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NepiAnyn

2TOX0G TNG Nnapouoag dIdAKTopIKNG dIaTPIBAG €ival n WEAETN TNG CUMNEPIPOPAG GUVOETWY UNOCTUAWPATWY
He papdouc dIKTUWONG Kal TuXaieg CUVOPIAKEG OUVONKeG und agovikn kal eykapaoia popTion kai n diaTunwaon
odnylwv yia To oxedlaopod Touc. lMa Tnv eniteu&n autol TOoUu OTOXOU aKOAOUBEITAI OUVOUAOWEVN
NeIPApATIKN, apIBUNTIKN KAl avaAuTIKR NPOCEYYIO).

ApxIka, NapouacialeTal o oxedIAoPOG Kal N EKTEAEDN MIAG OIPAG NEIPAUATIK®Y SOKIMMV O OEKA AUPIEPEIOTA
oUvBeTa unooTuAwpaTa pe papdoug dIkTUwonG (Névre oudadeg pe duo idia unooTuA®EATa oTnv KAbe pia yia
AOyoug enavaAnyinoTnTac) Me peaMoTIKEG KABOAIKEG Kkal TOMIKEG aAvNnyHEVEC AuynpoTnTec. Ta Ookiuia
unoBalovTal oc afovikd OAINTIKA QOPTia Kal CUYKEVTPWHEVEG AKPAIEG POMEC MPOKAAOUHEVEG AOYW
EKKEVTPOTNTAC TWV AEOVIKWV (opTiwv. Ta anoTeAéopaTa yia kabe dokipio napoucialovTal HE PwToypaPieg
TOouG vyia didgopa enineda @OPTIONG, Kal OpOHOUC Icoppomiac Pe Tn Hop®rn OlaypaupdTwy (QopTiou-
EYKAPOIAC PETAKIVNONG KABWC kal popTioU-NapapopPpwong 0€ XapakTNPIOTIKEG BEaeIC. H oupnepipopd OAwv
TV OOKIJiwV €ival apxIka €AACTIKR, v OIANIOTWVETAl NWG 0 OAEG TIG OUADEG N TOMIKA €AACTONAACTIKN
aoToyia evog gaTvopaTtoc odnyei oe kaBoAikny aocToxia Xwpic NepIBwpIa avakaTavoung Tng évraong. Me
Baon Tnv TOMIKr| CUUNEPIPOPA TWV KPIOIMWV PATVOPATWY KATadekvUETAl N ENIPPON TWV APXIKOV TOMIKGOV
aTeAEIV Kal TWV TOMIKOV E0WTEPIKWY POMWV.

3TN ouvéxeld, npaypartonoleital apiBuUnTIK NPOCOUoIwoN TWV NEIPAUdTWV HE T HEBODO MENEPACHEVWV
OTOIXEIWV, PHE OTOXO TN BaBuovOUNoN TwV apIBUNTIKOV NPOCOMOIMUATWV £XOVTAG WG BAoN Ta NelpapaTika
anoTeAEONATA, WOTE va MKNopouv va xpnolgonoinBoUv OTn HETENEITA nopeia Tng €peuvac. Ma Tnv
NPOCOHOIWON TOOO TWV MEAPATWV 000 Kal Twv paRdwV JIKTUWONG XPNOIKoNoIoUvVTal apxikd enipavelakd
nenepacyéva oroixeia. Mpokelpévou va AngBei undywn n napoucia NAPAPEVOUCWY TACEWV AOYw BEPHIKNG
KaTepyaoiac n OIaToun Twv NEAPATOV XwPIileTal KATAAMNAG O TUNPATA, O KABE €va €K Twv Onoiwv
anodidetal dlIaopeTIKn noldTNTa XaAuBa. O1 KABOAIKEG Kal TOMIKEG YEWHETPIKEG ATEAEIEG EVOWUATOVOVTAI
OTIC apIBUNTIKEC avaAUoEIG oUPPVA PE TIC NPWTEG IDIOHOPPEG KaBoAIkoU kal TonikoU AuyiguoU, avTioToixa.
Ano TIG apIBUNTIKEG avaAUoelG NPoKUNTEN NWG EQOoov AngBouv unown oTnv avaluon n Kn YPAauuIkoTnTa
YEWHETPIAC Kal UNIKOU, Ol APXIKEG YEWHETPIKEG KABOMKEC Kal TOMIKEG ATEAEIEG KAl Ol NAPAUEVOUCEG TACEIG
BepuIknG KkaTepyaoiag, undpyel Mid MOAU KaAfy oup@via PETAEU apiBUNTIKQV Kal  NEPAPATIKQV
anoTEAEOMATWY, O OPOUC HETAKIVIOEWV, NAPAMOPPWOEWV Kadl avtoxnG. EmnAéov, n alykpion Twv
apiOuNTIKWOV  MPOCOUOIWHATWY HE EMIPAVEIOKA NENEPACUEVA  COTOIKEIa HE avTioToixa papdwTwv
NENEPACUEVWV OTOIXEIWV 0dNyel OTO OUMNEPACHA NG N XPNon Twv OeUTEpWV WMopei va npoPAEYel
IKAVOMOINTIKA TN GUHNEPIPOPA TWV OUVOETWV HEAWV HE aIoBNTA HIKPOTEPO UMOAOYIOTIKO KOOTOG,

3TN OUVEXEId, ME XpNAON apiBUNTIKWV MPOCOUOIMHATWY KUPIWG paABdWTWY NENEPACHEVWV OTOIXEIWY,
OlepeuvdTal n anokpion oUVOETWV UMOCTUAMMATWY HE papdouc JIKTUWONG HE KABOAIKEG Kal TOMIKEG
atélelec. AlanioTwveTal OTI n aoToxia ekdnAwveTal ouvnBw¢ WG TOMIKA €AACTONAACTIKN acToxia Tou
KpIOIJOU @ATVWMPATog, 1 onaviotepa w¢ KaBoAlkn €AaoTikr) aoToxia. ZTn OeUTeEPn NEPINTWON N
aMnAenidpaon PeTa&l kaBoAikoU kai TomikoU AuyiopoU €ival onuavTikn kal 8a npénel va Aaupaveral



unown, eV OTNnV NPWTN KMNOPEi va EVOWPATWOEl EUUETa aTNV TOMIKR avToxr Tou Kpioidou ¢patvopaTog. H
MEYAAUTEPN Weiwaon Tou QopTiou acToxiag Tou aTeAoUc popEa O OXEDN e ToV TEAEIO MpayudTonolsiTal kai
oTIG dUo nepINTWOe OTav Ta opTia kaBoAikoU AuyiopoU, TomikoU AuylopoU Kkal nmAfpouc diapporc
TauTifovTal, eve N HIKpOTEPN OTAV TO KPIOIHO PopTio kaBoAikoU AUyIGHOU gival HIKPOTEPO and Tou Tonikou.
H aduvapia Tng IkavonoinTikng NpoBAEwng Tou QopTiou agToxiac and Tig dIaTAEEIC Tou Eupwkwdika 3 oTny
nepinTwon TnG deUTEPNG HOPPNG aoToxiag, kabwe O AappaveTal ekei unown n ahnAenidpacn kaboAikou
Kal TorikoU AuyiopoU, anoTelel kivnTpo yia Tn dnuioupyia HIag NpoosyyioTIKAG avaAuTikng diadikaoiag nou
NPoBAENEl ENAPK®G TNV andkpion Twv CUVOETWV PEA®V Kal OTIC dUO MEPINTWOEIC aoToxiac. MapoAa auTd, n
nAéov ouxvr HOp®N acToxiag oTnv npagn eivar n npwTtn, AOyw XPrnong HEAWV HE MIKPEG WC HETPIEC
KaBOAIKEG Kal TOMIKEG avnyHEVEG AuynpdTNTEG kal Adyw ouvUNap&ng onUavTIkwy eykapoiwv PopTiwy, Kal HE
Baon autr ouveyileTal n napouoa £peuva.

Ev ouvexeia, epdoov n Npooopoinon Twv oUVOETWV HeAwV WE pdBdoug SIKTUWONG w¢ HeAwv Timoshenko
KpIVETaI ENApPKNG Kal a&lonioTn, n €peuva ENIKEVTPWVETAl TNV NPOBAEWn Tou eAacTIKoU Kpioihou (popTiou
AuyiopoU pedwv Timoshenko pe Tuxaieg ouvoplakeg ouvlnkeg pe Tn MEBodO Tou Engesser. MpoTeiveTal yia
auTod TO OKOMO €va UNTPWO €UCTABeIAaC 3x3 Mou odnyei Ot TPEIGC KN YPAMMIKEG OXECEIG yia aETABETA,
MEPIKWG PETABETA Kal YeTABETA pEAN. EEAyovTal eniong eEI0WOEIG YwVIWV OTPOYNG HE Tn PEBodo Engesser
yla WEAN Timoshenko pe nui-akapnTeg GUVOEDEIC 0TA AKpa Toug. Me Baon auTeg, unoloyidovTal OTPOPIKEG
OUOKAUWIEC yia Ta npog avTikataoTaon peAn Timoshenko o€ nAaioia, avaloya Pe Tn ouvopiakry GUVONKN
0TO anévavTi akpo TouG Kal TNy napouaia f oxl a&ovikng duvapng. H Xprion Twv Jn YPApHIKOV OXECEWV Kal
TWV OTPOPIKWV SUCKAUWINV CUKBAAEI GTOV ENAPK) UNOAOYIOHO TOU AaaTIKOU Kpioidou (opTiou AUyioHoU
nAaigiwv nou anoteAouvtal and PeAn Timoshenko kai and oUvOeTa PEAN.

AkoloUBwc, digpeuvartal n avaiuon 2™ Ta&nc atedwv pedwv Timoshenko pE TUXAIEC CUVOPIAKEG OUVOMKEC
und ouvduaouo afovikoU (oPTIOU KAl OuvBWV €yKAPOIWV QOPTIWV, HE GTOXO va NPoTaBouv KAEIOTEG
AUOEIG yIa TOV UMNOAOYIOUO EVTATIKWV HEYEOWV KAl UETAKIVIOEWY KATA PNKOC TwV HEAWV. H evowpaTwon
apxIKng kaBoAIknG aTéAeiac oupewva Pe To oxnpa Tng 1™ 1dlopopenc kaBoAikou AuyiopoU yiveral Pe Xprion
NpPooeyyIoTIKoU PEYEBUVTIKOU OUVTEAEDTT) MOU unoAoyileTal e Bacn Ta gopTia AuyiopoU TnG nNponyoUHEVNG
napaypd@ou. O1 eykdpoleC QOPTIOEIC NePIAAPBAVOUV  OMOIOOP(A  KATAVEUNMUEVO (OPTIO, aKPAIEG
OUYKEVTPWHEVEG POMEC KAl AKPAIEG OUYKEVTPWHEVEC OUVAMEIC Kal n avdAuon uno Tnv enidpacn Toug
npayhaTonolsitTal Ye Xpron Twv eflowoswv ywviag otpopng 2" TaEng pe Tn péBodo Engesser yia pEAN
Timoshenko. H aglUykpion We apiBunTikG nNpogopoiwuaTa paBdwTwV MNENEPACHEVOV OTOIXEIWV 0dnyei ot
noAU IKavonoInTIKr GUPQ®VIa HETAEU TOUC,.

O TepuaTiopoc TNG €AacTIKAG avaluong 2™ TAENG yia Tov UMoAOYIoWO TOU (OPTIOU aCTOXIag TOUG
npayyaTonolsitar He XpRon MIA¢ NPOTEIVOUEVNC anAng oxéong aAlAnAenidpaonc nou BaocileTar oTo
oupnépaocya OTI Ta oUvBeTa MEAN peE pdABooug OIKTUWONG acToxouv ouviBwG AOYw®  TOMIKAG
€AACTONAAOTIKNG AOTOXIAG. ZUVEN®MG, GUVOAIKA N MPOTEIVOHEVN HEBODOG Yia Pepovwpéva oUvBeTa PUEAN e
TUXQIEC OUVOPIGKEG OUVONKEG nepidapBavel Tnv eAacTikr avahuon 2" TaEnc Twv 100dUVAPWY HEADY
Timoshenko kali Tov TEPUATIONO AUTAG yia TOV MPOGOIOPIOHO TOU (POPTIOU acToxiag Pe Bacn Tn oxEon
ahnAenidpaong. H xprion Tng npoTeivouevng d1adikaaciag yia Tov UMOAOYIOUO TV HETAKIVAOEWY Kal TwV
QopTiwv aoToxiag peyadhou nAnBouc oUVOETWY UNOOTUAWUATWY e paBdoug SIKTUWONG anodelkvUETal OTI
EUPIOKETAl O MOAU KaAr) CUPQWvVia e apiBUNTIKA aANOTEAEOPATA MOU MPOKUMNTOUV and nARPWG Hn
YPAUMIKEG avaAUoEIG.

TéNog, n npoTteivopevn PEBODOC e@appoOleTal og Hovwpoda BIopNXavika niaioia pe oUvBETa UNOOTUA®UATA
UMO OUMHETPIKEG KAl AVTICUUMETPIKEC (POPTIOEIG. 3TIC €QAPHUOYEG aAUTEC, n OOKOG Tou nAaigiou
avTtikabiotatar anod katdAAnAa oTpo@ikd eAaTnpla, ONwWG auTd e€nxbnoav yia Tov UMOAOYIOWO TOU
gAacTikoU @opTiou AuyiopoU noAuwpopwv katackeuwv anod PeAn Timoshenko, avahoya pe To av n QopTion
npokaAei napapdpPwon Hovig (aueTABeTn cupnepIPopd) ) SINANG (METABETH CUPNEPIPOPA) KAUMUAOTNTAG,.
AkoAoUBwC anopovwveTal To SUCHEVEOTEPO UNOOTUAWHA Kal epappoleTal n diadikacia nou nepIypapnke
oTNV nponyoulevn napaypa@o yid MHeovwpéva oUVOETa MEAN WE TUXAIEC OUVOPIAKEG OuvOnkes. H
£(pApuoyn TN NPOTEIVOPEVNG HEBOOOU O Wovwpopa nAQiola PE oUVOETA WEAN BPIOKETAI GE IKAVOMOINTIKN
OUPQVia Je apiBUNTIKG anoTeAéopaTa nou €Eayovral e Tn XPNon NANPWG Wn Ypaupikav avalloswy. H
XPon TnG oUyXpovng MEAETNTIKAG NPAKTIKNG OXedIaopoU odnyei oe AiyOTEpO akpifr anoTeAéopata ano
€KEIiVa TNG NPOTEIVOUEVNG HEBODOU Kal OE APKETEG NEPINTWOEIC €ival kKaTa TnG acpaAeiag. TéNog, e Baon
auTr Tn dlgpelivnon NpOTEIVOVTAl NPAKTIKOI TPOMOI NPOCOMOoIwoNG, avaAuong kai eAEyXou endpKelac Twv
oUVOeTWV peAWV, Pe aTOXo Tn BeATiwon Tng a&lonioTiag katd To oXedIaoud TOUuG O €NiNEdO WEAETNTIKNG
MPAKTIKAG.
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Abstract

The present doctoral thesis aims at investigating the behaviour of laced built-up beam-columns with
arbitrary boundary conditions and providing practical guidance for their design. To that effect, a combined
experimental, numerical and analytical approach is adopted.

Initially, the design and execution of a series of experimental tests on ten simply-supported laced built-up
members (five pairs of similar columns for repeatability purposes) with realistic global and local non-
dimensional slenderness is presented. The specimens are subjected to axial compressive loads and to end
concentrated moments due to axial loads’ eccentricity. The results for each specimen are presented with
the use of photographs at various load levels, as well as with load-lateral displacement and load-strain
graphs at characteristic locations. The specimens’ behaviour is initially elastic, while failure in all cases is
due to local elastoplastic failure of a critical panel, without beneficial effects of stress redistribution. Based
on the local behaviour of the critical panels the effect of initial local imperfections and local internal bending
moments is identified.

Next, numerical modelling of the experimental tests with the finite element method takes place, aiming at
calibrating the numerical models based on the experimental results, so that they can then be used in the
subsequent stages of research. Both chords and lacing bars are modelled with the use of shell elements.
The effect of thermally induced residual stresses due to fabrication is incorporated in the chords’ behavior
by discretizing their cross-sections into sufficiently small shell elements, each of which has different steel
yield strength. Global and local geometrical imperfections are included in the numerical analyses according
to the first global and local buckling modes, respectively. It is concluded that if geometrical and material
nonlinearity, initial global and local geometrical imperfections and thermally induced residual stresses due
to fabrication are included in the analysis, a very good correlation between numerical and experimental
results is observed, in terms of deflections, deformations and strength. Moreover, the comparison of
numerical shell element models to corresponding beam element models leads to the conclusion that the use
of the latter ones can predict the response of laced members in a satisfactory manner, with significantly
smaller computational effort.

The behaviour of laced columns with global and local imperfections is then investigated with the use of
numerical models, mainly employing beam elements. It is concluded that failure usually takes place due to
local elastoplastic failure of the critical panel, or more rarely in the form of global elastic failure. In the
second case, interaction between global and local buckling is important and should be taken into account,
while in the first one this interaction can be incorporated indirectly in the local capacity of the critical panel.
The largest reduction of collapse load of the imperfect structure when compared to the perfect one appears
for both types of failure when the critical loads associated with global buckling, local buckling and yielding
coincide, while the smallest reduction when the global buckling load is smaller than the local one. Because
of the inability of Eurocode 3 to safely predict the collapse load corresponding to the second type of failure,
as global and local buckling interaction is not accounted for, an approximate analytical procedure is



formulated, by means of which the response of laced built-up columns can be sufficiently evaluated in both
cases. Nevertheless, local elastoplastic failure is much more frequent in practice, due to the use of
members with small and intermediate values of global and local non-dimensional slenderness and due to
the significant lateral loads, therefore, the subsequent stages of this research are based on this failure
mode.

Taking advantage of the fact that modelling of laced built-up members as equivalent Timoshenko ones is
found to be sufficient and reliable, the research then focuses on the calculation of the elastic critical
buckling load of Timoshenko members with arbitrary boundary conditions according to Engesser’s method.
To that effect, a 3x3 stability matrix that leads to three nonlinear equations for braced, partially-braced and
unbraced members is proposed. In addition, slope-deflection equations for Timoshenko members with
semi-rigid connections at their ends based on Engesser’s method are derived. Based on them, a complete
set of rotational stiffness coefficients for the replacement of Timoshenko members in frames, depending on
the boundary condition at their far end and the eventual presence of axial force, is calculated. The use of
the nonlinear equations and rotational stiffness coefficients contributes to the sufficient evaluation of the
elastic critical buckling load of frames consisting of Timoshenko and built-up members.

Next, the 2™ order analysis of imperfect Timoshenko members with arbitrary boundary conditions under
the combined effect of axial load and commonly encountered lateral loads is investigated, in order to
propose closed-form solutions for the calculation of internal forces and lateral deflections along such
members. The incorporation of initial global imperfection according to the 1% global buckling load is
achieved by using an approximate magnification factor, which is calculated based on the buckling loads
mentioned in the previous paragraph. Lateral loads include uniformly distributed load, concentrated end
moments and concentrated end forces and the analysis under their effect is performed with the use of 2™
order slope-deflection equations for Timoshenko members based on Engesser's method. The comparison
with numerical models with beam elements leads to very good agreement between them.

The termination of the 2™ order elastic analysis for the calculation of the collapse load is achieved with the
use of a proposed simple interaction equation based on the assumption that laced built-up members will fail
due to local elastoplastic failure. Thus, the proposed method for laced built-up beam-columns with arbitrary
boundary conditions consists of a 2™ order elastic analysis of equivalent Timoshenko members and its
termination for the calculation of the collapse load according to the interaction equation. The use of the
proposed method for the evaluation of lateral deflections and collapse loads of a large number of laced
built-up members proves to be in very satisfactory agreement with the numerical results obtained with
geometrically and materially nonlinear imperfection analyses.

Finally, the proposed method is applied to single-story industrial frames with laced built-up columns under
symmetrical and anti-symmetrical loadings. In these applications, the frame's girder is replaced by
appropriate rotational springs, as they are obtained for the calculation of the elastic critical buckling load of
multi-story frames consisting of Timoshenko members, depending on whether the type of loading causes
single curvature deformation (non-sway behaviour) or double curvature deformation (sway behaviour).
Then, the more compressed column is isolated and the proposed procedure presented in the previous
paragraphs for laced members with arbitrary supports is applied. The application of the proposed method
to single-story frames with laced members is found to be in satisfactory agreement with numerical results
obtained with geometrically and materially nonlinear imperfection analyses.

It is noted that the approach used in modern design practice leads to less accurate results than the
proposed method, and in many cases to unsafe predictions. In order to contribute towards improving this
shortcoming, the results of this investigation are utilised in order to propose practical design-oriented
methods of modelling, analysing and designing laced built-up members.
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A MH I'PAMMIKH ZYMIMEPI®OPA KAI
2XEAIAZMOZ 2YNOETQN YNOZTYAQMATQN
ANO XAAYBA YO A=ONIKH KAI ErKAPZIA
DOPTIZH

A.1. EIZArQrH

Ta olUvBeTa unooTulwpaTa ouvTiBevral ouvnBwe and dUo MpOTuneG JIATOPEG Mou BpickovTal o€
anoaTacn Kal ouvdgovTal HETAEU Toug PE TN Xpnon ite paBdwv dikTUwonC &iTe Aenidwv ouvdeonc. Ol
npdTUNEG JIATOMEC anoTeAoUvV Ta MEAYATA kAl MPOCMEPOUV AEOVIKA Kal KaunTikn duokauwia. To
OUVOETIKO MECO TWV papdwv dIKTUWONG N TwvV Aenidwv ouvdeong eEaopalilel Tn cuvepyaoia UeTAgy
Twv NEAYATWV Kal NPoo@Epel dlaTUNTIKN Ouokauwia. To Bacikd XApakTnpIoTIKO TwvV GUVOETwV
UNOCTUAWMATWY Mou Ta Xpilel KATAANAOTEPA YIa NEPINTWOEIC PEYAAWY POPTIWV Kal PNKWV AuyiouoU
gival n OIGTaén Twv MPEA®V NOU ouciaoTIKG BacileTal oTn pon TWV EC0WTEPIKWV OuvAuswv. H
OUYKEVTPWOT UAIKOU Pakpid and Tov oudéTepo afova odnyei og KaAUTEPN €KUETAAAEUCN TOU, VW O
NpooavaToAoPOC Twv NEAYATWV HE TETOIO TPOMO WOTE O 10XUPOC TOUC GEovag va evepyonolgiTal yia
€KTOC €MINEDOU OUMNEPIPOPA, 0dnyei oTNV €NITEVEN NapdPoIag avToxng kal duokauwiag kai aToug dUo
afovec. Ta KATAOKEUAOTIKA MNAEOVEKTNUATA TWV OUVOETWV PEA®V EKTIUAONKaAv OTIC apXEG Tou
nponyoUdevou aiwva, OTav apxioav va XpnoiponoloUvral o PeyAAnG KAIHaKag KaTaokeues. Mapoia
auTa n diagoponoinan Toug anod Ta cuvhen UNOCTUA®UATA €YIVE KATAVONTN META TNV KATAPPEUCH TNG
und KATaokeunc yepupag Quebec otov Kavadda, onou anodeiXTnke OTI N AoToXia OMEIANOTAV OF
oUVOETO PENOG Mo €ixe To poAo BAINTApaA.

Ta olvBeTa unooTuA®uaTta diagoponoloUvTal and Ta CUVNBWC XPNOILOMNOIOUMEVA UOVOUEAN WG NPOG
TNV aAnAenidpaon kaBoAIKNG kal TOMIKNG CUMNEPIPOPAG KAl WG NPog TNV €NIpPON Twv SIATUNTIKWV
NapapopPWOEWV. € avTiIBEON UE TA PYOVOUEAN UNOCTUA®UATA, N TOMIKN CUMNEPIPOPd TWV CUVOETWV
MeEAWV duvaTal va ennpeacel onuavTika Tnv kaboAikr andkpion, TOoo g€ O,TI agopd Tn duckapwia
000 Kal Tnv avToxn. EninpdoBeTa, Ta glvBeTa pEAN xapakTnpilovral and pikpry diaTunTIKh duokapwia
Kal ONMavTIKR KAUNTIKR, TO OMoio Onuaivel nwg ol dIaTUNTIKEC NApAPOPPWOEIC WNOpPeEl va Eival
OUYKPIOIJOU HEYEBOUC WE TIC aVTIOTOIXEC KAMMTIKEG. Ta (aivopeva auta Ba npénel va Aaupavovral
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unoyn os ouvdUAOHO HE TN HN YPAUMIKOTNTA YEWUETPIAG Kal UAIKOU yia Tnv opBn a&iohoynon Tng
OUMNEPIPOPAC.

Ta oUVBETa UNOCTUAWUATA, XapakTnpIlOpeva ano Heyahn afovikn kal KaunTikn duokauwia,
XpnolJonolouvTal o€ €va peyaho €UpoC KATAOKEUWY. ZUVABWC oTnv NPagn anavrtwvTtal os Jovwpopa
Blounxavikd KTipla OTa onoia KivoUvTdl YEPAVOYEQUPEG. € TETOIEC MEPINTWOEIG, YIVETAI Xpron
dladoxikwv €ninedwv NAaigiwv Pe oUVOETA UNOOTUAWUATA, KATGAANAG NpooavaTtoAlopéva WOTE yid
EVTOC TWV MAAICIWV OUUNEPIPOPd, va evepyornoleital n oUveeTn Asitoupyia. H yepavoyEpupa
oTnpileTal oTa Akpa TNG €iTe Ot KATAMNAA dlapoppwpévo KovTo npoBolo o kanoio UWoc Tou
oUVOETOU PENOUC EITE OTO €0WTEPIKO NMEAYA Tou oUVBETOU UNOOTUAWMATOG. EminpooBeTa, ouvBeTa
MEAN XpnaoigonolouvTal 0 GUCTAHATA duokapwiac kal SIKTUWHATA, KUping OTn Yepuponolia.

H napoloa Oi1dakTopikn diaTpIBf €NIKEVTPWVETAlI OTn OlEpEUvVNON TNG OTATIKAG ANOKpIong oUVOETwWY
MEAWV HE pAPdouc BIKTUWONCG und afovikn BAiwn kal ouvnBeC ykApoleC (POpPTIoEIC. Ma AOyoug
ouvTopiac oTic evoTnTec A.3-A.11 pe Tov Opo oUvBeTa unooTuAwMPaTa f PEAN Ba avagEpovTal Ta
oUvBeTa unooTuAwpaTa f péAn e papdouc dIKTUWaNG.

A.2. BIBAIOIPA®IKH EMIZKOMHZH

H oupnepipopd Twv OUVOETWV UMOCTUAWMATWV £XEl €peuvnBei dIeE0dIKG Ot €ninedo NEIPAPATIKO,
apieunTIkO Kal avaAuTikO He €ugacn ot afovikd BAIBOueva apigpeioTa PEAN. H aMnAenidpaon
kaBoAikoU Kal ToMmKoU AUyIGHOU KaBwe Kal n eNippor TV dIaTUNTIK®OV NapaPopPOEWV £XOUV €NIONG
OlepeuvnBei eKTEVWG Kal oTnv napolaoa evoTnTd napouacialovral eVOEIKTIKEG ONUAvTIKEG BIBAIOYPAPIKEG
avagopec.

A.2.1. 'Epguva OTNV anokpioh CUVOETWV UNOCTUAMHATOV

H cupnepipopa evoc eAaaTikoU TEAEIOU UNooTUA®UATOG diepeuvnBnke avaAuTika ano Tov Euler [2-1],
£V N EVOWPATWON TV dIATUNTIKQV NAPAPopPOOEWV 0 avaluon AuyiopoU npayuaTonoinenke ano
Tov Engesser [2-3], [2-4]. ZTIC apXEC TOU MPONYOUMEVOU ai®va MpaydaTonoinenke peyalo nAfRBog
NeIpapaTikwv diepeuviocwy [2-7]-[2-15] Pe £upacn os au@IEPEIoTa YEAN UNO a&oviko BAINTIKO (POopPTIO
Kal €ENxOnoav Kupiwc NoIoTIKa cuhnepdopaTa o< O,TI apopd TNV AnokpIon TwV GUVOETWV HEAQV.

O1 Kloppel kai Ramm [2-21] digpelivnoav avaAuTIKa Kal MEIPAUATIKG T CUUNEPIPOPa 43 EKKEVTPA
@OopTICOPEVWV UNO BNINTIKR afovikn dUvaun AU@IEPEIOTWV OUVOETWV UMOCTUAWUATWY He papdoug
OIKTUwOoNG. EENXBnoav ocupnepdopata nou agopouv TNV €nippory Tou HoxAoBpaxiova PETAEU Twv
NEAMATWY, TOU HNAKOUC TOU (PATVMOMATOC, TOU HEYEBOUC TNG EKKEVTPOTNTAC Kal TOU €id0UC TNG
OIKTUWONG oTnV anodkpion kai acToxia Twv dokipinv. EmnpooBera, diepeuviBnke n nmibavr €nippor)
TWV MAPAPEVOUCOV TACEWV AOYW OUYKOAMNOEwV Twv papdwv JIKTUWONG OTad MNEAPATA KaABWCG
napaTnenenke MNP®IKN MAACTIKONOINGN OTIC NEPIOXEC TWV OUVOECEwY. Or idlol ouyypageic [2-22]
aveé\uoav Tn CUHNEPIPOPA OUVOETWY UNOOTUAWUATWY PE 4 NEAPATA MOU XPNOIKOMNOIoUVTal EUPEWG OF
yepavouc. O1 Ramm kai Uhlmann [2-23] ouvowioav Ta anoTeAéOpATa TwV MNpoavapepBeionV
dnuooieloswy Kal NPOTeIvav anAéG avaAuTIKEG S1adikaaieg yia Tov EAeyX0 GUVBETwWY YEA@V OTnV Npagn
rnou £xouv evowpaTwOei aTic odnyiec Tou Eupwkwdika 3 (EC3) [2-24].

O1 Lee kal Bruneau aoxoAnenkav neipapatika [2-37] kai avaAuTika [2-38] Ye Tn OSIOUIKN anokpion
oUVBETWV pEA®V pE paBdouc dikTUwaong. MpayuaTtonoinoav 12 JoKIYEG WEUDO-OTATIKAC POPTIONG Kal
Ta anoteAéopaTta xpnolgonomenkav yia Tnv €faywyr] OUPNEPACUAT®WY Mou agopolcav Tnv
NAQOTIHOTNTA, anoppdPNON EVEPYEIAS, avToxn Kal NTMON avroxng HETA TO AUYIOWO yia O1apopouc
AOyouc KaBoAIKNC kal TOMIKAG AuynpdTnTag Twv unooTuAwpatwy. O Hashemi kai Jafari [2-40] ékavav
gia oUvToun ava@opd yia Tn CGUMMEPIPOPA KAl TOUC TPOMOUC acToXiag Mmou napartnpnénkav oe
UnooTUA®UATA HE Aenideg oUVOeEONG PETA To Oeiopd Tou Bam To 2003, KATAARyovTtac nwg ol
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avenapkeic odnyiec oxediaoyol TETOIWV PEAWV 00ryNoav O eKTETAPEVEG aaToxiec. O1 KUPIEC HOPPEG
aoToxiac nou KkaTtaypdgnkav nepIAaPPavouv KaBoAIKO AUYIOHO, TomiKO AUYIOWO, OTPENTOKAWMTIKO
AUyIopo, acToxia Twv Aenidwv OUVOEONG, aoTOXid TWV OUYKOANOEWV Twv Asnidwv oUVOEONG Kal
nAaoTikr]  OIQTUNTIK NApauopPwon Twv Aenidwv olvdeong. O idlol  ouyypageic [2-44]
npayuparonoinoav neipduata avakukAIOPEVNG QoOpTIoNC O oUVBeTa WEAN peE Aenidec oUvdeonc,
KATaAryovTag nwe n Xpron Toug o€ NEPIOXEC UWNARG OEIOUIKOTNTAC Ba npEnsl va anogelyeTal eEaiTiag
TNG MIKPAG TOUG NAACTINOTNTAG,.

O1 Bonab kai Hashemi [2-49] npayuaTonoinoav apiBunTikEG avaAloeIC o oUVOETa SIKTUWTA HEAN HE
oTaTIkO oUoTNUa NPoBOAwV Und ykdpala Kal afovikry avakukAIZOPEVN (POPTION. STA CUMNEPACHATA
TOUC avaQépouv nw¢ 000 MPeyaAUTEpo €ival To afovikd @opTio TOOO MIKPOTEPN N dIaBETIN
NAQOTINOTNTA KAl NWC Ol EOWTEPIKEC PONEC TWV NEAPATWV nailouv onuavTikdo poro. O Bonab et al.
[2-50] npayuaTonoinoav MNEIpApaTa yia Tov NpoadIiopioPd Tou €AACTIKOU KPIGIHOU (POpTiou AuyiGUoU
Kal TOU (pPOPTIOU aaToxiag KeEvTPIKWG BAIBOHUEVWY JIKTUWTWY HEAWV Kal NPOTEIVAV £va TPOMOMOINHEVO
didypappa Southwell yia Tnv evowudTwon diaTuNTIKWV nNapapoppwoswy. KatéAngav oTo oupnépaocua
nwe n péBodog Engesser yia Tov unoAoyIoUO Tou Kpicidou (popTiou AUYIGHOU BPIOKETAl O NOAU KaAr
OUPQWVIa PE Ta NEIPAUATIKA anoTeAéopaTa. EninpooBeTa, avepepav Nwc yia ToV NPoadIopiouo Tou
(popTiOU aoToXiag, n HWEBodog Ayrton-Perry odnyei O ouvTnpnTIKG aNOTEAEOUATA, EVW AVTIBETA
XPAoN KaunUA@V NARPOUC avTOXNC OE UNEPEKTINGN TNG AVTOXNG.

A.2.2. Epeuva otnv aAAnAenidpacn kaBoAIKNAG KAl TONIKNG anokpiong

Ta oUvBeTa unooTuA®EATa anoTehoUvTal anod noA\d aToixeia nou guvepyalovral kai GuvioToUv Wia
£VIAia KATAOKEUN. SUVENWC N TOMIKI CUUNEPIPOPA TWV GToIXEiwv dUvaTal va ennpeacel TNV KaBoAIKn
OUMNEPIPOPA TNG KATAOKEUNG. AnUooIeUOEIC OXETIKEG UE TO OUYKEKPIYEVO B€ua napouaialovTtal ot
QuTH TNV UNOEVOTNTA.

Ta oxnuata Twv IDI0MopPWV KaBoAIKoU Kkal TomikoU AuyiopoU yia TUMIKO auQIEPEIOTO OIKTUWTO
oUvBeTo unooTUAwWPa @aivovtal gTo ZXNua 1. H 1diogoppry kaBoAikoU AuyiopoU OUVOEETAlI PE TO
popTio kaBoAikoU AuyiopoU (Zxnua 1(a)), oTo onoio oAdkAnpo To uMooTUAWMA anokAivel and Tnv
TENEIO Kal €UBUYpaAPMn YEWMETPIQ TOUu. STNV NEPINTWON Mou n dIKTUWOoN €ival 1oxupr, To QopTio
kaBoAikoU Auylopou sival To gopTio Euler nou diveral ano:

_ ’ElLg

p.=_ _eff
E (KL)Z (1)

onou Els €ival n kaunTikr duokapwia Tou cUVOETOU UnooTUAWMATOC Bewpolpevou wg eviaiou, K o
OUVTEAEGTNG 1000UVAUoU Pkoug Auyiopou (K=1 yia ay@iépeioTa unooTUA®UATa) Kai L ival To Pikog
TOU UMOOTUAWWMATOC. 2€ MEPINTWON ONUAvTIKOV JIaTUNTIKOV NAPAHopPwocwy 8a npeEnel To QopTio
kaBoAikoU AuyiopoU va TpononoinBei kaTaAnAa.

H 13logop®r) TomikoU AuylopoU OXeTIETal PE TOV aVEEAPTNTO AUYIOMO TWV (PATVOMATWV WC
QUPIEPEIOTWV PEAWV PETAEU TWV OUVOECEWV TNG DIKTUWONG Ye Ta néAyata (Exnua 1(B)). To gopTio
TonikoU AuyiopoU npokUNTEl anod TO GBPOIoHa TWV (OPTIWV AUYIOHOU TWV (PATVWUATWV KAaBe
NEALATOC:

2n’El
P — Ch,Z 2
= 2
onou El,, €ival n evrog eninédou kapnTikr duokapwia Tou kABe NEAMATOG Kal a €ival TO PAKOG Tou
KGO patvopaTog (andoTaon YeTAEU dIadoXIKWV TUVOETEWV).
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To @opTio TOMIKOU AUylOpOU pnopsi va eival eAapp®G PeYaAUTEPO O OUVOETA HEAN PE Aenideg
oUvdeong €EaiTiac TNG oTPOPIKAC SUOKAPWIAG MOU NPOCMEPOUV AUTEC OTA AKPA TWV (PATVWHATWV.
And TNV avwTEPW NePIypaPr) kabioTaTtal oaPec Nwe 0 TonikOC AUYIOWOG O CUVBETA UNOCTUAWUATA
Ogv avapEPETAl OTOV TOMIKO AUYIOHO NAGKOEIOWV OTOIXEIWV EAATWV 1} GUYKOANT®V SIATOUWV.

(a) )

>xnua 1: (a) IdiopopPpr kabohikoU AuyIoHoU au@IEPEIOTOU DIKTUWTOU WENOUG Kal (B) 1d1opop@r| TonikoU AuyiopoU
To @opTio NApouc SIappon ival n TpIiTN HOPPr) acToxiac Tou TEAEIOU oUVOETOU PENOUC:

PY=2Achfy (3)

onou Aq €ival To ggPadov Tng diaTopng Tou kaBe néApatog kai f, To Opio diappong Tou uAikou. H
KPIOIUN METAEU TWV TPIOV AVWTEPW HOPP®WV aoToxiac, ayvowvTag Tnv aAnAenidpacn YeTa&l Toug Kal
TAQ W YPAUMIKG QAIVOHEVA, avTIOTOIXEl OTnv €AAXIoTn TIUN QopTiou, onwg unoloyileTar and Tig

EE. (1)-(3).

And BeswpnTikr onTikA ywvia, o Van der Neut [2-51] ATav o NpWTOC MOU aGXOANBNKE WE €va
€€10avikeupEvo BAIBOEVO HENOG Mou anoTeAeiTo and OU0 AenToTOIXA MEAUATA Kal €va KOpHod nou
dlatnpouoe Tnv evoTnTa TNC Kataokeunc. O Koiter and Kuiken [2-52] avTipeTwnioav To idio npopAnua
Kal anedei€av OTI 0 axedlaopoc pe Baon Tn PeATioTonoinon nou oXeTileTal Pe €€i0wON ToU PopPTiwV
kaBoAikoU kal TonikoU AuylopoU odnyei og Jeyahn anwAeia avtoxng Aoyw alnAenidpaong 1310oppmv
und Tnv napouacia apxikwv ateAeiwv. O Thompson and Hunt [2-54] npaypaTtonoi@vTag pia avaiuon
ME TpOMonoINUEVN KAUMTIKN dUOKAPWIa yia TNV EVOWUATWON apXIKWV TOMIKOV ATEAEIQV OTO KPIGIHO
@opTio kaboAikoU AuyiopoU odnynénkav ota idia cupnepdopara. O1 Svensson and Kragerup [2-58]
eniBeBaiwoav Ta nponyoUUEVA CUPNEPACHUATA KAl TA ENEKTEIVAV YE XPrON EAACTIKWY aVAAUCEWY PEXPI
TNV nNpwTn diappor UAIkoU. KaTéAn&av oTo cuunépaocpa nwe n HeyaAUTepn anwAeia avroxnc AauBavel
XWwpa 0Tav Ta (popTia kaBoAikoU Auyiopou, TomikoU AuyiopoU kal nArfpouc diappong TauTifovTal. AuTh
N Heiwon yiveral 11aiTEpa oNUAvTIK und TNV napoucia apxXIKwV ATEAEI®V (PTAVOVTAG HEYEBN TNG
TGENG Tou 50%.

Mia ypa@IKr) aneikovion TNG €ualodnoiag o apxIKEC ATEAEIEC EAAOTIKWV OUVOETWY UMOCTUAWUATWV
qaiveTal aTo ZxXnua 2. ZTov opilovTio agova @aiveral o AOyog HETAEU Twv PopTiwv kaBoAikoU Kai
TonikoU AuylopoU, eV OTOV KATakopugpo agova (aivetal o AOYoG WETAEU Tou opTiou aoToxiag Kal
TOU @opTiou ToMIKOU AuylopoU. AneikovileTal n anokpion TOOO TOU TEAEIOU OCO Kal Tou ateAoug
(PopEa, KaBIoTWVTAC oapEC OTI 0Tav Ta dUo Kpioipya gopTia Auyiopou TauTidovtal (P/P.=1), N Heiwaon
Tou QopTiou P £Eaitiac TnNG napouaiag apxikwv aTeAsI®V €ival NOAU peyaAUTePN Of OXEON WE EKeivn

AidakTopikn AlaTpIBry KwvoTavTivou E. Kaloxalpétn E.M.M. 2014
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nou avTioToIXel o€ aA\ouc Adyouc P/P,.. MNa Adyouc P../P. peyaAlTepouc anod Tn govada n peiwon ivai
Jeoaiac Ta&ng, eve N MIKPOTEPN Weiwon eugaviceTal yia AOyoug HIKpOTEPOUC TNG Jovadac.

P/P

Téleiog popéac

/ATE)\r'](; (popEag

2xnua 2: Aidypappa euaiodnoiag o€ apyIKEG aTEAEIEG yIa GUVOETO PEAOG

A.2.3. 'Epguvda oTnV £NippoN TV SIaTHNTIKOV NAPAHOPPRTEWV

Ta péAn oupnayoug dIaTOWNG UNOKEIVTAl OE KAUNTIKEG, OIATUNTIKEG Kal AEOVIKEC NAPANOPPWOEIC AANG
N enippor] Twv dU0 TeAEUTAIWV OTNV ANOKPICN KAl avToxn €mTPENel TNV ayvonaon Toug (uéAn Euler-
Bernoulli). Z& unooTuA@PATa HIKPOU WAKOUG, MEYAANG KAWMTIKAG N MIKPAG dIaTUNTIKAG duokapwiac, n
ouvduaouoU TwWV MPONYOUHEVWV TPIOV MEPINTWOEWY, N ENIPPON TWV dIATUNTIKWV NAPAUOPPOOEWV
Mropei va eival onuavTikn, kai 8a npénel va AngOei unown, KaBwG Ol KAWNTIKEG NAPANOPPUTEIC
yivovTal OUYKpIOIJOU peyEBOUC HE TIGC OIQTUNTIKEC. Ta MEAN Mou UNOKEIVTAl O  JIATUNTIKEG
napapopPpwaoeic ovopalovral YeAn Timoshenko kal o€ oxéon pe Ta avriotoixa péAn Euler-Bernoulli
EXOUV HIKPOTEPA (POPTIA AUYIOHOU Kal UMNOKEIVTAI OE ONUavTIKOTEPA paivopeva 2" Tagng.

O unohoyiopog TNG KaunTIKAC duokaupwiac BacileTal oto PETpo ehaoTikdTNTAc E kai otn ponn
adpaveiag I Tng diaTopng nepi Tov e€eTalopevo GEova kapwnc. H diatunTikn duokaywia opileTal wg To
YIVOUEVO TOU OUVTEAEOTN oxruatog k, Tou gyBadol Tnc dIaToUNG Kal Tou péTpou duoTunoiag G. O
Cowper [2-61], [2-62] napeixe avaAuTikoUc unoAoyiopoUc yia TO GUVTEAEDTN OXNUATOC avaloya e Ta
YEWHETPIKG XaPaKTNPIOTIKG TNG dIATOMNG Kal TIG 1ID10TNTEC Tou UAIKoU. O1 Scheer kal Plumeyer [2-63]
oupnépavav nNwg o adiaoTaTonoinuévog Aoyog 1/u ival evOeIKTIKOC TNG €MIPPONG TWV dIATUNTIKWV
NapapdopPOEWV:

1 _KAGL?

Me Baon napayeTpIkn avaiuon, €d€1Eav Nwe ol JIaTPNTIKEG NApadopPWaEIC Ba npEnsl va AauBavovral
unown yia TIYEG Tou AOYou 1/J HIKpOTEPEC Tou 115 yia 1000TaTIKoUC Popeic kal 385 yia uneEpaTaTIKOUC
Qopeic. TiveTal ouvenwg karavonTd NwG Ol UNEPCTATIKOI (POPEIC avapéveTal va UMOKEIVTAlI OE Mo
ONUAVTIKEG SIATUNTIKEC NAPAUOPPWOEIC.

Ta oUVBETa UNOOTUAWUATA UMOKEIVTAlI OUVABWC OE ONUAVTIKEG OIATUNTIKEC NAPAPOPPWOEIC. Mo
OUYKeKpIMEVa, Ta oUvBeTa unooTulwpata pe papdouc SIKTUWONG XapakTnpilovral and HEIWUEVN
dlaTuNTIKA OuoKapwia, ev® O HeyaAog poxAoBpaxiovac peTafl Twv NEAMATWY 0OdNnyei O PeYAAn
KaunTikn duokapwia. Ma autoé To AOyo, nNapd To PeyAAo WPNKOC Mou ouvnBwc €xouv, avanTtlooouv
ONUAVTIKEG DIATUNTIKEG NAPAUOPPWOEIC. MNapouoiwg, Ta oUVOETA UNOOTUAWUATA HE AenidEC oUvDEaNC
£XOUV MOAU Hikpn diaTunTIKr SuoKAUWia Kal napd TO YEYOVOG MWC €XOUV PEYAAO WNAKOC Kal HIKPN
KaunTiKr duokapyia, UnoKevTal eNiong o€ ONUAVTIKEG DIATHNTIKEG NAPAUOPPWOEIC. ZUVENWC, Kal Ta
OUOo €idn oUVBETWV peAwV XapakTnpidovral ano PikpoUs AOyoug 1/4. H PETABOAN TOU CUVTEAEOTN Y OF

Mn YPAUMIKN CUUNEPIPOPA Kal aXeOIAoPOG GUVOETWY UNOCTUAWKATWY and xaAuBa und agovikn kai
£YKApPOIa POPTION
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ouvapTnNon PE TO UAKOG TOU PJEAOUC (PaiveTal oTo ZXNKa 3 yia TECOEPIC TUNIKEC dlaTouEC dinAou-Tau. O
OUVTEAEOTNC | YivETal PEYAAOG (KAl OUVEN®C 0 AOYOC 1/| MIKPOG) yIa HIKPA WAKN UNOCTUAWUATWV Kal
yla JIaTOMEG PE OXETIKG PeyaAn KaupnTikn duokapwia. Y& oUvOETa PEAN, O OUVTEAEOTNG M OUVRBWC
Kupaivetar and 0.001 £w¢ 0.1 Tovifovrag Tn onuacia Twv dIATUNTIKOV NAPAUOPPOOEWY OE TETOIA

MEAN.

e IPEBO === IPEGOO HEB100 ===HEB1000

%

Zuvtedeomig p
=] =]
g B

o

8

=:
L

=

Mrjxog (m)

>xnHa 3: Enippor] Tou JRKOUG TOU UNOOTUAWHATOC OTO CUVTEAEDTN | YIA TECOEPIG TUNIKEG DIATOEG I

A.2.3.1. MéBodoc Engesser

SUuewva Pe Tn pEBodo Engesser [2-3], [2-4] yia TNV evowPAT®won dIATUNTIK®V NAPAHOPPWOLWV
oTNV avaAuon au@IEPEIOTOU PEAOUG e kaupnTikn duokauwia EI kar diatunTikny duokapwia S, nou
unokerralr oe BAINTIKA afovikry 0Uvaun P, n ouvoAikny oTpogr) w' cuvioTartal ano Trn oTpopn Y Adyw
Kauwng Yovo kai Tn diaTunTIKA Napapoppwon v:

wW'=g+y (5)
H kaunTIKA ponr KaTd YAKogG Tou JEAOUG €ival GUVEN®MG ion HE:

M(x)=-Ely'(x) (6)
H Téuvouoa dUvapn nou gival KABETN oToV NApAPoPPWHEVO GEova eival ion Je:

Q=-Ely"=Pw' (7)
H diaTunTikA napayop®wan v ivai ion pe:

Pw'

=g (8)

v
H diapopikn €&iowan nou di€nsl To NpORANUa civat:
P) P
w'| 1o [+ =0 (9)
SV

Kal n AUon TNG avwTEPW opoyevouc dIapopIKnc eEiowang eivar:

AidakTopikn AlaTpIBry KwvoTavTivou E. Kaloxalpétn E.M.M. 2014
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w (x) =A,sin(ax)+A,cos (ax) (10)

. . , . . P P
AMoU 01 CUVTEAEOTEC A Kai A, anoTeAoUV aTaBepEC oAokARpwonG, a’= EB Kal B= (1- Sj .
\%

Me napopolo TPOno €EAyeTal n opoyeviC dIaopIkn £Eiowon ouvapTroEl TNG OTPOPNC AOYW KAUWNC
Hovo:

P
Ely"| 1-— |+Py=0 (11)
SV

To eAaoTikd KpioIuo popTio AuyiopoU yia ap@iépeioTo péhog Timoshenko cUpgwva pe Tn pEBodO
Engesser €ival ioo pe:

(12)

onou Pg eival To qopTio AuyiopoU Euler Tou ap@iépeioTou PEMouC. EmnpooBera, yia noAU kovta
UNooTUAWKATA nou XapakTtnpidovral and noAU peydho goptio Auyiopou Euler, To kpigipyo @opTio
Auyiopou eival ico pe Tn diaTunTikr duokapwia.

A.2.3.2. MégBodog Haringx

SUhewva Pe Tn HEBodO Haringx [2-65], [2-66] nou XpnOIKOMOIEITAl YIa TNV EVOWUATWON SIaTUNTIKOV
NapapopPWOswWV, OTNV avaAuon au@IEPEIOTOU WENOUC We KaunTikr duokauwia EI kal diaTunTikn
duokapyia S, nou unokerrar o BAINTIKA a&oviky duvaun P, n ouvoAikr) oTpo®r W’ ouvioTaTal ano Tn
oTPOPN W AOYW KAUYNG HOVO Kal Tn dIaTUNTIKN napaydpewaon v:

wW'=y+y (13)
H diapopa and Tn WéBodo Engesser eival &Ti n TéPvouaa dUvapn NPokUNTel We Baon Tn aTpodn Adyw
Kauyng HOvo wG:

Q(x)=Py (14)

Kata avTioToixia pe Tn pEBodo Engesser, n pEBodog Haringx odnyei aTo akoAouBo popTio Auyiopou:

4P,
-1+ 1+—
S
P = v (15)

ornou Pg sival To gopTio AuyiopoU Euler Tou ap@iépsioTou PEAOUG. EMMAEOV, N Xprion Tou (popPTiou
AuyiopoU pe Tn PéBodo Haringx odnyei o€ peyaAUTepn TIMN OE OXEON HE €KeEiv Nou NpokUNTel WE TN
MEBOOO Engesser. ZUpgwva pe TNV €peuva Tng napouaag d1dakTopIknG diaTpIng n PéBodog Engesser
gival  KaTaAMnAOTEPN yia TNV MPOCOMOIWON OUVBETWV UMNOCTUAWMATWV HE 100dUvVaua HEAN
Timoshenko. Autd To cupnépaopa eniBeBaiwveTal kal and Touc Bazant kal Cedolin [2-73], [2-74] kai
Gjelsvik [2-67]. EmnpdoBeTa, yia noAU KovTa UnooTUAWKATA nou Xapakrnpilovral and noAU peyaio

Mn YPAUMIKN CUUNEPIPOPA Kal aXeOIAoPOG GUVOETWY UNOCTUAWKATWY and xaAuBa und agovikn kai
£YKApPOIa POPTION
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popTio Auyiopou Euler, To kpioipo @opTio AuyiopoU aneipideTal, odnywvTag OTO CUUNEPACHA MNWG
NPAKTIKA TO WEAOG O Auyilel.

A.2.4. KavovioTikég diartageig EC3

>Tov EC3 [2-24] napéxovral odnyieg yia Tnv avaAuon kai oxedlaopd auQIEPEIOTWY CUVOETWV
UNOOTUAWMATWY UNO agovikr) BAiwn kal JIkpa ykdpaolia gpopTia nou npokahouv nNapapopPpwon Hovig
KaunuAoTnTac. Ta oUvBsTa PEAN NPOTEIVETAI Va NPOdopolnvovTal we HEAN Timoshenko pe 1co0dUvaun
KAuNTIKA kal diaTunTikn duokapwia, evw n KaBoAIKn aTéAEld ouvioTaTal va £xel To oxnua Tng 1™
1010Mop®NG AuylopoU kai va AapBaveral ion pe e,=L/500 oTo Wéoo Tou Uwoug (L=Uwog Tou oUvBeTOU
MEAOUC). Ma oUvBeTo PENOC pe dUo Opola néAuaTta, n aovikn dUvaun oTo KAbs néAUa ivail ion pe:

o’ ‘ch

Mg h A
4 Ed

N ga=0-5Ngg (16)

eff
onou Ngg €ival n afovikry BAINTIKA dUvaun nou ackeital oto oUVBeTO pEAOG, h, 0 poxAoppaxiovag

METAEU Twv K.B. TwV NeApdTwyv, Aq To £uBadd Tou kaBe NEAUATOC, Ie N 1000Uvaun ponr adpaveiag
Kal Mgq N MEYIOTN KAUATIKA ponr oTo PEdo Tou UWouc, n onoia gival ion pe:

I
Neg€, +Meg

1-Nea Ne (17)
NS

cr v

Ed—

onou Méd gival n ponn 1" TAG&NG oTo PECO Tou UWOUC AOYW EyKAPGIWV QOpPTiwv, S, N OIaTUNTIKNA

duokapwia Tou PEMoUG, Kal Ni TO EAAOTIKO Kpioldo (popTio AUyIopoU Tou pEAOUC av ayvonBouv ol
dIaTUNTIKEC NApaPopPPWOEIC, ONWC NPOKUNTEl and Tnv akdAoubn oxéon:

2
NEl 4
Ncr= LZe (18)
H péyiotn Téuvouoa duvaun diveTal ano:
M
Vo =n-td (19)

L

3TIG npodiaypa®ec Tou EC3  avagéperar nw¢ anaiteital  kataAAnAn - Tpononoinon  Twv
npoava@epOeIomV 0dNYIMV YIa AAEC NEPINTWOEIG CUVOPIAKWY CUVONKQV.

A.2.4.1. ZU0vBeTa unooTulwpaTta Pe papdouc SIKTUWONG

H ponr adpaveiag pia oUvBeTNG SIaToPNRC anoTeAEiTal ano TIC ponég adpaveiac Twv NEANATWY Kal TovV
opo Steiner:

A_h2
4@(;5 +21, (20)

Ieff=
onou Iy €ival n evrog emnédou ponr adpaveia¢ Tou KABe néAuaToc. H diatunTikr duokapwia
napexetal anod TIC papdouc BIKTUWONG Kai €€aptatal and Tn diata&n Touc. >Tov EC3 nepiéxovral
kAgioToi TUMOI yia ToV UNoAoyIoUO TNG yia diagopouc TUNoug dIKTUWONG. O oxedlaouog Tou cUVBETOU
UNooTUAWMATOG BacileTal oTov £AeyXo Tou MAEOV DUCHEVECTEPOU (PATVMPATOG, OUYKPIVOVTAC TnV
a&ovikr) dUvapn oxediaopol WE TNV TOMIKN avToXf KAUNTIKOU AUYIOHOU Nprg ME BACN TIG KAMNUAEG
AuyIopOU:

AidakTopikn AlaTpIBry KwvoTavTivou E. Kaloxalpétn E.M.M. 2014
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Nened < Npra (21)

O ouvTeAeoTNC 1I000UVapouU WRkoug AuyiopoU pnopei va Angoei icog pe Tn povada. Eninpdobera, Ba
npénel va npayuaronoinBei €éAeyxog TnNG agovikng dUvaung Nou karanovei Tnv NAgov Ouapevr) papdo
OIKTUWONG 0T AKPA TOU AUQIEPEICTOU MEAOUC CUMPWVA PE TN YEYIOTN TEUvouaa duvapun Q.

A.2.4.2. >U0vBeTa UNOOTUAMUATA PE AENIOEG OUVOEDNC

H avaluon kal o oxedlaopdc Twv OUVOETWV UNOCTUAWUATWY PE Aenideg oUvOeonc PpiokovTal ot
nARPnN avTioToIXia YE TNV NEPINTWON NOU TO CUVOETIKO PECO TwV NEAUATWV gival ol papdol dIkTUwonC.
AvaAuTIKR NEpIypagr) Toug NapouaialeTal oTo NANPEC Keievo TNE SIDAKTOPIKNG dIaTpIBAC.

A.3. TMEIPAMATIKH AIEPEYNHZH

A.3.1. Mepiypagpn NEIPAPATOV

MpayuaTonoinénkav NeipapaTikEG SOKIYEC Ot dEka apiEpeioTa dokipia (Mévte Zeuyn OHoIWY JOKIMIKV
yla AOYoUuG enavaAnipoTnNTac) HE PeaMOTIKEG KABOAIKEC Kal TOMIKEC AUYNPOTNTEG, UMOKEIPEVA OF
afovikd BAINTIKO (OpPTIO KAl aKPAie OUYKEVTPWHEVEG POMEC AOYW EKKEVTPOTNTAC TOU AOKOUWEVOU
afovikoU @opTiou. H Opada 1 anotéheoe Tn Baon oUYKPIONG TWV MNEIPAMATIKOV OOKIHWV, £XOVTAG
dlaTopéc neApatwv UNP60, pnkog gaTtvopaTtoc 40cm Kal akpaieg ekkevTpoTnTeC 10cm npokKaAoUoEeC
napagoppwaon HovAC KaunuAoTnTac. Kabe pia €k Twv unoAoinwv opadwv OIEPEPE WG NPoG Mia
NapaueTpo, WATE N ENIPPON AUTHC va unopei va aglohoyndei. Ta dokipia TG OPadag 2 €xouv To HICO
MNAKOG @atvopaTog, evw n Ouada 3 €xel diatoun neAatwv IPESD. Xta Ookipia Tng 4™ Opadag
aokoUVTal aKpaieC ponEC MPOKAAOUCEC napapopPwan OJINAAC KAUMUAOTNTAG, €V OfE €KeEiva NG
Opadag 5 n ekkevTpOTNTA €ival PIorn O OxEon Me ekeivn Tng Opadac 1. To didypaupa TACEWv-
NapagopPpwoswV Tou YAaAuBa €ENxBn ano OOKIPEC HovoagovikoU e(eAKUCUOU Ot KATAAAnAa
dlapoppwpéva dokipia. Ta OUYKEKPIYEVA NeipapaTa diapEpouv and Ta avTioToixa BiBAloypagpiac oTo
OTI XpNOIJOMNOoIoUVTal HEYAAUTEPEC EKKEVTPOTNTEC TWV POPTIWV 0Ta akpa. OI YETPROEIC nepieAayfavav
KABOAIKEG HETPNOEIG METAKIVIOEWY KAl TOMIKEG METPNOEIC NAPANOPPWOEWY, OIEUKOAUVOVTAG KAT' auTov
Tov TpOMNO TNV KATAvonaon TnNG GUHNEPIPOPAC Twv doKipiwy. 'Eva Tunikd dokipio PeTd Tnv TonobETnon
TOoU OTO MAQicIO JOKINWV QaiveTal oTo ZXNua 4. Alakpivovtal €niong ol apdpwTEC aTNPIEEIC 0TO Avw
Kal KaTw Akpo Tou Jokipiou, To £UPoAo Goknong Tou eEwTepikoU popTiou Kal ol opilOvTIEC OOKOI NMou
anayopelouv TNV EKTOC ENINEDOU PETAKIVNON TOU DOKIUIOU.

ApBpwTn

'‘EpBoAo :
W otnpPIENn

MéApaTa dokiyiou |
| [Aqicio SoKIuwY

OpIZOVTIEC BOKOI

Papdoi dIkTUWONG

ApBpwTn Baon

>xnHa 4: Tunikd dokipIo JETA TNV TONOBETNON TOU 0TO NAQICIO JOKIMMY

Mn YPAUMIKN CUUNEPIPOPA Kal aXeOIAoPOG GUVOETWY UNOCTUAWKATWY and xaAuBa und agovikn kai
£YKApPOIa POPTION



A-10 EkTevng MepiAnyn

A.3.2. MNepiypa®n anoTeEAECUATOV

Ta anoTteAéopata napoucialovTdl JE XapakTNPIOTIKEC GpWTOYPAPIES yia diagopa enineda PpopTionc, KE
OpOUoUG 10opponiac kal Pe dlaypdupaTta  (popTiou-napauoppwons O XApakTnPIoTIKG onueia.
MapaTtnpeital NoAU 1kavonoinTIKr) CUP@WVIA avapeoa oTa anoTeAéopaTa PeTa&l dokipinv Tng idiag
opadag 1000 o KaBoAIKO 000 kal O TOMIKO €ningdo, KATI TO onoio avadelkvuel TO YEYOVOG NWwE Td
NEIPANATIKA anoTeAéopaTa ynopolv va BewpnBolv w¢ afionioTa. 1o Ixnua 5 gaivovral evOEIKTIKA Ol
neIpapaTikoi dpopol Iocopponiag Twv Sokiiwv TG Opadac 3 napatnpwvTag TNV NoAU KaAr] cUPpwvia
METAEU Touc. H oupnepipopd OAwv TwV JoKIYiwv €ival oTnv apxr €AAOTIKN, ev® yia peyaAUTeEpa
qopTia napatnpeital oradiakn peiwon Tng duokapwiac. AuTr n peiwon anodideTal oTtnv Unapén
Nnapapevouowv TAoEWV BEPUIKNG KATEPYATIAG nou odnyei o Npowpn NAACTIKOMNOINON TwV NEAPATWY.
To (opTioO NoU avTIoToIXel 0 PNdeVIKN duokapwia BewpeiTal WG To POPTIO ACTOXIAC, evw WETA TNV
£MITEVEN TOU akoAoUBEl NTWTIKOG PETAAUYIOWIKOG KAGDOC. € OAa Ta doKidid, TOMIKI €AQCTONAAOTIKN
aoToxia Tou KpioIJou (paTvwuaTog odrnynos oe KaBOAIKN aoToXid. Y€ ApKETEC NEPINTWOEIG, DOKIYIA TNG
idlag opdadac acToxnoav o€ SIAPOPETIKA PATVOPATA, ToviovTac TNV €MIPPON TwV dpXIK®V TOMIKM®V
atedeiwv. EmnAgov, n UNapén TOMIKOV E0WTEPIKMY PONWV KATA WNKOC TWV NEAPATWV €MIBERAIOVETAI
ano TNV NpoG TO €0WTEPIKO TWV OUVOETWV WEAWV HETAKIVNON TWV KPICIHWV (PATVOPATWV O KABE
opada, aveEapTnTa ano To av n SIaTopr) Twv NEAUATWV gival Jovig fy JINANG CUMMETPIAG,.

350
300 -

250 4

CopTio (KN)
= = o
o o -
(= o b=t

(92}
o)

L)
1

0 2 4 & 8 10 12
OpifovmiapeTakivnon (mm)
Aokiuo-3(1) Aokiuo-3(2)

>xnua 5: NeipayarTikoi dpodpol Ioopponiac dokipinv Opadag 3

JUyKpIvovTag TIG oPadeg METAEL Toug agloAoyeiTal n nippor) Twv PETABANONEVWV NApapéTpwy. And
TN oUykpion Twv Opadwv 1 kai 2 dianioTVETal Nwe Napd TV NUKVWOn Twv papdwv SIKTUwoNC dev
undapyxel onuavTikn al&non Tng avroxng kal Tng duokapwiac. EninpdoBeTa, Oev evronideTal onUavTik
EMIPPON TWV NAPAPEVOUCKV TATEWV AOY®W CUYKOAMNCEWV Twv paBdwv SIKTUWONG oTa NEAYATa oTnv
nepinTwon Tng Opadag 2. Suykpivovrtag Tnv Ouada 1 pe Tnv 3, dIAMICTWOVETAlI NWG Ta NEAPATA
ennpealouv TOOO Tn duokapwia 600 kal TNV avToxn kai 8a npénel va anoteAolv To BAcikO KPITHPIO
oxedlaopoU. Suykpivovtac Tnv Oupada 1 pe tTnv 4, dIamIOTOVETAl NWG N Napapopewan dINANG
KaunuAoTnTag odnyei oe al&non Tou @opTioU aOTOXiaC Of OXEON ME €KEiVO MOU MPOKUMTEl yid
napauop@won HovnG KapnuAoTnTac. TEAOC, N HIKPOTEPN eKKevTpoTnTa oTnv Opdada 5 odnyei ot
pEYaAUTEpPN oplakn avtoxr aAAG Kal GNUavTIKOTEPN ENIPPON TNG MN YPAMMIKOTNTAC YEWUETPIAC ot
ox€on pe Tov Opdda 1.

AidakTopikn AlaTpIBry KwvoTavTivou E. Kaloxalpétn E.M.M. 2014
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A.4. APIOMHTIKH NMPOZOMOIQzH NEIPAMATQN

A.4.1. MNepiypa®n apiOUNTIKOV NPOCOHOIMHATWV Kal avaAUoEwV

H npoodoc nou CUVTEAEOTNKE Ta TEAEUTAia Xpovia OTNV EMICTHAUN TWV UMOAOYICTWV KaBIOTA MA£oV
duvaty TNV npayugatonoinon noAUMAokwv apiBunTikwy avaAloswv Je Bacn npoypduuparta
NeNepacpévwy oTolxsiwv. Me Baon Ta neipapata, fabuovoundnkav apiBUnTIKG NPOCOMOIVUATA WOTE
va eival duvatn n Xpnon Twv TEAEUTAIWV OTn CUVEXEIQ TNG €PUvAC TNG napouoag OIDAKTOPIKNG
dlaTpIBiG. Ma autod To okond XpnoIKOMoIEiTal TO NPOYPAUKa NeEnEpacueEvwV aToixeinv ADINA [4-3].
Tooo Ta néAyaTa 000 Kal ol pdaBdol JIKTUWONG NPOCOUOIWVOVTAl HE XPAON ENIPAVEIAKDV
NENEPACUEVWY OTOIXEIWV, EVM O OTNPIEEIC €10ayovTal OTA APIBUNTIKA MPOCOUOIMHATA HE XPRon
AGKAUNTWV CUVOEGUWV. STA AKPA TWV AKAUNTWV CUVOEOUWY aoKoUVTal €niong Ta eEwTepIKG (PopTia wg
OUYKEVTPWHEVEG DUVAWEIC Kal PonEC. H apiBunTIKR NPoCcopoiwan evoC €K TWV MEIPAPATIKWY JOKIMIV
paiveTal oTo XXNHa 6. H dEopeuon TnC €KTOG €MNEDOU PETAKIVNONG EMITUYXAVETAlI JE KATAAANAEC
OTNPIEEIC 0TO PECO TOU UWOUC TWV apIBUNTIKWY NPOTOUOIMHAT®Y.

H oTpatnyikn nou npotdbnke and Touc Gantes kal Fragkopoulos [4-4] yia Tnv apIBuNTIKA enaAndsuaon
TWV KATAOKEUWV O OpPIOKN KATAoTaon daoToXiac xpnoigonoinénke ortnv napouca diatpifry. H
Mpappikonoinuévn Avahuon AuyiopoU (LBA) apxIkaG XpnOIMOMOIEITAl yid TOV UMOAOYIOHO TNG avToxXng
TOU TEAEIOU (POpPEA kal TwWV 10I0HopP®WV AuylopoU. Ta TeAIKG anoTeAéopaTa €€ayovral Ye xprion Mn
Mpappiknig Avaluong MewpeTpiag kar YAkou Me Apxikeég ATélelec (GMNIA) pe Baon Tn pEBOdO Arc-
length [4-6], [4-9] woTe va NpoodIopIOTEl KAl 0 HETAAUYIOHIKOG KAGDOG.

(a) ® )

>xnua 6: (a) Turikd dokiyio kal To avTioToIXo apIBUNTIKO Npogopoiwiad, (B) apI®uUNTIKA NPogouoiwan TG avw
oTNPIENG Kai (Y) apIBUNTIKr NPOCOUOINAN TWV NEAUATWY, pABdwV SIKTUMONG Kal CUVSECEWV Ot evOIAPean B€on

O1 YEWHETPIKEG KABOAIKEC KAl TOMIKEG APXIKEG ATEAEIEC EVOWMUATWVOVTAl HE XPON TWV OXNHATWVY TNG
IDI0HOPPNG KaBoAikoU kal TonikoU AuyiopoU, avTioToiXd. TO HEYEBOC TWV YEWHETPIKWV ATEAEIWV
BaoileTal oTic npodiaypagég Tou EC3, kabBw¢ dev npaypatonoinénkav OXETIKEC WETPAOEIC OTa
nelipapaTika dokiyia. H enippor) Twv Napagevouowy TAoEwvV AOYw BEPUIKNG KATEPYATIAG EIOAYETAI HE
AenTopepry SIaKpITONoINan TNG JIATOMNG TwV NEAPATWV O HIKPA TUNAMATA (ZxNAMa 7) kai kaTaAAnAn
Tpononoinon Tou UAIKOU O£ auTd, woTe va epapuolovral opba n karavoprn kai To PEyeBog Twv
Napagevouowv Taoswv, Onwe npoteivovral atov ECCS [4-11].

Mn YPAUMIKN CUHUNEPIPOPA Kal aXeOIAoPOC GUVOETWY UNOCTUAWKATWY and xaAuPa und agovikn Kai
£YKApPOIa (POPTION
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Sxnua 7: ApIBUNTIK NPOCON0IWaCN NAPAPEVOUCWY TAoEwV ot diaTopr IPESO nou undkeital o BAiwN

A.4.2. MNepiypa®n AnoTEAECUATOV

Me Bdon Ta anoTeAéopaTa Twv apiBunTIKWV avaAloswv OIanioTeVeTAl Nwc n xprion GMNIA ot
NPOCOMOIWKATA HE EMIPAVEIAKA NENEPACUEVA OTOIXEIQ 0dNyei 0 NMOAU KAAr CUM@WVIa PE €KEiva TWV
NEIPAMATIKWY JIEPEUVIOEWY, TOOO O KABOAIKO OO0 Kal O TOMIKO €ninedo. TNV NePINTWON Mou ol
APXIKEC YEWHUETPIKEC ATEAEIEC KAl NAPAPEVOUCEC TACEIC ayvoouvTal, npoBAEnovTal JeyaAUTepa (popTia
aogToxiagc kal n npowpn nAacTikonoinon Ot uywnAa enineda @OpTIoNG dev npoodiopileTal Ot
IkavonoinTikd Babuo. O1 dpopol Igopponiag dnwe NPOKUNTOUV and Tnv Nelpapatikn digpelivnon Kai Ti¢
apIeunTIKEC avaAUoeIC PE KAl XWPIC EVOWHATWON apXIKOV aTEASIOV (YEWUETPIKDV aTEASIOV Kal
NapapevoucV TAOEWV BePUIKNG kaTepyaaiac) yia Ta dokipia Tng Opadac 3 gaivovTal 6To xnua 8.
MapaTtnpeital N NoAU KaAr] oUYKPION TWV NEIPAPATIKOV KAl TWV dpIBUNTIKWV ANOTEAEOUATwWY, Ot O,TI
apopd TOOO TN Ouokapwia OO Kal TO QOpPTi0O acToxiag, 1dlaiTEPA OTNV MEPINTWON MNou
EVOWUATOVOVTAl OTA apIiBUNTIKG MPOCOMOINUATA Ol apXIKEG ATEAEIEC. STO IXNUa 9 diakpiveTal n
NEIPAPATIKNA Kal apIBUNTIKN €IKOVA TOU KPIioIJOU (paTvPaToC dokidiou Tng Opadag 5, yia popTion nou
avTIoTOIXEl O€ onueio Tou PETAAUYIOMIKOU KAGdoU.

350 ~

300 - T orreri
'_. = — —-.
250 - g
— '._"-'/
£ 20 77
P 77
B 7
g 150
8 7
77
100 &
"4
50 r 4
4
o £ : : : . . .
0 2 4 6 8 10 12

Opildva peTakivnon{mm)

Sxnua 8: ZUyKpIon NeIpapaTikwV (CUVEXEIC YPaUHEG) Kal apiBunTIkwv SpoHwV Icopponiac yia Ta dokipia Tng
Opadac 3 yia TNV NePINT®Waon nou AapBavovTal unown apxIkEG aTeAeleC (apair] DIAKEKOUKEVN YPAUMN) Kal yia TV
NePINT®WON Nou ayvooUvTdal ol apXIKEG aTEAEIEC (NUKVH DIAKEKOMMEVN YPAMKN)

TéAOG, Ta apIBUNTIKG MPOCOUOIWUATA UE EMIPAVEIQKA Kal PE paBOwTAd Nenepacpéva GToIxEia
ouyKpivovTal YETAEU TOUC MPOKEIYEVOU va aglohoynBei n xpron Twv TeAeUTaiwv. AIGNICTOVETAI OTI N

AidakTopikn AlaTpIBry KwvoTavTivou E. Kaloxalpétn E.M.M. 2014
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OUMNEPIPOPA TwV OUVOETWY JoKIYiwV Unopei va npoBAepOei NoAU IKavonoinTIKa PE Xprion papdmTwv
NENEPACUEVWV OTOIXEIWV, HE MOAU MIKPOTEPO UMOAOYIOTIKO (POPTO OUYKPIVOUEVO WE €KEIVOV MOU
anaiTeiTal yia Xpnon enipaveiakwy NeENEPACHEVOV OTOIXEIWV.

(@) ()

SxnHa 9: ZUykpion NEIPANATIKAG KAl apIBUNTIKAG NApAOpPWHEVNG KATAOTAONG TOU KPIOIHOU QpATV®PATOG
dokidiou Tng Opadag 5

A.5. APIOMHTIKH KAI ANAAYTIKH AIEPEYNHZH ZYNOETQN YNOZTYAQMATQN

A.5.1. Nepiypa®n apiOunTIKOV avaAUCEmV Kal anoTeAEopara

MeTd Tnv apiBunTIK nNpooodoiwon Twv Meipaddtwv kar Tn oianiotwon OTI Ta  apiBunTika
NPOCOUOIWUATA HE NENEPACUEVA OTOIXEIA OOKOU PMOPOUV ENAPKWC VA NPOBAEWOUV T CUUNEPIPOPA
Twv OUVOETWV UNOOTUAWHATWV PE pABOoUC SIKTUWONG, dlEpeuvaTal apiBunTika n anokpion aTeA@V
oUVOETWV UNooTUAWMATWY Uno agovikr BAiwn. O miBavoi Tponol aoToxiag evog TEAEIOU OUVOETOU
UNooTUAWMATOG UNo afovikn BAiwn cuvowilovral otnv unoevotnTa A.2.2. OI apIBunTIKEC avaAUoEIg
nepAapBavouv 1000 KABOMKEC OCO Kal TOMIKEC ATEAEIEG, WE BAon Ta OXNUATA TWV ISIOHOPPUV
kaBoAikoU kal TomikoU AuyiopouU, avTioToixd. To UAIKO Oewpeital €ite €AaoTIKO €iTe OlYPAMMIKO
€AAOTONAACTIKO XWPIG KpATUVAN, avaloya W To €idog TNG avaAuonc Nou npayUaTonolsiTal.

ApXIKG NPaypaTomnolsiTal Wi EKTETAPEVN MAPAUETPIKA avaluon nou nepidapPavel 5 oUvOeTa
UNooTUA®MATA nou diapépouv o O,TI apopd To HoxhoBpaxiova PeTaEU Twv NeEAPATWv. Kat' auTtov
TOV TPOMO, TO KaBeva €€ auTwv avTioToIXsEl Ot OIAPOPETIKO AOYO €AAOTIKOU KpioIJou @opTiou
kaBoAikoU AuyiopoU npog To avTioToixo TonikoU AuyiopoU (X=P./P.), nou anoTeAei Bacikod KpITrpIo
eAéyxou TN aMnAenidpaong HPETAEU kaBoAikoU kai TonikoU Auyiopou. H npayupatonoinon Mn
FpappIKOV AvaAUoswv MewpeTpiag Ye ApXIKEG ATEAEIEC BewpwvTag AACTIKO UAIKO dlakpiveTal oTnv
nepinTwaon nou AapBavovtalr unown apxIKEG ATEAEIEC TOOO KABOAIKEC 00O Kkal TOMIKEG, Kal OTnv
nepiNTwaon nou BewpolvTal Yovo KaBoMKkEC aTEAeleC. MapaTnpeiTal NWEG ouyKpivovTac TNV NpwTn Kal
Tn OelTepn nNeEPINTWON, OTNV MPWTN UNAPXEl HEYAAUTEPN MeEiwon Tou QOPTioU avToxng Kai
MEYAAUTEPEG E€YKAPOIEC KABOAIKEC HETAKIVAOEIC AOYW TNG EMIPPONGC TWV TOMIKWV ATEASI®V Kal
NapagopPpwoEwV oTnV kKaBoAikr) anokpion. EmnAéov, yia Adyo x ico pe Tn govada (TalTion eAaCTIKWV
QopTiwv kaBoAIkoU Kal TomKoU AuyiopoU), n Meiwon TNG avroxng eivar MeEyioTn. AkoAoUBwg
npaydatonoioUvrtalr Mn Tpaupuikéc Avaluoelic TewpeTpiac kal YAIKOU pe ApXIKEG ATEAeliec, Ta
anoTeAéopaTa Twv onoiwv cuvowilovtal ato Zxnua 10. MNa Aoyo x=1, Ta qpopTia kaBoAikoU Auyiopou,
TonikoU AuyiopoU kal nAfnpoucg diapporc TauTilovTal kal odnyoUv oTn PEYIOTN anwAEId avToxng AOyw

Mn YPAUMIKN CUHUNEPIPOPA Kal aXeOIAoPOC GUVOETWY UNOCTUAWKATWY and xaAuPa und agovikn Kai
£YKApPOIa (POPTION
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apxikav ateAsiwv, onwc d1amioTwOnke apxika and Toug Svensson kai Kragerup [5-8]. Z& OAeC TIG
NEPINTWOEIC N aoToxia €ival Tonikr) EAdoTONAACTIKI) TOU KPiCIHOU (paTvV®UATOC.

1 1.44
1.4 1.1
1.2 1.0
i 100 o 0.8
a 0.8 o
0.6 = 06 ~—
0.4 - = 0.4
0.2 0.2
0.0 r . . ] 0.0 . T x 1
0.000 0.005 0.010 0.015 0.020 0.000 0.005 0.010 0.015 0.020
w/L wj/L
YnootUuhwpa 1: x=1.6 YnooTUAwpa 2: x=1.3
1.0 1.0
0.8 0.8
= 0.6 T = 0.61
0.2- 0.2
0.0 v . : 1 0.0 : ; v 1
0.000 0.005 0.010 0.015 0.020 0.000 0.005 0.010 0.015 0.020
W/_L w/L
YrooTuAwpa 3: x=1 YnootuAwpa 4: x=0.8
" = === EAQOTOMAGCTIKO UNIKO
o 0.8 =eeee EAQOTIKO UNKO
= 0.61
0.4 LBA TomKog Auyiopog
0.2 e | BA KBOAIKOG AUYICHOG
0.0 ' . N )
0.000 0.005 0.010 0.015 0.020

w/L
YnooTtUAwpa 5: x=0.4

>xnda 10: Apduol Icopponiac ateAwv CUVOETWV PHEA®V HE paBdoUC DIKTUWONG He EAaoTOnAAaTIKO UAIKO yia
Aoyoug x=1.6, x=1.3, x=1, x=0.8 kai x=0.4

A.5.2. MpoTeivopevn HEBODOG

>Tov EC3 AappavovTal unoyn ol TPEIC HOPPEG aoToxiac ToU TEAEIOU (PpopEa AANG DEV EVOWUATWVETAI N
EMIPPON TWV TOMIKWV ATEAEIWV OTNV KABOAIKN anokpion Tou PéAouc. Ma auto To Aoyo, otn diaTpiBn
npoTeiveTal Yia Tpononoinuevn diadikaaia yia TNV EVOWPATWOoN TwV apXIKWV TOMIKOV ATEAEIOV OThV
KauNTIKR QuoKapwia ap@IEPEIoTou oUVOETOU pEAOUG. To TeAIkO BENOG OTO WECO atehouc oUvOETOU
MEAOUC BewpwvTag apxIKn KaBoAIKr aTEAEId W, OTO PECO TOU Eival:

womw,| (22)

onou P €ival éva Tpononoinuévo eEAacTIKO KPIOILO (opTio AuyIoHOoU:

AidakTopikn AlaTpIBry KwvoTavTivou E. Kaloxalpétn E.M.M. 2014
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(23)

>TO TPOMOMOINUEVO KPIGINO POopTio AUYIOPOU EVOWMPATWVETAlI N TPononoinNuEvn 100dUvVaun KAunTIKN
duokapyia Tou gUVBETOU PEAOUG E[;f:

EL’.=0.25h? (EA:h,1+EA:hIZ) (24)

H a&ovikn duoTévela Tou nAEov BAIBOUEVOU NEAuATOG diveTal ano:

2.2 2
1 n°n- (0.5P,
L L L)3 (25)
EAs1 EAa 2(0.5P-P)

OMou N €ival 0 CGUVTEAEOTNG TOMIKWV ATEAEIDV, BewpwvTac OTI TO WPEYEBOC TOUG €ival YPAUMIKN
ouvapTNON TOU WNKOUG TOU GaTvwuaToc a (z,=na) kai Py €ival n agovikr dUvaun oTto nAov BAIBOUEVO
néApa. AvrioToixa unoAoyiletTal kai n aovikry duaTeveld oTo AMyoTepo BNIBOMEVO MEAUA. ZUVEMNWG N
agovikr dUvapn oto nAéov BAIBOPEvVO NEAYa duvaral va UnoAoyIoTEl wG:

w, 1

0.5P+P —=rN
hO

ch,Rd (2 6)

1-*

cr

orou r gival €évag ouvTeAeoTnG Nou Kupaiveral and 0 £wg 1. MNa Tov unoAoylopd Tou QopTiou acToxiag

anaiteital enavaAnnTikr diadikacia BewpwvTac dIaPOPETIKEG TIMEG TOU I, WG EENC:

— Yndbeon r=1 kai eniduon Tng EE. (26) wg npog P.

— EniAuon Tng EE. (26) w¢ npoc P yia eEAa@pmC HIKPOTEPN TIWM TOU T.

— ZUykpion Twv QopTinv aocToxiac Twv dUo nponyoudsevwv Bnudtwyv. Av To @opTio Tou OeUTEpPOU
BriuaToC €ival PIKPOTEPO AMNO €KEIVO TOU NPWTOU PrUATOC, TOTE TO PopTio adToxiag P, €ival auTto
MoU UMOAOYIOTNKE OTO NPWTO PBriua Kai n Hop@r acToxiag €ival TOMIKrA EAaCTONAAOTIKI) TOU KPioIoU
paTtvopaTog (r=1). Av Ox1, TOTe Ba npenel va npaypaTonoindei To enopevo Brua.

— NOKIPN MIKPOTEPWV TIMWV r HEXPI TNV €UpEOn TOU MEYIOTOU QopTiou P. AuTh n WEYIOTN TIUN
avTioToIXel oTo QopTio aoToxiag P,. € auTr TNV NepiNTwon, N acToxia opeileTal o KaBoAIKn
aoTabeia xwpic Tn diappor} kKanoiag dIATOUNG TWV NEAUATWY.

A.5.3. ApIOunTIKI ENAAROgUON NPOTEIVOHEVNG HEOODIOU

H npoteivopevn péBodoc enaAnBeUTnKe yia €va PeydAo nANGoG aplBunTIK®V NPoCopoIwUdTwy. Ta
anoteAéoparta yia dUo evOEIKTIKEG MEPINTWOEIC napoucialovral aTo SxAua 11 kai oto Sxnua 12. H
nNpwTN NEPINTWON avVaPEPETAl OE CUVOETO UMOCOTUAWWA MOU aoToXel AOyw TOMIKAG EAAOTONAACTIKAC
aoToxiac Tou Kpioigou ¢atvopatoc. H diadikacia Tou EC3 kal n npoTeivouevn pEBodoc divouv
napanAnoia anoTeAéopara, T6oo o O,Ti apopd TIC opIOVTIEC PETAKIVAOEIC 000 Kal OE O,TI apopa TO
popTio aoToxiac. >tn OeUTEPN NePINTwon, N acToxia oQeiAeTal o €AaoTIKr KaBOAIKA aoTabeia kai
gival pavepd nwe n npoBAswn Tou EC3 eival kata TnG acpaleiag o 0,TI apopd Tn duokapwia kal Tnv
opiakn avToxn. AvTiBeTa, n npoTelvopevn WEB0dOG mou AauBavel unown TNV ENIPPOr TWV TOMIKWV
ateAeiwv oTnV KaBoAIKr] anokpion Tou JEAOUG gival kovTa oTa apiBuNTIKG anoTeAéopaTa.

Mn YPAUMIKN CUHUNEPIPOPA Kal aXeOIAoPOC GUVOETWY UNOCTUAWKATWY and xaAuPa und agovikn Kai
£YKApPOIa (POPTION
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OpiovTia peTakivnon (m)

2xnua 11: Z0ykpion apiBunTikwv (MNAE CUVEXNG YPAMHN), avaluTIKov he Baon Tov EC3 (npaacivn apair
OIaKEKOMKEVN YPAKKN) Kal avaAuTIK®V Je BAon Tnv NpoTeivopevn PEBoSo (KOKKIVN NMUKVH DIGKEKOUMEVN YPAUHN)
anoTeAEOHATMV YIa TNV NEPINTWAN TOMIKNG EAAOTONAACTIKNAG agToXiag
0.80 -~

0.70 -

0.60 -
0.50 -
2 0.40 -
(-
0.30 -
0.20 -

0.10 -

0.00 - . . )
0.00 0.01 0.02 0.03

OpiZovTia perakivnon (m)

SXnAHa 12: Z0ykpion apiBunTIKWV (UNAE OUVEXNG YPAKHN), avaAuTIKwv pe Baon Tov EC3 (npaaivn apair
OIaKEKOMKEVN YPAKKN) Kal avaAuTIK®V We BAon Tnv NpoTeivopevn PEB0SO (KOKKIVN NMUKVH DIGKEKOUMEVN YPAUUN)
anoTEAEOUATWY YIA TNV NEPINTWON €AACTIKAG KABOAIKNG aoToxiag

O TUno¢ aoroxiac nou napartnpeital oTnv NAEIOVOTNTA TWV NEPINTWOEWV MNPAKTIKOV EPAPHOYOV
OpEIAETal O TOMIKN €AACTONAACTIKI AOTOXia TOU KPIoIMOU (pATVUATOC, KUPIWE £EQITIAC TWV OXETIKA
MIKpOV KABOAIKWV KAl TOMIKWV AVNYHEVWV AUYNPOTATWV NOU XpnolhonoloUvTal. ZUVEN®G, Ol
npodiaypa®ec Tou EC3 avapéveral va sival ENapkeic kai n €peuva oTn cuvéxeia Tne diaTpIBnG BaaileTal
oTn ouvnB&aTEPN aQUTH Jop®r) agToxiac.

AidakTopikn AlaTpIBry KwvoTavTivou E. Kaloxalpétn E.M.M. 2014
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A.6. OOPTIO AYTIZMOY NMNOAYQPO®DQN MNAAIZIQN ME MEAH TIMOSHENKO

A.6.1. TNepiypa®n NPOTEIVOHEVNG AvAAUTIKIG HEOOSOU

O enapknc unohoyiopoc Tou eAacTikoU Kpioidou (opTiou AuyiopoU gival anapaitntoc yia Tnv opon
aflo\oynon TNG avtoxnc Tou TEAEIOU €AACTIKOU (POpEa MOU OTn OUVEXEID XpnoldonolsiTal and
oUYXPOVEC KavovIoTIKEG DIATAEEIC yIa TOV UMOAOYIOUO TNG avnypévng Auynpdtntac. H npoTeivopevn
avaAuTikr] MEBODOC €MEKTEIVEI TNV avTIOTOIXN MOU MPOTABnke and Toug Gantes kal Mageirou
[6-1], [6-2] yia Tov unoAoyIopO Tou €AaaTIKoU (popTiou AuyIGHoU NOAUWPOPWV NAAICIWY HE AKAUMTEG
Kal NUI-GKAUNTEG OUVOECEIC OTNYV MEPINTWAON MOU TA UNOCTUAWMATA Kai/fj ol DOKOI UMOKEIVTAl OE Wn
apeANTEEC SIATUNTIKEC NApAPopPwaoelG. H Aoyikn BaadileTal oTnv anogovwon Tou UNOoTUAWUATOC NPog
Olepelivnon ME TN XPNON KATAAMNAWV OTPOPIK®WY EAATNPIOV MOU MPOGOUOINVOUV T GTPOQIKN
OUOKauWia Nou NPOCMEPETAl ANO TA YEITOVIKA MEAN O auTO Kal kKaTaAANAoU eAaTnpiou YETABEONC Mou
NPOCOWOIWVEI TN duvaTOTNTA OXETIKNG EYKAPOIAC HETAKIVNONG Twv dUO akpwv (Zxnua 13).

YnooTtuAwpa npog digpelivnon .
t

M-

/\4 Cbr

\_/ c/! Svc
1 1 N Ko
B ¢
(a) (B)

>xnuda 13: (a) YnootUAwpa TB w¢ Tunpa nhaiciou kai (B) 1000Uvapo Npooopoinpa unooTuAmpaTog TB

A.6.2. Mn YpapHIKEG OXECEIG VIO NPOCSIOPICHO POPTioU AUYICHOU

Fa autd TO OKOMO, OE MPWTN PAcn Bewpeital To afovika BAIBOpevo péAog Timoshenko pe Tuxaieg
OUVOPIAKEC OUVONKEG Mou (aiveTal oTo ZXNUA 14 kal yia To onoio €EAyeTal To UNTPWO £UCTABEIAC.
©<TovTag T 0TABEPA TOU EAATNPIOU PETABEONG Chrp ION HE MOAU HEYAAN TIPA, TO péNOG OTO ZXrHa 14
METATPENETAI OE €Keivo Mou paiveral ato Sxnua 13(B). Tehika, Ye xpnon Tng opiloucac uoTabeiac,
€€ayovTal 3 Un YPAUUIKEG OXECEIC YIa TOV UMOAOYIOUO TOU (popTiou Auyiopou.

g
§ .

-

E Cbr,b E%nt )

» L o

Zxnua 14: Afovika BAIBOHevo peAog Timoshenko P Tuxaieg oUVOPIAKEG CUVBIKES

Mn YPAUMIKN CUHUNEPIPOPA Kal aXeOIAoPOC GUVOETWY UNOCTUAWKATWY and xaAuPa und agovikn Kai
£YKApPOIa (POPTION
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H kaBe pia €€’ auTv avTIOTOIXEl OE Wi NEPINTWON PETABETOTNTAC TWV GKPWV TOU MEAOUC: PETABETH,

QUETABETN Kal PEPIKWG PETABETN ouunepipopd. Ma TNV NEPINTWON PEPIKWG PETABETNC CUHUNEPIPOPAC
Mou anoTeAEl TNV MNIO YEVIKN NEPINTWON NPOKUNTEL:
}

sainfa, )| 16(a, 1) B (122 +(0,U) B z(o,L) B,y @)

+4(0,L)c, (48, (48, +1) (242, ) +( 48, +2)23,) |0

326, (2,1) (1) +4cos( L [&u (2°0) (271) +(2+2 2212 ((%L)2 B, B ()

4E1 c . T _Cy

C C 1
L

. 3
— — _ [¢ — _
onou ¢ = z,= z,= C, L kai B_=

’ ’ r— ﬁ 7
c.+cC c.+C
c' b c 't 1+(GcrL) M
H EE. (27) pnopei va emAuBEi yia Tov UNOAOYIOHO TOU A L= YIa JIAPOPEC TIUEG TOU [ MOU OPIOTNKE
oTtnv evotnTa A.2. To gopTio AuyiopoU pnopei TOTe va unoAoyioBei ano tnv oxéon (EI=EL):

(pirEIc
2
L2 + (pcrEIc (28)
S

v

cr

H EE. (27) anoTeAei TNV Mo YEVIKN NEPINTWON KAl OUYKAIVEI OTIC AVTIOTOIXEC OXETEIC AUETABETNG Kal
METABETNG CUUNEPIPOPAG HE XPrion KATAANANG TIUAC METakivnolakoU ehatnpiou. MNa Tnv NepinTwaon
TNG QUETABETNG CUMNEPIPOPAG Kal YIa TIMEC Tou W ioeg pe 0.001 (KOKKIVEC ypauuec), 0.01 (unAe
YPaupéS) kal 0.1 (npdoiveC YPaupEG), N YPAMIKN dNEIKOVION Twv AUCEwV (aiveTal oto Zxnua 15.
Mapatnpeital NWG yia i0EC TIHEC OTPOPIKWV EAATNPIWV OTA AKPA Kal QUETABETN CUMNEPIPOPA TOU
MEAoUC, ol AUoeic Tng EE. (27) sival aveEapTnTeC Tou [ Kal TauTidovTal.

ApBowTd 4

09

08k

0.2f

01F

0 x\ i i i
0 0.1 0.2 0.3 04 0.5 06 0.7 03 09 1
MarTwEyD b ApBpwTd

.\ T
MakTwiEvo :

>xnda 15: Fpagikn aneikovion Twv AUoewv TNG EE. (27) yia aueTAdeTn oUUNEPIPOPA Kal TIMEG Tou W ioeg pe 0.001
(KOKKIVEG YpapHEG), 0.01 (MnAe ypappéc) kai 0.1 (Npdoiveg ypapeg)

AidakTopikn AlaTpIBry KwvoTavTivou E. Kaloxalpétn E.M.M. 2014
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A.6.3. E&I000E€IG yoViag-oTponG yia HEAn Timoshenko HE NHI-AKAPNTEG CUVOECEIG

Ol NPOTEIVOHEVEG €EEIOWOEIC YWVIAG-OTPOPNG yia MWEAN Timoshenko We nUI-GKAUNTEC OUVOECEIG
e€ayovTal he Baon Tn pEBOdO Engesser yia TNV eVOWUATWON TwV dIATUNTIKOV NAPAROpPOOswy. Ol
unohoyiopoi BacifovTal oTnV NAapagopPpwWUEVN KATAoTACH TOU PEAOUC ONWC paiveTal oTo Zxnua 16 kai
BewPWVTAG TPIYWVOHETPIKEC CUVAPTNOEIC YIA TO OUVOAKO BEAOC W Kal T aTpo®n AOyw Kauyng w. O
pOMEG OTO KABE Akpo €ival ioeg pe:

Mo =Elia fg Bl Blia [g B
ORI TON e Oy L "2 | %07 (29)
i i

Mo =Elia fg Bl EL, fg B
0= L, "2 | i L "20 | Y07 (30)
i [

X

niN Eilis Svi F i)
{ F'

M)

>xnHa 16: AnapauoppwTn Kai NapapopPwuevn kataotaon Péloug Timoshenko pe NUI-GKAUNTEG GUVOEDEIG OTa
akpa uno Tnv enippor] BAINTIKOU a&ovikoU (popPTIOU KAl GUYKEVTPWHEVWV PONAV OTA AKpa

O NMivakag 1 nepIEXEl TOUC CUVTEAEDTEC duoKauwiag nepIAaUBAvovTag NApauETPoUC nou eneEnynonkav
NPoNYoUHEVWE Kal Ba npenesl va Tpononoinfouv KaTaAAnAQ, WoTE va @appoocBolv oTo WENOG OTO
Zxnpa 16. H enippon Twv NUI-GKAUNTWV OUVOEOEWV UMEICEPXETAI OTOUG OUVTEAEDTEG KATAVOUNG Zn()
Kal Zg;). OETOVTAG TOUG OUVTEAEOTEG KaTavopng ota dUo Akpa iooug pe To O MpokuMTOUV Ol
OUVTEAEOTEC duOKaPWiag yia PEAOG ME AKAMNTEG OUVOECEIC OTA AKPA Kal TA OXETIKA ANOTEAEONATA
nepiéxovral atov MMivakag 2. Kai aTic dUo npoavagpepBeiosc NepINTWOEIC I0XUEl OTI Pi=aiL.

O! OUVTEAEOTEG SUOKAUWIaAg yia TNV NepinTwan Xwpic afovikr duvaun pnopolv va npoodiopiobouv av
akoAouBbnBsi n idla avahuTikr) diadikacia aAAd XpnoiponoinBoluv MOAUWVUHIKEC CUVAPTACEIC YIa TO
OUVOAIKO BEAOC W Kal TN oTpo®r AOYw KAPWNG Y. MPOCEYYIOTIKOC UNOAOYIOUOG TWV OUVTEAEOTMV
QUT®V PNOPEi va eNITEUXBei av TeBsi GXETIKA MIKPH TIUA TNG agovikng dUvapng P oTOUG GUVTEAEOTEG
duokauyiag nou avagEpovTal oTnv napolad unosvoTnTa.

Mn YPAUMIKN CUHUNEPIPOPA Kal aXeOIAoPOC GUVOETWY UNOCTUAWKATWY and xaAuPa und agovikn Kai
£YKApPOIa (POPTION
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Mivakag 1: ZuvTeAeoTég duokapwiag yia pehog Timoshenko pe npi-aGkapnTeg ouvdeaelg und agovikn BAiyn

Bo.
(1-zn(i))(1-zf(i))[1- ® }j}(l-zn(i))zf@sicpf

tang,

A=
h (L2 (1240 {ZtanE:E(pi) & J +% (120 20+ (1260 ) 20 [1' tzinq:;,iJ + % 2o 2B 9]
N (t-200)) (1-260) { S[?,i:z;i 'IJ
(1200 (1210 [Ztang:&pi) ?, J +% (20 210+ (1210 200 {1' t[:i’:i)i J +% 2B 0]
Py~ 2tan (il:n()) ) {1- tiir:[:‘i’i ] +% (210 oo
(1-200)) (1210 {(pi.(pi ® ] +% (120 200+ (120 200 (1' tii:;j * % Zu B0,

Mivakag 2: ZuvTeAeaTeg duokapwiag yia pehog Timoshenko pe akapnTeg ouvdEaeig und agovikry OAIyN

~ (pisin(pi -[3i(pi2coscpi
-2cos<pi-[3iq>isin<pi +2

S = 22(i)

Bi(piz “Ppsing,
-2cosq>i -Biq)isinqai +2

S

120) =101y~

A.6.4. ZTPOPIKEG SUCKANWIEG NPOG AVTIKATAOTACT HEAGV

'Onwc ene€nynBnKe NPONYOUHEVWC, TA WEAN NOU CUYKAIVOUV GTO avw Kal KATW AKPO TOU Uno €EETaon
UMOCTUAMUATOC, MPOCPEPOUV CTPOPIKN OUCKAUWia OTad GKpd TOU KAl OUVEN®MG Hnopolv va
avTikataotabouv pe 100dUvapya oTpodikd ehatnpid. H Tiur Tou 1000UVAUoU GTPOQIKOU €AATnpiou
e€apTtdTal andé To av To PEAOG unoOKeITal o afovikr) BAINTIKr SUvapn R Oxl kal and Tn CUVOPIAK)
ouvenkn aTo anévavTi dkpo Tou. IMa Tn YevIKn NEPINTWAON nou To WEAOG undkerTal o€ BAINTIKA a&ovikn
ouvaun P; kai £xel dkaunTo KOUBO 0To NANGiov AKPO Kal TUXAIEG OUVOPIAKEG OUVONKEG OTO AnévavTl
AKpo, To 1000UVAUO OTPOPIKO EAATAPIO UNOPEI va NpoodIopIoTEl we

2
S1a
a
g 2 (Sll(i)+512(i))[c# +S 1}
c=% O (i) T211() G1)
_ .
DL e tSug ¢ 2P

5 S110y *S120) N 5
#
CroyFSigy S TSug

onou n TiuA ¢ npokUNTel TOOO yia TO PETAPOPIKO BTO KAl YIa TO GTPOPIKO EAATHPIO WC C#=E—Iii .
i

AidakTopikn AlaTpIBry KwvoTavTivou E. Kaloxalpétn E.M.M. 2014
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A.6.5. ApIOuNnTIKN enaAfnBsuon

H xprion Tn¢ NPOTEIVOPEVNG aVAAUTIKNAG HEBOSOU YIa TOV UNOAOYIOHO TOU €AACTIKOU KPIioIJOU (pOPTIOU
AuyiopoU noAuwpogou nAaiaiou, nou anoTteAsital and péAn Timoshenko, enaAnBeuTnke apiBunTIkG o€
peyaho nAnBoc gopéwv. STnv napoloa unosvoTnTa napoucialovral Ta anoTeAEoUATa yia PETABETO
Hovwpopo Blounxavikd nAdiolo nou anoTeAsital and cUVOETA UNOOTUAWMATA HE paBodouc SIKTUWONG
Kal ano pia JIkTuwTn OokO. H 18IopopPry kaBoAikou AuyiopoU Tou nAdigiou, ONWG NPOKUMTEI
apiBunTIKa, QaiveTal oTo Zxnua 17 kai avmioToixei o gopTio Auyiopou 33740kN. Me xpnon Tng
NpoTeIVOUEVNG PEBODOU nNpoBAEnsTal EAACTIKO Kpioido gopTio kaBoAikoU AuyiopoU ioo pe 33179kN,
nou BpPIiOKETal O€ IKAVOMOINTIKN CUUQWVIa e TO avTioToIXO apIBuNTIKO anoTéAeoua. H npoBAswn Tou
EC3 via To @optio Auyiopou eival ion pe 40270kN, avadelkvUovTag Tn onuacia Twv dIaTHNTIK®V
NapagopPpWCEWV OTN CUYKEKPIPEVN NEPINTWON.

>xrHa 17: Idiopop®r) kaBoAikoU AuyiopoU HETABETOU HOVWPOMOU BIopNnXavikou nAaigiou

A.7. ANAAYZH 2"2 TA=HZ MEAQN TIMOSHENKO

>Tnv napoloa evoTNTA napoucialovTal KAEIOTEC aVAAUTIKEC OXEOEIC yid TOV MPOCdIOPIoUO TWV
METAKIVAOEWV KAl TWV EVTATIKWV MEYEBWV KATA PNKOC aTeAwv PeAwv Timoshenko und aovikr BAIwnN
Kal oUVNBEIC EYKAPOIEC POPTIOEIG. H EVOWPATWON TWV dIATUNTIKWV NAPAPOPPOOEWY YIVETAI GUPPWVa
Me Tn MEBOdO Engesser. H kaBe pia €k TwV MNEPINTWOELWV POPTIONG €EeTAlETAl AVAAUTIKA OTIC
aKOAOUBEC UMOEVOTNTEC. TNV MEPINTWON TNG APXIKAC ATEAEIAC YiVETAl XPron Tou WeyeBuvTikoU
OUVTEAEDTN Nou NpoTAdnke and Tov Young [7-5], evw OTIC EYKAPOIEG POPTIOEIG YIVETAI Xprion TwWV
OUVTEAEOTWV OuoKapwiag yia PEAN Timoshenko pe AGKAPNTEC OUVOECEIC OTA GKPA MOU MEPIEXEl O
Mivakac 2.

A.7.1. ApXIKN aTéA&ia

OewpwvTac €va aTeAég PENog Timoshenko e Tuxaiec ouvoplakeg ouvenkeg kal Aappdavovtag unown
povo Tnv 11 1diopopPry AUYIOPOU WC OXNMa apXIKng aTtéAelac, onwg ¢aiveral oto xnua 18, eival
duvaTn n npaygartonoinon MPooeyyIoTIKNG avaiuong 2™ Taénc. Ta anoTteAéopaTta Bacilovral oTn
XprON TOU HEYEBUVTIKOU OUVTEAECTN MOU XPNOIUOMOIEITAl €UPEWC and OUYXPOVEG KAVOVIOTIKEG
dlaTta&eic. O Mivakag 3 NePIEXEl TIC ANAPaAiTNTEG AVAAUTIKEG GXEDEIG, OTIC OMOIEC W, €ival N MEYIOTN TIUN
TNG apxIkng aTteAeiac, P sival To a&ovikd BAINTIKO QopTio, P TO EAAOTIKO KPigIHo popTio AuyiouoU Tou
MEAOUC Nou OUVOEETAl APECA HE TO d. oUP@Wva Pe Tnv EE. (28) kai x; €ival n B£on kaTta Prkog Tou
MEAOUC Onou n atéheia AapPavel Tn PeyioTn TR Tne (We Baon To axnua Tg 1™ 1dlopopPnc Auyiopou).

Mn YPAUMIKN CUHUNEPIPOPA Kal aXeOIAoPOC GUVOETWY UNOCTUAWKATWY and xaAuPa und agovikn Kai
£YKApPOIa (POPTION
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W, (x) C

i L b

>

2xnua 18: Atelég péhog Timoshenko e Tuxaieg ouvopiakeg GUVORKEG und agovikn BAIpN

Mivakag 3: AVaAUTIKEG OXEOEIC yIa TNV NEPINTWON ApXIKNC aTéAeiac cUPpwva HE To axnua 1™ 1Id1opopeng

1 Wo(flsin(Gch)+COS(Gch)+fzx+f3)

W (x) = , 6nou
r() 1- P | fiSin(GoX;) +€0S (Gerxy) +,, +f,
PCI’
402
Zuvohiko BENoG 0”9”[*1+ ] CFB” +cos(agL)-1
fo o (Corp Cort ) 'f2=_0cr|3cr[0§=r+f1] f=- Gchcr =S
! c < EI
. 302 1 1 b br,b
achcrL'sm(acrL)'achcr * *
Corp Cort

To X; BPIOKETAI PEYICTOMOIMVTAC T CUVAPTNON: max(‘f SiN(GerXq ) +COS (QerXy ) +H,%; + ‘)

fsin(agx)+cos(a.Xx)

Pw : _
Memp (X) = 5 £, 0M0U f=

Ponr Kapyng ' i- fisin(agX, )+cos (agx, ) +f,x, +f;
PCI'
Tépvouoa duvapn f,cos (agx)-sin(a,x)
. a.Pw — 1 cr cr
kABeTn oTOV Q. (x)=3aWo ¢, Onou -
NUPALOPPWUEVO imp (X)= . fisin(ag X, ) +cos (ag X, ) +fx, +f;
atova Per

A.7.2. Eykapgoio OHOIOHOPPA KATAVEHNHEVO (POPTIO

To idl0 pENog Timoshenko e Tuxaieg ouvopliakég ouvBnkeg uno agovikd BAINTIKO QopTio Kal ykapaio
opoIOMOP(a KaTaveunuévo gopTtio g @aiveral oTo IxNua 19. OswpwvTag BeTIKEC TIC POMEC Kal
OTPOQPEG MOoU €ival GUPPWVEG PE TNV WPOAOYIAKN Gopa sival duvatn n npayuaronoinon avaiuong 2
TAENG kai o Mivakac 4 nepIEXel TIC KAEIOTEG avaAUTIKEG AUCEIC TOU NPoBARKaToc.

X

N
@

CD
3d>HHHHHH*HHHHHHHHHHHHH
Ag Gyl EL S, Bé Cort

AB(q)
—_—

]VAB(q)

_U
&

7777777 SR ><—p
1 MBa(q)

2xnHa 19: Méhog Timoshenko und agovikr) BAiYn kai ykApoIo OHOIOUOP(A KATAVEUNHEVO (POPTIO

AidakTopikn AlaTpIBry KwvoTavTivou E. Kaloxalpétn E.M.M. 2014
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Mivakag 4: AVaAUTIKEG OXEOEIG yia TNV NEPINTWON EYKAPOIOU OHOIONOP(A KATAVEUNUEVOU (POPTIOU

_E Dy )| EI b,
Mus(q) = T Si1 [LPA(Q)-LJ+L512 [LPB@-L M

Ponr| kGpyng oTto
akpo A

,6nou |V|F=ﬂ e e +Eq
a?| 28 2)] s,
s A A
Ponf} KApWnG oTo _E JPa | B -_a
aKpo B Meai@)= T Stz | Waw™ | |7 Su | Ya@ |
Téuvouqa duvapn v —0.5qL- MAB(q)+MBA(q)+PAq
OTO Gkpo A AB(q) L
Téuvouqa duvapn V. =0.5qL+ MAB(q)+MBA(q)+PAq
oTO akpo B BA(a) L
_qL-c, A,

BéAog oTo akpo A q=
Corp T Cor t

A, Pi{CWaq CtWsq | TXq .
T [<s¥na u¥ei0) 9, 6M0U Py=1+Cpr,t/Cor,pr P2=1Cor,t/Coror Xq=0.5GP,L% Kal

Ala@opIikO BEAOG L )
METAEL dkpwv A kai B 5 P
w=L Cbr,t_pl E

-0M_L oML
(wS,,+Sp,c )(EIF +qu] - (w511+wcf+Sp1ct)(EIF +5qu

= onou
ZTpo®n AOyw Kd Wa) # # !
P (g?o ('Jipo A””’”‘; (0S1,+Sp,C, ) (S;,+SpyC, ) - (WS, +wcf +5p;c, ) (wS,; +wc] +5p;c, )
cL
S=S5,1+51; Kai Ci#=;
EI
oML
>Tpoon Ac}yw KApwng _ XqS+ EIF -(w(Sn+c§)+Sp1cb)qJA(q)
OTO akpo B Wg(q) 05, +5pic,
Ponr Kapwng M, (x)=-Ely, (x)=MAB(q)+VAB(q)x+P(wq (x) -6q)-0.5qx2
Tépvouoa duvapn
KGBeTN oTOV LN P
NnapapopPwWHEVo Qq (X)_ EILqu (X)_VAB(q)+PWq (X) ax
aova
1 1 EI 1  EI 2
P[-[MAB(q)+q[GZ+SVDcosaL+MAB(q)+VAB(q)L+q[02+SV-0.5L B+Aq
Wq (X)= . sinax+
g sinaL

ZUVOAIKO BENOG

1 1 EI 1 1 EI 2
+P{MAB(q)+q [02+SVDcosax+P[-MAB(q}-VAB(q}x+P6q+q[-02- s, +0.5x ]]

1 1  EI 1  EI 2
. p[_[MAB(q)-'-q[aZ-'-SDCosaL+MAB(q)+VAB(q)L+q(02+S -0.5L ]J+Aq

\Y \Y
cosax-

inaL
Zuvolikn aTpo®n >Ind

a 1  EI). 1
5 [MAB(q) +q [az + SVD sinax+ P (-VAB(q) +qx)

Mn YPAUMIKN CUHUNEPIPOPA Kal aXeOIAoPOC GUVOETWY UNOCTUAWKATWY and xaAuPa und agovikn Kai
£YKApPOIa (POPTION
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A.7.3. ZUYKEVTPWHEVEG PONEG OTA AKPA

Xpnoiponolgital To idl0 Yehoc Timoshenko pe Tuxaiec ouvoplakéc ouvenkee (Zxnua 19) uno afoviko
BAINTIKO (POPTIO KAl CUYKEVTPWHEVEG PONEC aTa akpa M; kal M,, avTioTolxa, BewpwvTac BETIKEC TIC
POMEC KAl OTPOPEG NMoU €ival CUMPWVEG PE TNV wpohoyiakr] ¢popd (o1 deikTeg q yivovral M). O Mivakag
5 nepIEXEl TIC KAEIOTEG avaAuTIKEG AUOEIC TOU NPoBANuAToC.

Mivakag 5: AVaAUTIKEG OXEDEIG YIa TNV NEPINTWON CUYKEVTPWHEVVY PONKV 0TA AKpa

Ponn kduywng oto
akpo A

EI Dy ) EI A
Mag)= T Sit (wA(M)' LMJ +1 5 [LIJB(M)_ LMJ

Ponn kapwng oTo

EI Ay ) EI A
Mgam) =T S12 (wA(M) - I_Mj +1 Su (wB(M) - LMJ

akpo B
Tépvouoa dUvapn oTo v oo Magm)*Maa) *PAu
akpo A AB(M) L
Téuvouoa duvaun oTo Vo= MAB(M)+MBA(M)+PAM
akpo B BAM) ™ L
CortBu
BéAog oTO dkpo A M—'L
Corb+ Cor,t

Alapopikd BENoC
METAEL akpwv A kal B

Py (CoWapn) i | +X
ATM= 1\ TTAM) Tt B(M)) ", 6nou ym=(M;+My)p;

w

ZTpo®nr Aoyw Kauyng

oML “OM.L
(wS,, +Splct)(EI2 +SXM]+ (wsn+wcf +Sp1ct)(EIl_SXM]

OTO AGKpo A Wam=
P AM) (w512+5p1cb)(w512+5p1ct)-(wsu+wcf+5p1ct)(wsn+wc§+5p1cb)
oM,L
ZTPoPR Aoyw Kauwng XMS+E711'(°3(511+C§)+591%)LI"A(M)

oTo akpo B B(M)~ 05, +5p.C,

Poni kapyng My (X) =Mag Vg X +P (Wt (X) By )
Tépvouaa duvapn

KABeTn oTOV _ '
NOPALOPPWLEVO Qu () VAB(M)+PWM (x)

atova
M Vv L
ZuvoAIko BéNog _ o (1-cosal )+ AB|:(>M) Hhy MAB(M) 1
Wy (X)= Snal sinax+— cosax+5(-MAB(M)-VAB(M)X+P6M)
M Vv L
AB(M) AB(M)
ZUVOAIKI) OTPO®N ' (1 COSGL)+ p +hy MAB(M) . VAB(M)
wy (x)=a . COSax-a sinax-
sinaL

A.7.4. EYKAPOIEG CUYKEVTPWHEVEG SUVAHEIG OTA AKpA

Xpnoigonolgital To idl0 Yehoc Timoshenko pe Tuxaiec ouvoplakéc ouvenkee (Zxnua 19) uno afoviko
BAINTIKO (POPTIO KAI CUYKEVTPWUEVA eykdpola (popTia oTa dkpa H; kal H,, avrioToixa, Bewpolpeva we
BETIKA av £Xouv Tn Qopda Tou BeTIKOU afova Twv eykapolwv BeAwv. Eniong BswpouvTal BETIKEC ol
POMEC KAl OTPOPEG MOU gival CUPPWVEC We TNV wpoAoyiakn gopa (o1 deikTeg q yivovral H). O Mivakag
6 NEPIEXEI TIC KAEIOTEG avaAuTIKEC AUOEIC TOU NPoBANUAToC.

AidakTopikn AlaTpIBry KwvoTavTivou E. Kaloxalpétn

E.M.M. 2014
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Mivakag 6: AVaAUTIKEG OXETEIG YIa TNV NEPINTWON CUYKEVTPWHEVWY EYKAPCIWV SUVALEWY OTA AKPd

. A
Ponn kapyng oto — El _ﬂ EI -_H
akpo A Mg =T Sux | War)™ |7 L Siz| Yo
. A
Ponf kapyng oTo _El Ay ) EL _CH
akpo B Meap =L S1z| Wary™ | L Sun | Yo
Tépvouoa dUvapn v - Magr) +Meary +PLH
0TO Gkpo A AB(H) ™ L
Tépvouoa dUvapn v - Mag(r) T Mea +PAx
oTo akpo B BA(H) L
H,+H,-c, A
BéAoc 0To aKkpo A 5.5%
r, r,
AlapopIKO BENOG A, Pi{"SWam CcWsm) | TXu |
HETA&U akpwv A kai B TH= ( ( )o) ( )) , 0Mou Xu=L(H-H1Cor,t/Cor,b)
#
>Tpogn )\c")yu) KApWng o = (wslz-wsll-wct )(SXH)
0TO AKPO A M (@S,,+5p,C, ) (0S;,+5p;c, ) - (S, +wcf +Spyc, ) (wS,, +ucf +Sp,c, )
#
ZTpor Adyw kapyng . = XHS_(w(Sll+Cb )+Sp1cb)‘“A(H)
Ponin kapwng My () =MAB(H)+VAB(H)X+P(WH (X)'aH)
Tépvouoa duvapn
kGBeTn oToOV _ '
NapapopPOHEVO Qu(x) _VAB(H)+PWH (x)
atova
M Vb
AB(H) AB(H)
oy —(1- L)+ +A
ZUVONIO BEAos Wy (x)=—F (1eosa) " sinax+ Mo cosax+S(M, .V, x+PB
n(%) sinal p\ AB(H) "AB(H) H
M VoL
: . Aa) (1-cosaL)+7AB(H) +A M v
ZUVOAIKN OTpo®n W, (x)=a P — H cosax-a AB(H) sinax- AB(H)

A.7.5. EnaAAnAia gopTicenv

O1 &xwpioTa €EeTalOUEVEC NEPINTWOEIC APXIKNG ATEAEIAC, EYKAPOIOU OMOIOHOP(A KATAVEUNHEVOU
(POPTIOU, CUYKEVTPWHEVWY POMWV OTA AKPA KAl CUYKEVTPWHEVWV EYKAPOIWV (POPTIWV OTd aKpd
duvavTal va enaAnAioTouv oTnv nepinTwon avaiuong 2" Ta&nc yia otabepd aovikd @opTio P.
JUVENWMG NPOKUNTEI OTI N CUVOUAGCKEVN €NIPPON TOUC OTNV KAWMTIKA ponr), TEYvouoa duvapn Kaeetn
oTOV NapapopPpwuévo agova kai eykapalo BEAOG unoAoyileTal avTioToixa we:

M(X) =My () +Mg (x)+My (x) +My, (X) (32)
Q(X)=Qimp (X) +Qq (%) +Qy (X) +Qy () (33)
W (x) =W (X)+wq (x)+wy (x) +wy (x) (34)

Mn YPAUMIKN CUHUNEPIPOPA Kal aXeOIAoPOC GUVOETWY UNOCTUAWKATWY and xaAuPa und agovikn Kai
£YKApPOIa (POPTION
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A.7.6. ApiIOuNTIKN ENAAnOsuon

O1 npoavaQepBeioeg KAEIOTEC aVAAUTIKEC OXEOEIC eAéyxOnkav €vavti Mn Tpappikwv AvaAloswv
MewpeTpiac pe Apxikr ATéleia GNIA og nAndog pehwv Timoshenko pe apeTdBeTa, PEPIKWG PETABETA
Kal HETABETA Akpa uno TNV ENIPPON TUXAIWV (POPTICEWV.

>Tnv napouoa unoevoTNTa napoucialovral Ta anoTeAéopaTa nou e€nxBnoav yia Tnv NePIiNTwon
MEPIKWC MeTaBeToU péNouc Timoshenko pe pnkog L=3m, kai diatounny and XaAuBa (METpo
ehaoTikOTNTag E=210GPa kai Aoyo Poisson v=0.3) pe diatunTikn duokapwia S,=16154kN kai ponn
adpaveiag nepi Tov agova kapyng ion pe 1=8.33e-6m?. Zta akpa oI cuvopIakES oUVBRKEC opilovTal e
Baon ehatrpia oTaBepwv c,=2000kNM, Cyp—>09, C—00 Kal Cyrt=1000kN/m. To pehog Timoshenko Exel
ouvTteheoTr) P=0.012 kai Ba pnopoloe va avTioToixei oe €va oUVOETO UNOOTUAwWA WE pABOoUG
OIKTUWONG. To €AACTIKO KpPioIHO (OoPTio AuylopoU unoloyileTal apiBunTika ioo pe P,=3438kN, svw
avaluTikG pe Baon Tnv EE. (27) ioo pe Po=3454kN. H apyikr aTélela Oewpeital ion pe
Wo=L/500=0.006m kai Baciletar otnv 1" 1diopoppr AuyiopoU Tou pEAoUC. Oi eyKAPOIEG (POPTIOEIC
NePIANAPBAVOUV €YKAPOIO OUOIOMOP(A KATAVEUNUEVO (POPTIO , CUYKEVTPWUEVEC pPOnEC oTa dkpa M
Kal M, Kal OUyKevTpwiéva gopTia oTa akpa Hy kar H, nou eivarl ioa pe 10kN/m, 50kNm, -100kNm,
50kN kai 10kN, avTigToixa.

O dpopoc Ioopponiac Pe Bacn Tnv eykapola PETAKivnon o Tuxaio onueio napouaialeTal oto xfiua 20
Kal napaTnpeital noAU kaAf ouykpion PETAEU Tou aplBuNTIKOU anoTEAEOPATOG Kal TNG NPOTEIVOUEVNC
avaAuTIKAC pueBOdou. H npooeyyioTikr) avaAuTIkn PéBodoC xavel TV akpiBeia TNC yia PEYAAo agoviko
(opTio NAnaiov Tou eAacTikoU Kpioiyou @opTiou Auyiopou. MNa afovikd @opTio ioo pe 0.8P. Ta
dlaypaupaTa TEUVOUOWV OUVAUEWYV KABETWV OTOV MAPAUOPPWHEVO GEovVa Kal KAWUMTIKWV PONWV
qaivovTal aTo ZXNua 21 kai oTo ZXNMa 22, avrioToixa.

GNIA == == MpoTeIvOpevn LEBODOG
3500 ~

3000 -

A&oviko @oprtio (kN)
[ = N N
o w1 o U1
o o o o
o o o o

1

500 -

0 50 100 150 200 250 300 350 400 450 500
Eykapoia perakivnon (mm)

Zxnua 20: Apopog Ioopponiacg yia To e€eTalopevo Pedog Timoshenko He TUXAIEG GUVOPIAKEG GUVBNKEG
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GNIA = == [poTeIivOpevn PEB0DOG
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Zxnua 21: AIdypappa TEYVoUowV SUVAHEWY KABETWV OTOV NApaPopPwHEVO A&ova kaTd PRKkog Tou eEeTalOpEVOU
HEAoug yia agovikn dUvapn ion pe 0.8P,

GNIA = == [lpoTelvOueVN PEBOBOC
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o

[9]
o
1

1000

1500

) 500 2000

250

a1
o

KapnTikni ponn (kNm)
5
o o

-150 -

Aiapnkng agovag (mm)

2xnMa 22: AiGypappa KaunTIK@V Pon®v KAaTa PNKOG Tou eEeTalOPevou PEAOUG yia agovikr duvapn ion pe 0.8P.,

A.8. ZYMMEPI®OPA ZYNOETQN MEAQN YINO A=ONIKH KAI EFKAPZIA ®OPTIZH

A.8.1. ®doprTio acToxiag oUvOeTOU HEAOUG

H diadikaoia unoAoylopoU TNG CUMNEPIPOPAC OUVOETWY PeA®V e papdoug dikTUwaong BaacileTal oTnv
napadoxr oTI ynopoUv va npooopolwBolv w¢ PeAn Timoshenko pe 1I003Uvapn KAPNTIKA Kal SlaTUNTIK
duokapwia. H npoTeivopevn avaAuTiKn dladikacia nou napouciacTnke oTnv evotnTa A.7 kal BacileTal
OE UNOAOYIOTIKA €pyaAeia kal noloTIkd GUPNEPACHATA MOU NAPOUCIA0TNKAV OTIG evOTNTEG A.3-A.6,
duvaral va Xpnolponoindei oTov UNoAOYIOUO TWV EVTATIKWV HEYEBWV KAl UETAKIVAOEWY KATA HIAKOG
evog ateloUc péMlouc Timoshenko nou unOKeITal og JIAPOPEC EYKAPOIEG (POPTIOEIC Kal OE AEOVIKN
BAiyn. Mpokelpévou va npoadiopioTEi TO POPTIO acToxiac oUvBeeTou pEAOUC pe papdouc dIKTUWGONG Ba
MPENEl AUTA TA EVTATIKA PEYEDN va Xpnoiponoin®oUv yia ToV UNOAOYIOHO TwV EVTATIKMV HEYEBWV TV
ouUCTaTIKWV PEp®V (NEAUATA kal papdol dIKTUWONG) Tou ouvBeToU PéAoUC. EQOCOV Ta ouaTaTIKa HEPN
TwV OUVOETWV HeAwvV Me paBdouc JIKTUWONG KATanovouvTal Kupiwg and afovikéc OUVAWEIS, O
TEPUATIONOC TNG €AACTIKAG avaiuong 2" Ta&éng emTuyXaveral PE Xprnon MIag kataAAnAng oxéong
aMnAenidpaong nou ouvOEETal AMOKAEIOTIKA ME auTeC. H oxéon aAlAnAenidpaong PBacileTal oTo
oupnépaopa OTI n ouvnBEaTEPN HoPPN acToxiag aTnv Npd&n €ival Tonikr) EA\aCTONAACTIKN AoTOXid TOU
Kpiolgou gatvopatog (ouvndwe und BAiwn) nou odnyei o KABOAIKI) KATAPPEUON TOU HEAOUC.

Mn YPAUMIKN CUHUNEPIPOPA Kal aXeOIAoPOC GUVOETWY UNOCTUAWKATWY and xaAuPa und agovikn Kai
£YKApPOIa (POPTION
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OTovTacg Tnv a&ovikr dUvaun oTo nAgov BAIBOUEVO NéAa ion Ye TNV TOMIKA avToxn o€ AuyloUO Tou
(PATVOPATOC NPOKUNTEL:

E+|Mmax|
2 h

=N, (35)

(0]

onou P eival To a€ovikd PopTio €ni TOU CUVOETOU PEAOUC KAl Mimax EiVal N YEYIOTN KAUNTIKA pOnM KaTd
JNKOG Tou Io0dUvapou PEAoug Timoshenko (npokunTel peyiotonoiwvtag Tnv EE. (32)). H EE. (35)
TPOMOMOIEITAl OTNV MEPINTWAON MOU 1 MEYIOTN KAWATIKA ponn epgavifeTal oTa akpa Tou PEAOUG (OTo
x=0 | L) kal ouykAivel diaywmvia papdog GTo AKPOo TOU KPICIMOU paTvwuaTos, AauBavovTag KaT’ autov
Tov TPOMO uUNOWn To yeyovog OTI éva TURpa Tng agovikng dUvaung napaiapBaverar and T diayawvia
papdo (eiTe o BAIYN €iTe O ePEAKUCPO avaloya PE Tn Qopa TnG TEPvouoac duvaung). H Téuvouaa
duvaun Q unohoyileTal pe xprion T¢ EE. (33). MNa Tnv nepintwon SIKTUWOoNG X kal X Je opBOOTATEC N
EE. (35) yiverar:

: O;L)(t
Py Mo 0] OO 00, (36)

2 h

o
2TIG nepINTWOeIC dikTUwong N, V kai Z, n EE. (35) yiverai:

P, [Mpax (O;1)]

: : +[Q(0;L)[tang,=N, (37)

(0]

O1 AyvwoTEG NApAPeTPol OTIC OXECEIC aAnAenidpaaong ival Togo To (popTio acToxiac P 6go kal n B€on
MEYIOTOMOINONG TNG KAMNTIKAG POMNC KATA PNKOC Tou £EeTalOPEVOU HEAOUG KAl CUVENME anaiTeiTal yia
enavaAnnTikn diadikaagia yia Tnv €UPECN TOu (OpPTioU adroxiac. ZTnv Tonikr avroxn N, Aappaveral
unown n €NIpPON TWV TOMIKMY ATEAEIOV Kal TNG dlapporc. To KpioIHo pAaTvwua pnopei va BewpnOsi
anAonoinTIKa w¢ au@IEPEIOTO, KATI TO onoio dev €ival Navra akpiBEC aAAG odnyei O GUVTNPNTIKEG
npoBAEWeIg avToxnc. H Tonikr avroxn pnopei va BaacileTal €ite atnv 1" diappor} TnG dIATOWNG €iTe va
AauBavel unown Kai TNV ENEKTACN TNG dIApPONG yia TNV ENITEUEN aKPIBECTEPWY ANOTEAEOUATWV.

A.8.2. ApIOUNTIKOG EAEYXOG

H npoteivopevn péBodoc yia ateAn olvBeTa péAn und afovikr Kal eykapaola pOpTIoN €AEYXETAlI OTNV
napoUod UMNOEVOTNTA HE XPrOn anoTEAEOPATWV MEMEPACUEVWV OTOIXEIWV Mnou €Enxbnoav e To
npoypappa ADINA. O1 apibunTikéc avaAloeig xpnoidonololvTal yia Tov UnoAoyiopd Tou qopTiou
aoToxiag Kal EVOwUAT@VoOUV Un YPAPMIKOTNTA TOOO YEWMETpiag 000 kal UAIKoU. O1 KaBoAIKEC kal
TonIKEC aTEAel BaaifovTal oTa avTioTolXa oXNKaTa IS10popPwV AuyiopoU. To PEyeBoC TNG KaBOoAIKNG
atédeiag AayBaveral ico pe L/500, evw To pEYEBOC TNG TOMIKNG aTéAsiag PBaocileTal eite oTnv
npodiaypa®n Tou EC3 eite Aappaveral ioo pe a/500. e kaGBe NepinTwon n TOMIKNA aTEAEIA £xel TETOIQ
(popa waoTe va odnyei oTo eAaxioTo gopTio avroxnc. H noidtnTa Tou xaAuBa Bswpeital ion pe S355 Kal
To OIQYpaUHa TACEWV-NAPAPOPPWOEWY JIYPAUMIKO Xwpi¢ KpdaTuvon. H aoToxia Twv papdwv
OIKTUWONG anokAgieTal anod TIC €EeTAlOPEVEC NEPINTWOEIG, KABWG BewpEiTal NWG £XOUV OXESIAOTEl HE
IkavonoInTIKn unepavToxn (wg €ibioTal otnv npa&n). O1 péBodol nou XpnaiponoloUvTal kal EAEyxovTal
givar:

— GMNIA: Mn Mpappikn Avaiuon FewpeTpiag kar YAikoU e ApxikéG ATéNeiec. To qopTio aoToxiag nou
npokunTel Bewpeital To PETPO oUYKpIonNg, Kabwc PBaciletal otn BEATIOTN PEBOdO and anown
aKpiBelac anoTeAeoUATWV.

— Mpotevopevn MéEBodoc-A (Mp. MEBodoc-A): To @opTio acToxiaC MPOKUNTEI HPE XPNON Twv
avaAUTIKOV OXECEWV MOU MPoTAdnkav OTIG unoevoTnTeg A.6 kal A.7 kal TNG KAataAnAng oxeong

AidakTopikn AlaTpIBry KwvoTavTivou E. Kaloxalpétn E.M.M. 2014
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aMnAenidpaonc ek Twv EE. (35)-(37). H Tonikr avroxn Baciletar otnv 1" diappor) Tou kpicigou
(ATVOUATOC.

— Mpoteivopevn MéEBodoc-B (Mp. MEB0d0c-B): To (opTio acToxiac MPOKUMTEI HE XPron Twv
avaAUTIKQV OXECEWV Mou NpoTaenkav OTIC UnoevoTnTeg A.6 kai A.7 Kal TNG KataAAnAng ox&ong
aMnAenidpaonc ek Twv EE. (35)-(37). ZTnv TOMKn avtoxn AauBaverar unoyn n €néKTacn Tng
dlapporc oTn dlaTour) TOU KPIoIJouU (paTvUaAToC.

— Noyiopiko 1 kai AoyiopikO 2: Xprion €unopikoU AoyiopdikoU yia Tnv ekTéhean availuong 1 Ta&nc
(AoyiopIkO 1) Kal PN YPAMMIKAG avaAuong YEwMETpIac e gaivopeva P-A (AoyiodikO 2) onou O€
AapBavovral unown apxikEG KaBoAIKEC aTéAelec. DopTio aoToyxiac BswpeiTal ekeivo nou odnyei os
OpIaKr) IKavornoinon TNG KaTwTEPw aviowong:

N M

k <
38
XZActh “ Ivlz,pI,Rd ( )

onou N kai M, gival n a&ovikr dUvaun Kai n KaunTIKR ponr oTnv €EeTalduevn OIQTOMN TOU NEAATOC, X,
0 MEIWTIKOC OUVTEAECTNG Yia KAUNTIKO AUYIOWO nepi Tov aoBevr) agova (Aaupavovrag éupeca Tnv
EMIPPON apXIKWV TOMIKWV aTeEAEINV), Kk, 0 ouvTeAeaTc aAnAenidpaong onwg opileTal anod Tn MéBodo
2 Tou EC3 kal M, rg N MAQOTIK pONF QVTOXNG TNG SIATOMNG Yia Kauyn nepi Tov acBevr) agova.

EVOeIKTIKG yia TNV NePINTwOn OUVOBETOU UMOOTUAWUATOG MHE pAPdoUC JIKTUWONG Kal TUXAIEC
OUVOPIAKEG CUVBNKEG NMOU UMOKEITAl O€ afovikr Kal o JIAPOPEG EYKAPCIEG POPTICEIC , TO didypauua
ahnAenidpaong @aiveral oto xnua 23. Mapatnpeital noAU kaAry olykpion PeETAEl GMNIA kal Twv
NPOTEIVOUEVWV PEBODWV, €1DIKA TN MpoTeivopevnc MeBodou-B nou AapBavel unoyn Tnv ENEKTAcn TNG
dlappong otn diatoun. H xprion eunopikoU AoyiopikoU Kal avaiuong Ye gpaivousva P-A (AoyIGUIKO 2)
odnyei og IkavonoIiNTIKd anoTEAEOUATA, EKTOC TNC MEPINTWONG CUMMEPIPOPAC UNOOTUAWUATOC MOU
gival kaTd TnGg aogaAsiac. H xprAon YPAuMIKAG €AACTIKNAG avaAuong Ke €UNopIkO  AOYIOHIKO
(Noyiopiko 1) odnyei og anoTeAéouaTta TOOO KATA OCO Kal UNEP TNG acpalsiac kai Ba npenel va
ano@eUyeTal.

—— GMNIA hoyiopko 1 = =Tllp.MeBodog A = = [p.MiBodocB = - = Aoyiopko 2
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2xnua 23: Aiaypappa aMnAenidopaong yia oUVBETO JEAOG E TUXAIEC OUVOPIAKES GUVONKEG kal ouvunapen
a&ovikng dUvapng kai eykapolnv QopTIoEWY

Mn YPAUMIKN CUHUNEPIPOPA Kal aXeOIAoPOC GUVOETWY UNOCTUAWKATWY and xaAuPa und agovikn Kai
£YKApPOIa (POPTION
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H xpnon Tng npoTeivodevng d1adikaciag yia TOV UMOAOYIOMO TwV HETAKIVAOEWV Kal TWV (POPTIwV
aoToxiag eAeyxBnke o€ PYeyalo NARBOC apiBUNTIKWV MPOCOUOIMKATWV OUVBETWY UNOOTUAWUATWY HE
papdouc JIKTUWONG KE Xprion dIagopwy eykapaiwv gopTioswv. EEAXON To oupnépacpa OTI EUpIoKETal
o€ NoAU KaAfy oUPQWvia PE apiBUNTIKA anoTeAEOPATA Nou MPOKUMTOUV and MANPWG WN YPAMHIKEG
avaAloeig, og O,TI apopd TOoo Tn duokapwia 6oo Kal To (PopTio avToxnc. EmnpdobeTa, anodeixTnke
OTI N NPOTEIVOUEVN PEBODOC €ival ENAPKECTEPN CUYKPIVOUEVN UE TN OUVABN UEAETNTIKI NPAKTIKI MOU
BaocileTal ot ypauUIKA €AAOTIKR avaAuon kal n onoia PMOpel va eival kata TnG acpalsiac ot
NEPINTWOEIC AUYNPWV (POPEWV NOU UMOKEIVTAl OE GNUAVTIKI KN YPAUHIKOTNTA YEWHETPIAC.

A.9. ZYMIEPI®OPA BIOMHXANIKQN MAAIZIQN

A.9.1. Eappoyn npoTeIvOHEVNG HEBOSOU o Blopnxavika nAaioia

H npotevopevn péBodoc epappoleTal o ovwpopa Blodnxavika niaioia pe oUVOETa unooTuUA®UATA
UNO OUMMETPIKEC KAl QVTICUMMETPIKEG (POPTICEIG. STIC EPAPHUOYEG AUTEC, N OOKOC Tou mnAaigiou
avTikaBioTaTtal and katdAAnAa oTpo@ika eAaThpid, ONwC auTda €E€nxbnoav yia Tov unoAoyiopo Tou
€AAOTIKOU POopTiou AUyIoHoU NMOAUWPOPWY KATAOKEUWY ano WEAN Timoshenko, avdloya pe To av n
(OPTION NPOKaAel Napapdp@wan Povng (aueTadeTn oupnepipopd) f dINAAC (UETABeT cupnepipopd)
KaunuAOTNTAC. AKOAOUBWC anouovVeTal To dUOHEVEDTEPO UNOCTUAWMA Kal epapuoleTarl n diadikaaoia
nMou MePIYPAPNKE OTNV MponyoUHEV nNapaypapo yid HEPOVWHEVA OUVOETA MEAN ME TUXAIiEC
OUVOPIOKEC OUVONKec. H dlaypappaTikr aneikovion TnG METATPONNC Tou nAaigiou ot 100dUvVauo
OTaTIkO Npocopoiwpa péAoug Timoshenko @aiveral oTo Zxnua 24.

MARApEeG NAaioio pe SIKTUWTH dokO Kal UNOoTUA®KMATA

o, &,
MeTaTponn o€ nNAdiolo He Icoduvapa

péAN Timoshenko

Ely, Sp

Bl Se El_, Sc

o _@b—cb
MeTaTponn o€ 1I003UVAPOo MEAOG
Timoshenko

Crd C c(j(@
= El., S,
&, @,
MeTaBeTr) ouUNEPIPOPA UMNO Mn peTaBeTr cupnepipopd unod
TNV ENIPPON POPTiWV Nou TNV €NIPPON POPTIWV NOU NPOKAAOUV HNDEVIKN
NpoKaAoUV UETABETN A NOAU HIKpR HETAGBEON

>xrHa 24: Merartponn nAnpoug nAaiciou o€ aTaTikd 100dUvapo npooopoiwpa PeAoug Timoshenko
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A.9.2. ApIOUNTIKOG EAEYXOG

>Tnv napolod UMOEVOTNTA napoucialeTal éva evOeikTIKO aplBunTIKO NApdadslyud Tou au@inakTou
Hov®poPou BiounxavikoUu nAdigiou nou @aiveral oto xnua 25. EEeTaleTal n nepinTwon ouvduaouou
KATakopupwv kai opifovTinv QopTicewv. O1 uEBodol nou XpnaiponoloUvTal Kal eAéyxovTal €ival idleg
ME EKEIVEG NMOU NapouaoiaoTnkav aTnv evotnta A.8. EminAéov eEeTaleTal kal n NepinTwaon Mn MpauIKAg
Avahuong lewpetpiac (GNIA) Tou 10odUvapou nAaiciou Timoshenko yia Tov MPoOodIOPICHO TWV
opICOVTIOV HETAKIVAOEWY Kal EMEITa €pApHOyn TNG KATaAMnANng oxeéong aAAnAenidopaong €k Twv
EE. (35)-(37) yia Tov npoadioplodd Tou popTiou acToxiac. O1 dpdyol Icopponiac napoucialovral oTo
SXNMa 26 yia OAeG TIC HeBADOUC. AIGKPIVETAI N GNUAVTIKNA anokKAION TNG YPAWMIKNAG EAACTIKNG avaAuang
(Aoyiopiko 1) nou odnyei o unoekTipnon Twv opIlOVTIWV PETAKIVAOEWY aAAd o ao@aln npopAsyn
ToU (opTiou acToxiac. H xprion KN YPAuMIKAC eAacTIknG avaiuoncg (Aoylopiko 2) odnyei o BeATiwaon
NG NPOBAEWNG TwV opIfOVTIWV PETAKIVACEWY KAl O GUVTNPNTIKN NPOBRAEWn Tou gopTiou aagToxiac. H
xprion Tne MNpoTteivopevng MeBodou-B odnyei ae noAU IkavonoinTikr NpoBAswn 1600 TwV opIlOVTIKV
METAKIVAOEWY OCO Kal TOU (POPTioU acToxiag. H kaAuTepn oUykpion HE TIG NANPWG HN YPAMMIKES
avaAluoeic GMNIA enituyxaveral ye Xprion GNIA og 100dUvapo nAaioio pe pEAN Timoshenko.
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>xnua 25: EEeTalopevo HovmpoPo BIoPnxavikd nAaicio unod ouvOudouo KaTakopupwv Kal opilOVTIWV QPOopPTICEMV
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Zxnua 26: Apopol iIgopponiag yia To EeTalOEVO HOVWPOPO BIOKNXAVIKO NAdico und cuvduaopd KaTakopupwv
Kai opifOVTIWY POPTIoEWV

Mn YPAUMIKN CUHUNEPIPOPA Kal aXeOIAoPOC GUVOETWY UNOCTUAWKATWY and xaAuPa und agovikn Kai
£YKApPOIa (POPTION
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Mpayupatonoinénke nAnBog spapuoywv Kal eEnxbnoav napouola cupnepaopatd. Ev kaTtakAeidl, n
£(papuoyr TNG NPOTEIVOUEVNG HEBOdOU O povwpoga nAaiola e oUvBeTa PEAN e papdoug dIKTUWONG
BpioKETAI OE IKAVONOINTIKI CUM@WVIa Pe apiBuNTIKG anoTeAEopaTa nou eEayovTal e Tn Xpnon nAnpwe
MN YPAUMIK®V avaAUoewv GMNIA. H xprion Tng oUyXpovng MEAETNTIKNG NPAKTIKNAG oxedIaouoU odnyei
oe NyOTEPO akKpIPr) anoTeEAECUATA anod Keiva TNG NPOTEIVOPEVNC UEBODOU NOU OE APKETEC MEPINTWOEIG
£ival KaTa TnG acpalsiac.

TENoOC, DIEPEUVNONKE N ANOKPION HOVOPOP®WVY BIOUNXAVIKWV NACICIWV HPE W OHOIOpOp(A Kad’ Uyog
oUvBeTa unooTUA®UATA PE papdoUC dIKTUWONG MOU anavTwvTdl oUXVa O NEPINTWOEIC MOU AnalTiTal
OTAPIEN YEPAVOYEPUPAC OTO E0WTEPIKO MEAUA TWV UNOOTUAWMATWYV. APIBUNTIKEC avalloelg €dsiEav
Nw¢ auTr N NPAKTIKA 0dnyei 0 oNUAvTIKN PEiwon ToU POPTIOU avToxnG kal o€ onupavTikn alénon Twv
EYKAPOIWV WETAKIVAOEWY, KATI TO ornoio anodideTal atn un nAnpn ouvepyacia petal OokoU Kal
UNoOTUAWMATWY. H ¥prion evog kovTou npoPoAou ot evdIGUeco UWoC yia Tn oThipiEn Tng
YEPAVOYEPUPAG i0wC €ival KaTaAANAdTEPN.

A.10. ZYNOWH KAI ZYMIMNEPAZMATA

STOXOG TnNG napoloac OIDAKTOPIKNG OIaTPIBAC €ival N MEAETN TNC OUMPNEPIPOPAC CUVOETWV
UMNOCTUAWHATWV PE papdouc dIKTUWGONG Kal TUXAIEG CUVOPIAKEC OUVONKEC und afovikn Kal eykapaoia
@OpTION Kal n diatunwaon odnylwv yia To oxedlaoud Touc. Ma Tnv €niTeu&én autol TOu GTOXOU
akoAouBeiTal cuvduaouEvn NEIPANATIKN, APIBUNTIK Kal avaAuTIK) NPOCEYYION.

Apxikd, napoucialeTal 0 oxedIAOMUOC Kal N €KTEAECN MIAC CEIpAC MEIPAPATIKWY OOKIWV O O€ka
auPIEPEIOTa OUVOETA UNOOTUAWMATA HE paBdoug SIkTUWONC (NEVTE OPAdEC P dUO idla UNoCTUA®KATA
oTnv KaBe pia yia AOoyoug enavaAnwipoTnTac) WE PeaMoTIKEC KABOAIKEC Kal TOMIKEG AVNYMEVEG
AuynpoTnTec. Ta dokipia unoBailhovTal og a&ovika BAINTIKA (POPTIA KAl CUYKEVTPWHEVEG AKPAIEC POMEC
NPOKAAOUMEVEG AOYW EKKEVTPOTNTAC TWV AEOVIKWV (opTiwv. Ta anoTeAéopaTta yia Kabe Ookipio
napouacialovTtal pe pwToypaPiec Toug yia didpopa enineda QOopTIoNnG, Kal dpOUOoUC Icopponiac Ye TN
Hop®r OlaypaUMATWY  (POPTIOU-EYKAPOIAG METAKivNONG kabw¢ kal (popTiou-napapoppwong o€
XOPAKTNPIOTIKEC BEoeIc. H oupnepipopd OAWV Twv JOKIYIWV gival apxika EAACTIKN, V@ dIAMICTOVETAI
NwWC o OAEC TIC OUAdEC N TOMIKNA €AACTOMAACTIKN ACTOXIA €VOG (PATVWUATOC odnyei O KABOMIKN
aoToxia Xwpic NepIBwpPIa avakaTavoung Tng evraonc. Ms BAacn Tnv TOMIKI GUUMEPIPOPA TWV KPICIHWV
PATVOPATWV KaTadelkvUETAI N ENIPPON TWV APXIKWV TOMIKWV ATEAEIOV KAl TWV TOMIKOV E0WTEPIKWV
pOMQV.

3TN OUVEXEId, NpAyPATOMOIEiTal apiBUNTIK MPOCOMOIWoN TWV NEPAUATWY MHE T HEBodO
MNENEPACUEVWY OTOIXEIWV, PE OTOXO TN PABUOVOUNCN TWV APIBUNTIKOV NPOCOHOIWHATWV EXOVTAC WG
Baon Ta NeipapaTikG anoTeAEGUATa, WATE va PnopoUlv va Xpnaoiponoin8olv oTn YETENEITA NOpeia TNG
£peuvac. Ma Tnv Npooopoiwaon TOOo TWV NEAMATWV 000 Kal Twv papdwv dIKTUWONG XpnoigonolouvTal
apxIka snipaveiaka nenepacpéva ortoixeia. Mpokeipévou va AngBei unoyn n napoucia NAPAPEVOUCHV
TAoEWV AOYWw BEPUIKNC KaTEpyaaiag n diaToun Twv NEAYATOV XwpileTal KAaTAGAMNAa o€ TUAUara, os
KaBe éva ek Twv onoiwv anodideral dIa@opeTikiy noloTnTa XaAupPa. Or kaBoAIKEC Kkal TOMIKEG
YEWMETPIKEG ATEAEIEG EVOWMATWVOVTAI OTIC ApIOUNTIKEG avaAUoelG oUPPWVA WE TIG NPWTES IDIOUOPPEC
kaBoAikoU kai TonikoU AuyiopoU, avTioTtoixa. And TIC apIBUNTIKEC avaAUOEIC NPOKUNTEI NWE EPOTOV
AneBolv undwn otnv avaAuon n Un YPAuUIKOTNTA YEWUETPIAC Kal UANIKOU, Ol APXIKEC YEWMETPIKEC
KaBOAIKEC Kal TOMIKEC ATEAEIEC KAl OI NAPAUEVOUCEG TACEIC BEPUIKNAG KATEPYATIAG, UNAPXEl HIa MOAU
KaAr] oup@wvia PeTagl apiBunTik@v Kal MEIPAPATIK®V anoTEAECUATWY, O OPOUC UETAKIVIOEWY,
napagopPwWoswy Kal avrtoxnc. EminAéov, n oUykpion Twv apiBunTIKOV MNPOCOUOIWUATWY HE
ENIPAVEIOKA NENEPACUEVA OTOIXEIQ HPE aAVTIOTOIXA PABdWTWV MENEPACUEVWY OTOIXEIWV 0dnyel OTO
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OUMNEPACHA NWC N Xpnon Twv deUTEpWV UNOopEl va MNPoBAEYE! 1kavonoiNTIKG Trn CUHMEPIPOPA TWV
oUVOETWV PEAWV PE aI0BNTA PIKPOTEPO UMOAOYIOTIKO KOOTOG,.

3TN OUVEXEIQ, WE XPriON apIBuNTIK®Y NPOCOUOIWUATWY KUPIKG paBOWTWOV MENEPACHEVWV GTOIXEIWY,
Olepeuvaral n anokpion CUVOETWV UNOCTUAWUATWY PE paBdouc SIKTUWONC HE KABOAIKEC Kal TOMIKEG
atéleiec. AlanioTwveTal OTI N doToxia ekONAMVETAl OUVABWG WG TOMNIKr) eAAOTONAAOTIKI AdoToXia Tou
KpioIJoU paTtvopaTog, f onaviotepa wG KaBoAIKn €AaoTIKn aoToxia. Tn deUTepn MEPINTWON N
aMnAenidpacn peTa&l kaBohikoU kal TomikoU Auyiouou gival onuavTikr Kal 6a npénel va Aappaveral
unoyn, ev® OTNV MNPWTN HNopei va evowpaTwOel €upeca oTnv TOMIK avToxry Tou Kpioidou
patvopaToc. H peyaAUTepn WEinon Tou (popTiou aoToxiac Tou aTeAoUG (popEéa O OXEON HE TOV TEAEIO
npaypaTonolsiTal kal oTic dUo NEPINTMOEIC OTAV TA PopTia kaBoAikoU AuyiopoU, TornikoU AuyIoHoU Kal
nAnpouc diappong TauTiovTal, evw n WIKPOTEPN OTAv TO Kpioigo (opTio kaBoAikoU Auyiopou eival
MIKpOTEPO anod Tou TonikoU. H aduvapia TG ikavonoinTIKAG NPOBAEWNC Tou (popTioUu acToxiag ano TIC
dlaTageic Tou Eupwkwdika 3 otnv nepinTwon Tng dsUTepnC HopPrc aoToxiac, kabwe ds AapPaveral
ekei undwn n aAAnAenidpaon kaboAikou kai TonikoU AuyiopoU, anoTeAsl KiviTpo yia Trn dnuioupyia Yiag
NPOCEYYIOTIKAG avaAuTIKNAC diadikaciag nou NPoBAENEl ENAPK®G TNV Anokpion TwV OUVBETWV PEAWV
Kal aTIg 0U0 NePINTWOEIG aoToxiac. MapoAa auTtd, n NA&ov ouxvr] Hop@r aoToxiag aTnv npagn ivai n
npwTn, AOYW XPronG HEAWV HE HIKPEG WG WETPIEC KABOAIKEC Kal TOMIKEG avnyMEVEG AuynpOTNTEC Kal
AOYW ouUVUNapENG oNUAvTIKWV EYKApoIwv PopTinv, Kal ue BAan auTn ouvexiletal n napoloa €psuva.

Ev ouvexeia, £pooov n npooouoiwon Twv OUVOETWV PEAWV HE PABdOUG OIKTUWONG WG HEAWV
Timoshenko kpiveTal enapknc kai a&lonioTn, n €pEUva ENIKEVTPWVETAl aTNV NPOPRAEWN Tou EAAOTIKOU
Kpioiyou @opTiou Auyiopou peAwv Timoshenko pe Tuxaieg OUVOPIGKEC OUVONKEC YE TN MEBODO Tou
Engesser. lMpoTeiveTal yia autd TO OKond €va WNTPWO €UOTABelaC 3x3 mnou odnyei Ot TPEIC W
YPAUMIKEG OXECEIC YIa AMETABETA, PEPIKWG METABETA Kal PETABETA WEAN. EEayovTal eniong €El0WOEIG
ywviag aTpo®nc Ye Tn WYEBodo Engesser yia YeAn Timoshenko pe nuI-GKaUNTEC OUVOECEIC OTA AKPA
Touc. Me Bdon autég, unoAoyilovTal OTPOPIKEC OUOKAWWIEG YId TA MNPOG avTIKATAoTaon HEAN
Timoshenko og nAaiola, avaloya Pe Tn ouUVOpPIAKI OUVBNKN OTO anévavTl akpo TOUC Kal TNy napouaia
N Ox afovikng duvaunc. H Xpnon Twv pn YPAuUIKWV OXEOEWV KAl TWV OTPOPIKWV JUOKAMWINV
OUUBANAel oTov enapkry unoAoyiopod Tou eAacTikoU Kpioldou (opTiou AuyIopoU nAdiciwv nou
anotehouvTal ano péAn Timoshenko kai and oUvOeTa PEAN.

AkohoUBwg, diepeuvartal n avaluon 2" TAENG aTedwv pedwv Timoshenko Pe TuxaieC OUVOPIAKEG
OUVONKec UNO ouvduaopo afovikoU @opTiou Kal ouvnBwv eykApoIwV (OPTIWY, HE OTOXO Vva
NpoTabouv KAEIOTEC OXETEIC YIA TOV UMOAOYIOUO EVTATIKOV PEYEDWV Kal JETAKIVIIOEWV KATA UAKOG TWV
MeEAWV. H evowpatwon apxIKng KaBoAIKNG aTEAEIaC oUP@Wva PE TO oxnua TG 1™ 1dopopPnc
kaBoAikoU AuylopoU YiveTal pe Xprion NPooeyYIoTIKOU PEYEBUVTIKOU OUVTEAEOTN nou unoloyileTal Ye
Baon Ta gopTia AuyiopoU TNG nponyoUpevng napaypdgou. Oi eyKAPOIEC PopPTIOEIG NepIAapBavouy
OMOIONOP(A KATAVEUNUEVO (POPTIO, AKPAIEG OUYKEVTPWHUEVEG POMEC KAl AKPAIEC OUYKEVTPWUEVEG
OuvapEIC kal n avaAuaon uno Tnv €nidpacr]) TOug NPAyPaTonoIEiTal HE XPAoN TwV €EI0WOEWV ywviacg
oTpo®ng 2™ TAENc Me Tn MEBOdO Engesser yia péAn Timoshenko. H oUykpion We apiBunTika
NPOCOUOIVUATA PABOWTWV NENEPACUEVWV OTOIXEIWYV 0ONYEl 0 NOAU IKQVOMOINTIKN CUNPWVia WETAEU
TOUC,.

O Tepuamiogog TG eAaoTikng availuoncg 2™ Ta&ng yia Tov unoAoyiopo TOU (QOPTIOU aoToxiac Toug
npaydaTonolgital e XpAon HIac npoTeivodevnG anhng oxéong aAlnAenidpaonc nou BacileTal oTo
ouUNEpacpa OTI Tad oUVOeTa MEAN HeE pAPdouC JIKTUWONG acToxoUv ouviBwe AOYWw TOMIKAG
€AACTONAACTIKNAG ACTOXIAC. ZUVENWG, OUVOAIKA N MPOTEIVOPEVN WEBODOG yia Pepovwpeva oUVBeTa
MEAN WE TUXAIEC OUVOPIAKEG GUVONKEG nepIAauBavel Tnv eAacTikn avaiuon 2% Ta&ng Twv 1I00dUvaywyv
peAwv Timoshenko kal Tov TEPUATIONO AUTNC yia Tov NPoadIopIoUO TOU (POPTIOU aaToXiag pe Baan Tn
ox&an aAnAenidpaonc. H xprion TnG npoTeivopevnc d1adikaciag yid TOV UNOAOYIOHO TWV HETAKIVIOEWV
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Kal TWvV QOPTIWV aoToxiac PeydAou nNARBoUC OUVOETWV UNOCTUAWHATWY HE pAPdouG dIKTUWONG
anodeikvUeTal OTI eUpioKeTal o€ NoAU KaAry cuppwvia Pe apIBPNTIKG anoTeEAEoUATA Nou NPokUNTOUV
ano NANPWS YN YPAUMIKEG avaAUoEIG.

TENoC, n npoTeivopevn HEBOOOG epapuoleTal 0 Povwpopad Plounxavikd nAaioia pe oUvOeTa
UMNOCTUA®MATA UNO CUPMETPIKEG KAl QVTIOUPHETPIKEC (POPTIOEIC. 2TIC EPAPUOYEC AUTEG, N OOKOC TOU
nAaioiou avTikabioTatal and kataAAnAa oTpoPIKa eAaTrpla, ONwe auTa eEfxBnoav yia Tov UNoAoyIoHO
Tou €AaoTIKOU (pOPTIOU AUYIOHOU MOAUMPOPWY KATAOKEUWV and WeAN Timoshenko, avahoya e To av
N @OpTIoN npokaAei napapdppwon poviac (aueTdBetn oupnepipopd) n dINAAC  (UETABETH
OUUNEPIPOPA)  KAPNUAOTNTAG. AKoAOUBWC danopoveveral TO OUCUEVESTEPO UMOCTUAWWA  Kal
gpappoleral n diadikaoia nou NEPIYpAPNKE OTNV NPONYoUUEVN napdypa®o yia PJegovwpéva olveeTa
MEAN WE TUXaieC OUVOPIaKEG GUVONKeC. H epappoyr TNS NPOTEIVOUEVNC HEBOdOU aE Jovwpopa nAdioia
HE OUVOETA PEAN BPIOKETAI OE IKAVOMOINTIKN CUUQWVIa JE apIBUNTIKG anoTeEAEOUATA nou €EayovTal e
TN Xpnon nANPwG MN YPApHIKwv avaAUcswv. H xpron Tng ouyxpovng MEAETNTIKAG MPAKTIKNAG
oxedlaopoU odnyei oe AiyoTEPO akpIBry anoTeAéopaTa and ekeiva TNG NPOTEIVOUEVNG HEBOdOU Kal O
APKETEC MEPINTWOEIC €ival KATA TNG do@aAeiac. TEAog, pe Baon autn Tn dlgpelivnon npoTeivovTal
NPAKTIKOI TPOMOI NPOCOH0IWONG, avaAuong Kal EAEYXOU ENAPKEIAC TwV GUVOETWV HEAWYV, HE OTOXO TN
BeATiwon TnG a&lonioTiac KaTd To oXedIAoPO TOUC OE €MiNedo PEAETNTIKNG NPAKTIKNG.

A.11. NPQTOTYNH ZYMBOAH THZ ATIATPIBHZ

H napoluoa O10akTopikry dlaTpIBry AOXOAEiTal YE TN UN YPAUUIKN OCUUNEPIPOpd Kal TO OXedIAoHO
oUVOETWV peEAWV pE papdoug JIKTUWONG UNo agovikn kal eykapaia GopTion AauBavovrac unoyn Tnv
ENIpPON  apXIKWV KABOAIKWV kal Tomk®wv darteheiwv. lMa Tnv €niteuén autol Tou OTOXOU,
NPAayuaTonolgiTal NEpauaTikn, apiBuNTIKR kai avaAuTikn diepelivnon nou NePIANQPBAVEl EMOTNHOVIK
npwToTunia. Baoel autrg, diatunwvovTal niong Bacikeg odnyiec avaluong kal oXedlaopou oUVOETwWY
MEAWV ME pABdouc JIKTUWONG, CUWPBAAAOVTAG £TOI GTNV NPO0d0 TNG WEAETNTIKNAG MPAKTIKNAG OTO
OUYKEKPIKEVO BEpa.

A.11.1. ZupBoAn oTNV ENICTAHN TOU HNXAVIKOU

H oupBoAn TNV eENICTAKN Tou pnxavikoU nepIAauBavel:

— EKTEAEON NpWTOTUNWV NEIPAPATWY Ot OoKijia OUVOETWV HeEAWV pE pABdoug dIKTUWONG ME
PEANIOTIKEG KABOAIKEC Kal TOMIKEG avNYHEVEC AUyNpOTNTEG nou nepIAauBavouv TOG0 KaBOAIKEC 0G0
KAl TOMIKEC METPNOEIC OIEUKOAUVOVTAG TNV MOIOTIKN KAl MOCOTIKN €PUNVEId TNG Anokpiong Twv
dokipiwv ([10-1], [10-2]).

— Xprion Mn Tpaguik®v AvaAUoswv TewpeTpiac kar YMkoU Me ApxikEG ATéleiec (GMNIA),
oupnepIAauBavovTag Tnv €nippor) Napagevoucwv TAoswv Oepunc €haong PaocilOpevol ot £va
UNoAOYIOTIKO TEXVAOUA TPOMOMoiNoNG TNG aVTOXNG TOU UAIKOU Of OUYKEKPIMEVEC MEPIOXEC TNG
OIATOMNAG, ME OTOXO TN BABUOVOUNCN TWV ApIBUNTIKWYV MPOCOMOIWUATWY We BAcn Ta MEIpaPaATika
anoteAéopara. H apiBunTikr npocopoiwaon TETOIOU TUMOU €ival NPpwTOTUMN KAl CUPNEPACUATA MOU
e€ayovtal katd Tn OIApKEId TNG APIBUNTIKAC MPOCOMOIWONC MNopsi va anodeiXxTouv Xproiua yia
ahouc epeuvnTég ([10-1], [10-2]).

— lMpaypaTonoinon eKTETAPEVWV NAPAPETPIKWV avaAUCEWV kal €Eaywyr) TOU CGUMNEPACHATOC OTI
ateArl oUvOETa UNOoTUAWUATA HE papdouC BIKTUWONCG acToxoUV &iTe AOYw KABOMKNC €AACTIKNG
aoToxiag €ite AOyw TOMIKNG EAACTONAAGTIKAC AOTOXIAG TOU KPIOIMOU (paTvwuaTog, Pe Tn OeUTepn
NePINTWON va anavraral ouxvotepa otnv npdén. MNpoTteiveTal avaAuTikr PHEBOdOG nou pnopsi va
NPOBAEYE! IKAVOMOINTIKA TN CUUNEPIPOPA TWV CUVBETWV PEAWV Kal OTIG U0 NeEPINTWOEIG. EAAeipel
UNapxouowv avaAuTIK®V PeBOdWV MOU va Wnopouv va XpnoidonoinBolv yia Tnv IKavonoinTIKr
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npoBAewn kai Twv OU0 PNXaviop®V aoToxiag, n HOvn eVAAAKTIKR PEBodOC eival n Xprion Hn
YPAUMIKAC apIBUnTIKAG avaAuong nou anaitei noAU HeyaAUTEPO UMOAOYIGTIKO (POPTO anod Tnv
npoTeIVOUEVN avaAuTikn diadikaaia ([10-3]).

— Mpoétaon avaAuTiknG PeBOdOU yia Tov UMOAOYIOPO Tou eAdoTIKoU Kpioldou (opTiou AuyiopoU
noAuwpo@wv nAaiciov pe WEAN Timoshenko pe Baon Tn WéBodo Engesser. MNa autd To okonod,
HOPPMVOVTAl PNTPWO €UCTABEIaC yia WENoG Timoshenko pe TuxaieC ouvopIaKEC OUVONKEC Kal
€EI000EIC ywviac aTpo®nG yia WEAn Timoshenko He nuI-OKAPNTEG OUVOEOEIC HE Bdon Tn WEB0DO
Engesser. lMpoTeivovTal €niong oTPoQIKEG OUOKAMWIEC yia TA MPOC avTIKATAOTAoN MEAN Mnou
OUVTPEXOUV OTOV Avw Kal KaTw kOUPBo Tou eEeTalopevou unooTuAwpatoc ([10-4]).

— EEaywyn KAEIOTWV OXECEWV yid TOV AUECO UMOAOYIOHO TWV EVTATIKWV HEYEBWV KAl HETAKIVIOEWY
KaTd pnkog atehoUc péhoug Timoshenko Pe TUXAIEC OUVOPIOKEC CUVONKEC NOU UMOKEITAI OE AEOVIKN
BAiWnN kal eykapoleg PopTioeIC. H evowuaTwan Twv dIaTUNTIK®V NapauopPuOLwV NpayuaTonolsiTal
ME TN WEBodO Engesser. O1 eykApPOIEG POPTIOEIC NEPIANAUPBAVOUV EYKAPTIO OMOIOHOPPA KATAVEUNHEVO
(POPTIO, OUYKEVTPWUEVEC POMEC OTA AKPA KAl CUYKEVTPWHEVEC EYKAPOIEC dUVANEIC oTa akpa ([10-5],
[10-6], [10-7]).

— Xpnon Twv avaAuTIK®V anoTeAeopaTwv TV U0 NponyoUUEVWY Napaypdpwy, yid TOV TEPUATIOHO
NG eAacTIKNAG avaiuong 2" Ta&nc pe Baon pia anAni oxéon aAAnAenidpaonc nNpog unoAoyiopo Tou
(popTiou aoToxiag kaBoAikd kal Tonika ateAoUc oUVOETOU UMOCTUAWUATOC WE TUXAIEC OUVOPIAKEG
ouvlnkeg und afovikn OAiWn Kal TUNIKEG €yKAPOIEC (POPTIOEIG, €iTE TO OUVOETO WENOG eival
HEMOVWHEVO €iTE BewpeiTal PEAOC Hovwpopou BiounxavikoU nAaiciou ([10-5], [10-6], [10-7]).

A.11.2, ZupBoAr oTn HEAETNTIKA NPAKTIKN

>TNV TPEXOUOA PEAETNTIKN NPAKTIKN NPOBAENETal TPOMOC OXedIAGUOU AUPIEPEIOTWY UNOCTUAWUATWY,

V@ OTNV Npagn ta oluvlsta péAN eival TunuaTta peyaAluTepwv nAaiciov. MNa autd To Adyo, ol

UNAapxXouoeC avaAuTikEC npoPAéwelc Oev eival duvaTd va Xpnolgonoinfouv Og Mo MEPINAOKES

NEPINTWOEIC KAl anaiTouvTal KatdAnAeg Tpononoifoelc. H kuUpla ouvelopopd TnG napoucag

OI0aKTOPIKNG BIaTPIBNG OTN MEAETNTIKN NPAKTIKI CuvOWileTal wg:

— H npoteivopevn uEBodoC, Bacilopevn o€ avaAuTikoUC UMoAoyiopoUC Kal o€ dnAf oxeon
aMnAenidpaonc, pnopei va xpnoigonoinBei yia Tov npoodiopIoHO TNG CUMNEPIPOPAC CUVOETWV
HeAwV, aveEapTnTa ano To av anoteAoUv PYEPOC NAaioinv f 0xl. AuTO dieuKoAUVEl TNV AUEDN Xpron
anod Toug PNXavikouc TnG Npagnc. H npoteivouevn PUEBODOC odnyel O UNOAOYIOUO TWV EVTATIKOV
HEYEBV Kal eykapoiwVv BEA®V O KABE oTABUN POPTIONG KAl OE €NAPKN) NPOCdIOPICHO TNG AVTOXNG
TOU OUVOETOU WENOUG.

— H npoteivopevn pEBodoc BacileTal o€ avalUTIKEC OXEOEIG MOU €ival OXETIKA €UKOAEC OTn Xpron,
1D10iTEPA av EVOwPaTwBoUV PE TN Hoppr KWOIKA og KaTaAAnAo Aoyiopiko. MpoopEpouv KaT' auTov
TOV TPOMO aKpIBf] anoTEAEOPATA HE OXETIKG HIKPO UMOAOYIOTIKO KOOTOC. SUVEN®C Wnopolv va
XpnoiydonoinBolv O EKTETAMEVEG NAPAWETPIKEG avaAloeIC KaTd Tn OIApKeId NPOUEAETNG Kal yIa ToV
ENEYXO TWV ANOTEAEGUATWV Nou €EAyovTal and apiBUNTIKEC avaAUCEIG e EUNOPIKA AOYIOUIKA.

— Xpnolya oupnepdopaTta EayovTal yia Tnv avaiuon kal oxediaopd oUVBETWY PeEA@V OTnV Mpagn
OUYKPIVOVTAG TIC OUVABEIC PEAETNTIKEG NPAKTIKEG avAAUoNG Kal oXedIaopoU HPE anoTEAEGUATA Mou
npokUNTouv and NANPWG HN YPAUMIKEC avaAloeic. H xprion €AAOTIKAC YPAUMIKAC avaAuong
anodeikvUeTal a&ioniotn JoOvo oTnv NEPINTWON Nou To NAiolo cupnepIPEPETaAl NoAl dUokaunTa,
EV® N EVOWUATWON TNG KN YPAUMIKOTNTAC YEWUETPIAc oTnv avaAuon eival ev yével okoniun. H
npoBAewn TNG avroxnc pnopei va BeATiwBei av otnv EE. (38) oupnepiAngBei povo o 6pog nou
ouvOEeeTal YE TNV agovikn duvapn.

Mn YPAUMIKN CUHUNEPIPOPA Kal aXeOIAoPOC GUVOETWY UNOCTUAWKATWY and xaAuPa und agovikn Kai
£YKApPOIa (POPTION
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-~ H npooopoiwon Tou nARpouc nAaigiou e WEAN Timoshenko, n npayuparonoinon pn YPAWMIKNG
avaluong YEWMETPIAG Kal n XPrion TnG MNPOTEIVOHEVNG OXEoNG alAnAenidpaong odnyei o€ MoAU
IKavVoMoINTIKG anoTeAéOPATa, O O,TI aPopd TOOO EYKAPOIEC WETAKIVAOEIC OGO KaAl TO (POPTIO
aoToxiac. H ouykekpipévn diadikaaia Oev anaitei ASNTOPEPT NPOCOUOIWON TWV CUVOETWV PEAWV Kal
OUVEN®C €ival Nio ypriyopn Kal KaTaAAnAn o€ pAacn NPopeAETNC.

— H xprion pn opoldpoppwv kad’ Uyog oUVOETWV UNOCTUAWUATWY, Yia NApadsiyya o€ NEPINTWOEIG
XPONG YEPAVOYEQPUPAC Kal OTHPIENC AUTNC OTO £0WTepIkO NéApa, Ba npénel va anopeUyeTal.
ApiBunTikéc avaAloeic €deifav NwC odnyel OE ONUAVTIKN MEiwon Tou (opTiou avtoxng Kal o€
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1 INTRODUCTION

1.1 PREFACE

Columns may be defined as compressed longitudinal structural members. Metal columns appeared in
the late 18" century as wrought-iron members and their use was based on empirical evaluations. With
the introduction of steel to constructional engineering and with the larger demand for safe and
economical structures, the necessity for a thorough investigation of steel columns’ behaviour became
prominent.

After the observation by Leonhard Euler [1-1] that the column’s strength was not only a problem of
crushing but also of stability, many theories [1-2], [1-3] were developed accounting for these failure
modes. The combination of theoretical and experimental investigation that took place during the first
half of the 21* century was strengthened by the advances in computer engineering during the second
half of the same century, allowing for complicated calculations and advanced types of analyses. These
decades of analytical, experimental and numerical research included plasticity, large deflections,
residual stresses and initial imperfections and resulted in the single and multiple column curves that
are incorporated in modern code provisions for the efficient design of columns [1-4]. In practice
structural members are usually subjected to both axial and lateral loads and in such cases they are
called beam-columns. Axial forces and bending moments of comparable magnitude coexist along the
beam-columns and both should be considered in their design. To that purpose modern design guides
contain appropriate interaction formulae that account for both geometrical and material nonlinearity.

Columns with single and solid cross-section along their length have been thoroughly investigated over
the last century and modern codes provide sufficient guidance to engineers for the design of such
members. Despite that fact, in many structures, the existing cross-sections may not satisfy in an
economical way strength and/or serviceability criteria. A powerful alternative in steel buildings and
bridges providing economical solutions in cases of large spans, large buckling lengths and/or heavy
loads is the use of built-up columns.

1.2 BUILT-UP COLUMNS

Built-up columns consist of the longitudinal chords (or flanges) and the shear system that provides
shear rigidity and structural integrity by connecting the chords between each other. They have a
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double-symmetrical cross-section and are characterized by large static indeterminacy. Both the flanges
and the shear system are constructed by either rolled or welded cross-sections. Usually built-up
columns have two chords and depending on the type of the shear system they are distinguished in
two main categories: laced and battened built-up members. The shear system consists of lacing bars
and batten plates in the first and second category, respectively, which are usually constructed in two
parallel planes. The built-up behaviour corresponds to the plane of the shear system. In the response
perpendicular to the plane of the shear system, the two chords work as two closely spaced cross-
sections. Typical views of an I-profile column, a laced built-up column and a battened built-up
member are shown in Figure 1-1(a)-(c), respectively. In the first case, the flanges are continuously
connected with the web along the height of the column. In the laced and battened columns of this
example, U-profiles are used as flanges while the lacing bars and the batten plates play the role of the
web.

|
[N
Chords Chords /: I\E
1) Lacing bars attens
L~ | I
|
(@ (b) ©

Figure 1-1: (a) I-profile column (b) laced built-up column and (c) battened built-up column

The key characteristic that makes built-up columns structurally more efficient than solid web members
is the arrangement of the single counterparts, which follows the flux of the internal forces. The
concentration of material far from the cross-section’s elastic neutral axis results in its better
exploitation. By orienting the cross-section of the built-up columns’ flanges in a way that its strong
axis is activated for out-of plane (perpendicular to the plane of the shear system) bending as shown in
Figure 1-1, strength and stiffness of similar magnitude can be achieved for both axes.

The structural advantages of built-up struts were appreciated from the beginning of the 21 century,
when they were used in large scale constructions. At the same time, their differentiation from other
structural members became clear in the most tragic way in Canada. The Quebec Bridge [1-5] covering
the width of St. Lawrence River collapsed in 15 seconds during its construction in 1907, leading to
death 75 workers from a total of 86 working that day. The failure was attributed to the buckling of a
built-up diagonal. New efforts took place and the bridge was totally reconstructed in 1919 (Photo 1-1).
Built-up columns are differentiated from commonly used columns in two aspects. The first one is the
important and detrimental effect of shear deformations, which is attributed to their significantly
deformable shear systems. The second is the interaction between global and local behavior of such
columns. The interaction should be taken into account because the arrangement of the diagonal bars
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or of the batten plates leads to the appearance of several panels in elevation which make the
consideration of the local behavior necessary.

(a) (b)
Photo 1-1 (a) The collapse of the Quebec Bridge in 1907 and (b) the Quebec Bridge today

1.3 LACED BUILT-UP COLUMNS

As already mentioned, laced built-up columns usually consist of two flanges that are connected
between each other with the use of diagonal bars constructed in two parallel planes. The lever arm
between the two flanges is relatively large and the diagonals can be either bolted or welded on the
flanges, forming triangles and resulting in a truss like static system. The lacing system can vary
depending on the arrangement of diagonals. Some of the ones encountered often in practice are
presented in Figure 1-2. The bending and axial rigidities are provided by the longitudinal chords, while
the shear rigidity is mainly offered by the lacing bars. As will be pointed out in the following chapters,
laced members are usually characterized by large bending and shear rigidities making them suitable
for resisting both axial and lateral loading.

= :Chords

—— :Diagonal bars

XXX
NS

Figure 1-2: Different arrangements of lacing bars

Laced built-up columns are often used in industrial buildings carrying crane bridges such as the one
depicted in Figure 1-3. The demand for large columns’ height, heavy loads and small displacements in
such structures makes laced columns a tempting solution. In general, industrial buildings consist of
consecutive planar frames in which laced columns are positioned appropriately so that for in-plane
loads the built-up behaviour is activated. The crane bridge is usually directly supported by the inner
chord of the laced columns, while the outer chord is used for the connection of the columns with the
frame girder as shown in Figure 1-3 [1-6].
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Figure 1-3: Typical industrial frame with laced built-up columns carrying crane bridge

Extensive use of laced columns in industrial frames (naval stations and hangars) serving military
purposes took place over the last century, satisfying the need for protecting massive military
equipment under large covered areas as depicted in Photo 1-2. A typical example of laced columns
used in @ modern industrial structure in Greece is shown in Photo 1-3 (a)-(b). In Photo 1-3 (¢)-(d), the
first transformer plant of Hyundai in the United States [1-7] that was completed at the end of 2011 is
shown. The use of massive laced columns was necessary for supporting the 6000-ton transformer
plant covered by large jack trusses.

Photo 1-2: Laced built-up columns in a naval station

Laced columns have also been extensively used in bridge engineering, especially throughout the
United States, either as frames’ columns or as bracing members. Four cases are shown in Photo 1-4,
in which the lacing bars are riveted on the flanges. Photo 1-4 (a) comes from the recent retrofit of
San-Francisco-Oakland Bay Bridge [1-8], at which the strengthening took place while the bridge was
still open to traffic. The use of laced ties aimed at protecting the bridge from severe seismic actions.
Photo 1-4 (b) was taken from the historical Gale Road Bridge in Michigan [1-9] which was built in
1897 with the use of riveted laced columns and trusses.
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(c) (d)

Photo 1-3 (a)-(d) Laced built-up column in modern industrial buildings with welded connection of the lacing bars
on the chords

Another use of laced columns is related to tower cranes used often in large construction sites. The
need for sufficiently large stiffness and strength in both axes of bending without the use of laterally
supportive systems makes laced columns a unique solution. Usually laced columns used as tower
cranes consist of four chords connected between each other with four planes of lacing serving the
previously mentioned needs. Significant bending moments due to load eccentricities and lateral loads
can be safely delivered to the ground with the use of a limited amount of steel. A view of a tower
crane at the Mont Blanc mountain top is shown in Photo 1-5 [1-10].
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(a) (b)

Photo 1-4: Steel laced built-up struts used as (a) bracing members and (b) part of frames in bridge engineering in
the United States

Photo 1-5: Laced tower crane at Mont Blanc

1.4 BATTENED BUILT-UP COLUMNS

Battened built-up columns usually consist of two flanges that are connected between each other with
the use of batten plates (battens) constructed in two parallel planes. The lever arm between the two
flanges is relatively small in comparison to laced built-up columns and the battens are welded on the
flanges, resulting in a static system similar to the Vierendeel truss. The rigid connection between the
battens and the chords is necessary for the transmission of shear between the longitudinal flanges. In
the case that the battens are attached to the flanges by hinged connections, the column is called
spaced and the flanges work individually. In battened members the bending rigidity is offered by the
longitudinal chords while the shear rigidity is offered by both the chords and the battens. As will be
pointed out in the following chapters, battened members are usually characterized by small shear
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rigidity making them suitable for resisting mainly axial loading. Due to this disadvantage battened
built-up columns are not permitted by U.S. design provisions.

Battened members are usually used as compression struts, like in the bridge cases depicted in Photo
1-6 [1-11]. The use of bracing systems in the plane of the battens in these photos verifies that
battened columns are not usually designed for resisting significant lateral forces. A similar use of
battened struts can be seen in Photo 1-7 [1-12], in an arch-shaped structure belonging to a hydro-
electrical plant in Pueblo Nuevo Vinas in Guatemala. The static system of the arch clarifies that the
battened members act as transverse and diagonal truss bars, mainly stressed by axial forces.

(a) (b)

Photo 1-6: (a)-(b) Steel battened built-up struts used in bridge engineering

Photo 1-7: Steel battened built-up struts in a hydro-electrical structure in Pueblo Nuevo Vinas in Guatemala

1.5 OBJECTIVE AND CONTENTS OF THE DOCTORAL THESIS

This thesis focuses on built-up beam-columns, especially on laced ones that are more frequently used
in practice. The main purpose of this research is to thoroughly investigate and to provide useful
guidelines for their analysis and design. The present research is based on the three main aspects used
in modern civil engineering research which include analytical procedures, numerical calculations and
experimental tests.

The introduction to columns in general and built-up columns in particular, presented in this first
chapter, is followed by Chapter 2 that contains a literature review regarding the behaviour of laced
and battened built-up members, the second-order analysis of Timoshenko beam-columns and
provisions incorporated in modern desigh codes related to the analysis and design of built-up
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columns. Chapter 3 describes in detail the set-up and the results of an experimental work that took
place at the Institute of Metal Structures at the School of Civil Engineering of the National Technical
University of Athens, in the context of the present doctoral thesis. In Chapter 4, the experimental
outcomes are compared with numerical results for the calibration of the numerical models and useful
conclusions are drawn about the numerical modelling of laced columns. Chapter 5 presents the types
of failure that laced built-up members can exhibit and a proposed interaction equation for the
calculation of the collapse load of imperfect simply-supported laced built-up columns is presented. In
Chapter 6, the problem of the calculation of the elastic critical buckling load of frames consisting of
Timoshenko members is thoroughly examined and an analytical procedure is proposed. In Chapter 7,
imperfect Timoshenko beam-columns with arbitrary supports under axial compressive and lateral
loading are examined and closed-form solutions are proposed for calculating their second-order elastic
response. In Chapter 8, the structural behaviour of imperfect steel built-up beam-columns with any
type of boundary conditions subjected to combined axial and lateral actions is investigated by making
also use of the results obtained in Chapters 5, 6 and 7. Chapter 9 provides examples for the practical
use of the proposed procedures in the calculation of the response and failure load of laced built-up
columns belonging to planar and symmetrical industrial frames. Additionally, guidelines for their
design and numerical modelling in practice are provided. Finally, Chapter 10 includes a summary of
the present doctoral thesis, the main contribution to the research field related to it and
recommendations for future research.
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2 LITERATURE REVIEW

2.1 INTRODUCTION

The structural response of built-up columns has been studied extensively and many relevant
publications can be encountered in the literature. They include analytical methods, numerical
simulations and experimental tests covering all possible research approaches in the field of structural
engineering. These works are mainly related to simply-supported built-up columns under axial loading.
Two main aspects that differentiate built-up columns from commonly used struts have been
thoroughly investigated: (i) the modelling of built-up members as equivalent Timoshenko struts
including the effect of shear deformations and (ii) the effect of interaction between global and local
behaviour. In this chapter, a review of the existing literature for the response and failure types of
laced and battened built-up columns will be initially presented. Then, publications related to
interaction between global and local buckling will be mentioned, focusing on the effect of global and
local imperfections on the overall behaviour. Additionally, as will be illustrated in the following
chapters, modelling built-up struts as equivalent Timoshenko members is very convenient in analytical
procedures. Therefore research with emphasis on the second-order response of Timoshenko beam-
columns will be summarized. Finally, the provisions of modern design codes for built-up columns will
be presented and conclusions on the literature review will be drawn. All research topics into which this
chapter is separated are directly connected between each other. Their separate presentation is used
for the reader’s facilitation and is based on the field to which each research work made the largest
contribution.

2.2 RESEARCH ON BUILT-UP COLUMNS

Built-up columns consist of many counterparts and as a result their behaviour differs from the one of
solid struts. In the present section, publications related to experimental tests and analytical
procedures, either empirical or not, will be presented. It will be shown that during the last century
researchers tried to approach the behaviour of built-up members using various approximations,
sometimes very far from reality. A typical laced column and its cross-section are depicted in Figure
2-1. The two flanges offer both axial and bending rigidity and the lever arm between them is h,. In
this specific example the chords consist of I-shaped cross-sections positioned in such a way that their
strong axis y-y is parallel to the plane of the lacing. Therefore, for behaviour in the lacing’s plane the
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weak axis z-z is activated. The total length L of the built-up column is divided in a finite number of
smaller parts usually called panels. Each panel’s length is denoted as “a” and is equal to the distance
between adjacent joints. The diagonal and transverse bars (the angle between them is denoted as ¢))
offer the necessary shear rigidity to the built-up member. They are usually welded on the flanges
ensuring integrity between them. The end transverse bars may have the same cross-section as
intermediate transverse members or much larger ones, leading to the so called “end rigid plates”. The
technical terminology of laced struts applies also for the case of battened columns, with the difference
that diagonal bars are absent and transverse members (battens) are rigidly connected to the flanges.

end transverse bars
\

i

L Ia
7
| transverse bars
W
!\l ~flanges or chords
L{® .5—\/ 9

g

diagonal bars

00—

B-B'
(a) (b)

Figure 2-1: (a) Typical laced built-up column and (b) its cross-section B-B’

The buckling of an elastic perfect column under axial compressive load was initially mathematically
investigated by Euler [2-1]. The distinction of the behaviour between stocky and slender columns was
made by Tetmajer [2-2] who proposed that Euler’s formula could be applied in the elastic region of
slender members. Engesser [2-3], [2-4] was the first one to incorporate into the elastic critical
buckling load of built-up columns the effect of both bending and shear deformations. His theoretical
analyses on battened columns resulted in analytical formulas, which take into consideration the
deformations of battened column’s counterparts. Until today, one of the existing methods for
incorporating shear deformations in buckling analyses bears his name.

Emperger [2-5] published the results of tests on flat ended riveted battened built-up columns,
concluding that the action of the column as a whole can be achieved with double riveted batten
plates, while single riveted battens were unable to transfer shear from one chord to another. The
author also concluded that the capacity of a built-up member could not be larger than the equivalent
solid column’s as a whole whatever the strength of the lacing bars. Krohn [2-6] analyzed battened
built-up columns considering that the totally applied load was unevenly distributed between the two
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chords as the column deflected. Additionally, he proposed that the shear force transferred to the
battens at the ends of a simply-supported column could be calculated by considering a sinusoidal
deflection.

Miiller-Breslau [2-7] worked on eccentrically loaded battened built-up columns, considering them as
homogeneous members in cases of more than four panels and sufficiently stiff battens. Surprisingly,
one of his conclusions was that the effect of shear on the capacity of battened members was
negligible. This is incorrect, as today it is well-known that built-up members may be susceptible to
significant shear deformations capable of reducing their bearing capacity. In 1910, Talbot and Moore
[2-8] presented an experimental effort related to the investigation of steel and wrought-iron built-up
columns’ behaviour under load. The research aimed at determining experimentally the variation of
compressive stresses and strains along the length of the chords and other components. It is
interesting that the concepts of local non-straightness and non homogeneity of the material were
clearly mentioned by the authors.

With the aid of the American Railway Engineering Association in 1918, tests were performed [2-9] on
battened steel columns with flat ends, investigating the effect of the panels’ length on the capacity.
They concluded that the larger the unrestricted panels’ length, the smaller the overall strength of the
column, highlighting that the local behaviour affected the overall one. Furthermore, the American
Society of Civil Engineers in 1927 supported the performance of a few more tests [2-10] on
eccentrically loaded battened members examining the case of opposite eccentricities, too. They
verified that battened columns were suitable for use in cases of small eccentricities and therefore of
small shear forces. On the contrary, large shear forces caused significant shear deformation resulting
in excessive local bending of the chords and of the battens.

Petermann [2-11] published the results of tests conducted by Miiller-Breslau, observing large
variations when comparing them with empirical calculation procedures. In 1931 the same author
[2-12] reported experimental results of ten more battened columns based on which he recommended
local slenderness ratios for the panels. In 1936, Timoshenko [2-13] provided a theoretically based
formula for the calculation of the elastic critical buckling load of built-up columns accounting for the
effect of the flexibility of battens and chords on the shear rigidity of the built-up members.

In 1940, Holt [2-14] published tests on fifteen built-up columns of structural aluminium alloys and two
of structural steel. He investigated the effect of the shape of section on the strength of built-up
columns. It is worth mentioning that he noticed failure by local buckling at stresses less than the
material’s yield strength for relatively large width-to-thickness ratios. Ng [2-15] in his doctoral thesis
tested battened columns with various panel lengths and with welded joints instead of riveted ones as
in previously mentioned tests. He drew qualitative conclusions on the capacity’s decrease in cases of
larger panels and suggested that the slenderness ratio of the unrestricted panels should not exceed
50. Furthermore, he concluded that the numerous welds did not significantly affect the strength of the
columns.

Pippard [2-16] worked on a battened built-up column and considered the effect of the battens as
similar to that of a continuous web that offered only flexural restraint to the chords in elevation and
did not contribute to the second moment of inertia of the built-up cross-section. It is interesting to
note that Pippard came to the conclusion that the larger the number of battens (and the smaller the
panels’ length), the smaller the column’s capacity. This is surprising, as a large number of battens
leads to reduction of shear deformations and strengthening of the local behaviour (as the panels’
lengths decrease and they become stocky), resulting in solid column behaviour with larger capacity.

Bleich [2-17] presented a closed-form solution for the critical load of battened members, making the
assumption that points of inflection appear at the middle of the panels’ and battens’ length
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(Vierendeel truss). In order to ensure that the local behaviour would not be more critical than the
global one, Bleich recommended that the local slenderness should be smaller than the global one.
Additionally, he assumed a sinusoidal deformed shape and proposed that the battens should be
designed for a shear force corresponding to the deflection for which the column’s concave side
yielded. As will be later shown, modern design codes adopted formulas based on the philosophy
behind Bleich’s formula.

Koenigsberger et al. [2-18] performed tests on battened members and concluded that the optimum
ratio of local to global slenderness was 0.4 for riveted members and 0.47 for welded ones. They also
mentioned that the local slenderness should be calculated with an effective buckling factor of 1 for
riveted joints (Figure 2-2(a)) and 0.85 for welded joints (Figure 2-2(b)), accounting in this way for the
flexural restraint that the rigid connections would offer in local buckling. Their method for calculating
the collapse load was in good agreement with their tests and with the tests performed by Miiller-
Breslau [2-7].

(a) (b)
Figure 2-2: Connection of batten to chords (a) with rivets and (b) with perimetrical welding

Mohsin [2-19] worked analytically on the behaviour of battened members under eccentric loading and
concluded that the elastic critical buckling load of such members depended on the load’s eccentricity
unlike to solid columns. This conclusion seemed to be valid, as loading one chord more than the other
resulted in different response between them. Nevertheless, it should be mentioned that the modern
design concept states that elastic critical buckling loads should be related to elastic perfect columns
under concentric loading, and that any existing load eccentricities should be taken into account by
using second-order analysis.

Kloppel and Uhlmann [2-20] performed an extensive experimental and analytical study of eccentrically
loaded simply-supported battened columns and investigated the effect of various parameters on the
response and capacity, such as the panels’ length, the residual stresses, the magnitude of eccentricity
and the lever arm between the chords. They concluded that battened members exhibit elastoplastic
behaviour, which could be taken into account in an elastic procedure by either incorporating or
omitting the moment of inertia of the chords in calculating the moment of inertia of the whole built-up
column. They also mentioned that in columns with flanges that are continuously interconnected with
the web, larger slendernesses led to larger effect of plasticity. This comes in contrast with the case of
solid members, for which plasticity plays a more significant role for small values of slenderness.
Additionally, they concluded that residual stresses due to welding between battens and chords do not
have a significant effect on load carrying capacity. They summarised that the possible types of failure
are:

— Failure of the panels due to bending and axial force.
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— Failure of the battens due to bending and shear force.

— Panel mechanism, when the shear force is significant at the ends of a simply-supported column and
four plastic hinges appear at the four ends of the critical panels.

Kléppel and Ramm [2-21] examined analytically and experimentally the behaviour of 43 eccentrically
loaded simply-supported laced columns with various types of lacing. Apart from investigating factors
like the ones mentioned in the previous publication, they searched for the effect of residual stresses
due to welding between lacing bars and chords, as they observed that in the joints between lacing
members and chords, premature plastification took place. For that purpose, they tested 3 columns
with annealing in order to eliminate the magnitude of welding residual stresses, concluding that they
do play a role and that in practice denser lacings may result in loss of stiffness and strength. The
same authors [2-22] worked also on the behaviour of laced columns with four chords, which are
commonly used for constructing crane booms. Ramm and Uhimann [2-23] summarized the previously
mentioned publications’ results and proposed simple analytical procedures for checking the capacity of
built-up members in practice. Their procedures became the basis for the analysis and design of built-
up columns in Eurocode 3 [2-24] and will be thoroughly explained in the following sections.

Vroonland [2-25] and Brolin et al. [2-26] worked on latticed crane booms under axial and lateral load
and noted that failure took place in the tests when the compressive force in a chord reached the
failure load of the unrestricted length between the joints. This conclusion will be the basis of the
present doctoral thesis for the design of laced columns, as will be presented in the following chapters.
Lin et al. [2-27] used a non-dimensional factor for the constant shear flexibility of battened and laced
members with end rigid stay plates and derived a system of second-order slope-deflection equations
under distributed line load. Hinges were assumed at the joints in laced struts and in the middle of the
panels’ and battens’ length in battened members.

Toossi [2-28] investigated the out-of plane buckling of battened built-up columns by converting the
discrete problem to a continuous one. He proposed a general relationship between the external loads
and the cross-section’s properties for this type of instability. Porter and Williams [2-29] treated
battened columns as an assembly of cells and with the use of stability functions formed the stiffness
matrix of the structure, finally used for the calculation of the exact elastic critical buckling load. A
major advantage of this procedure was the fact that cells could have different characteristics in
elevation, facilitating the analysis of non-uniform built-up members. A significant disadvantage was
related to the cumbersome calculation process.

Halabia [2-30] in his doctoral thesis continued the work of the previous authors [2-29] and examined
the behaviour of uniform and non-uniform battened columns under concentric or eccentric loading
from a theoretical and an experimental point of view. He came up with conclusions related to possible
types of failure of such columns (excluding any type of failure in battens), which were summarised as:

— Single central hinge in a bending mode corresponds to the type in which failure initiates from the
middle cross-section of a simply-supported battened column due to the appearance of a plastic
hinge. This type of collapse mechanism is equivalent to the solid columns type of failure. It is
expected in types of battened columns with relatively small panels’ length (small intervals between
battens).

— Panel mechanism appears due to significant shear forces that result in significant bending moments
at the panels’ ends and consequently to the formation of plastic hinges. In battened columns with
varying panels’ length, the panel mechanism is expected in the largest panel. The author pointed
out that this mechanism is not usually a primary one and it appears at the post-buckling branch of
the equilibrium path.
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— Four hinge short cell mechanism appears in cases with short cells due to the formation of three
plastic hinges at the ends and middle of the critical panels.

— Four hinge long cell mechanism appears in some cases, when a panel’s length is much larger than
the length of the other panels.

— Three hinge short cell mechanism appears either in the elastic or in the elastoplastic range due to
the formation of three plastic hinges that in the deformed configuration all lie on the same straight
line. This type of failure is exhibited either prior to any other collapse mechanism (and therefore is
the critical one) or in the post-buckling range (more often).

A computer program used for the calculation of elastic critical buckling load and failure load of
battened members was developed for the prediction of the failure modes. Halabia additionally
proposed ways for incorporating his findings into the pertinent British codes of practice, which make
use of Ayrton-Perry’s formula.

Gjelsvik [2-31] used the main concept of Engesser’s theory for investigating the elastic buckling of
built-up columns with end stay plates. End stay plates prohibit the appearance of shear deformations
at the ends of the column and, using a layered sandwich cross-section, he obtained a sixth-order
differential equation, which was convenient for applying the two additional boundary conditions. The
model’s chords sustained axial forces, shear forces and bending moments, while the web was loaded
by shear forces. The results were given in the form of graphs, facilitating their use from engineers of
practice. A main conclusion was that the existence of end stay plates provides significant increase in
the elastic critical buckling load of built-up columns. This increase is much larger for more shear-weak
members and for columns with small ratio between overall second-moment of inertia and second-
moment of inertia of the single chord. Therefore, it can be concluded that end stay plates are more
useful in battened members rather than in laced ones.

Paul expanded Gijelsvik’s procedure for other possible boundary conditions and considered that the
column’s web could also transmit axial forces and bending moments, making the model applicable to
built-up columns with continuous web. His experimental findings [2-32] showed good agreement with
analytical results [2-33] and the Engesser’s method without the effect of end stay plates was always
on the safe side. Ermopoulos et al. [2-34] investigated built-up columns with linear variation of depth
with various practical support conditions and analysed them as rigid-jointed frameworks. By
performing rigorous analyses they obtained critical buckling loads and assessed the effect of many
parameters, such as the degree of non-uniformity, number of panels, stiffness and length of
components on them. Chang and Sher [2-35] presented a numerical procedure for the elastoplastic
post-buckling behaviour of perfect and imperfect built-up columns. As a model they considered two
slightly separated identical members connected at their ends and middle with rigid links.

Sahoo and Rai [2-36] tested battened cantilevers under constant axial load and gradually increasing
lateral force. The formation of the plastic hinge was expected at the base of the specimens. The
configuration of the battens varied by considering constant batten intervals in elevation, denser
arrangement of battens in the region in which plastic hinge formation was expected, and box-type
cross-section in the plastic hinge region. The authors concluded that reducing the panels’ length in
critical regions (i.e. at the beam-columns’ ends) or creating a box-type cross-section proved beneficial
in terms of energy dissipation, lateral stiffness, lateral strength and moment rotation characteristics.
They pointed out that the significant weaknesses of battened members (relatively small lateral
stiffness and capacity) that make them inappropriate for use in seismic areas can be overcome with
these modifications. Views of Sahoo and Rai’s specimens after failure are depicted in Figure 2-3. It
can be seen that the local lateral deflections of the chords in the first case were much larger than the
ones in the two latter cases.
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(a) (b)

(9

Figure 2-3: Specimens with (a) constant distance between battens, (b) denser arrangement of battens in the
expected plastic hinge region and (c) box-type cross-section in the expected plastic hinge regions after failure
[2-36]

Lee and Bruneau investigated both experimentally [2-37] and analytically [2-38] the seismic
performance of built-up laced steel brace members. Quasi-static testing of 12 columns was conducted
and the data were used for drawing conclusions regarding ductility, energy dissipation, capacity and
strength degradation after buckling for different global and local slenderness ratios. The global in-
plane buckling of one of their laced built-up specimens is depicted in Figure 2-4. Richard et al. [2-39]
performed elastic time history analyses on planar single-story moment-resisting frames with fixed
base supports of their laced built-up columns. They concluded that the median horizontal
displacements and accelerations were well predicted by the code equivalent static force procedure and
response spectrum method. They additionally observed that inelastic buckling at the base of such
structures may take place, leading to structural response characterised by low ductility.

Figure 2-4: Global in-plane buckling of laced built-up specimen [2-37]

Hashemi and Jafari [2-40] presented a brief review of the behaviour and failure modes observed in
battened columns after the Bam earthquake in 2003, concluding that insufficient design provisions for
such members resulted in an excessive amount of failures. The main failure types were summarized
as overall buckling, local buckling, lateral-torsional buckling, rupture of battens, rupture of battens’
welds, plastic shear deformation of battens and splice failures. Hashemi and Jafari [2-41] evaluated
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experimentally the elastic critical buckling load of battened columns with end stay plates and proposed
a modified Southwell plot [2-42] accounting for interaction between global and local buckling, as will
be discussed in the following section. They concluded that Paul's method [2-32], [2-33] gave the most
satisfactory results when compared with tests. The same authors [2-43] used Ayrton-Perry formula
and ultimate capacity curves for predicting the collapse load of battened struts and concluded that the
first one was conservative and the second one against safety, suggesting that a mean value of the
two should be better considered. The same authors [2-44] performed cyclic tests on battened
cantilevers subjected to axial and lateral point loads. Their main conclusion was that their use should
be avoided in high seismicity areas due to their relatively low ductility.

Guo and Wang [2-45] worked on the instability behaviour of axially loaded simply-supported prismatic
multi-tube latticed steel columns depicted in Figure 2-5. They proposed simple formulas for the
calculation of their slenderness ratio in practical design. Razdolsky [2-46], [2-47], [2-48] investigated
the elastic critical buckling load of laced columns with two different lacing types by considering the
column as a statically indeterminate structure. To that effect, he proposed an analytical procedure
which was capable of capturing both global and local buckling modes.
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Figure 2-5: View of the different prismatic multi-tube latticed columns that Guo and Wang [2-45] worked on

Bonab and Hashemi [2-49] performed a numerical investigation of the cyclic behaviour of laced
columns by using cantilevers laterally and axially loaded. In their conclusions they mentioned that the
higher the applied axial load the lower the available ductility, and that the behaviour of laced columns
was significantly affected by internal bending moments in the chords. Bonab et al. [2-50] investigated
experimentally the elastic buckling load and collapse load of centrally compressed laced built-up
columns and proposed a slightly modified Southwell plot for accounting for shear deformations. They
concluded that Engesser’s method for accounting for shear deformations and calculating the critical
load was in the best agreement with experimental results. Additionally, they found that applying
Ayrton-Perry formula to the built-up column considered as a whole for the evaluation of the collapse
load gave conservative results, while the use of ultimate capacity curves resulted in unsafe ones.
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2.3 INTERACTION BETWEEN GLOBAL AND LOCAL BUCKLING

Solid columns consist of plates continuously interconnected between each other. This interconnection
guarantees cooperation between the plates but local buckling of cross-sections’ plate components may
appear and affect the global response. Cross-sections prone to local buckling are unable to develop
their full plastic capacity and cross-section classification aims at accounting for local buckling in
Eurocode 3 and other codes. In a similar manner, built-up columns consist of many local counterparts
that cooperate and form a unity and therefore, global behaviour where built-up members act as a
whole may be affected by the local behaviour of their counterparts. Publications related to this type of
problem will be presented in the present section.

Global and local buckling mode shapes of a typical simply-supported laced column are shown in Figure
2-6. The global buckling mode is related to the global buckling load (Figure 2-6(a)), at which the
whole column deflects from its perfect and straight configuration. If the lacing is very stiff, this load
would be the Euler buckling load of the system:

n°El

P = eff _
E (KL)Z (2-1)

where El is the bending rigidity of the built-up column as a whole, K is the effective buckling length
factor (K=1 for simply-supported columns) and L is the length of the column. In case of significant
shear deformation, Eq. (2-1) should be modified accordingly.

(a) (b)
Figure 2-6: (a) Global buckling mode of simply-supported laced column and (b) local buckling mode

The local buckling mode is related to the individual buckling of the panels as simply-supported
columns between lacing joints (Figure 2-6(b)). The local buckling load is given by the summation of
the buckling loads of each chord’s panels individually:

Nonlinear behaviour and design of steel built-up columns under axial and transverse loading
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2n°El
p=—" 2-2
L a2 ( )
where El,, is the in-plane bending rigidity of each chord and a is the length of each panel (distance
between connectors). The local buckling load may be somewhat larger than the one calculated with
Eg. (2-2) in battened built-up columns due to the rotational stiffness that relatively stiff battens will
offer at the ends of the panels. From the above description, it can be concluded that local buckling in

built-up members does not refer to the local buckling in cross-sections’ plate components.

The squash load is the third possible type of failure of perfect built-up columns and is given by:
I:)Y=2At:hfy (2'3)

where A, is the cross-sectional area of each chord and f, is the yield stress of the material. The
prevailing failure mode of perfect built-up columns neglecting mode interaction and nonlinear effects
would thus be the one corresponding to the smallest of the loads calculated by Egs. (2-1), (2-2) and
(2-3).

From a theoretical point of view Van der Neut [2-51] was the first one to work on an idealized
compression member consisting of two thin-walled flanges and a web that maintained the integrity of
the structure. Koiter and Kuiken [2-52] addressed the same problem using the same cross-section and
by making use of potential energy expressions and orthogonalised buckling modes, showed that
“naive” optimization associated with equal global and local buckling loads leads to a large loss of
capacity due to buckling mode interaction in the presence of initial imperfections. This result is in
accordance with Koiter's 1/2 power law [2-53].

Thompson and Hunt [2-54] obtained, following a linearised “smearing” analysis, the same set of
indices as the ones found by Koiter. Miller and Hedgepeth [2-55] worked on the detrimental effect of
global and local imperfections on built-up struts. Their results were presented in charts illustrating the
reduction of the elastic critical load as a fraction of the Euler critical load of perfect members.
Crawford and Hedgepeth [2-56] and Crawford and Benton [2-57] obtained similar results to the ones
obtained by the previous authors.

Svensson and Kragerup [2-58] confirmed the previous results and extended them concluding, by
means of elastic analyses up to yielding, that the largest loss of capacity happens when local and
global Euler critical stresses and the vyield stress coincide. This reduction in capacity becomes
prominent in the presence of initial imperfections, reaching magnitudes of 50%. A graphical
representation of the imperfection sensitivity in elastic built-up columns is shown in Figure 2-7. On the
horizontal axis the ratio between the global and local buckling loads is depicted, while on the vertical
one the ratio between the governing critical load P and the local buckling load is shown. Both the
perfect and imperfect structures’ responses are plotted. It is clear that when the two buckling loads
coincide (P./P.=1), the decrease of load P due to the existence of initial imperfections is much larger
than for other ratios of P./P.. For ratios P./P_ larger than unity the decrease is moderate, while for
ratios less than one the smallest decrease is observed.
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Figure 2-7: Graphical representation of the imperfection sensitivity in built-up columns

Tong and Chen [2-59] confirmed the unfavourable mode interaction in centrally compressed built-up
columns using the assumptions by Svensson and Kragerup but still assuming elastic material. They
additionally proposed an iterative procedure for calculating the collapse load of such members. Duan
et al. [2-60] investigated the effect of compound buckling on the compression strength of elastic built-
up members and performed extensive parametric studies for identifying cases in which this effect is
important. They showed that code provisions that do not account for mode interaction result in unsafe
results.

2.4 THE EFFECT OF SHEAR DEFORMATIONS

2.4.1 Shear deformable solid members

In solid columns bending, shear and axial deformations coexist but the effect of the last two on the
response and capacity allows for their omission (Euler-Bernoulli members). In columns with either
short length or large bending rigidity or small shear rigidity or a combination of the previous cases,
the effect of shear deformations cannot be neglected, as they may be of comparable magnitude with
bending deformations. Shear deformable columns are also called Timoshenko columns and compared
with Euler-Bernoulli members have smaller critical loads and exhibit larger second-order effects.

The calculation of bending rigidity is related to the elastic modulus E and the second moment of
inertia of the cross-section I. Shear rigidity for solid cross-sections is defined as the product of shape
factor k (also called shear correction factor), the area of the cross-section A and the shear modulus G.
The shape factor is inserted in the shear rigidity in order to account for the non-uniformity of the
shear stresses over the cross-section. Cowper [2-61], [2-62] provided accurate predictions of shape
factors depending on the geometrical characteristics of the cross-section and the material properties.
He suggested for example that the shape factor for solid rectangular steel sections is equal to 0.83
while for rectangular hollow steel sections it is taken as 0.153, coming up with the conclusion that the
second ones are more susceptible to shear deformations. Typical values of shape factors for various
cross-sections in terms of the Poisson ratio v of the material according to Cowper are given in Table
2-1.
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Table 2-1: Shape factor for various cross-sections according to Cowper [2-61]

Description
of cross- Cross-section Shape factor
section
6(1+v
Circular k= ( )
7+6v
Thin-walled o 2(14Y)
CHS 443v
y 6(1+v)(1+m2)2
CHS (7+6v)(1+m2)2 +(20+12v)m?
| |
- _ m=b/a
2a
+
Square k=M
12+11v
Thin-walled = 20 (1+V)
SHS 48+39v
A
t Shear force parallel to the weak axis: k=—%
h
I section 2A
Shear force parallel to the strong axis: k=ﬁ
T, T A=total cross-sectional area, A,=web’s area, Ar=flange’s area
< b >

Scheer and Plumeyer [2-63] concluded that the non-dimensionless ratio 1/u could be indicative of the
importance of shear deformations in structural analyses:

1 _kAGL?
E “TEl (2-4)

Based on a parametric study, they showed that the work done by the shear forces should be taken
into account for values of 1/p smaller than 115 for determinate and 385 for indeterminate structures.
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Based on this criterion, it can be concluded that indeterminate structures are much more susceptible
to shear deformations than determinate ones.

Built-up columns are usually susceptible to significant shear deformations. To be more specific, laced
columns have reduced shear rigidity due to the lacing, while the large lever arms between the flanges
lead to large bending rigidities. Therefore, despite the fact that their length is relatively large, they are
subjected to significant shear deformations. Similarly, battened columns are generally characterized by
even smaller shear rigidity than laced struts and despite the fact that their length is usually large and
their bending rigidity relatively small, they are also prone to shear deformations. Both are
characterized by small values of 1/u. For four typical I cross-sections subjected to shear parallel to
their strong axis, the values of factor p are plotted against the length of the column in Figure 2-8. It
can be seen that factor y becomes large (and therefore 1/p small) for small columns’ lengths and for
cross-sections with relatively large bending rigidity. In such cases shear deformations play an
important role and should be taken into account. For built-up members, factor p usually varies
between 0.001 and 0.1 highlighting that the importance of shear deformations in such members is
large.

=== JPEB0 === IPEGOO HEB10O =—HEB1000

Length {m)

Figure 2-8: Effect of column’s length on factor p for four typical I cross-sections

For a typical column with length equal to 23.8m and a steel cross-section HEB450 subjected to shear
forces parallel to its weak axis (bending about its strong axis), the value of 1/u is approximately equal
to 1700 (u=0.00059) showing that shear deformations are not significant, whether it belongs to a
determinate or an indeterminate structure. For the same column the use of two steel cross-sections
HEB450 at a distance equal to 40cm between each other in order to form a laced built-up column
modifies its susceptibility to shear deformations. The use of typical lacing systems can lead to values
of 1/p that vary from 50 to 100 showing that the incorporation of shear deformations in its structural
analysis is necessary.

2.4.2 Engesser’s theory

Engesser [2-3], [2-4] was the first to include in the calculation of the elastic critical buckling load of
columns the effect of both bending and shear deformations, by incorporating in the differential
equation provided by Euler an additional term of curvature due to shear deformations. The stability
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problem of a Timoshenko simply-supported column is briefly described afterwards. A perfect and
elastic simply-supported column under an axial load P is shown in its undeformed and buckled
configuration in Figure 2-9. The column is characterised by bending rigidity EI and shear rigidity S,.
The longitudinal axis is denoted as x and the transverse one as w. It can be seen that the transverse
deformation depends on the location along the longitudinal axis.

X EL S, P
Y e — —
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Figure 2-9: Undeformed and buckled configuration of Timoshenko column under compressive force P

A close view of the circled region is shown in Figure 2-10 in which the deformed axis KK’ is rotated by
w’ in relation to the horizontal axis if the differentiation with respect to the longitudinal axis x is
denoted as prime. Cross-section BB’ is perpendicular to the deformed axis KK’, while cross-section AA’
corresponds to rotation due to bending only, y. In Timoshenko beam theory, the total rotation of the
cross-section w’ consists of two parts:

W'=y+y (2-5)

where y is the rotation due to bending only and vy is the shear deformation. In Euler-Bernoulli theory
the two cross-sections AA’ and BB’ coincide, as the total rotation is only due to bending and shear
deformation is considered equal to zero.

Figure 2-10: Deformed cross-sections and applied forces according to Engesser’s theory

The axial force applied P is approximately equal to the one which is perpendicular to cross-section BB’,
as the cosine of the total rotation w' is close to unity, while the shear force perpendicular to the
deformed axis is denoted as Q. It can be seen that the deformed axis KK’ is no longer perpendicular
to the rotated due to bending cross-section AA’, while the assumption that plane sections remain
plane is still valid. The equilibrium of infinitesimally small parts of the Timoshenko member with their
cross-sections perpendicular to the deformed and undeformed axes are shown in Figure 2-11(a) and
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(b), respectively, in which M is used for internal bending moment and V for the shear force
perpendicular to the undeformed axis.
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Figure 2-11: Infinitesimally small parts of a Timoshenko member with their cross-sections perpendicular to the (a)
deformed axis and (b) the undeformed axis

The external bending moment along the longitudinal axis x due to the applied axial force considering
the column’s deformed configuration is:

M(x)=Pw (x) (2-6)
The internal bending moment as a function of curvature due to bending only is given by:
M(x) =-Ely' (x) (2-7)

For simplicity reasons, parameters depending on the examined location along the longitudinal axis will
be next denoted only with their symbol (i.e. M(x) =M). By equating the external and internal bending
moments based on Egs. (2-6) - (2-7) the expression of curvature due to bending can be obtained as a
function of the transverse deflection:

LIJ = (2-8)
The shear force perpendicular to the deformed axis Q can be found by considering equilibrium in the

column’s part shown in Figure 2-11(a) as:

dMm
Q= ™ (2-9)

From Egs. (2-6), (2-7) and (2-9):
Q=-Ely"=Pw' (2-10)

Considering that shear deformation vy is equal to the shear force Q divided by the shear rigidity of the
column S, the following expression arises:
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Pw'

V=" (2-11)

v

The shear force perpendicular to the undeformed axis V can be found from equilibrium in the column’s
part depicted in Figure 2-11(b) as:
M _ |
= -Pw (2-12)
dx
The expression of Eq. (2-12) can be modified with the use of Eq. (2-10) as:
V=-EIy"-Pw'=Q-Pw' (2-13)

Eq. (2-5) by differentiation with respect to x and based on Egs. (2-8) - (2-11) gives the differential
equation with respect to the total deflection w that controls the problem:

ow P P
o s, e (2-14)

v

which can be written:
" P Pw
w (1- S j+= (2-15)

Eqg. (2-15) is valid for a simply-supported column as the number of constants in the solution can
satisfy its boundary conditions and its general solution in sinusoidal form is:

w (x)=A,sin(ax)+A,cos (ax) (2-16)

where A; and A, are integration constants,

2= (2-17)

p
B= (l- Svj (2-18)

Eq. (2-16) is sufficient for Euler-Bernoulli members for which only bending deformations are
significant if the shear rigidity is set equal to infinity, but this is not the case in Timoshenko columns
for which an additional differential equation should be used, with respect either to the rotation due to
bending only y or to the shear deformation y.

and

Using Eq. (2-5) and solving Egs. (2-8) and (2-11) for w’ the following equation is obtained:

Ely" P ( EIy"
- =yYy+— - — -
P Yy S ( P j (2-19)

\
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Rearrangement of Eq. (2-19) gives:
n P
Elg"| 1-— |[+Py=0 (2-20)
SV

Observing Egs. (2-15) and (2-20) one can realise that the only difference from the classical Euler-
Bernoulli differential equation is the factor 1-P/S,. The elastic critical buckling load of a simply-
supported column according to Engesser’s theory is equal to:

P 1

(2-21)

where Pg is the Euler critical buckling load of the same column. This solution can be found in many
structural textbooks and based on it, it can be concluded that if shear rigidity becomes very large and
shear deformations are negligible, one obtains the Euler buckling load. Additionally, it can be seen
that for very short columns characterised by a very large Euler critical load, the critical load according
to Engesser’s theory approaches their shear rigidity.

2.4.3 Haringx’s theory

In 1925, Biezeno and Koch [2-64] used Engesser’s approach for the stability of helical springs under
compression and they found divergence of the theoretical results from the experimental ones, which
questioned its validity. To be more specific, experiments showed that very short helical springs could
never buckle in practice, while Engesser’s approach stated that their critical buckling load would be
equal to their shear rigidity. In order to overcome this problem, a few years later in 1948 Hangrix
[2-65], [2-66], proposed a different method known in the literature as “Modified Approach”. The
theoretical results obtained with this procedure were in good agreement with the experimental ones
for helical springs and the Modified Approach was commonly accepted in the field of mechanical
engineering. A brief description of the applicability of Modified Approach to a Timoshenko simply-
supported column is presented next.

The main difference of the concept behind the Modified Approach is that the shear force Q is no
longer perpendicular to the deformed beam axis but instead is applied to the rotated due to bending
only cross-section AA’, as shown in Figure 2-12. The applied axial force P is no longer perpendicular to
the deformed cross-section BB’ and its angle with the horizontal axis is y. The divergence of the
applied axial force P from the axis of the member’s centre of gravity is depicted in Figure 2-12 and
was characterised by Gjelsvik [2-67] as “wrong assumption”.

The shear force Q becomes:
Q(x)=Py (2-22)

It should be noted that the shear force Q is no longer the first derivative of the external bending
moment.

The shear deformation y becomes:

_Py
S

\

(2-23)
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The shear force perpendicular to the undeformed axis is similar to the one in Engesser’s theory:
V=Q-Py (2-24)
Based on Egs. (2-5), (2-23) and (2-24) the following expression can be obtained:
V=S (w'-y)-Py (2-25)

By differentiating Eq. (2-5) once and using Eq. (2-23) the following differential equation with respect
to the total deflection w is obtained:

ow =y'| 1+ P 2-26
6X2 S (' )

\

Rearranging the terms in Eq. (2-26) the following equation is found:

2-27
1 N Pw ( )

Figure 2-12: Deformed cross-sections and applied forces according to Haringx’s theory
The solution of Eq. (2-27) is given in a sinusoidal form as:
w (x)=Asin (a x) +A,c0S (a x) (2-28)
where A; and A, are integration constants,

a2="P (2-29)

EI
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and

' P
B'= (1+SJ (2-30)

By comparing Eq. (2-16) with Eq. (2-30) it can be seen that the difference is between the B and B’
terms.

The differential equation with respect to y can be obtained with the use of Eq. (2-5), (2-8) and

(2-23):
Ely" P
- =yl 1+ — -
P lIJ( S ] (2-31)
\%
Rearranging Eq. (2-31) gives:
T e ’ p=0 2-32
1+S£ El (2-32)

\

The elastic critical buckling load of a Timoshenko column according to Haringx’s theory is equal to:

4ap
-1+ 1+ —F
SV
P —

crH™

5 (2-33)
SV

Egs. (2-21) and (2-33) contain the same terms and have both been used for the calculation of built-up
columns’ critical loads. Timoshenko and Gere [2-68] stated that Eq. (2-33) is more appropriate for use
in built-up columns despite the fact that it predicts a larger critical load. Nanni [2-69], Ziegler [2-70],
Gjelsvik [2-67] and Blaauwendraad [2-71], [2-72] worked analytically on the applicability of the
previously described methods to the analysis of Timoshenko members and concluded that Engesser’s
method is expected to approach reality in a better way. Bazant and Cedolin [2-73], [2-74] stated that
both methods are equivalent if the definition of shear rigidity is different for each procedure. Bazant
and Beghini [2-75], [2-76] investigated the applicability of the analytical procedures to the buckling of

soft-core sandwich columns. They concluded that whenever a sandwich structure is in small strain and
a constant shear modulus is used in the calculations, the Engesser theory should be preferred.

In general, formulas commonly used for shear rigidity correspond to Engesser’s approach, while
helical springs should be analyzed according to Haringx’s theory. Commercial finite element software
incorporates shear deformations in an approximate way, leading to results close to Engesser’s
method. It should be noted that the two methods of incorporating shear deformation differ only in the
case of second-order analysis, while when no geometrical nonlinearity is considered they both lead to
the same results.

A comparison between the critical loads obtained with Haringx’s and Engesser’s methods (Egs. (2-33)
and (2-21), respectively) is shown in Figure 2-13 for simply-supported Timoshenko columns with Euler
critical buckling loads varying from 10000kN to 100kN. It can be seen that Eq. (2-33) yields always
higher critical loads and that the difference between the two methods becomes larger as the shear
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rigidity is reduced. Additionally, this divergence is much more important in cases that the Euler critical
load is much larger than the shear rigidity.
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Figure 2-13: Comparison between Haringx’s and Engesser’s method

2.4.4 Application of Engesser’s and Haringx's theories in research

Haringx’s method was used by Kelly [2-77] in the buckling analysis under tension of elastomeric
bearings. Aristizabal-Ochoa [2-78] proposed a stability matrix for evaluating the elastic buckling load
of Timoshenko members with arbitrary supports based on Haringx’s procedure. The same author
[2-79] proposed first and second order slope-deflection equations suitable for the analysis of either
determinate or indeterminate structures.

Aristizabal-Ochoa [2-80] also compared different analytical procedures for the buckling analysis of
Euler-Bernoulli and Timoshenko members confirming the previously mentioned merits of each
method, stating that Modified Approach is capable of capturing buckling under tension, too. He then
[2-81] proposed a method for the large deflection and post-buckling behaviour of Timoshenko beam-
columns with semi-rigid connections including axial effects. Finally, Aristizabal-Ochoa [2-82] expanded
the matrix method for the stability and second-order analysis of Timoshenko beam-columns with
semi-rigid connections.

Bryant and Baile [2-83] performed slope-deflection analysis on Timoshenko members under
transverse loading. Absi [2-84] proposed a set of slope-deflection equations for Timoshenko members
with rigid connections at their ends based on Engesser’s method. Banerjee and Williams [2-85], based
on Engesser's method, investigated the validity of Eq. (2-21) in columns with other boundary
conditions, among them many standard cases. It was shown to be valid in standard cases such as
hinged-hinged, clamped-free and clamped-clamped columns and in members with end rotational
springs of equal stiffnesses. However, it is not valid for the common clamped-hinged case and for
hinged-hinged cases with end rotational springs of unequal stiffnesses, with the discrepancy reaching
in some cases a magnitude of 20%.
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Marinetti and Olivetto [2-86] proposed a second-order numerical method for the analysis of
frameworks consisting of Timoshenko members. Their nonlinear equations can be solved either with
the method of successive approximations or with procedures of the Newton-Raphson type. The
authors presented examples highlighting the significant effect of shear deformations in cases that
built-up members are used.

Wang et al. [2-87] proposed an 8x8 matrix, providing exact stability criteria for Timoshenko columns
with intermediate and end concentrated axial loads. Gengshu et al. [2-88] investigated the buckling
and second-order effects in dual shear-flexural structural systems. They proved that the total buckling
load was a simple summation of the buckling loads of the two component structures when they acted
independently, and that the distribution of vertical loads among the two components played no role.
Additionally, they proposed a simple formula for the amplification factor for the displacements and
bending moments in such structural types.

2.5 MODERN DESIGN CODES

In this section, the design provisions of modern design codes for the analysis and design of laced and
battened built-up columns will be presented. Emphasis will be given to Eurocode 3, which is the code
used in European countries, containing much information based on the research mentioned in the
previous sections. In all cases, the provisions concern built-up members with a constant cross-section
along their length.

2.5.1 Eurocode 3 provisions

2.5.1.1 Analysis of built-up columns

Eurocode 3 [2-24] provides guidance for simply-supported laced built-up columns under compression
and small lateral loads causing single curvature deformation. It suggests that simply-supported laced
columns with at least three panels are treated as Timoshenko columns with equivalent bending and
shear rigidities, like the one shown in Figure 2-14. The initial imperfection is based on the first
buckling mode of simply-supported columns having the half wavelength and a maximum magnitude at
the mid-height. Eurocode 3 suggests that the imperfection’s value at mid-height should be equal to
€,=L/500, a value experimentally characterised as sufficiently safe for all types of built-up columns by
Uhlmann [2-89].

For a built-up column with two similar flanges the axial force applied to the more compressed chord
can be calculated as:

Me4h, A
Ny gg=0.5Ngg + —0-0—< (2-34)

2l 4

where Ngq is the applied axial compressive force, h, is the lever arm between the centres of gravity of
the chords (Figure 2-15), A, is the cross-sectional area of the chords, I is the equivalent second
moment of inertia of the built-up member (that will be defined next) and Mg, is the maximum bending
moment at mid-height.
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The maximum bending moment is given by:

I
_ Neg€+Mgq
Ed
1-Nea Ne (2-35)
N S

cr v

where Méd is the first-order bending moment at the mid-height due to transverse loads, S, is the shear

rigidity of the column (depends on the type of the shear system as it will be illustrated in the following
sections) and N is the elastic critical buckling load of the built-up member if shear deformations are
neglected, given by:

2
NEl 4
= Te (2-36)
. nx
W = eosin—
L
L
2
L
2
Figure 2-14: Imperfect simply-supported column in its undeformed imperfect configuration [2-24]
The maximum shear force at the ends of the built-up member is given by:
M
Vgy=n—2 (2-37)

Eurocode 3 states that these provisions should be accordingly modified for other types of boundary
conditions without providing any further instructions.

2.5.1.2  Laced built-up columns

The equivalent second moment of inertia of a built-up cross-section consists of the inertia of the
chords as individuals and of the Steiner term:

A h?
Ieff=4di_q+21ch (2_38)

where I is the in-plane moment of inertia of the chords (usually the moment of inertia about z-z
axis) as depicted in Figure 2-15. It can be seen that built-up columns have significantly increased
stiffness when compared to solid members due to the distance of the material from the elastic neutral
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axis of the cross-section. The chords” moment of inertia is usually much smaller than the Steiner term
in laced columns and can even be neglected.

|

Figure 2-15: Part of a typical laced column and its built-up cross-section [2-24]

The shear rigidity in laced columns is offered by the lacing bars, and depends on the arrangement.
Commonly encountered cases are shown in Figure 2-16. Eurocode 3 contains formulas for calculating
the shear rigidity only for the first three cases, but expressions for all five cases were provided by
Ramm and Uhimann [2-23] and will be presented here for completeness.

:

. e i o (e) X-lacing with
(a) V-lacing (b) N-lacing (c) Z-lacing (d) X-lacing transverse bars

Figure 2-16: Different types of lacing systems
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For obtaining the shear rigidity, the model of a single cell can be considered, assuming that all
component members are subjected only to axial forces (each component is pin-ended). The lacing in
Figure 2-16(c) is analysed here for better explanation of the procedure. The application of shear
forces Q at the top and bottom nodes of a single cell (Figure 2-17) leads to the shear deformation of
the whole cell. The total shear deformation can be described as the summation of two components:

Y=Y, HY, (2-39)

where vy; is the shear deformation due to the axial extension of the diagonal and vy, is the shear
deformation due to the axial extension of the transverse bar.

(a) (b)
Figure 2-17: Deformation of cell due to axial extension of (a) diagonal and (b) transverse bar
The force applied to the diagonal is equal to Q/cos®, and the displacement d; becomes:

Q d_  Qa
cosp, AE  AEcospsing,

d,cosp,= (2-40)

where @, is the angle between the diagonal and the transverse bar, E is the Young’s modulus, A4 the
cross-sectional area of the diagonal, d the length of the diagonal and a the length of the panel.

The shear deformation y; is therefore equal to:

5, Q 1

Y TAE cos’@,sing, (2-41)

The displacement &, is equal to (A,=transverse bar’s cross-sectional area):

5,= o
2 AE (2-42)

Similarly, the shear deformation y, based on Eq. (2-42) is equal to:

L% Q 1
? a AFEtang,

(2-43)
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By considering that shear deformation is the ratio between the shear force and the shear rigidity and
by combining Egs. (2-39), (2-41) and (2-43), the shear rigidity for Z-lacing can be calculated as:

2
S _ EAahg

”d3%+Am2} (2-44)
A,d’

The corresponding expression in Eurocode 3 contains the influence of the number of planes n and Eq.
(2-44) becomes:

2
_ nEA jah;

' &P+%@} (2-45)
A

3
\'

Formulas for the calculation of shear rigidities for different lacing arrangements are given in Table 2-2.
It can be concluded that in all cases the shear rigidity depends on the axial stiffness and geometrical
parameters that include the panels’ length a, the lever arm between the chords h, and the length of
the diagonal bars d. It can be concluded that the larger the axial stiffness nEA4 of the diagonal bars,
the larger the shear rigidity of the lacing system. If the value nEA4 is considered to be constant, the
effect of angle ¢, (which deals with the geometrical parameters) on the shear rigidity can be
investigated and expressed in an “effectiveness factor” that its expressions are provided in Table 2-3.
The relation between the effectiveness factor and angle @, is graphically presented in Figure 2-18. It
can be concluded that the lacing systems become more efficient leading to increased shear rigidities
for angles @, between 30 and 50 degrees. For other values of angle ¢, the lacing bars are not fully
exploited and this becomes prominent for large angle values.

Table 2-2: Formulas for shear rigidities of different lacing arrangements

V-lacing N-lacing Z-lacing X-lacing and X-lacing with
transverse members
2 nEAdah2
s\/:% S - nEAdahcz) SV:—AI(')F S - 2nEAdahg
v

Table 2-3: Formulas for effectiveness factor of different lacing arrangements

V-lacing N-lacing Z-lacing X-lacing and X-lacing with
transverse members
3
: 2 tang,(cos
sing(cos@y) sing, (cos,)° fandi{cose)” 2sine, (cosy)”
I 3 I
2 1+(cos@))
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Figure 2-18: Relation between the effectiveness factor and angle @, in lacing systems

Laced columns’ chords between connectors should be checked against axial forces considering their
buckling capacities according to the provided buckling curves. Each chord should satisfy the following
inequality:

N h,Ed
= <1,0 (2-46)
Nb,Rd

where Ng, g4 is the maximum axial force applied along the chord as obtained by Eq. (2-34) and Ny rq is
the buckling strength of the chord between successive lacing connections at mid-height. The effective
buckling length factor is taken equal to unity considering that the mid-height panel behaves as a
simply-supported member. In this way the rotational stiffness that adjacent panels and lacing bars
offer to the critical panel is ignored. Similarly, the diagonal bars at the ends should be checked against
axial forces that are calculated based on the shear force perpendicular to the deformed axis of the
column as obtained by Eq. (2-37).

The buckling length of each panel Ly, can be considered according to Table 2-4 for four-pieced laced
columns. In two-pieced laced columns it can be taken equal to a.
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Table 2-4: Lacing bars in four planes and corresponding effective buckling lengths Ly, [2-24]

[
Vr 5 >

L, = 1.52a Len = 1.28a

N

L, =a

Some recommended constructional details include:
— Parallel planes should be in accordance as in Figure 2-19(a) for avoiding torsional effects that will
be significant in the case of Figure 2-19(b).

— At the ends of each laced column and at connections with other members, linking elements should
be provided.
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Figure 2-19: (@) Recommended and (b) unacceptable arrangement of lacing bars in parallel planes [2-24]

2.5.1.3 Battened built-up columns

The equivalent second moment of inertia of a battened column’s (Figure 2-20) built-up cross-section
consists of the inertia of the chords as individuals and of the Steiner term:

Ieff=émzhi+2“'1ch (2-47)
The factor p’ was introduced according to the work of Kiéppel and Uhlmann [2-20] in order to account
for the effect of plasticity. To be more specific, the authors concluded that battened built-up struts
enter the elastoplastic range, in which the bending stiffness is reduced, due to the plastification of
outer fibres. This can happen before the chords reach their ultimate strength leading to increased
displacements and compressive forces applied to the chords. The authors performed analytical and
numerical calculations taking into account plastification and elastic calculations considering both p’'=0
(lower bound) and p’=1 (upper bound). They concluded that in very slender battened built-up struts
(characterised by very large values of global slenderness A) the effect of plastified regions on the
global response is much more important than in less slender ones. This conclusion is clearly expressed
in Table 2-5, where the proposed value of ' is equal to zero for large slenderness leading to small
bending stiffness and equal to unity for small slenderness leading to full exploitation of the chords’
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bending stiffness. Intermediate slendernesses lie between the two boundaries. It can be seen that
obtaining a solution requires an iterative procedure.

Table 2-5: Efficiency factor p’ [2-24]

criterion Efficiency factor p’
A> 150 0
75 < A < 150 2-\/75
A< 75 1.0
where A is the slenderness of the whole column considering
the full second moment of inertia

It is worth mentioning that this finding is quite surprising as exactly the opposite happens in solid
members. In solid columns the influence of plasticity is much more important in the range of small
slendernesses while very slender columns behave almost elastically. The authors attributed this
deviation from normal behaviour to the many counterparts that exist in a battened built-up column
and to the continuous connection between the flanges and the battens that lead to a complex
interaction between the whole column and the individual panels.

Figure 2-20: Part of a typical battened column and its built-up cross-section [2-24]

The shear rigidity in battened columns with constant interval between battens is offered by both the
flanges and the battens. The general derivation based on the concept of the Vierendeel truss,
presented by Timoshenko and Gere [2-68] and incorporated in Eurocode 3, will be presented here for
completeness. In a Vierendeel truss points of inflection are considered to be located at the middle of
each panel and at the middle of each batten. Therefore, a statically determinate structure can be
separated and considered for structural analysis. Consider a part of a typical battened column
between successive points of inflection along the chords, as shown in Figure 2-21, subjected to shear
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forces Q at its ends. The total shear deformation results from the deformation of the battens and
flanges:

5,+3,

y=22
a (2-48)
2

where &, is the displacement at the tip due to the batten’s deformation and 9, is the displacement at
the tip due to the flange’s deformation. The rotation 8 at the ends of the batten is equal to:

h
6=—2-M -

where I, is the second moment of inertia of the batten about its axis of bending and M is the applied
moment at the ends of the batten. The bending moment at the ends of the batten M is equal to Qa/2
and substituting in Eq. (2-49) gives:

_ Qah,
12EI, (2-30)

N[O

Figure 2-21: Deformed shape of battened column’s part subjected to shear forces at its ends

The displacement &, based on Eq.(2-50) is equal to:

=73 T 24EL (2-51)

The displacement &, considering the deflection formula for a cantilever under an end point load is:

_Q(afi _ Qa

272\2) 3Els  48EIL, (2-52)
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The inverse of the shear rigidity arises by using Egs. (2-48), (2-51) and (2-52):

1 ah a’
S_=l=—0+ (2_53)

v

After some manipulation Eq. (2-53) becomes:

24E1,

22142 Do (2-54)
I, a

If the number of battens’ planes is denoted as n, the shear rigidity incorporated in Eurocode 3 is
obtained:

24E1,

' a’ 1+%h70 (2-55)
nl, a

It can be seen that in Eq. (2-54) only the bending deformations of the components are considered. In
the case of very short battens and/or panels the effect of shear deformations may have to be
considered, too.

Additionally, it can be observed that the length a/2 of each cantilever is measured from the centres of
gravity of the battens and the length of each batten h, is measured from the centres of gravity of the
chords. These lengths can be refined in cases of welded joints, as within the finite dimensions of the
rigid welded connections deformations are rather limited. Using Eq. (2-54) is always on the safe side
in that respect.

Eurocode 3 requires that the shear rigidity obtained with Eq. (2-54) should satisfy the following
inequality:
2r°EL,

Sv < a2 (2'56)

Eq. (2-56) was obtained by Kléppel and Uhimann [2-20] considering rigid batten-plates and
comparing the critical load of a single panel with that of the whole member. It corresponds to the
case that a single panel would buckle elastically and its contribution to the shear rigidity would be
cancelled due to the second-order effects in the flanges. The concept behind the upper limit set in
Eurocode 3 was previously considered by other researchers [2-13], [2-18] too, with the introduction
of a second-order magnification factor to the term related to the chords in the shear rigidity formula.

The chords in battened columns should be checked against the combination of axial forces N g
applied to the chords and the bending moment Vg4a/4 which are shown in Figure 2-22. Apart from the
cross-sectional checks, the chords should be checked against buckling with use of the interaction
formulae included in Appendices A and B of Eurocode 3 for methods 1 [2-90] and 2 [2-91],
respectively.
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Figure 2-22: Axial forces and bending moments in a part of a battened column [2-24]

The following recommended constructional details are included in Eurocode 3:
— Batten plates at each column’s end should be provided.

— Two parallel battens should be placed at every joint.

— Battens should be provided at intermediate points at which either loads are applied or lateral
supports converge.

2.5.1.4 Comparison between laced and battened built-up columns

Laced and battened built-up columns have different shear systems, something that differentiates their
structural response and behaviour. As it was shown in the previous subsection, in laced built-up
columns only the lacing bars participate in the shear system while in battened ones both battens and
chords do. In this subsection a qualitative and quantitative comparison between the efficiency of the
shear systems of the two built-up columns types is made by varying the lever arm h, and the panels’
length a.

A simply-supported column with a length of 12m and a chords’ cross-section HEB300 will be examined
in laced (Z-lacing) and battened configuration. Lacing bars and battens have a rectangular cross-
section 31x10 and 100x10, respectively. In the first parametric study, the panels’ length is kept
constant and equal to 60cm while the lever arm h, varies from 20cm to 90cm affecting the elastic
critical buckling load, too. The results are summarized in Figure 2-23 in which the lever arm is plotted
on the horizontal axis and the ratio between the Euler buckling load and the shear rigidity (indicative
of the effect of shear deformations on the elastic critical buckling load of simply-supported
Timoshenko members as shown in Eq. (2-21)) is plotted on the vertical axis. The larger the value of
this ratio becomes, the more significant the effect of the shear deformations on the elastic critical
buckling load is. It can be observed that for small values of the lever arm the battened member has
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larger shear rigidity than the laced one as the battens have a small length and small bending
deformations. Meanwhile, for small values of the lever arm in the laced column, the angle ¢, is very
large and the lacing system less effective as shown in Figure 2-18. For values of the lever arm larger
than approximately 30cm, the shear rigidity of the battened column reduces significantly while this is
not the case for the laced member in which a mild reduction takes place. For this reason, the use of
battened members in cases of large lever arms is expected to lead to large effects of shear

deformations.

Euler buckling load/Shear rigidity

12

10 -

8 .

6 .

=== Laced member

4 - —— Battened member
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0 20 40 60 80 100

Leverarm h,

Figure 2-23: Effect of lever arm h, on the ratio between the Euler buckling load and the shear rigidity

In the second parametric study, the lever arm is kept constant and equal to 60cm while the length of
the panels varies from 43cm to 240cm. The results are summarised in Figure 2-24 in which the
panels’ length is plotted on the horizontal axis and the ratio between the Euler buckling load and the
shear rigidity is plotted on the vertical axis. In all cases, the shear rigidity of the battened member is

less than the one of the laced column, resulting in similar conclusions to the first parametric study.
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Figure 2-24:
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Effect of panels’ length a on the ratio between the Euler buckling load and the shear rigidity
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Therefore, it is made clear that laced columns are much more efficient in terms of shear rigidity in
most cases. For this reason, they are preferred in cases of important lateral loads that require both
large bending and shear rigidity. The battened columns are commonly used either in cases in which
no significant shear forces are expected in the structure or in cases that a bracing system is used for
transferring the transverse loads in their plane.

2.5.2 Older German Design Code provisions (DIN 18800 - Part 2)

The design concepts presented for Eurocode 3 [2-24] can also be found in DIN 18800-Part 2 [2-92]
and will not be repeated.

2.5.3 American Institute of Steel Construction L.R.F.D. provisions

L.R.F.D. [2-93] focuses on the design of closely spaced built-up columns, in which the two flanges are
connected with the use of interconnectors. Therefore, it considers the effect of shearing due to the
deformation of the interconnectors and of the flanges, battens and laces. Closely spaced built-up
columns are out of the research area of the present doctoral thesis and will not be further discussed.

2.6 CONCLUSIONS

In this chapter, the existing literature regarding laced and battened built-up columns is described.
Initially, the existing research work on built-up members is presented focusing on experimental,
numerical and analytical procedures from the very beginning of the 21 century until the main issues
that differentiate them from solid members became clearer. The effect of compound buckling and
shear deformations in built-up columns is then summarised. Finally, the guidance of Eurocode 3
regarding simply-supported columns is thoroughly described and light is shed on issues that are not
clearly explained in the code.

Based on the literature review and code specifications described in this chapter, it can be concluded
that they are mainly related to simply-supported laced members subjected to axial loads. Additionally,
the effect of compound buckling is not fully investigated and the existing numerical methods for
incorporating its effect on structural analysis of laced members are computationally demanding. On
the other hand, in practice, laced members are subjected to both axial and lateral loads and belong to
industrial frames. As a result, they rarely belong to the limited categories that literature and codes
cover and there is not a sufficient procedure that an engineer of practice can use for their accurate
design.

The present doctoral thesis aims at bridging this gap by investigating the structural behaviour of laced
built-up columns including the effects of shear deformations and compound buckling. In this way, it
intends to provide guidance for the analysis and design of laced members with arbitrary supports
under both axial and lateral loading. In order to achieve this goal, it includes experimental tests,
numerical procedures and analytical methods contributing to both engineering practice and scientific
knowledge.
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