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PerÐlhyh

H paroÔsa metaptuqiak  ergasÐa esti�zei sth melèth tou StoqastikoÔ Bèltistou Elèg-

qou kai tic efarmogèc tou sta asÔrmata dÐktua thlepikoinwni¸n. O Stoqastikìc Bèl-

tistoc 'Elegqoc eÐnai mÐa majhmatik  mèjodoc beltistopoÐhshc enìc krithrÐou epÐdoshc,

mèsw tou prosdiorismoÔ bèltistwn politik¸n elègqou, en¸ lamb�netai upìyh h Ôparxh

abebaiìthtac eÐte sthn parat rhsh twn dedomènwn kat�stashc eÐte stic dun�meic pou e-

pidroÔn sthn exèlixh thc kat�stashc tou sust matoc. Sugkekrimèna, h kat�stash tou

sust matoc montelopoieÐtai wc stoqastik  diadikasÐa kai lÔsh mÐac Stoqastik c Diafo-

rik c ExÐswshc (SDE) kat� Itô kai h epilog  mÐac ek twn apodekt¸n politik¸n elègqou

ephre�zei th dunamik  tou sust matoc, dhl. th SDE thc kat�stashc. ProtoÔ meleth-

jeÐ o Stoqastikìc Bèltistoc 'Elegqoc, paratÐjetai to aparaÐthto upìbajro ìson afor�

to eurÔtero plaÐsio twn Stoqastik¸n Diaforik¸n Exis¸sewn kat� Itô (kÐnhsh Brown,

fìrmoula tou Itô, Ôparxh kai monadikìthta thc lÔshc thc SDE, analutik  kai arijmhtik 

epÐlush, klp.). AkoloÔjwc, melet�tai kai analÔetai o Stoqastikìc Bèltistoc 'Elegqoc.

Arqik�, perigr�fontai oi dunatèc diatup¸seic enìc probl matoc StoqastikoÔ Bèltistou

Elègqou, onomastik� h isqur  kai h asjen c diatÔpwsh. Qrhsimopoi¸ntac tic dÔo diatu-

p¸seic enìc probl matoc StoqastikoÔ Bèltistou Elègqou, perigr�fontai oi dÔo mèjodoi

epÐlushc tou, h Stoqastik  Arq  MegÐstou kai o dunamikìc programmatismìc mèsw thc

merik c diaforik c exÐswshc Hamilton-Jacobi-Bellman, en¸ melet�tai h isodunamÐa twn

dÔo mejìdwn. Perissìterh èmfash dÐnetai sth deÔterh mèjodo, kaj¸c eÐnai ekeÐnh pou

efarmìzetai suqnìtera sta probl mata StoqastikoÔ Bèltistou Elègqou sth bibliogra-

fÐa. Wc ek toÔtou melet¸ntai oi idiìthtec thc analutik c lÔshc thc merik c diaforik c

exÐswshc Hamilton-Jacobi-Bellman, en¸ exet�zetai kai h arijmhtik  thc epÐlush afoÔ

sta perissìtera probl mata den eÐnai efiktìc o upologismìc thc analutik c lÔshc.

Th jewrhtik  melèth tou StoqastikoÔ Bèltistou Elègqou akoloujeÐ h melèth twn

efarmog¸n tou gia th beltistopoÐhsh kai to sqediasmì twn asÔrmatwn diktÔwn, me epÐ-

kentro thn katanom  pìrwn kai sugkekrimèna ton prosdiorismì thc isqÔoc ekpomp c twn

qrhst¸n twn asÔrmatwn kuyelwt¸n diktÔwn. Analutikìtera, sumf¸na me melètec thc

bibliografÐac, èna realistikì montèlo twn stoqastik¸n asÔrmatwn kanali¸n eÐnai ekeÐno

pou perigr�fei thn ap¸leia isqÔoc kat� m koc touc wc lÔsh mÐac SDE. Wc ek toÔtou,

exet�zetai h bèltisth katanom  isqÔoc ekpomp c stouc qr stec enìc kuyelwtoÔ diktÔou,

me krit rio thn oikonomik  katan�lwsh enèrgeiac, ìpou ta asÔrmata kan�lia metaxÔ twn

qrhst¸n kai tou stajmoÔ b�shc eÐnai stoqastik� kai h dunamik  metabol  touc perigr�fe-

tai apì SDE. Tèloc, h metaptuqiak  ergasÐa oloklhr¸netai me ton prosdiorismì k�poiwn

mellontik¸n kateujÔnsewn gia thn efarmog  tou StoqastikoÔ Bèltistou Elègqou sta

asÔrmata dÐktua epikoinwni¸n.



Abstract

This master thesis is focused on the study of Stochastic Optimal Control and its appli-

cations in wireless communications networks. Stochastic Optimal Control is a theoretic

optimization tool of a performance index, via the determination of optimal control poli-

cies, while taking into consideration the existence of uncertainty either in the observation

of the state data of the system or in the evolution of system’s state. Precisely, the state of

the system is modeled as a stochastic process solving a Stochastic Differential Equation

(SDE) of Itô type, and the choice of an admissible control policy affects the system’s

dynamics, i.e., the SDE describing the system’s state. Before studying Stochastic Opti-

mal Control, it is provided the necessary background regarding the broader framework of

SDEs of Itô type (Brownian motion, Itô’s formula, uniqueness and existence of solution,

SDE’s analytic and arithmetic solution, etc.). In the sequel, in view of the background on

SDEs, Stochastic Optimal Control is studied and analyzed. Initially, the two possible for-

mulations of a Stochastic Optimal Control problem are described, namely the strong and

weak formulation. Based on these two formulations, two methods of solving a Stochas-

tic Optimal Control problem are analytically studied, namely, the Stochastic Maximum

Principle and the dynamic programming via the partial differential equation Hamilton-

Jacobi-Bellman, while the conditions under which equivalence of the two methods holds

are also given. In this master thesis, emphasis is put on the latter method as it is used

in a great range of applications in literature. Therefore, the properties of the analytic

solution of the Hamilton-Jacobi-Bellman are studied, but also a finite difference scheme

for its arithmetic solution is provided, since an analytic solution form is not possible in

the majority of applications.

The theoretical study of Stochastic Optimal Control is followed by the study of its

applications in literature for the optimization and the design of wireless networks with

focus on the resource allocation problem on the users of a wireless cellular network.

Precisely, the resource is the transmission power while the performance index relates to

the efficiency of the energy consumption. Specifically, as it is observed in literature, an

SDE-based model describes in a realistic way the power loss along the stochastic wireless

channels. As a result, the problem of optimal transmission power allocation on the users

of a cellular network is studied where the wireless channels between the users and the base

station are stochastic and their dynamic change is modeled via an SDE. Finally, some

future directions for the application of Stochastic Optimal Control in wireless networks

are identified and discussed.



EuqaristÐec

Ja  jela katarq n na ekfr�sw thn eilikrin  eugnwmosÔnh mou ston kajhght  k. Miq�lh

Loul�kh gia thn epÐbleyh thc metaptuqiak c mou ergasÐac, gia thn eukairÐa pou mou èdwse

na sunergast¸ mazÐ tou kai thn �yogh kajod ghs  tou. 'Htan p�nta diajèsimoc na mou

prosfèrei tic gn¸seic kai thn empeirÐa tou gia th bajÔterh katanìhsh thc perioq c tou

StoqastikoÔ Bèltistou Elègqou kai twn Stoqastik¸n Diaforik¸n Exis¸sewn kaj¸c kai

na me sumboulèyei kai na me bohj sei se k�je duskolÐa kat� thn poreÐa olokl rwshc thc

metaptuqiak c ergasÐac.

Sth sunèqeia ja  jela na euqarist sw jerm� ton kajhght  k. Sume¸n Papabasi-

leÐou, epiblèponta thc upì exèlixh didaktorik c mou diatrib c ston tomèa twn asÔrmatwn

diktÔwn epikoinwni¸n, gia thn polÔtimh kajod ghs  tou kai tic eÔstoqec sumboulèc tou

gia thn efarmog  tou StoqastikoÔ Bèltistou Elègqou sta asÔrmata dÐktua epikoinwni¸n

sto plaÐsio thc metaptuqiak c mou ergasÐac. Epiplèon, ton euqarist¸ idiaÐtera gia th

shmantik  st rix  tou, thn empistosÔnh tou stic dunatìthtèc mou kaj¸c kai th met�dosh

twn gn¸se¸n kai empeiri¸n tou se ìla ta qrìnia twn akadhmaðk¸n mou spoud¸n.

'Epeita, ja  jela na euqarist sw ìlouc touc kajhghtèc tou metaptuqiakoÔ Efarmo-

smènwn Majhmatik¸n thc SEMFE tou EjnikoÔ Metsìbiou PoluteqneÐou, pou me dÐdaxan

kai me kajod ghsan ta teleutaÐa dÔo qrìnia. IdiaÐtera ja  jela na euqarist sw ton k.

Iw�nnh Sphli¸th pou me dÐdaxe pijanìthtec se proptuqiakì epÐpedo kai se metaptuqiakì

epÐpedo me eis gage, mazÐ me ton kÔrio Loul�kh, sto pedÐo twn Stoqastik¸n Diaforik¸n

Exis¸sewn prosfèront�c mou èmpneush gia thn epilog  tou antikeimènou thc metaptuqia-

k c mou ergasÐac. Akìmh ja  jela na euqarist sw idiaÐtera thn k. Kuriak  Kuri�kh

gia tic suzht seic pou eÐqame kai tic kajoristikèc sumboulèc thc gia thn epilog  tou

metaptuqiakoÔ progr�mmatoc.

Sto shmeÐo autì ja  jela na euqarist sw touc fÐlouc mou, sumfoithtèc kai suner-

g�tec mou apì to metaptuqiakì kaj¸c kai apì to ergast rio DiaqeÐrishc kai Bèltistou

SqediasmoÔ DiktÔwn Thlematik c ìpou ekpon¸ th didaktorik  mou diatrib  gia thn �-

yogh sunergasÐa pou èqoume kaj¸c kai tic epoikodomhtikèc akadhmaðkèc suzht seic mac.

Epiplèon, euqarist¸ touc fÐlouc mou Dhm trh kai LÐna gia k�je sumboul , bo jeia kai

euq�risth stigm  pou zoÔme kajhmerin� kai elpÐzw na eÐnai dÐpla mou kai sto mèllon.

Wstìso, to megalÔtero euqarist¸ to ofeÐlw touc goneÐc mou Gi¸rgo kai MarÐa gia

thn pÐsth touc stic dunatìthtèc mou, thn kajod ghsh kai thn hjik  sumpar�stash pou

mou prosèferan sth zw  mou wc t¸ra, kaj¸c kai thn atèrmonh anoq  kai st rix  touc

sth makr� poreÐa twn spoud¸n mou me ìlec tic sunepakìloujec duskolÐec. Tèloc ja

 jela na euqarist sw ton aderfì mou Gi�nnh gia th sumpar�stas  tou, thn parèa tou



kai tic sumboulèc tou gia tic apof�seic mou. Sthn oikogèneia mou afier¸nw thn paroÔsa

metaptuqiak  ergasÐa.
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Kef�laio 1

Eisagwg 

O Bèltistoc 'Elegqoc eÐnai mÐa majhmatik  mèjodoc beltistopoÐhshc gia ton prosdiori-

smì twn bèltistwn politik¸n elègqou wc proc k�poio prokajorismèno krit rio. To proc

beltistopoÐhsh krit rio eÐnai sun�rthsh tìso twn metablht¸n elègqou ìso kai twn meta-

blht¸n kat�stashc oi opoÐec dÔnantai na ephre�zontai apì ton èlegqo kai ekfr�zoun thn

kat�stash tou sust matoc k�je qronik  stigm . H an�ptuxh thc mejìdou epÐlushc twn

problhm�twn Bèltistou Elègqou basÐzetai kurÐwc sth sumbol  twn Lev Pontryagin kai

tou Richard Bellman. O Stoqastikìc Bèltistoc 'Elegqoc eÐnai èna pedÐo tou Bèltistou

Elègqou pou antimetwpÐzei thn Ôparxh abebaiìthtac, eÐte sthn parat rhsh twn dedomènwn

kat�stashc eÐte stic dun�meic pou epidroÔn sthn exèlixh thc kat�stashc tou sust ma-

toc. Sugkekrimèna, jewreÐtai ìti h parat rhsh kai h exèlixh twn dedomènwn kat�stashc

epidèqetai thn epÐdrash tuqaÐou jorÔbou me gnwst  katanom , o opoÐoc sun jwc peri-

gr�fetai mèsw thc kÐnhshc Brown. Stìqoc tou StoqastikoÔ Bèltistou Elègqou eÐnai o

prosdiorismìc twn monopati¸n sto qrìno twn elegqìmenwn metablht¸n ¸ste na epitelè-

soun ton epijumhtì èlegqo beltistopoi¸ntac k�poio kal� orismèno krit rio, sto plaÐsio

thc parousÐac tou jorÔbou. Sto Kef�laio 3 perigr�fetai analutikìtera, me perissìterec

leptomèreiec, h ènnoia tou StoqastikoÔ Bèltistou Elègqou.

To antikeÐmeno thc paroÔsac metaptuqiak c ergasÐac epikentr¸netai sth melèth kai e-

farmog  tou StoqastikoÔ Bèltistou Elègqou me tic akìloujec basikèc kateujÔnseic/stìqouc:

• H melèth thc JewrÐac tou StoqastikoÔ Bèltistou Elègqou. Pio sugkekrimèna, stì-

qoc eÐnai h melèth thc morf c enìc probl matoc StoqastikoÔ Bèltistou Elègqou,

twn trìpwn epÐlus c tou tìso analutik� ìso kai arijmhtik�, kaj¸c kai h melèth

twn apaitoÔmenwn paradoq¸n gia thn efarmog  twn mejìdwn epÐlushc.

• H melèth thc efarmog c tou StoqastikoÔ Bèltistou Elègqou gia thn epÐlush pro-

blhm�twn twn asÔrmatwn diktÔwn epikoinwni¸n. H bibliografik  melèth ja epiken-

trwjeÐ stic efarmogèc pou aforoÔn sthn katanom  pìrwn stouc qr stec (sugkekri-
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mèna prosdiorismìc thc tim c isqÔoc ekpomp c k�je qr sth) sta asÔrmata kuyelwt�

dÐktua upì stoqastikèc sunj kec leitourgÐac twn asÔrmatwn kanali¸n.

Sthn akìloujh enìthta perigr�fetai to perieqìmeno k�je kefalaÐou thc metaptuqiak c

ergasÐac.

1.1 Dom  Metaptuqiak c ErgasÐac

H dom  thc metaptuqiak c ergasÐac èqei wc ex c:

• To Kef�laio 2 eÐnai eisagwgikì kaj¸c se autì perigr�fetai to aparaÐthto upìba-

jro ìson afor� to eurÔtero plaÐsio twn Stoqastik¸n Diaforik¸n Exis¸sewn [1].

Arqik�, dÐnontai o orismìc kai oi idiìthtec thc kÐnhshc Brown, tou stoqastikoÔ

oloklhr¸matoc Itô kai thc stoqastik c anèlixhc Itô, en¸ paratÐjetai h fìrmoula

tou Itô. Sth sunèqeia, perigr�fetai mÐa Stoqastik  Diaforik  ExÐswsh, melet�tai

h Ôparxh kai h monadikìthta thc lÔshc thc kaj¸c kai h epÐlush thc sthn perÐptwsh

pou èqei grammik  morf . Epiplèon o orismìc thc Stoqastik c Diaforik c ExÐswshc

epekteÐnetai gia tuqaÐouc suntelestèc. Tèloc, perigr�fetai h diadikasÐa arijmhtik c

epÐlushc mÐac Stoqastik c Diaforik c ExÐswshc me dÔo mejìdouc kai exet�zetai h

sÔgklis  touc.

• To Kef�laio 3 eÐnai to basikì kef�laio thc metaptuqiak c ergasÐac kaj¸c se autì

melet�tai kai analÔetai o Stoqastikìc Bèltistoc 'Elegqoc. Arqik�, perigr�fontai

oi dunatèc diatup¸seic enìc probl matoc StoqastikoÔ Bèltistou Elègqou (isqur 

kai asjen c diatÔpwsh). Sth sunèqeia, perigr�fetai h efarmog  thc Stoqastik c

Arq c MegÐstou (tou Pontryagin) gia thn epÐlush enìc probl matoc StoqastikoÔ

Bèltistou Elègqou, sumperilambanomènwn twn apait sewn/upojèsewn gia thn e-

farmog  thc kaj¸c kai paradeÐgmatoc efarmog c. AkoloÔjwc, analÔetai h mèjodoc

epÐlushc pou sthrÐzetai sto dunamikì programmatismì mèsw thc merik c diafori-

k c exÐswshc Hamilton-Jacobi-Bellman, en¸ melet�tai h isodunamÐa twn dÔo proh-

goÔmenwn mejìdwn. Epiprìsjeta, perigr�fetai o trìpoc pou prokÔptei h exÐswsh

Hamilton-Jacobi-Bellman mèsa apì thn exÐswsh dunamikoÔ programmatismoÔ upì

stoqastikèc sunj kec, en¸ epiplèon melet¸ntai di�forec idiìthtec thc lÔshc thc.

Meg�lo mèroc tou kefalaÐou afier¸netai sthn arijmhtik  epÐlush thc merik c dia-

forik c exÐswshc Hamilton-Jacobi-Bellman kaj¸c h analutik  epÐlus  thc den

einai efikt  sta perissìtera probl mata. Gia thn arijmhtik  epÐlush gÐnetai qr sh

thc mejìdou peperasmènwn diafor¸n.

• Sto Kef�laio 4 melet¸ntai efarmogèc tou StoqastikoÔ Bèltistou Elègqou pou

up�rqoun sth bibliografÐa gia th beltistopoÐhsh kai to sqediasmì twn asÔrmatwn
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diktÔwn. To kef�laio epikentr¸netai sthn katanom  pìrwn stouc qr stec twn a-

sÔrmatwn kuyelwt¸n diktÔwn. Sugkekrimèna, mèsa apì dÔo efarmogèc, exet�zetai h

katanom  isqÔoc ekpomp c stouc qr stec enìc kuyelwtoÔ diktÔou ìpou ta asÔrmata

kan�lia metaxÔ twn qrhst¸n kai tou stajmoÔ b�shc eÐnai stoqastik� kai h metabol 

touc perigr�fetai apì mia SDE. Sto tèloc tou KefalaÐou prosdiorÐzontai k�poiec

mellontikèc kateujÔnseic gia thn efarmog  tou StoqastikoÔ Bèltistou Elègqou

sta asÔrmata dÐktua epikoinwni¸n.

1.2 PÐnakac Basik¸n Sumbolism¸n

O parak�tw pÐnakac perièqei basikoÔc orismoÔc kai sumbolismoÔc pou qrhsimopoioÔntai

qwrÐc peraitèrw ex ghsh sto keÐmeno thc metaptuqiak c ergasÐac pou akoloujeÐ.

7



1.2 PÐnakac Basik¸n Sumbolism¸n

PÐnakac 1.1: PÐnakac basik¸n orism¸n kai sumbolism¸n.

Sumbolismìc ShmasÐa

F σ−�lgebra
Fs σ−�lgebra se qrìno s
(Ω,F ,P) Q¸roc pijanìthtac me sÔnolo endeqomènwn Ω,

σ−�lgebra F kai mètro pijanìthtac P

(Ω,F ,P,Ft)   (Ω,F ,P, {Ft}t≥0) Q¸roc pijanìthtac ìpwc parap�nw efodiasmè-
noc me diÔlish {Ft}t≥0

(Ω,F ,P,Ft,W (t)) KÐnhsh Brown se q¸ro pijanìthtac
(Ω,F ,P,Ft)

P-σ.β. MÐa sunj kh isqÔei P-σ.β. ìtan isqÔei gia k�-
je ω ∈ Ω\N , ìpou N ∈ F me P(N) = 0.

B Borel σ−�lgebra twn anoiqt¸n uposunìlwn
tou R

B(A) σ−�lgebra twn anoiqt¸n uposunìlwn tou A ⊂
R

F−metr simh H tuqaÐa metablht  x eÐnai F−metr simh ìtan
{x ∈ A} ∈ F , ∀ A ∈ B

Ft−prosarmosmènh H stoqastik  anèlixh pou eÐnai Ft−metr simh,
∀ t ≥ 0

⊂ UposÔnolo, ìqi aparaÐthta gn sio
A = [aij ] PÐnakac me stoiqeÐo sthn i gramm  kai sth j

st lh to aij
In Diag¸nioc pÐnakac me mh mhdenik� kai Ðsa me th

mon�da mìno ta stoiqeÐa thc kÔriac diagwnÐou
(tautotikìc)

|a|, a = (a1, a2, ..., an) |a| =
√∑m

i=1 a
2
i

|A|, A = [aij ] |A| =
√∑m

i=1

∑n
j=1 a

2
ij

Cm,n([0, T ]× Rl) SÔnolo sunart sewn sto [0, T ] × Rl m forèc
suneq¸c paragwgÐsimec wc proc thn pr¸th pa-
r�metro kai n forèc wc proc th deÔterh

Cm,n([0,∞)× Rl) 'Omoia me to parap�nw me tic sunart seic ori-
smènec sto [0,∞)× Rl

SDE Stoqastik  Diaforik  ExÐswsh
Lp
F (Ω;R

n) SÔnolo twn tuqaÐwn metablht¸n x me timèc sto
Rn pou eÐnai F− metr simec ètsi ¸ste E|x|p <
∞, p ∈ [1,∞)

Lp
F (0, T ;R

n) SÔnolo twn stoqastik¸n anelÐxewn x(t), t ≥
0 me timèc sto Rn pou eÐnai Ft≥0− prosar-

mosmènec ètsi ¸ste E
∫ T
0 |x(t)|pdt < ∞, p ∈

[1,∞)

⟨.⟩ Eswterikì ginìmeno
trA 'Iqnoc tou pÐnaka A
DxΦ, x ∈ Rm KlÐsh (gradient) thc Φ

D2
xΦ, x ∈ Rm Essianìc pÐnakac (Hessian) thc Φ

Etx{} Mèsh tim  dosmènwn arqik¸n sunjhk¸n (t, x)
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Kef�laio 2

Stoqastikèc Diaforikèc Exis¸seic

Sto parìn kef�laio ja perigrafeÐ to aparaÐthto ulikì sto eurÔtero plaÐsio twn Stoqa-

stik¸n Diaforik¸n Exis¸sewn (SDE) [1]. Arqik�, sthn Enìthta 2.1, perilamb�netai o

orismìc thc kÐnhshc Brown, kaj¸c kai oi idiìthtèc thc. H Enìthta 2.2 analÔei to sto-

qastikì olokl rwma tÔpou Itô kai h Enìthta 2.3 orÐzei th stoqastik  diadikasÐa Itô kai

parajètei th fìrmoula Itô. To upìloipo kef�laio epikentr¸netai ston orismì kai thn

epÐlush twn SDE. Sugkekrimèna, oi Enìthtec 2.4, 2.5 parèqoun ton orismì mÐac SDE

kaj¸c kai tic proôpojèseic Ôparxhc kai monadikìthtac twn lÔsewn thc en¸ h Enìthta 2.6

parèqei thn analutik  mejodologÐa kai ton kleistì tÔpo epÐlushc twn grammik¸n SDE.

H Enìthta 2.7 parousi�zei orismèna jewr mata sqetik� me tic idiìthtec twn lÔsewn twn

SDE, en¸ h Enìthta 2.8 epekteÐnei ton orismì twn SDE sthn eidik  perÐptwsh twn tuqaÐ-

wn suntelest¸n pou emfanÐzontai sto Stoqastikì Bèltisto 'Elegqo. Tèloc, h Enìthta

2.9 perigr�fei dÔo basikèc mejodologÐec gia thn arijmhtik  epÐlush twn SDE mazÐ me

endeiktik� apotelèsmata prosomoi¸sewn.

2.1 H KÐnhsh Brown & to Stoqastikì Olokl rw-

ma

H kÐnhsh Brown   alli¸c stoqastik  diadikasÐa Wiener anafèretai sto pijanotikì mo-

ntèlo pou èqei eisaqjeÐ gia na perigr�yei kai na analÔsei thn kÐnhsh twn swmatidÐwn mèsa

se èna ugrì lìgw twn sugkroÔse¸n touc me ta mìria tou neroÔ. H kÐnhsh Brown eÐnai

mÐa stoqastik  diadikasÐa suneqoÔc qrìnou. Enallaktik�, h kÐnhsh Brown dÔnatai na

oristeÐ wc to ìrio mÐac aploÔsterhc stoqastik c diadikasÐac, diakrit c kat�stashc kai

qrìnou pou eÐnai o summetrikìc tuqaÐoc perÐpatoc [2]. AkoloÔjwc paratÐjentai oi orismoÐ

thc kÐnhshc Brown se mÐa kai perissìterec diast�seic.

Orismìc 1. (KÐnhsh Brown se mÐa di�stash ([3], Kef. 2, Sel. 30))
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2.1 H KÐnhsh Brown & to Stoqastikì Olokl rwma

H tupik  kÐnhsh Brown se mÐa di�stash orÐzetai wc h stoqastik  diadikasÐa {W (t), t ∈
[0,∞)}, me timèc stonR, orismènh p�nw se èna q¸ro pijanìthtac me diÔlish (Ω,F , {Ft}t≥0,P)

(Par�rthma Aþ), ¸ste na isqÔoun oi parak�tw sunj kec:

• Gia k�je t ≥ 0, h W (t) eÐnai Ft-metr simh (Par�rthma Aþ). Gia autì to lìgo

onom�zetai kai wc Ft-kÐnhsh Brown.

• H stoqastik  diadikasÐa {W (t), t ∈ [0,∞)} èqei suneqeÐc troqièc (Par�rthma Aþ).

• W (0) = 0, P -sqedìn bebaÐwc (P -σ.b.).

• 'Otan 0 ≤ s < t h tuqaÐa metablht  W (t)−W (s) eÐnai anex�rthth thc σ-�lgebrac

Fs.

• 'Otan 0 ≤ s < t h tuqaÐa metablht  W (t)−W (s) akoloujeÐ thn kanonik  katanom 

me mhdenik  mèsh tim  kai metablhtìthta t− s, dhlad  thn N(0, (t− s)).

Gia thn paroÔsa metaptuqiak  ergasÐa, ja jewrhjeÐ ìti h diÔlish {Ft}t≥0 par�getai

apì thn Ðdia thn kÐnhsh Brown, dhlad , ∀ t,Ft = σ(W (s), 0 ≤ s < t).

Parak�tw paratÐjentai epiplèon idiìthtec thc kÐnhshc Brown, oi opoÐec mporoÔn na

apodeiqtoÔn mèsw tou orismoÔ thc ([3], Kef. 2, Sel. 31):

• An h stoqastik  diadikasÐa {W (t), t ∈ [0,∞)} eÐnai mÐa Ft−kÐnhsh Brown tìte, h

stoqastik  anèlixh {−W (t), t ∈ [0,∞)} eÐnai epÐshc mÐa Ft-kÐnhsh Brown.

• An isqÔei ìti 0 = t0 < t1 < t2 < ... < tn, tìte oi prosaux seic Wtj − Wtj−1
,

j = 1, 2, ..., n eÐnai anex�rthtec.

• H stoqastik  anèlixh {W (t), t ∈ [0,∞)} eÐnai èna Ft-martingale, (Par�rthma Aþ).

• H stoqastik  anèlixh {W 2(t)− t, t ∈ [0,∞)} eÐnai èna Ft-martingale.

• Gia k�je s, t ≥ 0, isqÔei ìti Cov(W (s),W (t)) = min{s, t}.

• An 0 < t1 < t2 < ... < tn, tìte to tuqaÐo di�nusma (Wt1 ,Wt2 , ...,Wtn), akoloujeÐ

thn kanonik  katanom  N(0,Γ) ìpou Γ = [min{ti, tj}], 1 ≤ i, j ≤ n, dhlad , Γ eÐnai

ènac pÐnakac n× n me stoiqeÐo sthn i gramm  kai sth j st lh to min{ti, tj}.

Orismìc 2. (KÐnhsh Brown se pollaplèc diast�seic ([3], Kef. 2, Sel. 43))

H tupik  kÐnhsh Brown se n diast�seic orÐzetai wc h stoqastik  diadikasÐa {W (t) =

(W 1(t),W 2(t), ...,W n(t)), t ∈ [0,∞)}, me timèc ston Rn p�nw se èna q¸ro pijanìthtac me

diÔlish (Ω,F , {Ft}t≥0,P), ¸ste na isqÔoun oi parak�tw sunj kec:

• Gia k�je t ≥ 0, h W (t) eÐnai Ft-metr simh.
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2.1 H KÐnhsh Brown & to Stoqastikì Olokl rwma

• H stoqastik  anèlixh {W (t), t ∈ [0,∞)} èqei suneqeÐc troqièc.

• IsqÔei W (0) = 0 P -σ.b.

• 'Otan 0 ≤ s < t, h tuqaÐa metablht W (t)−W (s) eÐnai anex�rthth apì th σ-�lgebra

Fs.

• 'Otan 0 ≤ s < t, h tuqaÐa metablht  W (t)−W (s) akoloujeÐ thn kanonik  katanom 

N(0, (t− s)In) (ìpou In eÐnai o tautotikìc pÐnakac).

Parak�tw akoloujoÔn orismènec prot�seic sqetik� me thn epèktash twn idiot twn

thc kÐnhshc Brown se pollaplèc diast�seic (oi pr¸tec dÔo idiìthtec pou diatup¸jhkan

parap�nw gia thn kÐnhsh Brown se mÐa di�stash isqÔoun wc èqoun):

• Gia k�je i ∈ {1, ..., n} kai 0 ≤ s < t h tuqaÐa metablht  W i(t) −W i(s) akoloujeÐ

thn katanom  N(0, (t − s)) kai epiplèon mporeÐ na deiqteÐ ìti [3] h W i(t) eÐnai mÐa

monodi�stath kÐnhsh Brown, Ft-prosarmosmènh.

• Kaj¸c k�je stoiqeÐo tou dianÔsmatoc pou perigr�fei thn kÐnhsh Brown, dhla-

d , W i(t), ∀ i, eÐnai mÐa monodi�stath kÐnhsh Brown, tìte h stoqastik  anèlixh

{W i(t), t ∈ [0,∞)} eÐnai èna Ft-martingale.

• OmoÐwc, oi stoqastikèc anelÐxeic {W i(t)
2−t, t ∈ [0,∞)} kai {W i(t)W j(t)−δijt, t ≥

0}, eÐnai Ft-martingales.

H amèswc epìmenh prìtash diatup¸nei to gegonìc ìti oi troqièc thc kÐnhshc Brown,

parìlo pou eÐnai suneqeÐc, den eÐnai omalèc, dhlad , den eÐnai paragwgÐsimec.

Prìtash 1. (Mh-diaforisimìthta thc kÐnhshc Brown ([2], Kef. 9, Sel. 52))

Oi troqièc thc kÐnhshc Brown t ∈ [0,∞) → W (t, ω) ∈ R, ìpou ω ∈ Ω/N , me P(N) = 0

den eÐnai paragwgÐsimec opoud pote sto [0,∞).

Je¸rhma 1. (PhlÐko diafor�c (difference quotient) thc kÐnhshc Brown ([2], Kef. 9,

Sel. 52))

'Estw ìti h > 0 kai h W (t), t ≥ 0 eÐnai mÐa diadikasÐa Wiener. H metablhtìthta tou

phlÐkou diafor�c thc stoqastik c anèlixhc Wiener dÐnetai apì th sqèsh:

V ar

(
W (t+ h)−W (t)

h

)
=

1

h
, (2.1)

kai epomènwc teÐnei sto �peiro kaj¸c h→ 0.

Parìlo pou h stoqastik  anèlixh Wiener den eÐnai diaforÐsimh, h par�gwgìc thc ono-

m�zetai leukìc jìruboc kai epiplèon prokÔptei h an�gkh tou upologismoÔ oloklhrwm�twn

thc morf c
∫∞
−∞ f(t)dW (t) ta opoÐa emfanÐzontai se pollèc efarmogèc [2], [7].
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2.2 To Stoqastikì Olokl rwma tou Itô

Sthn paroÔsa enìthta ja perigrafoÔn sunoptik� o orismìc kai oi idiìthtec tou stoqa-

stikoÔ oloklhr¸matoc tÔpou Itô. Proc aut  thn kateÔjunsh, oi stoqastikèc anelÐxeic

taxinomoÔntai se treic kl�seic, onomastik� L0(a, b), L(a, b), P(a, b), gia tic opoÐec isqÔei

h ex c di�taxh L0(a, b) ⊂ L(a, b) ⊂ P(a, b). Sth sunèqeia, orÐzetai to stoqastikì olokl -

rwma tou Itô gia k�je mÐa apì autèc tic kl�seic, qrhsimopoi¸ntac ton antÐstoiqo orismì

thc prohgoÔmenhc kl�shc. Epiprìsjeta, o orismìc tou stoqastikoÔ oloklhr¸matoc Itô

paratÐjetai tìso sthn perÐptwsh twn monodi�statwn ìso kai twn poludi�statwn stoqasti-

k¸n anelÐxewn. Gia to upìloipo thc paroÔsac enìthtac jewreÐtai ènac q¸roc pijanìthtac

me diÔlish (Ω,F , {Ft}t≥0,P), ìpou gia th diÔlish {Ft}t≥0, isqÔei ìti N ⊂ Ft,∀ t ≥ 0,

ìpou N = {Λ ⊂ Ω : ∃N ∈ F with Λ ⊂ N and P(N) = 0}. Sè ìlh thn èktash thc meta-

ptuqiak c ergasÐac, k�je stoqastikì olokl rwma pou emfanÐzetai ja jewreÐtai ìti eÐnai

tÔpou Itô (up�rqei kai to stoqastikì olokl rwma tÔpou Stratonovich to opoÐo wstìso

mporeÐ na ekfrasteÐ mèsw stoqastik¸n oloklhrwm�twn tÔpou Itô [1]).

Arqik� orÐzetai to monodi�stato stoqastikì olokl rwma tou Itô gia tic kl�seic twn

stoqastik¸n anelÐxewn L0(a, b), L(a, b) kai paratÐjentai sunoptik� oi antÐstoiqec idiìth-

tec. JewreÐtai mÐa monodi�stath Ft-kÐnhsh Brown, W = {W (t), t ≥ 0}, pou orÐzetai sto

q¸ro pijanìthtac (Ω,F ,P).

Orismìc 3. (Kl�sh L(a, b) ([3], Kef. 3, Sel. 57))
Gia a < b ∈ [0,∞),h stoqastik  anèlixh f : [a, b] × Ω → R an kei sthn kl�sh L(a, b)
ìtan ikanopoioÔntai oi parak�tw apait seic:

• H f eÐnai B[a,b] × F - metr simh, ìpou o sumbolismìc B[a,b] ekfr�zei th Borel σ-

�lgebra sto di�sthma [a, b].

• Gia k�je t ∈ [a, b] h tuqaÐa metablht  f(t, ·) eÐnai Ft-metr simh, dhlad , h stoqa-

stik  diadikasÐa f eÐnai Ft-prosarmosmènh.

• IsqÔei
∫ b

a
E [f 2(t, ·)] dt <∞.

Sth sunèqeia orÐzoume mÐa kl�sh stoiqeiwd¸n sunart sewn wc ex c:

Orismìc 4. (Kl�sh L0(a, b) ([3], Kef. 3, Sel. 57))

An gia mÐa stoqastik  diadikasÐa f ∈ L(a, b), up�rqei mÐa diamèrish a = t0 < t1 <

... < tn = b kai oi tuqaÐec metablhtèc fi, i = 0, 1, .., n − 1 oi opoÐec eÐnai Fti-metr simec

antistoÐqwc, i = 0, 1, .., n− 1, ¸ste na isqÔei:

f(t, ω) =
n−1∑
i=0

fi(ω)I[ti,ti+1)(t) + fn−1(ω)Ib(t),
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2.2 To Stoqastikì Olokl rwma tou Itô

ìpou I eÐnai h deÐktria sun�rthsh, dhlad , I[ti,ti+1)(t) = 1, ìtan t ∈ [ti, ti+1), tìte h f

kaleÐtai "stoiqei¸dhc� kai isqÔei ìti f ∈ L0(a, b).

Orismìc 5. (Stoqastikì olokl rwma Itô gia thn kl�sh L(a, b) ([3], Kef. 3))
JewreÐtai h stoqastik  anèlixh f ∈ L(a, b). To olokl rwma Itô thc f sto di�sthma

[a, b] orÐzetai apì th sqèsh:∫ b

a

f(t)dW (t) = lim
n→∞

∫ b

a

fn(t)dW (t),

ìpou to ìrio eÐnai kat� thn L2(P) ènnoia

(
dhl., limn→∞E

[(∫ b

a
fn(t)dW (t)−

∫ b

a
f(t)dW (t)

)2]
=

0

)
kai h akoloujÐa {fn}n∈N apoteleÐtai apì stoqastikèc anelÐxeic sthn kl�sh L0(a, b) ètsi

¸ste na isqÔei

lim
n→∞

E

[∫ b

a

(f(t)− fn(t))
2dt

]
= 0,

ìpou, to stoqastikì olokl rwma tou Itô gia thn kl�sh L0(a, b) orÐzetai wc akoloÔjwc:

∫ b

a

fn(t)dW (t) =
n−1∑
i=0

fi(W (ti+1)−W (ti)).

An jewrhjeÐ ìti f, g ∈ L(a, b), {fn, n ∈ N} ⊂ L(a, b), c ∈ (a, b) kai λ, µ ∈ R, tìte
isqÔoun oi parak�tw idiìthtec gia to stoqastikì olokl rwma tÔpou Itô:

• E
[∫ b

a
f(t)dW (t)

]
= 0.

• E

∣∣∣∣ ∫ b

a
f(t)dW (t)

∣∣∣∣2 = E
∫ b

a
f 2(t)dt (IsommetrÐa Itô).

•
∫ b

a
(λf(t) + µg(t))dW (t) = λ

∫ b

a
f(t)dW (t) + µ

∫ b

a
g(t)dW (t).

•
∫ b

a
f(t)dW (t) =

∫ c

a
f(t)dW (t) +

∫ b

c
f(t)dW (t).

• H tuqaÐa metablht 
∫ b

a
f(t)dW (t) eÐnai Fb-metr simh.

• An isqÔei limn→∞E
[∫ b

a
(f(t)− fn(t))

2dt
]
= 0, tìte limn→∞

∫ b

a
fn(t)dW (t) =

∫ b

a
f(t)dW (t)

ìpou to ìrio eÐnai kat� thn L2(P) ènnoia.

Prìtash 2. ([3], Kef. 3, Sel. 68)

JewreÐtai ìti h f eÐnai stoqastik  anèlixh me f ∈ L(0, T ) kai T > 0. Tìte, h stoqastik 

anèlixh {x(t) =
∫ t

0
f(s)dW (s), 0 ≤ t ≤ T} eÐnai èna Ft-martingale me suneqeÐc troqièc.
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2.2 To Stoqastikì Olokl rwma tou Itô

Sth sunèqeia, paratÐjetai h epèktash tou stoqastikoÔ oloklhr¸matoc Itô sthn kl�sh

twn stoqastik¸n anelÐxewn P(0, T ).

Orismìc 6. (Kl�sh P(0, T ) ([3], Kef. 3, Sel. 71))

Gia T > 0, ja isqÔei ìti h stoqastik  diadikasÐa f : [0, T ] × Ω → R an kei sthn kl�sh

P(0, T ) an kai mìno an ikanopoioÔntai oi parak�tw apait seic:

• H f eÐnai B[0,T ] ×F - metr simh.

• Gia k�je t ∈ [0, T ], h tuqaÐa metablht  f(t, ·) eÐnai Ft-metr simh.

• P
(∫ T

0
f 2(t, ·)dt <∞

)
= 1.

Apì ton orismì twn kl�sewn parap�nw, mporeÐ eÔkola na parathrhjeÐ ìti isqÔei h

sqèsh di�taxhc L(0, T ) ⊆ P(0, T ), kaj¸c h sunj kh P
(∫ T

0
f 2(t, ·)dt <∞

)
= 1 eÐnai

asjenèsterh thc
∫ T

0
E [f 2(t, ·)] dt < ∞. An jewrhjeÐ ìti isqÔei f ∈ P(0, T ), T > 0,

tìte dÔnatai na brejeÐ mÐa akoloujÐa stoqastik¸n anelÐxewn {fn, n ∈ N} ⊂ L(0, T ), kat�
trìpon ¸ste na isqÔei

∫ T

0
(fn(t)− f(t))2 dt

P→ 0 [3].

Prìtash 3. (Stoqastikì Olokl rwma tou Itô gia thn kl�sh P(0, T ) ([3], Kef. 3, Sel.

74))

Ac jewrhjeÐ ìti f ∈ P(0, T ) kai 0 < t ≤ T . To stoqastikì olokl rwma Itô thc f

sto di�sthma [0, t] orÐzetai wc to ìrio kat� pijanìthta P thc akoloujÐac twn tuqaÐwn

metablht¸n {
∫ t

0
fn(s)dW (s), n ∈ N}, ìpou fn ⊂ L(0, T ), n ∈ N kai ikanopoieÐtai ìti∫ T

0
(fn(t)− f(t))2 dt

P→ 0. Epomènwc isqÔei:
∫ t

0
f(s)dW (s) =

P

lim
∫ t

0
fn(s)dW (s).

Prìtash 4. ('Uparxh suneqoÔc ekdoq c thc
∫ t

0
f(s)dW (s) gia t ∈ [0, T ] ([3], Kef. 3,

Sel. 75))

Ac jewrhjeÐ h stoqastik  anèlixh f ∈ P(0, T ) kai T > 0. Tìte, up�rqei mÐa stoqastik 

anèlixh {x(t), t ∈ [0, T ]} me suneqeÐc troqièc, ètsi ¸ste gia k�je t ∈ [0, T ] na isqÔei:

x(t) =
∫ t

0
f(s)dW (s), P-σ.b. , up�rqei dhlad  suneq c ekdoq  thc stoqastik c anèlixhc∫ t

0
f(s)dW (s) (Par�rthma Aþ).

Sqetik� me tic idiìthtec tou stoqastikoÔ oloklhr¸matoc Itô orizìmenou sthn kl�sh

stoqastik¸n anelÐxewn P(0, T ), den epekteÐnontai oi pr¸tec dÔo idiìthtec pou paratèjhkan

parap�nw anaforik� me to stoqastikì olokl rwma Itô sthn kl�sh L(0, T ). Epiprìsjeta,
h stoqastik  anèlixh {x(t), t ∈ [0, T ]} thc Prìtashc 4 eÐnai èna Ft-topikì martingale

(Par�rthma Aþ), gia k�je t ∈ [0, T ].

Sth sunèqeia, h paroÔsa enìthta epikentr¸netai ston orismì twn poludi�statwn sto-

qastik¸n oloklhrwm�twn tÔpou Itô. JewreÐtai h n-di�stath kÐnhsh Brown, W (t) =

14



2.3 H Stoqastik  Anèlixh Itô kai h Fìrmoula tou Itô

(W 1(t),W 2(t), ...,W n(t)), t ≥ 0, orismènh sto q¸ro pijanìthtac (Ω,F ,P). To poludi�-

stato stoqastikì olokl rwma anafèretai sthn olokl rwsh mÐa stoqastik c anèlixhc sth

morf  enìc pÐnaka diast�sewn m× n, dhlad  f(t, ω) = [fij(t, ω)], ìpou (t, ω) ∈ [0, T ]×Ω

wc proc thn n-di�stath kÐnhsh Brown W (t).

Orismìc 7. (Kl�seic Lm×n(0, T ), Pm×n(0, T ) ([3], Kef. 3, Sel. 84))

SumbolÐzetai wc Lm×n(0, T ) (antÐstoiqa Pm×n(0, T )) h kl�sh twn stoqastik¸n anelÐxewn

thc morf c pÐnaka diast�sewn m× n, f(t, ω) = [fij(t, ω)], ìpou gia k�je i ∈ {1, 2, ...,m}
kai j ∈ {1, 2, ..., n} to stoiqeÐo fij eÐnai mÐa stoqastik  anèlixh pou an kei sthn kl�sh

L(0, T ) (antÐstoiqa P(0, T )).

Orismìc 8. (Stoqastikì olokl rwma Itô gia tic kl�seic Lm×n(0, T ), Pm×n(0, T ) ([3],

Kef. 3, Sel. 85))

JewreÐtai mÐa stoqastik  anèlixh f ∈ Pm×n(0, T ) kai s ∈ (0, T ]. H m-di�stath tuqaÐa

metablht  x(s) = (x1(s), x2(s), ..., xm(s)), ìpou k�je thc stoiqeÐo xi(s), 1 ≤ i ≤ m

orÐzetai wc ex c:

xi(s) =
n∑

j=1

∫ s

0

fij(t)dW
j(t), i = 1, 2, ...,m, (2.2)

onom�zetai stoqastikì olokl rwma Itô thc stoqastik c anèlixhc f sto di�sthma [0, s] wc

proc thn n-di�stath kÐnhsh Brown, W (t) = (W 1(t),W 2(t), ...,W n(t)), t ≥ 0. Epiplèon,

gr�fetai ìti x(s) =
∫ s

0
f(t)dW (t).

Prèpei na shmeiwjeÐ ìti h x(s) ìpwc orÐzetai parap�nw èqei suneqeÐc troqièc sto

di�sthma [0, T ], en¸ sthn perÐptwsh pou h kl�sh anafor�c eÐnai h Lm×n(0, T ), tìte k�je

stoiqeÐo xi(s), 0 ≤ s ≤ T eÐnai èna Ft-martingale.

2.3 H Stoqastik  Anèlixh Itô kai h Fìrmoula tou

Itô

Orismìc 9. (Stoqastik  anèlixh Itô ([3], Kef. 4, Sel. 99))

H stoqastik  anèlixh Itô sto di�sthma [0,∞) (antÐstoiqa [0, T ]) me timèc sto Rm, orÐzetai

wc h suneq c stoqastik  anèlixh {x(t)}t≥0 (antÐstoiqa {x(t), t ∈ [0, T ]}), gia thn opoÐa

isqÔei ìti ∀ t ≥ 0 (antÐstoiqa t ∈ [0, T ]):

x(t) = ξ +

∫ t

0

a(s)ds+

∫ t

0

β(s)dW (s),P− σ.β., (2.3)

ìpou:

• ξ = (ξ1, ξ2, ..., ξm) eÐnai èna tuqaÐo di�nusma F0-metr simo.
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2.3 H Stoqastik  Anèlixh Itô kai h Fìrmoula tou Itô

• β ∈ Pm×n(0,∞) (antÐstoiqa Pm×n(0, T )).

• H stoqastik  anèlixh a(s) = (a1(s), a2(s), ..., am(s)), s ≥ 0 eÐnai B[0,∞) × F -

metr simh (antÐstoiqa B[0,T ] ×F -metr simh) kai Fs-prosarmosmènh kai isqÔei ìti:

P

(
m∑
j=1

∫ r

0

|aj(s)|ds <∞

)
= 1, ∀ r ≥ 0 (cor. r = T ). (2.4)

Me b�sh tic idiìthtec tou stoqastikoÔ oloklhr¸matoc (Enìthta 2.2), mporeÐ na para-

thrhjeÐ eÔkola ìti h stoqastik  diadikasÐa Itô eÐnai Ft-prosarmosmènh. Epiprìsjeta, gia

k�je 0 ≤ s < t isqÔei ìti:

x(t)− x(s) =

∫ t

s

a(s)ds+

∫ t

s

β(s)dW (s). (2.5)

H posìthta aut  onom�zetai wc �stoqastikì diaforikì� kai gr�fetai sthn parak�tw sum-

bolik  morf :

dx(t) = a(t)dt+ β(t)dW (t), x(0) = ξ. (2.6)

EpÐshc, mia m−di�stath kÐnhsh Brown, {W (t), t ≥ 0} eÐnai mÐa stoqastik  diadikasÐa Itô

me β = I kai a = 0, ìpou I eÐnai o tautotikìc pÐnakac diast�sewn m ×m kai 0 eÐnai to

mhdenikì di�nusma m stoiqeÐwn.

AkoloÔjwc, orÐzetai h fìrmoula tou Itô se mÐa kai se pollaplèc diast�seic. H fìr-

moula tou Itô mporeÐ na jewrhjeÐ gia ta stoqastik� oloklhr¸mata wc h antistoiqÐa me

ton kanìna alusÐdac gia ta nteterministik� oloklhr¸mata.

Orismìc 10. (H fìrmoula tou Itô gia m = n = 1 ([3], Kef. 4, Sel. 100))

JewreÐtai mÐa stoqastik  anèlixh Itô, x(t) = ξ +
∫ t

s
a(s)ds +

∫ t

s
β(s)dW (s), t ≥ 0 kai

f ∈ C1,2([0,∞)× R). Tìte, gia k�je t > 0, isqÔei ìti:

f(t, x(t))− f(0, ξ) =

∫ t

0

[
ϑf

ϑt
(s, x(s)) + a(s)

ϑf

ϑx
(s, x(s)) +

1

2
β2(s)

ϑ2f

ϑx2
(s, x(s))

]
ds+∫ t

0

β(s)
ϑf

ϑx
(s, x(s))dW (s),

(2.7)

to opoÐo mporeÐ na grafteÐ epÐshc sth morf  (SDE ìpwc ja epexhghjeÐ parak�tw):

df(t, x(t)) =
df

dt
(t, x(t)) +

[
a(t)

df

dx
(t, x(t)) +

1

2
β2(t)

d2f

dx2
(t, x(t))

]
dt+ β(t)

df

dx
(t, x(t))dW (t).

(2.8)
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2.3 H Stoqastik  Anèlixh Itô kai h Fìrmoula tou Itô

H fìrmoula tou Itô mporeÐ na epektajeÐ kai se perissìterec diast�seic ìpwc akolou-

jeÐ. JewreÐtai mÐa stoqastik  anèlixh x(t) = ξ+
∫ t

0
a(s)ds+

∫ t

0
β(s)dW (s), t ≥ 0, me timèc

ston Rm, ìpou a(s) = (a1(s), ..., am(s)) kai β(s) = [βij(s)], (1 ≤ i ≤ m, 1 ≤ j ≤ n), s ≥ 0.

Epomènwc, h x(t) mporeÐ na grafeÐ wc ex c: x(t) = (x1(t), x2(t), ..., xm(t)), ìpou

xi(t) = ξ +

∫ t

0

ai(s)ds+
n∑

j=1

∫ t

0

βij(s)dW
j(s), i = 1, ...,m.

Tìte, o orismìc thc fìrmoulac tou Itô se pollaplèc diast�seic orÐzetai wc ex c:

Orismìc 11. (H fìrmoula tou Itô gia m,n ∈ N ([3], Kef. 4, Sel. 106))

'Estw h f ∈ C1,2([0,∞) × Rm) me f = f(t, x) = f(t, x1, x2, ..., xm) kai h stoqastik 

anèlixh Itô, {x(t) = (x1(t), x2(t), ..., xm(t)), t ≥ 0} me timèc ston Rm. Tìte isqÔei:

f(t, x(t)) = f(t, x1(t), ..., xm(t)) = f(0, ξ) +∫ t

0

[
ϑf

ϑt
(s, x(s)) +

m∑
i=1

ai(s)
ϑf

ϑxi
(s, x(s)) +

1

2

n∑
j=1

m∑
i,k=1

βij(s)βkj(s)
ϑ2f

ϑxiϑxk
(s, x(s))

]
ds+

n∑
j=1

∫ t

0

[
m∑
i=1

βij(s)
ϑf

ϑxi
(s, x(s))

]
dW j(s).

(2.9)

H ExÐswsh (2.9) mporeÐ na grafeÐ se aploÔsterh morf  jewr¸ntac tic parak�tw dÔo

posìthtec:

Lsf =
ϑf

ϑt
+

m∑
i=1

ai(s)
ϑf

ϑxi
+

1

2

n∑
j=1

m∑
i,k=1

βij(s)βkj(s)
ϑ2f

ϑxiϑxk

kai

∇f =

(
ϑf

ϑx1
, ...,

ϑf

ϑxm

)
opìte:

f(t, x(t)) = f(0, ξ) +

∫ t

0

Lsf(s, x(s))ds+

∫ t

0

[∇f(s, x(s))β(s)] dW (s). (2.10)

Parat rhsh 1. Apì th Sqèsh (2.8), mporeÐ na parathrhjeÐ ìti gnwrÐzontac th morf 

mÐac stoqastik c anèlixhc Itô, x(t), mÐa sun�rthsh thc x(t), f(x(t), t), mporeÐ epÐshc na

grafeÐ wc anèlixh Itô, k�tw apì orismènec proôpojèseic sunèqeiac kai paragwgisimìthtac

gia th f . Parak�tw ja faneÐ ìti h Sqèsh (2.8) èqei th morf  mÐac SDE, epomènwc

gnwrÐzontac thn SDE pou perigr�fei th metabol  thc x(t), upologÐzetai h SDE pou

perigr�fei th metabol  thc f(x(t), t).
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2.4 Stoqastikèc Diaforikèc Exis¸seic (SDE): Perigraf 

2.4 Stoqastikèc Diaforikèc Exis¸seic (SDE): Pe-

rigraf 

Sthn enìthta aut  perigr�fetai h morf  kai h ènnoia mÐac SDE.

Orismìc 12. (Stoqastik  Diaforik  ExÐswsh (SDE))

Wc SDE anafèretai mÐa exÐswsh thc morf c:

dx(t) = b(t, x(t))dt+ σ(t, x(t))dW (t),

x(0) = ξ, (2.11)

me �gnwsto th stoqastik  anèlixh {x(t), t ∈ [0, T ]} (antÐ gia [0, T ] mporoÔme na èqoume kai
[0,∞)) me timèc ston Rm. Epiplèon, b = (b1, b2, ..., bm), σ = [σij] ènac pÐnakac diast�sewn

m × n me bj : [0, T ] × Rm → R, ∀ j kai σij : [0, T ] × Rm → R, ∀ i, j Borel-metr simec
sunart seic kai {W (t)}t≥0 mÐa n-di�stath kÐnhsh Brown. EpÐshc prèpei na isqÔei ìti

ξ = (ξ1, ξ2, ..., ξm) tuqaÐa metablht  F0 metr simh.

Parat rhsh 2. Shmei¸netai ìti to b(t, x(t)) onom�zetai stigmiaÐa t�sh (drift) thc

SDE kai to σ(t, x(t)), onom�zetai stigmiaÐa metablhtìthta (diffusion coefficient) thc

SDE pou antistoiqeÐ sth stigmiaÐa t�sh. Epiprìsjeta den gÐnetai na grafteÐ dW (t)
dt

giatÐ

h kÐnhsh Brown, W (t), den eÐnai poujen� paragwgÐsimh me pijanìthta 1 [7].

Parat rhsh 3. H ermhneÐa kat� Itô thc SDE (2.11) eÐnai ìti h stoqastik  anèlixh

{x(t), t ∈ [0, T ]} ikanopoieÐ th stoqastik  oloklhrwtik  exÐswsh:

x(t) = ξ +

∫ t

0

b(s, x(s))ds+

∫ t

0

σ(s, x(s))dW (s). (2.12)

Met� thn perigraf  twn SDE anakÔptoun erwt mata sqetik� me thn Ôparxh kai thn

monadikìthta twn lÔsewn touc, tic idiìthtec twn lÔse¸n touc kaj¸c epÐshc kai ton trìpo

epÐlushc twn SDE. Ja prèpei na shmeiwjeÐ ìti kleidÐ gia thn epÐlush poll¸n SDE apo-

teleÐ h fìrmoula tou Itô (Enìthta 2.3) [1]. Gia par�deigma, an jewrhjeÐ h (monodi�stath)

SDE:

dx(t) = 2x(t)dt+ 2x(t)dW (t),

x(0) = 1. (2.13)

Tìte, h stoqastik  anèlixh x(t) = e2W (t), t ≥ 0, thn epalhjeÔei, gegonìc pou mporeÐ

eÔkola na deiqteÐ me efarmog  thc fìrmoulac tou Itô (Sqèsh (2.8)) sth stoqastik  anèlixh

{W (t), t ≥ 0} me f(x(t), t) = e2x(t) t ≥ 0} [3].
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2.5 SDE: 'Uparxh & Monadikìthta thc LÔshc

Oi problhmatismoÐ autoÐ ja apotelèsoun to antikeÐmeno melèthc twn epìmenwn enot -

twn tou kefalaÐou.

2.5 SDE: 'Uparxh & Monadikìthta thc LÔshc

Sthn paroÔsa enìthta, afoÔ oristeÐ h ènnoia thc isqur c lÔshc kai thc monadikìtht�c

thc kaj¸c kai thc asjenoÔc lÔshc, paratÐjentai orismèna jewr mata, h ikanopoÐhsh twn

apait sewn twn opoÐwn, exasfalÐzei thn Ôparxh kai th monadikìthta isqur c lÔshc thc

SDE.

Orismìc 13. (Isqur  lÔsh thc SDE (2.11) ([3], Kef. 5, Sel. 163))

JewreÐtai mÐa n-di�stath kÐnhsh Brown, (Ω,F ,P,Ft,W (t)), kai mÐa tuqaÐa metablht 

ξ = (ξ1, ξ2, ..., ξm) pou eÐnai F0 metr simh. Onom�zetai isqur  lÔsh thc SDE (2.11) (me

arqik  sunj kh ξ), mÐa stoqastik  anèlixh x = {x(t), t ∈ [0, T ]} (mporeÐ na isqÔei kai

t ∈ [0,∞)) pou ikanopoieÐ tic parak�tw apait seic:

• H x èqei suneqeÐc troqièc.

• H x eÐnai Ft-prosarmosmènh.

• P(x(0) = ξ) = 1.

• P
(∫ t

0

(∣∣bi(s, x(s))∣∣+ σ2
ij(s, x(s))

)
ds <∞

)
= 1, ∀ t ∈ [0, T ], i ∈ {1, ...,m}, j ∈

{1, ..., n}.

• IsqÔei P-σ.b. h Sqèsh (2.12), gia k�je t ∈ [0, T ].

Orismìc 14. (Isqur  monadikìthta lÔshc thc SDE ([3], Kef. 5, Sel. 163))

H isqur  monadikìthta isqÔei ìtan dÔo isqurèc lÔseic thc SDE (2.11), x, x′ me arqi-

k  sunj kh ξ, eÐnai mh-diakrinìmenec (Par�rthma Aþ) gia opoiad pote kÐnhsh Brown,

(Ω,F ,P,Ft,W (t)) (gia k�je dhlad  q¸ro pijanìthtac (Ω,F ,P)) kai opoiad pote F0 me-

tr simh tuqaÐa metablht  (arqik  sunj kh) ξ.

Orismìc 15. (Asjen c lÔsh thc SDE (2.11) ([3], Kef. 5, Sel. 163))

JewreÐtai èna mètro pijanìthtac µ sto (Rm,Bn). Ja lègetai ìti h SDE (2.11) èqei asjen 

lÔsh me arqik  katanom  µ, ìtan up�rqei q¸roc pijanìthtac (Ω,F ,P,Ft), kai èna zeÔgoc

stoqastik¸n anelÐxewn (x, W ) dhl. x = {x(t)}t≥0, W = {W (t), t ≥ 0} orismènwn sto

[0, T ] × Ω (mporeÐ na isqÔei kai [0,∞)) me timèc sta Rm, Rn antÐstoiqa ètsi ¸ste na

isqÔoun ta parak�tw:

• H x eÐnai suneq c.
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2.5 SDE: 'Uparxh & Monadikìthta thc LÔshc

• H x eÐnai Ft-prosarmosmènh.

• H W eÐnai Ft-kÐnhsh Brown.

• H katanom  thc x(0) eÐnai µ.

• IsqÔei P- σ.b. h Sqèsh (2.12), gia k�je t ∈ [0, T ].

• P
(∫ t

0

(∣∣b(s, x(s))∣∣+ ∣∣σ(s, x(s))∣∣2) ds <∞
)
= 1, ∀ t ∈ [0, T ],

ìpou genik� isqÔei ìti
∣∣b(s, x(s))∣∣ =√∑m

i=1 b
2
i (s, x(s)),

∣∣σ(s, x(s))∣∣2 =∑m
i=1

∑n
j=1 σ

2
ij(s, x(s)),.

AkoloÔjwc, paratÐjetai to je¸rhma tou Itô gia thn Ôparxh kai monadikìthta isqur c

lÔshc thc SDE (2.11).

Je¸rhma 2. (Je¸rhma tou Itô ([3], Kef. 5, Sel. 168))

'Estw ìti oi sunart seic b, σ thc SDE (2.11) ikanopoioÔn tic parak�tw apait seic:

∣∣b(t, x)− b(t, y)
∣∣+ ∣∣σ(t, x)− σ(t, y)

∣∣ ≤ K
∣∣x− y

∣∣ (Lipchitz condition) (2.14)∣∣b(t, x)∣∣2 + ∣∣σ(t, x)∣∣2 ≤ L(1 +
∣∣x∣∣2) (growth condition) (2.15)

gia ìla ta t ≥ 0, x ∈ Rm, y ∈ Rm, ìpou K, L > 0. 'Estw mÐa n-di�stath kÐnhsh Brown,

(Ω,F ,P,Ft,W (t)) kai ξ = (ξ1, ξ2, ..., ξm), F0 metr simh me E
∣∣ξ∣∣2 < ∞, tìte, up�rqei

isqur  lÔsh thc SDE (2.11). H lÔsh aut  x(t) eÐnai monadik  kai gia tuqìn T > 0, ja

isqÔei E(|x(t)|2) ≤ N
(
1 + E

∣∣ξ∣∣2) eNt, 0 ≤ t ≤ T kai N exart¸menh apì ta L, T .

Ta sumper�smata tou Jewr matoc tou Itô alhjeÔoun kai ìtan h Sunj kh (2.14)

antikatastajeÐ apì thn {gia k�je n ∈ N up�rqei stajer� Kn > 0 ¸ste na isqÔei∣∣b(t, x) − b(t, y)
∣∣ + ∣∣σ(t, x) − σ(t, y)

∣∣ ≤ Kn

∣∣x − y
∣∣ gia ìla ta t ≥ 0, |x| ≤ n, |y| ≤ n}.

Ja prèpei na shmeiwjeÐ ìti h sunj kh aut  exasfalÐzei th monadikìthta thc lÔshc en¸ h

Ôparxh exasfalÐzetai me thn prosj kh thc Sunj khc (2.15), pou onom�zetai kai {sunj kh

an�ptuxhc} kaj¸c exasfalÐzei ìti den ja up�rxei èkrhxh thc lÔshc [3].

Sth sunèqeia paratÐjetai to je¸rhma Ôparxhc kai monadikìthtac twn Y amada−Watanabe,

to opoÐo antikajist� th Sunj kh (2.14) tou Jewr matoc tou Itô me mÐa asjenèsterh, w-

stìso orÐzetai mìno gia mÐa di�stash.

Je¸rhma 3. (Je¸rhma tou Y amada−Watanabe ([3], Kef. 5, Sel. 174))

'Estw ìti oi sunart seic b, σ : [0,∞)× R → R thc SDE (2.11) ikanopoioÔn tic parak�tw

apait seic:

∣∣b(t, x)∣∣2 + ∣∣σ(t, x)∣∣2 ≤ L(1 +
∣∣x∣∣2), (2.16)∣∣b(t, x)− b(t, y)

∣∣ ≤ p
(
|x− y|

)
, (2.17)∣∣σ(t, x)− σ(t, y)

∣∣ ≤ h
(
|x− y|

)
, (2.18)
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2.6 Grammikèc SDE: Orismìc & EpÐlush

gia ìla ta t ≥ 0, x ∈ R, y ∈ R, ìpou L > 0 kai p, h : [0,∞) → [0,∞) eÐnai sunart seic

me tic parak�tw idiìthtec:

• p:gnhsÐwc aÔxousa, koÐlh me p(0) = 0 kai
∫
(0,ε)

1
p(s)

ds = ∞, ∀ ε > 0.

• h:gnhsÐwc aÔxousa me h(0) = 0 kai
∫
(0,ε)

1
h2(s)

ds = ∞, ∀ ε > 0.

'Estw mÐa 1-di�stath kÐnhsh Brown, (Ω,F ,P,Ft,W (t)) kai ξ, F0 metr simh tuqaÐa

metablht  me E
∣∣ξ∣∣2 <∞, tìte, up�rqei monadik  isqur  lÔsh thc SDE (2.11) (m = n =

1),

x(t) = ξ +

∫ t

0

b(s, x(s))ds+

∫ t

0

σ(s, x(s))dW (s), t ≥ 0.

2.6 Grammikèc SDE: Orismìc & EpÐlush

H 1-di�stath grammik  SDE èqei th morf :

x(t) = x(0) +

∫ t

0

[b1(s)x(s) + b2(s)]ds+

∫ t

0

[σ1(s)x(s) + σ2(s)]dW (s), (2.19)

ìpou b1(s), b2(s), σ1(s), σ2(s) eÐnai sunart seic tou qrìnou s.

H lÔsh thc grammik c SDE dÐnetai apì thn parak�tw sqèsh:

x(t) = eY (t)

(
x(0) +

∫ t

0

[b2(s)− σ1(s)σ2(s)]e
−Y (s)ds+

∫ t

0

σ2(s)e
−Y (s)dW (s)

)
, (2.20)

Y (t) =

∫ t

0

[b1(s)−
1

2
σ2
1(s)]ds+

∫ t

0

σ1(s)dW (s).

AkoloÔjwc paratÐjetai h apìdeixh tou parap�nw tÔpou mèsa apì thn opoÐa skiagrafeÐtai

kai to genikìtero pneÔma thc mejodologÐac epÐlushc SDE.

Apìdeixh. (TÔpoc lÔshc grammik c SDE (2.20))

• Arqik� elègqetai h ikanopoÐhsh twn apait sewn tou jewr matoc Itô gia thn Ôparxh

kai monadikìthta isqur c lÔshc.

H grammik  SDE (2.19) èqei th morf  thc SDE (2.11) me m = n = 1 kai b(s, x) =

b1(s)x(s) + b2(s), σ(s, x) = σ1(s)x(s) + σ2(s). Epomènwc:

|b(s, x)− b(s, y)|+ |σ(s, x)− σ(s, y)| ≤ (|b1(s)|+ |σ1(s)|)|x− y|,

b2(s, x) + σ2(s, x) ≤ 2(b21(s) + σ2
1(s))x

2 + 2(b22(s) + σ2
2(s)).
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2.7 SDE: Eidik� Jewr mata & Idiìthtec

Apì tic parap�nw sqèseic katal goume ìti an gia k�je T > 0, up�rqeiMT > 0, ètsi

¸ste sups∈[0,T ](|b1(s)| + |σ1(s)|) ≤ MT , sups∈[0,T ](|b2(s)| + |σ2(s)|) ≤ MT , tìte apì

to je¸rhma tou Itô h SDE (2.20) èqei monadik� isqur  lÔsh sto [0, T ], ∀ T > 0,

�ra kai sto [0,∞).

• AkoloÔjwc ja epilujeÐ h SDE (2.20) upì thn parap�nw upìjesh. Jètoume

F (t) = e−Y (t), t ≥ 0,

me

Y (t) =

∫ t

0

[b1(s)−
1

2
σ2
1(s)]ds+

∫ t

0

σ1(s)dW (s).

Efarmìzoume th fìrmoula tou Itô gia th stoqastik  anèlixh {Y (t), t ≥ 0} kai th

sun�rthsh f(x) = e−x, apì thn opoÐa prokÔptei:

F (t) = 1 +

∫ t

0

[(−b1(s) + σ2
1(s))F (s)]ds+

∫ t

0

(−σ1(s))F (s)dW (s).

Sth sunèqeia efarmìzoume th fìrmoula tou Itô gia ton pollaplasiasmì twn dÔo

stoqastik¸n anelÐxewn Itô, F (t), x(t) (h x(t) dÐnetai apì th Sqèsh (2.19)) [3], kai

prokÔptei ìti:

F (t)x(t) = x(0) +

∫ t

0

[
(−b1(s) + σ2

1(s))F (s)x(s) + (b1(s)x(s) + b2(s))F (s)−

(σ1(s)x(s) + σ2(s))σ1(s)F (s)

]
ds+

∫ t

0

[(σ1(s)x(s) + σ2(s))F (s)− σ1(s)F (s)x(s)]dW (s)

= x(0) +

∫ t

0

[b2(s)− σ1(s)σ2(s)]F (s)ds+

∫ t

0

σ2(s)F (s)dW (s),

(2.21)

apì ìpou me antikat�stash F (t) = e−Y (t) prokÔptei h lÔsh thc SDE (2.20).

2.7 SDE: Eidik� Jewr mata & Idiìthtec

Sthn enìthta aut  paratÐjentai epilegmèna jewr mata gia tic idiìthtec twn lÔsewn twn

SDE [4].

Je¸rhma 4. (Je¸rhma sÔgkrishc -Y amada ([3], Kef. 5, Sel. 181))

'Estw mÐa 1-di�stath kÐnhsh Brown, (Ω,F ,P,Ft,W (t)) kai Ft-prosarmosmènec suneqeÐc
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2.7 SDE: Eidik� Jewr mata & Idiìthtec

stoqastikèc anelÐxeic x1(t) kai x2(t), t ≥ 0, gia tic opoÐec gia k�je t ≥ 0 isqÔei:

xj(t) = xj(0) +

∫ t

0

bj(s, x
j(s))ds+

∫ t

0

σ(s, xj(s))dW (s), t ≥ 0, j = 1, 2, (2.22)

ìpou b1, b2 : [0,∞) × R → R, suneqeÐc sunart seic gia tic opoÐec isqÔei ìti b1(t, x) <

b2(t, x), ∀ t ≥ 0,∀ x ∈ R. Epiplèon, jewreÐtai ìti h σ : [0,∞) × R → R ikanopoieÐ th

Sunj kh (2.18) tou jewr matoc Y amada−Watanabe (Enìthta 2.5) kai eÐnai suneq c kai

epiprìsjeta x1(0) ≤ x2(0), P-σ.b.
Tìte up�rqei N ∈ F me P(N) = 0 tètoio ¸ste

x1(t, ω) ≤ x2(t, ω) ∀ω ∈ Ω\N, ∀ t.

SÔmfwna me to je¸rhma sÔgkrishc, an dÔo stoqastikèc anelÐxeic thc morf c thc Sqè-

shc (2.22), èqoun thn Ðdia stigmiaÐa metablhtìthta kai h t�sh thc pr¸thc eÐnai mikrìterh

apì thn t�sh thc deÔterhc, tìte h deÔterh ja èqei megalÔterec timèc apì thn pr¸th P-σ.b.
gia k�je qronik  stigm .

Parat rhsh 4. 'Estw ìti isqÔoun oi apait seic tou jewr matoc sÔgkrishc Y amada kai

epiplèon isqÔei h monadikìthta twn isqur¸n lÔsewn kai gia tic dÔo stoqastikèc anelÐxeic

x1(t), x2(t), lÔseic twn SDE

dxj(t) = bj(t, x
j(t))dt+ σ(t, xj(t))dW (t), j = 1, 2. (2.23)

Tìte ta sumper�smata tou jewr matoc sÔgkrishc Y amada isqÔoun kai sthn perÐptwsh

ìpou b1(t, x) ≤ b2(t, x), ∀ t ≥ 0,∀ x ∈ R. Ja prèpei na shmeiwjeÐ ìti gia na isqÔei

h monadikìthta thc lÔshc ja prèpei epiplèon na ikanopoieÐtai kai h Sunj kh (2.17) tou

jewr matoc Y amada−Watanabe (Enìthta 2.5). To parap�nw apodeiknÔetai sto Je¸rhma

1.3 thc anafor�c [4].

Je¸rhma 5. (Je¸rhma mègisthc kai el�qisthc lÔshc thc SDE (2.11)-Y amada [4])

'Estw ìti gia tic b(t, x), σ(t, x) thc SDE (2.11) isqÔei ìti eÐnai suneqeÐc wc proc (t, x) gia

(t, x) ∈ [0,∞) × R kai up�rqei mÐa jetik  kai aÔxousa sun�rthsh ρ(u), u ∈ [0,∞), gia

thn opoÐa isqÔei ∣∣σ(t, x)− σ(t, y)
∣∣ ≤ ρ

(
|x− y|

)
∀ x, y ∈ R,

kai
∫
0+
ρ−2(u)du = ∞. Tìte, h SDE (2.11), èqei mègisth kai el�qisth lÔsh. Sugke-

krimèna, jewr¸ntac dosmènh thn arqik  sunj kh gia th SDE (2.11), ξ, up�rqoun lÔseic

thc SDE (2.11), xt, xt , me x0 = x0 = ξ, ètsi ¸ste gia k�je lÔsh xt thc SDE (2.11) me

x0 = ξ, na isqÔei xt ≤ xt ≤ xt gia k�je t.
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2.8 Epèktash OrismoÔ twn SDE me TuqaÐouc Suntelestèc

2.8 Epèktash OrismoÔ twn SDE me TuqaÐouc Sun-

telestèc

Sthn paroÔsa enìthta ja melethjeÐ ènac tÔpoc SDE pou emfanÐzetai sta probl mata

StoqastikoÔ Bèltistou Elègqou, o opoÐoc apoteleÐ to basikì antikeÐmeno thc metaptu-

qiak c ergasÐac. Sugkekrimèna, sthn SDE (2.11), oi suntelestèc b, σ, exart¸ntai mìno

emmèswc apì to deÐgma ω, dhlad  mèsa apì th stoqastik  anèlixh {x(t)}t≥0, kai ìqi �me-

sa. Epomènwc, orÐzetai h SDE sthn opoÐa oi suntelestèc b, σ, exart¸ntai �mesa apì to

deÐgma ω wc akoloÔjwc:

dx(t, ω) = b(t, x(t), ω)dt+ σ(t, x(t), ω)dW (t),

x(0, ω) = ξ(ω). (2.24)

Se aut  thn perÐptwsh, h SDE orÐzetai se èna dosmèno q¸ro pijanìthtac (Ω,F ,P),

kaj¸c ta b, σ ja prèpei na dÐnontai ek twn protèrwn. 'Etsi, den èqei nìhma h asjen c

lÔsh (orismìc sthn Enìthta 2.5) gia thn SDE (2.24).

Orismìc 16. (Orismìc SDE me tuqaÐouc suntelestèc ([5], Kef. 1, Sel. 48))

JewroÔntai ta ex c: b : [0,∞)×Rm×Ω → Rm kai σ : [0,∞)×Rm×Ω → Rm×n se dosmèno

q¸ro pijanìthtac me diÔlish (Ω,F ,P,Ft) kai mÐa n-di�stath tupik  Ft-kÐnhsh Brown,

W (t). 'Estw akìmh mÐa tuqaÐa metablht  ξ = (ξ1, ξ2, ..., ξm) pou eÐnai F0 metr simh.

Onom�zetai lÔsh thc SDE (2.24), mÐa stoqastik  anèlixh x = {x(t), t ∈ [0,∞)} pou

ikanopoieÐ tic parak�tw apait seic:

• H x eÐnai suneq c.

• H x eÐnai Ft-prosarmosmènh.

• x(0) = ξ, P-σ.b.

•
∫ t

0

(∣∣b(s, x(s, ω), ω)∣∣+ ∣∣σ(s, x(s, ω), ω)∣∣2) ds <∞, ∀ t ≥ 0, P-σ.b., ω ∈ Ω.

• IsqÔei P-σ.b. h parak�tw Sqèsh, gia k�je t ≥ 0.

x(t, ω) = ξ(ω) +

∫ t

0

b(s, x(s, ω), ω)ds+

∫ t

0

σ(s, x(s, ω), ω)dW (s, ω). (2.25)

Parat rhsh 5. Ja prèpei na shmeiwjeÐ ìti h lÔsh thc SDE (2.24) den qarakthrÐzetai

wc isqur    asjen c kaj¸c ìpwc proanafèrjhke den èqei nìhma o orismìc thc asjenoÔc

lÔshc. Epiprìsjeta, o orismìc thc monadikìthtac thc lÔshc, prosarmìzetai ¸ste na

anafèretai mìno ston ek twn protèrwn orismèno q¸ro pijanìthtac, ìpwc parak�tw.
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2.8 Epèktash OrismoÔ twn SDE me TuqaÐouc Suntelestèc

Orismìc 17. (Monadikìthta lÔshc thc SDE (2.24) ([5], Kef. 1, Sel. 49))

H monadikìthta isqÔei ìtan dÔo lÔseic thc SDE (2.24), x, x′, orismènec sto q¸ro pija-

nìthtac (Ω,F ,P,Ft) me thn Ft-kÐnhsh Brown, W (t) eÐnai mh-diakrinìmenec (Par�rthma

Aþ).

Parak�tw, paratÐjetai je¸rhma Ôparxhc kai monadikìthtac gia thn SDE (2.24) pou

dÐnetai sthn anafor� [5] (Je¸rhma 6.16, Kef. 1, Sel. 49).

Je¸rhma 6. (Je¸rhma Ôparxhc kai monadikìthtac thc lÔshc gia thn SDE (2.24) ([5],

Kef. 1, Sel. 49))

'Estw ìti ikanopoioÔntai oi parak�tw apait seic: H x an kei sto Wm = C([0,∞),Rm)

(suneqeÐc sunart seic orimènec sto [0,∞) me timèc sto Rm) kai oi b(., x, .), σ(., x, .) eÐ-

nai Ft-prosarmosmènec stoqastikèc anelÐxeic gia k�je x. Epiplèon gia k�je tim  tou ω

isqÔei ìti oi b(., ., ω), σ(., ., ω) an koun sto sÔnolo twn {B(Wm
t )}t≥0- proodeutik� metr -

simwn sunart sewn [5] orismènec sto [0,∞)×Wm me timèc sta Rm, Rm×n, antistoÐqwc.

Epiplèon èstw ìti isqÔoun ta ex c:

∣∣b(t, x(.), ω)− b(t, y(.), ω)
∣∣+ ∣∣σ(t, x(.), ω)− σ(t, y(.), ω)

∣∣ ≤ L
∣∣x(.)− y(.)

∣∣
Wm , (2.26)

E

∫ T

0

{∣∣b(t, 0, ω)∣∣+ ∣∣σ(t, 0, ω)∣∣}2 dt <∞, ∀ T > 0, (2.27)

ìpou
∣∣b(t, 0, ω)∣∣+ ∣∣σ(t, 0, ω)∣∣ eÐnai Ft-prosarmosmènh stoqastik  anèlixh me timèc sto R.

Tìte gia k�je arqik  sunj kh tuqaÐa metablht  ξ, F0-metr simh me E|ξ|l <∞, ∀ l ≥ 1

h SDE (2.24) èqei monadik  lÔsh kat� trìpon ¸ste gia k�je T > 0 na isqÔei:

E max
0≤s≤T

∣∣x(s)∣∣l ≤ KT (1 + E|ξ|l), (2.28)

E
∣∣x(s)− x(t)

∣∣l ≤ KT (1 + E|ξ|l)|t− s|
l
2 , ∀ s, t ∈ [0, T ]. (2.29)

Epiprìsjeta, an ξ̂ eÐnai mÐa �llh arqik  sunj kh pou ikanopoieÐ tic Ðdiec apait seic me

thn ξ kai x̂(t) h antÐstoiqh lÔsh thc SDE (2.24), tìte mporeÐ na apodeiqteÐ ìti:

E max
0≤s≤T

∣∣x(s)− x̂(s)
∣∣l ≤ KTE|ξ − ξ̂|l. (2.30)

H lÔsh thc grammik c SDE pou paratÐjetai sthn Enìthta 2.6 isqÔei kai sthn perÐptwsh

ìpou oi suntelestèc eÐnai tuqaÐoi [3].
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2.9 Arijmhtik  EpÐlush SDE

2.9 Arijmhtik  EpÐlush SDE

Sthn paroÔsa enìthta ja anaptuqjoÔn mejodologÐec arijmhtik c epÐlushc twn SDE, oi

opoÐec eÐnai idiaÐtera shmantikèc kaj¸c oi SDE brÐskoun plhj¸ra efarmog¸n (biologÐa,

oikonomik�, qhmeÐa, epidhmiologÐa, klp.) wstìso den eÐnai p�nta eÔkolh h epÐlus  touc.

Mèsw thc arijmhtik c epÐlushc twn SDE prokÔptoun timèc pou proseggÐzoun tic timèc

twn lÔsewn twn SDE kai mporoÔn na qrhsimopoihjoÔn se prosomoi¸seic susthm�twn

pou perilamb�noun SDE oi opoÐec den epilÔontai eÔkola me kleistì tÔpo. To ulikì thc

paroÔsac enìthtac, sthrÐzetai stic dhmosieÔseic [7],[8].

2.9.1 Diakritopoihmènh KÐnhsh Brown

Sthn upoenìthta aut  ja oristeÐ h kÐnhshBrown sto di�sthma [0, T ], se diakritèc qronikèc

stigmèc t. Sugkekrimèna, tÐjetai δt = T
N

gia k�poio jetikì akèraio N pou kajorÐzei tic

diakritèc qronikèc stigmèc stic opoÐec ja upologisteÐ h kÐnhsh Brown. Tìte h kÐnhsh

Brown ja upologisteÐ stic qronikèc stigmèc tj = jδt, j = 1...N wc ex c:

W (0) = 0,

W (tj) = W (tj−1) + dW (tj), j = 1...N, (2.31)

ìpou oi dW (tj) j = 1...N eÐnai anex�rthtec tuqaÐec metablhtèc thc morf c
√
δtN(0, 1).

Gia eukolÐa sthn parousÐash h W (tj) ja gr�fetai wc Wj. AkoloÔjwc, parousi�zontai

dÔo graf mata me 5 ulopoi seic thc kÐnhshc Brown èkasto (dhlad  gia diaforetikèc

akoloujÐec tuqaÐwn metablht¸n dW (tj) j = 1...N) gia dÔo diaforetikèc timèc tou N kai

T = 1 (Sq mata 2.1, 2.2). 'Oso megal¸nei h tim  tou N kai �ra aux�netai h diakritopoÐhsh

(dhlad  o arijmìc twn shmeÐwn upologismoÔ thc kÐnhshc Brown) h proseggistik  kampÔlh

proseggÐzei perissìtero to pragmatikì monop�ti thc kÐnhshc Brown, me to antÐstoiqo

kìstoc sto qrìno upologismoÔ pou aux�netai gia meg�lec timèc tou N . Gia thn ulopoÐhsh

tou k¸dika qrhsimopoi jhke MATLAB.

2.9.2 Upologismìc Stoqastik¸n Oloklhrwm�twn

O arijmhtikìc upologismìc twn stoqastik¸n oloklhrwm�twn pragmatopoieÐtai kat� ana-

logÐa me ton arijmhtikì upologismì twn nteterministik¸n oloklhrwm�twn. Sugkekrimèna,

to olokl rwma
∫ t

0
h(t)dt proseggÐzetai apì to �jroisma Riemann:

∫ t

0

h(t)dt ≃
N−1∑
j=0

h(tj)(tj+1 − tj), tj = jδt, (2.32)
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Sq ma 2.1: Arijmhtik  prosomoÐwsh thc kÐnhshc Brown me N = 29.
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Sq ma 2.2: Arijmhtik  prosomoÐwsh thc kÐnhshc Brown me N = 215.

ìpou h isìthta orÐzetai gia to ìrio δt→ 0.

Me thn Ðdia logik , to stoqastikì olokl rwma Itô,
∫ t

0
h(t)dW (t), proseggÐzetai arij-

mhtik� apì to �jroisma:

∫ t

0

h(t)dW (t) ≃
N−1∑
j=0

h(tj)(Wj+1 −Wj), tj = jδt. (2.33)

AkoloÔjwc, ja melethjoÔn dÔo mèjodoi gia thn arijmhtik  epÐlush twn SDE thc morf c:

dx(t) = b(t, x(t))dt+ σ(t, x(t))dW (t),

x(0) = ξ, 0 ≤ t ≤ T, (2.34)

onomastik� h Euler −Maruyama kai h Milstein. Proc aut  thn kateÔjunsh, ja prèpei

na diakritopoihjeÐ to di�sthma [0, T ]. JewreÐtai ìti ∆t = T
L
gia èna jetikì akèraio L.

Epiplèon jewroÔntai oi qronikèc stigmèc τj = j∆t, j = 1 : L kai oi timèc thc lÔshc
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2.9 Arijmhtik  EpÐlush SDE

thc SDE (2.34), upologismènec arijmhtik�, tic qronikèc stigmèc τj, j = 1 : L, x(τj) pou

sumbolÐzontai gia suntomÐa wc xj.

2.9.3 H Mèjodoc Euler −Maruyama

Perigraf  thc Mejìdou

H mèjodoc Euler−Maruyama gia thn arijmhtik  prosèggish thc lÔshc thc SDE (2.34)

èqei th morf :

xj = xj−1 + b(τj−1, xj−1)∆t+ σ(τj−1, xj−1)(W (τj)−W (τj−1)), j = 1...L. (2.35)

H mèjodoc Euler−Maruyama thc Sqèshc (2.35) prokÔptei apì thn oloklhrwtik  morf 

thc SDE (2.34):

x(τj) = x(τj−1) +

∫ τj

τj−1

b(t, x(t))dt+

∫ τj

τj−1

σ(t, x(t))dW (t), j = 1...L, (2.36)

an antistoiqhjeÐ/proseggisteÐ k�je ènac apì touc treic ìrouc sto dexiì tm ma thc Sqèshc

(2.36) me k�je ènan apì touc ìrouc sto dexiì tm ma thc Sqèshc (2.35), ìpou∆t = τj−τj−1.

Ja prèpei na shmeiwjeÐ ìti jewreÐtai ìti to di�sthma diakritopoÐhshc gia thn arijmhtik 

mèjodo Euler −Maruyama, ∆t epilègetai wc pollapl�sio tou diast matoc diakritopoÐ-

hshc thc kÐnhshc Brown, δt, dhlad  ∆t = Rδt, R > 0, ètsi ¸ste ta shmeÐa sta opoÐa

upologÐzetai h diakritopoihmènh kÐnhsh Brown na emperièqoun ta shmeÐa upologismoÔ thc

lÔshc mèsw Euler −Maruyama. An wstìso dÐnetai analutikì monop�ti gia thn kÐnhsh

Brown, tìte arkeÐ aujaÐreta mikr  tim  gia to ∆t.

Par�deigma Efarmog c

Sthn paroÔsa upoenìthta ja efarmosteÐ h mèjodoc Euler−Maruyama gia ton arijmhtikì

upologismì thc lÔshc thc grammik c diaforik c (me qr sh MATLAB):

dx(t) = λx(t)dt+ µx(t)dW (t), (2.37)

ìpou λ, µ eÐnai pragmatikèc stajerèc. EÐnai gnwstì ìti h akrib c lÔsh thc SDE (2.37)

[7] (upologÐzetai kai me b�sh thn Enìthta 2.6), isoÔtai me:

x(t) = x(0)e(λ−
1
2
µ2)t+µW (t). (2.38)

H gn¸sh thc akriboÔc lÔshc thc SDE (2.37) epitrèpei th sÔgkrish an�mesa stic akribeÐc

timèc lÔsewn me ekeÐnec pou upologÐzontai arijmhtik�. H sÔgkrish aut  apeikonÐzetai sto
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2.9 Arijmhtik  EpÐlush SDE

di�gramma 2.3 kai anafèretai sto Ðdio monop�ti thc kÐnhshcBrown kai gia tic dÔo kampÔlec.

ParathreÐtai ìti to sf�lma lìgw tou arijmhtikoÔ upologismoÔ eÐnai ikanopoihtik� mikrì.

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

Time

X
(t

) 
va

lu
es

 

 

Precice value for X(t)

Numerical computation

Sq ma 2.3: Arijmhtik  prosomoÐwsh thc lÔshc thc SDE (2.37) me th mèjodo Euler −
Maruyama kai sÔgkrish me thn pragmatik  (akrib ) lÔsh.

2.9.4 H Mèjodoc Milstein

Perigraf  thc Mejìdou

H mèjodoc Milstein gia thn arijmhtik  prosèggish thc lÔshc thc SDE (2.34) èqei th

morf :

xj = xj−1 + b(τj−1, xj−1)∆t+ σ(τj−1, xj−1)(W (τj)−W (τj−1)) +

1

2
σ(τj−1, xj−1)

ϑσ

ϑx
(τj−1, xj−1)((W (τj)−W (τj−1))

2 −∆t), j = 1...L. (2.39)

H mèjodoc Milstein epitugq�nei kalÔterh sÔgklish sth lÔsh thc SDE (2.34), sugkri-

tik� me thn Euler −Maruyama, ìso to di�sthma diakritopoÐhshc ∆t teÐnei sto mhdèn,

ìpwc epexhgeÐtai sthn epìmenh upoenìthta. ProkÔptei apì thn apokop  thc fìrmoulac

Itô− Taylor, h opoÐa ousiastik� eÐnai h prosarmog  tou anaptÔgmatoc Taylor mèsw thc

fìrmoulac tou Itô gia to stoqastikì logismì.

Par�deigma Efarmog c

Sthn paroÔsa upoenìthta efarmìzetai h mèjodocMilstein gia ton arijmhtikì upologismì

thc lÔshc thc grammik c diaforik c (me qr sh MATLAB) gia to par�deigma thc SDE

(2.37) me to opoÐo exet�sthke kai h mèjodoc Euler−Maruyama. Ta apotelèsmata faÐnon-

tai sto Sq ma 2.4. SugkrÐnontac ta Sq mata 2.3, 2.4 gia tic mejìdouc Euler−Maruyama,
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2.9 Arijmhtik  EpÐlush SDE

Milstein antÐstoiqa, mporeÐ na parathrhjeÐ ìti h mèjodoc Milstein proseggÐzei thn a-

krib  lÔsh thc SDE (2.37) me mikrìtero sf�lma, gegonìc pou sundèetai me thn kalÔterh

sÔgklish pou epitugq�nei h Milstein.
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Sq ma 2.4: Arijmhtik  prosomoÐwsh thc lÔshc thc SDE (2.37) me th mèjodo Milstein kai
sÔgkrish me thn pragmatik  (akrib ) lÔsh.

2.9.5 Isqur  & Asjen c SÔgklish twn Arijmhtik¸n Me-

jìdwn

Sthn enìthta aut , ja melethjeÐ h sÔgklish thc diakritopoihmènhc lÔshc thc SDE (2.34)

xn, n = 1 : L sth suneq  (kanonik ) lÔsh thc SDE (2.34) x(t), t ∈ [0, T ]. Sugkekrimèna

ja metrhjeÐ h diafor� an�mesa stic xn, x(τ) gia dosmèno n kai τ = n∆t ∈ [0, T ], me ∆t

arket� mikrì. Proc aut  thn kateÔjunsh orÐzontai dÔo eÐdh sÔgklishc, h isqur  sÔgklish

kai h asjen c sÔgklish.

Sthn isqur  sÔgklish h diafor� an�mesa stic xn, x(τ) metriètai mèsw thc posìthtac

E|xn − x(τ)| wc akoloÔjwc:

Orismìc 18. (Isqur  sÔgklish)

Ja lègetai ìti mÐa mèjodoc èqei isqur  t�xh sÔgklishc Ðsh me γ an up�rqei mÐa stajer�

C tètoia ¸ste:

E|xn − x(τ)| ≤ C∆tγ, (2.40)

gia stajerì τ = n∆t ∈ [0, T ], me ∆t arket� mikrì.

Sqetik� me thn arijmhtik  mèjodo Euler−Maruyama, mporeÐ na deiqteÐ ìti èqei isqur 

t�xh sÔgklishc Ðsh me γ = 1
2
[7]. H arijmhtik  mèjodoc Milstein aux�nei thn isqur  t�xh

sÔgklishc se γ = 1 (h aÔxhsh ofeÐletai sto ìti ∆t < 1), gegonìc pou ofeÐletai sth

stoqastik  diìrjwsh pou prosjètei sth mèjodo Euler −Maruyama, ìpwc faÐnetai sth

Sqèsh (2.39)[7].
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2.9 Arijmhtik  EpÐlush SDE

Apì ta parap�nw prokÔptei ìti h isqur  sÔgklish metr�ei to rujmì me ton opoÐo

to mèso tou sf�lmatoc (|xn − x(τ)|) mei¸netai kaj¸c ∆t → 0. H asjen c sÔgklish

pou perigr�fetai amèswc parak�tw, ekfr�zei mÐa asjenèsterh enallaktik  thc sÔgklishc

metr¸ntac to rujmì me ton opoÐo mei¸netai to sf�lma twn mèswn ìtan ∆t → 0. Sugke-

krimèna,

Orismìc 19. (Asjen c sÔgklish)

Ja lègetai ìti mÐa mèjodoc èqei asjen  t�xh sÔgklishc Ðsh me γ an up�rqei mÐa stajer�

C tètoia ¸ste gia ìlec tic sunart seic p se mÐa kl�sh sunart sewn (p.q., tautotik 

sun�rthsh, genik� ja prèpei na isqÔoun k�poiec sunj kec gia aut  thn kl�sh sunart sewn

ìpwc omalìthta kai poluwnumik  an�ptuxh):

|Ep(xn)− Ep(x(τ))| ≤ C∆tγ, (2.41)

gia stajerì τ = n∆t ∈ [0, T ], me ∆t arket� mikrì.

Tìso h arijmhtik  mèjodocEuler−Maruyama, ìso kai h arijmhtik  mèjodocMilstein

èqoun asjen  t�xh sÔgklishc Ðsh me γ = 1 [8].
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Kef�laio 3

Stoqastikìc Bèltistoc 'Elegqoc

Ta perissìtera pragmatik� sust mata qarakthrÐzontai apì abebaiìthta pou dusqeraÐnei th

l yh apof�sewn gia th beltistopoÐhs  touc, eÐte oi apof�seic pragmatopoioÔntai katane-

mhmèna eÐte kentropoihmèna. O Stoqastikìc Bèltistoc 'Elegqoc melet� th beltistopoÐhsh

susthm�twn pragmatikoÔ kìsmou pou èqoun ta parak�tw qarakthristik�:

• Ta sust mata exelÐssontai sto qrìno kai montelopoioÔntai apì SDE kat� Itô (sÔm-

fwna dhlad  me to montèlo di�qushc - diffusion model). H basik  phg  thc a-

bebaiìthtac sta montèla di�qushc eÐnai o leukìc jìruboc pou antiproswpeÔei th

sunduasmènh epÐdrash poll¸n anex�rthtwn dun�mewn pou droÔn sto sÔsthma.

• Lìgw thc qronometablhtìthtac kai thc tuqaiìthtac twn proc beltistopoÐhsh susth-

m�twn, oi apof�seic eÐnai stoqastikèc diadikasÐec kai sthrÐzontai sthn pio prìsfath

enhmèrwsh sqetik� me thn kat�stash tou sust matoc.

• Ja prèpei na epilegeÐ mèsa apì to sÔnolo twn apodekt¸n elègqwn, h politik  elèg-

qou pou beltistopoieÐ ta apotelèsmata sqetik� me touc stìqouc pou èqoun tejeÐ.

'Opwc kai se �lla probl mata beltistopoÐhshc ja melethjeÐ poièc eÐnai oi aparaÐthtec sun-

j kec pou ja prèpei na plhreÐ mÐa bèltisth politik  elègqou kai potè autèc eÐnai kai ikanèc

¸ste h politik  elègqou na eÐnai bèltisth (  poiec eÐnai ikanèc sunj kec ¸ste mÐa politik 

elègqou na eÐnai bèltisth). Sto parìn kef�laio, ja melethjeÐ kai ja analujeÐ o Stoqa-

stikìc Bèltistoc 'Elegqoc. Arqik� ja dojoÔn oi dunatèc diatup¸seic twn problhm�twn

upì th morf  tou StoqastikoÔ Bèltistou Elègqou (Enìthta 3.1) pou diaqwrÐzontai sthn

isqur  kai asjen  morf . Sth sunèqeia, me b�sh tic diatup¸seic autèc, ja anaptuqjoÔn

kai ja analujoÔn oi dÔo mèjodoi epÐlushc problhm�twn StoqastikoÔ Bèltistou Elègqou,

onomastik�, h Stoqastik  Arq  MegÐstou (Enìthta 3.2) kai o Dunamikìc Programma-

tismìc mèsw thc merik c diaforik c exÐswshc Hamilton − Jacobi − Bellman (Enìthta

3.3).
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3.1 Diatup¸seic Problhm�twn StoqastikoÔ Bèltistou Elègqou

3.1 Diatup¸seic Problhm�twn StoqastikoÔ Bèl-

tistou Elègqou

Pio sugkekrimèna, ta probl mata StoqastikoÔ Bèltistou Elègqou èqoun ta parak�tw

koin� qarakthristik�:

• H kat�stash tou sust matoc montelopoieÐtai wc stoqastik  diadikasÐa kai lÔsh

mÐac SDE kat� Itô.

• Up�rqoun di�forec enallaktikèc efiktèc diadikasÐec elègqou, h epilog  mÐac ek twn

opoÐwn ephre�zei thn kat�stash/dunamik  tou sust matoc, dhl. th morf  thc SDE.

Prìkeitai epomènwc gia mÐa elegqìmenh SDE.

• Up�rqoun periorismoÐ pou dièpoun tic diadikasÐec elègqou kai tic timèc kat�stashc

tou sust matoc.

• Up�rqei èna krit rio epÐdoshc gia tic epilegmènec diadikasÐec elègqou.

Stìqoc eÐnai h beltistopoÐhsh tou krithrÐou epÐdoshc epilègontac th bèltisth efikt  dia-

dikasÐa elègqou metaxÔ ekeÐnwn pou ikanopoioÔn touc periorismoÔc.

Stic dÔo epìmenec upoenìthtec perigr�fontai oi dÔo dunatèc diatup¸seic enìc probl -

matoc StoqastikoÔ Bèltistou Elègqou, me b�sh thn parap�nw perigraf  twn qarakthri-

stik¸n tou. To perieqìmeno twn upoenot twn aut¸n proèrqetai apì to Kef�laio 2 tou

biblÐou [5].

3.1.1 Isqur  DiatÔpwsh

DÐnetai ènac q¸roc pijanìthtac me diÔlish (Ω,F ,P,Ft) pou ikanopoieÐ th sun jh sunj -

kh (Par�rthma Aþ) ston opoÐo orÐzetai mÐa n-di�stath kÐnhsh Brown, W (t), t ∈ [0, T ].

OrÐzetai h parak�tw {Elegqomènh} SDE (ESDE) pou dièpei th metabol  thc stoqasti-

k c anèlixhc x = {x(t)}t∈[0,T ] pou eÐnai m-di�stath kai perigr�fei thn kat�stash tou

sust matoc:

dx(t) = b(t, x(t), u(t))dt+ σ(t, x(t), u(t))dW (t),

x(0) = x0 ∈ Rm, (3.1)

ìpou b : [0, T ]×Rm×U → Rm, σ : [0, T ]×Rm×U → Rm×n, kai U eÐnai ènac diaqwrÐsimoc

metrikìc q¸roc me T ∈ (0,∞) dosmènh stajer�.

H diafor� twn ESDE me tic SDE eÐnai ìti stic ESDE eis�getai h stoqastik  diadika-

sÐa u = {u(t)}t∈[0,T ] stouc suntelestèc t�shc kai metablhtìthtac b, σ antÐstoiqa, h opoÐa
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onom�zetai èlegqoc kai antiproswpeÔei mÐa pr�xh, politik    apìfash twn elegkt¸n tou

sust matoc. Epomènwc h ESDE kat�stashc èqei th morf  thc SDE me tuqaÐouc sun-

telestèc, ìpwc orÐzetai sthn Enìthta 2.8, me thn ènnoia ìti eis�getai tuqaiìthta stouc

suntelestèc b, σ kai ektìc thc stoqastik c diadikasÐac kat�stashc. O elegkt c se k�-

je qronik  stigm  t ≥ 0 eÐnai en meroc sqetik� me to ti èqei sumbeÐ sto sÔsthma wc

th qronik  stigm  aut , ìpwc h gn¸sh aut  sumperilamb�netai sth σ-�lgebra Ft, kai

basizìmenoc se aut  th gn¸sh lamb�nei thn apìfash u(t). Se majhmatikoÔc ìrouc, o

parap�nw periorismìc gn¸shc tou elegkt  (controller) mporeÐ na ekfrasteÐ wc {h u(t)

eÐnai Ft-prosarmosmènh}. 'Etsi, orÐzetai o q¸roc twn {efikt¸n} (feasible) elègqwn wc

ex c:

U [0, T ] , {u : [0, T ]× Ω → U |u is Ft − adapted}. (3.2)

Oi periorismoÐ pou epib�llontai sth stoqastik  anèlixh kat�stashc tou sust matoc ek-

fr�zontai wc akoloÔjwc:

x(t) ∈ S(t), ∀ t ∈ [0, T ],P− σ.β., S(t) : [0, T ] → 2R
n

. (3.3)

Sth sunèqeia, orÐzetai to sunarthsiakì kìstouc to opoÐo apoteleÐ kai to krit rio epÐdoshc

gia thn epilog  thc apìfashc elègqou wc ex c:

J(u) = E

{∫ T

0

f(t, x(t), u(t))dt+ h(x(T ))

}
, (3.4)

ìpou f : [0, T ]× Rm × U → R, h : Rm → R.

Orismìc 20. (Orismìc apodektoÔ (admissible) elègqou, [5])

'Estw ènac q¸roc pijanìthtac me diÔlish (Ω,F ,P,Ft) pou ikanopoieÐ th sun jh sunj kh

(Par�rthma Aþ) ston opoÐo orÐzetai mÐa n-di�stath Ft-kÐnhsh Brown,W (t). 'Enac èlegqoc

u ja lègetai s-apodektìc (s-admissible) kai to zeÔgoc (x, u) ja lègetai s-apodektì zeÔgoc

an isqÔoun ta parak�tw:

• u ∈ U [0, T ].

• H x eÐnai h monadik  lÔsh thc ESDE (3.1) kat� to Je¸rhma 6 thc Enìthtac 2.8.

• IkanopoioÔntai oi apaitoÔmenoi periorismoÐ kat�stashc, thc morf c p.q., thc Sqèshc

(3.3).

• f(., x, u) ∈ L1
F(0, T ;R), h(x(T )) ∈ L1

FT
(Ω;R).

To sÔnolo twn s-apodekt¸n elègqwn sumbolÐzetai me U s
ad[0, T ].
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Orismìc 21. (Prìblhma StoqastikoÔ Bèltistou Elègqou me thn isqur  diatÔpwsh)

ElaqistopoÐhsh tou sunarthsiakoÔ kìstouc pou dÐnetai sth Sqèsh (3.4) wc proc ton èleg-

qo p�nw sto sÔnolo U s
ad[0, T ]. Epomènwc stìqoc eÐnai h eÔresh u∗ ∈ U s

ad[0, T ] (an up�rqei),

¸ste na ikanopoieÐ th sqèsh:

J(u∗) = inf
u∈Us

ad[0,T ]
J(u). (3.5)

An to dexiì tm ma thc Sqèshc (3.5) eÐnai peperasmèno tìte to prìblhma ja onom�zetai

s-peperasmèno. An up�rqei u∗ ∈ U s
ad[0, T ] tìte ja lègetai s-epilÔsimo en¸ an eÐnai kai

monadikì tìte ja lègetai monadik� s-epilÔsimo. K�je u∗ ∈ U s
ad[0, T ] pou ikanopoieÐ th

Sqèsh (3.5) ja onom�zetai s-bèltistoc èlegqoc, en¸ h antÐstoiqh stoqastik  diadikasÐa

kat�stashc x∗ pou epilÔei thn ESDE (3.1) gia èlegqo u∗ ja lègetai s-bèltisth stoqastik 

diadikasÐa kat�stashc.

O ekjèthc s stouc parap�nw sumbolismoÔc sqetÐzetai me thn isqur  (strong) diatÔ-

pwsh, kai ja paraleÐpetai parak�tw an den dhmiourgeÐtai sÔgqush.

3.1.2 Asjen c DiatÔpwsh

Sthn perÐptwsh thc isqur c diatÔpwshc, mporeÐ na parathrhjeÐ amèswc ìti o q¸roc pi-

janìthtac kaj¸c kai h kÐnhsh Brown, (Ω,F ,P,Ft,W (t)) eÐnai dosmèna kai amet�blhta.

Wstìso, up�rqoun peript¸seic stic opoÐec eÐnai pio kat�llhlo o q¸roc pijanìthtac kai h

kÐnhsh Brown na metab�llontai kai na jewroÔntai mèroc twn paramètrwn elègqou. Autì

ja gÐnei fanerì sthn Enìthta 3.3, pou qrhsimopoieÐtai o dunamikìc programmatismìc gia

thn epÐlush tou probl matoc StoqastikoÔ Bèltistou Elègqou arqik� diamorfwmèno sthn

isqur  morf  (Enìthta 3.1.1). Genik� h isqur  diatÔpwsh enìc probl matoc StoqastikoÔ

Bèltistou Elègqou eÐnai ekeÐnh pou prokÔptei praktik�, en¸ h asjen c diatÔpwsh, qrh-

simopoieÐtai san èna bohjhtikì all� apotelesmatikì majhmatikì ergaleÐo gia thn epÐlush

twn problhm�twn me thn isqur  diatÔpwsh.

Orismìc 22. (Orismìc apodektoÔ (admissible) elègqou upì thn asjen  diatÔpwsh)

H ex�da π = (Ω,F ,P,Ft,W (t), u(t)) ja lègetai w-apodektìc èlegqoc kai to zeÔgoc (x, u)

ja lègetai w-apodektì zeÔgoc an isqÔoun ta parak�tw:

• O q¸roc (Ω,F ,P,Ft) eÐnai ènac q¸roc pijanìthtac me diÔlish pou ikanopoieÐ th

sun jh sunj kh.

• H W (t) eÐnai h n-di�stath tupik  kÐnhsh Brown orismènh ston (Ω,F ,P,Ft).

• u ∈ U kai u eÐnai mÐa Ft-prosarmosmènh stoqastik  diadikasÐa ston (Ω,F ,P).
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• H x eÐnai h monadik  lÔsh thc ESDE (3.1) kat� ton orismì tou Jewr matoc 6 thc

Enìthtac 2.8 sto q¸ro pijanìthtac me diÔlish (Ω,F ,P,Ft) kai upì ton èlegqo u

thc ex�dac π.

• IkanopoioÔntai oi apaitoÔmenoi periorismoÐ kat�stashc, p.q., thc morf c thc Sqèshc

(3.3).

• f(., x, u) ∈ L1
F(0, T ;R), h(x(T )) ∈ L1

FT
(Ω;R). Oi q¸roi L1

F(0, T ;R), L1
FT

(Ω;R)
orÐzontai sto dosmèno q¸ro pijanìthtac me diÔlish (Ω,F ,P,Ft) pou sqetÐzetai me

thn ex�da π.

To sÔnolo twn w-apodekt¸n elègqwn sumbolÐzetai me Uw
ad[0, T ].

Orismìc 23. (Prìblhma StoqastikoÔ Bèltistou Elègqou me thn asjen  diatÔpwsh)

ElaqistopoÐhsh tou sunarthsiakoÔ kìstouc pou dÐnetai sth Sqèsh (3.4) wc proc ton èleg-

qo p�nw sto sÔnolo Uw
ad[0, T ]. Epomènwc stìqoc eÐnai h eÔresh π∗ ∈ Uw

ad[0, T ] (an up�rqei),

¸ste na ikanopoieÐ th sqèsh

J(π∗) = inf
π∈Uw

ad[0,T ]
J(π). (3.6)

An to dexiì tm ma thc Sqèshc (3.6) eÐnai peperasmèno tìte to prìblhma ja onom�zetai w-

peperasmèno. An up�rqei π∗ ∈ Uw
ad[0, T ] tìte ja lègetai w-epilÔsimo. K�je π∗ ∈ Uw

ad[0, T ]

pou ikanopoieÐ th Sqèsh (3.6) ja onom�zetai w-bèltistoc èlegqoc, en¸ h antÐstoiqh sto-

qastik  diadikasÐa kat�stashc x∗ pou epilÔei thn ESDE (3.1) gia èlegqo π∗ ja lègetai

w-bèltisth stoqastik  diadikasÐa kat�stashc.

Ja prèpei na shmeiwjeÐ ìti h asjen c diatÔpwsh den efarmìzetai sthn perÐptwsh thc

ESDE kai /  sunarthsiakoÔ kìstouc me tuqaÐouc suntelestèc (b, σ, f, h), dhlad  ìtan oi

teleutaÐoi exart¸ntai �mesa apì to ω ∈ Ω kai ìqi mìno èmmesa mèsw twn stoqastik¸n

diadikasi¸n kat�stashc kai elègqou. Epiplèon, h stoqastik  diadikasÐa elègqou kajist�

tuqaÐouc touc suntelestèc b, σ, f, h sugkritik� me thn ex�rthsh touc mìno apì th stoqa-

stik  diadikasÐa kat�stashc, lìgoc gia ton opoÐo efarmìzetai to Je¸rhma 6 thc Enìthtac

2.8, wstìso h ex�rthsh twn suntelest¸n apì to deÐgma exakoloujeÐ na paramènei èmmesh.

O ekjèthc w stouc parap�nw sumbolismoÔc sqetÐzetai me thn asjen  (weak) diatÔpwsh,

kai ja paraleÐpetai parak�tw an den dhmiourgeÐtai sÔgqush.

Sth sunèqeia perigr�fontai oi dÔo mèjodoi epÐlushc twn problhm�twn StoqastikoÔ

Bèltistou Elègqou [5], [9], ìpou megalÔterh èmfash dÐnetai sth mèjodo DunamikoÔ Pro-

grammatismoÔ (Hamilton − Jacobi − Bellman) kaj¸c eÐnai h pio eÔkola efarmìsimh kai

pio suqn� qrhsimopoioÔmenh stic efarmogèc gia ta asÔrmata dÐktua thlepikoinwni¸n (Ke-

f�laio 4).
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3.2 Mèjodoc EpÐlushc 1: Stoqastik  Arq  Me-

gÐstou

Sthn enìthta aut  ja perigrafeÐ h mèjodoc pou sthrÐzetai sth Stoqastik  Arq  MegÐstou

(Stochastic Maximum Principle) gia thn epÐlush problhm�twn StoqastikoÔ Bèltistou

Elègqou. Katarq�c, h mèjodoc thc Stoqastik c Arq c MegÐstou sthrÐzetai sthn isqur 

diatÔpwsh tou probl matoc StoqastikoÔ Bèltistou Elègqou (Enìthta 3.1.1). Stic dÔo

pr¸tec upoenìthtec den jewroÔntai periorismoÐ kat�stashc. Arqik� ja paratejoÔn oi

proôpojèseic pou prèpei na plhroÔntai apì tic sunart seic apì tic opoÐec sunÐstatai to

prìblhma StoqastikoÔ Bèltistou Elègqou (Enìthta 3.1.1) kai sth sunèqeia ja dojeÐ

h mèjodoc epÐlushc mèsw twn sumplhrwmatik¸n (adjoint) SDE. Tèloc, h mèjodoc ja

epektajeÐ sthn perÐptwsh Ôparxhc periorism¸n kat�stashc. To perieqìmeno aut c thc

enìthtac basÐzetai sthn anafor� [5], Kef�laio 3.

3.2.1 Apait seic gia thn Efarmog  thc Stoqastik c Ar-

q c MegÐstou

Sthn paroÔsa upoenìthta perigr�fontai oi apait seic pou ja prèpei na plhroÔntai apì

tic sunart seic b, σ, f, h thc Enìthtac 3.1.1, gia thn efarmog  thc Stoqastik c Arq c

MegÐstou. Me b�sh thn Enìthta 3.1.1 orÐzontai ta ex c:

b(t, x, u) = (b1(t, x, u), ..., bm(t, x, u))T ,

σ(t, x, u) = (σ1(t, x, u), ..., σn(t, x, u)),

σj(t, x, u) = (σ1j(t, x, u), ..., σmj(t, x, u))T , j = 1...n. (3.7)

Oi aparaÐthtec proôpojèseic gia thn efarmog  thc Stoqastik c Arq c MegÐstou eÐnai oi

ex c:

• (P0) H {Ft}t≥0 eÐnai h diÔlish pou par�getai apì thn kÐnhsh Brown, W (t), prosau-

xhmènh me ta P-ken� sÔnola thc F (orismoÐ sto Par�rthma Aþ).

• (P1) (U, d) eÐnai diaqwrÐsimoc metrikìc q¸roc ìpou d eÐnai sun�rthsh mètrou orismènh

sto q¸ro U kai T > 0.

• (P2) Oi sunart seic b, σ, f, h eÐnai metr simec kai up�rqei mÐa stajer� L > 0 kai

èna mètro sunèqeiac (modulus of continuity [6], metr�ei posotik� thn omoiìmorfh

sunèqeia twn sunart sewn) ω̄ : [0,∞) → [0,∞), tètoio ¸ste gia φ = b, σ, f, h na
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isqÔei:

|φ(t, x, u)− φ(t, x̂, û)| ≤ L |x− x̂|+ ω̄(d(u, û)), ∀ t ∈ [0, T ], x, x̂ ∈ Rm, u, û ∈ U,

|φ(t, 0, u)| ≤ L, ∀(t, u) ∈ [0, T ]× U.

(3.8)

• (P3) Oi sunart seic b, σ, f, h eÐnai C2 (dÔo forèc suneq¸c paragwgÐsimec) wc proc x.

Epiplèon, up�rqei mÐa stajer� L > 0 kai èna mètro sunèqeiac (modulus of continuity)

ω̄ : [0,∞) → [0,∞), tètoio ¸ste gia φ = b, σ, f, h na isqÔei:

|φx(t, x, u)− φx(t, x̂, û)| ≤ L |x− x̂|+ ω̄(d(u, û)),

|φxx(t, x, u)− φxx(t, x̂, û)| ≤ ω̄(|x− x̂|+ d(u, û)),

∀ t ∈ [0, T ], x, x̂ ∈ Rm, u, û ∈ U. (3.9)

H apaÐthsh (P0) ermhneÔetai wc to gegonìc ìti o (leukìc) jìruboc tou sust matoc

(ìpwc montelopoieÐtai mèsw thc kÐnhshc Brown) eÐnai h mình phg  abebaiìthtac kai h plh-

roforÐa gia to jìrubo autì se perasmènec qronikèc stigmèc eÐnai diajèsimh ston elegkt 

tou sust matoc. Oi apait seic (P1), (P2), exasfalÐzoun pr¸ton ìti to sunarthsiakì

kìstouc pou orÐzetai sthn Enìthta 3.1.1 eÐnai kal� orismèno, kai deÔteron ìti h ESDE

kat�stashc epidèqetai monadik  lÔsh x gia k�je èlegqo u ∈ U s
ad (Enìthtec 3.1.1, 2.8).

3.2.2 DiatÔpwsh thc Stoqastik c Arq c MegÐstou &Dia-

dikasÐa EpÐlushc

'Estw Sn = {A ∈ Rn×n|AT = A} kai (x∗, u∗) eÐnai èna dosmèno bèltisto zeÔgoc kat�sta-

shc, elègqou. Sth sunèqeia ja dojoÔn kai ja epexhghjoÔn oi sumplhrwmatikèc SDE pou

qrhsimopoioÔntai sth Stoqastik  Arq  MegÐstou, oi opoÐec diakrÐnontai se sumplhrwma-

tikèc SDE pr¸thc kai deÔterhc t�xhc.

Stic sumplhrwmatikèc exis¸seic pr¸thc t�xewc, �gnwsto eÐnai to zeug�ri twn {Ft}t≥0-

prosarmosmènwn stoqastik¸n diadikasi¸n (p(.), q(.)), to opoÐo prèpei na epilÔei to para-

k�tw prìblhma telik c tim c   alli¸c thn parak�tw opisjodromik  SDE (backwards
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stochastic differential equation).

dp(t) = −
{
bx(t, x

∗(t), u∗(t))Tp(t) +
n∑

j=1

σj
x(t, x

∗(t), u∗(t))T qj(t)

−fx(t, x∗(t), u∗(t))
}
dt+ q(t)dW (t), t ∈ [0, T ],

p(T ) = −hx(x∗(T )). (3.10)

AxÐzei na shmeiwjeÐ ìti sthn perÐptwsh nteterministikoÔ probl matoc, ìpou h kat�sta-

sh perigr�fetai apì mÐa kanonik  diaforik  exÐswsh (ordinary stochastic differential

equation) eÐnai dunat  h antistrof  tou qrìnou ¸ste h opisjodromik  diaforik  exÐ-

swsh na epilujeÐ wc emprìsjia diaforik  exÐswsh. Wstìso sthn perÐptwsh twn SDE

mÐa an�logh prosèggish antistrof c tou qrìnou katalÔei th mh probleyimìthta twn lÔ-

sewn (nonanticipativeness), opìte h parap�nw SDE prèpei na epilujeÐ opisjodromik�

en¸ par�llhla h lÔsh twn stoqastik¸n diadikasi¸n (p(.), q(.)) prèpei na eÐnai {Ft}t≥0-

prosarmosmènh. K�je zeÔgoc stoqastik¸n diadikasi¸n (p(.), q(.)) pou epilÔei thn ExÐswsh

(3.10) kai gia to opoÐo isqÔei (p(.), q(.)) ∈ L2
F(0, T ;Rm)× (L2

F(0, T ;Rm))n ja onom�zetai

{prosarmosmènh} lÔsh thc Sqèshc (3.10).

Prìtash 5. An isqÔoun oi proôpojèseic (P0)-(P3), tìte gia k�je bèltisto zeÔgoc

kat�stashc-elègqou (x∗, u∗) ∈ L2
F(0, T ;Rm) × U [0, T ] h Sqèsh (3.10) diajètei mÐa mo-

nadik  prosarmosmènh lÔsh (p(.), q(.)).

Genik�, (kai sth nteterministik  perÐptwsh Bèltistou Elègqou) h stoqastik  dia-

dikasÐa p(.) antiproswpeÔei thn perijwriak  axÐa (marginal value)   thn tim  ski�c

(shadow price) gia touc pìrouc pou ekproswpoÔntai apì th metablht  kat�stashc. 'Ara,

h elaqistopoÐhsh tou kìstouc antistoiqeÐ se megistopoÐhsh thc sunolik c suneisfor�c

thc perijwriak c axÐac. 'Omwc stic stoqastikèc sunj kec, o èlegqoc dÔnatai p.q., na eph-

re�zei th metablhtìthta thc SDE pou perigr�fei thn kat�stash (Sqèsh (3.1)), epomènwc

oi apof�seic elègqou ja prèpei na odhgoÔn se sumbibasmì metaxÔ tou elègqou kai tou

bajmoÔ abebaiìthtac tou sust matoc. 'Ara h p(.) me thn ermhneÐa thc perijwriak c axÐac

mporeÐ na mhn eÐnai apì mình thc ikan  na qarakthrÐsei pl rwc to sumbibasmì an�mesa sto

kìstoc kai sto kèrdoc tou elègqou se stoqastikèc sunj kec. 'Etsi, eis�getai mÐa deÔterh

sumplhrwmatik  SDE (deÔterhc t�xhc) ¸ste na qarakthrÐsei to rÐsko   thn abebaiìthta
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tou sust matoc kai orÐzetai wc ex c:

dP (t) = −
{
bx(t, x

∗(t), u∗(t))TP (t) + P (t)bx(t, x
∗(t), u∗(t)) +

n∑
j=1

σj
x(t, x

∗(t), u∗(t))TP (t)σj
x(t, x

∗(t), u∗(t)) +

n∑
j=1

{
σj
x(t, x

∗(t), u∗(t))TQj(t) +Qj(t)σ
j
x(t, x

∗(t), u∗(t))
}
+

Hxx(t, x
∗(t), u∗(t), p(t), q(t))

}
dt+

n∑
j=1

Qj(t)dW
j(t), t ∈ [0, T ],

p(T ) = −hxx(x∗(T )). (3.11)

ìpou h Qamiltonian  (Hamiltonian) orÐzetai wc ex c:

H(t, x, u, p, q) = ⟨p, b(t, x, u)⟩+ tr[qTσ(t, x, u)]− f(t, x, u),

(t, x, u, p, q) ∈ [0, T ]× Rm × U × Rm × Rm×n. (3.12)

ìpou (p(.), q(.)) eÐnai h lÔsh thc Sqèshc (3.10). H Sqèsh (3.11) eÐnai epÐshc mÐa opisjodro-

mik  SDE ìpwc to SÔsthma (3.10) wstìso me agn¸stouc se morf  pÐnaka. Sugkekrimèna,

�gnwsto eÐnai to zeÔgoc (P (.), Q(.)) ∈ L2
F(0, T ;S

m)× (L2
F(0, T ;S

m))n.

Prìtash 6. An isqÔoun oi proôpojèseic (P0)-(P3), tìte h Sqèsh (3.11) diajètei mÐa

monadik  prosarmosmènh lÔsh (P (.), Q(.)).

H Sqèsh (3.10) lègetai pr¸thc t�xhc sumplhrwmatik  exÐswsh kai h Sqèsh (3.11)

lègetai deÔterhc t�xhc sumplhrwmatik  exÐswsh. 'Omoia, oi p(.), P (.) lègontai pr¸thc kai

deÔterhc t�xhc sumplhrwmatikèc stoqastikèc diadikasÐec. Tèloc, an (x∗, u∗) eÐnai bèltisto

zeÔgoc kat�stashc, elègqou kai (p(.), q(.)), (P (.), Q(.)) eÐnai prosarmosmènec lÔseic stic

Sqèseic (3.10), (3.11) tìte to di�nusma (x∗, u∗, p(.), q(.), P (.), Q(.)) ja lègetai bèltisth

ex�da. An to zeÔgoc eÐnai (x∗, u∗) eÐnai apodektì (kai ìqi bèltisto) tìte h parap�nw ex�da

ja lègetai apodekt .

AkoloÔjwc ja anaptuqjeÐ h Stoqastik  Arq  MegÐstou kat� analogÐa me thn Arq 

MegÐstou   Arq  tou Potryangin gia ta nteterministik� sust mata. SÔmfwna me thn

Arq  MegÐstou gia nteterministik� perib�llonta, ja èprepe na megistopoihjeÐ h Qamilto-

nian  thc Sqèshc (3.12) ¸ste na prokÔyei o bèltistoc èlegqoc. Wstìso, an o suntelest c

di�qushc σ thc ESDE (3.1) exart�tai apì ton èlegqo, tìte autì den odhgeÐ se logikì

apotèlesma. 'Etsi, gÐnetai prosarmog  tou rÐskou pou ofeÐletai sto suntelest  metablh-

tìthtac σ mèsw tou orismoÔ thc Genikeumènhc Qamiltonian c (Generalized Hamiltonian)
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wc ex c:

G(t, x, u, p, P ) = ⟨p, b(t, x, u)⟩+ 1

2
tr[σ(t, x, u)TPσ(t, x, u)]− f(t, x, u),

(t, x, u, p, P ) ∈ [0, T ]× Rm × U × Rm × Sm. (3.13)

Apì th sÔgkrish twn Qamiltonian¸n stic Sqèseic (3.13), (3.12) prokÔptei ìti h Genikeu-

mènh Qamiltonian  exart�tai apì th sumplhrwmatik  diadikasÐa P kai ìqi apì thn q ìpwc

h Qamiltonian . Epiplèon, mèsw thc sÔgkrishc twn Sqèsewn (3.13), (3.12) prokÔptoun oi

parak�tw isìthtec:

G(t, x, u, p, P ) = H(t, x, u) +
1

2
tr
[
σ(t, x, u)TPσ(t, x, u)

]
, (3.14)

H(t, x, u, p, P ) = H(t, x, u) + tr
[
qTσ(t, x, u)

]
, (3.15)

ìpou H(t, x, u) = ⟨p, b(t, x, u)⟩ − f(t, x, u) h Qamiltonian  orismènh k�tw apì ntetermini-

stikèc sunj kec, dhlad , σ(t, x, u) = 0, ∀ t, x, u.
Tèloc, protoÔ diatupwjeÐ h Stoqastik  Arq  MegÐstou orÐzetai h sun�rthshH(t, x, u)

gia th bèltisth ex�da (  gia opoiad pote �llh apodekt  ex�da) (x∗(.), u∗(.), p(.), q(.), P (.), Q(.)).

H(t, x, u) , H(t, x, u, p(t), P (t))− 1

2
tr
[
σ(t, x∗(t), u∗(t))TP (t)σ(t, x∗(t), u∗(t))

]
+
1

2
tr
{
[σ(t, x, u)− σ(t, x∗(t), u∗(t))]TP (t)[σ(t, x, u)− σ(t, x∗(t), u∗(t))]

}
=

1

2
tr
[
σ(t, x, u)TP (t)σ(t, x, u)

]
+ ⟨p(t), b(t, x, u)⟩ − f(t, x, u)

+tr
[
q(t)Tσ(t, x, u)

]
− tr

[
σ(t, x, u)TP (t)σ(t, x∗(t), u∗(t))

]
= G(t, x, u, p(t), P (t)) + tr

{
σ(t, x, u)T [q(t)− P (t)σ(t, x∗(t), u∗(t))]

}
. (3.16)

Je¸rhma 7. (Stoqastik  Arq  MegÐstou)

'Estw ìti isqÔoun oi proôpojèseic (P0)-(P3) kai ìti to (x∗, u∗) eÐnai èna bèltisto zeÔ-

goc kat�stashc, elègqou. Tìte up�rqoun ta akìlouja zeÔgh diadikasi¸n pou ikanopoioÔn

antÐstoiqa tic sumplhrwmatikèc exis¸seic twn sqèsewn (3.10), (3.11):

(p(.), q(.)) ∈ L2
F(0, T ;Rm)× (L2

F(0, T ;Rm))n, (3.17)

(P (.), Q(.)) ∈ L2
F(0, T ;S

m)× (L2
F(0, T ;S

m))n, (3.18)

q(.) = (q1(.), ..., qn(.)), Q(.) = (Q1(.), ..., Qn(.)),

qj(.) ∈ L2
F(0, T ;Rm), Qj(.) ∈ L2

F(0, T ;S
m), j ∈ {1...n}, (3.19)
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tètoia ¸ste na ikanopoieÐtai h parak�tw Sqèsh {metablhtìthtac}:

H(t, x∗(t), u∗(t), p(t), q(t))−H(t, x∗(t), u, p(t), q(t))

−1

2
tr
{
[σ(t, x∗(t), u∗(t))− σ(t, x∗(t), u)]TP (t)[σ(t, x∗(t), u∗(t))− σ(t, x∗(t), u)]

}
≥ 0,

(3.20)

  isodÔnama na ikanopoieÐtai h parak�tw {sunj kh megistopoÐhshc}:

H(t, x∗(t), u∗(t)) = max
u∈U

H(t, x∗(t), u), t ∈ [0, T ], P− σ.β. (3.21)

Parat rhsh 6. Genik�, ìtan σ(t, x, u) = σ(t, x), dhlad  ìtan h metablhtìthta eÐnai

anex�rthth tou elègqou, tìte h sunj kh megistopoÐhshc (Sqèsh 3.21) metatrèpetai sthn

ex c:

H(t, x∗(t), u∗(t), p(t), q(t)) = max
u∈U

H(t, x∗(t), u, p(t), q(t)),∀t ∈ [0, T ], P− σ.β.

ìpwc faÐnetai apì thn ExÐswsh (3.16) pou dÐnei to H(t, x, u) (oi upìloipoi ìroi den exar-

t¸ntai apì to u).

Parat rhsh 7. An ìloi oi suntelestèc eÐnai suneq¸c paragwgÐsimoi wc proc ton è-

legqo (C1 wc proc u) kai to sÔnolo tim¸n tou elègqou, U , eÐnai kurtì tìte h Sqèsh

metablhtìthtac (3.20) paÐrnei thn eponomazìmenh wc {topik  morf }:

⟨Hu(t, x
∗(t), u∗(t), p(t), q(t)), u− u∗(t)⟩ ≤ 0, ∀u ∈ U, t ∈ [0, T ] P− σ.β. (3.22)

ProkÔptei me parag ģish thc Sqèshc pou dÐnei thn H dhlad  thc Sqèshc (3.16). AntÐ-

stoiqa h Sqèsh (3.20) ja onom�zetai olik  morf .

An sunduasteÐ h ESDE kat�stashc (3.1) me th sumplhrwmatik  SDE pr¸tou bajmoÔ

(SDE (3.10)) prokÔptei to parak�tw sÔsthma:

dx(t) = Hp(t, x(t), u(t), p(t), q(t))dt+Hq(t, x(t), u(t), p(t), q(t))dW (t),

dp(t) = −Hx(t, x(t), u(t), p(t), q(t))dt+ q(t)dW (t), t ∈ [0, T ],

x(0) = x0, p(T ) = −hx(x(T )). (3.23)

O sunduasmìc twn Susthm�twn (3.11), (3.23), (3.21)   (3.20) onom�zetai Stoqastikì Qa-

miltonianì SÔsthma kai epilÔetai apì mÐa ex�da thc morf c (x(.), u(.), p(.), q(.), P (.), Q(.)).

Je¸rhma 8. 'Estw ìti isqÔoun oi proôpojèseic (P0)-(P3) kai ìti (x∗, u∗) eÐnai èna bèlti-

sto zeÔgoc kat�stashc, elègqou. Tìte, h bèltisth ex�da (x∗(.), u∗(.), p(.), q(.), P (.), Q(.))

epilÔei to Stoqastikì Qamiltonianì SÔsthma twn exis¸sewn (3.11), (3.23), (3.21)   (3.20).
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Sto shmeÐo autì, axÐzei na shmeiwjeÐ ìti an brejeÐ mèsw thc epÐlushc tou StoqastikoÔ

QamiltonianoÔ Sust matoc èna zeÔgoc (x∗(t), u∗(t)), ja prèpei akoloÔjwc na epalhjeuteÐ

ìti eÐnai bèltisto dhlad  ìti elaqistopoieÐ to sunarthsiakì kìstouc thc Sqèshc (3.4).

Gia to skopì autì qrhsimopoieÐtai suqn� h fìrmoula tou Itô (Enìthta 2.3). Wstìso,

an isquoÔn k�poiec parap�nw apait seic pou eis�goun k�poiec sunj kec kurtìthtac, tìte

autèc se sunduasmì me th sunj kh megistopoÐhshc (3.21) eÐnai eparkeÐc gia thn belti-

stìthta tou zeÔgouc (x∗(t), u∗(t)) pou èqei prokÔyei apì thn epÐlush tou StoqastikoÔ

QamiltonianoÔ Sust matoc.

(S4) To pedÐo tim¸n tou elègqou U eÐnai kurtì uposÔnolo tou Rk. Oi suntelestèc

b, σ, f eÐnai topik� Lipschitz wc proc u kai oi par�gwgoÐ touc wc proc x eÐnai suneqeÐc

sto (x, u).

Tìte isqÔei to parak�tw je¸rhma pou kajorÐzei tic eparkeÐc sunj kec ¸ste to zeÔgoc

(x∗(t), u∗(t)) pou èqei prokÔyei apì thn epÐlush tou StoqastikoÔ QamiltonianoÔ Sust -

matoc na eÐnai to bèltisto.

Je¸rhma 9. (EparkeÐc Sunj kec gia Beltistìthta)

'Estw ìti isqÔoun oi sunj kec (P0)-(P3), (S4). EpÐshc, èstw ìti h (x∗(.), u∗(.), p(.), q(.), P (.), Q(.))

eÐnai mÐa apodekt  ex�da. An h h(.) eÐnai kurt , h H(t, ., ., p(t), q(t)) eÐnai koÐlh gia ìla

ta t ∈ [0, T ] P− σ.b. kai epiplèon isqÔei

H(t, x∗(t), u∗(t)) = max
u∈U

H(t, x∗(t), u(t)), a.e. t ∈ [0, T ], P− σ.β.

(a.e. ≡sqedìn k�je). Tìte, to (x∗(.), u∗(.)) eÐnai bèltisto zeÔgoc kat�stashc, elègqou tou

probl matoc (Enìthta 3.1.1).

Par�deigma Efarmog c thc Stoqastik c Arq c MegÐstou

JewreÐtai to parak�tw sÔsthma elègqou. To pedÐo tim¸n tou elègqou, u, eÐnai U = R. H
ESDE pou perigr�fei th dunamik  thc kat�stashc tou sust matoc dÐnetai apì:

dx(t) = u(t)dt+ u(t)dW (t), t ∈ [0, 1],

x(0) = 1.

To sunarthsiakì kìstouc eÐnai:

J(u(.)) = E

{
−
∫ 1

0

[
1

2
ru(t)2

]
dt+

1

2
x(1)2

}
, (3.24)

ìpou gia thn par�metro r ja prèpei na isqÔei r ∈ (0, 1), ln r+2−r < 0. 'Estw (x∗(.), u∗(.))

to bèltisto zeÔgoc (kat�stashc, elègqou) proc prosdiorismì. Tìte, oi sumplhrwmatikèc
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exis¸seic pr¸thc t�xhc (Sqèsh 3.10) eÐnai:

dp(t) = q(t)dW (t), t ∈ [0, 1],

p(1) = −x∗(1), (3.25)

afoÔ bx = σx = fx = 0, hx = x, kai oi sumplhrwmatikèc exis¸seic deÔterhc t�xhc (Sqèsh

3.11) dÐnontai apì:

dP (t) = Q(t)dW (t), t ∈ [0, 1],

P (1) = −1, (3.26)

afoÔ bx = σx = bxx = σxx = fxx = 0 hxx = 1. H monadik  prosarmosmènh lÔsh stic

sumplhrwmatikèc exis¸seic deÔterhc t�xhc eÐnai h (P (t), Q(t)) = (−1, 0). To gegonìc ìti

Q(t) = 0, gÐnetai fanerì apì th nteterministik  telik  tim  pou diaforetik� (an dhlad 

Q(t) ̸= 0) h epÐteux  thc ja  tan adÔnath. Tèloc, h qamiltonian  H(t, x, u) thc Sqèshc

(3.16) me antikat�stash thc lÔshc (P (t), Q(t)) = (−1, 0) paÐrnei th morf :

H(t, x∗(t), u) = −1

2
(1− r)u2 + (p(t) + q(t) + u∗(t))u, (3.27)

h opoÐa eÐnai koÐlh sun�rthsh tou elègqou u (afoÔ u < 1) kai megistopoieÐtai gia u∗(t)

pou ikanopoieÐ thn parak�tw sqèsh:

−(1− r)u∗(t) + p(t) + q(t) + u∗(t) = 0,

u∗(t) = −p(t) + q(t)

r
. (3.28)

Apì to sunduasmì twn parap�nw exis¸sewn prokÔptei to akìloujo qamiltonianì sÔsthma.

Sugkekrimèna sthn ESDE kat�stashc antikajÐstatai o bèltistoc èlegqoc kai sundu�zetai

kai h sumplhrwmatik  exÐswsh pr¸tou bajmoÔ.

dx∗(t) = −p(t) + q(t)

r
dt− p(t) + q(t)

r
dW (t)

dp(t) = q(t)dW (t),

x∗(0) = 1, p(1) = −x∗(1). (3.29)

'Estw (x∗(.), p(.), q(.)) mÐa prosarmosmènh lÔsh tou parap�nw qamiltonianoÔ sust matoc

kai ac gÐnei h upìjesh ìti p(t) = Θ(t)x(t), ∀ t ∈ [0, 1], P − σ.β., me Θ(t) mÐa ntetermi-

nistik  sun�rthsh. AfoÔ ègine h upìjesh aut  stìqoc eÐnai h eÔresh thc exÐswshc pou

ikanopoieÐtai apì th sun�rthsh Θ(t). Efarmìzetai h fìrmoula tou Itô (Sqèsh (2.7)) gia
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thn p(t) me qr sh thc ESDE kat�stashc.

dp(t) =

[
Θ̇(t)x∗(t)−Θ(t)

p(t) + q(t)

r

]
dt−Θ(t)

p(t) + q(t)

r
dW (t). (3.30)

SugkrÐnontac th sqèsh aut  me tic sumplhrwmatikèc exis¸seic pr¸thc t�xewc prokÔptei:

Θ̇(t)x∗(t) = Θ(t)
p(t) + q(t)

r
,

−Θ(t)
p(t) + q(t)

r
= q(t). (3.31)

Apì thn teleutaÐa sqèsh amèswc prokÔptoun ta ex c:

q(t) = −p(t)Θ(t)

r +Θ(t)
= −x

∗(t)Θ(t)2

r +Θ(t)
,

q(t) + p(t)

r
= − q(t)

Θ(t)
=
x∗(t)Θ(t)

r +Θ(t)
. (3.32)

Tìte sundu�zontac ta amèswc dÔo prohgoÔmena sust mata exis¸sewn prokÔptoun oi exi-

s¸seic pou prèpei na ikanopoieÐ h Θ(t), ìpou gÐnetai h upìjesh ìti to sÔsthm� touc èqei

lÔsh [5].

Θ̇(t) =
Θ(t)2

r +Θ(t)
, t ∈ [0, 1],

Θ(1) = −1. (3.33)

Tìte o bèltistoc èlegqoc, pou èqei upologisteÐ parap�nw, gr�fetai wc ex c:

u∗(t) = −p(t) + q(t)

r
= −x

∗(t)Θ(t)

r +Θ(t)
t ∈ [0, 1], P− σ.β. (3.34)

kai h antÐstoiqh bèltisth kat�stash (pou antistoiqeÐ sto bèltisto èlegqo) dÐnetai apì thn

parak�tw ESDE:

dx∗(t) = −x
∗(t)Θ(t)

r +Θ(t)
dt− x∗(t)Θ(t)

r +Θ(t)
dW (t), t ∈ [0, 1],

x∗(0) = 1.

AkoloÔjwc, ja prèpei na epalhjeuteÐ ìti to zeÔgoc (x∗(.), u∗(.)) pou upologÐsthke apì to

qamiltonianì sÔsthma wc bèltisto, eÐnai bèltisto sthn pragmatikìthta. Gia thn epÐteuxh

tou skopoÔ autoÔ, efarmìzetai kai p�li h fìrmoula tou Itô (Sqèsh (2.7)) gia thnΘ(t)x(t)2

me qr sh thc ESDE kat�stashc kai gia opoiod pote apodektì zeÔgoc (x(.), u(.)) (ìqi
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aparaÐthta to bèltisto).

d(Θ(t)x(t)2) =

{
Θ(t)u(t)2 + 2Θ(t)u(t)x(t) +

Θ(t)2x(t)2

r +Θ(t)

}
dt+ {...}dW (t), (3.35)

ìpou den mac endiafèroun oi ìroi mprost� apì to diaforikì dW (t) kaj¸c h prohgoÔmenh

sqèsh oloklhr¸netai sto qronikì di�sthma (0, 1) kai jewroÔntai mèsec timèc (me Θ(1) =

−1 kai x(0) = 1):

E(x(1)2) = −Θ(0)− E

∫ 1

0

{
Θ(t)u(t)2 + 2Θ(t)u(t)x(t) +

Θ(t)2x(t)2

r +Θ(t)

}
dt. (3.36)

AkoloÔjwc h tim  E(x(1)2) pou èqei upologisteÐ, antikajÐstatai sth sqèsh pou dÐnei to

sunarthsiakì kìstoc:

J(u(.)) = E

{
−
∫ 1

0

[
1

2
ru(t)2

]
dt+

1

2
x(1)2

}
=

−1

2
E

∫ 1

0

{
(r +Θ(t))

(
u(t) +

Θ(t)x(t)

r +Θ(t)

)2
}
dt− 1

2
Θ(0), (3.37)

gia thn opoÐa eÐnai fanerì ìti to el�qisto epitugq�netai gia sun�rthsh elègqou u∗(t) =

−x∗(t)Θ(t)
r+Θ(t)

t ìpwc èqei upologisteÐ kai parap�nw.

3.2.3 Enswm�twsh twn Periorism¸n Kat�stashc

Sthn paroÔsa enìthta, ja melethjeÐ h mèjodoc thc Stoqastik c Arq c MegÐstou sthn

perÐptwsh ìpou up�rqoun periorismoÐ kat�stashc, gegonìc to opoÐo emfanÐzetai se pollèc

efarmogèc. 'Estw u ∈ U [0, T ] (sÔnolo efikt¸n elègqwn, Enìthta 3.1.1), tìte an x eÐnai h

antÐstoiqh lÔsh thc ESDE (3.1), to zeÔgoc (x, u) ja lègetai efiktì. 'Opwc faÐnetai apì

ton orismì tou apodektoÔ zeÔgouc kat�stashc, elègqou sthn Enìthta 3.1.1 h diafor� tou

me to efiktì zeÔgoc eÐnai ìti h x sthn perÐptwsh tou apodektoÔ zeÔgouc ja prèpei na ika-

nopoieÐ kai touc periorismoÔc kat�stashc. Sthn perÐptwsh ìpou den up�rqoun periorismoÐ

kat�stashc, to efiktì me to apodektì zeÔgoc tautÐzontai, ìpwc stic parap�nw enìthtec.

Sugkekrimèna, oi periorismoÐ kat�stashc ja èqoun th morf :

Eh(x(T )) + E

∫ T

0

f(t, x(t), u(t))dt ∈ Γ, (3.38)

ìpou Γ ⊂ Rl, h : Rm → Rl, f : [0, T ]× Rm × U → Rl. Epiplèon, orÐzontai ta ex c:

h = (h1(x), ..., hl(x))T ,
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kai

f = (f 1(t, x, u), ..., f l(t, x, u))T ,

me hi, f i, i = 1...l na eÐnai bajmwtèc sunart seic kai

h0(x) = h(x), f 0(t, x, u) = f(t, x, u),

ìpou oi h(x), f(t, x, u) eÐnai oi sunart seic pou emfanÐzontai sto sunarthsiakì kìstouc

thc Sqèshc (3.4). Eis�getai akìmh h parak�tw apaÐthsh:

(P4) To sÔnolo Γ eÐnai kurtì kai kleistì uposÔnolo touRl. Epiprìsjeta, oi hi, f i, i =

1...l ikanopoioÔn tic apait seic (P2), (P3).

AkoloÔjwc ja tropopoihjeÐ h Stoqastik  Arq  MegÐstou sthn perÐptwsh twn perio-

rism¸n sthn kat�stash tou sust matoc. Proc aut  thn kateÔjunsh, orÐzetai h parak�tw

Qamiltonian :

H(t, x, u, p, P, ψ0, ψ) , −ψ0f(t, x, u)− ⟨ψ, f(t, x, u)⟩+ ⟨p, b(t, x, u)⟩+ tr[qTσ(t, x, u)],

(t, x, u, p, q, ψ0, ψ) ∈ [0, T ]× Rm × U × Rm × Rm×n × R× Rl.

(3.39)

Je¸rhma 10. (Stoqastik  Arq  MegÐstou me periorismoÔc kat�stashc)

'Estw ìti isqÔoun oi proôpojèseic (P0)-(P4) kai ìti to (x∗, u∗) eÐnai èna bèltisto zeÔgoc

kat�stashc, elègqou gia to prìblhma me periorismoÔc kat�stashc. Tìte up�rqei èna

zeÔgoc (ψ0, ψ) ∈ R1+l pou na ikanopoieÐ:

ψ0 ≥ 0, |ψ0|2 + |ψ|2 = 1,

⟨ψ, z − Eh(x∗(T )) +

∫ T

0

Ef(t, x∗(t), u∗(t))dt⟩ ≥ 0, ∀z ∈ Γ. (3.40)

H parap�nw sunj kh onom�zetai {sunj kh metabatikìthtac} (traversality). Epiplèon,

up�rqoun oi akìloujec prosarmosmènec lÔseic:

(p(.), q(.)) ∈ L2
F(0, T ;Rm)× (L2

F(0, T ;Rm))n, (3.41)

(P (.), Q(.)) ∈ L2
F(0, T ;S

m)× (L2
F(0, T ;S

m))n, (3.42)

(3.43)
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pou epilÔoun tic dÔo parak�tw sumplhrwmatikèc exis¸seic antÐstoiqa:

dp(t) = −Hx(t, x
∗(t), u∗(t), p(t), q(t), ψ0, ψ)dt+ q(t)dW (t),

p(T ) = −
l∑

i=0

ψihix(x
∗(T )), (3.44)

dP (t) = −
{
bx(t, x

∗(t), u∗(t))TP (t) + P (t)bx(t, x
∗(t), u∗(t)) +

n∑
j=1

σj
x(t, x

∗(t), u∗(t))TP (t)σj
x(t, x

∗(t), u∗(t)) +

n∑
j=1

{
σj
x(t, x

∗(t), u∗(t))TQj(t) +Qj(t)σ
j
x(t, x

∗(t), u∗(t))
}
+

Hxx(t, x
∗(t), u∗(t), p(t), q(t), ψ0, ψ)

}
dt+

n∑
j=1

Qj(t)dW
j(t), t ∈ [0, T ],

p(T ) = −
l∑

i=0

ψihixx(x
∗(T )), (3.45)

ètsi ¸ste na isqÔei:

H(t, x∗(t), u∗(t), p(t), q(t), ψ0, ψ)−H(t, x∗(t), u, p(t), q(t), ψ0, ψ)

−1

2
tr
{
[σ(t, x∗(t), u∗(t))− σ(t, x∗(t), u)]TP (t)[σ(t, x∗(t), u∗(t))− σ(t, x∗(t), u)]

}
≥ 0

∀ u ∈ U, t ∈ [0, T ], P− σ.β.

(3.46)

Sthn perÐptwsh ìpou den up�rqoun periorismoÐ kat�stashc (dhlad  h, f eÐnai mhdenik�

kai Γ = Rl) h sunj kh metabatikìthtac dÐnei ψ = 0 apì to opoÐo prokÔptei ìti ψ0 = 1 kai

h Qamiltonian  (3.39) sumpÐptei me thn (3.12). Tìte ta dÔo jewr mata gia th Stoqastik 

Mègisth Arq , me kai qwrÐc periorismoÔc kat�stashc tautÐzontai.

3.3 Mèjodoc EpÐlushc 2: Dunamikìc Program-

matismìc & Hamilton−Jacobi−Bellman Merik 

Diaforik  ExÐswsh

Sthn enìthta aut  ja melethjeÐ h epÐlush tou probl matoc to opoÐo èqei anaptuqjeÐ sthn

Enìthta 3.1.1, me qr sh dunamikoÔ programmatismoÔ. H exÐswsh tou dunamikoÔ program-
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matismoÔ metatrèpetai se mÐa mh grammik  merik  diaforik  exÐswsh deÔterhc t�xhc, h opoÐa

onom�zetai Hamilton− Jacobi−Bellman (HJB). IdiaÐterhc shmasÐac eÐnai h Ôparxh mÐ-

ac arket� omal c   alli¸c {klassik c} lÔshc gia thn exÐswsh HJB, gegonìc to opoÐo

isqÔei sthn perÐptwsh ìpou h exÐswsh HJB èqei omoiìmorfa parabolik  morf , ìpwc ja

epexhghjeÐ parak�tw. Wstìso, sth genikìterh perÐptwsh h exÐswsh HJB den epidèqetai

klassik  lÔsh kai gia autì to lìgo èqoun anaptuqjeÐ genikeumènec lÔseic, ìpwc oi epo-

nomazìmenec wc viscosity lÔseic pou ìmwc den ja melethjoÔn sto plaÐsio thc paroÔsac

metaptuqiak c ergasÐac. Ja prèpei na shmeiwjeÐ ìti se arket� shmeÐa thc enìthtac aut c

akoloujeÐtai mÐa lÐgo diaforetik  prosèggish parousÐashc twn apait sewn kai tou pro-

bl matoc se sqèsh me thn Enìthta 3.2, h opoÐa wstìso ja eÐnai pio eÔkolo na efarmosteÐ

sta probl mata pou melet¸ntai sto Kef�laio 4. Akìmh, o dunamikìc programmatismìc

epilÔei to prìblhma thc Enìthtac 3.1.1, dhlad  orismèno sthn isqur  diatÔpwsh, all� me

bohjhtik  qr sh thc asjenoÔc diatÔpwshc ìpwc ja gÐnei fanerì sth sunèqeia. Tèloc, to

perieqìmeno thc paroÔsac enìthtac proèrqetai kurÐwc apì thn anafor� [9], Kef�laio 4

all� kai apì thn [5], Kef�laio 4.

3.3.1 DiatÔpwsh Probl matoc & Upojèseic

Sthn enìthta aut  ja dojeÐ h perigraf  tou probl matoc kaj¸c kai twn upojèsewn kai

twn apait sewn gia thn efarmog  thc exÐswshc HJB, oi opoÐec ja eÐnai pio sugkekrimè-

nec/perioristikèc apì thn Enìthta 3.2.1, wstìso kalÔptoun pollèc efarmogèc me èmfash

sta asÔrmata dÐktua epikoinwni¸n (Kef�laio 4). 'Estw, ènac q¸roc pijanìthtac me diÔli-

sh (Ω,F ,P,Ft) ston opoÐo orÐzetai mÐa n-di�stath kÐnhsh Brown, W (t), t ∈ [t0, T ]. Gia

lìgouc plhrìthtac, epanalamb�netai h ESDE pou perigr�fei th dunamik  thcm-di�stathc

stoqastik c anèlixhc x = {x(t)}t≥t0 thc kat�stashc tou sust matoc.

dx(t) = b(t, x(t), u(t))dt+ σ(t, x(t), u(t))dW (t),

x(t0) = x0 ∈ Rm, (3.47)

ìpou b : [t0, T ]× Rm × U → Rm, σ : [t0, T ]× Rm × U → Rm×n.

Sqetik� me to pedÐo elègqou U , ìpou u ∈ U , gÐnetai h upìjesh ìti U ⊂ Rk gia k�poio

k ≥ 0 kai akìmh ìti to U eÐnai kleistì sÔnolo. Se orismènec peript¸seic, ìpou anafèretai

ja jewreÐtai epiprìsjeta ìti to U eÐnai sumpagèc. Epiplèon, T ∈ (0,∞) dosmènh stajer�.

H stoqastik  diadikasÐa elègqou u : [t0, T ] × Ω → U jewreÐtai ìti eÐnai Fs-proodeutik�

metr simh dhlad , gia k�je s ∈ [t0, T ], h u eÐnai Bs × Fs−metr simh (Par�rthma Aþ). An
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h diadikasÐa elègqou eÐnai proodeutik� metr simh kai epiplèon isqÔei ìti :

E

∫ T

t0

|u(s)|lds <∞, l = 1, 2, .., (3.48)

tìte ja lègetai apodekt  (admissible). Gia par�deigma, an to sÔnolo U eÐnai sumpagèc

kai |u(s)| ≤M, M <∞, ∀ s ∈ [t0, T ] tìte h Sqèsh (3.48) ikanopoieÐtai autom�twc.

Arqik� gÐnetai h upìjesh ìti den up�rqoun periorismoÐ kat�stashc kai h mejodologÐa

pros�rthshc touc ja dojeÐ parak�tw sthn Enìthta 3.3.6. Gia thn ESDE (3.47), ja gÐnoun

oi parak�tw paradoqèc. OrÐzetai to sÔnolo Q0 = [t0, T ) × Rm, kai wc Q0 sumbolÐzetai

to kleÐsimo tou Q0. To Q0 ekfr�zei sunduastik� to pedÐo tim¸n tou qrìnou, [t0, T ), kai

thc kat�stashc, Rm. JewreÐtai akìmh ìti oi suntelestèc b, σ eÐnai suneqeÐc sto Q0 × U

kai ìti oi b(., ., u), σ(., ., u) eÐnai thc t�xhc C1(Q0) (mÐa for� suneq¸c paragwgÐsimec sto

Q0). Epiprìsjeta, gia k�poia stajer� C > 0 isqÔoun oi parak�tw sqèseic:

(a) |bt|+ |bx| ≤ C, |σt|+ |σx| ≤ C, (3.49)

(b) |b(t, x, u)| ≤ C(1 + |x|+ |u|), (3.50)

(b′) |σ(t, x, u)| ≤ C(1 + |x|+ |u|), (3.51)

ìpou, ìpwc èqei qrhsimopoihjeÐ kai parap�nw oi bt, σt eÐnai oi merikèc par�gwgoi wc proc

to qrìno kai oi bx, σx, oi klÐseic (gradients) wc proc to x.

Me b�sh tic parap�nw apait seic/upojèseic, h ESDE (3.47) (pou antistoiqeÐ se SDE

me tuqaÐouc suntelestèc (Enìthta 2.8) ìpwc èqei epexhghjeÐ sthn Enìthta 3.1.1) èqei mÐa

isqur� monadik  lÔsh, h opoÐa eÐnai Fs-proodeutik� metr simh kai èqei suneqeÐc troqièc

(prokÔptei apì to Je¸rhma 6 sthn Enìthta 2.8, [9]). To sunarthsiakì kìstouc, ìmoia me

thn Enìthta 3.1.1, orÐzetai wc ex c:

J(t0, x;u) = E

{∫ T

t0

f(t, x(t), u(t))dt+ h(T, x(T ))

}
, (3.52)

ìpou f : [t0, T ] × Rm × U → R, h : Rm → R. Oi f , h jewroÔntai suneqeÐc sunart seic

pou ikanopoioÔn touc parak�tw periorismoÔc poluwnumik c aÔxhshc:

(a) |f(t, x, u)| ≤ C(1 + |x|k + |u|k), (3.53)

(b) |h(t, x)| ≤ C(1 + |x|k), (3.54)

gia kat�llhlec stajerèc C, k.

AkoloÔjwc ja analujeÐ perissìtero to krit rio proc elaqistopoÐhsh. AntÐ na prag-

matopoieÐtai èlegqoc se èna stajerì qronikì di�sthma [t0, T ], o èlegqoc pragmatopoieÐtai
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mèqri mÐa qronik  stigm  pou eÐnai h mikrìterh an�mesa sto T kai sthn èxodo thc x a-

pì èna anoiqtì sÔnolo O ⊂ Rm. JewreÐtai eÐte ìti O = Rm   ìti gia to sÔnoro tou

O, ϑO isqÔei ìti eÐnai sumpagèc manifold diast�sewn m − 1 kai t�xhc C3. 'Estw ìti

Q = [t0, T ]× O. Tìte gia arqik� dedomèna (t0, x) ∈ Q, ìpou x(t0) = x orÐzetai o qrìnoc

diakop c (Par�rthma Aþ):

τ = inf{s : (s, x(s)) /∈ Q}. (3.55)

ParathreÐtai ìti h qronik  stigm  τ eÐnai h stigm  exìdou thc x(s) apì to O ìtan aut 

sumbeÐ prin th qronik  stigm  T alli¸c an x(s) ∈ O, ∀s ∈ [t0, T ] tìte τ = T . Epiprìsjeta,

isqÔei p�nta ìti (τ, x(τ)) ∈ ϑ∗Q, ìpou ϑ∗Q = ([t0, T ]× ϑO) ∪ ({T} ×O). 'Otan O = Rm,

tìte sumbolÐzetai Q = Q0 kai ϑ∗Q = {T} × Rm.

Jewr¸ntac arqik� dedomèna (t0, x) ∈ Q kai me b�sh ta parap�nw to sunarthsiakì

kìstoc diamorf¸netai wc akoloÔjwc:

J(t0, x;u) = Et0x

{∫ τ

t0

f(t, x(t), u(t))dt+ h(τ, x(τ))

}
. (3.56)

To prìblhma ègkeitai sthn eÔresh tou elègqou u(.) (stoqastik  diadikasÐa) ¸ste na

elaqistopoihjeÐ to J .

Sthn perÐptwsh nteterministikoÔ perib�llontoc, gia thn efarmog  tou dunamikoÔ pro-

grammatismoÔ jewreÐtai mÐa oikogèneia bèltistwn elègqwn gia diaforetikèc arqikèc timèc

qrìnou kai kat�stashc p�nw sto dosmèno monop�ti thc kat�stashc. Wstìso, upì sto-

qastikèc sunj kec, h kat�stash x(t) p�nw sto monop�ti thc (gia k�poio t) eÐnai tuqaÐa

metablht  se èna dosmèno q¸ro pijanìthtac. EpÐshc, ìpwc èqei anaferjeÐ, ènac apo-

dektìc èlegqoc u(.), eÐnai Ft-prosarmosmènoc gegonìc pou shmaÐnei ìti, o elegkt c tou

sust matoc èqei gn¸sh thc kat�stashc tou sust matoc wc th qronik  stigm  t. 'Ara, se

majhmatikoÔc ìrouc, h kat�stash x(t) den eÐnai ousiastik� abèbaih ston elegkt  th qro-

nik  stigm  t. Sugkekrimèna, an oristeÐ èna diaforetikì mètro pijanìthtac, to P(.|Ft),

tìte h x(t) ja eÐnai sqedìn sÐgoura nteterministik  wc proc autì to mètro. Me b�sh

ta parap�nw, prokÔptei h idèa thc metabol c twn q¸rwn pijanìthtac gia thn efarmog 

tou dunamikoÔ programmatismoÔ upì stoqastikèc sunj kec. Gia autì to lìgo en¸ telik�

stìqoc eÐnai h epÐlush tou probl matoc upì thn isqur  diatÔpwsh, qrhsimopoieÐtai h asje-

n c diatÔpwsh wc bohjhtikì ergaleÐo. Parak�tw upeisèrqetai h je¸rhsh thc asjenoÔc

diatÔpwshc mèsw thc qr shc pollapl¸n susthm�twn pijanìthtac.

OrÐzoume èna {sÔsthma pijanìthtac anafor�c} wc thn parak�tw tetr�da:

ν = (Ω, {Fs},P,W ), (3.57)
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ìpou (Ω,FT ,P) eÐnai ènac q¸roc pijanìthtac, {Fs} eÐnai mÐa aÔxousa oikogèneia σ-algebr¸n
kai W (.) mÐa Fs-prosarmosmènh kÐnhsh Brown sto [t0, T ].

OrÐzetai wc At0ν wc to sÔnolo twn Fs-proodeutik� metr simwn diadikasi¸n elègqou

u(.) me timèc sto U , sto di�sthma [t0, T ], pou ikanopoioÔn th Sqèsh (3.48). Tìte jew-

roÔntai oi dÔo akìloujec {sunart seic axÐac}. H pr¸th dÐnetai apì thn:

Vν(t0, x) = inf
u(.)∈At0ν

J(t0, x;u), (3.58)

kai prokÔptei me b�sh to bèltisto èlegqo sto sÔsthma pijanìthtac anafor�c ν. Ako-

loÔjwc, jewreÐtai h sun�rthsh axÐac pou prokÔptei wc to el�qisto gia ìla ta sust mata

pijanìthtac anafor�c ν:

VPM(t0, x) = inf
ν
Vν(t0, x). (3.59)

'Enac èlegqoc u∗(.) ∈ At0ν ja lègetai ν-bèltistoc, an Vν(t0, x) = J(t0, x;u
∗(.)). 'Enac

èlegqoc u∗(.) lègetai bèltisth apodekt  proodeutik� metr simh diadikasÐa elègqou ( 

apl� bèltistoc èlegqoc) an u∗(.) ∈ At0ν∗ gia k�poio

ν∗ = (Ω∗, {F∗
s },P∗,W ∗)

kai VPM(t0, x) = J(t0, x;u
∗). Wstìso, sthn Enìthta 3.3.5 ja eisaqjoÔn kat�llhlec

proôpojèseic ¸ste VPM = Vν , ∀ν.

3.3.2 Merik  Diaforik  ExÐswsh Hamilton Jacobi Bellman &

EpÐlush

OrÐzetai to sÔnolo Sm
+ twn summetrik¸n (ìpwc sthn prohgoÔmenh enìthta) all� mh-

arnhtik� orismènwn pin�kwn diast�sewn m × m. Epiplèon, orÐzetai o pÐnakac a = σσT

ìpou σ eÐnai o suntelest c di�qushc thc ESDE (3.1), kaj¸c kai to Ðqnoc tou pÐnaka aA me

A ∈ Sm+, dhlad  traA =
∑n

i,j=1 aijAij, ìpou h teleutaÐa sqèsh mporeÐ na deiqteÐ eÔkola

qrhsimopoi¸ntac to gegonìc ìti o A eÐnai summetrikìc.

OrÐzetai h parak�tw Qamiltonian , thc opoÐac h sqèsh me th Qamiltonian  pou orÐsthke

gia thn Arq  MegÐstou (Sqèsh 3.12) ja melethjeÐ sthn amèswc epìmenh upoenìthta. Gia

(t, x) ∈ Q, p ∈ Rm, A ∈ Sm
+ orÐzetai h Qamiltonian :

H(t, x, p, A) = sup
u∈U

[
−b(t, x, u) · p− 1

2
tra(t, x, u)A− f(t, x, u)

]
. (3.60)

An to sÔnolo tim¸n elègqou U eÐnai sumpagèc tìte to supremum eÐnai mègisto sto U .
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Gia dosmèno (t, x, u), h posìthta −b(t, x, u) · p− 1
2
tra(t, x, u)A eÐnai grammik  sun�rthsh

wc proc (p,A), �ra h H(t, x, ., .) eÐnai kurt  sto Rm × Sm
+ .

Parak�tw ja qrhsimopoihjeÐ to sÔnolo C1,2(B), to opoÐo apoteleÐtai apì tic sunart -

seic Φ(t, x) ìpou k�je Φ kai k�je mÐa apì tic merikèc parag¸gouc thc Φt, Φxi
Φxixj

, i, j =

1...m eÐnai suneqeÐc sto B ⊂ Rm+1.

Me qr sh thc qamiltonian c thc Sqèshc (3.60), h exÐswsh dunamikoÔ programmatismoÔ

(apodeiknÔetai sthn Enìthta 3.3.5) paÐrnei th morf  thc merik c diaforik c exÐswshc

Hamilton− Jacobi−Bellman:

−ϑV
ϑt

+H(t, x,DxV,D
2
xV ) = 0, ∀(t, x) ∈ Q, (3.61)

ìpou V eÐnai h sun�rthsh axÐac (antistoiqeÐ sto VPM all� h isìthta me autì exet�zetai

mèsw tou jewr matoc EpibebaÐwshc parak�tw) kai apoteleÐ ton �gnwsto thcHJB merik c

diaforik c exÐswshc. Sth sunèqeia, orÐzontai oi oriakèc sunj kec thc merik c diaforik c

exÐswshc wc ex c:

V (t, x) = h(t, x), ∀(t, x) ∈ ϑ∗Q. (3.62)

Orismìc 24. H merik  diaforik  exÐswsh HJB èqei omoiìmorfa parabolik  morf 

(uniformly parabolic) an up�rqei c > 0, ¸ste gia ìla ta (t, x, u) ∈ Q×U kai ξ ∈ Rm na

isqÔei:

m∑
i,j=1

aij(t, x, u)ξiξj ≥ c|ξ|2. (3.63)

'Otan isqÔei h Sqèsh (3.63), tìte apì th jewrÐa twn merik¸n diaforik¸n exis¸sewn

deutèrac t�xhc kai parabolikoÔ tÔpou, to prìblhma oriak¸n sunjhk¸n pou dÐnetai apì

tic Sqèseic (3.61), (3.62) èqei monadik  lÔsh. Diaforetik� to prìblhma autì ja lègetai

ìti eÐnai ekfulismènou parabolikoÔ tÔpou, ìpou se aut  thn perÐptwsh den anamènetai

Ôparxh omal c lÔshc V . ProtoÔ dojoÔn perissìtera apotelèsmata gia thn perÐptwsh thc

merik c diaforik c exÐswshc parabolikoÔ tÔpou, ja paratejeÐ to Je¸rhma EpibebaÐwshc

(V erification Theorem) pou exet�zei pìte h lÔsh thc HJB exÐswshc tautÐzetai me th

sun�rthsh axÐac VPM sthn perÐptwsh Ôparxhc omal c lÔshc.

OrÐzetai to sÔnolo Cp(B) ìlwn twn suneq¸n sunart sewn Φ sto B pou ikanopoioÔn

poluwnumik  sunj kh an�ptuxhc thc morf c |Φ(t, x)| ≤ K(1 + |x|l) gia k�poiec stajerèc

K, l.

Je¸rhma 11. (Je¸rhma EpibebaÐwshc (V erification Theorem) ([9], Kef�laio 4, Sel.

157))
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'Estw ìti h w ∈ C1,2(Q) ∩ Cp(Q) eÐnai lÔsh tou probl matoc oriak¸n tim¸n pou dÐnetai

apì tic Sqèseic (3.61), (3.62). Tìte isqÔoun ta akìlouja:

(a) w(t, x) ≤ J(t, x;u) gia k�je apodekt  proodeutik� metr simh diadikasÐa elègqou u(.)

kai arqik� dedomèna (t, x) ∈ Q.

(b) An up�rqei ν∗ = (Ω∗, {F∗
s },P∗,W ∗) kai u∗(.) ∈ Atν∗ ètsi ¸ste:

u∗(s) ∈ argmin[
b(s, x∗(s), u) ·Dxw(s, x

∗(s)) +
1

2
tra(s, x∗(s), u)D2

xw(s, x
∗(s)) + f(s, x∗(s), u)

]
,

(3.64)

gia Lebesque×P∗ − σ.β. sto [t, τ ∗]× Ω∗, tìte isqÔei

w(t, x) = VPM(t, x) = J(t, x;u∗),

ìpou x∗(s) eÐnai h lÔsh thc ESDE (3.47) pou antistoiqeÐ sta u∗(.), ν∗, me x∗(t) = x kai

τ ∗ eÐnai o qrìnoc exìdou thc (s, x∗(s)) apì to Q.

To Je¸rhma 11 prokÔptei wc eidik  perÐptwsh tou parak�tw l mmatoc ìpou sugke-

krimèna, gia to Je¸rhma 11 sto parak�tw l mma o Fs-qrìnoc diakop c, θ, antikajÐstatai

apì to qrìno exìdou τ .

L mma 1. (L mma EpibebaÐwshc ([9], Kef�laio 4, Sel. 157))

'Estw w ìpwc sto Je¸rhma 11. Tìte isqÔoun ta akìlouja:

(a) An u(.) ∈ Atν kai θ ènac Fs-qrìnoc diakop c me t ≤ θ ≤ τ , tìte:

w(t, x) ≤ Etx

{∫ θ

t

f(s, x(s), u(s))ds+ w(θ, x(θ))

}
. (3.65)

(b) An ν∗, u∗(.) ∈ Atν∗ , ìpwc sto Je¸rhma 11, tìte gia k�je F∗
s -qrìnoc diakop c θ∗ me

t ≤ θ∗ ≤ τ ∗:

w(t, x) = Etx

{∫ θ∗

t

f(s, x∗(s), u∗(s))ds+ w(θ∗, x∗(θ∗))

}
. (3.66)

Sth sunèqeia paratÐjentai apotelèsmata-jewr mata gia thn perÐptwsh ìpou isqÔei h

omoiìmorfh parabolik  morf  thc merik c diaforik c exÐswshc HJB, ìpou anamènetai to

prìblhma oriak¸n sunjhk¸n pou dÐnetai apì tic Sqèseic (3.61), (3.62) na èqei monadik 

lÔsh w(t, x) pou na ikanopoieÐ tic sunj kec tou Jewr matoc 11.

Je¸rhma 12. (PerÐptwsh fragmènou O ([9], Kef�laio 4, Sel. 161))

'Estw ìti isqÔoun oi parak�tw apait seic:
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• To U eÐnai sumpagèc.

• To O eÐnai fragmèno me sÔnoro, ϑO, èna manifold thc kl�shc C3.

• Gia g = a, b, f , h sun�rthsh g kai oi merikèc par�gwgoi thc gt, gxi
, gxixj

eÐnai

suneqeÐc sto Q× U, i, j = 1...m.

• h ∈ C3(Q).

Tìte, an epiplèon isqÔei h Sqèsh (3.63) thc omoiìmorfa parabolik c morf c thc HJB

merik c diaforik c exÐswshc to prìblhma twn (3.61), (3.62) èqei monadik  lÔsh w ∈
C1,2(Q) ∩ C(Q).

AkoloÔjwc, exet�zetai h perÐptwsh mh fragmènou pedÐou tim¸n gia thn kat�stash x,

sugkekrimèna O = Rm, dhlad  Q = Q0 ka τ = T , en¸ epÐshc jewreÐtai ìti h(T, x) = h(x).

Sthn perÐptwsh aut , eis�gontai arket� perioristikèc apait seic sqetik� me tic a, b, f, h.

Sugkekrimèna, ja prèpei oi a, b, f, h kai orismènec apì tic merikèc parag¸gouc touc na eÐnai

fragmènec.

Je¸rhma 13. (PerÐptwsh Q0 dhlad  mh fragmènou pedÐou tim¸n kat�stashc ([9], Ke-

f�laio 4, Sel. 162))

'Estw ìti isqÔoun oi parak�tw apait seic:

• To U eÐnai sumpagèc.

• Oi a, b, f na eÐnai suneqeÐc kai fragmènec sto Q0 × U .

• Gia g = a, b, f , h sun�rthsh g kai oi merikèc par�gwgoi thc gt, gxi
, gxixj

eÐnai

suneqeÐc kai fragmènec sto Q0 × U, i, j = 1...m.

• h ∈ C3
b (Rm).

ìpou C3
b (Rm) sumbolÐzei tic sunart seic orismènec sto Rm ìpou oi Ðdiec kai oi merikèc

par�gwgoÐ touc wc trÐtou bajmoÔ eÐnai suneqeÐc kai fragmènec.

Tìte, an epiplèon isqÔei h Sqèsh (3.63) thc omoiìmorfa parabolik c morf c thc HJB

merik c diaforik c exÐswshc to prìblhma thc (3.61), me dedomèna w(T, x) = h(x) (oriak�

dedomèna sto qrìno) èqei monadik  lÔsh w ∈ C1,2
b (Q0) ìpou to C1,2

b (Q0) sumbolÐzei tic

sunart seic ìpou oi Ðdiec kai oi merikèc par�gwgoÐ touc wc pr¸tou bajmoÔ gia thn pr¸th

par�metro kai wc deÔterou bajmoÔ gia th deÔterh par�metro eÐnai suneqeÐc kai fragmènec.

'Opwc proanafèrjhke, oi periorismoÐ pou aforoÔn stic fragmènec sunart seic eÐnai po-

lÔ austhroÐ kai eÐnai dÔskolo na ikanopoioÔntai apì tic a, b, f, h. Se aut n thn perÐptwsh,

to parak�tw je¸rhma odhgeÐ se lÔsh w ∈ C1,2(Q0)∩Cp(Q0) tou probl matoc thc Sqèshc

(3.61) proseggÐzontac tic a, b, f, h me sunart seic pou ikanopoioÔn tic proôpojèseic tou

Jewr matoc 13.
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Je¸rhma 14. (PerÐptwsh Q0 kai mh fragmènwn a, b, f, h ([9], Kef�laio 4, Sel. 162))

JewreÐtai ìti o suntelest c di�qushc, σ, thc ESDE (3.47) den exart�tai apì ton èlegqo,

dhlad , σ(., x(.), u(.)) = σ(., x(.)). Epiprìsjeta, èstw φ ènac pÐnakac m × m pou èqei

antÐstrofo (nonsingular). Epiprìsjeta, èstw ìti ikanopoioÔntai oi parak�tw apait seic:

• To U eÐnai sumpagèc.

• b(t, x, u) = B(t, x) + φ(t, x)Θ(t, x, u).

• IsqÔei B, φ ∈ C1,2(Q0) kai epiprìsjeta φ, φ
−1, φx, Bx eÐnai fragmèna sto Q0, en¸

Θ ∈ C1(Q0 × U) me Θ, Θx fragmèna.

• f ∈ C1(Q0 × U) kai epiplèon ta f, fx ikanopoioÔn mÐa sunj kh poluwnumik c an�-

ptuxhc.

• h ∈ C3(Rm) kai epiplèon ta h, hx ikanopoioÔn mÐa sunj kh poluwnumik c an�ptuxhc.

Tìte, an epiplèon isqÔei h Sqèsh (3.63), to prìblhma thc (3.61), me dedomèna w(T, x) =

h(x) èqei monadik  lÔsh w ∈ C1,2(Q0) ∩ Cp(Q0).

3.3.3 Sqèsh metaxÔ Hamilton−Jacobi−Bellman & Stoqasti-

k c Arq c MegÐstou

Arqik� upenjumÐzontai oi dÔo Qamiltonianèc. H Qamiltonian  pou orÐsthke sthn perÐptwsh

tou dunamikoÔ programmatismoÔ, qwrÐc to sup, eÐnai h ex c:

H(t, x, u,DxV,D
2
xV ) =

[
−b(t, x, u) ·DxV − 1

2
tra(t, x, u)D2

xV − f(t, x, u)

]
=

[
−b(t, x, u) ·DxV − 1

2
trσT (t, x, u)D2

xV σ(t, x, u)− f(t, x, u)

]
. (3.67)

H deÔterh isìthta ofeÐletai sthn ex c parat rhsh. 'Estw c = [cij] = σT kai A = [Aij].

Tìte,

tr(cAσ) =
n∑

i=1

m∑
l=1

m∑
k=1

cikAklσli,

kai

tr(aA) = tr(σcA) =
m∑
i=1

n∑
k=1

m∑
l=1

σikcklAli =
m∑
k=1

n∑
i=1

m∑
l=1

σlicikAkl = tr(cAσ).

H Qamiltonian  pou orÐsthke sthn perÐptwsh thc Stoqastik c Arq c MegÐstou èqei
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thn parak�tw morf , ìpou (p(.), q(.)) eÐnai oi sumplhrwmatikèc diadikasÐec pr¸tou bajmoÔ:

H(t, x, u, p, q) = ⟨p, b(t, x, u)⟩+ tr[qTσ(t, x, u)]− f(t, x, u). (3.68)

Exet�zetai h perÐptwsh ìpou up�rqei arket� omal  lÔsh thc exÐswshc HJB. Epiplèon

pragmatopoioÔntai oi dÔo parak�tw upojèseic:

• (P1') (U, d) eÐnai diaqwrÐsimoc kai pl rhc metrikìc q¸roc kai T > 0 (d sun�rthsh

mètrou orismènh sto q¸ro U).

• (P2') Oi sunart seic b, σ, f : [t0, T ] × Rm × U → Rm, Rm×n R antÐstoiqa kai

h : Rm → R eÐnai omoiìmorfa suneqeÐc kai up�rqei mÐa stajer� L > 0 ¸ste gia

φ = b, σ, f, h na isqÔei:

|φ(t, x, u)− φ(t, x̂, u)| ≤ L |x− x̂| , ∀ t ∈ [t0, T ], x, x̂ ∈ Rm, u ∈ U,

|φ(t, 0, u)| ≤ L, ∀(t, u) ∈ [t0, T ]× U.

(3.69)

MporeÐ na parathrhjeÐ eÔkola ìti h (P2') ousiastik� anafèretai se fragmènh merik  pa-

r�gwgo wc proc thn kat�stash, ìpwc apaiteÐtai kai sto Je¸rhma 13 thc prohgoÔmenhc

upoenìthtac. H (P1') ikanopoieÐtai genik� apì to q¸ro U ∈ Rk, gia k�poio k > 0 pou

jewreÐtai stic prohgoÔmenec enìthtec pou meletoÔn thn efarmog  tou dunamikoÔ program-

matismoÔ.

Je¸rhma 15. (Sqèseic metaxÔ twn Qamiltonian¸n ([5], Kef�laio 5, Sel. 250))

'Estw ìti isqÔoun oi apait seic (P1'), (P2'). 'Estw h bèltisth tetr�da (x∗(.), u∗(.), p(.), q(.))

gia th Stoqastik  Arq  MegÐstou (Enìthta 3.2) kai èstw ìti V ∈ C1,2([0, T ]×Rm). Tìte:

Vt(t, x
∗(t)) = H(t, x∗(t), u∗(t), DxV (t, x∗(t)), D2

xV (t, x∗(t)))

= max
u∈U

H(t, x∗(t), u,DxV (t, x∗(t)), D2
xV (t, x∗(t))), a.e. t ∈ [0, T ], P− σ.β. (3.70)

dhlad  ikanopoieÐ thn HJB merik  diaforik  exÐswsh. Akìmh, an V ∈ C1,3([0, T ]× Rm)

kai h Vtx eÐnai suneq c tìte:

DxV (t, x∗(t)) = −p(t) ∀ t ∈ [0, T ], P− σ.β.,

D2
xV (t, x∗(t))σ(t, x∗(t), u∗(t)) = −q(t) a.e. t ∈ [0, T ], P− σ.β. (3.71)

To parap�nw je¸rhma sto pr¸to mèroc epexhgeÐ th sqèsh metaxÔ thc bèltisthc lÔshc

thc Stoqastik c Arq c MegÐstou kai thn ikanopoÐhsh thc merik c diaforik c exÐswshc
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HJB, kai sto deÔtero mèroc anaptÔssei th sqèsh metaxÔ thc klÐshc kai tou EssianoÔ

pÐnaka thc sun�rthshc axÐac me tic sumplhrwmatikèc diadikasÐec pr¸thc t�xhc, ìpwc h

teleutaÐec orÐzontai sth mèjodo thc Stoqastik c Arq c MegÐstou. Apì ta parap�nw

gÐnetai faner  h isodunamÐa twn dÔo Qamiltonian¸n stic Sqèseic (3.67), (3.68).

3.3.4 Idiìthtec thc Sun�rthshc AxÐac

Sthn Enìthta aut  ja melethjeÐ h sumperifor� tou sunarthsiakoÔ kìstouc J kai thc

sun�rthshc axÐac VPM (Enìthta 3.3.1), se dÔo peript¸seic. Katarq�c, jewreÐtai to Q0 =

[t0, T ) × Rm wc to di�sthma elègqou kai epiplèon jewreÐtai ìti den isqÔei kat' an�gkh h

omoiìmorfh parabolik  morf  thc exÐswshc HJB. 'Etsi, h VPM h opoÐa ja sumbolÐzetai

me V sto upìloipo thc paroÔsac enìthtac, den eÐnai genik� klassik  lÔsh thc exÐswshc

HJB, me thn ènnoia V ∈ C1,2(Q0). H pr¸th perÐptwsh afor� th melèth thc sumperifor�c

twn J, V , ìtan oi f, b (Enìthta 3.3.1) proseggÐzontai apì tic fp, bp, oi opoÐec èqoun

sumpag  upost rixh ìson afor� thn kat�stash x. H deÔterh perÐptwsh afor� th melèth

thc sumperifor�c twn J, V ìtan diatar�ssontai oi suntelestèc thc ESDE (3.47)   h

sun�rthsh f pou oloklhr¸netai sto sunarthsiakì kìstoc. H deÔterh perÐptwsh eÐnai

polÔ qr simh sthn pr�xh ìpwc ja gÐnei fanerì sto upìloipo thc enìthtac aut c all� kai

sto Kef�laio 4.

GÐnontai oi parak�tw paradoqèc, ìpou (t, x) ∈ Q0:

• To U eÐnai sumpagèc.

• b, σ na eÐnai suneqeÐc sto Q0×U kai oi b(., ., u), σ(., ., u) eÐnai C1(Q0) gia k�je u ∈ U .

• Gia kat�llhlec stajerèc C1, C2 isqÔoun:

|bt|+ |bx| ≤ C1, |σt|+ |σx| ≤ C1,

|b(t, 0, u)|+ |σ(t, x, u)| ≤ C2, (3.72)

dhlad , h σ eÐnai fragmènh.

• H f eÐnai suneq c sto Q0 × U kai gia kat�llhlec stajerèc C3, k isqÔei:

|f(t, x, u)| ≤ C3(1 + |x|k). (3.73)

Epiplèon, jewreÐtai ìti h(T, x(T )) = 0, qwrÐc autì na apoteleÐ ousiastikì periorismì

[9]. Gia tic SDE me tuqaÐouc suntelestèc ìpwc h ESDE (3.47) isqÔei (paratÐjetai kai
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sthn Enìthta 2.8 sto Je¸rhma 6):

Etx max
t≤s≤T

|x(s)|l ≤ Bl(1 + |x|l). (3.74)

H stajer� Bl exart�tai apì tic C1, C2, kaj¸c kai apì to U kai to di�sthma (T − t). Tìte,
apì tic Sqèseic (3.73), (3.74), ìtan k = l prokÔptei eÔkola ìti:

|J(t, x;u)| ≤M(T − t)(1 + |x|l), (3.75)

ìpou M = C3(1 + Bl), dhlad  to M exart�tai mìno apì ta C1, C2, C3, kaj¸c kai apì

to U kai to di�sthma (T − t) kai ìqi apì tic sunart seic b, σ, f . H parap�nw sqèsh

prokÔptei wc ex c:

|J(t, x;u)| =
∣∣∣∣Etx

{∫ T

t

f(t, x(t), u(t))dt

}∣∣∣∣ = ∣∣∣∣∫ T

t

Etx {f(t, x(t), u(t))} dt
∣∣∣∣

≤
∫ T

t

Etx {|f(t, x(t), u(t))|} dt ≤
∫ T

t

Etx

{
C3(1 + |x(t)|l)

}
dt

=

∫ T

t

C3(1 + Etx

{
|x(t)|l

}
)dt ≤

∫ T

t

C3(1 +Bl(1 + |x|l))dt

≤
∫ T

t

C3(1 +Bl)(1 + |x|l)dt ≤M(T − t)(1 + |x|l), (3.76)

ìpou h deÔterh isìthta prokÔptei apì thn efarmog  tou Jewr matoc tou Fubini, h pr¸th

anisìthta prokÔptei apì thn efarmog  thc anisìthtac tou Jensen gia thn apìluth tim 

kai h trÐth anisìthta prokÔptei me efarmog  thc Sqèshc (3.74).

Epiprìsjeta, mèsw tou orismoÔ thc sun�rthshc axÐac V (Enìthta 3.3.1) kai qrhsi-

mopoi¸ntac thn prohgoÔmenh sqèsh prokÔptei amèswc èna poluwnumikì �nw fr�gma gia

aut :

|V (t, x)| ≤M(T − t)(1 + |x|l), (t, x) ∈ Q0. (3.77)

Sth sunèqeia ja melethjeÐ h pr¸th perÐptwsh. Gia k�je ρ > 0 epilègetai sun�rthsh

aρ ∈ C∞(Rm) h opoÐa na plhreÐ ta parak�tw:

0 ≤ aρ(x) ≤ 1, |Daρ| ≤ 2,

aρ(x) = 1 for |x| ≤ ρ, aρ(x) = 0 for |x| ≥ ρ+ 1. (3.78)

H aρ eÐnai mÐa bump sun�rthsh dhlad  eÐnai tautìqrona omal  sun�rthsh (C∞(Rm)) me

sumpag  upost rixh. OrÐzetai fρ = aρf kai bρ = aρb. ParathreÐtai ìti oi fρ, bρ ika-

nopoioÔn tic Ðdiec sunj kec poluwnumik c an�ptuxhc me tic f, b antÐstoiqa, lìgw twn
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idiot twn tou aρ. Dosmènou enìc sust matoc pijanìthtac anafor�c ν kai u(.) ∈ Atν

(Enìthta 3.3.1), h xρ(s) eÐnai h lÔsh thc ESDE

dxρ(s) = bρ(s, xρ(s), u(s))ds+ σ(s, xρ(s), u(s))dW (s), (3.79)

xρ(t) = x(t) = x. EpÐshc apì th jewrÐa twn SDE [1], [9], isqÔei ìti me pijanìthta 1

xρ(s) = x(s), t ≤ s ≤ τρ, (3.80)

ìpou τρ eÐnai o qrìnoc exìdou thc (s, x(s)) apì to Q = [t, T )× {|x| ≤ ρ}
IsqÔei to parak�tw l mma, to opoÐo dÐnei thn apìklish twn f, fρ.

L mma 2. (Apìklish twn f, fρ ([9], Kef�laio 4, Sel. 173))

Up�rqei mÐa stajer� C, ¸ste:

Etx

∫ T

t

∣∣∣∣fρ(s, xρ(s), u(s))− f(s, x(s), u(s))

∣∣∣∣ds ≤ Cρ−
1
2 (1 + |x|2k+1)

1
2 , (3.81)

ìpou to k eÐnai Ðdio me thc Sqèshc (3.73).

Apì to parap�nw l mma, prokÔptei apeujeÐac (me qr sh thc Jensen) apì ton orismì

tou J ìti: ∣∣∣∣Jρ(t, x;u)− J(t, x;u)

∣∣∣∣ ≤ Cρ−
1
2 (1 + |x|2k+1)

1
2 , (3.82)

kai ìmoia epeid  autì isqÔei gia k�je ν kai u(.) ∈ Atν , apì ton orismì tou V , isqÔei:∣∣∣∣Vρ(t, x)− V (t, x)

∣∣∣∣ ≤ Cρ−
1
2 (1 + |x|2k+1)

1
2 . (3.83)

Sth sunèqeia ja melethjeÐ h deÔterh perÐptwsh, dhlad  h sumperifor� twn J, V

ìtan diatar�ssontai oi suntelestèc thc ESDE (3.47)   h sun�rthsh f . 'Estw ||.|| h
nìrma supremum. 'Estw b̃, σ̃, f̃ oi tropopoihmènec sunart seic twn suntelest¸n tou

probl matoc StoqastikoÔ Bèltistou Elègqou. 'Estw x̃ h lÔsh thc ESDE:

dx̃(s) = b̃(s, x̃(s), u(s))ds+ σ̃(s, x̃(s), u(s))dW (s), (3.84)

me x̃(t) = x(t) = x. ProkÔptei to parak�tw je¸rhma:

Je¸rhma 16. (ProseggÐseic me tropopoihmènouc suntelestèc ([9], Kef�laio 4, Sel.

173))

JewreÐtai ìti oi f, f̃ , f̃x eÐnai suneqeÐc kai ìti oi f − f̃ , f̃x eÐnai fragmènec sto Q0 × U .
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Tìte up�rqei stajer� B1:

Etx

∫ T

t

∣∣∣∣f̃(s, x̃(s), u(s))− f(s, x(s), u(s))

∣∣∣∣ds ≤
(T − t)

{
||f − f̃ ||+B1||f̃x||

[
||b− b̃|| + ||σ − σ̃||

]}
. (3.85)

'Omoia me parap�nw, gia th V isqÔei: ∣∣∣∣V (t, x)− Ṽ (t, x)

∣∣∣∣ ≤
(T − t)

{
||f − f̃ ||+B1||f̃x||

[
||b− b̃|| + ||σ − σ̃||

]}
. (3.86)

To je¸rhma 16 brÐskei qr simh efarmog  sthn perÐptwsh ìpou den isqÔei h omoiìmorfh

parabolik  morf  gia thn exÐswsh HJB kai up�rqei dunatìthta mèsw elafri�c tropo-

poÐhshc twn suntelest¸n tou probl matoc StoqastikoÔ Bèltistou Elègqou na prokÔyei

proseggistik  HJB gia thn opoÐa na isqÔei h omoiìmorfh parabolik  morf . To sf�lma

metaxÔ twn V (t, x), Ṽ (t, x) ja eÐnai mikrìtero ìso mikrìterh eÐnai h diafor� metaxÔ twn

zeug¸n f, f̃ , b, b̃ kai σ, σ̃, ìpwc faÐnetai sth Sqèsh (3.86). An�loga apotelèsmata

emperièqontai sthn amèswc epìmenh prìtash:

Prìtash 7. ([5], Kef�laio 4, Sel. 184)

'Estw ìti isqÔoun oi (P1'), (P2') gia tic (bε, σε, f ε, hε) oi opoÐec apoteloÔn tropopoi seic

twn (b, σ, f, h) me tic stajerèc sthn (P2') na efarmìzontai omoiìmorfa gia ìla ta 0 ≤
ε ≤ 1. OrÐzetai wc V ε h sun�rthsh axÐac tou tropopoihmènou probl matoc. Akìma gÐnetai

h parak�tw upìjesh:

lim
ε→0

|φε(t, x, u)− φ(t, x, u)| = 0, (3.87)

omoiìmorfa sto (t, u) ∈ [0, T ]×U kai x se sumpag  sÔnola tou Rm, me φε = bε, σε, f ε, hε

kai φ = b, σ, f, h. Tìte isqÔei:

lim
ε→0

V ε(s, y) = V (s, y), (3.88)

omoiìmorfa sto (s, y) se k�je sumpag  sÔnolo tou [0, T ]× Rm.

3.3.5 ExÐswsh DunamikoÔ ProgrammatismoÔ se Stoqasti-

kèc Sunj kec

Sthn paroÔsa enìthta, ja dojeÐ h arq  tou dunamikoÔ programmatismoÔ tou Bellman en¸

epÐshc ja analujeÐ o trìpoc me ton opoÐo prokÔptei h merik  diaforik  exÐswsh HJB
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apì thn arq  dunamikoÔ programmatismoÔ. Epiplèon, ja paratejoÔn sqetik� jewr mata

pou diasundèoun th lÔsh thc HJB exÐswshc me thn arq  tou dunamikoÔ programmatismoÔ.

AxÐzei na shmeiwjeÐ ìti austhrèc prot�seic sqetik� me to dunamikì programmatismì sta

plaÐsia tou StoqastikoÔ Bèltistou Elègqou, diatup¸jhkan kai sto Je¸rhma EpibebaÐw-

shc (Je¸rhma 11).

Arqik�, ja perigrafeÐ mèsa se èna genikìtero plaÐsio, h arq  dunamikoÔ programma-

tismoÔ tou Bellman (Bellman′s principle of dynamic programming). Gia autì, ja

prèpei na ekfrasteÐ to el�qisto thc posìthtac J pou eÐnai upì elaqistopoÐhsh (Enìth-

ta 3.3.1) wc sun�rthsh twn arqik¸n dedomènwn, dhlad  tou arqikoÔ qrìnou t, kai thc

arqik c kat�stashc x(t) = x. 'Estw C èna sÔnolo apodekt¸n elègqwn. Tìte, orÐzetai

V (t, x) = minu∈C J(t, x;u), ìpou h V (t, x) eÐnai an�logh-isodÔnamh thc sun�rthshc axÐ-

ac pou orÐsthke sthn Enìthta 3.3.1. SÔmfwna me arq  dunamikoÔ programmatismoÔ tou

Bellman isqÔei ìti gia t ≤ t+ h ≤ T :

V (t, x) = inf
u(.)∈C

Etx

{∫ t+h

t

f(s, x(s), u(s))ds+ V (t+ h, x(t+ h))

}
, (3.89)

ìpou to dexiì mèloc mèsa stic agkÔlec antiproswpeÔei to trèqon kìstoc apì th qronik 

stigm  t wc th qronik  stigm  t+h sun to el�qisto anamenìmeno kìstoc me bèltisto èlegqo

sto qronikì di�sthma [t+ h, T ] kai me arqik� dedomèna (t+ h, x(t+ h)). Sthn perÐptwsh

thc perigraf c tou probl matoc thc Enìthtac 3.3.1 isqÔei to akìloujo Je¸rhma, ìpou

Uw[t, T ] eÐnai to sÔnolo twn apodekt¸n elègqwn thc asjenoÔc diatÔpwshc thc Enìthtac

3.1.2:

Je¸rhma 17. (Arq  DunamikoÔ ProgrammatismoÔ me stajeroÔc qrìnouc ([5], Kef�laio

4, Sel. 180))

'Estw ìti isqÔoun oi apait seic (P1'), (P2'), tìte gia k�je (t, x) ∈ [0, T )× Rm, isqÔei:

V (t, x) = inf
u(.)∈Uw[t,T ]

Etx

{∫ s

t

f(l, x(l; t, x, u(.)), u(l))dl + V (s, x(s; t, x, u(.)))

}
,

s ∈ [t, T ]. (3.90)

To akìloujo je¸rhma apodeiknÔetai me b�sh to Je¸rhma 17 kai dÐnei thn tim  thc V

gia k�je arqik  qronik  stigm  t se èna di�sthma elègqou [s, T ].

Je¸rhma 18. (V gia k�je arqik  qronik  stigm  t ([5], Kef�laio 4, Sel. 180))

'Estw ìti isqÔoun oi apait seic (P1'), (P2'), kai èstw (x∗(.), u∗(.)) èna bèltisto zeÔgoc

kat�stashc, elègqou, tìte isqÔei:

V (t, x∗(t)) = E

{∫ T

t

f(l, x∗(l), u∗(l))dl + h(x∗(T ))

∣∣∣∣F s
t

}
,∀t ∈ [s, T ],P− σ.β. (3.91)
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ìpou F s
t eÐnai h σ-�lgebra apì th qronik  stigm  s wc thn t.

Apìdeixh. IsqÔei ìti:

V (s, y) = J(s, y;u∗(.)) =

= E

{∫ t

s

f(l, x∗(l), u∗(l))dl + E

[∫ T

t

f(l, x∗(l), u∗(l))dl + h(x∗(T ))

∣∣∣∣F s
t

]}
= E

∫ t

s

f(l, x∗(l), u∗(l))dl + EJ(t, x∗(t);u∗(.))

≥ E

∫ t

s

f(l, x∗(l), u∗(l))dl + EV (t, x∗(t))

≥ V (s, y), (3.92)

ìpou h teleutaÐa anisìthta eÐnai lìgw tou Jewr matoc 17, kai q�rh sthn opoÐa ìlec

oi parap�nw anisìthtec metatrèpontai se isìthtec. Sugkekrimèna EJ(t, x∗(t);u∗(.)) =

EV (t, x∗(t)) ki epeid  J(t, x∗(t);u∗(.)) ≥ V (t, x∗(t)), P − σ.β., telik� apodeiknÔetai to

je¸rhma kaj¸c prokÔptei J(t, x∗(t);u∗(.)) = V (t, x∗(t)), P − σ.β. (lìgw twn dÔo para-

p�nw sqèsewn).

AkoloÔjwc ja perigrafeÐ o trìpoc pou prokÔptei h exÐswsh HJB apì to dunamikì

programmatismì me b�sh to genikìtero plaÐsio pou perigr�fhke parap�nw.

Orismìc 25. (Telest c AuΦ(t, x) ([9], Kef�laio 3) )

'Estw di�sthma I = [t0, T ] kai Φ mÐa sun�rthsh me pragmatikèc timèc sto di�sthma I×Rm,

ìpou Rm, eÐnai to pedÐo tim¸n thc kat�stashc. OrÐzetai o parak�tw telest c:

AΦ(t, x) = lim
h→0+

h−1 [EtxΦ(t+ h, x(t+ h))− Φ(t, x)] , (3.93)

dedomènou ìti to ìrio up�rqei, gia k�je t ∈ I, x(t) = x ∈ Rm. Oi sunart seic Φ gia tic

opoÐec orÐzetai o parap�nw telest c èqoun tic ex c idiìthtec:

• Φ, ϑΦ
ϑt
, AΦ eÐnai suneqeÐc sto I × Rm.

• Etx|Φ(T, x(T ))| <∞, Etx

∫ T

t
|AΦ(s, x(s))|ds <∞, t < T, t, T ∈ I.

• IsqÔei h Dynkin fìrmoula:

EtxΦ(s, x(s))− Φ(t, x) = Etx

∫ s

t

AΦ(r, x(r))dr, t < s. (3.94)

Gia tic diadikasÐec di�qushc (pou dÐnontai apì thn ESDE (3.47)) o telest c AuΦ(t, x) èqei

63



3.3 Mèjodoc EpÐlushc 2: Dunamikìc Programmatismìc &
Hamilton− Jacobi−Bellman Merik  Diaforik  ExÐswsh

morf  pou moÐazei me th HJB exÐswsh wc akoloÔjwc:

AuΦ(t, x) =
ϑΦ

ϑt
+

1

2
traD2

xΦ + bDxΦ, (3.95)

ìpou to u qrhsimopoieÐtai lìgw thc elegqìmenhc stoqastik c diadikasÐac x.

Qrhsimopoi¸ntac ton parap�nw orismì, xekin¸ntac apì th Sqèsh dunamikoÔ program-

matismoÔ (3.89), ja prokÔyei h HJB merik  diaforik  exÐswsh. JewreÐtai stajerìc èleg-

qoc u(s) = u gia to qronikì di�sthma t ≤ s ≤ t+ h kai x(t) = x. Epiprìsjeta, gÐnetai h

paradoq  ìti h V ikanopoieÐ ton parap�nw orismì. Apì th Sqèsh (3.89) isqÔei:

V (t, x) ≤ Etx

∫ t+h

t

f(s, x(s), u)ds+ EtxV (t+ h, x(t+ h)) ⇒

0 ≤ lim
h→0+

h−1Etx

∫ t+h

t

f(s, x(s), u)ds+ lim
h→0+

h−1 [EtxV (t+ h, x(t+ h))− V (t, x)] ,

(3.96)

ìpou h teleutaÐa sqèsh proèkuye afair¸ntac to V (t, x) kai apì ta dÔo mèlh, diair¸ntac

me h kai paÐrnontac to ìrio h→ 0. IsqÔoun ta parak�tw:

lim
h→0+

h−1Etx

∫ t+h

t

f(s, x(s), u)ds = f(t, x, u),

lim
h→0+

h−1 [EtxV (t+ h, x(t+ h))− V (t, x)] =

lim
h→0+

h−1Etx

∫ t+h

t

AuV (s, x(s))ds = AuV (t, x),

ìpou to teleutaÐo prokÔptei apì th fìrmoula Dynkin. Antikajist¸ntac tic teleutaÐec

sth Sqèsh (3.96) prokÔptei:

0 ≤ f(t, x, u) + AuV (t, x).

An u∗ eÐnai bèltistoc èlegqoc tìte prèpei na isqÔei:

V (t, x) = Etx

∫ t+h

t

f(s, x∗(s), u∗(s))ds+ EtxV (t+ h, x∗(t+ h)),

to opoÐo qrhsimopoi¸ntac Ðdia logik  me parap�nw odhgeÐ sth sqèsh:

0 = f(t, x, u∗(t, x)) + Au∗
V (t, x).
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'Opote gÐnetai fanerì ìti katal goume sthn HJB exÐswsh dunamikoÔ programmatismoÔ:

0 = min
u∈C

[f(t, x, u) + AuV (t, x)].

Sth sunèqeia, dÐnetai ènac pio isqurìc orismìc thc arq c tou dunamikoÔ programma-

tismoÔ (Sqèsh (3.89)) basizìmenoc sth diatÔpwsh thc Enìthtac 3.3.1, qrhsimopoi¸ntac

qrìnouc diakop c antÐ gia stajerèc qronikèc stigmèc. Genik� parak�tw jewreÐtai ìti

V = VPM .

Orismìc 26. (Arq  DunamikoÔ ProgrammatismoÔ me qrìnouc diakop c ([9], Kef�laio

4, Sel. 176))

Ja lègetai ìti èna prìblhma peperasmènou qronikoÔ orÐzonta ikanopoieÐ thn arq  tou

dunamikoÔ programmatismoÔ gia k�je (t, x) ∈ Q0 ìtan isqÔoun ta parak�tw:

Gia k�je ν, u(.) ∈ Atν kai Fs-qrìno diakop c θ,

V (t, x) ≤ Etx

{∫ θ

t

f(s, x(s), u(s))ds+ V (θ, x(θ))

}
. (3.97)

Gia k�je δ > 0 up�rqoun ν, u(.) ∈ Atν ¸ste:

V (t, x) + δ ≥ Etx

{∫ θ

t

f(s, x(s), u(s))ds+ V (θ, x(θ))

}
, (3.98)

gia k�je Fs-qrìno diakop c θ.

Ta dÔo parak�tw jewr mata exasfalÐzoun ìti h lÔsh thc HJB eÐnai arket� omal 

¸ste na ikanopoieÐ thn exÐswsh tou dunamikoÔ programmatismoÔ kai h bèltisth sun�rthsh

axÐac na tautÐzetai se ìla ta sust mata pijanìthtac (Enìthta 3.3.1).

Je¸rhma 19. ([9], Kef�laio 4, Sel. 178)

'Estw ìti isqÔoun oi proôpojèseic tou Jewr matoc 13 kai h Sqèsh (3.63). 'Estw ìti

h lÔsh w thc HJB exÐswshc ikanopoieÐ w ∈ C1,2
b (Q0) ìpwc sto Je¸rhma 13. Tìte

w = V = Vν , ∀ ν kai isqÔei h arq  tou dunamikoÔ programmatismoÔ (Orismìc 26).

Je¸rhma 20. ([9], Kef�laio 4, Sel. 178)

'Estw ìti isqÔoun oi proôpojèseic thc Enìthtac 3.3.4. Tìte V = Vν , ∀ ν, h V eÐnai

suneq c sto Q0 kai isqÔei h arq  tou dunamikoÔ programmatismoÔ (Orismìc 26).

3.3.6 Enswm�twsh twn Periorism¸n Kat�stashc

Sthn paroÔsa enìthta perigr�fetai h teqnik  enswm�twshc telik¸n periorism¸n kat� thn

epÐlush twn problhm�twn StoqastikoÔ Bèltistou Elègqou me th mèjodo twn Lagkrasia-

n¸n [14], [15] h opoÐa brÐskei efarmog  kurÐwc sth mèjodo tou dunamikoÔ programmatismoÔ.
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AxÐzei na shmeiwjeÐ ìti anaforik� me th mèjodo thc Stoqastik c Arq c MegÐstou up�rqei

mejodologÐa epÐlushc me periorismoÔc kat�stashc pou perigr�fetai sthn Enìthta 3.2.3,

h opoÐa perièqei poll� stoiqeÐa thc duðk c beltistopoÐhshc (me Lagkrasianèc) all� eÐ-

nai enswmatwmènh sto plaÐsio epÐlushc mèsw thc Stoqastik c Arq c MegÐstou (dhlad 

me sumplhrwmatikèc diadikasÐec pr¸tou kai deÔterou bajmoÔ). Akìmh, parìlo pou sthn

paroÔsa enìthta perigr�fetai to jewrhtikì upìbajro gia thn enswm�twsh telik¸n perio-

rism¸n (t = T ), sto epìmeno kef�laio (Kef�laio 4) me an�logo trìpo ja enswmatwjoÔn

genikìteroi periorismoÐ kat�stashc (∀ t). To perieqìmeno thc paroÔsac enìthtac proèr-

qetai apì thn anafor� [1], Kef�laio 2, Sel. 242.

SÔmfwna me ton orismì tou probl matoc sthn Enìthta 3.3.1 stìqoc eÐnai h elaqisto-

poÐhsh tou

J(t, x;u) = Etx

{∫ T

t

f(s, x(s), u(s))ds+ h(T, x(T ))

}
, (3.99)

sthn opoÐa prostÐjentai oi telikoÐ periorismoÐ:

Etx[Mi(T, x(T );u)] = 0, i = 1...l, (3.100)

ìpouM = (M1, ...,Ml) : Rm+1 → Rl eÐnai suneq c sun�rthsh me Etx[|M(T, x(T );u)|] <∞
gia ìla ta (t, x), u(.).

Sth sunèqeia eis�getai to antÐstoiqo prìblhma all� diamorfwmèno qwrÐc periorismoÔc.

Gia k�je λ ∈ Rl kai èlegqo u orÐzetai:

Jλ(t, x;u) = Etx

{∫ T

t

f(s, x(s), u(s))ds+ h(T, x(T )) + λM(T, x(T );u)

}
. (3.101)

Tìte upologÐzetai to Jλ = supu Jλ(t, x;u(.)) = Jλ(t, x;u
∗
λ(.)). 'Estw Pr.1 to prìblhma me

periorismoÔc kai Pr.2 to parap�nw orismèno antÐstoiqo prìblhma qwrÐc periorismoÔc.

ApodeiknÔetai to parak�tw je¸rhma:

Je¸rhma 21. JewreÐtai ìti gia k�je λ ∈ Rl mporoÔn na brejoÔn Jλ, u
∗(.) pou na

epilÔoun to parap�nw prìblhma qwrÐc periorismoÔc (Pr.2). Epiplèon jewreÐtai ìti up�rqei

λ0 ètsi ¸ste

Etx[Mi(T, x(T );u
∗
λ0
(.))] = 0, i = 1...l.

Tìte, ta Jλ0 , u
∗
λ0
(.), epilÔoun to prìblhma me periorismoÔc, Pr.1.
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3.3.7 Arijmhtik  Prosèggish gia thn EpÐlush twn Exis¸-

sewn Hamilton Jacobi Bellman

Sthn paroÔsa enìthta ja perigrafeÐ ènac trìpoc arijmhtik c epÐlushc thc merik c dia-

forik c exÐswshc HJB mèsw thc mejìdou peperasmènwn diafor¸n (finite differences)

gia probl mata StoqastikoÔ Bèltistou Elègqou peperasmènou qronikoÔ orÐzonta. H mè-

jodoc diakritopoÐhshc thc HJB pou sthrÐzetai stic peperasmènec diaforèc anaptÔqjhke

apì ton Kushner [12], [13], [9]. Arqik� ja perigrafeÐ o dunamikìc programmatismìc se

diakritì qrìno, o opoÐoc ja apotelèsei kai th b�sh gia thn en suneqeÐa diakritopoÐhsh

kai arijmhtik  epÐlush thc merik c diaforik c exÐswshc HJB. SÔmfwna me to sq ma tou

Kushner, mÐa elegqìmenh di�qush Markov sto Rm ìpwc orÐzetai sthn Enìthta 3.1.1,

ESDE (3.1), proseggÐzetai apì mÐa elegqìmenh Markobian  alusÐda se plègma ston Rm

me metab�seic mìno stouc kontinìterouc geÐtonec. Tìte, h exÐswsh dunamikoÔ program-

matismoÔ se diakritì qrìno gia thn elegqìmenh Markobian  alusÐda diakritoÔ qrìnou,

isodunameÐ me th merik  diaforik  exÐswsh HJB an antikatastajoÔn sthn teleutaÐa oi

merikèc par�gwgoi pr¸tou kai deÔterou bajmoÔ me kat�llhla phlÐka peperasmènwn dia-

for¸n. Ja prèpei na shmeiwjeÐ ìti h qr sh peperasmènwn diafor¸n gia thn arijmhtik 

epÐlush merik¸n diaforik¸n exis¸sewn eÐnai mÐa mèjodoc arket� apl  kai edraiwmènh sth

bibliografÐa [10], wstìso mèsa apì to sq ma tou Kushner h diakritopoÐhsh thc HJB

sth morf  pou apaiteÐtai apì th mèjodo peperasmènwn diafor¸n prokÔptei mèsa apì thn

prosèggish thc Markobian c di�qushc me mÐa Markobian  alusÐda kai ìqi me thn apeujeÐ-

ac antikat�stash twn merik¸n parag¸gwn me peperasmènec diaforèc. To perieqìmeno thc

paroÔsac enìthtac proèrqetai apì to Kef�laio IX tou biblÐou [9], ektìc kai an anaferjeÐ

diaforetik�.

Dunamikìc Programmatismìc se Diakritì Qrìno

JewreÐtai ìti to sÔnolo twn katast�sewn eÐnai peperasmèno   arijm sima �peiro kai sum-

bolÐzetai me Σ, en¸ ta diakrit� qronik� b mata sta opoÐa pragmatopoieÐtai o èlegqoc

sumbolÐzontai me ton deÐkth l, pou èqei timèc l = k, k + 1, ...,M . H kat�stash kai o è-

legqoc sto qronikì b ma l sumbolÐzontai me xl, ul antÐstoiqa, kai eÐnai diakritoÔ qrìnou

stoqastikèc diadikasÐec me xl ∈ Σ, ul ∈ U . H metabol c thc kat�stashc x se mÐa �llh

kat�stash y, sto qronikì b ma l kai upì ton èlegqo ul, exart�tai apì thn pijanìthta

met�bashc pu
l

l (x, y). Gia dieukìlunsh sthn parousÐash, ìtan eÐnai dunatì, antÐ gia xl, ul

ja gr�fetai x, u, kai ja dieukrinÐzetai h qronik  stigm  mèsa apì tic sunart seic pou

ja emperièqoun ta x, u. Akolouj¸ntac thn asjen  diatÔpwsh ìpwc stic Enìthtec 3.1.2,

3.3.1, orÐzetai to sÔnolo twn apodekt¸n elègqwn sust matoc wc ex c:

Orismìc 27. (Apodektì sÔsthma elègqou se diakritì qrìno)
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'Ena sÔsthma elègqou π = (Ω,F ,P,Fl, x
., u.) ja lègetai apodektì ìtan isqÔoun ta ex c:

• (Ω,F ,P) eÐnai ènac q¸roc pijanìthtac.

• Fl eÐnai mÐa aÔxousa oikogèneia σ−algebr¸n, me l = k, k + 1, ...,M kai Fl ⊂ F .

• H arqik  kat�stash (qronikì b ma k) eÐnai xk = x kai to xl eÐnai Fl-metr simo gia

k�je qronikì b ma l = k, k + 1, ...,M − 1.

• To ul eÐnai Fl-metr simo gia k�je qronikì b ma l = k, k + 1, ...,M − 1.

• P (x(l+1) = y) = pu
l

l (x
l, y), P− σ.β. gia l = k, k + 1, ...,M − 1.

To krit rio proc beltistopoÐhsh (elaqistopoÐhsh) sto diakritì qrìno (Enìthta 3.1.1

gia to suneq  qrìno) èqei th morf :

Jk(x;π) = Ekx

{
M−1∑
l=k

f l(xl, ul) + h(xM)

}
, (3.102)

ìpou gÐnontai oi parak�tw paradoqèc:

• Up�qei K ¸ste |f l(x, u)| ≤ K, |h(x)| ≤ K, ∀ x ∈ Σ, u ∈ U, l = k, k+1, ...,M −1.

• To pedÐo tim¸n tou elègqou U eÐnai sumpagèc.

• pul (x, y) eÐnai suneq c sto U gia k�je x, y ∈ Σ.

• Gia k�je x ∈ Σ up�rqei èna peperasmèno sÔnolo Γx ètsi ¸ste pul (x, y) = 0 gia k�je

y /∈ Γx.

H sun�rthsh axÐac orÐzetai kat� analogÐa me to suneqèc sÔsthma wc ex c:

V k(x) = inf
π
Jk(x;π), x ∈ Σ. (3.103)

Tèloc, h exÐswsh dunamikoÔ programmatismoÔ se diakritì qrìno paÐrnei th morf :

V k(x) = min
u∈U

[∑
y∈Σ

puk(x, y)V
k+1(y) + fk(x, u)

]
, k < M, (3.104)

me telik� dedomèna V M(x) = h(x).
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Prosèggish twn Exis¸sewn HJB me th Mèjodo Peperasmènwn Diafo-

r¸n, m = 1

JewreÐtai ìti isqÔoun oi paradoqèc thc Enìthtac 3.3.1 gia tic f(t, x, u), b(t, x, u) σ(t, x, u), h(x)

kai epiprìsjeta ikanopoioÔntai kai oi parak�tw apait seic:

• To pedÐo tim¸n tou elègqou U eÐnai sumpagèc.

• Oi b, σ, f, fx, ft eÐnai fragmènec sto Q0 × U .

Ja exetastoÔn dÔo peript¸seic. Sthn pr¸th jewreÐtai ìti to zeÔgoc (kat�stashc,

qrìnou) an kei sto Q0 me oriakèc sunj kec sthn telik  qronik  stigm  (dhlad  sto

sÔnoro tou qrìnou, T ) pou dÐnontai apì th sqèsh V (T, x) = h(x), ∀ x ∈ Rm. Sth

deÔterh perÐptwsh jewreÐtai ìti to zeÔgoc (kat�stashc, qrìnou) an kei sto Q kai oi

oriakèc sunj kec eÐnai thc morf c V (t, x) = h(t, x) gia (t, x) p�nw sto ϑ∗Q.

AkoloÔjwc, ja perigrafeÐ h pr¸th perÐptwsh, se mÐa di�stash (m = 1) ìson afor�

thn kat�stash, en¸ sth sunèqeia, sthn Ðdia upoenìthta perigr�fetai h deÔterh perÐptwsh.

H epèktash se perissìterec diast�seic ja gÐnei sthn epìmenh upoenìthta. Arqik� ja

kataskeuasteÐ h Markobian  alusÐda diakritoÔ qrìnou sto R pou proseggÐzei th di�qush

thc ESDE (3.47).

Gia th diakritopoÐhsh orÐzetai wc h > 0 to qronikì b ma kai wc δ > 0 to qwrikì

b ma ta opoÐa den prosdiorÐzontai anex�rthta metaxÔ touc, ìpwc ja deiqteÐ parak�tw. H

Markobian  alusÐda diakritoÔ qrìnou èqei wc q¸ro katast�sewn to ex c monodi�stato

plègma (pou eÐnai �peiro lìgw tou Q0):

Σh
0 = {x = jδ : j = 0,±1,±2, ...}. (3.105)

Epiplèon orÐzontai ta jetik� kai arnhtik� tm mata tou suntelest  t�shc (drift coefficient),

b, thc ESDE (3.47), pou dhl¸nontai wc b+, b− antÐstoiqa:

b+(t, x, u) = max{b(t, x, u), 0}, (3.106)

b−(t, x, u) = max{−b(t, x, u), 0}. (3.107)

(3.108)

EpÐshc, se mÐa di�stash, isqÔei ìti a(t, x, u) = σ2(t, x, u).

H dunamik  thc elegqìmenhc Markobian c alusÐdac diakritoÔ qrìnou perigr�fetai apì

tic akìloujec pijanìthtec met�bashc (to l dhl¸nei ton arijmì tou qronikoÔ (diakritì)
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b matoc kai tl tic antÐstoiqec qronikèc stigmèc (qrìnoc) gia aut� ta b mata):

pul (x, x+ δ) =
h

δ2

[
a(tl, x, u)

2
+ δb+(tl, x, u)

]
,

pul (x, x− δ) =
h

δ2

[
a(tl, x, u)

2
+ δb−(tl, x, u)

]
,

pul (x, x) = 1− pul (x, x− δ)− pul (x, x+ δ), (3.109)

ìpou pul (x, y) = 0, an y = x + jδ, j ̸= 0,±1, dhlad  oi metab�seic se èna qronikì

b ma gÐnontai mìno proc touc kontinìterouc geÐtonec. IsqÔei ìti pul (x, x± δ) ≥ 0, wstìso

epeid  prèpei na isqÔei kai pul (x, x) ≥ 0 periorÐzontai kai susqetÐzontai oi dunatèc timèc pou

mporoÔn na l�boun ta b mata h, δ. Ikan  sunj kh gia ta h, δ ¸ste na isqÔei pul (x, x) ≥ 0

eÐnai h ex c:

h[a(tl, x, u) + δ|b(tl, x, u)|] ≤ δ2, ∀ (x, u) ∈ R× U, tl ≤ T. (3.110)

Opìte epilègetai δ = δ(h) ¸ste na isqÔei h sunj kh thc Sqèshc (3.110). Shmei¸netai ìti

oi pijanìthtec met�bashc ja dÐnontai isodÔnama kai wc proc th qronik  stigm  antÐ gia

ton arijmì qronikoÔ b matoc, p.q., pu
tl
antÐ gia pul .

To kìstoc proc elaqistopoÐhsh exart�tai apì to h kai ekfr�zetai wc ex c:

Jh(tk, x;π) = Ekx

{
M−1∑
l=k

hf(tl, xl, ul) + h(xM)

}
, (3.111)

dhlad  ìmoia me th Sqèsh (3.102) gia to diakritì dunamikì programmatismì, me th diafor�

ìti emperièqetai h posìthta hf(tl, xl, ul).

Sqetik� me thn arqik  qronik  stigm , h t0 (Enìthta 3.3.1) epanaprosarmìzetai sthn

th0 = T −Mh ìpou th0 → t0, h ↓ 0. To Q0 se diakritopoihmènh morf  gr�fetai wc ex c

(antÐ gia tk, k = 0, ...,M gr�foume t apì ed¸ kai k�tw):

Qh
0 = {(t, x) : t = th0 + kh, k = 0, 1, ...,M, x ∈ Σh

0}. (3.112)

Genik� èna qronikì b ma thc elegqìmenhc Markobian c alusÐdac diakritoÔ qrìnou anti-

stoiqeÐ se qronikì di�sthma h gia thn ESDE (3.47). H sun�rthsh axÐac sumbolÐzetai me

V h(t, x) = infπ J
h(t, x; π), (t, x) ∈ Qh

0 .

Sthn perÐptwsh thc elegqìmenhc Markobian c alusÐdac diakritoÔ qrìnou me pijanì-

thtec met�bashc pou dÐnontai sth Sqèsh (3.109), h exÐswsh dunamikoÔ programmatismoÔ
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diakritoÔ qrìnou (Sqèsh 3.104) paÐrnei th morf :

V h(t, x) = min
u∈U

[
put (x, x+ δ)V h(t+ h, x+ δ) +

put (x, x− δ)V h(t+ h, x− δ) + put (x, x)V
h(t+ h, x) + hf(t, x, u)

]
, (3.113)

me telik  sunj kh V (T, x) = h(x) (ìpwc èqei proanaferjeÐ gia thn pr¸th perÐptwsh).

Stìqoc eÐnai t¸ra, h metatrop  thc parap�nw exÐswshc dunamikoÔ programmatismoÔ dia-

kritoÔ qrìnou se mÐa isodÔnamh morf  pou na moi�zei me thn HJB exÐswsh. Proc aut 

thn kateÔjunsh antikajÐstantai oi pijanìthtec met�bashc apì tic timèc touc apì th Sqèsh

(3.109) kai diairoÔntai oi ìroi me h. Epiprìsjeta, orÐzontai ta parak�tw phlÐka pepera-

smènwn diafor¸n gia mÐa opoiad pote sun�rthsh W (t, x):

∆+
xW =

W (t, x+ δ)−W (t, x)

δ
,

∆−
xW =

W (t, x)−W (t, x− δ)

δ
,

∆2
xW =

W (t, x+ δ) +W (t, x− δ)− 2W (t, x)

δ2
,

∆−
t W =

W (t, x)−W (t− h, x)

h
. (3.114)

To pr¸to kai to deÔtero phlÐko, onom�zontai emprìsjio kai opisjodromikì phlÐko dia-

for¸n pr¸thc t�xhc antÐstoiqa, to trÐto eÐnai to phlÐko diafor¸n deÔterhc t�xhc kai to

teleutaÐo eÐnai to opisjodromikì phlÐko diafor¸n pr¸thc t�xhc gia to qrìno. AfoÔ an-

tikatastajoÔn sth Sqèsh (3.113), oi pijanìthtec met�bashc apì th Sqèsh (3.109) kai me

kat�llhlh anadi�taxh ìrwn eÔkola prokÔptoun ta parap�nw phlÐka ta opoÐa kai antikajÐ-

stantai me touc sumbolismoÔc touc (me V ìpou W ). Epiplèon, o qrìnoc t antikajÐstatai

apì ton t − h kai o t + h apì ton t. 'Etsi prokÔptei h parak�tw exÐswsh pou eÐnai ìmoia

sth morf  me th HJB.

−∆−
t V

h +H(t, x,∆+
x V

h,∆−
x V

h∆2
xV

h) = 0, (3.115)

ìpou h Qamiltonian  H orÐzetai wc ex c:

H(t, x, p+, p−, A) = max
u∈U

[
−b+(t, x, u)p+ + b−(t, x, u)p− − a(t, x, u)

2
A− f(t, x, u)

]
.

(3.116)

Parat rhsh 8. ParathreÐtai ìti an p+ = p− = p, tìte, H(x, p, p, A) = H(x, p, A), ìpou

h H orÐsthke sthn Enìthta 3.3.2, Sqèsh (3.60).
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Apì th HJB sth Sqèsh (3.115) prokÔptei o parak�tw opisjodromikìc trìpoc upolo-

gismoÔ thc sun�rthshc axÐac V h.

V h(t− h, x) = V h(t, x)− hH(t, x,∆+
x V

h,∆−
x V

h,∆2
xV

h), (3.117)

ìpou ta ∆+
x V

h, ∆−
x V

h, ∆2
xV

h, exart¸ntai mìno apì to (t, x), opìte h tim  thc V h sto

t − h ekfr�zetai mèsw twn tim¸n thc V h th qronik  stigm  t. Gia autì to lìgo, h

fìrmoula (3.117) onom�zetai �mesh (explicit) [10] kaj¸c oi timèc thc gia th qronik  stigm 

t− h dÐnontai �mesa (opisjodromik�) apì tic timèc thc V h gia th qronik  stigm  t, qwrÐc

na apaiteÐtai h epÐlush k�poiou sust matoc (grammik¸n) exis¸sewn. To teleutaÐo eÐnai

aparaÐthto sthn perÐptwsh mÐac èmmeshc (implicit) fìrmoulac sthn opoÐa oi timèc thc V h

gia ta zeÔgh (qrìnou, kat�stashc) th qronik  stigm  t exart¸ntai apì tic timèc thc gia

geitonikèc katast�steic thn Ðdia qronik  stigm  (p.q., up�rqoun timèc thc V h stic qronikèc

stigmèc t, t − h kai sta dÔo mèlh thc fìrmoulac). H èmmesh fìrmoula, parìlo pou èqei

pio sÔnjeth diadikasÐa epÐlushc, mporeÐ na apobeÐ qr simh gia thn aÔxhsh thc t�xewc

sÔgklishc thc mejìdou peperasmènwn diafor¸n ([10], sel. 91) kai èqei to pleonèkthma

thc dunatìthtac qr shc megalÔterou qronikoÔ b matoc. Tèloc, h èmmesh kai h �mesh

fìrmoula mporoÔn na sunduastoÔn mèsw enìc pijanotikoÔ plaisÐou ([12], sel. 127).

Parat rhsh 9. MporeÐ na apodeiqteÐ ìti V h → V kaj¸c h→ 0 [13], [12], [9].

AkoloÔjwc h pr¸th perÐptwsh ja epektajeÐ sth deÔterh perÐptwsh ìpou jewreÐtai

ìti to zeÔgoc kat�stashc, qrìnou an kei sto Q kai ta oriak� dedomèna eÐnai thc morf c

V (t, x) = h(t, x) gia (t, x) p�nw sto ϑ∗Q. Tìte, to sÔnolo Σh
0 prèpei na antikatastajeÐ

apì èna peperasmèno uposÔnolo Σh.

Σh = {x ∈ Σh
0 : |x| ≤ Bh}. (3.118)

To Bh lègetai kai par�metroc apokop c kai h eisagwg  thc gÐnetai kai gia upologistikoÔc

lìgouc. Tìte, h exÐswsh dunamikoÔ programmatismoÔ diakritoÔ qrìnou (Sqèsh 3.113)

ja isqÔei sto eswterikì tou sunìlou Σh, en¸ ja prèpei na kajoristoÔn sunj kec gia

to sÔnoro tou Σh. Sugkekrimèna, oi pijanìthtec met�bashc (pou qrhsimopoioÔntai gia

thn kataskeu  thc exÐswshc dunamikoÔ programmatismoÔ) put (Bh, Bh+ δ), p
u
t (−Bh,−Bh−

δ), ∀ t, u ja prèpei na orÐzontai wc mhdenikèc.

Epeid  up�rqei mìno mÐa di�stash, isqÔei Q = [t0, T ) × (x0, x1) (Enìthta 3.3.1). OrÐ-

zetai δ = 1
N
(xh1 − xh0) me x

h
1 , x

h
0 proseggÐseic twn x1, x0 kai N arket� meg�loc akèraioc.

Tìte,

Σh = {xh0 + jδ : j = 0, 1, ..., N}. (3.119)
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Gia thn elegqìmenh Markobian  alusÐda diakritoÔ qrìnou pou proseggÐzei th di�qush oi

pijanìthtec met�bashc se ìla ta eswterik� shmeÐa tou Σh (1 ≤ j ≤ N − 1) orÐzontai

ìpwc sth Sqèsh (3.109), en¸ ta �kra tou Σh lamb�nontai wc aporrofhtikèc katast�seic,

dhlad  put (x
h
0 , x

h
0) = put (x

h
1 , x

h
1) = 1, ∀ t, u. To sunarthsiakì kìstouc paÐrnei th morf :

Jh(tk, x; π) = Ekx

{
η−1∑
l=k

hf(tl, xl, ul) + h(tη, xη)

}
, (3.120)

ìpou to η eÐte eÐnai h pr¸th stigm  (o arijmìc tou diakritoÔ b matoc) ìpou x = xh0  

x = xh1 (�kro tou Σh)   η = M . Sqetik� me thn exÐswsh dunamikoÔ programmatismoÔ

diakritoÔ qrìnou (Sqèsh 3.113) ikanopoieÐtai apì th V h(t, x) sto eswterikì tou sunìlou

Σh all� eis�gontai kai oi epiplèon periorismoÐ:

V h(t, x) = h(t, x), (t, x) ∈ ([t0, T )× {xh0 , xh1}) ∪ ({T} × [xh0 , x
h
1 ]).

Parat rhsh 10. 'Otan Bh → ∞ gia h→ 0, apodeiknÔetai sto [9], Kef�laio IX (parì-

moia an�lush up�rqei sthn Enìthta 3.3.4 thc paroÔsac metaptuqiak c ergasÐac gia thn

akrib  lÔsh V , ìqi gia ekeÐnh pou prokÔptei arijmhtik� mèsw thc mejìdou peperasmènwn

diafor¸n), ìti h epÐdrash thc apokop c ston upologismì thc V h eÐnai polÔ mikr  sug-

kritik� me thn perÐptwsh tou Q0, an isqÔoun ta ex c: (i) h kat�stash lamb�nei timèc se

sumpagèc sÔnolo, (ii) ìlec oi paradoqèc sthn arq  thc enìthtac. To gegonìc autì eÐnai

shmantikì kaj¸c h apokop  eÐnai aparaÐthth gia upologistikoÔc skopoÔc dhlad  gia thn

arijmhtik  epÐlush me qr sh upologist .

Prosèggish twn Exis¸sewn HJB me th Mèjodo Peperasmènwn Diafo-

r¸n, m > 1

Sth sunèqeia, ja perigrafeÐ h arijmhtik  epÐlush thc HJB se pollèc diast�seic sto

q¸ro thc kat�stashc,   pio sugkekrimèna ja perigrafoÔn oi allagèc pou prèpei na gÐnoun

sth mejodologÐa gia th mÐa di�stash sthn perÐptwsh twn pollapl¸n diast�sewn. Arqik�

exet�zetai h perÐptwsh tou Q0.

O suntelest c b = (b1, ...bm) thc ESDE (3.47), èqei plèon m > 1 diast�seic kai o

pÐnakac a = σσT eÐnai diast�sewn m × m. 'Opwc sthn perÐptwsh thc mÐac di�stashc,

orÐzontai ta jetik� kai arnhtik� tm mata tou suntelest  t�shc, b, gia k�je mÐa sunist¸sa

tou, dhlad , b+i , b
−
i , i = 1...,m. O pÐnakac a(t, x, u) = [aij(t, x, u)], i, j = 1...m eÐnai mh

arnhtik� orismènoc, dhlad  aii(t, x, u) ≥ 0, ∀ i, en¸ gia i ̸= j, orÐzontai wc a+ij, a
−
ij ta
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jetik� kai ta arnhtik� tm mata tou aij. GÐnetai h paradoq  ìti

aii(t, x, u)−
∑
j ̸=i

|aij(t, x, u)| ≥ 0, ∀ i, (3.121)

kai h sunj kh gia ta h, δ paÐrnei thn ex c morf :

h
m∑
i=1

[
aii(t, x, u)−

1

2

∑
j ̸=i

|aij(t, x, u)|+ δ|bi(t, x, u)|

]
≤ δ2,

∀ (x, u) ∈ Rm × U, ∀ t0 ≤ t ≤ T, (3.122)

h opoÐa gÐnetai Ðdia me thn Sunj kh (3.110) ìtan m = 1. Epiplèon, den eÐnai perioristik 

sunj kh ìpwc uposthrÐzetai kai sthn anafor� [9]. Oi dÔo parap�nw apait seic mporoÔn

na metatrapoÔn se antÐstoiqec asjenèsterec sthn perÐptwsh ìpou to qwrikì b ma h èqei

diaforetik  tim  wc proc k�je kateÔjunsh   ìtan pragmatopoijeÐ peristrof  twn sunte-

tagmènwn ([12], Kef�laio 7).

Parat rhsh 11. (Ex�rthsh metaxÔ tou qwrikoÔ & tou qronikoÔ b matoc)

Sthn perÐptwsh twn grammik¸n merik¸n diaforik¸n exis¸sewn se nteterministik� sust -

mata qwrÐc èlegqo, ènac trìpoc exètashc thc sÔgklishc thc mejìdou peperasmènwn diafo-

r¸n sth akrib  lÔsh eÐnai to krit rio stajerìthtac kat� V on Neumann (V on Neumann

stability), ([10], Par�rthma C). Apì thn efarmog  tou krithrÐou V on Neumann dÔna-

tai na prosdioristeÐ h sqèsh metaxÔ twn bhm�twn q¸rou kai qrìnou ¸ste na epèrqetai

sÔgklish, an autì eÐnai dunatì. To krit rio stajerìthtac kat� V on Neumann mporeÐ

na d¸sei epÐshc mÐa diaÐsjhsh gia th Sqèsh (3.122). Gia par�deigma, èstw h exÐswsh

jermìthtac:
ϑV

ϑt
− 1

2
traD2

xV = 0, (3.123)

ìpou aii = σ2, aij = 0, i ̸= j, σ eÐnai mÐa pragmatik  stajer�, kai b = 0. Tìte h

Sqèsh (3.122) paÐrnei th morf  hσ2m
δ2

≤ 1 pou tautÐzetai me to apotèlesma pou prokÔptei

efarmìzontac to krit rio stajerìthtac kat� V on Neumann ([12], Kef�laio 7).

'Estw h b�sh tou Rm, e = (e1, ..., em). Tìte, h kat�stash x gr�fetai wc ex c:

x = (x1, ..., xm) =
m∑
i=1

xiei. (3.124)

H Markobian  alusÐda diakritoÔ qrìnou èqei wc q¸ro katast�sewn to poludi�stato plèg-
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ma (pou eÐnai �peiro lìgw tou Q0):

Σh
0 = {x = δ

m∑
i=1

jiei}, (3.125)

ìpou ji, i = 1...m eÐnai akèraioi. H dunamik  thc elegqìmenhc Markobian c alusÐdac

diakritoÔ qrìnou perigr�fetai apì tic akìloujec pijanìthtec met�bashc (to l dhl¸nei ta

qronik� (diakrit�) b mata kai tl tic antÐstoiqec qronikèc stigmèc gia aut� ta b mata):

pul (x, x± δei) =
h

2δ2

[
aii(t

l, x, u)−
∑
j ̸=i

|aij(tl, x, u)|+ 2δb±i (t
l, x, u)

]
,

pul (x, x+ δei ± δej) =
h

2δ2
a±ij(t

l, x, u), i ̸= j,

pul (x, x− δei ± δej) =
h

2δ2
a∓ij(t

l, x, u), i ̸= j,

pul (x, x) = 1− h

δ2

m∑
i=1

[
aii(t

l, x, u)− 1

2

∑
j ̸=i

|aij(tl, x, u)|+ δ|bi(tl, x, u)|

]
, (3.126)

kai pul (x, y) = 0, gia k�je �llo y.

Sth sunèqeia afoÔ kataskeu�sthkan oi pijanìthtec met�bashc thc elegqìmenhc Mar-

kobian c alusÐdac diakritoÔ qrìnou, gr�fetai h exÐswsh dunamikoÔ programmatismoÔ se

diakritì qrìno mèsa apì thn opoÐa me kat�llhlec pr�xeic kai antikatast�seic ja prokÔ-

yei exÐswsh HJB an�logh thc Sqèshc (3.115) pou epilÔetai arijmhtik�-epanalhptik�. H

exÐswsh dunamikoÔ programmatismoÔ eÐnai:

V h(t, x) = min
u∈U

∑
y∈Σh

0

put (x, y)V
h(t+ h, y) + hf(t, x, u)

 . (3.127)

Sth Sqèsh (3.127), antikajÐstantai oi pijanìthtec met�bashc apì th Sqèsh (3.126), a-

nadiorgan¸nontai oi ìroi, diaireÐtai me h kai epiplèon antikajist¸ntai ta phlÐka diafor¸n

pou orÐzontai amèswc parak�tw. Gia mÐa opoiad pote sun�rthshW (t, x) kai i = 1, ...,m o-

rÐzontai ta parak�tw phlÐka diafor¸n (emprìsjia kai opisjodromik�) pr¸thc kai deÔterhc
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t�xhc:

∆±
xi
W = δ−1 [W (t, x± δei)−W (t, x)] , (3.128)

∆2
xi
W = δ−2 [W (t, x+ δei) +W (t, x− δei)− 2W (t, x)] , (3.129)

∆+
xixj

W =
1

2
δ−2 [2W (t, x) +W (t, x+ δei + δej) +W (t, x− δei − δej)]

−1

2
δ−2 [W (t, x+ δei) +W (t, x− δei) +W (t, x+ δej) +W (t, x− δej)] , (3.130)

∆−
xixj

W = −1

2
δ−2 [2W (t, x) +W (t, x+ δei − δej) +W (t, x− δei + δej)]

+
1

2
δ−2 [W (t, x+ δei) +W (t, x− δei) +W (t, x+ δej) +W (t, x− δej)] . (3.131)

Met� tic pr�xeic kai antikatast�seic pou perigr�fontai parap�nw, h exÐswsh dunamikoÔ

programmatismoÔ thc Sqèshc (3.127) odhgeÐtai se mÐa morf  ìmoia me th HJB, sthn opoÐa

oi merikèc par�gwgoi thc HJB thc Sqèshc (3.61) antikajÐstantai apì phlÐka diafor¸n

wc ex c: H Vt antikajÐstatai apì to ∆−
t V

h, ìpwc orÐsthke sth monodi�stath perÐptwsh

(ExÐswsh (3.114)). H Vxi
antikajÐstatai apì to ∆+

xi
V h an bi(t, x, u) ≥ 0 alli¸c apì to

∆−
xi
V h. H Vxixi

antikajÐstatai apì to ∆2
xi
V h kai tèloc an i ̸= j, h Vxixj

antikajÐstatai

apì ∆+
xixj

V h, an aij(t, x, u) ≥ 0 kai alli¸c apì to ∆−
xixj

V h.

Prokeimènou h exÐswsh dunamikoÔ programmatismoÔ thc Sqèshc (3.127) na grafeÐ sum-

puknwmèna sth morf  thc HJB, orÐzetai h ex c Qamiltonian :

H(t, x, p±i , Aii, A
±
ij) = max

u∈U

{ m∑
i=1

[
− b+i (t, x, u)p

+
i + b−i (t, x, u)p

−
i

−aii(t, x, u)
2

Aii +
∑
j ̸=i

(
−
a+ij(t, x, u)

2
A+

ij +
a−ij(t, x, u)

2
A−

ij

)]
− f(t, x, u)

}
. (3.132)

Telik� ìmoia me th monodi�stath perÐptwsh (Sqèsh (3.117) prokÔptei:

V h(t− h, x) = V h(t, x)− hH(t, x,∆±
xi
V h,∆2

xi
V h,∆±

xixj
V h), (3.133)

apì ìpou mporeÐ na upologisteÐ h V h opisjodromik�. Gia thn epèktash sthn perioq  Q

antÐ gia thn Q0 h diadikasÐa pou akoloujeÐtai eÐnai akrib¸c ìmoia me th monodi�stath

perÐptwsh.

Telik�, oi Sqèseic (3.117), (3.133) qrhsimopoioÔntai gia ton arijmhtikì upologismì

thc lÔshc thc HJB mazÐ me tic antÐstoiqec sunoriakèc sunj kec (qrìnou   (qrìnou,

kat�stashc)), an�loga me thn perÐptwsh (Q0, Q). AxÐzei na shmeiwjeÐ ìti h Markobian 

alusÐda diakritoÔ qrìnou kataskeu�sthke wc prosèggish thc di�qushc ESDE (3.47),

¸ste mèsw thc exÐswshc dunamikoÔ programmatismoÔ diakritoÔ qrìnou gia th Markobian 
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3.3 Mèjodoc EpÐlushc 2: Dunamikìc Programmatismìc &
Hamilton− Jacobi−Bellman Merik  Diaforik  ExÐswsh

alusÐda na kataskeuasteÐ arijmhtik  mèjodoc upologismoÔ thc lÔshc thc HJB (Sqèsh

(3.61)) pou na sugklÐnei sthn pragmatik  lÔsh gia aujaÐreta mikrì qronikì b ma h, me tic

kat�llhlec upojèseic ([9], Kef�laio IX).

Parat rhsh 12. (Apokop  q¸rou kat�stashc & sÔgklish [10], sel. 38)

Apì th parap�nw an�lush gia th diakritopoÐhsh thc HJB, mporeÐ na parathrhjeÐ ìti h

akrÐbeia twn arijmhtik¸n apotelesm�twn gia th lÔsh ja exart�tai kai apì to mègejoc

tou plègmatoc ston Rm, dhlad  apì to qwrikì b ma δ kai apì to shmeÐo apokop c twn

tim¸n thc kat�stashc (p.q., Bh) sthn perÐptwsh anafor�c tou Q0. MÐa strathgik  gia

thn elaqistopoÐhsh thc epÐdrashc tou plègmatoc sta arijmhtik� apotelèsmata eÐnai h

sÔgkrish twn arijmhtik¸n lÔsewn me oloèna kai perissìtera shmeÐa plègmatoc mèqric

ìtou den up�rqoun shmantikèc diaforèc. Sugkekrimèna, arqik� epilègetai ènac mikrìc

arijmìc shmeÐwn plègmatoc, o opoÐoc diplasi�zetai kai h diadikasÐa aut  epanalamb�netai,

mèqric ìtou na mhn up�rqei shmantik  diaforopoÐhsh metaxÔ twn diadoqik¸n arijmhtik¸n

lÔsewn. Tìte, h arijmhtik  lÔsh ja eÐnai sugklÐnousa wc proc to plègma me thn ènnoia

tou ìti h prosj kh perissìterwn shmeÐwn sto plègma p.q., meÐwsh tou qwrikoÔ b matoc,

aÔxhsh tou shmeÐou apokop c den ja ephre�zei shmantik� ta arijmhtik� apotelèsmata.
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Kef�laio 4

Efarmogèc tou StoqastikoÔ

Bèltistou Elègqou stic

AsÔrmatec EpikoinwnÐec

To parìn kef�laio epikentr¸netai sth melèth twn efarmog¸n tou StoqastikoÔ Bèltistou

Elègqou sta asÔrmata dÐktua epikoinwni¸n. Sth bibliografÐa, oi efarmogèc tou Bèlti-

stou Elègqou kai tou StoqastikoÔ Bèltistou Elègqou sta asÔrmata dÐktua epikoinwni¸n

kalÔptoun di�fora probl mata ìpwc h katanom  twn pìrwn sto dÐktuo [16, 17, 18, 19], h

beltistopoÐhsh thc di�rkeiac zw c sta dÐktua aisjht rwn [20] kai h di�qush plhroforÐac

sto dÐktuo (p.q., kakìboulh) [21]. H paroÔsa metaptuqiak  ergasÐa epikentr¸netai sth

katanom  twn pìrwn metaxÔ twn qrhst¸n sto asÔrmato dÐktuo, ìpou wc pìroc jewreÐtai

h isqÔc ekpomp c twn kìmbwn [22, 17]. H qr sh tou StoqastikoÔ bèltistou elègqou sthn

katanom  twn pìrwn ègkeitai sto gegonìc ìti oi sunj kec twn asÔrmatwn kanali¸n epikoi-

nwnÐac eÐnai sthn pragmatikìthta stoqastikèc me qronometablhtèc statistikèc posìthtec

(p.q., mèsh tim ), kai èqei deiqteÐ ìti montelopoioÔntai realistik� me qr sh SDE [26, 27],

[28]. Sugkekrimèna, ta probl mata katanom c pìrwn sta dÐktua epikoinwni¸n ekfr�zontai

sun jwc wc probl mata beltistopoÐhshc upì periorismoÔc ìpou oi pìroi emfanÐzontai eÐte

sthn antikeimenik  sun�rthsh, eÐte stouc periorismoÔc, eÐte kai sta dÔo. H montelopoÐhsh

ìmwc twn asÔrmatwn kanali¸n me SDE eis�gei SDE stouc periorismoÔc twn problhm�twn

katanom c pìrwn kai gia autì kajÐstatai kat�llhlh h qr sh tou StoqastikoÔ Bèltistou

Elègqou gia thn epÐlus  touc.

Sto parìn kef�laio, ja melethjoÔn efarmogèc pou exet�zoun thn katanom  isqÔoc

ekpomp c se kuyelwt� asÔrmata dÐktua upì sunj kec stoqastik¸n kanali¸n pou monte-

lopoioÔntai mèsw SDE. Sthn perÐptwsh twn kuyelwt¸n diktÔwn, oi kìmboi epikoinwnoÔn

metaxÔ touc mèsw tou stajmoÔ b�shc [29, 30]. Arqik�, ja epexhghjoÔn sÔntoma oi dialeÐ-

yeic pou emfanÐzontai sta asÔrmata kan�lia kai ta kajistoÔn stoqastik� (kai pijan¸c me
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4.1 DialeÐyeic twn AsÔrmatwn Kanali¸n EpikoinwnÐac

qronometablhtèc statistikèc posìthtec). Sth sunèqeia ja perigrafeÐ o trìpoc montelo-

poÐhshc twn asÔrmatwn kanali¸n me SDE kai tèloc ja parousiastoÔn proseggÐseic thc

bibliografÐac gia thn katanom  thc isqÔoc ekpomp c metaxÔ twn qrhst¸n se asÔrmata

kuyelwt� dÐktua.

4.1 DialeÐyeic twn AsÔrmatwn Kanali¸n Epikoi-

nwnÐac

To fainìmeno thc di�leiyhc, dhlad  thc exasjènishc tou s matoc pou metadÐdetai sto ka-

n�li metaxÔ ekpompoÔ kai dèkth diakrÐnetai se dÔo tÔpouc, th braquprìjesmh di�leiyh kai

th makroprìjesmh di�leiyh. H makroprìjesmh di�leiyh ofeÐletai sth skÐash apì meg�la

antikeÐmena kai exart�tai apì th gewgrafik  perioq  kai thn apìstash r metaxÔ tou ek-

pompoÔ kai tou dèkth. Gia par�deigma ston eleÔjero q¸ro h lambanìmenh isqÔc sto dèkth

isoÔtai me thn ekpempìmenh isqÔ meiwmènh antÐstrofa an�loga me to tetr�gwno thc apì-

stashc. Wstìso, oi parempodÐseic kai oi anakl�seic, pq. se astik  perioq , epib�lloun

megalÔterh exasjènish tou s matoc, aux�nontac ton ekjèth, èstw a, thc antistrìfwc

an�loghc sqèshc se tim  megalÔterh tou 2 [30]. Sthn Enìthta 4.2 pou akoloujeÐ, peri-

gr�fontai analutik� oi ap¸leiec isqÔoc lìgw makroprìjesmhc di�leiyhc kai h majhmatik 

montelopoÐhs  touc. H braquprìjesmh di�leiyh, ofeÐletai se ajroistik  kai katastro-

fik  parembol  twn ekpempìmenwn kumatomorf¸n tou s matoc, to opoÐo diasp�tai se

sunist¸sec kajemÐa ek twn opoÐwn akoloujeÐ diaforetikì monop�ti. EmfanÐzetai se qwri-

k  klÐmaka tou m kouc kÔmatoc kai exart�tai apì th suqnìthta. Kat�llhlec katanomèc

gia th montelopoÐhsh tou pl�touc tou sunolikoÔ lambanìmenou s matoc eÐnai h Rayleigh

(ìtan den up�rqei apeujeÐac Line of Sight s ma) , h Rician (ìtan up�rqei Line of Sight

s ma) [30], klp. Genik� h braquprìjesmh di�leiyh eÐnai perissìtero katastrofik  gia

to s ma apì th makroprìjesmh. Sthn paroÔsa ergasÐa ja melethjeÐ h perÐptwsh thc

makroprìjesmhc di�leiyhc kanalioÔ.

4.2 MontelopoÐhsh twn AsÔrmatwn Kanali¸n me

qr sh twn SDE

H montelopoÐhsh tou kanalioÔ epikentr¸netai sthn perÐptwsh thc makroprìjesmhc di�-

leiyhc, pou ìpwc proanafèrjhke sthn prohgoÔmenh enìthta ofeÐletai sto fainìmeno thc

skÐashc, exart�tai apì th gewgrafik  perioq  kai emfanÐzetai se araiokatoikhmènec   hmia-

stikèc perioqèc [30]. Me qr sh twn SDE, ìpwc proteÐnetai sthn anafor� [26], kajÐstatai

dunat  h montelopoÐhsh enìc asÔrmatou kanalioÔ makroprìjesmhc di�leiyhc me qronikèc
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4.2 MontelopoÐhsh twn AsÔrmatwn Kanali¸n me qr sh twn SDE

kai qwrikèc metabolèc.

SÔmfwna me to sumbatikì montèlo asÔrmatou kanalioÔ makroprìjesmhc di�leiyhc,

h ap¸leia isqÔoc PL kat� m koc thc asÔrmathc zeÔxhc metaxÔ twn kìmbwn i kai j se

apìstash dij dÐnetai apì ton akìloujo tÔpo:

PL(dij)[dB] = PL(d0)[dB] + 10γ log
(dij
d0

)
+ Z̃, d ≥ d0, (4.1)

ìpou γ eÐnai o suntelest c ap¸leiac isqÔoc pou exart�tai apì to asÔrmato mèso di�doshc,

d0 eÐnai h apìstash anafor�c, PL(d0) eÐnai h mèsh ap¸leia isqÔoc sthn apìstash anafor�c

kai Z̃ ∼ N(0;σ2), dhlad  mÐa tuqaÐa metablht , kanonik� (Gaussian) katanemhmènh me

mèsh tim  mhdèn kai diaspor� σ2 pou qrhsimopoieÐtai gia na perigr�yei thn abebaiìthta

metaxÔ diaforetik¸n stigm¸n parat rhshc tou sust matoc. O sumbolismìc [dB] shmaÐnei

ìti h mon�da mètrhshc thc ap¸leiac isqÔoc einai se dB (ekfr�zei log�rijmo lìgou tim¸n

isqÔoc kai sun jwc jewreÐtai to 1Watt wc tim  anafor�c gia thn isqÔ) kai ìqi se Watt

[29]. H mèsh tim  tou sumbatikoÔ montèlou ap¸leiac isqÔoc thc ExÐswshc (4.1) isoÔtai

me:

PL(dij)[dB] = PL(d0)[dB] + 10γ log
(dij
d0

)
, d ≥ d0. (4.2)

Apì thn exÐswsh (4.2) mporeÐ na parathrhjeÐ ìti oi statistikèc idiìthtec (p.q., mèsh tim )

tou sumbatikoÔ montèlou ap¸leiac isqÔoc eÐnai stajerèc sto qrìno. Gia lìgouc sunèpeiac,

anafèretai ìti o {suntelest c exasjènishc}, r(dij), akoloujeÐ th log�rijmo-kanonik 

katanom  kai dÐnetai apì th sqèsh:

r(dij) = e−
ln 10
20

PL(dij)[dB]. (4.3)

O suntelest c exasjènishc (uywmènoc sto tetr�gwno) pollaplasi�zei thn isqÔ ekpomp c

tou kìmbou i ¸ste na upologisteÐ h isqÔc pou ft�nei sto �kro j thc zeÔxhc (i, j), ìtan

lamb�nei q¸ra met�dosh sthn teleutaÐa. H stajer� − ln 10
20

emfanÐzetai lìgw thc mon�dac

mètrhshc thc ap¸leiac isqÔoc (dB), ¸ste na katasteÐ dunatìc o pollaplasiasmìc tou

suntelest  exasjènishc me isqÔ se Watt.

AkoloÔjwc, epekteÐnetai to sumbatikì montèlo ap¸leiac isqÔoc sto dunamikì montèlo

ap¸leiac isqÔoc sto q¸ro kai sto qrìno, antikajist¸ntac thn tuqaÐa metablht  thc E-

xÐswshc (4.1) me mÐa stoqastik  diadikasÐa pou dhl¸netai wc {xij(t, τij)}t≥0,τij≥τ0
, ìpou h

par�metroc t antiproswpeÔei to qrìno kai h par�metroc τij antiproswpeÔei thn apìstash

(q¸ro) ekpefrasmènh wc qronik  kajustèrhsh, dhlad  τij =
dij
c
, ìpou c h taqÔthta tou

fwtìc kai τ0 = d0
c
. Oi metabolèc sthn apìstash qrhsimopoioÔntai ¸ste na sumperilh-

fjoÔn sto montèlo epipt¸seic thc kÐnhshc tou ekpompoÔ kai tou dèkth, en¸ oi metabolèc

sto qrìno qrhsimopoioÔntai ¸ste to montèlo na lamb�nei upìyh tic qronikèc metabolèc
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4.2 MontelopoÐhsh twn AsÔrmatwn Kanali¸n me qr sh twn SDE

tou perib�llontoc di�doshc, p.q., kÐnhsh antikeimènwn kai skedast¸n sthn perib�llousa

perioq  tou diktÔou. Sthn perÐptwsh twn statik¸n diktÔwn, ìpwc mporeÐ na parathrhjeÐ

kai apì ton tÔpo gia th qwrik  ex�rthsh τij, h stoqastik  diadikasÐa {xij(t, τij)}t≥0,τij≥τ0

ja sullamb�nei mìno tic qronikèc metabolèc tou perib�llontoc di�doshc. 'Opwc kai h E-

xÐswsh (4.1), h {xij(t, τij)}t≥0,τij≥τ0
antiproswpeÔei thn (tuqaÐa) isqÔ pou q�netai kat� th

met�dosh apì ton i sto j se mÐa sugkekrimènh apìstash dij wc sun�rthsh tou qrìnou.

Sthn anafor� [26], h stoqastik  diadikasÐa pou ekfr�zei thn ap¸leia isqÔoc

{xij(t, τij)}t≥0,τij≥τ0
par�getai wc mèsh-epistrèfousa (mean − reverting) ekdoq  mÐac

grammik c SDE [1] pou dÐnetai apì thn akìloujh sqèsh:

dxij(t, τij) = βij(t, τij)(γij(t, τij)− xij(t, τij))dt+ δij(t, τij)dWij(t) (4.4)

xij(t0, τij) ∼ N (PL(dij)[dB]; σ2),

ìpou:

• {Wij(t)}t≥0 eÐnai h tupik  kÐnhsh Brown kai eÐnai anex�rthth apì thn tuqaÐa meta-

blht  xij(t0, τij).

• γij(t, τij) sumbolÐzei th qronometablht  tim  ap¸leiac isqÔoc proc thn opoÐa èlketai

stigmiaÐa h xij(t, τij).

• βij(t, τij)(γij(t, τij) − xij(t, τij)) eÐnai h stigmiaÐa �t�sh� (drift) thc SDE (4.4), h

opoÐa ekfr�zei thn prosarmog /¸jhsh thc stoqastik c diadikasÐac xij(t, τij) proc

thn γij(t, τij).

• βij(t, τij) eÐnai h par�metroc pou ekfr�zei thn taqÔthta thc parap�nw prosarmog c.

• δij(t, τij) eÐnai h stigmiaÐa metablhtìthta (suntelest c di�qushc) thc SDE (4.4) pou

antistoiqeÐ sth stigmiaÐa t�sh.

Shmei¸netai ìti oi mon�dec twn xij(., τij) kai γij(., τij) eÐnai se dB. ParathreÐtai ìti oi par�-

metroi βij(t, τij), γij(t, τij), δij(t, τij), exart¸ntai apì th jèsh, dhlad  thn apìstash ekpom-

poÔ kai dèkth. Diaforetikèc jèseic antistoiqoÔn se diaforetikèc paramètrouc-sunart seic

qrìnou gia to Ðdio zeÔgoc ekpompoÔ kai dèkth. 'Omoia me th Sqèsh (4.3), orÐzetai o qronik�

kai qwrik� exart¸menoc suntelest c exasjènishc:

Sij(t, τij) = e−
ln 10
20

xij(t,τij). (4.5)

An oi par�metroi γ, β, δ eÐnai metr simec kai fragmènec, h SDE (4.4) èqei monadik  lÔ-

sh gia k�je arqik  sunj kh xij(t0, τij), pou upologÐzetai mèsw thc mejodologÐac epÐlushc
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4.2 MontelopoÐhsh twn AsÔrmatwn Kanali¸n me qr sh twn SDE

grammik¸n SDE (Kef�laio 2) kai èqei thn parak�tw morf :

xij(t, τij) = e−βij([t,t0],τij)

(
xij(t0, τij) +

∫ t

t0

e−βij([u,t0],τij)
(
βij(u, τij)γij(u, τij)du+

δij(u, τij)dWij(u)
))
, (4.6)

ìpou: βij([t, t0], τij) =
∫ t

t0
βij(u, τij)du. An h arqik  tuqaÐa metablht  xij(t0, τij) eÐnai

kanonik    mÐa stajer  tim  tìte h katanom  thc xij(t, τij) eÐnai kanonik  (prokÔptei me

b�sh tic idiìthtec twn oloklhrwm�twn Itô sto Kef�laio 2), ìpwc kai h PL sthn ExÐswsh

(4.1) me th diafor� ìti oi statistikèc thc posìthtec ja eÐnai qronometablhtèc.

Efarmìzontac ton kanìna tou Itô (Kef�laio 2), h SDE gia to suntelest  exasjènishc

(ExÐswsh (4.5)) prokÔptei wc ex c:

dSij(t, τij) = Sij(t, τij)

[(
− ln 10

20
βij(t, τij)[γij(t, τij) +

20

ln 10
lnSij(t, τij)] +

1

2
(
ln 10

20
)2δij(t, τij)

2

)
dt− ln 10

20
δij(t, τij)dWij(t)

]
, (4.7)

Sij(t0, τij) = e−
ln 10
20

xij(t0,τij). (4.8)

Epiplèon sthn anafor� [26] apodeiknÔetai ìti sthn perÐptwsh ìpou oi par�metroi thc

SDE (4.4) den exart¸ntai apì to qrìno, tìte h lÔsh thc ìpwc dÐnetai sthn ExÐswsh (4.6)

sugklÐnei sto ìrio tou qrìnou sto sumbatikì montèlo ap¸leiac isqÔoc thc Sqèshc (4.2) kai

wc apotèlesma to teleutaÐo eÐnai eidik  perÐptwsh tou dunamikoÔ montèlou ap¸leiac isqÔoc

thc Sqèshc (4.4). Sugkekrimèna, sthn perÐptwsh ìpou den up�rqei qronik  ex�rthsh, h

lÔsh thc ExÐswshc (4.6) paÐrnei th morf :

xij(t, τij) =

e−βij(τij)(t−t0)xij(t0, τij) + γ(τij)
(
1− e−βij(τij)(t−t0)

)
+ δij(τij)

∫ t

t0

e−βij(τij)(t−u)dW (u).

(4.9)

Tìte, h mèsh tim  kai h diaspor� thc xij(t, τij), dÐnontai apì tic sqèseic pou akoloujoÔn

(me b�sh tic idiìthtec twn oloklhrwm�twn Itô sto Kef�laio 2, [1]):

E[xij(t, τij)] = e−βij(τij)(t−t0)E[xij(t0, τij)] + γ(τij)
(
1− e−βij(τij)(t−t0)

)
,

V ar[xij(t, τij)] = e−2βij(τij)(t−t0)V ar[xij(t0, τij)] + δ2(τij)

(
1− e−2βij(τij)(t−t0)

2βij(τij)

)
. (4.10)

ParathreÐtai ìti h mèsh tim  kai h diaspor� exart¸ntai apì to qrìno (t) kai thn apìstash
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(τ , an eÐnai metablht ). Wstìso, an t → ∞, h stoqastik  anèlixh {xij(t, τij)}t≥0,τij≥τ0

sugklÐnei se mÐa kanonik� katanemhmènh tuqaÐa metablht  me stajer  mèsh tim  γ(τij) kai

diaspor� δ2(τij)

2βij(τij)
(st�simh katanom ), ìmoia me to sumbatikì montèlo ap¸leiac isqÔoc.

Shmei¸netai ìti stic anaforèc [26], [28], [27] exet�zetai ìmoia h dunamik  montelopoÐhsh

mèsw SDE twn asÔrmatwn kanali¸n sthn perÐptwsh thc braquprìjesmhc di�leiyhc (me

qronometablhtèc statistikèc posìthtec).

4.3 Par�deigma 1: 'Elegqoc IsqÔoc se Kuyelwt�

AsÔrmata DÐktua me KinhtoÔc Qr stec upì

Stoqastik� AsÔrmata Kan�lia [19]

JewreÐtai to kan�li �nw zeÔxhc (dhlad  apì touc qr stec proc to stajmì b�shc) enìc

kuyelwtoÔ diktÔou me M qr stec kai N stajmoÔc b�shc (Sq ma 4.1). K�je qr sthc

anatÐjetai se èna sugkekrimèno stajmì b�shc (SB). O qr sthc i ekpèmpei me isqÔ pi(t)

ston antÐstoiqo stajmì b�shc th qronik  stigm  t. To s ma yi(t) pou lamb�netai th

qronik  stigm  t sto stajmì b�shc pou èqei anatejeÐ sto qr sth i isoÔtai me:

yi(t) =
M∑
j=1

√
pj(t)sj(t)Sij(t, τij) + ni(t), (4.11)

ìpou ni(t) eÐnai o jìruboc kanalioÔ sto SB pou èqei anatejeÐ sto qr sth i, sj(t)

eÐnai to s ma plhroforÐac pou ekpèmpetai apì to qr sth j kai pollaplasi�zetai me thn

isqÔ ekpomp c tou
√
pj(t), kai to Sij(t, τij) pou ìpwc kai sta prohgoÔmena ekfr�zei to

suntelest  exasjènishc sthn asÔrmath zeÔxh metaxÔ tou j kai tou SB pou anatÐjetai ston

i. Sto par�deigma autì [19], oi qr stec dÔnantai na eÐnai kinhtoÐ kai epomènwc h apìstash

metaxÔ tou kinhtoÔ qr sth j kai tou SB pou anatÐjetai sto qr sth i, τij, dÔnatai na

all�zei me to qrìno t.

Akolouj¸ntac th dunamik  montelopoÐhsh tou asÔrmatou kanalioÔ thc prohgoÔmenhc

enìthtac, to qwroqronik� metaballìmeno asÔrmato kan�li di�doshc (dhlad  h ap¸leia

isqÔoc) metaxÔ k�je zeÔgouc kinhtoÔ qr sth j kai tou SB pou èqei anatejeÐ sto qr sth

i dÐnetai apì tic parak�tw sqèseic:

dxij(t, τij) = βij(t, τij)(γij(t, τij)− xij(t, τij))dt+ δij(t, τij)dWij(t),

xij(t0, τij) ∼ N (P̄L(dij)[dB]; σ2), 1 ≤ j ≤M, 1 ≤ i ≤M, (4.12)

83
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Sq ma 4.1: Sto sq ma apeikonÐzontai oi kinhtoÐ qr stec kai h epikoinwnÐa touc me ton antÐstoiqo
SB me mple suneq  gramm . Me kìkkinh diakekommènh gramm  apeikonÐzontai oi parembolèc
(isqÔc pou ft�nei) kajenìc qr sth stouc upìloipouc SB (se �llec kuyèlec). Ed¸ M = 5,
N = 3.

kai to Sij(t, τij) dÐnetai apì th Sqèsh (4.5).

Ja prèpei na anaferjeÐ ìti to parap�nw montèlo epitrèpei thn eisagwg  susqetÐse-

wn/allhlexart sewn metaxÔ twn asÔrmatwn zeÔxewn twn zeug¸n qrhst¸n-SB, to opoÐo

eÐnai pio realistikì se èna sÔsthma pollapl¸n qrhst¸n, mèsw thc je¸rhshc antÐstoiqwn

susqetÐsewn stic kin seic Brown Wij [1].

Stìqoc tou probl matoc [19], eÐnai o prosdiorismìc twn isqÔwn ekpomp c twn kìmbwn

(proc katanom  pìroc) ¸ste na elaqistopoieÐtai h sunolik� ekpempìmenh isqÔc apì ìlouc

touc kìmbouc tou diktÔou upì ton periorismì ìti o shmatojorubikìc lìgoc (Signal− to−
Interference&Noise−Ratio (SINR) se k�je stajmì b�shc, gia k�je zeÔgoc qr sth-SB
eÐnai megalÔteroc apì mÐa prokajorismènh tim  katwflÐou.

K�tw apì qronik� amet�blhtec sunj kec kanalioÔ, to parap�nw prìblhma ekfr�zetai

wc ex c:

min
p1≥0,...pM≥0

M∑
i=1

pi

s.t.

SINRi =
pigii∑

j ̸=i pjgij + ηi
≥ εi, 1 ≤ i ≤M, (4.13)

ìpou, pi eÐnai h isqÔc tou kinhtoÔ qr sth i, gij eÐnai to qronik� amet�blhto kèrdoc kanalioÔ

metaxÔ tou qr sth j kai tou SB pou anatÐjetai ston kìmbo i, ηi eÐnai o jìruboc sto SB

pou èqei anatejeÐ ston kinhtì qr sth i, SINRi eÐnai o shmatojorubikìc lìgoc sto SB

pou antistoiqeÐ ston i kai telik� εi eÐnai h tim  stìqou gia ton SINRi.

Prokeimènou na ekfrasteÐ to Ðdio prìblhma k�tw apì qronometablhtèc sunj kec kana-

lioÔ makroprìjesmhc skÐashc, arqik�, eis�getai to antÐstoiqo montèlou shmatojorubikoÔ

lìgou (SINR) k�tw apì autèc tic sunj kec (ekpefrasmèno kat� thn ènnoia monopatioÔ -
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pathwise - gia k�je qr sth) kai gia to qronikì eÔroc [0, T ] ìpwc dÐnetai sth sqèsh pou

akoloujeÐ:

SINRi =

∫ T

0
pi(t)s

2
i (t)S

2
ii(t, τij)dt∑

j ̸=i

∫ T

0
pj(t)s2j(t)S

2
ij(t, τij)dt+

∫ T

0
n2
i (t)dt

, 1 ≤ i ≤M. (4.14)

Wc apotèlesma, h genÐkeush tou Probl matoc (4.13) k�tw apì qronometablhtèc sunj kec

kanalioÔ makroprìjesmhc skÐashc èqei wc ex c:

min
p1≥0,...pM≥0

M∑
i=1

∫ T

0

pi(t)dt

s.t.∫ T

0
pi(t)s

2
i (t)S

2
ii(t, τij)dt∑

j ̸=i

∫ T

0
pj(t)s2j(t)S

2
ij(t, τij)dt+

∫ T

0
n2
i (t)dt

≥ εi, 1 ≤ i ≤M. (4.15)

Sthn anafor� [19], èqoun protajeÐ di�forec proseggÐseic gia thn epÐlush tou Probl matoc

(4.17), wstìso ja melethjeÐ h prosèggish pou sthrÐzetai sto majhmatikì ergaleÐo tou

StoqastikoÔ Bèltistou Elègqou.

SÔmfwna me thn [19], to prìblhma thc Sqèshc (4.17) epanadiatup¸netai sta plaÐsia

tou StoqastikoÔ Bèltistou Elègqou (Kef�laio 3) wc ex c:

min
p1≥0,...pM≥0

M∑
i=1

E

{∫ T

0

pi(t)dt

}
s.t.

E

{∑
j ̸=i

∫ T

0

pj(t)s
2
j(t)S

2
ij(t, τij)dt+

∫ T

0

n2
i (t)dt−

1

εi

∫ T

0

pi(t)s
2
i (t)S

2
ii(t, τii)dt

}
≤ 0,

1 ≤ i ≤M,

(4.16)

ìpou epiprìsjeta lamb�nontai upìyh kai oi Sqèseic (4.12) kai (4.5). Upojètontac ìti to

sÔnolo twn {εi}Mi=1 orÐzetai kat� trìpon ¸ste oi periorismoÐ shmatojorubikoÔ lìgou na

eÐnai efiktoÐ, ènac pollaplasiast c Lagrange li, i ∈ 1, ...,M anatÐjetai se k�je perio-

rismì kai sumbolÐzontac me p∗ th bèltisth politik  (di�nusma) gia tic timèc thc isqÔoc

ekpomp c twn qrhst¸n kai me l = [l1...lM ]T to di�nusma twn pollaplasiast¸n Lagrange,

85
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eis�getai h duðk  sun�rthsh, h opoÐa èqei thn parak�tw morf :

Ll(p∗, l) = min
p1≥0,...pM≥0

M∑
i=1

E

{∫ T

0

pi(t)dt+

li

[∑
j ̸=i

∫ T

0

pj(t)s
2
j(t)S

2
ij(t, τij)dt+

∫ T

0

n2
i (t)dt−

1

εi

∫ T

0

pi(t)s
2
i (t)S

2
ii(t, τij)dt

]}
. (4.17)

MporeÐ na deiqteÐ ìti h Ll(p∗, l) ikanopoieÐ thn exÐswsh dunamikoÔ programmatismoÔHamilton-

Jacobi-Bellman (Kef�laio 3, Enìthta 3.3.6). Telik� to prìblhma epilÔetai an jewrhjeÐ

to supremum gia ìla ta dianÔsmata l, dhlad , Ll(p∗, l∗) = supl L
l(p∗, l). Apì to par�deig-

ma autì gÐnetai faner  kai h genikìterh mejodologÐa gia thn enswm�twsh twn periorism¸n

kat�stashc sto prìblhma StoqastikoÔ Bèltistou Elègqou ìtan oi teleutaÐec den aforoÔn

mìno thn telik  qronik  stigm , ìpwc proanafèrjhke kai sthn Enìthta 3.3.6, Kef�laio

3. To epìmeno par�deigma afor� p�li ton èlegqo isqÔoc se kuyelwt� dÐktua all� se mÐa

mìno kuyèlh kai èqei pio analutik� apotelèsmata.

4.4 Par�deigma 2: 'Elegqoc IsqÔoc se mÐa Kuyè-

lh AsÔrmatou DiktÔou me Stoqastik� AsÔr-

mata Kan�lia [17]

Sto deÔtero par�deigma exet�zetai h perÐptwsh mÐac mìno kuyèlhc enìc asÔrmatou diktÔou

ìpou N qr stec epikoinwnoÔn me to SB (Sq ma 4.2). H logik  eÐnai ìmoia me to pr¸to

par�deigma wstìso h diaforetik  diatÔpwsh tou probl matoc odhgeÐ se polÔ perissìtera

analutik� apotelèsmata.

H ap¸leia isqÔoc sto asÔrmato kan�li metaxÔ kaje qr sth kai tou SB perigr�fetai

apì thn akìloujh SDE:

dxi(t) = −ai(xi(t) + bi)dt+ σidWi(t), i ∈ {1, ..., N}, (4.18)

ìpou isqÔei ai > 0, bi > 0, σi > 0, i ∈ {1, ..., N} kai h ènnoia twn paramètrwn aut¸n eÐnai

ìmoia me twn antÐstoiqwn paramètrwn thc SDE (4.4) me th diafor� ìti jewroÔntai stajeroÐ

me to qrìno ìpwc sthn perÐptwsh thc lÔshc thc SDE sth Sqèsh (4.9). H stoqastik  anè-

lixh xi(.), i ∈ {1, ..., N} ekfr�zei thn ap¸leia isqÔoc. To sÔnolo {wi(.), i ∈ {1, ..., N}},
eÐnai N anex�rthtec Brown kin seic, oi opoÐec eÐnai epÐshc anex�rthtec apì tic arqikèc

katast�seic xi(0), i ∈ {1, ..., N} oi opoÐec eÐnai N anex�rthtec metaxÔ touc kanonik�

katanemhmènec tuqaÐec metablhtèc. Oi par�metroi ai, bi, σi, i ∈ {1, ..., N} jewroÔntai
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Sq ma 4.2: Sto sq ma apeikonÐzontai oi qr stec kai h epikoinwnÐa touc me to SB (se mÐa kuyèlh).

gnwstoÐ, wstìso eÐnai epÐshc dunatì na ektimhjoÔn [22].

Sqetik� me ton prosdiorismì thc ekpempìmenhc isqÔoc apì k�je kìmbo proc to SB,

akoloujeÐtai to montèlo thc prosarmog c se b mata (step− wise adjustment):

dpi(t) = ui(t)dt, |ui(.)| ≤ uimax, i ∈ {1, ..., N}, (4.19)

ìpou ta ui(.), i ∈ {1, ..., N} eÐnai oi stoqastikèc diadikasÐec elègqou thc isqÔoc pou eÐnai

fragmènec antÐstoiqa apì ta uimax, i ∈ {1, ..., N} ta opoÐa qwrÐc bl�bh thc genikìthtac

jewroÔntai Ðsa me th mon�da. O suntelest c ap¸leiac isqÔoc dÐnetai apì thn αi(t) =

exi(t) i ∈ {1, ..., N}. OrÐzontai oi parak�tw sumbolismoÐ:

x = [x1, ..., xN ]
T ,

α = [α1, ..., αN ]
T ,

p = [p1, ..., pN ]
T ,

u = [u1, ..., uN ]
T .

Oi ap¸leiec isqÔoc x kai oi timèc isqÔoc ekpomp c p apoteloÔn thn kat�stash tou sust -

matoc, en¸ to u eÐnai o èlegqoc. Sugkekrimèna, h x mporeÐ na qarakthristeÐ wc exwgen c

kat�stash en¸ h p wc endogen c kat�stash tou sust matoc kai h ermhneÐa twn qarakthri-

sm¸n aut¸n prokÔptei apì tic diaforikèc exis¸seic metabol c twn x, p, afoÔ h p exart�tai

apì ton èlegqo tou sust matoc, en¸ h x metab�lletai anex�rthta. Genikìc stìqoc tou

paradeÐgmatoc, ìpwc kai sto par�deigma 1 eÐnai h elaqistopoÐhsh tou ajroÐsmatoc thc

ekpempìmenhc isqÔoc apì touc qr stec upì ton periorismì to SINR sto SB apì k�je

qr sth i na uperbaÐnei èna prokajorismèno kat¸fli γi, i ∈ {1, ..., N} (ìmoia me th sunj -
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kh thc Sqèshc 4.13). An η o jìruboc sto SB, me kat�llhlo metasqhmatismì h sunj kh

gia to SINR (Sqèsh (4.13)) gr�fetai wc ex c:

αipi∑N
j=1 αjpj + η

≥ µi,

µi =
γi

1 + γi
> 0, i ∈ {1, ..., N},

0 <
N∑
i=1

µi < 1. (4.20)

H antikeimenik  sun�rthsh gr�fetai wc akoloÔjwc kai antikatoptrÐzei to stìqo tou pro-

bl matoc pou eÐnai h eÔresh elègqwn gia thn elaqistopoÐhsh tou oloklhr¸matoc tou a-

jroÐsmatoc thc isqÔoc ekpomp c twn kìmbwn (ìpwc apaiteÐtai apì to Stoqastikì Bèltisto

'Elegqo):

∫ T

0

N∑
i=1

pi(t)dt. (4.21)

ParathreÐtai [22], ìti oi periorismoÐ prèpei na ikanopoioÔntai me isìthta alli¸c odhgoÔn

se aÔxhsh thc antikeimenik c sun�rthshc. Wc ek toÔtou gia na metatrapeÐ to prìblh-

ma se antÐstoiqo qwrÐc periorismoÔc jewreÐtai h parak�tw antikeimenik  sun�rthsh pou

enswmat¸nei touc periorismoÔc mèsw poin c (kai pou beltistopoieÐtai gia isìthta stouc

periorismoÔc me b�sh thn parap�nw parat rhsh):

minE

∫ T

0


N∑
i=1

[
αi(t)pi(t)− µi

(
N∑
j=1

αj(t)pj(t) + η

)]2
+ λ

N∑
i=1

pi(t)dt

 dt, λ > 0.

(4.22)

AxÐzei na parathrhjeÐ ìti h olokl rwsh eÐnai aparaÐthth giatÐ to di�nusma me tic timèc

isqÔoc ekpomp c eÐnai tm ma thc stoqastik c kat�stashc (α, p), pou apoteleÐtai apo tic

timèc isqÔoc ekpomp c kai ta asÔrmata kan�lia kai epomènwc den gÐnetai na beltistopoieÐtai

ìlo to (α, p) stigmiaÐa gia k�je t mèsw tou u(t). Epeid  ta α, x sundèontai mèsw thc

Sqèshc αi(t) = exi(t) i ∈ {1, ..., N} mporeÐ na jewrhjeÐ èna apì ta dÔo gia thn perigraf 

thc kat�stashc twn kanali¸n. Epilègetai to x wc pio bolikì gia touc upologismoÔc

kaj¸c orÐzetai gia ìlo to R. Gia to p den jewroÔntai periorismoÐ wstìso lamb�nei me

mikr  pijanìthta arnhtikèc timèc upì kat�llhlec proôpojèseic [22].

Met� thn perigraf  tou montèlou tou sust matoc, ja analujeÐ to plaÐsio tou Stoqa-
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stikoÔ Bèltistou Elègqou. GÐnontai oi parak�tw orismoÐ:

f(x) = [−a1(x1 + b1), ...,−aN(xN + bN)]
T ,

H eÐnai o N ×N diag¸nioc pÐnakac me ta stoiqeÐa σi, i = 1..., N sthn kÔria diag¸nio tou,

z = [xT , pT ]T eÐnai h kat�stash tou sust matoc,

ψ = [fT , uT ]T eÐnai o suntelest c t�shc thc SDE pou perigr�fei th z ìpwc ja faneÐ

parak�tw

kai G = [H,0]T (ìpou 0 eÐnai mhdenikìc N × N pÐnakac) eÐnai o antÐstoiqoc sthn t�sh

suntelest c di�qushc thc SDE pou perigr�fei th z. Tèloc, W = [W1, ...,WN ]
T .

H SDE pou perigr�fei sunolik� thn kat�stash tou sust matoc eÐnai h:

dz = ψdt+GdW, 0 ≤ t ≤ T. (4.23)

H oloklhr¸simh sun�rthsh sto eswterikì tou sunarthsiakoÔ kìstouc thc Sqèshc (4.22)

sumbolÐzetai me

L(z) = L(x, p) =
N∑
i=1

[
exipi − µi

(
N∑
j=1

exjpj + η

)]2
+ λ

N∑
i=1

pi, λ > 0. (4.24)

'Estw h s-�lgebra pou par�getai apì ta x(0),W (.), Ft = σ(x(0),W (s), s ≤ t) me thn u-

pìjesh ìti h isqÔc èqei nteterministik  tim  se mhdenikì qrìno, Ðsh me p(0). To sÔnolo twn

apodekt¸n elègqwn (Enìthta 3.1.1) orÐzetai wc ex c (ta sÔnola efikt¸n kai apodekt¸n

elègqwn tautÐzontai sto prìblhma pou den èqei periorismoÔc kat�stashc):

U = {u(.)|u(t) B[0,t] ×Ft − adapted and u(t) ∈ U = [−1, 1]N , ∀ 0 ≤ t ≤ T}.

(4.25)

To sunarthsiakì kìstoc pou diasundèetai me thn kat�stash thc SDE (4.23) dÐnetai apì:

J(s, x, p;u(.)) = Esxp

[∫ T

s

L(x(r), p(r))dr

]
. (4.26)

Gia s = 0 h J(0, x, p;u(.)) ja gr�fete wc J(x, p;u(.)). Tèloc, paratÐjetai kai h sun�rthsh

axÐac

V (s, x, p) = inf
u∈U

J(s, x, p;u(.)). (4.27)

Parat rhsh 13. Sto par�deigma autì melet�tai h perÐptwsh tou Q0 (Enìthta 3.3.1).
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MporeÐ eÔkola na parathrhjeÐ ìti h HJB exÐswsh den ja èqei omoiìmorfa parabolik 

morf  (Enìthta 3.3.2) giatÐ up�rqoun sunist¸sec thc kat�stashc, kai sugkekrimèna to p

pou èqoun mhdenikì suntelest  di�qushc, σ, (  alli¸c o pÐnakac G den èqei pl rh t�xh)

kai epomènwc den isqÔei o Orismìc 3.63. Sunep¸c, den mporoÔn na efarmostoÔn ta krit ria

thc Enìthtac 3.3.2 gia thn Ôparxh lÔshc thc HJB me tic idiìthtec pou apaiteÐ to Je¸rhma

EpibebaÐwshc (�llwste den isqÔoun kai �llec apat seic p.q., h L na eÐnai fragmènh). Gia

to lìgo autì sthn [22] melet�tai h Ôparxh kai h monadikìthta thc genikeumènhc lÔshc

viscosity (h opoÐa den exet�zetai sthn paroÔsa metaptuqiak  ergasÐa) all� kai h epÐlush

me qr sh mÐac proseggistik c HJB pou eÐnai omoiìmorfa parabolik  kai h opoÐa ja

exetasteÐ sth sunèqeia.

ApodeiknÔontai ta parak�tw jewr mata sqetik� me thn Ôparxh monadikoÔ bèltistou

elègqou kai th sunèqeia thc sun�rthshc axÐac.

Je¸rhma 22. ('Uparxh monadikoÔ bèltistou elègqou)

Up�rqei monadikìc bèltistoc èlegqoc û ∈ U ètsi ¸ste J(x(0), p(0); û) = infu∈U J(x(0), p(0);u(.)),

ìpou (x(0), p(0)) h arqik  kat�stash th qronik  stigm  s = 0 kai h monadikìthta isqÔ-

ei me thn akìloujh ènnoia: an ũ ∈ U eÐnai ènac �lloc èlegqoc ¸ste J(x(0), p(0); û) =

J(x(0), p(0); ũ) tìte P(û ̸= ũ) > 0 mìno se èna sÔnolo qronik¸n stigm¸n mhdenikoÔ

mètrou sto [0, T ].

Apìdeixh. OrÐzetai o q¸roc

L = {u(.)|u(t) B[0,t] ×Ft − adapted and E

∫ T

0

|ui|2ds <∞, i = 1 : N}, (4.28)

ston opoÐo prosart�tai to eswterikì ginìmeno

< u, v >= E

∫ T

0

uTvds, u, v ∈ L, (4.29)

¸ste o q¸roc L na eÐnai Hilbert [23]. Me b�sh to eswterikì autì ginìmeno, par�getai

h nìrma ||.|| 1 sto q¸ro L k�tw apì thn opoÐa to sÔnolo twn apodekt¸n elègqwn U
eÐnai kleistì, fragmèno kai kurtì uposÔnolo tou q¸rou L. Gia thn apìdeixh thc Ôparxhc

akoloujoÔntai ta ex c b mata.

• 'Estw ìti up�rqei mÐa akoloujÐa elaqistopoÐhshc tou sunarthsiakoÔ kìstouc

(xj, pj, uj), j ≥ 1, ètsi ¸ste limj→∞ J(x(0), p(0), uj) = infu∈U J(x(0), p(0), u) < ∞
(h peperasmènh tim  faÐnetai eÔkola apì th morf  thc L kai to peperasmèno qronikì

di�sthma olokl rwshc). 'Estw o bèltistoc èlegqoc û ∈ U . Lìgw tou ìti to U
1Η νόρμα που παράγεται από το εσωτερικό γινόμενο ορίζεται ως ||u|| = √

< u, u >.
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eÐnai kleistì kai fragmèno uposÔnolo tou q¸rou Hilbert, L mporeÐ na brejeÐ mÐa

upakoloujÐa thc uj, ìpou gia eukolÐa kai qwrÐc bl�bh thc genikìthtac upojètoume

ìti eÐnai h Ðdia h uj, ¸ste uj → û asjen¸c (Par�rthma Aþ) ston L kaj¸c j → ∞.

SumbolÐzetai me pj, h isqÔc pou antistoiqeÐ ston ìro uj thc akoloujÐac.

• Efarmìzetai to je¸rhma tou Mazur [23], kat� to opoÐo mporeÐ na brejeÐ akoloujÐa

kurt¸n sunduasm¸n twn ìrwn thc akoloujÐac uj, èstw ūj =
∑

i≥j ciju
(i+j),

∑
i≥j cij =

1, cij ≥ 0 pou na odhgeÐ sthn isqur  sÔgklish (Par�rthma Aþ), dhlad  limj→∞E
∫ T

0
|ūj−

û|2ds→ 0. SumbolÐzontai me p̄j, p̂, h timèc isqÔoc pou antistoiqoÔn stouc elègqouc

ūj, û antÐstoiqa.

• ApodeiknÔetai mèsw thc anisìthtac Schwartz2 kai lìgw thc isqur c sÔgklishc ìti:

E sup
0≤s≤T

|p̄j(s)− p̂(s)|

≤ E

∫ T

0

|ūj − û|ds

≤
√
T

(
E

∫ T

0

|ūj − û|2ds
) 1

2

→ 0, j → ∞, (4.30)

opìte mporeÐ na brejeÐ mÐa upakoloujÐa thc p̄j, ìpou gia eukolÐa kai qwrÐc bl�bh thc

genikìthtac upojètoume ìti eÐnai h Ðdia h p̄j ¸ste p̄j → p̂ kaj¸c j → ∞ sqedìn gia

ìla ta (s, ω).

• Tèloc qrhsimopoieÐtai to Je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue ([24],

Par�rthma Aþ) gia th sÔgklish tou sunarthsiakoÔ kìstouc J , mazÐ me thn kurtì-

thta thc L wc proc p me stajerì x ¸ste na deiqteÐ h Sqèsh J(x(0), p(0); û) =

infu∈U J(x(0), p(0);u(.)) pou apaiteÐtai gia thn Ôparxh tou bèltistou elègqou. Sug-

kekrimèna, se sumpag  sÔnola touR2N , isqÔei h anisìthta L(x, p̄j) ≤ C(1+
∑N

i=1 e
2xi) ,

R(x), ìpou C stajer� kai E
∫ T

0
R(x(s))ds < ∞, ìpwc prokÔptei eÔkola apì ton

tÔpo thc L kai th grammikìthta thc ESDE pou perigr�fei th dunamik  tou x, lìgw

thc opoÐac h kat�stash èqei peperasmènh tim  se peperasmèno qrìno. Tìte, ikano-

poioÔntai oi proôpojèseic gia to Je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue,

sÔmfwna me to opoÐo to ìrio pern�ei mèsa sth mèsh tim  kai sto olokl rwma, dhlad :

lim
j→∞

J(x(0), p(0); ūj) = lim
j→∞

E

∫ T

0

L(x(s), p̄j(s))ds

= E

∫ T

0

L(x(s), p̂(s))ds) = J(x(0), p(0); û). (4.31)

2Είναι η | < u, v > | ≤ ||u||||v||.
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Sth sunèqeia, kaj¸c h L eÐnai kurt  wc proc p me stajerì x isqÔei:

J(x(0), p(0), ūj) ≤
∑
i≥j

cijE

∫ T

0

L(x(s), p(i+j)(s))ds

=
∑
i≥j

cij( inf
u∈U

J(x(0), p(0), u) + o(1)) → inf
u∈U

J(x(0), p(0), u), (4.32)

kaj¸c j → ∞. To o(1) ofeÐletai sthn asjen  sÔgklish. Apì tic teleutaÐec dÔo

sqèseic gÐnetai fanerì ìti infu∈U J(x(0), p(0), u) = J(x(0), p(0), û) gegonìc pou

apodeiknÔei thn Ôparxh tou elègqou sÔmfwna me th diatÔpwsh tou jewr matoc.

Gia thn apìdeixh thc monadikìthtac qrhsimopoieÐtai apagwg  se �topo mèsw qr shc thc

kurtìthtac thc L wc proc p. 'Estw ìti up�rqei ènac �lloc èlegqoc ũ ¸ste J(x(0), p(0), û) =

J(x(0), p(0), ũ) kai èstw p̃ h antÐstoiqh se autìn isqÔc. Epeid  h L eÐnai kurt  wc proc p

me stajerì x isqÔei:

L(x(s), (p̂(s) + p̃(s))/2) ≤ 1

2
[L(x(s), p̂(s)) + L(x(s), p̃(s))], (4.33)

ìpou h anisìthta isqÔei austhr� sto sÔnolo A , {(s, ω), p̃(s) ̸= p̂(s)}. 'Estw ìti to

sÔnolo A èqei mh mhdenikì mètro pijanìthtac, dhlad  E
∫ T

0
1(p̃(s)̸=p̂(s))ds > 0. Tìte e-

farmìzontac ton èlegqo (û + ũ)/2 ∈ U prokÔptei eÔkola oloklhr¸nontac thn parap�nw

sqèsh gia to L (Sqèsh (4.33)) kai jewr¸ntac mèsec timèc ìti:

J(x(0), p(0); (û+ ũ)/2) <
1

2
[J(x(0), p(0); û) + J(x(0), p(0); ũ)] = inf

u∈U
J(x(0), p(0);u), (4.34)

to opoÐo eÐnai �topo kai �ra to sÔnolo A èqei mètro mhdèn, dhlad  E
∫ T

0
1(p̃(s) ̸=p̂(s))ds =

0. Epomènwc, oi stoqastikèc anelÐxeic p̂, p̃ eÐnai h mÐa ekdoq  thc �llhc kai epeid  è-

qoun kai suneqeÐc troqièc eÐnai mh diakrinìmenec ([3], Par�rthma Aþ). 'Ara isqÔei p̃(s) −
p̂(s) ≡ 0, ∀ s ∈ [0, T ] (ektìc apì èna sÔnolo mètrou mhdèn pou eÐnai to Ðdio gia k�je

s, Par�rthma Aþ) kai apì th diaforik  exÐswsh thc isqÔoc (Sqèsh 4.19) prokÔptei ìti∫ s

0
(ũ(r)− û(r))dr = p̃(s)− p̂(s), σ.β. ∀ s ∈ [0, T ], dhlad  E

∫ T

0
1(ũ(s)̸=û(s))ds = 0 gegonìc

pou apodeiknÔei th monadikìthta.

Je¸rhma 23. (Sunèqeia thc sun�rthshc axÐac)

H sun�rthsh axÐac V (t, x, p) eÐnai suneq c sto [0, T ]× R2N kai epiplèon

V (t, x, p) ≤ K(1 +
N∑
i=1

p4i +
N∑
i=1

e4xi),
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ìpou to K eÐnai anex�rthto twn (t, x, p).

Apìdeixh. (Gia to �nw fr�gma)

Gia th sun�rthsh L(z), dedomènou ìti µi ≤ 1 ∀ i isqÔei to ex c:

L(z) = L(x, p) =
N∑
i=1

[
exipi − µi

(
N∑
j=1

exjpj + η

)]2
+ λ

N∑
i=1

pi

≤ N

(
N∑
j=1

exjpj + η

)2

+ λ
N∑
i=1

pi

≤ N

(
N∑
j=1

e2xjp2j + 2
N∑

i,j=1,i ̸=j

exipie
xjpj + 2

N∑
j=1

exipiη + η2

)
+ λ

N∑
i=1

pi. (4.35)

'Omwc isqÔei ìti,
∑N

j=1 e
2xjp2j ≤ 1

2

∑N
j=1

(
e4xj + p4j

)
kai gia xi < 0 isqÔei exi < 1 en¸ gia

pi < 1 isqÔei p2i < 1. Me b�sh tic parathr seic autèc, h L fr�ssetai apì:

L(x(t), p(t)) ≤ K ′

(
1 +

N∑
j=1

(
e4xj(t) + pj(t)

4
))

, (4.36)

ìpou K ′ mÐa arket� meg�lh stajer� (h qr sh thc eÐnai gia na fr�xei thn L se mikrèc timèc

kat�stashc). Tìte me qr sh tou jewr matoc Fubini,

J(s, x, p;u(.)) ≤
∫ T

s

[
K ′

(
1 +

N∑
j=1

Esxp

(
e4xj(t)

)
+

N∑
j=1

Esxp

(
pj(t)

4
))]

dt. (4.37)

MporeÐ na deiqteÐ eÔkola apì th lÔsh thc grammik c SDE (4.18) (Enìthta 2.6) ìti h

xi(t), ∀ i èqei Gaussian katanom , �ra E
(
e4xj(t)

)
= e4Esxp(xj(t))+8V ar(xj(t)). Tìte, me qr sh

tou Jewr matoc 6 thc Enìthtac 2.8 kai jewr¸ntac ta x, p wc arqikèc timèc, apodukneÐtai

to �nw fr�gma gia th sun�rthsh axÐac V (t, x) kaj¸c:

J(s, x, p;u(.)) ≤ TK ′

(
1 +

N∑
j=1

e4xj +
N∑
j=1

p4j

)
=

K

(
1 +

N∑
j=1

e4xj +
N∑
j=1

p4j

)
. (4.38)

H sun�rthsh axÐac apodeiknÔetai ìti eÐnai suneq c, ìmwc den apodeiknÔetai na eÐnai
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arket� omal  (p.q., suneq¸c paragwgÐsimh).

Prokeimènou na lujeÐ to prìblhma thc mh Ôparxhc omoiìmorfhc parabolik c morf c,

eis�getai to parak�tw proseggistikì prìblhma sto opoÐo antistoiqeÐ mÐa omoiìmorfa pa-

rabolik  HJB exÐswsh.

min J ϵ(s, x, p;u(.)) = Esxp

[∫ T

s

L(x(r), p(r))dr

]
subject to :

dx(t) = f(x)dt+ σdW (t)

dp(t) = u(t)dt+ σϵdW2(t), (4.39)

ìpou oi W (t), W2(t) eÐnai dÔo anex�rthtec N -di�statec (di�stash ìsoi kai oi qr stec)

tupikèc kin seic Brown kai σϵ = ϵ = [ϵ1, ..., ϵN ]
T . Sto sunarthsiakì kìstoc J ϵ, antistoi-

qeÐ h sun�rthsh axÐac V ϵ. Sto prìblhma autì antistoiqeÐ h omoiìmorfa parabolik  HJB

parak�tw:

0 =
ϑV ϵ

ϑt
+

1

2

N∑
i=1

σ2
i

ϑ2V ϵ

ϑx2i
+

1

2

N∑
i=1

ϵ2
ϑ2V ϵ

ϑp2i
−

N∑
i=1

ϑV ϵ

ϑxi
(ai(xi + bi))−

N∑
i=1

∣∣∣∣ϑV ϵ

ϑpi

∣∣∣∣+ L(x, p),

(4.40)

ìpou oi apìlutec timèc sta ϑV ϵ

ϑpi
ofeÐlontai sto sup wc proc ton èlegqo thc HJB exÐswshc.

ParathreÐtai ìti gia to proseggistikì prìblhma thc Sqèshc (4.39) en¸ isqÔei h omoiì-

morfh parabolik  morf  thc HJB (4.40) den ikanopoioÔntai oi proôpojèseic tou Jewr -

matoc 13 lìgw tou gegonìtoc ìti oi L, f den eÐnai fragmènec (isqÔei to Q0 - peperasmènoc

qrìnoc kai kat�stash sto R2N). EpÐshc, parathreÐtai ìti σϵ → 0, gia ϵ → 0 gia ton

tropopoihmèno kat� ϵ, arqik� mhdenikì suntelest  di�qushc thc SDE thc p. Wstìso, den

plhroÔntai oi apait seic twn fragmènwn suntelest¸n L, f kai twn merik¸n parag¸gwn

touc  /kai h poluwnumik  aÔxhs  touc lìgw tou ekjetikoÔ ex pou up�rqei sthn L, ¸ste

na efarmostoÔn ta jewr mata gia tropopoihmènouc suntelestèc thc SDE thc Enìthtac

3.3.4.

Wstìso, apodeiknÔontai sthn anafor� [22] ta parak�tw dÔo jewr mata sqetik� me th

V ϵ, afoÔ oristeÐ h kl�sh twn lÔsewn F .

Orismìc 28. (Kl�sh twn lÔsewn V ϵ, F )

OrÐzetai wc kl�sh F , to sÔnolo twn lÔsewn me ta ex c qarakthristik�:

• V ϵ ∈ C1,2((0, T )× R2N) ∪ C([0, T ]× R2N)

• |V ϵ| ≤ C(1 + |p|k1 + ek2|x|), ìpou ta C, k1, k2 exart¸ntai apì to V ϵ.
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• V ϵ(T, x, p) = 0.

Je¸rhma 24. ('Uparxh monadik c klassik c lÔshc sthn kl�sh F gia thn HJB (4.40))

H HJB (4.40) èqei monadik  klassik  lÔsh V ϵ sthn kl�sh F gia ìla ta ϵ > 0.

Gia thn apìdeixh tou Jewr matoc autoÔ eis�getai to epìmeno prìblhma.

min J l(s, x, p;u(.)) = Esxp

[∫ T

s

hl(z(r))L(x(r), p(r))dr

]
subject to :

dx(t) = hl(z)f(x)dt+ σdW (t)

dp(t) = hl(z)u(t)dt+ σϵdW2(t),

0 ≤ hl(z) ≤ 1,

hl(z) = 1, |z| ≤ l,

hl(z) = 0, |z| ≥ l + 1,

|hlzi| ≤ 2. (4.41)

H eisagwg  thc sun�rthshc h sto prìblhma autì odhgeÐ se fragmènouc suntelestèc

thc SDE thc kat�stashc kai se fragmèno sunarthsiakì kìstoc kai se sunduasmì me

thn Ôparxh omoiìmorfhc parabolik c morf c lìgw tou σϵ = ϵ mporeÐ na efarmosteÐ gia

par�deigma to Je¸rhma 13 ¸ste na apodeiqteÐ h Ôparxh lÔshc pou na plhreÐ thc apait seic

tou Jewr matoc EpibebaÐwshc (Enìthta 3.3.2). H sun�rthsh h eÐnai mÐa bump sun�rthsh

ìmoia me th sun�rthsh aρ pou orÐsthke sthn Enìthta 3.3.4.

Je¸rhma 25. (SÔgklish thc klassik c lÔshc thc HJB (4.40) sth sun�rthsh axÐac

tou arqikoÔ probl matoc V )

Gia 0 < ϵ < 1, B ∈ R2N sumpagèc kai V ϵ sthn kl�sh F , V ϵ(s, x, p) → V (s, x, p)

omoiìmorfa sto [0, T ]×B, gia ϵ→ 0.

Apìdeixh. SumbolÐzetai me pεi h lÔsh thc

dpεi (t) = ui(t)dt+ σϵ
idW2i(t), ∀ i,

pou orÐsthke sto proseggistikì prìblhma thc Sqèshc (4.39). Tìte eÐnai fanerì sug-

krÐnontac th diaforik  exÐswsh gia thn isqÔ (Sqèsh 4.19) kai thn parap�nw stoqastik 

diaforik  gia thn pε ìti limε→0 sup0≤t≤T |pεi − pi| = 0 me pijanìthta 1. IkanopoioÔntai

oi proôpojèseic gia to Je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue ìpwc kai sthn

apìdeixh tou Jewr matoc 22, ètsi me thn efarmog  tou (pio leptomer¸c h efarmog  tou
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ja prèpei na eÐnai se mÐa akoloujÐa tou ε, εj me εj → 0):

lim
ε→0

Jε(s, x, p;u) = lim
ε→0

E

∫ T

s

L(x(t), pε(t))dt

= E

∫ T

s

L(x(t), p(t))dt) = J(s, x, p);u), (4.42)

kai epomènwc limε→0 V
ε(s, x, p) = V (s, x, p), gegonìc pou oloklhr¸nei thn apìdeixh tou

jewr matoc.

Apì thn parap�nw an�lush gÐnetai fanerì ìti gia arijmhtik  efarmog  arkeÐ na epilu-

jeÐ arijmhtik� h HJB (4.40) me mikr  tim  gia to ϵ, ìpwc sto par�deigma pou akoloujeÐ.

'Estw ìti up�rqoun dÔo mìno qr stec thc kuyèlhc kai T = 1. Oi SDE pou perigr�foun

ta kan�lia touc proc to SB dÐnontai wc ex c:

dx1 = −a(x1 + b)dt+ σdW1,

dx2 = −a(x2 + b)dt+ σdW2. (4.43)

H oloklhr¸simh sun�rthsh L sto sunarthsiakì kìstoc paÐrnei th morf :

L = [ex1p1 − 0.4(ex1p1 + ex2p2 + 0.25)]2 + [ex2p2 − 0.4(ex1p1 + ex2p2 + 0.25)]2 + λ(p1 + p2).

(4.44)

Me b�sh thn L kai tic SDE kataskeu�zetai h HJB h opoÐa prèpei na epilujeÐ arijmhtik�

prokeimènou na prokÔyei o proseggistik� bèltistoc èlegqoc.

0 = Vt +
1

2
σ2(Vx1x1 + Vx2x2) +

1

2
ϵ2(Vp1p1 + Vp2p2)

−a(x1 + b)Vx1 − a(x2 + b)Vx2 − |Vp1 | − |Vp2 |+ L,

V (1, x, p) = 0, (4.45)

ìpou oi apìlutec timèc sta Vp1 , Vp2 ofeÐlontai sto sup wc proc ton èlegqo thc HJB

exÐswshc.

H parap�nw HJB ja epilujeÐ arijmhtik� me th mèjodo pou perigr�fhke sthn Enìthta

3.3.7 sth fragmènh perioq 

S = {(t, x, p), 0 ≤ t ≤ 1,−4 ≤ x1, x2 ≤ 3, |p1|, |p2| ≤ 3}

Epiplèon, eis�gontai oi oriakèc sunj kec: V (t, x, p)|ϑ̄ = 0, ϑ̄ = ϑS − {(t, x, p), t =

0}. δt > 0, h > 0 eÐnai to qronikì kai to qwrikì b ma antÐstoiqa. Epiplèon, z =

(x1, x2, p1, p2)
T kai ei = (0, ..., 1, ..., 0)T ìpou to 1 eÐnai sth jèsh i (h sun jhc b�sh tou
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R2N). H antÐstoiqh exÐswsh diafor¸n thc HJB (4.45) pou prokÔptei me b�sh th jewrÐa

thc Enìthtac 3.3.7 eÐnai:

0 =
1

δt
[−V (t− δt, z) + V (t, z)]

+
σ2

2h2
[V (t, z + e1h) + V (t, z − e1h)− 2V (t, z)] +

σ2

2h2
[V (t, z + e2h) + V (t, z − e2h)− 2V (t, z)]

+
ϵ2

2h2
[V (t, z + e3h) + V (t, z − e3h)− 2V (t, z)] +

ϵ2

2h2
[V (t, z + e4h) + V (t, z − e4h)− 2V (t, z)]

−a(x1 + b)

h
[V (t, z + e1h)− V (t, z)]1a(x1+b)≤0 −

a(x1 + b)

h
[−V (t, z − e1h) + V (t, z)]1a(x1+b)>0

−a(x2 + b)

h
[V (t, z + e2h)− V (t, z)]1a(x2+b)≤0 −

a(x2 + b)

h
[−V (t, z − e2h) + V (t, z)]1a(x2+b)>0

+
u1
2h

[V (t, z + e3h)− V (t, z − e3h)] +
u2
2h

[V (t, z + e4h)− V (t, z − e4h)] + L(z),

(4.46)

ìpou oi merikèc diaforikèc wc proc thn isqÔ proseggÐsthkan me kentrikèc diaforèc gia na

apofeuqjeÐ h an�gkh qr shc tou pros mou tou elègqou pou eÐnai �llwste proc prosdio-

rismì. Oi èlegqoi upologÐzontai wc ex c:

u1 = −sgn[V (t, z + e3h)− V (t, z − e3h)], u2 = −sgn[V (t, z + e4h)− V (t, z − e4h)].

Me qr sh thc sunj khc sto ìrio kai V (T, x, p) = 0 mporoÔn na upologistoÔn oi èlegqoi

u1, u2 kai en suneqeÐa na anane¸netai h arijmhtik  lÔsh opisjodromik�. SÔmfwna me

th jewrÐa sthn Enìthta 3.3.7 h sun�rthsh axÐac pou upologÐzetai arijmhtik� sugklÐnei

sthn akrib  lÔsh thc ExÐswshc (4.45), h opoÐa me th seir� thc sto sumpagèc sÔnolo B

sugklÐnei sth bèltisth sun�rthsh axÐac tou probl matoc (qwrÐc to ϵ).

4.5 Mellontikèc KateujÔnseic gia thn Efarmo-

g  tou StoqastikoÔ Bèltistou Elègqou sta

AsÔrmata DÐktua Epikoinwni¸n

Sthn paroÔsa enìthta ja suzhthjoÔn dÔo basikèc kateujÔnseic efarmog c tou Stoqasti-

koÔ Bèltistou Elègqou stic asÔrmatec epikoinwnÐec. H pr¸th sqetÐzetai me to diastrw-

matikì sqediasmì kai th beltistopoÐhsh thc leitourgÐac twn asÔrmatwn kuyelwt¸n kai

polubhmatik¸n diktÔwn [32] kai h deÔterh afor� sth di�dosh plhroforÐac se asÔrmata

polubhmatik� dÐktua [21]. Me ton ìro polubhmatikì dÐktuo perigr�fetai h topologÐa di-

ktÔou ìpou den up�rqei kentrik  upodom  kai diaqeÐrish, all� oi kìmboi sunerg�zontai gia

thn epikoinwnÐa touc. Sugkekrimèna, h phg  kai o proorismìc epikoinwnoÔn mèsw endi�me-
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swn kìmbwn (  pollapl¸n bhm�twn) pou analamb�noun thn anamet�dosh thc plhroforÐac

lìgw thc periorismènhc aktÐnac ekpomp c twn kìmbwn [29], [30].

KateÔjunsh 1: JewrÐa MegistopoÐhshc Qrhsimìthtac AsÔrmatwn DiktÔwn.

H JewrÐa MegistopoÐhshc Qrhsimìthtac DiktÔou (JMQD) [31, 32] efarmìzetai suqn�

gia th diastrwmatik  sqedÐash kai beltistopoÐhsh twn asÔrmatwn polubhmatik¸n diktÔwn.

MÐa sun�rthsh qrhsimìthtac (utility function) anatÐjetai se k�je ro  diktÔou (dhlad 

zeÔgoc phg c-proorismoÔ), kai megistopoieÐtai to �jroisma twn sunart sewn qrhsimìthtac

ìlwn twn ro¸n sto dÐktuo, pou onom�zetai qrhsimìthta tou diktÔou, k�tw apì periorismoÔc

stajerìthtac tou diktÔou.

To sÔnhjec prìblhma tou elègqou sumfìrhshc [31, 32] se asÔrmata polubhmatik�

dÐktua, sthrizìmeno sth JMQD, mporeÐ na ekfrasteÐ wc ex c:

max
x≥0

,
∑
s

Us(xs)

s.t.
∑

s:l∈L(s)

xs ≤ cl,∀l, (4.47)

ìpou, k�je phg  s epitugq�nei mÐa euqarÐsthsh   qrhsimìthta Us(xs) ìtan par�gei de-

domèna me rujmì xs. O periorismìc exasfalÐzei ìti se k�je sÔndesmo l, to �jroisma

twn eiserqìmenwn ro¸n
∑

s:l∈L(s)
xs apì ìlec tic phgèc pou qrhsimopoioÔn to sugkekrimèno

sÔndesmo ja eÐnai mikrìtero apì th qwrhtikìthta tou sundèsmou. H qwrhtikìthta tou

sundèsmou jewreÐtai stajer  se pollèc ergasÐec sth bibliografÐa. Wstìso, k�tw apì

realistikèc sunj kec asÔrmatwn kanali¸n oi qwrhtikìthtec touc eÐnai stoqastikèc (tu-

qaÐec kai qronometablhtèc), kai suqn� qarakthrÐzontai apì qronometablhtèc statistikèc

posìthtec (p.q., mèsh tim ), dhmiourg¸ntac thn an�gkh gia ton epanasqediasmì kai thn ek

nèou epÐlush tou probl matoc MQD. Epomènwc, ja prèpei na melethjeÐ to prìblhma MQD

se asÔrmata polubhmatik� dÐktua upì stoqastikèc sunj kec leitourgÐac twn asÔrmatwn

kanali¸n. Proc aut  thn kateÔjunsh mporeÐ na uiojethjeÐ to montèlo tou stoqastikoÔ

asÔrmatou kanalioÔ kat� to opoÐo h ap¸leia isqÔoc kat� m koc tou kanalioÔ prokÔptei

wc lÔsh mÐac SDE, ìpwc perigr�fhke sthn Enìthta 4.2. Shmei¸netai ìti up�rqei èna proc

èna sqèsh metaxÔ thc ap¸leiac isqÔoc kai thc qwrhtikìthtac tou asÔrmatou kanalioÔ k�-

tw apì orismènec proôpojèseic mesw thc fìrmoulac tou Shannon [29]. Tìte, dÔnatai na

qrhsimopoihjeÐ o Stoqastikìc Bèltistoc 'Elegqoc gia to formalismì kai thn epÐlush tou

MQD probl matoc upì stoqastikèc sunj kec.

Ja prèpei na dojeÐ prosoq  sthn ikanopoÐhsh twn apait sewn apì tic sunart seic

tou probl matoc MQD gia thn Ôparxh arket� omal c lÔshc thc HJB exÐswshc (Enìthta

3.3.2). Akìmh, ja prèpei na lhfjeÐ upìyh to gegonìc ìti ektìc apì thn ap¸leia isqÔoc

mporeÐ na up�rqei kai �llh metablht  kat�stashc ìpwc oi ourèc dedomènwn stouc kìmbouc.
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Se èna polubhmatikì dÐktuo, oi kìmboi apojhkeÔoun ta pakèta se ourèc apoj keushc mèqri

na katasteÐ dunat  h exuphrèths  touc dhlad  h met�dos  touc se geitonikì kìmbo proc

thn kateÔjunsh tou proorismoÔ. H dunamik  twn our¸n apoj keushc stouc kìmbouc

perigr�fetai suqn� apì mÐa kanonik  diaforik  exÐswsh (jewr¸ntac suneq  qrìno). To

gegonìc autì mporeÐ na dhmiourg sei to prìblhma mh Ôparxhc parabolik c morf c sth

HJB exÐswsh kai na eÐnai dunat  mìno h efarmog  proseggistik¸n mejìdwn ìpwc sthn

prohgoÔmenh enìthta tou parìntoc kefalaÐou.

KateÔjunsh 2: Di�dosh PlhroforÐac se AsÔrmata Polubhmatik� DÐktua.

Sta asÔrmata polubhmatik� dÐktua suqn� antimetwpÐzetai to prìblhma thc di�doshc ka-

kìboulhc plhroforÐac pou dÔnatai na arqÐsei di�forec morfèc epÐjeshc sto dÐktuo [21].

Prokeimènou na efeurejoÔn apotelesmatik� mètra antimet¸pishc thc di�doshc kakìbou-

lhc plhroforÐac sta asÔrmata polubhmatik� dÐktua, kataskeu�zontai montèla tou trìpou

thc di�doshc aut c, ¸ste na posotikopoihjoÔn oi epipt¸seic pou dÔnantai na proklhjoÔn

sto dÐktuo apì touc epitijèmenouc kai na kajoristoÔn bèltistec apof�seic/èlegqoi gia

thn prostasÐa tou diktÔou. H dunamik  metabol  tou arijmoÔ twn kìmbwn pou eÐnai mo-

lusmènoi, katestrammènoi, eu�lwtoi   profulagmènoi apì thn apì kakìboulh plhroforÐa

perigr�fetai mèsa apì diaforikèc exis¸seic. Sthn anafor� [21] anaptÔqjhke èna montè-

lo di�doshc plhroforÐac sto plaÐsio tou Bèltistou Elègqou. Kaj¸c, ìmwc h di�dosh

pragmatopoieÐtai mèsw thc asÔrmathc epikoinwnÐac twn kìmbwn kai ta asÔrmata kan�lia

upofèroun apì dialeÐyeic pou ta kajistoÔn stoqastik� ja eÐnai qr simo na lhfjeÐ o pa-

r�gontac autìc upìyh sto formalismì tou probl matoc kai epomènwc to prìblhma thc

[21] ja prèpei na tejeÐ sto plaÐsio tou StoqastikoÔ Bèltistou Elègqou. Autì mporeÐ na

odhg sei se pio realistik  montelopoÐhsh thc di�doshc kakìboulhc plhroforÐac kai sthn

tautopoÐhsh pio eÔstoqwn politik¸n elègqou kai prostasÐac twn asÔrmatwn kìmbwn.
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Par�rthma Aþ

Perigraf  Orism¸n kai

Jewrhm�twn pou

Qrhsimopoi jhkan (apì JewrÐa

Pijanot twn, Stoqastikèc

AnelÐxeic kai Sunarthsiak 

An�lush)

Sto parìn par�rthma, paratÐjentai orismoÐ pou qrhsimopoioÔntai sth metaptuqiak  er-

gasÐa. Thn pr¸th for� qr shc k�poiou ìrou pou orÐzetai sto parìn par�rthma, gÐnetai

parapomp  se autì.

Orismìc 29. (Suneq c stoqastik  anèlixh ([3], Kef. 1, Sel. 12))

'Estw mÐa stoqastik  anèlixh x = {x(t)}t≥0 me timèc sto Rm kai orismènh sto q¸ro

pijanìthtac (Ω,F ,P). Lègetai ìti h stoqastik  anèlixh x èqei suneqeÐc troqièc   eÐnai

suneq c, ìtan up�rqei N ∈ F me P (N) = 0 ètsi ¸ste gia k�je ω ∈ Ω \ N h sun�rthsh

t ∈ [0,∞) → x(t, ω) ∈ Rm na eÐnai suneq c.

Orismìc 30. (Sqèseic metaxÔ dÔo stoqastik¸n anelÐxewn ([3], Kef. 1, Sel. 5))

'Estw dÔo stoqastikèc anelÐxeic x = {x(t)}, t ∈ [0, T ], Y = {Y (t)}, t ∈ [0, T ], orismènenec

sto q¸ro pijanìthtac (Ω,F ,P) me timèc ston Rm. Oi stoqastikèc anelÐxeic x, Y , onom�-

zontai

(i) Ekdoq    tropopoÐhsh h mÐa thc �llhc ìtan gia k�je t ∈ [0, T ], isqÔei x(t) = Y (t)

P-σqedìn bebaÐwc (P-σ.b.), dhlad , gia k�je t ∈ [0, T ] up�rqei Nt ∈ F me P(Nt) = 0

ètsi ¸ste na isqÔei x(t, ω) = Y (t, ω) gia k�je ω ∈ Ω \Nt.
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(ii) Mh-diakrinìmenec ìtan up�rqei N ∈ F me P(N) = 0 ètsi ¸ste na isqÔei x(t, ω) =

Y (t, ω) gia k�je ω ∈ Ω\N , gia k�je t ∈ [0, T ]. DÔo stoqastikèc anelÐxeic ìpou h mÐa eÐnai

ekdoq  thc �llhc me suneqeÐc troqièc ja eÐnai mh diakrinìmenec.

Orismìc 31. (Paragìmenh σ-�lgebra apì th stoqastik  anèlixh x)

OrÐzetai gia k�je t ≥ 0 h σ-�lgebra Fx
t = σ(x(s), s ≤ t) = σ({x(s)−1(A) : s ∈ [0, t], A ∈

Bm}), h opoÐa eÐnai h el�qisth σ-�lgebra gia thn opoÐa oi tuqaÐec metablhtèc x(s), s ≤ t

kajÐstantai metr simec. Sto sumbolismì thc diÔlishc den ja anafèretai h stoqastik 

anèlixh, dhlad  ja gr�fetai Ft ìtan den prokÔptei sÔgqush.

Orismìc 32. (Q¸roc pijanìthtac efodiasmènoc me diÔlish)

'Enac q¸roc pijanìthtac (Ω,F ,P) lègetai ìti eÐnai efodiasmènoc me diÔlish {Ft}t≥0, ìtan

gia k�je t ≥ 0, h Ft eÐnai σ-�lgebra uposunìlwn tou Ω me Ft ⊂ F kai isqÔei Ft1 ⊂ Ft2

gia t1 < t2.

Na shmeiwjeÐ ìti enallaktik� tou {Ft}t≥0 mporoÔme na èqoume {Ft, t ∈ T} ìpou T

eÐnai èna sÔnolo qrìnwn.

Orismìc 33. (Q¸roc pijanìthtac pou ikanopoieÐ th sun jh sunj kh ([5], Kef. 1))

'Enac q¸roc pijanìthtac me diÔlish (Ω,F ,P,Ft) ja lègetai ìti ikanopoieÐ th sun jh

sunj kh, ìtan h σ-�lgebra F0 emperièqei ìla ta P ken� sÔnola thc F (èna sÔnolo A ja

lègetai P kenì ìtan P (A) = 0), o metrikìc q¸roc (Ω,F ,P) eÐnai pl rhc (dhlad  gia k�je

A ∈ F an B ⊂ A tìte B ∈ F), kai h {Ft}t≥0 eÐnai dexi� suneq c (dhlad  Ft = ∩s≥tFs).

Orismìc 34. (Proodeutik  metrhsimìthta)

H proodeutik  metrhsimìthta orÐzetai wc h B[0,s] ×Fs-metrhsimìthta gia k�je s ≥ 0.

Orismìc 35. (Stoqastik  anèlixh prosarmosmènh sth diÔlish)

'Estw mÐa stoqastik  anèlixh x = {x(t)}t≥0 orismènh sto q¸ro pijanìthtac (Ω,F ,P) pou

eÐnai efodiasmènoc me diÔlish {Ft}t≥0. H stoqastik  anèlixh x lègetai prosarmosmènh

sth diÔlish {Ft}t≥0 ìtan gia k�je t ≥ 0, h x(t) eÐnai Ft-metr simh.

Orismìc 36. (Ft-Qrìnoc diakop c (Stopping T ime) ([3], Kef. 1, Sel. 22))

'Estw o metr simoc q¸roc (Ω,F), efodiasmènoc me th diÔlish {Ft}t≥0. MÐa tuqaÐa

metablht  τ : Ω → [0,∞] lègetai qrìnoc diakop c thc {Ft}t≥0 ìtan isqÔei {τ ≤ t} ∈
Ft,∀ t ≥ 0.

Orismìc 37. (Martingale ([3], Kef. 1, Sel. 25))

MÐa stoqastik  anèlixh {x(t)}t≥0 me timèc sto R, orismènh sto q¸ro pijanìthtac (Ω,F ,P)

lègetai ìti eÐnai èna Ft-submartingale (antÐstoiqa Ft-supermartingale), me {Ft, t ∈ T}
mÐa diÔlish tou q¸rou (Ω,F), ìtan kai mìno ìtan isqÔoun:
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• H tuqaÐa metablht  x(t) eÐnai Ft-metr simh ∀ t ∈ T .

• E(|x(t)|) <∞, ∀ t ∈ T .

• E(x(t)|Fs) ≥ x(s) (antÐstoiqa E(x(t)|Fs) ≤ x(s) ), P− σ.b.

gia opoiad pote s, t ∈ T, s < t. An h {x(t)}t≥0 eÐnai tautìqrona submartingale kai

supermartingale ja lègetai martingale.

Orismìc 38. (Ft-topikì martingale ([3], Kef. 1, Sel. 28))

'Estw stoqastik  anèlixh {x(t)}t≥0 me timèc sto R, orismènh sto q¸ro pijanìthtac

(Ω,F ,P) pou eÐnai efodiasmènoc me th diÔlish {F}t≥0. H stoqastik  anèlixh {x(t)}t≥0 ja

lègetai ìti eÐnai èna Ft-local martingale ìtan up�rqei akoloujÐa qrìnwn diakop c {τn}n∈N ,
me lim τn = ∞, P− σ.β. ètsi ¸ste gia k�je n ∈ N , h stoqastik  anèlixh {x(t ∧ τn)}t≥0

na eÐnai Ft-martingale.

Je¸rhma 26. (Je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue)

'Estw mÐa akoloujÐa (Lebesgue) metr simwn pragmatik¸n sunart sewn, fn se èna me-

tr simo q¸ro (S,Σ, µ). 'Estw ìti up�rqei oloklhr¸simh sun�rthsh g me |fn(x)| ≤
g(x), ∀ n, x ∈ S. 'Estw ìti up�rqei f ¸ste limn→∞ fn = f sqedìn pantoÔ. Tìte h

f eÐnai oloklhr¸simh kai
∫
S
fdµ = limn

∫
S
fndµ.

Orismìc 39. (Q¸roc Hilbert [33])

'Enac pl rhc q¸roc me eswterikì ginìmeno onom�zetai q¸roc Hilbert.

Orismìc 40. (Isqur  sÔgklish se q¸ro Hilbert [33])

MÐa akoloujÐa xn se èna q¸ro Hilbert, E, ja kaleÐtai isqur¸c sugklÐnousa sto x ∈ E

an isqÔei ||xn − x|| → 0 ìtan n→ ∞.

Orismìc 41. (Asjen c sÔgklish se q¸ro Hilbert [33])

MÐa akoloujÐa xn se èna q¸ro Hilbert, E, ja kaleÐtai asjen¸c sugklÐnousa sto x ∈ E

an isqÔei < xn, y >→< x, y > ìtan n→ ∞ gia k�je y ∈ E.

H isqur  sÔgklish sunep�getai thn asjen  sÔgklish wstìso den isqÔei p�nta to

antÐstrofo.
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