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Prìlogo'Enan ai¸na met� thn anak�luy  tou, to fainìmeno th uperagwgimìthta suneq�zei na apotele� m�aanex�ntlhth phg  epanastatik¸n ide¸n, m�a aform  gia thn an�ptuxh prohgmènwn peiramatik¸n mejì-dwn kaj¸ kai èna monadikì mèso gia thn ulopo�hsh kainotìmwn teqnologik¸n efarmog¸n. Prìsfatapeir�mata kai anex ghta fainìmena se kathgor�e polÔplokwn ulik¸n, pou apokaloÔme mh-sumbatikoÔuperagwgoÔ, prosfèroun kai p�li to erèjisma gia thn anaje¸rhsh, belt�wsh kai emb�junsh stoumhqanismoÔ pou krÔbontai p�sw apì to �dio to fainìmeno. Aut  th for�, den e�nai oi �die oi upera-g¸gime katast�sei pou zhtoÔn m�a anajewrhmènh antimet¸pish, all� to sunolikì di�gramma f�shpou qarakthr�zei aut� ta ulik�, kai sugkekrimèna, oi mh-uperag¸gime f�sei pou emfan�zontai seautì. Se m�a meg�lh mer�da aut¸n twn ulik¸n, oi sugkekrimène f�sei parousi�zoun exwtik� fainì-mena kai èna pl jo asun jistwn idiot twn. M�lista, pèra apì to èntono episthmonikì endiafèronpou proselkÔoun w memonwmène ainigmatikè katast�sei th Ôlh, apoteloÔn tautìqrona kai tokleid� gia thn katanìhsh tou sqhmatismoÔ th mh-sumbatik  uperagwgimìthta. Ki autì, diìti e�naiautè pou metasqhmat�zontai sthn uperag¸gimh f�sh kat� th metabol  k�poiwn sunjhk¸n ìpw e�naih jermokras�a, h p�esh, h nìjeush kai to magnhtikì ped�o.Qarakthristik� parade�gmata mh-sumbatik¸n uperagwg¸n pou epideiknÔoun m�a asun jisth mh-uperag¸gimh f�sh, apoteloÔn oi uperagwgo� uyhl  kr�simh jermokras�a twn oxeid�wn tou qalkoÔkaj¸ kai o uperagwgì barèwn fermion�wn URu2Si2. Oi dÔo kathgor�e ulik¸n qarakthr�zontai apìèna poiotik� ìmoio di�gramma f�sh, se diaforetikè ìmw energeiakè kl�make. H mh-sumbatik  upe-rag¸gimh kat�stash, emfan�zetai sto di�gramma f�sh twn dÔo ulik¸n kal� egklwbismènh k�tw apìm�a exwtik  kat�stash me mh kal� kajorismènh proèleush, ìpw kai me m�a plhj¸ra amfilegìmenwnidiìthtwn. Sthn per�ptwsh twn uperagwg¸n uyhl  kr�simh jermokras�a h mh-tautopoihmènh kat�-stash apokale�tai w yeudoq�sma (pseudogap), en¸ sthn per�ptwsh tou URu2Si2 h ant�stoiqh f�shapokale�tai �krummènh kat�stash� t�xh (hidden order). Oi sugkekrimène mh-uperag¸gime katast�-sei, apoteloÔn mh-sumbatik� sumpukn¸mata sto kan�li hlektron�ou-op , ta opo�a eunooÔntai apìti �die allhlepidr�sei pou odhgoÔn ston sqhmatismì th mh-sumbatik  uperagwgimìthta.Sthn paroÔsa diatrib  ja epikentrwjoÔme sta koin� qarakthristik� pou dièpoun thn sumperifor�twn proanaferjèntwn ainigmatik¸n mh-uperag¸gimwn f�sewn kai ja anazht soume mia koin  proèleushgia e¸ t¸ra anex ghta fainìmena pou parousi�zoun, ìpw e�nai h gigantia�a jermohlektrik  apìkrish
Nernst. H perioq  tou yeudoq�smato kaj¸ kai h �krummènh kat�stash�, emfan�zoun èna asun jistauyhlì s ma Nernst, to opo�o parousi�zei èna idia�tero kai tautìqrona qarakthristikì jermokrasiakìprof�l. E¸ t¸ra, to en lìgw fainìmeno Nernst e�qe g�nei apodèkth di�forwn ermhnei¸n, me dÔobasikoÔ �xone. E�te ermhneÔthke w apotèlesma parous�a uperag¸gimwn din¸n, e�te lìgw thapìkrish monoswmatidiak¸n diegèrsewn. Basizìmenoi sthn Ôparxh allhlepidr�sewn pou eunooÔn tonsqhmatismì mh-sumbatik¸n katast�sewn, ja prospaj soume na anade�xoume ìti h Ôparxh Topologik¸nKum�twn Puknìthta Fort�ou kai Spin mpore� na ermhneÔsei ta sugkekrimèna fainìmena.Oi Topologikè katast�sei pou ja melet soume, qwr�zontai sti Qeirikè (Chiral) pou parabi�-zoun se makroskopikì ep�pedo thn summetr�a antistrof  tou qrìnou T kai sti Elikoeide� (Helical)
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ivpou thn diathroÔn. Oi katast�sei autè apoteloÔn sunÔparxh dÔo magnhtik¸n   mh, mh-sumbatik¸nsumpuknwm�twn sto kan�li hlektron�ou-op  me mh-anagwg�sime krustallikè anaparast�sei dxy kai
dx2−y2 , kai peperasmèno kumat�nusma Q. H dunatìthta emf�nish mh-sumbatik¸n kum�twn puknìthtafort�ou kai spin se autè ti perioqè tou diagr�mmato f�sh aut¸n twn ulik¸n, èqei uposthriqje�sjenar� sto pareljìn, tìso jewrhtik� ìso kai peiramatik�. Gia par�deigma, h uperag¸gimh par�me-tro t�xh stou uperagwgoÔ uyhl  kr�simh jermokras�a e�nai tÔpou dx2−y2 kai èqei protaje� ìtih kat�stash tou troqiakoÔ antisidhromagn th idx2−y2, mpore� na eloqeÔei sthn perioq  tou yeudoq�-smato. Ant�stoiqe prot�sei èqoun katateje� kai sthn per�ptwsh tou uperagwgoÔ barèwn fermon�wn
URu2Si2.H dik  ma kainotìma suneisfor�, afor� sthn prìtash m�a pio oloklhrwmènh eikìna gia tajermohlektrik� fainìmena metafor� se aut� ta ulik�. 'Opw ja de�xoume se aut n th diatrib , oitroqiakè katast�sei tou tÔpou dx2−y2   dxy, e�nai epidektikè sth met�bash se Topologikè kata-st�sei kat� thn efarmog  enì exwterikoÔ magnhtikoÔ ped�ou. Kat' autìn ton trìpo, e�n pr�gmatipro�p�rqei m�a troqiak  kat�stash idx2−y2 , k�je for� pou ekteloÔme m�a jermohlektrik  mètrhsh
Nernst, ep�goume m�a Topologik  kat�stash dxy + idx2−y2 h opo�a me th seir� th ephre�zei shmantik�thn apìkrish tou sust mato. Sunep¸, gia th melèth twn jermohlektrik¸n idiot twn metafor�ofe�loume na sumperil�boume ti epagìmene Topologikè katast�sei. Qrhsimopoi¸nta, tìso jew-rhtikè all� kai upologistikè mejìdou, ja anade�xoume ìti tètoia sust mata e�nai perissìtero epi-dektik� sthn met�bash se Qeirikè katast�sei par� se Elikoeide�, toul�qiston gia mikr� magnhtik�ped�a. To sugkekrimèno sumpèrasma e�nai sumbatì me ti summetr�e pou parabi�zoun oi sugkekrimè-ne katast�sei. SÔmfwna me to kentrikì apotèlesma aut  th diatrib , oi Qeirikè katast�sei,oi opo�e apoteloÔn kai ti kur�arqe epagìmene Topologikè katast�sei, parousi�zoun èna Gigan-tia�o Fainìmeno Nernst me m�a idia�terh jermokrasiak  ex�rthsh h opo�a sun�dei me thn parathroÔmenhpeiramatik .H topologik  proèleush th Qeirik  jermohlektrik  apìkrish pou prote�noume, eggu�tai tongenikì qarakt ra twn apotelesm�twn ma kai parousi�zetai w m�a dunat  dièxodo na katanohje�to sugkekrimèno fainìmeno pou dièpei thn apìkrish enì meg�lou arijmoÔ ulik¸n, me rizik� diafore-tik  mikrodom . Pèra ìmw apì thn Gigantia�a jermohlektrik  apìkrish Nernst pou proanafèrame,oi Topologikè katast�sei parousi�zoun m�a plei�da epiprìsjetwn qarakthristik¸n, ta opo�a jamelet soume ston kÔrio ìgko aut  th diatrib . Me afethr�a èna mikroskopikì ektetamèno mo-ntèlo Hubbard kai qrhsimopoi¸nta mejìdou th Jewr�a Mèsou Ped�ou, th Kbantik  Jewr�aPed�ou, twn Oloklhrwm�twn diadrom  kai twn magnhtik¸n ped�wn Berry, ja melet soume �krw sh-mantikè idiìthte twn Topologik¸n Kum�twn Puknìthta Fort�ou kai Spin, ìpw e�nai to di�grammaf�sh, h dunatìthta Topologik¸n Kbantik¸n metab�sewn F�sh, h Ôparxh Qeirik¸n kai Elikoeid¸nsunoriak¸n fermonik¸n bajm¸n eleujer�a (chiral and helical edge modes), ta Aujìrmhta Kbantik�Hlektrik�, Magnhtik� kai Magnhtohlektrik� Fainìmena Hall, h prokÔptousa eggen  troqiak  ma-gn tish, h magnhtik  epagwg  twn Topologik¸n katast�sewn, h Aujìrmhth Magnhtojermohlektrik apìkrish Hall kai tèlo ja èqoume thn eukair�a na efarmìsoume ìle autè ti idiìthte gia thn kata-nìhsh th fainomenolog�a twn exwtik¸n katast�sewn pou emfan�zontai stou uperagwgoÔ uyhl kr�simh jermokras�a kai ton uperagwgì barèwn fermion�wn URu2Si2.



Preface

A century after its discovery, the phenomenon of superconductivity continues to constitute an endless
source of revolutionary ideas, a reason for the development of state-of-the-art experimental methods,
as also a unique path for the realization of novel technological applications. Recent experiments and
unexplained phenomena in classes of complex materials, dubbed unconventional superconductors,
resuscitate the stimulus for revision, improvement and introspection of the mechanisms that underly
the nature of the phenomenon of superconductivity itself. This time, the required revised perspective
does not concern the superconducting states themselves, but the entire phase diagram that dictates
these materials, and specifically its non-superconducting regions. In the majority of these materials,
the specific phases exhibit exotic phenomena and a number of unusual properties. As a matter of
fact, apart from the intense scientific interest which they attract as individual enigmatic states of
matter, they constitute in the same time the key for revealing the motives leading to the formation of
unconventional superconductivity. This belief stems from the fact, that these states are the ones that
give rise to superconductivity upon the variation of certain quantities such as temperature, pressure,
doping and magnetic field.

Representative examples of unconventional superconductors that exhibit an unsual non - supercon-
ducting phase, comprise of the cuprate high-Tc superconductors as well as the heavy fermion super-
conductor URu2Si2. These two classes of materials, are characterized by a qualitatively similar phase
diagram, but in different energy scales. The unconventional superconducting state, arises in the phase
diagram of both materials well confined below an exotic order of not-well defined origin, accompa-
nied by a plethora of controversial properties. In the case of high-Tc superconductors, the undefined
state is termed pseudogap, while in the case of URu2Si2, the counterpart phase is dubbed hidden
order. The aforementioned non-superconducting states, constitute unconventional condensates in the
electon-hole channel, driven by the same interactions that lead to the formation of unconventional
superconductivity.

In the present dissertation we shall focus on the common characteristics that dictate the be-
haviour of the aforementioned enigmatic non-superconducting phases and we shall also quest for a
common origin for the still unexplained phenomena they exhibit, such as the giant thermoelectric
Nernst response. The pseudogap regime and the hidden order, exhibit an unusually large Nernst
signal, that presents an intricate and simultaneously characteristic temperature profile. Up to now,
this phenomenon has received several explanations, along two basic directions. Either it has been
explained as the consequence of superconducting vortices, or as the response of quasiparticles. Based
on the existence of interactions that promote the formation of unconventional orders, we shall demon-
strate that the emergence of Topological Density waves in both spin singlet and triplet channels may
account for the specific phenomena.

The Topological states under study, are divided into the Chiral states that violate macroscopically
time reversal symmetry T and the Helical states which preserve it. These states comprise of two spin
singlet or triplet unconventional particle-hole condensates carrying the irreducible representations dxy
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and dx2−y2 , and having a finite wave-vector Q. The possible involvement of unconventional charge and
spin density waves in the specific regions of the phase diagram of these materials, has been strongly
supported in the past, both theoretically and experimentally. For example, the superconducting
order in the high-Tc cuprates belongs to the dx2−y2 representation and it has been suggested that the
orbital antiferromagnetic state idx2−y2 , could lurk in the pseudogap regime. Similar proposals have
been put forward also in the case of the heavy fermion superconductor URu2Si2.

Our novel contribution, resides to proposing a more complete picture for the thermoelectric trans-
port phenomena of these materials. As we shall demonstrate throughout this dissertation, the orbital
orders dx2−y2 or dxy, are susceptible to transiting to a Topological state under the application of an
external magnetic field. In this manner, if indeed an orbital order of the type idx2−y2 preexists, each
time that we execute a thermoelectric measurement, we induce a Topological state dxy + idx2−y2

which in its turn influences severely the response of the system. As a matter of fact, we are obliged
to incorporate the induced Topological states for the proper study of the thermoelectric transport
properties. By employing both theoretical and computational techniques, we shall demonstrate that
such systems are more susceptible to a Chiral rather than a Helical transition, at least for low mag-
netic fields. The specific conclusion is also compatible with the symmetries violated by these states.
According to the central result of this dissertation, the Chiral states, which constitute the domi-
nating induced Topological orders, exhibit a Giant Nernst Phenomenon with a special temperature
dependence that agrees well with the one experimentally observed.

The topological origin of the Chirality induced thermoelectric response that we argue in favour
of, guarantees the general validity of our results and emerges as a possible escapeway for under-
standing the particular phenomenon that dictates the response of a vast number of materials, owing
a radically different microstructure. Apart from the Giant thermoelectric Nernst response that we
have already mentioned, the Topological states exhibit a plethora of additional features, which we
are going to study in the rest of this dissertation. Using as a starting point an extended Hubbard
model and by employing methods of Mean Field Theory, Quantum Field Theory, Path Integral for-
malism and the concept of the Berry curvature, we shall study highly significant properties of the
Topological Charge and Spin Density Waves, such as their Phase Diagram, the possibility of Topo-
logical Quantum Phase transitions, the existence of Chiral and Helical Edge modes, the Spontaneous
Charge, Spin and Magnetoelectric Quantum Hall effects, the arising intrinsic Orbital Magnetization,
the magnetic induction of Topological states, the Spontaneous Magnetothermoelectric Hall response
and finally we shall have the chance to apply all these results in order to provide understanding for
the phenomenology of the exotic states that arise in the high-Tc cuprate superconductors and the
heavy fermion superconductor URu2Si2.
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1 Mh sumbatiko� uperagwgo�1.1 Eisagwg  sthn uperagwgimìthtaTa isqur� allhlepidr¸nta sust mata parousi�zoun ènan ploÔto apì kbantikè katast�sei t�xew, oiopo�e apoteloÔn ton kÔrio lìgo gia thn poluplokìthta pou sunantoÔme sth fÔsh. K�tw apì kat�l-lhle sunj ke jermokras�a, p�esh k.a., èna ulikì mpore� na anadiorganwje� rizik�, dhmiourg¸ntame autìn ton trìpo m�a pragmatik� nèa kat�stash th Ôlh. Pèra apì ta jemeli¸dh erwt mata poumporoÔn na apanthjoÔn melet¸nta aut� ta ulik�, oi nèe idiìthte pou aut� parousi�zoun, ta kaji-stoÔn leitourgik� (functional materials), ano�gonta ètsi to drìmo se nèe teqnologikè efarmogè.Qarakthristikì par�deigma tètoiwn ulik¸n, apoteloÔn oi sumbatiko� uperagwgo�, pou e�nai ulik� taopo�a parousi�zoun mhdenik  hlektrik  ant�stash k�tw apì m�a kr�simh jermokras�a Tc. H kathgor�aaut¸n twn ulik¸n  tan gia polÔ kairì kal� krummènh, lìgw tou ìti h kr�simh jermokras�a gia thmet�bash sthn sumbatik  uperag¸gimh f�sh br�sketai se exairetik� qamhlè jermokras�e, th t�xhtwn l�gwn kèlbin. Mìno met� thn ugropo�hsh tou Hl�ou apì ton Kamerlingh Onnes [1℄ ègine dunat h melèth aut  th �gnwsth episthmonik� perioq  kai twn exwtik¸n fusik¸n fainomènwn pou aut ma epifÔlasse.H parat rhsh tou fainomènou th sumbatik  uperagwgimìthta apì ton Onnes to 1911, den  tanpar� èna polÔ dÔskolo gr�fo pou apasqìlhse apì thn pr¸th stigm  thn episthmonik  koinìthta.Istorik� h epìmenh idiìthta pou  rje sthn epif�neia met� th mhdenik  hlektrik  ant�stash  tan hparat rhsh tou tèleiou diamagnhtismoÔ   alli¸ tou fainomènou Meissner, to opo�o parathr jhke to1933 apì tou Meissner kai Oschenfeld [2℄. O sunduasmì twn dÔo aut¸n fainomènwn, od ghse tou
Gorter kai Casimir na prote�noun to montèlo twn dÔo reust¸n. Sta pla�sia autoÔ tou montèlou, taulik� aut� apoteloÔntan apì to kanonikì reustì hlektron�wn me ti sun jei idiìthte, kaj¸ kaiapì èna uperag¸gimo reustì hlektron�wn, sto opo�o apod�dontan ìle oi nèe idiìthte. Ton epìmenoqrìno, oi adelfo� F. kai H. London me thn om¸numh ex�swsh London, kat�feran na ermhneÔsoun fai-nomenologik� to a�tio p�sw apì to fainìmeno Meissner. H ex ghsh e�nai polÔ apl . Sthn genikìterhper�ptwsh, h hlektromagnhtik  apìkrish enì sust mato pou upakoÔei sthn ex�swsh Schrödinger,apotele�tai apì m�a paramagnhtik  sunist¸sa reÔmato kaj¸ kai apì m�a diamagnhtik . Sta upera-g¸gima ulik� loipìn, h anadiorg�nwsh twn bajm¸n eleujer�a katafèrnei na �pag¸sei� tou fore�tou hlektrikoÔ fort�ou mhden�zonta thn paramagnhtik  suneisfor�. Paramènei loipìn mìno h dia-magnhtik  sunist¸sa, h opo�a odhge� sthn jwr�kish tou ulikoÔ apì exwterik� magnhtik� ped�a, en¸tautìqrona apotele� kai to a�tio th d�qw apìsbesh metafor� tou hlektrikoÔ fort�ou.H mèqri eke�nh thn per�odo prìodo sto ped�o th uperagwgimìthta, perigr�fhke to 1950 meènan sumpuknwmèno kai komyì trìpo apì tou Ginzburg kai Landau [3℄, sta pla�sia th om¸numhfainomenologik  jewr�a th uperagwgimìthta. Par�ol' aut�, eke�nh thn epoq  h sugkekrimènhjewrhtik  prìtash den ètuqe th eure�a apodoq  th episthmonik  koinìthta. Kentrikì rìloaut  th jewr�a katèqei m�a makroskopik  metablht  Ψ(r), pou ìtan e�nai peperasmènh, shmatodote�th met�bash sthn uperag¸gimh kat�stash. H jewr�a aut  ent�ssetai sto genikìtero pla�sio thfainomenologik  perigraf  Landau twn suneq¸n metab�sewn f�sh. Lìgw tou ìti h uperag¸gimhmet�bash sunart sei th jermokras�a e�nai suneq , to �dio isqÔei kai gia th metabol  tou megèjou1



2 KEF�ALAIO 1. MH SUMBATIKO�I UPERAGWGO�I
Ψ(r) to opo�o onom�zetai par�metro t�xh th uperag¸gimh met�bash. SÔmfwna me th jewr�a
Ginzburg-Landau, to mètro th migadik  paramètrou t�xh |Ψ(r)|2 antistoiqe� sthn puknìthta twnuperag¸gimwn hlektron�wn en¸ par�llhla h par�metro aut  perigr�fetai apì thn puknìthta theleÔjerh enèrgeia
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, (1.1)ìpou α, v,m jetikè stajerè, µ h magnhtik  diaperatìthta tou ulikoÔ, B = ∇×A to magnhtikì ped�okai e∗ to fort�o uperag¸gimwn forèwn, to opo�o den e�nai �llo apì e∗ = 2e, dÔo forè dhlad  to fort�otwn hlektron�wn. O diplasiasmì tou fort�ou katamartur� ton sqhmatismì dèsmiwn katast�sewnmetaxÔ zeug¸n hlektron�wn kat� thn uperag¸gimh met�bash, ta opo�a argìtera onom�sthkan zeÔgh

Cooper. H elaqistopo�hsh tou parap�nw sunarthsiakoÔ w pro thn par�metro t�xh, ma d�nei tiant�stoiqe exis¸sei k�nhsh pou perigr�foun th jemeli¸dh kat�stash tou uperagwgoÔ.H jewr�a twn Ginzburg kai Landau den apotele� par� m�a jewr�a enì mh-sqetikistikoÔ fortismè-nou swmatid�ou me hlektrikì fort�o e∗ = 2e. H sÔzeuxh me to hlektromagnhtikì ped�o epitugq�netaimèsw th el�qisth sÔzeuxh (minimal coupling). H prokÔptousa summetr�a bajm�da U(1) parabi�-zetai aujìrmhta kat� th met�bash sthn uperag¸gimh kat�stash, k�ti pou apotele� to shmantikìteroqarakthristikì tou fainomènou. To gegonì autì ègine antilhptì arket� argìtera apì ton P. Ander-
son to 1963 [4℄. O nèo autì mhqanismì den �rghse na qrhsimopoihje� apì ton Higgs [5℄ w ènamonadikì trìpo gia na dhmiourghjoÔn oi m�ze twn jemeliwd¸n ped�wn sth Fusik  twn Uyhl¸nEnergei¸n. ParathroÔme ìti o metasqhmatismì bajm�da U(1) ekfr�zetai w A(r) → A(r)−∇ϕ(r)kai Ψ(r) → Ψ(r)eie∗ϕ(r)/h̄.Par�llhla me tou Ginzburg kai Landau �lloi ereunhtè prospajoÔsan na katano soun se mikro-skopikì ep�pedo ton mhqanismì th uperagwgimìthta. Pro aut n thn prosp�jeia kin jhke o Frölich[6℄ o opo�o tìnise gia pr¸th for� ton katalutikì rìlo pou mporoÔn na pa�xoun ta fwnìnia kai h allh-lep�drash hlektron�wn-fwnon�wn sto sqhmatismì nèwn hlektronik¸n katast�sewn t�xh. H zÔmwshìlwn aut¸n twn nèwn ide¸n èdwse ¸jhsh stou Bardeen-Cooper-Schrieffer to 1957, na prote�noun thmikroskopik  jewr�a BCS th sumbatik  uperagwgimìthta [7℄. Xekin¸nta apì m�a energ  allhlep�-drash metaxÔ twn hlektron�wn pou phg�zei apì thn allhlep�drash hlektron�wn-fwnon�wn, katèlhxanse m�a mikroskopik  jewr�a pou kat�fere na d¸sei ap�nthsh sto fainìmeno th uperagwgimìthta. HQamiltonian  th sugkekrimènh jewr�a sto pla�sio th DeÔterh Kb�ntwsh gr�fetai w ex 
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dr c†↑(r)c†↓(r)c↓(r)c↑(r) , (1.2)ìpou cσ(r)/c†σ(r) o telest  katastrof /dhmiourg�a enì hlektron�ou sth jèsh r me probol  spin

σ. Me ε(p̂) parist�noume thn kinhtik  enèrgeia tou k�je hlektron�ou, p̂ ton telest  th orm kai me g thn energ  stajer� sÔzeuxh hlektron�ou-hlektron�ou. Lìgw tou ìti h jewr�a BCS prì-keitai gia m�a jewr�a Mèsou Ped�ou pou bas�zetai sthn eisagwg  m�a migadik  paramètrou t�xh
∆(r) = −g < c↓(r)c↑(r) >, h apodoq  th �noixe tautìqrona kai to drìmo apodoq  th pro�p�r-qousa fainomenologik  jewr�a Ginzburg-Landau. H par�metro t�xh Ψ(r) twn Ginzburg kai
Landau, taut�zetai me th migadik  par�metro t�xh ∆(r) h opo�a parist�nei thn anamenìmenh tim th dhmiourg�a enì zeÔgou hlektron�wn me mhdenikì sunolikì spin S = 0. Apì thn mikroskopik Qamiltonian  BCS mporoÔme eÔkola na ex�goume pw metasqhmat�zetai h par�metro t�xh k�tw apìmetasqhmatismoÔ bajm�da. E�n A(r) → A(r) − ∇ϕ(r), tìte blèpoume pw o metasqhmatismìautì mpore� na exaleifje� mèsw tou metasqhmatismoÔ cσ(r) → cσ(r)eieϕ(r)/h̄. H par�metro t�xh



1.1. EISAGWG�H STHN UPERAGWGIM�OTHTA 3metasqhmat�zetai w ex  ∆(r) → ∆(r)ei2eϕ(r)/h̄. Blèpoume loipìn pw h jewr�a Ginzburg-Landauuposthr�zetai apì th mikroskopik  jewr�a BCS efìson jèsoume e∗ = 2e.H armon�a metaxÔ mikroskopik¸n kai fainomenologik¸n jewri¸n se sqèsh me ta peir�mata den jaarg sei na diataraqje� kai p�li, me ton erqomì twn mh-sumbatik¸n uperagwg¸n kai idia�tera me thnanak�luyh twn uperagwg¸n uyhl  kr�simh jermokras�a. Epiplèon, nèe kathgor�e ulik¸n kai nèeuperag¸gime katast�sei anèdeixan thn anep�rkeia th sumbatik  jewr�a BCS perior�zonta thnefarmog  th sta ulik� ta opo�a s mera apokaloÔme sumbatikoÔ uperagwgoÔ.1.1.1 Sumbatik  UperagwgimìthtaMèqri t¸ra èqoume qrhsimopoi sei tou ìrou sumbatik  kai mh sumbatik  uperagwgimìthta [8℄, al-l� den èqoume d¸sei akrib  orismì. Sta parak�tw epiqeiroÔme na diaqwr�soume tou uperagwgoÔse autè ti dÔo meg�le kathgor�e. Gia to lìgo autì ja qrhsimopoi soume w afethr�a th fai-nomenologik  jewr�a Ginzburg-Landau. Jewr¸nta ìti h par�metro t�xh mpore� na grafte� w
Ψ(r) = |Ψ(r)|eiϕ(r), prokÔptei h isodÔnamh ex�swsh
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, (1.3)ParathroÔme ìti h met�bash elègqetai apì to mètro th paramètrou t�xh, lìgw twn ìrwn dunamikoÔpou emfan�zontai, en¸ h hlektromagnhtik  apìkrish kajor�zetai tautìqrona apì to mètro kai th f�sh.Elaqistopoi¸nta th dr�sh w pro thn par�metro t�xh kai to dianusmatikì dunamikì, lamb�noumeti exis¸sei k�nhsh pou kajor�zoun th jemeli¸dh kat�stash tou sust mato. 'Eqoume loipìn
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. (1.6)H genik  lÔsh twn parap�nw exis¸sewn (ìpou èqoume agno sei epifaneiakè suneisforè) apotele�taiapì anomoiogene� lÔsei gia to mètro kai th f�sh th paramètrou t�xh ìpw kai mh mhdenik� reÔmatakai magnhtik� ped�a. 'Otan h f�sh e�nai mh mhdenik  èqoume sp�simo th summetr�a th antistrof tou qrìnou T kai anamènoume na èqoume sth jemeli¸dh kat�stash e�te mh mhdenik  magnhtik  rop   k�poio mh mhdenikì reÔma. Apì ìle ti dunatè lÔsei, h uperag¸gimh kat�stash pou katano jhkesta pla�sia th jewr�a BCS, kai thn opo�a onom�zoume Sumbatik  Uperagwgimìthta e�nai hlÔsh twn parap�nw exis¸sewn me |Ψ(r)| ≡ |Ψ|, ϕ(r) = 0 kai A(r) = 0.Sth jemeli¸dh kat�stash th Sumbatik  Uperag¸gimh f�sh, isqÔoun oi sqèsei
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m
|Ψ|2A(r, ω) . (1.9)ìpou jewr same ìti to dianusmatikì ped�o e�nai m�a asjen , qwroqronik� arg� metaballìmenh exw-terik  diataraq , h opo�a den metab�llei thn par�metro t�xh. Gia eukol�a èqoume  dh metaferje�



4 KEF�ALAIO 1. MH SUMBATIKO�I UPERAGWGO�Isto q¸ro th suqnìthta ω. SÔmfwna me thn pr¸th ex�swsh, p�nw apì thn kr�simh jermokras�abriskìmaste sthn kanonik , �metallik � kat�stash ìpou isqÔei |Ψ| = 0. K�tw apì aut n e�maste sthnuperag¸gimh me |Ψ|2 = |Ψ0|2
(
1 − T

Tc

) ìpou |Ψ0|2 = αTc/v. H parap�nw jermokrasiak  ex�rthshperigr�fei me polÔ meg�lh akr�beia thn pragmatik  ex�rthsh th paramètrou t�xh kont� sthn upe-rag¸gimh met�bash ìpou isqÔei kai h parap�nw jewr�a. Autì fusik� den e�nai tuqa�o. H parap�nwjewr�a e�nai kataskeuasmènh me tètoio trìpo ¸ste na d�nei kr�simo ekjèth β [9℄, |Ψ| ∼
(
1 − T

Tc

)β, �some β = 1
2
, o opo�o èqei peiramatik� parathrhje� sthn per�ptwsh th uperag¸gimh met�bash.Me b�sh ti parap�nw exis¸sei kai sugkekrimèna ti dÔo teleuta�e, e�nai dunatì na parathr sou-me ta dÔo qarakthristik� fainìmena twn uperagwg¸n, th mhdenik  hlektrik  ant�stash kai ton tèleiodiamagnhtismì. To sugkekrimèno dianusmatikì dunamikì e�te dhmiourge� èna qronometaballìmeno hle-ktrikì ped�o E(t) = −∂tA(t) → E(ω) = iωA(ω),   èna magnhtikì ped�o B(r) = ∇ × A(r). Lìgwtou ìti h uperag¸gimh puknìthta e�nai omogen , epibi¸nei mìno to diamagnhtikìkomm�ti tou reÔmato, to opo�o eujÔnetai tìso gia to fainìmeno Meissner ìsokai gia to mhdenismì th hlektrik  ant�stash. Sugkekrimèna, h pr¸th apì autè tidÔo genn� ton tèleio diamagnhtismì. MporoÔme na doÔme ìti oi lÔsei tou dianusmatikoÔ ped�ou kaj¸kai kat� sunèpeia tou magnhtikoÔ ped�ou e�nai th morf  B = B0e

−x/λ ìpou λ to m ko die�sdush
1
λ

= e∗|Ψ|
√
µ/m. Exait�a aut  th ex�rthsh, h magnhtik  ro  jwrak�zetai kai perior�zetai mìno seèna mikrì sun jw p�qo kont� sthn epif�neia tou ulikoÔ.Gia na anade�xoume to mhdenismì th hlektrik  ant�stash, mporoÔme isodÔnama na melet soumethn agwgimìthta. H agwgimìthta sto dunamikì ìrio [10℄ or�zetai me ton akìloujo trìpo
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|Ψ|2 . (1.10)ParathroÔme ìti h agwgimìthta sthn omogen  sumbatik  uperag¸gimh kat�stash èqei mìno fanta-stikì mèro, en¸ par�llhla parousi�zei pìlo pr¸th t�xh gia ω = 0. H aitiìthta epib�lei thnikanopo�hsh twn sqèsewn Kramers-Kronig sÔmfwna me ti opo�e h Ôparxh pìlou pr¸th t�xh giato fantastikì mèro sunep�getai thn Ôparxh mia sun�rthsh δ(ω) gia to pragmatikì mèro th agw-gimìthta. Katal goume loipìn ìti to pragmatikì mèro th agwgimìthta, σℜ(ω), e�nai th morf 

σℜ(ω) = (e∗)2

m
|Ψ|2δ(ω), parousi�zonta ��peirh� aujìrmhth agwgimìthta kai kat� sunèpeia mhdenik ant�stash, akìmh kai gia idia�tera asjen  efarmozìmena hlektrik� ped�a.1.1.2 Mh sumbatik  Uperagwgimìthta'Eqonta or�sei thn sumbatik  uperagwgimìthta e�nai polÔ aplì na or�soume th mh sumbatik  upe-ragwgimìthta. Oi Mh Sumbatikè Uperag¸gime katast�sei or�zontai w autè pou sp�neepiprìsjete summetr�e se sqèsh me thn summetr�a bajm�da U(1) pou parabi�zei aujìrmhta h sumba-tik . 'Etsi loipìn, opoiad pote �llou e�dou uperag¸gimh kat�stash pèra apì aut n pou exet�sameparap�nw jewre�tai mh sumbatik . MporoÔme na diakr�noume di�fore peript¸sei mh sumbatik  upe-ragwgimìthta. 'Eqoume loipìn

• Ψ(r) = Ψ, ∇ϕ(r) = −e∗

h̄
A(r). Se aut n thn per�ptwsh, h lÔsh qarakthr�zetai apì to �dioenergeiakì kìsto me autì th dhmiourg�a th sumbatik , all� parousi�zei nèe idiìthte. Hparous�a th mh mhdenik  f�sh sunep�getai to sp�simo th summetr�a th antistrof  touqrìnou, pou en gènei sundèetai me mh mhdenik  eggen  magnhtik  rop    eggen  reÔmata. 'E-tsi loipìn, e�n gia k�poio lìgo h kat�stash aut  anaptuqje�, d�qw arqik� na efarmìsoume



1.2. MH SUMBATIKO�I UPERAGWGO�I OXEID�IWN TOU QALKO�U 5èna dianusmatikì dunamikì, to sunolikì reÔma den ja mhden�zetai. Aut  h kat�stash onom�-zetai kat�stash Fulde-Ferrell [11℄ kai prot�jhke apì tou proanaferjènte ereunhtè w m�auperag¸gimh kat�stash pou eunoe�tai ìtan efarmìzetai èna ped�o Zeeman.
• Ψ(r), ϕ(r) = 0 kai A(r) = 0. Se aut n thn per�ptwsh mìno to mètro th paramètrou t�xhe�nai qwrik� metaballìmeno kai fusik� h an�ptuxh m�a tètoia kat�stash ofe�letai se k�poiaanomoiogèneia tou ulikoÔ, sthn opo�a sugkatalègetai kai h Ôparxh th krustallik  dom . Seaut n thn per�ptwsh, to mètro th paramètrou t�xh mpore� na anaptuqje� se mh anagwg�simeanaparast�sei th krustallik  om�da summetr�a tou ulikoÔ. Up�rqei m�a eidik  per�ptwsh seaut n thn kathgor�a katast�sewn ìpou to mètro e�nai periodik� diamorfwmèno, dhlad  |Ψ(r)| =
|Ψ| cos(q · r). H kat�stash aut  prot�jhke apì tou Larkin-Ovchinikov [12℄ w enallaktik th Fulde-Ferrell. M�lista, lìgw tou ìti eunooÔntai kai oi dÔo k�tw apì ti �die sunj ke,sun jw anafèrontai w m�a kat�stash me thn onomas�a FFLO [13℄.

• Sthn genikìterh per�ptwsh èqoume upèrjesh twn prohgoÔmenwn katast�sewn dhmiourg¸ntapolÔploke uperag¸gime katast�sei mhdenikoÔ sunolikoÔ spin gia ta zeÔgh Cooper.
• Pèra apì ti uperag¸gime katast�sei me S = 0 up�rqoun fusik� kai oi katast�sei me S = 1.Autè den mporoÔn na perigrafoÔn apì thn parap�nw jewr�a Ginzburg-Landau, diìti aut  peri-gr�fei th dhmiourg�a zeug¸n Cooper me mhdenikì sunolikì spin kai kat� sunèpeia h par�metrot�xh e�nai bajmwtì mègejo. Sthn per�ptwsh twn zeug¸n Cooper me sunolikì spin S = 1, hbajmwt  migadik  par�metro t�xh metatrèpetai se èna dianusmatikì migadikì mègejo Ψ(r).Qarakthristikì par�deigma tètoiwn katast�sewn apotele� h uperagwgimìthta tÔpou p− wave,ìpou to mètro th paramètrou t�xh an kei upoqrewtik� se m�a krustallik  anapar�stash poue�nai peritt  sthn qwrik  antistrof  r → −r.
• Pèra apì ti parap�nw katast�sei, e�nai dunatìn ta hlektrìnia pou summetèqoun sto sqhmati-smì tou uperag¸gimou sumpukn¸mato na fèroun kai peraitèrw kbantikoÔ arijmoÔ ektì apìto spin. Se autè ti peript¸sei, mporoÔme na èqoume zeÔgh Cooper pou na an koun se mh-tetrimmène anaparast�sei twn telest¸n pou sqet�zontai me autoÔ tou kbantikoÔ arijmoÔ.Sti anaforè pou parajètoume analÔontai di�fore peript¸sei mh-sumbatik  uperagwgimìth-ta [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37,38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51℄.Se k�je per�ptwsh ìpou èqoume sqhmatismì zèugwn Cooper up�rqei m�a kai mì-no apa�thsh. Lìgw tou ìti h uperag ģimh par�metro t�xh apotele� ousiastik�thn kumatosun�rthsh dÔo fermion�wn, ja prèpei na e�nai peritt  kat� thn enal-lag  tou.1.2 Mh sumbatiko� uperagwgo� uyhl  kr�simh jermo-kras�a twn oxeid�wn tou qalkoÔTo 1986 oi Bednorz kai Müller [52℄ kat�feran na d¸soun mia nèa pno  sto ped�o th uperagwgimìth-ta. Sugkekrimèna anak�luyan èna nèo uperag¸gimo ulikì me kr�simh jermokras�a per�pou sta 30Kxepern¸nta thn prohgoÔmenh megalÔterh pou  tan 23K. Parìlo pou h aÔxhsh th kr�simh jermo-kras�a apotèlese adiamfisb thta èna polÔ shmantikì gegonì, h sullogistik  pou od ghse se aut n



6 KEF�ALAIO 1. MH SUMBATIKO�I UPERAGWGO�Ithn anak�luyh e�nai akìma pio axiojaÔmasth, diìti od ghse san m�a alusidwt  ant�drash sthn �oi-kodìmhsh� th oikogèneia twn ulik¸n pou qarakthr�zoume s mera w uperagwgoÔ uyhl  kr�simhjermokras�a (High-Tc Superconductors).Oi dÔo nompel�ste (1987) dikai¸jhkan gia to tìlmhm� tou na anazht soun to nèo uperagwgìuyhl  kr�simh jermokras�a, ìqi w sun jw se èna kr�ma (p.q.niob�ou), all� sto oxe�dio tou qal-koÔ LaBaCuO. SÔmfwna me thn eikìna pou e�qe edraiwje� eke�nh thn epoq , h qamhl  agwgimìthtaenì oxeid�ou katade�knue to en lìgw ulikì w ènan kakì upoy fio gia na emfan�sei uperag¸gimhmet�bash. Par�ol' aut�, h sugkekrimènh seir� oxeid�wn, ìpw kai �lle pou akoloÔjhsan sth su-nèqeia den epibeba�wsan autìn ton kanìna, diìti oi idiìthte tou tìso sthn kanonik  ìso kai sthnuperag¸gimh kat�stash, aploÔstata den parousi�zan kanèna gn¸rimo stoiqe�o twn sumbatik¸n �u-peragwg¸n�. M�lista, l�gou m ne argìtera o Wu kai h om�da tou [53℄, basizìmenoi sto prìtupoen¸sewn tou qalkoxeid�ou, anak�luyan ton uperagwgì Y1.2Ba0.8CuO4 me kr�simh jermokras�a ∼93K.'Htan o pr¸to uperagwgì p�nw apì to shme�o brasmoÔ tou ugroÔ az¸tou (77K), apotel¸nta meautìn ton trìpo thn afethr�a mia nèa epoq  tìso sti peiramatikè dunatìthte pou ano�gontan,ìso kai sthn ekmet�lleush twn uperagwg¸n se realistikè teqnologikè efarmogè.H shmas�a ìmw th eÔresh twn nèwn uperagwg¸n  tan akìma bajÔterh. H kl�maka plèon twnuyhlìterwn kr�simwn jermokrasi¸n e�qe all�xei t�xh megèjou shmatodot¸nta thn pijan  emplok enì nèou mhqanismoÔ. H jewr�a Bardeen-Cooper-Schrieffer [7℄ pou e�qe katafèrei mèqri tìte na ermh-neÔsei me èna aplì montèlo to fainìmeno th uperagwgimìthta fainìtan anepark  sthn prokeimènhper�ptwsh. H nèa uperag¸gimh kat�stash den  tan dunatì na katanohje� sta pla�sia tou sumbatikoÔfwnonikoÔ mhqanismoÔ elktik  allhlep�drash dÔo hlektron�wn, tìso sto asjenè e�te sto isqurììrio. H ep�teuxh m�a kr�simh jermokras�a twn 100K  tan s�goura èxw apì ta ìria aut  th je-wr�a. Gia autoÔ tou lìgou, nèoi mhqanismo� allhlep�drash epistrateÔthkan, basizìmenoi kur�wsthn antallag  mpozon�wn diaforetik¸n apì aut� twn sumbatik¸n fwnon�wn. Sta pla�sia aut¸n twnjewri¸n mporoÔme na diakr�noume jewr�e pou bas�zontai sthn antallag  magnon�wn kaj¸ kai thn an-tallag  mh-sumbatik¸n fwnon�wn. 'Opw èqei deiqje� sta �rjra [54, 55, 56℄, h je¸rhsh mh-sumbatik¸nmhqanism¸n fwnonik¸n allhlepidr�sewn pr�gmati mpore� na odhg sei se mh-sumbatikè uperag¸gimekatast�sei.Mèqri s mera, to a�tio th uperagwgimìthta se aut� ta ulik� den èqei pl rw katanohje�. 'Eqoung�nei pragmatik� pollè prosp�jeie gia thn katanìhsh tou fainomènou me apotèlesma ta qalkoxe�diae�nai èna apì ta plèon melethmèna sust mata th Fusik  th Sumpuknwmènh Ôlh, tìso peiramatik�ìso kai jewrhtik� [57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68℄. E�nai �xio lìgou to gegonì pw hèntonh ereunhtik  melèth aut¸n twn ulik¸n kaj¸ kai h apa�thsh polÔ kal  poiìthta deigm�twn,apotèlese efalt rio th exèlixh peiramatik¸n teqnik¸n ìpw e�nai h Hlektronik  Fasmatoskop�a S�-rwsh STM (Scanning Tunelling Microscopy) kai h Gwniak  Fasmatoskop�a Fwtoekpomp  ARPES(Angle Resolved Photo-Emission Spectroscopy). Apì th jewrhtik  skopi�, èqoun anaptuqje� p�rapoll� montèla ta opo�a kai p�li den e�nai dunatìn na ermhneÔsoun ikanopoihtik� thn poluplokìthtatwn nèwn fainomènwn pou suneq¸ anakalÔptontai se aut� ta ulik�. Ta oxe�dia tou qalkoÔ apoteloÔnèna ped�o plhj¸ra antimaqìmenwn kbantik¸n katast�sewn th Ôlh, apotel¸nta mia anex�ntlhthphg  ide¸n ti opo�e den dane�zontai mìno �lle perioqè th Fusik  Sumpuknwmènh 'Ulh, all� kaiped�a ìpw h Fusik  Uyhl¸n energei¸n kai h Kosmolog�a. Sugkekrimèna, diafìre jewrhtikè pro-t�sei twn uperagwg¸n uyhl  kr�simh jermokras�a èqoun brei ektetamènh efarmog  sth Kbantik Qrwmodunamik  kai sti di�fore uperag¸gime f�sei pou emfan�zontai se èna pl�sma kou�rk kaiglouon�wn (quark-gluon plasma) [69, 70, 71, 72℄, kaj¸ kai pio prìsfata se Barutikè jewr�e stapla�sia th antistoiq�a AdS/CFT (Anti-de Sitter/Conformal Field Theory) [73, 74, 75, 76, 77, 78℄.
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Sq ma 1.1: Hlektronik  dom  twn basikìterwn uperag¸gimwn en¸sewn uyhl  kr�simh jermokras�atwn oxeid�wn tou qalkoÔ. Phg  wikipedia.1.2.1 Di�gramma f�shParìlo pou up�rqei plhj¸ra uperag¸gimwn qalkoxeid�wn uyhl  kr�simh jermokras�a, ìla qara-kthr�zontai apì m�a èntonh anisotropikìthta, apoteloÔmena apì èna mikrì arijmì epipèdwn qalkoÔ-oxugìnou (CuO2). Sth mhtrik  qhmik  ènwsh La2CuO4, to tupikì sjèno tou qalkoÔ e�nai 2+, toopo�o shma�nei ìti h hlektronik  kat�stash e�nai h d9. O qalkì e�nai peritrigurismèno apì 6 oxugì-na, se èna oktaedrikì sqhmatismì me dÔo oxugìna (apical oxygen) na br�skontai p�nw kai k�tw apìton qalkì (èxw apì to ep�pedo) Sq.1.1. H apom�krunsh apì thn tèleia oktaedrik  dom  odhge� stodiaqwrismì twn eg troqiak¸n me sunèpeia na up�rqei èna mìno troqiakì dx2−y2 tou qalkoÔ sth jeme-li¸dh kuyel�da, sto opo�o mporoÔme na perioristoÔme gia na kataskeu�soume èna aplì mikroskopikìmontèlo [79, 80℄.Par� to gegonì ìti up�rqoun k�poie diaforè sthn hlektronik  dom  twn di�forwn upera-g¸gimwn en¸sewn twn qalkoxeid�wn (Sq.1.1), den fa�netai na e�nai kajìlou tuqa�o to gegonì ìtimoir�zontai kai èna se genikè grammè pagkìsmio di�gramma f�sh (Sq.1.2). H mhtrik  qhmik  ènwsh
La2CuO4, organ¸netai se m�a antisidhromagnhtik  kat�stash, ìpou ta spin geitonik¸n plegmatik¸nshme�wn e�nai antipar�llhla. H jermokras�a met�bash sthn antisidhromagnhtik  kat�stash twnqalkoxeid�wn e�nai per�pou TN ∼ 300 − 500K, h opo�a e�nai arket� mikr  lìgw th qalar  sÔzeuxhmetaxÔ twn epipèdwn qalkoÔ-oxugìnou. M�lista, sÔmfwna me to je¸rhma Mermin-Wagner, den ja tan dunat  h aujìrmhth met�bash sthn antisidhromagnhtik  kat�stash e�n den up rqe aut  h asje-n  tridi�stath dom . H isqur  t�sh pro ton sqhmatismì th magnhtik  kat�stash ekdhl¸netaipolÔ pio p�nw apì thn jermokras�a Néel, me th morf  isqur¸n antisidhromagnhtik¸n diakum�nsewn.H mhtrik  qhmik  ènwsh mpore� na nojeute� apì trisjenè La   disjenè Sr. To apotèlesma e�naina emfan�zontai x opè sto ep�pedo Cu-O, sqhmat�zonta thn dom  La2−xSrxCuO4. Aut  h diadikas�aonom�zetai nìjeush me opè. Ant�jeta sto kr�ma Nd2−xCexCuO4 èqoume nìjeush me hlektrìnia.Sta qalkoxe�dia pou èqoun nojeute� me opè, h antisidhromagnhtik  kat�stash katastrèfetai ìtan taep�peda th nìjeush e�nai metaxÔ 3-5% (Sq.1.2). Sqedìn, amèsw met� thn exaf�nish th magnhtik t�xh, emfan�zetai uperagwgimìthta se èna par�juro nìjeush 5-25%. To ìria mèsa sta opo�a em-fan�zetai h uperagwgimìthta sqhmat�zoun ènan qarakthristikì jìlo (superconducting dome), tupikìgia ìla ta kr�mata pou e�nai nojeumèna me opè. Par�ol' aut� h mègisth kr�simh jermokras�a, pou
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Sq ma 1.2: Tupikì di�gramma f�sh twn uperagwg¸n uyhl  kr�simh jermokras�a twn oxeid�wntou qalkoÔ. Sth dexi� pleur� tou diagr�mmato èqoume ta oxe�dia pou e�nai nojeumèna me opè,en¸ sthn arister  aut� pou e�nai nojeumèna me hlektrìnia. Parìlo pou to di�gramma parousi�zetaiarket� summetrikì, h dexi� perioq  e�nai aut  pou parousi�zei kai to megalÔtero endiafèron. Autìofe�letai sto ìti h uperagwgimìthta sthn dexi� pleur� tou diagr�mmato e�nai mh-sumbatik  kai ènameg�lo arijmì peiramatik¸n metr sewn de�qnoun ìti an kei sthn anapar�stash dx2−y2 . Ant�jetasthn arister  pleur� h uperag¸gimh kat�stash eik�zetai ìti e�nai sumbatik  kai qarakthr�zetai apìmikrìterh kr�simh jermokras�a Tc. Kai sti dÔo pleurè parathroÔme ìti gia mikrì ep�pedo nìjeush taulik� aut� br�skontai sthn antisidhromagnhtik  kat�stash h opo�a analìgw to e�do nìjeush epize�ligìtero   perissìtero sto di�gramma f�sh. Pèra apì ta dÔo aut� e�dh katast�sewn, up�rqei kai m�aperioq  h opo�a onom�zetai yeudoq�sma. H perioq  aut  den e�nai èqei ta sun jh qarakthristik� m�akal� orismènh jermodunamik  met�bash kai apotele� thn �kanonik � kat�stash gia ta hlektrìnia taopo�a me th me�wsh th jermokras�a ja g�noun uperag¸gima. Gia autì to lìgo apotele� m�a kr�simhperioq  gia thn katanìhsh tou sunolikoÔ diagr�mmato f�sh. (To di�gramma daneist kame apì to�rjro episkìphsh twn P. A. Lee, N. Nagaosa kai X.-G. Wen, Rev. Mod. Phys. 78, 17 (2006).antistoiqe� sthn koruf  tou uperag¸gimou jìlou, poik�lei xekin¸nta apì ta 40K gia ta kr�mata
La2−xSrxCuO4 (LSCO), gÔrw sta 93K gia thn oikogèneia YBa2Cu3O6+y (YBCO), mèqri kai p�nwapì ta 100K gia ta kr�mata tou tÔpou BA2Sr2CaCu2O8+y (Bi2212). Sthn per�ptwsh nìjeush mehlektrìnia, h antisidhromagnhtik  kat�stash ekte�netai se èna meg�lo mèro tou diagr�mmato f�shmèqri x ∼ 14%, en¸ amèsw met� emfan�zetai uperagwgimìthta.H perioq  tou diagr�mmato f�sh me nìjeush mikrìterh apì aut  pou parathre�tai h mègisth upe-rag¸gimh kr�simh jermokras�a, onom�zetai uponojeumènh (underdoped) kai se aut n parousi�zontaidi�fora fainìmena pou akìmh anazhtoÔn k�poia stèreh ex ghsh. Aut  h perioq  tou diagr�mmatof�sh onom�zetai kai yeudoq�sma (pseudogap), diìti sÔmfwna me ti peiramatikè ende�xei den fa�-netai na apotele� m�a kal� orismènh kat�stash t�xew lìgw tou ìti den èqei breje� k�poio saf¸kajorismèno sÔnoro jermodunamik  met�bash. H gramm  pou sun jw qar�ssetai sto di�grammaf�sh (T ∗) apotele� m�a metabatik  perioq . Jewre�tai pw h katanìhsh th ainigmatik  sumperifo-



1.2. MH SUMBATIKO�I UPERAGWGO�I OXEID�IWN TOU QALKO�U 9r� autoÔ tou tm mato tou diagr�mmato f�sh, apotele� kleid� gia thn katanìhsh tou mhqanismoÔpou odhge� se uperagwgimìthta uyhl  kr�simh jermokras�a. Sugkekrimèna se aut n thn perioq tou diagr�mmato f�sh ja epikentrwjoÔme ki eme� sth sunèqeia, prote�nonta ìti to TopologikìKÔma Puknìthta Fort�ou dxy + idx2−y2 w pijanìtato upoy fio gia thn kat�stash pou elloqeÔei seaut n thn abèbaih perioq  tou diagr�mmato.H perioq  akrib¸ p�nw apì thn koruf  tou uperag¸gimou jìlou parousi�zei kai aut  arket�endiafèrouse idiìthte. H agwgimìthta e�nai grammik  me thn jermokras�a kai o suntelest  thagwgimìthta Hall e�nai kai autì isqur� exart¸meno apì thn jermokras�a [81, 82℄. Oi parathr seiautè jewroÔntai w xek�jare ende�xei enì mh-reustoÔ Fermi (non-Fermi liquid behaviour). Tokomm�ti autì qarakthr�zetai ¸ èna per�ergo mètallo (strange metal). Dexiìtera sto di�grammaf�sh, sthn apokaloÔmenh upernojeumènh (overdoped) perioq  h sun jh metallik  sumperifor�fa�netai na epistrèfei.1.2.2 Energeiakì q�smaMelète Gwniak  Fasmatoskop�a Fwtoekpomp  (ARPES) [62℄ èqoun de�xei ìti sthn uperag¸gi-mh f�sh, h par�metro t�xh   isodÔnama to energeiakì q�sma, an kei sthn anapar�stash dx2−y2(Sq.1.3). Ant�jeta, p�nw apì thn uperag¸gimh kr�simh jermokras�a up�rqei sÔmfwna me ta peirama-tik� eur mata m�a ay�da Fermi (Fermi-arc), h opo�a prosjètei èna akìmh idia�tero stoiqe�o sthn  dhanex ghth fainomenolog�a tou yeudoq�smato. Prìsfata, parathr jhke pw se k�poia ulik� emfa-n�zontai kleistè grammè Fermi (Fermi pockets) pou mpore� na upodhl¸noun to sqhmatismì diamor-fwmènwn katast�sewn sto ulikì. Ta nèa peiramatik� dedomèna prokÔptoun sÔmfwna me ti metr seikbantik¸n talant¸sewn th agwgimìthta (Quantum Oscillations) [83, 84, 85℄, oi opo�e sunodeÔontaime metr sei agwgimìthta Hall [86℄. Kai oi dÔo kathgor�e parathr sewn, odhgoÔn sto sumpèrasmaìti h emplok  antagwnizìmenwn katast�sewn th uperagwgimìthta sthn perioq  tou yeudoq�smatoe�nai polÔ pijan , periplèkonta akìmh perissìtero th jemeliwmènh eikìna pou jewroÔsame ìti e�qame.Epiprosjètw, h perioq  tou yeudoq�smato qarakthr�zetai apì èna peperasmèno, all� mh kal�oriojethmèno, q�sma sta shme�a tou antistrìfou q¸rou (±π,0) kai (0,±π). Pr�gmati, h dhmiourg�aautoÔ tou q�smato e�nai arket� ektetamènh kai asÔmfwnh, diìti up�rqei meg�lo eÔro sthn fasmatik puknìthta. Se pl rh ant�jesh monoswmatidiakè diegèrsei sth dieÔjunsh twn kÔriwn diagwn�wn thpr¸th z¸nh Brillouin parousi�zoun polÔ mikrì fasmatikì eÔro, kai qarakthr�zontai apì mhdenik enèrgeia. Apì aut� sumpera�noume ìti kai h kat�stash tou yeudoq�smato, fa�netai na an kei kat�kÔrio lìgo sthn anapar�stash dx2−y2.1.2.3 Skèdash netron�wn'Ena meg�lo mèro th plhrofor�a pou èqoume gia tou uperagwgoÔ uyhl  kr�simh jermokras�aproèrqetai apì peir�mata skèdash netron�wn. Sqetikè metr sei èqoun de�xei ìti h meg�lh embè-leia (long-range order) antisidhromagnhtik  kat�stash d�nei th jèsh th se m�a kat�stash braqe�aembèleia (reustì-spin) (spin liquid), th opo�a to m ko susqetismoÔ mei¸netai me thn aÔxhsh thnìjeush [87℄. Mia meg�lh mer�da twn peiramatik¸n metr sewn, èqei epikentrwje� sthn oikogèneia
LSCO diìti se aut� ta ulik� up�rqoun arket� meg�la de�gmata. Se aut n th seir� uperagwg¸n, para-thr jhke isqur  skèdash sta kumatanÔsmata (±π

2
,±δ) [88℄, en¸ parathr jhke pw h nìjeush odhge�se aÔxhsh tou δ [89℄ (ousiastik� m�a diakumainìmenh kat�stash). M�lista se aut n thn oikogèneiaparathr jhke gia x = 1

8
statik  dom  kum�twn puknìthta fort�ou kai spin [90℄ pou xekin� k�tw apìta 50K.
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Sq ma 1.3: a. H mh-anagwg�simh anapr�stash dx2−y2 ≡ k2
x − k2

y ≡ cos kx − cos ky pou qarakthr�zeitou uperagwgoÔ uyhl  kr�simh jermokras�a, ìpw parathr jhke se peir�mata fasmatoskop�a.Lìgw th enallag  tou pros mou, to energeiakì q�sma mhden�zetai sti kÔrie diagwn�ou th 1hz¸nh Brillouin. b. P�nw parousi�zoume thn katanom  tou dx2−y2 sthn q¸ro twn kumatanusm�twn.Sth mèsh parousi�zetai h energeiak  diaspor� twn apentopismènwn hlektron�wn d tou qalkoÔ poupa�zoun ton kÔrio rìlo sto sqhmatismì tou uperag¸gimou sumpukn¸mato. K�tw parousi�zetai hepif�neia (gramm ) Fermi tou mh-allhlepidr¸nto sust mato. Oi sugkekrimène eikìne p�rjhkanapì to �rjro episkìphsh twn A. Damascelli, Z. Hussain kai Z.-X. Shen, Rev. Mod. Phys. 75, 473(2003).Pèra apì thn oikogèneia LSCO h apìkrish spin qarakthr�zetai apì ènan stenì suntonismì sto(π, π). O suntonismì autì pr¸ta parathr jhke sta 41meV gia to bèltista nojeumèno YBCO[91, 92℄, kai èqei parathrhje� mìno k�tw apì thn uperag¸gimh kr�simh jermokras�a. Epiplèon, h koruf aut  mei¸netai se enèrgeia me th me�wsh th nìjeush. Kat� thn prosèggish th antisidhromagnhtik f�sh, o suntonismì apokt� mhdenik  enèrgeia. O suntonismì autì ermhneÔthke w mia spin-1(triplet) exitonik  kat�stash mèsa sto uperag¸gimo q�sma [93℄. Aut  h eikìna e�qe kallierghje� apìdi�fora jewrhtik� gkroup [94, 95, 96, 97, 98, 99, 100℄. M�a �llh ermhne�a dìjhke apì tou Demlerkai Zhang [67, 101, 102, 103, 104℄ prote�nta ìti aut  h diègersh prokÔptei apì diègersh sto kan�lihlektron�ou-hlektron�ou, h opo�a par�ol' aut� fa�netai na mhn e�nai sumbat  me �lla qarakthristik�th anelastik  apìkrish [105℄. Prìsfata f�nhke se metr sei ìti h koruf  aut  parousi�zetaikai se de�gmata tou LSCO [106℄. Bèbaia se aut n thn per�ptwsh den up�rqei sten  koruf  all�pio ektetamènh apìkrish. Autì de�qnei pagkosmiìthta tou suntonismoÔ sto (π, π) sta qalkoxe�dia kaiupodeiknÔei ìti pijanìtata h monokateujuntik  kat�stash (stripe order) pou parathre�tai mon�qa sthnoikogèneia LSCO, e�nai apl� m�a antimaqìmenh f�sh. Par�ol' aut� k�poie jewrhtikè om�de, jewroÔn



1.3. MH-SUMBATIK�OS UPERAGWG�OS BAR�EWN FERMION�IWN URU2SI2 11to ant�jeto, uposthr�zonta thn �poyh ìti to yeudoq�sma apotele� m�a diakumainìmenh kat�stashaut  th kathgor�a [63, 66℄.1.3 Mh-sumbatikì uperagwgì URu2Si2'Ena qrìno prin thn anak�luyh twn uperagwg¸n uyhl  kr�simh jermokras�a, èkane thn emf�nis tou o nèo mh-sumbatikì uperagwgì URu2Si2 th oikogèneia twn barèwn fermion�wn [107, 108℄. Tasugkekrimèna ulik� dane�zontai to ìnom� tou apì th qarakthristik  epanakanonikopo�hsh th m�zapou uf�stantai ta emplekìmena hlektrìnia, odhg¸nta se monoswmatidiakè diegèrsei tou sust matopou parousi�zoun m�a energì m�za 2-3 t�xei megèjou megalÔterh th sun jou. H istor�a twnbarèwn fermion�wn xekin� per�pou sta mèsa th dekaet�a tou '70, ìtan oi K. Andres, J. Graebner kai
H. R. Ott parat rhsan gia pr¸th for� thn nèa aut  hlektronik  sumperifor� sto ulikì CeAl3 [109℄.Me mikr  diafor�, to 1976, o Frank Steglich kai oi sunerg�te tou anak�luyan ton deÔtero kat�seir� uperagwgì aut  th kathgor�a, CeCu2Si2 [110℄, onom�zonta m�lista pr¸toi aut� ta ulik� wbarèa fermiìnia. H sugkekrimènh om�da ulik¸n, prosèlkuse meg�lo ereunhtikì endiafèron diìti poll�apì aut� ta ulik� qarakthr�zontan apì mh-sumbatikè uperag¸gime katast�sei, pou par�ol' aut�emfan�zontan se mikrè jermokrasiakè kl�make, sun jw k�tw twn 10K. Epiplèon, ta sugkekrimènaulik� èqoun apotelèsei èna ergast rio melèth fainomènwn th Kbantik  Krisimìthta (Quantum
Criticality) [111, 112, 113℄, lìgw th meg�lh peiramatik  eukol�a na odhgoÔntai se metab�seimetaxÔ diaforetik¸n katast�sewn qrhsimopoi¸nta p�esh, magnhtik� ped�a   qhmik  antikat�stash[114, 115, 116℄.To URu2Si2 apotele� ènan apì tou shmantikìterou ekpros¸pou twn uperagwg¸n barèwn fer-mion�wn. Apì thn pr¸th stigm  th anak�luy  tou [107, 108℄, to sugkekrimèno ulikì qarakthr�sthkeapì èna pèplo musthr�ou. O lìgo, e�nai h Ôparxh m�a jermodunamik  met�bash deÔterh t�xh,k�tw apì thn kr�simh jermokras�a To = 17.5K, gia thn opo�a akìmh met� apì ta 25 qrìnia èntonhpeiramatik  kai jewrhtik  drasthriìthta pou èqoun mesolab sei, paramènei èna gr�fo d�qw a-p�nthsh. Pèra apì ta idia�tera qarakthristik� aut  th met�bash, ta opo�a anafèroume parak�tw,e�nai idia�terh shmas�a na epishm�noume pw h bibliograf�a qarakthr�zetai apì èna pl jo antikrouì-menwn peiramatik¸n apotelesm�twn ta opo�a apotèlesan adiamfisb thta ènan apotreptikì qarakt rasthn ex ghsh twn fainomènwn. 'Ena mèro th eujÔnh gia aut n th sÔgqush, èqoun oi mèjodoi pa-raskeu  twn deigm�twn, oi opo�e belti¸jhkan me to pèrasma twn qrìnwn kai sti mère ma èginedunat  h paragwg  krust�llwn uyhl  kajarìthta. An l�boume upìyh ìti kai autì to ulikì ìpwkai �lla th oikogèneia twn barèwn fermion�wn e�nai sta prìjura th kbantik  krisimìthta, e�naikatanohtì ìti h opoiad pote parèkklish apì th zhtoÔmenh stoiqeiometr�a odhge� sth melèth diafore-tik¸n katast�sewn kai fainomènwn. Tupikì par�deigma apotele� to gegonì ìti pollè peiramatikèmetr sei se aut� to ulikì èqoun anade�xei akìmh kai th met�bash sth sidhromagnhtik  kat�stash,k�ti ìmw pou e�nai apotèlesma prosm�xewn.M�lista, to meg�lo endiafèron to opo�o sugkèntrwse autì to ulikì, pijanìtata ofe�letai se m�aparìmoia parermhne�a, pou proèkuye apì ti duskol�e ektèlesh twn peiram�twn, thn kak  kat�stashtwn deigm�twn   apl� lìgw eggen¸n prosm�xewn kai anomoiogenei¸n. To entupwsiakì qarakthristikìtou ulikoÔ, pou apotèlese kai to pr¸to a�nigma,  tan to gegonì ìti h parathroÔmenh jermodunamik met�bash sundèetai me m�a asunèqeia sthn eidik  jermìthta h opo�a sunodeÔetai apì m�a dusan�logamikr  antisidhromagnhtik  rop  th t�xh twn 0.03µB an� �tomo U . H antisidhromagnhtik  rop  èqeipìlwsh kat� ton �xona ẑ kai kumat�nusma Q0 = (0, 0, 1) me anafor� th magnhtik  z¸nh Brillouin. Tosugkekrimèno fainìmeno prokÔptei apì thn enallassìmenh di�taxh twn rop¸n tou U , ìpw fa�netaisto Sq.1.4(b.). Apì thn pr¸th stigm  h sugkekrimènh posotik  asumbatìthta e�qe ege�rei erwthma-
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Sq ma 1.4: a. Hlektronik  dom  tou URu2Si2. To krustallikì sÔsthma e�nai to tetragwgikìqwrokentrwmèno bcc. b. K�tw apì ta 17.5 kèlbin, to sÔsthma metaba�nei se m�a nèa �gnwsthkat�stash t�xh, h opo�a sunodeÔetai apì th dhmiourg�a m�a polÔ mikr  antisidhromagnhtik  rop lìgw antipar�llhlh di�taxh twn magnhtik¸n rop¸n tou U . Par�ol' aut� o antisidhromagnhtismìden e�nai par� èna parasitikì, deutereÔwn   mikr  kl�maka fainìmeno. c. H antisidhromagnhtik kat�stash mpore� na ermhneute� w apotèlesma th sunarmog  tmhm�twn th epif�neia Fermi. Tabèlh upodeiknÔoun ta shme�a pou sundèontai me to kumat�nusma th antisidhromagnhtik  kat�stash
Q = (0, 0, 1). Oi phgè twn diagramm�twn e�nai K. Haule and G. Kotliar, Nature Physics 5, 796
(2009), C. Broholm et al, Phys. Rev. Lett. 58, 1467 (1987), P. M. Oppeneer et al, Phys. Rev. B
82, 205103 (2010).tik� gia to e�n e�nai dunatìn h antisidhromagnhtik  rop  pou proèrqetai xek�jara apì d�pola spin,ìpw èqei epibebaiwje� apì metr sei an�klash Bragg sto kumat�nusma Q0 [117℄, mpore� pr�gmatina apotele� thn kÔria par�metro t�xh th met�bash. Se metr sei NMR (Nuclear magnetic res-
onance) [118, 119℄ kai di�jlash Larmor [120℄, èqei apokalufje� ìti o antisidhromagnhtismì e�naianomoiogen  kai parasitikì sthn kanonik  kat�stash. Epiplèon, èna arijmì peiramatik¸n dedomè-nwn [121℄, upodeiknÔei ìti h sugkekrimènh jermodunamik  f�sh aut  den mpore� en gènei na sundeje� memagnhtikè katast�sei pou prokÔptoun apì ropè spin uyhlìterh t�xh. To sumpèrasma pouprokÔptei e�nai ìti h sugkekrimènh antisidhromagnhtik  rop  den apotele� tokÔrio qarakthristikì aut  th jermodunamik  f�sh, en¸ h pragmatik  pa-r�metro t�xh h opo�a eujÔnetai gia th sugkekrimènh kat�stash e�nai akìmhkal� �krummènh�.1.3.1 Di�gramma f�shH en lìgw �krÔmmenh kat�stash� t�xh (HO) (hidden order) parousi�zei èna idia�tero di�gramma f�shkat� th metabol  th jermokras�a, th p�esh kai tou magnhtikoÔ ped�ou Sq.1.6. Pr¸ta apì ìla,k�tw apì ta 1.5 kèlbin, h krummènh kat�stash metaba�nei se m�a uperag¸gimh f�sh, h opo�a jewre�taiìti e�nai mh-sumbatik . SÔmfwna me jewrhtikè prot�sei [122℄, h uperag¸gimh kat�stash parabi�zeith summetr�a antistrof  tou qrìnou kai apotele� m�a qeirik  kat�stash t�xew me par�metro t�xh,h opo�a èqei anapar�stash sto q¸ro twn kumatanusm�twn sin kz

2

(
sin kx+ky

2
+ i sin kx−ky

2

) (Sq.1.5). H
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Sq ma 1.5: Proteinìmenh mh-sumbatik  uperag¸gimh par�metro t�xh gia to URu2Si2. To diafanègr�fhma antistoiqe� sto uperag¸gimo q�sma, to skoÔro sthn proteinìmenh epif�neia Fermi (den èqeiprokÔyei apì upologismoÔ), en¸ me kìkkino parousi�zontai ta shme�a kai oi grammè mhdenismoÔ thproteinìmenh paramètrou t�xh. Gr�fhma apì to �rjro Y. Kasahara et al, Phys. Rev. Lett. 99,
116402 (2007).sugkekrimènh uperag¸gimh kat�stash, e�nai th genik  morf  kx + iky, h opo�a fa�netai na dièpeikai to ulikì Sr2RuO4 [123℄ sto opo�o èqei parathrhje� h parab�ash th summetr�a antistrof  touqrìnou [124℄.To URu2Si2 parous�azei m�a idia�terh sumperifor� kai kat� thn efarmog  enì magnhtikoÔ ped�ou.Aux�nonta to ped�o, parathroÔme thn Ôparxh dÔo diadoqik¸n metamagnhtik¸n metab�sewn (Meta-
magnetic Steps) gia magnhtik� ped�a Bc1 ≃ 35T kai Bc2 ≃ 40T, sta opo�a h magn tish aux�netai[125℄. Sugkekrimèna, gia mikrè jermokras�e, k�tw twn 3K, h metabol  th magn tish e�nai apìtomhen¸ g�netai pio  pia kaj¸ h jermokras�a aux�netai Sq.1.7(b.). Ta qarakthristik� aut� fa�nontaipolÔ kajar� sto di�gramma Sq.1.7(b.), ìpou parousi�zetai h magnhtik  epidektikìthta. M�lista,to sugkekrimèno di�gramma f�sh to opo�o bas�zetai sti timè th magnhtik  apìkrish,  tan giapolÔ kairì h jemeliwmènh eikìna gia thn sumperifor� se uyhlè timè ped�ou, th opo�a h proèleushe�qe apasqol sei entonìtata poll� ereunhtik� gkroup an� ton kìsmo. M�lista, to pr¸to kr�simomagnhtikì ped�o, apoteloÔse to sÔnoro ìpou h krummènh kat�stash exafan�zetai, kai epanemfan�zetaiamèsw met� gia megalÔtera ped�a (Reentrant hidden order). Par�ol' aut�, metr sei th magnhto-ant�stash kat�feran na aux soun thn peiramatik  diakritik  ikanìthta, anadeiknÔonta thn Ôparxhmia om�da magnhtik¸ epagìmenwn katast�sewn [126℄ oi opo�e entop�zontai an�mesa sta dÔo kr�si-ma magnhtik� ped�a Sq.1.6(a.),1.7(a.). Kat' autìn ton trìpo, up�rqei m�a perioq  sunÔparxh f�sewnqwr� na apokle�tai se autè na sumperilamb�netai kai h krummènh kat�stash. Gia ped�a megalÔteraapì to deÔtero kr�simo, to ulikì sumperifèretai san èna polwmèno paramagnhtikì mètallo qwr� naparousi�zei k�poia idia�terh sumperifor�.O sugkekrimèno mh-sumbatikì uperagwgì, epideiknÔei epiprìsjeta m�a mh tetrimmènh sumperi-for� kat� thn efarmog  udrostatik  p�esh. Sugkekrimèna gia jermokras�e uyhlìtere apì thnuperag¸gimh kr�simh jermokras�a, h krummènh kat�stash pern� mèsw m�a met�bash pr¸th t�xhse m�a antisidhromagnhtik  kat�stash meg�lh rop  (LMAF) [127℄. To kumat�nusma aut  th si-dhromagnhtik  kat�stash e�nai to Q0 = (1, 0, 0) kai h pìlwsh kat� ton �xona ẑ. To shmantikìstoiqe�o pou qarakthr�zei thn kat�stash meg�lh antisidhromagnhtik  rop , e�nai ìti fa�netai na



14 KEF�ALAIO 1. MH SUMBATIKO�I UPERAGWGO�I

Sq ma 1.6: a. Di�gramma f�sh ped�ou-jermokras�a Bz − T . ParathroÔme ìti gia mikr� ped�a kaiqamhlè jermokras�e to sÔsthma metaba�nei se m�a mh-sumbatik  uperag¸gimh kat�stash. Kaj¸aux�noume th jermokras�a, èqoume met�bash se m�a mh-tautopoihmènh f�sh h opo�a onom�zetai �krum-mènh kat�stash� (hidden order). Kaj¸ aux�noume to magnhtikì ped�o, emfan�zontai dÔo kr�sima ped�aìpou èqoume metab�sei f�sh. Arqik� gia Bc1 ≃ 35T to sÔthma metaba�nei se m�a om�da diaforeti-k¸n katast�sewn an�mesa sti opo�e mpore� na suneq�sei na up�rqei h �krummènh kat�stash�. Kaiautè oi katast�sei paramènoun akìmh �gnwste. Sto epìmeno kr�simo ped�o Bc2 ≃ 40T, to sÔsthmametaba�nei se m�a kat�stash polwmènou paramagnhtikoÔ met�llou. b. Di�gramma f�sh jermokras�a-p�esh T −p. Blèpoume ìti to sÔsthma gia meg�le jermokras�e kai mikrè pièsei, metaba�nei se m�aantisidhromagnhtik  kat�stash mèsw m�a met�bash pr¸th t�xh. Kat� th met�bash aut , oi jer-modunamikè idiìthte den metab�llontai shmantik�, anadeiknÔonta ìti an�mesa sti dÔo katast�seiup�rqei m�a mh profan  sÔndesh. Se qamhlè jermokras�e, h uperagwgimìthta den sunup�rqei potème ton antisidhromagnhtismì, kai e�nai periorismènh p�ntote k�tw apì thn periioq  ìpou emfan�zetai hkrummènh kat�stash. c. Di�gramma f�sh ped�ou-p�esh Bz − p. ParathroÔme ìti gia uyhlè pièseiup�rqei epane�sodo th krummènh kat�stash ìpou diadèqetai ton antisidhromagnhtismì. To magnh-tikì ped�o leitourge� san èna isostajmist  th p�esh. Ta graf mata ta daneist kame apì ta �rjra
Y. S. Oh et al, Phys. Rev. Lett. 98, 016401 (2007), A. Villaume et al, Phys. Rev. B 78, 012504
(2008), D. Aoki et al, J. Phys. Soc. Jpn. 78, 053701 (2009), ant�stoiqa.parousi�zei jermodunamikè idiìthte kai epif�neia Fermi parapl sie th krummènh kat�stash. OidÔo katast�sei qarakthr�zontai apì thn idiìthta th adiabatik  sunèqeia (adiabatic continuity)[128℄. M�lista, basizìmenoi se aut n thn idiìthta oi Haule kai Kotliar prìteinan polÔ prìsfataìti up�rqei m�a suneq  summetr�a U(1) ≡ SO(2) metaxÔ twn dÔo katast�sewn h opo�a èqei sp�sei,
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Sq ma 1.7: a. Qarakthrismì tou diagr�mmato f�sh apì metr sei to magnhtoant�stash. b.Palaiìtero di�gramma f�sh ìpou o qarakthrismì ègine me b�sh th magnhtik  epidektikìthta. Oimetr sei agwgimìthta prosèferan megalÔterh diakritik  ikanìthta, odhg¸nta sthn an�qneush nèwnkatast�sewn an�mesa sta dÔo Metamagnhtik� Kr�sima Shme�a. Phgè diagramm�twn K. H. Kim et al,
Phys. Rev. Lett. 91, 256401 (2003), N. Harrison et al, Phys. Rev. Lett. 90, 096402 (2003).odhg¸nta sta parap�nw diagr�mmata f�sh [129, 130℄. 'Opw, se k�je per�ptwsh aujìrmhth pa-rab�ash, anamènoume thn emf�nish �mazwn swmatid�wn Goldstone pou ja front�soun gia th dunamik epanafor� th. Lìgw tou ìti h summetr�a den e�nai akrib , oi parap�nw diegèrsei mporoÔn na èqounm�a mikr  m�za. SÔmfwna me ta parap�nw, e�n jewr soume ìti h krummènh kat�stash den e�nai diamor-fwmènh (dhlad  fèrei mhdenikì kumat�nusma) kai oÔte magnhtik , tìte gia na mpore� na strafe� stoneswterikì q¸ro twn paramètrwn t�xh kai na katal xei sthn proanaferje�sa antisidhromagnhtik kat�stash, ja prèpei o genn tora twn strof¸n (Goldstone-mode) na èqei peperasmèno kumat�nusma
Q0 = (1, 0, 0) kai spin-1. Kat� sunèpeia h diègersh Goldstone mpore� na d¸sei peperasmènh apìkrishsthn anelastik  skèdash netron�wn gia kumat�nusma Q0, kai se peperasmène enèrgeie. H parap�-nw sullogistik , mpore� na ermhneÔsei ènan apì tou dÔo qarakthristikoÔ suntonismoÔ, pou ìpwja doÔme emfan�zontai sthn anelastik  skèdash netron�wn. Pèra apì thn perioq  twn uyhl¸n jer-mokrasi¸n, gia qamhlè jermokras�e ìpou h efarmog  th p�esh ektele�tai en¸ briskìmaste sthnuperag¸gimh f�sh, h kat�stash e�nai akìma pio endiafèrousa. Se aut n thn per�ptwsh, blèpoume ìtih uperagwgimìthta parousi�zetai mìno mèsa sthn mh-tautopoihmènh kat�stash kai potè sthn antisi-dhromagnhtik  Sq.1.6(b.). Autì shma�nei ìti h ainigmatik  kat�stash apotele� anagka�a pro�pìjeshgia ton sqhmatismì th mh-sumbatik  uperagwgimìthta. Prin proqwr soume, mporoÔme na doÔme ìtiup�rqei m�a �mesh antistoiq�a autoÔ tou diagr�mmato f�sh kai autoÔ pou isqÔei stou uperagwgoÔuyhl  kr�simh jermokras�a twn oxeid�wn tou qalkoÔ. Kai sta dÔo ulik� up�rqei antagwnismì an-tisidhromagnhtismoÔ kai mh-sumbatik  uperagwgimìthta sthn perioq  twn qamhl¸n jermokrasi¸n.Sthn pr¸th per�ptwsh sunart sei th nìjeush kai sth deÔterh sunart sei th p�esh. Ant�jeta, stoìrio twn uyhl¸n jermokrasi¸n o antisidhromagnhtismì antagwn�zetai kai sta dÔo ulik� m�a exwtik kat�stash. Autì e�nai èndeixh m�a koin  sumperifor�, apl� se diaforetik  energeiak  kl�maka.ProqwroÔme me to di�gramma f�sh ped�ou-p�esh Sq.1.6(c.), to opo�o kai autì qarakthr�zetai apìshmantik� fainìmena [131℄. Xekin¸nta apì mhdenik  p�esh, to sÔsthma br�sketai sthn HO. Se qamh-lè timè tou magnhtikoÔ ped�ou, kaj¸ aux�noume thn p�esh metaba�noume sthn antisidhromagnhtik kat�stash. Kaj¸ briskìmaste mèsa sthn antisidhromagnhtik  kat�stash, h peraitèrw aÔxhsh touped�ou ma odhge� xan� sthn kat�stash HO, ant� sthn kanonik . 'Eqoume loipìn epane�sodo th HO.
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Sq ma 1.8: a. Magnhtikì suntonismì sta mh-sÔmmetra isodÔnama kumatanÔsmataQ1 = (1±0.4, 0, 0).H sugkekrimènh diègersh èqei enèrgeia per�pou sta 4-5meV. b. Sumperifor� tou magnhtikoÔ suntoni-smoÔ me kumat�nusma Q = (1, 0, 0), sthn kanonik  kat�stash (kìkkino), sthn �krummènh� f�sh (pr�-sino) kai sthn antisidhromagnhtik  kat�stash (mple). ParathroÔme ìti o suntonismoÔ parousi�zetaimìno sthn mh-tautopoihmènh perioq  kai apotele� qarakthristik  idiìtht� th. c. To ant�stoiqo di�-gramma me to b. gia ton suntonismì Q1. ParathroÔme ìti o sugkekrimèno suntonismì parathre�taitìso sthn �krummènh� kat�stash, ìso kai sthn antisidhromagnhtik , me th diafor� ìti sth deÔterhper�ptwsh metatop�zetai se uyhlìtere enèrgeie. Phgè twn grafhm�twn C. R. Wiebe et al, Nature
Physics 3, 1 (2007), A. Villaume et al, Phys. Rev. B 78, 012504 (2008).'Otan aut  katastrafe�, ja d¸sei th jèsh th se m�a kat�stash polwmènou paramagnhtikoÔ met�llou.1.3.2 Anelastik  skèdash netron�wnMetr sei anelastik  skèdash netron�wn (INS) [127, 131, 132, 133, 134℄, èqoun apokalÔyei dÔodiegèrsei se peperasmène enèrgeie, me kumatanÔsmata Q = (1, 0, 0) (to opo�o e�nai isodÔnamo meto Q0) kai Q1 = (1 ± 0.4, 0, 0) Sq.1.8. Sugkekrimèna, o pr¸to suntonismì sunodeÔei p�ntote thn�krummènh� kat�stash en¸ apousi�zei apì thn kat�stash th meg�lh antisidhromagnhtik  magnhtik rop  [127, 131℄ Sq.1.8(b). Ant�jeta o deÔtero suntonismì, Sq.1.8(a,c), diathre�tai kai sti dÔof�sei all� sthn deÔterh metatop�zetai se uyhlìtere enèrgeie Sq.1.8(c). To gegonì ìti o deÔterosuntonismì parathre�tai se mh-sÔmmetra me to krustallikì plègma kumatanÔsmata, e�nai olof�nerhapìdeixh ìti apentopismèna hlektrìnia eujÔnontai gia ton sugkekrimèno suntonismì [134℄, klon�zontame autì ton trìpo jewr�e oi opo�e bas�zontai mìno se idiìthte twn entopismènwn hlektron�wn
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Sq ma 1.9: a. Energeiakè z¸ne kont� sto ep�pedo Fermi upologismène sta pla�sia th jewr�a
LDA. Me mple parousi�zetai h paramagnhtik  kat�stash en¸ me kìkkino h antisidhromagnhtik . Toshme�o diastaÔrwsh dÔo energeiak¸n zwn¸n sthn paramagnhtik  f�sh, apotele� shmantikì shme�odiìti se autì ano�gei energeiakì q�sma sthn antisidhromagnhtik  kat�stash. b. Epif�neie Fermikai dianÔsmata sunarmog  sti dÔo f�sei. ParathroÔme ìti up�rqei sunarmog  twn epifanei¸n
Fermi sto kumat�nusma Q1 (pr�sino) ìpou parathre�tai o ant�stoiqo suntonismì. Ta dÔo teleuta�adiagr�mmata mporoÔn na ma d¸soun plhrofor�a kai gia thn �krummènh� kat�stash lìgw th adiabatik sunèqeia pou th sundèei me thn antisidhromagnhtik  kat�stash. Phgè twn grafhm�twn S. Elgazzar
et al, Nature Materials 8, 337 (2009).tou ouran�ou pou an koun sto troqiakì 5f [135, 136, 137℄. H eikìna ìti apentopismèna hlektrìniaeujÔnontai gia ti exwtikè idiìthte autoÔ tou ulikoÔ èqei uposthriqje� apì di�fore jewrhtikèom�de sto pareljìn [138, 139, 140, 141, 142, 143, 144, 145, 146℄, en¸ uposthr�zetai sjenar� apì thnÔparxh sunarmog  (nesting) th epif�neia Fermi sto kumat�nusma Q1 [142, 143℄ Sq.1.9(a,b), kaj¸kai apì thn prìsfath parat rhsh sth Gwniak  Fasmatoskop�a Fwtoekpomp  (ARPES) pw up�rqeipr�gmati �noigma energeiakoÔ q�smato sthn epif�neia Fermi [147℄. Sto pareljìn oi diegèrsei stokumat�nusma Q1 e�qan ermhneute� e�te w diam kei diakum�nsei m�a elikoeidoÔ ast�jeia Fermi[144℄,   w th dhmiourg�a mia exitonik  diègersh pou fèrei spin-1 lìgw tou sqhmatismoÔ enìkÔmato puknìthta fort�ou se autì to kumat�nusma [145℄. Pio prìsfata, ìpw  dh anafèrame, hdiègersh se kumat�nusma Q0, prot�jhke ìti mpore� na apotele� th diègersh Goldstone th summetr�ametaxÔ th �krummènh � kat�stash kai th antisidhromagnhtik .
1.4 Gigantia�o fainìmeno Nernst se mh-sumbatikoÔ upe-ragwgoÔSti parap�nw paragr�fou parousi�same ènan arijmì apì ta basik� qarakthristik� twn uperagwg¸nuyhl  kr�simh jermokras�a kai tou URu2Si2. Par�ol' aut� af same pro suz thsh gia aut nthn par�grafo, to Gigantia�o fainìmeno Nernst, to opo�o ja apotelèsei kai ènan apì tou kÔrioupìlou th paroÔsa diatrib . Oi dÔo diaforetiko� tÔpoi mh-sumbatik¸n uperagwg¸n pou meletoÔme,parousi�zoun m�a uyhl  tim  s mato Nernst sti mh uperag¸gime perioqè tou, h opo�a akolouje�m�a èntona mh-grammik  jermokrasiak  ex�rthsh. ProtoÔ parousi�soume perissìtere plhrofor�egia ta ant�stoiqa peir�mata, ja d¸soume m�a sÔntomh perigraf  tou fainomènou Nernst.



18 KEF�ALAIO 1. MH SUMBATIKO�I UPERAGWGO�I1.4.1 Jermik  isqÔ kai s ma NernstSe aut n thn par�grafo ja eis�goume ti ènnoie th jermik  isqÔo kai tou s mato Nernst, ta opo�ae�nai jermohlektrik� megèjh pou perigr�foun diaforè dunamikoÔ pou prokÔptoun k�tw apì sugke-krimène sunj ke peiramatik¸n metr sewn. Kai ta dÔo megèjh sqet�zontai me thn emf�nish reum�twnjermìthta kai fort�ou. Sugkekrimèna, ìtan se èna ulikì efarmìsoume èna stajerì hlektrikì ped�o
E kai m�a jermobajm�da −∇T , èqoume thn akìloujh apìkrish reum�twn

Jc = σ · E + α · (−∇T ) (1.11)
Jh = α̃ · E + κ · (−∇T ) , (1.12)ìpou me σ parist�noume ton tanust  th hlektrik  agwgimìthta, me α = α̃/T tou tanustèth jermohlektrik  agwgimìthta kai me κ ton tanust  jermik  agwgimìthta. Sthn per�ptwshìpou h jemeli¸dh kat�stash enì sust mato qarakthr�zetai apì summetr�a antistrof  tou qrìnou

T , ta mh-diag¸nia stoiqe�a twn tanust¸n e�nai mh-mhdenik�, mìno ìtan efarmìsoume m�a exwterik diataraq  pou na thn parabi�zei. Sthn sunhjismènh per�ptwsh, autì g�netai mèsw th efarmog  enìmagnhtikoÔ ped�ou k�jeta sto ep�pedo tou ulikoÔ. Ta mh diag¸nia stoiqe�a e�nai eujèw an�logatou magnhtikoÔ ped�ou kai eujÔnontai gia thn hlektrik , jermohlektrik  kai jermik  apìkrish Hall,ant�stoiqa. Ant�jeta sthn per�ptwsh twn Qeirik¸n (chiral) ulik¸n, ta opo�a parabi�zoun aujìrmhtakai eggen¸ th summetr�a antistrof  tou qrìnou, ta parap�nw fainìmena Hall g�nontai èkdhla akìmhkai gia mhdenik� magnhtik� ped�a. Se aut n thn per�ptwsh h apìkrish Hall onom�zetai aujìrmhth.Ja jewr soume t¸ra thn per�ptwsh ìpou efarmìzoume m�a peperasmènh jermobajm�da kat� thdieÔjunsh x̂, en¸ par�llhla, h jermokras�a tou ulikoÔ kat� th di�rkeia tou peir�mato paramèneime kal  prosèggish anex�rthth th suntetagmènh y. Se aut n thn per�ptwsh, ta reÔmata fort�oud�nontai apì ti sqèsei
Jx

c = σxxEx + σxyEy + αxx (−∂xT ) , (1.13)
Jy

c = σyxEx + σyyEy + αyx (−∂xT ) . (1.14)H jermik  isqÔ S kai to s ma Nernst N or�zontai w oi diaforè dunamikoÔ par�llhla kai k�jetasth dieÔjunsh th jermobajm�da, pou emfan�zontai ìtan apokatastaje� h isorrop�a kai den up�rqeiro  hlektrikoÔ fort�ou. Kat� sunèpeia, oi ekfr�sei twn dÔo jermohlektrik¸n megej¸n prokÔptounapì th sqèsh Jc = 0. LÔnonta to prokÔpton sÔsthma, katal goume sti sqèsei
S ≡ Ex

∂xT
=

αxxσyy + αxyσxy

σxxσyy + σ2
xy

, (1.15)
N ≡ Ey

−∂xT
=

σxxαxy − αxxσxy

σxxσyy + σ2
xy

, (1.16)ìpou qrhsimopoi same th sqèsh σxy = −σyx. Sto Sq.1.10 parousi�zoume mia apl  di�taxh me thnopo�a mporoÔme na k�noume jermohlektrikè metr sei.1.4.2 Gigantia�o s ma Nernst sto oxe�dia tou qalkoÔStou uperagwgoÔ uyhl  kr�simh jermokras�a parathre�tai èna gigantia�o s ma Nernst tìso sthnuperag¸gimh kat�stash ìso kai sthn perioq  tou yeudoq�smato Sq.1.11 [148, 149, 150℄. H kur�arqhermhne�a aut¸n twn fainomènwn ew t¸ra, èqei san b�sh ìti to parathroÔmeno s ma Nernst proèrqetai
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Sq ma 1.10: M�a di�taxh kat�llhlh gia th mètrhsh tou s mato Nernst. To s ma Nernst e�nai hdiafor� dunamikoÔ V pou emfan�zetai sto ulikì ìtan èqoume efarmìsei m�a jermobajm�da −∇T upìthn tautìqronh parous�a enì exwterikoÔ magnhtikoÔ ped�ou B. H t�sh Nernst or�zetai ìtan tosunolikì hlektrikì reÔma èqei mhdeniste�. To gr�fhma proèrqetai apì to �rjro episkìphsh Y.
Wang, Lu Li, and N. P. Ong, Phys. Rev. B 73, 024510 (2006).apì uperag¸gime d�ne [151, 152, 153, 154, 155℄. Oi uperag¸gime d�ne apoteloÔn kal� entopismène(idanik� shmeiakè) perioqè tou ulikoÔ ìpou h par�metro t�xh mhden�zetai lìgw th emf�nishenì k�jetou magnhtikoÔ ped�ou. Oi uperagwgo� pou parousi�zoun aut  th sumperifor�, onom�zontaiuperagwgo� deÔterou tÔpou. Ta oxe�dia tou qalkoÔ an koun se aut n thn kathgor�a. O basikì lìgogènnhsh s mato Nernst apì uperag¸gime d�ne, ofe�letai sthn entrop�a pou fèrei h k�je d�nh stomh uperag¸gimo pur na th. Oi uperag¸gime d�ne kinoÔntai pro thn kateÔjunsh twn yuqrìterwnperioq¸n tou de�gmato, lìgw th diafor� entrop�a. Apì thn �llh, o Josephson to 1965 [156℄,èdeixe ìti h metatìpish m�a uperag¸gimh d�nh dhmiourge� èna hlektrikì ped�o to opo�o e�nai egk�rsiosth for� th k�nhsh kai tou efarmozìmenou magnhtikoÔ ped�ou. Sthn per�ptwsh pou exet�zoume, oid�ne kinoÔntai kat� th dieÔjunsh x̂, to ped�o e�nai kat� ton �xona ẑ kai kat� sunèpeia ja anaptuqje�èna hlektrikì ped�o Ey = −vvortex

x Bz.Oi uperag¸gime d�ne e�nai pr�gmati dunatìn na odhg soun se èna s ma Nernst, th parath-roÔmenh t�xh. Par�ol' aut�, sthn per�ptwsh tou yeudoq�smato, to sÔsthma den br�sketai sthnuperag¸gimh f�sh kai kat� sunèpeia e�nai adÔnaton èna sumbatikì s ma Nernst apì uperag¸gimed�ne na eujÔnetai gia to idia�tera uyhl� jermohlektrik� s mata aut  th perioq . SÔmfwna mejewrhtikè prot�sei, autì mpore� na g�nei dunatì e�n up�rqoun sto yeudoq�sma diakum�nsei ìpouemfan�zontai aujìrmhta zeÔgh din¸n kai antidin¸n (vortex-antivortex pairs) [157, 158, 159℄. Se aut nthn per�ptwsh, h efarmog  enì magnhtikoÔ ped�ou sp�ei th summetr�a d�nh - antid�nh, odhg¸ntase èna peperasmèno s ma Nernst. Oi sugkekrimène jewr�e sthr�zontai se m�a shmantik  diafor�twn uperagwg¸n uyhl  jermokras�a sugkritik� me tou sumbatikoÔ uperagwgoÔ. Parìlo pou hpar�metro t�xh kai h kr�simh jermokras�a e�nai polÔ megalÔtere sta oxe�dia tou qalkoÔ se sÔg-krish me tou sumbatikoÔ uperagwgoÔ, o lìgo ns = h̄2|Ψ|2/m jewre�tai polÔ mikrìtero. StousumbatikoÔ uperagwgoÔ, ìtan to mètro th paramètrou t�xh g�netai peperasmèno, h uyhl  tim tou megèjou ns g�netai apagoreutik  gia anomoiogèneie th f�sh kai autì èqei w apotèlesma huperag¸gimh f�sh na e�nai sÔmfwnh, qarakthrizìmenh mìno apì m�a sugkekrimènh omogen  f�sh. An-



20 KEF�ALAIO 1. MH SUMBATIKO�I UPERAGWGO�It�jeta, stou uperagwgoÔ ìpou to mègejo ns lamb�nei sqetik� mikrè timè, oi diakum�nsei thf�sh den èqoun meg�lo energeiakì kìsto ∫ dr ns

2
[∇ϕ(r)]2 kai e�nai dunatìn na emfanistoÔn. Seaut n thn per�ptwsh, to mètro th paramètrou t�xh mpore� na e�nai dunatìn na e�nai peperasmèno giajermokras�e megalÔtere th kr�simh, h opo�a t¸ra apotele� thn kr�simh jermokras�a sumfwn�a thf�sh. P�nw apì aut  th jermokras�a oi tuqa�e metabolè th f�sh, d�noun m�a mhdenik  tim  thparamètrou t�xh 〈|Ψ|eiϕ(r)

〉
= 0, parìlo pou ìpw anafèrame to mètro e�nai peperasmèno.Mèqri t¸ra, h enallaktik  odì gia to enisqumèno s ma Nernst pou parathre�tai se aut� ta ulik�,apotele� h suneisfor� twn monoswmatidiak¸n diegèrsewn katast�sewn t�xh pou antim�qontai thnuperagwgimìthta [160, 161, 162, 163, 164℄. Se aut n thn kathgor�a, mporoÔme na diakr�noume thnprìtash tou mh-sumbatikoÔ kÔmato puknìthta fort�ou (ennooÔme mh-magnhtikì) tÔpou dx2−y2 [165℄.K�tw apì k�poie sugkekrimène kai eidikè sunj ke e�nai dunatìn na prokÔyei èna s ma Nernstuyhl¸n tim¸n all� dÔskola mpore� na prokÔyei to idia�tero jermokrasiakì prof�l pou qarakthr�zeito s ma Nernst [163℄. M�a �llh pijan  ex ghsh e�nai h Ôparxh m�a kat�stash t�xh me di�foreenergeiakè z¸ne kai ant�stoiqa di�forou tÔpou monoswmatidiak¸n diegèrsewn. Autì sumba�neigia par�deigma sthn kat�stash kÔmato puknìthta fort�ou tou ulikoÔ NbSe2 [166, 167℄. Analìgwthn energeiak  dom  kai thn jermokrasiak  ex�rthsh twn qrìnwn skèdash twn monoswmatidiak¸ndiegèrsewn k�je z¸nh me ti prosm�xei, e�nai dunatìn na prokÔyei èna gigantia�o s ma Nernst [164℄.Fusik�, gia na anaparaqje� to jermokrasiakì prof�l pou ja parousi�soume amèsw parak�tw, apai-te�tai kai se aut n thn per�ptwsh h Ôparxh kat�llhlwn kai eidik¸n jermokrasiak¸n exart sewn twnemplekomènwn megej¸n. H apa�thsh perissìterwn energeiak¸n zwn¸n kai toul�qiston diaforetik¸neid¸n monoswmatidiak¸n diegèrsewn, prokÔptei apì thn anagkaiìthta antist�jmish th akÔrwsh

Sondheimer (Sondheimer cancellation) pou lamb�nei q¸ra se ulik� ìpou up�rqei mìno m�a diajèsimhenergeiak  z¸nh gia th metafor� hlektrikoÔ fort�ou [168℄. O Sondheimer èdeixe ìti e�n up�rqei

Sq ma 1.11: To gigantia�o fainìmeno Nernst stou uperagwgoÔ uyhl  kr�simh jermokras�a emfa-n�zetai arket� p�nw apì thn kr�simh uperag¸gimh jermokras�a kai agkali�zei ton �uperag¸gimo� jìlo.ParathroÔme ìti to sugkekrimèno fainìmeno parousi�zetai kai sthn perioq  tou yeudoq�smato. Taa�tia pou krÔbontai p�sw apì aut n an¸malh jermohlektrik  apìkrish èqoun apodoje� w t¸ra e�testhn Ôparxh uperagwg�mwn din¸n   sthn apìkrish twn monoswmatidiak¸n diegèrsewn m�a kat�stasht�xh, antimaqìmenh th uperagwgimìthta. To di�gramma daneist kame apì to �rjro Yayu Wang,
Lu Li, and N. P. Ong, Phys. Rev. B 73, 024510 (2006).
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Sq ma 1.12: a,b. S ma Nernst kai magn tish gia uponojeumèno (Tc = 50K) kai upernojeumèno(Tc = 87.5K) Bi2212. ParathroÔme ìti to s ma Nernst parousi�zei m�a èntona mh-grammik  jermo-krasiak  ex�rthsh h opo�a jum�zei ènan lìfo (tilted hill), me koruf  kont� sthn kr�simh uperag¸gimhjermokras�a. Gia T > Tc to sÔsthma br�sketai sthn perioq  tou yeudoq�smato, h opo�a ìpwblèpoume qarakthr�zetai tìso apì uyhlè timè s mato Nernst kaj¸ kai apì isqur� s mata diama-gnhtismoÔ. c,d. Ex�rthsh tou s mato Nernst apì to magnhtikì ped�o. ParathroÔme ìti se qamhlèjermokras�e to s ma e�nai grammikì, gia uyhlìtere g�netai mh-grammikì, kai gia arket� megalÔtereapokt� xek�jara m�a grammik  sumperifor� Yayu Wang, Lu Li, and N. P. Ong, Phys. Rev. B 73,
024510 (2006).m�a mìno energeiak  z¸nh, tìte to s ma e�nai pragmatik� amelhtèo exhg¸nta me autìn ton trìpo tapeir�mata se di�fora mètalla, ìpw o qrusì.ProqwroÔme t¸ra sthn exètash k�poiwn idiot twn tou gigantia�ou s mato Nernst, ìpw autì èqeiparathrhje� se meg�lo eÔro tim¸n nìjeush me opè [148℄. 'Opw mporoÔme na parathr soume kai stoSq.1.12, to s ma e�nai th t�xh twn merik¸n µV/K, arket� uyhlìtero apì thn tupik  kl�maka pou



22 KEF�ALAIO 1. MH SUMBATIKO�I UPERAGWGO�IsunantoÔme sta sun jh mètalla tou epipèdou twn nV/K. Sto Sq.1.12(a) parathroÔme thn idia�terhjermokrasiak  ex�rthsh pou èqoume  dh proanagge�lei. To s ma Nernst, èqei th morf  enì �lìfou�(tilted hill) pou parousi�zei m�a koruf  gÔrw sqedìn apì thn uperag¸gimh kr�simh jermokras�a. Hkal  summetr�a tou s mato gÔrw apì thn kr�simh jermokras�a, e�nai de�gma twn sumbatik¸n upera-g¸gimwn din¸n pou emfan�zontai se aut n thn perioq . To a�nigma th jermohlektrik  sumperifor�sundèetai me thn parat rhsh m�a ektetamènh jermokrasiak  perioq , ìpou to sÔsthma br�sketaisth mh uperag¸gimh f�sh tou yeudoq�smato. Se aut n thn perioq , 70 − 120K gia ta uponojeu-mèna (Tc = 50K) kai 90 − 130K gia ta upernojeumèna (Tc = 87.5K) de�gmata tou Bi2212, to s ma
Nernst diathre�tai jetikì kai uyhlì, en¸ fj�nei ekjetik� se arnhtikè timè. To sugkekrimèno jetikìprìshmo apotele� èna epiqe�rhma upèr th jewr�a twn uperag¸gimwn din¸n. ParathroÔme akìmh ìtisthn �dia perioq  ìpou èqoume to isqurì kai tautìqrona anex ghto s ma Nernst, to sÔsthma parou-si�zei isqur� s mata diamagnhtismoÔ [150℄. To isqurì fainìmeno Nernst stou uperagwgoÔ uyhl kr�simh jermokras�a kai o isqurì diamagnhtismì apoteloÔn qarakthristik� th kat�stash touyeudoq�smato kai apaitoÔn koin  ex ghsh. H ermhne�a twn uperag¸gimwn din¸n e�nai kai p�li du-natì na exhg sei ton isqurì diamagnhtismì, me b�sh to fainìmeno Meissner, k�ti pou toul�qistonmèqri prìtino fainìtan adÔnaton na exhghje� apì m�a sumbatik  kat�stash t�xh. Parìl' aut�, hsugkekrimènh lanjasmènh ant�lhyh ja katarrifje� sta pla�sia aut  th diatrib . To s ma Nernstparousi�zei m�a ep�sh idia�terh kai mh grammik  ex�rthsh me to magnhtikì ped�o. Sta Sq.1.12(c,d)parousi�zoume thn en lìgw ex�rthsh gia dÔo sugkekrimèna ulik� ta opo�a ja ma apasqol soun kaisth sunèqeia. ParathroÔme ìti gia mikr� ped�a kai qamhlè jermokras�e to s ma e�nai grammikì,sth sunèqeia gia endi�mese jermokras�e to s ma metatrèpetai se èntona mh-grammikì, en¸ kaj¸metaba�noume se uyhlè jermokras�e to s ma apokt� m�a gn sia grammik  ex�rthsh.1.4.3 Gigantia�o s ma Nernst ston uperagwgì URu2Si2To gigantia�o fainìmeno pou parousi�same sthn prohgoÔmenh par�grafo, qarakthr�zei me k�poiediaforè fusik�, kai to mh-sumbatikì uperagwgì barèwn fermion�wn URu2Si2 [169, 170℄. M�lista,h tim  tou s mato Nernst e�nai akìmh uyhlìterh apì to ant�stoiqo s ma twn oxeid�wn tou qalkoÔ,kat� per�pou m�a t�xh megèjou. 'Oson afor� to s ma Nernst, e�nai kai autì jetikì, k�ti pou jamporoÔse na apotelèsei kai se autì to ulikì m�a èndeixh th parous�a uperag¸gimwn din¸n. Autììmw den sumba�nei se aut n thn per�ptwsh. To s ma Nernst lamb�nei meg�le timè arket� makru�apì thn uperag¸gimh kat�stash pou termat�zetai sta 1.5K kai qarakthr�zei mon�qa thn �krummènhkat�stash�. M�lista, to s ma Nernst ston sugkekrimèno uperagwgì èqei jewrhje� w apotèlesma touhmi-metallikoÔ qarakt ra th sugkekrimènh kat�stash, ìpou up�rqei èna �so arijmì hlektron�wnkai op¸n [169, 171℄. Me autìn ton trìpo h akÔrwsh Sondheimer den parousi�zetai kai to s ma Nernstmpore� na p�rei en gènei uyhlè timè. Kai se aut n thn per�ptwsh, den e�nai profanè giat� h ex�rthshtou s mato Nernst ofe�lei na èqei to qarakthristikì jermokrasiakì prof�l pou parathr same kaisthn prohgoÔmenh par�grafo kai emfan�zetai kai ston sugkekrimèno uperagwgì.'Opw parousi�zoume sto Sq.1.13(a), to s ma Nernst lamb�nei timè merik¸n dek�dwn µV/K, kaih jermokrasiak  ex�rthsh akolouje� ki ed¸ th morf  enì lìfou pou parousi�zei m�a koruf  per�-pou sta 4K. H koruf  tou s mato Nernst olisja�nei arg� pro megalÔtere jermokras�e kaj¸aux�netai to efarmozìmeno exwterikì magnhtikì ped�o. Ant�jeta, o suntelest  Nernst pou or�zetaiw to phl�ko ν = N/Bz , mei¸netai elafr� me thn aÔxhsh tou magnhtikoÔ ped�ou Sq.1.13(c). StaSq.1.13(b,d) parousi�zoume thn ex�rthsh th diam kou ant�stash kai tou suntelest  Hall sunar-t sei tou magnhtikoÔ ped�ou. H pr¸th ma parat rhsh afor� th �lept  uf � tou diagr�mmato f�shautoÔ tou ulikoÔ, metaxÔ twn kr�simwn magnhtik¸n ped�wn, h opo�a e�nai eudi�krith sti anwmal�e th
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Sq ma 1.13: a. Jermokrasiakì prof�l tou s mato Nernst gia di�fora magnhtik� ped�a. ParathroÔmeìti h sugkekrimènh ex�rthsh jum�zei arket� aut n pou sunant same sta oxe�dia tou qalkoÔ. Tos ma parousi�zei m�a koruf  se jermokras�e metaxÔ 3-5K, pou metatop�zetai arg� me thn aÔxhsh toumagnhtikoÔ ped�ou. b. Ant�stash sunart sei tou magnhtikoÔ ped�ou. An�mesa sta dÔo kr�sima ped�a35T kai 40T, parousi�zontai diaforetikè sumperiforè oi opo�e anadeiknÔoun to sqhmatismì nèwnkatast�sewn se autè ti perioqè. K�tw apì to pr¸to kr�simo ped�o, parousi�zetai m�a anwmal�a(kink) h opo�a metatop�zetai se qamhlìtere timè tou ped�ou kaj¸ h jermokras�a aux�netai. c. Seautì to di�gramma parousi�zetai o suntelest  Nernst, o opo�o ant�jeta me to s ma Nernst, mei¸netaime thn aÔxhsh tou magnhtikoÔ ped�ou. d. Gwn�a Hall sunart sei tou magnhtikoÔ ped�ou. To sÔsthmaxekin� apì m�a meg�lh tim  gia autìn ton suntelest , h opo�a mei¸netai sth geitoni� twn kr�simwnped�wn. MetaxÔ twn kr�simwn magnhtik¸n ped�wn parousi�zontai kai p�li stoiqe�a tautopo�hsh nèwnf�sewn. Gia aÔxhsh twn jermokrasi¸n parathroÔme ell�twsh th gwn�a Hall. e. Ex�rthsh tous mato Nernst apì to magnhtikì ped�o. ParathroÔme ìti to s ma Nernst xekin� apì m�a èntonagrammik  ex�rthsh, pou metatrèpetai se mh-grammik  kaj¸ proqwroÔme sthn kr�simh perioq . 'Epeita,mei¸netai dramatik� kaj¸ ft�noume sto deÔtero kr�simo ped�o. Ta diagr�mmata p�rjhkan apì ta�rjra R. Bel et al, Phys. Rev. B 70, 220501(R) (2004), J. Levallois et al, EPL 85, 27003 (2009).



24 KEF�ALAIO 1. MH SUMBATIKO�I UPERAGWGO�Iagwgimìthta metaxÔ 35-40T. ParathroÔme ep�sh m�a anwmal�a (kink) pou qarakthr�zei thn �krummè-nh kat�stash� kai metafèretai se qamhlìtera magnhtik� ped�a kaj¸ aux�netai h jermokras�a. StoSq.1.13(e), parousi�zoume thn ex�rthsh tou s mato Nernst apì to magnhtikì ped�o. Blèpoume ìtigia qamhlè jermokras�e to s ma Nernst èqei m�a èntonh grammik  ex�rthsh apì to magnhtikì ped�-o, h opo�a metatrèpetai se m�a mh-grammik  kaj¸ prosegg�zoume to pr¸to kr�simo magnhtikì ped�o.Sth sunèqeia to s ma Nernst mei¸netai apìtoma kai all�zei prìshmo, lamb�nonta plèon arket� mi-krìtere timè. Se uyhlìtere jermokras�e blèpoume ìti to s ma èqei parìmoia sumperifor� all�e�nai meiwmèno kai sb nei se mikrìtera magnhtik� ped�a. Autì sundèetai �rrhkta me thn ep�drash thjermokras�a sthn tim  th paramètrou t�xh pou qarakthr�zei th sugkekrimènh kat�stash.1.5 Topologikì s ma Nernst stou mh-sumbatikoÔ upe-ragwgoÔSti prohgoÔmene paragr�fou, parousi�same k�poia basik� qarakthristik� dÔo arket� diaforeti-k¸n kathgori¸n mh-sumbatik¸n uperagwg¸n, pou par�ol' aut� katafèrnoun kai parousi�zoun k�poiapoiotik  susthmatikìthta fainomènwn. 'Opw ton�same parap�nw, èna shmantikì par�deigma tètoiasumperifor�, e�nai to Gigantia�o fainìmeno Nernst pou parathre�tai pèra apì ta ulik� pou  dh ana-fèrame [148, 149, 150, 169, 170℄ kai se �lle kathgor�e ulik¸n, ìpw e�nai o uperagwgì barèwnfermion�wn CeCoIn5 [172, 173, 174℄ kaj¸ kai h pio prìsfath geni� uperagwg¸n, ta oxupnikt�dia tousid rou [175℄. Se ìle autè ti peript¸sei, h apìkrish Nernst e�nai th t�xh twn merik¸n µV/K,en¸ par�llhla parousi�zei èntonh mh grammik  ex�rthsh me th jermokras�a h opo�a qarakthr�zetaiapì èna mègisto. Pollè forè h par�xenh jermokrasiak  ex�rthsh sunodeÔetai kai apì mh grammik ex�rthsh apì to efarmozìmeno magnhtikì ped�o. Sta perissìtera apì aut� ta ulik� ta a�tia pouodhgoÔn se aut� ta entupwsiak� jermohlektrik� fainìmena den èqoun dialeukanje�, idia�tera lìgwth duskol�a na exhghje� tautìqrona h uyhl  tim , to prìshmo kai tèlo h jermokrasiak  ex�rthshtou s mato Nernst.'Opw proanafèrame e¸ t¸ra, to en lìgw èntono fainìmeno Nernst èqei apodoje� e�te se mono-swmatidiakè diegèrsei [160, 161, 162, 163, 164, 166℄ e�te se uperag¸gime d�ne (superconducting
vortices) [151, 152, 153, 154, 155℄. E�n jewr soume w a�tio ti monoswmatidiakè diegèrsei, tìtee�nai polÔ dÔskolo na prokÔyei isqurì fainìmeno Nernst lìgw th ana�resh Sondheimer. Par�ol'aut�, autì den isqÔei se mètalla me pollè energeiakè z¸ne [166, 171℄, qwr� ìmw autì na shma�neiìti mporoÔme na ektim soume thn tim  tou jermohlektrikoÔ s mato se aut n thn per�ptwsh. Epiplè-on, e�nai dÔskolo na g�nei apodektì ìti to a�tio enì fainomènou pou apant�tai se ènan arijmì tìsodiaforetik¸n metaxÔ tou ulik¸n, mpore� na ofe�letai sthn energeiak  dom  aut¸n twn ulik¸n. Kiautì giat� h energeiak  dom  aut¸n twn ulik¸n den parousi�zei k�poia profan  toul�qiston susth-matikìthta. Apì thn �llh, to s ma Nernst pou dhmiourge�tai apì uperag¸gime d�ne mpore� na l�beimeg�le timè kai na e�nai mh mhdenikì akìma kai se perioqè ìpou h uperagwgimìthta e�nai mhdenik [157, 158, 159℄. Par' ìl' aut� to s ma Nernst pou proèrqetai apì ti uperag¸gime d�ne èqei ènan pe-riorismì. To prìshmì tou e�nai p�ntote jetikì (me th sÔmbash pou qrhsimopoioÔme) kai kat� sunèpeiamei¸netai o arijmì twn ulik¸n ston opo�o mpore� h sugkekrimènh jewr�a na brei efarmog .H pemptous�a ìmw th Fusik  th Sumpuknwmènh 'Ulh, e�nai h prosp�jeia eÔresh enì kom-yoÔ mhqanismoÔ pou na perigr�fei thn anaduìmenh koin  sumperifor� an�mesa se rizik� diaforetikèkbantikè katast�sei th Ôlh. Par� ti diaforè tou, up�rqei èna koinì shme�o pou sundèei ta proa-naferjènta ulik� pou parousi�zoun to musthri¸de fainìmeno Nernst. Autì e�nai o mh-sumbatikì qa-rakt ra th uperag¸gimh kat�stash kai kat� sunèpeia twn hlektronik¸n allhlepidr�sewn. Autì



1.5. TOPOLOGIK�O S�HMA NERNST STOUS MH-SUMBATIKO�US UPERAGWGO�US 25sunep�getai ìti e�nai dunatì kai euno simo na anaptuqjoÔn par�llhla kai mh-sumbatikè katast�seisto kan�li hlektron�ou-op . Qarakthristikì par�deigma apotele� to mh-sumbatikì kÔma puknìth-ta fort�ou idx2−y2 (troqiakì sidhromagn th) [176, 177, 178, 179, 180, 181, 182℄ kumatanÔsmato
Q = (π, π), pou jewre�tai w m�a upoy fia kat�stash gia thn katanìhsh th perioq  tou yeudoq�-smato sta nojeumèna me opè qalkoxe�dia [165℄. H sugkekrimènh kat�stash parabi�zei thn summetr�aantistrof  tou qrìnou T , topik� kai ìqi se makroskopikì ep�pedo. Oi brìqoi reÔmato pou dh-miourgoÔntai se mikroskopikì ep�pedo, allhloexoudeter¸nontai sto sÔnolo tou ìgkou tou ulikoÔdiìti e�nai pl rw summetriko� Sq.1.14a.. An�loge katast�sei tou troqiakoÔ antisidhromagn th
idx2−y2 , magnhtikè   mh, èqoun protaje� kai gia �lla ulik� ìpw to CeCoIn5 [183℄, to URu2Si2[139, 140, 146℄, en¸ kai h antisidhromagnhtik  kat�stash sta oxupnikt�dia tou sid rou [184℄ e�naimh-sumbatik . Par�ol' aut�, mh-sumbatikè katast�sei ìpw aut  tou troqiakoÔ antisidhromagn th,parìlo pou e�nai dunatìn na ekdhl¸noun èna isqurì s ma Nernst k�tw apì eidikè pro�pojèsei, denèqei deiqje� ìti kat� kanìna mporoÔn na ermhneÔsoun to idia�tero jermokrasiakì prof�l pou parou-si�zei h om�da ìlwn aut¸n twn ulik¸n.E�n o mh-sumbatikì qarakt ra twn hlektronik¸n allhlepidr�sewn, e�nai to shmantikì stoiqe�opou telik� krÔbetai p�sw apì ta exwtik� jermohlektrik� fainìmena pou èqoume parousi�sei, autìupodhl¸nei ìti h eikìna twn troqiak¸n katast�sewn tou tÔpou dx2−y2 den e�nai oloklhrwmènh. Pr�g-mati ìpw ja anade�xoume se aut n th diatrib , up�rqei m�a sunist¸sa pou den lamb�netai upìyh. Hdunatìthta met�bash se mh-tetrimmène topologik� katast�sei me thn efar-mog  tou exwterikoÔ magnhtikoÔ ped�ou. Up�rqoun dÔo dunatè kathgor�e katast�sewnpou mporoÔn na sqhmatistoÔn me thn efarmog  enì magnhtikoÔ ped�ou. Oi Qeirikè (chiral) kai oiElikoeide� (helical). Kai oi dÔo ent�ssontai, ìpw ja exhg soume se epìmena kef�laia, sti To-pologikè katast�sei. O prwtì tÔpo katast�sewn parabi�zei th summetr�a antistrof  touqrìnou T se makroskopikì ep�pedo en¸ o deÔtero ìqi. SÔmfwna me thn jewr�a pou parajèsame gia thjermohlektrik  apìkrish, anamènoume ìti oi Qeirikè katast�sei ja èqoun epiprìsjete suneisforèstou tanustè hlektrik , jermik  kai jermohlektrik  agwgimìthta. Kat� sunèpeia e�nai autèpou ja mporoÔsan na odhg soun se nèa jermohlektrik� fainìmena metafor�.'Opw parousi�zoume kai analÔoume sto Kef.6, ìtan  dh pro�p�rqei m�a kat�stash kÔmato pu-knìthta fort�ou   spin tÔpou idx2−y2 , ep�getai sto ulikì kai h kat�stash kÔmato puknìthtafort�ou   spin dxy th �dia periodikìthta [185, 186℄. M�lista, autè oi katast�sei mporoÔn  dhna pro�p�rqoun sto ulikì all� na mhn e�nai aniqneÔsime. Sthn per�ptwsh twn Qeirik¸n katast�se-wn, e�nai dunatìn na up�rqoun makroskopikè perioqè diaforetik  qeirikìthta (chirality domains)Sq.1.14(a.), ant�stoiqa me thn per�ptwsh enì sidhromagn th. H efarmog  tou magnhtikoÔ ped�oupol¸nei kai kateujÔnei autè ti perioqè, odhg¸nta se m�a makroskopik  qeirik  kat�stash poumpore� t¸ra na èqei ant�ktupo sti idiìthte tou ulikoÔ. Lìgw tou ìti h qeirikìthta isoduname� me m�aeggenoÔ troqiak  fÔsh magnhtik  rop , mpore� na odhg sei se peperasmènh troqiak  suneisfor�sth magn tish. Me autìn ton trìpo, oi Qeirikè katast�sei, analìgw thn sunj ke e�nai dunatìnna epide�xoun paramagnhtik    diamagnhtik  sumperifor�.Pèra apì thn eggen  magnhtik  rop , h parous�a m�a Qeirik  kat�stash èqei shmantik  ep�dra-sh sth jermohlektrik  apìkrish.'Opw parousi�zoume gia pr¸th for� sta kainotìmaapotelèsmata tou Kef.9, ìtan oi Qeirikè katast�sei br�skontai kont� sto ì-rio enì monwt , mporoÔn na ekdhl¸soun èna gigantia�o fainìmeno Nernst, mejermokrasiakì prof�l pou sun�dei me to peiramatik� parathroÔmeno se aut� taulik� [187, 188℄. Pèra apì thn apa�thsh tou isquroÔ monwtikoÔ qarakt ra, den up�rqei k�poio �l-lo periorismì gia na l�boume aut n thn èntonh jermohlektrik  apìkrish. Epiplèon, o topologikìqarakt ra aut¸n twn katast�sewn, eggu�tai th genikìthta twn apotelesm�twn ma kai gia autì
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Sq ma 1.14: a. Summetriko� brìqoi reÔmato hlektrikoÔ fort�ou pou genn¸ntai apì èna mh-sumbatikìkÔma puknìthta fort�ou tÔpou idx2−y2. b. Perioqè diaforetik  qeirikìthta pou odhgoÔn se m�alanj�nousa qeirik  kat�stash dxy + idx2−y2. c. Sti prohgoÔmene dÔo peript¸sei h summetr�a an-tistrof  tou qrìnou parabi�zetai mìno topik�. Ant�jeta, h parous�a enì exwterikoÔ magnhtikoÔped�ou odhge� se peperasmènh makroskopik  qeirikìthta pou mpore� na sunodeÔetai apì paramagnh-tik    diamagnhtik  magnhtik  apìkrish. To gr�fhma proèrqetai apì to �rjro P. Kotetes and G.
Varelogiannis, Phys. Rev. Lett. 104, 106404 (2010).to lìgo jewroÔme ìti mporoÔn na èqoun efarmog  se èna pl jo ulik¸n par� ti ìpoie diaforè pouaut� mpore� na parousi�zoun. Epiplèon, e�n pr�gmati se èna ulikì up�rqei m�a mh-sumbatik    m�a mhpolwmènh qeirik  kat�stash sth mh-uperag¸gimh f�sh tou, tìte se èna pe�rama Nernst h efarmog enì magnhtikoÔ ped�ou anagkastik� ja odhg sei sto sqhmatismì m�a gn sia qeirik  kat�stash hopo�a ja ephre�sei th jermohlektrik  apìkrish, odhg¸nta sto gigantia�o fainìmeno Nernst. Fusik�,den uposthr�zoume ìti mìno aut  h suneisfor� mpore� na up�rqei se k�poia apì aut� ta ulik�. Giapar�deigma, stou uperagwgoÔ twn oxeid�wn tou qalkoÔ den apokle�oume na up�rqei tautìqronh su-neisfor� tìso apì uperag¸gime d�ne, ìso kai apì to topologikì s ma Nernst to opo�o suzhtoÔme.Par�ol' aut� jewroÔme, ìti h Topologik  apìkrish Nernst pou prote�noume sta pla�sia aut  thdiatrib  e�nai h kur�arqh sti mh-uperag¸gime f�sei twn en lìgw mh-sumbatik¸n uperagwg¸n.Prèpei na shmei¸soume ìti oi Qeirikè katast�sei, qarakthr�zontai kai apì m�a plhj¸ra �llwnfainomènwn pèra apì th gigantia�a jermohlektrik  apìkrish Nernst, ìpw e�nai to Topologikì fai-nìmeno Meissner [189℄, to Aujìrmhto Kbantikì fainìmeno Hall [190℄, thn topologik  metafor� spin[191℄ kai to Polwmèno fainìmeno Kerr [192, 193℄. M�lista, ta perissìtera apì aut� ta fainìmena pouaforoÔn sti sugkekrimène katast�sei twn Topologik¸n Kum�twn Puknìthta Fort�ou kai Spin,anade�qjhkan mèsa apì ta apotelèsmata aut  th diatrib . Eidikìtera, to Topologikì fainìme-no Meissner apotele� m�a phg  tèleiou diamagnhtismoÔ d�qw na parabi�zetai aujìrmhta h summetr�abajm�da U(1) tou hlektromagnhtismoÔ, ìpw sumba�nei se ènan uperagwgì. Autì to fainìmenoma epitrèpei na susqet�soume ti Qeirikè katast�sei me fainìmena isquroÔdiamagnhtismoÔ se mh-uperag¸gime f�sei ìpw sumba�nei me thn per�ptwsh touyeudoq�smato sthn per�ptwsh twn uperagwg¸n uyhl  kr�simh jermokras�a.Prèpei na anafèroume ìti oi Qeirikè katast�sei pou prote�noume kai prìkeitai na analÔsoume, sqe-t�zontai ìson afor� to topologikì tou perieqìmeno, me ti qeirikè katast�sei (chiral spin states)[194℄ pou e�qan suzhthje� palaiìtera sta pla�sia tou montèlou RVB [195℄ kai twn jewri¸n bajm�da



1.5. TOPOLOGIK�O S�HMA NERNST STOUS MH-SUMBATIKO�US UPERAGWGO�US 27[68℄ pou e�qan protaje� gia thn perioq  tou yeudoq�smato. Epipleìn, Qeirikè katast�sei parì-moie me autè pou prote�noume èqoun suzhthje� polÔ prìsfata sto ped�o twn Topologik¸n Monwt¸n[196, 197, 198, 199, 200℄. Se aut n th nèa kathgor�a ulik¸n, h topologik  dom  prokÔptei apì idiaite-rìthte twn energeiak¸n zwn¸n lìgw th parous�a sÔzeuxh spin-troqi� (spin-orbit coupling) kaiìqi apì isqurè allhlepidr�sei kai ant�stoiqe metab�sei f�sh sti opo�e epikentrwnìmaste sthnparoÔsa diatrib . Par�ol' aut� ta sumper�smat� ma isqÔoun kai gia ta ulik� aut� ìtan h topologik dom  tou sump�ptei me aut n twn katast�sewn pou ja exet�soume sthn prokeimènh per�ptwsh.Pèra apì ti qeirikè topologikè katast�sei ja exet�soume kai ti elikoeide�. Autè èqoundiaforetikì topologikì perieqìmeno, gi' autì odhgoÔn se diaforetik� fainìmena ìpw to AujìrmhtoKbantikì fainìmeno Hall tou Spin kai thn Aujìrmhth jermomagnhtik  apìkrish, sumperilamb�nontato fainìmeno Nernst tou spin. Kai se aut n thn per�ptwsh, ta apotelèsmata ma isqÔoun kai gia touTopologikoÔ Monwtè lìgw sÔzeuxh spin-troqi�, gia tou opo�ou to Aujìrmhto fainìmeno Halltou spin èqei parathrhje� kai peiramatik� [199℄.Sta epìmena kef�laia parousi�zoume di�fore idiìthte twn sugkekrimènwn topologik¸n kata-st�sewn se didi�stata sust mata, oi opo�e ja ma bohj soun na anade�xoume kai na uposthr�xoumethn jewrhtik  ma prìtash. Sto Kef. 2, parousi�zoume th genik  Jewr�a Mèsou Ped�ou gia tamh-sumbatik� kÔmata puknìthta fort�ou kai spin sta pla�sia enì ektetamènou montèlo tÔpou Hub-
bard. Epiplèon, meletoÔme stoiqe�a tou diagr�mmato f�sh twn topologik¸n kum�twn puknìthtakai analÔoume di�fora jermodunamik� qarakthristik�. Sto Kef. 3, epikentrwnìmaste sta Topolo-gik� kÔmata puknìthta fort�ou kai spin. Parousi�zoume ta basik� topologik� qarakthristik� kaimeletoÔme thn sumperifor� sti sunoriakè epif�neie aut¸n twn ulik¸n. Br�skoume ìti sto sÔno-ro aut¸n twn ulik¸n up�rqoun entopismène fermionikè qeirikè (chiral edge modes)   elikoeide�katast�sei (helical edge modes). Sto Kef. 4, ex�goume ti energè topologikè jewr�e ped�oupou dièpoun thn magnhtohlektrik  apìkrish twn ulik¸n aut¸n. SÔmfwna me ta apotelèsmat� ma,sthn per�ptwsh twn qeirik¸n katast�sewn èqoume topologikè jewr�e Chern-Simons, en¸ gia tielikoeide� katast�sei prokÔptoun ìroi tÔpou BF. Sto Kef. 5, qrhsimopoioÔme ti mejìdou thadiabatik  metafor� fort�ou kai spin anadeiknÔonta m�a diaforetik  pleur� th topologik  dom aut¸n twn katast�sewn mèsw th eisagwg  twn magnhtik¸n monìpolwn kai ped�wn Berry. Sto Kef.6 upolog�zoume thn eggen  troqiak  magn tish twn topologik¸n katast�sewn kai mèsw upologisti-k¸n mejìdwn parousi�zoume pw prokÔptei h epagwg  topologik¸n katast�sewn me thn efarmog enì statikoÔ exwterikoÔ magnhtikoÔ ped�ou. Sto Kef. 7 sumplhr¸noume th jewr�a twn fainomènwnmetafor� se autè ti topologikè katast�sei, mèsw tou upologismoÔ tou magnhtojermohlektrikoÔtanust  twn Aujìrmhtwn fainomènwn Hall. Tèlo, sto Kef. 8 epikentrwnìmaste sthn prìtash jew-rhtik¸n montèlwn basizìmenwn sti qeirikè katast�sei gia thn ermhne�a tou gigantia�ou fainomènou
Nernst stou mh-sumbatikoÔ uperagwgoÔ twn qalkoxeid�wn kai tou URu2Si2, prote�nonta peraitèrwpeir�mata gia thn epibeba�wsh   ìqi twn apotelesm�twn ma.
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2 Mh Sumbatik� KÔmata PuknìthtaFort�ou kai SpinSta pla�sia th Jewr�a Mèsou Ped�ou, ja melet soume k�poia basik� jermodunamik� qarakthristik�twn metab�sewn sti katast�sei twn mh Sumbatik¸n Kum�twn Puknìthta Fort�ou kai Spin [178,180℄. Basizìmenoi se èna ektetamèno montèlo tÔpou Hubbard, ja parousi�soume ti genikìtereexis¸sei autosunèpeia kai ta ja analÔsoume to di�gr�mma f�sh pou dièpei ton sqhmatismì aut¸ntwn katast�sewn t�xh.2.1 Mikroskopikì montèloW afethr�a gia th melèth twn mh Sumbatik¸n Kum�twn Puknìthta, ja jewr soume èna ektetamènomontèlo tÔpou Hubbard. To sugkekrimèno montèlo mpore� na perigr�yei mh sumbatikoÔ uperagwgoÔse èna didi�stato tetragwnikì plègma, ìpw gia par�deigma oi mh sumbatiko� uperagwgo� tÔpou dx2−y2sta oxe�dia tou qalkoÔ. Se Qamiltonianì ep�pedo, to en lìgw montèlo perigr�fetai w akoloÔjw
H = −µ
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∑
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∑

α

c†i,αcj,α − µB

∑

i

∑

α,β

c†i,αB · σαβci,β

+
∑

i6=j

(
Vijn̂in̂j + JijŜi · Ŝj
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∑
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Jijc
†
i,ασαβcj,β · c†i,γσγδcj,δ , (2.1)ìpou oi telestè c†i,a kai ci,a dhmiourgoÔn kai katastrèfoun èna hlektrìnio sthn plegmatik  jèsh Rime probol  spin α =↑, ↓, en¸ me σ sumbol�zoume tou p�nake Pauli tou antistoiqoÔn sto hlekronikìspin. Me σ0 parist�noume ton p�naka mon�da ston q¸ro tou spin. ParathroÔme ìti sthn pr¸th seir�emfan�zontai ìroi enì hlektron�ou en¸ sti �lle dÔo enswmat¸nontai oi allhlepidr�sei. Me µsumbol�zoume to qhmikì dunamikì en¸ me t > 0 thn enèrgeia pou kerd�zei to hlektrìnio metaphd¸ntaapì èna plegmatikì shme�o i se èna �llo j. Me < i, j > ennooÔme ìti lamb�noume upìyh mìno touplhsièsterou ge�tone. Sth sunèqeia sumperilamb�noume th magnhtik  allhlep�drash tÔpou Zeeman,ìpou me µB sumbol�zoume thn magnhtình tou Bohr kai me B to magnhtikì ped�o.'Oson afor� ti allhlepidr�sei, ja perioristoÔme se allhlepidr�sei braqe�a embèleia pou su-sqet�zoun p�ntote diaforetikè plegmatikè jèsei (i 6= j) kai sugkekrimèna perior�zontai stoupr¸tou < i, j > kai deÔterou << i, j >> kontinìterou ge�tone. Oi telestè n̂i =

∑
α c

†
i,αci,a kai

Ŝi = 1
2

∑
α,β c

†
i,ασαβci,β antistoiqoÔn stou telestè fort�ou kai spin th i−ost  plegmatik  jèsh.H allhlep�drash sthn opo�a emplèketai to Vij e�nai hlektrostatik  fÔsh kai ìtan autì e�nai jetikìantistoiqe� se mikr  embèleia allhlep�drash Coulomb, en¸ sthn ant�jeth per�ptwsh èqei elktikìqarakt ra. H sunhjismènh per�ptwsh bèbaia, e�nai to dunamikì allhlep�drash na e�nai jetikì afoÔsti plegmatikè jèsei èqoume hlektrìnia ta opo�a apwjoÔntai èntona. Omo�w, analìgw to prìshmotou dunamikoÔ allhlep�drash Jij, odhgoÔmaste se antisidhromagnhtikè (Jij > 0)   sidhromagnhti-kè allhlepidr�sei (Jij < 0). O rìlo twn dÔo teleuta�wn allhlepidr�sewn, g�netai fanerì e�nxanagr�youme ton ìro c†i,αcj,βc†i,γcj,δ w (ci,αci,γ)† cj,βcj,δ. O telest  (ci,αci,γ)† dhmiourge� èna zeÔgo29
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Cooper sthn plegmatik  jèsh i me de�kte spin α kai γ, en¸ o telest  cj,βcj,δ katastrèfei èna zeÔgo
Cooper sthn plegmatik  jèsh j 6= i me de�kte β kai δ. Kat� sunèpeia, auto� oi ìroi allhlep�dra-sh perigr�foun diadikas�e pou perilamb�noun thn metap dhsh zeug¸n Cooper metaxÔ diaforetik¸nplegmatik¸n jèsewn. Kat�llhlo sunduasmì twn dunamik¸n Vij kai Jij, odhge� se magnhtikè   mhkatast�sei.2.2 Sunarmog  kai genikeumène epidektikìthteGia thn an�ptuxh enì sunìlou kbantik¸n katast�sewn t�xh se èna sÔsthma pou dièpetai apì isqurèallhlepidr�sei ìpw oi parap�nw, trei par�gonte pa�zoun kajoristikì rìlo. O pr¸to, sqet�ze-tai me ta qarakthristik� tou mh-allhlepidr¸nto sust mato kai thn eggen  t�sh tou na euno sei tosqhmatismì sugkekrimènwn katast�sewn t�xh an�mesa sti dunatè. O deÔtero afor� ti mikrosko-pikè allhlepidr�sei pou emfan�zontai metaxÔ twn swmatidi¸n tou sust mato. Oi allhlepidr�seikajor�zoun poiè katast�sei e�nai dunatìn na emfanistoÔn sto sÔsthma, en¸ fusik� prosdior�zounto energì dunamikì th k�je dunat  kbantik  kat�stash. O tr�to par�gonta sqet�zetai me thsummetr�a. Eidikìtera, se polle peript¸sei e�nai dunatìn na ep�gontai anapìfeukta katast�sei seèna sÔsthma lìgw th sunÔparxh enì arijmoÔ paramètrwn t�xh [201℄. Sth sugkekrimènh par�grafoja melet soume ton pr¸to par�gonta, thn epidektikìthta tou eleÔjerou sust mato na sqhmat�seikatast�sei sto kan�li hlektron�ou-op .Oi ìroi th Qamiltonian  pou perigr�foun to mh-allhlepidr¸n sÔsthma, apous�a magnhtikoÔ ped�-ou, e�nai o ìro tou qhmikoÔ dunamikoÔ kaj¸ kai o kinhtikì ìro −µ∑i,α c

†
i,αci,α−t

∑
<i,j>

∑
α c

†
i,αcj,α.Mèsw metasqhmatismoÔ Fourier mporoÔme na doÔme ìti oi dÔo ìroi metafr�zontai sthn akìloujh èkfra-sh ∑k,σ [ε(k) − µ] c†k,σck,σ, ìpou jèsame ε(k) = −2t(cos kx +cos ky). ParathroÔme ìti sthn per�ptwshmhdenikoÔ qhmikoÔ dunamikoÔ, µ = 0, h energeiak  diaspor� kajor�zetai mon�qa apì ton ìro ε(k), oopo�o ikanopoie� thn sqèsh sunarmog  (nesting) ε(k + Q) = −ε(k), ìpou Q = (π, π). SÔmfwname thn idiìthta aut , gia k�je shme�o tou antistrìfou q¸rou pou qarakthr�zetai me enèrgeia ε(k)up�rqei akrib¸ èna �llo me enèrgeia −ε(k). 'Eqoume loipìn zeÔgh hlektron�wn kai op¸n gia ìla tashme�a tou antistrìfou q¸rou, qwr� na exairoÔntai bèbaia kai ta shme�a th epif�neia Fermi ìpouikanopoie�tai epiprìsjeta ε(k) = 0. H epif�neia Fermi e�nai o gewmetrikì tìpo pou perigr�fetaiapì thn ex�swsh |kx±ky| = π, dhlad  èna tetr�gwno. An� dÔo, oi pleurè tou tetrag¸nou sundèontaime ta dianÔsmata Q = (π, π) kai Q⊥ = (π,−π). Ta dÔo aut� dianÔsmata sunarmog  e�nai isodÔnamametaxÔ tou giat� diafèroun kat� èna di�nusma tou antistrìfou plègmato. Kat� sunèpeia, h sqè-sh sunarmog  ekfr�zei ìti ta shme�a th epif�neia Fermi sundèontai me èna kumat�nusma Q. E�nloipìn up�rqei m�a allhlep�drash pou na odhge� se sked�sei me antallag  kumatanÔsmato �so meto kumat�nusma sunarmog , tìte to sÔsthma e�nai dunatìn na sqhmat�sei m�a   perissìtere kbanti-kè katast�sei t�xew me autì to kumat�nusma, odhg¸nta tautìqrona se energeiakì q�sma se ènapl jo e�n ìqi se ìla ta shme�a th epif�neia Fermi.To shmantikì stoiqe�o e�nai ìti o sqhmatismì katast�sewn diamorfwmène se autì to kumat�-nusma, e�nai h plèon eunoÔmenh kat�stash tou sust mato. Gia na to doÔme autì, mporoÔme naupolog�soume thn epidektikìthta na sqhmatiste� m�a magnhtik    mh kat�stash sugkekrimènh kru-stallik  anapar�stash fs(k) gia di�fora kumatanÔsmata. Oi krustallikè anaparast�sei pouepib�lontai apì to mikroskopikì ma montèlo e�nai oi akìlouje f0(k) = 1, f1(k) = cos kx + cos ky,

f2(k) = cos kx − cos ky, f3(k) = sin kx + sin ky, f4(k) = sin kx − sin ky, f5(k) = 2 cos kx cos ky,
f6(k) = 2 sin kx sin ky, f7(k) = 2 sin kx cos ky kai f8(k) = 2 cos kx sin ky [202℄. H epidektikìthta gia nasqhmatiste� h kajem�a apì autè ti katast�sei sto kan�li hlektron�ou-op , magnhtik    mh, d�netai
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Sq ma 2.1: Epidektikìthte Xs(q) gia to sqhmatismì katast�sewn kumatanÔsmato q kai mh-anagwg�simh anapar�stash fs(k). ParathroÔme ìti se ìle ti peript¸sei eunooÔntai oi kata-st�sei me q = Q = (π, π). Epiplèon parathroÔme ìti h anapar�stash dx2−y2 e�nai h kur�arqh.apì th sqèsh
Xs(q) = − 2

N

∑

k

f 2
s (k)

nF [ε(k + q)] − nF [ε(k)]

ε(k + q) − ε(k)
, (2.2)ìpou eisag�game thn katanom  Fermi-Dirac nF . Oi sun jei epidektikìthte fort�ou kai spin, pro-kÔptoun gia thn anapar�stash s = 0. Oi upìloipe katast�sei odhgoÔn se katanomè fort�ou kaispin uyhlìterwn rop¸n, kai o ìro f 2

s (k) eis�getai gia autìn akrib¸ ton lìgo. 'Etsi loipìn, oìro mh-sumbatik� kÔmata puknìthta fort�ou kai spin, e�nai perissìtero kata-qrhstikì par� akrib . Me autìn thn onomas�a ennooÔme katast�sei me spin-0



32 KEF�ALAIO 2. MH SUMBATIK�A K�UMATA PUKN�OTHTAS FORT�IOU KAI SPINkai spin-1 ant�stoiqa. Parous�a allhlepidr�sewn, h kr�simh jermokras�a gia met�bash se m�-a apì autè ti katast�sei prosdior�zetai apì thn ex�swsh autosunèpeia 1/Vs(q) = Xs(q), ìpouk�name thn paradoq  ìti oi katast�sei t�xew me diaforetik  mh-anagwg�simh anapar�stash kai ku-mat�nusma e�nai apoplegmène kai h k�je m�a apì autè èqei to dikì th energì dunamikì Vs(q). E�njèsoume gia eukol�a t = 1, kBT = 0.6, µ = 0, prokÔptoun ta graf mata gia ti epidektikìthte touSq.2.1. ParathroÔme ìti gia ìle ti mh-anagwg�sime anaparast�sei to kur�arqo kumat�nusma e�naito Q = (π, π). Epiplèon, h kur�arqh mh-anagwg�simh anapar�stash e�nai h dx2−y2 . Lìgw aut  tht�sh tou sust mato ja perioristoÔme se epìmene paragr�fou mìno sth melèth mh-sumbatik¸nkum�twn me kumat�nusma Q.2.3 Jewr�a Mèsou Ped�ouTo gegonì ìti to ektetamèno montèlo Hubbard pou exet�zoume, perilamb�nei allhlepidr�sei 2 h-lektron�wn, kajist� adÔnath thn akrib  �ep�lush� th Qamiltonian . Lìgw tou ìti epijumoÔme namelet soume katast�sei pou perigr�foun twn sqhmatismì dèsmiwn katast�sewn zeug¸n hlektron�wn
< c†c >, h pio eÔkolh odì e�nai na qrhsimopoi soume th Jewr�a Mèsou Ped�ou. Me autìn ton trìpo oiallhlepidr�sei metatrèpontai se ìrou enì swmatid�ou, d�nonta th dunatìthta analutik    eÔko-lh upologistik  melèth twn metab�sewn f�sh, pou autè perigr�foun. Epiplèon, h sugkekrimènhmèjodo parèqei �mesa plhrofor�e se sqèsh me ti summetr�e pou diathroÔntai   upobajm�zontaikat� ti met�basei autè. Autì g�netai apeuje�a mèsw th melèth twn paramètrwn t�xh aut¸ntwn katast�sewn, oi opo�e eisag�gontai kat� thn �aplopo�hsh� twn allhlepidr�sewn th parap�nwQamiltonian  sta pla�sia aut  th mejìdou.H efarmog  th Jewr�a Mèsou Ped�ou bas�zetai sthn akìloujh diadikas�a [203, 204℄. Pr¸ta apììla, fèrnoume ti allhlepidr�sei sthn akìloujh bolik  morf 
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, (2.3)ìpou k�name qr sh th sqèsh σαβ · σγδ = 2σαδ

0 σβγ
0 − σαβ

0 σγδ
0 kai jewr same ìti oi allhlepidr�seiekte�nontai e¸ tou deÔterou ge�tone. Se autì to shme�o ja epilèxoume m�a polÔ sugkekrimènhmorf  gia ta dunamik�. Eidikìtera ja jewr soume ìti h isqÔ twn allhlepidr�sewn exart�tai mì-no apì thn apìstash twn emplekìmenwn plegmatik¸n jèsewn. H sugkekrimènh eÔlogh paradoq ,ma odhge� sta dunamik� V ′, J ′,V ′,J ′ gia allhlepidr�sei metaxÔ pr¸twn geitìnwn kai sta dunamik�

V ′′, J ′′,V ′′,J ′′ gia allhlepidr�sei metaxÔ deÔterwn geitìnwn. Mèsw tou metasqhmatismoÔ Fourier
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ik·Ri, ìpou me B.Z. sumbol�zoume thn 1h z¸nh Brillouin kai N ton arijmì twnjemeli¸dwn kuyel�dwn tou krustallikoÔ plègmato, katal goume sthn akìloujh isodÔnamh morf ston q¸ro twn kumatanusm�twn k
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2.3. JEWR�IA M�ESOU PED�IOU 33me thn pro�pìjesh ìti k1 + k3 = k2 + k4, en¸ eisag�game par�llhla ti mh-anagwg�sime anapara-st�sei th krustallik  om�da summetr�a fs(k).Sth sunèqeia efarmìzoume th Jewr�a Mèsou Ped�ou, ìpou jewroÔme ìti ìla ta dunat� zeÔgh te-lest¸n pou prokÔptoun apì thn allhlep�drash twn tess�rwn fermionik¸n telest¸n, metab�llontaiarg� gÔrw apì ti anamenìmene timè tou. Kat� autìn ton trìpo gr�foume k�je dunatì zeÔgotelest¸n th morf  c†d me ton akìloujo trìpo c†d =< c†d > +
(
c†d− < c†d >

). O pr¸to ìroantistoiqe� sthn anamenomènh tim  tou telest  en¸ o deÔtero sti diakum�nsei gÔrw apì thn aname-nìmenh tim . To epìmeno b ma e�nai na ekfr�soume ta zeÔgh telest¸n pou emfan�zontai sthn èkfrashtwn allhlepidr�sewn me ton prohgoÔmeno trìpo, kai èpeita na agno soume opoiod pote ìro e�nai te-tragwnikì w pro ti diakum�nsei jewr¸nta ton w amelhtèo. SÔmfwna me thn proanaferje�samèjodo, h allhlep�drash twn tess�rwn fermonik¸n telest¸n ston q¸ro twn kumatanusm�twn pouproèkuye apì to parap�nw montèlo epidèqetai tri¸n diaforetik¸n trìpwn diaqwrismoÔ (�kan�lia�)sta pla�sia th Jewr�a Mèsou Ped�ou.
c†k1,αck2,βc

†
k3,γck4,δ ≃

〈
c†k3,γck4,δ

〉
c†k1,αck2,β +

〈
c†k1,αck2,β

〉
c†k3,γck4,δ −

〈
c†k1,αck2,β

〉 〈
c†k3,γck4,δ

〉

−
〈
c†k3,γck2,β

〉
c†k1,αck4,δ −

〈
c†k1,αck4,δ

〉
c†k3,γck2,β +

〈
c†k1,αck4,δ

〉 〈
c†k3,γck2,β

〉

+
〈
c†k1,αc

†
k3,γ

〉
ck4,δck2,β +

〈
ck4,δck2,β

〉
c†k1,αc

†
k3,γ −

〈
c†k1,αc

†
k3,γ

〉 〈
ck4,δck2,β

〉
.(2.5)To teleuta�o kan�li antistoiqe� sto sqhmatismì uperag¸gimwn katast�sewn, to opo�o den jama apasqol sei sto upìloipo th diatrib  kai gia autì to lìgo ja to agno soume. Antijètw,endiaferìmaste gia katast�sei sto kan�li hlektron�ou-op  (< c†c >) oi opo�e e�nai diamorfwmènekat� èna kumat�nusma q. ParathroÔme ìti kai ta dÔo pr¸ta kan�lia suneisfèroun se autè tikatast�sei. Sugkekrimèna, sthn pr¸th per�ptwsh jètoume k1 = k, k2 = k + q, k3 = k′ + q kai

k4 = k′ en¸ sthn deÔterh k1 = k, k2 = k′, k3 = k′ + q kai k4 = k + q. Kai sti dÔo peript¸seiikanopoie�tai h apa�thsh th diat rhsh th orm  k1+k3 = k2+k4. To komm�ti twn allhlepidr�sewnpa�rnei t¸ra th morf 
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,(2.6)ìpou èqoume jèsei
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(
V ′′ − 3J ′′

4

)
2f5(k + k′ + q) , (2.7)

V e(k,k′, q) = −J
′

2
2f1(q) − J ′′

2
2f5(q) +

(
V ′ − J ′

4

)
2f1(k

′ − k) +

(
V ′′ − J ′′

4

)
2f5(k

′ − k)

+

(
V ′ − 3J ′

4

)
2f1(k + k′ + q) +

(
V ′′ − 3J ′′

4

)
2f5(k + k′ + q) . (2.8)Oi de�kte twn dunamik¸n dhl¸noun to e�do th magnhtik  diadikas�a, euje�a �d� (direct)   antal-lag  �e� (exchange) . Se autì to shme�o eis�goume ta bohjhtik� ped�a Φαβ

k,k+q = Φkk+qσ
αβ
0 +Φk,k+q ·
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σαβ =

〈
c†k+q,βck,α

〉 kai (Φαβ
k,k+q

)∗
=
〈
c†k,αck+q,β

〉, ta opo�a ìtan e�nai mh mhdenik� shmatodotoÔn thmet�bash f�sh sto ant�stoiqo kan�li hlektron�ou-op  me kumat�nusma q. Kat� sunèpeia, aut� taped�a katèqoun ton �dio rìlo me ti paramètrou t�xh enì sust mato. M�lista, sti sun jei peri-pt¸sei, ta ped�a aut� e�nai an�loga twn paramètrwn t�xh pou qarakthr�zoun thn �dia met�bash. Sthgenikìterh per�ptwsh, oi par�metroi t�xh e�nai grammiko� sunduasmo� twn bohjhtik¸n ped�wn. Sthsugkekrimènh per�ptwsh èqoume qwr�sei ti magnhtikè apì ti mh magnhtikè katast�sei, eis�gontata ped�a Φk,k+q kai Φk,k+q, pou fèroun spin 0 kai 1 ant�stoiqa. H eisagwg  twn ped�wn aut¸n aplopoe�shmantik� thn allhlep�drash w ex 
Vint = − 1

N

∑

k,k′,q

∑

α,β

{
[2V d(k,k′, q) + V e(k,k′, q)]Φk′,k′+qσ

αβ
0 + V e(k,k′, q)Φk′,k′+q · σαβ

}
c†k,αck+q,β

− 1

N

∑

k,k′,q

∑

α,β

{
[2V d(k′,k, q) + V e(k′,k, q)]Φ∗

k′,k′+qσ
αβ
0 + V e(k′,k, q)Φ∗

k′,k′+q · σαβ
}
c†k+q,αck,β

+
2

N

∑

k,k′,q

{
[2V d(k,k′, q) + V e(k,k′, q)]Φ∗

k,k+qΦk′,k′+q + V e(k,k′, q)Φ∗
k,k+q · Φk′,k′+q

}
. (2.9)'Opw proanafèrame, ta bohjhtik� ped�a e�nai propompo� twn paramètrwn t�xh. 'Etsi loipìn, e�masteètoimoi se autì to shme�o na or�soume ti paramètrou t�xh twn diamorfwmènwn katast�sewn t�xhsto kan�li hlektron�ou op  w

Mq(k) = − 1

N

∑

k′

V s(k′,k, q)Φ∗
k′,k′+q = − 1

2N

∑

k′

∑

α,β

V s(k′,k, q)
〈
c†k′,ασ

αβ
0 ck′+q,β

〉
, (2.10)

M̃q(k) = − 1

N

∑

k′

V s(k,k′, q)Φk′,k′+q = − 1

2N

∑

k′

∑

α,β

V s(k,k′, q)
〈
c†k′+q,ασ

αβ
0 ck′,β

〉
, (2.11)

Mq(k) = − 1

N

∑

k′

V t(k′,k, q)Φ∗
k′,k′+q = − 1

2N

∑

k′

∑

α,β

V t(k′,k, q)
〈
c†k′,ασαβck′+q,β

〉
, (2.12)

M̃q(k) = − 1

N

∑

k′

V t(k,k′, q)Φk′,k′+q = − 1

2N

∑

k′

∑

α,β

V t(k,k′, q)
〈
c†k′+q,ασαβck′,β

〉
, (2.13)ìpou eisag�game ta dunamik� sto mh-magnhtikì (singlet) kai magnhtikì (triplet) kan�li ant�stoiqa

V s(k,k′, q) = 2V d(k,k′, q) +V e(k,k′, q) kai V t(k,k′, q) = V e(k,k′, q). H telik  morf  th Qamil-tonian  Mèsou Ped�ou e�nai
H = −2

∑

k,q

[
Φ∗

k,k+qM̃q(k) + Φ∗
k,k+q · M̃q(k)

]
+
∑

k

∑

α,β

c†k,α

{
[ε(k) − µ]σαβ

0 − µBB · σαβ
}
ck,β

+
∑

k,q

∑

α,β

{
c†k,α

[
M̃q(k)σαβ

0 + M̃q(k) · σαβ
]
ck+q,β + c†k+q,α

[
Mq(k)σαβ

0 + Mq(k) · σαβ
]
ck,β

}
.(2.14)O pr¸to ìro den e�nai par� m�a stajer� pou sqet�zetai me to energeiakì kìsto gia na anaptuqjoÔnoi par�metroi t�xh, en¸ o deÔtero sqet�zetai me ti diegèrsei tou sust mato. Sugkekrimèna, opr¸to ìro apotele� èna e�do pollaplassiast  Lagrange pou kajor�zei e�te thn tim  tou bohjhtikoÔped�ou   thn tim  th paramètrou t�xh. Autì exart�tai apì to e�n elaqistopoi soume thn eleÔjerhenèrgeia w pro thn par�metro t�xh   to bohjhtikì ped�o, ant�stoiqa.



2.4. DIAMORFWM�ENES KATAST�ASEIS T�AXEWS KAT�A Q = (π, π) 352.4 Diamorfwmène katast�sei t�xew kat� Q= (π, π)'Opw èqoume  dh anafèrei ja epikentrwjoÔme se katast�sei me kumat�nusma Q = (π, π), oi opo�ee�nai oi kur�arqe gia to sugkekrimèno mh allhlepidr¸n sÔsthma me energeiak  diaspor� ε(k) =
−2t(cos kx +cos ky). Se aut n thn per�ptwsh, ta dunamik� mporoÔn na grafoÔn sthn akìloujh morf 
V s(k,k′,Q) = 8(V ′ − V ′′)f0(k)f0(k

′) +
∑

s=1,2,3,4

[(
V ′ +

3J ′

4

)
−
(
V ′ − 3J ′

4

)
λÎsλ

t̂
Q

s

]
fs(k)fs(k

′)

+
∑

s=5,6,7,8

[(
V ′′ +

3J ′′

4

)
−
(
V ′′ − 3J ′′

4

)
λÎsλ

t̂
Q

s

]
fs(k)fs(k

′) , (2.15)
V t(k,k′,Q) = 2(J ′ − J ′′)f0(k)f0(k

′) +
∑

s=1,2,3,4

[(
V ′ − J ′

4

)
+

(
V ′ − 3J ′

4

)
λÎsλ

t̂
Q

s

]
fs(k)fs(k

′)

+
∑

s=5,6,7,8

[(
V ′′ − J ′′

4

)
+

(
V ′′ − 3J ′′

4

)
λÎsλ

t̂
Q

s

]
fs(k)fs(k

′) , (2.16)ìpou λÎs kai λt̂
Q

s e�nai oi idiotimè th s-ost  mh anagwg�simh anapar�stash k�tw apì thn dr�sh twnmetasqhmatism¸n summetr�a th qwrik  antistrof  Î kai metatìpish kat� Q, t̂Q. Oi prohgoÔmeneidiotimè lamb�noun ti timè ±1 sth b�sh twn sugkekrimènwn mh anagwg�simwn anaparast�sewn.ParathroÔme akìmh ìti ta dunamik� e�nai diaqwr�sima (separable), diìti mporoÔn na grafoÔn w èna�jroisma ginomènwn th morf  fs(k)fs(k
′). H sugkekrimènh idiìthta èqei �mese epipt¸sei sthsumperifor� twn paramètrwn t�xh. Sugkekrimèna apì ti sqèsei (2.10-2.13) prokÔptoun oi sqèsei

M̃Q(k) = M∗
Q(k) kai M̃Q(k) = M ∗

Q(k). Epiplèon, lìgw tou ìti to kumat�nusma Q = (π, π) e�naisÔmmetro (commensurate), ikanopoi¸nta th sqèsh k +2Q ≡ k, prokÔptoun oi epiprìsjete sqèsei
M∗

Q(k + Q) = − 1

2N

∑

k′

V s(k′ + Q,k + Q,Q)
∑

α,β

〈
c†k′+Q,ασ

αβ
0 ck′,β

〉
= MQ(k) , (2.17)

M ∗
Q(k + Q) = − 1

2N

∑

k′

V t(k′ + Q,k + Q,Q)
∑

α,β

〈
c†k′+Q,ασαβck′,β

〉
= MQ(k) , (2.18)oi opo�e odhgoÔn sto akìloujo apotèlesma λt̂

Q
s M∗

Q(k) = MQ(k) kai λt̂
Q

s M ∗
Q(k) = MQ(k). Oiekfr�sei autè jètoun periorismì sti dunatè mh anagwg�sime anaparast�sei pou mporoÔn nafèroun oi par�metroi t�xh MQ(k) kai MQ(k). Sugkekrimèna, parathroÔme ìti e�n m�a par�metrot�xh e�nai pragmatik  tìte e�nai anagkastik� kai periodik , en¸ to ant�jeto isqÔei gia ti fantastikèparamètrou t�xh. Sunep¸, epeid  gia ti mh anagwg�sime anaparast�sei s = 0, 5, 6, 7, 8 isqÔei

λ
t̂
Q

s = +1, autè sundèontai anagkastik� mìno me pragmatikè paramètrou t�xh, en¸ ant�jeta oianaparast�sei s = 1, 2, 3, 4 sundèontai mìno me fantastikè paramètrou t�xh diìti λt̂
Q

s = −1.Sunep¸, o diaqwrismì se pragmatikè kai fantastikè paramètrou t�xh, isoduname� me diaqwrismìse periodikè kai antiperiodikè mh anagwg�sime anaparast�sei.H Ôparxh th periodikìthta ma epitrèpei, kai par�llhla ma upodeiknÔei, th met�bash sth magnh-tik    anhgmènh z¸nh Brillouin (R.B.Z.), ìpou ta kumatanÔsmata k kai k+Q e�nai anex�rthta. Qwr�-zonta to k�je �jroisma sta k ∈ B.Z. se dÔo epimèrou ajro�smata ∑k =
∑

k +
∑

k+Q, metaba�noumesthn anhgmènh z¸nh Brillouin, dhlad  k ∈ R.B.Z.. Efìson o ant�strofo q¸ro upodiplassi�zetai,ston eujÔ q¸ro èqoume thn dhmiourg�a enì uperplègmato (superlattice) pou qarakthr�zetai apì m�a



36 KEF�ALAIO 2. MH SUMBATIK�A K�UMATA PUKN�OTHTAS FORT�IOU KAI SPINjemeli¸dh kuyel�da me dipl�ssie plegmatikè stajerè kat� thn kateÔjunsh pou or�zei to kumat�nu-sma Q. H met�bash sthn nèa z¸nh, odhge� se diplassiasmì twn suneisfor¸n apì ìlou tou ìrou,d�nonta
H = −2

∑

k

{[
Φ∗

k,k+QM̃Q(k) + Φ∗
k,k+Q · M̃Q(k)

]
+
[
Φ∗

k+Q,kM̃Q(k + Q) + Φ∗
k+Q,k · M̃Q(k + Q)

]}

+
∑

k

∑

α,β

{
c†k,α

{
[ε(k) − µ]σαβ

0 − µBB · σαβ
}
ck,β + c†k+Q,α

{
[ε(k + Q) − µ]σαβ

0 − µBB · σαβ
}
ck+Q,β

}

+2
∑

k

∑

α,β

{
c†k,α

[
M̃Q(k)σαβ

0 + M̃Q(k) · σαβ
]
ck+Q,β + c†k+Q,α

[
MQ(k)σαβ

0 + MQ(k) · σαβ
]
ck,β

}
, (2.19)ìpou k�name qr sh twn eidik¸n sqèsewn pou sundèoun ti paramètrou t�xhM kai M̃ gia q = Q. Hdipl�sia suneisfor� mprost� apì ti paramètrou t�xh, mpore� na aporrofhje�diplasi�zonta to ant�stoiqo energì dunamikì pou ti genn�. Epiplèon, h diaqwr�simhmorf  pou lamb�noun ta dunamik� gia to sugkekrimèno kumat�nusma, den odhge� se anagkastik  m�xhtwn mh anagwg�simwn anaparast�sewn kai gia autì to lìgo e�nai eÔlogo na anaptÔxoume thn k�jepar�metro t�xh san �jroisma twn fs(k) me s = 0, . . . , 8. Jètonta loipìn MQ(k) =

∑
sMQ,sfs(k)kai MQ(k) =

∑
s MQ,sfs(k), kai diaqwr�zonta se pragmatik� kai fantastik� mèrh MQ = Mℜ

Q + iMℑ
Qkai MQ = Mℜ

Q + iMℑ
Q, lamb�noume ti exis¸sei autosunèpeia

Mℜ
Q,s = − 1

(N/2)

∑

k∈R.B.Z.

∑

α,β

(
2V s

Q,s

)
fs(k)

〈
c†k,ασ

αβ
0 ck+Q,β + c†k+Q,ασ

αβ
0 ck,β

〉

4
: s = 0, 5, 6, 7, 8 , (2.20)

Mℑ
Q,s = − 1

(N/2)

∑

k∈R.B.Z.

∑

α,β

(
2V s

Q,s

)
fs(k)

〈
−ic†k,ασ

αβ
0 ck+Q,β + ic†k+Q,ασ

αβ
0 ck,β

〉

4
: s = 1, 2, 3, 4 , (2.21)

Mℜ
Q,s = − 1

(N/2)

∑

k∈R.B.Z.

∑

α,β

(
2V t

Q,s

)
fs(k)

〈
c†k,ασαβck+Q,β + c†k+Q,ασαβck,β

〉

4
: s = 0, 5, 6, 7, 8 , (2.22)

Mℑ
Q,s = − 1

(N/2)

∑

k∈R.B.Z.

∑

α,β

(
2V t

Q,s

)
fs(k)

〈
−ic†k,ασαβck+Q,β + ic†k+Q,ασαβck,β

〉

4
: s = 1, 2, 3, 4 ,(2.23)en¸ par�llhla eisag�game ta energ� dunamik� gia thn k�je mh-anagwg�simh anapar�stash s,

V s
Q,0 = 8(V ′ − V ′′) , V t

Q,0 = 2(J ′ − J ′′) , (2.24)
V s

Q,1,2 =

(
3J ′

4
+ V ′

)
−
(

3J ′

4
− V ′

)
, V t

Q,1,2 =

(
V ′ − J ′

4

)
−
(
V ′ − 3J ′

4

)
, (2.25)

V s
Q,3,4 =

(
3J ′

4
+ V ′

)
+

(
3J ′

4
− V ′

)
, V t

Q,3,4 =

(
V ′ − J ′

4

)
+

(
V ′ − 3J ′

4

)
, (2.26)

V s
Q,5,6 =

(
3J ′′

4
+ V ′′

)
+

(
3J ′′

4
− V ′′

)
, V t

Q,5,6 =

(
V ′′ − J ′′

4

)
+

(
V ′′ − 3J ′′

4

)
, (2.27)

V s
Q,7,8 =

(
3J ′′

4
+ V ′′

)
−
(

3J ′′

4
− V ′′

)
, V t

Q,7,8 =

(
V ′′ − J ′′

4

)
−
(
V ′′ − 3J ′′

4

)
. (2.28)



2.5. KATAST�ASEIS T�AXHS ||Ẑ 372.5 Katast�sei t�xh ||ẑParap�nw katal xame sthn genik  morf  th Qamiltonian  Mèsou Ped�ou. Sto upìloipo th dia-trib  ja epikentrwjoÔme se katast�sei t�xew oi opo�e e�nai e�te mh-magnhtikè,   magnhtikè pouìmw e�nai polwmène mìno kat� thn ẑ dieÔjunsh, thn opo�a apì ed¸ kai sto ex  ja jewr soume wthn katÔjunsh pou kajor�zei o prosanatolismì tou exwterikoÔ magnhtikoÔ ped�ou (B = Bzẑ). Mpo-roÔme eÔkola na de�xoume ìti se aut n thn per�ptwsh o k�je upìqwro spin apotele� èna anex�rthtouposÔsthma. Xekin¸nta kai p�li apì th Qamiltonian  Mèsou Ped�ou, epikentrwnìmaste sto komm�tipou perigr�fei ti monoswmatidiakè diegèrsei, Hqp, kai èqoume
Hqp =

∑

k,σ

c†k,σ

[
+ε(k) − µ− σµBBz

]
ck,σ +

∑

k,σ

c†k+Q,σ

[
−ε(k) − µ− σµBBz

]
ck+Q,σ

+
∑

k,σ

{
c†k,σ

[
MQ(k) + σMz

Q(k)
]∗
ck+Q,σ + c†k+Q,σ

[
MQ(k) + σMz

Q(k)
]
ck,σ

}
, (2.29)ìpou o de�kth σ = ± antistoiqe� sti dÔo dunatè pol¸sei tou hlektronikoÔ spin ↑, ↓, en¸ oiexis¸sei autosunèpeia aplousteÔontai w ex 

Mℜ
Q,s = − 1

(N/2)

∑

k∈R.B.Z.

(
2V s

Q,s

)
fs(k)

∑

σ

〈
c†k,σck+Q,σ + c†k+Q,σck,σ

〉

4
: s = 0, 5, 6, 7, 8 , (2.30)

Mℑ
Q,s = − 1

(N/2)

∑

k∈R.B.Z.

(
2V s

Q,s

)
fs(k)

∑

σ

〈
−ic†k,σck+Q,σ + ic†k+Q,σck,σ

〉

4
: s = 1, 2, 3, 4 , (2.31)

Mz,ℜ
Q,s = − 1

(N/2)

∑

k∈R.B.Z.

(
2V t

Q,s

)
fs(k)

∑

σ

σ

〈
c†k,σck+Q,σ + c†k+Q,σck,σ

〉

4
: s = 0, 5, 6, 7, 8 , (2.32)

Mz,ℑ
Q,s = − 1

(N/2)

∑

k∈R.B.Z.

(
2V t

Q,s

)
fs(k)

∑

σ

σ

〈
−ic†k,σck+Q,σ + ic†k+Q,σck,σ

〉

4
: s = 1, 2, 3, 4 . (2.33)2.6 Metasqhmatismì Bogoliubov − de Gennes kai mono-swmatidiakè diegèrseiEfìson èqoume katal xei sth morf  th Qamiltonian  pou ja ma apasqol sei sto upìloipo th dia-trib  aut , e�nai eÔlogo se autì to shme�o na melet soume perissìtero th idiìthte th ek�stotekat�stash t�xh. Asfal¸ autì mpore� na g�nei analÔonta peraitèrw ti exis¸sei autosunèpeiakaj¸ kai mèsw th melèth twn monoswmatidiak¸n diegèrsewn th jemeli¸dou kat�stash. Giana e�maste se jèsh na exet�soume autè ti idiìthte, ja prèpei na diagwnopoi soume th Qamilto-nian  Mèsou Pèdiou. Autì ja g�nei mèsw tou metasqhmatismoÔ Bogoliubov [203, 205℄, sÔmfwna meton opo�o ja eis�goume èna nèo zeug�ri fermionik¸n telest¸n dhmiourg�a kai katastrof  γk,σ kai

γk+Q,σ, oi opo�oi dhmiourgoÔn kai katastrèfoun monoswmatidiakè diegèrsei. EkteloÔme loipìn tometasqhmatismì
(

ck,σ

ck+Q,σ

)
=

(
uσ(k) −v∗σ(k)
vσ(k) u∗σ(k)

)(
γk,σ

γk+Q,σ

)
, (2.34)



38 KEF�ALAIO 2. MH SUMBATIK�A K�UMATA PUKN�OTHTAS FORT�IOU KAI SPINme apotèlesma h Qamiltonian  Mèsou Ped�ou na lamb�nei th morf 
Hqp =

∑

k,σ=±

(
c†k,σ c†k+Q,σ

)( −µ− σµBBz + ε(k) [MQ(k) + σMz
Q(k)]∗

MQ(k) + σMz
Q(k) −µ − σµBBz − ε(k)

)(
ck,σ

ck+Q,σ

)

=
∑

k,σ=±

(
γ†k,σ γ†k+Q,σ

) ( u∗σ(k) v∗σ(k)
−vσ(k) uσ(k)

)

×
(

−µ − σµBBz + ε(k) [MQ(k) + σMz
Q(k)]∗

MQ(k) + σMz
Q(k) −µ − σµBBz − ε(k)

)(
uσ(k) −v∗σ(k)
vσ(k) u∗σ(k)

)(
γk,σ

γk+Q,σ

)

=
∑

k,σ=±

(
γ†k,σ γ†k+Q,σ

) ( u∗σ(k) v∗σ(k)
−vσ(k) uσ(k)

)(
E+,σ(k)uσ(k) −E−,σ(k)v∗σ(k)
E+,σ(k)vσ(k) E−,σ(k)u∗σ(k)

)(
γk,σ

γk+Q,σ

)

=
∑

k,σ=±

{
E+,σ(k)

[
|uσ(k)|2 + |vσ(k)|2

]
γ†k,σγk,σ + E−,σ(k)

[
|uσ(k)|2 + |vσ(k)|2

]
γ†k+Q,σγk+Q,σ

}

=
∑

k,σ=±

[
E+,σ(k)γ†k,σγk,σ + E−,σ(k)γ†k+Q,σγk+Q,σ

]
. (2.35)Ta stoiqe�a p�naka tou metasqhmatismoÔ ofe�loun na ikanopoioÔn ti exis¸sei Bogoliubov-de Gennes[203, 206℄

(
−µ − σµBBz + ε(k) [MQ(k) + σMz

Q(k)]∗

MQ(k) + σMz
Q(k) −µ− σµBBz − ε(k)

) (
uσ(k)
vσ(k)

)
= E+,σ(k)

(
uσ(k)
vσ(k)

)
, (2.36)

(
−µ− σµBBz + ε(k) [MQ(k) + σMz

Q(k)]∗

MQ(k) + σMz
Q(k) −µ− σµBBz − ε(k)

)(
−v∗σ(k)
u∗σ(k)

)
= E−,σ(k)

(
−v∗σ(k)
u∗σ(k)

)
,(2.37)upì thn epiprìsjeth sunj kh kanonikopo�hsh |uσ(k)|2 + |vσ(k)|2 = 1. Oi parap�nw exis¸sei upago-reÔoun ìti h k�je st lh tou p�naka tou metasqhmatismoÔ, apotele� èna idiodi�nusma th Qamiltonian Mèsou Ped�ou. M�lista, sugkekrimènh morf  pou qrhsimopoi same gia ta idiodianÔsmata aporrèei apìthn sugkekrimènh morf  kai ti summetr�e th parap�nw Qamiltonian . K�tw apì autè ti sunj kebr�skoume ìti

uσ(k) = eiφσ(k)

√√√√Eσ(k) + ε(k)

2Eσ(k)
, vσ(k) = eiθσ(k)

√√√√Eσ(k) − ε(k)

2Eσ(k)
, (2.38)me Eσ(k) =

√
[ε(k)]2 + |MQ(k) + σMz

Q(k)|2 kai Eν,σ(k) = −µ − σµBBz + νEσ(k), ìpou ν = ±.Oi energeiakè diasporè, Eν,σ(k), antistoiqoÔn sti monoswmatidiakè diegèrsei tou sust mato.Prèpei na shmei¸soume ìti oi par�metroi uσ(k) kai vσ(k) èqoun sugkekrimène f�sei, ti opo�eprèpei na prosdior�soume. Gia na to k�noume autì, xekin�me apì thn pr¸th ex�swsh Bogoliubov-de

Gennes kai gr�foume thn par�metro t�xh w MQ(k) + σMz
Q(k) = |MQ(k) + σMz

Q(k)|eiϕσ(k). Sthsunèqeia pa�rnoume to migadikì suzug  aut  th ex�swsh pou ma d�nei

 −µ− σµBBz + ε(k) |MQ(k) + σMz

Q(k)|e+iϕσ(k)

|MQ(k) + σMz
Q(k)|e−iϕσ(k) −µ − σµBBz − ε(k)



(
u∗σ(k)
v∗σ(k)

)
= E+,σ(k)

(
u∗σ(k)
v∗σ(k)

)
. (2.39)



2.7. EXIS�WSEIS AUTOSUN�EPEIAS 39H parap�nw sqèsh ma epitrèpei na susqet�soume to pragmatikì mèro kai to fantastikì twn uσ(k) kai
vσ(k) gia thn sugkekrimènh energeiak  diaspor�. Br�skoume sugkekrimèna ìti θσ(k) = φσ(k)+ϕσ(k).Ja epilèxoume φσ(k) = 0 kai θσ(k) = ϕσ(k). 'Ara katal goume sti sqèsei

uσ(k) =

√√√√Eσ(k) + ε(k)

2Eσ(k)
, vσ(k) = eiϕσ(k)

√√√√Eσ(k) − ε(k)

2Eσ(k)
, (2.40)ìpou isqÔoun oi parak�tw sqèsei

|MQ(k) + σMz
Q(k)| cos[ϕ(k)] = Mℜ

Q(k) + σMz,ℜ
Q (k) , (2.41)

|MQ(k) + σMz
Q(k)| sin[ϕ(k)] = Mℑ

Q(k) + σMz,ℑ
Q (k) . (2.42)2.7 Exis¸sei autosunèpeia'Eqonta upolog�sei ta idiodianÔsmata, mporoÔme eujÔ amèsw na prosdior�soume thn akrib  morf twn exis¸sewn autosunèpeia pou ja ma d¸soun th dunatìthta na embajÔnoume ston antagwnismì,sunÔparxh kai thn epagwg  twn mh Sumbatik¸n Kum�twn Puknìthta. Oi exis¸sei autosunèpeiaperilamb�noun ti anamenìmene timè twn telest¸n c†k,σck+Q,σ kai c†k+Q,σck,σ. Autè oi timè mporoÔnna prosdioristoÔn polÔ eÔkola, metasqhmat�zonta tou telestè c se γ. 'Eqoume loipìn

〈
c†k,σck+Q,σ

〉
=

〈[
u∗σ(k)γ†k,σ − vσ(k)γ†k+Q,σ

] [
vσ(k)γk,σ + u∗σ(k)γk+Q,σ

]〉

= u∗σ(k)vσ(k)
{
nF [E+,σ(k)] − nF [E−,σ(k)]

}
, (2.43)

〈
c†k+Q,σck,σ

〉
=

〈[
v∗σ(k)γ†k,σ + uσ(k)γ†k+Q,σ

] [
uσ(k)γk,σ − v∗σ(k)γk+Q,σ

]〉

= uσ(k)v∗σ(k)
{
nF [E+,σ(k)] − nF [E−,σ(k)]

}
. (2.44)Kat� sunèpeia, antikajist¸nta ta uσ(k) kai vσ(k) prokÔptounta akìlouja apotelèsmata

〈
c†k,σck+Q,σ + c†k+Q,σck,σ

〉
=

[
u∗σ(k)vσ(k) + uσ(k)v∗σ(k)

] {
nF [E+,σ(k)] − nF [E−,σ(k)]

}

=
Mℜ

Q(k) + σMz,ℜ
Q (k)

Eσ(k)

{
nF [E+,σ(k)] − nF [E−,σ(k)]

}
, (2.45)

〈
−ic†k,σck+Q,σ + ic†k+Q,σck,σ

〉
=

[
−iu∗σ(k)vσ(k) + iuσ(k)v∗σ(k)

] {
nF [E+,σ(k)] − nF [E−,σ(k)]

}

=
Mℑ

Q(k) + σMz,ℑ
Q (k)

Eσ(k)

{
nF [E+,σ(k)] − nF [E−,σ(k)]

}
. (2.46)Oi exis¸sei autosunèpeia pa�rnoun thn genik  morf 

Mℜ
Q,s =

V s
Q,s

(N/2)

∑

k,σ,b

fs(k)fb(k)
nF [E−,σ(k)] − nF [E+,σ(k)]

2Eσ(k)

(
Mℜ

Q,b + σMz,ℜ
Q,b

)
: s, b = 0, 5, 6, 7, 8 , (2.47)

Mℑ
Q,s =

V s
Q,s

(N/2)

∑

k,σ,b

fs(k)fb(k)
nF [E−,σ(k)] − nF [E+,σ(k)]

2Eσ(k)

(
Mℑ

Q,b + σMz,ℑ
Q,b

)
: s, b = 1, 2, 3, 4 , (2.48)

Mz,ℜ
Q,s =

V t
Q,s

(N/2)

∑

k,σ,b

fs(k)fb(k)
nF [E−,σ(k)] − nF [E+,σ(k)]

2Eσ(k)

(
Mz,ℜ

Q,b + σMℜ
Q,b

)
: s, b = 0, 5, 6, 7, 8 , (2.49)

Mz,ℑ
Q,s =

V t
Q,s

(N/2)

∑

k,σ,b

fs(k)fb(k)
nF [E−,σ(k)] − nF [E+,σ(k)]

2Eσ(k)

(
Mz,ℑ

Q,b + σMℑ
Q,b

)
: s, b = 1, 2, 3, 4 . (2.50)



40 KEF�ALAIO 2. MH SUMBATIK�A K�UMATA PUKN�OTHTAS FORT�IOU KAI SPINìpou k ∈ R.B.Z.. ParathroÔme ìti h k�je par�metro t�xh ephre�zetai kai ephre�zei èna sÔnolo�llwn magnhtik¸n kai mh, katast�sewn t�xh.2.7.1 Per�ptwsh mhdenikoÔ qhmikoÔ dunamikoÔ kai magnhtikoÔ pe-d�ou Zeeman - Sen�rio van HoveH pio apl  per�ptwsh all� polÔ shmantik  tautìqrona, e�nai aut  ìpou to mh allhlepidr¸n sÔsthmaparousi�zei tèleia sunarmog  me kumat�nusma Q = (π, π). Gia k�je k up�rqei èna k + Q me ant�jethenèrgeia. O kinhtikì ìro ε(k) = −2t (cos kx + cos ky) odhge� se apeirismì th puknìthta twnenergeiak¸n katast�sewn se èna pl jo shme�wn, sta opo�a perilamb�nontai ta (±π, 0) kai (0,±π).Ta shme�a sta opo�a apokl�nei h puknìthta twn energeiak¸n katast�sewn onom�zontai shme�a van
Hove [207℄. Ta shme�a aut� diadramat�zoun shmantikì rìlo sth sumperifor� tou sust mato ìtanapoteloÔn shme�a th epif�neia Fermi. Sugkekrimèna, e�nai aut� kai mìno aut� pou kajor�zoun ìleti idiìthte tou sust mato. Sthn per�ptwsh loipìn pou exet�zoume isqÔoun akrib¸ oi pro�pojèseitou senar�ou van Hove [33℄.To sÔsthma loipìn antiproswpeÔetai mìno apì ta tèssera proanaferjènta shme�a. E�nai eÔkolona doÔme ìti ta shme�a (π, 0) kai (−π, 0), ìpw ant�stoiqa ta shme�a (0, π) kai (0,−π), sundèontaimetaxÔ tou me dianÔsmata tou antistrìfou plègmato, apotel¸nta ousiastik� èna monadikì shme�o.Lìgw tou ìti aut� ta shme�a sundèontai par�llhla me to metasqhmatismì anakl�sh kat� tou�xone, katal goume sto ìti oi dunatè par�metroi t�xh ofe�loun na e�nai �rtie k�tw apì autìn tonmetasqhmatismì. Autì o periorismì, apokle�ei amèsw thn dunatìthta emf�nish katast�sewnt�xh me mh-anagwg�sime anaparast�sei fs(k), ìpou s = 3, 4, 6, 7, 8, w ti kur�arqe katast�seit�xh. Apì ta tèssera shme�a, dÔo e�nai anex�rthta, èstw ta (0,−π) kai (π, 0). Aut� sundèontai meto metasqhmatismì t̂Q kai den up�rqei apa�thsh na e�nai isodÔnama.Paramènoun pènte mh-anagwg�sime anaparast�sei. Autè e�nai oi f0(k) = 1, f1(k) = cos kx +
cos ky, f2(k) = cos kx − cos ky, kai f5(k) = cos kx cos ky. Apì ti parap�nw, mporoÔme na doÔme ìtih anaparast�sh s = 1 mhden�zetai akrib¸ sta shme�a van Hove kai �ra apokle�etai. To poi� ana-par�stash ja epikrat sei apì ti trei enapome�nouse den e�nai tìso profanè. To telikì krit rioja basiste� sto poi� e�nai pio oikonomik . P�nw sta shme�a van Hove kai oi trei e�nai isodÔname,all� den or�zontai mìno se aut� ta shme�a. O sqhmatismì mia paramètrou t�xh kost�zei enèrgeia, hopo�a kajor�zei thn kr�simh jermokras�a met�bash se aut , kai aut  proèrqetai apì th suneisfor�ìlwn twn shme�wn th z¸nh Brillouin. 'Etsi loipìn, ta upìloipa shme�a tou antistrìfou q¸rou jakajor�soun thn epikratoÔsa anapar�stash, me b�sh tou pìso energeiakì q�sma dapan�tai �skopa giaaut�. Gia na g�nei perissìtero katanoht  h parap�nw diatÔpwsh, mporoÔme na doÔme ìti h anapar�sta-sh f0(k) = 1 e�nai isotropik  kai dhmiourge� to �dio q�sma se ìla ta shme�a tou antistrìfou q¸rou.'Etsi loipìn, pèra apì ta shme�a van Hove, dapan�tai enèrgeia gia na sqhmatiste� energeiakì q�smase shme�a me amelhtèo arijmì energeiak¸n katast�ewn. Autì fusik� den sumfèrei kajìlou to sÔ-sthma. H anisotropik  katanom  th puknìthta katast�sewn eunoe� anisotropikè mh-anagwg�simeanaparast�sei. S�goura loipìn mporoÔme na aporr�youme thn isotropik  me b�sh autì to krit rio.Apomènoun loipìn dÔo dunatè anaparast�sei. Apì autè, m�a ja e�nai h kur�arqh en¸ bèbaia,den ja èprepe na apokle�sei kane� kai thn sunÔparxh aut¸n twn dÔo. E�nai eÔlogo na anarwthje�kane� e�n h kat�stash sunÔparxh mpore� na apotelèsei èna Topologikì KÔma Puknìthta, all� hap�nthsh e�nai arnhtik , ìpw ja mporèsoume na diapist¸soume se epìmeno kef�laio. H anapar�stash
f2(k) = cos kx − cos ky e�nai fantastik  en¸ h f5(k) = cos kx cos ky pragmatik  lìgw periodikìthta.Apì ti exis¸sei autosunèpeia, parathroÔme ìti den mpore� na g�nei m�xh twn dÔo aut¸n anaparast�-sewn kai o antagwnismì tou kr�netai pr�gmati sto ep�pedo tou energeiakoÔ ofèlou. Parìlo pou



2.7. EXIS�WSEIS AUTOSUN�EPEIAS 41kai oi dÔo mh-anagwg�sime anaparast�sei e�nai anisotropikè, h cos kx cos ky e�nai h pio isotropik ,afoÔ an kei oÔtw   �llw sthn anapar�stash A1g th krustallik  om�da summetr�a D4h pou qa-rakthr�zei to sÔsthma. Katal goume loipìn ìti akìma kai se aut n thn per�ptwsh, h dx2−y2 e�nai h piosumfèrousa. Bèbaia, den èqoume k�nei kanènan lìgo sqetik� me ta dunamik� pou kai aut� kajor�zounthn èkbash tou apotelèsmato. Apì th skopi� twn energ¸n dunamik¸n pou eunooÔn ti dÔo autèanaparast�sei, ta V s,t
Q,5 proèrqontai apì allhlepidr�sei deÔterwn plhsièsterwn geitìnwn oi opo�eanamènontai asjenèstere, se sqèsh me ti ant�stoiqe pou suneisfèroun sta dunamik� V s,t

Q,2. 'Etsiloipìn, kai apì thn �poyh th sqetik  isqÔo twn allhlepidr�sewn, apì ti dÔo mh-anisotropikèanaparast�sei epikrate� h dx2−y2 . To gegonì, bèbaia ìti h sugkekrimènh anapar�stash e�nai epikra-toÔsa, epibebai¸netai kai upologistik�.To gegonì ìti h sugkekrimènh anapar�stash e�nai epikratoÔsa, den kajor�zei e�n h kat�stashja e�nai magnhtik    ìqi. Oi exis¸sei autosunèpeia se aut n thn per�ptwsh gr�fontai w ex 
MQ,2 =

V s
Q,2

(N/2)

∑

k,σ

[f2(k)]2
nF [E−,σ(k)] − nF [E+,σ(k)]

2Eσ(k)
MQ,2 , (2.51)

Mz
Q,2 =

V t
Q,2

(N/2)

∑

k,σ

[f2(k)]2
nF [E−,σ(k)] − nF [E+,σ(k)]

2Eσ(k)
Mz

Q,2 . (2.52)E�n jèsoume ton Ôpo �jroish ìro w I2 (MQ,2,M
z
Q,2

), lamb�noume thn apl  morf 
[
1 − I2

(
MQ,2,M

z
Q,2

)
V s

Q,2

]
MQ,2 = 0 , (2.53)

[
1 − I2

(
MQ,2,M

z
Q,2

)
V t

Q,2

]
Mz

Q,2 = 0 . (2.54)ParathroÔme ìti gia V s
Q,2 = V t

Q,2 èqoume m�a eidik  per�ptwsh ìpou e�n mhden�zetai h agkÔlh, mporoÔnna sunup�rqoun tautìqrona kai oi dÔo par�metroi t�xh. M�lista, lìgw th analloiìthta twn ener-geiak¸n diaspor¸n Eσ(k) =

√
[ε(k)]2 + f 2

2 (k)
(
MQ,2 + σMz

Q,2

)2, kat� thn antallag  MQ,2 ↔ Mz
Q,2,prokÔptei ìti anagkastik� MQ,2 = Mz

Q,2. Sunep¸, to shme�o autì apotele� èna shme�o ekfulismoÔ.E�n diaforopoihjoÔn ìmw ta energ� dunamik� allhlep�drash, tìte e�n ikanopoie�tai m�a apì ti dÔoagkÔle, anagkastik� den ja ikanopoie�tai h �llh. Autì shma�nei ìti h par�metro t�xh gia thn opo�amhden�zetai h agkÔlh e�nai peperasmènh, en¸ aut  gia thn opo�a den ikanopoie�tai h agkÔlh anagkastik�ja e�nai mhdenik . ParathroÔme loipìn, ìti sunart sei th diafor� twn dunamik¸n lamb�nei q¸ra m�aasuneq  met�bash apì th m�a f�sh sthn �llh, d�qw na epitrèpetai h sunÔparxh twn dÔo katast�-sewn, pèran th eidik  per�ptwsh tou ekfulismoÔ twn dunamik¸n. Katal goume loipìn, ìtih kur�arqh mh-anagwg�simh anapar�stash e�nai h dx2−y2 kai mpore� na e�nai e�temon�qa magnhtik    mon�qa mh-magnhtik .2.7.2 Per�ptwsh peperasmènou qhmikoÔ dunamikoÔE�n jewr soume thn Ôparxh peperasmènou qhmikoÔ dunamikoÔ, den perimènoume na all�xoun rizik� taparap�nw apotelèsmata, efìson h puknìthta energeiak¸n katast�sewn e�nai entopismènh sta shme�a
van Hove. Ja xekin soume apì thn ex�swsh autosunèpeia gia th mh-magnhtik  kat�stash me mh-anagwg�simh anapar�stash dx2−y2

MQ,2 =
V s

Q,2

(N/2)

∑

k,σ,b

f2(k)fb(k)
nF [E−,σ(k)] − nF [E+,σ(k)]

2Eσ(k)
MQ,b , (2.55)
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≃ V s

Q,2

(N/2)

∑

k,σ,b

f2(k)fb(k)

{
nF [E−,σ(k)] − nF [E+,σ(k)]

2Eσ(k)
− µ

n′
F [E−,σ(k)] − n′

F [E+,σ(k)]

2Eσ(k)

}
MQ,b ,(2.56)ìpou oi par�gwgoi th sun�rthsh Fermi-Dirac kai oi sunart sei Fermi-Dirac upolog�zontai giamhdenikì qhmikì dunamikì. Sthn ous�a grammikopoioÔme w pro to qhmikì dunamikì. 'Opw e�dameprohgoumènw, h sugkekrimènh anapar�stash e�nai h kur�arqh gia mhdenikì qhmikì dunamikì kai gi' autìmporoÔme na jewr soume ìti opoiad pote epiprìsjeth suneisfor� apì to qhmikì dunamikì odhge� sem�xh me �lle mh-anagwg�sime anaparast�sei. Jewr¸nta ep�sh to ìrio twn qamhl¸n jermokrasi¸n,prokÔptei

MQ,2 ≃ V s
Q,2

(N/2)

∑

k,σ,b

f2(k)fb(k)
δb,2 + µδ[−Eσ(k)]

2Eσ(k)
MQ,b . (2.57)ParathroÔme ìti lìgw th sun�rthsh δ[−Eσ(k)] to �jroisma perior�zetai sta shme�a (±π

2
,±π

2
). Kat�sunèpeia, e�n g�netai m�xh me k�poia apì ti dunatè anaparast�sei b = 1, 3, 4, ja kajoriste� apì taginìmena f2(k)fb(k) se aut� ta shme�a. Lìgw tou ìti anapar�stash mhden�zetai se aut� ta shme�a,den up�rqei m�xh me �lle anaparast�sei gia �mikrè � timè tou qhmikoÔ dunamikoÔ.2.7.3 Per�ptwsh peperasmènou magnhtikoÔ ped�ou ZeemanAkolouj¸nta parìmoia b mata me ta parap�nw, ja melet soume thn ep�drash enì ped�ou Zeemansthn ex�swsh autosunèpeia twn magnhtik¸n kai mh katast�sewn dx2−y2 , ìpou ja agno soume thnopoiad pote an�mixh �llwn anaparast�sewn kai ja qrhsimopoi soume to ìrio twn qamhl¸n jermokra-si¸n. 'Eqoume loipìn,

MQ,2 =
V s

Q,2

(N/2)

∑

k,σ

[fs(k)]2
MQ,2 + µBBzM

z
Q,2δ[E−,σ(k)]

2Eσ(k)
, (2.58)

Mz
Q,2 =

V t
Q,2

(N/2)

∑

k,σ

[fs(k)]2
Mz

Q,2 + µBBzMQ,2δ[E−,σ(k)]

2Eσ(k)
. (2.59)Ant�stoiqa me prohgoÔmenh par�grafo, mporoÔme na aplopoi soume to parap�nw sÔsthma, eis�gontata ajro�smata I2 kai Iz

2 pou exart¸ntai fusik� apì ti paramètrou t�xh. To sÔsthma pa�rnei thmorf 
(

1

V s
Q,2

− I2

)
MQ,2 − µBBzI

z
2M

z
Q,2 = 0 , (2.60)

−µBBzI
z
2MQ,2 +

(
1

V t
Q,2

− I2

)
Mz

Q,2 = 0 . (2.61)E�n, apous�a ped�ou, jewr soume ìti e�qe sqhmatiste� h mh-magnhtik  kat�stashMQ,2, tìte mporoÔmena agno soume th sÔzeuxh me th magnhtik  par�metro t�xh sthn pr¸th ex�swsh, kai kat� sunèpeiaja prèpei na isqÔei I2 = 1
V s

Q,2

. Apì thn deÔterh ex�swsh prokÔptei ìti h magnhtik  kat�stash,anagkastik� ep�getai apì th mh-magnhtik  [208, 209, 210, 211℄ kai èqei thn akìloujh tim 
Mz

Q,2 =
V s

Q,2V
t
Q,2I

z
2

V s
Q,2 − V t

Q,2

µBBzMQ,2 . (2.62)



2.7. EXIS�WSEIS AUTOSUN�EPEIAS 43E�n jewr soume ìti V s
Q,2 >> V t

Q,2, tìte Mz
Q,2 = V t

Q,2I
z
2µBBzMQ,2 kai to mègejo th paramètrout�xh prosdior�zetai kat� kÔrio lìgo apì to �jroisma Iz

2 . 'Opw kai sthn per�ptwsh tou qhmikoÔ du-namikoÔ, ètsi kai ed¸ to Iz
2 upolog�zetai sta shme�a Fermi, ìpou gnwr�zoume ìti h dx2−y2 anapar�stashmhden�zetai. Kat� sunèpeia kai se aut n thn per�ptwsh den up�rqei epagwg  k�poia kat�stash giamikr� magnhtik� ped�a.2.7.4 Dhmiourg�a energeiakoÔ q�smato se ìlh th z¸nh Brillouin'Eqonta dhmiourg sei èna mh Sumbatikì KÔma Puknìthta tÔpou dx2−y2 , èqoume katafèrei na dh-miourg soume q�sma se ìla ta shme�a th z¸nh Brillouin, ektì apì ta shme�a Fermi. E�nai loipìnto sÔsthma na jèlei na dhmiourg sei èna q�sma kai se aut� ta shme�a, fusik� ìmw qwr� na spa-tal sei poll  enèrgeia, mia kai aut� ta shme�a qarakthr�zontai apì polÔ mikr  puknìthta energeia-k¸n katast�sewn. Oi anaparast�sei pou den mhden�zontai se aut� ta shme�a, e�nai oi f0(k) = 1,

f3(k) = sin kx + sin ky, f4(k) = sin kx − sin ky kai f6(k) = 2 sin kx sin ky. Parìlo pou up�rqountèsserei dunatè peript¸sei, oi mh-anagwg�sime anaparast�sei f3,4(k) e�nai perittè k�tw apì tometasqhmatismì k → k+Q, me apotèlesma na metatop�zoun ta shme�a Fermi kai ìqi na ta exale�foun.Katal goume loipìn sthn isotropik  kai thn dxy. 'Opw  dh anafèrame, to sÔsthma ja protim sei naanaptÔxei thn par�metro t�xh h opo�a ja e�nai pio oikonomik . Par�ol' aut�, lìgw tou ìti ta idi�zontashme�a van Hove èqoun energeiakì q�sma pou dhmiourge�tai apì thn dx2−y2 , e�nai pio eÔkolo na broÔ-me lÔsei pou na ikanopoioÔn ta krit ria se sqèsh me ti prohgoÔmene peript¸sei pou exet�same.Sunep¸ oi dÔo katast�sei s+ idx2−y2 kai dxy + idx2−y2 , apoteloÔn pijanè jemeli¸dei katast�seitou sugkekrimènou montèlou. Par�ol' aut�, mìno h deÔterh per�ptwsh antistoiqe� sem�a topologik  kat�stash. Fusik� den prèpei na xeqn�me ìti èqoume  dh perioriste� mìno sekÔmata puknìthta, agno¸nta �lle pijanè katast�sei t�xew. E�nai loipìn skìpimo mellontik�na analuje� to di�gramma f�sh sumperilamb�nonta kai �lle katast�sei t�xew.Prèpei na shmei¸soume ìti sta pla�sia tou senar�ou van Hove, h dxy  tan lìgw summetr�a adÔnatona emfaniste�. Autì ìmw aforoÔse thn per�ptwsh ìpou ja  tan h monadik  kur�arqh kat�stash t�xh.Autì anaire�tai parous�a th dx2−y2 . 'Etsi h �mhdenik � kr�simh jermokras�a pou ja e�qe h par�metrot�xh dxy, e�n emfanizìtan mình th, g�netai peperasmènh ìtan sqhmat�zetai h dx2−y2 . Fusik�, hkr�simh jermokras�a th dxy paramènei saf¸ mikrìterh th kr�simh jermokras�a th epikratoÔsaparamètrou t�xh dx2−y2 . Sugkekrimèna h ex�swsh autosunèpeia g�netai,
1

V s,t
Q,6

=
1

(N/2)

∑

k∈R.B.Z.

∑

σ

[f6(k)]2
nF [E−,σ(k)] − nF [E+,σ(k)]

2Eσ(k)
, (2.63)ìpou èqoume jèsei thn dxy par�metro t�xh �sh me mhdèn kai èqoume krat sei thn idx2−y2 peperasmènh.Fusik�, ennoe�tai pw h deÔterh par�metro t�xh èqei arqik� upologisje� autosunep¸ qwr� nasumperilamb�noume thn ep�drash th dxy se aut n. Sthn per�ptws  ma, aut  e�nai m�a kal  prosèggish.H par�metro t�xh dx2−y2 exart�tai apì thn jermokras�a kai bèbaia to energì dunamikì apì to opo�opro lje. Epeid  anamènoume ìmw na e�nai polÔ megalÔterh th dxy kai h deÔterh na emfan�zetai sekr�simh jermokras�a kat� polÔ mikrìterh th pr¸th, mporoÔme na jewr soume ìti h par�metrot�xh e�nai anex�rthth th jermokras�a, giat� perioq  ìpou up�rqei h dxy. Me autè ti prosegg�seimporoÔme na doÔme p¸ metab�lletai h epidektikìthta (to dex� mèlo th ex�swsh) kai kat� sunèpeiah kr�simh jermokras�a th dxy kaj¸ metab�lletai h par�metro t�xh th idx2−y2 . Se qamhlèjermokras�e mporoÔme na jewr soume nF [E−,σ(k)] = 1 kai nF [E+,σ(k)] = 0. Epiplèon gnwr�zoumeìti up�rqoun 4 shme�a Fermi pou lìgw tou ìti e�maste sthn anhgmènh z¸nh Brillouin, e�nai an� dÔoanex�rthta. MporoÔme na perioristoÔme se èna shme�o Fermi ìpou h energeiak  diaspor� e�nai grammik 



44 KEF�ALAIO 2. MH SUMBATIK�A K�UMATA PUKN�OTHTAS FORT�IOU KAI SPINgÔrw apì aut n. 'Etsi loipìn Eσ(k) = cκ, me κ to mètro tou kumatanÔsmato gÔrw apì to shme�o
Fermi. H parap�nw ex�swsh, xanagr�fetai upì autè ti prosegg�sei w

1

V s,t
Q,6

=
2K

c
, (2.64)ìpou eisag�game to kat¸fli kumatanÔsmato K. H taqÔthta c e�nai aut  pou perièqei to mètro thparamètrou t�xh dx2−y2 kai sugkekrimèna isqÔei c =
√

2d
x2−y2

t
+ t√

2d
x2−y2

.2.7.5 Di�gramma f�sh Topologik¸n Kum�twn Puknìthta For-t�ou kai SpinApì thn parap�nw melèth, èqoume  dh epishm�nei, ìti oi katast�sei ìpou sunup�rqoun oi anapa-rast�sei dxy kai dx2−y2 e�nai topologikè, m�a ènnoia thn opo�a skopeÔoume na diasafhn�soume stoepìmeno kef�laio. 'Etsi loipìn up�rqoun tèsseri dunatè topologikè katast�sei mh Sumbatik¸nmagnhtik¸n   mh Kum�twn Puknìthta, pou ja parist�noume w ex 
• dxy + idx2−y2 : V s

Q,6 =
(

3J ′′

4
+ V ′′

)
+
(

3J ′′

4
− V ′′

), V s
Q,2 =

(
3J ′

4
+ V ′

)
−
(

3J ′

4
− V ′

) ,
• dxy + idz

x2−y2 : V s
Q,6 =

(
3J ′′

4
+ V ′′

)
+
(

3J ′′

4
− V ′′

), V t
Q,2 =

(
V ′ − J ′

4

)
−
(
V ′ − 3J ′

4

) ,
• dz

xy + idx2−y2 : V t
Q,6 =

(
V ′′ − J ′′

4

)
+
(
V ′′ − 3J ′′

4

) , V s
Q,2 =

(
3J ′

4
+ V ′

)
−
(

3J ′

4
− V ′

) ,
• dz

xy + idz
x2−y2 : V t

Q,6 =
(
V ′′ − J ′′

4

)
+
(
V ′′ − 3J ′′

4

) , V t
Q,2 =

(
V ′ − J ′

4

)
−
(
V ′ − 3J ′

4

) .Me ton p�nw de�kth z, diakr�noume ti magnhtikè katast�sei. SÔmfwna me ti prohgoÔmene paragr�-fou, anamènoume ti par�metrou t�xh me anapar�stash dx2−y2 na e�nai kur�arqe kai oi par�metroit�xh me anapar�stash dxy na upole�pontai shmantik�. Par�ol' aut� oi topologikè idiìthte denexart¸ntai apì ta megèjh ki ètsi to shmantikì e�nai o sqhmatismì th sunup�rqousa kat�stashme opoiod pote sunduasmì tim¸n. Kai se aut n thn per�ptwsh, isqÔei ìti oi magnhtikè kai oi mhmagnhtikè katast�sei th �dia anapar�stash den mporoÔn na sunup�rqoun. 'Etsi loipìn, me b�shta parap�nw dunamik�, e�nai eÔkolo na ex�goume to di�gramma f�sh sunart sei twn dunamik¸n gia taTopologik� KÔmata Puknìthta. Ja melet soume xeqwrist� ti anaparast�sei dx2−y2 kai dxy afoÔta dunamik� tou e�nai diaforetik� kai autè anex�rthte.Xekin¸nta apì ti magnhtikè kai mh katast�sei me mh-anagwg�simh anapar�stash dx2−y2 , para-throÔme ìti to dunamik� mporoÔn na grafoÔn pio bolik�
V s

Q,2 =

(
V ′ − J ′

4

)
+

(
V ′ − 3J ′

4

)
+ J ′ , (2.65)

V t
Q,2 =

(
V ′ − J ′

4

)
−
(
V ′ − 3J ′

4

)
. (2.66)SÔmfwna me th sÔmbash tou dunamikoÔ pou èqoume or�sei, to jetikì dunamikì eunoe� ton sqhmatismìth kat�stash. ParathroÔme ìti o antagwnismì twn dÔo aut¸n katast�sewn kajor�zetai mon�qa apìtou ìrou J ′ kai V ′− 3J ′

4
. M�lista parathroÔme ìti oi ìroi pou prokÔptoun apì th metaphdhsh zeug¸n

Cooper se kontinìterou ge�tone e�nai p�ntote kÔrioi rujmistè tou poia kat�stash ja epiblhje�,diìti èqoun ant�jeto prìshmo. O antagwnismì twn dÔo katast�sewn kajor�zetai apì th sqetik 
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Q,2 − V t

Q,2 =
(
2V ′ − 3J ′

2

)
+ J ′. Jewr¸nta ìti ta dunamik� V ′ − J ′

4
e�nai tètoia ¸ste naepitrèpoun thn emf�nish kai twn dÔo katast�sewn, ja uperter sei aut  me to megalÔtero dunamikì.'Etsi loipìn, up�rqei m�a gramm  ekfulismoÔ   summetr�a sto di�gramma f�sh twn dunamik¸n meex�swsh (2V ′ − 3J ′

2

)
+ J ′ = 0, h opo�a apotele� oriak  per�ptwsh kai sthn opo�a sunup�rqoun kai oidÔo me �so mègejo. P�nw apì aut n th gramm  sqhmat�zetai h mh magnhtik  kat�stash kai k�tw apìaut n, h magnhtik .ProqwroÔme t¸ra sthn anapar�stash dxy. Ki ed¸ ta dunamik� mporoÔn grafoÔn me ton akìloujodiafwtistikì trìpo

V s
Q,6 =

(
V ′′ − J ′′

4

)
−
(
V ′′ − 3J ′′

4

)
+ J ′′ , (2.67)

V t
Q,6 =

(
V ′′ − J ′′

4

)
+

(
V ′′ − 3J ′′

4

)
. (2.68)ìpou h mình allag  pou parathroÔme e�nai ston ant�jeto rìlo pou pa�zoun ta dunamik� V ′′,J ′′. Ta �diaakrib¸ epiqeir mata isqÔoun kai se aut n thn per�ptwsh. H gramm  ekfulismoÔ parousi�zetai gia

−
(
2V ′′ − 3J ′′

2

)
+J ′′ = 0. Lìgw twn saf¸ kajorismènwn perioq¸n sqhmatism¸n twn mh-anagwg�simwnanaparast�sewn mporoÔme eÔkola na epilèxoume ta dunamik� gia ton sqhmatismì th epijumht  ka-t�stash.2.8 Kumatosun�rthsh th jemeli¸dou kat�stashSto prohgoÔmeno upokef�laio, prosdior�same ta dunat� Topologik� KÔmata Puknìthta Fort�ou kaiSpin, pou mporoÔn na prokÔyoun me shme�o ekk�nhsh to sugkekrimèno ektetamèno montèlo Hubbard.Se autì to mèro ja exet�soume ta qarakthristik� th kumatosun�rthsh twn poll¸n swmatid�wnpou prokÔptei kat� to sqhmatismì aut¸n twn topologik¸n katast�sewn. Prohgoumènw br kameìti gia k�je probol  tou spin, σ, h Qamiltonian  èqei dÔo idiokatast�sei me energeiakè diasporè

Eν,σ(k) ìpou ν = ±. Oi telestè katastrof  aut¸n twn katast�sewn, mporoÔn na ekfrastoÔn wsun�rthsh twn arqik¸n hlektronik¸n telest¸n dhmiourg�a kai katastrof  me ton akìloujo trìpo
(

γk,σ

γk+Q,σ

)
=

(
u∗σ(k) v∗σ(k)

−vσ(k) uσ(k)

)(
ck,σ

ck+Q,σ

)
. (2.69)Gia ta k ta opo�a Eν,σ(k) > 0 oi telestè γk,σ kai γk+Q,σ ja prèpei na d�noun to mhdenikì stoiqe�o touq¸rou Hilbert ìtan droun sth jemeli¸dh kat�stash |gs〉. Dhlad  γk,σ |gs〉 = 0 kai γk+Q,σ |gs〉 = 0,epeid  autè oi jèsei den e�nai kateilhmmène. Ant�jeta, an Eν,σ(k) < 0 tìte autè oi jèsei e�naikateilhmmène kai ja prèpei na isqÔei γ†k,σ |gs〉 = 0 kai γ†k+Q,σ |gs〉 = 0. E�n Eν,σ(k) = 0 tìtemporoÔme na dhmiourg soume   na katastrèyoume k�poio swmat�dio qwr� kìsto, opìte e�te o telest dhmiourg�a   o telest  katastrof , d�nei mhdèn ìtan dra sth jemeli¸dh kat�stash.Lìgw tou ìti oi par�metroi t�xh twn Topologik¸n Kum�twn Puknìthta pou exet�zoume denperilamb�noun thn isotropik  f0(k) = 1 anapar�stash, emfan�zoun p�ntote dÔo shme�a mhdenismoÔgia k�je probol  tou spin. Aut� e�nai ta k = 0 kai k = (2π, 2π), diìti se aut� oi anaparast�sei

f2(k) = cos kx − cos ky kai f6(k) = 2 sin kx sin ky mhden�zontai tautìqrona. Par' ìl' aut�, epeid  tadÔo aut� shme�a diafèroun kat� èna di�nusma tou antistrìfou plègmato, den e�nai anex�rthta, meapotèlesma na mporoÔme na krat soume to èna apì aut�. 'Estw lopìn ìti krat�me to k = 0. Efìsonse autì to shme�o h par�metro t�xh e�nai mhdèn, to hlektrìnio pou or�zetai se autì to shme�o den



46 KEF�ALAIO 2. MH SUMBATIK�A K�UMATA PUKN�OTHTAS FORT�IOU KAI SPINsummetèqei ston sqhmatismì th kat�stash t�xh. E�n aut  h kat�stash ja e�nai kateilhmmènh   ìqikajor�zetai apl� apì thn enèrgei� th, pou isoÔtai me ε(0)−µ−σµBBz = −
(
2t+ µ+ σµBBz

). Stipeript¸sei pou exet�zoume, h enèrgeia metap dhsh stou kontinìterou ge�tone t, ja e�nai p�ntamegalÔterh apì thn apìluth tim  |µ+ σµBBz|, ¸ste h kat�stash k = 0 kai gia ti dÔo probolè touspin na e�nai kateilhmmènh.Gia th jemeli¸dh kat�stash [7, 203℄, ja upojèsoume thn morf 
|gs〉 =

∏

k6=0

∏

σ=±

[
Aσ(k) +Bσ(k)c†k,σck+Q,σ + Γσ(k)c†k+Q,σck,σ

]
|FS〉 , (2.70)ìpou k ∈ R.B.Z. kai |FS〉 h jemeli¸dh kat�stash tou eleÔjerou (mh sumpuknwmènou) sust mato.H sugkekrimènh kat�stash prokÔptei apì ti kateilhmmène hlektronikè katast�sei tou sust -mato mèqri thn enègeia Fermi. Me ant�stoiqo trìpo loipìn ck,σ |FS〉 = 0
(
ck+Q,σ |FS〉 = 0

) e�n
ε(k) − µ − σµBBz > 0

(
−ε(k) − µ− σµBBz > 0

)   c†k,σ |FS〉 = 0
(
c†k+Q,σ |FS〉 = 0

) sti ant�jetepeript¸sei. E�n loipìn jewr soume thn per�ptwsh ìpou h monoswmatidiak  kat�stash |k, σ〉 toueleujèrou sust mato e�nai kateilhmmènh tìte c†k,σ |FS〉 = 0 kai tautìqrona h |k + Q, σ〉 e�nai mhkateilhmmènh, tìte ck+Q,σ |FS〉 = 0, h |FS〉 pa�rnei thn akìloujh apl  morf 
|FS〉 =

∏

k∈R.B.Z.,σ

c†k,σ|0 > , (2.71)ìpou sta k sumperil�bame kai to k = 0 pou jewre�tai p�nta m�a kateilhmmènh kat�stash sti peri-pt¸sei pou exet�zoume, en¸ h kat�stash |0 > e�nai h kat�stash tou kenoÔ pou den èqei kam�a mono-swmatidiak  kat�stash kateilhmmènh kai isqÔei ck,σ|0 >= 0 gia k�je k ∈ B.Z.. M�lista, jewr¸ntaìti h k = 0 e�nai kateilhmmènh, e�nai logikì ìti ja èqoume perissìtere kateilhmmène katast�sei kpar� k + Q, lìgw th sunèqeia th energeiak  diaspor�.Epistrèfoume p�li sthn jemeli¸dh kat�stash twn Topologik¸n Kum�twn Puknìthta. Parak�twparajètoume to apotèlesma th dr�sh twn telest¸n γk,σ kai γ†k+Q,σ sthn dokimastik  genik  morf th |gs >
γk,σ |gs〉 =

∏

k′ 6=k6=0

∏

σ=±

[
Aσ(k′) +Bσ(k′)c†k′,σck′+Q,σ + Γσ(k

′)c†k′+Q,σck′,σ

]

×
{[
u∗σ(k)Aσ(k) + v∗σ(k)Γσ(k) − v∗σ(k)Γσ(k)c†k+Q,σck+Q,σ

]
ck,σ

+
[
v∗σ(k)Aσ(k) + u∗σ(k)Bσ(k) − u∗σ(k)Bσ(k)c†k,σck,σ

]
ck+Q,σ

}
|FS〉 , (2.72)

γ†k+Q,σ |gs〉 =
∏

k′ 6=k6=0

∏

σ=±

[
Aσ(k′) +Bσ(k′)c†k′,σck′+Q,σ + Γσ(k

′)c†k′+Q,σck′,σ

]

×
{[
−v∗σ(k)Aσ(k) − u∗σ(k)Bσ(k)c†k+Q,σck+Q,σ

]
c†k,σ

+
[
u∗σ(k)Aσ(k) + v∗σ(k)Γσ(k)c†k,σck,σ

]
c†k+Q,σ

}
|FS〉 . (2.73)E�n t¸ra jewr soume thn per�ptwsh ìpou h kat�stash |k, σ〉 tou mh sumpuknwmènou sust mato e�naikateilhmmènh tìte c†k,σ |FS〉 = 0 kai tautìqrona h |k + Q, σ〉 akat�lupth, tìte ck+Q,σ |FS〉 = 0 kai hjemeli¸dh kat�stash g�netai

|gs〉 =
∏

k6=0

∏

σ=±

[
Aσ(k) + Γσ(k)c†k+Q,σck,σ

]
|FS〉 , (2.74)
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∏

k∈R.B.Z.,σ c
†
k,σ|0 > kai d�nei mhdèn. Epiplèon, otelest  ar�jmhsh c†k+Q,σck+Q,σ dr¸nta sthn |FS > d�nei mhdèn giat� kam�a tètoia jèsh den e�naikateilhmmènh, en¸ ant�jeta c†k,σck,σ|FS >= 1|FS >. Kat' autìn ton trìpo, h dr�sh tou γk,σ sthn

|gs > aplopoe�tai w ex 
γk,σ |gs〉 =

∏

k′ 6=k6=0

∏

σ=±

[
Aσ(k′) + Γσ(k′)c†k′+Q,σck′,σ

] [
u∗σ(k)Aσ(k) + v∗σ(k)Γσ(k)

]
ck,σ |FS〉 . (2.75)Gia na isqÔei γk,σ |gs〉 = 0, ja prèpei na ikanopoihje� h sunj kh u∗σ(k)Aσ(k) + v∗σ(k)Γσ(k) = 0.Epilègoume m�a sugkekrimènh morf  gia ti paramètrou th kumatosun�rthsh kai prokÔptei telik�pw

|gs〉 =
∏

k6=0

∏

σ=±

[
v∗σ(k) − u∗σ(k)c†k+Q,σck,σ

]
|FS〉 . (2.76)H ikanopo�hsh th parap�nw sunj kh odhge� anagkastik� sth sqèsh γ†k+Q,σ |gs〉 = 0, h opo�a dhl¸neiìti h monoswmatidiak  kat�stash |k + Q, σ > e�nai kateilhmmènh.
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3 Topologik� KÔmata PuknìthtaFort�ou kai SpinSto prohgoÔmeno kef�laio, melet same k�poie genikè idiìthte twn mh sumbatik¸n Kum�twn Pu-knìthta fort�ou kai Spin, kaj¸ ep�sh diakr�name ti katast�sei pou anamènetai na kuriarqoÔn stodi�gramma f�sh mh sumbatik¸n uperagwg¸n pou perigr�fontai apì to mikroskopikì ma montèlo.Sugkekrimèna katal xame sto ìti eunoe�tai o sqhmatismì katast�sewn th morf  dxy + idx2−y2 tiopo�e èqoume  dh qarakthr�sei w topologikè, qwr� par�ol' aut� na to analÔsoume se b�jo. Se au-tì to kef�laio, ja d¸soume ton orismì th topologik  kat�stash kai ja anade�xoume ta topologik�qarakthristik� twn upì exètash katast�sewn. Ja stajoÔme sugkekrimèna sthn eisagwg  topologik�anallo�wtwn posot twn kaj¸ kai sth dunatìthta Topologik¸n Kbantik¸n Metab�sewn F�sh stasugkekrimèna sust mata. Tèlo, ja melet soume th sumperifor� aut¸n twn katast�sewn sto sÔnorotou ulikoÔ sto opo�o emfan�zontai, anadeiknÔonta thn Ôparxh fermionik¸n ped�wn mhdenik  enèrgeia(edge modes). H Ôparxh tou topologikoÔ anallo�wtou e�nai shmantik  gia thn eust�jeia aut¸n twnped�wn.3.1 Topologikì anallo�wtoH ènnoia th topologik  kat�stash sundèetai me thn Ôparxh peperasmènwn posot twn oi opo�ekaloÔntai topologik� anallo�wte. Onom�zontai ètsi, diìti den exart¸ntai apì ti leptomèreie thQamiltonian , all� apì mìno apì genik� qarakthristik� ìpw e�nai h di�stash tou qwroqrìnou.Sunep¸, anamènoume na up�rqoun di�fora  dh topologik¸n anallo�wtwn posot twn pou mporoÔmena or�soume an�loga thn per�ptwsh. Sthn dik  ma per�ptwsh o q¸ro èqei dÔo qwrikè diast�seikai mporoÔme na or�soume to topologikì analo�wto mègejo [212℄
Ñ =

1

8π

∫
dkxdky εijεlmnĝl (k)

∂ĝm(k)

∂ki

∂ĝn(k)

∂kj
=

1

4π

∫
dkxdky ĝ(k) ·

(
∂ĝ(k)

∂kx
× ∂ĝ(k)

∂ky

)
, (3.1)ìpou ĝ èna monadia�o di�nusma, sun�rthsh tou kumatanÔsmato k se ènan eswterikì q¸ro. Pa-rap�nw eis�game ta pl rw antisummetrik� sÔmbola Levi-Civita kai jewr same �jroish stou e-panalambanìmenou de�kte. H parap�nw posìthta e�nai analloi¸th e�n metab�lloume to di�nusma

ĝ(k) → ĝ(k) + δĝ(k) [213℄. Jewr¸nta ìti to di�nusma ĝ(k) lamb�nei thn �dia tim  sto sÔnoro touq¸rou k, k�je sunoriakì shme�o g�netai isodÔnamo kai o q¸ro metatrèpetai se sumpag . 'Etsi loipìnse aut n thn per�ptwsh èqoume ton q¸ro ton k na metatrèpetai se m�a sfa�ra (ℜ×ℜ → S2). To topo-logikì anallo�wto N̂ e�nai o arijmì pou apeikon�zei thn sfa�ra tou q¸rou twn orm¸n sth sfa�ra pousqhmat�zei to di�nusma ĝ(k) afoÔ èqei stajerì mètro [214℄. H apeikìnish aut , e�nai èna arijmì pouma lèei pìse forè ja sarwje� h epif�neia th sfa�ra tou dianÔsmato ĝ(k), ìtan ja sar¸soume m�afor� thn sfa�ra tou q¸rou twn k. Autì o arijmì den mpore� na e�nai par� èna akèraio kai onom�-zetai arijmì perièlixh (winding number). Fusik� sthn per�ptwsh twn krustallik¸n susthm�twn, oq¸ro e�nai  dh sumpag , afoÔ h 1h z¸nh Brillouin apotele� m�a toroeid  epif�neia (Sq.3.1), lìgw tou49
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Sq ma 3.1: H 1h z¸nh Brillouin apotele� m�a toroeid  didi�stath epif�neia, diìti shme�a tou q¸rou kpou sundèontai me èna di�nusma tou antistrìfou plemato e�nai isodÔnama. To topologikì anallo�wto
Ñ e�nai èna akèraio, kai apotele� m�a apeikìnish th toroeidoÔ epif�neia sth sfa�ra pou diagr�feito monadia�o di�nusma ĝ(k).
ìti shme�a tou q¸rou k pou diafèroun kat� èna di�nusma tou antistrìfou plègmato e�nai isodÔnama[207℄. Prèpei na shmei¸soume ìti to parap�nw topologikì anallo�wto or�zetai gia dianÔsmata ĝ(k) memonadia�o, �ra mh mhdenikì metro. H sugkekrimènh idiìthta jètei periorismoÔ staen dun�mei topologik� sust mata kai ìpw ja doÔme metafr�zetai sthn Ôparxhenì q�smato sti monodwmatidiakè diegèrsei tou sust mato.'Eqonta eis�gei to parap�nw topologikì anallo�wto   ìpw pollè forè apokale�tai topolo-gikì fort�o, mporoÔme na or�soume w Topologik  Kat�stash, aut n gia thn opo�a toparap�nw Topologikì Anallo�wto e�nai peperasmèno. H Ôparxh tou topologikoÔ a-nallo�wtou e�nai shmantik , diìti se mhdenik  jermokras�a ìle oi posìthte pou qarakthr�zoun thnapìkrish tou sust mato sqet�zontai me aut n kai e�nai kbantismène. M�lista, ìpw ja doÔme kaisto epìmeno kef�laio, sto ìrio twn mikr¸n kumatanusm�twn kai qamhl¸n suqnot twn, oi topologikèkatast�sei mporoÔn na perigrafoÔn me Topologikè Jewr�e Ped�ou [213℄. Gia mh mhdeni-kè jermokras�e, oi topologikè idiìthte den q�nontai, apl� ta megèjh stamatoÔn plèon na e�naikbantismèna. Qarakthristikì par�deigma apotele� h ekd lwsh tou kbantikoÔ fainomènou Hall [215℄.H parous�a tou exwterik� efarmozìmenou magnhtikoÔ ped�ou k�jeta sthn epif�neia enì didi�statouulikoÔ, odhge� to parap�nw topologikì anallo�wto se peperasmènh tim , me apotèlesma thn kb�ntwshth agwgimìthta Hall se akèraia pollapl�sia tou e2

h
, ìtan efarmìsoume epiprìsjeta èna exwterikìhlektrikì ped�o.



3.2. TOPOLOGIK�A K�UMATA PUKN�OTHTAS FORT�IOU KAI SPIN 513.2 Topologik� KÔmata Puknìthta Fort�ou kai SpinQrhsimopoi¸nta ta apotelèsmata th an�lush gia to di�gramma f�sh tou prohgoÔmeno kefala�ou,katal xame sti akìlouje tèsseri pijanè jemeli¸dei katast�sei
• dxy + idx2−y2 : Mℜ

Q,6 6= 0 kai Mℑ
Q,2 6= 0,

• dz
xy + idz

x2−y2 : Mz,ℜ
Q,6 6= 0 kai Mz,ℑ

Q,2 6= 0,
• dxy + idz

x2−y2 : Mℜ
Q,6 6= 0 kai Mz,ℑ

Q,2 6= 0,
• dz

xy + idx2−y2 : Mz,ℜ
Q,6 6= 0 kai Mℑ

Q,2 6= 0.Mèsw th an�lush pou prohg jhke e�dame ìti den e�nai dunatì na èqoume sunÔparxh magnhtik¸n kaimh magnhtik¸n katast�sewn, sunep¸ oi parap�nw katast�sei anamènetai na mhn sunup�rqoun. Kat'autìn ton trìpo mporoÔme na ti melet soume xeqwrist�. H genik  morf  th Qamiltonian  MèsouPed�ou pou antistoiqe� se autè ti katast�sei e�nai
Hqp =

∑

k,σ=±

(
c†k,σ c†k+Q,σ

)( −µ− σµBBz + ε(k) [MQ(k) + σMz
Q(k)]∗

MQ(k) + σMz
Q(k) −µ − σµBBz − ε(k)

)(
ck,σ

ck+Q,σ

)
, (3.2)ìpou me th bohje�a twn pin�kwn Pauli tou �isospin� τ kai thn eisagwg  tou isosp�nora Ψ†

k,σ =(
c†k,σ c†k+Q,σ

), mpore� na grafe� me ton akìloujo sumpag  trìpo
Hqp =

∑

k,σ=±
Ψ†

k,σ

[
−µ− σµBBz + gσ(k) · τ

]
Ψk,σ . (3.3)ParathroÔme ìti èqoume dÔo parìmoia uposust mata spin ìpou èqoume eisag�gei ta dianÔsmata stoq¸ro tou isospin

gσ(k) =
(
[MQ(k) + σMz

Q(k)]ℜ, [MQ(k) + σMz
Q(k)]ℑ, ε(k)

)
, (3.4)kai par�llhla or�same to pragmatikì ℜ kai fantastikì ℑ mèro twn paramètrwn t�xh. Analìgw thntopologik  kat�stash, ta dianÔsmata aut� pa�rnoun th morf 

• dxy + idx2−y2 : gσ(k) =
(
MQ,6 sin kx sin ky,MQ,2(cos kx − cos ky),−2t(cos kx + cos ky)

),
• dz

xy + idz
x2−y2 : gσ(k) =

(
σMQ,6 sin kx sin ky, σMQ,2(cos kx − cos ky),−2t(cos kx + cos ky)

),
• dxy + idz

x2−y2 : gσ(k) =
(
MQ,6 sin kx sin ky, σMQ,2(cos kx − cos ky),−2t(cos kx + cos ky)

),
• dz

xy + idx2−y2 : gσ(k) =
(
σMQ,6 sin kx sin ky,MQ,2(cos kx − cos ky),−2t(cos kx + cos ky)

),en¸ oi monoswmatidiakè diegèrsei, d�nontai se ìle ti peript¸sei apì thn �dia sqèsh
Eν,σ(k) = −µ− σµBBz + ν|gσ(k)|
= −µ − σµBBz + ν

√
M2

Q,6(sin kx sin ky)2 +M2
Q,2(cos kx − cos ky)2 + 4t2(cos kx + cos ky)2 . (3.5)



52 KEF�ALAIO 3. TOPOLOGIK�A K�UMATA PUKN�OTHTAS FORT�IOU KAI SPINE�n agno soume to qhmikì dunamikì kai to ped�o Zeeman, h enèrgeia twn monodwmatidiak¸n diegèrsewn
Eν,σ(k) d�netai apì ta mètra Eσ(k) = |gσ(k)|, ta opo�a sti upì exètash per�ptwsei taut�zontai. Lìgwth morf  twn paramètrwn t�xh, ta mètra aut¸n twn dianusm�twn den mhden�zontai se kanèna shme�oth 1h z¸nh Brillouin. Sunep¸ mporoÔme na or�soume gia k�je èna apì aut�, ti topologik�anallo�wte posìthte

Ñσ =
1

4π

∫
dkxdky ĝσ(k) ·

(
∂ĝσ(k)

∂kx
× ∂ĝσ(k)

∂ky

)
. (3.6)Upolog�zonta thn parap�nw posìthta, mporoÔme na doÔme ìti e�nai pr�gmati mh mhdenik  kai sthnk�je topologik  kat�stash èqoume

• dxy + idx2−y2 kai dz
xy + idz

x2−y2 : Ñσ = −1,
• dxy + idz

x2−y2 kai dz
xy + idx2−y2 : Ñσ = −σ.ParathroÔme ìti an� dÔo oi katast�sei autè e�nai ìmoie topologik�. Ja onom�soume ti ka-tast�sei me Ñσ = −1, Qeirikè (chiral)   troqiakoÔ sidhromagn te (orbital ferromagnets) kaiti katast�sei me Ñσ = −σ, Elikoeide� (helical). Oi onomas�e sundèontai �rrhkta me ti to-pologikè idiìthte pou parousi�zoun oi dÔo kathgor�e katast�sewn kaj¸ kai ti summetr�e pouautè parabi�zoun   ìqi. Oi dÔo emplekìmene summetr�e e�nai h omotim�a sti dÔo diast�sei Ppou perigr�fetai apì ton metasqhmatismì (kx, ky) → (−kx, ky) (an�klash) kaj¸ kai h summetr�aantistrof  tou qrìnou T pou perigr�fetai apì tou metasqhmatismoÔ σ → −σ, k → −k kai thmigadik  suzug�a. 'Etsi m�a par�metro t�xh metasqhmat�zetai k�tw apì thn dr�sh twn telest¸n thomotim�a kai th antistrof  tou qrìnou me ton akìloujo trìpo PMσ(k)P−1 = Mσ(−kx, ky) kai

TMσ(k)T −1 = M∗
−σ(−k). MporoÔme na doÔme ìti sthn per�ptwsh twn Qeirik¸n Kum�twn Puknìth-ta, parabi�zontai tautìqrona kai oi dÔo summetr�e. To apotèlesma e�nai h sugkekrimènh kat�stashna èqei peperasmènh makroskopik  eggen  stroform  pou kateujÔnetai kat� ton �xona ẑ. To topolo-gikì anallo�wto e�nai èna mètro aut  th stroform  kai h makroskopik  parab�ash th summetr�ath antistrof  tou qrìnou apaite� Ñ+ 6= Ñ−. Ant�jeta, sthn per�ptwsh twn Elikoeid¸n Kum�twnPuknìthta, parabi�zetai mìno h omotim�a, h opo�a den e�nai arket  ¸ste na odhg sei se peperasmènhstroform . Sunep¸, h summetr�a antistrof  tou qrìnou diathre�tai kai autì odhge� ston periorismì

Ñ+ = −Ñ−.Melet¸nta thn energeiak  diaspor�, mporoÔme na antilhfjoÔme kalÔtera poi� shme�a th anhg-mènh z¸nh Brillouin èqoun thn kÔria suneisfor� sto topologikì anallo�wto. 'Opw èqoume proana-fèrei, anamènoume thn tim  th anapar�stash dxy na e�nai mikr  se sqèsh me aut n th anapar�stash
dx2−y2 . 'Etsi loipìn, ta shme�a pou diadramat�zoun ton shmantikìtero rìlo, e�nai aut� pou br�skontaipio kont� sthn epif�neia Fermi, ta opo�a e�nai fusik� ta (±π

2
,±π

2

). AfoÔ aut� e�nai ta shmantikìterashme�a, pou kajor�zoun th sumperifor� tou sust mato, ja anaptÔxoume ta dianÔsmata gσ(k) gÔrwapì aut�. Ja epikentrwjoÔme sthn per�ptwsh dxy + idx2−y2 afoÔ ta sumper�smata gia ti upìloipepeript¸sei mporoÔn na eÔkola na prosdioristoÔn èpeita. ProkÔptoun loipìn ta akìlouja:
•
(
+π

2
,+π

2

): gσ(k) =
(
+MQ,6,−

√
2MQ,2

k̃x−k̃y√
2
, 2
√

2t k̃x+k̃y√
2

)
≡
(
+m,−vxκx,+vyκy

),
•
(
−π

2
,−π

2

): gσ(k) =
(
+m,+vxκx,−vyκy

),
•
(
+π

2
,−π

2

): gσ(k) =
(
−m,−vxκy,+vyκx

),
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•
(
−π

2
,+π

2

): gσ(k) =
(
−m,+vxκy,−vyκx

).ìpou ta k̃x,y metroÔn apì ta ant�stoiqa shme�a, en¸ epiplèon jèsame m ≡ MQ,6, vx ≡
√

2MQ,2,
vy ≡ 2

√
2t, κx ≡ k̃x−k̃y√

2
kai κy ≡ k̃x+k̃y√

2
. Lìgw tou ìti periorizìmaste sthn anhgmènh z¸nh, to  misu twnparap�nw energeiak¸n diaspor¸n br�sketai mèsa ston q¸ro twn k pou ma afor�. 'Etsi loipìn èqoumemìno dÔo anex�rthta shme�a, ta opo�a ja jewr soume ìti e�nai ta a =

(
+π

2
,+π

2

) kai b =
(
+π

2
,−π

2

).Upolog�zonta to topologikì anallo�wto gia aut� ta shme�a e�nai Ñσ,a = Ñσ,b = −1
2
· sign(mvxvy).ParathroÔme loipìn ìti kai ta dÔo suneisfèroun kat� to  misu sto sunolikì topologikì anallo�wto.Prèpei se autì to shme�o na parathr soume ìti to topologikì anallo�wto tou k�je shme�ou e�nai rhtìarijmì to opo�o fa�netai na antiba�nei sto gegonì ìti to topologikì anallo�wto e�nai akèraio. Par'ìl' aut�, h apa�thsh tou topologikoÔ anallo�wtou na e�nai akèraio isqÔei mìno ìtan èqoume l�beiupìyh ma ìle ti suneisforè. Sunep¸ autì den apotele� parab�ash, diìti ta shme�a me hmiakèraiotopologikì anallo�wto   topologikì fort�o, emfan�zontai se �rtio arijmì.Tèlo, prèpei na anafèroume ìti h tim  tou sugkekrimènou topologikoÔ anallo�wtou den ephre�-zetai apì thn parous�a tou qhmikoÔ dunamikoÔ kai tou ped�ou Zeeman, efìson den katastrathge�taito q�sma twn monoswmatidiak¸n diegèrsewn se kanèna shme�o k th anhgmènh z¸nh Brillouin. Iso-dÔnama ja prèpei oi sugkekrimène posìthte na br�skontai mèsa sto q�sma. Lìgw tou ìti jewroÔmeq�sma sti monoswmatidiakè diegèrsei gia k�je probol  tou spin, e�nai san na periorizìmaste mìnosti energeiakè katast�sei me arnhtik  enèrgeia E−,σ(k) oi opo�e e�nai kateilhmmène. Sunep¸to sugkekrimèno topologikì anallo�wto den e�nai par� to topologikì anallo�wto mìno twn ν = −energeiak¸n katast�sewn. E�n up�rqoun diegèrsei e�te lìgw tou qhmikoÔ dunamikoÔ, e�te th jer-mokras�a sti katast�sei E+,σ(k), tìte suneisfèroun kai autè sto sunolikì �topologikì� fort�otou sust mato to opo�o asfal¸ den e�nai plèon kbantismèno.3.3 Topologikè Kbantikè Metab�sei F�shSthn prohgoÔmenh par�grafo e�dame ìti oi upì exètash topologikè katast�sei, mporoÔn na meleth-joÔn e�n perioristoÔme mìno sthn perioq  dÔo shme�wn th anhgmènh z¸nh Brillouin. K�je èna apìaut� suneisfèrei sto sunolikì topologikì fort�o (gia k�je probol  tou spin) kat� −1

2
· sign(mvxvy)sthn per�ptwsh twn Qeirik¸n katast�sewn kai kat� −σ · 1

2
· sign(mvxvy) sthn per�ptwsh twn Elikoei-d¸n. E�nai emfanè ìti ta prìshma twn paramètrwn m, vx, vy kajor�zoun to prìshmo tou topologikoÔfort�ou. Oi diaforetikè timè tou topologikoÔ fort�ou antistoiqoÔn se diaforetikè topologikèkatast�sei. Eidik  per�ptwsh apotele� aut n kat� thn opo�a k�poia apì ti trei paramètrou e�naimhdenik  pou antistoiqe� sthn kanonik  kat�stash,   topologik� tetrimmènh,   topologik  kat�sta-sh mhdenikoÔ topologikoÔ fort�ou. Oi metab�sei apì m�a topologik  kat�stash se m�a �llh, or�zeim�a Topologik  Kbantik  Met�bash F�sh. O kbantikì qarakt ra upeisèrqetai fusik� lìgw thmhdenik  jermokras�a sthn opo�a g�nontai, ¸ste na èqei nìhma to topologikì anallo�wto.K�je Topologik  Kbantik  Met�bash F�sh apaite� anagkastik� m�a apì ti parap�nw paramè-trou na mhdeniste�. K�je loipìn tètoia met�bash, mpore� na g�nei mìno e�n sto kr�simo shme�o tosÔsthma breje� sthn kanonik  kat�stash ìpou to topologikì fort�o e�nai mhdèn kai to energeiakìq�sma èqei kle�sei. Se aut� ta shme�a tou parametrikoÔ q¸rou ìpou to q�sma mhden�zetai kai lam-b�nei q¸ra m�a topologik  met�bash, mporoÔme na or�soume èna diaforetikì topologikì anallo�wto  fort�o pou qarakthr�zei sust mata sti dÔo qwrikè diast�sei pou parousi�zoun shme�a Fermi, dh-lad  memonwmèna shme�a mhdenismoÔ tou energeiakoÔ q�smato [212℄. To nèo autì topologikì fort�o
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N =

1

8π
εijr

∮

S
dSr εlmnĝl (k)

∂ĝm(k)

∂ki

∂ĝn(k)

∂kj
, (3.7)ìpou S m�a kleist  epif�neia h opo�a perib�llei to shme�o Fermi ìpou mhden�zetai to energeiakì q�sma.Apì th dom  tou parap�nw topologikoÔ fort�ou, blèpoume ìti or�zetai se ènan tridi�stato q¸ro. Sthnprokeimènh per�ptwsh pou exet�zoume, ta topologik� kÔmata puknìthta fort�ou perigr�fontai apì tadianÔsmata gσ(k) =

(
+m,−vxκx,+vyκy

) kai gσ(k) =
(
−m,−vxκy,+vyκx

) pou or�zontai sth geitoni�twn shme�wn (π
2
, π

2

) kai (π
2
,−π

2

) ant�stoiqa. Akrib¸, sto kr�smo shme�o th met�bash h m�za m twnparap�nw swmatid�wn Dirac (ta onom�zoume ètsi lìgw th sugkekrimènh morf  twn dianusm�twn)mhden�zetai. Pèra loipìn apì ti ormè κx kai κy pou mhden�zontai gia κx = κy = 0 up�rqei kai �llhm�a par�metro pou mhden�zetai gia m = 0. Sunep¸ h sugkekrimènh par�metro pa�zei to rìlo m�atr�th orm  κz ≡ m. Sunolik� e�nai san na briskìmaste se ènan tridi�stato q¸ro, pou prokÔpteiapì sunduasmì diast�sewn tou fusikoÔ q¸rou kaj¸ kai tou parametrikoÔ [212, 213℄. Se autìn tonq¸ro up�rqei èna shme�o Fermi, to (κx, κy, κz) = 0 to opo�o èqei topologikì fort�o N = sign(mvxvy)sta shme�a (π
2
,±π

2

). To topologikì fort�o N isoÔtai me th diafor� twn topologik¸n forti¸n Ñsti dÔo pleurè th met�bash. Sthn per�ptws  ma, h metabol  th paramètrou m se −m odhge�se èna topologikì kÔma puknìthta ant�jetou topologikoÔ fort�ou, apì autì th arqik . Kat�sunèpeia N = Ñ (−m) − Ñ (m). To sugkekrimèno fort�o N antistoiqe� sto apara�thto fort�o pouantall�ssetai metaxÔ twn katast�sewn me kajorismèno topologikì fort�o Ñ .Apì ta parap�nw, parathroÔme ìti ìnta se m�a apì ti tèsseri topologikè katast�sei, mèswth metabol  th paramètrou m, mporoÔme na prosegg�soume m�a kat�stash h opo�a parìlo pouèqei mhdenikì topologikì fort�o Ñ , parousi�zei mh mhdenikì fort�o N . Epiplèon h kat�stash aut apotele� m�a oriak  per�ptwsh, par� m�a dunat  jemeli¸dh kat�stash tou sust mato afoÔ den e�naienergeiak� sumfèrousa diìti den dhmiourge� q�sma sti monoswmatidiake diegèrsei tou sust mato.Mia pragmatik� mh oriak  per�ptwsh kanonik  kat�stash, me tautìqrona mhdenik� kai ta dÔo topo-logik� fort�a Ñ kai N , e�nai dunatìn na proseggiste� mìno e�n sunup�rqei kai èna isotropikì kÔmapuknìthta fort�ou   spin me thn  dh sqhmatismènh topologik  kat�stash. 'Hdh èqoume anafèrei ìtioi isotropikè katast�sei kÔmato puknìthta fort�ou kai spin e�nai kai autè dunatìn na emfanistoÔnpèra apì thn kur�arqh anapar�stash dx2−y2 .San par�deigma ja jewr soume thn kat�stash s + dxy + idx2−y2 . To kÔma puknìthta for-t�ou s − wave e�nai �rtio k�tw apo th dr�sh th omotim�a kai th summetr�a antistrof  touqrìnou. W apotèlesma, ta dianÔsmata gσ(k) gÔrw apì ta shme�a (
π
2
,±π

2

), pa�rnoun th morf 
gσ(k) =

(
s+m,−vxκx,+vyκy

) kai gσ(k) =
(
s−m,−vxκy,+vyκx

), ìpou jewr same w s thn pa-r�metro t�xh tou sumbatikoÔ kÔmato puknìthta fort�ou. ParathroÔme ìti h isotropikìthta tousumbatikoÔ kÔmato puknìthta fort�ou dhmiourge� asummetr�a sti m�ze twn fermion�wn Dirac seaut� ta dÔo shme�a. Ta ant�stoiqa topologik� fort�a g�nontai Ñσ,a = −1
2
· sign((s + m)vxvy) kai

Ñσ,b = +1
2
· sign((s −m)vxvy) ant�stoiqa. E�n jewr soume thn per�ptwsh ìpou m > 0 mporoÔme nadiakr�noume ti akìlouje trei perioqè ston parametrikì q¸ro.

• s > m. Se aut n thn per�ptwsh Ñσ,a = −1
2
kai Ñσ,b = +1

2
, kai kat� sunèpeia to sunolikìtopologikì fort�o e�nai mhdèn Ñ = 0. H sugkekrimènh kat�stash parousi�zei pantoÔ energeiakìq�sma all� e�nai topologik� tetrimmènh. Epipleìn, h met�bas  th se m�a kat�stash me mhdenikìq�sma, qrei�zetai mhdenikì topologikì fort�o N = 0. Aut  h kat�stash s+ dxy + idx2−y2 e�naiisodÔnamh me thn s+ idx2−y2 .
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• −m < s < m. Se aut n thn per�ptwsh Ñσ,a = −1

2
kai Ñσ,b = −1

2
, kai kat� sunèpeia tosunolikì topologikì fort�o e�nai Ñ = −2, ìpou ajro�same kai sta spin. Aut  h kat�stash

s+ dxy + idx2−y2 e�nai isodÔnamh me thn dxy + idx2−y2 .
• s < −m. Se aut n thn per�ptwsh prokÔptoun Ñσ,a = +1

2
kai Ñσ,b = −1

2
. H kat�stash e�naitopologik� tetrimmènh kai isoduname� me thn kat�stash s+ idx2−y2 .Apì ta parap�nw sumpera�noume pw m�a pijan  pore�a ¸ste h kat�stash dxy + idx2−y2 na metabe�sthn kanonik , e�nai h diamesol�bhsh m�a kat�stash sunÔparxh me èna sumbatikì kÔma puknìthtafort�ou   spin. W apotèlesma, m�a apì ti dunatè metab�sei e�nai dxy +idx2−y2 → s+dxy +idx2−y2 →

idx2−y2 . Me parìmoio trìpo perimènoume na up�rqoun ant�stoiqe peript¸sei kai gia ti upìloipetopologikè katast�sei se sunÔparxh me sumbatik� kÔmata puknìthta fort�ou kai spin.3.4 Fermiìnia sto sÔnoro twn Topologik¸n Kum�twnPuknìthtaParap�nw e�dame ìti kat� th met�bash apì m�a topologik  kat�stash pou qarakthr�zetai apì topolo-gikì fort�o Ñ1 se m�a �llh topologikou fort�ou Ñ2, anagkastik� mesolabe� m�a kat�stash mhdenikoÔenergeiakoÔ q�smato pou qarakthr�zetai apì topologikì fort�o N = Ñ2 − Ñ1. E�nai loipìn apo-lÔtw anamenìmeno tètoie katast�sei na br�skontai sto sÔnoro tou pragmatikoÔ ulikoÔme thn tetrimmènh topologik�, kanonik  kat�stash. Se aut n thn per�ptwsh ja up�rqei N -arijmìsunoriak¸n fermionik¸n bajm¸n eleujer�a pou qarakthr�zontai apì mhdenikì energeiakì q�sma kai�ra mporoÔn na diegerjoÔn me mhdenikì energeiakì kìsto (edge modes). Prèpei na epishm�noume ìtitètoie katast�sei den apokle�etai na brejoÔn kai metaxÔ dÔo topologik� tetrimmènwn katast�sewn.H diafor� twn dÔo peript¸sewn ègkeitai sto ìti sthn pr¸th per�ptwsh o arijmì tou e�nai apolÔtwkajorismèno kai e�nai topologik� prostateumèno ìso den all�zoun ta topologik� fort�a [212℄.Ja jewr soume loipìn ìti h par�metro m exart�tai apì th jèsh tou ulikoÔ ston eujÔ q¸ro,dhlad  ìti m = m(r) kai r = (x, y). Par�llhla, gia na melet soume katast�sei pro thn tetrimmènhtopologik� kat�stash, ja jewr soume ìti epiprosjètw up�rqoun ta ant�stoiqa sumbatik� kÔmatapuknìthta fort�ou s   spin sz. Sugkekrimèna gia na exasfal�soume met�bash apì thn topologik kat�stash sthn tetrimmènh ja jewr soume ti akìlouje peript¸sei
• s+ dxy + idx2−y2 :

gσ,a(k) =
(
s+m,−vxκx,+vyκy

)
, gσ,b(k) =

(
s−m,−vxκy,+vyκx

)
. (3.8)

• sz + dz
xy + idz

x2−y2 :
gσ,a(k) =

(
σ(s+m),−σvxκx,+vyκy

)
, gσ,b(k) =

(
σ(s−m),−σvxκy,+vyκx

)
. (3.9)

• sz + dz
xy + idx2−y2 :
gσ,a(k) =

(
σ(s+m),−vxκx,+vyκy

)
, gσ,b(k) =

(
σ(s−m),−vxκy,+vyκx

)
. (3.10)
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• s+ dxy + idz

x2−y2 :
gσ,a(k) =

(
s+m,−σvxκx,+vyκy

)
, gσ,b(k) =

(
s−m,−σvxκy,+vyκx

)
. (3.11)MporoÔme eÔkola na doÔme ìti lìgw th parap�nw morf  twn dianusm�twn, ta apotelèsmata e�nai�dia gia ti topologikè katast�sei pou an koun sthn �dia topologik  kathgor�a. Epiplèon, mporoÔmemelet¸nta thn kathgor�a twn Qeirik¸n katast�sewn, na ex�goume ta sumper�smata gia ti Elikoeide�mèsw th antikat�stash vx → σvx. K�tw apì autè ti pro�pojèsei mporoÔme na perioristoÔme sthmelèth th kat�stash s+ dxy + idx2−y2 . Ja jewr soume to akìloujo prof�l gia thn par�metro m

m(r) = m(x) =
s

2
+ sΘ(x) − sΘ(x− L) . (3.12)ìpou s > 0, en¸ jewr same ìti h topologik  katastash e�nai periorismènh sto di�sthma x ∈ (0, L)kai h topologik� tetrimmènh ektì apì autì. Autì sumba�nei lìgw th morf  pou dialèxame gia thnpar�metro m. Ja epidi¸xoume na epilÔsoume ti exis¸sei Dirac gia ta shme�a a, b me thn parap�nwmorf  th paramètrou m(r) me stìqo na broÔme lÔsei me mhdenik  enèrgeia (pèra apì thn ep�drashtou qhmikoÔ dunamikoÔ kai tou ped�ou Zeeman), oi opo�e na e�nai entopismène kont� sta shme�a

x = 0, L ta opo�a jewroÔme ìti e�nai kal� apomakrusmèna. Sthn per�ptwsh pou den isqÔei autì, e�naieÔkolo na deiqje� ìti oi mhdenikè lÔsei ja apokt soun mh mhdenik  enèrgeia th t�xh e−L/ξ ìpou ξèna qarakthristikì m ko. Sthn per�ptwsh ìpou to m ko L e�nai h megalÔterh kl�maka m kou stosÔsthma, oi lÔsei apoktoÔn praktik� mhdenik  enèrgeia [216℄.ParathroÔme ìti apì ta dÔo shme�a tou q¸rou k, a kai b, mìno to deÔtero mpore� na èqei mhdeni-smì tou mètrou tou ant�stoiqou dianÔsmato gσ(k). Kat� sunèpeia mìno autì mpore� na d¸sei lÔshmhdenik  enèrgeia kat� thn sugkekrimènh diadoq  metab�sewn kai gia autì ja perioristoÔme mìnose autì.H ex�swsh Dirac gia to sugkekrimèno shme�o gr�fetai me ton akìloujo trìpo
{
[s−m(x)]τx − vxκyτy − ivy∂xτz

}
Ψκy,σ(x) = Eκy,σΨκy

(x) , (3.13)ìpou antikatast same κx → −i∂x. H metablht  κy den �llaxe diìti to sÔsthma suneq�zei na èqei me-taforik  summetr�a kat� th dieÔjunsh y kai h kumatosun�rthsh mpore� na suneq�sei na qarakthr�zetaiapì kajorismèno kumat�nusma κy. Qrhsimopoi¸nta th sqèsh
HΨκy,σ(x) = Eκy,σΨκy ,σ(x) ⇒ (H− Eκy,σ)Ψκy,σ(x) = 0 ⇒

(H + Eκy,σ)(H−Eκy,σ)Ψκy
(x) = 0 ⇒ H2Ψκy

(x) = E2
κy,σΨκy

(x) , (3.14)lamb�noume thn akìloujh ex�swsh
{
−v2

y∂
2
x + [s−m(x)]2 + (vxκy)

2 − vym
′(x)τy

}
Ψκy,σ(x) = E2

κy,σΨκy,σ(x) , (3.15)ìpou me ′ ≡ ∂x. Lìgw th sugkekrimènh morf  pou jewr same gia thn par�metro m, prokÔptei
m′(x) = s [δ(x) − δ(x− L)]. Blèpoume loipìn, ìti pèra apì ta shme�a x = 0, L o ìro me ton p�naka
Pauli den suneisfèrei sthn ex�swsh. 'Ara gia x 6= 0, L, èqoume apl� thn ex�swsh

{
−v2

y∂
2
x +

(
s

2

)2

+ (vxκy)
2

}
Ψκy,σ(x) = E2

κy,σΨκy,σ(x) , (3.16)



3.4. FERMIONIK�ES KATAST�ASEIS STO S�UNORO (EDGE MODES) 57ìpou  dh antikatast same thn sun�rthshm(x). H parap�nw ex�swsh epidèqetai dèsmiwn katast�sewnth morf  eκxx, me energeiak  diaspor� E2
κx,κy,σ = −(vyκx)

2 + ( s
2
)2 + (vxκy)

2. Akrib¸ sta shme�a
x = 0, L oi sunart sei dèlta prosfèroun sunoriakè sunj ke gia ti lÔsei autè. Sugkekrimènaoloklhr¸noume thn ex�swsh gÔrw apì to shme�o x = 0 kai prokÔptei

− v2
y

[
Ψ′

κy,σ(0+) − Ψ′
κy,σ(0−)

]
− svyτyΨκy,σ(0) = 0 . (3.17)Jewr¸nta ìti gia 0+ kai 0− èqoume ti kumatosunart sei Ψκy,σ(0

+) = Ψκy,σe
−κx kai Ψκy,σ(0−) =

Ψκy,σe
+κx, oi opo�e ikanopoioÔn thn arqik  ex�swsh gÔrw sto x = 0, e�nai suneqe� sto x = 0 kaitautìqrona sumperifèrontai kal� gia x→ ±∞ prokÔptei

(
vyκ+

s

2
τy

)
Ψκy,σ = 0 . (3.18)H parap�nw ex�swsh èqei idiodianÔsmata ta idiodianÔsmata tou p�naka τy. O sugkekrimèno p�nakaèqei ta akìlouja idiodianÔsmata

τy

(
1
i

)
= +1 ·

(
1
i

)
, τy

(
1

−i

)
= −1 ·

(
1

−i

)
. (3.19)H kumatosun�rthsh mpore� na grafe� w grammikì sunduasmì aut¸n sth morf 

Ψκy,σ = c+κy,σ

(
1
i

)
+ c−κy,σ

(
1
−i

)
. (3.20)Antikajist¸nta sthn parap�nw ex�swsh, prokÔptei

(
vyκ±

s

2

)
c±κy,σ = 0 . (3.21)H parap�nw ex�swsh ikanopoie�tai gia vyκ = s

2
kai c+ = 0, c− 6= 0. 'Etsi loipìn èqoume mìno to ènaidiodi�nusma mh mhdenikì, kai h kumatosun�rthsh kont� sto x = 0, pa�rnei th morf 

Ψκy,σ(x) = c−κy,σe
−κ|x|

(
1
−i

)
. (3.22)H enèrgeia th sugkekrimènh lÔsh mpore� na prosdioriste� apì th sqèsh diaspor�. ParathroÔmeìti gia κy = 0 èqoume E0,0,σ = 0. Br kame loipìn th lÔsh thn opo�a anazhtoÔsame. Gia k�je probol tou spin, up�rqei èna fermionikì bajmì eleujer�a me mhdenik  enèrgeia entopismèno gÔrw stosÔnoro x = 0. Epiplèon, gia peperasmèna kumatanÔsmata kat� th dieÔjunsh y, h enèrgeia prokÔpteie�n jewr soume sthn ex�swsh Dirac (grammik ) ìti h lÔsh e�nai to idiodi�nusma tou p�naka τy meidiotim  +1

{
[s−m(x)]τx − vxκyτy − ivy∂xτz

}
Ψκy,σ(x) = Eκy ,σΨκy

(x) ⇒
{
[s−m(x)]τx − ivy∂xτz

}
Ψκy,σ(x) =

(
Eκy,σ + vxκy

)
Ψκy

(x) . (3.23)Me parìmoia b mata blèpoume ìti gia peperasmèna κy prèpei Eκy,σ = −vxκy. Sunep¸ oi sunoriako�fermioniko� bajmo� eleujer�a e�nai Qeirik� fermiìnia pou diad�dontai kat� thn arnhtik  kateÔjunsh yme taqÔthta vx. H for� di�dosh kajor�zetai asfal¸ gia thn sugkekrimènh epilog  pros mwn twn



58 KEF�ALAIO 3. TOPOLOGIK�A K�UMATA PUKN�OTHTAS FORT�IOU KAI SPINparamètrwn kai kat� sunèpeia gia thn sugkekrimènh tim  tou topologikoÔ fort�ou th topologik kat�stash pou sqhmat�zetai gia x ∈ (0, L). M�lista up�rqoun 2 Qeirik� fermiìnia, ìsa dhlad perimènoume apì th metafor� topologikoÔ fort�ou N (x = 0) = Ñ (x > 0)−Ñ (x < 0) = −2−0 = −2[212℄. To prìshmo tou topologikoÔ fort�ou N (x = 0) kajor�zei to prìshmo th taqÔthta twnQeirik¸n fermion�wn.An�loga, parathroÔme ìti sth geitoni� tou shme�ou x = L, h kumatosun�rthsh ikanopoie� thnex�swsh
− v2

y

[
Ψ′

κy,σ(0
+) − Ψ′

κy,σ(0
−)
]
+ svyτyΨκy,σ(0) = 0 , (3.24)ìpou e�nai ìmoia me aut  sto shme�o x = 0, me th mình diafor� ìti s → −s. To prìshmo autì ìmwe�nai polÔ shmantikì, diìti epitrèpei san lÔsh mìno tou idiodianÔsmato tou p�naka τy me idiotim  −1.H kumatosun�rthsh kont� sto x = L èqei th morf 

Ψκy,σ(x) = c+κy,σe
−κ|x−L|

(
1
i

)
, (3.25)kai h enèrgeia aut¸n twn ped�wn d�netai apì th sqèsh Eκy,σ = +vxκy. 'Eqoume loipìn kont� stoshme�o x = L, 2 Qeirik� fermiìnia pou diad�dontai ìmw kat� th jetik  kateÔjunsh y. Se ant�jethdhlad  for� apì ta fermiìnia tou �llou �krou. Kai se aut n thn per�ptwsh èqoume ant�stoiqa

N (x = L) = Ñ (x > L) − Ñ (x < L) = 0 − (−2) = +2. 'Etsi loipìn èqoume ant�jeto topologikìfort�o kai ant�jeth taqÔthta. Se k�je sÔnoro ta Qeirik� fermiìnia èqoun thn apaitoÔmenh kateÔjunsh¸ste na antistajm�soun to topologikì fort�o th topologik  kat�stash metaxÔ (0, L) ¸ste nametaboÔme sti topologik� tetrimmène katast�sei gia x < 0 kai x > L. Sugkentrwtik� mporoÔme nagr�youme ìti
Eκy,σ = sign[∆Ñσ(x)]vxκy . (3.26)Parous�a peperasmènou qhmikoÔ dunamikoÔ kai ped�ou Zeeman ja lamb�name thn energeiak  diaspor�

Eκy,σ(x) = −µ(x) − σµBBz(x) + sign[∆Ñσ(x)]vxκy , x = 0, L . (3.27)Me aut� ta sumper�smata, mporoÔme na antilhfjoÔme poiì e�nai to apotèlesma gia ti tèsseri peri-pt¸sei ma
• dxy + idx2−y2 kai dz

xy + idz
x2−y2 : Eκy,σ(x) = −µ(x) − σµBBz(x) + sign[∆Ñσ(x)]vxκy , x = 0, L.

• dxy + idz
x2−y2 kai dz

xy + idx2−y2 : Eκy,σ(x) = −µ(x)−σµBBz(x)+sign[∆Ñσ(x)]σvxκy , x = 0, L.ParathroÔme ìti sti dÔo pr¸te kathgor�e, ta fermionik� ped�a diad�dontai ka-t� thn �dia dieÔjunsh anexart tw spin, sqhmat�zonta Qeirik� fermiìnia (chiral
edge modes). Ant�jeta, sti dÔo teleuta�e peript¸sei, h kateÔjunsh twn suno-riak¸n fermionik¸n ped�wn kajor�zetai apì to ginìmeno th probol  tou spinkai th orm , sqhmat�zonta Elikoeid  fermionik� ped�a (helical edge modes). 'E-tsi loipìn, oi sunoriako� bajmo� eleujer�a sti dÔo sunoriakè epif�neie e�naidunatìn na qarakthr�soun thn topologik  kat�stash pou perior�zetai mèsa seautè. Sthn per�ptwsh twn Qeirik¸n fermionik¸n ped�wn parabi�zetai h omotim�-a kai h summetr�a antistrof  to qrìnou me apotèlesma na èqoume mh mhdenikì



3.4. FERMIONIK�ES KATAST�ASEIS STO S�UNORO (EDGE MODES) 59topologikì fort�o sthn topologik  kat�stash. Ant�jeta ìson afor� tou E-likoeide� sunoriakoÔ bajmoÔ eleujer�a, h kajorismènh probol  tou spin sek�je kumat�nusma diathre� thn summetr�a antistrof  tou qrìnou odhg¸ntase ant�jeto topologikì fort�o gia thn k�je probol  tou spin th topologik kat�stash an�mesa sti dÔo sunoriakè epif�neie.
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4 Allhlep�drash Topologik¸nKum�twn Puknìthta Fort�ou kai Spinme to Hlektromagnhtikì Ped�oSe autì to kef�laio ja exet�soume èna sÔnolo dunamik¸n idiot twn twn topologik¸n kum�twn pu-knìthta fort�ou kai spin, kai sugkekrimèna thn apìkrish se èna exwterikì hlektromagnhtikì ped�o.Xekin¸nta apì thn anapar�stash twn oloklhrwm�twn diadrom , ja broÔme thn energì dr�sh touhlektromagnhtikoÔ ped�ou pou prokÔptei apì thn allhlep�dras  tou me ta upì exètash mh sumbati-k� kÔmata puknìthta fort�ou kai spin. H dr�sh pou br�skoume gia mhdenik  jermokras�a, e�nai thmorf  Chern-Simons gia ti Qeirikè Topologikè katast�sei kai th morf  BF gia ti Elikoeid .Oi sugkekrimène energè jewr�e e�nai �mesh sunèpeia twn peperasmènwn topologik¸n anallo�wtwnkai odhgoÔn sthn kb�ntwsh twn suntelest¸n apìkrish, ìpw e�nai oi agwgimìthte twn AujìrmhtwnKbantik¸n fainomènwn Hall pou prìkeitai na exet�soume.4.1 Upologismì tou hlektrikoÔ tetrareÔmatoTo pr¸to b ma gia na melet soume thn apìkrish twn sugkekrimènwn susthm�twn se exwterik� hle-ktromagnhtik� ped�a, e�nai o upologismì th puknìthta tou hlektrikoÔ fort�ou kai reÔmato. Giaton upologismì th puknìthta tou hlektrikoÔ fort�ou, xekin�me apì ton ìro allhlep�drash touhlektronikoÔ fort�ou ρc,i = −e∑σ c
†
i,σci,σ th k�je plegmatik  jèsh Ri, me to bajmwtì dunamikì

Vi [10℄. 'Eqoume loipìn
∑

i

ρc,iVi = −e
∑

i,σ

Vi c
†
i,σci,σ = − e

N

∑

i,σ

∑

k1,k2

c†k1,σck2,σVi e
−i(k1−k2)·Ri

=
∑

q

V (−q)


∑

k,σ

(
−ec†k,σck+q,σ

)

 =

∑

q

V (−q)ρc(q) , (4.1)ìpou eisag�game ton metasqhmatismì Fourier, V (q) = 1
N

∑
i Vi e

−iq·R
i . Katal goume loipìn sto ìti

ρc(q) = −e
∑

k,σ

c†k,σck+q,σ = −e
∑

k,σ

(
c†k,σck+q,σ + c†k+Q,σck+Q+q,σ

)
= −e

∑

k,σ

ψ†
k,στ0ψk+q,σ , (4.2)ìpou k ∈ R.B.Z . Lìgw tou ìti epijumoÔme na melet soume idiìthte gia megal� m kh kÔmato,megalÔtera apì aut� th plegmatik  stajer� tou ulikoÔ ma, ja jewr soume to suneqè ìriotwn metablht¸n Ri,k, q. Gnwr�zonta t¸ra thn puknìthta fort�ou, mporoÔme eÔkola na broÔme toant�stoiqo diathr simo hlektrikì reÔma mèsw th ex�swsh sunèqeia

ρ̇c(r) + ∇ · Jc(r) = 0 ⇒ ρ̇c(q) + iq · Jc(q) = 0 . (4.3)61



62 KEF�ALAIO 4. ALLHLEP�IDRASH ME TO HLEKTROMAGNHTIK�O PED�IOH qronik  par�gwgo th puknìthta fort�ou, mpore� eÔkola na breje� apì ton metajèth me thnQamiltonian  Mèsou Ped�ou tou sust mato, h opo�a èqei th genik  morf  H =
∑

k,σ ψ
†
k,σHσ(k)ψk,σ.'Eqoume loipìn,

ρ̇c(q) =
i

h̄

[
H, ρc(q)

]
=

e

ih̄

∑

k,k′

∑

σ,σ′

[
ψ†

k′,σ′Hσ′(k′)ψk′,σ′ , ψ
†
k,στ0ψk+q,σ

]

=
e

ih̄

∑

k,σ

ψ†
k,σ

{
Hσ(k)τ0 − τ0Hσ(k + q)

}
ψk+q,σ ≃ iq · e

h̄

∑

k,σ

ψ†
k,σ

∂Hσ(k)

∂k
ψk+q,σ , (4.4)pou isqÔei me polÔ kal  prosèggish sta meg�la m kh kÔmato   isodÔnama sta mikr� kumatanÔsmata

q. Apì thn ex�swsh sunèqeia prokÔptei ìti gia k�je q

Jc(q) = − e

h̄

∑

k,σ

ψ†
k,σ

∂Hσ(k)

∂k
ψk+q,σ ≡ −e

∑

σ

Vσ (q) , (4.5)ìpou eisag�game ti taqÔthte
Vσ (q) =

1

h̄

∑

k

ψ†
k,σ

∂Hσ(k)

∂k
ψk+q,σ . (4.6)Fusik� h parap�nw sqèsh den ekfr�zei par� th sÔndesh th taqÔthta kai th energeiak  diaspor�se èna sÔsthma hlektron�wn Bloch [207℄. H allhlep�drash me to hlektromagnhtikì ped�o gr�fetai meton akìloujo trìpo

Vem =
∑

q

[ρc(−q)V (q) − Jc(−q) · A(q)] =
∑

q

[
ρc(−q)A0(q) − J i

c(−q)Ai(q)
]

=
∑

q

Jµ(−q)Aµ(q) ,ìpou or�same to tetrareÔma Jµ(q) = (ρc(q),−Jc(q)) en¸ h metrik  e�nai gµν = diag(1,−1,−1) ìpou
µ, ν = 0, 1, 2. Sto epìmeno upokef�laio, ja prosjèsoume aut n thn allhlep�drash sthn genikìterhQamiltonian  Mèsou Ped�ou kai ja l�boume thn energì dr�sh tou hlektromagnhtikoÔ ped�ou.4.2 Diat rhsh tou spin kai h eisagwg  tou U(1) ped�oubajm�da tou spinEfìson se aut n th diatrib  ja melet soume topologikè katast�sei e�te mh magnhtikè   polwmènekat� ton �xona z, up�rqei diat rhsh tou spin kat� autìn ton �xona. Autì shma�nei ìti up�rqeieleujer�a strof  th kateÔjunsh tou spin mèsa sto ep�pedo ìpou jewroÔme ìti e�nai egklwbismènoto sust ma. Ant�stoiqa me to hlektromagnhtikì ped�o bajm�da, mporoÔme na eisag�goume kai ènaped�o bajm�da tou spin Bµ. Ant�stoiqa me to hlektromagnhtikì ped�o, to ped�o spin allhlepidr� meta hlektrìnia me thn akìloujh morf  ∑q J

z
µ(−q)Bµ(q), ìpou eisag�game to tetrareÔma spin kat� ton�xona z pou d�netai apì ti ekfr�sei

ρz
s(q) = −µB

∑

k,σ

σψ†
k,στ0ψk+q,σ , (4.7)

J z
s (q) = −µB

h̄

∑

k,σ

σψ†
k,σ

∂Hσ(k)

∂k
ψk+q,σ ≡ −µB

∑

σ

σVσ (q) . (4.8)



4.3. ENERG�OS DR�ASH TWN PED�IWN BAJM�IDAS 63To epìmeno b ma e�nai na doÔme e�n aut� ta ped�a e�nai fusik�. Dhlad  e�n mporoÔme pr�gmatina broÔme peript¸sei pou na mporoÔn na apotelèsoun tou genn tore metasqhmatism¸n bajm�da.En gènei, k�je ìro pou e�nai dunatìn na prosteje� sthn Qamiltonian , mpore� na odhg sei se meta-sqhmatismì bajm�da twn ped�wn aut¸n mìno e�n e�nai pollaplasiasmèno me σ. 'Oroi pou mporoÔn naodhg soun se metasqhmatismoÔ bajm�da aut¸n twn ped�wn, sqet�zontai �mesa me thn allhlep�drash
Zeeman. Lìgw tou ìti èna hlektrìnio mpore� na allhlepidr� me to hlektromagnhtikì ped�o kai me tospin tou, mporoÔme na èqoume pr�gmati tètoiou ìrou oi opo�oi sundèontai me to magnhtikì ped�o kat�ton �xona z sthn per�ptws  ma. Ja jewr soume thn akìloujh genik  dr�sh ston pragmatikì q¸ro

S =
∫
d3x

∑

σ

Ψ†
σ(t,x)

{(
i
∂

∂t
+ eA0 + σµBB

0

)
−H

(
p̂ + eA + σµBB,x

)}
Ψσ(t,x)

+
∫
d3x Ψ†

σ(t,x)σµB

(
Bz(t) + Bz(x)

)
Ψσ(t,x) , (4.9)ìpou upojèsame ìti to ped�o Zeeman, mpore� na qwriste� se èna qronoexart¸meno kai èna qwro-exart¸meno komm�ti. E�nai eÔkolo na sumper�noume ìti mporoÔme na èqoume ton metasqhmatismìbajm�da gia to bajmwto ped�o B0, B0 → B0 − Bz(t). Gia na broÔme ton ant�stoiqo metasqhmati-smì bajm�da pou isqÔei gia to dianusmatikì dunamikì, ekteloÔme pr¸ta èna metasqhmatismì baj-m�da gia to bajmwtì dunamikì B0. Sugkekrimèna jewroÔme B0 → B0 − σBz(x) kai tautìqrona

Ψσ(t,x) → e−iσµBBz(x)tΨσ(t,x). Lìgw tou ìti h sugkekrimènh f�sh e�nai tautìqrona qwroqronome-taballìmenh, mpore� na aporrofhjei me ènan metasqhmatismì bajm�da tou dianusmatikoÔ dunamikoÔtou spin B. 'Eqoume loipìn, B → B + ∇Bzt. Autì o metasqhmatismì, e�nai o orismì gia to p¸metasqhmat�zetai to B parous�a bajm�dwn tou ped�ou Zeeman. Prèpei na k�noume se autì to shme�omia polÔ shmantik  parat rhsh. Sthn per�ptwsh pou jewr same to ped�o B0 e�nai omogenè kai qro-nometaballìmeno kai to B anomoiogenè en gènei kai qronoanex�rthto. Par�ol' aut�, ja mporoÔsameisodÔnama na jewr soume ìti to B0 e�nai qwroqronometaballìmeno me ton metasqhmatismì bajm�da
B0(x, t) → B0(x, t) − Bz(x, t). Se aut n thn per�ptwsh to dianusmatikì ped�o e�nai apl� bohjhtikìdiìti den up�rqei �llo ìro gia na or�sei èna metasqhmatismì bajm�da gia autì. Eme� epilèxame thnparap�nw mèjodo ¸ste ìle oi qwroqronikè sunist¸se na èqoun fusikì perieqìmeno.4.3 Energì dr�sh twn ped�wn bajm�daTo pr¸to ma mèlhma e�nai na ekfr�soume thn sun�rthsh epimerismoÔ tou sust mato, qrhsimopoi¸ntata oloklhr¸mata diadrom  [217, 218℄. SÔmfwna me ti anaforè kai to par�rthma

Z =
∫
Dψ̄k,σ(τ)Dψk,σ(τ) × Exp

(
−
∫ β

0
dτ

∑

k,σ

ψ̄k,σ(τ)

[
∂

∂τ
+ Hσ(k)

]
ψk,σ(τ) +

∑

q

Jµ(−q, τ)Aµ(q, τ) +
∑

q

Jz
µ(−q, τ)Bµ(q, τ)




=
∫

Dψ̄k+q,σ(τ)Dψk,σ(τ) × Exp

(
−
∫ β

0
dτ

∑

k,q,σ

ψ̄k+q,σ(τ)

{[
∂

∂τ
+ Hσ(k)

]
δq,0 + Γσ

µ(k + q,k)Aµ(q, τ) + ∆σ
µ(k + q,k)Bµ(q, τ)

}
ψk,σ(τ)




=
∫

Dψ̄k+q,σDψk,σ × Exp
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−

∑

k,q,σ

ψ̄k+q,σ

{
[−ikν + Hσ(k)] δq,0 + Γσ

µ(k + q, k)Aµ(q) + ∆σ
µ(k + q, k)Bµ(q)

}
ψk,σ(τ)


 , (4.10)ìpou ikν kai iωs oi fermionikè kai mpozonikè suqnìthte Matsubara ant�stoiqa [10, 203, 204,217, 218℄, Gk,q,σ(ikν , iωs) h sun�rthsh Green enì swmatid�ou, en¸ par�llhla jèsame ψk,σ(τ) =

1√
β

∑
ikν
ψk,σe

−ikντ kai Aµ(q) = 1
β

∑
iωs
Aµ(q, τ)eiωsτ , Bµ(q) = 1

β

∑
iωs
Bµ(q, τ)eiωsτ . H antistoiq�apragmatikoÔ kai fantastikoÔ qrìnou d�netai apì th strof  Wick, τ = it. Epiplèon qrhsimopoi sametou orismoÔ k = kµ = (ikν ,k) kai q = qµ = (iωs, q) kai eisag�game ti korufè allhlep�drash(interaction vertices) Γσ

µ(k + q, k) =
(
−e,+eVσ (k)

) kai ∆σ
µ(k + q, k) =

(
−σµB,+σµBVσ (k)

)
≡

σµB

e
Γσ

µ(k + q, k). ParathroÔme ìti h èkfrash −ikν + Hσ(k) den e�nai t�pota �llo par� to ant�jetotou antistrìfou th sun�rthsh Green enì swmatid�ou tou eleÔjerou sust mato. Dhlad  isqÔei
G0

k,q,σ(ikν , iωs) = [ikν −Hσ(k)]−1 δq,0. Ant�stoiqa, h sunolik  èkfrash [−ikν + Hσ(k)] δq,0 + Γµ(k +
q, k)Aµ(q) isoÔtai me to ant�jeto tou antistrìfou th sunolik  sun�rthsh Green, Gk,q,σ(ikν , iωs).H èkfrash th sun�rthsh epimerismoÔ aplopoie�tai perissìtero, epeid  e�nai tetragwnik  w pro tafermionik� ped�a, d�nonta w apotèlesma m�a or�zousa fermion�wn. 'Eqoume loipìn

Z =
∫

Dψ̄k+q,σDψk,σ × Exp

−

∑

k,q,σ

ψ̄k+q,σ

{
−[G0

k,q(ikν , iωs)]
−1 + Γσ

µ(k + q, k)Aµ(q) + ∆σ
µ(k + q, k)Bµ(q)

}
ψk,σ(τ)




= Det
(
−[Ĝ0]−1 + Γ̂µÂ

µ + ∆̂µB̂
µ
)

= eln Det(−[Ĝ0]−1+Γ̂µÂµ+∆̂µB̂µ) = eTr ln(−[Ĝ0]−1+Γ̂µÂµ+∆̂µB̂µ) , (4.11)ìpou plèon oi posìthte me to kapel�ki e�nai telestè pou ja dr�soun se mia b�sh idiokatast�sewnkai to �qno Tr or�zetai w pro tou de�kte k, q, σ, ikν, iωs. Katafèrame loipìn na oloklhr¸soumetou fermionikoÔ bajmoÔ eleujer�a kai na katal xoume se m�a sun�rthsh epimerismoÔ pou e�naisun�rthsh mìno tou hlektromagnhtikoÔ ped�ou. O log�rijmo pou emfan�zetai ston ekjèth, mpore�na anaptuqje� se dun�mei w pro to ped�o bajm�da. Sthn per�ptws  ma, ma endiafèroun ìroi oiopo�oi e�nai tetragwniko� sta ped�a kai pr¸th t�xew sthn tetraorm . 'Eqoume loipìn,
Tr ln

(
−[Ĝ0]−1 + Γ̂µÂ

µ + ∆̂µB̂
µ
)

= Tr ln
(
−[Ĝ0]−1

)
+ Tr ln

[
Î − Ĝ0

(
Γ̂µÂ

µ + ∆̂µB̂
µ
)]
, (4.12)kai o deÔtero ìro e�nai pou ma endiafèrei kai gr�fetai

Tr ln
[
Î − Ĝ0

(
Γ̂µÂ

µ + ∆̂µB̂
µ
)]

= −Tr
∞∑

n=1

1

n

[
Ĝ0
(
Γ̂µÂ

µ + ∆̂µB̂
µ
)]n

. (4.13)AnaptÔssoume t¸ra ton parap�nw ìro mèqri deÔterh t�xh. Se autì to shme�o, prèpei na jumhjoÔmeìti h sun�rthsh Green perilamb�nei ton ìro Zeeman. Lìgw th parous�a tou ped�ou bajm�da Bµmpore� na paraleifje�, kai na enswmatwje� sto tèlo mèsw enì metasqhmatismoÔ bajm�da. O pr¸tht�xh ìro th parap�nw èkfrash, antistoiqe� sthn anamenìmenh tim  tou tetrareÔmato fort�ou kaispin, to opo�o e�nai mhdèn sth jemeli¸dh kat�stash. Sunep¸, o pr¸th t�xh ìro den suneisfèrei.ProqwroÔme ston ìro deÔterh t�xh ìpou isqÔei
− 1

2
Tr
[(
Ĝ0Γ̂µÂ

µ
) (

Ĝ0Γ̂νÂ
ν
)

+
(
Ĝ0∆̂µB̂

µ
) (

Ĝ0∆̂νB̂
ν
)

+
(
Ĝ0Γ̂µÂ

µ
) (

Ĝ0∆̂νB̂
ν
)

+
(
Ĝ0∆̂µB̂

µ
) (

Ĝ0Γ̂νÂ
ν
)]

= −βN
2

∑

q,σ

∑

X,Y =A,B

[
Xµ(−q)ΠXY

µν,σ(q)Y ν(q)
]
,



4.3. ENERG�OS DR�ASH TWN PED�IWN BAJM�IDAS 65ìpou or�same tou tanustè pìlwsh (Polarization Tensors) [219℄,
ΠAA

µν,σ(q) =
1

βN

∑

k

G0
k,σ(ikν)Γ

σ
µ(k, k + q)G0

k+q,σ(ikν + iωs)Γ
σ
ν (k + q, k) ≡ Πσ

µν(q) , (4.14)
ΠBB

µν,σ(q) =
1

βN

∑

k

G0
k,σ(ikν)∆

σ
µ(k, k + q)G0

k+q,σ(ikν + iωs)∆
σ
ν (k + q, k) =

(
µB

e

)2

Πσ
µν(q) , (4.15)

ΠAB
µν,σ(q) =

1

βN

∑

k

G0
k,σ(ikν)Γ

σ
µ(k, k + q)G0

k+q,σ(ikν + iωs)∆
σ
ν (k + q, k) =

σµB

e
Πσ

µν(q) , (4.16)
ΠBA

µν,σ(q) =
1

βN

∑

k

G0
k,σ(ikν)∆

σ
µ(k, k + q)G0

k+q,σ(ikν + iωs)Γ
σ
ν (k + q, k) =

σµB

e
Πσ

µν(q) . (4.17)Fusik� ta parap�nw apotelèsmata  tan anamenìmena exarq  afoÔ h koruf  allhlep�drash tou enìped�ou diafèrei kat� ènan par�gonta σµB/e se sqèsh me to �llo. 'Etsi loipìn èqoume apl�
∑

X,Y =A,B

[
Xµ(−q)ΠXY

µν,σ(q)Y ν(q)
]

=
{[
Aµ(−q) +

σµB

e
Bµ(−q)

]
Πσ

µν(q)
[
Aν(q) +

σµB

e
Bν(q)

]}
. (4.18)Sqèsei OnsagerParathroÔme, ìti gia na mh mhden�zetai o parap�nw ìro prèpei oi tanustè pìlwsh na èqoun k�poieidiìthte. JewroÔme ton ìro

∑

q,σ

[
Xµ(−q)ΠXY

µν,σ(q)Y ν(q) + Y µ(−q)ΠY X
µν,σ(q)Xν(q)

]
. (4.19)Lìgw tou ìti ajro�zoume se ìla ta q mporoÔme na all�xoume ton deÔtero ìro kai na p�roume isodÔnama

∑

q,σ

[
Xµ(−q)ΠXY

µν,σ(q)Y ν(q) + Y µ(q)ΠY X
µν,σ(−q)Xν(−q)

]
=
∑

q,σ

Xµ(−q)
[
ΠXY

µν,σ(q) + ΠY X
νµ,σ(−q)

]
Y ν(q) .E�n jewr soume ìti o tanust  pìlwsh e�nai summetrikì sthn enallag  twn X, Y tìte prèpei oìro ΠXY

µν,σ(q) + ΠXY
νµ,σ(−q) na mhn mhden�zetai. Se aut n thn per�ptwsh diakr�noume dÔo peript¸sei.Sthn pr¸th jewroÔme ìti o tanust  pìlwsh e�nai �rtia sun�rthsh tou tetrakumatanÔsmato. Seaut n thn per�ptwsh, gia na èqoume mh mhdenikì ìro allhlep�drash prèpei o tanust  pìlwsh nae�nai �rtio kai sthn enallag  twn qwroqronik¸n deikt¸n µ, ν. Omo�w e�n o tanust  pìlwsh e�naiperitt  sun�rthsh tou tetrakumatanÔsmato, tìte ofe�lei na e�nai kai perittì w pro thn enallag twn qwroqronik¸n deikt¸n. Prèpei tèlo na ton�soume ìti h enallag  th jèsh twn ped�wn ègine meth je¸rhsh, e�te ìti mporoÔme na agno soume tou epifaneiakoÔ ìrou e�te jewr¸nta ìti ta ped�abr�skontai se kat�llhlh bajm�da. Oi parap�nw sunj ke onom�zontai sqèsei Onsager [10℄.4.3.1 Tanust  PìlwshQrhsimopoi¸nta ta genik� apotelèsmata pou èqoume ex�gei gia ton Tanust  Pìlwsh sto Par�rthma,katal goume sta ex  sumper�smata gia ta stoiqe�a tou tanust  sti peript¸sei pou exet�zoume.Sugkekrimèna èqoume

N

+e2
Πσ

00(q) =
∑

k

Ek,σEk+q,σ + gm
k,σg

m
k+q,σ

2Ek,σEk+q,σ

nF

(
−µσ + Ek,σ

)
− nF

(
−µσ + Ek+q,σ

)

iωs − (µσ − µσ) + Ek,σ −Ek+q,σ
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+

∑

k

Ek,σEk+q,σ + gm
k,σg

m
k+q,σ

2Ek,σEk+q,σ

nF

(
−µσ − Ek,σ

)
− nF

(
−µσ − Ek+q,σ

)

iωs − (µσ − µσ) − Ek,σ + Ek+q,σ

+
∑

k

Ek,σEk+q,σ − gm
k,σg

m
k+q,σ

2Ek,σEk+q,σ

nF

(
−µσ + Ek,σ

)
− nF

(
−µσ − Ek+q,σ

)

iωs − (µσ − µσ) + Ek,σ + Ek+q,σ

+
∑

k

Ek,σEk+q,σ − gm
k,σg

m
k+q,σ

2Ek,σEk+q,σ

nF

(
−µσ −Ek,σ

)
− nF

(
−µσ + Ek+q,σ

)

iωs − (µσ − µσ) − Ek,σ − Ek+q,σ

. (4.20)Jèloume na krat soume ìrou mèqri pr¸th t�xh w pro ta kumatanÔsmata kai thn suqnìthta.JewroÔme ìti e�maste se qamhlè jermokras�e, polÔ qamhlìtere se sqèsh me thn kl�maka toumikrìterou energeiakoÔ q�smato. Upì autè ti sunj ke, oi katast�sei me enèrgeia Ek+q,−,σjewroÔntai kateilhmmène en¸ oi katast�sei me enèrgeia Ek+q,+,σ mh kateilhmmènh. Aut� bèbaiaisqÔoun me thn pro�pìjesh ìti periorizìmaste se mikr� kumatanÔsmata. 'Eqonta epib�lei autoÔtou periorismoÔ, to en lìgw stoiqe�o tou Tanust  Pìlwsh g�netai
Πσ

00(q) = O(q2) , (4.21)ìpou k�name qr sh tou gegonìto ìti oi sunart sei gm
k,σ e�nai kajorismènh omotim�a. ProqwroÔmesto epìmeno stoiqe�o
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+ O(q2) . (4.23)Prèpei na epishm�noume ìti h posìthta Cσ den èqei upologisje� giat� telik� den suneisfèrei sthndr�sh. Autì exhge�tai eÔkola me b�sh ti sqèsei Onsager. Lìgw tou ìti anazhtoÔme grammikoÔ
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i0(q) = −Πσ

i0(−q) kai Πσ
0i(q) = −Πσ

0i(−q). SÔmfwna meti sqèsei Onsager pou ex�game sthn prohgoÔmenh par�grafo prèpei na isqÔei Πσ
i0(q) = −Πσ

0i(q).O en lìgw ìro pou prokÔptei apì tou upologismoÔ den èqei aut n thn idiìthta kai den mpore� nasuneisfèrei sta sugkekrimèna stoiqe�a tou tanust  pìlwsh. Katal goume loipìn sth sqèsh
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. (4.26)Sto pneÔma twn �diwn prosegg�sewn prokÔptei
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+ O(q2) . (4.27)O pr¸to ìro parabi�zei th summetr�a bajm�da, diìti e�nai èna ìro m�za gia to dianusmatikìdunamikì. H Ôparx  tou ofe�letai sto ìti den èqoume l�bei upìyh ma ta diamagnhtik� reÔmata pou



68 KEF�ALAIO 4. ALLHLEP�IDRASH ME TO HLEKTROMAGNHTIK�O PED�IOofe�loun na ton akur¸soun [10℄. Agno¸nta loipìn ton pr¸to ìro, telik� katal goume sth sqèsh
Πσ

µν(q) =
e2

2π
εµνλ(iq

λ)Ñσ , (4.28)ìpou qλ = (iωs, q), en¸ qrhsimopoi same par�llhla ton orismì tou topologikoÔ fort�ou
Ñσ =
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∫
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)
, (4.29)pou eisag�game sto prohgoÔmeno kef�laio. 'Opw  dh èqoume de�xei sti Qeirikè topologikè kata-st�sei Ñσ = −1, en¸ sti elikoeid  Ñσ = −σ.4.3.2 Genik  èkfrash th energoÔ dr�shH sun�rthsh epimerismoÔ lamb�nei th morf 
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S = S0 + Sa
CS + Sb

CS + Sab + Sba , (4.31)ìpou eisag�game ti dr�sei
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σÑσ = θab , (4.35)ìpou Fµν o tanust  ped�ou tou ped�ou bajm�da Bµ. 'Opw blèpoume, oi dÔo pr¸toi ìroi antistoiqoÔnsth dr�sh Chern-Simons [220℄, en¸ oi dÔo teleuta�oi sth dr�sh BF pou sundèei èna ped�o B me tontanust  F enì �llou [221℄. Me autìn ton trìpo lamb�noume m�a dr�sh pou analìgw thn tim  twntopologik¸n anallo�wtwn, mpore� na e�nai tÔpou Chern-Simons   BF.4.4 Exis¸sei k�nhsh th genik  dr�shSe aut n thn par�grafo, ja melet soume ti exis¸sei k�nhsh th genik  topologik  dr�sh pouexag�game parap�nw efodiasmènoi me kinhtikoÔ ìrou gia ta ped�a
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Sj = −
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µ , Sjz = −
∫
d3x jz

µB
µ , (4.37)katal gonta sthn sunolik  dr�sh

S = SF 2 + SF2 + Sa
CS + Sb

CS + Sab + Sba + Sj + Sjz . (4.38)Oi exis¸sei k�nhsh ja proèljoun apì to mhdenismì th metabol  th sunolik  dr�sh δS = 0,w pro ti metabolè δAµ kai δBµ twn ped�wn bajm�da. Parajèsoume analutik� thn metabol  twnepimèrou ìrwn gia plhrìthta. 'Eqoume loipìn
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δSj = −
∫
d3x jµδA

µ , (4.45)
δSjz = −

∫
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µδB
µ . (4.46)4.4.1 Exis¸sei k�nhsh gia to ped�o bajm�da hlektrikoÔ fort�ouSugkentr¸nonta tou ìrou th metabol  th dr�sh pou e�nai an�logoi th metabol  tou ped�oubajm�da Aµ, prokÔptoun oi exis¸sei k�nhsh ston ìgko tou ulikoÔ
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70 KEF�ALAIO 4. ALLHLEP�IDRASH ME TO HLEKTROMAGNHTIK�O PED�IOìpou ennoe�tai ìti to di�nusma n e�nai k�jeto sto sÔnoro kai ta ped�a upolog�zontai sthn �dia qronik stigm . Me ± sumbol�zoume ti posìthte pou or�zontai akrib¸ p�nw kai k�tw apì thn sunoriak epif�neia. To p�nw kai k�tw antistoiqe� sto par�llhla kai antipar�llhla sto di�nusma n. To dex�mèlo th ex�swsh 4.48 antistoiqe� se èna epifaneiakì reÔma pou prokÔptei lìgw th asunèqeia twn
θ sto sÔnoro. To �dio sumba�nei kai me thn ex�swsh 4.47, ìpou mporoÔme na doÔme ìti to reÔma dendiathre�tai [222, 223℄

∂µjµ =
1

4
εµνλ (∂ µθaa)F

νλ +
1

4
εµνλ (∂ µθba)Fνλ , (4.49)anadeiknÔonta ìti h dr�sh Chern-Simons den e�nai anallo�wth kat� metasqhmatismoÔ bajm�da, lìgwth Ôparxh th sunoriak  epif�neia. Par' ìl' aut� gnwr�zoume ìti oi katast�sei pou perigr�foumeden e�nai uperag¸gime kai ofe�loun na e�nai anallo�wte se metasqhmatismoÔ bajm�da. Sunep¸ japrèpei se autì to shme�o na agnooÔme k�poia suneisfor� reÔmato h opo�a na epanafèrei aut n thnanalloiìthta. H suneisfor� aut  proèrqetai apì ta fermionik� ped�a pou diad�dontai sto sÔnoro touulikoÔ. 'Opw èqei deiqje� [222, 223℄, e�n sumperil�boume to reÔma aut¸n twn bajm¸n eleujer�a, hsummetr�a bajm�da apokaj�statai kai oi ìroi pou perilamb�noun ti parag¸gou twn θ, den qrei�zetaina lhfjoÔn upìyh.4.4.2 Exis¸sei k�nhsh gia to ped�o bajm�da spinSugkentr¸nonta tou ìrou th metabol  th dr�sh pou e�nai an�logoi th metabol  tou ped�oubajm�da Aµ, prokÔptoun oi exis¸sei k�nhsh
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µ , (4.50)kaj¸ kai oi sunoriakè sunj ke
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εµiλn
iBλ +

θ+
ab − θ−ab

2
εµiλn

iAλ , . (4.51)Parìmoia e�nai ta sumper�smata kai se aut n thn per�ptwsh. Kai p�li to reÔma spin den diathre�taisto sÔnoro
∂µjz

µ =
1

4
εµνλ (∂ µθbb)Fνλ +

1

4
εµνλ (∂ µθab)F

νλ , (4.52)all� kai se aut n thn per�ptwsh, oi sunoriako� bajmo� eleujer�a diathroÔn th summetr�a bajm�datou spin [224℄.4.5 Topologik  metafor� fort�ou kai spin'Eqonta thn energì dr�sh twn Topologik¸n Kum�twn Puknìthta Fort�ou kai Spin sunart sei twnped�wn bajm�da Aµ kai Bµ, ma d�nei thn dunatìthta na upolog�soume thn aujìrmhth (  an¸malh)topologik  apìkrish aut¸n twn katast�sewn. H apìkrish aut , qarakthr�zei th jemeli¸dh kat�stashìpw anamènoume e�nai tÔpou Hall. Dhlad  efarmìzoume m�a exwterik  diataraq  se m�a dieÔjunsh kaiperimènoume thn apìkrish sthn k�jeth. Gia autì to lìgo onom�zetai aujìrmhth, diìti den qrei�zetaina efarmìsoume dÔo diaforetikoÔ tÔpou exwterikè diataraqè gia na thn parathr soume, all� mìno
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Sq ma 4.1: a. Aujìrmhto Kbantikì Fainìmeno Hall. H efarmog  enì hlektrikoÔ ped�ou, odhge� se ènaegk�rsio reÔma, d�qw thn upoqrewtik  parous�a enì exwterikoÔ magnhtikoÔ ped�ou. b. AujìrmhtoKbantikì Fainìmeno Hall tou Spin. Ant�stoiqa me thn prohgoÔmenh per�ptwsh, h efarmog  mia magnh-tobajm�da kat� ton �xona ẑ mpore� na odhg sei sth metafor� spin sthn egk�rsia dieÔjunsh me pìlwshspin par�llhla ston �dio �xona. P. Kotetes and G. Varelogiannis, Europhys. Lett. 84, 37012 (2008)[190℄ kai P. Kotetes and G. Varelogiannis, J. Supercond. Nov. Magn. 22, 141 (2009) [191℄.enì. Apì ti parap�nw exis¸sei, e�n jewr soume ìti mhden�zontai oi par�gwgoi twn tanust¸n twnped�wn ∂µFµν = ∂µFµν = 0, af nonta ètsi mìno stajer� hlektrik� kai magnhtik� ped�a fort�ou kaispin, èqoume
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2
εµνλF

νλ +
θab

2
εµνλFνλ = εµνλ

(
θaa∂

νAλ + θab∂
νBλ

)
, (4.53)
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)
, (4.54)ìpou agno same thn Ôparxh sunoriak¸n epifanei¸n kai kat� sunèpeia th anomoiogèneia twn θij me

i, j = a, b. ParathroÔme ìti h parap�nw sqèsh e�nai arket� summetrik  kai mpore� na grafe� piosumpuknwmèna w ex 
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)
=
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θaa θab

θba θbb

)(
εµνλ∂

νAλ

εµνλ∂
νBλ

)
. (4.55)MporoÔme t¸ra na antikatast soume ta tetrareÔmata kai ta ant�stoiqa ped�a kai na p�roume
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, (4.56)
ìpou eisag�game thn Aujìrmhth agwgimìthta Hall fort�ou σc

xy = −θaa, thn Aujìrmhth agwgimìthta
Hall spin σs

xy = −θbb kai thn aujìrmhth magnhtohlektrik  agwgimìthta Hall σcs
xy = −θab. Parap�nwjewr same ìti ìla ta ped�a kai oi kl�sei twn ped�wn e�nai stajer�.

http://iopscience.iop.org/0295-5075/84/3/37012/
http://www.springerlink.com/content/271u55m4gt2v187r/


72 KEF�ALAIO 4. ALLHLEP�IDRASH ME TO HLEKTROMAGNHTIK�O PED�IO4.5.1 Qeirikè Topologikè Katast�seiSthn per�ptwsh twn Qeirik¸n Topologik¸n Kum�twn Puknìthta Fort�ou kai Spin, isqÔei Ñ↑ =

Ñ↓ ⇒ Ñ 6= 0. Sunep¸ θaa = e2

h
Ñ , θbb =

µ2

B

h
Ñ kai θab = θba = 0. ProkÔptei loipìn




ρc

ρz
s

jx
jz
x

jy
jz
y




=




+σc
xy 0 0 0 0 0

0 +σs
xy 0 0 0 0

0 0 +σc
xy 0 0 0

0 0 0 +σs
xy 0 0

0 0 0 0 −σc
xy 0

0 0 0 0 0 −σs
xy







Bz

0
Ey

−∂yBz

Ex

−∂xBz




. (4.57)
4.5.2 Elikoeide� Topologikè Katast�seiSthn per�ptwsh twn Elikoeid¸n Topologik¸n Kum�twn Puknìthta Fort�ou kai Spin, isqÔei Ñ↑ =

−Ñ↓. Sunep¸, θaa = θbb = 0 kai θab = θba =
eµ

B

h
Ñ kai prokÔptei




ρc

ρz
s

jx
jz
x

jy
jz
y




=




0 +σcs
xy 0 0 0 0

+σcs
xy 0 0 0 0 0

0 0 0 +σcs
xy 0 0

0 0 +σcs
xy 0 0 0

0 0 0 0 0 −σcs
xy

0 0 0 0 −σcs
xy 0







Bz

0
Ey

−∂yBz

Ex

−∂xBz




. (4.58)
4.6 Dunamik  apìkrish kai di�dosh twn fwton�wnSe aut n thn par�grafo ja melet soume ti dunamikè idiìthte twn upì exètash topologik¸n ka-tast�sewn, ìpw autè prokÔptoun apì ti exis¸sei k�nhsh twn energ¸n Topologik¸n Jewri¸nPed�ou. Se k�je m�a apì ti dÔo diaforetikè topologikè katast�sei ja melet soume thn ener-geiak  diaspor� twn fwton�wn [220, 225℄ ìpw aut  diamorf¸netai mèsw th allhlep�drash me taTopologik� KÔmata Puknìthta.4.6.1 Qeirikè Topologikè Katast�sei'Eqonta l�bei upìyh th suneisfor� twn sunoriak¸n bajm¸n eleujer�a, ja melet soume t¸ra tiexis¸sei k�nhsh th dr�sh pou e�nai anallo�wte se metasqhmatismoÔ bajm�da. Upenjum�zoumeìti E = −∇V − ∂tA ⇒ E i = −∂iA

0 − ∂0A
i = ∂iA0 − ∂0Ai ≡ F i0 kai B = ∇×A ⇒ Bi = εijk∂jA

k =
1
2
εijkF

kj ⇒ F ji = εijkBk. Epiplèon, lamb�noume upìyh ìti to ped�o Bµ e�nai qronometaballìmeno,
θaa = −σc

xy, θab = 0 kai θbb = −σs
xy. Pa�rnoume telik� ti akìlouje exis¸sei:
∂Ex

∂x
+
∂Ey

∂y
+
σc

xy

d
Bz = +ρc , (4.59)

∂Ex

∂t
− ∂Bz

∂y
− σc

xy

d
Ey = −jx , (4.60)

∂Ey

∂t
+
∂Bz

∂x
+
σc

xy

d
Ex = −jy , (4.61)



4.6. DUNAMIK�H AP�OKRISH KAI DI�ADOSH TWN FWTON�IWN 73
−∂

2Bz

∂x2
− ∂2Bz

∂y2
= +ρz

s , (4.62)
+σs

xy

∂Bz

∂y
= −jz

x , (4.63)
−σs

xy

∂Bz

∂x
= −jz

y . (4.64)To parap�nw sÔsthma e�nai uperorismèno, dhlad  up�rqoun perissìtere exis¸sei par� ped�a. Autìantimetwp�zetai me ton akìloujo trìpo: k�poie apì autè ti exis¸sei, kai sugkekrimèna oi treiteleuta�e, den prèpei na qrhsimopoihjoÔn gia thn eÔresh th dunamik  twn ped�wn. Ant�jeta qrhsi-meÔoun gia na upolog�soume ta reÔmata kai thn puknìthta spin. Gia th melèth loipìn twn dunamik¸nidiot twn periorizìmaste sti trei pr¸te exis¸sei. Ja jewr soume t¸ra ìti ta pijan� reÔmata poue�nai dunatìn na emfanistoÔn ìti upakoÔoun to nìmo tou Ohm j(ω, q) = σE(ω, q). Metasqhmat�zontakat� Fourier ta ped�a katal goume sti exis¸sei
+ iqxEx(ω, q) + iqyEy(ω, q) +

σc
xy

d
Bz(ω, q) = ρc(ω, q) , (4.65)

− (iω − σ) Ex(ω, q) − σc
xy

d
Ey(ω, q) − iqyBz(ω, q) = 0 , (4.66)

+
σc

xy

d
Ex(ω, q) − (iω − σ) Ey(ω, q) + iqxBz(ω, q) = 0 , (4.67)ìpou ta Ex,y,Bz kai ρc e�nai sunart sei th suqnìthta kai tou kumatanÔsmato. Bèbaia, kai h Au-jìrmhth Agwgimìthta Hall, exart�tai apì thn suqnìthta kai to kumat�nusma. Par�ol aut�, stipeript¸sei pou exet�zoume h suqnìthta e�nai mikrìterh apì to q�sma twn monoswmatidiak¸n diegèr-sewn, k�ti pou ma epitrèpei me asf�leia na jewr soume thn σc

xy stajer . ParathroÔme pw e�n
ρc 6= 0 to parap�nw sÔsthma exis¸sewn èqei m�a mh mhdenik  lÔsh. Ant�jeta, e�n h puknìthta fort�oue�nai mhdenik  tìte to sÔsthma exis¸sewn e�nai omogenè. Se aut n thn per�ptwsh e�n jèsoume thnor�zousa �sh me to mhdèn mporoÔme na broÔme ti sqèsei diaspor� twn fwton�wn. H or�zousa D d�nei

D = −
(
σc

xy/d
) [

(ω + iσ)2 − q2 −
(
σc

xy/d
)2
]
. (4.68)Kat' arq n ja melet soume thn per�ptwsh th mhdenik  agwgimìthta kai puknìthta fort�ou. Seaut n thn per�ptwsh to sÔsthma e�nai polÔ kal� monwmèno, dhlad  briskìmaste sthn perioq  ìpou hagwgimìthta Hall e�nai kbantismènh. ParathroÔme ìti gia ω > 0 kai |q| = 0 o mhdenismì th or�zousad�nei ω = |σc

xy|/d. Autì shma�nei ìti gia na dhmiourg soume èna fwtìnio apaite�tai energeiak  dap�nh�sh me |σc
xy|/d. To apotèlesma autì èqei polÔ shmantikè sunèpeie. Parìlo pou h kat�stas ma den e�nai uperag¸gimh kai �ra den sunodeÔetai me aujìrmhto sp�simo thsummetr�a bajm�da U(1), to fwtìnio èqei m�za [220, 225℄. Sthn per�ptws  ma ìmw hm�za e�nai topologik  proèleush. Gia peperasmèna kumatanÔsmata, to fwtìnio upakoÔei sth sqèshdiaspor� enì èmmazou ped�ou Klein-Gordon, ω2 = |q|2 +

(
σc

xy/d
)2. Sthn statik  per�ptwsh ω = 0isqÔei |q| = ±i

(
σc

xy/d
). Se aut n thn per�ptwsh ta ped�a ant� na diad�dontai ston q¸ro, sb nounekjetik�. H sugkekrimènh idiìthta katadeiknÔei thn jwr�kish tou ulikoÔ apì ta exwterik� efarmozì-mena hlektrik� kai magnhtik� ped�a. M�lista, h jwr�kish apì to magnhtikì ped�o odhge�sto Topologikì Fainìmeno Meissner [189℄.Sthn per�ptwsh th peperasmènh agwgimìthta σ, h diaspor� twn fwton�wn g�netai

ω = σℑ ±
√
|q|2 +

(
σc

xy/d
)2 − iσℜ . (4.69)



74 KEF�ALAIO 4. ALLHLEP�IDRASH ME TO HLEKTROMAGNHTIK�O PED�IOParathroÔme ìti to fantastikì mèro th agwgimìthta σℑ dra san èna qhmikì dunamikì pou meta-top�zei thn energeiak  diaspor�. Ant�jeta, to pragmatikì mèro σℜ d�nei m�a fantastik  sunist¸sasthn energeiak  diaspor�, pou antistoiqe� se ènan peperasmèno qrìno zw  gia ta fwtìnia.Gia peperasmènh puknìthta fort�ou, to sÔsthma èqei thn akìloujh monadik  lÔsh
Ex(ω, q) = − d

σc
xy

ωqy + i
[
σqy −

(
σc

xy/d
)
qx
]

(ω + iσ)2 − q2 −
(
σc

xy/d
)2 ρc(ω, q) , (4.70)

Ey(ω, q) = +
d

σc
xy

ωqx + i
[
σqx +

(
σc

xy/d
)
qy
]

(ω + iσ)2 − q2 −
(
σc

xy/d
)2 ρc(ω, q) , (4.71)

Bz(ω, q) = +
d

σc
xy

(ω + iσ)2 −
(
σc

xy/d
)2

(ω + iσ)2 − q2 −
(
σc

xy/d
)2 ρc(ω, q) . (4.72)Blèpoume ìti gia q = 0 prokÔptei σc

xy

d
Bz(ω, q) = ρc(ω, q). E�n loipìn efarmìsoume èna magnhtikì ped�osto sÔsthma, tìte se aut n thn per�ptwsh dhmiourge� m�a peperasmènh puknìthta fort�ou sto ulikì.Ant�jeta, e�n to ulikì parousi�zei peperasmènh puknìthta fort�ou, tìte parousi�zetai peperasmènhmagn tish troqiak  proeÔleush h opo�a mpore� kat� kanìna na aniqneute� se m�a di�taxh SQUID.4.6.2 Elikoeide� Topologikè Katast�seiAkolouj¸nta parìmoia b mata, lamb�noume upìyh ìti sthn per�ptwsh twn elikoeid¸n katast�sewnisqÔei θab = −σcs

xy, θaa = θbb = 0 kai pa�rnoume
∂Ex

∂x
+
∂Ey

∂y
= +ρc , (4.73)

∂Ex

∂t
− ∂Bz

∂y
+
σcs

xy

d

∂Bz

∂y
= −jx , (4.74)

∂Ey

∂t
+
∂Bz

∂x
− σcs

xy

d

∂Bz

∂x
= −jy , (4.75)

−∂
2Bz

∂x2
− ∂2Bz

∂y2
+
σcs

xy

d
Bz = +ρz

s , (4.76)
−σ

cs
xy

d
Ey = −jz

x , (4.77)
+
σcs

xy

d
Ex = −jz

y . (4.78)Kai se aut n thn per�ptwsh to sÔsthma exis¸sewn e�nai uperorismèno kai qreiazìmaste thn kat�llhlhtaktik  gia na to epilÔsoume. 'Opw kai sthn per�ptwsh twn qeirik¸n katast�sewn, ja krat soumesan kÔriou ìrou autoÔ pou proèrqontai apì ta troqiak� fainìmena kai w deutereÔonte autoÔpou sqet�zontai me to ped�o Zeeman. Xanagr�foume ti exis¸sei, pa�rnonta
∂Ex

∂x
+
∂Ey

∂y
= +ρc , (4.79)

∂2Ex

∂y∂t
−
(

1 − σcs
xy

d

)
∂2Bz

∂y2
= −∂jx

∂y
, (4.80)
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∂2Ey

∂x∂t
+

(
1 − σcs

xy

d

)
∂2Bz

∂x2
= −∂jy

∂x
, (4.81)

+
σcs

xy

d

∂Bz

∂t
≃ +

∂ρz
s

∂t
, (4.82)

+
σcs

xy

d

∂Ey

∂x
= +

∂jz
x

∂x
, (4.83)

−σ
cs
xy

d

∂Ex

∂y
= +

∂jz
y

∂y
. (4.84)Prosjètonta ti trei teleuta�e exis¸sei kai k�nonta qr sh th ex�swsh th sunèqeia tou spin,prokÔptei h sqèsh

∂Bz

∂t
=
∂Ex

∂y
− ∂Ey

∂x
, (4.85)o opo�o den e�nai �llo apì to nìmo th epagwg  tou Faraday [226℄. Afair¸nta t¸ra thn deÔterhapì thn tr�th ex�swsh prokÔptei telik� h ex�swsh gia to magnhtikì ped�o

∂2Bz

∂t2
−
(

1 − σcs
xy

d

)
∇

2Bz =
∂jy
∂x

− ∂jx
∂y

. (4.86)H parap�nw ex�swsh perigr�fei th di�dosh kum�twn magnhtikoÔ ped�ou kai apous�a reum�twn fort�oud�nei thn akìloujh sqèsh diaspor�:
ω = ±

√

1 − σcs
xy

d
|q| , (4.87)h opo�a analìgw thn tim  tou upìrrizou odhge� se dÔo diaforetikè peript¸sei. E�n to upìrrizoe�nai jetikì, tìte h parap�nw ex�swsh perigr�fei diadidìmena kÔmata me grammik  diaspor� ω = c|q|kai taqÔthta h opo�a kajor�zetai apì th magnhtohlektrik  agwgimìthta. Sthn ant�jeth per�ptwshèqoume ω = ic|q| pou de�qnei ìti to kÔma tou magnhtikoÔ ped�o den diad�detai, all� ant�jeta fj�nei methn p�rodo tou qrìnou. Mèsw th ex�swsh Faraday mporoÔme na broÔme kai thn sumperifor� touhlektrikoÔ ped�ou. Lìgw th grammikìthta th ex�swsh Faraday ta kÔmata tou hlektrikoÔ ped�ouakoloujoÔn thn sumperifor� twn magnhtik¸n kum�twn.
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5 Adiabatik  metafor� fort�ou kaiGewmetrik  F�sh BerrySti parap�nw paragr�fou melet same thn apìkrish twn Topologik¸n Kum�twn Puknìthta Fort�oukai Spin ìtan efarmìzoume èna exwterikì hlektromagnhtikì ped�o. Se ìlh th suz thsh me�name pisto�sthn apa�thsh th qamhl  suqnìthta kai twn mikr¸n kumatanusm�twn, ¸ste mhn prokalèsoumeton sqhmatismì monoswmatidiak¸n diegèrsewn sto sÔsthma. M�lista e�nai aut  h apa�thsh pou maepitrèpei na perigr�youme autè ti katast�sei me m�a jewr�a e�te Chern-Simons   BF. M�a diataraq polÔ mikr  suqnìthta shma�nei ìti exel�ssetai polÔ arg� ston qrìno. Kat' autìn ton trìpo,h topologik  apìkrish pou l�bame parap�nw, prokÔptei ìtan efarmìsoume ènaexwterikì ped�o sto adiabatikì ìrio. Se autì to kef�laio ja prosegg�soume ta fainìmenapou parousi�same se prohgoÔmene paragr�fou, qrhsimopoi¸nta thn adiabatik  prosèggish kai thgewmetrik  f�sh pou prokÔptei se mia tètoia diadikas�a. Me autìn ton trìpo ja mporèsoume nadiasafhn�soume akìma perissìtero thn ènnoia tou topologikoÔ fort�ou kai th sÔndes  tou me tamagnhtik� ped�a kai monìpola Berry pou or�zontai ston q¸ro twn kumatanusm�twn.5.1 Gewmetrik  f�sh BerryH ep�drash adiabatik¸n diataraq¸n melet jhke gia pr¸th for� apì ton Berry to 1984 [227, 228℄ kai�noixe to drìmo se nèa fainìmena. 'Estw loipìn ìti h Qamiltonian  ma exart�tai apì èna sÔnoloparamètrwn R = (R1, R2, . . . , Rn) pou metab�llontai polÔ arg� me ton qrìno. Ta idiodianÔsmatakat�stash tou sust mato |Ψν(t)〉, ikanopoioÔn thn parametrik  ex�swsh Schrödinger

H [R(t)] |Ψν(t)〉 = ih̄
∂

∂t
|Ψν(t)〉 . (5.1)Lìgw th adiabatik  exèlixh twn paramètrwn, k�je idiodi�nusma kat�stash paramènei idiodi�nusmath Qamiltonian  thn ek�stote qronik  stigm , kai to mìno pou mpore� na metab�lletai e�nai h f�shtou. 'Etsi loipìn sÔmfwna me thn prìtash tou Berry, jewroÔme ìti ta dianÔsmata kat�stash mporoÔnna grafoÔn w

|Ψν(t)〉 = eiγν [R(t)]e−
i
h̄

∫ t

0
Eν [R(t′)]dt′ |Φν [R(t)]〉 , (5.2)ìpou eisag�game ta adiabatik� idiodianÔsmata |Φν [R(t)]〉 pou ikanopoioÔn thn ex�swsh

H [R(t)] |Φν [R(t)]〉 = Eν [R(t)]|Φν [R(t)]〉 , (5.3)kaj¸ kai th f�sh Berry γν [R(t)]. To �llo tm ma th f�sh onom�zetai dunamik  f�sh kai sqet�zetaime thn qronik  exèlixh enì idiodianÔsmato. MporoÔme na doÔme ìti h f�sh Berry ikanopoie� th sqèsh
γν[R(t)] − γν [R(0)] =

∫ t

0
dt′ 〈Φν [R(t′)]|i∂t′ |Φν [R(t′)]〉 , (5.4)

=
∫ R(t)

R(0)
dR · 〈Φν(R)|i ∂

∂R
|Φν(R)〉 . (5.5)77



78 KEF�ALAIO 5. ADIABATIK�H METAFOR�A FORT�IOU KAI GEWMETRIK�H F�ASH BERRYLìgw tou ìti up�rqei h summetr�a bajm�da U(1) kai kat� sunèpeia h eleujer�a epilog  f�sh,mporoÔme na jewr soume gia eukol�a ìti ta idiodianÔsmata pollaplasi�zontai me m�a f�sh ¸ste naisqÔei γν [R(0)] = 0. ParathroÔme pw parap�nw o qrìno eisèrqetai mìno san sunoriak  sunj khsti timè R(0) kai R(t) tou orismènou oloklhr¸mato. M�lista mporoÔme isodÔnama na jewr soumeìti to di�nusma metab�lletai sto qrìno kai oi timè tou diagr�foun mia troqi� C. 'Ara ta ìria touoloklhr¸mato exart¸ntai apì thn arq  kai to tèlo aut  th troqi�. E�n eisag�goume se autì toshme�o to dianusmatikì dunamikì Berry

Aν(R) = 〈Φν(R)|i ∂
∂R

|Φν(R)〉 , (5.6)h metabol  th f�sh Berry gr�fetai w
γν =

∫

C
dR · Aν(R) . (5.7)Ja exet�soume l�go kalÔtera se autì to shme�o ti idiìthte tou dianusmatikoÔ dunamikoÔ pou ei-sag�game. E�n jewr soume ìti ta adiabatik� idiodianÔsmata apoktoÔn m�a f�sh, dhlad  |Φν(R)〉 →

eiθν(R)|Φν(R)〉, tìte to dunamikì metasqhmat�zetai w Aν(R) → Aν(R)− ∂θν(R)
∂R

. ParathroÔme loipìnìti to dianusmatikì ped�o e�nai èna ped�o bajm�da U(1) ston parametrikì q¸ro R. To gegonì ìti todianusmatikì dunamikì exart�tai apì thn epilog  th bajm�da, sunep�getai ìti kai h f�sh Berry e�naimia tètoia posìthta giat� metab�lletai w γν → γν +{θν [R(0)] − θν [R(t)]}. Sth fÔsh ìmw mporoÔmena parathr soume mìno posìthte pou e�nai anallo�wte k�tw apì metasqhmatismoÔ bajm�da kai �rah f�sh aut  den mpore� en gènei na èqei fusikè sunèpeie.Par' ìl' aut�, up�rqei m�a per�ptwsh ìpou h f�sh aut  mpore� na e�nai anallo�wth kai na èqeiparathr sime sunèpeie. Autì sumba�nei mìno ìtan h kampÔlh ston parametrikì q¸ro e�nai kleist ,dhlad  R(t) = R(0). To gegonì autì sunep�getai ìti eiθν [R(t)] = eiθν [R(0)] pou ma d�nei θν [R(0)] −
θν [R(t)] = 2πκ ìpou κ akèraio. 'Etsi loipìn gia m�a kleist  kampÔlh, h f�sh Berry isoÔtai me
γν + 2πκ. Se aut n thn per�ptwsh h f�sh Berry mpore� na all�xei mìno kat� 2π. H tim  ìmw aut den mpore� na èqei k�poia fusik  ep�ptwsh diìti emfan�zetai san to ìrisma m�a f�sh. Sunep¸ giam�a kleist  kampÔlh ston parametrikì q¸ro, oi fusikè sunèpeie th f�sh Berry den all�zoun k�twapì metasqhmatismoÔ bajm�da kai �ra e�nai parathr sime. 'Etsi loipìn h f�sh Berry èqei nìhmamìno gia kleistè kampÔle, dhlad 

γν ≡
∮

C
dR · Aν(R) . (5.8)O qarakthrismì th f�sh Berry w gewmetrik  e�nai profan  plèon apì thn parap�nw sqèsh.Ki autì giat� prokÔptei apì thn tim  enì epikampÔliou oloklhr¸mato se m�a kleist  kampÔlh kaiepiprosjètw den exart�tai apì to qrìno. To gegonì ìti h f�sh Berry or�zetai gia kleistè kampÔle,ma epitrèpei na qrhsimopoi soume to Je¸rhma tou Stokes kai na gr�youme to epikampÔlio olokl rwmaw epifaneiakì, se m�a epif�neia S pou perikle�ei thn kampÔlh C. 'Eqoume loipìn

γν =
∫

dS ·
[
∇R × Aν(R)

]
=
∫

dS · Ων(R) , (5.9)ìpou dS to dianusmatikì stoiqe�o epif�neia en¸ par�llhla eisag�game to magnhtikì ped�o Berry ( kampulìthta Berry), Ων(R) = ∇R × Aν(R). Blèpoume loipìn ìti h f�sh Berry den e�nai par� hmagnhtik  ro  ston parametrikì q¸ro. Qrhsimopoi¸nta to Je¸rhma tou Gauss blèpoume ìti
γν =

∫
dv ∇R · Ων(R) , (5.10)



5.1. GEWMETRIK�H F�ASH BERRY 79ìpou v o ìgko th kleist  epif�neia. E�nai plèon profan  h analog�a me ton nìmo tou Gauss,
Q =

∫
dv ∇ ·E ston hlektromagnhtismì. H f�sh Berry isoÔtai me to sunolikì fort�o twn magnhtik¸nmonìpolwn pou up�rqoun ston parametrikì q¸ro gia to idiodi�nusma kat�stash me de�kth ν. Tafort�a twn magnhtik¸n monìpolwn e�nai akèraia pollapl�ssia tou 2π afoÔ h f�sh Berry mpore� naall�xei mìno kat� 2πκ.MporoÔme na katano soume akìma kalÔtera to rìlo kai to lìgo Ôparxh tou magnhtikoÔ ped�ou

Berry e�n to fèroume se m�a pio bolik  morf 
Ωi

ν(R) = εijk
∂

∂Rj

Ak
ν(R) = i


∂〈Φν(R)|

∂Rj

∂|Φν(R)〉
∂Rk

− ∂〈Φν(R)|
∂Rk

∂|Φν(R)〉
∂Rj


 (5.11)

= +i
∑

ν′


∂〈Φν(R)|

∂Rj

|Φν′(R)〉〈Φν′(R)|∂|Φν(R)〉
∂Rk

− ∂〈Φν(R)|
∂Rk

|Φν′(R)〉〈Φν′(R)|∂|Φν(R)〉
∂Rj




= −i
∑

ν′ 6=ν


〈Φν(R)|∂|Φν′(R)〉

∂Rj

〈Φν′(R)|∂|Φν(R)〉
∂Rk

− 〈Φν(R)|∂|Φν′(R)〉
∂Rk

〈Φν′(R)|∂|Φν(R)〉
∂Rj




= +i
∑

ν′ 6=ν



〈Φν(R)|∂H(R)/∂Rj

|Φν′(R)〉〈Φν′(R)|∂H(R)/∂Rk
|Φν(R)〉

[
Eν(R) − Eν′(R)

]2 − j ↔ k


 , (5.12)ìpou qrhsimopoi same thn sqèsh

〈Φν(R)|∂|Φν′(R)〉
∂Rj

= −∂〈Φν(R)|
∂Rj

|Φν′(R)〉 = − 1

Eν(R) −Eν′(R)
〈Φν(R)|∂H(R)

∂Rj

|Φν′(R)〉 , ν 6= ν ′ .ParathroÔme ìti to magnhtikì ped�o Berry enì idiodianÔsmato ν èqei suneisforè apì ìla taupìloipa idiodianÔsmata ν ′. Autì e�nai to apotèlesma th adiabatik  exwterik  diataraq . E�nbriskìmaste se m�a idiokat�stash prin thn efarmog  th adiabatik  diataraq , tìte oi metab�sei se�lle idiokatast�sei den epitrèpontai kai suneq�zoume na paramènoume se aut n suneq¸. H epiplèonf�sh pou apokt� to idiodi�nusma, perilamb�nei kat� k�poion trìpo thn enapome�nousa �allhlep�drash�autoÔ tou idiodianÔsmato me ta upìloipa [228℄. 'Etsi loipìn, e�n ajro�soume se ìla ta idiodianÔsmatato magnhtikì ped�o Berry, ja p�roume mhdèn ∑ν Ων(R) = 0, ìpw mporoÔme eÔkola na doÔme apì thnsqèsh 5.12. Epiplèon, parathroÔme ìti to magnhtikì ped�o Berry apokl�nei sta shme�a ìpou akoumpoÔnoi diaforetikè energeiakè idiotimè Eν , Eν′. Autè e�nai oi jèsei twn monìpolwn gia to magnhtikìped�o Berry pou leitourgoÔn w phgè kai d�noun peperasmènh magnhtik  ro .To magnhtikì ped�o Berry parìlo pou or�zetai ston parametrikì q¸ro pa�zei ton �dio rìlo meto hlektromagnhtikì, ìson afor� ti idiìthte metafor� fort�ou. 'Etsi loipìn, e�n efarmìzoumeèna hlektrikì ped�o E se m�a kateÔjunsh, perimènoume èna reÔma Hall sthn kateÔjunsh E × Ωνgia to k�je epimèrou idiodi�nusma ν, ìpou fusik� prèpei na pollaplassi�soume me to kat�llhlofort�o. 'Etsi loipìn, h topologik  metafor� fort�ou kai spin pou exet�same prohgoumènw stapla�sia twn Topologik¸n Jewri¸n Ped�ou, mpore� na katanohje� kai sta pla�sia th Gewmetrik F�sh Berry. 'Opw anafèrame kai prohgoumènw, kai oi dÔo trìpoi d�noun ta �dia apotelèsmata giat�èqoume energeiakì q�sma. To ìrio twn qamhl¸n suqnot twn taut�zetai me to adiabatikì ìrio poumeletoÔme sthn deÔterh per�ptwsh.



80 KEF�ALAIO 5. ADIABATIK�H METAFOR�A FORT�IOU KAI GEWMETRIK�H F�ASH BERRY5.2 Magnhtikì ped�o Berry sta Topologik� KÔmata Pu-knìthta Fort�ou kai SpinDe�xame sto prohgoÔmeno kef�laio ìti h Qamiltonian  twn Topologik¸n Kum�twn Puknìthta For-t�ou kai Spin, èqei gia k�je probol  tou spin σ = ± dÔo idiokatast�sei ν = ±, me energeiakèdiasporè Eν,σ(k) = −µ− σµBBz + νEσ(k). Ta idiodianÔsmata èqoun th morf 
Φ+,σ(k) =

(
uσ(k)
vσ(k)

)
, Φ−,σ(k) =

(
−v∗σ(k)
u∗σ(k)

)
, (5.13)ìpou isqÔei

uσ(k) =

√√√√Eσ(k) + g3,σ(k)

2Eσ(k)
, vσ(k) = eiϕσ(k)

√√√√Eσ(k) − g3,σ(k)

2Eσ(k)
, (5.14)

MQ(k) + σMz
Q(k) = g1,σ(k) + ig2,σ(k) =

√
[g1,σ(k)]2 + [g2,σ(k)]2eiϕσ(k) . (5.15)Ja upolog�soume se autì to shme�o to magnhtikì ped�o Berry th k�je idiokat�stash. Gia na tok�noume autì, ja ektelèsoume pr¸ta thn allag  metablht¸n

Eσ(k) cos[ϑσ(k)] = g3,σ(k) , (5.16)
Eσ(k) sin[ϑσ(k)] cos[ϕσ(k)] = g1,σ(k) , (5.17)
Eσ(k) sin[ϑσ(k)] sin[ϕσ(k)] = g2,σ(k) . (5.18)Me th qr sh autoÔ tou metasqhmatismoÔ, ta idiodianÔsmata gr�fontai

| Φ+,σ〉 =




cos ϑσ

2

sin ϑσ

2
eiϕσ


 , | Φ−,σ〉 =




− sin ϑσ

2
eiϕσ

cos ϑσ

2


 . (5.19)Upolog�zoume t¸ra to dianusmatikì ped�o Berry,

Aν,σ(k) = 〈Φν,σ(k) | i ∂
∂k

| Φν,σ(k)〉 = i〈Φν,σ | ∂

∂ϑσ

| Φν,σ〉
∂ϑσ

∂k
+ i〈Φν,σ | ∂

∂ϕσ

| Φν,σ〉
∂ϕσ

∂k

= i〈Φν,σ | ∂

∂ϕσ

| Φν,σ〉
∂ϕσ

∂k
= i

i

2

[
1 − ν cosϑσ(k)

] ∂ϕσ

∂k
. (5.20)To epìmeno b ma e�nai na upolog�soume thn par�gwgo pou emfan�zetai parap�nw

tanϕσ(k) =
g2,σ(k)

g1,σ(k)
⇒

∂

∂k
tanϕσ(k) =

1

[g1,σ(k)]2


∂g2,σ(k)

∂k
g1,σ(k) − ∂g1,σ(k)

∂k
g2,σ(k)


 , (5.21)

∂

∂k
tanϕσ(k) =

1

cos2 ϕσ(k)

∂ϕσ(k)

∂k
=

[g1,σ(k)]2 + [g2,σ(k)]2

[g1,σ(k)]2
∂ϕσ(k)

∂k
. (5.22)



5.3. ADIABATIK�H METAFOR�A RE�UMATWN HALL FORT�IOU KAI SPIN 81Qrhsimopoi¸nta ti dÔo isodÔname sqèsei pa�rnoume thn apl  èkfrash
∂ϕσ(k)

∂k
=

1

g2
1,σ(k) + g2

2,σ(k)


∂g2,σ(k)

∂k
g1,σ(k) − ∂g1,σ(k)

∂k
g2,σ(k)


 , (5.23)pou ma d�nei thn telik  sqèsh gia to dianusmatikì dunamikì [191℄

Aν,σ(k) = −1

2


1 − ν

g3,σ(k)

Eσ(k)


 1

g2
1,σ(k) + g2

2,σ(k)


∂g2,σ(k)

∂k
g1,σ(k) − ∂g1,σ(k)

∂k
g2,σ(k)


 . (5.24)MporoÔme na parathr soume ìti to dunamikì twn dÔo idiodianusm�twn diafèrei mìno sto prìshmo tou

g3,σ(k). Sunep¸ mporoÔme na upolog�soume to dunamikì mìno gia thn m�a kai na prokÔyei kai todunamikì th �llh me thn allag  tou pros mou tou parap�nw ìrou. Ant�stoiqa, ja upolog�soumeto magnhtikì ped�o Berry. M�lista prèpei na ton�soume, ìti lìgw tou ìti ta upì exètash sust matae�nai periorismèna sto ep�pedo x − y, to magnhtikì ped�o Berry mpore� na èqei sunist¸sa mìno kat�ton �xona z. 'Eqoume loipìn
Ωz

ν,σ(k) =
∂Ay

ν,σ(k)

∂kx
− ∂Ax

ν,σ(k)

∂ky
. (5.25)Met� apì k�poiou upologismoÔ [191℄, mpore� sqetik� eÔkola na deiqje� ìti

Ωz
ν,σ(k) = −ν 1

2E3
σ(k)

gσ(k) ·
(
∂gσ(k)

∂kx

× ∂gσ(k)

∂ky

)
. (5.26)ParathroÔme ìti Ωz

+,σ(k) = −Ωz
−,σ(k). Autì ìmw den prèpei na ma ekpl sei. 'Opw  dh proana-fèrame isqÔei ∑ν,σ Ωz

ν,σ(k) = 0. Sthn per�ptws  ma ìmw k�je uposÔsthma spin e�nai anex�rthto,pr�gma pou shma�nei ìti ∑ν Ωz
ν,σ(k) = 0. Epeid  sthn per�ptws  ma èqoume dÔo idiodianÔsmata giak�je probol  tou spin, anagkastik� ta dÔo prokÔptonta magnhtik� ped�a Berry ja èqoun ant�jetoprìshmo. Apì autì sumpera�noume ìti e�n to sunolikì ped�o Berry proèrqetai apì to �jroisma twndÔo epimèrou, tìte autì ja e�nai mhdèn e�n kai oi dÔo idiokatast�sei e�nai to �dio kateilhmmène. Tè-lo, prèpei na parathr soume ìti me th jewr�a th f�sh Berry, mporoÔme na katano soume kalÔterakai thn topologik� anallo�wth posìthta Ñσ pou eis�game prohgoumènw.
Ñσ =

1

4π

∫
dkxdky Ωz

−,σ(k) ≡ 1

2π
γ−,σ . (5.27)Dhlad  h topologik� anallo�wth posìthta, sundèetai me th magnhtik  ro  tou idiodianÔsmato pouantistoiqe� se enèrgeia E−,σ(k), thn opo�a èqoume jewr sei pl rw kateilhmmènh kat� thn exagwg th energoÔ dr�sh gia to hlektromagnhtikì ped�o. Lìgw tou ìti h f�sh Berry èqei th morf 

γ−,σ = 2π×akèraio, to topologikì fort�o Ñσ e�nai akrib¸ to fort�o twn magnhtik¸n monìpolwnston parametrikì q¸ro.5.3 Adiabatik  Metafor� ReÔmatwn Hall Fort�ou kaiSpinH parous�a tou magnhtikoÔ ped�ou Berry anamènoume na èqei mh tetrimmène epipt¸sei sth metafor�reÔmato kai spin, akrib¸ ìpw kai to sÔnhje magnhtikì ped�o Maxwell. Ja efarmìsoume loipìn



82 KEF�ALAIO 5. ADIABATIK�H METAFOR�A FORT�IOU KAI GEWMETRIK�H F�ASH BERRYèna exwterikì hlektrikì ped�o E kaj¸ kai m�a stajer  bajm�da magnhtikoÔ ped�ou Zeeman ∇Bz ,kai ja upolog�soume ta reÔmata Hall pou mporoÔn na prokÔyoun. JewroÔme ìti to hlektrikì ped�oproèrqetai apì èna qronometaballìmeno dianusmatikì dunamikì A(t) = −Et kai h bajm�da ped�ouapì èna qronometaballìmeno ped�o B(t) = ∇Bzt. Mèsw th el�qisth sÔzeuxh, ta dianusmatik�dunamik� metab�lloun to kumat�nusma me ton akìloujo trìpo
k → k +

e

h̄
A(t) +

σµB

h̄
B(t) = k −

[
e

h̄
E +

σµB

h̄
(−∇Bz)

]
t . (5.28)Sunep¸ to kumat�nusma g�netai qronometaballìmeno k̇ = − e

h̄
E − σµB

h̄
(−∇Bz). ParathroÔme ìti hsqèsh aut  ekfr�zei thn hmiklasik  Neut¸nia ex�swsh h̄k̇ = Fe+Fz = −eE−σµB(−∇Bz). SÔmfwname ta prohgoÔmena, gia na mporèsoume na èqoume m�a anex�rthth se metasqhmatismoÔ bajm�da f�sh

Berry, ja prèpei h par�metro pou metab�lletai na lamb�nei timè se m�a kleist  kampÔlh. Sthnper�ptws  ma h sugkerimènh par�metro e�nai to kumat�nusma k. H qronik  tou par�gwgo, dhl¸neiìti to kumat�nusma suneq¸ aux�netai d�qw thn dunatìthta na sqhmatiste� kleistì brìqo. Par�ol'aut� prèpei na jumhjoÔme pw lìgw tou ìti e�maste sthn anhgmènh z¸nh Brillouin, ta dianÔsmata kkai k + G mporoÔn na e�nai isodÔnama, an kai mìno an to kumat�nusma G apotele� èna di�nusma touantistrìfou plègmato. Autì shma�nei ìti ta shme�a k kai k + π
a
(n,m) ìpou a h plegmatik  stajer�tou ulikoÔ kai m,n akèraioi, e�nai isodÔnama. Lìgw loipìn tou ìti h anhgmènh z¸nh Brillouin ìpw�llwste kai k�je z¸nh Brillouin, e�nai m�a toroeid  epif�neia, to hlektrikì ped�o pou efarmìzoume(parìlo pou den e�nai enallassìmeno) emfan�zei periodikìthta me per�odo

e|E |T
h̄

=
π

a
⇒ T =

πh̄

ae|E | . (5.29)Se k�je �kÔklo� èqoume thn adiabatik  metafor� fort�ou lìgw tou reÔmato pou dhmiourge�tai. Gnw-r�zoume ìti h puknìthta hlektrikoÔ fort�ou sta Topologik� KÔmata Puknìthta Fort�ou kai Spingr�fetai w
ρc(q) = −e

∑

k,σ

(
c†k,σck+q,σ + c†k+Q,σck+Q+q,σ

)
, (5.30)en¸ ant�stoiqa h puknìthta spin me pìlwsh kat� ton z �xona

ρz
s(q) = −µB

∑

k,σ

σ
(
c†k,σck+q,σ + c†k+Q,σck+Q+q,σ

)
. (5.31)Lìgw tou ìti se aut n thn per�ptwsh oi idiokatast�sei exart¸ntai apì to qrìno, mèsw th metabol tou kumatanÔsmato, e�nai protimìtero na ekfr�soume tou telestè puknìthta fort�ou sunart seitwn idiokatast�sewn. Gia autì to lìgo qrhsimopoioÔme ton metasqhmatismì Bogoliubov, kai pa�rnoume

ρc(q) = −e
∑

k,σ

[
Φ†

+,σ(k)Φ+,σ(k + q)γ†k,σγk+q,σ + Φ†
−,σ(k)Φ−,σ(k + q)γ†k+Q,σγk+Q+q,σ

+ Φ†
+,σ(k)Φ−,σ(k + q)γ†k,σγk+Q+q,σ + Φ†

−,σ(k)Φ+,σ(k + q)γ†k+Q,σγk+q,σ

]
, (5.32)

ρz
s(q) = −e

∑

k,σ

σ
[
Φ†

+,σ(k)Φ+,σ(k + q)γ†k,σγk+q,σ + Φ†
−,σ(k)Φ−,σ(k + q)γ†k+Q,σγk+Q+q,σ

+ Φ†
+,σ(k)Φ−,σ(k + q)γ†k,σγk+Q+q,σ + Φ†

−,σ(k)Φ+,σ(k + q)γ†k+Q,σγk+q,σ

]
. (5.33)



5.3. ADIABATIK�H METAFOR�A RE�UMATWN HALL FORT�IOU KAI SPIN 83Oi parap�nw telestè èqoun grafte� sunart sei twn adiabatik¸n katast�sewn. Autè exart¸ntaiapì ton qrìno parametrik�. Dhlad  sthn per�ptws  ma afoÔ oi idiosunart sei e�nai oi adiabati-kè, h puknìthta fort�ou kai spin ja exart¸ntai kai autè parametrik� apì to qrìno. H exèlixhtwn sugkekrimènwn telest¸n, den ja prosdioriste� aut  th for� apì to metajèth th Qamilto-nian  ρ̇c,s(q) = i
h̄

[
H, ρc,s(q)

], all� apì th rht  tou ex�rthsh twn telest¸n w pro ton qrìno
ρ̇c,s(q) =

∂ρc,s(q)

∂t
. Apì thn �llh, h diat rhsh tou fort�ou or�zei ìpw èqoume proanafèrei ta reÔmatafort�ou kai spin Jc(q), me ton akìloujo trìpo

ρ̇c,s(q) + iq · Jc,s(q) = 0 ⇒ Jc,s(q) = i
∂ρ̇c,s(q)

∂q
. (5.34)Sthn per�ptws  ma anazhtoÔme to omoiìmorfo reÔma, dhlad  q = 0. 'Etsi loipìn ja prèpei nap�roume thn pr¸th par�gwgo th qronik  parag¸gou twn telest¸n puknìthta fort�ou kai spin wpro q ki èpeita na mhden�soume to kumat�nusma. Se aut n thn per�ptwsh isqÔei ∂

∂q
≡ ∂

∂k
kai èqoume

Jc ≡ Jc(0) = i
ρ̇c(q)

∂q

∣∣∣∣∣
q=0

≡ i
∂2ρc(q)

∂t∂q

∣∣∣∣∣
q=0

= −ie
∑

k,σ

∂

∂t

[
Φ†

+,σ(k)
∂Φ+,σ(k)

∂k
γ†k,σγk,σ + Φ†

−,σ(k)
∂Φ−,σ(k)

∂k
γ†k+Q,σγk+Q,σ

+ Φ†
+,σ(k)

∂Φ−,σ(k)

∂k
γ†k,σγk+Q,σ + Φ†

−,σ(k)
∂Φ+,σ(k)

∂k
γ†k+Q,σγk,σ

]
. (5.35)Pa�rnoume thn anamenìmenh tim  tou reÔmato sth jemeli¸dh kat�stash, ìpou < γ†k,σγk+Q,σ >=

< γ†k+Q,σγk,σ >= 0. Ant�jeta oi anamenìmene timè twn �llwn dÔo d�noun w apotèlesma thn katanom 
Fermi-Dirac. ProkÔptei loipìn

〈Jc〉 = −ie
∑

k,ν,σ

[
∂Φ†

ν,σ(k)

∂t

∂Φν,σ(k)

∂k
+ Φ†

ν,σ(k)
∂

∂t

∂Φν,σ(k)

∂k

]
nF [Eν,σ(k)]

= −ie
∑

k,ν,σ


∂Φ

†
ν,σ(k)

∂t

∂Φν,σ(k)

∂k
+ Φ†

ν,σ(k)
∑

ν′,σ′

∂Φν′,σ′(k)

∂t
Φ†

ν′,σ′(k)
∂Φν,σ(k)

∂k
nF [Eν′,σ′(k)]


nF [Eν,σ(k)]

= −ie
∑

k,ν,σ


∂Φ

†
ν,σ(k)

∂t

∂Φν,σ(k)

∂k
− Φ†

ν,σ(k)
∑

ν′,σ′

∂Φν′,σ′(k)

∂t

∂Φ†
ν′,σ′(k)

∂k
Φν,σ(k)nF [Eν′,σ′(k)]


nF [Eν,σ(k)]

= −ie
∑

k,ν,σ


∂Φ

†
ν,σ(k)

∂t

∂Φν,σ(k)

∂k
−
∑

ν′,σ′

∂Φ†
ν′,σ′(k)

∂k
Φν,σ(k)Φ†

ν,σ(k)
∂Φν′,σ′(k)

∂t
nF [Eν′,σ′(k)]


nF [Eν,σ(k)]

= −ie
∑

k,ν,σ

[
∂Φ†

ν,σ(k)

∂t

∂Φν,σ(k)

∂k
− ∂Φ†

ν,σ(k)

∂k

∂Φν,σ(k)

∂t

]
nF [Eν,σ(k)]

= −ie
∑

k,ν,σ

∑

m=x,y

k̇m

[
∂Φ†

ν,σ(k)

∂km

∂Φν,σ(k)

∂k
− ∂Φ†

ν,σ(k)

∂k

∂Φν,σ(k)

∂km

]
nF [Eν,σ(k)] , (5.36)(5.37)ìpou qrhsimopoi¸nta ton orismì tou magnhtikì ped�ou Berry, èqoume thn apl  èkfrash gia to reÔmafort�ou

〈Jc〉 = e
∑

k,ν,σ

k̇ × Ων,σ(k) nF [Eν,σ(k)] . (5.38)



84 KEF�ALAIO 5. ADIABATIK�H METAFOR�A FORT�IOU KAI GEWMETRIK�H F�ASH BERRYQrhsimopoi¸nta t¸ra thn sqèsh h̄k̇ = Fe+Fz = −eE−σµB(−∇Bz) prokÔptoun oi telikè ekfr�seigia ta reÔmata fort�ou kai spin
〈Jc〉 =

∑

k,ν,σ

[
−e

2

h̄
E − σ

eµB

h̄
(−∇Bz)

]
×Ων,σ(k) nF [Eν,σ(k)] , (5.39)

〈Js〉 =
∑

k,ν,σ

[
−σeµB

h̄
E − µ2

B

h̄
(−∇Bz)

]
×Ων,σ(k) nF [Eν,σ(k)] . (5.40)Oi parap�nw sqèsei or�zoun ti agwgimìthte twn Aujìrmhtwn Fainomènwn Hall

σc
xy = −e

2

h̄

∑

k,ν,σ

Ωz
ν,σ(k) nF [Eν,σ(k)] , (5.41)

σs
xy = −µ

2
B

h̄

∑

k,ν,σ

Ωz
ν,σ(k) nF [Eν,σ(k)] (5.42)

σcs
xy = −eµB

h̄

∑

k,ν,σ

σΩz
ν,σ(k) nF [Eν,σ(k)] . (5.43)MporoÔme eÔkola na doÔme ìti e�n e�nai kateilhmmène mìno oi energeiakè katast�sei E−,σ(k) tìteoi sugkekrimène ekfr�sei taut�zontai me autè pou br kame sto prohgoÔmeno kef�laio, qrhsimo-poi¸nta ti mejìdou th Kbantik  Jewr�a Ped�ou. To kÔrio qarakthristikì e�nai ìti me aut n thmèjodo l�bame me eujÔ trìpo thn Aujìrmhth apìkrish se peperasmèna qhmikì dunamikì, ped�o Zeemankai bèbaia jermokras�a. MporoÔme eÔkola na doÔme ìti to qhmikì dunamikì kai h jermokras�a odhgoÔnsthn ell�twsh twn agwgimot twn kai katastrèfoun thn topologik  metafor� fort�ou [191℄.Gia par�deigma, sto Sq.5.1, parousi�zoume thn agwgimìthta tou spin σs

xy gia th m�a probol  touspin. E�n antikatast soume me µB = h̄/2 tìte gia mhdenikì qhmikì dunamikì kai jermokras�a, hagwgimìthta e�nai kbantismènh kai isoÔtai me σs
xy = h̄/8π. E�n l�boume upìyh ìti h topologik stajerìthta bas�zetai sth stajerìthta tou energeiakoÔ q�smato twn monoswmatidiak¸n diegèrsewn,tìte h sumperifor� pou parousi�zetai sto parap�nw sq ma e�nai apolÔtw anamenìmenh. 'Ena loutrìjermokras�a diege�rei jermik�, fore� sti energeiakè katast�sei E+,σ(k), oi opo�e èqoun ant�jetomagnhtikì ped�o Berry se sqèsh me ti arqik� pl rw kateilhmmène energeiakè katast�sei E−,σ(k).Parìmoia arnhtik  ep�drash prokÔptei apì thn parous�a tou qhmikoÔ dunamikoÔ ìpou h jèsh toukajor�zei thn kat�lhyh twn dÔo tÔpwn energeiak¸n katast�sewn. En gènei, h mègisth agwgimìthtaepitugq�netai mìno ìtan oi katast�sei E+,σ(k) e�nai kateilhmmène (kenè) kai oi E−,σ(k) kenè(kateilhmmène).An¸malh suneisfor� sthn taqÔthta twn hlektron�wnSthn prohgoÔmenh par�grafo e�dame ìti se peperasmèno hlektrikì ped�o E , to reÔma tou hlektron�ouapokt� m�a sunist¸sa k�jeth sth dieÔjunsh tou hlektrikoÔ ped�ou kai th magnhtobajm�da Zeeman.Sugkekrimèna gia k�je pìlwsh tou spin èqoume

〈Jσ〉 = e
∑

k,ν

k̇ × Ων,σ(k) nF [Eν,σ(k)] ≡ −e
∑

k,ν

vanom
ν,σ (k) nF [Eν,σ(k)] . (5.44)Autì upodhl¸nei ìti k�je monoswmatidiak  hlektroniak  kat�stash èqei m�a epiprìsjeth suneisfor�sthn taqÔthta, pa�rnonta sunolik�

vν,σ(k) =
1

h̄

∂Eν,σ(k)

∂k
− k̇ × Ων,σ(k) , (5.45)
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Sq ma 5.1: Ep�drash th jermokras�a kai tou qhmikoÔ dunamikoÔ sthn Aujìrmhth agwgimì-thta Hall tou spin σs
xy, ìtan to sÔsthma organ¸netai se m�a Qeirik  Topologik  kat�sta-sh. Se mhdenik  jermokras�a kai qhmikì dunamikì, h agwgimìthta e�nai kbantismènh kai i-soÔtai me µ2

B/h̄ = h̄/8π gia m�a probol  tou spin. H aÔxhsh th jermokras�a kaitou qhmikoÔ dunamikoÔ katastrèfoun thn topologik  stajerìthta th kat�stash mei¸nontathn agwgimìthta. Stou upologismoÔ qrhsimopoi same t = 250meV , dx2−y2 = 50meV .
P. Kotetes and G. Varelogiannis, J. Supercond. Nov. Magn. 22, 141 (2009) [191℄.en¸ par�llhla to kumat�nusma metab�lletai qronik� w ex 

h̄k̇ =
∑

m

Fm = −eE − σµB(−∇Bz) . (5.46)

http://www.springerlink.com/content/271u55m4gt2v187r/
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6 Topologik� KÔmata Puknìthtaparous�a MagnhtikoÔ Ped�ouSta prohgoÔmena kef�laia melet same thn apìkrish twn TopologikoÔ KÔmatato Puknìthta For-t�ou kai Spin se m�a hlektromagnhtik  diataraq . Epiplèon, e�dame p¸ metab�lletai h taqÔthta twnhlektron�wn Bloch ìtan efarmìzoume èna hlektrikì ped�o   m�a bajm�da ped�ou Zeeman. Se autì tokef�laio ja melet soume thn sumperifor� aut¸n twn susthm�twn upì thn parous�a enì statikoÔmagnhtikoÔ ped�ou. Ja doÔme, pw ektì apì ti an¸male diorj¸sei pou eis�gontai lìgw thtautìqronh parous�a tou peperasmènou magnhtikoÔ ped�ou Berry, to ped�o mpore� na ep�geiautè ti katast�sei. Sugkekrimèna e�n arqik� èqei sqhmatiste� mìno m�a apì ti dÔo para-mètrou t�xh me anaparast�sei dx2−y2 kai dxy, tìte anagkastik� ja epaqje� kai h enapome�nousaanapar�stash, odhg¸nta ston sqhmatismì m�a ek twn tess�rwn dunat¸n topologik¸n katast�sewn.H anapìfeukth epagwg  twn exwtik¸n aut¸n katast�sewn apotele� kai to kr�simo qarakthristikìpou ma wje� na prote�noume thn Ôparxh twn Topologik¸n Kum�twn Puknìthta Fort�ou kai Spinstou mh sumbatikoÔ uperagwgoÔ.6.1 Troqiak  Magn tish'Opw èqoume  dh proanafèrei, oi Topologikè katast�sei pou exet�zoume qarakthr�zontai apì mhmhdenik� magnhtik� ped�a Berry. Ta sugkekrimèna ped�a, an kai or�zontai se ènan parametrikì q¸romporoÔn na prosd¸soun sto sÔsthma peperasmènh f�sh Berry ìpw ja èkane èna sÔnhje magnhtikìped�o. Anamènoume loipìn ìti to hlektromagnhtikì ped�o mpore� na suzeuqje� me to magnhtikì Berry,lìgw tou ìti moir�zontai ti �die summetr�e. H sugkekrimènh allhlep�drash odhge� se m�a troqiak suneisfor� sth magn tish [228℄ thn opo�a epijumoÔme na upolog�soume se aut n thn par�grafo.'Eqonta brei thn troqiak  magn tish mporoÔme èpeita na doÔme pw h sumper�lhy  th mpore� naephre�sei to di�gramma f�sh twn topologik¸n aut¸n katast�sewn.Ja epidi¸xoume t¸ra na upolog�soume thn troqiak  magn tish gia peperasmène jermokras�e.DouleÔonta sto megalokanonikì sÔnolo, to megalokanonikì dunamikì or�zetai w Ω = E−TS−µN[203℄ kai h magn tish d�netai apì th sqèsh
M = − 1

V

(
∂Ω

∂B

)

µ,T

, (6.1)ìpou V ìgko tou ulikoÔ. Gia ton upologismì th magn tish, ja akolouj soume th mèjodo tou�rjrou [229℄, kai ja eisag�goume thn posìthta M̃ , h opo�a d�netai apì th sqèsh
M̃ = − 1

V

(
∂K

∂B

)

µ,T

, (6.2)ìpou K = E − µN . Lìgw tou ìti h jermokras�a e�nai stajer , h magn tish M kai h posìthta M̃87



88KEF�ALAIO 6. TOPOLOG. K�UMATAPUKN�OTHTASPAROUS�IAMAGNHTIKO�UPED�IOUsundèontai me ton akìloujo trìpo
∂ (βM)

∂β
= M̃ , (6.3)me β = 1/kBT kai kB h stajer� tou Boltzmann. Gia na broÔme autìn ton tÔpo qrhsimopoi same tonisodÔnamo orismì

M = M̃ + T

(
∂S

∂B

)

µ,T

, (6.4)kaj¸ kai th jermodunamik  sqèsh tou Maxwell,
(
∂S

∂B

)

µ,T

=

(
∂M

∂T

)

µ,B

, (6.5)H sqèsh aut  ma epitrèpei na upolog�soume pr¸ta thn posìthta M̃ kai èpeita mèsw mia olokl rwshna prosdior�soume th magn tish. 'Opw proanafèrame, gia aplìthta ja agno soume pro to parìnthn suneisfor� Zeeman, diìti e�nai polÔ aplì na thn enswmat¸soume se epìmeno st�dio, ìpw jadoÔme parak�tw. Xekin�me apì th Qamiltonian  gia k�je probol  tou spin twn Topologik¸n Kum�twnPuknìthta Fort�ou kai Spin, pou ìpw èqoume proanafèrei gr�fetai w Hσ =
∑

k ψ̂
†
k,σĤσ(k)ψ̂k,σ, me

Ĥσ(k) = gσ(k) · τ − µτ0 . Gia na dhmiourg soume èna magnhtikì ped�o, prèpei na prosjèsoume sthnQamiltonian  ton ìro
Hint = −

∑

q

jc(−q) · A(q) = e
∑

k,q

ψ̂†
k+q

∂Ĥ0(k)

∂k
· A(q)ψ̂k . (6.6)H sunolik  Qamiltonian  èqei th morf  H =

∑
k,q ψ̂

†
k+q,σĤσ

k+q,kψ̂k,σ. Se autì to shme�o upolog�zoumethn posìthta K. 'Eqoume loipìn
Kσ = 〈Hσ〉 =

∑

k,q

〈
ψ̂†

k+q,σĤσ
k+q,kψ̂k,σ

〉
=

1

β

∑

ikν ,k

∑

iωs,q

Tr

{[
Hσ(k)δiωs,0δq,0 + e

∂Ĥσ(k)

∂k
· A(q)

]
Ĝk,k+q

}
.Qrhsimopoi¸nta thn ex�swsh Dyson [219℄ pa�rnoume Ĝ = Ĝ0 + Ĝ0V̂Ĝ, h opo�a se pr¸th t�xh w proth diataraq  d�nei Ĝ = Ĝ0 + Ĝ0V̂Ĝ0. Gia ti anamenìmene timè me tou akìloujou de�kte prokÔptei

Ĝk,k+q = Ĝ0
k,k+q +

∑

k1,k2

〈k| Ĝ0 |k1〉 〈k1| V̂ |k2〉 〈k2| Ĝ0 |k + q〉 = Ĝ0
kδq,0 + e

[
Ĝ0

k

∂Ĥ0(k)

∂k
Ĝ0

k+q

]
· A(−q) , (6.7)pou ma d�nei thn akìloujh sqèsh gia to mègejo K

K ≃ 1

β

∑

ikν ,k

∑

iωs,q

Tr

{[
Ĥ0(k)δiωs,0δq,0 + e

∂Ĥ0(k)

∂k
· A(q)

] [
Ĝ0

kδq,0 + e

(
Ĝ0

k

∂Ĥ0(k)

∂k
Ĝ0

k+q

)
· A(−q)

]}

≃ 1

β

∑

ikν ,k

Tr

[
Ĥ0(k)Ĝ0

k

]
− 1

β

∑

ikν ,k

Tr

[(
−e∂Ĥ0(k)

∂k

)
Ĝ0

k

]
· A(q)

+ e
∑

j=x,y

lim
q→0




∂

∂qj

1

β

∑

ikν ,k

Tr

[
Ĥ0(k)Ĝ0

k

∂Ĥ0(k)

∂k
Ĝ0

k+q

]
 · qjA(−q) , (6.8)



6.2. ELE�UJERH EN�ERGEIA KAI MAGN�HTISH PAROUS�IA MAGNHTIKO�U PED�IOU 89ìpou krat same mìno grammikoÔ ìrou tou kumatanÔsmato, ¸ste na prokÔyei to magnhtikì ped�o. Opr¸to ìro sthn èkfrash tou K, sqet�zetai me thn anamenìmenh tim  aut  th posìthta apous�amagnhtikoÔ ped�ou, en¸ o deÔtero e�nai �so me thn anamenìmenh tim  tou reÔmato sth jemeli¸dhkat�stash, pou fusik� isoÔtai me to mhdèn. H mình suneisfor� proèrqetai apì ton teleuta�o ìro.'Eqoume sugkekrimèna
K =

e

2N

∑

k,ν,σ

ĝσ(k) ·
(
∂ĝσ(k)

∂kx

× ∂ĝσ(k)

∂ky

){
Eσ(k)Eν,σ(k)n′

F [Eν,σ(k)] + νµnF [Eν,σ(k)]
}
Bz . (6.9)MporoÔme se autì to shme�o na upolog�soume thn posìthta M̃z , h opo�a d�netai w ex 

M̃z =
e

N

∑

k,ν,σ

{
νEσ(k)Ωz

ν,σ(k)Eν,σ(k)n′
F [Eν,σ(k)] + µΩz

ν,σ(k)nF [Eν,σ(k)]
}
. (6.10)Oloklhr¸nonta aut  th sqèsh, prokÔptei h èkfrash th troqiak  magn tish

Mz
σ =

1

N

∑

k,ν,σ

{
mz

ν,σ(k)nF [Eν,σ(k)] + ekBTΩz
ν,σ(k) ln

(
1 + e−βEν,σ(k)

)}
, (6.11)ìpou èqoume eisag�gei thn èkfrash tou magnhtikoÔ ped�ou Berry

Ωz
ν,σ(k) = − ν

2E3
σ(k)

gσ(k) ·
(
∂gσ(k)

∂kx

× ∂gσ(k)

∂ky

)
, (6.12)(6.13)kaj¸ kai th troqiak  magnhtik  rop 

mz
ν,σ(k) =

e

h̄
νEσ(k)Ωz

ν,σ(k) = − e

2h̄E2
σ(k)

gσ(k) ·
(
∂gσ(k)

∂kx

× ∂gσ(k)

∂ky

)
. (6.14)Apì th deÔterh èkfrash e�nai fanerì ìti h troqiak  magnhtik  rop  den exart�tai apì ton de�kth

ν. H mình ex�rthsh sqet�zetai mìno me ton de�kth spin. Sugkekrimèna, gia ti QeirikèTopologikè katast�sei, h troqiak  magnhtik  rop  e�nai anex�rthth apì tospin. Kat� sunèpeia pa�zei to rìlo enì qhmikoÔ dunamikoÔ pou èqei ex�rthsh apìto kumat�nusma. Sthn per�ptwsh twn Elikoeid¸n Topologik¸n katast�sewn, htroqiak  magnhtik  rop  e�nai ant�jeth gia k�je spin. 'Etsi loipìn, h troqiak rop  metatrèpetai kai aut  se magnhtik  rop  tÔpou Zeeman. Perimènoume loipìnìti se aut n thn per�ptwsh up�rqei m�a metabol  th arqik  magn tish spin.6.2 EleÔjerh enèrgeia kai magn tish parous�a exwteri-koÔ magnhtikoÔ ped�ouParap�nw upolog�same thn troqiak  magn tish qwr� na gnwr�zoume ek twn protèrwn thn èkfrashtou megalokanonikoÔ dunamikoÔ   th eleÔjerh enèrgeia. MporoÔme t¸ra na kinhjoÔme ant�strofakai na upolog�soume ta en lìgw jermodunamik� megèjh. Apì ton orismì th troqiak  magn tishe�nai polÔ eÔkolo na deiqje� ìti to megalokanonikì jemodunamikì dunamikì ekfr�zetai w
Ω = − 1

β

∑

k,ν,σ

(
1 +

e

h̄
Ωz

ν,σ(k)Bz

)
ln
(
1 + e−βEBz

ν,σ(k)
)
, (6.15)



90KEF�ALAIO 6. TOPOLOG. K�UMATAPUKN�OTHTASPAROUS�IAMAGNHTIKO�UPED�IOUìpou èqoume jewr sei ti energeiakè diasporè pou enswmat¸noun th diìrjwsh apì thn Ôparxh toumagnhtikoÔ ped�ou
EBz

ν,σ(k) = −µ− σµBBz −mz
ν,σ(k)Bz + νEσ(k) , (6.16)sumperilamb�nonta t¸ra kai th suneisfor� Zeeman. Lìgw tou ìti  dh sti energeiakè diasporèèqoume sumperil�bei èna qhmikì dunamikì, kai par�llhla den ja jewr soume k�poio epiprìsjetoexwterikì qhmikì dunamikì, to megalokanonikì dunamikì Ω, sump�ptei me thn eleÔjerh enèrgeia tousust mato F . H eleÔjerh enèrgeia, afoÔ sumperil�boume kai tou ìrou pou prokÔptoun apì thJewr�a Mèsou Ped�ou, gr�fetai w ex 

FMF = N

(
M2

Q,2

V2
+
M2

Q,6

V6

)
− 1

β

∑

k,ν,σ

(
1 +

e

h̄
Ωz

ν,σ(k)Bz

)
ln
(
1 + e−βEBz

ν,σ(k)
)
. (6.17)H sunolik  magn tish prokÔptei w ex 

Mz = − 1

N

∂FMF

∂Bz
=

1

N

∑

k,ν,σ

(
1 +

e

h̄
Ωz

ν,σ(k)Bz

)
σµBnF [EBz

ν,σ(k)]

+
1

N

∑

k,ν,σ

{(
1 +

e

h̄
Ωz

ν,σ(k)Bz

)
mz

ν,σ(k)nF [EBz

ν,σ(k)] +
e

h̄
kBTΩz

ν,σ(k) ln
(
1 + e−βEBz

ν,σ(k)
)}

. (6.18)6.3 Epagwg  twn Topologik¸n Kum�twn PuknìthtaFort�ou apì to magnhtikì ped�o'Eqonta upolog�sei thn eleÔjerh enèrgeia Mèsou Ped�ou, mporoÔme na melet soume ti exis¸seiautosunèpeia twn paramètrwn t�xh. 'Eqoume dei ìti kai sti dÔo peript¸sei twn Topologik¸nKum�twn Puknìthta Fort�ou kai Spin, oi diasporè Eσ(k) e�nai �die. To mìno pou diakr�nei autè titopologikè katast�sei, sto pla�sio twn exis¸sewn autosunèpeia, e�nai to magnhtikì ped�o Berry.Gia eukol�a mporoÔme na parale�youme thn diìrjwsh mprost� apì ton log�rijmo, diìti briskìmasteoÔtw   �llw sthn perioq  th grammik  prosèggish w pro to ped�o. Sta pla�sia aut  thprosèggish, meletoÔme mon�qa thn ep�drash th troqiak  magnhtik  rop  mz
ν,σ(k). Oi exis¸seiautosunèpeia, mporoÔn na prokÔyoun polÔ apl� me thn elaqistopo�hsh th eleÔjerh enèrgeia wpro ti paramètrou t�xh. Sthn per�ptwsh twn Qeirik¸n topologik¸n katast�sewn, ìpou mz

ν,↑ =
mz

ν,↓, prokÔptei
∂FMF

∂MQ,i

= 0 ⇒

MQ,i =
Vi

N

∑

k,ν,σ





(−ν)MQ,i

f 2
i (k)

2Eσ(k)
+
ea2t

h̄
BzM̃Q,i

s(k)

E2
σ(k)


1 − 2


MQ,i(k)

Eσ(k)




2






nF

[
EBz

ν,σ(k)
]
, (6.19)en¸ sta elikoeid , ìpou mz

ν,↑ = −mz
ν,↓, èqoume

∂FMF

∂MQ,i

= 0 ⇒

MQ,i =
Vi

N

∑

k,ν,σ





(−ν)MQ,i

f 2
i (k)

2Eσ(k)
+
σea2t

h̄
BzM̃Q,i

s(k)

E2
σ(k)


1 − 2


MQ,i(k)

Eσ(k)




2






nF

[
EBz

ν,σ(k)
]
, (6.20)



6.4. EPAGWG�H TWN QEIRIK�WN TOPOLOGIK�WN KATAST�ASEWN 91ìpou sthn parap�nw èkfrash èqoume or�sei ta megèjh s(k) = sin2(kxa) cos2(kya)+sin2(kya) kai M̃2,6 =
M6,2, en¸ i = 2, 6. Gia na doÔme p¸ to magnhtikì ped�o ep�gei ti Topologikè Katast�sei poumeletoÔme, jewroÔme ìti to sÔsthma èqei arqik� sqhmat�sei mìno thn par�metro t�xh pou antistoiqe�sthn anapar�stash f2(k) = cos(kxa) − cos(kya). Jètoume loipìn sto dex� mèlo twn parap�nwexis¸sewn MQ,2 6= 0 kai MQ,6 = 0. E�nai polÔ eÔkolo na doÔme ìti [185, 186℄

M ind;c,h
Q,6 = Ic,h(Bz)

ea2tBz

h̄
ViMQ,2 , (6.21)ìpou eisag�game ta �oloklhr¸mata�

Ic(Bz) =
1

N

∑

k,ν,σ

s(k)nF

[
−µ− σµBBz + ν

√
4t2[cos(kxa) + cos(kya)]2 +M2

Q,2[cos(kxa) − cos(kya)]2
]

4t2[cos(kxa) + cos(kya)]2 +M2
Q,2[cos(kxa) − cos(kya)]2

,

Ih(Bz) =
1

N

∑

k,ν,σ

s(k)σnF

[
−µ− σµBBz + ν

√
4t2[cos(kxa) + cos(kya)]2 +M2

Q,2[cos(kxa) − cos(kya)]2
]

4t2[cos(kxa) + cos(kya)]2 +M2
Q,2[cos(kxa) − cos(kya)]2

.ParathroÔme ìti sthn pr¸th per�ptwsh, Ic(Bz = 0) 6= 0, kai kat� sunèpeia oi qeirikè topologi-kè katast�sei ep�gontai se pr¸th t�xh w pro to magnhtikì ped�o. Ant�jeta,
Ih(Bz = 0) = 0 pou shma�nei ìti oi elikoeide� topologikè katast�sei ep�gontai sedeÔterh t�xh w pro to magnhtikì pedio. Autì  tan exarq  anamenìmeno sÔmfwna me tisummetr�e twn dÔo topologik¸n katast�sewn. Oi qeirikè katast�sei parabi�zoun thn summetr�aantistrof  tou qrìnou kai èqoun peperasmènh troqiak  magnhtik  rop  ∑ν,σ m

z
ν,σ(k). Ant�jeta, stielikoeide� katast�sei èqoume di�thrhsh aut  th summetr�a kai h olik  troqiak  magnhtik  rop e�nai mhdenik . Kat� sunèpeia den mpore� na up�rqei sÔzeuxh me perittè dun�mei tou magnhtikoÔped�ou Bz. E�n jewr soume loipìn ìti h allhlep�drash Zeeman e�nai h mikrìterh energeiak  kl�makatou sust mato, tìte

Ic ≃ +
1

N

∑

k,ν,σ

s(k)nF

[
−µ + ν

√
4t2[cos(kxa) + cos(kya)]2 +M2

Q,2[cos(kxa) − cos(kya)]2
]

4t2[cos(kxa) + cos(kya)]2 +M2
Q,2[cos(kxa) − cos(kya)]2

,

Ih ≃ − 1

N

∑

k,ν,σ

s(k)n′
F

[
−µ+ ν

√
4t2[cos(kxa) + cos(kya)]2 +M2

Q,2[cos(kxa) − cos(kya)]2
]

4t2[cos(kxa) + cos(kya)]2 +M2
Q,2[cos(kxa) − cos(kya)]2

µBBz .SÔmfwna me ta parap�nw apotelèsmata, parathroÔme ìti e�nai dunat  h epa-gwg  kai twn dÔo eid¸n topologik¸n katast�sewn gia osod pote mikr� exwteri-k� ped�a, all� gia mikr� magnhtik� ped�a se sqèsh me to energeiakì q�sma tousust mato, oi qeirikè topologikè katast�sei e�nai kur�arqe. Autì sumba�neidiìti to �jroisma Ic sqet�zetai apeuje�a me thn katanom  Fermi-Dirac twn energeiak¸n katast�se-wn, en¸ to �jroisma Ih me thn par�gwgì th. 'Omw, ìtan to energeiakì q�sma e�nai h megalÔterhenergeiak  kl�maka sto sÔsthma, h par�gwgo th katanom  Fermi-Dirac e�nai mhdèn kai kat� sunè-peia kai to �jroisma Ih, diìti jewroÔme ìti oi energeiakè katast�sei e�nai pl rw kateilhmmène.6.4 Upologistik  melèth th epagwg  twn Qeirik¸nTopologik¸n Katast�sewn'Eqonta katal xei ìti parous�a ped�ou e�nai eunoðkìtero na epaqje� m�a Qeirik  topologik  kat�stashpar� m�a Elikoeid , se aut n thn par�grafo ja melet soume me upologistikè mejìdou thn epagwg 
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Sq ma 6.1: Ex�rthsh apì to magnhtikì ped�o Bz th epagìmenh paramètrou t�xh dxy pou odh-ge� sthn topologik  kat�stash dxy + idx2−y2 . Sto ènjeto, parousi�zoume gia dÔo jermokras�ethn ex�rthsh apì to magnhtikì ped�o ìtan mìno h par�metro t�xh dx2−y2 pro�p�rqei. Sthn ken-trik  eikìna, parathroÔme ìti m�a  dh sqhmatismènh Qeirik  Topologik  Kat�stash enisqÔetai a-pì to magnhtikì ped�o. Oi dÔo kampÔle pou parousi�zontai gia thn par�metro t�xh dxy, diafè-roun mìno kat� thn tim  gia mhdenikì ped�o, h opo�a proèrqetai apì to sÔnhje BCS komm�ti thex�swsh autosunèpeia. 'Opw parathroÔme den up�rqei jermokrasiak  ex�rthsh, en¸ parathroÔ-me ìti h arqik� grammik  sumperifor� me to magnhtikì ped�o apokt� th morf  tetragwnik  r�za.
P. Kotetes and G. Varelogiannis, Phys. Rev. B 80, 212401 (2009) [185℄.th mh-magnhtik  topologik  kat�stash dxy + idx2−y2 [185℄. Ta apotelèsmata pou ja l�boume,mporoÔn eÔkola na susqetistoÔn me thn pijan  emplok  aut  th kat�stash stou uperagwgoÔuyhl  kr�simh jermokras�a twn oxeid�wn tou qalkoÔ.Gia tou upologismoÔ ja jewr soume µ = 0, t = 250meV, a = 5Å kai V2 = 150meV, en¸ja agno soume gia eukol�a thn ep�drash tou ped�ou Zeeman to opo�o den emplèketai sth magnhtik epagwg . H teleuta�a sunj kh odhge� ston sqhmatismì enì mh-magnhtikoÔ mh-sumbatikoÔ kÔmatopuknìthta tÔpou idx2−y2 me par�metro t�xh MQ,2 ≃ 53meV se ìlo to eÔro magnhtikoÔ ped�oukai jermokrasi¸n pou ja exet�soume sthn paroÔsa melèth. Kat' autìn ton trìpo, mporoÔme naepikentrwjoÔme sth melèth tou sqhmatismoÔ mìno th paramètrou t�xh dxy. Gia tou upologismoÔèqoume jewr sei èna plègma kumatanusm�twn 128×128 sthn anhgmènh z¸nh Brillouin. O arijmì twnshme�wn e�nai arket� meg�lo diìti e�nai eÔkolo na epiteuqje� h sÔgklish th ex�swsh autosunèpeia6.19, gia th sunist¸sa dxy.Pr¸ta apì ìla epibebai¸noume upologistik� th grammik  ex�rthsh w pro to magnhtikì ped�oth epagìmenh paramètrou t�xh dxy. Apì ta apotelèsmata pou sugkentr¸same, ja epikentrw-joÔme gia eukol�a sthn per�ptwsh V6 = 125meV. Sto ènjeto gr�fhma tou Sq.6.1 parathroÔme thngrammik  ex�rthsh apì to magnhtikì ped�o kaj¸ kai to ìti h jermokrasiak  ex�rthsh e�nai exai-retik� asjen . H teleuta�a mpore� eÔkola na katanohje�, e�n parathr soume ìti to komm�ti thex�swsh autosunèpeia pou perigr�fei thn epagwg  th paramètrou t�xh dxy, perilamb�nei ton ìro
nF

[
−E(k) −mz(k)Bz

]
+nF

[
E(k) −mz(k)Bz

]. Lìgw tou ìti to mètro th paramètrou t�xh dx2−y2e�nai h kur�arqh energeiak  kl�maka, o parap�nw ìro e�nai sqedìn �so me th mon�da, apokle�ontak�poia ousiastik  jermokrasiak  ep�drash sto upì melèth di�sthma.

http://prb.aps.org/abstract/PRB/v80/i21/e212401
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Sq ma 6.2: Ex�rthsh apì to magnhtikì ped�o tou epagìmenou tm mato th paramètrou t�xh dxy se m�apro�p�rqousa Qeirik  Topologik  kat�stash dxy + idx2−y2 , gia di�fore timè tou energoÔ dunamikoÔ
V6. Gia mikrè timè tou dunamikoÔ lamb�noume thn anamenìmenh ex�rthsh √Bz, en¸ met� apì m�a kr�si-mh tim  tou dunamikoÔ, pern�me se kajar� grammik  ex�rthsh. H teleuta�a upodeiknÔei thn epikr�thshth magnhtik  sÔzeuxh. P. Kotetes and G. Varelogiannis, Phys. Rev. B 80, 212401 (2009) [185℄.Akìma pio endiafèronta apotelèsmata prokÔptoun sthn per�ptwsh enì  dh sqhmatismènou Qei-rikoÔ KÔmato Puknìthta Fort�ou ìtan se autì efarmìsoume èna exwterikì magnhtikì ped�o. Je-wroÔme ton sunduasmì twn energ¸n dunamik¸n V6 = 550meV kai V2 = 150meV, pou odhgoÔn stiparamètrou t�xh MQ,6 ≃ 1.8meV kai MQ,2 ≃ 53meV apous�a magnhtikoÔ ped�ou. 'Otan h troqiak allhlep�drash me to magnhtikì ped�o g�nei mh mhdenik , h par�metro t�xh dx2−y2 paramènei sqedìnamet�blhth, en¸ ant�jeta h par�metro th sunist¸sa dxy enisqÔetai shmantik�. Sugkekrimèna, tomègejo th paramètrou t�xh dxy g�netai 15 forè megalÔtero apì thn arqik  tim  tou, ìtan to ma-gnhtikì ped�o e�nai Bz = 50T. ParathroÔme ìti h ex�rthsh apì to magnhtikì ped�o metab�lletai, kaiapì grammik  apokt� th morf  th tetragwnik  r�za. Autì sumba�nei diìti shmantik  ep�drash èqeikai o pr¸to ìro th ex�swsh autosunèpeia, o opo�o den e�nai �llo apì ton sun jh tÔpou BCS.'Oson afor� th jermokrasiak  ex�rthsh, parathroÔme sto kÔrio gr�fhma tou Sq. 6.1, ìti gia dÔodiaforetikè jermokras�e èqoume mìno m�a metatìpish twn dÔo kampÔlwn, kat� thn tim  th paramè-trou dxy gia mhdenikì magnhtikì ped�o. Blèpoume loipìn ìti to epagìmeno komm�ti th sugkekrimènhparamètrou t�xh e�nai jermokrasiak� amat�blhto. Gia par�deigma, èna q�sma MQ,6, = 1.8meV, toopo�o arqik� exafanizìtan per�pou sta 30K, prokÔptei ìti t¸ra e�nai dunatìn na suneq�zei na up�rqeimèqri kai ta 120K.Tèlo, ja exet�soume thn ep�drash tou energoÔ dunamikoÔ V6 sto fainìmeno th epagwg  kaisugkekrimèna sthn ex�rthsh me to magnhtikì ped�o. Sto Sq. 6.2 de�qnei thn ex�rthsh th paramètrout�xh dxy afoÔ pr¸ta èqoume afairèsei thn tim  th gia mhdenikì magnhtikì ped�o. Epikentrwnìmasteme autìn ton trìpo mìno sto epagìmeno komm�ti kai parathroÔme ìti h aÔxhsh tou dunamikoÔ �mala-k¸nei� thn ex�rthsh √Bz se grammik . Up�rqei m�a kr�simh tim  ìpou apì kei kai pèra èqoume mìnogrammik  sumperifor�.

http://prb.aps.org/abstract/PRB/v80/i21/e212401
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7 Magnhtojermohlektrik� fainìmenametafor� sta Topologik� KÔmataPuknìthta Fort�ou kai SpinO basikì kai kÔrio stìqo th diatrib  aut , e�nai na anade�xoume thn an�mixh twn Topologik¸nKum�twn Puknìthta Fort�ou kai Spin w katast�sei pou mporoÔn na exhg soun fainìmena ìpwe�nai to Gigantia�o s ma Nernst pou parathre�tai sthn kanonik  kat�stash twn uperagwg¸nuyhl  kr�simh jermokras�a kai twn barèwn fermion�wn. 'Etsi loipìn, e�nai apara�thth pro�pìjeshh exagwg  twn genik¸n sqèsewn pou ekfr�zoun ta jermohlektrik� fainìmena se aut� ta ulik�. Autìja g�nei mèsw th eisagwg  enì bohjhtikoÔ jermikoÔ ped�ou. Sugkekrimèna, ja upolog�soume thnenergì dr�sh tou jermikoÔ ped�ou kai twn ped�wn bajm�da U(1) tou fort�ou kai spin, katal gontaston sunolikì tanust  th magnhtojermohlektrik  agwgimìthta.7.1 ReÔma jermìthtaTo basikì stoiqe�o twn jermohlektrik¸n fainomènwn, apotelei fusik� to reÔma jermìthta. Ant�stoi-qa me tou telestè puknìthta fort�ou kai spin, mporoÔme na or�soume ton telest  th puknìthtaenèrgeia [10℄ me ton akìloujo trìpo
ρe(q) =

∑

k,σ

ψ†
k,σĤσ(k)ψk+q,σ , (7.1)ìpou epitrèyame diakum�nsei th hlektroniak  puknìthta. To ant�stoiqo diathroÔmeno reÔma jabreje� apì thn ex�swsh sunèqeia th puknìthta enèrgeia

ρ̇e(r) + ∇ · Je(r) = 0 ⇒ ρ̇e(q) + iq · Je(q) = 0 , (7.2)ìpou Je to reÔma enèrgeia. H qronik  par�gwgo th puknìthta fort�ou, mpore� eÔkola na breje�apì ton metajèth me thn Qamiltonian  Mèsou Ped�ou tou sust mato, h opo�a èqei th genik  morf 
H =

∑
k,σ ψ

†
k,σHσ(k)ψk,σ. 'Eqoume loipìn,

ρ̇e(q) =
i

h̄

[
H, ρe(q)

]
=
i

h̄

∑

k,k′

∑

σ,σ′

[
ψ†

k′,σ′Hσ′(k′)ψk′,σ′ , ψ
†
k,σHσ(k)ψk+q,σ

]

=
i

h̄

∑

k,σ

ψ†
k,σ {Hσ(k)Hσ(k) −Hσ(k)Hσ(k + q)}ψk+q,σ ≃ −iq · 1

h̄

∑

k,σ

ψ†
k,σHσ(k)

∂Hσ(k)

∂k
ψk+q,σ , (7.3)pou isqÔei me polÔ kal  prosèggish sta meg�la m kh kÔmato   isodÔnama sta mikr� kumatanÔsmata

q. Apì thn ex�swsh sunèqeia prokÔptei ìti gia k�je q

Je(q) =
1

h̄

∑

k,σ

ψ†
k,σHσ(k)

∂Hσ(k)

∂k
ψk+q,σ . (7.4)95



96 KEF�ALAIO 7. MAGNHTOJERMOHLEKTRIK�A FAIN�OMENA METAFOR�ASPar�ol' aut�, gia th metafor� jermìthta apaite�tai to reÔma jermìthta ki ìqi toreÔma enèrgeia. To reÔma jermìthta isoÔtai me Jh = Je+
µ
e
Jc, ìpou o teleuta�o ìro perigr�feito hlektrikì reÔma [10, 228℄. Sthn dik  ma per�ptwsh ìpou perilamb�noume  dh èna qhmikì dunamikìsthn Qamiltonian  ma, ta reÔmata jermìthta kai enèrgeia taut�zontai Jh = Je. Antikajist¸ntame thn Qamiltonian  mporoÔme na broÔme thn akrib  morf  tou reÔmato jermìthta

Je(q) =
1

h̄

∑

k,σ

ψ†
k,σ

{
Eσ(k)

∂Eσ(k)

∂k
− µ

∂gσ(k)

∂k
· τ + i

[
gσ(k) × ∂gσ(k)

∂k

]
· τ
}
ψk+q,σ . (7.5)Lìgw th Ôparxh enì nìmou diat rhsh, ja jewr soume ìti kai sthn per�ptwsh aut , up�rqeièna kat�llhlo ped�o φµ to opo�o allhlepidr� me thn puknìthta kai to reÔma enèrgeia. To sugke-krimèno ped�o eis qjh apì ton Luttinger [230℄ kai sth bibliograf�a apokale�taiw �barutikì�. Ja jewr soume sugkekrimèna loipìn thn allhlep�drash tou barutikoÔ ped�ou mìnome to reÔma (afoÔ endiaferìmaste gia thn agwgimìthta) kai èqoume

Vφ = −
∑

q

Jh(−q) · φ(q) =
∑

q,j

ψ†
k+q,σΥσ

j (k + q,k)φj(q)ψk,σ , (7.6)ìpou eisag�game thn koruf  allhlep�drash
Υσ

j (k + q,k) = Eσ(k)
∂Eσ(k)

∂k
− µ

∂gσ(k)

∂k
· τ + i

[
gσ(k) × ∂gσ(k)

∂k

]
· τ . (7.7)Fusik� ìpw akrib¸ prospaj same na broÔme se ti antistoiqe� to ped�o bajm�da tou spin, ètsi kied¸ ja prèpei na broÔme se ti exwterik  diègersh mporoÔme na antistoiq�soume to ped�o φ.7.2 Antistoiq�a metaxÔ barutikoÔ ped�ou kai jermobaj-m�da'Opw proanafèrame, prèpei na broÔme th susqètish tou ped�ou φµ me k�poio fusikì mègejo. Giana to k�noume autì, ja qrhsimopoi soume w afethr�a thn hmiklasik  jewr�a metafor� Boltmann.Me autìn ton trìpo ja de�xoume ìti ta megèjh ∇φ0 kai ∂tφ mporoÔn na sundejoÔn me thn anhgmènhjermobajm�da ∇T

T
. SÔmfwna me th jewr�a Boltzmann [207℄ h katanom  Fermi-Dirac nF exart�tai engènei apì th jèsh sto q¸ro r, to kumat�nusma k kai to qrìno t. Gia aplìthta, se aut n thn par�grafoja perioristoÔme se m�a energeiak  z¸nh Bloch ε(k). To kumat�nusma k èqei thn akìloujh qronik par�gwgo h̄k̇ =
∑

m Fm = −eE , en¸ h taqÔthta d�netai apì th sqèsh v = ṙ = 1
h̄

∂ε(k)
∂k

. Fusik�ant�stoiqo rìlo tou hlektrikoÔ ped�ou kai th magnhtobajm�da, pa�zei h posìthta −∇φ0 − ∂tφ, hopo�a apotele� to �hlektrikì� barutikì ped�o. To barutikì �fort�o� isoÔtai me thn enèrgeia th z¸nh,kai kat� sunèpeia mporoÔme sthn genikìterh per�pwsh na èqoume
h̄k̇ = −eE − ε(k) (∇φ0 + ∂tφ) . (7.8)Se autì to shme�o ja de�xoume ìti h qronik  metabol  pou eis�gei to mègejo ∇φ0 + ∂tφ sth kata-nom  Fermi-Dirac e�nai isodÔnamh me th metabol  pou eis�gei h anhgmènh jermobajm�da ∇T/T . Sthnper�ptwsh enì �hlektrikoÔ� barutikoÔ ped�ou èqoume

dnF (r,k, t)

dt
=
∂nF [ε(k)]

∂k
· k̇ = −n′

F [ε(k)]ε(k)v(k) · (∇φ0 + ∂tφ) . (7.9)
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dnF (r,k, t)

dt
=
∂nF [ε(r)]

∂k
· ṙ = −n′

F [ε(k)]ε(k)v(k) · ∇T

T
. (7.10)ParathroÔme apì ta parap�nw, ìti up�rqei h profan  antistoiq�a

∇φ0 + ∂tφ ↔ ∇T

T
. (7.11)Kat� sunèpeia, mporoÔme na melet soume ti sunèpeie mia jermobajm�da, mèsw tou barutikoÔ ped�ou.7.3 Energì dr�sh twn ped�wn tou fort�ou, tou spin kaith enèrgeiaSe prohgoÔmeno kef�laio upolog�same thn energì dr�sh twn ped�wn tou spin kai tou fort�ou. SthnparoÔsa f�sh jèloume na upolog�soume ti agwgimìthte sto dunamikì ìrio, pou prokÔptoun apì thnallhlep�drash aut¸n twn tri¸n ped�wn. Akolouj¸nta parìmoia b mata, prèpei na anaptÔxoume thnakìloujh posìthta

− Tr
∞∑

n=1

1

n

[
Ĝ0
(
Γ̂µÂ

µ + ∆̂µB̂
µ + Υ̂µφ̂

µ
)]n

= −Tr
∞∑

n=1

1

n

{
Ĝ0
[
Γ̂µ

(
Âµ + σ

µB

e
B̂µ
)

+ Υ̂µφ̂
µ
]}n

= −βN
2

∑

q,σ

{[
Aµ(−q) + σ

µB

e
Bµ(−q)

]
Πσ

µν(q)

[
Aµ(q) + σ

µB

e
Bµ(q)

]

+

[
Aµ(−q) + σ

µB

e
Bµ(−q)

]
Πeh

µν,σ(q)φν(q) + φµ(−q)Πhe
µν,σ(q)

[
Aν(q) + σ

µB

e
Bν(q)

]

+ φµ(−q)Πh
µν,σ(q)φν(−q)

}
, (7.12)se ìrou deÔterh t�xh w pro ta ped�a. 'Eqoume qrhsimopoi sei to gegonì ìti oi korufè allhle-p�drash tou ped�ou tou fort�ou kai tou spin e�nai parìmoie. Se prohgoÔmeno kef�laio, upolog�sameto komm�ti th dr�sh pou sqet�zetai me aut� ta dÔo ped�a kai den qrei�zetai na to epanal�boume.Epiplèon eisag�game tou tanustè pìlwsh (Polarization Tensors),

Πeh
µν,σ(q) =

1

βN

∑

k

G0
k,σ(ikν)Γ

σ
µ(k, k + q)G0

k+q,σ(ikν + iωs)Υ
σ
ν (k + q, k) , (7.13)

Πeh
µν,σ(q) =

1

βN

∑

k

G0
k,σ(ikν)Υ

σ
µ(k, k + q)G0

k+q,σ(ikν + iωs)Γ
σ
ν (k + q, k) , (7.14)

Πh
µν,σ(q) =

1

βN

∑

k

G0
k,σ(ikν)Υ

σ
µ(k, k + q)G0

k+q,σ(ikν + iωs)Υ
σ
ν (k + q, k) . (7.15)Ed¸ ja perioristoÔme mìno se jermohlektrik� fainìmena, ki ìqi se jermik�. 'Etsi loipìn den jaupolog�soume ton teleuta�o ìro. Ja upolog�soume mon�qa thn magnhtojermik  kai jermohlektrik agwgimìthta.



98 KEF�ALAIO 7. MAGNHTOJERMOHLEKTRIK�A FAIN�OMENA METAFOR�AS7.4 Tanust  pìlwsh Topologik  jermohlektrik  a-gwgimìthtaSthn jermohlektrik  apìkrish, kai genikìtera sthn metafor� k�poiou fort�ou endiaferìmaste stodunamikì ìrio. Autì sunep�getai ìti melet�me to sÔsthma sto ìrio q → 0. 'Epeita, e�n jèloume namelet soume thn statik  (dc) agwgimìthta, prèpei na p�roume thn exwterik  mpozonik  suqnìthtana te�nei sto mhdèn. Pa�rnonta to ìrio tou kumatanÔsmato sto mhdèn aplopoie� kat� polÔ touupologismoÔ. 'Eqoume loipìn
Πeh

ij,σ(iωs) = −Πhe
ij,σ(iωs) =

eµ

N
i(iωs)

∑

k,ν

Ωz
ν,σ(k)nF [Eν,σ(k)] . (7.16)H parap�nw èkfrash jum�zei asfal¸ ti topologikè dr�sei pou br kame nwr�tera. Me an�logo trì-po mporoÔme na or�soume ti jermohlektrikè kai magnhtojermikè apokr�sei, kai telik� lamb�noumeta ex  apotelèsmata

〈Jc〉 =
∑

k,ν,σ

[
−e

2

h̄
E − σ

eµB

h̄
(−∇Bz) −

eµ

h̄
(−∂tφ)

]
×Ων,σ(k) nF [Eν,σ(k)] , (7.17)

〈Js〉 =
∑

k,ν,σ

[
−σeµB

h̄
E − µ2

B

h̄
(−∇Bz) − σ

µµB

h̄
(−∂tφ)

]
× Ων,σ(k) nF [Eν,σ(k)] , (7.18)

〈Jh〉 =
∑

k,ν,σ

[
−eµ
h̄

E − σ
µµB

h̄
(−∇Bz)

]
× Ων,σ(k) nF [Eν,σ(k)] , (7.19)ìpou upenjum�zoume ìti èqoume parale�yei th suneisfor� th jermik  agwgimìthta sto reÔma jer-mìthta, diìti den ja ma apasqol sei se aut n thn diatrib .7.5 ReÔma metafor� jermìthta kai o rìlo th tro-qiak  magn tishParap�nw, qrhsimopoi¸nta ti teqnikè th Kbantik  jewr�a Ped�ou kai basizìmenoi sth diat rhshtou reÔmato enèrgeia, katal xame sti exis¸sei gia ta jermohlektrik� fainìmena pou ja ma odh-g soun sti ant�stoiqe agwgimìthte. ProtoÔ proqwr soume ìmw, prèpei na stajoÔme se èna polÔshmantikì z thma. Up�rqei saf  di�krish metaxÔ tou reÔmato enèrgeia kai tou reÔmato metafor�enèrgeia. M�lista, to deÔtero e�nai autì pou ja prèpei na susqetiste� me ta magnhtojermohlektrik�fainìmena metafor� [228, 231℄. To reÔma enèrgeia pou upolog�same parap�nw, kai kat� sunèpeiato reÔma jermìthta, apoteloÔntai apì dÔo suneisforè. H m�a e�nai to zhtoÔmeno reÔma metafor�enèrgeia kai to deÔtero sqet�zetai me thn enèrgeia pou dapan�tai. H en lìgw suneisfor� [228℄ isoÔtaime

∑

σ

Mσ ×
[
E +

σµB

e
(−∇Bz)

]
. (7.20)H sugkekrimènh suneisfor�, antistoiqe� sto genikeumèno di�nusma Poynting. Ja prèpei loipìn naafairèsoume ton parap�nw ìro apì to reÔma enèrgeia kai kat� sunèpeia apì to reÔma jermìthta

〈Jh〉 → 〈Jh〉 −
∑

σ

Mσ ×
[
E +

σµB

e
(−∇Bz)

]
⇒
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〈Jh〉 =

∑

k,ν,σ

[
e

h̄
E + σ

µB

h̄
(−∇Bz)

]
× Ων,σ(k)

{
Eν,σ(k)nF [Eν,σ(k)] + kBT ln

(
1 + e−βEν,σ(k)

)}
.(7.21)MporoÔme t¸ra na eisag�goume th jermohlektrik  kaj¸ kai th magnhtojermik  agwgimìthta [228℄
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Ωz
ν,σ(k)

{
Eν,σ(k)nF [Eν,σ(k)] + kBT ln

(
1 + e−βEν,σ(k)

)}
, (7.22)

α̃s
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σΩz
ν,σ(k)

{
Eν,σ(k)nF [Eν,σ(k)] + kBT ln

(
1 + e−βEν,σ(k)

)}
. (7.23)Eis�gonta ep�sh ti �suzuge� � jermohlektrikè agwgimìthte αxy = α̃xy/T prokÔptei o katastati-kì p�naka th Aujìrmhth Magnhtojermohlektrik  metafor� Hall twn Topologik¸n katast�sewn
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. (7.24)
Fusik� prèpei na upenjum�soume ìti se aut  thn diatrib  den ja melet soume jermik� fainìmena kaikat� sunèpeia ja af soume ti jermikè agwgimìthte κxx, κxx, κxy w �gnwsta megèjh pou apl�ta sumplhr¸noume gia plhrìthta. Pèra ìmw apì aut� ta stoiqe�a tou magnhtojermohlektrikoÔtanust  pou parousi�zoume parap�nw kai e�nai topologik  fÔsh, prèpei na l�boume upìyh kai tisuneisforè twn monoswmatidiak¸n diegèrsewn sta parap�nw megèjh. Mpore� na deiqje� sta pla�siath hmiklasik  perigraf  Boltzmann ìti oi suneisforè apì ti monoswmatidiakè diegèrsei èqounti akìlouje ekfr�sei [187, 193, 228℄
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, (7.25)
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,(7.28)ìpou i, j = x, y. Oi agwgimìthte metr¸ntai sti akìlouje mon�de [σc

xx], [σ
c
xy] = a2e2/h, [σs

xx], [σ
s
xy] =

a2µ2
B/h, [αc

xx], [α
c
xy] = a2ekB/h, [αs

xx], [α
s
xy] = a2µBkB/h, ìpou a h stajer� plègmato. Sta parap�nwèqei lhfje� upìyh ìti o qrìno efhsÔqash metab�lletai me thn parous�a tou magnhtikoÔ ped�ou

Berry, ìpw kai h puknìthta twn energeiak¸n katast�sewn [228℄.
τBν,σ(k) =

τν,σ(k)

1 + e
h̄
BΩz

ν,σ(k)
. (7.29)
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8 Topologikè Qeirikè katast�sei sepragmatik� Ulik�Se autì to kef�laio oloklhr¸noume thn prosp�jei� ma, pou èqei stìqo na anade�xoume th dunatìthtakatanìhsh th anex ghth jermohlektrik  sumperifor� pou parathre�tai se ènan meg�lo arijmìulik¸n, mèsw twn Topologik¸n Kum�twn Puknìthta Fort�ou kai Spin. Sugkekrimèna, ìpw ja de�-xoume sti epìmene paragr�fou, oi Qeirikè katast�sei sto isqur� monwtikì ìrioparousi�zoun m�a Gigantia�a apìkrish Nernst me èna qarakthristikì jermokra-siakì prof�l, to opo�o antapokr�netai sthn peiramatik  eikìna twn sugkekrimènwn jermohlektrik¸nulik¸n. Kat' autìn ton trìpo, ja epikentrwjoÔme se dÔo diaforetikè kathgor�e ulik¸n, tou u-peragwgoÔ uyhl  kr�simh jermokras�a twn oxeid�wn tou qalkoÔ kai to mh-sumbatikì uperagwgìbarèwn fermion�wn URu2Si2. Pèra apì to na de�xoume ìti oi qeirikè katast�sei, dxy + idx2−y2 kai
dz

xy + idz
x2−y2 ant�stoiqa, mporoÔn na exhg soun to parathroÔmeno s ma Nernst, prote�noume epiplèontrìpou gia na mporoÔn na epibebaiwjoÔn oi jewrhtikè ma prot�sei. Sthn per�ptwsh twn qalkoxei-d�wn prote�noume th parat rhsh tou antistrìfou aujìrmhtou fainomènou Hall, en¸ sthn per�ptwsh tou

URu2Si2 problèpoume thn mètrhsh tou Polwmènou Fainomènou Kerr. Kai ta dÔo fainìmena apoteloÔnqarakthristikè sunèpeie th eggenoÔ qeirikìthta.8.1 Gigantia�o Fainìmeno Nernst stou oxe�dia tou qal-koÔSe aut n thn par�grafo, ja anade�xoume ìti oi Qeirikè Topologikè katast�sei KÔmato Puknìth-ta Fort�ou dxy + idx2−y2 e�nai dunatìn na eujÔnontai gia to gigantia�o s ma Nernst pou parathre�taise aut� ta ulik�. Pr¸ta apì ìla, stou upologismoÔ twn agwgimot twn Hall pou ja akolouj soun[187℄, ja perioristoÔme sti topologikè suneisforè pou d�nontai apì ti ekfr�sei
σxy = − e2

h̄N

∑

k,ν,σ

nF [EBz

ν,σ(k)]Ωz
ν,σ(k) , (8.1)
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T
)}

Ωz
ν,σ(k) , (8.2)Oi diam kei agwgimìthte upolog�zontai sta pla�sia th jewr�a Boltzmann apì ti akìlouje sqè-sei
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102 KEF�ALAIO 8. TOPOLOGIK�ES QEIRIK�ES KATAST�ASEIS SE PRAGMATIK�A ULIK�Aìpou me tìno dhl¸noume thn parag¸gish w pro to ìrisma th sun�rthsh. Eis�game th energeia-kè diasporè pou exart¸ntai apì to magnhtikì ped�o EBz
ν,σ(k) = Eν,σ(k) − mν,σ(k) · B kaj¸ kai titaqÔthte pou den exart¸ntai apì to magnhtikì ped�o vν,σ(k) = ∇kEν,σ(k). Epiplèon, sti parap�nwsqèsei enswmat¸same ti diorj¸sei sthn puknìthta energeiak¸n katast�sewn kai ston isotropikìqrìno efhsÔqash τν,σ(k) ≡ τ , lìgw th parous�a tou magnhtikoÔ ped�ou Berry [228℄. 'Oson afor�ton ìro Zeeman, e�nai amelhtèo sth sugkekrimènh per�ptwsh, en¸ gia megalÔtera ped�a anamènetaina g�nei shmantikì kai na katastrèyei th qeirik  kat�stash. Gia tou upologismoÔ, èqoume qrhsi-mopoi sei ta arijmhtik� apotelèsmata tou Kef.6, pou ex�qjhkan gia t = 250meV, µ = 0, a = 5Å,

MQ,2 = 53meV kai od ghsan se m�a epagìmenh par�metro t�xh dxy me thn akìloujh ex�rthsh apìto magnhtikì ped�o MQ,6(Bz) = 1.76 + 4.1
√Bz meV [185℄. O qrìno efhsÔqash tèjhke �so me

τ = 10−13s, th �dia t�xh me thn peiramatik  tim  pou èqei prokÔyei apì metr sei ant�stash [232℄.Prèpei na proanagge�loume ìti se ant�jesh me to sÔnhje fainìmeno Nernst apì monoswmatidiakèdiegèrsei, ìpou to s ma Nernst e�nai an�logo tou qrìnou efhsÔqash, sthn sugkekrimènh per�ptwshto topologikì s ma Nernst den exart�tai grammik� apì to qrìno efhsÔqash, diìti oi agwgimìthte
Hall, σB

xy kai αB
xy èqoun topologik  proèleush. Tèlo, prin proqwr soume, prèpei na epishm�noumepw parìlo pou ed¸ ja epikentrwjoÔme sth sugkekrimènh qeirik  kat�stash, ta apotelèsmat� maparamènoun poiotik� anallo�wta gia sust mata me parìmoio magnhtikì ped�o Berry.H afethr�a ma gia thn an�deixh tou Gigantia�ou Fainomènou Nernst, e�nai oi genikè ekfr�sei thjermik  isqÔo S kai tou s mato Nernst N ta opo�a d�nontai apì ti sqèsei

N ≡ Ey

−∂xT
=

σxxαxy − αxxσxy

σxxσyy + σ2
xy

, (8.5)
S ≡ Ex

∂xT
=

αxxσyy + αxyσxy

σxxσyy + σ2
xy

. (8.6)Lìgw tou isqur� monwtikoÔ qarakt ra pou jewroÔme gia thn sugkekrimènh kat�stash, anamènetaina èqoume m�a meg�lh stajer  tim  th topologik  agwgimìthta Hall, toul�qiston mèsa se m�aektetamènh jermokrasiak  perioq . Thn �dia stigm  kai sto �dio di�sthma jermokrasi¸n, lìgw touenergeiakoÔ q�smato, oi diam kei agwgimìthte aux�nontai polÔ arg� me m�a ekjetik  jermokrasiak ex�rthsh. Sunep¸, h gwn�a Hall tan ΘH ≡ σxy/σxx, lamb�nei meg�le timè. H jermik  isqÔ kai tos ma Nernst d�nontai me kal  prosèggish apì ti sqèsei
S ≃ αxy/σxy , N ≃ −αxx/σxy . (8.7)Kat� sunèpeia, kai ta dÔo jermohlektrik� megèjh aux�nontai ekjetik� me th jermokras�a, akolou-j¸nta thn sumperifor� twn jermohlektrik¸n agwgimot twn αxx, αxy pou sqet�zontai kai oi dÔo mejermik� diegermène monoswmatidiakè diegèrsei. Lìgw autoÔ tou ekjetikoÔ qarakt ra, dhmiourge�taito aristerì komm�ti tou lìfou (hill) Nernst pou fa�netai sto sq ma 8.2(a). Aux�nonta th jermo-kras�a, pern�me apì thn perioq  meg�lh gwn�a Hall, se m�a perioq  ìpou lìgw plèon tou meg�louarijmoÔ twn jermik� diegermènwn monoswmatidiak¸n diegèrsewn, oi diam kei agwgimìthte e�nai ku-r�arqe. Se aut n thn perioq , h topologik  agwgimìthta Hall mei¸netai dramatik�, epitrèponta thnkuriarq�a th aposbenìmenh metafor� hlektrikoÔ fort�ou. W apotèlesma, h jermik  isqÔ kai tos ma Nernst mporoÔn na proseggistoÔn sthn sugkekrimènh per�ptwsh me ti ekfr�sei
S = αxx/σxx , N = αxy/σxx . (8.8)Sthn pore�a, apì thn perioq  th uyhl  tim  th gwn�a Hall pro thn perioq  th polÔ qa-mhl , to sÔsthma anapìfeukta pern� apì to shme�o σxy = σxx. Autì to shme�o ja to onom�soume
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Sq ma 8.1: a. Se qamhlè jermokras�e, to s ma Nernst kai h jermik  isqÔ, aux�nontai arg� me thnjermokras�a akolouj¸nta èna ekjetikì nìmo. Sto Kr�simo Jermohlektrikì Shme�o (I) ìpou
σxx = σxy, to s ma Nernst g�netai �so me th jermik  isqÔ (II) en¸ ta prìshma tou mpore� na e�nai�dia   ant�jeta. Se aut  metabatik  perioq  h sun jw meg�lh tim  th jermik  isqÔo episfrag�zeiìti kai to s ma Nernst ja l�bei meg�le timè, afoÔ sto kr�simo shme�o aut� ta dÔo jermohlektrik�megèjh ja exiswjoÔn. Akrib¸ met� to jermohlektrikì shme�o, isqÔei σxx >> σxy, anagk�zontato s ma Nernst na meiwje� dramatik� dhmiourg¸nta to idia�tero jermokrasiakì prof�l tou s mato
Nernst, to opo�o parathre�tai ae polloÔ uperagwgoÔ twn qalkoxeid�wn.
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Sq ma 8.2: b. Ex�rthsh tou s mato Nernst apì to qhmikì dunamikì. H metabol  tou qhmi-koÔ dunamikoÔ anastrèfei to prìshmo tou s mato Nernst. To s ma Nernst e�nai summetrikì gÔ-rw apì m�a stajer  tim  qhmikoÔ sunamikoÔ µ ≃ −0.9meV, h opo�a qrei�zetai gia na antistaj-miste� o ìro th troqiak  allhlep�drash me to magnhtikì ped�o −mzBz (Bz = 5T). E�n denup rqe o sugkekrimèno ìro, to s ma Nernst ja  tan eujèw an�logo tou qhmikoÔ dunamikoÔ.
P. Kotetes and G. Varelogiannis, Phys. Rev. Lett. 104, 106404 (2010) [187℄.

http://prl.aps.org/abstract/PRL/v104/i10/e106404


104 KEF�ALAIO 8. TOPOLOGIK�ES QEIRIK�ES KATAST�ASEIS SE PRAGMATIK�A ULIK�AKr�simo Jermohlektrikì Shme�o. Se autì to shme�o, up�rqoun trei dunatè epilogè, pouexart¸ntai apì to lìgo twn jermohlektrik¸n agwgimot twn. 'Otan αxy >> αxx (αxy << αxx) hjermik  isqÔ kai to s ma Nernst èqoun to �dio (ant�jeto) prìshmo en¸ oi timè tou e�nai �se me
|αxy/2σxx| (|αxx/2σxx|). (Shme�o II sto Sq.8.2(a). Lamb�nonta upìyh ìti oi par�metroi t�xh thQeirik  Topologik  kat�stash aux�nontai me thn efarmog  tou magnhtikoÔ ped�ou kai kat� sunè-peia h topologik  agwgimìthta Hall paramènei sqedìn stajer , antilambanìmaste ìti h sumperifor�twn dÔo jermohlektrik¸n megej¸n kajor�zetai kur�w apì ti jermohlektrikè agwgimìthte. Tèlo,sthn per�ptwsh ìpou αxy ≃ αxx, to s ma Nernst g�netai p�ra polÔ mikrì.Sti dÔo pr¸te peript¸sei, h parous�a enì meg�lou arijmoÔ monoswmatidiak¸n diegèrsewn e-nisqÔei shmantik� ta arqik� ekjetik� auxanìmena αxx kai αxy, ano�gonta to kan�li gia to Gigantia�os ma Nernst. Ek twn pragm�twn to basikì stoiqe�o pou odhge� sthn isqur  jermohlektrik  sum-perifor� e�nai h Ôparxh tou Kr�simou JermohlektrikoÔ Shme�ou ìpou to s ma Nernst g�netai �so meth jermik  isqÔ. Kat' autìn ton trìpo h sun jw meg�lh tim  th jermik  isqÔo, sumparasÔreikai thn tim  tou s mato Nernst se uyhlè timè. Par' ìl' aut�, met� apì autì to kr�simo shme�o, htopologik  stajerìthta th kat�stash arq�zei na upobajm�zetai èqonta ant�ktupo tìso sthn tim th hlektrik  agwgimìthta Hall kai fusik� sthn tim  tou s mato Nernst. Gia autì to lìgo tos ma Nernst mei¸netai xan� d�nonta w apotèlesma to dex� tm ma tou lìfou Nernst.Pèra apì aut n thn idia�terh jermokrasiak  ex�rthsh, to An¸malo s ma Nernst pou perigr�foumese aut n th diatrib , parousi�zei kai m�a idia�terh ex�rthsh apì to qhmikì dunamikì kai �ra apì thnìjeush tou ulikoÔ. Sto Sq. 8.3(b) parathroÔme ìti mèsw th metabol  tou qhmikoÔ du-namikoÔ mporoÔme elegqìmena na metab�lloume to prìshmo tou s mato Nernst.H anastrof  tou pros mou e�nai m�a �mesh sunèpeia th grammik  ex�rthsh apì to qhmikì dunamikìtwn jermohlektrik¸n agwgimot twn αxx kai αxy.H ex�rthsh tou jermokrasiakoÔ prof�l tou s mato Nernst apì to magnhtikì ped�o parousi�zetaisto Sq.8.3(a). H tim  tou s mato Nernst lamb�nei idia�tera uyhlè timè th t�xh twn 50µV/K stoìrio twn uyhl¸n magnhtik¸n ped�wn. Sto Sq.8.3(b), parathroÔme ìti to magnhtikì ped�o, pèra apìthn aÔxhsh tou s mato Nernst pou epifèrei, metatop�zei tautìqrona kai th jermokras�a th koruf tou s mato Nernst se megalÔtere jermokras�e. Ant�jeta ìpw parathroÔme sto Sq.8.3(c), osuntelest  Nernst, pou or�zetai w ν = N/Bz mei¸netai me thn aÔxhsh tou magnhtikoÔ ped�ou, k�tipou e�nai se sumfwn�a me ta peiramatik� eur mata stou uperagwgoÔ uyhl  kr�simh jermokras�atwn qalkoxeid�wn.Sqetik� me thn ex�rthsh apì to magnhtikì ped�o, mporoÔme na parathr soume sto Sq.8.4, ìtiup�rqoun koin� qarakthristik� me peiramatik� dedomèna gia ta uponojeumèna La2−xSrxCuO4 (LSCO)kai Bi2Sr2CaCu2O8+δ (Bi2212) me ep�pedo nìjeush op¸n x = 0.07 kai x ∼ 0.09 ant�stoiqa Sq.1.12.H jermokrasiak  kl�maka pou parousi�zoume sthn paroÔsa melèth tairi�zei me aut n pou parathre�taisto Bi2212. Epiplèon, mporoÔme na parathr soume ìti h tim  tou s mato Nernst pou lamb�noumeapì tou upologismoÔ, e�nai m�a t�xh megèjou megalÔterh apì thn prokÔptousa peiramatik  tim . Hexèlixh me to magnhtikì ped�o pou parousi�zoume gia 40K< T <50K, èqei koin� qarakthristik� me to�dio di�sthma gia autì to ulikì. Epiprosjètw, up�rqei poiotik  sumfwn�a sthn perioq  T < 12K thper�ptwsh tou LSCO kai aut  pou parousi�zoume gia T < 56K. Se autì to eÔro jermokrasi¸n,to s ma Nernst e�nai èntona mh grammikì. Gia T > 56K to s ma Nernst pou lamb�noume apì touupologismoÔ ma, xekin� na mei¸netai parousi�zonta allag  sthn kl�sh th kampÔlh. Par�ol aut�h prokÔptousa ex�rthsh apì to magnhtikì ped�o den tairi�zei apìluta me thn perissìtero grammik sumperifor� pou parathre�tai peiramatik�. Aut  h asumfwn�a, mpore� na apodoje� sto ìti den èqoumel�bei upìyh ti suneisforè twn monoswmatidiak¸n diegèrsewn sti agwgimìthte σB

xy kai αB
xy, periori-zìmenoi mìno sti topologikè suneisforè. Oi agwgimìthte Hall twn monoswmatidiak¸n diegèrsewn
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Sq ma 8.3: a. Ex�rthsh apì to magnhtikì ped�o tou jermokrasiakoÔ prof�l tou s mato Nernst pouprokÔptei apì th Qeirik  kat�stash KÔmato Puknìthta Fort�ou dxy + idx2−y2 . To s ma Nernstmpore� na ft�sei se polÔ uyhlè timè, th t�xh twn 50µV/K gia uyhl� magnhtik� ped�a. b. Tomagnhtikì ped�o enisqÔei to s ma Nernst lìgw tou ìti metatop�zei thn koruf  Nernst se megalÔterejermokras�e. c. Ant�jeta o suntelest  Nernst ν ≡ N/Bz ellat¸netai kaj¸ aux�netai to ped�o.
P. Kotetes and G. Varelogiannis, Phys. Rev. Lett. 104, 106404 (2010) [187℄.
e�nai an�loge me to magnhtikì ped�o, kai e�n ti e�qame sumperilabei, e�nai pijanì na e�qan odhg seise m�a ex�rthsh pio kont� sth grammik  eidik� gia meg�la magnhtik� ped�a. Tèlo, prèpei na anafè-roume pw h je¸rhsh enì Gigantia�ou s mato Nernst apì Topologik� KÔmata Puknìthta Fort�oue�nai en gènei sumbat  me ti prìsfate peiramatikè parathr sei, pou upodeiknÔoun ìti gia k�poiouuperagwgoÔ uyhl  kr�simh jermokras�a, e�nai dunatìn to isqurì s ma Nernst na proèrqetai a-pì monokateujuntik� KÔmata Puknìthta fort�ou   nhmatikè katast�sei [233, 234, 235℄ d�qw thnanagka�a parous�a uperag¸gimwn din¸n.

http://prl.aps.org/abstract/PRL/v104/i10/e106404
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Sq ma 8.4: Ex�rthsh tou s mato Nernst apì to magnhtikì ped�o gia di�fore jermokras�e. Tos ma Nernst parousi�zei m�a èntonh mh-grammikìthta gia T < 56K h opo�a e�nai poiotik� parìmoiame ta peiramatik� dedomèna gia to uponojeumèno La1.93Sr0.07CuO4 gia T < 12K. H allag  kl�-sh met� apì m�a kr�simh jermokras�a (T = 56K ed¸), e�nai sunep  me ta peiramatik� eur mata.
P. Kotetes and G. Varelogiannis, Phys. Rev. Lett. 104, 106404 (2010) [187℄.8.2 Topologikì Fainìmeno Meissner sta oxe�dia tou qal-koÔPèra ìmw apì to gigantia�o fainìmeno Nernst, ta Qeirik� KÔmata Puknìthta Fort�ou kai Spin,parousi�zoun to Topologikì Fainìmeno Meissner [189℄, to opo�o isoduname� me tèleio diamagnhtismìse magnhtik� ped�o efarmozìmena kat� th dieÔjunsh th Qeirikìthta, qwr� ìmw na up�rqei aujìr-mhth parab�ash th summetr�a U(1) tou hlektrikoÔ fort�ou ìpw sumba�nei se ènan uperagwgì. Hdunatìthta enì fainomènou Meissner apì thn sugkekrimènh Qeirik  kat�stash, de�qnei ìti h prìta-s  ma e�nai en gènei sumbat  me ta isqur� diamagnhtik� s mata pou lamb�nontai sthn perioq  touyeudoq�smato kai w t¸ra apod�dontai se uperag¸gime d�ne.Gia na de�xoume to topologikì fainìmeno Meissner, xekin�me apì th energì dr�sh tou hlektroma-gnhtikoÔ ped�ou pou èqoume de�xei se prohgoÔmenh par�grafo ìti perigr�fei aut� ta ulik�, h opo�aperilamb�nei ton kinhtikì ìro kai th dr�sh Chern-Simons

Sem =
∫

d3x

(
−d

4
F µνFµν −

σxy

4
εµνλA

µF νλ

)
. (8.9)Ja jewr soume t¸ra, m�a sugkekrimènh gewmetr�a gia to ulikì ma, ìpou Lx = 2lx, Ly >> Lx.M�lista h teleuta�a sqèsh upodhl¸nei ìti up�rqei amelhtèa ex�rthsh apì thn y−suntetagmènh. Meaut n thn je¸rhsh katal goume sti exis¸sei

ε
∂Ex

∂x
+
σxy

d
Bz = 0 ,

1

µ

∂Bz

∂x
+
σxy

d
Ex = 0, , (8.10)ìpou èqoume eisag�gei to p�qo tou ulikoÔ d, thn dihlektrik  stajer� ε kai th magnhtik  diaperatì-thta µ tou ulikoÔ. E�nai eÔkolo na doÔme ìti isqÔei

(
∂2

∂x2
− 1

λ2

)
Bz = 0 , (8.11)

http://prl.aps.org/abstract/PRL/v104/i10/e106404
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Sq ma 8.5: Anhgmènh magn tish M/M0 sunart sei th jermokras�a T gia di�fore timè toulìgou lx/λ. Gia jermokras�e mikrìtere T < Tonset to sÔsthma br�sketai sthn Qeirik  kat�-stash. Sta pla�sia th jewr�a BCS, oi kampÔle taut�zontai me autè th uperag¸gimh pe-r�ptwsh. b. Ant�strofo Fainìmeno Hall w mèjodo an�qneush tou qeirikoÔ kÔmato puknì-thta fort�ou. Summetrik� reÔmata diarrèoun to ulikì kat� th dieÔjunsh y, sqhmat�zonta m�-a katanom  magnhtikoÔ ped�ou Bz(±lx) = ±B0, odhg¸nta se m�a aujìrmhth t�sh Hall, VH .
P. Kotetes and G. Varelogiannis, Phys. Rev. B 78, 220509(R) (2008) [189℄.h opo�a apotele� thn ex�swsh tou fainomènou TopologikoÔ Meissner. To m ko die�sdush mhdenik jermokras�a or�zetai w λ =

√
µ/ε d

|σxy| . LÔnoume t¸ra ti exis¸sei me oriakè sunj ke Bz(±lx) =

B0. EÔkola, oloklhr¸nonta th diaforik  ex�swsh lamb�noume Bz(x) = B0[cosh(x/λ)]/cosh(lx/λ).E�n oloklhr¸soume t¸ra to magnhtikì ped�o se ìlo to de�gma tou ulikoÔ, prokÔptei h magn tishM =

M0[tanh
(
lx/λ

)
]/
(
lx/λ

), ìpou eisag�game th magn tish se mhdenik  jermokras�a M0 = B0LxLy, pouantistoiqe� sthn per�ptwsh th pl rou die�sdush tou magnhtikoÔ ped�ou.Se peperasmène jermokras�e mporoÔme na jewr soume ìti m ko die�sdush èqei thn ex�rthsh
BCS, [λ/λ(T )]2 = 1 − (T/Tonset)

4. Me aut n thn apl  je¸rhsh prokÔptoun oi kampÔle tou sq ma-to Sq.8.5(a) oi opo�e taut�zontai me thn uperag¸gimh diamagnhtik  sumperifor� se autì to ìrio.Fusik� h apl  aut  prosèggish den mpore� na d¸sei apotelèsmata pou na mporoÔn sugkrijoÔn me tapeiramatik� dedomèna, kai gia autì to lìgo ja parame�noume apl¸ sto na ton�soume th dunatìthtaèntonou diamagnhtismoÔ apì aut n thn kat�stash.M�a �mesh peiramatik  epibeba�wsh th parous�a enì qeirikoÔ kÔmato puknìthta fort�ou seaut� ta ulik� apotele� to ant�strofo fainìmeno Hall [189℄. Gia thn parat rhsh autoÔ tou fainomènou,efarmìzetai èna magnhtikì ped�o sto ulikì kai emfan�zetai m�a diafor� dunamikoÔ tÔpou Hall, wapotèlesma th eggenoÔ qeirikìthta. H di�taxh gia autì to pe�rama fa�netai sto Sq.8.5(b). LÔnoumeloipìn ti exis¸sei k�nhsh (8.10) me sunoriakè sunj ke Ex(±lx) = 0 kai Bz(±lx) = ±B0, ìpwg�netai kai sthn anafor� [236℄. H aujìrmhta prokÔptousa t�sh Hall d�netai apì th sqèsh VH =
vB0Lx [coth (lx/λ) − λ/lx], ìpou v = 1/

√
µε e�nai h taqÔhthta tou fwtì sto ulikì. E�n lx >> λ,tìte VH = vB0Lx, pou upodhl¸nei ìti to efarmozìmeno magnhtikì ped�o, metatrèpetai exolokl rouse èna hlektrikì ped�o.8.3 Mh sumbatikì uperagwgì URu2Si2Se aut  th melèth prote�noume ìti h krummènh kat�stash pou enedreÔei sto mh uperag¸gimo tm matou diagr�mmato f�sh Bz − T tou URu2Si2 e�nai èna Qeirikì dz

xy + idz
x2−y2 kÔma puknìthta spin

http://prb.aps.org/abstract/PRB/v78/i22/e220509


108 KEF�ALAIO 8. TOPOLOGIK�ES QEIRIK�ES KATAST�ASEIS SE PRAGMATIK�A ULIK�Ame kumat�nusma. 'Oson afor� to kumat�nusma autoÔ tou kÔmato puknìthta, sta pla�sia tou a-ploÔ montèlou pou ja qrhsimopoi soume jewroÔme ìti e�nai to Q = (π, π). Gia na perigr�youmepio realistik� to en lìgw ulikì, ofe�loume na qrhsimopoi soume èna montèlo toul�qiston tess�rwnenergeiak¸n zwn¸n to opo�o e�nai arket� polÔploko. Par�ol' aut� lìgw tou ìti prìkeitai na melet -soume m�a topologik  kat�stash, gnwr�zoume ek twn protèrwn ìti ta apotelèsmata ma ja isqÔounse èna genikìtero pla�sio. Gia eukol�a ja jewr soume èna upomontèlo tou ektetamènou montèlou
Hubbard pou parousi�same se prohgoÔmeno kef�laio, krat¸nta mìno ti akìlouje allhlepidr�sei
∑

i6=j Vijninj . Epiplèon, jewroÔme ìti h par�metro t�xh e�nai magnhtik  kai polwmènh kat� ton �xona
c ≡ z kai èqei thn ex�rthshMz

Q(k) = MQ,6 sin kx sin ky−iMQ,2(cos kx−cos ky). H deÔterh kat�stashan kei sto genikìtero pla�sio troqiak¸n katast�sewn pou prot�jhkan palaiìtera gia autì to ulikì[138, 139, 140, 141℄. 'Opw  dh èqoume de�xei, h epiprìsjeth par�metro t�xh dxy odhge� sto sqh-matismì enì QeirikoÔ kÔmato puknìthta spin, me sunakìloujo apotèlesma peperasmènh troqiak magnhtik  rop . Sta pla�sia th Jewr�a Mèsou Ped�ou ja anapar�goume autosunep¸ to peira-matik� katagegrammmèno Bz − T di�gramma th �kanonik  kat�stash �. Epiplèon, ja apant soumeme ènan enopoihmèno trìpo se zht mata uy�sth shmas�a pou qarakthr�zoun th sugkekrimènh f�sh,ìpw e�nai o metamagnhtismì [125, 126℄ kai to gigantia�o fainìmeno Nernst [169, 170℄. Pèra apì aut�ja prote�noume èna pe�rama Polwmènou fainomènou Kerr to opo�o mpore� na aniqneÔsei thn ÔparxhQeirikìthta. Prèpei na anafèroume ìti h Ôparxh Qeirikìthta sthn kanonik  kat�stash sun�dei methn proteinìmenh uperag¸gimh qeirik  kat�stash pou pisteÔetai ìti elloqeÔei se autì to ulikì [122℄.H proteinìmenh Qeirik  kat�stash apotele� m�a anagka�a exèlixh twn palaiìterwn montèlwn pouaforoÔsan troqiakè katast�sei tÔpou dx2−y2 . Ki autì giat� ìpw èqoume  dh de�xei se prohgoÔmenokef�laio, m�a troqiak  kat�stash, e�nai epidektik  sth met�bash th se m�a qeirik  kat� thn efarmog enì magnhtikoÔ ped�ou [185, 186℄. 'Etsi loipìn e�n m�a qeirik  kat�stash e�nai mhdenik  apous�aped�ou, ja mpore� na epaqje� apì to ped�o kai fusik� na ephre�sei ìle ti idiìthte tou ulikoÔ se ìloto tm ma tou diagr�mmato f�sh Bz−T ìpw kai k�je mètrhsh s mato Nernst. Apì m�a �llh skopi�ja mporoÔsame na poÔme ìti to magnhtikì ped�o epanakanonikopoie� thn arqik  troqiak  kat�stashkai kat� autìn ton trìpo h prìtas  ma e�nai asfal¸ sumbat  me palaiìtera jewrhtik� montèla[138, 139, 140, 141℄. Par�ol' aut� h makroskopik  parab�ash th summetr�a antistrof  tou qrìnoudiaforopoie� rizik� thn prìtas  ma apì ti prohgoÔmene. 'Opw èqoume  dh parousi�sei, h Qeirik kat�stash qarakthr�zetai apì thn Topologik  metafor� fort�ou [190℄, spin [191℄ kai jermìthta[188, 237℄ pou  dh èqoume melet sei, ìpw bèbaia kai to gigantia�o fainìmeno Nernst [187℄.To di�gramma f�sh Bz − T pou lamb�noume apì tou upologismoÔ ma Bz − T parousi�zetaisto Sq.8.6(a,b). ParathroÔme ìti di�gramma f�sh pou upolog�same apeikon�zei me meg�lh pistìthta,poiotik� kai posotik� qarakthristik� tou ant�stoiqou peiramatikoÔ [125, 126℄. Gia Bz = 0T,MQ,6 = 0kai MQ,2 = 1.55meV. H deÔterh par�metro t�xh antistoiqe� sthn anapar�stash idz
x2−y2 pou ìpwparousi�zoume sto di�gramma 8.6c, mei¸netai elafr� kaj¸ aux�noume to magnhtikì ped�o gia mikrèjermokras�e. Ant�jeta, h epagìmenh par�metro t�xh dz

xy, aux�netai monotonik�. Entop�zoume ènaMetamagnhtikì Kr�simo Shme�o (Metamagnetic Critical End Point) [238℄ se ped�o Bc1 = 33.5T kai
T ≃ 3K, mèqri to opo�o h kur�arqh par�metro t�xh idx2−y2 , metab�lletai suneq¸ me sÔmfwna me thnèkfrash MQ,2(Bz)/MQ,2(0) ≃ 1 − (Bz/Bc1)

2. Aut  h sumperifor� èqei epibebaiwje� peiramatik� apìpeir�mata magnhtoant�stash [239℄. Akrib¸ to ant�jeto sumba�nei me thn sugkekrimènh par�metrot�xh gia jermokras�e kaw apì to sugkekrimèno Kr�simo Metamagnhtikì Shme�o ìpou paramèneipraktik� stajer . M�a suneq  metabol  den ja  tan sunep  me ton qarakt ra pr¸th t�xh thprokÔptousa metamagnhtik  met�bash.To autosunepè di�gramma pou ex�game, parousi�zei metamagnhtismì dÔo skalopati¸n Sq.8.6(d)sta ped�a Bc1 = 33.5T kai Bc2 ≃ 41T, k�tw apì ta 3K se sumfwn�a me ta peir�mata [125, 126℄. Prèpei
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Sq ma 8.6: a. Autosunep¸ upologismèno di�gramma f�sh Bz − T tou QeirikoÔ kÔmato puknìth-ta spin. H Qeirik  kat�stash e�nai pantoÔ sto parap�nw di�gramma f�sh. Oi ellatwmène timètwn paramètrwn t�xh sthn perioq  twn uyhl¸n jermokrasi¸n kai ped�wn odhge� sthn apìkruy th, afoÔ sqhmat�zei èna jermodunamikì sÔnoro f�sh (diakekommène grammè). b. 'Ena Metama-gnhtikì Kr�simo Shme�o (Metamagnetic Critical End Point) br�sketai se jermokras�a T ≃ 3K kaiped�o Bz = Bc1 = 33.5T. Ta dÔo metamagnhtik� skalop�tia emfan�zontai gia ped�a Bc1 = 33.5T kai
Bc1 ≃ 41T par�llhla me th dhmiourg�a metabatik¸n perioq¸n (pou qwr�zontai apì diakekommènegrammè), se �yogh sumfwn�a me ti peiramatikè metr sei [125, 126℄. Gia Bc1 < B < Bc2, h Qeirik kat�stash mpore� na sunup�rqei me �lle magnhtik� epagìmene katast�sei. c. Gia T < 3K, h par�-metro t�xh dx2−y2 e�nai praktik� stajer  mèqri to ped�o B = Bc1, ìpou metab�lletai apìtoma. P�nwapì to Metamagnhtikì Kr�simo Shme�o, to q�sma exel�ssetai omal� me to magnhtikì ped�o, exhg¸ntathn ex�rthsh pou èqei exaqje� apì peiramatikè metr sei [239℄. O koresmì pou parathre�tai seuyhl� ped�a den odhge� se k�poia jermodunamik  anwmal�a, kajist¸nta thn Qeirik  kat�stash mhaniqneÔsimh. d. Ta metamagnhtik� skalop�tia sunodeÔontai apì apìtomh aÔxhsh th magn tish. SemegalÔtere jermokras�e, o pr¸th t�xh qarakt ra twn metamagnhtik¸n metab�sewn g�netai pio pio kai omalì. e. H seir� apì metamagnhtikè metab�sei emfan�zetai lìgw twn epiprìsjetwn ener-geiak¸n zwn¸n pou diastaur¸nontai me to ep�pedo Fermi, se kajèna apì ta dÔo kr�sima ped�a Bc [209℄.H anadiorg�nwsh th epif�neia Fermi aux�nei apìtoma ti monoswmatidiakè diegèrsei tou sust -mato kai kat� sunèpeia th magn tish. P. Kotetes, A. Aperis and G. Varelogiannis, arXiv:1002.2719.
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110 KEF�ALAIO 8. TOPOLOGIK�ES QEIRIK�ES KATAST�ASEIS SE PRAGMATIK�A ULIK�Ana parathr soume ìti h ekd lwsh metamagnhtismoÔ se tètoia uyhl  kl�maka ped�wn, ofe�letai sthnepagwg  th sunist¸sa dxy, pou odhge� se aÔxhsh th kr�simh jermokras�a th kur�arqh dx2−y2paramètrou t�xh. H bajmia�a aÔxhsh tou ped�ou, metatop�zei ti tèsserei energeiakè z¸ne twnmonoswmatidiak¸n diegèrsewn mèsw th allhlep�drash me to ped�o. Se k�je kr�simo magnhtikì ped�o
Bc, m�a epiprìsjeth energeiak  z¸nh pern� to ep�pedo Fermi Sq.8.6(e), enisqÔonta thn  dh up�rqousaepif�neia Fermi kai odhg¸nta me autìn ton trìpo se m�a apìtomh metabol  th magn tish [209℄. Seuyhlìtere jermokras�e, o pr¸th t�xh qarakt ra twn metamagnhtik¸n metab�sewn, èqonta wapotèlesma m�a pio  pia aÔxhsh th magn tish se aut n thn perioq .Oi profane� omoiìthte tou diagr�mmato pou parousi�zoume se sÔgkrish me to peiramatikì[125, 126℄, sunodeÔontai apì shmantikè sunèpeie pou proèrqontai apì thn peperasmènh qeirikì-thta th upì melèth kat�stash. Pr¸ta apì ìla h qeirik  kat�stash br�sketai pantoÔ se autì todi�gramma lìgw th enisqumènh kr�simh jermokras�a pou th qarakthr�zei afoÔ e�nai m�a epagìme-nh kat�stash apì to magnhtikì ped�o. Gia thn perioq  magnhtikoÔ ped�ou Bc1 < Bz < Bc2, kai oidÔo par�metroi t�xh th qeirik  kat�stash uf�stantai dramatik  me�wsh. Kat� sunèpeia, parìlopou h qeirik  kat�stash e�nai paroÔsa se aut n thn perioq , e�nai kal� krummènh lìgw th ap¸leiath topologik  th stajerìthta. Kat' autìn ton trìpo h qeirik  kat�stash suneq�zei na up�rqei
Bz ≥ Bc2, sumperiferìmenh w èna polwmèno paramagnhtikì mètallo.Parìlh th suneq  parous�a th topologik  kat�stash, h Ôparxh tou MetamagnhtikoÔ Kr�simouShme�ou mpore� na odhg sei sto sqhmatismì nèwn katast�sewn sto kr�simo ped�o Bc1, oi opo�e k�l-lista mporoÔn na sunup�rqoun me th qeirik  kat�stash, kai na apotelèsoun ti katast�sei III, Vìpw onom�zontai sthn anafor� [126℄. 'Eqei deiqje� ìti k�tw apì genikè sunj ke, èna magnhtikìped�o Zeeman mpore� na ep�gei m�a kat�stash kÔmato puknìthta spin apì èna kÔma puknìthtafort�ou kai to ant�strofo [209, 208℄. Akrib¸ to �dio apotèlesma ex�game kai eme� se prohgoÔmenokef�laio. 'Etsi loipìn, to magnhtikì ped�o epitrèpei to sqhmatismì enì arijmoÔ katast�sewn [201℄ìpw to qeirikì kÔma puknìthta fort�ou dxy + idx2−y2 [185, 187, 189, 192, 237℄ pou èqoume  dh mele-t sei me aform  oxe�dia tou qalkoÔ se prohgoÔmenh par�grafo   ti magnhtikè kai mh, katast�sei
Pomeranchuk [144, 240, 241, 242, 243℄.Pèra apì to di�gramma f�sh, melet same me leptomèreia thn jermohlektrik  apìkrish tou su-st mato. SÔmfwna me ta peiramatik� apotelèsmata, to sugkekrimèno ulikì qarakthr�zetai apì m�aan¸malh jermohlektrik  apìkrish w ta 35T [169, 170℄, ìpou h mh-tautopoihmènh par�metro t�xhjewre�tai ìti èqei katastrafe� [170℄. To s ma Nernst pou prokÔptei apì aut n thn exwtik  kat�sta-sh, èqei jetikì s ma Nernst kai mia uyhl  tim  th t�xh twn merik¸n µV/K, en¸ to jermokrasiakìprof�l tou, parousi�zei m�a koruf  per� ta 3-4K, pou ft�nei thn tim  30µV/K gia B ≃ 12T . 'Ewt¸ra h gigantia�a apìkrish tou s mato Nernst e�qe jewrhje� w qarakthristikì tou hmimetallikoÔqarakt ra autoÔ tou ulikoÔ to opo�o apart�zetai apì �so arijmì op¸n kai hlektron�wn [169, 170℄.Lamb�nonta upìyh tìso thn topologik  suneisfor� ìso kai aut  twn monoswmatidiak¸n die-gèrsewn gia ton upologismì twn hlektrik¸n (σxx, σxy) kai jermohlektrik¸n agwgimot twn (αxx, αxy),mporoÔme na doÔme ìti h qeirik  kat�stash pou prote�noume mpore� na ermhneÔsei thn an¸malh jermoh-lektrik  sumperifor� Nernst. Qrhsimopoi¸nta ti timè gia ti paramètrou t�xh pou upolog�sameautosunep¸, gia na anapar�goume to di�gramma f�sh tou Sq.8.6, lamb�noume m�a gigantia�a apì-krish Nernst h opo�a èqei per�pou m�a t�xh megalÔterh apì aut n pou parathre�tai sta peir�mata. Hproèleush tou idia�terou prof�l tou s mato Nernst sundèetai �rrhkta me th qeirikìthta th kat�sta-sh kai thn Ôparxh enì anjektikoÔ energeiakoÔ q�smato twn monoswmatidiak¸n diegèrsewn. 'Opwexet�same se prohgoÔmene paragr�fou kai sthn anafor� [187℄, o isqur� monwtikì qarakt ra thkat�stash anagk�zei th jermik  isqÔ kai to s ma Nernst na exiswjoÔn sto Kr�simo Jermohlektrikìshme�o. Sth geitoni� autoÔ tou shme�ou oi sun jw uyhlè timè ti jermik  isqÔo sunep�gontai kai
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Sq ma 8.7: a. Bz − T ex�rthsh tou autosunep¸ upologismènou s mato Nernst. To prokÔpton s ma
Nernst, parousi�zei m�a uyhl  jetik  tim , m�a t�xh per�pou megalÔterh apì aut  pou parathre�taipeiramatik� [169℄. H uyhl  tim  th jermohlektrik  apìkrish ofe�letai ston topologikì qarakt rath qeirik  kat�stash [187℄. H katastrof  tou uyhloÔ s mato Nernst sto kr�simo magnhtikìped�o Bc1 sumfwne� me to pe�rama [170℄, parìlo pou se aut n thn per�ptwsh, sunodeÔetai apì shman-tik  me�wsh, par� apous�a twn paramètrwn t�xh dxy, dx2−y2 . b. O suntelest  Nernst ν = N/Bzparousi�zei m�a mh grammik  jermokrasiak  ex�rthsh, me m�a koruf  sthn perioq  twn 3 − 5K a-kolouj¸nta ti peiramatikè metr sei [169℄. c. Ex�rthsh apì to magnhtikì ped�o th diam kouagwgimìthta gia di�fore jermokras�e. Gia T < To, h parous�a m�a anwmal�a, pou parathre�taikai sta peir�mata [170℄, mpore� eÔkola na katanohje� apì th magnhtik  en�sqush th paramètrou t�xh
dxy. P. Kotetes, A. Aperis and G. Varelogiannis, arXiv:1002.2719 [193℄.uyhlè timè gia to s ma Nernst. Par�ol' aut� h jermohlektrik  stibarìthta kai thn �dia stigm  ht�sh pro th gigantia�a apìkrish Nernst q�nontai akrib¸ sto kr�simo magnhtikì ped�o Bc1. H apìto-mh me�wsh th paramètrou t�xh dx2−y2 kai h anadiorg�nwsh th epif�neia Fermi pou upobajm�zounthn monwtik  ikanìthta th kat�stash, odhgoÔn se pl rh ex�leiyh tou s mato Nernst Sq.8.7(a) sepolÔ kal  sumfwn�a me ta peir�mata [169℄.Epiplèon o suntelest  Nernst parousi�zei m�a koruf  sunart sei th jermokras�a, h opo�amei¸netai kaj¸ aux�noume to magnhtikì ped�o  dh apì ta 10K (Sq.8.7b). Prèpei na shmei¸soumeìti parìlo tou ìti aut  h kat�stash e�nai paroÔsa gia peperasmèna magnhtik� ped�a akìma kai sejermokras�e megalÔtere apì 17.5K, den odhge� se m�a shmantik  apìkrish Nernst kai kaj�stataipeiramatik� mh antilhpt . 'Eqoume upolog�sei akìmh thn agwgimìthta gia peperasmèna ped�a kaijermokras�e. ParathroÔme sto Sq.8.7c ìti h ex�rthsh th agwgimìthta apì to magnhtikì ped�o
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112 KEF�ALAIO 8. TOPOLOGIK�ES QEIRIK�ES KATAST�ASEIS SE PRAGMATIK�A ULIK�Aparousi�zei m�a anwmal�a me thn aÔxhsh tou magnhtikoÔ ped�ou. Autì e�nai m�a qarakthristik  èndeixhth magnhtik� epagìmenh kai enisquìmenh paramètrou t�xh dxy pou parathre�tai kai peiramatik�[170℄. H sugkekrimènh anwmal�a metafèretai se mikrìtera ped�a me thn aÔxhsh th jermokras�a lìgwtou ìti h par�metro t�xh dxy exasjene�.8.4 Prìbleyh polwmènou fainomènou KerrGia na aniqneute� h proteinìmenh kat�stash, problèpoume èna peperasmèno s ma Kerr, pou proèrqetaiapì thn peperasmènh qeirikìthta kai th makroskopik  parab�ash th summetr�a antistrof  touqrìnou [192℄. To fainìmeno Kerr ìpw kai to fainìmeno Faraday sqet�zontai me th metabol  thdieÔjunsh m�a polwmènh monoqrwmatik  dèsmh pou pèftei k�jeta sto ep�pedo enì ulikoÔ. Kaj¸m�a dèsmh prosp�ptei p�nw sto ulikì, odhge� se m�a anakl¸menh kai m�a diajl¸menh dèsmh. E�n toulikì e�nai Qeirikì, ìpw e�nai h per�ptwsh enì sidhromagn th, h diajl¸menh kai anakl¸menh dèsmhja èqoun diaforetik  dieÔjunsh se sqèsh me thn prosp�ptousa dèsmh. To fainìmeno Kerr afor�thn emf�nish metabol  th dieÔjunsh th anakl¸menh dèsmh se sqèsh me thn prosp�ptousa. Hgwn�a pou sqhmat�zetai metaxÔ aut¸n twn dÔo dieujÔnsewn, onom�zetai gwn�a Kerr, ϑK . H gwn�a Kerr[192, 244, 245, 247℄ d�netai apì th sqèsh
ϑK =

4π

n(n2 − 1)d

σℑ
xy(ω)

ω
, (8.12)ìpou n e�nai o de�kth di�jlash, d to p�qo tou didi�statou ulikoÔ, a = 5Å kai σℑ

xy to fantastikìmèro th agwgimìthta Hall sto dunamikì ìrio. Sth sugkekrimènh per�ptwsh anamènoume ìti h gwn�a
Kerr ϑK , ja èqei m�a idia�terh ex�rthsh apì to magnhtikì ped�o   opo�a ofe�lei na akolouje� thnmagnhtik� epagìmenh dxy par�metro t�xh. M�a kat�llhlh di�taxh kai peiramatik  mèjodo gia thnan�qneush magnhto-optik¸n fainomènwn eggenoÔ qeirikìthta apotele� to sumbolìmetro Sagnac [245℄.Eidikìtera, gia na parathrhje� h sugkekrimènh ex�rthsh ja prèpei to ulikì na yuqje� k�tw apì ta17.5K kai na jermanje� xan� parous�a enì statikoÔ magnhtikoÔ ped�ou, to opo�o pol¸nei tuqoÔseperioqè diaforetik  qeirikìthta pou up�rqoun sto ulikì.Gia ton upologismì th gwn�a Kerr, qreiazìmaste thn dunamik  agwgimìthta Hall. Sthn per�ptws ma, gia mikr� ped�a Bz ≤ 20T , h dunamik  agwgimìthta kuriarqe�tai apì thn topologik  suneisfor�.Qrhsimopoi¸nta ta apotelèsmata tou Parart mato kaj¸ kai tou Kef.4, mporoÔme eÔkola na doÔmeìti h topologik  agwgimìthta gia peperasmène suqnìthte gr�fetai w

σxy(ω) =
e2
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[
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ν,σ(k)
]
Ωz

ν,σ(k)

[h̄ω + i0+ − 2Eσ(k)] [h̄ω + i0+ + 2Eσ(k)]
. (8.13)Gia ω > 0 h agwgimìthta Hall èqei suneisfor� mìno apì ton pr¸to pìlo kai mporoÔme na gr�youme
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}
, (8.14)ìpou to sÔmbolo P upodeiknÔei ìti ja prèpei na l�boume thn kÔria, kat� Cauchy, suneisfor� touajro�smato (oloklhr¸mato). To fantastikì mèro th agwgimìthta d�netai apì th sqèsh,

σℑ
xy(ω) = −πe
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ν,σ(k)
]
Ωz

ν,σ(k)δ[h̄ω − 2Eσ(k)] , (8.15)



8.4. PR�OBLEYH POLWM�ENOU FAINOM�ENOU KERR 113ìpou lìgw th sun�rthsh dèlta, èqoume thn aplopo�hsh EBz
ν,σ(k) = −µ− [µBσ+mz(k)]Bz + νh̄ω/2.Sun jw, o ìro h̄ω e�nai th t�xh tou eV, s�goura megalÔtero apì ti qarakthristikè kl�make touenergeiakoÔ q�smato pou sunantoÔme sthn prokeimènh per�ptwsh. Autì shma�nei ìti nF

[
EBz

ν,σ(k)
]
≃

nF [νh̄ω/2]. Gia mikrè timè tou magnhtikoÔ ped�ou mporoÔme na anaptÔxoume thn energeiak  diaspor�gÔrw apì ta shme�a Fermi k = (±π
2
, π

2
). Se aut n thn per�ptwsh, Ωz

ν,σ(k) ≃ 2νtMQ,2MQ,6E
3
σ(k) =

16νa2tMQ,2MQ,6/(h̄ω)3. H agwgimìthta gr�fetai t¸ra w ex 
σℑ

xy(ω) =
2e2MQ,6

h̄

1 − 2nF (h̄ω/2)

h̄ω
≃ 2e2

h̄

MQ,6

h̄ω
. (8.16)Gia èna sumbolìmetro Sagnac [245℄, isqÔoun h̄ω = 0.8eV = 6420cm−1 kai λ = 1550nm, en¸ hsuqnìthta pl�smato tou URu2Si2 e�nai h̄ωp = 2131cm−1 ≃ 266meV [248℄. O de�kth di�jlash seaut n thn per�ptwsh or�zetai w n =

√
1 − (ωp/ω)2. Lìgw tou ìti ω >> ωp mporoÔme na jewr soumethn prosèggish n ≃ 1 kai n2 − 1 = − (ωp/ω)2. Br�skoume ìti h gwn�a Kerr, h opo�a metr�tai me autìto sumbolìmetro Sagnac d�netai apì th sqèsh

ϑK(Bz, T ) =
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)
. (8.17)Lamb�nonta upìyh ìti thn tim  th stajer� lept  uf  e2/h̄c = 1/137 kai jètwnta d ≃ 2nm,lamb�noume m�a proseggistik  ekfras  th gwn�a Kerr ϑK ≃ 128MQ,6mrad me thn par�metro t�xh

MQ,6 na metr�tai se meV. 'Opw parathroÔme kai sto sq ma Sq.8.8, to mègejo th gwn�a Kerrde�qnei ìti to mègejo autì e�nai arket� meg�lo kai eÔkola aniqneÔsimo peiramatik�. H parat rhshenì peperasmènou s mato Nernst ja apotelèsei m�a apìdeixh th up�rxh aut  th topologik kat�stash, apant¸nta to gr�fo tou URu2Si2.
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Sq ma 8.8: Problepìmeno Polwmèno Fainìmeno Kerr (Polar Kerr effect) lìgw th eggenoÔ qeirikìth-ta th proteinìmenh qeirik  kat�stash. O sqhmatismì th qeirik  kat�stash gia peperasmènamagnhtik� ped�a, odhge� se èna peperasmèno fainìmeno Kerr akìmh kai gia jermokras�e megalÔtereapì thn kr�simh jermokras�a To. P. Kotetes, A. Aperis and G. Varelogiannis, arXiv:1002.2719 [193℄.
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9 Ep�logoSta pla�sia aut  th diatrib  anade�xame ton ka�rio rìlo pou mporoÔn na diadramat�soun ta Topo-logik� KÔmata Puknìthta Fort�ou kai Spin sthn katanìhsh idia�tera shmantik¸n kai a-nex ghtwn w t¸ra fainomènwn, pou lamb�noun q¸ra sthn �kanonik � (mh-uperag¸gimh) kat�stash dÔosugkekrimènwn kathgori¸n mh-sumbatik¸n uperagwg¸n. Oi sugkekrimène diamorfwmène Topologi-kè katast�sei, apoteloÔn mh-sumbatik� sumpukn¸mata sto kan�li hlektron�ou-op  kai eunooÔntaiapì ti �die allhlepidr�sei pou odhgoÔn sto sqhmatismì th mh-sumbatik  uperagwgimìthta. Kat'autìn ton trìpo, e�nai pl rw anamenìmeno na emfanistoÔn se perioqè tou diagr�mmato f�sh aut¸ntwn ulik¸n. Pr�gmati ta ulik� pou exet�same sta pla�sia aut  th diatrib , oi uperagwgo�uyhl  kr�simh jermokras�a twn qalkoxeid�wn kaj¸ kai o uperagwgì ba-rèwn fermion�wn URu2Si2, qarakthr�zontai apì mh-tautopoihmène w t¸ra katast�sei t�xewsto di�gramma f�sh tou, oi opo�e sÔmfwna me peiramatikè ende�xei ja mporoÔsan k�llista naapodojoÔn se mh-sumbatikè katast�sei Kum�twn Puknìthta Fort�ou kai Spin. An�mesa se �lla,kÔrio qarakthristikì aut¸n twn mh-uperag¸gimwn perioq¸n e�nai èna Gigantia�o S ma Nernstth t�xh twn merik¸n µV/K, me jetikì prìshmo kai m�a qarakthristik  jer-mokrasiak  ex�rthsh. To sugkekrimèno jermokrasiakì prof�l èqei th morf  enì lìfou (tilted
hill) pou parousi�zei èna mègisto. To fainìmeno Nernst, apotele� kleid� gia thn katanìhsh aut¸n twnperioq¸n tou diagr�mmato f�sh, en¸ parousi�zetai kai �lla ulik� ìpw to o uperagwgì barèwnfermion�wn CeCoIn5 kai ta oxupnikt�dia tou sid rou (FeAs).Basizìmenoi sthn geitn�ash twn mh-sumbatik¸n kum�twn puknìthta fort�ou me tou mh-sumbatikoÔuperagwgoÔ, prote�name th dunatìthta m�a isqur  jermohlektrik  apìkrish Nernst Topologik proèleush. Sugkekrimèna uposthr�xame pw oi mh-tautopoihmène exwtikè katast�sei pou para-throÔntai se aut� ta ulik�, mporoÔn na susqetistoÔn me Topologik� KÔmata Puknìthta Fort�ou  Spin, kai sugkekrimèna me Qeirikè katast�sei autoÔ tou tÔpou. Anade�xame ep�sh gia pr¸thfor�, ìti sto isqur� monwtikì ìrio, oi Qeirikè Topologikè katast�sei epideiknÔoun m�a Gigan-tia�a apìkrish Nernst anapar�gonta tautìqrona to qarakthristikì jermokrasiakì prof�l pousunodeÔei ta upì melèth ulik�. H sugkekrimènh jermokrasiak  ex�rthsh prokÔptei lìgw th Ôparxhenì kr�simou jermohlektrikoÔ shme�ou ìpou h Topologik  apìkrish Hall exis¸netai me th diam khaposbenìmenh.Gia th melèth tou Gigantia�ou TopologikoÔ fainomènou Nernst  tan anagka�a h peraitèrw em-b�junsh sti idiìthte twn Topologik¸n katast�sewn. Kat' autìn ton trìpo, melet same basikèjermodunamikè idiìthte tou sqhmatismoÔ aut¸n twn katast�sewn me afethr�a èna ektetamènomikroskopikì montèlo tÔpou Hubbard. H melèth tou diagr�mmato f�sh pou proèkuye stapla�sia autoÔ tou montèlou, anèdeixe ta topologik� KÔmata Puknìthta Fort�ou kai Spin, w euno-oÔmene jemeli¸dei katast�sei oi opo�e mporoÔn pr�gmati na emfanistoÔn se aut� ta ulik�. Toepìmeno b ma sthn an�lus  ma,  tan na exet�soume ti Topologikè idiìthte aut¸n twn ulik¸n.Eis�gonta kat�llhle Topologikè anallo�wte posìthte, qwr�same ti Topologikè katast�seise Qeirikè kai Elikoeide�. Oi pr¸te parabi�zoun th summetr�a antistrof  tou qrìnou T semakroskopikì ep�pedo, en¸ oi deÔtere thn diathroÔn. Kai sti dÔo peript¸sei de�xame ìti e�nai du-nat  h parat rhsh enì ploÔsiou diagr�mmato f�sh se mhdenik  jermokras�a, pou perilamb�nei m�a115



116 KEF�ALAIO 9. EP�ILOGOSdiadoq  apì Kbantikè Topologikè Metab�sei F�sh. Epiplèon, de�xame pw h fusik pou dièpei ta Topologik� ulik� sto sÔnoro e�nai kai aut  arket� ploÔsia, perilamb�nonta suno-riakoÔ QeirikoÔ kai Elikoeide� bajmoÔ eleujer�a oi opo�oi e�nai �mesh apìrroia thÔparxh twn Topologik¸n anallo�wtwn posot twn.Sth sunèqeia, basizìmenoi se mejìdou th Kbantik  Jewr�a Mèsou Ped�ou, melet same tiTopologikè dr�sei pou perigr�foun se qamhlè suqnìthte kai kumatanÔsmata ti sugkekrimènekatast�sei. SÔmfwna me apotelèsmat� ma, oi Qeirikè katast�sei perigr�fontai apìm�a dr�sh Chern-Simons en¸ oi Elikoeide� apì m�a jewr�a BF. Mèsw twn exis¸sewnk�nhsh, ma dìjhke h eukair�a na melet soume ta Aujìrmhta hlektrik�, magnhtik� kaimagnhtohlektrik� Kbantik� Fainìmena pou prokÔptoun lìgw th mh tetrimmènh topologi-k  dom  aut¸n twn katast�sewn, ìpw kai ti di�fore metabolè pou uf�stantai oi energeiakèdiasporè tou fwtonikoÔ ped�ou kaj¸ autì allhlepidr� me autè. Parìmoia apotelèsmatagia thn Topologik  metafor� fort�ou kai spin, ex�game jewr¸nta to adiabatikì ìrio kai thnpeperasmènh f�sh Berry pou emfan�zetai kat� thn efarmog  hlektrik¸n ped�wn kai magnhto-bajm�dwn Zeeman. Oi Topologikè anallo�wte posìthte pou eisag�game, den apoteloÔn par� taTopologik� fort�a twn magnhtik¸n monìpolwn Berry tou q¸rou twn kumatanusm�twn.To peperasmèno magnhtikì ped�o Berry sunep�getai thn Ôparxh m�a troqiak  suneisfor�th magn tish, thn opo�a upolog�same mèsw th epanakanonikopo�hsh th sun�rthsh Greensta pla�sia th ex�swsh Dyson. Elaqistopoi¸nta thn eleÔjerh enèrgeia parous�a magnhti-koÔ ped�ou, de�xame pw h epiprìsjeth eggen  troqiak  magn tish kai allhlep�drash, odhge� sthnanapìfeukth en�sqush kai epagwg  twn Topologik¸n katast�sewn, euno¸nta kur�w tiQeirikè. Qrhsimopoi¸nta upologistikè mejìdou, melet same ti exis¸sei autosunèpeia twn pa-ramètrwn t�xh gia th Qeirik  kat�stash dxy + idx2−y2 epalhjeÔonta pr�gmati thn epagwg  aut th kat�stash, ìtan arqik� up�rqei mìno h idx2−y2 . Kat� sunèpeia, e�n m�a troqiak  kat�stash èqei dh sqhmatiste�, tìte h efarmog  enì ped�ou anagkastik� odhge� se met�bash se m�a Qeirik . Pè-ra apì ta parap�nw magnhtohlektrik� fainìmena, suneq�same me thn exagwg  tou genikìteroumagnhtojermohlektrikoÔ tanust  Hall. Gia na ekmetalleutoÔme th mèjodo twn oloklhrw-m�twn diadrom , eis�game to barutikì ped�o tou Luttinger kai katal xame sthn apara�thth, gia tonupologismì tou s mato Nernst, Aujìrmhth Jermohlektrik  agwgimìthta Hall.Oloklhr¸same aut n th melèth fainomènwn kai idiot twn, me thn prìtash sugkekrimènwn kata-st�sewn gia ti mh-uperag ģime f�sei twn qalkoxeid�wn kai tou URu2Si2. Sthn pr¸thper�ptwsh, prote�name pw h Qeirik  kat�stash dxy +idx2−y2 eloqeÔei sthn perioq tou yeudoq�smato kai de�xame ìti e�nai dunatìn na anaparaqje� tìso to mègejo tou s mato
Nernst, to prìshmì tou ìpw kai to idia�tero jermokrasiakì prof�l, qrhsimopoi¸nta autosunep arijmhtik� apotelèsmata prohgoÔmenwn kefala�wn. 'Opw de�xame, h prìtas  ma e�nai par�llhlasunep  me ton parathroÔmeno èntono diamagnhtismì pou sunodeÔei to asun jisto s ma Nernst. ToQeirikì kÔma puknìthta fort�ou, e�nai dunatìn na qarakthriste� apì èntonh diamagnhtik  sumperifo-r�, h opo�a sthn idanik  per�ptwsh metatrèpetai sto Topologikì fainìmeno Meissner. Sthnsugkekrimènh per�ptwsh pou parousi�same epibebai¸same ìti to gigantia�o s ma Nernst, sunodeÔetaiapì isqur  troqiak  magn tish. Gia thn an�qneush th sugkekrimènh kat�stash se aut� ta ulik�prote�name m�a peiramatik  mètrhsh basizìmenh sto ant�strofo Aujìrmhto Fainìmeno Hall,ìpou h mètrhsh mia peperasmènh t�sh Hall parous�a kat�llhlh katanom  reum�twn, mpore� naapotelèsei èna gn sio apotÔpwma peperasmènh Qeirikìthta. Ant�stoiqa, sthn per�ptw-sh tou uperagwgoÔ barèwn fermion�wn URu2Si2 uposthr�xame pw h magnhtik  Qerik  kat�stash
dz

xy+idz
x2−y2 , e�nai aut  pou sun�dei me thn prokÔptousa fainomenolog�a kai mpore� na ermhneÔsei qa-rakthristik� fainìmena th �krummènh � kat�stash (hidden order). Mèsw upologistik¸n



117mejìdwn ex�game to di�gramma f�sh gia thn sugkekrimènh kat�stash gia di�fora magnhtik� ped�akai jermokras�e. Parathr same pw ta apotelèsmat� ma e�nai polÔ kont� sthn peiramatik  eikìna,ermhneÔonta th seir� twn Metamagnhtik¸n Metab�sewn pou parathre�tai. Epiplèon,h prìtas  ma parèqei m�a monadik  odì katanìhsh th isqur  jermohlektrik  apìkrish se autì toulikì, afoÔ katafèrame na anapar�goume kai se aut n thn per�ptwsh to mègejo,to prìshmo kaj¸ kai thn jermokrasiak  ex�rthsh tou s mato Nernst. Tèlo,prote�name kai se aut n thn per�ptwsh èna pe�rama ikanì na diakr�nei thn parous�a m�a Qeirik  ka-t�stash. Autì to pe�rama afor� thn parat rhsh tou Polwmènou Fainomènou Kerr, pousÔmfwna me tou upologismoÔ ma, anamènoume ìti h parathroÔmenh gwn�a Kerr ja èqei m�a ida�terhex�rthsh apì to magnhtikì ped�o, apotel¸nta m�a adiamfisb thth epal jeush th jewr�ama.Pèra apì ta sumper�smata pou ex�game gia ta parap�nw ulik�, ta apotelèsmat� ma èqoun ka-jolikì qarakt ra. Oi idiìthte kai ta fainìmena pou parousi�same èqoun topologik  proèleush kaimporoÔn na isqÔoun gia m�a plhj¸ra susthm�twn, ek pr¸th ìyew arket� diaforetik¸n apì aut�pou exet�same sthn prokeimènh per�ptwsh. Kat' autìn ton trìpo, o nèo mhqanismì gènnhsh enìgigantia�ou s mato Nernst pou prote�name, e�nai dunatìn na ermhneÔsei th susthmatik  parat rhshan¸malh jermohlektrik  sumperifor� se èna meg�lo arijmì ulik¸n. Bèbaia, e�nai fusikì kai apa-ra�thto h mèleth th paroÔsa diatrib  na suneqiste� kai na epektaje� peraitèrw. Shmantik� zht matapou apomenoÔn na melethjoÔn, apoteloÔn pr¸ta apì ìla o antagwgismì twn Topologik¸n Kum�twnPuknìthta Fort�ou kai Spin me ti ant�stoiqe mh-sumbatikè uperag¸gime katast�sei twn upì me-lèth ulik¸n, h an�lush me b�sh realistikìtera montèla energeiak  dom , h ep�drash prosm�xewn kaitèlo h epèktash th Gigantia�a Aujìrmhth Jermohlektrik  Apìkrish Nernst se peperasmènesuqnìthte kai se sunj ke ektì isorrop�a.
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Genikì Tanust  Pìlwsh enìsust mato isosp�n-1
2Ja upolog�soume ton Tanust  pìlwsh, o opo�o prokÔptei apì to di�gramma fussal�da (Bubble

diagram) twn sunart sewn Green enì mh-allhlepidr¸nto sust mato dÔo katast�sewn, gia ti ge-nikìtere korufè allhlep�drash. H Qamiltonian  èqei th morf  H =
∑

k Ψ†
k

(
δk + gm

k τm
)

Ψk, ìpoume Ψk ton isosp�nora, me τm èqoume or�sei tou p�nake Pauli sto q¸ro tou isospin, en¸ par�llh-la jewr same �jroish stou epanalambanìmenou de�kte. O p�naka monada sto q¸ro tou isospinparale�fjhke gia eukol�a. H sun�rthsh Green tou mh allhlepidr¸nto sust mato or�zetai w
Gk =

ikn − δk + gm
k τm

(ikn − δk)2 −E2
k

=
1

2Ek

{
Ek + gm

k τm
ikn − δk − Ek

+
Ek − gm

k τm
ikn − δk + Ek

}
, (1)ìpou k = (ikn,k) me ikn ti fermionikè suqnìthte Matsubara kai Ek =

√
gm

k g
m
k . E�nai eÔkolo naanagnwr�soume tou probolikoÔ telestè sti p�nw kai k�tw energeiakè z¸ne tou isospin

P±
k =

Ek ± gm
k τm

2Ek

. (2)O genikìtero Tanust  Pìlwsh gia to parap�nw sÔsthma, èqei th morf 
Πµν(q) =

1

β

∑

ikn,k

T rτ

(
Gk Aµ

k,k+q Gk+q Bν
k+q,k

)
, (3)ìpou q = (iωs, q) e�nai to tetrakumat�nusma antallag , me iωs parist�noume thn mpozonik  suqnìthta

Matsubara h opo�a me analutik  sunèqish iωs → ω + 0+, ma d�nei thn apìkrish sthn pragmatik suqnìthta ω sto tèlo twn upologism¸n. To �qno or�zetai sto q¸ro twn pin�kwn Pauli tou isosp�n.Oi qwroqronikè korufè allhlep�drash Aµ
k,k+q kai Bν

k+q,k pa�rnoun th genik  morf 
Aµ

k,k+q = Aµ
k,k+q + αµ,i

k,k+qτi , (4)
Bµ

k,k+q = Bµ
k,k+q + βµ,i

k,k+qτi . (5)Upì autè ti sunj ke, mporoÔme na upolog�soume ton tanust  pìlwsh w ex 
Πµν(q) =

1

β

∑

ikn,k

1

4EkEk+q

T rτ

[(
Ek + gm

k τm
ikn − δk − Ek

+
Ek − gm

k τm
ikn − δk + Ek

)(
Aµ

k,k+q + αµ,i
k,k+qτi

)

×

 Ek+q + gn

k+qτn

ikn + iωs − δk+q −Ek+q

+
Ek+q − gn

k+qτn

ikn + iωs − δk+q + Ek+q



(
Bν

k+q,k + βν,j
k+q,kτj

)
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T rτ

(
τnτl

)
= 2δnl , (6)

T rτ

(
τmτnτl

)
= 2iεmnl , (7)

T rτ

(
τmτnτl τs

)
= 2

(
δmnδls − δmlδns + δmsδnl

)
. (8)ProkÔptei loipìn

Πµν(q) =
1

β

∑

ikn,k

1

4EkEk+q

T rτ

{

+


 Ek + gm

k τm
ikn − δk − Ek

Ek+q + gn
k+qτn

ikn + iωs − δk+q −Ek+q

+
Ek − gm

k τm
ikn − δk + Ek

Ek+q − gn
k+qτn

ikn + iωs − δk+q + Ek+q

+
Ek + gm

k τm
ikn − δk − Ek

Ek+q − gn
k+qτn

ikn + iωs − δk+q + Ek+q

+
Ek − gm

k τm
ikn − δk + Ek

Ek+q + gn
k+qτn

ikn + iωs − δk+q − Ek+q


Aµ

k,k+qB
ν
k+q,k

+


 Ek + gm

k τm
ikn − δk − Ek

Ek+q + gn
k+qτn

ikn + iωs − δk+q −Ek+q

τj +
Ek − gm

k τm
ikn − δk + Ek

Ek+q − gn
k+qτn

ikn + iωs − δk+q + Ek+q

τj

+
Ek + gm

k τm
ikn − δk − Ek

Ek+q − gn
k+qτn

ikn + iωs − δk+q + Ek+q

τj +
Ek − gm

k τm
ikn − δk + Ek

Ek+q + gn
k+qτn

ikn + iωs − δk+q − Ek+q

τj


Aµ

k,k+qβ
ν,j
k+q,k

+


 Ek + gm

k τm
ikn − δk − Ek

τi
Ek+q + gn

k+qτn

ikn + iωs − δk+q −Ek+q

+
Ek − gm

k τm
ikn − δk + Ek

τi
Ek+q − gn

k+qτn

ikn + iωs − δk+q + Ek+q

+
Ek + gm

k τm
ikn − δk − Ek

τi
Ek+q − gn

k+qτn

ikn + iωs − δk+q + Ek+q

+
Ek − gm

k τm
ikn − δk + Ek

τi
Ek+q + gn

k+qτn

ikn + iωs − δk+q − Ek+q


αµ,i

k,k+qB
ν
k+q,k

+


 Ek + gm

k τm
ikn − δk − Ek

τi
Ek+q + gn

k+qτn

ikn + iωs − δk+q −Ek+q

τj +
Ek − gm

k τm
ikn − δk + Ek

τi
Ek+q − gn

k+qτn

ikn + iωs − δk+q + Ek+q

τj

+
Ek + gm

k τm
ikn − δk − Ek

τi
Ek+q − gn

k+qτn

ikn + iωs − δk+q + Ek+q

τj +
Ek − gm

k τm
ikn − δk + Ek

τi
Ek+q + gn

k+qτn

ikn + iωs − δk+q − Ek+q

τj


αµ,i

k,k+qβ
ν,j
k+q,k

⇒

Πµν(q) =
1

β

∑

ikn,k

1

2EkEk+q

{


 EkEk+q + gm

k g
m
k+q(

ikn − δk −Ek

) (
ikn + iωs − δk+q −Ek+q

) +
EkEk+q + gm

k g
m
k+q(

ikn − δk + Ek

) (
ikn + iωs − δk+q + Ek+q

)

+
EkEk+q − gm

k g
m
k+q(

ikn − δk − Ek

) (
ikn + iωs − δk+q + Ek+q

) +
EkEk+q − gm

k g
m
k+q(

ikn − δk + Ek

) (
ikn + iωs − δk+q − Ek+q

)


Aµ

k,k+qB
ν
k+q,k
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+


 Ekg

l
k+q + Ek+qg

l
k + iεmnlg

m
k g

n
k+q(

ikn − δk −Ek

) (
ikn + iωs − δk+q −Ek+q

) +
−Ekg

l
k+q −Ek+qg

l
k + iεmnlg

m
k g

n
k+q(

ikn − δk + Ek

) (
ikn + iωs − δk+q + Ek+q

)

+
−Ekg

l
k+q + Ek+qg

l
k − iεmnlg

m
k g

n
k+q(

ikn − δk − Ek

) (
ikn + iωs − δk+q + Ek+q

) +
Ekg

l
k+q − Ek+qg

l
k − iεmnlg

m
k g

n
k+q(

ikn − δk + Ek

) (
ikn + iωs − δk+q − Ek+q

)


Aµ

k,k+qβ
ν,l
k+q,k

+


 Ekg

l
k+q + Ek+qg

l
k + iεmlng

m
k g

n
k+q(

ikn − δk −Ek

) (
ikn + iωs − δk+q −Ek+q

) +
−Ekg

l
k+q −Ek+qg

l
k + iεmlng

m
k g

n
k+q(

ikn − δk + Ek

) (
ikn + iωs − δk+q + Ek+q

)

+
−Ekg

l
k+q + Ek+qg

l
k − iεmlng

m
k g

n
k+q(

ikn − δk − Ek

) (
ikn + iωs − δk+q + Ek+q

) +
Ekg

l
k+q − Ek+qg

l
k − iεmlng

m
k g

n
k+q(

ikn − δk + Ek

) (
ikn + iωs − δk+q − Ek+q

)


αµ,l

k,k+qB
ν
k+q,k

+




(
EkEk+q − gm

k g
m
k+q

)
δnl + iεmnl

(
Ek+qg

m
k −Ekg

m
k+q

)
+ gn

kg
l
k+q + gn

k+qg
l
k(

ikn − δk − Ek

) (
ikn + iωs − δk+q − Ek+q

)

+

(
EkEk+q − gm

k g
m
k+q

)
δnl − iεmnl

(
Ek+qg

m
k − Ekg

m
k+q

)
+ gn

kg
l
k+q + gn

k+qg
l
k(

ikn − δk + Ek

) (
ikn + iωs − δk+q + Ek+q

)

+

(
EkEk+q + gm

k g
m
k+q

)
δnl + iεmnl

(
Ek+qg

m
k + Ekg

m
k+q

)
− gn

kg
l
k+q − gn

k+qg
l
k(

ikn − δk −Ek

) (
ikn + iωs − δk+q + Ek+q

)

+

(
EkEk+q + gm

k g
m
k+q

)
δnl − iεmnl

(
Ek+qg

m
k + Ekg

m
k+q

)
− gn

kg
l
k+q − gn

k+qg
l
k(

ikn − δk + Ek

) (
ikn + iωs − δk+q − Ek+q

)





α

µ,n
k,k+qβ

ν,l
k+q,k , ⇒

Πµν(q) =
∑

k

EkEk+q + gm
k g

m
k+q

2EkEk+q

nF

(
δk + Ek

)
− nF

(
δk+q + Ek+q

)

iωs + δk − δk+q + Ek − Ek+q

Aµ
k,k+qB

ν
k+q,k

+
∑

k

EkEk+q + gm
k g

m
k+q

2EkEk+q

nF

(
δk − Ek

)
− nF

(
δk+q −Ek+q

)

iωs + δk − δk+q − Ek + Ek+q

Aµ
k,k+qB

ν
k+q,k

+
∑

k

EkEk+q − gm
k g

m
k+q

2EkEk+q

nF

(
δk + Ek

)
− nF

(
δk+q −Ek+q

)

iωs + δk − δk+q + Ek + Ek+q

Aµ
k,k+qB

ν
k+q,k

+
∑

k

EkEk+q − gm
k g

m
k+q

2EkEk+q

nF

(
δk −Ek

)
− nF

(
δk+q + Ek+q

)

iωs + δk − δk+q − Ek − Ek+q

Aµ
k,k+qB

ν
k+q,k

+
∑

k

Ekg
l
k+q + Ek+qg

l
k + iεmnlg

m
k g

n
k+q

2EkEk+q

nF

(
δk + Ek

)
− nF

(
δk+q + Ek+q

)

iωs + δk − δk+q + Ek − Ek+q

Aµ
k,k+qβ

ν,l
k+q,k

+
∑

k

−Ekg
l
k+q −Ek+qg

l
k + iεmnlg

m
k g

n
k+q

2EkEk+q

nF

(
δk − Ek

)
− nF

(
δk+q −Ek+q

)

iωs + δk − δk+q −Ek + Ek+q

Aµ
k,k+qβ

ν,l
k+q,k
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+

∑

k

−Ekg
l
k+q + Ek+qg

l
k − iεmnlg

m
k g

n
k+q

2EkEk+q

nF

(
δk + Ek

)
− nF

(
δk+q − Ek+q

)

iωs + δk − δk+q + Ek + Ek+q

Aµ
k,k+qβ

ν,l
k+q,k

+
∑

k

Ekg
l
k+q − Ek+qg

l
k − iεmnlg

m
k g

n
k+q

2EkEk+q

nF

(
δk − Ek

)
− nF

(
δk+q + Ek+q

)

iωs + δk − δk+q − Ek −Ek+q
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k,k+qβ

ν,l
k+q,k

+
∑

k

Ekg
l
k+q + Ek+qg

l
k − iεmnlg

m
k g

n
k+q

2EkEk+q

nF

(
δk + Ek

)
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(
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)
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ν
k+q,k

+
∑

k

−Ekg
l
k+q −Ek+qg

l
k − iεmnlg

m
k g

n
k+q

2EkEk+q

nF

(
δk −Ek

)
− nF

(
δk+q − Ek+q

)

iωs + δk − δk+q − Ek + Ek+q

αµ,l
k,k+qB

ν
k+q,k

+
∑

k

−Ekg
l
k+q + Ek+qg

l
k + iεmnlg

m
k g

n
k+q

2EkEk+q

nF

(
δk + Ek

)
− nF

(
δk+q −Ek+q

)

iωs + δk − δk+q + Ek + Ek+q

αµ,l
k,k+qB

ν
k+q,k

+
∑

k

Ekg
l
k+q − Ek+qg

l
k + iεmnlg

m
k g

n
k+q

2EkEk+q

nF

(
δk −Ek

)
− nF

(
δk+q + Ek+q

)

iωs + δk − δk+q − Ek − Ek+q

αµ,l
k,k+qB

ν
k+q,k

+
∑

k

(
EkEk+q − gm

k g
m
k+q

)
δnl + iεmnl

(
Ek+qg

m
k −Ekg

m
k+q

)
+ gn

kg
l
k+q + gn

k+qg
l
k

2EkEk+q

×
nF

(
δk + Ek

)
− nF

(
δk+q + Ek+q

)

iωs + δk − δk+q + Ek − Ek+q

αµ,n
k,k+qβ

ν,l
k+q,k

+
∑

k

(
EkEk+q − gm

k g
m
k+q

)
δnl − iεmnl

(
Ek+qg

m
k − Ekg

m
k+q

)
+ gn

kg
l
k+q + gn

k+qg
l
k

2EkEk+q

×
nF

(
δk − Ek

)
− nF

(
δk+q − Ek+q

)

iωs + δk − δk+q − Ek + Ek+q

αµ,n
k,k+qβ

ν,l
k+q,k

+
∑

k

(
EkEk+q + gm

k g
m
k+q

)
δnl + iεmnl

(
Ek+qg

m
k + Ekg

m
k+q

)
− gn

kg
l
k+q − gn

k+qg
l
k

2EkEk+q

×
nF

(
δk + Ek

)
− nF

(
δk+q −Ek+q

)

iωs + δk − δk+q + Ek + Ek+q

αµ,n
k,k+qβ

ν,l
k+q,k

+
∑

k

(
EkEk+q + gm

k g
m
k+q

)
δnl − iεmnl

(
Ek+qg

m
k + Ekg

m
k+q

)
− gn

kg
l
k+q − gn

k+qg
l
k

2EkEk+q

×
nF

(
δk − Ek

)
− nF

(
δk+q + Ek+q

)

iωs + δk − δk+q − Ek − Ek+q

αµ,n
k,k+qβ

ν,l
k+q,k . (9)ìpou èqoume jewr sei ìti oi korufè allhlep�drash den exart¸ntai apì thn mpozonik  suqnìthta.Autì ma epitrèpei na ajro�soume w pro ti fermionikè suqnìthte Matsubara, k�nonta qr sh thjewr�a twn oloklhrwtik¸n upolo�pwn. 'Epeita ja exet�soume kai to dunamikì ìrio, dhlad  q → 0,
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Πµν(iωs, q → 0) =

∑

k



nF

(
δk + Ek

)
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(
δ̄k + Ēk

)

iωs + δk − δ̄k + Ek − Ēk
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(
δk −Ek

)
− nF

(
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)
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ν
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+
∑

k



nF

(
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)
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)
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+
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]
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m
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]
, (10)ìpou eisag�game Ēk = limq→0Ek+q → Ek. Me autìn ton trìpo kratoÔme mia peperasmènh sunei-sfor� gia ti endozwnikè diadikas�e. Gia pr�deigma autì o ìro mpore� na ma d¸sei ti diam keiagwgimìthte e�n agno soume th suneisfor� prosm�xewn. Par�ol' aut�, se aut n thn per�ptwsh jaèqoume m�a koruf  Drude, h opo�a de�qnei ìti apaite�tai h eisagwg  twn prosm�xewn. Se aut n thnper�ptwsh ìpou anazhtoÔme ti diam kei agwgimìthte, e�nai protimìtero na strafoÔme sth jewr�a

Boltzmann gia ta fainìmena metafor�. H parap�nw sqèsh mpore� na grafe� aploÔstera
Πµν(iωs, q → 0) =

=
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(
Aµ

k,k − 1

Ek

gn
kα

µ,n
k,k

)(
Bν

k,k − 1

Ek

gl
kβ

ν,l
k,k

)

+
∑

k

nF

(
δk − Ek

)
− nF

(
δk + Ek

)

(
iωs − 2Ek

) (
iωs + 2Ek

) αµ,n
k,kβ

ν,l
k,k

[
4Ek

(
δnl −

gn
kg

l
k

E2
k

)
− 2(iωs)

1

Ek

iεmnlg
m
k

]
. (11)
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