Chapter 2

Geometrically Nonlinear Static Analysis of
Shear Deformable Beams on Nonlinear Foundation

2.1 Introduction

In most investigations concerning Beam-Foundation Systems the assumption is made
that, bodies are in full contact (beam and subgrade are bonded to each other) and
consequently compressive as well as tensile reactions are developed. These bilateral
foundation models were probably motivated more by the desire of mathematical
simplicity rather than by physical reality. However, for most foundation materials, the
admission of tensile stresses across the interface separating the beam from the
foundation is not realistic. In order to address this issue, tensionless foundation models
were proposed in which regions of no contact develop beneath the beam. These regions
are not known in advance and the change of the transverse displacement sign provides
the condition for the determination of the contact length.

Moreover, according to the modelling of the mechanical behaviour of the subsoil
and the soil-foundation interaction, the earliest, most famous and most frequently
adopted mechanical model is the Winkler elastic foundation (Hetenyi 1946). In this
model the supporting soil behaviour is approximated by a series of closely spaced,
mutually independent, linear elastic vertical spring elements, providing resistance in
direct proportion to the deflection of the beam. However, the application of this model
is restricted to non-cohesive soil media due to its inability to take into account the
continuity or cohesion of the soil (interaction between adjacent springs). To overcome
this weakness, a second parameter is introduced such as Filonenko—Borodich, Pasternak
or Hetenyi models (Pasternak 1954), to account for the interaction among the linear
elastic springs (Fig.2.1). The induction of this second parameter brings the modelling of
the soil behaviour closer to reality but its response is still not as complicate as the elastic
continuum model. This fact resulted in the development of more sophisticated models
comprising three independent parameters for the description of the soil behaviour. More

specifically, since in practice the support structure may be highly nonlinear due to the
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foundation hardening characteristics (e.g. ballast and rail-pad), the inclusion of a third
parameter associated with the cubic nonlinearity of the deflection was verified
experimentally by Dahlberg (2002). Besides, this formulation renders the arising

mechanical model capable of distributing stresses correctly (Kargarnovin et al. 2005).

. Load Elastic Springs
Ground Surface

(a)

Ground Surface

(b)
Fig. 2.1. Displacement of Winkler (a) and Pasternak (b) foundation models.

Furthermore, the study of nonlinear effects on the analysis of structural elements is
essential in civil engineering applications, wherein weight saving is of paramount
importance. This nonlinearity results from retaining the square of the slope in the strain—
displacement relations (intermediate non-linear theory), avoiding in this way the
inaccuracies arising from a linearized second—order analysis. Moreover, due to the
intensive use of materials having relatively high transverse shear modulus, the error
incurred from the ignorance of the effect of shear deformation may be substantial,
particularly in the case of heavy lateral loading.

Over the past thirty years, many researchers have developed and validated various
methods for performing analysis of beams partially supported on Winkler foundation
but only few took into account the realistic tensionless character of the subgrade
reaction. To begin with, Sharma and Dasgupta (1975) employed an iteration method
using Green’s functions for the analysis of uniformly loaded Bernoulli beams, followed
by Kaschiev and Mikhajlov (1995), who presented a finite element solution for beams
subjected to arbitrary loading. Later, Zhang and Murphy (2004) presented for the same
problem an analytical/numerical solution making no assumption about either the contact

area or the kinematics associated with the transverse deflection of the beam. Avramidis
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and Morfidis (2006) analyzed the bending problem of a Timoshenko beam on a Kerr-
type three-parameter elastic foundation carrying out comparisons between one, two or
three-parameter foundation models. Maheshwari (2007) employed the finite difference
method with the help of appropriate boundary and continuity conditions for the analysis
of beams on tensionless reinforced granular fill-soil system, while Ma et al. (2009a,b)
used the transfer displacement function method (TDFM) to analyze the response of an
infinite beam resting on a tensionless elastic foundation subjected to arbitrarily complex
transverse loads. Zhang (2008) analyzed a beam resting on a tensionless Reissner
foundation and demonstrated the improvements of the Reissner foundation model
compared to the Winkler one, while Ying et al. (2008) presented exact solutions for
bending and free vibration of functionally graded beams resting on a Winkler—Pasternak
elastic foundation based on the two-dimensional theory of elasticity. Finally, Tullini and
Tralli (2010) presented a finite element solution for the static analysis of a foundation
Timoshenko beam resting on elastic half-plane by employing locking-free Hermite
polynomials. Nevertheless, in all of the aforementioned research efforts only a
geometrically linear analysis is performed.

As the deflections become larger, the induced geometric nonlinearities result in
effects that are not observed in linear systems. Recently, Silveira et al. (2008) presented
a nonlinear analysis of Bernoulli structural elements under unilateral contact constraints
employing a Ritz type approach, while Tsiatas (2010) suggested a boundary integral
equation solution to the nonlinear problem of non-uniform Bernoulli beams resting on a
nonlinear triparametric elastic foundation. In these research efforts, the shear
deformation effect is ignored.

In this chapter, a Boundary Element Method (BEM) is developed for the
geometrically nonlinear analysis of shear deformable beams of arbitrary doubly
symmetric simply or multiply connected constant cross-section, partially supported on
nonlinear three-parameter tensionless foundation, undergoing moderate large
deflections under general boundary conditions. The beam is subjected to the combined
action of arbitrarily distributed or concentrated transverse loading and bending moments
in both directions as well as to axial loading. To account for shear deformations, the
concept of shear deformation coefficients is used. Five boundary value problems are
formulated with respect to the transverse displacements, to the axial displacement and to
two stress functions and solved using the Analog Equation Method (Katsikadelis 2002),
a BE based method. Application of the boundary element technique yields a system of

nonlinear equations from which the transverse and axial displacements are computed by
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an

iterative process. The evaluation of the shear deformation coefficients is

accomplished from the aforementioned stress functions using only boundary integration.

Numerical examples of great practical interest are worked out to demonstrate the

efficiency and the accuracy of the developed method through comparison with literature

and

FEM results, as well as its range of applications. In these examples, the effects

arising in the nonlinear response of beams on nonlinear foundation are illustrated. The

essential features and novel aspects of the present formulation compared with previous

ones are summarized as follows.

il.

1il.

1v.

Vi.

Vil.

Viii.

The proposed beam model accounts for the geometrical nonlinearity by retaining
the square of the slope in the strain—displacement relations. For that purpose the

Total Lagrangian formulation (intermediate non-linear theory) has been adopted.

Shear deformation effect is taken into account on the geometrically nonlinear

analysis of beams on nonlinear foundation.

The proposed model takes into account the coupling effects of bending and shear
deformations along the member as well as the shear forces along the span induced

by the applied axial loading.

The shear deformation coefficients are evaluated using an energy approach, instead
of Timoshenko’s (Timoshenko & Goodier 1984) and Cowper’s (1966) definitions,
for which several authors (Schramm et al. 1994, 1997) have pointed out that one
obtains unsatisfactory results or definitions given by other researchers (Stephen

1980, Hutchinson 2001) for which these factors take negative values.

The beam is supported by the most general boundary conditions including elastic

support or restraint, while it is subjected to arbitrary loading.

The nonlinear half-space is approximated by a nonlinear three-parameter
tensionless foundation. The proposed method can also handle the case of negative

foundation nonlinearity.

The proposed method employs a BEM approach while a small number of nodal

points are required to achieve high accuracy.

The use of BEM permits the effective computation of derivatives of the field
functions (e.g. stresses, stress resultants) which is very important during the

nonlinear response of beam-foundation systems.
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Finally, it is worth mentioning that the outcome of the conducted research activity
presented in this chapter of the doctoral dissertation has been published in international
journals (Sapountzakis & Kampitsis 2010a, 2011a) and in international conferences

(Sapountzakis & Kampitsis 2010e).

2.2 Statement of the Problem

Let us consider a prismatic beam of length / (Fig.2.2), of constant arbitrary doubly
symmetric cross-section of area 4. The homogeneous isotropic and linear elastic

material of the beam cross-section, with modulus of elasticity £, Poisson’s ratio v and
shear modulus G (G=E/ (2(1+v)>) occupies the two-dimensional multiply
connected region 2 of the y,z plane and is bounded by the I ; ( j=12,.,K )

boundary curves, which are piecewise smooth, i.e. they may have a finite number of

corners.

Lift-off Point
Nonlinear Springs
Linear Winkler

C: Centre of gravity
S: Shear centre

(b)

Fig. 2.2. x-z plane of prismatic beam under axial-flexural loading (a) with arbitrary
doubly symmetric cross-section (b).

In Fig.2.2b Cyz is the principal bending coordinate system through the cross-

section’s centroid. The beam is partially supported on an elastic nonlinear tensionless

three-parameter soil. The foundation model is characterized by the linear Winkler

moduli &, , kLy, k; ., the nonlinear Winkler moduli kNLya ky;. and the Pasternak

(shear) foundation moduli kfb/’ kp, for the directions y, z, respectively. Having in

z

mind that for the longitudinal direction the reaction is a bilateral one exhibiting both

compressive and tensile tractions, while for the transverse directions is a unilateral one
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(accounting for the unbonded contact between beam and subgrade), the interaction

pressure at the interface can be written as

Do = kxu(x) (2.1a)
. &’
Py —Hy(x)[kLyv(x)+kNLyv3 (x) —kp, a‘;(;)] (2.1b)
2
b =H. (x)Lksz(x) ey (x) K ang)J 2.1¢)
e

where H y(x)s H - (x) are the Heaviside unit step functions defined as

2
1 if (kLyv(x)+kNLyv3(x)—kpy%(Zx)]>0
H (x)= (2.2a)
(- o
0 lf‘ kLyV(X)+kNLyV (X)_kpyax—z <0
2
1 lf‘ (kLZW(X)+kNLZW3(X)_kPZ%g‘)(;)j>0
. (x) = (2.2b)
(x) | 3 ()
0 lf‘ kLZW(x)+kNLZW (x)_kPZ axz <0

The beam is subjected to the combined action of the arbitrarily distributed or

concentrated axial loading p, = px(x), transverse loading p, = p (x), P, =P (x)

and bending moments m, =m, (x), m,= mz(x) acting along y, z directions,

respectively (Fig.2.2a).

2.2.1 Displacements, Strains & Stresses

Under the action of the aforementioned loading, the displacement field of the beam

taking into account shear deformation effect is given as (Ramm & Hofmann 1995)

i(x,y,2)=u(x)=-y0,(x)+26,(x) (2.3a)

V(x,y,z) = v(x) v_v(x,y,z) = w(x) (2.3b,c)
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where #, v, w are the axial and transverse beam displacement components with

respect to the Cyz system of axes; u(x), v(x), w(x) are the corresponding

components of the centroid C and 0, (x), HZ(x) are the angles of rotation due to

bending of the cross-section with respect to its centroid (Fig.2.3). It is worth here noting
that since the additional angle of rotation of the cross-section due to shear deformation

is taken into account, the one due to bending is not equal to the derivative of the

deflection (i.e. 6, = v', 6, #W").

Zw ¥

(2)

VA |

(b)

Fig. 2.3. Displacement field according to xz (a) and xy (b) planes of shear deformable
Timoshenko beam.
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Employing the strain-displacement relations of the three-dimensional elasticity the

components of the Green-Lagrange strain are defined as

g - L A (E) () (oW s
oo 2| \ox ox ox '
_ [/ a2 _\2 2]
o Lo Iifou) fov) [ow (2.4b)
Yoogy 2| oy oy oy
s L LA (oY (oW (.40)
= oz 2|\az 0z 0z '
7/ = 8_v+6_u + a_ua_u+a_va_v+6_wa_w (24d)
Polex oy Ox 0y Ox Oy Ox Oy
Vi = a_w+a_u + 8_u§_u+6_v6_v+6_w8_wj (246)
ox Oz Ox 0z Ox 0z Ox Oz
]/Zz 6_W+6_V + 6_u@_u+6_va_v+a_wa_w (24D
> oy Oz oy 0z Oy 0z Oy Oz

Moreover, assuming relatively small centroidal axial displacement and moderate large
transverse displacements (Ramm & Hofmann 1995, Rothert & Gensichen 1987, Brush
& Almroth 1975) while strains remain small, the following strain components can be

easily obtained

_ _\2 _\2

Exx :8_u+i (8_\/) +(8—Wj (2.52)

ox 2|\ ox Ox

Yz :a_w+a_u+(a_va_v+a_wa_wj (2.5b)
ox Oz Ox 0z Ox Oz

Vxy :8_v+8_u+ 6_v@+6_w@ (2.5¢)
Ox Oy \oxody Ox Oy

Eyy =8,=7,, =0 (2.5d,e,f)
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_,\2 _
where it has been assumed that for moderate displacements (a%x) << a%x’

(8O, ) << (T ) + (%) (a%x)(a%y) <(W4)+ (%) . Substituting

the displacement components (2.3) to the strain-displacement relations (2.5), the strain

components can be written as

e (6,7) du  _dy  do. 1 dv2+dw2 .60
, YV, = - VYV T — — .0a
w\ B = T e a2l
dv dw
Y g Mg 2.6b.c
Yo = e U Vo = e T (2.6b,0)

where 7, y,. are the additional angles of rotation of the cross-section due to shear

deformation .It is worth noting what in the well known Euler-Bernoulli beam theory

these shear deformations are neglected, thus

0 =2 g =-22 (2.7b,¢)

Considering strains to be small and assuming an isotropic and homogeneous
material, the non vanishing work conjugate stress components of the second Piola—

Kirchhoff stress tensor are defined in terms of the strain ones as

s, TE 0 0][e,
Set=[0 G 0y, (2.8)
S]CZ 0 0 G 7/ XZ

or employing the strain-displacement relations (2.6) as

dé 2 2
S.=E d—u+z—y—yd—92+i av v (2.9a)
dx dx dx 2| dx dx
dw
Sxy = G(% — sz sz = G(E + Qyj (29b,C)
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2.2.2 Stress Resultants, Equations of Equilibrium, Boundary Conditions

The equations of equilibrium and the boundary conditions of the beam-foundation
system are derived employing the equilibrium method. It is mentioned that any energy
principle (e.g. total potential energy) could also be implemented providing the same
results. To this end, let’s consider an infinitesimal beam element of length dx at its

deformed configuration as this is depicted in Fig. 2.4.

Q- ...
5 FJIQ_-CO,S'(OJ-
Q:siney ;< x}_ah: -w'
e i i
y Nsinw,
2, W
3
' (@

Y
LS

u+du x,u - AQ, cosw.

8]

]_CU:: —v'

Nsinw.

Y (b)

Fig. 2.4. Infinitesimal beam element of length dx at its deformed configuration under
equilibrium according to xz (a) and xy (b) planes.

Moreover, the angles of rotation are assumed to be small, thus the following

relations hold

cosw,~1  sino,~w, CSO,~]  siho,xo, (2.10a-d)

Consequently, the horizontal force R, and the vertical forces Vy V, can be written in

term of the axial N and the shear Q,,, Oz forces, as (Fig. 2.4)
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R, =N+ an)z + Qza)y (2.11a)
V,=0,—Na, V.=0.-Na, (2.11b,c)

while the angles of rotation @), @, are defined as

dw dv
@. = ——2 W =—— 2.12a,b
y o s = ( )

Substituting eqns. (2.12a,b) to eqns. (2.11) yields

R.=N+ va'+QZw' (2.11a)
V,=0, -\ V,=0, - Nw' (2.11b,¢)

where ( ') denotes differentiation with respect to x , while the second and third term of
the right hand side of eqn. (2.11a) express the influence of the shear forces to the
horizontal one. Nevertheless, as O/, 0, w << N (Rothert & Gensichen 1987, Ramm &
Hofmann 1995) the horizontal force is equated to the axial one, thus R_ =N .

Subsequently, equating the external loads with the internal reaction, the equations

of equilibrium are written as

—cgz—kxu—i-px =0 (2.12a)
do, dQ
_ —0 2z o i =0 2.12b,c
I Py TPy g P TPz ( )
dM am
Y _ —
e -0, +my, =0 dxz +0,+m, =0 (2.12d,e)

while the axial N and the shear Qy, Qz forces as well as the bending moments M v

M , of the beam in the deformed configuration are defined as

N=[,8,de2 (2.13a)
Oy =y Spd Q= [, Sed2 (2.13b,c)
M,=[,S,2d2  M,=—[,S, yd2 (2.13d.e)
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After employing both the strain components of eqns. (2.6) and the stress-strain
constitutive relations (2.9) for an isotropic and homogeneous material, eqns. (2.13) are

written as

N = EA[u’ + é(v'z +w'? )} (2.14)
0, =G4y, 0. =GA.y,. (2.14b,c)
M, =EIL®, M, =EIL0, (2.14c,d)

where A is the cross section area, while / y, I, are the moments of inertia with respect
to the principle bending axes given as
A=[,d02 (2.15a)

I,=[,7’d2 I =[,y'd0 (2.15b,c)

and GAy , G4, are its shear rigidities of the Timoshenko’s beam theory, where
1
A =x,A=—A4 A4, =x,A=—A (2.16a,b)

are the shear areas with respect to y, z axes, respectively with &, «, the shear

correction factors and a,, q. the shear deformation coefficients (Appendix A3).

y z

Substituting the stress resultants of eqns. (2.14) and the strain resultants of eqns. (2.6) in

the equilibrium eqns. (2.12) the differential equations of equilibrium are written as

—EA(u" +Ww' + W)+ k= p, (2.17a)

—(Nv')’ -GA, (v" -6, ) + ﬁy (kLyv + kNLyv3 - kuv”) =P, (2.17b)
—(Nw')’ -GA, (w" + Hy') +H. (kLZw+ kg W° — kPZW") =p. (2.17¢)
~ELO. ~GA,(v'=0.)=m,  —ELO,+GA(W+0,)=m,  (2.17de)
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Combining eqns. (2.17b,d) and (2.17c.,e), the governing differential equations with
respect only to the displacement components u, v, w of a geometrically nonlinear
Timoshenko beam, partially supported on a nonlinear three-parameter tensionless
foundation, subjected to the combined action of axial and transverse loading are

obtained as

—EA(u" +Ww' + W)+ kpu=p, (2.18a)
o EI " ) EI
El v (Nv) + Py +G—Ay((Nw) psy) =py - aA. py —m, (2.18b)
" __ E] " E]y " [
ElLw (Nw) +pg, +G_AZ((NW) psz) =p. —G—Azpz + i, (2.18¢)

These equations are also subjected to the pertinent boundary conditions of the problem

at hand, which are given as

au(x)+a,N(x)=a3 (2.19a)
ﬁ’lv(x) + ﬁ’ZVy (x) =[5 BIHZ (x) +BZMZ (x) = ,33 (2.19b,¢)
yw(x)+ 7V (x) =3 710, (x)+7,M,,(x) =7; (2.19d.e)

at the beam ends x =0,/. In eqns. (2.19b-e) the vertical reactions Vy, V., the bending

moments M y» M , and the angles of rotation due to bending Qy, 6, are given as

n / EI !

V,==El.v"+Nv — GA [ +py psyJ —m, (2.20a)

EI
V,=—EIl,wW"+Nw - —y[ "+ pl - p;zjl +m, (2.20b)

GA

EI
M, =—El W - GAy ( "+ p. - psz) (2.21a)

EI :

M, =EIV' + AZ ((Nv’) +py —psy) (2.21b)
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EI " Ji
0 - y (N ’ ' )__ EI " GA ' )
To(eay (W) + Pl GAZ( W+ GAw) (2.22a)
0, = L, 5 ((Nv’)" — p;y)+G%(EIZv’"+GAyv’) (2.22b)
(GAy) y

Finally, @ s ,Bj, ,Bj, V4 j,}7j (j=1,2,3) are functions specified at the beam ends

x=0,l. Eqns. (2.19) describe the most general boundary conditions associated with the
problem at hand and can include elastic support or restraint. It is apparent that all types
of the conventional boundary conditions (clamped, simply supported, free or guided

edge) can be derived from these equations by specifying appropriately these functions
(e.g. for a clamped edge itis o, =g, =y, =1, ,Z’J =7_/1 =l,a,=a;=p,=B;=7,=

ys=Pr=P3=7,=73=0).

The solution of the boundary value problem given from eqns. (2.18) subjected to
the boundary conditions (3.19) describes the axial-flexural response accounting for the
geometrical nonlinearity (large displacements) of a Timoshenko beam, supported on a

nonlinear three-parameter tensionless foundation. The evaluation of the shear

deformation coefficients a,, a,

corresponding to the principal centroidal system of
axes Cyz, are established equating the approximate formula of the shear strain energy

per unit length with the exact one as described in Appendix A3.

2.3 Integral Representations — Numerical Solution
According to the precedent analysis, the nonlinear axial-flexural analysis of a
Timoshenko beam, partially supported on a nonlinear three-parameter tensionless

foundation, undergoing moderate large deflections reduces in establishing the
displacement components u(x) and v(x), w(x) having continuous derivatives up to
the second and up to the fourth order with respect to x, respectively. Moreover, these
displacement components must satisfy the coupled governing differential equations
(2.178) inside the beam and the boundary conditions (2.19) at the beam ends x=0,!/.

The differential equations of equilibrium are solved using the Analog Equation Method
(Katsikadelis 1994, 2002) as it is described in Appendix Al.
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2.3.1 Axial u(x) and transverse displacements v(x), w(x)
According to this method, let u(x), v(x) and w(x) be the sought solution of the
aforementioned boundary value problem. Setting as uj(x)zu(x), uz(x)zv(x),

u (x) = w(x) and differentiating with respect to x these functions two and four times,

respectively yields

0%u o’ .
ale =q (x,t) P = qi(x,t) (l =2,3) (2.23)

Eqns. (2.23) are called analog equations and indicate that the solution of eqns. (2.18)
can be established by solving eqns. (2.23) under the same boundary conditions (2.19),

provided that the fictitious load distributions ql-(x,t) (i = ],2,3) are first established.
Following the procedure as described in Appendix Al, the integral representations of
the displacement components u; (i = 1,2,3) obtained by eqn. (A1.8, A1.36) and their

first derivatives with respect to x obtained by eqn. (A1.22, A1.43), when applied to the

beam ends (0,7 ), together with the boundary conditions (2.19) are employed to express
the unknown boundary quantities ul-(é',l) , ul-,x((,t), ui,xx(é',t) and ulm(é’t)
(£'=0,) in terms of the fictitious loads ¢, (i =1,2,3). In order to accomplished this

numerical formulation, the interval (O,I ) is divided into L elements, on which qi(x,t)

is assumed to vary according to certain law (constant, linear, parabolic etc). The
constant element assumption is employed here as the numerical implementation
becomes very simple and the obtained results are of high accuracy.

Employing the aforementioned procedure, the following set of 20 nonlinear

algebraic equations is obtained

1
T, 0 0](a) |PI'| (a,
0 T, 0 [{d,t+iD5i=1b, (2.24)
0 0 T33 d3 Dgl C3

with
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TH{FIH Ery Eﬂ (2.25a)
0 Dj;, Dy
Fi Ey Ep E3 Eyy F, Ey Ep Ej3 Ey
T, = F, 0 Ey Ey Ey T, = F, 0 Eyp Ey Ey (2.25b.c)
0 Dy Dy D3 Dy 0 Gy Gz Gz Gy
0 Dy Dy Dy Dy 0 Gy Gp Gy Gy

where E},,E},,E,;-E, are rectangular 2x2 known coefficient matrices resulting
from the values of the kernels A ; (r) ( j=1,2,3, 4) at the beam ends and F', F,, F,

are 2xL rectangular known matrices originating from the integration of the kernels

along the axis of the beam, as defined in Appendix Al. Moreover, D;;-D,, and G, -

G,; are 2x2 known square matrices including the values of the functions
aj,ﬂj,ﬂ_j,yj,fj (j=1,2) of eqns.(2.19), while D} ,a; and D', D5, bs,¢c; are 4x1
and 8x1, respectively known column matrices including the boundary values of the

functions aj, ﬁ3,ﬁ3,y3,;73 of eqns. (2.19). Furthermore, d,-d; are the generalized

unknown vectors including the L unknown nodal values of the fictitious loads
o AT, . .
q; = {q{ G5 e q’L} (1 = 1,2,3) and the vectors including the unknown boundary values

of the respective boundary quantities. More specifically, the expressions of the matrices

of eqn. (2.25) are given as

0 0
0 EA 0
DY, = {“l } DY, = {“z } (2.26a,b)
0

D' == E4{a) [ﬁz,x(0)+ﬁ3,x (0)] 0y =1al (2.26¢,d)
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0 EI, -
]0 , 5 (N(0)+G—AyHykLyJ 0
Dy = 0 ﬁl Dy, = £
] 0 ﬂé(N(l)jLTZﬁykLy
L Y
_ ] )
ﬁg(n— N(0)+ H kp ]
B 2EIZ ﬂgN’(O) 0 B GAy( y J’)
BTG4, 0 pin) L I
v 2 0 ﬂé(}—}—GT(N(l)"‘Hykpy)
Y
nu-—ﬁoﬂr’y’” S }
2GA,| 0 Hypky,
— EI. - —y EI. |
'810 1= ZzHykLy +ﬂ20GAZN(0) 0
(GAy y
D22_
- EI. - —, EI.
'le 1= ZzHykLy +ﬂij(1)
(GAy) Y
L ] i 2 |
N1+ ——N(0)———H kp |+ B N'(0 0
ﬂZ[ GA, ) G4, " g (G4,) )
Dy3 = £,
- 1 1 =~ - 2
0 Ni+—N()-——H k ! N'(1
ﬂZL +GAy () GAy yPJ-i_ﬂI(GA )2 ()
L y
— 1 -
. B (HG—Ay(N(o) Hykp)j 0
D24_ GAZ ;
Y =l ~
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q2 q;3
q: u, u3
di=y dy =1 Uy dy =1 Uz (2.29)
lAll X lAlZ’xx l13 XX
lAlZ’xxx lAlS’xxx

where the boundary values of the displacement components u; (i =1,2,3) and their

derivatives with respect to x are written in matrix form as

iy = {u; (0.0) w; (1.0)) (i=1,23) (2.30a)

T

ou. .
ﬁi,x:{ ul(O,t) aul(l,t)} (1-21,2,3) (2.30b)
ox ox

% (0.0) % (L1))|
um:{ b . } (i=23) (2.30c)

S (0.0) & (11)]
By = ] R =23 2.30d
i { ox’ ox’ } (l ) ( )

Thereafter, the discretization of the integral representations of the displacement
components (i =], 2,3) and their derivatives with respect to x, and the application

to the L collocation nodal points yields

u; = Afq, + Coliy + Cyiy,, (2.31a)
U= Ajqy +Coliyy U =q (2.31b,c)
u, = Adq, + Cyiiy + Cliiy,, +Cyliyy +C3lly, (2.32a)
u,, = Alq, + Cyli,,, +Cliiy,  +Cyliy, (2.32b)
u2’xx = A%qz + C0ﬁ29xx +C,1ﬁ29xxx (2320)

— A3 A
u2’xxx - A2q2 + C0u2 XXX uz IXXXX q2 (2.32d,e)
uy = A3qz + Cyliy + Cliiy +Cyligory C3ll3o000 (2.332)
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u3’X = A:l‘ﬁqS + C0ﬁ3 X +C’1ﬁ3 IXX +C2ﬁ3 XXX (2-33b)
u3 IXX = A§q3 + C0ﬁ39xx +C,1ﬁ3 IXXX (2330)

—_ A3 A
u3’XXX - A3q3 + C0u3 IXXX U3oxxxx — (]3 (2.33(1,6)

where Al A%, A% (i:0,1), (j=0,1,2,3) are L x L known matrices; C,, C;, Cj,

C,, C; are Lx2 known matrices and u;, u;,,, u are vectors

ioxx > Wirxxx > Uisxxxx
including the values of ui(x,t) and their derivatives at the L nodal points. These

equations can be assembled in a more convenient matrix form as

u, = Bd, u;,, =Bid; (2.34a,b)
U, = de Uyox = B,de Upoxx = B,xde Wy oexx = B,xxde (2'353"(1)
u; = Bd, uz, =B .d; Uz, =B . d; Uzsx = B ds  (2.36a-d)

where B” B and there derivatives are L><(L+4) and L><(L+8) known matrices,

respectively arising from A, A, C“, C and there derivatives as presented in
Appendix Al.

In conventional BEM, the load vectors g, are known and eqns. (2.34-2.36) are used
to evaluate u,-(x,t) and their derivatives at the L nodal points. This, however, cannot
be applied here since q; are unknown. Thus, 3L additional equations are required in
order to permit the establishment of q;. Therefore, the final step of AEM is

implemented by applying the differential equations of equilibrium (2.18) to the L
collocation points. Employing eqns. (2.34-2.36) leads to the formulation of the

following set of 3 x L nonlinear equations of equilibrium

dy fy
Kd+f"=f < K/d, +f“'(B”,B,d1,d2,d3)= f, (2.37)
d; f3

where f™ is a nonlinear generalized stiffness vector and K, f are generalized stiffness

matrices and force vector respectively, defined as
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K, =—[EA], , + [KXBuLg f,=p, (2.38a-b)
£l = EA[[BMdz] e [B.d, |+[B .d;] " [B_d; ﬂ (2.38¢)
K,=[EL], ,~NB,~NB  +K{B-+ gfl 2 (3N,B . +N-K{B ) -

o g (2.39a)
dg z
- KPyB,xx - GA

(KcLiiB,xx - Kc}i’fz )

EI 3 EI
f;l = K?\fgLy (dZ )3 - GAZ (K?\fgLy (B,xxdl) ) f2 =Py Ty~ GAZ (pyxx) (2.39b,c)
y y

EI
d d
K, = [EI y]dg,L -N,B,-NB _ +K7B+ j(mxl;,m +N-K L§B,xx) _

- : (2.40a)
d d d
- KPgB,xx - j(KLgB,xx - KP% )
EI EI
/ d 3 d: 3
7' =K% (d3) —G—Ay(K . (B uds) ) fy=p.+m, —G—Ay(pm) (2.40b,c)
V4 z

where N, N are L x L diagonal matrices containing the values of the axial force and
its derivatives with respect to x, respectively, at the L nodal points, Py, Pyxcs Do
P-yx> M, and m_ . are Lx/ vectors containing the values of the external loading

and its derivatives at these points, while K”ng , K?’\,ng. and Kjﬂ% (i = y,Z) are diagonal

matrices whose diagonal elements represent the values of the corresponding foundation
parameter at each nodal point. Moreover, substituting eqns. (2.34) in eqn. (2.14a), the

discretized counterpart of the axial force at the neutral axis of the beam is given as

N=E4(B'd; )+ éEA [[B’xxdzj o[ Bada]+[Bods ] [B’xd3ﬂ (2.41)

The above equations (2.37), together with eqns. (2.24) constitute a system of
3L + 20 nonlinear algebraic equations which can be solved using any efficient solver.
Within the framework of this doctoral dissertation two approaches have been

performed. Firstly, the solution of this system was accomplished iteratively by
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employing iterative numerical methods, such as the two term acceleration method
(Isaacson & Keller 1966) and secondly, by using the modified Powell algorithm (Powell
1977, 1985). A step-by-step algorithmic approach of the numerical implementation is

summarized in a flowchart form in Fig. 2.5.
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Fig .2.5. Flowchart of the numerical implementation.
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2.4 Numerical Examples

On the basis of the analytical and numerical procedures presented in the previous
sections concerning the geometrically nonlinear analysis of shear deformable beams on
nonlinear foundation, a computer program has been written using High Level 3G
Fortran 90/95. Representative examples have been studied to demonstrate the
efficiency, wherever possible the accuracy and the range of applications of the

developed method.

2.4.1 Example 1 — Linear Analysis of Simply Supported Beam on Elastic Foundation

In the first example, for comparison reasons a linear analysis of a simply supported
beam has been studied for three different load and geometry cases. Although

displacements are considered small the problem is strongly nonlinear as the contact
length is unknown. A beam of length /= 5m and flexural stiffness £l =1 0 subjected
to concentrated moments M; =M, =—1 0’ kNm at its ends, resting on a homogeneous

elastic foundation with modulus of subgrade reaction &, as shown in Fig. 2.6 (case i),

has been studied.

} [ =5m {

Fig. 2.6. Prismatic beam on elastic foundation subjected to concentrated moments at
its ends (case i).

The present example was first investigated by Hetenyi (1946) who presented an
analytical solution, according to which the midpoint deflection is evaluated by the

following expression

YL sinh(jsin(ﬂ)
w(i/2)=221 2) A2 where A=4k./4EI (2.41)
k. cosh(Al)+cos(Al)

V4
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Lately, Pereira (2003) presented a FEM solution for the problem at hand, while
Silveira et al. (2008) presented a nonlinear formulation employing a Ritz type approach.
In Figs. 2.7a,b the beam deflections for the cases of conventional bilateral and unilateral
(tensionless) Winkler springs, respectively are presented as compared with those
obtained from analytical (Hetenyi 1946), FEM (Pereira 2003) and Ritz type (Silveira et

al. 2008) solutions for various values of the dimensionless foundation parameter

k=k" / EI . Moreover, in Table 2.1 the extreme values of the beam deflection and of

the soil reaction are presented for both cases of bilateral and unilateral foundation and
for various values of the aforementioned parameter k . From these figures and table the
accuracy of the obtained results is remarkable, while the influence of both the
foundation stiffness and the unilateral character of the soil reaction are easily verified.
Moreover, the discrepancy in the deflections between the bilateral and the unilateral

foundation model especially for a stiff soil is underlined.

-0.008 A -0.02
Bilateral Winkler Springs . . .
Unilateral Winkler Springs k5=62500
-0.015 - -
0.004 4
-0.01 A
So . N 0.005
k5=62500
To

Present Study
— - — Heteneyi (1946) 0.005
»—>—X Pereira (2003) X—>—X Pereira (2003)
G—6—>0 Silveira et al. (2008) G—6—>0 Silveira et al. (2008)
T T T 1 0.01 T T T T 1

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x/1 x/1

(a) (b)

Fig. 2.7. Deflection for various values of the soil parameter k, of the beam of example
[ (case i) resting on a bilateral (a) and unilateral (b) elastic foundation.

Present Study

As a variant of this example, the beam of length / = /0m subjected to concentrated

moments M; =-M, =1 0°kNm at its ends and a concentrated force P(1/2)=150kN

at the midpoint of the beam, as this is shown in Fig. 2.8 (case ii), has also been studied.
In Figs. 2.9a,b the beam deflections for the cases of conventional bilateral and unilateral

Winkler springs, respectively are presented as compared with those obtained from
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analytical (Hetenyi 1946), FEM (Pereira 2003) and Ritz type (Silveira et al. 2008)
solutions for various values of the parameter &k, while in Table 2.2 the extreme values
of the beam deflection and of the soil reaction are presented for both cases of bilateral
and unilateral foundation reaction, leading to the same conclusions drawn from the

previous beam case.

12 = 5m——

Fig. 2.8. Prismatic beam on elastic foundation subjected to concentrated moments at
its ends and force at its midpoint (case ii).

Table 2.1. Extreme values of the deflections (x] 0~ ) and the foundation reaction of the

beam of example 2.1 (case i).

Bilateral Winkler Unilateral Winkler
k
Min w Max w pszl3 / El Min w Max w pS213 / El
6.25 -3.960 3.960 0.049 -4.030 3.905 0.048
62.5 -3.826 3.826 0.478 -4.418 3.425 0.428
625 -2.869 2.869 3.586 -5.697 2.046 2.557
6250 -1.015 1.015 12.688 -7.125 0.833 10.415
62500 -0.304 0.304 37.965 -8.008 0.287 35.854

Finally, as a second variant of this example, the beam of Fig. 2.8 subjected to
2 .
concentrated moments M; =—M, =—10"kNm at its ends and a concentrated force

P(l / 2)=—50kN at its midpoint, has also been studied (case iii). In Fig. 2.10 the

deflections of the beam resting on a tensionless subgrade are presented as compared
with those obtained from FEM (Pereira 2003) and Ritz type (Silveira et al. 2008)
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solutions for various values of the dimensionless foundation parameter k . Moreover, in

Fig. 2.11 the deflections of the beam ignoring the foundation reaction or resting either

on unilateral or bilateral subgrade (k=104), are presented as compared with those
obtained from a Ritz type solution (Silveira et al. 2008) demonstrating once again the
paramount importance of the tensionless character of Winkler foundation. Finally, in
Table 2.3 the extreme values of the beam deflection and of the soil reaction are
presented for both cases of bilateral and unilateral foundation reaction, leading to the
conclusions already drawn and noting the significant influence of the unilateral
character of the soil reaction in both the deflections and the soil reaction especially in

the case of a stiff soil.

Table 2.2. Extreme values of the deflections (cm) and the foundation reaction of the

beam of example 2.1 (case ii).

‘ Bilateral Winkler Unilateral Winkler

Min w Max w pSZl3 / El Min w Max w pSZZ3 / El
10 0 9.671 9.670 0 9.671 9.671
10° -0.239 2.341 23.41 -0.255 2.326 23.26
10* -0.326 0.549 54.90 -0.778 0.490 49.04
10° -0.095 0.0941 94.06 -0.9139 0.104 104.36

Table 2.3. Extreme values of the deflections (cm) and the foundation reaction of the

beam of example 1 (case iii).

Bilateral Winkler Unilateral Winkler
k
Min w Max w pSZl3 / El Min w Max w pSZZ3 / El

10° -0.248 0.661 0.66 0 1.286 1.28
10° -0.197 0.318 3.18 -0.41 0.609 6.09
10* -0.031 0.095 9.53 -1.266 0.239 23.95
10° -0.006 0.026 26.09 -1.789 0.082 81.47
10° 0 0.005 54.05 -2.070 0.023 231.4
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Fig. 2.9. Deflection of the beam of example 1 (case ii) resting on a bilateral (a) and
unilateral (b) elastic foundation for various values of the parameter k.

20.03 - Unilateral Winkler Springs

Present Study
»X—>*—X Pereira (2003)
G—o—0 Silveira et al. (2008)

-0.02 4
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Fig. 2.10. Deflection of the beam of example 1 (case iii) resting on a unilateral
elastic foundation for various values of the soil parameter k.
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Fig. 2.11. Deflection of the beam of example 1 (case iii) ignoring the foundation

reaction or resting either on unilateral or bilateral foundation k =1 0%

2.4.2 Example 2 — Nonlinear Analysis of Clamped Beam on Elastic Foundation
In order to illustrate the importance of the nonlinear analysis and the influence of the
shear deformation effect, a clamped beam of length /=5m, having a hollow

rectangular cross section (E=210GPa, v=0.3, a,=3.664, a, = 1.766) resting on

homogeneous (either bilateral or unilateral) elastic foundation of stiffness k., as shown
in Fig. 2.12, is examined.

In Fig.2.13 the deflection curves along the beam resting on a tensionless foundation
with &k, =50kN / m’ and subjected to a uniformly distributed load p, =100kN / m

(case i) are presented performing either linear or nonlinear analysis and taking into
account or ignoring shear deformation effect. From this figure, the influence of the
nonlinearity to the performed analysis is remarked, while the discrepancy of the

obtained results due to the shear deformation effect justifies its importance even in thin
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walled sections. Moreover, in Table 2.4 the deflections and the bending moments at the
beam’s midpoint and ends, respectively are presented performing either linear or
nonlinear analysis and taking into account or ignoring shear deformation effect. Finally,

in Fig. 2.14 the deflection curves of the beam resting on a tensionless foundation are
presented for various values of the modulus &, of the subgrade reaction, performing

nonlinear analysis taking into account shear deformation effect and demonstrating the

importance of the soil stiffness in the obtained results.

a.= 3.664 Tj|f |
~

a,= 1.766 |z

Fig. 2.12. Clamped beam of hollow rectangular cross section subjected to uniformly
distributed load p, (case i).

To illustrate the importance of the tensionless character of the subgrade reaction,
the same beam subjected to a concentrated moment M, =—/00kNm at its midpoint
(case ii) is also studied. In Figs. 2.15(a,b) the deflection curves of the beam resting on a
tensionless foundation and the foundation reaction are presented, respectively for
various values of the subgrade reaction modulus k_, performing nonlinear analysis and

taking into account shear deformation effect. Additionally, in Table 2.5 the extreme
values of the displacements and the soil reaction are presented for both cases of bilateral
and unilateral soil reaction for various values of the modulus k. performing a
geometrical nonlinear analysis and taking into account shear deformation effect. From
the aforementioned figure and table, it is concluded that the unilateral character of the
foundation is of paramount importance and the error occurred from the ignorance of this

behaviour is considerable.
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Fig. 2.13. Deflection along the beam of example 2 (case i), for soil stiffness
k. = 50kN / n’.
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Fig. 2.14. Deflection along the beam of example 2 (case i), for various values of

the subgrade reaction modulus k.
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Table 2.4. Deflection (cm) and Moment (kNm) at the midpoint and the ends of the
clamped beam, respectively of example 2 (case i ), for k, =50kN / mZ.

Without Shear Deformation With Shear Deformation
Analysis
Linear Nonlinear Linear Nonlinear
w(l/2) 7.49 6.93 7.95 7.28
My(O,l) -202.98 -192.85 -199.31 -187.54
10 0 Bt

kz5 = 5 10%kN/m2

\
i
—
o
1

—
W
1

Deflection w(mm)
(3]

(=)
[\
(=]

1

Foundation Reaction pgz(kN/m)

kz2=50kN/m2

N
W
1

4 kz] =zero kz5 = 5 104kN/m2

30 T T

2 3 4 5
0 1 2 3 4 5
Length x(m) Length x(m)
(a) (b)

Fig. 2.15. Deflection curves of the beam (a) and foundation reaction (b) of example 2
(case ii) for various values of tensionless subgrade reaction k.

Table 2.5. Extreme values of the deflections (mm)and the foundation reaction

(kN/ m) of the beam of example 2 (case ii).

k, Bilateral Winkler Unilateral Winkler
(kN/m’) Minw  Maxw  Max p,, Min w Max w Max p,,

50 -5.59 5.59 0.279 -5.67 5.53 0.276
5%10* -5.39 5.39 2.694 -6.10 4.92 2.459
5%10° -4.01 4.01 20.007 -7.84 2.56 12.822
5x10% -1.45 1.45 72.675 -9.21 0.57 28.327
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2.4.3 Example 3 — Experimental Validation of Pile—Foundation Systems

In this example, the accuracy of the developed formulation for the elastic analysis of
pile—foundation systems is validated against experimental data and other numerical
formulations available in literature.

Under this scope, a single pile (i) of length / =4.65m , diameter d =0.3573m and

modulus of elasticity £, =20GPa driven into clay soil with E; =9233kN / m? and

Poison’s ratio v, =0.3 (measured experimentally, taking the mean over the first three
meters), is studied. The pile is subjected to concentrated horizontal force P, =60kN and
to bending moment M, = 69kNm at its head. In Fig. 2.16 the displacement curve along

the pile is presented as compared with the experimental measurements obtained by
Kerisel and Adam(1967) and those from a BEM-FEM coupling formulation presented
by Filho et al. (2005).

0 -

0.5 1

2 L X )
? Pile under Horizontal Force
& Bending Moment

J (3—6——© Present Study
4 - | [4 - £1 -[-] Kerisel and Adam (1967)
& = <€- =% Filho et al. (2005)

Un

-4 0 . 4 8 12
Displacement w(mm)

Fig. 2.16. Displacement along the pile (i) of example 3.
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Moreover, a pile (i) of length /=6.096m (d =60.96cm, E, = 21.11GPa) driven
into clay soil (E;=1%E,, v,=02) under tip loading (F,=181.6kN,
M, =-95.826kNm), has also been studied. In Figs. 2.17a,b the displacement curves

along the pile are presented as compared with those obtained from Vallabhan and
Sivakumar (1986) and from a BEM-FEM coupling formulation presented by Filho et al.
(2005). Additionally, in Fig 2.17b the settlement u(x) due to axial force P, =726.4kN

is depicted, as compared with literature (Vallabhan & Sivakumar 1986, Ferro &
Venturini 1992, Filho et al. 2005).

Finally, a pile (iii) of length [ =12.2m (d =6Ilcm, E, =20.67GPa) driven into

London clay ( £ = 72.4MN/m?, vy =0.5) under vertical loading P, =1.1MN , has been

examined. The predicted settlement at the tip of the pile is evaluated from the current

formulation at u =0.285cm while the experimentally measured one (Whitaker &

Cooke 1966) is u® =0.284cm, giving a divergence of only 0.35%. From these
comparisons a very good agreement can be verified between the experimental data, the

other numerical formulations and the proposed model.
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Fig. 2.17. Displacement along the pile (ii) of example 3.
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2.4.4 Example 4 — Beam on 3-Parameter Foundation
In order to illustrate the influence of the soil modelling to the beam-foundation system

response, a beam of length [=3m (E=2.9><]06kN/m2, A=0.02m2,

1,=6.67x 107 m?, a,=1.2) resting on a three-parameter foundation, has been

studied. The beam is subjected to a uniformly distributed load p, =500kN / m, while

three types of boundary conditions have been examined; namely (7) hinged- hinged, (i)
hinged-fixed and (ii7) fixed-fixed.

In Tables 2.6-2.8 the central beam deflection for various values of the foundation
parameters are presented taking into account or ignoring shear deformation effect as
compared with those obtained from a BEM solution ignoring this effect (Tsiatas 2010),
for the aforementioned cases of boundary conditions, respectively. Moreover, in Fig.

2.18 the deflection curve along the clamped beam resting on a three-parameter
nonlinear  foundation with  k;, =1000kN / m?, kg, =1000 kN / m®  and

kp, =1000kN is presented performing either a linear or a nonlinear analysis and taking

into account or ignoring shear deformation effect. From this figure, the influence of

geometrical nonlinearity to the performed analysis is remarked.

O -4 ‘- ————————————————————————— y.
’ K, =1000kN/m?
Fixed-Fixed Beam on Ky;,=1000kN/m#
0.04 1 Kp, =1000kN
Nonlinear Analysis
= 0.08 - Without Shear Deformation
E \ [3F-£1=-] With Shear Deformation
8
2
Z 0.12 1
0.16 1 . S T
Linear Analysis . S 3 . /g@ 13 .‘66%
- — —— Without Shear Deformatioios=o= — — — — — — — — — -
<> <>- <O With Shear Deformation
0.2 T T T T T 1
0 0.5 1 1.5 2 2.5 3

Length (m)
Fig. 2.18. Deflection along the fixed-fixed beam of example 4.
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Table 2.6. Deflections (m) at the midpoint of the hinged-hinged beam of example 4.

2 4 With Shear  Without Shear  Tsiatas
krz (kN/ m ) kNLZ (kN/ n ) kP Z(kN) Deformation  Deformation (2010)

0 0 0 0.31189 0.31259 0.31272
1000 0 0 0.25452 0.25537 0.25546
0 1000 0 0.30742 0.30812 0.30825
0 0 1000 0.25086 0.25172 0.25176
1000 1000 0 0.25168 0.25253 0.25262
1000 0 1000 0.20057 0.20152 0.20154
0 1000 1000 0.24820 0.24906 0.24909
1000 1000 1000 0.19912 0.20005 0.20009

Table 2.7. Deflections (m) at the midpoint of the hinged-fixed beam of example 4.

2 4 With Shear  Without Shear  Tsiatas
kpz (kN/ n ) knez (kN/ m ) kp Z(kN) Deformation  Deformation (2010)

0 0 0 0.28398 0.28184 0.28207
1000 0 0 0.23144 0.23022 0.23038
0 1000 0 0.28052 0.27849 0.27871
0 0 1000 0.22395 0.22222 0.22242
1000 1000 0 0.22933 0.22816 0.22832
1000 0 1000 0.17989 0.17894 0.17910
0 1000 1000 0.22204 0.22038 0.22058
1000 1000 1000 0.17889 0.17796 0.17812

Table 2.8. Deflections (m) at the midpoint of the fixed-fixed beam of example 4.

2 4 With Shear  Without Shear Tsiatas
krz (kN/ m ) kngz (kN/ n ) kP Z(kN) Deformation  Deformation (2010)

0 0 0 0.25747 0.25292 0.25324
1000 0 0 0.20956 0.20651 0.20675
0 1000 0 0.25492 0.25054 0.25086
0 0 1000 0.19759 0.19359 0.19390
1000 1000 0 0.20807 0.20511 0.20533
1000 0 1000 0.15997 0.15757 0.15757
0 1000 1000 0.19633 0.19242 0.19274

1000 1000 1000 0.15932 0.15673 0.15696
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2.4.5 Example 5 — Axially Loaded Cantilever Beam on Pasternak Foundation
In order to illustrate the influence of axial loading to the response of beam-foundation
systems, a cantilever beam of length [=1.0m, (E= 20x10°kN / mz,v =0.3,

A=2.9x107n’, Iy:5.]24><]0'6m4, a,=4.513) resting on a Pasternak type

foundation of stiffness k7, =2000kN / m’, kp, =1000kN , is examined. The beam is
subjected to a uniformly distributed axial compressive p, = 100kN / m and transverse
p. =200kN / m loading as well as to a concentrated compressive axial force at its end
P (l ) =200kN .

In Fig.2.19 the deflection curves of the beam are presented performing either a
linear or a nonlinear analysis and taking into account or ignoring shear deformation
effect. From this figure, the influence of the shear deformation effect to the performed
analysis is remarked. Moreover, in Table 2.9 the deflections and the bending moments
at the ends x=/ and x =0, respectively of the beam are presented for both of the
aforementioned cases of analysis and taking into account or ignoring shear deformation
effect. From the above analysis, it is easily concluded that the geometrically nonlinear

analysis and the shear deformation effect are of paramount importance.

0 e

0.01 -

Nonlinear Analysis
Without Shear Deformation
[3 - 45— =1 With Shear Deformation

Deflection w(m)

=

(=]

\9)
1

Linear Analysis
————— Without Shear Deformation
&—&—< With Shear Deformation

0.03 20.45%

0 0.2 0.4 0.6 0.8 1
Length (m)

Fig. 2.19. Deflection curves along the cantilever beam of example 5.
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Table 2.9. Deflection (cm) and bending moment (kNm) at the ends x=1 and x=0,
respectively of the beam of example 5.

Without Shear Deformation With Shear Deformation
Analysis
Linear Nonlinear Linear Nonlinear
w(l) 2.10 2.29 2.42 2.64
M, (0) -94.53 -99.96 -96.64 -102.9

2.4.6 Example 6 — Free-Free Beam on 3-Parameter Foundation

To demonstrate the range of applications of the proposed method, a free-free beam

resting on a three-parameter foundation (k;, =35 MN/ m? ki, =%3.5x1 0° MN / m*

kp, =35MN), is examined. The beam of length /=6.0m (E=29x10° kN/mz,
v=0.2, A=0.135m2, I, =1.013-1073m?, a, =1.2) is subjected to a concentrated

axial force at its ends P, (0) =—P,(1)=600kN and to a concentrated transverse force at

its midpoint P, (l /2)=100kN .

In Figs. 2.20, 2.21 the deflection curves of the Timoshenko beam performing
nonlinear analysis are presented, for different types of foundation modelling taking into
account or ignoring the tensionless character of the soil, respectively. Moreover, in
Table 2.10 the deflections at the free ends and the bending moments at the midpoint of
the beam are presented performing either a linear or a nonlinear analysis and taking into
account or ignoring shear deformation effect.

In Table 2.11 the extreme values of the deflection and the foundation reaction of
the Timoshenko beam performing a nonlinear analysis are presented, for different types

of foundation modelling taking into account or ignoring the tensionless character of the
soil. Finally, in Fig. 2.22 the displacement w(/ / 2) versus the applied load Pz(l / 2) is

presented for various types of foundation modelling illustrating the hardening and
softening effect of the nonlinear foundation. The significant influence of the unilateral
soil reaction to the deflections and the importance of the modelling of the subgrade to

the response of the beam are once again verified.
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Timoshenko Beam
& Geometrically Nonlinear Analysis
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Fig. 2.20. Deflection along the free beam of example 6, for unilateral foundation.
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Fig. 2.21. Deflection along the free beam of example 6, for bilateral foundation.
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Table 2.10. Deflection (><10_4m) at x =0 and bending moment (kNm) at x=1/2 of

the beam of example 6, resting on a three-parameter foundation.

Without Shear Deformation

With Shear Deformation

Analysis
Linear Nonlinear Linear Nonlinear
w(0) -4.60 -5.23 -4.46 -5.09
M, (1/2) 23.0 23.5 23.8 24.2

Table 2.11. Extreme values of the deflections (x] 074m) and the foundation reactions

(kN / m) of the beam of example 6.

Bilateral Winkler Unilateral Winkler
] Max )
Minw Maxw Minw Maxw Max pg,
Dsz

Linear Winkler -3.00 112 39.4 -6.53 115 40.4
Nonlinear & Linear |, ¢ 10.6 412 6.27 10.8 42.4
Winkler

Three-Parameter 2197 8.09 61.1 509 7.69 61.6
(Positive)

Three-Parameter 22.07 8.56 64.0 -5.23 8.06 63.9
(Negative)

2.4.7 Example 7 — Pinned Beam on 3-Parameter Foundation: Unbonded Contact

Finally, in order to demonstrate the importance of the unbonded contact between the

structural elements and the supporting subgrade, a pinned-pinned beam of length

I=5m (E=210GPa, v=0.3, A=8682x10"m’, I,=1045x10"m?, a,=1462,

a, =4.668) resting on a three-parameter foundation reacting according to the following

relation, is examined.

Po(MN / m) = y[Uw(5w+ 5w’ —
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where y is a scale factor. The beam is subjected to a concentrated bending moment
M,, =100kNm at its midpoint.

In Figs. 2.23a,b the deflection curves of the beam and the foundation reaction
performing nonlinear analysis and taking into account shear deformation effect are
presented, respectively, for either bilateral or unilateral soil reaction and for two values
of the factor y . It is worth noting that the zero values of the soil reaction curve of Fig.
2.23b denote the detachment of the beam. Finally, in Table 2.12 the extreme values of
the aforementioned quantities are given for both cases of bilateral and unilateral soil
reaction and for various values of the factor 7. From the aforementioned figures and
table, it is concluded that the unilateral character of the foundation is of paramount

importance and cannot be ignored.

250 -
Positive Nonlinear Foundation
225 1 B Unilateral
[4—=—F1 Bilateral
200 A
175 4 Pasternak Foundation
§ 150 4
§ Negative Nonlinear Foundation
:N 125 1 —@— Unilateral
3 —c— Bilateral
& 100 4
=
75 1
50 1 Timoshenko Beam
’s Geometrically Nonlinear Analysis
0 T T T 1

0 0.001 0.002 0.003
Displacement w(//2) (m)

Fig. 2.22. Midpoint displacement vs. applied load of the free beam of example 6.

2.5 Concluding Remarks

In this chapter, a Boundary Element Method is developed for the geometrically
nonlinear analysis of shear deformable beams of arbitrary doubly symmetric simply or

multiply connected constant cross-section, partially supported on nonlinear three-
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parameter tensionless foundation, undergoing moderate large deflections under general

boundary conditions. The beam is subjected to the combined action of arbitrarily

distributed or concentrated transverse loading and bending moments in both directions

as well as to axial loading. The main conclusions that can be drawn from this

investigation are

i.  The proposed beam formulation is capable of yielding results of high accuracy, as

verified by comparing with analytical, semi-analytical, FEM and experimental

results, with minimum computational cost, providing a simple, reliable and efficient

computational tool for the static analysis of beam-foundation systems.
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Fig. 2.23. Deflection curves (a) and foundation reactions (b) of the beam of example 7.

Table 2.12. Extreme values of the displacements(mm) and the foundation reactions

(kN / m) of the beam of example 7.

Bilateral Contact Unilateral Contact
(7) Minw  Maxw  Max pg, Min w Max w Max pq,
0.5 -0.846 0.846 2.76 -1.17 0.617 2.11
1.0 -0.793 0.793 5.20 -1.30 0.475 3.38
1.5 -0.747 0.747 7.37 -1.38 0.394 4.33
2.0 -0.706 0.706 9.31 -1.42 0.346 5.18
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The influence of geometrical nonlinearity is illustrated through the significant

discrepancy between the results of the linear and the nonlinear analyses.

The proposed model takes into account the coupling effects of bending and shear
deformations along the member as well as the shear forces along the span induced

by the applied axial loading.

In some cases, the effect of shear deformation is significant, especially for low

beam slenderness values.

The inclusion of both the coupling effect of the linear elastic springs and the
nonlinear character of the subgrade reaction influences the response of the beam
and makes the modelling of the mechanical behaviour of the subsoil more realistic

and effective.

The significant influence of the unilateral character of the foundation in both the
deflections and the soil reaction, especially in the case of a stiff soil is

demonstrated.

The lift up of the beam caused by the tensionless character of the foundation is

observed, leading to significantly different response compared to the bilateral one.

The developed procedure retains most of the advantages of a BEM solution while

requiring a small number of nodal points to achieve high accuracy.

The use of BEM enables the accurate calculation of the stress resultants which are

very important during both the analysis and the design of beam-foundation systems.
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