L +HRp�Rp�L +p�Rìpou H e�nai h olik  enjalp�a an� mon�da m�za.
P Q

M
L R

Sq ma 2.18: 1D prìblhma Riemann metaxÔ twn katast�sewn L kaiR m�a akm PQ gia ton upologismì tou dianÔsmato atriboÔ �o  sto mesìkombo M .Oi metablhtè ~UL kai ~UR ekatèrwjen tou mesìkombou M upolog�zontai meproekbol  twn tim¸n stou kìmbou P kai Q ant�stoiqa, qrhsimopoi¸ntaan�ptugma Taylor, ~UL = ~UP � 12xPQr  �~U�xr!P �P (2.21a')~UR = ~UQ + 12xPQr  �~U�xr!Q�Q (2.21b')ìpou xPQr = xPr � xQr , en¸ oi posìthte �P kai �Q e�nai perioristè oi opo�oiexasfal�zoun ìti h proekbol  kat� Taylor den �a dhmiourge� topik� akrìtata stoped�o �o  pèran aut¸n pou or�zoun oi timè twn metablht¸n �o  stou kìmboukai qrhsimopoioÔntai proairetik� kai kat� per�ptwsh. Oi perioristè te�noun na



40 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAexale�youn afÔsike talant¸sei twn megej¸n tou ped�ou sti perioqè pouemfan�zontai meg�le kl�sei (l.q. kont� se asunèqeie ìpw kÔmata kroÔsh),[203℄, [204℄. Ep�sh, oi perioristè epijume�tai na pa�rnoun timè kont� sthmon�da (dhlad  na apenergopoioÔntai autìmata) se perioqè ìpou denparousi�zontai èntone metabolè sti metablhtè tou ped�ou �o , ¸ste na mhdiatar�ssoun thn akr�beia kai ti idiìthte sÔgklish tou sq mato. Oiperioristè pou qrhsimopoi jhkan sthn paroÔsa diatrib  perigr�fontaianalutikìtera sthn par. 2.4.3.Upologismì kl�sewn twn megej¸n �o  sta ubridik� plègmataOi kl�sei twn metablht¸n pou upeisèrqontai sti ex. 2.21a' kai 2.21b', kaj¸ kaise ìrou tou montèlou tÔrbh, prèpei na upologistoÔn me tètoio trìpo ¸ste oitelestè pou sunart¸ntai twn kl�sewn na e�nai akribe� gia grammikè metabolè.H apa�thsh aut  exasfal�zei diat rhsh th t�xh akr�beia deutèrou �ajmoÔ tousq mato, akìmh kai se plègmata me stoiqe�a meg�lou lìgou epim kou, [31℄.Shmei¸netai ìti o ìro �grammikì� ed¸ qrhsimopoie�tai kataqrhstik�perilamb�nonta kai digrammikoÔ   trigrammikoÔ ìrou, ìqi ìmw ìrou pouperilamb�noun tetragwnikè   an¸tere dun�mei. Sthn paroÔsa diatrib dokim�sthkan dÔo mèjodoi oi opo�e ikanopoioÔn thn parap�nw apa�thsh gia tonupologismì twn kl�sewn, o upologismì me olokl rwsh kat' ìgko kai h mèjodotwn elaq�stwn tetrag¸nwn.Upologismì th kl�sh me olokl rwsh kat' ìgko, 2D plègmata: H mèjodo aut upolog�zei thn tim  th kl�sh enì megèjou se ènan kìmbo P katìpin olokl rwshston ant�stoiqo ìgko elègqou w ex rUP = 1V P ZZV P rU dV = 1V P Z�V P U~n dS (2.22)Gia plègmata pou apoteloÔntai mìno apì tr�gwna o pio apotelesmatikì trìpoupologismoÔ tou parap�nw oloklhr¸mato e�nai h s�rwsh kat� akmè kai hapìdosh antisummetrik¸n suneisfor¸n (dhlad  suneisfor¸n �diou mètrou kaiant�jetou prìshmou) stou kìmbou P kai Q th k�je akm  PQ, [16℄Z�V P U~n dS  12~nPQ �UP + UQ�Z�V Q U~n dS  �12~nPQ �UP + UQ�Prosoq  prèpei na doje� sti oriakè akmè gia to swstì �kle�simo� touoloklhr¸mato, sq. 2.19.Sta plègmata pou perièqoun kai tetr�pleura, aut  h s�rwsh den eparke�afoÔ plèon up�rqoun summetrikè (�diou mètrou kai prìshmou) kai



2.4. Diakritopo�hsh twn exis¸sewn �o  41antisummetrikè suneisforè, [30℄. Epiplèon e�nai apara�thth h eisagwg  twndiagwn�wn twn tetr�pleurwn w �eikonik¸n� akm¸n3, afoÔ k�je kìmbo suneisfèreisthn kl�sh twn megej¸n ston diag¸nio w pro autìn kìmbo. Gia autoÔ toulìgou, kai gia na e�nai pio apodotik  h mèjodo ep�lush twn suzug¸n exis¸sewnpou �a parousiastoÔn sth sunèqeia, ègine ex' arq  h epilog  na upolog�zontaim�a �or� sthn arq  tou epilÔth kai na apojhkeÔontai oi timè twn �ar¸n wPQi meti opo�e k�je kìmbo Q geitonikì tou P suneisfèrei sthn kl�sh rUP . Oupologismì kai h apoj keush twn �ar¸n g�netai me s�rwsh stoiqe�wn, sq. 2.19,en¸ idia�terh prosoq  kat� ton upologismì tou apaitoÔn oi suneisforè twnoriak¸n akm¸n kaj¸ kai twn akm¸n metaxÔ trig¸nwn kai tetr�pleurwn. H
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Sq ma 2.19: Suneisforè sti timè twn �ar¸n ~wij apì èna tr�gwno (�nwarister�), èna tetr�pleuro (�nw dexi�), m�a oriak  akm  pou an kei se tr�gwno(kèntro arister�), m�a oriak  akm  pou an kei se tetr�pleuro (kèntro dexi�) kaim�a akm  pou diaqwr�zei tr�gwno apì tetr�pleuro (k�tw).parap�nw an�lush pro�pojètei ìti h apoj keush twn tim¸n twn �ar¸n g�netaiep�sh kat� akmè. Apì th �ewr�a twn gr�fwn, oi exis¸sei tou Euler, [16℄, gia3virtual edges



42 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAubridik� plègmata me tr�gwna kai tetr�pleura gr�fontai w ex ntrif + nquadf = ne � nv + 12nie + nbe = 3ntrif + 4nquadfìpou ntrif , nquadf e�nai o arijmì twn trig¸nwn kai tetr�pleurwn ant�stoiqa4, nee�nai o arijmì twn akm¸n5, nie kai nbe e�nai oi eswterikè kai oi oriakè akmèant�stoiqa6, kai nv e�nai o arijmì twn kìmbwn tou plègmato7. Agno¸nta thnep�drash twn or�wn kai th diepif�neia metaxÔ twn trig¸nwn kai twn tetr�pleurwn,o sunduasmì twn parap�nw exis¸sewn ekfrasmèno qwrist� gia ta tm mata touplègmato me tr�gwna kai tetr�pleura d�neintrif � 2ntriv (2.24a')ntrie � 3ntriv (2.24b')nquadf � nquadv (2.24g')nquade � 2nquadv (2.24d')Sunupolog�zonta to kìsto apoj keush twn �ar¸n, sq. 2.19, sti �eikonikè�akmè, nve = 2nquadf ), to kìsto apoj keush e�nai an�logo tou 3ntriv + 4nquadv .Enallaktik�, �a mporoÔse na upologiste� analutik� to olokl rwma ZZV P rU dAoloklhr¸nonta ti exis¸sei th digrammik  parembol  kai na apojhkeutoÔnant�stoiqa ��rh stou kìmbou twn stoiqe�wn. Se aut n thn per�ptwsh, oi ex. 2.24upodeiknÔoun ìti to kìsto e�nai an�logo tou 6ntriv + 4nquadv > 3ntriv + 4nquadv . 'Ara,h apoj keush kat� akmè e�nai protimìterh.Upologismì th kl�sh me olokl rwsh kat' ìgko, 3D plègmata: Ant�stoiqa me thnper�ptwsh twn 2D plegm�twn, h kl�sh enì megèjou U se ènan kìmbo P mpore� naupologiste� apì th sqèsh rUP = 1V P ZZZV P rU dV (2.25)Sthn per�ptwsh 3D ubridik¸n plegm�twn, oi �eikonikè� diag¸nie akmè pou prèpeina eisaqjoÔn e�nai p�ra pollè (16 an� ex�edro, 6 an� pr�sma kai 2 an� puram�da).Sunep¸, akolouje�tai h parak�tw taktik :4f=fae5e=edge6ie=internal edges, be=boundary edges7v=vertex



2.4. Diakritopo�hsh twn exis¸sewn �o  43� Se plègmata pou perièqoun poll� ex�edra kai pr�smata (dhlad  en gèneise plègmata pou dhmiourg jhkan gia thn prosomo�wsh sunektik¸n �o¸n, oiopo�e e�nai kai oi plèon apaithtikè se upologistikoÔ pìrou) sumfèrei hapoj keush twn �ar¸n stou kìmbou twn stoiqe�wn.� Se plègmata pou perièqoun, w ep� to ple�ston, tetr�edra (kur�w dhlad plègmata pou kataskeu�sthkan gia thn prosomo�wsh atrib¸n �o¸n) sumfèreih apoj keush twn �ar¸n sti akmè tou plègmato.Sthn ex. 2.25, to olokl rwma ZZZV P rU dV upolog�zetai qrhsimopoi¸nta thnupìjesh th trigrammik  katanom , ex. 2.16a', me trìpo parìmoio me autìn touupologismoÔ tou ìgkou twn stoiqe�wn. 'EqoumeZZZV P rU dV = 1Z�1 1Z�1 1Z�1 J�1rrstUdet(J) dr ds dt (2.26)ìpou h ant�strofh iakwbian  d�netai apì th sqèsh
J�1 = 266666664 �r�x �s�x �t�x�r�y �s�y �t�y�r�z �s�z �t�z

377777775 = 1det(J) 26666664 �y�s �z�t � �y�t �z�s �y�t �z�r � �y�r �z�t �y�r �z�s � �y�s �z�r�z�s �x�t � �y�t �z�s �z�t �x�r � �y�r �z�t �z�r �x�s � �y�s �z�r�x�s �y�t � �x�t �y�s �x�t �y�r � �x�r �y�t �x�r �y�s � �x�s �y�r
37777775(2.27)Antikajist¸nta ti ex. 2.17 kai 2.27 sthn ex. 2.26 prokÔptei l.q. gia th qwrik par�gwgo kat� x ìtiZZZV P �U�x dV = 1Z�1 1Z�1 1Z�1 ��Nk�r ��Ni�s �Nj�t � �Ni�t �Nj�s �++ �Nk�s ��Ni�t �Nj�r � �Ni�r �Nj�t �++ �Nk�t ��Ni�r �Nj�s � �Ni�s �Nj�r �� yizjUkGia tou de�kte i, j kai k uponoe�tai �jroish stou kìmbou tou stoiqe�ou,�ewr¸nta kai p�li pollaploÔ kìmbou sthn per�ptwsh prism�twn, puram�dwnkai tetr�edrwn ¸ste o parap�nw tÔpo na e�nai enia�o gia ìla ta plegmatik�stoiqe�a. O parap�nw tÔpo mpore� na grafe� met� thn tèlesh twn pr�xewn sthnparak�tw praktik , se programmatistikì ep�pedo, morf ZZZV P �U�x dV = LkUk



44 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAìpouLk = 112 [y� (�z� � z + zÆ + z�) + y� (z� � z) + y (z� + z� � zÆ � z�)++yÆ (�z� + z � z� + z�) + y� (�z� + zÆ) + y� (z � zÆ)℄Oi de�kte kai oi kìmboi stou opo�ou antistoiqoÔn �a�nontai sto sq. 2.20.Parìmoioi tÔpoi gr�fontai kai gia ti �lle dÔo diast�sei, me thn profan enallag  deikt¸n kai suntetagmènwn.

Sq ma 2.20: Upìmnhma gia tou kìmbou pou summetèqoun sthn èkfrash tousuntelest  morf  Lk enì kìmbou k enì ex�edrouUpologismì th kl�sh me qr sh th mejìdou twn elaq�stwn tetrag¸nwn:H mèjodo twn elaq�stwn tetrag¸nwn �as�zetai sthn paradoq  ìti h metabol enì opoioud pote megèjou apì ton kìmbo P se k�je kìmbo k, sundeìmeno meautìn mèsw plegmatik  akm , e�nai grammik , opìte��U�xi�P �xki = �Uk�xki = �xki � xPi ��Uk = Uk � UPH mèjodo epidi¸kei na elaqistopoi sei to sf�lma prosèggish pou eis�gei hparadoq  aut , an ekfraste� gia tou k = 1; : : : ; n kìmbou pou en¸nontai me tonkìmbo P mèsw plegmatik  akm . Me autìn ton trìpo, prokÔptei sÔsthma toopo�o e�nai uperorismèno sth genik  per�ptwsh ìpou n > 3. Pollaplasiasmìkai twn dÔo mel¸n me �xkj d�nei��U�xi�P �xki�xkj = �Uk�xkj (2.28)To parap�nw sÔsthma epidèqetai lÔsh an h or�zousa tou tanust  lij = �xki�xkje�nai mh�mhdenik . Autì e�nai kai o lìgo pou ekfulismèna stoiqe�a (l.q.tetr�gwna pou èqoun ekfuliste� se tr�gwna   ex�edra pou èqoun ekfuliste� se



2.4. Diakritopo�hsh twn exis¸sewn �o  45pr�smata, sq. 2.21) dhmiourgoÔn probl mata, lìgw dia�resh me th mhdenik or�zousa. Autì parak�mptetai me me�wsh th di�stash tou probl mato sti enlìgw peript¸sei, lÔnonta dhlad  2D prìblhma elaq�stwn tetrag¸nwn se 3Dpeript¸sei me ant�stoiqo mhdenismì th parag¸gou kat� th dieÔjunsh k�jetasthn ekfulismènh epif�neia kai 1D prìblhma se 2D peript¸sei ant�stoiqa. Omhdenismì ìmw th parag¸gou kat� th m�a dieÔjunsh en¸ aut  èqeimh�mhdenik  tim  sunep�getai me�wsh th akr�beia th mejìdou.

Sq ma 2.21: Peript¸sei ekfulismènou tetrapleÔrou (arister�) kai ex�edrou(dexi�) pou e�nai upeÔjune gia th me�wsh akr�beia kat� ton upologismì thkl�sh m�a metablht  me th mèjodo twn elaq�stwn tetrag¸nwn.H mèjodo twn elaq�stwn tetrag¸nwn upolog�zei kl�sei me el�qistheuaisjhs�a se �ìrubo Gauss, [16℄, gegonì pou eunoe� thn efarmog  th seplègmata me meg�lo lìgo epim kou. Ep�sh, h efarmog  th se ubridik�plègmata me kurt�, mh�ekfulismèna stoiqe�a e�nai �mesh, qwr� na apaite�taioudem�a metabol  sti ant�stoiqe uporout�ne tou phga�ou k¸dika. Se plègmatapou perièqoun stoiqe�a me meg�lo lìgo epim kou �ewre�tai ìti upoektim� tikl�sei twn megej¸n sti perioqè tou stereoÔ or�ou me meg�lh kampulìthta, [17℄,[205℄. Parìla aut�, ta ped�a �o  pou prokÔptoun �ewroÔntai ant�stoiqhpistìthta me aut� pou prokÔptoun an oi kl�sei upologistoÔn me olokl rwshkat' ìgko, afoÔ oi upoektim sei autè telik� uperkalÔptontai apì th dr�sh twnperiorist¸n sti perioqè autè. Epiplèon, h pistìtht� tou mpore� na auxhje� meth qr sh �ar¸n   me orjokanonikopo�hsh Gram�Shmidt.PerioristèOi perioristè pou qrhsimopoi jhkan sthn paroÔsa didaktorik  diatrib  e�naiautì tou Van Albada, [206℄, twn Barth kai Jespersen, [14℄, kai touVenkatakrishnan, [207℄. Analutikìtera:Periorist  twn Van Leer�Van Albada, [206℄: Prìkeitai gia tropopo�hsh touarqikoÔ periorist  tou Van Leer, [208℄, ¸ste na pa�rnei timè plhsièstere sthmon�da sti perioqè mikr  kl�sh, dhlad  na epemba�nei kat� to dunatìligìtero sthn upologismènh kat� Taylor proekbol  se perioqè pou den up�rqei



46 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAlìgo periorismoÔ th kl�sh, [204℄. E�nai èna apì tou pr¸tou kaiaploÔsterou perioristè pou anaptÔqjhkan, e�nai aplì sthn efarmog  tou kaiden empod�zei idia�tera th sÔgklish th L2 nìrma tou upolo�pou twn exis¸sewnpou epilÔontai. Ta �asikìtera meionekt mata tou e�nai o 1D qarakt ra tou (hex�leiyh twn talant¸sewn dhlad  g�netai mìno kat� thn kateÔjunsh thproekbol , dhlad  aut n th akm  sthn opo�a upolog�zetai to di�nusma �o )kai h èlleiyh majhmatikoÔ mhqanismoÔ apenergopo�hsh tou se perioqè pou dene�nai apara�thto (l.q. perioqè eleÔjerh �o ) en¸ mpore� na mei¸sei thn t�xhakr�beia th lÔsh se perioqè tou ped�ou ìpou up�rqoun akrìtata sth lÔsh.Me qr sh tou periorist  twn Van Leer�Van Albada, oi katast�sei L kai Rekatèrwjen tou mesìkombou, 2.18, d�nontai apì th sqèsh~UL = ~UP + 12LIM 240�2 �~U�xr!P xPQr ��~UPQ1A ; �~UPQ35~UR = ~UQ � 12LIM 240�2 �~U�xr!Q xPQr ��~UPQ1A ; �~UPQ35�~UPQ = ~UQ � ~UPLIM(a; b) = 8<:(a2 + �) b + (b2 + �) aa2 + b2 + 2� ; ab > 00; ab � 0ìpou h posìthta � epilègetai na e�nai polÔ mikr  kai �etik , gia na apofeuqje�pijan  dia�resh me to mhdèn.Periorist  twn Barth�Jespersen, [14℄: Prìkeitai gia poludi�stato periorist , oopo�o d�nei lÔsei qwr� afÔsike talant¸sei akìma kai se plègmata me stoiqe�apou parousi�zoun èntonh anisotrop�a. Endèqetai ìmw na empod�sei th sÔgklishth L2 nìrma tou upolo�pou twn exis¸sewn, opìte apaite�tai parakoloÔjhshk�poiou �llou megèjou (l.q. tou suntelest  �nwsh) prokeimènou o qr sth naantilhfje� ìti h ep�lush twn exis¸sewn èqei praktik� sugkl�nei.H tim  tou periorist  �Pj gia th j metablht  enì kìmbou P upolog�zetai se dÔost�dia. Pr¸ta upolog�zetai h posìthta �PQj gia ìle ti akmè tou plègmato pousuntrèqoun ston kìmbo w ex 
�PQj = 8>>>>>><>>>>>>:min 1; �1;maxj�2j ! ; �2j > �min 1; �1;minj�2j ! ; �2j < ��1; ���2j �� < �



2.4. Diakritopo�hsh twn exis¸sewn �o  47ìpou �2j = U re;Lj � UPj�1;maxj = Umaxj � UPj�1;minj = Uminj � UPjU re;Lj = UPj + 12~xPQrUPjkai � m�a polÔ mikr  kai �etik  posìthta. Oi posìthte Umaxj kai Uminj e�nai oimègiste kai el�qiste posìthte th en lìgw metablht  metaxÔ tou kìmbou P kaitou sunìlou twn pr¸twn geitìnwn tou, dhlad  twn kìmbwn pou en¸nontai me autìnmèsw akm .Tèlo, h tim  tou periorist  lamb�netai w h el�qisth ìlwn twn tim¸n �PQj kaih kat�stash L proekb�lletai apì thn kombik  tim  P mèsw th ex. 2.21a'.Periorist  tou Venkatakrishnan, [207℄: O periorist  tou VenkatakrishnananaptÔqjhke me ��sh ton periorist  twn Barth�Jespersen. Parousi�zei ìpw kaieke�no poludi�stato qarakt ra, en¸ to �asikì tou pleonèkthma e�nai h omal apenergopo�hsh tou se perioqè ìpou o periorismì th kl�sh twn megej¸n denkr�netai anagka�o. O periorist  tou Venkatakrishnan den ikanopoie� austhr�ta krit ria monoton�a th lÔsh, [209℄, prokeimènou to sq ma na ikanopoie� tisunj ke gia akr�beia deÔterh t�xh, akìma kai se perioqè ìpou up�rqounakrìtata sth lÔsh, [207℄. Upolog�zetai p�li se dÔo st�dia (pr¸ta upolog�zetaisti akmè pou suntrèqoun ston kìmbo kai èpeita epilègetai h el�qisth apì autèti timè). H tim  sti akmè upolog�zetai apì thn parak�tw sqèsh�PQj = 8><>: 1�j ��2j;m + �2��j + 2�2j�j;m�2j;m + 2�2j +�j;m�j + �2 ; j�jj > �1; j�jj < �ìpou �j = 12~xPQ &rUPj�j;m = (�j;max; �j > 0�j;min; �j < 0�j;max = Uj;max � UPj�j;min = Uj;min � UPjkai � e�nai, ìpw kai prohgoumènw, m�a polÔ mikr  kai �etik  posìthta. Oiposìthte Uj;max kai Uj;min e�nai p�li oi mègiste kai el�qiste posìthte ant�stoiqath j metablht  metaxÔ tou kìmbou P kai tou sunìlou twn pr¸twn geitìnwn tou.H posìthta � upolog�zetai sunart sei megej¸n pou exart¸ntai apì gewmetrikèidiìthte twn stoiqe�wn tou plègmato, [207℄.



48 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATA2.4.4 Diakritopo�hsh twn ìrwn di�qushSq ma s�rwsh stoiqe�wnTo pr¸to sen�rio diakritopo�hsh twn dianusm�twn sunektik  �o  poudiasq�zoun ta ìria tou kentrokombikoÔ peperasmènou ìgkou upojèteiP1�grammik� stoiqe�a, sta opo�a oi kl�sei twn taqut twn, kai, sunep¸, tastoiqe�a tou tanust  twn t�sewn, e�nai stajer�. H diakritopo�hshpragmatopoie�tai me s�rwsh plegmatik¸n stoiqe�wn kai apìdosh suneisfor¸napì ta dianÔsmata sunektik  �o  stou kìmbou tou. 'Etsi, an TP to sÔnolotwn plegmatik¸n stoiqe�wn pou perib�lloun ton kìmbo P (�lèpe sq. 2.22), tìte tadianÔsmata sunektik  �o  pou dièrqontai apì ta ìria tou ìgkou elègqou tou Pgr�fontai ZZ�V P ~F visr nr d (�V ) = XT2TP ~�T;visìpou
~�T;vis = ~F T;visr nGr =

26666666666664
0nGr �Gr1nGr �Gr2nGr �Gr3nGr �uGj �Gjr + qGr �

37777777777775 (2.29)
kai �Gij = �GeffRe0 "��ui�xj�G + ��uj�xi�G � 23 ��ur�xr�G Æij# (2.30a')qGr = p�GeffRe0Pr � �T�xr�G (2.30b')To di�nusma nGr e�nai p�li to k�jeto di�nusma sto tm ma tou or�ou toupeperasmènou ìgkou ìpou ekfr�zetai h suneisfor�, sq. 2.18, kai èqei mètro �some thn epif�neia tou tm mato autoÔ. O �nw de�kth G upodhl¸nei megèjh sto�arÔkentro tou stoiqe�ou, ta opo�a en gènei �r�skontai w o arijmhtikì mèsoìro twn ant�stoiqwn tim¸n stou kìmbou tou stoiqe�ou. H kl�sh enìopoioud pote megèjou ��W�xi �G ekfr�zetai, mèsw th paradoq  P1 stoiqe�wn,w ex  ��W�xi �G = �Nk�xi Wk (2.31)ìpou Nk e�nai oi suntelestè morf  tou stoiqe�ou. H parap�nw sqèshqrhsimopoie�tai gia ton upologismì twn kl�sewn taqut twn pou emperièqontaiston tanust  twn t�sewn kaj¸ kai th kl�sh th �ermokras�a.



2.4. Diakritopo�hsh twn exis¸sewn �o  49

PSq ma 2.22: Tm ma tou or�ou enì peperasmènou ìgkou sto opo�o upolog�zetaito di�nusma sunektik  �o  an epilege� s�rwsh kat� stoiqe�a gia 2D (arister�)kai 3D (dexi�) plègmata.To sq ma autì leitourge� se plègmata mìno me tr�gwna (se 2D)   tetr�edra(se 3D). Epèktas  tou se ubridik� plègmata me qr sh kat�llhlwn suntelest¸nmorf  odhge� sth suntriptik  pleioyhf�a twn peript¸sewn se sq mata ta opo�aapemplèkoun tou pr¸tou ge�tone tou kìmbou P , sq. 2.23, kai ta opo�a e�naiastaj , [34℄, [35℄.
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Sq ma 2.23: Stenil upologismoÔ gia tou ìrou di�qush pou suneisfèrounston peperasmèno ìgko tou kìmbou P qrhsimopoi¸nta to sq ma s�rwshstoiqe�wn se plègma me isìpleura tr�gwna (arister�) kai se tetragwnikì plègma(dexi�).
Sq ma s�rwsh akm¸nTo deÔtero sen�rio diakritopoie� ta dianÔsmata sunektik  �o  stoumesìkombou twn akm¸n, ìpw kai sthn per�ptwsh tou ìrou metafor�, sq. 2.18.



50 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAAn KP to sÔnolo twn pr¸twn geitìnwn Q tou kìmbou P , tìteZZ�V P ~F visr nr d (�V ) = XT2KP ~�PQ;visìpou to di�nusma ~�PQ;vis = ~F PQ;visr nPQr mpore� p�li na upologiste� apì thn ex. 2.29an ta megèjh me ekjèth G ekfrastoÔn sto mesìkombo M th akm  PQ (dhlad w arijmhtiko� mèsoi ìroi twn ant�stoiqwn tim¸n stou kìmbou P kai Q). H kl�shenì opoioud pote megèjou W sto mesìkombo �a mporoÔse ep�sh na �ewrhje��sh me to mèso ìro twn kl�sewn stou kìmbou P kai Q. Aut  h prosèggish ìmwodhge� p�li se astaj  sq mata lìgw apemplok  twn pr¸twn geitìnwn, sq. 2.24,[34℄, [35℄. Ant� autoÔ, qrhsimopoie�tai h parak�tw sqèsh, [210℄��W�xi �G = ��W�xi �M � "��W�xr �M x̂PQr � ��W�n �M# x̂PQi (2.32)ìpou ��W�xi �M = 12 "��W�xi �P + ��W�xi �Q# (2.33a')~̂xPQ = ~xQ � ~xPj~xQ � ~xP j (2.33b')��W�n �M = WQ �W Pj~xQ � ~xP j (2.33g')
2.4.5 Diakritopo�hsh twn exis¸sewn tou montèlou tÔrbh'Oro metafor�Gia th diakritopo�hsh tou ìrou metafor� tou montèlou tÔrbh qrhsimopoie�taian�nti sq ma, to opo�o gia ènan kìmbo P gr�fetai, sq. 2.18ZZ�V P �urnr~� d (�V ) = XQ2KP uMr nPQr (�~�)M (2.34)ìpou h metablht  (�~�)M lamb�nei thn tim  enì ek twn dÔo kìmbwn, [1℄, [17℄, ètsi¸ste h plhrofor�a na metafèretai p�nta kat�nti. Oi suneisforè apod�dontai kat�ta gnwst� me s�rwsh akm¸n. To sq ma autì epilègetai gia lìgou eust�jeia.



2.4. Diakritopo�hsh twn exis¸sewn �o  51
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Sq ma 2.24: Stenil upologismoÔ gia tou ìrou di�qush pou suneisfèrounston peperasmèno ìgko tou kìmbou P qrhsimopoi¸nta to sq ma s�rwshakm¸n. Apeikon�zontai oi peript¸sei 2D isìtropwn plegm�twn (isìpleuratr�gwna kai tetr�gwna ant�stoiqa) an qrhsimopoihje� o arijmhtikì mèso ìro(�nw) kai h ex. 2.32 (k�tw) gia ton upologismì th kl�sh twn taqut twn stoumesìkombou twn akm¸n.



52 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATA'Oro di�qushSq ma s�rwsh stoiqe�wn: 'Opw kai sthn per�ptwsh twn exis¸sewn mèsh �o , hdiakritopo�hsh tou ìrou di�qush tou montèlou tÔrbh mpore� na g�nei upì thnupìjesh P1 grammik¸n stoiqe�wn. Oi periorismo� kai ta sumper�smata th par.2.4.4 isqÔoun kai ed¸. Gia ènan kìmbo P1Re0 ZZ�V P �1 + b2� (�+ ~�) �~��xrnr� d (�V )� 1Re0 ZZZV P �b2� (�+ ~�) ��xr � �~��xr�� dV == 1Re0 XT2TP "1 + b2� ��+ ~�G�� �~��xr�G � b2� ��+ ~�P�� �~��xr�G#nGr (2.35)ìpou p�li ta megèjh me ekjèth G ekfr�zontai sto �arÔkentro tou ek�stotestoiqe�ou kai h kl�sh �~��xr G upolog�zetai me qr sh twn suntelest¸n morf , ex.2.31.Sq ma s�rwsh akm¸n: To sq ma s�rwsh akm¸n e�nai, ìpw anafèrjhke kai sthnpar. 2.4.4, kat�llhlo gia efarmog  se ubridik� plègmata. 'Etsi, gia ènan kìmboP , isqÔei1Re0 ZZ�V P �1 + b2� (�+ ~�) �~��xrnr� d (�V )� 1Re0 ZZZV P �b2� (�+ ~�) ��xr � �~��xr�� dV == 1Re0 XQ2KP "1 + b2� ��+ ~�M�� �~��xr�G � b2� ��+ ~�P�� �~��xr�G#nPQr (2.36)Oi posìthte me �nw de�kthM upodhl¸noun megèjh sto mesìkombo th akm  PQ,en¸ h kl�sh �~��xr G upolog�zetai me qr sh th ex. 2.32.'Oroi phg Oi ìroi phg  (paragwg , katastrof  kai met�bash) upolog�zontai meolokl rwsh sti ant�stoiqe kuyèle elègqou qrhsimopoi¸nta thn kombik  tim twn megej¸n se k�je stoiqe�o. H apìdosh twn ant�stoiqwn suneisfor¸n g�netai mes�rwsh kìmbwn.2.4.6 Diakritopo�hsh tou qronikoÔ ìrou kai epilog  touqronikoÔ � matoH paroÔsa ergas�a asqole�tai apokleistik� me qronik� mìnime �oè. O qronikììro diathre�tai kai qrhsimopoie�tai gia dieukìlunsh th sÔgklish twn exis¸sewn,



2.4. Diakritopo�hsh twn exis¸sewn �o  53sÔmfwna me thn teqnik  th qronoproèlash8. H diakritopo�hs  tou g�netai mèswtou pr¸th t�xh sq mato an�nti diafìrish tou EulerZZZV P �~U�t dV = V P�tP�~UP (2.37)(2.38)ìpou �~UP = �~UP�n+1 � �~UP�n (o ekjèth n antistoiq�zetai sto trèqon qronikì� ma). Gia epit�qunsh th sÔgklish efarmìzetai h teqnik  tou topikoÔ qronikoÔ� mato, [211℄. Gia ubridik� plègmata, h teqnik  aut  èqei efarmoste� sth�ibliograf�a se asump�este �oè, [25℄, [26℄, [27℄, kai sumpiestè �oè, [212℄,agno¸nta ìmw thn ep�drash th sumpiestìthta kai th tÔrbh sto qronikì� ma. O ant�stoiqo tÔpo gia turb¸dei sumpiestè �oè d�netai parak�tw�tP = CFL V PC +Dìpou D = 2�P V PP3i=1 SPi max"p ��+ �Pt �Re0Pr ; �+ �PtRe0 #kai C = ���uPr �� + P�SPrSti parap�nw sqèsei, SPi e�nai h probol  twn tmhm�twn pou apart�zoun ta ìriath kuyèlh elègqou tou kìmbou P kat� thn kateÔjunsh i, dhlad SPr = 12 XQ2KP ��nPQr ��Sthn èkfrash tou D upeisèrqetai o suntelest  di�qush me th megalÔterh tim ,[12℄.O qronikì ìro tou montèlou tÔrbh diakritopoie�tai me to �dio qronikì � maZZZV P �(�~�)�t dV = V P�tP�(�~�)Pìpou �(�~�)P = (�~�)n+1 � (�~�)n, d�nonta ikanopoihtikoÔ �ujmoÔ sÔgklish.2.4.7 Oriakè sunj keStere� toiq¸mataH oriak  sunj kh pou epib�lletai sta stere� toiq¸mata exart�tai apì to e�dotwn exis¸sewn pou epilÔontai. 'Etsi, se prolèxei atrib¸n �o¸n (exis¸sei Euler)  8time marhing



54 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAturbwd¸n �o¸n me qr sh sunart sewn to�qou9, epib�lletai sthn paroÔsa diatrib h sunj kh mh�eisq¸rhsh (~u &~n = 0). H epibol  g�netai me asjen  diatÔpwsh,dhlad  me eisagwg  th sunj kh sta dianÔsmata atriboÔ �o , ta opo�a kat�m ko twn stere¸n toiqwm�twn lamb�noun th morf ~�inv = ~F invr nr = 266664 0pnxpnypnz0
377775 (2.39)Se peript¸sei strwt  �o    turb¸dou �o  qwr� qr sh sunart sewn to�qouepib�lletai h sunj kh mh�ol�sjhsh (~u=~uwall) �mesa w sunj kh Dirihlet, metautìqrono mhdenismì tou aristeroÔ mèlou gia tou kìmbou tou stereoÔ or�ou.Epiplèon, gia th �ermokras�a epib�lletai e�te dedomènh katanom  tim¸nep�nw sto stereì ìrio (sunj kh Dirihlet) e�te dedomènh �ermorro  �T�� (sunj khNeumann, l.q. mhdenik  gia adiabatikè �oè). H sunj kh Neumannupeisèrqetai èmmesa mèsw twn dianusm�twn sunektik  �o  (ex. 2.29).Oi oriakè sunj ke pou epib�llontai sthn ex�swsh tou montèlou tÔrbhexart¸ntai apì th qr sh   mh twn sunart sewn to�qou. An de qrhsimopoioÔntaisunart sei to�qou (montèlo tÔrbh qamhl¸n arijm¸n Reynolds), epib�lletai hDirihlet sunj kh ~� = 0, apaitoÔntai de plègmata ta opo�a e�nai epark¸ pukn�kont� sto stereì ìrio (èna tupikì krit rio e�nai na isqÔei gia ton pr¸to apì tonto�qo kìmbo y+ � 1). Sthn per�ptwsh pou efarmìzontai oriakè sunj ke mèswsunart sewn to�qou (montèlo tÔrbh uyhl¸n arijm¸n Reynolds), mporoÔn naqrhsimopoihjoÔn pio arai� plègmata. Sthn paroÔsa ergas�a epelègh tÔposun�rthsh to�qou o opo�o antimetwp�zei me enia�a majhmatik  èkfrash tostrwtì oriakì upìstrwma, thn endi�mesh ¸nh kai th logarijmik  perioq , [18℄.An y+ e�nai h adi�stath qarakthristik  apìstash kai u+ h adi�stathqarakthristik  taqÔthta, h sqèsh pou ti sundèei d�netai parak�twy+ = u+ + e��B "e�u+ � 1� �u+ � (�u+)22 � (�u+)36 # (2.40)ìpou y+ = Re0�wu���wu+ = uwtangu�Sti parap�nw sqèsei,� e�nai h apìstash tou oriakoÔ kìmbou apì to pragmatikìstereì ìrio (h opo�a d�netai apì ton qr sth) kai u� e�nai h taqÔthta trib , en¸ o9wall funtions



2.4. Diakritopo�hsh twn exis¸sewn �o  55ekjèth w upodhl¸nei megèjh ston oriakì kìmbo. Oi stajerè lamb�noun ti timè� = 0:41 kai B = 5:5. H ex. 2.40 lÔnetai arijmhtik� (l.q. me mèjodo Newton�Raphson) w pro thn posìthta u+, h opo�a d�nei thn taqÔthta trib . H taqÔthtatrib  qrhsimopoie�tai katìpin gia ton upologismì th t�sh pou anaptÔssetai stostereì ìrio mèsw th sqèsh �w = �wu2�kai h opo�a qrhsimopoie�tai gia ton upologismì twn dianusm�twn sunektik  �o pou dièrqontai apì ti oriakè akmè tou qwr�ou sti exis¸sei th mèsh �o . Hturb¸dh sunektikìthta upolog�zetai mèsw th parak�tw sqèsh�t = ��e��B "e�u+ � 1� �u+ � (�u+)22 #Ep�sh isqÔei �t = fv1~� = �3�3 + 3v1��� = ~��H parap�nw sqèsh epilÔetai me th mèjodo Newton�Raphson w pro to �, to opo�ome th seir� tou d�nei th Dirihlet sunj kh gia th metablht  �~� ston oriakì kìmbo.E�sodo kai èxodo th �o Oi oriakè sunj ke sthn e�sodo kai thn èxodo tou upologistikoÔ qwr�ouepib�llontai mèsw twn dianusm�twn atriboÔ �o  pou dièrqontai apì taant�stoiqa tm mata tou or�ou, kai ta opo�a lamb�noun upìyh thn kat�stash tou�eustoÔ se autì, en¸ ta dianÔsmata sunektik  �o  eke� ameloÔntai.Sugkekrimèna, ta dianÔsmata atriboÔ �o  upolog�zontai mèsw tou an�ntisq mato twn Steger�Warming, [213℄, to opo�o gia ènan oriakì kìmbo P gr�fetai~�P;out = ~A+(~UP )~UP + ~A�(~UP )~Uout (2.41)ìpou ~A+ kai ~A� oi iakwbianè twn dianusm�twn �o  pou antistoiqoÔn sti �etikèkai ti arnhtikè idiotimè ant�stoiqa, [204℄. O orismì th oriak  kat�stash~Uout exart�tai apì thn per�ptwsh pou melet�tai.Peript¸sei exwterik  aerodunamik : Se peript¸sei exwterik  aerodunamik d�nontai w oriakè sunj ke o ep' �peiron arijmì Mah, h puknìthta �out, tomètro ��~uout�� kai oi gwn�e �1 kai �2 th ep' �peiron taqÔthta, sq. 2.25. Ta megèjhaut� eparkoÔn gia ton pl rh kajorismì th kat�stash ~Uout.Peript¸sei eswterik  aerodunamik : Sti peript¸sei eswterik aerodunamik , o arijmì twn oriak¸n sunjhk¸n pou epib�llontai exart�tai apì
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x

y

zSq ma 2.25: An�lush th taqÔthta eisìdou/exìdou sti trei sunist¸se th.ton arijmì Mah ekfrasmèno ��sei th k�jeth sto ìrio sunist¸sa thtaqÔthta (sun jw th axonik ). 'Etsi, an kai sthn e�sodo kai sthn èxodo hsunist¸sa aut  e�nai upohqhtik , tìte gia thn e�sodo d�nontai h olik  p�esh poutT ,h olik  �ermokras�a T outt kai oi gwn�e �o  �1 kai �2, en¸ sthn èxodo d�netai hstatik  p�esh pout. Apì ti sqèsei th isentropik  �o , [214℄, sthn e�sodopout = pPT out = Tt�pPpt � �1�out = pPRT outT out = Tt�pPpt � �1��~uout�� =q2p (Tt � T out)uout = ��~uout�� os �1 os �2vout = ��~uout�� sin �1wout = ��~uout�� os �1 sin �2(�E)out = pout � 1 + 12�out ��~uout��2Enallaktik�, mpore� na parekblhje� apì to eswterikì tou ped�ou h arnhtik 



2.4. Diakritopo�hsh twn exis¸sewn �o  57anallo�wth Riemann ant� gia th statik  p�esh, opìtepout = pPT out = Tt �pPpt � �1�out = pPRT outR� = ��~uP ��� 2q pP�P � 1~uout = ( � 1)R� +q4 ( + 1) pTt � 2 ( � 1) (R�)2 + 1uout = ��~uout�� os �1 os �2vout = ��~uout�� sin �1wout = ��~uout�� os �1 sin �2(�E)out = pout � 1 + 12�out ��~uout��2Sthn per�ptwsh pou h k�jeth sto ìrio sunist¸sa th taqÔthta e�naiuperhqhtik  tìso sthn e�sodo ìso kai sthn èxodo, tìte sthn e�sodo d�netaiepiplèon h statik  p�esh pout w oriak  sunj kh en¸, ant�stoiqa, sthn èxodo hstatik  p�esh proekb�lletai apì to eswterikì tou upologistikoÔ qwr�ou, dhlad pout = pP .Tèlo, an sthn e�sodo h axonik  taqÔthta e�nai uperhqhtik  en¸ sthn èxodoe�nai upohqhtik , isqÔei o periorismì th monadik  gwn�a prìsptwsh, dhlad h gwn�a eisìdou th �o  kajor�zetai monos manta apì th gewmetr�a toupterug�ou kai ton arijmì Mah, en¸ oi oriakè sunj ke epib�llontai ìpwanalÔjhke parap�nw.Sqetik� me ti oriakè sunj ke tou montèlou tÔrbh sta ìria aut�, anafèretaiìti sthn e�sodo epib�lletai Dirihlet sunj kh th metablht  �~�, en¸ apì thn èxodoexèrqontai ta ant�stoiqa dianÔsmata �o  lìgw metafor� sÔmfwna p�nta me toan�nti sq ma th ex. 2.34.'Oria summetr�a kai periodik� ìriaSta ìria summetr�a epib�lletai h sunj kh mh�eisq¸rhsh, me ton �dio akrib¸trìpo pou epib�lletai sta stere� ìria sthn per�ptwsh atriboÔ �o .Proairetik� mporoÔn na mhdenistoÔn kai oi kl�sei twn metablht¸n �o , oiopo�e qrhsimopoioÔntai sthn kat� Taylor proekbol , ex. 2.21, sth dieÔjunshk�jeta sto ìrio. Autì dieukolÔnei elafr¸ th sÔgklish all� dhmiourge�duskol�e sth diatÔpwsh twn suzug¸n exis¸sewn.Sta periodik� ìria twn 2D �o¸n, kaj¸ kai sti peript¸sei 3D �o¸n pouexomoi¸noun grammikè pterug¸sei, exasfal�zetai h ex�swsh twn metablht¸n



58 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAekatèrwjen tou periodikoÔ or�ou mèsw th ex�swsh twn ant�stoiqwn dexi¸n kaiarister¸n mel¸n, ¸ste h ananèws  tou na g�netai me tautìshmo trìpo. Sti 3Dperifereiakè pterug¸sei, oi dianusmatikè posìthte exis¸nontai stouperiodikoÔ kìmbou afoÔ upostoÔn strof  kat� to � ma th pterÔgwsh, en¸gia ti �ajmwtè posìthte epib�lletai na e�nai tautìshme.2.5 Ep�lush twn diakritopoihmènwn exis¸sewn2.5.1 Mèjodo arijmhtik  ep�lushOi diakritopoihmène exis¸sei mporoÔn na xanagraftoÔn me qr sh twn telest¸nupolo�pou ~R kai RSA sthn parak�tw morf V P�tP�~UP + ~RP;m = 0 (2.42)V P�tP�(�~�)P +RP;mSA = 0 (2.43)H ananèwsh twn metablht¸n se k�je yeudoqronikì � ma g�netai me th qr sh e�teth mejìdou Runge�Kutta (�ètonta sthn parap�nw ex�swsh m = n, ìpou n toparìn qronikì � ma) e�te peplegmènou sq mato kai eswterik¸n epanal yewn toushmeiak� peplegmènou epilÔth Jaobi (�ètonta sthn parap�nw ex�swshm = n+1).Mèjodo Runge�Kutta: O genikì algìrijmo m�a mejìdou Runge�Kutta kmax�hm�twn d�netai parak�tw~UP0 = ~UP;n~UPk = ~UP;n � ak�tPAP ~RPk�1; k = 1; : : : ; kmax~UP;n+1 = ~UPkmax (2.44)ìpou ~RPk�1 e�nai o telest  upolo�pou upologismèno me qr sh twn metablht¸n�o  sto k � 1 � ma. Sthn paroÔsa ergas�a qrhsimopoi jhke mèjodo Runge�Kutta tess�rwn �hm�twn me suntelestè a1 = 0:11, a2 = 0:2766, a3 = 0:5, a4 = 1:0,[215℄.Mèjodo Jaobi: Me grammikopo�hsh tou telest  upolo�pou ~R prokÔptei toparak�tw sq ma gia th nèa epan�lhyh tou yeudoqronikoÔ � mato" V P�tP I + � ~RP�~UP #�~UP + XQ2KP  � ~RP�~UQ!�~UQ = �~RP  enallaktik�, se tanustik  graf � V P�tP ÆnkÆPK + �RPn�UKk ��UKk = �RPn (2.45)



2.5. Ep�lush twn diakritopoihmènwn exis¸sewn 59ìpou K e�nai ìloi oi kìmboi pou summetèqoun sthn ex�swsh tou Psumperilambanomènou kai tou �diou. To parap�nw grammikopoihmèno sÔsthmaepilÔetai me thn epanalhptik  mèjodo Jaobi. H epilog  aut  dikaiologe�tai apìto gegonì ìti h mèjodo epwfele�tai apì th diag¸nia kuriarq�a pou parèqei toan�nti sq ma diakritopo�hsh, [216℄, kai apì to gegonì ìti prosfèretai giaparallhlopo�hsh. H grammikopo�hsh pou qrhsimopoie�tai apotele� prosèggishth akriboÔ kai epilègetai ètsi ¸ste na enisqÔetai h diag¸nia kuriarq�a,prokeimènou na dieukolunje� h sÔgklish th mejìdou kai na mhn auxhjoÔnuperbolik� oi apait sei se mn mh upologist , [116℄. Ta parap�nwepitugq�nontai an de lhfjoÔn oi mh�diag¸nie suneisforè ìlwn twn kìmbwn pèraapì tou pr¸tou ge�tone (oi mh�diag¸nie suneisforè pr¸twn geitìnwnapojhkeÔontai sti akmè tou plègmato).Kat� thn ep�lush, oi exis¸sei mèsh �o  kai h ex�swsh tou montèlou tÔrbh�ewroÔntai mh�peplegmène. Sunep¸, se k�je yeudoqronik  epan�lhyh lÔnontaidiadoqik� oi exis¸sei mèsh �o  kai h ex�swsh tou montèlou tÔrbh me èna apì tadÔo parap�nw sq mata, qrhsimopoi¸nta to kat�llhlo di�nusma metablht¸n �~Ukai ton ant�stoiqo telest  upolo�pou ~R.Sth sunèqeia �a analuje� h diadikas�a upologismoÔ tou aristeroÔ mèlou twnex. 2.45 gia th mèjodo Jaobi, h opo�a perilamb�nei th diafìrish tou telest upolo�pou twn exis¸sewn �o  kai tou montèlou tÔrbh w pro ti metablhtè�o , upì ti paradoqè/aplopoi sei pou mìli anafèrame.2.5.2 Aristerì mèlo tou ìrou metafor�H diafìrish w pro ti sunthrhtikè metablhtè tou dianÔsmato atriboÔ �o ,ex. 2.20, me to opo�o suneisfèrei m�a akm  PQ d�nei thn parak�tw èkfrash��PQ;invn�UKk = ALnj �ULj�UKk +ARnj �URj�UKk + �ALnj�UKk ULj + �ARnj�UKk URj (2.46)W pro ta dianÔsmata atriboÔ �o , to aristerì mèlo twn ex. 2.45 diamorf¸netaiupì ti ex  dÔo paradoqè :� Oi ìroi �ALnj�UKk ULj kai �ARnj�UKk URj �ewroÔntai praktik� amelhtèoi. H paradoq aut  epib�lletai gia me�wsh tou upologistikoÔ kìstou, �a�netai de ìti e�naiarket� �ealistik , ìpw upodeiknÔoun dokimè pou pragmatopoi jhkan kai�a parousiastoÔn sto pla�sio th efarmog  twn suzug¸n mejìdwn.� Qrhsimopoie�tai sq ma pr¸th t�xh. Me autìn ton trìpo apofeÔgetai hapoj keush mh�diag¸niwn ìrwn pou prokÔptoun apì suneisforè kìmbwnpou den e�nai pr¸toi ge�tone tou P kai enisqÔetai h diag¸nia kuriarq�a touaristeroÔ mèlou.SÔmfwna me ta parap�nw, h ex. 2.46 lamb�noun thn parak�tw morf ��PQ;invn�UKk = ALnj �UPj�UKk +ARnj �UQj�UKk (2.47)



60 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATA2.5.3 Aristerì mèlo tou ìrou di�qushH taktik  pou akolouje�tai kat� th diaqe�rish twn ìrwn di�qush exart�tai apìton trìpo s�rwsh kai apìdosh suneisfor¸n twn ant�stoiqwn dianusm�twn �o .Antikat�stash twn ex. 2.30a' kai 2.30b' sthn 2.29 d�nei m�a isodÔnamh èkfrashpou sundèei th suneisfor� enì dianÔsmato sunektik  �o  me thn kl�sh toudianÔsmato twn mh�sunthrhtik¸n metablht¸n ~W = � � u v w T �T sto shme�oG (pou e�nai to �arÔkentro tou ek�stote stoiqe�ou gia to sq ma s�rwsh stoiqe�wnkai o mesìkomboM th k�je akm  gia to sq ma s�rwsh akm¸n). Omadopoi¸ntatou suntelestè th kl�sh ��Wj�xr �G mpore� kane� na gr�yei
�G;visn = �GeffRe0 (Dr)Gnj ��Wj�xr �G (2.48)ìpou

Dx =
2666666666666664
0 0 0 0 00 43nx ny nz 00 �23ny nx 0 00 �23nz 0 nx 00 23 (2unx � vny � wnz) vnx + uny wnx + unz pPrnx

3777777777777775
Dy =

2666666666666664
0 0 0 0 00 ny �23nx 0 00 nx 43ny nz 00 0 �23nz ny 00 uny + vnx 23 (�unx + 2vny � wnz) wny + vnz pPrny

3777777777777775
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Dz =

2666666666666664
0 0 0 0 00 nz 0 �23nx 00 0 nz �23ny 00 nx ny 43nz 00 wnx + unz wny + vnz 23 (�unx � vny + 2wnz) pPrnz

3777777777777775Sti parap�nw sqèsei, ~n = � nx ny nz �T e�nai to di�nusma pou diakritopoie�to ìrio apì to opo�o dièrqetai to di�nusma �o  (e�nai dhlad  ~n = ~nG gia s�rwshstoiqe�wn kai ~n = ~nPQ gia s�rwsh akm¸n). Diafìrish th parap�nw sqèsh wpro to di�nusma twn sunthrhtik¸n metablht¸n ~U d�nei��G;visn�UKk = �GeffRe0 �(Dr)Gnj�WKl �WKl�UKk ��Wj�xr �G| {z }A + �GeffRe0 (Dr)Gnj ��WKl ��Wj�xr �G �WKl�UKk| {z }B (2.49)me qr sh th iakwbian  twn mh�sunthrhtik¸n w pro ti sunthrhtikè metablhtè
� ~W�~U =

26666666666666664
1 0 0 0 0�u� 1� 0 0 0�v� 0 1� 0 0�w� 0 0 1� 01� ��T +  � 12R �u2 + v2 + w2�� � � 1R u� � � 1R v� � � 1R w�  � 1R 1�

37777777777777775O ìro A th ex. 2.49 d�nei diag¸niou kai mh�diag¸niou ìrou pr¸twn geitìnwn,anex�rthta apì to sq ma s�rwsh (stoiqe�wn   akm¸n). Ston ìro B, h posìthta��WKl ��Wj�xr �G antimetwp�zetai diaforetik� se kajèna apì ta sq mata s�rwsh.Sto sq ma s�rwsh stoiqe�wn, h kl�sh ��Wj�xr �G lamb�netai apì thn ex. 2.31,h opo�a emplèkei gia k�je kìmbo mìno tou pr¸tou ge�tone, �ra diafor�zetaiakrib¸. Sto sq ma s�rwsh akm¸n, ex. 2.32 kai 2.33, h kl�sh emplèkei kai�llou kìmbou pèran twn pr¸twn geitìnwn, mèsw th posìthta ��Wj�xr �M . Gia naapofeuqje� autì, h kl�sh sto mesìkombo prosegg�zetai apì thn probol  th sto



62 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAdi�nusma ~̂xPQ, dhlad ��Wj�xr �G � ��Wj�n �M x̂PQr = WQj �W Pjj~xQ � ~xP j x̂PQrh opo�a diafor�zetai d�nonta p�li diag¸nie kai mh�diag¸nie suneisforè pr¸twngeitìnwn.2.5.4 Aristerì mèlo tou montèlou tÔrbhH grammikopo�hsh tou montèlou tÔrbh pragmatopoie�tai me thn apa�thsh toprokÔpton sq ma na e�nai eustajè kai na upolog�zei se k�je epan�lhyh �etikìped�o th metablht  �~�. O telest  upolo�pou tou montèlou tÔrbh, RSA,gr�fetai sumbolik� sthn parak�tw morf RSA = C(�~�)~U�~� +D(�~�)~U�~� + S(�~�)~U�~� + Tìpou, ìpw kai sthn ex. 2.6, o ìro C(�~�)~U�~� montelopoie� th metafor� thtÔrbh, o ìro D(�~�)~U�~� th di�qush aut , o ìro S(�~�)~U�~� thn paragwg  kaikatastrof  aut  en¸ T e�nai o ìro met�bash, an qrhsimopoie�tai. To di�nusma~U�~� e�nai sumbolik� to ped�o th posìthta �~�. Apaite�tai oi ant�stoiqoi telestègrammikopo�hsh, �C~U�~��(�~�) , �D~U�~��(�~�) , �S~U�~��(�~�) na e�nai M�p�nake, [184℄, kaiepiplèon na isqÔei "C � �C~U�~��(�~�) # ~U�~� � 0"D � �D~U�~��(�~�) # ~U�~� � 0"S � �S~U�~��(�~�) # ~U�~� � 0'Oro metafor�: Diafìrish tou telest  metafor�, ex. 2.34, w pro timetablhtè �o  ikanopoie� ti sunj ke pou èqoun teje�.'Oro di�qush: Diafìrish tou telest  di�qush w pro ti metablhtè �o  d�neikai sta dÔo sq mata pou qrhsimopoioÔntai sthn paroÔsa ergas�a (sq mas�rwsh stoiqe�wn, ex. 2.35, kai sq ma s�rwsh akm¸n, ex. 2.36) �etikoÔtelestè pou den diatar�ssoun thn eust�jeia tou epilÔth. Upenjum�zetai ìti hkat�llhlh prosèggish gia ubridik� plègmata e�nai aut  th s�rwsh akm¸n.Aut  perilamb�nei th diafìrish th posìthta � �~��xr�G, h opo�a, ìpw kai sthdiaqe�rish twn ìrwn di�qush gia ti exis¸sei mèsh �o , d�nei mh�diag¸nie



2.6. Prosarmog  tou plègmato sthn upì exèlixh lÔsh 63suneisforè pou, q�rin oikonom�a mn mh, e�nai kalì na agnohjoÔn. Autìepitugq�netai me qr sh th parak�tw prosèggish sth �èsh th akriboÔèkfrash � �~��xr�G � ��~��n�M x̂PQr = ~�Q � ~�Pj~xQ � ~xP j x̂PQr'Oro phg : W grammikopo�hsh twn ìrwn phg , h opo�a d�nei �etikoÔ telestèkai eustaje� lÔsei, prote�netai sth �ibliograf�a to apìluto th akriboÔdiafìrish twn ìrwn phg , dhlad ��S~U�~���(�~�) = max24��S~U�~���(�~�) ; 035H akrib  diafìrish pragmatopoie�tai me diadoqik  qr sh tou kanìna thalus�da, analutik� de perièqetai se palaiìterh diplwmatik  ergas�a tou EJS,[217℄.2.5.5 Aristerì mèlo twn oriak¸n sunjhk¸nAnt�stoiqa me tou ìrou metafor� grammikopoioÔntai ta dianÔsmata atriboÔ�o  sta ìria eisìdou kai exìdou tou qwr�ou. Diafìrish th sqèsh 2.41 d�nei��P;outn�UPm = A+ni + A�nj �Uoutj�UPmH parap�nw sqèsh d�nei mìno diag¸nie suneisforè ston oriakì kìmbo P .Ant�stoiqa diafor�zetai h sqèsh 2.39, d�nonta diag¸nie suneisforè stouoriakoÔ kìmbou tou or�ou summetr�a kaj¸ kai tou stereoÔ or�ou gia tipeript¸sei atrib¸n �o¸n (sti sunektikè �oè oi ant�stoiqe sunj ke e�naiDirihlet).Sthn per�ptwsh pou epilÔontai turb¸dei �oè me qr sh sunart sewn to�qou, oisuneisforè tou stereoÔ or�ou sto aristerì mèlo ameloÔntai, qwr� na �l�ptetaih taqÔthta sÔgklish tou epilÔth.2.6 Prosarmog  tou plègmato sthn upì exèlixhlÔshSto pla�sio th didaktorik  diatrib  epekt�jhke pro�p�rqousa mèjodoprosarmog  plègmato trigwnik¸n stoiqe�wn, [1℄, [4℄, se 2D ubridik� plègmata.H mèjodo perilamb�nei mìno emploutismì me eisagwg  epiplèon kìmbwn stoupologistikì plègma (de lamb�nei q¸ra dhlad  apemploutismì, ta ofèlh touopo�ou �ewr jhke ìti usteroÔn w pro ti auxhmène apait sei mn mh kai thnpoluplokìthta programmatismoÔ, [1℄). Prìkeitai gia mèjodo prosarmog , h



64 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAopo�a diathre� ti genikè arqè topolog�a kai thn arqik  �usiognwm�a touplègmato.H an�ptuxh mia mejìdou prosarmog  plègmato mpore� na qwriste� se dÔo� mata. Arqik�, or�zetai to krit rio prosarmog  kai upolog�zontai ta megèjhpou emplèkontai se autì sti akmè tou plègmato, ètsi ¸ste na entopistoÔn oiakmè pou e�nai upoy fie gia di�spash. To deÔtero � ma perilamb�nei thneisagwg  twn nèwn kìmbwn kai thn parembol  twn �oðk¸n megej¸n apì touarqikoÔ kìmbou stou nèou kaj¸ kai th dhmiourg�a twn nèwn plegmatik¸nstoiqe�wn kai thn eisagwg  tou sthn up�rqousa dom  dedomènwn. Sqetik� me takrit ria prosarmog , sthn paroÔsa diatrib  melet¸ntai dÔo kathgor�ekrithr�wn. H pr¸th kathgor�a afor� se mejìdou prosarmog  plegm�twn sthnupì exèlixh lÔsh ��sei twn tim¸n pou lamb�noun oi kl�sei twn �oðk¸n megej¸nkai �a parousiaste� sto parìn kef�laio en¸ h deÔterh ent�ssetai sto pla�sio tha posteriori an�lush sf�lmato kai twn suzug¸n mejìdwn, opìte h perigraf th �a akolouj sei met� apì thn parous�ash th sqetik  �ewr�a.2.6.1 Krit rio prosarmog Gia thn axiolìghsh twn upoy fiwn gia di�spash akm¸n epilègetai arqik� èna�oðkì mègejo � w aisjht rio (l.q. o arijmì Mah), pou na sqet�zetai me to�ainìmeno to opo�o epijumoÔme na upolog�soume akribèstera (l.q. kÔma kroÔsh),m�a sun�rthsh kr�sh S h opo�a qrhsimopoie� to aisjht rio gia na �ajmolog seiti akmè kai èna kat¸fli emploutismoÔ T . 'Ola aut� mporoÔn na sunoyistoÔnse èna 1D prìblhma prosarmog  metaxÔ twn dÔo kìmbwn i kai j mia akm , sq.2.26.

Sq ma 2.26: 1D prìblhma prosarmog  metaxÔ twn kìmbwn i kai j m�a akm .H sun�rthsh kr�sh mpore� na ekfraste� e�te w h apìluth diafor� metaxÔtwn tim¸n tou aisjhthr�ou stou dÔo kìmbou, S = j�i � �jj e�te sunart sei thkl�sh tou aisjhthr�ou, S = �����i � �j�x ����. H pr¸th èkfrash lamb�nei upìyh



2.6. Prosarmog  tou plègmato sthn upì exèlixh lÔsh 65sugqrìnw thn apìluth diafor� th tim  tou aisjhthr�ou, emplout�zonta meautì ton trìpo kai akmè meg�lou m kou sti opo�e parousi�zetai grammik katanom  tou aisjhthr�ou. H deÔterh èkfrash te�nei na egklwb�sei thnprosarmog  se perioqè me meg�lh kl�sh th sun�rthsh tou aisjhthr�ou kaienergopoie�tai sun jw se akmè sti opo�e to aisjht rio parousi�zei èntonhmh�grammikìthta, emplout�zont� ti ep' �peiro. O ep' �peiro emploutismìgenik� den e�nai epijumhtì kai apofeÔgetai �ètonta periorismoÔ w pro toel�qisto m ko akm , [218℄. O upologismì th tim  th sun�rthsh kr�shakolouje�tai apì sÔgkris  th me èna kat¸fli emploutismoÔ pou or�zetai apì toqr sth kai to apotèlesma apojhkeÔetai se èna logikì de�kth (S � T : 1, S < T :0) pou upodeiknÔei ti upoy fie gia di�spash akmè.2.6.2 Kanìne prosarmog To krit rio prosarmog  sumplhr¸netai me èna sÔnolo kanìnwn oi opo�oidiasfal�zoun th diat rhsh th arqik  morf  kai poiìthta tou plègmato ètsi¸ste h diadikas�a na mhn apaite� epèmbash sto sq ma ep�lush th �o . Hpoiìthta twn stoiqe�wn tou plègmato posotikopoie�tai sun jw mèsw metrik¸npou ektimoÔn thn apìklish tou sq mato twn plegmatik¸n stoiqe�wn (gwn�e,lìgo epim kou klp.) apì èna stoiqe�o anafor�, [219℄, pou sun jw e�nai toisìpleuro tr�gwno/tetr�gwno se 2D plègmata kai to platwnikì tetr�edro/kÔbose 3D. Sugkekrimèna :� Or�zontai arqètupa emploutismoÔ enì gonikoÔ stoiqe�ou se dÔo  perissìtera, gia ta tr�gwna (sq. 2.27) kai gia ta tetr�pleura (sq. 2.28),an�loga me ti shmeiwmène gia emploutismì pleurè tou.� An shmeiwjoÔn dÔo pleurè enì trig¸nou gia prosarmog , tìte shmei¸netaiautìmata kai h tr�th, sq. 2.27.� K�je nèo kìmbo eis�getai sto mèso th ek�stote shmeiwmènh akm , ektìan aut  �r�sketai sto stereì ìrio. Se aut n thn per�ptwsh, to stereì ìrioprosegg�zetai me k�poia parametrikopo�hsh (l.q. kubik  kampÔlh Spline)kai o kìmbo eis�getai sth �èsh pou upodeiknÔei h kampÔlh, sq. 2.29.Prosoq  prèpei na doje� se peript¸sei pou o pr¸to eswterikì kìmbo�r�sketai polÔ kont� sto stereì ìrio (l.q. prolèxei turbwd¸n �o¸n) diìti hprosarmog  mpore� na d¸sei �kura plegmatik� stoiqe�a, sq. 2.29 k�tw.� Prokeimènou na diathrhje� h arqik  dom  tou plègmato, den epitrèpetai hÔparxh perissìterwn twn dÔo kìmbwn se m�a akm . Autì shma�nei ìti ìtanshmeiwje� m�a akm  gia di�spash, diasp¸ntai p�ntote kai ta dÔo ekatèrwjenstoiqe�a, sq. 2.30. O ant�stoiqo kanìna gia ta periodik� ìria metafr�zetaisto na shmeiwje� autìmata gia di�spash m�a akm , an èqei  dh shmeiwje� hant�stoiqh periodik  th, sq. 2.31.



66 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATA� Gia na mhn up�rqei suneq  upob�jmish th poiìthta twn stoiqe�wn touplègmato, ta stoiqe�a prèpei na diasp¸ntai kat� to dunatìn isìtropa.

Sq ma 2.27: Arqètupa emploutismoÔ trig¸nwn. An èqoun shmeiwje� giaemploutismì oi dÔo pleurè tou trig¸nou, shmei¸netai autìmata kai h tr�th.To teleuta�o shme�o ax�zei leptomerèsterh perigraf . Ta stoiqe�a pouproèrqontai apì èna gonikì stoiqe�o apojhkeÔontai se èna genealogikì p�nakadÔo epipèdwn (gonèwn�paidi¸n). An shmeiwje� se k�poio apì ta stoiqe�a aut� m�aakm  h opo�a an ke sto gonikì stoiqe�o, tìte èqoume apl  met�ptwsh se k�poioapì ta �lla arqètupa tou gonikoÔ stoiqe�ou. Dhlad , diagr�fontai ìla tastoiqe�a pou proèrqontai apì to gonikì, qwr� ìmw na diagr�fontai oi kìmboitou, eis�gontai oi nèoi kìmboi sti shmeiwmène pleurè kai, telik¸, diasp�taito gonikì stoiqe�o me trìpo pou upodeiknÔetai apì tou eisaqjènte kìmbou. Anèqei shmeiwje� k�poia akm  pou den an kei sto gonikì stoiqe�o, tìte pr¸talamb�nei q¸ra isìtroph di�spash tou gonikoÔ stoiqe�ou kai èpeita, an hshmeiwmènh akm  suneq�zei na uf�statai w enia�a, lamb�nei q¸ra epiplèondi�spas  th. Parade�gmata twn parap�nw �a�nontai sto sq. 2.32 gia tr�gwnakai sto sq. 2.33 gia tetr�pleura.2.7 Parallhlopo�hshH mèjodo ep�lush �o  pou analÔjhke programmat�sthke gia par�llhlaupologistik� sust mata katanemhmènh mn mh, ìpw autì tou EJS pou
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Sq ma 2.28: Arqètupa emploutismoÔ tetr�pleurwn. Ta eikonizìmena arqètupaefarmìzontai, profan¸, kai se tuqa�a morf  tetr�pleura, èstw kai an ed¸parousi�zontai se tetr�gwna.



68 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATA

Sq ma 2.29: Eisagwg  nèou kìmbou sto stereì ìrio me prosèggish thkampÔlh l.q. w kubik  Spline. Par�deigma apodekt  prosarmog  (�nw)kai mh�apodekt  prosarmog  lìgw meg�lh anisotrop�a tou plègmato sesunduasmì me th meg�lh kampulìthta tou or�ou (k�tw). Prokeimènou namhn prokÔyei tètoiou e�dou mh�apodekt  prosarmog  �ront�zetai o lìgoepim kou th pr¸th diastrwm�twsh se autè ti perioqè tou or�ou na e�naiarkoÔntw mikrì, endeqomènw me thn eisagwg  perissìterwn kìmbwn p�nw stoìrio prin thn kataskeu  tou plègmato.

Sq ma 2.30: Efarmog  tou kanìna sÔmfwna me ton opo�o apagoreÔetai hemf�nish mh�sundeìmenou me akm  kìmbou sto eswterikì m�a akm  touarqikoÔ plègmato.



2.7. Parallhlopo�hsh 69

Sq ma 2.31: Periodikìthta : an èqei shmeiwje� gia di�spash m�a akm , tìteshmei¸netai kai h periodik  th.

Sq ma 2.32: Par�deigma di�spash stoiqe�wn me F1-stoiqe�o (gonèa) tr�gwno.H di�spash g�netai kat' autì ton trìpo ¸ste na mhn prokÔyoun makrìstenatr�gwna ta opo�a en gènei upobajm�zoun thn arijmhtik  akr�beia th lÔsh touped�ou �o .
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Sq ma 2.33: Parade�gmata di�spash stoiqe�wn me F1-stoiqe�o (gonèa)tetr�pleuro. H di�spash g�netai kat' autì ton trìpo ¸ste na mhn prokÔyounmakrìstena stoiqe�a ta opo�a en gènei upobajm�zoun thn arijmhtik  akr�beia thlÔsh tou ped�ou �o .parousi�sthke sthn enìthta 1.5, me qr sh twn prwtokìllwn antallag mhnum�twn PVM kai MPI kai thn teqnik  twn pollapl¸n upoqwr�wn. Toupologistikì plègma qwr�zetai se N mh�allhlokaluptìmena upoqwr�a, ìpou Ne�nai oi diajèsimoi epexergastè, sq. 2.34. Me autìn ton trìpo epitugq�netaime�wsh tou sunolik� apaitoÔmenou qrìnou apì Ts, pou e�nai o qrìno gia m�aseiriak  prosomo�wsh, se Tp = Ts 1(1� P ) + PN + � sÔmfwna me to nìmo touAmdahl, ìpou N o arijmì twn epexergast¸n, P to posostì parallhlopo�hshtou epilÔth kai � èna suntelest  pou lamb�nei upìyh to kìsto epikoinwn�akai thn anomoiogèneia se upologistik  isqÔ tou par�llhlou sust mato, h opo�aèqei w apotèlesma thn Ôparxh periìdwn adr�neia twn isqurìterwnupologistik¸n mon�dwn.O diamerismì tou plègmato antimetwp�zetai w èna prìblhma diamerismoÔtou gr�fou ston opo�o antistoiq�zetai to plègma. Sun jh trìpo antisto�qhshe�nai autì kat� ton opo�o up�rqei èna�pro�èna antisto�qhsh k�je kìmbou tougr�fou me èna plegmatikì stoiqe�o, sq. 2.35. O diamerismì g�netai upì thnapa�thsh �sh katanom  stoiqe�wn (¸ste na isomoir�zetai to upologistikì �ort�okai oi apait sei mn mh stou diajèsimou epexergastè) kai elaqistopo�hshth diepif�neia metaxÔ twn upoqwr�wn (prokeimènou na elaqistopoihje� to kìsto
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Sq ma 2.34: 2D (�nw) kai 3D epifaneiakì (k�tw) upologistikì plègmadiamerismèno se upoqwr�a



72 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATAepikoinwn�a). Oi dÔo apait sei autè sugker�zontai sthn parak�tw sun�rthshstìqou, l.q. gia diqotìmhsh enì tm mato tou upologistikoÔ qwr�ouF (N1; N2; Ne) = kN1 �N2kpN1N2 + wNeNeìpou N1, N2 ta stoiqe�a twn dÔo diamer�sewn pou �a prokÔyoun apì thdiqotìmhsh, Ne oi akmè th metaxÔ tou diepif�neia, Ne to sÔnolo twn akm¸ntou plègmato kai w m�a par�metro pou epilègetai apì ton qr sth. Odiamerismì tou gr�fou montelopoie�tai w èna prìblhma elaqistopo�hsh thparap�nw sun�rthsh stìqou, to opo�o epilÔetai me m�a mèjodo pou �as�zetai sth�ewr�a twn exeliktik¸n algor�jmwn, [220℄, [221℄, [222℄ kai èqei anaptuqje� stoEJS. H parap�nw mèjodo diamer�zei to upologistikì qwr�o se 2N tm matapragmatopoi¸nta diadoqikè diqotom�sei, se k�je m�a apì ti opo�eikanopoioÔntai oi proanaferje�se apait sei w pro thn �sh katanom  twnstoiqe�wn kai th elaqistopo�hsh th diepif�neia metaxÔ twn upoqwr�wn. Sthn[220℄ prote�netai h par�metro w na lamb�nei timè apì 10 èw 30.

Sq ma 2.35: Gr�fo tou plègmato pou prokÔptei an k�je stoiqe�oantiproswpeÔetai apì ènan kìmbo tou gr�fou (kìkkina/anoiqt� shme�a) kai k�jediepif�neia metaxÔ dÔo stoiqe�wn apì m�a akm  autoÔ (kìkkina/diakekommènaeujÔgramma tm mata).H mèjodo twn [220℄, [221℄, [222℄ anaptÔqjhke gia trigwnik� (2D) kaitetraedrik� (3D) plègmata all� qrhsimopoie�tai gia to diamerismì ubridik¸nplegm�twn qwr� tropopo�hsh. H qr sh th mejìdou aut , sthn prwtìtuphmorf  th, de lamb�nei upìyh to diaforetikì upologistikì kìsto pou epifèreik�je tÔpo plegmatikoÔ stoiqe�ou kat� thn ep�lush lìgw tou diaforetikoÔarijmoÔ akm¸n (pragmatik¸n kai eikonik¸n). Belt�wsh th mejìdou �a mporoÔsena e�nai h an�jesh �ar¸n an�logwn me to upologistikì kìsto k�je tÔpouplegmatikoÔ stoiqe�ou, k�ti tètoio ìmw �a apaitoÔse epèmbash se logismikì poulamb�netai �w èqei� kai xefeÔgei apì ta ìria th paroÔsa diatrib .O par�llhlo algìrijmo leitourge� sÔmfwna me to montèlosuntonist �erg�th. M�a diergas�a, se an¸tero ep�pedo (diergas�a�suntonist ),



2.7. Parallhlopo�hsh 73upolog�zei kai apojhkeÔei th dom  dedomènwn tou sunolikoÔ plègmato kaj¸kai ti apara�thte plhrofor�e gia ti geitni�sei twn upoqwr�wn kai touendosunoriakoÔ kìmbou kai akmè pou emplèkontai sti epikoinwn�e. Oidiergas�e�erg�te pragmatopoioÔn thn ep�lush twn exis¸sewn sta upoqwr�a.Pakèta plhrofori¸n apostèllontai periodik� (kat� th di�rkeia touepanalhptikoÔ sq mato ep�lush) apì tou erg�te sth diergas�a�suntonist , hopo�a analamb�nei th sullog  kai eggraf  twn apotelesm�twn kaj¸ kai tonèlegqo tou krithr�ou sÔgklish kai ton termatismì th ep�lush. Oi epikoinwn�emetaxÔ twn ergat¸n e�nai sÔgqrone (ta shme�a epikoinwn�a dhlad  e�nai kaishme�a sugqronismoÔ twn epexergast¸n) kai akoloujoÔn thn teqnik  thdianom /sullog  mhnum�twn10 kat� thn opo�a sta shme�a epikoinwn�a k�jeerg�th apostèllei tautìqrona ta pakèta epikoinwn�a se ìla ta geitonik�upoqwr�a. 'Epeita, sullègei apì aut� tautìqrona ta ant�stoiqa pakèta pouproor�zontai gia autìn, ta epexerg�zetai kai suneq�zei thn ep�lush. H teqnik aut  e�nai apodotikìterh apì thn teqnik  antallag  mhnum�twn11 kat� thnopo�a h apostol  kai sullog  twn pakètwn epikoinwn�a apì kai pro ènageitonikì upoqwr�o prèpei na oloklhrwje� prin prowjhje� h epikoinwn�a me �lloupoqwr�o, [223℄, [1℄.'Ena akìma pleonèkthma th teqnik  twn pollapl¸n upoqwr�wn, pèran thepit�qunsh tou algìrijmou ep�lush, e�nai h dunatìthta pou prosfèrei naekteloÔntai prosomoi¸sei idia�tera apaithtikè se mn mh. Autì ofe�letai sto ìtih sunolik  mn mh tou par�llhlou upologistikoÔ sust mato e�nai �sh me to�jroisma th mn mh twn epimèrou pìrwn (p�li up�rqei èna suntelest  oopo�o lamb�nei upìyh ti apait sei se mn mh th diergas�a�suntonist  kaj¸kai epiplèon apait sewn pou epib�llei h parallhlopo�hsh stidiergas�e�erg�te).Kat� thn parallhlopo�hsh tou epilÔth dìjhke èmfash sthn isodunam�a thdiadikas�a ep�lush sto seiriakì kai ston par�llhlo algìrijmo. H isodunam�aaut  pistopoi jhke me sÔgkrish twn telik¸n apotelesm�twn kai tou �ujmoÔsÔgklish pou prokÔptoun apì ti ant�stoiqe seiriakè kai par�llhleprosomoi¸sei. Ta �asik� shme�a epikoinwn�a/sugqronismoÔ e�nai :� ston upologismì diafìrwn gewmetrik¸n posot twn, ìpw embad¸n/ìgkwn  suntelest¸n morf , kat� ton upologismì twn epimèrou dom¸n dedomènwntwn upoqwr�wn� ston upologismì tou qronikoÔ � mato, ex. 2.38, ìpou apaite�tai �jroish twnprobol¸n tou or�ou twn kuyel¸n elègqou apì k�je upoqwr�o stou kìmbouepikoinwn�a� ston upologismì kl�sewn metablht¸n, ex. 2.22, 2.25 kai 2.28 ìpoupragmatopoie�tai �jroish twn suneisfor¸n apì k�je upoqwr�o stoukìmbou epikoinwn�a10distribution/olletion of messages11message exhange



74 2. TO PROBLHMA ROHS SE UBRIDIKA PLEGMATA� sthn �jroish twn suneisfor¸n pou èqoun upologiste� gia to dex� mèlo twnepiluìmenwn exis¸sewn stou kìmbou epikoinwn�a� sthn �jroish twn epimèrou ajroism�twn pou upolog�zontai an� upoqwr�ose k�je epan�lhyh Jaobi (profan¸ an qrhsimopoie�tai mèjodo Runge�Kutta autì to shme�o epikoinwn�a den uf�statai) stou kìmbou epikoinwn�a(oi epikoinwn�e ousiastik� exis¸noun/sumplhr¸noun to aristerì mèlo twnexis¸sewn stou kìmbou autoÔ gia ìla ta upoqwr�a)2.8 Anakefala�wshSto parìn kef�laio parousi�sthke h mèjodo ep�lush turbwd¸n �o¸n me qr shubridik¸n plegm�twn pou anaptÔqjhke kai programmat�sthke sto pla�sio thdidaktorik  diatrib . H mèjodo �as�zetai sthn upìjesh isoparametrik¸nplegmatik¸n stoiqe�wn kai th digrammik  (se 2D) kai trigrammik  (se 3D)katanom  twn metablht¸n se aut�. Oi katanomè autè d�noun algìrijmou kaiekfr�sei gia ton upologismì tou ìgkou, ton èlegqo kurtìthta twn stoiqe�wn, tonupologismì twn qwrik¸n kl�sewn twn metablht¸n �o  kai ton upologismì touyeudoqronikoÔ � mato pou antimetwp�zoun me enia�o trìpo ta eterogen  stoiqe�atou upologistikoÔ plègmato (tr�gwna/tetr�pleura se 2D kaitetr�edra/puram�de/pr�smata/ex�edra se 3D) kat� th di�rkeia th arijmhtik ep�lush twn exis¸sewn kai sto megalÔtero mèro thproepexergas�a/metepexergas�a. Ep�sh, oi katanomè autè qrhsimopoioÔntaigia ton orismì le�wn diepifanei¸n metaxÔ twn plegmatik¸n stoiqe�wn, opìteapofeÔgontai k�je e�dou paradoqè pou tupik� sunant¸ntai se ant�stoiqemejìdou th �ibliograf�a (ìpw l.q. �sp�simo� twn mh�sunep�pedwntetrapleurik¸n edr¸n twn plegmatik¸n stoiqe�wn se dÔo trigwnikè,aplopoihtikè/afairetikè paradoqè stou ìrou di�qush  /kai sti ekfr�seiupologismoÔ twn qwrik¸n kl�sewn) kai oi opo�e mei¸noun kat� per�ptwsh thnt�xh akr�beia deutèrou �ajmoÔ tou sq mato. Ta ��rh pou qrhsimopoioÔntaigia ton upologismì twn qwrik¸n kl�sewn apojhkeÔontai kat� akmè (se 2D) kaikat� kìmbou stoiqe�wn (se 3D), ¸ste na epitugq�netai h megalÔterh dunat exoikonìmhsh mn mh. H mèjodo pou parousi�zetai èqei parallhlopoihje�qrhsimopoi¸nta ta prwtìkolla PVM kai MPI kai perilamb�nei teqnikèprosarmog  ubridik¸n plegm�twn.



Kef�laio 3PISTOPOIHSH TOU KWDIKAEPILUSHS ROHSSto parìn kef�laio pistopoie�tai h mèjodo ep�lush �o  me qr sh ubridik¸nplegm�twn pou parousi�sthke kai analÔjhke sto kef. 2. Oi peript¸sei �o¸npou melet¸ntai e�nai 2D kai 3D �oè sumpiestoÔ �eustoÔ eswterik  kai exwterik aerodunamik . 'Ole oi peript¸sei melet¸ntai upì thn paradoq  ìti h �o  e�naipl rw turb¸dh, ektì m�a, sthn opo�a �ewre�tai atrib  �o . Idia�tera sti 2Dpeript¸sei g�netai ekten  melèth th ep�drash pou èqei sthn telik  lÔsh kaisthn taqÔthta tou algìrijmou h epilog  di�forwn paramètrwn tou epilÔth (l.q. hmèjodo upologismoÔ twn kl�sewn twn �oðk¸n megej¸n, to sq ma diakritopo�hshtwn ìrwn di�qush, o periorist , h qr sh teqnik¸n prosarmog  plègmato),o tÔpo tou plègmato (plègma apokleistik� me trigwnik� stoiqe�a, to opo�o �aanafèretai efex  w �trigwnikì� plègma,   ubridikì plègma) kai o trìpo orismoÔth kuyèlh elègqou. Eidik� gia to teleuta�o shme�o kai q�rin suntom�a, apìed¸ kai pèra to kat� per�ptwsh trigwnikì plègma �a sumbol�zetai me �B� an oipeperasmènoi ìgkoi sqhmat�zontai qrhsimopoi¸nta ta �arÔkentra twn trig¸nwnkai me �P� an qrhsimopoioÔntai ta per�kentra aut¸n. Ta prohgoÔmena genikeÔontaikai gia 3D plègmata.Se ìle ti efarmogè pou �a melethjoÔn sth sunèqeia, gia ta megèjh pouperigr�foun to ergazìmeno mèso (aèra, tèleio aèrio) lamb�nontai oi ex  diastatètupikè timè : ̂p = 1004:64m2=s2 K, R̂ = 287:04m2=s2 K, �̂ = 1:8 � 10�5kg=m s,k̂ = 0:0243W=m K, kai Pr = 0:72.3.1 Ro  gÔrw apì thn aerotom  RAE 2822Gia th �o  gÔrw apì thn aerotom  RAE 2822 up�rqoun sth �ibliograf�apeiramatikè metr sei, [224℄, kai arijmhtikè prolèxei, [225℄, gia m�a plhj¸rapeript¸sewn, oi opo�e poik�lloun apì pl rw upohqhtikè èw dihqhtikè meisqurì k�jeto kÔma kroÔsh kai allhlep�drash autoÔ me to oriakì str¸ma. DÔoapì autè ti peript¸sei (sugkekrimèna oi peript¸sei R6 kai R9) epelèghsan75



76 3. PISTOPOIHSH TOU KWDIKA EPILUSHS ROHSkai parousi�zontai sth sunèqeia. Sta ant�stoiqa peir�mata prokale�tai met�bashth �o  apì strwt  se turb¸dh kont� sthn akm  prìsptwsh (x= = 0:03 gia tipeript¸sei R6 kai R9). Sti arijmhtikè prosomoi¸sei pou parousi�zontai ed¸,ìpw proanafèrjhke, h �o  �ewre�tai pl rw turb¸dh, en¸ gia to kle�simo twnoriak¸n sunjhk¸n sto stereì ìrio qrhsimopoioÔntai oi sunart sei to�qou pouperigr�fontai sthn enìthta 2.4.7. Sto sq. 3.1 apeikon�zetai to ubridikì plègmapou qrhsimopoi jhke kai sti dÔo peript¸sei, kai to opo�o kataskeu�sthke mesunduasmì m�a mejìdou gènesh domhmènwn plegm�twn pou �as�zetai sth qr shuperbolik¸n kampul¸n, [226℄, gia thn kataskeu  tou plègmato kont� sto stereìto�qwma kai m�a mejìdou proelaÔnonto met¸pou gia thn kataskeu  trigwnikoÔplègmato sto upìloipo upologistikì qwr�o mèqri to ep' �peiro ìriì tou,apotele�tai de apì 25637 stoiqe�a (15795 tr�gwna kai 9842 tetr�pleura) kai17990 kìmbou. To ant�stoiqo, amig¸ trigwnikì, plègma prokÔptei me apl di�spash k�je tetr�pleurou stoiqe�ou tou ubridikoÔ plègmato se dÔo tr�gwna.Sto sq. 3.1 sumperilamb�netai kai kontin  �poyh tou plègmato kont� sto stereììrio. Ta apotelèsmata pou akoloujoÔn perilamb�noun sugkr�sei twn katanom¸ntou suntelest  p�esh kai trib  me ta ant�stoiqa peiramatik� dedomèna, [224℄.3.1.1 Per�ptwsh R6Oi sunj ke th ep' �peiro �o  gia thn per�ptwsh R6 e�naiM1 = 0:725 kai �1 =2:92o. H sunist¸menh diorjwmènh gwn�a, h opo�a lamb�nei upìyh thn ep�drash twntoiqwm�twn th aeros ragga (kai h opo�a telik¸ qrhsimopoie�tai) e�nai �orr =2:60o en¸ o arijmì Reynolds pou �as�zetai sth qord  e�nai Re = 6:5� 106.Sta sq. 3.2, 3.3 kai 3.4 parousi�zontai sugkr�sei th upologizìmenh apìton epilÔth katanom  tou suntelest  p�esh kai trib  me ti dedomènepeiramatikè kampÔle, prokeimènou na �ane� h ep�drash tou sq matodiakritopo�hsh twn ìrwn di�qush, tou epilegmènou periorist  kai th mejìdouupologismoÔ twn kl�sewn pou qrhsimopoioÔntai sto sq ma MUSCL, ant�stoiqa (taeÔgh peiramatik¸n tim¸n tou suntelest  trib  pou d�nontai se k�poie �èseix= antistoiqoÔn se metr sei pou èginan sthn aerodunamik  s ragga sediaforetikè kat� pl�to �èsei). Ta sq mata aut� prokÔptoun apìprosomoi¸sei sti opo�e skìpima den efarmìsthke prosarmog  plègmato, giana �ane� xek�jara h ep�drash k�je paramètrou sto telikì apotèlesma. Sto sq.3.2 parathre�tai ìti to ubridikì plègma kai to trigwnikì �P� plègma prolègounakribèstera th �èsh tou kÔmato kroÔsh. Autì ofe�letai sth me�wsh tharijmhtik  di�qush tìso stou sunektikoÔ ìso kai stou mh�sunektikoÔìrou kont� sthn perioq  tou kÔmato. Ep�sh, oi perioristè twnBarth�Jespersen kai Venkatakrishnan, lìgw tou poludi�statou qarakt ra tou,d�noun elafr¸ kalÔtera apotelèsmata apì thn aploÔsterh sun�rthsh twn VanLeer�Van Albada sthn �nw pleur� th aerotom , sq. 3.3. Antijètw, h epilog th mejìdou upologismoÔ twn kl�sewn twn metablht¸n sto sq ma MUSCL �a�netaina mhn ephre�zei to telikì apotèlesma, sq. 3.4. H epilog  tou sq mato s�rwshstoiqe�wn, ant� autoÔ th s�rwsh akm¸n, sto trigwnikì plègma ep�sh èqei



3.1. Ro  gÔrw apì thn aerotom  RAE 2822 77

Sq ma 3.1: Ubridikì plègma pou qrhsimopoi jhke gia th melèth turb¸doudihqhtik  �o  gÔrw apì th memonwmènh aerotom  RAE 2822 (�nw) kaileptomèreia autoÔ kont� sthn aerotom  (k�tw).



78 3. PISTOPOIHSH TOU KWDIKA EPILUSHS ROHSamelhtèa ep�drash, ìpw �a�netai apì to sq. 3.2.
πειραµατικά δεδοµένα

τριγωνικό ¨Π¨ – σάρωση στοιχείων
τριγωνικό ¨Β¨ – σάρωση στοιχείων

τριγωνικό ¨Β¨ – σάρωση ακµών
υβριδικό

x/c

c p

10.80.60.40.20
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-1

-1.5

πειραµατικά δεδοµένα
τριγωνικό ¨Π¨ – σάρωση στοιχείων
τριγωνικό ¨Β¨ – σάρωση στοιχείων

τριγωνικό ¨Β¨ – σάρωση ακµών
υβριδικό

x/c
c f

10.80.60.40.20

0.008

0.007

0.006

0.005

0.004

0.003

0.002

0.001

0Sq ma 3.2: RAE 2822, per�ptwsh R6: SÔgkrish tou upologizìmenou suntelest p�esh (arister�) kai trib  (dexi�) me peiramatik� dedomèna gia diaforetik�sq mata diakritopo�hsh twn dianusm�twn sunektik  �o  kai diaforetikoÔtrìpou orismoÔ twn kuyel¸n elègqou. Sti prosomoi¸sei qrhsimopoi jhkeo periorist  tou Venkatakrishnan kai h mèjodo twn elaq�stwn tetrag¸nwngia ton upologismì twn qwrik¸n kl�sewn twn metablht¸n �o , en¸ deqrhsimopoi jhke prosarmog  plègmato ¸ste na �anoÔn pio xek�jara oidiaforè metaxÔ twn sqhm�twn pou exet�zontai.Sto sq. 3.5 parousi�zontai oi ant�stoiqe sugkr�sei tou suntelest  katanom p�esh me epiplèon efarmog  teqnik¸n prosarmog  sto plègma. W aisjht riogia thn prosarmog  or�sthke h kl�sh tou arijmoÔ Mah, me kÔrio stìqo na�elti¸sei th diakritìthta tou plègmato sthn perioq  tou kÔmato kroÔsh th�nw pleur� th aerotom . Se aut n thn per�ptwsh, oi diaforè metaxÔ twnsenar�wn diakritopo�hsh ousiastik� exale�fontai. Sto sq. 3.6 (sÔgkrish twnapotelesm�twn qwr� kai me thn efarmog  teqnik¸n prosarmog ) e�nai emfan h �elt�wsh th eikìna twn apotelesm�twn katìpin th prosarmog , en¸ sto sq.3.7 parousi�zetai to plègma met� thn prosarmog . To ped�o tou arijmoÔ Mahprin kai met� thn prosarmog  apeikon�zetai sto sq. 3.8, ìpou �a�netai ìti toasjenè kÔma kroÔsh sthn �nw pleur� th aerotom  e�nai pio eudi�krito met�thn prosarmog .To sq. 3.9 de�qnei to �ujmì sÔgklish tou algìrijmou gia ta di�fora sen�riadiakritopo�hsh twn sunektik¸n ìrwn kai orismoÔ twn kuyel¸n elègqou. Genik�,kat� th di�rkeia twn prosomoi¸sewn, parathr jhke ìti o �ujmì sÔgklish  tanelafr¸ kalÔtero ìtan ginìtan qr sh ubridik¸n plegm�twn. An lhfje� epiplèonupìyh ìti ta ubridik� plègmata gia ton �dio arijmì kìmbwn èqoun mikrìteroarijmì akm¸n (dhlad  ligìtere pr�xei kinht  upodiastol  an� yeudoqronikì� ma), h diafor� sthn taqÔthta ektèlesh m�a prosomo�wsh aux�nei.Endeiktik� anafèretai ìti gia thn prosomo�wsh me qr sh ubridikoÔ plègmato se6 pur ne enì oktapÔrhnou 64bit DELL Poweredge blade server apait jhkan14min 2s ènanti 31min 44s tou ant�stoiqou trigwnikoÔ plègmato.



3.1. Ro  gÔrw apì thn aerotom  RAE 2822 79
πειραµατικά δεδοµένα

Venkatakrishnan
Barth–Jespersen

Van Leer–Van Albada

x/c

c p
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πειραµατικά δεδοµένα
Venkatakrishnan
Barth–Jespersen

Van Leer–Van Albada

x/c
c f

10.80.60.40.20

0.007

0.006

0.005

0.004

0.003

0.002

0.001

0Sq ma 3.3: RAE 2822, per�ptwsh R6: SÔgkrish tou upologizìmenou suntelest p�esh (arister�) kai trib  (dexi�) me peiramatik� dedomèna, me qr shdiaforetik¸n periorist¸n. Gia ti prosomoi¸sei qrhsimopoi jhke ubridikìplègma kai h mèjodo twn elaq�stwn tetrag¸nwn gia ton upologismì twn qwrik¸nkl�sewn twn metablht¸n �o , en¸ de qrhsimopoi jhke prosarmog  plègmato¸ste na �anoÔn pio xek�jara oi diaforè metaxÔ twn sqhm�twn pou exet�zontai.
πειραµατικά δεδοµένα

µέθοδος ελαχίστων τετραγώνων
ολοκλήρωση κατ΄ όγκο
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πειραµατικά δεδοµένα
µέθοδος ελαχίστων τετραγώνων

ολοκλήρωση κατ΄ όγκο

x/c

c f

10.80.60.40.20

0.007

0.006

0.005

0.004

0.003

0.002

0.001

0Sq ma 3.4: RAE 2822, per�ptwsh R6: SÔgkrish tou upologizìmenou suntelest p�esh (arister�) kai trib  (dexi�) me peiramatik� dedomèna pragmatopoi¸ntaolokl rwsh kat' ìgko   qrhsimopoi¸nta th mèjodo twn elaq�stwn tetrag¸nwngia ton upologismì twn kl�sewn twn �oðk¸n megej¸n sto sq ma MUSCL. Giati prosomoi¸sei qrhsimopoi jhke ubridikì plègma kai o periorist  touVenkatakrishnan.



80 3. PISTOPOIHSH TOU KWDIKA EPILUSHS ROHS
πειραµατικά δεδοµένα

τριγωνικό ¨Π¨ – σάρωση στοιχείων
τριγωνικό ¨Β¨ – σάρωση στοιχείων

τριγωνικό ¨Β¨ – σάρωση ακµών
υβριδικό

x/c

c p

10.80.60.40.20
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πειραµατικά δεδοµένα
Venkatakrishnan
Barth–Jespersen

Van Leer–Van Albada

x/c

c p
10.80.60.40.20
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-1.5Sq ma 3.5: RAE 2822, per�ptwsh R6: SÔgkrish tou upologizìmenou suntelest p�esh me peiramatik� dedomèna gia diaforetik� sq mata diakritopo�hsh twndianusm�twn sunektik  �o  kai orismoÔ twn kuyel¸n elègqou (arister�) kaime qr sh diaforetik¸n periorist¸n (dexi�), me qr sh teqnik¸n prosarmog plègmato.
πειραµατικά δεδοµένα

µε προσαρµογή
χωρίς προσαρµογή
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πειραµατικά δεδοµένα
µε προσαρµογή

χωρίς προσαρµογή

x/c

c f
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0.001

0Sq ma 3.6: RAE 2822, per�ptwsh R6: SÔgkrish tou upologizìmenou suntelest p�esh (arister�) kai trib  (dexi�) me peiramatik� dedomèna me kai qwr� thqr sh teqnik¸n prosarmog  plègmato.



3.1. Ro  gÔrw apì thn aerotom  RAE 2822 81

Sq ma 3.7: RAE 2822, per�ptwsh R6: Ubridikì plègma met� thn prosarmog (�nw) kai leptomèreia kont� sthn perioq  ìpou emfan�zetai to kÔma kroÔsh(k�tw).



82 3. PISTOPOIHSH TOU KWDIKA EPILUSHS ROHS

Sq ma 3.8: RAE 2822, per�ptwsh R6: Ped�o tou arijmoÔ Mah qwr� kai meefarmog  prosarmog  sto plègma (�nw kai k�tw eikìna ant�stoiqa).



3.1. Ro  gÔrw apì thn aerotom  RAE 2822 83
τριγωνικό ¨Π¨, σάρωση στοιχείων
τριγωνικό ¨Β¨, σάρωση στοιχείων

τριγωνικό ¨Β¨, σάρωση ακµών
υβριδικό
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τριγωνικό ¨Π¨ – σάρωση στοιχείων
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-12Sq ma 3.9: RAE 2822, per�ptwsh R6: SÔgkrish tou �ujmoÔ sÔgklish thex�swsh sunèqeia (arister�) kai tou montèlou tÔrbh twn Spalart�Allmaras(dexi�) gia diaforetik� sen�ria diakritopo�hsh twn ìrwn di�qush kai orismoÔtwn kuyel¸n elègqou. Oi uperakont�sei sth sÔgklish antistoiqoÔn se shme�aìpou efarmìsthke prosarmog  sto plègma.3.1.2 Per�ptwsh R9H per�ptwsh R9 èqei diaforetikè sunj ke �o  apì thn R6 (M1 = 0:725,�1 = 3:19o, �orr = 2:8o kai Re = 6:5 � 106). H sÔgkrish th katanom  tousuntelest  p�esh kai trib  metaxÔ twn arijmhtik¸n kai twn peiramatik¸napotelesm�twn parousi�zetai sta sq. 3.10, 3.11 kai 3.12, ìpou kai p�li stiprosomoi¸sei metaballìtan to sq ma diakritopo�hsh twn ìrwn di�qush, oepilegmèno periorist  kai h mèjodo upologismoÔ twn kl�sewn ant�stoiqa, qwr�na pragmatopoihje� prosarmog  sto plègma. P�li parathre�tai m�a uperoq  touubridikoÔ kai tou trigwnikoÔ �P� plègmato ènanti tou trigwnikoÔ �B� plègmato,sq. 3.10, kaj¸ kai twn periorist¸n twn Barth�Jespersen kai Venkatakrishnanènanti aut  twn Van Leer�Van Albada, sq. 3.11, en¸ h epilog  th mejìdouupologismoÔ twn kl�sewn �a�netai na mhn ephre�zei ti upologismène katanomè,sq. 3.12.An efarmoste� prosarmog  sto plègma, oi parap�nw diaforè ousiastik�exale�fontai, sq. 3.13. Sta sq. 3.14, 3.15 kai 3.16 parousi�zetai h katanom  tousuntelest  p�esh, to prosarmosmèno plègma kai to ped�o tou arijmoÔ Mahqwr� kai me prosarmog  sto qrhsimopoioÔmeno plègma, ¸ste na ektimhje� h�elt�wsh pou epitugq�netai sthn eikìna twn apotelesm�twn. H lÔsh �elti¸netaiaisjht�, idia�tera sthn �nw pleur� th aerotom , sthn perioq  prin to kÔmakroÔsh.Oi ant�stoiqoi �ujmo� sÔgklish, sq. 3.17, apokalÔptoun p�li thn uperoq th prosomo�wsh me ubridikì plègma ènanti aut¸n pou pragmatopoi jhkanqrhsimopoi¸nta trigwnik� plègmata. O qrìno ektèlesh sthn per�ptwsh touubridikoÔ plègmato e�nai 20min 7s ènanti 27min 59s gia to ant�stoiqo trigwnikì(oi dokimè pragmatopoi jhkan p�li se 6 pur ne enì oktapÔrhnou 64bit DELLPoweredge blade server).
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πειραµατικά δεδοµένα

τριγωνικό ¨Π¨ – σάρωση στοιχείων
τριγωνικό ¨Β¨ – σάρωση στοιχείων

τριγωνικό ¨Β¨ – σάρωση ακµών
υβριδικό
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πειραµατικά δεδοµένα
τριγωνικό ¨Π¨ – σάρωση στοιχείων
τριγωνικό ¨Β¨ – σάρωση στοιχείων

τριγωνικό ¨Β¨ – σάρωση ακµών
υβριδικό
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0Sq ma 3.10: RAE 2822, per�ptwsh R9: SÔgkrish tou upologizìmenousuntelest  p�esh (arister�) kai trib  (dexi�) me peiramatik� dedomèna giadiaforetik� sq mata diakritopo�hsh twn dianusm�twn sunektik  �o  kaidiaforetikì orismì twn kuyel¸n elègqou. Sti prosomoi¸sei qrhsimopoi jhkeo periorist  tou Venkatakrishnan kai h mèjodo twn elaq�stwn tetrag¸nwngia ton upologismì twn qwrik¸n kl�sewn twn metablht¸n �o , en¸ deqrhsimopoi jhke prosarmog  plègmato ¸ste na �anoÔn pio xek�jara oidiaforè metaxÔ twn sqhm�twn pou exet�zontai.
πειραµατικά δεδοµένα
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0Sq ma 3.11: RAE 2822, per�ptwsh R9: SÔgkrish tou upologizìmenousuntelest  p�esh (arister�) kai trib  (dexi�) me peiramatik� dedomèna meqr sh diaforetik¸n periorist¸n. Gia ti prosomoi¸sei qrhsimopoi jhkeubridikì plègma kai h mèjodo twn elaq�stwn tetrag¸nwn gia ton upologismìtwn qwrik¸n kl�sewn twn metablht¸n �o , en¸ de qrhsimopoi jhke prosarmog plègmato ¸ste na �anoÔn pio xek�jara oi diaforè metaxÔ twn sqhm�twn pouexet�zontai.
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πειραµατικά δεδοµένα

µέθοδος ελαχίστων τετραγώνων
ολοκλήρωση κατ΄ όγκο
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πειραµατικά δεδοµένα
µέθοδος ελαχίστων τετραγώνων
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0Sq ma 3.12: RAE 2822, per�ptwsh R9: SÔgkrish tou upologizìmenousuntelest  p�esh (arister�) kai trib  (dexi�) me peiramatik� dedomènapragmatopoi¸nta olokl rwsh kat' ìgko   qrhsimopoi¸nta th mèjodo twnelaq�stwn tetrag¸nwn gia ton upologismì twn kl�sewn twn �oðk¸n megej¸n stosq ma MUSCL. Gia ti prosomoi¸sei qrhsimopoi jhke ubridikì plègma kai operiorist  tou Venkatakrishnan.
πειραµατικά δεδοµένα

τριγωνικό ¨Π¨ – σάρωση στοιχείων
τριγωνικό ¨Β¨ – σάρωση στοιχείων
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πειραµατικά δεδοµένα
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-1.5Sq ma 3.13: RAE 2822, per�ptwsh R9: SÔgkrish tou upologizìmenousuntelest  p�esh me peiramatik� dedomèna gia diaforetik� sq matadiakritopo�hsh twn dianusm�twn sunektik  �o  kai orismoÔ twn kuyel¸nelègqou (arister�) kai me qr sh diaforetik¸n periorist¸n (dexi�), me qr shteqnik¸n prosarmog  plègmato.
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πειραµατικά δεδοµένα
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x/c

c p

10.80.60.40.20

1.5

1

0.5

0

-0.5

-1

-1.5

πειραµατικά δεδοµένα
µε προσαρµογή
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0Sq ma 3.14: RAE 2822, per�ptwsh R9: SÔgkrish tou upologizìmenousuntelest  p�esh (arister�) kai trib  (dexi�) me peiramatik� dedomèna me kaiqwr� th qr sh teqnik¸n prosarmog  plègmato.3.2 Ro  sth 2D pterÔgwsh tou sumpiest MAN GHH1S1H per�ptwsh afor� sthn an�lush pterÔgwsh sumpiest  elegqìmenh di�qush,o opo�o �ewre�tai antiproswpeutikì tou podì th kinht  pterÔgwsh thpr¸th �ajm�da �iomhqanikoÔ sumpiest , [227℄. H gwn�a kl�sh tou pterug�oue�nai 30o, h qord   = 0:07m kai o lìgo � mato pro th qord  t= = 0:68. HpterÔgwsh e�nai ètsi sqediasmènh ¸ste na leitourge� se èna sqetik� meg�lo eÔrosunjhk¸n qwr� na aux�netai uperbolik� o suntelest  apwlei¸n. H �o  stoshme�o sqediasmoÔ e�nai pl rw upohqhtik , en¸ melet¸ntai ed¸ kai peript¸seime megalÔterh kai mikrìterh gwn�a prìsptwsh apì thn onomastik . H olik p�esh eisìdou se ìle ti peript¸sei e�nai P̂ int = 125000Pa, h olik  �ermokras�aT̂ int = 288K kai h puknìthta �̂in � 1:26kg=m3. To upologistikì plègma pouqrhsimopoi jhke kai sti tèsseri peript¸sei, kai to opo�o apotele�tai apì44569 stoiqe�a (32360 tr�gwna kai 12209 tetr�gwna) kai 28820 kìmbou,�a�netai sto sq. 3.18, en¸ p�li to ant�stoiqo trigwnikì plègma prokÔptei me apl di�spash k�je tetr�pleurou se dÔo tr�gwna. Sto �dio sq ma sumperilamb�netaikai m�a leptomerèsterh �poyh tou plègmato kont� sthn akm  prìsptwsh. Giati oriakè sunj ke tou montèlou tÔrbh ed¸ qrhsimopoi jhke montèlo tÔrbhqamhl¸n arijm¸n Reynolds afoÔ to ped�o perilamb�nei perioqè meapokollhmènh �o , sti opo�e h qr sh sunart sewn to�qou �a èdine lanjasmènaapotelèsmata. H metabol  tou lìgou th axonik  taqÔthta ep� thn puknìthta(AV DR) epitugq�netai me grammik  metabol  th katanom  p�qou h(x1), ex.2.5, apì to shme�o prìsptwsh w to shme�o ekfug , kat� thn tim  AV DR poud�netai apì to pe�rama se k�je per�ptwsh. Ta apotelèsmata pou akoloujoÔnperilamb�noun sugkr�sei twn katanom¸n tou isentropikoÔ arijmoÔ Mah me taant�stoiqa peiramatik� dedomèna sto shme�o sqediasmoÔ kaj¸ kai se m�aper�ptwsh �etik  kai dÔo peript¸sewn arnhtik  apìklish th gwn�a eisìdou
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Sq ma 3.15: RAE 2822, per�ptwsh R9: Ubridikì plègma met� thn prosarmog (�nw) kai leptomèreia kont� sthn perioq  ìpou emfan�zetai to kÔma kroÔsh(k�tw).
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Sq ma 3.16: RAE 2822, per�ptwsh R9: Ped�o tou arijmoÔ Mah qwr� kai meefarmog  prosarmog  sto plègma (�nw kai k�tw eikìna, ant�stoiqa).
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τριγωνικό ¨Π¨, σάρωση στοιχείων
τριγωνικό ¨Β¨, σάρωση στοιχείων

τριγωνικό ¨Β¨, σάρωση ακµών
υβριδικό

ψευδοχρονικές επαναλήψεις
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-12Sq ma 3.17: RAE 2822, per�ptwsh R9: SÔgkrish tou �ujmoÔ sÔgklish thex�swsh sunèqeia (arister�) kai tou montèlou tÔrbh twn Spalart�Allmaras(dexi�) gia diaforetik� sen�ria diakritopo�hsh twn ìrwn di�qush kai orismoÔtwn kuyel¸n elègqou. Oi uperakont�sei sth sÔgklish antistoiqoÔn se shme�aìpou efarmìsthke prosarmog  sto plègma.th �o  apì autì.3.2.1 Prìlexh th �o  sto shme�o sqediasmoÔOi sunj ke eisìdou sto shme�o sqediasmoÔ e�nai �in = 47o kai ���~̂u���in = 202:6m=s,o lìgo AV DR � 0:9074, o arijmì Reynolds ��sei th qord  Re = 8:41 �10�5 kai o isentropikì Mah exìdou Moutis = 0:4557. Sto sq. 3.19 apeikon�zetaih sÔgkrish me peiramatik� dedomèna th katanom  tou isentropikoÔ arijmoÔMah p�nw sthn aerotom , pou èdwsan oi prosomoi¸sei me to ubridikì kai totrigwnikì plègma, kaj¸ kai oi ant�stoiqoi �ujmo� sÔgklish, en¸ sto sq. 3.20�a�netai to upologizìmeno ped�o tou arijmoÔ Mah kont� sthn aerotom . Se aut thn per�ptwsh, to ubridikì kai to trigwnikì plègma èdwsan ta �dia apotelèsmata, meto ubridikì plègma na uperèqei elafr¸ w pro ton apaitoÔmeno qrìno ektèlesh(3min 21s gia to ubridikì plègma ènanti 3min 32s gia to trigwnikì plègma se 6pur ne enì oktapÔrhnou 64bit DELL Poweredge blade server).3.2.2 Prìlexh th �o  gia �in = 52oSth sunèqeia melet�tai h �o  gia �etik  apìklish th gwn�a eisìdou th �o apì to shme�o sqediasmoÔ, �in = 52o. H taqÔthta sthn e�sodo d�netai �sh me���~̂u���in = 203:7m=s, o lìgo AV DR � 0:9065, o arijmì Reynolds ��sei th qord Re = 7:63 � 10�5 kai o isentropikì Mah exìdou Moutis = 0:425. Sti sunj keautè parathre�tai isqur  apokìllhsh th �o , sq. 3.22. To sq. 3.21apeikon�zei sugkr�sei tou isentropikoÔ arijmoÔ Mah sto stereì ìrio me tapeiramatik� dedomèna, kaj¸ kai tou ant�stoiqou �ujmoÔ sÔgklish, gia toubridikì kai to trigwnikì plègma. To ubridikì plègma kai to trigwnikì �P� plègma
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Sq ma 3.18: Ubridikì plègma pou qrhsimopoi jhke gia th melèth turb¸dou�o  sthn pterÔgwsh sumpiest  elegqìmenh di�qush MAN GHH 1S1 (�nw)kai leptomèreia autoÔ kont� sthn akm  prìsptwsh (k�tw).
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πειραµατικά δεδοµένα
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-10Sq ma 3.19: MAN GHH 1S1, �in = 47o: SÔgkrish th katanom  touisentropikoÔ arijmoÔ Mah p�nw sthn aerotom  me ta ant�stoiqa peiramatik�dedomèna (arister�) kai twn �ujm¸n sÔgklish (dexi�) gia prosomoi¸sei meqr sh ubridikoÔ kai trigwnikoÔ plègmato.

Sq ma 3.20: MAN GHH 1S1, �in = 47o: Ped�o tou arijmoÔ Mah.



92 3. PISTOPOIHSH TOU KWDIKA EPILUSHS ROHSd�noun elafr¸ kalÔtera apotelèsmata apì to trigwnikì �B� plègma. Epiplèon, huperoq  tou ubridikoÔ plègmato w pro thn taqÔthta sÔgklish e�nai profan (2min 22s gia to ubridikì plègma ènanti 5min 48s gia to trigwnikì plègma se 6pur ne enì oktapÔrhnou 64bit DELL Poweredge blade server).
πειραµατικά δεδοµένα
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-10Sq ma 3.21: MAN GHH 1S1, �in = 52o: SÔgkrish th katanom  touisentropikoÔ arijmoÔ Mah p�nw sthn aerotom  me ta ant�stoiqa peiramatik�dedomèna (arister�) kai twn �ujm¸n sÔgklish (dexi�) gia prosomoi¸sei meqr sh ubridikoÔ kai trigwnikoÔ plègmato.
3.2.3 Prìlexh th �o  gia �in = 43o kai �in = 40oSth sunèqeia parousi�zontai dÔo peript¸sei arnhtik  apìklish th gwn�aeisìdou th �o  apì to shme�o sqediasmoÔ. Sthn pr¸th per�ptwsh oi sunj kee�nai �in = 43o, ���~̂u���in = 202:8m=s, AV DR � 0:9167, Re = 8:59 � 10�5 kaiMoutis = 0:4949. H deÔterh per�ptwsh afor� se leitourg�a th pterÔgwsh kont�sto shme�o hqhtikoÔ straggalismoÔ th �o , me sunj ke �in = 40o,���~̂u���in = 204:1m=s, AV DR � 0:922, Re = 8:61 � 10�5 kai Moutis = 0:54437. Ta sq.3.23 kai 3.25 de�qnoun ti sugkr�sei tou isentropikoÔ arijmoÔ Mah me tapeiramatik� dedomèna kai ti kampÔle sÔgklish. Sthn pr¸th per�ptwsh, hqr sh ubridikoÔ plègmato e�nai apodotikìterh (4min 47s gia to ubridikì plègmaènanti 5min 16s gia to trigwnikì plègma se 6 pur ne enì oktapÔrhnou 64bitDELL Poweredge blade server). Sth deÔterh per�ptwsh, parìti parathr jhketaqÔterh sÔgklish sto trigwnikì �P� plègma se sqèsh me to ubridikì, hpragmatik  diafor� sto sunolikì upologistikì kìsto e�nai mikrìterh apì aut npou uponoe� to ant�stoiqo sq ma dedomènou ìti to an� yeudoqronikì � maupologistikì kìsto e�nai mikrìtero gia to ubridikì plègma lìgw tou meiwmènouarijmoÔ akm¸n (sugkekrimèna, se 8 pur ne h prosomo�wsh qrei�sthke 3min 34sgia to ubridikì kai 3min 6s gia to trigwnikì �P� plègma). Tèlo, sta sq. 3.24 kai3.26 �a�nontai ta ped�a tou arijmoÔ Mah gia ti dÔo gwn�e prìsptwsh(idia�tera sth deÔterh per�ptwsh parathre� kane� thn perioq  dihqhtik  �o ,
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Mach: 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8Sq ma 3.22: MAN GHH 1S1, �in = 52o: Ped�o tou arijmoÔ Mah (p�nw) kaileptomèreia apì thn perioq  th akm  ekfug  (k�tw), sthn opo�a �a�netai hperioq  apokìllhsh th �o .



94 3. PISTOPOIHSH TOU KWDIKA EPILUSHS ROHSen¸ apeikon�zetai me perissìterh leptomèreia kai h akm  ekfug  tou pterug�ou,ìpou lamb�nei q¸ra apokìllhsh th �o ).
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-9Sq ma 3.23: MAN GHH 1S1, �in = 43o: SÔgkrish th katanom  touisentropikoÔ arijmoÔ Mah p�nw sthn aerotom  me ta ant�stoiqa peiramatik�dedomèna (arister�) kai twn �ujm¸n sÔgklish (dexi�) gia prosomoi¸sei meqr sh ubridikoÔ kai trigwnikoÔ plègmato.

Sq ma 3.24: MAN GHH 1S1, �in = 43o: Ped�o tou arijmoÔ Mah sthn perioq gÔrw apì thn aerotom .3.3 Ro  sthn 2D pterÔgwsh sumpiest  tou ShreeveH teleuta�a per�ptwsh 2D �o  pou parousi�zetai sto parìn kef�laio e�nai h �o se pterÔgwsh sumpiest  elegqìmenh di�qush, o opo�o èqei sqediaste� ¸ste na
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-10Sq ma 3.25: MAN GHH 1S1, �in = 40o: SÔgkrish th katanom  touisentropikoÔ arijmoÔ Mah p�nw sthn aerotom  me ta ant�stoiqa peiramatik�dedomèna (arister�) kai twn �ujm¸n sÔgklish (dexi�) gia prosomoi¸sei meqr sh ubridikoÔ plègmato kai trigwnikoÔ plègmato.leitourge� upì uyhl  �ìrtish se meg�lo eÔro sunjhk¸n qwr� ap¸leia st rixh.Idia�tero qarakthristikì sth �usik  th �o  e�nai h Ôparxh �usal�da strwt apokìllhsh sthn akm  prìsptwsh akìmh kai sti sunj ke sqediasmoÔ, memet�bash th �o  se turb¸dh sto shme�o epanakìllhsh, kai tautìqrona hapous�a apokìllhsh sthn perioq  tou shme�ou ekfug , akìma kai se sunj keektì sqediasmoÔ. H pterÔgwsh melet jhke arqik� me peiramatikè mejìdou giatrei diaforetikè gwn�e eisìdou th �o , [228℄, [229℄, apì tou Shreeve, Sangerkai Elazar (gia autì ton lìgo anaferìmaste sth sugkekrimènh gewmetr�a w�pterÔgwsh sumpiest  tou Shreeve�, prokeimènou na th diakr�noume apì thnprohgoÔmenh per�ptwsh, h opo�a ep�sh aforoÔse se pterÔgwsh sumpiest elegqìmenh di�qush) kai ta apotelèsmata aut� qrhsimopoi jhkan sth sunèqeiaapì di�fore ereunhtikè om�de w shme�o anafor� kur�w gia thn axiolìghshth pistìthta twn qrhsimopoioÔmenwn montèlwn tÔrbh sthn ek�stote arijmhtik mèjodo prìlexh, [230℄, [231℄, [232℄, [233℄, [234℄, [235℄, [236℄, [236℄, [188℄.H gewmetr�a th aerotom  d�netai sthn ergas�a [229℄. H qord  th e�nai �sh me = 0:1273m kai to � ma t = 0:0762m. H gwn�a kl�sh th aerotom  d�netai �shme 14:4o. Sthn �dia ergas�a prote�netai gia ti arijmhtikè prosomoi¸sei h qr shlìgou AVDR metaxÔ twn tim¸n 0:9434 kai 0:9615 prokeimènou na lhfje� upìyh hep�drash twn toiqwm�twn th peiramatik  di�taxh.Kai sti trei peript¸sei pou melet¸ntai ed¸, o aèra eisèrqetai me taqÔthta���~̂u���in = 85m=s, pou antistoiqe� se arijmì Mah �so me 0:25. O arijmì Reynolds�asismèno sth qord  e�nai Re = 7 � 105. H olik  p�esh eisìdou e�nai P̂ int =104365Pa kai h olik  �ermokras�a T̂ int = 294K.To plègma pou qrhsimopoi jhke gia ti arijmhtikè prosomoi¸seiapotele�tai apì 34907 stoiqe�a (19307 tr�gwna kai 15600 tetr�pleura) kai25642 kìmbou, �a�netai de sto sq. 3.27, en¸ to ant�stoiqo trigwnikì prokÔpteip�li me apl  di�spash k�je tetrapleÔrou se dÔo tr�gwna. Ta apotelèsmata pou
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Sq ma 3.26: MAN GHH 1S1, �in = 40o: Ped�o tou arijmoÔ Mah (p�nw) kaileptomèreia apì thn perioq  th akm  ekfug  (k�tw), sthn opo�a �a�netai hperioq  apokìllhsh th �o .



3.3. Ro  sthn 2D pterÔgwsh sumpiest  tou Shreeve 97akoloujoÔn perilamb�noun sugkr�sei th katanom  tou suntelest  p�eshep�nw sthn aerotom  me ta ant�stoiqa peiramatik� dedomèna.

Sq ma 3.27: Ubridikì plègma pou qrhsimopoi jhke gia th melèth turb¸dou�o  sthn pterÔgwsh sumpiest  elegqìmenh di�qush tou Shreeve (�nw) kaileptomèreia autoÔ kont� sthn akm  prìsptwsh (k�tw).



98 3. PISTOPOIHSH TOU KWDIKA EPILUSHS ROHS3.3.1 Ro  sto shme�o sqediasmoÔSto shme�o sqediasmoÔ, h gwn�a eisìdou th �o  sthn pterÔgwsh e�nai �sh me 40o.Sto sq. 3.28 parousi�zontai sugkr�sei th arijmhtik� upologismènh katanom p�esh ep�nw sthn aerotom  th pterÔgwsh me ta peiramatik� dedomèna, [229℄,kaj¸ kai oi ant�stoiqoi �ujmo� sÔgklish. Se aut n thn per�ptwsh ìle oiprosomoi¸sei upolìgisan ìmoie katanomè p�esh, all� h prosomo�wsh meqr sh ubridikoÔ plègmato e�nai apodotikìterh kai apì pleur� sunolikoÔqrìnou ektèlesh (4min 41s gia to ubridikì ènanti 8min 21s gia to trigwnikì �P�plègma se 8 pur ne enì 64bit DELL Poweredge blade server) kai apì pleur�apait sewn mn mh.
πειραµατικά δεδοµένα
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-14Sq ma 3.28: PterÔgwsh sumpiest  tou Shreeve, �in = 40o: SÔgkrishth katanom  tou suntelest  p�esh p�nw sthn aerotom  me ta ant�stoiqapeiramatik� dedomèna (arister�) kai twn �ujm¸n sÔgklish (dexi�) giaprosomoi¸sei me qr sh ubridikoÔ kai trigwnikoÔ plègmato.Idia�tero endiafèron parousi�zei h perioq  kont� sto shme�o prìsptwsh, sq.3.29, ìpou anaptÔssetai h �usal�da apokìllhsh. H epanakìllhsh th �o problèpetai apì thn prosomo�wsh sto 0:036% th qord , ìpw �a�netai kai apìthn katanom  tou suntelest  trib  sto �dio sq ma. Ax�zei na shmeiwje� ìti hÔparxh �usal�da apokìllhsh èqei epalhjeute� me dÔo diaforetikèpeiramatikè mejìdou, [228℄, [229℄. Parìla aut� to akribè th mègejo dene�nai gnwstì. Up�rqoun ergas�e sthn ant�stoiqh �ibliograf�a (l.q. [230℄, [234℄)oi opo�e apotugq�noun na upolog�soun th �usal�da, me �mesh sunèpeia thme�wsh tou p�qou tou upologizìmenou oriakoÔ str¸mato kat�nti. H adunam�aaut  apod�detai sthn afÔsikh paragwg  turb¸dou kinhtik  enèrgeia twnqrhsimopoioÔmenwn montèlwn tÔrbh kont� sthn akm  prìsptwsh. To montèlotwn Spalart�Allmaras den parousi�zei autì to prìblhma, afoÔ den upolog�zei�mesa thn posìthta aut , ìpw èqei diapistwje� kai se palaiìterh sqetik ergas�a tou EJS, [188℄.



3.3. Ro  sthn 2D pterÔgwsh sumpiest  tou Shreeve 99

x/c

c f

0.20.150.10.050

0.006

0.004

0.002

0

-0.002

-0.004

-0.006

x/c

c f

10.980.960.940.920.90.880.860.840.820.8

0.002

0.0015

0.001

0.0005

0

-0.0005

Sq ma 3.29: PterÔgwsh sumpiest  tou Shreeve, �in = 40o: Leptomèreia apìthn katanom  tou suntelest  trib  sthn akm  ekfug  (�nw arister�) kaiprìsptwsh (�nw dexi�) kai tou ped�ou tou arijmoÔ Mah (k�tw) kont� sthnakm  prìsptwsh, ìpou anaptÔssetai h �usal�da apokìllhsh.
3.3.2 Ro  ektì shme�ou sqediasmoÔGia gwn�a eisìdou th �o  �sh me 43:4o, oi katanomè tou suntelest  p�esh twnarijmhtik¸n prosomoi¸sewn se sÔgkrish me ta peiramatik� apotelèsmata, kaj¸kai oi ant�stoiqoi �ujmo� sÔgklish, d�nontai sto sq. 3.30. P�li, oi prosomoi¸seièdwsan ìmoia apotelèsmata, en¸ h qr sh ubridikoÔ plègmato e�naipleonektikìterh apì pleur� sunolikoÔ qrìnou ektèlesh (3min 44s gia toubridikì ènanti 4min 40s gia to trigwnikì �P� plègma) kai apait sewn se mn mh.O suntelest  trib  kai oi grammè �o  kont� sti akmè prìsptwsh kaiekfug  �a�nontai sto sq. 3.31. H arijmhtik  prosomo�wsh problèpeiepanakìllhsh th �o  sto 0:056% th qord .
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πειραµατικά δεδοµένα
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-14Sq ma 3.30: PterÔgwsh sumpiest  tou Shreeve, �in = 43:4o: SÔgkrishth katanom  tou suntelest  p�esh p�nw sthn aerotom  me ta ant�stoiqapeiramatik� dedomèna (arister�) kai twn �ujm¸n sÔgklish (dexi�) giaprosomoi¸sei me qr sh ubridikoÔ kai trigwnikoÔ plègmato.
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Sq ma 3.31: PterÔgwsh sumpiest  tou Shreeve, �in = 43:4o: Leptomèreia apìthn katanom  tou suntelest  trib  sthn akm  prìsptwsh (�nw arister�) kaiekfug  (�nw dexi�) kai tou ped�ou tou arijmoÔ Mah (k�tw) kont� sthn akm prìsptwsh, ìpou anaptÔssetai h �usal�da apokìllhsh.



3.3. Ro  sthn 2D pterÔgwsh sumpiest  tou Shreeve 1013.3.3 Ro  kont� sto ìrio ap¸leia st rixhSthn teleuta�a per�ptwsh gia thn opo�a up�rqoun peiramatik� dedomèna h gwn�aeisìdou th �o  e�nai 46o. Prìkeitai gia thn pio apaithtik  apì ti treipeript¸sei pou melet¸ntai ed¸, me thn pterÔgwsh na leitourge� kont� sto ìrioap¸leia st rixh. H sÔgkrish th upologismènh katanom  tou suntelest p�esh me ta ant�stoiqa peiramatik� dedomèna, idia�tera sthn per�ptwsh pouqrhsimopoie�tai ubridikì plègma, e�nai �risth, sq. 3.32, en¸ to trigwnikì �B�plègma d�nei apotelèsmata aisjht� kat¸terh pistìthta. Ep�sh, h qr shubridikoÔ plègmato kat� thn prosomo�wsh e�nai apodotikìterh apì th qr sh touant�stoiqou trigwnikoÔ (4min 11s gia to ubridikì ènanti 4min 58s gia to trigwnikì�P� plègma).
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-14Sq ma 3.32: PterÔgwsh sumpiest  tou Shreeve, �in = 46o: SÔgkrishth katanom  tou suntelest  p�esh p�nw sthn aerotom  me ta ant�stoiqapeiramatik� dedomèna (arister�) kai twn �ujm¸n sÔgklish (dexi�) giaprosomoi¸sei me qr sh ubridikoÔ kai trigwnikoÔ plègmato.H katanom  tou suntelest  trib  kont� sti akmè prìsptwsh kai ekfug ,kaj¸ kai h ant�stoiqh eikìna tou ped�ou parousi�zontai sto sq. 3.33.Epanakìllhsh th �o  problèpetai apì thn prosomo�wsh sto 0:01% th qord (ìmoio mègejo th �usal�da apokìllhsh èqei parathrhje� kai apì �llouereunhtè, [235℄, kai se palaiìterh prìlexh me k¸dika tou Ergasthr�ouJermik¸n Strobilomhqan¸n, [188℄). Ax�zei na parathrhje� sto sq. 3.33 ìti met� toshme�o epanakìllhsh h �o  paramènei pl rw proskollhmènh se ìlh thnèktash th pleur� upop�esh.
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Sq ma 3.33: PterÔgwsh sumpiest  tou Shreeve, �in = 46o: Leptomèreia apìthn katanom  tou suntelest  trib  sthn akm  prìsptwsh (�nw arister�) kaiekfug  (�nw dexi�) kai tou ped�ou tou arijmoÔ Mah (k�tw) kont� sthn akm prìsptwsh, ìpou anaptÔssetai h �usal�da apokìllhsh.



3.4. Melèth th di�spash th kÔria d�nh ptèruga pl rou aerosk�fou 1033.4 Melèth th di�spash th kÔria d�nhptèruga pl rou aerosk�fouH per�ptwsh pou melet�tai se aut  thn enìthta afor� sthn prìlexh th �èshdi�spash th kÔria d�nh pou anaptÔssetai p�nw apì thn ptèrugauperhqhtikoÔ politikoÔ aerosk�fou1 kat� th ��sh apoge�wsh. H �o �ewre�tai mìnimh kai atrib , me skopì thn exagwg  twn �asik¸n qarakthristik¸nth kÔria d�nh. Melet¸ntai trei diaforetikè gewmetr�e2 se upohqhtikèsunj ke (ep' �peiro arijmì Mah M1 = 0:3), gia dÔo diaforetikè gwn�eprìneush3 (a1 = 15o kai a1 = 20o) kai se mhdenik  gwn�a ektrop  kai kl�sh(yaw angle, roll angle). W ek toÔtou, h �o  epilÔetai sto misì aerosk�fo, me thnepibol  kat�llhlwn oriak¸n sunjhk¸n sto ep�pedo summetr�a. Koin�qarakthristik� kai twn tri¸n gewmetri¸n e�nai h apous�a anard kai our� kai hgenikìterh morf  th ptèruga (deltaptèruga aerosk�fh me tejlasmènhptèruga4), en¸ oi diaforè twn gewmetri¸n entop�zontai kur�w sth diamìrfwshth akm  prìsptwsh th ptèruga. Ta aerosk�fh aut  th morf  èqoun pioeunoðk� aerodunamik� qarakthristik� se upohqhtikè sunj ke se sqèsh me taamig¸ deltaptèruga aerosk�fh, parousi�zoun ìmw to �ainìmeno thanìrjwsh kefal 5 se sqetik� qamhlè gwn�e prìneush, [237℄. Gia autìn tolìgo endiafèrei idia�tera h prìlexh th �èsh di�spash th kÔria d�nh, hopo�a ephre�zei �mesa to �ainìmeno anìrjwsh kefal  kaj¸ kai �lla �asik�aerodunamik� qarakthristik�, ìpw to suntelest  �nwsh (dedomènou ìtishmantikì mèro th �nwsh sta deltaptèruga aerosk�fh ofe�letai sthdhmiourg�a upop�esh sthn �nw pleur� th ptèruga kai sth metatìpish toushme�ou anakop  th ptèruga kat�nti kai pro thn �nw pleur� q�rh sthnÔparxh th kÔria d�nh) kai thn an�ptuxh aerokradasm¸n6. Gn¸sh twnqarakthristik¸n th kÔria d�nh mpore� na upobohj sei th l yh mètrwn giame�wsh twn arnhtik¸n �ainomènwn pou perigr�fontai parap�nw, mèswmhqanism¸n elègqou th d�nh ìpw strobilogìnwn7   ègqush kat� m ko toupur na th d�nh, dedomènou ìti h apous�a our� perior�zei ti dunatìthteantist�jmish th �op  prìneush8.Ta apotelèsmata pou parousi�zontai aforoÔn se sugkr�sei th �èshdi�spash th kÔria d�nh kai tou upologizìmenou suntelest  �nwsh metaxÔ twnarijmhtik¸n prosomoi¸sewn pou pragmatopoi jhkan me to logismikì thparoÔsa diatrib  kai ant�stoiqwn apotelesm�twn sunergazìmenh ereunhtik 1supersoni business jet2Plègmata, gewmetr�e kai dedomèna apì sunergazìmenh ereunhtik  om�da, sto pla�sio touèrgou HISAC, Contrat no AIP4CT2005516132, pou qrhmatodot jhke apì thn Eurwpaðk  'Enwsh.3pith angle4ranked�arrow delta wing5pith�up6bu�eting7vortex generators8pithing moment



104 3. PISTOPOIHSH TOU KWDIKA EPILUSHS ROHSom�da, ta opo�a el fjhsan qrhsimopoi¸nta ep�sh k¸dika o opo�o �as�zetaisth mèjodo twn peperasmènwn ìgkwn kai sthn kentrokombik  prosèggish. Takrit ria kajorismoÔ th �èsh di�spash th kÔria d�nh (kr�simo arijmìRossby, kr�simo lìgo peristrofik  pro axonik  taqÔthta, kr�simo �ujmìaÔxhsh th diamètrou th d�nh k.a., [238℄) den èqoun ekfraste� me saf neia se�lle peript¸sei �o  plhn aut  entì agwgoÔ kai emperièqoun èna posostìaujaires�a mèsw twn stajer¸n pou emplèkoun. Gia autìn to lìgo, epelègh h pio�eleÔjerh� prosèggish anagn¸rish tou shme�ou di�spash mèsw twn �usik¸n�ainomènwn pou to sunodeÔoun (apìtomh allag  th kateÔjunsh tou pur na thkÔria d�nh, emf�nish shme�ou anakop  kai ant�stoiqa diakop  tou pur na thd�nh, emf�nish ¸nh arnhtik  axonik  sunist¸sa th taqÔthta kat� ton�xona tou pur na th d�nh, [238℄, [239℄,[240℄,[241℄, [242℄). Gia ton entopismì toupur na th kÔria d�nh up�rqoun majhmatikè mèjodoi sth �ibliograf�a, [243℄,[244℄, oi opo�e qwr�zontai kur�w se dÔo kathgor�e an�loga me to mègejo pouqrhsimopoioÔn w krit rio (krit rio pou epexerg�zetai ti isoepif�neie k�poiou�ajmwtoÔ megèjou   ap' euje�a exagwg  tou pur na ��sei twn arijmhtik¸ntim¸n kat�llhlou dianusmatikoÔ megèjou). Sthn paroÔsa diatrib qrhsimopoie�tai h autìmath mèjodo entopismoÔ tou emporikoÔ progr�mmatoTECPLOT h opo�a �as�zetai sthn an�lush tou idioprobl mato tou tanust  thkl�sh th taqÔthta, protim jhke de ènanti th enallaktik  mejìdou pouprosfèretai apì to �dio prìgramma (exagwg  tou pur na me metepexergas�a toudianÔsmato strobilìthta) lìgw th mikrìterh euaisjhs�a th sto �ìrubo poueis�goun d�ne mikrìterh èntash.3.4.1 1h gewmetr�a aerosk�fouSta sq. 3.34 kai sq. 3.35 apeikon�zontai apìyei tou plègmato gÔrw apì thnpr¸th gewmetr�a pou melet�tai. To plègma apotele�tai apì 1052806 kìmboukai 5548261 tetr�edra. Idia�tera sto sq. 3.35 mpore� na parathr sei kane� thnauxhmènh diakritìthta tou plègmato sthn perioq  pou anamènetai na anaptuqje�h kÔria d�nh, prokeimènou na pragmatopoihje� kalÔterh prìlexh twn �ainomènwnpou sqet�zontai me aut . H katanom  tou arijmoÔ Mah ep�nw sto stereì ìrioapeikon�zetai sto sq. 3.36. Sto �dio sq ma parousi�zetai optikopo�hsh tou pur nath kÔria d�nh kai twn gramm¸n �o  gÔrw apì autìn, en¸ sto sq. 3.37 �a�netaitom  tou ped�ou �o  k�jeth ston �xona th atr�ktou kai kont� sthn akm  ekfug tou eswterikoÔ tm mato th ptèruga, ìpou e�nai eudi�krith h èktash th kÔriad�nh.Gia gwn�a prìneush a = 15o den parathre�tai di�spash th d�nh ep�nw apìthn ptèruga tou aerosk�fou, ìpw �a�netai kai sta sq. 3.35 kai 3.36. Me aÔxhshth gwn�a se a = 20o up�rqei plèon di�spash speiroeidoÔ morf , sq. 3.38kai 3.39, en¸ to tm ma tou pur na aut  kont� sthn akm  ekfug  metakine�taielafr¸ pro to eswterikì tm ma th ptèruga. H ant�stoiqh eikìna th k�jethston �xona tom  tou ped�ou �o  �a�netai sto sq. 3.40. Ax�zei na shmeiwje� ìtih tupik  eikìna m�a kÔria kai m�a deutereÔousa d�nh ant�jeth �or� den
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Sq ma 3.34: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 1hgewmetr�a : Plègma gÔrw apì to aerosk�fo.Jèsh di�spashkÔria d�nh (%axonik  �èsh wpro thn eswterik qord  th ptèruga) Lgwn�a prìneush (o) 15 20 15 20arijmhtik�apotelèsmataparoÔsa diatrib  - 92% 0.913 1.063arijmhtik�apotelèsmatasunergazìmenhom�da - 94% 0.909 1.100P�naka 3.1: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 1hgewmetr�a : SÔgkrish th upologismènh �èsh di�spash th d�nh kai tousuntelest  �nwsh me ta ant�stoiqa arijmhtik� apotelèsmata sunergazìmenhereunhtik  om�da.parathre�tai sta sq. 3.37 kai sq. 3.40. Autì e�nai anamenìmeno, afoÔ tupik� han�ptuxh th deutereÔousa d�nh ofe�letai se sunektik� �ainìmena.Tèlo, ston p�naka 3.1 sugkentr¸nontai oi sugkr�sei th upologismènh�èsh di�spash th d�nh kai tou suntelest  �nwsh (w epif�neia anafor�lamb�netai h epif�neia th ptèruga, Aref = 65:7m2) me ti ant�stoiqe timè thsunergazìmenh ereunhtik  om�da, gia ti dÔo proanaferje�se timè thgwn�a prìneush.
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Sq ma 3.35: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 1hgewmetr�a, �in = 15o: Leptomèreia apì to ped�o �o  p�nw apì thn ptèrugatou aerosk�fou. Fa�netai o pur na th kÔria d�nh kai h katanom  touarijmoÔ Mah (�nw), kai tomè tou plègmato (k�tw), ìpou diakr�netai h topik�auxhmènh diakritìthta tou plègmato kont� sto stereì ìrio kai sthn perioq ìpou anaptÔssetai h kÔria d�nh.
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Sq ma 3.36: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 1hgewmetr�a, �in = 15o: Katanom  tou arijmoÔ Mah p�nw sto aerosk�fo (�nw)kai an�ptuxh th kÔria d�nh p�nw sto aerosk�fo (k�tw). Me kìkkino/skoÔroshmei¸netai o pur na th kÔria d�nh kai me gkri/anoiktì oi grammè �o gÔrw apì autìn.
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Sq ma 3.37: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 1hgewmetr�a, �in = 15o: 'Apoyh tou ped�ou �o  k�jeta ston �xona th atr�ktoutou aerosk�fou. H tom  pou apeikon�zetai antistoiqe� sthn axonik  �èsh x = 10(68:3% th qord  ��sh th ptèruga).

Sq ma 3.38: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 1hgewmetr�a, �in = 20o: Leptomèreia apì to ped�o �o  p�nw apì thn ptèrugatou aerosk�fou. Fa�netai o pur na th kÔria d�nh kai h katanom  touarijmoÔ Mah.
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Sq ma 3.39: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 1hgewmetr�a, �in = 20o: Katanom  tou arijmoÔ Mah p�nw sto aerosk�fo (�nw)kai an�ptuxh th kÔria d�nh p�nw sto aerosk�fo (k�tw). Me kìkkino/skoÔroshmei¸netai o pur na th kÔria d�nh kai me gkri/anoiktì oi grammè �o gÔrw apì autìn.
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Sq ma 3.40: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 1hgewmetr�a, �in = 20o: 'Apoyh tou ped�ou tou arijmoÔ Mah se tom  k�jetaston �xona th atr�ktou tou aerosk�fou. H tom  pou apeikon�zetai antistoiqe�sthn axonik  �èsh x = 10 (68:3% th qord  ��sh th ptèruga).3.4.2 2h gewmetr�a aerosk�fouTo plègma gÔrw apì th deÔterh gewmetr�a apeikon�zetai sta sq. 3.41 kai sq. 3.42,apotele�tai de apì 925102 kìmbou kai 4865188 tetr�edra. Oi perioqè kont�sto stereì ìrio kai sth geitoni� ìpou anaptÔssetai h kÔria d�nh parousi�zoun kaip�li auxhmènh puknìthta. H katanom  tou arijmoÔ Mah ep�nw sto stereì ìrio,o pur na th kÔria d�nh kai oi grammè �o  gÔrw apì autìn apeikon�zontaisto sq. 3.43. Sto sq. 3.44 parousi�zetai tom  tou ped�ou �o  k�jeth ston �xonath atr�ktou kai kont� sthn akm  ekfug  tou eswterikoÔ �dèlta� th ptèruga,ìpou kai p�li e�nai eudi�krith h ep�drash th kÔria d�nh sto ped�o tou arijmoÔMah.Di�spash th d�nh parathre�tai mìno sthn auxhmènh gwn�a prìneush, a = 20o,kai m�lista arket� kat�nti, me tautìqronh metak�nhsh tou pur na th kÔria d�nhpro thn �trakto tou aerosk�fou, sq. 3.45 kai 3.46.O p�naka 3.2 parousi�zei sugkentrwtik� ti sugkr�sei th upologismènh�èsh di�spash th d�nh kai tou suntelest  �nwsh me ti ant�stoiqe timè thsunergazìmenh ereunhtik  om�da, gia ti dÔo timè th gwn�a prìneush. Hsugkekrimènh gewmetr�a parousi�zei auxhmènh tim  tou suntelest  �nwsh, hopo�a ofe�letai se meg�lo �ajmì sthn auxhmènh sunoq  pou parousi�zei h kÔriad�nh kai sto gegonì ìti kajustere� h di�spas  th, se sqèsh me th d�nh pousqhmat�zetai sti �lle gewmetr�e.
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Sq ma 3.41: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 2hgewmetr�a : Plègma gÔrw apì to aerosk�fo.
Jèsh di�spashkÔria d�nh (%axonik  �èsh wpro thn eswterik qord  th ptèruga) Lgwn�a prìneush (o) 15 20 15 20arijmhtik�apotelèsmataparoÔsa diatrib  - 106% 0.922 1.159arijmhtik�apotelèsmatasunergazìmenhom�da - 104% 0.921 1.202P�naka 3.2: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 2hgewmetr�a : SÔgkrish th upologismènh �èsh di�spash th d�nh kai tousuntelest  �nwsh me ta ant�stoiqa arijmhtik� apotelèsmata sunergazìmenhereunhtik  om�da.
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Sq ma 3.42: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 2hgewmetr�a, �in = 15o: Leptomèreia apì to ped�o �o  p�nw apì thn ptèrugatou aerosk�fou. Fa�netai o pur na th kÔria d�nh kai h katanom  touarijmoÔ Mah (�nw), kai tomè tou plègmato (k�tw), ìpou diakr�netai h topik�auxhmènh diakritìthta tou plègmato kont� sto stereì ìrio kai sthn perioq ìpou anaptÔssetai h kÔria d�nh.
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Sq ma 3.43: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 2hgewmetr�a, �in = 15o: Katanom  tou arijmoÔ Mah p�nw sto aerosk�fo (�nw)kai an�ptuxh th kÔria d�nh p�nw sto aerosk�fo (k�tw). Me kìkkino/skoÔroshmei¸netai o pur na th kÔria d�nh kai me gkri/anoiktì oi grammè �o gÔrw apì autìn.
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Sq ma 3.44: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 2hgewmetr�a, �in = 15o: 'Apoyh tou ped�ou tou arijmoÔ Mah se tom  k�jetaston �xona th atr�ktou tou aerosk�fou. H tom  pou apeikon�zetai antistoiqe�sthn axonik  �èsh x = 10 (68:3% th qord  ��sh th ptèruga).

Sq ma 3.45: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 2hgewmetr�a, �in = 20o: Leptomèreia apì to ped�o �o  p�nw apì thn ptèrugatou aerosk�fou. Fa�netai o pur na th kÔria d�nh kai h katanom  touarijmoÔ Mah.
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Sq ma 3.46: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 2hgewmetr�a, �in = 20o: Katanom  tou arijmoÔ Mah p�nw sto aerosk�fo (�nw)kai an�ptuxh th kÔria d�nh p�nw sto aerosk�fo (k�tw). Me kìkkino/skoÔroshmei¸netai o pur na th kÔria d�nh kai me gkri/anoiktì oi grammè �o gÔrw apì autìn.
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Sq ma 3.47: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 2hgewmetr�a, �in = 20o: 'Apoyh tou ped�ou tou arijmoÔ Mah se tom  k�jetaston �xona th atr�ktou tou aerosk�fou. H tom  pou apeikon�zetai antistoiqe�sthn axonik  �èsh x = 10 (68:3% th qord  ��sh th ptèruga).3.4.3 3h gewmetr�a aerosk�fouTo plègma gÔrw apì thn tr�th gewmetr�a apotele�tai apì 964507 kìmbou kai5081109 tetr�edra. H �poyh tou epifaneiakoÔ plègmato gÔrw apì toaerosk�fo �a�netai sto sq. 3.48, en¸ leptomèreia apì to epifaneiakì plègmakai th �o  p�nw apì thn ptèruga parousi�zetai sto sq. 3.49. H katanom  touarijmoÔ Mah ep�nw sto stereì ìrio, o pur na th kÔria d�nh kai oi grammè�o  gÔrw apì autìn apeikon�zontai sto sq. 3.50. H èktash th d�nh �a�netaikalÔtera sto sq. 3.51, ìpou parousi�zetai h tom  tou ped�ou �o  k�jeta ston�xona th atr�ktou. Sta sq. 3.49 kai 3.51 �a�netai kai h diamìrfwsh th kl�shth akm  prìsptwsh th ptèruga (vortex �ap) h opo�a e�nai entonìterh apì ti�lle dÔo gewmetr�e, kai h opo�a tupik� epitugq�nei an�kthsh th epagìmenhapì th d�nh �nwsh.Di�spash th kÔria d�nh lamb�nei q¸ra mìno sthn auxhmènh gwn�a prìneushkai gia aut  th gewmetr�a, sq. 3.52 kai 3.53.O p�naka 3.3 parousi�zei sugkentrwtik� ti sugkr�sei th upologismènh�èsh di�spash th d�nh kai tou suntelest  �nwsh th tr�th gewmetr�a meti ant�stoiqe timè th sunergazìmenh ereunhtik  om�da, gia ti dÔo gwn�eprìneush.
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Sq ma 3.48: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 3hgewmetr�a : Plègma gÔrw apì to aerosk�fo.
Jèsh di�spashkÔria d�nh (%axonik  �èsh wpro thn eswterik qord  th ptèruga) Lgwn�a prìneush (o) 15 20 15 20arijmhtik�apotelèsmataparoÔsa diatrib  - 93% 0.961 1.091arijmhtik�apotelèsmatasunergazìmenhom�da - 95% 0.937 1.060P�naka 3.3: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 3hgewmetr�a : SÔgkrish th upologismènh �èsh di�spash th d�nh kai tousuntelest  �nwsh me ta ant�stoiqa arijmhtik� apotelèsmata sunergazìmenhereunhtik  om�da.
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Sq ma 3.49: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 3hgewmetr�a, �in = 15o: Leptomèreia apì to ped�o �o  p�nw apì thn ptèrugatou aerosk�fou. Fa�netai o pur na th kÔria d�nh kai h katanom  touarijmoÔ Mah (�nw), kai tomè tou plègmato (k�tw), ìpou diakr�netai h topik�auxhmènh diakritìthta tou plègmato kont� sto stereì ìrio kai sthn perioq ìpou anaptÔssetai h kÔria d�nh.
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Sq ma 3.50: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 3hgewmetr�a, �in = 15o: Katanom  tou arijmoÔ Mah p�nw sto aerosk�fo (�nw)kai an�ptuxh th kÔria d�nh p�nw sto aerosk�fo (k�tw). Me kìkkino/skoÔroshmei¸netai o pur na th kÔria d�nh kai me gkri/anoiktì oi grammè �o gÔrw apì autìn.
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Sq ma 3.51: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 3hgewmetr�a, �in = 15o: 'Apoyh tou ped�ou �o  k�jeta ston �xona th atr�ktoutou aerosk�fou. H tom  pou apeikon�zetai antistoiqe� sthn axonik  �èsh x = 10(68:3% th qord  ��sh th ptèruga).

Sq ma 3.52: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 3hgewmetr�a, �in = 20o: Leptomèreia apì to ped�o �o  p�nw apì thn ptèrugatou aerosk�fou. Fa�netai o pur na th kÔria d�nh kai h katanom  touarijmoÔ Mah.
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Sq ma 3.53: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 3hgewmetr�a, �in = 20o: Katanom  tou arijmoÔ Mah p�nw sto aerosk�fo (�nw)kai an�ptuxh th kÔria d�nh p�nw sto aerosk�fo (k�tw). Me kìkkino/skoÔroshmei¸netai o pur na th kÔria d�nh kai me gkri/anoiktì oi grammè �o gÔrw apì autìn.
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Sq ma 3.54: Melèth th kÔria d�nh ptèruga pl rou aerosk�fou, 3hgewmetr�a, �in = 20o: 'Apoyh tou ped�ou �o  k�jeta ston �xona th atr�ktoutou aerosk�fou. H tom  pou apeikon�zetai antistoiqe� sthn axonik  �èsh x = 10(68:3% th qord  ��sh th ptèruga).



3.5. Upologismì polikoÔ graf mato pl rou aerosk�fou 1233.5 Upologismì polikoÔ graf mato pl rouaerosk�fouH teleuta�a per�ptwsh �o  pou melet�tai sto parìn kef�laio afor� stonupologismì tou polikoÔ graf mato uperhqhtikoÔ deltaptèrugou politikoÔaerosk�fou me uperantwtikè diat�xei9 sthn akm  prìsptwsh10. H �o  e�naiupohqhtik  kai pl rw turb¸dh. H sugkekrimènh gewmetr�a e�nai arket�diaforetik  apì ti trei gewmetr�e pou melet jhkan sthn prohgoÔmenh enìthta,kai apotele� �elt�wsh palaiìterh gewmetr�a pou prot�jhke sto pla�sioeurwpaðkoÔ progr�mmato me skopì kur�w th me�wsh th opisjèlkousa kai twnauxhmènwn epipèdwn �orÔbou pou aut  prokale� lìgw twn �usal�dwnapokìllhsh pou dhmiourgoÔntai kur�w sth ��za th ptèruga se qamhlètaqÔthte pt sh kai uyhlè timè gwn�a prìneush (l.q. kat� thn apoge�wsh).Peiramatik� kai arijmhtik� apotelèsmata gia thn en lìgw gewmetr�a up�rqounkai sto [245℄. To montèlo pou melet jhke peiramatik� èqei m ko 4:0465m, en¸ haerodunamik  mèsh qord , h opo�a qrhsimopoie�tai kai w m ko anafor� giaton upologismì tou arijmoÔ Reynolds, e�nai �sh me lref = 1:25136m. H epif�neiaanafor� gia ton upologismì twn suntelest¸n �nwsh kai opisjèlkousa e�nai hepif�neia th ptèruga kai d�netai �sh me Aref = 1:81281m2. O arijmì Reynoldse�nai �so me Re = 22:4691 � 106 kai o ep' �peiro arijmì Mah �so meM1 = 0:251. Oi gwn�e ektrop  kai kl�sh e�nai kai se aut  thn per�ptwshmhdenikè, gegonì pou epitrèpei thn ep�lush th �o  gÔrw apì to misìaerosk�fo, me thn epibol  kat�llhlwn oriak¸n sunjhk¸n sto ep�pedosummetr�a.To sq. 3.55 apeikon�zei apìyei tou epifaneiakoÔ kai tou ant�stoiqou ubridikoÔplègmato pou qrhsimopoi jhke kat� ti prosomoi¸sei. To plègma apotele�taiapì 1793132 kìmbou kai 4025262 stoiqe�a (840944 tetr�edra, 3147331pr�smata kai 36987 puram�de). Gia to epifaneiakì plègma tou stereoÔ or�ouanafèretai endeiktik� ìti apotele�tai apì 112144 tr�gwna (88422 p�nw sthnptèruga kai 23722 p�nw sthn �trakto). To plègma autì kr�jhke eparkè giaprosomoi¸sei me qr sh sunart sewn to�qou, d�nonta kat� mèso ìro y+ � 90 giaton pr¸to kìmbo apì to stereì ìrio. Melèth gia anexarths�a th lÔsh apì toplègma den pragmatopoi jhke, afoÔ to sugkekrimèno plègma  tan to mìno poudiatèjhke sto EJS sto pla�sio tou progr�mmato, endeiktik� ìmw anafèretai sth�ibliograf�a ìti anexarths�a plègmato me thn austhr  ènnoia epitugq�netai gia thsugkekrimènh efarmog  apì plègmata me toul�qiston 5000000 kìmbou, [245℄.Parìla aut�, to diajèsimo plègma apèdwse ikanopoihtik� gia ti perissìteretimè th gwn�a prìneush.Gia th sqed�ash tou polikoÔ graf mato ektelèsthkan èxi arijmhtikèprosomoi¸sei gia gwn�e prìneush apì sqedìn mhdenik  èw kai 13:56o. Ta9high�lift devies10Plègma, gewmetr�a kai dedomèna apì sunergazìmenh ereunhtik  om�da, sto pla�sio tou èrgouHISAC, Contrat no AIP4CT2005516132, pou qrhmatodot jhke apì thn Eurwpaðk  'Enwsh.
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Sq ma 3.55: Upologismì polikoÔ graf mato pl rou aerosk�fou : 'Apoyhtou epifaneiakoÔ plègmato (�nw) kai tou ant�stoiqou ogkikoÔ plègmato setom  (k�tw) pou qrhsimopoi jhke kat� ti arijmhtikè prosomoi¸sei. Me mpleqr¸ma shmei¸netai to str¸ma twn prism�twn kont� sto stereì ìrio, me kìkkinota tetr�edra kai me pr�sino h endi�mesh sundetik  ¸nh twn pentaedrik¸npuram�dwn



3.5. Upologismì polikoÔ graf mato pl rou aerosk�fou 125arijmhtik� apotelèsmata sugkr�nontai me ta peiramatik� sto sq. 3.56. Ax�zei nashmeiwje� ìti h opisjèlkousa lìgw trib  sqedìn de metab�lletai me th gwn�aprìneush kai sumb�llei l�go sth sunolik  opisjèlkousa, sq. 3.57. Ant�stoiqasumper�smata èqoun exaqje� gia th sugkekrimènh gewmetr�a sth �ibliograf�a,[245℄. H apìklish th upologismènh opisjèlkousa apì thn peiramatik  e�naip�ntote �etik  kai mikrìterh apì 0:005 (50 drag ounts) gia ìle ti gwn�eprìneush pou melet jhkan ektì aut  twn 13:59 moir¸n.
πειραµατικά αποτελέσµατα
αριθµητικά αποτελέσµατα

cL

c D

0.70.60.50.40.30.20.10-0.1-0.2

0.2

0.18

0.16

0.14

0.12

0.1

0.08

0.06

0.04

0.02

0

Sq ma 3.56: Upologismì polikoÔ graf mato pl rou aerosk�fou.Sta sq. 3.58 èw 3.63 parousi�zontai sugkr�sei twn katanom¸n p�esh setèsseri diaforetikè qordè kat� to ekpètasma th ptèruga gia ti gwn�eprìneush pou melet jhkan. Oi sugkr�sei e�nai kalè sti perissìterepeript¸sei, wstìso, sti megalÔtere gwn�e parathroÔntai diaforè, idia�terakont� sthn perioq  tou akropterug�ou. Autì e�nai anamenìmeno, afoÔ to montèlotÔrbh, idia�tera se sunduasmì me sunart sei to�qou, adunate� na sull�bei tasunektik� �ainìmena pou sundèontai me thn emf�nish perioq¸n apokìllhsh (oiopo�e anafèretai ìti emfan�zontai gia gwn�a prìneush per� ti 10o).Upenjum�zetai ìti to diajèsimo plègma den e�nai arket� puknì ¸ste napragmatopoihjoÔn prosomoi¸sei qwr� th qr sh sunart sewn to�qou.H eikìna tou ped�ou �o  gÔrw apì to aerosk�fo kai ta aerodunamik� touqarakthristik� diamorf¸nontai se meg�lo �ajmì apì th dhmiourg�a m�a kÔria
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cDf

cDp

α∞

c D

14121086420

0.1

0.09

0.08

0.07

0.06

0.05

0.04

0.03

0.02

0.01

0Sq ma 3.57: Upologismì polikoÔ graf mato pl rou aerosk�fou :Gr�fhma twn sunistws¸n th opisjèlkousa sunart sei th gwn�a prìneush.kai m�a deutereÔousa d�nh, kaj¸ kai m�a ¸nh mikrìterwn strob�lwn stoakropterÔgio. Idia�tera se gwn�e megalÔtere twn ennèa moir¸n, ìpou kaisqhmat�zetai h dom  twn din¸n pou parousi�zetai sto sq. 3.64 kai parathr jhkesti prosomoi¸sei, sq. 3.65, emfan�zetai èntonh �o  pro thn kateÔjunsh k�jetasto ep�pedo summetr�a, 3.66. Aut  h �o  ofe�letai akrib¸ sthn emf�nish twndin¸n kai duskoleÔei arket� to �ujmì sÔgklish twn exis¸sewn, lìgw èntonhsusqètish metaxÔ twn tri¸n exis¸sewn orm , [245℄.3.6 Anakefala�wshSto parìn kef�laio parousi�sthke h pistopo�hsh th mejìdou ep�lush �o  meqr sh ubridik¸n plegm�twn, h opo�a parousi�sthke sto kef. 2, se èna sÔnoloapì 2D kai 3D peript¸sei sumpiest  �o  eswterik  kai exwterik aerodunamik . Pragmatopoi jhkan sugkr�sei me up�rqonta peiramatik� (kaise m�a ek twn peript¸sewn arijmhtik�) apotelèsmata, oi opo�e se ìle tipeript¸sei  tan polÔ kalè. Aisjhtè apokl�sei apì ta peiramatik�apotelèsmata parathr jhkan mìno sthn teleuta�a 3D per�ptwsh (turb¸dh �o gÔrw apì pl re aerosk�fo), kai mìno sth mègisth gwn�a prìneush, ìpou to
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αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c

c p

1.210.80.60.40.20

1

0.5

0

-0.5

-1 (a') 26%
αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c

c p

1.110.90.80.70.60.50.40.30.20.10

1

0.5

0

-0.5

-1 (�') 38%
αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c

c p

1.210.80.60.40.20

1

0.5

0

-0.5

-1 (g') 61%
αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c

c p

1.210.80.60.40.20

1

0.5

0

-0.5

-1 (d') 84%Sq ma 3.58: Upologismì polikoÔ graf mato pl rou aerosk�fou, a1 =0:32o: Katanom  tou suntelest  p�esh kat� m ko th qord  se tèsseri �èseikat� to ekpètasma th ptèruga.sqetik� araiì plègma kai to qrhsimopoioÔmeno montèlo tÔrbh e�nai eÔlogo naduskoleÔontai na prolèxoun epakrib¸ ta sunektik� �ainìmena sthn perioq  touakropterug�ou.Idia�tera sti 2D peript¸sei �o  pragmatopoi jhkan sugkr�sei twnprosomoi¸sewn pou èkanan qr sh ubridik¸n plegm�twn kai plegm�twn meapokleistik� trigwnik� stoiqe�a. Se ìle ti peript¸sei epibebai¸jhke h uperoq twn ubridik¸n plegm�twn sthn poiìthta twn apotelesm�twn  /kai thn taqÔthtath prosomo�wsh, afoÔ parathr jhke me�wsh tou apaitoÔmenou qrìnouupologismoÔ tou ped�ou �o  èw kai kat� 50%. H me�wsh ston qrìnoupologismoÔ apod�detai sto mikrìtero arijmì akm¸n tou ubridikoÔ plègmato sesÔgkrish me to plègma trigwnik¸n stoiqe�wn ant�stoiqh poiìthta (dhlad  me to�dio sÔnolo kìmbwn), opìte o qrìno upologismoÔ tou aristeroÔ kai dexioÔ mèloutwn exis¸sewn �o  an� yeudoqronik  epan�lhyh e�nai elafr¸ mikrìtero,kaj¸ kai sto ìti h lÔsh sta ubridik� plègmata qrei�zetai aisjht� ligìtereyeudoqronikè epaal yei.
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αριθµητικά αποτελέσµατα
πειραµατικά δεδοµένα

x/c

c p
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-1

-1.5 (a') 26%
αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα
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αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα
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-1
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αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c

c p

1.210.80.60.40.20

1

0.5

0

-0.5

-1

-1.5 (d') 84%Sq ma 3.59: Upologismì polikoÔ graf mato pl rou aerosk�fou, a1 =5:55o: Katanom  tou suntelest  p�esh kat� m ko th qord  se tèsseri �èseikat� to ekpètasma th ptèruga.
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αριθµητικά αποτελέσµατα
πειραµατικά δεδοµένα

x/c

c p

1.210.80.60.40.20

1

0.5

0
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-1

-1.5

-2 (a') 26%
αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα
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1

0.5

0

-0.5

-1

-1.5

-2 (�') 38%
αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c

c p

1.210.80.60.40.20

1

0.5

0

-0.5

-1

-1.5

-2 (g') 61%
αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c

c p

1.210.80.60.40.20

1

0.5

0

-0.5

-1

-1.5

-2 (d') 84%Sq ma 3.60: Upologismì polikoÔ graf mato pl rou aerosk�fou, a1 =7:22o: Katanom  tou suntelest  p�esh kat� m ko th qord  se tèsseri �èseikat� to ekpètasma th ptèruga.
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αριθµητικά αποτελέσµατα
πειραµατικά δεδοµένα
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-1.5
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αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα
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1
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0
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-1

-1.5
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αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c

c p

1.210.80.60.40.20
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1.5

1

0.5

0

-0.5

-1

-1.5

-2 (g') 61%
αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c

c p

1.210.80.60.40.20

2

1.5

1

0.5

0

-0.5

-1

-1.5

-2 (d') 84%Sq ma 3.61: Upologismì polikoÔ graf mato pl rou aerosk�fou, a1 =8:88o: Katanom  tou suntelest  p�esh kat� m ko th qord  se tèsseri �èseikat� to ekpètasma th ptèruga.
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αριθµητικά αποτελέσµατα
πειραµατικά δεδοµένα

x/c

c p

1.210.80.60.40.20

2
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-1.5

-2 (a') 26%
αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c
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αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c

c p

1.110.90.80.70.60.50.40.30.20.10

2
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1

0.5

0

-0.5

-1

-1.5

-2 (g') 61%
αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c

c p

1.110.90.80.70.60.50.40.30.20.10

2

1.5

1

0.5

0

-0.5

-1

-1.5

-2 (d') 84%Sq ma 3.62: Upologismì polikoÔ graf mato pl rou aerosk�fou, a1 =11:22o: Katanom  tou suntelest  p�esh kat� m ko th qord  se tèsseri�èsei kat� to ekpètasma th ptèruga.
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αριθµητικά αποτελέσµατα
πειραµατικά δεδοµένα
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αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα
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αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c

c p

1.210.80.60.40.20
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0
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-1

-1.5

-2 (g') 61%
αριθµητικά αποτελέσµατα

πειραµατικά δεδοµένα

x/c

c p

1.210.80.60.40.20

2

1.5

1

0.5

0

-0.5

-1

-1.5

-2 (d') 84%Sq ma 3.63: Upologismì polikoÔ graf mato pl rou aerosk�fou, a1 =13:59o: Katanom  tou suntelest  p�esh kat� m ko th qord  se tèsseri�èsei kat� to ekpètasma th ptèruga.
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Sq ma 3.64: Sqhmatik  apeikìnish th kÔria kai deutereÔousa d�nh p�nwapì m�a ptèruga �dèlta�. Eikìna apì to �ibl�o twn Hoerner kai Borst, [246℄.
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Sq ma 3.65: Upologismì polikoÔ graf mato pl rou aerosk�fou :Apeikìnish twn din¸n pou dhmiourgoÔntai p�nw apì thn ptèruga. Diakr�nontaih kÔria d�nh, h deutereÔousa d�nh kai oi d�ne pou dhmiourgoÔntai stoakropterÔgio. Sto ep�pedo k�jeta sthn �trakto apeikon�zetai to mètro thsustrof  en¸ sthn epif�neia tou aerosk�fou anapar�statai to ped�o thp�esh.
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(a') 0:32o (�') 5:55o (g') 7:22o

(d') 8:88o (e') 11:22o (�') 13:59oSq ma 3.66: Upologismì polikoÔ graf mato pl rou aerosk�fou : Ped�op�esh kai probolè twn gramm¸n �o  sthn epif�neia tou aerosk�fou gia tidiaforetikè gwn�e prìneush ìpou ektelèsthkan arijmhtikè prosomoi¸sei.
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Kef�laio 4MEJODOI ANTISTROFOUSQEDIASMOU KAIBELTISTOPOIHSHS UPOPERIORISMOUSTo parìn kef�laio pragmateÔetai mejìdou �eltistopo�hsh me qr sh touessianoÔ mhtr¸ou. Oi efarmogè pou parousi�zontai e�nai probl mataant�strofou sqediasmoÔ gewmetri¸n kai probl mata elaqistopo�hsh twnapwlei¸n olik  p�esh pterug¸sewn me periorismoÔ sto el�qisto p�qo thgewmetr�a kai me prodiagegrammènh strof  th �o .4.1 Prìblhma ant�strofou sqediasmoÔ � H akrib kai h proseggistik  mèjodo Newton�Estw to parak�tw prìblhma ant�strofou sqediasmoÔmin �F (bi; UPn (bi))�upì ton periorismìRQm(bi; UPn (bi)) = 0 (4.1)ìpou F = 12 Zwall (p� ptar)2 = 12XBw �(p� ptar)2�J �sJ (4.2)kai RQm(bi; UPn (bi)) e�nai oi telestè upolo�pou twn exisewn �o  kai tou montèloutÔrbh twn Spalart�Allmaras, 2.43, se enia�a tanustik  graf . H katanom  ptarekfr�zei thn epijumht  katanom  p�esh p�nw sthn aerotom , oi de�kte P kai QantiproswpeÔoun tou kìmbou tou plègmato, bi; i = 1 : : :N e�nai oi metablhtèsqediasmoÔ (l.q. oi suntetagmène twn shme�wn elègqou Bézier, ta opo�a137



138 4. MEJODOI ANTISTROFOU SQEDIASMOU KAI BELTISTOPOIHSHS UPOPERIORISMOUSparametrikopoioÔn thn aerodunamik  morf ), UPn oi metablhtè kat�stash(metablhtè mèsh �o  kai montèlou tÔrbh) stou kìmbou tou plègmato. TosÔnolo Bw apotele�tai apì ti akmè tou plègmato pou apart�zoun todiakritopoihmèno stereì ìrio, en¸ o de�kth J th ex. 4.2 upodeiknÔei �jroishstou dÔo kìmbou th akm . Tèlo, �sJ = �sS2 , ìpou �sS to m ko th akm .Oi exis¸sei RQm(bi; UPn (bi)) = 0 ekfr�zoun thn apa�thsh na ikanopoioÔntai oiexis¸sei tou eujèo probl mato, ex. 2.2 kai 2.6 gia opoiod pote sÔnolo tim¸n bikai se opoiond pote kìmbo tou plègmato.Efarmog  th mejìdou Newton sto prìblhma 4.1 d�nei to parak�tw sÔsthmaexis¸sewn d2Fdbidbj�bnj = �dFdbiapì thn ep�lush tou opo�ou prokÔptoun oi diorj¸sei �bnj twn tim¸n twnmetablht¸n sqediasmoÔ ston n-iostì kÔklo tou algìrijmou �eltistopo�hsh,opìte autè anane¸nontai sÔmfwna me ton tÔpobn+1j = bnj +�bnj (4.3)H mèjodo Newton e�nai kat� polÔ pleonektikìterh w pro to �ujmì me�wshtou sunarthsiakoÔ se sqèsh me mejìdou pou qrhsimopoioÔn mìno thn kl�sh tousunarthsiakoÔ (l.q. mejìdou apìtomh kajìdou), afoÔ den ephre�zetai arnhtik�apì meg�le timè tou arijmoÔ kat�stash tou essianoÔ mhtr¸ou, Hij = d2Fdbidbj ,[110℄, sq. 4.1. Ep�sh, en gènei den apaite� epikourik  mèjodo gia ton upologismìk�poiou m kou � mato �. H mèjodo Newton diatup¸netai upì thn paradoq ìti h sun�rthsh stìqou e�nai tetragwnik  morf  tou dianÔsmato twn metablht¸nsqediasmoÔ. Up�rqoun ìmw peript¸sei ìpou h paradoq  aut  e�nai anakrib ,opìte endèqetai kat� thn ananèwsh twn tim¸n bj, ex. 4.3, na mhn ikanopoie�taik�poio proepilegmèno krit rio me�wsh (l.q. sunj ke Wolfe   Goldstein, [110℄).Se autè ti (l�ge genik�) peript¸sei, apaite�tai h eisagwg  m kou � matomikrìterou th mon�da.To �asikì qarakthristikì th mejìdou e�nai h an�gkh upologismoÔ touessianoÔ mhtr¸ou pou, an�loga me to prìblhma, mpore� na aux sei idia�tera toupologistikì kìsto an� kÔklo �eltistopo�hsh. Gia na parakamfje� oupologismì autì mpore� na qrhsimopoihje� m�a proseggistik  mèjodoNewton1, h opo�a upolog�zei me anadromikì tÔpo to essianì mhtr¸o se ènankÔklo n ��sei tou ant�stoiqou mhtr¸ou tou prohgoÔmenou kÔklou kai thdiafor� twn kl�sewn th sun�rthsh stìqou stou kÔklou autoÔ, k�nontaqr sh th ex�swsh th tèmnousa2, [247℄Hnijsj = yi (4.4)1quasi�Newton method2seant equation
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ισογραμμές F

βέλτιστο

Sq ma 4.1: Ananèwsh twn metablht¸n sqediasmoÔ me th mèjodo apìtomhkajìdou (�nw) kai me th mèjodo Newton (k�tw) se prìblhma dÔo �ajm¸neleujer�a tou opo�ou o arijmì kat�stash tou essianoÔ mhtr¸ou thsun�rthsh stìqou lamb�nei meg�lh tim .h opo�a pro�pojètei ìti epiplèon isqÔei h akìloujh sunj kh kampulìthtasiyi > 0 (4.5)Sti ex. 4.4 kai 4.5 qrhsimopoioÔntai oi parak�tw sumbolismo�si = bni � bn�1i ; yi = �dFdbi�n � �dFdbi�n�1Oi proseggistikè mèjodoi Newton pou qrhsimopoioÔntai sth diatrib  e�nai oimèjodoi BFGS kai SR1, [110℄.O anadromikì tÔpo th mejìdou BFGS gia ton upologismì tou essianoÔmhtr¸ou sto n-iostì kÔklo e�nai oHnij = Hn�1ij � Hn�1im smsnHn�1njskHn�1kl sl + �yiyj (4.6)ìpou � = 1yisiO tÔpo 4.6 mpore� na ekfraste� ap' euje�a gia ton ant�strofo tou essianoÔmhtr¸ou, prokeimènou na apofeuqje� h ek twn ustèrwn antistrof  tou, h opo�ase probl mata me pollè metablhtè sqediasmoÔ kaj�statai qronobìraBnij = (Hn)�1 = (Æik � �siyk)Bn�1kl (Ælj � �ylsj) + �sisj (4.7)H ex. 4.7 e�nai isodÔnamh th ex. 4.6, dedomènou ìti isqÔei h ex�swsh twn Shermann�Morrison (Aij + uivj)�1 = A�1ij � A�1imumvnA�1mj1 + vkA�1kl ul



140 4. MEJODOI ANTISTROFOU SQEDIASMOU KAI BELTISTOPOIHSHS UPOPERIORISMOUSH mèjodo BFGS �ewre�tai h pio apodotik  proseggistik  mèjodo Newton,d�nonta upergrammikoÔ �ujmoÔ sÔgklish, an to prìblhma �eltistopo�hshe�nai kurtì kai qwr� periorismoÔ, [110℄. Me qr sh twn ex. 4.5, 4.6 kai 4.7apodeiknÔetai ìti to mhtr¸o Hnij (  ant�stoiqa to mhtr¸o Bnij) �a e�nai �etik�orismèno, an e�nai �etik� orismèno to mhtr¸o Hn�1ij (ant�stoiqa to mhtr¸o Bn�1ij ).Aut  h idiìthta e�nai idia�tera epijumht  se kurt� probl mata all� se mh�kurt�probl mata, sta opo�a h ex. 4.5 mpore� na mhn isqÔei   to essianì mhtr¸o nae�nai arnhtik� orismèno, mpore� na odhg sei se shmantik  me�wsh th apìdoshth mejìdou   akìmh kai se astoq�a aut , [248℄. Sth �ibliograf�a sunant¸ntaiergas�e oi opo�e tropopoioÔn th mèjodo BFGS prokeimènou na antimetwp�zeimh�kurt� probl mata, [249℄, [250℄, [251℄, de lamb�noun ìmw upìyh tipeript¸sei problhm�twn upì periorismoÔ. 'Otan upolog�zontai arnhtik�orismèna essian� mhtr¸a  /kai up�rqoun periorismo�, h mèjodo SR1 e�nai pioapodotik , [110℄, afoÔ kat� th diatÔpws  th pragmatopoioÔntai ligìteroisqurè paradoqè sqetik� me thn kat�stash tou essianoÔ mhtr¸ou. Oanadromikì tÔpo pou parèqei to proseggistikì essianì mhtr¸o sto n-iostì� ma me th mèjodo SR1 d�netai parak�twHnij = Hn�1ij + �yi �Hn�1ni si� �yj �Hn�1mj sj��yl �Hn�1lk sk� sl (4.8)en¸ an e�nai epijumhtì o upologismì ap' euje�a tou ant�strofou essianoÔmhtr¸ou, qrhsimopoie�tai o tÔpoBnij = Bn�1ij + �si � Bn�1ni yi� �sj �Bn�1mj yj��sl � Bn�1lk yk� yl (4.9)H mèjodo SR1 apotugq�nei ìtan o paronomast  sti ex. 4.8 kai 4.9 p�rei timèkont� sto mhdèn. Ep�sh, den up�rqei k�poia genik  apìdeixh gia to �ujmìsÔgklis  th. Parìla aut�, e�nai m�a polÔ apodotik  mèjodo gia �dÔskola�probl mata upì periorismoÔ kai me essianì mhtr¸o to opo�o e�nai arnhtik�orismèno se perioqè tou q¸rou sqediasmoÔ.Oi mèjodoi BFGS kai SR1 apaitoÔn m�a arqikopo�hsh tou mhtr¸ou H1ij, toopo�o �a qrhsimopoihje� ston ant�stoiqo anadromikì tÔpo. Sthn paroÔsadiatrib  dokim�zontai dÔo parallagè w pro thn arqikopo�hsh. H pr¸th �èteiH1ij = Æij, ìpw sunhj�zetai sth sqetik  �ibliograf�a, kai h deÔterh upolog�zei toakribè essianì mhtr¸o. Sugkr�sei w pro thn apodotikìthta twn parallag¸naut¸n pragmatopoioÔntai sto epìmeno kef�laio. Ax�zei, p�ntw, na shmeiwje� ìtioi proseggistikè mèjodoi Newton parousi�zoun meioÔmenh apìdosh ìso oarijmì twn metablht¸n sqediasmoÔ aux�nei, [111℄, [112℄, [113℄.



4.2. Prìblhma elaqistopo�hsh twn apwlei¸n olik  p�esh upì periorismoÔ � hmèjodo diadoqikoÔ tetragwnikoÔ programmatismoÔ 1414.2 Prìblhma elaqistopo�hsh twn apwlei¸nolik  p�esh upì periorismoÔ � h mèjododiadoqikoÔ tetragwnikoÔ programmatismoÔ�Estw to parak�tw prìblhma elaqistopo�hsh upì periorismoÔ isìthta kaianisìthta min �F (bi; UPn (bi))�upì tou periorismoÔRQm(bi; UPn (bi)) = 0tr(bi; UPn (bi)) � 0a(bi; UPn (bi)) = 0 (4.10)
H sun�rthsh stìqou F d�netai apì to olokl rwma th olik  p�esh sta ìriaeisìdou (in) kai exìdou (out) tou upologistikoÔ qwr�ouF = Zin ptdS � Zout ptdS =XBi pJt�sJ �XBo pJt�sJ (4.11)ìpou ta Bi kai Bo anaparistoÔn ta sÔnola twn akm¸n eisìdou kai exìdou touplègmato ant�stoiqa, o de�kth J anaparist� tou dÔo kìmbou th k�je akm  Skai�sJ = �sS2 , ìpou�sS to m ko th akm . Dedomènou ìti sta probl mata pouparousi�zontai ed¸ h olik  p�esh sthn e�sodo lamb�nei dedomènh (epiballìmenhmèsw twn oriak¸n sunjhk¸n) stajer  tim , arke� h elaqistopo�hsh th posìthta� Zout ptdS.Sto parìn prìblhma, oi periorismo� anisìthta tr anaparistoÔnkataskeuastikoÔ periorismoÔ upì th morf  kat¸tatwn apodekt¸n tim¸n toup�qou t th aerotom  se R prokajorismène �èsei kat� th qord , sq. 4.2tr(bi) = tr � tmin;r � 0; tr = t(xr); r = 1 : : : R'Ena periorismì anisìthta lègetai energì sthn per�ptwsh pou ikanopoie�tai

Sq ma 4.2: Sqhmatik  apeikìnish th sun�rthsh p�qou th aerotom .oriak� sth morf  tr = 0, en¸ se ant�jeth per�ptwsh lègetai anenergì. Oiperiorismo� anisìthta ed¸ exart¸ntai �mesa mìno apì ti metablhtè sqediasmoÔ



142 4. MEJODOI ANTISTROFOU SQEDIASMOU KAI BELTISTOPOIHSHS UPOPERIORISMOUSbi, gegonì pou dieukolÔnei ton upologismì twn parag¸gwn euaisjhs�a tou,qwr� na emplèkontai oi metablhtè �o .O monadikì periorismì isìthta pou epib�lletai sti efarmogè thdiatrib  kat� thn elaqistopo�hsh twn apwlei¸n olik  p�esh e�nai h epibol prokajorismènh strof  th �o  pou dièrqetai apì to upologistikì qwr�o kaiekfr�zetai w ex a = 12 Zout (a� atar)2 dS = 12XBo �aJ � atar�2�sJ = 0ìpou Bo to ìrio exìdou th �o  kai atar h epijumht  gwn�a exìdou, dedomènou ìti hgwn�a eisìdou th �o , h opo�a epib�lletai mèsw twn oriak¸n sunjhk¸n, �ewre�taidedomènh kai stajer . Kai ed¸, o de�kth J upodeiknÔei �jroish stou dÔo kìmboum�a akm  tou or�ou exìdou Bo, sto opo�o diakritopoie�tai o periorismì.Oi periorismo� anisìthta kai o periorismì isìthta enswmat¸nontai sthsun�rthsh stìqou mèsw twn pollaplasiast¸n Lagrange �tr kai �a ant�stoiqa,d�nonta thn parak�tw pro elaqistopo�hsh sun�rthsh LagrangeL = F � �trtr � �aa (4.12)Dedomènou ìti oi ekjète t kai a ekfr�zoun ton tÔpo tou periorismoÔ, h epan�lhyhaut¸n ston �dio ìro tou parap�nw tÔpou kai se ìsou akoloujoÔn den uponoe��jroish. H anagka�a sunj kh ¸ste èna shme�o na apotele� akrìtato gr�fetaiplèon w ex  dLdbi = 0 (4.13)Ep�sh, eis�getai kai to di�nusma twn �ohjhtik¸n, mh�arnhtik¸n metablht¸n3 ztr,me to opo�o oi periorismo� anisìthta tr metatrèpontai se periorismoÔ isìthtatr � ztr = 0 (4.14)Oi pollaplasiastè �tr, �a kai oi metablhtè ztr apoteloÔn epiplèon �gnwstou oitimè twn opo�wn prèpei na anazhthjoÔn par�llhla me ti epijumhtè timè twnmetablht¸n sqediasmoÔ. Epiplèon, prèpei na isqÔei �tr � 0, [110℄. Eidikìtera,ìtan o ant�stoiqo periorismì anisìthta e�nai anenergì, dhlad  tr = ztr > 0 oipollaplasiastè �tr prèpei na e�nai mhdeniko�, ¸ste h tim  th sun�rthshLagrange na e�nai tautotik� �sh me thn tim  th sun�rthsh stìqou, opìtediatup¸netai h parak�tw sumplhrwmatik  sunj kh�trztr = 0 (4.15)Oi ex. 4.13, 4.14 kai 4.15 maz� me ton periorismì isìthta kai thn apa�thsh naisqÔei ztr � 0 kai �tr � 0 apoteloÔn sunolik� ti sunj ke KKT4 gia to prìblhma3slak variables4Karush�Kuhn�Tuker



4.2. Prìblhma elaqistopo�hsh twn apwlei¸n olik  p�esh upì periorismoÔ � hmèjodo diadoqikoÔ tetragwnikoÔ programmatismoÔ 1434.10 kai gr�fontai sugkentrwtik� w ex dLdbi = 0 (4.16a')tr � ztr = 0 (4.16b')a = 0 (4.16g')�trztr � ��d = 0 (4.16d')ztr � 0 (4.16e')�tr � 0 (4.16�')ìpou �d = 1Rztr�tr� 2 [0; 1℄H ex. 4.16d' prokÔptei me afa�resh tou ìrou ��d apì th sumplhrwmatik sunj kh 4.15, ¸ste oi diorj¸sei sti metablhtè sqediasmoÔ na mhn pagidèyounapì nwr� th diadikas�a �eltistopo�hsh sto sÔnoro twn efikt¸n lÔsewn, mesunèpeia th me�wsh th apotelesmatikìthta tou algìrijmou �eltistopo�hsh. Hpar�metro � epilègetai apì ton qr sth kai sunhj�zetai na mei¸netai stadiak�ìso h diadikas�a sqediasmoÔ/beltistopo�hsh plhsi�zei sth �èltisth lÔsh. Hmèjodoi pou efarmìzontai sthn paroÔsa diatrib  e�nai mèjodoi eswterikoÔshme�ou5, dhlad  apaite�tai oi ex. 4.16e' kai 4.16e' na ikanopoioÔntai austhr�,ztr > 0, �tr > 0, [110℄, [252℄, [247℄, dedomènou ìti to shme�o th isìthta denprosfèrei ousiastik� sthn poiìthta th lÔsh kai dusqera�nei idia�tera thnarijmhtik  ep�lush tou probl mato.Oi ex. 4.16a', 4.16b', 4.16g' kai 4.16d' gr�fontai sthn parak�tw dianusmatik morf  ~F(~�) = 0 (4.17)ìpou ~� = 2664 bj�tl�aztl 37755interior point methods



144 4. MEJODOI ANTISTROFOU SQEDIASMOU KAI BELTISTOPOIHSHS UPOPERIORISMOUSEfarmog  th mejìdou Newton sthn ex. 4.17 d�nei to parak�tw sÔsthma gia tidiorj¸sei tou dianÔsmato twn agn¸stwn, �~�d2Fkd�id�j��j = �dFkd�i  me antikat�stash kai tèlesh twn pr�xewn2666666666664
d2Ldbidbj �dtldbi �dadbi 0dtrdbj 0 0 �Ærldadbj 0 0 00 ztrÆrl 0 �trÆrl

3777777777775| {z }mhtr¸o KKT
2666666664 �bj��tl��a�ztl

3777777775 = �26666666664
dLdbitr � ztraztr�tr � ��d

37777777775 (4.18)
opìte ta bi, �tr, �a kai ztr anane¸nontai w ex 2666666664 bn+1j��tl�n+1(�a)n+1�ztl�n+1

3777777775=
2666666664 bnj��tl�n(�a)n�ztl �n

3777777775+�n
2666666664 �bnj��tl��a�ztl

3777777775 (4.19)
ìpou to m ko � mato �n eis�getai w mhqanismì o opo�o exasfal�zei ìti ta ztrkai �tr �a e�nai p�ntote �etik�, ex. 4.16e' kai 4.16�', lamb�nonta timè mikrìtereth mon�da an h ananèwsh twn en lìgw metablht¸n odhge� se arnhtikè timè.H mèjodo, h opo�a epilÔei to prìblhma �eltistopo�hsh 4.10 qrhsimopoi¸ntati sq. 4.18 kai 4.19 lègetai mèjodo tetragwnikoÔ programmatismoÔ6 Newton�Langrange.H apa�thsh na e�nai to essianì mhtr¸o th sun�rthsh Lagrange �etik�orismèno, d2Ldbidbj , kai oi periorismo� na e�nai grammik� anex�rthtoi, apoteloÔnikanè sunj ke, ¸ste to mhtr¸o KKT tou sust mato 4.18 na mhn e�nai idiìmorfokai to sÔsthma na èqei lÔsh. Oi parap�nw sunj ke exasfal�zoun ep�shtetragwnikì �ujmì me�wsh th sun�rthsh kìstou. An to mhtr¸o d2Ldbidbj e�naiarnhtik� orismèno, to prìblhma �eltistopo�hsh den e�nai kurtì, gegonì poudusqera�nei th mèjodo Newton kai apotele� èndeixh Ôparxh topik¸n akrìtatwn.6quadrati programming



4.2. Prìblhma elaqistopo�hsh twn apwlei¸n olik  p�esh upì periorismoÔ � hmèjodo diadoqikoÔ tetragwnikoÔ programmatismoÔ 145Ep�sh, den epitrèpetai o arijmì twn periorism¸n na e�nai megalÔtero touarijmoÔ twn metablht¸n sqediasmoÔ, giat� tìte to mhtr¸o KKT g�netai idiìmorfo,[110℄ (prèpei dhlad  p�nta na isqÔei R + 1 � N ).O èlegqo th kat�stash tou mhtr¸ou d2Ldbidbj pragmatopoie�tai me thnefarmog  ateloÔ paragontopo�hsh kat� Cholesky7 sto mhtr¸o. An hparagontopo�hsh e�nai epituq , tìte to mhtr¸o e�nai �etik� orismèno. Se ant�jethper�ptwsh, prost�jetai m�a �etik  posìthta � se ìla ta stoiqe�a th diagwn�outou mhtr¸ou kai h diadikas�a epanalamb�netai, mèqri ìtou h paragontopo�hshsto tropopoihmèno mhtr¸o na oloklhrwje� epituq¸, [110℄. H tim  touprosjetèou � upolog�zetai arqik� sÔmfwna me thn parak�tw sqèsh� = 8>><>>:0 an mini d2Ldbidbi > 012 jj d2Ldbidbj jjF an mini d2Ldbidbi � 0 (4.20)kai anane¸netai met� apì k�je anepituq  paragontopo�hsh w ex �  max�2�; 12 �������� d2Ldbidbj ��������F� (4.21)ìpou �������� d2Ldbidbj ��������F e�nai h kat� Frobenius nìrma tou mhtr¸ou, h opo�a upolog�zetaiw ex  �������� d2Ldbidbj ��������F =s���� d2Ldbidbj ���� ���� d2Ldbidbj ����H parap�nw diadikas�a metab�llei elafr¸ thn kateÔjunsh tou � mato�eltistopo�hsh pro aut n pou �a upode�knue h mèjodo th apìtomh kajìdou,all� eggu�tai ìti to sÔsthma 4.18 epidèqetai monadik  lÔsh.H tim  th sun�rthsh stìqou sto shme�o~b+�~b = ~b+ ~d mpore� na proseggiste�me qr sh tou anaptÔgmato Taylor deÔterh t�xh w ex F (~b+ ~d) = F (~b) + ~dTrF (~b) + 12 ~dTr2F (~b)~dkai oi periorismo� na ekfrastoÔn w an�ptugma Taylor pr¸th t�xh, ep�sh gÔrwapì thn trèqousa lÔsh ~b w ex tr(~b + ~d) = tr(~b) +rtr(~b)~d � 0a(~b + ~d) = a(~b) +ra(~b)~d = 0Oi parap�nw diatup¸sei tou sunarthsiakoÔ kai twn periorism¸n epitrèpoun thnantikat�stash tou probl mato 4.10 me m�a seir� tetragwnik¸n upoproblhm�twn7inomplete Cholesky fatorization



146 4. MEJODOI ANTISTROFOU SQEDIASMOU KAI BELTISTOPOIHSHS UPOPERIORISMOUSth morf  min �12 d2Ldbidbj didj + dFdbi di�ìtanRQm(bi; UPn (bi)) = 0dtrdbi di + tr � � tr = 0dadbi di + a = 0 (4.22)
Oi sunj ke KKT gia to upoprìblhma 4.22, me eisagwg  p�li kat�llhlhsun�rthsh Lagrange kai twn pollaplasiast¸n �tr kai �a, kaj¸ kai twnmh�arnhtik¸n metablht¸n � tr, d�nontai parak�twd2Ldbidbj dj + dFdbi � dtrdbi �tr � dadbi �a = 0 (4.23a')dtrdbi di + tr � � tr = 0 (4.23b')dadbi di + a = 0 (4.23g')�tr� tr � ��d = 0 (4.23d')� tr > 0 (4.23e')�tr > 0 (4.23�')ìpou p�li �d = 1R� tr�trEfarmog  th mejìdou Newton sti sunj ke KKT tou upoprobl mato,dedomènou p�nta ìti èqei exasfaliste� (l.q. mèsw twn sq. 4.20 kai 4.21 kai thepituqoÔ ateloÔ paragontopo�hsh kat� Cholesky) ìti to mhtr¸o d2Ldbidbj e�nai�etik� orismèno, d�nei to parak�tw sÔsthma gia thn ananèwsh twn tim¸n twn di, �tr
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d2Ldbidbj �dtldbi �dadbi 0dtrdbj 0 0 �Ærldadbj 0 0 00 � trÆrl 0 �trÆrl

3777777777775
2666666664 �dj��tl��a��l

3777777775 = �
2666666666664

d2Ldbidbj dj + dFdbi � dtrdbi �tr � dadbi �adtrdbi di + tr � � trdadbi di + a� tr�tr � ��d
3777777777775(4.24)H lÔsh tou upoprobl mato epitrèpei thn ananèwsh twn tim¸n twn metablht¸nsqediasmoÔ kai twn pollaplasiast¸n Lagrange gia to arqikì prìblhma�eltistopo�hsh, 4.10, me qr sh twn sqèsewndi = (bi)n+1�(bi)n�ti = ��ti�n+1�a = (�a)n+1 (4.25)Prokeimènou na exasfaliste� ìti ta ananewmèna � tr kai �tr e�nai p�nta �etik�, ex.4.23e' kai ex. 4.23�', p�li eis�getai kat� thn ananèwsh twn tim¸n kai èna m ko� mato �n, to opo�o lamb�nei timè mikrìtere th mon�da ìtan qrei�zetai,prokeimènou aut� na mh l�boun arnhtik  tim .H mèjodo, h opo�a epilÔei to prìblhma �eltistopo�hsh 4.10 qrhsimopoi¸ntati sq. 4.24 kai 4.25 lègetai mèjodo diadoqikoÔ tetragwnikoÔ programmatismoÔ8.H mèjodo diadoqikoÔ tetragwnikoÔ programmatismoÔ leitourge� akìma kai an toarqikì shme�o den e�nai ston q¸ro twn efikt¸n lÔsewn. H qrhsimìthta th ègkeitaisto ìti parousi�zei kalè idiìthte sthn ep�lush problhm�twn me mh�grammikoÔperiorismoÔ anisìthta, [253℄.

8sequential quadrati programming, SQP
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Kef�laio 5UPOLOGISMOS TOU ESSIANOUMHTRWOUSto parìn kef�laio prote�netai kai analÔetai m�a mèjodo upologismoÔ twnakrib¸n parag¸gwn euaisjhs�a pr¸th t�xh (kl�sh) kai deÔterh t�xh (essianìmhtr¸o). H mèjodo aut  qrhsimopoie� sunduasmì th euje�a diafìrish twnexis¸sewn �o  kai th diakrit  suzugoÔ mejìdou prokeimènou na upologistoÔnme to el�qisto dunatì kìsto oi htoÔmene par�gwgoi euaisjhs�a, oi opo�eapaitoÔntai gia th �eltistopo�hsh/ant�strofo sqediasmì aerodunamik¸n morf¸nme ti mejìdou pou parousi�sthkan sto kef. 4. Eidik� to essianì mhtr¸ompore� na efarmoste� (se mellontikè ergas�e) kai se mejìdou stibaroÔsqediasmoÔ1, ìpou h stibarìthta2 twn paragìmenwn morf¸n posotikopoie�taimèsw tou upologismoÔ th tupik  apìklish th sun�rthsh stìqou, ìtan oisunj ke �o  �ewre�tai ìti metab�llontai se sqèsh me thn onomastik  tim  tou��sei k�poia pijanotik  katanom , [136℄, [137℄, [138℄, [139℄, [140℄,prokeimènou na paraqjoÔn gewmetr�e pou apod�doun kal� ìqi mìno sto shme�osqediasmoÔ all� kai ektì autoÔ.H mèjodo pou anaptÔssetai se autì to kef�laio diaforopoie�tai apì tiergas�e th, oÔtw   �llw, periorismènh ant�stoiqh �ibliograf�a sta ex shme�a :� Efarmìzetai gia pr¸th �or� se peript¸sei eswterik  aerodunamik  kaim�lista gia thn elaqistopo�hsh twn apwlei¸n olik  p�esh, ìpou tosunarthsiakì parousi�zei thn idiaiterìthta na mhn e�nai olokl rwma staìria th sqediazìmenh gewmetr�a, afoÔ or�zetai se diaforetik� ìria touqwr�ou apì ta stere� toiq¸mata pou elègqoun oi metablhtè sqediasmoÔ.� Gia pr¸th �or� to akribè essianì mhtr¸o qrhsimopoie�tai se probl mata�eltistopo�hsh upì periorismoÔ. Idia�terh èmfash d�netai sto qeirismìtwn periorism¸n pou epib�llontai se megèjh ta opo�a sunart¸ntai �mesatwn �oðk¸n metablht¸n (l.q. strof  th �o ), twn opo�wn oi par�gwgoi1robust design2robustness 149



150 5. UPOLOGISMOS TOU ESSIANOU MHTRWOUeuaisjhs�a upolog�zontai me apodotikì trìpo qrhsimopoi¸nta p�li thdiakrit  suzug  mèjodo.� G�netai ekten  diereÔnhsh th shmas�a twn epimèrou ìrwn pouemfan�zontai sthn telik  èkfrash tou akriboÔ essianoÔ mhtr¸ou kaimelet¸ntai orismène aplopoihtikè paradoqè oi opo�e mei¸noun toupologistikì kìsto.� Ereun¸ntai dunatìthte sunduasmoÔ th akriboÔ mejìdou Newton meproseggistikè mejìdou Newton, sti opo�e upolog�zetai akrib¸ toessianì mhtr¸o mìno kat� ton pr¸to kÔklo �eltistopo�hsh, en¸ stouakìloujou kÔklou autì anane¸netai me anadromikì tÔpo, o opo�oapaite� ton upologismì ek nèou mìno th kl�sh th sun�rthsh stìqou kaitwn periorism¸n w pro ti metablhtè sqediasmoÔ, epitaqÔnontashmantik� ton algìrijmo mèsw th polÔ kal  arqikopo�hsh thproseggistik  mejìdou Newton.5.1 Upologismì twn parag¸gwn euaisjhs�apr¸th t�xhSthn enìthta aut  perigr�fontai oi trìpoi upologismoÔ twn parag¸gwneuaisjhs�a pr¸th t�xh, me qr sh e�te th mejìdou euje�a diafìrish twnexis¸sewn �o  e�te th diakrit  suzugoÔ mejìdou. K�je mèjodo pouprokÔptei apotim�tai w pro to kìsto an� kÔklo �eltistopo�hsh gia taprobl mata pou perigr�fontai sti enìthte 4.1 kai 4.2.H kl�sh th sun�rthsh stìqou w pro ti metablhtè sqediasmoÔ prokÔpteime qr sh tou kanìna th alus�dadFdbi = �F�bi + �F�UKk dUKkdbi (5.1)ìpou dFdbi h olik  kai �F�bi h merik  par�gwgo th sun�rthsh stìqou w pro timetablhtè sqediasmoÔ, omo�w kai gia ta upìloipa megèjh. Ant�stoiqh diafìrishtou telest  upolo�pou twn exis¸sewn �o , upì thn apa�thsh autè naikanopoioÔntai p�nta, d�nei(RDD;i)Pn = dRPndbi = �RPn�bi + �RPn�UKk dUKkdbi = 0 (5.2)H ex. 5.2 antistoiqe� se N sust mata merik¸n diaforik¸n exis¸sewn (SMDE)ant�stoiqou kìstou me to eujÔ prìblhma, ìpou upenjum�zetai ìti N e�nai oarijmì twn metablht¸n sqediasmoÔ. H mèjodo eÔresh th kl�sh thsun�rthsh stìqou pou �as�zetai sthn ep�lush twn susthm�twn th ex. 5.2 w



5.1. Upologismì twn parag¸gwn euaisjhs�a pr¸th t�xh 151pro dUKkdbi kai antikat�stash sthn ex. 5.1 lègetai mèjodo euje�a diafìrish(DD3).Pollaplasiasmì twn parag¸gwn tou upolo�pou twn exis¸sewn �o , dRPndbi , oiopo�e e�nai tautotik� mhdenikè, ex. 5.2, me to ped�o twn suzug¸n metablht¸n, 	Pn ,kai prìsjesh tou apotelèsmato sthn kl�sh th sun�rthsh stìqou F , ex. 5.1,d�nei thn epauxhmènh sun�rthsh stìqou F̂ . IsqÔeidF̂dbi = dFdbi +	Pn dRPndbi = �F�bi +	Pn �RPn�bi + dUKkdbi � �F�UKk +	Pn �RPn�UKk �O ìro pou perilamb�nei ti parag¸gou dUKkdbi twn metablht¸n �o  apale�fetaian ikanopoioÔntai oi suzuge� exis¸sei(R	)Kk = �F�UKk +	Pn �RPn�UKk = 0 (5.3)opìte h kl�sh th F upolog�zetai apì thn parak�tw sqèshdFdbi = dF̂dbi = �F�bi +	Pn �RPn�bi (5.4)H mèjodo pou upolog�zei thn kl�sh mèsw th ex. 5.4 kai th prohgoÔmenhep�lush tou SMDE twn suzug¸n exis¸sewn, ex. 5.3, onom�zetai diakrit  suzug mèjodo (AV4). H suzug  mèjodo pleonekte� sta probl mata pouantimetwp�zontai sthn paroÔsa diatrib , dedomènou ìti apaite� thn ep�lush enìmìno SMDE, epiplèon tou kìstou ep�lush tou arqikoÔ probl mato �o , giaton upologismì th kl�sh enì sunarthsiakoÔ.Sthn per�ptwsh tou probl mato elaqistopo�hsh twn apwlei¸n olik  p�eshenì ped�ou �o , enìthta 4.2, ax�zei na shmeiwje� ìti to sunarthsiakì den e�nai�mesh sun�rthsh th gewmetr�a, all� h tim  tou ephre�zetai emmèsw apì toped�o �o . Autì èqei w profan  sunèpeia to mhdenismì tou ìrou �F�bi , opìte h ex.5.4 gr�fetai dF̂dbi = 	Pn �RPn�biEp�sh, gia thn ep�lush tou sust mato KKT, ex. 4.24, apaite�tai epiplèon oupologismì twn kl�sewn twn sunart sewn periorismoÔ. Gia tou periorismoÔtou p�qou th paragìmenh morf , tr, èqei  dh proanaferje� ìti oi kl�seiupolog�zontai eÔkola me ap' euje�a parag¸gish twn sunart sewn pou d�noun thgewmetr�a (l.q. twn exis¸sewn twn kampul¸n Bézier, oi opo�e parametrikopoioÔn3Diret Di�erentiation4Adjoint Variables



152 5. UPOLOGISMOS TOU ESSIANOU MHTRWOUth gewmetr�a sthn paroÔsa diatrib ). O upologismì th kl�sh tou periorismoÔstrof  th �o , a, o opo�o ep�sh ekfr�zetai makri� apì th sqediazìmenhmorf  kai emplèkei ta eke� �oðk� megèjh, mpore� na epiteuqje� e�te me th mèjodoDD e�te me th suzug  mèjodo. Sugkekrimèna, h kl�sh gr�fetai e�te wdadbi = �a�UKk dUKkdbikai upolog�zetai eÔkola efìson pr¸ta èqoun upologiste� oi par�gwgoi dUKkdbi mèswth ex. 5.2. Enallaktik�, upolog�zetai wd̂adbi = (	a)Pn �RPn�bi (5.5)dedomènou ìti �a�bi = 0 (epeid  kai p�li o periorismì apotele� sun�rthsh twn�oðk¸n megej¸n se ìria �lla apì aut� pou elègqoun oi metablhtè sqediasmoÔ)opìte upolog�zetai afoÔ pr¸ta epilujoÔn oi parak�tw suzuge� exis¸sei gia tosunarthsiakì a (Ra	)Kk = �a�UKk + (	a)Pn �RPn�UKk = 0 (5.6)Sunep¸, to kìsto gia ton upologismì th kl�sh ìlwn twn emplekìmenwnsunarthsiak¸n anèrqetai sthn ep�lush N + 1 SMDE gia th mèjodo DD(sumperilambanìmenh kai th ep�lush tou eujèo probl mato)   3 SMDE giath suzug  mèjodo (èna gia to eujÔ prìblhma kai dÔo gia ti suzuge� exis¸sei 5.3kai 5.6).5.2 Arijmhtik  ep�lush twn exis¸sewn euje�adiafìrish twn exis¸sewn �o  kai twnsuzug¸n exis¸sewn5.2.1 Mèjodo arijmhtik  ep�lushOi ex. 5.2, 5.3 kai 5.6 diatup¸nontai qrhsimopoi¸nta ìrou apì ti  dhdiakritopoihmène exis¸sei �o , en¸ gia thn ep�lush tou qrhsimopoioÔntai oi�die epanalhptikè mèjodoi pou qrhsimopoi jhkan gia thn ep�lush tou eujèoprobl mato, ex. 2.44 kai 2.45. 'Etsi, gia efarmog  l.q. th shmeiak�peplegmènh mejìdou Jaobi, h ex�swsh pou perigr�fei thn epanalhptik diadikas�a gia thn ex. 5.2 d�netai parak�tw� V P�tP ÆnkÆPK + �RPn�UKk ���dUKkdbi � = � (RDD;i)Pn (5.7)



5.2. Arijmhtik  ep�lush twn exis¸sewn euje�a diafìrish twn exis¸sewn �o  kai twnsuzug¸n exis¸sewn 153en¸ oi ant�stoiqe ekfr�sei gia ti ex. 5.3 kai 5.6 e�nai�	Pn � V K�tK ÆnkÆPK + �RPn�UKk � = � (R	)Kk (5.8a')�(	a)Pn � V K�tK ÆnkÆPK + �RPn�UKk � = � (Ra	)Kk (5.8b')Sti parap�nw exis¸sei, o qronikì ìro prost�jetai kat� ta gnwst� giaen�sqush th diag¸nia kuriarq�a. Dedomènou ìti to aristerì mèlo sti exis¸seiautè èqei ti �die idiotimè an� kìmbo me to aristerì mèlo th ex. 2.45, oasumptwtikì �ujmì sÔgklish e�nai ìmoio me autìn tou probl mato �o ,[78℄. To �dio isqÔei gia ti idiìthte eust�jeia twn problhm�twn aut¸n. Oi ìpoieapokl�sei ofe�lontai sth qr sh th mejìdou Jaobi kai sto ìti to prìblhma �o e�nai mh�grammikì en¸ oi ex. 5.7 kai 5.8 e�nai grammik� sust mata, kaj¸ kaisto gegonì ìti oi ex. 5.7 kai 5.8 lÔnontai me ti exis¸sei mèsh �o  kaimontèlou tÔrbh se peplegmènh morf .M�a epiplèon duskol�a e�nai h apa�thsh gia akrib  upologismì twn posot twn�RPn�UKk , oi opo�e plèon emfan�zontai sto dex� mèlo twn exis¸sewn 5.7 kai 5.8. Oiapara�thtoi upologismo� g�nontai lamb�nonta to proseggistikì mhtr¸o pou èqeiupologiste� gia to aristerì mèlo twn exis¸sewn �o , enìthta 2.5.1, kaiprosjètonta ìlou tou ìrou pou mèqri t¸ra e�qan aplopoihje�. Ep�sh,upenjum�zetai ìti kat� thn ep�lush tou eujèo probl mato oi exis¸sei th mèsh�o  de �ewr jhkan peplegmène me aut n tou montèlou tÔrbh. Kat� thnep�lush twn ex. 5.2 kai 5.3 den e�nai dunatìn na g�nei aut  h paradoq , afoÔodhge� se anakribè dex� mèlo, [72℄. 'Etsi, an RP;MFn , UK;MFk e�nai ant�stoiqa otelest  upolo�pou kai oi metablhtè twn exis¸sewn mèsh �o 5 kai RP;SA, UK;SAoi ant�stoiqe posìthte tou montèlou tÔrbh6, oi posìthte �RP;MFn�UK;SA kai �RP;SA�UK;MFk ,oi opo�e den upolog�sthkan kat� thn ep�lush tou probl mato �o , prèpei nalhfjoÔn upìyh. 'Oloi oi apara�thtoi upologismo� perigr�fontai analutik� stiakìlouje enìthte. Ton�zetai ep�sh ìti oi posìthte �RPn�UKk , pou �a upologistoÔngia to dex� mèlo twn ex. 5.7 kai 5.8, sqhmat�zoun kai to aristerì mèlo twn �diwnexis¸sewn, katìpin prosj kh se autè tou qronikoÔ ìrou.5.2.2 Diaqe�rish tou ìrou metafor�Sthn enìthta aut  sqoli�zontai oi aplopoi sei pou èginan kat� ton upologismìtwn suneisfor¸n twn ìrwn metafor� sti posìthte �RPn�UKk , enìthta 2.5.2 kaidiereun�tai poioi ìroi apì autoÔ pou parale�fjhkan prèpei plèon na5MF=mean �ow6SA=Spalart�Allmaras



154 5. UPOLOGISMOS TOU ESSIANOU MHTRWOUupologistoÔn gia to dex� mèlo twn ex. 5.7 kai 5.8. H majhmatik  diatÔpwsh twnìrwn aut¸n epanalamb�netai parak�tw gia dieukìlunsh tou anagn¸sth��PQ;invn�UKk = ALnj �ULj�UKk +ARnj �URj�UKk + �ALnj�UKk ULj + �ARnj�UKk URj (2.46)ìpou upenjum�zetai ìti oi katast�sei L kai R lamb�nontai apì ti katast�seistou kìmbou P kai Q th ek�stote akm  apì th sqèsh~UL = ~UP � 12xPQr  �~U�xr!P �P (2.21a')~UR = ~UQ + 12xPQr  �~U�xr!Q�Q (2.21b')Gia ton upologismì twn ìrwn th ex. 2.46 sqoli�zontai ta ex  :� An qrhsimopoihjoÔn perioristè �P kai �Q sti ex. 2.21, oi par�gwgoieuaisjhs�a aut¸n ameloÔntai. H parap�nw prosèggish apotele� p�giataktik  sth sqetik  �ibliograf�a afoÔ oi en lìgw sunart sei den e�naidiafor�sime.� Oi ìroi �ALnj�UKk ULj kai �ARnj�UKk URj , ex. 2.46. oi opo�oi e�qan paraleifje� kat�thn ep�lush tou eujèo probl mato, upolog�sthkan me topik  qr sh toulogismikoÔ AD TAPENADE, prokeimènou na elegqje� kat� pìsosuneisfèroun sthn akr�beia twn upologizìmenwn parag¸gwn euaisjhs�a.[104℄, [120℄, [121℄. Sta sq. 5.1 kai 5.16 parousi�zontai apotelèsmata apìti upologismène parag¸gou euaisjhs�a gia to prìblhmaelaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwsh summetrik aerotom  tou [254℄, pou �a parousiaste� pl rw sthn enìthta 6.4, me kaiqwr� tou en lìgw ìrou. ProkÔptei to sumpèrasma ìti oi ìroi auto� e�naipraktik� as mantoi kai mporoÔn na apaleifjoÔn apì to dex� mèlo twn ex.5.7 kai 5.8. Ant�stoiqe dokimè èginan se ìla ta probl mata�eltistopo�hsh kai ant�strofou sqediasmoÔ pou melet¸ntai sto epìmenokef�laio, kai oi opo�e epibeba�wsan to sumpèrasma autì. Sunep¸, h ex.2.46 �a gr�fetai kai kat� thn ep�lush twn suzug¸n exis¸sewn sthnparak�tw morf , ex. 2.47��PQ;invn�UKk = ALnj �ULj�UKk +ARnj �URj�UKk (2.47)kai, par� thn aplopo�hsh, h mèjodo �a onom�zetai �akrib �. Haplopo�hsh aut  mei¸nei elafr¸ to upologistikì kìsto ep�lush twn ex.5.2 kai 5.3, en¸ h shmas�a diagraf  twn ìrwn aut¸n �a �ane� idia�terasti enìthte pou perigr�foun ton upologismì tou akriboÔ essianoÔmhtr¸ou, ìpou endeqìmenh parag¸gish tou �a èdine makroskele� kaipolud�pane ekfr�sei.
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υπόθεση: ∂A/∂U = 0
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-0.006Sq ma 5.1: Upologismì th kl�sh th sun�rthsh stìqou F sthn pr¸thepan�lhyh th elaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwshsummetrik  aerotom  tou [254℄, me kai qwr� ton upologismì twn ìrwn �ALnj�UKk ULjkai �ARnj�UKk URj . ProkÔptei to sumpèrasma ìti h par�leiyh twn ìrwn aut¸n demei¸nei thn akr�beia twn upologizìmenwn parag¸gwn euaisjhs�a.� Oi ìroi deÔterh t�xh th ex. 2.46, sq. 5.2, pou upeisèrqontai stadianÔsmata �o  mèsw th proekbol  kat� Taylor, ex. 2.21, prèpei naupolog�zontai, afoÔ par�leiy  tou odhge� se parag¸gou euaisjhs�a mel�jo tim , en�ote kai me l�jo prìshmo, [72℄. Up�rqoun trei prosegg�seigia ton qeirismì twn ant�stoiqwn suneisfor¸n sth sqetik  �ibliograf�a :1. Oi ìroi auto� upolog�zontai m�a �or� kai apojhkeÔontai, [71℄. Autìmei¸nei polÔ to qrìno ektèlesh all� aux�nei idia�tera ti apait sei semn mh, dedomènou ìti to stenil twn kìmbwn pou sqet�zontai me thn akm PQ e�nai ektetamèno, sq. 5.2. Gia autìn to lìgo, up�rqoun ergas�e,sti opo�e h taktik  aut  akolouj jhke se 2D, ìqi ìmw se 3D, ìpou haÔxhsh twn apait sewn se mn mh g�netai meg�lh, [67℄, [70℄.2. Oi proanaferjènte ìroi upolog�zontai kai pollaplasi�zontai se k�jeepan�lhyh me ti posìthte ��dUKkdbi � (an epilÔontai oi ex. 5.2)  �	Pn (an epilÔontai oi ex. 5.3), [72℄, [73℄, [99℄, [78℄, �ront�zonta p�ntana pragmatopoioÔntai pollaplasiasmo� p�naka me di�nusma, ¸ste hparap�nw diadikas�a na èqei to qamhlìtero dunatì upologistikìkìsto. Aut  h prosèggish e�nai isodÔnamh me thn efarmog  AD sto



156 5. UPOLOGISMOS TOU ESSIANOU MHTRWOUupoprìgramma pou upolog�zei ta dianÔsmata �o  �PQ;invn , ex. 2.20,[115℄, [92℄, [118℄, [120℄, [121℄. E�nai h pio oikonomik  se apait seimn mh all� kai h pio apaithtik  se upologistikì kìsto.3. H tr�th prosèggish, [68℄, [69℄, [255℄, sthr�zetai sthn antikat�stash thex. 2.21 sthn ex. 2.20, opìte prokÔptei�PQ;invn = ALnj "UPj � 12xPQr ��Uj�xr �P �P#++ARnj "UQj + 12xPQr ��Uj�xr �Q�Q# (5.10)Upenjum�zetai ep�sh ìti, sÔmfwna me thn enìthta 2.4.3, oi kl�sei twnsunthrhtik¸n metablht¸n mporoÔn na grafoÔn sthn parak�tw morf ��Uj�xr �P = wPpr Upj ; ��Uj�xr �Q = wQqr U qj (5.11)ìpou p 2 KP kai q 2 KQ ta ant�stoiqa sÔnola twn pr¸twn geitìnwn twn PkaiQ. Oi posìthteALnj kaiARnj mporoÔn na upologistoÔn sthn arq  thep�lush kai na apojhkeutoÔn sti akmè tou plègmato (oi ant�stoiqe�èsei mn mh ex�llou èqoun  dh desmeute� kai qrhsimopoihje� kat�thn ep�lush twn exis¸sewn �o ). To �dio isqÔei kai gia ti posìthtewPpr kai wQqr , oi opo�e apoteloÔn gewmetrikè posìthte exart¸meneapì to plègma, upologismène kai apojhkeumène sti akmè autoÔ.Eisagwg  th ex. 5.11 sthn ex. 5.10 kai parag¸gish twn ekfr�sewnpou prokÔptoun w pro UKk , lamb�nonta upìyh ti aplopoi sei pouproanafèrjhkan parap�nw, d�nei��PQ;invn�UKk = ALnj "�UPj�UKk � 12xPQr wPpr �Upj�UKk �P#++ARnj "�UQj�UKk + 12xPQr wQqr �UQj�UKk �Q# (5.12)Oi parap�nw ekfr�sei programmat�sthkan qwr� epiplèon kìsto semn mh upologist .Sto pla�sio th didaktorik  diatrib  programmat�sthkan kaidokim�sthkan kai oi trei parap�nw prosegg�sei. Telik�, h deÔterhaporr�fjhke, afoÔ o qrìno ektèles  th aux�netai èw kai tèsseri �orèse sqèsh me ti �lle dÔo.5.2.3 Diaqe�rish tou ìrou di�qushShme�o ekk�nhsh gia thn parag¸gish twn ìrwn di�qush w pro ti metablhtèsqediasmoÔ apotele� h ex. 2.49, sthn opo�a epiplèon perilamb�netai kai h
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P

QSq ma 5.2: Stenil twn kìmbwn pou emplèkontai ston upologismì toudianÔsmato atriboÔ �o  �PQ;invn pou antistoiqe� sthn akm  PQ. Me maÔroshmei¸nontai oi kìmboi pou summete�qan kat� ton upologismì tou aristeroÔmèlou twn exis¸sewn �o  en¸ me leukì oi kìmboi twn opo�wn oi suneisforèe�qan apaleifje� kai prèpei na upologistoÔn.diafìrish tou suntelest  sunektikìthta��G;visn�UKk = �GeffRe �(Dr)Gnj�WKl �WKl�UKk ��Wj�xr �G| {z }A + �GeffRe (Dr)Gnj ��WKl ��Wj�xr �G �WKl�UKk| {z }B ++ 1Re ��Geff�UKk (Dr)Gnj ��Wj�xr �G| {z }C (5.13)Sthn per�ptwsh pou qrhsimopoie�tai to sq ma s�rwsh stoiqe�wn, par. 2.4.4, oiìroi �A� kai �B� èqoun diaforiste� pl rw kai èqoun apojhkeute� sti akmè kat� thnep�lush tou eujèo probl mato. Sthn per�ptwsh pou qrhsimopoie�tai to sq mas�rwsh akm¸n, mìno o ìro �A� èqei diaforiste� pl rw, en¸ gia thn an�ptuxhth pl rou èkfrash tou ìrou �B� qrei�zontai oi ex. 2.32 kai 2.33, oi opo�esunduazìmene d�noun��Wj�xr �G = ��Wj�xr �M � "��Wj�xb �M x̂PQb � ��Wj�n �M# x̂PQr == 12 "��Wj�xr �P + ��Wj�xr �Q#� 12 "��Wj�xb �P + ��Wj�xb �Q# x̂PQb x̂PQr ++ WQj �W Pjj~xQ � ~xP j x̂PQr (5.14)



158 5. UPOLOGISMOS TOU ESSIANOU MHTRWOUMe qr sh th parap�nw èkfrash, o ìro �B� gr�fetai�GeffRe (Dr)Gnj ��WKl ��Wj�xr �G �WKl�UKk| {z }B == �GeffRe (Dr)Gnj x̂PQrj~xQ � ~xP j  �WQj�WKl � �W Pj�WKl ! �WKl�UKk| {z }B1+ �GeffRe 12 h(Dr)Gnj � (Db)Gnj x̂PQb x̂PQr i " ��WKl ��Wj�xr �P + ��WKl ��Wj�xr �Q# �WKl�UKk| {z }B2O ìro �B1� èqei upologiste� kai apojhkeute� kat� ton upologismì tou aristeroÔmèlou twn exis¸sewn mèsh �o . O ìro �B2� apotele� sun�rthsh twn kl�sewntwn metablht¸n stou kìmbou �P � kai �Q�. Oi suneisforè mporoÔn e�te naupolog�zontai se k�je epan�lhyh e�te na apojhkeutoÔn me k�poia apì titaktikè pou analÔjhkan gia tou ìrou metafor�. 'Etsi, an l.q. lhfje� upìyhìti isqÔei h ex. 5.11, o ìro �B2� gr�fetai�GeffRe 12 h(Dr)Gnj � (Db)Gnj x̂PQb x̂PQr i " ��WKl ��Wj�xr �P + ��WKl ��Wj�xr �Q# �WKl�UKk == �GeffRe 12 h(Dr)Gnj � (Db)Gnj x̂PQb x̂PQr i �wPpr �W pj�WKl + wQqr �W qj�WKl � �WKl�UKkOi ìroi pou sumperilamb�nontai sthn parap�nw ex�swsh mporoÔn naapojhkeutoÔn sti akmè tou plègmato, odhg¸nta se èna sq ma me kalìsunduasmì oikonom�a mn mh kai apodotikìthta.O ìro �C � gr�fetai1Re ��Geff�UKk (Dr)Gnj ��Wj�xr �G = 1Re 12  ÆPK ��Pt�UKk + ÆQK ��Qt�UKk ! (Dr)Gnj ��Wj�xr �G(5.15)Ep�sh, apì ti ex. 2.7, isqÔei (parale�ponta tou de�kte P kai Q q�rinaplìthta) �fv1�UKk = ��UKk � �3�3 + 3v1� = 3�fv1 [1� fv1 ℄ ���UKkopìte ��t�UKk = �(�fv1)�UKk = ���UKk fv1 + � �fv1�UKk = fv1 (4� 3fv1) ���UKkDedomènou ìti � = ~�� , lamb�noume��t�UKk = fv1� (4� 3fv1) �~��UKk



5.2. Arijmhtik  ep�lush twn exis¸sewn euje�a diafìrish twn exis¸sewn �o  kai twnsuzug¸n exis¸sewn 159H diatÔpwsh th parap�nw sqèsh gia tou kìmbou P kai Q kai h antikat�stashaut¸n sthn ex. 5.15 d�nei ti suneisforè tou ìrou �C �.5.2.4 Diaqe�rish twn ìrwn tou montèlou tÔrbhParak�tw analÔontai oi ìroi pou upole�pontai gia th diafìrish tou montèloutÔrbh.'Oro metafor�: H euje�a diafìrish tou ìrou metafor� tou montèlou tÔrbh, ex.2.34, w pro ti metablhtè mèsh �o  d�nei tou upoleipìmenou ìrou.'Oro di�qush, sq ma s�rwsh stoiqe�wn: Xekin¸nta apì thn ex. 2.35, gr�foumeth suneisfor� enì trig¸nou T 2 TP pou perib�llei ton kìmbo P w ex DP;T = 1Re0 "1 + b2� ��+ ~�G�� �~��xr�G � b2� ��+ ~�P �� �~��xr�G#nGr == 1Re0 �1 + b2� ��+ ~�G�� b2� ��+ ~�P��� �~��xr�G nGrLamb�nonta upìyh ìti � �~��xr�G = �NJ�xr ~�J kai ~�G = PJ ~�J3 , ìpou J oi trei kìmboitou stoiqe�ou T , h diafìrish th parap�nw suneisfor� d�nei�DP;T�UKk = 1Re0 �1 + b2� ��+ ~�G�� b2� ��+ ~�P�� �NJ�xr ÆJK �~�K�UKk nGr ++ �1 + b2� 13ÆJK �~�J�UKk � b2� ÆPK �~�K�UKk �� �~��xr�G nGr (5.16)H parap�nw sqèsh qrhsimopoie�tai gia ton upologismì twn suneisfor¸n pouprokÔptoun apì th diafìrish tou ìrou di�qush w pro ti metablhtè thmèsh �o .'Oro di�qush, sq ma s�rwsh akm¸n: H suneisfor� m�a akm  PQ ston kìmboP , ex. 2.36, gr�fetaiDP;PQ = 1Re0 "1 + b2� ��+ ~�M�� �~��xr�M � b2� ��+ ~�P �� �~��xr�M#nPQr == 1Re0 �1 + b2� ��+ ~�M�� b2� ��+ ~�P��� �~��xr�M nPQr (5.17)Sunduasmì twn ex. 2.32 kai 2.33, ekpefrasmènwn gia to suntelest  turb¸dou



160 5. UPOLOGISMOS TOU ESSIANOU MHTRWOUsunektikìthta, d�noun� �~��xr�M = � �~��xr�M � "� �~��xb�M x̂PQb � ��~��n�M# x̂PQr == 12 "� �~��xr�P + � �~��xr�Q#� 12 "� �~��xb�P + � �~��xb�Q# x̂PQb x̂PQr ++ ~�Q � ~�Pj~xQ � ~xP j x̂PQrEp�sh, ~�M = 12 �~�P + ~�Q�. Sunep¸, diafìrish th ex. 5.17 d�nei�DP;PQ�UKk = 1Re0 �1 + b2� ��+ 12ÆJK �~�J�UKk �� b2� ��+ ÆPK �~�K�UKk ��� �~��xr�M nPQr ++ 1Re0 �1 + b2� ��+ ~�M�� b2� ��+ ~�P �� x̂PQij~xQ � ~xP j � �~�Q�UKk � �~�P�UKk �nPQr ++ 1Re0 �1 + b2� ��+ ~�M�� b2� ��+ ~�P �� 12 �nPQr � x̂PQr x̂PQb nPQb �" ��UKk � �~��xr�P + ��UKk � �~��xr�Q# (5.18)ìpou J 2 fP;Qg. H parap�nw sqèsh antimetwp�zetai ìpw o ìro di�qush twnexis¸sewn mèsh �o , d�nonta suneisforè apì diafìrish w pro ti metablhtèmèsh �o  kai th metablht  tou montèlou tÔrbh.'Oroi phg : Oi ìroi phg  th ex. 2.6, oloklhrwmènoi ston peperasmèno ìgko enìkìmbou P (o �nw de�kth P ennoe�tai kai parale�petai parak�tw), omadopoioÔntaiw ex S = V 0BBB�b1 (1� ft2) ~S (�~�)| {z }P(�~�) � 1Re0 �w1fw � b1�2 ft2�� ~�d�2| {z }D(�~�) +Re�2ft1�U2| {z }T 1CCCA (5.19)ìpou dhlad  P = b1 (1� ft2) ~SD = 1Re0 �w1fw � b1�2 ft2� ~��d2Upenjum�zetai ìti o ìro P posotikopoie� thn paragwg  th posìthta �~�, o ìroDthn katastrof  aut  kai o ìro T montelopoie� th met�bash th �o  apì strwt se turb¸dh.



5.2. Arijmhtik  ep�lush twn exis¸sewn euje�a diafìrish twn exis¸sewn �o  kai twnsuzug¸n exis¸sewn 161Diafor�zonta ton ìro P prokÔptei�P�UKk = �b1 �ft2�UKk ~S + b1 (1� ft2) � ~S�UKkQrhsimopoi¸nta ti ex. 2.7 prokÔptoun ta ex  gia ta diaforik� pou emplèkontaisthn parap�nw sqèsh�ft2�UKk = �2�t4ft2 ���UKk���UKk = 1� �~��UKk� ~S�UKk = S � ~fv3�UKk + ~fv3 �S�UKk + 1Re0 1�2d2  ~fv1 �~��UKk + ~� � ~fv2�UKk !� ~fv3�UKk = � ���UKk 1� ~fv3 � (1 + �fv1)� � ~fv2�UKk + 1� � ���UKk fv1 + � �fv1�UKk ��1� ~fv2�� ~fv2�UKk = �3 fv2v2 + � ���UKk�fv1�UKk = 3�fv1 (1� fv1) ���UKk�~��UKk = 1� �~��UKk � ~��2 ���UKk'Oloi oi parap�nw ìroi d�noun diag¸nie suneisforè ektì tou ìrou �S�UKk , oopo�o emplèkei parag¸gou twn taqut twn kai w ek toÔtou d�nei kaimh�diag¸nie suneisforè.Ant�stoiqh diadikas�a akolouje�tai gia ton ìroD, o opo�o diaforizìmeno d�nei�D�UKk = 1Re0 �w1 �fw�UKk � b1�2 �ft2�UKk � ~��d2 + 1Re0 1�2d2 �w1fw � b1�2 ft2� ��UKk � ~��d2�ìpou �fw�UKk = �g�UKk fw �1g � g5g6 + 6w3��g�UKk = �r�UKk �1 + w2 �6r5 � 1���r�UKk = 1Re0 1�2d2  1~S �~��UKk � ~�~S2 � ~S�UKk !��UKk � ~��d2� = 1�d2 �~��UKk � ~��2d2 ���UKk



162 5. UPOLOGISMOS TOU ESSIANOU MHTRWOUKai ed¸, ìloi oi ìroi d�noun diag¸nie suneisforè, ektì tou ìrou � ~S�UKk , o opo�od�nei kai mh�diag¸nie suneisforè.Omo�w, diafìrish tou ìrou T d�nei�T�UKk = 2Re� ���UKk ft1�U2 +Re�2 �ft1�UKk �U2 +Re�2ft1 �(�U2)�UKkìpou �ft1�UKk = �gt�UKk 1gt ft1 � ft1t2!t �� 1�U4 �(�U2)�UKk �d2 + g2t d2t �+ 1�U2 2gt �gt�UKk d2t��gt�UKk = 8>><>>:0; 0:1 < �U!t��1!t�� �(�U)�UKk ; 0:1 � �U!t���(�U)�UKk = 12�U �(�U2)�UKk�(�U2)�UKk = 2 (ui � ut) �ui�UKk5.2.5 'Oroi pou prokÔptoun apì diafìrish tousunarthsiakoÔSunarthsiakì ant�strofou sqediasmoÔ: Gia th suneisfor� m�a akm  S toustereoÔ or�ou, F S = 12 �(p� ptar)2�J �sJ , ìpou ìpw anafèrjhke sthn enìthta 4.1o de�kth J antistoiqe� stou dÔo kìmbou th akm , gr�foume�F S�bi = 12 �(p� ptar)2�J ���sJ��bi (5.20a')�F S�Uk = (p� ptar)J �pJ�Uk�sJ (5.20b')Sunarthsiakì apwlei¸n olik  p�esh: To sunarthsiakì twn apwlei¸n olik p�esh ekfr�zetai w olokl rwma sto ìrio exìdou, tou opo�ou h morf  e�naianex�rthth apì thn parametrikopo�hsh th sqediazìmenh gewmetr�a, opìteisqÔei �F�bi = 0'Estw h suneisfor� m�a akm  S tou or�ou exìdou, F S = �pJt�sJ . Diafìrish wpro ti �oðkè metablhtè d�nei�F S�UKk = � �pJt�UKk �sJ



5.2. Arijmhtik  ep�lush twn exis¸sewn euje�a diafìrish twn exis¸sewn �o  kai twnsuzug¸n exis¸sewn 163Parak�tw perigr�fetai h diadikas�a gia ton upologismì aut¸n twn suneisfor¸n (ode�kth J parale�pontai q�rin aplìthta graf ). Dedomènou ìti isqÔoun ta ex pt = p�TtT � �1Tt = T + uiui2pT = p�RprokÔptei, katìpin pr�xewn, ìti�pt�UKk = �TtT � �1 �p�UKk + p�TtT � 1�1  � 1V (5.21)ìpou VKk = ��TtT ��UKk = uipT �ui�UKk � uiui2pT 2 �T�UKk�T�UKk = 1R� �p�UKk � pR�2 ���UKkPeriorismì th gwn�a strof  th �o : H sun�rthsh periorismoÔ a exart�tai,ìpw kai sthn per�ptwsh twn apwlei¸n olik  p�esh, apì th sqediazìmenhgewmetr�a mìno mèsw twn �oðk¸n metablht¸n, opìte�a�bi = 0Dedomènou ìti h suneisfor� m�a akm  S tou or�ou exìdou gr�fetai w (a)S =12 h�aJ � atar�2i�sJ , ìpou p�li o de�kth J antistoiqe� stou dÔo kìmbou thakm , diafìrish w pro ti metablhtè �o  d�nei�(a)S�UKk = �aJ � atar� �aJ�UKk �sJ (5.22)Gia th gwn�a exìdou, ìpou, gia ti peript¸sei pou melet¸ntai, isqÔei u 6= 0a = atanvuopìte, parale�ponta p�li to de�kth J�a�UKk = ��UKk �atanvu� = 1u2 + v2 � �v�UKk u� v �u�UKk �



164 5. UPOLOGISMOS TOU ESSIANOU MHTRWOU5.2.6 Pistopo�hsh twn upologizìmenwn parag¸gwneuaisjhs�a pr¸th t�xhProkeimènou na pistopoihje� h ulopo�hsh th diakrit  suzugoÔ mejìdou,upolog�zontai sth sunèqeia me qr sh th mejìdou aut  oi par�gwgoieuaisjhs�a pr¸th t�xh gia ta tr�a sunarthsiak� pou endiafèroun thn paroÔsadiatrib  (sun�rthsh kìstou ant�strofou sqediasmoÔ, ap¸leie olik  p�esh,periorismì strof  th �o ) kai sugkr�nontai me ti ant�stoiqe timè pouupolog�zontai me kentrikè peperasmène diaforè7 (FD),dFdbi = F (bi + �)� F (bi � �)2� (5.23)Sthn parap�nw sqèsh exupakoÔetai ìti se k�je upologismì th parag¸gou dFdbiw pro thn i-iost  metablht  sqediasmoÔ oi upìloipe metablhtè sqediasmoÔparamènoun stajerè. Prosoq  prèpei na doje� sthn par�metro �, h opo�a prèpeina èqei m�a arkoÔntw mikr  tim . Arket� meg�lh tim  kinduneÔei na eis�geisf�lma dedomènou ìti to sunarthsiakì F (bi) den e�nai en gènei grammik sun�rthsh, en¸ polÔ mikr  tim  endèqetai na prokalèsei arijmhtik� sf�lmatalìgw akr�beia upologist 8. H �èltisth tim  gia thn par�metro aut  den e�nai ektwn protèrwn gnwst  kai kajor�zetai dokim�zonta di�fore timè kaiparathr¸nta se poio eÔro tim¸n oi upologizìmene par�gwgoi euaisjhs�aparamènoun sqetik� amet�blhte. Sti peript¸sei th paroÔsa diatrib , toeÔro tim¸n � = 10�8 � 10�6 èdine, an�loga me thn efarmog , sqetik� axiìpisteparag¸gou euaisjhs�a.Sto sq. 5.3 parousi�zontai sugkr�sei twn upologizìmenwn parag¸gwneuaisjhs�a gia to prìblhma ant�strofou sqediasmoÔ th aerotom  RAE 2822, h�o  gÔrw apì thn opo�a analÔjhke sthn enìthta 3.1. Omo�w, sto sq. 5.4parousi�zontai oi ant�stoiqe sugkr�sei gia th sun�rthsh stìqou kai tonperiorismì strof  th �o  sto prìblhma elaqistopo�hsh twn apwlei¸n olik p�esh th pterÔgwsh summetrik  aerotom  tou [254℄.Ant�stoiqa pistopoie�tai kai h orjìthta twn parag¸gwn euaisjhs�a pr¸tht�xh pou d�nei h mèjodo euje�a diafìrish. H pistopo�hsh kai aut  thmejìdou qrei�zetai, afoÔ h mèjodo �a suneisfèrei sth sunèqeia kat� tonupologismì tou essianoÔ mhtr¸ou, pou perigr�fetai sthn epìmenh enìthta.Endeiktik�, sto sq. 5.5 parousi�zontai sugkr�sei twn parag¸gwn euaisjhs�agia to prìblhma elaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwshsumpiest  th enìthta 3.2.7Central Finite Di�erenes8trunation errors
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πεπερασµένες διαφορές
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-0.03Sq ma 5.3: Ant�strofo sqediasmì th RAE 2822: Upologismì th kl�shth sun�rthsh stìqou F ston pr¸to kÔklo me qr sh th diakrit  suzugoÔmejìdou kai me kentrikè peperasmène diaforè.5.3 Upologismì tou essianoÔ mhtr¸ou5.3.1 Mèjodoi upologismoÔ tou essianoÔ mhtr¸ouTo essianì mhtr¸o th sun�rthsh stìqou w pro ti metablhtè sqediasmoÔprokÔptei me diafìrish e�te th ex. 5.1 e�te th ex. 5.4 kai qr sh tou kanìna thalus�da, [141℄, [46℄, [48℄, [47℄. Sthn pr¸th per�ptwsh prokÔpteid2Fdbidbj = �2F�bi�bj + �2F�bi�UKk dUKkdbj + �2F�UKk �bj dUKkdbi + �2F�UKk �UMm dUKkdbi dUMmdbj ++ �F�UKk d2UKkdbidbj (5.24)Ant�stoiqh èkfrash lamb�netai me m�a epiplèon diafìrish twn parag¸gwn toutelest  upolo�pou twn exis¸sewn �o , ex. 5.2d2RPndbidbj = �2RPn�bi�bj + �2RPn�bi�UKk dUKkdbj + �2RPn�UKk �bj dUKkdbi + �2RPn�UKk �UMm dUKkdbi dUMmdbj ++ �RPn�UKk d2UKkdbidbj = 0 (5.25)h opo�a d�nei ti apaitoÔmene parag¸gou deÔterh t�xh twn metablht¸n �o ,d2UKkdbidbj , me kìsto thn ep�lush N (N + 1)2 SMDE, dedomènh th summetr�a metaxÔ
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πεπερασµένες διαφορές
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πεπερασµένες διαφορές
διακριτή συζυγής µέθοδος
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-0.0014Sq ma 5.4: Elaqistopo�hsh twn apwlei¸n olik  p�esh pterÔgwshsummetrik  aerotom  : Upologismì th kl�sh th sun�rthsh stìqou F (�nw)kai tou periorismoÔ strof  th �o  (k�tw) ston pr¸to kÔklo me qr sh thdiakrit  suzugoÔ mejìdou kai me kentrikè peperasmène diaforè.
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ευθεία διαφόριση

διακριτή συζυγής µέθοδος
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-0.01Sq ma 5.5: Elaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwshsumpiest  th enìthta 3.2: Upologismì th kl�sh th sun�rthsh stìqouF ston pr¸to kÔklo me qr sh th diakrit  suzugoÔ mejìdou kai me th mèjodoeuje�a diafìrish twn exis¸sewn �o .

twn deikt¸n i kai j. H posìthta d2UKkdbidbj telik¸ qrhsimopoie�tai gia tonupologismì tou essianoÔ mhtr¸ou mèsw th ex. 5.24. Sunupolog�zonta ìti oi ex.5.24 kai 5.25 pro�pojètoun ton upologismì twn posot twn dUKkdbi mèsw twn ex. 5.2me kìsto N SMDE, kaj¸ kai thn ep�lush tou eujèo probl mato, to sunolikìkìsto gia ton upologismì tou essianoÔ mhtr¸ou me aut n th mèjodo anèrqetai seN + 1 + N (N + 1)2 SMDE, e�nai dhlad  an�logo tou tetrag¸nou tou arijmoÔ twnmetablht¸n sqediasmoÔ. Ja anaferìmaste sth mèjodo aut  w DD�DD, lìgw th�dipl � euje�a diafìrish twn exis¸sewn �o .
An h ex. 5.25 pollaplasiaste� me ti suzuge� metablhtè 	Pn kai prosteje� sthn



168 5. UPOLOGISMOS TOU ESSIANOU MHTRWOUex. 5.24 lamb�netai met� apì anadi�taxh twn ìrwnd2F̂dbidbj = d2Fdbidbj +	Pn d2RPndbidbj == �2F�bi�bj| {z }h1 + �2F�bi�UKk dUKkdbj + �2F�UKk �bj dUKkdbi| {z }h2 + �2F�UKk �UMm dUKkdbi dUMmdbj| {z }h3 ++	Pn �2RPn�bi�bj| {z }h4 +	Pn �2RPn�bi�UKk dUKkdbj +	Pn �2RPn�UKk �bj dUKkdbi| {z }h5 +	Pn �2RPn�UKk �UMm dUKkdbi dUMmdbj| {z }h6 ++ � �F�UKk +	Pn �F�UKk � d2UKkdbidbj| {z }h7 (5.26)O ìro �h7� mpore� na apaleifje�, an ikanopoioÔntai oi �die suzuge� exis¸seipou qrhsimopoi jhkan gia ton upologismì th kl�sh, 5.3, parak�mptonta ètsithn an�gkh upologismoÔ twn posot twn d2UKkdbidbj , oi opo�e sundèontai me meg�loupologistikì kìsto, opìte h ex. 5.26 gr�fetaid2F̂dbidbj = �2F�bi�bj| {z }h1 + �2F�bi�UKk dUKkdbj + �2F�UKk �bj dUKkdbi| {z }h2 + �2F�UKk �UMm dUKkdbi dUMmdbj| {z }h3 ++	Pn �2RPn�bi�bj| {z }h4 +	Pn �2RPn�bi�UKk dUKkdbj +	Pn �2RPn�UKk �bj dUKkdbi| {z }h5 +	Pn �2RPn�UKk �UMm dUKkdbi dUMmdbj| {z }h6 (5.27)H parap�nw sqèsh apaite� ton upologismì twn parag¸gwn dUKkdbi , opìte h mèjodoaut , sthn opo�a �a anaferìmaste w mèjodo DD�AV, èqei w kìsto thn ep�lushN + 2 SMDE (eujÔ prìblhma, suzugè prìblhma kai upologismì twn parag¸gwndUKkdbi ). Sunep¸, e�nai kat� polÔ pleonektikìterh th mejìdou DD�DD, lìgwakrib¸ th apaloif  tou ìrou d2UKkdbidbj mèsw th suzugoÔ mejìdou.An ant� th ex. 5.1 paragwgiste� w pro bj h ex. 5.4, lamb�netai h parak�twsqèshd2F̂dbidbj = �2F�bi�bj + �2F�bi�UKk dUKkdbj + d	Pndbj �RPn�bi +	Pn � �2RPn�bi�bj + �2RPn�bi�UKk dUKkdbj �(5.28)



5.3. Upologismì tou essianoÔ mhtr¸ou 169h opo�a emplèkei ti parag¸gou twn metablht¸n �o  kai twn suzug¸nmetablht¸n w pro ti metablhtè sqediasmoÔ, dUKkdbj kai d	Pndbj . Oi pr¸teupolog�zontai kat� ta gnwst� me thn ep�lush twn N SMDE th ex. 5.2 en¸ gia tiparag¸gou d	Pndbj paragwg�zontai arqik� oi suzuge� exis¸sei, ex. 5.3, w proti metablhtè sqediasmoÔ
d(R	)Kkdbj = �2F�UKk �bj + �2F�UKk �UMm dUMmdbj +	Pn �2RPn�UKk �bj +	Pn �2RPn�UKk �UMm dUMmdbj ++ d	Pndbj �RPn�UKk = 0 (5.29)

kai epilÔontai ta N SMDE pou prokÔptoun w pro ti htoÔmene posìthte d	Pndbj .H mèjodo aut  sumbol�zetai w AV�DD, dedomènou ìti oi posìthte dUKkdbj kai d	Pndbjlamb�nontai me euje�a diafìrish (DD) tou upolo�pou twn exis¸sewn �o  kai twnsuzug¸n exis¸sewn ant�stoiqa, to kìsto de th mejìdou anèrqetai sthn ep�lush2N + 2 SMDE.An ant� th euje�a diafìrish oristoÔn nèe suzuge� metablhtè (Yi)Pn kai(�i)Pn , oi opo�e �a pollaplasiastoÔn me ti ex. 5.2 kai 5.29 ant�stoiqa, kai oiìroi pou prokÔptoun prostejoÔn sthn ex. 5.28, h teleuta�a gr�fetai
d2 ^̂Fdbidbj = d2F̂dbidbj + (Yi)Pn dRPndbj + (�i)Pn d(R	)Kkdbj == �2F�bi�bj + �2F�bi�UKk dUKkdbj + d	Pndbj �RPn�bi +	Pn � �2RPn�bi�bj + �2RPn�bi�UKk dUKkdbj �++ (Yi)Pn ��RPn�bj + �RPn�UKk dUKkdbj �++ (�i)Pn � �2F�UKk �bj + �2F�UKk �UMm dUMmdbj +	Pn �2RPn�UKk �bj++ 	Pn �2RPn�UKk �UMm dUMmdbj + d	Pndbj �RPn�UKk �



170 5. UPOLOGISMOS TOU ESSIANOU MHTRWOU  met� apì omadopo�hsh twn ìrwn pou perilamb�noun ti posìthte dUKkdbj kai d	Pndbjd2 ^̂Fdbidbj = �2F�bi�bj +	Pn �2RPn�bi�bj + (Yi)Pn �RPn�bj + (�i)Pn �2F�UKk �bj + (�i)Pn 	Pn �2RPn�UKk �bj+ dUKkdbj � �2F�bi�UKk +	Pn �2RPn�bi�UKk ++ (Yi)Pn �RPn�UKk + (�i)Pn �2F�UKk �UMm + (�i)Pn 	Pn �2RPn�UKk �UMm �++ d	Pndbj ��RPn�bi + (�i)Pn �RPn�UKk � (5.30)Sunep¸, oi ìroi dUKkdbj kai d	Pndbj apale�fontai an ikanopoioÔntai oi parak�twsuzuge� exis¸sei �RPn�bi + (�i)Pn �RPn�UKk = 0 (5.31a')�2F�bi�UKk +	Pn �2RPn�bi�UKk + (Yi)Pn �RPn�UKk + (�i)Pn �2F�UKk �UMm + (�i)Pn 	Pn �2RPn�UKk �UMm = 0(5.31b')opìte h ex. 5.30 gr�fetaid2 ^̂Fdbidbj = �2F�bi�bj +	Pn �2RPn�bi�bj + (Yi)Pn �RPn�bj + (�i)Pn �2F�UKk �bj + (�i)Pn 	Pn �2RPn�UKk �bj(5.32)H parap�nw èkfrash tou essianoÔ mhtr¸ou perigr�fei th mèjodo AV�AV,dedomènou ìti o upologismì parag¸gwn twn �oðk¸n kai twn suzug¸n metablht¸napofeÔgetai ex olokl rou me eisagwg  twn epiplèon suzug¸n metablht¸n (Yi)Pnkai (�i)Pn . To kìsto sunolik� gia ton upologismì tou essianoÔ mhtr¸ou me thmèjodo aut  e�nai 2N + 2 SMDE (ep�lush eujèo probl mato kai upologismììlwn twn suzug¸n metablht¸n pou upeisèrqontai sthn ex. 5.32). H mèjodo aut apodeiknÔetai ìti e�nai isodÔnamh me th mèjodo AV�DD, an parathrhje� ìti oi ex.5.31a' e�nai isodÔname me ti ex. 5.2 (�ra isqÔei (�i)Pn = dUKkdbi ) kai oi ex. 5.31b'e�nai isodÔname me ti ex. 5.29 (�ra isqÔei (Yi)Pn = d	Pndbj ). Sugkentrwtik�, apì thnparap�nw an�lush e�nai profanè ìti h mèjodo DD�AV e�nai h plèonoikonomik .Eidik� gia thn efarmog  th mejìdou Newton sto prìblhma elaqistopo�hshtwn apwlei¸n olik  p�esh, enìthta 4.2, to sunarthsiakì ekfr�zetai makri� apìth sqediazìmenh morf , opìte h tim  tou ephre�zetai emmèsw apì to ped�o �o .



5.3. Upologismì tou essianoÔ mhtr¸ou 171Autì èqei w �mesh sunèpeia oi ìroi pou perilamb�noun ti posìthte �2F�bi�bj kai�2F�bi�UKk (l.q. �h1� kai �h2� th ex. 5.27) na apale�fontai. 'Etsi, h ex. 5.27 gr�fetaiw ex d2F̂dbidbj = �2F�UKk �UMm dUKkdbi dUMmdbj| {z }h3 +	Pn �2RPn�bi�bj| {z }h4 +	Pn �2RPn�bi�UKk dUKkdbj +	Pn �2RPn�UKk �bj dUKkdbi| {z }h5 ++	Pn �2RPn�UKk �UMm dUKkdbi dUMmdbj| {z }h6 (5.33)Ta parap�nw isqÔoun kai gia ton periorismì th gwn�a strof  th �o , touopo�ou o upologismì tou essianoÔ mhtr¸ou mpore� na pragmatopoihje� memajhmatik  an�lush ant�stoiqh aut  twn apwlei¸n olik  p�esh.Analutikìtera:� To essianì mhtr¸o th sun�rthsh periorismoÔ a mpore� na upologiste� meqr sh th mejìdou DD�DD, me thn parak�tw sqèsh, h opo�a e�nai ant�stoiqhth ex. 5.24, ekfrasmènh gia th sun�rthsh a kai afoÔ apaleifjoÔn oimhdeniko� ìroi d2adbidbj = �2a�UKk �UMm dUKkdbi dUMmdbj + �a�UKk d2UKkdbidbjDedomènou ìti oi posìthte dUKkdbi kai d2UKkdbidbj e�nai  dh gnwstè apì tonupologismì tou essianoÔ mhtr¸ou th sun�rthsh stìqou, h parap�nwsqèsh den epibarÔnei prìsjeta th �eltistopo�hsh. Sunep¸, w kìsto thmejìdou paramènei h ep�lush N + 1 + N (N + 1)2 SMDE.� An qrhsimopoihje� h mèjodo DD�AV, h ant�stoiqh èkfrash th ex. 5.33 giathn sun�rthsh periorismoÔ gr�fetaid2̂adbidbj = �2a�UKk �UMm dUKkdbi dUMmdbj + (	a)Pn �2RPn�bi�bj + (	a)Pn �2RPn�bi�UKk dUKkdbj ++ (	a)Pn �2RPn�UKk �bj dUKkdbi + (	a)Pn �2RPn�UKk �UMm dUKkdbi dUMmdbj (5.34)H parap�nw èkfrash apaite�, epiplèon twn posot twn pou e�nai gnwstèapì ton upologismì tou essianoÔ mhtr¸ou th sun�rthsh stìqou, tonupologismì twn suzug¸n metablht¸n (	a)Pn , oi opo�e prokÔptoun apì thn



172 5. UPOLOGISMOS TOU ESSIANOU MHTRWOUex. 5.6. 'Ara, o upologismì tou mhtr¸ou d2̂adbidbj sunep�getai thn ep�lushenì epiplèon SMDE, opìte to sunolikì kìsto gia efarmog  th mejìdouNewton sto sugkekrimèno prìblhma e�nai N + 3 SMDE an� kÔklo�eltistopo�hsh.� Qr sh th mejìdou AV�DD pro�pojètei p�li ton upologismì twn suzug¸nmetablht¸n (	a)Pn , opìte to essianì mhtr¸o tou periorismoÔ upolog�zetaixanagr�fonta thn ex. 5.28 w ex d2̂adbidbj = d(	a)Pndbj �RPn�bi + (	a)Pn � �2RPn�bi�bj + �2RPn�bi�UKk dUKkdbj �Sthn parap�nw sqèsh, oi posìthte (	a)Pn kai d(	a)Pndbj prèpei naupologistoÔn, prosjètonta sto kìsto th mejìdou thn ep�lush N + 1epiplèon SMDE, opìte to sunolikì kìsto th mejìdou e�nai 3N + 3 SMDE.B�sei twn parap�nw, h mèjodo DD�AV e�nai h oikonomikìterh kai sto prìblhmaelaqistopo�hsh twn apwlei¸n olik  p�esh upì �oðkoÔ periorismoÔ, ìpouupolog�zontai me thn en lìgw mèjodo ta essian� mhtr¸a twn dÔo sunarthsiak¸npou emplèkoun ti metablhtè �o  (sun�rthsh stìqou kai periorismì strof th �o ). Sunep¸, h mèjodo DD�AV epilègetai ènanti twn upolo�pwn ìpoteqrei�zetai upologismì tou akriboÔ essianoÔ mhtr¸ou opoioud potesunarthsiakoÔ emplèkei �oðkè metablhtè. Sthn paroÔsa diatrib , h mèjodoDD�AV epitaqÔnetai peraitèrw me qr sh tou montèlou adromeroÔparallhlismoÔ kai th diepaf  programmatismoÔ efarmog¸n OpenMP gia thntautìqronh ep�lush twn N susthm�twn twn ex. 5.2 se N epexergastè.5.3.2 Pistopo�hsh tou upologizìmenou essianoÔ mhtr¸ouTo essianì mhtr¸o pou upolog�zetai me th mèjodo DD�AV e�nai dunatì napistopoihje� sugkr�nonta ti timè twn stoiqe�wn tou me ti ant�stoiqe timè pouupolog�zontai e�te qrhsimopoi¸nta th mèjodo DD�DD, e�te me kentrikèpeperasmène diaforè (FD�FD). Sthn per�ptwsh twn peperasmènwn diafor¸n, toessianì mhtr¸o upolog�zetai apì thn parak�tw sqèshd2Fdbidbj = 8><>:F (bi + �)� 2F (bi) + F (bi � �)�2 ; i = jF (bi+�; bj+�)�F (bi��; bj+�)�F (bi+�; bj��)+F (bi��; bj��)4�2 ; i 6= j(5.35)Parade�gmata pistopo�hsh me th mèjodo twn peperasmènwn diafor¸n gia thsun�rthsh stìqou ant�strofou sqediasmoÔ kai gia ton periorismì strof  th�o  d�nontai sta sq. 5.6 kai 5.7. Oi sugkr�sei autè genik� e�nai kalè, en¸ oiopoiesd pote asumfwn�e ofe�lontai sto ìti h ex. 5.35 e�nai idia�tera epirrep 



5.4. Axiolìghsh twn ìrwn pou emfan�zontai sto essianì mhtr¸o 173se sf�lmata lìgw akr�beia upologist , [115℄. Gia to lìgo autì ende�knutai hpistopo�hsh mèsw th mejìdou DD�DD. Sto sq. 5.8 parousi�zetai endeiktik� hsÔgkrish twn tim¸n pou upolog�zoun oi mèjodoi DD�AV kai DD�DD gia to essianìmhtr¸o twn apwlei¸n olik  p�esh th pterÔgwsh sumpiest  th enìthta 3.2.Sto sq ma autì e�nai emfanè ìti h sumfwn�a twn sugkrinìmenwn tim¸n twnessian¸n mhtr¸wn e�nai �risth.
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-1Sq ma 5.6: Ant�strofo sqediasmì th aerotom  RAE 2822: Upologismì touessianoÔ mhtr¸ou th sun�rthsh stìqou F ston pr¸to kÔklo me qr sh thmejìdou DD�AV kai me peperasmène diaforè (FD�FD).5.4 Axiolìghsh twn ìrwn pou emfan�zontai stoessianì mhtr¸oParak�tw perigr�fontai oi ìroi pou summetèqoun sthn pl rh èkfrash touessianoÔ mhtr¸ou, ektim�tai an kai pìso suneisfèrei kajèna sto telikìapotèlesma kai prote�nontai ��sei th melèth aut  aplopoi sei prokeimènouna epitaqunje� o upologismì tou essianoÔ mhtr¸ou.5.4.1 'Oroi �h1� kai �h2�Suneisforè apì tou ìrou �h1� kai �h2� tou essianoÔ mhtr¸ou up�rqoun mìnosta probl mata ant�strofou sqediasmoÔ. Diafìrish th ex. 5.20a' w pro timetablhtè sqediasmoÔ d�nei�2F S�bi�bj = 12 (p� ptar)J �2��sJ��bi�bj
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-0.005Sq ma 5.7: Elaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwshsummetrik  aerotom  tou [254℄: Upologismì tou essianoÔ mhtr¸ou touperiorismoÔ strof  th ston pr¸to kÔklo me qr sh th mejìdou DD�AV kaith mejìdou FD�FD.
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-140Sq ma 5.8: Elaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwshsumpiest  th enìthta 3.2: Upologismì tou essianoÔ mhtr¸ou th sun�rthshstìqou F ston pr¸to kÔklo me qr sh th mejìdou DD�AV kai th mejìdou DD�DD.



5.4. Axiolìghsh twn ìrwn pou emfan�zontai sto essianì mhtr¸o 175en¸ diafìrish th �dia ex�swsh w pro ti metablhtè �o  d�nei�2F S�bi�UKk = (p� ptar)J �pJ�UKk ���sJ��biH parap�nw sqèsh pollaplasiasmènh me dUKkdbj d�nei thn pl rh èkfrash tou ìrou�h2�. SÔgkrish th suneisfor� twn dÔo ìrwn se sqèsh me thn tim  th pl rouèkfrash tou essianoÔ mhtr¸ou �a�netai sto sq. 5.9 gia ton ant�strofo sqediasmìth pterÔgwsh sumpiest  th enìthta 3.2, e�nai de idia�tera mikr  se ìle tipeript¸sei pou melet jhkan sthn paroÔsa diatrib .
όρος ¨h1¨

ακριβές εσσιανό µητρώο

α/α στοιχείου εσσιανού µητρώου

τι
µ

ή
σ
το

ιχ
εί

ο
υ

εσ
σ
ια

ν
ο
ύ

µ
η
τρ

ώ
ο
υ

4035302520151050

0.3

0.25

0.2

0.15

0.1

0.05

0

-0.05

όρος ¨h2¨
ακριβές εσσιανό µητρώο

α/α στοιχείου εσσιανού µητρώου

τι
µ

ή
σ
το

ιχ
εί

ο
υ

εσ
σ
ια

ν
ο
ύ

µ
η
τρ

ώ
ο
υ

4035302520151050

0.3

0.25

0.2

0.15

0.1

0.05

0

-0.05Sq ma 5.9: SÔgkrish th suneisfor� tou ìrou �h1� (arister�) kai �h2� (dexi�) stoessianì mhtr¸o gia to sunarthsiakì tou ant�strofou sqediasmoÔ th pterÔgwshsumpiest  th enìthta 3.2.
5.4.2 'Oro �h3�Sunarthsiakì ant�strofou sqediasmoÔ: Diafìrish th ex. 5.20b' w pro ti �oðkèmetablhtè d�nei�2F S�UKk �UMm = �pJ�UKk �pJ�UMm �sJ + (p� ptar)J �2pJ�UKk �UMm �sJPollaplasiasmì tou parap�nw me dUKkdbi dUMmdbj d�nei ton ìro �h3�. H ep�drash touìrou autoÔ sthn telik  tim  tou essianoÔ mhtr¸ou gia to sugkekrimènosunarthsiakì �a�netai sto sq. 5.10. O ìro autì e�nai suntriptik�shmantikìtero apì tou upìloipou se ìle ti peript¸sei ant�strofousqediasmoÔ pou melet jhkan sth diatrib .Sunarthsiakì apwlei¸n olik  p�esh: Me diafìrish th ex. 5.21 w pro ti
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-0.05Sq ma 5.10: SÔgkrish th suneisfor� tou ìrou �h3� sto essianì mhtr¸o giato sunarthsiakì tou ant�strofou sqediasmoÔ th pterÔgwsh sumpiest  thenìthta 3.2.�oðkè metablhtè prokÔptei ìti�2pt�UKk �UMm =  � 1 �TtT � 1�1 VMm �p�UKk ++  � 1 �TtT � 1�1 VKk �p�UMm ++ �TtT � �1 �2p�UKk �UMm + ( � 1)2p�TtT � 2��1 VKk VMm ++  � 1p�TtT � 1�1 VKMkm
(5.36)

ìpou VKMkm = �2�TtT ��UKk �UMm = 1pT �ui�UMm �ui�UKk + uipT �2ui�UMm �UKk �� uipT 2 �T�UKk �ui�UMm � uipT 2 �T�UMm �ui�UKk ++ uiuipT 3 �T�UMm �T�UKk � uiui2pT 2 �2T�UMm �UKkSunep¸, o ìro �h3� upolog�zetai me qr sh th ex. 5.36 w ex �2F�UKk �UMm dUKkdbi dUMmdbj = �2pJt�UKk �UMm �sJ dUKkdbi dUMmdbjSto sq. 5.11 �a�netai h sÔgkrish th suneisfor� tou ìrou se sqèsh me thn tim th pl rou èkfrash tou essianoÔ mhtr¸ou gia thn elaqistopo�hsh twn apwlei¸nolik  p�esh th pterÔgwsh sumpiest  th enìthta 3.2.



5.4. Axiolìghsh twn ìrwn pou emfan�zontai sto essianì mhtr¸o 177
όρος ¨h3¨
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-0.03Sq ma 5.11: SÔgkrish th suneisfor� tou ìrou �h3� sto essianì mhtr¸o giato sunarthsiakì twn apwlei¸n olik  p�esh th pterÔgwsh sumpiest  thenìthta 3.2.Periorismì th gwn�a strof  th �o : Diafìrish th ex. 5.22 w pro timetablhtè �o  d�nei�2(a)S�UKk �UMm = � �aJ�UKk �aJ�UMm � �aJ � atar� �2a�UKk �UMm ��sJ (5.37)ìpou, parale�ponta to de�kth J�2a�UKk �UMm = 1(u2 + v2)2 �� �2v�UKk �UMm u+ �v�UKk �u�UMm � �u2 + v2��� �v�UMm �u�UKk � v �2u�UKk �UMm ��2� �v�UKk u� v �u�UKk ��u �u�UMm + v �v�UMm ��Profan¸, antikat�stash th parap�nw sqèsh sthn ex. 5.37 kaipollaplasiasmì me dUKkdbi dUMmdbj d�nei ton ìro �h3�.Sto sq. 5.12 �a�netai h sÔgkrish th suneisfor� tou ìrou se sqèsh me thn tim th pl rou èkfrash tou essianoÔ mhtr¸ou gia ton periorismì strof  th �o ,gia thn elaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwsh sumpiest  thenìthta 3.2.5.4.3 'Oroi �h4� kai �h5�Oi ìroi �h4� kai �h5� perilamb�noun diafìrish tou telest  upolo�pou RPn kai toutelest  �RPn�UKk , pou analÔjhkan sti prohgoÔmene enìthte, w pro timetablhtè sqediasmoÔ. Autì pragmatopoie�tai me qr sh th mejìdoupeperasmènwn diafor¸n. Oi ant�stoiqe suneisforè sthn telik  tim  touessianoÔ mhtr¸ou parousi�zontai sta sq. 5.13, 5.14 kai 5.15.
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-0.005Sq ma 5.12: SÔgkrish th suneisfor� tou ìrou �h3� sto essianì mhtr¸o gia tonperiorismì strof  th �o  th pterÔgwsh sumpiest  th enìthta 3.2.
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-0.08Sq ma 5.15: SÔgkrish th suneisfor� tou ìrou �h4� (arister�) kai �h5�(dexi�) sto essianì mhtr¸o gia ton periorismì strof  th �o  th pterÔgwshsumpiest  th enìthta 3.2.5.4.4 'Oro �h6�O sqhmatismì tou ìrou �h6� apaite� thn parag¸gish tou ìrou �RPn�UKk (�ra kat'epèktash twn ex. 5.12, 5.13, 5.16, 5.18 kai 5.19) w pro ti metablhtè �o  UMm .O upologismì twn ant�stoiqwn diafor�sewn pragmatopoi jhke diafor�zonta meto qèri tou sqetikoÔ ìrou, ¸ste na lhfjoÔn upìyh ta sumper�smata pouex qjhsan sthn enìthta 5.2 kai na diathrhje� h apaloif  twn mh�shmantik¸nìrwn (l.q. oi ìroi �ALnj�UKk ULj , �ARnj�UKk URj kai oi par�gwgoi aut¸n) me apotèlesma thshmantik  me�wsh tou upologistikoÔ kìstou. 'Etsi, an l.q. paragwgiste� h ex.5.12, prokÔptei ìti�2�PQ;invn�UMm �UKk = �ALnj�ULl �ULl�UMm �ULj�UKk + �ALnj�URr �URr�UMm �ULj�UKk +ALnj �2ULj�UKk �UMm ++ �ARnj�ULl �ULl�UMm �ULj�UKk + �ARnj�URr �URr�UMm �URj�UKk +ARnj �2URj�UKk �UMm (5.38)Dedomènou ìti oi metablhtè ULj kai URj e�nai grammikè sunart sei twn metablht¸n�o  twn kìmbwn P , Q kai twn pr¸twn geitìnwn tou, h deÔterh par�gwgo aut¸ne�nai mhdenik . Sunep¸, h ex. 5.38 gr�fetai�2�PQ;invn�UMm �UKk = �ALnj�ULl �ULl�UMm �ULj�UKk + �ALnj�URr �URr�UMm �ULj�UKk ++ �ARnj�ULl �ULl�UMm �URj�UKk + �ARnj�URr �URr�UMm �URj�UKkH apìdosh twn suneisfor¸n twn ìrwn �ALnj�ULl �ULl�UMm , �ALnj�URr �URr�UMm , �ARnj�ULl �ULl�UMm kai�ARnj�URr �URr�UMm mpore� na g�nei me s�rwsh akm¸n, me thn taktik  pou perigr�fetai



180 5. UPOLOGISMOS TOU ESSIANOU MHTRWOUsthn enìthta 5.2.2. Me ant�stoiqo trìpo upolog�zontai kai apod�dontai kai oiupìloipe suneisforè.Prokeimènou na pistopoihje� ìti h diagraf  twn ìrwn �ALnj�UKk ULj kai �ARnj�UKk URj demei¸nei thn pistìthta tou upologizìmenou essianoÔ mhtr¸ou, pragmatopoi jhkanupologismo� tou essianoÔ mhtr¸ou kat� ton pr¸to kÔklo �eltistopo�hsh gia tipeript¸sei pou �a melethjoÔn sto epìmeno kef�laio me kai qwr� tou en lìgwìrou. Endeiktik�, sto sq. 5.16 parousi�zontai oi ant�stoiqe sugkr�sei tou ìrou�h6� gia to prìblhma elaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwshsummetrik  aerotom  tou [254℄, ìpou �a�netai h amelhtèa ep�drash twn ìrwnpou prote�netai na diagrafoÔn.
υπόθεση: ∂A/∂U = 0

ακριβής έκφραση

α/α στοιχείου εσσιανού µητρώου

τι
µ

ή
σ
το

ιχ
εί

ο
υ

εσ
σ
ια

ν
ο
ύ

µ
η
τρ

ώ
ο
υ

500450400350300250200150100500

0.25

0.2

0.15

0.1

0.05

0

-0.05

-0.1Sq ma 5.16: Upologismì tou essianoÔ mhtr¸ou sthn pr¸th epan�lhyh thelaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwsh summetrik aerotom  tou [254℄, me kai qwr� ton upologismì twn ìrwn �ALnj�UKk ULj kai�ARnj�UKk URj . ProkÔptei to sumpèrasma ìti h par�leiyh twn ìrwn aut¸n, kaj¸ kaitwn makroskel¸n kai upologistik� dapanhr¸n ekfr�sewn pou prokÔptoun apìthn parag¸gis  tou, de mei¸nei thn akr�beia twn upologizìmenwn parag¸gwneuaisjhs�a.
Sta sq. 5.17, 5.18 kai 5.19 �a�netai h suneisfor� tou ìrou �h6� sthn tim  touessianoÔ mhtr¸ou twn melet¸menwn sunarthsiak¸n.
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182 5. UPOLOGISMOS TOU ESSIANOU MHTRWOU5.4.5 Sumper�smata apì thn an�lush twn ìrwn tou essianoÔmhtr¸ouSti peript¸sei ant�strofou sqediasmoÔ, o ìro �h3� kuriarqe� ènanti twnupìloipwn ìrwn tou essianoÔ mhtr¸ou, sq. 5.10, upodeiknÔonta ìti oi upìloipoiìroi, toul�qiston sti pr¸te epanal yei tou algìrijmou �eltistopo�hshmporoÔn na paraleifjoÔn. Parìmoia taktik  akolouj jhke kai se �lleergas�e tou EJS, [141℄, [46℄, [48℄, [47℄. Autì den isqÔei ìmw gia to prìblhmaelaqistopo�hsh twn apwlei¸n olik  p�esh, me to opo�o ep�sh asqole�tai hparoÔsa diatrib , ìpou ìloi oi ìroi pou emplèkontai sthn telik  èkfrashsuneisfèroun ex�sou sthn tim  tou essianoÔ mhtr¸ou, kai �ra prèpei naupologistoÔn. Autì e�nai logikì dedomènou ìti h sun�rthsh stìqou kai operiorismì strof  th �o  ekfr�zontai se ìria diaforetik� apì autì pouperigr�foun oi metablhtè sqediasmoÔ, opìte oi ìroi pou emplèkoun parag¸goutou telest  upolo�pou suneisfèroun se megalÔtero posostì.5.5 Anakefala�wshSto kef�laio autì parousi�sthke m�a mèjodo upologismoÔ th kl�sh kai touakriboÔ essianoÔ mhtr¸ou me qr sh th diakrit  suzugoÔ teqnik  kai theuje�a diafìrish twn exis¸sewn �o . AnalÔjhke h diadikas�a ep�lush twnsuzug¸n exis¸sewn turbwd¸n �o¸n gia tr�a sunarthsiak� pou kalÔptounefarmogè ant�strofou sqediasmoÔ kai elaqistopo�hsh twn apwlei¸n olik p�esh upì periorismoÔ ìqi mìno gewmetrikoÔ all� kai �oðkoÔ. H ep�lush twnN susthm�twn pou prokÔptoun apì thn euje�a diafìrish twn exis¸sewn �o  wpro ti parag¸gou euaisjhs�a twn metablht¸n �o  g�netai par�llhla meqr sh th diepaf  programmatismoÔ OpenMP. Oi diafor�sei pou emplèkontaisthn an�ptuxh kai ton programmatismì th mejìdou ep�lush twn diaforismènwnexis¸sewn �o  kai twn diakrit¸n suzug¸n exis¸sewn pragmatopoi jhkan qwr� thqr sh logismikoÔ AD. To logismikì AD TAPENADE qrhsimopoi jhke epikourik�kai mìno gia thn tautopo�hsh twn mh�shmantik¸n ìrwn, oi opo�oi telik¸amel jhkan. H qr sh tou upologismènou essianoÔ mhtr¸ou ent�ssetai stiproseggistikè kai akribe� mejìdou Newton tou kef. 4, kaj¸ kai se èxupnosunduasmì aut¸n, h efarmog  kai sÔgkrish twn opo�wn apotele� antike�meno touepìmenou kefala�ou. Tèlo, parousi�sthke h epimèrou suneisfor� tou k�jeìrou tou essianoÔ mhtr¸ou kai melet jhkan aplousteutikè paradoqè, oi opo�ekat� per�ptwsh mei¸noun to sunolikì qrìno ektèlesh th diadikas�a�eltistopo�hsh.



Kef�laio 6
QRHSH TOU ESSIANOU MHTRWOUSE EFARMOGES ANTISTROFOUSQEDIASMOU KAIELAQISTOPOIHSHS TWN APWLEIWNOLIKHS PIESHS
Sto parìn kef�laio parousi�zontai melète �eltistopo�hsh me qr sh touessianoÔ mhtr¸ou, to opo�o upolog�zetai qrhsimopoi¸nta th mèjodo DD�AV pouparousi�sthke sto kef. 5. Oi efarmogè aforoÔn se peript¸sei exwterik  kaieswterik  aerodunamik , strwtè kai turb¸dei �oè, probl mata ant�strofousqediasmoÔ kai elaqistopo�hsh twn apwlei¸n olik  p�esh kai periorismoÔsto p�qo th gewmetr�a kai sth gwn�a strof  th �o . Oi peript¸sei �o pou melet¸ntai e�nai oi 2D peript¸sei pou melet jhkan kat� thn pistopo�hsh touepilÔth �o  sto kef. 3, kaj¸ kai h per�ptwsh 2D strwt  �o  pterÔgwsh pouanalÔetai sto [254℄. Se ìle ti peript¸sei pragmatopoioÔntai sugkr�sei wpro thn apodotikìthta th akriboÔ mejìdou Newton me ti proseggistikèmejìdou Newton, kaj¸ kai me sunduasmì aut¸n, ston opo�o h ananèwsh twnmetablht¸n sqediasmoÔ ston pr¸to kÔklo tou algìrijmou �eltistopo�hshpragmatopoie�tai qrhsimopoi¸nta to akribè essianì mhtr¸o (dhlad  autì pouupolog�zei h mèjodo DD�AV pou parousi�sthke sto prohgoÔmeno kef�laio), en¸sth sunèqeia to akribè essianì mhtr¸o anane¸netai me qr sh tou anadromikoÔtÔpou BFGS   SR1. Oi teleuta�e �a onom�zontai �akrib¸ arqikopoihmène�proseggistikè mèjodoi Newton. Sti peript¸sei elaqistopo�hsh twn apwlei¸nolik  p�esh pragmatopoie�tai epiplèon melèth th ep�drash th paramètrou �,ex. 4.24, sthn apotelesmatikìthta kai apodotikìthta th mejìdou.183



1846. QRHSH TOU ESSIANOU MHTRWOU SE EFARMOGES ANTISTROFOU SQEDIASMOU KAIELAQISTOPOIHSHS TWN APWLEIWN OLIKHS PIESHS6.1 Ant�strofo sqediasmì th pterÔgwshsumpiest  MAN GHH 1S1H pr¸th per�ptwsh pou melet�tai afor� ston ant�strofo sqediasmì thpterÔgwsh sumpiest  MAN GHH 1S1 sti onomastikè sunj ke, par. 3.2(P̂ int = 125000Pa, T̂ int = 288K, �̂in � 1:26kg=m3, �in = 47o, ���~̂u���in = 202:6m=s,AV DR � 0:9074, Re = 8:41 � 10�5, Moutis = 0:4557). Tèssera shme�a elègqouBézier an� pleur� (uperp�esh/upop�esh) e�nai eleÔjera na kinhjoÔn kat� thnk�jeth sth qord  kateÔjunsh, opìte to prìblhma èqei 8 �ajmoÔ eleujer�a kai,sunep¸, èna upologismì tou akriboÔ essianoÔ mhtr¸ou apaite� thn ep�lush10 SMDE.To sq. 6.1 apeikon�zei th me�wsh th tim  th sun�rthsh stìqou se sqèshme tou kÔklou �eltistopo�hsh kai me ti sunolik� apaitoÔmene kl sei touepilÔth Jaobi, gia ìle ti mejìdou pou dokim�sthkan. Sthn pr¸th per�ptwshlamb�netai mia idèa tou �ujmoÔ sÔgklish th k�je mejìdou, en¸ to deÔtero sq mad�nei m�a antikeimenikìterh sÔgkrish tou sunolikoÔ kìstou kai th apodotikìthtatwn mejìdwn. DÔo shme�a qr zoun prosoq  :� H tim  th sun�rthsh stìqou sto sq. 6.1 kaj¸ kai sta akìlouja sq matagia ti peript¸sei ant�strofou sqediasmoÔ parousi�zetai se logarijmik kl�maka. Parìti h sÔgklish e�nai arket� �aji�, sun jw arke� gia thsun�rthsh stìqou m�a tim  th t�xh tou 10�6 me 5 � 10�8 (an�loga me thnt�xh megèjou th adiastatopoihmènh p�esh sthn aerotom ) gia na�ewrhje� ìti h sqediazìmenh gewmetr�a (�ra kai h ant�stoiqh katanom p�esh) taut�zetai me aut n tou stìqou.� Dedomènou ìti oi ex. 5.2 e�nai grammikè sunart sei, kai m�listaemplèkoun mhtr¸a ta opo�a upolog�zontai m�a �or�, apojhkeÔontai kaiepanaqrhsimopoioÔntai, h sÔgkrish w pro ti kl sei tou epilÔth Jaobiadike� elafr¸ th mèjodo Newton (�ra kat' epèktash kai ti parallagèaut , se mikrìtero �ajmì). Akìma kai up' autè ti sunj ke, ìpw�a�netai kai apì ta apotelèsmata, oi akrib¸ arqikopoihmène mèjodoiquasi�Newton apod�doun kalÔtera apì ti sumbatikè mejìdouquasi�Newton.Sto sq. 6.2 �a�netai h sÔgkrish th arqik  kai th �èltisth aerotom  methn aerotom �stìqo, kaj¸ kai oi ant�stoiqe katanomè p�esh. H taÔtish th�èltisth aerotom  me thn aerotom �stìqo e�nai �risth. H taÔtish m�listaepitugq�netai me diaforetik� shme�a elègqou apì aut� pou qrhsimopoi jhkangia thn arqik  parametrikopo�hsh th aerotom �stìqou, katadeiknÔonta m�aapì ti duskol�e enì tètoiou sqediasmoÔ, pou e�nai h Ôparxh topik¸n akrìtatwngÔrw apì th lÔsh.To sq. 6.3 apeikon�zei thn kl�sh th sun�rthsh�stìqou gia th gewmetr�aekk�nhsh tou algìrijmou kai gia th �èltisth lÔsh. O mhdenismì th parag¸goue�nai ousiastik� isodÔnamo me sÔgklish th mejìdou sto epijumhtì apotèlesma.
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1866. QRHSH TOU ESSIANOU MHTRWOU SE EFARMOGES ANTISTROFOU SQEDIASMOU KAIELAQISTOPOIHSHS TWN APWLEIWN OLIKHS PIESHS
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-0.005Sq ma 6.3: Ant�strofo sqediasmì th pterÔgwsh sumpiest  MAN GHH 1S1:Kl�sh th sun�rthsh stìqou gia th gewmetr�a ekk�nhsh tou algìrijmou kaigia th �èltisth lÔsh.Sto sq. 6.4 apeikon�zontai ta essian� mhtr¸a, ìpw upolog�zontai apì thsumbatik  kai thn akrib¸ arqikopoihmènh mèjodo BFGS se sÔgkrish me thnakrib  mèjodo Newton, kat� ton teleuta�o kÔklo th diadikas�a ant�strofousqediasmoÔ. To essianì mhtr¸o pou upolog�zetai me thn akrib¸ arqikopoihmènhmèjodo sumfwne� polÔ perissìtero me to akribè mhtr¸o, dikaiolog¸nta tipolÔ kalè idiìthte sÔgklish th mejìdou. Sunaf  sumper�smata ex�gontaikai apì to sq. 6.5, ìpou parousi�zontai oi ant�stoiqe sugkr�sei gia thsumbatik  kai thn akrib¸ arqikopoihmènh mèjodo SR1.
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-0.4Sq ma 6.4: Ant�strofo sqediasmì th MAN GHH 1S1: Essianì mhtr¸o pouupolog�zetai me th mèjodo Newton kai BFGS (akrib¸ arqikopoihmènh kai mh)sth �èltisth lÔsh.



6.2. Ant�strofo sqediasmì th pterÔgwsh sumpiest  tou Shreeve 187
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-0.4Sq ma 6.5: Ant�strofo sqediasmì th MAN GHH 1S1: Essianì mhtr¸o pouupolog�zetai me th mèjodo Newton kai SR1 (akrib¸ arqikopoihmènh kai mh) sth�èltisth lÔsh.6.2 Ant�strofo sqediasmì th pterÔgwshsumpiest  tou ShreeveH deÔterh per�ptwsh pou melet�tai e�nai o ant�strofo sqediasmì thpterÔgwsh sumpiest  tou Shreeve sti onomastikè sunj ke, pou melet jhkekai sthn par. 3.3 (P̂ int = 104365Pa, T̂ int = 294K, �in = 14:4o, ���~̂u���in = 85m=s,AV DR � 0:95, Re = 7 � 105, Min = 0:25). Tèssera shme�a elègqou Bézier an�pleur� (uperp�esh/upop�esh) af nontai eleÔjera na kinhjoÔn kat� thn k�jethsth qord  kateÔjunsh, opìte to prìblhma èqei p�li 8 �ajmoÔ eleujer�a.Sunep¸, o upologismì tou akriboÔ essianoÔ mhtr¸ou se ènan kÔklo�eltistopo�hsh apaite� thn ep�lush 10 SMDE.Sto sq. 6.6 �a�nontai p�li oi kampÔle me�wsh th tim  th sun�rthshstìqou se sqèsh me tou kÔklou �eltistopo�hsh kai me ti apaitoÔmene kl seiJaobi. Oi akrib¸ arqikopoihmène mèjodoi BFGS kai SR1 kai sth sugkekrimènhper�ptwsh e�nai oi plèon apodotikè anaforik� me thn taqÔthta ektèlesh touant�strofou sqediasmoÔ, ìpw prokÔptei apì ti apaitoÔmene kl sei Jaobi twnsugkrinìmenwn mejìdwn.Sto sq. 6.7 �a�nontai sugkr�sei twn aerotom¸n (�èltisth kai stìqou me taant�stoiqa shme�a elègqou Bézier pou ti parametrikopoioÔn) kaj¸ kai sugkr�seitwn ant�stoiqwn katanom¸n p�esh. H sqediazìmenh gewmetr�a kai h ant�stoiqhkatanom  p�esh taut�zontai me to stìqo, en¸ ta shme�a elègqou pou prokÔptounapì th diadikas�a ant�strofou sqediasmoÔ p�li e�nai elafr¸ diaforetik� apìaut� tou stìqou. H diafor� p�ntw e�nai mikrìterh apì aut  th par. 6.1Sto sq. 6.8 apeikon�zetai h kl�sh th sun�rthsh�stìqou gia th gewmetr�a



1886. QRHSH TOU ESSIANOU MHTRWOU SE EFARMOGES ANTISTROFOU SQEDIASMOU KAIELAQISTOPOIHSHS TWN APWLEIWN OLIKHS PIESHS
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1ε-08Sq ma 6.6: Ant�strofo sqediasmì th pterÔgwsh sumpiest  tou Shreeve:SÔgkrish th apodotikìthta twn pènte mejìdwn �eltistopo�hsh w pro touapaitoÔmenou kÔklou �eltistopo�hsh (arister�) kai w pro ti apaitoÔmenekl sei tou epilÔth Jaobi (dexi�). O k�jeto �xona (tim  th sun�rthshstìqou) e�nai se logarijmik  kl�maka.
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0.86Sq ma 6.7: Ant�strofo sqediasmì th pterÔgwsh sumpiest  tou Shreeve:SÔgkrish th gewmetr�a stìqou, th arqik  kai th �èltisth gewmetr�a(arister�) kai twn ant�stoiqwn katanom¸n p�esh (dexi�). Sto aristerì sq masumperilamb�nontai ta shme�a elègqou Bézier th �èltisth lÔsh kaj¸ kaitou stìqou.



6.3. Ant�strofo sqediasmì th aerotom  RAE 2822 189ekk�nhsh tou algìrijmou kai gia th �èltisth lÔsh. O mhdenismì th kl�sh p�liepibebai¸nei th sÔgklish th mejìdou.
τελική λύση

εκκίνηση

α/α στοιχείου της κλίσης ∇F

τι
µ

ή
το

υ
σ
το

ιχ
εί

ο
υ

87654321

0.001

0.0008

0.0006

0.0004

0.0002

0

-0.0002Sq ma 6.8: Ant�strofo sqediasmì th pterÔgwsh sumpiest  tou Shreeve:Kl�sh th sun�rthsh stìqou gia th gewmetr�a ekk�nhsh tou algìrijmou kaigia th �èltisth lÔsh.Sta sq. 6.9 kai 6.10 parousi�zontai sugkr�sei twn upologizìmenwn essian¸nmhtr¸wn kat� ton teleuta�o kÔklo �eltistopo�hsh gia thn akrib  mèjodo Newtonkai ti akrib¸ arqikopoihmène BFGS kai SR1 ant�stoiqa. Parìti den up�rqeitaÔtish twn essian¸n mhtr¸wn, h t�xh megèjou kai h t�sh tou mhtr¸ouekfr�zontai ikanopoihtik� apì ti akrib¸ arqikopoihmène proseggistikèmejìdou Newton, opìte kai o �ujmì me�wsh tou sunarthsiakoÔ e�nai arket�kalì. Sta sq mata den perilamb�nontai ta essian� mhtr¸a pou upolog�zontaiapì ti sumbatikè mejìdou BFGS kai SR1, dedomènou ìti oi timè twn stoiqe�wntou e�nai kat� dÔo t�xei megalÔtere.6.3 Ant�strofo sqediasmì th aerotom  RAE2822H tr�th per�ptwsh pou melet�tai e�nai h aerotom  RAE 2822. Oi sunj kelamb�nontai �se me autè th per�ptwsh R1, [224℄ (M1 = 0:676, �1 = 2:4o,Re = 5:7 � 106). H �o  se aut  thn per�ptwsh e�nai pl rw upohqhtik . P�li,tèssera shme�a elègqou Bézier an� pleur� (uperp�esh/upop�esh) af nontaieleÔjera na metatopistoÔn kat� thn k�jeth sth qord  kateÔjunsh,diamorf¸nonta èna prìblhma me 8 �ajmoÔ eleujer�a, sto opo�o k�jeupologismì tou akriboÔ essianoÔ mhtr¸ou apaite� thn ep�lush 10 SMDE.Sto sq. 6.11 parousi�zetai h me�wsh th tim  th sun�rthsh stìqou sesqèsh me tou kÔklou �eltistopo�hsh kai me ti sunolik� apaitoÔmene kl seitou epilÔth Jaobi. Sth sugkekrimènh per�ptwsh, parìti h akrib  mèjodoNewton kai oi akrib¸ arqikopoihmène mèjodoi BFGS kai SR1 sugkl�nountaqÔtera apì ti sumbatikè proseggistikè mejìdou Newton w pro toukÔklou �eltistopo�hsh, to sunolikì kìsto twn sumbatik¸n mejìdwn BFGS kai



1906. QRHSH TOU ESSIANOU MHTRWOU SE EFARMOGES ANTISTROFOU SQEDIASMOU KAIELAQISTOPOIHSHS TWN APWLEIWN OLIKHS PIESHS
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-0.005Sq ma 6.9: Ant�strofo sqediasmì th pterÔgwsh sumpiest  tou Shreeve:Essianì mhtr¸o pou upolog�zetai me th mèjodo Newton kai BFGS (akrib¸arqikopoihmènh) sth �èltisth lÔsh.
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-0.005Sq ma 6.10: Ant�strofo sqediasmì th pterÔgwsh sumpiest  tou Shreeve:Essianì mhtr¸o pou upolog�zetai me th mèjodo Newton kai SR1 (akrib¸arqikopoihmènh) sth �èltisth lÔsh.



6.3. Ant�strofo sqediasmì th aerotom  RAE 2822 191SR1 e�nai elafr¸ mikrìtero, ìtan sugkr�nontai w pro ti apaitoÔmene kl seiJaobi. Upenjum�zetai ìti h pragmatik  diafor� sto kìsto twn mejìdwn e�naielafr¸ mikrìterh, dedomènou ìti ta mhtr¸a pou summetèqoun sthn ep�lush tousust mato twn ex. 5.2 den epana�polog�zontai se k�je epan�lhyh.
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1ε-08Sq ma 6.11: Ant�strofo sqediasmì th aerotom  RAE 2822: SÔgkrish thapodotikìthta twn pènte mejìdwn �eltistopo�hsh w pro tou apaitoÔmenoukÔklou �eltistopo�hsh (arister�) kai w pro ti apaitoÔmene kl sei touepilÔth Jaobi (dexi�). O k�jeto �xona (tim  th sun�rthsh stìqou) e�nai selogarijmik  kl�maka.Sto sq. 6.12 �a�netai h sÔgkrish th �èltisth aerotom  kai th aerotom stìqou, kaj¸ kai ta ant�stoiqa shme�a elègqou Bézier pou parametrikopoioÔn tiaerotomè autè. Sth sugkekrimènh per�ptwsh, ta sÔnola twn shme�wn elègqoutaut�zontai. Sto sq ma perilamb�netai kai h sÔgkrish twn ant�stoiqwn katanom¸np�esh.
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1Sq ma 6.12: Ant�strofo sqediasmì th aerotom  RAE 2822: SÔgkrish thgewmetr�a stìqou, th arqik  kai th �èltisth gewmetr�a (arister�) kai twnant�stoiqwn katanom¸n p�esh (dexi�). Sto aristerì sq ma sumperilamb�nontaita shme�a elègqou Bézier th �èltisth lÔsh kaj¸ kai tou stìqou.Sto sq. 6.13 apeikon�zetai h kl�sh th sun�rthsh�stìqou gia th gewmetr�aekk�nhsh tou algìrijmou kai gia th �èltisth lÔsh, ìpou p�li aut  èqei mhdeniste�.



1926. QRHSH TOU ESSIANOU MHTRWOU SE EFARMOGES ANTISTROFOU SQEDIASMOU KAIELAQISTOPOIHSHS TWN APWLEIWN OLIKHS PIESHS
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-0.03Sq ma 6.13: Ant�strofo sqediasmì th aerotom  RAE 2822: Kl�sh thsun�rthsh stìqou gia th gewmetr�a ekk�nhsh tou algìrijmou kai gia th�èltisth lÔsh.O lìgo pou sth sugkekrimènh per�ptwsh oi sumbatikè mèjodoi BFGS kaiSR1 apod�doun �rista �a�netai sta sq. 6.14 kai 6.15, ìpou parousi�zetai hsÔgkrish tou essianoÔ mhtr¸ou pou upolog�zetai apì ti mejìdou Newton,BFGS kai SR1 (sumbatikè kai akrib¸ arqikopoihmène) kat� thn teleuta�aepan�lhyh twn ant�stoiqwn diadikasi¸n ant�strofou sqediasmoÔ. H arqikopo�hshtou essianoÔ mhtr¸ou twn sumbatik¸n mejìdwn BFGS kai SR1 sth sugkekrimènhper�ptwsh apì sÔmptwsh diorj¸netai arket� gr gora apì tou ant�stoiqouanadromikoÔ tÔpou, odhg¸nta ti mejìdou autè gr gora sth lÔsh, qwr� naapaite�tai o poluèxodo arqikì upologismì tou akriboÔ mhtr¸ou. Autì ìmwden parathre�tai suqn�, oÔte e�nai gnwstì ek twn protèrwn.6.4 Elaqistopo�hsh twn apwlei¸n olik  p�eshpterÔgwsh se strwt  �o Sth sunèqeia parousi�zetai to prìblhma elaqistopo�hsh twn apwlei¸n olik p�esh pterÔgwsh se strwt  �o  (�in = 30o, Re = 2000, Mout;is = 0:3) me thmèjodo tou diadoqikoÔ tetragwnikoÔ programmatismoÔ. Prìkeitai gia thsummetrik  aerotom  pou analÔetai sto [254℄, me lìgo � mato pro th qord t= = 0:65. H gwn�a exìdou th �o  apaite�tai na e�nai �sh me �out = 35:6o, en¸ hme�wsh tou p�qou den epitrèpetai na e�nai p�nw apì 10% ep� th arqik  tim th. Sth sugkekrimènh per�ptwsh oi �ajmo� eleujer�a e�nai 18 (9 shme�a elègqouBézier an� pleur� af nontai eleÔjera na kinhjoÔn k�jeta sth qord ), opìte oupologismì enì akriboÔ essianoÔ mhtr¸ou gia to sunarthsiakì apaite� thnep�lush 20 SMDE. Prosmetr¸nta to kìsto gia ton epiplèon upologismì touessianoÔ mhtr¸ou th strof  th �o , to opo�o e�nai èna epiplèon SMDE, par.5.3.1, to sunolikì kìsto gia thn pragmatopo�hsh enì � mato me qr sh twnakrib¸n essian¸n mhtr¸wn anèrqetai se 21 SMDE. H aÔxhsh tou q¸rou



6.4. Elaqistopo�hsh twn apwlei¸n olik  p�esh pterÔgwsh se strwt  �o  193
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-1Sq ma 6.14: Ant�strofo sqediasmì th aerotom  RAE 2822: Essianì mhtr¸opou upolog�zetai me th mèjodo Newton kai BFGS (akrib¸ arqikopoihmènh kaimh) sth �èltisth lÔsh.
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-3Sq ma 6.15: Ant�strofo sqediasmì th aerotom  RAE 2822: Essianì mhtr¸opou upolog�zetai me th mèjodo Newton kai SR1 (akrib¸ arqikopoihmènh kai mh)sth �èltisth lÔsh.



1946. QRHSH TOU ESSIANOU MHTRWOU SE EFARMOGES ANTISTROFOU SQEDIASMOU KAIELAQISTOPOIHSHS TWN APWLEIWN OLIKHS PIESHSsqediasmoÔ apotele� prìklhsh tìso gia ti sumbatikè mejìdou Newton, twnopo�wn h apodotikìthta   apotelesmatikìthta mei¸netai me aÔxhsh twn �ajm¸neleujer�a, [112℄, [113℄, ìso kai gia ti proteinìmene mejìdou, dedomènou ìti oupologismì twn akrib¸n essian¸n mhtr¸wn e�nai pio qronobìro.Sto sq. 6.16 �a�nontai oi kampÔle me�wsh th tim  th sun�rthsh stìqoume tou kÔklou �eltistopo�hsh kai me to sunolikì epexergastikì kìsto, poukai p�li antiproswpeÔetai apì ti apaitoÔmene kl sei tou epilÔth Jaobi.Parathre�tai ìti oi sumbatikè mèjodoi BFGS kai SR1 pagideÔontai arket�gr gora se topikì akrìtato sto ìrio twn efikt¸n lÔsewn (den up�rqei dhlad �etikì m ko � mato �n, ex. 4.19, to opo�o na odhge� se lÔsh me �etikè timè twnztr kai �tr). Antijètw, oi akrib¸ arqikopoihmène mèjodoi BFGS kai SR1, kaj¸kai h akrib  mèjodo Newton, sugkl�noun se lÔsh me saf¸ mikrìterh tim  giath sun�rthsh stìqou.
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0.0102Sq ma 6.16: Elaqistopo�hsh twn apwlei¸n olik  p�esh se pterÔgwshsummetrik  aerotom  : SÔgkrish th apodotikìthta twn pènte mejìdwn�eltistopo�hsh w pro tou apaitoÔmenou kÔklou �eltistopo�hsh(arister�) kai w pro ti apaitoÔmene kl sei tou epilÔth Jaobi (dexi�).Sto sq. 6.17 parousi�zontai sugkr�sei th aerotom  pou prokÔptei met� topèra th �eltistopo�hsh, th arqik  aerotom , kaj¸ kai ta shme�a elègqouBézier th �èltisth lÔsh. H apeikìnish th kl�sh th sun�rthsh stìqou kaith sun�rthsh periorismoÔ strof  th �o  gia th gewmetr�a ekk�nhsh toualgìrijmou kai gia th �èltisth lÔsh �a�netai sto sq. 6.18. Se aut  thn per�ptwsh,h nìrma th kl�sh th sun�rthsh stìqou den e�nai dunatìn na mhdeniste� lìgwtwn epiballìmenwn periorism¸n. Antijètw, h kl�sh th sun�rthsh periorismoÔstrof  th �o  te�nei na mhdeniste�, ìpw e�nai anamenìmeno, dedomènou ìti operiorismì ikanopoie�tai.Sta sq. 6.19 kai 6.20, �a�netai h sqetik  sÔmptwsh twn essian¸n mhtr¸wn thakriboÔ mejìdou Newton kai twn akrib¸ arqikopoihmènwn mejìdwn BFGS kaiSR1, se ant�jesh me aut� twn sumbatik¸n mejìdwn quasi�Newton, twn opo�wn oitimè èqoun diafor� m�a èw dÔo t�xewn megèjou, kai oi opo�e gia to lìgo autìden perilamb�nontai sto sq ma.H pore�a th tim  th sun�rthsh kìstou kai strof  th �o  �a�nontai
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-0.1Sq ma 6.17: Elaqistopo�hsh twn apwlei¸n olik  p�esh se pterÔgwshsummetrik  aerotom  : SÔgkrish th arqik  kai th �èltisth gewmetr�a.Sto sq ma sumperilamb�nontai ta shme�a Bézier th �èltisth lÔsh.
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-0.0015Sq ma 6.18: Elaqistopo�hsh twn apwlei¸n olik  p�esh se pterÔgwshsummetrik  aerotom  : Kl�sh th sun�rthsh stìqou (arister�) kai thsun�rthsh periorismoÔ strof  th �o  (dexi�) gia th gewmetr�a ekk�nhshtou algìrijmou kai gia th �èltisth lÔsh.sto sq. 6.21, me kai qwr� thn epibol  tou sqetikoÔ periorismoÔ sth strof  th�o . Mh epibol  tou periorismoÔ anamenìmena odhge� se megalÔterh me�wsh thsun�rthsh kìstou, adunat¸nta ìmw na sugkrat sei th gwn�a exìdou th �o sthn epijumht  tim .Tèlo, sto sq. 6.22 parousi�zetai h pore�a me�wsh th sun�rthsh stìqougia dÔo diaforetikè timè th paramètrou �0, ex. 4.16d'. Fa�netai ìti h apìdoshmh�mhdenik  arqik  tim  sthn en lìgw par�metro �ainomenik� kajustere� stipr¸te epanal yei ton algìrijmo (èqoun parathrhje� kai peript¸sei pou sthnarq  to sunarthsiakì aux�nei ant� na mei¸netai an den elegqje� me k�poio krit riome�wsh, l.q. sunj ke Wolfe   Goldstein, [143℄), all� met� mei¸netai �agda�akai m�lista se elafr¸ mikrìterh tim , dedomènou ìti, ìpw proanafèrjhke sthnpar. 4.2, apofeÔgetai h prìwrh pag�deush tou algìrijmou sto ìrio twn efikt¸nlÔsewn. Sta probl mata pou melet jhkan se autì to kef�laio, parathr jhke ìtitimè elafr¸ �etikè (�0 = 0:1 èw �0 = 0:4) epidroÔn euergetik� sthn pore�a tou
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-0.04Sq ma 6.19: Elaqistopo�hsh twn apwlei¸n olik  p�esh se pterÔgwshsummetrik  aerotom  : Essianì mhtr¸o th sun�rthsh stìqou pouupolog�zetai me th mèjodo Newton kai BFGS (akrib¸ arqikopoihmènh) sth�èltisth lÔsh.
Ακριβώς αρχικοποιηµένη SR1

Ακριβής Newton

α/α στοιχείου εσσιανού µητρώου

τι
µ

ή
σ
το

ιχ
εί

ο
υ

εσ
σ
ια

ν
ο
ύ

µ
η
τρ

ώ
ο
υ

180160140120100806040200

0.25

0.2

0.15

0.1

0.05

0

-0.05

-0.1

-0.15

-0.2

-0.25

-0.3Sq ma 6.20: Elaqistopo�hsh twn apwlei¸n olik  p�esh se pterÔgwshsummetrik  aerotom  : Essianì mhtr¸o th sun�rthsh stìqou pouupolog�zetai me th mèjodo Newton kai SR1 (akrib¸ arqikopoihmènh) sth�èltisth lÔsh.
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35.6Sq ma 6.21: Elaqistopo�hsh twn apwlei¸n olik  p�esh se pterÔgwshsummetrik  aerotom  : Pore�a th tim  th sun�rthsh stìqou kai thgwn�a exìdou kat� th di�rkeia th �eltistopo�hsh me kai qwr� thn epibol periorismoÔ sth gwn�a strof  th �o .algìrijmou.
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0.0103Sq ma 6.22: Elaqistopo�hsh twn apwlei¸n olik  p�esh se pterÔgwshsummetrik  aerotom  : Pore�a th tim  th sun�rthsh stìqou kat� thdi�rkeia th �eltistopo�hsh gia diaforetikè timè th paramètrou �0.6.5 Elaqistopo�hsh twn apwlei¸n olik  p�eshth pterÔgwsh sumpiest  MAN GHH 1S1H deÔterh per�ptwsh elaqistopo�hsh twn apwlei¸n olik  p�esh pou melet�taie�nai aut  th pterÔgwsh sumpiest  MAN GHH 1S1, h �o  gÔrw apì ton opo�omelet jhke sthn par. 3.2. H gwn�a exìdou th �o  ed¸ apaite�tai na e�nai�out = 23o, tim  me diafor� per�pou trei mon�de apì thn arqik , prokeimènouna melethje� h ikanìthta tou algìrijmou na antepexèljei sthn epibol  austhr¸n



1986. QRHSH TOU ESSIANOU MHTRWOU SE EFARMOGES ANTISTROFOU SQEDIASMOU KAIELAQISTOPOIHSHS TWN APWLEIWN OLIKHS PIESHSperiorism¸n. Tautìqrona, epitrèpetai me�wsh tou p�qou th aerotom  èw kai10% ep� th arqik  tim . Tèssera shme�a elègqou Bézier an� pleur�(uperp�esh/upop�esh) e�nai eleÔjera na kinhjoÔn kat� thn k�jeth sth qord kateÔjunsh, opìte to prìblhma èqei 8 �ajmoÔ eleujer�a kai o upologismì touakriboÔ essianoÔ mhtr¸ou tou sunarthsiakoÔ kai tou periorismoÔ strof  th�o  se ènan kÔklo �eltistopo�hsh apaite� thn ep�lush 11 SMDE.Sto sq. 6.23 apeikon�zontai oi kampÔle me�wsh th tim  th sun�rthshstìqou me tou kÔklou �eltistopo�hsh kai me to sunolikì epexergastikì kìsto(kl sei tou epilÔth Jaobi). H pore�a sÔgklish th akriboÔ mejìdou Newtonkai twn akrib¸ arqikopoihmènwn proseggistik¸n mejìdwn Newton e�naiparìmoia, me ti teleuta�e na e�nai polÔ pio apodotikè ìson afor� to sunolik�apaitoÔmeno upologistikì kìsto. Oi sumbatikè mèjodoi BFGS kai SR1 apaitoÔnperissìtero qrìno apì ti akrib¸ arqikopoihmène ekdoqè tou. Epiplèon, hsumbatik  mèjodo BFGS sugkl�nei se lÔsh h opo�a parabi�zei arket� touperiorismoÔ p�qou, gegonì pou pijanìtata ofe�letai ston arijmì kat�stashtou mhtr¸ou, o opo�o se k�poie epanal yei pa�rnei elafr¸ arnhtikè timè).
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0.074Sq ma 6.23: Elaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwshsumpiest  MAN GHH 1S1: SÔgkrish th apodotikìthta twn pèntemejìdwn �eltistopo�hsh w pro tou apaitoÔmenou kÔklou �eltistopo�hsh(arister�) kai w pro ti apaitoÔmene kl sei tou epilÔth Jaobi (dexi�).Sto sq. 6.24 sugkr�netai h �eltistopoihmènh gewmetr�a me thn arqik  aerotom .Sto sq ma sumperilamb�nontai kai ta shme�a elègqou Bézier th �èltisth lÔsh.Apeikìnish th kl�sh th sun�rthsh stìqou kai th sun�rthsh periorismoÔstrof  th �o  gia th gewmetr�a ekk�nhsh tou algìrijmou kai gia th �èltisthlÔsh �a�netai sto sq. 6.25. P�li, h nìrma th kl�sh th sun�rthsh stìqou dene�nai dunatìn na mhdeniste� lìgw twn epiballìmenwn periorism¸n, en¸ h kl�sh thsun�rthsh periorismoÔ strof  th �o  te�nei na mhdeniste�, upodeiknÔonta ìtio periorismì ikanopoie�tai.Ta sq. 6.26 kai 6.27 perilamb�noun sugkr�sei twn essian¸n mhtr¸wn thakriboÔ mejìdou Newton kai twn mejìdwn BFGS kai SR1 ant�stoiqa, akrib¸arqikopoihmènwn kai mh, kat� ton teleuta�o kÔklo th �eltistopo�hsh.
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-0.05Sq ma 6.24: Elaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwshsumpiest  MAN GHH 1S1: SÔgkrish th arqik  kai th �èltisth gewmetr�a.Sto sq ma sumperilamb�nontai ta shme�a Bézier th �èltisth lÔsh.
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-0.01Sq ma 6.25: Elaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwshsumpiest  MAN GHH 1S1: Kl�sh th sun�rthsh stìqou (arister�) kai thsun�rthsh periorismoÔ strof  th �o  (dexi�) gia th gewmetr�a ekk�nhshtou algìrijmou kai gia th �èltisth lÔsh.6.6 Anakefala�wshSto kef�laio autì parousi�sthkan efarmogè ant�strofou sqediasmoÔ kaielaqistopo�hsh twn apwlei¸n olik  p�esh se peript¸sei exwterik  kaieswterik  aerodunamik  me qr sh tou akriboÔ essianoÔ mhtr¸ou. Sthnper�ptwsh, m�lista, th elaqistopo�hsh twn apwlei¸n olik  p�esh,epibl jhkan periorismo� ìqi mìno gewmetriko� (el�qisto p�qo th gewmetr�a)all� kai �oðko� (prodiagegrammènh strof  th �o ), twn opo�wn upologismìtwn parag¸gwn euaisjhs�a apaite�tai. Pènte mèjodoi dokim�sthkan kaisugkr�jhkan w pro thn apotelesmatikìthta kai thn apodotikìthta : h akrib mèjodo Newton, sthn opo�a to akribè essianì mhtr¸o upolog�zetai kaiqrhsimopoie�tai se k�je kÔklo tou algìrijmou �eltistopo�hsh, oi sumbatikèproseggistikè mèjodoi BFGS kai SR1 th �ibliograf�a (proseggistikè mèjodoiNewton pou prosegg�zoun to essianì mhtr¸o mèsw kat�llhla ekpefrasmènwn
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-2Sq ma 6.26: Elaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwshsumpiest  MAN GHH 1S1: Essianì mhtr¸o pou upolog�zetai me th mèjodoNewton kai BFGS (akrib¸ arqikopoihmènh kai mh) sth �èltisth lÔsh.
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-2Sq ma 6.27: Elaqistopo�hsh twn apwlei¸n olik  p�esh th pterÔgwshsumpiest  MAN GHH 1S1: Essianì mhtr¸o pou upolog�zetai me th mèjodoNewton kai SR1 (akrib¸ arqikopoihmènh kai mh) sth �èltisth lÔsh.



6.6. Anakefala�wsh 201anadromik¸n tÔpwn) kai oi akrib¸ arqikopoihmène parallagè tou, sti opo�eto akribè essianì mhtr¸o upolog�zetai ston pr¸to kÔklo th �eltistopo�hshmìno, kai katìpin anane¸netai me qr sh twn ant�stoiqwn anadromik¸n tÔpwn twnproseggistik¸n mejìdwn Newton. Se ìle sqedìn ti peript¸sei, oi akrib¸arqikopoihmène mèjodoi apode�qjhke ìti e�nai pio apodotikè apì thn akrib mèjodo Newton kai apì ti ant�stoiqe mejìdou th �ibliograf�a. Me�wsh touupologistikoÔ kìstou den parathr jhke mìno se m�a per�ptwsh ant�strofousqediasmoÔ, ìpou apì sÔmptwsh oi anadromiko� tÔpoi twn proseggistik¸nmejìdwn Newton èdwsan gr gora kalè prosegg�sei tou pragmatikoÔ essianoÔmhtr¸ou. Se probl mata �eltistopo�hsh me sqetik� auxhmèno arijmìmetablht¸n, to upologistikì kìsto twn proteinìmenwn mejìdwn aux�netai.Tautìqrona ìmw parathre�tai ìti oi mèjodoi autè e�nai pio apotelesmatikè apìti sumbatikè proseggistikè mejìdou Newton, oi opo�e epitugq�noun aisjht�mikrìterh me�wsh th sun�rthsh stìqou. Ep�sh, sti peript¸seielaqistopo�hsh twn apwlei¸n olik  p�esh upì periorismoÔ diapist¸jhke ìtim�a elafr¸ �etik  tim  th paramètrou � epidr� �etik� sthnapotelesmatikìthta th mejìdou.
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Kef�laio 7H MEJODOS THS A POSTERIORIANALUSHS SFALMATOSTo kef�laio autì parousi�zei thn an�ptuxh kai thn efarmog  m�a mejìdou aposteriori an�lush sf�lmato (APEA1) se 2D peript¸sei eswterik  kaiexwterik  aerodunamik , h opo�a k�nei qr sh th mejìdou ep�lush twnexis¸sewn �o  kai th teqnik  prosarmog  plègmato pou parousi�sthkan stokef. 2, kaj¸ kai th diakrit  suzugoÔ mejìdou pou parousi�sthke sto kef.5. H mèjodo aposkope� ston upologismì th tim  enì sugkekrimènousunarthsiakoÔ me akr�beia h opo�a kajor�zetai apì to qr sth. Autìepitugq�netai me thn epibol  diorj¸sewn sthn tim  tou en lìgw sunarthsiakoÔkaj¸ kai thn prosarmog  tou plègmato ��sei enì aisjht riou prosarmog pou �aisj�netai� ti phgè sf�lmato kat� ton upologismì tou sunarthsiakoÔautoÔ, se ant�jesh me ta ant�stoiqa aisjht ria pou parousi�sthkan sthn par.2.6.1, me qr sh tou upologismènou suzugoÔ ped�ou.7.1 Jewr�a th a posteriori an�lush sf�lmatoStìqo th mejìdou e�nai o upologismì enì sunarthsiakoÔ F (U) me m�aprokajorismènh akr�beia e0 kai me to el�qisto dunatì kìsto se epexergastik isqÔ kai mn mh upologist . H mèjodo upolog�zei to en lìgw sunarthsiakì me thnepijumht  akr�beia pragmatopoi¸nta diadoqikè prosarmogè sto arqikìplègma kai epib�llonta diorj¸sei sthn tim  tou sunarthsiakoÔ pouupolog�zetai sta prosarmosmèna plègmata. Gia na epiteuqje� autìqrhsimopoioÔntai se k�je kÔklo th mejìdou dÔo plègmata, èna araiì plègma H(sto opo�o ìla ta megèjh �a �èroun ton aristerì ekjèth H, l.q. HU ), sto opo�o hep�lush twn exis¸sewn �o  kai twn suzug¸n exis¸sewn den epifèrei meg�loepexergastikì kìsto kai kìsto apoj keush, all� sto opo�o to upologizìmenosunarthsiakì èqei sqetik� qamhl  akr�beia, kai èna puknì plègma h (ant�stoiqame megèjh pou �èroun ton aristerì ekjèth h, l.q. hU ), sto opo�o h ep�lush twn1a posteriori error analysis 203



204 7. H MEJODOS THS A POSTERIORI ANALUSHS SFALMATOSexis¸sewn �o  d�nei pio akrib  tim  gia to en lìgw sunarthsiakì all� sto opo�olìgw kìstou apofeÔgontai epilÔsei e�te tou probl mato �o  e�te twn suzug¸nexis¸sewn. 'Opote kat� thn an�ptuxh th mejìdou qrei�zontai megèjh sto puknìplègma, aut� �a lamb�nontai apì to araiì plègma mèsw enì telest proekbol 2 I, opìte ta ant�stoiqa megèjh �a �èroun ton aristerì ekjèth I, l.q.IU . 'Etsi, gia to sunarthsiakì tou opo�ou o upologismì ma endiafèreiHF = HF (HUPi )hF = hF (hUPi )IF = hF (IUPi )en¸, ant�stoiqa, gia ton telest  upolo�pou twn exis¸sewn �o HRQj = HRQj (HUPi )hRQj = hRQj (hUPi )IRQj = hRQj (IUPi )ìpou ìpw proanafèrjhke IUPi = I HUQjSthn paroÔsa mèjodo, to puknì plègma h prokÔptei me di�spash k�jestoiqe�ou tou araioÔ plègmato H se tèssera stoiqe�a (tr�gwna   tetr�pleura),san na e�qan shmeiwje� ìle oi pleurè tou gia di�spash, sq. 7.1.An to sunarthsiakì F anaptuqje� kat� Taylor gÔrw apì th lÔsh sto puknìplègma pou lamb�netai mèsw th proekbol  I, IU , lamb�netai me apaloif  twnmh�grammik¸n ìrwn hF � IF + �IF�IUPi �hUPi � IUPi � (7.1)en¸, ant�stoiqa, gia ton telest  upolo�pou twn exis¸sewn �o hRQj � IRQj + �IRQj�IUPi (hUPi � IUPi ) = 0 (7.2)Eisagwg  th ex. 7.2 sthn ex. 7.1 d�neihF � IF � �IF�IUPi  �IRQj�IUPi !�1 IRQj = IF � h	Qj IRQj (7.3)ìpou to suzugè ped�o h	Qj lamb�netai me ep�lush twn parak�tw suzug¸n exis¸sewnsto puknì plègma h h	Qj �IRQj�IUPi = �IF�IUPi2extrapolation operator
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Sq ma 7.1: Araiì (H) kai puknì (h) plègma (�nw), kaj¸ kai h diadikas�adi�spash twn stoiqe�wn tou araioÔ gia na prokÔyei to puknì (k�tw).Epeid  e�nai epijumhtì na mhn epilujoÔn oi suzuge� exis¸sei sto puknìplègma, autè epilÔontai sto araiì plègma ¸ste na upologistoÔn oi suzuge�metablhtè H	Qj H	Qj �HRQj�HUPi = �HF�HUPikai lamb�netai m�a prosèggish aut¸n sto puknì plègma mèsw enì telest proekbol  (sthn paroÔsa diatrib  qrhsimopoie�tai o telest  I)I	Pi = I H	QjMe qr sh twn proekbeblhmènwn suzug¸n metablht¸n, h ex. 7.3 gr�fetaih ~F � IF � I	Qj IRQj| {z }diìrjwshSunep¸, h parap�nw èkfrash gia to sunarthsiakì mpore� na ermhneute� w to�jroisma th tim  tou sunarthsiakoÔ pou prokÔptei sto puknì plègma an



206 7. H MEJODOS THS A POSTERIORI ANALUSHS SFALMATOSqrhsimopoihjoÔn oi proekbeblhmène timè twn metablht¸n �o  kai m�adiìrjwsh pou upolog�zetai qrhsimopoi¸nta ti ant�stoiqe suzuge� metablhtè.To sf�lma pou apomènei met� apì thn epibol  th diìrjwsh sto sunarthsiakìprokÔptei an xanagrafe� h ex. 7.3 w ex hF � IF = I	Qj IRQj| {z }diìrjwsh +�h	Qj � I	Qj � IRQj| {z }apomènon sf�lma (7.4)  enallaktik� qrhsimopoi¸nta to upìloipo twn suzug¸n exis¸sewn kai twnmetablht¸n �o , [166℄hF � IF = I	Qj IRQj| {z }diìrjwsh +(hUQi � IUQi )I (R	)Qj| {z }apomènon sf�lma (7.5)ìpou I (R	)Qj � I	Qj �IRQj�IUPi � �IF�IUPiOi dÔo ekfr�sei �a  tan isodÔname mìno an ta anaptÔgmata Taylor pr¸th t�xh,ex. 7.1 kai ex. 7.2,  tan akrib . Dedomènou ìti autì den isqÔei, up�rqei èna �kenì�duadikìthta3 an�mesa sti ekfr�sei twn ex. 7.4 kai 7.5, [167℄. Prokeimènouna elaqistopoihje� tautìqrona to apomènon sf�lma kai to �kenì� duadikìthta,ekfr�zetai èna aisjht rio prosarmog , ��sei twn dÔo ekfr�sewn tou apomènontosf�lmato, sto mesìkombo M k�je akm  tou plègmato.�M = 12 h���I	Mj � L	Mj � LRMj �� + ����IUMi � LUMi � L (R	)Mj ���i (7.6)Ed¸, o telest  proekbol  L sumbol�zei k�poia proekbol  qamhl  t�xh stomesìkombo, en¸ o telest  I m�a pio akrib  proekbol  (l.q. sthn paroÔsa diatrib o telest  L antiproswpeÔei upologismì th mèsh tim  sto mesìkombo th k�jeakm , en¸ o telest  I sumbol�zei proekbol  me qr sh twn qwrik¸n kl�sewn twnek�stote megej¸n stou �diou kìmbou). W kat¸fli prosarmog  t�jetai h tim �e0 = e0N , ìpou N o arijmì twn kìmbwn tou plègmato. Sunep¸, to krit rioprosarmog  gia m�a akm  ekfr�zetai w�M = �M�e0kai h akm  diasp�tai ìtan �M > 1.Sunoy�zonta, se ènan kÔklo th mejìdou ekteloÔntai ta parak�tw � mata:� EpilÔontai oi exis¸sei �o  sto araiì plègma.� EpilÔontai oi suzuge� exis¸sei sto araiì plègma.3duality gap



7.2. Efarmogè 207� Dhmiourge�tai to puknì plègma me di�spash twn stoiqe�wn tou araioÔplègmato kai proekb�llontai oi metablhtè �o  kai oi suzuge� metablhtèse autì mèsw tou telest  proekbol  I.� Upolog�zetai to sunarthsiakì me qr sh twn proekbeblhmènwn tim¸n twnmetablht¸n �o  kai epib�lletai h diìrjwsh se autì, ex. 7.1.� Prosarmìzetai to plègma ��sei tou aisjhthr�ou th ex. 7.6H parap�nw diadikas�a epanalamb�netai sto prosarmosmèno plègma mèqri ìtousto tèlo k�poiou kÔklou na isqÔei h parak�tw sunj khXM2Ne �M � e0ìpou Ne to sÔnolo twn akm¸n tou puknoÔ plègmato tou trèqonto kÔklou, poushmatodote� thn ep�teuxh th prokajorismènh akr�beia sthn tim  tousunarthsiakoÔ.7.2 Efarmogè7.2.1 Prìlexh th tim  tou suntelest  �nwsh kaiopisjèlkousa th aerotom  RAE 2822Sth sunèqeia upolog�zetai o suntelest  �nwsh kai opisjèlkousa th aerotom RAE 2822 pou melet jhke sthn enìthta 3.1 me prokajorismènh akr�beia e0 = 10�3.Sunep¸, ta dÔo sunarthsiak� pou emplèkontai e�nai ta F = i; i = 1; 2, ìpoui = � DL � =Mijfjme Mij = � os a1 sin a1� sin a1 os a1 �kai fi = Zwall (pni � �ijnj) ds == Xs2Bw pJ (ni)J � (�ij)J (nj)JSthn parap�nw sqèsh, to sÔnolo Bw apotele�tai apì ti akmè tou plègmato pouapart�zoun to diakritopoihmèno stereì ìrio, en¸ o de�kth J upodeiknÔei �jroishstou dÔo kìmbou th akm . Tèlo, (nj)J e�nai to k�jeto sthn akm  di�nusma memètro �sJ = �sS2 , ìpou �sS to m ko th akm .



208 7. H MEJODOS THS A POSTERIORI ANALUSHS SFALMATOSH tim  tou sunarthsiakoÔ pou prokÔptei me efarmog  th mejìdousugkr�netai me thn tim  pou lamb�netai apì thn ap' euje�a ep�lush twn exis¸sewn�o  se m�a diadoq  plegm�twn pou lamb�nontai èqonta w ekk�nhsh to arqikìplègma me isìtroph di�spash. Epiplèon, or�zetai m�a asumptwtik  tim  h opo�aupolog�zetai efarmìzonta proekbol  kat� Rihardson sti timè twn dÔoteleuta�wn omoiìmorfa puknomènwn plegm�twn. Sta sq. 7.2 kai 7.3apeikon�zontai oi timè tou suntelest  �nwsh kai opisjèlkousa pou lamb�nontaiapì th mèjodo APEA me kai qwr� thn epibol  diìrjwsh, ta omoiìmorfaprosarmosmèna plègmata kaj¸ kai h asumptwtik  tim , sunart sei touapaitoÔmenou qrìnou ep�lush kai tou megèjou tou plègmato. M�lista,prokeimènou oi sugkr�sei na e�nai antikeimenikè, sta omoiìmorfa plègmata wapaitoÔmeno qrìno lamb�netai o qrìno ep�lush twn exis¸sewn qwrist� se k�jeplègma, en¸ gia th mèjodo APEA metr�tai to sÔnolo tou apaitoÔmenou qrìnou giathn ep�lush twn exis¸sewn �o  kai twn suzug¸n exis¸sewn se ìlh th seir� twnplegm�twn pou qrhsimopoioÔntai. Apì ta sq mata prokÔptei ìti h mèjodo APEAupolog�zei to sunarthsiakì me thn epijumht  akr�beia kai me mikrìtero kìstoupologismoÔ kai mn mh. H mèjodo te�nei na pukn¸sei idia�tera thn perioq kont� sto stereì ìrio kai kai ston omìrou, sq. 7.4.7.2.2 Prìlexh twn apwlei¸n th pterÔgwsh sumpiest  MANGHH 1S1Sthn enìthta aut  upolog�zontai oi ap¸leie th �o  th pterÔgwsh sumpiest elegqìmenh di�qush MAN GHH 1S1 pou melet jhke sthn enìthta 3.2 gia ain =47o. Oi ap¸leie ekfr�zontai e�te mèsw th paragìmenh sto upologistikì qwr�oentrop�a e�te mèsw th diafor� olik  p�esh metaxÔ twn diatom¸n eisìdou kaiexìdou th �o . Ta dÔo aut� sunarthsiak� diafèroun w pro thn perioq  touupologistikoÔ qwr�ou ìpou pragmatopoie�tai h olokl rwsh gia ton upologismìtou. H paragwg  entrop�a ekfr�zetai apì to parak�tw qwrikì olokl rwma,pou kalÔptei ìlo to upologistikì qwr�oF = Z
 �ui �s�xi d
To parap�nw olokl rwma, upì thn paradoq  adiabatik¸n toiqwm�twn, mpore� nagrafe� w ex , [256℄F = Z
 1T �ij �ui�xj d
 =XV P 1T P (�ij)P ��ui�xj�Pìpou V P e�nai to sÔnolo twn peperasmènwn ìgkwn tou plègmato.Antijètw, oi ap¸leie olik  p�esh ekfr�zontai sta ìria eisìdou kai exìdoutou upologistikoÔ qwr�ou apì thn ex. 4.11, h opo�a epanalamb�netai parak�tw
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ασυµπτωτικό όριο
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0.032Sq ma 7.2: Prìlexh th tim  tou suntelest  �nwsh th aerotom  RAE 2822:SÔgkrish th tim  tou suntelest  pou upolog�zei h mèjodo APEA, qwr� kaime thn upologizìmenh diìrjwsh, me thn ant�stoiqh tim  pou lamb�netai apìta omoiìmorfa puknomèna plègmata, kaj¸ kai me thn asumptwtik  tim ,sunart sei tou upologistikoÔ kìstou (�nw) kai twn kìmbwn tou plègmato(k�tw). O orizìntio �xona e�nai se logarijmik  kl�maka.q�rin plhrìthtaF = Zin ptdS � Zout ptdS =XBi pJt�sJ �XBo pJt�sJ (4.11)P�li, w tim  anafor� �ewre�tai aut  pou prokÔptei apì thn efarmog proekbol  kat� Rihardson sti timè tou sunarthsiakoÔ pou prokÔptounkatìpin ep�lush twn exis¸sewn �o  se m�a seir� omoiìmorfa puknomènwnplegm�twn, me ekk�nhsh to arqikì plègma pou qrhsimopoie�tai kai sthnefarmog  th mejìdou APEA. H epijumht  akr�beia t�jetai �sh me e0 = 10�4. Stasq. 7.2 kai 7.3 apeikon�zontai oi timè th paragwg  entrop�a kai twn apwlei¸nolik  p�esh ant�stoiqa, ìpw upolog�zontai apì thn proteinìmenh mèjodo, mekai qwr� thn epibol  th diìrjwsh, kaj¸ kai apì ta omoiìmorfaprosarmosmèna plègmata, sunart sei tou apaitoÔmenou qrìnou upologismoÔ kaitou arijmoÔ twn kìmbwn tou ek�stote plègmato Sta sq matasumperilamb�nontai kai oi ant�stoiqe asumptwtikè timè. H mèjodo APEAupolog�zei kai ti dÔo ekfr�sei twn apwlei¸n me thn epijumht  akr�beia kai me
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ασυµπτωτικό όριο
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0.063Sq ma 7.3: Prìlexh th tim  tou suntelest  opisjèlkousa th aerotom RAE 2822: SÔgkrish th tim  tou suntelest  pou upolog�zei h mèjodo APEA,qwr� kai me thn upologizìmenh diìrjwsh, me thn ant�stoiqh tim  pou lamb�netaiapì ta omoiìmorfa puknomèna plègmata, kaj¸ kai me thn asumptwtik  tim ,sunart sei tou upologistikoÔ kìstou (�nw) kai twn kìmbwn tou plègmato(k�tw). O orizìntio �xona e�nai se logarijmik  kl�maka.mikrìtero kìsto upologismoÔ kai mn mh. H proteinìmenh mèjodo d�nei kaip�li plègma prosarmosmèno kur�w sthn perioq  tou omìrou kai kont� stostereì ìrio, sq. 7.7.7.3 Anakefala�wshSto parìn kef�laio parousi�sthke m�a mèjodo a posteriori an�lushsf�lmato, h opo�a aposkope� ston upologismì sunarthsiak¸n meprokajorismènh apì ton qr sth akr�beia, qrhsimopoi¸nta èna sqetik� araiìarqikì plègma, kai me mikrìtero upologistikì kai apojhkeutikì kìsto apì autìpou �a epèfere h apeuje�a ep�lush twn exis¸sewn se èna arket� pio puknìplègma to opo�o �a èdine thn epijumht  akr�beia. H mèjodo anaptÔqjhkesundu�zonta thn teqnik  prosarmog  ubridik¸n plegm�twn pou anaptÔqjhkesto kef. 2 kai th diakrit  suzug  mèjodo pou anaptÔqjhke sto kef. 5 kaiefarmìsthke epituq¸ sthn prìlexh twn suntelest¸n �nwsh kai opisjèlkousam�a 2D aerotom  kai sthn prìlexh twn apwlei¸n lìgw sunektikìthta m�a 2D
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Sq ma 7.4: Prìlexh th tim  twn suntelest¸n �nwsh kai opisjèlkousa thaerotom  RAE 2822: Parousi�zontai ta telik� plègmata pou prokÔptounme efarmog  th mejìdou APEA kai me ta opo�a upolog�zontai oi suntelestè�nwsh (�nw) kai opisjèlkousa (k�tw) me thn epijumht  akr�beia.
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0.0024Sq ma 7.5: Prìlexh th paragwg  entrop�a th pterÔgwsh sumpiest MAN GHH 1S1: SÔgkrish th tim  tou sunarthsiakoÔ pou upolog�zei hmèjodo APEA, qwr� kai me thn upologizìmenh diìrjwsh, me thn ant�stoiqhtim  pou lamb�netai apì ta omoiìmorfa puknomèna plègmata, kaj¸ kai me thnasumptwtik  tim , sunart sei tou upologistikoÔ kìstou (�nw) kai twn kìmbwntou plègmato (k�tw). O orizìntio �xona e�nai se logarijmik  kl�maka.pterÔgwsh sumpiest .
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0.0255Sq ma 7.6: Prìlexh twn apwlei¸n olik  p�esh th pterÔgwsh sumpiest MANGHH 1S1: SÔgkrish th tim  twn apwlei¸n pou upolog�zei h mèjodo APEA,qwr� kai me thn upologizìmenh diìrjwsh, me thn ant�stoiqh tim  pou lamb�netaiapì ta omoiìmorfa puknomèna plègmata, kaj¸ kai me thn asumptwtik  tim ,sunart sei tou upologistikoÔ kìstou (�nw) kai twn kìmbwn tou plègmato(k�tw). O orizìntio �xona e�nai se logarijmik  kl�maka.
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Sq ma 7.7: Prìlexh twn apwlei¸n th pterÔgwsh sumpiest  MAN GHH 1S1:Parousi�zontai ta telik� plègmata pou prokÔptoun me efarmog  th mejìdouAPEA kai me ta opo�a upolog�zontai h paragwg  entrop�a (�nw) kai oi ap¸leieolik  p�esh (k�tw) me thn epijumht  akr�beia.



Kef�laio 8ANAKEFALAIWSH�SUMPERASMATASto kef�laio autì g�netai anakefala�wsh twn pepragmènwn sto pla�sio thparoÔsa didaktorik  diatrib , sunoy�zontai oi kainotom�e twn mejìdwn pouparousi�sthkan se aut  kai ta sumper�smata apì thn an�ptuxh kai thnefarmog  tou. Stìqo th diatrib   tan h an�ptuxh m�a diakrit  suzugoÔmejìdou gia ton upologismì tou essianoÔ mhtr¸ou kai h epakìloujh efarmog tou mhtr¸ou autoÔ se diadikas�e ant�strofou sqediasmoÔ kai �eltistopo�hsh.Sth diakrit  suzug  mèjodo kai sto upoke�meno logismikì ep�lush twn exis¸sewn�o  exarq  tèjhke w stìqo na e�nai ikanì na diaqeir�zetai ubridik� plègmatakai m�lista me enia�o trìpo gia ìla ta e�dh twn plegmatik¸n stoiqe�wn. Han�ptuxh th mejìdou aut  mpore� na diakrije� se dÔo �asik� tm mata:� thn an�ptuxh enì epilÔth kat�llhlou na diaqeiriste� ubridik� plègmata kaithn epark  pistopo�hsh autoÔ� thn an�ptuxh m�a diakrit  suzugoÔ mejìdou �asismènh ston epilÔthautì gia ton upologismì tou akriboÔ essianoÔ mhtr¸ou kai th qr sh, sthsunèqeia, tou mhtr¸ou autoÔ se efarmogè ant�strofou sqediasmoÔ kaielaqistopo�hsh twn apwlei¸n olik  p�eshAnaptÔqjhke ep�sh, katìpin sunduasmoÔ th anaptuqje�sa suzugoÔ mejìdoukai th teqnik  prosarmog  ubridik¸n plegm�twn, m�a mèjodo gia thn aposteriori an�lush sf�lmato, h opo�a epitrèpei ton upologismì sunarthsiak¸nme m�a prokajorismènh apì ton qr sth akr�beia.Oi mèjodoi pou parousi�sthkan emperièqoun prwtìtupa stoiqe�a se sqèsh meant�stoiqe mejìdou th �ibliograf�a, ta opo�a antikatoptr�zontai e�te sthnmegalÔterh apodotikìthta tou (me�wsh tou kìstou upologismoÔ kai tou kìstouapoj keush mn mh, pio apotelesmatik  mèjodo �eltistopo�hsh) e�te sto e�dotwn efarmog¸n (l.q. efarmìsthkan gia pr¸th �or� akribe� mèjodoi Newton gia�eltistopo�hsh se pterug¸sei strobilomhqan¸n upì periorismoÔ). H sÔnoyhorgan¸netai se dÔo enìthte ant�stoiqe twn ped�wn pou antimetwp�sthkan (eujÔprìblhma, suzugè prìblhma). 215



216 8. ANAKEFALAIWSH�SUMPERASMATA8.1 Sqetik� me th qr sh ubridik¸n plegm�twn giathn ep�lush tou probl mato �o H mèjodo pou parousi�sthke sth diatrib  antimet¸pise to prìblhma ep�lushtwn exis¸sewn Navier�Stokes gia mìnime �oè kai gia sumpiest� �eust� me qr shubridik¸n plegm�twn. H diatrib  èjese exarq  stìqou (ìpw enia�a antimet¸pishtwn plegmatik¸n stoiqe�wn, akr�beia deÔterh t�xh tou sq mato diakritopo�hshqwr� na pragmatopoioÔntai/apaitoÔntai paradoqè gia ta plegmatik� stoiqe�a)pou antimetwp�sthkan tmhmatik� kai me di�forou trìpou sthn �ibliograf�a,potè ìmw sto sÔnolì tou. Sugkekrimèna, apait jhkan ta ex  :� H antimet¸pish ìlwn twn plegmatik¸n stoiqe�wn, pou sunant¸ntai se ènaubridikì plègma, apì ton epilÔth na e�nai enia�a. H di�krish twn stoiqe�wnsto paraqjèn logismikì pragmatopoie�tai mìno se ep�pedo proepexergas�a(dom  dedomènwn tou plègmato) kai metepexergas�a. Autì èqei poik�lapleonekt mata, ta �asikìtera ek twn opo�wn e�nai �kajarìtero� phga�ok¸dika, elafr¸ taqÔterh ektèlesh kai eukolìterh epektasimìthta autoÔ.L.q. se 3D plègmata mporoÔn eÔkola na prostejoÔn eptakombik��sfhnoeid � stoiqe�a, ta opo�a sunant¸ntai se k�poiou epilÔte/genèteplègmato, me allag  mìno sto proepexergastikì (dom  dedomènwn) kaimetepergastikì (apotelèsmata) st�dio tou phga�ou k¸dika th mejìdouep�lush. Ta stoiqe�a pou qrhsimopoi jhkan sti efarmogè th diatrib  tan tr�gwna/tetr�pleura se 2D kai tetr�edra/pentakombikèpuram�de/pr�smata me trigwnik  ��sh/ex�edra se 3D.� H mèjodo na epidèqetai di�forou trìpou gia ton upologismì twn qwrik¸nkl�sewn twn metablht¸n �o  (oi qwrikè kl�sei apaitoÔntai kat� thnefarmog  tou sq mato MUSCL kai ton upologismì twn dianusm�twnsunektik  �o ), me tètoio trìpo ¸ste na mh mei¸netai h akr�beia th t�xhtou sq mato. Sthn paroÔsa diatrib , gia ton upologismì twn kl�sewndokim�sthkan h olokl rwsh kat' ìgko kai h mèjodo twn elaq�stwntetrag¸nwn. H prot�mhsh th m�a   th �llh mejìdou exart�tai apì toprìblhma kai ousiastik� upodeiknÔetai apì th morf  tou plègmato kont�sto stereì ìrio, [205℄, opìte e�nai epijumht  h euelix�a sthn epilog  thmejìdou upologismoÔ twn kl�sewn. Epishma�netai ìti sth �ibliograf�a ìlata sq mata qrhsimopoioÔn e�te th mèjodo twn elaq�stwn tetrag¸nwn (l.q.[34℄, [35℄) e�te k�poia �llh taktik  pou en�ote mei¸nei thn t�xh akr�beia tousq mato diakritopo�hsh.H proteinìmenh mèjodo �dane�sthke� idèe apì ant�stoiqh mèjodopeperasmènwn stoiqe�wn, [21℄, efarmìzont� ti ìmw se sq mata pouqrhsimopoioÔn th mèjodo twn peperasmènwn ìgkwn kai m�lista me tètoio trìpo¸ste h diaqe�rish tou ek�stote plegmatikoÔ stoiqe�ou na mhn exart�tai apì tontÔpo tou, ikanopoi¸nta ètsi thn pr¸th apa�thsh. Epiplèon, h diaqe�rish twn



8.1. Sqetik� me th qr sh ubridik¸n plegm�twn gia thn ep�lush tou probl mato �o 217tetrapleurik¸n diepifanei¸n metaxÔ twn stoiqe�wn, oi opo�e e�nai sth genik per�ptwsh streblè (ta tèssera shme�a pou ti or�zoun den e�nai sunep�peda), ègineme trìpo pou na mh mei¸nei thn t�xh akr�beia, afoÔ den pragmatopoi jhke l.q.di�spash aut¸n se dÔo trigwnikè (ìpw sunhj�zetai sth �ibliograf�a, [43℄).Antijètw, h qr sh trigrammik¸n ekfr�sewn gia ti epif�neie autè(digrammik¸n an anaferìmaste se 2D) epètreye thn an�ptuxh algor�jmwn kai tonupologismì oloklhrwm�twn se autè me trìpo o opo�o e�nai apodotikì kaikoinì gia ìla ta plegmatik� stoiqe�a, en¸ oi mèjodoi pou qrhsimopoi jhkan giaton upologismì twn qwrik¸n kl�sewn  tan akribe� gia grammik� katanemhmènemetablhtè (linearity preserving), gegonì pou exasf�lise th mh�upob�jmish tht�xh akr�beia, [31℄.To logismikì pou anaptÔqjhke gia thn ulopo�hsh th mejìdou sthr�qthke sepro�p�rqon logismikì tou EJS, proðìn palaiìterwn didaktorik¸n diatrib¸n, giathn ep�lush sumpiest¸n �o¸n se plègmata me apokleistik� trigwnik�  tetraedrik� stoiqe�a, gia m�a plhj¸ra montèlwn tÔrbh m�a kai dÔo exis¸sewn,[1℄, [2℄, [6℄. Parìti h an�ptuxh th mejìdou kai oi efarmogè aut pragmatopoi jhkan qrhsimopoi¸nta to montèlo tÔrbh m�a ex�swsh twnSpalart�Allmaras, h epèktash kai sta upìloipa montèla tÔrbh e�nai �mesh kaièqei  dh oloklhrwje�. Idia�terh èmfash dìjhke kai sth diakritopo�hsh twnsunektik¸n ìrwn tou sq mato, kaj¸ kai twn ìrwn di�qush tou montèloutÔrbh, afoÔ apl  epèktash tou sq mato pou qrhsimopoi jhke sti palaiìterediatribè, [1℄, [2℄, se ubridik� plègmata apode�qjhke ìti dhmiourge� ast�jeiekat� thn arijmhtik  ep�lush. Epiplèon, h en lìgw mèjodo parallhlopoi jhkeme qr sh twn prwtokìllwn PVM kai MPI me qr sh m�a koin  �wrapper��iblioj kh.H proteinìmenh mèjodo pistopoi jhke se 2D kai 3D efarmogè eswterik  kaiexwterik  aerodunamik , pragmatopoi¸nta sugkr�sei me peiramatik� dedomènakai arijmhtik� dedomèna �llwn ereunht¸n. Ta sumper�smata pou proèkuyan apìthn efarmog  th mejìdou e�nai ta parak�tw:� H qr sh ubridikoÔ plègmato èdwse akribèstera apotelèsmata apì aut�pou prokÔptoun qrhsimopoi¸nta plègma me apokleistik�trigwnik�/tetraedrik� stoiqe�a ant�stoiqh poiìthta. Autì epiteÔqjhkekur�w lìgw th shmantik  me�wsh twn �ainomènwn arijmhtik  di�qushsthn perioq  kont� sto stereì ìrio, afoÔ se èna ubridikì plègmaapousi�zoun diag¸nie akmè pou sqhmat�zoun mikr  gwn�a me to stereììrio. Oi akmè autè emfan�zontai suqn� sta plègmata me amig¸trigwnik�/tetraedrik� stoiqe�a, idia�tera ìtan aut� prokÔptoun apìubridik� me di�spash ìlwn twn tetrapleurik¸n stoiqe�wn se tr�gwna (se 2D)kai ìlwn twn mh�tetraedrik¸n stoiqe�wn se tetr�edra (se 3D). Shmei¸netaiepiplèon ìti h di�spash aut  se 3D den e�nai p�nta profan    eÔkolh.� H qr sh ubridikoÔ plègmato epit�qune shmantik� thn ep�lush kaitautìqrona me�wse ti apait sei mn mh, idia�tera se 3D peript¸sei, ìpoumei¸netai shmantik� o arijmì twn akm¸n tou plègmato. Ait�a gia autì



218 8. ANAKEFALAIWSH�SUMPERASMATA tan p�li h apofug  eisagwg  akm¸n sto plègma, oi opo�e naproèrqontai apì di�spash stoiqe�wn. Sugkr�sei metaxÔ tou apaitoÔmenouqrìnou ep�lush enì ped�ou �o  se ubridik� plègmata kai sta ant�stoiqaplègmata me trigwnik�/tetraedrik� stoiqe�a pou proèkuyan apì di�spash,�èdeixe� me�wsh tou upologistikoÔ kìstou èw kai kat� 50%.� H dunatìthta qr sh ubridik¸n plegm�twn prosd�dei meg�lh euelix�a stonant�stoiqo epilÔth, afoÔ mpore� adiakr�tw na qeiriste� opoiond pote tÔpomh�allhlokaluptìmenwn plegm�twn (l.q. domhmèna plègmata   plègmatatÔpou multiblok).8.2 Sqetik� me th diakrit  suzug  mèjodo gia tonupologismì tou akriboÔ essianoÔ mhtr¸ou kaithn a posteriori an�lush sf�lmatoSthn paroÔsa diatrib  anaptÔqjhke m�a diakrit  suzug  mèjodo gia ubridik�plègmata sthrizìmenh sthn mèjodo pou anaptÔqjhke gia to eujÔ prìblhma, hopo�a stìqeue ston upologismì pr¸twn kai deÔterwn parag¸gwn euaisjhs�a kaisth sunèqeia th qr sh aut¸n se mejìdou �eltistopo�hsh. H mèjodoanaptÔqjhke apofeÔgonta th qr sh logismikoÔ autìmath diafìrish, ¸ste nae�nai dunat  h diereÔnhsh th shmantikìthta twn diaforizìmenwn ìrwn se arket�qamhlì ep�pedo, kai na e�nai dunat  h tautopo�hsh kai h diagraf  twn amelhtèwnìrwn. Me autìn ton trìpo apofeÔqjhkan �skope pr�xei kai epanalambanìmenoiupologismo� apojhkeumènwn ìrwn/mhtr¸wn pou pragmatopoioÔntai apìlogismikì pou par�getai me autìmath diafìrish. Tautìqrona, h diafìrish twnìrwn deÔterh t�xh tou sq mato diakritopo�hsh tou eujèo probl matoprogrammat�sthke me ton plèon apodotikì trìpo, kai w pro to upologistikìkìsto kai w pro to kìsto apoj keush. AnaptÔqjhkan trei trìpoi gia toqeirismì twn ìrwn aut¸n, èna ek twn opo�wn apode�qthke ìti e�nai o plèonoikonomikì se apait sei mn mh kai tautìqrona arket� oikonomikì seupologistikì kìsto.Par�llhla me th diakrit  suzug  mèjodo anaptÔqjhke mèjodo euje�adiafìrish twn diakritopoihmènwn exis¸sewn �o , h opo�a upolog�zei tiparag¸gou euaisjhs�a twn metablht¸n �o . O sunduasmì th me th suzug mèjodo apode�qjhke ìti e�nai o plèon apodotikì trìpo upologismoÔ touessianoÔ mhtr¸ou gia peript¸sei ìpw autè pou antimetwp�zontai sth diatrib ,ìpou ta emplekìmena sunarthsiak� (sun�rthsh stìqou kai �oðko� periorismo�)e�nai ligìtera apì ti metablhtè sqediasmoÔ. Ta essian� mhtr¸a pouupolog�sthkan me th mèjodo aut  sth sunèqeia qrhsimopoi jhkan gia tonant�strofo sqediasmì kai thn elaqistopo�hsh twn apwlei¸n olik  p�eshaerodunamik¸n morf¸n upì periorismoÔ. Se ìle sqedìn ti peript¸sei, oiproteinìmene mèjodoi apode�qjhkan pio apodotikè  /kai pio apotelesmatikèapì ti mejìdou pou qrhsimopoioÔn mìno thn kl�sh tou sunarthsiakoÔ kai twn



8.2. Sqetik� me th diakrit  suzug  mèjodo gia ton upologismì tou akriboÔ essianoÔmhtr¸ou kai thn a posteriori an�lush sf�lmato 219periorism¸n. AkoloujoÔn ta stoiqe�a prwtotup�a th mejìdou kai tasumper�smata apì thn efarmog  th :� Diereun jhkan èna pro ènan ìloi oi ìroi pou summetèqoun sthdiamìrfwsh twn suzug¸n exis¸sewn kai tou essianoÔ mhtr¸ou w pro thnep�dras  tou sthn tim  twn upologizìmenwn parag¸gwn euaisjhs�a,prokeimènou oi amelhtèoi ìroi na apaleifjoÔn apì ti ekfr�sei pouqrhsimopoi jhkan kat� th �eltistopo�hsh. Gia tou ìrou metafor�dokim�sthkan di�fore taktikè, me pleonekt mata e�te w pro toapaitoÔmeno upologistikì kìsto e�te w pro thn apaitoÔmenh mn mh.Idia�tera gia tou ìrou pou perilamb�noun parag¸gou twn iakwbian¸n twndianusm�twn �o , oi ìroi auto� apode�qthke ìti e�nai shmantikì nadiagrafoÔn apì ti ekfr�sei twn parag¸gwn euaisjhs�a pr¸th t�xh touupolo�pou twn exis¸sewn �o , afoÔ e�nai amelhtèoi, en¸ peraitèrwparag¸gis  tou odhge� se polud�pane ekfr�sei gia to essianì mhtr¸o.� Gia pr¸th �or� to akribè essianì mhtr¸o qrhsimopoi jhke gia th�eltistopo�hsh upì periorismoÔ (mèqri t¸ra e�qe qrhsimopoihje� mìno se1D peript¸sei   gia ton ant�strofo sqediasmì). Apode�qthke ìti ant�stoiqemèjodoi prosèggish tou mhtr¸ou pou sunant¸ntai sth �ibliograf�a denarkoÔn se probl mata, ìpou to sunarthsiakì ekfr�zetai se ìriodiaforetikì apì autì pou kajor�zoun oi metablhtè sqediasmoÔ.� Prot�jhke m�a nèa mèjodo sunduasmoÔ th akriboÔ mejìdou Newton meti sumbatikè mejìdou BFGS kai SR1, sthn opo�a to akribè mhtr¸oupolog�zetai mìno sthn pr¸th epan�lhyh, prokeimènou na epitaqunje� hdiadikas�a �eltistopo�hsh kai na epiteuqje� m�a sqetik  apex�rthsh aut apì to mègejo tou q¸rou sqediasmoÔ. H proteinìmenh mèjodo epitaqÔneishmantik� th diadikas�a �eltistopo�hsh/ant�strofou sqediasmoÔ.W �meso proðìn sunduasmoÔ th anaptuqje�sa diakrit  suzugoÔ mejìdoukai th teqnik  prosarmog  ubridik¸n plegm�twn, anaptÔqjhke epiplèon kaiefarmìsthke mèjodo a posteriori an�lush sf�lmato, h opo�a epitrèpei tonupologismì sunarthsiak¸n me praktikì endiafèron, me prokajorismènh apì toqr sth akr�beia, mèsw th epibol  diadoqik¸n prosarmog¸n sto plègma kaidiorj¸sewn sthn tim  tou upologizìmenou sunarthsiakoÔ. H mèjodo aut anaptÔqjhke gia m�a poikil�a sunarthsiak¸n (�nwsh, opisjèlkousa, paragwg entrop�a kai ap¸leie olik  p�esh) me praktikì endiafèron se efarmogèeswterik  kai exwterik  aerodunamik .



220 8. ANAKEFALAIWSH�SUMPERASMATA8.3 SÔgkrish twn parag¸gwn euaisjhs�a pouupolog�zontai me th diakrit  kai th suneq suzug  mèjodoDedomènou ìti plèon sto EJS e�nai diajèsime diakritè kai suneqe� suzuge�mèjodoi gia ton upologismì twn parag¸gwn euaisjhs�a pr¸th kai deÔterht�xh (sto pla�sio th paroÔsa all� kai �llwn diatrib¸n, [3℄, [7℄, kaj¸ kaimetadidaktorik¸n ergasi¸n, [141℄, [46℄, [48℄), pragmatopoi jhke endeiktik�sÔgkrish twn parag¸gwn euaisjhs�a pou upolog�zontai apì ti dÔo mejìdousto prìblhma ant�strofou sqediasmoÔ th 2D pterÔgwsh th enìthta 6.4, sq.8.1. H sumfwn�a twn parag¸gwn pou upolog�zontai me ti dÔo mejìdou (oi opo�eshmeiwtèon qrhsimopoioÔn diaforetikì epilÔth kai plègma) apotele� m�a epiplèonepal jeush th orjìthta tou kai apodeiknÔei sthn pr�xh th sÔgklish twn dÔomejìdwn, ìtan to upologistikì plègma e�nai arkoÔntw puknì.
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-0.005Sq ma 8.1: SÔgkrish pr¸twn kai deÔterwn parag¸gwn euaisjhs�a pouupolog�zontai me th diakrit  suzug  mèjodo pou anaptÔqjhke sthn paroÔsadiatrib  kai th suneq  suzug  mèjodo pou anaptÔqjhke sthn ergas�a [48℄ touEJS, ston ant�strofo metasqhmatismì th 2D pterÔgwsh th enìthta 6.4.8.4 Prot�sei gia mellontik  èreunaTa parak�tw ped�a prosfèrontai gia epèktash twn mejìdwn pou parousi�sthkansthn paroÔsa diatrib  kai gia peraitèrw diereÔnhsh. Sqetik� me thn ep�lush twnexis¸sewn �o  me qr sh ubridik¸n plegm�twn prote�nontai ta ex  :� Dedomènou ìti anaptÔqjhke kat�llhlh diadikas�a gia ton upologismì twnqwrik¸n kl�sewn megej¸n se ubridik� plègmata kai epark  gn¸sh stashme�a pou prèpei na doje� prosoq  ìtan montelopoioÔntai ìroi metafor�,di�qush kai phg¸n p�nw se aut�, e�nai dunat  plèon h enswm�twsh sthmèjodo akribèsterwn montèlwn tÔrbh. 'Hdh kat� th di�rkeia thdidaktorik  diatrib  oloklhr¸jhke, ìpw proanafèrjhke, h epèktashth mejìdou se arket� montèla tÔrbh dÔo exis¸sewn k � � kai k � !, ta



8.4. Prot�sei gia mellontik  èreuna 221opo�a pro�p rqan sto upì epèktash logismikì tou EJS, kai ta opo�apistopoi jhkan se suggen  didaktorik  diatrib , [6℄. Ep�sh, giaapodotik  efarmog  th mejìdou se poluplokìtera probl mata (ta opo�aen gènei apaitoÔn plègmata megalÔterou megèjou kai pio exeligmènamontèla tÔrbh), qrei�zontai taqe�, parallhlopoihmènoi algìrijmoiupologismoÔ epikourik¸n megej¸n ìpw h apìstash apì to stereì ìrio (l.q.me qr sh k�poia mejìdou h opo�a epilÔei sust mata elleiptik¸nexis¸sewn gia autì to skopì), kai teqnikè prosarmog  3D plegm�twn.Endeiktik  efarmog  me idia�tero praktikì endiafèron e�nai h melèthpeript¸sewn me èlegqo �o 1, me prosarmog  tou plègmato ��sei toumètrou th strobilìthta (l.q. gia kalÔterh prìlexh twn perioq¸n ìpoulamb�nei q¸ra apokìllhsh).� H mèjodo e�nai dunatìn na epektaje� kai na programmatiste� se gl¸ssakat�llhlh gia parallhl�a me �risth klimakwsimìthta se meg�lo arijmìepexergast¸n (l.q. Coarray FORTRAN)   se k�rte grafik¸n (GPGPU),ìpou o algìrijmo ep�lush epitaqÔnetai èw kai 40 �orè. 'Ereuna se autìto ped�o  dh �r�sketai se exèlixh se trèqousa didaktorik  diatrib  touergasthr�ou, [257℄, [258℄, [259℄.Anaforik� me ti suzuge� mejìdou sth �eltistopo�hsh kai ton upologismì touessianoÔ mhtr¸ou prote�nontai ta ex  :� Oi ìroi pou perilamb�noun parag¸gou euaisjhs�a deÔterh t�xh touplègmato e�nai suqn� phg  sfalm�twn ìtan g�netai qr sh diakrit¸nsuzug¸n mejìdwn (sth suneq  suzug  mèjodo o upologismì twn ìrwn aut¸nden e�nai apara�thto), eidik� sthn per�ptwsh pou h mèjodo gèneshplègmato, h opo�a qrhsimopoie�tai de diafor�zetai (l.q. mèjodoproelaÔnonto met¸pou). Oi en lìgw par�gwgoi �a mporoÔsan naupologistoÔn akribèstera e�te me mejìdou pou k�noun qr sh migadik¸nmetablht¸n, [260℄, [108℄, [109℄, e�te me epèktash th mejìdou pouparousi�zetai sto [76℄ sthn opo�a epilÔontai suzuge� exis¸sei gia tonupologismì twn parag¸gwn euaisjhs�a plegmatik¸n posot twn, e�te meqr sh mejìdou elathr�wn kat�llhlh gia ubridik� plègmata, prokeimènouna prosarmìzetai to plègma sth metaballìmenh kat� tosqediasmì/beltistopo�hsh gewmetr�a, ant� na epanakataskeu�zetai.� To kìsto twn parousiazìmenwn mejìdwn Newton exart�tai apì to mègejotou q¸rou sqediasmoÔ. Sunduasmì me mejìdou Newton me apokop 2, oiopo�e den qrhsimopoioÔn to essianì mhtr¸o all� k�poia kat�llhlh probol autoÔ, �a mporoÔse na �rei autì to meionèkthma. 'Hdh pragmatopoie�tai kaie�nai upì dhmos�eush sqetik  èreuna sto EJS pro aut  thn kateÔjunsh,[261℄. H apemplok  tou kìstou th mejìdou apì ton arijmì twn eleÔjerwn1�ow ontrol2trunated Newton



222 8. ANAKEFALAIWSH�SUMPERASMATAmetablht¸n �a katast sei th mèjodo praktik� efarmìsimh se 3D probl mata�eltistopo�hsh, ta opo�a en gènei èqoun pollè metablhtè sqediasmoÔ.� Prote�netai h an�ptuxh suzug¸n diatup¸sewn kai �llwn montèlwn tÔrbh,l.q. twn montèlwn tÔrbh dÔo exis¸sewn pou  dh èqoun programmatiste� giato eujÔ prìblhma.� To akribè essianì mhtr¸o e�nai dunatìn na qrhsimopoihje� se mejìdoustibaroÔ sqediasmoÔ, [130℄, [262℄, [263℄, gia thn elaqistopo�hsh twnapwlei¸n olik  p�esh.8.5 DhmosieÔseiParat�jentai oi dhmosieÔsei se episthmonik� periodik� kai oi parousi�sei sediejn  sunèdria pou pragmatopoi jhkan kat� thn ekpìnhsh th diatrib .Zervogiannis, T., Papadimitriou, D. I., and Giannakoglou, K. C.: Total pressurelosses minimization in turbomahinery asades using the exat Hessian.Computer Methods in AppliedMehanis and Engineering, 199:2697�2708, 2010.Zervogiannis, T., Papadimitriou, D. I., and Giannakoglou, K. C.: Computation ofseond�order sensitivities of the total pressure losses funtional in asade �ows.ISABE Conferene, 2009.Trompoukis, X., Asouti, V. G., Zervogiannis, T., and Giannakoglou, K. C.:CFD analysis and parametri study�optimization of sution�blowing �ow ontroltehniques. 6th GRACM Internation Congress on Computational Mehanis, 2008.Giannakoglou, K. C., Kampolis, I. C., Karakasis, M. K., Papadimitriou, D. I.,Asouti, V. G., and Zervogiannis, T.: Aerodynami shape optimization methods onmultiproessor platforms. ParCFD Conferene, 2007.Zervogiannis, T., Liakopoulos, P. I. K. D., Papadimitriou, P. I., and Giannakoglou,K. C.: A grid enrihment and movement strategy for a posteriori error analysis invisous �ows. 7th European Conferene on Turbomahinery, 2007.
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Bibliograf�a 227[53℄ Reuther, J. and Jameson, A.: Aerodynami shape optimization of wing andwing�body on�gurations using ontrol theory. AIAA950213, 1995.[54℄ Jameson, A., Piere, N., and Martinelli, L.: Optimum aerodynami designusing the Navier�Stokes equations. Theoretial and Comutaional FluidDynamis, 10:213�237, 1998.[55℄ Reuther, J., Alonso, J. J., Rimlinger, M. J., and Jameson, A.: Aerodynamishape optimization of supersoni airraft on�gurations via an adjointformulation on distributed memory parallel omputers. Computers & Fluids,28:675�700, 1999.[56℄ Jameson, A. and Kim, S.: Redution of the adjoint formula in the ontinuouslimit. AIAA20030040, 2003.[57℄ Soto, O. and Löhner, R.: On the omputation of �ow sensitivities fromboundary integrals. AIAA20040112, 2004.[58℄ Othmer, C.: A ontinuous adjoint formulation for the omputation oftopologial and surfae sensitivities of duted �ows. International Journalfor Numerial Methods in Fluids, 58:861�877, 2008.[59℄ Nadarajah, S. K., Jameson, A., and Alonso, J.: An adjoint method for thealulation of remote sensitivities in supersoni �ow. AIAA20020261, 2002.[60℄ Nadarajah, S. K., Jameson, A., and Alonso, J. J.: Soni boom redutionusing an adjoint method for wing�body on�gurations in supersoni �ow.AIAA20025547, 2002.[61℄ Nadarajah, S. K., Jameson, A., and Alonso, J. J.: Adjoint�based soni boomredution for wing�body on�gurations in supersoni �ow. 50th CASI AnnualGeneral Meeting and Conferene, 2003.[62℄ Nadarajah, S. K., Kim, S., Jameson, A., and Alonso, J. J.: Soniboom redution using an adjoint method for supersoni transport airrafton�gurations. Fluid Mehanis and its Appliations, 73:355�362, 2003.[63℄ G. Kuruvila, S. Ta'asan, M. D. Salas: Airfoil optimization by the one�shotmethod. Tehnial report, NASA Langley Researh Center, 1994.[64℄ Kuruvila, G., Ta'asan, S., and Salas, M. D.: Airfoil design and optimizationby the one�shot method. AIAA950478, 1995.[65℄ Hazra, S. B. and Jameson, A.: One�shot pseudo�time method foraerodynami shape optimization using the Navier�Stokes equations. AIAA20071470, 2007.[66℄ Hazra, S. B. and Shulz, V.: Simultaneous pseudo�timestepping foraerodynami shape optimization problems with state onstraints. SIAMJournal on Sienti� Computing, 28:1078�1099, 2007.[67℄ Elliot, J. and Peraire, J.: Aerodynami design using unstrutured meshes.AIAA961941, 1996.



228 Bibliograf�a[68℄ Elliot, J. and Peraire, J.: Aerodynami optimization on unstrutured mesheswith visous e�ets. AIAA971849, 1997.[69℄ Elliot, J. and Peraire, J.: Progress towards a 3D aerodynami shapeoptimization tool for the ompressible, high�Re Navier�Stokes equationsdisretized on unstrutured meshes. AIAA982897, 1998.[70℄ Elliot, J. and Peraire, J.: Pratial 3D aerodynami design and optimizationusing unstrutured meshes. AIAA Journal, 35:35�62, 1997.[71℄ .Elliot, J and Peraire, J.: Constrained, multipoint shape optimisation foromplex 3D on�gurations. Aeronautial Journal, 102:365�376, 1998.[72℄ Nielsen, E. J. and Anderson, W. K.: Aerodynami design optimization onunstrutured meshes using the Navier�Stokes equations. AIAA984809,1998.[73℄ Anderson, W. K. and Bonhaus, D. L.: Airfoil design on unstrutured gridsfor turbulent �ows. AIAA Journal, 37:185�191, 1999.[74℄ Nielsen, E. J., Anderson, W. K., and Kaushik, D. K.: Implementation ofa parallel framework for aerodynami design optimization on unstruturedmeshes. Proeedings of Parallel Computational Fluid Dynamis '99, 1999.[75℄ Nielsen, E. and Anderson, W. K.: Reent improvements in aerodynamidesign optimization on unstrutured meshes. AIAA Journal, 40:1155�1163,2002.[76℄ Nielsen, E. and Park, M.: Using an adjoint approah to eliminate meshsensitivities in omputational design. AIAA Journal, 44:194�207, 2006.[77℄ Giles, M. B.: On the use of Runge�Kutta time marhing and multigrid for thesolution of steady adjoint equations. Tehnial report, Oxford UniversityComputing Laboratory, 2000.[78℄ Giles, M. B., Duta, M. C., and Müller, J. D.: Adjoint ode developments usingthe exat disrete approah. AIAA20012596, 2001.[79℄ Giles, M. B.: On the iterative solution of adjoint equations. Automatidi�erentiation of algorithms: From simulation to optimization, pages 145�151, 2002.[80℄ Giles, M. B.: Disrete adjoint approximations with shoks. Conferene onHyperboli Problems, 2002.[81℄ Giles, M. B. and Piere, N. A.: Analyti adjoint solutions for the quasi�one�dimensional Euler equations. Journal of Fluid Mehanis, 426:327�345,2001.[82℄ Campobasso, M. S., Duta, M. C., and Giles, M. B.: Adjoint methods forturbomahinery design. ISABE Conferene, 2001.[83℄ Duta, M. C., Giles, M. B., and Campobasso, M. S.: The harmoni adjointapproah to unsteady turbomahinery design. International Journal forNumerial Methods in Fluids, 40:323�332, 2002.



Bibliograf�a 229[84℄ Campobasso, M. S., Duta, M. C., and Giles, M. B.: Adjoint alulation ofsensitivities of turbomahinery objetive. Journal of Propulsion and Power,19:693�703, 2003.[85℄ Nadarajah, S. K. and Jameson, A.: Optimal ontrol of unsteady �ows usinga time aurate method. AIAA 20025436, 2002.[86℄ Nadarajah, S. K., MMullen, M. S., and Jameson, A.:Optimum shape designfor unsteady �ows using time aurate and non�linear frequeny domainmethods. AIAA 20033875, 2003.[87℄ Nadarajah, S. K., MMullen, M. S., and Jameson, A.: Non�linear frequenydomain based optimum shape design for unsteady three�dimensional �ows.AIAA 20061052, 2006.[88℄ Nadarajah, S. K. and Jameson, A.: Optimum shape design for unsteadythree�dimensional visous �ows using a non�linear frequeny domainmethod. AIAA 20063455, 2006.[89℄ Nadarajah, S. K., Jameson, A., and Alonso, J. J.: An adjoint method forthe alulation of non�olloated sensitivities in supersoni �ow. AIAA 20012530, 2001.[90℄ Papadimitriou, D. I. and Giannakoglou, K. C.: A ontinuous adjoint methodfor the minimization of losses in asade visous �ows. AIAA20060116,1996.[91℄ Papadimitriou, D. I. and Giannakoglou, K. C.: Total pressure lossesminimization in turbomahinery asades using a new ontinuous adjointformulation. Journal of Power and Engineering, 221:2041�2967, 2007.[92℄ Hasoët, L., Vásquez, M., and Dervieux, A.: Automati di�erentiation foroptimum design, applied to soni boom redution. Leture Notes in ComputerSiene, 2003.[93℄ Vásquez, M., Dervieux, A., and Koobus, B.: Multilevel optimization of asupersoni airraft. Finite Elements in Analysis and Design, 40:2101�2124,2004.[94℄ Martins, J. R. R. A., Alonso, J. J., and Reuther, J.: Aero�strutural wingdesign optimization using high��delity sensitivity analysis. DGLR Beriht,5:211�226, 2001.[95℄ Vásquez, M., Dervieux, A., and Koobus, B.: Aeroelasti oupling in soniboom optimization of a supersoni airraft. Tehnial report, Institut Nationalde Reherhe en Informatique et en Automatique, 2003.[96℄ Dadone, A. and Grossman, B.: Progressive optimization of inverse �uiddynami design problems. Computers & Fluids, 29:1�32, 2000.[97℄ Dadone, A. and Grossman, B.: Fast onvergene of invisid �uid dynamidesign problems. Computers & Fluids, 32:607�627, 2003.
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