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NepiAnyn

To avukeipevo g datpBng eivatl n SewpnTiK avaAuon KAl YEVIKEUON
POVIEAGV Talyviov oupdopnong, He otoxo v pedétn pebodwv peimong tou
Twnpatog g Avapyxiag Kat t) PEAET OTOXAOTIKOV EMEKTACEDV TOV ALY VIOV
oupdopnong pe mapdAAnin €peuva ToU KATd ITOCO UIOPOUV AUTEG Va ETTNPE-
aocovuv, eite Yetka eite apvnuka, o Tipnpa g Avapyiag. Apxikd, riapou-
olddoviatl Baocikd oroixeia g PiBAloypagdiag mou £€xouv Apecn oxXEon He 1a
POBANIATA TIOU PEAETHONKAV KAl OTNV OUVEXEIA AKOAOUBET 1a EKTETAPEVT)
apoUciach TV AroTEAEOPAT®V TG £pyaoiag.

[Tapouoiaovtal anotedéopata rmovu adopouv 1o rapadodo tou Braess oe
natyvia oupgopnong Orou 10 KOoTog KAOe maikin 100Utal Pe 10 KOOTOG NG
o aKPBng akpng (aKpn cupgopnong) TToU XP1NOHOTIOEL KAl TO KOOTOG TOU
81KTUOU 100UTAl PE TO KOOTOG NG IO aKP1Br)g aKUng IoU XP1olhoTIolEitat.
MeAetdatat 1o péBAnpa eUpeong £€0T® KAl IIPOOEYYIOTIKA KAAUTEPOU UTIOd1-
KTUOU o¢ T€to10u eidoug naiyvia. [Tapdtt 1o aviiotoyo npoBAnpa oe naiyvia
He PooBeTIKA KOOTY £1X€ KAt yoploron el ano mAeupdg XPOVIKAG ITOAUTTAO-
KOTNTAG yla 10 €v A0y®m mpoBAnpa urmrpxav KAmold anotedéopata povo yla
YEVIKEUOELG TOU KA1 PAA10TA APKETA ITI0 acBevr) arod autd 1ou rapouvotadoviat
otV SatpBr). a v o amir ekdoxrn Tou MPoBANATOg, NEO® P1ag oUv-
deng avaywyng, arodsikvuovtal anotedéopata SUOKOAIAG OtV IIPOCEYY10n
TOU KaAutepou urodiktuou: eivat NP-6uokoAo to mpoBAnpa euUpeong €0t
kat O(n®121) mpooeyylotikd KaAou UNodIKTUOU (41oU n 0 aplOpog KopBmv
diktuovu). [MapdaAAnAa katabdeikvuovial HU0 UTTOKATNYOPIEG TETOIRV TTATY VIOV
mou dev macxouv kaboAou arod 1o apddofo eved divetal €vag mPooeyylott-
KOG aAyop10110G yia meptioelg S1IKTUmV Orou 1] avayeyn g arnodei§ng g
NP-6uokoAiag dev propet va epappootet.

[Tapouoiadovtatl, eriong, amoteAéopatd mou £X0UV vd KAVOUV 1€ T0 ITapd-
80%o tou Braess oe naiyvia oupgpopnong pe rpoodetika kéotn. I'a térolou
elboug natyvia enave oe Erdos-Rényi tuxaioug ypdgpoug (og urtokeipeva di-
Ktua) €xetl anodeiytel 0t pe peyddn mbavotnta epgavidetat 1o rtapadodo tou
Braess. Zinv gpyaoia autr), 1o poBAnpa eUpeong KAAUTEPOU UTIOHIKTUOU OE
1€t010U £1doug maiyvia, diaobnuka avayestal os poBAnNpa euvpeong KAAute-
POU UTIOH1KTUOU O€ Taiyvid OIToU TO UTIOKETHEVO BIKTUO AVHKEL TNV TT10 ATTAT)
01KOY£veld UToSIKTU®V Tou da Propoucav va aoXouv and 1o rmapadodo, pe
v SUOKOAlQ €UPEONG KAAUTEPOU UTOSIKTUOU O T€Told HIKTUA Va MAPAPEVEL
ayvwotrn. Xpnolpornowwviag éva moAu nmpoodato arnotédeopa ano ) dewnpia



mbavottev, divetal évag MOAUMVURIKOG aAyoplOpog mpooéyylong tou Ka-
AUtepou UMOdHIKTUOU Oe Tétola SiKTua Kal aKOAOUOB®G, XP1NOIOnolOvIas Tig
EMEKTATIKEG 101011eg v Erdés-Rényi ypagov, dystal éva mpooeyyloukda
KAAO UTod1KTUO TOU apX1KoUu d1KTuou.

Ye Awyo Sragopetikn kateubuvor, peAetovial ta Bacikd XapaKinPEloTiKa
natyviev oupgopnong pe absBaidtnta otig akpeg Kat naikteg euaiodntoug
oto pioko. H kAaoikr] poviedonoinon tov natyviov oupgopnong ayvoet tmv
aBeBaldtnta oTig AKHEG TTOU EVUITAPXEL O€ APKETEG MIEPUTIOOELS TG KAONpePt-
votntag. Movtedonoloviag trv attia g aBeBaidotntag ota KOotn 10V AKHOV,
otV gpyaoia, opidovral 6Uo "opBoyovia” povieda, éva [1E OTOXAOTIKOUG Tiai-
KTEG, OIOU O1 ITAIKTEG OUPHETEXOUV 1] OX1 OT0 Ttaiyvio pe Sedopévn mbavotnta
Kal dpa 1 PAaypatiky cupgopnon yid Tig aKpEG rmou emMAEYOUV AIOKTd TU-
Xa0tnta, Kat €va JE OTOXAOTIKEG AKHEG, OTIOU Ol aKPEG duvavial pe Kanowa
mbavotnta va €Xouv "HUn-Kavovikr® oUUmepipopd Kat va rpocdidouv pie-
yaAutepn kaBuotépnon Katd v Xeron toug. Xe autd ta maiyvia yiverat
PEAETN ®G TIPOG TNV UTIAPEn ONHEI®V 100pPOTTiAg KAl CUVAPTHOE®V SUVAPIKOU
€V HPEAETATAL KA1 1] CUUITEPIPOPA TOU TIUHHATOS TNG avapyiag.

Evonolovtag 11§ §Uo kateubuvoelg, otnv epyacia didetat Evag véog TpOrtog
BeAtimong tou Tpnpatog g avapyiag oe aiyvia pe aBeBaidtnta otg aKpeg
Kat riaikteg evaiobntoug oto pioko. ITio ocuykekpipéva, deixvetal ot av sivat
duvatr n mPooBrKn erurtAéov aBeBaldtntag oe EMAEYHEVEG AKMIEG HE TPOTIOV
®ote va pnv aAAddel To avapevopevo KOotog Toug, Tote, AOY® tng euatobnoiag
TOV TAIKIOV OT0 PIOKO, AUTEG Ol AKPEG yivovial AlyOTepo TMPOTIUNTEEG ATIO
TOUG MaiKteg KAl OUVENIROG TO Tipnpa tg avapyiag duvatat va PeAtiobel Adyw
G OTPOPIG TOV TIAIKIMV TIPOS AKPEG TIoU 11 BEATiotn Avon Sa emédeye yia
autoug. To mpoBAnpa nou opidetal mpog autn v Kateubuvor) Potadet pe v
EPLOPIoEVT] Xpron 6106iwv oe Hiktua katl anotedéopata Pmopouv va Tpo-
KUWPoUuVv and ekel. Tinv epyaocia divovial arnotedéopata rmou rpoonadoviag
va akoAoubrjocouv 11ig Karush Kuhn Tucker ouvOrikeg BeAtiototntag Sivouv
Ha “owkovopikotepn” Kat Kadutepn diaxeiplon g aBeBaidotnrag Kail rnapé-
Xouv KaAuteprn 61aicBnorn yla tnv mporuUmtoucd BeATi®Oon ToU TIPINPIATOS TG
avapxyiag.



Abstract

The subject of this thesis is the theoretical analysis and generalization
of congestion games models and it aims to provide a study on mehtods for
reducing the Price of Anarchy and a study related to stochastic extensions
of congestion games and in which extend the Price of Anarchy may be af-
fected within them. First, the literature that relates mostly to the problems
studied is presented and rightafter an extensive presentation of the results
of the thesis follows.

The problem of finding or approximating the best subnetwork in bot-
tleneck routing games is studied. Although the corresponding problem in
additive costs congestion games is almost fully understood, for the prob-
lem studied here, the existing results hold for more general games and in
fact are much weaker than the ones presented here. For the simplest ver-
sion of this problem, via a complex reduction, an NP-hardness results for
finding or approximating the best subnetwork of the underlying network is
proved: it is NP-hard to approximate the best subnetwork by a factor less
than O(n®!?!) (where n is the number of nodes of the network). In the pos-
itive side it is proven that in some subclasses of these games the paradox
does not appear at all and also it is given an approximation algorithm for
some cases where the NP-hardness reductions cannot apply.

Results that have to do with Braess paradox in additive costs congestion
games are presented. Prior to the work presented here, it has been proved
that if the underlying network of a congestion game is a random Erdos-
Rényi graph then with high probability it suffers from Braess Paradox.
Here, it is proven that the problem of finding the best subnetwork in such
random networks can be essentially reduced to the problem of finding the
best subnetwork of a network belonging to the simplest class of graphs that
may suffer from the paradox. Using a very recent result from the theory of
probabilities, it is given a polynomial approximation algorithm for finding
best subnetworks in such networks. Then, the expansion properties of
Erdos-Rényi graphs are used and an approximately good subnetwork for
the initial network is drawn.



By slightly changing direction, the basic properties of congestion games
with uncertain delays and risk averse users are studied. The classic for-
mulation of congestion games ignores uncertainty in delays that arises in
many real life situations. Modeling the cause of uncertainy in delays, two
orthogonal models are introduced, one with stochastic players, where each
players participates in the game with a given probability and thus the ac-
tual delay on the edges that players choose gets uncertain, and another
with stochastic edges where each edge, with a given probability, may “fail”
and provide greater delay to the players using it. For the arising classes
of games, the existence of pure Nash equilibrium and potentials and the
behavior of the price of anarchy is studied.

Uniting the above directions, a new way for improving the price of an-
archy in congestion games with uncertain delays and risk averse users is
given. More specifically, it is shown that if one can insert uncertainty in
the edges of the network in a way that the expected cost of those edges
remains the same, then, because of the risk aversion of the players, these
edges become less attractive for the players. Thus, the price of anarchy
may improve as more players may turn to edges that the optimal solu-
tion would choose for them. The arising algorithmic problem relates to
congestion games with restricted tolls and results can also be drawn from
there. In this thesis Karush Kuhn Tucker conditions are closely followed
and there are given results that give a better and “less cheap” use of extra
uncertainty and provide better insight of the improvement in the price of
anarchy.
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Euxapiorieg

Euxapiot® toug kabnyntég pou: Ztdabn ZAaxo yla v MANP®OG EVEITVEU-
oukr tou 616aokalia, eviog Ki eKtog apdiBeatpou, kKab’oAn v diaprela
1OV oTIoud®V pou, Anurtpn Potakn nou pe Borbnoe unEp 1o 6€ov Xwpig va
T0U {nowm kav Bornbeia, Apn [Tayouptdn mou pe npepia Kat KAtavvonorn a-
TIAVIOUOE KAl ATIAVIA OTIS EPWTNOLEIS POITNT®V (€100 cunreplAapBavopévou),
Niko ITanayewpyiou ylati Sutdaciaoe tnv aydrr) pou yla ta padnpatukd Kat
Anuntpn Ietoetidn yati pe epabe va ouykevipovopat oto {nrovpevo. Emiong
opelA® £va PeYAAO £UXAPIOTR OTA UTIOAOLTA PEAT TG EMTAPEAOUS ETTITPOITLG
e€€taong tou rapoviog H16aktopikou, Aviwvr ZupBavr, Ztaupo KoAdiomnou-
Ao, BayyéAn Mapkdakn kat Baoidn Znowponoudo.

Euxapiot® toug +adéddoug pou oto Epyaotrjplo Aoyikng kat Emoty-
png Yrodoyopwv (Co.Re.Lab.) tng ZxoAng HAsktpoldyov Mnyavikov kat
Mnyxavikev Yrodoyiotwv tou EBvikou MetooBiou IToAuteyveiou, mou BonOn-
oav 10600 otV akadnpaikn pou avarrtudn 0oo kat oty dnpioupyia 16avikou
eP1BAAAOVTIOG OTO €pyaoctr)plo 0Aa autd ta Xpovia. Erdéyoviag évav avii-
POOMITO Yla KAOe €106 (TTOU OAO1 OTO £PYAOTPIO AYATTAPE OIIOU KAl AV TOUg
Bpiokoupse), euxapilot® toug: Apn Tévie, BayyéAdn Mnapnd, Avipéa I'képrnel,
Avipéa I'addvr, ®épn Fouvdedakn, Xdpn AyyeAdidakn, MaveAn Zapnetdkn Kat
Natadia Ketoavn. Em tn eukaipia, mpoobéteo éva peyddo suxaplotw ota
P€An tou o @oBepou study group tou EMII yia 6Aoug toug §pdpoug... 1mou
Babdioape padi.

Tédog, €va PeydAo euxaplot® Mpog: Tda rodvayarmpéva pou §adéppia
BaoiAn, lMNepyia kat ®avaon ylati npoortaboviag va toUg Po1dowm ETIPETIE va
avartudem mMoAAEG TAEUPES TG TPOOKOITKOTNTAS Hou, Tov adepdo pou Twpyo
yla toug 1610ug Adyoug aAAd kat ylati pdAdov urnpée n attia va avoi§e ano
vopig ta BBAia kat tou yoveig pou Baoidn kat Avaotacia yia v népa anod
KAOe meprypadr) Porberd toug 6Aa ta 30,997+0,75 xpovia tng {ong pou.

®avaong Atavéag
ABrva, AsképbBplog 2014






A1épBpwon ¢ AlatpiPnc

Ta natyvia oupgopnong anoteAouv onuavilké Koppdtt g (aAyopOpt-
K1ng) Yewpiag maryviov. Apou cuvoyicoupe Kamnola Bacikd ototxeia g Pi-
BAoypagiag ou peAetnOnke, Sa emkevipoboupe os YEpata autng pe ta
oroia aoXoAnOnKape epeuvnTIKA Kal Sa mapabécoulie Ta eUprpatd TV TIPO-
orabe1®v pag, mou £€Xouv va Kavouv pe to rapadodo tou Braess, addda kat
HE TN oupneplpopd dU0 YEVIKEUOEDV ALY VIOV oUpP(OPNnong IoU Ipoortadouv
va IIPOCOPO01A00UV KAAUTEPA KATIOEG MTPAYHATIKEG KATACOTAOELS NG {ONG.

10 pato REPAAA10 CUYKEVIP®VOUE OAn v BiBAloypadia rou oxetidetal
HE Ta Tailyvia cupgpopnong Kat IV EPEUVITIKI 1ag 60UAE1d KAl TTapouctd-
JoUlIE TIG TEXVIKEG TIOU TIPOOTIAB0UV va PEIWO0oUV TV UTtoBad|ion tou S1KkTtuou
TTOU TTPOKAAEL ] EYDI0TIKI] CUPITEPIPOPA TV TTATKIMV.

Zto deutepo kePpadalo rapouotadoupe H1a100nTKA TV oUVEIOPOPA Pag &-
V@ 010 Tp1to KedpdAaio Hivoupie YEVIKOUG OP10110UG TTIOU 9a XP1O1HOTIO)COUHE
otV ntapouciaon tng 60uAeldg pag.

210 TETapto Kat rePTto kepdadatio Sa eotidilocoupe oto rapadodo tou Braess,
n €Sadelyn ToU oroiou artotedel TOV MO Clyoupo KAl APECO TPOIO yld TV
pelwon g unoBdadpiong tou S1ktuou. Oa MAPOUCIACOUHE TEXVIKA TNV O1KI)
pag ouvelopopd oto Medio auto Pe amoteAéopata rmou £€Xouv va Kavouv 1)
pe mv e€ddewyn tou napadofou oe tuyaiag @uong Siktua mou arodedetry-
péva maoxouv arnod 1o rmapadofo otav ta Koot £ival mpoobetkda Kat 2) pe
Vv 8UoKOAia £VIOITIOPOU TOU MApadogou KAl ArodoTIKLG UPEonS £0TM KAl
IIPOOEYY10TIKA KAAOU UTTOHIKTUOU O€ maiyvia OIou ta KOOt T@V POVOIIati®V
1oouviat pe 10 Bdpog g Baputepng TOUg AKPLG.

Z10 éK10 KeEPAAAlo, apou opicoupe HUO YEVIKEUOEIG TOV TIAYVIOV CUM-
(PoOpnong rou adopouv rnaikieg suvaiobnroug oty aBeBaidnta, Sa tg ava-
AUooupEe ®G TPOG TNV UIAPEn 100pPOITAOV KAl CUVAPTNOE®V SUVAIIKOU KAt
9a peldstiooupe v oUPMEPIPOPA TOU TIUNHATOS NG avapyiag, tn povada
pétpnong g unoBabpiong tou Siktuou.

Zto €é86opo kedpdldalo, Helyxvoupe TIOG PIOPOULE, O maAlyvid Pe TAIKTeG
euaiobntoug otnv aBeBalotnta, va XPNOHOMOoI|ooUHE TV euaiobnoia v
MAKTIOV Kadl TIpocfEtaviag aBeBalotnta os PEPOG TOU S1KTUOU va BeAtimooupe
TNV OUPIEPIPOPA TOU TIPNHATOG TS avapyiag.

210 0y6oo kat tedeutaio kepdAaio, e§ayoupe teAika ouprepdopata, Kat
napabEtouie-Katade1kvuoue avolktd rpoBAnpata.






Ekterapévn nepiAnyn

Ta I[Matyvia Zupgpopnong arotedouv €va Ao Td Mo EKIEVAOS PEAETHEVA
nedia g adyopBpikng Sewpiag rmayviev. Ilapddauta, énwg avapevotav
UTIAPXOUV aKOUN avolytd mpoBAnpata otV meploxmn.

H otoxomoinon pag fltav dittr), av kat teAdikd Kat ta §Uo pépn g ouvode-
ovial. i pia Kateubuvon acxoAnOnkape pe poBAnpata oxet{opeva e to
napadoo tou Braess oe maiyvia pe pooHetikd Koot aAld Katl o raiyvia pe
KOOI OUYKEVIPOONG, Ttdtyvia dnAadrn) 1mou 1o KOOT0g TV POVOIIATI®V 100UTE
H€ TO KOOTOG TG 0 aKP1B81)§ AKHIG OTO POVOITATL, Katl Pe ta 6o rpoBAnpata
va Bpiokovial 010 XHpo T®V MPoBANPAT®V ITOU oXeTidovial Pe T HEI®oT) ToU
TIPPatog g avapyiag

Zinv aAAn kateuBuvon acxoAnOrkape pe 10 mPoBAnpa yevikeuong tov
natyviov oupdopnong Pe TPoIov MOoTe 01 TUXAlOTTd OTIS OUVAoPToelg Kabu-
otépnoeig va AapBavetatl unoyiv, eotialoviag Katd Aacr otnv JOVIEAOTTION o)
g nnyns g aBeBaiotntag otig kKabuotepnoelg v akpov. I[lépa amo ta
AroteAéopata yia auto 1o HOVIEAo, He EKMANSN Slarmot®oape Otl autn 1
povtedomnoinon piXvel @G ot £va VEO TPOTO HEI®ONG TOU TIPNHATOS TS a-
vapyxiag, auto eivatl 1 eKPETAAAEUOT TOU @OBOU TOV TTAIKIOV ATIEVIAVIL OTNV
aBeBaiotnta waote poobetnviag abeBatotnta oav 6pubBo oToUg ITOPOUG-AKIES
TOU 61KTUOU va BeAtiwbel ) artodoor) tou. Av OKEPTOUHE TO TEAEUTAIO YEYOVOG,
ot duo rateuBuvoelg tng HoUAeldg pag svvortolouvidt.

[Mapakate neplAnmuka divoupe ) cuvelopopd pag oe Kabe €va ano ta
POoBANPAaTa TOU PEAETHONKAV €V OTIG OKOAOUOEG €vOTNTEG UTTATVOUNE OE
TIEPIO0OTEPEG AETITOPEPELES.

e To rapddo&o tou Braess otig S1apopeTikeéG eKOOOELG TOV MALY VIOV OUM-
(POPNONG HPE KOOT OUYKEVIP®ONG dev NTav MANP®S KATAVVONHEVO KAl
epeig katapépape va kabapioovpe 1o medio yia v Paocikn ekdoxn
auteVv 1OV atyviev (unoevotnta 9.1 kat kepaAawo 11.

e Tuyaia diktua mou €xouv peletnOel peEXpL onpepa, pe peydn mbavo-
ta tacXouv aro to napadodo tou Braess otav ta Koot eivat rpoode-
Tka. Katagépape va 6ei§oupe ot katda piva €vvold, 0 TPOIog yid va
artodei§elg 10 MapAnAvVe YEYOVOG HITOPEl va Xpnotponownfel yla v e-
EdAewyn tou mapadodou oe autd ta ditua (uroevotnta 9.2 kat Kepadaio
12).
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e Ta otoyaotukd maiyvia oupgpopnong Kat o @oBog arévavit oto pioko
£X0ouv Tpabr)iel OAU mpoooyn ta tedeutaia xpovia. Me ) Souleld oto
Kepdldaio 13 (ouvelopopd otnv umoesvotnta 2.3), IPoX®PdAle eva Prnua
OKOUI OV KATAavonor autng tng KAAong matyvieov.

e Y& OUYKEKPIPEVEG MTEPUTIOOELS, Ol OTOXAOTIKEG KAOUOTEPTOELG PITOPOUV
va BeAtiwoouv tn ouprepidpopd tou diktuou (BA. [71]). Zto kepddaio
14 (ouveiopopd otnv unoevotnta 9.4), deiyvoupe NG PIOPOUPE va &-
KHETAAAEUTOUIE TOV (POBO TOV MTATKTIOV KAl vd BEATI®OOUNE TNV artodoon
TOU H1KTUOU.

Napddoko 1ou Mnpaecg oe Maiyvia pe Kéom Luykévipwong

Epeuvoupe v nipoosyylonpotnta tou mpoBAnpatog oxe61a010u Urmod1IKTtuev
OTNV ITI0 AITAT] KAl (PAVOHPEVIKA IO €UKOAA Va IIPOOoEYY10Tel €KdOOT) TV Tat-
YVIQV pe KOOt OUYKEVTP®O1S (Pe £va 1ovo (eUyog IIPOEAEUONG-TIPOOPIOH0U).
To kUplo anotéAdeopa pag sivat ot 1o PoBAnpa supeong PEAtiotou unodi-
KTUOoU gival S8UOK0oAO va mpooeyylotel péoa og €UAOYOUG TTAPAYOVIEG, AKOUT)
KAt av £€X0UpE YPAPHIKEG auotnpd auiouoeg ouvaptroelg kabuotépnong. ES
000GV yvepidoupe, autr) eival n mpwtr S0UAELA TTIOU EPEUVA TNV ETTTIOOELS TOU
napadodou 1ou Bpagog kat v nmpooeyylonuotta tou rpoBAnjpatog oxedia-
OHOU UMOdIKTUGV Yid T Baoikr) €K6001 TV MAlYyVIEV P KOOt OUYKEVIP®-
ong. Ta wmv npwtotunn epyaocia deite [41]. To oxnpa 9.1 cuddapBaver o
Hovtédo OTo 0oroio Ta anotedéopata autng NG £pyaciag 1oxuouv.

Zinv evotnta 11.2, xpnoiorolovpe TEXVIKEG TIAPOHOIEG HE EKEIVEG TOU
[31, 27], kat deixvoupe ot ta maiyvia cupdopnong dev ACYKoOUv Ao To
napadofo tou Braess, eite, eav 10 §iktuo eival oeplako-rmapdAindo, 1 av
AdBoupe untoyn povo urodradpoprng-RéAtioteg Naon poég (0plopiog otnv evo-
mrta 11.1).

Zinv apvnuikn mAgupd, otnv evotnta 11.3 deiyxvoupe pe pa avayoyr amno
10 2 Directed Disjoint path ipoB8Anpa 0tt akopun Kat yla YPappiKeS ouvaptr)-
oelg, eivat NP 8Uuokolo va avayvepicoupe 1o tapadofo Anppa 11.1). Ty
MPAYHATIKOINTA, 1] avayoyn deiyvel ot eivat NP 6UokoAo va yivel d1akpion
peta§u paradox ridden mepuIOOE®V (TEPUTIOOELS X®PIS KABoAoU rapadodo)
KAl TEPUTINOERDV X®Pig rmapdadodo, kat katd ouvénela, eivat NP §Uokolo va
POoeYYioouv 10 MPOBANpa oxXed1aopou H1KTUOU £VIOG TTAPAYOVIOG PIKPOTE-
pou tou 4/3.

Zwv evomnta 11.4, epappodoupe ouolaotika v i6ta avaywyr), addd pe
évav emavalapBavopevo TPOmo, Kal arodevUoule €va TI0AU 10XUPOTEPO d-
notédeopa n npoosyylonpotntag. Eidikotepa, propoupe av untobécoupe tnv
unapén evog gap, n oroia pag PBeBaimvel 0Tl 1 €UPEOH TOU KAAUTEPOU UTIOH1-
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KTUOU eivatl Pn MpOooeYYiolHog Péoa og €va mapdyovid HIKPOTEPO Aro y, He
KATAOKEUT Iapopold pe auty) tou Anjppatog 11.1 aAAd pe pepikeg akpég av-
TIKATAOTHEVEG Ao avilypada tou H1KTUoU 1mou Sivel T0 CUYKEKPIPEVO gap,
va svioxuooupe 1o inapproximability gap pe ouviedsotr) 4/3, aufdvoviag
rapadAnAa BéBaia to PEyeBog Tou GIKTUOU TEPIMOU KaAtd £vav mapdyovia
8 Afupa 11.4). Qg ek toUTOU, §eKvovtag arod to gap 4/3 mou divetal a-
o 1o Anppa 11.1, kat avadpopikd epappodoviag auvtr) g KATAOKEUD) €va
Aoyap1Opiko ap1Bpo gopwv, deixvoupe ot eivat NP 6U0KoAo va ripooeyyioou-
e 1o IpoBAnpa oxedlaopou S1KTUoU yia rmaiyvia pe YPappiKEG OUVAPTOELS
raBuotépnong péoa oe évav napdayovia O(n®1217¢), yia onoadnnote otade-
pa € > 0. 'Eva evblapépov texvikd onpeio ival katadpépvoupe va deifoupie
autd 1o inapproximability amnotédeopa, akopa Kt av dgv {Epoupe mag va
UTIOAOY100OUPE TNV XEPOTEPT) 100pportia oto unodiktuo. H avaywyr) pag xpn-
OlpOTIONEL TNV OUYKEKPIIEVT] HOPT] TOU UTIOHIKTUOU Y1d TOV EVIOITIONO KAAT|G
MPOOEYY10NG yida 10 KaAutepo urodiktuo. EE oowv yvepiloupe, auty eivat
1] IIPWTI POPA IOV pia rmapdpola avadpopiKy] KAtaoKeUT] XP1o1ono)0nKe
yla va peyadooet 1o 0plo | nmpooeyylonpotntag tou rpoBAnpatog oxedia-
opouU 81Ktumv addd Kat yla orotodrrote aiddo mpoBAnpa PeAtiotonoinong
TTOU OXETI{oVTal PE TV EY®I0TIKY dpopoAoynorn.

Zto phpa 11.5, Sewpoupe ouvaptroelg kKaBuotEPnong rmou mMAnPouV v
nipoUmnoBeon Lipschitz kat mapouoiadoupe €vav aAyopiOpio yia v eupeot £va
UTIOS1KTUOU TI0U £ival oxXedov BEATIO00 000V APOopPd TO KOOTOG OTNV XEPOTEPT)
Naon 1oopportia, otav n Xewpotepn por] Naon os 1o KaAUtepo unodiktuo 5po-
poAoyel pia pn apeAntéa moootnta g POrg OTlg AKPEG TTOU XP1NOTHOII010UV-
tat. O aAyopiBpog Baoiletat oto Sparcification Anppa tou Althofer ([5]), kat
ano v npoodatn epappoyn oto [42]. Ta omowadnmote otabepa € > 0, o
alyop1Bp0g urodoyidet éva unodiktuo kat pia €/2 npooeyylotukyy Nash por
HE KOOTO T0 TMOAU rpooauinpévo katd O(e) oe oX€on HPE T0 KOOTOG 0To BEA-
tioto urodiktuo. O xpovog tpeipatog eival mepimou Prewiegm/ ¢ xat sivat
quasipolynomial, 6tav 1o MAN0og TV povornat®v eival quasipolynomial.

Napadoko 1ou Mnpaec oe MNaiyvia pe NpooBetiké Kéom

Egopuovtag ano ta [24, 25, 84] nmou anodeikvyouv ot ot tuxaiot Erdos —
Renyi G(n, p) ypagot eivat ermpperneig oto rapddodo, uiobetovupe pia kabapd
aAyop1Opikr) npooéyylon. Eotiddoupe otnv 1dén tov anokaloupevav KaAov
OUYPUOTUTIOV, TIOU £lval TIEPUTTIOOELS OIKTUGV HE T1G 1610TNTEG TIOU XP1NO1H0-
rowouvtat aro ta [24, 84] yia va anodeiyBei n pe peyddn mbavotnta epda-
vion tou Bpagog apddodou ota tuxaia autd diktua. v npaypatikomia,
KAro10g priopel eUkoAa va PeBaiwdel ot ta tuxaia ouypuotuna ota [24, 84]
eival kKadd ouypuotuna pe peydan mbavotnta. ArodelkvUoupe 0Tl 0 TIOAAEG
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eEVO1aPEPOUOEG TIEPUTIWOELG, NITOPEL 1] TPOCEYY1OT TOU KAAUTEPO UTIOSIKTUOU
Kdl TG 100pPOoITiag autou va yivel anodotikd edikir). Autd mou propeiv va
etval akopn 1o eKmMANKIKO £ivatl 0Tt 0 MPOOEYY10TIKOG 1ag aAyopiOpog Baot-
{etal OT10G EMEKTATIKEG 1610TNTEG TOV KAA®V OTYHUOTUTIOV, 6nAadr) otig 161eg
16101n1eg TI0U Xprotporoleiovviatl ota [24, 84] yia v anddedn mg pe pe-
yaAng rubavotntag urtapéng tou napadosou ota kadda ouypuotuna lES 6owv
yvopiloupe, ta anotedéopatd pag eivat ta mpota YempnTtikou XapaKirpd Itou
deixvouv ot 10 Ttapadodo tou Braess propei va e§aleipBel arotedeopatka
0€ P1a PeYAAn Katnyopia evilapEpouomv MePUTIOOE®V. ['a v MPEIOTUI
epyaoia oette 1o [41]. To oxnpa 9.2 cudAapBavel 1o poviedo nou Sewpeital
0O€ AUty v epyaocia.

Texvikd, Tapouotd¢oupe OUOLAOTIKA €va IPOOEYYIoTIKO oxnpa. [a éva
KaAo otypuotuno Kat Kabe otabepda € > 0, umodoyidoupe pia pony g 1mou
etvatl pma € Nash pon) yla 1o unodiktuo mou arnoteAeital anod 11§ aKPEG ou
XPNOIO0IIo10UVIaAl Ao auvtny, Kat €xel kootog L(g) < (1 + €)L + €, omou L
etvatl 1o k6otog g 1wopportiag oto KaAutepo urnodiktuo (ewpnpa ). H po-
1) g €Xel pe peyddn mbavointa avteg tg 1810tteg. Ta amotedéopata pag
10XU0UV yla o1olodrIote HiKTuo OtV KATnyopid TV KAA®V OTYHUOTUIIOV.
Auto, puoika, niepldapBavet toug G(n, p) ypadoug He To p va gival mave ano
1O OP10 OUVEKTIKOTNTAG, AdAAd emiong propet va reptAapBavel AAAoug TUTIoug
tuyaiov expnaders (entektatov). Tt proooey10TIKO 11ag oXAPa TPEXEL OE TT0-
AU®VUIIKO XPOVO Yla TV 1o evitapépouoa mepinm®or), mou 1o §iktuo eivat
OXETIKA apald Kal 10 000 OUVOALKIG KukAodopiag r eivat O(poly(lninn)),
O10U N givatl 0 ap1Bdg TV KOPUPOV. ZUYKEKPIHIEVA, 0 XPOVOG Tpedipatog i-
vatl MOAUGVURIKOG av 1o KaAo diktuo €xel peéco Babuo O(poly(lnn)), dnAadr,
av pn = O(poly(lnn)), ywa 1o tuxaio G(n, p) diktuo kat quasipolynomial yia
péooug Babuoug pexpt o(n). 'Ocov agpopd To GUVOAIKO TTOCO KUKAodopiag, ot
TIEPLOCOTEPES EPYAOIEG EYWIOTIKIG HpOI0AOYNONG Kat emiAuong mpoBAnpateov
0xed1aop0U HIKTUGV e EYDIOTIKOUG XProteg UmobEtouy ot r = 1, 1] Touda-
Xtotov ot to r Sev auidvel pe 1o peyebog tou diktvou (BA. Y., oto [76],
Katl 1§ avapopeg ekel). 'Etol mopoupe Katl mpooeyyiloupe o TIOAUGOVURIIKO
XPOVO, T0 KaAUTePO UTTOSIKTUO yla Pid PEYAAD KATNYOopia MEPUTIOOERDV TT0U,
pe peyddn mbavotnta, neptdapbdvouv ekOeTikd mMoAAA s — t povorndtia Kat
povortatia prikoug O(n). T'a t€toleg MePUTIOOELG, Pld APEOn £PAPOYT] TOU
[[42], Sewpnpa 3] 6ivel évav aAyop1Bpo ekBstikoU Xpovo.

H kevipiky] 16¢éa miom ano v mpooLyylor] pag, Kat 1 Kupla TEXVIKY 1ag
ouvelodpopd pag, eivatl pia MoAUEVUHIKOU XpAOvou avay®yr) Tou IpoBAnpatog
og €va Kado outypuoturio G oe ipoBAnpa oe ¢éva andouoteupévo diktuo Gy, 1o
ortoio etvat éva layered 61KTUO OV MPOKUITIEL AV KPATHoOUE ard tov G 1ovo
1OV S, TOV © Kal TOUG TOUG APIECOUG YEITOVEG TOUG, KAl OUVOECoOUPE OAOUG TOUG
YEITOVEG TOU S KAt Tou t pe pndevikou Kootoug akpég. I[pota deixvoupe ot 10
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KOOTOG TG 100pPOTTiAg 010 KaAUTePO urodiktuo dev audavetal otav Sewpoupe
10 armonoinpéva Go Anppa 12.2). Av kat autd propet va akouyetatl AoyiKo,
Tovioupe o1l pikopaivoviag os 0 10 KOOTOG P1ag KPS PITOPel va MPOKAAE-
ooupe napadodo tou Bpaeog (rt.x., Sexkvoviag aro to diktuo otnyv Ewk. 8.2.a
pe d(v, w)(x) = 1, kat ) peiwon oy d(v, w)(x) = 0 eivat évag aAAog TpoOrog
POKANoNg toy napadoou). H onpaocia tou amdonoinpévou diktuou eivat o-
TL o€ peyddo Babpo amdormotel 1o poBAnpa eUpeong KAAUTEPOU UTIOSIKTUOU,
b6edopévou 0T pag emTPENEL va ETKEVIPOOOUE OTO POPTOHA TOV AKUOV TOV
s Kat t. Ze éviovn avtiBeorn, 1o avtiototxo unodiktua oe [[84], Ewk. 386], [[25],
Ev. 2.3 Ewk. 2], ekBétouv 1o mapadolo: epappolouv ta opia tou Chernoff
yla va dei§ouv ot undpyouv katdAAnda pépn tou S1KTUou ota oroia propet
va §popoAoynOel akopn mePloodtepn Por Péoa and avtd Xopig va au§nbei
10 KOot0G. To mapddoio épxetal ocav arotédeopa piag 61aodnukd owotrg,
é€unvng napatr)pnong [49, 59]: n Koivr) kKaBuotépnon otV 100PPOTIa AUoTH-
pd audavetatl pe tv ouvoAlkn pon r. IIpooeyyidoupe 10 KAAUTEPO UTTOHIKTUO
(Sedpnpa 12.7) péowm tou armionotnpévou diktuou Gy XPNOTHOIIOI)VIAS piid
MIPOOEYY10TIKY €KO0XT] ToU dewpnpatog tou Kapabeodwprn (Sedpnpa 12.6).
To teAd1KO (kat Kpiowo) Pripa pag g MPOoEyylong, eival va §EKIvriooupe
He T Auvorn oto amdomoilnpéva 81KTuo, Katl va enektaboupe oe pia Avon oto
apX1Ko (kaAod) cuypuoturo. Ilpog touto, deixvoupe mwg pnopesi KATO10G va
‘Tipocopol®oetl’ 11§ PNOEVIKOU KOOTOUG AKPEG OTO £vOLAPECO TOU O1KTUOU, e
povordatia oAU XapnAou KOOToug OT0 apX1KO KAAO OTlypuoturio Siktuou.
AlaoOntuikda, autd Asttoupyel, AOY® TeV 1810TTOV EMEKTATIKOTNTAG KAl TRV
(tuxaiev) ouvaptoewv tou Kadou diktuou G, yua 1o evdéidpeco urodiktuo,
TTOU OUVOEEL YEITOVEG TOU S PE TOoug yeitoveg Tou t. OUuolaoTiKA TO E0RTEPIKO
10U G ounTEPIPEPETAL OGS Eva TIATPEG OIPEPES YPAPNHIA PE AKHES PNOEVIKOU
KOOTOUG. AUTo eivat ertiong 1o faociko Bripa ya tmy pooyylon tov [24, 84],
delxvouv ot 10 apadoo tou Bpaeog epgavidetatl oe kaAr diktua pe vwnar
rmbavownta (b6eite [[84], evonta 2]). Qg ek toutou, Sa prmopouoes KAveig va
urootnpi§el 6t oe Karowo Pabpo, o Adyog yia tov ortoio 1o rnapddoo tou
Braess unidpxet oe kadd Siktua eivat o 1610¢ Adyog rmou 1o rapddoto propet
arnotedeopatika ekd1wxOel. Av Kat evvol0Aoy1Kda artdr), 1) MANPNG KATAOKEUT)
EUMAEKETAL TEXVIKA KAl Arattel MANPn evaocyoAnon He TG POEG OTIS AKHES
TV S KAl t Kal TV Yerrtovev toug. H kataokeur) pag Xpnotponotet éva mpo-
OEKTIKO ermi)eipnpa opadomnoinong-taiplacpatog, Iou fe peyain mbavotnta
6oulAeuel kaAd yia kKadd cotypuotuna, deite Afppata 12.8 kat 12.9.
Tovidoupe 6Tl n avaywyr n ida tpexel oe MOAU@VUIIKO Xpovo. To xpo-
voBopo Prjpa eivat n eUpeotn Pag (MIPOOEYYIOTIKEAG) AUONG OTO ATTAOIIOUHEVO
Siktuo. Aebopévou ot ta 6iktua autd £€Xouv 116VO TTOAUMVULIIKA TToAAG (Kat
MOAU ouviopa) s — t povortatia, §epeuyouv aoro ta anotedéopata SuokoAiag
tou [78]. To approximability ToU KAAUTEPOU UTIOSIKTUOU Yld TA ATTAOTION)-
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péva 6iktua eival éva evilaPépav avorxto mpoBAna mou AroppEEl Ao TNV
epyaoia pag Kkat rmov oudntape oty evotnta 15.1.

To anotéAdsopa pag deiyvel o éva mpoBAnpa, rou eivat NP §UoKoAo va 1o
npooeyyioelg, propel va npoosyylotel oAU oteva oe tuxaia (kat randomlike)
diktua. Autd poiadet pe Y., 1o PoBAnpa g egeupeong pia XapAtoviavig
d1adpopr) oe Erdos Renyi ypagrjpata, Orou Kat mdaltl, n Unapdn Kat n Ka-
TAOKEUT) HO0UAEUOUV KaAl ITAAL akpBmG MMAV® Arto 10 0p10 g ouvdeoottag,
delte m.x., [15]. Qotooco, dev eival 6Aa ta nmpoBAnpata €UKOAA AV KATIO10G
Yewpnoel tuxaieg 11g 10060ug (11.X., 10 factoring 1) 10 POBANPA KPUPPEVNG
KAika, ou Sev eival yvootd os Anpeg adog).

Iroxaonkd Maiyvia Zuppdpnonc

Eouadoupe v mpoooyn pag ota atopiko matyvia oupgopnong, Kat €10a-
youpe U0 £KO0YXEG TV OTOXACTIKGOV TTAYVIOV CUPRPOPNONG, TIOU EPUITVEOVIAL
ano T1§ Kupleg Nyeg aBeBalotntag otig Kabuotepr|oelg TRV HIKTU®V petado-
POV KAl TOV TNAETTIKOIVOVIAKOV S1IKTU®V. EEKIVALE ATIO TNV ITAPATIPNon 0Tl
N petabAntotta otg Kabuoteproelg TOV AKPOV MPOEPYETAL lte amod 1) pe-
taBAntotnta oty {NInorn, Kat Vv eENaKoAoudn petaBAntotnta oto poptio g
OKP1G, 1) Ao 10 petaBAntotnta g arnodoong tng akpng. AmoouvoEovidg Teg,
eloayoupe duo e186®wv O0ToXaoTIKA Ttaiyvia oupgopnong, mou eival ta maiyvia
OUUPOPNONGS UE OTOXAOTIKOUG TTAKTEG KAl T TTatyvia CUUPOPNONG UE OTOXAoTl-
KEG OKUEG, TIOU avtiototya culAdapBavouv tng reputiwoelg aBeBatdtntag rmou
avagépovial napandave. 'a 1o apxiko épyo BA. [6]. To oxfpa 9.3 torobetet
1A POVIEAd PAg OTOV XAPTH TOV MAlyViov oupgopnong.

Ta naityvia oupgopnong pe oToXaoTIKOUG MAIKTIEG OTOXEUOUV vd TTIAGOUV
) petabAntotta oty {NInon OV aKP®V. ZUYKeKplpéva, KAbe naiking i
OUPPETEXEL OTO TTatVvidi, otnv mpaypatkotd, d1atp€yel 10 HOVoItdtt Tou, d-
ve§dpnta, pe rubavotnta p;. Qg arotéAeopid, 10 GUVOAIKO QOPTIO TOU S1KTUOU
Kdl 1d (OopTid IOV aKPOV KAl KATAd OUVETIELd Ta KOOTI) TOUG £ival Tuxaieg peta-
BAntég. Amo tnv dAAn mAeupd, 1a ailyvia pe otoXaoTIKEG AKPEG ATIOOKOTIOUV
va TIidoouV TV PETaBANTotnta g ASToupyikotnTag tou diktuou. Topa, kabe
aKpn e propet va Asttoupyet eite oty Turmiky’ Aettoupyia, omou n kabuote-
pnon divetat and pla ouvdapinon fo(x), 1 omv ‘€Adatopatkn’ Asttoupyia,
ortou n kabuotépnon Sivetal and pia ouvaptnon ge(x), omou g.(x) > fo(x)
yla kabe x > O (r.x., pa akpn Asttoupyel oty ‘cAattopatiky’ Asttoupyia
HETd arnod £éva piKpo atuxnpa 1) pla anotuyia ouvbeong). Kabe axkun e oup-
IEPIPEPETAL OV TUTUKY Aettoupyia ave§aptnta pe pa dedopévn mbavotnta
DPe- QG €K TOUTOU, TO QOPTIO TOU H1IKTUOU KAl Td QOPTia TV AKPOV TOPd £i-
VAl VIETEPUIVIOTIKA, aAAd 01 aKpEG Katl o1 KaBuoteprjoelg ota povondatia ivat
tuyaieg petaBAntég. Kat otig 6Uo mapaddayég, unobetoupe OT1 01 mAiKteg va
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£€X0UV KATTIO10 (OB0 ATEVAVTL OTO PIOKO TTOU TIP0cdibouv 01 OTOXAOTIKEG Ka-
duotepnoelg. Zuykekpipéva, KAOe naiking i €xetl éva (mbavag S1adopetiko)
eminebo oyouptdag 6;, KAl T0 ATOPIKY] TOU KOOTOG yia £€va povordtt q Sewpet
ot eivat 1o §;-xuavtide (Yvootog Katl oG value — at — risk) 1ng Katavoung ing
KaBuotépnong tou povornatiou q. Me amdd Adyld, 10 EMPEPOUSG KOOTOG TOU
naikn i etvat n eAdayxiotn KabBuoTEPN O TIOU PTTOPEL VA VINOEL KATA KOG TOU
g pe rubavotnta touddayiotov 6;.

Z10 €VVO10A0Y1KO €Iiredo, 10 POVIEAO T®V MAlyVI®V oUuppopnong pe oto-
XCOTIKOUG TTAiKTEG £1val TIapOP010 1€ TO POVIEAO PE eVOOYEVI] TUTTIKEG ATTOKAL-
oe1g v [67]. Ztnv mpaypatikotnta, Xpnotponowwviag ta opta tou Chernoff,
propoupe va 6ei§oupe 0Tl yia YPAPPIKEG OUVAPTHOELS, €AV TO AVAUEVOHEVO
@opTtio oe kKABe axkun dev eival MoAU Mkpo, ta §; — quantile KOGt POPOUVV
va mpooeyylofouv e TI§ OUVAPTHOElg KOOTOUG TTOU XP1O10ITIo0uy oto [67].
Qo1600, Ye®POUPE OTOXAOTIKEG ATIALTHOELG, H1d KAateubuvor nou npoteivetat
Kat oto [67, Evot. 7], Kal aikieg TIou eival €1epoyevig 000V adopd T1) OTAOoT)
ToUg arévavit oto pioko. '‘Oco ya ta natyvia ouppopnong Pe OTOXAOTIKEG
AKJEG, TO HMOVIEAO £ival EVVOI0AOYIKA TTAPOHOI0 FE TO POVIEAO e eEWYEVEIS
TUTTIKEG ATTOKATOE1S TRV [67].

Z10 TEXVIKO PEPOG, TEPlop¢dpacte otr] ONPAvtiKy €181k mepimtoorn O1-
KTU®V TAPAAANA®V AKPGOV 1€ CUPPETPIKEG OTPATNYIKEG, KAl S1EPEUVOUHE TIOG
o1 1610TTeG TV OTOXACTIKOV Ay VIOV oURpOopnong e§aptoviat arnd 1o av ot
naikteg €xouv t1g 161eg MBAVOTNTEG CUPPETOXNG 1)/ KAl EMIESOU O1youpldg 1
Oxl. ApX1Kd, mapatnpoule Ot t€tola maixvidia ermbéxovial pia ouvaptnorn)
duvapikou kat éva anodotikod urodoyiopo PNE, av ot naikteg €ival opoto-
yevelg, dnAadn eav £xouv 1o 1610 eminmedo olyoupldg 6 Kai, OV MEPIMIOON
HE€ 0T0Xa0TIKOUG TIAiKTeG, TNV 1d1a ouppetoyxr) mbavotnta p (Bewprpata 13.1
kat 13.8). Emiong deiyvoupe o011, av ot naikieg £€xouv dtapopetika erineda
otyoupldg (kat tnv id1a rmbavotnta CUPHPETOXNG, AV IIPOKELTAL Yid OTOXAOTL-
KOUG TAIKTEG), Ta OTOXAOTIKA ITaiyvia OUPQOPnong avnKouv oty Katnyopia
TV MAly ViV oupgopnong pe naikros§aptopeveg ouvaptnoelg ([63]), kat ka-
14 ouvénela n vnapsn PNE uriodoyidetatl oe MOAU®VUIIKO XPOVvo (ropiopata
13.2 kat 13.9). Zinv apvnuikr mMAeupd, PIopoupe va anodei§oupe ot tétola
natyvia dev d€xovrat ouvdaptnon Suvapikou (Sewprpata 13.3 xkat 13.10).
I'a natyvia oupdopnong pe oToXaoTiKoUg Maikieg rmou £XouV 1o 1610 erinedo
Olyoup1ldg KAl H1aPopeTIKEG TIIOAVOTNTEG CUPHETOXNS, TTOOEIKVUOUIE OTL £ITL-
déxovral pa As§ikoypadikn ouvaptnon duvapikou (ewpnpa 13.5), kat £tot
kat pa PNE, kat ertiong ot pia PNE propet va urntodoytotel amno éva ardo a-
nAnoto aAyopiBpo (Sewpnpa 13.4), orou ot naikteg dradoyikd dradéyouv tnv
KAAUTEPN OTPATYIKY AVIATIOKPL0NG O Pn-@Oivouoa oglpd mbavotiov oup-
Hetoxns, AapBdavoviag uroyny 11§ OTPATYIKES TOV ITATKI®OV ITOU IIPONyouvidl
ot ogpd. 'Oco yia v urnoBadpiong tou Siktuou otnyv PNE, eotiadoviag oe
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biktua MapaAAA®V AKPOV PE APIVIKEG OUVAPTIOELS, ATIOOEIKVUOUPE OTL TO
Kootog g avapyxiag (PoA) eivatr ®@(n), omou n eivat o apOpog TV NAIKIOV,
OV TEPIMTIOON TOV OTOXACTIKOV NAiktav (Sewpnuata 14.3 kat 13.7), kat
propet va eivat pn @paypévr), otnv mePINIOO T@V OTOXACTIKOV aAKP®V (Sew-
pnua 13.11).

BeAn@vovrag v Anédoon tou AiKtiou EkpetarAeudpevol tov oo 1av Maiktdv

Me xkivntpo ta anoteAéopata tou [71], Sewpoupe (un atopikd) naiyvia oup-
(POpnong pe naikreg euaiobnIoug oto pioko katl Higpeuvoue MG PITOPEl KA-
TO10G VA EKPETAAAEUTEL TNV AMTOOTPOPT] TOV TAIKIOV OToV Kiviuvo wote va
petaBdaidel 1o avtidapBavopevo amo ToUG TAIKIEG KOOTOG £101 wote 1o (a-
vapevopevo) PoA yla tig mpaypatkég ouvaptr)oelg KOotoug va Bedtiovetat
onunavuka. EE 6oav yveopidoupe, autt) eivat n mpwin @opd 1ou 1 arootpon
arnévavtl oto pioko mpoteivetal g ‘Oepareia’ oty vroBadpion Tou diktuou
AOY® NG EYWIOTIKI] CUNTIEPIPOPAS TOV TIATKIOV.

Agetnpia pag eivat 0t oe 0plopéveg MPAKTIKEG £PAPOYEG, PITOpPel va e1-
OAYOUE TIPOCEKTIKA e§wyevn H1akUavorn) oTig KaBUOoTEPTOELS TRV AKUQV £101
®OTE 1 avapevopevr kabuotépnorn va pnv aAddadet, aAAd 10 KOOTOG ITOU UTIO-
Aoyidouv o1 meikteg Aoy® 10U POBoU Toug anévavtl oto pioko va adAdadel. Ta
napadetypa, oe €éva OUYKOIVOVIAKO §1KTUOo, auto Propet va yivel au§avoviag
1) HEWWvVoVIag Tuxaia to mocootd tou Xpovou 1ou diatifetal yia to mpaotvo
@avdapt 1 avoiyovtag 1) kAeivoviag pua BonOnuikn Awpidba kuklogpopiag. Xe
éva S1KTUO TAEMKOIWVAOVIOV, UITOPOUHE HE TUXAIO TPOIO va va au§dvoupe 1
va PEWWVOUPE TNV 1Kavotnta tov ouvdéoewv mou SiatiBeviatl 11 va aAdadou-
He v mpotepatotta petasu toug. 'Etot, unoBétoupe 6t yia kabe akyn e,
propoupie va audrooupe (Katd éva pikpo moAAAnAaolacTiKO OUVIEAEDTT)) TV
KaBuotépnon g e Pe KAmola Y€Ky mbavotnta p, Kal va TV PEIMOOUE 1€
Kanowa detky) mbavonta g, OMOU Td P KAl g €lval ouvhOng PIKPEG, €101
MOTE 1] avapevopevn KabBuotépnorn oy € va rapdapével de(x). Amo tnv dAAn
mAeupd, n SarkUpavorn g KaBuoTEPNOoNG MoU €10AYAE PE AUTEG TIG TUXAieg
aAdayég audavetl 1o Se®POoUPEVO ATTO TOUG TTATKTEG KOOTOG. QG €K TOUTOU, ITPO-
0apPodoviag TIPOCEKTIKA TO AVIIANIIIO KOOTOG ATTO TOUG TAIKTEG, IITOPOULE
va eAéyéoupe v oUPPOPNOonN TOU S1KTUOU, Pe £vav TPOIO IOU £ival EVvolo-
Aoykd mapopolog pe ereivo TV pOpav 1] TV 8106imv, Kal va Bedtiwooupe
10 POA péoa amo évav eKAEMTIOPEVO KAl EUKOAO va eQAPHOOTEL UNXAVIOHO O
OTI010G EKPETAAAEVUETAL TNV ATIOOTPOPT] T®V TTAIKTIOV OTO PioKO.

[Tio ouykekppéva, uroBEtoupe ATt 6AOL 01 TIAIKTEG £XOUV OHO10YEVI] GUL-
neplpopd arneEvavit otov Kivéuvo kat ott ot tuxaieg addayég oto avuAnio
KOOTOG TOV MAKIOV £lval évag Tov MOAAAMAAO1A0TIKOG ouvieAeotr] (ouvh0wg
HIKPOG) TOU KOOTOUG 1§ AKHUAG. XNV MPAYHATIKOTTA, UITOPOUHE vd UITo-
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9¢ooupe 611 ) avuldnriy ouvaptnon Kabuotépnong Kabe AKPrg e Prmopet va
aAAagel ano de(x) oe (1 + y.)de(x), omou 10 Yy, > O purnopei va e€apratat a-
o TV aKPr), TovV TUIo Kat v mbavotnta tuxaiov addaywv, ) otdaorn 1oV
TMIAIKTIOV ATIEVAVIL OT0 PioKOo, T0 aKP18r] TUTIOG TOU KOOTOUG TV MAIKIOV, KAl
10 ONPAVIIKOTEPO, ATIO T0 €KAOTOTE PovieAo. Tlapd 1o yeyovog o1l oulntou-
He ev ouviopia, otnv evotnta  14.1 nog kKabopiletal 10 Y, KAl TAPEXOULE
Katl pepika napadeiypata, ya Siat)pnorn g andotta Kat g YEVIKOTNTag,
OKOITIIA ATOPEUYOUHE VA HITOUPE O AETTIOPEPEIEG V1A TO MOG UTIOAOYioV-
Tal ta y.'S. Avtibeta, epeig anAd Sewpoupe eva dedopévo Ave Oplo yia v
HEYaAUTEPD) TIHUT TOU Y OTIG OUVAPTNOElS KaBuotépnong Katl avapeopacte oto
avtiototyo naiyvio ouppopnong og y — modifiable natyvio (1) ottypuoturno),
KATavvomVviag otl o€ KAbe Tepinmion to y uropel va kabopiotel AapBavov-
Tag UTIOWI 0AOUG TOUG MAPAYOVIEG TTOU avadEPOovIal apanave. Me autoug
TOUG OpPlOpoUg, pla por] (Kat ouykekpipéva, n PeAtiotn por), n oroia gla-
X1OTOTIOIEL TO GUVOAIKO AVAPEVOHEVO TIPAYHATIKO KOOTOG TV TAIKTIOV) £ivat
y — enforceable (11 antAd, enforceable) eav mporettal ywa pa por) Naon oto
napadAaypévo matyvio pe v avtlAnItr) ouvaptnorn KOotoug KAabe akpng e
va eivat ton pe (1 + ye)de(x), yia kanowa y, € [0, y].

A0 TeEXVIKNAG MTAEUPAG, ITAPATPOUHE OTL 1] PEy1otn avadoyia tou marginal
cost toll mpog v kabuotépnon otnv BEATiotn Avon yia pua akpr ivel éva
Aave Op10 y1a TNV T TV Y TIoU aratteitatl yia va yivel ioopportia n fEAtionn
por Tou d1Ktuou (rpotaon 16). Autd kabiepwvel ) duvatdtnta epappoyns
NG IPOCEYYI0NG HAG KAl TUTIOMOLEL TV oUVOeon] NG HE Ta €rotpedopeva
61661a. Qotd00, £KTOG AITO TO YEYOVOG OTL XPIO1oTIol0Upe roAAarAaolaoti-
KEG TPOTIOIIO0E1G, Pld ONUAVTIKY S1adopd TG MPOCEYY1org Hag anod amno 1a
61661a eivat ot mdvia unobetoue €va Ave O6p1o y yia v adlayn tng avii-
Anrung aro toug naikteg ouvaptnong yla kabe akyr), evo ta BéAtiota 61061a
propet va yivouv auBaipeta peydda, m.x., 1000 peydlo 6co n kabuotépnon
otnVv 1o apyo s — t POVOoTIAtt TToU Xprnotporoteitat ano t BéAtiotn pory (BA.
.X., [35, ®swpnua 4.1]).

1 ouvéyxeld, yla va arnodeifoupe tnv anoteAeopatikotnta g mpooeyytl-
ON|G Hag, €0T1AdOUE OTNV ATTAT] KAl ONHIAVTIKY €181K1] TIEPIMTOON TV S1KTU-
oV tapaddndev akpov (evot.  14.2). Xapaxtnpidoupe v katnyopia tov
y — modifiable natyviov oupgpopnong os diktua napadAniev akpov yla ta
ortoia n BéAtiotn por) eival eP1KTo va yivel por) 100pPOTTiag OTo TPOTIOTIOU|EVO
biktuo (Sewpnpa 14.1). Me faon auto 10 Xapakinplopo, apouctdadoupie pia
avadpopikr) dadikaoia rou dedopévou evog y — modifiable raiyviou ocupgo-
pnong kat g BEAtiotn pong, urtodoyidet Eéva ouvolo y — bounded petaBoAamv
0TI OUVAPTIOE1S Y€ KAT® aortod 11§ oroieg 1o POA eivat onpavuka Atyotepo a-
16 1o PoA tou apyxikou naiyviou Anppa  7.2). Tevikevovtag Vv IPOoEYy10n)
pe variational inequality tou [29], propoupe va arodei§oupe 6t to PoA tng
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KaAUTEPNG PONG IMOU propei va mpokuyet eivat max{1, (1 — B,(D))"'}, orou
P eivatl n KAAON TOV OUAPTHOE®V KABUOTEPNONG TOU ALy Viou KAt

y(d(x) — d(y)) — y(x — y)d(x)
deD,x>y>0 Xd(x)

ﬁv(z}) =

elvatl pua puoikn yevikeuon g nocotntag B(P) tou [29] (Bevpnpa 7.3). Ta
napadelypa, amno v avaAluor Pag CUVETIAYETAl OTl Y1d YPAPHIKES Kabuaote-
pnoeig, 1o POA tng kaAutepng y— enforceable por)g UTTOAOY10£EVNG HE Tr O1KN
Hag mpocéyyion sivat o oAy max{1, (1 — (1 — y)?/4)7!} (mépopa 7.5), rou
elvatl onpavukda Atydtepo aro 1o 4 /3, aképa Kat yia pikpEg Tpég tou y (rx.,
eivatl Atyotepo and 6/5 yia y = 0, 1). Emiong beixvoupe 6t n PoA avdaduon
oocov agopd v y eivat opix) (Bedpnpa 14.7). Tédog, Sivoupe pia dadri-
Kaoia 1ou uttoAoyilel éva ouvolo y — bounded 11€1aB0AGOV T@V OUVAPTHOERDV
kaBuotépnong Kat ty avtiotoixn y — enforceable por) pe tétoo PoA 1 oroia
TPEXEL O€ XPOVO MOAUMVUPIKA OUXETI{OPEVO HE TO XPOVO TOU aratteitat ya
tov unodoylopo Nash poov oe Siktua napaddndev akpev Anppa 14.8).
Qg ek toUtTOU, dedopévou omolodrnnote y — modifiable maiyviou oe diktuo
MAPAAANA®V AKPEV, PIIOPOUHE ATIOTEAsopaTikA (Yia pla eupeia Katnyopia
ouvaptnoe®v) va urodoyifoupe €va maiyvio pe tg avtlAnIég ouvaptnoetg
aldaypéveg 1o TIOAU Katd €va mapayovia 1 + y, €tot oote 1o POA eivat to
roAv max{1, (1 — B,(D))~'}.

Zinv evomnua 14.3 oudnrape v ouoxEton v y — modifiable atyviov
oUpPOPNONG HE Ta matyvia ouppopnong P eploptopéva 61061a (1 popoug)
([17]). Emonpaivoupe ta arnotedéopata tou [17] mou priopouv va epappo-
otouv ota y — modifiable naiyvia oupgopnong eve unootnpi{oupe tyv Kata-
OKEUAOTIKI] KAl IO TEPIUTAOKI TMPOOEYY1or pag Kabwg pag 6ivel KaAutepn
£KoOva yla 1o rpoBAnpa g eeupeong PéAtiotwv y — modifications kat ya
v BeAtinon Tou TIpnpatog g avapyiag.

Zinv evomnta 14.4, oudntdpe iog 1 mPOCLYY10n UIopet va emnektabel oe
o yevikd miaiowa. Ilpota, divoupe ) diaiobBnon 10U g apopoleg texvi-
KEG M€ aUTéG Yia td diktua mapdAAnAev aKpoV PIopouv va Xpnotonotntouv
yla v nepimoorn oe1plakev-iapdAAndeov Siktueov. Asdopévou ot £xoupe o-
AorANp®Ooel T1g arodeifelg oAU poopata, ermAé§ape va pnv ournepldaboupe
autd ta arotedéopata oty rapovoa H1atpiBr. Avi ' autou, e§nyoupe v
TNV MPOCEYY1OT ITOU XPelddetal va KAVOURE TTAPEXOVIAS TIS KEVIPIKEG 10E€G.
Apéong petd oulntdpe Mog PIopoUie va KATAARSOUE 08 TTAPO01d ATTOTEAE-
opata yla tnyv nepinteoon S1Ktuev mapaAAfAev aKPIOV 1€ ETEPOYEVEIS TTATKTES
Kdl YEVIKOTEPOUG TIEPIOPIOROUG OXETIKA HE TNV aBeBaildotnta mou ermrpEnetal
va mpootebel otig akpég. EZnpelnote 6@ OTL AU TNV MEPIMIOon dev €Xel
AuBet and kavéva anod ta [51], [17] xkat [53], mou aoxoAouvral pe natyvia
oupgopnong pe paypéva 81681a-eopoug.



NMepiexopeva

I EAAnvikrn ‘Exréoon 31
1 Ewcayoyn 33
1.1 Iaiyvia Zup@opnonS - . . v v v v v v v v v e e e e 33
1.2 Emokonnon BBAoypadiag . . . . . . ..o oL L. 36
1.3 BeAuwvovtag 1o tipnpa g avapxiag . ... ... .. .. . 38
1.3.1 PopoAdynon @V AKP®V . . . . . . .o e e e e 38
1.3.2 Anoguyr tou rapadodou tou Mripagg . . . . . . . .. 41
1.4 IIaiyvia pe naikteg evaioBntoug oto PIOKO . . . . . . . . . . 45
2 Zuveswogopa tng Epyaciag 49
2.1 TIapddoto tou Mrpaeg oe ITaiyvia pe Koot Zuykévipoong . 50
2.2 Tlapdado&o tou Mnipaeg oe ITaiyvia pe IpooBetuka Koot . . . 52
2.3 Zroxaouxka [atyvia Zupgopnong . . . . . . . . . . . . ... 55
2.4 Beduwvoviag v Antodoor) tou Aiktuou ExpetadAeudpevot tov
@060 tov [TaktOV . . . . . . oL 57
3 IIpoxkataprtikrég ‘Evvoleg 61
3.1 Tevikol Opotkat ZupBdoelg . . . . . . . . . v o v v v v .. 61
3.2 Opwopot [Tayviev Zuppopnong . . . . . . v v v v v v v v 61
3.3 I00PPOTTIEG . . . v v v v v e e e e e e e e e e e e e 63
3.4 Tipnpa g AvapxXiag . . . v v v v v e e e e e e 64
4 TITapadofo tou Mnpaeg oe ITaiyvia pe Kootn SuyrEVIipwong 67
4.1 EZeidwkeupévol Oplopoi kat Teyovota . . . . . . . . . . . .. 68
4.2 'Evvoieg Ioopporiag kat Tortodoyieg tou dev [Taoxouv amno to
Mapdoodo . . . . . . o o o 70

4.3 H avayvepilon Paradox — Ridden Ileputt@osmv eivat AUOKOAD 71
4.4 H Ilpooeyylonpotnta tou KaAdutepou Yrodiktuou eival AUokoAn 76
4.5 Aiktua pe Zxedov INoAvwvupika Movoratia . . . . . . . . . . 86

27



28 MMEPIEXOMENA

5 ITapadofo tou Mnpaeg oc Tuxaiag PUong Airtua pe [IpooOetira

Kooty

5.1 Opiopoti rtou adopouv 10 Zuykekpipévo IlpoBAnpa . . . . . .
5.2 To oxnpa IIpootyyiong kat 1o Ilepiypappa tng Avaduong

5.3 AmAomoinon 10U S1KTUOU . . . . . . . . ... e .

96

5.4 Tlpooeyyidovtag to BéAtioto Yrodiktuo ota Ardonoinpéva Aiktua 100

5.5 Emnexkteivovtag ) Avon ota Kada Aiktva . . . . 0 0oL L

6 IIaiyvia Zup¢popnong pe Maikteg EvaiocOnrtoug oto Pioko
6.1 Ewdayovtagta MOVTEAA . . . . . v v v v e e e e e e e
6.2 Tlaiyvia Zup@opnong pe Zroxaotikoug Iaikteg . . . . . . . .
6.2.1 TOPOVIEAO . . . . . . . v v v i vt i e e e e e
6.2.2 Zroxaotikoi naikteg oe diktua napaddndev akpev: Y-
napdn Kat uroAoywopog PNE . . . . L L L L L L L

104

113
114

115

6.2.3 Tipnpa g Avapyiag oe ITatyvia pe Apivikeég Zuvaptroetg 120

6.3 Tlaiyvia Zup@opnong pe ZToXAoTKEG AKPEG . . . . . . . . .
6.3.1 ToMovtédo . . . . . . . . . . . o i vt
6.3.2 Zroxaotkég Akpég oe Aiktuo [TapadAniev Akpov: Y-

napén Kat uroAoywopog PNE . . . . . L L L L L.
6.3.3 Tipnpa ing Avapyxiag . . . . . . . . o o oo

7 Xpnowyponowwvrag Tuyxaiotnta npog ‘O¢peAog Tou Zuvodou
7.1 Eiwayoviag ta y — modifiable Tlaiyvia Zupgopnong . . . . .
7.2 Tlepaloviag ta [Maiyvia oe Aiktua [HapaAAndev AKpov . . . .
7.3 Zuvdeon pe Iatyvia pe Iepipropévoug dopoug . . . . . . . .
7.4 AAAddoviag ta IMatyvia oe o levika Aiktva . . . . . . . ..

II English Version

8 Introduction
8.1 Congestion Games . . . . . . . . . . . . ..o
8.2 Bibliography Overview . . . . . . . . . ... ... ......
8.3 Reducing the Price of Anarchy . . . ... ... ... ....
8.3.1 Taxing the Edges of the Network . . . ... ... ..
8.3.2 Stackelberg Strategies . . . . . .. ... ... ....
8.3.3 Tackling the Braess’s Paradox . . . . . . .. ... ..
8.4 Stochastic Congestion Games . . . . . . . . . ... ... ..

9 Contribution
9.1 Braess’s Paradox in Bottleneck Costs Games . . . . . . . .
9.2 Braess’s Paradox in Additive Costs Games . . . . . . . . . .

123

127
128
130
137
138

141

143
143
146
148
148
151
153
157



MMEPIEXOMENA 29

9.3 Stochastic Congestion Games . . . . . . . . ... ... ... 164
9.4 Improving Selfish Routing through Risk Aversion . . . . . . 166
10 Congestion Games Preliminaries 171
10.1 General Notation and Conventions . . . . . . . .. ... .. 171
10.2Congestion Games Definitions . . . . . . . ... ... ... 171
10.3Equilibria . . . . . . . . ... L oo 173
10.4 Price of Anarchy and Price of Stability . . . . . .. ... .. 174
11 On the Hardness of Network Design for Bottleneck Routing Ga-

mes 177
11.1Problem-Specific Definitions and Facts . . . . . . .. .. .. 178

11.2Paradox-Free Network Topologies and Paradox-Free Nash
Flows . . . . . . . . . e 179
11.3Recognizing Paradox-Ridden Instances is Hard . . . . . . . 181
11.4 Approximating the Best Subnetwork is Hard . . . . . . .. 186
11.5Networks with Quasipolynomially Many Paths . . . . . . . 196
12 Resolving Braess’s Paradox in Random Networks 201
12.1Problem-Specific Definitions . . . . . . ... .. ... ... 201
12.2The Approximation Scheme and Outline of the Analysis . . 204
12.3Network Simplification . . . . . ... ... ... ... ... 206
12.4 Approximating the Best Subnetwork of Simplified Networks 210
12.5Extending the Solution to the Good Network . . . . . . .. 214
13 Congestion Games with Risk Averse Players 223
13.1Introducing the Models . . . . . . . . . ... ... ..... 223
13.2Congestion Games with Stochastic Players . . . . . . . .. 224
13.2.1TheModel . . . . . . . . . . ... .. ... .. 224

13.2.2Stochastic Players on Parallel Links: Existence and
Computationof PNE . . . . . .. ... ... ..... 225
13.2.3Price of Anarchy for Games with Affine Latencies . . 230
13.3Congestion Games with Stochastic Edges . . . . . . . . .. 233
13.3.1TheModel . . . . . . . . .. ... .. ... 233

13.3.2Stochastic Edges on Parallel Links: Existence and
Computationof PNE . . . . . .. ... ... ..... 233
13.3.3Price of Anarchy . . . . ... ... ... ... .... 235
14 Improving Selfish Routing through Risk Aversion 237
14.1Introducing y-modifiable CGs . . . . . . . . . .. ... ... 237
14.2Modifying Routing Games in Parallel-Link Networks . . . . 240

14.3 Connection to Routing Games with Restricted Tolls . . . . . 247



30 MMEPIEXOMENA

14.4 Modifying Routing Games in more General Settings . . . . . 248
15 Discussion 251
15.1Braess’ Paradox in Additive Costs Games . . . . . . . . .. 251
15.2Braess’ Paradox in Bottleneck Costs Games . . . . . . . . . 253
15.3Stochastic Congestion Games . . . . . . . . . .. ... ... 254
15.4Abusing Uncertainty . . . . . . . . . . .. ... ... ..., 255
Bibliography 257

List of Figures 265



Mépoc |

EAANvIKN ‘Exdoon

31






Kepdhaio 1

Eicaywyn

Ta natyvia oupgopnong napéxouv éva QUOIKO HPOVIEAO Yld I OUVEPYATIKY
KATAVOUI) TIOP®V 0€ PEYAANG KATpaKag §1KTua EMMKOIVOVIOV Katl £X0UV AITote-
A€ol avukeipevo eviatikng épsuvag oty AAyopOpikn @ewpia [Haryvieov. Ze
auto 1o Kedpdldato, gpelg nmpwta 9a d®ooupe pla PKPn £10ayDdyr Ot0 “X®po”
TV Ay VIOV CUPPOPNONG, OT0 E0ATEPIKO TOU OTTI0I0U OAEG O (KUpP1EG, PEAETN)-
HEVEG) B1adOPETIKEG TIEPUTIMOELG KAl VEVIKEUOEIS TOV TIAY VIOV CUHIPOPNONS
(ITEZ ev ouvtopia) Bpiokovtal. Mia emokonnon g BiBAtoypadiag diveratl a-
P€0®g petd pe €pgaon oto pépog g PBAoypagiag rou oxetidetat éviova pe
v 81kn pag epyaoia.

1.1 Maiyvia Zuppdpnone

e éva matyvio oupdopnong [73], éva oUvolo mavopoldTUNI®V I oUvepya-
TKQV ITAIKTIOV, TTOU EAEYXOUV 101 TIO0OTNTA POPTiou, aviay®vidovial ndve ano
£€va MenepaopPévo 0UVOAO TV TTOP®V. ‘OAot 01 MAIKTEG TTOU XPIO1HOTIOI0UY &-
VA OUYKEKPIPEVO TIOPO, VIOBoUV £va Kootog (1) kaBuotépnor) rmou divetatl anod
Hla 1 apvnTikegs Katl pn-@oivouceg ouvaptroelg T0U popTiou Tou ropou (1
oupgopnor)).

KdBe naiking emAéyet v otpatnyikr), £va UIOCUVOAO TV MOP®V, EY®1-
OTIKA TIPOooTIaf®VIag va EAA)X1OTOIIOINOEL TV ATOPIKO TOU Kootog. H eotiaon
ota IIZ sival ota diktuaka I1X orou urapyel €va UMOKEIPEVO HIKTUO KAl O
X®POG OTPATNYIKWV TOU KAOe MaiKtn amoteAeital aro ta Povordtid Aro oV
KOpBo 1pogAeuong pog Tov KOpBo tou 1pooptlopou oto diktuo. Ot akpég
10U S1KTUOU, TTOU €pyoviatl padi pe éva Kootog Asttoupyliag, eivat ot TOPot Tou
diktuakou IIZ. Ta akoAouBa 1oxUouv yia yevika I1Xg, av kat 1o neploodtepa
ano 1o £pyo ot BiBAoypadia aAda kat ot S1Kr) pag epyaocia acxoAeitat pe
diktuaka 1.

33



34 KE®AAAIO 1. EIZATQI'H

Nepim@oeig,.

[ToAAég Sragopetikeg meputwoelg IIX mpokurntouv av avadoyiotet diapo-
PEUKEG UTIOOEOEIS Y1 TO X®WPO OIPATINYIKOV IOV ITAIKI®OV, TOUG TUITOUG TOV
MAIKTIOV 1] TOV KOOIV IOV OTPATYIK®OV TOV TAIKIOV. [T10 ouykekpipéva, ot
MAiKTeEG PIIOPOUV OA01 va £X0UV TOV 1610 X®WPO OTPATNYIK®V, TIEPITTIOOT OUR-
HEIPIKOV TTAYVIRV, 1] S1aPOPETIKO X®PO OTPATNYIKOV, AOUHETPT] MEPITIROT)
natyviev. Emiong, ot maikteg propet va eivat menepacpévol Kat va petagé-
POUV £€va OoNUaviiko rmoco (povada) @optou oto H1KTuo, KAl €101 UIOpPel va
EMNPEACEL TO KOOTOG TV MOP®V, MEPITIOON ATOPIK®V MaAtyviov, 1 va gival
ATIEPOl KAl PE apeAntéo (ameipoeddyiota HiKpo) mocod Ing POorg HEo® ToU
O1KTUOU Kal KATA CUVETEWA BEV PIMOPOUV HOVOUEP®S VA ETMNPedouv Tig Ou-
VAPTHOE1S TOV TRV TOP®V, PN-atopikd natyvia. ErmmAéov, 1o Kootog tou Kabe
naiktn prnopet va eivat 1o abpoiopia 1ou KOOTOUG TV MOP®V Yld T OTPATNYIKY)
10U naiktn, I1Z mpooHetikoy KOCOTUG, 1] TO KOOTOG TG PEYIOTNG AKHLG TTIOPOU
HETadU TV MOPW®V 0T OTPATNYIKT) TOU aiktn, [1¥ akung oupdpopnongKootog.
To oxnpa 1.1 mapouoiddel oXNPATKA Ta TIAPATIAVE.

weighted playerD @ayer specific costs stochastic delays
7/ -7

/

it Generdlizations ==

=
7 - -

Congestion Games
symmetric )—( atomic

non symmetric )—Gon atomic

IZxHpa 1.1: Xdpwmg (Mikpdg) Siktuakaov natyviov cupgiopnong. Avarapiotaviat
OT0 TIAV® PEPOG O1 ETIKPATOUES YVeEVIKEUOELS TV [IX. To katw PéPog avanaplotd g
510 POPETIKEG TEPUTINVOELS TTOU TIPOKUITIOUV e&etaldoviag TG rapadoxég OXeETKA pe
10 X®PO OTPATNYIKOV IOV TAIKIOV,TOUG TUTIOUG T®V IAIKIOV KAl TOU KOOTOUG T®V

additive costs

bottleneck costs

OTPATYIK®V TRV ITAIKIOV.
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FevikeUoelq.

Ta [IZ propouv va yevikeuBouv @uolkd oe matyvia Ormou ot maikieg £€Xouv
dlagopetikég anattroeilg (yla tnv atopikn niepintoor), ou ovopadoviat Ba-
pn, 6nAadn dradopetikda mMood g Pong PEo® tou Siktuou (ota diktuaka I1X).
Autd ta taiyvidia ovopddoviat BeBapupéva ITE. Mia dAAn @QuUOKD yevikeuon
UToOETEL OT1 01 CUVAPTIOEIS KOOTOUS TRV TOP®V EEAPTMOVIAL ATTO TOV ITAIKTH,
KAOe naiking 6nAadr) avtdapBdavetal ) ouvdaptnorn KOotoug (EVOEXOHEVRG)
dlapopetikd o KABe mOpo. Autd eivat [1E e MAKTOESAPTOIEVEG CUVAPTIOELS
kootoug. Ta tedeutaia xpovia, [IE ommou ol naikteg anopaoci¢ouv KAT® aro
aBeBaiotnta £xel anoktnoetl peyaio evdiapépov. Movtéda TIE pe otoxaotikeg
KaBuoteprjoelg Kal maikteg euaiobnroug oto @oBo emexktévouv ta I[IX mpo-
KePEVOU va oUAAdBouv KaAUtepa KATAOTACES TG KAOnuepvotntag Kat va
nPoBALYeL TNV avBp®OITIVY] CURTEPIPOPA.

To Zxfna 1.1 Bonba.

Anédoon.

Ye éva maiyvio oupgopnong, Pla @UOlKr Auon évvola eivat pia Kabapr
Nash 1copportia (TINE), pia katdotaon omou Kavévag naiking 6ev propet va
HEOOEL TO KOOTOG PE POVOHEPT) aAAayT) TG OTPATNYIKIG TOU. £T0 AAAO AKPO,
o dlaxelplotng Tou S1ktuou voladetatl yia 1o dnpooio 0gpedog Katl £XEL G OTOXO
va €AAX10TOTIO|0El TO OUVOALKO KOOTOG AItd 0A0UG ToUG raikteg. Asdopévou
ou dev xpetddetal pia wopportia tou Nash yia ) BeATtotonoinon tou ouvoAt-
KOU KOOTOUG, avadntdie 1 IOCOTIKOTIOINOoN TG AVATIOTEAEOPATIKOTNTAG AOY®
EYWI0TIKY] OUPITEPIPOPA.

To kbot0g NG avapxiag e1orxOn oto [57] kat £xet yivel éva eupémwg arode-
K10 PETPO g urtoBabpiion tng anddoong AdYm g EYMIOTIKNG OUPIEPIPopd
10V aiktov . To (kaBapod) kootog g avapyiag eivat o Adyog Xelpotepns
MEPUTTOONG TOU KOOToG o¢ pia (kaBapr) woopportia Nash mipog 10 BéATioto
OUVOAIKO KOoT0G. [ToAAég TpooPateg oUVEIOPOPES £6moaV 10XUPA AVe KAl
KAT® 0p1a ®G ITPOG TV T TOU KOOToUg g avapyiag yia tg diadopeg Katn-
yopieg [IZ. H erukeipevn ermokonnon g BiBloypadiag meptdapBavet emiong
autd ta anoteAéopatd.

Ot ermkpatovoeg epatroelg ota IIX puag yua tg 81adopeg meputtOoelg
TTOU TIEPLYPAMOVTAL IO TTAVE (1] akOMn KAl yid UTIOTIEPUTIOOELS TOUG), £XOUV
va KAvVouv He v Umnapdn Kat T0V UTTOAOYIOHO 100PPOITIRV, HE TO XPOVO TG
OUYKA10NG TV BEATIOTOV 1] ardd KAAUTeEp®V akoAouBiwv amdavinong (6nAa-
01 ta pérpa yla va emruyouv pia 100pportia mou apXidel amo pia apXikm
Olae0pPmON KAl APrjvoviag TOUG MAIKTeg va Kavouv pia BeAtootn 1) anAd Ka-
AUtepn amavinon, €vag Kabe @opd), Pe TV €UPECH opiwv yla 1o Tipnpa ng
avapyiag kat pe tporoug PeAtioong tev emdooenmv Tou diktuou (61061a, otpa-
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mykEG stackelberg, a§omnoinon rapadoou Mripaeg). Etepo-avapopég (padi
€ KATTO1EG AETTTOPEPELEG) TTOU £ETALOUV AUTA TA EPATNATA KA1 TA KUPLOTEPA
anoteAéopata g PBAoypadiag divovial oto urnodoro tou RePpaiaiou.

1.2 Emokénnon BipAloypagiac

Ztn ouvéyela Badoupe padi ninyég BBAoypadiag mou acyodouvial pe g -
KpAtouoeg epmtroelg ot dladopetikég tapadldayeg tou ITE. To peyadutepo
PEPOG authg g PBAtoypadiag adpopd Kuping raiyvia pe mpooHetika KoOotr,
av Kadl UTIApXel €va [ apeAntéo PEPOG OXETIKA HE Taiyvia aKP®V oUpQo-
pnong. I'a anotedéopata oxetka pe ) BeAtioon g anodoong tou Hiktuou
akoAouBouv oty evotnta 1.3 kat yla rayvidia pie otoxaotiky kKabuotepnoeig
BAéme 1.4

NpooBenka kéom.

IMa anotedéopata oxetka pe v urapén Nash 10opporiag, mPEnet KAveig
va &1 10 [73] 6mou ypnowpornoteital np péBodog tng ouvaptnong dSuvapikou
yua v anddeidn tng vrapdng pag kabapng oopportiag Nash (IINE) oe T1Z
Kat 1o [66] orou 1 1ooduvapia tev IIE pe matyvia Suvapikou amodeikvustat.

IMa aroteAéopata otnv MOAUTAOKOTNTA NG £§eUPeoN§ Kabapr|§ 10oportiag
Naon PBAéne 1.x. [33], omou n kAdon PLS amnodeixBnke ott cuAAapBavet
mAnpeg 1 duokoldia tng e§evpeong kabaprg Nash 100pporiiag otV yevikn,
OUMPHETPIKT] ) acUppetpn riepimioon [1X, [30], ortou anoteAéopata SuokoAiag
yla v unapén kabaprng oopportiag Nash (IINE) oe otabpiopévo maixvibia
divetat kat [3] 6mou ) uokoAia yila tov urodoyiopo kat tyv uvnapén g IINE
O€ TIAIKTOECAPTOPUEVROV OUVAPTHOERV [1X.

IMa anoteAéopata yia 1o ipnpa mg avapyiag oe pn-atopika raiyvia dei-
1e Y. [74], omou 6pla oto tipnpa g vapyxiag divotval rmou e€aptmvial otnv
MEAYHATIKOTNTA POVO Ao TV TASn TOV OUVAPTHOE®V KOOTOUG, TV IMOPKV
Kat eivatl ave§aptn and v tornodoyia tou diktvou kat [28], 6mou pa a-
nAouotepn anddeldn 10U PONyoUHeEVOU aroteAéopatog 600nKe mou emiong
propet va epappodetal oe o yevikeég rieputiwoets. Emiong, Sa pnopouvoa-
pe va doupe 10 [64], oTou deiyxvere OT1 O1 TOTTOAOYIKEG 1810TTEG HITOPEl va
BonBrjoouv 1o HiktUO.

Ia amotedéopata yla 1o Tipnpa g avapxiag oe atopikda nawxvidia deite
.X. [8], omou ta 6pla tpnpatog g avapyiag divovial yla TG mePUTIOOELS
OIIOU TO KOOTOG €ival YPAapHIKEG oUvaptroelg 1 ta moAuwvupa Pabpou §,
[23], omou emiong opla (eEAaPppws 10XUPOTEPA V1A OPIOPEVEG TIEPUTIMVOELS) Yid
TMIEPUTTOOELG OTIOU TO KOOTOG £ival YPAPHIKES OUVAPTHOELS 1] TTIoAumvupa Bab-
pou & eival 6edopévo, addd emiong pia 1o yevikr péBodog, yia oplobEtnon
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TOU Tpatog g avapyiagelodyetat kat [4], omou divovratl ta akpiBn 6pla
XPNOHOTIO)VIAG ITAPOUOEG TEXVIKEG HE To [23] Tou emiong toxvet yua ) [1Z
pe Bapn.

Ia anotedéopata oxetka pe ) ouykAlon oe PNE beite m.x. [32], omou
0pla yida 10 Xpovo oUyKAlong yia povnpeig IIX (otpatnyikeg sivat singletong)
yia BeBapupéva 1 un BeBapnpéva I1Z, [39], onou, petadu addav, e§etaletal )
ouykAton oe PNE yia tnv rniepintaor tou diktvou “Tg pe ypappika ave§dputa
povortatia.

IMa anotedéopata oXeTKA Pe TV OUYKAL0T] O€ MPOOEYYIOTIKI] 100pPOTTia
Nash (6mou 1a Koot TV nmattev eival ‘miepinou” ioa) BAsne m.x. [80], orou
1oxUp1n arnotedéopata SUOKOoAIag OXETIKA PE TOUG XPOVOUG TG OUYKA1ONG, TG
KAAUTeP anavinorn duvapikn eivat keveg, [21], orou ta Setikd anotedéopata
yla Vv taxuinta g oUYKAIoNG 0€ CUPHETPIKA natyvia 6idoviat, [9], orou
10 TIAPATIAV® £PYO0 EKTEIVETAL OV ACUPHETIPN MEPIUTIOON OTav pld £181Kn
1610tta mou Bonbd va mapakapyetl to inapproximability xprnotpornoleitat,
ta [80] kat [1] ov 1810NTEG TRV XDPHOV OTPATNYIKOV dlEPEUVOVIAL £T01 WOTE
va €X0UV YpI1)yop1) OUYKALO1G.

Ma matyvia pe naikros§aptdpPeveg oUvapPToElg KOoToug 1. Ocite 10
[63], orou n peAdétn ng X pe MAKTOEEAPTOHIEVEG OUVAPTLOEIS APXIOE Yia
singleton T1Z, [2], 6rou, peta§u dAdwv, StagpuvrOnkav ayyur|osig yla urapsn
PNE eivat gpevvnoe, [61], orou ot 61adopég Petady 1wV MAIKTOEEaPTOHEVOV
ouvaptNoe®V givatl povo otabepég, [2], omou ta diktua mou Ppédnkav oto
[61] anmobekvuovial va sivatl BEATioTa TOMOAOYIKA KAl €vag TTOAUMVUHIIKOG
aAyopiOpog yla eupeon g eyyunuévng yia urnapdn rkabaprig PNE &ivetat
Kat [46] ou 1610tn1eg TNG KAAoNG ouvaptios®v digpeuvavial Kat yia tig 6uo
MEPUTTOOELS ToU PeBapupévav 1) un PeBapupévev IIE mporepiévou va €xouv
PNE.

IMa awvidia pe BeBapupévoug naikteg PAEne m.x. [44], 6mou 1o poviédo
v BeBapupévav IIZ e10dyetal Kat ta arotedéopata oXEUKA Pe v urapn
g 1oopporiag kat mbaveg Aettoupyieg mapovoiddoviatl, [69] yia nepapati-
KA arotedéopata oto poviedo tou [44], [2] omou, onwg katl ota maiyvia pe
MAIKTOEEAPTOEVEG OUVAPTHOELS, Slepeuvavial yevikotepa Siktua yia to av
eyyuwvtat tnv uniapén PNE, [14], 6rou 1o tipnpa g avapyiag (6rmote vnap-
xet éva TINE) oxetiletal pe v Katnyopia T@V EMIPENIOPEVOV OUVAPTI|OEDV
KOOTOUG Kl 1] XEPOTEPT] MIEPUITIOOT ATTOTEAECTPATOV ATIOOEIKVUOVTAL va £XOUV
o€ otevr] O0X€0n HE To avtiotolxa oe un BeBapupéva naiyvia, [65], orou ma-
pouotadoviatl ot TOroAOYIKEG 1810TNTeg va oxetidoviatl éviova pe v urnapdn
g PNE xat [50], orou 6ivetat évag akpiBrg XapaKine1opog 10U CUVOAOU TRV
OUVAPTHOE®V KOOTOUG IOV £yyuovtatl pia urnapsn PNE.
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Naiyvia akudv cuugpdpnone.

[Ma anotedéopata oe pn-atopika rnatyvia deite .. [27], émou n Sewpnukn)
peAétn tetowwv mayviov ekivnoe kat [62], orou n povadikotmta kat Bedt-
otoroinong g PNE efetaletatl oe mapdAAnda diktua, oeiplakd rapdAAnia
Katl yevika diktwua. Ta arotedéopata oxeukd pe 1o mapddodo tou Bpasog
BAéme evonta 1.3.

Ia arotedéopata os atopika maxvidia deite .. 1o [11], 610U 1 peAétn
yla atopikde maiyvia §ekivnog, arodeixtnke n un povadikounta g PNE,
peAeOnkav tayxvuina cUykAlong Kail opla oto tipnpa mg avapyxiag otav -
copportia propel va erteuyBOei, [18], omou 1a anotedéopata yla 1o tipnpa
g avpxiag 6oov agopd tn 61apbpwon tou SikTtuou mapouctadoviatl KAl n
urnapdn pag kKowvavika BéAdtiotng PNE ertiong €xet arodeiyBei, [31], orou
bivovtal oAoKANP®EVOL XapaKtnplopol ano ta diktua mou £xouv PEATioto
tipnpa g avapyiag diverat (oeprakd mapdAAnla dikrtua kat pia dAAn ekdo-
X1 wopporttiag rmou kabopidovial oe autr)v) kat [19], orou anoteAéopata ou
oxetioviatl pe v Urnapsrn, moAUMAOKOTA, KAl 1o Tipnpa avapyiag ing PNE
yla apKetd diktuakda mnatyvia (OUPPETPIKEG KAl AOUPHETPES, e ITAVORO10TU-
roug 1] BeBapupévoug naikteg) divotat.

1.3 BeAn@voviag 10 Tiunua ¢ avapxiac

H urnoBabpion tou S1KTUoU AOY® £YDIOTIKIG OCUPIEPLPOPA TIAIKTIOV TPABNTE
TOAU TpoooX1) oto TapeAbdv. Zin BiBAoypadia, UTIAPYXOUV TPELS ETIKPATOU-
0EG TEXVIKEG YU VA AVIIPEIRITICOUHE aUTr) v urto8adpion.

o ®opoAoynon 1OV akpv: adAddoviag Tig OUVAPTLOELS TOU KOOTOUG TV
MIAIKTOV HE TNV TIPOCONKI POp®V OT1g aKES (mopoug) tou Siktuou.

e X1patnywkeg Stackelberg: aAAddel 10 KAAOPA TOV EYOIOTOV MAKIOV Je-
®POVIAG OTL KATO101 MAiKteg £ival mpobupol va ouvepyaotouy yld Tnv
KOW®VIKIN eUnpepia.

e Amoguyn napadodou tou Mripaeg: adAayn g toroloyiag tou Siktuou
KAVOVTAG PEPIKEG AKPEG (TTOpoug) pn drabéoieg.

1.3.1 ®opoAdynon 1wV AKH@V

'Eva maiyvio cup@opnong pe @opoug eival éva turmko I1X pe éva diavuopa
EMMITAL0V POP®V TTOU Hivel 10 POPO yla TG akpég tou diktvou. Ta kéotol TRV
TTAIKTI®V £X0UV TPOITOIToN Ol £101 MOTE VA EPIEPIEXOUV ETTIOTNG TO KOOTOG AOY®
@POPWV OTIG AKMEG TIOU erAéyouv. Ot maikteg propel va €xouv S1apopeTiKeg



1.3. BEATIQNONTAX TO TIMHMA THXZ ANAPXIAY 39

eualodnoieg oe POPOUG KAl IMOU Iayldevetal ano pia otabepd mou €pyetat
padl pe kabe naikt). Ot @OPOl AUTAVOUV TO KOOTOG TOV IMAIKIOV, X®OPIS va
ennpPealouv T0 KOWMVIKO KOOTOG KAl €101 PIropel va yxpnotypornonfetl xopig
XPE®OT arto 1o dlaxelploty) diktvou. Zinv 18avikn nepimwor, évag Sa nbele,
HE I @OPOoAGYNON TRV AKP®V, va givatl ot 1oopportieg Naorn oto véo matyvi-
61 BeAtioteg pogg oto apXko maxvidt. Téowuou eidoug @opotl ovopadovrat
BEAtiotot @opot.

Mn arouikn nepintwon.

Ze pn-atopika natyvia, 1o 9€pa tou oxedlaopou BEATIOTOV POprV EXEL He-
AetnOei extevag. 'Eva kAao1ko anotédeopa rmou nnyaivet rioe oto Pigou [70]
avagépet 0t1 o1 marginal cost @opol PIopouv va POoKAA£oel ] BEATion por)
yla opoloyevr) naikteg [13]. Tlpoopateg epyaoieg, mepl 1@V POpRV, yia HUn
atopko I Sewpetl v 1o evilapépouoa Kat peadlotike unobeon erepoye-
V1] TAKI®V, Ol OIT0i01 PIropel va £€Xouv S1aPOPETIKEG EKTIHNOELG TOU XPOVOU
(kaBuotépnon) oe xprpa (popol). Yang kat Huang, [85] katédele v U-
napdn MPAKTKAG BEATIOTOV POP®V Y1d WU ATORIKO ACUPHETPn Siktuakd [1Z
HE €TePOYEVEIG TIATKTEG. XTI OUVEXELW, TO ATIOTEAEOPA £MAVAVAKRAAUPONKe
ano Fleischer, Jain, kat Mahdian [36], kat Kapak®otag KoAAorioudog [54].
[Tponyoupévag, ta singlesource diktua eixav epeuvnOet ano Cole, Dodis kat
Roughgarden [26]. Tnv Unapén BEATiotov @op®v yla pn atopiko I pe e-
TeEPOyeveilg maikteg amod 1 SUIKOTINTA OT0 YPAPHIKO Tpoypappatiopo ([36,
54]), kat £€tol pa BéAtiotn avabeon @opwv propei va unoloylotel arotele-
OpATIKA aro Vv erAuon evog ypappikou rpoypdppatog. Ma pn-atopikng
nayvidla, KAT® anod nrieg napadoyEg OXETIKA PE TS Aettoupyieg Tou AavOa-
vouoa KATAotaon) 1) AKp1 oI O£ KATAoTaon 100pportiag eivat povadikn. Qg
€K TOUTOU, 01 @opol tev [13, 26, 36, 54, 85] kdvouv 1 BéATiotn AUon ©G 11
povadikr) por| 100pPOTIiEG TOU ALY VIS10U e POPOUS.

ATOMIK nepintwon.

Ye atopka I1Z, akopn katl pe diaipoupev) KukAopopiag (o1 maikteg pro-
POUV VA XPNOTHOIT00UV MEPIO0OTEPES Ao pia dradpopég yia tnv por) toug),
uropel va 6ex0el oAAEG BradopeTtikeg poeg 10opportiag Naor), evoexopévag
pe dradopetikd pony oG akpég. Q¢ €K TOUTOU, KATA TV €§€1A0T ATOUIKOV
[1Z, mpérnet va yivel S1akpion petagy

e weakly optimal @Opwv, yla TOUG OMOIOUG TOUAAX10TOV Hia 10opporttia
Naon tou mmaiyvidiou pe eopoug, €Aa)10TOTIOEL T OCUVOAIKY KaBuotépnon,
Kat

e strongly optimal @opwv,yla toug oroioug 6Aeg ot woopportieg Nash tou
atyvid1ou pe 10ug POPOUG va EAAX10TOIIOI0UV Tr] OUVOALKT] KaBuotépnorn.
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IMa atopko I[E pe drapoupevev KUKAOPopiag Katl ETEPOYEVI) TIAIKTEG, OTO
Swamy [81] arodeixObnke 611 weakly optimal @opo1 UTIAPXOUV KAl UITOPEL va
UTTOAOY10TOUV AMOTEAEOPATIKA. TNV IIPAYHATIKOTNTA PUIopet va urtodoyiotet
Auvoviag éva Kupto mpoypappa rmapopolo pe avta ota [36] kat [54]. 'Oco
yla v atopikn niepimtoorn [IX pe unsplittable kukAogopia, £xel peAetnOet
N Urapén Kat 0 arnoteAeoPATIKOG UTTOAOY10110G BEATIOTOV QOP®V HE 011010YE-
velg naikteg. Kapayiavvng, Kakdapdavng kat KaveAdornouAog [20] Sewvpnoav
ATOHPIKA Taiyvia PE YPAPHUIKES OUVAPTNOoElS KaOUOoTEPNONG KAl OO10YEVELS
naikteg Kat digpeuvnOnkav @opotl ou propel va Pedtiwostl 1o Tipnpa g
avapyiag. Xinv apvnuikn mAgupd, €ite av ol maikteg dev poipadovial v i-
O1a Tinyn Kat teppatiopo eite £€xouv S1aPopeTikeg anattnoelg, t0te strongly
optimal @opot v propet va urtdpyouv. Amo ) 9etikr) MAsUpd, Ttapouciacav
pla arodotikn Kataokeun strongly optimal @opwv yia parallel link iawyvidia
HE YPAPKEG ouvaptnoelg Kat unit demand maikteg.

L1 ouvéxela, ot PwTdrng Kal Zriupdkng [45] anédei§av 6t weakly optimal
(POPO1 UTIAPYXOUV Kal PItopel va UMOAOY10TOUV AMOTEAECUATIKA Y1d ATOPIKA
ouppetpika diktuaka IZ, katl ot o1 popot givat strongly optimal, av 1o 6i-
Ktuo etvat series parallel. Tia v EPIMIOOT PE ETEPOYEVEIS TTAIKTEG, ATTOTE-
Aéopata e rmapopold TEXVIKL HPE aUTr] IOU XPINOIHUOITolElTAl OtV MEPINMTIOOT)
pn atopikev rnatyviov. 01 ®etakng, Kapakootag kat KoAAiormoudog [43],
XPNOHOTIOWVIAS €vad YPAPHIKO TIpoypappa onwg oto [54], amodeikviouv
NV Unapdn 1OV acBevog BEATIOTOV POP®V Y1a TAiyvid HE ETEPOYEVI] MATKTEG
pe tov 1610 kopBo ninyr). Emiong, oto [43], divetatl éva nmapddeiypa petpnt)
rou SeiyVvel OTL 1] ETEPOYEVELA TOV TMATKIWOV ATOKAEIEL TNV UIAPSH TOV QOPKV
strongly optimal akopn kat yia v armdouotepn tontodoyia towv parallellinks.

Mepiopiopoi oToug emipendpevouc POPoUG.

[Tio poodata, ot Hoefer kat addot ([51]) pedétnoav pn atopika IIX pe
(POPOUG, OTTOU HOVO £va UTIOCUVOAO TGV TIOP®V €XEL T HUvatotnta va Tapet
(POPOUG Kal, otV apvnuki mAsupd napesixav NIT duokoldiag amotéAeopata
yla v eupeon BEATIoOTOV @Op®V yla Yevikn SiKtua pe YPapHIKEG ouvaptr)-
oe1g kabuotépnong kat 6Uo Pacikev rmpoidviav, eve aro tr JeuKr) mAsupdq,
yla single commodity iktua pe mapdAAndeg ouvbEoelg Kal YpapPIKEG ouvap-
oelg, mapeixav aAyopifo moAU®VUHIIKOU XPOVOoU Yld TV eUpeoT] BEATIOTOV
POPWV.

AxolouBang, ot Bonifaci kat aAdot ([17]) pedémoav v niepimeon (pn a-
TOHIKNG) OTIOU padl pe v KAbe akpr), £€va avotePo OP10 Yld TO ETTITPENTOPEVO
@Opo otnv KaBe axkun diverat. [Tapéxouv €va XapakinEiopo yia 11§ POEG ToU
HIopouv va emBANOoUV Ao Toug TIEPIOPIOHREVOUS POPOUSG KAl UTIOAoYidouv
Toug BéATIoTOUg POPoug otav 1 BEATioty por eivat inducible. Emtiong pe Bdon
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auto 10 XAPAKINPlopo, KATAPEPVOUV va UMOAOYioouv Toug opoug rou Sa
TIPOKAAECEL TO PNIKPOTEPO KOOTOG 0€ KATAOTAOT 100pPOITiag, yid apdAAnAev
ouvdéoenv diktua. Emiong Bydadouv opiytd (aropn kat yla napdAAniev ouv-
6¢oemv BikTua) Opla yla TNV AMOTEAECPATIKOTNTA IOV TIEPIOPIOPEVRV 510610V
yla diktua moAurpoioviikd 1€ TIOAU®VUNIKEG ouvaptnoelg Kabuotépnong.

H Jelinek xat dAAot oto [53] yevikeUuouv 10 maparidve HOVIEAO ATOML-
kov [TZ kat [T pe @opoug pe etepoyevn naikteg. I'a pn atopikd natyvia
KAl ETEPOYEVEIS TIAIKTEG, ATTOOEIKVUOUV 0Tl 1o TpoBAnpa eivat NIT duokodo
akopa kat yia diktua singlecommodity kat apivikég ouvaptnoslg Kabuoté-
pnong. Xin detikn mAeupa divouv évav adyopiBpo BEATiong popoAoynong
UTIOBKTU®V 1€ ad1vikEG ouvapthoelg. a BeBapupiévoug atopikoug maikieg,
10 TPoBAnpa eivat NIT okAnpd nén ywa parallel arc diktua KAl ypappikeg
ouvaptroslg Kabuotépnong, akoun Kat av ol rmaikteg eivat opotoyeveig. E-
oudloviag os apdAAnAev cuvdéoenv natyvia, yia pn BeBapupéva atopika
maiyvia Kail Opol0YEVEIG TAIKTEG, AvATITUCCOUV £évav aAyoplfpo yia tov u-
MTOAOY10P0 BEATIOTOV TEPLOPIOPEVRV POP®V KAl Yia un BeBapupéva atopika
natyvia Kat €tepoyevn) rnaikteg, avidouv évav alyopiOpo ya BéAtiotn @opo-
AGynon unodiktumv.

1.3.2 Anoguyn tou napaddtou rou Mnpaeg

To rapadoo tou Bpasog sivat i) pn Sia1o0ntikn apatipnor), ot apalpoviag
AKPEG arto evog diktuo, n anodoor) tou propet va avénbei. Ta oxfjpata 8.2
kat 8.3 eivat mapadeiypata tou tapadodou.

H 186¢a eival va Bedtiwoeig 11g embooeilg tou H1IKTUOU 0€ KATAoTAoT 100p-
portiag, aglornolwviag v oucia 1o Bpasog nmapddodo, va apaipéoei® PepIKeg
OKPEG TOU O1KTUOU, MPOKEPIEVOU va Pewwbel 11 kabuotépnon g porig Naor
(tng pong 1ou mpokaleitat ano v wopporia Naon). 'Etot, 600¢éviog 12,
avalntoupe 1o KaAutepo urnodiktuo, 6nAadr) to unodiktuo mou eAayiotomnotet
TNV KATACTAOT] TRV TAIKI®V 0 100pporTia (Xe1potepn).

Ot Valiant xat Roughgarden [83], mipokeipévou va otnpi§ouv Senpnukda
10 Ttapddogo tou Bpaeog kat va 6ei§ouv ot Sev eival éva kataokevaoua g
dewpiag, anodeixbnke ot (UG MPOCOeTIKA KOOT) 10 TIaPadoio eppavidetat
He peydldn mbavotnta oe tuxaia §iktua, Kat 0t yida pia guotkn diavopn tov
OUVAPTHOE®V, ATTOPAKPUVOT] AKP@V PITopel va BeATIOOoEL, e peydAn mbavo-
Ta, TV KATtdotaor 100ppoItiag Katd éva otabepd napayovia.

Znyv 161a katevbuvon, ot Chung kat Young oto [24], ui00etoviag 1o povteé-
Ao xaiov ypagpnpatev tov Erdos — Renyi £¢6e18e o1 1o tapadoo tou Bpasog
epgavidetat 6tav np > clog(n) yla karnowa ¢ > 1 (n, p tuxaieg mapapeTpot tou
ypagpnpatog). Aeite eriong: [47] yla pia pikpn yevikeuorn arnod toug 1610ug.
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Ixfpa 1.2: Mua povada por|g mpokettat va petadpepbei ano tov kopbo s otov KOpBo
t. (a). H BéAuowm Avon pe mpoobeuikd kootr dpopodoyei 1/2 pvadsg porig oto
nave povoratt (s, v, t) kat 1/2 pony oo kKate povondt (s, w, t), Kal pretuyaivel
OUVOAKO KOotog 3/2. v 1oopporia Nash, 6An n poty rnyaivel péoa and to
povortat (s, v, w, t). O1 KABUOTEPTOELS TOV TTAKIM®V 100UVIAl PE 2, K1 £101 T0 TIHNPRaA
g avpyiag eivat 4/3. (B). Xwpigs tnv akpr (v, w), n wopportia Nash kat 1) Bedtiotn
porn Tautioviat.

Naiyvia pe npooBenkd kéom,.

Auotuxwg, oto [77] o Roughgarden amnodsikvuet ot eivat NP 6U0K0AO OX1
povo va Bpeig 10 KaAutepo urodiktuo, aAdd emiong va UTIOAOY10TEl KATIOW
OUO1AOTIKI) TIPOCEYY1OT yia T0 KaAutepo urodiktuo. Ei1dikotepa, £6ede ot
aKOWI KAl Yld YPAPHUIKEG ouvaptroelg, eivat Suokolo va yivel Sidkplon pe-
1adV mepuTtRoelg Xwpig apddodo, Orou pe arnopdkpuvor akprg dev propet
va BeAdtwbel n kataotaorn 0opportiag, kat paradox ridden, 61oU 1) CUVOALKT)
adpavela g por)g Nash yia 1o kadutepo unodiktuo eival ion pe 1o BEATioto
oUVvOAIKO (6nAadr), apaipeong akpPng PIIOPEL va PEIROCEL TO TiPnNPa g avp-
Xiag oto 1). Autd onpaivel 61t 0 pOvog Yvwotdg adyopiBpog poosyyilong ya
10 KaAUTePO UMOGIKTUO £ival autoe rou Hev adaipei omoladote akpeg!

Ot ®wtdkrng, Kandpng katr Zriupdkng ([42]) e&€tacav 1o rapadodo tou
Braess yla pepikd mPakIikd eviladEpovia OTypuoTuITia Kat £d6moav Evav mo-
AUVUIIKOU Xpovou adyopiBpo nou anodaaoidel av éva diktuo eival paradox
ridden, otav o1 OUVAPTNOELS €ival YPAPHUIKEG KAl AUOTNPA au§ouoesg, £vog
polynomial time aAyopiBpou yia to mpoBAnpa tng e§eUpeong T0 KAAUTEPO
UMOB1KTUO, TOU SEMEPVA OMOIASAIIOTE YVMOOTY] IIPOCEYYIon Yld TNV MEPIT®-
01 YPAPHIIKOV AUSOUO®V OUVAPTHOERDV KAl £€vag aAyoplOjiog yia v eUpeon
€va unodiktuou 1ou eival oxedov BEATiotn ®pt AavOdavouoa Katdotaor) 100p-
portiag, n omoia sivat subexponential, 6tav o apiBpog teov dradpopnv eivat
MTOAU®VUMIKT) Katl KaBe diadpopun €xel prkog polylogarithmic. Artodeikviouv
eriong ot 1o mpoBAnpa anogpaong av eva Siktuo pe aubaipetn YPAPPIKES
ouvaptroetg €Xel 10 Iapadodo avdyetatl oto POoBANPA MApAy®yng 0Amv tev
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BéATiotOV AUoE®V NG £va YPAPHIKO Tpoypappid.

Qg npoéxktaon SeiXvouv Hiag MOAUMVUIIKOU Xpovou p€Bodo mou petatpé-
et ) BéAniotn pon oe pia Naor) por) pe ) draypadr) akKpov rmou dev Xpnotpo-
molouvial aro tr BEAtiotn por), Kal pe eAAX10TEG TPOITOITO0E1S TV latencies
OTlG UTTOAoleg aKpEG. Ao ta apvnuika arnotedéopata tou Roughgarden,
n npoortdbeila evioropou tou Braess napadofou Sev €potale va €xel Kivh-
1pa. AapBdavoviag uroyn ta anotedéopata tou [42] ev toutolg, o poBAnpa
yivetat oAU 1o evolapEpov.

Naiyvia pe kéom akuic cupedpnonc.

KdaBe naiyvio pe akpr) oupdopnong sival yvootd ot £xel pia por] Naon
mou eival BEAtiotn ya 1o 61KTuo, pe v évvola 0Tl EAaX10TOTIOEL T PEYIOT)
KaOuoTEPNON OXETIKA HIE OTTO1AdNTIOTE X PN OIHIOTIOI0UVIAL KT, YVROOTOG KAl
®G TO KOOTOG NG OUPPOpPnong tou diktuou (r.x. Oeite [11]). Amo tnv dAAn
mAeupd, naityvia pe akpn oupgopnong £Xouv ouvhOmg roAAEG S1aPopeTIKES
poeg Naor, PeEPIKEG APKETA PNAKPLA Ao T0 BEATIOT0 KOOTOG. 26 €K TOUTOU,
EXEL UTIAPEETL £va ONUAVTIKO evB1a(PEPOV Y1a TNV ITOCOTIKOIIOINOT) TG UTtoBAa0-
Hiong g arnodoong AOY® TV [ CUVEPYATIK®OV TIAIKIOV KAl TG EYDIOTIKNG
ouprieptpopdg oe (S1apopeg mapaddayég twv) nmatyviov pe akpyr cupdopnons.
ArAd napadetypata (BAcme, .., oxnua 8.2 1) [27, oxnpa 2]) anodeikvuouv
OTl TO TipNpa g avapyiag os maiyvia pe ypappikeEG ouvaptroelg PIopet va
eival 1600 peyddo wg n, onou n sivat o aplBpog twv KOPuPV ToU H1KTUOU.

a naiyvia pe akpr] oupgopnong, ormou o mMANBUopog 1OV MAIKIeV eivatl
MENePAoPévog, Katl kKABe maiking eAéyyxet éva nonnegligible moco tng KUKAO-
popiag, n omoia uropel va xoplotel avapeoa oe 61aPopeTKA Povordtid, ot
Banner xkat Orda [11] mapatipnoe o0t 1o Tipnpa tng avapyiag propet va stvat
areP10P10To, AKOHI Kal yld oAU arndd diktua, av ol maikteg £xouv drapope-
TIKEG APEINPIeG KAl TPOOPIOHPOUS KAl EKOETIKEG oUVaPTHoelg KaBuoTtEPnoeg.
A6 Vv dAAn mAeupd, ot Banner kat Orda anédei§av ot av o1 IaiKieg Xpnot-
portolouv §1a6p0o1€G TTOU EAAYX10TOTIONUV TIG AKHEG OUPPOPNONG, TOTE OAEG Ol
po¢g Naon eivatl BéAtioteg. MNa pia mapadAayr) OIoOU 10 KOWKVIKO KOOTOG €i-
val 10 KOOoTog ToU péoou (avti yia to peyioro) ot Cole, Dodis, kat Roughgarden
[27] anéde€av 6t to tipnpa g avapyxiag eivat 4/3, opiotel pia véa 100ppo-
tia, uttoouvoAo tewv Nash 1coppotiiav, TIou ovopdadetal subpathoptimal Nash
péet, ewpeitat povo.

Ztn ouvéxela, ot Mazalov xkat aidot [62] £6e§av v avarnoteAeopatiko-
ta oty porny tou Naon umnod v €vvola aut] TOU KOWV®VIKOU Kootoug. [a
atopka unsplittable atyvia e akpr cupgopnong, ornou Kabe naiking 6po-
poAoyetl pua povada tng Kukdodopiag PEO® evog povomatiou, ot Bavvep kat
Opba [11] amodeikviouv o1l yia MOAUGVUHIKEG ouvaptioelg Babpou 6, to
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flow:1//

(a)

Ixfpa 1.3: 'Eva nmapadeypa tou rapadodou maiyvia akpov oupgopnong. Ocw-
pouple éva maiyvio cupdopnong He TAUTOTIKEG oUvapToelg Kabuotépnong Kat pia
povada porg ripénet va petadepOdet amo tov s otov t. H xepodteprn 1oopportia, oto (a),
mepvagl 0An 1 por) aro 1o (S, W, v, t), Kat £€xel KOotog 100 pe 1. Amo v aAAn pe-
p1d, n BéAtiotn por) riepvd 1/2 povadsg porg péoa ano to povordn (s, u, t) kat 1/2
povadsg porjg aro 1o (s, v, t), kat £xel kootog 1/2. Apa, PoA = 2. Tro urnodiktuo
(B), rou 1o maipvoupe av apaipéooupe v akyn (U, v), £Xoupe povadikr) 10oppora
Nash rou ouprtirttet pe v BéAtiotn por), Kt pétot to PoA yivetat 1.

Tipnpa g avapyiag eivar O(md), 6rmou m eivat o aplOpog TV AKPOV TOU
dktuou.

Amo v aAAn mieupd, ot Epstein kat dAdot ([31]) arodeiyxOnke ot ya oet-
plakd rapdAAnda diktua pe aubaipeteg ouvaptroelg KabBuotépnong, OAeg ot
pogg Naon eivat BéAtioteg. Ex 1oV votépwv, Busch kat Magdon — Ismail [18]
anodelkvuouv 0Tl 10 Tipnpa g avapyiag oe atopika unsplittable atyvia
He aKprn oupgopnong He TAUTOTIKEG OUVAPTHOElS KaBuotépnong propet va
oploBeteital amo TG PUOIKEG TOITOAOYIKEG 161011 Tteg Tou diktuou. E1dikotepa,
aréde§av ot 10 Tipnpa g avapyiag aute®v TV matyviev eivat oplobetei-
Tat anod nave anod O(l + logn), onou 1 eivatl 1o PnKog g peyaiutepng s — t
Sradpoprig, kat and O(k? + log®n), érou k eival 10 PAKOg TOU PAKPUTEPOU
KUKAou. T'a dAAn pa @opd, os autn I NePInteor, €vag propel va drakpivet
U0 aKpaAiEG TIEPUTIROELS : TIEPUTIVOEIS XDPIG rTapadoo, Orou arnopdkpuvon
akpng Sev pmopel va Bedtimoesl 10 KOotog Xepotepn Nash 1oopportiag, Kat
YERATEG TIAPAS0EO0 MEPUTIRNOELS, OTTOU TO KOOTOG TG Xe1potepng Naon 1coppo-
miag oto KaAutepo umtodikTuo eival 101 pe 10 KOoTog CUPPOPN oS ToU S1KTUOU
(beite emiong: [77, 42]).

To approximability tou oxedlaopou BEATIoT®V UTTOSIKTU®Y, yid pd Yevi-
KEUOT] TOU 0Xe61a0110U OTIoU v PUITOPOUE va ApAlpOUE OPIOREVES AKPEG,
Yewpndnke and toug Hou kat Zhang [52]. T'a atopika unsplittable natyvia
He akpn oupdopnong pe H1apopetikEG PoeAeUoelg Kat IPooplopoug yid Ka-
¢ naixktn, arédei§av ot eav ot Aettoupyieg ot AavBavouoa Katdotaor) eivat
noAuwvupa Babpou d, eivalt NP §UokoAon MPooEyylon T0U KAAUTEPOU UTTO-
Sktvo pe évav mapayovia O(m?¢), yia onowadrriote otaepd € > 0. Ermu-
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nAéov, yla k — splittable natyvia pe akpn oupdopnong pe nmoAAarAd origin
destination {guyr), anédei§av ot eivat NP 6U0K0A0G 1) IIPOOEYY10T TOU KAAU-
TEPOU UTIOO1KTUOU £ViOg otabepou mapdyovia.

Qot000, 111 IIPOCEKTIKI] UATld Otn Peinon tov [52] armokaAuvriiel ot n
oxupotIa v inapproximability arnotedeopdtev egaptdtal arnoPaciotika
and () éu priopoupe poOvVo va KATAPYNON OPLOPEVOV AKHPEG Arto To HIKTUO,
€101 OOTE TO UTIOSIKTUO TOU MPAYHATIKA PIopet va mpokaAet uyndo tipnpa
g avapyiag dev propet va kataotpagei, kat (1) o6t o1 naikteg £xouv da-
(POPETIKEG APeTNPieg KAl TIPOOPIOPOUG (KAl emiong €ival AtOPIKO KAl €X0UV
dlapopetikég mood kukAogpopiag). 'Oco yia ) onpaocia ng (1), oe pia drapo-
PETIKY] TIEPIITTOOT], OTIOU TO ETHIEPOUSG KOOTOG TOV TIAIKIOV ivatl to aBpotopa
IOV POOT®V TOV AKHU®OV OtV IMOPEeia TOUG Kal T0 KOWVOVIKO KOOTOog £ival to
KOOTOG NG OUPPOPNOoNG Tou S1Ktuou, eival yvootd ot Bpasog tou mapadoo
propel va eivat Spapatikda mo coBapod yla mepurtioelg e nmoAdamndd origin
destination {guyn amo OTl yla MEPITIOOEIS PE €va eviaio origin destination
Ceuyapt.

ITio ouykekppéva, ot Lin kat addot oto [59] anéde§av ot1, av ot naikteg
£XOUV 111 KO1VI] TIPOEAEUCT] KAl IIPOOP1oH0, 1 ATTOPAKPUVOT) 10 oAU k a-
Kpov ano 1o diktuo dev propel va BeAdtiwosl v 10opporia KOOTOUug Katd
éva ouviedeotn peyalutepo ano k + 1. Ano v dAAn mAeupd, ot Lin kat
aAldot [58] mapouciacav pia nepimeon pe dvo origin destination {guydpla
OTIoU 1 agaipeon plag akpng BeAtiwvel v 100pportia Katd €va mnapayovia
2%(n). Qg ek TOUTOU, TOCO Ot TEXVIKI] GO0 KAl O EVVOIOAOYIKO emimedo, ta
aroteAéopata g U IPoosyylotpotntag tou [52] dev pixvel mpaypaukd gag
OXEUKA pe v approximability tou (amlou, pn emAeKTKoU) npoBAnpartog
oxed1aopou BEATIOTOV UTIOSIKTUGY, OTNV AmMAOUOCTEPT] KAl IO evdlapEpouca
MePiMIeOon nalyviov pe akpn ouppopnong pe €va Kowo origin destination
{euyapt yia 6Aoug Toug maikteg.

1.4 Maiyvia ge naikre¢ euvaiodnrouc o10 pioko

O1 nieproootepeg epyaoieg épeuvag oe [IE ouolaotikd ayvoouv 10 OTOXAOTL-
KO XapaKtpa otig Kabuotepr)oelg T®V aKPQV, £va XApaKINPlOTIKO YVOplopd
OTIG ITI0 TIPAKTIKEG £PAPHOYES, KAl UMTOOETOUV OTL 01 MAIKIEG EMAEYOUV TG
OTPATNYIKEG TOUG e Ao Vv enakp1Br) Yvoor TOV OUVAPTIOEDV TOV AKUGOV.
AvtiBeta, oy npaypatikn {@n oe 6iktua petapopav 11 oe HIKTUA THAEMKOL-
VOVIOV 01 TIAIKTEG eV PITOPOUV va TIPoBAEPOoUV pe akpiBela v MPAYHATIKN
Kabuotépnon. Autd oupbaivel X1 povo emeldr) o1 Taikieg 6ev Priopouv va
yvopidouv v akpiBr)] ouppopnon oe Kabe akpr), aAAd Kat Aoy oV (K TV
POTEPROV AYVOOTOV) EEDTEPIKAOV YEYOVOTR®V (IT.X., KAIIO1d £EpYA0iAa KATAOKEU-
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G, £va PIKPO aTUXNd, Jd arotuyia ouvieong) TIOU ITTOPEL VA ETTNPEACEL TIG
OUVaPTNOELS TOV AKPOV Kat va erudepet aBeBatotnta. Eival emopévag puoiko
va unoféooupe o1l o1 naikteg da aroPpacioouv OXETIKA HE TS OTPATIYIKESG
T0UG pe Bdon povo 11§ EKTIPNOEIS TOUG Ot MPAYHATIKY Kabuotépnon, Kat
10 IO ONPAVIIKO, 0Tt 9a £€Xouv amoAutn eniyvoorn tng aBeBaldotntag Kat v
mbavr) avakpibela v ekupnoeqv toug. 'Etot, yia va ipogpuAiayxbouv ot id101
arno pua auvdnpévn kabuotépnor, KAbe Popd Imou autd UIopel va €Xel pia
ONMAVIIKY EIITIOON, Ol MAIKTIEG ETMAEYOUV aKEG pe Atyn aBeBaidtnta (rt.y.,
avBperot eite AapBdavouv pia aodpalr) dSadpopr 1) oxedradouv ya pua larger
than usual kaBuotépnon otav INyaivouv yida pia Onpavilkiy ouvavinon).

Tétoror ouddoyigeoi Snpoupyouv IIE pe otoxaotikég kabuotepr)oelg Kat
naikteg evaiodnroug oto pioko, érou avti yia ) Stadpoyir) mou eAaxiotorotet
v rpoBAsnidopievn) (1 avapevopevn) kKabuotépnor), KOs naiking ermAgyet pa
mopeia Mmou eyyudtal pla AOY1KA XapnAn mpaypatky kabuotépnon pe pua
apkretd uyndn owyouptd.H npaypatikr kabBuotépnorn tou Kabe maiktn pro-
pel va povtedoronOel and pia tuxaia petaBAntr). Xtn CUveEXeld, pld KOvh
napadoxr) eivatl ot o1 aikteg rpoortabouv va eAayiotonoinBei eite £va Kupto
ouviuaopo otnv péon Tipn Kat ) dtakupavorn g kabuotépnong, 1 €va ouy-
KeKpIpEvo quantile tng katavoprng g kabuotépnorng (deite emiong: [82, 34]
yld 11§ OUVAPTH0E1S KOOTOUG MAKIOV 1E euatobnoia oto pioko, kat [72] oxett-
Kd pe mbavoug TpOIroug ITOCOTIKOTIONoNg Tou Kivduvou otr) BeAtiotonoinon
KAT® anod aBeBaiotnta).

Metd v napandave kateubuvon €peuvag, ot Ordonez kat Stier — Moses
[68] Sewpouvt pn atopika I[IE, 6mou o MAnBuopog tev naikiov sivatl Arelpog
Kal KaBe maiking eA&yXel pla apeAntéd moootnta ToU @opTtiou, Katl MPoTei-
vouv 1 KaBe Srabpour) va tpwpeite pe évav mpoobeto 0po mou auddavel pe
TNV Aarootpodr) ToU K1vdUVou aro toug naikieg, Kabmg Kat pe myv peylotn a-
TTOKA101 AId TV avapevopevn kabuotépnon g dadpopn|g (@otoco autog o
0pog bev e€aptdrat aro 1o PAYHATIKO POPTIo TV akpev). I'a kabe diadpo-
H1. o mpoobetog 6pog Propel va ermAeXTel ite @G KAAoPa tng (Kat aviiotot-
Xa éva quantile pag tuxaiag petaBAntig avaloya) PEYIOTNG ATIOKA1ONG Ao
Vv avapevopevn kabuotépnon g dradpoung, 1 armid, og 1o dBpolopa tev
KAQOPATOV NG PEYI0TNG AITOKALONG A0 TV avapevopevn Kabuotépnon g
aKpéG otn H1adpopr), OIOU ITOCOTIKOITOLEL TO risk aversion T®V MAKIOV. YII0
HEPIKES YeVIREG TTapadoxEg, 1o [68] amobeikvuel o011 pia 100pporTia Undpyet
Kat eival ouolaotikd povadiky) o€ OAEG TIG TIAPATIAVE® TTEPITTWOEIG.

Ztn ouvéyela, ol Nikolova kat Stier — Moses oto [67] ripdtevav €va po-
vtedo pe risk averse maikteg, orou kAOe naiking ermAéyel pa nopeia mou
elaylotornotel v avapevopevn KabuotEépnorn ouv éva MOC00TO NG TUITIKNAG
anorAon g Kabuotépnong, mooootd IMouU MOOOTIKONOolEl 1o risk aversion
IOV MAKTIOV. Ospnoav pn atopika kat atopika I1X, og eni to mAsiotov
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P& opoloyevrg maikteg, ou potpddovrat v idia otdorn arévavit otov Kiv-
duvo, kat diakpivovial petady 1@V UMOBECE®V OTIOU 1] TUTTIKY ATOKA10N NG
kabuotépnon puag Sadpopng sival e§wyevrg, dnd. autd eapratat anod to
(POPTIO TV AKU®V ot 61adpolin), KAl OTInV IEPITTOOT] OTIOU 1] TUTTIKY ATTOKAL-
on eivat evdoyevng, 6nAadn, eival cuvapinon tou goptiou. ot Nikolova rat
Stier — Moses [67] aniédei§av o011 otnv e§wyev) MEPITI®ON, TTOU £lval TapOPo10
pe 1o poviédo g [68], (un atopika kat atopika) ta otoxaotika [IX ouowa-
oTIKA Statnpouyv tig 1810t1eg TV KAaookeVv [1X : erubéyovial pia ouvaptnon
duvapikou Kat, ot P atopiky MePini®on, pia povadikr) 100pportia, Kadang
Kdl 1] AVATIOTEAEOPATIKOTNTA TOV 100pPOTT®V PIopel va oplobeteitatl pe 1610
Tpomo pe ta KAaooika [IX. Zinv evdoyevr) niepinmeoorn, anédei§av ot n pn) ato-
Hika otoxaotukd ITE erubéxoviat pia 10opportia, ) oroia gv eivatl anapaitnta
Kat povadikr, aAddd dev pnopei va dexBel cuvaptnon Suvapikou. Emutiéov,
1a ATOUIKA otoxaotika IIE pmopet va punv €xouv PNE akoOlin Katl OtV dArAr)
EMEKTAOT TTAPAAANA®V OIKTUGV PE 2 MAiKIeg KAl YPAPHIKEG KaBuotepr)oelg.

Metd and auto 1o POodATo EPEVUVITIKO £PY0, Pla KAAUTEPT] KATAVON 0N
TV 16100V 10V (atopikev) IIX 11 oToXaotikeég Kabuotepr|oelg Kal TAIKIES
euaioBntoug oto POBo Paivetal OUCIACTIKY), EVE MEPUTIOOELS L€ AVOHOI0YEVELG
naikteg anévavit oto oBo dev £xouv pedetnOel kaboAou.

v mpaypatikonia, UTTAPXEL £va ONHAvIiKOG OYKOG £pYACl®V Yid TIg
JempnTIKEG KAl TIPAKTIKEG TITUXEG TV OIKTUGV petadopdg pe aBéBaleg ka-
Suoteprjoeig (PA. 1.X., oudrtnon kat ot avadopeg oto [67]). Qotoéco, autr
1 YPAPHn NG €peuvag €oTidadetal ot Pn atopiKY MEPITI®on Katl utofetel
€101KEG £VVOIEG TOU EMPEPOUG KOOTOUG. Me Kivrtpo epappoyeg Orou ot rnai-
KTEG £€XOUV POVO HEPIKI] YVAOOT] TOU AplfPoU IOV MAIKIOV ITOU CUPHETEXOUV
oto mayvidi, ot Ashlagi, Monderer kat Tennenholtz oto [7] Sewpnoav I1Z
oe parallel links 6iKtua e OTOXAOTIKOUG TAIKIEG. 0TOCO, TO KOOTOG TRV
MAIKTI®V OTO HOVIEAO TOUG €ival 1 avapevopevn Kabuotépnorn g ermAeype-
V1§ aKprg, Kat €tol ot naikteg eivat risk neutral. Medétmoav mixed Nash
1o00pportieg, Kat aredei§av Ot pa YeVIKEUOon g MANP®OS PIKTHS 100pPO0ITiag
TIAPAPEVEL P1d PIKTI) 100pPOTIid, AV 01 TTAIKTEG £ival OTOXAOTIKOL.
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Kepdraio 2

Yuveiopopd ¢ Epyaoiac

Ta [Matyvia Zupdoépnong arnotedovv £va aro Td Io EKTEVAOS PEAETnHEVA TTe-
6la tng aAyopOuikng Sewpiag nayviev. Ilapodauta, onwg avapevotav u-
TAPYXOUV AKOUN avolXTd rpoBAnpata otnv meploxt.

H otoyomnoinor| pag frav dittr), av kat 1eAkd Kat ta dUo pepn g ouvde-
oviat. i pia Kateubuvon acxoAnOnkape pe poBAnpata oxet{opeva e to
napadodo tou Braess o€ naiyvia pe rmpoobetikd KOotn aAAd Kat o raiyvia pe
KOOI OUYKEVIPOONG, Ttdtyvia dnAadrn) mou 1o KOOoTog TV POVOIIATI®V 100UTE
H€ TO KOOTOG TG 0 aKP181)G AKHIG OTO POVOITATL, Katl Pe ta 6o rpoBAnpata
va Bpiokovial oto Xopo tev npoBAnudtov rmou oxetridoviatl pe ) peiworn tou
TIPPAtog g avapyiag

Zinv aAAn kateuBuvon acXoAnBrkape pe 1o mPoBAnpua yevikeuong tov
natyviov oupdopnong Pe TpoIov MoTe 01 TUXAlOTTd OTI§ OUVAoPToelg Kabu-
otépnoetg va AapBavetat unioyty, eottddoviag Katd Ao otnv PoVIEAOTIoinon
g TiNyns g aBeBaiotntag otig kKabuotepnoelg twv akpov. I[lépa amo ta
AroteAéopata yia auto 1o HOVIEAo, He EKMANSN Slarmot®oape otl autn 1
povtedomnoinon piXvel @G o £€va VEO TPOTO HEI®ONG TOU TIPNHATOS TS a-
vapyxiag, auto eivatl 1 eKPETAAAEUOT TOU @OB0U TOV TTAIKIOV ATIEVIAVIL OTNV
aBeBatdtnta wote npoobitwviag aBeBalotnta oav S0puBo oToUg ITOPOUG-AKHES
TOU O1KTUOU va BeAtiwbel ) arodoor) tou. Av OKEPTOUHE TO TEAEUTAIO YEYOVOG,
ot duo rateuBuvoelg tng H0UAeldg pag svvortolouvidt.

[Mapaxkdate neplAnmuika divoupe ) cuvelopopd pag oe kKabe €va ano ta
npoBAnpata rmou peAetOnKav eve otg okOAoubeg evotnteg priaivoupe oe
TIEPIO0OTEPES AETITOPEPELES.

e To rapddo&o tou Braess otig S1apopeTikeéG EKOOOELG TRV MALY VIOV OUN-
(POPNONG HE KOOTI OUYKEVIP®ONG Oev 1Tav MANPOSG KATAVVOIHEVO KAl
epeig katapépape va kabapiocoupe 1o medio yla v Pacikn ekdoxn
auteV 1OV atyviov (urosvotnta 2.1 kat kepaiaio 4.
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e Tuyxala diktua mou €xouv pedetnOel pé€ypt onpepa, pe peydin rmoavo-
ta IAcXouv anod to rapadodo tou Braess otav ta Koot eivat poode-
ukda. Katagépape va 6ei§oupe ot katd pva €vvola, o Tporog yla va
arodei§elg 10 mapandve yeyovog Urmopet va xpnotpornondel yia tmy -
EdAewyn tou apadofou oe autd ta ditua (urosvotnta 2.2 kat kepaiaio
5).

e Ta otoyaotukda maiyvia cupgpopnong Kat o poBog arévavit oto pioko
£Xouv tpabr)iel TTOAU pocoXr) ta tedeutaia xpovia. Me ) doudeld oto
KepaAalo 6 (ouvelopopd otnv umosvotnta 2.3), mpox®wpdpe éva Brpa
AKOWI OTNV KATAvonor authg tng KAAong matyviov.

e Y& OUYKEKPIPEVEG MIEPUTIMOELS, Ol OTOYXAOTIKEG KaBuOoTePr|0elg PITOPOUV
va BeAtiwoouv ) cuprnepidpopd tou Siktuou (BA. [71]). Zto kepdAaio 7
(ouvelopopa otnv unosvotnta 2.4), 6eixvoupe MG PIMOPOUHE va EKHE-
TaAAeutoUupe TOV @OB0 TV TIAIKTIOV Kdl va BEATIO®OOUNE TV artodoon
10U d1KTUOU.

2.1 MNapddokto 10u Mnpaeg oe MNaiyvia pe Kdéom Euy-
KEVIPWONG

Epeuvoupe v nipoosyylonpotnta tou mpoBAnpatog oxe61ac0u Urmod1IKTtuev
OTNV TT0 ATTAT] KAl (PAVOHEVIKA TTI0 €UKOAA vd TIPOCEYYIOTEL €KO00T] TRV TIal-
YViQV pe KOOt OUYKEVTP®O1S (Pe £va povo (eUyog IIPOEAEUONG-TIPOOPIOH0U).
To kUplo anotéAdeopa pag sivat ot 1o PoBAnpa supeong PéAtiotou umnodi-
KTUOoU gival H8UoKoAO va mpooeyylotel péoa og €UAOYOUG TTAPAYOVIEG, AKOUT)
KAt av £€X0UHE YPAPHIKEG auotnpd auiouoeg ouvaptroelg kabuotépnong. ES
00wV yvepidoupe, autr eival n mpwtr H0UAELA TTOU PEUVA TNV ETTTIOOELS TOU
napadodou 1ou Bpaegog kat v nmpooeyylonuotta tou rpoBAnpatog oxedia-
OHOU UMOdIKTUGV Yia T Baocikr) €K6001 TV MAlyVieV Pe KOOt OUYKEVIP®-
ong. Ia myv npetotunn epyaoia deite [41]. To oxfpa 2.1 ocudAapBavet 1o
Poviédo oto 0oroio Ta anotedéopata autng g £pyaciag 1oxuouv.

Zinv evotnta 4.2, Xpro1oTIOI0UHE TEXVIKEG TTIAPOHOLEG e eKelveg Tou [31,
27], kat delyvoupie 6T ta naiyvia cupdopnong dev maoxouv aro 1o napadoo
tou Braess, cite, €dav 10 6iKtuo eival ociplako-riapdAindo, 1) av AdaBoupe
unoyrn povo unodtadpourng-PéAtioteg Naon poég (oplopog otnv evotnta 4.1).

Zinv apvnuikn mAsupd, oty evotnta 4.3 deixyvoupe pe pia avayeyr ano
10 2 Directed Disjoint path mipoB8Anpa ott akoun Katl yid YPAPRKES ouvap-
moetg, etvat NP §uokodo va avayvepiocoupe 1o rapadodo (Anppa 4.1). Zinv
paypatkomta, n avayoyn deiyvet ot eivat NP 6Uokodo va yivel iakplon
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IZxfpa 2.1: To KEVIPIKO ATOTEAEONA TTOU 10XUEL TO00 08 OUPHETPIKA OO0 KAl 0L HI)
OUPHETPIKA Talyvia PE aKPEG OUYKEVIPOONG.

atomic

petadu paradox ridden mepuTtOCe®V (TEPUTIOOELS X®PIS KABoAoU rtapabodo)
KAl MEPUTIVOERDV XwPig rapadodo, kat katd ouvérnela, eivat NP §Uokodo va
npooeyyioouv 10 mPoBANpa oxedlaopolu H1KTUoU €ViOg ITAPAYOVIOG PIKPOTE-
pou tou 4/3.

Ly evotnua 4.4, epappoddoupe ouolaotikd v ida avaywyr, adda pe
g€vav enavadapBavopevo TPOTo, KAl ArToSEVUOUNE €va TTOAU 10XUPOTEPO a-
notéAeopa n npooeyylonpottag. Eidikotepa, pnopovpe av urobécoupe tv
urnapén evog gap, n oroia pag BeBatmvet 011 1 eUPEOH TOU KAAUTEPOU UTTOH1-
KTUOU gival [ mpooeyyiolog péoa o £va TIapdyovid HIKPOTEPO ATio Yy, HE
KATAOKEUT Iapopola pe autr) tou Anppatog 4.1 addd pe pepikeég akpeg av-
TIKATAOTNPEVEG Ao aviiypada tou H1KTUuou 1ou Sivel T0 OUYKEKPIPEVO gap,
va evioxuocoupe 10 inapproximability gap pe ouviedeotr) 4/3, au§avoviag
napadAnda BéBaia 1o peyebog 1ou H1KTUOU mepinou Katd evav napayovia 8
(Anpupa 11.4). Qg ek toutou, {exkvaviag arnod to gap 4/3 nou bivetatl anod to
Anpua 4.1, xkat avadpopikd epappodoviag autn g KATAOKEUT] £va Aoyap1o-
PKO apBpo gopwv, deixvoupe ot eivat NP 6U0KOAO va mpooeyyiooupe to
npoBAnpa oxedlaopou H1KtUou yla maiyvia pe ypappikeg ouvaptoelg Ka-
uotépnong péoa oe évav apayovia O(n®1217¢), yia onowadnnote otabepa
€ > 0. 'Eva evBlagépov 1exvikéd onueio eival katapépvoupe va dei§oupe autod
10 inapproximability amotéAeopa, akopa Kt av 6ev EEPOUHE TIOG va UTIOAOYi-
ooupe v Xe1podtepn oopportia oto uvnodiktuo. H avaywyr pag xpnotpornotet
TNV OUYKEKPIPEVH O] TOU UMOHIKTUOU Yld TOV EVIOIIOHO KAALG MTPOCEYY1-
ong yla 1o Kadutepo unodiktuo. EE dowv yvepidoupe, autn sivat n mpwoin
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(OPA IOU {1 IMapopold avadpopiki) KATAOKEUT Xprolponodnke yua va
HEYAARDOEL TO OP10 Y1) MIPOCEYYIONUOTNTAG Tou TpoBAnpatog oxedtaopou Hi-
KTUeVv addd kat yla ortotodrrote aAdo rpoBAnpa BeATiotonoinong mou oye-
tidoviatl pe v eywiotikry SpopoAoynor.

Zto murpa 4.5, Sewpoupie ouvaptnoelg KaBuoTEPong mou mMANPOUV TV
nipounoBeon Lipschitz kat mapouotddoupe Eévav alyoptOpo yla v eupeor) Eva
UToS1KTUOU TI0U givatl oxXedov BEATI00m 000V APopd TO KOOTOG OTNV XEPOTEPT)
Naon 1oopportia, otav n xeipotepn por) Naon os to KaAUtepo urodiktuo 5po-
PoAoyel pia pn apeAntéa moootta tng PONg OTlG AKHPEG TTOU XPIO10IT010UV-
tat. O aAyopiBpog Baoiletat oto Sparcification Anppa tou Althofer ([5]), kat
and v npoéopatn epappoyn oto [42]. Ta omowadnmote otabepd € > 0, o
alyopiBpog urodoyidet éva urnodiktuo kat pia €/2 mpoosyyloukr Nash pon
HE KOOTO T0 TMOAU rpooauinpévo katd O(€) oe 0X€on HE T0 KOOTOG OTo BEA-
Toto unodiktuo. O xpovog tpedipatog eivat repirou pretuogm)/€® - a1 givar
quasipolynomial, 6tav 1o TIAN00¢ TV povorati®v eivatl quasipolynomial.

2.2 Mapddoko tou Mnpaec oe MNaiyvia pe NpooBetnkd
Kéom

Egpoppwvtag ano ta [24, 25, 84] mou anodeikvuouv ot ot tuxaiot Erdos —
Renyi G(n, p) ypagot eivat ermpperneig oto rapadodo, utobstovpe pia kabapd
adyop1Opikr) nipoogyyion. Eotialoupe oty 14N 10V arnokaAoUPevov KaA®v
OTIYHUOTUTI®V, ITOU £ival MEPUTIOOEIS SIKTUMV HE TIG 1010TNTEG TTOU XP1O110-
nolouviatl ano ta [24, 84] yia va arnodsiyBei 1 pe peydin mbavotna epda-
vion tou Bpasog mapddodou ota tuxaia autd diktua. v npaypatkoia,
KATTI010G PITopel eUKoAa va BeBaiwbel ot ta tuxaia ouypuotuna ota [24, 84]
etval kadd ottypuoturna pe peydAn rmbavotnta. AroSe1kvioue 0Tt 08 TIOAAEG
eEVO1aPEPOUOEG TIEPUTIOOELG, UITOPEL 1] TPOCEYY1OT TOU KAAUTEPO UTIOSIKTUOU
KAl TG 100pPpOortiag autou va yivel anodotikd edikir). Autd mou PIopeiv va
elval akopn 1o eKIMANKTIKO €ivatl 0Tl 0 IIPOCEYY10TIKOG 1ag aAyopiOpog Baot-
{etal OT10G EMEKTATIKEG 1610TNTEG TOV KAA®V OTYHUOTUTIOV, 6nAadr) otig 161eg
161011eg TIOU Xprotpornoieiovvial ota [24, 84] yia v anoden g pe pe-
yaAng rubavotntag urtapéng tou napadogou ota kadda ouypuotuna !lES 6owv
yvopidoupe, ta anotedéopatd pag eivat ta mpata Je@pnTikou Xapakipd rou
deixvouv ot 10 Ttapadodo tou Braess propei va e§adeipBel arotedeopatika
0€ J1a PEYAAn Katnyopia evilapEpouomV MEPUTIOOE®V. ['a NV MPEIOTUIT
epyaoia beite 1o [41]. To oxfjpa 2.2 ocudAapBavet to poviédo rou Sewpeitat
O€ AUty Vv epyaocia.

Texvikd, apouotadoupe OUOLAOTIKA €va IIPOOEYYIoTIKO oxnpa. [a éva
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Zxnipa 2.2: Ot nepuTt®oelg rmovu ta tuxaia diktua Bpiokovrai

atomic

KaAo ottypuodturio kat kdBe otabepd € > 0, unodoyidoupe pa porn g 1ou
etvat pla e Nash pon yla to urodiktuo mou artotedeitatl anod TG akpég 1mou
XPNOIOTIO0UVIAl Ao autnv, Kat £€xel kootog L(g) < (1 + €)L + €, omou L
etvatl 10 KOOT0g g 100pportiag oto KaAutepo unodiktuo (Sewpnpa ). H po-
1 g €xe1 pe peydAn mbavotnta auvteg ug 1010tnteg. Ta amoteAéopata pag
10XU0UV yla orolodrnrote §iKTuo otnv Katnyopia 1oV KAA®V OTIyHUOTUIIGV.
Auto, guokd, nieptdapBavetl toug G(n, p) ypadoug pe To p va eival mave anod
TO OP10 OUVEKTIKOTNTAG, AAAd €TTiONG PIopel va rieptAapBavel AAAoug TUTIOUG
uxaiov expnaders (enektat®v). Tr prioocoey10TIKO pag oxapa IpEXEL o€ To-
AUGVUNIKO XpOVo Yla v o evdladépouoa nepintmor), rnou 1o diktuo eivat
OXETIKA apaildo Kal T0 000 OUVOAIKNG KurAogdopiag r eivat O(poly(lninn)),
OTT0U N €ivatl 0 apiBuog IOV KOPUP®V. ZUYKEKPIIEVA, 0 XPOVOG Tpesipatog i-
val TTIOAU®VUIIKOG av To KAaAo iktuo £xet péco Badpo O(poly(lnn)), dnAadn,
av pn = O(poly(lnn)), yla to tuxaio G(n, p) diktuo kat quasipolynomial ya
péooug Badbpoug pexpt o(n). 'Ocov apopd 10 CUVOAIKO TT00O KUKAOPOpiag, ot
TIEPIOCOTEPES EPYAOIEG EYDIOTIKIG HPOP0AOYN0NG KAl eTiAUoNG TIPOBANIATOV
0Xe01a0P0U HIKTUGV PE EYDIOTIKOUG XPHOoTeG UTIOOETOUV OTL ' = 1, 1] TOUAd-
Xtotov Ot to r Sev auiavel pe 10 péyebog tou diktvou (BA. 1.X., oto [76],
Kat 1g avadopég ekei). 'Etol mopoupe katl npooeyyi{oupe oe MOAU®VUNIKO
XPOVO, T0 KaAUTEPO UTIOSIKTUO yla Pid PeEYAAn KATNyopia MEPUTIOOERDV TT0U,
pe peydAn rmbavotnta, nepldapBavouv ekOetikd moAAd s — t povorndtia Kat
povortdtia prkoug O(n). T'a tétoleg rmeputOoelg, pia ApPeor epappoyr) Tou
[[42], Sewpnpa 3] divel évav adyoptBpo ekBetikou Xpovo.

H kevipikr) 18éa niom amod v mpooeyylor] pag, Kal 1 Kupla TEXVIKL pag
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ouvelodpopd pag, eival piia MoAUEVUPIKOU XpAOvou avay®yr) Tou IpoBAnpatog
o€ €va KaAo outypuoturio G oe ipoBAnua oe éva andouoteupévo diktuo Gy, 1o
ortoio eivat éva layered 1KTuo MOU MPOKUITIEL AV KPATI|OOULE ATto Tov G 16vo
TOV S, TOV © Kal TOUG TOUG APIECOUG YEITOVEG TOUG, KAl CUVOECOUE OAOUG TOUG
YEITOVEG TOU S KAl ToU t pe pndevikou Kootoug akpég. I[pota deixvoupie ot 1o
KOOTOG TG 100pPOTTiag 0To KaAUtepo urnodiktuo dev audavetal otav Sewpoupe
10 armonoupéva Gy Anppa 5.2). Av Kat autd PIopet va akouyetdl AOYiKo,
Tovidoupe o011 pikopativoviag oe O 10 KOOTOG P1aG AKHUNG PITOPEL va TIPOKAAE-
ooupe rapddoto tou Bpaeog (.., sexkvaviag arod to diktuo oy Ewk. 8.2.a
pe d(v, w)(x) = 1, kat i peiwon oy d(v, w)(x) = 0 eivat évag aAAog Tporog
POKANoNG toy napadodou). H onpaocia tou amdomnoipévou diktuou givat o-
TL 0 peyddo Babpo amdormnotei 1o mpoBAnpa eUpeong KAAUTEPOU UTTIOSIKTUOU,
dedopévou OT1 pag ermTPEnel va EMKEVIPOOOUHE OTO POPTONA TOV AKHIOV TV
s kat t. Ze éviovn avtiBeor), to avtiototxo unodiktua oe [[84], Ewk. 38], [[25],
Ev. 2.3 Ewk. 2], ekBétouv 10 mapadofo: epappolouv ta dpta tou Chernoff
yua va dei§ouv ot unidpyxouv katdAAnda pépn tou diktuou ota oroia propet
va §popoloynOeil akopn MePIOOOTEPT) POL PEoA aArnd autd X®pig va audndet
10 KOot0g. To mapddodo épxetal cav arotédeopa piag S1aodnuKd owotrg,
étunvng napatrpnong [49, 59]: n Koivr) kKaBuotépnon otV 100PPOTIa AUoTH-
pda audavetal pe v ouvoAlkn pon r. IIpooeyyidoupie 10 KAAUTEPO UTIOSIKTUO
(Secdpnpa 5.7) péom tou ardoroinpévou Siktuou Gy XPNOIHOIOWVIAG Hid
TIPOOEYY10TIKY €KO0XN] ToU Sewpnpuatog tou Kapabeodwprn (Sedpnpa 5.6).

To teAKO (KAt Kpiowo) Prjpa pag g npooeyylong, ivatl va EKIvriooupe
He tn Avon oto amAonolnpéva S1KTuo, Kal va ernektaboupe oe pia Auon oto
apX1Ko (kaAod) ouypuoturio. IIpog touto, deixvoupe Mg Pmopel KATO10G va
‘Tpoocopo1woel’ TI§ PUNOEVIKOU KOOTOUG AKHEG OTO EVOIAHECO TOU S1KTUOU, HE
povortdtia moAu XapnAou KOOToug OT0 dpX1KO KAAO OTyHUOTUITo S1Ktuou.
AlaoOnuikd, autd Asttoupyei, AOY® TV 1610TNTOV EMEKTATIKOTATAG KAl TRV
(tuxaiov) ouvaptoewv 10U Kadlou Siktuou G, yla 1o evdldpeco UnodiKTuo,
ouU ouVvOEel YEITOVEG TOU S Pe TOoug yeitoveg tou t. OUolaoTiKA T0 E0MTEPIKO
T0U G oupmepIPEPETAl OGS £va TIANPEG OIPEPES YPAPIA HE AKPEG PNOEVIKOU
KOOToUG. Auto eivatl ertiong 1o faociko Brjpa yla v mpoogyyon v [24, 84],
deixvouv ot 10 tapddodo tou Bpaeog sppavidetal oe kaAn diktua pe vPnin
rmbavotnta (beite [[84], evotnta 2]). Qg ek toutou, Sa propouvos Kaveig va
urootnpi§el 0t oe Karnowo PBabpo, o Adyog yla tov oroio 10 rapddoio tou
Braess uridpyet oe kadd diktua eivat o 1610 Adyog rmou 1o rapddogo propet
artotedeopatikda ekd1wyxOel. Av Kat evvoloAoyikd artdr), 1 MANPNg KAtaoKeun
EUMAEKETAL TEXVIKA KAl ATIALTEL TIANP1] EVAOXOANON HE TS POEG OTIS AKMEG
TOV S KAl t Kal TV Yeltovev toug. H kataokeur pag xpnotponotet éva mpo-
OEKTIKO ermixeipnpa opadornoinong-talplaopatog, ou Pe peydrn mbavotnta
douldevel kadd yla kadd cotypuotuna, deite Afjppata 5.8 kat 5.9.
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Tovidoupe 6Tl n avaywyr) n ida tpeéxel oe MOAU@VUIIKO Xpovo. To xpo-
voBopo Prjpa eivat n eUpeon Pag (MIPOOEYYIOTIKEAG) AUONG OTO ATTAOIIOUHEVO
Oiktuo. Aegbopévou Ot ta diKTua autd £X0UV HOVO TTIOAUGVUMIIKA TTOAAA (Kat
MOAU ouviopa) s — t povortatia, §epeuyouv aoro ta anotedéopata SuokoAiag
tou [78]. To approximability To0U KAAUTEPOU UTIOSIKTUOU Y1d TA ATTAOITOU-
péva 6iktua eival éva eviladépnmv avorxtd mpoBAna mou AroppEEL Ao TNV
epyaoia pag kat mou oudntdpe otnv evotnta 15.1.

To arotédeopa pag deixvel 6 €éva ipoBAnpa, rmou eivat NP §Uckoldo va 1o
POOoEeYYioelg, PIopel va mpooeyylotel oAU oteva oe tuxaia (kat randomlike)
diktua. Autd potddet pe Y., 1o PdBAnpa g e§eupeong pia XapAtoviavg
d1abpoyur) oe Erdos Renyi ypagrjpata, Orou Kat mdaAtl, 1 Unapdn Kat 1 Ka-
TAOKEUT) H0UAEUOUV Kal TTAAL aKP1B®OG IAV® ATto T0 0P10 TG ouvdeoIoTTAG,
beite .., [15]. Qotooco, dev eivat 6Aa ta mpoBArjpata eUKoOAA av KAITO10G
Yewprioet tuxaieg 11§ 10060ug (rT.X., 10 factoring 11 10 POBANIA KPUPPEVNG
KAika, Tou ev eival yveotd oe mAnpeg adog).

2.3 Iroxaotikd Naiyvia Zuppdpnonc

Eouiadoupe tnv nmpoooyn pag ota atopiko matyvia oupgopnong, Kat €10a-
youpe U0 £KO0XEG TV OTOXAOTIKOV TTAYVIOV CUPPOPNOTG, TOU EUITVEOVIAL
amno 11§ KUpleg minyEg abeBaiotntag otig Kabuoteprjoelg 1oV S1IKTURV PeTapo-
POV KAl TOV TNAETNKOIVOVIAKOV SIKTU®V. EEKIVAPE Ao Vv mapatpnon ot
N PeTtaBANTotnTa oTlg KaBuoTepr|oe1g TV aKPI®OV TIPOEPXETAL 1T ATIO T He-
taBAntotnta otnv {tnorn, Kat v eNakoAoubn petabAntotnta oto poptio g
AKPIG, 1) Ao 10 petaBAntotnta g arnodoong tng akpng. AmoouvoEovidg Teg,
glodyoupe 6uo £18®V 0TOXAOTIKA TIalyvia ocupdopnong, mou sivatl ta rwaiyvia
OUUPOPNONGS UE OTOXAOTIKOUG TAIKTES KAl 1A TTalyvia CUUPOPNOoNGS LUe OTOXAOTL
KEG OKUEG, TIOU aviiotolXa cuAAauBdavouv tng MmepmiOoelg aBeBalotntag mou
avagépovial mapandave. 'a 1o apxko épyo BA. [6]. To oxnpa 2.3 torobetel
Ta POVIEAA Pag OTov XApTn TRV IAdlyviov oupgopnong.

Ta naiyvia oupgopnong Pe OToXAoTIKOUG TTAIKTIEG OTOXEUOUV vd TTIACOUV
1 petaBAntotnta otnv {ftnon IOV aKPOV. ZUYKEKPEva, KAbe maiking i
OUPHPETEXEL OTO TALXVidl, otV nmpaypatnkotna, datpexet 1o pOvordatt tou, a-
ve§dptnta, pe rmbavotnta p;. Qg arotéAeoid, 10 GUVOAIKO OPTio TOU S1IKTUOU
KAl Td (POPTia TOV AKHPMV KAl KATA OUVETIELD Td KOO TOUG £lval Tuxaieg peta-
BAntég. Ao v dAAn mAeupd, ta mmaiyvia Pe OTOXA0TIKEG AKHPEG ATIOOKOTTIOUV
va IAcouV TV PETaBANTOTNTA TG ASToUpy1KOTNTag tou diktuou. Twpa, Kabe
akpn e prnopet va Asettoupyel eite otnv ‘turiikn’ Asttoupyia, orou n kabuoté-
pnon divetat and pa ouvdptnon f.(x), 1 omv ‘eAdatopankn’ Asttoupyia,
orou n kKabuotépnon divetal anod pia ouvaptnon ge(x), omou g.(x) > fo(x)
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ZxApa 2.3: Ta sonypéva poviéda Kat 1) torobtnor) toug oto Xaptn.

< non symmetric >—Gon atomic

yla kafe x > 0 (r.x., pla akpr Aettoupyet otnv ‘cAattopatiky’ Asttoupyia
HeTd anod éva Pikpo atuxnpa 1) pla anotuyia ouvdeong). Kabe akpry e oup-
MEPIPEPETAL OTNV TUTTIKY) Aettoupyia ave§aptnta pe pa Sedopévn rmmbavotnta
Pe- G €K TOUTOU, TO QOPTIO TOU SIKTUOU KaAl Td (OPTid T®V AKP®V Topd £i-
VAl VIETEPUIVIOTIKA, AAAd 01 AKPEG KAl 01 KAOUOTEPNOE1S OTa POVOorTdtia eivat
tuxaieg petabAntég. Kat otg U0 napaddayeg, unobétoupie ot 01 IMAiKieg va
£XOUV KATT010 OB0 arévavit oto PlioKO IOU MPocdidouv 01 OTOXAOTIKEG Ka-
Yuoteprioelg. Zuykerplpéva, KAOs maiking i €xel eéva (mbavag drapopetiko)
eminebo otyouptag 6;, KAl TO0 ATOPIKL TOU KOOTOG yid £€va povordtt q Sewpel
otl €ivatl 1o §;-xuavtide (Yvootog Kal og value — at — risk) g Katavoung tg
KaBuotépnong tou povortatiovu q. Me armdd Aoyla, 10 EmpEPOUG KOOTOG TOU
naikn i etvat n edaxiotn Kabuotépnorn mou PIopel va Vikoel Katd PHKog ToU
g pe mbavotnta touddaxiotov 6;.

Z10 €vvo10A0Y1KO eminedo, 10 POVIEAD TV TTAly VIOV oupdopnong pPe oto-
XAOTIKOUG TTA{KTEG £ivatl TIapO010 HE TO POVIEAO PE EVOOYEVI] TUTTIKEG ATTOKAL-
0e1g TV [67]. Zinv nmpaypatukouta, Xpnotponowviag ta opta tou Chernoff,
propoupe va Sei§oupie 0Tl yia YPAPPIIKEG OUVAPTHOELS, €AV TO AVAPEVOHEVO
@optio oe KAOe akur dev eival MoAU PP, ta §; — quantile KOOTN PUITOPOUVV
va mpooeyylobouv pe Tig oUvVapTthoelg KOOTOUG TTOU XP1O1HO0TIo0uV oto [67].
Qo1600, Se@POUIE OTOXAOTIKEG ATIAITAOELG, Pld KATeUBUvVorn TTou TpoteiveTatl
Kat oto [67, Evot. 7], kat naikteg rou eivat etepoyevrg 000V apopd T otdon
Toug arnévavit oto pioko. '‘Oco yla ta maiyvia ouppopnong Pe OTOXAOTIKESG
AKMEG, TO PMOVIEAOD €ival EVVOI0AOYIKA TAPOIOI0 HE TO HOVIEAO e EERYEVELG
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TUTTIKEG artoKAioelg v [67].

Z10 TEXVIKO PEPOG, TIEPLOPILOPAOTE Ot ONUAVIIKY €101K1 Tepirmtwon Oi-
KTU®V TApaAANAQV aKPOV 1€ CUPHETPIKEG OTPATNYIKEG, KAl H1EPEUVOUE TTIOG
01 1810TEG TOV OTOXACTIKOV Ay VIOV OUPPOPNOoNg £§aptovial ard 1o av ot
naikteg £€xouv TG 161eg TOAVOTNTEG CUPHETOXNS 1/ KAl ETUIESOU O1yoUp1dg 1)
Oxl. ApX1Kd, TTapatnpoupe Ot T€tola maixvidia ermbeéxovial pgia cuvaptnon)
duvapikou kat éva anodotiko urnodoyiowo PNE, av ot naikteg €ivat opoto-
yevelg, 6nAadr) eav £xouv 1o 1610 eminedo oryouptdg 6 KaAl, OV MEPIUTIOON)
HE oT0oXa0TIKoUg maikteg, v idia cuppetoxr] mbavotnta p (Sewprjpata 6.1
Kat 6.8). Emiong Seixvoupe 611, av o1 taikieg £xouv Siadopetika emirneda ot-
youpldg (kat tv 1d1a rmbavotnta cUPPEToXnG, AV ITPOKELTAL Y1d OTOXACTIKOUG
MAiKteg), Ta OTOXAOTIKA Ttaiyvia oupgopnong aviKouv OtV Katnyopia TV
nawyviov oupgopnong pe naikroe§aptopeveg ouvaptroeig ([63]), kat kata
ouvénela ) urnapén PNE uroAoyiletatl oe mMOAU®VURIKO XpOovo (ropiopata 6.2
KAt 6.9). Ztnv apvnukr) MAeupd, Propouiie va anodeifoupe ot tétola naiyvia
dev d¢xovtat ouvapinon duvapikou (Dewprpata 6.3 kat 6.10). T'a naityvia
oupdOPNONG PE OTOXAOTIKOUG MAiKTeg TOuU £€X0UV To 1610 erminedo otyoupldg
Katl d1aPopetikég TOAVOTNTEG CUPHETOXTG, TTOOEIKVUOUNE 0Tl erudExoviatl pia
Ae€ikoypaikrn ouvaptnon Suvapikou (Seodpnpa 6.5), kat €tot kat pia PNE,
Kat eriong ot pla PNE prnopei va umnoAoyiotel ano €va arndo AmAnoto al-
Yop1Op0 (Sewpnpa 6.4), orou ot naikteg dradoyxikd Siadéyouv v KaAutepn
OTPATNYIKI] AVIAIIOKPlONG o€ pn-@Bivouca oelpd rmbavotrtev CUPHPETOXNS,
AapBavoviag unoynv 11§ OTPATNYIKES TRV MAIKIOV ITOU ITPONYouUVIdl Otr| Oel-
pa. '‘Ooco yua v vnoBadpiong tou diktvou otnv PNE, sotialoviag oe diktua
apaAANA®V aKPOV P aPVIKEG OUVAPTHOELG, ATTOOEIKVUOUHE OTL T0 KOOTOG
g avapyiag (PoA) eivat ®(n), omou n eivat o apdpog TV MAKIOV, OtV
TMIEPIUTTOON TV OTOXACTIKGOV MAIKTeV (Jempnuata 7.3 kat 6.7), kat propet va
etval pn @paypévn, oty nePaon 1@V OTOXA0TIKGV akpev (Seopnpa 6.11).

2.4 BeAnwvoviag v Anédoon tou AKTUou Ekperal-
Acudpevol Tov ®opo Twv Maikiov

Me kivntpo ta anotedéopata tou [71], Sewpovpe (un atopikd) naiyvia oup-
(POpPNOoNG He raikteg euaioBnToug oto PIOKO KAl H1EPEUVOUE TIOG PITOPEL KA-
IO10G VA €KPETAAAEUTEL TNV ATIOOTPOPn] IOV TMAIKIOV OTov Kivduvo cote va
petaBdddel 1o avtdapBavopevo amo ToUg MAIKIEG KOOTOG £101 wote 1o (a-
vapevopevo) PoA yla tig mpaypatkég ouvaptr)oelg KOotoug va Bedtiovetat
onpavuka. E§ 6owv yvopidoupe, autr eivat n mpotn) @opd 1mou 1) arootpodr)
arnévavit oto pioko mpoteivetal g Beparneia’ otnv uroBadpion tou Siktvou
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AOY® NG EY®IOTIKI] OUPITEPIPOPAS TOV TTATKIMV.

Agetnpia pag sivatl 0tt oe 0P1OPEVEG TIPAKTIKEG EPAPOYEG, UITOPEL va €1-
O0AYOUE TPOCEKTIKA e§wyevr H1akuUpiavorn) otig KabBUoTeEPT|OElg TV AKPQV £101
®Oote 1] avapevopevrn kaBuotépnon va pnv aAAddel, aAAd to KOOTOG IoU UTIo-
Aoyidouv o1 meikteg Aoy® ToU POBou Toug arévavtl oto pioko va adAdadet. Ta
napadetypa, o€ €va CUYKOIVOVIAKO SIKTUO, auto propet va yivel au§avoviag
) HEWWVOVIAg TuXaia T0 Mmocootd ToU XPOvou Iou diatifetal yia to mpaotvo
@avapt 1 avoiyovtag 1) kAeivoviag pua BonOnuikn Awpidba kKuklogpopiag. Xe
éva S1KTUO TNAEMKOIVAOVIOV, UITOPOUHE HE TUXAIO TPOIO va va au§dvoupe 1
va PEWWVOUHE TNV 1KAvOTnta TV ouvdéoewv mou SiatiBeviatl 11 va aAdadou-
He v mpotepatotta petasu toug. 'Etot, unoBétoupe o6t yia kabe akyn e,
propoupe va auSfooupe (Katd éva Pikpo MOAAAMAAO1A0TIKO OUVIEAEDTT)) TV
Kabuotépnon g e pe KArmota YTk moavotnta p, Kat va v HEIWOOUHE Pe
Kanotwa detikn mbavotnta g, OIoU Id P, Kdl g, £ival ouvrOwg PIKpEG, €101
MOTE 1 AVAPEVOPEVT KAOUOTEPNON OTtNV € va Tapapevel de(x). Ao v dAAn
mAeupd, 1 Stakupavor g KaBuotépnong rou e10Ayape Pe autég TG tuxaieg
aAAayég augavet 10 Ye®poUpeEvo Ao Toug MAIKTeG KOOToG. G €K TOUTOU, TIPOo-
0apPodoviag IIPOCEKTIKA TO0 AvIIANITIO KOOTOG A0 TOUG MAIKTEG, PITOPOUNE
va eAéyéoupe TV oupPOPNon ToU S1KTUoU, He £vav TPOIIo IoU £ival evvolo-
Aoy1Ka Tapopolog P eREIVO TV POp®V 1] TV 8106imv, Kal va Bedtiwooupe
10 POA péoa amo évav eKAEMToPEVO KAl EUKOAO va ePAPHOOTEL UNXAVIGHO O
0TT010G EKPETAAAEVETAL TV ATIOOTPOMT] T®V MTAIKTIOV OTO PioKO.

[Tio ouykekppéva, uTIOBETOUE OTL OAOL O1 TIAIKTEG £XOUV OHPO10YEVI] GU-
neplpopa arevavil otov Kivbuvo Kat ott ol tuxaieg addayeg oto avunmo
KOOTOG TOV TTAIKI®OV £ival £€vag tov MoAAAmAaolactikog ouviedeotn (ouvhBag
HIKPOG) TOU KOOTOUG TG AKHUNAG. XINV MPAyHATIKOTTd, UITOPOUHE vd UTTo-
9¢ooupe 611 np avulAnri] cuvaptnon Kabuotépnong Kabe akurg e uropet va
aAAdagel ano de(x) oe (1 + y.)d(x), omou 10 Yy, > O purnopei va e€aptratat a-
O TNV AKPr, ToV TUIOo Kat v rmbavotnta tuxaiov adlayov, ) otdon tov
MAIKTOV ATIEVAVIL OT0 PiOKO, T0 aKP181] TUTIOG TOU KOOTOUG TV MAIKIOV, KAl
10 ONPAVIIKOTEPO, ATIO T0 €KAOTOTE Poviedo. [lapd 1o yeyovog o1t oulntou-
He ev ouviopia, otnv evotnta  14.1 niog Kabopiletal 10 Y. KAl MAPEXOULLE
Kal pepikd napadeiypata, yia diatpnorn g andotnta Kat tg YEVIKOTNTag,
OKOITIIA AITOPEVUYOUHE VA PITOUHE Of AEMTOPEPEIESG V1A TO TG UItoAoyilov-
Tat ta y.'s. Avtibeta, epeig anAd Sswpoupe eva dedopévo Ave Oplo yia v
HeyaAutepn TIr) TOU Y OTIG OUVAPTAOEIS KaBuotépnong Katl avapeolacte oto
avtiototyo matyvio oupgpopnong g y — modifiable natyvio (1) ottypuoturno),
KATavvomviag otl o€ KABe TEPInIon to y Uropel va kabopiotel AapBavov-
Tag UMOYn 0A0UG TOUG APAYOVIEG ITOU avadEépovial napandve. Me autoug
TOUG OPlOpIoUg, pla por] (Kal ouyKekpiéva, n BEAtiotn por), n oroia gla-
X10TOTIOIEL TO OUVOAIKO AVAPEVOHEVO TIPAYHATIKO KOOTOG TOV MAIKTIOV) £ivat
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y — enforceable (1] antAd, enforceable) eav mpokettal ywa pa por) Naon oto
napadAaypévo matyvio pe v avtlAnIir ouvapton KOotoug KAabs akpung e
va eivat ton pe (1 + ye)de(x), yia kamnowa y, € [0, y].

A0 TeEXVIKNAG TTAEUPAG, TTAPATPOUHE OTL 1] PEy1otn avadoyia tou marginal
cost toll pog v kabuctépnon otnv BEATiotn Avon yia pua akpr ivel éva
Ave O0P10 Y1d TV T TeV Y TIoU arnatteitatl yla va yivel ioopportia 1 BéAtiotn
por) Tou S1ktuou (ripdtaon 8). Autd kaBiepwvet ) Suvatdtnta ePpappoyng s
TIPOOEYY10TG AG KAl TUTTOOLEL TV oUVvOeOoT| g HE Ta eruotpedopeva 61061a.
QOT1000, €KTOG ATIO TO YEYOVOG OTl XPNOOIO0UNE MTOAAATIAQCIAOTIKES TPO-
TIOTTO0E1G, H1d ONHIAVIIKL 61adopd g MPOoEYY1orng Pag amo ano ta 61061a
etvat ou mavta vrnobEtoupe €va Ave 0plo y yia v aldayr] tng avulAnIeng
and Toug Mmaikieg ouvaptnong ya Kabe akpr), eved ta BéAtiota 61061a propet
va yivouv auBaipeta peydda, 1., T000 Peydalo 000 1 KaBuotépnorn otV 1o
apyo s — t povorndt 1mou Xprnotporioleitatl ano tr BéAtiotn pon (BA. .., [35,
Osopnpa 4.1]).

L1 ouvéXeld, yid va arodei§oupe v anoteAeopatikotIa g MPOCEY-
yl01g pag, €0ttddoupe OtV ArmAn Kat ONPAVIIKI €101K1) nepimwon tov d1-
KTUQV NApaAAnAev akpov (evot. 7.2). Xapaxktnpi{oupe v katyopia tov
y — modifiable tatyviov cup@opnong os diktua nmapaAAnAev akpev yla ta
orota n B€Atiotn por) eival eP1KTo va yivel por) 100pPOTIiAg OTO TPOTIOTIOUHEVO
biktuo (Bewpnua 7.1). Me Bdon autod 1o XapaKIinplopo, mapouctaloupe pia
avadpopikr) dadikaoia rmou dedopévou evog y — modifiable matyviou ocupgo-
pnong kat g BEAtiotn pong, urodoyilet Eéva ouvolo y — bounded petaBoAamv
0TI OUVAPTIOE1S Y€ KAT® aortd Tig oroieg to POA eivat onpavuka Atyotepo a-
16 1o PoA tou apyxikou naiyviou Anppa  7.2). Tevikevoviag Vv IPOoEyy1on
pe variational inequality tou [29], propoupe va arodei§oupe 6ttt 1o PoA 1tng
KaAUtepng PONg mou propei va mpoxkuyet eivat max{1, (1 — B,(D))~'}, orou
P eival n KAAOH TOV OUAPTHOE®V KABUOTEPNONG TOU IMAlyViou KAt

B(D) = sup YA =dW) = yix= y)deo
deD,x>y>0 xd( x)

elval pa @uoiky) yevikeuor tng nocotntag B(PH) tou [29] (Bewpnpa  7.3).
Ma napaderypa, anod myv avdAuon pag cuvendyestat Ot yid YPAPHRIKeES Ka-
duotepnoetg, 10 PoA g kaAutepng y — enforceable por|g UTTIOAOYIOPEVNS PE
I 81kn] pag mpooéyyion etvat to moAu max{1, (1 — (1 — y)*>/4)"!} (népiopa
7.5), mou eivatl onpavika Atyotepo aro o 4/3, akopa Kat yla pikpEg Ti-
nég tou y (ruyx., eivar Atyétepo aro 6/5 yua y = 0,1). Emiong deixvoupe
ot n PoA avdaAduon 6cov agpopd tnv y eivat apixtr (Seodpnpa 7.7). Tédog,
bivoupe pa Sadikaoia mou urnodoyiletl €va ouvolo y — bounded petaBolmv
TV OUVapPTHoERV KABUOoTEPNoNG Katl Vv avtiotoixn y — enforceable por) pe
11010 POA 1 omoia tpéxel o€ XpOvo TMOAUGVUPUKA CUXETI{OPEVO HIE TO XPOVO
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IoU artatteitat yta tov urtodoytopo Nash powv oe diktua napadAniev akpov
Anppa 7.8). Qg ek toutou, dedopévou omnorodrnote y — modifiable ratyviou
oe diktuo MapaAANA®V aKpWV, PMOPOUHE arnotedsopatika (yia pia supeia
Katnyopia ouvaptroenmv) va urioAoyidoupe éva maiyvio pe 11§ avilAnIeg ou-
vaptroelg aAAaypéveg 1o oAU Katd éva rapayovia 1 + y, €tot wote to PoA
eivat to odv max{1, (1 — B,(D))'}.

Zwnv evotnua 7.3 oudntdpe v ouoxeton twv y — modifiable tatyviov
oupgOpnong He Ta naiyvia ouppopnong pe neploptopéva 610d1a (1) poépoug)
([17]). Emonpaivoupe ta aroteAéopata tou [17] mou prmopouv va epappo-
otouv ota y — modifiable taiyvia cuppopnong ve umootnpi{oupe v Kata-
OKEUAOTIKI] KAl ITI0 TEPITAOKI TPOOEYY1oT pag Kabwg pag divel kadutepn
€KOvVa yla 1o TpoBAnpa g egevpeong PéAtiotwv y — modifications kat yua
Vv Bedtioon tou Tpnpatog tng avapyiag.

Zinv evotnta 7.4, oudntdpe nog 1) IPOCEYY10T] PIopel va enektaBel oe o
yevikd mAaiowa. Tlpota, divoupe i 61aiobnon 10U NG APOPIOIEG TEXVIKES
pe autég yua ta diktua nmapdAAndev akpov PImopouv va Xpnotporoinouv
yla Vv nepimtoon oeiplakov-rniapdAAniAev Siktiev. Asdopévou ot €xoupe
O0AOKANPGOOEL TG Arodeilelg MoAU npoodarta, ermAégape va pnv ourneptAdabou-
HE autd ta arotedéopata otnv rapovoa StatpiBr. Avt ' autou, e§nyoupe tnv
TV TIPOCEYY10T TIOU XPE1AdeTal va KAVOUHE TIAPEXOVIAS TIS KEVIPIKES 10€€G.
Apéong petd oudntape Mg PItopoUHe va KATAANEOUE OE TIAPO01d ATTOTEAE-
opata yla tyv nepinteon S1ktuev mapaAAnAev aKPOV e ETEPOYEVELS MATKTES
KAl YEVIKOTEPOUG TIEPIOPIOPOUG OXETIKA HE TV aBeBaldtnta mou ermipenetal
va nipootebel otig akpég. EZnpelnote €@ OTL auty) v nepinmieorn dev €xet
AuBel and kavéva amo ta [51], [17] kat [53], Tou acxoAouvtal pe natyvia
ouppopnong He epaypéva 61061a-eopoug.



Kepdraio 3

NMpokarapkmnkeEC ‘Evvoleg

In this chapter we state basic definitions needed in the following chap-
ters. Model specific definitions and properties are given separately at the
beginning of each chapter.

3.1 Tevikoi ‘Opol Kail ZuppAcelC

For a random variable X, E[X] denotes the expectation of X and Var[X]
denote the variance of X. For an event E in a sample space, Pr[E] denotes
the probability of E happening. We say that an event E occurs with high
probability, if there is a constant a > 1, such that Pr[E] > 1-n"%, where n
usually denotes the number of vertices of the network G to which E refers.
We implicitly use the union bound to account for the occurrence of more
than one low probability events.

For any integer n > 1, we let [n] = {1,...,n}
A latency function c.(x) is linear if c.(x) = a.x, for some a, > 0, and affine

if c.(x) = a.x + b, for some a,, b, > 0. We say that a latency function c.(x)
satisfies the Lipschitz condition with constant > O, if for all x, y € [O, r],

|ce(x) — ce(y)l < &lx —yl.

3.2 Opiopoi Nalyvinv Zupedpnonc

An atomic Congestion Game is a tuple G(NV, E, (S;)en. (de)ecr), Where N de-
notes the set of players, E denotes the set of resources, S; C 2F\ {0} denotes

the strategy space of each player i and d. : IN — IR, is a non-negative and
non-decreasing latency function associated with each resource e.

61
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Network Congestion Games are CGs in which players have a source
node, s;, and a target node, t;, on a directed graph (network) and the
strategy space of each player i is consisted by the paths that connect s;
with t;. The resources of the CG are exactly the edges of the network each
of which comes together with a latency (cost) function.

An atomic Network CG is a tuple G(G(V, E), (de)eck, K, {N}i=1. k), Where

G = (V,E) denotes a directed network, K C V X V is a set of s; — t; source
target pairs, d. : R5o = R;( is a non-negative and non-decreasing latency

function associated with each edge e and N = (n,, ..., n) is the vector of
players, where n; is the number of players that must move from source s;
to target t;.

Non atomic network CGs are like atomic network CGs with infinite,
infinitesimal players, i.e. the presence or the absence of a player on a
resource does not affect the congestion on the resource. The infinite players
that share the same s; — t; pair form an amount of flow that must be routed
from s; to t;.

A non atomic Network CG is a tuple G(G(V, E), (de)ece, K, 7), where G =
(V,E) denotes a directed network, K C V X V is a set of s; — t; source
target pairs, d. : Rsg — R;( is a non-negative and non-decreasing latency
function associated with each edge eand r = (ry, . . ., 1)) is a vector of flows
that must be routed, where r; is the amount of flow that must be routed
from source i to target i.

Network CGs are also referred as Selfish Routing Games. In a CG,
if all players share the same strategy space then we have a symmetric
CG. We deal with symmetric network CGs case where K contains a single
s — t pair and thus, assuming that s and t are specified in G, we use the
terminology G(G(V, E), (d¢)ccg, ) for atomic network CGs, where n is the
number of players that use the network, and G(G(V, E), (de)ecg, 1) for non
atomic network CGs, where r is an amount of flow to be routed in the
network. We let £ be the set of paths connecting s to t. We may also
use G(G(V,E), n) or G(G(V, E), r) respectiely if the set of latency functions
under use is clear from the context or is assumed to be given within the
network G.

Subnetworks and Subinstances. Given an instance G = (G(V, E), (de)ecr, X),
any subgraph H(V,E’), E' C E, obtained from G by edge deletions, is a
subnetwork of G. H has the same origin s and destination t as G, and
the edges of H have the same latency functions as in G. Each instance
H = (H(V,E’), (de)ecr’» X), where H(V,E’) is a subnetwork of G(V,E), is a
subinstance of G.

In atomic CGs, a configuration is a vector s = (sy,...,s,) consisting of
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a strategy s; € S; for each player i. We let s, = |{i : e € s;}| denote the
congestion induced on each resource e by s.

In non atomic network CGs, a (feasible) flow f is a non-negative vector
indexed by ¥ so that },pf, = r. For a flow f and each edge e, we let
Je = X peepp denote the amount of flow that f routes through e. An edge
e is used by flow f if f. > 0. A path p is used by flow f if all its edges are
used, i.e. mingp{fe} > 0. Somehow abusing notation, if p is used we may
write f, > 0.

Additive Costs. In additive costs atomic CGs, the cost of the strategy s;
of player i under configuration s is di(s) = ., de(Se). Similar, for addi-
tive costs non atomic network CGs, the cost of a path p under flow f is
dp(f) = ZeEp de(se)

Bottleneck Costs. In bottleneck costs atomic CGs, the cost of the strat-
egy s; of player i under configuration s is b;(s) = maxees, de(S). Similar, for
bottleneck costs non atomic network CGs, the cost of a path p under flow

f is bp(f) = MaXeep de(se)-

3.3 loopponieg

There are different ways to define an equilibrium. We are concerned in the
case of Pure Nash Equilibrium. Informally, a configuration s or a flow f
is a Pure Nash equilibrium if no player can improve her individual cost by
unilaterally changing her strategy.

Pure Nash Equilibrium - Nash flows. For an atomic additive costs CG, a
configuration s is said to be a Pure Nash Equilibrium (PNE) if d;(s;, s_;) <
di(s;, s_1), Vs, € S;, where d;(k, s_;) denotes the cost of player i for the config-
uration where i plays strategy k and the rest of the players play according
to configuration s. For a non atomic additive costs network CG, f is a
Nash Equilibrium or a Nash flow if for all s — t paths p, p’, if f, > 0, then
d,(f) < dy(f).

Similar, for an atomic bottleneck costs CG, a configuration s is said to
be a Pure Nash Equilibrium if b;(s;, s_;) < bi(s}, s_;), Vs; € S;, where b;(k, s_;)
denotes the cost of player i for the configuration where i plays strategy k
and the rest of the players play according to configuration s. For a non
atomic bottleneck costs network CG, f is a Nash Equilibrium or a Nash
flow if for all s—t paths p, p’, if f, > 0, then b,(f) < by (f). A basic property
of non atomic network CGs is that all players incur the same latency either
under additive or under bottleneck costs.

e-Nash Equlibria (Flows). The definition of a Nash Equilibrium can be
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generalized to that of an “almost Nash” Equilibrium: For some constant
e > 0, a configuration or flow x is an e-Nash Equilibrium if for all s — ¢
paths p, p’, if x, > 0, dy(x) < dy(x) + ¢, for additive costs games and
by(x) < b,y (x) + €, for bottleneck costs games.

Potential Functions. Games do not always possess PNE, though additive
costs CGs always posses one. This can be proved via a potential function
method. A function ® : S; X --- X S, — R, is an ordinal potential function
for a CG if di(s_i, s)) — di(s) < 0 & D(s_;, s;) —D(s) <O

Intuitively an ordinal potential is a function that follows the sign of
change of any players cost when she changes unilaterally. The admittance
of the above type of potential is a necessary and sufficient condition for a
game to have the Finite Improvement Property, i.e. every best response
sequence is finite. So if letting the players, one at a time, to change their
strategy to their best response then, at the end, we get a configuration that
is a PNE.

A more strong kind of potential is the one encountered so far in CGs
where a function tracks not only the sign but also the amount of the
change. A function ® : S; X --- X S, = R, is an exact potential for a
CG if D(s_;, s}) — D(s) = di(s_;, s}) — di(s)

Games that admit an exact potential are called Potential Games. It can
be proved that additive costs CGs are isomorphic to Potential games. One
direction is easy: CGs (atomic or non atomic with additive costs) always
admit an exact potential:

atomic case .
O(s) = > " de(i)
ecE i=1
non atomic case

o)=Y | doax

ecE VYO

For CGs with bottleneck costs, best response dynamics can also be
used to prove the existence of (optimal) equilibrium, e.g. [11, Corollary 2],
although, directly, the optimal solution (with respect to the social cost
function defined in the next section) is a Nash equilibrium.

3.4 Tiynupa ¢ Avapxiac

Players’ strategies choices cause an overall charge on the resources of the
game that can be seen as an overall cost charging the network manager or
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the players’ “society”. This is quantified via a Social Cost Function.

A Social Cost Function, for atomic games, is a function SC(s) : S; X ... X
S, — R, . The most popular Social Cost Function used in additive costs
CGs is the sum of the players’ costs (or, somehow equivalently, the average
of the players’ costs), i.e. SC(s) = }; di(s;). For bottleneck costs games,
the most used social cost function is SC(s) = max; b;(s;) = maxe.s,-o de(Se)-
Similar, for non atomic network CGs it is SC(f) : Space of Flows — R,
and for additive costs CGs, SC(f) = X, f,d,(f,) while for bottleneck costs
CGs, SC(f) = maxyy .o by(fy) = maxey,.ode(s.). For ease of notation, for
bottleneck CGs, we may use B(s) and B(f) instead of SC(s) and SC(f) re-
spectively.

Optimal Solutions. A configuration that minimizes the social cost func-
tion is an optimum configuration called OPT. Similar, the optimal flow is
defined as the flow that minimizes the social cost function. PNE are con-
sidered as the possible outcomes of the game, yet they do not necessarily
minimize social cost. This causes inefficiency to the network. To capture
this inefficiency there are two measures, one adopting a worst case ap-
proach (PoA) and the other a best case approach (PoS).

Price of Anarchy (PoA) and Price of Stability (PoS). By letting x denote
a configuration for the case of atomic CGs and a flow for the case of non
atomic CGs, define

SC(x)
SC(OPT)

SC(x)

|X is aPNE} PoS = mm{m

PoA = max{ |x is aPNE}

The PoA of symmetric non atomic additive costs CGs is independent
of the structure of the network as it was first shown in [74]. Correa
et al. in [28] prove a general tight bound for the PoA based only on
the class D of latency functions, which is p(D) = (1 — (D))"}, where
B(D) = SUPaeqp xsyz0 %&Cj@). The same bound holds for the PoS in sym-
metric atomic network CGs and for the PoA on games on extension parallel
networks as shown in [39]. See also e.g. [22] and [79] for similar results
for atomic CGs.

For bottleneck network CGs, although the PoS is equal to 1 (see e.g.
[11, Corollary 2]) the PoA behaves way much worse as simple examples
give a tight bound of Q(|V]) (see figure 15.2 or e.g. [27, Figure 2]), where

|V| is the number of vertices of the network.
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Kepdraio 4

Napadoto 1ou Mnpdec oe Maiyvia pe
Kootn LuyKEVIpWonC

Zt1o Re@dAalo auto, d1epeuvoupe TNV UMOAOYIOTIKY] MTOAUMAOKOTNTA KAl TNV
approximability tou mpoBAnpatog oxedlaopou diktvou yia nonatomic mai-
yvia, Orou 10 KaBe KOoTog ToU KABOe maikin £ival T0 KOOTOG NG CUHPOPNONS
TOU TNV TOPEia g, KAl T0 KOWEVIKO KOOTOG £ival T0 KOOTOG TNG CUUPOPNONG
ToU d1ktUou, dnAadn n péylotn kabuotépnon Tou o€ Pla aKPr IToU XPnotyho-
notettat.

[Mpwta deiyvoupe ot duoxépeia Hpopoldynong maiyvidia dev nmacyouv
aro to 1apddofo tou Braess eite av to Siktuo eivat seriesparallel, 11 av
AdBoupe untown povo subpath optimal poég Naon, pia Ssutepevouca KAAon
1@V Nash poov (turmikd kabopiopévoug otnyv evotnta 6.1).

LV apvnTiKr) AEUpd, PIopoulie va anodeifoupe 01t akopa Kat yia rat-
Xvidla pe avotnpd ypappikég ouvaptroelg kabuotépnong, eivat NII duokoAo
OX1 HOVO Vd avayvepPiotouV MEPUTIOOELS TIOU TTACKOUV aro 1o rapddodo, al-
Ad emiong yua ) 81aKkplon PETady MEPUTINOEDV Y1d TIS OIOIEg TO0 KOOTOG TG
avapyiag (ZA) propet va petwoet oe 1 Kat ePUTIOOELS yld Tig ortoieg to LA dev
propet va Bedtiwbel and agaipeon akpov, akopn Kat av toug ZA sivat 1éoo
peydadn 6co O(n®121). Auté onuaiver 61 10 diktuo MPoBANRaA oxedlacuoy
yla ypappiky duoyépeta dpopodoynong naxvibia eivar NP hard n nipoogy-
ylon katd évav napayovia O(n®1217¢), yia onowadnmnote otabepd € > 0. H
anddedn Paoidetal oe pia avabpopiko KATAOKEUT] OKANPO TEPUTIOOEIS TTOU
MIPOOEKTIKA eKPETaAAevetal 11§ 1810tnteg TG SpopoAdynong oe tétola natyvid,
KAl Propet va eivat ave§aptntou eviiapepoviog.

Amo 1 detikr) AsUpd, oag rapoucialoupe £va alyopiBpog yla v eupe-
on éva unodiktuo mou eivat oxedov apilotn QPT tng ouvepyaciag 10 KOOTOG
onpeio oupdopnong tou I'ayk xepodtepn Naor, otav n xelpotepn por) Naon
og 10 KaAutepo unodiktuo dpopodoyet pia nonnegligible mood tng porng otig

67
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AKpPEG Xpnopornoteitat. Asiyvoupe o1t Tov TpEXoVIag XPOVo £ival ouclaotika
kaBopidetal and 10 ouVoAIKO aplBpno T®V povornati®v oto diktuo, Kat sivat
XuaotiroAyvoptad otav o apifpog 1ov Stadpopwv eivatl quasipolynomial.

4.1 EEeidikeupévol Opiopoi kal Neyovora

We deal with a typical instance of a non-atomic bottleneck routing game,
G = (G(V, E), (d¢)eck. 1)

Optimal and Nash Flow Properties. Let o denote the optimal flow of an
instance G. We let B*(G) = B(o). We note that for every subinstance H of
G. B'(H) 2 B'(G).

As noted earlier, in a Nash flow f all players incur a common bottleneck
cost, i.e. B(f) = min, b,(f), and for every s — t path p’, B(f) < b,(f). We
observe that if a flow f is a Nash flow for an s — t network G(V, E), then
the set of edges e with d.(f.) > B(f) comprises an s — t cut in G. For the
converse, if for some flow f, there is an s—t cut consisting of edges e either
with f, > 0 and d.(f.) = B(f), or with f, = 0 and d.(f.) > B(f), then f is a
Nash flow. Moreover, for all bottleneck routing games with linear latencies
a.x, a flow f is a Nash flow iff the set of edges e with d.(f.) = B(f) comprises
an s —t cut.

It can be shown that every bottleneck routing game admits at least
one Nash flow (see e.g., [27, Proposition 2]), and that there is an optimal
flow that is also a Nash flow (see e.g., [11, Corollary 2]). In general, a
bottleneck routing game admits many different Nash flows, each with a
possibly different bottleneck cost of the players. Given an instance G, we
let B(G) denote the bottleneck cost of the players in the worst Nash flow of
G, i.e. the Nash flow f that maximizes B(f) among all Nash flows. We refer
to B(G) as the worst equilibrium bottleneck cost of G. For convenience, for
an instance G = (G, ¢, r), we sometimes write B(G, r), instead of B(G), to
denote the worst equilibrium bottleneck cost of G. We note that for every
subinstance H of G, B*(G) < B(H), and that there may be subinstances
H with B(H) < B(G), which is the essence of Braess’s paradox (see e.g.,
Fig. 12.1).

The following proposition considers the effect of a uniform scaling of the
latency functions.

Proposition 1. Let G = (G, c,r) be a routing instance, let a > 0, and let
G = (G, ac,r) be the routing instance obtained from G if we replace the
latency function d.(x) of each edge e with ad.(x). Then, any G-feasible flow
f is also G’'-feasible and has Bg (f) = aBg(f). Moreover, a flow f is a Nash
flow (resp. optimal flow) of G iff f is a Nash flow (resp. optimal flow) of G'.
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Proof. Since the traffic rate of both G and G’ is r, any G-feasible flow f is
also G'-feasible. Moreover, the G’-latency of f on each edge e is ad.(f.).
This immediately implies that Bg (f) = aBg(f), and that f is a Nash flow
(resp. optimal flow) of G iff f is a Nash flow (resp. optimal flow) of G'. O

Subpath-Optimal Nash Flows. For a flow f and any vertex u, let by(u)
denote the minimum bottleneck cost of f among all s — u paths. The flow
[ is a subpath-optimal Nash flow [27] if for any vertex u and any s — t path
p with f, > O that includes u, the bottleneck cost of the s — u part of p is
bs(u). For example, the Nash flow f in Fig. 12.1.a is not subpath-optimal,
because by(v) = 0, through the edge (s, v), while the bottleneck cost of the
path (s,u,v) is 1. For this instance, the only subpath-optimal Nash flow
is the optimal flow with 1/2 unit on the path (s, u, t) and 1/2 unit on the
path (s, v, t).
We formally define the problems we will see

Problem Definitions.

e Paradox-Ridden Recognition (ParRidBC): Given an instance G, de-
cide if G is paradox-ridden.

e Best Subnetwork (BSubNBC): Given an instance G, find the best
subnetwork H* of G.

We investigate the complexity and the approximability of these funda-
mental selfish network design problems for bottleneck routing games.

We note that the objective function of BSubNBC is the worst equilib-
rium bottleneck cost B(H, r) of a subnetwork H. Thus, a (polynomial-time)
algorithm A achieves an a-approximation for BSubNBC if for all instances
G. A returns a subnetwork H with B(H,r) < aB(H",r). A subtle point is
that given a subnetwork H, we do not know how to efficiently compute
the worst equilibrium bottleneck cost B(H, r) (see also [10, 52], where a
similar issue arises). To deal with this delicate issue, our hardness results

use a certain subnetwork structure to identify a good approximation to
BSubNBC.

Series-Parallel Networks. A directed s — t network is series-parallel if it
either consists of a single edge (s, t) or can be obtained from two series-
parallel graphs with terminals (s, t;) and (s,, t;) composed either in series
or in parallel. In a series composition, t; is identified with s,, s; becomes
s, and t; becomes t. In a parallel composition, s, is identified with s, and
becomes s, and t; is identified with t, and becomes t.
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4.2 ‘Evvoiec loopponiac kal TornoAoyieg nou dev MNa-
oxouv and 1o Napdocoto

We start by discussing two interesting cases where Braess’s paradox does
not occur. We first show that if we have a bottleneck routing game G de-
fined on an s — t series-parallel network, then p(G) = 1, and thus Braess’s
paradox does not occur. We recall that this was also pointed out in [31]
for the case of atomic unsplittable bottleneck routing games. Moreover, we
note that a directed s — t network is series-parallel iff it does not contain a
9-graph with degree-2 terminals as a topological minor. Therefore, the ex-
ample in Fig. 12.1 demonstrates that series-parallel networks is the largest
class of network topologies for which Braess’s paradox does not occur (see
also [64] for a similar result for the case of additive routing games).

Proposition 2. Let G be bottleneck routing game on an s — t series-parallel
network. Then, p(G) = 1.

Proof. Let f be any Nash flow of G. We use induction on the series-parallel
structure of the network G, and show that f is an optimal flow w.r.t the
bottleneck cost, i.e., that B(f) = B*(G). For the basis, we observe that the
claim holds if G consists of a single edge (s, t). For the inductive step, we
distinguish two cases, depending on whether G is obtained by the series
or the parallel composition of two series-parallel networks G; and Go.

Series Composition. First, we consider the case where G is obtained
by the series composition of an s — t' series-parallel network G; and a
t' — t series-parallel network G,. We let f; and f;, both of rate r, be the
restrictions of f into G; and G, respectively.

We start with the case where B(f) = B(f;) = B(f2). Then, either f; is a
Nash flow in G, or f; is a Nash flow in G,. Otherwise, there would be a
s — t’ path p; in G, with bottleneck cost by, (f;) < B(f;), and an t’ — t path
p2 in Gy, with bottleneck cost by, (f;) < B(f2). Combining p; and p, we
obtain an s—t path p = p; U p, in G with bottleneck cost smaller than B(f),
which contradicts the hypothesis that f is a Nash flow of G. If f; (or f3) is
a Nash flow in G; (resp. G), then by induction hypothesis f; (resp. fs) is
an optimal flow in G; (resp. in G,), and thus f is an optimal flow of G.

Otherwise, we assume, without loss of generality, that B(f) = B(f}) <
B(f2). Then, f; is a Nash flow in G;. Otherwise, there would be an s — t/
path p, in G, with bottleneck cost b, (f1) < B(f1), which could be combined
with any t’ — t path p, in G, with bottleneck cost B(f;) < B(f1), into an s—t
path p = p; U p, with bottleneck cost smaller than B(f). The existence of
such a path p contradicts the the hypothesis that f is a Nash flow of G.
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Therefore, by induction hypothesis f; is an optimal flow in G;, and thus f
is an optimal flow of G.

Parallel Composition. Next, we consider the case where G is obtained
by the parallel composition of an s — t series-parallel network G, and an
s — t series-parallel network G,. We let f; and f; be the restriction of f into
G; and G,, respectively, let r; (resp. rp) be the rate of f; (resp. f3), and
let G, (resp. G-) be the corresponding routing instance. Then, since f is
a Nash flow of G, f; and f, are Nash flows of G, and G, respectively, and
B(f1) = B(f2) = B(f). Therefore, by the induction hypothesis, f; and f; are
optimal flows of G; and G,, and f is an optimal flow of G. To see this, we
observe that any flow different from f must route more flow through either
G, or G,. But if the flow through e.g. G; is more than r;, the bottleneck
cost through G; would be at least as large as B(f}). O

Next, we show that any subpath-optimal Nash flow achieves a minimum
bottleneck cost, and thus Braess’s paradox does not occur if we restrict
ourselves to subpath-optimal Nash flows.

Proposition 3. Let G be bottleneck routing game, and let f be any subpath-
optimal Nash flow of G. Then, B(f) = B (G).

Proof. Let f be any subpath-optimal Nash flow of G, let S be the set of
vertices reachable from s via edges with bottleneck cost less than B(f), let
67(S) be the set of edges e = (u, v) with u € Sand v ¢ S, and let 6§ (S) be
the set of edges e = (u, v), with u ¢ Sand v € S. Then, in [27, Lemma 4.5],
it is shown that (i) (S,V \ S) is an s — t cut, (ii) for all edges e € 6§*(S),
d.(f.) = B(f), (iii) for all edges e € §*(S) with f, > 0, d.(f.) = B(f), and (iv)
for all edges e € 6°(S), f. = 0.

By (i) and (iv), any optimal flow o routes at least as much traffic as
the subpath-optimal Nash flow f routes through the edges in 6(S). Thus,
there is some edge e € 6*(S) with o, > f,, which implies that d.(o.) >
d.(f.) = B(f), where the second inequality follows from (ii). Since B*(G) =
B(o) > d.(o.), we obtain that B*(G) = B(f). O

4.3 Havayvwpion Paradox— Ridden Nepint@oewy €i-
val AUGKOAN

In this section, we show that given a linear bottleneck routing game G,
it is NP-hard not only to decide whether G is paradox-ridden, but also to
approximate the best subnetwork within a factor less than 4/3. To this
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end, we employ a reduction from the 2-Directed Disjoint Paths problem
(2-DDP), where we are given a directed network D and distinguished ver-
tices sy, so, 11, ty, and ask whether D contains a pair of vertex-disjoint paths
connecting s; to t; and s, to t,. 2-DDP was shown NP-complete in [37, The-
orem 3], even if the network D is known to contain two edge-disjoint paths
connecting s; to t, and s, to t;. In the following, we say that a subnetwork
D’ of D is good if D' contains (i) at least one path outgoing from each of s;
and s, to either t; or t,, (ii) at least one path incoming to each of t; and
tp from either s; or s,, and (iii) either no s; — t; paths or no s, — t; paths.
We say that D’ is bad if any of these conditions is violated by D’. We note
that we can efficiently check whether a subnetwork D’ of D is good, and
that a good subnetwork D’ serves as a certificate that D is a vEs-instance
of 2-DDP. Then, the following lemma directly implies the hardness result
of this section.

Lemma 4.1. Let 7 = (D, sy, So, t1, ty) be any 2-DDP instance. Then, we can
construct, in polynomial time, an s—t network G(V, E) with a linear latency
function d.(x) = a.x, a. > 0, on each edge e, so that for any traffic rate
r > 0, the bottleneck routing game G = (G, ¢, r) has B*(G) = r/4, and:

1. If 7 is a YEs-instance of 2-DDP, there exists a subnetwork H of G with
B(H,r) =r/4.

2. If 1 is a No-instance of 2-DDP, for all subnetworks H’ of G, B(H’,r) >
r/3.

3. For all subnetworks H’ of G, either H' contains a good subnetwork
of D, or B(H,r) > r/3.

Proof. We construct a network G(V, E) with the desired properties by adding
4 vertices, s, t, v, u, to D and 9 “external” edges e; = (s,u), e; = (u,v),
es = (v,1), es = (s,v), es = (v,s1), & = (S,82), e7 = (1, w), eg = (W 1),
ey = (1, t) (see also Fig. 11.1.a). The external edges e; and e; have latency
de,(x) = de,(x) = x/2. The external edges ey,..., e have latency d,, = x.
The external edge e, and each edge e of D have latency d.,(x) = d.(x) = &x,
for some € € (0, 1/4).

We first show that B*(G) = r/4. As for the lower bound, since the
edges e}, e;, and ez form an s — t cut in G, every G-feasible flow has a
bottleneck cost of at least r/4. As for the upper bound, we may assume
that D contains an s; — t; path p and an s, — t; path g, which are edge-
disjoint (see also [37, Theorem 3]). Then, we route a flow of r/4 through
each of the paths (e4, es, p, €9) and (eg, q, €7, €g), and a flow of r/2 through
the path (e}, e, e3), which gives a bottleneck cost of r/4.



4.3. H ANATNQPIZH PARADOX — RIDDEN IIEPIIITQZEQN EINAI AYZKOAH 73

el: x/2

e5: x

e4:

e6: x

Figure 4.1: (a) The network G constructed in the proof of Lemma 11.1. (b) The
best subnetwork of G, with PoA = 1, for the case where D contains a pair of
vertex-disjoint paths connecting s; to t; and sy to to.

Next, we show (1), namely that if 7 is a YEs-instance of 2-DDP, then
there exists a subnetwork H of G with B(H, r) = r/4. By hypothesis, there
is a pair of vertex-disjoint paths in D, p and g, connecting s; to t;, and s,
to t;. Let H be the subnetwork of G that includes all external edges and
only the edges of p and g from D (see also Fig. 11.1.b). We let H = (H,c, )
be the corresponding subinstance of G. The flow routing r/4 units through
each of the paths (e4, es, p, €7, eg) and (es, q, €9), and r/2 units through the
path (e, e, e3), is an H-feasible Nash flow with a bottleneck cost of r/4.

We proceed to show that any Nash flow of H achieves a bottleneck cost
of r/4. For sake of contradiction, let f be a Nash flow of H with B(f) > r/4.
Since f is a Nash flow, the edges e with d.(f.) > B(f) form an s — t cut in
H. Since the bottleneck cost of e; and of any edge in p and q is at most
r/4, this cut includes either e or ey (or both), either e, or e; (or both),
and either e, or eg (or e; or eg, in certain combinations with other edges).
Let us consider the case where this cut includes e;, e;, and eg. Since the
bottleneck cost of these edges is greater than r/4, we have more than r/2
units of flow through e; and more than r/4 units of flow through each
of e, and ez. Hence, we obtain that more than r units of flow leave s, a
contradiction. All other cases are similar.

To conclude the proof, we have also to show (3), namely that for any
subnetwork H’ of G, if H' does not contain a good subnetwork of D, then
B(H’,r) > r/3. We observe that (3) implies (2), because if 7 is a No-instance,
any two paths, p and g, connecting s; to t; and s, to ty, have some vertex in
common, and thus, D includes no good subnetworks. To show (3), we let
H’ be any subnetwork of G, and let ‘H’ be the corresponding subinstance
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of G. We first show that either H' contains (i) all external edges, (ii) at least
one path outgoing from each of s, and s, to either t; or t,, and (iii) at least
one path incoming to each of t; and t, from either s, or s,, or H' includes
a “small” s — t cut, and thus any ‘H’-feasible flow f has B(f) > r/3.

To prove (i), we observe that if some of the edges e;, e;, and eg is
missing from H’, r units of flow are routed through the remaining ones,
which results in a bottleneck cost of at least r/3. The same argument
applies to the edges es, eg, and ey. Similarly, if e; is not present in H’, the
edges e,, e, and eg form an s — t cut, and routing r units of flow through
them causes a bottleneck cost of at least r/3. Therefore, we can assume,
without loss of generality, that all these external edges are present in H'.

Now, let us focus on the external edges es and e;. If e5 is not present
in H' and there is a path p outgoing from s, to either t; or t,, routing 2r/3
units of flow through the path (e}, ey, e3) and r/3 units through the path
(es, p, €9) (or through the path (eg, p, €7, eg)) is a Nash flow with a bottleneck
cost of r/3 (see also Fig. 11.2.a). If s, is connected to neither t; nor t, (no
matter whether es; is present in H' or not), the edges e; and e; form an
s — t cut, and thus, any H’-feasible flow has a bottleneck cost of at least
r/3. Similarly, we can show that if either e; is not present in H’, or neither
S nor s, is connected to t,, any H’-feasible flow has a bottleneck cost of
at least r/3. Therefore, we can assume, without loss of generality, that all
external edges are present in H’, and that H’ includes at least one path
outgoing from s, to either t; or t;, and at least one path incoming to t, from
either s; or s,.

Similarly, we can assume, without loss of generality, that H' includes
at least one path outgoing from s, to either ¢, or t;, and at least one path
incoming to t; from either s, or s,. E.g., if s; is connected to neither t;
nor t,, routing 2r/3 units of flow through the path (ey, e;, e3) and r/3 units
through s, and either t; or t, (or both) is a Nash flow with a bottleneck cost
of r/3. A similar argument applies to the case where neither s, nor s, is
connected to t;.

Let us now consider a subnetwork H’ of G that does not contain a good
subnetwork of D, but it contains (i) all external edges, (ii) at least one path
outgoing from each of s; and s, to either t; or t;, and (iii) at least one
path incoming to each of t; and f, from either s; or s,. By (ii) and (iii),
and the hypothesis that the subnetwork of D included in H’ is bad, H’
contains an s; —t; path p and an s, — t; path g (see also Fig. 11.2.b). At the
intuitive level, this corresponds to the case where no edges are removed
from G. Then, routing r/3 units of flow on each of the s—t paths (ey, e;, €3),
(e1, ez, €5, p,€), and (eg, q, €7, €2, €3) has a bottleneck cost of r/3 and is a
Nash flow, because the set of edges with bottleneck cost r/3 comprises an
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Figure 4.2: Possible subnetworks of G when there is no pair of vertex-disjoint
paths connecting s; to t; and sy to t5. The subnetwork (a) contains an sy —t; path
and does not include es. In the subnetwork (b), we essentially have all edges of G.
In (c), we depict a Nash flow that consists of three paths, each carrying r/3 units
of flow, and has a bottleneck cost of r/3.

s —t cut (see also Fig. 11.2.c). Therefore, we have shown part (3) of the
lemma, which in turn, immediately implies part (2). O

We note that the bottleneck routing game G in the proof of Lemma 11.1
has p(G) = 4/3, and is paradox-ridden, if 7 is a YEs instance of 2-DDP, and
paradox-free, otherwise. Thus, we obtain that:

Theorem 4.2. Deciding whether a bottleneck routing game with strictly
increasing linear latencies is paradox-ridden is NP-hard.

Moreover, Lemma 11.1 implies that it is NP-hard to approximate BSubNBC
within a factor less than 4 /3. The subtle point here is that given a subnet-
work H, we do not know how to efficiently compute the worst equilibrium
bottleneck cost B(H, r). However, we can use the notion of a good subnet-
work of D and deal with this issue. Specifically, let A be any approximation
algorithm for BSubNBC with approximation ratio less than 4/3. Then, if D
is a YEs-instance of 2-DDP, A applied to the network G, constructed in the
proof of Lemma 11.1, returns a subnetwork H with B(H, r) < r/3. Thus, by
Lemma 11.1, H contains a good subnetwork of D, which can be checked in
polynomial time. If D is a No-instance, D contains no good subnetworks.
Hence, the outcome of A would allow us to distinguish between YESs and NO
instances of 2-DDP.

Remark 4.3. If we let the edges to have more general latency functions,
such as polynomials of greater degree or exponential functions, then we
can get greater inapproximability factors for BSubNBC.

For example, if we use the cost functions x? instead of x and x%/2¢
instead of x/2 in network G in the proof of Lemma 11.1 (fig. 11.1), then
we will get an inapproximability ratio of (4/3)%.
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Using a* instead of x and a*’? instead of x/2 in the proof of Lemma 11.1
(fig. 11.1), we get an inapproximability ratio of a”/'? = B*(@)'/® (depending
on a and r).

4.4 HNpooeyyionuomia tou KaAurepou YNodIKTUOU €i-
val AUGKOAN

Next, we apply essentially the same construction as in the proof of Lemma 11.1,
but in a recursive way, and show that it is NP-hard to approximate BSubNBC
for linear bottleneck routing games within a factor of O(n'!2!7%), for any
constant ¢ > 0. Throughout this section, we let 7 = (D, sy, So, 1, t) be

a 2-DDP instance, and let G be an s — t network, which includes (possi-
bly many copies of) D and can be constructed from 7 in polynomial time.
We assume that G has a linear latency function d.(x) = a.x, a. > 0, on
each edge e, and for any traffic rate r > 0, the bottleneck routing game

G = (G, ¢, r) has B (G) = r/y,, for some y, > 0. Moreover,

1. If J is a YEs-instance of 2-DDP, there exists a subnetwork H of G with
B(H,r) = r/y,.

2. If T is a No-instance of 2-DDP, for all subnetworks H’ of G, B(H',r) >
r/ys, for a y, € (0, yy).

3. For all subnetworks H’ of G, either H' contains at least one copy of a
good subnetwork of D, or B(H', r) > r/ys,.

The existence of such a network shows that it is NP-hard to approximate
BSubNBC within a factor less than y = y, /y,. Thus, we usually refer to G
as a y-gap instance (with linear latencies). For example, for the network
G in the proof of Lemma 11.1, y; = 4 and y, = 3, and thus G is a 4/3-
gap instance. We next show that given 7 and a y,/y,-gap instance G,
we can construct a (4y;)/(3y,)-gap instance G, i.e., we can amplify the
inapproximability gap by a factor of 4/3.

Lemma 4.4. Let 7 = (D, sy, S5, 11, t;) be a 2-DDP instance, and let G be
a y1/y.-gap instance with linear latencies, based on 7. Then, we can
construct, in time polynomial in the size of 7 and G, an s — t network G’
with a linear latency function d.(x) = a.x, a. > O, on each edge e, so that
for any traffic rate r > O, the bottleneck routing game G’ = (G’,c,r) has
B*(G) = r/(4y,), and:
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1. If 7 is a vEs-instance of 2-DDP, there exists a subnetwork H of G’
with B(H, r) = r/(4y,).

2. If I is aNo-instance of 2-DDP, for every subnetwork H' of G’, B(H', r) >
r/(3ys).

3. For all subnetworks H’ of G’, either H’' contains at least one copy of
a good subnetwork of D, or B(H’, r) > r/(3ys).

Proof. Starting from D, we obtain G’ by applying the construction of Lemma 11.1,
but with all external edges, except for e;, replaced by a copy of the gap-
instance G. For convenience, we refer to the copy of the gap-instance re-
placing the external edge e;, i € {1, 3, ..., 9}, as the edgework G;. Formally,
to obtain G’, we start from D and add four new vertices, s, t, v, u. We con-
nect s to u, with the s — u edgework G,, and v to t, with the s — u edgework
G3, where in both G; and Gz, we replace the latency function d.(x) of each
edge e in the gap instance with d.(x)/2 (this is because in Lemma 11.1,
the external edges e; and e; have latencies x/2). Moreover, instead of the
external edge e;, i € {4, ...,9}, we connect (s, v), (v, s1), (S, S2), (t1, w), (u, t),
and (t,, t) with the edgework G;. The latencies in these edgeworks are as in
the gap instance. Furthermore, we add the external edge e, = (u, v) with
latency d,,(x) = ex, for some ¢ € (O, ﬁ) (see also Fig. 11.3.a). Also, each
edge e of D has latency d.(x) = ex. We next consider the corresponding
routing instance G’ with an arbitrary traffic rate r > 0. Throughout the
proof, when we define a routing instance, we omit, for simplicity, the co-
ordinate c, referring to the latency functions, with the understanding that
they are defined as above.

Intuitively, each G;, i € {4,...,9}, behaves as an external edge (hence
the term edge(net)work), which at optimality has a bottleneck cost of r/y;,
for any traffic rate r entering G;. Moreover, if 1 is a YEs-instance of 2-DDP,
the edgework G; has a subedgework H; for which B(H;, r) = r/y,, for any r,
while if H; does not contain any copies of a good subnetwork of D (or, if 7
is a No-instance), for all subedgeworks H; of G;, B(H;,r) > r/y,, for any r.
The same holds for G; and Gz, but with a worst equilibrium bottleneck cost
of r/(2y,) in the former case, and of r/(2y,) in the latter case, because the
latency functions of G, and Gs are scaled by 1/2 (see also Proposition 9).

The proofs of the following propositions are conceptually similar to the
proofs of the corresponding claims in the proof Lemma 11.1.

Proposition 4. The optimal bottleneck cost of G’ is B'(G') = r/(4y,).

Proof. We have to show that B*(G’) = r/(4y,). For the upper bound, as
in the proof of Lemma 11.1, we assume that D contains an s; — t, path
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Figure 4.3: (a) The network G’ constructed in the proof of Lemma 11.4. The
structure of G’ is similar to the structure of the network G in Fig. 11.1, with each
external edge e;, except for ey, replaced by the edgework G;. (b) The structure of a
best subnetwork H of G’, with PoA = 1, when D contains a pair of vertex-disjoint
paths, p and g, connecting s; to t; and s, to t;. To complete H, we use an optimal
subnetwork (or simply, subedgework) of each edgework G;.

p and an s, — t; path g, which are edge-disjoint. We route (i) r/4 units
of flow through the edgeworks G,, Gs, next through the path p, and next
through the edgework Gy, (ii) r/4 units through the edgeworks Gg, next
through the path g, and next through the edgeworks G; and Gg, and (ii)
r/2 units through the edgework G;, next through the external edge e,, and
next through the edgework Gs;. These routes are edge(work)-disjoint, and
if we route the flow optimally through each edgework, the bottleneck cost
is r/(4y,). As for the lower bound, we observe that the edgeworks H;, H,,
and Hg essentially form an s —t cut in G’, and thus every feasible flow has
a bottleneck cost of at least r/(4y,). O

Proposition 5. If I is a YEs-instance, there is a subnetwork H of G’ with
B(H,r) =r/(4y,).

Proof. If 1 is a YEs-instance of 2-DDP, then (i) there are two vertex-disjoint
paths in D, p and g, connecting s; to t; and s, to f, and (ii) there is
an optimal subnetwork (or simply, subedgework) H; of each edgework G;
so that for any traffic rate r routed through H;, the worst equilibrium
bottleneck cost B(H;, r) is r/y,, ifi € {4,...,9}, and r/(2y,), if i € {1, 3}. Let
H be the subnetwork of G’ that consists of only the edges of the paths p
and q from D, of the external edge e,, and of the optimal subedgeworks
H;, i€{1,3,...,9} (see also Fig. 11.3.b). We observe that we can route: (i)
r/4 units of flow through the subedgeworks H,, Hs, next through the path
p, and next through the subedgeworks H; and Hg, (ii) r/4 units of flow
through the subedgework Hg, next through the path g, and next through
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the subedgework Hg, and (iii) r/2 units of flow through the subedgework
H;, next through the external edge e;, and next through the subedgework
H;. These routes are edge(work)-disjoint, and if we use any Nash flow
through each of the routing instances (H;, r/4), i € {4,...,9}, (H;,r/2), and
(Hs, r/2), we obtain a Nash flow of the instance (H, r) with a bottleneck cost
of r/(4y,).

We next show that any Nash flow of (H, r) has a bottleneck cost of at
most r/(4y,). To reach a contradiction, let us assume that some feasible
Nash flow f has bottleneck cost B(f) > r/(4y,). We recall that f is a Nash
flow iff the edges of G’ with bottleneck cost B(f) > r/(4y,) form an s—t cut.
This cut does not include the edges of the paths p and g and the external
edge ey, due to the choice of their latencies. Hence, this cut includes a
similar cut either in Hg or in Hy (or in both), either in H; or Hs (or in both),
and either in H, or in Hg (or in Hs or in Hg, in certain combinations with
other subedgeworks, see also Fig. 11.3.b). Let us consider the case where
the edges with bottleneck cost B(f) > r/(4y,) form a cut in H;, H,, and
Hg. Namely, the edges of H;, Hy, and Hg, with bottleneck cost equal to
B(f) > r/(4y,) form an s — u, an s — v, and an s — s, cut, respectively, and
thus the restriction of f to each of H;, Hy, and Hg, is an equilibrium flow of
bottleneck cost greater than r/(4y,) for the corresponding routing instance.
Since 7 is a vEs-instance, this can happen only if the flow through H; is
more than r/2, and the flow through each of H; and Hg is more than r/4
(see also property (ii) of optimal subedgeworks above). Hence, we obtain
that more than r units of flow leave s, a contradiction. All other cases are
similar. O

The most technical part of the proof is to show (3), namely that for any
subnetwork H’ of G’, if H' does not contain any copies of a good subnetwork
of D, then B(H’,r) > r/(3y,). This immediately implies (2), since if I is a
No-instance of 2-DDP, D includes no good subnetworks. To prove (3), we
consider any subnetwork H’ of G’, and let H; be the subedgework of each
G; present in H'. We assume that the subedgeworks H; do not contain any
copies of a good subnetwork of D, and show that if the subnetwork of D
connecting s; and s, to t; and t, in H’ is also bad, then B(H’, r) > r/(3y,).

At the technical level, we repeatedly use the idea of a flow f; through
a subedgework H; that “saturates” H;, in the sense that f; is a Nash flow
with bottleneck cost at least r;/(3y,) for the subinstance (H;, r;). Formally,
we say that a flow rate r; saturates a subedgework H; if B(H;, r;) > r;/(3v»).
We refer to the flow rate r; for which B(H/, r?) = r7/(3y,) as the saturation
rate of H;. We note that the saturation rate r; is well-defined, because
the latency functions of G;s are linear and strictly increasing. Moreover,
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by property (3) of gap instances, the saturation rate of each subedgework
H isr’ <r/3,ifie{4,...,9}), and r7 < 2r/3, if i € {1,3}. Thus, at the
intuitive level, the subedgeworks H; behave as the external edges of the
network constructed in the proof of Lemma 11.1. Hence, to show that
B(H’,r) > r/(3y,), we need to construct a flow of rate (at most) r that
saturates a collection of subedgeworks comprising an s — t cut in H'.

Our first step in this direction is to simplify the possible structure of
H'.
Proposition 6. Let H' be any subnetwork of G’ whose subedgeworks H;
do not contain any copies of a good subnetwork of D. Then, either the
subnetwork H' contains (i) the external edge e,, (ii) at least one path outgoing
Jfrom each of s; and s, to either t; or t,, and (iii) at least one path incoming
to each of t; and t, from either s, or s,, or B(H',r) > r/(3y,).

Proof. For convenience, in the proofs of Proposition 14 and Proposition 15,
we slightly abuse the terminology, and say that a collection of subedge-
works of H' form an s — t cut, if the union of any cuts in them comprises
an s —t cut in H'. Moreover, whenever we write that r; units of flow are
routed through a subedgework H;, we assume that the routing through H;
corresponds to the worst Nash flow of (H;, ;). Also, we recall that since
subedgeworks H; do not contain any copies of a good subnetwork of D, by
property (3) of gap instances, the saturation rate of each H; is ry < r/3, if
ief4,...,9},and r7 <2r/3,if i € {1, 3}.

We start by showing that either the external edge e, is present in H’,
or B(H',r) > r/(3y,). Indeed, if e, is not present in H’, the subedgeworks
Hj, H}, and Hg form an s—t cut in H'. Therefore, we can construct a Nash
flow f that routes at least r/3 units of flow through Hj, Hj, and Hg, and
has B(f) > r/(3y,). Therefore, we can assume, without loss of generality,
that e, is present in H'.

Similarly, we show that either H’ includes at least one path outgoing
from s, to either t; or t;, and at least one path incoming to ¢, from either
S or Sy, or B(H',r) > r/(3y,). In particular, if s, is connected to neither
t; nor t, the subedgeworks H] and H; form an s —t cut in H'. Thus, we
can construct a Nash flow f that saturates the subedgework Hj (or the
subedgeworks H; and HY, if r{ > r; + rg) and the subedgework H (or the
subedgeworks H; and either HZ, or H) and at least one of the H; and Hy,
depending on r; and the saturation rates of the rest). We note that this
is always possible with r units of flow, because r{ < 2r/3 and r; < r/3.
Therefore, the bottleneck cost of f is B(f) > r/(3y,). In case where there
is no path incoming to &, from either s, or s,, the subedgeworks H; and
H{ form an s — t cut in H’. As before, we can construct a Nash flow f
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that saturates the subedgeworks H; and Hjg (or, as before, an appropriate
combination of other subedgeworks carrying flow to H; and H}), and has
B(f) = r/(3y,). Therefore, we can assume, without loss of generality, that
H’ includes at least one path outgoing from s, to either t; or t;, and at least
one path incoming to &, from either s; or s,.

Next, we show that either H' includes at least one path outgoing from
s; to either t; or t;, and at least one path incoming to t; from either s; or
Sy, or B(H',r) = r/(3y,). In particular, let us consider the case where s,
is connected to neither t; nor t, (see also Fig. 11.4.a, the case where there
is no path incoming to t; from either s; or s, can be handled similarly).
In the following, we assume that s, is connected to t, (because, by the
analysis above, we can assume that there is a path incoming to t;, and
s; is not connected to Ty), and construct a Nash flow f of bottleneck cost
B(f) = r/(3ys).

We first route min{rg, rg} < r/3 units of flow through the subedgework
H{, next through an s, — t, path, and finally through the subedgework
H, and saturate either Hg or H{ (or both). If there is an s, — t; path and
H{ is not saturated, we keep routing flow through H], next through an
sy — t; path, and next through the subedgeworks H, and H, until either
the subedgework H or at least one of the subedgeworks H;, and H} become
saturated. Thus, we saturate at least one edgework on every s—t path that
includes s,.

Next, we show how to saturate at least one edgework on every s—t path
that includes either v or u. If ry < r§ < 2r/3, we route r; units of flow
through Hj, e;, and Hj, and route min{r; — r7, r;} units of flow through H}
and Hj, and saturate either H; and H; or H; and H;. If r§ < r] < 2r/3,
we route r5 units of flow through Hj, e,, and Hj, and route min{r; — r7, rg}
units of flow through H| and Hg, and saturate either H; and H} or H; and
Hj.

The remaining flow (if any) can be routed through these routes, in pro-
portional rates. In all cases, we obtain an s — t cut consisting of saturated
subedgeworks. Thus, the resulting flow f is a Nash flow with a bottleneck
cost of at least r/(3y,).

O

Now, let us focus on a subnetwork H’ of G’ that contains (i) the external
edge e, (ii) at least one path outgoing from each of s; and s, to either t;
or t, and (iii) at least one path incoming to each of t; and t, from either
sy or s,. If the copy of the subnetwork of D connecting s; and s, to t;
and t, in H’ is also bad, properties (ii) and (iii) imply that H’ contains an
s; — t, path p and an s, — t; path g. In this case, the entire subnetwork H’
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(a) (b)

Figure 4.4: The structure of possible subnetworks of G’ when there is no pair of
vertex-disjoint paths connecting s; to t; and sy to tp. The subnetwork (a) contains
a path outgoing from sy to either t; or ty, and no path outgoing from s; to either
t) or t. Hence, no flow can be routed through the edgework Gs, and thus we can
regard Gs as being absent from H’. The subnetwork (b) essentially corresponds
to the case where all edges of G’ are present in H'.

essentially behaves as if it included all edges of G’. Then, a routing similar
to that in Fig. 11.2.c gives a Nash flow with a bottleneck cost of r/(3yy).
This intuition is formalized by the following proposition.

Proposition 7. Let H' be any subnetwork of G’ that satisfies (i), (i), and (iii)
above, and does not contain any copies of a good subnetwork of D. Then
B(H',r) > r/(3y»).

Proof. In the following, we consider a subnetwork H’ of G’ which does not
include any copies of a good subnetwork of D, and contains (i) the external
edge e, (ii) at least one path outgoing from each of s; and s, to either t; or
ty, and (iii) at least one path incoming to each of t; and t, from either s; or
S,. Since the copy of the subnetwork of D connecting s; and s, to t; and t,
in H’ is bad, properties (ii) and (iii) imply that H’ contains an s; — t, path p
and an s, — t; path q. Moreover, since the subedgeworks H; do not include
any copies of a good subnetwork of D, by property (3) of gap instances, the
saturation rate of each H; is r7 < r/3, if i € {4,...,9}, and r7 < 2r/3, if
ie€{l,3}

We next show that for such a subnetwork H’, we can construct a Nash
flow f of bottleneck cost B(f) > r/(3y,). At the conceptual level, as in the
last case in the proof of Lemma 11.1, we seek to construct a Nash flow by
routing r/3 units of flow through each of the following three routes: (i) H;,
ey, and Hj, (ii) H}, ey, H{, p, and Hg, and (iii) H, q, H;, e;, and H;. However,
for simplicity of the analysis, we regard the corresponding (edge) flow as
being routed through just two routes: a rate of 2r/3 is routed through Hj,
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ey, and Hj, and a rate of r/3 is routed through the (possibly non-simple)
route Hf, q, H,, e, H,, p, and Hj. We do so because the latter routing
allows us to consider fewer cases in the analysis. We conclude the proof
by showing that if the latter route is not simple, we can always decompose
the flow into the three simple routes above.

In the following, we assume that with a flow rate of at most 2r/3, routed
through Hj, e;, and H} (and possibly through H; and Hg), we can saturate
both subedgeworks H; and H;. Otherwise, as in the last case in the proof
of Proposition 14, we can show how with a total flow rate of at most 2r/3,
part of which is routed through either H; or Hg, we can saturate either H]
and Hj, or H; and Hj. Then, the remaining r/3 units of flow can saturate
either Hg, in the former case, or Hy, in the latter case. Thus, we obtain a
Nash flow with a bottleneck cost of at least r/(3y,).

Having saturated both subedgeworks H; and Hj, using at most 2r/3
units of flow, we have at least r/3 units of flow to saturate the subedge-
works HZ, H}, H;, and Hj, or an appropriate subset of them, so that
together with H] and Hj, they form an s — t cut in H'. We first route
T = min{rg, 1§, 13, 19} < r/3 units of flow through Hg, q, H;, e,, H, p, and H,
until ¢, and consider different cases, depending on which of the subedge-
works HZ, Hg, H,, and H{ has the minimum saturation rate.

e If 1 =15, Hj is saturated. We first assume that H' contains an s, — t;
path, and route (some of) the remaining flow (i) through Hj, HF'), an
s; — t, path, H;, and Hg, and (ii) through H{, q, H,, and H,. We
do so until either at least one of the subedgeworks H, and Hg or
the subedgework H{ and at least one of the subedgeworks H; and
H. become saturated. Since min{rs, rg} < r/3, this requires at most
r/3 — t additional units of flow. If H' does not contain an s; — t;
path, we route the remaining flow only through route (ii), until either
at least one of the subedgeworks H, and H} or the subedgework Hj
become saturated. In both cases, the newly saturated subedgeworks,
together with the saturated subedgeworks H;, H;, and Hg, form an
s — t cut of saturated subedgeworks, and thus the worst equilibrium

bottleneck cost is at least r/(3ys).

e If T = 1§, Hy is saturated. As before, we first assume that H’ contains
an s, —t; path, and route the remaining flow (i) through Hj, HZ, p, and
H{, and (ii) through Hj, H, an s, — t; path, Hj and Hg, until either at
least one of the subedgeworks H; and H;, or the subedgework H} and
at least one of the subedgeworks H, and H{ become saturated. Since
min{r;, r5} < r/3, this requires at most r/3 — r additional units of flow.



84 KE®AAAIO 4. TIAPAAOEO TOY MITPAEY ZE TIAII'NIA ME KOXTH ZYTKENTPQZHZ

If H' does not contain an s; —t; path, we route the remaining flow only
through route (i), until either at least one of the subedgeworks H; and
HY or the subedgework Hj become saturated. In both cases, the newly
saturated subedgeworks, together with the saturated subedgeworks
Hj, H;, and Hf, form an s — t cut of saturated subedgeworks, and
thus the worst equilibrium bottleneck cost is at least r/(3ys).

e If 1 = 7, H, is saturated. Then, we first assume that H’ contains
an s, — t, path, and route the remaining flow (i) through H;, H;, p,
and Hj, and (ii) through Hg, an s, — t; path, and Hj, until either
the subedgework H{, or the subedgework Hg and at least one of the
subedgeworks H; and H, become saturated. Since r§ < r/3, this
requires at most r/3 — t additional units of flow. If H does not
contain an s, — t; path, we route the remaining flow only through
route (i), until either at least one of the subedgeworks H; and H[
or the subedgework HJ become saturated. In both cases, the newly
saturated subedgeworks, together with the saturated subedgeworks
Hj, H;, and H,, form an s — t cut of saturated subedgeworks, and
thus the worst equilibrium bottleneck cost is at least r/(3ys).

o If T = r;, H] is saturated. As before, we first assume that H’ contains
an sy — t, path, and route the remaining flow (i) through H{, q, H,
and H{, and (ii) through Hg, an s, — t; path, and Hj, until either
the subedgework Hy, or the subedgework HJ and at least one of the
subedgeworks H, and Hj become saturated. Since r; < r/3, this
requires at most r/3 — t additional units of flow. If H does not
contain an s, — t; path, we route the remaining flow only through
route (i), until either at least one of the subedgeworks H, and Hj
or the subedgework Hj become saturated. In both cases, the newly
saturated subedgeworks, together with the saturated subedgeworks
Hj, H}, and H;, form an s — t cut of saturated subedgeworks, and
thus the worst equilibrium bottleneck cost is at least r/(3yy).

Thus, in all cases, we obtain an equilibrium flow with a bottleneck
cost of at least r/(3y,). However, in the construction above, the route
Hf, q. H}, e;, H,, p, H) may not be simple, since p and q may not be
vertex-disjoint. If this is the case, this route is technically not allowed
by our model, where the flow is only routed through simple s — t paths.
Nevertheless, the corresponding edge flow can be decomposed into the
following three simple routes: (i) Hj, e;, and Hj, (ii) Hj, e;, H, p, and
H;, and (iii) H}, g, H,, e;, and H;, unless min{ry, 5} < r/3. Moreover, if
min{r}, r§} < r/3, we can work as above, and saturate both H; and H} with
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at most r/3 units of flow. The remaining 2r/3 units of flow can be routed
(i) through H{, g, H,, and H{, and (ii) through H;, H., p, and Hg, and
possibly either through Hj, an s, — t, path', and Hy, or through Hj, H,
an s, — t; path, H}, and H{, until either H; (or H;) and H{, or H;, (or Hy)
and H{ are saturated. This routing only uses simple routes. In addition,
these saturated subedgeworks, together with the saturated subedgeworks
H] and Hj, form an s—t cut of saturated subedgeworks, and thus the worst
equilibrium bottleneck cost is at least r/(3y). O

Propositions 14 and 15 immediately imply part (3) of the lemma, which,
in turn, implies part (2). O

Each time we apply Lemma 11.4 to a y-gap instance G, we obtain a
4y/3-gap instance G’ with a number of vertices of at most 8 times the
vertices of G plus the number of vertices of D. Therefore, if we start
with an instance 7 = (D, s, S,, t;, t;) of 2-DDP, where D has k vertices,
and apply Lemma 11.1 once, and subsequently apply Lemma 11.4 for
llog, /5 k] times, we obtain a k-gap instance G’, where the network G’ has
n = O(k®23) vertices. Suppose now that there is a polynomial-time algo-
rithm A that approximates the best subnetwork of G’ within a factor of
O(k'™®) = O(n®'2-¢), for some small € > 0. Then, if 7 is a YEs-instance
of 2-DDP, algorithm A, applied to G’, should return a best subnetwork H
with at least one copy of a good subnetwork of D. Since H contains a poly-
nomial number of copies of subnetworks of D, and we can check whether
a subnetwork of D is good in polynomial time, we can efficiently recognize
I as a vYEs-instance of 2-DDP. On the other hand, if 7 is a No-instance of
2-DDP, D includes no good subnetworks. Again, we can efficiently check
that in the subnetwork returned by algorithm A, there are not any copies of
a good subnetwork of D, and hence recognize / as a No-instance of 2-DDP.
Thus, we obtain that:

Theorem 4.5. For bottleneck routing games with strictly increasing lin-
ear latencies, it is NP-hard to approximate BSubNBC within a factor of
O(n%!21-%), for any constant & > 0.

Remark 4.6. If in the network G in the proof of Lemma 11.1 (fig. 11.1)
we replace the cost functions x and x/2 with x¢ and x%/2¢ respectively,
we will get an instance with y; = 4% and y, = 3%, and thus G would be
a (4/3)%-gap instance. Moreover, if we apply the same techniques as in
lemma 11.4, we can amplify the inaproximability gap. As in Lemma 11.4

'We note that if the paths p and q are not vertex-disjoint, we also have an s; — t; path
and an sy — t path in H'.
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we inductively create a new network using as a base the base network of
figure 11.1 with cost functions x? instead of x and x?/2¢ instead of x/2.
In the new network the edges ey,..., ey are replaced with a copy of the
old network with the known gap (4/3)%. Edges e, e; are replaced with a
copy of the old network but with all the cost functions divided by 2¢. This
will result to a graph that gives an inapproximability gap of (4/3)??. Doing
this t = log, 5, n times, we result to a network with O(n'°%/s8+1) vertices
and an inapproximability gap of n. So, in a similar way like before, we get
that (unless P=NP), we cannot polynomially approximate BSubNBC within
a factor of O(n'/102a/s2 8+ _ ¢)

Using a* instead of x and a*/? instead of x/2 and applying the same
technique for say t times we get a network with gap B*(G)*/"!

2

4.5 Aiktua pe Ixedév MoAuwvupikd Movondémna

In this section, we approximate, in quasipolynomial-time, the best subnet-
work and its worst equilibrium bottleneck cost for instances G = (G, c, 1)
where the network G has quasipolynomially many s — t paths, the latency
functions are continuous and satisfy a Lipschitz condition, and the worst
Nash flow in the best subnetwork routes a non-negligible amount of flow
on all used edges.

We highlight that the restriction to networks with quasipolynomially
many s — t paths is somehow necessary, in the sense that Theorem 11.5
shows that if the network has exponentially many s—t paths, as it happens
for the hard instances of 2-DDP, and thus for the networks G and G’
constructed in the proofs of Lemma 11.1 and Lemma 11.4, it is NP-hard to
approximate BSubNBC within any reasonable factor. Also, we can always
assume, without loss of generality, that the worst Nash flow of the best
subnetwork H* assigns positive flow to all edges of H*. Otherwise, we
can remove any unused edges, without increasing the worst equilibrium
bottleneck cost of H*. In addition, we assume here that there is a constant
6 > 0, such that the worst Nash flow in H* routes more than 6 units of
flow on all edges of the best subnetwork H*.

In the following, we normalize the traffic rate r to 1. This is for con-
venience and can be made without loss of generality?. Our algorithm is
based on [42, Lemma 2], which applies Althofer’s “Sparsification” Lemma

2Given a bottleneck routing game G with traffic rate r > 0, we can replace each latency
function d(x) with d.(rx), and obtain a bottleneck routing game G’ with traffic rate 1,
and the same Nash flows, PoA, and solutions to BSubNBC.
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[5] (similar technique in [60], independently), and shows that any flow can
be approximated by a “sparse” flow using logarithmically many paths.

Lemma 4.7. Let G = (G(V, E), ¢, 1) be a routing instance, and let f be any
G-feasible flow. Then, for any ¢ > 0, there exists a G-feasible flow f using at
most k(e) = |log(2m)/(2€?)] + 1 paths, such that for all edges e, |f. —f.| < .
if £, > 0, and f, = 0, otherwise.

By Lemma 11.7, there exists a sparse flow f that approximates the
worst Nash flow f on the best subnetwork H* of G. Moreover, the proof of
[42, Lemma 2] shows that the ﬂow]‘ is determined by a multiset P of at most
k(e) paths, selected among the paths used by f. Then, for every path p € P,
ﬂ, = |P(p)|/|P|, where |P(p)| is number of times the path p is included in the
multiset P, and |P| is the cardinality of P. Therefore, if the total number
|P| of s —t paths in G is quasipolynomial, we can find, in quasipolynomial-
time, by exhaustive search, a flow-subnetwork pair that approximates the
optimal solution of BSubNBC. Based on this intuition, we next obtain an
approximation algorithm for BSubNBC on networks with quasipolynomially
many paths, under the assumption that there is a constant 6 > 0, such
that the worst Nash flow in the best subnetwork H* routes more than 6
units of flow on all edges of H*. This assumption is necessary so that
the exhaustive search on the family of sparse flows of Lemma 11.7 can
generate the best subnetwork H*, which is crucial for the analysis.

Theorem 4.8. Let G = (G(V,E), c, 1) be a bottleneck routing game with
continuous latency functions that satisfy the Lipschitz condition with a
constant £ > 0, let H* be the best subnetwork of G, and let f* be the worst
Nash flow in H*. If for all edges e of H", f > &, for some constant 6 > 0O,
then for any constant ¢ > 0, we can compute in time [f|C0cg2m)/ min{6*.£*/¢%)
a flow f and a subnetwork H such that: (i) f is an &/2-Nash flow in the
subnetwork H, (ii) B(f) < B(H*, 1) + ¢, (iii) B(H, 1) < B(f) + /4, and (iv)
B(f) < B(H, 1) + /2.

Proof. Let e > 0 be a constant, and let ¢, = min{8, ¢/(4¢)}, and e, = £/2. We
show that a flow-subnetwork pair (H, f) with the desired properties can be
computed in time |P|°*) where k(e,) = [log(2m)/ min{262, €2 /(8E%)}] + 1,
For convenience, we say that a flow g is a candidate flow if there is a
multiset P of paths from P, with |P| < k(e;), such that g, = |P(p)|/|P|,
for each p € £. Namely, a candidate flow belongs to the family of sparse
flows, which by Lemma 11.7, can approximate any other flow. Similarly,
a subnetwork H is a candidate subnetwork if there is a candidate flow g
such that H consists of the edges used by g (and only of them), and a
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subnetwork-flow pair (H, g) is a candidate solution, if g is a candidate flow,
H is a candidate subnetwork that includes all the edges used by g (and
possibly some other edges), and g is an e;-Nash flow in H.

By exhaustive search, in time |P|°*()) we generate all candidate flows,
all candidate subnetworks, and compute the bottleneck cost B(g) of any
candidate flow g. Then, for each pair (H, g), where g is a candidate flow and
H is a candidate subnetwork, we check, in polynomial time, whether gis an
e;-Nash flow in H, and thus whether (H, g) is a candidate solution. Thus,
in time |P|°*) we determine all candidate solutions. For each candidate
subnetwork H that participates in at least one candidate solution, we let
B(H) be the maximum bottleneck cost B(g) of a candidate flow g for which
(H, g) is a candidate solution. The algorithm returns the subnetwork H
that minimizes B(H), and a flow f for which (H, f) is a candidate solution
and B(H) = B(f).

The exhaustive search above can be implemented in |P|°*¢) time. As
for the properties of the solution (H, f), the definition of candidate solutions
immediately implies (i), i.e., that f is an &/2-Nash flow in H.

In the following we use Lemma 11.7, and show (ii), (iii), and (iv).

We first show (ii), i.e., that B(f) < B(H", 1)+&. We recall that H* denotes
the best subnetwork of G and f* denotes the worst Nash flow in H*. Also,
by hypothesis, f; > 6 > O, for all edges e of H".

By Lemma 11.7, there is a candidate flow f such that for all edges e of
H*, Lfe —f2| £ ;. Thus, since ¢, < §, H" is a candidate network, because
f. > 0 for all edges e of H*. Moreover, by the Lipschitz condition and the
choice of e, for all edges e of H*, |d(f.)— d.(f")| < /4. Therefore, since f* is
a Nash flow in H*, f is an e,-Nash flow in H*, and thus (H, f) is a candidate
solution. Furthermore, |B(f) — B(f*)| < /4, i.e., the bottleneck cost of f is
within an additive term of £/4 from the worst equilibrium bottleneck cost
of H*. In particular, B(f) < B(H*, 1) + £/4.

We also need to show that for any other candidate flow g for which
(H*,g) is a candidate solution, B(g) < B(f) + 3¢/4, and thus B(H*) <
B(f) + 3¢/4 < B(H*,1) + €. To reach a contradiction, let us assume that
there is a candidate flow g that is an e-Nash flow in H* and has B(g) >
B(f) + 3e/4. But then, we should expect that there is a Nash flow g’ in H*
that closely approximates g and has a bottleneck cost of B(g') ~ B(g) >
B(f”), a contradiction. Formally, since g is an e,-Nash flow in H*, the set
of edges with d.(g.) > B(g) — ¢/2 comprises an s — t cut in H*. Then, by
the continuity of the latency functions, we can fix a part of the flow routed
essentially as in g, so that there is an s — t cut consisting of used edges
with latency B(g) — ¢/2, and possibly unused edges with latency at least
B(g) — £/2, and reroute the remaining flow on top of it, so that we obtain a
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Nash flow g’ in H*. But then,
B(g') > B(g) - ¢/2 > B(f) + ¢/4 > B(f"),

which contradicts the hypothesis that f* is the worst Nash flow in H".

Therefore, B(H*) < B(H*,1) + . Since the algorithm returns the can-
didate solution (H,f), and not a candidate solution including H*, B(H) <
B(H*). Thus, we obtain (ii), namely that B(H) = B(f) < B(H*, 1) + ¢.

We proceed to show (iii), namely that B(H, 1) < B(f) + ¢/4. To this end,
we let g be the worst Nash flow in H. By Lemma 11.7, there is a candidate
flow g such that for all edges e of H, |g. — ge| < €, if g > 0, and g, = O,
otherwise. Therefore, by the Lipschitz condition and the choice of ¢, for
all edges e of H, |de(ge) — de(ge)l < €/4, if ge > 0, and de(ge) = de(ge) = O,
otherwise. This implies that |B(g) — B(g)| < /4, i.e., that bottleneck cost
of g is within an additive term of £/4 from the bottleneck cost of g. In
particular, B(g) < B(g) + /4.

We also need to show that (H, g) is a candidate solution. Since H is
a candidate subnetwork and g is a candidate flow, we only need to show
that g is an e,-Nash flow in H. Since g is a Nash flow in H, the set of
edges C = {e : d.(g.) > B(g)} comprises an s —t cut in H. In fact, for
all edges e € C, do(g.) = B(9), if go > 0, and d.(ge) = B(g), otherwise.
Let us now consider the latency in g of each edge e € C. If g. = O, then
de(ge) = de(ge) 2 B(g) > B(g) — ¢/4. If g > 0, then

B() 2 de(@e) 2 de(ge) — /4 = B(g) — /4 2 B(g) — ¢/2.

Therefore, for the flow g, we have an s — t cut in H consisting of edges
e either with g, > 0 and B(g) — /2 < d.(g.) < B(g), or with g, = 0 and
d.(g.) = B(g) — €/4. By the standard properties of e-Nash flows (see also in
Section 11.1), we obtain that g is a ¢,-Nash flow in H.

Hence, we have shown that (H, §) is a candidate solution, and that
B(g) < B(g) + ¢/4. Therefore, the algorithm considers both candidate solu-
tions (H, f) and (H, g), and returns (H, f), which implies that B(g) < B(f).
Thus, we obtain (iii), namely that B(H, 1) = B(g) < B(f) + &/4.

To conclude the proof, we next show (iv), namely that B(f) < B(H, 1) +
€/2. For the proof, we use the same notation as in (iii). The argument is
essentially identical to that used in the second part of the proof of (ii). More
specifically, to reach a contradiction, we assume that the candidate flow f,
which is an e,-Nash flow in H, has B(f) > B(H, 1)+&/2. Then, as before, we
should expect that there is a Nash flow f’ in H that approximates f and has
a bottleneck cost of B(f') ~ B(f) > B(H, 1), a contradiction. Formally, since
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f is an e;,-Nash flow in H, the set of edges with d.(f,) > B(f)—¢&/2 comprises
an s —t cut in H. Then, by the continuity of the latency functions, we can
fix a part of the flow routed essentially as in f, so that there is an s -t cut
consisting of used edges with latency B(f)—e/2, and possibly unused edges
with latency at least B(f) — £/2, and reroute the remaining flow on top of it,
so that we obtain a Nash flow f” in H. But then, B(f’) > B(f)—&/2 > B(H, 1),
which contradicts the definition of the worst equilibrium bottleneck cost
B(H, 1) of H. Thus, we obtain (iv), namely that B(f) < B(H, 1) + /2. O

Therefore, the algorithm of Theorem 12.1 returns a flow-subnetwork
pair (H,f) such that f is an ¢/2-Nash flow in H, the worst equilibrium
bottleneck cost of the subnetwork H approximates the worst equilibrium
bottleneck cost of H*, since B(H*,1) < B(H,1) < B(H*, 1) + 5¢/4, by (ii)
and (iii), and the bottleneck cost of f approximates the worst equilibrium
bottleneck cost of H, since B(H, 1) — ¢/4 < B(f) < B(H, 1) + ¢/2, by (iii) and
(iv).



Kepdraio 5

Napadoto 1ou Mnpdec oe Tuxaiac
ouonc Aiktua pe NMpooBetika Koot

210 REPAAA10 aUTO €EeTAOUNE TV MPOOCEYYIONHOTNTA TOU MPoBANPaAtog U-
peong BéAtioTou UnodIKTUOU yia Vv KAdoon twv tuxaiov Erdos — Renyi G,
ypagwv mou éxouv arodeiybei ermperneig oto mapadodo (Roughgarden kat
Valiant, RSA 2010) ka1 (Chung kat Young, WINE 2010). H Baowkn pag
ouvelopopd eival pa MOAUGVUIIKOU XpOVOU avay®yr) ITou 51apuAldooel Toug
APAYOVIEG TIPOOEYYIONG Y1d TO Ao 1o TpoBAnpa o tétola tuxaia diktua oto
nPpOBANPa ot eivatl amiomnoinpévon 61KTUo Ormou OAOol 01 Yeitoveg TOU S KAl
Tou t eival aneubeiag ocuvdedepévol amo akpég 0 kootoug. Baoilopevol oe
auto, @TIAXVOUPE €va MOAUGVUMIKO oxXNua yla Kabe € > 0 1mou pe peydAn
mbavotnta, unodoyidetl éva unodiktuo pe v € — Nash 1oopportia va kootidet
10 oAU (1 + g)L* + ¢, ortou 10 L* eival n kabuotépnorn oto BéAtioto diktuo. To
TMIPOOEYY10TIKO OXNHA Pag TPEXEL O MOAUDVUHILIKO XPOVOo av 1o tuxaio diktuo
€xel péoo Babpod O(poly(In n)) kat n ouvoAikr) Kivnon péoa oto diktuo eivat
O(poly(Inln n)), kat eivat oxedov moAvwvupikd yia péooug PBabpoug péxpt
o(n) kat ouvoAiky Kivnor iorn pe O(poly(In n)).

5.1 Opiopoi nou apopouV 10 Luykekpinévo MpdpAnua

We deal with a typical instance (G(V, E), (d)ecg, ) of a non atomic CG
(selfish routing game). In such instances, as noted earlier, all used paths
under a Nash flow have a unique minimum latency which we denote as
L(G,d,r) or L(G,r), for brevity, assuming that the latency function are
given within G.

The paradox seems not an artifact of optimization theory [56, 77], and
our motivation is whether in some practically interesting settings, where

91
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Figure 5.1:

(a) The optimal optimal total latency social cost is 3/2, achieved by routing half of
the flow on each of the paths (s, v, t) and (s, w, t). In the Nash flow, all traffic goes
through the path (s, v, w, t) and has selfish cost 2, thus inducing the worst PoA =
4/3 for linear latencies. (b) If we remove the edge (v, w), the Nash flow coincides
with the optimal social flow. Hence the network (b) is the best subnetwork of
network (a) and achieves the best possible PoA = 1, with no sacrificed players
through slower paths.

the paradox occurs, we can efficiently compute a set of edges whose re-
moval significantly improves the equilibrium latency.

We only consider linear latencies d.(x) = a.x + b,, with a., b, > O.
We restrict our attention to instances where the coefficients a. and b, are
randomly selected from a pair of random variables A and B. Following
[24, 84], we say that A and B are reasonable if:

e A has bounded range [Anin, Amax] and B has bounded range [0, By,
where Ani, > 0 and An.x, Bmax are constants, i.e., they do not depend
on r and |V]|.

e There is a closed interval Iz of positive length, such that for every
non-trivial subinterval I’ C I, Pr[A € I'] > 0.

e There is a closed interval Ig, O € Ig, of positive length, such that
for every non-trivial subinterval I’ C Ig, Pr[8 € I'] > 0. Moreover,
for any constant n > O, there exists a constant §, > 0, such that
Pr(B < n] > 6,.

Flows and Nash Flows. Two flows f and g are different if there is an edge
e with f, # g..

Given a flow f, let the latency of f be L(f) = max,; .o dp(f). We some-
times write Ls(f) when the network G is not clear from the context.
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For an instance (G(V,E),r) and a flow f, we let E = {e € E : f, > 0}
be the set of edges used by f, and Gs(V, E;) be the corresponding subnet-
work of G. In a Nash flow f, all players incur a common latency on their
paths, which, according to the previous definitions, is L(f) = min, d,(f) =
maxp o dp(f). A Nash flow f on a network G(V, E) is a Nash flow on any
subnetwork G’(V’, E’) of G with E; C E'.

Every instance (G, r) admits at least one Nash flow, and the players’
latency is the same for all Nash flows (see e.g., [77]). For linear latency
functions, a Nash flow can be computed efficiently, in strongly polynomial
time, while for strictly increasing latencies, the Nash flow is essentially
unique (see e.g., [77]).

Best Subnetwork. Recall, the best subnetwork H* of (G, r) is a subnetwork
of G with the minimum equilibrium latency, i.e., H* has L(H*,r) < L(H, r)
for any subnetwork H of G. We study the approximability of the Best Sub-
network Equilibrium Latency problem, or BestSubEL in short. In BestSubEL,
we are given an instance (G, r), and seek for the best subnetwork H* of (G, r)
and its equilibrium latency L(H", r).

Good Networks. We restrict our attention to undirected s — t networks
G(V,E). We let n =|V| and m = |E|. For any vertex v, we let ['((v) = {u e V:
{u, v} € E} denote the set of v’s neighbors in G. Similarly, for any non-empty
SV, welet I'(S) = J,s['(v) denote the set of neighbors of the vertices in
S, and let G[S] denote the subnetwork of G induced by S. For convenience,
we let Vs =1(s), E; = {{s,u} : ue Vy, V, =I(t), E; = {{v.t} : v € V;}, and
V.= V\({s t}UV,UV,). We also let ng = |V, n; = |V{|, n, = max{ns, n;},
n. = min{ns, n;}, and n,, = |V,,|]. We sometimes write V(G), n(G), Vi(G),
ns(G), ..., if G is not clear from the context.

It is convenient to think that the network G has a layered structure
consisting of s, the set of s’s neighbors Vg, an “intermediate” subnetwork
connecting the neighbors of s to the neighbors of t, the set of t’s neighbors
V;, and t. Then, any s — t path starts at s, visits some u € V,, proceeds
either directly or through some vertices of V;,, to some v € V;, and finally
reaches t. Thus, we refer to G,, = G[V; U V,, U V;] as the intermediate
subnetwork of G. Depending on the structure of G,,, we say that:

e G is a random G, ;, network if (i) n; and n; follow the binomial dis-
tribution with parameters n and p, and (ii) if any edge {u, v}, with
uevV,UVsand v € V,, UV, exists independently with probability
p. Namely, the intermediate network G, is an Erdds-Rényi random
graph with n — 2 vertices and edge probability p, except for the fact
that there are no edges in G[V;] and in G[V{].
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e G is internally bipartite if the intermediate network G,, is a bipartite
graph with independent sets Vg and V;. G is internally complete bi-
partite if every neighbor of s is directly connected by an edge to every
neighbor of t.

e G is O-latency simplified if it is internally complete bipartite and every
edge e connecting a neighbor of s to a neighbor of ¢t has latency
function d.(x) = 0.

The O-latency simplification G, of a given network G is a O-latency
simplified network obtained from G by replacing G[V,,] with a set of O-
latency edges directly connecting every neighbor of s to every neighbor of
t. Moreover, we say that a O-latency simplified network G is balanced, if
Ing —ny| < 2n_.

We say that a network G(V, E) is (n, p, k)-good, for some integer n < |V/|,
some probability p € (0, 1), with pn = o(n), and some constant k > 1, if G
satisfies that:

1. The maximum degree of G is at most 3np/2, i.e., for any v € V,
T'(v)| < 3np/2.

2. Gis an expander graph, namely, for any set S C V, [['(S)| > min{np|S|, n}/2.

3. The edges of G have random reasonable latency functions distributed
according to A X B, and for any constant n > 0, Pr[8 < n/Inn]np =
w(1).

4. If k > 1 and we randomly partition V,, into k sets V., ..., VY, each of
cardinality |V;,|/k, all the induced subnetworks G[{s, t}UV;U V. UV;]
are (n/k, p, 1)-good, with a possible violation of the maximum degree
bound by s and t.

If G is a random G,, , network, with n sufficiently large and p > cklnn/n,
for some large enough constant ¢ > 1, then G is a (n, p, k)-good network
with high probability (see e.g., [15]), provided that the latency functions
satisfy condition (3) above. Similarly, the random instances considered in
[24] are good with high probability. Also note that the O-latency simplifi-
cation of a good network is balanced, due to (1) and (2).
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5.2 To oxiua Npoocéyyiong kai 1o MNepiypappa e Ava-
Auong

In this section, we describe the main steps of the approximation scheme
(see also Algorithm 1), and give an outline of its analysis. We let € > O be
the approximation guarantee, and assume that L(G, r) > ¢. Otherwise, any
Nash flow of (G, r) suffices.

Algorithm 1: Approximation Scheme for BestSubEL in Good Networks

Input: Good network G(V, E), rate r > 0, approximation guarantee
e>0
Output: Subnetwork H of G and e-Nash flow g in H with
L(g) < (1 + e)L(H*, 1)+ ¢

1 if L(G, 1) < g, return G and a Nash flow of (G, r) ;

2 create the O-latency simplification Gy of G ;

3 if r > (Bpaxy)/(€Amin), then let Hy = Gy and let f be a Nash flow of
(Go, 1) ;

4 else, let Hy be the subnetwork and f the £/6-Nash flow of Thm. 12.7
applied with error £/6 ;

5 let H be the subnetwork and let g be the ¢-Nash flow of Lemma 12.9
starting from Hy and f ;

6 return the subnetwork H and the e-Nash flow g ;

Algorithm 1 is based on an approximation-preserving reduction of BestSubEL
for a good network G to BestSubEL for the O-latency simplification Gy of G.
The first step of our approximation-preserving reduction is to show that
the equilibrium latency of the best subnetwork does not increase when
we consider the O-latency simplification G, of a network G instead of G
itself. Since decreasing the edge latencies (e.g., decreasing d,.,(x) = 1
to dpu)(x) = 0 in Fig. 12.1.a) may trigger Braess’s paradox, we need
Lemma 12.2 and its careful proof to make sure that zeroing out the la-
tency of the intermediate subnetwork does not cause an abrupt increase
in the equilibrium latency.

Next, we focus on the O-latency simplification Gy of G (step 2 in Alg.
1). We show that if the traffic rate is large enough, i.e., if r = Q(n, /¢), the
paradox has a marginal influence on the equilibrium latency. Thus, any
Nash flow of (Gy, r) is an (1 + ¢)-approximation of BestSubEL (Lemma 12.3,
step 4). If r = O(n,/¢), we use an approximate version of Caratheodory’s
theorem (Theorem 12.6) to prove that by an efficient exhaustive search we
can obtain an e/6-approximation of BestSubEL for (Gy, r) (Theorem 12.7,
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step 4), which in fact we obtain!

We now have a subnetwork Hy and an ¢/6-Nash flow f that comprise a
good approximate solution to BestSubEL for the simplified instance (G, r).
The next step of our approximation-preserving reduction is to extend f to
an approximate solution to BestSubEL for the original instance (G, r). The
intuition is that due to the expansion and the reasonable latencies of G,
any collection of O-latency edges of Hy used by f to route flow from V to
V; can be “simulated” by an appropriate collection of low-latency paths
of the intermediate subnetwork G,, of G. We first prove this claim for a
small part of Hy consisting only of neighbors of s and neighbors of ¢t with
approximately the same latency under f (Lemma 12.8, the proof draws
ideas from [24, Lemma 5]). Then, using a careful latency-based grouping
of the neighbors of s and of the neighbors of t in Hy, we extend this claim
to the entire Hy, (Lemma 12.9). Thus, we obtain a subnetwork H of G and
an e-Nash flow g in H such that L(g) < (1 + ¢)L(H", r) + ¢ (step 5).

We summarize our main result. The proof follows by combining Lemma 12.2,
Theorem 12.7, and Lemma 12.9 in the way indicated by Algorithm 1 and
the discussion above.

Theorem 5.1. Let G(V, E) be (n, p, k)-good network, where k > 1 is a large
enough constant, let r > O be any traffic rate, and let H* be the best
subnetwork of (G, r). Then, for any € > 0, Algorithm 1 computes in time
nf(rQA%” /Sz)poly(lVl), a flow g and a subnetwork H of G such that with high
probability, wrt. the random choice of the latency functions, g is an e-Nash

flow of (H, r) and has L(g) < (1 + ¢)L(H") + ¢.

By the definition of reasonable latencies, Ap.x is a constant. Also, by
Lemma 12.3, r affects the running time only if r = O(n, /¢). In fact, pre-
vious work on selfish network design assumes that r = O(1), see e.g.,
[77]. Thus, if r = O(1) (or more generally, if r = O(poly(Inlnn))) and
pn = O(poly(In n)), in which case n, = O(poly(In n)), Theorem 12.1 gives
a randomized polynomial-time approximation scheme for BestSubEL in
good networks. Moreover, the running time is quasipolynomial for traf-
fic rates up to O(poly(Inn)) and average degrees up to o(n), i.e., for the
entire range of p in [24, 84]. The next sections are devoted to the proofs of
Lemmas 12.2 and 12.9, and of Theorem 12.7.

5.3 AnAonoinon 1ou SIKTUOU

We first show that the equilibrium latency of the best subnetwork does not
increase when we consider the O-latency simplification Gy of a network G
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instead of G itself.

Lemma 5.2. Let G be any network, let r > 0 be any traffic rate, and
let H be the best subnetwork of (G, r). Then, there is a subnetwork H’
of the O-latency simplification of H (and thus, a subnetwork of Gy) with
L(H',r) < L(H,r).

Proof. Throughout the proof, we assume wlog. that all the edges of H
are used by the equilibrium flow f of (H, r) (otherwise, we can remove all
unused edges from H). The proof is constructive, and at the conceptual
level, proceeds in two steps.

For the first step, given the equilibrium flow f of the best subnetwork H
of G, we construct a simplification H; of H that is internally bipartite and
has constant latency edges connecting I['(s) to I'(t). H; also admits f as an
equilibrium flow, and thus L(H,,r) = L(H, r). We also show how to further
simplify H; so that its intermediate bipartite subnetwork becomes acyclic.

To construct the simplification H; of H, we let f be the equilibrium
flow of H, and let L = L(H,r). For each u; € I'(s) and v; € I'(t), we let
Ji = Zp=(s.....v,.nJp D€ the flow routed by f from u; to v;. The network H,
is obtained from H by replacing the intermediate subnetwork of H with a
bipartite subnetwork connecting I'(s) and I'(t) with constant latency edges.
More specifically, instead of the intermediate subnetwork of H, for each
u; € I'(s) and v; € I'(t) with f; > 0, we have an edge {u;, v;} of constant
latency by = L — (s ufis.u) + Pisuwy) — (Au.oifiy.0 + bry.yy) (the corresponding
a; is set to 0). If f; = O, u; and v; are not connected in H,. We note that by
construction, H; admits f as an equilibrium flow, and thus L(H;,r) = L.

Furthermore, we modify H; by deleting some edges from its interme-
diate subnetwork so that the induced bipartite subgraph H;[I'(s) U I'(t)]
becomes acyclic. Therefore, in the resulting network, for each u; € I'(s)
and each v; € I'(t), there is at most one (s, u;, v;, t) path in H,. Hence, the
resulting network admits a unique equilibrium flow with a unique path
decomposition.

To this end, let us assume that there is a cycle C = (uy, Uy, Ug, . . ., Uk, U, U1, Uy)
in the intermediate subnetwork H;[I'(s) UI'(t)]. We let e, = {uy, v;} be the
edge of C with the minimum amount of flow in f, and let fi; be the flow
through ey, (see also Fig. 12.2). Then, removing ey, and updating the
flows along the remaining edges of C so that f; = f; + fia, 1 < i < k, and
fl{m) = fiws1) —Jier, 1 £ 1 < k=1, we “break” the cycle C, by eliminating the
flow in ey, and obtain a new equilibrium flow f’ of the same rate r and with
the same latency L as that of f. Applying this procedure repeatedly to all
cycles, we end up with an internally bipartite network H; with an acyclic
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intermediate subnetwork that includes constant latency edges only. More-
over, H; admits an equilibrium flow f of latency L. This concludes the first
part of the proof.

Figure 5.2: In (a), we have a cycle C = (u;, vg, U, . . ., Uk, We, U1, Uy) in the interme-
diate subnetwork H;[I'(s)UI'(t)]. We assume that fi; is the minimum amount flow
through an edge of C in the equilibrium flow f. In (b), we have removed the edge
ex1, and show the corresponding change in the amount of flow on the remaining
edges of C. Since the latency functions of the edges in C are constant, the change
in the flow does not affect equilibrium.

The second part of the proof is to show that we can either remove
some of the intermediate edges of H; or zero their latencies, and obtain a
subnetwork H’ of the O-latency simplification of H with L(H’,r) < L(H, r).
To this end, we describe a procedure where in each step, we either remove
some intermediate edge of H; or zero its latency, without increasing the
latency of the equilibrium flow.

Let us focus on an edge ey = {u, v} with by > 0, and attempt to set
its latency function to b;; = 0. We have also to change the equilibrium
flow f to a new flow f’ that is an equilibrium flow of latency at most L in
the modified network with by, = 0. We let r,, be the amount of flow moving
from an s — t path p = (s, u;, v;, t) to the path piy = (s, u, v, t) during this
change. We note that r, may be negative, in which case, |r,| units of flow
actually move from py to p. Thus, r,’s define a rerouting of f to a new flow
S, with f = f, — p, for any s — t path p other than py, and f; = fiu + 2, 1p-

Next, we show how to compute r,’s so that f” is an equilibrium flow
of cost at most L in the modified network (where we want to set b;d = 0).
We let P = Py, \ {pu} denote the set of all s — t paths in H; other than
P We let F be the |P| X |P| matrix, indexed by the paths p € P, where
F[p1. P2l = Yeepinp, Qe — Zieepinpy Ge- and let T be the vector of r,’s. Then,
the p-th component of FF is equal to d,(f) — d,(f'). In the following, we
consider two cases depending on whether F is singular or not.

If F is non-singular, the linear system FF = £1 has a unique solution
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T, for any € > 0. Moreover, due to linearity, for any a > 0, the unique
solution of the system FF = ae1 is aF.. Therefore, for an appropriately
small £ > 0, the linear system Q, = {FF=¢1.f,—-1, >0 Vp e P, fiu+ X, 1 >
0.d,,(f") £ L + by — ¢} admits a unique solution ¥. We keep increasing ¢
until one of the inequalities of Q, becomes tight. If it first becomes r, = f,
for some path p = (s, u;, v}, t) € P, we remove the edge {u;, v} from H; and
adjust the constant latency of ey so that d, (f') = L — . Then, the flow f”
is an equilibrium flow of cost L — ¢ for the resulting network, which has one
edge less than the original network H,. If )}, r, < O and it first becomes
2.pTp = —fi» we remove the edge e from H,. Then, f’ is an equilibrium
flow of cost L — ¢ for the resulting network, which again has one edge less
than H,. If 3}, r, > 0 and it first becomes d, (") = L + by — €, we set the
constant latency of the edge e to by, = 0. In this case, f” is an equilibrium
flow of cost L — ¢ for the resulting network that has one edge of O latency
more than the initial network H;.

If F is singular, proceeding similarly, we compute r,’s so that f’ is an
equilibrium flow of cost L in a modified network that includes one edge
less than the original network H,. When F if singular, the homogeneous
linear system F¥ = O admits a nontrivial solution ¥ # 0. Moreover, due to
linearity, for any a € IR, aF is also a solution to FF = 0. Therefore, the
linear system Qo = {FF = 0.f, -1, 2 0 Vp € P.fiu + X, 1, > O} admits a
solution ¥ # 0 that makes at least one of the inequalities tight. We recall
that the p-th component of FF is equal to d,(f) — dp(f’). Therefore, for the
flow f’ obtained from the particular solution 7 of Qy, the latency of any path
p € Pis equalto L. If Fis such that r,, = f, for some path p = (s, u;, v, t) € P,
we remove the edge {u;, v;} from H; and adjust the constant latency of ey
so that d,,,(f’) = L. Then, the flow f’ is an equilibrium flow of cost L for
the resulting network, which has one edge less than the original network
H,. If ¥ is such that }; ,r, = —fiq, we remove the edge e,; from H;. Then, f’
is an equilibrium flow of cost L for the resulting network, which again has
one edge less than H;.

Each time we apply the procedure above either we decrease the number
of edges of the intermediate network by one or we increase the number of
O-latency edges of the intermediate network by one, without increasing the
latency of the equilibrium flow. Moreover, if p,; is disjoint to the paths
p € P, F is non-singular (next paragraph) and the procedure above leads
to a decrease in the equilibrium latency, and eventually to setting b;, = O.
So by repeatedly applying these steps, we end up with a subnetwork H’ of
the O-latency simplification of H with L(H’,r) < L(H, r).

To show that if p, is disjoint to the paths p € P, F is non-singular
we show that the matrix F is positive definite (which implies that F is
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non-singular). We first note that if p,; is disjoint to all p € P, then for
all p1.ps € P. F[p1.p2] = Yeeprp, Q- Hence, for all X € R*”, ¥TFx =
DiecE®) a.x? > 0, where E(P) denotes the set of edges included in the paths
of P and X, = },.cp Xp. Since the intermediate network of H, is acyclic
and any flow in H; has a unique path decomposition, if X has one or more
non-zero components, there is at least one edge e adjacent to either s or ¢
such that x, > 0, and thus ¥'F¥ > 0. Otherwise, the difference of the flow
defined by X with the trivial flow defined by O would indicate the existence
of a cycle in the intermediate subnetwork of H;. This is a contradiction,
since by the first part of the proof, the intermediate part of H; is acyclic.
O

5.4 TMpooeyyiloviac 10 BéAnoro Ynodiktuo o1a AnAo-
nomuéva Aiktua

We proceed to show how to approximate the BestSubEL problem in a bal-
anced O-latency simplified network G, with reasonable latencies. We may
always regard Gy as the O-latency simplification of a good network G. We
first prove two useful lemmas (lemmas 12.3 and 12.4) about the maximum
traffic rate r up to which BestSubEL remains interesting, and about the
maximum amount of flow routed on any edge / path in the best subnet-
work.

Lemma 5.3. Let Gy be any O-latency simplified network, let r > 0, and
let H] be the best subnetwork of (Gy,r). For any € > O, if r > i"“‘—??, then
L(Go, 1) < (1 + e)L(H}, ).

Proof. We first show that for O-latency simplified instances (G, r), we can
assume, essentially wlog., that the traffic rate r = O(n, /¢). Otherwise, a
Nash flow f of (Go, r) is an (1 + &)-approximation of the BestSubEL problem
in (Go, r).

To go on with the proof, we assume that r > %, let f be a Nash
flow of (Gy, r), and consider how f allocates r units of flow to the edges
of E; = E4(Gp) and to the edges E; = E(Gp). For simplicity, we let L =
L(Go, r) denote the equilibrium latency of Gy, and let A; = }.r 1/a. and
At = ZeEEt 1/ae

Since Gy is a 0-latency simplified network and f is a Nash flow of (G, r),
there are L,,L, > O, with L, + L, = L, such that all used edges incident
to s (resp. to t) have latency L, (resp. L,) in the Nash flow f. Since

Bma

r> T"i;‘*, L, L, > By and all edges in Eg U E; are used by f. Moreover,
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by an averaging argument, we have that there is an edge e € Es with
a.f. < r/As, and that there is an edge e € E; with a.f, S r/At Therefore,
L, < (r/As) + Bnax and Ly < (r/A;) + Buax, and thus, L < & + & + 2Bpy.

On the other hand, if we ignore the additive terms b of the latency
functions, the optimal average latency of the players is r/As + r/A;, which
implies that L(H},r) > r/As + r/A;. Therefore, L < L(H},r) + 2Bp.. More-
over, since r > %, Ag < ng/Anin, and A; < 1y /Amin, Wwe have that:

L(H,,r >—+—
(Ho. 1) As A

Bmax Ing Amin Bmax ny Amin
= +

B Amins ng Amins 4%
> 2B /€

Therefore, 2B.x < eL(H;, 1), and L < (1 + ¢)L(H;, r).
O

Lemma 5.4. Let Gy be a balanced O-latency simplified network with rea-
sonable latencies, let r > 0, and let f be a Nash flow of the best subnetwork
of (Gy, r). For any ¢ > 0, if Pr[8 < &/4] > 8, for some constant § > 0, there
exists a constant p = 22mb gch that with probability at least 1—e /8,

6eAZ.
Je < p, for all edges e.

'min

Proof. We proceed to show that in a O-latency simplified instance (G, r),
the best subnetwork Nash flow routes O(r/n,) units of flow on any edge and
on any s—t path with high probability (where the probability is with respect
to the random choice of the latency function coefficients). Intuitively, we
show that in the best subnetwork Nash flow, with high probability, all used
edges and all used s—t paths route a volume of flow not significantly larger
than their fair share. We first prove the following technical lemma:

Lemma 5.5. Let Gy be a balanced O-latency simplified network with rea-
sonable latencies, let r > O be any traffic rate, and let f be any Nash
flow of the best subnetwork of (Go,r). For any € > 0, if L(G,r) > € and
Pr[B < /4] > 6, for some constant 6 > 0, there exists a constant y = 2;%“‘::*
such that with probability at least 1 —e~°"/%, for all edges e, f, < yr/n,.

Proof. We let L = L(Gy, r) denote the equilibrium latency and g denote a
Nash flow of the original instance (G, r). Since Gy is a O-latency simplified
network and g is a Nash flow of (Go, r), there are L,, L, > O, with L; +L, = L,
such that: (i) for any edge e incident to s, if b, < L, g. > 0 and a.g. + b. =
L,, while g. = O, otherwise, and (ii) for any edge e incident to t, if b, < Ly,
de > 0 and a.g. + b. = L,, while g. = 0, otherwise. Namely, all used edges
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incident to s (resp. to t) have latency L, (resp. L) in the Nash flow g. Wlog.,
we assume that L, > L,, and thus, L; > L/2 > £/2.

We next show that (i) if L > € and Pr[8 < £/4] > 6, then with probability
atleast 1—e /8 [ < %ﬂ"j‘*r, and (ii) that for any e, f, < L/Any,. The lemma
follows by combining (i) and (ii).

We start with the proof of (i). Let e be any edge incident to s with
b, < £/4. By the discussion above, in the Nash flow g of (Gy, r), g. > 0 and
dege + b = Ly. Using that L, > L/2 > ¢/2, we obtain that:

L,—¢/4 L L
1 8/ > 1 >
d. 2a, 4Amax

Ly = GeGe + be < AeGe + /4 = ge > (5.1)

Moreover, since Pr[8 < ¢/4] > 6, we use Chernoff bounds (e.g., [48, (7)]),
and obtain that:

Pr(|{e € Es(Go) with b, < £/4}| > 6n/2] > 1 — e /8 (5.2)

Combining (12.2) and (12.1), we obtain that if L > ¢ and Pr[B < ¢/4] > 6,
with probability at least 1 — e™/8, the flow rate r is at least é‘::a or
equivalently, that:

< 8AnaxT < 24 A0axT
ong oén,

L (5.3)

The last inequality holds because Gy is balanced, and |ng — ny| < 2n_. This
concludes the proof of (i).

To prove (ii), we observe that in the best subnetwork equilibrium flow
S, no used edge e has latency greater than L. Therefore, for any used edge
e incident to either s or t, we have that:

L
Amin

L
Aefe +be <L = f, < — < (5.4)
de
Moreover, any edge e in the intermediate subnetwork of G has f, < L/Ayi,

due to the flow conservation constraints. This concludes the proof of (ii).
O

We recall that we always assume that L(G,r) > ¢, since otherwise the
problem of approximating BestSubEL is trivial. Moreover, by the definition
of reasonable latency functions, we have that for any constant ¢ > O,
there is a constant 6 > 0, such that Pr[8 < ¢/4] > 6. Combining these
assumptions with Lemma 12.3 and Lemma 12.5, we obtain Lemma 12.4.
So from now on, we can assume, with high probability and wlog., that the
Nash flow in the best subnetwork of any simplified instance (Go, r) routes

O(1) units of flow on any used edge and on any used path. O
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Approximating the Best Subnetwork of Simplified Networks. First we
state an approximate version of Caratheodory’s theorem, proved in [12],
that is needed for proving the correctness and efficiency of our approxima-
tion scheme.

Theorem 5.6 ([12], Theorem 3). Let X be a set of vectors X = {x;,...,x,} C
R4 and & > 0. For every u € conv(X) and 2 < p < oo there exist an O(psl;)
uniform vector p’ € conv(X) such that ||u — /||, < &, where y = max,ex x|l
and a k uniform vector is a vector that can be written as an average of k
vectors of X with replacements allowed.

We proceed to derive an approximation scheme for the best subnetwork
of any simplified instance (G, r).

Theorem 5.7. Let Gy be a balanced O-latency simplified network with rea-
sonable latencies, let r > 0, and let Hj be the best subnetwork of (Go, r).
Then, for any € > O, we can compute, in time nf(A%‘“rz/ 82), a flow f and a
subnetwork H, consisting of the edges used by f, such that (i) f is an e-
Nash flow of (Hy, r), (i) L(f) < L(H}, r)+e/2, and (iii) there exists a constant

p > 0, such that f, < p+ ¢, for all e.

Proof. We will use theorem 12.6 to prove the existence of a flow with the
properties (i), (ii) and (iii). Then by exhaustive search we will find one such.

For every path p; = (s, w;, v, t) let x;,, be a vector indexed by the edges of
E(Go), i.e. xp, € RIE)l that contains everywhere 0, except from the slots
that correspond to edges (s, u;), (1, v;) and (v;, t) where it contains number
r. Clearly, every feasible flow of Gy can be written as a convex combination
of x,,. Let kc = n, - n_ be the number of different paths in G, and for ease of
notation let X = {xi,...,x} denote the set containing all Xp,’s, according
to an arbitrary ordering.

Let u be the Nash flow of the best subnetwork H. Using theorem 12.6
with set X as defined above, the Nash flow u € conv(X), the || - || norm, i.e.
p=2, and with y being y = r V3 we get that there is an O(%) uniform
vector f such that |[u — flls < m, which directly implies |p. — fo| <
and implies property (iii) for f, due to Lemma 12.4.

The cost of a path p; = (s, u;, v;, t) in Hj under f is d,, (f) = afis.u) + bi +

B
A (v;.0) + bJ Because of |V-e _Ll < A we have

&€
4Amax

I3 I3 I3 e
Qi ls,up + bi — 1 + Qi + by — 2 < dp,(f) < Qipysuy + bi + 1 + Qild,0) + b + 7

which gives d,, (1) — 5 < dp,(f) < dp,(1) + 5. As p is the Nash flow of the

best subnetwork Hj we get

& ] &
L(H§, 1) - 5 < dy(f) < L(H, 1) + 2 (5.5)



104 KE®PAAAIO 5. TTAPAAOEO TOY MITPAEY ZE TYXAIAY ®YXHY AIKTYA ME ITPOX®ETIKA KOXTH

for any path p in Hj.
Let Hy be the subnetwork induced by the paths used by f. By 12.5, f
in H, satisfies (i) and (ii) of the theorem.

A%mx"2
One can find such an f in time k% 2 by exhaustively searching for
this f in all possible O(A"‘g#;r) combinations of the k = n, - n_ paths of

Go. By checking all possible O(%) uniform vectors for each of these
combinations and keeping, among all acceptable flows that satisfy (i) and
(ii), the acceptable flow f that minimizes the maximum amount flow routed
on any edge, we get f. < p + ¢, for all edges e, i.e. we get property (iii). The
latter is because we know that any Nash flow g of (H;, r) routes g. < p units
of flow on any edge e (Lemma 12.4), and that in the exhaustive search step,
one of the acceptable flows f has |g. — fe| < &, for all edges e which implies
that there is an acceptable flow f with f, < p + &, for all edges e. O]

5.5 Enekreivoviag m Auon ora KaAd Aiktua

Given a good instance (G, r), we create the O-latency simplification Gy of G,
and using Theorem 12.7, we compute a subnetwork Hy and an &/6-Nash
flow f that comprise an approximate solution to BestSubEL for (Go, r). Next,
we show how to extend f to an approximate solution to BestSubEL for the
original instance (G, r). The intuition is that the O-latency edges of Hy used
by f to route flow from V; to V; can be “simulated” by low-latency paths of
G- We first formalize this intuition for the subnetwork of G induced by
the neighbors of s with (almost) the same latency Bs and the neighbors of
t with (almost) the same latency B, for some Bs, B; with Bs + B; = L(f). We
may think of the networks G and H, in the lemma below as some small
parts of the original network G and of the actual subnetwork H, of Gp.
Thus, we obtain the following lemma, which serves as a building block in
the proof of Lemma 12.9.

Lemma 5.8. We assume that G(V,E) is a (n, p, 1)-good network, with a
possible violation of the maximum degree bound by s and t, but with
|Vsl, |Vi| < 8knp/2, for some constant k > 0. Also the latencies of the edges
in E; U E; are not random, but there exist constants B, B; > O, such that
for all e € E, d.(x) = B, and for all e € E;, d.(x) = B;. We let r > 0 be
any traffic rate, let Hy be any subnetwork of the O-latency simplification
Go of G, and let f be any flow of (Hp,r). We assume that there exists
a constant o’ > O, such that for all e € E(Hy), O < f, < p’. Then, for

any €; > O, with high probability, wrt. the random choice of the latency
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functions of G, we can compute in poly(|V]) time a subnetwork G’ of G,
with E4(G") = Es(Hp) and E,(G’) = E{(H,), and a flow g of (G’, r) such that
(i) g = fo for all e € E4(G') U E{(G), (ii) g is a 7¢;-Nash flow in G’, and
(iii) Ls/(g) < Bs + B, + 7e;.

Proof. For convenience and wlog., we assume that E,(G) = E;(Hp) and that
E(G) = E/(Hp), so that we simply write Vs, Vi, E,, and E; from now on. For
each e € E; U E;, we let g. = f.. So, the flow g satisfies (i), by construction.

We compute the extension of g through G,, as an “almost” Nash flow in
a modified version of G, where each edge e € E; U E; has a capacity g. = fe
and a constant latency d.(x) = B, if e € E;, and d.(x) = By, if e € E;.
All other edges e of G have an infinite capacity and a (randomly chosen)
reasonable latency function d.(x).

We let g be the flow of rate r that respects the capacities of the edges
in Es U E;, and minimizes Pot(g) = } ¢ foge d.(x)dx. Such a flow g can be
computed in strongly polynomial time (see e.g., [85]). The subnetwork G’
of G is simply G, namely, the subnetwork that includes only the edges
used by g. It could have been that g is not a Nash flow of (G, r), due to
the capacity constraints on the edges of E; U E;. However, since g is a
minimizer Pot(g), for any u € Vs and v € V;, and any pair of s — t paths p,
p’ going through u and v, if g, > O, then d,(g) < d,(g).

We next adjust the proof of [24, Lemma 5], and show that for any s — ¢t
path pused by g, d,(g) < Bs+B;+7¢,. To prove this, weletp = (s,u,..., v, t)
be the s -t path used by g that maximizes d,(g). We show the existence of
apath p’ = (s,u,...,v,t) in G of latency d,(g) < Bs + B; + 7¢,. Therefore,
since g is a minimizer of Pot(g), the latency of the maximum latency g-
used path p, and thus the latency of any other g-used s — t path, is at
most Bs+ B; + 7€y, i.e., g satisfies (iii). Moreover, since for any s —t path p,
d,(g) > Bs + By, g is an 7¢;-Nash flow in G'.

Let p=(s,u,...,v,t) be the s — t path used by g that maximizes d,(g).
To show the existence of a path p’ = (s,u,..., v, t) in G of latency d,(g) <
Bs + B; + 7¢;, we start from Sy = {u} and grow a sequence of vertex sets
Sp €S, C--- CSp, stopping when [['(S;:)| > 3n/5 for the first time. We
use the expansion properties of G, and condition (3), on the distribution
of B, in the definition of good networks, and show that these sets grow
exponentially fast, and thus, i* < In n, with high probability. Moreover, we
show! that there are edges of latency €, + o(1) from S, = {u} to each vertex
of S;, and edges of latency ¢, /Inn+o(1/1nn) from S; to each vertex of S;, |,

The intuition is that if among the edges e incident to Vi U V;, we keep only those with
b, < €1, and among all the remaining edges e, we keep only those with b, < ¢;/Inn, then
due to condition (3) on the distribution of 8, a good network G remains an expander.
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foralli=1,...,i" — 1. Thus, there is a path of latency at most 2¢; + o(1)
from u to each vertex of S;. Similarly, we start from Ty = {v} and grow a
sequence of vertex sets To C Ty C - -- C T, stopping when |['(T}-)| > 3n/5 for
the first time. By exactly the same reasoning, we establish the existence
of a path of latency at most 2¢; + o(1) from each vertex of T;- to v. Finally,
since [['(Si-)| > 3n/5 and |['(T;)| > 3n/5, the neighborhoods of S;- and T}
contain at least n/10 vertices in common. With high probability, most of
these vertices can be reached from S and from T using edges of latency
€, + o(1). Putting everything together, we find a u — v path (in fact, many
of them) of length O(In n) and latency at most 6¢; + o(1) < 7e;.

For completeness, we next give a detailed proof, by adjusting the argu-
ments in the proof of [24, Lemma 5]. For convenience, for each vertex x,
we let dg(x) (resp. di(x)) be the latency wrt g of the shortest latency path
from s to x (resp. from x to t). Also, for any 6 > 0, we let P,(6) = Pr[B < 6]
denote the probability that the additive term of a reasonable latency is at
most 6. Recall also that by hypothesis, there exists a constant p’ > 0, such
that for all e € E(H,), f. < p’. Hence, the total flow through G (and through
Hy)isr<p'n,.

At the conceptual level, the proof proceeds as explained above. We
start with Sy = {u}. By hypothesis, the flow entering u is at most p’. By the
expansion property of good networks and by Chernoff bounds?, with high
probability, there are at least P,(e;)np/4 edges e adjacent tou with b, <
€1. At most half of these edges have flow greater than 3 ( ) - thus there
are at least Py(e;)np/8 edges adjacent to u with latency, wrt g, less than
% + €,. We now let d; = B, + gi‘;’“;ﬁp +e and S; = {x € V:dy(x) <d;}.
By the discussion above, |S,| > P,(e;)np/8.

We now inductively define a sequence of vertex sets S; and upper
bounds d; on the latency of the vertices in S; from s, such that S; C S;;;
and d; < d;,. This sequence stops the first time that |['(S;)| > 3n/5. We
inductively assume that the vertex set S; and the upper bound d; on the
latency of the vertices in S; are defined, and that |['(S;)| < 3n/5. By the
expansion property of good networks [['(S;) \ S;| = np|S;|/3, for sufficiently
large n. Thus, with probability at least 1 — ef»(e1/InnplSil/24 " there are at
least Pb(hf1 )np|S;|/6 vertices outside S; that are connected to a vertex in S;
by an edge e with b, < ¢;/Inn. Let S; be the set of such vertices, and let
E; be the set of edges that for each vertex v € S;, includes a unique edge
e € E; with b, < €, /In n connecting v to a vertex in S;. Since the flow g may

2We repeatedly use the following form of the Chernoff bound (see e.g., [48]): Let
X1, ..., Xj be random variables independently distributed in {0, 1}, and let X = Zﬁil X;.
Then, for all € € (0, 1), Pr[X < (1 — ¢)E[X]] < e < EIX1/2 where e is the basis of natural
logarithms.
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be assumed to be acyclic, a volume r < p'n, of flow is routed through the
cut (S;, V'\ S;). Then, at most half of the edges in E; have flow greater than
20'n, /|S]|. Consequently, at least half of the vertices v € S; have latency
from s:
2 /
ds(x) < d; + Sy Amaxﬂ
Inn A
€ 12A10ax0°
L8 max/O T+
Inn " Py(E)nplS)

Thus, we define the next latency upper bound d;,; in the sequence as:

€1 + 12Amax,0,n+
Inn = Py()nplSi|’

diyy =d; +

and we let S;;; = {x € V(G)|ds(x) < di;1}. By the discussion above, and
using the inductive definition of S;’s, we obtain that:

1Sis1l 2 (& Po(er /Inn)np + 1)IS|
> (l—lsz(el/ln n)np + 1) IS ]

We recall that i* is the first index i such that |I['(S;)| > 3n/5. Then, the
inequality above implies that:

In (3n/(5]S])) . _n (24n/(5Py(€1)np))
" In (%Pb(el/ln n)np + 1) " In (l—lsz(el/ln n)np + 1)
Using that pn > Inn and that P,(¢;/Inn)np = (1), the inequality above
implies that i* < Inn, for sufficiently large n.

Therefore, we obtain an upper bound on the latency from s of any vertex
in Si* .

ok

i

€1 Z 1 2Amaxp, n,

e <do+ i + Y ——omaxh
‘ Inn " £ P,GE)nplS]
Inn

€ 12A /
sd1+1—llnn+ maxf T
nn S Py(2np (S Po(2np + 1) 1S

Inn

12Anx0' 1y c
=P,(:)np+1
Pb(lﬁ‘n)nplsll Z 12 Inn )

max 96 Apnax O o
S(Bs+—p+el)+el A . 222‘
Py(e)np Py(55)Po(€1)(np)? 4

8Anax0 " 144Anx0' ke
Py(e)np  Pu(5)Pp(e1)np

:d1+€1+

SBS+2€1+
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For the penultimate inequality, we use that P,(e;/Inn)np = (1), which
implies that 1 + P,(e;/Inn)np/12 > 2, for n sufficiently large. For the
last inequality, we use that n, < 3knp/2, for some constant k > 0, by
hypothesis.

Moreover, we observe that probability that the above construction fails
is at most:

lZ e—Pb(el/ln nnplS;| /24 < lz e—(%Pb(el/ln n)np+1)i|51|/24
i=1 i=1
<In ne—(l—gpb(el/ln n)np+1)Pp(e1)np/192

Therefore, the construction above succeeds with high probability.

Similarly, we start from T, = {v}, and inductively define a sequence
of vertex sets To, € Ty C --- C T, and a sequence of upper bounds dj <
dj < --- < d. on the latency from t of the vertices in each T;. We let
T, = {x € V(G)|di(x) < de}. The sequence stops as soon as |[['(T})| > 3n/5
for the first time. Namely, j* is the first index with |['(T;-)| > 3n/5. Using
exactly the same arguments, we can show that with high probability, we
have that j* < Inn, and that:

BAnup | 144Ano'k
Py(e)np  Pu(;=)Pp(€1)np

(#*SBt+2€1+

Wlog., we assume that S N T = 0. Since |['(Sy)| + I['(T)| > 6n/5,
there are at least n/10 edge disjoint paths of length at most 2 between
Si and T;-. Furthermore, by Chernoff bounds, with high probability, there
are at least P,(€;)>n/12 such paths with both edges e on the path having
b, < €,. At most half of these paths have flow more than 2 Pljf 1;;*n and thus
there is a path from a vertex of S to a vertex of T that costs at most
2¢; + 2Amaxpi‘f§—l';;+n.

Putting everything together, we have that there is a path p’ that starts
from s, moves to u, goes through vertices of the sequence S, ..., S;, pro-
ceeds to a vertex of I'(S;)NI'(T}-), and from there, continues through vertices
of the sequence Tj, ..., T, until finally reaches v, and then t. The latency

of this path is:

8Amaxp, + 48Amaxp,k ) + 4'Slqmaxp,n«i—

d,(g) < Bs+ B, + 6¢, + 2
1 (9) t €1 (Pb(el)np Py(;-)Py(e1)np Py(er)*n

We recall that since the flow g is a the minimizer of Pot(g), for any
g-used path p = (s,u,...,v,t), dy(g) < dy(g). Thus we obtain that any
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g-used path p = (s, u, ..., v, t) has latency

8Amaxp/ + 48Amaxp/k ) + 48Amaxp/n+

d,(g) < By + B, + 6€, +2
p(g) t 1 (Pb(el)np Pb(lz_ln)Pb(el)np Pb(€1)2n

Using the hypothesis that n, < 3knp/2, for constant k > 0, and that
Py(e;/Inn)np = w(1), which is condition (3), in the definition of good net-
works, we obtain that for any constant ¢; > 0, d,(g) < Bs + B; + 7¢,, for

sufficiently large n. O

Grouping the Neighbors of s and t. Let us now consider the entire net-
work G and the entire subnetwork Hy of Gy. Lemma 12.8 can be applied
only to subsets of edges in Es(Hp) and in E;(Hp) that have (almost) the same
latency under f. Hence, we partition the neighbors of s and the neighbors
of t into classes V! and V{ according to their latency. For convenience, we
let e, = /6, i.e., f is an e;-Nash flow, and L = Ly, (f). By Theorem 12.7,
applied with error e, = £/6, there exists a p such that for all e € E(H,),
0 <fe <p+ e. Hence, L < 2A,,x(p + €) + 2B« is bounded by a constant.
We partition the interval [0, L] into x =[L/e,;] subintervals, where the
i-th subinterval is I' = (i, (i + 1)&], i = O,...,k — 1. We partition the
vertices of Vi (resp. of V;) that receive positive flow by f into x classes
V! (resp. V}), i =0,...,k— 1. Precisely, a vertex x € V; (resp. x € V),
connected to s (resp. to t) by the edge e, = {s, x} (resp. e, = {x, t}), is in the
class V! (resp. in the class V})), if d. (f;,) € I;. If a vertex x € V (resp. x € V)
does not receive any flow from f, x is removed from G and does not belong
to any class. Hence, from now on, we assume that all neighbors of s and
t receive positive flow from f, and that V?,... V*! (resp. V?,..., V) isa
partitioning of V; (resp. V;). In exactly the same way, we partition the edges
of E; (resp. of E;) used by f into k classes E. (resp. E}), i=0,...,x— 1.
To find out which parts of the subnetwork H, will be connected through
the intermediate subnetwork of G, using the construction of Lemma 12.8,
we further classify the vertices of V! and V! based on the neighbors of t
and on the neighbors of s, respectively, to which they are connected by
f-used edges in the subnetwork Hy. In particular, a vertex u € V] belongs
to the classes Vs(i‘j), for allj € {0,...,x— 1} such that there is a vertex v € V{
with f,,,) > 0. Similarly, a vertex v € V{ belongs to the classes Vt(i‘j), for all
i € {0,...,x — 1} such that there is a vertex u € V{ with f,; > 0. We note
that a vertex u € V] (resp. v € V{) may belong to many different classes
VS(iJ) (resp. to Vt(i‘j)), and that the class Véi‘j) is non-empty iff the class Vt(i‘j)
is non-empty, i.e., non-empty classes v and Vt(i‘j) appear in pairs. We let
k < x? be the number of pairs (i, ) for which Vs(m and Vt(i‘j) are non-empty.
We note that k is a constant, i.e., does not depend on |V| and r. We let Eg‘j)
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be the set of edges connecting s to the vertices in Vs(i‘j) and Eﬁi‘j) be the set
of edges connecting t to the vertices in Vt(l").

Building the Intermediate Subnetworks of G. The last step is to replace
the O-latency simplified parts connecting the vertices of each pair of classes
Vs(i‘j) and Vt(i‘j) in Hy with a subnetwork of G,,. To this end, we randomly
partition the set V,, of intermediate vertices of G into k subsets, each
of cardinality (roughly) |V,,|/k, and associate a different such subset V,Si‘j)
with any pair of non-empty classes Véi‘j) and Vt(i‘j). For each pair (i,j) for
which the classes Véi‘i) and Vt(i‘j) are non-empty, we consider the induced
subnetwork G = G[{s, t} U V¥ U V¥ U V!*], which is a (n/k, p. 1)-good
network, by condition (4) in the definition of good networks, and because
G is a (n, p, k)-good network. Therefore, we can apply Lemma 12.8 to
G, with Héi‘j) = Ho[{s. t} U V¥ U V/*'] in the role of H,, the restriction
) of f to H(()i‘D in the role of the flow f, and p’ = p + &. Moreover,
we let B(si‘j) = max, g d.(f.) and Bgi‘j) = max, o d.(f.) correspond to B
and B, and introduce constant latencies d (x) = Bg‘j) for all e € Eg‘j) and
d,(x) = Bii‘j) for all e € Ef‘j), as required by Lemma 12.8. Thus, we obtain,
with high probability, a subnetwork H'® of G’ and a flow g’ that routes
as much flow as _f*) on all edges of EM U Egi‘j), and satisfies the conclusion
of Lemma 12.8, if we keep in H'Y) the constant latencies d/(x) for all e €
E Y W,

The final outcome is the union of the subnetworks H“), denoted H
(H has the latency functions of the original instance G), and the union
of the flows g'), denoted g, where the union is taken over all k pairs
(i,j) for which the classes Véi‘j) and V,fi‘j) are non-empty. By construction,
all edges of H are used by g. We obtain lemma 12.9 by showing that if
€, = ¢/42 and e, = ¢/6, the flow g is an e-Nash flow of (H, r), and satisfies
Ly(g) < Ly, (f) + /2.

Lemma 5.9. Let any ¢ > 0, let k =[12(Amnax(0 + €) + Bnax)/€1%, let G(V, E)
be an (n, p, k)-good network, let r > 0, let Hy be any subnetwork of the
O-latency simplification of G, and let f be an (¢/6)-Nash flow of (Hy, r)
for which there exists a constant p’° > 0, such that for all e € E(H,),
0 < fo < p’. Then, with high probability, wrt. the random choice of the
latency functions of G, we can compute in poly(|V]) time a subnetwork H
of G and an e-Nash flow g of (H, r) with Ly(g) < Ly, (f) + £/2.

Proof. We consider the subnetwork H (with the original latency functions of
G), computed as the union of subnetworks H'"”, and the flow g, computed
as the union of the flows g*’, where the union is taken over all k pairs
(i,j) for which the classes Véi‘j) and Vt(i‘j) are non-empty. We recall that by
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construction, all edges of H are used by g. We show that if ¢, = /42
and e, = £/6, the flow g is an e-Nash flow of (H, r), and satisfies Ly(g) <
Ly, (f)+¢e/2. We stress that the edge and path latencies here are calculated
with respect to the original latency functions of G and under the edge
congestion induced by the flow g (or the flow f).

For convenience, we let BW = B(si‘j) + Bﬁi‘j) for any pair of non-empty
classes Vs(i‘j) and Vfi‘j). Since the difference in the latency of any edges
in the same group is at most e, we obtain that for any edge e € Egi‘j),
BM —¢, < de(fo) < B, and similarly, that for any edge e € EEU), BEiJ) — € <
d.(f.) < Bgi"'). Therefore, since H, is a O-latency simplified network, and
since by hypothesis, all the edges of H, are used by f, for any pair of non-
empty classes Vs(i‘j) and Vt(i‘j) , and for any s—t path p going through a vertex
of V¥ and a vertex of Vt(i‘j),

B - 2¢, < d,(f) < BY
Moreover, since f is an e;-Nash flow of (Hp, r), for any s — t path p € Py,

Ly, (f) — €2 < dp(f) < Ly, (f)

Combining the two inequalities above, we obtain that for any pair of non-
emptv cl (i) (i)
pty classes V' and V;*,

B(iJ) - 262 < LHo(f) < B(U) + € (56)

As for the flow g, by construction, we have that g. = f. for all edges
e € E; U E;. Therefore, for any edge e € Eg‘j), B(si‘j) — €6 < do(ge) < B(Si‘j),
and similarly, for any edge e € Eii‘j), Bii"') — € < do(ge) < Bﬁi‘j). Thus, by
Lemma 12.8, and since all the edges of any subnetwork H'*) are used by g,
for any s — t path p in the subnetwork H, B%) — 2¢, < d,(g) < BY + 7¢,.
Using that (12.6), we obtain that for any subnetwork H'® and any s — t
path p of H®),

Ly, (f) — 36 < dp(g) < Ligy(f) + 26 + 7€, (5.7)

Furthermore, we recall that the subnetworks H'“ only have in common
the vertices s and t, and possibly some vertices of Vg U V; and some edges
of E; U E,;. They have neither any other vertices in common, nor any edges
connecting vertices in the intermediate parts of different subnetworks H%
and H?J). Hence, any s—t path p of H passes through a single subnetwork
H'%, Therefore, and since by construction, all the edges and the paths of
H are used by g, (12.7) holds for any s — t path p of H.

Thus, we have shown that g is a (5e, + 7¢1)-Nash flow of (H, r), and that
Ly(g) < Ly, (f) + 26, + 7¢;. Using e; = ¢/6 and €; = ¢/42, we obtain the
performance guarantees of g as stated in Lemma 12.9. O
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Kepdraio 6

Maiyvia Zuppopnonc pe Maikrec
EuaioBnroug oto Pioko

Ta naiyvia cuppopnongayvoouyv tr] OToXAOTIKI] (PUOT 0Tl Kabuotepr|oelg Kat
TNV CUHTIEPLPOPA TV XPNOT®V arévavil oto @oBo. I'a va AdBoupe auteg tig
ETIEKTAOELG UTTOY1LY, €10ayoupe 6U0 ekOOXEG ATOPIKQOV TATYVIQV, H1d HE OTO-
XAO0TIKOUG Taikteg O1ou Kabe maiking evaroBétel 1o KOPPATL g PONG TOU
oto §iKtuo pe KaArola rmoavotntd, avedaptntn T®V UMOAOIN®OV MAKIOV, KAl
H1a PE OTOXAOTIKEG AKPEG OTTOU 01 OUVAPTHoElg Kabuotépnong eivat tuyaieg.
Kat otig 600 exkdox£g o1 rmaikteg eivat euaiodntol oto pioko, Kat 1o e§e1ldikeu-
HEVO KOOTOG TTOU UTI0A0Y1el 0 KaBEévag Toug eivat £va TT0oooTo NG KATAVOUNS
g Kabuotépnong tou povortatiou tou. Eotiddoupe oe diktua mapdAAniav
AKPOV KAl EeTA0UPE KATA OO0 01 BACIKEG 1610TNTEG T®V OTOXAOTIKGOV ITAlyVi-
®V oUPPOPNONG EEAPTOVIAL ATTO TNV CUUIEPIPOPA TRV TTATKIOV ATIEVAVIL OTO
piloko Kat 1g mbavotnteg CUPHETOXNS TV MAKTOV. Lt Bdorn, anmodsikvuou-
He ol Ta maiyvia ot diktua mapdAANAev akpov £€X0Uv mAvid pid arnodotkda
urtoAdoyiowan oopportia av ot raikteg €xouv 1d1eg mbavotnteg CUPPETOXNG
1] 1610 @O6B6o amévavilt oto PIoKO eve £X0UV KaAl ocuvaptnon Suvapikou av ot
naikieg €xouv v i61a ouprneplpopd amévavit oto Ploko. XTIV ApVITIKY
mAgUpd, TIAPOUCIAdOUHE OTOXAOTIKA ITdiyvia oupgopnong pe naikieg drapo-
PETIKOV AVIIHEIRTIIOE®V 010 poBo 10U Hev £Xouv ouvaptnon duvapikou. '‘Oco
yla v UnoAettoupyia AOYy® £Y®IOTIKNG OUPIEPIPOPAG, yia rmapdAinda i-
KTUd KAl YPAPHPIKEG OUVAPTIOEIGATIOOEIKVUOULLE OTL TO Tipnpa g avapyiag
etvatr O(n), orou n eival o ap1BpPog TV OTOXACTIK®OV MAKIOV, KAl UIopet va
eival pn @paypévo, otnv nePini®orn oToXAaoTIK®OV AKPOV.
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6.1 Eicdyovrag ra MoviéAa

In this chapter we generalize atomic congestion games. Recall that a (stan-
dard) atomic CG is the tuple G(N, E, (S))icn, (de)ece). On the corresponding
sections we will get more specific on the generalization we do, by explicitly
defining the generalizing models.

In the technical part, we restrict our attention to symmetric conges-
tion games on parallel-link networks, where strategies are singletons and
there is a strategy for every resource. Since we mostly consider networks,
we use the terms “resource” and “edge” and “strategy” and “path” inter-
changeably.

6.2 TMaiyvia Lupgopnonc pe Lroxaotkoug MNaikreg

6.2.1 To poviéAo

In Congestion Games with Stochastic Players, each player i is described by
a tuple (p;, 6;), where p; € [0, 1] is the probability that player i participates
in the game, by assigning a unit of load to her strategy, and 6; € [% 1] is the
confidence level (or risk-aversion) of player i. Essentially, each player i is
associated with a Bernoulli random variable X; that is 1 with probability p;,
and O with probability 1—p;. Then, the load of each edge e in a configuration
s is the random variable N(s) = }};..cs, Xi » and the cost of a strategy q in s
is the random variable Dy(S) = . ccq de(Ne(S)).

Given that player i participates in the game, the delay of player i in s is
given by the random variable:

Di(s) = Zde[l + Z Xj].
ecs; J#U e€s;
Note that when X; = 1, D;(s) = D (s).

The (risk-averse) individual cost c;(s) perceived by player i in s is the
6;-quantile (or value-at-risk) of D;(s). Formally, c¢;(s) = min{t : Pr[Dy(s) <
t] > 6;}. We note that for parallel-link networks, the (risk-averse) individual
cost of the players can be computed efficiently. PNE are defined as before,
but with respect to the risk-averse individual cost of the players.

Depending on whether players have the same participation probabili-
ties p; and/or the same confidence levels 6;, we distinguish between four
classes of congestion games with stochastic players:

e homogeneous, where all players have the same participation proba-
bility p and confidence level 6.
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e p-homogeneous, where all players have the same participation prob-
ability p, but may have different confidence levels.

e 6-homogeneous, where all players have the same confidence level 6,
but may have different participation probabilities.

e heterogeneous, where both the participation probabilities and the
confidence levels may be different.

6.2.2 ITOXAOTIKOI NAiKTEC o€ SiKTua NAPAAARA®Y AKU®V: ‘'Ynapén
Kal unoAoyioudg PNE

In the following, we restrict ourselves to Congestion Games with Stochastic
Players on parallel-link networks, and investigate the existence and the
efficient computation of PNE for the four cases considered above.

Homogeneous Stochastic Players. If the players are homogeneous, stochas-
tic congestion games on parallel-links are equivalent to standard conges-
tion games on parallel-links (but with possibly different latencies), because
the (risk-averse) individual cost of each player in a configuration s depends
only on the link e and its congestion s,.

Theorem 6.1. Congestion Games with Homogeneous Stochastic Players
on parallel-link networks admit an exact potential function. Moreover, a
pure Nash equilibrium can be computed in polynomial time.

Proof. The existence of a potential function implies the existence of equi-
librium. Rosenthal’s potential function ([73]) suites this case as players,
under any configuration, perceive exactly the same cost on any edge e, a
cost that depends only on the number of players on e.

Formally, let p and 6 denote the common p;’s and 6;’s of the players,
and for each edge e, define a function f, : N — R with

0, ifr=0

Je(r) = min{t . Pr[de(l + Z:;ll Yl) < t] > 6}, if r> 0.

where for all i € [r], Y; is a Bernoulli random variable (independent of
others) with probability of success p. Observe that for any configuration s
and any player i with s; = e, we have ¢;(s) = f.(s.).

Defining
LOEDIPIACH

e
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it is easy to verify that it is an exact potential function as for any player i
and any two configurations s, s’ such thats_; = s, s;=eand s; = €

D(s) = O(s') = fe(se) = fe(se + 1) = ci(s) — ci(s)).

In order to polynomially compute a PNE, we can simply use a Greedy
Best Response algorithm. We insert the players in the game, one by one,
and the player just inserted does a best response move. Each such move
can be computed in time O(m + i2), where i is the number of players in
the game so far, as for each edge e, the cumulative distribution function of
D.(s) can be computed via dynamic programming. One can easily verify,
by induction, that on any round of this procedure, the players are in a
PNE. Consequently, we get a PNE when the procedure terminates. Using
memoization to avoid recalculations, the total time needed is O(n - m +
n?). O

p-Homogeneous Stochastic Players. In this case, a stochastic game is
equivalent to a congestion game on parallel links with player-specific pay-
offs [63], as the (risk-averse) individual cost of each player in a configura-
tion s depends only on the link e, its congestion s., and i’s confidence level
6;. Thus, we obtain:

Corollary 6.2. Congestion Games with p-Homogeneous Stochastic Players
on parallel-link networks admit a PNE. Moreover, a PNE can be computed
in polynomial time.

Milchtaich [63] proved that a parallel-link congestion game with gen-
eral player-specific payoffs may not admit a potential function. In our
case however, the players’ individual costs are correlated with each other,
as for any edge, there is a common distribution on which they depend.
Nevertheless, we next show that parallel-link games with p-homogeneous
stochastic players and linear latencies may not admit a potential function.

Theorem 6.3. There are Congestion Games with p-Homogeneous Stochas-
tic Players on parallel-link networks with linear delays that do not admit a
potential function.

Proof. It suffices to show that there is an infinite improvement cycle, i.e.
an infinite sequence of deviations for which each deviating player perceives
less cost. We will modify Milchtaich’s counter-example ([63]) to fit our case.
Since players have the same probability of participation p, the load on each
edge e that player i considers is a binomial distribution: }.;. ees; K-

Fix p = 0.75, and consider three edges, e;, e; and ez, and three players
that will deviate, with §; = 0.75, 6, = 0.58 and 63 = 0.6. Also, assume
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that there are n; = 25 extra players on e;, ny = 20 extra players on e,
and n; = 9 extra players on e;. The latency functions of the edges are:
Sille) =3k + 71, fa(k) = 6k + 33 and f3(k) = 15k + 1.

In the following, an infinite better response cycle is described, consist-
ing of six different configurations that interchangeably follow one another:

e le | e |
i|{1, {3}
i | (1,2] (3]
| (2] (1.3]
iv (2] |{1.3)
v 2.3 (1)
vi| {1} [{2.3}

{1.2} | {3}

We will only write down (as a 3-dimensional vector, corresponding to
players 1, 2 and 3) what load do the three players perceive on the edge they
use in each step (exluding themselves):

i. (21, 20, 16)
ii. (21, 20,7
iii. (8, 19, 8)
iv. (8, 15, §)
v. (8, 16, 16)
vi. (20, 16, 16)

The existence of the above infinite improvement cycle forbids the existence
of any potential function. O

6-Homogeneous Stochastic Players. In this case, players have the same
confidence level §, but the participation probability p; of each player i may
be different. We next show how to efficiently compute a PNE in parallel-
link networks. Specifically, we describe the p-Decreasing Greedy Best
Response algorithm, or pDGBR in short, and show that it always results
in a PNE:

e Sort players in non-increasing order of their p;’s.

e Insert one player at a time, according to the previous order, to the
edge that corresponds to her best response move.
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e Repeat until all players are inserted.

Theorem 6.4. The pDGBR procedure computes a PNE for Congestion
Games with Stochastic 6-Homogeneous Players on parallel-link networks
with general latecy functions in time O(n - m + n?).

Proof. The proof comes by induction on the number of players. The induc-
tion hypothesis is that before the next insertion we are at a PNE.

Assume that we are in the middle of the procedure, in a PNE, and player
i has just chosen edge e. Players on other edges do not deviate because
the only edge changed is e and it got an extra player. What remains to
prove is that players on e do not deviate.

Let k be a player on e, inserted in a previous step (px > p;). In order to
show that k doesn’t deviate, it suffices to show that after step i, say under
configuration s (with s; = s, = e), we have that c.(s) < ci(s) , as edge e is
a best response strategy for player i and the cost that i and k perceive on
any other edge is the same.

Consider ci(s) and ci(s). We have:

ci(s) = min{t: Pr{d.(1 + X; + Z X)<t|> 6},

J#ik:sj=e

c(s) = min{t: Pr{d.(1 + X, + Z X)<t|> 6}.

Jtik:sj=e

Since py > p;, for any r € IN:

Pr[ X, + Z X <r]=Pr Z X < r]-Pif Z X =r]" px

J#ilk: sj=e Jj#ik: sj=e J#ilk: sj=e
<Pr| Z X <r|-Pr Z X=r|p
Jj#ik: sj=e J*il sj=e
= Pr[X; + Z X <r|.
JEik: sj=e

Thus, since d.’s are non decreasing,

Pr[d.(1 + X, + Z X)) < d.(r+1)] <Pr[d.(1+X;+ Z X)) < do(r+1)]

JEik: sj=e Jtik: sj=e

and so ¢(s) < ¢i(s), as needed.

The total time needed for the procedure is O(n- m+ n?), as at each step
i, the computations for the newly inserted player take O(m + i?) time and
we can use memoization to avoid recalculations. O
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We can also show that games in this class admit a potential function,
which can be thought of as a generalized lexicographic potential function
in two dimensions.

Theorem 6.5. Congestion Games with Stochastic 6-Homogeneous Players
on parallel-link networks are potential games.

Proof. We will define a two dimensional lexicographic potential function.
For that, we define, for each edge e and configuration s, a two dimensional
vector v, s and a total order on these vectors. Right after, for s, we define
a vector ws that as components has exactly the vectors {ves}ecr ordered
increasingly (with the usual vector ordering). Any improvement step that
turned the configuration from s to s’ is such that ws < wy. Any strictly de-
creasing function on vectors wg works as (generalized) potential. Technical
details follow.

Let c.(s) = min{t : Pr[do(1 + No(s)) < t] > 6} be the outside §-cost of
edge e under s, i.e. the cost that any player not in e computes for e when
she considers moving to e. We have

c.(s) =ci(s_;,e), Yi:s e (6.1)

Co(s) > ¢(s), Yi:s; =e. (6.2)

Let v s = (co(S), se) and consider the standard ordering on these pairs:
o (x1,UY1) < (%, y2) iff X3 < X Or (X = x5 and y; < yYo).
o (x1,y1) = (0, Yyo) iff X, = xp and yy = Ya.
e (x1,y1) > (x, yo) otherwise.

For a configuration s, let ws be the vector that consists of the pairs {ve s}eck
in increasing order. We are going to show that after an improving step, the
new configuration s’ is such that w, < wy.

Assume that player i did an improvement step by moving from e to
€ and let s be the configuration with s; = e and s’ the configuration with
s; = €. Player i deviated because ¢;(s) > ¢;(s"). Itis ci(s’) = ci(s_;, €') = co(s)
and, by (13.2), c.(s) > ci(s). So, we get c.(s) > c-(s), which implies that

Ve s < Ugs-

Thus, if we consider the coordinates of ws, we know that v, s is after vy
and so in order to show ws < wy, it suffices to show that vy s < V¢
(inequality 13.3) and vy s < Uey (inequality 13.4).
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By the improving step, the only pairs that changed are v, s and vy 5. In
fact, itis s, > s, and s¢ < s/, and it might be c.(s) > c.(s’) or c.(s) < co(s).
Whichever is the case, we have:

Vet s < Ve ¢ (63)

Because i did an improving step to € and by s; # € and (13.1) we get

ci(s) > ci(s_i, €) = co(s). Also, by s; # eand (13.1) we get ¢i(s) = ci(s’ ;. e) =
Co(s’). Thus, co(s) < c.(s’) and

Ue’,s < Ue,s’ (64)

Let ® be any strictly decreasing function on ws. Clearly, for any con-
figuration s, any edges e, e’ and any player i it is

ci(s_i,e)—ci(s_i,€)>0= D(s_;,e) — D(s_;,€) >0

and thus @ is a generalized potential. O

6.2.3 Tiunpa g Avapxiag o€ MNaiyvia pe AQIVIKEG ZuvVapoeIg

In Stochastic Congestion Games with Stochastic Players, the social cost
of a configuration s is defined as C(s) = E[ZieNXiDi(s)], as this seems to
be the most natural generalization of the definition of the Social Cost in
standard atomic CGs.

Letting o denote an optimal configuration, i.e. c(o) = ming{C(s)}, the

Price of Anarchy is formally defined as PoA = max {% : sisa PNE}.

In the following we convert C(s) to a more convenient form and right
after we give upper and lower bounds on the PoA for games with affine la-
tency functions as the expected values related to the random distributions
d.(N(s)) for general latency functions are hard to handle.

As already noted, D;(s) = Ds,(s) with X; = 1, and so X; - D;(s) = X;- Ds,(s).
Thus,

C(s) = E[LienXi - D (8)] = L. E[Ne(s) - de(Ne(s))]-

For affine latency functions of the form d.(k) = a.k + b,, it is
C(s) = Z E[N,(s)-(acNe(s)+b.)] = Z [ac(E[Ne(s)]?+Var[N.(s)])+bE[N.(s)]].

Theorem 6.6. Congestion Games with Stochastic Players and affine la-
tency functions on parallel-link networks have PoA = O(n).
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Proof. Let d.(k) = a.k + b, denote the latency of an edge e. Two things
should be pointed out for the proof.

i) The costs that players perceive on each edge is almost at least as large
as it would be if they were considering as load the expectation of other
players on each edge plus themselves, i.e. ¢(s) > a.E[}; e=s, Xi] — a. + be,
forany sandi:s;=e.

This is the case as, if we assume that edges have affine delay functions,
de(k) = a.k + b, then the cost that player i perceives for edge e under a
configuration s with s; = e is

ci(s) = min {t|Pr[de(1 + Z Xj) < t] > 61.}

J#U e=s;

= min{tIPr[ae(l + > X)+b<t]2 6i}

J#U e=s;

= ae(l +min{t|Pr[ Z X;<t]> 6i})+be-

J#i e=s;

For the median and the mean of the random variable };.;. e=s, Xj it is (see
e.g [80))
'E[ > Xl-min{tlP] > x<t]> 1/2}‘ <1.
J#i e=s; J#i: e=s;

Thus, for playeri: s; = e,

ci(s) > ae(l + min{tIPr[ Z X <t]> 1/2}) + b,
J#L e=s;

> aEl ). Xl+be>akl ) X]-a+bh

J#i e=s; J:e=s;j

ii) At equilibrium, all players on the used edges perceive a cost not
greater than n(a + b), where a + b = min.{a, + b.}.

This is the case, or else a player that perceives a greater cost would
have an incentive to deviate to the edge e with d.(k) = ak + b.

To prove the theorem, let f be a Nash equilibrium and o be an optimal
configuration. We wish to bound the cost of f, C(f), by a factor of the form
n- C(o).

Denote F, = N.(f) and O, = N.(0). We have

c(f) = Z (ae(BIF.I? + Var{F.]) + beEIF.]) = Z ElF.I(a.ELF] + b + aeV;B[vl:]e])

< Z E[Fe](cmax +a, + aeVEBE‘F]e]) < SZ E[Fe]lcrnax-
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where cp4, is the greatest cost that a player perceives under f. The in-

equalities follow from point (i) above, ¢ . > a. for all e under use and
il <
From point (ii) above, with a + b = min.{a. + b.}, we get that

C(f) < BCma Z E[F.] < 3n(a + b) Z E[F.] =3n(a+b) ) p,

iEN

= 3n(a + b)ZE[Oe] < SnZE .](a. + be)

< BnZ E[O ( a, ]Efoj?r[oe] + be) = 3nC(o).

2
The last inequality follows by E[Oe];[*OV 2]“[0‘-’] = ESJ] > 1. O

Next, we give a class of fully symmetric games with stochastic players,
on singleton strategies and linear latency functions, that has PoA = Q(n).

Theorem 6.7. There are Congestion Games with Homogeneous Players
that have PoA = Q(n).

Proof. Let k € N. Consider the parallel links game with n players and
k + 1 edges. The first edge, e;, has delay function d;(x) = x and the
others, e, ..., ex 1, have di(x) = (n—k)x, j = 2,..., k+ 1. Players play with
(common) probability p and are fearful, i.e. all of them have 6 = 1, and so
they consider that all players on their edge use it.

Let f be the configuration where n — k players are on e; and the other
Ik players are one on each of the k remaining edges. This is a PNE, since
each player perceives a cost of n — k.

All edges {e;}i=1.. k+1 have b, = 0. So, the social cost of f is

C(f) = ) [ac(EIN(NI* + Var[N(s)])]

e

For e, it is: ae, (E[N,,(f)]?* + Var[N,,(s)]) = (n — k)*p* + (n — k)p(1 — p)
For all e € {e;}i—2._ic+1 it is: a.(E[N.(f)]?> + Var[N.(s)]) = p(n — k).
So

C(f) = (n—k)’p*> + (n— k)p(1 — p) + kp(n - k).

Now let configuration o be the one in which every player plays e;. It is

C(o) = n°p® + np(1 - p)
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So,forkzgandp:l

n

Cf) _(n-k’p*+(n-kp(l-p)+kp(n-k) 1 n-1_
POAZC(O)— e (L= p) —2+8_%—Q(n),

as needed. O

6.3 Taiyvia Zup@opnonc HE LTOXAOTIKEG AKHEG

6.3.1 To Moviélo

In Congestion Games with Stochastic Edges, players are deterministic,
i.e. they always participate in the game and are represented only by their
confidence levels §;. On the other hand, edges have a stochastic behavior.
For an edge e, its latency function is an independent random variable:

f.(k), with probability 1 — p.

de(k) = { ge(k), with probability p..

The cost of an edge e with load k is: X (k) = (1 —pe)-fe(k)+ pe- ge(k) and the
cost of a player i with strategy s;, is the random variable: Di(s) = 3 .cs, Xe(Se)

The cost that player i perceives is: ¢;(s) = min {t | Pr[D(s) < t] = 6i}
and the social cost of a configuration s is defined as: C(s) = E[ DiieN Di(s)],
i.e. similar to the stochastic players case.

Classes of congestion games. Here we only define two classes of conges-

tion games with stochastic edges:

e homogeneous, where all players have the same §;’s.

e heterogeneous, where players may have different 6;’s.

The class of congestion games with stochastic edges and homogeneous
players boils down to the class of potential games, while the class of con-
gestion games with stochastic edges and heterogeneous players boils down
to the class of congestion games with player specific cost _functions ([63]).

6.3.2 Itoxaotnkéc Akpég o€ Aiktuo MapaAAfAwv AKN®V: ‘Ynapin
Kal unoAoyioude PNE
In the following, we restrict ourselves to Congestion Games with Stochastic

Edges on parallel-link networks, and investigate the existence and the
efficient computation of PNE for the two cases considered above.
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Homogeneous Stochastic Players. If the players are homogeneous, stochas-
tic congestion games on parallel-links are equivalent to standard conges-
tion games on parallel-links (but with possibly different latencies), because
the (risk-averse) individual cost of each player in a configuration s depends
only on the link e and its congestion s.

Theorem 6.8. Stochastic Congestion Games with Stochastic Edges and
Homogeneous Players on parallel-link networks are potential games. More-
over, a PNE can be computed in time O(n - m).

Proof. Recall that Di(s) = } .5, Xe(Se) and the cost that players perceive is
ci(s) = min {t | Pr[Dy(s) < t] > 6i} and observe that since players have the

same 6, the cost that any player i perceives on edge e when there are s,
players in total on edge e is the same for all i, and equal to:

ﬁ(se)’ if 1 - Pe > o
ge(Se), otherwise

Ce(Se) = {

We now define the standard potential function:

UOEDY Z ce(s)

e j=1

It is easy now to verify that the above function is indeed an exact po-
tential function. Observe that there is no restriction for p,, f.(n) and g.(n).

Regarding the computation of a PNE, we can again use a standard
Greedy Best Response algorithm. We insert the players in the game, one
by one, and the player just inserted does a best response move. Since all
players perceive the same costs, it is clear that at each step we have a PNE,
and so, when the procedure terminates, we are still in a PNE. As for the
time needed, at each step the calculation of the best response move takes
time O(m), and so the total time needed is O(n - m). O

Heterogeneous Stochastic Players. In this case, a stochastic game is
equivalent to a congestion game on parallel links with player-specific pay-
offs [63], as the (risk-averse) individual cost of each player in a configura-
tion s depends only on the link e, its congestion s., and i’s confidence level
6;. Thus, we obtain:

Corollary 6.9. Congestion Games with Heterogenous Stochastic Players
and Stochastic Edges on parallel-link networks admit a PNE. Moreover, a
PNE can be computed in polynomial time.
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In ([63]) it is proved that congestion games with player specific payoff
functions always possess a PNE. We now prove that the class of Congestion
Games with Stochastic Edges does not admit any kind of potential, even if
we restrict ourselves to affine latency functions.

Theorem 6.10. There is no potential function for the class of Congestion
Games with Stochastic Edges and deterministic risk-averse players.

Proof. We consider 3 players and 3 links, with the same “failure" probabil-
ities. The latency functions are:

£(k) = 3k + 21, with probability 0.8
BT Bk + 22, with probability 0.2

f(k) = 6k + 16, with probability 0.8
27 22k + 5, with probability 0.2

£k = Ik +24, with probability 0.8
S 71 25k + 1, with probability 0.2

Players 1 and 2 have confidence level 6, = 6, = 0.7 and player 3 has
confidence level 63 = 0.9. We now construct the following cycle:

e [ e e
{1,2}| {3}
,2} {3}
2} {1, 3}
{2} |{1,3}
{2,3}| {1}
{1} |1{2,3}
{1,2}| {8}

One can verify that this is a better response cycle and thus no potential
function exists. O

6.3.3 Tiunua ¢ Avapxiag

The risk aversion of the players combined with their selfish behavior may
give unlimited degradation to the network.

Theorem 6.11. There are Stochastic Congestion Games with Stochastic
Edges that have unbounded PoA.
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Proof. We will use a simple network with two parallel edges and two play-

ers:
ak + 1, with probability 0.50 + €

Silke) = { Ak + 1, with probability 0.50 — e,
fo(k) = 2ak + 1 + ¢, with probability 1.

(Assume that e < 1/2))

Both players have confidence level 6; = 6, = 6 = 0.5. We assume that
A > 2a. As a result, both players “see" the good part of edge e;, and so
they both prefer it. Let s = (e}, e;) be the configuration vector of the PNE.
The social cost of s is C(s) = 2[(2a + 1)(0.5 + €) + (2A + 1)(0.5 — ¢)], while
an optimal configuration is o = (e,, e;) with social cost C(o) = 2(4a+ 1 +¢).
We have:

_C(s)  2[(2a+1)(0.5+¢€)+(2A+ 1)(0.5 - ¢)]
© Clo) 2(4a+1+e¢)
_ (2a+1)(0.5+¢) .\ (24 + 1)(0.5 — ¢)

da+1+¢€ 4a+1+c¢€
S (0.5—-¢)(2A+1)

da+1+¢€
S (0.5 —¢€)2A

T 4a+1+e€
S (0.5-e)A

2a + 1

PoA

(0.5—-¢)A
2a+1

A
2a+1

Thus, PoA — oo, if — 00).

— o0 (e.g. €< 0.4 and



Kepdahaio 7

Xpnoipgonoi@viac Tuxaidtnra npoc
‘O@€eNOC TOU LUVOAOU

210 KePAAalo autod €§etaloupe KAtd MO00 KATO10G§ MITOPEl va eKpeTtaAAeutel
TV EYPIOTIKI] CUPTEPIPOPA TOV TTAIKIOV KAl va PETATPEYPEL TA KOOTH) TTOU U-
toAoyidouv o1 TTaikieg Ot AKPEG OOTE TO TiPnpa g avapyiag, pe Baon ug
MPAYHATIKEG OUVAPTNOelS KOotoug, va va BeAdtiwbe . To onpeio ekkivnong
elvatl va €10ayoupe KAMO1EG PIKPEG KAl IIPOOEKTIKA ETNAEYREVEG TUXAieG He-
TaB0A£G OTIG OUVAPTIOELS TV TTAIKTIOV £101 WOTE 1] P€OT KaBuotépnorn va pnv
aAAdlet otig akpég, aAAd T0 KOOTOG IOU UTIOAOYi{oUV o1 Taikteg va auavov-
Tat A0ym tou @oBou toug anévavil oto pioko. Ia va ddcoupie éva amdo kat
YEVIKO de@pnTiKoO poviédo elodyoupe ta y — modifiable matyvia oupgopnong
OTI0U 01 OUVAPTNOELS KABUOTEPNONG Plag AKPNG € Uropouv va aAAda§ouv aro
2.(x) og (1 + ye)le(Xx), yia kamoto ermdeypévo y. € [0, y]. Thwa y — modifiable
natyvia og diktua napaAAfAev akpov KAl og oglplakd napdAinlda dikrua,
Xapaxktnpi¢oupe MANPXG TIS TIHEG TOU Y Y1d TIG OTIOIEG Y-TIEPIOPIOPEVAV PETA-
BoAég propouv va pewwoouv 1o POA oto 1. ErutAéov deixvoupe ot propoupie
(artodotikd) va urodoyicoupe éva OUVOAO Y-TIEPLOPIOPEVROV HETABOA®V OUT®G
wote 10 POA oto evanopeivov maiyvio va peidvetal onpavilka 660 1o y du-
Savetat. Ta napadeypa, ya ypappikeég ouvaptroelg 1o PoA eivatl to moAu
max{1, (1 - (1 —y)?/4)"'}. Eniong amodeikvuoupe ot 1 avaduon yia 1o PoA
gival oPiyty), aKOPn Kat yia maiyvio oe §Uo mapdAAnAeg aKPEG VR TAUTO-
Xpova oulntoupe Vv SUOKOAIA EMEKTAONG TV XAPAKINPIOPN®V 1AS KAl TRV
KATAOKEUQV Pag o€ matyvia pe yevikotepadiktua.

127
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7.1 Eicayovrag 1a y — modifiable Naiyvia Zup@opnong

In order to introduce y-modifiable CGs, we first discuss how (typically
small) random perturbations in the edge latencies can be performed so
that the expected latency does not change, but the latency perceived by
the players increases, due to risk aversion. E.g., let us consider an edge e
with latency function d.(x) where we can increase the latency temporarily
up to (1 + a;)d.(x) and decrease it temporarily (and for relatively short
time intervals) up to (1 — ay)d.(x). If we implement the former change with
probability p; and the latter with probability p, < 1 — p; (the probabilities
here essentially correspond to proportions of time in which e operates in
each state), the latency function of e in a given time step is a random
variable ?.(x) with expectation:

E[l.(x)] = [p1(1 + a1) + po(1 — az) + (1 — p1 — pa)]de(X)

Adjusting p; and p» (and possibly a; and ay) so that p,a; = p,a,, we have
E[l.(x)] = dc(x), i.e., for any given flow, the expected delay through e does
not change. On the other hand, if the players are risk-averse and their
individual cost is given by an (1 — p; + ¢)-quantile of the delay distribution
(e.g., as in [68, 6]), for some & > O, the latency perceived by the players
on e is (1 + a;)d.(x). Similarly, if the individual cost of the risk-averse
players are given by the expectation plus the standard deviation of the
delay distribution (e.g., as in [67]), the latency perceived by the players
on eis (1 + /pial + paz)d.(x). In both cases, we can have a significant
increase in the latency perceived by the risk-averse players on e, while the
expected latency remains unchanged. A similar result could be achieved
with any latency distribution on e (possibly more sophisticated and with
larger support), as long as its expectation is d.(x).

In most practical situations, the increase and, especially, the decrease
in the latency functions that can be implemented are bounded (and rel-
atively small). The same is particularly true for the proportion of time
in which an edge can operate in an “abnormal” state of increased or de-
creased latency. Combined with the formula providing the individual cost
of the risk-averse players, these factors determine an upper bound y. on
the multiplicative increase of the latency perceived by the players on each
edge e. Thus, motivated by such considerations, we introduce the so-called
y-modifiable selfish routing games as a simple and general abstraction of
how one can exploit risk-aversion towards improving the PoA of selfish
routing.
y-Modifiable Routing Games. A selfish routing game G = (G,d,r) is y-
modifiable if for each edge e € G, we can choose a y, € [0, y] and change the
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edge latency functions perceived by the players from d.(x) to (1+y,)d.(x) by
small random perturbations, as discussed above. Any vector I' = (ye)cck,
where y. € [0, y] for each edge e, is called a y-modification of G. Given
a y-modification I', we let G' denote the y-modified routing game G' =
(G, (1+I')d, r), with a latency function (1 +y,.)d.(x) on each edge e, obtained
from G. To simplify notation, we sometimes write G', instead of G'.

Given a flow f, the latency perceived by the players on a path p in G~
is calculated wrt the modified latencies and is equal to dg(f) = Deep(l +
ve)do(f.) 1. A flow f is a Nash flow for the modified game, if it routes all
traffic on minimum perceived latency paths, i.e., if for every path p with
Jp» > 0, and every path p’, d;(f) < dg,(f). Again, to simplify notation, we
usually write d,(f), instead of dg(f ), as long as it is clear from the context
that the path latencies are wrt. the modified game G'.

Given a routing game G, we say that a flow f is y-enforceable, or simply
enforceable, if there exists a y-modification I' of G such that f is a Nash
flow of G.

We always assume that y-modifications keep the expected latency func-
tions unchanged. Since for any flow f, the expected latency of any edge e
in G' is equal to the latency of e in G under f, the (expected) total latency
of f in both G' and G is equal to C(f) = . fede(f.). Hence, the optimal
flow o of G is also an optimal flow of G'.

The Price of Anarchy PoA(G') of the modified game G' is equal to
C(f)/C(o), where f is the Nash flow of G'. For a y-modifiable game
G. the Price of Anarchy of G under y-modifications, denoted PoA (&),
is the best PoA that we can achieve by some y-modification. Formally,
PoA,(G) = min{PoA(G")|I" is a y-modification of G}. For routing games with
cost functions in a class D, PoA (D) denotes the maximum PoA (G) over
all y-modifiable games G with latency functions in class D.

Connection to Marginal-Cost Tolls. A sufficient condition for the optimal
flow to be y-enforceable can be obtained through optimal marginal-cost
tolls, that assign an additive toll of o.d(o.) to any edge e (see e.g., [77]).

Proposition 8. Let o be the optimal flow of a y-modifiable instance G. If for

all links e with o, > O, % <y, then o is y-enforceable in G.

1To simplify the model and make it easily applicable to general networks, we make
the convenient assumption that the latency modifications (and the resulting individual
costs of the players) are separable, although most common notions of individual cost for
risk-averse players result in non-separable costs (see e.g., [72, 68, 67, 6], but see also
[71], where the simplifying assumption of independence among randomized schedulers
of different edges also implies the separability of individual costs). The separable costs
assumption only affects the extension of our results to series-parallel networks.
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Proof. For each edge e with o, > O (and thus, with d.(o.) > 0), we let

. = Ofi':%((:;), while for each edge e with o, = 0, we let y, = 0. By hypothesis,
this defines a y-modification I' of G. Moreover, if we change the latency
functions of G from d.(x) to d.(x) + xd,(x) = (1 + y.)d(x), for all edges e,
[77, Cor. 2.4.6] implies that the optimal flow o of G is a Nash flow of the

modified game G". O O

Proposition 16 demonstrates that our approach is applicable to any
routing game. Moreover, if G has polynomial latency functions of degree
d, then the optimal flow is y-enforceable for any y > d. However, Proposi-
tion 16 only provides a necessary condition and does not fully characterize
the class of y-modifiable routing games for which the optimal flow is en-
forceable (see also Section 14.2). Thus, we develop, in the next sections,
a complete characterization of y-modifiable routing games in parallel-link
and in series-parallel networks with y-enforceable optimal flows.

7.2 Neipdloviag 1a MNaiyvia oe Aiktua MapaAAnAwv A-
KMQV

We proceed to study y-modifiable instances in parallel-link networks. We
first deal with the question of characterizing the y-modifiable instances
where we can enforce the optimal flow. Then, we provide matching upper
and lower bounds on the PoA, for y-modifiable instances where the optimal
flow is not enforceable. We also show how to compute y-modifications that
guarantee these PoA, bounds.

We note that the converse of Proposition 16 is not necessarily true.
E.g., let us consider a %—modiﬁable instance G on 2 parallel links with
di(x) = x, do(x) = x+2 and r = 3. The optimal flow is 0o = (2, 1), and
thus, enforceable in G. On the other hand, the ratios of the marginal cost
tolls to the optimal latencies are 1 and 1/4, for links 1 and 2, respectively.
Hence, Proposition 16 only ensures that the optimal flow is enforceable if
G is 1-modifiable. Therefore, we proceed to develop a characterization of
y-modifiable games for which the optimal flow is enforceable.

Theorem 7.1. Let G be a y-modifiable game on parallel links and let o be
the optimal flow of G. The following are equivalent:

(i) o is y-enforceable in G.

(ii) for all links e, € € E with o, > 0, d.(0.) < (1 + y)dy(0y).

Proof. (i) — (ii): Let I' = (ye)ecre be a y-modification that makes o the Nash
flow of G' and consider a pair of edges e and €. Assume w.l.o.g. that
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dy (o) < do(0.) and o, > 0. Flow o is a Nash flow in the modified network
and thus (1 + y.)d.(0.) < (1 + Yo )de(0) which directly implies

de(oe) < (1 + Ve)de(oe) < (1 + Ye/)de’(oe/) < (1 + V)de’(oe/)

(it) — (i): Assume that for any pair of edges e and €', if o, > O then
de(0e) < (1 + y)de(or). Let dpge = maxe{de(o.)l0. > O} be the maximum
cost between all used edges under o. Assign for each edge e with o, > O,
Ve = %}3@. It is y. < y, for all e, as by hypothesis d;,, < (1 + y)de(0e),
for all e. Assign for each edge e with o, = 0, y. = 0. Let I' = (ye)ece. It is
Ve: 0, >0 = (1+Yy.)de(0.) = dipax. Moreover, Ve’ : 0 = 0 = de(0¢) > dipax
as by (e.g.) corollary 2.4.6 in [77], foran € : 0 = 0 and an e : o, > 0 and
de(0e) = dmax, it is de(0r) > de(0e) + 0.d.(0.) > dinax. Thus o is a Nash flow
inG". O

Next, in the following Lemma, for any y-modifiable instance G with op-
timal solution o, we prove the existence of a pair (f,I') with specific suitable
properties. This Lemma is the key both for proving the bound on the PoA,
and guaranteing an efficient computation of a pair (f,I) that falls in that
bound.

Lemma 7.2. Let G = (G, d, r) be a parallel-links y-modifiable instance and
let o be the optimal flow of G. There is a feasible flow f and a y-modification
I' of G such that

i) f is a Nash flow in G'.

ii) for any edge e: if f. < o, then y, = 0 and if f, > o, then y, = y.

Proof. Consider G = (G, d,r) and its optimal solution o. If o can be y-
enforced, then by definition, there is a y-modification I" for which o is the
Nash flow of G'. Thus for f = o and the above I', the Lemma holds. For all
other cases we will use induction on the number of edges in G.

In the base case of a single edge, under any rate r, f and o coincide and
thus under any modification, the Lemma holds.

For the inductive step let e;, be a used edge with maximum cost under
o. Remove e, from the network, remove the flow through e, i.e. o, , and
let the instance G,, = (G,,, d, " = r — 0.) denote the new instance. For G,,,
by induction hypothesis, the Lemma holds. Thus there is a flow f’ and a
y-modification I = (y,)eeg, of G such that: i) f’ is the Nash flow in Gg, i)
for any edge e: if f] < o, then y, = 0 and if f] > o, then y, = y, where o’ is
the optimal solution of G,,.

Now we will put back edge e, and the removed flow. If there is a y,,
so as (1 + ye, )de, (0e,,) = L(Gp, (1 +I7)d, ") then we can add y,,, to I" and
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get I and the Lemma will hold for G', with f being such that f, = o, and
Je = f, for all other edges. Else it should be d,, (o.,) > L(Gy. (1 +17)d, ')
as for any used edge e under f’, with f] < o, it is d.(f}) < de(0.) < de, (0e,,)
and for any used edge €’ with f), > o, it is d.(f)) = (1 + y.)de(f)) > de(f))
by properties i) and ii) of the induction hypothesis.

It remains to handle the case d., (0., ) > L(Gn. (1 +I")d, r’). Intuitively
we will reroute flow from e, to the rest of the edges so as the equilibrium
property in G, is not destroyed. Our final goal is to make e, cost equal
to the Nash flow cost of G,,. During this procedure though, we have to be
careful also not to destroy property ii). This could happen if we carelessly
push flow to edges of G, with f, < o.. To take care of this, while rerouting,
if such an edge e gets flow equal to o, we stop rerouting through it but,
in order to keep the equilibrium property, we unlock its y, and change its
value? until it becomes y. It also may be that during this procedure e,
gets empty of flow but this case is covered by the induction hypothesis for
the instance (G,,, r). Details follow.

Let O < x;;, < 0, be the maximum value (amount of flow) such that:

(a) there exist a y-modification I'* of G,;, such that under flow r’ + x, the
Nash flow flow f* of G! is such that for any edge e € G\ : if f/ > o, and
y, =y then fJ > f > o, and y, = y(= v,), if f, < o. then f < f; < o, and
Yo = 0(=ve), if f{ = 0. and y, < y then fJ = o.(=f)) and y, <y, < y.

(b) de, (0c,, — Xim) = L(Gp, (1 +T7)d, 1 + Xx0)

It is x;;, > 0. To see this, let Ej,q be the set of edges that have f] = o,
and y, < y and Ep. the rest of the used edges under f’. For e small
enough, because of continuity, we can reroute flow from e,;, to edges in
Efce so as the equilibrium property in Eg.. is kept, the inequalities of (a)
hold and these edges remain in Eg.., with the inequality of their new flow
with o, having the same direction. By continuity and for € small enough,
we can also grow (until the value y) the y.’s of the edges in Ej, so as the
equilibrium property holds in E;,. Combining these facts we can reroute
an amount of flow e from e,, to edges in Eg.. and allowably change some of
the y,. values of edges in Ej, so as the equilibrium property in G, is kept
with inequality (b) still holding (recall that (b) was not tight).

By the same reasoning, unless (b) is tight or x,, = o, it should be
that: (I) for x,;, and its corresponding ['* and f* there exists an e such that
[(f, < 0. and f) = o, and y, = O(= y.)) or (y, < y and f, = o.(= f,) and
y. = y)]. This means that either an edge in Ej.. under f’ with fJ < o,
will get in Ej under f* by gaining flow or an edge in Ej under [’ will
move to Eg.. under f* by getting y, = y and having f; = o.. Note that an

2this doesn’t destroy property ii), as the flow through e would be o,
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edge e € Ej.. with f] > 0. and y, = y cannot get in E;, under any f* that
satisfies (a).

If inequality (b) is tight then we first let y,, = 0 and add it to I'"* to make
a y-modification I'. We then let f, = o., — x, and f. = f, for all other
edges. The pair (f,I) satisfies the Lemma. If inequality (b) is not tight but
X = oem3, then we first let y,, = 0 and add it to I"* to make a y-modification
[ and then we let f, = 0 and f, = f;. The pair (f,I) satisfies the Lemma.*

If inequality (b) is not tight and x,, < o, then set f* = ™, 0., = 0., — Xm.
r'=r"+ x, and " =" and repeat the procedure.

To complete the proof, it suffices to show that, the above steps are finite
and in the final step, inequality (b) holds with equality or e, is empty of
flow. To see this, first observe that at any step (that ended without (b)
being tight and without e, being empty of flow), because of (I), the number
of edges that have either f] < o. or (f, = 0. and y, < y) drops down by at
least one. In the worst case, this number will drop down to zero and thus
in the next step either (b) will get tight or x,,, = o, as then the rerouting
may continue unrestricted. O

m

Next we give an upper bound of the PoA, of y-modifiable instances
with latency functions in class 9. The pair (f;,I') of Lemma 14.2 is used
in an analysis similar to [29]. The notable difference comes to the factor
—y(x — y)d(x) that arises in sup .y .0 y(d(x)_d(zg(; ’)'(x_y)d(x) because of the
ability to y-modify the instances.

Theorem 7.3. For y-modifiable parallel-links instances with cost functions
in class 9, it is

1
PoA,(D) < p,(D) = max {1, %},

_ y(d(x)—d(y))—y(x—y)d(x)
where —Bv(Z) ) - SupdED,XZyZO xd(x)

Proof. Let G = (G, r) be a parallel links instance with cost functions in class
P and o be its optimal solution. For G, Lemma 14.2 holds. Let f and I be
the flow and the y-modification given by Lemma 14.2. By definition, it is
PoA,(G) < PoA(G"). We will bound PoA(G").

Let Ej,;ax be the set of edges that have f, < o, Efmin be the set of edges
that have f, > o. and E{;t be the set of used edges with f, = o.. Clearly
E = Efg U Bl U By

It is PoA(G") = %. Using variational inequality and the y.’s of "

(for which we have a Nash flow) we get

Swhich implies d, (0) > L(Gy, (1 +T*)d, 1)
*induction hypothesis for the instance (Gy,, r) could also be applied
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D Rdef)+ Y LA+ + D L1+ yo)de(f)

eEEfmaX eeEgm eeEifn[
< D 0eldelf)+ D 0l +p)de(fe) + ) 0ul1+ v)delfe)
€€} 0 e€Eh, eEEifm
0
D fedelf) € ) 0o = D V(e = 0)defe) = D velfe = 0)e(fe)
ecE ecE EEE,{nm eEElz:’lt
< Z Oe(de(fe) - de(oe)) + Z Oede(oe) - Z V(fe - Oe)de(ﬁa)
ecE ecE eEE{nm
< D 0ede(00) + ) (0ulde(fe) = del02) = y(fe = 00)el)
ecE eGE{;lirl
Settlng _By(@) — Supdez),xzyzo y(d(x)—d()y«)i)(;})/()(—y)d()c) we get
(0e(de(fe) = de(02)) = Y(fe = 0e)de(fo) )fede(f)
ede e/ — ede e
;f (f)<;o (o)+e§ o)

< )" 0edo(0) + B (D) D fedelfe)
ecE eeE{;m
U

Seepfodelfs) _
ZeEE Oede(oe) 1 _.BV(Z))

Putting everything together, we have

Seenfede(fe) _
ZeeE Oede(oe) B

Thus, for the class of games with latency functions in class D it is

= (D)

PoA,(G) < PoA(G") = py(D)

PoA,(D) < py(D)
O

Next we give upper bounds for specific classes of y-modifiable instances.
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Corollary 7.4. For y-modifiable instances with degree d polynomial latency
functions

1
PoA =1, if y > dand PoA < o) Lify<d

l—d(ﬂ)d +vy

d+1

Proof. Let G be a y-modifiable instance with degree d polynomial latency
functions and let o be the optimal solution of G.

By (e.g.) [77] o is the Nash flow of a game with the same underlying
network and traffic rate r but cost functions changed from d.(x) to (xd.(x))’.
Thus, for polynomials of degree d, o coincides with the Nash flow of a game
with the same underlying network and rate r but cost functions changed
from Y%, axt to XL (i + Dax!

Ify>d,itis Y4,(i+ Dax! < (y+ 1) X%, aix' and thus there exist y,’s
so as for any edge e 3% (i + 1)a;0, < (1 + v.) X%, a;0., which implies that
o is d-enforceable.

;o Ydx)-dy)—y(x-y)dx) d
For y < d we bound B,(D). It is == zd(x‘)lx 222 = y(1+y dgg) y.

For a polynomial of degree d, d(x) = Zl oaix', and y < x it is Zgy; > yj as
dy)

yri < xT = Y ayix? > Y ax'y. Thus ;(1+y—m)—ys ;(1 +V—;)—Y-

This quantity is maximized for y satisfying (y**')’ = (1 + y)x¢ which gives

d+1

y=5gx B(D) = d(£5) © -y and p(D) = —— O
l—d(m) +y

By setting d = 1 to Corollary 14.4 we bound the price of anarchy for
affine latencies.

Corollary 7.5. For y-modifiable instances with affine latencies

PoA =1, if y> 1and PoA <

1 .
w, fy<l

Remark 7.6. Relating o(D) (from [29]) with p,(D) for the class D of affine
latencies we get that p,(D) = Hy—t,wp(ﬂ) which drops down quickly as y
5

grows from O to 1.
Next we show that these bounds are essentially tight.

Theorem 7.7. For any class of latency functions D, and any € > O there
is an instance G with latency functions in O with PoA,(G) > p,(D) — €

Proof. Let ¢ > O and consider a y-modifiable instance G of two parallel
links, e; and e,, flow rate r and cost functions: an arbitrary cost function
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d;(x) = d.(x) (to be fixed later) in class D for link e; and the constant
function L(x) = (1 + y)d.(r) for link e,.

Under any y-modification I' = (y;, y»), at Nash flow f of G, all the flow
goes through link e; and thus SC’ = rl.(r). At optimal flow o, let 0, be the
flow that goes through link e;. It is SC° = (r — o;)(y + 1)d.(r) + 0;d.(0;) and

rd.(r) 1
PoA = =
(r=on(y + Dde(r) + orde(0r) 1 - 2O-lolyodin
rag(r

Flow o is optimal and thus o; € [0, r] is exactly the value that minimizes

s i e dc(r) i e
social cost and eventually maximizes [Ce and so maximizes
y (r—on(y+ Dd(.1)+o1dz(01)

01(dc(r) — d.(01)) — y(r — 0))d.(r)
rd.(r)

(7.1)

Recall that 8,(D) = SUPyep y20 y(d(x)_d(ig(z(x_y)d(x) and let d.(x) be a cost

Y(de()=de()—y(x=y)de(x) > .BV(D) _e(1-8,(D))? Be-

function such that SUP,> 50

Xde(x) 1-e(1-8,(D)) *
cause 0, maximizes (14.1), it is 01(de(r)_ds(fée)()r_)y(r_ol)de(r) > B,(D) - le_(l(_lﬂ_—%
and thus )

PoA > D) oy —P(D)—e
—e(1-5, (D)
]

Based on Lemma 14.2, we present an algorithmic approach that given
a y-modifiable instance G computes a y-modification I' such that the Nash
flow f of G' is such that ggf < p(D), with D being the class of latency
functions of G.

Lemma 7.8. Let o be the optimal flow of a parallel links instance G. A
flow f and a y-modification I' of G with the properties of Lemma 14.2
can be computed in time WTime(AlgPar), where Time(AlgPar) denotes
the time complexity of an algorithm AlgPar that computes Nash flows in
parallel links networks.

Proof. We first compute the optimal solution o of G and delete all unused
by o edges, so we assume that w.l.o.g. all edges of G are used by o. Then,
we search efficiently in the space of flows for an f that can be combined
with a y-modification I' of G such that f and I satisfy Lemma 14.2. The
key point we use from Lemma 14.2 (and prove later on) is that for the pair
(f.T) of the proposition, the edges that have f. < o, are the most costly
used edges under o while the edges that have f. > o, are the less costly
edges under o.
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In detail, for a combination (i, 1) : k+ 1 < |E| find sets E .o : |Enad] = k
and E.;, : |Enin| = U such that E,, contains the k most costly edges of G
under o and E,,;, contains the I less costly edges of G under o°. Let G’
be the y-modifiable instance that has only the edges E, . and E.;,, traffic
rate r’' = ) .cr Uk, (0c) and the latency functions of edges in E,;, changed
from d.(x) to (1 + y)d.(x).

For all combinations of (I, 1) : k + | < |E|, we compute the Nash flow f”
of G'. If f’ is such that (1) Ve € E.iox : f. £ 0e, (2) Ve € Eyn : f. = 0. and (3)

Ve € E\ (Enax YU Enin) 1—J1ryL(Q’) < d.(0.) < L(G’) then we let for each edge

e € E\ (Enax Y Enin), Ve = % — 1. Clearly for any such eitis 0 <y, < y.
By setting y, = y for all edges in E,;;, and y,. = O for all edges in E,;;, we get
a y-modification I" such that the Nash flow f of G' satisfies Lemma 14.2
and thus Theorem 14.3 applies.

It remains to show that there is a pair (k, l) such that (1), (2) and (3)
hold. By Lemma 14.2, there is a feasible flow f and a y-modification I" of
G such that

i) f is the Nash flow in G'.

ii) for any edge e: if f. < o, then y, = 0 and if f, > o, then y, = y.

Let E,ux = {€ € E|f. < 0.}, Eqin = {€ € E|f. > 0.} and E;; = {e € E|f. = 0.}.
Because f is a Nash flow in G', for any eac € Emaxc: €min € Emin» €int € Eine it
is de, . (ferw) = (1 + Ve, ) ey (fer) = (1 + y)de,,.(fe,.,)- This, combined to [for
e € E o it is d.(0.) > d.(f.), for e € E;; it is d.(0.) = d.(f.) and for e € E,;;,
it is de(0.) < d.(fe)] implies that E,,, contains the most costly edges under
o and E,;, contains the less costly edges under o. Thus for pair (|Eaxl,
|Eninl), properties (1), (2) and (3) hold.

Clearly the above procedure needs at most % (possible pairs of
(I, 1)) computations of the Nash flow of G’ under the different flow rates

that may arise. Thus the lemma follows. t

7.3 Iuvdeon pe Maiyvia pe MNepipiopévous ®OPOUC

Bonifaci et al. in [17] studied routing games where along with each edge,
an upper bound on the allowable toll on that edge is given. They provide
a characterization for the flows that can be imposed by the restricted tolls
and compute the optimal tolls when the optimal flow is inducible. We have
drawn an iff condition (Theorem 14.1 for parallel links and a similar one
for series parallel networks) that better suites our multiplicative approach
and is also needed to follow the other results.

550 as Enax N Enin = 0
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Also in [17], based on the previous characterization, they manage to
compute the tolls that induce the smallest cost at equilibrium for parallel
link networks. Their approach is essentially using a convex programming
solver that solves several convex programs. One of these convex programs
considers exactly the edges that is used by the best modification. This way
though, no information about the nature of the solution is given.

Our approach intuitively applies Karush Kuhn Tucker conditions to
the convex program that considers exactly the edges that is used by the
best modification and tries to follow them. It does so, by restricting the
(fe, ve) pairs on the edges in a way similar to the restrictions provided by
the Karush Kuhn Tucker conditions (Lemma 14.2).

This approach has two major benefits. The first of them is that it relates
the complexity of finding a good (wrt PoA bounds) y-modification to the
complexity of finding Nash flows. The second one is that it allows to get a
simpler mathematical expression as a bound for the PoA. This expression
is both giving a better insight for the improvement that can be achieved via
y-modifications® and applies to cases with more general latency functions
(for which a tight example is given) than the polynomial latency functions
considered in [17]”.

As a last positive comment for our work®, we point out out that by
our approach, uncertainty is applied only to edges that intuitively have to
get some uncertainty while by the approach of [17] more or less all edges
get some uncertainty which is the minimum between their toll bound or
their marginal toll. Their derived bounds rely to the fact that in worst
case examples there are edges of constant cost that take no toll. Thus in
our approach the total amount of uncertainty is kept lower while for cases
“away” from the worst case examples our modifications ought to give better
improvement results.

7.4 AN\&loviag 1a MNMaiyvia o€ mo Mevika Aiktua

In this section we show a way for generalizing the results of the parallel
links case to the case of series parallel networks and to the case of paral-
lel links with heterogeneous players and more general restrictions on the

Scompare the PoA bound of y-modifiable games with our approach, i.e. where

1
1-8,(D)”’
By(D) = SUP e x50 WAR=dW)—yx=YdX) 1, the PoA bound of standard CGs (without tolls),

xd(x)
: 1 _ y(dx)—d(y))
i.e 135, Where B(D) = 8UPgep xoys0 = 1 R

"for general latency functions the approach of [17] is not guaranteed to give better
bounds than the ones without tolls.
8for series parallel networks.
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uncertainty added to each edge.

Ieipiakd MapdAinia Aiktua

The main goal is to get a y-modification similar to the one of Lemma 14.2
which restricts the pairs (f., y.) to be such that if f, > o, then y, = y and if
Je < 0. then y, = 0. Once such a Lemma is proved, the analysis of the PoA
bound of Theorem 14.3 can be applied and a similar Theorem would hold.

To prove such a Lemma, we use induction on the decomposition of
the series parallel network. The complicated part of the induction is the
parallel composing one. Assuming that for each of the parallel composing
networks the induction hypothesis of the lemma holds we start rerouting
flow from one network to the other in a careful way so as the properties for
the (f., y.) pairs do not break. The way the rerouting occurs is similar to
the rerouting in the parallel links case, i.e. all the y.’s are locked and get
unlocked only if f, gets equal to o, during the rerouting which itself reduces
the largest fraction of used paths with common ends until it reaches y + 1.

The constructive nature of this lemma will allow us also to get such a
flow in time polynomially related to the time for computing a Nash flow,
i.e. an analogue of Lemma 14.8 can be derived. The rerouting procedure
will have to stop either to lock or unlock a y. of an edge e or to leave an
edge empty of flow. Because each of these incidents may happen only once
for each edge, we get that the rerouting will stop at most O(|E|) number
of times. For the exact flow that gets rerouted each time, a binary search
in the space of flows has to be made, that calls several times a Nash flow
solver, which at the end returns a flow for which one of the above incidents
happens.

Aiktua NapdAAnAwv AKp@V pe Erepoyeveig Maikreg

The main goal is again to get a y-modification similar to the one of Lemma
14.2. When players are heterogeneous then at equilibrium the more risk
averse players get to higher expected cost edges. We assume that the edges
are ordered according to their cost under optimal flow.

The new thing with the rerouting when trying to follow the proof of
Lemma 14.2 is that it should stop also whenever a type of risk averse
players entirely leaves an edge to get to the next one. If during the rerouting
this happens, then the rerouting should continue up to that edge until this
specific edge gets a cost equal to the cost of the next edge, where the cost
is wrt the cost of the less risk averse users on this edge. That will allow the
rerouting to continue to the next edges and the new player type to enter
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the next edge.

To compute such a flow-modification pair, a more sophisticated ap-
proach than the homogeneous case is needed. We know that in such a
flow-modification pair only some of the highest cost (under optimal flow)
edges, E;, will get no uncertainty added, only some some of the lowest cost
(under optimal flow) edges, E; will get all the uncertainty they could and
all other edges, E;, will have f, = o.. For each combination of possible
(Ew, E;, E)) triples, we do a binary search to see the amount of flow that will
go through E; (which will directly give the amount of flow that goes through
Ej) in order to have a (Nash flow,y-modification) pair with the desired prop-
erties. For some triples we will have to stop the procedure as there may be
no such pair for them, though, because of the previous lemma it ought to
be a triple for which such a pair exists and which we eventually will find.

To derive a bound on the PoA we may follow a variational inequality
approach, one for each risk aversion type. Then all these variational in-
equalities can be combined but with the risk averse factor on each edge
being the lowest one on that edge. Thus in total a PoA bound (that is in fact
tight) similar to Theorem 14.3 can be derived for the smallest risk averse
factor among the players.

The above approach was allowing y-modification on the edges. Another
way to see y-modifications is to allow y.’s on the edges so as ||(Ve)eeello < V-
So to generalize the approach we may let y.’s to be such that [|(Ve)ecellp < v
for any chosen p-norm. We then can show that treating such a p-norm al-
lowable modification as in a (y/¥/|E|)-modifiable CG, we can derive asymp-
totically tight results on the improvement of the PoA.
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Chapter 8

Infroduction

Congestion Games provide a natural model for non-cooperative resource
allocation in large-scale communication networks and have been the sub-
ject of intensive research in Algorithmic Game Theory. In this chapter, we
first give a small introduction to the “Congestion Games Space", inside of
which all the (leading, studied) different cases and generalizations of Con-
gestion Games (CGs in short) lie. A literature overview follows right after
with emphasis given to the bibliography part that strongly relates to our
work.

8.1 Congestion Games

In a Congestion Game [73], a set of identical non-cooperative players, con-
trolling an equal amount of load, compete over a finite set of resources. All
players using a particular resource, experience a cost (or latency) given by
a non-negative and non-decreasing function of the resource’s load (or con-
gestion). Each player selects her strategy, a subset of resources, selfishly
trying to minimize her individual cost.

The focus on CGs is on the so-called network CGs where there is an
underlying network given and each player’s strategy space is formed by
the paths from her origin node to her destination node in the network.
The edges of the network, that come together with a cost function, are the
resources of the network CG. The following hold for general CGs although
most of the work in the literature and also our work deals with network
CGs.
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Cases

Many different cases of CGs arise if one considers different assumptions
on the players’ strategy spaces, on the players’ types or on the players’
strategies’ costs. More specific, players may all have the same strategy
space, symmetric games case, or different strategy spaces, asymmetric
games case. Also, players might be finite and route a significant amount
(@ unit) of load through the network, and thus may affect the resources’
cost, atomic games case, or be infinite and route a negligible (infinitesimally
small) amount of flow through the network and thus cannot unilaterally
affect the resources’ costs, non atomic games. Moreover each player’s costs
might be the sum of the resources’ costs on player’s strategy, additive
costs games, or the maximum resource’s cost among the resources’ costs
in player’s strategy, bottleneck costs. Figure 8.1 schematically presents

the above.
Qveighted pIayerD @ayer specific 0039 stochastic delays
// ///// /////

e . -
/ Gensrdlizations =~

=
7/ -
-

( Congestion Games )—

ent ca

( symmetric )—( atomic additive costs
C non symmetric bottleneck costs

Figure 8.1: Network Congestion Games (small) map. The upper part captures the
leading generalizations of CGs. The lower part captures the different cases arising
by considering assumptions on the players’ strategy spaces, on the players’ types
and on the players’ strategies’ costs.

non atomic
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Generalizations

CGs can be naturally generalized to games where players have different
demands (for the atomic case), called weights, i.e. route different amounts
of flow through the network (in network congestion games). These games
are called weighted CGs. Another natural generalization assumes that
resources’ cost functions are player dependent, i.e. each player perceives
a (possibly) different cost function on each resource. These are CGs with
player-specific cost functions. Deciding under uncertainty has drawn much
attention in CGs in the very last few years. Models of congestion games with
stochastic delays and risk averse players extend CGs in order to capture
real life situations and predict human behavior. Figure 8.1 helps.

Performance

In a Congestion Game, a natural solution concept is that of a pure Nash
equilibrium (PNE), a configuration where no player can decrease her cost by
unilaterally changing her strategy. At the other end, the network manager
cares about the public benefit and aims to minimize the total cost incurred
by all players. Since a Nash equilibrium does not need to optimize the
total cost, one seeks to quantify the inefficiency due to selfish behavior.
The Price of Anarchy was introduced in [57] and has become a widely ac-
cepted measure of the performance degradation due to the players’ selfish
behavior. The (pure) Price of Anarchy is the worst-case ratio of the total
cost of a (pure) Nash equilibrium to the optimal total cost. Many recent
contributions have provided strong upper and lower bounds on the Price
of Anarchy (PoA) for several classes of CGs. The forthcoming literature
overview includes also these results.

The prevailing questions in CGs of any of the different cases described
above (or even for subcases of them), have to do with the existence and
computation of equilibria, with the convergence time of better or best re-
sponse dynamics (i.e. the steps to reach an equilibrium starting from
an initial configuration and letting players do a better or best response,
one at a time), with deriving bounds on the PoA and with exploring ways
to improve network’s performance (tolls, stackelberg strategies, exploiting
braess paradox, see section 8.3). Citations (together with some details) of
published work dealing with these questions and the main results of the
literature part that relates the most to our work paper are given in the
remaining of the chapter.
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8.2 Bibliography Overview

Next we put together bibliography sources dealing with the prevailing ques-
tions in the different variants of CGs. The biggest portion of this literature
concerns additive costs games although there is a non negligible portion
concerning bottleneck costs games. For results on improving network’s
performance continue to section 8.3 and for games with stochastic delays
see section 8.4

Additive Costs

For results on the existence of Nash equilibrium one should see [73] where
the method of potential function is used to prove the existence of a pure
Nash Equilibrium (PNE) in CGs and [66] where the equivalence of CGs with
potential games is proved. On section 10.3 we open the first pages of these
works.

For results on the complexity of finding PNE see e.g. [33], where the
class PLS was proved to fully capture the difficulty of finding pure Nash
equilibrium in general, symmetric or asymmetric CGs, [30], where hard-
ness results for the existence of PNE in weighted games is given and [3]
where hardness results for the existence and computation of PNE in player-
specific CGs is given.

For results on the PoA in non atomic games see e.g. [74], where PoA
bounds are given that actually depend only to the class of the cost functions
of the resources and are independent of the network topology and [28],
where a simpler proof of the previous result was given that also can be
applied in more general settings. Also, one could see [64], where it is
shown that topological properties might help the network in performing
well.

For results on the PoA in atomic games see e.g. [8], where PoA bounds
are given for cases where the costs are linear functions or polynomials of
degree d, [23], where also bounds (slightly stronger for some cases) for
cases where the costs are linear functions or polynomials of degree d are
given but also a more general method for bounding PoA is introduced and
[4], where exact bounds are given using similar techniques to [23] that also
apply to weighted CGs.

For results on the convergence times to PNE see e.g. [32], where bounds
on convergence time for singleton CGs (strategies are singletons) for both
weighted and unweighted CGs, [39], where, among others, the convergence
time to PNE is investigated for the case of network CGs with linearly in-
dependent paths. For results on the convergence times to approximate
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Nash equilibrium (where players costs are approximately equal) see e.g.
[81], where strong hardness results on convergence times of best response
dynamics are drawn, [21], where positive results for the convergence times
in symmetric games are given, [9], where the above work is extended to
the asymmetric case when a special property that helps to bypass the in-
approximability of [81] holds and [1] where properties of strategies’ spaces
are investigated so as to have fast convergence times.

For games with player-specific cost functions see e.g. [63], where the
study of player-specific cost functions was initiated in singleton CGs, [2],
where, among others, more general networks that guarantee PNE exis-
tence are investigated, [61], where the differences in the player-specific cost
functions that players perceive are only constants, [2], where the networks
found in [61] are proved to be optimal topologically and a polynomial algo-
rithm of finding the guaranteed to exist pure PNE is given and [46] where
properties of the class of cost functions are investigated for both the cases
of weighted or unweighted CGs in order to have PNE.

For games with weighted players see e.g. [44], where the model of
weighted CGs is introduced and results on the existence of equilibrium
and potential functions are presented, [69] for experimental results on
computing PNE in the model of [44], [2] where, as in player-specific games,
more general networks that guarantee PNE existence are investigated, [14],
where the PoA (whenever a PNE exists) is related with the class of allowable
cost functions and worst case results are proved in close relation with the
ones in unweighted games, [65], where topological properties are shown
to strongly relate with the existence of a PNE and [50], where an exact
characterization of the set of cost functions that guarantee a PNE existence
is given.

Bofltleneck Costs

For results in non atomic games see e.g. [27], where the theoretical study
of bottleneck games were initiated and [62], where the uniqueness and op-
timality of PNE is investigated in parallel-links, series parallel and general
networks. For results concerning Braess’s paradox see section 8.3.

For results in atomic games see e.g. [11], where the study for atomic
games was initiated, the non uniqueness of PNE was proved, convergence’s
rates were studied and bounds on PoA were achieved, [18], where results
on the PoA related to the network structure are presented while existence of
a social optimal PNE is also proved, [31], where complete characterizations
of the networks that have optimal PoA is given (series-parallel networks for
the pre-described version of bottleneck games and extended parallel net-
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works for another version defined therein) and [19], where results related to
the existence, complexity, and price of anarchy of PNE for several network
games (symmetric and asymmetric, with identical or weighted players) are
given.

8.3 Reducing the Price of Anarchy

The degradation of the network due to players’ selfish behavior has drawn
much attention in the past. In the literature, there are three prevailing
ways to tackle this degradation.

Taxing the edges: changing the cost functions of the players by adding
taxes on the edges (resources) of the network.

Stackelberg strategies: changing the fraction of selfish players by assum-
ing that some players are willing to cooperate for social welfare.

Excluding the Braess’s paradox: changing the network topology by mak-
ing some edges (resources) unavailable.

8.3.1 Taxing the Edges of the Network

A CG with taxes is a typical CG with an extra tax vector that gives the
taxes for the edges of the network. The players’ cost are modified so as
to consider also the cost due to taxes on the edges they choose. Players
may have different sensitivities in taxes and this is captured by a constant
coming along with each player.

Taxes increase the cost of the players without affecting the social cost
function and thus can be used without charge by the network manager.
Ideally, one would like, by taxing the edges, to have the Nash Equilibria of
the new game be an optimum flow in the original game. These taxes are
called optimal taxes.

Non Atomic Case

In non atomic games the problem of designing optimal tax vectors has been
studied extensively. A classic result going all the way back to Pigou [70]
states that marginal cost taxes induce the optimal traffic pattern for homo-
geneous players [13]. A significant volume of recent work on optimal taxes
for non atomic CGs considers the more intriguing and realistic case of het-
erogeneous players, which may have different valuations of time (latency)
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in terms of money (taxes). Yang and Huang [86] established the existence
of optimal taxes for non atomic asymmetric network CGs with heteroge-
neous players. Subsequently, their result was rediscovered by Fleischer,
Jain, and Mahdian [36], and Karakostas and Kolliopoulos [54]. Previously
the single-source special case had been investigated by Cole, Dodis, and
Roughgarden [26].

The existence of optimal taxes for non atomic CGs with heterogeneous
players follows from Linear Programming duality ([36, 54]), and thus an
optimal tax vector can be computed efficiently by solving a linear program.

For non atomic games, under mild assumptions on the latency func-
tions the edge flow at equilibrium is unique. Hence the taxes of [13, 26, 36,
54, 86] induce the optimal solution as the unique edge flow of the equilibria
of the game with taxes.

Atomic Case

Atomic CGs, even with splittable traffic (players can use more than one
paths to route their flow), may admit many different Nash equilibria, pos-
sibly with different edge flows. Therefore, when considering atomic games,
one has to distinguish between

e weakly-optimal tax vectors, for which at least one Nash equilibrium
of the game with taxes minimizes the total latency, and

e strongly-optimal tax vectors, for which all Nash equilibria of the game
with taxes minimize the total latency.

For atomic CGs with splittable traffic and heterogeneous players, Swamy
[82] proved that weakly-optimal tax vectors exist and can be computed ef-
ficiently. In fact they can be computed by solving a convex program similar
to the ones in [36] and [54].

As for atomic CGs with unsplittable traffic, the existence and efficient
computation of optimal taxes has been studied in the setting of homoge-
neous players.

Caragiannis, Kaklamanis, and Kanellopoulos [20] considered atomic
games with linear latency functions and homogeneous players, and inves-
tigated how much taxes can improve the price of anarchy. On the negative
side, they established that if the players either do not share the same
source and sink or have different traffic demands, then strongly-optimal
taxes may not exist. On the positive side, they presented an efficient con-
struction of strongly-optimal taxes for parallel-link games with linear la-
tencies and unit-demand players.
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Subsequently, Fotakis and Spirakis [45] proved that weakly-optimal
taxes exist and can be computed efficiently for atomic symmetric network
CGs, and that such taxes are strongly-optimal if the network is series-
parallel.

For the case of heterogeneous players, results follow from the technique
used in the non atomic case. Fotakis, Karakostas and Kolliopoulos in
[43], using a linear program like one in [54], prove the existence of weakly
optimal tolls for games with heterogeneous players with the same source
node. Also, in [43], it is given a counter example that shows that players’
heterogeneity precludes the existence of strongly-optimal taxes even on the
simplest topology of parallel-link networks.

Restrictions on the Allowable Taxes

More recently, Hofer et al. ([51]) studied non atomic CGs with taxes where
only a subset of the resources is allowed to get taxes and, on the negative
side they provided an NP-hardness result for finding optimal taxes for gen-
eral networks with linear latency functions and two commodities while on
the positive side, for single-commodity networks with parallel links and lin-
ear latency function, they provided a polynomial time algorithm for finding
optimal taxes.

Following this work, Bonifaci et al. ([17]) studied the (non atomic) case
where along with each edge, an upper bound on the allowable tax on that
edge is given. They provide a characterization for the flows that can be
imposed by the restricted taxes and compute the optimal taxes when the
optimal flow is inducible. Also based on this characterization, they manage
to compute the taxes that induce the smallest cost at equilibrium for par-
allel links networks. They also derive tight (even for parallel link networks)
bounds on the efficiency of restricted tolls for multi-commodity networks
and polynomial latency functions.

Jelinek et al. in [53] generalized the above model to atomic CGs and to
CGs with taxes with heterogeneous players. For non atomic and hetero-
geneous players, they prove that the problem is NP-hard even for single-
commodity networks and affine latency functions. On the positive side
they give an algorithm for optimally taxing subnetworks with affine latency
functions. For weighted atomic players, the problem is NP-hard already
for parallel-arc networks and linear latency functions, even if players are
homogeneous. Focusing on parallel links games, for unweighted atomic
and homogeneous players, they develop an algorithm to compute optimal
restricted tolls and for unweighted atomic and heterogeneous players, they
derive an algorithm for optimally taxing subnetworks.
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8.3.2 Stackelberg Strategies

In Stackelberg routing, the network manager, as a central authority, coor-
dinates a fixed fraction a of the players and assigns them to appropriately
selected strategies trying to minimize the performance degradation due to
the selfish behavior of the remaining players.

A Stackelberg strategy is an algorithm that determines the strategies
of the coordinated players. The problem that arises for the coordinating
authority is, given a fraction a under her influence, to find the best stack-
elberg strategy so as to minimize the inefficiency caused by the selfishness
of the other players. Note that for a = O we get a classical congestion game.

The first case that has been thoroughly studied is the case of parallel
link networks (networks with two nodes and parallel edges joining them)
with linear latency functions.

Roughgarden in [75] proved that it is NP-hard to compute the optimal
Stackelberg strategy via a technical reduction from the 32 PARTITION prob-
lem. He also presented three simple strategies with provable performance
guarantees. The first of the three, computes the optimum of the game
with an players (n the number players in the original game) and finds the
edges for these players. In the original game the algorithm assigns the
coordinated players on the same edges they would stay in the optimum he
computed. The second one, namely the SCALE algorithm, after computing
the optimal solution x* assign to each link e, ax; players. The third one,
the Largest Latency First (LLF) algorithm, computes the optimal solution
and assigns the coordinated players to the most costly edges (links), fulling
them in decreasing order.

Swamy in [82] obtained the first results for non atomic routing in graphs
more general than parallel-link graphs, and strengthen existing results for
parallel-link graphs. In series-parallel graphs (sepa) he showed that Stack-
elberg routing reduces the PoA to a constant (depending on the fraction of
flow controlled). The algorithm that does the work is the LLF. For general
graphs, he obtained latency-class specific bounds on the PoA with Stackel-
berg routing, which give a continuous trade-off between the fraction of flow
controlled and the PoA. The bounds come from analyzing the performance
of the SCALE and the LLF algorithm. A part of this proof followed the same
technique as the one in Correa et. al ([28]). In parallel-link graphs, he
showed that Stackelberg routing reduces the PoA to a convex combination
of the worst case PoA when a = 0 and the optimal performance when a = 1.
The convex combination factors are 1 — a and a repsectively.

Karakostas and Kolliopoulos in [54] analyzed LLF and SCALE algo-
rithms, for general topology networks, multicommodity players, and linear
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latency functions. They showed a PoA bound for SCALE which decreases
from worst case PoA to 1 as a increases from O to 1, and depends only on
a, generalizing this way the known bound for the parallel links network
which nevertheless has one single commodity. An interesting fact is that a
good lower bound for SCALE is the instance of Braess’s Paradox which we’ll
see later on (section 8.3.3). A weaker bound for LLF and some extensions
to general latency functions were also shown.

Bonifaci et al. in [16], constructed a family of singlecommodity (non
atomic) instances such that every Stackelberg strategy induces a price
of anarchy that grows linearly with the size of the network. This bound
does not depend on the fraction a of the coordinated players. Moreover,
they prove upper bounds on the price of anarchy of the largest-latency-
first (LLF) strategy that only depend on the size of the network. Besides
other implications, this rules out the possibility to construct constant-
size networks to prove an unbounded price of anarchy. They also analyze
the effectiveness of SCALE, proving bounds for a general class of latency
functions that includes polynomial latency functions as a special case.
Their analysis is based on an approach that is simple yet powerful enough
to obtain (almost) tight bounds for SCALE in general networks improving
this way the bounds of Swamy ([82]) presented above

Fotakis in [38] investigated the effectiveness of Stackelberg strategies
for atomic CGs with unsplittable demands. Two orthogonal cases were
considered: i) linear CGs with arbitrary strategies and ii) CGs on parallel
links with arbitrary non-negative and non-decreasing latency functions.
For the second case, the same bound as in non atomic games (Swamy [82])
was proved. For the case of linear CGs with arbitrary strategies, algorithms
SCALE (changed appropriately for the atomic case) and LLF were analyzed
and upper and lower bounds were derived

In [38], a new stackelberg strategy was proposed. An interesting case
arises when the number of players is large and the number of coordinated
players is considerably larger than the number of resources, even if a is
small. To take advantage of this possibility, a simple Stackelberg strategy
was introduced, called COVER. Assuming that the ratio of the number of
coordinated players to the number of resources is no less than a positive
integer A, COVER assigns to every resource either at least j1 or as many
coordinated players as the resource has in the optimal configuration. The
PoA of COVER tends to the PoA of the corresponding non atomic linear CG
as jl grows. The idea proposed was to combine algorithms LLF and SCALE
with COVER to take advantage of the above fact. On the negative side,
in [38], it is presented a lower bound that holds not only for SCALE, but
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also for any randomized Stackelberg strategy that assigns the coordinated
players to their optimal strategies.

8.3.3 Tackling the Braess’s Paradox

Braess’s Paradox is a counter intuitive fact stating that when removing
(adding) edges from (to) a network, its performance may increase (de-
crease). Figures 8.2 and 8.3 are examples for additive and bottleneck
costs games respectively.

Figure 8.2: A unit of flow is to be routed from s to t. (a). The optimal (additive
costs) flow routes 1/2 unit of traffic on the upper path (s, v, t) and 1/2 unit on
the lower path (s, w, t), and achieves a total latency of 3/2. In the Nash flow, all
traffic goes through the path (s, v, w, t). The players’ latency is 2, and the PoA is
4/3. (b). Without the edge (v, w), the Nash flow coincides with the optimal flow.

The idea is to improve the network performance at equilibrium by ex-
ploiting the essence of the Braess’s paradox, that is to remove some net-
work edges in order to decrease the latency of the Nash flow (the induced
flow on Nash equilibrium). Thus, given a CG, we seek for the best sub-
network, i.e. the subnetwork minimizing the players’ latency at (worst)
equilibrium.

Valiant and Roughgarden [84], in order to theoretically support that
Braess’s paradox is not an artifact of theory, proved that (under additive
costs) it occurs with high probability on random networks, and that for a
natural distribution of linear latencies, edge removal may improve, with
high probability, the equilibrium latency by a constant factor. Across the
same lines, Chung and Young in [24] adopting the random graphs model
of Erdos-Rényi showed that Braess’s paradox occurs when np > clog(n)
for some ¢ > 1 (n, p the random graphs’ parameters). See also [47] for a
slight generalization by the same authors.
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Additive Costs Games

Unfortunately, Roughgarden [78] proved that it is NP-hard not only to
find the best subnetwork, but also to compute any meaningful approxima-
tion to the equilibrium latency on the best subnetwork. In particular, he
showed that even for linear latencies, it is NP-hard to distinguish between
paradox-free instances, where edge removal cannot improve the equilib-
rium latency, and paradox-ridden instances, where the total latency of the
Nash flow on the best subnetwork is equal to the optimal total latency
(i.e. edge removal can decrease the PoA to 1). This implies that the only
known algorithm for approximating the equilibrium latency on the best
subnetwork is the trivial one, which does not remove any edges!

Fotakis, Kaporis and Spirakis in ([42]) examined the "Braess’s paradox
problems" for some practically interesting settings and managed to provide
a polynomial-time algorithm that decides if a network is paradox-ridden,
when latencies are linear and strictly increasing, a polynomial-time algo-
rithm for the problem of finding the best subnetwork, which outperforms
any known approximation algorithm for the case of strictly increasing lin-
ear latencies and an algorithm for finding a subnetwork that is almost
optimal wrt equilibrium latency which is subexponential when the number
of paths is polynomial and each path is of polylogarithmic length.

They also prove that the problem of deciding if a network with arbitrary
linear latencies is paradox-ridden reduces to the problem of generating all
optimal basic feasible solutions of a Linear Program that describes the op-
timal traffic allocations to the edges with constant latency. As an extension
of exploiting the paradox, it was provided a polynomial-time method that
turns the optimal flow into a Nash flow by deleting the edges not used by
the optimal flow, and performing minimal modifications to the latencies of
the remaining ones.

Since Roughgarden’s negative results, trying to detect Braess’s Para-
dox wasn'’t incentive. Considering the results of [42] though, the problem
of detecting the "bad", Braess’s paradox’s edges, if any, gets a lot more
interesting.

Bottleneck Costs Games

Every bottleneck routing game is known to admit a Nash flow that is opti-
mal for the network, in the sense that it minimizes the maximum latency
on any used edge, a.k.a. the bottleneck cost of the network (see e.g. [11,
Corollary 2]). On the other hand, bottleneck routing games usually admit
many different Nash flows, some with a bottleneck cost quite far from the
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optimum. Hence, there has been a considerable interest in quantifying the
performance degradation due to the players’ non-cooperative and selfish
behavior in (several variants of) bottleneck routing games.

Simple examples (see, e.g., figure 15.2 or [27, Figure 2]) demonstrate
that the PoA of bottleneck routing games with linear latency functions can
be as large as (n), where n is the number of vertices of the network.

(a) (b)

Figure 8.3: An example of Braess’s paradox for bottleneck routing games. We
consider a routing instance with identity latency functions and a unit of traffic to
be routed from s to t. The worst Nash flow, in (a), routes all flow through the path
(s,u, v, t), and has a bottleneck cost of 1. On the other hand, the optimal flow
routes 1/2 unit through the path (s, u, t) and 1/2 unit through the path (s, v, t),
and has a bottleneck cost of 1 /2. Hence, PoA = 2. In the subnetwork (b), obtained
by removing the edge (u, v), we have a unique Nash flow that coincides with the
optimal flow, and thus the PoA becomes 1.

For atomic splittable bottleneck routing games, where the population of
players is finite, and each player controls a non-negligible amount of traffic
which can be split among different paths, Banner and Orda [11] observed
that the PoA can be unbounded, even for very simple networks, if the
players have different origins and destinations and the latency functions
are exponential. On the other hand, Banner and Orda proved that if the
players use paths that, as a secondary objective, minimize the number
of bottleneck edges, then all Nash flows are optimal. For a variant of
non atomic bottleneck routing games, where the social cost is the average
(instead of the maximum) bottleneck cost of the players, Cole, Dodis, and
Roughgarden [27] proved that the PoA is 4/3, if the latency functions are
affine and a subclass of Nash flows, called subpath-optimal Nash flows, is
only considered. Subsequently, Mazalov et al. [62] studied the inefficiency
of the best Nash flow under this notion of social cost.

For atomic unsplittable bottleneck routing games, where each player
routes a unit of traffic through a single s — t path, Banner and Orda [11]
proved that for polynomial latency functions of degree d, the PoA is O(m%),
where m is the number of edges of the network. On the other hand, Epstein
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et al. ([31]) proved that for series-parallel networks with arbitrary latency
functions, all Nash flows are optimal. Subsequently, Busch and Magdon-
Ismail [18] proved that the PoA of atomic unsplittable bottleneck routing
games with identity latency functions can be bounded in terms of natural
topological properties of the network. In particular, they proved that the
PoA of such games is bounded from above by O(l + log n), where 1 is the
length of the longest s — t path, and by O(k? + log® n), where k is length of
the longest cycle.

Once again, in this setting, one may distinguish two extreme classes
of instances: paradox-free instances, where edge removal cannot improve
the bottleneck cost of the worst Nash flow, and paradox-ridden instances,
where the bottleneck cost of the worst Nash flow in the best subnetwork
is equal to the optimal bottleneck cost of the original network (see also
[78, 42]).

The approximability of selective network design, a generalization of net-
work design where we cannot remove certain edges, was considered by Hou
and Zhang [52]. For atomic unsplittable bottleneck routing games with a
different traffic rate and a different origin and destination for each player,
they proved that if the latency functions are polynomials of degree d, it is
NP-hard to approximate selective network design within a factor of O(m?~*),
for any constant ¢ > 0. Moreover, for atomic k-splittable bottleneck rout-
ing games with multiple origin-destination pairs, they proved that selective
network design is NP-hard to approximate within any constant factor.

However, a careful look at the reduction of [52] reveals that their strong
inapproximability results crucially depend on both (i) that we can only
remove certain edges from the network, so that the subnetwork actually
causing a high PoA cannot be destroyed, and (ii) that the players have
different origins and destinations (and also are atomic and have different
traffic rates). As for the importance of (ii), in a different setting, where the
players’ individual cost is the sum of edge latencies on their path and the
social cost is the bottleneck cost of the network, it is known that Braess’s
paradox can be dramatically more severe for instances with multiple origin-
destination pairs than for instances with a single origin-destination pair.
More precisely, Lin et al. [59] proved that if the players have a common
origin and destination, the removal of at most k edges from the network
cannot improve the equilibrium bottleneck cost by a factor greater than
k+ 1. On the other hand, Lin et al. [58] presented an instance with two
origin-destination pairs where the removal of a single edge improves the
equilibrium bottleneck cost by a factor of 2™, Therefore, both at the
technical and at the conceptual level, the inapproximability results of [52]
do not really shed light on the approximability of the (simple, non-selective)
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network design problem in the simplest, and most interesting, setting of
non atomic bottleneck routing games with a common origin-destination
pair for all players.

8.4 Stochastic Congestion Games

Most research work on CGs essentially ignores the stochastic nature of
edge delays, a feature of most practical applications, and assumes that
the players select their strategies based on precise knowledge of the edge
latencies, which are considered to be deterministic. On the contrary, in
real life transportation or telecommunication networks, the players cannot
accurately predict the actual edge delays. This happens not only because
the players cannot know the exact congestion of every edge, but also due to
(a priori unknown) external events (e.g., some construction work, a minor
accident, a link failure) that may affect the edge latencies and introduce
uncertainty. It is therefore natural to assume that the players decide on
their strategies based only on estimations of their actual delay, and most
important, that they are fully aware of the uncertainty and of the potential
inaccuracy of their estimations. So, to secure themselves from the event
of an increased delay, whenever this may have a considerable influence,
the players select their paths taking uncertainty into account (e.g., people
either take a safe route or plan for a larger-than-usual delay when they
head to an important meeting).

Such considerations give rise to CGs with stochastic delays and risk-
averse players, where instead of the path that minimizes her predicted (or
expected) delay, each player selects a path that guarantees her a reason-
ably low actual delay with a reasonably high confidence. To take uncer-
tainty into account, the actual delay of each player can be modeled by a
random variable. Then, a common assumption is that the players seek to
minimize either a convex combination of the expectation and the variance
of their delay, or a player-specific quantile of the delay distribution (see
also [83, 34] about the cost functions of risk-averse players, and [72] about
possible ways of risk quantification in optimization under uncertainty).

Following the research direction above, Ordonez and Stier-Moses [68]
considered non atomic CGs, where the population of players is infinite and
each player controls a negligible amount of load, and suggested that each
path should be penalized by an additive term that increases with the risk-
aversion of the players and with the maximum deviation from the expected
delay of the path (however, this term does not depend on the actual load
of the edges). For each path, the additive term can be chosen either as a



158 INTRODUCTION

6-fraction of (resp. a 6-quantile of a random variable depending on) the
maximum deviation from the expected delay of the path, or simply, as the
sum of the 6-fractions of the maximum deviation from the expected delay of
each edge in the path, where § quantifies the risk-aversion of the players.
Under some general assumptions, [68] proves that an equilibrium exists
and is essentially unique in all the cases above.

Subsequently, Nikolova and Stier-Moses [67] suggested a model of
stochastic selfish routing with risk-averse players, where each player se-
lects a path that minimizes the expected delay plus 6 times the standard
deviation of the delay, where 6 quantifies the risk-aversion of the players.
They considered non atomic and atomic CGs, mostly with homogeneous
players, that share the same risk attitude, and distinguished between the
case where the standard deviation of a path’s delay is exogenous, i.e., it
does not depend on the load of the edges in the path, and the case where
the standard deviation is endogenous, i.e., it is a function of the load.
Nikolova and Stier-Moses [67] proved that in the exogenous case, which
is similar to the model of [68], (non atomic and atomic) stochastic routing
games essentially retain the nice properties of standard CGs: they admit
a potential function and, in the non atomic setting, a unique equilibrium,
and the inefficiency of equilibria can be bounded as for standard CGs.
In the endogenous case, they proved that non atomic stochastic routing
games admit an equilibrium, which is not necessarily unique, but may
not admit a cardinal potential. Moreover, atomic stochastic routing games
may not admit a PNE even in simple extension-parallel networks with 2
players and linear delays.

Following this research agenda, a better understanding of the proper-
ties of (atomic) CGs with stochastic delays and risk-averse players seems
meaningful while cases with different risk-aversions for the players have
not been studied at all.

Actually, there is a significant volume of work on theoretical and prac-
tical aspects of transportation networks with uncertain delays (see e.g.,
the discussion and the references in [67]). However, that line of research
focuses on the non atomic setting and adopts specific notions of individ-
ual cost and viewpoints. Motivated from applications where the players
have only partial knowledge of the number of players participating in the
game, Ashlagi, Monderer, and Tennenholtz [7] considered CGs on paral-
lel links with stochastic players. However, the players’ individual cost in
their model is the expected delay of the link chosen, and thus the players
are risk-neutral. They studied mixed Nash equilibria, and proved that a
generalization of the fully mixed equilibrium remains a mixed equilibrium
if the players are stochastic.



Chapter 9

Contribution

Congestion Games constitute one of the most extensively studied fields of
Algorithmic Game Theory. Nevertheless, as expected, there are still open
problems in this area.

Our focus was twofold, yet finally connected. In one direction we dealt
with problems related to detecting and excluding the Braess’s Paradox,
both in additive costs and bottleneck costs games, which lie in the family
of problems related to reducing the Price of Anarchy of CGs.

In the other direction we addressed with the problem of generalizing
CGs in such a way that uncertainty on the delays is taken under consid-
eration, focusing basically on modeling the source of uncertainty on the
resources. Apart from the drawn results for this model, surprisingly, this
modeling shed light to a new way for improving the Price of Anarchy of a
network, i.e. abuse the players’ risk averse behavior and improve the net-
work’s performance by adding extra uncertainty as "noise" in its resources.
By considering this, the directions of our work get an immediate relation.

Next we outline our contribution in each of the problems we investi-
gated, while in the following sections we get into more detail for each of
them.

e Braess Paradox in (the different versions of) bottleneck routing games
was not fully understood and we managed to clear the field for the
basic version of them (subsection 9.1 and chapter 11).

e Random networks (considered thus far in the literature) with high
probability suffer from the Braess’s Paradox when costs are additive.
We managed to prove essentially that the way to prove the above can
be cleverly yet carefully used to efficiently exploit the paradox in those
networks (subsection 9.2 and chapter 12).

159
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Figure 9.1: The main results (hardness results) of our work apply to both sym-
metric and asymmetric non atomic bottleneck costs games.

e Stochastic CGs and risk aversion has drawn much attention in the
very recent years. By the work in chapter 13 (contribution in subsec-
tion 9.3), we move one step forward on understanding these classes
of games.

e In certain settings, stochastic delays can actually improve the net-
work performance at equilibrium (see e.g. [71]). In chapter 14 (con-
tribution in 9.4), we show how we can abuse the risk aversion of the
players and improve the network’s performance.

9.1 Braess’s Paradox in Bottleneck Costs Games

We investigate the approximability of the network design problem for the
simplest, and seemingly easier to approximate, variant of non-atomic bot-
tleneck routing games (with a single origin-destination pair). Our main
result is that network design is hard to approximate within reasonable
factors, and holds even for the special case of strictly increasing linear
latencies. To the best of our knowledge, this is the first work that in-
vestigates the impact of Braess’s paradox and the approximability of the
network design problem for the basic variant of bottleneck routing games.
For the original work see [41]. Figure 9.1 captures the model on which the
results of this work hold.
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In Section 11.2, we use techniques similar to those in [31, 27], and show
that bottleneck routing games do not suffer from Braess’s paradox either if
the network is series-parallel, or if we consider only subpath-optimal Nash
flows (definition in section 11.1).

On the negative side, we employ, in Section 11.3, a reduction from
the 2-Directed Disjoint Paths problem, and show that for linear bottle-
neck routing games, it is NP-hard to recognize paradox-ridden instances
(Lemma 11.1). In fact, the reduction shows that it is NP-hard to distin-
guish between paradox-ridden instances and paradox-free instances, even
if their PoA is equal to 4/3, and thus, it is NP-hard to approximate the
network design problem within a factor less than 4/3.

In Section 11.4, we apply essentially the same reduction, but in a re-
cursive way, and obtain a much stronger inapproximability result. In
particular, we assume the existence of a y-gap instance, which estab-
lishes that network design is inapproximable within a factor less than
y, and show that the construction of Lemma 11.1, but with some edges
replaced by copies of the gap instance, amplifies the inapproximability
threshold by a factor of 4/3, while it increases the size of the network
by roughly a factor of 8 (Lemma 11.4). Therefore, starting from the 4/3-
gap instance of Lemma 11.1, and recursively applying this construction a
logarithmic number times, we show that it is NP-hard to approximate the
network design problem for linear bottleneck routing games within a factor
of O(n®!2!7#), for any constant £ > 0. An interesting technical point is that
we manage to show this inapproximability result, even though we do not
know how to efficiently compute the worst equilibrium bottleneck cost of a
given subnetwork. Hence, our reduction uses a certain subnetwork struc-
ture to identify good approximations to the best subnetwork. To the best of
our knowledge, this is the first rime that a similar recursive construction
is used to amplify the inapproximability threshold of the network design
problem, and of any other optimization problem related to selfish routing.

In Section 11.5, we consider latency functions that satisfy a Lipschitz
condition, and present an algorithm for finding a subnetwork that is almost
optimal w.r.t. the bottleneck cost of its worst Nash flow, when the worst
Nash flow in the best subnetwork routes a non-negligible amount of flow
on all used edges. The algorithm is based on Althéfer’s Sparcification
Lemma [5], and is motivated by its recent application to network design
for additive routing games [42]. For any constant &€ > O, the algorithm
computes a subnetwork and an £/2-Nash flow whose bottleneck cost is
within an additive term of O(¢) from the worst equilibrium bottleneck cost
in the best subnetwork. The running time is roughly [PPOYle™/<* and is
quasipolynomial, when the number |P| of paths is quasipolynomial.
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Figure 9.2: The case where the random networks under study lay

9.2 Braess’s Paradox in Additive Costs Games

Departing from [24, 25, 84], that proved that random Erdés-Rényi G,
graphs are prone to the paradox, we adopt a purely algorithmic approach.
We focus on the class of so-called good selfish routing instances, namely
instances with the properties used by [24, 84] to demonstrate the occur-
rence of Braess’s paradox in random networks with high probability. In
fact, one can easily verify that the random instances of [24, 84] are good
with high probability. Rather surprisingly, we prove that, in many inter-
esting cases, we can efficiently approximate the best subnetwork and its
equilibrium latency.

What may be even more surprising is that our approximation algorithm
is based on the expansion property of good instances, namely the very
same property used by [24, 84] to establish the prevalence of the paradox
in good instances! To the best of our knowledge, our results are the first of
theoretical nature which indicate that Braess’s paradox can be efficiently
eliminated in a large class of practically interesting instances. For the
original work see [40]. Figure 9.2 captures the model considered in this
work.

Technically, we present essentially an approximation scheme; given a
good instance and any constant ¢ > O, we compute a flow g that is an
e-Nash flow for the subnetwork consisting of the edges used by it, and
has a latency of L(g) < (1 + ¢)L* + ¢, where L* is the equilibrium latency
of the best subnetwork (Theorem 12.1). Flow g whp has these properties.
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Our results hold for any network in the class of good networks. This, of
course, includes G,,, with p above the connectivity threshold, but it might
also include other types of random expanders. Our approximation scheme
runs in polynomial time for the most interesting case that the network
is relatively sparse and the traffic rate r is O(poly(Inlnn)), where n is the
number of vertices. Specifically, the running time is polynomial if the
good network has average degree O(poly(In n)), i.e., if pn = O(poly(In n)),
for random G, , networks, and quasipolynomial for average degrees up
to o(n). As for the traffic rate, most work on selfish routing and selfish
network design problems assumes that r = 1, or at least that r does not
increase with the network’s size (see e.g., [77], and the references there
in). So, we can approximate, in polynomial-time, the best subnetwork for
a large class of instances that, with high probability, include exponentially
many s — t paths and paths of length ®(n). For such instances, a direct
application of [42, Theorem 3] gives an exponential-time algorithm.

The main idea behind our approximation scheme, and our main techni-
cal contribution, is a polynomial-time approximation-preserving reduction
of the best subnetwork problem for a good network G to a corresponding
best subnetwork problem for a O-latency simplified network Gy, which is
a layered network obtained from G if we keep only s, t and their imme-
diate neighbors, and connect all neighbors of s and t by direct edges of O
latency. We first show that the equilibrium latency of the best subnetwork
does not increase when we consider the O-latency simplified network Gy
(Lemma 12.2). Although this may sound reasonable, we highlight that
decreasing edge latencies to O may trigger Braess’s paradox (e.g., starting
from the network in Fig. 12.1.a with d,,,(x) = 1, and decreasing it to
duw)(x) = 0 is just another way of triggering the paradox). The importance
of our O-latency simplified network is that it greatly simplifies the network
design problem, since it allows us to focus on the loads of the s, t incident
edges. In sharp contrast, the corresponding subnetworks in [84, Fig. 3b],
[25, Sect. 2.3 Fig. 2], implicitly exhibit the paradox: they apply Chernoff’s
bounds to show that appropriate parts of these subnetworks whp have
large cardinalities, implying that even more flow r can be routed through
these subnetworks without increasing the selfish latency of the original
network. The paradox implicitly follows by an non obvious yet intuitive
fact [49, 59]: the selfish common latency is strictly increasing with the to-
tal flow r. Hence, we approximate the best subnetwork problem (Theorem
12.7) for our O-latency simplified network by employing an approximate
version of Caratheodory’s Theorem (Theorem 12.6).

The final (and crucial) step of our approximation preserving reduction
is to start with the flow-solution to the best subnetwork problem for the
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O-latency simplified network, and extend it to a flow-solution to the best
subnetwork problem for the original (good) instance. To this end, we show
how to “simulate” O-latency edges by low latency paths in the original good
network. Intuitively, this works because due to the expansion properties
and the random latencies of the good network G, the intermediate subnet-
work of G, connecting the neighbors of s to the neighbors of t, essentially
behaves as a complete bipartite network with O-latency edges. This is also
the key step in the approach of [24, 84], showing that Braess’s paradox
occurs in good networks with high probability (see [24, Section 2]). Hence,
one could say that to some extent, the reason that Braess’s paradox exists
in good networks is the very same reason that the paradox can be efficiently
resolved. Though conceptually simple, the full construction is technically
involved and requires dealing with the amount of flow through the edges
incident to s and t and their latencies. Our construction employs a care-
ful grouping-and-matching argument, which works for good networks with
high probability, see Lemmas 12.8 and 12.9.

We highlight that the reduction itself runs in polynomial time. The time
consuming step is the the one returning the (approximate) solution to the
O-latency simplified network. Since such networks have only polynomially
many (and very short) s — t paths, they escape the hardness result of
[78]. The approximability of the best subnetwork for O-latency simplified
networks is an intriguing open problem arising from our work that we
discuss in section 15.1.

Our result shows that a problem, that is NP-hard to approximate, can
be very closely approximated in random (and random-like) networks. This
resembles e.g., the problem of finding a Hamiltonian path in Erdos-Rényi
graphs, where again, existence and construction both work just above the
connectivity threshold, see e.g., [15]. However, not all hard problems are
easy when one assumes random inputs (e.g., consider factoring or the
hidden clique problem, for both of which no such results are known in full
depth).

9.3 Stochastic Congestion Games

We restrict our attention to atomic CGs, and introduce two variants of
stochastic CGs, which are inspired by the main sources of uncertainty in
delays of real transportation and telecommunication networks. We start
from the observation that the variability of edge delays comes either from
the variability of the traffic demand, and the subsequent variability of the
edge loads, or from the variability of the edge performance level. Decou-
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pling them, we introduce two variants of stochastic CGs, namely Conges-
tion Games with Stochastic Players and Congestion Games with Stochastic
Edges, each capturing one of the two sources of uncertainty above. For
the original work see [6]. Figure 9.3 places our models on the congestion

games map.
Qeighted playerD @ayer specific cos@ <stochastic delays>
e //// ////’

=
7 -
-

< Congestion Games )’— Gtochastic Playea Gtochastic Edge9

ent ca

< symmetric >—<atomic —{ additive costs ’
(non symmetric >—Gon atomic }—( bottleneck costs ’

Figure 9.3: The introduced models and their positioning on the map.

CGs with Stochastic Players aim to model the variability of the traffic
demand. Specifically, each player i participates in the game, by actually
traversing her path, independently with probability p;. As aresult, the total
network load, the edge loads, and the edge and the path latencies are all
random variables. On the other hand, CGs with Stochastic Edges aim to
model variability in the network operation. Now, each edge e may operate
either at the “standard” mode, where its latency is given by a function
Je(x), or at the “faulty” mode, where its latency is given by g.(x), where
ge(Xx) = fo(x) for all x > O (e.g., an edge operates at the “faulty” mode after a
minor accident or a link failure). Each edge e switches to the “faulty” mode
independently with a given probability p.. Hence, the network load and the
edge loads are now deterministic, but the edge and the path latencies are
random variables. In both variants, we assume that the players adopt a
risk-averse attitude to the stochastic delays. Specifically, each player i has
a (possibly different) desired confidence level 6;, and her individual cost on
a path q is the §;-quantile (a.k.a. value-at-risk) of the delay distribution of
g. In words, the individual cost of player i is the minimum delay she can
achieve along g with probability at least &;.
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At the conceptual level, the model of CGs with Stochastic Players is
similar to the model with endogenous standard deviations of [67]. In fact,
using Chernoff bounds, we can show that for linear latency functions, if
the expected edge loads are not too small, our §;-quantile individual cost
can be approximated by the individual cost used in [67]. However, we also
consider stochastic demands, a direction suggested in [67, Sec. 7] to enrich
the model, and players that are heterogeneous with respect to risk attitude.
As for CGs with Stochastic Edges, the model is conceptually similar to the
model with exogenous standard deviations of [67].

In the technical part, we restrict ourselves to the important special case
of parallel-link networks with symmetric player strategies, and investigate
how the properties of stochastic CGs depend on whether the players have
the same participation probabilities and/or confidence levels or not. We
first observe that such games admit a potential function and an efficiently
computable PNE, if the players are homogeneous, namely if they have
the same confidence level 6 and, in case of stochastic players, the same
participation probability p (Theorems 13.1 and 13.8). We also show that
if the players have different confidence levels (and the same participation
probability, if they are stochastic), stochastic CGs belong to the class of
player-specific congestion games [63], and thus admit a PNE computable
in polynomial time (Corollaries 13.2 and 13.9). On the negative side, we
prove that such games do not admit a potential function (Theorems 13.3
and 13.10). For CGs with Stochastic Players that have the same confidence
level and different participation probabilities, we show that they admit a
lexicographic potential (Theorem 13.5), and thus a PNE, and also that a
PNE can be computed by a simple greedy best response algorithm (Theorem
13.4), where the players sequentially adopt their best response strategy in
non-decreasing order of participation probabilities, given the strategies of
the previous players in the order. As for the inefficiency of PNE, we focus
on parallel-link networks with linear latency functions, and prove that the
Price of Anarchy (PoA) is @(n), where n is the number of players, in the case
of stochastic players (Theorems 14.3 and 13.7), and may be unbounded,
in the case of stochastic edges (Theorem 13.11).

9.4 Improving Selfish Routing through Risk Aversion

Motivated by the results of [71], we consider (nonatomic) routing games
with risk-averse players and investigate how one can exploit risk-aversion
and modify the perceived cost of the players so that the PoA wrt. the total
latency of the players is significantly improved. To the best of our knowl-
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edge, this is the first time that risk-aversion is proposed and investigated
as a remedy to the inefficiency of selfish routing.

Our starting point is that in some practical applications, we may care-
fully introduce exogenous variance in the edge delays so that the expected
delay does not change, but the risk-averse cost of the players increases.
For example, in a transportation network, this can be done by randomly
increasing or decreasing the proportion of time allocated to the green traffic
light for short time intervals or by opening or closing an auxiliary traffic
lane. In a telecommunications network, we might randomly increase or
decrease the link capacity allocated to a particular type of traffic or change
its priority. Thus, we assume that for each edge e, we can increase (by a
small multiplicative factor) the delay through e with some positive prob-
ability p, and also decrease it with some positive probability q., where p.
and g, are typically small, so that the expected latency through e remains
d.(x). On the other hand, the variance in the delay introduced by such
random changes increases the perceived cost of risk-averse players. There-
fore, by carefully adjusting the perceived cost of the players, we can control
the network congestion, in a way conceptually similar to that of refund-
able tolls, and improve the PoA through a delicate and easy to implement
mechanism that exploits the risk-aversion of the players.

More specifically, we assume that all the players are homogenous wrt.
their risk attitude and that random changes on the edge delays cause the
perceived delays of the players to increase by a (typically small) multiplica-
tive factor!. In fact, we assume that the perceived delay function of each
edge e changes from d.(x) to (1 + y.)d.(x), where y. > O may depend on
the edge, the type and the probability of random changes, the risk atti-
tude of the players, the exact formula of the risk-averse individual cost
and most importantly, the practical setting. Although we briefly discuss,
in Section 14.1, how y, is determined and provide some examples, for sim-
plicity and generality, we deliberately avoid getting into the details of how
Ye’s are precisely calculated. In contrast, we simply assume a given upper
bound y on the largest possible change in the delay functions and refer to
the corresponding routing game as a y-modifiable game (or instance), with
the understanding in each particular application, y can be determined by
considering all the factors mentioned above. In this setting, a flow (and

'We mostly have in mind random (relatively small and short-term) changes that affect
the link “capacity”, e.g., opening or closing an auxiliary lane for a short time, increasing
or decreasing the capacity of a telecommunication link by a certain factor, etc. As a
result, we assume that the perceived cost of the players increases by a small multiplicative
factor. This also distinguishes our technical approach and our results from the extensively
studied case of additive refundable tolls (see e.g., [27, 35, 54, 55]).
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in particular, the optimal flow, which minimizes the total actual latency of
the players) is y-enforceable (or simply, enforceable) if it is a Nash flow of
the modified routing game with the perceived cost of each edge e equal to
(1 + yo)d.(x), for some y, € [0, y].

On the technical side, we observe that the maximum ratio of the opti-
mal marginal-cost toll to the optimal edge latency gives an upper bound on
the value of y required to enforce the optimal flow (Proposition 16). This
establishes the applicability of our approach and formalizes its connection
to refundable tolls. However, in addition to the fact that we use multiplica-
tive latency modifications, an important difference of our approach from
(additive) refundable tolls is that we always assume an upper bound y on
the change of the perceived latencies, while optimal tolls do not assume
any bounds and can become arbitrarily large, e.g., as large as the delay
on the maximum delay s — t path used by the optimal flow (see e.g., [35,
Theorem 4.1]).

Next, to demonstrate the efficiency of our approach, we focus on the
simple and important special case of parallel-link networks (Section 14.2).
We characterize the class of y-modifiable routing games on parallel-links
for which the optimal flow is enforceable (Theorem 14.1). Based on this
characterization, we present a recursive procedure that given a y-modifiable
routing game and its optimal flow, computes a set of y-bounded latency
modifications and a y-enforceable flow with PoA significantly less than the
PoA of the original game (Lemma 14.2). Generalizing the variational in-
equality approach of [29], we prove that the PoA of the resulting flow is at
most max{1, (1 — ﬂy(Z)))‘l}, where D is the class of the delay functions of
the original routing game and

_ y(d(x) — d(y)) — y(x — y)d(x)
ﬂy(@) - deziligyzo xd(x)

is a natural generalization of the quantity S(9) introduced in [29] (The-
orem 14.3). For example, our analysis implies that for linear delays,
the PoA of the y-enforceable flow computed by our approach is at most
max{1,(1 — (1 — y)2/4)"!} (Corollary 14.5), which is significantly less that
4/3 even for small values of y (e.g., it is less than 6/5 for y = 0.1). We
also show that our PoA analysis in terms of y is tight wrt. all y-enforceable
flows (Theorem 14.7). Finally, we give a procedure that computes a set of
y-bounded latency modifications and a y-enforceable flow with such PoA
in time polynomially related to the time needed for computing Nash flows
in parallel-links (Lemma 14.8). Therefore, given any y-modifiable game
on parallel-links, we can efficiently (for a wide class of latency functions)
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compute a game with perceived delays changed by a factor of at most 1 +y
such that the PoA is at most max{1, (1 — 8,(D))™'}.

In Section 14.3 we relate y-modifiable CGs to routing games with re-
stricted tolls ([17]). We point out the results of [17] that can be applied to
y-modifiable CGs while we support our constructive and more complicated
approach for providing better insight for the problem of finding optimal
y-modifications and for the improvement on the PoA.

In section 14.4, we discuss how our approach can be extended to more
general settings. First we give the intuition of how similar to the parallel
links case results can be derived for the case of series parallel networks.
Since we have completed the proofs that our results can be extended to
the case of series parallel networks only recently, we chose not to include
these results in this thesis. Instead, we explain the approach and provide
sketches of the main ideas. Right after we discuss how we can derive
similar results for the case of parallel links with heterogeneous players and
more general restrictions on the uncertainty that is allowed to be added.
Note here that this case is not solved by none of [51], [17] and [53], that
deal with CGs with bounds on the allowable tolls.
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Chapter 10

Congestion Games Preliminaries

In this chapter we state basic definitions needed in the following chap-
ters. Model specific definitions and properties are given separately at the
beginning of each chapter.

10.1 General Notation and Conventions

For a random variable X, E[X] denotes the expectation of X and Var[X]
denote the variance of X. For an event E in a sample space, Pr[E] denotes
the probability of E happening. We say that an event E occurs with high
probability, if there is a constant a > 1, such that Pr[E] > 1-n"%, where n
usually denotes the number of vertices of the network G to which E refers.
We implicitly use the union bound to account for the occurrence of more
than one low probability events.

For any integer n > 1, we let [n] = {1,...,n}
A latency function c.(x) is linear if c.(x) = a.x, for some a, > 0, and affine

if c.(x) = a.x + b, for some a,, b, > 0. We say that a latency function c.(x)
satisfies the Lipschitz condition with constant > O, if for all x, y € [O, r],

|ce(x) — ce(y)l < &lx —yl.

10.2 Congestion Games Definitions

An atomic Congestion Game is a tuple G(NV, E, (S;)en. (de)ecr), Where N de-
notes the set of players, E denotes the set of resources, S; C 2F\ {0} denotes

the strategy space of each player i and d. : IN — IR, is a non-negative and
non-decreasing latency function associated with each resource e.
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Network Congestion Games are CGs in which players have a source
node, s;, and a target node, t;, on a directed graph (network) and the
strategy space of each player i is consisted by the paths that connect s;
with t;. The resources of the CG are exactly the edges of the network each
of which comes together with a latency (cost) function.

An atomic Network CG is a tuple G(G(V, E), (de)eck, K, {N}i=1. k), Where

G = (V,E) denotes a directed network, K C V X V is a set of s; — t; source
target pairs, d. : R5o = R;( is a non-negative and non-decreasing latency

function associated with each edge e and N = (n,, ..., n) is the vector of
players, where n; is the number of players that must move from source s;
to target t;.

Non atomic network CGs are like atomic network CGs with infinite,
infinitesimal players, i.e. the presence or the absence of a player on a
resource does not affect the congestion on the resource. The infinite players
that share the same s; — t; pair form an amount of flow that must be routed
from s; to t;.

A non atomic Network CG is a tuple G(G(V, E), (de)ece, K, 7), where G =
(V,E) denotes a directed network, K C V X V is a set of s; — t; source
target pairs, d. : Rsg — R;( is a non-negative and non-decreasing latency
function associated with each edge eand r = (ry, . . ., 1)) is a vector of flows
that must be routed, where r; is the amount of flow that must be routed
from source i to target i.

Network CGs are also referred as Selfish Routing Games. In a CG,
if all players share the same strategy space then we have a symmetric
CG. We deal with symmetric network CGs case where K contains a single
s — t pair and thus, assuming that s and t are specified in G, we use the
terminology G(G(V, E), (d¢)ccg, ) for atomic network CGs, where n is the
number of players that use the network, and G(G(V, E), (de)ecg, 1) for non
atomic network CGs, where r is an amount of flow to be routed in the
network. We let £ be the set of paths connecting s to t. We may also
use G(G(V,E), n) or G(G(V, E), r) respectiely if the set of latency functions
under use is clear from the context or is assumed to be given within the
network G.

Subnetworks and Subinstances. Given an instance G = (G(V, E), (de)ecr, X),
any subgraph H(V,E’), E' C E, obtained from G by edge deletions, is a
subnetwork of G. H has the same origin s and destination t as G, and
the edges of H have the same latency functions as in G. Each instance
H = (H(V,E’), (de)ecr’» X), where H(V,E’) is a subnetwork of G(V,E), is a
subinstance of G.

In atomic CGs, a configuration is a vector s = (sy,...,s,) consisting of
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a strategy s; € S; for each player i. We let s, = |{i : e € s;}| denote the
congestion induced on each resource e by s.

In non atomic network CGs, a (feasible) flow f is a non-negative vector
indexed by ¥ so that },pf, = r. For a flow f and each edge e, we let
Je = X peepp denote the amount of flow that f routes through e. An edge
e is used by flow f if f. > 0. A path p is used by flow f if all its edges are
used, i.e. mingp{fe} > 0. Somehow abusing notation, if p is used we may
write f, > 0.

Additive Costs. In additive costs atomic CGs, the cost of the strategy s;
of player i under configuration s is di(s) = ., de(Se). Similar, for addi-
tive costs non atomic network CGs, the cost of a path p under flow f is
dp(f) = ZeEp de(se)

Bottleneck Costs. In bottleneck costs atomic CGs, the cost of the strat-
egy s; of player i under configuration s is b;(s) = maxees, de(S). Similar, for
bottleneck costs non atomic network CGs, the cost of a path p under flow

f is bp(f) = MaXeep de(se)-

10.3 Equilibria

There are different ways to define an equilibrium. We are concerned in the
case of Pure Nash Equilibrium. Informally, a configuration s or a flow f
is a Pure Nash equilibrium if no player can improve her individual cost by
unilaterally changing her strategy.

Pure Nash Equilibrium - Nash flows. For an atomic additive costs CG, a
configuration s is said to be a Pure Nash Equilibrium (PNE) if d;(s;, s_;) <
di(s;, s_1), Vs, € S;, where d;(k, s_;) denotes the cost of player i for the config-
uration where i plays strategy k and the rest of the players play according
to configuration s. For a non atomic additive costs network CG, f is a
Nash Equilibrium or a Nash flow if for all s — t paths p, p’, if f, > 0, then
d,(f) < dy(f).

Similar, for an atomic bottleneck costs CG, a configuration s is said to
be a Pure Nash Equilibrium if b;(s;, s_;) < bi(s}, s_;), Vs; € S;, where b;(k, s_;)
denotes the cost of player i for the configuration where i plays strategy k
and the rest of the players play according to configuration s. For a non
atomic bottleneck costs network CG, f is a Nash Equilibrium or a Nash
flow if for all s—t paths p, p’, if f, > 0, then b,(f) < by (f). A basic property
of non atomic network CGs is that all players incur the same latency either
under additive or under bottleneck costs.

e-Nash Equlibria (Flows). The definition of a Nash Equilibrium can be



174 CONGESTION GAMES PRELIMINARIES

generalized to that of an “almost Nash” Equilibrium: For some constant
e > 0, a configuration or flow x is an e-Nash Equilibrium if for all s — ¢
paths p, p’, if x, > 0, dy(x) < dy(x) + ¢, for additive costs games and
by(x) < b,y (x) + €, for bottleneck costs games.

Potential Functions. Games do not always possess PNE, though additive
costs CGs always posses one. This can be proved via a potential function
method. A function ® : S; X --- X S, — R, is an ordinal potential function
for a CG if di(s_i, s)) — di(s) < 0 & D(s_;, s;) —D(s) <O

Intuitively an ordinal potential is a function that follows the sign of
change of any players cost when she changes unilaterally. The admittance
of the above type of potential is a necessary and sufficient condition for a
game to have the Finite Improvement Property, i.e. every best response
sequence is finite. So if letting the players, one at a time, to change their
strategy to their best response then, at the end, we get a configuration that
is a PNE.

A more strong kind of potential is the one encountered so far in CGs
where a function tracks not only the sign but also the amount of the
change. A function ® : S; X --- X S, = R, is an exact potential for a
CG if D(s_;, s}) — D(s) = di(s_;, s}) — di(s)

Games that admit an exact potential are called Potential Games. It can
be proved that additive costs CGs are isomorphic to Potential games. One
direction is easy: CGs (atomic or non atomic with additive costs) always
admit an exact potential:

atomic case .
O(s) = > " de(i)
ecE i=1
non atomic case

o)=Y | doax

ecE VYO

For CGs with bottleneck costs, best response dynamics can also be
used to prove the existence of (optimal) equilibrium, e.g. [11, Corollary 2],
although, directly, the optimal solution (with respect to the social cost
function defined in the next section) is a Nash equilibrium.

10.4 Price of Anarchy and Price of Stability

Players’ strategies choices cause an overall charge on the resources of the
game that can be seen as an overall cost charging the network manager or
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the players’ “society”. This is quantified via a Social Cost Function.

A Social Cost Function, for atomic games, is a function SC(s) : S; X ... X
S, — R, . The most popular Social Cost Function used in additive costs
CGs is the sum of the players’ costs (or, somehow equivalently, the average
of the players’ costs), i.e. SC(s) = }; di(s;). For bottleneck costs games,
the most used social cost function is SC(s) = max; b;(s;) = maxe.s,-o de(Se)-
Similar, for non atomic network CGs it is SC(f) : Space of Flows — R,
and for additive costs CGs, SC(f) = X, f,d,(f,) while for bottleneck costs
CGs, SC(f) = maxyy .o by(fy) = maxey,.ode(s.). For ease of notation, for
bottleneck CGs, we may use B(s) and B(f) instead of SC(s) and SC(f) re-
spectively.

Optimal Solutions. A configuration that minimizes the social cost func-
tion is an optimum configuration called OPT. Similar, the optimal flow is
defined as the flow that minimizes the social cost function. PNE are con-
sidered as the possible outcomes of the game, yet they do not necessarily
minimize social cost. This causes inefficiency to the network. To capture
this inefficiency there are two measures, one adopting a worst case ap-
proach (PoA) and the other a best case approach (PoS).

Price of Anarchy (PoA) and Price of Stability (PoS). By letting x denote
a configuration for the case of atomic CGs and a flow for the case of non
atomic CGs, define

SC(x)
SC(OPT)

SC(x)

|X is aPNE} PoS = mm{m

PoA = max{ |x is aPNE}

The PoA of symmetric non atomic additive costs CGs is independent
of the structure of the network as it was first shown in [74]. Correa
et al. in [28] prove a general tight bound for the PoA based only on
the class D of latency functions, which is p(D) = (1 — (D))"}, where
B(D) = SUPaeqp xsyz0 %&Cj@). The same bound holds for the PoS in sym-
metric atomic network CGs and for the PoA on games on extension parallel
networks as shown in [39]. See also e.g. [22] and [79] for similar results
for atomic CGs.

For bottleneck network CGs, although the PoS is equal to 1 (see e.g.
[11, Corollary 2]) the PoA behaves way much worse as simple examples
give a tight bound of Q(|V]) (see figure 15.2 or e.g. [27, Figure 2]), where

|V| is the number of vertices of the network.
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Chapter 11

On the Hardness of Network Design for
Bottleneck Routing Games

In this chapter, we investigate the computational complexity and the ap-
proximability of the network design problem for non-atomic bottleneck
routing games, where the individual cost of each player is the bottleneck
cost of her path, and the social cost is the bottleneck cost of the network,
i.e. the maximum latency of a used edge.

We first show that bottleneck routing games do not suffer from Braess’s
paradox either if the network is series-parallel, or if we consider only
subpath-optimal Nash flows, a subclass of Nash flows (formally defined
in section 11.1).

On the negative side, we prove that even for games with strictly increas-
ing linear latencies, it is NP-hard not only to recognize instances suffering
from the paradox, but also to distinguish between instances for which
the Price of Anarchy (PoA) can decrease to 1 and instances for which the
PoA cannot be improved by edge removal, even if their PoA is as large as
Q(n%12Y), This implies that the network design problem for linear bottle-
neck routing games is NP-hard to approximate within a factor of O(n%1217¢),
for any constant € > 0. The proof is based on a recursive construction of
hard instances that carefully exploits the properties of bottleneck routing
games, and may be of independent interest.

On the positive side, we present an algorithm for finding a subnetwork
that is almost optimal w.r.t. the bottleneck cost of its worst Nash flow,
when the worst Nash flow in the best subnetwork routes a non-negligible
amount of flow on all used edges. We show that the running time is
essentially determined by the total number of paths in the network, and is
quasipolynomial when the number of paths is quasipolynomial.
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11.1 Problem-Specific Definitions and Facts

We deal with a typical instance of a non-atomic bottleneck routing game,
G = (G(V.E), (d¢)eck. 1)

Optimal and Nash Flow Properties. Let o denote the optimal flow of an
instance G. We let B*(G) = B(o). We note that for every subinstance H of
G. B'(H) 2 B'(G).

As noted earlier, in a Nash flow f all players incur a common bottleneck
cost, i.e. B(f) = min, by(f), and for every s — t path p’, B(f) < b,(f). We
observe that if a flow f is a Nash flow for an s — t network G(V, E), then
the set of edges e with d.(f.) > B(f) comprises an s — t cut in G. For the
converse, if for some flow f, there is an s—t cut consisting of edges e either
with f, > 0 and d.(f.) = B(f), or with f, = 0 and d.(f.) > B(f), then f is a
Nash flow. Moreover, for all bottleneck routing games with linear latencies
a.x, a flow f is a Nash flow iff the set of edges e with d.(f.) = B(f) comprises
an s —t cut.

It can be shown that every bottleneck routing game admits at least
one Nash flow (see e.g., [27, Proposition 2]), and that there is an optimal
flow that is also a Nash flow (see e.g., [11, Corollary 2]). In general, a
bottleneck routing game admits many different Nash flows, each with a
possibly different bottleneck cost of the players. Given an instance G, we
let B(G) denote the bottleneck cost of the players in the worst Nash flow of
G, i.e. the Nash flow f that maximizes B(f) among all Nash flows. We refer
to B(G) as the worst equilibrium bottleneck cost of G. For convenience, for
an instance G = (G, ¢, r), we sometimes write B(G, r), instead of B(G), to
denote the worst equilibrium bottleneck cost of G. We note that for every
subinstance H of G, B*(G) < B(H), and that there may be subinstances
H with B(H) < B(G), which is the essence of Braess’s paradox (see e.g.,
Fig. 12.1).

The following proposition considers the effect of a uniform scaling of the
latency functions.

Proposition 9. Let G = (G, c,r) be a routing instance, let a > 0, and let
G = (G, ac, r) be the routing instance obtained from G if we replace the
latency function d.(x) of each edge e with ad.(x). Then, any G-feasible flow
f is also G’'-feasible and has Bg (f) = aBg(f). Moreover, a flow f is a Nash
flow (resp. optimal flow) of G iff f is a Nash flow (resp. optimal flow) of G'.

Proof. Since the traffic rate of both G and G’ is r, any G-feasible flow f is
also G'-feasible. Moreover, the G’'-latency of f on each edge e is ad.(f.).
This immediately implies that Bg/(f) = aBg(f), and that f is a Nash flow
(resp. optimal flow) of G iff f is a Nash flow (resp. optimal flow) of G'. O
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Subpath-Optimal Nash Flows. For a flow f and any vertex u, let by(u)
denote the minimum bottleneck cost of f among all s — u paths. The flow
[ is a subpath-optimal Nash flow [27] if for any vertex u and any s — t path
p with f, > O that includes u, the bottleneck cost of the s — u part of p is
bs(u). For example, the Nash flow f in Fig. 12.1.a is not subpath-optimal,
because b(v) = 0, through the edge (s, v), while the bottleneck cost of the
path (s,u, v) is 1. For this instance, the only subpath-optimal Nash flow
is the optimal flow with 1/2 unit on the path (s, u, t) and 1/2 unit on the
path (s, v, t).
We formally define the problems we will see

Problem Definitions.

e Paradox-Ridden Recognition (ParRidBC): Given an instance G, de-
cide if G is paradox-ridden.

e Best Subnetwork (BSubNBC): Given an instance G, find the best
subnetwork H* of G.

We investigate the complexity and the approximability of these funda-
mental selfish network design problems for bottleneck routing games.

We note that the objective function of BSubNBC is the worst equilib-
rium bottleneck cost B(H, r) of a subnetwork H. Thus, a (polynomial-time)
algorithm A achieves an a-approximation for BSubNBC if for all instances
G. A returns a subnetwork H with B(H,r) < aB(H",r). A subtle point is
that given a subnetwork H, we do not know how to efficiently compute
the worst equilibrium bottleneck cost B(H, r) (see also [10, 52], where a
similar issue arises). To deal with this delicate issue, our hardness results
use a certain subnetwork structure to identify a good approximation to
BSubNBC.

Series-Parallel Networks. A directed s — t network is series-parallel if it
either consists of a single edge (s, t) or can be obtained from two series-
parallel graphs with terminals (s}, t;) and (s3, t;) composed either in series
or in parallel. In a series composition, t; is identified with s,, s; becomes
s, and t, becomes t. In a parallel composition, s; is identified with s, and
becomes s, and t; is identified with t, and becomes t.

11.2 Paradox-Free Network Topologies and Paradox-
Free Nash Flows

We start by discussing two interesting cases where Braess’s paradox does
not occur. We first show that if we have a bottleneck routing game G de-
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fined on an s — t series-parallel network, then p(G) = 1, and thus Braess’s
paradox does not occur. We recall that this was also pointed out in [31]
for the case of atomic unsplittable bottleneck routing games. Moreover, we
note that a directed s — t network is series-parallel iff it does not contain a
8-graph with degree-2 terminals as a topological minor. Therefore, the ex-
ample in Fig. 12.1 demonstrates that series-parallel networks is the largest
class of network topologies for which Braess’s paradox does not occur (see
also [64] for a similar result for the case of additive routing games).

Proposition 10. Let G be bottleneck routing game on an s —t series-parallel
network. Then, p(G) = 1.

Proof. Let f be any Nash flow of G. We use induction on the series-parallel
structure of the network G, and show that f is an optimal flow w.r.t the
bottleneck cost, i.e., that B(f) = B*(G). For the basis, we observe that the
claim holds if G consists of a single edge (s, t). For the inductive step, we
distinguish two cases, depending on whether G is obtained by the series
or the parallel composition of two series-parallel networks G; and Gs.

Series Composition. First, we consider the case where G is obtained
by the series composition of an s — t’ series-parallel network G; and a
t' — t series-parallel network G,. We let f; and f;, both of rate r, be the
restrictions of f into G; and Go, respectively.

We start with the case where B(f) = B(f;) = B(fz). Then, either f; is a
Nash flow in G;, or f; is a Nash flow in G,. Otherwise, there would be a
s — t’ path p; in G, with bottleneck cost b, (fi) < B(f;), and an t’ — t path
p2 in Gy, with bottleneck cost by, (f;) < B(f;). Combining p; and py, we
obtain an s—t path p = p; U p, in G with bottleneck cost smaller than B(f),
which contradicts the hypothesis that f is a Nash flow of G. If f; (or f3) is
a Nash flow in G; (resp. Gy), then by induction hypothesis f; (resp. f5) is
an optimal flow in G, (resp. in Gy), and thus f is an optimal flow of G.

Otherwise, we assume, without loss of generality, that B(f) = B(f;) <
B(f3). Then, f; is a Nash flow in G;. Otherwise, there would be an s — t’
path p; in G, with bottleneck cost b, (f1) < B(f1), which could be combined
with any t’ — t path p, in Go, with bottleneck cost B(f;) < B(f), into an s—t
path p = p; U py with bottleneck cost smaller than B(f). The existence of
such a path p contradicts the the hypothesis that f is a Nash flow of G.
Therefore, by induction hypothesis f; is an optimal flow in G;, and thus f
is an optimal flow of G.

Parallel Composition. Next, we consider the case where G is obtained
by the parallel composition of an s — t series-parallel network G; and an
s — t series-parallel network G,. We let f; and f; be the restriction of f into
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G, and G,, respectively, let r; (resp. 1) be the rate of f; (resp. f3), and
let G, (resp. G.) be the corresponding routing instance. Then, since f is
a Nash flow of G, f; and f; are Nash flows of G, and G, respectively, and
B(f1) = B(f2) = B(f). Therefore, by the induction hypothesis, f; and f; are
optimal flows of G; and G5, and f is an optimal flow of G. To see this, we
observe that any flow different from f must route more flow through either
G, or G,. But if the flow through e.g. G; is more than r;, the bottleneck
cost through G; would be at least as large as B(f}). O

Next, we show that any subpath-optimal Nash flow achieves a minimum
bottleneck cost, and thus Braess’s paradox does not occur if we restrict
ourselves to subpath-optimal Nash flows.

Proposition 11. Let G be bottleneck routing game, and let f be any subpath-
optimal Nash flow of G. Then, B(f) = B*(G).

Proof. Let f be any subpath-optimal Nash flow of G, let S be the set of
vertices reachable from s via edges with bottleneck cost less than B(f), let
6%(S) be the set of edges e = (u,v) with u € Sand v ¢ S, and let 6 (S) be
the set of edges e = (u, v), with u ¢ Sand v € S. Then, in [27, Lemma 4.5],
it is shown that (i) (S,V \ S) is an s — t cut, (ii) for all edges e € 67(S),
d.(f.) = B(f), (iii) for all edges e € 6"(S) with f, > 0, d.(f.) = B(f), and (iv)
for all edges e € 6°(S), f. = 0.

By (i) and (iv), any optimal flow o routes at least as much traffic as
the subpath-optimal Nash flow f routes through the edges in §*(S). Thus,
there is some edge e € 67(S) with o, > f., which implies that d.(o.) >
d.(f.) = B(f), where the second inequality follows from (ii). Since B*(G) =
B(o) > d.(0.), we obtain that B*(G) = B(f). O

11.3 Recognizing Paradox-Ridden Instances is Hard

In this section, we show that given a linear bottleneck routing game G,
it is NP-hard not only to decide whether G is paradox-ridden, but also to
approximate the best subnetwork within a factor less than 4/3. To this
end, we employ a reduction from the 2-Directed Disjoint Paths problem
(2-DDP), where we are given a directed network D and distinguished ver-
tices sy, 9, 11, ty, and ask whether D contains a pair of vertex-disjoint paths
connecting s; to t; and s, to t,. 2-DDP was shown NP-complete in [37, The-
orem 3], even if the network D is known to contain two edge-disjoint paths
connecting s; to t; and s, to t;. In the following, we say that a subnetwork
D’ of D is good if D’ contains (i) at least one path outgoing from each of s;
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and s, to either t; or t,, (ii) at least one path incoming to each of t; and
tp from either s; or sy, and (iii) either no s; — t, paths or no s, — t; paths.
We say that D’ is bad if any of these conditions is violated by D’. We note
that we can efficiently check whether a subnetwork D’ of D is good, and
that a good subnetwork D’ serves as a certificate that D is a YEs-instance
of 2-DDP. Then, the following lemma directly implies the hardness result
of this section.

Lemma 11.1. Let 7 = (D, s1, S3, t1, t3) be any 2-DDP instance. Then, we
can construct, in polynomial time, an s — t network G(V, E) with a linear
latency function d.(x) = a.x, a. > O, on each edge e, so that for any traffic
rate r > 0, the bottleneck routing game G = (G, ¢, r) has B(G) = r/4, and:

1. If J is a YEs-instance of 2-DDP, there exists a subnetwork H of G with
B(H,r) =r/4.

2. If 1 is a No-instance of 2-DDP, for all subnetworks H’ of G, B(H',r) >
r/3.

3. For all subnetworks H’ of G, either H' contains a good subnetwork
of D, or B(H',r) > r/3.

Proof. We construct a network G(V, E) with the desired properties by adding
4 vertices, s, t, v, u, to D and 9 “external” edges e; = (s,u), e; = (1, v),
es = (v,t), es = (s,v), es = (v,s1), €& = (S,82), 7 = (1, u), eg = (W 1),
ey = (tp, t) (see also Fig. 11.1.a). The external edges e; and e; have latency
de,(x) = de,(x) = x/2. The external edges ey, ..., ey have latency d,, = x.
The external edge e, and each edge e of D have latency d,,(x) = d.(x) = ex,
for some ¢ € (0, 1/4).

We first show that B*(G) = r/4. As for the lower bound, since the
edges e, e4, and ez form an s — t cut in G, every G-feasible flow has a
bottleneck cost of at least r/4. As for the upper bound, we may assume
that D contains an s; — t; path p and an s, — t; path g, which are edge-
disjoint (see also [37, Theorem 3]). Then, we route a flow of r/4 through
each of the paths (e4, es, p, e9) and (e, q, €7, €g), and a flow of r/2 through
the path (e, ey, e3), which gives a bottleneck cost of r/4.

Next, we show (1), namely that if 7 is a YEs-instance of 2-DDP, then
there exists a subnetwork H of G with B(H, r) = r/4. By hypothesis, there
is a pair of vertex-disjoint paths in D, p and g, connecting s; to t;, and s,
to t;. Let H be the subnetwork of G that includes all external edges and
only the edges of p and q from D (see also Fig. 11.1.b). We let ‘H = (H, c,1)
be the corresponding subinstance of G. The flow routing r/4 units through
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el: x/2

e5: x

e4:

e6: x

Figure 11.1: (a) The network G constructed in the proof of Lemma 11.1. (b) The
best subnetwork of G, with PoA = 1, for the case where D contains a pair of
vertex-disjoint paths connecting s; to t; and sy to to.

each of the paths (e4, es, p, €7, eg) and (eg, q, €9), and r/2 units through the
path (e, e;, e3), is an H-feasible Nash flow with a bottleneck cost of r/4.

We proceed to show that any Nash flow of H achieves a bottleneck cost
of r/4. For sake of contradiction, let f be a Nash flow of H with B(f) > r/4.
Since f is a Nash flow, the edges e with d.(f.) > B(f) form an s — t cut in
H. Since the bottleneck cost of e, and of any edge in p and q is at most
r/4, this cut includes either es or ey (or both), either e, or e; (or both),
and either e, or eg (or e; or eg, in certain combinations with other edges).
Let us consider the case where this cut includes e;, e;, and ez. Since the
bottleneck cost of these edges is greater than r/4, we have more than r/2
units of flow through e; and more than r/4 units of flow through each
of e, and ez. Hence, we obtain that more than r units of flow leave s, a
contradiction. All other cases are similar.

To conclude the proof, we have also to show (3), namely that for any
subnetwork H’ of G, if H' does not contain a good subnetwork of D, then
B(H’,r) > r/3. We observe that (3) implies (2), because if 7 is a No-instance,
any two paths, p and g, connecting s; to t; and s, to t;, have some vertex in
common, and thus, D includes no good subnetworks. To show (3), we let
H’ be any subnetwork of G, and let H’ be the corresponding subinstance
of G. We first show that either H' contains (i) all external edges, (ii) at least
one path outgoing from each of s; and s, to either t; or t,, and (iii) at least
one path incoming to each of t; and t, from either s; or s,, or H' includes
a “small” s — t cut, and thus any H’-feasible flow f has B(f) > r/3.

To prove (i), we observe that if some of the edges e;, e;, and eg is
missing from H’, r units of flow are routed through the remaining ones,
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which results in a bottleneck cost of at least r/3. The same argument
applies to the edges es, eg, and ey. Similarly, if e, is not present in H’, the
edges e4, eg, and eg form an s — t cut, and routing r units of flow through
them causes a bottleneck cost of at least r/3. Therefore, we can assume,
without loss of generality, that all these external edges are present in H'.

Now, let us focus on the external edges es and e;. If e5 is not present
in H' and there is a path p outgoing from s, to either t; or t,, routing 2r/3
units of flow through the path (e}, ey, e3) and r/3 units through the path
(es, p, e9) (or through the path (eg, p, ez, eg)) is a Nash flow with a bottleneck
cost of r/3 (see also Fig. 11.2.a). If s, is connected to neither t; nor t, (no
matter whether es; is present in H' or not), the edges e; and e; form an
s — t cut, and thus, any H’-feasible flow has a bottleneck cost of at least
r/3. Similarly, we can show that if either e; is not present in H’, or neither
S nor s, is connected to t,, any H’-feasible flow has a bottleneck cost of
at least r/3. Therefore, we can assume, without loss of generality, that all
external edges are present in H’, and that H' includes at least one path
outgoing from s, to either t; or t;, and at least one path incoming to t, from
either s; or s,.

Similarly, we can assume, without loss of generality, that H' includes
at least one path outgoing from s, to either ¢, or t;, and at least one path
incoming to t; from either s, or s,. E.g., if s; is connected to neither t;
nor t,, routing 2r/3 units of flow through the path (ey, e;, e3) and r/3 units
through s, and either t; or t, (or both) is a Nash flow with a bottleneck cost
of r/3. A similar argument applies to the case where neither s; nor s, is
connected to t;.

Figure 11.2: Possible subnetworks of G when there is no pair of vertex-disjoint
paths connecting s; to t; and sy to ty. The subnetwork (a) contains an s, — to path
and does not include es. In the subnetwork (b), we essentially have all edges of G.
In (c), we depict a Nash flow that consists of three paths, each carrying r/3 units
of flow, and has a bottleneck cost of r/3.

Let us now consider a subnetwork H’ of G that does not contain a good
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subnetwork of D, but it contains (i) all external edges, (ii) at least one path
outgoing from each of s; and s, to either t; or t;, and (iii) at least one
path incoming to each of t; and t; from either s; or s,. By (ii) and (iii),
and the hypothesis that the subnetwork of D included in H’ is bad, H’
contains an s; — t; path p and an s, — t; path g (see also Fig. 11.2.b). At the
intuitive level, this corresponds to the case where no edges are removed
from G. Then, routing r/3 units of flow on each of the s—t paths (e, e, €3),
(e1, e, €5, p,€), and (eg, q, €7, €2, €3) has a bottleneck cost of r/3 and is a
Nash flow, because the set of edges with bottleneck cost r/3 comprises an
s — t cut (see also Fig. 11.2.c). Therefore, we have shown part (3) of the
lemma, which in turn, immediately implies part (2). O

We note that the bottleneck routing game G in the proof of Lemma 11.1
has p(G) = 4/3, and is paradox-ridden, if 7 is a YEs instance of 2-DDP, and
paradox-free, otherwise. Thus, we obtain that:

Theorem 11.2. Deciding whether a bottleneck routing game with strictly
increasing linear latencies is paradox-ridden is NP-hard.

Moreover, Lemma 11.1 implies that it is NP-hard to approximate BSubNBC
within a factor less than 4 /3. The subtle point here is that given a subnet-
work H, we do not know how to efficiently compute the worst equilibrium
bottleneck cost B(H, r). However, we can use the notion of a good subnet-
work of D and deal with this issue. Specifically, let A be any approximation
algorithm for BSubNBC with approximation ratio less than 4/3. Then, if D
is a YEs-instance of 2-DDP, A applied to the network G, constructed in the
proof of Lemma 11.1, returns a subnetwork H with B(H, r) < r/3. Thus, by
Lemma 11.1, H contains a good subnetwork of D, which can be checked in
polynomial time. If D is a No-instance, D contains no good subnetworks.
Hence, the outcome of A would allow us to distinguish between YEs and NO
instances of 2-DDP.

Remark 11.3. If we let the edges to have more general latency functions,
such as polynomials of greater degree or exponential functions, then we
can get greater inapproximability factors for BSubNBC.

For example, if we use the cost functions x¢ instead of x and x%/2¢
instead of x/2 in network G in the proof of Lemma 11.1 (fig. 11.1), then
we will get an inapproximability ratio of (4/3)%.

Using a* instead of x and a*/? instead of x/2 in the proof of Lemma 11.1
(fig. 11.1), we get an inapproximability ratio of a”/'? = B*(¢)'/? (depending
on a and r).
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11.4 Approximating the Best Subnetwork is Hard

Next, we apply essentially the same construction as in the proof of Lemma 11.1,
but in a recursive way, and show that it is NP-hard to approximate BSubNBC
for linear bottleneck routing games within a factor of O(n''?!"%), for any
constant ¢ > 0. Throughout this section, we let 7 = (D, sy, So, 1, t) be

a 2-DDP instance, and let G be an s — t network, which includes (possi-
bly many copies of) D and can be constructed from 7 in polynomial time.
We assume that G has a linear latency function d.(x) = a.x, a. > 0, on
each edge e, and for any traffic rate r > O, the bottleneck routing game

G = (G, ¢, r) has B*(G) = r/y,, for some y; > 0. Moreover,

1. If 7 is a YEs-instance of 2-DDP, there exists a subnetwork H of G with
B(H,r) =r1/y:.

2. If 7 is a No-instance of 2-DDP, for all subnetworks H’ of G, B(H',r) >
r/ya, for a y, € (0, yy).

3. For all subnetworks H’ of G, either H’ contains at least one copy of a
good subnetwork of D, or B(H', r) > r/ys,.

The existence of such a network shows that it is NP-hard to approximate
BSubNBC within a factor less than y = y; /y». Thus, we usually refer to G
as a y-gap instance (with linear latencies). For example, for the network
G in the proof of Lemma 11.1, y; = 4 and y, = 3, and thus G is a 4/3-
gap instance. We next show that given 7 and a y,/y,-gap instance G,
we can construct a (4y,)/(3y,)-gap instance G/, i.e., we can amplify the
inapproximability gap by a factor of 4/3.

Lemma 11.4. Let J = (D, s;, So, t1, t3) be a 2-DDP instance, and let G be
a y1/y.-gap instance with linear latencies, based on 7. Then, we can
construct, in time polynomial in the size of 7 and G, an s — t network G’
with a linear latency function d.(x) = a.x, a. > O, on each edge e, so that
for any traffic rate r > O, the bottleneck routing game G’ = (G’,c,r) has
B*(G) = r/(4y,), and:

1. If 7 is a vEs-instance of 2-DDP, there exists a subnetwork H of G’
with B(H, r) = r/(4y,).

2. If I is aNo-instance of 2-DDP, for every subnetwork H' of G’, B(H’, r) >
r/(3ys).

3. For all subnetworks H’ of G’, either H' contains at least one copy of
a good subnetwork of D, or B(H', r) > r/(3y,).
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Proof. Starting from D, we obtain G’ by applying the construction of Lemma 11.1,
but with all external edges, except for e, replaced by a copy of the gap-
instance G. For convenience, we refer to the copy of the gap-instance re-
placing the external edge e;, i € {1, 3, ..., 9}, as the edgework G;. Formally,
to obtain G’, we start from D and add four new vertices, s, t, v, u. We con-
nect s to u, with the s — u edgework G,, and v to t, with the s — u edgework
Gs3, where in both G, and Gs, we replace the latency function d.(x) of each
edge e in the gap instance with d.(x)/2 (this is because in Lemma 11.1,
the external edges e; and es have latencies x/2). Moreover, instead of the
external edge e;, i € {4, ...,9}, we connect (s, v), (v, s1), (S, S2), (t1, 1), (u, t),
and (t;, t) with the edgework G;. The latencies in these edgeworks are as in
the gap instance. Furthermore, we add the external edge e, = (u, v) with
latency d,,(x) = ex, for some ¢ € (0, ﬁ) (see also Fig. 11.3.a). Also, each
edge e of D has latency d.(x) = ex. We next consider the corresponding
routing instance G’ with an arbitrary traffic rate r > 0. Throughout the
proof, when we define a routing instance, we omit, for simplicity, the co-
ordinate c, referring to the latency functions, with the understanding that
they are defined as above.

optsub o

\\edg swork G8 \
| S=(e—"
optsub-o
Optsube
;;;;;;;;;;;; °
optsub of optsub of G!

) —

Figure 11.3: (a) The network G’ constructed in the proof of Lemma 11.4. The
structure of G’ is similar to the structure of the network G in Fig. 11.1, with each
external edge e;, except for ey, replaced by the edgework G;. (b) The structure of a
best subnetwork H of G’, with PoA = 1, when D contains a pair of vertex-disjoint
paths, p and g, connecting s; to t; and s, to to. To complete H, we use an optimal
subnetwork (or simply, subedgework) of each edgework G;.

Intuitively, each G;, i € {4,...,9}, behaves as an external edge (hence
the term edge(net)work), which at optimality has a bottleneck cost of r/y;,
for any traffic rate r entering G;. Moreover, if 1 is a YEs-instance of 2-DDP,
the edgework G; has a subedgework H; for which B(H;, r) = r/y,, for any r,
while if H; does not contain any copies of a good subnetwork of D (or, if 7
is a No-instance), for all subedgeworks H; of G;, B(H],r) > r/y,, for any r.
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The same holds for G; and Gz, but with a worst equilibrium bottleneck cost
of r/(2y,) in the former case, and of r/(2y,) in the latter case, because the
latency functions of G, and Gj are scaled by 1/2 (see also Proposition 9).

The proofs of the following propositions are conceptually similar to the
proofs of the corresponding claims in the proof Lemma 11.1.

Proposition 12. The optimal bottleneck cost of G’ is B*(G’) = r/(4y).

Proof. We have to show that B*(G’) = r/(4y,). For the upper bound, as
in the proof of Lemma 11.1, we assume that D contains an s; — t; path
p and an s, — t; path g, which are edge-disjoint. We route (i) r/4 units
of flow through the edgeworks G4, Gs, next through the path p, and next
through the edgework Gy, (ii) r/4 units through the edgeworks Gg, next
through the path g, and next through the edgeworks G; and Gg, and (ii)
r/2 units through the edgework G;, next through the external edge e,, and
next through the edgework Gs;. These routes are edge(work)-disjoint, and
if we route the flow optimally through each edgework, the bottleneck cost
is r/(4y,). As for the lower bound, we observe that the edgeworks H;, H,,
and Hg essentially form an s —t cut in G’, and thus every feasible flow has
a bottleneck cost of at least r/(4y,). O

Proposition 13. If 7 is a YEs-instance, there is a subnetwork H of G’ with
B(H9 r) = r/(4y1)'

Proof. If 1 is a YEs-instance of 2-DDP, then (i) there are two vertex-disjoint
paths in D, p and g, connecting s; to t; and s, to f, and (ii) there is
an optimal subnetwork (or simply, subedgework) H; of each edgework G;
so that for any traffic rate r routed through H;, the worst equilibrium
bottleneck cost B(H;, r) is r/y,, ifi € {4,...,9}, and r/(2y,), if i € {1, 3}. Let
H be the subnetwork of G’ that consists of only the edges of the paths p
and q from D, of the external edge e,, and of the optimal subedgeworks
H;, i€{1,3,...,9} (see also Fig. 11.3.b). We observe that we can route: (i)
r/4 units of flow through the subedgeworks H,, Hs, next through the path
p, and next through the subedgeworks H; and Hg, (ii) r/4 units of flow
through the subedgework Hg, next through the path g, and next through
the subedgework Hg, and (iii) r/2 units of flow through the subedgework
H;, next through the external edge e,, and next through the subedgework
H;. These routes are edge(work)-disjoint, and if we use any Nash flow
through each of the routing instances (H;, r/4), i € {4, ...,9}, (H;, r/2), and
(Hs, r/2), we obtain a Nash flow of the instance (H, r) with a bottleneck cost
of r/(4yy).

We next show that any Nash flow of (H, r) has a bottleneck cost of at
most r/(4y;). To reach a contradiction, let us assume that some feasible
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Nash flow f has bottleneck cost B(f) > r/(4y;). We recall that f is a Nash
flow iff the edges of G’ with bottleneck cost B(f) > r/(4y,) form an s—t cut.
This cut does not include the edges of the paths p and g and the external
edge e;, due to the choice of their latencies. Hence, this cut includes a
similar cut either in Hg or in Hy (or in both), either in H; or Hs (or in both),
and either in H, or in Hg (or in Hy or in Hg, in certain combinations with
other subedgeworks, see also Fig. 11.3.b). Let us consider the case where
the edges with bottleneck cost B(f) > r/(4y,) form a cut in H,, H,;, and
Hg. Namely, the edges of H;, Hy, and Hg, with bottleneck cost equal to
B(f) > r/(4y,) form an s — u, an s — v, and an s — s, cut, respectively, and
thus the restriction of f to each of H;, Hy, and Hg, is an equilibrium flow of
bottleneck cost greater than r/(4y,) for the corresponding routing instance.
Since 7 is a YEs-instance, this can happen only if the flow through H; is
more than r/2, and the flow through each of H, and Hg is more than r/4
(see also property (ii) of optimal subedgeworks above). Hence, we obtain
that more than r units of flow leave s, a contradiction. All other cases are
similar. O

The most technical part of the proof is to show (3), namely that for any
subnetwork H’ of G’, if H' does not contain any copies of a good subnetwork
of D, then B(H’,r) > r/(3y,). This immediately implies (2), since if J is a
No-instance of 2-DDP, D includes no good subnetworks. To prove (3), we
consider any subnetwork H’ of G’, and let H; be the subedgework of each
G; present in H'. We assume that the subedgeworks H; do not contain any
copies of a good subnetwork of D, and show that if the subnetwork of D
connecting s; and s, to t; and t, in H’ is also bad, then B(H’, r) > r/(3y,).

At the technical level, we repeatedly use the idea of a flow f; through
a subedgework H; that “saturates” H;, in the sense that f; is a Nash flow
with bottleneck cost at least r;/(3y,) for the subinstance (H;, r;). Formally,
we say that a flow rate r; saturates a subedgework H; if B(H, r;) > r;/(3ys).
We refer to the flow rate r; for which B(H;, r7) = r7 /(3y») as the saturation
rate of H;. We note that the saturation rate r;y is well-defined, because
the latency functions of G;s are linear and strictly increasing. Moreover,
by property (3) of gap instances, the saturation rate of each subedgework
H isr’ <r/3,ifi e {4,...,9}, and r7 < 2r/3, if i € {1,3}. Thus, at the
intuitive level, the subedgeworks H; behave as the external edges of the
network constructed in the proof of Lemma 11.1. Hence, to show that
B(H’,r) > r/(3y,), we need to construct a flow of rate (at most) r that
saturates a collection of subedgeworks comprising an s — t cut in H'.

Our first step in this direction is to simplify the possible structure of
H'.
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Proposition 14. Let H' be any subnetwork of G’ whose subedgeworks
H{ do not contain any copies of a good subnetwork of D. Then, either the
subnetwork H’' contains (i) the external edge e, (ii) at least one path outgoing
Jrom each of s; and s, to either t; or ty, and (iii) at least one path incoming
to each of t; and t, from either s, or s,, or B(H',r) > r/(3y,).

Proof. For convenience, in the proofs of Proposition 14 and Proposition 15,
we slightly abuse the terminology, and say that a collection of subedge-
works of H” form an s — t cut, if the union of any cuts in them comprises
an s — t cut in H’. Moreover, whenever we write that r; units of flow are
routed through a subedgework H;, we assume that the routing through H;
corresponds to the worst Nash flow of (H;, ;). Also, we recall that since
subedgeworks H; do not contain any copies of a good subnetwork of D, by
property (3) of gap instances, the saturation rate of each H; is r7 < r/3, if
ie{4,...,9},and r7 <2r/3,if i € {1, 3}.

We start by showing that either the external edge e, is present in H’,
or B(H',r) > r/(3y,). Indeed, if e, is not present in H’, the subedgeworks
Hj, Hg, and H{ form an s—t cut in H’. Therefore, we can construct a Nash
flow f that routes at least r/3 units of flow through H,, H}, and Hg, and
has B(f) > r/(3y,). Therefore, we can assume, without loss of generality,
that e, is present in H'.

Similarly, we show that either H’ includes at least one path outgoing
from s, to either t; or t;, and at least one path incoming to t, from either
S or sy, or B(H',r) > r/(3y,). In particular, if s, is connected to neither
t; nor t,, the subedgeworks H] and H; form an s — t cut in H’. Thus, we
can construct a Nash flow f that saturates the subedgework Hj (or the
subedgeworks H} and HY, if r7 > r; + rg) and the subedgework H (or the
subedgeworks H; and either H;, or H) and at least one of the H; and Hy,
depending on r; and the saturation rates of the rest). We note that this
is always possible with r units of flow, because r{ < 2r/3 and r; < r/3.
Therefore, the bottleneck cost of f is B(f) > r/(3y,). In case where there
is no path incoming to t, from either s; or s,, the subedgeworks H} and
H{ form an s — t cut in H’. As before, we can construct a Nash flow f
that saturates the subedgeworks H; and Hy (or, as before, an appropriate
combination of other subedgeworks carrying flow to H; and Hg), and has
B(f) > r/(3y,). Therefore, we can assume, without loss of generality, that
H’ includes at least one path outgoing from s, to either t; or t;, and at least
one path incoming to t, from either s; or s,.

Next, we show that either H' includes at least one path outgoing from
s; to either t; or t;, and at least one path incoming to t; from either s, or
Sy, or B(H',r) > r/(3y,). In particular, let us consider the case where s,
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is connected to neither t; nor t, (see also Fig. 11.4.a, the case where there
is no path incoming to t; from either s; or s, can be handled similarly).
In the following, we assume that s, is connected to t, (because, by the
analysis above, we can assume that there is a path incoming to t,, and
s; is not connected to T3), and construct a Nash flow f of bottleneck cost
B(f) 2 r/(3ys).

We first route min{r§, rg} < r/3 units of flow through the subedgework
H{, next through an s, — t, path, and finally through the subedgework
Hj, and saturate either Hg or H{ (or both). If there is an s, — t; path and
HY is not saturated, we keep routing flow through Hj, next through an
s, — t; path, and next through the subedgeworks H, and Hg, until either
the subedgework HY or at least one of the subedgeworks H;, and H} become
saturated. Thus, we saturate at least one edgework on every s—t path that
includes s,.

Next, we show how to saturate at least one edgework on every s—t path
that includes either v or u. If r{ < r§ < 2r/3, we route rj units of flow
through Hj, e;, and Hj, and route min{r; — r7, rj} units of flow through Hj
and Hj, and saturate either H; and H} or H; and H;. If r; < r] < 2r/3,
we route r3 units of flow through Hj, e, and H;, and route min{r; — r7, rg}
units of flow through H] and H{, and saturate either H; and H} or H} and
H.

The remaining flow (if any) can be routed through these routes, in pro-
portional rates. In all cases, we obtain an s — t cut consisting of saturated
subedgeworks. Thus, the resulting flow f is a Nash flow with a bottleneck
cost of at least r/(3y,).

O

Now, let us focus on a subnetwork H’ of G’ that contains (i) the external
edge e,, (ii) at least one path outgoing from each of s; and s, to either t;
or by, and (iii) at least one path incoming to each of t; and t, from either
s, or s,. If the copy of the subnetwork of D connecting s; and s, to t;
and t, in H’ is also bad, properties (ii) and (iii) imply that H’ contains an
s; — t; path p and an s, — t; path g. In this case, the entire subnetwork H’
essentially behaves as if it included all edges of G’. Then, a routing similar
to that in Fig. 11.2.c gives a Nash flow with a bottleneck cost of r/(3y,).
This intuition is formalized by the following proposition.

Proposition 15. Let H be any subnetwork of G’ that satisfies (i), (ii), and
(iii) above, and does not contain any copies of a good subnetwork of D. Then
B(H',r) > r/(3y,).
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(a) (b)

Figure 11.4: The structure of possible subnetworks of G’ when there is no pair of
vertex-disjoint paths connecting s; to t; and sy to tp. The subnetwork (a) contains
a path outgoing from sy to either t; or ty, and no path outgoing from s; to either
t) or t. Hence, no flow can be routed through the edgework Gs, and thus we can
regard Gs as being absent from H’. The subnetwork (b) essentially corresponds
to the case where all edges of G’ are present in H'.

Proof. In the following, we consider a subnetwork H' of G’ which does not
include any copies of a good subnetwork of D, and contains (i) the external
edge e, (ii) at least one path outgoing from each of s; and s, to either t; or
t,, and (iii) at least one path incoming to each of t; and t, from either s; or
So. Since the copy of the subnetwork of D connecting s, and s, to t; and t,
in H' is bad, properties (ii) and (iii) imply that H’ contains an s; — t, path p
and an s, — t; path g. Moreover, since the subedgeworks H; do not include
any copies of a good subnetwork of D, by property (3) of gap instances, the
saturation rate of each H; is r7 < r/3, if i € {4,...,9}, and r7 < 2r/3, if
i€{l,3}

We next show that for such a subnetwork H’, we can construct a Nash
flow f of bottleneck cost B(f) > r/(3y,). At the conceptual level, as in the
last case in the proof of Lemma 11.1, we seek to construct a Nash flow by
routing r/3 units of flow through each of the following three routes: (i) H;,
ey, and H, (ii) H}, ey, H,, p, and Hg, and (iii) H, q, H,, e,, and H;. However,
for simplicity of the analysis, we regard the corresponding (edge) flow as
being routed through just two routes: a rate of 2r/3 is routed through H/,
ey, and Hé, and a rate of r/3 is routed through the (possibly non-simple)
route HY, q, H,, e;, H,, p, and Hy. We do so because the latter routing
allows us to consider fewer cases in the analysis. We conclude the proof
by showing that if the latter route is not simple, we can always decompose
the flow into the three simple routes above.

In the following, we assume that with a flow rate of at most 2r/3, routed
through Hj, e,, and H} (and possibly through H; and Hg), we can saturate
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both subedgeworks H; and Hj. Otherwise, as in the last case in the proof
of Proposition 14, we can show how with a total flow rate of at most 2r/3,
part of which is routed through either H; or Hg, we can saturate either H]
and Hy, or H; and Hg. Then, the remaining r/3 units of flow can saturate
either Hg, in the former case, or Hy, in the latter case. Thus, we obtain a
Nash flow with a bottleneck cost of at least r/(3y»).

Having saturated both subedgeworks H; and Hj, using at most 2r/3
units of flow, we have at least r/3 units of flow to saturate the subedge-
works HZ, H{, H;, and H{, or an appropriate subset of them, so that
together with H; and Hj, they form an s — t cut in H'. We first route
T = min{rg, 15, 15, 1§} < r/3 units of flow through H, q, H;, e;, H., p, and Hy,
until ¢, and consider different cases, depending on which of the subedge-
works HZ, Hg, H, and H] has the minimum saturation rate.

e If T =15, H] is saturated. We first assume that H' contains an s, — t;
path, and route (some of) the remaining flow (i) through H;, H;, an
s; — t; path, H,, and Hg, and (ii) through H}, q. H,, and H;. We
do so until either at least one of the subedgeworks H; and Hg or
the subedgework Hj and at least one of the subedgeworks H; and
H{ become saturated. Since min{r$,rg} < r/3, this requires at most
r/3 — t additional units of flow. If H' does not contain an s; — t;
path, we route the remaining flow only through route (ii), until either
at least one of the subedgeworks H;, and H; or the subedgework Hj
become saturated. In both cases, the newly saturated subedgeworks,
together with the saturated subedgeworks Hj, H;, and H{, form an
s —t cut of saturated subedgeworks, and thus the worst equilibrium
bottleneck cost is at least r/(3ys).

e If T = 15, Hy is saturated. As before, we first assume that H’ contains
an s, —t; path, and route the remaining flow (i) through Hj, HZ, p, and
H{, and (ii) through H,, H,, an s, — t; path, Hj and H{, until either at
least one of the subedgeworks H; and H, or the subedgework Hj and
at least one of the subedgeworks H, and Hg become saturated. Since
min{ry, r;} < r/3, this requires at most r/3 — t additional units of flow.
If H' does not contain an s; —t; path, we route the remaining flow only
through route (i), until either at least one of the subedgeworks H; and
H{ or the subedgework H] become saturated. In both cases, the newly
saturated subedgeworks, together with the saturated subedgeworks
Hj, H;, and Hf, form an s — t cut of saturated subedgeworks, and
thus the worst equilibrium bottleneck cost is at least r/(3yy).

e If T = r7, H, is saturated. Then, we first assume that H' contains
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an s, — t, path, and route the remaining flow (i) through H;, H;, p,
and Hj, and (ii) through Hg, an s, — t; path, and Hj, until either
the subedgework H{, or the subedgework Hg and at least one of the
subedgeworks H, and H] become saturated. Since r§ < r/3, this
requires at most r/3 — t additional units of flow. If H does not
contain an s, — t, path, we route the remaining flow only through
route (i), until either at least one of the subedgeworks H; and H
or the subedgework H{ become saturated. In both cases, the newly
saturated subedgeworks, together with the saturated subedgeworks
Hj, H;, and H,, form an s — t cut of saturated subedgeworks, and
thus the worst equilibrium bottleneck cost is at least r/(3ys).

e If t =1, H; is saturated. As before, we first assume that H’ contains
an s, — t, path, and route the remaining flow (i) through H{, q, H,
and Hg, and (ii) through Hj, an s, — t, path, and Hg, until either
the subedgework H, or the subedgework Hg and at least one of the
subedgeworks H, and Hj become saturated. Since r§ < r/3, this
requires at most r/3 — t additional units of flow. If H does not
contain an s, — t, path, we route the remaining flow only through
route (i), until either at least one of the subedgeworks H, and Hy
or the subedgework H; become saturated. In both cases, the newly
saturated subedgeworks, together with the saturated subedgeworks
H{, H}, and H;, form an s — t cut of saturated subedgeworks, and
thus the worst equilibrium bottleneck cost is at least r/(3y).

Thus, in all cases, we obtain an equilibrium flow with a bottleneck
cost of at least r/(3y,). However, in the construction above, the route
H{, q, H;, e;, H,, p, H) may not be simple, since p and g may not be
vertex-disjoint. If this is the case, this route is technically not allowed
by our model, where the flow is only routed through simple s — t paths.
Nevertheless, the corresponding edge flow can be decomposed into the
following three simple routes: (i) Hj, e,, and H, (ii) Hj, e,, H,, p, and
Hg, and (iii) H;, q, H,, e;, and H;, unless min{ry, 5} < r/3. Moreover, if
min{ry, r§} < r/3, we can work as above, and saturate both H; and H} with
at most r/3 units of flow. The remaining 2r/3 units of flow can be routed
(i) through Hf, q. H;, and Hg, and (ii) through Hj, H., p, and Hj, and
possibly either through Hj, an s, — t, path', and Hy, or through H,, H,,
an s; — t; path, H}, and Hg, until either H; (or H)) and H{, or H; (or H)
and H] are saturated. This routing only uses simple routes. In addition,

!We note that if the paths p and q are not vertex-disjoint, we also have an s; — t; path
and an sy — t; path in H'.
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these saturated subedgeworks, together with the saturated subedgeworks
H] and Hj, form an s—t cut of saturated subedgeworks, and thus the worst
equilibrium bottleneck cost is at least r/(3y). O

Propositions 14 and 15 immediately imply part (3) of the lemma, which,
in turn, implies part (2). O

Each time we apply Lemma 11.4 to a y-gap instance G, we obtain a
4y/3-gap instance G’ with a number of vertices of at most 8 times the
vertices of G plus the number of vertices of D. Therefore, if we start
with an instance 7 = (D, s, So, t;, t;) of 2-DDP, where D has k vertices,
and apply Lemma 11.1 once, and subsequently apply Lemma 11.4 for
llog, /5 k| times, we obtain a k-gap instance G’, where the network G’ has
n = O(I®23) vertices. Suppose now that there is a polynomial-time algo-
rithm A that approximates the best subnetwork of G’ within a factor of
O(k'™®) = O(n®'2-¢), for some small € > 0. Then, if 7 is a YEs-instance
of 2-DDP, algorithm A, applied to G’, should return a best subnetwork H
with at least one copy of a good subnetwork of D. Since H contains a poly-
nomial number of copies of subnetworks of D, and we can check whether
a subnetwork of D is good in polynomial time, we can efficiently recognize
I as a vEs-instance of 2-DDP. On the other hand, if 7 is a No-instance of
2-DDP, D includes no good subnetworks. Again, we can efficiently check
that in the subnetwork returned by algorithm A, there are not any copies of
a good subnetwork of D, and hence recognize / as a No-instance of 2-DDP.
Thus, we obtain that:

Theorem 11.5. For bottleneck routing games with strictly increasing lin-
ear latencies, it is NP-hard to approximate BSubNBC within a factor of
O(n®!21-¢), for any constant & > 0.

Remark 11.6. If in the network G in the proof of Lemma 11.1 (fig. 11.1)
we replace the cost functions x and x/2 with x¢ and x?/2% respectively,
we will get an instance with y; = 4¢ and y, = 39, and thus G would be
a (4/3)%-gap instance. Moreover, if we apply the same techniques as in
lemma 11.4, we can amplify the inaproximability gap. As in Lemma 11.4
we inductively create a new network using as a base the base network of
figure 11.1 with cost functions x% instead of x and x¢/2¢ instead of x/2.
In the new network the edges ey, ..., ey are replaced with a copy of the
old network with the known gap (4/3)%. Edges e, e; are replaced with a
copy of the old network but with all the cost functions divided by 2¢. This
will result to a graph that gives an inapproximability gap of (4/3)??. Doing
this t = log, /3.« N times, we result to a network with O(n'°2a/34 8+1Y yertices
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and an inapproximability gap of n. So, in a similar way like before, we get
that (unless P=NP), we cannot polynomially approximate BSubNBC within
a factor of O(n'/102a/s2 8+ _ ¢)

Using a* instead of x and a*/?
technique for say t times we get a network with gap B*(G)

instead of x/2 and applying the same
(4/3)'-1

11.5 Networks with Quasipolynomially Many Paths

In this section, we approximate, in quasipolynomial-time, the best subnet-
work and its worst equilibrium bottleneck cost for instances G = (G, c, 1)
where the network G has quasipolynomially many s — t paths, the latency
functions are continuous and satisfy a Lipschitz condition, and the worst
Nash flow in the best subnetwork routes a non-negligible amount of flow
on all used edges.

We highlight that the restriction to networks with quasipolynomially
many s — t paths is somehow necessary, in the sense that Theorem 11.5
shows that if the network has exponentially many s—t paths, as it happens
for the hard instances of 2-DDP, and thus for the networks G and G’
constructed in the proofs of Lemma 11.1 and Lemma 11.4, it is NP-hard to
approximate BSubNBC within any reasonable factor. Also, we can always
assume, without loss of generality, that the worst Nash flow of the best
subnetwork H" assigns positive flow to all edges of H*. Otherwise, we
can remove any unused edges, without increasing the worst equilibrium
bottleneck cost of H*. In addition, we assume here that there is a constant
6 > 0, such that the worst Nash flow in H* routes more than 6 units of
flow on all edges of the best subnetwork H".

In the following, we normalize the traffic rate r to 1. This is for con-
venience and can be made without loss of generality?. Our algorithm is
based on [42, Lemma 2], which applies Althofer’s “Sparsification” Lemma
[5] (similar technique in [60], independently), and shows that any flow can
be approximated by a “sparse” flow using logarithmically many paths.

Lemma 11.7. Let G = (G(V,E),c, 1) be a routing instance, and let f be
any G-feasible flow. Then, for any & > 0, there exists a G-feasible flow f
using at most k(e) = [log(2m)/(2€%)] + 1 paths, such that for all edges e,
If. = f.| < & if f. > 0, and f, = 0, otherwise.

2Given a bottleneck routing game G with traffic rate r > 0, we can replace each latency
function de(x) with d.(rx), and obtain a bottleneck routing game G’ with traffic rate 1,
and the same Nash flows, PoA, and solutions to BSubNBC.
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By Lemma 11.7, there exists a sparse flow f that approximates the
worst Nash flow f on the best subnetwork H* of G. Moreover, the proof of
[42, Lemma 2] shows that the ﬂow]‘ is determined by a multiset P of at most
k(e) paths, selected among the paths used by f. Then, for every path p € P,
fp = |P(p)|/|P|, where |P(p)| is number of times the path p is included in the
multiset P, and |P| is the cardinality of P. Therefore, if the total number
|P| of s — t paths in G is quasipolynomial, we can find, in quasipolynomial-
time, by exhaustive search, a flow-subnetwork pair that approximates the
optimal solution of BSubNBC. Based on this intuition, we next obtain an
approximation algorithm for BSubNBC on networks with quasipolynomially
many paths, under the assumption that there is a constant 6 > 0O, such
that the worst Nash flow in the best subnetwork H* routes more than 6
units of flow on all edges of H*. This assumption is necessary so that
the exhaustive search on the family of sparse flows of Lemma 11.7 can
generate the best subnetwork H*, which is crucial for the analysis.

Theorem 11.8. Let G = (G(V,E), c, 1) be a bottleneck routing game with
continuous latency functions that satisfy the Lipschitz condition with a
constant £ > 0, let H* be the best subnetwork of G, and let f* be the worst
Nash flow in H*. If for all edges e of H", f > &, for some constant 6 > 0O,
then for any constant £ > 0, we can compute in time |P|000em/ min{6%,¢2/¢%))
a flow f and a subnetwork H such that: (i) f is an ¢/2-Nash flow in the
subnetwork H, (ii) B(f) < B(H*, 1) + ¢, (iii)) B(H, 1) < B(f) + ¢/4, and (iv)
B(f) < B(H, 1) + £/2.

Proof. Let e > 0 be a constant, and let ¢, = min{68, ¢/(4¢)}, and e, = £/2. We
show that a flow-subnetwork pair (H, f) with the desired properties can be
computed in time |P|°*) where k(e,) = [log(2m)/ min{262, €2 /(8E2)}] + 1,
For convenience, we say that a flow g is a candidate flow if there is a
multiset P of paths from P, with |P| < k(e;), such that g, = |P(p)|/|P|,
for each p € . Namely, a candidate flow belongs to the family of sparse
flows, which by Lemma 11.7, can approximate any other flow. Similarly,
a subnetwork H is a candidate subnetwork if there is a candidate flow g
such that H consists of the edges used by g (and only of them), and a
subnetwork-flow pair (H, g) is a candidate solution, if g is a candidate flow,
H is a candidate subnetwork that includes all the edges used by g (and
possibly some other edges), and g is an e;-Nash flow in H.

By exhaustive search, in time |[P|°*(), we generate all candidate flows,
all candidate subnetworks, and compute the bottleneck cost B(g) of any
candidate flow g. Then, for each pair (H, g), where g is a candidate flow and
H is a candidate subnetwork, we check, in polynomial time, whether g is an
e;-Nash flow in H, and thus whether (H, g) is a candidate solution. Thus,
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in time |P|°*¢1) we determine all candidate solutions. For each candidate
subnetwork H that participates in at least one candidate solution, we let
B(H) be the maximum bottleneck cost B(g) of a candidate flow g for which
(H, g) is a candidate solution. The algorithm returns the subnetwork H
that minimizes B(H), and a flow f for which (H, f) is a candidate solution
and B(H) = B(f).

The exhaustive search above can be implemented in |P|°*¢) time. As
for the properties of the solution (H, f), the definition of candidate solutions
immediately implies (i), i.e., that f is an &/2-Nash flow in H.

In the following we use Lemma 11.7, and show (ii), (iii), and (iv).

We first show (ii), i.e., that B(f) < B(H", 1)+e&. We recall that H* denotes
the best subnetwork of G and f* denotes the worst Nash flow in H*. Also,
by hypothesis, f; > 6 > O, for all edges e of H".

By Lemma 11.7, there is a candidate flow f such that for all edges e of
H*, |f. - f2| £ €. Thus, since €¢; < §, H* is a candidate network, because
f. > 0 for all edges e of H*. Moreover, by the Lipschitz condition and the
choice of ¢, for all edges e of H", IdeG“e)—de(fe* )| < &/4. Therefore, since f* is
a Nash flow in H*, f is an e,-Nash flow in H*, and thus (H, f) is a candidate
solution. Furthermore, |B(f) — B(f*)| < £/4, i.e., the bottleneck cost of f is
within an additive term of /4 from the worst equilibrium bottleneck cost
of H*. In particular, B(f) < B(H*, 1) + £/4.

We also need to show that for any other candidate flow g for which
(H*,g) is a candidate solution, B(g) < B(f) + 3¢/4, and thus B(H*) <
B(f) + 3¢/4 < B(H*,1) + €. To reach a contradiction, let us assume that
there is a candidate flow g that is an e,-Nash flow in H* and has B(g) >
B(f) + 3g/4. But then, we should expect that there is a Nash flow ¢’ in H*
that closely approximates g and has a bottleneck cost of B(g') ~ B(g) >
B(f*), a contradiction. Formally, since g is an e,-Nash flow in H*, the set
of edges with d.(g.) = B(g) — ¢/2 comprises an s — t cut in H*. Then, by
the continuity of the latency functions, we can fix a part of the flow routed
essentially as in g, so that there is an s — t cut consisting of used edges
with latency B(g) — £/2, and possibly unused edges with latency at least
B(g) — £/2, and reroute the remaining flow on top of it, so that we obtain a
Nash flow g’ in H*. But then,

B(g)) > B(g) — ¢/2 > B(f) + /4 > B(f"),

which contradicts the hypothesis that f* is the worst Nash flow in H*.

Therefore, B(H*) < B(H*,1) + . Since the algorithm returns the can-
didate solution (H, f), and not a candidate solution including H", B(H) <
B(H"). Thus, we obtain (ii), namely that B(H) = B(f) < B(H*, 1) + ¢.
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We proceed to show (iii), namely that B(H, 1) < B(f) + £/4. To this end,
we let g be the worst Nash flow in H. By Lemma 11.7, there is a candidate
flow g such that for all edges e of H, |g. — g.| < €, if g. > O, and g. = O,
otherwise. Therefore, by the Lipschitz condition and the choice of €;, for
all edges e of H, |d.(ge) — de(ge)| < €/4, if g. > 0, and d.(ge) = de(ge) = O,
otherwise. This implies that |B(g) — B(g)| < /4, i.e., that bottleneck cost
of g is within an additive term of £/4 from the bottleneck cost of g. In
particular, B(g) < B(g) + /4.

We also need to show that (H, §) is a candidate solution. Since H is
a candidate subnetwork and g is a candidate flow, we only need to show
that g is an e;-Nash flow in H. Since g is a Nash flow in H, the set of
edges C = {e : d.(g.) > B(g)} comprises an s — t cut in H. In fact, for
all edges e € C, d.(g.) = B(g), if g. > O, and d.(g.) > B(g), otherwise.
Let us now consider the latency in g of each edge e € C. If g, = 0, then
de(ge) = de(ge) = B(g) = B(g) — e/4. If ge > 0, then

B(9) 2 de(ge) = de(ge) — €/4 = B(g) — /4 2 B(g) — £/2.

Therefore, for the flow g, we have an s — t cut in H consisting of edges
e either with g, > 0 and B(g) — ¢/2 < d.(g.) < B(g), or with g, = 0 and
d.(g.) = B(g) — €/4. By the standard properties of e-Nash flows (see also in
Section 11.1), we obtain that g is a e,-Nash flow in H.

Hence, we have shown that (H, g) is a candidate solution, and that
B(g) < B(g) + ¢/4. Therefore, the algorithm considers both candidate solu-
tions (H, f) and (H, g), and returns (H, f), which implies that B(g) < B(f).
Thus, we obtain (iii), namely that B(H, 1) = B(g) < B(f) + £/4.

To conclude the proof, we next show (iv), namely that B(f) < B(H, 1) +
e/2. For the proof, we use the same notation as in (iii). The argument is
essentially identical to that used in the second part of the proof of (ii). More
specifically, to reach a contradiction, we assume that the candidate flow f,
which is an e,-Nash flow in H, has B(f) > B(H, 1)+¢&/2. Then, as before, we
should expect that there is a Nash flow f’ in H that approximates f and has
a bottleneck cost of B(f') ~ B(f) > B(H, 1), a contradiction. Formally, since
f is an &-Nash flow in H, the set of edges with d.(f,) > B(f)—&/2 comprises
an s —t cut in H. Then, by the continuity of the latency functions, we can
fix a part of the flow routed essentially as in f, so that there is an s—t cut
consisting of used edges with latency B(f)—¢&/2, and possibly unused edges
with latency at least B(f) — £/2, and reroute the remaining flow on top of it,
so that we obtain a Nash flow f” in H. But then, B(f’) > B(f)—¢/2 > B(H, 1),
which contradicts the definition of the worst equilibrium bottleneck cost
B(H, 1) of H. Thus, we obtain (iv), namely that B(f) < B(H, 1) + &/2. O
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Therefore, the algorithm of Theorem 12.1 returns a flow-subnetwork
pair (H,f) such that f is an ¢/2-Nash flow in H, the worst equilibrium
bottleneck cost of the subnetwork H approximates the worst equilibrium
bottleneck cost of H*, since B(H*,1) < B(H,1) < B(H*, 1) + 5¢/4, by (ii)
and (iii), and the bottleneck cost of f approximates the worst equilibrium
bottleneck cost of H, since B(H, 1) — ¢/4 < B(f) < B(H, 1) + £/2, by (iii) and
(iv).



Chapter 12

Resolving Braess’s Paradox in Random
Networks

In this chapter, we study the approximability of the best subnetwork prob-
lem for the class of random Erdds-Rényi G, , instances proven prone to
Braess’s paradox by (Roughgarden and Valiant, RSA 2010) and (Chung
and Young, WINE 2010). Our main contribution is a polynomial-time
approximation-preserving reduction of the best subnetwork problem for
such instances to the corresponding problem in a simplified network where
all neighbors of s and t are directly connected by O latency edges. Building
on this, we obtain an approximation scheme that for any constant € > 0
and with high probability, computes a subnetwork and an e-Nash flow with
maximum latency at most (1 + €)L* + ¢, where L* is the equilibrium latency
of the best subnetwork. Our approximation scheme runs in polynomial
time if the random network has average degree O(poly(In n)) and the traffic
rate is O(poly(Inln n)), and in quasipolynomial time for average degrees up
to o(n) and traffic rates of O(poly(In n)).

12.1 Problem-Specific Definitions

We deal with a typical instance (G(V, E), (dc)ece, ) of a non atomic CG
(selfish routing game). In such instances, as noted earlier, all used paths
under a Nash flow have a unique minimum latency which we denote as
L(G,d,r) or L(G,r), for brevity, assuming that the latency function are
given within G.

The paradox seems not an artifact of optimization theory [56, 77], and
our motivation is whether in some practically interesting settings, where
the paradox occurs, we can efficiently compute a set of edges whose re-
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Figure 12.1:

(a) The optimal optimal total latency social cost is 3/2, achieved by routing half of
the flow on each of the paths (s, v, t) and (s, w, t). In the Nash flow, all traffic goes
through the path (s, v, w, t) and has selfish cost 2, thus inducing the worst PoA =
4/3 for linear latencies. (b) If we remove the edge (v, w), the Nash flow coincides
with the optimal social flow. Hence the network (b) is the best subnetwork of
network (a) and achieves the best possible PoA = 1, with no sacrificed players
through slower paths.

moval significantly improves the equilibrium latency.

We only consider linear latencies d.(x) = a.x + b.,, with a., b, > O.
We restrict our attention to instances where the coefficients a. and b, are
randomly selected from a pair of random variables A and 8. Following
[24, 84], we say that A and B are reasonable if:

e A has bounded range [Anin, Amax] and B has bounded range [0, By,
where Ani, > 0 and An.x, Bmax are constants, i.e., they do not depend
on r and |V]|.

e There is a closed interval Iz of positive length, such that for every
non-trivial subinterval I' C I, Pr[A € I'] > 0.

e There is a closed interval Ig, O € Ig, of positive length, such that
for every non-trivial subinterval I’ C Ig, Pr[8 € I'] > 0. Moreover,
for any constant n > O, there exists a constant 6, > 0, such that
Pr(B < n] > 6,

Flows and Nash Flows. Two flows f and g are different if there is an edge
e with f. # ge.

Given a flow f, let the latency of f be L(f) = max, .o dp(f). We some-
times write Lg(f) when the network G is not clear from the context.

For an instance (G(V,E),r) and a flow f, we let E = {e € E : f. > 0}
be the set of edges used by f, and G;(V, Ey) be the corresponding subnet-
work of G. In a Nash flow f, all players incur a common latency on their
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paths, which, according to the previous definitions, is L(f) = min, d,(f) =
maxp~o dp(f). A Nash flow f on a network G(V, E) is a Nash flow on any
subnetwork G'(V’, E’) of G with E; C E'.

Every instance (G, r) admits at least one Nash flow, and the players’
latency is the same for all Nash flows (see e.g., [77]). For linear latency
functions, a Nash flow can be computed efficiently, in strongly polynomial
time, while for strictly increasing latencies, the Nash flow is essentially
unique (see e.g., [77]).

Best Subnetwork. Recall, the best subnetwork H* of (G, r) is a subnetwork
of G with the minimum equilibrium latency, i.e., H* has L(H*,r) < L(H, r)
for any subnetwork H of G. We study the approximability of the Best Sub-
network Equilibrium Latency problem, or BestSubEL in short. In BestSubEL,
we are given an instance (G, r), and seek for the best subnetwork H* of (G, r)
and its equilibrium latency L(H", r).

Good Networks. We restrict our attention to undirected s — t networks
G(V,E). We let n = |V| and m = |E|. For any vertex v, we let I'(v) = {ue V:
{u, v} € E} denote the set of v’s neighbors in G. Similarly, for any non-empty
S C V, welet I'(S) = s '(v) denote the set of neighbors of the vertices in
S, and let G[S] denote the subnetwork of G induced by S. For convenience,
we let Vi, = I(s), E; = {{s,u} : u eV}, V, =I'(t), E; = {{v,t} : v € V{}, and
V. = V\({s, t}UV,UV,). We also let ng = |Vy|, n; = |V¢], n, = max{ng, n,},
n_ = min{n,, n;}, and n,, = |V,,]. We sometimes write V(G), n(G), Vi(QG),
ng(G), ..., if G is not clear from the context.

It is convenient to think that the network G has a layered structure
consisting of s, the set of s’s neighbors Vg, an “intermediate” subnetwork
connecting the neighbors of s to the neighbors of t, the set of t’s neighbors
Vi, and t. Then, any s — t path starts at s, visits some u € Vg, proceeds
either directly or through some vertices of V,, to some v € V;, and finally
reaches t. Thus, we refer to G,, = G[V; U V,, U V;] as the intermediate
subnetwork of G. Depending on the structure of G,,, we say that:

e G is a random G, , network if (i) ns and n, follow the binomial dis-
tribution with parameters n and p, and (ii) if any edge {u, v}, with
uecvV,UVsand v € V, UV, exists independently with probability
p. Namely, the intermediate network G, is an Erddés-Rényi random
graph with n — 2 vertices and edge probability p, except for the fact
that there are no edges in G[V,] and in G[V;].

e G is internally bipartite if the intermediate network G, is a bipartite
graph with independent sets V, and V;. G is internally complete bi-
partite if every neighbor of s is directly connected by an edge to every
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neighbor of t.

e G is O-latency simplified if it is internally complete bipartite and every
edge e connecting a neighbor of s to a neighbor of t has latency
function d.(x) = O.

The O-latency simplification Gy of a given network G is a O-latency
simplified network obtained from G by replacing G[V,,] with a set of O-
latency edges directly connecting every neighbor of s to every neighbor of
t. Moreover, we say that a O-latency simplified network G is balanced, if
Ing — gl < 2n_.

We say that a network G(V, E) is (n, p, k)-good, for some integer n < |V/|,
some probability p € (0, 1), with pn = o(n), and some constant k > 1, if G
satisfies that:

1. The maximum degree of G is at most 3np/2, i.e., for any v € V,
IT(v)| < 3np/2.

2. Gis an expander graph, namely, for any set S C V, [['(S)| > min{np|S|, n}/2.

3. The edges of G have random reasonable latency functions distributed
according to A X B, and for any constant n > 0, Pr[8 < n/Inn]np =
w(1).

4. If k > 1 and we randomly partition V,, into k sets V.,..., VX each of
cardinality |V;,|/k, all the induced subnetworks G[{s, t}U VU V! UV;]
are (n/k, p, 1)-good, with a possible violation of the maximum degree
bound by s and t.

If G is a random G,,, network, with n sufficiently large and p > ckIlnn/n,
for some large enough constant ¢ > 1, then G is a (n, p, k)-good network
with high probability (see e.g., [15]), provided that the latency functions
satisfy condition (3) above. Similarly, the random instances considered in
[24] are good with high probability. Also note that the O-latency simplifi-
cation of a good network is balanced, due to (1) and (2).

12.2 The Approximation Scheme and Outline of the
Analysis

In this section, we describe the main steps of the approximation scheme
(see also Algorithm 1), and give an outline of its analysis. We let ¢ > O be
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Algorithm 2: Approximation Scheme for BestSubEL in Good Networks

Input: Good network G(V, E), rate r > 0, approximation guarantee
e>0
Output: Subnetwork H of G and e¢-Nash flow g in H with
L(g) < (1+¢L(H"r)+¢

1 if L(G, 1) < g, return G and a Nash flow of (G, r) ;

2 create the O-latency simplification Gq of G ;

3 if r > (Bpaxt)/(€Amin), then let Hy = Gy and let f be a Nash flow of
(Go, 1) ;

4 else, let Hy be the subnetwork and f the £/6-Nash flow of Thm. 12.7
applied with error £/6 ;

5 let H be the subnetwork and let g be the e-Nash flow of Lemma 12.9
starting from Hy and f ;

6 return the subnetwork H and the e-Nash flow g ;

the approximation guarantee, and assume that L(G, r) > €. Otherwise, any
Nash flow of (G, r) suffices.

Algorithm 1 is based on an approximation-preserving reduction of BestSubEL
for a good network G to BestSubEL for the O-latency simplification Gy of G.
The first step of our approximation-preserving reduction is to show that
the equilibrium latency of the best subnetwork does not increase when
we consider the O-latency simplification Gy of a network G instead of G
itself. Since decreasing the edge latencies (e.g., decreasing d,.,(x) = 1
to dpu)(x) = 0 in Fig. 12.1.a) may trigger Braess’s paradox, we need
Lemma 12.2 and its careful proof to make sure that zeroing out the la-
tency of the intermediate subnetwork does not cause an abrupt increase
in the equilibrium latency.

Next, we focus on the O-latency simplification Gy of G (step 2 in Alg.
1). We show that if the traffic rate is large enough, i.e., if r = Q(n, /¢), the
paradox has a marginal influence on the equilibrium latency. Thus, any
Nash flow of (Go, r) is an (1 + ¢)-approximation of BestSubEL (Lemma 12.3,
step 4). If r = O(n, /¢), we use an approximate version of Caratheodory’s
theorem (Theorem 12.6) to prove that by an efficient exhaustive search we
can obtain an e/6-approximation of BestSubEL for (Gy, r) (Theorem 12.7,
step 4), which in fact we obtain!

We now have a subnetwork H, and an ¢/6-Nash flow f that comprise a
good approximate solution to BestSubEL for the simplified instance (G, r).
The next step of our approximation-preserving reduction is to extend f to
an approximate solution to BestSubEL for the original instance (G, r). The



206 RESOLVING BRAESS’S PARADOX IN RANDOM NETWORKS

intuition is that due to the expansion and the reasonable latencies of G,
any collection of O-latency edges of Hy used by f to route flow from V to
V; can be “simulated” by an appropriate collection of low-latency paths
of the intermediate subnetwork G,, of G. We first prove this claim for a
small part of Hy consisting only of neighbors of s and neighbors of t with
approximately the same latency under f (Lemma 12.8, the proof draws
ideas from [24, Lemma 5]). Then, using a careful latency-based grouping
of the neighbors of s and of the neighbors of t in Hy, we extend this claim
to the entire Hy (Lemma 12.9). Thus, we obtain a subnetwork H of G and
an e-Nash flow g in H such that L(g) < (1 + ¢)L(H", r) + ¢ (step 5).
We summarize our main result. The proof follows by combining Lemma 12.2,

Theorem 12.7, and Lemma 12.9 in the way indicated by Algorithm 1 and
the discussion above.

Theorem 12.1. Let G(V, E) be (n, p, k)-good network, where k > 1 is a
large enough constant, let r > O be any traffic rate, and let H* be the best
subnetwork of (G, r). Then, for any € > 0, Algorithm 1 computes in time

nf(rQA‘%m/Sz)poly(lVl), a flow g and a subnetwork H of G such that with high
probability, wrt. the random choice of the latency functions, g is an e-Nash
flow of (H, r) and has L(g) < (1 + ¢)L(H") + ¢.

By the definition of reasonable latencies, Ap,x is a constant. Also, by
Lemma 12.3, r affects the running time only if r = O(n, /¢). In fact, pre-
vious work on selfish network design assumes that r = O(1), see e.g.,
[77]. Thus, if r = O(1) (or more generally, if r = O(poly(Inlnn))) and
pn = O(poly(Inn)), in which case n, = O(poly(In n)), Theorem 12.1 gives
a randomized polynomial-time approximation scheme for BestSubEL in
good networks. Moreover, the running time is quasipolynomial for traf-
fic rates up to O(poly(Inn)) and average degrees up to o(n), i.e., for the
entire range of p in [24, 84]. The next sections are devoted to the proofs of
Lemmas 12.2 and 12.9, and of Theorem 12.7.

12.3 Neitwork Simplification

We first show that the equilibrium latency of the best subnetwork does not
increase when we consider the O-latency simplification Gy of a network G
instead of G itself.

Lemma 12.2. Let G be any network, let r > O be any traffic rate, and
let H be the best subnetwork of (G,r). Then, there is a subnetwork H’
of the O-latency simplification of H (and thus, a subnetwork of Gy) with
L(H',r) < L(H,r).
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Proof. Throughout the proof, we assume wlog. that all the edges of H
are used by the equilibrium flow f of (H, r) (otherwise, we can remove all
unused edges from H). The proof is constructive, and at the conceptual
level, proceeds in two steps.

For the first step, given the equilibrium flow f of the best subnetwork H
of G, we construct a simplification H; of H that is internally bipartite and
has constant latency edges connecting I['(s) to I'(t). H; also admits f as an
equilibrium flow, and thus L(H,, r) = L(H, r). We also show how to further
simplify H; so that its intermediate bipartite subnetwork becomes acyclic.

To construct the simplification H; of H, we let f be the equilibrium
flow of H, and let L = L(H,r). For each u; € I'(s) and v; € I'(t), we let
Ji = Zp=(s....v,.0Jp De the flow routed by f from u; to v;. The network H,
is obtained from H by replacing the intermediate subnetwork of H with a
bipartite subnetwork connecting I'(s) and I'(t) with constant latency edges.
More specifically, instead of the intermediate subnetwork of H, for each
u; € I'(s) and v; € I'(t) with f; > 0, we have an edge {u;, v;} of constant
latency by = L — (s ufis.u) + Pisuy) — (Qu.ofiy.0 + b.gy) (the corresponding
a; is set to 0). If f; = O, u; and v; are not connected in H,. We note that by
construction, H; admits f as an equilibrium flow, and thus L(H;,r) = L.

Furthermore, we modify H; by deleting some edges from its interme-
diate subnetwork so that the induced bipartite subgraph H;[I'(s) U I'(t)]
becomes acyclic. Therefore, in the resulting network, for each u; € I'(s)
and each v; € I'(t), there is at most one (s, u;, v;, t) path in H,. Hence, the
resulting network admits a unique equilibrium flow with a unique path
decomposition.

To this end, let us assume that there is a cycle C = (uy, Uy, Ug, . . ., Uk, U, U1, Uy)
in the intermediate subnetwork H;[I'(s) UI'(t)]. We let e, = {uy, v;} be the
edge of C with the minimum amount of flow in f, and let fi; be the flow
through ey, (see also Fig. 12.2). Then, removing ey, and updating the
flows along the remaining edges of C so that f; = f; + fia, 1 < i < k, and
fizm) = fiws1) —Jier, 1 £ 1 < k=1, we “break” the cycle C, by eliminating the
flow in ey, and obtain a new equilibrium flow f’ of the same rate r and with
the same latency L as that of f. Applying this procedure repeatedly to all
cycles, we end up with an internally bipartite network H; with an acyclic
intermediate subnetwork that includes constant latency edges only. More-
over, H,; admits an equilibrium flow f of latency L. This concludes the first
part of the proof.

The second part of the proof is to show that we can either remove
some of the intermediate edges of H; or zero their latencies, and obtain a
subnetwork H’ of the O-latency simplification of H with L(H’,r) < L(H, r).
To this end, we describe a procedure where in each step, we either remove
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Figure 12.2: In (a), we have a cycle C = (u;, vg, ug, .. ., Uk, U, U1, W) in the inter-
mediate subnetwork H;[I'(s) UI'(t)]. We assume that fi; is the minimum amount
flow through an edge of C in the equilibrium flow f. In (b), we have removed
the edge ex;, and show the corresponding change in the amount of flow on the
remaining edges of C. Since the latency functions of the edges in C are constant,
the change in the flow does not affect equilibrium.

some intermediate edge of H; or zero its latency, without increasing the
latency of the equilibrium flow.

Let us focus on an edge ey = {u, v} with by > 0, and attempt to set
its latency function to b;; = 0. We have also to change the equilibrium
flow f to a new flow f’ that is an equilibrium flow of latency at most L in
the modified network with b;; = 0. We let r,, be the amount of flow moving
from an s — t path p = (s, u;, v;, t) to the path piq = (s, u, v, t) during this
change. We note that r, may be negative, in which case, |r,| units of flow
actually move from pyy to p. Thus, r,’s define a rerouting of f to a new flow
S, with f = f, — 1p, for any s — t path p other than pw, and f; = fiu + 2, 1p-

Next, we show how to compute r,’s so that f” is an equilibrium flow
of cost at most L in the modified network (where we want to set b}, = 0).
We let P = Py, \ {pu} denote the set of all s — t paths in H; other than
p- We let F be the |P| x |P| matrix, indexed by the paths p € P, where
Flpi.p2] = Dicepinps Ge — Qieepinpa Ges and let T be the vector of r,’s. Then,
the p-th component of FF is equal to d,(f) — dp(f’). In the following, we
consider two cases depending on whether F is singular or not.

If F is non-singular, the linear system FF = £1 has a unique solution
T, for any € > 0. Moreover, due to linearity, for any a > 0, the unique
solution of the system FF = ae1 is aF.. Therefore, for an appropriately
small ¢ > 0, the linear system Q, = {FF = ¢ T,ﬁ,— 20VpeP, fiut+td,mp=
0,d,,(f") £ L + by — €} admits a unique solution . We keep increasing ¢
until one of the inequalities of Q. becomes tight. If it first becomes r, = f,
for some path p = (s, u;, v, t) € P, we remove the edge {u;, v;} from H;, and
adjust the constant latency of e, so that d, (f') = L — . Then, the flow f”
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is an equilibrium flow of cost L — ¢ for the resulting network, which has one
edge less than the original network H,. If };,r, < O and it first becomes
Zp T, = —fie,» we remove the edge ey from H,. Then, f” is an equilibrium
flow of cost L — ¢ for the resulting network, which again has one edge less
than H,. If 3}, r, > 0 and it first becomes d,, (') = L + by — €, we set the
constant latency of the edge eq to by, = 0. In this case, f’ is an equilibrium
flow of cost L — ¢ for the resulting network that has one edge of O latency
more than the initial network H;.

If F is singular, proceeding similarly, we compute r,’s so that f” is an
equilibrium flow of cost L in a modified network that includes one edge
less than the original network H;. When F if singular, the homogeneous
linear system FF¥ = 0 admits a nontrivial solution ¥ # 0. Moreover, due to
linearity, for any a € R, aTF is also a solution to FF = 0. Therefore, the
linear system Qo = {F7 = 0.f, -1, >0 ¥p € P.fiu + X, 1, = O} admits a
solution ¥ # 0 that makes at least one of the inequalities tight. We recall
that the p-th component of FF is equal to d,(f) — d,(f’). Therefore, for the
flow f” obtained from the particular solution 7 of Qy, the latency of any path
p € Pis equal to L. If Fis such that r, = f, for some path p = (s, w;, v, t) € P,
we remove the edge {u;, v;} from H, and adjust the constant latency of ey
so that d,,,(f') = L. Then, the flow f’ is an equilibrium flow of cost L for
the resulting network, which has one edge less than the original network
H,. If ¥ is such that };,r, = —fiq, we remove the edge e, from H,. Then, f’
is an equilibrium flow of cost L for the resulting network, which again has
one edge less than H;.

Each time we apply the procedure above either we decrease the number
of edges of the intermediate network by one or we increase the number of
O-latency edges of the intermediate network by one, without increasing the
latency of the equilibrium flow. Moreover, if py; is disjoint to the paths
p € P, F is non-singular (next paragraph) and the procedure above leads
to a decrease in the equilibrium latency, and eventually to setting b, = O.
So by repeatedly applying these steps, we end up with a subnetwork H’ of
the O-latency simplification of H with L(H’,r) < L(H, r).

To show that if p, is disjoint to the paths p € P, F is non-singular
we show that the matrix F is positive definite (which implies that F is
non-singular). We first note that if py is disjoint to all p € #, then for
all p1.po € P, FIp1.pal = Yecpnp, G- Hence, for all ¥ € R”, ¥'Fx =
Y ecep) AeXz > 0, where E(P) denotes the set of edges included in the paths
of # and X, = X ,.cep Xp- Since the intermediate network of H; is acyclic
and any flow in H; has a unique path decomposition, if X has one or more
non-zero components, there is at least one edge e adjacent to either s or ¢
such that x, > 0, and thus X' FxX > 0. Otherwise, the difference of the flow
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defined by X with the trivial flow defined by 0 would indicate the existence

of a cycle in the intermediate subnetwork of H;. This is a contradiction,

since by the first part of the proof, the intermediate part of H; is acyclic.
O

12.4 Approximating the Best Subnetwork of Simplified
Networks

We proceed to show how to approximate the BestSubEL problem in a bal-
anced O-latency simplified network G, with reasonable latencies. We may
always regard Gy as the O-latency simplification of a good network G. We
first prove two useful lemmas (lemmas 12.3 and 12.4) about the maximum
traffic rate r up to which BestSubEL remains interesting, and about the
maximum amount of flow routed on any edge / path in the best subnet-
work.

Lemma 12.3. Let Gy be any O-latency simplified network, let r > 0, and
let H] be the best subnetwork of (Gy,r). For any € > O, if r > Bmax”* , then
L(Go, r) < (1+eL(H;,r).

Proof. We first show that for 0-latency simplified instances (G, r), we can
assume, essentially wlog., that the traffic rate r = O(n,/¢). Otherwise, a
Nash flow f of (Go, r) is an (1 + &)-approximation of the BestSubEL problem
in (Go, ).

To go on with the proof, we assume that r > Ifj\““—_"?, let f be a Nash
flow of (Gy, r), and consider how f allocates r units of flow to the edges
of E; = E4(Gp) and to the edges E, = E(Gp). For simplicity, we let L =
L(Go, r) denote the equilibrium latency of Gy, and let As = }.x 1/a. and
At = ZeeEt 1/ae

Since Gy is a 0-latency simplified network and f is a Nash flow of (G, r),
there are L,,L, > O, with L, + L, = L, such that all used edges incident
to s (resp. to t) have latency L; (resp. L) in the Nash flow f. Since
r> B“X‘—*_m, L, L, > By and all edges in Eg U E; are used by f. Moreover,
by anmi’:lveraging argument, we have that there is an edge e € E; with
a.f. < r/As, and that there is an edge e € E; with a.f, < r/At Therefore,
Ly < (r/As) + Bnax and Ly < (r/A;) + Buax, and thus, L < - + & + 2Bpgy.

On the other hand, if we ignore the additive terms b of the latency
functions, the optimal average latency of the players is r/As + r/A;, which

implies that L(H},r) > r/As + r/A;. Therefore, L < L(H}, 1) + 2B.x. More-
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) B
over, since r > =2, A < ng/Apin, and A; < n/Anin, we have that:
‘min

. r r
L(Hy, 1) > — + —
As A

Bax s A Biax Ny Ani
> max ! ts <imin + max ' % 4imin

h Aming ng Aming ny
> 2Bk /€

Therefore, 2By, < eL(Hy.r), and L < (1 + )L(H;, ).
]

Lemma 12.4. Let Gy be a balanced 0O-latency simplified network with rea-
sonable latencies, let r > 0, and let f be a Nash flow of the best subnetwork
of (Gy, r). For any € > 0, if Pr[8B < ¢/4] > 8, for some constant § > O, there
exists a constant p = 2¥4mbmx g ch that with probability at least 1 —e %™/,

6eA2
fe < p, for all edges e.

min

Proof. We proceed to show that in a O-latency simplified instance (G, r),
the best subnetwork Nash flow routes O(r/n,) units of flow on any edge and
on any s—t path with high probability (where the probability is with respect
to the random choice of the latency function coefficients). Intuitively, we
show that in the best subnetwork Nash flow, with high probability, all used
edges and all used s—t paths route a volume of flow not significantly larger
than their fair share. We first prove the following technical lemma:

Lemma 12.5. Let Gy be a balanced 0O-latency simplified network with rea-
sonable latencies, let r > O be any traffic rate, and let f be any Nash
flow of the best subnetwork of (Gg,r). For any € > 0, if L(G,r) > € and

Pr[B < £/4] > 6, for some constant § > 0, there exists a constant y = %

such that with probability at least 1 — e~%/8, for all edges e, f. < yr/n,.

Proof. We let L = L(Gy, r) denote the equilibrium latency and g denote a
Nash flow of the original instance (Gy, r). Since Gy is a O-latency simplified
network and g is a Nash flow of (Gy, r), there are L, L, > O, with L, + L, = L,
such that: (i) for any edge e incident to s, if b, < L, g. > 0 and a.g. + b, =
L,, while g. = 0, otherwise, and (ii) for any edge e incident to t, if b, < L,,
de > 0 and a.g. + b. = Ly, while g. = O, otherwise. Namely, all used edges
incident to s (resp. to t) have latency L, (resp. L) in the Nash flow g. Wlog.,
we assume that L, > L,, and thus, L, > L/2 > ¢/2.

We next show that (i) if L > € and Pr[8 < £/4] > 6, then with probability
atleast 1—e /8 L < %&‘:‘Xr, and (ii) that for any e, f, < L/Anp,. The lemma
follows by combining (i) and (ii).
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We start with the proof of (i). Let e be any edge incident to s with
b, < £/4. By the discussion above, in the Nash flow g of (Gy, r), g. > 0 and

dege + b = L,. Using that L, > L/2 > ¢/2, we obtain that:

L, —¢&/4 L L
1 8/ > 1 >
ae 2a, 4Anax

Ly = QeGe + be < AeGe + /4 = ge > (12.1)

Moreover, since Pr[8 < ¢/4] > 6, we use Chernoff bounds (e.g., [48, (7)]),
and obtain that:

Pr[|{e € Es(Go) with b, < e/4}| > 6n,/2] > 1 — e /8 (12.2)

Combining (12.2) and (12.1), we obtain that if L > ¢ and Pr[8 < £/4] > 6,

with probability at least 1 — e™/8, the flow rate r is at least SL:”S , or
equivalently, that:
8A 24A
L< max ! < max T (123)

ong on,
The last inequality holds because Gy is balanced, and |ng — ny| < 2n_. This
concludes the proof of (i).
To prove (ii), we observe that in the best subnetwork equilibrium flow
f, no used edge e has latency greater than L. Therefore, for any used edge
e incident to either s or t, we have that:

L
Amin

L
Aefe +be < L= f, < — < (12.4)
A,
Moreover, any edge e in the intermediate subnetwork of G has f, < L/Ann

due to the flow conservation constraints. This concludes the proof of (ii).
O

We recall that we always assume that L(G,r) > ¢, since otherwise the
problem of approximating BestSubEL is trivial. Moreover, by the definition
of reasonable latency functions, we have that for any constant ¢ > O,
there is a constant § > 0, such that Pr[8 < ¢/4] > 6. Combining these
assumptions with Lemma 12.3 and Lemma 12.5, we obtain Lemma 12.4.
So from now on, we can assume, with high probability and wlog., that the
Nash flow in the best subnetwork of any simplified instance (Go, r) routes
O(1) units of flow on any used edge and on any used path. O

Approximating the Best Subnetwork of Simplified Networks. First we
state an approximate version of Caratheodory’s theorem, proved in [12],
that is needed for proving the correctness and efficiency of our approxima-
tion scheme.
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Theorem 12.6 ([12], Theorem 3). Let X be a set of vectors X = {x;,...,x,} C
R% and & > 0. For every u € conv(X) and 2 < p < o there exist an O(psl;)
uniform vector y’ € conv(X) such that ||u — p/'l|, < &, where y = max,x ||x||,
and a k uniform vector is a vector that can be written as an average of k
vectors of X with replacements allowed.

We proceed to derive an approximation scheme for the best subnetwork
of any simplified instance (G, r).

Theorem 12.7. Let Gy be a balanced O-latency simplified network with

reasonable latencies, let r > 0, and let Hy be the best subnetwork of (Go, r).
2 2 /.2

Then, for any € > O, we can compute, in time nf(A'““Xr ) a flow S and a

subnetwork H, consisting of the edges used by f, such that (i) f is an e-

Nash flow of (Hy, ), (ii) L(f) < L(H}, r)+e/2, and (iii) there exists a constant

p >0, such that f, < p + ¢, for all e.

Proof. We will use theorem 12.6 to prove the existence of a flow with the
properties (i), (ii) and (iii). Then by exhaustive search we will find one such.

For every path p; = (s, w;, v, t) let x,,, be a vector indexed by the edges of
E(Go), i.e. xp, € R that contains everywhere O, except from the slots
that correspond to edges (s, u;), (1, v;) and (v;, t) where it contains number
r. Clearly, every feasible flow of Gy can be written as a convex combination
of x,,. Let kc = n, - n_ be the number of different paths in G, and for ease of
notation let X = {xi,...,x} denote the set containing all x,,’s, according
to an arbitrary ordering.

Let u be the Nash flow of the best subnetwork Hj. Using theorem 12.6
with set X as defined above, the Nash flow u € conv(X), the || - || norm, i.e.
p=2, and with y being y = r V3 we get that there is an O(%) uniform
vector f such that ||[u — flls < anax, which directly implies |, — fe| < 3 Af'nax
and implies property (iii) for f, due to Lemma 12.4.

The cost of a path p; = (s, u;, v;, t) in Hj under f is d,,(f) = afis.u) + bi +

aif(v.0 + bj. Because of |y — fo| < 4Afmx we have

E & & &
i Us,w) + bi - Z + aj.u(l)j,t) + bJ - 4_1- < dpy(f) < Qi (s wy) + bi + 4_1- + ajl’l(Uj,t) + bJ + Z’

which gives d,, (1) — 5 < dp,(f) < dp, (1) + 5. As p is the Nash flow of the

best subnetwork Hj we get
* > « &
L(Hy.1) = 5 < dp(f) < L(H;. 1) + . (12.5)

for any path p in Hy.
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Let Hy be the subnetwork induced by the paths used by f. By 12.5, f
in H, satisfies (i) and (ii) of the theorem.

A?nao(r2
One can find such an f in time KO by exhaustively searching for
2 2
this f in all possible O(ﬁ%) combinations of the k = n, - n_ paths of

Go. By checking all possible O(A%) uniform vectors for each of these
combinations and keeping, among all acceptable flows that satisfy (i) and
(ii), the acceptable flow f that minimizes the maximum amount flow routed
on any edge, we get f. < p + ¢, for all edges e, i.e. we get property (iii). The
latter is because we know that any Nash flow g of (Hg, r) routes g. < p units
of flow on any edge e (Lemma 12.4), and that in the exhaustive search step,
one of the acceptable flows f has |g. — f.| < ¢, for all edges e which implies
that there is an acceptable flow f with f, < p + ¢, for all edges e. 0

12.5 Extending the Solution to the Good Network

Given a good instance (G, r), we create the O-latency simplification Gy of G,
and using Theorem 12.7, we compute a subnetwork Hy, and an ¢/6-Nash
flow f that comprise an approximate solution to BestSubEL for (Go, r). Next,
we show how to extend f to an approximate solution to BestSubEL for the
original instance (G, r). The intuition is that the O-latency edges of H, used
by f to route flow from V; to V; can be “simulated” by low-latency paths of
Gn. We first formalize this intuition for the subnetwork of G induced by
the neighbors of s with (almost) the same latency Bs and the neighbors of
t with (almost) the same latency B, for some B, B; with Bs + B; = L(f). We
may think of the networks G and H, in the lemma below as some small
parts of the original network G and of the actual subnetwork H, of Gp.
Thus, we obtain the following lemma, which serves as a building block in
the proof of Lemma 12.9.

Lemma 12.8. We assume that G(V,E) is a (n, p, 1)-good network, with
a possible violation of the maximum degree bound by s and t, but with
|Vsl, |Vi| < 8knp/2, for some constant k > 0. Also the latencies of the edges
in E; U E; are not random, but there exist constants Bs, B; > 0O, such that
for all e € E,, d.(x) = B, and for all e € E;, d.(x) = B;. We let r > 0 be
any traffic rate, let Hy be any subnetwork of the O-latency simplification
Go of G, and let f be any flow of (Hp,r). We assume that there exists
a constant o’ > 0, such that for all e € E(Hp), 0 < f. < po’. Then, for
any €; > 0, with high probability, wrt. the random choice of the latency
functions of G, we can compute in poly(|V]) time a subnetwork G’ of G,
with Es(G") = Es(Hp) and E(G’) = E{(H,), and a flow g of (G, r) such that
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(i) ge = f. for all e € E((G") U E((G’), (ii) g is a 7¢;-Nash flow in G’, and
(lll) LG/(g) < BS + Bt + 761.

Proof. For convenience and wlog., we assume that E,(G) = Es(Hp) and that
E(G) = E/(Hp), so that we simply write Vg, V;, E;, and E; from now on. For
each e € E; U E;, we let g. = f.. So, the flow g satisfies (i), by construction.

We compute the extension of g through G;, as an “almost” Nash flow in
a modified version of G, where each edge e € E; U E; has a capacity g. = fe
and a constant latency d.(x) = By, if e € E;, and d.(x) = By, if e € E,.
All other edges e of G have an infinite capacity and a (randomly chosen)
reasonable latency function d.(x).

We let g be the flow of rate r that respects the capacities of the edges
in Es U E;, and minimizes Pot(g) = ) g foge d.(x)dx. Such a flow g can be
computed in strongly polynomial time (see e.g., [85]). The subnetwork G’
of G is simply Gy, namely, the subnetwork that includes only the edges
used by g. It could have been that g is not a Nash flow of (G, r), due to
the capacity constraints on the edges of E; U E,. However, since g is a
minimizer Pot(g), for any u € V5 and v € V;, and any pair of s — t paths p,
p’ going through u and v, if g, > O, then d,(g) < d,(g).

We next adjust the proof of [24, Lemma 5], and show that for any s — ¢
path p used by g, d,(g) < Bs+B;+7¢;. To prove this, weletp = (s, u,..., v, t)
be the s -t path used by g that maximizes d,(g). We show the existence of
apath p’ =(s,u,...,v,t) in G of latency d,(g) < Bs + B; + 7¢,. Therefore,
since g is a minimizer of Pot(g), the latency of the maximum latency g-
used path p, and thus the latency of any other g-used s — t path, is at
most Bs + B; + 7€y, i.e., g satisfies (iii). Moreover, since for any s — t path p,
d,(g) > Bs + B, g is an 7¢;-Nash flow in G’.

Letp=(s,u,..., v, t) be the s — t path used by g that maximizes d,(g).
To show the existence of a path p’ = (s,u,..., v, t) in G of latency d,(g) <
Bs + B; + 7¢;, we start from Sy = {u} and grow a sequence of vertex sets
So €S, C--- C Si, stopping when |['(S;-)| > 3n/5 for the first time. We
use the expansion properties of G, and condition (3), on the distribution
of B, in the definition of good networks, and show that these sets grow
exponentially fast, and thus, i* < In n, with high probability. Moreover, we
show! that there are edges of latency €, + o(1) from S, = {u} to each vertex
of S;, and edges of latency ¢, /Inn+o0(1/1nn) from S; to each vertex of S;, 1,
foralli=1,...,i" — 1. Thus, there is a path of latency at most 2¢; + o(1)
from u to each vertex of Si. Similarly, we start from T, = {v} and grow a

The intuition is that if among the edges e incident to Vi U V;, we keep only those with
b, < €1, and among all the remaining edges e, we keep only those with b, < ¢;/Inn, then
due to condition (3) on the distribution of 8, a good network G remains an expander.
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sequence of vertex sets Tp C Ty C - - - C T}, stopping when |[['(T;-)| > 3n/5 for
the first time. By exactly the same reasoning, we establish the existence
of a path of latency at most 2¢; + o(1) from each vertex of T;- to v. Finally,
since |I['(Sy)| > 3n/5 and |['(T;-)| > 3n/5, the neighborhoods of S;- and T
contain at least n/10 vertices in common. With high probability, most of
these vertices can be reached from S;- and from Tj- using edges of latency
€; + o(1). Putting everything together, we find a u — v path (in fact, many
of them) of length O(In n) and latency at most 6¢; + o(1) < 7e¢;.

For completeness, we next give a detailed proof, by adjusting the argu-
ments in the proof of [24, Lemma 5]. For convenience, for each vertex x,
we let dy(x) (resp. di(x)) be the latency wrt g of the shortest latency path
from s to x (resp. from x to t). Also, for any 6 > 0, we let P,(6) = Pr[B < 6]
denote the probability that the additive term of a reasonable latency is at
most 6. Recall also that by hypothesis, there exists a constant p’ > 0, such
that for all e € E(H,), f. < p’. Hence, the total flow through G (and through
Hy)isr<p'n,.

At the conceptual level, the proof proceeds as explained above. We
start with Sy = {u}. By hypothesis, the flow entering u is at most p’. By the
expansion property of good networks and by Chernoff bounds?, with high
probability, there are at least P,(e;)np/4 edges e adjacent to u with b, <
€1. At most half of these edges have flow greater than Pb(ss ’1’ ;np, thus there
are at least Py(e;)np/8 edges adjacent to u with latency, wrt g, less than
%+el. We now let d,; :BS+I§2‘;+:‘;£;+61 and S, = {x € V : ds(x) < d,}.
By the discussion above, |S,| > P,(¢;)np/8.

We now inductively define a sequence of vertex sets S; and upper
bounds d; on the latency of the vertices in S; from s, such that S; C S;;;
and d; < d;;;. This sequence stops the first time that |[['(S;)| > 3n/5. We
inductively assume that the vertex set S; and the upper bound d; on the
latency of the vertices in S; are defined, and that |I['(S;)| < 3n/5. By the
expansion property of good networks |['(S;) \ S;| > np|S;|/3, for sufficiently
large n. Thus, with probability at least 1 — ef»(e1/InmplSiI/24 *there are at
least P,(;=-)np|S;|/6 vertices outside S; that are connected to a vertex in S;
by an edge e with b, < ¢;/Inn. Let S, be the set of such vertices, and let
E; be the set of edges that for each vertex v € S;, includes a unique edge
e € E; with b, < ¢,/ 1n n connecting v to a vertex in S;. Since the flow g may
be assumed to be acyclic, a volume r < p'n, of flow is routed through the
cut (S;, V'\ S;). Then, at most half of the edges in E; have flow greater than

2We repeatedly use the following form of the Chernoff bound (see e.g., [48]): Let
X1, ..., Xj be random variables independently distributed in {0, 1}, and let X = Zﬁil X;.
Then, for all € € (0, 1), Pr[X < (1 — ¢)E[X]] < e < EIX1/2 where e is the basis of natural
logarithms.
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20'n, /|S]|. Consequently, at least half of the vertices v € S; have latency
from s:

€ 20
ds(x) < di + _1 + Amaxﬂ
Inn A
€ 12A, /
+ 1 + maxO T+
Inn  Py(;5)nplSi

Thus, we define the next latency upper bound d;;; in the sequence as:

€1 + 1214maxp/n~-|—
Inn ~ Py(nplSil

diy = d; +

and we let S;;; = {x € V(G)|ds(x) < d;;1}. By the discussion above, and
using the inductive definition of S;’s, we obtain that:

1Si1| = (éPb(el/ln nnp + 1)|Si|
> (%Pb(el/ln nnp + 1) 1S

We recall that i* is the first index i such that |['(S;)| > 3n/5. Then, the
inequality above implies that:
In (3n/(5]S,])) - In (24n/(5P,(e1)np))
B ln(l—lsz(el/ln n)np + 1) " In (1—12Pb(el/ln n)np + 1)

ok

Using that pn > Inn and that P,(¢;/Inn)np = (1), the inequality above
implies that i* < In n, for sufficiently large n.

Therefore, we obtain an upper bound on the latency from s of any vertex
inS;:

i

« €1 12Amaxp,n-+

e <do+i"— + y —— 2

‘ Inn Zl Py(-)nplS|
Inn

€ 12A /
sd1+1—llnn+ maxf T
nn S Py(2np (S Po(2np + 1) 1S

Inn

12Anx0' 1y c
=P,(:)np+1
Pb(lﬁ‘n)nplsll Z 12 Inn )

max 96 Apnax O o
S(Bs+—p+el)+el A . 222‘
Py(e)np Py(55)Po(€1)(np)? 4

8Anax0 " 144Anx0' ke
Py(e)np  Pu(5)Pp(e1)np

:d1+€1+

SBS+2€1+
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For the penultimate inequality, we use that P,(e;/Inn)np = (1), which
implies that 1 + P,(e;/Inn)np/12 > 2, for n sufficiently large. For the
last inequality, we use that n, < 3knp/2, for some constant k > 0, by
hypothesis.

Moreover, we observe that probability that the above construction fails
is at most:

lZ e—Pb(el/ln nnplS;| /24 < lz e—(%Pb(el/ln n)np+1)i|51|/24
i=1 i=1
<In ne—(l—gpb(el/ln n)np+1)Pp(e1)np/192

Therefore, the construction above succeeds with high probability.

Similarly, we start from T, = {v}, and inductively define a sequence
of vertex sets To, € Ty C --- C T, and a sequence of upper bounds dj <
dj < --- < d. on the latency from t of the vertices in each T;. We let
T, = {x € V(G)|di(x) < de}. The sequence stops as soon as |[['(T})| > 3n/5
for the first time. Namely, j* is the first index with |['(T;-)| > 3n/5. Using
exactly the same arguments, we can show that with high probability, we
have that j* < Inn, and that:

BAnup | 144Ano'k
Py(e)np  Pu(;=)Pp(€1)np

(#*SBt+2€1+

Wlog., we assume that S N T = 0. Since |['(Sy)| + I['(T)| > 6n/5,
there are at least n/10 edge disjoint paths of length at most 2 between
Si and T;-. Furthermore, by Chernoff bounds, with high probability, there
are at least P,(€;)>n/12 such paths with both edges e on the path having
b, < €,. At most half of these paths have flow more than 2 Pljf 1;;*n and thus
there is a path from a vertex of S to a vertex of T that costs at most
2¢; + 2Amaxpi‘f§—l';;+n.

Putting everything together, we have that there is a path p’ that starts
from s, moves to u, goes through vertices of the sequence S, ..., S;, pro-
ceeds to a vertex of I'(S;)NI'(T}-), and from there, continues through vertices
of the sequence Tj, ..., T, until finally reaches v, and then t. The latency

of this path is:

8Amaxp, + 48Amaxp,k ) + 4'Slqmaxp,n«i—

d,(g) < Bs+ B, + 6¢, + 2
1 (9) t €1 (Pb(el)np Py(;-)Py(e1)np Py(er)*n

We recall that since the flow g is a the minimizer of Pot(g), for any
g-used path p = (s,u,...,v,t), dy(g) < dy(g). Thus we obtain that any
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g-used path p = (s, u, ..., v, t) has latency

8Amaxp/ + 48Amaxp/k ) + 48Amaxp/n+

d,(g) < By + B, + 6€, +2
p(g) t 1 (Pb(el)np Pb(lz_ln)Pb(el)np Pb(€1)2n

Using the hypothesis that n, < 3knp/2, for constant k > 0, and that
Py(e;/Inn)np = w(1), which is condition (3), in the definition of good net-
works, we obtain that for any constant ¢; > 0, d,(g) < Bs + B; + 7¢,, for

sufficiently large n. O

Grouping the Neighbors of s and t. Let us now consider the entire net-
work G and the entire subnetwork Hy of Gy. Lemma 12.8 can be applied
only to subsets of edges in Es(Hp) and in E;(Hp) that have (almost) the same
latency under f. Hence, we partition the neighbors of s and the neighbors
of t into classes V! and V{ according to their latency. For convenience, we
let e, = /6, i.e., f is an e;-Nash flow, and L = Ly, (f). By Theorem 12.7,
applied with error e, = £/6, there exists a p such that for all e € E(H,),
0 <fe <p+ e. Hence, L < 2A,,x(p + €) + 2B« is bounded by a constant.
We partition the interval [0, L] into x =[L/e,;] subintervals, where the
i-th subinterval is I' = (i, (i + 1)&], i = O,...,k — 1. We partition the
vertices of Vi (resp. of V;) that receive positive flow by f into x classes
V! (resp. V}), i =0,...,k— 1. Precisely, a vertex x € V; (resp. x € V),
connected to s (resp. to t) by the edge e, = {s, x} (resp. e, = {x, t}), is in the
class V! (resp. in the class V})), if d. (f;,) € I;. If a vertex x € V (resp. x € V)
does not receive any flow from f, x is removed from G and does not belong
to any class. Hence, from now on, we assume that all neighbors of s and
t receive positive flow from f, and that V?,... V*! (resp. V?,..., V) isa
partitioning of V; (resp. V;). In exactly the same way, we partition the edges
of E; (resp. of E;) used by f into k classes E. (resp. E}), i=0,...,x— 1.
To find out which parts of the subnetwork H, will be connected through
the intermediate subnetwork of G, using the construction of Lemma 12.8,
we further classify the vertices of V! and V! based on the neighbors of t
and on the neighbors of s, respectively, to which they are connected by
f-used edges in the subnetwork Hy. In particular, a vertex u € V] belongs
to the classes Vs(i‘j), for allj € {0,...,x— 1} such that there is a vertex v € V{
with f,,,) > 0. Similarly, a vertex v € V{ belongs to the classes Vt(i‘j), for all
i € {0,...,x — 1} such that there is a vertex u € V{ with f,; > 0. We note
that a vertex u € V] (resp. v € V{) may belong to many different classes
VS(iJ) (resp. to Vt(i‘j)), and that the class Véi‘j) is non-empty iff the class Vt(i‘j)
is non-empty, i.e., non-empty classes v and Vt(i‘j) appear in pairs. We let
k < x? be the number of pairs (i, ) for which Vs(m and Vt(i‘j) are non-empty.
We note that k is a constant, i.e., does not depend on |V| and r. We let Eg‘j)
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be the set of edges connecting s to the vertices in Vs(i‘j) and Eﬁi‘j) be the set
of edges connecting t to the vertices in Vt(l").

Building the Intermediate Subnetworks of G. The last step is to replace
the O-latency simplified parts connecting the vertices of each pair of classes
Vs(i‘j) and Vt(i‘j) in Hy with a subnetwork of G,,. To this end, we randomly
partition the set V,, of intermediate vertices of G into k subsets, each
of cardinality (roughly) |V,,|/k, and associate a different such subset V,Si‘j)
with any pair of non-empty classes Véi‘j) and Vt(i‘j). For each pair (i,j) for
which the classes Véi‘i) and Vt(i‘j) are non-empty, we consider the induced
subnetwork G = G[{s, t} U V¥ U V¥ U V!*], which is a (n/k, p. 1)-good
network, by condition (4) in the definition of good networks, and because
G is a (n, p, k)-good network. Therefore, we can apply Lemma 12.8 to
G, with Héi‘j) = Ho[{s. t} U V¥ U V/*'] in the role of H,, the restriction
) of f to H(()i‘D in the role of the flow f, and p’ = p + &. Moreover,
we let B(si‘j) = max, g d.(f.) and Bgi‘j) = max, o d.(f.) correspond to B
and B, and introduce constant latencies d (x) = Bg‘j) for all e € Eg‘j) and
d,(x) = Bii‘j) for all e € Ef‘j), as required by Lemma 12.8. Thus, we obtain,
with high probability, a subnetwork H'® of G’ and a flow g’ that routes
as much flow as _f*) on all edges of EM U Egi‘j), and satisfies the conclusion
of Lemma 12.8, if we keep in H'Y) the constant latencies d/(x) for all e €
E Y W,

The final outcome is the union of the subnetworks H“), denoted H
(H has the latency functions of the original instance G), and the union
of the flows g'), denoted g, where the union is taken over all k pairs
(i,j) for which the classes Véi‘j) and V,fi‘j) are non-empty. By construction,
all edges of H are used by g. We obtain lemma 12.9 by showing that if
€, = ¢/42 and e, = ¢/6, the flow g is an e-Nash flow of (H, r), and satisfies
Ly(g) < Ly, (f) + /2.

Lemma 12.9. Let any € > 0, let k =[12(Anax(0 + €) + Bmax)/€1%, let G(V, E)
be an (n, p, k)-good network, let r > 0, let Hy be any subnetwork of the
O-latency simplification of G, and let f be an (¢/6)-Nash flow of (Hy, r)
for which there exists a constant p’° > 0, such that for all e € E(H,),
0 < fo < p’. Then, with high probability, wrt. the random choice of the
latency functions of G, we can compute in poly(|V]) time a subnetwork H
of G and an e-Nash flow g of (H, r) with Ly(g) < Ly, (f) + £/2.

Proof. We consider the subnetwork H (with the original latency functions of
G), computed as the union of subnetworks H'"”, and the flow g, computed
as the union of the flows g*’, where the union is taken over all k pairs
(i,j) for which the classes Véi‘j) and Vt(i‘j) are non-empty. We recall that by
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construction, all edges of H are used by g. We show that if ¢, = /42
and e, = £/6, the flow g is an e-Nash flow of (H, r), and satisfies Ly(g) <
Ly, (f)+¢e/2. We stress that the edge and path latencies here are calculated
with respect to the original latency functions of G and under the edge
congestion induced by the flow g (or the flow f).

For convenience, we let BW = B(si‘j) + Bﬁi‘j) for any pair of non-empty
classes Vs(i‘j) and Vfi‘j). Since the difference in the latency of any edges
in the same group is at most e, we obtain that for any edge e € Egi‘j),
BM —¢, < de(fo) < B, and similarly, that for any edge e € EEU), BEiJ) — € <
d.(f.) < Bgi"'). Therefore, since H, is a O-latency simplified network, and
since by hypothesis, all the edges of H, are used by f, for any pair of non-
empty classes Vs(i‘j) and Vt(i‘j) , and for any s—t path p going through a vertex
of V¥ and a vertex of Vt(i‘j),

B - 2¢, < d,(f) < BY
Moreover, since f is an e;-Nash flow of (Hp, r), for any s — t path p € Py,

Ly, (f) — €2 < dp(f) < Ly, (f)

Combining the two inequalities above, we obtain that for any pair of non-
emptv cl (i) (i)
pty classes V' and V;*,

BY —2¢, < Ly (f) < BY + ¢ (12.6)

As for the flow g, by construction, we have that g. = f. for all edges
e € E; U E;. Therefore, for any edge e € Eg‘j), B(si‘j) — 6 < do(ge) < B(Si‘j),
and similarly, for any edge e € Eii‘j), Bii"') — € < do(ge) < Bﬁi‘j). Thus, by
Lemma 12.8, and since all the edges of any subnetwork H'*) are used by g,
for any s — t path p in the subnetwork H, B%) — 2¢, < d,(g) < BY + 7¢,.
Using that (12.6), we obtain that for any subnetwork H'® and any s — t
path p of H®),

Ly, (f) — 36, < dy(g) < L, (f) + 265 + 7¢ (12.7)

Furthermore, we recall that the subnetworks H'“ only have in common
the vertices s and t, and possibly some vertices of Vg U V; and some edges
of E; U E,;. They have neither any other vertices in common, nor any edges
connecting vertices in the intermediate parts of different subnetworks H'%
and H?J). Hence, any s—t path p of H passes through a single subnetwork
H'%, Therefore, and since by construction, all the edges and the paths of
H are used by g, (12.7) holds for any s — t path p of H.

Thus, we have shown that g is a (5ey + 7¢1)-Nash flow of (H, r), and that
Ly(g) < Ly, (f) + 26, + 7¢;. Using e; = ¢/6 and €; = ¢/42, we obtain the
performance guarantees of g as stated in Lemma 12.9. O
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Chapter 13

Congestion Games with Risk Averse
Players

Congestion games ignore the stochastic nature of resource delays and the
risk-averse attitude of the players to uncertainty. To take these aspects
into account, we introduce two variants of atomic congestion games, one
with stochastic players, where each player assigns load to her strategy in-
dependently with a given probability, and another with stochastic edges,
where the latency functions are random. In both variants, the players are
risk-averse, and their individual cost is a player-specific quantile of their
delay distribution. We focus on parallel-link networks and investigate how
the main properties of stochastic congestion games depend on the risk
attitude and the participation probabilities of the players. In a nutshell,
we prove that stochastic congestion games on parallel-links admit an ef-
ficiently computable pure Nash equilibrium if the players have either the
same risk attitude or the same participation probabilities, and also admit a
potential function if the players have the same risk attitude. On the nega-
tive side, we present examples of stochastic games with players of different
risk attitudes that do not admit a potential function. As for the inefficiency
of equilibria, for parallel-link networks with linear delays, we prove that
the Price of Anarchy is ®(n), where n is the number of stochastic players,
and may be unbounded, in case of stochastic edges.

13.1 Introducing the Models

In this chapter we generalize atomic congestion games. Recall that a (stan-
dard) atomic CG is the tuple G(N, E, (S))icn, (de)ece). On the corresponding
sections we will get more specific on the generalization we do, by explicitly
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defining the generalizing models.

In the technical part, we restrict our attention to symmetric conges-
tion games on parallel-link networks, where strategies are singletons and
there is a strategy for every resource. Since we mostly consider networks,
we use the terms “resource” and “edge” and “strategy” and “path” inter-
changeably.

13.2 Congestion Games with Stochastic Players

13.2.1 The Model

In Congestion Games with Stochastic Players, each player i is described by
a tuple (p;, 6;), where p; € [0, 1] is the probability that player i participates
in the game, by assigning a unit of load to her strategy, and 6; € [, 1] is the
confidence level (or risk-aversion) of player i. Essentially, each player i is
associated with a Bernoulli random variable X; that is 1 with probability p;,
and O with probability 1-p;. Then, the load of each edge e in a configuration
s is the random variable N,(s) = }’;..c, Xi . and the cost of a strategy q in s
is the random variable Dy(S) = . .c  de(Ne(S)).

Given that player i participates in the game, the delay of player i in s is
given by the random variable:

Di(s):Zde[1+ Z Xj].

ec€s; J#i: e€s;

Note that when X; = 1, D;(s) = D (s).

The (risk-averse) individual cost c;(s) perceived by player i in s is the
6;-quantile (or value-at-risk) of D;(s). Formally, c¢;(s) = min{t : Pr[D(s) <
t] > 6;}. We note that for parallel-link networks, the (risk-averse) individual
cost of the players can be computed efficiently. PNE are defined as before,
but with respect to the risk-averse individual cost of the players.

Depending on whether players have the same participation probabili-
ties p; and/or the same confidence levels §;, we distinguish between four
classes of congestion games with stochastic players:

e homogeneous, where all players have the same participation proba-
bility p and confidence level 6.

e p-homogeneous, where all players have the same participation prob-
ability p, but may have different confidence levels.
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e 6-homogeneous, where all players have the same confidence level 6,
but may have different participation probabilities.

e heterogeneous, where both the participation probabilities and the
confidence levels may be different.

13.2.2 Stochastic Players on Parallel Links: Existence and Compu-
tation of PNE

In the following, we restrict ourselves to Congestion Games with Stochastic
Players on parallel-link networks, and investigate the existence and the
efficient computation of PNE for the four cases considered above.

Homogeneous Stochastic Players. If the players are homogeneous, stochas-
tic congestion games on parallel-links are equivalent to standard conges-
tion games on parallel-links (but with possibly different latencies), because
the (risk-averse) individual cost of each player in a configuration s depends
only on the link e and its congestion s,.

Theorem 13.1. Congestion Games with Homogeneous Stochastic Players
on parallel-link networks admit an exact potential function. Moreover, a
pure Nash equilibrium can be computed in polynomial time.

Proof. The existence of a potential function implies the existence of equi-
librium. Rosenthal’s potential function ([73]) suites this case as players,
under any configuration, perceive exactly the same cost on any edge e, a
cost that depends only on the number of players on e.

Formally, let p and 6 denote the common p;’s and §;’s of the players,
and for each edge e, define a function f, : N — R with

0, ifr=0
Jelr) = min{t : Pr[de(l +YY) < t] > 6}, if r> 0.
where for all i € [r], Y; is a Bernoulli random variable (independent of

others) with probability of success p. Observe that for any configuration s
and any player i with s; = e, we have ¢;(s) = fo(s.).

Defining
O(s) = ) > Seld),
=1

e i
it is easy to verify that it is an exact potential function as for any player i
and any two configurations s, s’ such that s_; = s, s;=eand s; = €

O(s) — D(s") = fe(se) = fe(se + 1) = ci(s) — c(s).
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In order to polynomially compute a PNE, we can simply use a Greedy
Best Response algorithm. We insert the players in the game, one by one,
and the player just inserted does a best response move. Each such move
can be computed in time O(m + i%), where i is the number of players in
the game so far, as for each edge e, the cumulative distribution function of
D.(s) can be computed via dynamic programming. One can easily verify,
by induction, that on any round of this procedure, the players are in a
PNE. Consequently, we get a PNE when the procedure terminates. Using
memoization to avoid recalculations, the total time needed is O(n - m +
n?). O

p-Homogeneous Stochastic Players. In this case, a stochastic game is
equivalent to a congestion game on parallel links with player-specific pay-
offs [63], as the (risk-averse) individual cost of each player in a configura-
tion s depends only on the link e, its congestion s., and i’s confidence level
6;. Thus, we obtain:

Corollary 13.2. Congestion Games with p-Homogeneous Stochastic Play-
ers on parallel-link networks admit a PNE. Moreover, a PNE can be com-
puted in polynomial time.

Milchtaich [63] proved that a parallel-link congestion game with gen-
eral player-specific payoffs may not admit a potential function. In our
case however, the players’ individual costs are correlated with each other,
as for any edge, there is a common distribution on which they depend.
Nevertheless, we next show that parallel-link games with p-homogeneous
stochastic players and linear latencies may not admit a potential function.

Theorem 13.3. There are Congestion Games with p-Homogeneous Stochas-
tic Players on parallel-link networks with linear delays that do not admit a
potential function.

Proof. It suffices to show that there is an infinite improvement cycle, i.e.
an infinite sequence of deviations for which each deviating player perceives
less cost. We will modify Milchtaich’s counter-example ([63]) to fit our case.
Since players have the same probability of participation p, the load on each
edge e that player i considers is a binomial distribution: ;. ecs; K-

Fix p = 0.75, and consider three edges, e;, e; and ez, and three players
that will deviate, with 6; = 0.75, § = 0.58 and 63 = 0.6. Also, assume
that there are n; = 25 extra players on e;, n, = 20 extra players on e,
and ng = 9 extra players on e;. The latency functions of the edges are:
Sfilk) = 38k + 71, f3(k) = 6k + 33 and f3(k) = 15k + 1.
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In the following, an infinite better response cycle is described, consist-
ing of six different configurations that interchangeably follow one another:

e le [ e |
i|{1,2}| {8}
ii | {1,2} {3}
iii | {2} {1,3}
iv {2} |({1,3}
v 2,31 {1}
vi| {1} |{2,3}

{1,2} | {3}

We will only write down (as a 3-dimensional vector, corresponding to
players 1, 2 and 3) what load do the three players perceive on the edge they
use in each step (exluding themselves):

i. (21, 20, 16)
ii. (21, 20, 7)
iii. (8, 19, §)
iv. (8, 15, §)
v. (8, 16, 16)
vi. (20, 16, 16)

The existence of the above infinite improvement cycle forbids the existence
of any potential function. O

6-Homogeneous Stochastic Players. In this case, players have the same
confidence level 6, but the participation probability p; of each player i may
be different. We next show how to efficiently compute a PNE in parallel-
link networks. Specifically, we describe the p-Decreasing Greedy Best
Response algorithm, or pDGBR in short, and show that it always results
in a PNE:

e Sort players in non-increasing order of their p;’s.

e Insert one player at a time, according to the previous order, to the
edge that corresponds to her best response move.

e Repeat until all players are inserted.
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Theorem 13.4. The pDGBR procedure computes a PNE for Congestion
Games with Stochastic 6-Homogeneous Players on parallel-link networks
with general latecy functions in time O(n - m + n?).

Proof. The proof comes by induction on the number of players. The induc-
tion hypothesis is that before the next insertion we are at a PNE.

Assume that we are in the middle of the procedure, in a PNE, and player
i has just chosen edge e. Players on other edges do not deviate because
the only edge changed is e and it got an extra player. What remains to
prove is that players on e do not deviate.

Let Ik be a player on e, inserted in a previous step (px > p;). In order to
show that k doesn’t deviate, it suffices to show that after step i, say under
configuration s (with s; = s = e), we have that ¢, (s) < ¢(s) , as edge e is
a best response strategy for player i and the cost that i and k perceive on
any other edge is the same.

Consider c,(s) and ci(s). We have:

ci(s) = min{t : Pr{do(1 + X; + Z X)<t]> 6},

J#ik:sj=e
c(s) = min{t © Pr{de(1 + X + Z X)<t]|> 6}.
J#ik:sj=e

Since py > p;, for any r € IN:

Pve ) x=d=pl Y xer-m Y xerln
JFLk: sj=e J#ik: sj=e J#Lk: sj=e
<Pr| Z X <r|-Pr Z X=r]p
Jj#ik: sj=e J#il sj=e
= Pr[X; + Z X <rl.
JEik: sj=e

Thus, since d,.’s are non decreasing,

Prlde(1+ X+ >, X)<de(r+ D] <Pr{de(1+ X+ > X)<de(r+1)]

J*ilk: sj=e Jj#ik: sj=e

and so ¢(s) < ¢i(s), as needed.

The total time needed for the procedure is O(n-m+ n?), as at each step
i, the computations for the newly inserted player take O(m + i) time and
we can use memoization to avoid recalculations. g

We can also show that games in this class admit a potential function,
which can be thought of as a generalized lexicographic potential function
in two dimensions.
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Theorem 13.5. Congestion Games with Stochastic 6-Homogeneous Play-
ers on parallel-link networks are potential games.

Proof. We will define a two dimensional lexicographic potential function.
For that, we define, for each edge e and configuration s, a two dimensional
vector v, s and a total order on these vectors. Right after, for s, we define
a vector w;s that as components has exactly the vectors {ves}ecr ordered
increasingly (with the usual vector ordering). Any improvement step that
turned the configuration from s to s’ is such that ws < wy. Any strictly de-
creasing function on vectors wg works as (generalized) potential. Technical
details follow.

Let c.(s) = min{t . Pr[do(1 + No(s)) < t] > 6} be the outside 6-cost of

edge e under s, i.e. the cost that any player not in e computes for e when
she considers moving to e. We have

c.(s) =ci(s_;,e), Yi:s e (13.1)

c.(s) =2 ci(s), Vi:s; =e. (13.2)

Let v.s = (co(S), se) and consider the standard ordering on these pairs:
o (X1, Y1) < (%2, Y2) iff X1 < x5 01 (X1 = X and Y < Ya).
o (x1,y1) = (0, Yyo) iff X, = xp and y1 = Ya.
e (x1,y1) > (%, yo) otherwise.

For a configuration s, let ws be the vector that consists of the pairs {ve s}eck
in increasing order. We are going to show that after an improving step, the
new configuration s’ is such that ws < wy.

Assume that player i did an improvement step by moving from e to
€ and let s be the configuration with s; = e and s’ the configuration with
s; = €. Player i deviated because ¢;(s) > ¢;(s'). Itis ci(s’) = ci(s_;, €') = co(s)
and, by (13.2), c.(s) > ci(s). So, we get c.(s) > c-(s), which implies that

Ve s < Ugs-

Thus, if we consider the coordinates of wg, we know that v, is after vy g
and so in order to show ws < wy, it suffices to show that vy s < Ve«
(inequality 13.3) and ve s < Uy (inequality 13.4).

By the improving step, the only pairs that changed are v, s and vy 5. In
fact, itis s, > s, and s < s/, and it might be c.(s) > c.(s") or co(s) < c(5).
Whichever is the case, we have:

Vs < Ve (13.3)
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Because i did an improving step to € and by s; # € and (13.1) we get
ci(s) > ci(s_i, €) = co(s). Also, by s; # e and (13.1) we get ¢;(s) = ci(s ;. e) =
Co(s’). Thus, co(s) < c.(s’) and

Ue’,s < Ue,s’ (134)

Let ® be any strictly decreasing function on ws. Clearly, for any con-
figuration s, any edges e, e’ and any player i it is

ci(s_i,e)—ci(s_i,€)>0= D(s_;,e)—D(s_;,€) >0

and thus @ is a generalized potential. O

13.2.3 Price of Anarchy for Games with Affine Latencies

In Stochastic Congestion Games with Stochastic Players, the social cost
of a configuration s is defined as C(s) = E[ZieNXiDi(s)], as this seems to
be the most natural generalization of the definition of the Social Cost in
standard atomic CGs.

Letting o denote an optimal configuration, i.e. c(o) = ming{C(s)}, the

C(o) *

In the following we convert C(s) to a more convenient form and right
after we give upper and lower bounds on the PoA for games with affine la-
tency functions as the expected values related to the random distributions
d.(N.(s)) for general latency functions are hard to handle.

As already noted, D;(s) = Ds(s) with X; = 1, and so X; - Dy(s) = X;- Ds,(s).
Thus,

Price of Anarchy is formally defined as PoA = max {® : sisa PNE}.

C(s) = E[ZienXi - Do (8)] = L. E[N(s) - de(Ne(s))]-
For affine latency functions of the form d.(k) = a.k + b,, it is

C(s) = ) E[N()(@eNe(9)+De)] = ) [ae(EIN ()1 +Var[No(s)])+ b E[Ne(9)]].

e

Theorem 13.6. Congestion Games with Stochastic Players and affine la-
tency functions on parallel-link networks have PoA = O(n).

Proof. Let d.(k) = a.k + b, denote the latency of an edge e. Two things
should be pointed out for the proof.

i) The costs that players perceive on each edge is almost at least as large
as it would be if they were considering as load the expectation of other
players on each edge plus themselves, i.e. ¢(s) 2 aQE[);; -, Xj] — de + Do,
forany sandi:s; =e.



13.2. CONGESTION GAMES WITH STOCHASTIC PLAYERS 231

This is the case as, if we assume that edges have affine delay functions,
de(k) = a.k + b., then the cost that player i perceives for edge e under a
configuration s with s; = e is

c(s) = min{thr[de(l + Z Xj) < t] > 51}

J#i e=s;

1n{t|Pr[ae(1 + ) X)+b.<t]> 6i}

JEU e=s;

= ae(l +min{t|Pr[ Z X <t]> 6i})+be.

J£i e=s;

For the median and the mean of the random variable };.;. e=s, % it is (see

e.g [80])
'E[ Z — min {t| Pr| Z X <t|2 1/2}‘3 1

J#i e=s; J#i e=s;

Thus, for playeri: s; = e,

ci(s) > ae(l + min{thr[ Z X <t]> 1/2}) + b,
J#i e=s;

> aBl ) Xl+be>akl ) X]-a+bh

J#i: e=s; J:e=s;

ii) At equilibrium, all players on the used edges perceive a cost not
greater than n(a + b), where a + b = min.{a, + b,}.

This is the case, or else a player that perceives a greater cost would
have an incentive to deviate to the edge e with d.(k) = ak + b.

To prove the theorem, let f be a Nash equilibrium and o be an optimal
configuration. We wish to bound the cost of f, C(f), by a factor of the form
n- C(o).

Denote F, = N.(f) and O, = N.(0). We have

Var|F,] )

() = Z (ae(E[Fe]Z + Var[F,]) + beE[Fe]) = Z E[Fe](aeE[Fe] + be + a. E[F,]

< ZE[Fe](cmax + A, + de ar[F ]) SZE el Cmax-

where ¢, is the greatest cost that a player perceives under f. The in-

equalities follow from point (i) above, ¢ = a. for all e under use and
Var|[F,] <1
E[F] —
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From point (ii) above, with a + b = min.{a, + b.}, we get that

C(f) < BCmax Z E[F.] < 3n(a + b) Z E[F.] =3n(a+b) Y p

iEN

= 3n(a + b)ZE[O]<3nZE (a, + be)

< BnZ E[O ( a, ]Efoj?r[oe] + be) = 3nC(o).

E[O.]2+Var[0.] _ E[0?]

E[O] ~ E[O.] z L. U

The last inequality follows by

Next, we give a class of fully symmetric games with stochastic players,
on singleton strategies and linear latency functions, that has PoA = Q(n).

Theorem 13.7. There are Congestion Games with Homogeneous Players
that have PoA = Q(n).

Proof. Let k € N. Consider the parallel links game with n players and
k + 1 edges. The first edge, e;, has delay function d;(x) = x and the
others, e, ..., e, have dj(x) = (n - k)x, j = 2, ..., k + 1. Players play with
(common) probability p and are fearful, i.e. all of them have 6 = 1, and so
they consider that all players on their edge use it.

Let f be the configuration where n — k players are on e; and the other
Ik players are one on each of the k remaining edges. This is a PNE, since
each player perceives a cost of n — k.

All edges {e;}i=1.. k+1 have b, = 0. So, the social cost of f is

C(f) = ) [a(BINe(f))* + Var[Ne(s)])]
For e, it is: ae, (E[N,, (f)]* + Var[N,,(s)]) = (n — k)*p* + (n — k)p(1 — p)
For all e € {e;}i—a._i+1 it is: a(E[N.(f)]* + Var[N.(s)]) = p(n — k).
So
C(f) = (n—k)’p*> + (n— k)p(1 — p) + kp(n - k).

Now let configuration o be the one in which every player plays e;. It is
C(o) = n’p” + np(1 - p)
So, fork=2andp=1

poa > SU) _ (n—k)’p” + (n - k)p(1 - p) + kp(n — k) _1 n-1_

C(o) n?p? + np(1 — p) 2 8-2

as needed. O
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13.3 Congestion Games with Stochastic Edges

13.3.1 The Model

In Congestion Games with Stochastic Edges, players are deterministic,
i.e. they always participate in the game and are represented only by their
confidence levels 6;. On the other hand, edges have a stochastic behavior.
For an edge e, its latency function is an independent random variable:

Jf.(k), with probability 1 — p.

d.(k) = { ge(k), with probability p,.

The cost of an edge e with load k is: X.(k) = (1 —pe) - fe(k)+ pe - ge(k) and the
cost of a player i with strategy s;, is the random variable: Dy(S) = .5, Xe(Se)

The cost that player i perceives is: ¢;(s) = min {t | Pr[Di(s) < t] > 6i}
and the social cost of a configuration s is defined as: C(s) = E[ DieN Di(s)],

i.e. similar to the stochastic players case.

Classes of congestion games. Here we only define two classes of conges-
tion games with stochastic edges:

e homogeneous, where all players have the same §;’s.
e heterogeneous, where players may have different §;’s.

The class of congestion games with stochastic edges and homogeneous
players boils down to the class of potential games, while the class of con-
gestion games with stochastic edges and heterogeneous players boils down
to the class of congestion games with player specific cost functions ([63]).

13.3.2 Stochastic Edges on Parallel Links: Existence and Computa-
tion of PNE
In the following, we restrict ourselves to Congestion Games with Stochastic

Edges on parallel-link networks, and investigate the existence and the
efficient computation of PNE for the two cases considered above.

Homogeneous Stochastic Players. If the players are homogeneous, stochas-

tic congestion games on parallel-links are equivalent to standard conges-
tion games on parallel-links (but with possibly different latencies), because
the (risk-averse) individual cost of each player in a configuration s depends
only on the link e and its congestion s,.
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Theorem 13.8. Stochastic Congestion Games with Stochastic Edges and
Homogeneous Players on parallel-link networks are potential games. More-
over, a PNE can be computed in time O(n - m).

Progof. Recall that Di(s) = } .5, Xe(Se) and the cost that players perceive is
ci(s) = min {t | Pr(Dy(s) < t] > 6i} and observe that since players have the

same 0, the cost that any player i perceives on edge e when there are s,
players in total on edge e is the same for all i, and equal to:

| fe(se), if1—-pe>6
Ce(Se) = { ge(s.), otherwise

We now define the standard potential function:

O(s) = > Z co(s)

e j=1

It is easy now to verify that the above function is indeed an exact po-
tential function. Observe that there is no restriction for p,, f.(n) and g.(n).

Regarding the computation of a PNE, we can again use a standard
Greedy Best Response algorithm. We insert the players in the game, one
by one, and the player just inserted does a best response move. Since all
players perceive the same costs, it is clear that at each step we have a PNE,
and so, when the procedure terminates, we are still in a PNE. As for the
time needed, at each step the calculation of the best response move takes
time O(m), and so the total time needed is O(n - m). O

Heterogeneous Stochastic Players. In this case, a stochastic game is
equivalent to a congestion game on parallel links with player-specific pay-
offs [63], as the (risk-averse) individual cost of each player in a configura-
tion s depends only on the link e, its congestion s., and i’s confidence level
6;. Thus, we obtain:

Corollary 13.9. Congestion Games with Heterogenous Stochastic Players
and Stochastic Edges on parallel-link networks admit a PNE. Moreover, a
PNE can be computed in polynomial time.

In ([63]) it is proved that congestion games with player specific payoff
functions always possess a PNE. We now prove that the class of Congestion
Games with Stochastic Edges does not admit any kind of potential, even if
we restrict ourselves to affine latency functions.

Theorem 13.10. There is no potential function for the class of Congestion
Games with Stochastic Edges and deterministic risk-averse players.
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Proof. We consider 3 players and 3 links, with the same “failure" probabil-
ities. The latency functions are:

£ (k) = 3k + 21, with probability 0.8
BT 5k +22, with probability 0.2

£k = 6k + 16, with probability 0.8
227 22k + 5, with probability 0.2

£k = Ik +24, with probability 0.8
BT 25k + 1, with probability 0.2

Players 1 and 2 have confidence level 6, = 6, = 0.7 and player 3 has
confidence level 63 = 0.9. We now construct the following cycle:

L a [ e | e |

(L.2}] (3)

(1.2} 6]

2 (1.3
2} [{13]
2.3} (1)

(J [{2.3

(1.2}] {3)

One can verify that this is a better response cycle and thus no potential
function exists. O

13.3.3 Price of Anarchy

The risk aversion of the players combined with their selfish behavior may
give unlimited degradation to the network.

Theorem 13.11. There are Stochastic Congestion Games with Stochastic
Edges that have unbounded PoA.

Proof. We will use a simple network with two parallel edges and two play-

ers:
ak + 1, with probability 0.50 + €

Jillo) = { Ak + 1, with probability 0.50 — €,
Jo(k) = 2ak + 1 + €, with probability 1.

(Assume that e < 1/2.)
Both players have confidence level 6, = 6 = 6 = 0.5. We assume that
A > 2a. As a result, both players “see" the good part of edge e;, and so
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they both prefer it. Let s = (e}, e;) be the configuration vector of the PNE.
The social cost of s is C(s) = 2[(2a + 1)(0.5 + €) + (2A + 1)(0.5 — ¢)], while
an optimal configuration is o = (e;, ;) with social cost C(o) = 2(4a+ 1 +¢).
We have:

_C(s) _2[(2a+1)(0.5+¢€)+(2A+ 1)(0.5 - ¢)]
~ Clo) 2(4a+1+¢)
_ (2a+1)(0.5+¢) N (2A+1)(0.5-¢)

da+1+¢€ 4a+1+¢€
S (0.5—-¢€)(2A+1)

da+1+¢
S (0.5 - ¢€)2A

T 4a+1+e
>(0.5—e)A

2a+1

PoA

A
2a+1

Thus, PoA — oo, if &394 _, o (e.g. €< 0.4 and — 00).

2a+1



Chapter 14

Improving Selfish Routing through Risk
Aversion

In this chapter, we investigate how and to which extent one can exploit
risk-aversion and modify the perceived latencies of the players so that the
Price of Anarchy (PoA) wrt. the total latency of the players is improved.
The starting point is to introduce some small (and carefully selected) ran-
dom perturbations to the edge latencies so that the expected latency does
not change, but the perceived cost of the players increases, due to risk-
aversion. To provide a simple and general theoretical model of this behav-
ior, we introduce y-modifiable routing games where the latency function
of each edge e can increase from 2.(x) to (1 + y.)l.(x), for some selected
Ye € [0, y]. For y-modifiable games in parallel-links and in series-parallel
networks, we fully characterize the values of y for which y-bounded latency
modifications can decrease the PoA to 1. Moreover, we show how to (effi-
ciently) compute a set of y-bounded latency modifications so that the PoA
of the resulting game improves significantly as y increases. E.g., for linear
latencies, the resulting PoA is at most max{1, (1 — (1 — y)>/4)"'}. We prove
that our PoA analysis is tight, even for two parallel links, and also dis-
cuss the difficulty of extending our characterization and our construction
to general networks.

14.1 Introducing y-modifiable CGs

In order to introduce y-modifiable CGs, we first discuss how (typically
small) random perturbations in the edge latencies can be performed so
that the expected latency does not change, but the latency perceived by
the players increases, due to risk aversion. E.g., let us consider an edge e

237
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with latency function d.(x) where we can increase the latency temporarily
up to (1 + a;)d.(x) and decrease it temporarily (and for relatively short
time intervals) up to (1 — az)d.(x). If we implement the former change with
probability p; and the latter with probability p, < 1 — p; (the probabilities
here essentially correspond to proportions of time in which e operates in
each state), the latency function of e in a given time step is a random
variable ?.(x) with expectation:

E[l.(x)] = [p1(1 + a1) + po(1 — az) + (1 — p; — p2)]de(x)

Adjusting p; and p» (and possibly a; and ay) so that p,a; = p,as, we have
E[l.(x)] = dc(x), i.e., for any given flow, the expected delay through e does
not change. On the other hand, if the players are risk-averse and their
individual cost is given by an (1 — p; + ¢)-quantile of the delay distribution
(e.g., as in [68, 6]), for some & > O, the latency perceived by the players
on e is (1 + a;)d.(x). Similarly, if the individual cost of the risk-averse
players are given by the expectation plus the standard deviation of the
delay distribution (e.g., as in [67]), the latency perceived by the players
on eis (1 + y/pial + p,az)d.(x). In both cases, we can have a significant
increase in the latency perceived by the risk-averse players on e, while the
expected latency remains unchanged. A similar result could be achieved
with any latency distribution on e (possibly more sophisticated and with
larger support), as long as its expectation is d.(x).

In most practical situations, the increase and, especially, the decrease
in the latency functions that can be implemented are bounded (and rel-
atively small). The same is particularly true for the proportion of time
in which an edge can operate in an “abnormal” state of increased or de-
creased latency. Combined with the formula providing the individual cost
of the risk-averse players, these factors determine an upper bound y. on
the multiplicative increase of the latency perceived by the players on each
edge e. Thus, motivated by such considerations, we introduce the so-called
y-modifiable selfish routing games as a simple and general abstraction of
how one can exploit risk-aversion towards improving the PoA of selfish
routing.
y-Modifiable Routing Games. A selfish routing game G = (G,d,r) is y-
modifiable if for each edge e € G, we can choose a y, € [0, y] and change the
edge latency functions perceived by the players from d.(x) to (1+y,)d.(x) by
small random perturbations, as discussed above. Any vector I' = (ye)cck,
where vy, € [0, y] for each edge e, is called a y-modification of G. Given
a y-modification I', we let G' denote the y-modified routing game G' =
(G, (1+I)d, r), with a latency function (1 +y.)d.(x) on each edge e, obtained
from G. To simplify notation, we sometimes write G', instead of G'.
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Given a flow f, the latency perceived by the players on a path p in G~
is calculated wrt the modified latencies and is equal to dg(f) = Deep(l +
ve)do(f.) 1. A flow f is a Nash flow for the modified game, if it routes all
traffic on minimum perceived latency paths, i.e., if for every path p with
Jp» > 0, and every path p’, d;(f) < d;,(f). Again, to simplify notation, we
usually write d,(f), instead of dlr,(f ), as long as it is clear from the context
that the path latencies are wrt. the modified game G'.

Given a routing game G, we say that a flow f is y-enforceable, or simply
enforceable, if there exists a y-modification I' of G such that f is a Nash
flow of G".

We always assume that y-modifications keep the expected latency func-
tions unchanged. Since for any flow f, the expected latency of any edge e
in G' is equal to the latency of e in G under f, the (expected) total latency
of f in both G' and G is equal to C(f) = Y.z fode(f.). Hence, the optimal
flow o of G is also an optimal flow of G'.

The Price of Anarchy PoA(G') of the modified game G' is equal to
C(f)/C(o), where f is the Nash flow of G'. For a y-modifiable game
G. the Price of Anarchy of G under y-modifications, denoted PoA (G),
is the best PoA that we can achieve by some y-modification. Formally,
PoA,(G) = min{PoA(G")|I" is a y-modification of G}. For routing games with
cost functions in a class D, PoA (D) denotes the maximum PoA(G) over
all y-modifiable games G with latency functions in class D.

Connection to Marginal-Cost Tolls. A sufficient condition for the optimal
flow to be y-enforceable can be obtained through optimal marginal-cost
tolls, that assign an additive toll of o.d(o.) to any edge e (see e.g., [77]).

Proposition 16. Let o be the optimal flow of a y-modifiable instance G. If

for all links e with o, > 0, % <y, then o is y-enforceable in G.

Proof. For each edge e with o, > O (and thus, with d.(o.) > 0), we let
Ve = %, while for each edge e with o, = 0, we let y. = 0. By hypothesis,
this defines a y-modification I' of G. Moreover, if we change the latency
functions of G from d.(x) to de(x) + xd/(x) = (1 + y.)d.(x), for all edges e,
[77, Cor. 2.4.6] implies that the optimal flow o of G is a Nash flow of the

modified game G'. O O

1To simplify the model and make it easily applicable to general networks, we make
the convenient assumption that the latency modifications (and the resulting individual
costs of the players) are separable, although most common notions of individual cost for
risk-averse players result in non-separable costs (see e.g., [72, 68, 67, 6], but see also
[71], where the simplifying assumption of independence among randomized schedulers
of different edges also implies the separability of individual costs). The separable costs
assumption only affects the extension of our results to series-parallel networks.
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Proposition 16 demonstrates that our approach is applicable to any
routing game. Moreover, if G has polynomial latency functions of degree
d, then the optimal flow is y-enforceable for any y > d. However, Proposi-
tion 16 only provides a necessary condition and does not fully characterize
the class of y-modifiable routing games for which the optimal flow is en-
forceable (see also Section 14.2). Thus, we develop, in the next sections,
a complete characterization of y-modifiable routing games in parallel-link
and in series-parallel networks with y-enforceable optimal flows.

14.2 Modifying Routing Games in Parallel-Link Networks

We proceed to study y-modifiable instances in parallel-link networks. We
first deal with the question of characterizing the y-modifiable instances
where we can enforce the optimal flow. Then, we provide matching upper
and lower bounds on the PoA, for y-modifiable instances where the optimal
flow is not enforceable. We also show how to compute y-modifications that
guarantee these PoA, bounds.

We note that the converse of Proposition 16 is not necessarily true.
E.g., let us consider a %—modiﬁable instance G on 2 parallel links with
di(x) = x, do(x) = x+2 and r = 3. The optimal flow is 0o = (2, 1), and
thus, enforceable in G. On the other hand, the ratios of the marginal cost
tolls to the optimal latencies are 1 and 1/4, for links 1 and 2, respectively.
Hence, Proposition 16 only ensures that the optimal flow is enforceable if
G is 1-modifiable. Therefore, we proceed to develop a characterization of
y-modifiable games for which the optimal flow is enforceable.

Theorem 14.1. Let G be a y-modifiable game on parallel links and let o be
the optimal flow of G. The following are equivalent:

(i) o is y-enforceable in G.

(ii) for all links e, €' € E with o, > 0, d.(0.) < (1 + y)dy(0y).

Proof. (i) — (ii): Let I' = (ye)ecre be a y-modification that makes o the Nash
flow of G' and consider a pair of edges e and €. Assume w.l.o.g. that
dy (o) < dg(0.) and o, > 0. Flow o is a Nash flow in the modified network
and thus (1 + y.)d.(0.) < (1 + Yo )de (0) wWhich directly implies

de(oe) < (1 + Ve)de(oe) < (1 + Ve’)de’(oe’) < (1 + V)de’(oe’)

(i() — (i): Assume that for any pair of edges e and €, if o, > O then
de(0.) < (1 + y)de(oy). Let dpae = maxe{de(o.)0. > 0} be the maximum
cost between all used edges under o. Assign for each edge e with o, > O,
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Ye = d’"%f()oa. It is y. < y, for all e, as by hypothesis d < (1 + y)dc(0.),

for all e. Assign for each edge e with o, = 0, y. = 0. Let I' = (yo)ecg. It is
Ve: 0, >0 = (1+Yy.)de(0:) = dipax. Moreover, Ve’ : 0 = 0 = de(0y) > diax
as by (e.g.) corollary 2.4.6 in [77], for an € : 0, = 0 and an e : 0o, > 0 and
de(0e) = diax, it is de(0r) > de(0e) + 0.d.(0c) > dimax- Thus o is a Nash flow
in G'. O

Next, in the following Lemma, for any y-modifiable instance G with op-
timal solution o, we prove the existence of a pair (f,I') with specific suitable
properties. This Lemma is the key both for proving the bound on the PoA,
and guaranteing an efficient computation of a pair (f,I) that falls in that
bound.

Lemma 14.2. Let G = (G, d, r) be a parallel-links y-modifiable instance and
let o be the optimal flow of G. There is a feasible flow f and a y-modification
I' of G such that

i) f is a Nash flow in G'.

ii) for any edge e: if f. < o, then y, = 0 and if f, > o, then y, = y.

Proof. Consider G = (G, d,r) and its optimal solution o. If o can be y-
enforced, then by definition, there is a y-modification I' for which o is the
Nash flow of G'. Thus for f = o and the above I', the Lemma holds. For all
other cases we will use induction on the number of edges in G.

In the base case of a single edge, under any rate r, f and o coincide and
thus under any modification, the Lemma holds.

For the inductive step let e;, be a used edge with maximum cost under
o. Remove e, from the network, remove the flow through e, i.e. o, , and
let the instance G,, = (G, d, 1’ = r — 0,) denote the new instance. For G,,,
by induction hypothesis, the Lemma holds. Thus there is a flow f” and a
y-modification I'" = (y,)ecg,, of G such that: i) f” is the Nash flow in G,rr;, i)
for any edge e: if f] < o, then y, = 0 and if f] > o, then y, = y, where 0’ is
the optimal solution of G,,.

Now we will put back edge e, and the removed flow. If there is a y,,
so as (1 + ye, )de, (0e,) = L(Gp, (1 +I7")d, ') then we can add y,,, to I" and
get I and the Lemma will hold for G', with f being such that f, = o, and
Je = f, for all other edges. Else it should be d, (0., ) > L(Gn, (1 +17)d, ')
as for any used edge e under f’, with f] < o, it is d.(f}) < de(0.) < de, (0e,)
and for any used edge €’ with f,, > o, it is d.(f}) = (1 + v, )de(f)) = de(f))
by properties i) and ii) of the induction hypothesis.

It remains to handle the case d,_(0.,) > L(Gn. (1 +17)d, r’). Intuitively
we will reroute flow from e, to the rest of the edges so as the equilibrium
property in G, is not destroyed. Our final goal is to make e, cost equal
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to the Nash flow cost of G,,. During this procedure though, we have to be
careful also not to destroy property ii). This could happen if we carelessly
push flow to edges of G,, with f, < o.. To take care of this, while rerouting,
if such an edge e gets flow equal to o, we stop rerouting through it but,
in order to keep the equilibrium property, we unlock its y, and change its
value? until it becomes y. It also may be that during this procedure e,
gets empty of flow but this case is covered by the induction hypothesis for
the instance (G,,, r). Details follow.

Let O < x;, < 0,,, be the maximum value (amount of flow) such that:

(a) there exist a y-modification I'* of G, such that under flow r’ + x, the
Nash flow flow f* of G is such that for any edge e € G\ : if f/ > o, and
y, =y then fJ > f. > o, and y, = y(= v.), if f, < o. then f, < f < 0, and

e
>k
Ve

O(= ve), i Jg = 0. and y, <y then f; = 0(=f7) and y, <y, <'y.

(b) de, (0c,, — Xm) = L(Gpp, (1 +I)d, ' + X))

It is x;, > 0. To see this, let E;,. be the set of edges that have f, = o,
and y, < y and Ejs.. the rest of the used edges under f’. For e small
enough, because of continuity, we can reroute flow from e, to edges in
Efce s0 as the equilibrium property in Ej.. is kept, the inequalities of (a)
hold and these edges remain in Eg.., with the inequality of their new flow
with o, having the same direction. By continuity and for ¢ small enough,
we can also grow (until the value y) the y.’s of the edges in Ej so as the
equilibrium property holds in Ej,;. Combining these facts we can reroute
an amount of flow € from e, to edges in Ep.. and allowably change some of
the y,. values of edges in Ej, so as the equilibrium property in G, is kept
with inequality (b) still holding (recall that (b) was not tight).

By the same reasoning, unless (b) is tight or x,, = o, it should be
that: (I) for x,;, and its corresponding [ and f* there exists an e such that
[(f,, < 0cand f) = o, and y, = O(= y.)) or (y, < y and f, = o.(= f,) and
vy, = y)]. This means that either an edge in Es.. under f’ with f, < o,
will get in Ej,g under f* by gaining flow or an edge in E;q under f” will
move to Es.. under f* by getting y; = y and having f,’ = o.. Note that an
edge e € Ef.. with f] > o, and y, = y cannot get in E;, under any f* that
satisfies (a).

If inequality (b) is tight then we first let y,,, = O and add it to I'"* to make
a y-modification I'.  We then let f, = o., — xn and f. = f_ for all other
edges. The pair (f,I) satisfies the Lemma. If inequality (b) is not tight but
Xy = oems, then we first let y,, = 0 and add it to I"* to make a y-modification

2this doesn’t destroy property ii), as the flow through e would be o,
Swhich implies de, (0) > L(Gp, (1 +T7)d, 1)
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I and then we let f, = 0 and f, = f;. The pair (f,I) satisfies the Lemma.*

If inequality (b) is not tight and x,, < o,,, then set f* = ™, 0., = 0., — Xm.
r' =1 +x, and I =I'"" and repeat the procedure.

To complete the proof, it suffices to show that, the above steps are finite
and in the final step, inequality (b) holds with equality or e,, is empty of
flow. To see this, first observe that at any step (that ended without (b)
being tight and without e, being empty of flow), because of (I), the number
of edges that have either f] < o. or (f, = 0. and y, < y) drops down by at
least one. In the worst case, this number will drop down to zero and thus
in the next step either (b) will get tight or x,, = o, as then the rerouting
may continue unrestricted. t

Next we give an upper bound of the PoA, of y-modifiable instances
with latency functions in class 9. The pair (f,I)) of Lemma 14.2 is used
in an analysis similar to [29]. The notable difference comes to the factor
—y(x — y)d(x) that arises in sup ey .0 y(d(x)_d(ig(; ‘)'(x_y)d(x) because of the
ability to y-modify the instances.

Theorem 14.3. For y-modifiable parallel-links instances with cost func-
tions in class 9, it is

1
PoA,(D) < py(D) = max {1, %},

(d(x)—d(y)—y(x—y)d(x)
where ﬂV(D) = SUPgep x>y>0 — )y{d(x})/ s

Proof. Let G = (G, r) be a parallel links instance with cost functions in class
P and o be its optimal solution. For G, Lemma 14.2 holds. Let f and I" be
the flow and the y-modification given by Lemma 14.2. By definition, it is
PoA,(G) < PoA(G"). We will bound PoA(G").

Let EJ,;ax be the set of edges that have f. < o, Eﬁlm be the set of edges
that have f, > o, and E{;t be the set of used edges with f, = o.. Clearly
E = Ejo U Ely UE),

It is PoA(G") = %. Using variational inequality and the y.’s of '

(for which we have a Nash flow) we get

D LA+ D S+ + D L1 +yo)de(f)

eEE,fmx eeE{nm eeEifm
< D 0ede(f) + D 01+ p)de(fe) + D 0el(1 + ye)de(fe)
eeE{nax EGEﬁun eEEJi:'Lt

4induction hypothesis for the instance (Gy,, r) could also be applied
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g
D fedelf) < D 0ede() = D V(e = 0dfe) = D velfe = 0)e(fe)

ek eck eGEjnrqin eeE{;lt

< D 0edelf) = def0) + ) 0edel0) = ) Ve = 0)elfe)

ecE ecE eEE{nin
< > 0ede(0) + ) (0e(delfe) = de0)) = (e = 0c)de(f:))
ecE eEEfmm
Setting ﬂy(@) — SupdGD,x2y20 y(d(X)—d(zgi)(;))’(X—y)d(X) we get
(0(de(fe) = de(02)) = Y(fe = 0e)de(fo) )fede(f)
;fede(fe) < Z; 0cde(0c) + %; 70

< D ,0:de(0) + B,(D) ) fee(f)

7
ecE eGEmin

U

ZeeEj;ade(fe) <
Dieck Oede(0e) 1 __BV(D)
Putting everything together, we have

ZeEEﬂde(ﬂ) <
ZeeE Oede(oe) B

Thus, for the class of games with latency functions in class D it is

= py(D)

PoA,(G) < PoA(G") = p,(D)

PoA, (D) < p,(D)
O
Next we give upper bounds for specific classes of y-modifiable instances.

Corollary 14.4. For y-modifiable instances with degree d polynomial la-
tency functions

1

- a(2h) 4y

d+1

PoA =1, if y> dandPoA < L ify<d
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Proof. Let G be a y-modifiable instance with degree d polynomial latency
functions and let o be the optimal solution of G.

By (e.g.) [77] o is the Nash flow of a game with the same underlying
network and traffic rate r but cost functions changed from d,.(x) to (xd.(x))’.
Thus, for polynomials of degree d, o coincides with the Nash flow of a game
with the same underlying network and rate r but cost functions changed
from Y%, axt to YL (i + Dagx!

Ify>d, itis Y2,(i+ Dax' < (y+ 1) X%, aix! and thus there exist y,’s
so as for any edge e Y, (i + 1)a;0} < (1 + y.) X%, a;0l, which implies that
o is d-enforceable.

- YdEI-d)—y-yd() _ d
For y < d we bound B,(D). It is ¥4 (zd(x‘)'(x Ydix (1 +y- d%) y.

For a polynomial of degree d, d(x) = Zl oaix', and y < x it is Zgg >

. . . . d
yri < x¥ = Y qyix? > Y ax'y?. Thus 2 (1 +y-— 35%) y < ;(1 +y— F)_V'
This quantity is maximized for y satisfying (y**')’ = (1 + y)x¢ which gives

d+1

y= /55X By(D) = d(%5) © —yand p(D) = —— O

y+1
1- d(d+1) +y

ya
=g as

By setting d = 1 to Corollary 14.4 we bound the price of anarchy for
affine latencies.

Corollary 14.5. For y-modifiable instances with affine latencies

PoA =1, if y> 1and PoA <

1
w,lfy< 1

Remark 14.6. Relating o(D) (from [29]) with p,(D) for the class D of affine
latencies we get that p,(D) = Wp(@) which drops down quickly as y
e

grows from O to 1.
Next we show that these bounds are essentially tight.

Theorem 14.7. For any class of latency functions 9, and any € > O there
is an instance G with latency functions in O with PoA,(G) > p,(D) — €

Proof. Let ¢ > O and consider a y-modifiable instance G of two parallel
links, e; and e,, flow rate r and cost functions: an arbitrary cost function
di(x) = d.(x) (to be fixed later) in class D for link e; and the constant
function L(x) = (1 + y)d.(r) for link e,.

Under any y-modification I' = (y;, y»), at Nash flow f of G, all the flow
goes through link e, and thus SG' = ri (r). At optimal flow o, let o, be the
flow that goes through link e;. It is SC° = (r — 0;)(y + 1)d.(r) + 0,d.(0;) and

rd.(r) B 1

(r = 01)(y + 1)de(r) + 01de(01) ] — 2=l y(r0)d)
rac(r

PoA =
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Flow o is optimal and thus o; € [0, r] is exactly the value that minimizes

. i rd,(r) i
social cost and eventually maximizes o GTDdC oo and so maximizes

01(de(r) — de(01)) = y(r — 01)de(r)

(14.1)
rde(r)
Recall that 8,(D) = SUPyeq oy20 y(d(x)_d(fig(; ’)’(X_y)d(x) and let d.(x) be a cost
; Y(de(x)—de(y))—y(x—y)de(x) e(1-8,(D))>

function such that sup,, ., A0 > B,(D) - Te(i-g@)° D€
ik 1 s 01(de(r)—de(01))—y(r—01)de(r) e(1-B,(D))?
cause o, maximizes (14.1), it is N > B,(D) - T=e(1-8,(D)

and thus )

> = -
PoA > D) + SBOP py(D) — €
Y 1-e(1-8,(D))

O

Based on Lemma 14.2, we present an algorithmic approach that given
a y-modifiable instance G computes a y-modification I' such that the Nash
flow f of G' is such that g—g < p(D), with D being the class of latency
functions of G.

Lemma 14.8. Let o be the optimal flow of a parallel links instance G.
A flow f and a y-modification I' of G with the properties of Lemma 14.2
can be computed in time WTime(AlgPar), where Time(AlgPar) denotes
the time complexity of an algorithm AlgPar that computes Nash flows in
parallel links networks.

Proof. We first compute the optimal solution o of G and delete all unused
by o edges, so we assume that w.l.o.g. all edges of G are used by o. Then,
we search efficiently in the space of flows for an f that can be combined
with a y-modification I' of G such that f and I satisfy Lemma 14.2. The
key point we use from Lemma 14.2 (and prove later on) is that for the pair
(f.) of the proposition, the edges that have f, < o. are the most costly
used edges under o while the edges that have f. > o, are the less costly
edges under o.

In detalil, for a combination (k, 1) : k+ | < |E| find sets E, o : |[Enaxl = k
and E.;, : |[Enin| = Usuch that E,, contains the k most costly edges of G
under o and E,;, contains the [ less costly edges of G under o0°. Let G
be the y-modifiable instance that has only the edges E, .. and E,;,, traffic
rate 1’ = ) .cg g, (0e) and the latency functions of edges in E,;, changed
from d.(x) to (1 + y)de(x).

550 as Epax N Emin = 0
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For all combinations of (k, 1) : k + 1 < |E|, we compute the Nash flow f’
of G'. If f’ is such that (1) Ve € Ejux : f. < 0o, (2) Ve € Epyn : f. > 0. and (3)
Ve € E\ (Epnax YU Emin) ﬁL(g’) < d.(0.) < L(G") then we let for each edge

e € E\ (Enax Y Enin), Ve = iﬁ;)) — 1. Clearly for any such eitis O <y, < y.
By setting y. = y for all edges in E,;; and y. = O for all edges in E,,;; we get
a y-modification I" such that the Nash flow f of G' satisfies Lemma 14.2
and thus Theorem 14.3 applies.

It remains to show that there is a pair (k, ) such that (1), (2) and (3)
hold. By Lemma 14.2, there is a feasible flow f and a y-modification I" of
G such that

i) f is the Nash flow in G'.

ii) for any edge e: if f. < o, then y, = 0 and if f, > o, then y, = y.

Let E,..x = {€ € E|f. < 0.}, Equn = {€ € E|f. > 0.} and E;; = {e € E|f. = 0,}.
Because f is a Nash flow in G, for any €max € Enaxs €min € Emin, €t € Eny it
is de, . (fepw) = (1 + Ve, Ve, (fe,,) = (1 + y)de, . (fe,..)- This, combined to [for
e € E, . it is d.(0.) > d.(f.), for e € E;; it is d.(0.) = d.(f.) and for e € E;,
it is de(0.) < d.(fe)] implies that E,,, contains the most costly edges under
o and E,;, contains the less costly edges under o. Thus for pair (|Eaxl,
|Eminl), properties (1), (2) and (3) hold.

Clearly the above procedure needs at mos possible pairs of
(I, 1)) computations of the Nash flow of G’ under the different flow rates
that may arise. Thus the lemma follows. O

|EI(El+1)
t =5 — (

14.3 Connection to Routing Games with Restricted Tolls

Bonifaci et al. in [17] studied routing games where along with each edge,
an upper bound on the allowable toll on that edge is given. They provide
a characterization for the flows that can be imposed by the restricted tolls
and compute the optimal tolls when the optimal flow is inducible. We have
drawn an iff condition (Theorem 14.1 for parallel links and a similar one
for series parallel networks) that better suites our multiplicative approach
and is also needed to follow the other results.

Also in [17], based on the previous characterization, they manage to
compute the tolls that induce the smallest cost at equilibrium for parallel
link networks. Their approach is essentially using a convex programming
solver that solves several convex programs. One of these convex programs
considers exactly the edges that is used by the best modification. This way
though, no information about the nature of the solution is given.

Our approach intuitively applies Karush Kuhn Tucker conditions to
the convex program that considers exactly the edges that is used by the
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best modification and tries to follow them. It does so, by restricting the
(fe, ve) pairs on the edges in a way similar to the restrictions provided by
the Karush Kuhn Tucker conditions (Lemma 14.2).

This approach has two major benefits. The first of them is that it relates
the complexity of finding a good (wrt PoA bounds) y-modification to the
complexity of finding Nash flows. The second one is that it allows to get a
simpler mathematical expression as a bound for the PoA. This expression
is both giving a better insight for the improvement that can be achieved via
y-modifications® and applies to cases with more general latency functions
(for which a tight example is given) than the polynomial latency functions
considered in [17]”.

As a last positive comment for our work®, we point out out that by
our approach, uncertainty is applied only to edges that intuitively have to
get some uncertainty while by the approach of [17] more or less all edges
get some uncertainty which is the minimum between their toll bound or
their marginal toll. Their derived bounds rely to the fact that in worst
case examples there are edges of constant cost that take no toll. Thus in
our approach the total amount of uncertainty is kept lower while for cases
“away” from the worst case examples our modifications ought to give better
improvement results.

14.4 Modifying Routing Games in more General Settings

In this section we show a way for generalizing the results of the parallel
links case to the case of series parallel networks and to the case of paral-
lel links with heterogeneous players and more general restrictions on the
uncertainty added to each edge.

Series Parallel Networks

The main goal is to get a y-modification similar to the one of Lemma 14.2
which restricts the pairs (f., y.) to be such that if f, > o, then y. = y and if
Je < 0. then y, = 0. Once such a Lemma is proved, the analysis of the PoA
bound of Theorem 14.3 can be applied and a similar Theorem would hold.

6

compare the PoA bound of y-modifiable games with our approach, i.e. where

1
1-8,(D)’
By(D) = SUP e vsys0 YA—dW)-yxy)d() 't the PoA bound of standard CGs (without tolls),

xd(x)
; 1 _ y(d(x)—-d(y))
ie 35 where B(D) = SUPgep x>y>0 R

“for general latency functions the approach of [17] is not guaranteed to give better
bounds than the ones without tolls.
8for series parallel networks.
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To prove such a Lemma, we use induction on the decomposition of
the series parallel network. The complicated part of the induction is the
parallel composing one. Assuming that for each of the parallel composing
networks the induction hypothesis of the lemma holds we start rerouting
flow from one network to the other in a careful way so as the properties for
the (f., ye) pairs do not break. The way the rerouting occurs is similar to
the rerouting in the parallel links case, i.e. all the y.’s are locked and get
unlocked only if f, gets equal to o, during the rerouting which itself reduces
the largest fraction of used paths with common ends until it reaches y + 1.

The constructive nature of this lemma will allow us also to get such a
flow in time polynomially related to the time for computing a Nash flow,
i.e. an analogue of Lemma 14.8 can be derived. The rerouting procedure
will have to stop either to lock or unlock a y. of an edge e or to leave an
edge empty of flow. Because each of these incidents may happen only once
for each edge, we get that the rerouting will stop at most O(|E|) number
of times. For the exact flow that gets rerouted each time, a binary search
in the space of flows has to be made, that calls several times a Nash flow
solver, which at the end returns a flow for which one of the above incidents
happens.

Parallel Links with Heterogeneous Players

The main goal is again to get a y-modification similar to the one of Lemma
14.2. When players are heterogeneous then at equilibrium the more risk
averse players get to higher expected cost edges. We assume that the edges
are ordered according to their cost under optimal flow.

The new thing with the rerouting when trying to follow the proof of
Lemma 14.2 is that it should stop also whenever a type of risk averse
players entirely leaves an edge to get to the next one. If during the rerouting
this happens, then the rerouting should continue up to that edge until this
specific edge gets a cost equal to the cost of the next edge, where the cost
is wrt the cost of the less risk averse users on this edge. That will allow the
rerouting to continue to the next edges and the new player type to enter
the next edge.

To compute such a flow-modification pair, a more sophisticated ap-
proach than the homogeneous case is needed. We know that in such a
flow-modification pair only some of the highest cost (under optimal flow)
edges, E;, will get no uncertainty added, only some some of the lowest cost
(under optimal flow) edges, E; will get all the uncertainty they could and
all other edges, E;, will have f, = o.. For each combination of possible
(Ey, E;, Ey) triples, we do a binary search to see the amount of flow that will
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go through E;, (which will directly give the amount of flow that goes through
E)) in order to have a (Nash flow,y-modification) pair with the desired prop-
erties. For some triples we will have to stop the procedure as there may be
no such pair for them, though, because of the previous lemma it ought to
be a triple for which such a pair exists and which we eventually will find.

To derive a bound on the PoA we may follow a variational inequality
approach, one for each risk aversion type. Then all these variational in-
equalities can be combined but with the risk averse factor on each edge
being the lowest one on that edge. Thus in total a PoA bound (that is in fact
tight) similar to Theorem 14.3 can be derived for the smallest risk averse
factor among the players.

The above approach was allowing y-modification on the edges. Another
way to see y-modifications is to allow y.’s on the edges so as ||(Ve)eckllo < V-
So to generalize the approach we may let y.’s to be such that ||(ye)ecgllp < v
for any chosen p-norm. We then can show that treating such a p-norm al-
lowable modification as in a (y/</|E[)-modifiable CG, we can derive asymp-
totically tight results on the improvement of the PoA.



Chapter 15

Discussion

In the previous chapters we revealed our tiny contribution in the research
arena, concerning Braess Paradox in bottleneck routing games, resolving
Braess’s paradox in random networks and studying CGs with uncertain
delays and risk averse players. Yet, many things are open for research.

15.1 Braess’ Paradox in Additive Costs Games

Research on Braess’s Paradox for additive costs congestion games doesn’t
have many open fields, as there is a big portion of literature concerning
it. One open problem that seems interesting to us is the one arose when
resolving the paradox for random graphs.

Recall the steps we followed to establish the approximation algorithm.
We first simplified the random instance we were given (the good whp net-
work), then we approximately solved the simplified instance via an algo-
rithm based on an approximate version of Caratheodory’s Theorem ([12])
and finally we extended the result to the initial instance. Although the
approximation factor relies both on the solution for the simplified instance
and on the extension to the initial instance, the most costly part of the
running time of the algorithm is the intermediate one where we solved the
simplified instance.

To recall the problem see figure 15.1. Given a simplified instance, one
should suitably remove some of the internal edges (edges from neighbors
of s, Ng, to neighbors of t, N;) so as to minimize, under traffic rate r, the
Nash flow cost in the remaining network. Edges adjacent to s or t have
affine latencies, i.e. of the form ax + b, while the internal edges have zero
latency.

The problem can be formulated as a linear program with linearly com-
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Figure 15.1: A simplified network. All edges adjacent to s or t have affine latency
functions while all other edges, the internal edges, have zero latency

plementarity constraints (Iplcc).

minimize 1
s.t. a;fi+b;=1 VieNg
afi+b =1 VjeN,

Ziesti =r

ZjeNt_]S‘ =r

ZjeNtfij =fi VieN;
Ziestij =f YjeEN;
Sl-1-1)=0
L. L. fi.f. fy =0 Yie Ng,YjeN,

Variables f,, f;, f; correspond to the flow that is routed through the i—th
neighbor of s, u;, the j—th neighbor of t, v;, and edge {u;, v;} respectively.
Variables [; and [; correspond to the costs of edges {s, u;} and {uv;, t} respec-
tively, under flow f; and f; respectively. Variable f; corresponds to the flow
through edge {w;, v;}.

The first two constraints capture the relation between the flow routed
through edges neighboring to s or t and their corresponding costs. The next
four constraints model flow conservation. The complementarity constraint
ensures that if a path s — u; — v; — t takes a positive flow, i.e. f; > O, then
its cost is I. If f; = O then we do not care about [; + |; = [ as we can remove
edge {u;, v;} in the subnetwork.

This formulation seems to tightly capture the problem. Solving general
Iplec’s is NP-hard but this case is not exactly of the form proved to be NP-
hard as [ - [; — [; need not be non negative and also a feasible solution can
be easily found (the equilibrium of the initial network satisfies the restric-
tions). Additionally, the size of the intermediate network, or more precisely,
the many, long and correlated paths between s and t, is a key factor in the
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NP-hardness reduction of [78]. Thus the complexity of finding the best
subnetwork in simplified networks, even for linear latencies, remains well
open (as far as we know) and seems quite intriguing.

15.2 Braess’ Paradox in Boltleneck Costs Games

As we earlier saw, the inapproximability results of [52] did not really shed
light on the approximability of the (simple, non-selective) network design
problem in the simplest, and most interesting, setting of non-atomic bottle-
neck routing games with a common origin-destination pair for all players.
In our work, concerning the paradox in bottleneck costs games, we fol-
lowed this direction and managed to prove strong NP hardness results for
detecting the paradox and approximating the best subnetwork.

In the model we studied, the players were considering the bottleneck
cost of their paths and the social cost function was equal to the bottleneck
cost of the network. Yet, there is another interesting variant of bottleneck
games where the social cost is the average (instead of the maximum) bot-
tleneck cost of the players, studied by Cole, Dodis, and Roughgarden [27]
and subsequently by Mazalov et al. [62]. For this variant of non-atomic
bottleneck congestion games, as far as we know, neither the problem of
detecting the paradox nor the one of finding the best subnetwork has been
studied. It feels like the techniques similar to the ones presented here
could be used to prove results on these problems that seem to lay in be-
tween the problems for additive costs congestion games and the problems
for bottleneck costs games with social cost function equal to the maximum
congestion.

Figure 15.2: A network with ®(n) PoA. Optimally all the flow is splitted equally
to the k direct paths while a bad Nash flow routes the traffic through path s—u; —
Ul —Ug—Ug—...Uc— U —t

Another research goal could be to derive results on the existence of
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the paradox in random graphs under bottleneck costs. The analog of the
additive costs case, i.e. to study random G, ,’s could be a first goal. The
intuition suggests that a proof of existence of the paradox in random bot-
tleneck costs networks should not be hard and that is because an analog
of the bad example’s “backedges" (edges going in “opposite" direction, from
neighbors of t to neighbors of s) e.g. in [27] or figure 15.2 can probably
be easily found in many models of random networks. In a bad Nash flow
these backedges are used by the players in sequence and thus all paths
from s to t cost much and the network behaves bad.

In addition to these, one could try using the techniques we used for
exploiting the paradox in random graphs under additive costs so as to
exploit the paradox. If specific expansion properties for the random graph
models hold then this goal seems tractable and would be of interest.

15.3 Stochastic Congestion Games

While the above problems seem quite interesting, our focus is turned to
stochastic congestion games and risk averse players. The natural models
we proposed for the study of risk aversion under stochastic delays do not
seem to easily “cooperate" with networks other than parallel links. This is
not a problem that arises only in our models. The players’ cost functions
used in both models, do not have the property of being the sum of the
costs of the edges on the players’ paths, i.e. the costs are non-separable,
and examining games with non separable costs is not an easy task. An
interesting task would be to formulate players’ behaviors in a “network
familiar" way so as to be able to draw meaningful results for these games
in general networks.

Staying in our model though still has some intriguing open problems.
One of them is whether games with heterogeneous stochastic players admit
an equilibrium. Our intuition is not clear. Another problem is to examine
the case of games with stochastic edges and derive results on the existence
of equilibrium and potential functions when networks are layered, with the
basic property that all s — t paths have the same length. In this case the
paths’ costs might be separable and we would be able to draw meaningful
results for networks different from parallel links.
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15.4 Abusing Uncertainty

In the direction of abusing uncertainty, we saw that when risk averse play-
ers act under uncertainty, a large portion of them might prefer choosing
heavy in expectation but low variance links rather than light in expecta-
tion but high variance links. Adding some uncertainty to the network could
help in improving its behavior. The results presented here hold for special
cases of networks and homogeneous risk averse users.

There are two main open problems in this field. One is how can hetero-
geneousness in the players risk aversion help in improving the network’s
performance. In this direction we have (almost) proved that heterogeneous-
ness can also help in improving the network’s performance, yet in the worst
case the improvement is similar to the one achieved when players are ho-
mogeneous.

The second and probably more interesting problem is how can we abuse
uncertainty in more general networks under natral player’s risk averse cost
functions and draw meaningful results on improving the price of anarchy.
When trying to analyze such cases the problem of non separable costs
arises once more requiring risk averse cost functions that are both network
familiar and capturing the averse behavior of the players.
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