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EUQARISTIES

H diatrib  aut  (Ph.D. Thesis) ekpon jhke gia thn apìkthsh tou tÐtlou thc

Did�ktoroc kai to perieqìmeno thc basÐzetai sth melèth kai epexergasÐa sÔgqro-

nwn ereunhtik¸n problhm�twn twn Efarmosmènwn Majhmatik¸n, sthn An�lush

Pin�kwn kai genikìtera, sth JewrÐa Telest¸n. IdiaÐtera shmantik   tan h sum-

bol  tou Epiblèpontoc k. Iw�nnh Maroul�, Kajhght  ston Tomèa Majhmatik¸n

thc Sqol c Efarmosmènwn Majhmatik¸n kai Fusik¸n Episthm¸n tou EjnikoÔ

Metsìbiou PoluteqneÐou. H kajod ghs  tou up rxe arwgìc sthn ereunhtik  mou

drasthriìthta, kaj¸c mèsw twn ide¸n, prot�sewn kai stoqeumènwn parathr -

se¸n tou sunèbale kajoristik� sto na embajÔnw kai na parousi�sw artiìtera ta

ereunhtik� mou apotelèsmata. Sugqrìnwc, h upost rixh kai enj�rrunsh pou mou

pareÐqe apotèlesan kinht rio moqlì gia thn epituq  olokl rwsh thc diatrib c

aut c kai gi� autìn to lìgo ton euqarist¸ jerm�.

EpÐshc, ofeÐlw euqarist ria proc to 'Idruma Kratik¸n Upotrofi¸n (I.K.U.)

gia thn upotrofÐa pou mou pareÐqe kat� thn di�rkeia ekpìnhshc thc didaktorik c

mou diatrib c, uposthrÐzontac oikonomik� thn èreun� mou.

Ekfr�zw tic euqaristÐec mou kai proc ton Kajhght  k. Swt rio Karan�sio

tou Tomèa Majhmatik¸n thc Sqol c E.M.F.E. kai ton k. Panagi¸th Yarr�ko,

Anaplhrwt  Kajhght  thc Ðdiac Sqol c, gia thn summetoq  touc sthn trimel 

sumbouleutik  epitrop .

Tèloc, ja  jela na euqarist sw ton Tomèa Majhmatik¸n gia to akadhmaðkì

kai euq�risto klÐma sunergasÐac kai gia thn ekpaideutik  empeirÐa pou apèkthsa

did�skontac ta ergasthriak� maj mata thc Arijmhtik c An�lushc II sto plaÐ-

sio tou proptuqiakoÔ progr�mmatoc spoud¸n thc Sqol c E.M.F.E. EpÐshc eu-

qarist¸ touc metaptuqiakoÔc foithtèc tou Tomèa Majhmatik¸n kai ton k. TÔro

KwnstantÐno, Did�ktora tou Tomèa Majhmatik¸n E.M.P. gia tic qr simec kai

epoikodomhtikèc episthmonikèc suzht seic.

Aik. Aret�kh.
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Kef�laio 1

EISAGWGH

Sthn kbantik  plhroforik , efarmìzontai oi kbantomhqanikèc idiìthtec thc Ôlhc

gia thn anapar�stash kai th dìmhsh dedomènwn kai dhmiourgoÔntai diadikasÐec

basismènec sthn kbantomhqanik  gia thn epexergasÐa twn dedomènwn. O kba-

ntikìc upologist c epexerg�zetai ta dedomèna, ston opoÐo oi stoiqei¸deic mon�dec

plhroforÐac eÐnai ta kbantik� yhfÐa, ta legìmena qubits.

Apì thn Majhmatik  pleur�, èna qubit anaparÐstatai apì thn 2×2 orjog¸nia

probol  Q = 1
2

[
1 + z x+ iy

x− iy 1− z

]
, ìpou x2 + y2 + z2 = 1. Mia kat�stash

(state) apì k-qubits Q1, . . . , Qk antiproswpeÔetai apì to tanustikì ginìmeno

Q1 ⊗ . . . ⊗ Qk ∈ Mn(C), ìpou n = 2k kai Mn(C) eÐnai h �lgebra twn n × n

migadik¸n pin�kwn.

Epiplèon, h kat�stash me ta k-qubits kwdikopoieÐtai se mia kat�stash apìN -

qubits, metadÐdetai mèsw enìc kbantikoÔ kanalioÔ kai apokwdikopoieÐtai swst�

ìtan den up�rqoun sf�lmata. Sto kbantikì kan�li me katast�seic apì N -qubits

antistoiqeÐ mia pl rwc jetik  grammik  apeikìnish E : Mn → Mn, me n = 2N ,

h opoÐa diathreÐ analloÐwto to Ðqnoc tou antÐstoiqou pÐnaka. SÔmfwna me ton

M.D. Choi [8], se k�je pl rwc jetik  grammik  apeikìnish E up�rqoun pÐnakec

E1, . . . , Em ∈ Mn tètoioi ¸ste

m∑
j=1

E∗
jEj = In kai E(A) =

m∑
j=1

EjAE
∗
j .

Oi pÐnakec Ej (j = 1, . . . ,m) eÐnai gnwstoÐ wc pÐnakec sfalm�twn.

'Estw V ènac k-di�statoc dianusmatikìc upìqwroc tou Cn kai PV mia orjog¸-
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nia probol  tou Cn epÐ tou V . O q¸roc V eÐnai kbantikìc k¸dikac diìrjwshc

sfalm�twn (quantum error correcting code) gia to kan�li E , an up�rqei èna �llo
kbantikì kan�li R : Mn → Mn tètoio ¸ste

(R ◦ E)(A) = A,

gia k�je A ∈ PVMnPV . Oi E. Knill kai R. Laflamme [28], apèdeixan oti autì

sumbaÐnei an kai mìno an up�rqoun migadikoÐ arijmoÐ γij, 1 ≤ i, j ≤ m tètoioi

¸ste

PVE
∗
i EjPV = γijPV , ∀ 1 ≤ i, j ≤ m. (1.1)

Gia jetikì akèraio k ≥ 1, ta parap�nw apotelèsmata od ghsan ston orismì tou

k-bajmoÔ arijmhtikoÔ pedÐou Λk(A) tou n× n migadikoÔ pÐnaka A, wc to

sÔnolo

Λk(A) = {λ ∈ C : PAP = λP gia k�poia P ∈ Pk} ,

ìpou Pk sumbolÐzei to sÔnolo ìlwn twn orjogwnÐwn probol¸n P tou Cn epÐ

opoioud pote k-di�statou upoq¸rou K tou Cn. IsodÔnama, λ ∈ Λk(A) akrib¸c

ìtan o k × k bajmwtìc pÐnakac λIk apoteleÐ {sustol } tou pÐnaka A s� ènan

k-di�stato upìqwro, dhlad  o pÐnakac A eÐnai orjomonadiaÐa ìmoioc me ton 2× 2

sÔnjeto pÐnaka thc morf c

[
λIk B

C D

]
.

H ènnoia tou k-bajmoÔ arijmhtikoÔ pedÐou parousi�sthke to 2006 kai suneqÐzei

èwc kai s mera na proselkÔei thn ereunhtik  koinìthta. AnaptÔqjhke, ar-

qik�, apì touc M.D. Choi, M. Giesinger, J.A. Holbrook, D.W. Kribs kai K.

Życzkowski stic ergasÐec touc [9, 10, 11, 12], kaj¸c kai apì �llouc ereunhtèc

[17, 36, 37, 39, 59]. O H.J. Woerdeman sthn ergasÐa tou [59] to 2007 apèdeixe

thn kurtìthta tou sunìlou Λk(A), thn opoÐa epal jeusan kai oi C.K. Li kai

N.S. Sze èna qrìno argìtera sthn ergasÐa touc [39]. IdiaÐterhc prosoq c eÐnai

to gegonìc oti gia k�poio deÐkth k ≤ n, endèqetai Λk(A) = ∅. Oi C.K. Li, Y.T.

Poon kai N.S. Sze [37] apèdeixan oti Λk(A) ̸= ∅ akrib¸c ìtan n ≥ 3k − 2.

Gia k = 1, to Λk(A) tautÐzetai me to klasikì arijmhtikì pedÐo [19, 21,

23, 27]

Λ1(A) ≡ F (A) = {x∗Ax : x ∈ Cn, x∗x = 1} ,

to opoÐo eÐnai o periorismìc thc EukleÐdiac monadiaÐac sfaÐrac Sn = {x ∈ Cn :

∥x∥2 = 1}, sto migadikì epÐpedo mèsw thc suneqoÔc apeikìnishc f(x) = ⟨Ax, x⟩ =
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x∗Ax. Gia to lìgo autì, F (A) eÐnai sumpagèc kai sunektikì sÔnolo. Axio-

shmeÐwto eÐnai oti Λ1(A) eÐnai kai kurtì sÔnolo, ìpwc apèdeixan o Toeplitz

to 1918 kai o Hausdorff to 1919 stic ergasÐec touc [57] kai [20], antÐstoiqa,

kai perikleÐei to f�sma σ(A) tou pÐnaka A, dhlad  to sÔnolo twn idiotim¸n

σ(A) = {λ ∈ C : ker (λI − A) ̸= {0}} tou A. Apì to arijmhtikì pedÐo antloÔme

qr simec plhroforÐec gia ton pÐnaka kai tic idiìthtèc tou, pou mac odhgoÔn se

efarmogèc epÐ thc JewrÐac Diataraq¸n [26, 55]. MetaxÔ twn anwtèrou bajmoÔ

arijmhtik¸n pedÐwn isqÔei h sqèsh egkleismoÔ

Λ1(A) ⊇ Λ2(A) ⊇ . . . ⊇ Λk(A).

Par�llhla me to Λk(A), orÐzontai h exwterik  k-bajmoÔ arijmhtik 

aktÐna,

rk(A) = max {|λ| : λ ∈ ∂Λk(A)} ,

kaj¸c kai h eswterik  k-bajmoÔ arijmhtik  aktÐna,

r̃k(A) = min {|λ| : λ ∈ ∂Λk(A)} ,

oi opoÐec apoteloÔn tic aktÐnec tou mikrìterou kuklikoÔ daktulÐou me kèntro thn

arq  pou perièqei to Λk(A). Gia k = 1, odhgoÔmaste stic arijmhtikèc aktÐnec

tou klasikoÔ arijmhtikoÔ pedÐou,

r(A) = max {|λ| : λ ∈ ∂F (A)} kai r̃(A) = min {|λ| : λ ∈ ∂F (A)} ,

antÐstoiqa. H arijmhtik  aktÐna sunant�tai wc deÐkthc tou rujmoÔ sÔgklishc dia-

fìrwn epanalhptik¸n mejìdwn kai qrhsimeÔei se jèmata eust�jeiac genikeumè-

nwn idioproblhm�twn kai dunamik¸n susthm�twn [3, 23].

Shmantik  genÐkeush tou Λk(A) enìc pÐnaka A ∈ Mn(C) apoteleÐ to sÔn-
jeto k-bajmoÔ arijmhtikì pedÐo [36, 38]

Λk(A) = {(λ1, . . . , λm) ∈ Cm : PAiP = λiP gia k�je i = 1, . . . ,m, me P ∈ Pk} ,

ìpou A = (A1, . . . , Am) eÐnai mia m-�da pin�kwn Ai ∈ Mn(C), gia i = 1, . . . ,m.

Sunep¸c, an (λ1, . . . , λm) ∈ Λk(A), tìte λj ∈ Λk(Aj), gia k�je j = 1, . . . ,m kai

sÔmfwna me th sqèsh (1.1), gia to kbantikì kan�li E , me pÐnakec sfalm�twn Ej,

j = 1, . . . ,m, up�rqei k-di�statoc kbantikìc k¸dikac diìrjwshc sfalm�twn an

kai mìno an

Λk(E
∗
1E1, . . . , E

∗
mEm) ̸= ∅.
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Profan¸c, ìtan k = 1, to Λk(A) isoÔtai me to sÔnjeto arijmhtikì pedÐo

w(A) = {(x∗A1x, . . . , x
∗Amx) : x ∈ Cn, ∥x∥2 = 1} . (1.2)

To w(A) eÐnai sumpagèc kai sunektikì sÔnolo, wc suneq c eikìna thc monadiaÐac

sfaÐrac Sn ston Cm, en¸ den eÐnai aparaÐthta kurtì, ìpwc diapist¸netai apì touc

P. Binding kai C.K. Li [4]. Shmei¸noume oti gia k�je pÐnaka A, isqÔei

w(
A+ A∗

2
,
A− A∗

2i
) = F (A).

To sÔnjeto arijmhtikì pedÐo tou sunìlou pin�kwn {A0, A1, . . . , Am} sundèetai

kai me to arijmhtikì pedÐo enìc poluwnumikoÔ pÐnaka me suntelestèc touc pÐnakec

autoÔc. 'Estw, loipìn, o poluwnumikìc pÐnakac [18, 42]

L(λ) = Amλ
m + Am−1λ

m−1 + . . .+ A1λ+ A0,

pou antistoiqeÐ sthn (m+1)-�da n×n migadik¸n pin�kwn A = (A0, . . . , Am) kai

Am ̸= 0, tìte wc arijmhtikì pedÐo tou L(λ) orÐzetai to sÔnolo

w(L(λ)) = {λ ∈ C : x∗L(λ)x = 0 gia k�poia x ∈ Cn, ∥x∥2 = 1}

kai apì thn (1.2), epishmaÐnoume

w(L(λ)) = {λ ∈ C : ⟨u, (1, λ, . . . , λm)⟩ = 0 gia k�poia u ∈ w(A)} . (1.3)

To w(L(λ)) parousi�sthke apì touc C.K. Li kai L. Rodman [34] kai sth sunè-

qeia, melet jhke ekten¸c apì touc M. Ad�m, I. Maroul� kai P. Yarr�ko stic

ergasÐec [1, 44, 45, 50], kajìson oi poluwnumikoÐ pÐnakec apoteloÔn qr simo er-

galeÐo sthn epÐlush susthm�twn sun jwn diaforik¸n exis¸sewn se probl mata

thc upologistik c qhmeÐac kai thc moriak c biologÐac [15, 18].

Sta parap�nw, to arijmhtikì pedÐo F (A) enìc pÐnaka A ∈ Mn orÐsthke sthn

perÐptwsh thc monadiaÐac sfaÐrac tou diaqwrÐsimou q¸rou Hilbert Cn efodia-

smènou me thn EukleÐdia nìrma ∥·∥2 =
√
⟨·, ·⟩. Pèra apì to q¸ro Hilbert, to

arijmhtikì pedÐo genikeÔetai tìso se èna q¸ro ìso kai se mÐa �lgebra Banach

wc proc opoiad pote nìrma. H genÐkeush aut  sthrÐzetai sthn efarmog  tou

Jewr matoc Hahn-Banach, sÔmfwna me to opoÐo, gia k�je mh mhdenikì di�nusma

x pou an kei s� ènan grammikì q¸ro X me nìrma ∥·∥, up�rqei èna grammikì
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sunarthsiakì f sto duðkì q¸ro X ∗ tètoio ¸ste ∥f∥ = 1 kai f(x) = ∥x∥.
Sunep¸c, an X = Cn me aujaÐreth nìrma ∥·∥, èqoume oti X ∗ = Cn me th duðk 

nìrma ∥y∗∥ = sup {|y∗x| : x ∈ Cn, ∥x∥ = 1}, gia opoiod pote y ∈ Cn. Tìte

orÐzetai wc qwrikì arijmhtikì pedÐo   pedÐo tim¸n Bauer to sÔnolo

W (A) = {y∗Ax : x, y ∈ Cn, me ∥x∥ = ∥y∗∥ = y∗x = 1} ,

to opoÐo en gènei den eÐnai kurtì, oÔte kleistì kai ìtan ∥x∥ = ∥x∥2, tautÐzetai
me to F (A) [5, 6, 19, 40, 49, 54, 60].

Apì thn �llh meri�, jewroÔme thn �lgebra twn pin�kwn Mn(C) efodiasmènh
me th nìrma pÐnaka pou eis�getai apì th dianusmatik  nìrma tou Cn, dhlad 

∥A∥ = {sup ∥Ax∥ : x ∈ Cn, ∥x∥ = 1}. Tìte to W (A) genikeÔetai sto alge-

brikì arijmhtikì pedÐo

V (A) = {f(A) : f ∈ L} ,

ìpou

L = {f : Mn → C tètoia ¸ste ∥f∥ = f(In) = 1} ,

me ∥f∥ = sup {|f(X)| : X ∈ Mn, ∥X∥ = 1} kai In eÐnai o n × n monadiaÐoc pÐ-

nakac. To V (A) eÐnai kleistì kai kurtì sÔnolo kai eidikìtera,

V (A) = coW (A),

ìpou co(·) sumbolÐzei thn kurt  j kh enìc sunìlou. To V (A) melet jhke apì

touc F.F Bonsall kai J. Duncan [5, 6], oi opoÐoi èdeixan oti mporeÐ na grafeÐ kai

wc �peirh tom  kuklik¸n dÐskwn, dhlad 

V (A) =
∩
z0∈C

D(z0, ∥A− z0In∥), (1.4)

ìpou D(z0, r) = {z ∈ C : |z − z0| ≤ r}. Apì thn isìthta (1.4) odhgoÔmaste ston
isodÔnamo qarakthrismì tou klasikoÔ arijmhtikoÔ pedÐou,

F (A) =
∩
z0∈C

D(z0, ∥A− z0In∥2). (1.5)

To deÔtero kef�laio thc paroÔsac diatrib c, diapragmateÔetai thn ènnoia

tou k-bajmoÔ arijmhtikoÔ pedÐou Λk(A) enìc pÐnaka A ∈ Mn, parousi�zontac

5



endiafèrousec idiìthtec tou sunìlou. Jewr¸ntac tic n× (n− k + 1) isometrÐec

M , apodeiknÔoume oti

Λk(A) =
∩
M

F (M∗AM). (1.6)

H �peirh tom  twn arijmhtik¸n pedÐwn F (M∗AM) wc proc opoiad pote (n −
k + 1) × (n − k + 1) sustol  M∗AM tou pÐnaka A apoteleÐ mia enallaktik 

isìthta tou sunìlou Λk(A) kai me peraitèrw ereunhtik  epexergasÐa epÐ thc (1.6)

odhgoÔmaste sto apotèlesma oti gia to Λk(A) arkeÐ mia arijm simh oikogèneia

isometri¸n M . H arijm simh aut  tom  eÐnai h aform  gia ton qarakthrismì

twn k-bajmoÔ arijmhtik¸n aktÐnwn rk(A) kai r̃k(A). Eidikìtera, an Jν(A) =∩ν
p=1 F (M∗

pAMp), p ∈ N, èqoume

rk(A) = lim
ν→∞

sup {|z| : z ∈ Jν(A)} = inf
ν∈N

sup {|z| : z ∈ Jν(A)}

kai ìtan 0 /∈ Λk(A),

r̃k(A) = lim
ν→∞

inf {|z| : z ∈ Jν(A)} = sup
ν∈N

inf {|z| : z ∈ Jν(A)} .

Epiplèon, parousi�zoume �nw kai k�tw fr�gmata twn rk(A) kai r̃k(A) se sqèsh

me tic arijmhtikèc aktÐnec r(M∗
pAMp) kai r̃(M∗

pAMp), antÐstoiqa.

Sto trÐto kef�laio ja asqolhjoÔme me to sÔnolo Λk(A) twn mh arnhtik¸n

pin�kwn, dhlad  twn pin�kwn me stoiqeÐa mh arnhtikoÔc pragmatikoÔc arijmoÔc.

H jewrÐa pou èqei anaptuqjeÐ gia touc pÐnakec autoÔc ofeÐletai stouc Perron-

Frobenius kai anafèretai stic fasmatikèc touc idiìthtec. Sugkekrimèna, asqoleÐ-

tai me thn Ôparxh jetik¸n   mh arnhtik¸n idiodianusm�twn pou antistoiqoÔn sth

fasmatik  aktÐna ρ(·) = max {|λ| : λ ∈ σ(·)}, h opoÐa eÐnai idiotim  twn pin�kwn

aut¸n [22]. Me anafor� ta apotelèsmata sthn adhmosÐeuth didaktorik  diatrib 

tou Issos [24] (1966), o opoÐoc asqol jhke me to arijmhtikì pedÐo F (A) enìc

mh arnhtikoÔ pÐnaka A, melet�me thn perÐptwsh tou Λk(A). SusqetÐzontac th

fasmatik  aktÐna ρ(A) me thn arijmhtik  aktÐna r(A) enìc mh arnhtikoÔ pÐnaka A,

o Issos apèdeixe oti r(A) eÐnai stoiqeÐo tou sunìlou F (A) sto opoÐo antistoiqeÐ

èna mh arnhtikì monadiaÐo di�nusma kai akìmh, oti{
r(A)ei

2πt
q : t = 0, 1, . . . , q − 1

}
eÐnai to sÔnolo ìlwn twn stoiqeÐwn tou F (A) me th megalÔterh apìstash apì thn

arq , ìpou q eÐnai to pl joc twn idiotim¸n tou A mètrou ρ(A). To pr¸to apì ta
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apotelèsmata aut� den isqÔei sthn perÐptwsh thc k-bajmoÔ arijmhtik c aktÐnac

rk(A) tou Λk(A) enìc mh arnhtikoÔ pÐnaka A, ìpwc diapist¸netai apì sqetikì

antipar�deigma. En toÔtoic, an k eÐnai o mikrìteroc akèraioc ¸ste Λk(A) ̸= ∅ kai
Λk+1(A) = ∅, apodeiknÔoume oti gia j = 1, . . . , k , ta stoiqeÐa tou Λj(A) mètrou

rj(A) sunistoÔn to sÔnolo{
rj(A)e

i( 2πt
q

+θj) : t = 0, 1, . . . , q − 1
}
,

ìpou θj = 0   π
q
.

Sto tètarto kef�laio, anaferìmaste sto anwtèrou bajmoÔ arijmhtikì pedÐo

poluwnumikoÔ pÐnaka L(λ). Gia jetikì akèraio k ≥ 1 kai poluwnumikì pÐnaka

L(λ) = Amλ
m+. . .+A1λ+A0, me Ai ∈ Mn kai Am ̸= 0, orÐzoume wc k-bajmoÔ

arijmhtikì pedÐo tou L(λ),

Λk(L(λ)) = {λ ∈ C : PL(λ)P = 0n gia k�poia P ∈ Pk} .

Profan¸c, gia k = 1, èqoume Λ1(L(λ)) ≡ w(L(λ)).

Genikìtera, gia k > 1, to Λk(L(λ)) mporeÐ na eÐnai to kenì sÔnolo. H ikan 

kai anagkaÐa sunj kh n ≥ 3k − 2 gia thn opoÐa Λk(A) ̸= ∅, den isqÔei sthn

perÐptwsh tou Λk(L(λ)). 'Eqoume oti Λk(L(λ)) ̸= ∅ akrib¸c ìtan exasfalÐze-

tai h Ôparxh koin¸n riz¸n twn k2 poluwnÔmwn pou eÐnai ta stoiqeÐa tou k × k

poluwnumikoÔ pÐnaka Q∗L(λ)Q, ìpou Q ∈ Mn,k, Q∗Q = Ik. Efarmìzontac ton

genikeumèno pÐnaka Sylvester Rs(Q) [43], deÐqnoume oti Λk(L(λ)) ̸= ∅ akrib¸c

ìtan rankRs(Q) < 2m, gia k�poia n× k isometrÐa Q. Sth sunèqeia, afoÔ para-

jèsoume jemeli¸deic idiìthtec tou Λk(L(λ)), melet�me tìso thn algebrik  ìso

kai th gewmetrik  tou dom .

GenikeÔontac th sqèsh (1.6) pou deÐxame gia touc pÐnakec, perigr�foume to

Λk(L(λ)) mèsw thc �peirhc tom c

Λk(L(λ)) =
∩
M

w(M∗L(λ)M), (1.7)

ìpou M∗L(λ)M eÐnai oi poluwnumikoÐ pÐnakec sustol c tou L(λ) se upoq¸rouc

di�stashc n−k+1. H (1.7) mac odhgeÐ sthn arijmhtik  prosèggish tou sunìrou

tou Λk(L(λ)) mèsw twn w(M∗L(λ)M). Diapist¸netai oti Λk(L(λ)) eÐnai p�n-

ta kleistì sÔnolo, den eÐnai fragmèno   sunektikì, oÔte kurtì. Ereun¸ntac

ikanèc kai anagkaÐec sunj kec gia to fragmèno tou sunìlou, apodeiknÔoume oti
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Λk(L(λ)) eÐnai fragmèno, ìtan 0 /∈ Λk(Am), ìpou Am eÐnai o suntelest c tou

megistob�jmiou ìrou tou L(λ). AntÐstrofa, ìtan Λk(L(λ)) eÐnai fragmèno kai

rankRs(Q) < 2m gia k�je isometrÐa Q ∈ Mn,k tètoia ¸ste Q∗AmQ = zIk,

z ∈ Λk(Am) ̸= {0}, tìte 0 /∈ Λk(Am).

AkoloÔjwc, melet¸ntac th mh sunektikìthta tou Λk(L(λ)), prosdiorÐzoume

ton arijmì twn sunektik¸n sunistws¸n tou. 'Estw oti rankRs(Q) < 2m gia k�je

isometrÐa Q ∈ Mn,k tètoia ¸ste Q∗AmQ = zIk, me z ∈ Λk(Am) \ {0}. Tìte

o arijmìc twn sunektik¸n sunistws¸n tou Λk(L(λ)) den xepern�ei to bajmì m

tou poluwnumikoÔ pÐnaka L(λ), ìtan Λk(Am) \ {0} eÐnai sunektikì sÔnolo, en¸

den xepern�ei to 2m, ìtan Λk(Am) \ {0} eÐnai mh sunektikì.

Wc gwniak� shmeÐa enìc sunìlou orÐzontai ta sunoriak� tou shmeÐa me mh

monadik  efaptomènh [23, 30]. AfoÔ susqetÐsoume ta sunoriak� shmeÐa tou

Λk(L(λ)) me ta sunoriak� shmeÐa tou w(L(λ)), apodeiknÔoume oti èna gwniakì

shmeÐo tou w(Aλ − B) algebrik c pollaplìthtac k, wc shmeÐo tou f�smatoc

σ(Aλ−B), eÐnai kai gwniakì shmeÐo tou Λj(Aλ−B), gia ìla ta j = 2, . . . , k.

Gia ta sÔnjeta k-bajmoÔ arijmhtik� pedÐa, w(A) kai Λk(A), me A = (A0,

. . . , Am), apodeiknÔoume mia ikan  sunj kh ¸ste ta sunoriak� shmeÐa tou w(A)

na eÐnai kai sunoriak� shmeÐa tou Λk(A) kai susqetÐzoume to Λk(A) me to

Λk(L(λ)), genikeÔontac thn (1.3). Tèloc, an CL(λ) eÐnai to sunodeÔon polu¸nu-

mo tou L(λ) [18], parousi�zoume ton egkleismì

Λk(L(λ)) ∪ {0} ⊆ Λk(CL(λ)),

eidikìterh morf  tou opoÐou odhgeÐ se genÐkeush twn apotelesm�twn gia touc

poluwnumikoÔc pÐnakec me mh arnhtikoÔc suntelestèc, gnwstoÐ wc poluwnumikoÐ

pÐnakec Perron [52].

Sto pèmpto kai teleutaÐo kef�laio thc diatrib c, ja anaferjoÔme stouc mh

tetragwnikoÔc pÐnakec kai ja diatup¸soume dÔo diaforetikoÔc orismoÔc gia to

arijmhtikì touc pedÐo, qrhsimopoi¸ntac thn ènnoia thc orjog¸niac probol c se

upìqwro kat�llhlhc di�stashc. 'Estw, loipìn, o pÐnakac A ∈ Mm,n(C), mem >

n kai h isometrÐa H ∈ Mm,n(C), tìte orÐzoume wc kat¸tero arijmhtikì

pedÐo tou A wc proc H

wl(A) = F (H∗A),
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kai wc an¸tero arijmhtikì pedÐo tou A wc proc H

wh(A) = F (AH∗).

O pÐnakac P = HH∗ ∈ Mm eÐnai mia orjog¸nia probol  tou Cm epÐ tou Cn

kai ston orismì tou sunìlou wl(A), to di�nusma y = Hx ∈ Cm prob�lletai epÐ

tou q¸rou me th mikrìterh di�stash Cn, en¸ sthn perÐptwsh tou wh(A) èqoume

x = H∗y ∈ Cn, dhlad  probol  epÐ tou megalÔterhc di�stashc q¸rou Cm. EÐnai

fanerì oti gia m = n kai H = I, wl(A) = wh(A) = F (A), en¸ shmei¸noume oti

sthn perÐptwsh m < n,

wl(A) = F (AH) kai wh(A) = F (HA).

O C.F. Amelin sthn ergasÐa tou [2] orÐzei wc {bioperative} arijmhtikì

pedÐo dÔo mh tetragwnik¸n pin�kwn A kai H to sÔnolo

W (A,H) = {⟨Ax,Hx⟩ : x ∈ Cn, ∥Hx∥2 = 1} .

An H eÐnai m × n isometrÐa (m > n), diapist¸noume thn isìthta wl(A) =

W (A,H).

Sth sunèqeia tou kefalaÐou, ja sugkrÐnoume ta sÔnola wl(A) kai wh(A)

me ènan prìsfata diatupwmèno orismì sthn ergasÐa twn Q. Qwrianìpoulou, S.

Karan�siou kai P. Yarr�kou [13], o opoÐoc sthrÐzetai sthn ènnoia thc nìrmac

pÐnaka. Wc arijmhtikì pedÐo enìc mh tetragwnikoÔ m× n pÐnaka A

wc proc m× n pÐnaka B orÐzetai to sÔnolo

w∥·∥(A,B) =
∩
z0∈C

D(z0, ∥A− z0B∥), (1.8)

ìpou ∥B∥ ≥ 1 kai ∥·∥ eÐnai opoiad pote nìrma pÐnaka. O orismìc (1.8) genikeÔei

th sqèsh (1.4) pou d¸jhke apì touc F.F Bonsall kai J. Duncan [5, 6]. EpÐshc,

sthn [13] apodeiknÔetai oti ìtan h nìrma pÐnaka ∥·∥ eis�getai apì eswterikì

ginìmeno ⟨·, ·⟩, tìte

w∥·∥(A,B) = D
(
⟨A,B⟩
∥B∥2

, ∥A− ⟨A,B⟩
∥B∥2

B∥
√

1− ∥B∥−2

)
. (1.9)

Epexerg�zontac peraitèrw th sqèsh (1.9), apodeiknÔetai oti h ènwsh ìlwn twn

arijmhtik¸n pedÐwn w∥·∥(A,B) wc proc touc pÐnakec B, me ∥B∥ ≥ 1 tautÐzetai

9



me ton kuklikì dÐsko D(0, ∥A∥). Sth sunèqeia, afoÔ jemeli¸soume basikèc

idiìthtec twn sunìlwn wl(A) kai wh(A) wc proc opoiad pote isometrÐa H, ja

apodeÐxoume ton egkleismì touc se sqèsh me to w∥·∥2(A,H) kai eidikìtera,

wl(A) ⊆ w∥·∥2(A,H) ⊆ wh(A).

Sto teleutaÐo ed�fio tou kefalaÐou, epekteÐnoume thn ènnoia tou algebrikoÔ

arijmhtikoÔ pedÐou V (A) sthn (1.4), orÐzontac wc q-arijmhtikì pedÐo enìc

tetragwnikoÔ pÐnaka A ∈ Mn to sÔnolo

Fq(A) = {f(A) : f ∈ Lq} ,

ìpou

Lq = {f : Mn → C tètoia ¸ste ∥f∥ = 1, f(I) = q ∈ [0, 1]} .

EÐnai fanerì oti gia q = 1, F1(A) ≡ V (A) kai gia nìrma ∥·∥ = ∥·∥2, tautÐzetai
me to gnwstì q-arijmhtikì pedÐo [31, 32, 33, 41, 48, 58]

Fq(A) = {⟨Ax, y⟩ : x, y ∈ Cn, ∥x∥2 = ∥y∥2 = 1, ⟨x, y⟩ = q} .

Ja apodeÐxoume thn isìthta

Fq(A) =
∩
z0∈C

D(qz0, ∥A− z0In∥2)

kai basizìmenoi se aut , ja orÐsoume to q-arijmhtikì pedÐo enìc mh te-

tragwnikoÔ m× n pÐnaka A wc proc m× n pÐnaka B, to sÔnolo

w∥·∥(A,B; q) =
∩
z0∈C

D(qz0, ∥A− z0B∥),

ìpou ∥B∥ ≥ q kai ∥·∥ eÐnai opoiad pote nìrma pÐnaka. EÐnai fanerì otiw∥·∥(A,B; 1) ≡
w∥·∥(A,B) kai w∥·∥(A,B; q) = w∥·∥(A,

B
q
), ìtan q ̸= 0. Ja anaptÔxoume basikèc

idiìthtec tou w∥·∥(A,B; q), exet�zontac kai thn perÐptwsh q = 0.

'Otan h nìrma eis�getai apì eswterikì ginìmeno, h sqèsh (1.9) genikeÔetai

sto q-arijmhtikì pedÐo

w∥·∥(A,B; q) = D

q
⟨A,B⟩
∥B∥2

, ∥A− ⟨A,B⟩
∥B∥2

B∥

√
1−

(
∥B∥
q

)−2
 ,
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h opoÐa gia B = 0, ekfulÐzetai sthn w∥·∥(A, 0; 0) = D(0, ∥A∥). Gia thn ènwsh

twn parap�nw sunìlwn èqoume∪
∥B∥≥q,0≤q≤1

w∥·∥(A,B; q) = D(0, ∥A∥),

ìpou h nìrma eis�getai apì eswterikì ginìmeno. Tèloc, apodeiknÔoume oti gia

0 < q1 ≤ q2 ≤ 1, isqÔei

w∥·∥(A,B; q2)

q2
⊆

w∥·∥(A,B; q1)

q1
.

H sqèsh aut  egkleismoÔ genikeÔei mia an�logh gia to q-arijmhtikì pedÐo tetra-

gwnikoÔ pÐnaka sthn ergasÐa [32].
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Kef�laio 2

K-BAJMOU ARIJMHTIKA

PEDIA PINAKWN

2.1 Orismìc - Basikèc idiìthtec

'Estw Mm,n(C) h �lgebra twn pin�kwn A = [aij]
m,n
i,j=1 me stoiqeÐa aij ∈ C. Gia

èna jetikì akèraio k ≥ 1, to k-bajmoÔ arijmhtikì pedÐo (k-rank numerical range)

enìc pÐnaka A ∈ Mn orÐzetai wc

Λk(A) = {λ ∈ C : PAP = λP gia k�poia P ∈ Pk} ,

ìpou Pk eÐnai to sÔnolo twn orjogwnÐwn probol¸n P tou Cn epÐ opoioud pote

k-di�statou upoq¸rou K tou Cn. IsodÔnama,

Λk(A) = {λ ∈ C : X∗AX = λIk, X ∈ Mn,k(C), X∗X = Ik} .

H ènnoia aut  eis qjh apì touc M.D. Choi, M. Giesinger, J.A. Holbrook, D.W.

Kribs kai K. Życzkowski, oi opoÐoi apèdeixan jemeli¸deic idiìthtec tou sunìlou

stic ergasÐec [9, 10, 11, 12]. 'Ektote, h gewmetrÐa tou sunìlou genikìtera, all�

kai eidikìtera sthn perÐptwsh pin�kwn eidik c morf c, ìpwc eÐnai oi kanonikoÐ  

oi ermitianoÐ pÐnakec, èqei melethjeÐ ekten¸c stic ergasÐec [17, 36, 37, 39, 59].

Sthn perÐptwsh k = 1, to Λk(A) tautÐzetai me to klasikì arijmhtikì pedÐo

(numerical range) enìc pÐnaka A, dhlad 

Λ1(A) ≡ F (A) = {x∗Ax : x ∈ Cn, x∗x = 1} , (2.1)
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tou opoÐou oi basikèc idiìthtec ekteÐjontai sta biblÐa twn R.A Horn kai C.R.

Johnson [23], K.E. Gustafson kai D.K.M. Rao [19] kai P.R. Halmos [21, Ke-

f�laio 22].

Gia ta anwtèrou bajmoÔ arijmhtik� pedÐa èqei apodeiqjeÐ h sqèsh egkleismoÔ

[12]

Λ1(A) ⊇ Λ2(A) ⊇ . . . ⊇ Λk(A) (2.2)

kai epiplèon, oi parak�tw basikèc idiìthtec [9, 12]:

(Id.1) Λk(aA+ bI) = aΛk(A) + b, gia k�je a, b ∈ C.

(Id.2) Λk(U
∗AU) = Λk(A), gia k�je n× n orjomonadiaÐo pÐnaka U .

(Id.3) Λk(V
∗AV ) ⊆ Λk(A), ìpou V ∈ Mn,k me V ∗V = Ik.

(Id.4) Λk(A
∗) = Λk(A).

(Id.5) Λk(A) ⊆ Λk(H(A)) + iΛk(S(A)), ìpou H(A) = (A+ A∗)/2 kai S(A) =

(A − A∗)/2i sumbolÐzoun to ermitianì kai antiermitianì mèroc tou pÐnaka

A, antÐstoiqa.

(Id.6) Λk(A1 ⊕ A2) ⊇ Λk(A1) ∪ Λk(A2), gia A1, A2 ∈ Mn.

(Id.7) Λk1+k2(A1 ⊕ A2) ⊇ Λk1(A1) ∩ Λk2(A2), gia k1, k2 ∈ Z+.

Sth sunèqeia, anafèroume tic prot�seic, oi opoÐec sunoyÐzoun ta kÔria qara-

kthristik� tou sunìlou Λk(A).

H pr¸th prìtash diatup¸jhke apì touc M.D. Choi, D.W. Kribs kai K.

Życzkowski sthn [12] kai anafèretai gia thn Ôparxh stoiqeÐwn sto Λk(A).

Prìtash 2.1. 'Estw A ∈ Mn kai n < 2k. Tìte to sÔnolo Λk(A) èqei to polÔ

èna stoiqeÐo. An eÐnai to monosÔnolo {λ0}, tìte λ0 eÐnai idiotim  gewmetrik c

pollaplìthtac toul�qiston 2k − n. Eidikìtera, Λn(A) ̸= ∅ an kai mìno an o

pÐnakac A eÐnai bajmwtìc.

Sthn parak�tw prìtash twn C.K. Li, Y.T. Poon kai N.S. Sze [37], diatup¸ne-

tai ikan  kai anagkaÐa sunj kh ¸ste to Λk(A) na eÐnai mh kenì sÔnolo.

Prìtash 2.2. 'Estw o pÐnakac A ∈ Mn, tìte to sÔnolo Λk(A) eÐnai mh kenì,

akrib¸c ìtan isqÔei h sunj kh n ≥ 3k − 2.
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Epiplèon, oi C.K. Li kai N.S. Sze [39], apèdeixan to parak�tw je¸rhma, to

opoÐo genikeÔei antÐstoiqo apotèlesma tou klasikoÔ arijmhtikoÔ pedÐou [23, 25].

Je¸rhma 2.3. 'Estw A ∈ Mn, tìte

Λk(A) =
∩

θ∈[0,2π)

e−iθ
{
z ∈ C : Re z ≤ λk(H(eiθA))

}
,

ìpou λk(H) eÐnai h k-st  megalÔterh idiotim  tou ermitianoÔ pÐnaka H ∈ Mn.

Eidikìtera, an o A eÐnai kanonikìc pÐnakac me idiotimèc λ1, . . . , λn, èqoume

Λk(A) =
∩

1≤j1<...<jn−k+1≤n

co
{
λj1 , . . . , λjn−k+1

}
.

'Ameso eÐnai to akìloujo pìrisma, to opoÐo èqei apodeiqjeÐ sthn [12].

Pìrisma 2.4. 'Estw ermitianìc pÐnakac A ∈ Mn me idiotimèc λ1 ≤ . . . ≤ λn.

Tìte

Λk(A) = [λk, λn−k+1],

ìtan λk ≤ λn−k+1, diaforetik� Λk(A) = ∅.

O H.J. Woerdeman [59] apèdeixe oti Λk(A) eÐnai kurtì sÔnolo, ìpwc bèbaia

diapist¸netai kai apì to je¸rhma 2.3.

Je¸rhma 2.5. Gia k�je pÐnaka A ∈ Mn kai 1 ≤ k ≤ n, to Λk(A) eÐnai kurtì.

Sunhfasmènec me to sÔnolo Λk(A) eÐnai h k-bajmoÔ arijmhtik  aktÐna (k-

rank numerical radius) rk(A) kai h eswterik  k-bajmoÔ arijmhtik  aktÐna (inner

k-rank numerical radius) r̃k(A), pou orÐzontai, antÐstoiqa, wc

rk(A) = max {|z| : z ∈ ∂Λk(A)} kai r̃k(A) = min {|z| : z ∈ ∂Λk(A)}.

Gia k = 1, èqoume thn arijmhtik  aktÐna (numerical radius) kai thn eswterik 

arijmhtik  aktÐna (inner numerical radius),

r(A) = max {|z| : z ∈ ∂F (A)} kai r̃(A) = min {|z| : z ∈ ∂F (A)},

antÐstoiqa [19, 23]. Shmei¸noume oti r(A) ≥ rk(A), ìpwc eÔkola diapist¸netai

apì thn idiìthta (2.2) kai rk(A) = −∞, ìtan Λk(A) eÐnai to kenì sÔnolo.
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2.2 Enallaktikèc isìthtec tou Λk(A)

Sto ed�fio autì, perigr�foume to k-bajmoÔ arijmhtikì pedÐo mèsw dÔo enalla-

ktik¸n ekfr�sewn. Arqik�, apodeiknÔetai oti to Λk(A) eÐnai Ðso me mia �peirh

tom  arijmhtik¸n pedÐwn wc proc di�forec isometrÐec (n− k + 1)-bajmoÔ. An

Xk = {X ∈ Mn,k : X∗X = Ik} ,

eÐnai to sÔnolo twn isometri¸n k-bajmoÔ, diatup¸noume to parak�tw je¸rhma.

Je¸rhma 2.6. 'Estw A ∈ Mn(C). Tìte

Λk(A) =
∩

M∈Xn−k+1

F (M∗AM).

Apìdeixh. SumbolÐzontac λ1(H) ≥ . . . ≥ λn(H) tic idiotimèc enìc ermitianoÔ

pÐnaka H ∈ Mn(C) diatetagmènec kat� fjÐnousa seir�, apì to Je¸rhma 2.3

èqoume

Λk(A) =
∩

θ∈[0,2π)

e−iθ
{
z ∈ C : Re z ≤ λk(H(eiθA))

}
ìpou H(·) eÐnai to ermitianì mèroc enìc pÐnaka. Epiplèon, apì to je¸rhma

Courant-Fisher èqoume

λk(H(eiθA)) = min
dimS=n−k+1

max
x∈S

∥x∥2=1

x∗H(eiθA)x.

An S = span {u1, . . . , un−k+1}, ìpou ui ∈ Cn, i = 1, . . . , n − k + 1 eÐnai or-

jomonadiaÐa dianÔsmata, tìte opoiod pote monadiaÐo di�nusma x ∈ S gr�fetai

sth morf  x = My, ìpou M =
[
u1 · · · un−k+1

]
∈ Xn−k+1 kai y ∈ Cn−k+1

eÐnai monadiaÐo. 'Etsi, èqoume

λk(H(eiθA)) = min
M

max
y∈Cn−k+1

∥y∥2=1

y∗M∗H(eiθA)My

= min
M

max
y∈Cn−k+1

∥y∥2=1

y∗H(eiθM∗AM)y

= min
M

λ1(H(eiθM∗AM))
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kai sunep¸c,

Λk(A) =
∩
θ

e−iθ
{
z ∈ C : Re z ≤ min

M
λ1(H(eiθM∗AM))

}
=

∩
M

∩
θ

e−iθ
{
z ∈ C : Re z ≤ λ1(H(eiθM∗AM))

}
=

∩
M∈Xn−k+1

F (M∗AM).

EÐnai fanerì apì to Je¸rhma 2.6, oti h {kurtìthta tou Λk(A)} epalhjeÔe-

tai kai mèsw thc kurtìthtac twn arijmhtik¸n pedÐwn F (M∗AM), thn opoÐa

exasfalÐzei to Je¸rhma twn Toeplitz-Hausdorff. Gia k = n, eÐnai fanerì oti

Λn(A) =
∩

x∈Cn,∥x∥2=1 F (x∗Ax) kai èqoume Λn(A) ̸= ∅ akrib¸c ìtan o A eÐnai

bajmwtìc pÐnakac.

Epiplèon, qrhsimopoi¸ntac th duðk  èkfrash {max-min} thc k- c idiotim c,

λk(H(eiθA)) = max
dimG=k

min
x∈G

∥x∥2=1

x∗H(eiθA)x = max
N

λmin(H(eiθN∗AN)),

ìpou N ∈ Xk, èqoume

Λk(A) =
∩
θ

e−iθ
{
z ∈ C : Re z ≤ max

N
λk(H(eiθN∗AN))

}
=

∪
N

∩
θ

e−iθ
{
z ∈ C : Re z ≤ λk(H(eiθN∗AN))

}
=

∪
N∈Xk

Λk(N
∗AN), (2.3)

kai lìgw kurtìthtac tou Λk(A), sumperaÐnoume

Λk(A) = co
∪

N∈Xk

Λk(N
∗AN). (2.4)

'Opwc anafèrjhke nwrÐtera sthn Prìtash 2.1, eÐnai gnwstì oti Λk(N
∗AN) ̸=

∅ an kai mìno an N∗AN = λIk kai tìte h (2.4) gÐnetai
∪

N Λk(N
∗AN) =∪

N {λ : N∗AN = λIk} = Λk(A), ìpou o pÐnakac N diatrèqei ìlec tic n × k

isometrÐec.

To akìloujo je¸rhma mac dÐnei th dunatìthta na epanaprosdiorÐsoume to

k-bajmoÔ arijmhtikì pedÐo ìpwc sto prohgoÔmeno je¸rhma, all� aut  th for�

mèsw miac arijm simhc tom c arijmhtik¸n pedÐwn.
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Je¸rhma 2.7. 'Estw A ∈ Mn. Tìte

Λk(A) =
∩
ν∈N

{F (M∗
νAMν) : Mν ∈ Xn−k+1} .

Apìdeixh. Apì to Je¸rhma 2.6, isqÔei oti

Λk(A) =
∩

{F (M∗AM) : M ∈ Xn−k+1}, (2.5)

to opoÐo ìpwc eÐnai gnwstì apì to Je¸rhma 2.5, eÐnai sumpagèc kai kurtì upo-

sÔnolo tou C. Gia opoiad pote n × (n − k + 1) isometrÐa Mν (ν ∈ N), èqoume
Λk(A) ⊆ F (M∗

νAMν) gia k�je ν ∈ N ki ètsi,

Λk(A) ⊆
∩
ν∈N

{F (M∗
νAMν) : Mν ∈ Xn−k+1} . (2.6)

Me skopì na apodeÐxoume thn isìthta sth sqèsh (2.6), diakrÐnoume duo peript¸-

seic gia to eswterikì tou Λk(A).

Ac upojèsoume arqik� oti intΛk(A) ̸= ∅. Tìte apì thn (2.6), èqoume

∅ ≠ intΛk(A) ⊆ int
∩
ν∈N

F (M∗
νAMν)

kai efìson
∩

ν F (M∗
νAMν) eÐnai kleistì kai kurtì sÔnolo wc (�peirh) tom 

kleist¸n kai kurt¸n sunìlwn, sumperaÐnoume oti

int
∩
ν∈N

F (M∗
νAMν) =

∩
ν∈N

F (M∗
νAMν), (2.7)

ìpou · sumbolÐzei thn kleistìthta enìc sunìlou. 'Etsi, sundu�zontac tic sqè-

seic (2.6) kai (2.7), èqoume

Λk(A) ⊆ int
∩
ν∈N

F (M∗
νAMν).

Sth sunèqeia, isqurizìmaste oti int
∩

ν F (M∗
νAMν) ⊆ Λk(A). 'Estw oti z0 ∈

int
∩

ν F (M∗
νAMν), all� z0 /∈ Λk(A). Tìte up�rqei mia anoikt  perioq  B(z0, ε),

me ε > 0, tètoia ¸ste

B(z0, ε) ⊂
∩
ν∈N

F (M∗
νAMν) kai B(z0, ε) * Λk(A).

To sÔnolo [Λk(A)]
c = C \ Λk(A) eÐnai diaqwrÐsimo, wc anoiktì uposÔnolo tou

diaqwrÐsimou q¸rou C [47] kai èstw Z èna arijm simo puknì uposÔnolo tou
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[Λk(A)]
c. Kat� sunèpeia, up�rqei akoloujÐa {zν : ν ∈ N} sto Z tètoia ¸ste

limν→∞ zν = z0 kai zν ∈ B(z0, ε). Efìson, zν ∈ [Λk(A)]
c, apì th sqèsh (2.5)

mporoÔme na sumper�noume oti gia k�je ν ∈ N up�rqoun deÐktec jν tètoioi ¸ste

zν /∈ F (M∗
jνAMjν ). Opìte zν /∈

∩
ν∈N F (M∗

jνAMjν ) gia k�je ν ∈ N, to opoÐo

odhgeÐ se �topo, kajìson zν ∈ B(z0, ε) ⊂
∩

ν∈N F (M∗
νAMν). 'Ara, isqÔei oti

z0 ∈ Λk(A), gegonìc pou apodeiknÔei ton egkleismì

int
∩
ν∈N

F (M∗
νAMν) ⊆ Λk(A) = Λk(A). (2.8)

Apì tic (2.6) kai (2.8), epibebai¸netai h zhtoÔmenh isìthta.

An jewr soume oti to Λk(A) den èqei eswterik� shmeÐa, dhlad , eÐnai èna eu-

jÔgrammo tm ma   èna monosÔnolo, tìte up�rqei kat�llhloc afinikìc upìqwroc

V tou C tètoioc ¸ste Λk(A) ⊆ V . Sthn perÐptwsh aut , o V \ Λk(A) eÐnai

diaqwrÐsimoc kai intΛk(A) ̸= ∅ wc proc thn topologÐa pou eis�getai apì ton

upìqwro V . Ergazìmenoi ìpwc parap�nw, jewroÔme to puknì sÔnolo Z sto

[Λk(A)]
c kai tìte Z

∩
V eÐnai puknì sto q¸ro V \ Λk(A), wc proc thn topolo-

gÐa tou upoq¸rou. Sunep¸c, lìgw puknìthtac tou Z
∩
V , up�rqei akoloujÐa

{z̃ν} ¸ste z̃ν ∈ Z
∩
V
∩

B(z0, ε) ⊂
∩

ν∈N F (M∗
νAMν) kai h opoÐa sugklÐnei sto

shmeÐo z0. Apì thn �llh meri�, lìgw thc (2.5), èqoume z̃ν /∈
∩

ν∈N F (M∗
iνAMiν ),

gia k�poiouc deÐktec iν . Profan¸c, odhgoÔmaste se antÐfash kai ètsi sumpe-

raÐnoume
∩

ν∈N F (M∗
νAMν) ⊆ Λk(A). Tèloc, apì th (2.6) katal goume sthn

isìthta

Λk(A) =
∩
ν∈N

F (M∗
νAMν),

ìpou Mν ∈ Xn−k+1, oloklhr¸nontac thn apìdeixh tou jewr matoc.

Se antÐjesh me to Je¸rhma 2.7, to Λk(A) den mporei na grafeÐ wc arijm simh

ènwsh sth (2.3), diìti se diaforetik  perÐptwsh

Λk(A) =
∪
ν∈N

{Λk(N
∗
νANν) : Nν ∈ Xk} =

∪
ν∈N

{λν : N∗
νANν = λνIk, Nν ∈ Xk} ,

dhlad , to Λk(A) ja  tan arijm simo, to opoÐo den eÐnai alhjèc.

Tèloc, ta Jewr mata 2.6 kai 2.7 mac epitrèpoun na perigr�youme to Λk(A)
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mèsw tom c kuklik¸n dÐskwn, dhlad 

Λk(A) =
∩
M

{∩
γ∈C

D (γ, ∥M∗AM − γIn−k+1∥2)

}

=
∩
ν∈N

{∩
γ∈C

D (γ, ∥M∗
νAMν − γIn−k+1∥2)

}
.

H graf  aut  ofeÐletai stouc F.F. Bonsall kai J. Duncan [5, 6], oi opoÐoi apèdei-

xan oti to klasikì arijmhtikì pedÐo ekfr�zetai mèsw thc tom c kuklik¸n dÐskwn

(1.5), ìpwc anafèrjhke sthn eisagwg .

2.3 Idiìthtec twn rk(A) kai r̃k(A)

Oi k-bajmoÔ arijmhtikèc aktÐnec rk(A) kai r̃k(A) sunistoÔn shmantik� megèjh

entopismoÔ thc jèshc tou Λk(A) sto migadikì epÐpedo, kaj¸c apoteloÔn thn

exwterik  kai eswterik  aktÐna, antÐstoiqa, tou mikrìterou kuklikoÔ daktulÐou

me kèntro thn arq  pou perièqei to Λk(A). Ta jewr mata 2.6 kai 2.7, pou

apodeÐqjhkan sto prohgoÔmeno ed�fio, mac wjoÔn proc ènan diaforetikì qara-

kthrismì twn rk(A) kai r̃k(A), o opoÐoc parousi�zetai stic akìloujec duo pro-

t�seic.

Je¸rhma 2.8. 'EstwA ∈ Mn kai Jν(A) =
∩ν

p=1

{
F (M∗

pAMp) : Mp ∈ Xn−k+1

}
,

ν ∈ N. Tìte

I. rk(A) = limν→∞ sup {|z| : z ∈ Jν(A)},

II. rk(A) = infν∈N sup {|z| : z ∈ Jν(A)}.

Apìdeixh. I. Apì to Je¸rhma 2.7, èqoume

Λk(A) =
∞∩
ν=1

Jν(A) ⊆ Jν(A) ⊆ F (A) ⊆ D(0, ∥A∥2), (2.9)

gia k�je ν ∈ N, ìpou h akoloujÐa sunìlwn {Jν(A)}ν∈N eÐnai fjÐnousa kai

D(0, ∥A∥2) eÐnai o kuklikìc dÐskoc me kèntro thn arq  kai aktÐna th fasmatik 

nìrma ∥A∥2 tou pÐnaka A ∈ Mn. Apì th sqèsh (2.9), eÐnai fanerì oti

rk(A) = max
z∈

∩∞
ν=1 Jν(A)

|z| ≤ sup
z∈Jν(A)

|z| ≤ r(A) ≤ ∥A∥2 .
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Tìte h fjÐnousa kai fragmènh akoloujÐa mh arnhtik¸n pragmatik¸n arijm¸n

qν = sup {|z| : z ∈ Jν(A)} sugklÐnei, me apotèlesma

rk(A) ≤ lim
ν→∞

qν = q0.

AkoloÔjwc, ja apodeÐxoume oti sthn parap�nw anisìthta epitugq�netai p�nta h

isìthta. 'Estw rk(A) < q0, tìte up�rqei ε > 0, ¸ste rk(A)+ε < q0 ≤ qν gia k�je

ν ∈ N. Sunep¸c, up�rqei akoloujÐa {ζν} ⊆ Jν(A) tètoia ¸ste q0 ≤ |ζν | gia k�-

je ν ∈ N. Kajìson to sÔnolo Jν(A) eÐnai fragmèno, h akoloujÐa {ζν} perièqei

upakoloujÐa {ζρν} pou sugklÐnei sto shmeÐo ζ0 ∈ C kai profan¸c, q0 ≤ |ζ0|.
Epiplèon, Jν+1(A) ⊆ Jν(A), gia k�je ν ∈ N, me apotèlesma ta shmeÐa ζρν na

an koun telik� sto Jν(A), ∀ ν ∈ N, dhlad  {ζρν} ⊆
∩∞

ν=1 Jν(A) = Λk(A).

Efìson to sÔnolo Λk(A) eÐnai kleistì, ζ0 ∈ Λk(A) kai �ra |ζ0| ≤ rk(A). Tìte

q0 ≤ rk(A), pou odhgeÐ se �topo.

II.Profan¸c, h fjÐnousa kai fragmènh akoloujÐa {qν}ν∈N sugklÐnei sto kat¸tero

pèrac thc (infimum) kai apì thn (I), diapist¸noume rk(A) = infν∈N qν .

Je¸rhma 2.9. 'EstwA ∈ Mn kai Jν(A) =
∩ν

p=1

{
F (M∗

pAMp) : Mp ∈ Xn−k+1

}
,

ν ∈ N. An 0 /∈ Λk(A), tìte

I. r̃k(A) = limν→∞ inf {|z| : z ∈ Jν(A)},

II. r̃k(A) = supν∈N inf {|z| : z ∈ Jν(A)}.

Apìdeixh. I. Profan¸c, h upìjesh 0 /∈ Λk(A) odhgeÐ sthn isìthta r̃k(A) =

min {|z| : z ∈ Λk(A)} kai apì th sqèsh (2.9), èqoume

∥A∥2 ≥ r(A) ≥ r̃k(A) = min
z∈

∩∞
ν=1 Jν(A)

|z| ≥ inf
z∈Jν(A)

|z| .

Kat� sunèpeia, h tν = inf {|z| : z ∈ Jν(A)}, ν ∈ N, sugklÐnei wc aÔxousa kai

fragmènh akoloujÐa mh arnhtik¸n arijm¸n kai

r̃k(A) ≥ lim
ν→∞

tν = t0.

Me parìmoio trìpo, ìpwc kai sthn apìdeixh tou Jewr matoc 2.8(I), ja deÐxoume

oti r̃k(A) = limν→∞ tν . 'Estw, loipìn, oti r̃k(A) > t0, tìte tν ≤ t0 < r̃k(A)− ε,

gia k�je ν ∈ N kai ε > 0. Jewr¸ntac mia akoloujÐa {ζ̃ν} ⊆ Jν(A) tètoia ¸ste

|ζ̃ν | ≤ t0, paÐrnoume upakoloujÐa {ζ̃sν} thc {ζ̃ν}, h opoÐa sugklÐnei sto ζ̃0, me

20



|ζ̃0| ≤ t0. Efìson {Jν(A)} eÐnai fjÐnousa akoloujÐa sunìlwn, ta shmeÐa ζ̃sν

an koun telik� sta Jν(A), ∀ ν ∈ N, apodeiknÔontac oti {ζ̃sν} ⊆
∩

ν∈N Jν(A) =

Λk(A). 'Ara, katal goume oti ζ̃0 ∈
∩∞

ν=1 Jν(A) = Λk(A), dhlad  t0 ≥ |ζ̃0| ≥
r̃k(A), to opoÐo èrqetai se antÐjesh me thn upìjes  mac.

II. EÔkola diapist¸netai oti t0 = supν∈N tν , kajìson {tν}ν∈N eÐnai aÔxousa kai

fragmènh akoloujÐa. Sunep¸c, apì thn perÐptwsh (I), èqoume r̃k(A) = supν∈N tν .

Epiplèon, sumperaÐnoume:

Pìrisma 2.10. 'Estw A ∈ Mn kai Mp ∈ Xn−k+1, gia ìla ta p ∈ N, tìte

rk(A) ≤ min
p∈N

r(M∗
pAMp).

An 0 /∈ Λk(A), tìte

r̃k(A) ≥ min
p∈N

r̃(M∗
pAMp).

Apìdeixh. Apì to Je¸rhma 2.7, prokÔptei ∂Λk(A) ⊆ Λk(A) ⊆ F (M∗
pAMp) gia

k�je p ∈ N. Tìte

rk(A) = max {|z| : z ∈ Λk(A)} ≤ max
{
|z| : z ∈ F (M∗

pAMp)
}
= r(M∗

pAMp)

kai

r̃k(A) ≥ min {|z| : z ∈ Λk(A)} ≥ min
{
|z| : z ∈ F (M∗

pAMp)
}
= c(M∗

pAMp),

gia k�je p ∈ N. Efìson, 0 ≤ c(M∗
pAMp) ≤ r̃(M∗

pAMp) ≤ r(M∗
pAMp) ≤ ∥A∥2

gia opoiod pote p ∈ N, èqoume �mesa tic anisìthtec

rk(A) ≤ min
p∈N

r(M∗
pAMp) kai r̃k(A) ≥ max

p∈N
c(M∗

pAMp).

An 0 /∈ Λk(A), tìte apì to Je¸rhma 2.7, 0 /∈ F (M∗
l AMl) gia k�poia l ∈ N kai

Ml ∈ Xn−k+1. 'Ara, c(M∗
l AMl) = r̃(M∗

l AMl) kai èqoume

r̃k(A) ≥ max
p∈N

c(M∗
pAMp) ≥ r̃(M∗

l AMl) ≥ min
p∈N

r̃(M∗
pAMp).
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H arijmhtik  aktÐna wc h mh arnhtik  sun�rthsh r(·) : Mn → R+ den

apoteleÐ nìrma pÐnaka, efìson den ikanopoieÐ thn upopollaplasiastik  idiìthta

r(AB) ≤ r(A)r(B), gia k�je A,B ∈ Mn. Parìla aut�, eÐnai axioshmeÐwto to

gegonìc oti isqÔei h anisìthta r(Am) ≤ [r(A)]m, gia ìlec tic dun�meic pin�kwn

Am, me ekjèth opoiod pote jetikì akèraiom. Antijètwc, h k-bajmoÔ arijmhtik 

aktÐna apotugq�nei na ikanopoi sei tìso thn upopollaplasiastik  idiìthta ìso

kai thn anisìthta twn dun�mewn, ìpwc apokalÔptei to akìloujo antipar�deigma.

Par�deigma 2.1. 'Estw o pÐnakac A =

[
1.8 2 3 4
0 0.8+i 0 i
−2 1 −1.2 1
0 0 1 0.8

]
. Qrhsimopoi¸ntac

ta Jewr mata 2.6 kai 2.7, to sÔnolo Λ2(A) anaparÐstatai parak�tw apì th leuk 

perioq  mèsa sthn arister  eikìna. Profan¸c, to Λ2(A) perièqetai mèsa ston

monadiaÐo kÔklo, gegonìc to opoÐo faner¸nei oti r2(A) < 1.

Apì thn �llh meri�, to sÔnolo Λ2(A
2), pou apeikonÐzetai sth dexi� eikìna

me ton Ðdio trìpo, den fr�ssetai apì ton monadiaÐo kÔklo kai �ra, r2(A2) > 1.

Sunep¸c, [r2(A)]2 < 1 < r2(A
2).
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Kef�laio 3

K-BAJMOU ARIJMHTIKA

PEDIA MH ARNHTIKWN

PINAKWN

3.1 Perron-Frobenius jewrÐa

Sthn enìthta aut , parousi�zoume basikèc ènnoiec kai jewr mata pou aforoÔn

touc mh arnhtikoÔc pÐnakec. H jewrÐa aut  eÐnai gnwst  sth bibliografÐa wc

jewrÐa Perron-Frobenius [22].

'Enac n × n pÐnakac A onom�zetai mh arnhtikìc (nonnegative) ìtan k�je

stoiqeÐo tou aij ≥ 0 kai sumbolÐzetai A ≥ 0. 'Omoia, o pÐnakac A onom�zetai

jetikìc (positive) ìtan k�je aij > 0 kai sumbolÐzetai A > 0.

O pÐnakac A ∈ Mn onom�zetai anag ģimoc (reducible) ìtan up�rqei meta-

jèthc P tètoioc ¸ste

P TAP =

[
R S

0 T

]
,

ìpou R, T eÐnai kai oi dÔo tetragwnikoÐ pÐnakec. Gia n = 1, ja prèpei A = 0. Se

antÐjeth perÐptwsh, o A onom�zetai mh anag ģimoc (irreducible).

'Otan o A eÐnai mh arnhtikìc kai mh anag¸gimoc pÐnakac kai èqei q(> 1)

idiotimèc mètrou Ðsec me th fasmatik  aktÐna ρ(A) = max {|λ| : λ ∈ σ(A)}, tìte
onom�zetai exeligmènoc (imprimitive) kai o arijmìc q anafèretai wc deÐkthc exe-

liximìthtac (index of imprimitivity). Sthn perÐptwsh q = 1, o A qarakthrÐzetai
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prwtìgonoc (primitive).

EÐnai eurÔtata gnwstì oti ta jewr mata pou diatÔpwsan pr¸ta o O. Perron

(1907) kai Ôstera o G. Frobenius (1912) gia touc jetikoÔc kai mh arnhtikoÔc

pÐnakec, antÐstoiqa, aforoÔn thn Ôparxh jetik¸n   mh arnhtik¸n idiopos¸n (idio-

tim¸n kai idiodianusm�twn) [22]. Argìtera, o Issos to 1966 sthn adhmosÐeuth

didaktorik  tou diatrib , melèthse to arijmhtikì pedÐo F (A) mh arnhtikoÔ pÐnaka

A, susqetÐzontac th fasmatik  aktÐna ρ(A) me thn arijmhtik  aktÐna r(A) [24].

SunoyÐzoume ta kÔria apotelèsmata tou Issos sto akìloujo Je¸rhma.

Je¸rhma 3.1. 'Estw mh arnhtikìc kai mh anag ģimoc pÐnakac A ∈ Mn. Tìte

isqÔoun ta epìmena:

1. r(A) = xTAx, ìpou x ∈ Rn eÐnai monadiaÐo me x > 0,

2. r(A) = y∗Ay, me y ∈ Cn monadiaÐo akrib¸c ìtan y = eiθx gia θ ∈ [0, 2π),

3. up�rqei jetikìc akèraioc q ≤ n tètoioc ¸ste ta mègista stoiqeÐa tou F (A)

eÐnai thc morf c r(A)ei
2πt
q , t = 0, 1, . . . , q − 1, ta de mègista stoiqeÐa tou

σ(A) eÐnai λ = ρ(A)ei
2πt
q , t = 0, 1, . . . , q − 1.

SÔmfwna me to Je¸rhma 3.1, an to arijmhtikì pedÐo F (A) mh arnhtikoÔ kai

mh anag¸gimou pÐnaka A èqei q to pl joc mègista stoiqeÐa (dhlad , stoiqeÐa

mètrou Ðsa me thn arijmhtik  aktÐna r(A)), to èna apì aut� brÐsketai sto jetikì

pragmatikì �xona kai ta upìloipa sthn perifèreia kÔklou S(0, r(A)), ìpou ta

orÐsmat� touc eÐnai pollapl�sia thc gwnÐac 2π
q
. Dhlad , to sÔnolo

F(A) =
{
r(A)ei

2πt
q : t = 0, . . . , q − 1

}
eÐnai akrib¸c ìla ta mègista stoiqeÐa tou F (A), ìpou sthn arijmhtik  aktÐna

r(A) ∈ F (A) antistoiqeÐ p�nta èna jetikì monadiaÐo di�nusma. Epiplèon, o Issos

apèdeixe oti |F(A)| = q, ìpou q eÐnai o deÐkthc exeliximìthtac tou pÐnaka A.
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3.2 GenÐkeush sto Λk(A)

Sto ed�fio autì ereunoÔme an ta apotelèsmata tou Issos genikeÔontai gia to

Λk(A), ìpou A mh arnhtikìc kai mh anag¸gimoc pÐnakac.

OrÐzoume wc mègista stoiqeÐa tou Λk(A) ta stoiqeÐa tou sunìlou:

Fk(A) = {z ∈ Λk(A) : |z| = rk(A)} ,

to opoÐo gia k = 1, isoÔtai me F(A). 'Opwc eÐdame, to arijmhtikì pedÐo F (A)

enìc mh arnhtikoÔ pÐnaka A perilamb�nei p�nta thn arijmhtik  aktÐna r(A) >

0 (Je¸rhma 3.1), den isqÔei ìmwc genikìtera oti rk(A) ∈ Λk(A), ìpwc dia-

pist¸noume sto akìloujo par�deigma.

Par�deigma 3.1. 'Estw o 8 × 8 mh arnhtikìc kai mh anag ģimoc pÐnakac

A =


0 0 3 0 0 1 0 0
5 0 0 0 0 0 1 0
0 0 0 1 9 0 0 6
0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 4 1 0 0 2
0 0 1 0 0 3 0 0
0 5 0 0 0 0 0 0

. H exwterik  kampÔlh sto sq ma 3.1 apeikonÐzei to sÔnoro

tou F (A), en¸ h deÔterh kai trÐth eswterik  kampÔlh apeikonÐzoun to sÔnoro

twn Λ2(A) kai Λ3(A), antÐstoiqa. EÐnai fanerì oti 0 < r(A) ∈ F (A), en¸

0 < r2(A) /∈ Λ2(A) kai 0 < r3(A) /∈ Λ3(A), ìpwc eÔkola anagnwrÐzoume sto

sq ma. O pÐnakac A èqei 4 mègistec idiotimèc, oi opoÐec shmei¸nontai me {+} kai

epÐshc, to F (A) èqei 4 mègista stoiqeÐa.

−8 −6 −4 −2 0 2 4 6 8
−8

−6

−4

−2

0

2

4

6

8

Real  Axis

Im
ag

in
ar

y 
 A

xi
s

Sq ma 3.1: Oi treic kampÔlec me to eswterikì touc apeikonÐzoun ta sÔnola

Λ1(A) ⊃ Λ2(A) ⊃ Λ3(A).
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To akìloujo L mma genikeÔei gnwst  sunj kh gia to analloÐwto wc proc

strof  kai summetrÐa wc proc thn arq , sthn perÐptwsh tou k-bajmoÔ ari-

jmhtikoÔ pedÐou.

L mma 3.2. 'Estw oti o pÐnakac A ∈ Mn(C) eÐnai orjomonadiaÐa ìmoioc me ton

sÔnjeto pÐnaka

C =



0 C12 0 · 0

0 0 C23 · 0

· · · · ·
0 · · 0 Cq−1,q

Cq1 0 · · 0


, (3.1)

ìpou oi diag¸nioi mhdenikoÐ upopÐnakec eÐnai tetragwnikoÐ kai o pÐnakac omoiìthtac

eÐnai metajèthc (permutation matrix). An rj(A) ̸= 0, gia j = 1, . . . , k, tìte:

I. Λj(A) = Λj(e
i 2πt

q A), gia t = 0, 1, . . . , q − 1,

II. µ ∈ Λj(A) an kai mìno an µei
2πt
q ∈ Λj(A), gia t = 0, 1, . . . , q − 1,

III. an q = 2t, Λj(A) eÐnai summetrikì wc proc thn arq .

Apìdeixh. I. Apì thn apìdeixh tou jewr matoc 6 sth didaktorik  diatrib  tou

Issos [24], èqoume otiD−1CD = eiθC, ìpouD = In1⊕eiθIn2⊕. . .⊕ei(q−1)θInq eÐnai

orjomonadiaÐa diag¸nioc, me θ = 2πt
q

kai n1 + . . .+nq = n, ìpou nl (l = 1, . . . , q)

eÐnai h t�xh tou l-ostoÔ diagwnÐou upopÐnaka tou C. An P eÐnai metajèthc

tètoioc ¸ste A = P TCP , èqoume eiθA = (P TDP )−1A(P TDP ) kai �ra, Λj(A) =

Λj(e
iθA), gia k�je j = 1, . . . , k.

II. Apì thn perÐptwsh (I), èqoume

µ ∈ Λj(A) ⇔ ei
2πt
q µ ∈ Λj(e

i 2πt
q A) = Λj(A),

gia ìla ta t = 0, 1, . . . , q − 1 kai j = 1, . . . , k.

III. 'Estw q = 2t, tìte apì thn (II), µ ∈ Λj(A) an kai mìno an ei
2πt
2t µ ∈ Λj(A),

dhlad  eiπµ = −µ ∈ Λj(A), gia k�je j = 1, . . . , k.

Par�deigma 3.2. JewroÔme ton pÐnaka A =

[
0 0 i 0
0 0 −i 0
0 0 0 2

3+2i 1 0 0

]
, ìpwc sthn (3.1)

me q = 3. To sÔnoro tou Λ2(A) apeikonÐzetai sto sq ma 3.2 apì to kampulwtì

trÐgwno. EÐnai emfanèc oti Λ2(A) paramènei analloÐwto se strof  gwnÐac 2πt
3

wc

proc thn arq , gia t = 0, 1, 2, epibebai¸nontac tic peript¸seic (I) kai (II) tou

L mmatoc 3.2.
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Sq ma 3.2: To 2-bajmoÔ arijmhtikì pedÐo pÐnaka

'Oson afor� to pl joc twn mègistwn stoiqeÐwn tou Λk(A) kai th jèsh touc

sto migadikì epÐpedo, anaferìmaste sto akìloujo apotèlesma.

Prìtash 3.3. 'Estw o exeligmènoc pÐnakac A ∈ Mn(R) me deÐkth exeliximìth-

tac q > 1 tètoioc ¸ste rk(A) > 0. Tìte

Fj(A) =
{
rj(A)e

i(θj+
2πt
q

) : t = 0, . . . , q − 1
}
, (3.2)

gia k�je j = 1, . . . , k kai θj = 0   π
q
.

Apìdeixh. Efìson q > 1 eÐnai o deÐkthc exeliximìthtac tou pÐnaka A, up�rqei

metajèthc P tètoioc ¸ste

P TAP =



0 C12 0 · 0

0 0 C23 · 0

· · · · ·
0 · · 0 Cq−1,q

Cq1 0 · · 0


.

'Estw oti θj ∈ [0, 2π) eÐnai to prwteÔon ìrisma ¸ste 0 < rj(A) ∈ Λj(e
−iθjA)

me j = 1, . . . , k. Tìte, apì L mma 3.2(II), èqoume rj(A)e
i(θj+

2πt
q

) ∈ Λj(A) gia

t = 0, 1, . . . , q − 1 kai j = 1, . . . , k, apì ìpou sumperaÐnoume

Fj(A) ⊇
{
rj(A)e

i(θj+
2πt
q

) : t = 0, . . . , q − 1
}
,

gia k�je j = 1, . . . , k.

O deÐkthc exeliximìthtac q isoÔtai me ton megalÔtero jetikì akèraio gia ton
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opoÐo o A eÐnai orjomonadiaÐa diag¸nia ìmoioc me ton pÐnaka ei
2π
q A, isodÔnama,

oi pÐnakec e−iθjA kai ei(−θj+
2π
q
)A eÐnai orjomonadiaÐa diag¸nia ìmoioi. Sunep¸c,

to sÔnolo {
0,

2π

q
, . . . ,

2π(q − 1)

q

}
eÐnai h kuklik  om�da modulo 2π me th megalÔterh dunat  t�xh. To gegonìc

autì odhgeÐ sto sumpèrasma oti den up�rqei gwnÐa ϕ = 2π
p

< 2π
q

tètoia ¸ste

rj(A)e
iϕ ∈ Λj(e

−iθjA), gia j = 1, . . . , k kai ètsi, exasfalÐzetai h isìthta

Fj(A) =
{
rj(A)e

i(θj+
2πt
q

) : t = 0, . . . , q − 1
}
. (3.3)

An sumbolÐsoume me · to suzugèc enìc sunìlou, eÐnai safèc oti Λj(A) = Λj(A),

kaj¸c A ∈ Mn(R), dhlad  Λj(A) eÐnai summetrikì wc proc ton pragmatikì

�xona, gia k�je j = 1, . . . , k. Lìgw thc summetrÐac aut c kai thc isìthtac (3.3),

gia θj ̸= 0, èqoume 2π − θj = θj +
2π(q−1)

q
. Opìte, θj = π

q
kai h apìdeixh

oloklhr¸netai.

SÔmfwna me thn prohgoÔmenh prìtash, o arijmìc twn stoiqeÐwn mègistou

mètrou se k�je Λj(A), gia j = 1, 2, . . . , k, mh arnhtikoÔ kai mh anag¸gimou

pÐnaka A, diathreÐtai Ðsoc me ton deÐkth exeliximìthtac q. Eidikìtera, èqoume

oti ìla ta mègista stoiqeÐa tou sunìlou eÐnai diadoqik� katanemhmèna p�nw se

kÔklo me kèntro thn arq  kai apèqoun metaxÔ touc stajer  gwnÐa 2π
q
.

ParathroÔme oti ìtan h j-bajmoÔ arijmhtik  aktÐna rj(A) den an kei sto

sÔnolo Λj(A), gia k�poio j = 1, . . . , k, èpeita apì dexiìstrofh peristrof  tou

Λj(A) gÔrw apì thn arq  kat� gwnÐa π
q
, epitugq�noume h jetik  aut  posìthta

na an kei sto Λj(e
−iπ

q A), dhlad  0 < rj(A) ∈ Λj(e
−iπ

q A).

Apì thn �llh meri�, an jewr soume thn kl�sh twn mh arnhtik¸n prwtìgonwn

pin�kwn A (q = 1), tìte ta sÔnola Λj(A), gia j = 2, . . . , k den èqoun aparaÐthta

èna monadikì mègisto stoiqeÐo, se antÐjesh me to F (A). To sumpèrasma autì

dikaiologeÐtai apì th summetrÐa twn sunìlwn Λj(A) wc proc ton pragmatikì

�xona kai apì to gegonìc oti rj(A) den eÐnai p�ntote stoiqeÐo tou sunìlou Λj(A)

(j ̸= 1). 'Etsi, ìtan rj(A)e
iθj ∈ Λj(A) gia k�poio θj ∈ (0, 2π), ja èqoume epÐshc,

rj(A)e
−iθj ∈ Λj(A).
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Par�deigma 3.3. 'Estw o mh arnhtikìc kai mh anag ģimoc 8 × 8 pÐnakac

A =


0 0 2 0 0 6 0 0
1 0 0 0 0 0 7 0
0 0 0 2 3 0 0 4
0 3 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 0 4 0 0 0 2
0 0 1 0 0 3 0 0
0 9 0 0 0 0 0 0

, opoÐoc èqei 4 mègistec idiotimèc (exeligmènoc pÐnakac) kai

�ra èqei deÐkth exeliximìthtac q = 4. Ta sÔnora twn F (A) ≡ Λ1(A) ⊇ Λ2(A) ⊇
Λ3(A) apeikonÐzontai parak�tw sthn arister  eikìna ìpou kai epalhjeÔoume oti

ìla ta Λj(A) èqoun q = 4 mègista stoiqeÐa (j = 1, 2, 3), ta opoÐa diaqwrÐzontai

exÐsou kat� gwnÐa tπ
2
, t = 0, 1, 2, 3. Eidikìtera, blèpoume oti r2(A)e

iπ
4 ∈ Λ2(A)

kai r3(A) ∈ Λ3(A).

Ac jewr soume ton mh arnhtikì kai mh anag ģimo pÐnaka B =

[ 0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 1 1 0 0 0

]
, o

opoÐoc èqei mìno mÐa mègisth idiotim . Ta sÔnora twn F (B) ⊇ Λ2(B) apeikonÐ-

zontai sthn dexi� eikìna tou parak�tw sq matoc, ìpou faÐnetai oti to Λ2(B) èqei

duo mègista stoiqeÐa, summetrik� wc proc ton arnhtikì hmi�xona, en¸ to F (B)

èqei mìno èna mègisto stoiqeÐo, thn arijmhtik  tou aktÐna r(B). Oi mègistec

idiotimèc twn A kai B shmei¸nontai me {+} kai stic duo eikìnec.
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Parat rhsh 3.1. EÐnai arket� endiafèron na shmei¸soume oti o metajèthc Pn =[
0 In−1

1 0

]
∈ Mn(R) eÐnai mia eidik  morf  exeligmènou pÐnaka, me deÐkth exeli-

ximìthtac n kai f�sma tic n-ostèc rÐzec thc mon�doc, zt = e2πti/n, t = 0, . . . , n−1.

Profan¸c, Pn eÐnai orjomonadiaÐoc pÐnakac kai F (Pn) = co({z0, z1, . . . , zn−1}).
Apì to pìrisma 2.8 sthn ergasÐa [17], ìtan 2k < n, èqoume oti

Λk(Pn) = co({z̃0, z̃1, . . . , z̃n−1}),

me z̃t (t = 0, . . . , n− 1) ta shmeÐa tom c twn eujugr�mmwn tmhm�twn [zt, zt+k] kai

[zt+1, zt+n−k+1], ìtan zj = zj−n gia j > n− 1.
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Gia tic dun�meic twn Pn, èqoume oti Λk(P
α
n ) = Λk(Pn), 1 ≤ α ≤ n− 1, kajìson

oi pÐnakec Pα
n eÐnai ìmoioi me ton Pn èqontac pÐnaka omoiìthtac ènan metajèth,

en¸ Λk(P
n
n ) = {1}, efìson P n

n = In.

ParadeÐgmatoc q�rin, F (P5) kai Λ2(P5) apeikonÐzontai sto sq ma 3.3, gia ton

metajèth P5 =

[
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 0 0 0 0

]
.
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Sq ma 3.3: To exwterikì kai eswterikì pent�gwno apoteloÔn to klasikì kai to

2-bajmoÔ arijmhtikì pedÐo tou P5, antÐstoiqa.

L mma 3.4. 'Estw A ∈ Mn(R) eÐnai mh arnhtikìc pÐnakac, me mh anag ģimo

ermitianì mèroc H(A) tètoioc ¸ste 0 < rj(A) ∈ Λj(e
−iθjA), gia j = 1, 2, . . . , k

kai gia θj ∈ [0, 2π). An up�rqei gwnÐa ϕ tètoia ¸ste r(A)eiϕ ∈ F (A), tìte

rj(A)e
iϕ ∈ Λj(e

−iθjA), gia k�je j = 1, . . . , k.

Apìdeixh. 'Estw oti r(A)eiϕ ∈ F (A) gia k�poia gwnÐa ϕ ∈ R, tìte apì thn prì-

tash 3.7 sthn ergasÐa [35], èqoume oti e−iϕA = D−1AD gia k�poion orjomona-

diaÐo diag¸nio pÐnaka D. Profan¸c, 0 < rj(A) ∈ Λj(e
−iθjA) = Λj(e

−i(θj+ϕ)A),

gi� autì rj(A)e
iϕ ∈ Λj(e

−iθjA), gia k�je j = 1, . . . , k.

Ereun¸ntac to Λk(A) enìc mh arnhtikoÔ pÐnaka A se sqèsh me thn mh ana-

gwgimìthta tou ermitianoÔ mèrouc H(A) tou pÐnaka A, epekteÐnoume mÐa an�logh

an�lush pou parousi�sthke stic ergasÐec [35, 46].

Prìtash 3.5. 'Estw oti o pÐnakac A ∈ Mn(R) eÐnai mh arnhtikìc, H(A)

mh-anag ģimoc kai rk(A) > 0. Tìte gia k�je j = 1, . . . , k, èqoume eÐte Fj(A) =
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S(0, rj(A)), gia k�je j = 1, . . . , k, eÐte Fj(A) =
{
rj(A)e

i (θj+
2πt
q

) : t = 0, . . . , q − 1
}
,

ìpou θj = 0   π
q
kai q > 1 eÐnai o megalÔteroc jetikìc akèraioc ¸ste o pÐnakac

A eÐnai diag¸nia ìmoioc me ton pÐnaka ei
2π
q A.

Apìdeixh. Upojètoume oti gia j = 1, . . . , k èqoume 0 < rj(A) ∈ Λj(e
−iθjA)

gia k�poio prwtèuon ìrisma θj ∈ [0, 2π). Apì thn prìtash 3.11 sthn ergasÐa

[35] kai to pìrisma 3.6 sthn [46], èqoume eÐte F(A) = S(0, r(A))   F(A) ={
r(A)ei

2πt
q : t = 0, . . . , q − 1

}
, ìpou q eÐnai o megalÔteroc jetikìc akèraioc ¸ste

o pÐnakac A eÐnai orjomonadiaÐa diag¸nia ìmoioc me ton pÐnaka ei
2π
q A. H pr¸th

isìthta twn sunìlwn upodhl¸nei oti r(A)eiϕ ∈ F (A) gia k�je gwnÐa ϕ ∈ R, ètsi
apì to L mma 3.4, rj(A)eiϕ ∈ Λj(e

−iθjA) gia k�je gwnÐa ϕ ∈ R, katal gontac
Fj(A) = S(0, rj(A)) gia ìla ta j = 1, . . . , k.

Sth deÔterh perÐptwsh, r(A)ei
2πt
q ∈ F (A) kai apì to L mma 3.4, sumperaÐ-

noume oti rj(A)e
i 2πt

q ∈ Λj(e
−iθjA), gia j = 1, . . . , k. Tìte{

rj(A)e
i(θj+

2πt
q

) : t = 0, . . . , q − 1
}
⊆ Fj(A),

gia k�je j = 1, . . . , k. H isìthta tou parap�nw egkleismoÔ, me θj = 0   π
q
,

apodeiknÔetai ìpwc kai sthn apìdeixh thc Prìtashc 3.3, kajìson to q tautÐze-

tai me ton megalÔtero jetikì akèraio ¸ste e−iθjA eÐnai orjomonadiaÐa diag¸nia

ìmoioc me ton pÐnaka ei(−θj+
2π
q
)A kai ta Λj(A) eÐnai summetrik� wc proc ton prag-

matikì �xona, gia k�je j = 1, . . . , k.

Pìrisma 3.6. 'Estw o pÐnakac A ∈ Mn(R) eÐnai mh arnhtikìc, me H(A)

mh-anag ģimo. An 0 < rj(A) /∈ Λj(A) ̸= ∅ gia k�poio j = 2, . . . , k kai Λj(A)

den eÐnai kuklikìc dÐskoc, tìte to Λj(A) eÐnai summetrikì wc proc tic eujeÐec

L± =
{
ze±iπ

q : z ∈ R
}
, ìpou q eÐnai o megalÔteroc jetikìc akèraioc ¸ste o A

eÐnai diag¸nia ìmoioc me ton ei
2π
q A.

Apìdeixh. Apì thn Prìtash 3.5, Fj(A) =
{
rj(A)e

i
π(2t+1)

q : t = 0, . . . , q − 1
}
.

Kat� sunèpeia,

Fj(e
±iπ

q A) =
{
rj(A)e

i 2πt
q : t = 0, . . . , q − 1

}
⊆ ∂Λj(e

±iπ
q A),

gia k�poio j = 2, . . . , k. Saf¸c, Λj(e
±iπ

q A) eÐnai summetrikì wc proc ton prag-

matikì �xona, pou shmaÐnei oti Λj(A) = e∓iπ
q Λj(e

±iπ
q A) eÐnai summetrikì wc proc

tic eujeÐec L±.
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Pìrisma 3.7. 'Estw o pÐnakac A ∈ Mn(R) eÐnai mh arnhtikìc, H(A) mh-

anag ģimoc kai rk(A) > 0. An F (A) eÐnai kuklikìc dÐskoc, tìte Λj(A) eÐnai

epÐshc kuklikìc dÐskoc, gia k�je j = 2, . . . , k.

Opoiosd pote pÐnakac thc morf c (3.1) me Cq1 = 0 kai q > 1 onom�zetai

sÔnjetoc pÐnakac met�jeshc (block-shift). Oi mh arnhtikoÐ pragmatikoÐ pÐnakec

me mh anag¸gimo ermitianì mèroc, oi opoÐoi me kat�llhlec metajèseic gramm¸n kai

sthl¸n mporoÔn na tejoÔn sth morf  enìc sÔnjetou pÐnaka met�jeshc, qara-

kthrÐzoun thn kuklikìthta tou arijmhtikoÔ pedÐou [56, Je¸rhma 1]. Lìgw tou

PorÐsmatoc 3.7, eÐnai �meso oti autoÔ tou tÔpou oi pÐnakec qarakthrÐzoun epÐshc

kai thn kuklikìthta tou k-bajmoÔ arijmhtikoÔ pedÐou.

Prìtash 3.8. 'Estw o pÐnakac A ∈ Mn(R) eÐnai mh arnhtikìc kai H(A) eÐnai

mh anag ģimoc. An o A eÐnai ìmoioc me ènan sÔnjeto pÐnaka met�jeshc, tìte to

Λj(A) tautÐzetai me ton kuklikì dÐsko D(0, rj(A)), gia j = 1, . . . , k.

Ja prèpei na shmei¸soume oti to sumpèrasma thc prohgoÔmenhc prìtashc den

isqÔei genikìtera gia opoiod pote migadikì pÐnaka A pou eÐnai orjomonadiaÐa ì-

moioc me sÔnjeto pÐnaka met�jeshc. Gia th genikìterh perÐptwsh, parousi�zoume

to akìloujo apotèlesma.

Prìtash 3.9. 'Estw oti A ∈ Mn(C) eÐnai orjomonadiaÐa ìmoioc me ton pÐnaka[
0 A1

0 0

]
, me A1 ∈ Mm,n−m(C) kai rankA1 = k. Tìte

Λj(A) = D(0, rj(A)) kai rj(A) =
σj(A1)

2
,

ìpou σj(A1) sumbolÐzei thn j-st  megalÔterh idi�zousa tim  tou A1, gia j =

1, . . . , k.

Apìdeixh. ArkeÐ na apodeÐxoume oti Λj(

[
0 A1

0 0

]
) = D(0,

σj(A1)

2
), gia j = 1, . . . , k,

efìson sÔmfwna me thn idiìthta (Id.2) Λj(A) eÐnai analloÐwto wc proc opoiod -

pote orjomonadiaÐo metasqhmatismì (kef�laio 2). Gi� autì, apì to Je¸rhma 2.3

èqoume

Λj(

[
0 A1

0 0

]
) =

∩
θ∈[0,2π)

e−iθ

{
z ∈ C : Re z ≤ λj(H(

[
0 eiθA1

0 0

]
))

}
,
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ìpou λj(H(A)) eÐnai h j-st  megalÔterh idiotim  tou ermitianoÔ mèrouc H(A) tou

pÐnaka A. 'Ara,

Λj(

[
0 A1

0 0

]
) =

∩
θ∈[0,2π)

e−iθ

{
z ∈ C : Re z ≤ 1

2
λj(

[
0 eiθA1

e−iθA∗
1 0

]
)

}
.

Oi idiotimèc tou n×n ermitianoÔ pÐnaka

[
0 eiθA1

e−iθA∗
1 0

]
eÐnai oi idi�zousec timèc

σ1(A1) ≥ . . . ≥ σk(A1) > 0 ≥ . . . ≥ 0 > −σk(A1) ≥ . . . ≥ −σ1(A1) me

k = rankA1 [22], ètsi gia j = 1, . . . , k,

Λj(

[
0 A1

0 0

]
) =

∩
θ∈[0,2π)

e−iθ

{
z ∈ C : Re z ≤ σj(A1)

2

}
= D(0,

σj(A1)

2
).
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Kef�laio 4

K-BAJMOU ARIJMHTIKA

PEDIA POLUWNUMIKWN

PINAKWN

4.1 Orismìc - Gewmetrikèc idiìthtec

'Estw o poluwnumikìc pÐnakac

L(λ) = Amλ
m + Am−1λ

m−1 + . . .+ A1λ+ A0,

me Ai ∈ Mn(C) kai Am ̸= 0. Gia k ∈ N, to k-bajmoÔ arijmhtikì pedÐo (higher

rank numerical range) tou L(λ) eÐnai to sÔnolo

Λk(L(λ)) = {λ ∈ C : PL(λ)P = 0n, gia k�poia P ∈ Pk} , (4.1)

ìpou Pk eÐnai to sÔnolo twn orjogwnÐwn probol¸n, ìpwc èqoume anafèrei sth

selÐda 12. IsodÔnama, èqoume

Λk(L(λ)) = {λ ∈ C : Q∗L(λ)Q = 0k, gia k�poia Q ∈ Mn,k me Q∗Q = Ik} ,
(4.2)

kajìson P = QQ∗ kai Q ∈ Xk (blèpe selÐda 15). Gia k = 1, to sÔnolo

tautÐzetai me to gnwstì arijmhtikì pedÐo w(L(λ)) tou L(λ) [16, 34], dhlad 

Λ1(L(λ)) ≡ w(L(λ)) = {λ ∈ C : x∗L(λ)x = 0 gia k�poia x ∈ Cn, ∥x∥2 = 1} .
(4.3)
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To sÔnolo Λk(L(λ)) eÐnai mia endiafèrousa genÐkeush arijmhtikoÔ pedÐou, ka-

jìson oi poluwnumikoÐ pÐnakec paÐzoun shmantikì rìlo sta probl mata upolo-

gistik c qhmeÐac kai domik c moriak c biologÐac. ApoteloÔn algebrik� ergaleÐa

ston upologismì ìlwn twn diamorf¸sewn twn moriak¸n daktulÐwn kai monte-

lopoioÔn poikÐla probl mata poluwnumik¸n exis¸sewn [15, 18].

An L(λ) = Iλ− A, tìte

Λk(Iλ− A) = {λ ∈ C : PAP = λP, gia k�poia P ∈ Pk}

= {λ ∈ C : Q∗AQ = λIk, gia k�poia Q ∈ Xk} , (4.4)

dhlad , sumpÐptei me to k-bajmoÔ arijmhtikì pedÐo Λk(A) tou pÐnaka A ∈ Mn.

Ja prèpei na shmei¸soume oti Λk(L(λ)) mporeÐ na eÐnai kai to kenì sÔno-

lo. Apì thn (4.2) , gia opoiod pote poluwnumikì pÐnaka L(λ) =
∑m

l=0 Alλ
l, me

Am ̸= 0, ja èqoume Λk(L(λ)) ̸= ∅, akrib¸c ìtan ta k2 > 1 bajmwt� polu¸numa

bij(λ,Q) = q∗iL(λ)qj, i, j = 1, . . . , k gia k�poiec isometrÐec Q =
[
q1 . . . qk

]
∈

Xk èqoun koinèc rÐzec. Sugkekrimèna, shmei¸nontac

bij(λ,Q) = q∗iAmqjλ
m + . . .+ q∗iAlqjλ

l + . . .+ q∗iA0qj

= b
(m)
ij (Q)λm + . . .+ b

(l)
ij (Q)λl + . . .+ b

(0)
ij (Q), (4.5)

gia ìla ta i, j = 1, . . . , k kai gia thn n× k isometrÐa Q =
[
q1 . . . qk

]
, èqoume

Λk(L(λ)) ̸= ∅ akrib¸c ìtan ta polu¸numa bij(λ,Q) èqoun koinèc rÐzec.

An sumbolÐsoume σ ≤ m to megalÔtero bajmì twn poluwnÔmwn bij(λ,Q) kai

τ ≤ σ to megalÔtero bajmì twn upoleipìmenwn poluwnÔmwn, tìte

bi1,j1(λ,Q) = b
(σ)
i1,j1

(Q)λσ + . . .+ b
(l)
i1,j1

(Q)λl + . . .+ b
(0)
i1,j1

(Q) (4.6)

gia k�poiouc deÐktec i1, j1 ∈ {1, . . . , k}. Tìte o genikeumènoc pÐnakac Sylvester

[43] eÐnai

Rs(Q) =


R1(Q)

...

Rk2(Q)

 , (4.7)

ìpou o upopÐnakac

R1(Q) =


b
(σ)
i1,j1

(Q) b
(σ−1)
i1,j1

(Q) · · · b
(0)
i1,j1

(Q) 0

b
(σ)
i1,j1

(Q) b
(σ−1)
i1,j1

(Q)
. . . . . . . . .

0 b
(σ)
i1,j1

(Q) · · · b
(σ−1)
i1,j1

(Q) · · · b
(0)
i1,j1

(Q)


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eÐnai diast�sewc τ × (σ + τ) kai oi upopÐnakec Rp(Q), gia p = 2, . . . , k2, eÐnai oi

parak�tw σ × (σ + τ) pÐnakec

Rp(Q) =


0 b

(τ)
ip,jp

(Q) · · b
(0)
ip,jp

(Q)

b
(τ)
ip,jp

(Q)

· · · ·
b
(τ)
ip,jp

(Q) · · b
(0)
ip,jp

(Q) 0

 ,

me ip, jp ∈ {1, . . . , k} kai ip ̸= i1, jp ̸= j1. EÐnai gnwstì oti o bajmìc δ(Q) ̸= 0

tou mègistou koinoÔ diairèth twn poluwnÔmwn bij(λ,Q) (i, j = 1, . . . , k) gia thn

n× k isometrÐa Q ikanopoieÐ th sqèsh

rankRs(Q) = σ + τ − δ(Q) ≤ 2m− δ(Q) (4.8)

kai kat� sunèpeia, Λk(L(λ)) ̸= ∅ an kai mìno an up�rqei n×k isometrÐa Q tètoia

¸ste rankRs(Q) < 2m.

Sth sunèqeia, parousi�zoume merikèc basikèc idiìthtec gia to k-bajmoÔ ari-

jmhtikì pedÐo enìc poluwnumikoÔ pÐnaka L(λ).

Prìtash 4.1. 'Estw poluwnumikìc pÐnakac L(λ) =
∑m

j=0 Ajλ
j, ìpou Am ̸= 0,

tìte

(a) to Λk(L(λ)) eÐnai kleistì sto C,

(b) gia opoiod pote α ∈ C, Λk(L(λ+ α)) = Λk(L(λ))− α,

(c) an Q(λ) =
∑m

j=0 Am−jλ
j, tìte Λk(Q(λ)) \ {0} = {µ−1 : µ ∈ Λk(L(λ))},

(d) an oi pÐnakec Ai, i = 0, . . . ,m èqoun ènan koinì isotropikì upìqwro S =

span {x1, . . . , xk} me orjokanonik� dianÔsmata xj ∈ Cn, j = 1, . . . , k,

dhlad  x∗
lAixj = 0, gia k�je l, j = 1, . . . , k kai i = 0, . . . ,m, tìte Λk(L(λ)) =

C.

Prìtash 4.2. 'Estw poluwnumikìc pÐnakac L(λ) =
∑m

j=0 Ajλ
j, tìte ta epì-

mena eÐnai isodÔnama:

(i) µ ∈ Λk(L(λ))

(ii) up�rqei M ∈ Mn,k(C) me rankM = k tètoioc ¸ste M∗L(µ)M = 0k
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(iii) up�rqei ènac L(µ)-orjog¸nioc k-di�statoc upìqwroc K tou Cn

(iv) up�rqoun {ui}ki=1 orjokanonik� dianÔsmata tètoia ¸ste u∗
jL(µ)ui = 0, gia

k�je i, j = 1, . . . , k

(v) up�rqei ènac k-di�statoc upìqwroc K tou Cn tètoioc ¸ste v∗L(µ)v = 0, gia

k�je v ∈ K

(vi) up�rqei orjomonadiaÐoc pÐnakac U ∈ Mn(C) tètoioc ¸ste

U∗L(µ)U =

[
0k L1(µ)

L2(µ) L3(µ)

]
,

ìpou L1(λ), L2(λ) kai L3(λ) eÐnai kat�llhloi poluwnumikoÐ pÐnakec.

Apìdeixh. Efìson µ ∈ Λk(L(λ)) isodunameÐ me 0 ∈ Λk(L(µ)), apì thn prìtash

1.1 sthn ergasÐa [9], apodeiknÔoume �mesa touc isodÔnamouc isqurismoÔc (i)-

(vi).

Prìtash 4.3. 'Estw L(λ) =
∑m

j=1 Ajλ
j, tìte

Λk(L(λ)) ⊆ Λk−1(L(λ)) ⊆ . . . ⊆ Λ1(L(λ)).

Apìdeixh. Gia opoiod pote j ∈ {2, . . . , k}, èstw µ0 ∈ Λj(L(λ)). Tìte 0 ∈
Λj(L(µ0)) ⊆ Λj−1(L(µ0)). Kajìson, 0 ∈ Λj−1(L(µ0)), profan¸c sumperaÐnoume

µ0 ∈ Λj−1(L(λ)).

Pìrisma 4.4. 'Estw L(λ) ènac n×n poluwnumikìc pÐnakac. Tìte gia opoiod -

pote jetikì akèraio k ≤ n

Λk(L(λ)⊕ . . .⊕ L(λ)︸ ︷︷ ︸
k

) = w(L(λ)),

dhlad  to Λk(⊕kL(λ)) eÐnai èna mh kenì sÔnolo.

Apìdeixh. ExaitÐac thc Prìtashc 4.3, µ0 ∈ Λk(⊕kL(λ)) ⊆ w(⊕kL(λ)). 'Ara,

0 ∈ F (⊕kL(µ0)) = F (L(µ0)), isodÔnama µ0 ∈ w(L(λ)) kai tìte paÐrnoume

Λk(⊕kL(λ)) ⊆ w(L(λ)). Epiplèon, µ0 ∈ w(L(λ)) ⇒ 0 ∈ F (L(µ0)) = ∩kF (L(µ0))

⊆ Λk(⊕kL(µ0)), sÔmfwna me thn idiìthta (Id.7) pou anafèrame sto ed�fio 2.1.

'Etsi, w(L(λ)) ⊆ Λk(⊕kL(λ)) kai h apìdeixh oloklhr¸netai.

37



AntÐstoiqa me to Je¸rhma 2.6 pou ekfr�zei to Λk(A) wc �peirh tom  ari-

jmhtik¸n pedÐwn, èqoume thn parak�tw prìtash.

Prìtash 4.5. An L(λ) =
∑m

j=1 Ajλ
j, tìte

Λk(L(λ)) =
∩
M

w(M∗L(λ)M) =
∪
N

Λk(N
∗L(λ)N),

ìpou M ∈ Mn,n−k+1(C), N ∈ Mn,k(C) eÐnai isometrÐec.

Apìdeixh. Profan¸c, apì to Je¸rhma 2.6

µ0 ∈ Λk(L(λ)) ⇔ 0 ∈ Λk(L(µ0)) ⇔

0 ∈
∩
M

F (M∗L(µ0)M) ⇔ µ0 ∈
∩
M

w(M∗L(λ)M).

'Omoia, jewr¸ntac thn isìthta Λk(A) =
∪

N Λk(N
∗AN), pou apodeÐqjhke sth

sqèsh (2.3), èqoume

µ0 ∈ Λk(L(λ)) ⇔ 0 ∈ Λk(L(µ0)) ⇔

0 ∈
∪
N

Λk(N
∗L(µ0)N) ⇔ µ0 ∈

∪
N

Λk(N
∗L(λ)N).

AxÐzei na shmei¸soume oti h Prìtash 4.5 mac dÐnei mia ektÐmhsh tou sunìrou

tou Λk(L(λ)) mèsw thc arijmhtik c prosèggishc tou arijmhtikoÔ pedÐou w(L(λ))

[7, 53]. Parìti to k-bajmoÔ arijmhtikì pedÐo Λk(Iλ − A) eÐnai p�nta sunektikì

kai kurtì (Je¸rhma 2.5), to Λk(L(λ)) den ikanopoieÐ anagkaÐa autèc tic idiìthtec,

ìpwc ja doÔme sto epìmeno par�deigma.

Par�deigma 4.1. 'Estw o poluwnumikìc pÐnakac

L(λ) = 3I5λ
3 +

[
1 2 3 4 5
0 −1 −2 −3 −4
i 2i 3i 4i 5i

−2 1 2 1 2
0.3 0 0 0 0

]
λ2 +

[
1 2 0 0 0
2 3 4 0 0
0 4 5 6 0
0 0 6 7 8
0 0 0 7 8

]
λ+

[
4 −i 1 0 −2
i 2i −6i 1 0
0 1 4 2 0
−i 3i 0 2 4
3 1 2 4 5

]
.

H tom  twn arijmhtik¸n pedÐwn w(M∗L(λ)M) gia 400 tuqaÐa epilegmènec 5× 4

isometrÐec M , proseggÐzei to sÔnolo Λ2(L(λ)) kai apeikonÐzetai apì tic {leukèc}

perioqèc mèsa sth figoÔra tou sq matoc 4.1. ParathroÔme oti olìklhrh h figoÔ-

ra me to eswterikì thc apoteleÐ to arijmhtikì pedÐo w(L(λ)).
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Sq ma 4.1: Oi {leukèc trÔpec} sunistoÔn to Λ2(L(λ)).

Ereun¸ntac perissìtero to mh kenì tou Λk(L(λ)), parathreÐtai oti h ikan 

kai anagkaÐa sunj kh n ≥ 3k − 2 ¸ste Λk(A) ̸= ∅ gia ton pÐnaka A ∈ Mn

(Prìtash 2.2) apotugq�nei genikìtera gia touc poluwnumikoÔc pÐnakec, ìpwc

deÐqnetai sta akìlouja dÔo apotelèsmata. H pr¸th prìtash anafèretai sto

kenì tou sunìlou Λk(Aλ + B), ìpou A,B eÐnai n × n ermitianoÐ pÐnakec me

stoiqeÐa migadikoÔc arijmoÔc.

Prìtash 4.6. 'Estw n × n autosuzugèc pencil L(λ) = Aλ + B tètoio ¸ste

w(M∗(Aλ + B)M) ̸= C gia opoiad pote n × (n − k + 1) isometrÐa M . An o A

eÐnai jetik� hmiorismènoc pÐnakac, ìpou h algebrik  pollaplìthta thc idiotim c

µA = 0 eÐnai megalÔterh apì k − 1 kai o B eÐnai jetik� (  arnhtik�) orismènoc,

tìte Λk(Aλ+B) = ∅, gia opoiod pote k = 2, 3, . . . , n.

Apìdeixh. Ac upojèsoume oti o B eÐnai jetik� orismènoc pÐnakac. Lìgw thc

sunj khc pollaplìthtac thc idiotim c µA = 0, oi pÐnakec M∗AM kai M∗BM

eÐnai jetik� hmiorismènoi kai jetik� orismènoi, antÐstoiqa, gia opoiad pote n ×
(n−k+1) isometrÐaM . Akìmh, w(M∗(Aλ+B)M) ̸= C kai w(M∗(Aλ+B)M) =

(−∞,− 1
νM

], [50, Je¸rhma 9], ìpou νM eÐnai h megalÔterh idiotim  tou pÐnaka

(M∗BM)−1M∗AM . Tìte, apì thn Prìtash 4.5, paÐrnoume

Λk(Aλ+B) =
∩
M

w(M∗(Aλ+B)M) =
∩
M

(−∞,− 1

νM
] = Rc = ∅.

Omoiotrìpwc, ìtan B eÐnai arnhtik� orismènoc pÐnakac.

ApenantÐac, Λk(L(λ)) emfanÐzetai mh kenì sthn epìmenh prìtash.
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Prìtash 4.7. 'Estw oti L(λ) = (λ−λ0)
mAm eÐnai n×n poluwnumikìc pÐnakac,

ìpou λ0 ∈ C kai 0 /∈ Λk(Am). Tìte Λk(L(λ)) = {λ0}.

Apìdeixh. Kajìson 0 /∈ Λk(Am), apì to Je¸rhma 2.6, up�rqei mia n×(n−k+1)

isometrÐa M0 tètoia ¸ste 0 /∈ F (M∗
0AmM0) kai akìmh, isqÔei w(M∗

0L(λ)M0) =

w((λ− λ0)
mM∗

0AmM0) = {λ0}. Sunep¸c, apì thn Prìtash 4.5, èqoume

Λk(L(λ)) =
∩
M

w(M∗L(λ)M) = w(M∗
0L(λ)M0) = {λ0} .

En suneqeÐa, ereunoÔme to fragmèno tou Λk(L(λ)) kai parajètoume to akìlou-

jo qr simo l mma.

L mma 4.8. 'Estw A ∈ Mn(C) \ {0}. Gia th sun�rthsh f : Mn,k(C) →
Mk(C), ìpou f(Q) = Q∗AQ, èqoume int(kerf) = ∅.

Apìdeixh. Gia k = 1, èstw int(ker f) ̸= ∅ kai di�nusma x0 ∈ Cn ∩ int(ker f),

tìte up�rqei mia anoikt  mp�la B(x0, ε) ⊂ ker f , me ε > 0. Gia opoiod pote

y ∈ Cn, me y ∈ B(0, ε) kai pragmatikì t < 1, saf¸c, ty ∈ B(0, tε) ⊂ B(0, ε) kai
x0 + ty ∈ B(x0, ε). 'Ara,

f(x0 + y) = f(x0 + ty) = 0

kai sunep¸c, èqoume (t2 − t)y∗Ay = 0 gia k�je y ∈ B(0, ε). 'Omwc, tìte A = 0

kai odhgoÔmaste se antÐfash.

Gia k > 1, upojètoume Q0 ∈ Mn,k(C) ∩ int(ker f) kai èstw h anoikt  mp�la

B(Q0, ε) ⊂ ker f . An ènac n × k pÐnakac Q =
[
q1 q2 . . . qk

]
∈ B(Q0, ε) kai

sumbolÐsoume Q0 =
[
q01 q02 . . . q0k

]
, tìte

∥qi − q0i∥2 = ∥(Q−Q0)ei∥2 ≤ ∥Q−Q0∥2 < ε (4.9)

gia i = 1, . . . , k, ìpou ei ∈ Cn eÐnai to i-ostì di�nusma thc kanonik c b�shc

tou Cn kai ∥·∥2 eÐnai h fasmatik  nìrma. 'Ara, apì Q∗AQ = Q∗
0AQ0 = 0,

lamb�noume f(qi) = q∗iAqi = 0 kai f(q0i) = q∗0iAq0i = 0 (i = 1, . . . , k) kai apì

thn (4.9), katal goume qi ∈ B(q0i, ε), dhlad  B(q0i, ε) ⊂ ker f . Autì èrqetai se

antÐjesh me to kenì tou int(ker f) pou isqÔei sth dianusmatik  perÐptwsh.
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Prìtash 4.9. 'Estw oti L(λ) = Amλ
m + Am−1λ

m−1 + . . . + A1λ + A0 eÐnai

n× n poluwnumikìc pÐnakac, ìpou Am ̸= 0. An 0 /∈ Λk(Am), tìte Λk(L(λ)) ̸= ∅
eÐnai fragmèno.

Antistrìfwc, upojètoume oti rankRs(Q) < 2m, ìpou Rs(Q) eÐnai o geni-

keumènoc pÐnakac Sylvester sthn (4.7) twn k2 poluwnÔmwn, stoiqeÐwn tou pÐnaka

Q∗L(λ)Q, gia ìlec tic isometrÐec Q ∈ Mn,k tètoiec ¸ste Q∗AmQ = zIk (z ∈
C\ {0}). An Λk(Am) ̸= {0} kai to Λk(L(λ)) eÐnai fragmèno, tìte 0 /∈ Λk(Am).

Apìdeixh. Arqik�, ja prèpei na shmei¸soume oti ereunoÔme to fragmèno tou

Λk(L(λ)) lamb�nontac upìyin th sunj kh (4.8), ètsi ¸ste na mhn eÐnai kenì

kai ìla ta sÔnola Λ1(L(λ)) ⊇ . . . ⊇ Λk−1(L(λ)) na mhn eÐnai fragmèna. An

0 /∈ Λk(Am), tìte apì Je¸rhma 2.6 up�rqei mia n × (n − k + 1) isometrÐa M0

tètoia ¸ste 0 /∈ F (M∗
0AmM0). 'Ara, to w(M∗

0L(λ)M0) eÐnai fragmèno [34]

kai apì thn Prìtash 4.5, kaj¸c Λk(L(λ)) ⊆ w(M∗
0L(λ)M0), katal goume oti

Λk(L(λ)) eÐnai fragmèno.

Gia to antÐstrofo, upojètoume oti 0 ∈ Λk(Am) ̸= {0} kai to Λk(L(λ)) eÐnai

fragmèno. MporoÔme na broÔme mia akoloujÐa {zν} ⊆ Λk(Am) tètoia ¸ste

limν→∞ zν = 0 kai sunep¸c, mia akoloujÐa n× k isometri¸n {Qν} tètoiwn ¸ste

Q∗
νAmQν = zνIk → 0k. Lìgw sump�geiac thc om�dac twn n × k isometri¸n,

up�rqei upakoloujÐa {Qρ} thc {Qν} tètoia ¸ste limρ→∞Qρ = Q0, ìpou Q0 ∈
Mn,k eÐnai isometrÐa. 'Ara, lìgw sunèqeiac, limρ→∞Q∗

ρAmQρ = Q∗
0AmQ0 = 0k

kai apì L mma 4.8, ja eÐnaiQ∗
ρAmQρ = zρIk ̸= 0. Shmei¸noume oti o genikeumènoc

pÐnakac Sylvester Rs(Qρ) sthn (4.7) èqei diast�seic k2m×2m, kajìson stic (4.5)

kai (4.6), σ = τ = m kai lìgw thc rankRs(Qρ) < 2m, exasfalÐzontai oi rÐzec

thc exÐswshc Q∗
ρL(λ)Qρ = 0k.

Epiplèon, up�rqei deÐkthc j ̸= m tètoioc ¸ste Q∗
0AjQ0 ̸= 0k (diaforetik�,

Λk(L(λ)) ≡ C) kai akìmh,
∥∥Q∗

ρAjQρ

∥∥ ≥ ε gia k�poio dedomèno ε > 0 kai arket�

meg�lo ρ. 'Ara, h (m − j)st  prwteÔousa summetrik  sun�rthsh ± 1
zρ
Q∗

ρAjQρ

twn riz¸n tou poluwnumikoÔ pÐnaka Q∗
ρL(λ)Qρ [14, Je¸r.4.2] den eÐnai fragmènh,

katal gontac oti to Λk(L(λ)) den eÐnai fragmèno. Autì èrqetai se antÐjesh me

thn upìjesh kai h apìdeixh oloklhr¸netai.

EÐnai fanerì oti an L(λ) eÐnai monic poluwnumikìc pÐnakac, tìte Λk(L(λ))

eÐnai p�nta fragmèno sÔnolo. AkoloÔjwc, parousi�zoume èna par�deigma epÐ thc

Prot�sewc 4.9.
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Par�deigma 4.2. I. 'Estw o poluwnumikìc pÐnakac

L(λ) =


1 0 0 0

0 i 0 0

2 i 0 2

−i 0 −2 8

λ2 +


i 2 i 3

3 0 0 0

0 4 5 0

i 0 i 0

λ+


1 2 3 4

2 3 4 5

3 4 5 6

5 6 7 8

 .

H {leuk } perioq  sthn parak�tw arister  eikìna proseggÐzei to sÔno-

lo Λ2(L(λ)), to opoÐo eÐnai fragmèno, parìlo pou Λ1(L(λ)) = C. To

sÔnoro tou Λ2(A2), tou suntelest  A2 tou megistob�jmiou ìrou tou L(λ),

apeikonÐzetai sth dexi� eikìna kai parathroÔme oti 0 /∈ Λ2(A2).
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II. Gia to antÐstrofo, èstw o 4× 4 poluwnumikìc pÐnakac (m = 1)

L(λ) =


3 0 0 0

0 0 0 0

0 0 0 0

0 0 0 4

λ+


0 0 0 0

0 2 0 0

0 0 −1 0

0 0 0 0

 = A1λ+ A0.

Arqik�, parathroÔme oti 0 ∈ Λ2(A1) = [0, 3]. Apì thn �llh meri�,

to Λ2(L(λ)) isoÔtai me to fragmèno sÔnolo {0}. Pr�gmati, an p�roume

tic 4 × 3 isometrÐec M1 =

[
1 0 0
0 1 0
0 0 0
0 0 1

]
kai M2 =

[
1 0 0
0 0 0
0 1 0
0 0 1

]
, tìte oi pÐnakec

M∗
1A1M1 kai M∗

1A0M1 eÐnai kai oi dÔo jetik� hmiorismènoi kai sunep¸c,

[50, Je¸r.9], w(M∗
1L(λ)M1) = (−∞, 0]. 'Omoia, oi pÐnakec M∗

2A1M2,

M∗
2A0M2 eÐnai jetik� kai arnhtik� hmiorismènoi, antÐstoiqa, pou sunep�ge-

tai oti w(M∗
2L(λ)M2) = [0,∞). Saf¸c, Λ2(L(λ)) ⊆ w(M∗

1L(λ)M1) ∩
w(M∗

2L(λ)M2) = {0} kai 0 ∈ Λ2(L(λ)) ̸= ∅, dhlad  Λ2(L(λ)) = {0}.

Epiplèon, gia thn isometrÐa Q =

 0 1/
√
3

−
√
6/4 1/

√
3√

6/4 1/
√
3

1/2 0

 èqoume Q∗A1Q = I2 kai
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sthn (4.7), o genikeumènoc pÐnakac Sylvester Rs(Q) =

[ 1 3/8
1 1/3

0 −3
√
2/4

0 −3
√
2/4

]
èqei

rankRs(Q) = 2 kai ìqi ligìtero apì 2, ìpwc apaiteÐtai.

III. Ac jewr soume ton 4×4 poluwnumikì pÐnaka L(λ) = I2⊗(Bλ+I2), me B =

[ 1 1
0 0 ]. Tìte Λ2(I2⊗B) ̸= {0} kai 0 ∈ Λ2(I2⊗B). Se aut n thn perÐptwsh,

gia opoiad pote 4 × 2 isometrÐa Q tètoia ¸ste Q∗(I2 ⊗ B)Q = zI2 ̸= 02,

o genikeumènoc pÐnakac Sylvester sthn (4.7) eÐnai Rs(Q) =

[
1 1/z
1 1/z
0 0
0 0

]
me

rankRs(Q) = 1 < 2. Efìson, 0 ∈ F (A2), tìte to w(L(λ)) ìpwc kai

to Λ2(L(λ) ⊕ L(λ)) (Pìrisma 4.4) eÐnai mh fragmèna sÔnola, ìpwc eÐnai

anamenìmeno apì ton antÐstrofo isqurismì thc Prìtashc 4.9.

Akìmh, melet�me th mh sunektikìthta tou Λk(L(λ)), prospaj¸ntac na pros-

diorÐsoume èna fr�gma gia ton arijmì twn sunektik¸n sunistws¸n tou.

Prìtash 4.10. 'Estw oti L(λ) = Amλ
m + . . .+A1λ+A0 eÐnai n× n poluw-

numikìc pÐnakac, me Am ̸= 0 kai Λk(L(λ)) ̸= ∅ èqei ρ sunektikèc sunist¸sec.

Epiplèon, rankRs(Q) < 2m, ìpou Rs(Q) eÐnai o genikeumènoc pÐnakac Sylvester

sthn (4.7) twn k2 poluwnÔmwn (stoiqeÐwn tou Q∗L(λ)Q), gia opoiad pote n× k

isometrÐa Q tètoia ¸ste Q∗AmQ = γIk, me γ ∈ Λk(Am) \ {0}.
An Λk(Am)\{0} eÐnai sunektikì, tìte ρ ≤ l ≤ m, ìpou l eÐnai o mikrìteroc ari-

jmìc diakekrimènwn riz¸n thc exÐswshc Q∗L(λ)Q = 0, gia k�je n× k isometrÐa

Q tètoia ¸ste Q∗AmQ = γIk, me γ ∈ Λk(Am) \ {0}.
Diaforetik�, an Λk(Am) \ {0} = C1 ∪ C2, me C1 ∩ C2 = ∅ kai Ci, i = 1, 2 eÐnai

sunektik�, tìte ρ ≤ l1+l2 ≤ 2m, ìpou li eÐnai o mikrìteroc arijmìc diakekrimènwn

riz¸n thc Q∗L(λ)Q = 0, gia k�je n × k isometrÐa Q pou antistoiqeÐ se shmeÐa

γ ∈ Ci, gia i = 1, 2.

Apìdeixh. 'Estw oti C1 eÐnai mia sunektik  sunist¸sa tou Λk(Am) \ {0} kai oi

n × k isometrÐec Q0 =
[
q01 . . . q0k

]
, Q1 =

[
q11 . . . q1k

]
antistoiqoÔn sta

Q∗
0AmQ0 = γ0Ik kai Q∗

1AmQ1 = γ1Ik, me γ0, γ1 ∈ C1. Akìmh, jewroÔme oti

Q∗
0L(λ)Q0 = 0k, Q∗

1L(λ)Q1 = 0k kai sugkekrimèna, oti h Q∗
0L(λ)Q0 = 0 èqei to

mikrìtero pl joc diakekrimènwn riz¸n. Ja apodeÐxoume oti up�rqei mia suneq c

sun�rthsh isometri¸n Q(t) : [0, 1] → Mn,k(C), me Q(0) = Q0, Q(1) = Q1U , gia

k�poion orjomonadiaÐo pÐnaka U tètoia ¸ste antistoiqeÐ se èna suneqèc monop�ti

γ(t) ∈ C1 pou en¸nei to γ0 me to γ1.
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Sthn perÐptwsh ìpou γ0 ̸= γ1 kai to eujÔgrammo tm ma pou sundèei ta γ0, γ1

den perièqei thn arq , jewroÔme th suneq  sun�rthsh

Q(t) = (
√
1− t2Q0 + tQ1U)C(t, U), t ∈ [0, 1], (4.10)

ìpou U = diag(eiθ1 , . . . , eiθk), me θj ∈ [0, 2π], j = 1, . . . , k kai

C(t, U) = diag(c−1
1 (t, θ1), . . . , c

−1
k (t, θk)) ∈ Mk,

ìpou cj(t, θj) = ∥
√
1− t2q0j + teiθjq1j∥2, j = 1, . . . , k. Saf¸c, Q(0) = Q0,

Q(1) = Q1U kai Q∗(t)Q(t) = Ik, kajìson oi upìqwroi Kj = span {q0j, q1j} eÐnai

orjog¸nioi kat� zeugh, gia ìla ta j = 1, . . . , k [21, sel.318]. 'Ara, met� apì

k�poiouc upologismoÔc, paÐrnoume

Q∗(t)AmQ(t) = C(t, U)
[
γ(t)Ik + t

√
1− t2(Q∗

0AmQ1U + U∗Q∗
1AmQ0)

]
C(t, U),

ìpou γ(t) = γ0 + t2(γ1 − γ0) gia t ∈ [0, 1]. Epiplèon, sÔmfwna me tic sunj kec

(i)-(iii) sthn apìdeixh tou jewr matoc 2.2 sthn ergasÐa [34], up�rqei kat�llhloc

orjomonadiaÐoc pÐnakac U0 = diag(eiθ01 , . . . , eiθ0k) ¸ste h sun�rthsh pin�kwn

g(U) = Q∗
0AmQ1U + U∗Q∗

1AmQ0

na ikanopoieÐ mia apì tic akìloujec sunj kec:

(i) g(U0) = 0k,

(ii) g(U0) = ξ(γ1 − γ0)Ik, gia k�poio pragmatikì arijmì ξ ̸= 0.

Tìte Q∗(t)AmQ(t) =
[
γ0 + (t2 + ξt

√
1− t2)(γ1 − γ0)

]
C2(t, U0) ̸= 0k kai gia

k�je j = 1, . . . , k, ta eujÔgramma tm mata hj(t) = γ0+(t2+ξt
√
1−t2)(γ1−γ0)

c2j (t,θ0j)
̸= 0

sundèoun ta shmeÐa γ0, γ1, qwrÐc aut� aparaÐthta na eÐnai kai �kra twn euju-

gr�mmwn tmhm�twn. Profan¸c, lìgw thc kurtìthtac tou Λk(Am), èqoume oti oi

isometrÐec Q(t) dhmiourgoÔn to eujÔgrammo tm ma γ(t) ∈ C1.
Sthn perÐptwsh pou h arq  an kei sto eujÔgrammo tm ma [γ0, γ1], (γ0 ̸= γ1),

mporoÔme na jewr soume èna �llo shmeÐo γ2 ∈ C1 tètoio ¸ste γ2 ̸= γ0, γ1 kai

[γ0, γ2] ∪ [γ2, γ1] ⊆ C1. Autì eÐnai alhjèc apì thn kurtìthta tou Λk(Am) kai to

gegonìc oti ta shmeÐa γ0, γ1 an koun sthn Ðdia sunektik  sunist¸sa.
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Telik�, an γ0 = γ1 kai o Am eÐnai bajmwtìc pÐnakac, tìte antÐ gia thn (4.10)

jewroÔme th suneq  sun�rthsh twn n× k isometri¸n

Q(t) = (
√
1− t2Q0 + tQ1)C(t, Ik), t ∈ [0, 1].

Diaforetik�, an o Am den eÐnai bajmwtìc, anaferìmaste sthn (4.10).

'Etsi, èqoume kataskeu�sei mia suneq  sun�rthsh n × k isometri¸n Q(t)

tètoia ¸ste Q∗(t)AmQ(t) = γ(t)Ik ̸= 0k, t ∈ [0, 1] kai gia thn opoÐa o genikeÔ-

menoc pÐnakac Sylvester sthn (4.7), Rs(Q(t)) ∈ Mk2m,2m gia t ∈ [0, 1], kajìson

σ = τ = m stic (4.5) kai (4.6). 'Ara, apì thn upìjesh rankRs(Q(t)) < 2m

gia k�je t ∈ [0, 1], èqoume oti h exÐswsh Q∗(t)L(λ(t))Q(t) = 0 èqei p�ntote

rÐzec, èstw tic λ1(t), . . . , λr(t) (r ≤ m). Lìgw sunèqeiac thc Q(t), oi rÐzec

λj(t) : [0, 1] → Λk(L(λ)) eÐnai suneq  monop�tia sto Λk(L(λ)), sundèontac

tic rÐzec twn exis¸sewn Q∗
0L(λ)Q0 = 0k kai Q∗

1L(λ)Q1 = 0k, ètsi h apìdei-

xh oloklhr¸netai.

Par�deigma 4.3. 'Estw o 4× 4 poluwnumikìc pÐnakac deutèrou bajmoÔ

L(λ) =

[
2i 0

0 −2i

]
⊗ I2λ

2 + 4I4λ = λ(Dλ+ 4I4), me D =

[
2i 0

0 −2i

]
⊗ I2.

Profan¸c, Λ2(L(λ)) = {0}∪Λ2(Dλ+4I4) kai 0 /∈ Λ2(Dλ+4I4) ̸= ∅, dhlad  to

{0} eÐnai èna memonwmèno shmeÐo. Shmei¸noume epÐshc, oti µ0 ∈ Λ2(Dλ + 4I4)

an kai mìno an µ−1
0 ∈ Λ2(

[
−i/2 0
0 i/2

]
⊗ I2) \ {0}, gi� autì to Λ2(L(λ)) èqei treic

sunektikèc sunist¸sec, tic hmieujeÐec (−∞,−2], [2,∞) ston fantastikì �xona

kai to shmeÐo {0}. Epiplèon, o 8× 4 genikeumènoc pÐnaka Sylvester Rs(Q) sthn

(4.7) èqei rankRs(Q) = rank

[ λ0 0 4 0
0 λ0 0 4
λ0 0 4 0
0 λ0 0 4

]
< 4 gia k�je isometrÐa Q ∈ M4,2 tètoia

¸ste Q∗DQ = λ0I2 ̸= 02. Akìmh, to Λ2(D)\{0} èqei duo sunektikèc sunist¸sec
kai h Prìtash 4.10 epibebai¸netai.
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4.2 Gwniak� shmeÐa

Sthn ergasÐa [44], orÐzetai h ènnoia twn gwniak¸n shmeÐwn tou sunìlou w(L(λ))

gia poluwnumikì pÐnaka L(λ), h opoÐa sto ed�fio autì ja epektajeÐ sto sÔnolo

Λk(L(λ)). Eidikìtera, gia to sÔnolo Λk(L(λ)) to z0 ∈ ∂Λk(L(λ)) onom�zetai

gwniakì shmeÐo (sharp point) an gia mia sunektik  sunist¸sa Λ
(s)
k (L(λ)) tou

Λk(L(λ)) up�rqei dÐskoc S(z0, ε) kai gwnÐec θ1 < θ2, me θ1, θ2 ∈ [0, 2π), tètoiec

¸ste

Re (eiθz0) = max
{
Re z : e−iθz ∈ Λ

(s)
k (L(λ)) ∩ S(z0, ε)

}
∀ θ ∈ (θ1, θ2).

H akìloujh prìtash parousi�zei mia sunj kh gia èna sunoriakì shmeÐo tou

w(L(λ)) na eÐnai epÐshc sunoriakì shmeÐo tou Λk(L(λ)). Ja prèpei na shmei¸-

soume oti o ìroc {pollaplìthta}, ìpou anafèretai parak�tw, apodÐdetai sthn

algebrik  pollaplìthta miac idiotim c.

Prìtash 4.11. 'Estw n × n poluwnumikìc pÐnakac L(λ). An γ ∈ σ(L(λ)) ∩
∂w(L(λ)) me pollaplìthta k, tìte gia j = 2, . . . , k

γ ∈ ∂Λj(L(λ)).

Apìdeixh. Saf¸c, apì thn upìjesh, γ eÐnai mia hmikanonik  idiotim  tou poluwnu-

mikoÔ pÐnaka L(λ) pollaplìthtac k [29, Je¸rhma 6]. Dhlad , up�rqei ènac

orjomonadiaÐoc pÐnakac U tètoioc ¸ste

U∗L(γ)U = 0k ⊕R(γ),

ìpou R(λ) eÐnai (n − k) × (n − k) poluwnumikìc pÐnakac kai γ /∈ intw(R(λ)).

'Ara, apì tic Prot�seic 4.2(vi) kai 4.3, sunep�getai γ ∈ Λj(L(λ)) ⊆ Λj−1(L(λ)),

gia j = 2, . . . , k kai lìgw oti γ /∈ intw(L(λ)) (≡ intΛ1(L(λ)), paÐrnoume γ ∈
∂Λj(L(λ)), gia j = 2, . . . , k.

Gia to pencil Iλ− A, isqÔei to akìloujo pìrisma.

Pìrisma 4.12. 'Estw A ∈ Mn(C). An γ ∈ ∂F (A) eÐnai idiotim  tou A

pollaplìthtac k, tìte

γ ∈ ∂Λj(A), j = 2, . . . , k.
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To antÐstrofo tou PorÐsmatoc 4.12 kai sunep¸c kai thc Prìtashc 4.11 den

eÐnai alhjèc, kaj¸c faÐnetai sto akìloujo par�deigma.

Par�deigma 4.4. 'Estw A = diag(3 + 4i, 4 − i,−3 − 2i,−3,−3 + 3i). To

exwterikì polÔgwno sto sq ma 4.2 eÐnai to F (A), en¸ to eswterikì grammoski-

asmèno polÔgwno eÐnai to Λ2(A), to opoÐo prokÔptei apì thn tom  ìlwn twn

(
5

4

)
kurt¸n sunduasm¸n twn idiotim¸n λj1 , λj2 , λj3 , λj4 tou A, me 1 ≤ j1 ≤ . . . ≤
j4 ≤ 5. ParathroÔme oti λ0 = −3 ∈ ∂F (A) ∩ ∂Λ2(A), all� eÐnai apl  idiotim 

tou pÐnaka A. Epiplèon, Λ3(A) = ∅.
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Sq ma 4.2: Ta sÔnola F (A) kai Λ2(A).

Gia ta gwniak� shmeÐa tou pencil Aλ−B, èqoume thn epìmenh prìtash.

Prìtash 4.13. 'Estw L(λ) = Aλ− B ∈ Mn(C) kai z0 eÐnai gwniakì shmeÐo

tou w(Aλ − B) pollaplìthtac k, wc shmeÐo tou f�smatoc σ(Aλ − B). Tìte z0

eÐnai epÐshc gwniakì shmeÐo tou Λj(Aλ−B), gia j = 2, . . . , k.

Apìdeixh. Efìson to gwniakì shmeÐo z0 tou w(Aλ−B) eÐnai epÐshc idiotim  tou

pencil Aλ − B [45, Je¸r.1.3], me pollaplìthta k apì upìjesh, sumperaÐnoume

apì thn Prìtash 4.11 oti z0 ∈ ∂Λj(Aλ − B), gia j = 2, . . . , k. ArkeÐ mìno na

apodeÐxoume oti gia opoiod pote dÐsko S(z0, ε), me ε > 0, to shmeÐo z0 ikanopoieÐ

thn isìthta

Re(eiθz0) = max
{
Re z : e−iθz ∈ Λj(Aλ−B) ∩ S(z0, ε)

}
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  isodÔnama, lìgw thc Prìtashc 4.5

Re(eiθz0) = max

{
Re z : z ∈

∩
M

(
w(eiθM∗(Aλ−B)M) ∩ S(eiθz0, ε)

)}
,

gia k�je gwnÐa θ ∈ (θ1, θ2) me 0 ≤ θ1 < θ2 < 2π.

H sqèsh egkleismoÔ w(M∗(Aλ− B)M) ⊆ w(Aλ− B) gia opoiad pote n×
(n− j + 1) isometrÐa M , j = 2, . . . , k, epalhjeÔei thn anisìthta

max∩
M (w(eiθM∗(Aλ−B)M)∩S(eiθz0,ε))

Re z ≤ max
w(eiθ(Aλ−B))∩S(eiθz0,ε)

Re z = Re(eiθz0)

(4.11)

gia opoiod pote dÐsko S(eiθz0, ε) kai k�je θ ∈ (θ1, θ2).

Epiplèon, ker (Az0 −B) ∩ Im (MM∗) ̸= ∅, kajìson dimker (Az0 −B) +

dim Im (MM∗) = k+n−j+1 ≥ n+1. Gi� autì gia èna idiodi�nusma x0 ∈ Cn tou

Aλ−B pou antistoiqeÐ sthn idiotim  z0 up�rqei èna di�nusma y0 ∈ Cn tètoio ¸ste

x0 = MM∗y0. Profan¸c, M∗y0 ∈ Cn−j+1 eÐnai idiodi�nusma tou M∗(Aλ−B)M

antÐstoiqo thc idiotim c z0, kai �ra, z0 ∈ σ(M∗(Aλ−B)M) ⊆ w(M∗(Aλ−B)M)

gia opoiad pote n× (n− j + 1) isometrÐa M .

'Etsi, z0 ∈
∩

M w(M∗(Aλ−B)M), dhlad  Re z0 ∈ Re(
∩

M w(M∗(Aλ−B)M)),

apì ìpou paÐrnoume thn anisìthta

Re (eiθz0) ≤ max∩
M (w(eiθM∗(Aλ−B)M)∩S(eiθz0,ε))

Re z, (4.12)

gia opoiod pote dÐsko S(eiθz0, ε) kai k�je θ ∈ (θ1, θ2). Apì tic sqèseic (4.11)

kai (4.12),

Re (eiθz0) = max

{
Re z : z ∈

∩
M

(
w(eiθM∗(Aλ−B)M) ∩ S(eiθz0, ε)

)}
,

gia opoiod pote dÐsko S(eiθz0, ε) kai k�je θ ∈ (θ1, θ2), epibebai¸nontac ton

isqurismì.

Apì ta prohgoÔmena sumper�smata, èqoume �mesa èna endiafèron pìrisma gia

ta gwniak� shmeÐa tou Λk(A).

Pìrisma 4.14. 'Estw A ∈ Mn(C) kai z0 ∈ ∂F (A) eÐnai gwniakì shmeÐo tou

F (A) pollaplìthtac k, wc idiotim  tou pÐnaka A, tìte z0 eÐnai epÐshc gwniakì

shmeÐo tou Λj(A), gia j = 2, . . . , k.
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MporoÔme na diatup¸soume ènan an�logo isqurismì me thn Prìtash 4.13 gia

ta {gwniak� shmeÐa} tou Λj(L(λ)), lamb�nontac upìyin to je¸rhma 1.4 sthn

ergasÐa [45].

4.3 SÔndesh metaxÔ twn Λk(L(λ)) kai Λk(A)

'Ena dianusmatikì anwtèrou bajmoÔ arijmhtikì pedÐo eÐnai to sÔnjeto k-bajmoÔ

arijmhtikì pedÐo (joint k-rank numerical range) [38]

Λk(A) =
{
(µ0, µ1, . . . , µm) ∈ Cm+1 : ∃ P ∈ Pk tètoia ¸ste

PAiP = µiP, i = 0, . . . ,m} ,
(4.13)

ìpou A = (A0, A1, . . . , Am) eÐnai mia (m + 1)-�da pin�kwn Ai ∈ Mn(C) gia i =

0, . . . ,m. Profan¸c, gia k = 1, to Λ1(A) tautÐzetai me to sÔnjeto arijmhtikì

pedÐo (joint numerical range)

w(A) = {(x∗A0x, . . . , x
∗Amx) : x ∈ Cn, ∥x∥2 = 1} . (4.14)

Me b�sh thn kbantik  jewrÐa plhrofori¸n, to Λk(A) eÐnai �rrhkta sunde-

demèno me ènan kbantikì k¸dika diìrjwshc sfalm�twn (quantum error correcting

code), kajìson autìc up�rqei akrib¸c ìtan to sÔnjeto k-bajmoÔ arijmhtikì

pedÐo twn telest¸n sf�lmatoc enìc jorub¸douc kbantikoÔ kanalioÔ eÐnai mh

kenì sÔnolo.

Gia ton poluwnumikì pÐnaka L(λ) =
∑m

i=0 Aiλ
i, to sÔnolo Λk(L(λ)) sqetÐze-

tai me to sÔnjeto k-bajmoÔ arijmhtikì pedÐo Λk(A) thc (m + 1)-�dac A =

(A0, A1, . . . , Am). Pr�gmati,

Λk(L(λ)) = {λ ∈ C : PAmPλm + . . .+ PA1Pλ+ PA0P = 0n , P ∈ Pk}

⊇ {λ ∈ C : (µmλ
m + . . .+ µ1λ+ µ0)P = 0n , (µ0, µ1, . . . , µm) ∈ Λk(A)}

= {λ ∈ C : µmλ
m + . . .+ µ1λ+ µ0 = 0 , (µ0, µ1, . . . , µm) ∈ Λk(A)}

= {λ ∈ C : ⟨(1, λ, . . . , λm),u⟩ = 0 , u = (µ0, µ1, . . . , µm) ∈ Λk(A)} .

O parap�nw egkleismìc dikaiologeÐtai kajìson Q∗AjQ mporeÐ na mhn eÐnai ba-

jmwtoÐ pÐnakec gia ìla ta j = 0, . . . ,m kai gia k�je isometrÐa Q ∈ Xk.

H ènnoia tou sÔnjetou f�smatoc miac (m + 1)-�dac pin�kwn A = (A0, . . . , Am)
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[29],

σ(A) =
{
(µ0, . . . , µm) ∈ Cm+1 : (A0x, . . . , Amx) = (µ0x, . . . , µmx), x ∈ Cn \ {0}

}
,

odhgeÐ se genÐkeush thc Prìtashc 4.11.

Prìtash 4.15. 'Estw A = (A0, . . . , Am) eÐnai (m + 1)-�da n × n pin�kwn.

An (µ0, . . . , µm) ∈ ∂w(A) eÐnai mia sÔnjeth idiotim  thc A me gewmetrik  pol-

laplìthta k, tìte

(µ0, . . . , µm) ∈ ∂Λj(A), j = 2, . . . , k.

Apìdeixh. Efìson (µ0, . . . , µm) eÐnai mia kanonik  sÔnjeth idiotim  me gewmetrik 

pollaplìthta k [29], up�rqei orjomonadiaÐoc pÐnakac U ∈ Mn(C) tètoioc ¸ste

(U∗A0U, . . . , U
∗AmU) = (µ0Ik ⊕B0, . . . , µmIk ⊕Bm),

ìpou (B0, . . . , Bm) eÐnai mia (m+1)-�da (n−k)×(n−k) pin�kwn kai (µ0, . . . , µm) /∈
σ(B0, . . . , Bm). 'Ara, (µ0, . . . , µm) ∈ Λk(A). Kajìson to di�nusma (µ0, . . . , µm) ∈
∂w(A) kai Λj(A) ⊆ Λj−1(A) gia k�je j = 2, . . . , k [38], epibebai¸noume oti

(µ0, . . . , µm) ∈ ∂Λj(A) gia ìla ta j = 2, . . . , k.

Epiplèon, isqÔei to akìloujo apotèlesma, kat� antistoiqÐa me ekeÐno thc

ergasÐac [51].

Prìtash 4.16. 'Estw o poluwnumikìc pÐnakac L(λ) =
∑m

i=0 Aiλ
i. Tìte

Λk(L(λ)) ⊇ {λ ∈ C : ⟨(1, λ, . . . , λm),u⟩ = 0 , u ∈ coΛk(A)} ,

ìpou A = (A0, A1, . . . , Am) eÐnai (m+ 1)-�da twn n× n pin�kwn Ai.

Apìdeixh. 'Estw Ω = {λ ∈ C : ⟨(1, λ, . . . , λm),u⟩ = 0 , u ∈ coΛk(A)}. Gia na

apodeÐxoume ton egkleismì upojètoume λ0 ∈ Ω, dhlad 

⟨(1, λ0, . . . , λ
m
0 ),u⟩ = 0 (4.15)

gia k�poio u = (u0, u1, . . . , um) ∈ coΛk(A). 'Eqoume Λk(A) ⊆ Cm+1 ≡ R2m+2

kai apì to je¸rhma Karajeodwr  thc Kurt c An�lushc, up�rqoun to polu 2m+

3 stoiqeÐa tou Λk(A) tètoia ¸ste

coΛk(A) =

{
ρ∑

j=1

µjuj : uj ∈ Λk(A), µj ≥ 0 ,

ρ∑
j=1

µj = 1, me ρ ≤ 2m+ 3

}
.
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'Ara, gia u = (u0, u1, . . . , um) ∈ coΛk(A) up�rqoun kat�llhloi pragmatikoÐ

arijmoÐ µj ≥ 0,
∑ρ

j µj = 1, ρ ≤ 2m+ 3 ¸ste

u = µ1u1 + . . .+ µρuρ = µ1


u10

...

u1m

+ . . .+ µρ


uρ0

...

uρm

 , (4.16)

ìpou uj =
[
uj0 . . . ujm

]T
∈ Λk(A), j = 1, . . . , ρ kai apì tic exis¸seic (4.15)

kai (4.16), èqoume:

⟨(1, λ0, . . . , λ
m
0 ),u⟩ = µ1

[
1 . . . λm

0

]
u10

...

u1m

+ . . .+ µρ

[
1 . . . λm

0

]
uρ0

...

uρm

 ,

dhlad 

µ1p1(λ0) + . . .+ µρpρ(λ0) = 0, (4.17)

ìpou pj(λ) = ujmλ
m + . . . + uj1λ + uj0 gia j = 1, . . . , ρ. Akìmh, efìson

uj = (uj0, . . . , ujm) ∈ Λk(A), up�rqoun k-bajmoÔ orjog¸niec probolèc Pj,

j = 1, . . . , ρ ¸ste PjAiPj = ujiPj, i = 0, . . . ,m kai sunep¸c,

pj(λ0)Pj = uj0Pj + uj1Pjλ0 + . . .+ ujmPjλ
m
0

= PjA0Pj + PjA1Pjλ0 + . . .+ PjAmPjλ
m
0

= PjL(λ0)Pj,

to opoÐo shmaÐnei oti pj(λ0) ∈ Λk(L(λ0)). Lìgw kurtìthtac tou k-bajmoÔ ari-

jmhtikoÔ pedÐou tou pÐnaka L(λ0) kai thc exÐswshc (4.17), 0 ∈ Λk(L(λ0)), isodÔ-

nama λ0 ∈ Λk(L(λ)).
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4.4 Efarmog  thc jewrÐac Perron-Frobenius

Ta apotelèsmata pou anaptÔqjhkan sto trÐto kef�laio, epekteÐnontai sthn enìth-

ta aut  sto k-bajmoÔ arijmhtikì pedÐo poluwnumikoÔ pÐnaka.

'Estw poluwnumikìc pÐnakac L(λ) =
∑m

i=0 Aiλ
i kai to antÐstoiqo mn ×mn

sunodeÔon pencil

CL(λ) =



In 0 0 · · · 0

0 In 0 · · · 0
...

. . . . . .
...

0 0

0 · · · Am


λ−



0 In 0 · · · 0

0 0 In · · · 0
...

. . . . . .
...

0 In

A0 · · · Am−1


,

eurÔtera gnwstì wc grammikopoiht c tou L(λ) [18], kajìson up�rqoun kat�llhloi

poluwnumikoÐ pÐnakec E(λ), F (λ) me stajerèc mh mhdenikèc orÐzousec, tètoioi ¸-

ste [
L(λ) 0

0 In(m−1)

]
= E(λ)CL(λ)F (λ).

GenikeÔontac mia antÐstoiqh sqèsh thc ergasÐac [44], sthn perÐptwsh tou k-

bajmoÔ arijmhtikoÔ pedÐou metaxÔ twn L(λ) kai CL(λ), èqoume:

Prìtash 4.17. Λk(L(λ)) ∪ {0} ⊆ Λk(CL(λ)).

Apìdeixh. Apì thn Prìtash 4.5 kai th sqèsh w(L(λ)) ∪ {0} ⊆ w(CL(λ)) sthn

[44], èqoume

Λk(L(λ)) ∪ {0} =

(∩
M

w(M∗L(λ)M)

)
∪ {0} ⊆

∩
M

w(CM∗LM(λ)), (4.18)

ìpou M ∈ Mn,n−k+1(C), me M∗M = In−k+1 kai CM∗LM(λ) eÐnai o grammikopoi-

ht c tou poluwnumikoÔ pÐnaka M∗L(λ)M . Efìson

CM∗LM(λ) = (Im ⊗M)∗



λIn −In 0 · · · 0

0 λIn −In · · · 0
...

. . . . . .
...

0 −In

A0 · · · Amλ+ Am−1


(Im ⊗M)

= (Im ⊗M)∗CL(λ)(Im ⊗M),
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jewr¸ntac thn isometrÐa Q =
[
Im ⊗M V

]
∈ Mmn,mn−k+1(C), me Q∗Q =

Imn−k+1, èqoume∩
M

w(CM∗LM(λ)) =
∩
M

w((Im ⊗M)∗CL(λ)(Im ⊗M)) ⊆
∩
Q

w(Q∗CL(λ)Q)

⊆
∩
X

w(X∗CL(λ)X) = Λk(CL(λ)), (4.19)

ìpou X ∈ Mmn,mn−k+1(C) me X∗X = Imn−k+1. 'Etsi, apì tic (4.18) kai (4.19),

h apìdeixh oloklhr¸netai.

OrÐzoume wc polu¸numa Perron L(λ), touc n × n monic poluwnumikoÔc pÐ-

nakec m bajmoÔ

L(λ) = Iλm − Am−1λ
m−1 − . . .− A1λ− A0, (4.20)

ìpou Aj eÐnai mh arnhtikoÐ pÐnakec, gia j = 0, . . . ,m−1. H ènnoia tou poluwnÔmou

Perron L(λ) sthn (4.20) eÐnai isodÔnamh me th mh arnhtikìthta tou mn × mn

sunodeÔonta pÐnaka

CL =



0 In 0 · · · 0

0 0 In · · · 0
...

. . . . . .
...

0 In

A0 · · · Am−1


.

Wc f�sma tou L(λ) orÐzoume to sÔnolo σ(L) = {λ ∈ C : 0 ∈ σ(L(λ))}, en¸ wc

k-bajmoÔ arijmhtik  aktÐna tou Λk(L(λ)),

rk(L) = max {|λ| : λ ∈ Λk(L(λ))} ,

ìpou ìtan k = 1, èqoume

r1(L) ≡ r(L) = max {|λ| : λ ∈ w(L(λ))} .

Shmei¸noume rk(L) = −∞, ìtan Λk(L(λ)) = ∅.
Diamèsou tou sunodeÔonta pÐnaka CL tou poluwnÔmou Perron L(λ) sthn

(4.20), tìso ta kÔria jewr mata twn Perron-Frobenius pou aforoÔn sto f�sma
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σ(L) tou L(λ) ìso kai ta apotelèsmata tou Issos gia to arijmhtikì pedÐo epe-

kteÐnontai kai sto w(L(λ)) [52]. SuneqÐzontac, loipìn th melèth aut  elègqoume

kai thn perÐptwsh tou sunìlou Λk(L(λ)) gia èna Perron polu¸numo L(λ).

Sunep¸c, to sÔnolo twn mègistwn stoiqeÐwn tou Λk(L(λ)) eÐnai

Fk(L) = {|λ| = rk(L) : λ ∈ Λk(L(λ))} .

'Opwc diapist¸same sto par�deigma 3.1 tou trÐtou kefalaÐou, rk(A) /∈ Λk(A)

enìc pÐnaka A kai kat� sunèpeia, oÔte to Λk(L(λ)) perièqei p�nta to stoiqeÐo

rk(L) > 0.

To epìmeno l mma genikeÔei thn Prìtash 4.17 kai tautÐzei to Λk(L(λ)) enìc

poluwnumikoÔ pÐnaka L(λ) me èna sugkekrimèno uposÔnolo tou Λk(CL) tou suno-

deÔonta pÐnaka CL.

L mma 4.18. 'Estw o mn × k pÐnakac Y (λ,Q) = (1, λ, . . . , λm−1)T ⊗ Q me

λ ∈ C kai Q ∈ Mn,k. Tìte

Λk(L(λ))∪{0} =

{
λ : Y ∗(λ,Q)CLY (λ,Q) = λIk, Q ∈ Mn,k , Q

∗Q =
1

c(|λ|2)
Ik

}
,

ìpou c(|λ|2) = (1 + |λ|2 + |λ|4 + . . .+ |λ|2(m−1))1/2.

Apìdeixh. EÔkola epalhjeÔetai oti

Y ∗(λ,Q)(CL − λImn)Y (λ,Q) = λ̄m−1Q∗L(λ)Q

kai Y ∗(λ,Q)Y (λ,Q) = c(|λ|2)Q∗Q. 'Ara, λ0 ∈ Λk(L(λ)) an kai mìno an√
c(|λ0|2)Q∗L(λ0)Q

√
c(|λ0|2) = 0k, isodÔnama, ìtan Q∗L(λ0)Q = 0k.

Prìtash 4.19. 'Estw oti L(λ) eÐnai èna polu¸numo Perron tètoio ¸ste rk(L) >

0, me mh anag ģimo sunodeÔonta pÐnaka CL kai q > 1 idiotimèc mègistou mètrou.

Tìte ìla ta mègista stoiqeÐa tou Λj(L(λ)) eÐnai akrib¸c

Fj(L) =
{
rj(L)e

i(θj+
2πt
q

), t = 0, . . . , q − 1
}
,

ìpou θj = 0   π
q
, gia j = 1, . . . , k.

Apìdeixh. O sunodeÔon pÐnakac CL ≥ 0 eÐnai exeligmènoc pÐnakac me deÐkth

exeliximìthtac q > 1, efìson σ(L) = σ(CL). Opìte q eÐnai o megalÔteroc
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jetikìc akèraioc ¸ste CL eÐnai orjomonadiaÐa diag¸nioc me ton ei
2π
q CL. Gi� autì,

ei
2πt
q CL = D−1CLD (t = 0, 1, . . . , q − 1), gia k�poio orjomonadiaÐa diag¸nio

mn × mn pÐnaka D = diag(D0, e
i 2πt

q D0, . . . , e
i
2πt(m−1)

q D0), ìpou D0 ∈ Mn eÐ-

nai orjomonadiaÐa diag¸nioc. Ac upojèsoume oti θj ∈ [0, 2π) eÐnai to prwteÔon

ìrisma ¸ste 0 < rj(L) ∈ Λj(e
−iθjL(λ)), tìte apì to L mma 4.18 èqoume

0k = Y ∗(rj(L)e
iθj , Q)(CL − rj(L)e

iθjImn)Y (rj(L)e
iθj , Q)

= Y ∗(rj(L)e
iθj , Q)D−1(e−i 2πt

q CL − rj(L)e
iθjImn)DY (rj(L)e

iθj , Q)

= Y ∗(rj(L)e
i(θj+

2πt
q

), D0Q)(CL − rj(L)e
i(θj+

2πt
q

)Imn)Y (rj(L)e
i(θj+

2πt
q

), D0Q),

me Y ∗(ei
2πt
q λ,D0Q)Y (ei

2πt
q λ,D0Q) = Y ∗(λ,Q)Y (λ,Q) = Imn,k gia opoiod pote

migadikì arijmì λ. Profan¸c,

Fj(L) ⊇
{
rj(L)e

i(θj+
2πt
q

), t = 0, . . . , q − 1
}
. (4.21)

'Omoia, ìpwc sthn apìdeixh thc Prìtashc 3.3, apodeiknÔoume thn isìthta twn

sunìlwn sthn (4.21) me θj = 0   θj =
π
q
, gia j = 1, . . . , k, kajìson oi suntelestèc

tou L(λ) eÐnai pragmatikoÐ kai �ra sumperaÐnoume oti Λk(L(λ)) eÐnai summetrikì

wc proc ton pragmatikì �xona.
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Kef�laio 5

ARIJMHTIKA PEDIA MH

TETRAGWNIKWN PINAKWN

5.1 Orismìc - Basikèc idiìthtec

Oi F.F Bonsall kai J. Duncan ìrisan kai melèthsan thn ènnoia tou algebrikoÔ

arijmhtikoÔ pedÐou enìc tetragwnikoÔ pÐnaka A ∈ Mn [5, 6],

V (A) = {f(A) : f ∈ L} ,

jewr¸ntac to sÔnolo twn grammik¸n sunarthsiak¸n tou Mn

L = {f : Mn → C tètoia ¸ste ∥f∥ = f(In) = 1} ,

me nìrma ∥f∥ = sup {|f(X)| : X ∈ Mn, ∥X∥ = 1} kai In ton n × n monadiaÐo

pÐnaka. Epiplèon, apèdeixan mia basik  isìthta [6, L mma 6.22.1], thn opoÐa kai

diatup¸noume wc Prìtash, efìson ja anaferjoÔme se aut n parak�tw.

Prìtash 5.1. 'Estw o pÐnakac A ∈ Mn kai ∥·∥ eÐnai opoiad pote nìrma pÐnaka.
Tìte

V (A) =
∩
z0∈C

D(z0, ∥A− z0In∥).

EÐnai fanerì oti h sqèsh thc Prìtashc 5.1 sthrÐzetai sthn ènnoia thc nìrmac

pÐnaka kai sthn perÐptwsh tou klasikoÔ arijmhtikoÔ pedÐou isqÔei

F (A) =
∩
z0∈C

D(z0, ∥A− z0In∥2). (5.1)
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Prìsfata, oi Q. Qwrianìpouloc, S. Karan�sioc kai P. Yarr�koc [13], ba-

sizìmenoi sthn Prìtash 5.1, melèthsan wc arijmhtikì pedÐo enìc mh tetra-

gwnikoÔ pÐnaka A ∈ Mm,n(C) wc proc B ∈ Mm,n(C), to sumpagèc kai kurtì

sÔnolo

w∥·∥(A,B) =
∩
z0∈C

D(z0, ∥A− z0B∥), (5.2)

ìpou ∥B∥ ≥ 1 kai ∥·∥ eÐnai opoiad pote nìrma pÐnaka. EpÐshc, sthn [13],

apodeiknÔetai oti to sÔnolo w∥·∥(A,B) sumpÐptei me ton kuklikì dÐsko tou C

D
(
⟨A,B⟩
∥B∥2

, ∥A− ⟨A,B⟩
∥B∥2

B∥
√
1− ∥B∥−2

)
, (5.3)

ìtan h nìrma pÐnaka ∥·∥ eis�getai apì eswterikì ginìmeno ⟨·, ·⟩.
Sto kef�laio autì ja parajèsoume duo orismoÔc arijmhtikoÔ pedÐou mh tetra-

gwnikoÔ pÐnaka mèsw thc ènnoiac thc probol c p�nw se upìqwro mikrìterhc  

megalÔterhc di�stashc.

'Estw m > n kai ta dianÔsmata v1, . . . , vn tou Cm apoteloÔn mia orjokano-

nik  b�sh tou Cn. Profan¸c, o pÐnakac P = HH∗, ìpou H =
[
v1 . . . vn

]
∈

Mm,n, eÐnai mia orjog¸nia probol  tou Cm −→ Cn. Kat� sunèpeia, orÐzoume to

kat¸tero arijmhtikì pedÐo (lower numerical range) tou A ∈ Mm,n wc proc mia

isometrÐa H ∈ Mm,n, wc to sÔnolo:

wl(A) = F (H∗A) (5.4)

= {⟨Ax,Hx⟩ : x ∈ Cn, ∥Hx∥2 = 1} ,

me H∗A n× n pÐnaka. Sto sÔnolo autì, to di�nusma y = Hx ∈ Cm prob�lletai

epÐ tou Cn kat� m koc tou K, ìpou K eÐnai to orjog¸nio sumpl rwma tou Cn,

dhlad  Cm = Cn ⊕ K. Sthn (5.4) to deÔtero sÔnolo èqei oristeÐ apì ton C.F.

Amelin [2] wc {bioperative} arijmhtikì pedÐo W (A,H), qwrÐc anagkaÐa o pÐnakac

H na eÐnai isometrÐa. Epeid , ∥y∥2 = ⟨Hx,Hx⟩1/2 = ∥x∥2, mporoÔme me an�logo
trìpo na orÐsoume to an¸tero arijmhtikì pedÐo (upper numerical range) wh(A),

qrhsimopoi¸ntac ton megalÔterhc di�stashc m×m pÐnaka AH∗. Dhlad ,

wh(A) = F (AH∗). (5.5)

OmoÐwc, an m < n, tìte x = Hy kai �ra

wl(A) = F (AH), wh(A) = F (HA). (5.6)
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EÐnai fanerì oti gia m = n kai H = I, wl(A) kai wh(A) ekfulÐzontai sto

klasikì arijmhtikì pedÐo F (A) sthn (2.1). Sth sunèqeia, ja parousi�soume

basikèc idiìthtec aut¸n.

Sthn epìmenh prìtash apodeiknÔetai oti h ènwsh ìlwn twn arijmhtik¸n pedÐ-

wn w∥·∥(A,B), kaj¸c o pÐnakac B metab�lletai, tautÐzetai me ton kuklikì dÐsko

D(0, ∥A∥), ìtan h nìrma pÐnaka eis�getai apì eswterikì ginìmeno.

Prìtash 5.2. 'Estw A,B ∈ Mm,n ètsi ¸ste ∥B∥ ≥ 1. Tìte gia opoiad pote

nìrma pÐnaka ∥·∥ pou eis�getai apì eswterikì ginìmeno ⟨·, ·⟩, isqÔoun ta akìlouja.

I.

∪
∥B∥≥1

w∥·∥(A,B) = D(0, ∥A∥).

II. An rankB = k kai ∥σ∥2 ≥
√
k, ìpou to di�nusma σ = (σ1, . . . , σk)

antistoiqeÐ stic idi�zousec timèc tou pÐnaka B, tìte ta kèntra twn kuklik¸n

dÐskwn sthn (5.3), ⟨A,B⟩
∥B∥2 ∈ D(0, ∥A∥2), wc proc to Frobenius eswterikì ginìmeno

⟨A,B⟩ = tr(B∗A).

Apìdeixh. I. Apì ton orismì (5.2), èqoume w∥·∥(A,B) = ∩λ∈CD(λ, ∥A− λB∥).
EÐnai �meso oti w∥·∥(A,B) ⊆ D(0, ∥A∥) gia k�je B ∈ Mm,n, ∥B∥ ≥ 1 kai

sunep¸c, ∪∥B∥≥1w∥·∥(A,B) ⊆ D(0, ∥A∥).
AntÐstrofa, èstw z ∈ D(0, ∥A∥). Tìte

• an z ̸= 0, z ∈ w∥·∥(A,
1
z
A)

• an z = 0, qrhsimopoi¸ntac th sqèsh (5.3), èqoume 0 ∈ w∥·∥(A,B), ìpou B

tètoioc ¸ste ⟨A,B⟩ = 0, ∥B∥ ≥ 1.

Sunep¸c D(0, ∥A∥) ⊆ ∪∥B∥≥1w∥·∥(A,B).

II. SumbolÐzontac me λ(·) kai σ(·) tic idiotimèc kai idi�zousec timèc enìc pÐnaka,

antÐstoiqa kai k�nontac qr sh gnwst¸n anisot twn [23, sel.176,177] sunep�ge-

tai

|⟨A,B⟩|
∥B∥2

=
|tr(B∗A)|
∥B∥2

=
|
∑

λ(B∗A)|
∥B∥2

≤
∑

|λ(B∗A)|
∥B∥2

≤
∑

σ(B∗A)

∥B∥2

≤
∑

σ(B∗)σ(A)

∥B∥2
≤ σmax(A)

∑
σ(B)∑
σ2(B)

. (5.7)
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Efìson ∥σ∥2 ≥
√
k, tìte

∑
σ2(B) = ∥σ∥22 ≥

√
k ∥σ∥2 ≥ ⟨1, σ⟩ =

∑
σ(B) kai

apì th sqèsh (5.7),
|⟨A,B⟩|
∥B∥2

≤ σmax(A) = ∥A∥2 .

Par�deigma 5.1. An A =

[
6 + i 0 1/2

−4 −3− 6i 0

]
kai ∥B∥F = [tr(B∗B)]1/2

eÐnai h Frobenius nìrma tou pÐnaka B, tìte h Prìtash 5.2 parousi�zetai sto

sq ma 5.1, ìpou apeikonÐzontai oi kuklikoÐ dÐskoi w∥·∥F (A,B) thc sqèshc (5.3)

gia èxi diaforetikoÔc pÐnakec B me ∥B∥F ≥ 1, oi opoÐoi proseggÐzoun to dÐsko

D(0, ∥A∥F ). O kÔkloc me th diakekommènh gramm  apoteleÐ to sÔnoro tou ku-

klikoÔ dÐskou D(0, ∥A∥2).
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Sq ma 5.1: Oi di�foroi kuklikoÐ dÐskoi w∥·∥F (A,B) proseggÐzoun to sÔnoro tou

D(0, ∥A∥F ), to opoÐo upodeiknÔei to bèloc.

Oi sqèseic (5.4) kai (5.5) anafèrontai sta arijmhtik� pedÐa wl(A) kai wh(A),

antÐstoiqa, gia ènan mh tetragwnikì pÐnaka A wc proc mia m × n isometrÐa H

(m > n). Gia ta arijmhtik� aut� pedÐa, isqÔoun oi parak�tw idiìthtec:

Prìtash 5.3. 'Estw m > n, A ∈ Mm,n kai isometrÐa H ∈ Mm,n, tìte

I. wl(A) ⊆ wh(A),

II.
∪

H wl(A) =
∪

H wh(A) = D(0, ∥A∥2),

III. σ(A,H) ⊆ wl(A) ⊆ D(0, ∥A∥2), ìpou σ(A,H) = {λ ∈ C : Ax = λHx,

x ∈ Cn\ {0}} eÐnai to sÔnolo twn genikeumènwn idiotim¸n tou pÐnaka A.
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Apìdeixh. I. 'Estw orjomonadiaÐoc pÐnakac U =
[
H R

]
∈ Mm,m, ìpou H ∈

Mm,n. Tìte

wh(A) = F (AH∗) = F (U∗AH∗U) = F (

[
H∗A 0

R∗A 0

]
),

apì ìpou sumperaÐnoume wl(A) = F (H∗A) ⊆ wh(A).

II. Ac upojèsoume oti z ∈
∪

H wl(A) =
∪

H F (H∗A), tìte gia opoiad pote

m× n isometrÐa H

|z| ≤ r(H∗A) ≤ ∥H∗A∥2 ≤ ∥H∗∥2 ∥A∥2 = ∥A∥2 .

Sunep¸c,
∪
wl(A) =

∪
H F (H∗A) ⊆ D(0, ∥A∥2). Apì thn �llh meri�, an z =

y∗Ax ∈ D(0, ∥A∥2), tìte up�rqei mia m× n isometrÐa H ètsi ¸ste y = Hx kai

z = x∗(H∗A)x ∈ F (H∗A). O isqurismìc
∪
wh(A) = D(0, ∥A∥2) diapist¸netai

omoiotrìpwc.

III. Efìson σ(A,H) ⊆ σ(H∗A, In) gia opoiad pote m × n isometrÐa H, apl�

efarmìzoume th (II).

Pìrisma 5.4. 'Estw A,B ∈ Mm,n, rankB = n kai B = QR eÐnai h QR-

paragontopoÐhsh tou B. Tìte

W (A,B) = {⟨Ax,Bx⟩ : x ∈ Cn, ∥Bx∥2 = 1} = F (Q∗AR−1),

ìpou W (A,B) eÐnai to {bioperative} arijmhtikì pedÐo pou orÐzetai sthn [2].

Apìdeixh. Profan¸c,

W (A,B) = {⟨Q∗Ax,Rx⟩ : x ∈ Cn, ∥Rx∥2 = 1}

=
{⟨

Q∗AR−1ω, ω
⟩
: ω ∈ Cn, ∥ω∥2 = 1

}
= F (Q∗AR−1).

Apì touc orismoÔc (5.4) kai (5.5) (   antÐstoiqa, (5.6) ), eÐnai �meso oti h èn-

noia tou gwniakoÔ shmeÐou twn arijmhtik¸n pedÐwn F (H∗A)   F (AH∗) (dhlad ,

tou sunoriakoÔ shmeÐou me mh monadikèc efaptomènec [23, sel.50]) metafèretai

sthn ènnoia tou gwniakoÔ shmeÐou gia ta wl(A)   wh(A), antÐstoiqa. Epiplèon,

upenjumÐzoume oti k�je gwniakì shmeÐo tou arijmhtikoÔ pedÐou enìc pÐnaka eÐnai

kai idiotim  tou pÐnaka, en¸ to antÐstrofo den isqÔei. Eidikìtera, parousi�zoume

thn epìmenh prìtash.
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Prìtash 5.5. 'Estw A ∈ Mm,n, m > n kai λ0(̸= 0) gwniakì shmeÐo tou

wh(A) wc proc mia isometrÐa H ∈ Mm,n. Tìte λ0 ∈ σ(H∗A) kai eÐnai gwniakì

shmeÐo tou wl(A) wc proc H.

Apìdeixh. Gia to gwniakì shmeÐo λ0 ∈ ∂wh(A) = ∂F (AH∗) me H∗H = In

profan¸c, λ0 ∈ σ(AH∗) = σ(U∗AH∗U) = σ(H∗A)∪{0}, gia ton orjomonadiaÐo
pÐnaka U =

[
H R

]
∈ Mm,m, dhlad , λ0 ∈ σ(H∗A) ⊆ F (H∗A) = wl(A).

Akìmh, sÔmfwna me ton orismì tou gwniakoÔ shmeÐou, gia to λ0 up�rqoun

θ1, θ2 ∈ [0, 2π), θ1 < θ2 tètoiec ¸ste

Re(eiθλ0) = max
{
Rea : a ∈ eiθwh(A)

}
gia k�je θ ∈ (θ1, θ2). Kajìson wh(A) ⊇ wl(A), èqoume

Re(eiθλ0) = max
a∈eiθwh(A)

Rea ≥ max
b∈eiθwl(A)

Reb

gia k�je θ ∈ (θ1, θ2).

Epiplèon, gia ìla ta θ ∈ (θ1, θ2)

Re(eiθλ0) ∈ Re(eiθF (H∗A)) ≤ max
{
Reb : b ∈ eiθF (H∗A)

}
kai ètsi Re(eiθλ0) = max

{
Reb : b ∈ eiθF (H∗A)

}
gia k�je θ ∈ (θ1, θ2), katal -

gontac oti λ0(̸= 0) eÐnai gwniakì shmeÐo tou F (H∗A) = wl(A).

AxÐzei na shmei¸soume oti to antÐstrofo thc Prìtashc 5.5 den isqÔei, ìpwc

faÐnetai sto akìloujo par�deigma.

Par�deigma 5.2. 'Estw o 4× 3 pÐnakac A =


1 + i −7 0

5i 0.02 0

0 0 6− i

0 0 0

 kai h 4× 3

isometrÐa H =

[
0

I3

]
. Tìte λ0 = 5i eÐnai gwniakì shmeÐo tou wl(A), all� ìqi tou

wh(A), ìpwc faÐnetai sto sq ma 5.2. ParathroÔme oti oi idiotimèc 0 kai 5i tou

pÐnaka AH∗ shmei¸nontai me {∗}.
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Sq ma 5.2: Ta sÔnola wl(A) kai wh(A) wc proc thn isometrÐa H = [0 I3]
T .

Tèloc, parousi�zoume thn parak�tw sqèsh egkleismoÔ.

Prìtash 5.6. 'Estw m > n kai A,H ∈ Mm,n, ìpou H eÐnai isometrÐa. Tìte

wl(A) ⊆ w∥·∥2(A,H) ⊆ wh(A).

Apìdeixh. Eis�gontac sth sqèsh (5.4), tic isìthtec (5.1) kai (5.2), èqoume

wl(A) = F (H∗A) =
∩
z0∈C

{z : |z − z0| ≤ ∥H∗A− z0In∥2}

=
∩
z0∈C

{z : |z − z0| ≤ ∥H∗A− z0H
∗H∥2}

⊆
∩
z0∈C

{z : |z − z0| ≤ ∥H∗∥2 ∥A− z0H∥2}

=
∩
z0∈C

{z : |z − z0| ≤ ∥A− z0H∥2} = w∥·∥2(A,H).

Gia ton deÔtero egkleismì,

w∥·∥2(A,H) =
∩
z0∈C

{z : |z − z0| ≤ ∥A− z0H∥2}

=
∩
z0∈C

{z : |z − z0| ≤ ∥AH∗H − z0H∥2}

⊆
∩
z0∈C

{z : |z − z0| ≤ ∥AH∗ − z0Im∥2 ∥H∥2}

=
∩
z0∈C

{z : |z − z0| ≤ ∥AH∗ − z0Im∥2} = F (AH∗) = wh(A).
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Sundu�zontac tic prot�seic 5.3(II) kai 5.6, diatup¸noume to parak�tw �meso

pìrisma.

Pìrisma 5.7. 'Estw m > n kai A,H ∈ Mm,n. An H eÐnai isometrÐa, tìte∪
H

w∥·∥2(A,H) = D(0, ∥A∥2).

Par�deigma 5.3. Gia ton 4×3 pÐnaka A =


5i −1 i

2− 7i 0 4

−1 2 0.3

0.5 5 1

, h Prìtash 5.6

parousi�zetai sthn parak�tw eikìna. H mh skiagrafhmènh perioq  proseggÐzei

to sÔnolo w∥·∥2(A,H), en¸ h lept  kai h paqi� kampÔlh eswterik� kai exwterik�

thc perioq c aut c, apeikonÐzoun to sÔnoro twn wl(A) kai wh(A), antÐstoiqa, wc

proc thn isometrÐa

H =


−0.1856− 0.1899i −0.2828− 0.2242i 0.8783− 0.1527i

−0.4251 + 0.0565i 0.6297 + 0.1258i 0.1929− 0.0260i

0.2363 + 0.0733i 0.1885 + 0.6418i 0.2993 + 0.0222i

0.8152− 0.1407i 0.0806− 0.0589i 0.1362− 0.2426i

 .
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5.2 q-Arijmhtikì pedÐo

Ed¸ ja epekteÐnoume thn ènnoia tou arijmhtikoÔ pedÐou, pou èqei anaptuqjeÐ

ekten¸c sta [5, 6] kai  dh èqoume anafèrei sthn prohgoÔmenh enìthta, sto q-

arijmhtikì pedÐo, jewr¸ntac thn �lgebra twn telest¸n sto C, h opoÐa tautÐzetai
me thn �lgebra Mn(C) twn tetragwnik¸n n × n migadik¸n pin�kwn. Qrhsi-

mopoi¸ntac to mh kenì sÔnolo twn grammik¸n sunarthsiak¸n

Lq = {f : Mn → C tètoio ¸ste ∥f∥ = 1, f(I) = q ∈ [0, 1]} , (5.8)

orÐzoume to q-arijmhtikì pedÐo (q-numerical range) tou pÐnaka A ∈ Mn wc to

sÔnolo

Fq(A) = {f(A) : f ∈ Lq} . (5.9)

Efìson opoiod pote grammikì sunarthsiakì ston Mn(C) mporeÐ na oristeÐ apì

èna monadiaÐo di�nusma y ∈ Cn diamèsou thc apeikìnishc A 7→ ⟨Ax, y⟩, tètoia
¸ste ∥y∥2 = 1 kai ⟨x, y⟩ = q ≤ 1 gia ìla ta monadiaÐa dianÔsmata x ∈ Cn, to

sÔnolo (5.9) tautÐzetai me to sÔnolo [31, 32, 33, 41, 58]

Fq(A) = {⟨Ax, y⟩ : x, y ∈ Cn, ∥x∥2 = ∥y∥2 = 1, ⟨x, y⟩ = q} . (5.10)

Arqik�, ja apodeÐxoume oti to q-arijmhtikì pedÐo tetragwnik¸n n × n pin�-

kwn sthn (5.9) gr�fetai wc tom  kuklik¸n dÐskwn, èkfrash h opoÐa par�llhla

deÐqnei kai to kurtì tou sunìlou. Sugkekrimèna, genikeÔoume thn Prìtash 5.1,

parousi�zontac thn akìloujh prìtash, h opoÐa isqÔei kai ston apeirodi�stato

q¸ro twn telest¸n.

Prìtash 5.8. 'Estw A ∈ Mn kai Fq(A) sthn isìthta (5.9), tìte

Fq(A) =
∩
z0∈C

D(qz0, ∥A− z0In∥),

ìpou ∥·∥ sumbolÐzei opoiad pote nìrma pÐnaka.

Apìdeixh. Jètoume Ω =
∩

z0∈C {z ∈ C : |z − qz0| ≤ ∥A− z0In∥}. An γ ∈ Fq(A)

sthn (5.9), tìte up�rqei èna grammikì sunarthsiakì f ∈ Lq tètoio ¸ste γ =

f(A). 'Etsi

|γ − qz0| = |f(A− z0In)| ≤ ∥f∥ ∥A− z0In∥ = ∥A− z0In∥ ,
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gia k�je z0 ∈ C. 'Ara γ ∈ Ω.

Gia ton antÐjeto egkleismì ⊇, èstw γ ∈ Ω. An A eÐnai bajmwtìc pÐnakac,

dhlad  A = cIn, c ∈ C, tìte |γ − qc| ≤ ∥A− cIn∥ = 0 ⇒ γ = qc. Sunep¸c,

gia opoiod pote grammikì sunarthsiakì f ∈ Lq, èqoume γ = cf(In) = f(cIn) =

f(A) ∈ Fq(A).

Apì thn �llh meri�, epilègontac B ∈ Mn tètoion ¸ste {In, A,B} na eÐnai

grammik� anex�rthtoi kai ∥B∥ ≤ 1, jewroÔme ton upìqwro X = span {In, A,B}.
OrÐzoume to grammikì sunarthsiakì f̃ : X → C me tÔpo

f̃(c1In + c2A+ c3B) = c1q + c2γ + c3, c1, c2, c3 ∈ C.

Tìte èqoume

|γ − qz0| ≤ ∥A− z0In∥ ∀ z0 ∈ C ⇒

|f̃(A)− z0f̃(In)| ≤ ∥A− z0In∥ ∀ z0 ∈ C ⇒

|f̃(A− z0In)| ≤ ∥A− z0In∥ ∀ z0 ∈ C ⇒ ∥f̃∥ ≤ 1.

Efìson, (c1, c2, c3) = (0, 0, 1) ⇒ 1 = |f̃(B)| ≤ ∥f̃∥ ∥B∥ ≤ ∥f̃∥, profan¸c ∥f̃∥ =

1, en¸ gia (c1, c2, c3) = (1, 0, 0) kai (c1, c2, c3) = (0, 1, 0) paÐrnoume f̃(In) = q kai

f̃(A) = γ, antÐstoiqa. ExaitÐac tou jewr matoc Hahn-Banach, to f̃ epekteÐnetai

sto grammikì sunarthsiakì f : Mn → C gia to opoÐo ∥f∥ = ∥f̃∥ = 1 kai

f|X = f̃ . Epomènwc, f ∈ Lq, me f(A) = γ ∈ Fq(A).

Parat rhsh 5.1. Sthn perÐptwsh thc fasmatik c dianusmatik c nìrmac ∥·∥2 =

⟨·, ·⟩1/2 ston Cn, qrhsimopoi¸ntac to je¸rhma anapar�stashc Riesz, to q-arijmh-

tikì pedÐo pou orÐzetai sthn (5.9) ekfr�zetai mèsw eswterikoÔ ginomènou kai

tìte to sÔnolo (5.9) tautÐzetai me to (5.10), ìpwc  dh èqoume parathr sei.

To gegonìc autì se sunduasmì me thn parap�nw prìtash dÐnoun mia kainoÔria

perigraf  tou q-arijmhtikoÔ pedÐou (5.10) gia tetragwnikoÔc pÐnakec, dhlad ,

Fq(A) =
∩
z0∈C

D(qz0, ∥A− z0In∥2) = {⟨Ax, y⟩ : ∥x∥2 = ∥y∥2 = 1, ⟨x, y⟩ = q} .

Akìmh, ìtan q ̸= 0, tìte to Fq(A) tautÐzetai me to arijmhtikì pedÐo w∥·∥2(A,
1
q
In)

tou A wc proc ton pÐnaka 1
q
In, sth sqèsh (5.2).

Par�llhla me thn ènnoia tou arijmhtikoÔ pedÐou mh tetragwnik¸n pin�kwn,

epekteÐnoume thn ènnoia tou q-arijmhtikoÔ pedÐou orÐzontac wc q-arijmhtikì pedÐo

65



mh tetragwnikoÔ pÐnaka A ∈ Mm,n wc proc pÐnaka B ∈ Mm,n, to sÔnolo

w∥·∥(A,B; q) =
∩
z0∈C

{z ∈ C : |z − qz0| ≤ ∥A− z0B∥ , ∥B∥ ≥ q} , (5.11)

ìpou q ∈ [0, 1] kai ∥·∥ eÐnai opoiad pote nìrma pÐnaka.

To sÔnolo (5.11) eÐnai sumpagèc kai kurtì wc tom  sumpag¸n kai kurt¸n

sunìlwn, en¸ gia q = 1, to w∥·∥(A,B; 1) tautÐzetai me to arijmhtikì pedÐo

w∥·∥(A,B) sthn (5.2).

Sthn epìmenh prìtash, anafèroume merikèc basikèc idiìthtec tou w∥·∥(A,B; q).

Prìtash 5.9. An A ∈ Mm,n, isqÔoun oi sqèseic

I. w∥·∥(A,B; q) = w∥·∥(A,
B
q
), gia q ̸= 0

II. w∥·∥(c1A+ c2B,B; q) = c1w∥·∥(A,B; q) + c2q, gia k�je c1, c2 ∈ C

III. q1w∥·∥(A,B; q2) ⊆ q2w∥·∥(A,B; q1), gia 0 < q1 ≤ q2 ≤ 1.

Apìdeixh. I. Apì ton orismì (5.11), gia q ̸= 0

w∥·∥(A,B; q) =
∩
λ∈C

{z : |z − qλ| ≤ ∥A− λB∥ , ∥B∥ ≥ q}

=
∩
λ∈C

{
z : |z − qλ| ≤ ∥A− qλ

B

q
∥, ∥B∥

q
≥ 1

}
=

∩
µ∈C

{
z : |z − µ| ≤ ∥A− µ

B

q
∥, ∥B∥

q
≥ 1

}
= w∥·∥(A,

B

q
).

II. Apì thn apodeiqj sa sqèsh (I) kai thn prìtash 8 sthn ergasÐa [13], gia

q ̸= 0 kai opoiad pote c1, c2 ∈ C èqoume

w∥·∥(c1A+ c2B,B; q) = w∥·∥(c1A+ c2B,
B

q
) = w∥·∥(c1A+ c2q

B

q
,
B

q
)

= c1w∥·∥(A,
B

q
) + c2q = c1w∥·∥(A,B; q) + c2q.

An q = 0 kai c1 ̸= 0, tìte gia aujaÐreto c2:

w∥·∥(c1A+ c2B,B; 0) =
∩
z0∈C

{z : |z| ≤ ∥c1A+ c2B − z0B∥}

=
∩
z0∈C

{
z :

∣∣∣∣ zc1
∣∣∣∣ ≤ ∥A− z0 − c2

c1
B∥
}

=
∩
µ∈C

{c1u : |u| ≤ ∥A− µB∥} = c1w∥·∥(A,B; 0).
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An c1 = q = 0, eÐnai �meso (paÐrnontac z0 = c2) oti w∥·∥(c2B,B; 0) = {0}.
III. ApodeiknÔetai sthn [13] oti w∥·∥(A,B) ⊆ b−1w∥·∥(A, b

−1B), ìtan |b| < 1.

SÔmfwna me thn idiìthta aut  kai thn (I), kajìson 0 < q1
q2

< 1, isqÔei

q1
q2
w∥·∥(A,B; q2) =

q1
q2
w∥·∥(A,

B

q2
) ⊆ w∥·∥(A,

q2
q1

B

q2
)

= w∥·∥(A,
B

q1
) = w∥·∥(A,B; q1).

H èkfrash aut  eÐnai an�logh antÐstoiqhc idiìthtac gia to q-arijmhtikì pedÐo

tetragwnikoÔ pÐnaka sthn ergasÐa [32].

Prìtash 5.10. 'Estw A,B ∈ Mm,n me ∥B∥ ≥ q, q ∈ [0, 1] kai h nìrma pÐnaka

eis�getai apì eswterikì ginìmeno ⟨·, ·⟩. Tìte

w∥·∥(A,B; q) = D

q
⟨A,B⟩
∥B∥2

, ∥A− ⟨A,B⟩
∥B∥2

B∥

√
∥B∥2 − q2

∥B∥


kai eidikìtera, w∥·∥(A, 0; 0) = D(0, ∥A∥).

Apìdeixh. Gia q ∈ (0, 1] h isìthta epibebai¸netai eÔkola sundu�zontac thn Prì-

tash 5.9(I) kai thn prìtash 13 sthn [13]. Sthn perÐptwsh q = 0, èqoume

w∥·∥(A,B; 0) =
∩
z0∈C

{z : |z| ≤ ∥A− z0B∥ , ∥B∥ ≥ 0}

=

{
z : |z| ≤ min

z0∈C
∥A− z0B∥, ∥B∥ ≥ 0

}
. (5.12)

Qrhsimopoi¸ntac thn metajetik  idiìthta tou q-arijmhtikoÔ pedÐou (Prìtash

5.9(II) ) gia ton pÐnaka C = A− ⟨A,B⟩
∥B∥2 B kai to l mma 11 sthn [13], paÐrnoume

w∥·∥(A,B; 0) = w∥·∥(C,B; 0)

me ⟨C,B⟩ = 0. 'Etsi, apì thn (5.12) kai gia mh mhdenikì pÐnaka B, èqoume

w∥·∥(A,B; 0) =

{
z : |z| ≤ min

z0∈C
∥C − z0B∥

}
=

{
z : |z| ≤ min

ρ∈R+

√
∥C∥2 + ρ2 ∥B∥2

}
= {z : |z| ≤ ∥C∥} = D(0, ∥A− ⟨A,B⟩

∥B∥2
B∥).

Efìson ∥B∥ = 0 ⇔ B = 0, mèsw thc (5.12) èqoume w∥·∥(A, 0; 0) = D(0, ∥A∥).
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Sto epìmeno par�deigma, apeikonÐzetai to sÔnolo w∥·∥(A,B; q) sthn (5.11)

wc proc duo diaforetikèc nìrmec pÐnaka.

Par�deigma 5.4. JewroÔme touc 4×3 pÐnakec A =


i 2− i −1 0.5

−1 0 −3 2

4 0.3i 0 0.6

 kai

B =


0.65 0 0 0

0 0.5− 0.35i 0 0

0 0 0.1 0.75i

 , me ∥B∥1 = 0.75 kai ∥B∥2 = 0.7566, ìpou

∥·∥1 eÐnai h nìrma pÐnaka pou eis�getai apì th dianusmatikh nìrma 1 kai ∥·∥2 eÐ-
nai h fasmatik  nìrma pÐnaka. Ta sÔnola w∥·∥1(A,B; 0.5) kai w∥·∥2(A,B; 0.5)

apeikonÐzontai apì th mh grammoskiasmènh perioq  dexi� kai arister�, antÐ-

stoiqa, stic parak�tw eikìnec.

−8 −6 −4 −2 0 2 4 6 8

−8

−6

−4

−2

0

2

4

6

8

Real  Axis

Im
ag

in
ar

y 
 A

xi
s

−8 −6 −4 −2 0 2 4 6 8

−8

−6

−4

−2

0

2

4

6

8

Real  Axis

Im
ag

in
ar

y 
 A

xi
s

Apì thn Prìtash 5.9(I), paÐrnoume an�logh sqèsh thc Prìtashc 5.2(I).

Prìtash 5.11. 'Estw A,B ∈ Mm,n tètoioc ¸ste ∥B∥ ≥ q, ìpou h nìrma

pÐnaka eis�getai apì eswterikì ginìmeno kai 0 ≤ q ≤ 1. Tìte∪
∥B∥≥q,0≤q≤1

w∥·∥(A,B; q) = D(0, ∥A∥).

Apìdeixh. 'Eqoume∪
∥B∥≥q,0<q≤1

w∥·∥(A,B; q) =
∪

∥B∥
q

≥1

w∥·∥(A,
B

q
) =

∪
∥Γ∥≥1

w∥·∥(A,Γ)

= D(0, ∥A∥),
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ìpou Γ = B
q
, me ∥Γ∥ ≥ 1, gia B ∈ Mm,n kai q ∈ (0, 1].

Gia q = 0, B ̸= 0, qrhsimopoi¸ntac thn Prìtash 5.10, èqoume∪
B ̸=0

w∥·∥(A,B; 0) =
∪
B ̸=0

D(0, ∥A− ⟨A,B⟩
∥B∥2

B∥) ⊆ D(0, ∥A∥).

'Etsi, efìson w∥·∥(A, 0; 0) = D(0, ∥A∥), paÐrnoume to zhtoÔmeno.

Eidikìtera, gia tetragwnikoÔc pÐnakec èqoume:

Prìtash 5.12. 'Estw A ∈ Mn kai G = {B ∈ Mn : rankB = 1, trBB∗ = 1,

trB = q, q ∈ [0, 1]}. An ∥·∥F eÐnai h Frobenius nìrma pÐnaka, tìte∪
B∈G

w∥·∥F (A,B) = Fq(A),

ìpou Fq(A) eÐnai to sÔnolo sthn (5.10).

Apìdeixh. Kajìson B ∈ G, gr�foume B = yx∗ ìpou ∥x∥2 ∥y∥2 = 1 kai ⟨x, y⟩ =
q. Epomènwc, apì (5.3)

w∥·∥(A,B) = D(⟨A, yx∗⟩ , 0) = y∗Ax

∥y∥2 ∥x∥2

kai sunep¸c, gia x̂ = x/ ∥x∥2, ŷ = y/ ∥y∥2, isqÔei∪
B∈G

w∥·∥(A,B) = {ŷ∗Ax̂ : ∥x̂∥2 = ∥ŷ∥2 = 1, ŷ∗x̂ = q} = Fq(A).
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ErgasÐec

Episthmonikèc ergasÐec pou èqoun upoblhjeÐ gia dhmosÐeush se

episthmonik� periodik�:

1. Investigating the Numerical Range and q-Numerical Range of Non Square

Matrices, Opuscula Mathematica (upì dhmosÐeush).

2. The Higher Rank Numerical Range of Matrix Polynomials (upoblhjeÐsa

ergasÐa).

3. The Higher Rank Numerical Range of Nonnegative Matrices (upoblhjeÐsa

ergasÐa).

4. The k-Rank Numerical Radii (upoblhjeÐsa ergasÐa).
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Abstract of Ph.D. Thesis

In quantum computing, information is stored in quantum bits, abbreviated as

qubits. Mathematically, a qubit is represented by a 2 × 2 rank one projection

Q = 1
2

[
1 + z x+ iy

x− iy 1− z

]
, with x2+y2+ z2 = 1. A state of K-qubits, represented

by the tensor product Q1 ⊗ . . . ⊗ QK , is encoded as a state of N-qubits and

transmitted through an quantum channel.

Let Mn(C) denote the algebra of n×n complex matrices, then an quantum

channel for states of N-qubits is a trace preserving completely positive linear

map : E : Mn(C) → Mn(C), with n = 2N . Due to E. Knill and R. Laflamme

[28], a k-dimensional subspace V of Cn is an quantum error correcting code if

and only if there are γij ∈ C, 1 ≤ i, j ≤ m such that

PVE
∗
i EjPV = γijPV , ∀ 1 ≤ i, j ≤ m,

where PV is a k-rank orthogonal projection of Cn onto V and E1, . . . , Em ∈ Mn,∑m
i=1 E

∗
i Ei = In.

In the context of quantum error correction, for a positive integer k ≥ 1,

researchers [9, 10, 11, 12, 17, 36, 37, 39, 59] introduced the k-rank numerical

range of a matrix A ∈ Mn, defined and denoted by

Λk(A) = {λ ∈ C : PAP = λP for some P ∈ Pk} ,

where Pk is the set of all orthogonal projections of Cn onto any k-dimensional

subspace K of Cn. Equivalently,

Λk(A) = {λ ∈ C : X∗AX = λIk for some X ∈ Xk} ,

where Xk = {X ∈ Mn,k : X∗X = Ik}. Evidently, for k = 1, Λk(A) yields the

classical numerical range of a matrix A [19, 23], i.e.

Λ1(A) ≡ F (A) = {x∗Ax : x ∈ Cn, x∗x = 1} ,
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which is known to be a compact and convex subset of C [20, 23, 57], as well as

the same properties hold for the set Λk(A), for k > 1 [39, 59].

Moreover, it is readily verified that

Λ1(A) ⊇ Λ2(A) ⊇ . . . ⊇ Λk(A).

Associated with the Λk(A) are the k-rank numerical radius rk(A) and the inner

k-rank numerical radius r̃k(A), defined respectively, by

rk(A) = max {|z| : z ∈ ∂Λk(A)} and r̃k(A) = min {|z| : z ∈ ∂Λk(A)}.

For k = 1, they are reduced to the numerical radius and the inner numerical

radius,

r(A) = max {|z| : z ∈ ∂F (A)} and r̃(A) = min {|z| : z ∈ ∂F (A)},

respectively [3, 19, 23].

In the second chapter of this dissertation, Λk(A) is proved to coincide with

an indefinite intersection of numerical ranges of all the compressions of A ∈ Mn

to (n− k + 1)-dimensional subspaces, namely

Λk(A) =
∩

M∈Xn−k+1

F (M∗AM).

Further elaboration of this equality, leads us to reformulate Λk(A) in terms of

an intersection of a countable family of numerical ranges, i.e.

Λk(A) =
∩
ν∈N

{F (M∗
νAMν) : Mν ∈ Xn−k+1} .

The above equality provides additional characterizations of rk(A) and r̃k(A).

Hence, denoting by Jν(A) =
∩ν

p=1

{
F (M∗

pAMp) : Mp ∈ Xn−k+1

}
, p ∈ N , we

obtain

rk(A) = lim
ν→∞

sup {|z| : z ∈ Jν(A)} = inf
ν∈N

sup {|z| : z ∈ Jν(A)}

and also, whenever 0 /∈ Λk(A)

r̃k(A) = lim
ν→∞

inf {|z| : z ∈ Jν(A)} = sup
ν∈N

inf {|z| : z ∈ Jν(A)} .
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Moreover, we present a lower and an upper bound of rk(A) and r̃k(A), concern-

ing the radii r(M∗
pAMp) and r̃(M∗

pAMp), respectively.

The k-rank numerical range of entrywise nonnegative matrices is studied in

the third chapter. Introducing the notion of elements of maximum modulus

in Λk(A), we obtain interesting results comparing to those appeared in Issos’

dissertation [24] concerning the numerical range F (A). Especially, we define the

maximal elements in Λk(A) ̸= ∅ to constitute the set:

Fk(A) = {z ∈ Λk(A) : |z| = rk(A)} .

Let k be the minimum integer such that Λk(A) ̸= ∅ and Λk+1(A) = ∅. Then

for a nonnegative and irreducible n × n matrix A having q > 1 eigenvalues

of maximum modulus ρ(A) (i.e. imprimitive matrix), where ρ(·) denotes the

spectral radius of a matrix, we prove that

Fj(A) =
{
rj(A)e

i (θj+
2πt
q

) : t = 0, . . . , q − 1
}
,

for every j = 1, . . . , k, with θj = 0 or π
q
.

In addition, if we consider a nonnegative matrix A ∈ Mn with irreducible

hermitian part H(A), we prove that either Fj(A) coincides with the circle

S(0, rj(A)), for every j = 1, . . . , k, or

Fj(A) =
{
rj(A)e

i (θj+
2πt
q

) : t = 0, . . . , q − 1
}
,

for every j = 1, . . . , k, where θj = 0 or π
q
and q > 1 is the largest positive integer

such that A is diagonally similar to the matrix ei
2π
q A.

Further, if A ∈ Mn(C) is unitarily similar to the matrix

[
0 A1

0 0

]
, with

A1 ∈ Mm,n−m(C) and rankA1 = k, we obtain

Λj(A) = D(0,
σj(A1)

2
), ∀ j = 1, . . . , k,

where σj(A1) denotes the j-th largest singular value of A1.

Extending the notion of Λk(A) of a matrix A, we define the k-rank numerical

range of a matrix polynomial L(λ) = Amλ
m + . . . + A1λ + A0, with Ai ∈ Mn

and Am ̸= 0, by the set

Λk(L(λ)) = {λ ∈ C : PL(λ)P = 0n for some P ∈ Pk}

= {λ ∈ C : Q∗L(λ)Q = 0k for some Q ∈ Xk} .
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We note that Λk(Iλ − A) ≡ Λk(A) and when k = 1, Λk(L(λ)) reduces to the

well known numerical range w(L(λ)) of L(λ) [34], that is

Λ1(L(λ)) ≡ w(L(λ)) = {λ ∈ C : x∗L(λ)x = 0 for some x ∈ Cn, ∥x∥2 = 1} .

Elaborating the set Λk(L(λ)) in the fourth chapter, we present its funtame-

ntal properties and we study its geometry. Initially, we investigate conditions

for the set to be non empty. Hence, considering the k2 scalar polynomials,

elements of the matrix polynomial Q∗L(λ)Q, Q ∈ Xk, we introduce the notion

of the generalized Sylvester matrix Rs(Q) [43] and we prove that Λk(L(λ)) ̸= ∅
precisely when

rankRs(Q) < 2m,

for some isometry Q ∈ Xk.

Motivated by analogous expressions for matrices, we describe Λk(L(λ)) via

the following equalities

Λk(L(λ)) =
∩

M∈Xn−k+1

w(M∗L(λ)M) =
∪

N∈Xk

Λk(N
∗L(λ)N),

from which an estimation of the boundary of Λk(L(λ)) is provided through the

numerical approximation of the numerical ranges w(M∗L(λ)M) [7, 53].

Basic geometrical properties of Λk(L(λ)) are also investigated, such as the

boundedness and connectedness of the set. Especially, for a matrix polynomial

L(λ) ofm-th degree, Λk(L(λ)) ̸= ∅ is a bounded set, whenever 0 /∈ Λk(Am), with

Am to be the leading coefficient of L(λ). Conversely, suppose that rankRs(Q) <

2m, for all Q ∈ Xk such that Q∗AmQ = zIk. If Λk(Am) ̸= {0} and Λk(L(λ)) is

bounded, then 0 /∈ Λk(Am).

Further, assume that rankRs(Q) < 2m, for any Q ∈ Xk such that Q∗AmQ =

zIk with z ∈ Λk(Am) \ {0}. Then Λk(L(λ)) has at most m connected compo-

nents, if Λk(Am)\{0} is a connected set, or Λk(L(λ)) has at most 2m connected

components, in the opposite case.

Following, a connection of the boundary points of Λk(L(λ)) with respect

to the boundary points of w(L(λ)) is considered. Particularly, introducing the

notion of sharp points for Λk(L(λ)), we show that a sharp point of w(Aλ− B)

with algebraic multiplicity k with respect to the spectrum σ(Aλ− B) is also a

sharp point of Λj(Aλ−B), for any j = 2, . . . , k.
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The set Λk(L(λ)) is closely related to the multi-dimensional joint k-rank

numerical range [36, 38],

Λk(A) =
{
(µ0, µ1, . . . , µm) ∈ Cm+1 : ∃ P ∈ Pk such that

PAiP = µiP, i = 0, . . . ,m} ,

where A = (A0, A1, . . . , Am) is an (m + 1)-tuple of matrices Ai ∈ Mn(C) for

i = 0, . . . ,m. Apparently, Λ1(A) is identified with the joint numerical range [4]

w(A) = {(x∗A0x, . . . , x
∗Amx) : x ∈ Cn, ∥x∥2 = 1} .

In the context of quantum information theory, Λk(A) refers to an quantum error

correcting code, since the latter exists as long as the joint k-rank numerical

range associated with the error operators Ei (i = 0, . . . ,m) of a noisy quantum

channel E is a non empty set.

In view of the joint numerical ranges, we treat a sufficient condition for

the boundary points of w(A) to be boundary points of Λk(A), as well, where

A = (A0, . . . , Am). Evenly, we reveal the interplay of Λk(L(λ)) and Λk(A) by

the relation

Λk(L(λ)) ⊇ {λ ∈ C : ⟨u, (1, λ, . . . , λm)⟩ = 0 for some u ∈ coΛk(A)} .

Considering the companion polynomial CL(λ) of L(λ) [18], we prove the next

inclusion

Λk(L(λ)) ∪ {0} ⊆ Λk(CL(λ)).

This leads to an extention of our results involving Λk(A) of nonnegative matri-

ces to Λk(L(λ)) of matrix polynomials with nonnegative coefficients, known as

Perron polynomials [52]. Let rk(L) = max {|λ| : λ ∈ Λk(L(λ))} be the k-rank

numerical radius of a matrix polynomial L(λ). If L(λ) is a Perron polynomi-

al and CL(λ) is an irreducible matrix having q > 1 eigenvalues of maximum

modulus, then

Fj(L) =
{
rj(L)e

i(θj+
2πt
q

), t = 0, . . . , q − 1
}

are the elements of maximum modulus in Λj(L(λ)), where θj = 0 or π
q
, for every

j = 1, . . . , k.
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Finally, the fifth and last chapter of our treatment refers to the numerical

range of non square matrices. F.F. Bonsall and J. Duncan [5, 6] defined the

algebraic numerical range of a square n× n matrix A by the set

V (A) = {f(A) : f ∈ L} ,

where

L = {f : Mn → C such that ∥f∥ = f(I) = 1}

and ∥·∥ is any matrix norm. They also proved that

V (A) =
∩
z0∈C

D(z0, ∥A− z0In∥),

where D(z0, r) = {z : |z − z0| ≤ r}. Extending the above equality, Ch. Choria-

nopoulos, S. Karanasios and P. Psarrakos [13] defined the numerical range of

a non square m × n matrix A with respect to B ∈ Mm,n by the compact and

convex set

w∥·∥(A,B) =
∩
z0∈C

D(z0, ∥A− z0B∥),

where ∥B∥ ≥ 1 and ∥·∥ denotes any matrix norm. Clearly, this set is based on

the notion of a matrix norm and w∥·∥2(A, In) ≡ F (A). It is also proved in [13]

that w∥·∥(A,B) is identified with the disc

D
(
⟨A,B⟩
∥B∥2

, ∥A− ⟨A,B⟩
∥B∥2

B∥
√
1− ∥B∥−2

)
,

when the matrix norm ∥·∥ is induced by an inner product ⟨·, ·⟩. Herein we prove

that the union of the aforementioned discs, as B varies, is the disc D(0, ∥A∥).
Alternatively, we also provide two different definitions of numerical range

for rectangular matrices via an orthogonal projection onto a lower or a higher

dimensional subspace. In this case, we define the (lower) numerical range of

A ∈ Mm,n (m > n) with respect to an m× n isometry H as the set:

wl(A) = F (H∗A)

= {⟨Ax,Hx⟩ : x ∈ Cn, ∥Hx∥2 = 1} ,

where obviously H∗A is an n×n matrix. The second equality is the set defined

in [2] as ”bioperative” numerical range W (A,H), without requiring H to be an

isometry.
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We also define the (upper) numerical range wh(A) with respect to an iso-

metry H ∈ Mm,n, using the higher dimensional m×m matrix AH∗, namely

wh(A) = F (AH∗).

Similarly, if m < n, then

wl(A) = F (AH), wh(A) = F (HA).

Obviously, for m = n and H = I, wl(A) = wh(A) = F (A). We present basic

properties of the sets wl(A), wh(A), with respect to an isometry H ∈ Mm,n

(m > n) and then we compare them with the set w∥·∥2(A,H), presenting the

inclusion relation

wl(A) ⊆ w∥·∥2(A,H) ⊆ wh(A).

Further, according to the definition of sharp points (i.e. boundary points with

nonunique tangents [23, 30]), we prove that λ0(̸= 0) is a sharp point of wl(A),

with respect H ∈ Xn, if it is a sharp point of wh(A).

In the final section of the fifth chapter, we refer to the q-numerical range

of a rectangular matrix A, where q ∈ [0, 1]. Using the nonempty set of linear

functionals

Lq = {f : Mn → C such that ∥f∥ = 1, f(I) = q ∈ [0, 1]} ,

we define the q-numerical range of a square matrix A to be the set

Fq(A) = {f(A) : f ∈ Lq} .

In case q = 1, we have F1(A) ≡ V (A) and when ∥·∥ = ∥·∥2, we obtain [31, 32,

33, 41, 48, 58]

Fq(A) ≡ {⟨Ax, y⟩ : x, y ∈ Cn, ∥x∥2 = ∥y∥2 = 1, ⟨x, y⟩ = q} .

It is proved that

Fq(A) =
∩
z0∈C

D(qz0, ∥A− z0In∥).

Motivated by this result, we define the q-numerical range of a non square matrix

A ∈ Mm,n with respect to B ∈ Mm,n, by the compact and convex set

w∥·∥(A,B; q) =
∩
z0∈C

{z ∈ C : |z − qz0| ≤ ∥A− z0B∥ , ∥B∥ ≥ q} ,
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with q ∈ [0, 1]. For q ̸= 0, we have w∥·∥(A,B; q) = w∥·∥(A,
1
q
B) and for q = 1,

w∥·∥(A,B; 1) = w∥·∥(A,B).

We study basic properties of w∥·∥(A,B; q) and prove that

w∥·∥(A,B; q) = D

q
⟨A,B⟩
∥B∥2

, ∥A− ⟨A,B⟩
∥B∥2

B∥

√
1−

(
∥B∥
q

)−2
 ,

when B ̸= 0 and the matrix norm ∥·∥ is induced by an inner product ⟨·, ·⟩,
otherwise, w∥·∥(A, 0; 0) = D(0, ∥A∥). In view of the aforementioned disc, we

obtain ∪
∥B∥≥q,0≤q≤1

w∥·∥(A,B; q) = D(0, ∥A∥),

where the matrix norm is induced by an inner product. Finally, for 0 < q1 ≤
q2 ≤ 1, we state the following inclusion relation

w∥·∥(A,B; q2)

q2
⊆

w∥·∥(A,B; q1)

q1
,

which is an analogue for the q-numerical range of square matrices in [32].
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