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PerÐlhyh

To episthmonikì pedÐo thc 'Orashc Upologist¸n èqei d¸sei plhj¸ra teqnik¸n
gia thn autìmath kat�tmhsh eikìnwn kai thn anÐqneush twn kÔriwn antikeimènwn
touc, metaxÔ twn opoÐwn perÐopth jèsh katèqoun oi gewdaitikèc energèc kampÔlec.
PolÔ prìsfata, to plaÐsio ergasÐac twn gewdaitik¸n energ¸n kampul¸n metafèr-
jhke sthn perÐptwsh aujaÐretwn gewmetrik¸n gr�fwn, oi opoÐoi qarakthrÐzontai
apì megalÔterh genikìthta se sqèsh me tic sumbatikèc eikìnec lìgw thc apousÐac
periorism¸n sth qwrik  dom  touc. Dhmiourg jhke loipìn mèsw orismènwn pro-
seggÐsewn mia mèjodoc basismènh se idèec thc 'Orashc Upologist¸n gia kat�tmhsh
gr�fwn. Aut  h genikìthta ìmwc thc dom c twn gr�fwn f�nhke na dusqeraÐnei
th sÔgklish tou algorÐjmou, h opoÐa exart�tai shmantik� apì thn poiìthta twn
proseggÐsewn twn suneq¸n telest¸n p�nw sth diakrit  grafojewrhtik  dom .
Me thn paroÔsa ergasÐa, epiqeiroÔme na jemeli¸soume nèec, kalÔtera tekmhriw-

mènec proseggÐseic gia k�je ìro tou montèlou twn gewdaitik¸n energ¸n kampul¸n
p�nw se gr�fouc, ¸ste na prosd¸soume exasfalismènh sÔgklish sto epanalhptikì
sq ma tou algorÐjmou. H melèth mac esti�zetai afenìc ston ìro klÐshc, tìso sto
mètro ìso kai sthn kateÔjuns  tou, kai afetèrou ston ìro kampulìthtac. ProteÐ-
noume kainoÔrgiec mejìdouc upologismoÔ touc kai epalhjeÔoume th sÔgklish aut¸n
analÔontac thn asumptwtik  sumperifor� twn antÐstoiqwn sfalm�twn. Eis�getai
to filtr�risma exom�lunshc twn proseggÐsewn gia th beltÐwsh thc akrÐbei�c touc.
Epiprìsjeta, metaqeirizìmaste prosektik� ton upologismì twn megej¸n pou peri-
lamb�nontai sthn arqikopoÐhsh tou algorÐjmou. Se ìlec tic peript¸seic, dÐnetai
idiaÐterh èmfash sthn akrib  apotÔpwsh twn suneq¸n analìgwn mèsw twn diakri-
t¸n proseggÐsewn. H epÐdrash twn paramètrwn tou algorÐjmou sthn epÐdos  tou
analÔetai peiramatik� kai parousi�zontai oi diaforèc sthn poiìthta twn apotele-
sm�twn an�loga me ton trìpo dhmiourgÐac twn gr�fwn.
Lèxeic-kleidi�: gewdaitikèc energèc kampÔlec - gewmetrikoÐ tuqaÐoi gr�foi -

kat�tmhsh gr�fwn - prosèggish klÐshc se gr�fouc - upologismìc kampulìthtac
se gr�fouc - filtr�risma exom�lunshc se gr�fouc - sqhmatismìc gr�fwn mèsw
watershed - arqikopoÐhsh algorÐjmou gewdaitik¸n energ¸n kampul¸n se gr�fouc
- trigwnopoÐhsh Delaunay
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Abstract

The scientific field of Computer Vision has given an abundance of techniques
for automatic segmentation of images and detection of their main objects, among
which geodesic active contours stand out. The geodesic active contour framework
has very recently been applied to the case of arbitrary geometric graphs, which
have greater generality than regular images due to the absence of constraints in
their spatial structure. This led to the creation of a method for graph segmenta-
tion based on Computer Vision concepts. However, the aforementioned generality
in the structure of the graphs seemed to impede the algorithm’s proper conver-
gence, which depends to a great extent on the quality of the continuous operators’
approximations based on the discrete graph-theoretic structure.

In this thesis, we attempt to establish new, better justified approximations for
every term of the geodesic active contours’ model on graphs, in order to ensure
the convergence of the algorithm’s iterative scheme. Our study focuses on the
gradient term, both its magnitude and its direction, and the curvature term. We
propose novel methods for their calculation and confirm their convergence by ana-
lyzing the asymptotic behavior of the respective errors. Smoothing filtering of the
approximations is introduced to improve their accuracy. Additionally, we treat
the calculation of magnitudes related to the initialization of the algorithm very
carefully. In all cases, great emphasis is put on the accurate transition from the
continuous analogs to the discrete approximations. The effect of the algorithm’s
parameters on its performance is analyzed experimentally and the differences in
the quality of the results between graphs with different formation methods are
depicted.
Keywords: geodesic active contours - random geometric graphs - graph seg-

mentation - gradient approximation on graphs - curvature calculation on graphs -
smoothing filtering on graphs - graph formation through watershed - initialization
of geodesic active contour algorithm on graphs - Delaunay triangulation
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EuqaristÐec

Sto di�sthma kat� to opoÐo ekpìnhsa th diplwmatik  aut  ergasÐa, den st�jhka
se kamÐa perÐptwsh mìnoc mou. Kat� arq�c, eÐqa thn tÔqh oi prosp�jeièc mou
na epiblèpontai apì ton kÔrio Pètro Maragkì, ènan �njrwpo pou apotèlese gia
emèna to par�deigma enìc organwmènou, afosiwmènou kai qarismatikoÔ epist mona
mhqanikoÔ. SthrÐzontac kai enisqÔontac me k�je mèso thn ènarxh kai thn prìodo thc
ergasÐac se sunj kec pou pollèc forèc  tan antÐxoec, mou èdwse thn eukairÐa na
geut¸ gia pr¸th for� p¸c moi�zei h pragmatik  episthmonik  èreuna. EÐnai epijumÐa
kai stìqoc mou na brÐskomai sto pleurì tètoiwn anjr¸pwn, apì touc opoÐouc mìno
na kerdÐsei kaneÐc mporeÐ.
Apì kont�, jèlw na ex�rw kai thn kajoristik  bo jeia kai sumbol  tou KÐmwna

Drakìpoulou, didaktorikoÔ foitht  sto M.I.T. o opoÐoc eÐqe ekpon sei upì thn
epÐbleyh tou kurÐou MaragkoÔ th diplwmatik  ergasÐa p�nw sthn opoÐa sthrÐqjhke
se meg�lo bajmì h dik  mou. Ton euqarist¸ gia tic idèec tou, tic sumboulèc tou,
to ulikì pou aplìqera mou prìsfere kai thn {teqnognwsÐa} tou pou moir�sthke
mazÐ mou.
Tèloc, jèlw na euqarist sw me ìlh mou thn kardi� touc dikoÔc mou anjr¸pouc

gia th sumpar�stash kai thn yuqik  st rixh pou mou èdwsan kaj� ìlh th di�rkeia
thc ekpìnhshc aut c thc ergasÐac.

Sthn Iw�nna,
Qr stoc
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Kef�laio 1

Eisagwg 

1.1 Genikì Episthmonikì Upìbajro

ZoÔme se mia epoq  sthn opoÐa h prìsbash sthn plhroforÐa èqei gÐnei eukolìterh
kai taqÔterh apì potè, q�rh sthn kajièrwsh twn upologist¸n kai tou diadiktÔou
wc basik¸n ergaleÐwn thc kajhmerinìtht�c mac. H plhroforÐa aut  eÐnai se me-
g�lo bajmì optik , me to sunolikì mègejìc thc na fj�nei se dusje¸rhta epÐpeda.
'Etsi, mazÐ me th di�dosh twn upologist¸n kai th stadiak  met�bash twn optik¸n
dedomènwn proc th yhfiak  morf , genn jhke kai �njhse par�llhla h epist mh thc
'Orashc Upologist¸n kai thc Yhfiak c An�lushc Eikìnwn wc apìtoko thc an�-
gkhc gia apotelesmatik  kai apodotik  epexergasÐa twn dedomènwn aut¸n, me stìqo
metaxÔ �llwn thn exagwg  sumperasm�twn me autìmato trìpo gia to perieqìmenì
touc. Stic mejìdouc pou qrhsimopoioÔntai eurÔtata ta teleutaÐa qrìnia se sumba-
tikèc eikìnec gia autì to skopì sugkatalègetai kai to genikìtero plaÐsio ergasÐac
twn energ¸n kampul¸n (active contours), mèsa sto opoÐo exèqousa jèsh katèqoun
oi gewdaitikèc energèc kampÔlec (geodesic active contours - G.A.C.s). Oi teqnikèc
autèc epiteloÔn mia kat�tmhsh tou sunìlou thc eikìnac se epimèrouc omoiogeneÐc
perioqèc pou diaforopoioÔntai apì to upìbajro.
Mia �llh taqèwc exelissìmenh prosèggish sthn epexergasÐa plhroforÐac epi-

kentr¸netai stouc gr�fouc wc montèlo anapar�stashc kai org�nwshc twn dedo-
mènwn. Se autì to plaÐsio, oi mon�dec twn dedomènwn antimetwpÐzontai wc korufèc
tou gr�fou kai sundèontai me akmèc an� dÔo se mia prosp�jeia na kwdikopoihjoÔn
oi metaxÔ touc susqetÐseic. Aut  h dom  eÐnai polÔ sunhjismènh sthn montelo-
poÐhsh diktÔwn k�je eÐdouc (epikoinwniak¸n, koinwnik¸n   upologistik¸n) kai h
genikìtht� thc thn èfere sto prosk nio kai sto pedÐo thc 'Orashc Upologist¸n.
H je¸rhsh tou gr�fou kai twn sustatik¸n tou mel¸n wc {antikeimènwn} entopi-
smènwn se sugkekrimènec jèseic mèsa se ènan EukleÐdeio q¸ro epitrèpei th monte-
lopoÐhsh twn sumbatik¸n eikìnwn wc gr�fwn. Me autì to tèqnasma, ìlh h plati�
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aneptugmènh jewrÐa algorÐjmwn p�nw se gr�fouc mporeÐ na metaferjeÐ kai sthn
an�lush eikìnwn. IdiaÐterh jèsh se aut  th jewrÐa katèqoun oi grafojewrhtikèc
tomèc (graphcuts), pou efarmìsthkan kat� kìron thn teleutaÐa perÐodo gia thn
kat�tmhsh eikìnwn.
Sthn kateÔjunsh thc genÐkeushc tou pedÐou efarmog c twn parap�nw mejìdwn,

melet jhke polÔ prìsfata h perÐptwsh sthn opoÐa oi gr�foi den èqoun kanonik 
dom  sto q¸ro, all� oi jèseic twn koruf¸n touc mporoÔn na èqoun opoiad pote -
tuqaÐa - katanom . Aut  h genÐkeush epitrèpei thn antÐstrofh metafor� ide¸n apì
aut n pou perigr�fhke parap�nw: mèjodoi ìpwc oi gewdaitikèc energèc kampÔlec
pou eÐqan jemeliwjeÐ sto plaÐsio twn sumbatik¸n eikìnwn me orjokanonikì plègma
eikonostoiqeÐwn katorj¸jhke na genikeutoÔn gia tuqaÐouc gr�fouc, me tic kat�l-
lhlec prosarmogèc. Oi gewdaitikèc energèc kampÔlec loipìn lamb�noun th morf 
enìc algorÐjmou kat�tmhshc gr�fwn (graph segmentation). Fusik�, h epèktash
se gr�fouc sunteleÐ kai sth genÐkeush thc proèleushc twn upì epexergasÐa de-
domènwn, ta opoÐa plèon de sqetÐzontai aparaÐthta me thn klassik  sun�rthsh
fwteinìthtac pou orÐzetai stic eikìnec. Ant� autoÔ, mporoÔn na parist�noun th
metabol  opoioud pote megèjouc to opoÐo orÐzetai sto q¸ro pou aut� an koun kai
mporeÐ na kwdikopoihjeÐ me th bo jeia miac suneqoÔc metablht c. Oi apait seic
loipìn gia to bajmì gn¸shc tou exetazìmenou megèjouc qalar¸noun kai ta pedÐa
twn dunat¸n efarmog¸n dieurÔnontai.

1.2 KÔriec Ereunhtikèc KateujÔnseic thc
ErgasÐac

H prosp�jei� mac se aut  thn ergasÐa epikentr¸netai sthn prosarmog  tou mo-
ntèlou twn gewdaitik¸n energ¸n kampul¸n se tuqaÐouc gr�fouc. IdiaÐterh prosoq 
dÐnetai sthn akrÐbeia twn epimèrouc proseggÐsewn ìpwc autèc metafèrontai apì th
suneq  perÐptwsh, ètsi ¸ste na exasfalisteÐ kat� to dunatìn h orj  sumperifor�
sÔgklishc tou sunolikoÔ sq matoc. Me autì to kÐnhtro, to sf�lma pou eis�getai
apì k�je st�dio upologism¸n analÔetai jewrhtik� kai melet�tai epÐshc peiramatik�,
gia na epalhjeujeÐ h apofug  astajei¸n kat� thn efarmog  tou algorÐjmou.
Arqik�, sta kef�laia 2 kai 3 gÐnetai mia sÔntomh parousÐash twn basik¸n ennoi¸n

kai dom¸n pou qrhsimopoioÔntai sthn ergasÐa. Autèc eÐnai afenìc oi gewmetrikoÐ
tuqaÐoi gr�foi, gia touc opoÐouc parousi�zontai mèjodoi gia th dhmiourgÐa touc apì
sumbatikèc eikìnec, kai afetèrou o algìrijmoc twn gewdaitik¸n energ¸n kampul¸n
kai h ulopoÐhs  tou me epipedosÔnola, h opoÐa perilamb�nei touc kombikoÔc ìrouc
thc klÐshc kai thc kampulìthtac.
Sto kef�laio 4 melet�tai mia nèa prosèggish gia thn klÐsh sunart sewn pou o-

rÐzontai stic korufèc gewmetrik¸n tuqaÐwn gr�fwn. ApodeiknÔetai h sÔgklish thc
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prosèggishc sto ìrio twn meg�lwn gr�fwn kai èpeita prosdiorÐzetai h asumptwti-
k  sumperifor� tou sf�lmatoc, jespÐzontac èna asumptwtikì �nw fr�gma gia to
sf�lma wc proc to mègejoc tou gr�fou. H nèa prosèggish sundèetai me �llec pou
èqoun protajeÐ mèsa apì thn èkfras  touc se mia eniaÐa morf . Eis�getai epÐshc h
idèa tou filtrarÐsmatoc exom�lunshc thc prosèggishc me fÐltra mèshc   endi�meshc
tim c kai epalhjeÔetai peiramatik� tìso h sÔgklish thc prosèggishc kai ìso kai h
sumbol  tou filtrarÐsmatoc sth meÐwsh tou sf�lmatoc.
To kef�laio 5 afier¸netai ston ìro kampulìthtac. DÐnontai dÔo enallaktikèc

mèjodoi gia thn prosèggis  tou, h pr¸th wc beltÐwsh miac prohgoÔmenhc prota-
jeÐsac prosèggishc apallagmènh apì tic jewrhtikèc adunamÐec thc teleutaÐac kai
h deÔterh basismènh sthn prosèggish thc klÐshc. H jewrhtik  an�lush sunodeÔ-
etai apì ekten  peiramatik� apotelèsmata, ìpou exet�zetai h poiìthta twn pro-
seggÐsewn, anadeiknÔetai h shmasÐa tou filtrarÐsmatoc exom�lunshc kai prokÔptei
empeirik� h sÔgklish twn proseggÐsewn stic eunoðkìterec peript¸seic.
Sto kef�laio 6 proteÐnetai mia tropopoihmènh mèjodoc gia ton upologismì thc su-

n�rthshc termatismoÔ p�nw se gr�fouc, h opoÐa kwdikopoieÐ thn èntash twn akm¸n
thc eikìnac. Akìma, dÐnetai ènac aplìc trìpoc upologismoÔ tou proshmasmènou
metasqhmatismoÔ apìstashc p�nw se gr�fouc, aparaÐthtou gia thn arqikopoÐhsh
tou algorÐjmou.
Sto kef�laio 7 efarmìzetai o algìrijmoc gewdaitik¸n energ¸n kampul¸n p�nw

se gr�fouc, qrhsimopoi¸ntac ta apotelèsmata twn prohgoÔmenwn kefalaÐwn. Pa-
ratÐjentai apl� paradeÐgmata apì thn anÐqneush duadik¸n antikeimènwn se gew-
metrikoÔc tuqaÐouc gr�fouc all� kai apotelèsmata apì thn ektèlesh se gkrÐzec
eikìnec p�nw se gr�fouc, exet�zontac thn epÐdrash twn paramètrwn sthn epÐteuxh
orj c sÔgklishc. Sugkritik� apotelèsmata dÐnontai kai gia mia �llh dom  gr�fwn,
thn trigwnopoÐhsh Delaunay, h opoÐa dÐnei kalÔterh poiìthta anÐqneushc. Tèloc,
dokim�zoume thn orj  leitourgÐa tou algorÐjmou se anemologik� dedomèna all� kai
dedomèna apì dÐktuo kinht c thlefwnÐac.
To telikì kef�laio 8 anakefalai¸nei kai sunoyÐzei ta kuriìtera shmeÐa sunei-

sfor�c thc paroÔsac ergasÐac kaj¸c kai tic basikèc kateujÔnseic gia mellontik 
èreuna p�nw sto jèma.
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Kef�laio 2

GewmetrikoÐ TuqaÐoi Gr�foi kai
DhmiourgÐa touc apì Eikìnec

Sthn melèth mac gia ton algìrijmo gewdaitik¸n energ¸n kampul¸n p�nw se
gr�fouc, kurÐarqo rìlo paÐzei h dom  tou gr�fou p�nw ston opoÐo orÐzontai ta
proc kat�tmhsh dedomèna. Upì thn eureÐa ènnoia, akìma kai oi sun jeic didi�sta-
tec eikìnec (raster images) an�gontai se gr�fouc, me ton orismì miac geitoni�c gia
k�je eikonostoiqeÐo p�nw se autèc. Wstìso, h dom  enìc tètoiou gr�fou antistoi-
qeÐ se èna kanonikì plègma (regular grid) kai den mporeÐ na tairi�xei me sullogèc
dedomènwn pou èqoun lhfjeÐ se tuqaÐec jèseic p�nw sto didi�stato epÐpedo. Gia
autì to lìgo, prosanatolizìmaste se èna eÐdoc gr�fou to opoÐo ja qarakthrÐzetai
apì tuqaiìthta ston trìpo dhmiourgÐac tou. Mia tètoia kathgorÐa gr�fwn eÐnai oi
gewmetrikoÐ tuqaÐoi gr�foi.

2.1 Orismìc kai SumbolismoÐ

'Enac gewmetrikìc tuqaÐoc gr�foc orÐzetai me ton akìloujo trìpo:

OrismoÐ 2.1.1 'Estw n shmeÐa topojethmèna me tuqaÐo trìpo se èna fragmèno
qwrÐoD ⊂ R2, mèsw omoiìmorfhc katanom c sto qwrÐo autì, anex�rthta kai isìnoma
metaxÔ touc. To sÔnolo V twn shmeÐwn aut¸n apoteleÐ to sÔnolo twn koruf¸n tou
gr�fou. To sÔnolo E twn - mh kateujunìmenwn - akm¸n tou gr�fou orÐzetai mèsw
thc aktÐnac tou, ρ, wc ex c: dÔo korufèc v kai w sundèontai me akm  ìtan kai
mìno ìtan h metaxÔ touc EukleÐdeia apìstash eÐnai mikrìterh   Ðsh apì thn aktÐna,
dhlad  d(v, w) ≤ ρ. O gewmetrikìc tuqaÐoc gr�foc G eÐnai to zeÔgoc twn sunìlwn
aut¸n: G = (V , E). Ja ton sumbolÐzoume efex c kai wc G (n, ρ). MÐa koruf  tou
G ja sumbolÐzetai enallaktik� eÐte wc v eÐte wc v, me to deÔtero sumbolismì na
qrhsimopoieÐtai ìtan dhl¸netai to di�nusma jèshc thc koruf c.
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PolÔ suqn�, h aktÐna twn gr�fwn ja exart�tai apì to pl joc twn koruf¸n
touc mèsw miac sun�rthshc ρ(n), prokeimènou na isqÔoun di�forec prot�seic pou
diatup¸nontai perÐ sÔgklishc proseggÐsewn p�nw stouc gr�fouc. EpÐshc, pèra apì
tic Ðdiec tic jèseic twn koruf¸n tou gr�fou kai tic akmèc pou tic sundèoun, shma-
ntik  jèsh sto sqhmatismì tou algorÐjmou katèqei kai h sun�rthsh fwteinìthtac
I : V → R+ pou orÐzetai p�nw stic korufèc tou gr�fou kai antiproswpeÔei th
gn¸sh pou èqoume gia th metabol  enìc megèjouc se ìlo to gr�fo. Oi timèc thc
I apoteloÔn, ìpwc ja doÔme, th b�sh p�nw sthn opoÐa sthrÐzetai o algìrijmoc
gewdaitik¸n energ¸n kampul¸n prokeimènou na diaqwrÐsei tic di�forec omogeneÐc
perioqèc tou gr�fou. Se autì to shmeÐo, exet�zoume ton trìpo me ton opoÐo mpo-
roÔme na dhmiourg soume ènan gewmetrikì - tuqaÐo   mh - gr�fo apì mia pl rh
arqik  eikìna kai na anajèsoume timèc gia th sun�rthsh fwteinìthtac p�nw stic
korufèc tou.

2.2 Sqhmatismìc Gr�fwn apì Eikìnec

Ta arqik� dedomèna antistoiqoÔn se mia eikìna se morf  kanonikoÔ plègmatoc,
I0 : {1, ...,W} × {1, ..., H} → R+. MporoÔme (agno¸ntac to gegonìc thc deig-
matolhyÐac) na jewr soume ìti k�je eikonostoiqeÐo (i, j) thc eikìnac antistoiqeÐ
se mia stajer  tim  thc sun�rthshc fwteinìthtac, I0(i, j), gia ìlo to tetr�gwno
P (i, j) = [i − 1, i] × [j − 1, j] ⊂ R2. 'Etsi, olìklhrh h eikìna {katalamb�nei} to
qwrÐo D = [0, W ]× [0, H].

Kataskeu  me TuqaÐo Trìpo

Mèsa sto D topojetoÔme se pr¸th f�sh m < WH shmeÐa ìpwc perigr�fhke
stouc OrismoÔc 2.1.1, ta opoÐa proorÐzontai na apotelèsoun tic korufèc tou upì
kataskeu  gr�fou. K�je shmeÐo empÐptei sto tetr�gwno P (i, j) enìc eikonostoi-
qeÐou. Sthn perÐptwsh pou sto Ðdio tetr�gwno P (i, j) perièqontai perissìtera tou
enìc shmeÐa, krat�me mìno èna apì aut� kai aporrÐptoume ta upìloipa. Me autì
ton trìpo, prokÔptei èna sÔnolo V me n ≤ m korufèc, kajemÐa apì tic opoÐec anti-
stoiqeÐ se èna diaforetikì eikonostoiqeÐo thc eikìnac I0. MporeÐ loipìn na oristeÐ
h sun�rthsh fwteinìthtac I tou gr�fou se k�je koruf  v wc ex c:

I(v) = I0(i, j), v ∈ P (i, j). (2.1)

Oi korufèc sundèontai sth sunèqeia me akmèc sÔmfwna th mèjodo thc enìthtac
2.1 gia k�poia tim  thc aktÐnac ρ kai prokÔptei telik� o basismènoc sthn eikìna I0

gewmetrikìc tuqaÐoc gr�foc G (n, ρ).
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Kataskeu  mèsw Kat�tmhshc Eikìnwn me Metasqhma-

tismì Watershed

Mia diaforetik  epilog  pou èqoume gia thn exagwg  gewmetrikoÔ gr�fou apì
thn arqik  eikìna I0 sunÐstatai sthn efarmog  tou MetasqhmatismoÔ Watershed se
aut n. Analutikìtera, upologÐzetai to mètro thc klÐshc thc I0, ‖∇I0‖, me k�poia
apì tic klasikèc mejìdouc (p.q. telest c Sobel) kai efarmìzetai Metasqhmatismìc
Watershed kateujeÐan p�nw se autì qwrÐc opoiad pote peraitèrw proepexergasÐa.
Aut  h diadikasÐa odhgeÐ se uperkat�tmhsh thc eikìnac se pollèc mikrèc perio-
qèc. SumbolÐzoume me n to pl joc twn perioq¸n aut¸n, qwrÐc na prosmetr�me thn
perioq  pou antistoiqeÐ ston udrokrÐth.
H idèa gia thn kataskeu  tou gr�fou eÐnai h topojèthsh twn koruf¸n tou sta

eikonostoiqeÐa ekeÐna pou apoteloÔn ta kentroeid  twn perioq¸n thc uperkata-
tetmhmènhc eikìnac. To kentroeidèc k�je perioq c orÐzetai wc Ôstath di�brwsh
(ultimate erosion) aut c kai mporeÐ na upologisteÐ mèsw tou metasqhmatismoÔ a-
pìstashc tou sq matoc thc perioq c. Sugkekrimèna, to kentroeidèc k�je perioq c
topojeteÐtai sto shmeÐo megÐstou tou eswterikoÔ metasqhmatismoÔ apìstas c thc.
Kat� autì ton nteterministikì trìpo lamb�noume tic n korufèc tou gr�fou, stic
opoÐec anatÐjentai oi timèc fwteinìthtac twn antÐstoiqwn pixels thc arqik c eikìnac
I0. AkoloujeÐ h topojèthsh twn akm¸n me thn Ðdia logik  ìpwc prohgoumènwc.
Endeiktik� st�dia apì thn dhmiourgÐa gewmetrikoÔ gr�fou apì eikìna me tuqaÐo

trìpo   mèsw watershed parousi�zontai sta Sq mata 2.1 kai 2.2. O arijmìc twn
kìmbwn sthn perÐptwsh tou tuqaÐou gr�fou epilèqjhke ètsi ¸ste na eÐnai polÔ
kont� ston arijmì twn kìmbwn pou par�gontai mèsw watershed, ¸ste na mporeÐ na
gÐnei {eujeÐa} sÔgkrish twn mejìdwn.
EÐnai safèc apì to Sq ma 2.2 ìti h mèjodoc tou watershed par�gei gia thn Ðdia

eikìna ènan polÔ omogenèstero gr�fo se sqèsh me th mèjodo thc tuqaÐac topojèth-
shc twn koruf¸n. Sugkekrimèna, en¸ oi tuqaÐa topojethmènec korufèc fèrontai
na sqhmatÐzoun pukn¸mata kai arai¸mata sto pedÐo thc eikìnac, ta kentroeid  twn
perioq¸n tou watershed katanèmontai polÔ pio omoiìmorfa p�nw sthn eikìna, afoÔ
oi jèseic touc exart¸ntai apì thn arqik  morf  thc sun�rthshc fwteinìtht�c thc.
Aut  h omoiogèneia endèqetai na dra euergetik� se ì,ti afor� thn efarmog  tou
algorÐjmou twn gewdaitik¸n energ¸n kampul¸n p�nw sto gr�fo kai thn akrÐbeia
twn apaitoÔmenwn proseggÐsewn. Wstìso, den mporoÔme na parablèyoume kai to
auxhmèno arqikì upologistikì kìstoc pou eis�gei h mèjodoc aut  se sÔgkrish me
thn kataskeu  tou gr�fou me tuqaÐo trìpo.
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Initial image Gradient magnitude

Sq ma 2.1: Αριστερά: αρχική εικόνα I0, Δεξιά: μέτρο της κλίσης της εικόνας ‖∇I0‖
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Sq ma 2.2: Συγκριτικά αποτελέσματα των δύο μεθόδων για δημιουργία γράφου από εικόνα. Η
πάνω σειρά αντιστοιχεί στην τυχαία μέθοδο και η κάτω σειρά στην μέθοδο του watershed, ενώ η

απεικόνιση γίνεται για το πάνω αριστερό τμήμα της εικόνας I0. Πάνω Αριστερά: άποψη του γράφου

με κορυφές και ακμές, Πάνω Δεξιά: pixels της εικόνας που αντιστοιχήθηκαν με κορυφές του γράφου

με κόκκινο χρώμα, Κάτω Αριστερά: άποψη του γράφου με κορυφές και ακμές, Κάτω Δεξιά: pixels

της εικόνας που αντιστοιχήθηκαν με κορυφές του γράφου με κόκκινο χρώμα και όρια περιοχών

watershed με λευκό χρώμα
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Kef�laio 3

Genik� StoiqeÐa gia Algìrijmo
Gewdaitik¸n Energ¸n Kampul¸n
kai SÔndesh me KlÐsh kai
Kampulìthta

3.1 Genik  Morf  tou AlgorÐjmou Gewdaiti-
k¸n Energ¸n Kampul¸n

'Estw mia kampÔlh ~C(p, t) pou exelÐssetai me thn p�rodo tou qrìnou. To basikì
montèlo gia thn efarmog  thc idèac twn gewdaitik¸n energ¸n kampul¸n (G.A.C.s)
mèsw thc exèlixhc aut c thc kampÔlhc eÐnai:

∂ ~C

∂t
= V ~No (3.1)

ìpou me ~No èqoume sumbolÐsei to monadiaÐo exwterikì k�jeto sthn kampÔlh di�nu-
sma. Gia na proqwr soume sthn parousÐash thc analutik c èkfrashc thc taqÔthtac
exèlixhc thc kampÔlhc, V , prèpei pr¸ta na esti�soume se èna krÐsimo mègejoc pou
upeisèrqetai se aut n, th sun�rthsh g.
H sun�rthsh g exart�tai apì ta arqik� dedomèna I se k�je shmeÐo tou gr�fou

kai sqetÐzetai me thn isqÔ twn akm¸n pou endèqetai na up�rqoun se aut�. 'Etsi, lei-
tourgeÐ idanik� wc par�gontac termatismoÔ tou algorÐjmou ìtan h kampÔlh ft�nei
kont� sta pragmatik� diaqwristik� ìria twn sunektik¸n perioq¸n twn dedomènwn.
Orismènec basikèc apait seic gia th morf  thc sun�rthshc g eÐnai na lamb�nei je-
tikèc timèc sto di�sthma [0, +∞), na eÐnai gnhsÐwc fjÐnousa se autì kai na isqÔei
ìti
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lim
x→+∞

g(x) = 0. (3.2)

Wc ìrisma thc g qrhsimopoieÐtai mia omalopoihmènh ekdoq  tou mètrou thc klÐshc
se k�je shmeÐo tou gr�fou, ‖∇Iσ(x, y)‖, me mia tupik  èkfrash thc sun�rthshc na
eÐnai h akìloujh:

g(x, y) = g(‖∇Iσ(x, y)‖) =
1

1 +
‖∇Iσ(x, y)‖2

λ2

, λ > 0. (3.3)

H omalopoihmènh klÐsh, pou antiproswpeÔei ousiastik� thn èntash twn akm¸n,
lamb�netai met� apì Gkaousianì filtr�risma se klÐmaka σ twn arqik¸n dedomènwn:

‖∇Iσ(x, y)‖ = ‖∇ (Gσ ∗ I) (x, y)‖ (3.4)

'Eqontac up� ìyin ta parap�nw stoiqeÐa, h taqÔthta V me thn opoÐa kineÐtai h ~C

sthn kateÔjunsh tou ~No prosdiorÐzetai b�sei thc sqèshc

V = g(I)β − div
(
g(I) ~No

)
, β ∈ R. (3.5)

Apì thn idiìthta thc apìklishc

div(f ~F ) = f div ~F +∇f · ~F , (3.6)

h (3.5) mporeÐ na metasqhmatisteÐ wc ex c:

V = g(I)β −
[
g(I) div ~No +∇g(I) · ~No

]
. (3.7)

An epiplèon l�boume up� ìyin ìti h apìklish tou ~No tautÐzetai me thn kampulìthta

κ thc ~C, tìte paÐrnoume:

∂ ~C

∂t
=
(
g(I)β − g(I)κ−∇g(I) · ~No

)
~No. (3.8)
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'Etsi, oi dun�meic pou kinoÔn thn kampÔlh kat� thn exèlix  thc eÐnai, me th seir�
pou emfanÐzontai sthn (3.8), h dÔnamh {mpalonioÔ}, h dÔnamh kampulìthtac kai h
dÔnamh elathrÐou. To prìshmo tou ìrou β kajorÐzei e�n h dÔnamh {mpalonioÔ} sthn
opoÐa summetèqei teÐnei na diasteÐlei (+)   na susteÐlei (-) thn kampÔlh. EpÐshc,
to apìluto mègejoc tou β rujmÐzei th sqetik  epÐdrash thc dÔnamhc {mpalonioÔ}
wc proc tic upìloipec dun�meic pou kajorÐzoun thn kÐnhsh thc kampÔlhc. H dÔnamh
kampulìthtac teÐnei na omalopoi sei th morf  thc kampÔlhc, exaleÐfontac mikrèc
esoqèc kai proexoqèc sto sq ma thc. H dÔnamh elathrÐou teÐnei na epanafèrei thn
kampÔlh p�nw stic akmèc twn dedomènwn tou gr�fou, sumb�llontac ston termatismì
thc diadikasÐac me thn kampÔlh stajeropoihmènh sta ìria metaxÔ twn sunektik¸n
perioq¸n tou gr�fou.

3.2 Analutik  DiatÔpwsh AlgorÐjmou me E-
pipedosÔnola - KlÐsh kai Kampulìthta

Sthn pr�xh, h efarmog  tou algorÐjmou twn gewdaitik¸n energ¸n kampul¸n den

gÐnetai apeujeÐac mèsw thc kampÔlhc ~C all� emplèkei mia pragmatik  sun�rthsh
Φ(x, y, t) dÔo qwrik¸n metablht¸n pou exelÐssetai sto qrìno. H sun�rthsh aut 
suqn� kaleÐtai {level function}, akrib¸c giatÐ enswmat¸nei tic energèc kampÔlec
wc epipedosÔnol� thc (levelsets). Sugkekrimèna, oi kampÔlec prokÔptoun se k�je
epan�lhyh twn upologism¸n wc oi isoôyeÐc mhdenik c st�jmhc thc {enswmat¸nou-
sac} sun�rthshc Φ kai oi perioqèc proc anÐqneush tautÐzontai me to eswterikì tou
mhdenikoÔ epipedosunìlou thc ìtan o algìrijmoc èqei sugklÐnei.
An sumbolÐsoume me Γ(t) to mhdenikì epipedosÔnolo thc Φ th qronik  stigm  t,

tìte autì orÐzetai wc ex c:

Γ(t) =
{

(x, y) ∈ R2 : Φ(x, y, t) = 0
}
. (3.9)

Gia na prosdiorÐsoume th merik  diaforik  exÐswsh mèsw thc opoÐac exelÐssetai

h Φ ¸ste to Γ(t) na tautÐzetai me thn kampÔlh ~C ìpwc aut  perigr�fhke prohgou-
mènwc, paragwgÐzoume wc proc to qrìno thn (3.9):

∂Φ

∂t
+∇Φ · ∂

~C

∂t
= 0

(3.1)
==⇒ ∂Φ

∂t
= −V

(
∇Φ · ~No

)
, (3.10)

ìpou qrhsimopoioÔme to sumbolismì ∇Φ =

[
∂Φ

∂x

∂Φ

∂y

]T
.
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Sto shmeÐo autì, diakrÐnoume dÔo peript¸seic gia ton trìpo pou orÐzetai h sun�r-

thsh Φ, oi opoÐec sunep�gontai diaforetik  antimet¸pish gia to di�nusma ~No sthn
(3.10). Sugkekrimèna, e�n epilegeÐ na isqÔei Φ < 0 sto eswterikì thc kampÔlhc,

tìte ja eÐnai ~No = ∇Φ
‖∇Φ‖ , en¸ an epilegeÐ Φ > 0 sto eswterikì thc kampÔlhc, tìte

ja isqÔei ìti ~No = − ∇Φ
‖∇Φ‖ . 'Etsi, lamb�noume ta ex c genik� montèla exèlixhc thc

Φ:

∂Φ

∂t
=

{
−V ‖∇Φ‖ , Φ(x, y, t) < 0 ∀ (x, y) ∈ interior(Γ(t)).
V ‖∇Φ‖ , Φ(x, y, t) > 0 ∀ (x, y) ∈ interior(Γ(t)).

}
(3.11)

T¸ra, mènei na exet�soume p¸c metafèrontai oi di�foroi ìroi thc taqÔthtac V
(ìpwc emfanÐzontai sthn (3.8) ) sta {plaÐsia} thc sun�rthshc Φ. ArqÐzontac apì

ton ìro thc kampulìthtac, èqoume ìti h kampulìthta thc ~C(t) sto shmeÐo thc (x, y)
dÐnetai apì th sqèsh:

κ =


div

(
∇Φ(x, y, t)

‖∇Φ(x, y, t)‖

)
, Φ < 0 sto eswterikì tou Γ(t).

− div

(
∇Φ(x, y, t)

‖∇Φ(x, y, t)‖

)
, Φ > 0 sto eswterikì tou Γ(t).

 (3.12)

An epiplèon l�boume up' ìyin mac ìti ‖∇Φ‖ =
(
(Φx)

2 + (Φy)
2) 1

2 , tìte mporoÔ-
me met� apì lÐgh �lgebra na exag�goume thn ex c èkfrash gia thn kampulìthta
sunart sei twn parag¸gwn èwc kai deÔterhc t�xhc thc Φ:

κ = ±Φxx (Φy)
2 − 2ΦxΦyΦxy + Φyy (Φx)

2(
(Φx)

2 + (Φy)
2) 3

2

, (3.13)

me to prìshmo na kajorÐzetai ìpwc kai sthn (3.12).

O ìroc mpalonioÔ den perilamb�nei to di�nusma ~No opìte den ufÐstatai k�poia tro-
popoÐhsh, en¸ o ìroc elathrÐou qr zei prosoq c lìgw thc metabol c tou pros mou

sth sqèsh metaxÔ tou ∇Φ kai tou ~No an�loga me thn perÐptwsh pou qeirizìmaste.
Sthn paroÔsa ergasÐa, ja arqikopoioÔme genik� thn energ  kampÔlh ¸ste na pe-

rikleÐei kat� to dunatìn to sÔnolo twn perioq¸n proc anÐqneush. Prokeimènou h
kampÔlh na exeliqjeÐ taqÔtera proc ta ìria twn perioq¸n aut¸n, h dÔnamh {mpa-
lonioÔ} prèpei na èqei dr�sh sustol c (shrinkage) kai �ra o ìroc β ja lamb�nei
arnhtikì prìshmo. Epiplèon, ja anajètoume arqik� sth sun�rthsh Φ tic timèc
thc proshmasmènhc sun�rthshc apìstashc (signed distance function) apì thn ka-
mpÔlh, èstw φ0(x, y). Sundu�zontac loipìn tic sqèseic (3.7), (3.11) kai (3.12), h
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merik  diaforik  exÐswsh exèlixhc thc Φ - me tic gewdaitikèc energèc kampÔlec wc
epipedosÔnol� thc - paÐrnei thn telik  morf :

∂Φ

∂t
=



g(I)

[
div

(
∇Φ

‖∇Φ‖

)
− β

]
‖∇Φ‖+∇g(I) · ∇Φ,

Φ(x, y, t) < 0 ∀ (x, y) ∈ interior(Γ(t))

g(I)

[
div

(
∇Φ

‖∇Φ‖

)
+ β

]
‖∇Φ‖+∇g(I) · ∇Φ,

Φ(x, y, t) > 0 ∀ (x, y) ∈ interior(Γ(t))


,

Φ(x, y, 0) = φ0(x, y), β < 0.

(3.14)

EÐnai emfanèc me b�sh ta parap�nw ìti dÔo basikèc ptuqèc tou algorÐjmou
G.A.C.s se gr�fouc eÐnai o upologismìc se k�je b ma:

1. thc klÐshc ∇Φ thc enswmat¸nousac sun�rthshc, tìso wc proc to mètro thc
ìso kai wc proc thn kateÔjuns  thc wc dianÔsmatoc.

2. thc kampulìthtac κ pou sundèetai me thn exelissìmenh sun�rthsh Φ mèsw
thc sqèshc (3.12).

Idanik�, e�n gnwrÐzame tic timèc thc sun�rthshc Φ se ìlo to qwrÐo D = [0, 1]2

entìc tou opoÐou topojetoÔntai oi korufèc tou gr�fou, ja upologÐzame analutik�
thn klÐsh thc. Sthn pr�xh, èqoume se k�je b ma tou algorÐjmou dedomènec tic
timèc thc Φ se èna araiì uposÔnolo V tou D, pou antistoiqeÐ stic korufèc tou G.
Ja prèpei loipìn na epiqeir soume mia prosèggish thc klÐshc se k�je koruf  tou
gr�fou sthrizìmenoi mìno se autèc tic timèc.
Anaforik� me thn kampulìthta, ac sumbolÐsoume q�rin suntomÐac F = (F1, F2) =
∇Φ

‖∇Φ‖
. Kai p�li, an gnwrÐzame to pedÐo F se ìlo to qwrÐo D = [0, 1]2, ja upolo-

gÐzame eÔkola thn kampulìthta wc

κ = ± divF = ±
(
∂F1

∂x
+
∂F2

∂y

)
. (3.15)

'Omwc, an upojèsoume ìti èqoume upologÐsei mia prosèggish gia tic timèc thc
klÐshc thc sun�rthshc Φ me ton trìpo pou perigr�fhke parap�nw, gnwrÐzoume
mìno tic proseggistikèc timèc tou pedÐou F sto araiì uposÔnolo V tou D. Ja
prèpei loipìn na sthriqjoÔme kai p�li se autèc mìno tic timèc gia na proseggÐsoume
thn apìklish tou F se k�je shmeÐo tou V .
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Me �lla lìgia, ja epiqeir soume mia prosèggish {deÔterhc t�xhc} gia thn ka-
mpulìthta, me thn ènnoia ìti qrhsimopoioÔme orismènec proseggistikèc  dh timèc
- autèc thc klÐshc - wc {arq } gia ton proseggistikì upologismì enìc megèjouc
(ed¸ thc apìklishc enìc dianusmatikoÔ pedÐou). To gegonìc autì mac prodiajètei
arnhtik� ìson afor� sthn poiìthta thc telik c prosèggishc thc kampulìthtac, h
opoÐa se k�je perÐptwsh ja upofèrei anapìfeukta kai apì to sf�lma twn arqik¸n
proseggistik¸n tim¸n pou qrhsimopoioÔntai gia touc upologismoÔc.
Tèloc, shmei¸noume ìti stic proseggÐseic pou ja melet soume sta epìmena ke-

f�laia gia thn klÐsh kai thn kampulìthta, oi upologismoÐ twn megej¸n se k�je
koruf  v tou G ja basÐzontai mìno stic timèc twn antÐstoiqwn arqik¸n megej¸n
p�nw stic geitonikèc korufèc thc v.
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Kef�laio 4

Prosèggish KlÐshc se Gr�fouc

H kentrik  idèa gÔrw apì thn opoÐa peristrèfontai oi prosp�jeiec gia thn pro-
sèggish thc klÐshc pragmatik c sun�rthshc se tuqaÐouc gr�fouc sunoyÐzetai sthn
ekmet�lleush thc plhroforÐac pou diajètoume se k�je koruf  gia th metabol 
thc sun�rthshc apokleistik� stic kateujÔnseic twn akm¸n pou prospÐptoun sthn
koruf  aut . Sth suneq  perÐptwsh bèbaia, up�rqei plhroforÐa se ìlec tic ka-
teujÔnseic gÔrw apì èna shmeÐo tou epipèdou gia th metabol  thc sun�rthshc, h
opoÐa antistoiqeÐ stic kateujunìmenec parag¸gouc thc sto shmeÐo autì. EpÐshc,
h metabol  thc sun�rthshc eÐnai gnwst  apeirost� kont� sto exetazìmeno shmeÐo
lìgw thc sunèqeiac pou upotÐjetai, en¸ stouc gr�fouc pou melet�me k�je koruf 
qwrÐzetai apì mia mikr  all� peperasmènh apìstash apì tic geitonikèc thc. Autèc
oi dÔo epishm�nseic exhgoÔn thn eisagwg  enìc sf�lmatoc sthn ìpoia prosèggish
epiqeireÐtai gia thn klÐsh p�nw se gr�fouc, to opoÐo exart�tai apì thn puknìthta
twn gr�fwn, me �lla lìgia apì to mègejìc touc kai apì thn aktÐna touc. Ta para-
p�nw prèpei na eÐnai suneq¸c kat� nou gia thn an�lush thc nèac prosèggishc thc
klÐshc pou akoloujeÐ.

4.1 AnalogÐa me Suneq  Logismì

Arqik�, apodeiknÔoume èna qr simo l mma apì to suneq  logismì dÔo metablh-
t¸n, to opoÐo mac odhgeÐ katìpin eÔkola sthn akrib  diatÔpwsh thc {diakrit c}
prosèggishc pou proteÐnoume.

L mma 4.1.1 To di�nusma thc klÐshc miac sun�rthshc u : R2 → R sto shmeÐo
x, diaforÐsimhc sto shmeÐo autì, dÐnetai apì th sqèsh

∇u (x) =

∫ 2π

0

Dφu (x) eφ dφ

π
(4.1)
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ìpou eφ eÐnai to monadiaÐo di�nusma sthn kateÔjunsh φ kai Dφu (x) eÐnai h kateu-
junìmenh par�gwgoc thc u sto x sthn kateÔjunsh φ.

Apìdeixh

To olokl rwma

I =

∫ 2π

0

Dφu (x) eφ dφ (4.2)

mèsw tou orismoÔ thc kateujunìmenhc parag¸gou,

Dφu (x) = 〈∇u (x), eφ〉, (4.3)

gÐnetai ∫ 2π

0

〈∇u (x), eφ〉eφ dφ

kai an sumbolÐsoume me θ thn kateÔjunsh tou dianÔsmatoc thc klÐshc, paÐrnoume:∫ 2π

0

Dφu (x) eφ dφ =

∫ 2π

0

‖∇u (x)‖ 〈eθ, eφ〉eφ dφ =

= ‖∇u (x)‖
∫ 2π

0

〈eθ, eφ〉eφ dφ = π ‖∇u (x)‖ eθ = π∇u (x),

pou oloklhr¸nei thn apìdeixh.

4.2 Prosèggish gia GewmetrikoÔc TuqaÐouc
Gr�fouc

Me b�sh to L mma 4.1.1, ja prospaj soume na proseggÐsoume thn klÐsh miac
sun�rthshc orismènhc se èna gewmetrikì tuqaÐo gr�fo proseggÐzontac to olokl -
rwma thc exÐswshc (4.1) me èna �jroisma Riemann. Ja apodeÐxoume ìti to �jroisma
autì sugklÐnei upì sugkekrimènec sunj kec sto di�nusma klÐshc epÐ ènan par�gonta
π.
Gia to skopì autì proqwroÔme stouc akìloujouc aparaÐthtouc orismoÔc:

OrismoÐ 4.2.1 OrÐzoume ènan gewmetrikì tuqaÐo gr�fo G (n, ρ(n)). SumbolÐzou-
me me d (v, w) thn EukleÐdeia apìstash metaxÔ dÔo koruf¸n v kai w tou G kai me
evw to monadiaÐo di�nusma sthn kateÔjunsh thc akm c vw me arq  thn koruf  v.
Gia eukolÐa, orÐzoume wc φ (w) ∈ [0, 2π] th gwnÐa pou sqhmatÐzei to di�nusma autì
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wi

v

φ(wi)

Sq ma 4.1: Γωνία φ(wi) του διανύσματος evwi

me ton �xona x tou epipèdou p�nw sto opoÐo orÐzetai o G. Me NA (v) sumbolÐzoume
to sÔnolo twn koruf¸n tou G pou sundèontai me akm  me thn koruf  v (geitoni�
Vincent). Ton plhjikì arijmì tou sunìlou NA (v) ja ton parist�noume efex c wc
N . OrÐzoume ènan upodeÐkth i gia k�je koruf  w tou NA (v) me ton akìloujo
trìpo: gr�foume to sÔnolo NA (v) = {w1, w2, ..., wN} ¸ste oi gwnÐec twn akm¸n
φ (wi) na eÐnai se aÔxousa seir�, dhlad  φ (w1) ≤ φ (w2) ≤ ... ≤ φ (wN). Me b�sh
aut  th di�taxh, orÐzetai mia shmantik  ènnoia gia thn kataskeu  thc proteinìme-
nhc prosèggishc, h gwnÐa pou {katalamb�nei} o k�je geÐtonac thc v gÔrw apì thn
teleutaÐa, wc ex c:

∆φ (wi) =



φ (wi+1) − (φ (wN) − 2π)

2
, wi = w1.

(φ (w1) + 2π) − φ (wi−1)

2
, wi = wN .

φ (wi+1) − φ (wi−1)

2
, wi ∈ NA (v) \ {w1, wN}.


(4.4)

Prìtash 4.2.1 'Estw diaforÐsimh sun�rthsh u : R2 → R kai gewmetrikìc tu-
qaÐoc gr�foc G me pl joc koruf¸n n kai aktÐna ρ (n) ∈ ω

(
n−1/2

)
∩ o (1). Tìte,

gia k�je koruf  v tou G,

lim
n→+∞

N∑
i=1

u (wi)− u (v)

d (v, wi)
evwi∆φ (wi)

π
= ∇u (v). (4.5)
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wi−1

wi

wi+1

v

∆φ(wi)

Sq ma 4.2: Γωνία ∆φ(wi) που «καταλαμβάνει» ο wi γύρω από τον v

Apìdeixh

Arqik�, deÐqnoume ìti h leptìthta λ = supw∈NA(v){∆φ(w)} thc diamèrishc tou
[0, 2π] pou orÐzetai me b�sh tic akmèc pou prospÐptoun sthn koruf  v mhdenÐzetai
sto ìrio twn meg�lwn gr�fwn.
'Estw S(v, ρ, θ0, θ0 + θ) o kuklikìc tomèac me kèntro thn koruf  v, aktÐna ρ kai

pleurik� ìria ta tm mata pou orÐzontai apì tic eujeÐec pou dièrqontai apì thn v
me kateujÔnseic θ0 kai θ0 + θ. MporoÔme tìte na orÐsoume gia k�je koruf  tou
gr�fou th duadik  tuqaÐa metablht 

v

S
ρ

θ
θ0

Sq ma 4.3: Τομέας S(v, ρ, θ0, θ0 + θ)
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Xi =

{
1, wi ∈ S(v, ρ, θ0, θ0 + θ)
0, wi /∈ S(v, ρ, θ0, θ0 + θ)

}
, θ ∈ (0, 2π], i ∈ {1, 2, ..., n},

h opoÐa deÐqnei kat� pìson h koruf  wi an kei sth geitoni� thc v kai m�lista
empÐptei ston tomèa S.
Epiplèon, orÐzoume to sÔnolo W = V(G) ∩ S(v, ρ, θ0, θ0 + θ), gia ton plhjikì

arijmì tou opoÐou isqÔei X = card(W ) =
∑n

i=1Xi.
Lìgw thc omoiìmorfhc katanom c thc jèshc k�je koruf c sto [0, 1] × [0, 1],

paÐrnoume ìti

P (Xi = 1) =

∫ ∫
S(v,ρ,θ0,θ0+θ)

dxdy = Area(S) =
ρ2θ

2
.

Epomènwc, h mèsh tim  thc tuqaÐac metablht c X eÐnai

E[X] =
n∑
i=1

E[Xi] = n
ρ2θ

2
.

Epeid  apait same ρ(n) ∈ ω(n−1/2), eÐnai E[X] ∈ ω(n(n−1/2)2) = ω(1), dhlad 

lim
n→+∞

E[X] = +∞.

Sunep¸c,

(∃n0 ∈ N)(∀n ≥ n0)(∀w ∈ NA(v))(∀θ > 0)(∃ y, z ∈ V(G)) :

(θvw < θvy < θvw + θ) ∧ (θvw − θ < θvz < θvw)⇒

0 < θvy − θvz < 2θ ⇒ |θvy − θvz| < 2θ ⇒

∆φ(w) ≤ |θvy − θvz|
2

< θ ⇒ λ = sup
w∈NA(v)

{∆φ(w)} ≤ θ,

dhlad  λ→ 0 me pijanìthta 1.
T¸ra, to �jroisma

S =
N∑
i=1

u(wi)− u(v)

d(v, wi)
evwi∆φ(wi) (4.6)

sto aristerì mèloc thc (4.5) mporeÐ na grafeÐ wc

N∑
i=1

f(wi)∆φ(wi)

28



ìpou h sun�rthsh f orÐzetai wc f(w) =
u(w)− u(v)

d(v, w)
evw gia èna geÐtona w thc

koruf c v.
Ja exet�soume th sumperifor� tou dianÔsmatoc f(w) kaj¸c to mègejoc tou G

teÐnei sto �peiro, me thn paradoq  q.b.g. ìti h kateÔjuns  tou paramènei stajer .
EÐnai ρ(n) ∈ o(1) ⇒ lim

n→+∞
ρ(n) = 0, �ra èpetai apì to krit rio parembol c kai

thn anisìthta 0 ≤ d(v, wi) ≤ ρ(n) ìti lim
n→+∞

d(v, wi) = 0, ∀i ∈ {1, 2, ..., N}.
'Ara,

lim
n→+∞

f(w) = lim
d(v,w)→0

f(w) = evw lim
d(v,w)→0

u(v + d(v, w)evw)− u(v)

d(v, w)
⇒

lim
n→+∞

f(w) = Devwu(v) evw.

'Ara, to �jroisma S sugklÐnei sto olokl rwma
∫ 2π

0
Dφu(v)eφ dφ, pou oloklhr¸nei

thn apìdeixh, an l�boume up� ìyin kai to L mma 4.1.1.

4.3 Sf�lma Lìgw Apìstashc metaxÔ Koru-
f¸n

ProqwroÔme sthn an�lush tou sf�lmatoc pou eis�getai ston upologismì thc
klÐshc lìgw thc prosèggishc tou oloklhr¸matoc I (exÐswsh (4.2) ) apì èna pe-
perasmèno, sthn pr�xh, �jroisma S. H logik  me thn opoÐa prosdiorÐzoume thn
asumptwtik  sumperifor� tou sf�lmatoc eÐnai h diadoqik  antikat�stash twn pa-
ragìntwn k�je ìrou tou S me touc antÐstoiqouc par�gontec tou I kai h frag 
tou mètrou thc ek�stote prokÔptousac diafor�c. H diadikasÐa aut  oloklhr¸netai
ìtan to S an�getai telik� sto I. To sunolikì sf�lma E mporeÐ na frageÐ tìte
asumptwtik� mèsw trigwnik c anisìthtac gia tic epimèrouc sunist¸sec tou.
An orÐsoume th gwnÐa

ω(wi) =
φ(wi) + φ(wi−1)

2
,

tìte to tm ma tou {q¸rou} pou katalamb�nei k�je geÐtonac wi tou v gÔrw apì ton
teleutaÐo antistoiqeÐ sto di�sthma [ω(wi), ω(wi) + ∆φ(wi)]. 'Etsi, kajènac apì
touc N ìrouc tou ajroÐsmatoc (4.6) mporeÐ na grafeÐ wc

u(wi)− u(v)

d(v, wi)
evwi∆φ(wi) =

∫ ω(wi)+∆φ(wi)

ω(wi)

u(wi)− u(v)

d(v, wi)
evwi dφ ≡ Ĩi. (4.7)
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AntikajistoÔme arqik� to phlÐko diafor¸n
u(wi)− u(v)

d(v, wi)
me thn kateujunìmenh

par�gwgo Devwi
u(v) qrhsimopoi¸ntac prosèggish Taylor gia thn u sthn koruf  v

sthn kateÔjunsh evwi :

u(wi) = u(v) + d(v, wi)Devwi
u(v) + O(d2(v, wi))⇒

u(wi)− u(v)

d(v, wi)
= Devwi

u(v) +
O(d2(v, wi))

d(v, wi)
⇒

u(wi)− u(v)

d(v, wi)
− Devwi

u(v) ∈ O(d(v, wi)).

Epeid  ìmwc isqÔei d(v, wi) ≤ ρ(n), èpetai ìti

u(wi)− u(v)

d(v, wi)
− Devwi

u(v) ∈ O(ρ(n)). (4.8)

'Ara, h (4.7) gÐnetai

Ĩi =

∫ ω(wi)+∆φ(wi)

ω(wi)

Devwi
u(v)evwi dφ + O(ρ(n))∆φ(wi)evwi . (4.9)

AjroÐzontac tic exis¸seic (4.9) gia ìlouc touc geÐtonec wi tou v, lamb�noume:

S =
N∑
i=1

(∫ ω(wi)+∆φ(wi)

ω(wi)

Devwi
u(v)evwi dφ

)
+

N∑
i=1

O(ρ(n))∆φ(wi)evwi . (4.10)

Sthn (4.10) orÐzoume

S1 =
N∑
i=1

(∫ ω(wi)+∆φ(wi)

ω(wi)

Devwi
u(v)evwi dφ

)
(4.11)

kai

E1 =
N∑
i=1

O(ρ(n))∆φ(wi)evwi . (4.12)

Gia to mètro tou E1 isqÔei ìti

‖E1‖ ≤ O(ρ(n))
N∑
i=1

∆φ(wi) ‖evwi‖ =

O(ρ(n))
N∑
i=1

∆φ(wi) = 2πO(ρ(n)),
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opìte prokÔptei to asumptwtikì �nw fr�gma

‖E1‖ =

∥∥∥∥∥S −
N∑
i=1

(∫ ω(wi)+∆φ(wi)

ω(wi)

Devwi
u(v)evwi dφ

)∥∥∥∥∥ ∈ O(ρ(n)). (4.13)

4.4 Sf�lma Lìgw DeigmatolhyÐac Kateuju-
nìmenwn Parag¸gwn - Eidik  PerÐptwsh

Wc epìmeno ìro sthn {akoloujÐa} metaxÔ S kai I, orÐzoume to

S2 = ‖∇u(v)‖
N∑
i=1

[(∫ ω(wi)+∆φ(wi)

ω(wi)

cos(θ − φ) dφ

)
evwi

]
. (4.14)

Akìma, gr�foume to S1 sthn akìloujh isodÔnamh morf :

S1 = ‖∇u(v)‖
N∑
i=1

cos(θ − φ(wi))∆φ(wi)evwi , (4.15)

Apì tic Exis¸seic (4.15) kai (4.14), apomon¸noume touc ìrouc twn antÐstoiqwn
ajroism�twn,

cos(θ − φ(wi))∆φ(wi)evwi

kai ∫ ω(wi)+∆φ(wi)

ω(wi)

cos(θ − φ) dφ evwi . (4.16)

ParathroÔme ìti oi ìroi autoÐ èqoun thn Ðdia kateÔjunsh wc dianÔsmata kai dia-
fèroun mìno ston suntelest  pou pollaplasi�zei to monadiaÐo di�nusma evwi . Ja
sugkrÐnoume arqik� th diafor� metaxÔ twn ìrwn, ¸ste sth sunèqeia na metaboÔme
sth sunolik  diafor� twn dÔo ajroism�twn.
Upojètontac ìti oi akmèc pou prospÐptoun sthn koruf  v eÐnai omoiìmorfa ka-

tanemhmènec wc proc thn kateÔjuns  touc sto di�sthma [0, 2π), prokÔptei ìti

∆φ(wi) = ∆φ =
2π

N
, ∀i ∈ {1, ..., N}.

Akìmh, isqÔei gia k�je geÐtona wi thc v ìti φ(wi) = ω(wi) + ∆φ
2
. 'Ara, to

olokl rwma ston ìro (4.16) gÐnetai
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∫ ω(wi)+∆φ(wi)

ω(wi)

cos(θ − φ) dφ = −[sin(θ − φ)]
ω(wi)+∆φ
ω(wi)

=

= − sin (θ − ω(wi)−∆φ) + sin (θ − ω(wi)) =

= 2 cos

(
θ − ω(wi)−

∆φ

2

)
sin

(
∆φ

2

)
= 2 cos (θ − φ(wi)) sin

(
∆φ

2

)
.

'Omwc, gnwrÐzoume apì to an�ptugma kat� Taylor tou hmitìnou ìti

sin

(
∆φ

2

)
=

∆φ

2
+O

[(
∆φ

2

)3
]

=
∆φ

2
+O

(
∆φ3

)
.

Epomènwc,∫ ω(wi)+∆φ(wi)

ω(wi)

cos(θ − φ) dφ = 2 cos(θ − φ(wi))

(
∆φ

2
+O

(
∆φ3

))
=

= cos(θ − φ(wi))∆φ+O

[(
2π

N

)3
]

= cos(θ − φ(wi))∆φ+O
(
N−3

)
.

Me b�sh thn parap�nw logik , gia to sf�lma

E2 = S1 − S2 (4.17)

lamb�noume

‖E2‖ = ‖S1 − S2‖ =

= ‖∇u(v)‖

∥∥∥∥∥
N∑
i=1

cos(θ − φ(wi))∆φ evwi −
N∑
i=1

∫ ω(wi)+∆φ

ω(wi)

cos(θ − φ) dφ evwi

∥∥∥∥∥⇒

‖E2‖ ≤ ‖∇u(v)‖
N∑
i=1

(∣∣∣∣∣cos(θ − φ(wi))∆φ −
∫ ω(wi)+∆φ

ω(wi)

cos(θ − φ) dφ

∣∣∣∣∣ ‖evwi‖
)
⇒
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‖E2‖ ≤ ‖∇u(v)‖
N∑
i=1

O
(
N−3

)
⇒

‖E2‖ ∈ ‖∇u(v)‖ O
(
N−2

)
(4.18)

4.5 Sf�lma Lìgw DeigmatolhyÐac Dianu-
sm�twn KateÔjunshc - Eidik  PerÐptwsh

OrÐzoume thn teleutaÐa sunist¸sa tou sf�lmatoc wc

E3 = S2 − I. (4.19)

EpÐshc, analÔoume to I wc ex c:

I =

∫ 2π

0

Dφu(v)eφ dφ = ‖∇u(v)‖
∫ 2π

0

cos(θ − φ)eφ dφ (4.20)

Blèpoume ìti to olokl rwma sto teleutaÐo skèloc thc (4.20) mporeÐ na grafeÐ
me ton akìloujo trìpo, lìgw thc periodikìthtac thc oloklhroÔmenhc sun�rthshc:∫ 2π

0

cos(θ − φ)eφ dφ =
N∑
i=1

(∫ ω(wi)+∆φ

ω(wi)

cos(θ − φ)eφ dφ

)
.

'Ara, an, ìpwc sthn enìthta 4.4, apomon¸soume k�je ìro twn ajroism�twn sta
S2 kai I, dhlad  ton ìro (4.16) kai ton ìro∫ ω(wi)+∆φ

ω(wi)

cos(θ − φ)eφ dφ, (4.21)

tìte mporoÔme pr¸ta na fr�xoume thn k�je diafor� metaxÔ antistoÐqwn ìrwn twn
ajroism�twn kai èpeita na fr�xoume to �jroisma aut¸n twn diafor¸n, pou eÐnai to
E3. H parap�nw diafor� eÐnai∫ ω(wi)+∆φ

ω(wi)

cos(θ − φ) (evwi − eφ) dφ. (4.22)

33



T¸ra, h mègisth tim  tou mètrou thc dianusmatik c posìthtac evwi−eφ lamb�netai
ìtan h gwnÐa metaxÔ twn dÔo aut¸n monadiaÐwn dianusm�twn gÐnetai mègisth, k�ti
pou sumbaÐnei ìtan h gwnÐa φ apoklÐnei mègista apì thn gwnÐa φ(wi) = arg(evwi).
Me dedomèno ìmwc ìti to di�sthma metabol c thc φ eÐnai to [ω(wi), ω(wi) + ∆φ],
parathroÔme ìti h mègisth aut  {apìklish} eÐnai Ðsh me ∆φ

2
.

Se aut  thn oriak  perÐptwsh, mporoÔme me trigwnometrÐa na doÔme ìti

‖evwi − eφ‖ = 2 sin

(
∆φ

4

)
‖eφ‖ =

= 2 sin

(
∆φ

4

)
.

'Ara, ja isqÔei ìti

‖evwi − eφ‖ ≤ 2 sin

(
∆φ

4

)
, ∀φ ∈ [ω(wi), ω(wi) + ∆φ],∀i ∈ {1, ..., N}. (4.23)

Pern¸ntac sto sunolikì sf�lma E3, lamb�noume

‖E3‖ = ‖S2 − I‖ =

= ‖∇u(v)‖

∥∥∥∥∥
N∑
i=1

[∫ ω(wi)+∆φ

ω(wi)

cos(θ − φ)(evwi − eφ) dφ

]∥∥∥∥∥⇒
‖E3‖ ≤ ‖∇u(v)‖

N∑
i=1

∥∥∥∥∥
∫ ω(wi)+∆φ

ω(wi)

cos(θ − φ)(evwi − eφ) dφ

∥∥∥∥∥⇒
‖E3‖ ≤ ‖∇u(v)‖

N∑
i=1

∫ ω(wi)+∆φ

ω(wi)

|cos(θ − φ)| ‖evwi − eφ‖ dφ⇒

‖E3‖ ≤ ‖∇u(v)‖
N∑
i=1

∫ ω(wi)+∆φ

ω(wi)

2 sin

(
∆φ

4

)
dφ =

= ‖∇u(v)‖
N∑
i=1

∫ ω(wi)+∆φ

ω(wi)

2 sin
( π

2N

)
dφ⇒

‖E3‖ ≤ ‖∇u(v)‖
N∑
i=1

[
4π

N
sin
( π

2N

)]
= 4π ‖∇u(v)‖ sin

( π

2N

)
⇒
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‖E3‖ ∈ ‖∇u(v)‖O
( π

2N

)
⇒

‖E3‖ ∈ ‖∇u(v)‖O(N−1). (4.24)

4.6 Sf�lma Lìgw DeigmatolhyÐac Kateuju-
nìmenwn Parag¸gwn - Genik  PerÐptwsh

Stic enìthtec 4.4 kai 4.5, upojèsame q�rin eukolÐac ìti oi akmèc pou prospÐptoun
sthn koruf  v eÐnai omoiìmorfa katanemhmènec wc proc thn kateÔjuns  touc. T¸ra,
aÐroume aut  thn aplousteutik  upìjesh kai exet�zoume th sumperifor� tou sf�l-
matoc sth genik  perÐptwsh twn tuqaÐa katanemhmènwn prospiptous¸n akm¸n.
Oi ìroi pou qr zoun diaforetikoÔ qeirismoÔ ap' ìti prohgoumènwc eÐnai mìno oi E2

kai E3. ProqwroÔme arqik� sth frag  tou E2, akolouj¸ntac parìmoia diadikasÐa
me aut n thc enìthtac 4.4.
Plèon, to olokl rwma pou perièqetai sthn (4.16) mporeÐ na grafeÐ wc∫ ω(wi)+∆φ(wi)

ω(wi)

cos(θ − φ) dφ = −[sin(θ − φ)]
ω(wi)+∆φ(wi)
ω(wi)

=

= 2 cos

(
θ − ω(wi)−

∆φ(wi)

2

)
sin

(
∆φ(wi)

2

)
.

Parìmoia me prohgoumènwc, isqÔei ìti

sin

(
∆φ(wi)

2

)
=

∆φ(wi)

2
+O

(
∆φ(wi)

3) . (4.25)

EpÐshc, mporoÔme na gr�youme:

cos

(
θ − ω(wi)−

∆φ(wi)

2

)
= cos

[
θ − φ(wi)−

(
ω(wi) +

∆φ(wi)

2
− φ(wi)

)]

= cos (θ − φ(wi)) cos

(
ω(wi) +

∆φ(wi)

2
− φ(wi)

)
+
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+ sin (θ − φ(wi)) sin

(
ω(wi) +

∆φ(wi)

2
− φ(wi)

)

'Omwc, blèpoume ìti {
∆φ(wi) = φ(wi+1)−φ(wi−1)

2

ω(wi) = φ(wi)+φ(wi−1)
2

}
⇒

ω(wi) +
∆φ(wi)

2
− φ(wi) =

φ(wi+1)− φ(wi)

4
+
φ(wi−1)− φ(wi)

4
⇒

∣∣∣∣ω(wi) +
∆φ(wi)

2
− φ(wi)

∣∣∣∣ ≤ ∣∣∣∣φ(wi+1)− φ(wi)

4

∣∣∣∣+

∣∣∣∣φ(wi−1)− φ(wi)

4

∣∣∣∣⇒
∣∣∣∣ω(wi) +

∆φ(wi)

2
− φ(wi)

∣∣∣∣ ≤ φ(wi+1)− φ(wi−1)

4
⇒∣∣∣∣ω(wi) +

∆φ(wi)

2
− φ(wi)

∣∣∣∣ ≤ ∆φ(wi)

2
(4.26)

Me b�sh thn parap�nw anisìthta (4.26), prokÔptei ìti

cos

(
ω(wi) +

∆φ(wi)

2
− φ(wi)

)
= 1 +O

((
ω(wi) +

∆φ(wi)

2
− φ(wi)

)2
)

= 1 +O

((
∆φ(wi)

2

)2
)

= 1 +O
(
∆φ(wi)

2)

kai, antÐstoiqa me parap�nw,

sin

(
ω(wi) +

∆φ(wi)

2
− φ(wi)

)
= O (∆φ(wi)) .

'Ara, to olokl rwma upì exètash gÐnetai∫ ω(wi)+∆φ(wi)

ω(wi)

cos(θ − φ) dφ =
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2
{

cos (θ − φ(wi))
[
1 +O

(
∆φ(wi)

2)]+ sin (θ − φ(wi)) O (∆φ(wi))
}
×

×
{

∆φ(wi)

2
+O

(
∆φ(wi)

3)} =

cos (θ − φ(wi)) ∆φ(wi) + cos (θ − φ(wi))O
(
∆φ(wi)

3)+

+ cos (θ − φ(wi))O
(
∆φ(wi)

5)+ sin (θ − φ(wi))O
(
∆φ(wi)

2)+

+ sin (θ − φ(wi))O
(
∆φ(wi)

4) =

cos (θ − φ(wi)) ∆φ(wi) + cos (θ − φ(wi))O
(
∆φ(wi)

3)+

+ sin (θ − φ(wi))O
(
∆φ(wi)

2) .
Me thn Ðdia diadikasÐa ìpwc sthn enìthta 4.4, lamb�noume

‖E2‖ = ‖S1 − S2‖ ≤

‖∇u(v)‖
N∑
i=1

(∣∣∣∣∣cos(θ − φ(wi))∆φ(wi) −
∫ ω(wi)+∆φ(wi)

ω(wi)

cos(θ − φ) dφ

∣∣∣∣∣ ‖evwi‖
)
⇒

‖E2‖ ∈ ‖∇u(v)‖
N∑
i=1

∣∣cos (θ − φ(wi))O
(
∆φ(wi)

3)+ sin (θ − φ(wi))O
(
∆φ(wi)

2)∣∣⇒

‖E2‖ ∈ ‖∇u(v)‖
N∑
i=1

|cos (θ − φ(wi))|O
(
∆φ(wi)

3)+ |sin (θ − φ(wi))|O
(
∆φ(wi)

2)⇒
‖E2‖ ∈ ‖∇u(v)‖

N∑
i=1

O
(
∆φ(wi)

2) (4.27)
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Sunep¸c, gia th mèsh tim  tou mètrou tou E2 ja isqÔei

E [‖E2‖] ∈ ‖∇u(v)‖E

[
N∑
i=1

O
(
∆φ(wi)

2)]⇒
E [‖E2‖] ∈ ‖∇u(v)‖

N∑
i=1

O
(
E
[
∆φ(wi)

2]) (4.28)

Gia na ekfr�soume to anwtèrw asumptwtikì fr�gma sunart sei mìno tou a-
rijmoÔ geitìnwn N thc koruf c v, ja upologÐsoume thn emfanizìmenh mèsh tim 
E
[
∆φ(wi)

2], orÐzontac thn tuqaÐa metablht 

Φ ≡ ∆φ(wi)

kai prosdiorÐzontac thn katanom  thc.
To endeqìmeno Φ > φ pragmatopoieÐtai ìtan kai mìno ìtan ìloi oi upìloipoi

geÐtonec thc v ektìc tou wi keÐntai entìc kuklikoÔ tomèa S(v, ρ, θ0, θ0 + 2π− 2φ) o
opoÐoc den perilamb�nei sto eswterikì tou ton wi. 'Ara, gia thn pijanìthta autoÔ
tou endeqomènou èqoume

P (Φ > φ) =

[
Area(S)

πρ2

]N−1

⇒

P (Φ > φ) =

[(
π − 2φ

2

)
ρ2

πρ2

]N−1

=

(
1− φ

π

)N−1

⇒

FΦ(φ) = 1−
(

1− φ

π

)N−1

, φ ∈ [0, π]. (4.29)

Epiplèon, h sun�rthsh puknìthtac pijanìthtac thc t.m. Φ eÐnai

fΦ(φ) =
N − 1

π

(
1− φ

π

)N−2

, φ ∈ [0, π]. (4.30)

Plèon, mporoÔme na proqwr soume ston upologismì thc mèshc tim c E [Φ2] qrh-
simopoi¸ntac ton orismì:

E
[
Φ2
]

=

∫ π

0

φ2 fΦ(φ)dφ =
N − 1

π

∫ π

0

φ2

(
1− φ

π

)N−2

dφ.
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An sto teleutaÐo olokl rwma jèsoume u = 1− φ
π
, paÐrnoume

E
[
Φ2
]

= (N − 1)π2

∫ 1

0

(1− u)2uN−2du =

(N − 1)π2

[
uN−1

N − 1
− 2

uN

N
+

uN+1

N + 1

]1

0

=

= (N − 1)π2

(
1

N − 1
− 2

N
+

1

N + 1

)
⇒

E
[
Φ2
]

=
2π2

N(N + 1)
(4.31)

Mèsw thc (4.31), h (4.28) dÐnei

E [‖E2‖] ∈ ‖∇u(v)‖
N∑
i=1

O

(
2π2

N(N + 1)

)
= ‖∇u(v)‖N O

(
2π2

N(N + 1)

)
⇒

E [‖E2‖] ∈ ‖∇u(v)‖ O
(

1

N + 1

)
. (4.32)

Mèqri t¸ra, antimetwpÐsame sth melèth mac to pl joc twn geitìnwn thc koruf c
v, N , wc mia apl  par�metro. Sthn pragmatikìthta, h posìthta aut  apoteleÐ mia
diakrit  tuqaÐa metablht , h opoÐa akoloujeÐ diwnumik  katanom :

Bin
(
N |n− 1, πρ2(n)

)
. (4.33)

H tuqaÐa metablht  N apoteleÐ to ìrisma thc katanom c kai qwrÐzetai me k�jeto
apì tic dÔo paramètrouc thc katanom c, pou antistoiqoÔn sto pl joc twn sunoli-
k¸n {upoy fiwn} geitìnwn thc v kai sthn pijanìthta gia ton kajèna apì autoÔc
na brejeÐ ìntwc sth geitoni� thc v. Sugkekrimèna, h pijanìthta h koruf  v na èqei
k geÐtonec dÐnetai apì ton tÔpo

P (N = k) =

(
n− 1
k

) (
πρ2(n)

)k (
1− πρ2(n)

)n−1−k
, k = 0, 1, ..., n− 1. (4.34)
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'Omwc, sthn èkfrash (4.32), den perilamb�netai h Ðdia h tuqaÐa metablht  N all�

mia sun�rths  thc, h g(N) =
1

N + 1
. H mèsh tim  thc teleutaÐac upologÐzetai

akoloÔjwc:

E [g(N)] =
n−1∑
k=0

g(k)P (N = k)

=
n−1∑
k=0

1

k + 1

(
n− 1
k

) (
πρ2(n)

)k (
1− πρ2(n)

)n−1−k

=
1

nπρ2(n)

n−1∑
k=0

n(n− 1)!

(k + 1)k! (n− (k + 1))!

(
πρ2(n)

)k+1 (
1− πρ2(n)

)n−(k+1)

m=k+1
====⇒ E [g(N)] =

1

nπρ2(n)

n∑
m=1

(
n
m

) (
πρ2(n)

)m (
1− πρ2(n)

)n−m

=
1

nπρ2(n)

[(
πρ2(n) + 1− πρ2(n)

)n − ( n
0

)(
πρ2(n)

)0 (
1− πρ2(n)

)n]

⇒ E [g(N)] =
1

nπρ2(n)

[
1−

(
1− πρ2(n)

)n]
. (4.35)

Efìson h aktÐna tou gr�fou fr�ssetai asumptwtik� sÔmfwna me thn upìjesh
thc Prìtashc 4.2.1 ¸ste na sugklÐnei h prosèggish thc klÐshc pou lamb�noume, ja
isqÔei ìti

lim
n→+∞

(1− πρ2(n))n = 0⇒ 1− (1− πρ2(n))n ∈ Θ(1)

(4.35)
===⇒ E [g(N)] ∈ Θ

(
1

nπρ2(n)

)
. (4.36)

Me b�sh thn (4.36), h (4.32) gÐnetai:

E [‖E2‖] ∈ ‖∇u(v)‖ O
(

1

nρ2(n)

)
. (4.37)
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4.7 Sf�lma Lìgw DeigmatolhyÐac Dianu-
sm�twn KateÔjunshc - Genik  PerÐptwsh

O ìroc (4.22) paÐrnei sth genik  perÐptwsh th morf ∫ ω(wi)+∆φ(wi)

ω(wi)

cos(θ − φ) (evwi − eφ) dφ. (4.38)

AntÐstoiqa me thn enìthta 4.5, blèpoume ìti to mètro tou par�gonta evwi − eφ
megistopoieÐtai ìtan megistopoieÐtai h gwnÐa metaxÔ twn dÔo dianusm�twn. 'Omwc, h
gwnÐa aut  eÐnai fragmènh:

|φ− φ(wi)| ≤ ∆φ(wi), ∀φ ∈ [ω(wi), ω(wi) + ∆φ(wi)].

'Ara, isqÔei ìti

‖evwi − eφ‖ ≤
∥∥evwi − eφ(wi)+∆φ(wi)

∥∥⇒
‖evwi − eφ‖ ≤ 2 sin

(
∆φ(wi)

2

)
, ∀φ ∈ [ω(wi), ω(wi) + ∆φ(wi)]. (4.39)

Akolouj¸ntac ta Ðdia b mata ìpwc sthn eidik  perÐptwsh, katal goume ìti

‖E3‖ ≤ ‖∇u(v)‖
N∑
i=1

∫ ω(wi)+∆φ(wi)

ω(wi)

‖evwi − eφ‖ dφ⇒

‖E3‖ ≤ ‖∇u(v)‖
N∑
i=1

∫ ω(wi)+∆φ(wi)

ω(wi)

2 sin

(
∆φ(wi)

2

)
dφ⇒

‖E3‖ ≤ ‖∇u(v)‖
N∑
i=1

2∆φ(wi) sin

(
∆φ(wi)

2

)
⇒

‖E3‖ ∈ ‖∇u(v)‖
N∑
i=1

O
(
∆φ(wi)

2), (4.40)

pou eÐnai to Ðdio fr�gma me autì pou prosdiorÐsthke prohgoumènwc gia to sf�lma
‖E2‖. Epomènwc, me ton Ðdio trìpo ìpwc sthn enìthta 4.6, sun�getai ìti
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E [‖E3‖] ∈ ‖∇u(v)‖ O
(

1

N + 1

)
. (4.41)

OmoÐwc loipìn me thn enìthta 4.6, ft�noume sto akìloujo asumptwtikì fr�gma
gia th mèsh tim  tou mètrou thc sunist¸sac E3 tou sf�lmatoc:

E [‖E3‖] ∈ ‖∇u(v)‖ O
(

1

nρ2(n)

)
. (4.42)

4.8 Asumptwtik  Sumperifor� tou Sunoli-
koÔ Sf�lmatoc

Gia to sunolikì sf�lma E èqoume:

E = S − I = E1 + E2 + E3 ⇒

‖E‖ ≤ ‖E1‖+ ‖E2‖+ ‖E3‖ . (4.43)

'Eqontac ft�sei sta telik� apotelèsmata twn enot twn 4.3, 4.6 kai 4.7, mporoÔme
me b�sh thn (4.43) na apokt soume èna asumptwtikì �nw fr�gma gia to mètro tou
sunolikoÔ sf�lmatoc, ‖E‖:

‖E‖ ∈ O
(
max

{
ρ(n), n−1ρ(n)−2

})
(4.44)

'Eqontac up' ìyin mac ta asumptwtik� fr�gmata pou proapaitoÔntai gia thn aktÐna
tou gr�fou ¸ste na sugklÐnei h prosèggish thc klÐshc, mporoÔme na qrhsimopoi-
 soume thn akìloujh eidik  èkfrash thc aktÐnac wc sun�rthshc tou {megèjouc}
tou gr�fou (h opoÐa den kalÔptei bebaÐwc ìlec tic peript¸seic):

ρ(n) = c
1

na
, a ∈

(
0,

1

2

)
, c > 0. (4.45)

Tìte, h (4.44) gÐnetai

‖E‖ ∈ O
(
max

{
n−a, n−1+2a

})
, a ∈

(
0,

1

2

)
⇒
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Sq ma 4.4: Μεταβολή του εκθέτη b του πλήθους κορυφών του γράφου στο ασυμπτωτικό φράγμα
του σφάλματος συναρτήσει του εκθέτη a στην ακτίνα

‖E‖ ∈

{
O (n−a) , a ∈

(
0, 1

3

]
.

O (n−1+2a) , a ∈
(

1
3
, 1

2

)
.

(4.46)

ParathroÔme ìti to austhrìtero asumptwtikì �nw fr�gma sto sf�lma epitug-

q�netai gia thn tim  â = 1
3
kai eÐnai O

(
n−

1
3

)
. Autì to sumpèrasma apoteleÐ mia

èndeixh gia thn tim  thc aktÐnac pou eÐnai protimìtero na epilègetai gia touc peira-
matismoÔc kaj¸c kai gia thn telik  efarmog  se pl rh {klÐmaka} tou algorÐjmou
energ¸n kampul¸n se gr�fouc p�nw se pragmatik� dedomèna. Ta parap�nw sumpe-
r�smata parist�nontai diagrammatik� sto Sq ma 4.4.

4.9 Genikìc Sqoliasmìc kai SÔndesh me 'Al-
lec ProseggÐseic

H prosèggish thc klÐshc pou epiqeiroÔme mporeÐ na katatageÐ sthn kathgorÐa twn
stajmismènwn ajroism�twn. Sthn prosp�jeia na mimhjoÔme to suneqèc an�logo pou
parousi�sthke sthn enìthta 4.1, qrhsimopoioÔme lìgouc metabol c thc sun�rthshc
gÔrw apì thn upì exètash koruf  wc pr¸thc t�xewc proseggÐseic twn kateuju-
nìmenwn parag¸gwn thc stic kateujÔnseic twn prospiptous¸n akm¸n. Me touc
lìgouc autoÔc stajmÐzoume ta antÐstoiqa monadiaÐa dianÔsmata stic kateujÔnseic
twn akm¸n, ta opoÐa mporoÔme na doÔme kai wc {antagwnistèc} - sta plaÐsia tou
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stajmismènou ajroÐsmatoc - gia thn aponom  tou rìlou tou dianÔsmatoc klÐshc.
'Enac krÐsimoc epiplèon ìroc st�jmishc eÐnai h gwnÐa ∆φ(wi) pou apodÐdetai se

k�je di�nusma akm c   isodÔnama se k�je geÐtona wi thc koruf c. Me th gwnÐa aut 
anatÐjetai ousiastik� kai apì èna tm ma tou diast matoc [0, 2π] se k�je geÐtona, wc
sÔnolo kateujÔnsewn gia tic opoÐec h {plhsièsterh} plhroforÐa gia th metabol 
thc sun�rthshc eÐnai aut  pou proèrqetai apì to sugkekrimèno geÐtona. MporoÔme
na antilhfjoÔme aut  thn ermhneÐa mèsw enìc monodi�statou diagr�mmatoc Voronoi
gia ènan kÔklo gÔrw apì thn k�je koruf , ston opoÐo topojetoÔntai oi geÐtonec
thc koruf c an�loga me th gwnÐa thc akm c touc me aut n, φ(wi). Tìte, se k�je
geÐtona ja anatejeÐ èna kuklikì tìxo gÔrw apì autìn, to opoÐo akrib¸c ja èqei
gwnÐa ∆φ(wi). 'Etsi, an ènac geÐtonac wi diakrÐnetai apì meg�lh gwnÐa ∆φ(wi),
to b�roc tou sto stajmismèno �jroisma ja eÐnai megalÔtero, kaj¸c jewroÔme ìti
{enswmat¸nei} plhroforÐa megalÔterhc barÔthtac se sqèsh me ton upologismì thc
klÐshc ap� ìti ènac �lloc geÐtonac wj me mikrìterh gwnÐa ∆φ(wj).
H suneisfor� aut  twn gwni¸n ∆φ(wi) sth st�jmish tou ajroÐsmatoc pou pro-

seggÐzei to di�nusma klÐshc eÐnai dunatì na mh lhfjeÐ up� ìyin kai h agnìhs  touc
mac odhgeÐ proc �llec proseggÐseic thc klÐshc, ìpwc ja doÔme parak�tw. Sthn
perÐptwsh aut , to stajmismèno �jroisma aplopoieÐtai arqik� wc ex c:

N∑
i=1

u (wi)− u (v)

d (v, wi)
evwi

N
. (4.47)

H parap�nw èkfrash mporeÐ na p�rei th genikìterh morf 

N∑
i=1

[
|u (wi)− u (v) |

d (v, wi)

]p
sgn (u(wi)− u(v)) evwi

N∑
i=1

[
|u (wi)− u (v) |

d (v, wi)

]p−1
(4.48)

ìtan h par�metroc p lamb�nei tim  1. Me b�sh thn exÐswsh (4.48), mporoÔme na
dialèxoume kai diaforetikèc timèc gia to p, all�zontac th barÔthta me thn opoÐa
oi apìlutoi lìgoi metabol c stajmÐzoun ta dianÔsmata twn akm¸n. 'Oso megalÔte-
rh tim  lamb�nei to p, tìso megalÔtero b�roc apoktoÔn ta dianÔsmata akm¸n me
megalÔterouc lìgouc metabol c se sqèsh me ta upìloipa dianÔsmata.
An orÐsoume

w∗ = arg max
w∈NA(v)

{
|u (w)− u (v) |

d (v, w)

}
,
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tìte eÐnai eÔkolo na doÔme ìti sto ìrio p→ +∞, h (4.48) dÐnei:

|u (w∗)− u (v) |
d (v, w∗)

sgn (u(w∗)− u(v)) evw∗ . (4.49)

Me autì ton trìpo, èqoume upì mÐa ènnoia enopoi sei thn prosèggish pou pro-
teÐnoume me thn prosèggish thc klÐshc mèsw thc (4.49), h opoÐa èqei analujeÐ sto
[1], mèsa apì th rÔjmish miac apl c paramètrou p. Sthn teleutaÐa perÐptwsh, to
mètro thc klÐshc proseggÐzetai me b�sh to mègisto lìgo metabol c thc sun�rthshc
metaxÔ thc exetazìmenhc koruf c kai twn geitìnwn thc:

‖∇u(v)‖ ≈ max
w∈NA(v)

{
|u (w)− u (v) |

d (v, w)

}
. (4.50)

Stic perissìterec peript¸seic, mporoÔme na upojèsoume epiplèon mia stoiqei¸dh
omoiogèneia gia to gr�fo, pou shmaÐnei ìti oi apost�seic d(v, wi) twn geitìnwn apì
thn koruf  v de diafèroun polÔ metaxÔ touc. Agno¸ntac loipìn kai tic apost�seic
autèc sth st�jmish twn dianusm�twn akm¸n, mporoÔme na akolouj soume ta Ðdia
b mata me prohgoumènwc kai gia p→ +∞ na l�boume

‖∇u(v)‖ ≈ max
w∈NA(v)

{|u (w)− u (v) |} . (4.51)

Oi proseggÐseic autèc tou mètrou thc klÐshc eÐnai pio eÔrwstec apì aut n pou
analÔsame stic prohgoÔmenec enìthtec, an kai èqoun shmantikèc adunamÐec se ì,ti
afor� sthn kateÔjunsh thc klÐshc. O lìgoc eÐnai ìti {epilègoun} ènan mìno geÐtona
thc koruf c gia ton upologismì thc klÐshc, agno¸ntac thn plhroforÐa apì ìlec
tic upìloipec kateujÔnseic pou antistoiqoÔn stic akmèc apì touc �llouc geÐtonec.
Sunep¸c, h qr sh twn teleutaÐwn proseggÐsewn gia ton upologismì tou mètrou
thc klÐshc kai thc nèac prosèggishc gia thn kateÔjunsh thc klÐshc apoteleÐ mia
logik  epilog .

4.10 Peiramatik� Apotelèsmata gia Prosèg-
gish KlÐshc kai SÔgkrish me Analutik�
Apotelèsmata

Ja parousi�soume orismèna apotelèsmata apì thn efarmog  thc analujeÐsac
prosèggishc p�nw se gewmetrikoÔc tuqaÐouc gr�fouc megèjouc thc t�xhc twn 103
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èwc 104 koruf¸n. Ta peir�mata diex qjhsan se perib�llon MATLAB. Stìqoc mac
eÐnai af� enìc na optikopoi soume thn poiìthta me thn opoÐa proseggÐzetai h klÐsh,
sugkrÐnontac th mèjodo pou proteÐnetai kai me analutik� apotelèsmata, af� etèrou
na deÐxoume thn asumptwtik  poreÐa tou sf�lmatoc proc to mhdèn, anaparist¸ntac
tic {mèsec} timèc tou Mèsou TetragwnikoÔ Sf�lmatoc (M.S.E.) kai enìc sqetikoÔ
sf�lmatoc gia auxanìmeno mègejoc gr�fwn, ìpwc proèkuyan apì arketèc ekte-
lèseic tou algorÐjmou gia k�je mègejoc. Sta peir�mata pou akoloujoÔn, h aktÐna
twn gr�fwn orÐsthke se ìlec tic peript¸seic wc ρ(n) = 3

5
n−1/3.

Parajètoume k�poia endeiktik� apotelèsmata apì ton upologismì tou dianusmati-
koÔ pedÐou thc klÐshc gnwst¸n analutik¸n sunart sewn oi opoÐec lamb�noun timèc
p�nw stic korufèc gewmetrikoÔ tuqaÐou gr�fou G1 me mègejoc n = 5500 koruf¸n.
Oi sunart seic autèc eÐnai oi ex c:

1. u1(x, y) = exp

[
−(x− x0)2 + (y − y0)2

2σ2

]
kai

2. u2(x, y) = sin [2π(ω1x + ω2y)].

H morf  touc parousi�zetai sta Sq mata 4.5 kai 4.6 gia sugkekrimènec timèc twn
paramètrwn touc.
UpologÐzoume analutik� tic klÐseic aut¸n twn sunart sewn,

1. ∇u1(x, y) = −u1(x, y)

σ2

[
x− x0

y − y0

]
kai

2. ∇u2(x, y) = 2π cos [2π(ω1x + ω2y)]

[
ω1

ω2

]
,

kaj¸c kai ta mètra aut¸n,

1. ‖∇u1(x, y)‖ =
u1(x, y)

σ2

√
(x− x0)2 + (y − y0)2 kai

2. ‖∇u2(x, y)‖ = 2π |cos [2π(ω1x + ω2y)]|
√
ω2

1 + ω2
2.

Me b�sh ta parap�nw apotelèsmata, upologÐzoume kai apeikonÐzoume sta Sq ma-
ta 4.7 - 4.10 tic analutikèc timèc thc klÐshc kai tou mètrou thc gia tic dÔo su-
nart seic p�nw sta shmeÐa twn koruf¸n tou G1 kai antiparajètoume se autèc ta
apotelèsmata me b�sh thn proteinìmenh prosèggish.
'Opwc eÐnai emfanèc, h prosèggish apotup¸nei th genik  metabol  thc klÐshc sth

sunolik  èktash tou gr�fou, wstìso se {mikroskopikì} epÐpedo, dhlad  gia gei-
tonikèc korufèc, mporeÐ na parousi�zei aisjhtèc apoklÐseic. ExaitÐac aut c thc
èntonhc topik c diakÔmanshc, proèkuye h idèa gia average   median filtering tou
arqikoÔ apotelèsmatoc ¸ste na exomalunjeÐ to dianusmatikì pedÐo kai na proseg-
gÐsei ètsi kalÔtera thn pragmatik  klÐsh. H prosj kh aut  kai ta apotelèsmat�
thc melet¸ntai sto epìmeno mèroc.
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Sq ma 4.5: Η Γκαουσιανή συνάρτηση u1(x, y) ορισμένη στο γράφο G1 για x0 = y0 = 0.5 και

σ = 0.25
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Sq ma 4.6: Η ημιτονοειδής συνάρτηση u2(x, y) ορισμένη στο γράφο G1 για ω1 = ω2 = 1
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Sq ma 4.7: Πεδίο κλίσης της u1(x, y) για x0 = y0 = 0.5 και σ = 0.25 - Αριστερά: προσεγγιστικό,

Δεξιά: πραγματικό.
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Sq ma 4.8: Πεδίο κλίσης της u2(x, y) για ω1 = ω2 = 1 - Αριστερά: προσεγγιστικό, Δεξιά:

πραγματικό.
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Sq ma 4.9: Μέτρο κλίσης της u1(x, y) για x0 = y0 = 0.5 και σ = 0.25 - Αριστερά: προσεγγιστικό,

Δεξιά: πραγματικό.
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Sq ma 4.10: Μέτρο κλίσης της u2(x, y) για ω1 = ω2 = 1 - Αριστερά: προσεγγιστικό, Δεξιά:

πραγματικό.

4.11 Filtr�risma Mèshc kai Endi�meshc Ti-
m c kai SÔgkrish me Stoiqei¸dh Pro-
sèggish

Ed¸, dokim�zoume thn idèa tou filtrarÐsmatoc mèshc tim c (average filtering)  
endi�meshc tim c (median filtering) tou dianÔsmatoc klÐshc pou prokÔptei apì thn
prosèggish pou paÐrnoume. Stìqoc mac eÐnai h omalopoÐhsh tou telikoÔ dianusma-
tikoÔ pedÐou pou ja qrhsimopoihjeÐ gia ton algìrijmo twn energ¸n kampul¸n se
gewmetrikoÔc tuqaÐouc gr�fouc.
H diadikasÐa tou filtrarÐsmatoc sthrÐzetai kai aut  sth geitoni� Vincent mo-

nadiaÐac klÐmakac pou orÐzetai p�nw sto gr�fo kai paÐrnei wc eÐsodo tic timèc thc
klÐshc pou èqoun prokÔyei se k�je koruf  mèsw thc prosèggishc tou stajmismènou
ajroÐsmatoc. An sumbolÐsoume me

g(v) = (g1(v) , g2(v)) =
S(v)

π
, v ∈ V(G) (4.52)

thn prosèggish pou lamb�noume arqik� se k�je koruf  v tou gr�fou, tìte tropo-
poioÔme thn arqik  aut  prosèggish mèsw thc sqèshc

gav(v) =

∑
w∈NA(v)

g(w)

card(NA(v))
(4.53)

gia na ulopoi soume to fÐltro mèshc tim c kai mèsw thc sqèshc
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Sq ma 4.11: Πεδίο κλίσης της u1(x, y) για x0 = y0 = 0.5 και σ = 0.25 - Αριστερά: προσεγγιστικό

με average φίλτρο, Δεξιά: πραγματικό.

gmed(v) = median
w∈NA(v)

{g1(w)} ex + median
w∈NA(v)

{g2(w)} ey (4.54)

gia na ulopoi soume to fÐltro endi�meshc tim c.

Parajètoume apotelèsmata apì thn efarmog  tou average filter (Sq mata 4.11
èwc 4.14) kaj¸c kai tou median filter (Sq mata 4.15 èwc 4.18) sthn ektÐmhsh
thc klÐshc twn sunart sewn pou melet same kai prohgoÔmena (thc Gkaousian c
u1(x, y) kai thc hmitonoeidoÔc u2(x, y)) p�nw stic korufèc enìc gewmetrikoÔ tuqaÐou
gr�fou G1 me mègejoc n = 5500.
Sugkekrimèna, antiparajètoume ta akrib  dianusmatik� pedÐa me aut� pou pro-

kÔptoun met� thn efarmog  tou ek�stote filtrarÐsmatoc, kaj¸c kai tic timèc tou
mètrou twn dianusm�twn gia tic di�forec peript¸seic pou prokÔptoun.
EÐnai profanèc ìti h ektÐmhsh pou apoktoÔme met� to ek�stote filtr�risma eÐnai

polÔ omalìterh thc arqik c kai den upofèrei shmantik� apì apìtomec diakum�nseic
se mikr  klÐmaka. Ta dÔo fÐltra faÐnetai na èqoun parìmoia apìdosh sto bajmì
{diìrjwshc} thc prosèggishc. Epomènwc, krÐnetai jemitì na qrhsimopoihjeÐ mia
apì autèc tic tropopoihmènec ektim seic sta metèpeita st�dia tou algorÐjmou, ìpwc
gia par�deigma ston upologismì thc kampulìthtac. To anamenìmeno kìstoc pou
sunep�getai aut  h epilog  eÐnai gia k�je b ma tou algorÐjmou

nE {deg(v)} = nΘ
(
n ρ(n)2

)
= n2−2a,

ìtan h aktÐna exart�tai apì to mègejoc tou gr�fou mèsw thc sqèshc (4.45).

51



−0.2 0 0.2 0.4 0.6 0.8 1 1.2
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

−0.2 0 0.2 0.4 0.6 0.8 1 1.2
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

Sq ma 4.12: Πεδίο κλίσης της u2(x, y) για ω1 = ω2 = 1 - Αριστερά: προσεγγιστικό με average

φίλτρο, Δεξιά: πραγματικό.
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Sq ma 4.13: Μέτρο της κλίσης της u1(x, y) για x0 = y0 = 0.5 και σ = 0.25 - Αριστερά:

προσεγγιστικό με average φίλτρο, Δεξιά: πραγματικό.
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Sq ma 4.14: Μέτρο της κλίσης της u2(x, y) για ω1 = ω2 = 1 - Αριστερά: προσεγγιστικό με

average φίλτρο, Δεξιά: πραγματικό.
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Sq ma 4.15: Πεδίο κλίσης της u1(x, y) για x0 = y0 = 0.5 και σ = 0.25 - Αριστερά: προσεγγιστικό

με median φίλτρο, Δεξιά: πραγματικό.
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Sq ma 4.16: Πεδίο κλίσης της u2(x, y) για ω1 = ω2 = 1 - Αριστερά: προσεγγιστικό με median

φίλτρο, Δεξιά: πραγματικό.
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Sq ma 4.17: Μέτρο της κλίσης της u1(x, y) για x0 = y0 = 0.5 και σ = 0.25 - Αριστερά:

προσεγγιστικό με median φίλτρο, Δεξιά: πραγματικό.
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Sq ma 4.18: Μέτρο της κλίσης της u2(x, y) για ω1 = ω2 = 1 - Αριστερά: προσεγγιστικό με

median φίλτρο, Δεξιά: πραγματικό.

4.12 Peiramatik  Melèth Asumptwtik c
Sumperifor�c Sf�lmatoc

Gia na elègxoume kai peiramatik� ìti h proteinìmenh prosèggish sugklÐnei sto
pragmatikì dianusmatikì pedÐo thc klÐshc sunart sewn pou orÐzontai se gewme-
trikoÔc tuqaÐouc gr�fouc, apotup¸noume thn {exèlixh} tou mèsou tetragwnikoÔ
sf�lmatoc (M.S.E.) aut c kaj¸c proqwroÔme se ìlo kai megalÔterouc gr�fouc.
Akribèstera, apeikonÐzoume th mèsh tim  tou M.S.E. wc proc to pl joc koruf¸n
n, ìpou gia k�je tim  tou n èginan upologismoÐ gia 10 diaforetikoÔc gr�fouc.
Thn Ðdia diadikasÐa akoloujoÔme prokeimènou na axiolog soume thn prosèggish

kai wc proc mia deÔterh metrik , to {sqetikì} sf�lma er thc prosèggishc, pou
upologÐzetai wc o lìgoc thc enèrgeiac tou s matoc sf�lmatoc proc thn enèrgeia
tou s matoc thc analutik c èkfrashc thc klÐshc p�nw stic korufèc twn gr�fwn:

er =
Eerror

Eanalytical
(4.55)

Sta Sq mata 4.19 èwc 4.22 parist�netai h asumptwtik  sumperifor� twn dÔo
aut¸n metrik¸n tou sf�lmatoc gia tic sunart seic u1(x, y), u2(x, y). Se k�je
sq ma èqoun sumperilhfjeÐ kai oi treic dunatèc peript¸seic:

1. prosèggish thc klÐshc qwrÐc filtr�risma akoloÔjwc,

2. prosèggish me filtr�risma mèshc tim c, kai
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Sq ma 4.19: Μέσο τετραγωνικό σφάλμα προσέγγισης της κλίσης της u1(x, y) για x0 = y0 = 0.5

και σ = 0.25

3. prosèggish me filtr�risma endi�meshc tim c.

Kat' arq�c, epibebai¸netai pl rwc h sÔgklish thc prosèggishc thc klÐshc stic
pragmatikèc timèc mèsa kai apì tic dÔo metrikèc, anex�rthta apì th qr sh   mh
fÐltrou.
Epiplèon, eÐnai aisjht  apì ta Sq mata 4.19 kai 4.21 h pt¸sh sto M.S.E. ìtan

qrhsimopoieÐtai fÐltro mèshc   endi�meshc tim c, epalhjeÔontac ètsi kai b�sei miac
koin c metrik c th jetik  diaÐsjhsh pou dhmiourgeÐtai apì ta Sq mata 4.11 - 4.18.
Aut  h meÐwsh parathreÐtai se ìla ta megèjh gr�fwn kai gia amfìterec tic sunar-
t seic - deÐgmata pou qrhsimopoi same, opìte eÐnai asfalèc na sumper�noume ìti ta
apotelèsmata kai twn dÔo fÐltrwn eÐnai euergetik� sth genik  perÐptwsh.
Kai me th metrik  tou sqetikoÔ sf�lmatoc, h beltÐwsh sto mègejoc tou sf�lma-

toc me th qr sh average   median fÐltrou epibebai¸netai. M�lista parathroÔme
(eidik� gia thn u1) ìti h meÐwsh den antistoiqeÐ se èna stajerì posostì thc enèr-
geiac tou s matoc thc akriboÔc èkfrashc thc klÐshc gia ìla ta megèjh. AntÐjeta,
to sqetikì sf�lma ìtan efarmìzetai fÐltro m�llon apoteleÐ stajerì kl�sma tou
antÐstoiqou sthn perÐptwsh qwrÐc fÐltro.
Tèloc, ac shmeiwjeÐ ìti oi metrikèc twn sfalm�twn eÐnai se ìlec tic peript¸seic

kat�ti mikrìterec sthn perÐptwsh tou average fÐltrou ap' ìti sthn perÐptwsh tou
median fÐltrou.

56



1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

Number of vertices (n)

R
el

at
iv

e 
er

ro
r

Average behavior of relative error for increasing graph size − Gaussian

 

 
No filter
Average filter
Median filter

Sq ma 4.20: Σχετικό σφάλμα προσέγγισης της κλίσης της u1(x, y) για x0 = y0 = 0.5 και

σ = 0.25

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
0

2

4

6

8

10

12

14

Number of vertices (n)

M
S

E

Average behavior of MSE for increasing graph size − Sine

 

 
No filter
Average filter
Median filter

Sq ma 4.21: Μέσο τετραγωνικό σφάλμα προσέγγισης της κλίσης της u2(x, y) για ω1 = ω2 = 1
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Sq ma 4.22: Σχετικό σφάλμα προσέγγισης της κλίσης της u2(x, y) για ω1 = ω2 = 1
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Kef�laio 5

Prosèggish Kampulìthtac se
Gr�fouc

5.1 Episkìphsh Arqik c Idèac [1] gia Pro-
sèggish Kampulìthtac

Sto [1], proteÐnetai h prosèggish thc apìklishc pou upeisèrqetai sthn (3.15)
mèsw enìc ajroÐsmatoc Riemann. Sugkekrimèna, ènac enallaktikìc orismìc thc
apìklishc stic dÔo diast�seic eÐnai mèsw tou akìloujou orÐou:

divF(v) = lim
S→{v}

∮
Γ(S)

F · n d`

|S|
(5.1)

To S eÐnai qwrÐo pou perikleÐei thn koruf  v. Me |S| sumbolÐzoume to embadìn
tou S, me Γ(S) to sÔnorì tou kai me n to monadiaÐo exwterikì k�jeto di�nusma sto
Γ(S).
Me b�sh thn (5.1), h kampulìthta sthn koruf  v proseggÐzetai apì to pepera-

smèno �jroisma

N∑
i=1

F(wi) · evwi L (wi)

|S(v)|
(5.2)

Sthn parap�nw èkfrash, to sÔnoro Γ(S) tou qwrÐou S(v) orÐzetai wc èna po-
lÔgwno, tou opoÐou oi pleurèc orÐzontai apì eujeÐec dierqìmenec apì tic geitonikèc
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w1

w2

w3

w4

w5

v
evw1

evw2

evw3

evw4

evw5

F(w1)

F(w2)

F(w3)

F(w4)

F(w5)

L(w1)

L(w2)

L(w3)

L(w4)

L(w5)

S(v)

Sq ma 5.1: Η γεωμετρία της αναλυόμενης προσέγγισης της καμπυλότητας σε μια κορυφή v: χωρίο
S(v), τμήματα L(wi), διανύσματα evwi

και F(wi)

korufèc wi thc v kai k�jetec sta antÐstoiqa dianÔsmata evwi . Ta �kra thc pleur�c
pou antistoiqeÐ sto geÐtona wi tautÐzontai me ta shmeÐa tom c thc antÐstoiqhc eu-
jeÐac me tic eujeÐec twn geitìnwn wi−1 kai wi+1, akolouj¸ntac to sumbolismì tou
KefalaÐou 1. 'Etsi, mporeÐ na upologisteÐ to m koc thc k�je pleur�c, L (wi), kai
to embadìn tou S(v), |S(v)|. Ta parap�nw gÐnontai kalÔtera antilhpt� sto Sq ma
5.1.
H idèa pÐsw apì thn prosèggish thc (5.2) eÐnai ìti sto ìrio twn meg�lwn gr�fwn

kai me tic Ðdiec upojèseic pou èginan sto Kef�laio 1 gia th sÔgklish thc prosèg-
gishc thc klÐshc, to �jroisma ja sugklÐnei sto olokl rwma pou emfanÐzetai sthn
(5.1) dÐnontac ètsi th swst  tim  gia thn kampulìthta. 'Omwc, ja doÔme eujÔc
amèswc orismèna probl mata apì ta opoÐa p�sqei h parap�nw prosèggish, akìma
kai ìtan antimetwpÐzoume meg�louc, puknoÔc gr�fouc.
Kat' arq�c, me ton trìpo pou orÐzetai to qwrÐo S(v) sthn (5.2), up�rqoun peri-

pt¸seic stic opoÐec den eÐnai fragmèno, diìti oi eujeÐec pou antistoiqoÔn se diado-
qikoÔc geÐtonec wi kai wi+1 den tèmnontai. Mia tètoia perÐptwsh parousi�zetai sto
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S(v)

Sq ma 5.2: Παράδειγμα κορυφής v για την οποία το χωρίο S(v) δεν είναι καλά ορισμένο

Sq ma 5.2. Blèpoume tìte ìti oÔte ta m kh L (wi) kai L (wi+1) eÐnai peperasmèna,
opìte, an de mesolab soun peraitèrw tropopoi seic, h prosèggish thc (5.2) den
eÐnai kal¸c orismènh.
ParathroÔme, me th bo jeia kai tou Sq matoc 5.2, ìti to {anepijÔmhto} autì

sen�rio sunant�tai se mia koruf  v ìtan kai mìno ìtan

(∃i ∈ {1, ..., N})(φ
(
w(i mod N)+1

)
− φ (wi) ≥ π). (5.3)

EÐnai eÔkolo na doÔme ìti h perÐptwsh aut  eÐnai polÔ suqn  sta {ìria} tou
gr�fou, dhlad  stic korufèc ekeÐnec pou brÐskontai eggÔtera stic pleurèc tou te-
trag¸nou [0, 1]2. Autì ermhneÔetai apì to gegonìc ìti se autèc tic perioqèc q�netai
h isotropikìthta tou gr�fou kai mia koruf  eÐnai pijanìtero na èqei geÐtonec me
gwnÐec φ(wi) oi opoÐec an koun se sugkekrimèno upodi�sthma tou [0, 2π] par� se
�llo (an�loga me thn pleur� tou tetrag¸nou kont� sthn opoÐa brÐsketai h koruf ).
M�lista, to fainìmeno autì den anaireÐtai se meg�louc gr�fouc, afoÔ anex�rthta
apì to pl joc twn koruf¸n, ja up�rqei èna upologÐsimo pl joc apì autèc sta
ìria tou gr�fou. Fusik�, den apokleÐetai na sunant¸ntai tètoiec peript¸seic kai
sto {eswterikì} tou gr�fou, all� ekeÐ me thn aÔxhsh tou megèjouc tou gr�fou
gÐnetai oloèna kai pio apÐjano èna tètoio sen�rio.
Parajètoume ed¸ mia ikan  kai anagkaÐa sunj kh gia na isqÔei h (5.3) se mia

koruf  v:

Prìtash 5.1.1 H (5.3) isqÔei an kai mìno an to di�nusma jèshc thc koruf c v
den mporeÐ na grafeÐ wc kurtìc sunduasmìc {perissìterwn apì dÔo} dianusm�twn
jèshc twn geitìnwn aut c wi, i = 1, ..., N , me thn ex c ènnoia:
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w1
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w5

v

L(w1)

L(w2)

L(w4)

L(w5)

S(v)

Sq ma 5.3: Παράδειγμα κορυφής v για την οποία ένας γείτονας (εδώ ο w3) δε συμμετέχει στο

σχηματισμό του χωρίου S(v)

(
∀Λ =

{
λi :

N∑
i=1

λi = 1, λi ≥ 0, i ∈ {1, ..., N},

λjλkλ` > 0 gia k�poia j, k, ` me j 6= k, k 6= `, ` 6= j})(
N∑
i=1

λiwi 6= v

)
(5.4)

Epiplèon, mporeÐ na ensk yei kai mia �llh {pajogen c} kat�stash ìtan efar-
mìzetai h prosèggish thc (5.2). Sugkekrimèna, endèqetai h meg�lh anomoiogèneia
stic apost�seic twn geitìnwn thc koruf c v apì aut n na suntelèsei sto sqhmati-
smì tou polug¸nou Γ(S(v)) qwrÐc th summetoq  orismènwn eujugr�mmwn tmhm�twn
L(wi) wc pleur¸n autoÔ, diìti oi geitonikèc eujeÐec pou antistoiqoÔn stouc geÐto-
nec wi−1 kai wi+1 tèmnontai metaxÔ touc eggÔtera sth v ap' ìti o geÐtonac wi. 'Ena
tètoio par�deigma parousi�zetai sto Sq ma 5.3.
MporoÔme na jewr soume ìti se aut  thn perÐptwsh, to m koc L(wi) eÐnai mhde-

nikì kai epomènwc h suneisfor� tou ìrou F(wi) · evwi L(wi) sto sunolikì �jroisma
thc (5.2) apl¸c eÐnai mhdenik , qwrÐc peraitèrw sunèpeiec ston upologismì thc pro-
sèggishc. EntoÔtoic, idanik� k�je geÐtonac miac koruf c prèpei na summetèqei ston
upologismì thc kampulìthtac se aut n. Aut  h apaÐthsh den ikanopoieÐtai p�nta
sth melet¸menh prosèggish.
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v

S(v)∆φ(w1)

∆φ(w2)

∆φ(w3)

Sq ma 5.4: Η γεωμετρία της βελτιωμένης προσέγγισης της καμπυλότητας σε μια κορυφή v: χωρίο
S(v) ως ένωση κυκλικών τομέων, κυκλικά τόξα και ενδιάμεσα ευθύγραμμα τμήματα του συνόρου

Γ(S)

5.2 Prosèggish Kampulìthtac me Nèa Gew-
metrik  Kataskeu 

H beltÐwsh pou mporeÐ na efarmosteÐ gia th jerapeÐa twn proanaferjèntwn pro-
blhm�twn sthn enìthta 5.1 perilamb�nei thn oriojèthsh tou qwrÐou S(v) me dia-
foretikì skeptikì, ¸ste na eÐnai p�nta fragmèno kai na perilamb�nei ìlouc touc
geÐtonec thc v. Oi apait seic autèc ikanopoioÔntai lamb�nontac wc qwrÐo S(v) thn
ènwsh twn kuklik¸n tomèwn S (v, d (v, wi) , ω (wi) , ω (wi+1)) me ton trìpo pou o-
rÐsthkan sthn enìthta 4.2, gia ìlouc touc geÐtonec wi thc v. O orismìc autìc
gÐnetai perissìtero katanohtìc me to Sq ma 5.4.
Amèswc, mporoÔme na doÔme ìti me aut  thn tropopoÐhsh, to embadìn tou S(v) te-

Ðnei na mhdenisteÐ sto ìrio twn meg�lwn gr�fwn, ìpwc sumbaÐnei kai sto dexiì mèloc
thc exÐswshc (5.1), ìtan isqÔei h upìjesh thc Prìtashc 4.2.1 gia ta asumptwtik�
fr�gmata thc aktÐnac ρ twn gr�fwn:

 |S(v)| ≤ π

[
max

i∈{1,...,N}
{d (v, wi)}

]2

≤ πρ(n)2

ρ(n) ∈ ω
(
n−1/2

)
∩ o(1)⇒ lim

n→+∞
ρ(n)2 = 0

⇒ lim
n→+∞

|S(v)| = 0. (5.5)
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wi

v

n = evwi

n

n

n

n

F(wi)

F(wi)

F(wi)

F(wi)+F(wi+1)

‖F(wi)+F(wi+1)‖

F(wi+1)

Sq ma 5.5: Η εικόνα των διανυσμάτων F και n σε ένα τμήμα της καμπύλης Γ(S) το οποίο

αντιστοιχεί σε ένα γείτονα wi της κορυφής v

Eidikìtera, mporoÔme na ekfr�soume to embadìn tou S(v) wc ex c:

|S(v)| =
N∑
i=1

∆φ(wi)

2
d2(v, wi). (5.6)

ProqwroÔme sth melèth tou arijmht  pou ja proseggÐsei to epikampÔlio olo-
kl rwma thc exÐswshc (5.1). To sÔnoro Γ(S), ìpwc faÐnetai kai sto Sq ma 5.4,
apoteleÐtai t¸ra apì:

1. kuklik� tìxa aktÐnwn d(v, wi) me gwnÐec ∆φ(wi) gÔrw apì thn koruf  v.

2. eujÔgramma tm mata me m kh |d(v, wi+1)− d(v, wi)| se aktinikèc dieujÔnseic -
gwni¸n ω(wi+1) - gÔrw apì thn v, ta opoÐa {en¸noun} ta diadoqik� kuklik�
tìxa.

To exwterikì k�jeto di�nusma n mporeÐ na oristeÐ sqetik� eÔkola me b�sh thn
parap�nw morf  tou Γ(S), wstìso qrei�zetai megalÔterh epimèleia sthn epilog 
tou dianÔsmatoc F kat� m koc thc kampÔlhc tou sunìrou. Gia to skopì autì,
parajètoume to Sq ma 5.5, ìpou gÐnetai saf c h prosèggish gia ènan endeiktikì
geÐtona wi thc v.
'Etsi, to di�nusma F lamb�netai stajerì kat� m koc tou kuklikoÔ tìxou tou wi

kai Ðso me thn tim  tou p�nw ston wi, F(wi). Epiplèon, se ìlo to eujÔgrammo tm ma
pou sundèei ta tìxa tou wi kai tou wi+1, to F lamb�netai Ðso me to kanonikopoihmèno
�jroisma twn F(wi) kai F(wi+1):
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F(wi) + F(wi+1)

‖F(wi) + F(wi+1)‖
(5.7)

Me autèc tic epilogèc gia to di�nusma F, mporoÔme t¸ra na exag�goume thn

analutik  èkfrash gia to epikampÔlio olokl rwma
∮

Γ(S)

F · n d`, upologÐzontac th

suneisfor� k�je tm matoc thc kampÔlhc Γ(S). SumbolÐzoume me ~Ca thn kampÔlh

tou kuklikoÔ tìxou tou geÐtona wi kai me ~Cl thn kampÔlh tou eujÔgrammou tm matoc
metaxÔ twn tìxwn tou wi kai tou wi+1. Blèpoume ìti, an jewr soume wc arq  thn
koruf  v, oi kampÔlec autèc parametropoioÔntai wc

~Ca(φ) = d(v, wi) (cosφ, sinφ), φ ∈ [ω(wi), ω(wi+1)] (5.8)

kai

~Cl(t) = [(1− t) d(v, wi) + t d(v, wi+1)] (cos(ω(wi+1)), sin(ω(wi+1))) , t ∈ [0, 1].
(5.9)

'Ara, ta antÐstoiqa epimèrouc epikampÔlia oloklhr¸mata Ia(wi) kai Il(wi) p�nw
se autèc tic kampÔlec gÐnontai:

Ia(wi) =

∫
~Ca

F · n d` = d(v, wi)

ω(wi+1)∫
ω(wi)

F(wi) · n dφ =

= d(v, wi)F(wi) ·

 ω(wi+1)∫
ω(wi)

cosφ dφ,

ω(wi+1)∫
ω(wi)

sinφ dφ

 =

= d(v, wi)F(wi) · (sin(ω(wi+1))− sin(ω(wi)), − cos(ω(wi+1)) + cos(ω(wi)))
(5.10)

kai
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Il(wi) =

∫
~Cl

F · n d` = (d(v, wi+1)− d(v, wi))

1∫
0

F(wi) + F(wi+1)

‖F(wi) + F(wi+1)‖
· n dt =

= (d(v, wi+1)− d(v, wi))
F(wi) + F(wi+1)

‖F(wi) + F(wi+1)‖
· (sin(ω(wi+1)), − cos(ω(wi+1))) .

(5.11)

Prosjètontac tic suneisforèc apì ìlouc touc geÐtonec wi kai tic epimèrouc ka-
mpÔlec touc pou dÐnontai apì tic exis¸seic (5.10) kai (5.11), lamb�noume thn telik 
morf  thc prosèggishc thc kampulìthtac sthn koruf  v basizìmenh sthn (5.1):

κ̂(v) =

N∑
i=1

Ia(wi) + Il(wi)

N∑
i=1

∆φ(wi)

2
d2(v, wi)

. (5.12)

Sth sunèqeia, epilègoume na epikentrwjoÔme ston klasikì orismì thc apìklishc
pou dìjhke sthn (3.15), kai ìqi se autìn thc (5.1), wc b�sh gia thn prosèggish
thc kampulìthtac me ènan enallaktikì trìpo. 'Etsi, xefeÔgoume apì thn an�gkh
miac gewmetrik c kataskeu c kai mporoÔme na k�noume qr sh twn apotelesm�twn
gia thn prosèggish thc klÐshc, ìpwc ja doÔme sthn epìmenh enìthta.

5.3 Proseggistikìc Upologismìc Kampu-
lìthtac mèsw Prosèggishc KlÐshc

Sto Kef�laio 4, anaptÔxame kai melet same mèjodo gia thn prosèggish thc
klÐshc miac pragmatik c sun�rthshc u orismènhc stic korufèc enìc gr�fou G. Me
autì ton trìpo, ekteloÔme ton pr¸to aparaÐthto upologismì gia ton algìrijmo
twn gewdaitik¸n energ¸n kampul¸n se gr�fouc, autìn twn tim¸n thc klÐshc thc
sun�rthshc Φ, ∇Φ, se k�je koruf  tou G. 'Etsi, apoktoÔme se pr¸to st�dio tic
proseggistikèc timèc tou dianusmatikoÔ pedÐou F stic korufèc tou G:

F(v) = (F1(v), F2(v)) (5.13)
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KajemÐa apì tic dÔo sunist¸sec tou F apoteleÐ mia pragmatik  sun�rthsh ori-
smènh p�nw sto gr�fo. Epomènwc, mporoÔme se deÔtero st�dio, ìpwc prohgou-
mènwc gia th sun�rthsh Φ, na upologÐsoume kai gia tic sunart seic F1 kai F2 tic
klÐseic touc

∇F1 =

[
∂F1

∂x

∂F1

∂y

]T
∇F2 =

[
∂F2

∂x

∂F2

∂y

]T
(5.14)

me thn Ðdia prosèggish. Met� apì to shmeÐo autì, o upologismìc thc kampulìth-
tac eÐnai tetrimmènoc, qrhsimopoi¸ntac ta apotelèsmata thc (5.14) sto �jroisma
tou dexioÔ mèlouc thc sqèshc (3.15).

Prìtash 5.3.1 'Estw sun�rthsh u : R2 → R dÔo forèc diaforÐsimh kai gew-
metrikìc tuqaÐoc gr�foc G ìpwc orÐsthke sthn Prìtash 4.2.1. Ac sumbolÐsou-

me me F̃(v) =
(
F̃1(v), F̃2(v)

)
=

∇̃u(v)∥∥∥∇̃u(v)
∥∥∥ thn prosèggish tou pedÐou F gia

thn u sthn koruf  v pou orÐzetai mèsw thc Prìtashc 4.2.1, kai me
˜(
∇F̃1(v)

)
kai

˜(
∇F̃2(v)

)
tic antÐstoiqec proseggÐseic twn klÐsewn twn sunart sewn F̃1 kai

F̃2 sthn koruf  v. Tìte, ìtan h klÐsh ∇u(v) eÐnai mh mhdenik , h prosèggish

κ̃(v) =

˜(
∂F̃1(v)

∂x

)
+

˜(
∂F̃2(v)

∂y

)
thc kampulìthtac sthn koruf  v sugklÐnei sthn

pragmatik  tim  tou megèjouc:

∇u(v) 6= 0 =⇒ κ̃(v)
n→+∞−−−−→ κ(v) =

∂F1(v)

∂x
+
∂F2(v)

∂y
(5.15)

Apìdeixh

Me b�sh thn Prìtash 4.2.1, h prosèggish ∇̃u(v) thc klÐshc thc u sugklÐnei sthn
pragmatik  klÐsh:

∇̃u(v)→ ∇u(v). (5.16)

Apì autì sunep�getai �mesa ìti
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∥∥∥∇̃u(v)
∥∥∥→ ‖∇u(v)‖ . (5.17)

EpÐshc, me b�sh thn upìjesh gia mh mhdenik  klÐsh thc u sthn v, orÐzetai kanonik�
sthn v to pedÐo F kai oi sunist¸sec tou F1 kai F2 eÐnai diaforÐsimec sthn v, wc
phlÐko diaforÐsimwn sto shmeÐo autì sunart sewn me mh mhdenikì paronomast .
Epomènwc, isqÔei kai gia autèc tic sunart seic h sÔgklish thc prosèggishc thc
klÐshc touc ìpwc apodeÐqjhke sthn Prìtash 4.2.1:

∇̃F1(v)→ ∇F1(v)

∇̃F2(v)→ ∇F2(v)
(5.18)

Apì tic (5.16) kai (5.17), sun�goume ìti to proseggistikì pedÐo F̃ sugklÐnei sto
pragmatikì sthn koruf  v:

F̃(v)→ F(v)⇐⇒
{
F̃1(v)→ F1(v)

F̃2(v)→ F2(v)

}
(5.19)

'Etsi, lamb�noume:

˜(
∇F̃1(v)

)
→

˜(
∇
(

lim
n→+∞

F̃1(v)

))
(5.19)
===⇒

˜(
∇F̃1(v)

)
→ ∇̃F1(v)

(5.18)
===⇒

˜(
∇F̃1(v)

)
→ ∇F1(v), (5.20)

ìpou h teleutaÐa sunepagwg  isqÔei diìti eÐmaste sto ìrio n→ +∞. AntÐstoiqa,
mporoÔme na sun�goume ìti

˜(
∇F̃2(v)

)
→ ∇F2(v) (5.21)

'Ara, isqÔei ìti
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˜(
∂F̃1(v)

∂x

)
→ ∂F1(v)

∂x

˜(
∂F̃2(v)

∂y

)
→ ∂F2(v)

∂y

(5.22)

ProkÔptei loipìn ìti h prosèggish sugklÐnei sth swst  tim  thc kampulìthtac:

lim
n→+∞

κ̃(v) = lim
n→+∞

 ˜(
∂F̃1(v)

∂x

)
+

˜(
∂F̃2(v)

∂y

) (5.22)
===⇒

lim
n→+∞

κ̃(v) =
∂F1(v)

∂x
+
∂F2(v)

∂y
= κ(v).

Me autì ton trìpo, epekteÐnoume th qr sh thc protajeÐsac prosèggishc thc
klÐshc kai gia ton upologismì thc kampulìthtac. Bèbaia, epeid  oi upologismoÐ
gia thn kampulìthta sthrÐzontai, ìpwc èqei proanaferjeÐ, ex arq c se èna proseg-
gistikì dianusmatikì pedÐo F, den anamènoume na up�rqei antÐstoiqh asumptwtik 
sumperifor� kai taqÔthta sÔgklishc tou sf�lmatoc stic timèc thc kampulìthtac
me aut  pou exag�game gia to sf�lma stic timèc thc klÐshc. Par' ìla aut�, ta apo-
telèsmata tou KefalaÐou 2 exakoloujoÔn na qrhsimeÔoun gia th melèth tou sf�l-
matoc thc kampulìthtac, kaj¸c isqÔoun akèraia gia kajèna apì ta dÔo epimèrouc
st�dia thc diadikasÐac thc prosèggishc. P�nw se aut  th b�sh ja epiqeirhjeÐ sthn
epìmenh qronik  f�sh na melethjeÐ h sumperifor� tou sunolikoÔ sf�lmatoc sthn
kampulìthta.

5.4 Peiramatik� Apotelèsmata gia Prosèg-
gish Kampulìthtac kai SÔgkrish me A-
nalutik� Apotelèsmata

Ja parousi�soume orismèna apotelèsmata apì thn efarmog  twn dÔo analujei-
s¸n proseggÐsewn thc kampulìthtac p�nw se gewmetrikoÔc tuqaÐouc gr�fouc me-
gèjouc thc t�xhc twn 103 èwc 104 koruf¸n. Ta peir�mata diex qjhsan se perib�l-
lon MATLAB. Stìqoc mac eÐnai af� enìc na optikopoi soume thn poiìthta me thn
opoÐa proseggÐzetai h kampulìthta, sugkrÐnontac ta apotelèsmata twn mejìdwn
pou proteÐnontai kai me analutik� apotelèsmata, af� etèrou na deÐxoume thn asu-
mptwtik  sumperifor� tou sf�lmatoc, qrhsimopoi¸ntac tic Ðdiec metrikèc ìpwc sthn
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Sq ma 5.6: Η κωνική συνάρτηση u3(x, y) ορισμένη στο γράφο G1 για x0 = y0 = 0.5, α = 0.4 και

b = 0.3

enìthta 4.12. Sta peir�mata pou akoloujoÔn, h aktÐna twn gr�fwn orÐsthke se
ìlec tic peript¸seic wc ρ(n) = 3

5
n−1/3.

Parajètoume k�poia endeiktik� apotelèsmata apì ton upologismì thc kampulìth-
tac gnwst¸n analutik¸n sunart sewn oi opoÐec lamb�noun timèc p�nw stic korufèc
gewmetrikoÔ tuqaÐou gr�fou G1 me mègejoc n = 7000 koruf¸n.
Oi sunart seic autèc eÐnai h Gkaousian  u1(x, y) pou qrhsimopoi jhke kai sto

kef�laio 4 kai mia kwnik  sun�rthsh,

u3(x, y) =

√
(x− x0)2

α2
+

(y − y0)2

b2
.

H morf  thc u1 parousi�sthke sto kef�laio 4, en¸ h u3 faÐnetai sto Sq ma 5.6
gia sugkekrimènec timèc twn paramètrwn thc.
Oi klÐseic twn sunart sewn aut¸n upologÐzontai analutik�:

70



1. ∇u1(x, y) = −u1(x, y)

σ2

[
x− x0

y − y0

]
kai

2. ∇u3(x, y) =
1

u3(x, y)

 x− x0

α2

y − y0

b2

.
Me b�sh ta parap�nw kai th sqèsh (3.15), prosdiorÐzoume tic analutikèc ek-

fr�seic gia thn kampulìthta twn isoôy¸n twn dÔo sunart sewn

1. κ(u1(x, y)) = − 1√
(x− x0)2 + (y − y0)2

kai

2. κ(u3(x, y)) =

(x− x0)2

α4b2
+

(y − y0)2

α2b4[
(x− x0)2

α4
+

(y − y0)2

b4

] 3
2

,

oi opoÐec ja qrhsimopoihjoÔn gia sÔgkrish me ta ek�stote proseggistik� apote-
lèsmata.
Epiplèon, gia na apokt soume epopteÐa thc poiìthtac twn apotelesm�twn p�nw

se mÐa sugkekrimènh isoôy  kampÔlh twn parap�nw sunart sewn, orÐzoume me pro-
seggistikì trìpo tic korufèc tou gr�fou pou an koun sto perÐgramma enìc epi-
pedosunìlou k�je sun�rthshc kai parist�noume ta apotelèsmata thc prosèggishc
apì koinoÔ me ta analutik� mìno p�nw se autèc tic korufèc. Sugkekrimèna, oi
kampÔlec orÐzontai wc to sÔnolo twn koruf¸n stic opoÐec h ek�stote sun�rthsh
lamb�nei mia sugkekrimènh tim  me èna mikrì perij¸rio {anoq c} ε gÔrw apì thn
tim  aut . To epÐpedo gia thn u1 el fjh Ðso me 0.5 kai gia thn u3 1. 'Etsi, lam-

b�noume mia kuklik  kampÔlh ~C1 gia thn u1 kai mia elleiptik  kampÔlh ~C3 gia thn
u3, ìpwc faÐnetai sta Sq mata 5.7 kai 5.8.
GnwrÐzoume ìmwc ìti h kampulìthta p�nw se ènan kÔklo eÐnai stajer  kai Ðsh me

to antÐstrofo thc aktÐnac tou. EpÐshc, gia thn pragmatik  elleiptik  kampÔlh ~C3

pou proseggÐzetai sto Sq ma 5.8, h exÐsws  thc eÐnai:

u3(x, y) = 1⇒ (x− x0)2

α2
+

(y − y0)2

b2
= 1 (5.23)

Epomènwc, mporoÔme na p�roume thn ex c parametropoÐhsh gia thn ~C3:

~C3(p) = (α cos p− x0, b sin p− y0) , p ∈ [0, 2π], (5.24)
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Sq ma 5.7: Κυκλική ισοϋψής καμπύλη της u1(x, y) για x0 = y0 = 0.5 και σ = 0.25
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Sq ma 5.8: Ελλειπτική ισοϋψής καμπύλη της u3(x, y) για x0 = y0 = 0.5, α = 0.4 και b = 0.3
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Sq ma 5.9: Μέθοδος 1 - Διακύμανση της καμπυλότητας κατά μήκος ισοϋψούς της u1(x, y) για

x0 = y0 = 0.5 και σ = 0.25 - Μπλε: προσεγγιστικές τιμές χωρίς φιλτράρισμα, Κόκκινο: πραγματικές

τιμές.

me thn par�metro p na ekfr�zei th gwnÐa apì to kèntro (x0, y0) thc èlleiyhc.

'Eqontac ekfr�sei parametrik� thn ~C3, h kampulìtht� thc mporeÐ na grafteÐ [2]
sunart sei thc gwnÐac p wc

κ(p) = αb
[
α2 sin2 p+ b2 cos2 p

]− 3
2 (5.25)

'Ara, mporoÔme na parist�noume thn kampulìthta kat� m koc twn ~C1 kai ~C3 su-
nart sei thc gwnÐac p apì to kèntro touc, {eujugrammÐzontac} analutik� kai pro-
seggistik� apotelèsmata gia eukolÐa sth sÔgkrish. Ac shmeiwjeÐ akìma ìti h
kampulìthta gia th sun�rthsh u1 lamb�nei arnhtikèc timèc, kaj¸c h apìklish tou
pedÐou F gia aut n eÐnai pantoÔ arnhtik .
Parousi�zoume loipìn arqik� sta Sq mata 5.9 - 5.12 ta apotelèsmata thc pro-

sèggishc thc kampulìthtac me th mèjodo pou parousi�sthke sthn enìthta 5.3 (sto
ex c Mèjodoc 1) gia tic u1 kai u3, tìso se ìlo to gr�fo G1 ìso kai apokleistik�

gia tic kampÔlec ~C1 kai ~C3, ìpwc aut� prokÔptoun qwrÐc k�poio exomaluntikì fil-
tr�risma se opoiod pote apì ta dÔo st�dia thc prosèggishc. Se k�je di�gramma
antiparatÐjentai kai oi analutikèc timèc.
Diapist¸noume ìti oi apoklÐseic pou shmei¸nontai stic proseggistikèc timèc thc

kampulìthtac se sqèsh me tic pragmatikèc den eÐnai apodektèc, me krit rio thn
orj  leitourgÐa kai sÔgklish tou algorÐjmou sunolik�. Eidikìtera, h kampulìthta
lamb�nei akìma kai timèc me antÐjeto prìshmo apì to pragmatikì thc se arket�
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Sq ma 5.10: Μέθοδος 1 - Καμπυλότητα των ισοϋψών της u1(x, y) για x0 = y0 = 0.5 και σ = 0.25

- Αριστερά: προσεγγιστική χωρίς φιλτράρισμα, Δεξιά: πραγματική.
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Sq ma 5.11: Μέθοδος 1 - Διακύμανση της καμπυλότητας κατά μήκος ισοϋψούς της u3(x, y) για

x0 = y0 = 0.5, α = 0.4 και b = 0.3 - Μπλε: προσεγγιστικές τιμές χωρίς φιλτράρισμα, Κόκκινο:

πραγματικές τιμές.
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Sq ma 5.12: Μέθοδος 1 - Καμπυλότητα των ισοϋψών της u3(x, y) για x0 = y0 = 0.5, α = 0.4

και b = 0.3 - Αριστερά: προσεγγιστική χωρίς φιλτράρισμα, Δεξιά: πραγματική.

shmeÐa. Bèbaia, mporoÔme na diakrÐnoume p.q. sto Sq ma 5.9 ìti oi diakum�nseic
autèc pragmatopoioÔntai me {kèntro} thn pragmatik  tim , en¸ kai sto Sq ma 5.11 h
genikìterh metabol  twn proseggistik¸n tim¸n faÐnetai na akoloujeÐ th diakÔmansh
thc kampulìthtac kat� m koc thc elleiptik c kampÔlhc. EpÐshc, sta Sq mata 5.10
kai 5.12 parathroÔme ìti h prosèggish katorj¸nei na apotup¸sei thn kÔria {aiqm }
thc kampulìthtac sto kèntro tou gr�fou, par� ìlec tic upìloipec adikaiolìghtec
epimèrouc apìtomec metabolèc. Parìmoia sumper�smata prokÔptoun kai gia thn
prosèggish pou analÔsame sthn enìthta 5.2 (sto ex c Mèjodoc 2), gia thn opoÐa
parajètoume endeiktik� ta Sq mata 5.13 kai 5.14.
Logik  sunèpeia twn parap�nw eÐnai na efarmìsoume fÐltra exom�lunshc sth dia-

dikasÐa thc prosèggishc, ¸ste na amblÔnoume tic parathroÔmenec diakum�nseic, e-
gkataleÐpontac oristik� thn prosèggish thc kampulìthtac qwrÐc filtr�risma mèshc
  endi�meshc tim c. 'Opwc eÐdame sto kef�laio 5, h prosèggish thc kampulìthtac
apoteleÐtai apì dÔo st�dia, se kajèna apì ta opoÐa mporoÔme na efarmìsoume
filtr�risma exom�lunshc sta antÐstoiqa apotelèsmata. To pr¸to st�dio dÐnei wc
apotèlesma to pedÐo thc klÐshc, opìte to ìpoio filtr�risma se autì tautÐzetai me
ìsa analÔjhkan sthn enìthta 4.11. To deÔtero st�dio diaforopoieÐtai stic dÔo
mejìdouc. Sth Mèjodo 1, lamb�noume wc apotèlesma tic klÐseic twn sunistws¸n
tou pedÐou F, opìte to filtr�risma exom�lunshc efarmìzetai se autèc ìpwc parou-
si�sthke sthn enìthta 4.11 kai katìpin lamb�netai to �jroisma thc sqèshc (3.15)
me tic filtrarismènec ekdoqèc twn dÔo ìrwn gia ton telikì upologismì thc kampu-
lìthtac. Sth Mèjodo 2, to filtr�risma efarmìzetai apeujeÐac stic proseggistikèc
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Sq ma 5.13: Μέθοδος 2 - Διακύμανση της καμπυλότητας κατά μήκος ισοϋψούς της u1(x, y)

για x0 = y0 = 0.5 και σ = 0.25 - Μπλε: προσεγγιστικές τιμές χωρίς φιλτράρισμα, Κόκκινο:

πραγματικές τιμές.
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Sq ma 5.14: Μέθοδος 2 - Καμπυλότητα των ισοϋψών της u3(x, y) για x0 = y0 = 0.5, α = 0.4

και b = 0.3 - Αριστερά: προσεγγιστική χωρίς φιλτράρισμα, Δεξιά: πραγματική.
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Sq ma 5.15: Μέθοδος 1 - Διακύμανση της καμπυλότητας κατά μήκος ισοϋψούς της u1(x, y) για

x0 = y0 = 0.5 και σ = 0.25 - Μπλε: προσεγγιστικές τιμές με φιλτράρισμα μέσης τιμής στο 1o

στάδιο, Κόκκινο: πραγματικές τιμές.

timèc thc kampulìthtac.
Oi dunatèc epilogèc pou èqoume sqetik� me thn efarmog  tou filtrarÐsmatoc eÐ-

nai o tÔpoc tou fÐltrou (mèshc   endi�meshc tim c) kai to/-a st�dio/-a sta opoÐa
ja efarmosteÐ to fÐltro. 'Etsi, parousi�zoume sta Sq mata 5.15 - 5.24 ta apote-
lèsmata gia di�forouc apì touc prokÔptontec sunduasmoÔc sthn prosèggish thc
kampulìthtac me th Mèjodo 1 gia tic sunart seic u1 kai u3, tìso se ìlo to gr�fo

ìso kai p�nw stic kampÔlec ~C1 kai ~C3 antÐstoiqa. EpÐshc, orismèna endeiktik�
apotelèsmata gia th Mèjodo 2 faÐnontai sta Sq mata 5.25 - 5.27.
Se ìlec tic peript¸seic, h efarmog  filtrarÐsmatoc exom�lunshc eÐnai euergetik 

wc proc thn akrÐbeia thc prosèggishc se sqèsh me thn prosèggish qwrÐc filtr�ri-
sma pou parousi�sthke prohgoumènwc. Sugkekrimèna, to eÔroc diakÔmanshc twn
proseggistik¸n tim¸n gÔrw apì tic pragmatikèc mei¸netai drastik� kai exaleÐfontai
oi apìtomec aiqmèc - spikes me dusan�loga meg�lo pl�toc. H morf  thc proseggi-
stik c sun�rthshc thc kampulìthtac tìso gia thn u1 ìso kai gia thn u3 antikato-
ptrÐzei arket� pist� thn pragmatik  ekdoq  thc, mìno pou lìgw thc exom�lunshc
èqoun apaleifjeÐ aisjht� oi polÔ meg�lec timèc pou antistoiqoÔn sthn {aiqm } sto
kèntro tou gr�fou (ìpou entopÐzetai to akrìtato amfìterwn twn sunart sewn).
Akìma, h prosèggish diathreÐ genik� to Ðdio prìshmo me thn analutik  tim , en¸
eÐnai enjarruntik  h metabol  me ìmoio trìpo me autìn thc analutik c prìbleyhc
kat� m koc thc èlleiyhc sta Sq mata 5.17, 5.21, 5.23 kai 5.26.
Epiprìsjeta, eÐnai emfanèc ìti to filtr�risma dÔo stadÐwn dÐnei poiotik¸c kalÔte-

ra apotelèsmata gia thn kampulìthta ap� ìti to filtr�risma se èna mìno st�dio, eÐte
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Sq ma 5.16: Μέθοδος 1 - Καμπυλότητα των ισοϋψών της u1(x, y) για x0 = y0 = 0.5 και σ = 0.25

- Αριστερά: προσεγγιστική με φιλτράρισμα μέσης τιμής στο 1
o
στάδιο, Δεξιά: πραγματική.
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Sq ma 5.17: Μέθοδος 1 - Διακύμανση της καμπυλότητας κατά μήκος ισοϋψούς της u3(x, y) για

x0 = y0 = 0.5, α = 0.4 και b = 0.3 - Μπλε: προσεγγιστικές τιμές με φιλτράρισμα ενδιάμεσης τιμής

στο 2
o
στάδιο, Κόκκινο: πραγματικές τιμές.
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Sq ma 5.18: Μέθοδος 1 - Καμπυλότητα των ισοϋψών της u3(x, y) για x0 = y0 = 0.5, α = 0.4

και b = 0.3 - Αριστερά: προσεγγιστική με φιλτράρισμα ενδιάμεσης τιμής στο 2o στάδιο, Δεξιά:

πραγματική.
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Sq ma 5.19: Μέθοδος 1 - Διακύμανση της καμπυλότητας κατά μήκος ισοϋψούς της u1(x, y) για

x0 = y0 = 0.5 και σ = 0.25 - Μπλε: προσεγγιστικές τιμές με φιλτράρισμα μέσης τιμής και στα δύο

στάδια, Κόκκινο: πραγματικές τιμές.
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Sq ma 5.20: Μέθοδος 1 - Καμπυλότητα των ισοϋψών της u1(x, y) για x0 = y0 = 0.5 και σ = 0.25

- Αριστερά: προσεγγιστική με φιλτράρισμα μέσης τιμής και στα δύο στάδια, Δεξιά: πραγματική.
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Sq ma 5.21: Μέθοδος 1 - Διακύμανση της καμπυλότητας κατά μήκος ισοϋψούς της u3(x, y) για

x0 = y0 = 0.5, α = 0.4 και b = 0.3 - Μπλε: προσεγγιστικές τιμές με φιλτράρισμα μέσης τιμής και

στα δύο στάδια, Κόκκινο: πραγματικές τιμές.
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Sq ma 5.22: Μέθοδος 1 - Διακύμανση της καμπυλότητας κατά μήκος ισοϋψούς της u1(x, y) για

x0 = y0 = 0.5 και σ = 0.25 - Μπλε: προσεγγιστικές τιμές με φιλτράρισμα ενδιάμεσης τιμής και στα

δύο στάδια, Κόκκινο: πραγματικές τιμές.
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Sq ma 5.23: Μέθοδος 1 - Διακύμανση της καμπυλότητας κατά μήκος ισοϋψούς της u3(x, y) για

x0 = y0 = 0.5, α = 0.4 και b = 0.3 - Μπλε: προσεγγιστικές τιμές με φιλτράρισμα ενδιάμεσης τιμής

και στα δύο στάδια, Κόκκινο: πραγματικές τιμές.
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Sq ma 5.24: Μέθοδος 1 - Καμπυλότητα των ισοϋψών της u3(x, y) για x0 = y0 = 0.5, α = 0.4

και b = 0.3 - Αριστερά: προσεγγιστική με φιλτράρισμα ενδιάμεσης τιμής και στα δύο στάδια, Δεξιά:

πραγματική.
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Sq ma 5.25: Μέθοδος 2 - Διακύμανση της καμπυλότητας κατά μήκος ισοϋψούς της u1(x, y) για

x0 = y0 = 0.5 και σ = 0.25 - Μπλε: προσεγγιστικές τιμές με φιλτράρισμα μέσης τιμής στο 1o

στάδιο, Κόκκινο: πραγματικές τιμές.
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Sq ma 5.26: Μέθοδος 2 - Διακύμανση της καμπυλότητας κατά μήκος ισοϋψούς της u3(x, y) για

x0 = y0 = 0.5, α = 0.4 και b = 0.3 - Μπλε: προσεγγιστικές τιμές με φιλτράρισμα ενδιάμεσης τιμής

και στα δύο στάδια, Κόκκινο: πραγματικές τιμές.
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Sq ma 5.27: Μέθοδος 2 - Καμπυλότητα των ισοϋψών της u3(x, y) για x0 = y0 = 0.5, α = 0.4

και b = 0.3 - Αριστερά: προσεγγιστική με φιλτράρισμα ενδιάμεσης τιμής και στα δύο στάδια, Δεξιά:

πραγματική.
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autì eÐnai to pr¸to eÐte to deÔtero, ìpoio fÐltro kai an qrhsimopoieÐtai. To mège-
joc twn apoklÐsewn mei¸netai tìte se epÐpeda pou kajistoÔn epitrept  th qr sh
thc prosèggishc gia thn efarmog  tou algorÐjmou kai, ìson afor� sta diagr�mma-

ta pou antistoiqoÔn stic kampÔlec ~C1 kai ~C3, h apìklish ermhneÔetai en mèrei kai
apì to gegonìc ìti oi korufèc - deÐgmata den an koun akrib¸c stic kampÔlec all�
brÐskontai se ènan stenì daktÔlio gÔrw apì autèc. Den diakrÐnoume idiaÐterh diafo-
r� sthn epÐdosh metaxÔ tou average kai tou median fÐltrou ìtan qrhsimopoioÔntai
kai sta dÔo st�dia thc prosèggishc, ektìc apì èna mikrì bias twn apotelesm�twn
gia fÐltro median proc timèc thc kampulìthtac mikrìterec kat� thn apìluth ènnoia.

5.5 Peiramatik  Melèth Asumptwtik c Su-
mperifor�c Sf�lmatoc

Gia na exet�soume peiramatik� kat� pìson oi proteinìmenec proseggÐseic gia thn
kampulìthta sugklÐnoun stic pragmatikèc timèc p�nw se gewmetrikoÔc tuqaÐouc
gr�fouc, apotup¸noume thn {exèlixh} tou mèsou tetragwnikoÔ sf�lmatoc (M.S.E.)
kai tou sqetikoÔ sf�lmatoc er me thn Ðdia mèjodo ìpwc sthn enìthta 4.12. 'Eqontac
up� ìyin kai ta apotelèsmata thc prohgoÔmenhc enìthtac, apotup¸noume thn asu-
mptwtik  sumperifor� mìno gia tic peript¸seic filtrarÐsmatoc se èna mìno st�dio
  kai sta dÔo st�dia, kaj¸c autèc èdwsan poiotikìterec proseggÐseic, kai para-
leÐpoume ta antÐstoiqa apotelèsmata gia kanèna filtr�risma. 'Etsi, parajètoume
sta Sq mata 5.28 - 5.31 endeiktik� apotelèsmata thc Mejìdou 1 gia di�forouc
prokÔptontec sunduasmoÔc, tìso me fÐltro mèshc tim c ìso kai me endi�meshc, kai
sta Sq mata 5.32 - 5.35 antÐstoiqa apotelèsmata thc Mejìdou 2.
EÐnai xek�jaro ìti h asumptwtik  sumperifor� tou sf�lmatoc kai gia tic dÔo

metrikèc apèqei apì thn omal  sÔgklish proc to mhdèn. Eidik� ìson afor� sto
M.S.E., parathroÔme mia t�sh auxomeÐwshc gia auxanìmena megèjh gr�fwn, qwrÐc na
up�rqei saf c sunolik  poreÐa proc mikrìterec timèc. Bèbaia, h sumperifor� aut 
èqei mia ex ghsh gia ta paradeÐgmata pou qrhsimopoi jhkan: me dedomènec tic polÔ
meg�lec pragmatikèc timèc thc kampulìthtac gia tic u1 kai u3 sthn kentrik  perioq 
tou gr�fou, mia shmantik  posostiaÐa apìklish thc prosèggishc p�nw se korufèc
aut c thc perioq c odhgeÐ se meg�lec timèc tou M.S.E., qwrÐc autì na shmaÐnei
aparaÐthta shmantik  apìklish se ìlh thn upìloiph èktash tou gr�fou. M�lista,
kaj¸c to mègejoc tou gr�fou megal¸nei, oloèna kai perissìterec korufèc ja
empÐptoun se aut  thn {idi�zousa} perioq , opìte oi timèc tou M.S.E. mporeÐ na
aux�nontai akìma perissìtero. Aut  h idiomorfÐa sundèetai kai me thn upìjesh pou
ègine gia thn apìdeixh thc Prìtashc 5.3.1 perÐ mh mhdenismoÔ thc klÐshc, kaj¸c
sto shmeÐo (0.5, 0.5) tou epipèdou amfìterec oi sunart seic twn paradeigm�twn
parousi�zoun akrìtato kai �ra mhdenÐzetai h klÐsh touc.
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Sq ma 5.28: Μέθοδος 1 - Μέσο τετραγωνικό σφάλμα προσέγγισης της καμπυλότητας της u1(x, y)

για x0 = y0 = 0.5 και σ = 0.25
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Sq ma 5.29: Μέθοδος 1 - Σχετικό σφάλμα προσέγγισης της καμπυλότητας της u1(x, y) για

x0 = y0 = 0.5 και σ = 0.25
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Sq ma 5.30: Μέθοδος 1 - Μέσο τετραγωνικό σφάλμα προσέγγισης της καμπυλότητας της u3(x, y)

για x0 = y0 = 0.5, α = 0.4 και b = 0.3
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Sq ma 5.31: Μέθοδος 1 - Σχετικό σφάλμα προσέγγισης της καμπυλότητας της u3(x, y) για

x0 = y0 = 0.5, α = 0.4 και b = 0.3
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Sq ma 5.32: Μέθοδος 2 - Μέσο τετραγωνικό σφάλμα προσέγγισης της καμπυλότητας της u1(x, y)

για x0 = y0 = 0.5 και σ = 0.25
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Sq ma 5.33: Μέθοδος 2 - Σχετικό σφάλμα προσέγγισης της καμπυλότητας της u1(x, y) για

x0 = y0 = 0.5 και σ = 0.25
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Sq ma 5.34: Μέθοδος 2 - Μέσο τετραγωνικό σφάλμα προσέγγισης της καμπυλότητας της u3(x, y)

για x0 = y0 = 0.5, α = 0.4 και b = 0.3
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Sq ma 5.35: Μέθοδος 2 - Σχετικό σφάλμα προσέγγισης της καμπυλότητας της u3(x, y) για

x0 = y0 = 0.5, α = 0.4 και b = 0.3
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Par� ìla aut�, oi timèc tou er paramènoun se ìlec tic peript¸seic k�tw apì 100%.
M�lista, gia th Mèjodo 1, stic peript¸seic ìpou efarmìzetai filtr�risma dÔo
stadÐwn   apl¸c fÐltro median sto deÔtero st�dio, blèpoume mia t�sh meÐwshc
tou er gia megalÔterouc gr�fouc, en¸ tautìqrona teÐnei na paramènei k�tw apì
ta epÐpeda tou 40%, xekin¸ntac apì saf¸c uyhlìterec timèc gia 1000 korufèc.
En olÐgoic, to fÐltro median parousi�zei saf¸c stajerìterh sumperifor� sth
Mèjodo 1 apì to average kai eÐnai to mìno apì ta dÔo pou den eÐnai {apagoreutikì}
na qrhsimopoihjeÐ se aut n mìno sto deÔtero st�dio. Apì thn �llh pleur�, sth
Mèjodo 2, diapist¸noume ìti to er diathreÐtai k�tw apì 40% gia ìlo to eÔroc tou
pl jouc koruf¸n qwrÐc k�poia saf  t�sh meÐwshc. EpÐshc, gia th Mèjodo 2 to
fÐltro mèshc tim c odhgeÐ se ef�millh èwc kalÔterh asumptwtik  sumperifor� tou
er apì to endi�meshc tim c, en¸ to filtr�risma dÔo stadÐwn den uperèqei ènanti tou
filtrarÐsmatoc mìno sto pr¸to st�dio.
Gia na �roume thn epÐdrash twn meg�lwn tim¸n thc kampulìthtac exaitÐac akro-

t�twn twn analutik¸n sunart sewn - deigm�twn, epanalamb�noume ta prohgoÔmena
peir�mata gia diaforetikèc timèc twn paramètrwn twn sunart sewn u1 kai u3. Oi
timèc autèc eggu¸ntai thn apousÐa akrot�tou entìc tou qwrÐou [0, 1]2 sto opoÐo
keÐntai oi korufèc tou gr�fou. Sta Sq mata 5.36 kai 5.37 parousi�zetai h morf 
twn nèwn sunart sewn gia epoptikoÔc lìgouc.
Sth sunèqeia, sta Sq mata 5.38 kai 5.39 dÐnontai endeiktik� ta apotelèsmata gia

thn prosèggish thc kampulìthtac me th Mèjodo 1 stic nèec sunart seic apì koinoÔ
me thn analutik  morf  thc kampulìthtac gia thn perÐptwsh filtrarÐsmatoc mèshc
tim c kai sta dÔo st�dia, se antistoiqÐa me ta diagr�mmata thc enìthtac 5.4.
H parousÐash twn apotelesm�twn gia tic dÔo metrikèc tou sf�lmatoc pou qrh-

simopoioÔme, ìtan h kampulìthta upologÐzetai p�nw stic nèec sunart seic qwrÐc
akrìtata, gÐnetai sta Sq mata 5.40 - 5.43 gia th Mèjodo 1 kai sta Sq mata 5.44
- 5.47 gia th Mèjodo 2. Me dedomèna ta sumper�smata apì ta Sq mata 5.28 -
5.31 gia th ftwq  epÐdosh tou filtrarÐsmatoc se èna mìno st�dio sth Mèjodo 1,
apeikonÐzoume sta antÐstoiqa sq mata to ek�stote sf�lma mìno gia tic peript¸seic
filtrarÐsmatoc kai sta dÔo st�dia, en¸ gia th Mèjodo 2 oi peript¸seic pou pari-
st�nontai antistoiqoÔn akrib¸c me ta Sq mata 5.32 - 5.35.
KajÐstatai plèon safèc ìti gia tic sugkekrimènec sunart seic pou qrhsimopoi-

 same, h prosèggish thc kampulìthtac me th Mèjodo 1 odeÔei se k�je perÐptwsh se
mikrìterec timèc sf�lmatoc gia megalÔtera megèjh gr�fwn ìtan efarmìzetai fil-
tr�risma exom�lunshc kai sta dÔo st�dia thc prosèggishc. AntÐstoiqo sumpèrasma
prokÔptei kai gia th Mèjodo 2, gia thn opoÐa epekteÐnetai kai gia filtr�risma mìno
sto pr¸to st�dio, an kai tìte h meÐwsh eÐnai bradÔterh. Epiplèon, to fÐltro median
emfanÐzetai kat� polÔ apodotikìtero tou average, kaj¸c odhgeÐ se k�je perÐptwsh
se taqÔterh meÐwsh tou sf�lmatoc, proc epÐrrwsh twn parathr sewn pou èginan
prohgoumènwc gia to jèma tou tÔpou tou fÐltrou. MetaxÔ twn dÔo mejìdwn kai gia
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Sq ma 5.36: Η Γκαουσιανή συνάρτηση u1(x, y) ορισμένη στο γράφο G1 για x0 = −0.25, y0 = 0.5

και σ = 0.5
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Sq ma 5.37: Η κωνική συνάρτηση u3(x, y) ορισμένη στο γράφο G1 για x0 = −0.25, y0 = 0.5,

α = 0.4 και b = 0.3
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Sq ma 5.38: Καμπυλότητα των ισοϋψών της u1(x, y) για x0 = −0.25, y0 = 0.5 και σ = 0.5 -

Αριστερά: προσεγγιστική με φιλτράρισμα μέσης τιμής και στα δύο στάδια, Δεξιά: πραγματική.

91



0

0.2

0.4

0.6

0.8

1

0
0.2

0.4
0.6

0.8
1

−6

−4

−2

0

2

4

6

8

10

12

Curvature Approximation − Conic

0

0.2

0.4

0.6

0.8

1

0
0.2

0.4
0.6

0.8
1
0

1

2

3

4

5

6

7

8

Real Curvature Values − Conic

Sq ma 5.39: Καμπυλότητα των ισοϋψών της u3(x, y) για x0 = −0.25, y0 = 0.5, α = 0.4

και b = 0.3 - Αριστερά: προσεγγιστική με φιλτράρισμα μέσης τιμής και στα δύο στάδια, Δεξιά:

πραγματική.
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Sq ma 5.40: Μέθοδος 1 - Μέσο τετραγωνικό σφάλμα προσέγγισης της καμπυλότητας της u1(x, y)

για x0 = −0.25, y0 = 0.5 και σ = 0.5
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Sq ma 5.41: Μέθοδος 1 - Σχετικό σφάλμα προσέγγισης της καμπυλότητας της u1(x, y) για

x0 = −0.25, y0 = 0.5 και σ = 0.5
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Sq ma 5.42: Μέθοδος 1 - Μέσο τετραγωνικό σφάλμα προσέγγισης της καμπυλότητας της u3(x, y)

για x0 = −0.25, y0 = 0.5, α = 0.4 και b = 0.3
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Sq ma 5.43: Μέθοδος 1 - Σχετικό σφάλμα προσέγγισης της καμπυλότητας της u3(x, y) για

x0 = −0.25, y0 = 0.5, α = 0.4 και b = 0.3
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Sq ma 5.44: Μέθοδος 2 - Μέσο τετραγωνικό σφάλμα προσέγγισης της καμπυλότητας της u1(x, y)

για x0 = −0.25, y0 = 0.5 και σ = 0.5
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Sq ma 5.45: Μέθοδος 2 - Σχετικό σφάλμα προσέγγισης της καμπυλότητας της u1(x, y) για

x0 = −0.25, y0 = 0.5 και σ = 0.5
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Sq ma 5.46: Μέθοδος 2 - Μέσο τετραγωνικό σφάλμα προσέγγισης της καμπυλότητας της u3(x, y)

για x0 = −0.25, y0 = 0.5, α = 0.4 και b = 0.3
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Sq ma 5.47: Μέθοδος 2 - Σχετικό σφάλμα προσέγγισης της καμπυλότητας της u3(x, y) για

x0 = −0.25, y0 = 0.5, α = 0.4 και b = 0.3

th bèltisth perÐptwsh (filtr�risma endi�meshc tim c kai sta dÔo st�dia), diakrÐnou-
me mia mikr  uperoq  thc Mejìdou 2 gia amfìterec tic metrikèc kai tic sunart seic
- deÐgmata.
Basizìmenoi sto sqetikì sf�lma, mporoÔme na k�noume mia empeirik  upìjesh

sÔgklishc thc prosèggishc eidik� se ì,ti afor� sto fÐltro endi�meshc tim c. W-
stìso, h sÔgklish proc to mhdèn eÐnai polÔ pio arg  ap� ìti sthn perÐptwsh thc
prosèggishc thc klÐshc.
Sumperasmatik�, par� ìti h asumptwtik  sumperifor� tou sf�lmatoc den eÐnai h

idanik , èqoume orismèna enjarruntik� deÐgmata ìtan filtr�roume gia exom�lunsh
kai sta dÔo st�dia thc prosèggishc. 'Allwste, de ja  tan frìnimo na anamènoume
oi proseggÐseic {deÔterhc t�xhc} pou epiqeir same gia thn kampulìthta na sugklÐ-
noun to Ðdio omal� kai gr gora me thn prosèggish thc klÐshc, gia touc lìgouc
pou anafèrame sthn enìthta 3.2. Mènei loipìn na exetasteÐ kai jewrhtik� h a-
krib c sumperifor� tou sf�lmatoc ston upologismì thc kampulìthtac, ¸ste sth
sunèqeia na proqwr soume sthn telik  efarmog  tou epanalhptikoÔ algorÐjmou
twn gewdaitik¸n energ¸n kampul¸n.
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Kef�laio 6

ArqikopoÐhsh tou AlgorÐjmou
Gewdaitik¸n Energ¸n Kampul¸n
se Gr�fouc

PrwtÐsthc shmasÐac z thma gia thn epituqhmènh efarmog  tou algorÐjmou twn
energ¸n kampul¸n se tuqaÐouc gr�fouc eÐnai h prosektik  arqikopoÐhs  tou. Epa-
nalamb�noume ed¸ to suneqèc montèlo merik c diaforik c exÐswshc tou algorÐjmou
gia sun jeic eikìnec pou dìjhke me thn exÐswsh (3.14), ¸ste na esti�soume sth
sunèqeia sta shmeÐa tou pou sqetÐzontai me thn arqikopoÐhsh p�nw se gr�fouc:

∂Φ

∂t
=



g(I)

[
div

(
∇Φ

‖∇Φ‖

)
− β

]
‖∇Φ‖+∇g(I) · ∇Φ,

Φ(x, y, t) < 0 ∀ (x, y) ∈ interior(Γ(t))

g(I)

[
div

(
∇Φ

‖∇Φ‖

)
+ β

]
‖∇Φ‖+∇g(I) · ∇Φ,

Φ(x, y, t) > 0 ∀ (x, y) ∈ interior(Γ(t))


,

Φ(x, y, 0) = φ0(x, y), β < 0.

(6.1)

Me b�sh thn (6.1), ta megèjh tou algorÐjmou pou upologÐzontai sto arqikì
st�dio eÐnai:

1. h sun�rthsh termatismoÔ g, pou exart�tai apì tic timèc thc eikìnac p�nw sto
gr�fo me ton trìpo pou perigr�fhke sto kef�laio 3.

2. h arqik  enswmat¸nousa sun�rthsh twn kampul¸n φ0, pou prokÔptei apì ton
proshmasmèno metasqhmatismì apìstashc twn koruf¸n tou gr�fou apì thn
arqik  kampÔlh.
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Sq ma 6.1: Η δυαδική εικόνα I ενός κυκλικού δίσκου πάνω στο γράφο G1

6.1 Prosèggish Sun�rthshc TermatismoÔ se
Gr�fouc

Gia na elègqoume thn epituqÐa twn di�forwn mejìdwn pou melet�me ed¸ sthn
prosèggish thc sun�rthshc g, ja tic efarmìzoume p�nw se mia apl  duadik  eikìna
I h opoÐa anaparist� ènan kuklikì dÐsko. H eikìna aut  orÐzetai p�nw sto gr�fo
G1 wc ex c:

I(v1, v2) =

{
1,

√
(v1 − 0.5)2 + (v2 − 0.5)2 ≤ 0.3

0,
√

(v1 − 0.5)2 + (v2 − 0.5)2 > 0.3

}
,v = (v1, v2) ∈ V (G1) .

(6.2)

O gr�foc G1 èqei mègejoc n = 5500 korufèc kai h aktÐna tou lamb�netai ρ(n) =
3
5
n−1/3. Sto Sq ma 6.1, parousi�zoume thn eikìna I p�nw ston G1.
Sto [1], oi suggrafeÐc parajètoun ìla ta b mata gia mia diadikasÐa prosèggishc

thc sun�rthshc termatismoÔ g p�nw se tuqaÐouc gr�fouc, sthrizìmenoi sthn èk-
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frash (3.4) pou isqÔei sth suneq  perÐptwsh. Ta b mata aut� sunoptik� eÐnai ta
ex c:

1. Gkaousianì filtr�risma se klÐmaka σ thc arqik c eikìnac I tou gr�fou mèsw
kat�llhla orismènhc {grafojewrhtik c} ekdoq c thc sunèlixhc kai exagwg 
thc omalopoihmènhc eikìnac Iσ.

2. Upologismìc tou mètrou thc klÐshc thc omalopoihmènhc eikìnac, ‖∇Iσ‖, mèsw
thc ek�stote prosèggishc pou qrhsimopoieÐtai gia ton upologismì klÐshc su-
nart sewn se gr�fouc.

3. Upologismìc thc sun�rthshc g (‖∇Iσ‖) me qr sh thc (3.3) gia kat�llhla
epilegmènh tim  thc paramètrou λ.

Gia to arqikì filtr�risma, qrhsimopoieÐtai h isotropik  didi�stath Gkaousian 
sun�rthsh me tupik  apìklish σ:

Gσ(v) =
1

2πσ2
exp

(
−‖v‖

2

2σ2

)
, v = (v1, v2) ∈ R2, σ > 0. (6.3)

Gia thn ulopoÐhsh tou GkaousianoÔ filtrarÐsmatoc, orÐzetai èna diakritì an�logo
thc suneqoÔc sunèlixhc pou energeÐ p�nw stic korufèc tou gr�fou G, upologÐzo-
ntac se k�je koruf  v to apotèlesma me th morf  ajroÐsmatoc ginomènwn:

Iσ(v) =
∑

w∈V(G)

I(w)Gσ(v −w). (6.4)

Ja sumbolÐzoume sto ex c thn {grafojewrhtik } sunèlixh thc (6.4) me to sun jh
telest  thc sunèlixhc, ∗. Tìte, h omalopoihmènh eikìna gr�fetai wc:

Iσ(v) = (I ∗Gσ) (v). (6.5)

Sth sunèqeia, to b ma 2 tou upologismoÔ thc sun�rthshc g mporeÐ na gÐnei me
thn prosèggish pou proteÐname sto kef�laio 4 gia thn klÐsh thc sun�rthshc Iσ,
efarmìzontac kai filtr�risma exom�lunshc gia kalÔtera apotelèsmata.
Efarmìzoume thn anwtèrw mèjodo p�nw sthn eikìna I ìpwc orÐsthke sthn (6.2),

epilègontac timèc gia tic paramètrouc tètoiec ¸ste h g na lamb�nei kat� dunatìn
timèc kont� sto 1 stic omalèc perioqèc kai kont� sto 0 stic akmèc (dhlad  sto
perÐgramma tou dÐskou). Skopìc mac eÐnai na entopÐsoume tuqìn adunamÐec kai
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Sq ma 6.2: Ομαλοποιημένη εκδοχή Iσ της αρχικής εικόνας I μετά από Γκαουσιανό φιλτράρισμα
σε κλίμακα σ = 0.05

shmeÐa proc beltÐwsh sthn proanaferjeÐsa akoloujÐa bhm�twn. H exomalumènh
eikìna Iσ faÐnetai sto Sq ma 6.2 kai to mètro thc klÐshc thc apì koinoÔ me th
sun�rthsh g dÐnontai sto Sq ma 6.3.
EÐnai emfanèc apì to Sq ma 6.2 ìti to filtr�risma thc sqèshc (6.4) exomalÔnei

ìntwc thn eikìna, all� thc metab�llei to eÔroc tim¸n, megal¸nontac thn t�xh
megèjouc twn tim¸n thc {fwteinìthtac}. Epiplèon, sto eswterikì tou arqikoÔ
kuklikoÔ dÐskou, h exom�lunsh de gÐnetai omoiìmorfa, me sunèpeia na up�rqoun
shmantikèc apoklÐseic stic timèc thc Iσ sthn perioq  aut . O sunduasmìc twn dÔo
aut¸n gegonìtwn èqei wc apotèlesma na upologistoÔn meg�lec timèc gia to mètro
thc klÐshc kai sto eswterikì tou dÐskou, par� ìlo pou apoteleÐ omal  perioq  thc
arqik c eikìnac. Kat� epèktash, h g de lamb�nei ekeÐ timèc kont� sto 1 ìpwc ja
èprepe jewrhtik�, all� metab�lletai èntona metaxÔ tou 0 kai tou 1. Autì eÐnai
fanerì ìti ephre�zei arnhtik� kai to st�dio upologismoÔ thc klÐshc thc g pou eÐnai
aparaÐthth gia thn efarmog  tou algorÐjmou.
Mia pr¸th beltÐwsh pou mporoÔme na dokim�soume gia thn antimet¸pish twn
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Sq ma 6.3: Αριστερά: μέτρο κλίσης ‖∇Iσ‖ της εξομαλυμένης εικόνας, Δεξιά: συνάρτηση g για
λ = 1000

parap�nw problhm�twn eÐnai h prosj kh enìc ìrou kanonikopoÐhshc sthn exÐswsh
(6.4) tou GkaousianoÔ filtrarÐsmatoc p�nw se gr�fouc:

Iσ(v) =

∑
w∈V(G)

I(w)Gσ(v −w)∑
w∈V(G)

Gσ(v −w)
. (6.6)

Me autì ton trìpo, epiqeiroÔme na exasfalÐsoume thn {omoiìmorfh} efarmog 
tou fÐltrou sthn eikìna, anair¸ntac thn eggen  anomoiomorfÐa pou eis�getai apì
thn tuqaÐa fÔsh tou gr�fou. Ta - antÐstoiqa me prohgoumènwc - apotelèsmata
apì thn efarmog  tou tropopoihmènou fÐltrou sthn eikìna I parousi�zontai sta
Sq mata 6.4 kai 6.5.
GÐnetai antilhptì ìti me thn efarmog  kanonikopoihmènou filtrarÐsmatoc, h mèjo-

doc dÐnei se meg�lo bajmì ta epijumht� apotelèsmata, met� kai apì kat�llhlh epi-
log  twn paramètrwn. H morf  thc sun�rthshc g sto Sq ma 6.5 eÐnai polÔ kont�
sthn idanik  gia mia apl  eikìna ìpwc h I, me timèc sqedìn akrib¸c 1 gia tic omalèc
perioqèc kai kont� sto 0 gia to perÐgramma tou dÐskou pou apoteleÐ th monadik 
akm  thc eikìnac.
Apì thn �llh pleur�, parathroÔme ìti tìso h mèjodoc pou proteÐnetai sto [1]

ìso kai h proanaferjeÐsa tropopoÐhs  thc mèsw kanonikopoÐhshc perilamb�noun
dÔo st�dia prosèggishc twn akrib¸n suneq¸n touc analìgwn. Sugkekrimèna, tìso
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Sq ma 6.4: Ομαλοποιημένη εκδοχή Iσ της αρχικής εικόνας I μετά από Γκαουσιανό φιλτράρισμα
με κανονικοποίηση σε κλίμακα σ = 0.02
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Sq ma 6.5: Αριστερά: μέτρο κλίσης ‖∇Iσ‖ της εξομαλυμένης εικόνας, Δεξιά: συνάρτηση g για
λ = 0.05
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sto b ma 1 ìso kai sto b ma 2, lamb�nontai proseggÐseic afenìc gia th sunèlixh
kai afetèrou gia thn klÐsh suneq¸n sunart sewn. To gegonìc autì endèqetai na
ephre�zei arnhtik� thn akrÐbeia tou algorÐjmou, kaj¸c h sun�rthsh g paÐrnei mèroc
stouc upologismoÔc k�je b matìc tou kai epomènwc epidr� katalutik� sthn kÐnhsh
twn energ¸n kampul¸n. O periorismìc twn proseggÐsewn se ligìtera st�dia thc
diadikasÐac eÐnai pijanì na bohj sei ston upologismì akribèsterwn tim¸n gia thn
g. AkoloÔjwc, dÐnoume akìmh mia tropopoihmènh mèjodo gia ton upologismì thc g,
sthn opoÐa lamb�netai mìno mÐa prosèggish, aut  thc sunèlixhc.
Ekmetalleuìmaste th grammikìthta twn telest¸n thc klÐshc, ∇, kai thc sunèli-

xhc, ∗, h opoÐa sunep�getai ìti:

∇Iσ = ∇ (I ∗Gσ) = I ∗ ∇Gσ, (6.7)

prokeimènou na efarmìsoume ton telest  thc klÐshc mìno sthn Gkaousian  su-
n�rthsh Gσ pou èqei gnwstèc analutik� merikèc parag¸gouc kai ètsi den apaiteÐ
k�poia prosèggish. Oi par�gwgoi autèc eÐnai:

∂Gσ

∂x
(x, y) = −xGσ(x, y)

σ2
(6.8)

∂Gσ

∂y
(x, y) = −yGσ(x, y)

σ2
(6.9)

Sth sunèqeia, efarmìzetai antÐstoiqa me thn (6.6) h grafojewrhtik  sunèlixh
twn parag¸gwn aut¸n me thn arqik  eikìna I me epiprìsjeth kanonikopoÐhsh kai
ètsi upologÐzetai apeujeÐac h klÐsh thc exomalumènhc eikìnac, ∇Iσ:

∇Iσ(v) =



∑
w∈V(G)

I(w)
∂Gσ

∂x
(v −w)∑

w∈V(G)

Gσ(v −w)

∑
w∈V(G)

I(w)
∂Gσ

∂y
(v −w)∑

w∈V(G)

Gσ(v −w)


. (6.10)

Met� apì autì to shmeÐo, o upologismìc tou mètrou ‖∇Iσ‖, kai kat� epèktash
thc sun�rthshc g mèsw thc (3.3), eÐnai tetrimmènoc. H mình loipìn prosèggish pou
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Sq ma 6.6: Αριστερά: μέτρο κλίσης ‖∇Iσ‖ της εξομαλυμένης εικόνας με κανονικοποιημένο φιλ-
τράρισμα με Γκαουσιανές παραγώγους κλίμακας σ = 0.05, Δεξιά: συνάρτηση g για λ = 5

epiteloÔme eÐnai sto st�dio thc sunèlixhc, ìpou upoqrewtik� oi upologismoÐ gÐnontai
p�nw sto diakritì sÔnolo shmeÐwn V(G). Ta apotelèsmata apì thn efarmog  thc
nèac mejìdou gia ton upologismì thc g dÐnontai sto Sq ma 6.6.
DiakrÐnoume ìti h poiìthta tou upologismoÔ thc sun�rthshc g eÐnai anekt  all�

ìqi ef�millh me to aplì kanonikopoihmèno Gkaousianì filtr�risma. Autì pija-
nìtata ofeÐletai sthn euaisjhsÐa pou eis�goun oi par�gwgoi thc Gkaousian c ston
upologismì, lamb�nontac up� ìyin kai thn anomoiomorfÐa thc dom c tou gr�fou,
me thn kanonikopoÐhsh na mhn mporeÐ plèon na antistajmÐsei epark¸c thn ìpoia a-
pìklish. AntÐjeta, h arqik  mèjodoc me ton proseggistikì upologismì thc klÐshc
apodeiknÔetai m�llon pio eÔrwsth sto perib�llon twn tuqaÐwn gr�fwn kai uperèqei,
efìson sumperilhfjeÐ se aut n kai h analujeÐsa kanonikopoÐhsh.
Se k�je perÐptwsh, o teleutaÐoc upologismìc pou apaiteÐtai sto arqikì st�dio

tou algorÐjmou sqetik� me th sun�rthsh termatismoÔ eÐnai h eÔresh tou pedÐou
klÐshc thc, kaj¸c upeisèrqetai kai autì sthn prosomoioÔmenh merik  diaforik 
exÐswsh (6.1). Den èqoume par� na efarmìsoume thn prosèggish thc klÐshc tou
kefalaÐou 4 gia th sun�rthsh g p�nw sto gr�fo, sunodeumènh apì filtr�risma
mèshc   endi�meshc tim c gia exom�lunsh tou apotelèsmatoc.
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6.2 ArqikopoÐhsh Enswmat¸nousac Sun�r-
thshc

H sun�rthsh φ0 pou emfanÐzetai sthn arqik  sunj kh thc exÐswshc exèlixhc twn
kampul¸n, (6.1), upologÐzetai gia tic korufèc tou gr�fou wc o proshmasmènoc
metasqhmatismìc apìstashc apì thn arqik  kampÔlh Γ(0). Epilègontac h φ0 na
lamb�nei jetikèc timèc sto eswterikì thc Γ(0), ja èqoume gia mia koruf  v =
(v1, v2) tou gr�fou:

φ0(v1, v2) =


inf

(x,y)∈Γ(0)
‖(v1 − x, v2 − y)‖ , (v1, v2) ∈ interior (Γ(0)) .

− inf
(x,y)∈Γ(0)

‖(v1 − x, v2 − y)‖ , (v1, v2) ∈ exterior (Γ(0)) .

0, (v1, v2) ∈ Γ(0).

(6.11)

H sqèsh (6.11) mporeÐ na ulopoihjeÐ proseggistik� se èna gewmetrikì tuqaÐo
gr�fo me ton ex c trìpo: brÐskoume ta sÔnola twn koruf¸n pou an koun sto
eswterikì kai sto exwterikì thc kampÔlhc, èstw X kai Xc = V(G)\X. PaÐrnoume
tic grafojewrhtikèc diastolèc touc kai apì autèc afairoÔme ta arqik� sÔnola,
apomon¸nontac to exwterikì kai to eswterikì {perÐgramma} thc kampÔlhc p�nw sto
gr�fo, Xo kai Xi antÐstoiqa. UlopoioÔme tìte ton proshmasmèno metasqhmatismì
apìstashc gia k�je koruf  v = (v1, v2) mèsw thc sqèshc

φ0(v) =



min
w∈Xo

‖(v1 − w1, v2 − w2)‖+ min
w∈Xi

‖(v1 − w1, v2 − w2)‖

2
, v ∈ X.

−
min
w∈Xo

‖(v1 − w1, v2 − w2)‖+ min
w∈Xi

‖(v1 − w1, v2 − w2)‖

2
, v ∈ Xc.

(6.12)

'Ena par�deigma upologismoÔ thc sun�rthshc φ0 gia mia kuklik  kampÔlh Γ(0)
faÐnetai sto Sq ma 6.7.
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Kef�laio 7

Sunolik  Efarmog  tou
AlgorÐjmou Gewdaitik¸n
Energ¸n Kampul¸n se Gr�fouc

Se autì to kef�laio, sundu�zoume ìla ta epimèrouc apotelèsmata twn kefalaÐwn
4 - 6, ¸ste na ektelèsoume ton epanalhptikì algìrijmo twn gewdaitik¸n ener-
g¸n kampul¸n {prosarmosmèno} p�nw sth dom  twn gewmetrik¸n gr�fwn. Gia to
skopì autì, prèpei na diakritopoi soume thn exÐswsh (3.14) ¸ste h exèlixh thc
enswmat¸nousac sun�rthshc twn kampul¸n, Φ, na gÐnetai se diakekrimèna qronik�
b mata me apìstash ∆t metaxÔ touc, ta opoÐa antistoiqoÔn stic epanal yeic tou
algorÐjmou.
SÔmfwna kai me ìsa anafèrjhkan sto kef�laio 3, an epilèxoume h sun�rthsh Φ

na èqei jetikèc timèc sto eswterikì twn energ¸n kampul¸n, tìte h exÐswsh merik¸n
diafor¸n pou kubern� thn exèlixh thc Φ kai �ra thn kÐnhsh twn kampul¸n eÐnai:

Φr = Φr−1 + ∆t

{
g(I)

[
div

(
∇Φr−1

‖∇Φr−1‖

)
+ β

]
‖∇Φr−1‖+∇g(I) · ∇Φr−1

}
,

r ∈ N, ∆t > 0, β < 0, Φ0 = φ0.
(7.1)

7.1 Eidik� ShmeÐa kai Leptomèreiec thc Ulo-
poÐhshc tou AlgorÐjmou

H exÐswsh (7.1) ensark¸nei thn akrib  jewrhtik  morf  tou algorÐjmou. W-
stìso, qrei�zetai na prosjèsoume merik� st�dia epexergasÐac se k�je b ma pro-
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keimènou na exasfalÐsoume thn omal  kÐnhsh twn kampul¸n proc ta ìria twn anti-
keimènwn proc anÐqneush.
Kat� arq�c, diapist¸same ìti h nèa prosèggish thc klÐshc pou prot�jhke sto

kef�laio 4 eÐnai men polÔ akrib c wc proc thn kateÔjunsh pou dÐnei gia to di�nu-
sma klÐshc, qwlaÐnei de wc proc to mètro tou. Ektenèstera, gia ìqi tìso omalèc
sunart seic ìso autèc pou melet jhkan sto kef�laio 4, h prosèggish aut  mpo-
reÐ na d¸sei uperbolik� meg�lec timèc sto mètro thc klÐshc kai me èntonh topik 
diakÔmansh, akìma kai met� apì filtr�risma exom�lunshc, ephre�zontac arnhtik�
thn omal  exèlixh thc Φ. Gia autì to lìgo kai sÔmfwna me ìsa analÔsame sthn
enìthta 4.9, epilèxame na periorÐsoume th qr sh thc prosèggishc aut c mìno ston
upologismì thc kateÔjunshc thc klÐshc sta di�fora st�dia, exomalÔnont�c thn me
fÐltro endi�meshc tim c. 'Oso gia to mètro thc klÐshc gia mia pragmatik  sun�rth-
sh u sthn koruf  v enìc gr�fou, basizìmaste sthn pio eÔrwsth prosèggish pou
dìjhke sthn exÐswsh (4.51), thn opoÐa epanalamb�noume kai ed¸:

max
w∈NA(v)

{|u(w)− u(v)|} . (7.2)

Me autì ton trìpo, exasfalÐzoume ìti to mètro klÐshc thc Φ pou upologÐzetai
se k�je epan�lhyh den ja xepern� potè to mègisto eÔroc diakÔmans c thc.
EpÐshc, ìson afor� sthn kampulìthta, pèra apì thn efarmog  exomaluntikoÔ fil-

trarÐsmatoc endi�meshc tim c dÔo stadÐwn pou eÐdame sto kef�laio 5 ìti belti¸nei
thn poiìthta thc prosèggishc, epexergazìmaste peraitèrw tic timèc thc se k�je e-
pan�lhyh tou algorÐjmou. Epeid  h Φ epilègetai na lamb�nei jetikì prìshmo entìc
twn kampul¸n, ja èqei genik� th morf  koÐlhc sun�rthshc, pou shmaÐnei arnhtik 
apìklish tou dianusmatikoÔ pedÐou klÐshc thc. Wc ek toÔtou, gia na apokleÐsou-
me to endeqìmeno h kampulìthta na lamb�nei polÔ meg�lec (kat� apìluth ènnoia)
arnhtikèc timèc pou mporeÐ na alloi¸soun th Φ, efarmìzoume sta apotelèsmata
epiplèon filtr�risma mègisthc tim c entìc thc geitoni�c k�je koruf c, antÐstoiqa
dhlad  me thn enìthta 4.11.
H prosèggish thc sun�rthshc g gÐnetai me thn {kanonikopoihmènh} sunèlixh thc

eikìnac me Gkaousian  sun�rthsh pou analÔjhke sthn enìthta 6.1.
XanatonÐzoume ed¸ ìti h arqik  morf  thc Φ wc proshmasmènoc metasqhmatismìc

apìstashc, φ0, lamb�netai me tic kat�llhlec prosarmogèc ¸ste h arqik  kampÔlh
na perikleÐei ìla ta proc anÐqneush antikeÐmena. Epiprìsjeta, ìtan to qwrÐo D sto
opoÐo orÐzetai o gr�foc lamb�nei megalÔterec diast�seic apì autèc tou monadiaÐou
tetrag¸nou, epiteloÔme mia klim�kwsh stic timèc thc φ0, ètsi ¸ste autèc na kumaÐ-
nontai se mikrì eÔroc gÔrw apì to 0. Aut  h tropopoÐhsh, se sunduasmì me thn
prosèggish pou qrhsimopoioÔme gia to mètro thc klÐshc, sunteleÐ sthn bradÔterh
exèlixh thc Φ kai sthn apofug  apìtomwn metabol¸n thc.
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Tèloc, afoÔ upologisteÐ se k�je b ma h Φr me b�sh thn (7.1), exomalÔnetai
sth sunèqeia kai aut  me fÐltro endi�meshc tim c, protoÔ qrhsimopoihjeÐ stouc
upologismoÔc tou epìmenou b matoc.
Anaforik� me ton termatismì tou algorÐjmou, shmei¸noume ìti me dedomèno to

upìbajro twn gr�fwn pou pragmateuìmaste, den ufÐstantai idanikèc akmèc stic
eikìnec oi opoÐec na odhgoÔn se pl rh stajeropoÐhsh thc sun�rthshc Φ. Gi� autì
to lìgo, ent�ssoume ston algìrijmo èna krit rio termatismoÔ, to opoÐo upologÐzei
se pìsec sunolik� korufèc h Φ èqei all�xei prìshmo gia èna {par�juro} twn pio
prìsfatwn epanal yewn. Me autì ton trìpo, prospajoÔme na montelopoi soume
th metabol  thc kampÔlhc, ètsi ¸ste ìtan aut  den xepern� plèon èna sugkekrimèno
kat¸fli, na termatÐzei o algìrijmoc.

7.2 AnÐqneush Sqhm�twn se Gr�fouc

XekinoÔme apì thn aploÔsterh perÐptwsh antikeimènwn se gr�fouc, dhlad  a-
pl¸n sqhm�twn. Ta sq mata aut� anaparÐstantai wc duadikèc eikìnec p�nw stouc
gr�fouc: h sun�rthsh fwteinìthtac I paÐrnei thn tim  1 stic korufèc tou gr�fou
pou an koun sto ek�stote sq ma   sq mata kai 0 se ìlec tic upìloipec korufèc,
ìpwc gia par�deigma sthn exÐswsh (6.2). Oi gr�foi pou qrhsimopoioÔntai èqoun
ta Ðdia qarakthristik� megèjh me aut� pou epelèghsan sthn enìthta 4.10. Ac
shmeiwjeÐ epÐshc ìti gia ta peir�mata aut c thc enìthtac kai twn epìmenwn pou
akoloujoÔn protim jhke h Mèjodoc 1 gia thn prosèggish thc kampulìthtac, en¸
ìmoia apotelèsmata lamb�noume kai me th Mèjodo 2. Epiplèon, oi par�metroi tou
algorÐjmou rujmÐsthkan wc ex c:

• ∆t = 0.005

• β = −20

• σ = 0.02

• λ = 0.05

Dokim�zoume pr¸ta th leitourgÐa tou algorÐjmou gia sunektik� sq mata, ìpwc
ènac kuklikìc dÐskoc   èna trÐgwno, me ta apotelèsmata na dÐnontai sta Sq ma-
ta 7.1 - 7.4. Arqik�, parousi�zoume to sÔnolo twn koruf¸n pou an koun sto
ek�stote sq ma me kìkkino qr¸ma kai sth sunèqeia dÐnoume orismèna stigmiìtupa
apì thn ektèlesh tou algorÐjmou me tic diadoqikèc morfèc pou paÐrnei h energ 
kampÔlh na parist�nontai me kìkkino qr¸ma. To teleutaÐo stigmiìtupo antistoiqeÐ
se k�je perÐptwsh sto telikì apotèlesma anÐqneushc, me ton ex c sumbolismì: me
pr�sinec koukÐdec parist�nontai oi korufèc pou aniqneÔjhkan epituq¸c, me kìkkinec
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Sq ma 7.1: Ο αρχικός κυκλικός δίσκος πάνω στο γράφο

koukÐdec oi korufèc pou aniqneÔjhkan qwrÐc sthn pragmatikìthta na an koun sto
antikeÐmeno, me maÔrec koukÐdec oi korufèc pou an koun sto antikeÐmeno all� den
aniqneÔjhkan apì ton algìrijmo kai me mple koukÐdec oi korufèc pou den an koun
sto antikeÐmeno kai orj¸c den aniqneÔjhkan apì ton algìrijmo.
ParathroÔme ìti o algìrijmoc aniqneÔei me arket� meg�lh epituqÐa aut� ta apl�

sq mata, qwrÐc bèbaia na apotup¸nei akribèstata to perÐgramm� touc. MporoÔme na
doÔme ìti stic oxeÐec gwnÐec tou trig¸nou me to upìbajro, h energ  kampÔlh gÐnetai
saf¸c pio leÐa. Autì de ja prèpei na mac problhmatÐzei, diìti sthn proepexergasÐa
thc eikìnac me Gkaousianì filtr�risma gia ton upologismì thc sun�rthshc g, h
efarmog  tou grammikoÔ fÐltrou sthn arqik  eikìna stroggulopoieÐ tic gwnÐec kai
metab�llei proc to omalìtero to sq ma tou perigr�mmatoc tou trig¸nou.
EpÐshc, parousi�zetai gia lìgouc kalÔterhc epopteÐac sto Sq ma 7.5 kai h su-

n�rthsh Φ gia to trÐgwno ìpwc èqei diamorfwjeÐ met� thn ektèlesh tou algorÐjmou.
Pern�me sth dokim  anÐqneushc poluplokìterwn sqhm�twn, upì thn ènnoia ìti

èqoume perissìterec apì mÐa sunektikèc sunist¸sec orismènec p�nw sto gr�fo.
'Ena tètoio sen�rio perilamb�nei dÔo ìmoiouc kuklikoÔc dÐskouc pou apèqoun metaxÔ
touc mia apìstash sugkrÐsimh me thn aktÐna touc. O algìrijmoc katafèrnei na
entopÐsei ta dÔo kÔria antikeÐmena tou gr�fou diaqwrÐzont�c ta me epituqÐa, par�
ìla ta mikr� l�jh sthn akrib  anÐqneush twn perigramm�twn touc, ìpwc faÐnetai sta
Sq mata 7.6 kai 7.7. Parousi�zoume akìmh sto Sq ma 7.8 thn exèlixh tou l�jouc
sthn anÐqneush me thn prìodo twn epanal yewn tou algorÐjmou, deÐqnontac th
fjÐnousa poreÐa tou. To l�joc autì èqei upologisteÐ proseggÐzontac th diafor�
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Sq ma 7.2: Εξέλιξη της ενεργής καμπύλης από την αρχική της μορφή πάνω αριστερά προς το
τελικό αποτέλεσμα ανίχνευσης του κυκλικού δίσκου κάτω δεξιά. Κάτω Δεξιά: Πράσινο: κορυφές

που ανιχνεύθηκαν επιτυχώς, Κόκκινο: Κορυφές που ανιχνεύθηκαν λανθασμένα, Μαύρο: κορυφές

που λανθασμένα δεν ανιχνεύθηκαν, Μπλε: κορυφές που ορθώς δεν ανιχνεύθηκαν
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Sq ma 7.3: Το αρχικό τρίγωνο πάνω στο γράφο

sta embad� twn arqik¸n sqhm�twn kai tou eswterikoÔ thc kampÔlhc me ton arijmì
twn koruf¸n ston opoÐo h trèqousa anÐqneush eÐnai lanjasmènh diairemèno me to
sunolikì pl joc koruf¸n tou gr�fou.
Ac doÔme p¸c sumperifèretai o algìrijmoc ìtan ta antikeÐmena thc eikìnac (ed¸

oi kuklikoÐ dÐskoi) eÐnai polÔ plhsÐon to èna sto �llo, se apìstash sugkrÐsimh
me thn aktÐna ρ tou gr�fou. Se mia tètoia perÐptwsh, ìpwc aut  pou parist�netai
sto Sq ma 7.9, h klÐmaka σ tou GkaousianoÔ fÐltrou gÐnetai sugkrÐsimh me thn
apìstash twn antikeimènwn kai wc ek toÔtou h morf  thc exomalumènhc eikìnac ja
odhg sei sth mh {apotÔpwsh} thc endi�meshc lwrÐdac metaxÔ twn dÔo sqhm�twn
stic timèc thc sun�rthshc g (Sq ma 7.10). 'Omwc, afoÔ h sun�rthsh g eÐnai aut  pou
enswmat¸nei ìlh thn plhroforÐa sqetik� me thn arqik  eikìna kat� thn ektèlesh
tou algorÐjmou, eÐnai anamenìmeno ìti mia tètoia atèleia ston upologismì thc ja
ephre�sei arnhtik� thn apotelesmatikìthta tou algorÐjmou. Pr�gmati, blèpoume
sto Sq ma 7.11 thn adunamÐa thc energ c kampÔlhc na qwristeÐ se dÔo tm mata,
diathr¸ntac èna stenì isjmì sto shmeÐo metaxÔ twn dÔo kuklik¸n dÐskwn.
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Sq ma 7.4: Εξέλιξη της ενεργής καμπύλης από την αρχική της μορφή πάνω αριστερά προς το
τελικό αποτέλεσμα ανίχνευσης του τριγώνου κάτω δεξιά. Κάτω Δεξιά: Πράσινο: κορυφές που

ανιχνεύθηκαν επιτυχώς, Κόκκινο: Κορυφές που ανιχνεύθηκαν λανθασμένα, Μαύρο: κορυφές που

λανθασμένα δεν ανιχνεύθηκαν, Μπλε: κορυφές που ορθώς δεν ανιχνεύθηκαν
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Sq ma 7.5: Η συνάρτηση Φ για το τρίγωνο του Σχήματος 7.3 μετά από 300 επαναλήψεις του

αλγορίθμου
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Sq ma 7.6: Οι δύο αρχικοί κυκλικοί δίσκοι πάνω στο γράφο
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Sq ma 7.7: Εξέλιξη της ενεργής καμπύλης από την αρχική της μορφή πάνω αριστερά προς το
τελικό αποτέλεσμα ανίχνευσης των δύο κυκλικών δίσκων του Σχήματος 7.6 κάτω δεξιά. Κάτω Δεξιά:

Πράσινο: κορυφές που ανιχνεύθηκαν επιτυχώς, Κόκκινο: Κορυφές που ανιχνεύθηκαν λανθασμένα,

Μαύρο: κορυφές που λανθασμένα δεν ανιχνεύθηκαν, Μπλε: κορυφές που ορθώς δεν ανιχνεύθηκαν
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Sq ma 7.8: Η εξέλιξη του λάθους στην ανίχνευση των κυκλικών δίσκων του Σχήματος 7.6
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Sq ma 7.9: Οι δύο αρχικοί κυκλικοί δίσκοι σε κοντινή απόσταση πάνω στο γράφο
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Sq ma 7.10: Η συνάρτηση g για τους κυκλικούς δίσκους του Σχήματος 7.9 για σ = 0.02 και

λ = 0.05
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Sq ma 7.11: Εξέλιξη της ενεργής καμπύλης από την αρχική της μορφή πάνω αριστερά προς το
τελικό αποτέλεσμα ανίχνευσης των δύο κυκλικών δίσκων του Σχήματος 7.9 κάτω δεξιά. Κάτω Δεξιά:

Πράσινο: κορυφές που ανιχνεύθηκαν επιτυχώς, Κόκκινο: Κορυφές που ανιχνεύθηκαν λανθασμένα,

Μαύρο: κορυφές που λανθασμένα δεν ανιχνεύθηκαν, Μπλε: κορυφές που ορθώς δεν ανιχνεύθηκαν
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Diaqwrismìc Kontin¸n Duadik¸n Antikeimènwn

Me b�sh tic prohgoÔmenec parathr seic, gÐnetai fanerì to {ìrio} sth diakri-
tik  ikanìthta tou algorÐjmou, pou sqetÐzetai me thn aktÐna tou gr�fou kai thn
exom�lunsh twn antikemènwn apì to Gkaousianì fÐltro. AntikeÐmena pou brÐsko-
ntai se apìstash akìma kai lÐgo megalÔterh apì thn aktÐna eÐnai polÔ dÔskolo,
an ìqi anèfikto, na aniqneujoÔn wc diakekrimènec {sust�dec} apì ton algìrijmo,
akìma kai an up�rqoun an�mes� touc k�poiec korufèc pou den an koun se aut�.
Ja epiqeir soume na posotikopoi soume ta sumper�smata aut�, ¸ste me mia pro-
sektik  metabol  twn sqetizìmenwn paramètrwn tou gr�fou kai tou algorÐjmou
twn G.A.C.s, na epitÔqoume to diaqwrismì twn kuklik¸n dÐskwn tou Sq matoc 7.9,
stouc opoÐouc èqoume epikentrwjeÐ, apì ton algìrijmo.
'Estw d h el�qisth apìstash pou qwrÐzei ta dÔo ek�stote sq mata proc anÐqneu-

sh. Efarmìzontac Gkaousianì filtr�risma klÐmakac σ sthn eikìna epÐ tou gr�fou,
prokaloÔme exom�lunsh twn arqik¸n bhmatik¸n akm¸n sto perÐgramma twn sqh-
m�twn, oi opoÐec t¸ra ja exaplwjoÔn se èktash perÐpou σ ekatèrwjen thc arqik c
touc jèshc. Wc ek toÔtou, ta exomalumèna antikeÐmena ja apèqoun plèon el�qisth
apìstash perÐpou d− 2σ.
To zhtoÔmeno gia thn epÐteuxh tou diaqwrismoÔ eÐnai h sun�rthsh g na lamb�nei

timèc kont� sto 1 metaxÔ twn dÔo sqhm�twn, dhlad  h klÐsh thc exomalumènhc
eikìnac na upologÐzetai perÐpou mhdenik . Gia na up�rqoun loipìn korufèc sth
lwrÐda metaxÔ twn dÔo antikeimènwn (an upojèsoume ìti aut� den èqoun enwjeÐ
lìgw thc exom�lunshc) stic opoÐec h prosèggish thc klÐshc thc exomalumènhc
eikìnac Iσ p�nw sto gr�fo na dÐnei perÐpou 0, ja prèpei oi korufèc autèc na mhn
èqoun kanèna geÐtona pou na empÐptei sta exomalumèna antikeÐmena. H teleutaÐa
apaÐthsh isqÔei ìtan oi korufèc autèc apèqoun perissìtero apì ρ kai apì ta dÔo
exomalumèna antikeÐmena, k�ti pou shmaÐnei ìti ta exomalumèna antikeÐmena apèqoun
perissìtero apì 2ρ metaxÔ touc. Sundu�zontac ta parap�nw, mia anagkaÐa sunj kh
gia diaqwrismì twn dÔo antikeimènwn eÐnai:

d > 2σ + 2ρ. (7.3)

Sthn pr�xh, gia na exasfalÐsoume ìti oi korufèc autèc ja ufÐstantai kai epiplèon
ja sundèontai me akmèc metaxÔ touc ¸ste na {diaqwrÐzoun} pl rwc ta dÔo sq mata,
qrei�zetai h prosj kh enìc mikroÔ perijwrÐou δ(ρ) > 0 sthn anisìthta (7.3), to
opoÐo exart�tai apì thn aktÐna tou gr�fou.
Ac epistrèyoume sto par�deigm� mac pou parousi�sthke sto Sq ma 7.9. Ta

kèntra twn dÐskwn èqoun topojethjeÐ sta shmeÐa (0.33, 0.33) kai (0.67, 0.67) en¸
oi aktÐnec touc eÐnai Ðsec me 0.15, opìte h el�qisth apìstash metaxÔ twn koruf¸n
touc ja eÐnai d ≈ 0.068. Epiplèon, h par�metroc σ rujmÐsthke sthn tim  0.02 kai
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h aktÐna tou gr�fou me b�sh to mègejìc tou kai thn parametropoÐhsh pou èqoume
qrhsimopoi sei eÐnai ρ ≈ 0.034. Epomènwc, 2σ + 2ρ ≈ 0.108 kai h sunj kh (7.3)
den ikanopoieÐtai. EÐnai loipìn epakìloujo na mhn mporoÔn na diaqwristoÔn oi dÔo
dÐskoi apì ton algìrijmo akìma kai met� apì arketèc epanal yeic, ìpwc f�nhke
sto Sq ma 7.11.
Prèpei na epidi¸xoume th meÐwsh tìso tou σ ìso kai thc aktÐnac ρ ¸ste na mhn

uperbaÐnoume to kat¸fli pou exag�game parap�nw. Bèbaia, mia tètoia meÐwsh den
eÐnai kajìlou an¸dunh, diìti epifèrei afenìc (ìson afor� sthn aktÐna) elattwmènh
sunektikìthta sto gr�fo kai �ra probl mata sto epanalhptikì sq ma tou algo-
rÐjmou , afetèrou (ìson afor� sto σ) adrìterh ektÐmhsh thc klÐshc thc eikìnac
kai sunakìlouja pijan� {ken�} sthn klÐsh p�nw stic akmèc twn antikeimènwn, me
antÐstoiqec anwmalÐec sthn g. Katal xame met� apì arketèc dokimèc stic timèc:

• σ = 0.005

• λ = 0.1

• ρ = 0.45n−1/3 ≈ 0.0255

• β = −40

• ∆t = 0.005

Gia touc Ðdiouc kuklikoÔc dÐskouc me autoÔc tou Sq matoc 7.9, ekteloÔme xan�
ton algìrijmo me tic nèec timèc gia tic paramètrouc. Me b�sh autèc tic timèc, eÐnai
2σ + 2ρ ≈ 0.061 < d kai h (7.3) ikanopoieÐtai. H nèa morf  thc sun�rthshc g
apotup¸netai sto Sq ma 7.12 kai faner¸nei tìso to jetikì stoiqeÐo thc Ôparxhc
miac diaqwristik c lwrÐdac metaxÔ twn dÔo dÐskwn ìso kai to arnhtikì stoiqeÐo twn
ken¸n sthn klÐsh (gaps in gradient). 'Opwc faÐnetai sto Sq ma 7.13, o algìrijmoc
katafèrnei telik� na diaqwrÐsei touc kuklikoÔc dÐskouc diathr¸ntac kai th morf 
tou perigr�mmatìc touc. Shmei¸noume ìti o sqetik� mikrìc arijmìc epanal yewn
ofeÐletai sth skìpimh epilog  megalÔterhc tim c tou par�gonta β thc dÔnamhc
mpalonioÔ ap� ìti prohgoumènwc.
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Sq ma 7.12: Η συνάρτηση g για τους κυκλικούς δίσκους του Σχήματος 7.9 για σ = 0.005 και

λ = 0.1
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Sq ma 7.13: Εξέλιξη της ενεργής καμπύλης από την αρχική της μορφή πάνω αριστερά προς το
τελικό αποτέλεσμα ανίχνευσης των δύο κυκλικών δίσκων του Σχήματος 7.9 κάτω δεξιά. Κάτω Δεξιά:

Πράσινο: κορυφές που ανιχνεύθηκαν επιτυχώς, Κόκκινο: Κορυφές που ανιχνεύθηκαν λανθασμένα,

Μαύρο: κορυφές που λανθασμένα δεν ανιχνεύθηκαν, Μπλε: κορυφές που ορθώς δεν ανιχνεύθηκαν
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7.3 AnÐqneush Antikeimènwn GkrÐzwn Ei-
kìnwn se Gr�fouc

To plaÐsio pou aux�nei kat� èna bajmì th duskolÐa sthn epituq  efarmog  tou
algorÐjmou eÐnai oi gkrÐzec eikìnec orismènec p�nw se gr�fouc. Se autoÔ tou
eÐdouc tic eikìnec, h sun�rthsh fwteinìthtac lamb�nei timèc mèsa apì èna di�sthma
tou R, p.q. apì to [0, 1]. 'Opwc eÐdame sto kef�laio 2, oi eikìnec autèc mporoÔn
na proèljoun apì sunhjismènec eikìnec me orjokanonikì plègma eikonostoiqeÐwn,
p�nw stic opoÐec orÐzetai ènac gr�foc, eÐte me tuqaÐo trìpo eÐte mèsw watershed. Ja
dokim�soume ed¸ th leitourgÐa tou algorÐjmou kai gia tic dÔo mejìdouc dhmiourgÐac
tou gr�fou, sugkrÐnontac ta apotelèsmata pou dÐnoun. H eikìna p�nw sthn opoÐa
ja peiramatistoÔme èqei apl  kai xek�jarh dom , perièqontac 4 kÔria antikeÐmena -
nomÐsmata pou den allhloepikalÔptontai metaxÔ touc, kai faÐnetai sto Sq ma 7.14.

AnÐqneush se TuqaÐo Gr�fo

Akolouj¸ntac to sumbolismì tou kefalaÐou 2, dialègoume ton arqikì arijmì ko-
ruf¸n m = 6000, ¸ste met� apì thn afaÐresh twn epiplèon koruf¸n na prokÔyei o
telikìc arijmìc touc n kont� stic 5700. 'Etsi, exasfalÐzoume ìti o tuqaÐoc gr�foc
pou orÐzetai p�nw sthn eikìna ja èqei Ðdiec perÐpou korufèc me autìn pou ja kata-
skeuasteÐ mèsw watershed ìpwc ja doÔme se lÐgo, kaj¸c to pl joc koruf¸n tou
teleutaÐou eÐnai nteterministikì kai den mporeÐ na rujmisteÐ. H sun�rthsh fwteinìth-
tac ìpwc èqei metaferjeÐ p�nw sto gr�fo apeikonÐzetai sto Sq ma 7.15. MporoÔme
na diakrÐnoume kajar� ta 4 nomÐsmata wc omoiìmorfec perioqèc thc eikìnac.
H aktÐna tou gr�fou lamb�netai ρ(n) = 3

5
n−1/3. Gia thn kampulìthta, qrhsimopoi-

 jhke kai ed¸ h Mèjodoc 1. Epiplèon, oi par�metroi tou algorÐjmou rujmÐsthkan
wc ex c:

• ∆t = 0.005

• β = −2

• σ = 0.02

• λ = 0.03

TonÐzoume ìti h par�metroc σ pou kajorÐzei thn klÐmaka tou GkaousianoÔ fÐltrou
kai h aktÐna ρ(n) tou gr�fou ekfr�zontai parap�nw me sqetikì trìpo, wc kl�sma
thc mikrìterhc apì tic dÔo diast�seic thc arqik c eikìnac, oi opoÐec tautÐzontai me
tic diast�seic tou orjog¸niou qwrÐou D.
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Initial coins’ grayscale image

Sq ma 7.14: Η αρχική γκρίζα εικόνα με τα νομίσματα πριν τη δημιουργία του γράφου
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Sq ma 7.15: Η εικόνα με τα νομίσματα ορισμένη πάνω στο γεωμετρικό τυχαίο γράφο
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Sq ma 7.16: Η εξέλιξη της ενεργής καμπύλης από πάνω αριστερά προς τα κάτω δεξιά ανάλογα
με τον αριθμό των επαναλήψεων του αλγορίθμου - Πάνω Αριστερά: 700 επαναλήψεις, Πάνω Δεξιά:

1200 επαναλήψεις, Κάτω Αριστερά: 1800 επαναλήψεις, Κάτω Δεξιά: τελική μορφή της καμπύλης

μετά από 2200 επαναλήψεις
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Sto Sq ma 7.16, parousi�zoume stigmiìtupa apì diadoqikèc f�seic thc exèlixhc
thc energ c kampÔlhc p�nw sto gr�fo. Me kìkkinec koukÐdec shmei¸nontai oi
korufèc pou se k�je st�dio perikleÐontai apì thn kampÔlh.
Blèpoume ìti h kampÔlh kineÐtai me epituqÐa proc ta ìria twn nomism�twn, polÔ

bradÔtera bèbaia apì thn perÐptwsh twn duadik¸n eikìnwn thc enìthtac 7.2. Autì
ofeÐletai sthn eskemmènh epilog  mikrìterhc kat� apìluth tim  paramètrou β, ¸ste
h sÔgklish sth nèa, duskolìterh perÐptwsh na gÐnei omal� kai na apofeuqjoÔn
taqeÐec metabolèc pou ja apom�krunan thn kampÔlh apì ta antikeÐmena. 'Etsi,
h telik  morf  thc antapokrÐnetai sta 4 kÔria antikeÐmena thc eikìnac. EntoÔ-
toic, o algìrijmoc den katafèrnei na {aiqmalwtÐsei} thn akrib  kuklik  morf 
twn antikeimènwn, oÔte na diaqwrÐsei pl rwc dÔo apì ta nomÐsmata pou brÐskontai
kontinìtera to èna sto �llo. Oi aitÐec gia th deÔterh adunamÐa eÐnai tautìshmec
me autèc pou analÔjhkan sthn enìthta 7.2 gia touc kontinoÔc kuklikoÔc dÐskouc.
Tèloc, parathroÔme ìti se k�poia antikeÐmena èqoun dhmiourghjeÐ {trÔpec} sto
eswterikì touc, pou epÐshc martur� ìti o algìrijmoc den katìrjwse na diathr sei
akèraia thn topologÐa thc eikìnac. Ta proanaferjènta probl mata eÐnai logik�,
an skefteÐ kaneÐc thn tuqaÐa kai akanìnisth fÔsh tou gr�fou pou qrhsimopoieÐtai
ed¸, o opoÐoc apoteleÐ to upìbajro p�nw sto opoÐo sthrÐzetai o algìrijmoc.

AnÐqneush se Gr�fo Dhmiourghmèno apì Watershed

Efarmìzontac metasqhmatismì watershed sthn arqik  eikìna ìpwc perigr�fhke
sto kef�laio 2, lamb�noume èna gr�fo me perÐpou 5100 korufèc. To mègejoc
autì eÐnai parìmoio me to mègejoc tou tuqaÐou gr�fou thc prohgoÔmenhc enìthtac,
k�ti pou epitrèpei thn eujeÐa sÔgkrish twn dÔo mejìdwn. Gia thn kampulìthta,
qrhsimopoi jhke h Mèjodoc 1.
Sthn kateÔjunsh thc epÐteuxhc orj c topologÐac gia to apotèlesma thc anÐqneu-

shc, sthrizìmaste sth melèth pou ègine sthn enìthta 7.2 gia thn perÐptwsh ko-
ntin¸n antikeimènwn. Gia na metafèroume ta prohgoÔmena sumper�smata sto parìn
plaÐsio enìc gr�fou pou èqei oristeÐ mèsw miac arqik c eikìnac, jewroÔme ìti
k�je pixel isodunameÐ me èna tetr�gwno monadiaÐwn diast�sewn, epomènwc o gr�foc
brÐsketai entìc orjogwnÐou qwrÐou D diast�sewn W epÐ H. Sunep¸c, ìloi oi
upologismoÐ mhk¸n pou gÐnontai ìpwc prohgoumènwc ja akoloujoÔntai apì mia kli-
m�kwsh me th stajer� s = min{W,H}. Me b�sh tic timèc twn paramètrwn pou
qrhsimopoi jhkan sthn perÐptwsh tuqaÐou gr�fou, eÐnai 2ρ + 2σ ≈ 26.56, en¸ h
el�qisth apìstash d twn dÔo nomism�twn sta arister� thc eikìnac eÐnai d ≈ 28.
ParathroÔme ìti h sunj kh (7.3) threÐtai men all� oriak�, kaj¸c to perij¸rio δ
eÐnai polÔ mikrì, epomènwc eÐnai logik  h adunamÐa tou algorÐjmou na diaqwrÐsei ta
dÔo nomÐsmata sto Sq ma 7.16.
ProspajoÔme loipìn na d¸soume èna megalÔtero perij¸rio sthn anisìthta (7.3),

mei¸nontac to σ se 0.008 kai metab�llontac to λ se 0.07, af nontac amet�blhth
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Sq ma 7.17: Η εξέλιξη της ενεργής καμπύλης από πάνω αριστερά προς τα κάτω δεξιά ανάλογα
με τον αριθμό των επαναλήψεων του αλγορίθμου - Πάνω Αριστερά: αρχική μορφή της καμπύλης,

Πάνω Δεξιά: 1000 επαναλήψεις, Κάτω Αριστερά: 2000 επαναλήψεις, Κάτω Δεξιά: τελική μορφή της

καμπύλης μετά από 3000 επαναλήψεις

thn parametropoÐhsh thc aktÐnac tou gr�fou, dhlad  ρ(n) = 3
5
n−1/3. T¸ra, eÐnai

2ρ + 2σ ≈ 20.75, kai me tic upìloipec paramètrouc Ðdiec ìpwc sto peÐrama me ton
tuqaÐo gr�fo, ekteloÔme ton algìrijmo.
Oi diadoqikèc f�seic exèlixhc thc kampÔlhc p�nw sto gewmetrikì gr�fo apeiko-

nÐzontai sto Sq ma 7.17. Shmei¸noume ìti o sqhmatismìc mèsw watershed prosdÐdei
sto gr�fo mia kanonikìterh fÔsh kai dom , h opoÐa eÐnai emfan c sto Sq ma 7.17,
en mèrei lìgw tou kbantismoÔ pou upeisèrqetai stic suntetagmènec twn koruf¸n.
O algìrijmoc, me to sugkekrimèno sÔnolo paramètrwn, odhgeÐ thn kampÔlh sta 4

antikeÐmena me axioshmeÐwth epituqÐa. IdiaÐterh anafor� prèpei na gÐnei afenìc sthn
akribèstath apotÔpwsh twn perigramm�twn twn nomism�twn apì thn kampÔlh kai a-
fetèrou ston pl rh diaqwrismì twn nomism�twn. H sust�da koruf¸n pou epifÔetai
sto �nw tm ma tou p�nw arister� nomÐsmatoc sthn telik  kampÔlh ofeÐletai se mia
lept  gramm  jorÔbou sthn arqik  eikìna pou lìgw tou mikrìterou σ den exomalÔn-
jhke arket�, all� den ephre�zei kat� ta �lla thn anÐqneush twn nomism�twn. EÐnai
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emfanèc ìti h leitourgÐa tou algorÐjmou eÐnai kat� polÔ beltiwmènh se sqèsh me thn
perÐptwsh tou tuqaÐou gr�fou kai autì ofeÐletai sthn kwdikopoÐhsh perissìterhc
plhroforÐac gia thn arqik  gkrÐza eikìna mèsa apì thn topojèthsh twn koruf¸n
tou gr�fou sta kèntra twn perioq¸n pou prokÔptoun apì to watershed. MporoÔme
na antilhfjoÔme th sun�rthsh fwteinìthtac pou orÐzetai p�nw sto sugkekrimèno
gr�fo wc mia aplopoÐhsh thc arqik c pl rouc eikìnac, afoÔ èqei diathrhjeÐ mÐa
mìno tim  gia k�je mikr  omogen  perioq  thc arqik c eikìnac pou prokÔptei apì
to metasqhmatismì watershed.

7.4 Efarmog  se Gr�fouc me Dom  Trigwno-
poÐhshc Delaunay

Stic enìthtec 7.2 kai 7.3, ìla ta peir�mata pou pragmatopoi same aforoÔsan se
gewmetrikoÔc tuqaÐouc gr�fouc   se gr�fouc pou oi korufèc touc orÐzontan mèsw
watershed all� p�li oi akmèc touc �gontan b�sei thc Ðdiac arq c me touc gewme-
trikoÔc tuqaÐouc gr�fouc, dhlad  thc eggÔthtac twn koruf¸n. Autìc o trìpoc
dhmiourgÐac twn gr�fwn èqei orismèna eggen  meionekt mata. 'Eqoume  dh dei ìti
arket� apotelèsmata gia th sÔgklish twn proseggÐsewn all� kai h epituqhmènh e-
ktèlesh tou algorÐjmou exart¸ntai shmantik� apì thn epilog  kat�llhlhc aktÐnac
ρ. Sugqrìnwc, oi gewmetrikoÐ tuqaÐoi gr�foi den eÐnai epÐpedoi, upì thn ènnoia
ìti arketèc akmèc touc tèmnontai metaxÔ touc [3]. Autì èqei sunèpeia na up�rqei
meg�lh diaforopoÐhsh sto bajmì k�je koruf c, dhlad  ston arijmì twn geitìnwn
touc pou summetèqoun ston upologismì twn proseggÐsewn, an�loga me thn pu-
knìthta me thn opoÐa èqoun katanemhjeÐ oi korufèc se k�je perioq  tou qwrÐou D.
EÐdame ìti sthn perÐptwsh twn gr�fwn pou par�gontai mèsw watershed, autèc oi a-
nomoiogèneiec diorj¸nontai se k�poio bajmì, ja jèlame ìmwc autì na epitugq�netai
kai gia tuqaÐouc gr�fouc.
Mia dunat  enallaktik  lÔsh eÐnai o orismìc twn akm¸n tou gr�fou ¸ste na

sqhmatÐzoun mia trigwnopoÐhsh Delaunay tou sunìlou twn koruf¸n tou. H trigw-
nopoÐhsh Delaunay sundèetai �mesa me to di�gramma Voronoi tou sunìlou koruf¸n
V(G) tou gr�fou [3, 4], kaj¸c dÔo korufèc v kai w sundèontai me akm  an kai mìno
an ta polÔgwna Voronoi touc èqoun koin  pleur�. 'Etsi, h trigwnopoÐhsh Delaunay
apoteleÐ to duðkì gr�fo tou diagr�mmatoc Voronoi.
O trìpoc sqhmatismoÔ tou gr�fou wc trigwnopoÐhshc Delaunay epib�llei mia o-

moiomorfÐa ston trìpo sÔndeshc twn koruf¸n, parìlo pou endèqetai na sundèontai
kai korufèc pou apèqoun arket� metaxÔ touc, idÐwc sto perÐgramma tou gr�fou.
Autì to gegonìc mac prodiajètei jetik� ìson afor� sthn akrÐbeia twn proseg-
gÐsewn kai kat� epèktash thn epituq  leitourgÐa tou algorÐjmou. Ja prèpei ìmwc
na epishm�noume ìti lìgw thc epipedìthtac thc trigwnopoÐhshc Delaunay, ep�getai
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to fr�gma 3n − 6 gia to pl joc card(E) twn akm¸n tou gr�fou [4], pou shmaÐnei
ìti o arijmìc geitìnwn k�je koruf c paramènei peperasmènoc kaj¸c to pl joc twn
koruf¸n teÐnei na apeiristeÐ, anair¸ntac ta apotelèsmata tou kefalaÐou 4 gia thn
asumptwtik  sumperifor� tou sf�lmatoc.
'Eqontac ta parap�nw up� ìyin mac, epanalamb�noume orismèna apì ta peir�mata

twn enot twn 7.2 kai 7.3 me trigwnopoi seic Delaunay antÐ gia gewmetrikoÔc tuqaÐ-
ouc gr�fouc wc upìstrwma kai parousi�zoume sth sunèqeia endeiktik� k�poia apì
ta apotelèsmata. Sto Sq ma 7.18, faÐnetai h exèlixh twn kampul¸n gia touc kukli-
koÔc dÐskouc tou Sq matoc 7.6, me to Ðdio sÔnolo paramètrwn ìpwc progoumènwc.
EÐnai faner  h beltÐwsh thc epÐdoshc tou algorÐjmou se sqèsh me thn perÐptwsh
gewmetrikoÔ tuqaÐou gr�fou, me to perÐgramma twn dÐskwn na apotup¸netai polÔ
pist�. Aut  h sumperifor� metafr�zetai kai se uyhlìtera epÐpeda akrÐbeiac tou
algorÐjmou.
Sth sunèqeia, peiramatizìmaste kai p�li me thn gkrÐza eikìna tou Sq matoc 7.14

gia na krÐnoume e�n aut  h {uperoq } thc trigwnopoÐhshc Delaunay epekteÐnetai kai
se gkrÐzec eikìnec p�nw stouc gr�fouc. Arqik�, lamb�noume tuqaÐo gr�fo kai to
sÔnolo paramètrwn pou qrhsimopoi jhke sthn antÐstoiqh perÐptwsh thc enìthtac
7.3 kai ekteloÔme ton algìrijmo, me ta apotelèsmata na apeikonÐzontai sto Sq ma
7.19.
ParathroÔme ìti h anÐqneush twn nomism�twn wc kÔriwn antikeimènwn tou gr�fou

stèfetai me meg�lh epituqÐa, kaj¸c aut� apotup¸nontai me arket� ikanopoihtik 
akrÐbeia, eidik� se sÔgkrish me ta antÐstoiqa apotelèsmata gia gewmetrikì tuqaÐo
gr�fo (Sq ma 7.16). H orj  sÔgklish tou algorÐjmou epibebai¸netai kai apì thn
telik  morf  thc sun�rthshc Φ, h opoÐa faÐnetai sto Sq ma 7.20.
Tèloc, efarmìzoume ton algìrijmo sthn trigwnopoÐhsh Delaunay pou prokÔptei

apì watershed thc arqik c eikìnac me to akìloujo sÔnolo paramètrwn:

• ∆t = 0.005

• β = −2

• σ = 0.01

• λ = 0.07

Ta stigmiìtupa apì thn exèlixh twn energ¸n kampul¸n faÐnontai sto Sq ma 7.21.
H anÐqneush twn nomism�twn eÐnai apìluta epituq c, uperbaÐnontac se poiìthta
tìso thn perÐptwsh tuqaÐou gr�fou me morf  trigwnopoÐhshc Delaunay (Sq ma
7.19) ìso kai thn perÐptwsh gewmetrikoÔ gr�fou me korufèc apì metasqhmatismì
watershed (Sq ma 7.17).
MporoÔme na apofanjoÔme me b�sh ta anwtèrw apotelèsmata ìti h trigwnopoÐhsh

Delaunay uperèqei se èna bajmì tou gewmetrikoÔ tuqaÐou gr�fou wc grafojew-
rhtik  dom  p�nw sthn opoÐa mporeÐ na ektelesteÐ o algìrijmoc twn gewdaitik¸n
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Sq ma 7.18: Εξέλιξη της ενεργής καμπύλης από την αρχική της μορφή πάνω αριστερά προς το
τελικό αποτέλεσμα ανίχνευσης των δύο κυκλικών δίσκων του Σχήματος 7.6 κάτω δεξιά. Κάτω Δεξιά:

Πράσινο: κορυφές που ανιχνεύθηκαν επιτυχώς, Κόκκινο: Κορυφές που ανιχνεύθηκαν λανθασμένα,

Μαύρο: κορυφές που λανθασμένα δεν ανιχνεύθηκαν, Μπλε: κορυφές που ορθώς δεν ανιχνεύθηκαν.

Η ακρίβεια στην ανίχνευση ανέρχεται σε 98.6%.
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Sq ma 7.19: Η εξέλιξη της ενεργής καμπύλης από πάνω αριστερά προς τα κάτω δεξιά ανάλογα
με τον αριθμό των επαναλήψεων του αλγορίθμου - Πάνω Αριστερά: αρχική μορφή της καμπύλης,

Πάνω Δεξιά: 1600 επαναλήψεις, Κάτω Αριστερά: 2400 επαναλήψεις, Κάτω Δεξιά: τελική μορφή της

καμπύλης μετά από 4000 επαναλήψεις
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Sq ma 7.20: Η συνάρτηση Φ για την εικόνα του Σχήματος 7.14 σε τριγωνοποίηση Delaunay μετά

από 4000 επαναλήψεις του αλγορίθμου

energ¸n kampul¸n. Wstìso, h uperoq  aut  prèpei na tekmhriwjeÐ kai se jewrhti-
kì epÐpedo, me melèth twn sfalm�twn twn proseggÐsewn gia th sugkekrimènh dom ,
ìpwc ègine sto kef�laio 4 gia gewmetrikoÔc tuqaÐouc gr�fouc.

7.5 EpÐdrash Paramètrwn sto Apotèlesma
tou AlgorÐjmou - Genikìc Sqoliasmìc

'Uyisthc shmasÐac gia thn orj  efarmog  tou algorÐjmou twn gewdaitik¸n ener-
g¸n kampul¸n kai thn epituq  kat�tmhsh tou gr�fou se antistoiqÐa me ta kÔria
antikeÐmena thc eikìnac eÐnai h an�jesh kat�llhlhc tim c sto {qronikì} b ma ∆t
thc diakritopoihmènhc morf c tou algorÐjmou (7.1). H aÔxhsh thc tim c tou ∆t
pèran enìc orÐou diapist¸same ìti odhgeÐ se ast�jeiec ton algìrijmo, me tic ener-
gèc kampÔlec na kinoÔntai proc teleÐwc diaforetik� shmeÐa apì ta perigr�mmata
twn antikeimènwn kai th sun�rthsh Φ na apokt� morf  polÔ diaforetik  apì thn
epijumht  pou èqei ìtan o algìrijmoc sugklÐnei. Aut  h sumperifor� sundèetai kai
me thn epis mansh twn Osher and Sethian [5], sthn an�lus  touc gia thn efarmog 
thc idèac twn energ¸n kampul¸n se diakritì qwrikì plègma me b ma ∆x, ìti o lìgoc
∆t

∆x
prèpei na diathreÐtai arkoÔntwc mikrìc ¸ste na exasfalÐzetai h eust�jeia tou
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Sq ma 7.21: Η εξέλιξη της ενεργής καμπύλης από πάνω αριστερά προς τα κάτω δεξιά ανάλογα
με τον αριθμό των επαναλήψεων του αλγορίθμου - Πάνω Αριστερά: αρχική μορφή της καμπύλης,

Πάνω Δεξιά: 1600 επαναλήψεις, Κάτω Αριστερά: 2400 επαναλήψεις, Κάτω Δεξιά: τελική μορφή της

καμπύλης μετά από 4000 επαναλήψεις
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diakritoÔ sq matoc. AxÐzei loipìn asuzhthtÐ na jusi�soume apì thn taqÔthta tou
algorÐjmou, me èna arket� mikrì b ma ∆t, prokeimènou na katoqur¸soume ìti o
algìrijmoc de ja apoklÐnei apì to orjì apotèlesma. Sthn perÐptwsh twn tuqaÐwn
gr�fwn pou melet�me, den up�rqei kanonikìthta sto qwrikì plègma, all� mporoÔ-
me na jewr soume thn apìstash metaxÔ dÔo koruf¸n pou sundèontai me akm  wc
to qwrik� metablhtì {stoiqei¸dec} m koc ∆x tou plègmatoc pou orÐzetai mèsw
tou gr�fou. H apìstash aut  eÐnai tuqaÐa metablht , èstw R, h opoÐa èqei thn
akìloujh sun�rthsh katanom c pijanìthtac:

FR(r) =


0, r ≤ 0

πr2

πρ2
=

(
r

ρ

)2

, 0 ≤ r ≤ ρ

1, r ≥ ρ

 (7.4)

Apì thn (7.4), mporoÔme eÔkola na upologÐsoume th mèsh tim  thc R, h opoÐa pro-

kÔptei E[R] =
2

3
ρ kai dÐnei mia kal  ektÐmhsh thc klÐmakac tou qwrikoÔ plègmatoc

sto gr�fo. Sunep¸c, katal goume me b�sh kai sqetikèc dokimèc ìti oi {asfaleÐc}
timèc gia to ∆t gia touc gr�fouc me touc opoÐouc peiramatizìmaste kumaÐnontai
genik� k�tw apì thn t�xh megèjouc tou 10−2.
Basikì rìlo sth swst  leitourgÐa tou algorÐjmou paÐzei kai h epituqhmènh rÔj-

mish thc sqetik c {isqÔoc} thc dÔnamhc mpalonioÔ sugkritik� me tic dun�meic ka-
mpulìthtac kai elathrÐou, mèsw tou par�gonta β. An sto β dojeÐ polÔ mikr  tim 
kat� thn apìluth ènnoia, dhlad  metaxÔ 0 kai −1, tìte h ¸jhsh pou ja èdine h
dÔnamh mpalonioÔ sthn kampÔlh na sustaleÐ, kin¸ntac thn grhgorìtera proc to
perÐgramma twn antikeimènwn, praktik� katargeÐtai. Autì epibradÔnei shmantik� th
sÔgklish tou algorÐjmou kai af nei thn energ  kampÔlh na kineÐtai gia meg�lo di-
�sthma makri� apì ta perigr�mmata twn antikeimènwn, me suqnì epakìloujo na mhn
katafèrnei na ta plhsi�sei qwrÐc l�jh. Apì thn �llh pleur�, h an�jesh uperboli-
k� meg�lhc tim c sto β se mia bebiasmènh prosp�jeia na odhg soume thn kampÔlh
kateujeÐan p�nw sta perigr�mmata twn antikeimènwn parathr same ìti proxeneÐ thn
emf�nish op¸n sto eswterikì twn perioq¸n proc anÐqneush, alloi¸nontac ètsi thn
epijumht  topologÐa thc kampÔlhc. Autèc oi opèc dhmiourgoÔntai exaitÐac thc a-
qreÐasta meg�lhc suneisfor�c tou ìrou mpalonioÔ g(I)β ‖∇Φr−1‖ pou emfanÐzetai
sto dexiì mèloc thc (7.1), ìtan to β èqei polÔ meg�lh arnhtik  tim . O ìroc autìc
èqei arnhtikì prìshmo kai, e�n se k�poio shmeÐo tou eswterikoÔ twn antikeimènwn
(ìpou h g den eÐnai kont� sto 0) h klÐsh den upologisteÐ perÐpou mhdenik , tìte ja
{bujÐsei} thn epìmenh ekdoq  thc enswmat¸nousac sun�rthshc, Φr, se arnhtik�
epÐpeda. Diapist¸same ìti gia thn apofug  tètoiwn fainomènwn, o par�gontac β
prèpei na mhn xepern� se k�je perÐptwsh ta epÐpeda tou −50 gia touc gr�fouc kai
tic eikìnec pou melet�me. T¸ra, ìson afor� sthn akrib  epilog  thc tim c tou
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β metaxÔ twn dÔo orÐwn pou jèsame parap�nw, aut  exart�tai se meg�lo bajmì
apì thn poluplokìthta thc eikìnac p�nw sto gr�fo. Gia par�deigma, gia ta apl�
sq mata thc enìthtac 7.2 to β kumaÐnetai perÐ to −20, en¸ gia tic gkrÐzec eikìnec
sthn enìthta 7.3 pou eÐnai saf¸c sunjetìterec, prèpei na epilègetai asjenèstero
β, gÔrw sto −2 èwc −5.
Oi parap�nw par�metroi ephre�zoun th sumperifor� tou epanalhptikoÔ sq matoc

tou algorÐjmou apì b ma se b ma, kaj¸c upeisèrqontai apokleistik� sthn exÐswsh
merik¸n diafor¸n (7.1) h opoÐa prosomoi¸nei to montèlo twn energ¸n kampul¸n
mèsw epipedosunìlwn. Stic prohgoÔmenec enìthtec ìmwc, sunant same kai èna �llo
eÐdoc paramètrwn, pou sqetÐzontai perissìtero me thn arqikopoÐhsh tou algorÐjmou
ìso kai me thn kataskeu  thc akriboÔc dom c tou gr�fou p�nw ston opoÐo ekteleÐtai
o algìrijmoc.
DÔo apì tic paramètrouc thc deÔterhc kathgorÐac eÐnai oi par�metroi σ kai λ pou

emplèkontai ston upologismì thc sun�rthshc èntashc twn akm¸n g, h opoÐa dra wc
par�gontac termatismoÔ tou algorÐjmou. H arqik  exom�lunsh thc eikìnac I pou
orÐzetai p�nw sto gr�fo eÐnai anagkaÐa prokeimènou na exaqjoÔn mìno oi kÔriec
akmèc thc eikìnac pou perib�lloun ta shmantikìtera antikeÐmena tou gr�fou. Wc
ek toÔtou, apaiteÐtai ek twn pragm�twn h epilog  miac klÐmakac σ gia to Gkaou-
sianì fÐltro h opoÐa na uperbaÐnei èna mikrì jetikì kat¸fli, ¸ste na amblÔnontai
leptomèreiec mikr c klÐmakac p�nw sthn eikìna pou prèpei na agnohjoÔn kat� thn
exèlixh twn energ¸n kampul¸n. Par�llhla, eÐdame sthn enìthta 7.2 p¸c h tim 
tou σ kajorÐzei pìso ja {epektajoÔn} ta arqik� antikeÐmena, eis�gontac èna ìrio
sto bajmì thc exom�lunshc to opoÐo sqetÐzetai me thn apofug  thc sunènwshc
kontin¸n antikeimènwn sthn exomalumènh eikìna. Epomènwc, kai ed¸ h rÔjmish tou
σ prèpei na gÐnetai entìc enìc diast matoc kai to di�sthma ekeÐno pou èdwse kal�
apotelèsmata eÐnai to [0.005, 0.05], ekfrasmèno sqetik� wc proc tic diast�seic tou
gr�fou. H par�metroc λ paÐzei epikourikì rìlo ston telikì upologismì thc sun�r-
thshc g, klimak¸nontac to mètro thc klÐshc thc exomalumènhc eikìnac pou dèqetai
wc ìrisma h sun�rthsh. 'Etsi, rujmÐzetai kat� to dunatìn ¸ste to pedÐo tim¸n thc
g na katalamb�nei ìlo to di�sthma [0, 1], antistoiqÐzontac ta shmeÐa twn akm¸n se
timèc ìso gÐnetai eggÔtera sto 0 kai tic omoiogeneÐc perioqèc se timèc sqedìn Ðsec
me 1. H protimìterh tim  tou λ diafèrei loipìn apì eikìna se eikìna kai genik�, gia
timèc fwteinìthtac entìc tou [0, 1], empÐptei sto eÔroc 0.02 èwc 1.
Epiplèon, h par�metroc pou dhmiourgeÐ tic sundèseic twn koruf¸n tou gr�fou me

akmèc eÐnai h aktÐna ρ tou gr�fou. Autì to shmeÐo eÐnai idiaÐtera krÐsimo gia ton
algìrijmo, diìti kajorÐzei apì pìsouc kai poiouc geÐtonec ja paÐrnei plhroforÐa
k�je koruf  se k�je epan�lhyh tou algorÐjmou, ¸ste na upologÐzontai se aut n
ta kÔria megèjh thc exÐswshc exèlixhc (7.1). Se ìlh thn ergasÐa, èqoume sunar-
t sei thn aktÐna me to pl joc twn koruf¸n tou gr�fou n mèsw thc sqèshc (4.45),
se mia prosp�jeia na sumbadÐzoume me ta jewrhtik� apotelèsmata tou kefalaÐou
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4 gia th sÔgklish thc prosèggishc thc klÐshc. Up�rqei ìmwc to perij¸rio rÔj-
mishc thc aktÐnac entìc miac pollaplasiastik c stajer�c c, to opoÐo mac dÐnei thn
eleujerÐa na th fèroume sthn epijumht  tim . Mia polÔ mikr  tim  thc aktÐnac se
sqèsh me to pl joc koruf¸n sunep�getai thn Ôparxh ligìterwn geitìnwn gia k�je
koruf  kaj¸c o gr�foc eÐnai araiìteroc, me sunèpeia oi proseggÐseic pou epitelo-
Ôme p�nw sto gr�fo na sthrÐzontai se ligìtera stoiqeÐa. Wstìso exasfalÐzetai ìti
oi upologismoÐ ekteloÔntai b�sei mìno thc polÔ kontin c perioq c k�je koruf c,
k�ti epijumhtì gia touc topikoÔc upologismoÔc megej¸n pou ekteloÔme. Mega-
lÔterec timèc sthn aktÐna dÐnoun puknìterouc gr�fouc, me touc upologismoÔc se
k�je koruf  na gÐnontai pio {leptomereÐc}, an kai h geitoni� megal¸nei se èktash
kai perilamb�nei geÐtonec se ìqi epark¸c mikr  apìstash apì thn koruf . EÐdame
epÐshc ìti sthn perÐptwsh kontin¸n antikeimènwn, mia sqetik� meg�lh aktÐna tou
gr�fou mporeÐ na odhg sei se atèleiec ston upologismì thc g kai entèlei se h-
mitel  anÐqneush twn antikeimènwn qwrÐc aut� na diaqwrÐzontai. Sumperasmatik�,
h epilog  thc aktÐnac kalì eÐnai na gÐnetai me krit rio thn ek�stote eikìna proc
kat�tmhsh kai se genikèc grammèc, gia ta megèjh gr�fwn pou qrhsimopoi jhkan,
h tim  thc kumaÐnetai metaxÔ 0.02 kai 0.04 sqetik� proc tic diast�seic tou gr�fou.
Shmei¸noume tèloc ìti sto ìrio twn meg�lwn gr�fwn kai me thn proôpìjesh ìti
throÔntai ta asumptwtik� fr�gmata gia thn aktÐna pou exag�game sto kef�laio
4, o anamenìmenoc arijmìc geitìnwn k�je koruf c teÐnei sto �peiro kai keÐtai se
apìstash apì thn koruf  pou teÐnei sto 0, opìte sumbib�zontai oi antikrouìmenec
apait seic pou anafèrjhkan parap�nw.
Sumplhrwmatik� me ta parap�nw, epishmaÐnoume kai ed¸ th shmasÐa tou trìpou

dhmiourgÐac tou gr�fou gia thn apotelesmatikìthta tou algorÐjmou. Anaferìma-
ste tìso ston kajorismì thc jèshc twn koruf¸n, gia ton opoÐo eÐdame thn tuqaÐa
topojèthsh me omoiìmorfh katanom  entìc tou qwrÐou thc arqik c eikìnac kai thn
topojèthsh se antistoiqÐa me tic perioqèc tou metasqhmatismoÔ watershed thc ei-
kìnac, ìso kai ston kanìna me b�sh ton opoÐo oi korufèc sundèontai me akmèc,
ìpou melet same ekten¸c touc gewmetrikoÔc tuqaÐouc gr�fouc kai antiparajèsame
se autoÔc tic trigwnopoi seic Delaunay wc enallaktik  epilog . Sunoptik�, dia-
pist¸same ìti o sqhmatismìc tou gr�fou mèsw watershed - ìtan eÐnai diajèsimh h
pl rhc arqik  eikìna - kai h trigwnopoÐhsh Delaunay dÐnoun genik� poiotikìtera
apotelèsmata.
Genikìtera, eÐnai fanerì ìti up�rqei èna trade-off metaxÔ thc taqÔthtac sÔgklishc

tou algorÐjmou kai thc ikanìthtac diaqwrismoÔ antikeimènwn apì th mÐa kai thc dia-
t rhshc thc akriboÔc morf c twn perigramm�twn twn aniqneuìmenwn antikeimènwn
apì thn �llh. EÐnai p�ntwc protimìtero na pragmatopoi soume perissìterec epa-
nal yeic efìson eÐnai exasfalismèno ìti ja ft�soume telik� sth swst  kat�tmhsh
tou gr�fou par� na kin soume tic energèc kampÔlec me megalÔterh taqÔthta, q�-
nontac k�poia mèrh twn kÔriwn antikeimènwn.
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7.6 Efarmog  se Anemologik� Dedomèna

Apì thn istoselÐda thc Rujmistik c Arq c Enèrgeiac (R.A.E.), h opoÐa perilam-
b�nei mia diepaf  me th morf  GewplhroforiakoÔ Q�rth thc Ell�dac, sullèxame
anarthmèna anemologik� dedomèna apì ìlh thn epikr�teia thc Ell�dac. Ta dedo-
mèna aut� sunÐstantai stic gewgrafikèc suntetagmènec twn shmeÐwn mètrhshc kai
sthn tim  thc taqÔthtac tou anèmou gia k�je shmeÐo, ekfrasmènh se m/s. Aut  h
plhroforÐa èqei kajoristik  shmasÐa gia ton entopismì jèsewn me uyhlì aiolikì
dunamikì kat� thn egkat�stash nèwn stajm¸n paragwg c aiolik c enèrgeiac.
Gia autì to skopì, mporoÔme na efarmìsoume sta anemologik� aut� dedomèna ton

algìrijmo twn gewdaitik¸n energ¸n kampul¸n ¸ste na prosdiorÐsoume k�poiec pe-
rioqèc p�nw sto gr�fo - q�rth pou qarakthrÐzontai apì omoiìmorfh èntash tou
anèmou. Gia lìgouc aplìthtac, periorÐsame to sunolikì arijmì shmeÐwn metr se-
wn se n = 5500, proerqìmena mìno apì thn perifèreia thc HpeÐrou, to sq ma
thc opoÐac eÐnai sunektikì kai kat�llhlo gia thn eÔkolh efarmog  tou algorÐj-
mou. Kanonikopoi same tìso tic timèc thc taqÔthtac anèmou ¸ste na empÐptoun
sto di�sthma [0, 1] ìso kai tic gewgrafikèc suntetagmènec twn shmeÐwn. EpÐshc,
kataskeu�zoume to gr�fo wc trigwnopoÐhsh Delaunay twn shmeÐwn, lìgw thc a-
kribèsterhc anÐqneushc pou epèfere sta paradeÐgmata thc enìthtac 7.4. Ta arqik�
loipìn dedomèna p�nw sto gr�fo parousi�zontai sto Sq ma 7.22. EÐnai emfaneÐc
oi èntonec topikèc diakum�nseic thc taqÔthtac tou anèmou, pou kajistoÔn akìma
pio epitaktikì to Gkaousianì filtr�risma omalopoÐhshc. 'Etsi, epilègoume sqetik�
meg�lh klÐmaka σ = 0.05 kai λ = 0.8, me ta exomalumèna dedomèna na faÐnontai sto
Sq ma 7.23.
Epilègontac prosektik� to qronikì b ma ∆t = 0.005 kai ton par�gonta thc

dÔnamhc mpalonioÔ β = −5, ektelèsame ton algìrijmo sta anwtèrw dedomèna kai
autìc {entìpise} mia sunektik  perioq  perÐpou 900 kìmbwn sto boreioanatolikì
tm ma thc HpeÐrou. H exèlixh thc energ c kampÔlhc epideiknÔetai sto Sq ma 7.24.
Me b�sh ta arqik� dedomèna, diapist¸noume ìti ìntwc aut  h z¸nh antistoiqeÐ se mia
gewgrafik  perioq  me sqetik� omoiìmorfh kai arket� uyhl  taqÔthta tou anèmou,
k�ti pou epibebai¸nei thn epituq  anÐqneush.
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Sq ma 7.22: Η «εικόνα» I της ταχύτητας ανέμου πάνω στο γράφο που ορίστηκε στην περιφέρεια
της Ηπείρου
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Sq ma 7.23: Η εξομαλυμένη ταχύτητα ανέμου Iσ για σ = 0.05
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Sq ma 7.24: Η εξέλιξη της ενεργής καμπύλης από πάνω αριστερά προς τα κάτω δεξιά ανάλογα
με τον αριθμό των επαναλήψεων του αλγορίθμου - Πάνω Αριστερά: αρχική μορφή της καμπύλης,

Πάνω Δεξιά: 200 επαναλήψεις, Κάτω Αριστερά: 600 επαναλήψεις, Κάτω Δεξιά: τελική μορφή της

καμπύλης μετά από 1000 επαναλήψεις
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7.7 Efarmog  se Dedomèna Thlepikoinwnia-
koÔ DiktÔou

Promhjeut kame dedomèna metr sewn pedÐou gia th st�jmh thc isqÔoc tou s ma-
toc 4G tou diktÔou kinht c thlefwnÐac miac etaireÐac se mia perioq  pou anti-
stoiqeÐ sto boreioanatolikì tm ma tou LekanopedÐou Attik c. Ta dedomèna aut�
sunÐstantai stic gewgrafikèc suntetagmènec twn shmeÐwn mètrhshc kai sthn isqÔ
tou s matoc P , ekfrasmènh ìmwc se mon�dec Decibel-milliwatts (dBm) me b�sh
thn akìloujh sqèsh:

I = 10 log10

P

1mW
(7.5)

H gn¸sh thc isqÔoc tou s matoc apoteleÐ prwteÔon krit rio gia ton kajorismì
thc poiìthtac paroq c thlepikoinwniak¸n uphresi¸n sth melet¸menh perioq . 'E-
tsi, epiqeiroÔme na efarmìsoume sta thlepikoinwniak� aut� dedomèna ton algìrijmo
twn gewdaitik¸n energ¸n kampul¸n me skopì na entopÐsoume pijanèc perioqèc me
omoiìmorfa qamhl    uyhl  st�jmh tou s matoc p�nw sto gr�fo. Gia lìgouc
aplìthtac, periorÐsame to sunolikì arijmì shmeÐwn metr sewn se n ≈ 5500. Du-
stuq¸c, h puknìthta twn metr sewn den  tan omoiìmorfh se ìlh thn èktash pou
melet�me kai gia autì to lìgo up�rqoun k�poia {ken�} sto eswterikì tou gr�fou.
Protimìterh loipìn dom  gia to gr�fo krÐjhke h trigwnopoÐhsh Delaunay, sthn
opoÐa korufèc ekatèrwjen twn {ken¸n} sundèontai genik� me akmèc. Kanonikopoi-
 same tìso tic timèc thc isqÔoc tou s matoc ¸ste na empÐptoun sto di�sthma [0, 1]
ìso kai tic gewgrafikèc suntetagmènec twn shmeÐwn.
ApeikonÐzoume ta shmeÐa twn metr sewn p�nw se q�rth thc Attik c sto Sq ma

7.25. Ta arqik� dedomèna p�nw sto gr�fo parousi�zontai sto Sq ma 7.26. Qrh-
simopoioÔme klÐmaka σ = 0.03 gia to Gkaousianì fÐltro kai λ = 0.02, me ta exoma-
lumèna dedomèna na faÐnontai sto Sq ma 7.27.
Gia to sugkekrimèno sÔnolo dedomènwn, qrei�sthke na epilèxoume polÔ mikrì

qronikì b ma ∆t = 10−4 gia na apofÔgoume ast�jeiec, k�ti pou apaÐthse polÔ
megalÔtero arijmì epanal yewn mèqri thn telik  sÔgklish. O de par�gontac thc
dÔnamhc mpalonioÔ rujmÐsthke wc β = −20. O algìrijmoc ektelèsthke sta th-
lepikoinwniak� dedomèna kai {entìpise} met� apì 40000 epanal yeic mia sunektik 
perioq  perÐpou 600 kìmbwn sto kentrodutikì tm ma thc perioq c twn metr sewn.
H exèlixh thc energ c kampÔlhc epideiknÔetai sto Sq ma 7.28. Me b�sh ta arqi-
k� dedomèna, diapist¸noume ìti ìntwc aut  h z¸nh antistoiqeÐ sthn perioq  pou
diaqwrÐzetai apì to upìbajro, lìgw thc idiaÐtera auxhmènhc st�jmhc tou s ma-
toc se aut n se sqèsh me ta shmeÐa pou thn perib�lloun. H aniqneujeÐsa perioq 
parousi�zetai p�nw se q�rth thc Attik c me kìkkino qr¸ma sto Sq ma 7.29.
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Sq ma 7.25: Τα σημεία των μετρήσεων για το σήμα ως μπλε κύκλοι πάνω στο χάρτη της Αττικής
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Sq ma 7.26: Η «εικόνα» I της ισχύος του σήματος πάνω στο γράφο που ορίστηκε για τα σημεία
των μετρήσεων στο βορειοανατολικό Λεκανοπέδιο Αττικής
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Sq ma 7.27: Η εξομαλυμένη ισχύς σήματος Iσ για σ = 0.03
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Sq ma 7.28: Η εξέλιξη της ενεργής καμπύλης από πάνω αριστερά προς τα κάτω δεξιά ανάλογα
με τον αριθμό των επαναλήψεων του αλγορίθμου - Πάνω Αριστερά: αρχική μορφή της καμπύλης,

Πάνω Δεξιά: 16000 επαναλήψεις, Κάτω Αριστερά: 32000 επαναλήψεις, Κάτω Δεξιά: τελική μορφή

της καμπύλης μετά από 40000 επαναλήψεις
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Detected region on map

Sq ma 7.29: Η τελική περιοχή ανίχνευσης του αλγορίθμου πάνω στο χάρτη της Αττικής με
κόκκινα σημεία, έναντι των υπόλοιπων σημείων με μπλε χρώμα
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Kef�laio 8

Sumper�smata

8.1 Basikèc Suneisforèc

Sta plaÐsia aut c thc ergasÐac, analÔsame kai epexergast kame se megalÔtero
b�joc ap� ì,ti eÐqe gÐnei prohgoumènwc ton algìrijmo twn gewdaitik¸n energ¸n
kampul¸n efarmozìmeno se aujaÐretouc gr�fouc. Ektenèstera, epikentrwj kame
ston trìpo me ton opoÐo oi di�foroi ìroi kai telestèc pou perilamb�nontai sthn
exÐswsh tou suneqoÔc montèlou prèpei na {metaferjoÔn} sto plaÐsio ìpou h upo-
keÐmenh dom  eÐnai ènac tuqaÐoc gr�foc. Epiqeir same de na metaqeiristoÔme austh-
rìterec kai kalÔtera tekmhriwmènec proseggÐseic gia aut  th met�bash, ¸ste na
katorj¸soume na {klhrodot soume} sto epanalhptikì sq ma pou kataskeu�zetai
tic �ristec idiìthtec sÔgklishc pou qarakthrÐzoun ton algìrijmo sto orjokanonikì
plègma twn sumbatik¸n eikìnwn. Telik�, dÐnontac idiaÐterh barÔthta kai prosoq 
sthn epilog  kat�llhlwn tim¸n gia tic paramètrouc pou rujmÐzoun th leitourgÐa
tou algorÐjmou, katafèrame na tou d¸soume mia arket� eustaj  sumperifor� gia tic
aplèc peript¸seic pou melet jhkan arqik� kai na exasfalÐsoume thn kal  leitour-
gÐa tou kai gia gr�fouc me pragmatik� dedomèna. Epilègontac m�lista mia elafr¸c
diaforetik  arq  gia th dhmiourgÐa twn akm¸n tou gr�fou,  toi thn trigwnopoÐhsh
Delaunay,   sqetÐzontac tic jèseic twn koruf¸n tou gr�fou me thn plhroforÐa
apì mia arqik  sumbatik  eikìna ìtan aut  eÐnai diajèsimh (me metasqhmatismì wa-
tershed), epitÔqame akìma omalìterh sÔgklish kai megalÔterh akrÐbeia sto telikì
apotèlesma anÐqneushc.
Sugkekrimèna, oi suneisforèc mac sunoyÐzontai sta ex c shmeÐa:

• D¸same mia mèjodo gia ton kajorismì twn jèsewn twn koruf¸n tou gr�fou
ston opoÐo prìkeitai na efarmosteÐ o algìrijmoc pèran thc tuqaÐac topojèth-
s c touc, mèsw thc epexergasÐac thc arqik c pl rouc eikìnac, e�n h teleutaÐa
eÐnai gnwst . H mèjodoc aut  efarmìzei metasqhmatismì watershed apeujeÐ-
ac sthn arqik  eikìna kai orÐzei tic korufèc wc kentroeid  (me thn ènnoia
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thc Ôstathc di�brwshc) twn perioq¸n pou prokÔptoun. 'Etsi, h dom  tou
prokÔptontoc gr�fou sunoyÐzei kai aplopoieÐ th sunolik  plhroforÐa thc
metabol c thc sun�rthshc fwteinìthtac kai o algìrijmoc twn G.A.C.s sto
gr�fo autì mporeÐ na qrhsimopoihjeÐ antÐ tou klassikoÔ, me ap¸tero ìfeloc
thn epit�qunsh stouc upologismoÔc lìgw tou shmantik� mikrìterou megèjouc
tou gr�fou se sqèsh me thn arqik  eikìna.

• Jemeli¸same mia kainoÔrgia prosèggish tou dianÔsmatoc thc klÐshc sunar-
t sewn pou orÐzontai stic korufèc tuqaÐwn gr�fwn. H prosèggish aut 
tekmhri¸netai wc diakritopoÐhsh tou suneqoÔc analìgou thc pou dÐnei thn a-
krib  tim  thc klÐshc kai qrhsimopoieÐ plhroforÐa apì ìlouc touc geitonikoÔc
kìmbouc k�je koruf c all� kai apì th gewmetrik  di�taxh aut¸n gia na upo-
logÐsei to di�nusma klÐshc. Epiplèon, deÐxame th sÔgklish thc prosèggishc
aut c sthn akrib  tim  thc klÐshc gia gewmetrikoÔc tuqaÐouc gr�fouc, ekme-
talleuìmenoi ton parallhlismì me th suneq  perÐptwsh kai jètontac k�poiouc
qalaroÔc periorismoÔc sthn aktÐna twn gr�fwn wc proc to mègejìc touc.
Sundèsame epÐshc th nèa prosèggish me mia prohgoÔmenh protajeÐsa mèsw
enìc koinoÔ majhmatikoÔ formalismoÔ ston opoÐo {ent�ssontai} amfìterec.

• Jèlontac na proqwr soume pèra apì to parap�nw apotèlesma sÔgklishc
kai na analÔsoume perissìtero ton trìpo me ton opoÐo h prosèggish thc
klÐshc se k�je koruf  teÐnei sthn pragmatik  tim  thc kaj¸c to mègejoc
tou upokeÐmenou gr�fou aux�netai, aposunjèsame to eisagìmeno sf�lma stic
epimèrouc sunist¸sec tou. ProseggÐzontac kajemÐa apì autèc xeqwrist� kai
fr�ssontac to mètro touc (p�nta ìson afor� th mèsh tim  tou kaj¸c eÐnai
èmfuth h ènnoia thc tuqaiìthtac), katorj¸same na ex�goume èna asumptwtikì
�nw fr�gma tou sf�lmatoc, ekfrasmèno wc proc to pl joc twn koruf¸n kai
thn aktÐna tou gr�fou. Lamb�nontac m�lista mia sugkekrimènh èkfrash thc
aktÐnac sunart sei tou megèjouc tou gr�fou, katal xame se mia bèltisth
parametropoÐhsh gia aut n upì thn ènnoia thc epibol c tou austhrìterou
dunatoÔ fr�gmatoc.

• Ekmetalleut kame thn prosèggish gia thn klÐsh pou kataskeu�same prokei-
mènou na ft�soume se mia {deÔterhc t�xhc} prosèggish thc kampulìthtac
qwrÐc polloÔc epiplèon upologismoÔc, akolouj¸ntac mia diaforik  odì gia
to prìblhma mèsw thc susqètishc thc kampulìthtac me thn apìklish enìc
dianusmatikoÔ pedÐou. ApodeÐxame de th sÔgklish aut c thc prosèggishc gia
gewmetrikoÔc tuqaÐouc gr�fouc prosjètontac ènan periorismì stic sunj kec
pou eÐqan lhfjeÐ gia thn antÐstoiqh apìdeixh sthn klÐsh.

• AntimetwpÐzontac to prìblhma tou upologismoÔ thc kampulìthtac apì mia
oloklhrwtik  optik  gwnÐa, analÔsame prohgoÔmenec idèec p�nw sto jèma
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kai empneìmenoi apì autèc, proteÐname mia tropopoihmènh prosèggish. Aut 
eÐnai austhrìtera jemeliwmènh kai kal¸c orismènh gia opoiond pote sunektikì
gr�fo, en¸ k�nei qr sh twn Ðdiwn qarakthristik¸n thc di�taxhc twn geitìnwn
k�je koruf c ìpwc h idèa mac gia thn klÐsh.

• AnadeÐxame thn axÐa tou filtrarÐsmatoc exom�lunshc sto epÐpedo thc geito-
ni�c k�je koruf c gia ta perissìtera skèlh tou algorÐjmou, wc antistaj-
mistikoÔ par�gonta stic eggeneÐc anomoiogèneiec twn tuqaÐwn gr�fwn. Pa-
rousi�same th beltÐwsh thc akrÐbeiac thc prosèggishc thc klÐshc ìtan fil-
tr�retai me fÐltro mèshc   endi�meshc tim c kai, eidik� gia thn kampulìthta,
deÐxame peiramatik� ìti h efarmog  filtrarÐsmatoc kai sta dÔo st�dia upo-
logism¸n thc prosèggishc mporeÐ na exaleÐyei shmantik� tic apoklÐseic kai
na epifèrei th sÔgklish sto ìrio twn meg�lwn gr�fwn. Ta pleonekt mata
aut� tou exomaluntikoÔ filtrarÐsmatoc epekteÐnontai kai sto sunolikì epa-
nalhptikì sq ma tou algorÐjmou, odhg¸ntac mac na to qrhsimopoi soume wc
telikì st�dio epexergasÐac se k�je epan�lhyh.

• Belti¸same th diadikasÐa exagwg c thc exomalumènhc morf c twn dedomènwn
tou gr�fou kat� to st�dio tou arqikoÔ upologismoÔ thc sun�rthshc èntashc
twn akm¸n. Autì epiteÔqjhke me th qr sh miac kanonikopoihmènhc ekdoq c
tou aujentikoÔ GkaousianoÔ fÐltrou pou proorÐzetai gia aut  thn epexerga-
sÐa, h opoÐa kai p�li anaireÐ tic topikèc apoklÐseic stouc upologismoÔc lìgw
thc anomoiìmorfhc dom c tou gr�fou.

• Melet same thn efarmog  tou algorÐjmou twn gewdaitik¸n energ¸n kampu-
l¸n se tuqaÐouc gr�fouc gia aplèc peript¸seic eikìnwn me duadik� antikeÐ-
mena kai gkrÐzwn eikìnwn me saf  dom . Mèsa apì aut� ta apl� paradeÐg-
mata, prosdiorÐsame thn epÐdrash twn diafìrwn paramètrwn tou algorÐjmou
sto apotèlesma thc anÐqneushc kai kajorÐsame empeirik� ta diast mata ti-
m¸n pou dÐnoun orj� apotelèsmata kai sunteloÔn sthn eustaj  leitourgÐa
tou algorÐjmou. Eidikìtera, exagag�me mia empeirik  sunj kh gia orismènec
paramètrouc pou apaiteÐtai gia to diaqwrismì kontin¸n perioq¸n apì ton al-
gìrijmo. 'Etsi, exasfalÐsame genik� mia kal  sumperifor� sÔgklishc tou
algorÐjmou gia autèc tic aplèc peript¸seic.

• KatadeÐxame thn uyhlìterh apotelesmatikìthta tou algorÐjmou stic peri-
pt¸seic pou afenìc o gr�foc èqei dhmiourghjeÐ mèsw watershed sthn arqik 
sumbatik  eikìna kai ìqi me tuqaÐo trìpo kai afetèrou oi akmèc tou sqhma-
tÐzoun trigwnopoÐhsh Delaunay kai den antistoiqoÔn se gewmetrikì tuqaÐo
gr�fo. 'Etsi, elègxame th leitourgÐa tou algorÐjmou se pragmatik� ane-
mologik� dedomèna apì perioq  thc Ell�dac - sqhmatÐzontac to gr�fo wc
trigwnopoÐhsh Delaunay twn dedomènwn - kai diapist¸same th sÔgklis  tou
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se perioq  pou diaforopoieÐtai apì to upìbajro wc z¸nh uyhlìterhc èntashc
tou anèmou. Epiplèon, ektelèsame ton algìrijmo p�nw se pragmatik� dedo-
mèna gia dÐktuo kinht c thlefwnÐac sthn Attik , entopÐzontac mia z¸nh sthn
opoÐa to s ma diaforopoioÔntan proc uyhlìterec genik� timèc se sqèsh me
to upìbajro.

Me b�sh ta parap�nw apotelèsmata, krÐnoume ìti èqei epiteuqjeÐ h dhmiourgÐa
enìc arket� eustajoÔc - me krit rio ta peiramatik� dedomèna - plaisÐou ergasÐac
gia thn efarmog  thc idèac twn gewdaitik¸n energ¸n kampul¸n se aujaÐretouc
gr�fouc. TonÐzetai bèbaia ìti h eust�jeia aut  exart�tai se meg�lo bajmì apì thn
kat�llhlh epilog  paramètrwn kai sthrÐzetai kajoristik� stic euergetikèc idiìth-
tec tou filtrarÐsmatoc exom�lunshc pou efarmìzetai se k�je epan�lhyh epÐ twn
proseggÐsewn.

8.2 MellontikoÐ ProsanatolismoÐ 'Ereunac

Up�rqei plhj¸ra anoikt¸n jem�twn sto pedÐo pou melet same, ta opoÐa qr zoun
bajÔterhc an�lushc kai isqurìterhc jemelÐwshc. EpÐshc, eÐnai meg�la ta perij¸ria
gia peraitèrw genÐkeush twn ide¸n pou anaptÔqjhkan.
Sugkekrimèna, eÐnai qr simo na melethjeÐ h epèktash tou algorÐjmou kai gia

gr�fouc pou keÐntai se q¸rouc perissìterwn diast�sewn (p.q. trisdi�statwn) kai
na exetasteÐ me poio trìpo ta apotelèsmata sÔgklishc pou apodeÐqjhkan gia thn
perÐptwsh twn dÔo diast�sewn metafèrontai se autì to eurÔtero plaÐsio. 'Etsi, to
pedÐo twn efarmog¸n tou algorÐjmou ja epektajeÐ shmantik�, proc sÔnola dedo-
mènwn ta opoÐa èqoun megalÔterh diastatikìthta kai den mporoÔn na entaqjoÔn se
dÔo mìno diast�seic, ìpwc oi klassikèc eikìnec.
Epiprìsjeta, èqei endiafèron h ektenèsterh jewrhtik  melèth kai �llwn dom¸n

gr�fwn, ìpwc h trigwnopoÐhsh Delaunay   o gr�foc sqetik c geitoni�c [3, 4], oi
opoÐec emfanÐzoun megalÔterh kanonikìthta sth qwrik  katanom  twn akm¸n touc
ap� ìti oi aploðkìteroi sthn kataskeu  touc gewmetrikoÐ tuqaÐoi gr�foi, stouc
opoÐouc kai epikentrwj kame. Aut  h emb�junsh mporeÐ na ermhneÔsei plhrèstera
thn kalÔterh epÐdosh tou algorÐjmou sthn perÐptwsh pou o upokeÐmenoc gr�foc
èqei tètoia dom , ìpwc kai diapist¸same apì ta peir�mat� mac.
Tèloc, h exèlixh tou sf�lmatoc anÐqneushc wc proc ton arijmì twn epanal yewn

tou algorÐjmou eÐnai skìpimo na analujeÐ diexodikìtera, ¸ste na prokÔyoun kai
jewrhtik� sumper�smata gia thn asumptwtik  tou sumperifor� se peript¸seic pou
eÐnai gnwstì to epijumhtì apotèlesma thc anÐqneushc.
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