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PerÐlhyh

Me thn aÔxhsh tou arijmoÔ twn rompotik¸n praktìrwn pou apaitoÔntai gia thn
apokentrwmènh olokl rwsh miac ergasÐac, all� kai lìgw tou apaithtikoÔ perib�l-
lontoc ektèleshc, gÐnontai prosp�jeiec na perioristeÐ h posìthta thc �meshc plhro-
forÐac pou antall�setai metaxÔ touc. MÐa pijan  lÔsh eÐnai h axiopoÐhsh thc èmmeshc
plhroforÐac, pou prokÔptei apì thn allhlepÐdrash tou rompìt me to perib�llon kai
lamb�netai apì tic metr seic twn aisjht rwn. Autìc o trìpoc epikoinwnÐac onom�ze-
tai èmmesh epikoinwnÐa.

To antikeÐmeno aut c thc diplwmatik c, eÐnai h enswm�twsh autoÔ tou sq matoc
epikoinwnÐac sto qeirismì antikeimènou apì dÔo rompotikoÔc pr�ktorec. H di�taxh
eÐnai tÔpou arqhgoÔ-akoloÔjou kai apokentrwmènh. o arqhgìc prospajeÐ na ulopoi-
 sei epijumht  troqi�, en¸ o akìloujoc qrhsimopoieÐ mìno mètrhsh dÔnamhc, jèshc
kai taqÔthtac, gia na bohj sei thn ektèlesh thc ergasÐac. Exet�zontai dÔo sen�ria
me diaforetikèc ulopoi seic.

Sto pr¸to, to antikeÐmeno eÐnai sq matoc r�bdou kai metafèretai apì èntroqa mh
olonomik� rompot, me elastik -summorfoÔmenh epaf  tou akoloÔjou me to antikeÐme-
no. O akìloujoc qrhsimopoieÐ mètrhsh dÔnamhc-rop c gia na eujugrammisteÐ me to
antikeÐmeno kai na diathr sei thn epaf . To sunolikì sÔsthma sumperifèretai san
èna diataragmèno montèlo autokin tou, opìte o arqhgìc basizìmenoc se mia an�lush
eurwstÐac, qrhsimopoieÐ elegkt  pou efarmìzetai sto onomastikì montèlo.

Sto deÔtero, to antikeÐmeno metafèretai apì èntroqouc braqÐonec kai oi epafèc
eÐnai stereèc. Kai ta dÔo rompìt epib�lloun se autì mia sqèsh elègqou empèdhshc.
O akìloujoc, mèsa apì thn kÐnhsh tou antikeimènou, ektim� to profÐl troqi�c tou
arqhgoÔ me eÔrwsto trìpo. Telik�, to sf�lma troqi�c tou antikeimènou sugklÐnei
se mÐa polÔ mikr  perioq  gÔrw apì to mhdèn.

Lèxeic Kleidi�

Apokentrwmènoc 'Elegqoc, 'Emmesh EpikoinwnÐa, Metafor� Antikeimènou,
Mètrhsh DÔnamhc, Arqhgìc- Akìloujoc, Mh Olonomikì SÔsthma
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Abstract

Facing the increasing number of robotic agents required in distributed coordi-
nated tasks and due to challenging environment of execution, attempts are made to
decrease the amount of explicit information exchanged between them. A possible
solution to this problem, is utilizing implicit information which occurs as a side-
effect of robots’ interactions with the environment and can be acquired via sensor
measurements. This type of communication is called implicit communication.

The goal of this thesis is to completely replace explicit communication with
implicit, in the object handling task, where two robots are involved. We use a
decentralized leader-follower architecture. The leader’s objective is to implement
a desired trajectory profile, while the follower tries to keep up using only force,
position and velocity measurements. Two scenarios are explored.

In the first, the cooperating agents are nonholonomic mobile robots, the object
is bar and the follower-object contact is compliant. The follower uses force-torque
measurements to align itself with the object and keep the contact stable. The overall
system is modelled as a perturbed car-like system. Therefore, the leader, based on
a robustness analysis, imposes a control scheme for the nominal car-like system.

In the second, the object is carried by mobile manipulators and all contacts are
rigid. Both robots establish an impedance relation on it. The follower robustly
estimates leader’s desired trajectory through the motion of the object. Eventually,
the position error converges to an arbitrarily small residual set containing the origin.

Keywords

Decentralized Control, Implicit Communication, Object Manipulation, Force Sens-
ing, Leader-Follower, Nonholonomic System
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Chapter 1

Introduction

Figure 1.1: Tight cooperation of robots

The study of multirobot systems in object carrying tasks, has received increasing
attention over the last decades. Using a group of robots instead of a single one, can
have several advantages, such as increase in weight lifting capabilities, increase of
redundancy and versatility and fault tolerance. Thus, many tasks that are impos-
sible to execute by a single robot become feasible. Such tasks include, for instance,
carrying heavy or large payloads, the assembly of multiple parts without using spe-
cial fixtures, and handling of objects that are flexible or possess extra degrees of
freedom.

However, new challenges arise. For example, when the number of robots becomes
large, traditional approaches that rely on centralized control rapidly reach their
limits and are prone to individual faults. Therefore, decentralization is necessary.
Unfortunately, though, most decentralized schemes depend highly on inter-robot
explicit communication (i.e. exchange of control messages or local sensory data),
resulting in crowded bandwidth and requiring careful planning of communication
protocols [SB00].

This thesis explores the possibility of replacing explicit communication with im-
plicit. Explicit communication is defined as a specific act designed solely to convey
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1.1. RELATED WORK 17

information to other robots on the team. On the other hand, implicit communi-
cation occurs as a side-effect of robots’ interactions and the way they change the
environment (i.e. coupling forces between the object and the robots). Implicit
communication offers several immediate advantages over the explicit form. Among
them are simplicity, robustness to faulty communication environments, low power
consumption and stealthiness.

Figure 1.2: Types of communication

Of course, the explicit form makes teams more effective. Still, there are tasks, for
which is not essential when the implicit form is available. More complex communi-
cation strategies may offer little or no benefit over low-level communication[BA94],
[Don95].

We consider two types of robotic teams, the first one consisting of mobile robots
and the second of mobile manipulators. The scheme is decentralized, each robot
has its own controller. The architecture is of leader-follower type. Only the leader
knows the desired trajectory of the object, while the follower tries to keep up using
exclusively sensor information (force, position, velocity). We emphasize that the
desired trajectory can neither be transmitted off-line. The only information to be
exchanged, are few off-line parameters (geometric, inertial). Further information is
provided in the beginning of each chapter.

1.1 Related Work

Research on cooperative manipulation began in the early 1970s. During late
1980s s strong theoretical background for the control of multi-arm robots was formed,
providing the basis for research on more advanced topics from the 1990s to today
(refer to [SK08]).

Some works belong in the class of centralized control. A central system obtains
global information on an environment including all the robots and determines ac-
tions for all of them. In [Kha88], the overall closed-chain system is treated as an
augmented object, by expressing its inertial properties via a single inertia matrix.
Tanner et. al. [TLK03] proposed a centralized motion planning methodology for
nonholonomic mobile manipulators, handling a deformable object, based on dipolar
inverse Lyapunov functions, with guaranteed collision avoidance and convergence
properties.
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Another example of centralized control is the Object Impedance Control [SCJ92].
An impedance law specifies the relationship between the object’s accelerations, ex-
ternal forces, and kinematic state. In Multiple Impedance Control [MP10] this
relation is also imposed on the manipulators. Impedance control can also be based
on Internal Force [BH96]. The above impedance schemes even in their decentralized
versions [DCJR97] need explicit communication or off-line knowledge of the desired
trajectory.

In decentralized systems, the cooperating robots do not depend on a central unit
to compute their desired actions. Still, many works use explicit communication or
off-line knowledge of the desired trajectory. Khatib et. al. in [KYC+96] extended the
augmented object notion to mobile manipulators and presented a decentralized con-
trol scheme. In [LAO96], [TBK04] knowledge of the desired trajectory is required.
Other decentralized schemes adopt the leader-follower architecture [LZ87],[SK98].
Since the leader has the responsibility of motion, these formations are not sym-
metric and thus prone to leader faults. However, to completely replace explicit
communication, some agents have to be completely ignorant of the task. Therefore,
this objective is only achievable with such formations.

Kosuge et. al. [KO96], [KOC97], [KOS97] designed a decentralized leader-
follower scheme, in which only implicit communication is used. Only the leader
knows the desired trajectory, with followers trying to estimate it through the mo-
tion of the object. The estimation scheme though, is not robust and converges only
when the desired acceleration is zero. Also, object’s dynamics are not explicitly
dealt with.

Stilwell and Bay [SB93] studied the case of multiple nonholonomic mobile robots.
The object-robot contact was modelled as a spring and damper. Again this scheme
is decentralized, of leader-follower type and uses only implicit communication. The
goal of the follower, is to behave as a caster (keep distance from object constant,
align itself to force direction). The follower’s caster behaviour is also explored in
[KOS+98]. In the above works, it is not stated how the overall system can be
stabilized.

Some decentralized schemes, which employ only implicit communication, do not
include the system models and are based on decision rules over a finite set of possible
actions [AHY+99], [YS01]. In [GMD06],[NGB+09] the followers take the interaction
forces as input in a neural network, which produces the desired orientation and
velocity as output. In [BJ95] a pushing scenario is considered, where the leader
is responsible for the steering angle, while the follower only pushes. A leadership
exchange scenario is explored in [PPCC02]. However, the aforementioned decision
rules are mainly heuristic and there is no guarantee that the object behaves as
desired.

Finally, in contrast to leader-follower architecture, in completely distributed sys-
tems all robots are equal and the task does not depend on a leader. In the pushing
scenario of [RDJ95] and [DJR97] the object’s motion is controlled by a quasi-static
protocol. In [AN01] the task of transferring the object is divided in two tasks: con-
straining and moving the load. The execution of the task does not need explicit
communication. However, the robots must have some knowledge about the task
off-line.



Chapter 2

Cooperation of mobile robots

In this chapter the first cooperative scenario is presented. The team consists
of two nonholonomic mobile robots, in a leader-follower formation and the object
carried is a simple bar (fig. 2.1). Motion takes place at the horizontal plane. The
nonholonomic nature of the agents increases the difficulty of the object transporta-
tion task and restricts the mobility of the overall formation. To tackle this problem
we mount the object on revolute joints placed on the platforms, to allow relative
angular displacements between it and the agents. The leader’s joint is free, while the
follower’s is compliant. Moreover, the contact between the object and the follower’s
revolute joint is also chosen to be compliant.

As a result, the mobility is increased and force-torque exerted by the follower
now depends on its relative position to the object. This enables us to introduce
force-torque in the kinematic model of our system, thus removing the uncertainty in
the case of purely rigid contact, where forces can only be considered at the dynamic
model.

Figure 2.1: Cooperation of mobile robots

The main goal of the leader is to stabilize the position and angle of the object,
while the follower is trying to keep up using only force sensing, by keeping torque

19



20 CHAPTER 2. COOPERATION OF MOBILE ROBOTS

almost zero, and force almost constant, close a desired value. Follower’s objectives
are satisfied by employing a prescribed performance controller. As a side effect it
aligns itself with the object and keeps constant inter-robot distance. With follower’s
goal satisfied, the overall system can be modelled as a perturbed car-like model,
with the leader acting like the steering wheels. We discern two cases:

• Leader does not measure its free joint angle. We call this case open loop,
since the leader has no knowledge of the overall system’s state, and is rendered
unable to compute steering angle. Of course, the best achievable performance
is limited to leader’s stabilization, with the object’s angle being uncontrollable,
especially in backward motion.

• Leader measures its free joint angle. We call this case closed loop, since the
object’s state is known to leader. The steering angle can now be computed.
Therefore, the leader can now implement a discontinuous feedback law, which
stabilizes the nominal car-like system. This law, as the robustness analysis
proves, renders the system locally ultimately bounded, with region of attrac-
tion and bounds depending on follower’s performance.

We emphasize, that no explicit communication is used in the above cases.

This chapter has the following structure:

• System model derivation.

• Follower’s goal, control and simulation.

• Leader’s control, simulation results and comparison.

– Open loop scheme.

– Closed loop scheme.

2.1 System Model

Both agents are differential wheeled robots. The differential wheeled robot model
is equivalent to the model of the unicycle.

2.1.1 Unicycle Model

A unicycle, is a vehicle with a single orientable wheel. Its configuration is com-

pletely described by q =
[
x y θ

]T
, where (x, y) are the Cartesian coordinates

of the contact point of the wheel with the ground, and θ is the orientation of the
wheel with respect to the x axis. For the differential wheeled robot we can assume
the same model, with the corresponding point being the middle of the wheels’ axis
(fig. 2.2).
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Figure 2.2: Differential wheeled robot as a unicycle

The pure rolling constraint for the wheels is expressed in the Pfaffian form as:

ẋ sin θ − ẏ cos θ =
[

sin θ − cos θ 0
]
q̇ = 0 (2.1)

and entails that, in the absence of slipping, the velocity of the aforementioned point
has zero component in the direction orthogonal to the vehicle’s heading. Consider
now the matrix

G(q) =
[
g1(q) g2(q)

]
=

 cos θ 0
sin θ 0

0 1

 ,
whose columns g1(q) and g2(q) are, for each q, a basis of the null space of the matrix
associated with the Pfaffian constraint. All the admissible generalized velocities at
q are therefore obtained as a linear combination of g1(q) and g2(q). The kinematic
model of each agent can now described: ẋl

ẏl
θ̇l

 =

 cos θl
sin θl

0

ul +

 0
0
1

 rl (2.2)

for the leader and  ẋf
ẏf
θ̇f

 =

 cos θf
sin θf

0

uf +

 0
0
1

 rf (2.3)

for the follower. Coordinates xi, yi, θi, i ∈ {l, f} are considered with respect to an
inertial global frame.

2.1.2 Overall System

The overall formation is shown in fig. 2.3. By L we define the distance between
the two robots. This distance is, indeed, not constant since it depends on the
displacement of the compliant contact. We also define by θ the orientation angle of
the object and by φi the angle displacement between it and the robots:

φl = θl − θ (2.4)

φf = θ − θf (2.5)
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Figure 2.3: Overall formation with defined angles and distance

Contact model

The model of the contact is depicted in fig. 2.4. The forces F, T exerted on the
follower are shown along with the corresponding translational δx and angular φf
deformations. The translational compliance can be achieved with either a spring
or a soft robot tip (see [BDR10]), with high stiffness constant. Respectively, an-
gular compliance is implemented via a torsion spring. However, rotational stiffness
constant is allowed to be more low. We stress that forces depend only on position
variables, assuming that damping components are negligible.

Figure 2.4: Compliant contact and forces exerted on the follower

Due to the contact’s structure, the elastic force always lies on the object’s di-
rection. We assume that only compression is allowed, no stretching takes place
and force magnitude is a positive strictly increasing and continuously differen-
tiable nonlinear function of the deformation δx. Now we define the deformation
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δx = Lo−L, for Lo ≥ L > L, where Lo is the natural inter-robot distance when de-
formation and consequently force are zero. L is inter-robot distance corresponding
to the highest compression possible. To summarize the above we write:

F = F(ql,qf ,θ) = F (Lo − L)

[
cos θ
sin θ

]
(2.6)

0 ≤ F (Lo−L) < F = F (Lo − L) (2.7)

∂F

∂δx
> 0 and

∂F

∂L
= − ∂F

∂δx
< 0 (2.8)

F (0) = 0 (2.9)

Other than the previous properties, no exact knowledge about the force model is
available.

Torque, indeed, is orthogonal to the horizontal plane and its magnitude is also a
positive strictly increasing and continuously differentiable nonlinear function of the
angle φf . We also write:

T =T (φf ) (2.10)

∂T

∂φf
> 0 (2.11)

T (0) = 0 (2.12)

φf is not restricted naturally. However, as described below, follower constraints it
inside the interval (−π

2
, π

2
), in order to avoid singular configurations. Therefore,

whereas the exact torque function is unknown we need to estimate values T
(
±π

2

)
.

Model derivation

We use unicycle equations (2.2,2.3) along with the following:

L =

√
(xl − xf )2 + (yl − yf )2 (2.13)[

xf
yf

]
=

[
xl
yl

]
− L

[
cos θ
sin θ

]
(2.14)

Differentiating the above and after some manipulations we arrive at:

θ̇ =
ul sinφl
L

+
uf sinφf

L
(2.15)

L̇ = −uf cosφf + ul cosφl (2.16)

φ̇f = −rf +
ul sinφl
L

+
uf sinφf

L
(2.17)

Follower’s control scheme is based on force-torque sensing and control. Hence, it
is reasonable to express the state equations with respect to the compliant contact’s
forces. Differentiating force and torque magnitude: Ḟ = ∂F

∂L
L̇ and Ṫ = ∂T

∂φf
φ̇f we
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can finally complete state equations. The overall system model is described below:



ẋl
ẏl
θ̇l
θ̇

Ḟ

Ṫ

 =



ul cos θl
ul sin θl
rl

ul sinφl
L

+
uf sinφf

L
∂F
∂L

(−uf cosφf + ul cosφl)

∂T
∂φf

(
−rf +

ul sinφl
L

+
uf sinφf

L

)


(2.18)

We could replace θl with φl in some cases, for example in the closed loop scheme.

2.2 Follower’s problem statement and control

2.2.1 Problem statement

Force

Follower’s goal is to keep force almost constant close to a desired value. Satis-
faction of this goal establishes enough force for the stability of the contact. It also
guarantees safety by limiting too high forces. We could describe the goal:

0 < F − Fd < ρf (t) < F − Fd

where Fd is the desired force. Function ρf (t) is called a performance function (for
more information refer to Appendix A or [BR10]). It acts as an upper bound for
the force error F −Fd. We can achieve desired transient and steady-state properties
of the error, by choosing an appropriate performance function. A common choice is
an exponentially decaying function ρ(t) = (ρo− ρ∞)e−kt + ρ∞. Note that this upper
bound must be less than the maximum force error. Moreover, to ensure contact is
not lost, this error is only allowed to be positive. If we define ef = F − Fd − ρf

2
the

goal can also be written in the form:

|ef | <
ρf
2

(2.19)

Remark 2.1. Satisfaction of force goal has the side-effect of keeping steady-state
distance between leader and follower, almost constant. Thus, follower manages to
keep up with the leader and maintains contact.

Since function F (Lo − L) is continuous, strictly increasing w.r.t. Lo − L, and
F (0) = 0:

Lo − Ld < Lo − L < F−1 (Fd + ρf )

Thus if ρ∞ is sufficiently small, using Taylor expansion:

0 < Lo − L < Lo − Ld −
∂F

∂L

−1

ρf + o (ρf )

0 < lim
t→∞

(Ld − L) <

∣∣∣∣∂F∂L
∣∣∣∣−1

ρf∞ + o (ρf∞)

(2.20)
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Considering
∣∣∂F
∂L

∣∣ 6= 0 steady-state error can be made arbitrarily small by choosing
steady-state performance value ρf∞.

Remark 2.2. If stiffness constant
∣∣∂F
∂L

∣∣ is very high, not only steady-state, but also
transient-state distance is almost constant.

Using Taylor expansion:

F (Lo − L) ≈ −∂F
∂L

(Lo − L)

Hence, replacing the above into (2.19) we obtain:

0 < Lo − L <
ρf∣∣∂F
∂L

∣∣ +
Fd∣∣∂F
∂L

∣∣ (2.21)

Torque

Regarding torque, follower has the goal to keep it close to zero. Additionally
torque is not allowed to reach value T

(
±π

2

)
, in order to avoid singular configurations.

Again, a performance function is used, with the following properties:

|T | = |eτ | < ρτ (t) ≤ T <
∣∣∣T (±π

2

)∣∣∣ (2.22)

where, T is the maximum allowed torque and can be chosen to be any value within
the interval

(
|T (φf (0))| ,

∣∣T (±π
2

)∣∣), assuming that initial configuration is not sin-
gular: |φf (0)| < π

2
. This is the reason, knowledge of T

(
±π

2

)
is required.

Remark 2.3. The side-effect of torque goal satisfaction is the alignment of the
follower to the object, with arbitrarily small steady-state error.

Indeed, since function T is continuous, strictly increasing, and T (0) = 0:

|φf (t)| < T−1(ρτ (t)) and as a result

lim
t→∞
|φf (t)| < T−1(ρτ∞) (2.23)

which again can be made arbitrarily small. The above can be illustrated in the
following figures:
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(a) Transient state

(b) Close to steady-
state

Figure 2.5: All possible configurations have lower torque than the performance
function: |Ti| < ρτ . As a side effect, angle is also bounded inside a continuously
shrinking sector. Implicitly, follower aligns itself to the object.

Remark 2.4. Another side-effect of follower’s actions is that the system model
approximates that of a car-like robot with front wheel actuation.

At steady state L is almost constant and φf is very small, so object’s angular
equation (2.15) can be approximated by:

θ̇ ≈ ul sinφl
L

(2.24)

2.2.2 Control

Before we proceed with the controller presentation, some assumptions must be
made:

Assumption 2.1. The initial force and torque error satisfy |ef (0)| < ρf (0)

2
and

|eτ (0)| < ρτ (0).

This can easily be achieved by choosing values ρfo, ρτo.

Assumption 2.2. The initial configuration is in the region |φf (0)| < π
2
, hence

torque error satisfies |T (φf (0)) | < |T
(
±π

2

)
|.
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This enables us to choose maximum allowed torque T in (2.22) when we define
performance bounds. If this assumption is violated it is trivial for the follower to
reconfigure its position, before the overall system begins execution of its task.

Assumption 2.3. Initial force is higher that the desired force: F (L(0)) > Fd.

Again, it is trivial for the follower to reconfigure its position before execution, if
initial force is lower.

Control Scheme

After choosing suitable performance functions we can finally design the desired
velocities:

uf = −kf ln

1 +
2ef
ρf (t)

1− 2ef
ρf (t)

 (2.25)

rf = kτ ln

1 +
eτ

ρτ (t)

1− eτ
ρτ (t)

 (2.26)

Remark 2.5. In contrast to most decentralized schemes, the proposed is independent
of leader’s velocity inputs ul, rl. Therefore, no explicit communication is takes place.
The sacrifice for this lack of knowledge is that ultimate boundedness of force-torque
errors is achieved instead of asymptotic stability. However, error can converge to
an arbitrarily small residual set, through choice of ρi∞

Stability Analysis

Theorem 2.1. Consider the force-torque equations of the follower (2.18) with ini-
tial values satisfying Assumptions 2.1-2.3. Provided leader’s input velocity ul is
smooth, bounded, with bounded derivatives, control scheme (2.25), (2.26) maintains
satisfaction of constraints (2.19), (2.22).

Proof: First, let us define the normalized errors:

ξf =
2ef
ρf (t)

(2.27)

ξτ =
eτ

ρτ (t)
(2.28)

In this respect, desired velocities (2.25)-(2.26) may be written as functions of the
normalized errors ξi, i ∈ {f, τ} as follows:

uf = −kf ln

(
1 + ξf
1− ξf

)
(2.29)

rf = kτ ln

(
1 + ξτ
1− ξτ

)
(2.30)
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Next, we define the overall ξ vector:

ξ =
[
ξf ξτ

]T
(2.31)

Differentiating the normalized errors with respect to time and substituting (2.18),
we obtain in a compact form, the dynamical system of the overall state vector:

ξ̇ = h (t, ξ) (2.32)

where the function h (t, ξ) includes all terms found at the right hand side after the
differentiation of ξ. Let us also define the open set:

Ωξ = (−1, 1)× (−1, 1)

The proof proceeds in two phases. First, the existence of a maximal solution ξ (t)
of (2.32) over the set Ωξ for a time interval [0, τmax) (i.e., ξ (t) ∈ Ωξ, ∀t ∈ [0, τmax))
is ensured. Then, we prove that the proposed control scheme guarantees, for all
t ∈ [0, τmax): a) the boundedness of all closed loop signals of (2.32) as well as that
b) ξ (t) ∈ Ω

′

ξ with Ω
′

ξ denoting a compact subset of Ωξ, which subsequently leads
by contradiction with Proposition B.1 (Appendix B) to τmax = ∞. Hence, from
(2.27)-(2.28), we conclude that:

−ρf (t)

2
< ef (t) <

ρf (t)

2
−ρτ (t) < eτ (t) < ρτ (t)

for all t ≥ 0 and consequently that satisfaction of force-torque constraints with
prescribed performance is achieved.
Phase A: Set Ωξ is nonempty and open. Moreover, owing to the selection of the
performance functions ρi (t), as well as to assumptions we conclude that ξ (0) ∈ Ωξ.
Additionally, due to the smoothness of a) the system nonlinearities, b) leader’s
velocity and c) the proposed control scheme, over Ωξ, it can be easily verified that
h (t, ξ) is continuous on t and continuous for all ξ ∈ Ωξ. Therefore, the hypotheses
of Theorem B.1 stated in Appendix B hold and the existence of a maximal solution
ξ (t) of (2.32) on a time interval [0, τmax) such that ξ (t) ∈ Ωξ, ∀t ∈ [0, τmax) is
ensured.

Phase B: We have proven in Phase A that ξ (t) ∈ Ωξ, ∀t ∈ [0, τmax) or equivalently
that:

ξi (t) ∈ (−1, 1) , i ∈ {f, τ} (2.33)

for all t ∈ [0, τmax). Therefore, the signals:

εi (t) = ln

(
1 + ξi (t)

1− ξi (t)

)
, i ∈ {f, τ} (2.34)

are well defined for all t ∈ [0, τmax).
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Consider now the positive definite and radially unbounded function Vf = 1
2
ε2
f .

Differentiating with respect to time, we obtain:

V̇f =
∂F

∂L

4εf(
1− ξ2

f

)
ρf (t)

(−uf cosφf + ul cosφl

−
(
∂F

∂L

)−1

(1 + ξf )
ρ̇f (t)

2

)
. (2.35)

Substituting uf from (2.25) then:

V̇f =
∂F

∂L

4εf(
1− ξ2

f

)
ρf (t)

(kfεf cosφf + ul cosφl

−
(
∂F

∂L

)−1

(1 + ξf )
ρ̇f (t)

2

)
. (2.36)

Since u̇l, ρ̇f are bounded by construction, ξ ∈ Ωc and stiffness constant ∂F
∂L
≤ c < 0

is nonzero we arrive at:∣∣∣∣∣ul cosφl −
(
∂F

∂L

)−1

(1 + ξf )
ρ̇f (t)

2

∣∣∣∣∣ ≤ Ūf (2.37)

where

Ūf = |ul|+
1

c
|ρ̇f | (2.38)

Moreover, cos (φf ) > cos
(
φ
)
> 0, ρf > 0 and ξf < 1, where φ = T−1(T ) < π

2
is

the maximum allowed value for φf . Therefore V̇f < 0 when |εf (t)| > Ūf

kf cos(φ)
and

subsequently:

|εf (t)| ≤ ε̄f = max

{
|εf (0) |, Ūf

kf cos
(
φ̄
)} , (2.39)

for all t ∈ [0, τmax). Taking the inverse of (2.34):

− 1 < e
−ε̄f−1

e
−ε̄f+1

= ξf ≤ ξf (t) ≤ ξf = e
ε̄f−1

e
ε̄f+1

< 1 (2.40)

for all t ∈ [0, τmax). As a result, velocity uf remains bounded (i.e., |uf (t)| ≤ kf ε̄f )
for all t ∈ [0, τmax). Following similar analysis, using Vτ = 1

2
ε2
τ we obtain:

|ετ (t)| ≤ ε̄τ = max

{
|ετ (0) |, Ūτ

kτ cos
(
ψ̄
)} (2.41)

for t ∈ [0, tmax) and an unknown positive constant Ūτ . As before, taking the inverse
logarithmic function:

− 1 < e−ε̄τ−1
e−ε̄τ+1

= ξτ ≤ ξτ (t) ≤ ξτ = eε̄τ−1
eε̄τ+1

< 1 (2.42)

and velocity rf remains bounded (i.e., |rf (t)| ≤ kτ ε̄τ ) for all t ∈ [0, τmax).
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Up to this point, what remains to be shown is that τmax =∞. Notice that (2.40)
and (2.42) imply that ξ (t) ∈ Ω

′

ξ, ∀t ∈ [0, τmax), where:

Ω
′

ξ =
∏

i∈{f,τ}

[
e−ε̄i−1
e−ε̄i+1

, e
ε̄i−1
eε̄i+1

]
is a nonempty and compact set. Moreover, it can be easily verified that:

Ω
′

ξ ⊂ Ωξ

Hence, assuming τmax < ∞ and since Ω
′

ξ ⊂ Ωξ, Proposition B.1 in Appendix B

dictates the existence of a time instant t
′ ∈ [0, τmax) such that ξ

(
t
′)
/∈ Ω

′

ξ, which
is a clear contradiction. Therefore, τmax = ∞. As a result, all closed loop signals
remain bounded and moreover ξ (t) ∈ Ω

′

ξ ⊂ Ωξ, ∀t ≥ 0. Finally, from (2.27), (2.28),
(2.40) and (2.42), we conclude that:

0 < (ξf + 1)
ρf (t)

2
≤ F (t)− Fd ≤ (ξf + 1)

ρf (t)

2
< ρf (t)

−ρτ (t) < ξτρτ (t) ≤ eτ (t) ≤ ξτρτ (t) < ρτ (t)

for all t ≥ 0 and consequently follower’s goal is achieved, as presented in subsection
2.2.1, which completes the proof.

Remark 2.6. From the aforementioned proof, it is worth noticing that the pro-
posed control scheme achieves its goals without residing to the need of rendering
ε̄i, i ∈ {f, τ} arbitrarily small, through extreme values of the control gains ki. In
this spirit, large leader velocity affects only the size of ε̄i, but leaves unaltered the
achieved stability properties as shown in the above equations. Moreover, the selection
of the control gains ki is significantly simplified to adopting those values that lead to
reasonable control effort.

2.2.3 Simulation

This simulation is carried out to illustrate only follower’s behaviour. Overall
system behaviour does not concern us in this section. We only intend to demonstrate
how performance bounds are met.

A simple scenario is considered (fig. 2.8), in which leader makes two steering
manoeuvres of 90o. We design the follower’s controller according to (2.25)-(2.26).
The systems starts from the initial configuration: xl (0) = 2, yl (0) = 0, φl (0) = 0,
θ (0) = π

8
, F (0) = 40, T (0) = 8. To model the force and torque we used models:

F = 500(L − L0), T = 40 sinφf . The desired force is Fd = 10. With maximum
allowed force F = 50, maximum allowed torque T = 30, steady state errors 0.1
and minimum convergence rate e−0.5t, we choose the performance functions: ρf =
(50− 0.1) e−0.5t + 0.1, ρτ = (30− 0.1) e−0.5t + 0.1. Finally, we choose kf = 0.1,
kτ = 0.1.

As depicted in figures 2.6, 2.7, satisfaction of force and torque constraints is
achieved. Also convergence rate of force/torque errors to their steady state residual
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sets is high enough. Disturbances caused by the unpredictable leader’s movement
are rejected effectively. Implicitly follower succeeds in keeping up with the leader
(fig.2.8). Additionally, control effort is satisfactorily smooth and comparable to
leader’s effort (fig. 2.9).
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Figure 2.8: Demonstration of follower’s behaviour. Coloured contours are the robots’
trajectories. Satisfaction of force-torque goals results in contact maintenance and
follower’s alignment to the object.
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Figure 2.9: Input velocities. Follower does not overreact to leader’s movement.
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2.3 Leader’s behaviour

In the previous section, we examined the overall system from the perspective of
the follower. Now it follows naturally to highlight leader’s possible actions. In the
beginning of this chapter, it was stated that we discern two cases, depending on
availability of φl sensing. The first case, in which this signal cannot be measured, is
called open loop. Leader has information about its own position variables xl, yl, θl.
On the other hand, in the second-closed loop case, leader has also knowledge of φl.
We intend to show that the latter scheme outperforms the former one.

In both cases, we consider the position stabilization problem. We desire to drive
the system from an initial to a goal configuration (i.e. the origin). For the open
loop scheme, only the unicycle model of the leader is considered, whereas for the
closed loop a perturbed car-like model of the overall system is derived. Such non-
holonomic systems, can only be stabilized via either time-varying or discontinuous
state feedback control. In this work we follow the second approach. The synthesis
of a simple discontinuous law is derived, when the system is in the so-called chained
form (see [Ast95]). Before we proceed, we present some preliminaries about chained
form systems.

2.3.1 Chained form systems

This class of nonholonomic systems is described by equations of the form:

ż1 = v1

ż2 = v2

ż3 = z2v1

ż4 = z3v1

. . .

żn = zn−1v1

(2.43)

Such systems are maximally nonholonomic, i. e. are completely controllable, thus it
is possible to find a pair of control signal v1 and v2 steering the state of the system
(2.43) to any configuration. However, for general nonlinear systems controllability
does not imply smooth stabilizability [Bro83] and in fact this system cannot be
stabilized through continuously differentiable, state feedback control. It is possible,
though, to stabilize system (2.43) via a discontinuous state feedback control law.
This law is derived from the following lemma [Ast95].

Lemma 2.1. The system of ordinary differential equations:

ż1 = −kz1

ż2 = p2z2 + p3
z3

z1

+ · · ·+ pn−1
zn−1

zn−3
1

+ pn
zn

zn−2
1

ż3 = −kz1z2

. . .

żn−1 = −kz1zn−2

żn = −kz1zn−1

(2.44)
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with initial condition:

z (0) =
[
z1 (0) z2 (0) z3 (0) . . . zn (0)

]
such that:

z1 (0) 6= 0 (2.45)

has a unique and well defined solution for all t ≥ 0.
Moreover, let

Λ =



p2 p3 p4 · · · pn−1 pn
−k k 0 · · · 0 0
0 −k 2k · · · 0 0
...

...
...

...
...

...
0 0 0 · · · (n− 3)k 0
0 0 0 · · · −k (n− 2)k


(2.46)

and
Φ (t) = exp (Λt)

Then the unique solution of the system satisfying the initial condition constraint
(2.45) is:

z1 (t) = z1 (0) e−kt
z2 (t)
z3 (t)

...
zn−1 (t)
zn (t)

 = Γ (t) Φ (t) ξ (0)
(2.47)

where

ξ (0) =
[
z2 (0) z3(0)

z1(0)
· · · zn−1(0)

zn−3
1 (0)

zn(0)

zn−2
1 (0)

]T
(2.48)

and
Γ (t) = diag

(
1, z1 (t) , . . . , zn−3

1 (t) , zn−2
1 (t)

)
Proof. For the component z1 the proof is trivial. Regarding the remaining com-
ponents of the state vector, note that if z1 6= 0 it is possible to apply the state
transformation:

ξ =


ξ2 (t)
ξ3 (t)

...
ξn−1 (t)
ξn (t)

 =



z2 (t)
z3 (t)

z1 (t)
...

zn−1 (t)

zn−3
1 (t)
zn (t)

zn−2
1 (t)


(2.49)

yielding
ξ̇ = Λξ (2.50)
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System (2.50), with the initial conditions (2.48), admits the closed integral

ξ (t) = Φ (t) ξ (0) .

Hence, the claim directly follows, applying the inverse transformation.

The result of this lemma allows us to prove the following.

Proposition 2.1. Consider the system (2.43) and assume that its initial state z0

satisfies condition (2.45). Then the discontinuous control law equation:

v =

[
−kz1

p2z2 + p3
z3
z1

+ · · ·+ pn−1
zn−1

zn−3
1

+ pn
zn
zn−2
1

]
(2.51)

exponentially drives the state to the origin of the coordinates system if

k > 0 σ (Λ) ⊂ C− (2.52)

where Λ is defined in (2.46), σ (Λ) denotes the spectrum of the matrix Λ and C−

denotes the open left-half complex plane.

Proof. It follows directly from lemma 2.1. In fact if k > 0 the state z1 converges
exponentially to zero and as a consequence the matrix Γ (t) is well defined and
bounded for all t ≥ 0. Moreover, the vector ξ (0) is bounded and if Λ is a Hurwitz
matrix, states z2 through z4, tend to zero with an exponential decay rate.

Remark 2.7. The assumption z1(0) 6= 0 can be done without lack of generality,
as it is always possible to apply preventively an open loop control input, driving the
system arbitrarily away from the plane z1 = 0.

Remark 2.8. Simple algebra shows that, if k 6= 0, it is always possible to fix the
coefficients pi such that the matrix Λ is Hurwitz.

Remark 2.9. It must be noticed that the discontinuous control law (2.51) does not
provide an exponential stabilizer in the usual sense. As a matter of fact, it guarantees
only exponential convergence of the state to the origin. Such a convergence takes
place only for initial conditions in an open and dense set, namely in all Rn without
the plane z1 = 0. For this reason we can refer to the control law (2.51) as a global
almost exponential stabilizer.

Remark 2.10. Note that, under the hypotheses of Proposition 2.1 and if z1 (0) 6= 0,
the control signal (2.51) is bounded, along the trajectories of the closed loop system,
for all t ≥ 0 and decays exponentially to zero.

2.3.2 Open loop scheme

As stated before, the desired task is point stabilization of the leader’s state.
Without loss of generality, this point is the origin of the coordinate system. To
achieve this goal we consider the chained form model of the unicycle, and use the
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aforementioned discontinuous control law (2.51). A way (not unique) to transform
the unicycle model to chained form is presented below.

z1 = xl

z2 = tan θl

z3 = yl

(2.53)

with inputs:

ul =
v1

cos θl
rl = v2 cos2 θl

(2.54)

Applying Proposition 2.1, we obtain

ul = −k xl
cos θl

rl = cos2 θl

(
p2 tan θl + p3

yl
xl

) (2.55)

Stability of object’s angle

Remark 2.11. During forward motion, angle φl is bounded for turning radius and
forward velocity large enough: ul > cL |rl|+ ε, where c, ε are positive constants with
c > 1 and ε large enough. During backward motion, though, this degree of free-
dom is unstable in the absence of feedback and renders the system prone to singular
configurations.

Indeed, from equations (2.2),(2.15) we obtain:

φ̇l = rl −
ul sinφl
L

− uf sinφf
L

(2.56)

Recall that since follower satisfies force-torque constraints the last term at steady

state
∣∣∣uf sinφf

L

∣∣∣ < δ, where δ is an arbitrarily small constant (eq. 2.39, 2.38, 2.23).

Suppose now, that the aforementioned condition holds with ε > δL. Next, take
Lyapunov function V = 1

2
φ2
l . Differentiating it we arrive at:

V̇ ≤ φl

(
rl + δ −

(
c |rl|+

ε

L

)
sinφl

)
As a result:

V̇ < 0, for |φl| > φl

φl = max sin−1

(
rl + δ

c |rl|+ ε
L

)
(2.57)

This property is due to the open loop architecture and is independent of the control
scheme. One possible way to achieve the remark’s condition with this specific control
law (2.55) is to choose proper gains k, pi, such that states z2, z3 converge to zero
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faster than state z1. Furthermore,(2.55) must be slightly modified, to prevent ul
from reaching ε:

[
ul rl

]
=

{
control law (2.55) if |kxl| > ε[

0 0
]T

if |kxl| ≤ ε

On the contrary, during backward motion ul < 0 and thus, product (−ulφl sinφl)
is positive, rendering stabilization of angle φf very difficult without feedback. For
example if rl = 0, V̇ ≥ 0 for φl > ε, where ε is a very small constant.

From the above, it is clear that angle φl not only is not stabilizable, but can be
unbounded as well. These problems are illustrated in the following simulations.

Simulation

We simulate the performance of the overall system, while the leader executes its
stabilization control law. We test both movement directions (forward, backward).
For the follower we use the same parameters as in subsection 2.2.3, except for gains,
which are chosen kf = kτ = 1. Leader’s goal configuration is the origin, with zero
heading angle.

In figure 2.10 it is shown how leader’s state variables exponentially converge to
zero with this control law. Forward motion behaviour is depicted in figures 2.11,
2.12. Notice that angle φl remains bounded since no sharp turn take place. Finally,
in figures 2.13, 2.14 backward motion behaviour is shown. Angle φl is unbounded
and escapes region
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Figure 2.10: Typical convergence of leader’s state.
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Figure 2.11: Open loop forward motion. Leader converges to the origin with zero
heading.
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Figure 2.12: Angle φl may not converge to zero, but at least remains bounded due
to large turning radius of the leader.
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Figure 2.13: Open loop backward motion. Although leader converges to the origin,
object heading is reversed.

0 5 10 15
0

0.5

1

1.5

2

2.5

3

3.5

t(sec)

 

 

φ
l

Figure 2.14: Angle φl is unbounded, it escapes region
(
−π

2
, π

2

)
.



40 CHAPTER 2. COOPERATION OF MOBILE ROBOTS

2.3.3 Closed loop scheme

In the previous subsection, it was not possible to stabilize the object’s angle with-
out feedback, with backward movement even rendering it unbounded. An approach
to overcome backward movement’s unboundedness without feedback is a leadership
exchange scheme [PPCC02]. However, the only way to effectively overcome the
above problems is introducing a feedback law, which uses φl. In this work we deal
with the latter. From now one we consider φl, and as a result θ, known.

As stated in remark 2.4 and described below, the overall system approximates the
nominal model of a car-like robot. In this sense, we can choose a control scheme from
the literature and test robustness thereafter. For the point stabilization problem,
the aforementioned Astolfi’s control law, is adequate. We even prove it renders
the system ultimately bounded, with bounds that depend on design and follower’s
performance. Though, we emphasize that any available control scheme could have
been tested instead. Before we deal with this argument formally, we review the
nominal car-like model and its conversion to chained form.

Car model

We consider a 4-DOF car-like (fig. 2.15) robot with front-wheel actuation:

ẋ = u cosφ cos θ

ẏ = u cosφ sin θ

θ̇ = u
sinφ

l

φ̇ = r

(2.58)

where x, y, θ are the vehicle’s coordinates considered on the center of the rear wheels’
axis, φ is the steering angle, u is the input velocity, r is the steering velocity input
and l the distance between front and rear wheels.

Figure 2.15: Car’s model

The above system can be transformed to chained form following local state trans-
formation:

z1 = x

z2 =
1

l
sec3θ tanφ

z3 = tan θ

z4 = y

(2.59)
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and input change:

v1 = u cosφ cos θ (2.60)

v2 =

(
3

l2
sec4 θ sin θ sin2 φ secφ

)
u+

(
1

l
sec3 θ sec2 φ

)
r (2.61)

the state equations can now be expressed in four dimensional chained form:

ż1 = v1

ż2 = v2

ż3 = z2v1

ż4 = z3v1

(2.62)

To recover the original input signals we use:

u =
v1

cosφ cos θ
(2.63)

r =

(
−3

l
sin2 φ tan θ sec θ

)
v1 +

(
l cos2 φ cos3 θ

)
v2 (2.64)

Perturbed car model

Now we present more rigorously, how our system can be expressed as a perturbed
car-like system. In the preceding car equations, coordinates x, y are considered on
the rear wheels. In our system, if the follower satisfies the force-torque goals, then,
as a side effect, acts like the rear wheels of a car. However, the leader has no
access to xf , yf to use them in the feedback scheme. To overcome this fact, we
resort to estimation of follower’s position, considering the point (x, y) = (xl, yl) −
Ld (cos θ, sin θ), if measurement of Ld is available. If not we can use Lo, provided
the stiffness of the force model is high.

We now express the system’s equations with respect to x, y, φl, θ:

ẋ = ul (cosφl cos θ + ε sinφl sin θ) + w sin θ

ẏ = ul (cosφl sin θ − ε sinφl cos θ)− w cos θ

θ̇ = ul
sinφl
Ld

(1 + ε) +
w

Ld

φ̇l = r − ulε
sinφl
Ld
− w

Ld

(2.65)

where

r = rl − ul
sinφl
Lo

(2.66)

is the perturbed system’s steering velocity and

ε =
Ld
L
− 1 (2.67)

w =uf
Ld
L

sinφf (2.68)
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are the disturbances, caused by the estimation error and follower’s misalignment
respectively.

Respectively, we can transform (2.65) into a perturbed chained form. Applying
transformation (2.59) and assuming θ, φl ∈

(
−π

2
, π

2

)
we acquire:

ż1 =

(
1 + εLd

z2z3

(1 + z3
2)

3
2

)
v1 + w

z3√
1 + z3

2

ż2 = v2 + ε
v1

L2
d

(
3L2

d

z2
2z3

1 + z3
2
− Ldz2

(
1 + z3

2
) 1

2 − L3
d

z2
3

(1 + z3
2)

5
2

)

+ w
1

L2
d

(
3Ldz2z3 −

(
1 + z3

2
) 3

2 − L2
d

z2
2

(1 + z3
2)

3
2

)

ż3 = (1 + ε) z2v1 + w
1 + z3

2

Ld

ż4 =

(
z3 − ε

Ldz2

(1 + z3
2)

3
2

)
v1 − w

1√
1 + z3

2

(2.69)

Observe that the above system is a perturbed version of (2.62).

Control

Putting control inputs (2.51), and using transformation 2.49 we obtain:

ż1 = −kz1 + kεg11(z1, ξ) + wg12(z1, ξ)

ξ̇2 = p2ξ2 + p3ξ3 + p4ξ4 + kεg21(z1, ξ) + wg22(z1, ξ)

ξ̇3 = −kξ2 + kξ3 + kεg31(z1, ξ) + wg32(z1, ξ)

ξ̇4 = −kξ3 + 2kξ4 + kεg41(z1, ξ) + wg42(z1, ξ)

(2.70)

where functions gij are the nonlinear perturbation’s terms:

g11 = −Ld
z2

1ξ2ξ3(
1 + z1

2ξ3
2
) 3

2

g12 =
z1ξ3√

1 + z1
2ξ3

2

g21 = z1

−3
z1ξ2

2ξ3

1 + z1
2ξ3

2 +
1

Ld
ξ2

(
1 + z1

2ξ3
2
) 1

2 + Ld
ξ2

3(
1 + z1

2ξ3
2
) 5

2


g22 =

1

L2
d

3Ldz1ξ2ξ3 −
(
1 + z1

2ξ3
2
) 3

2 − L2
d

ξ2
2(

1 + z1
2ξ3

2
) 3

2
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g31 = −ξ2 + Ld
z1ξ2ξ

2
3(

1 + z1
2ξ3

2
) 3

2

g32 =
1 + z1

2ξ3
2

Ldz1

− ξ2
3√

1 + z1
2ξ3

2

g41 = 2Ld
z1ξ2ξ3ξ4(

1 + z1
2ξ3

2
) 3

2

+ Ld
ξ2

z1

(
1 + z1

2ξ3
2
) 3

2

g42 = −2
ξ3ξ4√

1 + z1
2ξ3

2
− 1

z2
1

√
1 + z1

2ξ3
2

(2.71)

Notice that perturbation is nonvanishing. Whereas, asymptotic stability cannot
be achieved, accomplishing ultimate boundedness is possible, provided we prevent
z1 from becoming too small. Functions gij are bounded if (z1, ξ) lie within a set
D+ = (z, r1)×{ξ : |ξ| < r} or D− = (−r1,−z)×{ξ : |ξ| < r}, where z is the smallest
allowed value of |z1|. The lower bound imposed on |z1|, is due to some of the gij
functions having a z1 term in the denominator, thus being unbounded in a set
containing the origin.

With proper gains and sufficiently small |w| , |ε| steady-state errors system (2.70)
can reach an desired ultimate bound. However, when z1 reaches its lower bound the
system must stop (zero inputs), since perturbation becomes unbounded.

We summarize the above in the control law:

v =

{
control law (2.51) if |z1| > b1 > z[

0 0
]T

if |z1| ≤ b1

(2.72)

where b1 is the desired bound on z1. In the following subsection we prove that the
above control law renders the system (2.65) locally ultimately bounded with desired
bounds, provided errors |ε|, |w| are small enough and gains k, pi are chosen properly.

2.3.4 Closed loop scheme robustness analysis

System (2.70) can be also written in the following way:

ż1 = −kz1 + g1 (t, z1, ξ) (2.73)

ξ̇ = Aξ + g(t, z1, ξ) (2.74)

Functions gij, gi are bounded and smooth if (z1, ξ) lie within a set D+ = (z, r1)×
Br or D− = (−r1,−z)×Br, where Br = {ξ : |ξ| < r} Furthermore:

A =

 p2 p3 p4

−k k 0
0 −k 2k


with pi we place eigenvalues at desired positions. We can write:

A = UΛU−1 (2.75)
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with

Λ =

 −λ1 0 0
0 −λ2 0
0 0 −λ3

 (2.76)

U =
[
u1 u2 u3

]
(2.77)

the matrix containing the normalized eigenvectors of A.
The following lemma proves that if the initial values lie within a region of attrac-

tion, then state begins to exponentially decrease, until some bounds are reached or
system escapes D+ (or D−) due to |z1| becoming smaller that z. If we also manage
to tune convergence rates (Corollary 2.1) we can ensure that bounds are reached
before the solution escapes D+ (or D−).

Lemma 2.2. Consider system (2.73)-(2.74). Suppose the perturbation terms satisfy:

|g1 (t, z1, ξ)| ≤ δ1 < kµ1r1 (2.78)∣∣U−1
∣∣ |g (t, z1, ξ)| ≤ δ < λmin

√
λmin
λmax

µ
r

|U |
(2.79)

for all t ≥ 0, all (z1, ξ) ∈ D+, D−, and some positive constants µ1 < 1, µ < 1. Also

suppose z < δ1
kµ1

. Then for all |z1 (0)| < r1, |z1 (0)| > δ1
kµ1

, |ξ (0)| < 1
|U−1|

√
λmin
λmax

r
|U | ,

the solutions of the perturbed systems satisfy:

|z1 (t)| ≤ exp [−γ1t] |z1 (0)| , ∀t < T1 (2.80)

|z1 (t)| ≤ b1, ∀t ≥ T1, t < tmax (2.81)

|ξ (t)| ≤ |U | kξ exp [−γt]
∣∣U−1

∣∣ |ξ (0)| , ∀t < min {T, tmax} (2.82)

|ξ (t)| ≤ |U | b, ∀t ≥ T , t < tmax if T < tmax (2.83)

for finite T1, T , where:

γ1 = k (1− µ1) , b1 =
1

k

δ1

µ1

kξ =

√
λmax
λmin

, γ = λmin (1− µ) , b =
1

λmin

√
λmax
λmin

δ

µ

tmax is such that a maximal solution (z1 (t) , ξ (t)) on the interval [0, tmax) exists. If
z1 (0) > 0 then (z1 (t) , ξ (t)) ∈ D+, ∀t ∈ [0, tmax). If z1 (0) < 0 we replace D+ with
D−.

Proof. Without loss of generality we suppose z1 (0) > 0 (the steps are the same in
the negative case).

Phase A: Existence of maximal solution. Set D+ is nonempty and open. More-
over, owing to assumptions (z1 (0) , ξ (0)) ∈ D+. Additionally, due to the smooth-
ness of the disturbances and the proposed control scheme, over D+, it can be easily
verified that right side of system (2.70) is continuous on t and continuous for all
(z1 (t) , ξ (t)) ∈ D+. Therefore, the hypotheses of Theorem B.1 stated in Appendix
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B hold and the existence of a maximal solution ξ (t) of (2.32) on a time interval
[0, tmax) such that (z1 (t) , ξ (t)) ∈ D+, ∀t ∈ [0, tmax) is ensured.

Phase B: Region of attraction and bounds of ξ. Consider similarity transforma-
tion ξ̂ = U−1ξ. Then system (2.74) becomes:

˙̂
ξ = Λξ̂ + U−1g̃

(
t, z1, ξ̂

)
(2.84)

where g̃
(
t, z1, ξ̂

)
= g

(
t, z1, U ξ̂

)
.

Now we define B̃r =
{
ξ̂ :
∣∣∣ξ̂∣∣∣ < r

|U |

}
. If ξ̂ ∈ B̃r then since |ξ| ≤ |U ||ξ̂|, also ξ ∈ Br

and as a result max
ξ̂∈B̃r
|g̃
(
t, z1, ξ̂

)
| ≤ max

ξ∈Br
|g (t, z1, ξ) |. If inequality (2.79) is satisfied

then also: ∣∣U−1
∣∣ ∣∣∣g̃ (t, z1, ξ̂

)∣∣∣ ≤ δ < λmin

√
λmin
λmax

µ
r

|U |
(2.85)

Moreover Lyapunov function:

V = −1

2
ξ̂TΛ−1ξ̂ (2.86)

satisfies:
1

2λmax

∣∣∣ξ̂∣∣∣2 ≤ V ≤ 1

2λmin

∣∣∣ξ̂∣∣∣2
∂V

∂ξ̂
Λξ̂ = −

∣∣∣ξ̂∣∣∣2∣∣∣∣∂V∂ξ̂
∣∣∣∣ ≤ 1

λmin

∣∣∣ξ̂∣∣∣
(2.87)

Differentiating V we obtain:

V̇ ≤ −
∣∣∣ξ̂∣∣∣2 +

δ

λmin

∣∣∣ξ̂∣∣∣
= − (1− µ)

∣∣∣ξ̂∣∣∣2 − µ ∣∣∣ξ̂∣∣∣2 +
δ

λmin

∣∣∣ξ̂∣∣∣
≤ − (1− µ)

∣∣∣ξ̂∣∣∣2 , ∀
∣∣∣ξ̂∣∣∣ ≥ δ

λminµ

≤ −2λmin (1− µ)V , ∀
∣∣∣ξ̂∣∣∣ ≥ δ

λminµ

Any Lyapunov surface Ωc =
{
ξ̂ : V

(
ξ̂
)
≤ c
}

that contains ball B̃|U |δ/λminµ and is

a subset of B̃r is positive invariant for state ξ on the interval [0, tmax). Such a
surface exists if B̃r ⊃ Ωc ⊇ B̃|U |δ/λminµ for some c. The first set relation holds if c

satisfies c < c = min
B̃r

V = 1
2λmax

(
r
|U |

)2

. The second holds for c ≥ c = max
B̃|U|δ/λminµ

=

1
2λmin

(
δ

λminµ

)2

. From condition (2.85) c > c and as a result, such surfaces Ωc exist

∀c ∈ [c, c). The smallest invariant set from the above analysis is Ωc. The ultimate
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bound is the smallest ball that includes Ωc, which is
∣∣∣ξ̂∣∣∣ < b. With similar analysis

we deduce that the initial state must lie inside the largest ball included in Ωc, namely∣∣∣ξ̂∣∣∣ <√ λmin
λmax

r
|U | .

Now if we apply the comparison lemma B.1 to the above inequality we acquire:

V ≤ exp [−2γt]V (0) , t ∈ [0, tmax)

or {
V ≤ exp [−2γt]V (0) , t ∈ [0, T )

V ≤ c, t ∈ [T, tmax)
if T < tmax

Using |ξ| ≤ |U |
∣∣∣ξ̂∣∣∣, ∣∣∣ξ̂∣∣∣ ≤ |U−1| |ξ| and 1

2λmax

∣∣∣ξ̂∣∣∣2 ≤ V ≤ 1
2λmin

∣∣∣ξ̂∣∣∣2 we prove (2.82)-

(2.83).
Phase C: Region of attraction and bounds of z1. If the solution escapes D+ then

it escapes from surface |z1| = z
Consider now Lyapunov function V1 = 1

2
z2

1 . Differentiating we obtain:

V̇1 ≤ −k |z1|2 + δ1 |z1|

≤ − (1− µ1) k |z1|2 , ∀ |z1| ≥
δ1

kµ1

≤ −2 (1− µ1) kV1, ∀ |z1| ≥
δ1

kµ1

Again, applying the comparison lemma B.1 we obtain:

V1 ≤ exp [−2γ1t]V1 (0) , t ∈ [0, tmax)

or {
V1 ≤ exp [−2γ1t]V1 (0) , t ∈ [0, T1)

V1 ≤ 1
2
b2

1, t ∈ [T1, tmax)
if T1 < tmax

We will prove that the first case never occurs. If initial conditions are satisfied V, V1

are decreasing and z1 (t) ≤ z1 (0) < r1, |ξ| ≤ |U | kξ |U−1| |ξ (0)| < r, ∀t ∈ [0, tmax).
Suppose z1 never reaches b1 before tmax. Then also z1 > b1 > z. As a result, state
never escapes the compact subset [b1, z1 (0)] × {ξ : |ξ| ≤ |U | kξ |U−1| |ξ (0)|} ⊂ D+.
Following the same steps as in the proof of theorem 2.1 we must replace tmax with
∞ (contradiction with Proposition B.1). However, since we assumed T1 > tmax and
T1 is finite this leads to contradiction. Thus, only the second case occurs.

Finally, using z1 =
√

2V1 we prove (2.80)-(2.81).

Remark 2.12. We can always achieve b1 > z since disturbances |ε| , |w| can be
made arbitrarily small and compensate an increase in |g|.

Remark 2.13. Bounds b1, b can be adjusted, provided |ε| , |w| are chosen small
enough.

Remark 2.14. Boundaries r, r1 and, as a result, the initial regions, can be adjusted,
provided |ε| , |w| are chosen small enough.
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Remark 2.15. The above specifications for ε, w can be achieved at steady state.
Using a small time constant in the prescribed functions, convergence is made fast
enough, that conditions of the above lemma are not violated.

Corollary 2.1. If conditions of previous lemma are met and:

ln

(
|ξ (0)| |U−1| kξ

b

) 1
γ

< ln

(
|z1 (0)|+ δ1

b1 + δ1

) 1
k

then T < T1 < tmax and ξ reaches its bound before z1.

Proof. From (2.82) putting |ξ| = |U | b, we obtain T ≤ ln

(
(ξ(0))|U−1|kξ

b

) 1
γ

. Suppose

again without loss of generality that z1 (0) > 0. From (2.73) the fastest possible
decreasing solution is:

z1fast (t) = −δ1

k
+

(
z1 (0) + δ1

k

)
exp [−kt], ∀t ∈ [0, tmax) (2.88)

If we put b1 to the above equation T1 ≥ ln
(
|z1(0)|+δ1
b1+δ1

) 1
k

and the proof is completed.

Remark 2.16. The most influencing factor to satisfy the above inequality is choice
of eigenvalues λi and gain k. We must choose λi > k.

Corollary 2.2. If conditions of lemma and previous corollary are met then under
control law (2.72) with switching taking place at T1, system (2.65) is ultimately
bounded.

When control
[
ul rl

]T
=
[

0 0
]T

is applied it is easy to show from eq. (2.36)
that w → 0. As a result, disturbance w in eq. (2.65) is not high enough to drive
system away from the ultimate bounds.

Remark 2.17. The bounds on the original chained form coordinates z3, z4 have mul-
tiplicative effect since |z3| = |ξ3| |z1| ≤ |U | bb1, |z4| = |ξ3| |z1|2 ≤ |U | bb2

1. Therefore
even if corollary 2.1 does not hold z3,4 are sufficiently bounded. It is not important
to achieve a low bound for z2. This state variable can be stabilized even after the
task is completed with ul = 0.

Remark 2.18. If |z1 (0)| < b1 then we can either readjust bound b1 properly or just
open loop control the system away from the origin.

2.3.5 Closed loop scheme simulation

We demonstrate the overall system’s performance under the closed loop law.
We test both movement directions with various initial postures. Goal configura-
tion of the perturbed car-like system is the origin, with zero heading and steering
angle. We choose bounds b1 = 0.01, b = 0.1 (although the theoretical analysis
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could more conservative these bounds work in practice), gain k = 0.2 and all eigen-
values λi = 0.5. Follower’s performance functions are ρf = (50− 0.1) e−2t + 0.1,
ρτ = (30− 0.1) e−2t + 0.1. The rest of follower’s specifications are the same as with
the open loop scheme. Figure 2.16 shows the trajectory of the system, in forward
motion with negative initial angle θ. Figure 2.17 displays the respective evolution
of the state variables. We notice that states y, θ, φl converge faster than x since the
eigenvalues λi are chosen larger than k. Of course, unlike the open loop scheme θ
converges to a small neighbourhood of 0.

Figure 2.16: Forward motion for positive initial θ
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Figure 2.17: Evolution of state
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For completeness we also include the following figures 2.18-2.19, which display
the evolution of state in chained form and in form 2.49.
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Figure 2.18: Evolution of state in chained form
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Figure 2.19: Evolution of state in form 2.49
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Now we present results for backward motion. Figure 2.20 depicts system’s tra-
jectory for positive initial θ angle. Figure 2.21 demonstrates closed loop scheme’s
importance. We compare φl’s behaviour for both schemes. Notice that the un-
boundedness problem is completely solved.

Figure 2.20: Backward motion for positive initial θ
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Figure 2.21: Behaviour of angle φl in the closed and open loop case, during backward
motion. Of course, the former scheme manages to overcome the unboundedness
problems caused by the latter.
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Finally, in figures 2.22-2.23 we present trajectories for negative initial θ angles.

Figure 2.22: Forward motion for negative initial θ

Figure 2.23: Backward motion for negative initial θ



Chapter 3

Cooperation of mobile
manipulators

This chapter examines the second cooperative scenario. Instead of nonholonomic
mobile robots, the team now consists of two holonomic mobile manipulators (fig.
3.1). Again, the formation is of leader-follower type. There is generally no restric-
tion on the shape of the object and its motion can have all six degrees of freedom.
It is assumed that the robots have at least 6-DOFs (Degrees Of Freedom), although
redundancy is preferred. Since, this formation has enough mobility, compliant con-
tacts and free revolute joints are no longer needed. Contact between the robot and
the object is considered rigid, thus force and torque are introduced exclusively in
the dynamic model. Certainly, this architecture is more symmetric than the one
presented in the previous chapter.

Figure 3.1: Cooperation of mobile manipulators
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The main goal of the leader is to achieve a desired trajectory profile for the object,
via imposing an impedance law control. This profile does not need to be known
before task execution and can even be generated on-line (i.e. using a potential field).
The follower tries to estimate leader’s desired motion and imposes an impedance
law using the estimated signals instead of the desired. Both impedance laws are
imposed after feedback linearization. Due to the rigid link that is formed via the
object between the two end-effectors, and the fact that the same impedance time
constants are used, we can design an estimation law, which drives the estimation
error to an arbitrarily small residual set. Furthermore, load sharing is achieved ,
by choosing proper impedance parameters, and excessive forces are avoided. Notice
that not only the architecture, but also the objectives are more symmetric.

We point out that no explicit communication is used. Both agents use only their
own force, position and velocity measurements. The only information needed, is few
parameters, which can be transmitted off-line from the leader to the follower.

Moreover, the geometric and inertial parameters of each robot is considered
known to itself, while object’s parameters are known to all. Finally, both robots
have a common coordinate system.

This chapter mainly follows the analysis of a series of papers published by Ko-
suge et. al. [KO96], [KOC97], [KOS97]. We extend their work, by modifying the
estimation law, to make it more robust, by including the object’s mass in the system
model and finally by introducing load sharing coefficients.

To conclude this introduction we present the chapter’s structure:

• System model derivation. The model of each separate agent is presented,
followed by object’s model.

• Control law.

• Follower’s estimation law.

• Simulation.

3.1 System Model

The derivation of the system’s kinematics is based on the Denavit–Hartenberg
convention. Respectively, we use the Euler-Lagrange formulation for the dynamic
model. For a good introduction on both topics, refer to [SSVO09].

Since the mobile base is holonomic, its degrees of freedom are treated like two
prismatic and a revolute joint. The manipulator consists of revolute joints, with the
overall robot having six or more DOF’s in total. Naturally, if the mobile manipulator
has redundant DOF’s, they can be utilized for accomplishing secondary objectives,
such as obstacle avoidance or maximization of manipulability.

As shown in figure 3.2 the multi-effector/object system is a closed kinematic
chain, consisting of the follower, the leader and the object. Since the contacts are
rigid, constraint ‖po − pi‖ = ‖li‖ = const, i ∈ {f, l} is in effect, where pi are the
task space variables and po the object’s variables with respect to an inertial frame
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{I}. Thus, the DOFs of the overall system are less than the addition of the separate
DOFs of each system ( [Kha88]).

Figure 3.2: Multi-effector/object system

3.1.1 Kinematics

Let qi, i ∈ {f, l} be the joint space variables. If we express each robot’s equations
in task space we obtain:

pi = f (qi)

ṗi = J (qi) q̇i
(3.1)

The location of a rigid body pi =
[
rTi , φ

T
i

]T
contains vectors ri, φi, which define its

position and orientation respectively. Since geometric parameters li are considered
known to each robot i, the object’s position can be computed from the following
equation:

po = pi − li (3.2)

Differentiating the above we obtain:

ṙi = ṙo + φ̇i × lo
φ̇i = φ̇o

or in matrix form:

ṗi = Joiṗo =

[
I3×3 −Li
03×3 I3×3

]
ṗo (3.3)

where Joi is the Jacobian from the end-effector to the object’s center of mass and

Li =

 0 −liz liy
liz 0 −lix
−liy lix 0


the cross-product matrix. Notice that since the end-effector an the object are rigidly
connected, this Jacobian has always full rank and inverse J−1

oi . Finally, differentiating
again we gain an acceleration relation:

p̈i = J̇oiṗo + Joip̈o (3.4)
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3.1.2 Dynamics

The dynamic model in terms of task space variables, for a single robot, is de-
scribed by:

Mi (qi) p̈i + Ci (q̇i, qi) ṗi +Gi (qi) = Ui + Fi, i ∈ {f, l} (3.5)

where Mi is the positive definite inertial matrix, Ci is a matrix representing Coriolis
and centrifugal forces and Gi represents gravitational forces. Fi is the force exerted
on the robot by the object and Ui are the task space forces. The relation between
input torques τi and the task space forces is:

τi = JTi Ui +
(
I − JTi Ji

T
)
τin (3.6)

where Ji is the generalized inverse that is consistent with the equations of motion
of the manipulator and its end-effector [Kha88]. The vector τin does not contribute
to the end-effector’s forces since it is projected in the null space of Ji. This relation
provides a decomposition of joint forces into two dynamically decoupled control
vectors: joint forces corresponding to forces acting at the end effector (JTi Ui) and

joint forces that only affect internal motions
([
I − JTi Ji

T
]
τin

)
. These internal

forces can be regulated independently to achieve secondary goals, while the end-
effector is controlled by the desired task space forces.

Using the kinematic relations (3.2)-(3.4), we can express the above dynamic
model, with respect to object’s variables:

Moi (qi) p̈o + Coi (q̇i, qi) ṗo +Goi (qi) = JToiUi + JToiFi (3.7)

where Moi (qi) = JToiMi (qi) Joi, Coi (q̇i, qi) = JTi (Ci (q̇i, qi) Ji +Mi (qi) J̇i) and Goi (qi)
= JTi Gi (qi).

The dynamics equation of the object is given by

Mo (po) p̈o + Co (ṗo, po) ṗo +Go (po) = −JTolFl − JTofFf (3.8)

where, we assume that no external forces are exerted on the object.

Finally, the grasp model is presented. Total force exerted on the object is equal
to Fo = −JTolFl − JTofFf = −GF , where

G =
[
JTol JTof

]
(3.9)

is the grasp matrix of the overall configuration and F =

[
Fl
Ff

]
. Forces projected

on the null space of G do not contribute to the object force. Therefore, we can use
component Fint =

(
I −G#G

)
F̂int to regulate the steady-state internal forces, where

G# is the right pseudoinverse of G. If the initial li are known to all agents and F̂int
is constant and defined off-line, no communication is needed during task execution
in order to compute G, G#.
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3.2 Control

3.2.1 Feedback Linearization and Impedance Relation

We consider the inertial and geometric parameters known, so that each robot
can implement a feedback linearization scheme. Setting control inputs:

Ui = −Fi + J−Toi (MoiVi + Coiṗo +Goi) (3.10)

the nonlinearities are cancelled. Auxiliary input Vi is chosen:

Vi = p̈cmd,i +M−1
o JTi (Fi − Fdi) (3.11)

and hence imposes the desired impedance behaviour

p̈o = p̈cmd,i +M−1
o JToi (Fi − Fdi)

Fdi are the desired robot/object interaction forces:

Fdi = Fint,i − J−Toi ci (Coṗo +Go +Mop̈cmd,i) (3.12)

We choose Fdi such that they cancel object’s nonlinearities, they ensure adequate
internal forces and achieve motion control. Coefficients ci are the load distribution
coefficients. They are subject to constraints:

cl + cf = 1

ci > 0
(3.13)

If the manipulators are heterogenous, we should assign bigger coefficient to the more
capable of lifting weight. Finally, the commanded acceleration signal is responsible
for the tracking objective:

p̈cmd,i = p̈di −Di (ṗo − ṗdi)−Ki (po − pdi) (3.14)

Desired signal pdl is the original desired trajectory profile to be implemented by the
leader, while follower’s desired signal pdf is only the estimation of the leader’s. If
we replace equations (3.10)-(3.11),(3.14) into the dynamic model (3.7) we obtain for
both robots:

∆p̈i +Di∆ṗi +Ki∆pi = M−1
o JToi (Fi − Fdi) (3.15)

where ∆pl = po − pdl and ∆pf = po − pdf are leader’s and follower’s tracking errors
respectively. By choosing Di = D, Ki = K and adding equations (3.15) for i = l, f
and (3.8) it follows that:

∆p̈+D∆ṗ+K∆p = 0 (3.16)

where ∆p = p− (cl+1)pdl+(cf+1)pdf
3

. Matrices D, K are selected diagonal with positive
diagonal elements such that the above system is made asymptotically stable. With
this selection ∆p→ 0 exponentially and we write:

po =
(cl + 1) pdl + (cf + 1) pdf

3
+ ∆p

(
∆p (0) ,∆ṗ (0) , t

)
(3.17)

Therefore, error 3
po − pdf
cl + 1

exponentially converges to pdl − pdf .
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3.2.2 Estimation law

The estimation law is based on the last result of the previous subsection. Fol-
lower’s goal is to estimate leader’s desired trajectory profile. Though explicit com-
munication is not possible, the follower robot approximates pdl − pdf , by measuring

3
po − pdf
cl + 1

. Respectively, we approximate velocity error. However, since acceleration

p̈ measurement is not available, error p̈dl− p̈df cannot be approximated in the above
way. Consequently, we must design an estimator that does not use derivatives of
the error and is robust to disturbances caused by acceleration. For this purpose,
we sacrifice asymptotic stability and use a prescribed performance estimator, which
guarantees ultimate boundedness of the position’s estimation error and as a result
ultimate boundedness of the overall tracking error.

For every coordinate j ∈ {1, 2, . . . , 6} of the position vector the expression of
prescribed performance is given, ∀t ≥ 0, by the following inequalities:

−ρj < ej < ρj

where ej = 3
po,j−pdf,j
cl+1

and ρj is the performance function with desired transient and

steady-state properties (for more information refer to Appendix A or [BR10]). An
estimation law that achieves this performance is:

ṗdf,j = kj ln

(
1 +

ej
ρj

1− ej
ρj

)
, for j ∈ {1, 2, . . . , 6} (3.18)

Integration of (3.18) yields the follower’s estimate pdf,j. Differentiating (3.18) we
acquire the desired acceleration signal:

p̈df,j =
2kj

1−
(
ej
ρj

)2

˙(
ej
ρj

)
(3.19)

which is bounded provided performance bounds are met. As stated in subsection
2.2.1, a good choice for function ρj is

ρj(t) = (ρjo − ρj,∞)e−st + ρj,∞

Constant s controls the convergence rate, and ρj,∞ the ultimate bound. ρjo is chosen
to satisfy ρjo > ej (0).

Stability Analysis

We prove that prescribed performance is achieved, and therefore, the estimation
error is ultimately bounded. Since the analysis is the same regardless the position
variable, from here on, we drop subscript j.

Assumption 3.1. The initial error e (0) = 3
po,j(0)−pdf,j(0)

cl+1
satisfies e (0) < |ρ (0)|

Theorem 3.1. Provided the initial configuration satisfies Assum. 3.1 and leader’s
desired trajectory is smooth, bounded with bounded derivatives, the estimation law
(3.18) guarantees error e satisfies performance bounds: |e (t)| < ρ (t) , ∀t ≥ 0.
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Proof. The analysis is similar to theorem’s 2.1 proof. We define the normalized error

ξ =
e

ρ
(3.20)

The estimation law (3.18) may be rewritten as function of the normalized error ξ:

pdf = k ln

(
1 + ξ

1− ξ

)
Differentiating ξ with respect to time, we obtain the dynamical system:

ξ̇ = h (t, ξ) (3.21)

We also define set Ωξ = (−1, 1), which is open and nonempty. Owing to Assumption
3.1 we conclude that ξ (0) ∈ Ωξ. Additionally, due to smoothness of a) the system’s
nonlinearities, b) leader’s desired trajectory, c) the exponential decrease of ∆p and
d) the proposed estimation scheme, over Ωξ, h (t, ξ) is continuous on t and for all
ξ ∈ Ωξ. Therefore, the hypotheses of Theorem B.1 stated in Appendix B hold and
the existence of a maximal solution ξ (t) of (3.21) on a time interval [0, τmax) such
that ξ (t) ∈ Ωξ, ∀t ∈ [0, τmax) is ensured.

Therefore, transformed error signal

ε (t) = ln

(
1 + ξ (t)

1− ξ (t)

)
(3.22)

is well defined for all t ∈ [0, τmax).
Consider now the positive definite and radially unbounded function V = 1

2
ε2.

Differentiating with respect to time and substituting (3.18), we obtain:

V̇ =
2ε

(1− ξ2) ρ

(
3

cl + 1
(ṗo − ṗdf ) + ξρ̇

)
=

2ε

(1− ξ2) ρ

(
ṗdl − ṗdf +

3

cl + 1
∆p
(
∆p (0) ,∆ṗ (0) , t

)
+ ξρ̇

)
=

2ε

(1− ξ2) ρ

(
ṗdl − kε+

3

cl + 1
∆p
(
∆p (0) ,∆ṗ (0) , t

)
+ ξρ̇

) (3.23)

Since ∆p converges to 0, ξ ∈ Ωξ and ṗdl, ρ̇ are bounded by construction we arrive
at:

|ṗdl + ∆p+ ξρ̇| ≤ Ū (3.24)

for an unknown constant Ū . Moreover ρ > 0 Consequently, V̇ < 0 when |ε (t)| > Ū
k

and subsequently:

|ε (t)| ≤ ε̄ = max

{
ε (0) ,

Ū

k

}
, (3.25)

for all t ∈ [0, τmax). Taking the inverse of (3.22):

− 1 <
e−ε̄ − 1

e−ε̄ + 1
= ξ ≤ ξ (t) ≤ ξ =

eε̄ − 1

eε̄ + 1
< 1 (3.26)



3.2. CONTROL 59

Therefore, ξ ∈ Ω
′

ξ =
[
ξ, ξ
]

, ∀t ∈ [0, tmax), which is a nonempty and compact

subset of Ωξ. Hence, assuming τmax < ∞ and since Ω
′

ξ ⊂ Ωξ, Proposition B.1

in Appendix B dictates the existence of a time instant t
′ ∈ [0, τmax) such that

ξ
(
t
′)
/∈ Ω

′

ξ, which is a clear contradiction. Therefore, τmax =∞.

As a result, all closed loop signals remain bounded and moreover ξ (t) ∈ Ω
′

ξ ⊂ Ωξ,
∀t ≥ 0. Finally, from (3.20) and (3.26), we conclude that:

−ρ (t) < ξρ (t) ≤ e (t) ≤ ξρ (t) < ρ (t)

for all t ≥ 0 and consequently follower’s estimation goal is achieved.

Corollary 3.1. The follower’s estimation error is ultimately bounded.

Proof. From Theorem 3.1

|e| =
∣∣∣∣pdl − pdf +

3

cl + 1
∆p
(
∆p (0) ,∆ṗ (0) , t

)∣∣∣∣ < ρ

, which leads us to:

|pdl − pdf | < ρ+
3

cl + 1
∆p
(
∆p (0) ,∆ṗ (0) , t

)
(3.27)

Since ρ→ ρ∞ and ∆p→ 0 the ultimate bound is roughly ρ∞.

Corollary 3.2. Object’s trajectory tracking error is ultimately bounded.

Proof.

|po − pdl| =
∣∣∣∣(pdf − pdl) cf + 1

3
+ ∆p

∣∣∣∣ < cf + 1

3
ρ+

3

cl + 1
∆p

The ultimate bound is roughly
cf+1

3
ρ∞.

Remark 3.1. The above bounds depend directly on ρ∞, which can be chosen arbi-
trarily small. Convergence rate depends on both parameter s of ρ and the choice of
matrices D,K in eq.(3.16).

Remark 3.2. If we are interested in velocity tracking, we can omit position terms in
the commanded acceleration (3.14) and use velocity error instead of position error in
(3.18). Then instead of producing a velocity reference ṗdf we produce an acceleration
reference p̈df .

Remark 3.3. This method does use any explicit on-line communication. The only
information needed on-line is sensor measurements (force, position, velocity). Some
parameters, though, must explicitly be transmitted off-line, namely matrices D, K,
coefficients ci and initial positions li (0) relative to the object. Still, this amount of
information is not considerable

Remark 3.4. Some drawbacks of this method are the need for a common coordinate
system (knowledge of inertial frame I), exact knowledge of the geometrical (lengths
of links and relative positions) and inertial (M,C,G matrices) properties.

Remark 3.5. This method expands Kosuge’s previous method, by making estimation
more robust to nonzero acceleration. Furthermore, we include the object’s mass in
our model, which was neglected before. Finally, load distribution is implemented.
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3.2.3 Secondary Objectives

Recall from section 3.1 the decomposition of joint torque inputs:

τi = JTi Ui +
(
I − JTi Ji

T
)
τin

We can use τin to achieve secondary objectives. For example, we define cost V (q) =
Vobst + Vmanip that we want to maximize. Maximization of the cost means, the
redundant DOF’s are used for better obstacle avoidance and manipulability. It is
reasonable to put τin = −k∇V

3.3 Simulation

We consider a simple 1D scenario, where the leader’s desired trajectory is a
sinusoid and the load is equally shared. A comparison between the previous and our
new method is made. We put D = 1, K = 10 and equal coefficients cf = cl = 0.5.
We also suppose that the initial estimation xdf (0) equals to x (0), which is known to
the follower. As depicted in figures 3.3- 3.5, the new method is more robust. Even if
the error does not exactly converge to zero, it can be kept arbitrarily small. Kosuge’s
original method cannot converge without an acceleration estimation, which is not
possible.
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Chapter 4

Conclusion and future directions

This thesis presented two possible scenarios of cooperative manipulation under
implicit communication, with their respective control schemes. We managed to
completely avoid explicit on-line communication, with the only off-line information
exchanged being a few parameters. We used position, velocity and force sensing,
both formations were decentralized and of leader-follower architecture.

In the nonholonomic mobile robot case, we used additional revolute joints and a
compliant follower-object contact to increase the mobility of the overall formation.
The follower’s goal to keep force constant and torque zero, resulted in keeping the
contact stable and the misalignment error close to zero, as a side effect. The con-
troller used, was based in prescribed performance methodology. With the follower’s
goals satisfied, the overall system was modelled as a perturbed car-like system. De-
pending on the availability of leader’s misalignment angle sensing, we discerned two
cases, the open and closed loop cases. Based on chained form representation we
applied the Astolfi’s control law for both cases. The robustness analysis followed by
the simulations showed the superiority of the closed loop scheme.

In the holonomic mobile manipulator case, we kept the contacts rigid. The leader
imposed a desired trajectory profile via an impedance relation, while the follower
imposed its estimate via an impedance relation with the same constants. Due to the
contacts being rigid and the impedance constants being the same, it was possible
to design an estimator. We extended previous work by introducing the object’s
mass, implementing load sharing and making the estimation process more robust to
non-zero desired acceleration.

4.1 Future directions

• Extend the point stabilization approach in subsection 2.3.3 to the trajectory
tracking problem.

• Explore the possibility of employing more than one followers in the second
scenario. The concept of the virtual leader presented in [KO96] could be used.
However, the proof of estimator’s convergence could be challenging.

• Make the scheme in chapter 3 adaptive, in order to compensate for unknown
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inertial or geometric parameters.

• Effectively, use explicit communication alongside implicit to exploit the advan-
tages of both types of communication. One possible way is to switch among
different protocols depending on the situation, i.e. switch to implicit when
stealth is required, switch to explicit when a collision is imminent etc. Of
course, switching needs a higher level of control, which makes decisions based
on some specifications. Another way is to build a set of possible movements,
the execution of which needs only implicit communication. The explicit com-
munication will be limited to a symbolic level, i.e. type of movement trans-
mitted from the leader to the follower.
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Appendix A

Prescribed Performance

The prescribed performance notion was originally employed to design neuro-
adaptive controllers, for various classes of nonlinear systems, namely feedback lin-
earizable [BR08], strict feedback [BR09] and general MIMO affine in the control
[BR10], capable of guaranteeing output tracking with prescribed performance. In
this work, by prescribed performance, it is meant that the output tracking error
converges to a predefined arbitrarily small residual set with convergence rate no less
than a certain predefined value. This appendix summarizes preliminary knowledge
on prescribed performance.

In that respect, consider a generic scalar tracking error e (t). Prescribed perfor-
mance is achieved if e (t) evolves strictly within a predefined region that is bounded
by certain functions of time. The mathematical expression of prescribed perfor-
mance is given, ∀t ≥ 0, by the following inequalities:

ρL (t) < e (t) < ρU (t) (A.1)

where ρL,U (t) are smooth and bounded functions of time satisfying limt→∞ ρU (t)
> limt→∞ ρL (t), called performance functions. The aforementioned statements
are clearly illustrated in Fig. A.1 for exponential performance functions ρi (t) =
(ρi0 − ρi∞) e−lit + ρi∞ with ρi0, ρi∞, li, i ∈ {L,U} appropriately chosen constants.
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Figure A.1: Graphical illustration of the prescribed performance definition.
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The constants ρL0 = ρL (0), ρU0 = ρU (0) are selected such that ρU0 > e (0) > ρL0.
The constants ρL∞ = limt→∞ ρL (t), ρU∞ = limt→∞ ρU (t) represent the maximum
allowable size of the tracking error e (t) at the steady state, which may even be
set arbitrarily small to a value reflecting the resolution of the measurement device,
thus achieving practical convergence of e (t) to zero. Moreover, the decreasing rate
of ρL (t), ρU (t) which is affected by the constants lL, lU in this case, introduces
a lower bound on the required speed of convergence of e (t). Therefore, the ap-
propriate selection of the performance functions ρL (t), ρU (t) imposes performance
characteristics on the tracking error e (t).



Appendix B

Dynamical Systems

Consider the initial value problem:

ξ̇ = h (t, ξ) , ξ (0) = ξ0 ∈ Ωξ (B.1)

with h : <+ × Ωξ → <n where Ωξ ⊂ <n is a non-empty open set.

Definition B.1. [Son98] A solution ξ (t) of the initial value problem (B.1) is max-
imal if it has no proper right extension that is also a solution of (B.1).

As an example, consider the initial value problem ξ̇ = ξ2, ξ (0) = 1, whose
solution is ξ (t) = 1

1−t , ∀t ∈ [0, 1). The solution is maximal since it cannot be
defined for t > 1. Stated otherwise, there is no proper extension of ξ (t) to the right
of t = 1 that is also a solution of the original initial value problem.

Theorem B.1. [Son98] Consider the initial value problem (B.1). Assume that
h (t, ξ) is: a) locally Lipschitz on ξ for almost all t ∈ <+, b) piecewise continuous
on t for each fixed ξ ∈ Ωξ and c) locally integrable on t for each fixed ξ ∈ Ωξ. Then,
there exists a maximal solution ξ (t) of (B.1) on the time interval [0, τmax) with
τmax > 0 such that ξ (t) ∈ Ωξ, ∀t ∈ [0, τmax).

Proposition B.1. [Son98] Assume that the hypotheses of Theorem B.1 hold. For
a maximal solution ξ (t) on the time interval [0, τmax) with τmax < ∞ and for any
compact set Ω′ξ ⊂ Ωξ there exists a time instant t′ ∈ [0, τmax) such that ξ (t′) /∈ Ω′ξ.

Lemma B.1. (Comparison Lemma)[Kha02] Consider the scalar differential equa-
tion

u̇ = f (t, u) , u (to) = uo

where f (t, u) is continuous in t and locally Lipschitz in u, for all t ≥ 0 and all
u ∈ J ⊂ R. Let [to, T ) (T could be infinity) be the maximal interval of existence
of the solution u (t), and suppose u (t) ∈ J for all t ∈ [to, T ). Let v (t) be a con-
tinuous function, whose upper right-hand derivative D+v (t) satisfies the differential
inequality

D+v (t) ≤ f (t, v (t)) , u (to) ≤ uo

with u (t) ∈ J for all t ∈ [to, T ). Then, v (t) ≤ u (t) for all t ∈ [to, T ).
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