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PerÐlhyh

O basikìc skopìc thc purhnik c fusik c, eÐnai h perigraf  thc dom c tou pur na kai
twn diaforetik¸n ekdhl¸sewn allhlepÐdrashc metaxÔ twn domik¸n lÐjwn pou ton a-
poteloÔn (prwtìnia-netrìnia). Oi basikoÐ lìgoi pou od ghsan sthn antimet¸pish tou
probl matoc qrhsimopoi¸ntac �lgebrec Lie kai kat' epèktash thn an�ptuxh algebri-
k¸n mejìdwn jewrÐac om�dwn, eÐnai ìti to fusikì sÔsthma pou melet�tai apoteleÐtai
apì uperbolik� poll� swmatÐdia gia na na lujeÐ analutik� me antÐstoiqo arijmì meri-
k¸n diaforik¸n exis¸sewn, kai uperbolik� lÐga gia thn axiìpisth efarmog  mejìdwn
statistik c mhqanik c. To sullogikì prìtupo twn Bohr kai Mottleson, pou anti-
metwpÐzei ton pur na wc mÐa pallìmenh ugr  stagìna, èqei katafèrei, jewr¸ntac
tetrapolik  paramìrfwsh twn pur nwn, na perigr�yei energeiak� f�smata �rtiwn-
�rtiwn pur nwn se qamhlèc enèrgeiec, pou perigr�fontai apì katast�seic me �rtia
omotimÐa. IdiaÐterh epÐshc shmasÐa èqei h parousÐa summetrÐac, thc opoÐac h qr sh
paÐzei katalutikì rìlo sto sullogikì prìtupo. Up�rqei wstìso, kai mia kathgorÐa
pur nwn twn opoÐwn to f�sma perigr�fetai apì katast�seic me arnhtik  omotimÐa.
Autèc oi katast�seic, jewreÐtai ìti prokÔptoun apì oktapolikèc don seic gÔrw apì
mÐa sfairik    tetrapolik� paramorfwmènh basik  kat�stash, en¸ mÐa �llh jewrh-
tik  prosègggish eÐnai aut  sthn opoÐa o pur nac parousi�zei mìnimh oktapolik 
paramìrfwsh. Sthn paroÔsa ergasÐa ja asqolhjoÔme me tetrapolik  paramìrfwsh
pur nwn, eis�gontac sth qamiltonian  tou Bohr sugkekrimèna dunamik� me kat�llh-
lec proseggÐseic.

Sto pr¸to kef�laio parousi�zetai ston anagn¸sth mÐa sunoptik  eisagwg  sta
di�fora eÐdh fasm�twn, qrhsimopoi¸ntac tic sÔgqronec kbantikèc ènnoiec. Epiplè-
on, orÐzontai fusik� metr simec posìthtec, qr simec tìso gia thn katanìhsh twn
idiot twn tou pur na ìso kai gia thn parousÐash peiramatik¸n dedomènwn.

Sto deÔtero kef�laio parousi�zetai to sullogikì prìtupo   to montèlo thc ugr c
stagìnac, ìpwc autì eÐqe anaptuqjeÐ apì touc Bohr kai Mottelson, perigr�fontac
paramorfwmènouc pur nec me tetrapolikì bajmì eleujerÐac me thn antÐstoiqh exÐsw-
sh tou Bohr, qrhsimopoi¸ntac touc bajmoÔc eleujerÐac b kai g, oi opoÐoi sqetÐzontai
me thn apìklish apì to sfairikì sq ma kai me thn apìklish apì thn axonik  summe-
trÐa antÐstoiqa. Sth sunèqeia perigr�fontai oi summetrÐec tou krÐsimou shmeÐou E(5)
kai Q(5), ìpou antistoiqoÔn se allagèc sq matoc f�shc.

Sto trÐto kef�laio parousi�zetai sunoptik� h algebrik  perigraf  twn pur nwn
sta plaÐsia tou montèlou allhlepidr¸ntwn mpozonÐwn IBM[Interacting Boson Model,
to opoÐo energeÐ wc sundetikìc krÐkoc sta di�fora sullogik� gewmetrik� montèla,
en¸ apoteleÐ kai s mera �meso antikeÐmeno èreunac.

Sto tètarto kef�laio parousi�zetai mÐa epèktash tou sullogikoÔ protÔpou me

i



ii PER�ILHYH

antÐstoiqh tropopoÐhsh sthn exÐswsh tou Bohr, eis�gontac ènan epiplèon bajmì eleu-
jerÐac. Wc basik  paradoq , jewreÐtai h ex�rthsh thc m�zac apì thn paramìrfwsh,
kai kat' epèktash h metablhtìthta twn rop¸n adraneÐac. Parousi�zetai h an�ptuxh
tou antÐstoiqou montèlou DDM(Deformation Dependent Mass), kai h eÔresh twn i-
diosunart sewn kai idiotim¸n thc antÐstoiqhc Qamiltwnian c gia dunamikì Davidson,
qrhsimopoi¸ntac mejìdouc upersummetrik c kbantomhqanik c.

To pèmpto kef�laio apoteleÐ thn epèktash tou montèlou DDM, lÔnontac thn
antÐstoiqh Qamiltwnian  gia dunamikì Kratzer.

Sto èkto kef�laio parousi�zontai kai sugkrÐnontai ta jewrhtik� kai peiramatik�
dedomèna gia ta isìtopa tou DusprosÐou 158Dy, 160Dy, 162Dy kai to Jìrio 232Th,
tìso gia to dunamikì Davidson ìso to dunamikì Kratzer. Gia thn prosarmog  kai
upologismì twn jewrhtik¸n dedomènwn èqei qrhsimopoihjeÐ h mèjodoc twn elaqÐstwn
tetrag¸nwn (se k¸dika Fortran!!!). IdiaÐterh èmfash dÐnetai se z¸nec qtismènec p�nw
se dipl  diègersh tou bajmoÔ eleujerÐac g.

Tèloc, sta sumper�smata parousi�zontai oi basikèc diaforèc kai omoiìthtec twn
idiotim¸n gia ta dÔo diaforetik� dunamik�, all� kai h probleptik  isqÔc tou montè-
lou, idiaÐtera ìson afor� se z¸nec qtismènec p�nw se dipl  diègersh tou bajmoÔ
eleujerÐac g.

Sta parart mata sto tèloc thc ergasÐac, up�rqoun peraitèrw pr�xeic gia thn
aposaf nish twn diafìrwn apotelesm�twn.



AntÐ prolìgou

Gia thn ekpìnhsh thc ergasÐac aut c, ja  jela na euqarist sw touc akadhmaikoÔc
epiblèpontec thc ergasÐac aut c, Anapl. Kajhght  KwnstantÐno ParaskeuaÐdh kai
Anapl. Kajhght  Ge¸rgio KoutsoÔmpa, kai kurÐwc ton Ereunhtikì epiblèpwn Dr.
DionÔsio Mpon�tso, ereunht  tou EKEFE <<Dhmìkritoc >>, gia thn suneq  kajod -
ghsh kai tic sumboulèc tou, kaj¸c epÐshc gia thn katanìhsh kai upomon  touc sthn
epimon  mou kat� to pèrac tou parìntoc. Ja  tan mèga l�joc mou na paraleÐyw na
anafèrw thn suneq  bo jeia kai st rixh pou èlaba apì touc fÐlouc - sumfoithtèc
mou kai nun upoy fiouc did�ktorec tou E.K.E.F.E <<Dhmìkritoc >> Panagi¸th Gewr-
goud  kai SofÐa Karamp�gia, qwrÐc thn opoÐa h suggraf  aut c thc ergasÐac ja
 tan arket� pio epÐponh. Tèloc, euqarist¸ thn oikogènei� mou gia touc èxi m nec
apousÐac pou touc èkleya.
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iv ANT�I PROL�OGOU



Kef�laio 1

Eisagwg 

'Enac apì touc prwtarqikoÔc stìqouc thc Purhnik c Fusik c, eÐnai h perigraf  twn
allhlepidr�sewn kai h katanìhsh thc dom c tou purhnikoÔ sust matoc. Sugkekrimè-
na, perigr�fontai idiìthtec twn pur nwn gia diegermènec st�jmec qamhl¸n energei¸n,
dhlad  sthn perioq  ìpou oi kbantikèc idiìthtec thc Ôlhc eÐnai prwtÐstwc èkdhlec.
Gia ton skopì autì èqoun anaptuqjeÐ tìso mikroskopik� ìso kai sullogik� montè-
la, twn opoÐwn oi problèyeic eÐnai ikanopoihtikèc se sÔgkrish me to peÐrama, sthn
perioq  qamhl¸n energei¸n kai kurÐwc gia pur nec me �rtio arijmì prwtonÐwn kai
netronÐwn (�rtioi-�rtioi pur nec)

'Ena basikì mikroskopikì montèlo, eÐnai to montèlo twn floi¸n. Sthn pio apl 
tou perigraf  (to monoswmatidiakì montèlo) jewreÐtai ìti k�je noukleìnio (prwtì-
nio   netrìnio) se èna pur na A

ZXN , kineÐtai anex�rthta se èna sfairik� summetrikì
dunamikì pou anaparist� thn mèsh allhlepÐdras  tou se sqèsh me ta upìloipa N-1
noukleìnia tou pur na. 'Etsi problèpetai h Ôparxh kleist¸n floi¸n prwtonÐwn  
netronÐwn, h epituq c ermhneÐa thc Ôparxhc magik¸n arijm¸n, kaj¸c epÐshc kai h pe-
rigraf  pur nwn me sumplhrwmènouc floioÔc me èna noukleìnio sjènouc   mÐa op .
Par' ìla aut�, gia pur nec me meg�lo arijmì noukleonÐwn sjènouc   op¸n, h perigra-
f  tou montèlou twn anex�rthtwn swmatidÐwn eÐnai arket� dÔskolh, afoÔ den èqoun
lhfjeÐ upìyin oi allhlepidr�seic geitonik¸n noukleonÐwn. EpÐshc, up�rqoun �rtioi-
�rtioi pur nec, ìpou h basik  touc kat�stash apoklÐnei apì to sfairikì sq ma pou
problèpei to montèlo twn floi¸n, en¸ oi metab�seic touc apì thn pr¸th diegermènh
sth jemeli¸dh kat�stash parousi�zei pio sullogikì qarakt ra. KrÐnetai epomènwc
aparaÐthth h sullogik  antimet¸pish tètoiwn pur nwn, ètsi ¸ste na perigr�fontai
ikanopoihtik� oi diaforetikoÐ trìpoi aporrìfhshc kai ekpomp c kb�ntwn enèrgeiac,
se sumfwnÐa me ta antÐstoiqa peiramatik� dedomèna. Sunep¸c, h sullogik  kÐnhsh
twn noukleonÐwn, ja prèpei na perigrafeÐ me th qr sh sullogik¸n qronoexarthmènwn
paramètrwn, ètsi ¸ste na problèpetai tìso to sq ma ìso kai h idiokat�stash tou
pur na.

1.1 OmadopoÐhsh fasm�twn se z¸nec.

'Opwc faÐnetai, ta f�smata pur nwn qamhl¸n energei¸n pou brÐskontai makri� apì
kleistoÔc floioÔc pr�gmati deÐqnoun mÐa sqetik� apl  dom , ta opoÐa mporoÔn na
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2 KEF�ALAIO 1. EISAGWG�H

susqetistoÔn me thn Ôparxh sullogik¸n fainomènwn, kai sunep¸c mporoÔn na peri-
grafoÔn se ìrouc sullogik¸n paramètrwn. Ta f�smata aut¸n twn pur nwn mporoÔn
na omadopoihjoÔn se z¸nec sullogik¸n katast�sewn, en¸ ta mèlh k�je z¸nhc sun-
dèontai me isqurèc hlektrikèc tetrapolikèc metab�seic. Se analogÐa me ta moriak�,
ta f�smata aut� organ¸nontai se donhtik� an oi endostajmikèc apost�seic eÐnai
sqedìn stajerèc,   peristrofik� an upakoÔoun ston gnwstì kanìna J(J + 1),
ìpou J h idiotim  thc stroform c tou pur na.

1.1.1 Peristrofikì f�sma

Se èna idanikì peristrofikì f�sma, parathreÐtai mÐa akoloujÐa stajm¸n stroform c
J kai omotimÐac (parity) π

Jπ = 0+, 2+, 4+, 6+, ... (1.1)

pou diamorf¸netai p�nw sth jemeli¸dh kat�stash kai onom�zetai jemeli¸dhc z¸nh.
Epiprosjètwc, parathroÔntai Ðdiec akoloujÐec stajm¸n pou diamorf¸nontai p�nw
stic 0+ katast�seic, oi legìmenec b-z¸nec, kaj¸c epÐshc kai z¸nec me thn akoloujÐa

Jπ = 2+, 3+, 4+, 5+, 6+... (1.2)

pou diamorf¸nontai p�nw stic diegermènec 2+ katast�seic, oi legìmenec g-z¸nec. Oi
st�jmec thc jemeli¸dhc kat�stashc perigr�fontai apì th èkfrash

E(J) =
J(J + 1)

2Θ
, (1.3)

ìpou Θ eÐnai h rop  adr�neiac tou pur na, h opoÐa jewreÐtai stajer  san pr¸th
prosèggish. Par' ìla aut�, gia na èqoume kalÔterh sumfwnÐa me ta peiramatik�
dedomèna, prèpei na sumperil�boume ìrouc an¸terhc t�xhc sthn parap�nw èkfrash,
dhlad 

E(J) =
J(J + 1)

2Θ
−B(J(J + 1))2 + · · · (1.4)

Peristrofik� f�smata apant¸ntai se �rtiouc - �rtiouc pur nec me mìnimh tetrapo-
lik  paramìrfwsh. Tètoioi pur nec parathroÔntai makru� apì kleistoÔc floioÔc,
sun jwc sto mèso twn floi¸n.

1.1.2 Donhtikì f�sma

Se èna idanikì donhtikì f�sma, anamènetai na parathr soume èna fwnìnio dìnhshc
enèrgeiac h̄ω sthn diegermènh kat�stash 2+, gia dipl�sia enèrgeia 2h̄ω anamènoume
kat�stash dìnhshc dÔo fwnonÐwn stic katast�seic 0+, 2+, 4+, gia sqedìn tripl�-
sia enèrgeia 3h̄ω anamènoume kat�tsash dìnhshc tri¸n fwnonÐwn me katast�seic
0+, 2+, 3+, 4+, 6+ k.o.k.

Ta donhtik� f�smata omadopoioÔntai kai aut� se z¸nec, ìpwc kai ta peristrofik�.
ParathroÔntai se sfairikoÔc �rtiouc - �rtiouc pur nec pou brÐskontai kont� se
kleistoÔc floioÔc. Se pr¸th prosèggish, h enèrgeia twn stajm¸n thc jemeli¸dhc
z¸nhc perigr�fetai apì thn èkfrash



1.2. O L�OGOS R4/2 3

E(J) = aJ (1.5)

ìpou a = h̄ω. 'Opwc kai sto peristrofikì f�sma, gia na èqoume kalÔterh sumfwnÐa
me ta peiramatik� dedomèna, prèpei na sumperil�boume ìrouc an¸terhc t�xhc sthn
parap�nw èkfrash. MÐa pijan  epèktash dÐnetai apì to mh armonikì donhtikì montèlo

E(J) = aJ + bJ(J − 2) (1.6)

1.2 O lìgoc R4/2

'Ena qr simo mètro sullogikìthtac eÐnai o lìgoc

R4/2 =
E(4+)

E(2+)
(1.7)

ìpou me E(J) sumbolÐzetai h enèrgeia thc st�jmhc thc jemeli¸douc z¸nhc me stro-
form  J . Gia donhtikoÔc pur nec, ìpou anamènontai idiokatast�seic me enèrgeia
an�logh thc stroform c J , o lìgoc R4/2 eÐnai Ðsoc me 2, en¸ gia peristrofikoÔc
pur nec, ìpou anamènontai idiokatast�seic me enèrgeia pou upakoÔoun ston kanìna
J(J + 1), o lìgoc R4/2 eÐnai Ðsoc me 10

3
= 3, 333. Sun jwc h perioq  2 ≤ R4/2 ≤ 2, 4

lègetai donhtik    sqedìn donhtik  perioq , h perioq  3 ≤ R4/2 ≤ 3, 333 lègetai
peristrofik    sqedìn peristrofik  perioq , en¸ h perioq  2, 4 ≤ R4/2 ≤ 3 lègetai
perioq  met�bashc.

H perioq  met�bashc perièqei pur nec me donhtik� kai peristrofik� domik� qara-
kthristik�, en¸ h met�bash apì thn donhtik  sthn peristrofik  perioq  parathreÐtai
kaj¸c apomakrunìmaste apì touc kleistoÔc floioÔc. Ston parak�tw pÐnaka me ta
isìtopa tou 64Gd kai touc antÐstoiqouc lìgouc R4/2, dÐnetai èna par�deigma met�ba-
shc apì th donhtik  sthn peristrofik  perioq .

pur nac R4/2

146Gd82 1,326
148Gd84 1,806
150Gd86 2,019
152Gd88 2,194
154Gd90 3,015
156Gd92 3,239
158Gd94 3,288
160Gd96 3,298

O pr¸toc apì autoÔc touc pur nec eÐnai hmimagikìc pur nac, afoÔ o 82 eÐnai
magikìc arijmìc. 'Etsi o sugkekrimènoc pur nac den èqei noukleìnia sjènouc. O
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epìmenoc pur nac, 148Gd, èqei dÔo hlektrìnia sjènouc. H sullogikìthta den èqei
anaptuqjeÐ ikanopoihtik� se autoÔc touc pur nec, kajist¸ntac touc monoswmatidia-
koÔc par�gontec pio shmantikoÔc. Autì upodukneÐetai kai apì ton lìgo R4/2, pou
eÐnai mikrìteroc tou 2. Ta isìtopa 150Gd kai 152Gd eÐnai kajar� donhtik�, enw ta isì-
topa 154Gd èwc 160Gd eÐnai kajar� peristrofik�, me ton peristrofikì touc qarakt ra
na gÐnetai kurÐarqoc kaj¸c aux�netai o arijmìc twn netronÐwn.

1.3 Anhgmènec hlektromagnhtikèc tetrapoli-
kèc metab�seic B(E2)

Qrhsimopoi¸ntac wc afethrÐa ton qrusì kanìna tou Fermi[1],

wi→f =
2π

h̄
| 〈i|Ĥint|f〉 |2 ρf (1.8)

ìpou ρf h puknìthta twn telik¸n katast�sewn, mporeÐ na prosdioristeÐ o rujmìc
met�bashc apì mÐa arqik  kat�stash |i〉 proc mÐa telik  kat�stash 〈f |, upì thn
epÐdrash thc diataragmènhc Qamiltwnian c

Ĥint = −1

c

∫
̂(r) · Â(r, t)d3r (1.9)

H pijanìthta gia tetrapolikèc metab�seic, qrhsimopoi¸ntac ta antÐstoiqa anhgmèna
stoiqeÐa pÐnaka[2], dÐnetai apì thn èkfrash

B(E2, Ji → Jf ) =
2Jf + 1

2Ji + 1

∣∣∣∣∫ 〈f ||ρ̂(r)rlYl(Ω)||i〉d3r
∣∣∣∣2 (1.10)

ìpou Ji kai Jf h arqik  kai h telik  idiotim  thc stroform c antÐstoiqa, sth su-
zeugmènh b�sh aktinibolÐac tou pur na. H posìthta aut  qrhsimeÔei wc èna mètro
sullogikìthtac metaxÔ twn katast�sewn 2+

1 kai 0+
1 , B(E2; 2+

1 → 0+
1 ), pou ekfr�zon-

tai se mon�dec e2fm2 = 10−2e2b2   se mon�dec Weisskopf (Weisskopf units) (W.u.).
Sto sq ma (1.1) parousi�zetai mÐa poiotik  perigraf  thc tetrapolik c met�bashc
gia pur nec me 50 < Z < 82 kai 84 < N < 128, ìpou parathreÐtai mÐa aÔxhsh twn
tim¸n B(E2; 2+

1 → 0+
1 ) kaj¸c metabaÐnoume apì mÐa perioq  magikoÔ arijmoÔ proc to

mèso thc perioq c twn dÔo floi¸n, kaj¸c dhlad  eiserqìmaste sthn perioq  sullo-
gikìthtac. AntÐstoiqh meÐwsh anamènetai na parathrhjeÐ kaj¸c metabaÐnoume ston
amèswc epìmeno kleistì floiì, gia ton epìmeno dhlad  magikì arijmì, gegonìc pou
dikaiologeÐ kai thn stajerìthta twn pur nwn gia antÐstoiqo arijmì noukleonÐwn.
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Sq ma 1.1: St�dia domik c exèlixhc gia thn perioq  50 < Z < 82 kai 84 < N < 128
To p�qoc tou bèlouc met�bashc eÐnai an�logo thc antÐstoiqhc pijanìthtac[3]
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Kef�laio 2

To montèlo thc ugr c stagìnac

2.1 To gewmetrikì sullogikì montèlo twn Bohr

kai Mottelson.

To pr¸to periektikì sullogikì montèlo pou apèdwse ikanopoihtik� apotelèsmata
gia donhtik� kai peristrofik� f�smata �rtiwn - �rtiwn pur nwn se energeiakì eÔroc
mèqri kai 2MeV, eÐnai autì twn Aage Bohr kai Ben Mottelson. Oi basikèc paradoqèc
tou montèlou, eÐnai to praktik� asumpÐesto thc Ôlhc thc purhnik c m�zac kai h ermh-
neÐa twn energeiak¸n fasm�twn wc don seic kai peristrofèc thc amelhtèou p�qouc
purhnik c epif�neiac. H eswterik  dom  tou pur na eÐnai mÐa omogen c pallìmenh
fortismèmh sfaÐra, en¸ den up�rqei eikìna anex�rthtwn noukleonÐwn. Jewr¸ntac to
mègejoc twn noukleonÐwn amelhtèo se sqèsh me to mègejoc tou pur na, to montèlo
thc ugr c stagìnac parèqei kalÔtera apotelèsmata gia bareÐc pur nec.

Me afethrÐa tic parap�nw paradoqèc, h aktÐna tou pur na mporeÐ na ekfrasteÐ
sunart sei twn polik¸n gwni¸n θ kai φ wc an�ptugma sfairik¸n armonik¸n[4]

R(θ, φ, t) = R0

1 +
∞∑
λ=0

λ∑
µ=−λ

α∗λµ(t)Yλµ(θ, φ)

 (2.1)

ìpou R0 h aktÐna tou sfairikoÔ mh talant¸menou pur na kai α∗λµ(t) oi qronoexarthmè-
noi par�metroi paramìrfws c tou stouc opoÐouc apodÐdetai o rìloc twn sullogik¸n,
genikeumènwn suntetagmènwn.

2.1.1 Idiìthtec sullogik¸n suntetagmènwn

Prin prosdiorÐsoume thn Qamiltonian  pou perigr�fetai apì sullogikèc suntetag-
mènec kai tic antÐstoiqec genikeumènec ormèc, eÐnai arket� qr simo na exet�soume th
fusik  touc ermhneÐa qrhsimopoi¸ntac tic idiìthtec tou pur na.

A) H aktÐna tou pur na eÐnai pragmatikìc arijmìc, �ra

R(θ, φ, t) = R∗(θ, φ, t) (2.2)

Qrhsimopoi¸ntac th gnwst  idiìthta twn sfairik¸n armonik¸n

Y ∗λµ(θ, φ) = (−1)µYλ−µ(θ, φ) (2.3)

7
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kai eis�gont�c thn sthn (2.2) (Bl.Par�rthma A) mporoÔme na deÐxoume ìti

α∗λµ = (−1)µαλ−µ (2.4)

dhlad  oi sullogikèc suntetagmènec upakoÔoun sthn Ðdia sqèsh migadik c su-
zugÐac me tic sfairikèc armonikèc, prokeimènou h aktÐna tou pur na na paramènei
pragmatik  posìthta.

B) O pur nac ja prèpei na paramènei analoÐwtoc upì peristrofèc. Arqik� to sq -
ma tou pur na dÐnetai apì th sun�rthsh R(θ, φ). MÐa peristrof  metab�llei
tic gwnÐec (θ, φ) stic (θ′, φ′) en¸ o pur nac ja perigr�fetai apì thn nèa sun�r-
thsh R′(θ′, φ′). Jewr¸ntac to sq ma tou pur na analoÐwto, h tim  thc nèac
sun�rthshc R′ stic nèec gwnÐec (θ′, φ′) prèpei na èqei thn Ðdia tim  me thn arqik 
sun�rthsh R gia tic arqikèc gwnÐec (θ, φ), dhlad 

R′(θ′, φ′) = R(θ, φ) (2.5)

Omoi¸c, (Bl.Par�rthma B) oi α∗λµ sumperifèrontai ìpwc kai oi sfairikèc ar-
monikèc upì peristrof  tou sust matoc suntetagmènwn kat� tic gwnÐec Euler
(θ1, θ2, θ3), dhlad [6]

Y ′λµ =
∑
µ′
Dλ
µ′µYλµ′ (2.6)

α′λµ =
∑
µ′
Dλ
µ′µαλµ (2.7)

Γ) O purhnik  aktÐna ja prèpei na paramènei analloÐwth k�tw apì anakl�seic tou
sust matoc suntetagmènwn. Qrhsimopoi¸ntac thn Ðdia epiqeirhmatologÐa ìpwc
kai prin, ìtan oi α∗λµ anakl¸ntai, upìkeintai me thn Ðdia allag  pros mou me
aut  twn sfairik¸n armonik¸n: pollaplasi�zontai me ton ìro (−1)λ, dhlad 
èqoun thn aut  omotimÐa.

2.1.2 TÔpoi polupolik c paramìrfwshc

H genik  èkfrash (2.1) problèpei thn paramìrfwsh thc epif�neiac tou pur na proc
opoiad pote kateÔjunsh, gia opoiad pote tim  thc t�xhc λ twn sfairik¸n armonik¸n.
MporoÔme ìmwc na prosdiorÐdoume poiec apì autèc tic timèc eÐnai genik� paradektèc,
exet�zontac thn fusik  ermhneÐa twn di�forwn polupolik¸n ìrwn pou anaptÔsontai.

Gia λ = 0, h (2.1) problèpei thn metabol  tou ìgkou tou pur na. H enèrgeia
ìmwc pou apaiteÐtai gia mÐa tètoia metabol , eÐnai arket� megalÔterh apì to eÔroc
tou qamhloenergeiakoÔ f�smatoc ekpomp¸n pou prìkeitai na exetasteÐ sthn paroÔsa
ergasÐa, ètsi o monopolikìc ìroc den ja mac apasqol sei. MporoÔme, upologÐzontac
proseggistk� ton purhnikì ìgko, na ekfr�soume thn par�metro α00 sunart sei twn
upìloipwn paramorfwtik¸n paramètrwn[5]

α00 = − 1√
4π

∞∑
λ≥1

λ∑
µ=−λ

|αλµ|2 (2.8)
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Gia λ = 1, oi antÐstoiqoi dipolikoÐ ìroi den perigr�foun k�poia paramìrfwsh tou
pur na, par� mÐa metatìpish tou kèntrou m�zac tou, qwrÐc na touc apodÐdontai a-
namenìmenec purhnikèc apodiegèrseic. Gia λ = 2, prokÔptoun oi plèon shmantikèc
tetrapolikèc paramorf¸seic, oi opoÐec perigr�foun katast�seic jetik c omotimÐac,
en¸ ston pur na apodÐdetai sq ma epimhkunsmènou elleiyoeidoÔc (prolate)   peplatu-
smènou elleiyoeidoÔc (oblate), kaj¸c epishc kai metabatikèc katast�seic. Gia λ = 3,
èqoume oktapolikèc paramorf¸seic pou perigr�foun katast�seic arnhtik c omotimÐ-
ac, oi opoÐec apodÐdoun ston pur na sq ma "aqladioÔ". Sthn paroÔsa ergasÐa ja mac
apasqol soun tetrapolikèc paramorf¸seic.

2.1.3 Tetrapolkèc Paramorf¸seic

'Opwc proanaf�rjhke, apì tic tetrapolikèc paramorf¸seic prokÔptoun oi pio shman-
tikoÐ donhtikoÐ bajmoÐ eleujerÐac tou pur na. Gia thn perigraf  touc, ja anaptÔ-
xoume thn (2.1) gia λ = 2

R(θ, φ, t) = R0

1 +
2∑

µ=−2

α∗2µ(t)Y2µ(θ, φ)

 (2.9)

O ìroc α00 èqei paralhfjeÐ apì to an�ptugma (2.9) afoÔ eÐnai deÔterhc t�xhc
wc proc α2µ. Epiplèon, oi par�metroi α2µ den eÐnai anex�rthtoi lìgw thc sqèshc
suzugÐac (2.4), sugkekrimèna, prokÔptei ìti up�rqoun 5 bajmoÐ eleujerÐac. Gia na
gÐnei pio katanoht  h gewmetrik  ermhneÐa thc (2.9), qr simo eÐnai na thn ekfr�soume
sunart sei twn kartesian¸n sunistws¸n tou monadiaÐou dianÔsmatoc

x = sin θ cosφ, y = sin θ sinφ, z = cos θ (2.10)

en¸ eis�gontac tic (2.10) stic sfairikèc armonikèc, mporoÔme na deÐxoume ìti

Y20(θ, φ) =

√
5

16π
(3 cos2 θ − 1) =

√
5

16π
(2z2 − x2 − y2)

Y2±1(θ, φ) = ∓
√

15

8π
sin θ cos θ e±iφ = ∓

√
15

8π
(xz ± iyz) (2.11)

Y2±2(θ, φ) =

√
15

32π
sin2 θe±2iφ =

√
15

32π
(x2 − y2 ± 2ixy)

Eis�gontac tic (2.11) sthn (2.9) èqoume

R(x, y, z) = R0(1 + αxxx
2 + αyyy

2 + αzzz
2 + 2αxyxy + 2αxzxz + 2αyzyz) (2.12)

EÔkola epÐshc mporoÔn na deiqjoÔn oi parak�tw ekfr�seic, ìpou ekfr�zontai oi
sfairikèc paramètroi sunart sei twn kartesian¸n

α2±2 =
1

2

√
8π

15
(αxx − αyy ± 2iαxy)
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α2±1 =

√
8π

15
(αxz ± iαyz) (2.13)

α20 =
1√
6

√
8π

15
(2αzz − αxx − αyy)

Oi exis¸seic (2.12) kai (2.13) wc èqoun, perigr�foun th jèsh tou pur na gia
tuqaÐo prosanatolismì sto q¸ro. Ekmetalleuìmenoi touc �xonec summetrÐac tou,
an up�rqoun k�poioi, mporoÔme na aplopoi soume thn gewmetrÐa tou probl matoc
eis�gontac èna kat�llhlo sÔsthma suntetagmènwn. Autì den eÐnai �llo apì to
kÔrio sÔsthma axìnwn (x′, y′, z′) me prosanatolismì wc proc to stajerì sÔsthma
(x, y, z) pou kajorÐzetai pl rwc apì tic gwnÐec Euler(θ1, θ2, θ3). 'Etsi, o tanust c
adraneÐac tou pur na gÐnetai diag¸nioc, en¸ oi ekfr�seic (2.12) kai (2.13) paÐrnoun
thn aploÔsterh morf 

R(x′, y′, z′) = R0(1 + α′xxx
2 + α′yyy

2 + α′zzz
2) (2.14)

α′2±2 =

√
2π

15
(α′xx − α′yy) = 0 ≡ α2

α′2±1 = 0 (2.15)

α′20 = 2

√
π

45
(2α′zz − α′xx − α′yy) ≡ α0

En tèlei èqoume 5 bajmoÔc eleujerÐac, en¸ mporoÔme pio eÔkola na apod¸soume
ton gewmetrikì touc rìlo

• h α0 perigr�fei thn epim kunsh tou �xona z′ se sqèsh me th sÔmptuxh twn
axìnwn x′ kai y′.

• h α2 kajorÐzei thn diafor� m kouc twn axìnwn x′ kai y′

• oi gwnÐec Euler(θ1, θ2, θ3), ìpou ìpwc proanafèrjhke kajorÐzoun ton prosana-
tolismì tou (x′, y′, z′) se sqèsh me to (x, y, z).

To pleonèkthma thc qr shc tou sust matoc kurÐwn axìnwn, eÐnai o saf c diaqw-
rismìc sthn perigraf  thc peristrof c kai thc dìnhshc tou pur na. Allag  stic
gwnÐec Euler perigr�fei mÐa peristrof  tou kurÐou sust matoc, dhlad  tou pur na,
perÐ tou adraneiakoÔ plaisÐou anafor�c qwrÐc allag  sto sq ma tou, h opoÐa me th
seir� perigr�fetai kajar� apì tic paramètrouc α0 kai α2.

Up�rqei akìma èna sÔnolo paramètrwn pou eis qjh apì ton Bohr[4]

a0 = β cos γ, a2 =
1√
2
β sin γ, (2.16)
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gia tic opoÐec isqÔei

2∑
µ=−2

| α2µ |2=
2∑

µ=−2

| α′2µ |2= a2
0 + 2a2

2 = β2. (2.17)

Antikajist¸ntac tic timèc autèc sto sÔsthma kurÐwn axìnwn tou pur na isqÔei[8]

α′xx =

√
5

4π
β cos

(
γ − 2π

3

)

α′yy =

√
5

4π
β cos

(
γ − 4π

3

)
(2.18)

α′zz =

√
5

4π
β cos γ

  summazeÔontac tic (2.18) se mÐa èkfrash

δRk =

√
5

4π
β cos

(
γ − 2πk

3

)
, k = 1, 2, 3 (2.19)

ìpou k = 1, 2, 3 antistoiqoÔn stic x′, y′, z′ sunist¸sec antÐstoiqa. SumperaÐnoume ìti

• gia γ = 0◦, 120◦, 240◦ to sq ma eÐnai epÐmhkec (woeidèc), me antÐstoiqouc �xonec
summetrÐac touc z′, x′, y′

• gia γ = 60◦, 180◦, 300◦ to sq ma eÐnai peplatusmèno, me antÐstoiqouc �xonec
summetrÐac touc y′, z′, x′

• gia endi�mesec timèc tou γ, dhlad  mh pollapl�sia tou 60◦, èqoume triaxonik�
sq mata.

2.1.4 SummetrÐec twn kumatosunart sewn

SÔmfwna me thn prohgoÔmenh enìthta, up�rqoun dÔo diaforetikoÐ trìpoi prosèg-
gishc gia thn perigraf  tetrapolik¸n paramorf¸sewn sto q¸ro: mporoÔme eÐte na
qrhsimopoi soume tic sullogikèc paramètrouc α2µ sto adraneiakì plaÐsio anafor�c,
eÐte tic paramètrouc Bohr(α0, α2) kai tic gwnÐec Euler(θ1, θ2, θ3) sto kÔrio sÔsth-
ma axìnwn. Ekmetalleuìmenoi tic summetrÐec sto q¸ro (β, γ) kai periorizìmenoi se
dexiìstrofa sust mata anafor�c, mporoÔme me apl  arÐjmhsh na broÔme 24 diafo-
retikoÔc trìpouc antistoÐqhshc twn kurÐwn axìnwn enìc elleiyoeidoÔc na meta sto
q¸ro. MporoÔme, jewr¸ntac èna ex' aut¸n wc "afethrÐa", na metaboÔme sta 24 diafo-
retik� sust mata anafor�c, qrhsimopoi¸ntac sundiasmoÔc tri¸n basik¸n telest¸n
metasqhmatismoÔ R̂k, k = 1, 2, 3.

R̂1 : (x′, y′, z′) −→ (x′,−y′,−z′). O R̂1 antistoiqeÐ se peristrof  kat� π gÔrw
apì ton �xona x′. Oi suntetagmènec paramìrfwshc β kai γ den all�zoun, afoÔ
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to sq ma tou pur na paramènei analloÐwto k�tw apì an�klash twn axìnwn x′

kai y′, ephre�zontai ìmwc oi gwnÐec Euler: R̂1(θ1, θ2, θ3) = (θ1 +π, π− θ2,−θ3)

(Bl. Par�rthma G). Profan¸c, R̂1
2

= Î, ìpou Î o tautotikìc telest c.

R̂2 : (x′, y′, z′) −→ (y′,−x′, z′). O R̂2 antistoiqeÐ se peristrof  kat� gwnÐa
π
2
gÔrw apì ton �xona z′. Profan¸c isqÔei R̂2

4
= Î. Gia tic suntetagmè-

nec paramìrfwshc (β, γ) isqÔei R̂2(β, γ) = (β − γ), en¸ gia tic gwnÐec Euler

R̂2(θ1, θ2, θ3) = (θ1, θ2, θ3 + π
2
).

R̂3 : (x′, y′, z′) −→ (y′, z′, x′). O R̂3 antistoiqeÐ se kuklik  enallag  twn

axìnwn, dhlad  R̂3
3

= Î. Autì antistoiqeÐ se R̂3(β, γ) = (β, γ + 2π
3

), en¸ gia

tic gwnÐec Euler, R̂3(θ1, θ2, θ3) = (θ1, θ2 + π
2
, θ3 + π

2
).

H Ôparxh twn metasqhmatism¸n twn axìnwn, pou eÐnai apìrroia thc epilog c tou
kurÐou sust matoc axìnwn tou pur na kai tou ekfulismoÔ twn suntatagmènwn, èqei
mÐa shmantik  sunèpeia. Oi antÐstoiqec kumatosunart seic ja prèpei na èqoun thn
Ðdia tim  sta 24 diaforetik� sust mata suntetagmènwn. 'Ara:

R̂1ψ(β, γ, θ1, θ2, θ3) = ψ(β, γ, θ1 + π, π − θ2,−θ3),

R̂2ψ(β, γ, θ1, θ2, θ3) = ψ(β,−γ, θ1, θ2, θ3 + π/2), (2.20)

R̂3ψ(β, γ, θ1, θ2, θ3) = ψ(β, γ + 2π/3, θ1, θ2 + π/2, θ3 + π/2).

2.2 O armonikìc talantwt c sthn purhnik  dì-
nhsh tetrapolikoÔ bajmoÔ

H qamiltwnian  pou perigr�fei thn tal�ntwsh thc ugr c stagìnac, jewr¸ntac mikrèc
paramètrouc paramìrfwshc αλµ, dÐnetai apì th sqèsh

H = T + V =
∞∑
λ=0

λ∑
µ=−λ

1

2
Bλ | α̇λµ |2 +

∞∑
λ=0

λ∑
µ=−λ

1

2
Cλ | αλµ |2 (2.21)

Gia thn aploÔsterh dunat  perÐptwsh, upojètwntac pur na astrìbilhc ro c, asum-
pÐesto, kai stajer c puknìthtac %m, oi par�metroi Bλ kai Cλ paÐrnoun thn morf 

Bλ =
%mR

5
0

λ
(2.22)

Cλ = (λ− 1)

(
(λ+ 2)R2

0σ −
3e2Z2

2π(2λ+ 1)R0

)
(2.23)

'Opou σ h epifaneiak  t�sh, Z o atomikìc arijmìc kai R0 h aktÐna tou sfairikoÔ mh
talant¸menou pur na.
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2.2.1 Apì thn klasik  sthn kbantik  perigraf 

Gia thn perigraf  thc tal�ntwshc tou pur na, periorizìmenoi se tetrapolikì bajmì
eleujerÐac, λ = 2, eis�goume thn Lagkranzian  tou sust matoc kai tic antÐstoiqec
suzugeÐc ormèc

L = T − V =
2∑

µ=−2

1

2
B2 | α̇2µ |2 −

2∑
µ=−2

1

2
C2 | α2µ |2 (2.24)

π2µ =
∂L

∂α̇2µ

=
∂T

∂α̇2µ

=
1

2
B2

∂

∂α̇2µ

2∑
µ′=−2

α̇∗2µ′α̇2µ′ (2.25)

Axiopoi¸ntac kat�llhla thn ekfr�sh (2.4)

π2µ = B2(−1)µα̇2−µ (2.26)

en¸ apì th suzug  èkfrash thc (2.26) mporoÔme eÔkola na doÔme ìti

π∗2µ = (−1)µπ2−µ (2.27)

dhlad  oi genikeumènec ormèc upakoÔoun sthn Ðdia sqèsh suzugÐac me aut  twn ge-
nikeumènwn jèsewn. Prokeimènou na petÔqoume thn kb�ntwsh thc Qamiltwnian c,
prowjoÔme tic genikeumènec jèseic kai ormèc stouc antÐstoiqouc telestèc

α2µ −→ α̂2µ

π2µ −→ π̂2µ

me ton antÐstoiqo diaforikì telest  gia thn orm 

π̂2µ = −ih̄ ∂

∂α2µ

(2.28)

en¸ ikanopoioÔntai oi sqèseic met�jeshc

[α̂2µ, α̂2µ′ ] = 0

[π̂2µ, π̂2µ′ ] = 0 (2.29)

[α̂2µ, π̂2µ′ ] = ih̄δµµ′

Sth sunèqeia, eis�gontac touc telestèc dhmiourgÐac kai katastrof c β̂†2µ, β̂2µ

β̂†2µ =

√
B2ω2

2h̄
α̂2µ − i

√
1

2B2h̄ω2

(−1)µπ2−µ, (2.30)

β̂2µ =

√
B2ω2

2h̄
(−1)µα̂2−µ + i

√
1

2B2h̄ω2

π2µ, (2.31)

oi opoÐoi ikanopoioÔn tic sqèseic met�jeshc[
β̂†2µ, β̂

†
2µ′

]
= 0,

[
β̂2µ, β̂2µ′

]
= 0,

[
β̂2µ, β̂

†
2µ′

]
= δµµ′ , (2.32)
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paÐrnoume thn kb�ntwsh thc qamiltwnian c

Ĥ = h̄ω2

 2∑
µ=−2

β̂†2µβ̂2µ +
5

2

 , (2.33)

ìpou ω2 =
√
C2/B2. Oi tetrapolikoÐ telestèc β̂

†
2µ dhmiourgoÔn fwnìnia stroform c

2, en¸ oi tetrapolikoÐ telestèc β̂2µ katastrèfoun fwnìnia stroform c 2. Eis�gon-
tac, kat� ta gnwst�, ton telest  pou katametr� ton arijmì fwnonÐwn

N̂ =
2∑

µ=−2

β̂†2µβ̂2µ (2.34)

me idiotim  N, oi antÐstoiqec idiotimèc thc enèrgeiac dÐnontai apì thn èkfrash

EN = h̄ω2 (N + 5/2) (2.35)

2.2.2 Oi idiokatast�seic tou armonikoÔ talantwt 

ParathroÔme ìti to prìblhma eÐnai isodÔnamo me thn antimet¸pish 5 anex�rthtwn
armonik¸n talantwt¸n, me enèrgeia jemeli¸douc st�jmhc 1

2
h̄ω2 o kajènac. 'Alloi

anamenìmenoi kbantikoÐ arijmoÐ eÐnai h stroform  λ kai h probol  thc µ, ètsi ¸ste
oi antÐstoiqec katast�seic na èqoun th morf  |Nλµ〉. MporoÔme na doÔme tic pr¸tec
katast�seic.

1. H jemeli¸dhc kat�stash wc to kenì fwnonÐwn |N = 0, λ = 0, µ = 0〉 me
enèrgeia

Ĥ | 0〉 =
5

2
h̄ω2 | 0〉 (2.36)

2. H tripl� ekfulismènh kat�stash enìc fwnonÐou

| N = 1, λ = 2, µ〉 = β̂†2µ | 0〉, µ = −2, ..., 2

me stroform  2 kai enèrgeia

Ĥ | 1〉 =
(

1 +
5

2

)
h̄ω2 | 1〉 (2.37)

3. Gia thn anapar�stash tou epìmenou sunìlou katast�sewn dÔo fwnonÐwn, prè-
pei na lhfjeÐ up' ìyin h sÔzeuxh stroform c.

| N = 2, λ, µ〉 =
∑
µ′µ′′

(22λ | µ′µ′′µ) β̂†2µ′ β̂
†
2µ′′ | 0〉 (2.38)

ìpou (22λ | µ′µ′′µ) o antÐstoiqoc suntelest c Clebsch-Gordan. Oi kanìnec
epilog c stroform c epitrèpoun tic timèc gia λ = 0, 1, 2, 3, 4. Enall�sontac
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ìmwc touc deÐktec µ′ kai µ′′ stouc suntelestèc Clebsch-Gordan kai k�nontac
qr sh thc idiìthtac

(λ1λ2Λ | µ1µ2M) = (−1)λ1+λ2−Λ (λ2λ1Λ | µ2µ1M) (2.39)

gia na summetropoi soume thn antÐstoiqh èkfrash èqoume

| N = 2, λ, µ〉 =
1

2

∑
µ′µ′′

[
1 + (−1)λ

]
(22λ | µ′µ′′µ) β̂†2µ′ β̂

†
2µ′′ | 0〉 (2.40)

Sumperasmatik�, den up�rqoun kumatosunart seic gia peritì λ. 'Etsi h kat�-
stash dÔo fwnonÐwn eÐnai tripl� ekfulismènh me stroform  0, 2 kai 4.

2.3 O peristrefìmenoc pur nac

Se aut  thn enìthta, o pur nac antimetwpÐzetai wc èna peristrefìmeno stèreo s¸-
ma, me stajerèc ropèc adranei�c. 'Opwc eÐnai gnwstì apì thn klasik  mhqanik , oi
bajmoÐ eleujerÐac tou stèreou s¸matoc eÐnai oi gwnÐec Euler, pou perigr�foun ton
prosanatolismì tou stereoÔ s¸matoc, se sqèsh me to stajerì sto q¸ro adraneiakì
sÔsthma anafor�c (oi metaforikoÐ bajmoÐ eleujerÐac mporoÔn na agnohjoÔn, afoÔ
den suneisfèroun sto f�sma ekpomp c tou pur na). Fusik� h pio eÔkolh perigraf 
epitugq�netai sto sÔsthma kurÐwn axìnwn, ìpou sumpÐptoun me touc �xonec summetrÐ-
ac tou pur na, en¸ o tanust c adraneÐac gÐnetai diag¸nioc. To f�sma tou triaxonikoÔ
peristrofèa melet jhke arqik� apì touc Davydov kai Filippov [9]. H Qamiltwnian 
tou asÔmmetrou peristrofèa (ìpou jewroÔme stajerèc timèc gia tic paramètrouc β
kai γ) dÐnetai apì th sqèsh

Ĥ =
3∑
i=1

Ĵ
′2
i

2Ji
, (2.41)

ìpou Ĵi oi telestèc stroform c kai Ji oi antÐstoiqec ropèc adraneÐac tou pur na, oi
opoÐec en gènei diafèroun metaxÔ touc.

2.3.1 O summetrikìc peristrofèac

H kumatosun�rthsh tou peristrofèa dÐnetai apì thn èkfrash

ΦIM(θ1, θ2, θ3) =
∑
M ′
D(I)∗
MM ′(θ1, θ2, θ3)ΦIM ′(0, 0, 0, ) (2.42)

ìpou I, M oi kbantikoÐ arijmoÐ thc stroform c kai thc z probol c thc antÐstoiqa kai

D(I)∗
MM ′ o pÐnakac peristrof c thc kumatosun�rthshc. Gia ènan axonik� summetrikì

peristrofèa, h antÐstoiqh kumatosun�rthsh mporeÐ na aplopoihjeÐ. An o pur nac
eÐnai summetrikìc wc proc ton �xona z, den all�zei o prosanatolismìc tou upì pe-
ristrof  gwnÐac θ3. 'Ara to �jroisma wc proc M' sthn (2.42) den ufÐstatai, afoÔ h
peristramènh kumatosun�rthsh den exart�tai apì thn gwnÐa θ3. Epiplèon, apì thn
gewmetrÐa tou probl matoc, o en prokeimènw �xonac den mporeÐ par� na sumpÐptei
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me ton antÐstoiqo kÔrio �xona adraneÐac z′ tou peristrofèa. O M' epomènwc eÐnai
kÔrioc kbantikìc arijmìc, en¸ h posìthta M ′h̄ eÐnai idiotim  twn telest¸n thc z
probol c thc stroform c Jz kai J ′z gia to adraneiakì kai kÔrio sÔsthma axìnwn
antÐstoiqa. SumbolÐzontac me K ton kbantikì arijmì tou telest  J ′z, h zhtoÔmenh
kumatosun�rthsh dÐnetai apì thn èkfrash

ΦIMK(θ1, θ2, θ3) = D(I)∗
MK(θ1, θ2, θ3) (2.43)

En¸ h enèrgeia tou axonik� summetrikoÔ peristrofèa dÐnetai apì thn èkfrash

E =
h̄2 [I(I + 1)−K2]

2J
(2.44)

ìpou J = Jx = Jy, en¸ èqei axiopoihjeÐ kat�llhla h sqèsh Ĵ
′2
x + Ĵ

′2
y = Ĵ2

x − Ĵ
′2
z

lìgw thc analloi¸thtac tou mètrou thc stroform c.
Gia thn topojèthsh tou kat�llhlou sust matoc suntetagmènwn stouc �xonec tou

pur na, mènei h axiopoÐhsh twn telest¸n metasqhmatismoÔ R̂k pou parousi�sthkan
sthn enìthta (2.1.4). Apì thn summetrÐa tou pur na, den mènei par� h topojèthsh
tou �xona z′ ston �xona summetrÐac tou, en¸ oi k�jetoi metaxÔ touc �xonec x′ kai y′

mporoÔn qwrÐc prìblhma na peristrafoÔn upì opoiad pote gwnÐa ϑ gÔrw apì autìn.
K�nontac qr sh tou telest  R̂2, o metasqhmatismìc dÐnetai apì thn èkfrash

R̂2(θ1, θ2, θ3) = (θ1, θ2, θ3 + ϑ) (2.45)

en¸ h antÐstoiqh kumatosun�rthsh ikanopoieÐ thn èkfrash

ΦIMK(θ1, θ2, θ3) = ΦIMK(θ1, θ2, θ3 + ϑ) (2.46)

dhlad 

D(I)
MK(θ1, θ2, θ3) = D(I)

MK(θ1, θ2, θ3 + ϑ) (2.47)

Apì ton pÐnaka peristrof¸n sthn b�sh | IM〉

D(I)
MK(θ1, θ2, θ3 + ϑ) = 〈IM | e−

i
h̄
θ1Ĵze−

i
h̄
θ2Ĵye−

i
h̄

(θ3+ϑ)Ĵz | IK〉 =

= e−i(θ1M+(θ3+ϑ)K)d
(I)
MK(θ2) = e−iKϑD(I)

MK(θ1, θ2, θ3)⇔

⇔ ΦIMK(θ1, θ2, θ3) = e−iKϑΦIMK(θ1, θ2, θ3) (2.48)

ìpou d(I)
MK(θ2) = 〈IM | e− i

h̄
θ2Ĵy | IK〉, en¸ h telik  kumatosun�rthsh diafèrei apì

thn arqik  wc proc èna par�gonta f�shc. Apì ta parap�nw prokÔptei ìti gia na
up�rqei analloÐwto prèpei K = 0. EpÐshc me ton Ðdio trìpo, h analloi¸thta apì
thn an�klash tou �xona z′ kai th dr�sh tou telest  R̂1, anapar�gei ton ìro (−1)I ,
dhlad 

ΦIMK(θ1, θ2, θ3) = (−1)IΦIMK(θ1, θ2, θ3) (2.49)

me thn fusik  sunèpeia ìti oi apodektèc idiotimèc tou telest  L̂ thc stroform c
eÐnai oi �rtiec. O metasqhmatismìc R̂3 apotugq�nei na efarmosteÐ sthn paroÔsa
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perÐptwsh, afoÔ all�zei ton �xona summetrÐac tou pur na. Oi kanonikopoihmènec
kumatosunart seic dÐnontai apì thn èkfrash

ΦIMK(θ1, θ2, θ3) =

√
2I + 1

8π2
D(I)
MK(θ1, θ2, θ3) (2.50)

me idiotimèc enèrgeiac

EI =
h̄2I(I + 1)

2J
(2.51)

2.3.2 O asÔmmetroc peristrofèac

Sthn perÐptwsh tou triaxonikoÔ peristrofèa kai oi treic �xonec tou pur na diafèroun
metaxÔ touc, opìte h topojèthsh enìc sust matoc suntetagmènwn p�nw touc de dÐnei
pollèc epilogèc. H mình epilog  pou k�poioc èqei eÐnai x′ → −x′, y′ → −y′, z′ →
−z′. MÐa apì tic summetrÐec pou epitrèpontai eÐnai h R̂2

2, h opoÐa antistoiqeÐ se
(x′, y′, z′) → (−x′,−y′,−z′) kai metasqhmatÐzei tic gwnÐec Euler se (θ1, θ2, θ3 + π).
Apì ton pÐnaka peristrof c

D(I)
MK(θ1, θ2, θ3 + π) = 〈IM | e−

i
h̄
θ1Ĵze−

i
h̄
θ2Ĵye−

i
h̄

(θ3+π)Ĵz | IK〉 =

= e−i(θ1M+(θ3+π)K)d
(I)
MK(θ2) = eiKπD(I)

MK(θ1, θ2, θ3)⇔

⇔ ΦIMK(θ1, θ2, θ3) = eiKπΦIMK(θ1, θ2, θ3) (2.52)

ìpou d(I)
MK(θ2) = 〈IM |e− i

h̄
θ2Jy |IK〉. Apì ta parap�nw prokÔptei ìti gia na up�rqei

analloÐwto ja prèpei K=0,2,4,. . .. Me ton Ðdio trìpo, h summetrÐa R̂1 : (x′, y′, z′)→
(x′,−y′,−z′) metasqhmatÐzei ton D(I)∗

MK(θ1, θ2, θ3) se (−1)ID
(I)∗
M−K(θ1, θ2, θ3). H para-

p�nw summetrÐa ikanopoieÐtai summetropoi¸ntac thn kumatosun�rthsh

〈θ|IMK〉 =

√
2I + 1

16π2(1 + δK0)

(
D

(I)∗
MK(θ) + (−1)ID

(I)∗
M−K(θ)

)
. (2.53)

Genik�, o kbantikìc arijmìc K paÐrnei tic mh mhdenikèc, �rtiec timèc 0 ≤ K ≤ I.
Gia K=0 h olik  stroform  mporeÐ na p�rei mìno �triec timèc I=0,2,4,. . ., alli¸c h
kumatosun�rthsh mhdenÐzetai.

Sth genik  perÐptwsh, h qamiltonian  (2.29) gr�fetai wc ex c

Ĥ =
1

4

(
1

J1

+
1

J2

) (
Ĵ
′2 − Ĵ ′23

)
+
Ĵ
′2
3

2J3

+
1

2

(
1

J1

− 1

J2

) (
Ĵ
′2
+ + Ĵ

′2
−

)
(2.54)

kai diagwnopoieÐtai.

2.4 H exÐswsh tou Bohr

Sthn perioq  twn sp�niwn gai¸n me 60 ≤ Z ≤ 72 kai 90 ≤ N ≤ 110, emfanÐzon-
tai pur nec me mìnimh paramìrfwsh sth basik  touc kat�stash. To f�sma tètoiwn
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pur nwn, proèrqetai apì mikrèc talant¸seic gÔrw apì thn paramorfwmènh jèsh i-
sorropÐac, all� kai apì peristrofèc sto q¸ro. Epilègontac gia thn perigraf  thc
kÐnhshc to sÔsthma kurÐwn axìnwn kai tic suntetagmènec (β, γ, θ1, θ2, θ3), h kinhtik 
enèrgeia thc sqèshc (2.21) gr�fetai wc �jroisma enìc donhtikoÔ kai enìc peristro-
fikoÔ mèrouc

T = Tvib + Trot =
1

2
B2

(
β̇2 + β2γ̇2

)
+

1

2

3∑
k=1

Jkω
′2
k , (2.55)

ìpou ω′k eÐnai oi sunist¸sec thc gwniak c taqÔthtac peristrof c tou sust matoc
kurÐwn axìnwn wc proc to adraneiakì sÔsthma, en¸ Jk oi ropèc adraneÐac pou èqoun
th morf 

Jk = 4Bβ2 sin2

(
γ − 2πk

3

)
. (2.56)

To epìmeno b ma eÐnai h kb�ntwsh thc qamiltonian c. H kinhtik  enèrgeia dÐnetai apì
thn genik  èkfrash

T =
B

2

ds2

st2
(2.57)

en¸ to tetr�gwno tou grammikoÔ stoiqeÐou ds2 se kampulìgrammec suntetagmènec
kat� m koc twn stoiqeid¸n metatopÐsewn dxi èqei th morf 

ds2 =
∑
i

∑
j

gijdxidxj (2.58)

ìpou oi suntelestèc tou k�je ìrou eÐnai ta stoiqeÐa tou metrikoÔ tanust 

gij =
∑
k

∂xk

∂qi
∂xk

∂qj
(2.59)

Gia thn kb�ntwsh kai thn anapar�stash thc qronoanex�rththc exÐswshc tou Schröe-
diger, oi qronikèc par�gwgoi sthn èkfrash thc kinhtik c enèrgeiac ja prèpei na
antikatastajoÔn apì touc kat�llhlouc diaforikoÔc telestèc wc proc tic metablh-
tèc tou q¸rou tou probl matoc. Sthn kbantik  perigraf , o telest c thc kinhtik c
enèrgeiac dÐnetai apì th sqèsh

T̂ = − h̄
2

2B
∇2 (2.60)

en¸ h laplasian  se kampulìgrammec suntetagmènec eÐnai

∇2 =
1
√
g

∑
i

∑
j

∂

∂xi

(
√
gg−1

ij

∂

∂xj

)
, (2.61)

ìpou g eÐnai h orÐzousa tou metrikoÔ tanust  kai g−1
ij o antÐstrofìc thc. Apì ta

parap�nw prokÔptei h qamiltwnian  (Bl. Par�rthma D)

H = T + V (β, γ)

= − h̄
2

2B

[
1

β4

∂

∂β
β4 ∂

∂β
+

1

β2 sin 3γ

∂

∂γ
| sin 3γ| ∂

∂γ

]

− 1

8Bβ2

∑
k

J
′2
k

sin2
(
γ − 2πk

3

) + V (β, γ), (2.62)
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gnwst  wc exÐswsh Bohr, me stoiqeÐo ìgkou

dV = β4| sin 3γ|dβdγd3θ. (2.63)

Periorizìmenoi sto shmeÐo ìpou to dunamikì parousi�zei el�qisto, β = β0 6= 0, γ = 0,
oi ropèc adr�neiac metapÐptoun se

J = J1 = J2 = 3Bβ2,J3 = 4Bβ2 sin2 γ. (2.64)

Oi idiotimèc tw telest¸n Ĵ
′2, Ĵ

′2
3 (wc proc to sÔsthma twn kÔriwn axìnwn tou pur na),Ĵ2

z

(wc proc to adraneiakì sÔsthma) eÐnai antÐstoiqa h̄2I(I + 1), h̄2K2, h̄2M2. Oi antÐ-
stoiqec kumatosunart seic, lamb�nontac upìyh tic summetrÐec thc kumatosun�rthshc
k�tw apì touc telestèc strof c R̂1, R̂2, R̂3, gr�fontai

ψIMKnβnγ =

√
2I + 1

16π2(1 + δK0)

(
D

(I)∗
MK + (−1)ID

(I)∗
M−K

)
gnγ (γ)fnβ(β), (2.65)

en¸ oi idiotimèc thc enèrgeiac dÐnontai apì thn èkfrash

EnβnγIK = h̄ωβ

(
nβ +

1

2

)
+ h̄ωγ

(
2nγ +

1

2
|K|+ 1

)
+

h̄2

2J
[I(I + 1)−K2], (2.66)

ìpou
K = 0, 2, 4, . . . ,

I =


K,K + 1, K + 2, . . . για K 6= 0,

0, 2, 4, . . . για K = 0,

M = −I,−I + 1, ...,+I,

nγ = 0, 1, 2, . . . ,

nβ = 0, 1, 2, . . .

2.5 g-astaj c pur nec

MporoÔme t¸ra na exet�soume mÐa eidik  perÐptwsh pou melet jhke arqik� apì touc
Wilets kai Jean[11], ìpou jewroÔme dunamikì anex�rthto thc metablht c γ, dhla-
d  gia dunamikì thc morf c V (β, γ) = V (β). Pur nec pou na ermhneÔoun tètoia
sumperifor� brÐskontai sthn perioq  Z > 52, N < 80. To dunamikì èqei th morf 

V (β) =
1

8
C

(
β2 +

β4
0

β2
− 2β2

0

)
−D (2.67)

me el�qisto sto V (β0) = −D. Gia to dunamikì autì, h Qamiltwnian  sto sÔsthma
kurÐwn axìnwn dÐnetai omoÐwc apì thn èkfrash

H = − h̄
2

2B

[
1

β4

∂

∂β
β4 ∂

∂β
+

1

β2 sin 3γ

∂

∂γ
| sin 3γ| ∂

∂γ

]

− 1

8Bβ2

∑
k

J
′2
k

sin2
(
γ − 2πk

3

) + V (β). (2.68)
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Oi kumatosunart seic dÐnontai apì th sqèsh

ψnβλIMK =

√
2I + 1

8π2

fnβλ(β)

β2

I∑
K=−I

gλIK(γ)D
(I)
MK(θ). (2.69)

en¸ oi antÐstoiqec idiotimèc thc enèrgeiac dÐnontai apì thn èkfrash

εnβλ =

√
B

C

(
nβ +

1

2
+

1

2
αλ

)
− 1

4
Cβ2

0 −D, (2.70)

ìpou

αλ =
1

2

√√
BCβ4

0 + (2λ+ 3)2, (2.71)

me λ = 0, . . . ,∞ ton kbantikì arijmì pou qarakthrÐzei tic mh anagwg simec ana-
parast�seic thc om�dac O(5), en¸ oi epitrepìmenec timèc thc stroform c gia èna
sunduasmì (nβ, λ) periorÐzontai stic 2λ.

2.6 Oi summetrÐec krÐsimou shmeÐou E(5) kai
Q(5)

Oi dunamikèc summetrÐec eÐnai èna qr simo ergaleÐo pou epitrèpei thn perigraf  i-
diot twn fusik¸n susthm�twn, an�mes� touc kai twn pur nwn. Dunamik  summetrÐa
eÐnai h perÐptwsh kat� thn opoÐa o telest c thc qamiltonian c H mporeÐ na grafeÐ
sunart sei twn telest¸n Casimir miac alusÐdac algebr¸n. Qarakthristikì par�deig-
ma emf�nishc dunamik¸n summetri¸n eÐnai to Prìtupo Allhlepidr¸ntwn MpozonÐwn
(Interacting Boson Model, IBM) [48]. Sto IBM, oi qamhloenergeiakèc sullogi-
kèc katast�seic tou pur na perigr�fontai me th bo jeia mpozonÐwn stroform c 0
(s-mpozìnia) kai stroform c 2 (d-mpozìnia), mèsw twn opoÐwn prokÔptei h summe-
trÐa U(6). BrÐskontac tic alusÐdec upoalgebr¸n thc �lgebrac U(6) tou protÔpou,
mporoÔn na brejoÔn ìlec oi dunamikèc summetrÐec. 'Etsi, sto IBM up�rqoun treic
dunamikèc summetrÐec, to ìnoma twn opoÐwn prokÔptei apì to ìnoma thc pr¸thc �lge-
brac thc alusÐdac algebr¸n. H U(5) antistoiqeÐ se sfairikoÔc pur nec, h SU(3) eÐnai
kat�llhlh gia orismènouc woeideÐc pur nec, en¸ h O(6) qrhsimopoieÐtai gia thn peri-
graf  axonik� astaj¸n pur nwn. MetaxÔ aut¸n twn summetri¸n sumbaÐnoun allagèc
f�shc [12], oi opoÐec prokÔptoun se qamiltonianèc tou tÔpou H = c(H1 +gH2), ìpou
c eÐnai par�gontac klÐmakac, g eÐnai par�metroc elègqou kai oi H1, H2 perigr�foun tic
dÔo f�seic tou sust matoc. Oi allagèc f�seic sto plaÐsio tou IBM èqoun melethjeÐ
ed¸ kai 30 qrìnia [12], qrhsimopoi¸ntac to klasikì ìrio tou protÔpou [13, 14]. 'Eqei
brejeÐ ìti h met�bash metaxÔ sfairik¸n U(5) kai γ-astaj¸n O(6) pur nwn eÐnai deÔ-
terhc t�xhc, en¸ h met�bash metaxÔ sfairik¸n U(5) kai woeid¸n pur nwn SU(3) eÐnai
pr¸thc t�xhc. Den up�rqei allag  f�shc metaxÔ woeid¸n kai γ-astaj¸n pur nwn.
Oi treic summetrÐec tou IBM kaj¸c kai oi allagèc f�shc/sq matoc metaxÔ aut¸n
sunhjÐzetai na topojetoÔntai sto trÐgwno summetri¸n tou IBM [15].

Sta plaÐsia tou sullogikoÔ protÔpou brèjhke ìti oi idiìthtec twn pur nwn pou
brÐskontai sto krÐsimo shmeÐo miac allag c f�shc mporoÔn na perigrafoÔn me eidikèc
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lÔseic thc qamiltonian c tou Bohr, oi opoÐec lÔseic onom�zontai summetrÐec krÐsimou
shmeÐou. H summetrÐa krÐsimou shmeÐou X(5) [50] antistoiqeÐ se allag  f�shc pr¸thc
t�xhc, en¸ h E(5) [49] se allag  f�shc deÔterhc t�xhc. Me tic summetrÐec E(5) kai
X(5) eis�gontai kainoÔriec dunamikèc summetrÐec, oi opoÐec sqetÐzontai me thn akrib 
epÐlush diaforik¸n exis¸sewn. Parak�tw ja exet�soume xeqwrist� ta prìtupa E(5)
kai X(5). H basik  diafor� twn dÔo protÔpwn ègkeitai sth diaforetik  paradoq  wc
proc to γ-bajmì eleujerÐac.

2.6.1 To prìtupo E(5)

Xekin¸ntac apì th qamiltonian  tou Bohr

H = T + V (β, γ)

= − h̄
2

2B

[
1

β4

∂

∂β
β4 ∂

∂β
+

1

β2 sin 3γ

∂

∂γ
| sin 3γ| ∂

∂γ

]

− 1

8Bβ2

∑
k

J
′2
k

sin2
(
γ − 2πk

3

) + V (β, γ), (2.72)

kai jewr¸ntac dunamikì pou exart�tai mìno apì to β, V (β, γ) = V (β), oi kumatosu-
nart seic gr�fontai sth morf 

Ψ(β, γ, θi) = f(β)Φ(γ, θi). (2.73)

K�nontac qwrismì metablht¸n prokÔptoun dÔo exis¸seic.
H exÐswsh pou perièqei tic gwnÐec eÐnai h− 1

sin 3γ

∂

∂γ
| sin 3γ| ∂

∂γ
+

1

4

∑
k

J
′2
k

sin2
(
γ − 2πk

3

)
Φ(γ, θi) = ΛΦ(γ, θi), (2.74)

ìpou Λ = τ(τ + 3), τ = 0, 1, 2, . . ., me Λ2 ton telest  Casimir thc �lgebrac O(5), to
an�logo se 5 diast�seic tou l2, tou tetrag¸nou thc stroform c stic treic diast�seic
[16] kai τ ton kbantikì arijmì pou qarakthrÐzei tic mh anagwg simec anaparast�seic
thc O(5) [17].

H exÐswsh pou perièqei th metablht  β eÐnai h[
− h̄

2

2B

(
1

β4

∂

∂β
β4 ∂

∂β
− Λ

β2

)
+ V (β)

]
f(β) = Ef(β). (2.75)

Eis�gontac anhgmènec enèrgeiec kai dunamik� ε = 2B
h̄2 E, u = 2B

h̄2 V , h exÐswsh
(2.38) aplopoieÐtai sthn[

− 1

β4

∂

∂β
β4 ∂

∂β
+

Λ

β2
+ u(β)

]
f(β) = εf(β). (2.76)

Antikajist¸ntac φ(β) = β3/2f(β) paÐrnoume

φ′′ +
φ′

β
+

ε− u(β)−

(
τ + 3

2

)2

β2

φ = 0. (2.77)
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Se autì to shmeÐo jewroÔme thn perÐptwsh pou to dunamikì eÐnai phg�di �peirou
b�jouc, me pl�toc βw

u(β) =

{
0, β ≤ βw
∞, β > βw

opìte h exÐswsh (2.40), met� apì allag  metablht c z = βk, ìpou k =
√
ε, paÐrnei

thn tupik  morf  miac exÐswshc Bessel

φ′′ +
φ′

z
+

1−

(
τ + 3

2

)2

z2

φ = 0, (2.78)

me t�xh ν = τ + 3
2
kai lÔseic tic sunart seic Bessel Jν(z).

H sunoriak  sunj kh φ(βw) = 0 epib�llei, an oi rÐzec thc φ(z) = 0 eÐnai oi xξ,τ
me ξ th seir� emf�nishc thc rÐzac, na isqÔei xξ,τ = kξ,τβw. Epeid  ε = k2

ξ,τ ,

ε =

(
xξ,τ
βw

)2

⇒ Eξ,τ =
h̄2

2B
k2
ξ,τ . (2.79)

Prokeimènou na apaleifjeÐ to pl�toc tou phgadioÔ βw, jewroÔme lìgouc energei¸n
wc proc thn enèrgeia thc pr¸thc diegermènhc st�jmhc, dhlad  Eξ=1,L=2 − Eξ=1,L=0.
H xξ,τ antistoiqeÐ sth rÐza me seir� emf�nishc ξ kai t�xh ν = τ + 3

2
.

Oi kumatosunart seic paÐrnoun th morf  fξ,τ = cξ,τβ
− 3

2Jτ+ 3
2
(kξ,τβ). H stajer�

kanonikopoÐhshc cξ,τ prokÔptei apì th sqèsh
∫ βw

0 β4dβf 2(β) = 1 kai apì th sqèsh
orjogwniìthtac twn sunart sewn Bessel, na eÐnai

cξ,τ =

√
2

βw
J−1
τ+ 5

2

(xξ,τ ). (2.80)

H summetrÐa pou prokÔptei apì autì to akrib¸c epilÔsimo prìblhma onom�zetai E(5),
kaj¸c oi exis¸seic Bessel apoteloÔn b�sh gia tic anaparast�seic thc eukleÐdiac
�lgebrac E kai 5 eÐnai o arijmìc twn diast�sewn tou probl matoc.

Oi rujmoÐ hlektromagnhtik¸n tetrapolik¸n metab�sewn B(E2) upologÐzontai me
th bo jeia tou tetrapolikoÔ telest 

T (E2) = tβ

[
D

(2)
µ,0 cos γ +

1√
2

(
D

(2)
µ,2 +D

(2)
µ,−2

)
sin γ

]
, (2.81)

ìpou t par�gontac klÐmakac kai èqoun th morf 

B(E2; ρiLi → ρfLf ) =
1

2Li + 1

∣∣∣〈ρfLf ||T (E2)||ρiLi
〉∣∣∣2 . (2.82)

'Opwc kai stic enèrgeiec, jewroÔme lìgouc rujm¸n metab�sewn, kanonikopoi¸ntac
sth qamhlìterh met�bash, B(E2 : 2+

1 → 0+
1 ) = 100.
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2.6.2 Peiramatikèc ekdhl¸seic thc E(5)

O pr¸toc pur nac me exakribwmènh E(5) sumperifor�  tan to 134Ba [18], en¸ to
102Pb [19] epÐshc fèretai wc kalìc upoy fioc. Peraitèrw melètec epibebaÐwsan ta
sumper�smata gia to 134Ba [20]. Oi pur nec 104Ru [21], 108Pb [22], 114Cd [23] kai 130Xe
[24] epÐshc èqoun protajeÐ wc dunatoÐ upoy fioi. Mia susthmatik  èreuna [25, 26]
sta diajèsima peiramatik� dedomèna energei¸n kai rujm¸n tetrapolik¸n metab�sewn
B(E2), èdeixe ìti oi pur nec 102Pb, 106,108Cd, 124Te, 128Xe kai 138Ba eÐnai dunatoÐ
upoy fioi, xeqwrÐzontac touc 128Xe kai 138Ba. Aut  h èreuna èrqetai se sumfwnÐa
me mia metagenèsterh [27], ìpou metr seic twn dipolik¸n metab�sewn E1 kai M1
stouc pur nec 124−136Xe èdwsan endeÐxeic gia allag  f�shc gia A ' 130. 'Enac
akìmh upoy fioc eÐnai to 58Cr [28].

2.6.3 To prìtupo X(5)

Se sÔgkrish me to prìtupo E(5), ed¸ den up�rqei akrib c lÔsh thc exÐswshc tou
Bohr, par� mìno proseggistik . Sugkekrimèna, xekin¸ntac p�li apì th qamiltonian 
tou Bohr, jewroÔme ìti to dunamikì èqei el�qisto gia γ = 0 kai y�qnoume lÔseic thc
morf c Ψ(β, γ, θi) = ϕLK(β, γ)DL

M,K(θi).
Gia γ = 0, o teleutaÐoc ìroc thc qamiltonian c paÐrnei th morf 

3∑
κ=1

Q2
κ

sin2(γ − 2
3
πκ)
' 4

3

(
Q2

1 +Q2
2 +Q2

3

)
+Q2

3

(
1

sin2 γ
− 4

3

)
. (2.83)

Eis�gontac anhgmènec enèrgeiec kai dunamik� ε = 2B
h̄2 E kai u = 2B

h̄2 V , paÐrnoume thn
exÐswsh {

− 1

β4

∂

∂β
β4 ∂

∂β
− 1

β2 sin 3γ

∂

∂γ
sin 3γ

∂

∂γ

+
1

4β2

[
4

3
L(L+ 1) +K2

(
1

sin2 γ
− 4

3

)]}
ϕLK(β, γ)+

u(β, γ)ϕLK(β, γ) = εϕLK(β, γ).

(2.84)

Jewr¸ntac t¸ra dunamik� thc morf c u(β, γ) = ũ(β) + v(γ) kai kumatosunart seic
thc morf c ϕLK(β, γ) = ξL(β)ηK(γ), h (2.45) qwrÐzetai stic ex c dÔo exis¸seic[

− 1

β4

∂

∂β
β4 ∂

∂β
+

1

4β2

4

3
L(L+ 1) + ũ(β)

]
ξL(β) = εβξL(β), (2.85)

[
− 1

〈β2〉 sin 3γ

∂

∂γ
sin 3γ

∂

∂γ
+

1

4 〈β2〉
K2

(
1

sin2 γ
− 4

3

)
+ v(γ)

]
ηK(γ) = εγηK(γ),

(2.86)
ìpou ε = εβ + εγ kai 〈β2〉 o mèsoc ìroc tou β2 wc proc ξ(β). Upojètoume t¸ra ìti to
dunamikì eÐnai tetragwnikì phg�di wc proc th metablht  β kai armonikìc talantwt c
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wc proc th γ. Kat' autì ton trìpo mporoÔn na epilujoÔn oi dÔo exis¸seic gia tic
ξL(β) kai ηK(γ).

Jewr¸ntac gia to β mèroc, ìpwc kai prin, dunamikì

ũ(β) =

{
0, β ≤ βw
∞, β > βw

kai antikajist¸ntac ξ̃(β) = β
3
2 ξ(β) kai sth sunèqeia z = βkβ me kβ =

√
εβ, paÐrnoume

thn exÐswsh Bessel

ξ̃′′ +
ξ̃′

z
+

[
1− ν2

z2

]
ξ̃ = 0, (2.87)

me ν =
(
L(L+1)

3
+ 9

4

) 1
2 . Apì thn oriak  sunj kh ξ̃(βw) = 0 prokÔptei ìti

xs,L = ks,Lβw. Epeid  εβ;s,L = k2
s,L,

ε =

(
xs,L
βw

)2

⇒ Eβ;s,L =
h̄2

2B
k2
s,L, (2.88)

ìpou xs,L eÐnai oi rÐzec thc sun�rthshc Bessel Jν(z) me seir� emf�nishc s kai t�xh

ν =
(
L(L+1)

3
+ 9

4

) 1
2 .

Oi kumatosunart seic paÐrnoun th morf  ξs,L = cs,Lβ
− 3

2Jν(ks,Lβ) kai h stajer�
kanonikopoÐhshc prokÔptei apì th sunj kh

∫ βw
0 β4ξ2

s,L(β)dβ = 1 na eÐnai

cs,L =

√
2

βw
J−1
ν+1(xs,L). (2.89)

Gia to γ komm�ti tou f�smatoc, me thn paradoq  γ ' 0, anaptÔssoume touc ìrouc
1

sin 3γ
∂
∂γ

sin 3γ ∂
∂γ

kai 1
sin2 γ

gÔrw apì to mhdèn, opìte,[
∂2

∂γ2
+

1

γ

∂

∂γ
−
(
K

2

)2
(

1

γ2
− 4

3

)
+
〈
β2
〉

(εγ − vγ)
]
ηK(γ) = 0 (2.90)

Gia dunamikì armonikoÔ talantwt , vγ = c2γ2, prokÔptei[
∂2

∂γ2
+

1

γ

∂

∂γ
−
(
K

2

)2 1

γ2
+
(
ε̃γ − c2γ2

)]
ηK(γ) = 0, (2.91)

me ε̃γ = εγ + 4
3

(
K
2

)2
1
〈β2〉 .

AntikajistoÔme λ = c
√
〈β2〉 kai x =

√
λγ, opìte prokÔptei h[

∂2

∂x2
+

1

x

∂

∂x
−
(
K

2

)2 1

x2
+ ε̃γ

〈
β2
〉
λ−1 − x2

]
ηK(x) = 0. (2.92)

Jètontac κ = ε̃γ 〈β2〉λ−1, α = K
2
h (2.51) epidèqetai lÔseic thc morf c

ηK(x) = c exp−
x2

2 x|α|W (x). (2.93)
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Antikajist¸ntac thn (2.52) sthn (2.51) kai k�nontac allag  metablht c, t = x2,
èqoume thn exÐswsh

t
∂2W

∂t2
+
∂W

∂t
(1 + α− t) +W (t)

(
−α

2
− 1

2
+
κ

4

)
. (2.94)

Jètontac b = 1 + α, a = α+1
2
− κ

4
h (2.53) paÐrnei th morf  thc exÐswshc Kummer

t
∂2W

∂t2
+ (b− t)∂W

∂t
− aW = 0, (2.95)

me lÔseic
W (t) ∼1 F1(a, b, t)  
W (t) ∼1 F1(a, b, x2), opìte

ηn,α = ce−
x2

2 x|α|L(|α|)
n (x)  

ηn,K = cn,Ke
−λγ

2

2 γ|
K
2
|L

(|K
2
|)

n (λγ2).
Oi enèrgeiec dÐnontai apì th sunj kh kb�ntwshc, a = −n, ìpou n = 0, 1, 2, . . .,

opìte −2n = α + 1− k
2
⇒ ε̃γ〈β2〉λ−1

2
= 2n+ α + 1⇒ ε̃γ = 2c√

〈β2〉

(
2n+ K

2
+ 1

)
.

Gia thn enèrgeia εγ isqÔei loipìn

εγ =
2c√
〈β2〉

(
2n+

K

2
+ 1

)
− 4

3

(
K

2

)2 1

〈β2〉
. (2.96)

Jètontac n = 1
2

(
nγ − K

2

)
prokÔptoun oi dunatoÐ sunduasmoÐ tim¸n gia ta nγ kai K,

nγ = 0, K = 0; nγ = 1, K = 1; nγ = 2, K = 0,±4; . . . (2.97)

H stajer� kanonikopoÐhshc cn,K prokÔptei apì th sunj kh
∫∞

0

(
η2
n,K(γ)

)2
γdγ = 1

kai th sqèsh orjogwniìthtac twn sunart sewn Laguerre, na eÐnai

cn,K =

√√√√√ n!2λ
K
2

+1

Γ
(
n+ K

2
+ 1

) . (2.98)

Sundu�zontac ta parap�nw paÐrnoume th genik  èkfrash

E(s, L, nγ, K,M) = E0 +B (xs,L)2 + Anγ + CK2. (2.99)

H summetropoihmènh kumatosun�rthsh gr�fetai

Ψs,L,nγ ,K,M(β, γ, ϑi) '
[
ϕL,K(β, γ)DL

M,K(ϑi) + (−1)L+KϕL,−K(β, γ)DL
M,−K

]
.

(2.100)
Gia ton upologismì twn rujm¸n hlektromagnhtik¸n metab�sewn, o hlektrikìc tetra-

polikìc telest c me thn prosèggish γ ' 0 aplopoieÐtai se T (E2) = tβD
(2)
µ,0.

'Opwc kai sto prìtupo E(5), qrhsimopoioÔntai lìgoi energei¸n kai lìgoi rujm¸n
metab�sewn, ¸ste ta arijmhtik� apotelèsmata na mhn perièqoun eleÔjerec paramè-
trouc.
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2.6.4 Peiramatikèc ekdhl¸seic thc X(5)

To pr¸to par�deigma pur na me diapistwmènh X(5) sumperifor�  tan autì tou 152Sm
[29], kaj¸c kai to 150Nd [30]. Epiplèon doulei� sto 152Sm [31, 32, 33] kai sto 150Nd
[32, 33, 34] epibebaÐwsan ta prohgoÔmena. Ta geitonik� isìtopa me N=90, 154Gd
[35, 36] kai 156Dy [36, 37] jewr jhkan epÐshc kal� paradeÐgmata Q(5), an kai to
deÔtero se mikrìtero bajmì.

Sthn perioq  twn barÔterwn pur nwn, ta 162Yb [38] kai 166Hf [39] jewr jhkan
kaloÐ upoy fioi. Metèpeita peir�mata stouc 176Os kai 178Os [36], èdeixan ìti o teleu-
taÐoc pur nac eÐnai kalì par�deigma Q(5). MÐa susthmatik  melèth [40] sta diajèsima
peiramatik� dedomèna energei¸n kai rujm¸n tetrapolik¸n metab�sewn B(E2), èdeixe
ìti oi pur nec 126Ba kai 130Ce eÐnai pijanoÐ kaloÐ upoy fioi mazÐ me ta isìtona me
N=90 twn Nd, Sm, Gd, Dy. MÐa parìmoia melèth se elafrÔterouc pur nec [41]
prìteine touc 76Sr, 78Sr 80Zr wc pijanoÔc upoy fiouc. To 104Mo eÐqe protajeÐ gia
upoy fioc Q(5) me b�sh ta diajèsima f�smata [41, 42], all� metagenèsterec melètec
stic timèc twn rujm¸n tetrapolik¸n metab�sewn B(E2) èdeixan ìti eÐnai pio kont�
sto ìrio tou sumpagoÔc peristrofèa [43]. To 122Ba eÐnai upì exètash [44], kaj¸c h
jemeli¸dhc z¸nh tou sumpÐptei me tic problèyeic tou Q(5).



Kef�laio 3

To prìtupo allhlepidr¸ntwn
mpozonÐwn (IBM)

To prìtupo allhlepidr¸ntwn mpozonÐwn IBM(Interacting Boson Model)[45] eis -
qjh arqik� to 1974 apì touc Arima kai Iachello, apoteleÐ èna fainomenologikì all�
suneq¸c sfairik� anaptussìmeno algebrikì montèlo perÐ thc perigraf c twn mikro-
skopik¸n idiot twn tou pur na. Skopìc thc arket� epÐponhc èreunac epÐ autoÔ eÐnai,
mèsw algebrik¸n mejìdwn jewrÐac om�dwn, h gefÔrwsh tou jemeli¸douc montèlou
twn floi¸n kai twn antÐstoiqwn sullogik¸n, gewmetrik¸n montèlwn, proc thn eniaÐ-
a antimet¸pish twn atomik¸n pur nwn. Sthn aploÔster  tou morf  jewreÐtai ìti,
gia mesaÐouc kai bareÐc �rtiouc - �rtiouc pur nec, oi antÐstoiqec qamhloenergeiakèc
sullogikèc katast�seic pou brÐskontai makru� apì kleistoÔc floioÔc kuriarqoÔn-
tai mìno apì diegèrseic prwtonÐwn kai netronÐwn sjènouc, dhlad  apì noukleìnia
pou eÐnai ektìc twn kÔriwn stib�dwn sumplhrwmènec mèqri kai touc magikoÔc arij-
moÔc 2, 8, 20 28, 50, 82 kai 126. Epiplèon, jewreÐtai ìti gia tic idiìthtec twn upì
melèth qamhloenergeiak¸n katast�sewn, ìmoia swm�tia sugkentr¸nontai an� zeÔgh
(prwtìnio-prwtìnio   netrìnio-netrìnio) prokeimènou na dhmiourghjoÔn suzeugmènec
katast�seic sunolik c stroform c 0 kai 2. Lìgw twn akèraiwn aut¸n tim¸n, ta
sqhmatizìmena zeug�ria prwtonÐwn   netronÐwn mporoÔn na perigrafoÔn sullogik�
wc mpozìnia. Mpozìnia prwtonÐwn kai netronÐwn me stroform  L = 0 onom�zontai
sπ - mpozìnia kai sν - mpozìnia antÐstoiqa, en¸ mpozìnia prwtonÐwn kai netronÐwn me
stroform  L = 2 onom�zontai dπ - mpozìnia kai dν - mpozìnia antÐstoiqa.

O arijmìc twn zeug¸n noukleonÐwn (mpozonÐwn) sjènouc metriètai apì ton pio
kontinì kleistì floiì, dhlad  e�n o floiìc eÐnai plhrwmènoc mèqri kai ligìtero apì
to misì thc endi�meshc perioq c twn dÔo floi¸n, tìte o arijmìc twn mpozonÐwn eÐnai
Ðsoc me ton arijmì twn zeug¸n noukleonÐwn. Diaforetik�, an eÐnai plhrwmènoc kat�
perissìtero apì to misì thc perioq c, o arijmìc twn mpozonÐwn eÐnai Ðsoc me ton
arijmì twn zeug¸n op¸n. MÐa analutikìterh perigraf  twn idiot twn tou pur na
eÐnai dunat  an antimetwpÐsoume ta zèugh prwtonÐwn kai netronÐwn wc diaforetikèc
ontìthtec (IBM-2). Epiplèon, sthn paroÔsa ekdoq  tou IBM (IBM-1), jewreÐtai
mìno o sqhmatismìc zeug¸n prwtonÐwn-prwtonÐwn kai netronÐwn-netronÐwn. O lìgoc
eÐnai ìti gia thn perioq  twn mesaÐwn kai bari¸n pur nwn pou melet�me, ta prwtìnia
kai netrìnia sjènouc katalamb�noun diaforetioÔc floioÔc, kajist¸ntac ton sqhmati-
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smì zeÔgouc prwtonÐou-netronÐou arket� apÐjano. Par' ìla aut�, zeÔgh prwtonÐwn-
netronÐwn parathroÔntai se elafrÔterouc pur nec, me idiìthtec pou perigr�fontai
apì ektetamèna montèla mpozonÐwn (IBM-3 kai IBM-4).

3.1 Eisagwgikèc ènnoiec kai orismoÐ

Gia thn perigraf  twn idiot twn tou pur na, qrhsimopoieÐtai o formalismìc thc
��deÔterhς�� kb�ntwshc. Oi domikoÐ lÐjoi tou IBM eÐnai oi telestèc dhmiourgÐac (s†, d†µ)
kai katastrof c (s, dµ), me (µ = 0±1,±2), ìpou ikanopoioÔntai oi sqèseic met�jeshc

[s, s†] = 1 (3.1)

[dµ, d
†
ν ] = δµν (3.2)

en¸ oi upìloipoi pijanoÐ metajètec eÐnai mhdenÐzontai. Qrhsimopoi¸ntac to sumboli-
smì b†λµ,λ = 0, 2 ≡ s, d oi sqèseic (3.1) kai (3.2) mporoÔn na ekfrastoÔn wc

[bλµ, b
†
λ′µ′ ] = δλλ′δµµ′ (3.3)

Qr simo eÐnai epÐshc na orÐsoume touc telestèc katastrof c b̃λµ wc

b̃λµ = (−1)λ+µbλ,−µ =


d̃µ = (−1)µd−µ, λ = 2

s̃ = s, λ = 0
(3.4)

O lìgoc pou eis�goume touc telestèc katastrof c b̃λµ, eÐnai ìti oi mpozonikoÐ tele-
stèc dhmiourgÐac b†λµ metasqhmatÐzontai san sfairikoÐ tanustèc upì peristrofèc, en¸
oi sun jeic mpozonikoÐ telestèc katastrof c bλµ ìqi. ParathroÔme thn omoiìthta
twn (3.4) me thn èkfrash (2.4) gia tic sullogikèc suntetagmènec.

Me touc sfairikoÔc tanustikoÔc telestèc mporoÔme na kataskeu�soume tanusti-
k� ginìmena. To tanustikì ginìmeno dÔo sfairik¸n tanustik¸n telest¸n T k1

κ1
, T k2

κ2

orÐzetai wc
[T k1 ⊗ T k2 ]k3

κ3
=
∑
κ1κ2

〈k1κ1k2κ2|k3κ3〉T k1
κ1
T k2
κ2
, (3.5)

me |k2 − k1| < k3 < k2 + k1, κ1 + κ2 = κ3 kai 〈k1κ1k2κ2|k3κ3〉 oi gnwstoÐ suntele-
stèc Clebsch-Gordan. AntÐstoiqa, to bajmwtì ginìmeno dÔo sfairik¸n tanustik¸n
telest¸n T k kai Uk orÐzetai wc

(T k � Uk) = (−1)k
√

2k + 1[T k ⊗ Uk]00 =
∑
κ

(−1)κT kκU
k
−κ (3.6)

Ac doÔme gia par�deigma dÔo efarmogèc thc sqèshc (3.6)

(i) (s† � s̃) = [s† ⊗ s̃]00 = 〈0000|00〉s† ⊗ s̃ = s† ⊗ s̃† ⊗ s̃ = ns (3.7)

ìpou ns o arijmìc twn s-mpozonÐwn thc idiokat�stashc.

(ii) (d† � d̃) =
√

5[d† ⊗ d̃]00 =
√

5
∑
κ1,κ2

〈2κ12κ2|00〉d†κ1
d̃κ2 =

∑
κ1

d†κ1
dκ1 = nd (3.8)

ìpou nd o arijmìc twn d-mpozonÐwn thc idiokat�stashc.
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3.2 H �lgebra Lie U(6)

Eis�gontac touc telestèc thc morf c

Gk
κ(ll

′
) = [b†l ⊗ b̃l′ ]kκ (3.9)

ìpou l, l
′

= 0, 2 ≡ s, d, prokÔptoun sunolik� 62 = 36 telestèc stroform c k kai z
probol c κ. Elègqontac tic sqèseic met�jeshc aut¸n twn telest¸n metaxÔ touc,
blèpoume ìti eÐnai oi Ðdiec me autèc thc �lgebrac Lie thc om�dac U(6) twn monadiak¸n
metasqhmatism¸n stic 6 diast�seic. San sumpèrasma, autoÐ oi telestèc eÐnai oi gen-
n torec thc om�dac U(6), dhlad  oi domikoÐ lÐjoi thc Qamiltwnian c me om�da dom c
thn �lgebra Lie U(6). Oi genn torec autoÐ, mporoÔn na grafoÔn analutik� wc

G0
0(ss) = [s† ⊗ s̃]00 (3.10)

G0
0(dd) = [d† ⊗ d̃]00 (3.11)

G1
κ(dd) = [d† ⊗ d̃]1κ (3.12)

G2
κ(dd) = [d† ⊗ d̃]2κ (3.13)

G3
κ(dd) = [d† ⊗ d̃]3κ (3.14)

G4
κ(dd) = [d† ⊗ d̃]4κ (3.15)

G2
κ(ds) = [d† ⊗ s̃]2κ (3.16)

G2
κ(sd) = [s† ⊗ d̃]2κ (3.17)

'Eqontac prosdiorÐsei thn Qamiltwnian  kai tic idiokatast�seic tou upì melèth fu-
sikoÔ sust matoc, epìmeno b ma eÐnai h diagwniopoÐhsh. Apait¸ntac kaloÔc kbanti-
koÔc arijmoÔc gia thn stroform , epijumoÔme thn kataskeu  mÐac upo�lgebrac pou
na perigr�fetai apì èna uposÔnolo gennhtìrwn thc arqik c �lgebrac Lie U(6) kai
na eÐnai kleist  k�tw apì metajèseic. Dhlad  k�je metajèthc gennhtìrwn thc upì
anaz thsh upo�lgebrac, na par�gei grammikì sundiasmì stoiqeÐwn pou na an koun
se aut n, se sumfwnÐa dhlad  me to deÔtero je¸rhma tou Lie.

[Xi, Xj] =
∑
k

cijXk (3.18)

Proc thn kateÔjunsh aut , up�rqoun sunolik� treic pijanèc alusÐdec upoalgebr¸n
me thn O(3) na perièqetai se k�je mÐa apì autèc

U(6) ⊃ U(5) ⊃ O(5) ⊃ O(3) ⊃ O(2) (I)

U(6) ⊃ U(3) ⊃ SU(3) ⊃ O(3) ⊃ O(2) (II) (3.19)

U(6) ⊃ O(6) ⊃ O(5) ⊃ O(3) ⊃ O(2) (III)

'Eqontac kat� nou mÐa alusÐda algebr¸n, to epìmeno b ma eÐnai h kat�llhlh
dhmiourgÐa mÐac b�shc ìpou h antÐstoiqh Qamiltwnian  eÐnai diagwniopoi simh, en¸
qrei�zetai na brejoÔn oi mh anagwg simec anaparast�seic pou antistoiqoÔn stic
di�forec om�dec thc k�je alusÐdac. Sugkekrimèna, gia thn b�sh thc k�je alusÐdac,
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jèloume na prosdiorÐsoume tic epitrepìmenec timèc tou kbantikoÔ arijmoÔ M twn
mh anagwg simwn anaparast�sewn thc upoom�dac G′, dedomènwn twn epitrepìmenwn
tim¸n tou kbantikoÔ arijmoÔ L stic mh anagwg simec anaparast�seic thc amèswc
megalÔterhc om�dac G. Gnwstì par�deigma gia peristrofèc ston tridi�stato q¸ro
apoteleÐ h alusÐda

O(2) ⊂ O(3) (3.20)

me L thn idiotim  tou genn tora stroform c L̂ sthn om�da O(3) kai M thn idiotim 
tou genn tora L̂z gia thn z probol  thc stroform c sthn upoom�da O(2). Gia thn
koin  b�sh sfairik¸n armonik¸n sto q¸ro Hilbert |LM〉, oi epitrepìmenec timèc tou
kbantikoÔ arijmoÔ M eÐnai M = −L,−(L− 1), ...,+L.

'Etsi, oi katast�seic thc pr¸thc alusÐdac èqoun th morf 

|[N ](nd)υn∆LM〉 (3.21)

ìpou N eÐnai o olikìc arijmìc mpozonÐwn, pou qarakthrÐzei tic mh anagwg simec a-
naparast�seic thc U(6), nd eÐnai o arijmìc twn d mpozonÐwn pou qarakthrÐzei tic mh
anagwg simec anaparast�seic thc U(5), υ eÐnai o arijmìc twn zeug¸n mpozonÐwn me
sÔzeuxh se olik  stroform  di�forh tou mhdenìc en¸ qarakthrÐzei tic m.a.a. thc
O(5) kai onom�zetai arqaiìthta (seniority number), n∆ eÐnai ènac epiplèon kbantikìc
arijmìc, o opoÐoc qrhsimopoieÐtai lìgw thc mh anagwghsimìthtac kat� thn met�bash
apì thn �lgebra O(5) sthn O(3) kai eÐnai o arijmìc twn triplet¸n mpozonÐwn pou
suzeÔgnuntai se olik  stroform  di�forh tou mhdenìc, L eÐnai h stroform , pou
qarakthrÐzei tic mh anagwg simec anaparast�seic thc O(3), kai tèloc, M eÐnai h z
probol  thc stroform c pou ìpwc eÐpame qarakthrÐzei tic mh anagwg simec anapa-
rast�seic thc O(2).

Me parìmoio trìpo, oi katast�seic thc deÔterhc alusÐdac èqoun thn morf 

|[N ](λ, µ)χLM〉 (3.22)

ìpou (λ, µ) eÐnai oi dÔo kbantikoÐ arijmoÐ pou qarakthrÐzoun tic mh anagwg simec
anaparast�seic thc SU(3) kai χ eÐnai ènac epiplèon kbantikìc arijmìc, pou qrhsimo-
poieÐtai epeid  to b ma apì thn SU(3) sthn O(3) den eÐnai pl rwc anagwg simo.

Tèloc, oi katast�seic thc trÐthc alusÐdac èqoun th morf 

|[N ](σ)τνδLM〉, (3.23)

ìpou σ eÐnai o kbantikìc arijmìc pou qarakthrÐzei tic m.a.a. thc O(6), τ eÐnai o
kbantikìc arijmìc pou qarakthrÐzei tic m.a.a. thc O(5) kai n∆ eÐnai ènac epiplèon
kbantikìc arijmìc, pou qrhsimopoieÐtai epeid  to b ma apì thn O(5) sthn O(3) den
eÐnai pl rwc anagwg simo.



Kef�laio 4

DDM gia dunamikì Davidson

4.1 Basikèc paradoqèc

H Qamiltwnian  tou Bohr kai oi epekt�seic thc me to sullogikì montèlo, parèqoun
èna upìbajro anafor�c gia thn katanìhsh thc dom c kai thc sullogik c sumperifo-
r�c twn atomik¸n pur nwn. H basik  paradoq  sta parap�nw jewrhtik� montèla,
eÐnai h stajerìthta thc m�zac sth Qamiltwnian  tou Bohr. Par�ola aut� up�rqei
plhj¸ra endeÐxewn ìti aut  h prosègish mporeÐ na mhn eÐnai akrib c. Sugkekrimèna:

(α) Oi ropèc adraneÐac problèpetai ìti aux�nontai an�loga me ton ìro β2, ìpou β eÐ-
nai h gnwst  sullogik  par�metroc paramìrfwshc pou metr� thn apìklish apì
to sfairikì sq ma, en¸ oi antÐstoiqec peiramatikèc touc timèc parousi�zoun mÐa
arket� pio  pia aÔxhsh se sqèsh me tic peiramatikèc timèc thc paramorfwshc,
kurÐwc gia mìnima paramorfwmènouc pur nec[8]. Aut  h asumfwnÐa, par� thn
epituqÐa thc Qamiltwneian c tou Bohr gia kajar� donhtikoÔc kai metabatikoÔc
pur nec, qr zei tropopoÐhsh gia paramorfwmènouc pur nec.

(β) EkteneÐc sugkrÐseic me peiramatik� dedomèna[46, 47], upodeiknÔoun ìti to baj-
mwtì fusikì mègejoc thc m�zac eÐnai anagkaÐo na proaqjeÐ se tanust  sunar-
t sei twn sullogik¸n suntetagmènwn, me tetrapolikoÔc kai dekaexapoliokÔc
ìrouc.

(γ) Sto gewmetrikì ìrio thc algebrik c perigraf c tou IBM, ìpou gÐnetai qr -
sh sÔmfwnwn katast�sewn[48], prokÔptoun epiprosjètwc sthn QamiltwnianoÐ
ìroi thc morf c π2β2   kai pio sÔnjetoi[51], se sqèsh ton sÔnhjec ìro thc
kinhtik c enèrgeiac π2. Proc aut  thn kateÔjunsh, jewreÐtai aparaÐthth h
kat�llhlh tropopoÐhsh thc Qamiltwnian c kai sugkekrimèna thc kinhtik c e-
nèrgeiac, sunart sei twn proanaferjèntwn ìrwn.

Basizìmenoi sta parap�nw epiqeir mata, mporeÐ na kataskeuasteÐ mÐa Qamiltwnia-
n  me thn m�za na exart�tai apì thn paramìrfwsh kai sugkekrimèna apì thn sullogi-
k  metablht  β. Peript¸seic ex�rthshc thc m�zac apì th jèsh èqoun genik� meleth-
jeÐ [52], en¸ arketèc Qamiltwnianèc lumènec me mejìdouc upersummetrik c kbantomh-
qanik c SUSYQM (SupperSYmmetricQuantumMechanics) [53, 54], sumperilambanomènhc
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aut c tou tridi�statou armonikoÔ talantwt  [55], èqoun tropopoihjeÐ kat�llhla ¸-
ste na perilamb�noun qwroexarthmènh m�za.

Sto par¸n kef�laio [56] ja parousiasteÐ h genik  Qamiltwnian  tou Bohr gia
dunamikì Davidson[57] me thn m�za na exart�tai apì thn sullogik  par�metro para-
mìrfwshc β mèsw thc èkfrashc

B =
B0

(1 + αβ2)2
(4.1)

ìpou α kai B0 stajerèc. Ja exetastoÔn sunolik� treic kathgorÐec dunamik¸n, en¸
me qwrismì metablht¸n epitugq�netai h epÐlush thc ek�stote merik c diaforik c
exÐswshc.

(α) Dunamik� anex�rthta apì thn par�metro γ [11]   γ astaj  dunamik�, kat�llhla
gia thn perigraf  donhtik¸n pur nwn.

(β) Dunamik� thc morf c [11, 58, 59, 60, 61]

υ(β, γ) = u(β) +
w(γ)

β2
(4.2)

ìpou u(β) dunamikì Davidson [57], en¸ to w(γ) parousi�zei bajÔ topikì el�qi-
sto sto γ = 0, kat�llhlo gia axonik� summetrikoÔc paramorfwmènouc pur nec.

(γ) OmoÐwc dunamik� th morf c

υ(β, γ) = u(β) +
w(γ)

β2
(4.3)

ìpou u(β) dunamikì Davidson [57], en¸ to w(γ) parousi�zei bajÔ topikì el�-
qisto sto γ = π/6, kat�llhlo gia triaxonikoÔc pur nec [9, 62].

4.2 Qamiltwnian  me qwroexarthmènh m�za

4.2.1 Basikìc formalismìc

Jewr¸ntac m�za exart¸menh apì ton telest  jèshc m(x) [52], prokÔptei mh meta-
jetìthta me ton antÐstoiqo telest  orm c p= −ih̄∇. 'Etsi, krÐnetai aparaÐthth h
tropopoÐhsh tou ìrou thc kinhtik c enèrgeiac −h̄2/(2m0), ìpou m0 stajer�, ¸ste
na prokÔptei Ermitianìc telest c. Eis�gontac thn èkfrash dÔo paramètrwn, ìpou
arqik� eis qjei apì ton von Roos [63], me Qamiltwnian 

H = − h̄
2

4

[
mδ′(x)∇mκ′(x)∇mλ′(x) +mλ′(x)∇mκ′(x)∇mδ′(x)

]
+ V (x) (4.4)

ìpou V eÐnai to sqetikì dunamikì en¸ oi par�metroi δ′, κ′, λ′ upakoÔoun th sqèsh
δ′ + κ′ + λ′ = −1. Jewr¸ntac qwroexart¸manh m�za me èkfrash

m(x) = m0M(x), M(x) =
1

f 2(x)
, f(x) = 1 + g(x) (4.5)



4.2. QAMILTWNIAN�H ME QWROEXARTHM�ENH M�AZA 33

ìpou m0 stajer� kai M(x) qwroexart¸menh posìthta, h Qamiltwnian  gÐnetai

H = − h̄2

4m0

[
f δ(x)∇fκ(x)∇fλ(x) + fλ(x)∇fκ(x)∇f δ(x)

]
+ V (x) (4.6)

en¸ δ + κ+ λ = 2. EpÐshc, h Qamiltwnian  aut  mporeÐ na l�bei thn èkfrash [52]

H = − h̄2

2m0

√
f(x)∇f(x)∇

√
f(x) + Veff (x) (4.7)

me

Veff (x) = V (x) +
h̄2

2m0

[
1

2
(1− δ − λ)f(x)∇2f(x)

+
(

1

2
− δ

)(
1

2
− λ

)
(∇f(x))2

]
(4.8)

4.2.2 Kataskeu  thc Qamiltwnian c

Xekin¸ntac me afethrÐa thn Qamiltwnian  (4.7) epijumoÔme thn kataskeu  thc antÐ-
stoiqhc exÐswshc Bohr, me thn par�metro m�zac na èqei thn èkfrash

B(β) =
B0

f 2(β)
(4.9)

ìpou B0 stajer�. Qrhsimopoi¸ntac th sun jh mèjodo Pauli-Podolsky [64] gia kam-
pulìgrammec suntetagmènec

∇Φi = gij
∂Φ

∂xj
, ∇2Φ =

1
√
g

∂

∂xi

√
gg−1

ij

∂

∂xj
Φ (4.10)

prokÔptei h zhtoÔmenh exÐswsh Bohr

H =

[
−1

2

√
f

β4

∂

∂β
β4f

∂

∂β

√
f − f 2

2β2 sin 3γ

∂

∂γ
sin 3γ

∂

∂γ

+
f 2

8β2

∑
k=1,2,3

Q2
k

sin2 (γ − 2
3
πκ)

+ υeff

Ψ = εΨ (4.11)

me ε = B0E
h̄2 kai υ = B0V

h̄2 oi anhgmènec timèc twn idiotim¸n thc enèrgeiac kai tou
dunamikoÔ antÐstoiqa, en¸

υeff = υ(β, γ) +
1

4
(1− δ − λ)f∇2f +

1

2

(
1

2
− δ

)(
1

2
− λ

)
(∇f)2 (4.12)
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4.3 Eidikèc lÔseic thc ExÐswshc Bohr

4.3.1 g-astaj c pur nec

'Opwc proanafèrjhke, gia thn kathgorÐa twn g-astaj¸n pur nwn, jewroÔme dunamik�
thc morf c u = u(β), kat�llhlo gia pur nec twn opoÐwn to f�sma den exart�tai apì
thn apìklis  tou apì axonik  summetrÐa. Jewr¸ntac kumatosunart seic thc morf c
[11, 49],

Ψ(β, γ, θi) = ξ(β)Φ(γ, θi) (4.13)

kai antikajist¸ntac sthn (4.11), me qwrismì metablht¸n prokÔptoun oi ekfr�seic

[
−1

2

√
f

β4

∂

∂β
β4f

∂

∂β

√
f +

f 2

2β2
Λ+

1

4
(1− δ − λ)f∇2f

(4.14)

+
1

2

(
1

2
− δ

)(
1

2
− λ

)
(∇f)2 + u(β)

]
ξ(β) = εξ(β)

− 1

sin 3γ

∂

∂γ
sin 3γ

∂

∂γ
+

1

4

∑
k

Q2
k

sin2
(
γ − 2

3
kπ
)
Φ(γ, θi) = ΛΦ(γ, θi) (4.15)

ìpou h exÐswsh (4.15) èqei lujeÐ apì ton Bès [65]. O Λ = τ(τ + 3), anaparist�
tic idiotimèc tou telest  Casimir deÔterh t�xhc thc �lgebrac SO(5), en¸ o τ eÐnai
o arijmìc kuriìthtac (seniority number) thc mh anagwg simhc anapar�stashc thc
SO(5).

4.3.2 Summetrik� paramorfwmènoi pur nec

Se aut  thn kathgorÐa pur nwn jewroÔme dunamik� thc morf c [11, 58, 59, 60, 61]

υ(β, γ) = u(β) +
f 2

β2
w(γ) (4.16)

ìpou h w(γ) èqei èna bajÔ el�qisto gia γ = 0. Gia aut  thn perÐptwsh, h stroform 
mporeÐ na p�rei thn èkfrash [50]

∑
k=1,2,3

Q2
k

sin2
(
γ − 2

3
kπ
) ≈ 4

3

(
Q2

1 +Q2
2 +Q2

3

)
+Q2

3

(
1

sin2 γ
− 4

3

)
(4.17)

AnazhtoÔme lÔseic thc morf c [50]

Ψ(β, γ, θi) = ξL(β)ηK(γ)DLM,K(θi) (4.18)

ìpou DLM,K(θi) oi sunart seic Wigner, en¸ M kai K oi gnwstèc idiotimèc twn pro-
bol¸n thc stroform c ston �xona z tou adraneiakoÔ sust matoc kai ston �xona
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z′ tou eswterikoÔ sust matoc antÐstoiqa. Me qwrismì metablht¸n prokÔptoun oi
ekfr�seic [

−1

2

√
f

β4

∂

∂β
β4f

∂

∂β

√
f +

f 2

2β2
Λ̃+

1

4
(1− δ − λ)f∇2f

(4.19)

+
1

2

(
1

2
− δ

)(
1

2
− λ

)
(∇f)2 + u(β)

]
ξL(β) = εξL(β)

[
− 1

sin 3γ

∂

∂γ
sin 3γ

∂

∂γ
+
K2

4

(
1

sin2 γ
− 4

3

)
+ 2w(γ)

]
ηK(γ) = ηK(γ) (4.20)

ìpou

Λ̃ = Λ +
L(L+ 1)

3
(4.21)

H exÐswsh (4.20) èqei lujeÐ gia dunamikì armonikoÔ talantwt 

w(γ) =
1

2
(3c)2γ2 (4.22)

gia γ ≈ 0 [61, 50], me

Λ = εγ −
K2

3
εγ = 6c(nγ + 1), γ = 0, 1, 2, ... (4.23)

ìpou nγ o kbantikìc arijmìc pou antistoiqeÐ sto f�sma thc γ tal�ntwshc. Oi epi-
trepìmenec z¸nec qarakthrÐzontai apì tic ekfr�seic

nγ = 0, K = 0; nγ = 1, K = ±2;

nγ = 2, K = 0,±4; . . .
(4.24)

en¸ axiopoi¸ntac tic ekfr�seic (4.21) kai (4.23) prokÔptei

Λ̃ =
L(L+ 1)−K2

3
+ 6c(nγ + 1) (4.25)

4.3.3 TriaxonikoÐ pur nec me g=p/6

Se aut  thn perÐptwsh jewroÔme xan� dunamikì thc morf c

υ(β, γ) = u(β) +
f 2

β2
w(γ) (4.26)

me thn diafor� ìti h sun�rthsh w(γ) parousi�zei èna bajÔ el�qisto sto γ = π/6.
Se autì to prìblhma o K, h idiotim  thc probol c thc stroform c ston z′ �xona
tou eswterikoÔ sust matoc den eÐnai kalìc kbantikìc arijmìc se antÐjesh me ton
α, pou anaparist� thn idiotim  thc probol c thc stroform c ston x′ �xona tou
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eswterikoÔ sust matoc, sÔmfwna me [66] th melèth tou triaxonikoÔ peristrofèa [9,
62]. H èkfrash gia thn stroform  paÐrnei th morf  [66, 67]

∑
k=1,2,3

Q2
k

sin2
(
γ − 2

3
kπ
) ≈ 4

(
Q2

1 +Q2
2 +Q2

3

)
− 3Q2

1 (4.27)

Anazht¸ntac lÔseic thc morf c [67]

Ψ(β, γ, θi) = ξL,α(β)η(γ)DLM,α(θi) (4.28)

ìpou omoÐwc D(θi) oi sunart seic Wigner twn gwni¸n Euler en¸ M kai α oi kbantikoÐ
arijmoÐ twn probol¸n thc stroform c ston z �xona tou adraneiakoÔ sust matoc kai
ston x′ �xona tou eswterikoÔ sust matoc antÐstoiqa, me qwrismì metablht¸n èqoume
tic ekfr�seic [

−1

2

√
f

β4

∂

∂β
β4f

∂

∂β

√
f +

f 2

2β2
Λ̄+

1

4
(1− δ − λ)f∇2f

(4.29)

+
1

2

(
1

2
− δ

)(
1

2
− λ

)
(∇f)2 + u(β)

]
ξL,α(β) = εξL,α(β)

[
− 1

sin 3γ

∂

∂γ
sin 3γ

∂

∂γ
+ 2w(γ)

]
η(γ) = Λ′η(γ) (4.30)

en¸

Λ̄ =
4L(L+ 1)− 3α2

4
+ Λ′ (4.31)

H exÐswsh (4.30) èqei lujeÐ gia dunamikì armonikoÔ talantwt  gÔrw apì to topikì
el�qisto

w(γ) =
1

4
c
(
γ − π

6

)
(4.32)

en¸ gia γ ≈ π/6 [67]

Λ′ = εγ =
√

2c
(
nγ +

1

2

)
(4.33)

ìpou nγ o sqetikìc kbantikìc arijmìc gia tic γ talant¸seic, en¸ axiopoi¸ntac ka-
t�llhla tic ekfr�seic (4.31) kai (4.33) prokÔptei

Λ̄ =
4L(L+ 1)− 3α2

4
+
√

2c
(
nγ +

1

2

)
(4.34)

4.3.4 To koinì b-mèroc tou f�smatoc

Apì thn parousÐash twn parap�nw peript¸sewn, parathroÔme ìti oi antÐstoiqec lÔ-
seic (4.14), (4.19) kai (4.29) gia to donhtikì skèloc thc exÐswshc Bohr èqoun koin 
morf , me thn diafor� ìti o ìroc Λ antikajÐstatai apì ton Λ̃ sthn deÔterh perÐptwsh
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kai apì ton Λ̄ sthn trÐth. Ektel¸ntac tic sqetikèc paragwg seic sthn exÐswsh (4.14)
prokÔptei h deÔterhc t�xhc diaforik  exÐswsh

1

2
f 2ξ′′+

(
ff ′ +

2f 2

β

)
ξ′+

(
(f ′)2

8
+
ff ′′

4
+
ff ′

β

)
ξ− f 2

2β2
Λξ+ εξ−υeffξ = 0 (4.35)

ìpou

υeff = u+
1

4
(1− δ − λ)f

(
4f ′

β
+ f ′′

)
+

1

2

(
1

2
− δ

)(
1

2
− λ

)
(f ′)2 (4.36)

Jètontac

ξ(β) =
R(β)

β2
(4.37)

kai antikajist¸ntac sthn (4.53) èqoume

HR = −
(√

f
d

dβ

√
f

)2

R + 2ueffR = 2εR (4.38)

ìpou

ueff = υeff +
f 2 + βff ′

β2
+

f 2

2β2
Λ (4.39)

4.3.5 To dunamikì Davidson

Se aut  thn enìthta eidikèc morfèc gia tic exis¸seic tou dunamikoÔ u(β) kai thc su-
n�rthshshc paramìrfwshc m�zac f(β). Sugkekrimèna, jewroÔme dunamikì Davidson
[57]

u(β) = β2 +
β2

0

β2
(4.40)

ìpou β0 to el�qisto tou dunamikoÔ, en¸ basizìmenoi sta apotelèsmata tou tridi�-
statou armonikoÔ talantwt  [55] jewroÔme sun�rthsh paramìrfwshc

f(β) = 1 + αβ2, α� 1 (4.41)

Eis�gontac tic sqèseic (4.40) kai (4.41) sthn èkfrash (4.39) gia to dunamikì ueff
prokÔptei h sqèsh

2ueff = k1β
2 + k0 +

k−1

β2
(4.42)

ìpou

k1 = 2 + α2 [5(1− δ − λ) + (1− 2δ)(1− 2λ) + 6 + Λ]

k0 = α [5(1− δ − λ) + 8 + 2Λ] (4.43)

k−1 = 2 + Λ + 2β4
0

me thn upenjÔmish ìti antikajistoÔme ton Λ me Λ̃ kai Λ̄ gia axonik� paramorfwmènouc
kai triaxonikoÔc pur nec antÐstoiqa.
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4.4 Sqhmatik� analloÐwta dunamik�

Gia thn eÔresh twn idiotim¸n kai twn idiosunart sewn thc Qamiltwnian c (4.38) [57]
efarmìzontai mèjodoi [55] me oloklhrwtikèc sunj kec pou exasfalÐzoun thn Ôparxh
lÔse¸n thc sta plaÐsia thc upersummetrik c kbantomhqanik c [54] kai an�logec me
thn gnwst  mèjodo paragontopoÐhshc thc exÐswshc Schrödinger [68]

Sthn apl  perÐptwsh tou monodi�statou q¸rou[69] jewroÔme dÔo dunamik� V1 kai
V2, ìpou eÐnai en gènei diaforetikèc sunart seic wc proc x kai apoteloÔn upersum-
metrikì zeÔgoc, en¸ apokaloÔntai sqhmatik� analloÐwta SIPs(ShapeInvariantPotentials)
an ikanopoioÔn th desmeutik  sunj kh

V2(x;α1) = V1(x;α2) +R(α1) (4.44)

ìpou oi par�metroi α1 kai α2 eÐnai anex�rthtoi tou x kai epiplèon o α2 eÐnai sun�r-
thsh tou α1. Epiprosjètwc, eÐnai gnwstì ìti h sqèsh analloi¸thtac (4.44) mporeÐ
ekfrasteÐ me th morf  telest¸n wc

A(α1)A†(α1) = A†(α2)A(α2) +R(α1) (4.45)

ìpou A kai A† eÐnai oi telestèc pou antistoiqoÔn sto upersummetrikì zeÔgoc Qamil-
twnian¸n H1 = A†A kai H2 = AA†, ìpou lÔnontac kaneÐc thn exÐswsh Scrödinger
gia thn H1, èqei san kèrdoc kai thn lÔsh thc H2.

Sthn paroÔsa perÐptwsh, ìpou lamb�noume up�oyin thn ex�rthsh thc m�zac apì
thn paramìrfwsh, èqoume na lÔsoume thn (4.38). Sugkekrimèna, jewroÔme thn H wc
ton pr¸to ìro thc parak�tw akoloujÐac Qamiltwnian¸n

Hi = A+
i A
−
i +

i∑
j=0

εj, i = 0, 1, 2, . . . (4.46)

ìpou h pr¸thc t�xhc telestèc [55] orÐzontai wc

A±i = A±(µi, νi) = ∓
√
f
d

dβ

√
f +W (µi, νi; β) (4.47)

kai ikanoioÔn th anadromik  sqèsh analloi¸thtac

A−i A
+
i = A+

i+1A
−
i+1 + εi+1, i = 0, 1, 2, . . . (4.48)

ìpou εi stajerèc.
Autì èqei wc apotèlesma, afoÔ ta dunamik� V2(x;α1) kai V1(x;α2) apoteloÔn

uperummetrikì zeÔgoc, ìti to uperdunamikì W (µ, ν; β) ikanopoieÐ tic dÔo parak�tw
sunj kec

W 2(µ, ν; β)− f(β)W ′(µ, ν; β) + ε0 = 2ueff (β) (4.49)

W 2(µi, νi; β) + f(β)W ′(µi, νi; β)

= W 2(µi+1, νi+1; β)− f(β)W ′(µi+1, νi+1; β) + εi+1, i = 0, 1, 2, . . . (4.50)
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ìpou µ0 = µ kai ν0 = ν.
Gia thn perÐptwsh tou dunamikoÔ υeff sthn sqèsh (4.42) to W (µ, ν; β) eÐnai èna

deÔterhc t�xhc uperdunamikì

W (µ, ν; β) = µφ(β) +
ν

φ(β)
(4.51)

φ(β) =
1

β
(4.52)

en¸ sÔmfwna me thn anafor� [55]

φ′(β) = − 1

β2
=

A

β2
+B (4.53)

αβ2 =
A′/β2 +B′

−1/β2
(4.54)

ìpou A = −1, B = 0, A′ = 0, kai B′ = −α.
Eis�gontac tic ekfr�seic (4.51) kai (4.52) gia to uperdunamikì sthn (4.49) pro-

kÔptei h sqèsh(
µ

β
+ νβ

)2

−
(
1 + αβ2

)(
− µ

β2
+ ν

)
+ ε0 = k1β

2 + k0 +
k−1

β2
(4.55)

ìpou exis¸nontac ìmoiec dun�meic thc paramìrfwshc β sta mèlh thc (4.55) prokÔptei
to sÔsthma

µ(µ+ 1) = k−1

ν(ν − α) = k1 (4.56)

2µν + µα− ν + ε0 = k0

me lÔsh

µ =
1

2
(−1±∆1), ν =

α

2
(1±∆2), ε0 = k0 − 2µν − µα + ν (4.57)

kai

∆1 ≡
√

1 + 4k−1, ∆2 =

√
1 + 4

k1

α2
(4.58)

en¸, ìpwc ja doÔme parak�tw, gia fusik� apodekt  lÔsh thc kumatostun�rthshc
thc jemeli¸douc st�jmhc apaiteÐtai

µ = −1

2
(1 + ∆1), ν =

α

2
(1 + ∆2) (4.59)

Tèloc, eis�gontac tic ekfr�seic (4.51) kai (4.52) gia to uperdunamikì sthn (4.50)
prokÔptei h anadromik  sqèsh(

µi
β

+ νiβ

)2

+
(
1 + αβ2

)(
−µi
β2

+ νi

)

=

(
µi+1

β
+ νi+1β

)2

−
(
1 + αβ2

)(
−µi+1

β2
+ νi+1

)
+ εi+ 1 (4.60)
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OmoÐwc kai ed¸, exis¸nontac ìmoiec dun�meic thc paramìrfwshc β sta mèlh thc (4.60)
prokÔptei to sÔsthma

µi(µi − 1) = µi+1(µi+1 + 1)

νi(νi + α) = νi+1(νi+1 − α) (4.61)

2µiνi − µiα + νi = 2µi+1νi+1 + µi+1α− νi+1 + εi+1

me lÔsh
µi+1 = µi − 1, νi+1 = νi + α (4.62)

εi+1 = 2(µiνi − µi+1νi+1)− (µi + µi+1)α + νi + νi+1 (4.63)

ìpou gia µ0 = µ kai ν0 = ν h (4.62) èqei lÔsh tic akoloujÐec

µi = µ− i
νi = ν + iα (4.64)

4.5 Energeiakì f�sma

To energeiakì f�sma thc (4.38) dÐnetai apì thn èkfrash

εn =
1

2

n∑
i=0

εi

=
1

2

[
k0 − 2µnνn − α

(
2
n−1∑
i=0

µi + µn

)
+ 2

n−1∑
i=0

νi + νn

]

=
1

2

[
k0 − 2µν − αµ+ ν − 4(αµ− ν)n+ 4αn2

]
(4.65)

ìpou lamb�nontac kaneÐc upìyin tic eidikèc lÔseic (4.59) oi idiotimèc thc enèrgeiac
gÐnontai

εn =
1

2

[
k0 +

1

2
α(3 + 2∆1 + 2∆2 + ∆1∆2)

+2α(2 + ∆1 + ∆2)n+ 4αn2
]

(4.66)

n = 0, 1, 2, . . .

ìpou to eÔroc twn tim¸n tou n kajorÐzetai apì thn Ôparxh fusik� apodekt¸n kuma-
tosunart sewn.

Sta plaÐsia aut c thc ergasÐac, ja qrhsimopoihjoÔn oi parak�tw jewrhtikèc
timèc tou f�smatoc gia sÔgkrish me ta antÐstoiqa peiramatik� dedomèna

ε0 =
19

4
α +

5

2
(1− δ − λ)α +

1

2

√
α2 + 4k1

+
α

2

√
1 + 4k−1 +

1

4

√
(α2 + 4k1)(1 + 4k−1) + αΛ (4.67)

ε1 = ε0 + 4α +
√
α2 + 4k1 + α

√
1 + 4k−1 (4.68)

ε2 = ε0 + 12α + 2
√
α2 + 4k1 + 2α

√
1 + 4k−1 (4.69)
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ìpou oi timèc twn k−1, k0, k1 dÐnontai apì tic ekfr�seic (4.43), me thn upenjÔmish
ìti antikajistoÔme ton Λ me Λ̃ kai Λ̄ gia axonik� paramorfwmènouc kai triaxonikoÔc
pur nec antÐstoiqa. Stic parap�nw ekfr�seic, h jemeli¸dhc z¸nh dÐnetai apì thn
(4.76) en¸ h β1 z¸nh apì thn (4.77).

4.6 Kumatosunart seic

Gia na fusik� apodektèc kumatosunart seic, prèpei klasik� na ikanopoioÔntai oi
parak�tw sunj kec [55]

(a) 'Opwc kai sthn paradosiak  kbantomhqanik , prèpei oi kumatosunart seic na
eÐnai tetragwnik� oloklhr¸simec sthn perioq  orismoÔ tou dunamikoÔ ueff ,  toi∫ ∞

0
dβ|Rn(β)|2 <∞ (4.70)

(β) OmoÐwc, ja prèpei h antÐstoiqh Qamiltwnian  H na eÐnai Ermitianìc telest c,
dhlad  o telest c

√
f(d/dβ)

√
f periorÐzetai apì th sunj kh

|Rn(β)|2 → 0 για β → 0

|Rn(β)|2β2 → 0 για β →∞ (4.71)

4.6.1 H kumatosun�rthsh thc jemeli¸douc st�jmhc

H kumatosun�rthsh thc jemeli¸douc st�jmhc anapar�getai apì ton telest  kata-
strof c [55] sÔmfwna me thn èkfrash

A−R0(β) = 0(√
f(β)

d

dβ

√
f(β) +W (µ, ν; β)

)
R0(β) = 0

1

2
f ′(β)R0(β) + f(β)R′0(β) +W (µ, ν; β)R0(β) = 0(√

f(β)
)′
R0(β) +

√
f(β)R′0(β) = −W (µ, ν; β)R0(β)√

f(β)

d
(√

f(β)R0(β)
)

√
f(β)R0(β)

= −W (µ, ν; β)

f(β)
dβ

R0(β) = R0(µ, ν; β)

=
N0√
f(β)

exp

(
−
∫ β W (µ, ν; β̃)

f(β̃)
dβ̃

)
(4.72)(4.72)

ìpou N0 h stajer� kanonikopoÐhshc, en¸∫ β W (µ, ν; β̃)

f(β̃)
dβ̃ =

∫ β
(
µ

β̃
+

(ν − µα)β̃

1 + αβ̃2
dβ̃

)

= µ ln β +
1

2α
(ν − µα) ln (1 + αβ2) (4.73)
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Axiopoi¸ntac tic (4.72) kai (4.73)

R0(β) = N0β
−µf (ν−µα+α)/(2α) (4.74)

Gia β → 0, h jetik� orismèmh sun�rthsh |R0(β)|2 sumperifèretai wc β−2µ. H
pr¸th èkfrash apì th sunj kh (4.71) epib�llei ìti µ < 0. Epeid  o ìroc k−1 ìpwc
orÐzetai apì thn (4.43) eÐnai megalÔteroc apì 2, sunep�getai ìti o ∆1 ìpwc orÐzetai
apì thn (4.58) eÐnai megalÔteroc tou 3, me apotèlesma h epilog  jetikoÔ pros mou
sthn èkfrash (4.57) gia to µ na odhgeÐ sthn µ > 1. Autì apoteleÐ mh fusik�
paradekt  lÔsh, af nontac wc epilog  to arnhtikì prìshmo sthn (4.57), kai �ra
µ < −2.

Gia β → ∞, h jetik� orismènh sun�rthsh |R0(β)|2β2 sumperifèretai wc β−2ν/α.
H deÔterh èkfrash apì th sunj kh (4.71) epib�llei ìti ν > 0. H epilog  aut  e-
xasfalÐzetai gia jetikì prìshmo tou ν sthn (4.57). Gia arnhtikì prìshmo, h jetik�
orismènh posìthta ∆2 eÐnai fragmènh sto 0 < ∆2 < 1. Gia mikrèc timèc tou α h posì-
thta k1 sthn (4.43) gÐnetai jetik , en¸ h posìthta ∆2 sthn (4.58) gÐnetai megalÔterh
tou 1, apotèlesma mh paradektì. Par�ola aut�, gia meg�lec timèc tou α, up�rqoun
paradektèc lÔseic. Epeid  eÐnai sÔnhjec sthn kbantomhqanik  na epilègetai apì è-
na sÔnolo paradekt¸n kumatosunart sewn aut  me thn pio omal  �sumperifor��[70],
jewroÔme to jetikì prìshmo sthn epilog  tou ν, katal gontac ètsi stic (5.59).

4.6.2 Diegermènec katast�seic

SÔmfwna me thn anafor� [55] oi diegermènec katast�seic dÐnontai apì thn èkfrash

Rn(β) = Rn(µ, ν; β) ∝ β−nR0(µn, νn; β)Pn(µ, ν; y)

y = β2 (4.75)

ìpou Pn(µ, ν; y) eÐnai èna polu¸numo n-bajmoÔ wc proc y pou ikanopoieÐ thn anadro-
mik  sqèsh

Pn+1(µ, ν; y) = −2y(1 + αy)
d

dy
Pn(µ1, ν1; y)

+ [µn+1 + µ+ ν(νn+1 + ν + nα)y]Pn(µ1, ν1; y) (4.76)

me arqik  tim  thn P0(µ, ν; y) = 1.
Antikajist¸ntac tic akoloujÐec (4.64) sthn èkfrash R0(µn, νn; β) kai axiopoi¸n-

tac thn sqèsh (4.74)

R0(µn, νn; β) ∝ β−µnf−(νn−µnα+α)/(2α) ∝ R0(µ, ν; β)βnf−n (4.77)

ètsi h (4.75) gÐnetai
Rn(β) ∝ R0(β)f−nPn(µ, ν; y) (4.78)

H parap�nw èkfrash upakoÔei thn sunj kh (4.71) gia n = 1, 2, . . . dedomènou ìti h
R0(β) thn ikanopoieÐ, ìpwc apodeÐqjhke sthn prohgoÔmenh enìthta.
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Gia thn lÔsh thc anadromik c èkfrashc (4.76), qr simh eÐnai h allag  metablht c

t = 1− 2

f
=
−1 + αy

1 + αy
(4.79)

sth sun�rthsh

Pn(µ, ν; y) = Cnf
nQn(µ, ν; t) (4.80)

ìpou Cn k�poia stajer�, en¸ ex orismoÔ, h sun�rthsh Qn(µ, ν; t) eÐnai polu¸numo
n-bajmoÔ wc proc t. Qrhsimopoi¸ntac diadoqik� tic ekfr�seic

y =
1 + t

α(1− t)
, 1 + αy =

2

1− t
,

d

dy
=
α

2
(1− t2)

d

dt
(4.81)

mporoÔme na deÐxoume ìti h sqèsh (4.76) gÐnetai (Bl.Par�rthma E)

Cn+1

Cn
Qn+1(µ, ν; t) =

{
−(1− t2)

d

dt
+
[
µ+

ν

α
+
(
ν

α
− µ+ 1

)
t
]}

×Qn(µ− 1, ν + α; t) (4.82)

Lamb�notac up�oyin ìti ta polu¸numa Jacobi ikanopoioÔn th sqèsh [71]

2(n+ 1)P
(α,β)
n+1 (x) =

{
−(1− x2)

d

dx
+ [α− β + (α + β + 2)x]

}
P (α+1,β+1)
n (x) (4.83)

blèpoume ìti ta polu¸numa Qn(µ, ν; t) eÐnai polu¸numa Jacobi,

Qn(µ, ν; t) = P
( ν
α
− 1

2
,−µ− 1

2
)

n (t) = P
(

∆2
2
,
∆1
2

)
n (t) (4.84)

epilègontac

Cn+1

Cn
= 2(n+ 1), C0 = 1 (4.85)

dhlad  Cn = 2nn!, en¸ oi kumatosunart seic dÐnontai apì thn èkfrash

Rn(β) =
Nn

N0

R0(β)P
( ν
α
− 1

2
,−µ− 1

2
)

n (t) = Nnβ
−µf−(ν−µα+α)/(2α)P

( ν
α
− 1

2
,−µ− 1

2
)

n (t) (4.86)

  qrhsimopoi¸ntac tic paramètrouc ∆1,∆2 kai t

Rn(β) = Nnβ
(1+∆1)/2f−1−(∆1+∆2)/4P (∆2/2,∆1/2)

n (t), t =
−1 + αβ2

1 + αβ2
(4.87)

ìpou Nn h stajer� kanonikopoÐhshc.
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4.6.3 H stajer� kanonikopoÐhshc

Gia ton upologismì twn Nn, skopÐmwc ekfr�zoume tic kumatosunart seic Rn sunar-
t sei thc paramètrou t.

Rn = Nny
(1+∆1)/4(1 + αy)−1−(∆1+∆2)/4P (∆2/2,∆1/2)

n (t)

= Nn2−1−(∆1+∆2)/4α−(1+∆1)/4(1 + t)(1+∆1)/4(1− t)(3+∆2)/4

×P (∆2/2,∆1/2)
n (t) (4.88)

DiaforÐzontac thn deÔterh sqèsh apì tic (4.75)

dβ =
dy

2
√
y

=
dt√

α(1− t)3/2(1 + t)1/2
(4.89)

kai antikajist¸ntac sth sqèsh oloklhrwsimìthtac twn kumatosunart sewn∫ ∞
0
|Rn|2dβ = |Nn|22−2−(∆1+∆2)/2α−1−∆1/2

×
∫ 1

−1
(1− t)∆2/2(1 + t)∆1/2

[
P (∆2/2,∆1/2)
n (t)

]2
dt (4.90)

Qrhsimopoi¸ntac tic oloklhrwtikèc sqèseic twn poluwnÔmwn Jacobi[72], h sqèsh
kanonikopoÐhshc dÐnetai apì thn èkfrash

2(∆1+∆2)/2+1Γ
(
n+ ∆1

2
+ 1

)
Γ
(
n+ ∆1

2
+ 1

)
(
2n+ ∆1+∆2

2
+ 1

)
n!Γ

(
n+ ∆1+∆2

2
+ 1

) |Nn|22−2−(∆1+∆2)/2α−1−∆1/2 = 1 (4.91)

 

Nn =
[
2α∆1/2+1

(
2n+

∆1 + ∆2

2
+ 1

)
n!
]1/2

×

 Γ
(
n+ ∆1+∆2

2
+ 1

)
Γ
(
n+ ∆1

2
+ 1

)
Γ
(
n+ ∆2

2
+ 1

)
1/2

(4.92)

ìpou o lìgoc twn sunart sewn G sthn (4.92) sugkÐnei gia meg�lec timèc tou deÐkth
n, sÔmfwna me to Par�rthma thc anafor�c [56]

4.7 RujmoÐ met�ptwshc B(E2)

Oi rujmoÐ met�bashc B(E2) upologÐzontai apì thn èkfrash

B(E2; %L→ %′L′) =
5

16π

|〈%′L′||T (E2)||%L〉|2

2L+ 1
(4.93)
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ìpou to % anaparist� kbantikoÔc arijmoÔc ektìc stroform c kai mporeÐ na upologi-
steÐ qrhsimopoi¸ntac ton tetrapolikì telest  TE2 kai to je¸rhma Wigner-Eckart

〈%′L′M ′|T (E2)
µ |%LM〉 =

1√
2L′ + 1

〈L2L′|MµM ′〉〈%′L′||T (E2)||%L〉 (4.94)

Gia g-astaj c pur nec, qrhsimopoi¸ntac ton tetrapolikì telest  [49]

T (E2) = Aβ

[
D(2)
µ,0(θi) cos γ +

1√
2

(
D(2)
µ,2(θi) +D(2)

µ,−2(θi)
)

sin γ

]
(4.95)

ìpou A eÐnai par�gontac klÐmakac, o antÐstoiqoc upologismìc ekteleÐtai ìpwc sthn
anafor� [73]

Gia axonik� paramorfwmènouc pur nec, o antÐstoiqoc tetrapolikìc telest c dÐ-
netai omoÐwc apì thn èkfrash (4.95) en¸ o antÐstoiqoc upologismìc ekteleÐtai ìpwc
sthn anafor� [61]

Tèloc, gia triaxonikoÔc pur nec me γ = π/6, o upologismìc twn B(E2)s ekteleÐ-
tai ìpwc sthn anafor� [74] qrhsimopoi¸ntac ton tetrapolikì telest 

T (E2)
µ = Aβ

[
D(2)
µ,0(θi) cos

(
γ − 2π

3

)

+
1√
2

(
D(2)
µ,2(θi) +D(2)

µ,−2(θi)
)

sin
(
γ − 2π

3

)]
(4.96)

ìpou A eÐnai par�gontac klÐmakac, en¸ h posìthta γ − 2π/3 sto ìrisma twn trigw-
nometrik¸n sunart sewn orÐzetai apì thn posìthta γ − 2kπ/3 gia k = 1, afoÔ sthn
paroÔsa perÐptwsh qrhsimopoieÐtai h probol  thc stroform c α kat� ton �xona x′

tou eswterikoÔ sust matoc.
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Kef�laio 5

DDM gia dunamikì Kratzer

5.1 Basikèc paradoqèc

Sto parìn kef�laio parousi�zetai h epèktash tou montèlou DDM gia dunamikì Kra-
tzer[76], dedomènou ìti sta plaÐsia efarmog c mejìdwn upersummetrik c kbantomh-
qanik c, h sunarthsiak  ex�rthsh thc m�zac se sqèsh me thn paramìrfwsh eÐnai
diaforetik  gia k�je dunamikì. 'Etsi, o basikìc formalismìc pou tropopoieÐ thn
Qamiltwnian  tou Bohr eÐnai sthn ousÐa o Ðdioc me autìn pou parousi�zetai sto
prohgoÔmeno kef�laio. Qrhsimopoi¸ntac dunamikì Kratzer

u(β) = − 1

β
+
B̃

β2
(5.1)

h sun�rthsh paramìrfwshc anamènetai [55] na eÐnai thc morf c

f(β) = 1 + αβ, α� 1. (5.2)

en¸ axiopoi¸ntac kat�llhla tic sqèseic (5.1), (5.2), (4.36) kai (4.39) èqoume

2ueff = k0 +
k−1

β
+
k−2

β2
(5.3)

k0 = α2
[
2(3− δ − λ) +

1

4
(1− 2δ)(1− 2λ) + Λ

]
k−1 = −2 + 2α [(4− δ − λ) + Λ] (5.4)

k−2 = 2 + Λ + 2B̃

ìpou α h par�metroc paramìrfwshc kai Λ h idiotim  pou upeisèrqetai kat� ton upo-
logismì twn idiotim¸n thc enèrgeiac ìpou omoÐwc dÐnetai apì thn èkfrash

Λ =



τ(τ + 3), gia g-astaj c pur nec

L(L+1)−K2

3
+ (6c)(nγ + 1), gia summetrik� paramorfwmènouc pur nec

kai armonik  ex�rthsh wc proc γ
L(L+4)+3nw(2L−nw)

4
+
√

2c
(
nγ + 1

2

)
, gia triaxonikìuc pur nec me γ = π

6

47
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5.2 Energeiakì f�sma

'Opwc kai sthn perÐptwsh paramìrfwshc gia dunamikì Davidson, ètsi kai ed¸ qrei�-
zetai na epilujoÔn oi ekfr�seic (4.49) kai (4.50) gia dunamikì Kratzer kai kat�llhlh
epilog  uperdunamikoÔ W (µ, ν; β). Gia thn perÐptwsh ueff pou dÐnetai apì thn èk-
frash (5.3), to W (µ, ν; β) eÐnai pr¸thc t�xhc uperdunamikì

W (µ, ν; β) = µφ(β) + ν (5.5)

me

φ(β) =
1

β
(5.6)

en¸ omoÐwc, sÔmfwna me thn anafor� [55]

φ′(β) = − 1

β2
=

A

β2
+
B

β
+ C (5.7)

αβ =
(A′/β2) + (B′/β) + C ′

(−1/β2)
(5.8)

me A = −1, B = C = 0, A′ = 0, B′ = −α kai C ′ = 0.

Eis�gontac tic ekfr�seic (5.5) kai (5.6) sthn (4.49) prokÔptei h èkfrash(
µ

β
+ ν

)2

− (1 + αβ)

(
− µ

β2

)
+ ε0 = k0 +

k1

β
+
k2

β2
(5.9)

dhlad 
µ(µ+ 1) = k2, µ(2ν + α) = k1, ν2 + ε0 = k0 (5.10)

me antÐstoiqh lÔsh tic

µ =
1

2
(−1±∆), ν =

k−1 − αµ
2µ

, ε0 = k0 − ν2, ∆ =
√

1 + 4k2 (5.11)

en¸, ìpwc ja doÔme parak�tw, gia fusik� apodekt  lÔsh thc kumatostun�rthshc
thc jemeli¸douc st�jmhc apaiteÐtai

µ = −1

2
(1 + ∆) (5.12)

en¸ eis�gontac tic (5.5) kai (5.6) sthn (4.50) prokÔptei h anadromik  sqèsh(
µi
β

+ νi

)2

+ (1 +αβ)

(
−µi
β

)
=

(
µi+1

β
+ νi+1

)2

− (1 +αβ)

(
−µi+1

β2

)
+ εi+1 (5.13)

dhlad 

µi(µi + 1) = µi+1(µi+1 + 1)

µi(2νi − α) = µi+1(2νi+1 + α (5.14)

ν2
i = ν2

i+1 + εi+1
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me antÐstoiqh lÔsh tic

µi+1 = µi − 1, 2µi+1νi+1 = 2µiνi − α(µi + µi+1) (5.15)

εi+1 = ν2
i − ν2

i+1 (5.16)

ìpou gia µ0 = µ kai ν0 = ν h (5.15) èqei lÔsh tic akoloujÐec

µi = µ− i, νi =
2µ(ν − αi) + αi2

2(µ− i)
(5.17)

To energeiakì f�sma dÐnetai apì thn èkfrash

εn =
1

2

n∑
i=0

εi (5.18)

en¸ axiopoi¸ntac kat�llhla tic (5.16), (5.17) kai (5.18) prokÔptei h telik  èkfrash
gia tic idiotimèc thc enèrgeiac

εn =
1

2

k0 −

k−1 + α
[
n2 + 1

2
(1 + ∆)(2n+ 1)

]
2n+ 1 + ∆

2
 , n = 0, 1, 2, . . . (5.19)

5.3 Kumatosunart seic

'Opwc kai sthn perÐptwsh DDM gia dunamikì Davidson , oi fusik� apodektèc kuma-
tosunart seic prèpei na ikanopoioÔn [55] tic sunj kec (4.70) kai |Rn(β)|2f(β) → 0
gia β → 0 kai β →∞, dhlad  ∫ ∞

0
dβ|Rn(β)|2 <∞ (5.20)

kai

|Rn(β)|2 → 0 για β → 0 (5.21)

|Rn(β)|2(1 + αβ)→ 0⇒
|Rn(β)|2β → 0 για β →∞ (5.22)

5.3.1 H kumatosun�rthsh thc jemeli¸douc st�jmhc

H kumatosun�rthsh thc jemeli¸douc st�jmhc, omoÐwc anapar�getai apì ton telest 
katastrof c A− kai dÐnetai apì thn sqèsh

R0(µ, ν; β) =
N0√
f(β)

exp

(
−
∫ β W (µ, ν; β̃)

f(β̃)
dβ̃

)
(5.23)

Qrhsimopoi¸ntac th sun�rthsh paramìrfwshc (5.2)∫ β W (µ, ν; β̃)

f(β̃)
dβ̃ =

∫ β
(
µ

β̃
+
ν − αµ
1 + αβ̃

)
dβ̃

= µ ln β +
1

α(ν − αµ) ln 1 + αβ
(5.24)
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'Ara

R0(µ, ν; β) = N0β
−µf−

ν−αµ
α
− 1

2 = N0β
−µf

1
2

(
µ+ K̃

µ
−1

)
(5.25)

ìpou K̃ = k−2 − k−1

α

Gia β → 0, h posìthta |R0(β)|2 sugklÐnei wc β−2µ, enw h sunj kh (5.21) ikano-
poieÐtai an µ < 0. Dedomènou ìti k−2 > 2 ⇒ ∆ > 3, dikaiologeÐtai h kat�llhlh
epilog  gia thn (5.12), afoÔ diaforetik� isqÔei µ < −2 pou antistoiqeÐ se mh apode-
ktèc lÔseic.

Gia β → ∞, h posìthta |R0(β)|2β sugklÐnei wc β
K̃
µ
−µ, en¸ h sunj kh (5.22)

ikanopoieÐtai an

µ2 < K̃ ⇒ 1

2
(1 + ∆) < −k−1

α
(5.26)

H (5.26) ja prèpei na eÐnai sÔmfwnh me thn epilog  twn eleÔjerwn paramètrwn pou
prosdiorÐzontai apì thn prosarmog  twn peiramatik¸n - jewrhtik¸n dedomènwn.

5.3.2 Diegermènec katast�seic

Oi diegermènec kumatosunart seic, dÐnontai apì thn èkfrash [55]

Rn(β) = Rn(µ, ν; β) ∝ R0(µn, νn; β)Pn(µ, ν; y), y =
1

β
(5.27)

ìpou Pn(µ, ν; y) eÐnai polu¸numa n bajmoÔ wc proc y pou ikanopoioÔn thn anadromik 
èkfrash

Pn+1(µ, ν; y) = y(y + α)
d

dy
Pn(µ1, ν1; y)

+ [(µn+1 + µ)y + νn+1 + ν]Pn(µ1, ν1; y),

P0(µ, ν; y) = 1 (5.28)

Axioopoi¸ntac tic ekfr�seic (5.25) kai (5.27) prokÔptei ìti

Rn(β) ∝ β−µnf−
νn−αµn

α
− 1

2Pn(µ, ν; y) ∝ β−µnf
1
2

(
µn+ K̃

µn
−1

)
Pn(µ, ν; y) (5.29)

ìpou gia β → 0 h posìthta |Rn(β)|2 sumperifèretai wc β−2µ kai ikanopoieÐ thn (5.21).

Gia β →∞, h posìthta |Rn(β)|2β sumperifèretai wc β−µn+ K̃
µn , en¸ h sunj kh (5.22)

ikanopoieÐtai an
µ2
n < K̃ (5.30)

dhlad 

n2 +
(
n+

1

2

)
(1 + ∆) < −k−1

α
(5.31)

apì ìpou sumpairènoume ìti prèpei na up�rqei ènac peperasmènoc arijmìc dèsmiwn
katast�sewn gia nmax ètsi ¸ste h posìthta −k−1

α
na eÐnai fragmènh sto di�sthma

n2
max +

(
nmax +

1

2

)
(1 + ∆) < −k−1

α
≤ (nmax + 1)2 +

(
nmax +

3

2

)
(1 + ∆) (5.32)
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Gia thn lÔsh thc anadromik c èkfrashc (5.28) qr simh eÐnai h allag  metablht c me
tic ekfr�seic

t =
2y + α

α
, Pn

(
µ,
α

2

(
µ− K̃

µ

)
; y

)
= C(µ)

n Qn(µ; t) (5.33)

ìpou C(µ)
n eÐnai k�poia stajer� kai Qn(µ; t) polu¸numo n bajmoÔ wc proc t. Qrhsi-

mopoi¸ntac diadoqik� tic ekfr�seic

y =
α

2
(t− 1), y + α =

α

2
(t+ 1),

d

dy
=

2

α

d

dt
(5.34)

kai

νi =
α

2

(
µi −

K̃

µi

)
, K̃ = k−2 −

k−1

α
(5.35)

kai thn èkfrash (5.28) prokÔptei ìti

2C
(µ)
n+1

αC
(µ−1)
n

Qn+1(µ; t) =

{
−(1− t2)

d

dt
+ (2µn+1 + n+ 1)

×
(
t− K̃

µn+1(µn+1 + n+ 1)

)}
Qn(µ− 1; t) (5.36)

Lamb�nontac up�oyin ìti tic anadromikèc sqèseic pou ikanopoioÔn ta polu¸numa Ja-
cobi [72] mporoÔme na deÐxoume thn èkfrash

2(n+ 1)(n+ α + β + 1)

2n+ α + β + 2
P

(α,β)
n+1 (z) =

{
−(1− z2)

d

dz
+ (n+ α + β + 1)

×
(
z +

α− β
2n+ α + β + 2

)}
P (α,β)
n (z) (5.37)

en¸ parathroÔme ìti ta Qn(µ− 1; t) eÐnai polu¸numa Jacobi thc morf c

Qn(µ− 1; t) = P

(
µn+1− K̃

µn+1
,µn+1+ K̃

µn+1

)
n (t) (5.38)

epilègontac gia tic stajerèc thn èkfrash

C
(µ)
n+1

C
(µ−1)
n

=
α

2

(n+ 1)(2µn+1 + n+ 1)

µn+1 + n+ 1
, C

(µ−n−1)
0 = 1 (5.39)

 

C(µ)
n =

(
α

2

)n n!Γ(2µ− n+ 1)Γ(µ− n+ 1)

Γ(2µ− 2n+ 1)Γ(µ+ 1)
(5.40)

'Etsi oi kumatosunart seic dÐnontai apì thn èkfrash

Rn(β) = Nnβ
−µnf

1
2

(
µn+ K̃

µn
−1

)
P

(
µn− K̃

µn
,µn+ K̃

µn

)
n (t) (5.41)

t =
2 + αβ

αβ
(5.42)

en¸ Nn [75] eÐnai h stajer� kanonikopoÐhshc.
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Kef�laio 6

Arijmhtik� apotelèsmata kai
sÔgkrish me to peÐrama

Se polloÔc �rtiouc -�rtiouc pur nec parathroÔntai peiramatik� z¸nec me Kπ = 4+.
H proèleush twn zwn¸n aut¸n apoteleÐ ed¸ kai poll� qrìnia antikeÐmeno diafwnÐac
ìson afor� thn proèleus  touc. MÐa pleur� isqurÐzetai ìti prìkeitai gia z¸nec
pou basÐzontai se diègersh dÔo fwnonÐwn ston bajmì eleujerÐac γ [77, 78, 79], en¸
antÐjeta �llh pleur� isqurÐzetai ìti prìkeitai gia z¸nec basismènec se diègersh tou
dekaexapolikoÔ (L = 4) bajmoÔ eleujerÐac [80, 81].

Ta montèla pou perigr�yame sta prohgoÔmena kef�laia mporoÔn na rÐxoun k�poio
fwc sth fÔsh aut¸n twn zwn¸n me ton akìloujo trìpo.

a) Oi eleÔjerec par�metroi twn montèlwn mporoÔn na prosdioristoÔn apì pro-
sarmog  twn problèye¸n touc stic up�rqousec peiramatikèc st�jmec thc z¸nhc thc
jemeli¸douc kat�stashc, kaj¸c kai twn zwn¸n β1 kai γ1.

b) Oi jewrhtikèc exis¸seic mporoÔn sth sunèqeia na qrhsimopoihjoÔn gia ton
upologismì twn stajm¸n thc Kπ = 4+ z¸nhc pou antistoiqeÐ se diègersh gg (diè-
gersh dÔo fwnonÐwn tou bajmoÔ eleujerÐac g), qwrÐc na upeisèrqetai nèa eleÔjerh
par�metroc. An oi problèyeic sumfwnoÔn me to peÐrama, h Kπ = 4+ z¸nh emfanÐze-
tai na èqei sumperifor� gg, an ìqi h ermhneÐa thc prèpei na anazhthjeÐ se prìsjeto
bajmì eleujerÐac (dekaexapolikì).

g) 'Enac èlegqoc autosunèpeiac thc parap�nw mejìdou prokÔptei an oi eleÔje-
rec par�metroi twn montèlwn prosdioristoÔn ek nèou apì prosarmog  stic 4 z¸nec
(jemeli¸douc kat�stashc, β1, γ1, gg). Efìson h jewrÐa eÐnai autosunep c, oi timèc
twn paramètrwn pou ja prokÔyoun apì thn prosarmog  stic 4 z¸nec ja prèpei na
eÐnai polÔ parìmoiec me tic timèc pou proèkuyan nwrÐtera apì thn prosarmog  stic 3
z¸nec.

Se autì to kef�laio parousi�zontai ta peiramatik� kai ta antÐstoiqa jewrhtik�
dedomèna kanonikopoihmèna sthn E+

2 kat�stash sÔmfwna me th sqèsh

E+
L2 =

E+
L − E+

0

E+
2 − E+

0

, (6.1)

gia ta isìtopa tou DusprosÐou 158Dy, 160Dy, 162Dy kai to Jìrio 232Th gia dunamikì
Davidson kai Kratzer. Ta jewrhtik� dedomèna upologÐzontai sÔmfwna me tic ekfr�-
seic (4.67) kai (4.68) gia DDM - Davidson kai (5.19) gia DDM - Kratzer, en¸ gia

53
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thn par�metro L qrhsimopoieÐtai h èkfrash (4.21) pou antistoiqeÐ sthn perigraf 
twn summetrik� paramorfwmènwn pur nwn. H prosarmog  peiramatik¸n-jewrhtik¸n
dedomènwn, ìpou qrhsimopi jhke h mèjodoc twn elaqÐstwn tetrag¸nwn, ègine arqi-
k� stic jemeli¸dh, β1, kai γ1 z¸nec, en¸ gia tic timèc twn paramètrwn α, β0, c pou
brèjhkan, upologÐsthkan kai oi jewrhtikèc timèc gia tic γγ z¸nec me K = 0 kai
K = 4. Sth sunèqeia, gia thn ektÐmhsh twn probleptik¸n dunatot twn thc jewrÐac,
sthn prosarmog  twn dedomènwn sumperilamb�netai kai h γγ z¸nh gia K = 4, en¸
gia tic nèec timèc twn paramètrwn α, β0 kai c pou prokÔptoun, upologÐzontai kai oi
jewrhtikèc timèc gia thn γγ z¸nh me K = 0. Ta peiramatik� kai jewrhtik� dedomèna
pou prokÔptoun apì tic ek�stote proasarmogèc parousi�zontai stouc pÐnakec pou
akoloujoÔn, me tic antÐstoiqec grafikèc anaparast�seic twn E+

L2 se sun�rthsh me
ton kbantikì arijmì stroform c L gia k�je prosarmog .

6.1 Dunamikì Davidson
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PÐnakac 6.1: PeiramatikoÐ lìgoi (E+
L − E+

0 )/(E+
2 − E+

0 ) tou f�smatoc tou 158Dy
sugkrinìmenoi me tou antÐstoiqouc jewrhtikoÔc upologismoÔc tou DDM gia dunamikì
Davidson. Stic st lec th1 kai th2 parousi�zontai ta prosarmosmèna jewrhtik�
dedomèna stic z¸nec thc jemeli¸douc st�jmhc, β1, γ1 kai jemeli¸douc st�jmhc, β1,
γ1, γγ(K=4) antÐstoiqa. Gia tic timèc twn paramètrwn α, β, c pou èqoun brejeÐ kat�
thn prosarmog , èqoun epiprosjètwc upologisteÐ oi z¸nec γγ(K=0,4) kai γγ(K=0)

antÐstoiqa.

exp th1 th2 exp th1 th2

L+
g.s./β1/γ1 g.s./β1/γ1/K=4 L+

g.s./β1/γ1 g.s./β1/γ1/K=4

g.s. g.s. g.s. γ1 γ1 γ1

4 3.206 3.21966 3.22291 2 9.567 10.2796 10.7751
6 6.447 6.45156 6.46502 3 10.56 11.0489 11.5408
8 10.553 10.486 10.5171 4 11.765 12.0564 12.5442
10 15.367 15.1557 15.2095 5 13.292 13.2884 13.7719
12 20.713 20.3416 20.4195 6 15.026 14.7303 15.2095
14 26.409 25.963 26.0626 7 16.942 16.3671 16.8424
16 32.253 31.9661 32.0818 8 19.135 18.1843 18.6561
18 38.228 38.3154 38.4389 γγ γγ γγ
20 44.554 44.9873 45.1080 (K=4) (K=4) (K=4)

22 51.409 51.9663 52.0718 4 19.159 18.6749 19.5437
24 58.837 59.2423 59.3187 5 20.44 19.7761 20.6367
26 66.849 66.809 66.8412 6 21.772 21.074 21.9254
28 75.355 74.6626 74.6343 7 25.559 22.5582 23.3998

β1 β1 β1 γγ γγ γγ
0 10.014 9.55295 9.80827 (K=0) (K=0) (K=0)

2 10.975 10.5824 10.8354 0 12.829 18.2291 19.1014
4 12.94 12.8671 13.1182 2 13.769 18.8966 19.7638
6 15.642 16.193 16.4471
8 19.135 20.3434 20.6066
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Sq ma 6.1: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 158Dy kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th1)
stic z¸nec thc jemeli¸douc, β1, kai γ1 tou DDM gia dunamikì Davidson. Stic
paramètrouc α, β kai c, apodìjhkan oi arijmhtikèc timèc 0.023, 0.26 kai 3.8

antistoÐqwc.
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Sq ma 6.2: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 158Dy kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th2)
stic z¸nec thc jemeli¸douc, β1, γ1 kai γγ gia K = 4 tou DDM gia dunamikì

Davidson. Stic paramètrouc α, β kai c, apodìjhkan oi arijmhtikèc timèc 0.021, 0.00
kai 4.0 antistoÐqwc.
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PÐnakac 6.2: PeiramatikoÐ lìgoi (E+
L − E+

0 )/(E+
2 − E+

0 ) tou f�smatoc tou 160Dy
sugkrinìmenoi me tou antÐstoiqouc jewrhtikoÔc upologismoÔc tou DDM gia duna-
mikì Davidson. OmoÐwc, stic st lec th1 kai th2 parousi�zontai ta prosarmosmèna
jewrhtik� dedomèna stic z¸nec thc jemeli¸douc st�jmhc, β1, γ1 kai jemeli¸douc
st�jmhc, β1, γ1, γγ(K=4) antÐstoiqa. Gia tic timèc twn paramètrwn α, β, c pou èqoun
brejeÐ kat� thn prosarmog , èqoun epiprosjètwc upologisteÐ oi z¸nec γγ(K=0,4) kai
γγ(K=0) antÐstoiqa.

exp th1 th2 exp th1 th2

L+
g.s./β1/γ1 g.s./β1/γ1/K=4 L+

g.s./β1/γ1 g.s./β1/γ1/K=4

g.s. g.s. g.s. γ1 γ1 γ1

4 3.27 3.2709 3.27211 2 11.133 12.1114 11.3697
6 6.695 6.68188 6.68776 3 12.088 12.9452 12.2146
8 11.14 11.0698 11.0859 4 13.318 14.0425 13.3265
10 16.454 16.27 16.3034 5 14.848 15.3921 14.6938
12 22.474 22.1355 22.1936 6 16.575 16.981 16.3034
14 28.965 28.5439 28.6341 7 18.635 18.7954 18.141
16 35.601 35.3974 35.5265 8 20.743 20.8205 20.1917
18 42.286 42.6196 42.7938 9 23.297 23.0417 22.4406
20 49.3 50.1514 50.3762 10 25.598 25.4446 24.8731
22 56.873 57.9469 58.2271 11 28.643 28.0154 27.4751
24 65.073 65.9709 66.3107 12 31.202 30.7408 30.2333
26 73.891 74.1956 74.5988 13 34.441 33.6088 33.1351
28 83.313 82.5994 83.0694 14 37.107 36.6078 36.1692

β1 β1 β1 15 40.426 39.7275 39.3249
0 14.748 14.6562 14.8006 16 43.416 42.9584 42.5928
2 15.552 15.663 15.8074 17 46.601 46.292 45.9639
4 17.541 17.9495 18.0951 18 50.125 49.7203 49.4306

19 53.217 53.2365 52.9858
20 57.327 56.8341 56.623
21 60.393 60.5076 60.3365
22 64.553 64.2519 64.1213
23 68.175 68.0623 67.9726

γγ γγ γγ

K=4 K=4 K=4

4 19.523 22.4795 21.1985
5 20.766 23.697 22.4406
6 22.229 25.1359 23.9081
7 23.898 26.7858 25.5901

γγ γγ γγ

K=0 K=0 K=0

0 16.785 21.9877 20.6966
2 17.496 22.7244 21.4484
4 18.526 24.4194 23.1774
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Sq ma 6.3: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 160Dy kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th1)
stic z¸nec thc jemeli¸douc, β1, kai γ1 tou DDM gia dunamikì Davidson. Stic
paramètrouc α, β kai c, apodìjhkan oi arijmhtikèc timèc 0.005, 1.92 kai 4.3

antistoÐqwc.
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Sq ma 6.4: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 160Dy kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th2)
stic z¸nec thc jemeli¸douc, β1, γ1 kai γγ gia K = 4 tou DDM gia dunamikì

Davidson. Stic paramètrouc α, β kai c, apodìjhkan oi arijmhtikèc timèc 0.005, 1.97
kai 4.0 antistoÐqwc.
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PÐnakac 6.3: PeiramatikoÐ lìgoi (E+
L − E+

0 )/(E+
2 − E+

0 ) tou f�smatoc tou 162Dy
sugkrinìmenoi me tou antÐstoiqouc jewrhtikoÔc upologismoÔc tou DDM gia duna-
mikì Davidson. OmoÐwc, stic st lec th1 kai th2 parousi�zontai ta prosarmosmèna
jewrhtik� dedomèna stic z¸nec thc jemeli¸douc st�jmhc, β1, γ1 kai jemeli¸douc
st�jmhc, β1, γ1, γγ(K=4) antÐstoiqa. Gia tic timèc twn paramètrwn α, β, c pou èqoun
brejeÐ kat� thn prosarmog , èqoun epiprosjètwc upologisteÐ oi z¸nec γγ(K=0,4) kai
γγ(K=0) antÐstoiqa.

exp th1 th2 exp th1 th2

L+
g.s./β1/γ1 g.s./β1/γ1/K=4 L+

g.s./β1/γ1 g.s./β1/γ1/K=4

g.s. g.s. g.s. γ1 γ1 γ1

4 3.294 3.295 3.29707 2 11.011 11.172 10.3785
6 6.8 6.80237 6.81269 3 11.938 12.0747 11.2919
8 11.412 11.4134 11.4435 4 13.154 13.2679 12.4997
10 17.044 17.0119 17.0785 5 14.664 14.7435 13.9939
12 23.572 23.4873 23.6118 6 16.42 16.4919 15.765
14 30.895 30.7426 30.9498 7 18.477 18.5027 17.803
16 38.904 38.6963 39.0141 8 20.709 20.7648 20.0969
18 47.583 47.2824 47.7409 9 23.284 23.267 22.6358

β1 β1 β1 10 25.879 25.998 25.4086
0 17.332 15.6626 15.6754 11 28.981 28.9468 28.4046
2 18.02 16.6874 16.7023 12 31.396 32.1028 31.6135
4 19.518 19.0393 19.061 13 35.453 35.456 35.0256
6 21.913 22.6329 22.6705 14 39.437 38.9972 38.6317
8 24.619 27.3566 27.4241 γγ γγ γγ

K=4 K=4 K=4

4 19.039 21.3805 19.9546
5 20.263 22.77 21.3717
6 21.719 24.4201 23.0548
7 23.407 26.3224 24.9957

γγ γγ γγ

K=0 K=0 K=0

0 20.656 20.8209 19.3839
2 21.427 21.6595 20.2391
4 23.399 23.5974 22.2155
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Sq ma 6.5: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 162Dy kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th1)
stic z¸nec thc jemeli¸douc, β1, kai γ1 tou DDM gia dunamikì Davidson. Stic
paramètrouc α, β kai c, apodìjhkan oi arijmhtikèc timèc 0.020, 2.23 kai 3.8

antistoÐqwc.
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Sq ma 6.6: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 162Dy kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th2)
stic z¸nec thc jemeli¸douc, β1, γ1 kai γγ gia K = 4 tou DDM gia dunamikì

Davidson. Stic paramètrouc α, β kai c, apodìjhkan oi arijmhtikèc timèc 0.022, 2.27
kai 3.5 antistoÐqwc.
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PÐnakac 6.4: PeiramatikoÐ lìgoi (E+
L − E+

0 )/(E+
2 − E+

0 ) tou f�smatoc tou 232Th
sugkrinìmenoi me tou antÐstoiqouc jewrhtikoÔc upologismoÔc tou DDM gia duna-
mikì Davidson. OmoÐwc, stic st lec th1 kai th2 parousi�zontai ta prosarmosmèna
jewrhtik� dedomèna stic z¸nec thc jemeli¸douc st�jmhc, β1, γ1 kai jemeli¸douc
st�jmhc, β1, γ1, γγ(K=4) antÐstoiqa. Gia tic timèc twn paramètrwn α, β, c pou èqoun
brejeÐ kat� thn prosarmog , èqoun epiprosjètwc upologisteÐ oi z¸nec γγ(K=0,4) kai
γγ(K=0) antÐstoiqa.

exp th1 th2 exp th1 th2

L+
g.s./β1/γ1 g.s./β1/γ1/K=4 L+

g.s./β1/γ1 g.s./β1/γ1/K=4

g.s. g.s. g.s. γ1 γ1 γ1

4 3.284 3.328497 3.28518 2 15.907 16.4722 15.9722
6 6.749 6.75306 6.75408 3 16.804 17.3095 16.8138
8 11.28 11.2762 11.279 4 18.03 18.4162 17.9262
10 16.751 16.7241 16.73 5 19.454 19.7847 19.3015
12 23.033 22.9796 22.99 6 21.266 21.4016 20.9308
14 30.035 29.9452 29.9616 7 23.213 23.2708 22.8043
16 37.647 37.543 37.5668 8 25.496 25.3685 24.9115
18 45.836 45.713 45.7456 9 27.75 27.6888 27.242
20 54.518 54.4094 54.452 10 30.624 30.2215 29.7853
22 63.688 63.598 63.6518 11 33.219 32.9565 32.5313
24 73.317 73.2531 73.3193 12 36.484 35.8841 35.4702
26 83.376 83.356 83.4355 γγ γγ γγ
28 93.82 93.8927 93.9866 K=4 K=4 K=4

30 104.56 104.853 104.963 4 28.641 30.7477 29.8609
β1 β1 β1 5 30.181 31.9927 31.1148

0 14.794 13.972 13.9963 6 31.87 33.4729 32.6054
2 15.68 14.9992 15.0236 7 36.055 35.1817 34.3259
4 17.683 17.3463 17.3708 γγ γγ γγ
6 20.724 20.908 20.9334 K=0 K=0 K=0

8 24.754 25.5524 25.5797 0 21.85 30.2466 29.3562
10 29.762 31.145 31.1754
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Sq ma 6.7: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 232Th kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th1)
stic z¸nec thc jemeli¸douc, β1, kai γ1 tou DDM gia dunamikì Davidson. Stic
paramètrouc α, β kai c, apodìjhkan oi arijmhtikèc timèc 0.022, 1.80 kai 5.9

antistoÐqwc.
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Sq ma 6.8: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 232Th kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th2)
stic z¸nec thc jemeli¸douc, β1, γ1 kai γγ gia K = 4 tou DDM gia dunamikì

Davidson. Stic paramètrouc α, β kai c, apodìjhkan oi arijmhtikèc timèc 0.022, 1.83
kai 5.7 antistoÐqwc.

6.2 Dunamikì Kratzer
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PÐnakac 6.5: PeiramatikoÐ lìgoi (E+
L − E+

0 )/(E+
2 − E+

0 ) tou f�smatoc tou 158Dy
sugkrinìmenoi me tou antÐstoiqouc jewrhtikoÔc upologismoÔc tou DDM gia duna-
mikì Kratzer. Stic st lec th1 kai th2 parousi�zontai ta prosarmosmèna jewrhtik�
dedomèna stic z¸nec thc jemeli¸douc st�jmhc, β1, γ1 kai jemeli¸douc st�jmhc, β1,
γ1, γγ(K=4) antÐstoiqa. Gia tic timèc twn paramètrwn B̃, c, α pou èqoun brejeÐ ka-
t� thn prosarmog , èqoun epiprosjètwc upologisteÐ oi z¸nec γγ(K=0,4) kai γγ(K=0)

antÐstoiqa.

exp th1 th2 exp th1 th2

L+
g.s./β1/γ1 g.s./β1/γ1/K=4 L+

g.s./β1/γ1 g.s./β1/γ1/K=4

g.s. g.s. g.s. γ1 γ1 γ1

4 3.206 3.27407 3.2742 2 9.567 10.0657 10.3239
6 6.447 6.6887 6.6894 3 10.56 10.9162 11.1711
8 10.553 11.0567 11.0588 4 11.765 12.0315 12.282
10 15.367 16.1613 16.1658 5 13.292 13.3963 13.6417
12 20.713 21.7793 21.7877 6 15.026 14.9926 15.2323
14 26.409 27.7012 27.7148 7 16.942 16.8 17.0336
16 32.253 33.7438 33.7641 8 19.135 18.7973 19.0238
18 38.228 39.7572 39.7855 γγ γγ γγ
20 44.554 45.6262 45.6636 (K=4) (K=4) (K=4)

22 51.409 51.2676 51.315 4 19.159 18.6745 19.1215
24 58.837 56.6264 56.6843 5 20.44 19.8897 20.3279

β1 β1 β1 6 21.772 21.3131 21.7412
0 10.014 9.8999 9.90151 7 25.559 22.9275 23.3445
2 10.975 10.7526 10.7544 γγ γγ γγ
4 12.94 12.694 12.6964 (K=0) (K=0) (K=0)

6 15.642 15.6155 15.619 0 12.829 18.1809 18.6314
8 19.135 19.364 19.3693 2 13.769 18.9197 19.3649
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Sq ma 6.9: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 158Dy kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th1)
stic z¸nec thc jemeli¸douc, β1, kai γ1 tou DDM gia dunamikì Kratzer. Stic

paramètrouc B̃, c, α apodìjhkan oi arijmhtikèc timèc 113, 3.5, 0.0017 antistoÐqwc.
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Sq ma 6.10: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 158Dy kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th2)
stic z¸nec thc jemeli¸douc, β1, γ1 kai γγ gia K = 4 tou DDM gia dunamikì

Kratzer. Stic paramètrouc B̃, c, α, apodìjhkan oi arijmhtikèc timèc 113, 3.5, 0.0017
antistoÐqwc.
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PÐnakac 6.6: PeiramatikoÐ lìgoi (E+
L − E+

0 )/(E+
2 − E+

0 ) tou f�smatoc tou 160Dy
sugkrinìmenoi me tou antÐstoiqouc jewrhtikoÔc upologismoÔc tou DDM gia duna-
mikì Kratzer. OmoÐwc, stic st lec th1 kai th2 parousi�zontai ta prosarmosmèna
jewrhtik� dedomèna stic z¸nec thc jemeli¸douc st�jmhc, β1, γ1 kai jemeli¸douc
st�jmhc, β1, γ1, γγ(K=4) antÐstoiqa. Gia tic timèc twn paramètrwn B̃, c, α pou èqoun
brejeÐ kat� thn prosarmog , èqoun epiprosjètwc upologisteÐ oi z¸nec γγ(K=0,4) kai
γγ(K=0) antÐstoiqa.

exp th1 th2 exp th1 th2

L+
g.s./β1/γ1 g.s./β1/γ1/K=4 L+

g.s./β1/γ1 g.s./β1/γ1/K=4

g.s. g.s. g.s. γ1 γ1 γ1

4 3.27 3.29366 3.29394 2 11.133 11.3849 10.8531
6 6.695 6.7897 6.79118 3 12.088 12.2711 11.7452
8 11.14 11.3552 11.3597 4 13.318 13.4394 12.9214
10 16.454 16.8279 16.8379 5 14.848 14.8788 14.3705
12 22.474 23.0289 23.048 6 16.575 16.5761 16.0794
14 28.965 29.7763 29.8085 7 18.635 18.5159 18.0327
16 35.601 36.895 36.9448 8 20.743 20.6816 20.2136
18 42.286 44.2254 44.2974 9 23.297 23.055 22.6039
20 49.3 51.6285 51.7269 10 25.598 25.6169 25.1834
22 56.873 58.9877 59.1164 11 28.643 28.3477 27.9352
24 65.073 66.2095 66.3719 12 31.202 31.2276 30.8365
26 73.891 73.2221 73.4211 13 34.441 34.2365 33.8683
28 83.313 79.9732 80.2108 14 37.107 37.3549 37.0109

β1 β1 β1 15 40.426 40.5639 40.2451
0 14.748 14.651 14.6897 16 43.416 43.8451 43.5525
2 15.552 15.5229 15.562 17 46.601 47.1812 46.9157
4 17.541 17.524 17.5644 18 50.125 50.5558 50.3184

19 53.217 53.9539 53.7451
20 57.327 57.3614 57.1819
21 60.393 60.7657 60.6159
22 64.553 64.1552 64.0355
23 68.175 67.5196 67.4303

γγ γγ γγ

K=4 K=4 K=4

4 19.523 21.5065 20.563
5 20.766 22.8206 21.8937
6 22.229 24.3712 23.464
7 23.898 26.1452 25.2605

γγ γγ γγ

K=0 K=0 K=0

0 16.785 20.9752 20.0249
2 17.496 21.7709 20.8307
4 18.526 23.5994 22.6824
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Sq ma 6.11: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 160Dy kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th1)
stic z¸nec thc jemeli¸douc, β1, kai γ1 tou DDM gia dunamikì Kratzer. Stic

paramètrouc B̃, c, α apodìjhkan oi arijmhtikèc timèc 176, 3.9, 0.0006 antistoÐqwc.
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Sq ma 6.12: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 160Dy kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th2)
stic z¸nec thc jemeli¸douc, β1, γ1 kai γγ gia K = 4 tou DDM gia dunamikì

Kratzer. Stic paramètrouc B̃, c, α, apodìjhkan oi arijmhtikèc timèc 178, 3.7, 0.0006
antistoÐqwc.
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PÐnakac 6.7: PeiramatikoÐ lìgoi (E+
L − E+

0 )/(E+
2 − E+

0 ) tou f�smatoc tou 162Dy
sugkrinìmenoi me tou antÐstoiqouc jewrhtikoÔc upologismoÔc tou DDM gia duna-
mikì Kratzer. OmoÐwc, stic st lec th1 kai th2 parousi�zontai ta prosarmosmèna
jewrhtik� dedomèna stic z¸nec thc jemeli¸douc st�jmhc, β1, γ1 kai jemeli¸douc
st�jmhc, β1, γ1, γγ(K=4) antÐstoiqa. Gia tic timèc twn paramètrwn B̃, c, α pou èqoun
brejeÐ kat� thn prosarmog , èqoun epiprosjètwc upologisteÐ oi z¸nec γγ(K=0,4) kai
γγ(K=0) antÐstoiqa.

exp th1 th2 exp th1 th2

L+
g.s./β1/γ1 g.s./β1/γ1/K=4 L+

g.s./β1/γ1 g.s./β1/γ1/K=4

g.s. g.s. g.s. γ1 γ1 γ1

4 3.294 3.30444 3.30549 2 11.011 11.0032 10.183
6 6.8 6.84608 6.85163 3 11.938 11.9226 11.1109
8 11.412 11.525 11.5418 4 13.154 13.1382 12.3383
10 17.044 17.2153 17.2541 5 14.664 14.6415 13.8566
12 23.572 23.7734 23.8486 6 16.42 16.4222 15.6557
14 30.895 31.0459 31.1755 7 18.477 18.4682 17.7239
16 38.904 38.8777 39.0824 8 20.709 20.7659 20.0478
18 47.583 47.1182 47.4206 9 23.284 23.3005 22.613

β1 β1 β1 10 25.879 26.0563 25.4030
0 17.332 16.2 16.3746 11 28.981 29.0166 28.404
2 18.02 17.0912 17.2679 12 31.396 32.1642 31.5965
4 19.518 19.1457 19.3282 13 35.453 35.4816 34.9638
6 21.913 22.3057 22.4994 14 39.437 38.9509 38.4885
8 24.619 26.4846 26.6978 γγ γγ γγ

K=4 K=4 K=4

4 19.039 21.1352 19.6442
5 20.263 22.5456 21.0801
6 21.719 24.2169 22.7822
7 23.407 26.138 24.7397

γγ γγ γγ

K=0 K=0 K=0

0 20.656 20.5665 19.0653
2 21.427 21.4186 19.9326
4 23.399 23.3841 21.934
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Sq ma 6.13: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 162Dy kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th1)
stic z¸nec thc jemeli¸douc, β1, kai γ1 tou DDM gia dunamikì Kratzer. Stic

paramètrouc B̃, c, α, apodìjhkan oi arijmhtikèc timèc 249, 3.7, 0.0006 antistoÐqwc.
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Sq ma 6.14: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 162Dy kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th2)
stic z¸nec thc jemeli¸douc, β1, γ1 kai γγ gia K = 4 tou DDM gia dunamikì

Kratzer. Stic paramètrouc B̃, c, α apodìjhkan oi arijmhtikèc timèc 260, 3.4, 0.0006
antistoÐqwc.
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PÐnakac 6.8: PeiramatikoÐ lìgoi (E+
L − E+

0 )/(E+
2 − E+

0 ) tou f�smatoc tou 232Th
sugkrinìmenoi me tou antÐstoiqouc jewrhtikoÔc upologismoÔc tou DDM gia duna-
mikì Kratzer. OmoÐwc, stic st lec th1 kai th2 parousi�zontai ta prosarmosmèna
jewrhtik� dedomèna stic z¸nec thc jemeli¸douc st�jmhc, β1, γ1 kai jemeli¸douc
st�jmhc, β1, γ1, γγ(K=4) antÐstoiqa. Gia tic timèc twn paramètrwn B̃, c, α pou èqoun
brejeÐ kat� thn prosarmog , èqoun epiprosjètwc upologisteÐ oi z¸nec γγ(K=0,4) kai
γγ(K=0) antÐstoiqa.

exp th1 th2 exp th1 th2

L+
g.s./β1/γ1 g.s./β1/γ1/K=4 L+

g.s./β1/γ1 g.s./β1/γ1/K=4

g.s. g.s. g.s. γ1 γ1 γ1

4 3.284 3.30706 3.30703 2 15.907 15.9723 15.702
6 6.749 6.85984 6.8597 3 16.804 16.8666 16.598
8 11.28 11.5668 11.5663 4 18.03 18.0502 17.7837
10 16.751 17.3117 17.3107 5 19.454 19.5155 19.2517
12 23.033 23.9606 23.9587 6 21.266 21.2535 20.9927
14 30.035 31.3692 31.3659 7 23.213 23.2534 22.9962
16 37.647 39.3893 39.384 8 25.496 25.5035 25.2501
18 45.836 47.8753 47.8674 9 27.75 27.9905 27.7413
20 54.518 56.689 56.6778 10 30.624 30.7004 30.4556
22 63.688 65.7033 65.6884 11 33.219 33.6181 33.378
24 73.317 74.8051 74.7856 12 36.484 36.7283 36.493
26 83.376 83.8958 83.8713 γγ γγ γγ
28 93.82 92.8924 92.8623 K=4 K=4 K=4

30 104.56 101.726 101.69 4 28.641 30.2973 29.8092
β1 β1 β1 5 30.181 31.6358 31.1523

0 14.794 14.5343 14.5347 6 31.87 33.2241 32.746
2 15.68 15.434 15.4344 7 36.055 35.0529 34.581
4 17.683 17.5105 17.5107 γγ γγ γγ
6 20.724 20.7104 20.7103 K=0 K=0 K=0

8 24.754 24.9537 24.9531 0 21.85 29.7582 29.2682
10 29.762 30.139 30.1375
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Sq ma 6.15: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 232Th kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th1)
stic z¸nec thc jemeli¸douc, β1, kai γ1 tou DDM gia dunamikì Kratzer. Stic

paramètrouc B̃, c, α apodìjhkan oi arijmhtikèc timèc 270, 5.5, 0.0009 antistoÐqwc.
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Sq ma 6.16: Anapar�stash peiramatik¸n lìgwn (E+
L − E+

0 )/(E+
2 − E+

0 )
tou f�smatoc tou 232Th kai twn antÐstoiqwn prosarmosmènwn jewrhtik¸n (th2)
stic z¸nec thc jemeli¸douc, β1, γ1 kai γγ gia K = 4 tou DDM gia dunamikì

Kratzer. Stic paramètrouc B̃, c, α apodìjhkan oi arijmhtikèc timèc 270, 5.4, 0.0009
antistoÐqwc.
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6.3 Sumpèrasma

Ta arijmhtik� apotelèsmata autoÔ tou kefalaÐou uposthrÐzoun ìti oi Kπ = 4+

z¸nec stouc pur nec 158−162Dy kai 232Th antistoiqoÔn se diègersh dÔo fwnonÐwn
ston bajmì eleujerÐac g, se sumfwnÐa me prohgoÔmenec melètec twn 162Dy [83] kai
232Th [84].

H melèth mporeÐ na epektajeÐ kai se �llouc pur nec. Me b�sh thn bibliografÐa,
idiaÐtero endiafèron parousi�zoun oi akìloujoi pur nec, gia touc opoÐouc èqei pro-
tajeÐ ìti oi z¸nec Kπ = 4+ antistoiqoÔn se dipl  diègersh tou bajmoÔ eleujerÐac
g

106Mo [86],
154−158Gd [77, 80],
164Dy [77, 85],
162−170Er [77, 80, 87, 88, 89, 90, 91, 92, 93, 94, 95],
168−172Yb [77, 80],
176,178Hf [77, 80],
188,190,192Os [78, 79, 80, 81].
AntÐjeta, ston pur na 152Sm oi z¸nec Kπ = 4+ èqei protajeÐ [82] ìti ofeÐlontai

ston dekaexapolikì bajmì eleujerÐac.
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Sumper�smata

Sthn ergasÐa aut  melet jhke o tetrapolikìc bajmìc eleujerÐac se atomikoÔc pur -
nec, sthn perioq  twn spanÐwn gai¸n kai stouc aktinÐdec, dÐnontac èmfash se z¸nec
qtismènec p�nw se dipl  diègersh tou bajmoÔ eleujerÐac g. H basik  paradoq  sta
mèqric stigm c sullogik� prìtupa kai sthn Qamiltwnian  tou Bohr, eÐnai h staje-
rìthta thc m�zac. Sto parìn prìtupo, wc basik  paradoq  jewreÐtai h �rsh thc
stajerìthtac aut c, kai kat' epèktash tìso h ex�rths  thc m�zac apì thn para-
mìrfwsh, ìso kai twn antÐstoiqwn rop¸n adraneÐac. Sta plaÐsia anaz thshc thc
kat�llhlhc Qamiltwnian c, èqoun lhfjeÐ upìyin oi peiramatikèc ropèc adraneÐac gia
mìnima paramorfwmènouc pur nec, afoÔ parousi�zoun hpiìterh ex�rthsh se sqèsh me
thn sullogik  par�metro paramìrfwshc β, se antÐjesh me touc kajar� donhtikoÔc
pur nec. Gia thn tropopoÐhsh thc Qamiltwnian c kai thn epÐlus  thc èqoun qrhsi-
mopoihjeÐ mèjodoi Upersummetrik c Kbantomhqanik c, sta plaÐsia tou tetrapolikoÔ
bajmoÔ eleujerÐac, kai kat�llhlo zeÔgoc uperdunamikoÔ me oloklhrwtikèc sqèseic
ikanèc gia thn Ôparxh kleist¸n lÔse¸n thc.

Gia thn ektÐmhsh twn probleptik¸n dunatot twn tou montèlou DDM, ègine pro-
sarmog  twn peiramatik¸n-jewrhtik¸n dedomènwn, arqik� stic z¸nec thc jemeli¸-
douc, β1 kai γ1 st�jmhc, kai katìpin stic z¸nec thc jemeli¸douc, β1, γ1 kai γγ
st�jmhc me K = 4. Kat� tic dÔo diaforetikèc prosarmogèc, prokÔptei arket� mi-
kr  apìklish stic eleÔjerec paramètrouc, ìso kai stic antÐstoiqec apot�seic metaxÔ
jewrhtik¸n peiramatik¸n zwn¸n gia touc mìnima paramorfwmènouc pur nec twn iso-
tìpwn tou DusprosÐou 158

66 Dy, 160
66 Dy kai 162

66 Dy kai tou JorÐou 232
90 Th, kurÐwc gia tic

jemeli¸dh z¸nh kai γ1 z¸nec.
Oi kÔriec diaforèc prokÔptoun stic apost�seic twn β1 zwn¸n twn isotìpwn tou

Dy sto DDM-Davidson, gegonìc pou apodÐdetai sto sq ma tou dunamikoÔ Davidson,
afoÔ gia meg�lec timèc thc sullogik c paramètrou paramìrfwshc β apoklÐnei sto
�peiro. Wc apotèlesma thc apìtomhc aÔxhshc tou dunamikoÔ, oi antÐstoiqec β1 jew-
rhtikèc z¸nec wjoÔntai yhlìtera apì tic antÐstoiqec peiramatikèc kai se megalÔterec
metaxÔ touc apost�seic. H asumfwnÐa aut  den parathreÐtai sto DDM-Kratzer, afoÔ
ekeÐ to dunamikì Kratzer eÐnai exorismoÔ peperasmèno gia meg�lec timèc tou β.

Diaforèc epÐshc parathroÔntai stic apost�seic twn γγ zwn¸n me K = 0, 4, ge-
gonìc pou upodeiknÔei ìti h ex�rthsh wc proc ton γ bajmì eleujerÐac mporeÐ na
qrei�zetai tropopoÐhsh, afoÔ sthn antimet¸pish twn summetrik� paramorfwmènwn
pur nwn èqei qrhsimopoihjeÐ, gia k�je montèlo pou melet jhke, h armonik  sqèsh
(4.22). P�ntwc h sumfwnÐa me ta peiramatik� dedomèna eÐnai genik� ikanopoihtik ,
upodeiknÔontac ìti oi z¸nec Kπ = 4+ stouc pur nec autoÔc eÐnai qtismènec p�nw se
diplèc diegèrseic tou bajmoÔ eleujerÐac g.
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Par�rthma A

Ac doÔme pwc prokÔptei o metasqhmatismìc twn suntetagmènwn (2.4). Apì thn prag-
matikìthta thc aktÐnac

R(θ, φ, t) = R∗(θ, φ, t)⇔

⇔ R0

1 +
∞∑
λ=0

λ∑
µ=−λ

α∗λµ(t)Yλµ(θ, φ)

 = R0

1 +
∞∑
λ=0

λ∑
µ=−λ

αλµ(t)Y ∗λµ(θ, φ)

⇔
∞∑
λ=0

λ∑
µ=−λ

α∗λµ(t)Yλµ(θ, φ) =
∞∑
λ=0

λ∑
µ=−λ

αλµ(t)Y ∗λµ(θ, φ) (A.1)

Qrhsimopoi¸ntac th gnwst  idiìthta twn sfairik¸n armonik¸n

Y ∗λµ(θ, φ) = (−1)µYλ−µ(θ, φ) (A.2)

kai eis�gont�c thn sthn (A.1) èqoume

∞∑
λ=0

λ∑
µ=−λ

α∗λµ(t)Yλµ(θ, φ) =
∞∑
λ=0

λ∑
µ=−λ

αλµ(t)(−1)µYλ−µ(θ, φ) =

=
∞∑
λ=0

λ∑
µ=−λ

αλ−µ(t)(−1)−µYλµ(θ, φ) =

=
∞∑
λ=0

λ∑
µ=−λ

αλ−µ(t)(−1)µYλµ(θ, φ) (A.3)

K�nontac qr sh thc grammik c anexarthsÐac twn sfairik¸n armonik¸n, h (A.3) isqÔei
an kai mìno an

α∗λµ = (−1)µαλ−µ (A.4)
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Par�rthma B

Eis�gontac thn èkfrash (2.1) sthn (2.5) èqoume

R0

1 +
∞∑
λ=0

λ∑
µ=−λ

α′∗λµ(t)Y ′λµ(θ, φ)

 = R0

1 +
∞∑
λ=0

λ∑
µ=−λ

α∗λµ(t)Yλµ(θ, φ)

⇔
∞∑
λ=0

λ∑
µ=−λ

α′∗λµ(t)Y ′λµ(θ, φ) =
∞∑
λ=0

λ∑
µ=−λ

α∗λµ(t)Yλµ(θ, φ) (B.1)

Antikajist¸ntac thn èkfrash gia tic metasqhmatismènec sfairikèc armonikèc

Y ′λµ(θ, φ) =
λ∑

µ′=−λ
D

(λ)
µ′µYλµ′(θ, φ) (B.2)

sto aristerì mèloc thc (B.1), ìpou D
(λ)
µ′µ o pÐnakac metasqhmatismoÔ kat� gwnÐec

Euler (θ1, θ2, θ3) gia sfairikèc armonikèc t�xhc λ, èqoume

∞∑
λ=0

λ∑
µ=−λ

α′∗λµ(t)Y ′λµ(θ, φ) =
∞∑
λ=0

λ∑
µ=−λ

α′∗λµ(t)
λ∑

µ′=−λ
D

(λ)
µ′µYλµ′(θ, φ) =

=
∞∑
λ=0

λ∑
µ′=−λ

 λ∑
µ=−λ

α′∗λµD
(λ)
µ′µ

Yλµ′(θ, φ) (B.3)

Exis¸nontac thn (B.3) me to dexÐ mèloc thc (B.1) èqoume

∞∑
λ=0

λ∑
µ′=−λ

 λ∑
µ=−λ

α′∗λµ(t)D
(λ)
µ′µ

Yλµ′(θ, φ) =
∞∑
λ=0

λ∑
µ=−λ

α∗λµ(t)Yλµ(θ, φ) (B.4)

ìpou k�nontac qr sh thc grammik c anexarthsÐac twn sfairik¸n armonik¸n, h (B.4)
isqÔei an kai mìno an

α∗λµ(t) =
λ∑

µ=−λ
α′∗λµ(t)D

(λ)
µ′µ (B.5)

Antistrèfontac t¸ra thn (B.5), afoÔ o D(λ)
µ′µ eÐnai monadiakìc pÐnakac, èqoume

α′∗λµ(t) =
λ∑

µ′=−λ
α∗λµ′(t)D

∗(λ)
µ′µ (B.6)
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Par�rthma G

JewroÔme to pio gnwstì sÔnolo gwni¸n Euler(θ1, θ2, θ3) ìpou orÐzontai wc ex c
(jewroÔme peristrofèc antÐjethc for�c apì aut  twn deikt¸n tou wrologioÔ)

1) Peristrèfoume to sÔsthma kat� gwnÐa θ1 gÔrw apì ton �xona z, par�gontac
to sÔsthma ξ, η, ζ.

2) Peristrèfoume to sÔsthma kat� gwnÐa θ2 gÔrw apì to nèo �xona η, par�gontac
to sÔsthma ξ′, η′, ζ ′

3) Peristrèfoume to sÔsthma kat� gwnÐa θ3 gÔrw apì ton �xona η′, par�gontac
to telikì sÔsthma x′, y′, z′.

O pÐnakac peristrof c gÔrw apì ton �xona z kat� gwnÐa θ1 eÐnai

D =

 cos θ1 sin θ1 0
− sin θ1 cos θ1 0

0 0 1

 (Γ.1)

o pÐnakac peristrof c gÔrw apì ton �xona η kat� gwnÐa θ2 eÐnai

C =

 cos θ2 0 sin θ2

0 1 0
− sin θ2 0 cos θ2

 (Γ.2)

en¸ tèloc, o pÐnakac peristrof c gÔrw apì ton �xona η′ kat� gwnÐa θ3 eÐnai

D =

 cos θ3 sin θ3 0
− sin θ3 cos θ3 0

0 0 1

 (Γ.3)

O pÐnakac A pou mac metafèrei apì to adraneiakì sÔsthma anafor�c sto sÔsthma
kurÐwn axìnwn tou pur na

x′ = Ax (Γ.4)

dÐnetai apì to diadoqikì ginìmeno twn pin�kwn A = BCD, pou èqei th morf 

A =

 cos θ3 cos θ2 cos θ1 − sin θ3 sin θ1 cos θ3 cos θ2 sin θ1 + sin θ3 cos θ1 cos θ3 sin θ2

− sin θ3 cos θ2 cos θ1 − cos θ3 sin θ1 − sin θ3 cos θ2 sin θ1 + cos θ3 cos θ1 − sin θ3 sin θ2

− sin θ2 cos θ1 − sin θ2 sin θ1 cos θ2

 (Γ.5)
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Efarmìzontac ton telest  metasqhmatismoÔ R̂1 ston pÐnaka A, ìpou o R̂1 èqei thn morf 

R̂1 =

 1 0 0
0 −1 0
0 0 −1

 (Γ.6)

ja p�roume ton metasqhmatismì A′ = R̂1A, ìpou ìpwc proanafèrjhke antistoiqeÐ se peri-
strof  tou �xona x′ kat� gwnÐa π, me for� antÐjeth aut c twn deikt¸n tou wrologioÔ. 'Eqei
ìmwc nìhma na anazht soume kat�llhlec gwnÐec Euler(θ′1, θ

′
2, θ
′
3), ètsi ¸ste to diadoqikì

ginìmeno twn pin�kwn A = BCD sto adraneiakì plaÐsio anafor�c x, y, z, na èqei to Ðdio
apotèlesma me autì tou pinaka R̂1A gia tic gwnÐec Euler(θ1, θ2, θ3). Pr�gmati, gia gwnÐec

θ′1 = θ1 + π

θ′2 = π − θ2 (Γ.7)
θ′3 = −θ3

mporoÔme eÔkola na deÐxoume ìti isqÔei

A(θ1 + π, π − θ2,−θ3) = R̂1A(θ1, θ2, θ3) (Γ.8)

Me parìmoiouc sullogismoÔc mporoÔme na deÐxoume tic antÐstoiqec idiìthtec twn telest¸n
R̂2 kai R̂3.



Par�rthma D

Gia thn apìdeixh thc sqèshc (2.62), ja prosdiorÐsoume ta stoiqeÐa tou metrikoÔ tanust 

gij =
∑
k

∂xk

∂qi
∂xk

∂qj
(∆.1)

kai thc Laplasian c

∇2 =
1
√
g

∑
i

∑
j

∂

∂xi

(
√
gg−1
ij

∂

∂xj

)
(∆.2)

se kampulìgrammec suntetagmènec me metablhtèc tic (β, γ, θ′x, θ
′
y, θ
′
z). Qrhsimopoi¸ntac tic

sqèseic (2.16) gia to kÔrio sÔsthma axìnwn

α2,0 ≡ α0 = β cos γ
α2,±1 = 0 (∆.3)

α2,±2 ≡ α2 =
1√
2
β sin γ

gββ =
∂α2,0

∂β

∂α2,0

∂β
+
∂α2,±1

∂β

∂α2,±1

∂β
+
∂α2,±2

∂β

∂α2,±2

∂β

= cos γ cos γ +
1√
2

sin γ
1√
2

sin γ +
1√
2

sin γ
1√
2

sin γ

= 1 (∆.4)

OmoÐwc,

gγγ =
∂α2,0

∂γ

∂α2,0

∂γ
+
∂α2,±1

∂γ

∂α2,±1

∂γ
+
∂α2,±2

∂γ

∂α2,±2

∂γ

= (−β sin γ)(−β sin γ) +
1√
2
β cos γ

1√
2
β cos γ +

1√
2
β cos γ

1√
2
β cos γ

= β2 (∆.5)

Me thn Ðdia diadikasÐa prokÔptei ìti gβγ = gγβ = 0.
Gia na prosdiorÐsoume ta stoiqeÐa gθ′xθ′x , gθ′yθ′y , gθ′zθ′z , gθ′xθ′y , gθ′xθ′z kai gθ′zθ′y prèpei na qrhsi-
mopoi soume tic sqèseic[7]

∂α2±1

∂θ′x
= − i

2

(√
6α0 + 2α2

)
∂α2±1

∂θ′y
= ±1

2

(√
6α0 − 2α2

)
(∆.6)

∂α2±2

∂θ′z
= ∓2iα2
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en¸ oi upìloipoi ìroi eÐnai mhdenikoÐ. Epomènwc, oi mìnoi mh mhdenikoÐ ìroi pou prokÔptoun
eÐnai oi

gθ′xθ′z = −1
2

(√
6α0 + 2α2

)2

gθ′yθ′y =
1
2

(√
6α0 − 2α2

)2
(∆.7)

gθ′zθ′z = −8α2
2

en¸ axiopoi¸ntac kat�llhla thn èkfrash twn rop¸n adraneÐac [4]

J1 =
B

2

(√
6α0 + 2α2

)2

J2 =
B

2

(√
6α0 − 2α2

)2
(∆.8)

J3 = 8Bα2
2

kai tic (∆.3), èqoume telik�

gθ′xθ′x = −J1

B
= −4β2 sin2

(
γ − 2π

3

)
gθ′yθ′y =

J2

B
= 4β2 sin2

(
γ − 4π

3

)
(∆.9)

gθ′zθ′z = −J3

B
= −4β2 sin2 γ

Epomènwc h m tra tou metrikoÔ tanust  èqei thn diag¸nia morf 

gij =



1 0 0 0 0
0 β2 0 0 0
0 0 −4β2 sin2

(
γ − 2π

3

)
0 0

0 0 0 4β2 sin2
(
γ − 4π

3

)
0

0 0 0 0 −4β2 sin2 γ

 (∆.10)

me antÐstoiqh orÐzousa thn

g = gββ gγγ gθ′xθ′x gθ′yθ′y gθ′zθ′z = 64β8(sin 3γ)2 (∆.11)

kai antÐstrofh m tra thn

g−1
ij =



1 0 0 0 0
0 1

β2 0 0 0
0 0 − 1

4β2 sin2(γ− 2π
3 ) 0 0

0 0 0 1
4β2 sin2(γ− 4π

3 ) 0

0 0 0 0 − 1
4β2 sin2 γ


(∆.12)

OrÐzontac touc genikeumènouc kbantomhqanikoÔc telestèc kat� tic gwnÐec Euler èqoume

Ĵ ′θx = −ih̄ ∂

∂θx

Ĵ ′θy = −ih̄ ∂

∂θy
(∆.13)

Ĵ ′θz = −ih̄ ∂

∂θz
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Xanagr�fontac th laplasian , kai axiopoi¸ntac kat�llhla ìlec tic parap�nw ekfr�seic

∇2 =
1
√
g

∑
ij

∂

∂xi

(
√
gg−1
ij

∂

∂xj

)

=
1
β4

∂

∂β
β4 ∂

∂β
+

1
β2 sin 3γ

∂

∂γ
| sin 3γ| ∂

∂γ

+
B

J1

∂2

∂θ′2x
+
B

J2

∂2

∂θ′2y
+
B

J3

∂2

∂θ′2z

=
1
β4

∂

∂β
β4 ∂

∂β
+

1
β2 sin 3γ

∂

∂γ
| sin 3γ| ∂

∂γ
+
∑
k

B

Jk
J
′2
k

h̄2 (∆.14)

'Etsi, o telest c thc kinhtik c enèrgeiac paÐrnei th zhtoÔmenh morf 

T = − h̄
2

2B
∇2

= − h̄
2

2B

(
1
β4

∂

∂β
β4 ∂

∂β
+

1
β2 sin 3γ

∂

∂γ
| sin 3γ| ∂

∂γ

)
+
∑
k

J
′2
k

2Jk
(∆.15)

me antÐstoiqo stoiqeÐo ìgkou

dV =
√
g dβ dγ d3θ

= 2β4 | sin 3γ | dβ dγ d3θ (∆.16)
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Par�rthma E

Ac doÔme pwc prokÔptei h èkfrash (4.82). Apì thn sqèsh (4.79) èqoume

f =
2

1− t
(E.1)

Antikajist¸ntac thn (4.80) sthn (4.76) kai axiopoi¸ntac tic (4.81) kai (4.64) èqoume

Pn+1(µ, ν; y) = Cn+1f
n+1Qn+1(µ, ν; t)

= −2
1 + t

α(1− t)
2

1− t
α

2
(1− t)2 d

dt

[
Cn

(
2

1− t

)n
Qn(µ1, ν1; t)

]

+
[
µ− n− 1 + µ+ n+ (ν + nα+ α+ ν + nα)

1 + t

α(1− t)

]
Cnf

nQn(µ1, ν1; t)

= −2(1 + t)Cn
[
n

2n

(1− t)n+1
Qn(µ1, ν1; t) + fn

dQn(µ1, ν1; t)
dt

]

+Cn
[
2µ− 1 +

(2ν + 2nα+ α)(1 + t)
α(1− t)

]
fnQn(µ1, ν1; t)

= −2(1 + t)Cn
[
n
fn

1− t
Qn(µ1, ν1; t) + fn

dQn(µ1, ν1; t)
dt

]

+Cn
[
2µ− 1 +

(2ν + 2nα+ α)(1 + t)
α(1− t)

]
fnQn(µ1, ν1; t)

= −2(1 + t)Cnfn
dQn(µ1, ν1; t)

dt

+Cnfn
[−2(1 + t)n

1− t
+ 2µ− 1 +

(2ν + 2nα+ α)(1 + t)
α(1− t)

]
Qn(µ1, ν1; t)

⇔ Cn+1

Cn
Qn+1(µ, ν; t) =

−2(1 + t)
f

dQn(µ1, ν1; t)
dt

+
1
f

[−2(1 + t)n
1− t

+ 2µ− 1 +
(2ν + 2nα+ α)(1 + t)

α(1− t)

]
Qn(µ1, ν1; t)

= −(1− t2)
dQn(µ1, ν1; t)

dt

+
[
−(1 + t)n+

(2µ− 1)(1− t)
2

+
(2ν + 2nα+ α)(1 + t)

2α

]
Qn(µ1, ν1; t)
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=
{
−(1− t2)

d

dt
+
[
µ+

ν

α
+
(
ν

α
− µ+ 1

)
t

]}
Qn(µ1, ν1; t)
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