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EuqaristÐec

Sto shmeÐo autì ja  jela na euqarist sw idiaÐtera ton epiblèponta
Kajhght  k. Dhm trio Q. KrabbarÐth gia thn kajod ghsh, to amèristo
endiafèron kai th polÔtimh bo jeia pou mou prosèfere tìso kat� th
di�rkeia thc ekpìnhshc thc diplwmatik c aut c ergasÐac ìso kai genikì-
tera sta plaÐsia twn drasthriot twn mou sto Diatmhmatikì Prìgramma
Metaptuqiak¸n Spoud¸n, Efarmosmènec Majhmatikèc Epist mec.

EpÐshc, ja  jela na euqarist sw touc Kajhghtèc k. BasÐleio Pa-
panikol�ou kai k. Iw�nnh Tsini�, oi opoÐoi apoteloÔn mèlh thc trimeloÔc
exetastik c epitrop c.

Tèloc, euqarist¸ thn oikogèneia mou pou me sthrÐzei ènjerma stic
epilogèc mou, stic spoudèc mou kai th zw  mou.
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KEF�ALAIO 1

EISAGWGH

Sthn ergasÐa aut  exet�zoume mÐa kl�sh mh grammik¸n telest¸n
monìtonou tÔpou kai orismènec efarmogèc touc se probl mata suno-
riak¸n tim¸n.

Sto Kef�laio 2 parajètoume orismèna basik� Jewr mata thc Sunar-
thsiak c An�lushc ta opoÐa qrhsimopoioÔme sth sunèqeia.

Sto Kef�laio 3 gÐnetai mÐa mikr  anafor� sth JewrÐa twn q¸rwn
Sobolev. Exet�zetai tìso o q¸roc Wm,p(I) me I ⊆ R ìso kai o q¸roc
Wm,p(Ω) me Ω ⊆ Rn kai parajètoume tic basikèc idiìthtec touc.

Sto Kef�laio 4 apodeiknÔetai h Anisìthta Poincaré kai melet¸ntai
dÔo probl mata sunoriak¸n tim¸n. To pr¸to eÐnai grammikì kai h Ô-
parxh lÔshc sthrÐzetai sto Je¸rhma Lax-Milgram. Ta �lla dÔo eÐnai
mh grammik� kai h Ôparxh lÔshc aut¸n twn problhm�twn sthrÐzetai sto
Je¸rhma StajeroÔ ShmeÐou tou Schauder kai sto Je¸rhma StajeroÔ
ShmeÐou tou Banach, antÐstoiqa.

Sto Kef�laio 5 gÐnetai mÐa eisagwg  stouc monìtonouc telestèc se
q¸rouc Banach kai parajètoume orismènec basikèc idiìthtèc touc. Sto
tèloc thc paragr�fou aut c apodeiknÔetai èna basikì Je¸rhma epÐ twn
Minty - Browder pou afor� stouc monìtonouc telestèc. Sth sunè-
qeia orÐzontai oi telestèc Nemytski kai apodeiknÔontai k�poiec basikèc
idiìthtèc touc.

Sto kef�laio 6 gÐnetai mÐa efarmog  tou Jewr matoc Minty - Brow-
der s' èna mh grammikì prìblhma sunoriak¸n tim¸n thc morf c:

−div(|∇u|p−2∇u) + au = f, sto Ω

u = 0, sto ∂Ω,

ìpou a ≥ 0 stajer�, 2 ≤ p < ∞ me p ≥ 2n
n+2

kai Ω ⊆ Rn èna anoiktì
kai fragmèno uposÔnolo tou Rn me arket� leÐo sÔnoro.

Sto Kef�laio 7 orÐzontai oi mh grammikoÐ yeudomonìtonoi telestèc
kai parajètoume èna Je¸rhma epÐ tou Brezis pou afor� stouc yeu-
domonìtonouc telestèc. Sth sunèqeia dÐnetai mÐa efarmog  tou Jewr -
matoc Brezis s' èna mh grammikì prìblhma sunoriak¸n tim¸n thc morf c:

−div(|∇u|p−2∇u) + g(u) = f, sto Ω

u = 0, sto ∂Ω,

ìpou g : R → R mÐa suneq c sun�rthsh kai Ω ⊆ Rn èna anoiktì kai
fragmèno uposÔnolo tou Rn me arket� leÐo sÔnoro.
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6 1. EISAGWGH

Tèloc, sto Kef�laio 8 melet¸ntai oi grammikoÐ kai megistik� monì-
tonoi telestèc kai gÐnetai anafor� tou Jewr matoc Hille - Yosida.



KEF�ALAIO 2

PROKATARKTIKES 'ENNOIES

Jewrhma 2.1 (Analutik  morf  tou Jewr matoc Hahn -
Banach). 'Estw X ènac grammikìc q¸roc kai sun�rthsh ρ : X → R
me tic idiìthtec:

(1) ρ(x+ y) ≤ ρ(x) + ρ(y), ∀ x, y ∈ X
(2) ρ(λx) = λρ(x), ∀ x, y ∈ X , ∀ λ > 0.

'Estw, epÐ plèon, Y ⊆ X ènac grammikìc upìqwroc tou X kai φ : Y → R
èna grammikì sunarthsiakì, ¸ste:

φ(x) ≤ ρ(x), ∀ x ∈ Y .

Tìte, up�rqei èna grammikì sunarthsiakì f orismèno sto X pou epe-
kteÐnei to φ, dhlad :

φ(x) = f(x), ∀ x ∈ Y

kai tètoio ¸ste:

f(x) ≤ ρ(x), ∀ x, y ∈ X .

Porisma 2.2 (Sunèpeiec tou Jewr matoc Hahn - Banach).
'Estw X ènac q¸roc me nìrma kai Y ènac grammikìc upìqwroc tou X .

(1) E�n y∗ ∈ Y∗, tìte up�rqei x∗ ∈ X ∗, ¸ste:

x∗(x) = y∗(x), ∀ x ∈ Y kai ‖x∗‖ = ‖y∗‖.

(2) E�n o Y eÐnai, epÐ plèon, kleistìc upìqwroc tou X , tìte gia
k�je x0 ∈ X −Y up�rqei x∗ ∈ X ∗ me ‖x∗‖ = 1 ¸ste x∗(x) = 0
gia k�je x ∈ Y kai tìte x∗(x0) = ρ(x0,Y), ìpou ρ eÐnai h
metrik  pou kajorÐzetai apì th nìrma tou X .

(3) Gia k�je x0 ∈ X me x0 6= 0, up�rqei x∗ ∈ X ∗ me ‖x∗‖ = 1,
¸ste x∗(x0) = ‖x0‖ 6= 0. 'Ara, o X ∗ diaqwrÐzei ta shmeÐa tou
X (dhlad  gia k�je x, y ∈ X me x 6= y, up�rqei x∗ ∈ X ∗, ¸ste
x∗(x) = x∗(y)).

(4) O grammikìc upìqwroc Y tou X eÐnai puknì uposÔnolo tou X
e�n kai mìnon e�n gia k�je x∗ ∈ X ∗, me x∗(x) = 0, gia k�je
x ∈ Y , isqÔei: x∗ = 0.

Jewrhma 2.3 (Je¸rhma StajeroÔ ShmeÐou tou Banach).
'Estw (X , ρ) ènac mh kenìc pl rhc metrikìc q¸roc kai mÐa sustol 
f : X → X . Tìte, up�rqei monadikì x ∈ X , ¸ste f(x) = x.
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Jewrhma 2.4 (Je¸rhma Banach - Steinhaus). 'Estw E kai F
dÔo Banach q¸roi kai (Ti)i∈I mÐa oikogèneia (ìqi aparaÐthta arijm -
simh) grammik¸n kai suneq¸n telest¸n apì ton E ston F .
Upojètoume ìti:

sup
i∈I
‖Ti(x)‖ <∞, ∀ x ∈ E .

Tìte,

sup
i∈I
‖Ti‖L(E,F) <∞.

Me �lla lìgia, up�rqei stajer� c > 0 tètoia ¸ste:

‖Ti(x)‖ ≤ c‖x‖, ∀ x ∈ E , ∀ i ∈ I.
To Je¸rhma autì suqn� anafèretai wc Arq  Omoiìmorfou Fr�gmatoc.

Jewrhma 2.5 (Je¸rhma StajeroÔ ShmeÐou tou Brower).
K�je suneq c sun�rthsh apì thn mp�la B(0, 1) tou Rn ston eautì thc
èqei stajerì shmeÐo.

Porisma 2.6 (Pìrisma Jewr matoc StajeroÔ ShmeÐou
tou Brower). E�n h sun�rthsh f : Rn → Rn eÐnai suneq c kai
gia k�je x ∈ Rn me ‖x‖ = R > 0 isqÔei: 〈f(x), x〉 ≥ 0, tìte up�rqei
x0 ∈ Rn me ‖x0‖ ≤ R tètoio ¸ste: f(x0) = 0.

Jewrhma 2.7 (Je¸rhma StajeroÔ ShmeÐou tou Schaud-
er). 'Estw X ènac q¸roc Banach kai K ⊂ X èna sumpagèc kai kurtì
uposÔnolo tou X . E�n h sun�rthsh f : K → K eÐnai suneq c, tìte h f
èqei stajerì shmeÐo.

Porisma 2.8 (Pìrisma Jewr matoc StajeroÔ ShmeÐou
tou Schauder). 'Estw X ènac q¸roc Banach kai K ⊂ X èna kleistì,
fragmèno kai kurtì uposÔnolo tou X . E�n h sun�rthsh f : K → K
eÐnai suneq c kai sumpag c, tìte h f èqei stajerì shmeÐo.

Jewrhma 2.9 (Je¸rhma Kuriarqhmènhc SÔgklishc tou
Lebesgue). E�n h (fn)n∈N eÐnai akoloujÐa metr simwn sunart sewn
tou L1(G) kai oi f, h eÐnai metr simec sunart seic tou L1(G) ¸ste:

fn(x)→ f(x) σ.π. sto G kai |fn(x)| ≤ h(x) σ.π. sto G,

tìte,

fn → f ston L1(G).

Jewrhma 2.10 (Genikeumèno Je¸rhma Lebesgue). 'Estw
(fn)n∈N, (hn)n∈N akoloujÐec metr simwn sunart sewn ston L1(G)
kai f, h metr simec sunart seic tou L1(G) ¸ste:

fn(x)→ f(x) σ.π. sto G kai hn(x)→ h(x) σ.π. sto G.

E�n, epÐ plèon, isqÔoun:

|fn(x)| ≤ hn(x) σ.π. sto G, ∀ n ∈ N kai hn → h ston L1(G),
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tìte,

fn → f ston L1(G).

Orismoc 2.11. 'Estw H ènac q¸roc Hilbert kai α(·, ·) : H×H → R
èna digrammikì sunarthsiakì. Tìte, to α lègetai:

(1) suneqèc e�n up�rqei stajer� c > 0 tètoia ¸ste:

|α(u, v)| ≤ c|u||v|, ∀ u, v ∈ H,
(2) piestikì e�n up�rqei stajer� k > 0 tètoia ¸ste:

α(u, u) ≥ k|u|2, ∀ u ∈ H

Jewrhma 2.12 (Je¸rhma Lax - Milgram). 'Estw H ènac q¸roc
Hilbert kai α(·, ·) : H × H → R èna digrammikì, suneqèc kai piestikì
sunarthsiakì. Tìte, gia k�je ϕ ∈ H up�rqei u ∈ H monadikì tètoio
¸ste:

α(u, v) = 〈ϕ, v〉, ∀ v ∈ H.
EpÐ plèon, e�n to α eÐnai summetrikì, tìte to u qarakthrÐzetai apì thn
idiìthta:

u ∈ H kai
1

2
α(u, v)− 〈ϕ, v〉 = min

v∈H
{1

2
α(u, u)− 〈ϕ, v〉}.

Jewrhma 2.13 (Fasmatikì Je¸rhma). 'Estw T ènac autosuzu-
g c, sumpag c telest c s' ènan apeirodi�stato q¸ro Hilbert H. Tìte,
up�rqei mÐa orjokanonik  b�sh {w1, w2, ..., wn} pou apoteleÐtai apì idio-
dianÔsmata tou T.

EpÐ plèon, isqÔei:

T(x) =
∞∑
n=1

λn〈x, un〉un,

ìpou λn eÐnai oi antÐstoiqec idiotimèc twn un.

Jewrhma 2.14. 'EstwH ènac q¸roc Hilbert me nìrma ‖·‖ kai eswte-
rikì ginìmeno 〈·, ·〉. E�n to K ⊂ H eÐnai èna kleistì, kurtì kai mh kenì
uposÔnolo tou H, tìte, gia k�je f ∈ H up�rqei monadikì u ∈ K tètoio
¸ste:

‖f − u‖ = min{‖f − w‖ : w ∈ K}. (0.0.1)

EpÐ plèon, to u qarakthrÐzetai apì thn idiìthta:

〈f − u,w − u〉 ≤ 0, ∀ w ∈ K. (0.0.2)

Parathrhsh 2.15. Me b�sh to parap�nw Je¸rhma, eÐnai kal¸c ori-
smènh h apeikìnish:

℘K : H → K me ℘K(f) := u, ∀f ∈ H,
ìpou u ∈ K gia to opoÐo isqÔei h isìthta (0.0.1).
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Orismoc 2.16. H ℘K onom�zetai metrik  probol  tou H sto K
kai profan¸c ℘K(a) = a, ∀a ∈ K. Qrhsimopoi¸ntac th metrik  probol 
℘K tou H sto K, h sqèsh (0.0.2) gr�fetai isodÔnama:

〈f − ℘K(f), w − ℘K(f)〉 ≤ 0, ∀ w ∈ K. (0.0.3)

Ousiastik�, to u = ℘K(f) eÐnai to plhsièstero shmeÐo tou K proc to
f ∈ H kai h anisìthta (0.0.3) deÐqnei ìti gia opoiod pote w ∈ K h gwnÐa
f pou sqhmatÐzetai metaxÔ twn dianusm�twn f −℘K(f), w−℘K(f) eÐnai
ambleÐa.



KEF�ALAIO 3

QWROI SOBOLEV

1. O QWROS SOBOLEV Wm,p(I), I ⊆ R

'Estw I = (a, b) ⊆ R èna di�sthma fragmèno   mh kai èstw p ∈ R
me 1 ≤ p ≤ ∞.

Orismoc 3.1. O q¸roc Sobolev W1,p(I) orÐzetai wc ex c:

W1,p(I) := {u ∈ Lp(I) : ∃ g ∈ Lp(I) tètoia ¸ste :∫
I

uw′dx = −
∫
I

gwdx, ∀ w ∈ C∞0 (I)}.

Profan¸c,

W1,p(I) ⊆ Lp(I).

Jètoume

H1(I) =W1,2(I).

Gia k�je u ∈ W1,p(I) gr�foume u′w = g kai h g onom�zetai asjen c
par�gwgoc thc u 1hc t�xhc.

Parathrhsh 3.2. Profan¸c, e�n u ∈ C1(I)
⋂
Lp(I) kai u′ ∈ Lp(I)

(ed¸ h u′ eÐnai h sun jhc par�gwgoc thc u), tìte u ∈ W1,p(I). EpÐ
plèon, h sun jhc par�gwgoc thc u tautÐzetai me thn asjen  par�gwgo
thc u upì thn ènnoia tou W1,p(I), dhlad  u′ = u′w.

Parathrhsh 3.3. Sthn perÐptwsh pou to I eÐnai fragmèno isqÔei:
C1(I) ⊂ W1,p(I) gia k�je 1 ≤ p <∞.

Orismoc 3.4. O q¸roc W1,p(I) eÐnai efodiasmènoc me th nìrma:

‖ · ‖W1,p(I) :W1,p(I)→ R

me

‖u‖W1,p(I) := ‖u‖Lp(I) + ‖u′w‖Lp(I), ∀ u ∈ W1,p(I).

  kami� for� me thn isodÔnam  thc:

(‖u‖pLp(I) + ‖u′w‖
p
Lp(I))

1
p , ∀ u ∈ W1,p(I).

Eidik�, o q¸rocH1(I) =W1,2(I) eÐnai efodiasmènoc me to eswterikì
ginìmeno:

〈·, ·〉H1(I) : H1(I)×H1(I)→ R
11



12 3. QWROI SOBOLEV

ìpou

〈u, v〉H1(I) := 〈u, v〉L2(I) + 〈u′w, v′w〉L2(I), ∀ u, v ∈ H
1(I).

H antÐstoiqh nìrma tou H1(I) eÐnai:

‖ · ‖H1(I) : H1(I)→ R
me

‖u‖H1(I) := (‖u‖2
L2(I) + ‖u′w‖2

L2(I))
1
2 , ∀ u ∈ H1(I)

h opoÐa eÐnai isodÔnamh me th nìrma tou W1,2(I).

Protash 3.5. O q¸roc Sobolev W1,p(I) eÐnai:

(1) q¸roc Banach gia 1 ≤ p ≤ ∞,
(2) anaklastikìc q¸roc gia 1 < p <∞ kai
(3) diaqwrÐsimoc q¸roc gia 1 ≤ p <∞.

Eidik�, o q¸roc H1(I) =W1,2(I) eÐnai ènac diaqwrÐsimoc q¸roc Hilbert.

Jewrhma 3.6. Up�rqei stajer� c > 0 (h opoÐa exart�tai mìno apì
to |I| ≤ ∞) tètoia ¸ste:

a. Gia k�je 1 ≤ p ≤ ∞ isqÔei:

‖u‖L∞(I) ≤ c‖u‖W1,p(I), ∀ u ∈ W1,p(I),

dhlad  h ensf nwsh W1,p(I) ↪→ L∞(I) eÐnai suneq c.
b. EpÐ plèon, e�n to I eÐnai fragmèno, tìte:

i. Gia k�je 1 < p ≤ ∞, h ensf nwsh W1,p(I) ↪→ C(I) eÐnai
sumpag c.

ii. Gia k�je 1 ≤ q <∞, h ensf nwshW1,1(I) ↪→ Lq(I) eÐnai
sumpag c.

Orismoc 3.7. E�n m ≥ 2 akèraioc kai 1 ≤ p ≤ ∞ pragmatikìc, tìte
orÐzoume anadromik� to q¸ro Sobolev Wm,p(I) wc ex c:

Wm,p(I) := {u ∈ Wm−1,p(I) : u′ ∈ Wm−1,p(I)}.
Jètoume

Hm(I) =Wm,2(I).

EÔkola epalhjeÔetai ìti u ∈ Wm,p(I) e�n kai mìnon e�n up�rqoun m
sunart seic g1, g2, ..., gm ∈ Lp(I) tètoiec ¸ste:∫

I

uDjwdx = (−1)j
∫
I

giwdx, ∀ w ∈ C∞0 (I), ∀ j = 1, 2, 3, ...,m,

ìpou to Djw sumbolÐzei thn asjen  par�gwgo t�xewc j thc w ∈ C∞0 (I).
'Otan u ∈ Wm,p(I) mporoÔme na jewr soume tic diadoqikèc parag¸gouc
u′w = g1, (u

′
w)′w = g2, ... mèqri thn t�xh m, tic opoÐec sumbolÐzoume me

Du,D2u, ..., Dmu. 'Ara, o q¸roc SobolevWm,p(I) eÐnai pio apl� o ex c:

Wm,p(I) := {u ∈ Lp(I) : up�rqoun oi asjeneÐc par�gwgoi mèqri kai

m− t�xewc kai ìlec an koun ston Lp(I)}.
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Orismoc 3.8. O q¸roc Sobolev Wm,p(I) eÐnai efodiasmènoc me th
nìrma:

‖ · ‖Wm,p(I) :Wm,p(I)→ R
me

‖u‖Wm,p(I) := ‖u‖Lp(I) +
m∑
j=1

‖Dju‖Lp(I), ∀ u ∈ Wm,p(I).

Eidik�, o q¸rocHm(I) =Wm,2(I) eÐnai efodiasmènoc me to eswterikì
ginìmeno:

〈·, ·〉Hm(I) : Hm(I)×Hm(I)→ R

ìpou

〈u,w〉Hm(I) := 〈u,w〉L2(I) +
m∑
j=1

〈Dju,Djw〉L2(I), ∀ u,w ∈ H
m(I).

ApodeiknÔetai ìti h nìrma ‖ · ‖Wm,p(I) eÐnai isodÔnamh me th nìrma:

|‖u‖| = ‖u‖Lp(I) + ‖Dmu‖Lp(I).

Sugkekrimèna, apodeiknÔetai ìti, e�n 1 ≤ j ≤ m − 1, tìte gia k�je
ε > 0 up�rqei c stajer� (h opoÐa exart�tai apì to ε kai to |I| ≤ ∞),
tètoio ¸ste:

‖Dju‖Lp(I) ≤ ε‖Dmu‖Lp(I) + c‖u‖Lp(I), ∀ u ∈ Wm,p(I).

Parathrhsh 3.9. ApodeiknÔetai ìti o q¸roc Sobolev Wm,p(I) èqei
tic Ðdiec idiìthtec me ton q¸ro Sobolev W1,p(I).

Orismoc 3.10. Gia 1 ≤ p <∞, sumbolÐzoume me W1,p
0 (I) to kleistì

perÐblhma tou C∞0 (I) ston W1,p(I).
O q¸rocW1,p

0 (I) eÐnai efodiasmènoc me th nìrma pou ep�gei o q¸roc
W1,p(I) kai eÐnai diaqwrÐsimoc q¸roc Banach. EÐnai, epÐ plèon, anakla-
stikìc gia 1 < p <∞.

Gr�foume

H1
0(I) =W1,2

0 (I).

O q¸roc H1
0(I) eÐnai diaqwrÐsimoc q¸roc Hilbert.

2. O QWROS SOBOLEV Wm,p(Ω), Ω ⊆ Rn

'Estw Ω ⊆ Rn èna anoiktì uposÔnolo tou Rn kai èstw p ∈ R, me
1 ≤ p ≤ ∞.

Orismoc 3.11. O q¸roc Sobolev W1,p(Ω) orÐzetai wc ex c:

W1,p(Ω) = {u ∈ Lp(Ω) : up�rqoun g1, g2, ..., gn ∈ Lp(Ω) tètoiec ¸ste :∫
Ω

u
∂w

∂xi
dx = −

∫
Ω

giwdx, ∀ w ∈ C∞0 (Ω), i = 1, 2, ..., n}.
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Jètoume

H1(Ω) =W1,2(Ω).

Gia u ∈ W1,p(Ω), gr�foume:

∂u

∂xi
= gi kai ∇u = (

∂u

∂x1

,
∂u

∂x2

, ...,
∂u

∂xn
) = gradu.

Orismoc 3.12. O q¸roc W1,p(Ω) eÐnai efodiasmènoc me th nìrma:

‖ · ‖W1,p(Ω) :W1,p(Ω)×W1,p(Ω)→ R

me

‖u‖W1,p(Ω) := ‖u‖Lp(Ω) +
n∑
i=1

‖ ∂u
∂xi
‖Lp(Ω), ∀ u ∈ W1,p(Ω)

 , kami� for�, me thn isodÔnam  thc:

(‖u‖pLp(Ω) +
n∑
i=1

‖ ∂u
∂xi
‖pLp(Ω))

1
p , ∀ u ∈ W1,p(Ω).

Eidik�, o q¸rocH1(Ω) =W1,2(Ω) eÐnai efodiasmènoc me to eswterikì
ginìmeno:

〈·, ·〉H1(Ω) : H1(Ω)×H1(Ω)→ R

ìpou

〈u,w〉H1(Ω) := 〈u,w〉L2(Ω) +
n∑
i=1

〈 ∂u
∂xi

,
∂w

∂xi
〉
L2(Ω)

, ∀ u,w ∈ H1(Ω).

H antÐstoiqh nìrma tou H1(Ω) eÐnai:

‖ · ‖H1(Ω) : H1(Ω)→ R

me

‖u‖H1(Ω) := (‖u‖2
L2(Ω) +

n∑
i=1

‖ ∂u
∂xi
‖2
L2(Ω))

1
2 , ∀ u ∈ H1(Ω)

h opoÐa eÐnai isodÔnamh me th nìrma tou W1,2(Ω).

Protash 3.13. O q¸roc Sobolev W1,p(Ω) eÐnai:

(1) q¸roc Banach gia 1 ≤ p ≤ ∞,
(2) anaklastikìc q¸roc gia 1 < p <∞ kai
(3) diaqwrÐsimoc q¸roc gia 1 ≤ p <∞.

Eidik�, o q¸roc H1(Ω) = W1,2(Ω) eÐnai ènac diaqwrÐsimoc q¸roc
Hilbert.
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Parathrhsh 3.14. Profan¸c, e�n u ∈ C1(Ω)
⋂
Lp(Ω) kai ∂u

∂xi
∈

Lp(Ω), ∀ i = 1, 2, ..., n (ed¸ h ∂u
∂xi

sumbolÐzei th merik  par�gwgo thc

u me th sun jh ènnoia), tìte u ∈ W1,p(Ω). EpÐ plèon, oi merikèc par�-
gwgoi thc u me th sun jh ènnoia tautÐzontai me tic merikèc parag¸gouc
thc u upì thn ènnoia touW1,p(Ω), dhlad  u′ = u′w. Eidik�, e�n to Ω eÐnai
fragmèno, tìte C1(Ω) ⊂ W1,p(Ω), gia k�je 1 ≤ p ≤ ∞. AntÐstrofa,
apodeiknÔetai ìti, e�n u ∈ W1,p(Ω)

⋂
C(Ω) me 1 ≤ p ≤ ∞ kai e�n ∂u

∂xi
∈

C(Ω), gia k�je i = 1, 2, ..., n (to ∂u
∂xi

sumbolÐzei th merik  par�gwgo me

thn ènnoia tou W1,p(Ω)), tìte u ∈ C1(Ω).

Orismoc 3.15. E�n m ≥ 2 akèraioc kai 1 ≤ p ≤ ∞ pragmatikìc,
tìte orÐzoume anadromik� to q¸ro Sobolev Wm,p(Ω) wc ex c:

Wm,p(Ω) := {u ∈ Wm−1,p(Ω) :
∂u

∂xi
∈ Wm−1,p(Ω), ∀ i = 1, 2, ..., n}.

Gia k�je α = (α1, α2, ..., αn) me αi ∈ N
⋃
{0} orÐzoume

|α| = α1 + α2 + ...+ αn

kai gia k�je u ∈ Wm,p(Ω) sumbolÐzoume:

Dαu =
∂|α|u

∂xα1
1 ∂x

α2
2 ...∂x

αn
n

.

IsodÔnama, o q¸roc Wm,p(Ω) orÐzetai wc ex c:

Wm,p(Ω) := {u ∈ Lp(Ω) : gia k�je α me |α| ≤ m up�rqei gα ∈ Lp(Ω)

tètoio ¸ste :

∫
Ω

uDαwdx = (−1)|α|
∫

Ω

gαwdx, ∀ w ∈ C∞0 (Ω)}.

SumbolÐzoume Dαu = gα.
Jètoume

Hm(Ω) =Wm,2(Ω)

Orismoc 3.16. O q¸roc Sobolev Wm,p(Ω) eÐnai efodiasmènoc me th
nìrma:

‖ · ‖Wm,p(Ω) :Wm,p(Ω)→ R

me

‖u‖Wm,p(Ω) :=
∑

0≤|α|≤m

‖Dαu‖Lp(Ω), ∀ u ∈ Wm,p(Ω)

kai eÐnai q¸roc Banach.
Eidik�, o q¸rocHm(Ω) =Wm,2(Ω) eÐnai efodiasmènoc me to eswterikì

ginìmeno:

〈·, ·〉Hm(Ω) : Hm(Ω)×Hm(Ω)→ R
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ìpou

〈u,w〉Hm(Ω) :=
∑

0≤|α|≤m

〈Dαu,Dαw〉L2(Ω), ∀ u,w ∈ H
m(Ω).

Parathrhsh 3.17. ApodeiknÔetai ìti, e�n to Ω eÐnai "arket� omalì",
me ∂Ω fragmèno, h nìrma ‖ · ‖Wm,p(Ω) eÐnai isodÔnamh me th nìrma:

‖u‖Lp(Ω) +
∑
|α|=m

‖Dαu‖Lp(Ω).

Sugkekrimèna, gia k�je poludeÐkth α me 0 < |α| < m kai gia k�je ε > 0
apodeiknÔetai ìti up�rqei c stajer� (h opoÐa exart�tai apì ta Ω, ε, α),
tètoio ¸ste:

‖Dαu‖Lp(Ω) ≤ ε
∑
|β|=m

‖Dβu‖Lp(Ω) + c‖u‖Lp(Ω), ∀ u ∈ Wm,p(Ω).

Orismoc 3.18. Gia 1 ≤ p <∞, sumbolÐzoume me W1,p
0 (Ω) to kleistì

perÐblhma tou C∞0 (Ω) ston W1,p(Ω).
O q¸roc W1,p

0 (Ω) eÐnai efodiasmènoc me th nìrma pou ep�gei o
q¸roc W1,p(Ω) kai eÐnai diaqwrÐsimoc q¸roc Banach. EÐnai, epÐ plèon,
anaklastikìc gia 1 < p <∞.

Gr�foume

H1
0(Ω) =W1,2

0 (Ω).

O q¸roc H1
0(Ω) eÐnai diaqwrÐsimoc q¸roc Hilbert.

Parathrhsh 3.19. ApodeiknÔetai ìti o q¸roc C∞0 (Ω) eÐnai puknìc
ston W1,p

0 (Ω), dhlad 

C∞0 (Ω)
H1(Ω)

= H1
0(Ω)

kai idiaÐtera e�n Ω = Rn, tìte

H1
0(Ω) = H1(Ω) = C∞0 (Ω)

H1(Ω)
.

Genik�, isqÔei:

C∞0 (Ω)
H1(Ω)

� H1(Ω).

Parathrhsh 3.20. Oi sunart seic touW1,p
0 (Ω) eÐnai "qondrik�� sunar-

t seic tou W1,p(Ω) pou mhdenÐzontai sto ∂Ω.
EpÐ plèon, apodeiknÔetai ìti, gia 1 ≤ p <∞, k�je u ∈ W1,p(Ω) pou

èqei sumpag  forèa o opoÐoc perièqetai sto Ω, tìte u ∈ W1,p
0 (Ω).

Jewrhma 3.21 (Je¸rhma Ensf nwshc tou Sobolev). 'Estw
Ω ⊆ Rn èna anoiktì kai fragmèno uposÔnolo tou Rn me arket� leÐo
sÔnoro ∂Ω.



2. O QWROS SOBOLEV Wm,p(Ω), Ω ⊆ Rn
17

(1) E�n 1 ≤ p < n, tìte gia k�je q∗ me 1 ≤ q∗ ≤ np
n−p h ensf nwsh

W1,p
0 (Ω) ↪→ Lq∗(Ω)

eÐnai suneq c.
(2) E�n q∗ < np

n−p , tìte h ensf nwsh

W1,p
0 (Ω) ↪→ Lq∗(Ω)

eÐnai sumpag c.

Jewrhma 3.22 (Je¸rhma Rayleigh). Gia u ∈ H1
0(Ω) kai u 6= 0

to phlÐko Rayleigh eÐnai:

R(u) =

∫
Ω

(∇u)2dx∫
Ω
u2dx

=
|u|2H1

0(Ω)

‖u‖2
L2(Ω)

.

IsqÔei:

λ1 = min
u∈H1

0(Ω)
R(u),

ìpou λ1 h pr¸th idiotim  thc Laplasian c.
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1. ANISOTHTA POINCARÉ

Jewrhma 4.1 (Anisìthta Poincaré). 'Estw Ω ⊆ Rn èna anoiktì
kai fragmèno uposÔnolo tou Rn.
Tìte, up�rqei c > 0 stajer� tètoia ¸ste na isqÔei:

‖u‖L2(Ω) ≤ c‖∇u‖L2(Ω), ∀ u ∈ H1
0(Ω).

Apodeixh. H apìdeixh ja gÐnei gia n = 2.
DiakrÐnoume tic ex c peript¸seic:

(1) JewroÔme Ω = (−α, α)× (−α, α) ⊆ R2 èna fragmèno kai anoi-
ktì uposÔnolo tou R2 me α > 0. Ja apodeÐxoume thn anisìthta
Poincaré gia k�je u ∈ C∞0 (Ω), afoÔ o C∞0 (Ω) eÐnai puknìc ston
H1

0(Ω). JewroÔme th sun�rthsh u(x, y) ∈ C∞0 (Ω). Tìte,

u/∂Ω = 0

kai

u(x, y) =

∫ y

−α

∂u(x, t)

∂y
dt+ u(x,−α).

All� u(x,−α) = 0 afoÔ u/∂Ω = 0, opìte:

u(x, y) =

∫ y

−α

∂u(x, t)

∂y
dt.

Epomènwc,

u2(x, y) = (

∫ y

−α

∂u(x, t)

∂y
dt)2

≤ (

∫ y

−α
12dt)(

∫ y

−α
(
∂u(x, t)

∂y
)2dt)

= [t]y−α(

∫ y

−α
(
∂u(x, t)

∂y
)2dt)

= (y + α)(

∫ y

−α
(
∂u(x, t)

∂y
)2dt)

≤ 2α(

∫ y

−α
(
∂u(x, t)

∂y
)2dt) (1.0.4)

19
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diìti y ∈ [−α, α]⇔ −α ≤ y ≤ α �ra 0 ≤ y + α ≤ 2α.
Oloklhr¸nontac th sqèsh (1.0.4) wc proc x èqoume:∫ α

−α
u2(x, y)dx ≤ 2α

∫ α

−α
(

∫ y

−α
(
∂u(x, t)

∂y
)2dt)dx

≤ 2α

∫ α

−α
(

∫ α

−α
(
∂u(x, t)

∂y
)2dt)dx. (1.0.5)

Oloklhr¸nontac th sqèsh (1.0.5) wc proc y èqoume:∫ α

−α
(

∫ α

−α
u2(x, y)dx)dy ≤

∫ α

−α
2αdy

∫ α

−α
(

∫ α

−α
(
∂u(x, y)

∂y
)2dy)dx

= 4α2

∫ α

−α
(

∫ α

−α
(
∂u(x, y)

∂y
)2dy)dx. (1.0.6)

All�, gia k�je u ∈ L2(Ω) èqoume:

‖u‖2
L2(Ω) =

∫ α

−α

∫ α

−α
u2(x, y)dxdy,

�ra, h sqèsh (1.0.6) gr�fetai:

‖u‖2
L2(Ω) ≤ 4α2

∫ α

−α
(

∫ α

−α
(
∂u(x, y)

∂y
)2dy)dx. (1.0.7)

OmoÐwc, jewr¸ntac th sun�rthsh u(x, y) ∈ C∞0 (Ω) wc ex c:

u(x, y) =

∫ x

−α

∂u(t, y)

∂x
dt+ u(−α, y)

tìte

u(x, y) =

∫ x

−α

∂u(t, y)

∂x
dt

afoÔ u/∂Ω = 0 kai prokÔptei ìti:

‖u‖2
L2(Ω) ≤ 4α2

∫ α

−α
(

∫ α

−α
(
∂u(x, y)

∂x
)2dx)dy. (1.0.8)

Prosjètontac kat� mèlh tic sqèseic (1.0.7) kai (1.0.8) èqoume:

2‖u‖2
L2(Ω) ≤ 4α2

∫ α

−α

∫ α

−α
[(
∂u(x, y)

∂y
)2 + (

∂u(x, y)

∂x
)2]dxdy

⇔ ‖u‖2
L2(Ω) ≤ 2α2

∫ α

−α

∫ α

−α
[(
∂u(x, y)

∂y
)2 + (

∂u(x, y)

∂x
)2]dxdy.

All� ,gia k�je u ∈ L2(Ω) èqoume:

‖∇u‖2
L2(Ω) =

∫ α

−α

∫ α

−α
[(
∂u(x, y)

∂y
)2 + (

∂u(x, y)

∂x
)2]dxdy.
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Opìte, h parap�nw sqèsh gr�fetai:

‖u‖2
L2(Ω) ≤ 2α2‖∇u‖2

L2(Ω)

⇔ ‖u‖L2(Ω) ≤
√

2α‖∇u‖L2(Ω) (1.0.9)

kai jètontac c =
√

2α > 0 stajerì, h sqèsh (1.0.9) gr�fetai:

‖u‖L2(Ω) ≤ c‖∇u‖L2(Ω).

'Ara, ìtan to Ω eÐnai tetr�gwno uposÔnolo tou R2 isqÔei:

‖u‖L2(Ω) ≤ c‖∇u‖L2(Ω), ∀ u ∈ H1
0(Ω).

(2) E�n to Ω den eÐnai tetr�gwno dhlad  to Ω den eÐnai thc morf c
Ω = (−α, α)×(−α, α), me α > 0, tìte mporoÔme na broÔme èna
tetr�gwno Ω tètoio ¸ste: Ω ⊆ Ω , afoÔ to Ω eÐnai fragmèno
uposÔnolo tou R2. Tìte, gia k�je u ∈ H1

0(Ω) isqÔei:

‖u‖L2(Ω) ≤ c‖∇u‖L2(Ω). (1.0.10)

Gia k�je sun�rthsh f ∈ L2(Ω) jewroÔme thn epèktas  thc
ston L2(Ω), thn f , me f = f sto Ω kai f = 0 sto (Ωr Ω).
Opìte, gia k�je u ∈ H1

0(Ω) ⊆ H1
0(Ω) isqÔei h sqèsh (1.0.10):

‖u‖L2(Ω) ≤ c‖∇u‖L2(Ω).

'Ara, ìtan to Ω den eÐnai tetr�gwno all� eÐnai anoiktì kai frag-
mèno uposÔnolo tou R2 isqÔei:

‖u‖L2(Ω) ≤ c‖∇u‖L2(Ω), ∀ u ∈ H1
0(Ω).

'Etsi, gia k�je u ∈ H1
0(Ω) isqÔei:

‖u‖L2(Ω) ≤ c‖∇u‖L2(Ω).

Ston Rn h apìdeixh thc anisìthtac Poincaré eÐnai ìmoia me c = n
√

2α > 0
kai h stajer� c exart�tai apì to sÔnolo Ω kai th di�stash tou Rn. �

Parathrhsh 4.2. Ston H1
0(Ω) jewroÔme thn apeikìnish:

| · |H1
0(Ω) : H1

0(Ω)→ R

h opoÐa orÐzetai wc ex c:

|u|H1
0(Ω) := ‖∇u‖L2(Ω), ∀ u ∈ H1

0(Ω).

Lìgw thc Anisìthtac Poincaré, h apeikìnish | · |H1
0(Ω) : H1

0(Ω) → R
ikanopoieÐ tic idiìthtec thc nìrmac (idiaÐtera thn idiìthta thc apìluthc
omogèneiac). 'Ara, h | · |H1

0(Ω) : H1
0(Ω)→ R eÐnai nìrma ston H1

0(Ω).
Ston H1

0(Ω), h nìrma pou èqei oristeÐ eÐnai h:

‖ · ‖H1
0(Ω) : H1

0(Ω)→ R,
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ìpou

‖u‖H1
0(Ω) := ‖u‖L2(Ω) + ‖∇u‖L2(Ω), ∀ u ∈ H1

0(Ω).

'Ara, gia k�je u ∈ H1
0(Ω) èqoume:

‖u‖H1
0(Ω) = ‖u‖L2(Ω) + ‖∇u‖L2(Ω)

⇒ ‖u‖H1
0(Ω) = ‖u‖L2(Ω) + |u|H1

0(Ω)

⇒ ‖u‖H1
0(Ω) ≥ |u|H1

0(Ω). (1.0.11)

Apì thn anisìthta Poincaré èqoume:

‖u‖H1
0(Ω) = ‖u‖L2(Ω) + ‖∇u‖L2(Ω)

≤ c‖∇u‖L2(Ω) + ‖∇u‖L2(Ω)

≤ (c+ 1)‖∇u‖L2(Ω)

= (c+ 1)|u|H1
0(Ω). (1.0.12)

Apì tic sqèseic (1.0.11) kai (1.0.12) èqoume gia k�je u ∈ H1
0(Ω):

|u|H1
0(Ω) ≤ ‖u‖H1

0(Ω) ≤ (c+ 1)|u|H1
0(Ω). (1.0.13)

Sunep¸c, oi nìrmec | · |H1
0(Ω), ‖ · ‖H1

0(Ω) eÐnai isodÔnamec ston H1
0(Ω).

2. GRAMMIKO PROBLHMA SUNORIAKWN TIMWN

'Estw Ω ⊆ Rn èna anoiktì kai fragmèno uposÔnolo tou Rn kai èstw
h sun�rthsh f : Ω→ R me f ∈ L2(Ω).

JewroÔme to Grammikì Prìblhma Sunoriak¸n Tim¸n (Prìblhma Diri-
chlet):

−4u = f, sto Ω

u = 0, sto ∂Ω. (2.0.14)

Gia dedomènh f ∈ L2(Ω) onom�zoume asjen  lÔsh tou Probl -
matoc Sunoriak¸n Tim¸n (2.0.14) mÐa sun�rthsh u ∈ X = H1

0(Ω)
¸ste gia k�je w ∈ X = H1

0(Ω) na isqÔei:∫
Ω

∇u∇wdx =

∫
Ω

fwdx. (2.0.15)

Jewrhma 4.3. 'Estw Ω ⊆ Rn èna anoiktì kai fragmèno uposÔnolo
tou Rn kai èstw h sun�rthsh f : Ω → R me f ∈ L2(Ω). JewroÔme to
Grammikì Prìblhma Sunoriak¸n Tim¸n (2.0.14) (Prìblhma Dirichlet
(2.0.14)):

−4u = f, sto Ω

u = 0, sto ∂Ω.

To Prìblhma Dirichlet (2.0.14) èqei monadik  asjen  lÔsh.
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Apodeixh. Sto q¸ro Hilbert (H1
0(Ω), | · |H1

0(Ω)) jewroÔme to digram-
mikì sunarthsiakì:

α(·, ·) : H1
0(Ω)×H1

0(Ω)→ R

ìpou:

α(u,w) :=

∫
Ω

∇u∇wdx, ∀ u,w ∈ H1
0(Ω).

Tìte, gia k�je u,w ∈ H1
0(Ω) isqÔei:

|α(u,w)| = |
∫

Ω

∇u∇wdx|

≤
∫

Ω

|∇u||∇w|dx

≤ |u|H1
0(Ω)|w|H1

0(Ω)

⇒ |α(u,w)| ≤ |u|H1
0(Ω)|w|H1

0(Ω).

'Ara, to digrammikì sunarthsiakì α eÐnai suneqèc.

EpÐ plèon, gia k�je u ∈ H1
0(Ω) èqoume:

α(u, u) =

∫
Ω

∇u∇udx =

∫
Ω

(∇u)2dx

= ‖∇u‖2
L2(Ω) = |u|2H1

0(Ω)

⇒ α(u, u) = |u|2H1
0(Ω).

Opìte, to digrammikì sunarthsiakì α eÐnai piestikì.
Epomènwc, apì to Je¸rhma Lax - Milgram (2.12), up�rqei monadikì
u ∈ H1

0(Ω) ¸ste:

α(u,w) = 〈f, w〉, ∀ w ∈ H1
0(Ω)

⇔
∫

Ω

∇u∇wdx =

∫
Ω

fwdx, ∀ w ∈ H1
0(Ω).

'Ara, gia dedomènh sun�rthsh f ∈ L2(Ω) up�rqei monadik  sun�rthsh
u ∈ H1

0(Ω) ¸ste na isqÔei h sqèsh (2.0.15). Epomènwc, up�rqei monadik 
asjen c lÔsh u ∈ H1

0(Ω) gia to Prìblhma Dirichlet (2.0.14). �

Protash 4.4. H sun�rthsh F : L2(Ω) → H1
0(Ω), ìpou se k�je

f ∈ L2(Ω) h F antistoiqeÐ th monadik  asjen  lÔsh u ∈ H1
0(Ω) tou

Probl matoc Dirichlet (2.0.14), eÐnai suneq c.

Apodeixh. Gia k�je f ∈ L2(Ω) up�rqei monadik  sun�rthsh u ∈
H1

0(Ω) tètoia ¸ste:

F(f) = u

⇔
∫

Ω

∇u∇wdx =

∫
Ω

fwdx, ∀ w ∈ H1
0(Ω). (2.0.16)
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Profan¸c, h sun�rthsh F eÐnai grammik  afoÔ gia k�je f, g ∈ L2(Ω)
isqÔei:

F(f + g) = F(f) + F(g).

Gia w = u ∈ H1
0(Ω), h sqèsh (2.0.16) gÐnetai:∫

Ω

∇u∇udx =

∫
Ω

fudx

⇔
∫

Ω

(∇u)2dx =

∫
Ω

fudx

⇔ ‖∇u‖2
L2(Ω) =

∫
Ω

fudx ≤ ‖f‖L2(Ω)‖u‖L2(Ω)

⇔ |u|2H1
0(Ω) = ‖∇u‖2

L2(Ω) ≤ ‖f‖L2(Ω)‖u‖L2(Ω)

⇔ |u|2H1
0(Ω) ≤ ‖f‖L2(Ω)‖u‖L2(Ω). (2.0.17)

Lìgw thc Anisìthtac Poincaré, h sqèsh (2.0.17) gr�fetai:

|u|2H1
0(Ω) ≤ ‖f‖L2(Ω)‖u‖L2(Ω) ≤ ‖f‖L2(Ω)c|u|H1

0(Ω)

⇔ |u|2H1
0(Ω) ≤ c‖f‖L2(Ω)|u|H1

0(Ω)

⇔ |u|H1
0(Ω) ≤ c‖f‖L2(Ω). (2.0.18)

All� u = F(f), opìte apì th sqèsh (2.0.18) èqoume:

|F(f)|H1
0(Ω) ≤ c‖f‖L2(Ω).

Epomènwc, gia k�je f ∈ L2(Ω) isqÔei:

|F(f)|H1
0(Ω) ≤ c‖f‖L2(Ω). (2.0.19)

'Ara, h grammik  sun�rthsh F eÐnai suneq c. �

Parathrhsh 4.5. GnwrÐzoume ìti gia k�je u ∈ H1
0(Ω) isqÔei h sqèsh

(1.0.13):

|u|H1
0(Ω) ≤ ‖u‖H1

0(Ω) ≤ (c+ 1)|u|H1
0(Ω).

'Ara, gia u = F(f) ∈ H1
0(Ω) èqoume:

|F(f)|H1
0(Ω) ≤ ‖F(f)‖H1

0(Ω) ≤ (c+ 1)|F(f)|H1
0(Ω)

⇔ 1

c+ 1
|F(f)|H1

0(Ω) ≤
1

c+ 1
‖F(f)‖H1

0(Ω) ≤ |F(f)|H1
0(Ω).

'Etsi, apì th sqèsh (2.0.19) gia k�je f ∈ L2(Ω) isqÔei:

1

c+ 1
|F(f)|H1

0(Ω) ≤
1

c+ 1
‖F(f)‖H1

0(Ω) ≤ |F(f)|H1
0(Ω) ≤ c‖f‖L2(Ω)

⇒ 1

c+ 1
‖F(f)‖H1

0(Ω) ≤ c‖f‖L2(Ω). (2.0.20)

All�, gia k�je f ∈ L2(Ω) isqÔei:

‖F(f)‖H1
0(Ω) = ‖F(f)‖L2(Ω) + ‖∇F(f)‖L2(Ω) ≥ ‖F(f)‖L2(Ω).
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'Ara, h sqèsh (2.0.20) gr�fetai:

1

c+ 1
‖F(f)‖L2(Ω) ≤

1

c+ 1
‖F(f)‖H1

0(Ω) ≤ c‖f‖L2(Ω)

⇒ ‖F(f)‖L2(Ω) ≤ c(c+ 1)‖f‖L2(Ω).

Jewr¸ntac M = c(c+ 1) > 0 apì thn parap�nw sqèsh èqoume:

‖F(f)‖L2(Ω) ≤ M‖f‖L2(Ω), ∀ f ∈ L2(Ω)

⇔ ‖F‖L(L2(Ω)) ≤ M. (2.0.21)

Epomènwc, h grammik  sun�rthsh F : L2(Ω)→ H1
0(Ω) eÐnai suneq c.

3. MH GRAMMIKA PROBLHMATA SUNORIAKWN
TIMWN

'Estw Ω ⊆ Rn èna anoiktì kai fragmèno uposÔnolo tou Rn kai èstw
g : R→ R mÐa suneq c kai fragmènh sun�rthsh.

JewroÔme to Mh Grammikì Prìblhma Sunoriak¸n Tim¸n (Prìblhma
Dirichlet):

−4u = g(u), sto Ω

u = 0, sto ∂Ω. (3.0.22)

Gia dedomènh g ∈ L2(Ω) onom�zoume asjen  lÔsh tou Probl -
matoc Sunoriak¸n Tim¸n (3.0.22) mÐa sun�rthsh u ∈ X = H1

0(Ω)
¸ste gia k�je w ∈ X = H1

0(Ω) na isqÔei:∫
Ω

∇u∇wdx =

∫
Ω

g(u)wdx. (3.0.23)

Jewrhma 4.6. 'Estw Ω ⊆ Rn èna anoiktì kai fragmèno uposÔnolo
tou Rn kai èstw g : R→ R mÐa suneq c kai fragmènh sun�rthsh. Jew-
roÔme to Mh Grammikì Prìblhma Sunoriak¸n Tim¸n (3.0.22) (Prìblh-
ma Dirichlet (3.0.22)):

−4u = g(u), sto Ω

u = 0, sto ∂Ω.

To Prìblhma Dirichlet (3.0.22) èqei asjen  lÔsh.

Apodeixh. JewroÔme ton telest  T : L2(Ω)→ L2(Ω) ìpou

T(f) := F(g(f)), ∀ f ∈ L2(Ω),

me

F : L2(Ω)→ H1
0(Ω)

o telest c tou Probl matoc Dirichlet (2.0.14) ìpou F(f) = u, ∀ f ∈
L2(Ω).
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O T eÐnai kal¸c orismènoc telest c. Pr�gmati, h g eÐnai fragmènh
sun�rthsh, �ra up�rqei m > 0, tètoio ¸ste gia k�je f ∈ L2(Ω) kai gia
k�je x ∈ R isqÔei:

|g(f(x))| ≤ m⇔ |(g ◦ f)(x)| ≤ m. (3.0.24)

H g eÐnai suneq c sun�rthsh kai f ∈ L2(Ω), opìte isqÔei:

|(g ◦ f)(x)|2 ≤ m2

⇒ ‖g ◦ f‖2
L2(Ω) =

∫
Ω

|(g ◦ f)(x)|2dx ≤
∫

Ω

m2dx

⇒ ‖g ◦ f‖2
L2(Ω) ≤ m2µ(Ω)

⇒ ‖g ◦ f‖L2(Ω) ≤ m
√
µ(Ω), (3.0.25)

�ra (g ◦ f) ∈ L2(Ω).
Epomènwc, T(f) = F(g(f)) ∈ L2(Ω), ∀ f ∈ L2(Ω).
Epiprìsjeta, o telest c T eÐnai fragmènoc. Pr�gmati, gia k�je f ∈
L2(Ω) èqoume:

‖T(f)‖L2(Ω) = ‖F(g(f))‖L2(Ω) ≤ ‖F‖L2(Ω)‖g(f)‖L2(Ω). (3.0.26)

O telest c F eÐnai fragmènoc kai m�lista apì th sqèsh (2.0.21) èqoume:

‖F‖L(L2(Ω)) ≤M,

ìpou M = c(c + 1) > 0 kai c > 0 h stajer� pou prokÔptei apì thn
Anisìthta Poincaré.
'Ara, apì tic sqèseic (2.0.21) kai (3.0.25), h sqèsh (3.0.26) gÐnetai:

‖T(f)‖L2(Ω) ≤ ‖F‖L2(Ω)‖g(f)‖L2(Ω)

⇒ ‖T(f)‖L2(Ω) ≤ Mm
√
µ(Ω)

kai jewr¸ntac k = Mm
√
µ(Ω) > 0 èqoume:

‖T(f)‖L2(Ω) ≤ k, ∀ f ∈ L2(Ω). (3.0.27)

Epomènwc, T(f) ∈ B(0, k) kai �ra T : L2(Ω)→ B(0, k) ⊆ L2(Ω), opìte
o telest c T eÐnai fragmènoc.
EpÐ plèon, o telest c T eÐnai sumpag c. Pr�gmati, èstw U ⊆ L2(Ω)
èna fragmèno uposÔnolo tou L2(Ω). H sun�rthsh g eÐnai fragmènh,
�ra to g(U) ⊆ L2(Ω) eÐnai fragmèno uposÔnolo tou L2(Ω). 'Etsi,
sÔmfwna me to Je¸rhma Ensf nwshc tou Lebesgue (3.21), to F(g(U))
eÐnai sumpagèc uposÔnolo tou L2(Ω), �ra to T(U) = F(g(U)) eÐnai
sumpagèc uposÔnolo tou L2(Ω). 'Ara, gia k�je U ⊆ L2(Ω) fragmèno,
to T(U) eÐnai sumpagèc uposÔnolo tou L2(Ω). 'Etsi, o telest c T eÐnai
sumpag c.

O telest c T eÐnai, epÐshc, suneq c. Pr�gmati, èstw h akoloujÐa
(un)n∈N ⊆ L2(Ω) me un → u, kaj¸c n → ∞, ìpou u ∈ L2(Ω). 'Ara,
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up�rqei mÐa upakoloujÐa (unk
)nk∈N ⊆ (un)n∈N me unk

(x) → u(x) σ.π.
ston L2(Ω) kai tìte:

‖T(unk
)− T(u)‖L2(Ω) = ‖F(g(unk

))− F(g(u))‖L2(Ω)

≤ M‖g(unk
)− g(u)‖L2(Ω), (3.0.28)

afoÔ o F eÐnai suneq c kai fragmènoc telest c.
All�, h sun�rthsh g eÐnai fragmènh kai apì th sqèsh (3.0.24) èqoume:

|g(unk
)| ≤ m, ∀ x ∈ R.

EpÐ plèon, gia thn upakoloujÐa (unk
)nk∈N ⊆ (un)n∈N isqÔei:

unk
(x)→ u(x) σ.π. ston L2(Ω).

Epomènwc, apì Je¸rhma Kuriarqhmènhc SÔgklishc tou Lebesgue (2.9)
èqoume:

‖g(unk
)− g(u)‖L2(Ω) → 0.

'Ara, apì th sqèsh (3.0.28) prokÔptei ìti:

‖T(unk
)− T(u)‖L2(Ω) → 0,

opìte

T(unk
)→ T(u) ston L2(Ω).

'Etsi, T(un) → T(u), diìti e�n T(un) 9 T(u) ston L2(Ω), tìte ja
up rqe mÐa upakoloujÐa (ukl)kl∈N ⊆ (un)n∈N me T(ukl) → T(u) ston
L2(Ω), �topo. 'Ara, T(un)→ T(u) kai o telest c T eÐnai suneq c.
'Etsi, o telest c T : B(0, k) → B(0, k) ⊆ L2(Ω) eÐnai suneq c, frag-
mènoc kai sumpag c kai h B(0, k) ⊆ L2(Ω) eÐnai èna kleistì, fragmèno
kai kurtì uposÔnolo tou L2(Ω). Opìte, apì to Pìrisma tou Jewr -
matoc StajeroÔ ShmeÐou tou Schauder (2.8) up�rqei stajerì shmeÐo u
gia ton telest  T me:

T(u) = u

⇔ F(g(u)) = u

⇔
∫

Ω

∇u∇wdx =

∫
Ω

g(u)wdx, ∀ w ∈ X = H1
0(Ω).

�

Jewrhma 4.7. 'Estw Ω ⊆ Rn èna anoiktì kai fragmèno uposÔnolo
tou Rn.

JewroÔme to Mh Grammikì Prìblhma Sunoriak¸n Tim¸n (3.0.29)
(Prìblhma Dirichlet (3.0.29)):

−4u = g(u), sto Ω

u = 0, sto ∂Ω. (3.0.29)

ìpou h sun�rthsh g : R→ R eÐnai Lipschitz me stajer� k > 0.
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E�n gia th stajer� Lipschitz k thc g isqÔei k < λ1, ìpou

λ1 = min{
|w|2H1

0(Ω)

‖w‖2
L2(Ω)

: w ∈ H1
0(Ω)},

tìte to Prìblhma Dirichlet (3.0.29) èqei monadik  lÔsh.

Apodeixh. H sun�rthsh g : R→ R eÐnai Lipschitz me stajer� k > 0
�ra, isqÔei:

|g(x)− g(y)| ≤ k|x− y|, ∀ x, y ∈ R. (3.0.30)

Gia y = 0, h sqèsh (3.0.30) gÐnetai:

|g(x)− g(0)| ≤ k|x|, ∀ x ∈ R. (3.0.31)

All�, gia k�je x ∈ R isqÔei:

||g(x)| − |g(0)|| ≤ |g(x)− g(0)|. (3.0.32)

'Etsi, apì tic sqèseic (3.0.30) kai (3.0.31) prokÔptei ìti gia k�je x ∈ R
isqÔei:

||g(x)| − |g(0)|| ≤ k|x|
⇔ |g(x)| − |g(0)| ≤ k|x|
⇔ |g(x)| ≤ k|x|+ |g(0)|. (3.0.33)

H sqèsh (3.0.33) isqÔei gia k�je u ∈ L2(Ω) kai gia k�je x ∈ R, �ra
èqoume:

|g(u(x))| ≤ k|u(x)|+ |g(0)|
⇒ |g(u(x))|2 ≤ (k|u(x)|+ |g(0)|)2

⇒ |g(u(x))|2 ≤ 2(k2|u(x)|2 + |g(0)|2). (3.0.34)

EpÐ plèon, h sqèsh (3.0.30) isqÔei gia k�je u,w ∈ L2(Ω) opìte gia
k�je x ∈ R isqÔei:

|g(u(x))− g(w(x))| ≤ k|u(x)− w(x)|
⇒ |g(u(x))− g(w(x))|2 ≤ k2|u(x)− w(x)|2

⇒
∫

Ω

|g(u(x))− g(w(x))|2dx ≤ k2

∫
Ω

|u(x)− w(x)|2dx,

⇒ ‖g(u)− g(w)‖L2(Ω) ≤ k‖u− w‖L2(Ω). (3.0.35)

JewroÔme ton grammikì telest  F : L2(Ω)→ H1
0(Ω) ↪→ L2(Ω) ìpwc

orÐsthke sto Prìblhma Dirichlet (2.0.14). Tìte, gia k�je u,w ∈ L2(Ω)
eÐnai g(u), g(w) ∈ L2(Ω), opìte apì th sqèsh (3.0.35) èqoume:

‖(F ◦ g)(u)− (F ◦ g)(w)‖L2(Ω) = ‖F (g(u))− F (g(w))‖L2(Ω)

= ‖F (g(u)− g(w))‖L2(Ω)

≤ ‖F‖L(L2(Ω))‖g(u)− g(w)‖L2(Ω)

≤ ‖F‖L(L2(Ω))k‖u− w‖L2(Ω)

= k‖F‖L(L2(Ω))‖u− w‖L2(Ω).(3.0.36)
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O telest c F eÐnai autosuzug c. Pr�gmati, gia k�je f, g ∈ L2(Ω)
up�rqoun u, v ∈ H1

0(Ω) ↪→ L2(Ω), antÐstoiqa, pou eÐnai asjeneÐc lÔseic
tou Probl matoc Dirichlet (2.0.14) tètoiec ¸ste:

u = F (f) kai v = F (g).

Epomènwc, isqÔoun :∫
Ω

∇u∇wdx =

∫
Ω

fwdx, ∀ w ∈ H1
0(Ω) (3.0.37)

kai ∫
Ω

∇v∇wdx =

∫
Ω

gwdx, ∀ w ∈ H1
0(Ω). (3.0.38)

H sqèsh (3.0.37) isqÔei gia w = v ∈ H1
0(Ω), �ra:∫

Ω

∇u∇vdx =

∫
Ω

fvdx. (3.0.39)

H sqèsh (3.0.38) isqÔei gia w = u ∈ H1
0(Ω), �ra:∫

Ω

∇u∇vdx =

∫
Ω

gudx. (3.0.40)

Apì tic sqèseic (3.0.39) kai (3.0.40) prokÔptei:∫
Ω

fvdx =

∫
Ω

gudx

⇔
∫

Ω

fF (g)dx =

∫
Ω

gF (f)dx

⇔ 〈f, F (g)〉 = 〈g, F (f)〉
⇔ 〈f, F (g)〉 = 〈F (f), g〉.

'Ara, gia k�je f, g ∈ L2(Ω) isqÔei:

〈f, F (g)〉 = 〈F (f), g〉
kai ètsi o telest c F eÐnai autosuzug c.
Epiprìsjeta, gnwrÐzoume ìti o telest c F : L2(Ω) → L2(Ω) eÐnai
sumpag c. 'Ara, isqÔei to Fasmatikì Je¸rhma (2.13) kai ètsi up�r-
qei akoloujÐa idiotim¸n (λn)n∈N ⊆ R me λ1 > 0 tètoia ¸ste :

lim
n→∞

λn =∞
kai

λ1 = min{
|w|2H1

0(Ω)

‖w‖2
L2(Ω)

: w ∈ H1
0(Ω)}.

Epomènwc, isqÔei:

λ1 ≤
|w|2H1

0(Ω)

‖w‖2
L2(Ω)

, ∀ w ∈ H1
0(Ω)}

⇔ λ1|w|2L2(Ω) ≤ ‖w‖2
H1

0(Ω), ∀ w ∈ H
1
0(Ω).
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EpÐ plèon, gia k�je f ∈ H1
0(Ω) up�rqei u ∈ H1

0(Ω) ↪→ L2(Ω), h opoÐa
eÐnai asjen c lÔsh tou Probl matoc Dirichlet (2.0.14), tètoia ¸ste:

u = F (f)

⇔
∫

Ω

∇u∇wdx =

∫
Ω

fwdx, ∀ w ∈ H1
0(Ω). (3.0.41)

Opìte, gia w = u ∈ H1
0(Ω) , h sqèsh (3.0.41) gÐnetai:∫

Ω

∇u∇udx =

∫
Ω

fudx

⇒
∫

Ω

(∇u)2dx =

∫
Ω

fudx ≤ ‖f‖L2(Ω)‖u‖L2(Ω)

⇒
∫

Ω

(∇u)2dx = ‖∇u‖2
L2(Ω) = |u|2H1

0(Ω) ≤ ‖f‖L2(Ω)‖u‖L2(Ω)

⇒ |u|2H1
0(Ω) ≤ ‖f‖L2(Ω)‖u‖L2(Ω)

⇒ λ1‖u‖2
L2(Ω) ≤ ‖f‖L2(Ω)‖u‖L2(Ω)

⇒ λ1‖u‖L2(Ω) ≤ ‖f‖L2(Ω)

⇒ λ1‖F (f)‖L2(Ω) ≤ ‖f‖L2(Ω)

⇒ ‖F (f)‖L2(Ω) ≤
1

λ1

‖f‖L2(Ω)

⇒ ‖F‖L(L2(Ω)) ≤
1

λ1

.

Epomènwc, h sqèsh (3.0.36) dÐnei:

‖(F ◦ g)(u)− (F ◦ g)(w)‖L2(Ω) ≤
k

λ1

‖u− w‖L2(Ω), ∀ u,w ∈ L2(Ω)

me k < λ1, �ra
k
λ1
< 1.

Epomènwc, h sun�rthsh F ◦ g eÐnai sustol .
'Etsi, apì to Je¸rhma StajeroÔ ShmeÐou tou Banach (2.3) prokÔptei
ìti h F ◦ g èqei monadikì stajerì shmeÐo. 'Ara, up�rqei monadik  u ∈
H1

0(Ω) tètoia ¸ste:

(F ◦ g)(u) = u

⇔ F (g(u)) = u

⇔
∫

Ω

∇u∇wdx =

∫
Ω

g(u)wdx, ∀ w ∈ H1
0(Ω).

'Etsi, to Prìblhma Dirichlet (3.0.29) èqei monadik  asjen  lÔsh u ∈
H1

0(Ω).
�



KEF�ALAIO 5

JEWRIA MONOTONWN TELESTWN

Orismoc 5.1. 'Estw X ènac q¸roc Banach kai T : X → X ∗ ènac
telest c.

i. O T kaleÐtai monìtonoc e�n kai mìnon e�n

〈T(x)− T(y), x− y〉 ≥ 0, ∀ x, y ∈ X .
ii. O T kaleÐtai gnhsÐwc monìtonoc e�n kai mìnon e�n

〈T(x)− T(y), x− y〉 > 0, ∀ x, y ∈ X me x 6= y.

iii. O T kaleÐtai austhr¸c monìtonoc e�n kai mìnon e�n
up�rqei stajer� c > 0 tètoia ¸ste:

〈T(x)− T(y), x− y〉 ≥ c‖x− y‖2, ∀ x, y ∈ X .

1. PARADEIGMATA

Paradeigma 5.2. 'Estw h pragmatik  sun�rthsh f : R→ R apì ton
X = R ston X ∗. Profan¸c, isqÔei:

〈f(x)− f(y), x− y〉 = (f(x)− f(y))(x− y), ∀ x, y ∈ X .
Tìte, isqÔoun:

i. H f : X → X ∗ eÐnai (gnhsÐwc) monìtonh e�n kai mìnon e�n h
f : R→ R eÐnai (gnhsÐwc) aÔxousa.

ii. H f : X → X ∗ eÐnai austhr� monìtonh e�n kai mìnon e�n

inf{f(x)− f(y)

x− y
: x, y ∈ X me x 6= y} > 0.

iii. E�n h sun�rthsh F : R→ R eÐnai C2 kai up�rqei stajer� c > 0
tètoia ¸ste:

F
′′
(x) ≥ c, ∀ x ∈ R,

tìte:

(F
′
(x)− F ′(y))(x− y) ≥ c(x− y)2, ∀ x, y ∈ R

opìte h F
′
: R→ R eÐnai austhr� monìtonh.

iv. E�n h sun�rthsh F : R→ R eÐnai C1 kai up�rqei stajer� c > 0
tètoia ¸ste:

F
′
(x)− F ′(y) ≥ c(x− y), ∀ x, y ∈ R me x ≥ y,

tìte h F
′
: R→ R eÐnai austhr� monìtonh.

31
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Paradeigma 5.3. 'Estw T : X → X ∗ ènac grammikìc telest c ston
q¸ro Banach X . IsqÔoun:

i. O T eÐnai monìtonoc e�n kai mìnon e�n o T eÐnai jetikìc e�n kai
mìnon e�n isqÔei:

〈T(x), x〉 ≥ 0, ∀ x ∈ X .
ii. O T eÐnai gnhsÐwc monìtonoc e�n kai mìnon e�n o T eÐnai gn sia

jetikìc, e�n kai mìnon e�n isqÔei:

〈T(x), x〉 > 0, ∀ x ∈ X me x 6= 0.

iii. O T eÐnai austhr� monìtonoc e�n kai mìnon e�n o T eÐnai austhr�
jetikìc, e�n kai mìnon e�n up�rqei stajer� c > 0 tètoia ¸ste:

〈T(x), x〉 ≥ c‖x‖2, ∀ x ∈ X .

Paradeigma 5.4. 'Estw H ènac q¸roc Hilbert me nìrma ‖ · ‖ kai
eswterikì ginìmeno 〈·, ·〉 kai K ⊂ H èna kleistì, kurtì kai mh kenì
uposÔnolo tou H. JewroÔme th metrik  probol  tou H sto K, thn
℘K : H → K me ℘K(f) := u, ∀ f ∈ H, ìpou u ∈ K gia to opoÐo isqÔei
h isìthta (0.0.1) kai h anisìthta (0.0.3).
H metrik  probol  ℘K eÐnai monìtonoc telest c. Pr�gmati, h anisìthta
(0.0.3) isqÔei gia k�je x, y ∈ H, epomènwc isqÔoun:

〈x− ℘K(x), w − ℘K(x)〉 ≤ 0, ∀ w ∈ K (1.0.42)

kai

〈y − ℘K(y), w − ℘K(y)〉 ≤ 0, ∀ w ∈ K. (1.0.43)

'Ara, h sqèsh (1.0.42) isqÔei kai gia w = ℘K(y) ∈ K, opìte èqoume:
〈x− ℘K(x), ℘K(y)− ℘K(x)〉 ≤ 0, ∀ w ∈ K. (1.0.44)

EpÐshc, h sqèsh (1.0.43) isqÔei kai gia w = ℘K(x) ∈ K, opìte èqoume:
〈y − ℘K(y), ℘K(x)− ℘K(y)〉 ≤ 0, ∀ w ∈ K. (1.0.45)

Prosjètontac kat� mèlh tic sqèseic (1.0.44) kai (1.0.45) prokÔptei:

〈x− ℘K(x), ℘K(y)− ℘K(x)〉+ 〈y − ℘K(y), ℘K(x)− ℘K(y)〉 ≤ 0

⇔ 〈x− ℘K(x)− y + ℘K(y), ℘K(y)− ℘K(x)〉 ≤ 0

⇔ 〈x− y, ℘K(y)− ℘K(x)〉+ 〈℘K(y) + ℘K(x), ℘K(y)− ℘K(x)〉 ≤ 0

⇔ 〈x− y, ℘K(y)− ℘K(x)〉+ ‖℘K(y)− ℘K(x)‖2 ≤ 0

⇔ ‖℘K(y)− ℘K(x)‖2 ≤ 〈y − x, ℘K(y)− ℘K(x)〉. (1.0.46)

All�, ‖℘K(y)− ℘K(x)‖2 ≥ 0, �ra apì th sqèsh (1.0.46) èqoume ìti:

〈y − x, ℘K(y)− ℘K(x)〉 ≥ 0 me x, y ∈ H.
'Ara, isqÔei:

〈y − x, ℘K(y)− ℘K(x)〉 ≥ 0, ∀ x, y ∈ H,
opìte h metrik  probol  ℘K : H → K eÐnai monìtonoc telest c.
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Orismoc 5.5. 'Estw f : U ⊆ X → R mÐa sun�rthsh sto anoiktì
U ⊆ X , ìpou X ènac pragmatikìc q¸roc Banach.

i. H f kaleÐtai G-diaforÐsimh sto u ∈ U e�n kai mìnon e�n
up�rqei sunarthsiakì α ∈ X ∗ tètoio ¸ste:

lim
t→0

f(u+ th)− f(u)

t
= 〈α, h〉, ∀ h ∈ X .

To α onom�zetai Gateaux par�gwgoc thc f sto U kai
gr�foume f ′(u) = α.

ii. H f kaleÐtai G-diaforÐsimh sto anoiktì U ⊆ X e�n kai
mìnon e�n h f eÐnai G- diaforÐsimh se k�je u ∈ U .

Orismoc 5.6. 'Estw f : U ⊆ X → R mÐa sun�rthsh sto tuqaÐo
sÔnolo U ⊆ X , ìpou X ènac pragmatikìc q¸roc Banach. H f eÐnai
G-diaforÐsimh sto U ⊆ X e�n kai mìnon e�n h f eÐnai orismènh se
anoikt  perioq  tou U kai eÐnai G-diaforÐsimh se k�je u ∈ U .

'Ena shmantikì par�deigma monìtonwn telest¸n prokÔptei apì thn
epìmenh prìtash.

Protash 5.7. 'Estw f : U ⊆ X → R mÐa G-diaforÐsimh sun�rthsh
sto kurtì uposÔnolo U ⊆ X , ìpou X ènac pragmatikìc Banach q¸roc.
Oi epìmenoi isqurismoÐ eÐnai isodÔnamoi:
1. H f eÐnai kurt  (antÐstoiqa gnhsÐwc kurt ).
2. H f ′ : U → X ∗ eÐnai monìtonh (antÐstoiqa gnhsÐwc monìtonh).

Apodeixh. 'Estw x, y ∈ U . OrÐzoume th sun�rthsh: ϕ : [0, 1] → R
wc ex c:

ϕ(t) := f(x+ ty), ∀ t ∈ [0, 1].

Tìte, lìgw tou ìti h f eÐnai G-diaforÐsimh sun�rthsh sto U ⊆ X ,
eÔkola apodeiknÔetai ìti:

ϕ′(t) = f ′(x+ t(y − x))(y − x), ∀ t ∈ [0, 1]

  alli¸c

ϕ′(t) = 〈f ′(x+ t(y − x)), y − x〉, ∀ t ∈ [0, 1]

afoÔ f ′(u) ∈ X ∗, ∀ u ∈ U .
(1→ 2). 'Estw ìti h f eÐnai kurt .

Tìte, h sun�rthsh ϕ : [0, 1] → R eÐnai epÐshc kurt  kai h ϕ′ eÐnai
monìtonh. Opìte, gia k�je x, y ∈ U isqÔei:

ϕ′(1) ≥ ϕ′(0)

⇔ 〈f ′(x+ 1(y − x)), y − x〉 ≥ 〈f ′(x+ 0(y − x)), y − x〉
⇔ 〈f ′(y), y − x〉 ≥ 〈f ′(x), y − x〉

⇔ 〈f ′(y)− f ′(x), y − x〉 ≥ 0.

'Ara, gia k�je x, y ∈ U isqÔei:

(f ′(y)− f ′(x), y − x) ≥ 0
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opìte sumperaÐnoume ìti h sun�rthsh f ′ : U → X ∗ eÐnai monìtonh.
(2→ 1). 'Estw ìti h f ′ : U → X ∗ eÐnai monìtonh sun�rthsh kai èstw

s, t ∈ [0, 1] me s < t. Tìte,

ϕ′(t)− ϕ′(s) = 〈f ′(x+ t(y − x)), y − x〉 − 〈f ′(x+ s(y − x)), y − x〉
= 〈f ′(x+ t(y − x))− f ′(x+ s(y − x)), y − x〉. (1.0.47)

H f ′ eÐnai monìtonh sun�rthsh, �ra:

〈f ′(x+ t(y − x))− f ′(x+ s(y − x)), (x+ t(y − x))− (x+ s(y − x))〉 ≥ 0

⇔ 〈f ′(x+ t(y − x))− f ′(x+ s(y − x)), (t− s)(y − x)〉 ≥ 0

⇔ (t− s)〈f ′(x+ t(y − x))− f ′(x+ s(y − x)), y − x〉 ≥ 0. (1.0.48)

Epeid  t, s ∈ [0, 1] me s < t èpetai ìti t − s > 0, �ra apì th sqèsh
(1.0.48) prokÔptei ìti:

〈f ′(x+ t(y − x))− f ′(x+ s(y − x)), y − x〉 ≥ 0,

opìte apì th sqèsh (1.0.47) èqoume:

ϕ′(t)− ϕ′(s) ≥ 0⇔ ϕ′(t) ≥ ϕ′(s).

'Ara,

ϕ′(t) ≥ ϕ′(s), ∀ t, s ∈ [0, 1] me s < t.

Opìte , h sun�rthsh ϕ′ eÐnai monìtonh, �ra h sun�rthsh ϕ eÐnai kurt .
Epomènwc, h sun�rthsh f eÐnai kurt . �

2. IDIOTHTES MONOTONWN TELESTWN

Oi monìtonoi telestèc èqoun shmantikèc idiìthtec merikèc apì tic
opoÐec parousi�zontai stic parak�tw prot�seic.

Protash 5.8. 'Estw T : X → X ∗ ènac monìtonoc telest c ston
q¸ro Banach X . Tìte, o telest c T eÐnai topik� fragmènoc.

Apodeixh. Gia na deÐxoume ìti o telest c T eÐnai topik� fragmènoc
arkeÐ na apodeÐxoume ìti gia k�je x ∈ X up�rqei perioq  U tou x,
dhlad  x ∈ U ⊆ X , tètoia ¸ste h eikìna T(U) ⊆ X ∗ na eÐnai fragmènh.

'Estw ìti o telest c T den eÐnai topik� fragmènoc. Tìte, up�rqei
x ∈ X kai akoloujÐa (xn)n∈N ⊆ X tètoia ¸ste xn → x gia k�poio
x ∈ X , kaj¸c n→∞, kai ‖T(xn)‖X ∗ →∞, kaj¸c n→∞.

Ef' ìson xn → x, kaj¸c n→∞, èpetai ìti

‖xn‖ → ‖x‖
kai h akoloujÐa (‖xn‖)n∈N ⊆ R eÐnai fragmènh.
Gia k�je n ∈ N, jètoume

an =
1

1 + ‖T(xn)‖X ∗‖xn − x‖
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kai profan¸c 0 < an < 1, ∀ n ∈ N.
O telest c T eÐnai monìtonoc, �ra ∀ u ∈ X kai ∀ n ∈ N isqÔei:

0 ≤ 〈T(xn)− T(u), xn − u〉
⇔ 0 ≤ 〈T(xn)− T(u), xn − x+ x− u〉
⇔ 0 ≤ 〈T(xn), xn − x〉+ 〈T(xn), x− u〉 − 〈T(u), xn − u〉

⇔ 〈T(xn), u− x〉 ≤ 〈T(xn), xn − x〉+ 〈T(u), xn − u〉
≤ ‖T(xn)‖X ∗‖xn − x‖+ ‖T(u)‖X ∗‖xn − u‖
≤ ‖T(xn)‖X ∗‖xn − x‖+ ‖T(u)‖X ∗(‖xn‖+ ‖u‖)

⇔ 〈T(xn), u− x〉 ≤ ‖T(xn)‖X ∗‖xn − x‖+ ‖T(u)‖X ∗(‖xn‖+ ‖u‖).

Pollaplasi�zontac thn parap�nw anisotik  sqèsh me an èqoume:

an〈T(xn), u− x〉 ≤ an‖T(xn)‖X ∗‖xn − x‖+ an‖T(u)‖X ∗(‖xn‖+ ‖u‖)
⇒ an〈T(xn), u− x〉 < 1 + an‖T(u)‖X ∗(‖xn‖+ ‖u‖) (2.0.49)

afoÔ ex' orismoÔ thc an èpetai ìti:

an‖T(xn)‖X ∗‖xn − x‖ = 1− an < 1.

JewroÔme thn posìthta K(x, u) = an‖T(u)‖X ∗(‖xn‖ + ‖u‖), h opoÐa
exart�tai apì ta x, u ∈ X kai ìqi apì to n ∈ N. Epomènwc, h sqèsh
(2.0.49) gr�fetai:

an〈T(xn), u− x〉 < 1 +K(x, u), ∀ x, u ∈ X . (2.0.50)

Jètoume w = u− x ∈ X kai h sqèsh (2.0.50) gr�fetai:

an〈T(xn), w〉 < 1 + K̂(x,w), ∀ w ∈ X . (2.0.51)

'Ara, h sqèsh (2.0.51) isqÔei kai gia −w ∈ X opìte èqoume:

an〈T(xn),−w〉 < 1 + K̂(x,w), ∀ w ∈ X . (2.0.52)

Epomènwc, apì tic sqèseic (2.0.51) kai (2.0.52) prokÔptei ìti:

|an〈T(xn), w〉| < 1 + K̂(x,w), ∀ w ∈ X
⇔ |〈anT(xn), w〉| < 1 + K̂(x,w), ∀ w ∈ X .

'Ara, isqÔei:

sup
n→∞

|〈anT(xn), w〉| < 0.
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kai ètsi apì to Je¸rhma Banach-Steinhaus omoiìmorfou fr�gmatoc
(2.4) prokÔptei ìti up�rqei λ(x) > 0 tètoio ¸ste:

‖anT(xn)‖X ∗ ≤ λ(x)

⇔ ‖T(xn)‖X ∗ ≤
λ(x)

an
⇔ ‖T(xn)‖X ∗ ≤ λ(x)[1 + ‖T(xn)‖X ∗‖xn − x‖]

⇔ ‖T(xn)‖X ∗ [1− λ(x)‖xn − x‖] ≤ λ(x)

⇔ ‖T(xn)‖X ∗ ≤
λ(x)

1− λ(x)‖xn − x‖
. (2.0.53)

All� xn → x, kaj¸c n → ∞, �ra h akoloujÐa (‖xn − x‖)n∈N eÐnai

fragmènh opìte kai h akoloujÐa ( λ(x)
1−λ(x)‖xn−x‖)n∈N eÐnai fragmènh. E-

pomènwc, apì th sqèsh (2.0.53) èpetai ìti kai h (‖T(xn)‖X ∗)n∈N eÐnai
fragmènh, autì ìmwc eÐnai �topo afoÔ ‖T(xn)‖X ∗ →∞, kaj¸c n→∞.
'Ara, o telest c T eÐnai topik� fragmènoc. �

Protash 5.9. 'Estw T : X → X ∗ ènac grammikìc kai monìtonoc
telest c ston q¸ro Banach X . Tìte, o telest c T eÐnai suneq c.

Apodeixh. O T eÐnai monìtonoc telest c. 'Etsi, apì thn Prìtash
(5.8) èpetai ìti o telest c T eÐnai topik� fragmènoc. 'Etsi, o T eÐnai
grammikìc kai topik� fragmènoc telest c se mia perioq  tou 0 ∈ X .
'Ara, o T eÐnai fragmènoc kai sthn kleist  monadiaÐa mp�la. Epomènwc,
up�rqei c > 0 tètoia ¸ste:

‖T(u)‖X ∗ ≤ c‖u‖, ∀ u ∈ X ,

opìte o T eÐnai suneq c telest c. �

Orismoc 5.10. 'Estw T : X → X ∗ ènac telest c ston Banach q¸ro
X .

i. O T lègetai demicontinuous e�n kai mìnon e�n gia k�je
akoloujÐa (un)n∈N ⊆ X me un → u kaj¸c n → ∞, ìpou
u ∈ X , isqÔei T(un) ⇀ T(u) kaj¸c n→∞.

ii. O T lègetai hemicontinuous e�n kai mìnon h pragmatik 
sun�rthsh t 7→ 〈T(x+ ty), w〉, ∀ t ∈ R eÐnai suneq c gia k�je
x, y, w ∈ X .

iii. O T lègetai isqur� suneq c e�n kai mìnon e�n gia k�je
akoloujÐa (un)n∈N ⊆ X me un ⇀ u kaj¸c n→∞, ìpou u ∈ X ,
isqÔei T(un)→ T(u) kaj¸c n→∞.

iv. O T lègetai fragmènoc e�n kai mìnon e�n o T apeikonÐzei
fragmèna uposÔnola tou X se fragmèna uposÔnola tou X ∗.

Parathrhsh 5.11. K�je suneq c telest c T : X → X ∗ (me tic
nìrmec twn q¸rwn X ,X ∗) eÐnai demicontinuous kai k�je telest c pou
eÐnai demicontinuous eÐnai hemicontinuous.
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Lhmma 5.12. 'Estw T : X → X ∗ ènac monìtonoc kai hemicontinuous
telest c ston q¸ro Banach X . E�n up�rqoun x ∈ X kai b ∈ X ∗ tètoia
¸ste:

〈b− T(y), x− y〉 ≥ 0, ∀ y ∈ X ,
tìte b = T(x).

Apodeixh. 'Estw z ∈ X . Jètoume y = x− tz me t > 0. IsqÔei:

〈b− T(y), x− y〉, ∀ y ∈ X . (2.0.54)

Epomènwc, h sqèsh (2.0.54) isqÔei kai gia y = x − tz me t > 0, �ra
èqoume:

〈b− T(x− tz), x− (x− tz)〉 ≥ 0, ∀ t > 0

⇔ 〈b− T(x− tz), tz〉 ≥ 0, ∀ t > 0

⇔ t〈b− T(x− tz), z〉 ≥ 0, ∀ t > 0

⇔ 〈b− T(x− tz), z〉 ≥ 0, ∀ t > 0.

Opìte, gia k�je z ∈ X kai gia k�je t > 0 isqÔei:

〈b− T(x− tz), z〉 ≥ 0. (2.0.55)

JewroÔme thn akoloujÐa (tn)n∈N ⊆ R me tn > 0 kai tn → 0, kaj¸c
n→∞. Gia k�je n ∈ N jètoume xn = x−tnz, ∀ z ∈ X , me (xn)n∈N ⊆ X
kai xn → x p�nw se mÐa hmieujeÐa. 'Omwc, o T eÐnai hemicontinuous
telest c, �ra T(xn) = T(x− tnz) ⇀ T(x), kaj¸c n→∞.
Opìte, isqÔei:

〈b− T(x− tnz), z〉⇀ 〈b− T(x), z〉, kaj¸c n→∞.
All� apì th sqèsh (2.0.55) èpetai ìti:

〈b− T(x− tnz), z〉 ≥ 0, ∀ z ∈ X
�ra kai

〈b− T(x), z〉 ≥ 0, ∀ z ∈ X (2.0.56)

opìte kai

〈b− T(x),−z〉 ≥ 0, ∀ z ∈ X
⇔ 〈b− T(x), z〉 ≤ 0, ∀ z ∈ X . (2.0.57)

Epomènwc, apì tic sqèseic (2.0.56) , (2.0.57) prokÔptei ìti:

〈b− T(x), z〉 = 0, ∀ z ∈ X .
'Ara,

b− T(x) = 0⇒ b = T(x).

�

Protash 5.13. 'Estw T : X → X ∗ ènac hemicontinuous kai monìto-
noc telest c ston anaklastikì q¸ro Banach X . Tìte, o telest c T
eÐnai demicontinuous.
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Apodeixh. 'Estw u ∈ X kai akoloujÐa (un)n∈N ⊆ X me un → u,
kaj¸c n → ∞, ìpou u ∈ X . O T eÐnai monìtonoc telest c, �ra
apì thn Prìtash (5.9) èpetai ìti o T eÐnai topik� fragmènoc telest c.
'Ara, h akoloujÐa (T(un))n∈N ⊆ X ∗ eÐnai fragmènh. EpÐ plèon, o q¸roc
Banach X eÐnai anaklastikìc �ra kai o q¸roc X ∗ eÐnai anaklastikìc.
'Ara, gia th fragmènh akoloujÐa (T(un))n∈N ⊆ X ∗ up�rqei mÐa asjen¸c
sugklÐnousa upakoloujÐa thc, èstw h (T(unk

))nk∈N ⊆ (T(un))n∈N me
T(unk

) ⇀ b ∈ X ∗, kaj¸c k →∞.
Lìgw monotonÐac tou T èpetai ìti:

〈T(unk
)− T(w), unk

− w〉 ≥ 0, ∀ w ∈ X , ∀ k ∈ N.
'Ara, kai

〈b− T(w), u− w〉 ≥ 0, ∀ w ∈ X . (2.0.58)

Epomènwc, o T : X → X ∗ eÐnai monìtonoc kai hemicontinuous telest c
kai gia x ∈ X kai gia b ∈ X ∗ isqÔei h sqèsh (2.0.58).
'Etsi, apì to L mma (5.12) èpetai ìti:

b = T(u).

Opìte,

T(unk
) ⇀ b = T(u).

'Ara,

T(un) ⇀ T(u).

'Etsi, gia k�je akoloujÐa (un)n∈N ⊆ X me un → u, kaj¸c n → ∞,
èpetai ìti:

T(un) ⇀ T(u).

Epomènwc, o T eÐnai demicontinuous telest c. �

Parathrhsh 5.14. Apì thn parap�nw prìtash diapist¸noume ìti
h sunèqeia gia monìtonouc telestèc s�ena shmeÐo x eÐnai isodÔnamh me
thn hemicontinuity sto x, dhlad  me th sunèqeia p�nw se ìlec tic
hmieujeÐec pou katal goun sto x.

Porisma 5.15. 'Estw T : X → X ∗ ènac monìtonoc telest c ston
anaklastikì q¸ro Banach X . Tìte, o T eÐnai demicontinuous telest c
e�n kai mìnon e�n eÐnai hemicontinuous.

Orismoc 5.16. 'Estw T : X → X ∗ ènac telest c ston Banach q¸ro
X . O T kaleÐtai piestikìc e�n kai mìnon e�n

lim
‖u‖→∞

〈T(u), u〉
‖u‖

=∞.

Se perÐptwsh pou X = R , tìte o telest c T : X → X ∗ eÐnai piestikìc
e�n kai mìnon e�n:

lim
u→+∞

T(u) = +∞.
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Protash 5.17. E�n h sun�rthsh f : Rn → Rn eÐnai suneq c kai
piestik , tìte h f eÐnai epÐ.

Apodeixh. 'Estw y ∈ Rn. H f eÐnai piestik , �ra

lim
‖x‖→∞

〈f(x), x〉
‖x‖

=∞.

IsodÔnama, gia k�jeM > 0 up�rqei R > 0 tètoio ¸ste gia k�je x ∈ Rn
me ‖x‖ ≥ R isqÔei:

〈f(x), x〉
‖x‖

> M ⇔ 〈f(x), x〉 > M‖x‖.

Epomènwc, gia M = ‖y‖ > 0 kai R = ‖x‖ > 0 isqÔei:

〈f(x), x〉 > M‖x‖ = ‖y‖‖x‖ ≥ 〈y, x〉
⇒ 〈f(x), x〉 > 〈y, x〉

⇔ 〈f(x), x〉 − 〈y, x〉 > 0

⇔ 〈f(x)− y, x〉 > 0. (2.0.59)

JewroÔme th sun�rthsh H(x) = f(x)− y me x ∈ Rn.
H sun�rthsh H eÐnai suneq c afoÔ h f eÐnai suneq c. EpÐ plèon, gia
k�je x ∈ Rn isqÔei:

〈H(x), x〉 = 〈f(x)− y, x〉 = 〈f(x), x〉 − 〈y, x〉
opìte qrhsimopoi¸ntac th sqèsh (2.0.59) prokÔptei ìti:

〈H(x), x〉 > 0, ∀ x ∈ Rn me R = ‖x‖ > 0.

'Ara, apì to Pìrisma tou Jewr matoc StajeroÔ ShmeÐou tou Brower
(2.5), up�rqei x0 ∈ Rn me ‖x0‖ ≤ R tètoio ¸ste:

H(x0) = 0⇔ f(x0)− y = 0⇔ f(x0) = y.

Epomènwc, gia k�je y ∈ Rn up�rqei x0 ∈ Rn tètoio ¸ste:

f(x0) = y.

'Ara, h f eÐnai epÐ. �

Parathrhsh 5.18. 'Ena an�logo sumpèrasma apodeiknÔetai sth sunè-
qeia gia apeirodi�statouc q¸rouc ìpou ektìc apì th sunèqeia kai thn
piestikìthta tou telest  apaiteÐtai kai h monotonÐa tou.

Jewrhma 5.19 (Minty-Browder). 'Estw X ènac diaqwrÐsimoc kai
anaklastikìc q¸roc Banach. E�n o telest c T : X → X ∗ eÐnai
monìtonoc, suneq c kai piestikìc, tìte o T eÐnai epÐ.

Apodeixh. 'Estw y ∈ X ∗. Ef' ìson o q¸roc X eÐnai diaqwrÐsimoc
up�rqei akoloujÐa (Xn)n∈N upoq¸rwn tou X me dimXn <∞ kai
Xn = span{w1, w2, ..., wn} tètoia ¸ste:

X =
∞⋃
n=1

Xn.



40 5. JEWRIA MONOTONWN TELESTWN

PeriorÐzontac ton T ston Xn, oi idiìthtec thc sunèqeiac kai thc piestikì-
thtac tou T diathroÔntai. 'Etsi, o T : Xn → X ∗n eÐnai suneq c kai
piestikìc telest c. 'Ara, apì thn Prìtash (5.17) èpetai ìti o T eÐnai
epÐ ston Xn, ∀ n ∈ N. Opìte, up�rqei xn ∈ Xn tètoio ¸ste:

T(xn) = y.

JewroÔme thn akoloujÐa (xn)n∈N ⊆ X .
'Eqoume:

〈T(xn), xn〉
‖xn‖

=
〈y, xn〉
‖xn‖

≤ ‖y‖‖xn‖
‖xn‖

= ‖y‖ (2.0.60)

H (xn)n∈N eÐnai fragmènh akoloujÐa diìti e�n den  tan fragmènh tìte
ja up rqe xn me ‖xn‖ → ∞ opìte lìgw piestikìthtac tou T ja eÐqame:

〈T(xn), xn〉
‖xn‖

→ ∞

autì ìmwc eÐnai �topo apì th sqèsh (2.0.60).
Epeid  o q¸roc X eÐnai anaklastikìc, gia thn akoloujÐa (xn)n∈N ⊆ X
pou eÐnai fragmènh up�rqei mÐa upakoloujÐa thc, èstw h (xnk

)nk∈N me
xnk

⇀ x, kaj¸c k →∞, kai x ∈ X . O T eÐnai monìtonoc telest c, �ra
isqÔei:

〈T(xnk
)− T(z), xnk

− z〉 ≥ 0, ∀ z ∈ X
⇔ 〈y − T(z), xnk

− z〉 ≥ 0, ∀ z ∈ X .

Lìgw thc asjenoÔc sÔgklishc xnk
⇀ x, kaj¸c k →∞ èpetai ìti kai

〈y − T(z), xnk
− z〉⇀ 〈y − T(z), x− z〉, ∀ z ∈ X .

All� 〈y − T(z), xnk
− z〉 ≥ 0, ∀ z ∈ X opìte kai

〈y − T(z), x− z〉 ≥ 0, ∀ z ∈ X .

Epomènwc, apì to L mma (5.12) prokÔptei ìti:

y = T(x).

'Ara, gia k�je x ∈ X ∗ up�rqei x ∈ X tètoio ¸ste T(x) = y, opìte o
telest c T eÐnai epÐ. �

To Je¸rhma Minty-Browder (5.19) eÐnai polÔ shmantikì sth JewrÐa
twn Monìtonwn telest¸n kai brÐskei pollèc efarmogèc se Mh Grammik�
Probl mata Sunoriak¸n Tim¸n. MÐa efarmog  tou se tètoia probl -
mata ja d¸soume parak�tw. Ja qreiastoÔme ìmwc orismèna apotelè-
smata pou aforoÔn sth metrhsimìthta kai sth sunèqeia mh grammik¸n
telest¸n pou orÐzontai se q¸rouc Lp.
'Enac polÔ qr simoc telest c pou emfanÐzetai se mh grammik� probl -
mata eÐnai kai o telest c Nemytski.
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3. TELESTES NEMYTSKI

'Estw G ⊆ Rn èna anoiktì kai fragmèno uposÔnolo tou Rn. 'Estw
h sun�rthsh f : G × R→ R tètoia ¸ste:

f(x, y) ∈ R, ∀ (x, y) ∈ G × R.
Upojètoume ìti h f ikanopoieÐ:

(a) tic sunj kec Karajeodwr , dhlad :
i. gia k�je y ∈ R stajerì, h apeikìnish x 7→ f(x, y) eÐnai
metr simh

ii. gia tuqaÐo x ∈ G, h apeikìnish y 7→ f(x, y) eÐnai suneq c.
(b) tic sunj kec aÔxhshc t�xewc p − 1 > 0 gia p > 1 (growth

conditions) dhlad  gia k�je x ∈ G , gia k�je y ∈ R isqÔei:

|f(x, y)| ≤ |α(x)|+ b|y|p−1

me α ∈ Lq(G), b > 0 stajerì, ìpou 1
p

+ 1
q

= 1.

OrÐzoume ton telest  F : Lp(G)→ Lq(G) me 1
p

+ 1
q

= 1 wc ex c:

(Fu)(x) := f(x, u(x)), ∀ u ∈ Lp(G), ∀ x ∈ G.
O telest c F onom�zetai telest c Nemytski.

Jewrhma 5.20. 'Estw f : G × R mÐa sun�rthsh h opoÐa ikanopoieÐ
tic sunj kec (a) kai (b). Tìte, o telest c Nemytski F apeikonÐzei to
Lp(G) sto Lq(G).

Apodeixh. 'Estw u ∈ Lp(G). Tìte, h u(x) eÐnai metr simh sun�rthsh
�ra up�rqei akoloujÐa (un(x))n∈N klimakwt¸n sunart sewn tètoia ¸-
ste un(x) → u(x) σ.π. sto G. Apì th sunj kh Karajeodwr  (aii)
èqoume ìti:

lim
n→∞

f(x, un(x)) = f(x, u(x)) = (Fu)(x) σ.π.sto G. (3.0.61)

JewroÔme

un(x) =

M(n)∑
i=1

cniXGni (x),

ìpou ta Gin eÐnai metr sima uposÔnola tou G, gia k�je n ∈ N.
Tìte,

f(x, un(x)) = f(x,

M(n)∑
i=1

cniXGni (x)) =

M(n)∑
i=1

f(x, cni )XGni (x).

Epomènwc, h f(x, un(x)) eÐnai metr simh afoÔ oi f(x, cni ) eÐnai metr -
simec. Opìte, apì th sqèsh (3.0.61) èpetai ìti kai h (Fu)(x) eÐnai
metr simh wc ìrio metr simwn sunart sewn.
EpÐ plèon, h f plhroÐ th (b) sunj kh aÔxhshc t�xewc p − 1 me p > 1
kai wc gnwstìn isqÔei:

(a+ b)p ≤ 2p(ap + bp), ∀ a, b ∈ R me a > 0, b > 0.
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'Ara, èqoume:

|(Fu)(x)|q = |f(x, u(x))|q ≤ (|α(x)|+ b|u(x)|p−1)q

≤ 2q(|α(x)|q + bq|u(x)|(p−1)q)

= 2q(|α(x)|q + bq|u(x)|p). (3.0.62)

All�, h sun�rthsh (|α(x)|q+bq|u(x)|p) eÐnai oloklhr¸simh wc �jroisma
oloklhr¸simwn sunart sewn, �ra apì th sqèsh (3.0.62) èpetai ìti kai
h |(Fu)(x)|q = |f(x, u(x))|q eÐnai oloklhr¸simh.
'Ara, gia k�je u ∈ Lp(G), h (Fu) ∈ Lq(G) kai ètsi o telest c Nemytski
F eÐnai kal¸c orismènoc. �

Protash 5.21. O telest c Nemytski F : Lp(G)→ Lq(G) eÐnai frag-
mènoc kai m�lista up�rqei stajer� c > 0 ¸ste na isqÔei:

‖Fu‖Lq(G) ≤ c(‖α‖Lq(G) + b‖u‖p−1
Lp(G)), ∀ u ∈ L

p(G).

Apodeixh. 'Estw u ∈ Lp(G). Tìte, isqÔei h sqèsh (3.0.62):

|(Fu)(x)|q ≤ 2q(|α(x)|q + bq|u(x)|p).
'Ara, ∫

G
|(Fu)(x)|qdx ≤ 2q(

∫
G
|α(x)|qdx+ bq

∫
G
|u(x)|pdx).

Opìte,

‖Fu‖qLq(G) ≤ 2q(‖α‖qLq(G) + bq‖u‖pLp(G))

⇒ (‖Fu‖Lq(G)
q)

1
q ≤ [2q(‖α‖qLq(G) + bq‖u‖pLp(G))]

1
q

= 2(‖α‖qLq(G) + bq‖u‖pLp(G))
1
q

≤ 21+ 1
q [(‖α‖qLq(G))

1
q + (bq)

1
q (‖u‖pLp(G))

1
q ]

= 21+ 1
q (‖α‖Lq(G) + b‖u‖

p
q

Lp(G))

= c(‖α‖Lq(G) + b‖u‖p−1
Lp(G)). (3.0.63)

ìpou c = 21+ 1
q > 0 stajer�.

'Ara, apì th sqèsh (3.0.63) èpetai ìti gia k�je u ∈ Lp(G) isqÔei:

‖Fu‖Lq(G) ≤ c(‖α‖Lq(G) + b‖u‖p−1
Lp(G)), me c > 0 stajer�,

kai epomènwc o telest c Nemytski F eÐnai fragmènoc. �

Jewrhma 5.22. O telest c Nemytski F : Lp(G) → Lq(G) eÐnai
suneq c.

Apodeixh. 'Estw (un(x))n∈N akoloujÐa sunart sewn ston Lp(G)
me un → u, kaj¸c n → ∞. Tìte, up�rqei upakoloujÐa (unk

(x))nk∈N
thc (un(x))n∈N kai u ∈ Lp(G) tètoia ¸ste:

unk
(x)→ u(x) σ.π. sto G kaj¸c k →∞.
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Opìte, èqoume:

|(Funk
)(x)− (Fu)(x)|q = |f(x, unk

(x))− f(x, u(x))|q

≤ c(|f(x, unk
(x))|q + |f(x, u(x))|q)

≤ c(|α(x)|q + bq|unk
(x)|p + |f(x, u(x))|q).

Jètoume

gnk
(x) = f(x, unk

(x))− f(x, u(x))

kai

hnk
(x) = c(|α(x)|q + bq|unk

(x)|p + |f(x, u(x))|q)

opìte

gnk
∈ L1(G) kai hnk

∈ L1(G).

'Etsi, h parap�nw sqèsh gr�fetai:

|gnk
(x)|q ≤ hnk

(x) σ.π. stonL1(G). (3.0.64)

H sun�rthsh f ikanopoieÐ th sunj kh Karajeodwr  (aii).
Opìte, afoÔ unk

(x)→ u(x) σ.π. sto G, kaj¸c k →∞, èpetai ìti:

f(x, unk
(x))→ f(x, u(x))

'Ara,

gnk
(x)→ 0 σ.π. sto G

kai

hnk
(x)→ c(|α(x)|q + bq|u(x)|p + |f(x, u(x))|q) σ.π. sto G.

Jètoume

h(x) = c(|α(x)|q + bq|u(x)|p + |f(x, u(x))|q)

kai tìte:

hnk
(x)→ h(x) σ.π. sto G kaj¸c k →∞.

EpÐshc, ef' ìson un → u ston Lp tìte kai ‖un‖ → ‖u‖, �ra kai
hnk
→ h ston L1.

'Etsi, plhroÔntai oi proôpojèseic tou Genikeumènou Jewr matoc Lebesgue
(2.10), opìte gnk

→ 0 ston L1.
'Ara, èqoume:

‖F (unk
)− F (u)‖qLq(G) =

∫
G
|(Funk

)(x)− (Fu)(x)|qdx

=

∫
G
|f(x, unk

(x))− f(x, u(x))|qdx

=

∫
G
|gnk

(x)|qdx.
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kai profan¸c
∫
G |gnk

(x)|qdx→ 0.
Epomènwc,

‖F (unk
)− F (u)‖qLq(G) → 0⇒ F (unk

)→ F (u). (3.0.65)

'Etsi, èpetai ìti F (un)→ F (u), diìti e�n upojèsoume to antÐjeto, tìte
up�rqei upakoloujÐa (unl

)nl∈N ⊆ (un)n∈N thc un tètoia ¸ste:

F (unl
) 9 F (u).

Tìte, ìpwc apodeÐqjhke parap�nw, up�rqei upakoloujÐa thc (F (unl
))nl∈N

h (F (unlm
))nlm∈N tètoia ¸ste F (unlm

)→ F (u). Autì ìmwc eÐnai �topo,
�ra F (un)→ F (u). Opìte, o telest c Nemytski F eÐnai suneq c. �



KEF�ALAIO 6

EFARMOGH JEWRHMATOS

MINTY-BROWDER

Ja d¸soume t¸ra mÐa idiaÐtera endiafèrousa efarmog  tou Jewr -
matoc Minty-Browder (5.19) se èna Mh Grammikì Prìblhma Sunoriak¸n
Tim¸n.

1. MH GRAMMIKO PROBLHMA SUNORIAKWN
TIMWN

'Estw Ω ⊆ Rn èna anoiktì kai fragmèno uposÔnolo tou Rn me ar-
ket� leÐo sÔnoro.

JewroÔme to Mh Grammikì Prìblhma Sunoriak¸n Tim¸n:

−div(|∇u|p−2∇u) + au = f, sto Ω

u = 0, sto ∂Ω, (1.0.66)

ìpou a ≥ 0 stajer� kai 2 ≤ p <∞ me p ≥ 2n
n+2

.

Parathrhsh 6.1. Gia p = 2 kai a = 0, prokÔptei to Grammikì
Prìblhma Sunoriak¸n Tim¸n (2.0.14):

−4u = f, sto Ω

u = 0, sto ∂Ω,

to opoÐo èqei melethjeÐ sto Kef�laio 4.

Gia dedomènh f ∈ Lq(Ω) onom�zoume asjen  lÔsh tou Prob-
l matoc Sunoriak¸n Tim¸n (1.0.66) mÐa sun�rthsh u ∈ X =

W1,p
0 (Ω) ¸ste gia k�je w ∈ X =W1,p

0 (Ω) na isqÔei:∫
Ω

|∇u|p−2∇u∇wdx+ a

∫
Ω

uwdx =

∫
Ω

fwdx. (1.0.67)

Gia na èqei nìhma h isìthta (1.0.67) prèpei u,w ∈ L2(Ω).
Apì Je¸rhma Ensf nwshc tou Sobolev (3.21) prokÔptei ìti e�n p ≥
2n
n+2

, tìte W1,p(Ω) ↪→ L2(Ω), opìte pr�gmati h isìthta (1.0.67) eÐnai
kal¸c orismènh.
JewroÔme to grammikì sunarthsiakì:

α(u,w) :=

∫
Ω

|∇u|p−2∇u∇wdx+ a

∫
Ω

uwdx, ∀ u,w ∈ X =W1,p
0 (Ω).

45
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Lhmma 6.2. Gia stajerì u ∈ X = W1,p
0 (Ω), to grammikì sunarth-

siakì w 7→ α(u,w), ∀ w ∈ X = W1,p
0 (Ω) eÐnai fragmèno (�ra kai

suneqèc).

Apodeixh. 'Estw u ∈ X stajerì. Tìte, gia k�je w ∈ X èqoume:

|α(u,w)| = |
∫

Ω

|∇u|p−2∇u∇wdx+ a

∫
Ω

uwdx|

≤ |
∫

Ω

|∇u|p−2∇u∇wdx|+ a|
∫

Ω

uwdx|

≤
∫

Ω

|∇u|p−2|∇u||∇w|dx+ a

∫
Ω

|u||w|dx

=

∫
Ω

|∇u|p−1|∇w|dx+ a

∫
Ω

|u||w|dx

≤ [

∫
Ω

(|∇u|p−1)qdx]
1
q (

∫
Ω

|∇w|pdx)
1
p + a‖u‖L2(Ω)‖w‖L2(Ω)

= (‖∇u‖pLp(Ω))
1
q ‖∇w‖Lp(Ω) + a‖u‖L2(Ω)‖w‖L2(Ω)

= (‖∇u‖Lp(Ω))
p
q ‖∇w‖Lp(Ω) + a‖u‖L2(Ω)‖w‖L2(Ω)

= (‖∇u‖Lp(Ω))
p−1‖∇w‖Lp(Ω) + a‖u‖L2(Ω)‖w‖L2(Ω)

≤ ‖u‖p−1
X ‖w‖X + ak‖u‖X‖w‖X

= (‖u‖p−1
X + ak‖u‖X )‖w‖X .

'Ara, isqÔei:

|α(u,w)| ≤ (‖u‖p−1
X + ak‖u‖X )‖w‖X , ∀ w ∈ X . (1.0.68)

Jètoume M = ‖u‖p−1
X + ak‖u‖X > 0 kai epeid  to u ∈ X stajerì, to

M eÐnai epÐshc stajerì.
Opìte, h sqèsh (1.0.68) gr�fetai:

|α(u,w)| ≤M‖w‖X , ∀ w ∈ X .

Epomènwc, to grammikì sunarthsiakì α(u,w) eÐnai fragmèno, ìtan to
u ∈ X eÐnai stajerì.
'Ara, gia stajerì u ∈ X eÐnai α(u,w) ∈ X ∗, gia k�je w ∈ X . �

Parathrhsh 6.3. Lìgw twn parap�nw, eÐnai kal¸c orismènoc o
telest c A : X → X ∗, ìpou gia k�je u ∈ X eÐnai A(u) ∈ X ∗ me:

(Au)(w) := α(u,w), ∀ w ∈ X .

Tìte, h isìthta (1.0.67) gr�fetai:

(Au)(w) =

∫
Ω

fwdx, ∀ w ∈ X

⇔ 〈Au,w〉 = 〈f, w〉, ∀ w ∈ X
⇔ A(u) = f.
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'Ara, gia dedomènh f ∈ Lq(Ω) onom�zoume asjen  lÔsh tou Pro-
bl matoc Sunoriak¸n Tim¸n (1.0.66) mÐa sun�rthsh u ∈ X =

W1,p
0 (Ω) ¸ste na isqÔei:

A(u) = f.

'Etsi, gia na apodeÐxoume thn Ôparxh asjenoÔc lÔshc tou Probl matoc
Sunoriak¸n Tim¸n arkeÐ na apodeÐxoume ìti o telest c A eÐnai epÐ.
O q¸roc X =W1,p

0 (Ω) eÐnai diaqwrÐsimoc, anaklastikìc q¸roc Banach,
afoÔ 1 < p <∞. 'Ara, e�n apodeÐxoume ìti o telest c A : X → X ∗ eÐnai
monìtonoc, piestikìc kai suneq c, tìte apì to Je¸rhma Minty-Browder
(5.19) èpetai ìti o A eÐnai epÐ.

Lhmma 6.4. O telest c A : X → X ∗ eÐnai monìtonoc.

Apodeixh. ArkeÐ na apodeÐxoume ìti isqÔei:

〈A(u)− A(w), u− w〉 ≥ 0, ∀ u,w ∈ X .

Gia u ∈ X =W1,p
0 (Ω) èqoume:

〈Au, u〉 = α(u, u) =

∫
Ω

|∇u|p−2∇u∇udx+ a

∫
Ω

uudx

=

∫
Ω

|∇u|p−2(∇u)2dx+ a

∫
Ω

u2dx

=

∫
Ω

|∇u|pdx+ a

∫
Ω

u2dx

= ‖u‖pX + a

∫
Ω

u2dx

= ‖u‖pX + a‖u‖2
L2(Ω).

OmoÐwc, gia w ∈ X èqoume:

〈Aw,w〉 = α(w,w) = ‖w‖pX + a‖w‖2
L2(Ω).

EpÐ plèon, gia u,w ∈ X èqoume:

〈Au,w〉 = α(u,w) =

∫
Ω

|∇u|p−2∇u∇wdx+ a

∫
Ω

uwdx

≤
∫

Ω

|∇u|p−1∇wdx+ a

∫
Ω

uwdx

≤ [

∫
Ω

(|∇u|p−1)qdx]
1
q (

∫
Ω

|∇w|pdx)
1
p + a‖u‖L2(Ω)‖w‖L2(Ω)

= ‖∇u‖p−1
Lp(Ω)‖∇w‖Lp(Ω) + a‖u‖L2(Ω)‖w‖L2(Ω)

≤ ‖u‖p−1
X ‖w‖X + a‖u‖L2(Ω)‖w‖L2(Ω).

OmoÐwc, gia u,w ∈ X èqoume:

〈Aw, u〉 = α(w, u) ≤ ‖w‖p−1
X ‖u‖X + a‖w‖L2(Ω)‖u‖L2(Ω).
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Epomènwc, gia u,w ∈ X èqoume:

〈A(u)− A(w), u− w〉 = 〈A(u), u〉 − 〈A(u), w〉 − 〈A(w), u〉+ 〈A(w), w〉
≥ ‖u‖pX + a‖u‖2

L2(Ω) − (‖u‖p−1
X ‖w‖X + a‖u‖L2(Ω)‖w‖L2(Ω))−

−(‖w‖p−1
X ‖u‖X + a‖w‖L2(Ω)‖u‖L2(Ω)) + ‖w‖pX + a‖w‖2

L2(Ω)

= a(‖u‖2
L2(Ω) + ‖w‖2

L2(Ω) − 2‖u‖L2(Ω)‖w‖L2(Ω)) +

+‖u‖pX − ‖u‖
p−1
X ‖w‖X − ‖w‖

p−1
X ‖u‖X + ‖w‖pX

= a(‖u‖L2(Ω) − ‖w‖L2(Ω))
2 + ‖u‖p−1

X (‖u‖X − ‖w‖X )−
−‖w‖p−1

X (‖u‖X − ‖w‖X )

= (‖u‖X − ‖w‖X )(‖u‖p−1
X + ‖w‖p−1

X ) + a(‖u‖L2(Ω) − ‖w‖L2(Ω))
2 ≥ 0

opìte,

〈A(u)− A(w), u− w〉 ≥ 0, ∀ u,w ∈ X .
Epomènwc, o telest c A eÐnai monìtonoc. �

Lhmma 6.5. O telest c A : X → X ∗ eÐnai piestikìc.

Apodeixh. Gia u ∈ X èqoume:

〈Au, u〉 = α(u, u) =

∫
Ω

|∇u|p−2∇u∇udx+ a

∫
Ω

uudx

=

∫
Ω

|∇u|p−2(∇u)2dx+ a

∫
Ω

u2dx

=

∫
Ω

|∇u|pdx+ a

∫
Ω

u2dx

= ‖∇u‖pLp(Ω) + a‖u‖2
L2(Ω)

≥ ‖∇u‖pLp(Ω)

⇒ 〈Au, u〉 ≥ ‖∇u‖pLp(Ω) = ‖u‖pX .
Opìte, gia u ∈ X isqÔei:

〈Au, u〉 ≥ ‖u‖pX ,
�ra, gia u ∈ X me ‖u‖X 6= 0, èqoume:

〈Au, u〉
‖u‖X

≥ ‖u‖p−1
X . (1.0.69)

All�,

lim
‖u‖X→∞

‖u‖p−1
X =∞.

opìte apì th sqèsh (1.0.69) prokÔptei ìti:

lim
‖u‖X→∞

〈Au, u〉
‖u‖X

=∞.

'Ara, o telest c A eÐnai piestikìc. �
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Lhmma 6.6. O telest c A : X → X ∗ eÐnai suneq c.

Apodeixh. 'Estw h akoloujÐa (un)n∈N ⊆ X me un → u me u ∈ X ,
kaj¸c n→∞. Tìte,

‖un − u‖X → 0. (1.0.70)

JewroÔme th sun�rthsh:

f(x, u(x)) := |∇u(x)|p−2∇u(x), ∀ x ∈ Ω, ∀ u ∈ X .
H f plhroÐ tic sunj kec Karajeodwr  kai th growth condition.
'Ara, eÐnai kal¸c orismènoc o telest c Nemytski F : Lp(Ω) → Lq(Ω)
me:

(Fu)(x) := f(x, u(x)) = |∇u(x)|p−2∇u(x).

'Etsi, apì to Je¸rhma (5.22) èpetai ìti o telest c F eÐnai suneq c.
'Ara, ef' ìson un → u, kaj¸c n→∞, èpetai ìti

F (un)→ F (u), kaj¸c n→∞,
opìte kai

‖F (un)− F (u)‖Lq(Ω) → 0. (1.0.71)

Tìte, gia k�je w ∈ X èqoume:

〈Aun − Au,w〉 = 〈Aun, w〉 − 〈Au,w〉 = α(un, w)− α(u,w)

=

∫
Ω

|∇un|p−2∇un∇wdx+ a

∫
Ω

unwdx−

−(

∫
Ω

|∇u|p−2∇u∇wdx+ a

∫
Ω

uwdx)

=

∫
Ω

F (un)∇wdx+ a

∫
Ω

unwdx− (

∫
Ω

F (u)∇wdx+ a

∫
Ω

uwdx)

=

∫
Ω

(F (un)− F (u))∇wdx+ a

∫
Ω

(un − u)wdx

≤ (‖F (un)− F (u)‖Lq(Ω) + a‖un − u‖X )‖w‖X .
'Ara, gia k�je w ∈ X isqÔei:

〈Aun − Au,w〉 ≤ (‖F (un)− F (u)‖Lq(Ω) + a‖un − u‖X )‖w‖X .
Opìte, apì thn parap�nw sqèsh, gia w ∈ X me ‖w‖X 6= 0, prokÔptei
ìti:

〈Aun − Au,w〉
‖w‖X

≤ ‖F (un)− F (u)‖Lq(Ω) + a‖un − u‖X

�ra,

‖Aun − Au‖X∗ = sup{〈Aun − Au,w〉
‖w‖X

: w ∈ X , ‖w‖X 6= 0}

≤ ‖F (un)− F (u)‖Lq(Ω) + a‖un − u‖X (1.0.72)
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opìte qrhsimopoi¸ntac tic sqèseic (1.0.70), (1.0.71) kai (1.0.72) èpetai
ìti:

‖Aun − Au‖X ∗ → 0.

Epomènwc,

Aun → Au

kai ètsi o A eÐnai suneq c telest c. �

Me th bo jeia twn Lhmm�twn (6.4), (6.5), (6.6) apodeiknÔetai to
akìloujo Je¸rhma Ôparxhc asjenoÔc lÔshc gia to Prìblhma Sunori-
ak¸n Tim¸n (1.0.66), to opoÐo diatup¸netai wc ex c:

Jewrhma 6.7. 'Estw Ω ⊆ Rn èna anoiktì kai fragmèno uposÔnolo
tou Rn me arket� leÐo sÔnoro.
JewroÔme to Mh Grammikì Prìblhma Sunoriak¸n Tim¸n (1.0.66):

−div(|∇u|p−2∇u) + au = f, sto Ω

u = 0, sto ∂Ω,

ìpou a ≥ 0 stajer� kai 2 ≤ p <∞ me p ≥ 2n
n+2

.
Tìte, gia k�je f ∈ Lq(Ω) up�rqei asjen c lÔsh tou Probl matoc Suno-
riak¸n Tim¸n (1.0.66) u ∈ X =W1,p

0 (Ω) gia thn opoÐa isqÔei:∫
Ω

|∇u|p−2∇u∇wdx+ a

∫
Ω

uwdx =

∫
Ω

fwdx, ∀ w ∈ X =W1,p
0 (Ω).



KEF�ALAIO 7

YEUDOMONOTONOI TELESTES

1. ORISMOS KAI IDIOTHTES
YEUDOMONOTONWN TELESTWN

Orismoc 7.1. 'Estw T : X → X ∗ ènac telest c, ìpou X ènac q¸roc
Banach. O telest c T lègetai yeudomonìtonoc e�n kai mìnon e�n
gia k�je akoloujÐa (xn)n∈N ⊆ X me:

(1) xn ⇀ x kaj¸c n→∞,
(2) T(xn) ⇀ y, kaj¸c n→∞
(3) lim sup〈T(xn), xn − x〉 ≤ 0,

isqÔoun:

y = T(x) kai 〈T(xn), xn〉 → 〈T(x), x〉.
Se ìla ìsa akoloujoÔn o q¸roc X eÐnai Banach.

Protash 7.2. 'Estw T : X → X ∗ ènac monìtonoc kai suneq c
telest c, tìte o T eÐnai yeudomonìtonoc telest c.

Apodeixh. 'Estw h akoloujÐa (xn)n∈N ⊆ X me

xn ⇀ x, T(xn) ⇀ y, kaj¸c n→∞ kai lim sup
n→∞

〈T(xn), xn − x〉 ≤ 0

Tìte, èqoume:

lim sup
n→∞

〈T(xn), xn − x〉 ≤ 0

⇔ lim sup
n→∞

(〈T(xn), xn〉 − 〈T(xn), x〉) ≤ 0

⇔ lim sup
n→∞

〈T(xn), xn〉 ≤ 〈y, x〉. (1.0.73)

O T eÐnai monìtonoc telest c, �ra gia k�je ξ ∈ X isqÔei:

〈T(ξ)− T(xn), ξ − xn〉 ≥ 0,

⇔ 〈T(ξ), ξ〉 − 〈T(ξ), xn〉 − 〈T(xn), ξ〉+ 〈T(xn), xn〉 ≥ 0,

⇔ 〈T(ξ), xn〉+ 〈T(xn), ξ〉 − 〈T(ξ), ξ〉 ≤ 〈T(xn), xn〉. (1.0.74)

Epomènwc, gia k�je ξ ∈ X apì th sqèsh (1.0.74) prokÔptei:

lim sup
n→∞

〈T(xn), xn〉 ≥ lim sup
n→∞

(〈T(ξ), xn〉+ 〈T(xn), ξ〉 − 〈T(ξ), ξ〉),

opìte qrhsimopoi¸ntac th sqèsh (1.0.73) gia k�je ξ ∈ X prokÔptei ìti
isqÔei:

〈y, x〉 ≥ lim sup
n→∞

〈T(xn), xn〉 ≥ lim sup
n→∞

(〈T(ξ), xn〉+ 〈T(xn), ξ〉 − 〈T(ξ), ξ〉)

51
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kai epeid  xn ⇀ x ,T(xn) ⇀ y, kaj¸c n→∞, èqoume:

〈y, x〉 ≥ 〈T(ξ), x〉+ 〈y, ξ〉 − 〈T(ξ), ξ〉, ∀ ξ ∈ X
⇔ 〈y, x〉 − 〈y, ξ〉 ≥ 〈T(ξ), x〉 − 〈T(ξ), ξ〉, ∀ ξ ∈ X

⇔ 〈y, x− ξ〉 ≥ 〈T(ξ), x− ξ〉, ∀ ξ ∈ X
⇔ 〈y, x− ξ〉 − 〈T(ξ), x− ξ〉 ≥ 0, ∀ ξ ∈ X

⇔ 〈y − T(ξ), x− ξ〉 ≥ 0, ∀ ξ ∈ X . (1.0.75)

'Ara, apì th sqèsh (1.0.75) kai apì to L mma (5.12) èpetai ìti:

y = T(x).

'Etsi, h sqèsh (1.0.73) gr�fetai:

lim sup
n→∞

〈T(xn), xn〉 ≤ 〈T(x), x〉. (1.0.76)

O T eÐnai monìtonoc, opìte isqÔei:

〈T(x)− T(xn), x− xn〉 ≥ 0,

⇔ 〈T(x), x〉 − 〈T(x), xn〉 − 〈T(xn), x〉+ 〈T(xn), xn〉 ≥ 0. (1.0.77)

Apì th sqèsh (1.0.77) prokÔptei:

lim inf
n→∞

(〈T(x), x〉 − 〈T(x), xn〉 − 〈T(xn), x〉+ 〈T(xn), xn〉) ≥ 0

kai epeid  xn ⇀ x , T(xn) ⇀ y, kaj¸c n→∞, èqoume:

lim inf
n→∞

〈T(xn), xn〉 − 〈T(x), x〉 ≥ 0

⇔ lim inf
n→∞

〈T(xn), xn〉 ≥ 〈T(x), x〉. (1.0.78)

EpÐ plèon, isqÔei:

lim sup
n→∞

〈T(xn), xn〉 ≥ lim inf
n→∞

〈T(xn), xn〉. (1.0.79)

Opìte apì tic sqèseic (1.0.76), (1.0.78) kai (1.0.79) èqoume:

〈T(x), x〉 ≥ lim sup
n→∞

〈T(xn), xn〉 ≥ lim inf
n→∞

〈T(xn), xn〉 ≥ 〈T(x), x〉.

�ra,

〈T(x), x〉 = lim sup
n→∞

〈T(xn), xn〉

= lim inf
n→∞

〈T(xn), xn〉

= lim
n→∞
〈T(xn), xn〉

⇒ 〈T(x), x〉 = lim
n→∞
〈T(xn), xn〉.

Epomènwc,

〈T(xn), xn〉 → 〈T(x), x〉.
'Etsi, gia k�je akoloujÐa (xn)n∈N ⊆ X me

xn ⇀ x, T(xn) ⇀ y kaj¸c n→∞ kai lim sup
n→∞

〈T(xn), xn − x〉 ≤ 0
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isqÔoun:

y = T(x) kai 〈T(xn), xn〉 → 〈T(x), x〉.
'Ara, o T eÐnai yeudomonìtonoc telest c. �

Protash 7.3. 'Estw A : X → X ∗ ènac monìtonoc kai suneq c
telest c . 'Estw B : X → X ∗ ènac isqur� suneq c telest c. Tìte, o
telest c Γ = A + B : X → X ∗ eÐnai yeudomonìtonoc.

Apodeixh. O A : X → X ∗ eÐnai monìtonoc kai suneq c telest c
epÐ tou Banach q¸rou X . Opìte, apì thn Prìtash (7.2) èpetai ìti o
telest c A eÐnai yeudomonìtonoc.
'Estw h akoloujÐa (xn)n∈N ⊆ X me xn ⇀ x , Γ(xn) ⇀ y, kaj¸c n→∞,
kai

lim sup〈Γ(xn), xn − x〉 ≤ 0.

'Ara, kaj¸c n→∞, isqÔei:

(A + B)(xn) ⇀ y ⇔ A(xn) + B(xn) ⇀ y. (1.0.80)

O telest c B eÐnai isqur� suneq c, �ra

B(xn)→ B(x). (1.0.81)

Apì tic sqèseic (1.0.80), (1.0.81) prokÔptei:

A(xn) ⇀ y − B(x). (1.0.82)

EpÐshc, èqoume:

lim sup
n→∞

〈Γ(xn), xn − x〉 ≤ 0

⇔ lim sup
n→∞

〈(A + B)(xn), xn − x〉 ≤ 0

⇔ lim sup
n→∞

〈A(xn) + B(xn), xn − x〉 ≤ 0

⇔ lim sup
n→∞

(〈A(xn), xn − x〉+ 〈B(xn), xn − x〉) ≤ 0. (1.0.83)

EpÐ plèon, epeid  xn ⇀ x, kaj¸c n→∞, kai o telest c B eÐnai isqur�
suneq c, isqÔei:

lim sup
n→∞

〈B(xn), xn − x〉 = 0. (1.0.84)

Apì tic sqèseic (1.0.83), (1.0.84) prokÔptei:

lim sup
n→∞

〈A(xn), xn − x〉 ≤ 0. (1.0.85)

O telest c A eÐnai yeudomonìtonoc kai gia thn akoloujÐa (xn)n∈N ⊆ X
me xn ⇀ x, kaj¸c n→∞, isqÔoun oi sqèseic (1.0.82), (1.0.85), dhlad :

A(xn) ⇀ y − B(x) kai lim sup
n→∞

(〈A(xn), xn − x〉) ≤ 0.

Epomènwc,

A(x) = y − B(x) kai 〈A(xn), xn〉 → 〈A(x), x〉.
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'Etsi,

y = A(x) + B(x) = (A + B)(x) = Γ(x)

kai

lim
n→∞
〈A(xn), xn〉 = 〈A(x), x〉.

Opìte, èqoume:

lim
n→∞
〈Γ(xn), xn〉 = lim

n→∞
〈(A + B)(xn), xn〉

= lim
n→∞
〈A(xn) + B(xn), xn〉

= lim
n→∞

(〈A(xn), xn〉+ 〈B(xn), xn〉)

= lim
n→∞
〈A(xn), xn〉+ lim

n→∞
〈B(xn), xn〉

= 〈A(x), x〉+ 〈B(x), x〉
= 〈A(x) + B(x), x〉
= 〈Γ(x), x〉.

'Etsi, gia k�je akoloujÐa (xn)n∈N ⊆ X me

xn ⇀ x, Γ(xn) ⇀ y, kaj¸c n→∞ kai lim sup
n→∞

〈Γ(xn), xn − x〉 ≤ 0

isqÔoun:

y = Γ(x) kai 〈Γ(xn), xn〉 → 〈Γ(x), x〉.

'Ara, o Γ eÐnai yeudomonìtonoc telest c. �

Jewrhma 7.4 (Häım Brezis, 1968). 'Estw X ènac diaqwrÐsimoc kai
anaklastikìc q¸roc Banach. E�n o telest c T : X → X ∗ eÐnai yeu-
domonìtonoc, fragmènoc, suneq c kai piestikìc, tìte o T eÐnai epÐ.

Ja d¸soume t¸ra mÐa efarmog  twn yeudomonìtonwn telest¸n se
èna mh grammikì prìblhma sunoriak¸n tim¸n pou parousi�zei idiaÐtero
endiafèron.

2. MH GRAMMIKO PROBLHMA SUNORIAKWN
TIMWN

'Estw Ω ⊆ Rn èna anoiktì kai fragmèno uposÔnolo tou Rn me
arket� leÐo sÔnoro.
JewroÔme to Mh Grammikì Prìblhma Sunoriak¸n Tim¸n:

−div(|∇u|p−2∇u) + g(u) = f, sto Ω

u = 0, sto ∂Ω, (2.0.86)

ìpou g : R→ R mÐa suneq c sun�rthsh.
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Gia dedomènh f ∈ X ∗ onom�zoume asjen  lÔsh tou Prob-
l matoc Sunoriak¸n Tim¸n (2.0.86) mÐa sun�rthsh u ∈ X =

W1,p
0 (Ω) ¸ste gia k�je w ∈ X =W1,p

0 (Ω) na isqÔei:∫
Ω

|∇u|p−2∇u∇wdx+

∫
Ω

g(u)wdx =

∫
Ω

fwdx. (2.0.87)

Lhmma 7.5. E�n h sun�rthsh g : R→ R eÐnai suneq c kai ikanopoieÐ
th growth condition:

|g(x)| ≤ c(1 + |x|r−1) me 1 ≤ r <∞, ∀ x ∈ R.

Tìte, o telest c B : X → X ∗ o opoÐoc orÐzetai wc ex c:

〈B(u), w〉 :=

∫
Ω

g(u)wdx, ∀ u,w ∈ X =W1,p
0 (Ω),

eÐnai fragmènoc gia 1 < p < n kai r ≤ np
n−p .

E�n, epÐ plèon, r < np
n−p , tìte o telest c B eÐnai isqur� suneq c.

Apodeixh. 'Estw u,w ∈ X =W1,p
0 (Ω) ↪→ Lq(Ω).

Ef' ìson r ≤ np
n−p , h ensf nwsh X =W1,p

0 (Ω) ↪→ Lq(Ω) eÐnai suneq c.
Tìte, èqoume:

|〈B(u), w〉| = |
∫

Ω

g(u)wdx| ≤
∫

Ω

|g(u)||w|dx

≤
∫

Ω

c(1 + |u|r−1)|w|dx

≤
∫

Ω

c|w|dx+

∫
Ω

c|u|r−1|w|dx

= c

∫
Ω

|w|dx+ c

∫
Ω

|u|r−1|w|dx

≤ c

∫
Ω

|w|dx+ c(

∫
Ω

|u|(r−1)q′dx)
1
q′ (

∫
Ω

|w|qdx)
1
q

≤ c‖w‖X + c‖u‖r−1

L(r−1)q′ (Ω)
‖w‖Lq(Ω)

≤ c‖w‖X + k‖u‖r−1
X ‖w‖X

= ‖w‖X (c+ k‖u‖r−1
X ).

'Ara, gia k�je u,w ∈ X isqÔei:

|〈B(u), w〉| ≤ ‖w‖X (c+ k‖u‖r−1
X ). (2.0.88)

Epomènwc, apì th sqèsh (2.0.88) gia k�je w ∈ X me ‖w‖X 6= 0 èqoume:

|〈B(u), w〉|
‖w‖X

≤ c+ k‖u‖r−1
X , ∀ u ∈ X .
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'Ara, gia k�je u ∈ X èqoume:

‖B(u)‖X ∗ = sup{|〈B(u), w〉|
‖w‖X

: w ∈ X , ‖w‖X 6= 0}

≤ c+ k‖u‖r−1
X

⇒ ‖B(u)‖X ∗ ≤ c+ k‖u‖r−1
X .

Opìte, o telest c B eÐnai fragmènoc.
E�n, epÐ plèon, r < np

n−p , tìte h ensf nwsh X =W1,p
0 (Ω) ↪→ Lr(Ω)

eÐnai sumpag c.
'Estw h akoloujÐa (un)n∈N ⊆ X = W1,p

0 (Ω) kai u ∈ X me un ⇀ u

sto X = W1,p
0 (Ω), kaj¸c n → ∞. Lìgw thc sumpagoÔc ensf nwshc

tou X ston q¸ro Lr(Ω) èpetai ìti un → u, kaj¸c n→∞ ston Lr(Ω).
JewroÔme ton telest :

F : Lr(Ω)→ Lr′(Ω) me F (u) := g(u), gia k�jeu ∈ Lr(Ω).

O telest c F eÐnai telest c Nemytski kai epeid  h sun�rthsh g eÐnai
suneq c kai ikanopoieÐ th growth condition:

|g(u)| ≤ c(1 + |u|r−1), ∀ u ∈ Lr(Ω),

tìte sÔmfwna me to Je¸rhma (5.22), o telest c F eÐnai suneq c.
Epomènwc, afoÔ un → u, kaj¸c n→∞, ston Lr(Ω) tìte

F (un)→ F (u), kaj¸c n→∞ ston Lr′(Ω).

'Ara, èqoume:

‖F (un)− F (u)‖Lr′ (Ω) → 0. (2.0.89)

Tìte, gia k�je w ∈ X èqoume:

|〈B(un)− B(u), w〉| = |
∫

Ω

(g(un)− g(u))wdx|

≤
∫

Ω

|g(un)− g(u)||w|dx

=

∫
Ω

|F (un)− F (u)||w|dx

≤ ‖F (un)− F (u)‖Lr′ (Ω)‖w‖Lr(Ω)

≤ M‖F (un)− F (u)‖Lr′ (Ω)‖w‖X .

'Ara, gia k�je w ∈ X èqoume:

|〈B(un)− B(u), w〉| ≤M‖F (un)− F (u)‖Lr′ (Ω)‖w‖X . (2.0.90)

Epomènwc, apì th sqèsh (2.0.90) gia k�je w ∈ X me ‖w‖X 6= 0 èqoume:

|〈B(un)− B(u), w〉|
‖w‖X

≤M‖F (un)− F (u)‖Lr′ (Ω).
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Opìte isqÔei:

‖B(un)− B(u)‖X ∗ = sup{|〈B(un)− B(u), w〉|
‖w‖X

: w ∈ X , ‖w‖X 6= 0}

⇒ ‖B(un)− B(u)‖X ∗ ≤ M‖F (un)− F (u)‖Lr′ (Ω). (2.0.91)

'Ara, apì tic sqèseic (2.0.89) kai (2.0.91) èqoume:

‖B(un)− B(u)‖X ∗ → 0,

opìte

B(un)→ B(u).

Epomènwc, o telest c B eÐnai isqur� suneq c. �

Lhmma 7.6. 'Estw oi telestèc A : X → X ∗ kai B : X → X ∗ me
X =W1,p

0 (Ω), oi opoÐoi orÐzontai wc ex c:

〈A(u), w〉 :=

∫
Ω

|∇u|p−2∇u∇wdx, ∀ u,w ∈ X =W1,p
0 (Ω)

kai

〈B(u), w〉 :=

∫
Ω

g(u)wdx, ∀ u,w ∈ X =W1,p
0 (Ω).

E�n h sun�rthsh g : R→ R eÐnai suneq c kai plhroÐ:

(1) th growth condition:

|g(x)| ≤ c(1 + |x|r−1) me 1 ≤ r <∞,

(2) thn asumptwtik  sunj kh:

inf
x∈R

g(x)x > −∞

kai epÐ plèon, 1 < p < n kai r < np
n−p , tìte o telest c (A+B) : X → X ∗

eÐnai yeudomonìtonoc, isqur� suneq c, fragmènoc kai piestikìc.

Apodeixh. H sun�rthsh g : R → R eÐnai suneq c kai plhroÐ th
growth condition:

|g(x)| ≤ c(1 + |x|r−1) me 1 ≤ r <∞

kai epÐ plèon, 1 < p < n kai r < np
n−p .

Opìte, sÔmfwna me to L mma (7.5), o telest c B : X → X ∗ eÐnai
isqur� suneq c kai fragmènoc. Apì ta L mmata (6.4), (6.6) èpetai ìti
o telest c A : X → X ∗ eÐnai monìtonoc kai suneq c. 'Etsi, sÔmfwna
me thn Prìtash (7.3), èpetai ìti o telest c (A + B) : X → X ∗ eÐnai
yeudomonìtonoc. Profan¸c, o telest c (A + B) eÐnai fragmènoc kai
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isqur� suneq c.
Gia u ∈ X èqoume:

〈A(u), u〉 =

∫
Ω

|∇u|p−2∇u∇udx

=

∫
Ω

|∇u|p−2(∇u)2dx

=

∫
Ω

|∇u|pdx

= ‖u‖pX . (2.0.92)

kai

〈B(u), u〉 =

∫
Ω

g(u)udx, (2.0.93)

H sun�rthsh g plhroÐ thn asumptwtik  sunj kh:

inf
x∈R

g(x)x > −∞

⇔ ∀ x ∈ R up�rqei k ∈ R tètoio ¸ste: g(x)x > k.

Epomènwc, gia u ∈ X eÐnai:

g(u)u > k

⇔
∫

Ω

g(u)udx >

∫
Ω

kdx

⇔
∫

Ω

g(u)udx > kµ(Ω) = M. (2.0.94)

Apì tic sqèseic (2.0.93), (2.0.94) èpetai ìti:

〈B(u), u〉 > M. (2.0.95)

'Etsi, gia u ∈ X me ‖u‖X 6= 0 kai apì tic sqèseic (2.0.92), (2.0.95)
èqoume:

〈(A + B)(u), u〉
‖u‖X

=
〈A(u), u〉+ 〈B(u), u〉

‖u‖X

>
‖u‖pX +M

‖u‖X

= ‖u‖p−1
X +

M

‖u‖X
.

'Ara, ef' ìson p > 1 èpetai ìti:

lim
‖u‖X→∞

〈(A + B)(u), u〉
‖u‖X

=∞.

Epomènwc, o telest c (A + B) : X → X ∗ eÐnai piestikìc. �
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Jewrhma 7.7. 'Estw Ω ⊆ Rn èna anoiktì kai fragmèno uposÔnolo
tou Rn me arket� leÐo sÔnoro. 'Estw h suneq c sun�rthsh g : R→ R
h opoÐa plhroÐ:

(1) th growth condition:

|g(x)| ≤ c(1 + |x|r−1) me 1 ≤ r <∞,
(2) thn asumptwtik  sunj kh:

inf
x∈R

g(x)x > −∞

kai epÐ plèon, 1 < p < n kai r < np
n−p .

Tìte, gia k�je f ∈ X ∗ up�rqei asjen c lÔsh u ∈ X =W1,p
0 (Ω) gia to

Mh Grammikì Probl matoc Sunoriak¸n Tim¸n (2.0.86):

−div(|∇u|p−2∇u) + g(u) = f, sto Ω

u = 0, sto ∂Ω, (2.0.96)

dhlad  up�rqei u ∈ X = W1,p
0 (Ω) tètoia ¸ste gia k�je w ∈ X na

isqÔei: ∫
Ω

|∇u|p−2∇u∇wdx+

∫
Ω

g(u)wdx =

∫
Ω

fwdx. (2.0.97)

Apodeixh. JewroÔme touc telestèc A : X → X ∗, B : X → X ∗
oi opoÐoi orÐsthkan sta L mmata (7.5), (7.6). Oi proôpojèseic twn
Lhmm�twn (7.5), (7.6) isqÔoun, �ra o telest c (A + B) : X → X ∗
eÐnai yeudomonìtonoc, fragmènoc, piestikìc kai suneq c, ìpou gia k�je
u,w ∈ X èqoume:

〈(A + B)(u), w〉 :=

∫
Ω

|∇u|p−2∇u∇wdx+

∫
Ω

g(u)wdx.

EpÐshc, o X =W1,p
0 (Ω) gia 1 < p ≤ n eÐnai diaqwrÐsimoc, anaklastikìc

q¸roc Banach. 'Ara, isqÔoun oi proôpojèseic tou Jewr matoc Brezis
(7.4) opìte o telest c (A + B) eÐnai epÐ.
Epomènwc, gia k�je f ∈ X ∗ up�rqei u ∈ X =W1,p

0 (Ω) tètoia ¸ste:

(A + B)(u) = f.

'Ara, gia k�je w ∈ X isqÔei:

〈(A + B)(u), w〉 = 〈f, w〉

⇔
∫

Ω

|∇u|p−2∇u∇wdx+

∫
Ω

g(u)wdx =

∫
Ω

fwdx. (2.0.98)

'Ara, gia k�je f ∈ X ∗ up�rqei asjen c lÔsh u ∈ X = W1,p
0 (Ω) gia to

Mh Grammikì Probl matoc Sunoriak¸n Tim¸n:

−div(|∇u|p−2∇u) + g(u) = f, sto Ω

u = 0, sto ∂Ω.

�





KEF�ALAIO 8

MEGISTIKA MONOTONOI TELESTES

1. ORISMOS KAI IDIOTHTES TWN MEGISTIKA
MONOTONWN TELESTWN

'Estw H ènac q¸roc Hilbert.

Orismoc 8.1. 'Enac monìtonoc telest c T : D(T) ⊂ H → H onom�ze-
tai megistik� monìtonoc (maximal monotone) e�n kai mìnon e�n:

R(T + I) = H

⇔ gia k�je f ∈ H up�rqei u ∈ D(T) ⊂ H tètoio ¸ste:

(T + I)(u) = f ⇔ T(u) + u = f.

Jewrhma 8.2. E�n o telest c T : D(T) ⊂ H → H eÐnai grammikìc
kai megistik� monìtonoc, tìte:

(1) O D(T) eÐnai puknìc upìqwroc tou H, dhlad  D(T) = H.
(2) Gia k�je λ > 0, up�rqei o telest c (I+λT)−1 : H → D(T) ⊂ H

o opoÐoc eÐnai fragmènoc me ‖(I + λT)−1‖L(H) ≤ 1 kai suneq c.
(3) O telest c T eÐnai kleistìc dhlad  to gr�fhm� tou:
Gr(T) = {(x,T(x)) : x ∈ D(T)} ⊆ H × H eÐnai kleistì upo-
sÔnolo tou H×H.

Apodeixh. O telest c T eÐnai megistik� monìtonoc. Epomènwc,
isqÔoun ta ex c:

(a) O T eÐnai monìtonoc, dhlad  isqÔei:

〈u,T(u)〉 ≥ 0, ∀ u ∈ D(T) ⊂ H, (1.0.99)

(b)

R(T + I) = H. (1.0.100)

(1) 'Estw f0 ∈ H gia to opoÐo isqÔei:

〈u, f0〉 = 0, ∀ u ∈ D(T) ⊂ H. (1.0.101)

Apì th sqèsh (1.0.100) èqoume ìti gia to f0 ∈ H = R(T + I)
up�rqei u0 ∈ D(T + I) = D(T) tètoio ¸ste:

(T + I)(u0) = f0

⇔ T(u0) + u0 = f0. (1.0.102)

61
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Apì tic sqèseic (1.0.101), (1.0.102) prokÔptei:

〈u,T(u0) + u0〉 = 0, ∀ u ∈ D(T) ⊂ H
⇔ 〈u,T(u0)〉+ 〈u, u0〉 = 0, ∀ u ∈ D(T) ⊂ H. (1.0.103)

Gia u0 ∈ D(T) isqÔei h sqèsh (1.0.103), �ra

〈u0,T(u0)〉+ 〈u0, u0〉 = 0

⇔ 〈u0,T(u0)〉+ ‖u0‖2 = 0

⇔ ‖u0‖2 = −〈u0,T(u0)〉. (1.0.104)

All�

‖u0‖2 ≥ 0

kai apì th sqèsh (1.0.99) èqoume:

〈u0,T(u0)〉 ≥ 0.

'Ara, gia na isqÔei h sqèsh (1.0.104) prèpei:

‖u0‖2 = 0 kai 〈u0,T(u0)〉 = 0.

Epomènwc,

u0 = 0 kai T(u0) = 0.

'Ara, apì th sqèsh (1.0.102) prokÔptei ìti:

f0 = 0.

Opìte, e�n f0 ∈ H me 〈u, f0〉 = 0, ∀ u ∈ D(T) tìte f0 = 0.
'Etsi, to monadikì orjog¸nio stoiqeÐo tou H eÐnai to 0 ∈ H,
�ra sÔmfwna me tic sunèpeiec tou Jewr matoc Hahn - Banach
isqÔei:

D(T) = H.
Epomènwc, o D(T) eÐnai puknìc upìqwroc tou H.

(2) Arqik� ja apodeÐxoume ìti o telest c

(I + T) : D(I + T) = D(T) ⊂ H → H
antistrèfetai kai o antÐstrofìc tou

(I + T)−1 : H → D(T) ⊂ H
eÐnai fragmènoc me

‖(I + T )−1‖L(H) ≤ 1

kai suneq c.
Apì th sqèsh (1.0.100) èpetai ìti o telest c (I + T) eÐnai epÐ.
'Ara, gia f ∈ H = R(I + T) up�rqei u1 ∈ D(I + T) = D(T)
tètoio ¸ste:

(I + T)(u1) = f

⇔ u1 + T(u1) = f. (1.0.105)
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Ac upojèsoume ìti up�rqei u2 ∈ D(I+T) = D(T) tètoio ¸ste:

(I + T)(u2) = f

⇔ u2 + T(u2) = f. (1.0.106)

Apì tic sqèseic (1.0.105), (1.0.106) prokÔptei:

u1 + T(u1) = u2 + T(u2)

⇔ u1 − u2 + T(u1)− T(u2) = 0

⇔ u1 − u2 + T(u1 − u2) = 0.

Epomènwc, èqoume:

〈u1 − u2, u1 − u2 + T(u1 − u2)〉 = 0

⇔ 〈u1 − u2, u1 − u2〉+ 〈u1 − u2,T(u1 − u2)〉 = 0

⇔ ‖u1 − u2‖2 + 〈u1 − u2,T(u1 − u2)〉 = 0. (1.0.107)

All�

‖u1 − u2‖2 ≥ 0

kai apì th sqèsh (1.0.99) èqoume:

〈u1 − u2,T(u1 − u2)〉 ≥ 0.

'Ara, gia na isqÔei h sqèsh (1.0.107) prèpei:

‖u1 − u2‖2 = 0⇔ u1 = u2.

Epomènwc, o telest c I + T eÐnai 1− 1.
'Etsi, o telest c

(I + T) : D(I + T) = D(T) ⊂ H → H
eÐnai 1− 1 kai epÐ, �ra up�rqei o antÐstrofìc tou

(T + I)−1 : H → D(T) ⊂ H,
¸ste gia k�je f ∈ H up�rqei monadikì u ∈ D(T) tètoia ¸ste:

(I + T)−1(f) = u

⇔ (I + T)(u) = f

⇔ u+ T(u) = f.

Epomènwc,

〈u+ T(u), u〉 = 〈f, u〉
⇔ 〈u, u〉+ 〈T(u), u〉 = 〈f, u〉
⇔ ‖u‖2 + 〈T(u), u〉 = 〈f, u〉. (1.0.108)

Apì th sqèsh (1.0.108) èqoume:

〈f, u〉 ≥ ‖u‖2. (1.0.109)

Apì thn anisìthta Cauchy - Schwartz èqoume:

‖f‖‖u‖ ≥ 〈f, u〉 (1.0.110)
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'Ara, apì tic sqèseic (1.0.109), (1.0.110) èpetai ìti:

‖u‖2 ≤ ‖f‖‖u‖
⇔ 0 ≤ ‖f‖‖u‖ − ‖u‖2

⇔ 0 ≤ ‖u‖(‖f‖ − ‖u‖). (1.0.111)

Epeid  0 ≤ ‖u‖ apì th sqèsh (1.0.11) prokÔptei:

‖f‖ − ‖u‖ ≥ 0⇔ ‖f‖ ≥ ‖u‖. (1.0.112)

All� u = (I + T)−1(f) �ra h sqèsh (1.0.112) gr�fetai:

‖f‖ ≥ ‖(I + T)−1(f)‖,
opìte gia f ∈ H me f 6= 0 èqoume:

‖(I + T)−1(f)‖
‖f‖

≤ 1.

Epomènwc, isqÔei:

‖(I + T)−1‖L(H) = sup{‖(I + T)−1(f)‖
‖f‖

: f ∈ H, f 6= 0} ≤ 1.

'Ara, o telest c

(I + T)−1 : H → D(T) ⊂ H
eÐnai fragmènoc kai grammikìc.

Epomènwc, o telest c (T + I)−1 eÐnai suneq c. T¸ra, ja
apodeÐxoume ìti gia k�je λ > 0, up�rqei o telest c

(I + λT)−1 : H → D(T) ⊂ H
o opoÐoc eÐnai fragmènoc me

‖(I + λT)−1‖L(H) ≤ 1

kai suneq c.
Gia λ = 1, deÐxame ìti isqÔei. 'Estw ìti gia k�poio λ0 > 0
o telest c (I + λ0T) eÐnai 1 − 1, epÐ, suneq c, grammikìc kai
fragmènoc telest c me

‖(I + λ0T)−1‖L(H) ≤ 1.

'Ara, gia k�je f ∈ H up�rqei monadikì u ∈ D(T) tètoio ¸ste:

(I + λ0T)(u) = f ⇔ u+ λ0T(u) = f.

Ja apodeÐxoume ìti gia k�je λ > λ0 o telest c

I + λT : D(T) ⊂ H → H
eÐnai epÐ. 'Ara, arkeÐ na deÐxoume ìti gia k�je f ∈ H up�rqei
u ∈ D(T) tètoio ¸ste:

(I + λT)(u) = f ⇔ u+ λT(u) = f.
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IsodÔnama, arkeÐ na deÐxoume ìti gia k�je f ∈ H up�rqei lÔsh
u ∈ D(T) gia thn exÐswsh:

u+ λT(u) = f (1.0.113)

⇔ λT(u) = f − u
⇔ λ0λT(u) = λ0f − λ0u

⇔ λ0T(u) =
λ0

λ
f − λ0

λ
u

⇔ u+ λ0T(u) =
λ0

λ
f + (1− λ0

λ
)u

⇔ (I + λ0T)(u) =
λ0

λ
f + (1− λ0

λ
)u. (1.0.114)

Epeid  ìmwc up�rqei o (I + λ0T)−1 h sqèsh (1.0.114) gÐnetai:

u = (I + λ0T)−1(
λ0

λ
f + (1− λ0

λ
)u). (1.0.115)

Jewr¸ntac A(u) = (I + λ0T)−1(λ0
λ
f + (1 − λ0

λ
)u1) h sqèsh

(1.0.115) gr�fetai:

u = A(u).

'Ara, arkeÐ na deÐxoume ìti up�rqei u ∈ D(T) tètoia ¸ste:

u = A(u),

dhlad  arkeÐ na deÐxoume ìti o telest c A èqei stajerì shmeÐo.
'Estw u1, u2 ∈ D(T). Tìte:

‖A(u1)− A(u2)‖ = ‖(I + λ0T)−1(1− λ0

λ
)(u1 − u2)‖

= |1− λ0

λ
|‖(I + λ0T)−1(u1 − u2)‖

≤ |1− λ0

λ
|‖(I + λ0T)−1‖L(H)‖u1 − u2‖

≤ |1− λ0

λ
|‖u1 − u2‖.

Epilègontac λ > 0 tètoio ¸ste:

0 < |1− λ0

λ
| < 1

⇔ −1 < 1− λ0

λ
< 1

⇔ −2 < −λ0

λ
< 0

⇔ 0 <
λ0

2
< λ.
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Tìte, o telest c A eÐnai sustol  kai �ra apì to Je¸rhma
StajeroÔ ShmeÐou Banach up�rqei u ∈ D(T) tètoia ¸ste:

u = A(u)

⇔ u = (I + λT)(
λ0

λ
f + (1− λ0

λ
)(u),

'Ara, h exÐswsh (1.0.113) èqei lÔsh kai m�lista eÐnai monadik 
diìti e�n upojèsoume ìti up�rqoun dÔo lÔseic u1, u2 ∈ D(T)
thc exÐswshc (1.0.113), tìte:

u1 = (I + λT)(u1) kai u2 = (I + λT)(u2)

opìte afair¸ntac kat� mèlh tic dÔo autèc sqèseic èqoume:

u1 − u2 + λT(u1 − u2) = 0

⇒ 〈u1 − u2, u1 − u2 + λT(u1 − u2)〉 = 0

⇔ ‖u1 − u2‖2 + 〈u1 − u2, λT(u1 − u2)〉 = 0

⇔ ‖u1 − u2‖2 = −〈u1 − u2, λT(u1 − u2)〉. (1.0.116)

All�,

‖u1 − u2‖2 ≥ 0

kai lìgw monotonÐac tou T èqoume:

〈u1 − u2, λT(u1 − u2)〉 ≥ 0.

'Ara, gia na isqÔei h sqèsh (1.0.116) prèpei:

‖u1 − u2‖2 = 0⇔ u1 = u2.

Epomènwc, h exÐswsh (1.0.113) èqei mÐa kai monadik  lÔsh. 'Ara,
o telest c (I+λT) eÐnai 1−1 kai epÐ, �ra antistrèfetai. 'Etsi,
èqoume deÐxei ìti gia λ0 = 1 kai gia λ > λ0

2
= 1

2
= λ′0 to

Je¸rhma isqÔei. Epomènwc, kai gia λ′′0 = 1
2

+ε, me ε > 0 isqÔei

kai gia k�je λ >
1
2

+ε

2
epÐshc isqÔei. 'Etsi, to Je¸rhma isqÔei

gia k�je λ > 0, dhlad  gia k�je λ > 0 up�rqei o telest c
(I + λT)−1 : H → D(T) ⊂ H o opoÐoc eÐnai fragmènoc me
‖(I + λT)−1‖L(H) ≤ 1 kai suneq c.

(3) Ja apodeÐxoume ìti o T eÐnai kleistìc telest c. ArkeÐ na
apodeÐxoume ìti to gr�fhma tou T, to Gr(T) = {(x,T(x)) :
x ∈ D(T)} ⊆ H × H, eÐnai kleistì uposÔnolo tou H × H.
'Estw ((xn,T(xn))n∈N mÐa akoloujÐa stoiqeÐwn tou Gr(T) pou
sugklÐnei sto stoiqeÐo (x, y) ∈ H × H. Ja apodeÐxoume ìti
(x, y) ∈ Gr(T) dhlad  x ∈ D(T) kai y = T(x). Pr�gmati, ef'
ìson (xn,T(xn)→ (x, y) èpetai ìti:

xn → x kai T(xn)→ y.

'Ara kai

xn + T(xn)→ x+ y ⇒ (I + T)(xn)→ x+ y. (1.0.117)
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Epeid  ìmwc apì to (2) tou Jewr matoc èpetai ìti o telest c
(I + T)−1 up�rqei, eÐnai suneq c kai grammikìc. 'Ara, apì th
sqèsh (1.0.117) sumperaÐnoume ìti:

xn → (I + T)−1(x+ y).

All� xn → x �ra apì ta parap�nw èpetai ìti

x = (I + T)−1(x+ y)

�ra, x ∈ D(T) kai

x+ y = (I + T)(x)⇔ x+ y = x+ T(x)⇔ y = T(x).

Epomènwc, o telest c T eÐnai kleistìc.

�

P�nw s' autì to Je¸rhma basÐzetai h apìdeixh enìc Jemeli¸douc
Jewr matoc thc Mh Grammik c An�lushc gnwstì wc Je¸rhma Hille-
Yosida to opoÐo diatup¸netai wc ex c:

Jewrhma 8.3. 'Estw T ènac megistik� monìtonoc telest c s' ènan
q¸ro Hilbert H. Tìte, gia k�je u0 ∈ D(T) up�rqei mÐa sun�rthsh

u ∈ C1([0,∞),H)
⋂
C([0,∞),D(T))

monadik  tètoia ¸ste:

du

dt
+ T(u) = 0 sto [0,∞)

u = u0.

EpÐ plèon, isqÔoun:

|u(t)| ≤ |u0| kai |
du

dt
(t) = |T(u(t))| ≤ |T(u0)|, ∀ t ≥ 0.
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