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Iodvvng I1. Kovpkovpuéing

Amhopotovyoc Hiektpoddyog Mnyoavikog kot Mnyavikodg Yroroyiotov E.MLIL.

Copyright © Ioavvng Kovpkovuéing 2014.
Me emevroén Tavtog dikawmpotog. All rights reserved.

Amayopevetal 1 ovIlypar], omobnkevorn Kot Slvoun NG mopovcag epyaciog, €€ oAokANpov M
TUNHOTOG OUTAG, YO EUTOPIKO oKomo. Emitpémeton 1 avatdmmon, amofnkevon Kot dtavoun yio
OKOTO U1 KEPSOGKOTIKS, EKTOIOEVTIKNG 1| EPEVVITIKNG GVONG, VIO TNV TPOVTOOEST VO, AVOQEPETOL 1)
YN TPOoEAELONC KoL Vo dtatnpeital To wapov upvope. Epotmuoto mwov agopodv ) yphon g
€PYOCIOG Yi0. KEPOOGKOTIKO OKOMO TPEMEL VoL amevBHvVOVTaL TPOG TOV GLYYPAPEQ.

Ot amdYELG KOl TO. CUUTEPAGLOTO TOL TEPLEYOVTOL GE OVTO TO £YYPAPO EKPPALOLY TOV GLYYPOPEN
Kot dgv pémel va epunvevdel OtL avTTpocwnevovy TIg enionueg 0éogig tov Ebvikod Metoofiov
[Molvteyveiov.



Iepiinyn

Ta televtaia ypdvia, Evioc TV oplwv TV Bepdtwv mov TpaypatedeTon n 0empnTikn
TANPOPOPIKT, LEYAAO £80POC OTIG £pevveg Kot T Piproypagia £xel kepdicel To mechanism
design. O kLadog avtdg gival £va VITOGVVOAO TG Bewpiog Taryvimv, 1oV TPOGPEPEL ddpopa
oevaplo. AMcE®MV GE ol KAGON Touyvidubv HE HVOTIKN OTOMIKE TANPOQOPI. Yo TOVLG
naikteg. Ta onpaviikdtepa yapaktmpiotikd Tov mechanism design emkevipdvovtot Kupiog o€ dvo
onueio:  apevdg ol dueca evolapepopevol pe €va moryviol emAéyovv Tn OOU TOL TAPA TNV
V100ETOVY, KOl OPETEPOV Ol GYESGTEG TOL EVOLPEPOVTOL Yol TO OMOTEAEGHO TOV. 'Eva and ta
npoPAuata ota omoia £xel pappoyn to mechanism design sivor 1 dikon xatavoun oyabmv. To
TPOPANUA avTOd pag eivarl YvooTd amd TOAAES MTLYXEG TOL OMUOclov Plov, Kot 1 €QUPUOYN TNG
pobnuotikng Bewpiog mdvo oe avtd 10 KaIoTA YVOOTO ®G TO TPOPANUN «TopUng Tov KE». To
obvolo g PipAloypagiag mov £€xel avamtvybel TAved oto OEpo avtd £xel Vo KAVEL pe TNV
TOPOVGINCT] TPOTOKOA®Y TOV KOADTTOUV UEPIKEG TOIKIAOUOPPEG OVAYKES, TOPOVCLUCUEVES O
TNV TOIKIAOLOPEN KOl TOADTPIOUATIKN MEAETN TOV. Ot ovAYKEG aVTEG AALOTE Eival OTOUIKES, KOl
GANOTE OHOOIKEG, oG Kot To {nTovpevo kabe Qopd glval 1 VITEPKAALYT SLOPOPETIKOV KPLTnpiny
UEG® OAYOPOUKOY ADGEDV.

Ymv mapovoa epyacio Ba yivel pia cdvoyn g Piproypagiog yio To KOYIHO TOV KEK OO
ta tehevtain mepimov 70 xpovia, 6mov €xel Kataypoeel o TAovotlo LeAETN enl Tov Bépatog. XTnv
avaokomnon avti Ba tapatebovv emiong optopéva 16TopIKA oot Ela Yo To TPOPAN UL aVTO, KUBMS

KO GUUTEPAGLATO, TTOV TPOKVTTOVV, avafe®@PTIEVE TTAVTO OO TNV OTTIKN TOL YPAPOVTOC.

Aéelg Khewdd: Bewpia Tloyviov, Alkon xatavopn oyefov, I[Ipotdokorio dSapeMopod,

Ouoinbew,  E&diewrn  (Rieng,  Avoloyiwkémnta,  MvuoTik)  atopukn  mAnpogopia.






Abstract

Over the last years, inside the borders of theoretical computer science, an uprising study has
been identified under the name of mechanism design. This specific branch is a subclass of
Game theory, which provides us with many solution concepts in private information games.
The distinguishing features of these games are the following two: a game "designer" chooses the
game structure rather than inheriting one, and the designer is interested in the game's
outcome. One of the issues of study through mechanism design is fair good allocation. This issue is
widely known from many concepts of public life, and the application of mathematical theory over it
is identified as the “cake cutting” problem. The cake cutting bibliography at the whole has to do with
protocols that deal with multiple needs, presented by its multifaceted study. These needs are
sometimes personal, and sometimes they are social, as each time the quest is the coverage of
different criteria through algorithmic way of thinking.

At the present work there will be a summary about cake cutting study over the last 70 years,
where a rich study of bibliography has been notified. There will also be a historic recursion of the

problem and its roots, as also the writer’s subjective point of view.

Keywords: Game theory, Mechanism design, Fair goods allocation, Allotment protocols,

Truthfullness, Envy Freeness, Proportionality, Secret personal information.
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1.1 Opiouocs tov mpofinquarog

Mw oand T1g Mo Soypovikég kol dldonueg okoyéveleg TpoPAnudTemv g BempnTikng
mnpoeopikng amoterel 1 Awavopn [opwv. Amd Tig amapyés g avBpondmrag Kot 1O
OYNUOTIOUO TOV KOWOVIDY Ol GUVOVAGTPOPES TV OTOUMV Omaitnoay ikl KOTOVOU o€
ayofd OTmG TPOQT, XPTLOTO KL TPMTEG VAEG, OAAR KoL GE VTOYPEMTIKEG EKQAVOELS TNG (NG
Omm¢ epyacieg kol vBHVEG. ZNTHLOTO OTMG TO TOPOTAVED GULVEYICOV VO OIAGYOAOVV Ova
TOVG OUMVEG TO GUVOAO TMV OVOPOTWOV, Kol TOPUUEVOUV UEYPL KOl GHLEPO EMIKALPM, EVD
TOPAAANAL amOTELEGOV KOl OmOTEAOVLV TOAO EAENG Yy poONUOTIK HEAETN, ®DOTE Vo
TPpocdloptotel apevog o Pabuog otov omoio givar dikoun pia dtavopr ayafov 1 VIoYPEWSTG,
KOl QPETEPOV VO GXESLOOTOVV VEOL TPOTOL dlovopng o€ Bewpntikd eminedo pe otOYO TNV
TPOKTIKN TOVG €Qapproy. To emoTNUOVIKO EVOLAPEPOV EQATTETOL TAV® GTNV OVAYKT VLo
dwaroovvn kot KoBopiler Oleg ekeiveg TIC TOPAUETPOLS TOL KAOIGTOUV CWOGTO TOV
KOTOUEPIOUO TOV TAOVTOL 1 TNG €VOVVING, avAAoya e TN QUGT TOV €KACTOTE TPOPANLOTOS
KOTATUNONG EVOC TOPOVL.

Extog and v avoyoyn tov TpofAnudtov Slavoung oe dvo HEYAAES KoTtnyopies,
onAadn ota TpoPAnuate Stavoung ayafdv kot To TPOPANUATO  SLVOUNG EPYACLAOV,
e€etaleton Kol T0 KATA TOGO 1 TOCOTNTA TOV ATLTEL StaEPIOUO glvar dtoupéatun 1 oyt 'Eva
mopdadetypo yio dtavoun epyaciog Bo pmopodoe va ivar pio opddo EpyaT®mv 1 omoio KoAgiton

va Bayel évav toixo. Edd 10 avtikeipevo doympiopov sivar dtopéoiplo, Kabdg n empaveln



Tov toiyov Ba popactel £tol Mote KaBEvaS amd Toug gpydteg va avardPel tn Paen evog
T0G00TOV and TO GLVOALKO eUPaddV TG emPdvelng Tov Toiyov, Kot 6iot pali vo ptdocovy
oTov emBuuNTd GTOYO NG MEPATMONG TOL £PYov. AvTioTol®E, 0V 68 KATO0 GALO TAiGLO
VILAPYEL v GHVOAO Omd SlakpLtég depyaciec kot Eva chvoro amd punyavég pe SNA®UEVO 1o
yxpdvo mov M Kabepio dHvatol va mepaTdaEL TNV KaOe diepyacio, Kol O GUVTOVIGTIG TOV EPYOV
KOAEITOL VO KAVEL TNV OVTIOTOLYION METAED UNYOVOV Kol OlEpYactdV e PAGT TOLg XPOVOLS

AVTOVG, TOTE TO AVTIKEILEVO TNG LEAETNG EIVOIL U1 SLOPECIUEG TOGOTNTEG,

Xrovdaio evdlopépov mopovcstaletal OTov TO TPOPANUA AVOPEPETAL GE OLAPEGLUO
ayaf6 mov mpémel va pLopactel, Kot mapdAAnAa eivol U OLOLOYEVES AVTIKEILEVO OC TPOG TOV
TPOTO OV OVTIUETOTILETOL OO TA ATOU OV JlEKOKOVV TO HePidd Tovug. Xe o TéTol
nepintwon N eniAvon tov TPoPALaTOS YiveTar ToAOTAOKY, KaOMDS Ol avAYKES TOL TPEMEL VL
KaAvYoLV ot daryoviLopevol Eepedyovy and ta Mo anid Kot kadiepopéva pabnuatikd kot
YEOUETPIKO OTEPEOTVTO ONMMOG SCPAAIGT) PEYOAALTEPNG TOCHTNTAS, OV TO TPOPANUO TOV
Swpepopod aeopd oyafd, M avaeopikd pe to mopddelypo Tov PowiloTog Tov TOlYOV
Slo@alon HiKpdTEPOL EUPS0D, KOl YEVIKEDOLV TIG OVAYKEC TOLG 7OV O&V Elval TAVTO
wpogoveic vo e&nynbodv pe pobnuotikd tpomo. To ZTPOPANUO T™MC KOTOVOUNG €VOG
S1PEGTHOD KOl OVOLOL0YEVODG ayabol gival gupémg yvmotd g 10 KOWYIHo Tov Kék (cake

cutting).

‘Eva k€ omotedeiton and mowiMo GLOTATIKOV, OOV AOY® TNG SPOPETIKNG TOVG
yevong kabe koppdtt wov to amaptilel mpocerkhel Kot dapopetikovs avBpaomovs. ‘Etol o
Sy ®PIoUOC Tov Kot 1 Ol KOTOVOLY TOL GTOVG EVOLUPEPOUEVOVS Eivol Eva TapAdELy L
dtavopng dtnpécov Kal avopoloyevolds ayafov. Ot ontikés ywvieg yio tn dkoun dwovoun
TOIKIAOVV, KOONDS TO «KOWLLO TOV KEK» PEAETATOL OO CMPEIN EMGTNUOVIKAOV KOKA®V, OTTMG
OIKOVOUOAOYOVG, TOAITIKOVG, Uabnuotikode, oAAG kot unyovikoug. Ta kpurhple yo thv
ATO00TIKOTITA MGTOGO GLOTEPOVOVTOL YUP® OO TO GTOMIKO Kl TO YEVIKO OQEAOG, OVO

£€vvoleg Tov oLV de GVVASOVY HETAED TOVG.

H mopovoa epyocio amotelel pia Pipioypaeikn avackdnnon tev facikov Bepdtov
OV OVEKLYOV oo TN UEYPL CNUEPO. HEAETN TAV®D GTO TPOPANUA TOV «KOWIHOTOG TOV KEUK»,
10 TOPOLGIaGT) TOV KPUTNPImV amodoTIKOTTAS, TMV TPOTOKOAAMY KOl TV OTOTEAECHATOV
7oV pog divovv, Kot TapdAinia etvar pia Tpoomddeia va avaderyfodv Ta avorytd TpofAnipota
OV KOAOOVTOL VO OVTIUETOTIGOVUV Ol HEAETNTEG OTO €yyOG HEAAOV Yo TN GULVEXIOT TNG

£€PELVOG G€ £VO, GTTOVONIO EMIGTILOVIKO OVTIKEIUEVO LEAETNG OTT®G KOl TO GLLNTNOEV.

1.2 Ietopixi avadpoun

Onwc avaeépdnke, (ntpato GYETIKA He OlKko] OlVOU OOGYOAODY €0M Kol YIAETIEG TO

avOpdmvo yévoc. Xvykekpiéva, 1 dtodikacio «kOPm kot SOAEYES», OV OTMC Ba dovue



apyotepa epapuoletor O6tav to ayafo popdaletor peTaED Svo atOp®V, €KAleTol TG
ypnowonoteitan and ta Béon g lpoictopioc. EmmpocBétwe, and v emoyn exeivn og ™
onuepvn, etvar xopaxktnplotikd ta tapadeiypato ota omoio To Koyipo tov kéik cuvéPaile
oe onovdaieg amopdoels g lotopiog, 6Tmg Adyov ybptv oto dapelMopd Tov Bepoiivov mov

Kkavoviotnke petd to téhog tov B’ [aykoopiov [HoAépov ot ditdokeyn tov [1otovtap.

Amo Vv kobapd emomuovikn TAELPA, 0 Apepikavog pabnupotikog Sol Garfunkel
yopaktipoe 10 Koyyo tov kéik g éva and 1o mo omovdaio avolytd mpofinpata oto
pobnpoatikd tov 2000 awwval[l]. To 1947, petd amd dovAed tpidv Iokwvdv podnuatikdv,
tov Hugo Steinhaus, Bronistaw Knaster kot Stefan Banach, ex660nke n avoloyu («dikoun»)
ADoM TOL «TEAELTOIOVL SOUEMGTI», Lo ADOT 1) om0l amoTeEAEl OPYETVTO Y10 TOAAEG LOPPES
alyoplBuwv mov €xovv mpotabel éxtote ko Pplokel epoppoy o€ mpoPAnuOTO Yo
0noOVONTOTE APOUO OTOH®V («TOKTMVY) oL potpalovtal to ayafd. O Steinhaus[2] v
Ot ypovid €0gce 10 MPOPANUA TNG €VPEONS TOL APWBHOD TOV KOWIHLAT®OV TOL KEK TTOV

amoTovV alyOpOoL OTTMG KoL 0VTOG.

To 1960, dvo emotiuoveg mOL gpguvovcay Eexmplotd to TPOPANpe, ot John
Selfridge ka1 John Conway, mapovciacay pio Avon 610 TpdOPANUE TOV 3 TOIKTOV, 1) 0Toio
e€areipel ™ MMa peta&d tovg, MnAadn divel otov kabéva Evo KOUUATL TOV KOTE TNV dmoy
TOoV &ivor TovAdylotov 160Gl pe T@v vroloinwv. Mo mepiocdTepovg omd 4 moikteg, M
eEdrerym g MMAag Mtav éva avolytd Kot dvokoro TpdPAnua péypt o €tog 1995, 6mov o
Steven Brams ka1 o Alan Taylor dnpocisveav ™ Adon tovg (to Bépa g eEdheymg g
OAag etvon éva amd to Pacikdtepa OEpato moOv TPAYHOTEDETAL 1] TOPOVGO EPYACIO OTN
ovvéyela). Téhog, to 2006 onuemdnke peydin mpdodog otny gvpeon «Evtipwovy (equitable)
Saympiopod yapv tov Steven Brams, Michael Jones kot Christian Klamler[1].

Av ovykpilBel pe dGAleg vmoevotTnTeg TOV HOOMUOTIKAOV, 1TNG EMOTAUNG TOV
VTOAOYIOTAV KOl TOV OWOVOUIK®OV, To Koyio Tov K&K ovoAVETOL GE [0 GYETIKA
veoovotatn Piproypapio, mov amaptileTor and éva cvvoro mepimov 100 dnpocievcewv|3]

ka1 BipAiov Tov TpocPaTe TapoLSIAcTNKAY 6TO Kowo[4][5].

1.3 Amoteiécuata uéypt twpa

O gpguvnTé péypt onuepa Exovv Beomicel TOAAY Kot TOKIAOUOPPa KpiThplo. a&loAdynoNg
v Tovg adyopiBpovg Tov Koyipoatog Tou KEIK, Vo T0 TPIGH T®V TOAADY OTTIKOV YOVIOV
OV TTPOGPEPEL £Va, TPOPANIO TOGO TOAVIIAGTATO OTTMG VT, Emopévag 1 Tpdodoc mhve oto

TPOPANO TPpOoSUETPATAL PE TO fabpd 6TOV 0moio £YoLV tKavorombel OAM 0T Ta. KpLTHPIa.



Q¢ tdpa £xovv d00el 1KavomoMTIKEG AMOVINGELS 08 {NTAUATA OTTMG 1) AVOAOYIKOTNTO,
n e&dreyn {NAlog Kot M EVTILOTNTA, €V TOPEAANAO Ol OMOLTHGELS TOV TOUKIOV £XOVV
povtehonomBel oe dbpopa TPoOHTLTIAL Yo Vo Tpooeyyilovy pe Tov KaAvTepo duvatd Tpdmo
peoMoTikd oevapla, mpdypo mov Ponbd onuavtikd T peAétn. Apketd amoitnTikol
TEPLOPIOUOL, 0TS Yia Tapddetypo o pikpoTepo duvatd Koppdtt mov givor diatebepévog va
AaPet o kGBe maiktng, Aapfavovtol v OYv e ATOTEAEGHA TO TPOPANUA VO LEAETATOL OO
SpopeTikn oKomLd KABE QOpaL.

Ot alydpiBpol mov €xovv mapovsiactel Oha avtd ta Ypovia eivarl og eni 1o mAgioTov
aod0TIKOL Ol HOVO G TTPOg TNV 0pBOTNTA TOLG GAAL KOL TNV TOALTAOKOTNTO TNG AVGNG
TOVG, 1 omoia PeTpLETon Ue Tov aplipd TV Koyiudtov mov ypedloviot yio va mapayfodv ta
TEAKA Koppdtio Tov Kotapepiopot. ' évav odyopiBuo Omov cvupetéyovy n moiktesg, M
KOADTEPT TOALTAOKOTNTO TTOV Umopel va emttevybel elvar O(n), Kabdg 0 LGy IGTOG SVVATOG
APl KOYIHATOV TOL amalteitol Yo, T oavoun ivar n— 1. Ouwg ot aAndvég avaykeg
EMTAGGOVV TEPIGGOTEPA OO OVTH, KAODS 6TO0 CHVOAD TV TPMOTOKOAA®Y VTAPYEL TO
EVOEYOLEVO Ol TOUKTEG VO KOTOANYOUV HE MEPIGCOTEPH amd €vo KOUUATIO, OTMG KOl TO
GEVAPLO TNG OVOKATOVOUNG TNG OPYIKNS LOIPAGLAS, Kol HAAGTO cuvHB®MG TEPIGGOTEPO OO
o @opd. Ov amodotikdtepeg AOoES ,0mmG Yo mopddstypo o dwipel-kor-foaciieve
TOPpOALAY] TOL «TeEAEvTaion dapeMoty, mpooeyyilovv 10 O(nlogn) mov eivor woAD
KOVOTTOMTIKT oAvTAokoTNTo. To GUVOlo TV AbGE®V Kuuaivetal HETOED OVTAG Kol TNV
TOALTAOKOTNTO TV aAYopifuwy ot otoiot e€etdlovy e€avtAnTikd OAeg Tig TOavEG ADGELS Kot

@TAVOLV G€ PN am0dEKTEC TOAVTAOKOTITES TG TAENG Tov O (n!).

"Etot yiveton avtiinmed 6t mépa and v opBotnTa Tov £ivol capdS TPONTOLTOVUEV
vy vo vioBeBel o Avorn mov mpoteivel Evag aAyoplOuog, n Tpdodog TG UEAETNG OTO
Koyipo tov kéik avadeikvietol amd Ty EAATTOON TNG TOAVTAOKOTNTOG TOL KabioTd T
Blooipeg Tic Adoelg oo TpofAnpaTo pe ToAAOVG ToikTEG. XNUEPO 0L aAYOPIOUOL Yo TO 7O
amhd mpofAnpata g Katnyopiag avtig mpoceyyilovv 10 kaAvtepo dvvatd. H Peltioon
avalnrteitol o€ €vvoleg mo SHUOKOAO Vo IkavoronBovv, OTmg avT TG e&dAetyng T (nAtog,
Ol OTOoleg OmOLTOVV HEYAAN TOALTAOKOTNTO KOl OPIGUEVES (POPES OEV KOAVTTOULV OAX TO

GEVAPLO OVOYKAOV TTOV eKQPELovTal amd TOVE TATKTEG.
1.4 Avoryra mpofinquazo

ITop’ 6An ™ peydAn mpdodo Kot T GYETIKA ekTeETOUEVT PLAOYpapio TOV £XEL TPOKVYEL OO
™ peAétn tov Koyipotog tov kéik, eviomiloviot opiopeéva GNUAVTIKA KEVA GTY| YEVIKT EIKOVA
TOV TPOPANLOTOC TTOL ATOTPENMOVY TNV OAOKANpOUEVT Beddpnon tov. Ta kevd avtd gival Kot

ta Bépata mov amolnTody ADoT Ao TOVG EPEVVNTEC TOV TAPOVTOG Kot TOV PHEALOVTOG, Kot Oa



OTOCYOANGOVV -Om®G  Yivetor oa@éG- OAOLG TOLG  EMGTNHOVIKOLS KUKAOLG OV
TpoavapEpOnKav.

‘Eva. omd ta peyokdtepa mpoPAnpato cuvavtdtol otn HEYGAT OVOUOL0YEVELD TOV
YeviKod mAouciov peAétng. Ot epEVVNTEC KOTOANYOVV GE OMOTEAEGLOTO, TO OTTOi0 AOY® TG
TANODPOG TOV KPLTNPi®V OV VITAPYOLY givar cuVHBE addvaTo Vo, GLYKPBoVY UeTAED TOVG.
‘Eto1 0 xaBévag tovg aduvatel vo KOTavonoel TAPOS T GNUAGIN TOL £pYoL TOL OHOAGYOL
Tov Kot M ol G peAétng Tov yivetar SUoKoAN TANP®S avtiAnmr. ‘'Hon mpog avt) v
Katevbuvon ¢ evomoinong tov mlaiciov €yovv Kwvnbel epgvvntég Oommg ot Sgall,
Woeginger, Robertson kot Webb[3], aAld yioo qv dpa M emotuoviky Kowotnto givot
HoKPLd 0o ToV TEMKO 0TOY0 TToL givan 1 €0pecn evag TehkoD Tediov dpAcng Yo T GLVEXLION
g UEAETNG.

[IpopAnuata mwoapovstaloviol eniong oTov TPOTO TOL Ol MPOTIUNGELS TOV TAUIKTOV
TV oT0 KEIK K®OKOTolouvTal amd tov aiyopiBuo. Evad m wuplapyn tdon eivar va
avatifevtol 6Aot o1 VITOAOYIGUOL GTOVG 1010VG TOVE TTaUKTEC (UEG® EVOG TPMOTOKOALOV), EVOGC
KEVTPIKOG alyopBpog dev emtpénetl auty| v emioyn]. H avtipetdmion tov {ntipotog ovto
Ba odnynoel oyt poévo oe véa amoteAéopota, oALG €mioNG o1 oVUTPALN TOV VROAOITMOV

TePLOYMV NG Emotiung t@v vmoloylotdv 6to TpofAnua.

‘Eva tekevtaio avoytd Bépa mov Ba avaeepbel oto onpeio avtd, ivar 1o 4TL O1 o
TPOYMPNUEVES ADOELS Kot KpLTipla, mov £yovv mpotadel taveo oto Koyio tov Kéwk dev éyovv
Bpet péypt oTLyIG TPAKTIKN XPYoT 6ToV aANnOvo kOGO TEPaV TG Bewpioc. Oa NTav peydin
emTUYia Yo T BE@PNTIKN TANPOPOPIKN OV KATOTE, akOa Kol To o e&elnmuéva Intmpota
mov €yovv emAvBel Mo N B emAvBodv ot cvvéyeln oe Bewmpnrikd eminedo, EPpiokav
EPAPLOYN 0€ KaONUEPVES 0oYOAIES KOl EKQAVOELS 6TN (0N TV avOpOT®V.

[opomdve gival pepikd amnd to avorytd TPOPANUATE, TOV OTAMG CVOPEPOVTUL MC
mapadeiypata 6to Tapdv otddo. Extevic mapovsioon avoytdv mpofinudtov kot mbavaoy
emddéemv Tov péEMOvVTOC Ba yivel 610 TEAOC NG epyaciag, émov kol Oo vEapyel TAEov M)

ATOPAITNTY YVAOOT Yl TV TANPN Kotavoénon Tov Bepudtov autmy.



To yevixo miaiolo

v evotnTa auT YIVETOL Uio TOPOVGIOGT TOV TPOTUPYIK®V Oepatikdv tov Koyipatog tov
K€k, Xg oTtég ovumepiapupavovtar pabnuotikoi cupPfoiicuoi wov Bo fondncovv oty
QTEIKOVIOT], TNV £PELVA KOl TNV OVTIUETOTION TOV TPOPANUATOS Me podnuatikd Tpomo,
optopol wov eme€nyodv évvoleg OmmC To TP®TOKOAAN, kol TéA0g Poctkéc pébodol mov
YAPMNOLELOVY GTN Olaipesn TOL KEIK Yo 2 maikTeg mov o dDGOLV e TPATN EKOVA Y0l TO

GUVOAO TV aAyopiBuwv Tov Ba ELPAVIGTOVV GTO GUVOAO TV EMOUEVOV KEPUAOIMV.

2.1 Xoupolicuoi

SopPoTikd avopeEPOUACTE OTO ETEPOYEVEG KEIK G TO KAEWwTO Sdotnua € = [0,1]. 'Eva
Koppdtt tov K€k eivan pio memepacuévn évoon omd vroovvolo tov [0,1], kot to
npocdiopilovpe I = [x,y], 6Tov 10 x amotehel T0 aploTeEPd OPLO TOL KOWWOTION [ KL TO Y TO
de&i. To punrog Tov Koupatiov I ivor y — x. Xto onueio avtod Oa Beomicovpe TiIg GLVOPTAGELS
OV EMOTPEPOLY T POCIKA OLTA YOPOKINPIOTIKA: 1) cvvdptnon left Ba emoTpépel 10O
aplotepd Oplo Tov KoppaTwov, M right oviiotoiywg to O6e&i xor m len to pnKog TOV
Koppotod. Apa left(l) = x, right(I) = y, len(I) = y — x. Av éva xoppdtt X omopriferon
and ToAAG koppdrtia I, tote len(X) = Y ex (D).

Onwg devkpviotnke mopandve, ot avOpwmot ot omoiot amaptilovv 10 chHVoro TOV
ATOUMV TOV EVOLOPEPOVTOL VO OTOKTNOOLV £Ve, PEPOG TOV KEIK O KAMOL0 CLYKEKPUUEVO

TpoPAnua, o avapépovior og maiktes. To cdvoro avtd Ba amewovileton og N = {1, ...n}.



‘Evag unyaviopos Koyipotog tov kék opiletar o¢ pd cvvdptnon f mov Stovépel g Kabe
waiktn { € N 10 kopudtt A; MOV TOL OVOAOYEl, KOl GUVOAIKA Yl OAOLG TOVLG TOIKTEG
emoTpEPel ™V katavoun (4y, ...,Ay). Ta xoppdrtio avtd givor aocvpfifpacta peta&d tovg,
a@ov mpopovas A; NA; =@ y k@b i,j € N, i # j. Enlong mpopavag, 10 civoro twv
KOUUOTIOV dev EEMepvolv €’ 0VEVE TO GUVOMKO KEIK, dnAadn Y=, 4; € C.

Avtoi givar o1 factkdTEPOL GUUPOAMGOL TOV GUVOSELOLY OVEAMTAOC TN UOOTLOTIKY
amekovion tov Koyipatog tov kéik. Opwg, kabmg 1 avédivon tov tpofAquatog EedmAmvetal
Kol Topovcldlovtal GEPLUKA Ol TNYEG E0TINGTNG TOV EVOAPEPOVTO HaG AV 6€ awTo, Ba
onuovpyobvton véec avdykeg pobnuotikng emenynong peyebmv. ‘Etor  meportépm
ovppoiicuoi Bo mopatiBevrar ota endpeva kepdioia, dnote yperaotel. Ewdwn pvela yiveton
YW TG GLVAPTNCELS TLKVOTNTAG TOAVOTNTOS OV OTOTEAOVV TOAD OTMUOVIIKY TEXVIKY
ouppoAiiopov, kabdg eival o kaAdTEPOg dLVOTOC TPOTOG Vo PeTappootel n embopio evdg
okt ot podnuatiky yAdooo. Avtég Bo avagpepbodv oto emdpevo Kepdhowo, agov

Katadelyfel 1 Aoyikn Tng cLVAPTNONG OEOAGYNONG TOV TOIKTMV.

2.2 Ipwtoxolio kol TolvTAloKOTHTO.

H exdoyr tov Even ko Paz, mov viofetnke amd moAlég dmpocievceig[6][7] yio to mog
opileton To TpwTOKOAAO glvon 1 €ENG:

Opwopdg 2.2.1. [Ipotoéxorro givor pio SadpooTikn Sadikacio 1KoV VO TPOYPOUUOTICTEL
and vroloyloth. Avvatar vo Bétel epothpaTa (QUErieS) 6TOVC GUUUETEXOVTES, TMOV OTOIMV Ol
OTOVINGEL UTOPOVV Vo EMNPEAGOLV TG UEAAOVTIKEG OMOQAGCELS TOv. Avvator vo 6éoet
odnyieg otoug ovppetéyovteg. To mpwtdkoldo dev €xel kapio TANPOEOPNCN TAV® GTO
HEYEOM TV S10pOPOV KOUUATIOV OTMS AVTH EKTILMOVTOL 0O TOVG CUUUETEXOVTES. YTOTIOETON
EMIGNC OTL GTNV TEPITTMOGT TOV QWTOT VITAKOVGOVY TO TPMTOKOALO, TOTE B0l KaTaANEOLV UE TO

d1Kd Tovg KoppdTt 0 kKabévag votepa amd Eva menepacuivo TAnbog fnudtov[8].

Amo ToV Topomdve oplopd avtieital To €ENG ONUOVTIKO: TO TPMTOKOAAO (Ntd amd
TOVG TOUKTEC VO VTWOAOYIGOVV TNV EKTIUNGY TOLG EMOV® O©TO KEIK, Kot Oyl amd KAmTOolo
VIOAOY1oTIKO KEVTPO. Eyyvdrtal tnv opbotntd 100 (¢ TTPOog TO OTL TPOooPEPEL ADGN Yo KAOE
7okt VoTEPO OO KOAMOW0 YPOVIKO Oldotnue, &9’ 0cov akolovnbodv ta Priuata mov
mpoteivel va yivouv.

210 onueio ovtd umopolue vo opicovpe €va KpiTiplo  “duatocvvng’ Y To
mpotdéKoAla: Xvpporilovpe pe P; to chvorlo TV KOTAVOU®V TIg omoieg o i Aoyiletor wg
dikarec. To 6OVOAO TV SIKOI®V KATAVOU®MV Y10, OAOVG TOLG TOIKTEG TOLTOYXPOVO EIVaL 1] TOUN

P=P,N..NP,



Opropog 2.2.2. 'Evo TpoTOKOAAO KOWIHOTOG TOV KEIK IKOVOTOLEL TO KPITHPLO SIKAOGOVNG
P =P;N..NE, av, yio 6OA0VG TOVG TOUKTEG, VITAPYEL O GTPOTNYIKT TOL OTOKPIVETUL OTIG
odnyieg mov gyyvadvtar 6Tt N tedkn katavour X = (Xy,...,X,) € P. EmnpooBétmg, av o
maiktng i okolovBroel T oTpatNnyKy] avt oAAd TopdAAnAo kdmolor GAAOL moiKTES
TopekKAivouy amd o TPOTOKOALO, TOTE 1 Katahvtiky kotovopn X' = (Xi, ..., X;) npénel

X' eP,.

Ta mpotokorla eivar peilovog onuaciog yio ™ perétn tov Koyipatog tov Kéik.
Elvar vieteppiviotikég ADGEIC TOL KOTOANYOLV GE KOMO0 amoTéEAEGUN OGOV aQOopd TN
Swovopny tov ayoBol. Xe OAeg TG mMEPWTOOCES TOL gpapudlovtar, o Pabpog g
OTOTELEGUATIKOTNTAG TOLG KabopileTor amd 1O KATO MOGO KOAVTTOLV KATOWO KPLTHPLO
SkaocvVNG, KOl TV TOAVTAOKOTNTO 7OV Ypewdloviol yio vo KOToANEOLV GE OPLoTIKO
OTOTELECLLOL.

H moivmhoxdtnta oty ITANpo@opikr HETPIETAL TOIKIAOTPOTMOS, AVAAOYQ LE TN PO
To0v  gKkdotote mpoPAnuatoc. o mapddetypo, oe éva mpoOPfAnpa  ta&vounons, 1
moAlvmhokotnTa TowTileTon pe tov apBud TV ovykpicewv peto&d TV vmo tafvounon
avticelpévov. Topopoing, otn Oswpion YToA0yIopoh HEAETATOL 1] YPOVIKT] TOAVTAOKOTN T,
mov opileTar yevikd oG 0 apBpdc Prudtev Tov amaitel £va TPOTOKOALO Y10 Vo oAokANpwbEl,
EVA VTAPYEL KOL 1] YOPIKT] TOAVTAOKOTNTO TOV AGYOAEITOL E TNV TOGOTNTO TNG UVIUNG OTNV
omolo. yYivovtal Ol amapoiTNTeS KATUXWPNOEL,, PLAAGGOVTIOG TANPOPOPIEG EVOC EVOLAUEGOV
otadiov g Sadikaciog eniAvong mov Ba Ppovv ypromn o emduevo Prpa g Sradikaciog.

To Kdoyuo tov kéik omavimg €xel mpo@avy ADoT, 1 0moio Vo UTopel v TpoKOWEL
UETG OO TOV TMPMOTO OLUEAIGUO, Kol oLOTNPE UE €vo KOUUATL Yo Tov Kabévo. Xtnv
TPOYUOTIKOTNTA, E01KG OTOV O apPlOUOC TOIKTOV VAL GYETIKA UEYOAOC, T GTOUO GTO OToio
dtovépetan To KEIK tvorl ToAD 006KOAO Vo, KotaAnEovy pe To 1610 Koupdtt Tov toug iye dobel
Kot opyikd (dnAadn oto TPdTO Pripa TG EKTEAEOTC TOL TPWTOKOAAOV). To kéik popdaletal
OAAETAAANAG, OGOV TO TPOTOKOAAO Vo oloKANpwOei, kot oe kdbe o©Tdd10 7OV
OLEKTEPOIADVETOL UEYPL TN OTIYUN €KEIV TO payoipt Sloupel Kol ovVOKOTAVEUEL TO KEWK GTOLG
naiktes. o to TpoPfAnpe avtd Aomdv, TolvmAokotnta AoyileTtot o apBpog KOYIATOV oV
vivovtor cuvolkd oto k€K, Ommg avolvdnke, n ehdytotn duvaty ToAVTAOKOTNTA Elval M
ypoppukn O (n).

‘Evag mo emionpog optopdg yioo TV TOAVTAOKOTNTO, TOL TALTI(ETOL pE TOV
Tapomave, 0o 600el oTo emMOUEVO KEPAAMLO, OPOV TPAOTO OTOCAPNVICTEL 1 €Vvoll TMOV
gpoMUdTOV mov tifevtan amd 10 TP®TOKOALO GTovg TaikTeg (T queries). Tao epoTiuaTa

avtd kabopilovv ev moAAoig kot évav mo okpiPr] TPOGOOPIGUO Yo TNV £VVOll TOL



TPOTOKOALOV OV 600NKe amd Tovg Robertson kot Webb [5], o omolog emonpomomdnke and

tovg Sgall kot Woeninger[9].

2.3 «Kofw kar oraiéyeicy

H teyvikn Cut and choose («xofo kot S1oAéyelg»), mbavotata amotelel TOV apyotdTEPO
TPOTOo dikaing popaoctdg evog ayabov yia 2 maikteg[3]. To ciyovpo givor 0TL amoteAel T0 TO
amhd - KOl G€ HEPIKEG TTEPIMTMGELG OIKOI0- TPOTOKOAAO OV WTOPEL VO EKPPUCTEL Yoo L0
dropo mov emoPOUAUIOVY GTO VO HOPOCTOOV TO OVOUOLOYEVES Kol Olapéoipo KéK. To

TpWTOKOALO givar 10 €ENG:

Ipmtoxorro 2.3 Cut and Choose

1.0 maiktng 1 koPet 1o kéik € o€ dvo kopudtio C; ko €, to omoia gkeivog

Bewpel 106E10.

2.0 maiktng 2 daAéyetl éva and to koppdtio C; kot Cy (avTd OV TPOTIUAEL

TEPLGCOTEPO) KOt 0 TTaUKTNG 1 TaipveL TO evamopeivay omd avTd.

Meretdvtag Kaveic T0 TPOTOKOAO 0avtd umopei va  odnynbei oto  €€ng
ovumEPAoUATA

1.Eivaw @uhoAn0ng (truthful), ue v évvola 61t ko ot dvo maikteg euvvoohvral and
popactd oto péyloto PBabud povo av SNAMCOVV OTL EVOLOQEPOVTIOL Yo TO KOUUATL TTOL
TpaypaTikd emifopodv, Kol cuvendg kaveic amd tovg dvo maikteg dev kepdilel dnidvovtag

YeLdMG GALO KOUUATL.

2.EEoleiper T (RAa petald tov moktov (envy-free), dniadn kot ot dvo maikteg
KOTOUANYOUV LE €V KOUUATL TOV TO Oem@polv TOLAGYIGTOV 16AEL0 LE AVTO TOV AVTITAAOL TOVG.

H mpdt d10tta eénysiton o¢ eéng: O mpdT1og TaikTng dev KOPEL aviGouepOS TO
KEWK, Yiotl autd umopel vo 1o expuetaAlevdei o dedTEPOC S1OAEYOVTOC TO -KATE TNV UTOWT TOV
TPMOTOV- KOAADTEPO KOpATL. O de0TEPOC TPOPAVAOC EVVOEITOL S1HAEYOVTOG TO KOADTEPO Y10
EKEIVOV KOUUATL TOVL TTPOEKLYE O TO KOWYLUO TOL TPMOTOV. Apa Kol Ol VO TAIPVOLV TO
KaAOTEPO duVaTO SNA®VOVTOC TNV oA OELa.

H dgdtepn 1010t T0, TPOTIGTNG ONUOCING Y0 TO TPOTOKOAAN OTMG KOl 1) TPATY,
e€nyeiton og €€ng: O mpadTog maiktng dg {nAevel To KOUUATL TOV dVTEPOV, Y1UTI SNADVOVTOG
aAnBag onovpyel dvo ioa KOPUATLO, KOl GUVETMG 0 devTEPOG B AdPel akpPac 16délo pe To

k6 Tov. O de0TEPOC TTOUKTNG, APOV SOAEYEL TO VO OO AVTA Kl OTOPPITTEL TO AAAO, gival
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TPOPOVEG OTL Katd i yvoun tov Oa kataAnger pe KoAVTEPO KOUUATL, 1 OTn YEPOTEPN
ePINTOON 16GEW0 [LE AVTO TOV TPADTOV.

[opotnpeitor AOTOV OTL T0 TPMOTOKOALO OVTO TKOVOTOLEL dVO CNUOVTIKG KPLTHPLoL
7ov givar n erioAnBeia ka1 e€dheyn g Mdag. Emmpocbétmg, n molvmiokdtntd Tov givol
N Bértiot (LOALS pia Komn). AVGTUYMG OUMG, 1 TEXVIKN QLT EPapUOlETOL LE EmtTLYio LOVO
o€ (o ToAD TEPLoplopévn katnyopia nepimtdcewy. To pdvo tpofANpaTo VO TUKTMOV TOV
puropov vo emAvBohv OTOTEAECUATIKA LLE TETOL0 TPOTO, £lval ekelva 6T omoin GLUUETEYOVY
maikTeg Pe To 1010 OKEMTIKO Kot TG 101eG avaykeg mbve 610 kéK. To yeyovog mov 1 teXvViKy
«KOPo kol SwAéyelsy ayned elvar OTL OTI TEPIGGOTEPES TMV TEPIMTAOCE®Y Ol OLO
GUUUETEYOVTEG OKEPTOVTOL EVIEADS OLOPOPETIKA, KOl LT 1 SLOPOPETIKOTNTA 0dNYEL GE Un

AmOOEKTEG AVoELS amd ToV aAyopOuo.

Mo va yivel meptocoTEPo KATOVONTOS O TEAEVTAIOC 1GYVPIGUOG, 0G OKEPTEL KAUTO10G
®G TOPASELY IO TNV TEPITTOON OOV TTAUKTEG Elvar Eva Toudi Kot Evag LECHAKAS: AV TO KEIK
KOAEITOL VoL KOWEL O LECAIKOC, EKEIVOG UTOPEL v AGPBEL LT’ OYIV TNV AVAYKT] TOV TOS100 Yo
GUYKEKPLUEVO KOUUATLO TOV KEWK TTOV O 1010G OV EYEL GE TPOTEPALOTNTA, OTWS T.X. TO KEPUOTL,
aAAG Ko Tov 13iov Yo To peyaAivtepo duvatd pufadd tov kéik. ‘Etol pmopel va Bempnoet to
KEPAOL G EEXYMPITTO KOUUATL amd POVO TOL, Kot TO VIOAOUTO KEWK G To devTepo Koupdtl. To
Tadl, Yoo T0 0molo TO KEPAOL givol M TPOTY OvVAYKN oV TPEMEL Vo KOADYeL, Oa dahéEet
OVOYKOOTIKGA TO KEPAGL, OU®OG capds Bo {nAehel TNV aVIGOUEPELD TG KATOVOUNG TTOL O TOL

EMTPEMEL VO OMOKTHGEL KATOLO TOGOGTO OO TO VITOAOITO YAVKO.

H avomotedeoplotikdTnTo, 00T TOV TPOTOKOAAOL KOTAUOEIKVOEL LI TOAD GNUOVTIKY
1010TNTO EVOC 0VOUOL0YEVODE aryalBoD Ommg ivar o kéK: Ot Taikteg dgv emo@Ouiody mavta
Ta 1010 Koppatia, Kabdg Exovv S1opopeTiKd TpOTO GKEYNC Kol EGTIALOVV TO EVOLUPEPOV TOVG
o€ G VAKG TTov To amaptilovy amd avtd mov emBuuel o opodA0YOG Tovg. To TPOPAN A
TEPUTAEKETOL OTLLOVTIKA OO QLTI TV TTLYN TOL TPOoPANpaTog, Kabmg dmwg paivetal, 1 a&io
TOV KOUUOTIOV TOV UTOPOLV VO TPOKVWOLV amd T0 KEIK Og umopel ex’ ovdevi va petpnOel
amo Evo KeVTPIKO onpelo avapopds, Eva Koo cvotnua a&lov mov kabopilel ™ ypnopdTnta
TOV Koupoatidv yo tovg maiktes. H adla kabopiletor amoxAelotikd kot pOvo amd Toug
maikteg wov amaptifovy 10 TPOPANUA, ot ooiot a&loloyovv EexmpiloTtd TO KEIK.

H pobnuatiky omewdvion g dSwpopetikdtntog avtis Oo dobei oto emoduevo
KEPAAL0, MOTE VO YIVEL TAEOV EQPIKTOC O TPOGOVATOAMOUOC TNG UEAETNG TTPOG ia KatehBuvon

7ov emeényel pe podnuoTikd Tpomo TIG II0HOPPIEC TOL TPOPANLLATOC.
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2.4 Teyvikég K1vovuevoo uoyaipiov

H yevikémta tov mpofAnpartog emtdocel cuvnBws va mapovctdloviol TPOTOKOAAL Yo U
TEPOPIOUEVO aplBUd ToUKTOV, avTIBETOC He TEYVIKEG OTMmG 1 «kOP® Kol S10AEYELD) OV
OVOQEPETAL OTNV TEPITTOON TOV 2 TOUKTOV. Mio 0KoyEveEld ADCEMY Yo ATEPIOPIGTOVS
ToiKTeG €lval Ol TEYVIKEG TOL AEYOUEVOL «KIVOUUEVOL poyotplov». Ta mpotoékoiio avtd
opifouv évav efmteptkd TOPATNPNTH, €VO SWOITNTH, O OMOL0C KIVEL TO HO)OIpL TOL OTIS
Ol0OTACELG TOV KEIK, TEPUEVOVTAG KATO0V Vo {NTNoEL Vo KOWYEL TO KOUPATL TOL opilel pHE
aVTO KOl Vo T0 doeL o€ owTdV oL To (Rnoe. H o amAn mapadioyn TeVIKNAG KIVOOUEVOL
poyouplov givon n eéng:

Acg pavtactope, yopig PAAPN TG YeViKOTNTAG, TO KEIK G LOKPOGTEVO 0pHOYdVIO LE
pkpn optotepn kor de&d mhevpd (To Towtilovpe pe ™ pobnuatikn ongwovion € = [0,1],
omov 0 n aprotepn mAevpd kot 1 n 6e&udr). O droutntig Eekivdel pe To poyoipt 6To aploTEPO
dxpo kot To Kvel Tpog Ta 0e&ld MGTOL £vag amd TOVG N TOIKTEG VO TOV TTEL VO KOWYEL TO KEIK
axpifmg ekel mov Pploketon to poyaipt T otrypun exeivn. O doutntig kOPel To Koppdtt otV
tonoBecia x; Ko divel To koppdtt [0,x;] otov maiktn avtd. H Swudwkacio cuveyileton pe
opoo tpomo yio toug n — 1 moaikteg mov omopévouy Kol To VIOAOWTO KEWK, dNANdN TO

C' = [x4,1], domov 6Aot o1 TaiKTES VoL AGBOVY TO KOUUATL TOVG.

H moapamdve pébodog yio to kOWYLo dev €yel KAmowo avotpd optouod, kot Oa,
YPEWOTEL KATOEG SEVKPIVIGELS Y1t VoL 0P1oTEL TANP®G MG TPMTOKOAAO. Opmc, Kot ot Hopon
g avTn duvatal vo eEQyel KAToLo XprCUe GUUTEPACUATA. AV epYOTAY KAVELS 0T BE0TM £vOg
TOiKTN OV TEPIUEVEL TO HEPIOO Tov, Ba PplokdTay aVTETOMOG HE OVTO OV OPIGTNKE
TOPOTAVD MG PrAainBeia: Ag vroBécovpe OTL To KEWK €xel yOpLoTel PEYPL TO ONUElD Xj Kot
mheov T0 Srabéoyo K€k givar to [x, 1]. Méoa oto diotnpa avtd Ba vedpyel KATOW Xj 4 1,
TETOL0 MOTE TO KOUUATL [Xg, X4 1] VO TOV Kavorotel. To epdTNUA £ivol KOTA TOGO TO GNLELD
X4+, 0T0 omow Oo (nAcel amd To ST vo yopicel to kék Oo tovtiCeTor pe TNV
TPOYUATIKT TOV aVAYKT (Xjk41). AV (TAGEL amd TO dloutnTh Vo KOWEL LKPOTEPO KOUUATL 0O
autd Tov ypetdletar, dMAadn dNAdoel Xjp4q < Xgy1, 00 KATOANEEL pE TO KOPUATL [X), Xj 1],
7ov Ba €xel Opc puKkpdTEPN a&io Yio avTOV and T0 [Xk, Xg41]- Av {nTNGEL A6 TO dSrontn T VoL
KOWEL HEYOADTEPO KOUUATL, SNAdT SNADOEL Xp 41 > Xi1, B KaTOANEEL GOQDG pe KOADTEPO
KOLUATL 0O QUTO OV TPAYHOTIKA £xEl ovaykn (8o AGPel To KOUUATL [Xg, Xk 1] TOL BELEL
pali pe mv emmpdobetn aio Tov KOUUOTION [Xkiq,Xk4q1])- OpoG, pe TO Vo agroel To
St vo cvveyioel TV Kiviion Tov poyoplov mpog T deEd, avEdveTal o Kivouvog va
OTOOTIOEL TPOTVTEPA TO JOTNTH KATO10G AAAOG TTaIKTNG KOl VO KOTAANEEL EKEIVOG IE TO
KOUMATL Tov MBeke, kot €Tol yuoo po. pikpn emumpocBetn aion Bo prokdpel oAOKANPO TO

KOUMATL TO omoio ypeldletal. TUVER®MS, TO GUUPEPOV TOL Elvar 1 ONAMOYN TOL Vo NV
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TOPEKKAIVEL amd TNV aAfOEW KOl TO Xj4q VO TOUTIOTEL PE TNV TPAYUOTIK T Xppq. H
puéBodog avth Aomdy eivor riainomg.
Mo o GUYKEKPIHEVT] TEYVIKT] KIVOVLLEVOL HLoYoLplov, £ivol 1) pouTiva Tov TPAITEVE O

Stromquist[3] kot avapépetal oTny TEPiTTOON Yo 3 TOIKTEG:

Povrtiva 2.4.'Evag dtoutntig petaxivel évo onabi omd v apiotepn TAevpd 6t deEid
v amd T0 KEIK, LTOOETIKG JPOVTAG TO o€ €va [KPO aploTepd Kot éva peydio de&l
koppdtt. Kabévag amd toug 3 maikteg kpatdet £va poayaipt otn 0éom mov Bewpel péco tov
dg&100 KoppoTod (dnAadn to ywpilel o€ dvo WA Katd TNV dmoyn tov kKoppdtia). Oco o
Sttt g Kvel o omabi, ol TaikTeEG oLVEXDC TPOSaPUOLoVY T poyaiple. TOVG EMAVEO GTO
KEIK, TTOVIO KPOT®OVTOG TO TopdAnia oto omabi. Otov omolocdnmote maiktng emvascet
«KOYEN, TO KEIK KOPeTal amd ToV TaikTn Tov 0moiov To poyaipt TVyaivel va gival To pecaio

and avta[10].

Onwg kol 6To TPOTOKOALN, Ol JAOIKAGIEG KIVOOUEVOL poyonploy givat dikaieg otov
VILAPYEL L0 CTPATIYIKT Yo KAOE TTaiktn mov tov e€acpaiilel éva dikato pepido, aveEaptnta
Ao TI OTPUTNYIKEG T®V AAA®V TAIKTOV. To ¥apoakTnploTikd Tovg gival OU®S, OTL Tapd TN
HEYAAN TPOKTIKY TOVG aia, dev Exouv 10taitepo BepnTiKd evolaépov. AveEdpTnTa TAVTMOG
amd TO YEYOVOG OVTO, €ival [0, OKOYEVELD AVGE®V TOL KAvEL ouoOnn v avaykn g
oraAnBelog and Tovg TaiKTEG TPOg OO TOLG OPeL0G. AAla Tmopadeiypota SodKAGIOV

KIVOOUEVOL poyanptlod ténkay emt tammtog oo tovg Dubins,Spanier[11] kot Jones[12].
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H Zoyikn tys oovdptnons alloioynens

210 TPONYOVUEVO KEQAAUO avodelyOnke, peta&d GAA@V, M JLOQOPETIKOTNTA MG TPOG TNV
ontTIKN YOvio Tov Kabe maiktn v 610 Kéik. E@’ dcov 10 mpofinua tov Koyiuatog tov
KEWK ovaryeTan ota, Lobnuotikd, 0o ¥pelcTel Vo amEKOVIGOVE TN S10UPOPETIKOTITO, QLT OTN)
ponuotiky YA®ooo, kol oto €ENG VA, XPNOCLULOTOIOVUE EIKOVG GUUPOAIGHODS OOTE Vo
avaAbovTal enakpiPdg Tp@TOKOALN, Kprtiple Kot amwodeifelc. Apov cuuPel ovtd, Oa givar
EQIKTN 1 KoTnyoplomoinon tov mpofAnudtov pe Pdon tovg kavoveg mov akoAovfoldv ot
ATOITNOELS TOV TUKTOV ard T0 KEWK, Kot Oa Eexvioet pia mo cuykekpiuévn Bempnon navm
o710 TpoPAnua. To mapdv kepdAaio Tapovaialel T cvvaptnon a&loAdynong and T Bewpio
otV TPA&n, TV opadomoinon Tv tpoPfAnudtey pe faon v afloddynon Kot Tig KuploTepPES
OHAdEC MOV TPOKLATOLV OO VTN, KOl TEAOC TO EPMTNUATO G TPOG TOVG MOIKTEG, TO

Aeyoueva queries.
3.1 Ewcaywyn

H avopotoyevig ¢von tov Kéik, 1 TAN0dpo ToIKTMY Kol 1] TOIKIAOTPOTI0, GTOV TPOTO GKEYTS
TOVG TAV® 670 KEIK £XEL MG QLOIKO emakOAovBo Vv e&éyovoa Béon mov Exovv ot HeAéT
TOL TPOPAUOTOS Ol aTopKEC mpoTunoelc. H  dagopetikdtro TV  TPOTIUCE®YV

amekoviCeTo LIE TIG GLVOPTNOELS 0ELOAOYTONG.

o éva obvoro maktdv N ={1,..,n} , «@Oe moaikng i € N €yel ol PUGTIKA

ovvéptnon a&lordynong Vi, n omola yoptoypapel mota onueio Tov K€K Kol 6 molo Poabud
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EVOLHPEPETOL VAL TO. OMOKTNGEL O [. ZVYKEKPEVE, O KOOEVAG TOLg €yel o GuvapTnom
nokvotntog mboavotntog u;: [0,1] — [0, ), kot étot yio tov waikt § 1 afio evog Koppation
X pe dxpa left(X) = x; ko right(X) = x, givon V;(X) = f;: u;(x) dx. H ovvapmon u

delyvel OG0 onuavTiKd givar £va cvyKeKpIpEVo (amelpootod) onueio péoa oto ddotnpe [0,1]
Yl TOV TTOUKTN i, KOl 1] cuvapTnoT Tukvotntag Thoavotntag V' abpoilel tn ypnoodtto TV
onpeimv avtdv kot delyvel cuvolikd 10 OGO afldAoyo yia Tov maikn givor to dBpoioua

o106 (mov amaptilel £vo OAOKANPO KOUUATL).

Mo va vapyet 16oppomio peta&d TOV KATAVOU®MY KOl VO LTopovy ot exifopiec Ohmv
TOV TOIKTOV VO CLYKPIvOvTol GE £€vo. YEVIKO TAOiclo, vmobéTovpe OTL Ol GUVOPTNGELS
a&lohdynong eival  Koavovikomompuéveg yio. Olovg tovg maikteg, omiadn V;([0,1]) =
) 01 u;(x) dx = 1. Atoukd avtd onpaivel 6t o moiktng gite o mpotipnoel évo TEPLOPIOUEVO
KOUMATL TOL KEIK Kot o «Tomobenoey OAn Tov Vv a&ia méve og avTo, ite Bo mpoTyoEL
peyoAdtepo mocootd and avtd pe peiwpévn agio. Ot meplopicpol avtoi evBappivouv
otaAnBeto, kobhg ol maikteg Bo TPOCUPUOGOLY TIC CLVAPTNOELS OEIOAGYNONG TOVG GTA
amopaitnTa -KoT’w 0oVvTOLG- KOUUATIY, KOl ooV HE HKPOTEPO KOUUATL EVOLLPEPOVTOG
avEdvetal o Pabuog ypnopdttég tov, Ba vdpyel Kol peyaddTepn THUVOTNTO TEMK®DG VoL

AdPeL TO KOPUATL AVTO A0 TO TPOTOKOAAO KATAVOUTG TTOL EMIAEYETOL.

3.2 MaOnuatikés 1010tnTeg

O1 cuvaptioelg TukvoTNTOG THAVOTNTOS SETOVTIOL OO OPIGUEVES HAOUOTIKES 1010TNTES, Ol
OTO1EG VTLAYOPEVOVY TOVG KOVOVEG TTOL AKOAOVOOHV 01 BEIOAOYTOELS TV TOUKTMV:
1) Ouocvvaptioeig a&loddynong eivon abpototikég: V(X UY) = V;(X) + Vi (Y)
2) O1ovvaptioelg a&loddynong sivon pun atopukés: Vi([x, x]) = 0
3) Ot ovvoprthoelg a&loldynong divouy idta amotedéopata Otav To dpio. givor
GUYKEKPIUEVO, ACYETMOC LLE TO AV Eival KAEIGTE 1 0vOLYTA TOL OPLOL TOV KOULATION:

Vi(lx, ) = Vi(Ge,v1) = Villx, D = Vi((x,3)
271G TopomAve  W10TNTEG TTPOSHETOVUE KOl TNV KOVOVIKOTNTO TOV KOTOVOU®V 7TOV
nopovcidotnke maporave: V;([0,1]) = fol u;(x)dx =1Vi € N.

Av ko1 oto oOVOAO TOVLG TETPUUEVEG, Ol OY€0Elg avTEC €ivol avaykaio vo
Aappavovtor v Oy, KaBmdg 1 TpakTiky Tovg a&io elvar pavepn kot emiPePardvovial amd
TNV TPAYHOTIKOTNTO TTEPAV TV pobnuatikov. H tpdt widtnta amocapnvilel mwg étav o
aiktng I KOoToAoYel dVLO KOUUATIO HE KOTOEG TWES OvTioTOlo, 1M CLVOAKN a&lo TeV
KoppoTI®V Bo 1oobTal pe To dfpoicpua TV TGV aVTdV, OnAadt| dev Tpootifetan atia pe

GUVEVMOT] KOHUUOTIOV OVTE YAveTOL KAmolo (Vrofétovpe MG deV LIAPYEL KOPEGUOG OTNV
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avAayKn TOL TOAKTN Yo TO OEVTEPO KOUUATL LETA TNV ATOKTNGN TOV TPAOTOL KoppaTov). H
devtepn 1WO10TTO TANPOPOPEl TG £va, KOUUATL PE KOO aplotepd Kot de€ld akpo, OMAaon
unodevikd pnKog, de dvvartor mopa vo Exel undevikn a&ia yo tov kdOe maiktn omolovdNmoTeE
mpofAnpatoc. H tpitn amkdg emPePardvel 41t o€ €va mpOPANIO e TPAYUATIKT QVOT| OT®S

TO KOYILO TOV KEIK, gival aveda@ikn 1 culntnon yio ovorytd Kot KAEIGTE dpia.

3.3 Tunuotikny Loyikn

YuviBog ot avdykes Tov avBpdTmv Tdve o€ kdmowo ayafd akolovBovv opioEVOVG KOVOVEG.
H ocvvéptnon a&lordynong, 6vtag unyavicpos mov Ponda otn yoptoypaenon TV ovoyK®ov
aVTOV PECO LoOMUATIKNG ETEENYNOTS, LTOPEL VO AMEIKOVIGEL TIG S1APOPES WOONTEPOTNTES TTOV
SEmovV TV avOpOTIVY GKEYT] OVOQOPIKE [LE TO KELK KOl VO KAVEL KO IO GUYKEKPLUEVT] TN
Bemprnon Tov TpoPArnuatoc.

I'evikd o1 cvveygic CLUVOPTAGEIS KOTAVOUNG OV akoAOLHOVY KATO10VG TEPLOPIGLOVG,
Kol 0ev etvar TUNRoTIKG otofepéc. Anhadn, yuo pa otobepd € > 0 aebntd pukpdtepn g
Hovadag kot yio Kamoto onpeio ¢ € [0,1] evtdg tov KEIK, yio KATolov maikt i 1oybel cuvibmg
Vi(c) # Vi(c + ¢€) # Vi(c — €) . Me amAd Loyio 510p0pomo1ohvTal amePocTd oNLEiD TOV KEWK
7OV YEITOVEDOVV KOl GLYVA £YOVV averaicOn dtapopd Yo v avlpdmvn avtiAnyn. Ouwg
ol maikteg ocvvnbilovv va PAémovv 0 KEKK ®G €vo GUVOAO ammd KOUUATIO TTopd ®¢ €va
amopTlOUEVO amd OTELPOGTA aryado.

Ag oxeptovpe éva mOpPAdEYHO: Ol TOUKTEG £XOVV VO KATAGTPOOOLV TN OKN TOVG
ouvaptnon aloAdynong Tave og évo KEIK mov omaptiletol amd dvo TUAHOTA: TO &va EYEL
emKdALYN cokoAdTag Kot To AAAO emkdAvym Pavikag. Eivor emduevo va Bewprcovpe 6Tt T0
GUVOAO NG KOVOTOINoNG TV malkTtdv Ba perpndel pe 10 mocootd mov Oa Adfovv amd to
TPMOTO TUNO KoL TO TOc06TO ov Ba Adfovv arnd to de0TEPO, GOUPOVA LE TNV 0ELOAOYNCELS
OV £YOVV YO, TNV EMKAAVYT GOKOAATOG Kot Poavilog. ZUVERNDC 08 TEPUTTOOES OTMG Kol
QT Ol TOIKTEC KPIVOLV TUNUOTIKA TO KEIK, ONAAOT OUAOOTOI0VV TO OMELPOGTH GE TUNUOTO
OV £Y0VV KAMO0 KOO YupukTnplotikd. Ot cuvaptnoelg mov GéPovial avutd Tov TpOTo
okéyng eivar ol tunuatikég cvvaptioelg a&loloynong (piecewise valuation functions). Ot
GLUVAPTNCELS aVTEG epPavioviol PEe OpPIoUEVES TOPAAAAYEC, Kl Ylo. aLTO TN GLuVEXELW Ba

TOPOVGIACOVUE EEYMPIOTA TIG VITOSIULPEGELS TOVG.
3.4 Tunuatixe ctabepn alroioynon

Mo ovvdptnon a&ordynong V; elvar tunuotikd otobepn Otav 1 KOTOVOUR U; TOL TNG

avTioTolyel elvatl TUNUOTIKG oTadepT).
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Y10 oynua 3.4 PAémovpe o tunpotikd otobepn ocvvaptnon afloddynong yu

KATOLO0V TTolKTY i

0

0 0.5 1

Zyquo 3.4 Mopaderypo tunpotikd otabepng aloldoynong

H ocvvépmon u; eivor otabepd 1 oto diotnpa [0,0.5], otabepd 2 oto didompua [0.6,0.85]
Kol unodevikn ota veorlowro onueia. [apatnpodue 6TL N KaTavoun givol Kavovikn (GUVOAKE

70 UPadoV g cvvaptnong V; etvar povadiaio).
3.5 Tunuartirxa ouoroyevis aéloloynon

H tunuatikd otabepn afloldoynon mov &idape mopomave KAvel Tpaktikd to e€ng: o kabe
maiktng dwywpilel 10 KEIK G€ KOUUATIO, OTd TO, OO0 UEPIKA EMOVUEL VO OTOKTNOEL, Kol
pepKa aAra 6yt Oumg mapdAinia onuoivel 6Tl uropei vo a&lodoynoetl kot to fadud mov
0éAel KOO0 KOUUATL. XTO TOPAOELY L0 TG TPONYOVUEVNG VITOEVOTNTAG TOPATIPOVUE OTL TO
rxoppdtt [0.60,0.85] mop’oti £xer kpodTepo pnKog and to koppdtt [0,0.5], £xel v idwa aia
Yoo Tov okt i, kabdg yo x € [0,0.5], n a&ordynon sivan u;(x) = 1 evd avtiotoryo oto
x € [0.6,0.85] n a&oroynon eivar u;(x) = 2. 'Etol dvo koppdtio pe S0popeTikd UNKOg
umopotv vo, Exovv id1a a&ia yio anTov.

Kétt mov evdeyopévmg 1oy0eL TIG TEPIGGOTEPES POPEC, €lval OTL Ol TOIKTEG AMAMG
embvUoVY KAmO KOUUATIO KOl Kamoww GAAo Oyl AnAaon mn a&la tovg kobopileton
ATOKAEIOTIKA atd TO0 UAKo¢ Tovg. H a&loAdynomn mov ikavomolel avtd To apKeTd peaAGTIKO
GEVAPLO EVaL 1 TUNLOTIKG OLLOLOYEVTG.

Mo ovvaptnon a&ordynong V; Aéyetar TUMHOTIKG OUOIOYEVIG AV 1 KOTOVOUN U;

ooVt ite pe kamoa otabepd ¢ € R, , gite ue 0.
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Zymuo 3.5 Toapdderypo TunpHoTKG opo1oyevoHs a&loAdynong

‘Eva mapdderypo tpunpoatikd opotoyevods a&lordynong ival avutd mov ometkovileton
kot oto oynua 3.5. H xatavour givan undevikn ota daotiparta [0.25.0.6] ko [0.85,1] 6mov
Yy Tov moiktn [ To KEWK Ogv €yl a&lo, VM OTO VIOAOITO OWCTHLOTO, TO OTOL TOV
evopépovy, N afla u; sivor pun pundevikn kot 6om ypedletol, MOTE 6T0 GUVOAD TOV TO
eupadov mov karvmrern V; va givan 1.

Otov o1 emBopieg Tov oK €XAVO 0TO0 KEWK 0KOAOVOOVV TUNUOTIKG OMOL0YEVN
Katovoun, N o&la v omola AauPAveL amd KATOL0 KATOVOUY TOV TOL divel évo, Kouudtt X
woovton pe V;(X) = len(X N U;)/len(U;). Ta mopdderypa, av 0let ta koppdtio [0,0.3] ko
[0.5,0.8] ko Aappdvet to koppdtt X = [0.1,0.7], o maiktng kootoroyel o koppdrt tov 0.67.

3.6 Tunuatixa ypouuiky alloioynen

H tekevtaio katnyopio TUNUOTIKA YpOppikng a&loAdynong mov mopovctaletar givar m
TUNUOTUCO YPOULLLLLKT).

Mo cuvapTnon KaTavoung U; ivot TUNUATIKG Ypopukn 6tav umopel vo ypaetel og
t0 obvoro u;(x) =XTL,L;(x), 6mov or L; &ivor YpOaMMIKES GUVAPTAGES TOV®D GE
0CVGYETIOTA KOUUATIOL {1, .., L}, SMAGON Yl otabepd a; wou by, Lij(x) = ajx + b; . Z1a
TUALOTO TOV KEIK 710V JEV EVOLAPEPOVY TOV TOIKTT I 01 6TadEPES AVTEG EYOVV UNOEVIKT TIUY.

Inuedveran 6t yio a; = 0, happavovpe tunpatikd otabepés aglohoynoeLs, eva yia

Kowod a = a; Vi € N Aopfdvovpe TUNHOTIKA OLOIOYEVEIG CUVOPTHCELC.
3.7 Epotiuata

TMa vo propovv ta Tp@toéKoAle Vo {NTodv amd TOVg TAIKTES TO JY®PICUO EVOC KOUUATION
and 1o k€K, Bétovv 1o epotnuata (queries). Ta gpotiuato avtd tifevion pe otdY0 Ot
TOIKTEG VO KOWYOLV KOUUATLO TOL TANPOUV Lo 1010TNTo He faon v a&loAdynon tovg. Ta

EpOTAROTA EIvaL VO EWODV:
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To Mark(i, a) emotpéeet 0 pikpdTEPO X Y10, to onoio V;([0,x]) = a

To Eval(i, x) emotpéper o a = V;([0, x]) [9]

To npodto £’ avtdv (NTdel va komel T0 KEIK 0md TOV ToUKTN i GTO KOVIIVOTEPO SLUVATO MG
npog 1o 0 onueio, 6mov N a&io va givar 1 {ntovpevn (a).
To devtepo, Yo éva cuykekpévo onueio x, (ntdetl amd Tov TOUKTN Vo KAVEL YVt TV oio
TOL Y1 To Koppdrt [0, x].

H moAvmhoxotnto evoc mpmtokOALov OTmg LITodelyOnie petpiéTan pe tov apiud tov
TOU®V TAVE 670 KEK. Emonuomg oumg propet va petpnbet pe 1o cuvoliko aptBud tov queries

oV TiBEVTUL 68 OAOVG TOVG TAIKTEG,
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ATouika kprtypia yia THY oT000TIKOTHTO TMWV

alyopiBuwv

210 KeQAAOO ovTO Oa TEPOLGIOCTOVV TO GTOVIAOTEPO KPITHPLE. OV KOTATAGGOLV Tol
TPOTOKOAAO GE OMOTELEGUOTIKA KO 1), LLE YVAOUOVO TO ATOHKO Operog. Otav ot Acels mov
npoteivovtan e€etdlovtan pe Paon to Kotd mTOcOo €EVTNPETOLY TO EENTOUIKEVHEVA 1OOVIKA,
ouvnBmg evolapépeL 1) 1I60ppoTia. LETAED TOV KOUUOTIOV TOV HOlPALovTol 6TOVS TOIKTEG KOl 1)
eEdAeym 0dIKIOV OV TPOKVTTOVY SIvVOVTaG UEYOAN KOUUATIO OE KATOOVG OO 0uTOVG Kot
TOAD UIKPOTEPO G GALOLG. 'l Vo GUUUETEYEL KATO10¢ TOUKTNG 0€ TPOTOKOAAO KOTOVOUNG
opeirel mpadTa vo yvopilel 10 katd moco avtd Oo Tov dacparicel Eva Koupdtt mov Oa
IKOVOTIOLEL TIC OVAYKEG TOV, o€ dikata wdvta TAaicto. Ot 6rovdoldTEPES EVVOIEG TOV ATOUIKOV

0peLOVG QaivovTol 6TIC KAT®OL TOpaypapovG.
4.1 Ilypotnta

Oroav tibeton TpoPAnua daywpiopod Tov KEIK, 1 cuvnbEécTEPN KATAGTACT TOV TPOKVTTEL
TEAIKA €lval va SOVEUETOL OAOKANPO TO ayaBd GTO GUVOAD TMOV TOKTMV, £IGL OCTE VO, U1
HEIVEL KATO10 TOGOGTO TOV AVEKUETAALELTO. X€ TOAAEG TEPIMTTAOCELS OLMG, KO Y10 SIAPOPOVG
AGYOLC, TO GCUGTNHO KOTAVOUNG EVOEYOUEVAS Vo un Bewpnoet arapaitnto vo dobei oAdKANpO
TO KEIK OTOVG TOUKTEC, Kol EMAKOAOVOMG OPIoUEVE KOUUATIO TOV VO LEIVOVY OvEKUETAAAELTA

oo AVTOVC.
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Opropodc 4.1. Mo katavour] Aéyetor Tinpng otav kdbe maikg [ € N AapPdavetl avtictorya
éva Koppdtt amd o Xq, ..., X, kot ovvodikd X7 N ... N X, = [0,1], dnAadn dtav dev vrapyet
KOVEVOL OVEKUETAAAELTO UEPOG TOV GLVOAIKOD KEIK OAAGL OAOKAMPO £€xel dwoveundei oto
GUVOAO TMV TOKTAOV.

Hopdderypa: e npofinuo 2 moktdv, o moiktng 1 AapPdver 1o xoppdtt Xq =
[0, 0.65], kot mapopoime o maiktng 2 Aaupdaver to koppdtt X, = [0.65,0]. Kabog X; N X, =
[0,0.65] N [0.65,1] = [0,1], n katavoun Bempeitar mAfpNG.

4.2 Axpificia

Apycd vroBétovpe 0TL S etvar €éva VTOGHVOAD Ao TOVG TalikTeg N TOL GLUUETEXOLV GE Eval
TPOPANLa Stoympiopod Tov KK, kot X éva koppdtt tov kéik. Emiong ovopdlovpe wg D (S, X)
ta onpeia Tov X mov embupovviorl omd TovAdyiotov 1 maiktn tov vwosuvorov S. Opilovue
o avg(S,X) = len(D(S, X))/|S| to péso dpo unikovg tev onpueiov tov X mov embopodvon
amd TovAdyiotov 1 maikn Tov S.
Opropog 4.2. Mo katavoun Aéyetot axpiPpng avagoptkd e to S kot 1o X, étav divel otov
kG0e maiktm péoa oto S woppdtt pnkovg avg(S,X) amoteAOVUEVO OTOKAEIGTIKO OO
emBountd yuo tov id1o0 onueio tov kéik. o va vapyel axpiPng katovoun tov X amaiteitol
cae®g vo 500l OAOKANPO TO KOUUATL OVTO, OPOD TO OAIKO UNKOG OV TPEREL Vo, 000l amd
uio okpipn katavoun ivor avg (S, X) * |S| = len(D(S, X)).

Hapaderypa:Yrmobétovpe S = {1,2} xar X =[0,1]. av U; = U, =0,0.2], 10te
divovtag otov 1 kor tov 2 ta koppdtie [0,0.1] ko [0.1,0.2] avtictoya égovpe axpipn
Kotavour. Ze avtudiactoln, av U; = [0,0.2] ko U, = [0.3,0.7] de Svvatar va vrdpEet

axpIPNc Katavour.
4.3 Avaloyikotnro

To kpurfplo mov &yel peretndel mepiocdtepo amd Kabe dALo oto OEp0 TNG KATAVOUNG Elval
aVTO NG AVAAOYIKOTNTAG.
Opopog 4.3. Mia kotovoun X = (X4, ..., Xy) Aéyetor avaroykn (proportional) av yio kabe
naikt i € N, woydvel Vi (X;) = 1/n . AnAadn, av 0 kGBe TOIKTNG EKTUYLA LE IO GUYKEKPIUEVT|
TN TO GOHVOAO TOL KEIK, Y10, VO VIdpyel avoloyikotnto Oa mpénetl va, AGPel TovAdylGTOV TO
1/n g TIung oG,

H avoloywomnta eivor g £vvola Tov KOToyupadvel T BEomioTn evOg KATMTATOV
opiov a&iog pe v omola Bo KoToANyEl 0 KAOe TOiKTNG HETA TO SOY®PIGUO TOL KEIK.

AmoteAel ovaykoio ovvOnKkn Y@ TO0 GOVOAO TV WO 1OYLPOV Kptnpiov mov Ba
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TOPOVGLACTOVV GTI GUVEXELX, Kl avTO divel TNV aichnon g avaykatdtnTag Yol avoAoyLKo
TPOTO drowPLopoV. Me mo amAd Adyla, av Evag KATOUEPIGUOG TOL KEIK glval PN avaAoytkoc,
amokAeieTon va KaADWEL Kpurnpla mo woyvpd dnmg A.y. 1 e&dienyn g (nAoc.

Av 10 K€K NTOV OpHO10YEVEG ayalBO Kol OXol ot Taikteg emopBoiiovoay pe tov id1o
TpOTo KkGBe onueio Tov, Yo Vo VINPYE AVOAOYIKOC TPOTOC KOATAUEPIOUOV Ol N Talikteg Oa
énpene va AaPovv akpipac 1/n amd avtd. Oumg, n avoproloyEveld Tov divel Tn SLuVaTOTNTO VA
AaPouvv 6A0L TowToYPOVMG TTIve amd 1/n (kdtt Tov o edvtale advvato péca o éva kabapd
HOOMNUOTIKO-YEOUETPIKO TPOTO GKEYNG, POV TO GUVOAD T®MV KOUUATIOV TOV TOUKTOV Oa
Eemepvohoe OLOKANPO TO KEIK).

Hoapaderypa: 'Eocto mpofinuo tunuotikd opotoysvods afloddynong pe n = 2
TOiKTEG, Omov 0 maiktng 1 emBupuel to xoppdt [0,0.5] kot o maiktng 2 emBopel to KoppdTL
[0,0.75]. TIpogavdg, ywo va givor ot mpotnoelg kovovikomomuéves (V;(x) = fol udx =
1,i € 1,2), ota onpeio volapEpovtog Tov Taktodv 1 o&io u; givon avtiotorya 2 kat 1.33. Av
éva TpOTOKOALO daveipel to koupdtt X; = [0,0.3] otov mpdTo TOUKTN Ko TO KOMUATL
X, =[0.3,1] oto devtepo, ot maikteg kataAryoov pe ofia V3 =2(0.3—-0) = 0.6 ko
V, = 1.33(0.75 — 0.3) = 0.598, kot kabd¢ o1 a&ieg avtéc givan dvm tov opiov 1/n = 0.5, to
TPMOTOKOALO OVTO KPIVETUL WC OVOAOYIKO.

Koatavouég mov axoAiovBovv pntd to xotdToTo Opto 1/n Y 10 cHVOAO T®V TOKTOV
ovuvavTavTol oVyva ot PBiproypapio mg «dikaiecy[2] | «amhd dikaueg»[5]. Ouwe, cvvibmg
Kuplapyel 0 6Pog «OVOAOYIKES) TPOC OMOPLYNY GVYYLGNG UE GALO KPITHPLO TOV AVAPEPOVTAL

o OKaooHVT.
4.4 Eéaieryn {niiog

[Mop’ 61t N avodoywoTnTo eyyvdtol pio oxetkd dikoum ADGT €L TOV GLVOALOL TOV TOUKTMV, O
TPOTOG OKEYNG TTOV EMPAAAETAL OO VTV OVAPEPETOL LOVO GTNV IGOUEPT] CUUTEPIPOPA TNG
KEVIPIKNG SLOVOUNG £VavTL TV ToKTOV. Oume, Tapafiénetotl To onuavtiko B€pa tov Tpdmov
pe tov omoio Aoyiletan o kGOe TaikTnG TO HUEPISI0 TV VTOAOIT®V. LTO TAPATAV®D TOPASELY LA,
0 TPMTOG TAIKTNG KooTOAOYEL TO Koppatt Tov 0.6 kai tov dgvutepov 0.4, evd Yo 10 devTEPO
maitn to Koppatt Tov £yetl agio 0.598 kot tov dAlov 0.402. 'Etot dev vapyel {iio peta&d
TOV dVO TOKTOV. Ag ANQOEl dumg VITOY YV o GAAN TtepinTmon:

Hoapaderypa: Xe éva mpoPfinua dwavopng 3 moktdv, o maiktng 1 embopei 0

koppdatt [0,0.5], o maiktng 2 emBopei oloxAnpo to kéik [0,1], xor o maiktng 3 embopei 10
koppdrt [0.5,1]. Av o 1 Adfet to xoppdrt X; = [0, 1/3], 0 2 1o xopudrtt X, = [2/3 ,1] kot o

310X;3 = [1/3 , 2/3] , 0o TporvyoLV Ta NG cvuTEPAGATO!
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O a&iec tov moktdv Ba givor avtiotoyya V; = 0.67, V, = 0.33, V3 = 0.33. Zvvendg,
agov V; = 1/n = 0.33 n dwavoun avTn givar avaloykn.

Ouowc mapdAinia, o maiktng 1 6o Bewpnoel, TPOEOVOS GOUP®VO UE TN OIKY TOV
omtikn yovio, 6Tt 10 kKopudtt tov 2 givan adiog 0 ko tov 3 0.33, o 2 Ba Bewprioel O6TL TO
kopupdtt Tov 1 éyxet a&io 0.33 kot tov 3 emiong 0.33, ko 1€hog 0 3 Ba AoyileTon TO KOUPATL
tov 1 ¢ a&iog 0 kot to koppdtt ToL 2 ¢ agiag 0.67. Ta dedopéva oVTE AVODEIKVOOVY TMG O
1 Bewpel 011 el KOAVTEPO KOUATL 0o TOVG AAAOVG 2 TaiKTEG, 0 2 OTL TO KOUUATL TOV glvan
iong a&log pe to KoppdTo TV VIoAoitmy, aAld o 3 Bewpel 611 0 1 €yel AaPel KoAvTEPO
KOUUATL 07’ 0,71 0 1d10G. Zuvoyilovtog, 6€ auTd TO TPOPANUA KATUVOUNS 3 TUKTMV, Ol 2 0o
avTovg Bepodv OTL €YOLV TO KOADTEPO 1 TOLAAYIOTOV 16GE0 KOUUATL GYETIKA pe O,TL
StovepnOnke otovg GAAovg, Kot 0 €vag Bewpel Tl VITAPYEL KATO10G TOiKTNG OV £xEl AdPet

peyodvtepn afla amd avtov. Apa vrapyel €0t Kot évag mov «InAeveyy To KORUATL EVOG

dALov.

Opwopig 4.4. Mo katavopun X = (Xq, ..., X)) Aéyeton nog e€akeiper ) {Hheia (sivon envy-
free) av yio xébe dvada mouktov i,j € N, woyde Vi (X;) = V;(X;). Andodn n mpodinddeon yio
vo givar envy-free o xatavopr, givor o kabe moaiktng va pn Bewpnost 6t 1 o&io TOL
KOUMOTION Tov vrookeAileTar amd v afia evog dAlov Koupatiov mov katéAnée oe GALo

Tk, 0AAG va gival TOLVAGIGTOV 1640 o TO KOUUATL ToL Bempel KAADTEPO OO AVTA.

H (\Ao petald tov ooupeteyoviov og o dtavopun ayabod 1 ayabdv amotelel Eva
TOAD PEAAIOTIKO KOl OVOTOOTOGTO KOUUATL TG avOpmmvng oxéyng. ‘Eva pepidto amd pia
popacid Oa pmopovoe va Bewpndel 1kavomomnTikd 0md TO GUUUETEYOVTO, TOL TO AAUPAVEL oV
KPWVOTOY amopovauéva. Go umropodoe OUmS THLTOYPOVE VA, LNV TOV TKOVOTOLEL OTOV TO TTESI0
GUYKPIONG €ivol T0 cOVOAO TV KOUUATIOV 10V dlaveundnkov 6toug opoAdyovg tov. Kdatt
tétol0 kabioté avemapkn TN Oéomion &vdg KatdToToL Opiov aflag Yo TOVC MOIKTEG
Eexoplotd, 0nmg opilovv Evvoleg OmMC 1 AVOAOYIKOTITA, KOl ONUIOVPYEL TNV OVAYKT Yo, Uid,
1e€00IKOTEPT KO IO EUTEPIGTATOUEVT] EPELVE Y10, TO POOUO TOV 01 TOUKTEC IKOVOTOLOVVTOL
amd KOmowo mpTokoArlo. Kot 01w givar guotkd petd v mapadoyn avt, 1 e€ahetymn g
OAag amotelel woyvpoOTEPN €Vvoln OO TNV AVOAOYIKOTNTA, KATL OV O Qovel Kot pe TN

amOOEIEN TNG TOPAKATM TPOTUCTG:

Hpétaon 4.4.1. YrnoBétovpue 6Tt n katavoun X = (Xy, ..., X;) sivon mqpne. Tote, av n X

givau envy-free, givat kon avoloyik.
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Am6darEn: Ag vmobBécovpe yo avtipaon ot Vi(X;) < 1/n v xémowo i € N. Adym g
TANPOTNTOG TNG KATAVOUNG, gvvogital Ott Vi(C - Xj) > (n—1)/n xat, amd v Apyn TOL
Iepiotepdva ovtd cuverdyetar 6t Vi (X;) > 1/ n YW kémowo j # i. Opwg yo 1o Adyo avtd Oa
woybvel Vi(X;) < Vi(X;), oxéon mov avturibetoan oty e€dhenym g Chdag. Zvvenag Vi(X;) =

1/n yw dhatai € N.
H mopamdve tpdtacn mapdyet 1o kdtmbl Topiopa:

Hépwopa 4.4.2. Av n = 2, 16t U0, IANPNG KATAVOUN VoL OVOAOYIKT OV KOL LOVO OV QUTY|

e€areipel ™ {\AL0.

Onwg Ba dodpe 610 emoOpUEVO KEQAAUO, 1 eEdAetym tng {NMag amotelel éva kpttiplo
TO OTO10 OVOKOAEVEL GNUAVTIKA TNV €DPECT AMOSEKTMV AVGEMV Yo LEYOAO aplOUd TOIKTAOV.
H dwpxng avayxn yio oOyKplon Tov KOPUATIOV HeTaéld Tovug emtdocetl paydaio avgnon g
TOALTAOKOTNTOG KOOMG o1 Taikteg av&dvovial, kol emmpocBétmg oe kdbe mpoOPAnua
€YEIPETOL TO EPAOTNO TOV KOTO TOGO VIAPYEL 0T Kat e envy-free Aoon. Xmv avtinepa
oxOn, n KAAvyn MG TOGO TPOAYHOTIOTIKNG avaykng, Omwg m e&diewyn g (RAog o€
TPOPANUO Katavoung, katotd cuvinBwg KOVOTOMUEVO TO GUVOAD TMOV TOKTOV AOY® NG

S1KaLOGHVNG TOV EYYLATAL.

4.5 Ioouépela

To KPP0 OV AVASEIKVVEL TN OTKOI GUUTEPLPOPAE TOV KEVIPIKOD UNYOVICUOD OLOVOUNG

£VOVTL TOV TOIKTAV €IV 0VTO TNG IGOUEPELOG.

Opwopog 4.5. Mo katavouny Aéyetar woopepng (equitable) otav «ébe moikme i,j €N
AopBaver omo ovthy ogia V;(4,) = V;(4;).

Hapdadsrypa: e npofAnpa 3 ToKTdV, oV 01 TOIKTEG AAPOLY OVTIGTOLYO TO KOUUATLOL
Ay, Ay, As, o 1 a&loldynon toug o avtd sivar Vi (A1) = Vo (Ay) = V3(43) = 0.4, t61¢ Ot

VapEEL 1IGOUEPTIC SLOUEAIGUOC TOV oyafoD.

H 1couépeta dratnpei 6710 1610 eninedo 10 PabUd 6TOV OTO10 EIVOL IKAVOTOUUEVOL LUE
TO HePIdd Tovg ot TaikTeg mov amaptilovv Eva mpoPAnua. Aev egetdlel Opmg 10 KOTd TOGO
vrdpyer (Mo petald tovc. Av 010 mponyoLeEvo Tapddelypo vtobBécovpe 0Tt 0 maiktng 1
Bempel to Koppdtt mov d6Onke otov 2 a&iag V;(A,) = 0.5, 6o wyver V(A1) < Vi(4,),

Tpaypo ov avtitifetar otov optoud g envy-free kotavoung. Avtiotpoéemg, o envy-free
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Katovoun dgv glvar amapaitnTo va eivon kot 1oopepng, yoti oty eEddetyn g {nAlag dev
eEetdleton To Katd oo Ba givar wavomompévol ot Taikteg €0’ 0G0V 0 £VOG OEV TPOTIUA TO
pepido tov avturdAov amd 1o SO TOV. XVVERMMG elval TPOPAVES OTL 1 Hiol £vvold Oev

mepkheiel v GAAN.
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Hpwtokxoila

Metéd v ovagopd oTo KPUTHPLY OT0d0TIKOTNTAS €VOG TPOTOKOAAOL 7oL £YIVE OTO
TPOTYOVUEVO KEPAAOLO, PLGIKO emakOAoVOO elvar vo yivel mapovoicon TV 010V TV
TPOTOKOA®V, 1 TOLAGYIGTOV VO HEPOC TV PACGIKOTEPOY OO GVTA, TO, OTOLN KOADTTOLY

Baokég avaykeg Yo dikotn Katavoun Tov ayadov.

H mopovcioon EZekwvdel pe €vav vIETEPUIVIOTIKO Unyoviopd mov Paciletor o610
«UKPOTEPO HEGO Opo a&loAOYNONC», OTMOC TOPOVCLACTNKE OO TNV EPEVVNTIKY OUAOA TV
Chen, Lai, Parkes, Procaccia [13], kot og Tpog T0 punyovicpd avtd 1o eVOL0QEPOV OPYLKEL
OTPEPETAL OTNV EQUPLOYT TOV GTO TPOPANUL TOV 2 TAIKTAOV, Y10 VO YEVIKEVTEL GTN GUVEXELN
OTO €VPUTEPO (ACHUO TOL TPOPANUATOS TMV OMEPLOPIOTOV TAKT®OV. Ev  ocuvveyeia,
dwtvmdvetar 1 Avorn Banach-Knaster [2], mov amotedei olokAnpouévo TPOTOKOAAO 7OV
aKoAoLOel TNV TEYVOTPOTIO TOL KIVOUUEVOL HOOLPIO0 KOl ETIGTPEPEL OVOAOYIKT AVOT, Kot
TEAOG OTPEPOUACTE GE TPMTOKOALD oV e&aheipovy T (AL PETOED TOV TOKTOV, OTMOG TO
npwtokolro Selfridge-Conway [9] mov emotpépel envy-free Avon og mpdfanuo 3 makTodv,
kaBmg Ko o pnyoviopog Brams-Taylor mov mpaypatedeton pe mpofANuate omeploploTev

TOLKTOV.

Me v gvkoupia ¢ Topovcioong avtig, Oa erextabovue Kol o€ o eEEIOIKEVUEVES
TEPMTMOCELG TOV OVTIGTOLY®V KPUTnpiov a&loAdynong, To omole avoaeeépdnkoy 6to KePAAmo
4, 01 0TO1EC GLVAVTOVTOL 6T PPAoYpaPio Kol TAAGIOVOLV Ta )O1 LILAPYOVTA, divovtag £Tot

BaBoc otV épevva yio TNV aL0S0TIKOTNTO EVOG UNYOVIGUOD SOLUEPIONG,.
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210 1€h0g TOL KEPoAaiov avToy mapaTifeTan Kot Eva KATMTATO OPlo TOAVTAOKOTNTOG
YL UNYovicpovs mov eEadeipovy ) CRAe, OTMG AVTO TOPOVGLAGTNKE KOl ATOdElYTNKE IO

tov Ariel Procaccia [32].
5.1 Ipwtokroiio Tov HIKPOTEPOD UEGOD OPOV ASI0/0YCHS

Mua gpevvntikry ouddo 4 atoéuwv, ot Yiling Chen, John K. Lai, David C. Parkes ot Ariel D.
Procaccia, oe dnuocievon tovg [13] mapovsiocay évo unyavicpd Katavoung ayabod mov
Baciletar otnv évvolr TOL pécOL Opov aEloAdYNoNG. Xe évo TPOPANUO  TUMUOTIKG
opotoyevoing afloldynone, o HECOG OpOo¢ UNKOVG TMV ONUEi®V &vOg KOoppotiov X mov
embvpodvior amd €va TOLAGYIGTOV TaikTn €vOg VITOGLVOAOL S Tov N TUKTOV, OTMG
opiotke otV mapdypago 4.2, wovtar pe avg(S,X) = len(D(S,X))/|S|. Zmv avaykn yo
N Béomion evog unyovicov wov evBappOVEL TNV EVIILOTNTA OO TO GUVOAO TMV TUIKTMV, Ol
TpoavapepBivieg epeuvnTéc eEEppacay TNV 1060 TG TPOTEPALOTNTAS €&VTNPETNONG TOV
TOIKTOV 10V PPioKoVTOL GTO VTOGHVOLO TOV S LE TO WIKPOTEPO HEGO OPO 0ELOAGYNOTG.

Hapdadsrypa: Ocwpodpe mwPOPARUL 3 TUIKTOV, UE AVTIOTOWXES ONAMUEVEG TPOTIUNCELS
U, =[0,0.1], U, =[0,0.39], kou U3 = [0, 0.6]. Oha ta mhavé vrocvvoro tov S = {1,2,3}
eivan T {1},{2},{3},{1,2},{1,3}.{2,3},{1,2,3}, kot yia T0 VWOGVUVOAX OVTA O1 PEGOL OPOL
kat’avtiotolyia €ivar 0.1, 0.39, 0.6, 0.195, 0.3, 0.3 kot 0.2. Zvvenmg, 0 PIKPOTEPOG UEGOG
6pog avtiotoyel oto vmoovvoro {1}. O unyaviopdg Ba Sraveiper am’gvbelog to KOppdT
[0,0.1] otov maikt 1, kou 1 avadpopkn dwdikacio avt Oa cvveylotel Yo to didotnua
[0.1,1] kot 1o SUVOHOCHVOAO T®OV TOKTOV 2 Kot 3, HEXPL VO TPOKVYEL O TEAIKOG
Katopeplopdg (010 TaPAdEYHd Hog KaTd T de0TEPT] EKTEAEST TNG OVASPOUNG O UIKPOTEPOG
LEGOG Opog avTioTotyel 010 vrocvvoro {2,3} pe Ty 0.25 ko o1 maikteg 2,3 popdlovion 6to
od 1o woppdrtt [0.1,0.6]). Tlopokdto mopovcldletal O VIETEPUIVIOTIKY HOPEOT O

UNaviopog avtog:

AkyopiOpog 5.1 (V4, ..., V)
1.YIIOPOYTINA({1, ..., n}, [0,1], (V4, ..., V)
YHOPOYTINA(S, X, V5, ..., V,)):

1.Av S = @, emotpoen.

2/E6T1® Spin € arg,z;navg(S " X).

3.Yrobétovpe ot Ey, ..., E,, givor pia axpiPng dtovoun e YVOROVe T Spyin, X- T

KGOe i € Smina 0étm Ai = Ei-
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4.YTIOPOYTINA (S\Smin, X\D (Smin, X), (V1, ..., V).
5.1.1 Mikpotepog uécos opos aéloloynens yia, 2 maikteg

Ta va yiver capng n amodotwotnta tov AlyopiBuov 5.1 Bo eéetaotel n mepintoon 2
moktov. XvuPoiriovpe pe U; to kopudtt mov dniovel o moiktng L € N 611 embopel, Ko yio
i € {1,2} ovpPoriCovpe W; = U\U;_; xau Wy, = U; N U,. Hopapovtoag 6t to Wy, Wy,
Wi, eivar aovufifocta, pmopodue evorlhoktikog va ypayovue len(W;) + len(W,) +

len(le) Kot len(W1 V) Wz V) le).

Xy 7epintoon TV 2 TOIKTOV Tov eEeTdleTal, 1 amOPACYT TOV UNYOVIGUOD
e€apTatol AMOKAEIGTIKG OO TO S;pp KATO TV TPOT KANON NG LIopovtivac. Av o
UIKPOTEPOG HECOG OPOG OVNKEL GTOV Tkt i, 0 Taiktng i AapuPdver U; = W; U Wy, kot o
naikmng 3 — i amoktd Us_;\U; = W3_;. Av Op®G 10 Sppin 0VTIoTOYEL 6TO LRocOvoro {1,2},
TOTE O UNYOVIGLOG EMOTPEPEL L. aKpIPn Kot 166moom dtavoun 6tovg 2 maikteg. O maiktng I
Aappdver ohdkAnpo to Wi, kat 1o didotnua Wi, kofetol e TET010 TPOTO MGTE TO GUVOAIKA

LK1 LLE TO OTOL0L KOTOATYOLV Ol TOUKTES val gival ioa.

Apyid KoAoOpooTe va omodeifovpe 0T, 6TO TPOPANUL TOV 2 TUKTMV, O UNYOVIGHOG
5.1 givor KOAMG OPIoUEVOG, AVOAOYIKOC Kot @AaAnOnc. o va yivel avtd, Oa ftay ypfciuo va
optotovv mpdtioto. ot petaPintég §; = (len(Wy,) — len(W;) + len(W5_;))/2 v kGbe
naikt (givan opotd o0tL 81 + 6, = len(Wy,) xau 6; + len(W;) = 8, + len(W,)). To §;
KaTadEKVVEL TO pepidto tov Wi, mov maipvel o i avagopikd pe to péyebog tov Wi
Mukpdtepeg Tpég tov len(W;) divouv otov maiktn peyolvtepo pépog and to Wi, kot to §;
avédvetal. Mmopode Vo GUGYETICOVHE  TIG TYEG AVTOV TOV UETAPANTOV HE TNV EMAOYY
Simin OV Aopupdvetar oand To punyovicpo. Me ) Bondeia towv tapandve cupforoudy uropel

va EEKIVIOEL KoL 1] SLEPEVVIOT TV SLVATMV KATAVOUMY GTIS OTTOLEG KUTOANYEL O UNYOVIGUOC:

Amd tov opioud twv W; xar Wi, ovverdyeton 6t avg({i}) = len(W; U Wi,) kot

avg({1,2}) = len(W; U W, U W;,) /2. YRapyovv 3 mepunttdoELS:

1. 6, <0,6, > len(W;5). Anod T ox€GEIC TOL SLOTLTOONKAV TOPATAV®D, TPOKVTTEL OTL

len(Wy) > len(W,) «ou  emopéverg avg({1}) > avg({2}). Emiong, amnd 1 oyxéon

len(Wy,)—len(W,)+len(W;)
2

&, > len(Wy,) mpokdrrel > len(W,,) ko cvverdyetan 0Tt

len(W;,)+len(Wy)+len(Wy)
2

> len(W;,) + len(W,),dnhodf avg ({1,2}) > avg({2}).

Apa, | TEPITTOOT AT EPYETOL GE TATPT] OVTICTOLYIO LLE TNV TEPITTO®GT TO VITOGVLVOAO {2} val
glvol 1o pIKpOTEPO, KOt £TGL 0 LMYOVIGHOC dtvel 6do to W, U Wi, otov maiktn 2 kou to Wi

otov moiktn 1.
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2. 0 <61 <len(Wyy), 0 <6, < len(W;,). AkolovBdvTog TV 1010 GLAAOYIOTIKT HE TNV
nponyovuevn mepintwon, ovvendystar ott avg({1,2}) < avg({1}) xa avg({1,2}) <
avg({2}). Edm, o pkpotepog pécog 6pog aviiotoryei 61o {1,2} kot o unyavicuds tpoceépet
po akpiPn dwavoun otovg 2 maiktes. Emiong, apov oty mepintmon avt woyvet D(S, X) =
Wy, U W, U W;,, npénet va dobel otov kdfe maiktn To MUICL VNG TG TOCOTNTOG UE TPOTTO
OV VO, TOVG KOVOTOLEL -avTicTolya- Kot tovg 2: 10 W; otov maikt i € {1,2},kon to Wy, ue
TPOTO OOTE Vo LolPdleTal 160TOGA TO KEIK.

3. 6, < 0,61 > len(W;,). Akplpag omtmg oty mepintwon 1, TpokdnTEl TOS Spin = {1} kot

axoloVBmg o maiktng 1 AapPavel 6Ao to W U W, ko o maiktng 2 1o Ws.

Amd v avdivorn ovt) eivar duvatdév VO TOPOVCIOGTOVV KOl v, avaivBodyv ot
WOLOTNTEG TOV UNYOVIGHOV Y10, TNV TTEPinTon TV 2 maktov. [Ipatictong duwng Ha datvrnwdel
pE O0POPETIKO TPOTO 0 aAYOPIOUOG VTOC. ZVYKEKPIUEVE, UTOPOVUE VO POVIOGTOVUE TN
dlovopun Ue Tov TPOTO oVTO MG Lol SAdKOGIo VTUALOYNG, 1 OO0 TEPLYPAPETUL UE TOV
TOPOUKATO EVOALOKTIKO TpOmo (ywpig PAAPN ¢ vevikdtntag vmobétovpe ot len(W;) <

len(W5)):

1. Avtodiayn kopuatidv X,Y icov pnkovg 6mov 1o X avhkel otov maiktn 1,70 Y oto
2,xon X €W, Y € W;.
2. Avtaidayn koppotiov X,Y icov unkovg 6mov 10 X avikel otov maiktn 1,70 Y oto

2, kot X € Wz,Y c le.

3.Av vrdpyovv axodpo Koppdtio Tov Wy mov avikovv otov maiktn 1, ta amoktd o

maikng 2.

Avaroywkétnto. H epunveio Tov pnyovicpov pkpotepov HEGOL Opov 2 TAIKTOV ®¢
Stodkacio avtaAlayng KaboTd EULEavEG OTL TPOKETAL YIoL AVOAOYIKT Avon Ttov e&odeipet T
O, Zoykekpipéva, ot dvo maikTeg apykd eyyvavtor pepida mov a&iCovv axpipag 0.5 yo
Tov kabéva, Kot ot avtorlayéc Tov akoAovbdovv amokAeietan vo perdoovy v afia Kot Tov

dvo0.

Orvrom)0s10. Av vrotebel 0tL §; > len(W;,), 101 0 i AauPdvel 6Aa To emBountd
KOUMATIOL KOt OV €xEL avaykn vo SNADGCEL yevdn| a&loAdynon, Y awtd KOTOAYOLLE GTO OTL
8; < len(Wy,). Agvmotebei emiong 6t 0 i dnhdver U] # U;, dnpovpydvtog o vaa KOUUATLO
Wi, Wi, W5. TIpotod o maiktng dnidoet ywevdme, Aappaver len(W;) + max(d;, 0). Opwg
woyoetl len(Wy,) + len(W5_;) = len(Us_;) = len(Wy,) + len(W5_;), xat yia 0 Adyo owtd

70 60VOLo dev emnpedletat and tn dMAoon Tov i. Av eniong len(W)') = len(W;) — k, t61€ 0
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Taikg yavel tovddyotov k omd W; kar kepdilel to moAd k/2 and o avénon oto 6;
(dnradn em’ovdevi dev odnyel o képdoc). Téhoc, av len(W)) = len(W;) + k o maiktng
amoKTa OovemBOUNTO Kopupdtio uikovg k kot To §; €lvar eha@p®dg UIKPOTEPO, CUVETMG O
maiktng dev kepdilel mepiocdtepo and Wi, onidvovtog yevdn agordynon. Tovtéoty, o

UNYovIopog yio 2 moikteg etvot riainong.
5.1.2 Mikpotepos pécos opog alroloynons yia N waiktes

Metd v e€étaon g eEedkevpévng mepintwong tov TPOPAUNTOS TV 2 mokTtdv, OBa
OTACOVUE -UECH TOV OMAPOITHTOV ANUUATOV- GTNV EXEKTOCT] TV 1O10THTOV QLTAV Y10, TO
mpofAnpa tov N mowtov. [pota dumg Ba ypelactel va amoderydei 611 o AdydpiBuog 5.1
glval KaAdG optopévoc.

Kalag opropévn Adon. O unyoaviopodg mpoomattel po axpiPn katavoun E cefouevn
TA Sppin KO X, OU®G amopével va, amodetyfel 0Tt Lo TETO10 KOTOVOUN VITAPYEL, KoL OV VOl Vol
Bpebel évag tpoTOg Vo vIToAOYIoTEL. XE aVTO TO oNEio O EKUETOAAEVTOOE TN OTEVH GYEoM
petalld axpiov Katavoudv Kot HEylotng pong SIKTOmV.

Aocpéveov S € N, evog koppotiod kéik X kot otabepdc ¢ > 0, opilovpe ypaeo
G(S,X,c) oc &g Ta va onpovpynoovpe Tovg KOPPOVG TOV YPAPOL CYUEIDOVOVLUE T
aplotepd kat 0e€ld oplo péca 6to X wov opilovtar omd ta Koppdtio U; T TPOTIUNCEMG TOV
TKTOV I € N, Ko 6T0 TEAOG NG dadikaciog avtng Bo mpokvyovy KoppdTio Tov opifovral
amo Ta (evydpila d1adoyIK®Y onpel@oswy. To kabe koppdtt amd avtd 0o amoteléoel Kot Eva
KOupo tov G, Ko TPoPavag To kabéva amd avtd evdéyetan vo embopeitar oMKdG 1| v pnv
embvpeital kaboAov amd tov kabéva. [Ipocbétovue eniong £va kOuPo yio kKabe aiktn i € N,
éva kOpPo-tyn s ko €va kopPo-katafodpa t. o kdbe xoupdtt I, mpocBétovpe pia
KaTeLOVVOEVT akUn amd TV TYN S 670 I PE YOPNTIKOTNTO {01 UE TO UAKOG TOL KOUUOTION.
Kabe koppog amotehovpevo amd moiktn oLVOEETOL UE TO ¢ UE L0 OKUY YOPNTIKOTNTOG
avg(S,X). Tha kabe Cevyapt koppatiov-maiktn (I,i), mpocOitovpe po axpn GmEPNS
yopNTIKOTTAS 0td Tov KOuPo I otov maiktn i av o moiktng i embovpel o kopudt /.

Mopaderypo: Ynobétoopue U; = [0,0.25] U [0.5,1] xou U, =[0.1,0.4]. Av X =
[0,1] 6o onpewwbovv ta onueia {0, 0.1, 0.25,0.4,0.5, 1}. O maiktng 1 embopei to [0, 0.1], ot
dvo poali embBopodv to [0.1,0.25], o maixkmg 2 to [0.25,0.4], xaveic de ypewdletar o
[0.4,0.5] ko 0 maiktng 1 embvpei to [0.5, 1]. Toyder ént len(D({1,2},[0,1])) = 0.9. Ot Twég
TOV HEGOV Op@V Y1 T vTocvvora {1}, {2} ko {1,2} eivan 0.75, 0.3, kou 0.45 avrictoyya. To

oyeoldypappa 5.2 angikovilel 1o Ypapo Tov TopadElyLOTOS 0VTOD.
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Zyfua 5.2: To oyedidypoppo pong SIKTOOL TOV EEAYETOL OO TO TAPUTAVE® TOPAOELY L0

Afqppoe 5.3. Opiletar éva vmocvvoro TtV moktdv S © N Kot éva Koppdtt X Tov KEIK.
Yrdapyet o pory uikovg len(D(S, X)) oto G(S, X) av kot pdévo ov yio Oho ta. S' € S, 1oydet
avg(S',X) = avg(S, X).

Amoo€1én. Xpnolomolovue Lo, EPOPUOYN TOL KAOGGIKoD Osmpiuatog Méyiomg pong-
EAdyiotnc Toung [15]. Yrobétovpe 6t yio Ao ta S' € S, avg(S',X) = avg (S, X). And 10
Oedpnuo avTo, 1 EAGYLOTN YOPNTIKOTNTO TOV AQUIPEITUL amd EVo YPAPO Yio Vo amocvvdeel
0 kopPog g TyN¢ kot ¢ katafodpag givar ion pe to uRKog ¢ uéytotng pong. Ot poveg
OKUEG UE TEEMEPAGHEVT] YOPNTIKOTNTA 6T0 G (S, X) eivor owtég OV GLVIEOVY TOLG KOUPOLG
TOV TOKTOV HE TNV KoTaPoOpa, Kot avTtég mov cuvdéouv TNV MY o0Tovg KOUPOLS TmV

KOULULOTIDV.

Kotaokevdlovpe po vroynole eAGyIotn ToUn omocuvoEovTog KAmolovg KOuBovg
VTOGLVOA®V ToukTdv T € S amd v kotafobpa pe kootog |T| * avg(S,X) o votepa
amooLVOEoVTaG OAOVS TOVG deapovg (S, I) otovg kOuPovg TV Koppatidv I mov entBupovvion
and évav maiktn [ € S\T. Avtd onuoivel 6Tt M oMk emmpoOGHETN] YOPNTIKOTNTO TOV
ypetdletal va amouakpovoovue givar len(D(S\T, X)), dnhadn 10 0AMKO pUNKOG TMV KOUUOTIOV
ov emBupovvtal amd TovAdylotov €va maiktn oto owdotnue S\T. And v vrodbeon, 10
péyebog avtd eivor 1o Ayotepo [S\T| * avg(S, X). Qg amotérecpa, M toun ovtn Exel
YOPNTIKOTNTA TO AMyOTEPO IT| * avg(S,X) + |S\T| * avg(S,X) = |S]| *
avg(S,X) = len(D(S,X)).

e dapopeTikn kKatevbvvon, vrobétovpe 6TL vdpyel pon uikovg len(D(S, X)) oto

G(S,X), ka1 ywu avtipacn vrootnpiCovpe 611 vapyet S’ €S S yo 10 omowo avg(S',X) <
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avg(S,X). Anpovpyodpe o Topn OTocLVIEOVTOG TOVG decHovg (S,1) mov evadvouv Ta
Koppdtio mov emBopovvton and évav maiktn i € S', kot amocvvdiovtag Tovg KOUBovg Tmv
noktdv S\S' and v kotaBodpa. H olikn yopntikdtto g toung ivon |S’| * avg(S', X) +
[S\S'| *x avg(S,X) < len(D(S, X)), xar and 1o Oedpnua Méyiotng Porc-Erdyiotng Topng,
N péylotn pon Ba mpémel va givar punkovg pkpodtepo and len(D(S, X)), oe avtibeon pe v
VOOEDT| oG,

To mapoxdto Afupo Kabiepodver 0Tt pio pony unikovg len(D(S,X)) oto G(S,X)

EMUPEPEL L0 KPP KOTOVOLL.

Afqppo 5.4. Opiletar éva vrocuvolo TV TOKTOV S © N Kot évo KOpUAtt X Tov KEIK.
Yrdpyel o akpipng Kotavop oxetikd pe 1o S, X av Kot pévo av vmhpyel po PEYoTn pon

unkovg len(D (S, X)) ot0 G(S, X).

Am6de1EN. Yrobétovpe 6T vITAPYEL Lo péyiaTn pon puikovg D (S, X): Ba vrodei&ovpe mhg o
YPTOULOTOUGOVLE TN POT| LT Yo va Tapd&ovpe pio akpipn katavoun oto S, X. INa kabe
axun petaéd koppov koppatidv I kot waiktn { € N wov Aapfdaver Oetikn por peyébovg ¢ amod
TN péylotn por, SovEPOLHE To € amd To I otov maiktn i. Avti M KaTovoun eivol eektn
KaOdC 01 KOUPOL TOV KOUUATIOV avTITPOcmOTELOLY acLufifacto Koppdtia Tov X Kot 1 pon
6ToV KOUPO TOV KOUUATION EvaL TEPLOPIGUEVT] OO TN YOPNTIKOTNTA TNG OKUNG HeTa&y S Kot
7OV 1310V TOV KOUPOL TOV KOWUOTION, TO OTOLO0 OVIUTPOCMOTEVEL TO UNKOG TOV KOMLOTIOV.
EmmpocBétmg, avtr n katavoun npénel va ddcel otov kdbe maiktn akpipag avg (S, X) ond
Kopupdtio mov embupel. [No vo yivel oavTiiAnmtd avtd, ag mpoceydel mwg OAM To povomdTio
TPOG TV KoToPo0pa TPEmEL va TEPVOLV UEG® TOV KOUPOV TOV TOIKTMV, KOl TO GUVOAO TOV
YOPNTIKOTATOV TOV OKUOV HETAED TV TOKTOV Kot TG kataBobpag eivar D (S, X). INa va
€xel pa péyiotn pon unrog D (S, X), o1 oKUEG QVTEG TPEMEL VO, KOPEGTOVV.

e dopopeTikn katevBuvor), vmobétovpe OTL £yovpe pio okpipr] Katavoun oto S, X.
Mmnopei va mapoyBel o epikty pon unrovg len(D (S, X)) opilovtag pia pon peyébovg ¢ og
wio axun (1,1) av o moiktng i AaPet ¢ amd 1o Koppdtt I oty akpiPn Katavour, Kol Ue To vo

KopeaTovV OAeG ot akpég (s, 1) kan (i, t), yio koppdrio I ko moikteg i € N.

Yuvdéovtag Tig vmobéoelc tv Anuudtov 5.3 kot 5.4 ocvumepaivovpe 0Tl 0
UNYOVIGUOG EVOL TPAYULOTL KOAMG OPIGUEVOG: OV TO DTOGVUVOAO S £XEL TO LIKPOTEPO PEGO OPO
TOTE VIAPYEL axpiPng katovoun oto S, X. EmmAéov, AauPdvovpe éva punyoviopd yu tov
VTOAOYIGUO oG aKpBfg KOTavOUng, vroioyilovtag tn HEYISTN POn KOl OVIADVTOG M0
axplpn kotavoun. Mia péylotn pon pmopel va VTOAOYIGTEL 6€ ToAVWVVLLIKO ¥pdvo Le Bdon

TOoV aplOUd TV KOUPMV 0 0110 EIval TOAVOVUUIKOC GTO O1KO LG UKOG E1GOJ0V.
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E&arewyn s Shag.

Afqppoe 5.5. XvpPoriovpe pe Sq1,5;,....5, v avéovca tavounuévn axorovdio twv
VTOGLVOL®YV TOV TOKTOV OTWOC 0VTE TPOKVTTOUY amtd Tov AAyopiBuo 5.1, kon pe Xq,...,Xp,
v tagwvounuévn okoAovbio TOV KOUUOTIOV TOL OOVEHOVTIOL HE TIC KANGES 1TNG
YITOPOYTINAZX. Ioyoet ot X, =10,1], X, = X1\D(S1, X1),-.-»
Xm = Xm-1\D(Sm-1,Xm—1). Tote, Y10 k60e i > j, avg(S;, X;) = avg(S), X;), kar o1 maikteg
OV &ival UEAN TOV EMOUEVOV VTOGLVOA®V AQUPAVOLV EANPPDOC TEPIGGOTEPO OO TO.

emBLUNTA -KaT’ aVTOHG- KOUUATIO.

AT06€IEN. A vtobBécovpe 6T T0 mapandve dev woyvel. Tote, Yo kamoo i: avg(S;, X;) >
avg(Sit1, Xiv1). AapuPdvovrag vroyw 1o S; U ;1. Oa deifovpe 0t avg(S; U Sipq1,X;) <
avg(S;, X;), To omolo £pyeTal e avtimopadeon e TNV ETAOYN TOV S; OC TO VTOGHVOAD TV
TOIKTOV UE TOV KPOTEPO HECO OpO Kt To Pripo i. Inueldvetar 6Tt To S; Kot S;pq €lvan
acvppifoocta kabmg ot maikteg TiBovTon eKTOC TNG SL0OIKAGIOG LE TO TOV AMOTEAEGOLV LEAT|

TOV VTOGLVOAOV LE TO LKPOTEPO LEGO OPO. ZVVETMG,

len(D(S; U Si1, X)) len(D(S;, X;)) + len (D(Si+1’Xi\D(SirXi)))

avg(S; U S;11) =
gt oin 1S+ 121l 1S+ 124l

_ |Si| * avg (S;, X;) + |Si1] * avg(Siv1, Xiv1) < IS;] * avg (S;, X;) + |Si41] * avg (S;, X;)
1S;| + 1S;44] [Si] + 1Si+1]

= avg(S;, X;) 0mov 1 devTEPN HETOTPOTN 1oYVEL KabmG S; kot S;4q givarl acvuPifoocta, Kot n

avVIGOTNTO ETETOL TNG VITOOEONG LOG.

H e&drerym g {qAag Tpokdmtel apéowms and to Aqupa 5.5. T évay maiktn i € N, kot 6nog
mpv vodETovpe 6TL S Eivar T0 LTOGHVOLO TOV TAKTMOV HE TO HIKPOTEPO UEGO OPO KOTA TN J-
kMon g YIIOPOYTINAZX. YroOétovtag 6t i € §j, 0 maiktng de {nievel Toug voAoImong
010 S; kabmg 6Aot AapPdvovv 1310 unKog uéca og avTd. ZOpE®ve. pe To Aupo, 0 Toikmg de
{nievel Toug vTOAOMOVG 610 S Yo k < j emedn 1 mocdTNTO OV AQUPAVOLV 01 TOIKTEG
avéavertal pe kdbe kKhnon. O moaiktng emiong 6 {nAedel Toug vdromovg oto S, Yy k >
EMEWON OAO. TOL KOUUATIOL TOV €ivan emBuuNTd omd TOV TAIKTN GE EKEIVO TO YPOVIKO oMuEio
£yovv dlopolpaoTel Kot omouakpuvlel and to kKouudtio Tov ekeivog umopel vo emAé€et.

AmodetkvieTar Aoudv 0Tt 0 punyovicpdg eEaieipet T (Mo,



33

Avaroyikétnte. o va amodeyytel 6Tt 0 AAydpiBuoc 5.1 givar avoroyikog, mapovotdleTol
TPMTO, TO TOLPOKAT®D AT LA
Afqppo 5.6. O AAlyopiBuog 5.1 mopoyopel 6Aa to Kopupdtio wov emiBopodvion amd €va

TA{KTN, TOVAGYIGTOV GE U0 TEPITTMOT LEGH GTA VTTOCHVOALD, S.

Amooailn. o vo amodelytel  TOPOTAV® TPOTOOT), OPKEL UE KATOIO0 TPOTO VO QOVEL TOS M
YIIOPOYTINA mdvtote mopaympel, TOLAXIGTOV 68 Eva Tk, OAC, T0 KOUUATIH TTOV 0VTOG
embopuei. v mepintwon mov |S| = 1, n vropovtiva divel otov maikty OAa o emBVUNTA
KOUMATLO, Kot TETPYPEVE, 1| TpOToon Vel Otov KoAgitat yua j-popd 1 vopovtiva, av S’
€lval TO VTOGUVOAO TOV TUIKTOV UE TO WKPOTEPO HEGO OPO, YIVETOL Uio kPG KOTOVOUN|
tov D(S', X). Yrnoonueidveron 6t pia axpipfic katavour diver len(D(S',X))/|S’| omd ta
gmbountd Koppdtia otov kabe maiktn. o va copufél avtd, ohokAnpo to D(S', X) npénet va
d00¢l og Kdmolo TaikTn. ZVVERMOC, 1) AMAITNON KOAVTTETOL OO TV TPOSPOPE TOL YIVETOL GTO
VTOGVVOAO LE TO HKPOTEPO HEGO Opo. Avotnpn emaywyn delyvel OTL AVT KOADTTETOL GTO

X\D(S',X), ohokAnpdvovtag Thv anddeién.

Oriom0s1a. H kdAoym e eihoin0eiag amd tov adyopuo 5.1 mpokdmtel omd pio 1oyvpn
EMOY®YN oToV aplOud tov Taktdv oty kKAnon ¢ YIIOPOYTINAZ. Xtnv mepintwon tov
evoc maiktn, 1 YIIOPOYTINA &ivel otov maiktn 6Aa ta embouuntd koppdtia Kot €16t autdg
dg yperaletar vo ONADGEL Yeuddg Yo va Kepdioel emmAdov afia. XTn yevikotepn nepintwon,
pio yevdng onimon odnyel og dvo mhavd evdeydpeva: Evag maiktng uropel vo NADoEL i
a&loldynon 1 omota dev OAAALEL TV EMAOY] TOL VTOGUVOAOL TMV TOUKTMV UE UIKPOTEPO
pHéco O6po, oAAG avtifeta emnpedlel TV amOEOoT Yo THV aKPP] KOTOVOUN OV EMALYETAL
Y T0 vrosvvoro avtd. H dAAn exdoyn eival 1 emAoyn vty vo S10PoPOTOLEL TNV EMAOYY
TOV VTTOGLVOAOL TNV TOIKTOV UE WKPOTEPO LEGO OPO.

Apyicd e€etalovpe v mpdtn mepimtworn. Or yevdés INAmcES umopodv va
gnnpedoovy TV axpiPfn katovoun v to wpoPfanue S,.X, n omola ywpic avtég Oa poipale
axpifag len(D(S,X))/|S| otovg maiktes. Ymobétovpe g n Wwevdng dNA®onN evog moikT
aAlGler oo embountd xoppdte oe D'(S,X). Av len(D'(S,X)) < len(D(S, X)), 10te M
dMAwon avt dev eivan mPog 6@eA0g Tov TaikTn Kabdc Aaupdavel Ayotepo pnkoc. Emiong,
6tav len(D'(S,X)) > len(D(S, X)), o k&0e maikg Aappaver len(D'(S,X))/|S| omd 1o
Koppdrtio tov embouei. Kat, kabdg o1 vroroirotl moikteg vrotifetarl 6TL dev Yebdovial 6TIg
OMAMDGELC TOVG, O UNYOVICUHOG Oivel o aWTOVG KOUUATI TTov Tpaypatikd ypetalovtat. To
GUVOAO OA®V TWV KOHUUOTIOV TOV EMOVUOVVTOL TPUYUOTIKA om0 TOLG TOikTeC 610 S eival

D(S,X). Apapodvtag amd avtd To KOURATIH Tov €xovv olaveundel oe GAlovg maikteg
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TPOKVTTEL TO PEYIOTO UNKOG TMOV EVOTOUEIVOVTOV EMBLUNTAOV KOUUOTUOV Yo TOV ok .
Kot kabng len(D(S,X)) — (S| = 1)D'(S,X)/|S| < len(D(S,X))/|S], n wevdng dMAmon
glvar Eavd pun kepdoeopa.

2V mepinT®on OTOL TO VIOGVVOAD UE TO UKPOTEPO HEGO Opo dgv givar mia To 1010

LETE TNV YeLdN dNA®GT), VILAPYOLY dVO VIOTEPUTTMGELS Y1l TOV TadkTn i € N mov yehdeTat:

1.0 & S,in. Onog unopei va mopotnpndei, yia kébe vroovvoro S’ mov umopei va TPOKVYEL
and yevdn dnhwon av i € S’ o maiktng i dev pmopei va aALGEEL To D(S', X) pe ™ Moo
Tov. Q¢ amoTéEAEGHA OVTOD, O TOUKTNG OEV UTOPEL VO KAVEL TO UNYAVIGUO Vo, OlohEEEL KAmO10
o S'i ¢ S' kabdg dev eivan oe 0éon vo odrdEer 1o avg(Smin, X) M 10 avg(S’, X).
Emopévog, n poévn andxkiion mov mpoonabei va Snutovpyioel o ToikTng 6To unyavicpd gival
TeEMKG va emheyel éva vmoovvoro S', 610 omolo o maiktng i avikel. [ va cvpPei avtod o
noikTng mpémel va dnuovpynoel v avicotnto avg' (S, X) < avg(Smin, X) o étol Oa
MaPel o Ayotepo avg'(S', X) amd embountd pnkn. Toueovo pe to Aqupo 5.5 o moiktng
Aéyovtag v aAnBewo Ba AdpPove a&io Tovddyiotov avg(Spmin, X) (0@od Ba davepdtav to
KOUUATL GE KOTOL0, ELOUEVT] KANOT) Kot Apa 1) WeVING dONAmon dev amoeépet kdtt o awtoév. H
QUAaAN0€10 AOITOV TPOKOTTEL EXAYMYIKA KOODG 0 TaUKTNG dgV EYEL AOYO VL AAAGEEL TO Sppin M
70 KOoppdTt Tov K&K X\D (Sipin, X) mOV po1pdletor 6NV avadpopiKs KANG.

2. 1 € Spin. O maiktng Aoupaver avg(Spmin, X) vmo ainbovg dnAmone. Av ue yevdn tov
dNAwon mpoomadnoel vo dALdEEL TV EMAOYN TOL LRTOcLVVOAoL S mov Ba SwAéEel o
akyopiBpog oe kdamowa kAfon tng YIIOPOYTINAZY, kot i € S', ya vo vdpEet képdog Oa
npéner avg'(S',X) = avg(Spmin, X). AAdg, av i € S', 101¢ 0 maiktng i 8¢ Ho propodoe vo
ennpedoet 10 avg(S’,X) ka étor 1o S’ emhéytnke vmo oAnbodc dMAmong, Kot £Tol
avg'(S',X) = avg(Spmin, X). Ze «kGbe mepintoon, 7y va vrdpéer képdog, mpémet
avg'(S',X) = avg(Smin, X) o€ embountd xoppdria, Om®g LIodekvier to Afupa 5.5.
XpNOIUOTOIDOVTOG 1010 ETYEIPNLOTO UE TNV TUPOTAVED TEPITTMGT, TO GLVOAKO péyebog Tmv
KOUUATIDV TOV TPAyUOTIKG emtfupodviat omd Tovg moikTeg 6T0 Spyin tval D (Sy,in, X). Oco o
maikTng § Wevdetal, OAOL 0L VTOAOITOL HEGO, GTO Spyin TOL INAGVOLY dANODG TNV TpoTiUN oY
TOVG, AapPEvouy To KOPUATIO TTov ETBVHOLY. AVTO APNVEL MG VTTOAOUTO len(D Smin, X )) -
(ISminl = 1) * avg'(S",X) < len(D(Spin, X)) = (ISminl — 1) * avg (Smin, X)

ota emBountd amd tov i onueia. To 8e&i pérog g avicotntog oovtal pe avg(Smin, X),

GUVETMOG 1) AOKAIOT givol [T ETKEPONG.

Av10 oloKANpaveL TNV anddeln g erioindeiag yio tov AAyopiBuo 5.1. TomoBetmvtag Ta

oo pali, Tpokvmtet To e&ng Bedprua
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Qzopnpo 5.7. Xe éva mpOPANUO He TOIKTEG TOL Ol TPOTIUNGELS TOVG MG TPOG TO KEK
aKoAovBobv TunpaTIKE opoloyevels cuvaptnoels, o AAyopiBuog 5.1 eivor @riainOng,

eEareipel T (A0, Kot OAOKAPOVETOL GE TOAVMVVULKO XPOVO.
5.1.3 IHoivmlokotyta tov wpofijuaros twv N TalkT®v

IIépa amd 11 1310TNTEG TOV ADCEMV MOV TpotTeivel 0 AlyopiBuog 5.1, eivar onpoavtikiy M
dtepegvvnon g moAvmiokotntag tov. Kabog peretdvior to frjpata tov aiyopibuov 6mwg
d00nKe oV apyn TS EVOTNTOG, YIVETOL GOQEC OTL 1) TOAVTAOKOTNTA TOV £PYETOL GE GLECT)
ouvaptnon pe v moilvmiokotnta tov Prpotoc 2 g YIIOPOYTINAZ. ‘Etot, woyvpilopevol
0Tl 0 pnyoviouds pmopel va olokAnpwbel oe moAvvLUIKO ¥povo (TOAVOVLIIKO YpOVO
aplOpd KoMV Tov KEIK), amouével vo, dei&ovpie 6Tt givar e&icov mhovo va Avbel kot to fripa 2
g YIIOPOYTINAZ ce moAv@vopikd ypovo. TNV mpoyHoTIKOTNTO, U0 KOAMG OPIGUEVT
ektéheon tov Prpartog 2 umopei va onuoaivel 6Tt  YIIOPOYTINA umopei va emilvfel og
TOADOVUULKO ¥pOVO, EVD anT KoAgitor To ToAd n + 1 popés. Emopévag to {ntoduevo eivon
va Bpedet 10 Sy € argming qavg(S, X) o molvwvopkd xpovo, docuévov tov S € N kot
evog koppatod X. TIpog 01kn pog S1ELKOALVGT, YPNCIUOTOLOVUE OPOLG PONG SIKTVOV, Ol
omo10L givar o 0KOAN €kdoYN ekeivav mov vioBetnOnkav amd tovg Katta ko Sethuraman
[16]. T Adyoug TANPOTNTOG TEPLYPAPETOL EV GUVTOUIO L0 EKTEAECT] YOAUPOTEPO OPICUEVN
amo v mpoavapepbeica [16] aAdd avapgiofntnta ToALV®OVLLIKOD ¥pOVOL:

Aocpévov S € N, evog koppatiod X kot otabepds ¢ > 0, kataokevalovpe ypaeo
G'(S,X,c), 6p010 pe tov G eKTOC OO TIG YOPNTIKOTNTEG TOV OKUDV HETAED TOV TOUKTOV Kot
¢ kataPobpag mov givar € avti o avg(S, X). H anddeién g dniwong mov akolovbel givol
TOPOUOL0, LE TNV 0mddeEn Tov Afupotoc 5.3 (aviikabictdvtag pe ¢ to avg(S, X) 6mov avtd
cuvovtdtol otov kKOpuPo): vrdapyet po pofy peyéboug ¢|S| oto diktvo G'(S, X, ) av kat povo
av yw Oha ta S S S wydel ott avg(S'X) = c.

YroBétovpe 0Tl Ta Oplol TOV TPOTYNCEMY TOV TOIKTOV OVOTOPIGTOVVIOL OO TO
oAV k bits. Yrdpyet éva péyioto ¢* yua to omoto to G' (S, X, c*) €xet o pon peyéboug c*|S|.
To c¢* eivan péhog evog ocvvorov K mouktov oto [0,1] mov nepucheier dheg Tic mBaveg Tég
tov avg(S’,X) yw to S’ € S. Ioydet 611 0 |K| givan ekBeTik00 Pabdpov n kot k, kot yio to
AOYo avtd Kdvovtog Svadikny avalfitnon oto K dev pmopodue vo Ppodpe to ¢* og

TOAVWOVULLKS YpOVO.

Topo, ag vmobécovpe OtL ¢* +a eivaw 10 gldyioto otoyeio tov K mov eival
peyoldtepo amd to ¢*, ko Aappavovpe voyw to G'(S, X, ¢* + a). Avtd to dikTvo dev et
pon diktvov uikovg (¢* + a)|S|. Mropovpe va Bpodue pio eAdylot Toun o€ avtd 1o diKTLOo
€ TOAV®VVUIKO Ypdvo. Xto dikTvo Ppioketor €éva vroocvvoro T S S yio T0 OTO0 1 TOUN

duywpilel to S\T and v kotofdbpa, ko to embupodueva Kouudrtia omd to T and v



36

myf. Avtd to vrmoovvoro T mpémel vo éxel péco opo avg(T,X) < c* + a, ko amd v

kataokevt] Tov K avtd onuaiver ot avg (T, X) < c*.

EmBopodpe va woyvpiotooue 6t 10 T gival to Sy, mov avalnrooue. [pdyuatt, og
onuewbel o6t kobdg vrhpyer pony unkovg c*|S| oto G'(S,X,c*), mpémer va 1oyvEL

avg(S',X) = c* yiw dha ta S’ € S, 10 onoto apéoms emPBEPaLOVEL TOV 1GYVPIGUO.

5.2 Ilpwtokolia avaloyikoTytas

5.2.1 Egapuoyi tov mpwrorxéiiov Banach-Knaster yia avaloyikotnyra

270 0e0TEPO KEPAAOLO TAPOVGIAGTIKE 1 TEYVIKN TOV KKIWVOOLEVOL LOOLPLOD» KO OPIGUEVEG
TOPUALAYEG TOL, YOPiG OUMG KATMOw omd To Topadelypoto mov dofnkav vo etvon
OAOKANPOUEVOG aAyOpBLog, dNAadT TP®TOKOAAO e akolovBin emakpifodv Prudtev mov
KOTOANYEL GE ADOT LE KATO10 A0dEKTA YVOPIGULATAL.

‘Eva. mpotokorro mov Ba mapovsiactel 6To onpEio avtd, T0 oMol akolovBel Tnv
npoavaeepBeioa teXViKn eivar o aAyopiBuog Banach-Knaster. O aAyopiOpog owtog
eupaviomke ond tnv emoyn mov OeomictnKe 1O TMPOPANUO KOWIHOTOG TOL KEIK, Kot
gupaviotke omd tov Steinhaus [2], o omolog mapovsiace pio avemionun TEPLYPAPN HLOG
Aong mov o 1610¢ anédwoe otovg B.Knaster kou S.Banach. H Avon ovt avabéter éva
TKOVOTIOUTIKO KOUUATL GE £VOV TTOUKTN Kol 0vadPOMIKE SOVAEDEL Y10, TO VTOAOITO KEIK KO
TOVG VLOAOITOVG TTOUKTEC. € KAOe «yOpoy», N dladikacio eyyvdrtal Eva IKOVOTOINTIKO LEPIOI0
divovtog o€ Kabe maiktn TNV EMA0YN VO, KOYEL TO KOUUATL TOV KEK, EEKIVOVTAG UE OAOKATPO
TO KEIK TNV 0PN, KOl OAOKATPMVOVTOG LLE TOV TEAEVTOIO TTOUKTN Vo ACUPBAVEL TO KOUUATL TTOV

OEUELVE.

Onwg onuewdvel o Steinhaus, otovg moikteg umopel va eyyvmBel po aveAoykn
KOTOVOUN OV €KEIVOL dPAGOLYV GUUP®VO, E VO CUYKEKPIUEVO TPOTO. LVYKEKPLEVO, OV GE
KéOe «ybpo» évag moaiktng i € N AouPdvel apywkd éva woppdtt I;_q, umopel vo, Tov
e€ao@aloTel Eva avaloyikd Koppdtt koBovtdg to og Eva véo koppdtt I; ue Vi(I;) = 1/n av
Ko povo av V;(1;_1) > 1/n.

Mopakdto, 0 AAydp1Buog 5.2.1 emionuomolel T 1N avadPOIKT POVTIVA EVIOADYV TNG
dwadicaciog Banach-Knaster. T t Agttovpyio g mpotimobétel tny dmapén evog Kopuation
1, evoc opOunuévon cuvoAoL TokT®OV M, Kot TI¢ avtioTolyeg cuvaptioelg alohdoynong u'. H
HETAPANT max onpuatodoTel ToV TOiKTn Tov £XEL MO TPOSPATO KOWEL TO KOUUATL TOL KEIK,
OMAadM TO PEYIGTO Ij YIOL TO OTOL0 Vl-]. (Ij_l) > 1/n. O akyopOuog emiotpiPel £va KOpUdTt

KEWK Lpgy KOU €VOG TOIKTNG MAX GTOV OTOW0 KOTOVEUETOL TO KOUUATL TOV KEWK L0, £T0L
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00T Ximax = Imax- O Ahydp1Bpog 5.2.2 mov mopatifeton ot cuvéreln KaAel ovadpoULKA ToV

AlyopOpo 5.2.1 pe €i6000 I — Lpgy, M — {max}, kot u — {Upmay }-

AlyopOpog 5.2.1 (Banach-Knaster Helper)
Eicodog: Koppartt I = [xp,x.], Hoikteg M = {iy, ..., i;n}, Tovaptioelg a&loldynong u’ =
{uy, ug )
"E&odog: Koppatt Iy, qy, Haiktng max
1.Bpegly = [xp,xq] cTpeV; (1) =1/n
2max «— 1
3INaj =2,..,mxave
Av Vi (Jj-1) < 1/n 1o1e
lj—1lj_4
aAMAg
Bpeg I; = [xp, x;] € Ij_4 pe Vl-j(lj) =1/n
max «— i;
Térog-Av
Téhog-Ta

Emotpoon (1,4, max)

H opBotnta tov AAyopiBuov 5.2.2 zmpoxvmtel emaywyikd omd Tov apldud Tov

ToIKTOV N Apkel va emmBel 011 10 Topakdto Bedpnuo 1oyveL:

Ozodpnna 5.8. O AlyopiBuog 5.2.2 givarl avorloyikog

AlyoprOpog 5.2.2 (Banach-Knaster)
Eicodog: Kéwk C,Ilaikteg N, Zuvaptioelg a&toAdynong u
"E&odog: Katavoun X = (X, ..., Xy,)

1] —CM—Nu «—u

2000 M # @ kave
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(Imax» max) «<— Banach — Knaster Helper(I, M, u")

— I

Xmax max

I — 1 —Ipae M —M—{max},u «—u — {Unax}
Téhoc-Ooo

Emoetpoon (X4, .-, X)

Onwg yivetal avtiinmtd, o adyopiduog avtdc eyyvdtol 6tov Kdbe maiktn mocotnTa
aflog pe xatdtoto Opo 1/n. Tvvenmg, to mpwtokoAlo Banach-Knaster mpooeépet
OVOAOYIKY] AVGN Y10 TO GOVOAO TMV TOIKTAV TOV TPOPAUOTOC, Kol TTop OTL 1] AVOAOYIKOTN T
OV Elval Kot TO 7O 1GYVPO KPLTHPLO TOL EMIEYETOUL KAADYT], O UNYOVICUOS OVTOG TOPEYEL UIdL
OoNUOVTIKN SKAEIdO, AGPAAEING DOTE VO CUUUETACYOVY Ol TAIKTEG GE GYETIKN Holpactd. To
TPOPANUA ®OTOGO EYKELTOL OTIV TOAD VYNAN TOALTAOKOTNTO TTOL 00MYel 1M o’ evbeiog
EPAPUOYN TOV, KOl GLYKEKPLUEVE, aVTh gival g Tééng tov n(n — 1)/2 . Evidnwon mpokalel
OTL éva MAPEUPEPEG GEVAPLO KATAVOUNG, COLPMOVA LLE TO OO0 Ol TAKTES dlapolpalovTal ova
Cebyn o koppdtia Toug (Successive Pairs Algorithm[1]) katoAnyet oto va dnpovpynoet n!
KOUMATLO, EVD OLGLOOTIKG ypstdlovior uovo n3/3 amd avtd, kot ta peyédn avtd sivon
TPOPOVAOG TOAD Hakpld amd omodektég taéelc. Tlap’dha avtd, TEXVIKEG TOL GLUVOEOLY TNV
TEYVIKT TOV KIVOOLUEVOD UOYOIPLOD LE TN PIAocopia «dlaipel kot facilevey, pTdvouy g TOAD

IKOVOTTOUNTIKG 6Tad1o pey€dn g taéng tov nlog, n.
5.2.2  a-AvaloyikoTHTA KAl AVGTHPI] AVALOPIKOTHTA

H évvown kot to yevikodTepo GKEMTIKO TNG OvaA0YIKOTNTAS, OVTOG BepeAddovs onpaciog yio
1 Béomion Tov Kowyipatog tov kéik g pabnuoticd tpodPAnua, moeTonolel TNV avaykn yo ™
dtepgvvnon tov Pabpod oTov 0omolo To KPITNplo ovtd Tnpeiton oe o kotovopn. [
ovyKeKpIEVa, KaBmg 1 avaroyikotnta kabopilel éva katdtato opro a&ing mov pmopel va
AaPel kGOe maixktng oe éva mPOPANua, to emduevo Pruo eivar vo mpocdiopiotel Eva

Srapopetikd 6pio (mbavotato vYNAOTEPO) TEPAV 0o TO Kabopiopévo (1/n):

Opopdg 5.9. Oétovpe a = (aq, ..., ay) pe a; > 0, a; € Q ya 6ho ta i, ko Y, a, = 1. Mo

katovopn X = (X4, ..., Xp,) €ivon a-avaroyum eav V; (X]-) = ajyworotai,j €N.

H a-avaroywdtta o¢ évvolo mapovoidotke and tovg Dubins ko Spanier[11]. Ex
TPOTNG OYemg, €ivar OSvokoAOTEPO va Ppebel (o 0-0voAoylKr] KOTOVOUN Omd omAmg
AVOAOYIKT], AOY® TOV TEPICGOTEPOV TEPLOPIGUMY TTOL TiBevTol oTov optopd 5.9. Qotoc0, 1 a-

avoroywodmrta umopel vo emtevyfel péow avoyoyng om Avon tov Banach-Knaster. H
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mpobmdOean 6Tt 01 oTabepéc a; etvan pnrol apBpol eival kaBoploTiky| yio TV avaywyn Ty,
Kabdg avtn mpokdmtel og eENG: ekPpalovpe 1o kGbe a; wg o KAdopa dvo akepaiov 1;/k ,ue
10 k va mapapével 8o yio. 6A0VG Tovg maikteg i € N. Mmopodpe va eE0HOIDGOVUE TOV
aiyopiBpo Banach-Knaster yio k «giovikoOo» maikteg, 6mov o kébe mporypatikds moiktng i
amekovileTal amd Tovg 1; TOL GLVOAOL TV k TkT®V. Avtd Ba £xel @G cuvénewn o Kibe

naikg va Adfet 1;(1/k), Kot 001 yo0HOGTE GTO TOPAKAT® OEdPT Lo
Ozopnpoa 5.10. I'o «ébe a = (aq, ..., Ay), VTAPYEL IO 0-0VOAOYIKT] KOTOVOUT|.

Eivar onuovtikd, ®otdéco, va onueimbel 6t 1 moAvmlokotnTo €vOg TETOL0V

aAyopiBuov o cuvadel amopaitra e To péyebog tov k.

Mo dAAn eedikevon NG AvVOAOYIKOTNTOS OMOTEAEL 1) ALGTNPT OVOAOYIKOTNTO,
obupova pe v omowr k@Oe moiktmg AouPaver  a&io V;(X;) > 1/n. O Woodal[17]

ATTOOEIKVVEL TO KAT®mO1 BedPM O OVAPOPIKA UE TNV BLGTNPT OVOAOYIKOTNTOL:

Oedpnpa 5.11. Agdopévov ot vapyet Eva koppdtt K€K P < € xon 2 moikteg i # j yo Toug

omotovg oyvet V;(P) # V;(P), vmbpyet pa ovctmpd ovearoykn KoTovour.

Ivetow edkoAo avTANmTd TTOC €4V OAOL Ol TOIKTEC £YOVV OUOIEC GUVOPTNOELS

a&loAdyNnong yo To KEIK, TOTE 1] AVOTNPN AVOAOYIKOTNTO UTOPEL v unv givor mlovi).

5.3 Ilpwtokxolie avaloyikoTyTas

5.3.1 Egapuoyn tov zpwroxoiiov Selfridge-Conway yia N=3 naixres

H évvown g e&dheryng e iMag (envy-freeness), 0ntmg cvl{ntOnke otnv mapdypoeo 4.4,
amoteLel £V, OVOTOOTOOTO KOUUATL TNG HEAETNC Tave oT1o mpdPAnua tov Kowipotoc tov
kéwk. KOplo yvopiopa g avdivong mov yivetar dote va kpldel av éva mpoToKoAA0 1) Ui
amh oopépion sfodeiper ™ (R N OxL, €ivol M cOYkplon HETOED TOV KOUUOTIDV TOL
Aappdvouv 6ot ot maikteg mov  oamaptilovv TV katavour. To yeyovog avtd av&avel
onuavtikd to Pabud dvckoriog eEevpeong ADGEWY, Kal, €’ 000V TETOEG ADCELG Eival EPIKTO

va Bpebolv, 1 TOAVTAOKOTNTA TOVG KOUAIVETOL TOAAEG POPEG OE U OTOJEKTA TAAICLAL.

H Mon «xoPo kat dStaréyeicy oe mpofinua 2 moktov (map. 2.3) eEaleipel emtuydg

™ (Mo oty Tepintoon mov ot waikteg avtoi a&loAoyodv To KEK e Tov 1010 TPOTO, Kot
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GUVETMG 1 €QOPUOYN NG &ivol opketd TePlopopévn KabBdg €va T€Tol0 oevdplo dev
TPOCAPUOLETOL OTIS PEOMOTIKEG OVAYKES OlPEPIONG avopoloyevovg oyabov. Amotelel
®OoTOG0 TNV TPAOTH YPOVOAOYIKE Tpocmddeia e&gvpeong evog envy-free pnyoviopoo.

To npwtoxkorro Selfridge-Conway amotelel v TpdT) amodektr envy-free Aoon yia
10 TPOPANHa Tov 3 Touktdy. Ovopdletotl étol amd tovg epevvntég John Selfridge ko John
Horton Conway. O mp@tog avaxdivye T Adon avti to 1960 Kkat, eved v mopovcioce 610
Bpetavo pobnuatikdé Richard Guy dev mpoydpnoe moté otn dnuocievor me. O Conway
avokaivye ) Adon Eeyoplotd and tov Selfridge kou tn dnpocicvoe katd ™ 6gKOTION TOL
1990 [1]. TIpoopdatmg, 01 Steven Brams kot Alan Taylor mpoydpnoav 6 Kowvomomcelg envy-
free AMoewv o n maikteg Pacilopevor arentd oto unyovicpo Selfridge-Conway mov Avvet

10 TPOPANua Tov 3 touktodv [6][18].

IMpmwtoxkorro 5.3.1 (Selfridge-Conway)

1.0 maiktng 1 k6Pet 10 kéik C og tpia Koppdta Py, Py Pz, étol wote Vi(Py) =
V2 (Py) = V3(Ps).

2. Xwpic PAGPN tng yevikotnTog vIobétovpe OTL 0 TOIKTNG 2 TPOTWH TO KOUUATLOL
Kotd ™ eBivovoa oepd Py, Py, P3. Av Vo (Py) = V,(Py), TOTE 0QfVEL TO KOUUATIO MG EYOVV.
AAdg, kOPet to Py og dvo koppdtia Py ko L étot wote V,(P)) = V,(P,).

3.0t maikteg Sradéyovv koppdtio and to chvoro {Py, P,, P3} xotd ) ogpd 3,2,1. Av
o maiktng 3 de drarééet To Pf, 10T 0 TOiKTNG 2 VIOYPEOVTAL VO, TO SIAAEEEL Y10. TOV E0VTO TOV.

4.Av L = @, o akyopBpog otapotdel. AAMmg, ovpfoiilovpe e j Tov moiktn and 1o
{2,3} o omotog dev élaPe 10 P{. O maiktng j ko6Pet 10 L oe tpioe koppdtio Ly, Ly, Ls wov
exeivog Oewpei 6o (V;(Lq) = V;(Ly) = V;(L3)).

5.01 naikteg drodéyovv koppdtio omd 1o cuvoro {Lq,L,, L3} xatd ™ cepd 5 —j, 1,

Ocopnpa 5.12. To mpotdkoAiro 5.3.1 eEareipel Tn (At

Améoegn. Apykd avaroyllopaocte To 3 TpdTa fHaTo TOV UNYovicrov. Metd v tepdtmon

T0VG, T0 Koppdtio C — L = {P], P,, P3} £xovv kotavepn0ei. Apyikd omodekvoovpe 0Tt auTh 1
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pepwkn katavoun sivon envy-free. Tlpdtov, o maiktg 3 de {nAevet o KOUUATION TOV GAADY
TOIKTOV Lo KoL €IVl 0 TPAOTOC GTOV OO0 EMITPEMETAL VO SIHAEEEL KOUUATL OTO TO GUVOAO
{P],P,,P3}. Achtepov, o maiktng 2 de (nhedel to Koppdtio TV GAA®V TUKTOV Kobdg
Soréyer peta&d tov dvo KoupaTidV IOV ekeivog Osmpel ta dvo koldtepa, Ta P; kot P,.
Tpitov, onueidvovpe 6tL V3 (P3) = Vi (Py) = Vi (Py), ko, koBdg to Py éyel ndn doveundei
Kot givar un dwbéoo yw tov moiktn 1, o tedevtaiog dwwAéyel petad tov P, kot Ps,
KOpMaTIdV Tov Bempel 106E1or kKo kaAvTepo omd 1o Pj. Zovendg 1) dlopépion g 10 onpeio
avto givon envy-free, yeyovog mov odnyel avTOUOTO KOl GTO GLUTEPAGHE OTL €0’ OG0V dgv
vrapEel dapéPton Tov Koppatiov P; amd tov moiktn 2 kot L = @, 16t€ Kot OAOKANPO TO

TPpOTOKOALO givar envy-free yia 1o gvdeyopevo avTo.

E@’6c0v vrapyet dwapépion tov koppatiov P; kot L # @, n axolovBio eviohmdv
ovveyileton pe Tov maik j vo kOPEL To KEIK o€ 3 {0a-KaT TNV TPOTIUNGT TOV- KOUUATLO, KOl
£MELTOL TOVG TOUKTES VO SLHAEYOLV OO TO KOUPATIO avTd pe T oepd 5 —J, 1, j. O maiktng
5 —J, 6vtoc 0 Tp®TOC TOL SLOAEYEL, AAUPAVEL TO KOAVTEPO KOUUATL KOTA TNV Kpion TOL Kot
EMITPOcHETMC, AOPOIGTIKA LE TO OTOTELEGUATO TOL TPMTOL SLOUEPIOUOV, 0 (NAEDEL KATOLOV
amd Toug GAAovg maikteg. O maiktng 1 Oa AdPel Kamolo omd To KOUUATIO TOV OTEUEVOY,
EVOEYOUEVMG KoL OYL TO TPAOTO KOATA TNV TPOTIHUNOT TOV, OUMOS GTO GOVOAO TNG KATAVOUNG Oa
glval ovomompévog e 1o Hepidtd Tov &vavtl ToV GAAWMV. X€ GVTO GLVTEAOVV TO 3 TPOTO
Pruoto Tov TPOTOKOAAOD, e TO TEPAG TV omowwy o moaiktng 1 Aaufaver oia Vi (Py) =
V,(Py) = V;(P3). Katd v droyn tov diov, o maiktng 5 — j €xovtog AdPet to koppdtt Py
ond Tov IpOTO «yOpo» Kot Ls_; amd to devtepo, Bo Exer ouvoun aia Vi (Py) + Vi (Ls_j),
dradn pikpdtepn oo Vi (P;), cvvenmg e’ ovdevi o tov (nievet. TTapdiiniia o maiktng 1
d1oAéyel Koppdtt and 1o oOvoro {Ly, Ly, L3} — {Ls_;} mptv amd tov j Kot €161 GUVOAIKG g
(never obte ekeivov. Télog, o maiktng j maipvel and 1o cvvoro {Lq, Ly, L3} 10 koppdtt mov
QTTOWEVEL, OUME 1| ETAOYN 0VTY Eivorl adtdeopn KabMG Yo, TOV TaiKT aVTO To KOUUATIO Elval
16a&10. XVVEn®S T0 TPOTOKOAAO 5.3.1 Uetd Tov TEpUaTIoUO TG akoAlovbiog TV EVIOADY TOV

to amaptilovv eEareipetl T (RMaL.

To mpwtoéxorro Selfridge-Conway otnpilel Tn Agttovpyio Tov nave ce dVO PACIKES
10£€C: TNV AVOAOPOMIKY TOUN Kot TNV avTiotpoen emhoyr. Ot TaikTeg TEUVOVY T0 KEIK UE
GTOYO0 VO ONOVPYOVV 16GEL0 KOUUATIO, MOTE VO, TOVE EYYVATOL OTL Ol TUNUOTIKES KOTAVOUES
0a tovg avtapeiyovy pe Eva KOUUATL TOL amaieipet T (AL CLYKPITIKE LE TOL VITOAOITO, KO
gv ovveyeia 1 dadikacio cuveyileTonl avadPOIIKA LE TNV TOUN TOL EVOTOUEIVOVTOS 0ryaBov.

v avtimepa 6x01, Ta dropa mov anaptilovy To TPOPANUA SIHAEYOVV TO, KOLLATLO TOVS OE
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avTiGTPOPT GEPA LE TNV OOl EKOYAV TO KEIK Kol KaBoploav Katd 10 60KOUV T KOUUATLOL
TOV TUUOTOS TTOL TOLG dOONKE va dtapepicovy. O GLVIVAGHOG TV SVO AVTAOV GTPAUTIYIKOV
givar avtd mov ot Brams kau Taylor amokahlodv «apetdikAnto mieovéKTnuoy tov maiktn 1
Thve 610 Kopudtt tov kéik C — L ot tov j oto L [4]. Kabmdg ot maikteg avtoi dtopodv to
KEIK UE TPOTO DOTE Vo Be®@POoVV TO KOUUATL TOVG KOADTEPO amd To GAAC LOAIS 1] KOTOVOUT
teheldoet, N dladkacio. eyyvdrar o envy-free dwuépion € — L xor L avtictora. To
EPMTNULA TOV aVAdVETAL EIVAL OV 1] TEYVIKN OVTY] UTOPEL VoL EQaplocTel o€ TPOPANUA pe TAVED

amo 3 moikTeC.
5.3.2  Egapuoyn tov zpwtoxoiiov Selfridge-Conway yia N>3 naikres

Otoav éva mpwtdékolro epapudletarl pe emtvoyio oto mpdPfinua Koyipatog tov kék tov 3
TOIKTAOV, eolelpetl T (Ao peta&hd Tovg Kot epeavilel oyeTikd amodekt ToAVTAOKOTNTO (TO
oA 5 Kkomég), evAoya TifeTal To EPAOTNIO TOL KATH TOGO TO TPOTOKOALO 0vTO (] £0TM 1)
orocoio oty onowa otnpiletar) prnopel va 0dNyN oL 68 AMIGELS KO ATOOEKTA ATOTEAEGLLOTAL
Y0l TEPUTTMOGELS TEPICCOTEPOV TOIKTDV.

E&etalovpe 10 mpoPAnua yio n =4 maikteg. ZOUQOVE HE WO, ETEKTACN TOV
npotokolov Selfridge-Conway, o maiktng 1 6o éxofe to kék o 4 koppdtio A,B,C,D mov
Oeopei 160a&a, dnradn Vi(A) = V1(B) = V,(C) = V(D). 1 ocvvéyelon o maiktng 2 6o
pocdpuole o SopePIoUd aVTO UE TPOTO MGTE Vo ONUIOVPYNGEL TPio, 1AL -KAUTA TOV 1010-
Kopupdtio. Yo0£tovtog 0Tt Y10, va To meTuyEL ovtd Ba £kofe €va T0c0oTd 0md o Koppdtio C
ko D, o vpyav mAéov ta koppdtio C' ko D' otn 0€om toug, kot eniong vrobétovtog 6Tt ot
Komég £ywvav dote va gEoueiwbovv pe to koupdtt A, n tpumAf wootnta Oa frav V,(4) =
V,(C") = V,(D"). Mg mapopoo tpomo o maiktng 3 Oa dnuovpyovoe dmdf ootnto. (36
vrobétovpe OTL Yo vo. TOo TETVYEL avTO Oa €mpene va KOWEL TO KOUPATL B ®GTE Vo TO
eopowvoetl pe 10 A), V3(A) = V3(B"). Metd v avadpopikfy toun yiveton 1 avtiotpoen
EMAOYT, Kot 0 Taiktng 4 Bo didAeye TPMOTOG TO KOUUATL TOL. AV OU®G TO KOUUATL QVTO HTOV
10 A, 10t 0 maiktng 3 Oo voypeovVTAV Vo dlaAEEEL pE T 6P Tov TO Koupdtt B’ kot o
noikg 2 éva ek Tov ouvorov {C’,D'}. "Etol o naiktmg 1 Oo katéAnye avoykaoTikd pe To
Koppdtt Tov cuvorov {C’, D'} mov Ba mepicoeve, kot Oa (RAeve Tov mtaiktn 4 mov TpoAaPe vo
daréger o A (V1(C") < V1 (A) xan V1 (D") < V;(A)). Zovendg 10 mpewtoKkoAAo 5.3 eivar pun

EQUPUOCIUO GE TEPUTTAOGELG TEPAY TV 3 TOKTMOV.

210 yeVIKO TAQICL0, O CUVOVAGUOG AVOOPOLUKAV TOUMV KOl OVIIGTPOPNG EMAOYNG
OV TEPLYPAPNKE VOTEPEL AOY® TNV OCOUUETPNG HOPONG Tov. [evikdtepa, TOo TPOPANUL
gmilvong envy-free mpoPfinudtov ywoo mepmtdoel; v TV 3 TOIKTOV omodeiydnke

ToAOTAOKO, Opwc ot Brams kot Taylor ftav ot mpdrol mov édmwoav Avon [6] Bacilopevol
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aontd ot @rhocoeio tov TpmtokoArov Selfridge-Conway. H Adon ovth mapovoidleran

OTNV OUECHS ETOUEVT] TAPAYPOPO.
5.3.3 Ilpwtoxoiio Brams-Taylor

To 1995, ou gpsvvnrég Steven J. Brams kot Alan D. Taylor mapovsiacav Abon o éva
npoPANUa mov vIpye omd kataPoing Koyipatog tov kék: évav envy-free pnyaviopud yo
mhvo and 3 maikteg. Xnpixdnkav ce Bempuata Kot 10EEG IOV EYOVV TPOTOEUPAVICTEL OO
10 1940 (akdpo kot 10 Osdpnuo kvptotntag tov Liapounoff [19] 7 kot éva Bedpnua
vmapéng Avong tov Neyman [20] cvpmeptlapBavovior 6 avtd), 0AAG Kot PE TN YVOON TOG
«ta 0N yvwotd amoteAéopato dev eivor o Béom va mapéyovv KMo oyeYAdlooTN
KotdTunon [21]», kot o€ 7o TPAKTIKO EMINEDO 68 UNYaVIopons Kot Tpwtokorro [22][23] mov
avaeépovtal 6e amlovotepeg Katnyopieg mpofAnudtov. To mpwToKOAO ival LaKPOoKEAES
Kol M whovi SlepeuvNoN TOV VA Eval OVGTPOGLTH), GLYKPLTIKO LE OAQ TO TPOTYOLUEVO
TPOTOKOAAN TOL cu{NTONKaV. Q6TdG0, OO TNV EKGOYT| TOV TPOTOKOALOL Y10l 4 TOAKTES TOV

TopOTIOETAL GTN GLUVEYELD, OTOPPEOVY OPIGUEVO CTLULOVTIKG GUUTEPAGUATO.

IMpotokorro 5.3.3 Brams-Taylor (envy-freeness ywo ovOoipero n)- mepintoon 4

TOLKTOV

1. O maixmg 2 k6Pel to K€k o€ 4 Koppdtio Tov Dempel 1oL, KPUTAEL TO Eval
KOUUATL 070 anTd Kot potpdlet ta vorowta, £va, yio Kabe dAlo maiitn.

2. Ouvmaikteg 1,3,4 diepotdvton oV TOVG IKOVOTOLEL 1 KOTOVOLLY 0UTY.

3. Av o1 TaikTEC OgV £YOLV avTippMoN UE TNV KATAVOUR, TOTE 0 KGOe TaikTng
KOTOANYEL LE TO KOUUATL TTOL TOL 600NKe oT0 Ppa 1 kot To TP®TOKOALO
tepuatilet.

4. AMdG, SLAEYOVUE TO IKPOTEPO i Y10 TO OTTOL0 O TOIKTNG I £XEL avTippmon
ue v katavoun (yapw amiotntag vrobétovpe i = 1). O maikngi = 1
Sradéyetl Eva KOUPATL TOL 0pytkd 600nKe o€ Kamolov Ao maikt (Tov omoto
{MAeve) kot To omokoel koppdtt A. TO kopudtt Tov apyikd eiye dobei otov 1
ovopdleton B. Xto onueio avtod o maiktng 1 Oempel 11 10 Koupdrt A gival
KaAOTEPO 0o TO B Kot 0 2 T Oewpel 16a&o.

5. O maiktng 1 opilel éva Betikd axéparo r = 10, éto1 doTE Yo KAbe
Stywpiopd Tov A og r KoppdTio, o moiktng 1 6o mpotipdel To A, akduo Kot
av To. 7 pikpotepa —Katd tov 1- koppdrtio agotpovvtay omd to A Kot
npootibevto o610 B.

6. O maiktng 2 daympilel 10 A o axpifog r koppdtio (to omoto Bewpel iong
a&lag), kot kavel To 1610 Yo 10 B.

7. O maiktng 1 doAéyet To pukpdTeEp 3 KOUUATIO TOV TPOKOTTOVY AtO TO
Sympiopd Tov B kot ta ovopdlel 24,2, ,Z5. Aadéyel emiong gite ta
peyaAvTepa 3 Koppdtia amd to daywpiopd tov A (av Bempel 6Tt dAa ivar
AVGTNPAOC PEYOADTEPQ OO To. Z1,Z5,Z3) Kol KOPEL TO TOAD 2 amd avtd
(mpocapprolovids Ta 6To UKOG TOV HKPOTEPOL 0o T Tpia), 1] draywpilel TO
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10.

11.
12.

13.

14.

15.

16.
17.

18.

19.

LEYOADTEPO OO TO KOUUATIO TTOV TPOEKLY ALY At TO daY®PIGUO Tov A €

3 koppdrio (mov Bewpel iong a&iag). Xe kabe mepintmon, To ovoudlet
11,Y5,Y3. Mg t0v 1pOT0 avtd 1 otpatnyikn tov moiktn 1 gyyvdron 6t to
Koppdtio Y Oa givar peta&d tovg ica, Kot avetpd peyoivtepa and to Z. O
maiktng 2 motevel 0Tt ta koppdtio Z givat iong a&log, kot to Kabéva amd
avtd gival to Ayotepo 16aéto pe ta avtictoya Y.

O naiktng 3 maipvel Ta 6 avTd Koppdtie. Av moTeDEL OTL TO, OLO KOAVTEPO
KOUMATIO 0t ot Oev glvar 16aELa, KOPEL TO peyoAdTePO EEIGOVOVTAG TO LE
70 dEVTEPO, INULOVPYADVTOG £TCL L0, IGOTOALL.

Ot naikrteg 4,3,2 ot 1, pe ) ogpd avtn, dtoAéyovv Eva and to 6 Koppdtio Z
ka1 Y mov wpoékuyay ato Pripa 8 kot mov Bempolv 1o KaADTEPO, UE TOV
waiktn 3 vo vToypeovTal Vo AGPEL TO KOUUATL TO OTTO10 £KOYE, av gival
dwbéopo. O maiktng 2 mpénet va S1oAeEetl petalv tov Z, evd o maiktng 1
and ta Y. To Prina avtd odnyel o€ £va Sloympiopd Tov KEK

{X1, X5, X3, X4, L1}, pe 1o {X1, X5, X3, X4} va glvon pua envy-free koatavopr,
KOl T0 L1 TO KOPWATL TOV OMEUELVE.

O maiktng 1 opilet éva Betcd axépato s, daheypévo Etol wote [4V;(L1)/
5]° < €. O aképatog owtdg kabopilel Tov apBud erovalnyeny mov Ba Aafet
yopa 1 Sdtkacio «kOPw-Staréyeisy mov akolovbel, evd elvar kot pua
HOPON SGPAAIONG TT®G O aAYOPIOUO0G kAol oTiyun Oo TepLOTIoTEL.

O maiktng 1 ko6Pet 1o Ly oe 5 kopudrio mov Bewpei 1ca&o.

O maikng 2 Aappdvet ta koppdtio avtd, Stdéyet ta 3 peyaidtepa Kot kOPet
1M 2 and avtd Tpocapuolovtdg to otnv agio Tov pikpdTEPOL,
OMUIOVPYDVTAG L0 TPUTAT LGOTTOALO.

O maiktng 3 moipvel Ta 5 Koppdtio Tov Thavov vo KOTNKAY 6T
TPOTYOUUEVO PrLa, SLHAEYEL TOL 2 LEYOADTEPO KO KOTA TO YVOOTH
dnpovpyel o TpmAr| womakio 6to pEYeBoc Tov HKPOTEPOL ATd QVTA.

Ot aikteg 4,3,2 kat 1, pe tn 6epd avt, SIaAEYouV Eva KOUUATL Ao ovTd.
Ot aikteg 3 kot 2 givol VIoYPE®UEVOL VO, AGBOVY KOTO0 0T TO KOUUATIOL
OV £KOYOLV.

Ta puata 11-14 emavarappavovrar s — 1 akdpo opég, pe kabe epapuoyn
TOV PNUATOV 0VTOV Vo YIVETOL 6TO KOUUATL TOL OmEUEVE (OTTMG EYIVE Y1 TO
Ly v mpod™ ©opd). ATo TN S1081K0Gia VT TPOKVTTEL 1] SIAUEPLOT)
{X1,X3,X5, X4, Ly} 6mov {X1, X5, X3, X4} €ivon o envy-free katavopn, pe
v onoin o waiktng 1 Bewpet 611 T0 X; ivan kakvtepo and to X5 U L,. 'Etol
0 1 &yet éva apetdiAnto TAEOVEKTNHO EVOVTL TOV 2, Kot £Tol EeKivdet 1)
dnuovpyia evog vroovvorov {1,2,3,4} % {1,2,3,4} mov amokorovpe A. I1.
(amd 10 apetdrAnto Theovéktnua), Tomobetmvrag to (1,2) € A. II.

O maiktng 2 k6Pet 10 L, og 12 xoppdtio mov Bewpel icov peyébovc.
Kabévag amd toug vmdAoumovg ToikTteg SNADVEL 0V CUUPMOVEL LLE TO OTL TO.
KOppatia avtd givot ica. Ot Taikteg Tov GLUEOVOVHY glval TOTOL A, EVOD 01
vroAoutol eivar Tomov D. O moaiking 2 eivat Tpoeavmdg Tomov A.

AvD X A c A.Il. , 161¢ divovpe Ta 12 Koppdtio 6Toug ToikTeg TOTTOL A, Le
Tov KaBéva amd avtovg va AapPdvet Tov 1010 aplfpd KoppaTIov. TV
MEPIMTOOT AVTY, 0 aAYOp1OLOC TEpUOTICEL.

AlMdrg, dtodéyovpe To aApafntikd pkpdtepo Cevyapt (i,j) oamd to D X A 10
omo1o o€ Ppioketon péca oto A. I1. kot emoTpépovye 610 Pripa 4 pe Tov
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maiktn § 610 poOAO TOL TaikTN 1, TOV TaiKTN j 6T0 POAO TOL TTaUKTN 2, KoL TO
L, oto onueio 6mov Ppiokodtay To KEIK.

20. Ta pApata 5-18 emavaropfavovtal. Kdbe popd mov mepvape omd to o
15, mpocBétovpe Kot éva ta&tvounpévo Levydpt oto A. I1. [opatnpoiie Tog
kobodg D X A < {1,2,3,4} x {1,2,3,4} xar A. I1. € {1,2,3,4} x {1,2,3,4},
npénetl va mpokOyel D X A € A.Il. petd omd to moAd 16 emovornyels. Xto
onueio avto, KotoAnyovpe oto fnua 18 pe o envy-free katavour movem
670 GHVOAO TOL KEIK. AVTO TEpUOTILEL TO TPOTOKOAAO.

Ex mpotng dyemg, Ko cuykprtikd pe to mpwtokoiro Selfridge-Conway mov
getdlel v mepimtoon T@V 3 TUKTOV, JSlakpivetol TG mop’OTL Ol TOIKTEG
avéndnkav poAg oe 4, n moAlvmhokdnTa TG Avong avédvetar kotakopvea. ITo
GUYKEKPIUEVD, Yot 1 = 3 TOIKTEG Ol OmOPAiTNTEG KOTES elval TO TOAD 5, aveEaptnta
amd TG ouvaptoelg a&loAdYNong Tovs. AKoAovdmVTOC OU®MG TO UNYOVIGUO TOL
TOPOVCIAOTNKE  TOPATOvVD, Ol 4 moikteg Kavouv Ttov oplfud TV KOT®OV
anpocdoplota HeydAo, Kupimg g TEPIMTOCELS KATA TIG OMOLEG Ol AELOAOYNCELS TV
TOIKTOV TEPUTAEKOLV TO TPOPANUO. "YoTEPQ amd Tr GUYKPIOT aVTY, dlopaiveTor OTL
UE TNV TPOGHNKN VE®V TAIKTOV GTO TPOPANUA TO Tiunpa Yo Ty e&adenym g RAag
UeTaED TOV TKTOV avEdveTol ekbeTikd (onueidvetol Tavimg 6t o Brams, Taylor
Kot Zwicker éyovv mapovoidoel po envy-free taxtik Kivoduevoy poyotplod yio To
TPOPANUA TV 4 TUKTOV UE Aved @payuévo apldud kommv[24], 6mw¢ mapouola,
énpate kar o O. Pikhurko[25]).

5.3.4 Karotaro opro wrolvriokotyrag eCalenyns g {fiiag

O Ariel D. Procaccia og dnpocicvon tov 1o 2011, mapovoiace kot anédelée Tov 16XVPIGUO
TOV Y10 TO KOTOTOTO Suvatd Oplo TOAVTAOKOTNTOC GTO TANIGLOL TG OTOL0G UTopel va, KivnOel
o envy-free enilvon oe TpdPAnpa N touktdv [32]. O oyvpiopds dragaivetal 6To TapuKiT®

Osdpnpuo:

Ozopnpao 5.13. H molvmAokdtnta g emitevéng e&aienyng g (iog (cOppova pe To

novtélo voPolng queries tov Robertson-Webb) eivon 2(n?).

T va ptdoovpe oty amddeEn TOL 1GYVPICUOV CVTOV, EEKIVALE OO TOV OPIGLO TV
Edmonds kot Pruhs [33], katd tov omoto éva koppdtt kék X = Ukeg I €ivon ehappd epdoov
Yxek Ikl < 2/n, xar Bapd oty avtibetn nepintoon. Kabobg embopodue va kotodnovpe o€

£val KaTdToTo Op10, Bo TPETEL VO, SIEPEVVIIGOVUE TNV TEPITTMOGN OOV TO. (UENIES ATAVTOVTOL
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otov aAyoplBpo pe €vav mepimAoko, av Kol GUVERN TPOTO. ATOSEIKVOETAL YPHGILO YO TO
oKomd aVTO, Vo dDCOVY Ol TAiKTEG LEYUADTEPO OYKO TANpOoPopiag otov arydpiBuo am’dco
amoteiTon Kot e Tov Tpdmo awtd va diepeuvn el 1o GevApPLo XEPOTEPN S TEPITTOOTG.

Mo ovykekpyéva, doocuévov tov epwtiuotog eval;(xi,x;), o akydopiBuog Oa
mnpoeopnbei pe tig e&ng tég: u; (0, xq), u;(xq,x2), ui(xy, 1). Avtictoryo, d0GUEVOL TOV
epotHaTOG cut;(xq,a), fo doré€ovpe va onueio x, yw 0 omolo u;(xq,Xx;) = a, Kot 0
alyopOuog Ba AaPet tic d1eg TIEG e TIg TopOTAve. Oa piEovUE TO EVOLPEPOV HOG OTN
Swbéoun yio Tov odyoplOuo mANpoPopic, GE OOPOPETIKEC PACELS TNG EKTEAECNG TOV,
Boaciouévol OTIG amaVTAGELS TOV TOKTMV UE TIS WOIUTEPOTNTES TOL cLINTHONKOV TAPUTAV®.
Opilovpe pe I 6mov i € N kot t o apOudg tov queries mov £xet vwoPAndel péypt wa
YPOVIKY| OTLYT], ®OG TO GUVOAO TOV KOUUOTIOV TOL KEIK TOL amoptilovy o Sopépion, Katd
70 0TS0 petd Tic t voPoléc queries yio Tov maiktn i. Oswpodue 6Tl éva, koppdtt I € I1f
glvar evepyd avapopike Ue ToV ToikTn I 6T0 6TAJ10 t.

H Swpépion I} xatookevdleton emaymykd, pe apempio M2 = {[0,1]} ya xade
noik i € N. Topa, ag vrobécovpue 611 610 616810 t Eyovpe Tig dropepioeig T Yo k6de
i € N. Eniong vmoBétovpe 611 10 epotnua t + 1 vrofdriieton otov maiker i. [a kébe j # i,

I'IJ-t+1 = H]-t. AvaroyilolacTe dL0 TEPMTMOGELS, PAGICLEVEG GTOV TUTTO TOV £pMTNOTOG t + 1!

epintoon 1: To epdua sivon eval;(xq, x,). Eoto I; € IIfétol dote x; € I; xon I, € ITf

yw 10 omoio X, € I,. H mpatn vronepintwon etvon Iy # I, ondre:

I = (II\{L, 1) U {[left(I), x1], [xq, right(I)], [left (1), x,1, [x2, Tight (I2)]}.

Av I; = I, xatd v {10 Aoyikn:

I = (NI U {[left(1y), x1], [x1, X1, [x2, ight (I)]}.

Iepintwon 2: To gpompuo eivor cut;(xq,a). 'Eoto x, € [0,1] dote u;(xq,x;) =a. H
dwdikacio Tov axoAovBovue gival avtictoyyn pe v mepintoon 1. To kdrwdr Auua, 1
amooelén Tov omolov Bo cuuPaiAiel oUAVTIKG otV omddelEn Kot Tov Bewpfuotog 5.13 mov

O axoAovOnoEL TPOKVTTEL 0’ eVBEiag omd Ty Kataokev Tov 17,

Afqpupo 5.14. T ke © € N kot 6tad10 €, 10Y0€L |1'Iit+1| — |t < 2.

Y10 onpeio owtd, embvpodue vo wyvpiotovue mog N IIF eivar pa Sapépion tov

[0,1] o€ pukpoTEPO KOLUATLO PE YVOOTES AEIEG.
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Afppo 5.15. T ké0e i € N kot 6tad10 t, 1 11} éyet 11 mapakdto 110t Teg:
1.Ta xé0e I € If, nu;(I) eivan yvooti 6tov alydpidpo katé 1o 6Tadio t.

2T kéde I € ME, ' € 1, kaw 0 < A < 1, Baciopévol ot Stabéoiun mAnpogopia mov

dabéter o aAyopOpog oto otddio t, Oo woyvet u; (1) = Au;(I).

Amooeién tov Mppatog 5.15. AouPavoovpe vroyy vav moiktn i € N. ATOdEIKVOOLUE TO
Mupo emoyoykd oto t. T t =0, 17 ={[0,1]}, xa ot dvo 1¥1OMTEG 1GYVOVY KATH
TETPUPEVO TPOTO. YTToBETOLE OTL O1 HVO 1WIOTNTEG 1GYVOVY GTO GTAdO t. ATTOdEIKVDOVUE OTL
1oyvovy Kot 610 oTado t + 1, két mov woyver kou av [IFH = MIf. 'Botw x4, x, € [0,1],
I;,I, €[0,1] xatd v katookevny tov IIF*Y, wou I # I,. Avaloylduevol v mpd™
womta, 1 ofla Ghov Tov kopuatidv oto MY NI frav yvwom oto otédo t and
EMOY@YIKT VEoBeom, étol ypetdletor amimdg vo emPefordoovpe OTL 1M 1010TNTA 1GYVEL
avoQoptkd e o Koppdtie oto MFY\IF. Tpaypat, and emayoyikh vrddeon, n aéio
u; (0, left(I;)) Arav yvoot 610 6Tdd0 t, KabdC T0 KOpUdTL ovtd pnopel vo dloapopaotel
koté v TIF. Kabog n ofia u;(0,x;) amokaldmtetar otov oAydpduo, o id10¢ pmopet va
vroloyicet Ott

w;(left(ly), x1) = u;(0,x1) — u; (0, left(l;)), xou koTdmy

ui(xl,right(ll)) =u; (1) —w(left(y), xq).

H ovppetpikn popen tov koppatidv [left(ly), x,] xou [x,, right(l;)] avadeiviet
v TP WoThTo. [ T 6g0TEPN, amd TV emOy@YIKY VITOOEGN TPOKVTTEL OTL GTO GTASIO ¢t
0 0aAyoplBuog dev €xel mANpoeopio. avaPOPKd pe TN SOKOUAVOY] TOV THOV HECH OT
KOHHATIOL TOV ITl-t+1 N IIf, xaw m omévinon oto epOpO t + 1 TPoPavdg dev mapéyel o
tétoln TANpooOpnor. Mropei emiong va e&okpiBwbel otL 1 dedtepn 1010TNTAL OTOdEKVOETOL

Ao EMOYMYIKT VITODECT] GYETIKA LE TO HiHl\Hit , ko ta Iy, 1.

Afqppo 5.16. Avoloylopoaote kdmolo odyoppo vy to mpofinuo e&dhenyng g (Riog.
YroBétovpe 6TL 0 0AyOpOOg aVTOC KATA KATO0 6TAdI0 t Tapéyel G ££000 Uio KATOVOUN

X1, e, Xy TOTE, KGO X; Tpémel va eivan Kpioo Katd tov Taiktn i 6T0 6Tdd10 t.

Amooein. YrnobBétovpe vy avtiBeon OtL vdpyel { € N 1€1010 ®O0TE T0 X; Voo unv eivan
KPIGIO Yo TOV TToiKTn i 670 oTddo t. Oa deiEovpe OTL VITAPYEL Ho AlOAGYNON U; GUVETNG

G TPWG TN dbéan TANpo@opia Tov alyopiBuov 610 6TAd10 t, £T61 MOoTE 0 I vo {nAeveL.
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[pdra, oxvpidpocte 6tL pmopovue vo opicovpe u;(X;) = ui(X;). pdypatt, yo
k60 I € [1f této0 dwote 1 € X;, Oétovpe w;(X; NI =0. Av X;nI =0, avtd eivan
tetplupéva mbave. AAMMG, gival cuvenég pe  dbéoun TAnpoeopio 6to 6Tdd0 t, Kabdg
70 I givan evepyd, cVuevo. e TV 116 Ta 2 100 Mupatog 5.15. Emnpocsbétme, apod n I1f
givan pa drapépion tov [0,1], woyvet 611

X; = U X;nlI
rent

Qg gk TOVTOV,

u(X;) = Z w(X;nl)+ Z w(X;n 1)

renticx; Ienf:Igx;
= Z w (1) +0 = uf (X
Ient:icx;

Tdopa, omd t0 cupmépacua 0Tl To Pepidlo X; dev eivorl KpioO, KOTAAYOVUE GTO OTL LIAPYEL
KGmoto evepyd koppdrt I € IF téroto wote u; (1) > uf(X;) = w;(X;), xon 06 £yxertar oy
nepintoon katd v oo I € X;. Zvvenmc, vrapyet I’ € I yiwto onowo I' € X; = @.
‘Enerta, mopotnpovpe 6t éva vrodidotnuo I tov I' mpéner vo dwaveundel oe kdmolov
ik, Kot 1 T tov I Tpénel va cuykevipwbel oto 1. Tho emionua, vrdpyet j € N tétoto
oote X;NI'# @. Boto 1" =X;NI'. Kobdg 10 I eivor evepyd, umopovue vo opicovpe
u,(I'") = w;(I) > u;(X;), o&lo mov eivaw ovvemng pe ) debéoun mANpogopia cToV
akyopiBpo katd 1o otddo t. Emouévec, ui(Xj) > u;(I'") > u;(X;). Zounepacpotikd, o

maiktng I {nAevel Tov Taiken j, 6€ avTIdeTOAN He TNV 0pBdTNTa TOL Cdyopifuov.

10 onueio awtd opilovpe wg criticalight koppdrtt, to Kopudtt ekeivo mov og Kdmoto
o010d10 t givar ehappl Kot TavTdYpOVa. Kpiciuo yio kdmotov maiktn i. Tov opiopd avtd Bo. 1o
YPTCULOTOGOVLE GTI GUVEYELD, UEXPL KOL TV OAOKANp®GN TG amddeléng Tov Dempipotog

5.13.

Afqupo. 5.17. Av vadpyel KAmol oTpaTyIKn akoAovfdvtag v omow Oo ypelcTodV 1O
Myotepo T'(n) epothuata (queries) mote va Ppebel éva criticalight koppdtt avaeopikd pe

Kamoto maiktn i € N, tote N MoAvmhokdTnTa TG envy-free dwapépiong eivan 2(nT (n)).
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Amooeitn Mmppatog 5.17. lpotictong £xovpe v arnaitnor va Bempolie Tmg Ol ATAVTNGELS
ota queries mov vroPdAlovial 610 TPMTOKOAAO Yo évo woiktn i € N, dgv pmopovv vo
Bonbnoovv 10 B0 ote va Pper criticalight xopudtt ywoo kdmolov dAlo moiktn j # i.
[pdypatt, N WWOTNTA Yo KATOO KOUUATL Vo €ivar EAa@pD gival YvmOTO €K T®V TPOTEPOV
(koBmg dev e&aptdran amd TIg aLOAOYNCELG TOV TAKTMOV), Kol 1) 1010TNTO. TOV va. gival KpiGIo
v tov i e€aptdton Lovo amd T S1afESIUN 6TOV aAYOPIOO TANPOPOPIL AVOPOPIKE UE TO U;.
Enopévac, oto mhaicto tng gvpeong criticalight koppoatidv, propovue vo Egyopicovpe v
gvdocuvevvomon tov aiyopiBuov pe tov kabéva amd tovg maikteg. Aoy o aAdydpiBuog
OAANAETIOPACEL UE TOVG TOHKTEG, TPEMEL VAL AMOPACIoEL Tve o€ o envy-free kotavoun.
Topa, emokdiovBo g vodeong pog gival To copmépacpa g av Evag maiktng i AdPet
Myotepo amd T(n) queries, tote sival mbavo vo oyedidoet pia a&loloynon u; €161 AOTE TO
Koppdtt Tov KataAyel otov aiktn i 6gv eivar criticalight couewva pe v ortiky tov 1diov.
Ac vmoBécovpue 0Tl X, ..., X, €ivar M Katovoun 7OV EMOTPEQPEL O OAYOPLOUOC.
Zopemvo pue to Aupa 5.16, yio 6ha to i € N 1o X; sivau criticalight ywa tov kdfe maiktn
atopkd. Topa, vroBétovpe Yo YApv aviippnong mog teplocdtepa. amd n/2 Kopudtio sivol
Bapid, dnAadn twg vdpyel éva cbvoro N' € N, |N'| > n/2, étol dote yio OAa ta i € N,

|X;| > 2/n. Kobog ta Xy, ..., X, eivon aovpBifaocta, woydet 1t

n 2
UXi =Z|Xl|>§*£=1

iEN’ iEN’

70 0moio dev pmopel va givar aAn0ég.

KataAfyovue oto 6t Tovddyiotov n/2 and ta X; eivor gEho@pid, Kol GUVER®OG TO
Mybdtepo n/2 towv xoppotidv givon criticalight. Avtd onpaiver 6tL o akyopiOpog élvce to
npoPAnua g edpeong criticalight xopuatidv avoeopikd pe n/2 moikteg, oveEaptnra.

YUVETMG, N TOAVTAOKOTNTA TOV aAyopifuov gival To Atydtepo
n
5+ T() = (T ()

000 gtvar Kot 1o {nTodpevo.

Mo vo olokinpwbel m oanddeiln tov Oswpfuotoc 5.13, amopéver udvo va
amodsi&ovpe 611, doouévov evog maikn, 1o vo Ppebel £va criticalight xoppdtt dev givar éva

Waitepa moAdmAoKo {RTNLa.
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Amooeitn tov Bsopipatog 5.13. Ano to Mupa 5.17, eipacte og Béon va amodeiovpe OTL
VIAPYEL (oL ovTimoAn oTpoTNYIKY £Tol ote 2(n) queries ypsidlovtar £tol dote va Ppedei

éva criticalight xoppdrt ovagopikd pe tov maiktn i € N.

Emwkevtpdvoope oe évo maiktn i. Zyeotdlovpe évav avtitolo mov omavtdel ota
queries AouPavovtac voyn tov waiktn i. H andvinon oto epdmua eval(xq, x,) givar o1t
u;(0,x1) = xq, u;i(x1,%2) = x5 —xq, xou u;(x3,1) =1 —2x,. H andvinon o10 gpodmmua
cut(xq,a) mPokLTTEL BETOVTOG Xy = X1 + @ KOl OTOVIOVIOS OTMG TOPAmive. Me omAd
A0y, 0 avtitolog mhvto divel amavtioglg mov Ba €0wve pe yvopova 6tl 1 aSlohdynon u;
glval opoloyevag Katovepnpévn oto ddotnua [0,1].

YvpporiCovpe t* =n/4 — 1. And 1o Mppa 5.14 avaxdmter mog yo OAa to t < t¥,
1GYVEL
|17f| < |1'1i°| +2t"=1+n/2—-2<n/2. Akolovbwg, mpénel va VITAPYEL KATOO EVEPYO
Koppartt I* oto otddo t pe |I*| > 2/n. H a&oldynon v kébe evepyd wopudtt I givar
Yvootd ot eivan |1, étoru; (I*) = |I*] > 2/n. Me napdpolo tpomo, yio Kabe eEAappl KOpUUATL
X 100 KEIK, uf(X) < |X| <2/n<u;(I"). Enopévec, Jev vmdpyst
EAAPPL KOUUATL TOL Vo gival KpIo1po yio kémolov maiktn i 6 omotodmote 6tddio t < t*, kot
ovvenmg dgv vrapyet criticalight koppdtt yio tov maiktn i. Katoalnyovpe 610 copnépacpa 0t
o apBudc tov queries mov amortovvtal yio vo, Bpovpe éva criticalight xopudrtt eivonr 1o
Mydtepon/4 = Q(n).

H napondve Béomion evog katwtdtov opiov yio v e&drewyn g {NAlag amotelel
£€va TOAD OTUOVTIKO HEPOG TNG OAMKNG LEAETNG YOP® amd TN peAéTr dliong dtavoung ayaddv.
O Ariel Procaccia, yvootog epgovnmig mave oto Cmmuo, Paciopévog o€ maAodTEPES
dnuooctievoelg Ommg ekeiveg Twv Brams, Busch, Chevaleyre, Stromquist, Woeninger kot Sgall
[34-38].
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Hpwtokxoila

Méypt ko avtd 10 onueio g epyaciog, 1 £pevva Tave oto TPOPANUa tov Koyipatog tov
KEIK glye ¢ emikevTpo T diKoun KAADYT TOV AVOYK®V TOV TUKTOV TG SIVOUNG, XOPIg ot
unyoavicpoi Tov opilovy Tig Katavouég Vo AapBavouy VoY TEPUITEP® TEPLOPIGLOVS Y1 VA,
amoavBov kamolo amotélecpa. Oume, g €1016TOL 68 TOAAEG TEPITTMGELS, GTO TPOPANLOTOL
E10EPYOVTOL EMTAEOV TAPAYOVTEG TOL ALEAVOVY TNV TOAVTAOKOTNTA TOV TPOPANUATOG Kot
nepropilovv akoua meplocdtepo TV ehevbepior Kvcemv o6To TPOTOKOAAL dtovouns. Ot
TEPLOPIOUOL 0VTOL TTPOGOIGOVV VEO EVOLOPEPOV GTN HEAETT TTAV® GTO TPOPATLOL KoL TTOPEYOVY
TEPLOCOTEPQ, GEVAPLL TTPOG dlepevvnot. 'Evag amd Toug mo 5100ed0UEVOVE TEPLOPLGOVS, O
omoiog Ba avaAvBei kol 6TO TOAPOV KEPAAOO €lval TO EAAYICTO KOUUATL SLovoung Yo Kabe

oK.
6.1 Eicaymwyn

Onwg &yel yivel xat’ emavalnyn oavTiANTtod, amd To TPOTE HOAG KEQPAAOLO TNG TOPOVGOS
gpyooiag, N amokieloTikd padnuotiky mpocsyyion tov Kowipatog tov kék 6 cvuPadilet
TAvTo PE TO TMPAYUOTIKO TPOPANUO. KOl TO PEAMOTIKO GEVAPLO TOV TPOKVITOVV OO TIG
avlykeg tov Toktdv. 'Eva and ta oevaplo avtd evtomileton oty mePInTon Oapkone
KATATUNONG TOL KEIK, LE CLVETELR TN ONpovpyio VepPoikd peydAov aplfpuod KOUUOTIOV,
mov  JdoOnTikd  mpooeyyilovv  Tpippata. Ta kopupudtio pe  AmEPOEAdYIGTO  UAKOG

mapovotdlovv undouvi a&io yio Tovg TaiKTEG, KATL TOL dE PETAPPALETOL GTN HOBNUOTIKNY
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YAOGGO Kot gival AyveoTo Yo To TPMOTOKOALN dtayopiopol ayabov. ‘Etot, o avéykn mov
YEVVIETAL LE TNV APOpUN avTY], €ivar 1 B€omion KaTOTATOV 0piedV UKOVG KOUUATIOV TOV
UTopohv v KOOV, £T6L MOTE VO U1] O1LLLOVPYOUVTOL KOUUATIO Xopic a&lo Yo Toug maikTeg
oV TEPLOPILOVVY TN YPNGILOTNTA TOL aryafov.

To xoT®TOTO UAKOG KOUUATION, dgV €lval KATL OV Umopel vo oplotel OMkd G610
TpOPANpa, ahid éykettal otig embopieg Tov KaBe maiktn e€atopikevpéva. ‘Etotl, docuévou
i € N, opiletor 1 mapApeTPOg ELAYLOTOV UNKOVS A;, 1 01010 OpilEL TMG Y10 KOUUATLO. WKOVG

UIKpOTEPOL TOV A; 0 TaKTNG § EYEL UNdevikn a&loAdynon.

Oprwopog 6.1. Xe npoPinuo N moktdv, Kot yoo Ka0e maikt I € N opileror  mocoHTNTa
D(i, [0,1]), n omoia vTodeKVOEL TOL TUNUATA TOV KOUUOTION X TOL EVIIAPEPOLV TOV TTOIKTY i,
ko d(i,X) = |D(i, X)| t0 cuVOMKO pUNKOG TOV TUNUAT®V 0VTOV. Ze TPOPANU LE TUNUOTIKG
opoloyevelg afloloynoelg kot pe €AdyloTO MPNKOG KOppaToh, Kabe maiktng emBopel
opotdpopea éva tunipe D(i,[0,1]) amd to kéik, kou opilel To KaTmTaTo Oplo piKovg A;. H
ocuvaptnon ofloAdynong tov moiktn ¢ mpog éve koupdtt X opileton g Vi(X) =

Z1en(i,x):11z4; |
da(i,[0,1])

Hopdaderypa. And 10 GUVOAO TOL KEIK, 0 TaiktNng I €xel dnAmoel OtL embupel ta
xoppdtia [0,0.2] ko [0.5, 0.8]. EmmAéov, €xer dniwocer 4; = 0.2. Av tov d00el 10 X =
{[0.1,0.3],[0.4,0.7]}, n a&ordynon tov yu awtd Oo givar V;(X) = 0.4, kabdg T0 KOppdtt
[0.1,0.2] éyet yo ovtdv pundevikn oia.

Mo va yivel avagopd 6Ty TOAVTAOKOTITA, TPOPANUATOV LE KOTMOTATO OPLO UNKOLG
KOUHOTI®V, OTTmg Ba yivel oTo mapdv KepArato, ival avaykaio va koatavondei to péyebog tng
€16000v dedopévav (input) mov ypewdletor o kébe pnyaviouds yio vo amo@avOel kdmola
popon Abonc. H eicodog avtn amaptifetor and To Oplo TOV KOUUATIOV TOL €TBVUOLY OL
maikteg, oAAG Kor TOo ddvuoopo Aq, ..., A, TOV ghoyicTov UnK®V. Zvvendg, vad Tnv
pobmdOean OTL OAOL 01 TAUKTEG TOV TPOPANUATOS SNADVOLY TANPMG TIG TPOTIUNGELS TOVG, TO
uiKkog g €w0ddov  e€aptdron omd tov aplBud tov bits mov ypeidletoan dote va

avamapootadody Ta uey£on avtd.

6.2 AvaloyikotTnta uécw mPpocEyyIens

Ye mpoPAnuata O6mov dev LIAPYEL TWEPLOPICUOS YO TO EAAYICTO UNKOG KOUUATIOV, T

AVOAOYIKOTNTA EIVOL TAVTO EQIKTN Y10, OTOL0ONTOTE OPLOUO TUKTMV (0TS £YEL LTodeLOel o



54

TOALEG dnpootevoeg[4] ). Me 1 Béomion OU®G TOL TEPLOPIGUOD AVTOV, 1| AVAAOYIKOTNTA
yiveton Théov un dedopév.

Hopadsipo. Xe mpofAnue 2 TOIKTOV HE TUNUOTIKG opotoyevh a&loAdynom, ot
TOIKTEG OMMA®VOLV TG emBupody oAOKANPO 10 KEK, KoBdg kou Ay = A, = 1. Ty
mepintoon avty, elvar addvatn n mepintmon Vmapéng opoyevovg Adong (to Atydtepo évag
naikg Ba kotodnéel pe undevikn a&io amd 1o ayado).

Mo va pmopel vo oviyetomotel 1 advvapio BERomg  dacedAiong g
avoroykdTTag, TpElg epevvnTég pe dnuocievor] toug (I. Kapayidvyng, J. Lai, A. Procaccia)
TPOTEWVAY TNV TPOCEYYIOT OC MU0 OIKAEIDN TPOGTAGING EVOVTL OVICOUEPDV KOTAUEPIGUDV
OV UTOPOVY VO, TPOKVYOLV Oltd aKpaieg avaykeg dnAmuéveg amd tovg maikteg[26][27][28].
Ot unyoviopoi Stouépiong e TPOPANLOTO LE TEPLOPIGUO UIKPOHTEPOL SLVATOD UAKOVC, TPETEL

UE KGO0 TPOTO VO, «aVTAUEBOVVY TOVG TOIKTEG TOV SNADVOLV GYETIKA UIKPE A;.

Oprwopog 6.2. Mo katavoun Xy, ..., X, eivor S-avaioyikr] avaQopikd pe TiC a&0A0YNOELS
Vi, i, Vo, av yio kdBe i € N, V;(X;) = 1/n— B = ;. 'Evog alydopibpog ko kéwk ivar fS-
avoAoykog av, doopévev tov aSlohoynoewv Vi, ..., V,, mapdysr mavta o S-avoroykn
Katovoun oefouevn tic aéloroynoelg ovtés. Ieodvvapa, évag F-avoroyukdg odyoptOpog

aGlot) _ 5, o
;.

n

EYYOaTon 0T Xrep (i xp): 12 | =

IMapaxdrto mopovoidletar évag 2 (n — 1)/n-aveloyikdc Kot TOAVMVOUIKOD ¥pOVoL
aAyoplOpog,  OM®G  MAPOVLCIAGTNKE  OMO TNV WOPANAVE  EPELVNTIK  OUGOO

(Kapayiavvne,Lai,Procaccia[26]).

AkyopiOpog 6.3. 2 (n — 1) /n-avaroyikdg unyavioudc
Eicodog: V3, ..., 1,

LYTIOPOYTINA(S,u,(V4, ..., W)
YHOPOYTINA(S,U,(V4, ..., V2)):

1.Av S = {i}, 6ét0 X; = [u, 1] xou emioTpépo.

2o kaOei € S:

r; = min {r: r € [u, 1, V;([u,r]) = rulwiD) _ 2(|S|_1)li}.

Is| Is|
* . * ex . *
3" = minesry’,i* = argmingegr;

4.0¢4t0 X+ = [u,1].
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5.YIIOPOYTINA(S{i*},7)

Mo n = 2, mopatmpovue 6tL 0 adyopBpog eivar 1o modAd 1 —avoroykog. Tlpotod
anoderyfel o woyvplopds 0tL 0 akydpBpog givar 2 (n — 1)/n)-ovaroykodc, Ba ypelootei To

TOPOKATO AL

AfNppa 6.4. Bewpodue évo cvveyduevo kopudtt [u, v] evtdg tov Kkéik, kol Eva onueio

w € [u, v]. Ioyoe Vi ([w, v]) = V;([u, v]) — Vi([u,w]) — 21;.

An6der&n. To péyebog V;([u, w]) + V;([w, v]) pmopei va givar pikpdtepo and to Vi([u, v])
kaOdg 0 onueio Toung w umopei va Ppicketar og BEon Té€TOL MOTE VO TPOKVATOLY SLO
Koppdtio pikovg pikpotepo amd A;. o mapdderypo, opilovpe kdmowo w € (b,c) 6mov
(b,c) € Di([u,v]). Av w—Db = 4; xu ¢ —w = 4;, d¢ yaveton aie ywoo Tov moiktn i,
wpocBétovtag T1g adieg [u, w] xon [w, v] cuykprtikd pe 1o [u, v]. Qo1660, GE TEPITTWCT) TOV
T0 W gival 11010 dote W — b < A; 1 ¢ —w < 4;, 10 dBpoioua tov aldv T®V KOUUATIOV
[u, w] kou [w, v] yiveron pikpdtepo and 1o cuveyxés koppdtt [u, v]. H péyiom aéio mov pmopel
va. yadel eivon 22; (A; omd kébe mhevpd g Topng oto w). Xvvenag V;([u, w]) + V;([w, v]) =
Vi([u,v]) — 21;, xou petagépovtag to Vi([u,w]) oto debtepo péhog emPePordvetar to

Mppo.

H onddeién g 2 (n — 1)/n-avoroyikdmmrag yioo tov adydopiBuo 6.3 mpoxdmtet
EMOYWYIKA ¢ Tpog To |S|, kot mapdAinia deiyvovrag 6Tt 1 YIIOPOYTINA divel og kdfe
naiktm €S a&la  TovAdywotov  Vi([w, 11D/IS| — 2(|S| — DL /IS]  (dniadn ot m
YIIOPOYTINA egivow 2 (n — 1)/n-ovaroyikfy oto koppdrtt [u, 1] kot to odvoro S v
Tokt@v). H 1oy0g g mpoTacnc eivor epeovig yio Tovg maikTeg i mov 101 £Xouv mhpeL To
UePIOd TOoVg, EVM Y10 TOVG LTOAOITOVS, Aaufdavovtag vdyn To ANuua 4, dAAG KoL TO YEYOVOC
OTL O0gv EMAEYTNKAY OO TOV OAYOPlOUO, UTOPOOUE VO OTTOQOVOODLE TOC KOTEYOUY OPKETY|
aflo amd T0 KEK £T61 OOTE 1 EMUYOYIKN Lo Vo gyyvdtal TNV AVOAOYIKOTNTA TOL

UNyovic ot 6to cUVOAS TOL.
Avaloyilopevol Eavd v TEPITTOON TOV 2 TUIKTOV, OTOV Ol ToikTeG €mBupovV
OAOKANPO TO KEWK Kot dnAdvouy A; = A, =1 =1, = 1/2 + €, Kol YPNGILOTOLDVTOG TOV

alyopOpo 6.3 @¢ UnNyovicpd KOTavoung, £voc amd Tovg Taikteg Bo KoTaAnEel pe undeviky
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a&io. Xvvenmg, eivor advvato va eyyondel otovg maikteg a&io peyokvtepn and 1/2 —1; + €
v KaBe € > 0, kot Yo T0 Adyo avtd o aAydpiBuog 6.3 oy mepintwon n = 2. 10 YeEVIKO
miaiclo, 10 mopakdTem Bedpnua Bepeldvel Tog o aAyoplBpog 6.3 etvar PéATioTOog Yoo TOL
YEWPOTEPO GEVAPLA TOV pIopovV vo. Tpokhyovy (Worst-case optimal) yia omorodnmote apBud

TOLKTOV.

Ozopnpa 6.5. o «dbe apBud moktdv n, vadpyovv a&lOAOYNCELS HE EAAYICTO MNKOG
KOULOTION Ol OMOLEG OMOKAEIOLY TNV Vmapén S-avoloyik®v odyopiBumv toune, pe f <

2(n—1)/n.

To Bedpnua 6.5 dev amokAgiel TNV TEPITTOON VA VITAPYOVLY KUTAVOUEG HE KOAVTEPO
Babuod avaroywodtnTag Yoo opiopéveg a&loAoynoels. Aviifétmg, yivetar va vTap&el KAmolog
aAyopOuog pe Avom mov Toplalet pe avtn Tov odyopiBpov 6.3 6To YEPOTEPO GEVAPLO, KOL VO
EMOTPEPEL KOTAVOUES OV EYYVAOVIOL UEYOADTEPT avoloyikotnTo (Mikpdtepo B) oe GAAeg
TeEPMTOGCELS. Q0TOGO, 1) GLVOLAOTIKY QUGN TOV TPOPANUATOC OTOV EUTEPLEYETAL O
TEPLOPIOUOG Y10 TO PNKOG TOL Koppatiov 0étel Opa og 6,11 umopel va emitevybel péow

aAyopiBumv Tolvwvopkov xpovou.
6.3 Eéaietyn ths {nitag

Evd o olyopBpog 6.3, 6mwg eEETAGTNKE GTNV TOPATAVEO TOPAYPOPO, Tapéyel T PéATio
AboM og yepoTEPE duvaTd cevapla, dev avtiuetomilel v e&dheyn g (Mo, Avibétmg,
VIO TNV EPAPUOYN TOV, Eivar dSuvatdv £vag maikTng Tov AaUPAvVEL TPMTOG TO HEPISLO TOV VL
EKTIUA TEPIGGOTEPO KATOLO KOUUATL TOV OIVETOL PYOTEPT GE KATOLOV AALO OUOLOYO TOV.

To gpdmuo oV TieTOL MG PLGIKT GVVETELN TN AVAYVOONG TOV UNYOVIGUOD 0VTOD,
glval 10 kotd moco umopei vo Ppedei o Ao mov e€areipel T (Ao pHeTald TOV TUIKTOV,
S pdvTog OUmE TapdAAnio Kot Tig 1W1dtTeg Tov. [T ovykekpuéva, avalnrteitor n dmapén
gvoc 2(n — 1)/n-avoloykod koi mAnpog envy-free aiyopibuov. Méypt onuepo, BeTikd
amotéheopa oV avaltnon autn €xel VIapPEEL 610 TPOPANUL TV 2 TKTMOV[26], Kol ToV
aAyoplOuo mov emAVEL T0 TPOPANUA OVTO TOV TOPOVGLALOVHIE GTNV TOPOVLGU TOPAYPAPO.
[Ipotictog oume, Ba ypelactel va opiotel £va (evydpt peyebmv, o KaTOAANAOC GUVELACUOG
TOV OTOI®V £YYLATOL piol SiKOLo KATAVOUR otV Katnyopia TpofAnudtmv wov eEetdlovpe:

Apywcd opilovpe éva @idtpo F ®¢ ™ ovvaptnon mov o&xetal g Opioua €va
0plofeTNEVO KOUUATL TOL KEIK, Kol EMOTPEPEL £VA. GUVOAO OO KATOW ammd T UEPT) TOV
Koppatiov ovtov. o mopdderypa, omd to koupdtt [0,0.5] Tov cvvoikov ayabov, B

pmopovce kaveig va dahéEel T pépn {[0,0.15],[0.35,0.5]}, netdvrag to [0.15,0.35]. ¢
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avty v mepintoon, F([0,0.5]) = {[0,0.15],[0.35,0.5]}. To @iktpo avtd oe cuvdvacud pe
TO OMUELO TOUNG X, COUP®VA LLE TO 0TTO10 dlaympiletal o€ dvo Kopuudtio To K€K, amaptilel To

Cevyapt piktpov-onueiov toung (F;, x;)-

Opopdg 6.6. Eva Cevydpt pidtpov-onpueiov toung (F;, x;) ivan dikaio, ov :

1) Vi(F ([0, x:1)) = Vi(Fi([x;, 1D)
2) Vi(F([0,x;]) =1/2 -1,

‘Eyovtag opicet ta mopamdve, mapovoldlovpe tov mapokdte envy-free kol 1-

avoA0YIKO aAyOp1BLo Y10 TO TPOPANUA TOV 2 TUKTMV:

AlyopOpog 6.7. 1-avoroykog kot envy-free adyopiBpog yian = 2

1.Yroloyioe dikaro (evydpia giktpov-onpeiov topng (Fi, x1), (F, x3).

2.Ymobétovpe x1 < x5. AAM®G, 01 pOAOL UTOPOVV VO AVTIGTPAPOVY

3.ZopPoriCovpe X1 = F1([0,x1]), X2 = F5([x3,1]). Av n katovoun eivar envy-free,
EMOTPEPD

4.Av xor o1 dvo Taiktec CnAebovv, To KOUUATIO TOV TUIKTOV avioAlalovtol Kot
EMOTPEPO.

5.Av o maixkmg 1 Iniedel, tov emrpéneton vo dorégel petady tov F,([0,x3]) ko

F5([x5,1]), divovtag 6Tov maikTn 2 TO KOUUATL TOV TEPIGGEVEL OO TNV ETAOYN QVTH.

6.Av o maikmg 2 {nkevel, Tov emrpéneton vo doré€er petadd tov Fi([0,x1]) ko

F; ([x1,1]), divovtag otov maiktn 1 To KOUUATL TOV TEPIGGEVEL Ond TNV EMAOYN AVTH.

Afqppo. 6.8. YroOétovrag 0tt vrdpyovv (evydpro eidtpov-onueiov toung (Fi, xq1),(F2, x2), 0
aAyoppog 6.7 gival 1-avaroyikodg kot envy-free

Amoo€1én. Av o alyopOuog 6.7 OLOKANPOVETOL LETA TNV TEAEOT TOV PriHoTog 3, TOTE Kal Ol
V0 TOIKTEG KATOANYOUV UE VO AVOAOYIKO HEPiO0 amd TO KEK Kol 6 {NAEDOVY TO KOWUATL
oV GALov. Av 0 akydpiBuoc tepuatilel oto Prina 4, dev vapyel {ila kaBdg TPy yivel M
OVTOAAOYY TV KOUUATI®V KOL Ol OLO TPOTIHOVV TO KOUUATL TOL GAAOL ToikTn, €VO
IKavomoleital kal 1 ovoroykdtTnTo KaBMG Tap 0Tt 0 KABe TAIKTNG MPOTIUA TNV TEMKN
KOTOVOUN OO TNV apyIKn, N apyIK) Kavomolel To unyavicud. Av o adyopiBpoc teppatilet

o710 Prua 5, o moikTNg 2 KATOANYEL UE GVOAOYIKO KOUUATL, Kol KoBmg eKeivog emAEYEL
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koppdtt 0e Cniedet. O maiktng 1 AapPdver ovoloywd koppdtt ooy o1 YEWPOTEPN
nepintoon Bo Aafet to F, ([x2, 1]), 10 omoto to mpotiud and toF; ([0, x,]). Ened o maiktng
1 éxel va dahé€et peta&d tov Koppotiov Fyp ([0, x5]) ko Fy([x,, 1]), 8¢ yiveton va {niedet.
[Hopopowa emeEnynon vrdpyel kot ywoo v mepinmtwon mov o odyoppog teppotilel pe 1o

Téhog Tov Prparog 6.
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Ouaoikd KpiTpla Y1a. THY ATOOOTIKOTHTA TV

alyopiOuawv

e mpoPAnpata BewpnTIKng TANPOPOPIKNG, KOl O GLYKEKPIUEVE og BEpata mov avayovtal
oTNV 0KOYEVELN TOV TPOoPANUdTOV TG Bewpiog maryviov oAld kot tov mechanism design, ta
KpLTnpe Tov 0EOA0YOVV T ATOTEAEGLOTO KATOWOL aiyopifpov £otid{ovv 610 KOTd TOGO
KOADTTOVTOL TO €EATOMUKEVUEVO KOU TO OMOOIKG GUU@EpovTa. Me TOpOUOl0 TPOTO, TO
ATOMIKO KOl OPOOIKO CLUEEPOV PBpioKeTol 6TO EMIKEVIPO TNG PEAETNG Kol Yo TO TPOPAN A
tov Kowyiparog tov kéik. Zta mAaicio g mapodoas epyaciog HEYPL Kol To onueio avtd,
g€etdotnov To KpTplo. oL a&loAOYOUV TOVG OLAPOPOVS UNYOVICUOVS OLUUEPIONG UE
UOVOSIKO YVOUOVE TO TPOCOTIKO OPEAOC TOV KADE TOUKTN, AyVOMVTOG TIS GLVETELEG TTOL
umopel va £yl n LOVOLLEPELNL TNG TTPOGEYYLONG OVTNG OC TTPOC TO YEVIKO GUUPEPOV.

270 KEQAAOLO OV AKOAOVOEL apYIKA SLOTLTTOVETAL 1] £VVOLOL TOV YEVIKOD KOAOV, OTIMG
avt epeaviletal og éva TPOPANUO TOAADY TOUKTMOV 7OV omolntodv TNV KOALYT TOV
TPOCOTIKOV TOVG OvVayK®OV HECH oG dapépiong ayobod, kol tnv avtifeon 1ng
KOwm@EAElng HE TO eEoTolukeLVUEVo ocvpeépov. Ev cuveyela, petd tn Swortdnwon tov
amopoitNTOVv HoONUoTIK@OV cLUBOAMCUMV Kot Kpitnpiov, mopovoldletal pio péBodog
enilvong vy 10 TPOPANUA TOV 2 TOKTOV, ¥PNOULOTOUDVING MG HEGO TNV £vvold TG

avaloyiag képdovg. Téhog, ovykpivovtalr ta amoteAéopato mov divouv upepkd Pacikd
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vrocHvora opadikd BEATIGTOV AVcewV, péca amd BempOTO TOL £(OVV TOPOVGLUGTEL OO

™ péxpt Tdpa Piproypapio.

7.1 To yeviko kalo wg évvoia

Qg eibotar, kabe avOpdmivn dpactTnplodtTTe ToL amapTilETOl 0md £va, GUVOAO ATOUMV OEV
KpiveTor Hovo amd to Bobd GTOV 0010 KOADTTEL TIG UVAYKEG TOV OTOUWOV 0VTOV EEXWOPIOTA,
0AAG Kot 0O TO GUVOAMKO OQELOC TOV TPOKVATEL OO T GLVEPYUGIO Kot Tr cuvOTTapEn TOVG.
Q61660, TO TPOSHOTIKO GUUPEPOV O cuUPadilel amapaitnta pe TNV EVNUEPID, TOV GLVOAOV: N
kaOnuepivn eumepio kot n avOpomvn Iotopia yevikdtepa €xovv avadeibel mapadeiypoto
omov 1 evnuepia TV avipormv Buclaletal Yoo TO KOAO TNG OUAdOC 1 TNG KOW®MVING TOL

anoptifouv, Kot avTicTpoa.

H avtifeon avt) cvvavtdrol Kot 6to TpoPfANUo Komfig Tov KEK: 0 Kabe maiktng,
KortdlovTog vo, S106QaAIcEL 0,TL KOAVTEPO LTOPEL OVUPOPIKA LE TO PEPIOLO TOV amtd TO aryafo,
ouuPdriel 6t0 va. eAdaT@vovTol ot mhovotnteg e€evpeong pag Avong mov Oa Ppicket
GUUPMOVOVC TOVG TOIKTEC OTO GUVOAO TOVLC. L€ KOTUOTOCEL OMOL Ol TOIKTEC OpPOLV
OKEMTOUEVOL UOVO OTOUIKA, OMUIOVPYEiTOL Vo VITORUOPO ACOUPOPO YO TO GUUPEPOV TOV
GUVOAOL TOVG, Kot TaPdAANAa ot {d101 KaAOVUVTOL VO TANPOGOLY TO Agyopevo Tiunpo g
Avapyiag (price of anarchy), dniadn va vroeTovY TO ETAKOAOVO0 TOL ATOGUOD GTOV TPOTO

7OV O1EKSIKN GOV TO LEPIOLO TOVC.

Befaimg, mpofAnpa cuvovidtol Kol 6 TEPITTOOELS OTOL TO TPMOTO UEANUG TOV
UNYOVIGUOD SLaUEPIONG Eival TO Yevikd KaAd. Xe mapadeiypoto mov Oa mopovsiactody 6t
ouvéyela, Ba dodue TG M TPOGEYYIOT AVTH WTOPEL Vo 00NYNOEL TOAAEC POPEG GE EVIEAMG
OVIGOUEPEIG KOTAVOUES, UE UEPIKOVG OO TOVG TMOIKTES VO KOTOAYOLV UE GpEANTEN 1 Kol

Kka06A0v a&io amd o ayadd, katdAnén oAédpia kot EVIEAMG avemBvunT.

(.2 MaOnuatiky omelkovien Tov YEVIKOL KAA0D

H xowooeéleia oto npofinue mov e€etdlovpe mpocsdiopiletarl pe dvo tpdmovg: tnv Pareto
BeAitiotdoTNTO KOt TV ORAdIKY amodoTikoTnTo (Y®pic 1 TElevTain vo cvoyeTileTon pe v
ATOd0TIKOTNTA TV aAYopiBuwY Tov avaeépbnke emg tpa). Ot dvo avtég Evvoleg opilovtan

TOPOKATO!

Oprwopog 7.1. Mo xotavopn X = (Xy, ..., Xy,) eivon Pareto-Bértiot, av dev vrapyel Kamoo
6 katavopn X' = (X1, ..., Xp) tétow dote Vi (X;) < Vi(X{) ywa Oha to i € N won Vj(X;) <
V;(X;) yw kémoto j € N.
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Opwopog 7.2. M kotavopr] X = (X4, ..., Xp,) €ivor opadukd PéAtiot, av yo kdfe GAAN
koo X' = (X}, ..., X, woyber Sy Vi(Xp) = By Vi(XD).

To ovvoro X, Vi(X;) tov aoroynoeov dAov tov mouktdv i € N ©g Tpog 10
KOUPATL TOV Aapfdvovy, givor kol To SomoTELTNPO Yo To Pabud g Kowvopérelag mov
diémer v Katavour]. Oco peyardtepo gival, 1600 mpooeyyilet kot ) PEATIOTN Opadiky Avo.
Tnv TocdmTo vt ™ cvpforifovpe pe s(X).

H Pareto-feitiotémnto kot 1 opadiky PEATIOTOTNTO gV 0ONYOVV VIOYPEMTIKA GE
Swpopetikég Aoels. ['a mapdderypa, av P givar kdmola kKAdon amd Katavoués (A.x. n kKAdon
Tov envy-free katavoumv), tote wio Katavoun X* € P givat opadikd BEATIOT ¢ TPOg TNV
KAGon P av wovormoteitar M oxéon s(X*) = maxyep S(X). To mapakdte Oedpnua,
OTOOEIKVVEL OTL OTIG TANPELS KATOVOUEG 1] OULASIKT OmodoTIKOTNTA givarl 1oyvpdTEPT EVvola

amo tnv Pareto-feitiototnTa

Oedpnua 7.3. Av X etvor o opadcd BéATio) katavoun, tote emmiéov etvon kon Pareto-

Bértiom.

Amooein. YmoOétovpe 6tt M katavoun X dev eivon Pareto-Bédtiom petald tov mAnpov
Katovou®mv. Apa, vrdpyer kamow envy-free kotavopy X' = (Xi,...,Xy), omov V;(X;) =
Vi (X;) ywo xéBe i ko V](X ]' ) > V;(X;) v kémoto j. [lpocBérovtag Tig avichoeig Aopfdvovue
2 Vi(Xy) + Vj(Xj) < Xz Vi(X)) + V; (X)) mov épyeton oe avtibeon pe v vmdbeon 6111

X dev glvan Pareto-Bédtiomn. Zuvenmg 1 X eivon ev tékel Pareto-Bértio.

1.3 MaOnuatiky omelkovien Tov YEVIKOD KAAOD

Q¢ wo Tpmdtn Tpoomdleln Vo OEOTIGOVUE UNYOVICUOVS SOUEPIONG VIO TO TPICU TNG
OULOOIKNG PEATIOTOTNTOC, DEDMPOVLLE TO TAPOUKATHD TOPASELY AL

Y& TpoPANuUa 1 = 3 TOKTOV UE TUNUATIKA OUO0YEVEIC aElOAOYNGELS, Ol TPOTIUNGEIS TOV
TokTdVv eivan avtiotoyyo V; = [0,0.5], V, = [0.25,1] kou V5 = [0,1]. Av eEetachei to kéix
TUNHOTIKG, Bo cupmepdvovpe TMG Yo OA Ta onpeio tov dwwotipatog [0, 0.5] o maiktng 1
éxer ™ upeyaAvtepn afoddynomn, evéd avtiotoyo vy didotnue [0.5,1] T peyoivtepn

a&ordynon my €xet o 2. To chvoro Y1, Vi(X;) yivetonr puéyioto 6tav O To. KOUUATIO TOV
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KEWK JVEHOVTOL GTOVG TaiKTEG TOL TA a&lOAOYOUV TEPIGGOTEPO, KOL OV 1) OpYN OVTH
epoppolotav oto TpOPANUe avto o maiktng 1 Ba AdpPave To TpdTo PIGd TOL KEIK, O TAIKTNG
2 10 dgvTEPO IGO0, eV 0 TaikTNG 3 Bo kaTénye yopic koppdtt. H katdinén avtn, map’ott

BektioTomolel 10 OpadIKO OPEAOG EIVAL TPOPUVAS LT OTOOEKTT.

H mapondve mepintwon kabiotd capéc mmg n ToeAn e&umnpémon Tov opadikon
GUUPEPOVTOG TOPAPAETOVTOS EVIEADMG TO OTOUIKO GTOXEID, €ival dLUVOTO VO 0OMYNOEL GE
axpaieg Aoelg mov eELANPETOVY UOVO £VOL DTOGUVOAO TV OTOU®V TOL amoptilovv pio
Sopépton, kot KaTadkdlovyv Toug VTOAOITOVE TAIKTEG GTO Vo AapPdvouy ToAD Uikpd pepidla
amd 10 ayafd. To cvumépacua avtd dnuovpyel v avaykn e&edpeong ADCEMY TTOL eV
ATOGKOTTOVV OOKAEIGTIK( GTO OLTOUIKO 1] TO OLOSIKO OPEAOG, AAAG ool nTovV TN ¥PLGT TOUN
avapeTaED TOVE, MGTE VO, VITAPYEL APUOVIO MG TTPOC TNV EVTUEPIO TOV ATOUMV KOl TO OLLOIKO

—KOlL KOT EMEKTACT] KOWVOVIKO- GOVOAO.
1.4 "Evag apnpnuévog alyopiBuog yia 2 noikteg

Ymv  mophypa@o ot mepypagetar  évag  aenpnuévog  (abstract)  pmyoviopoc,
napovotlacpévog oo tovg Cohler, Lai, Parkes kou Procaccia[39] (Baciopévol o€ maAatdtepeg
dnuooievoelg[40-42]), o omolog emoTpéPel opadikd PBédtiotn kar envy-free Adon vy to
TpOPANUE ToV N = 2 TouKTOV pe YeViKEG aflodoynoelc. H 18i0tnta «abstracty mov tov
amodidetal, opeiletal oto OTL dev pmopel va epapUocTel LEGO GE €va TAOIGLO PNTAOV TOL

anaptiCovtor omd apdunuéva bits.

OvclooTikd, 0 aAyoplOUoC owTOG dovAebEl EEKIVOVTOC UE ot OpOadIKe PEATIOTT
KOTOVOUN KoL TNV OVTOAANYT KOUUOTIOV TOV KEIK UETOED TOV TUIKTOV UEYPL TO onpeio 6mov
kaveic moiktng og Oo {nAedel To KOUUATL TOV OHOAGYOL TOV. XVVEnr®S To {NTovuevo Ba givar
0 TPOGOLOPIGHOG TOV KOUUATIOV EKEIVOV OV B0l TPETEL OVO, TAGO GTLYUN VO, AVTOALAGOVTOL.
"‘Eva. xaBoprotikd péyeboc yia va mpaypoatonombel o mpocdlopiopnog avtdc givar 1 avaroyio

KEPOOLC.

Opwopog 7.4. H avodroyio képdovg oto ddomua x € [0,1], 6mov u,(x) # 0, opiletor wg
R(x) = uy (x)/uz(x).

H avaioyio képdovg avtikatomtpilel To Vyog ¢ adiog pe v onoio o maiktng 1
KOGTOAOYEL £vOL OPIGUEVO KOHUUATL TOV KEWK GLYKPLTIKG UE Tov Taiktn 2. Me 1t diepevvnon

TOV VTOMEPLOYDOV TOV KEIK Yo TIG omoieg M ovvdptnon R(x) wkavomolel GLYKEKPIUEVEG
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wWotnTeg, Ba pmopéoel va mpayporonombel eEdienyn g (Riwoc. T ) «onpotodoTnony»
aVTN TOV VTOTEPIOYDV Ba ¥pelacTovv Kot o €£ng cupPoropds: yw i,j € {1,2} ko op € {>
2, =}, opilovpe Y op ;= {x € [0,1]:u;(x)op u;(x)}. O cvpPolouds avtog emtpénet Ty
dpeon YopToypaenorn TOV HEPDOV TOL KEIK Yol TO OOl KAMOl0G ToUKING £XEL QLGTNPA
neplocotepn, AMydtepn 1 ion agordynon. o Adyovg amrodotevong opiCovpe wg Yo, =
{x €[0,1]: R(x) op r(x)}NY351 TO KOUUATIOL TOV KEIK PESA GTOA OTOLO, 1) ovahoyiot KEPSOLG
gtvon peyadvtepn, ion M kpdtepn amd éva péyebog 1 (m.y. Yoo = C).

‘Eva emmpdcbeto Ajupo Ba glvar ypnoo yio TNV KOTOOKELT, TOL &V AOY®

aAyopiBuov:

Afppa 7.5. Kabe xatavour (X1, X,) yuoo v onowa Yy, € X; ko Y51 € X, givon opodikd

Bértiom.

To Mpupa awtd emonpomotet v amh dwumictwon mog av Kabe maiktng Adpel Oda ta
KOUMATIOL TOV KEWK TO OTOL0L EYEL OELOAOYNOEL AVOTNPA TEPIGGOTEPO OO TOV GALO, TOTE 1)

ouvaptnon g opadtkng Pertiotdétnrag Ba peyiotomondet.

AlyéprBpog 7.6.
Eicodoc: Zuvoptroelg a&lohdynong {u, Uy}
"E&o0dog: Katavoun (X4, X5)
AvVi(Y1s2) =2 1/2 kau V,(Yy51) = 1/2 totE
dmaoe 10 Y; 5, otov maikt 1 kot 1o Y54 oTOV Mokt 2
AvV;(Y1s2) = 1/2 1018
dmaoe 10 Y -5 oTOV TaiKTN 2
aAAMOG
dwiipeoe 10 Yi—, netadd tov 2 €161 dote o maiktng 1 va Adfet aio
1/2
TéMOG-OV
alag {Xopic PAaPN ¢ yevikottog vrobétovue otV (Vs2) < 1/2}
dmaoe 10 Y; 5, otov maikt 1
opiletan r* = max{r:V; (Y1, U Ys,) = 1/2}
dmoe 1o Y+ otov maiktn 1

dwaipeoe 1o Y_,» peta&d tav dvo £1ol dote o maiktng 1 va AaPet aio 1/2
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TéMOG-aV

Opwopog 7.7. Aoocuévev 2 moktov, o alyopiBpog 7.6 mopéyel po opadikd PEATio
Katovoun mov eEaieipetl T (M.

Amooein. Ynobétovpe 0t (X4, X3) €ivor n Kotavour Tov emoTpépetal amd Tov aAyopiouo.
E&etdlovpe Eexmprotd ta dvo peydia Tapaxidadia Tov alyopifpov:

[epintwon 1: Vi (Vis2) = 1/2 ko V,(Yosq) = 1/2.Tote, enedn 1o koppdrt Yis, diverar
otov maiktn 1 kot 10 Y,+q otov maiktn 2, Aoy tov Afppatog 7.5 n Katavoun avtn givol

Bértio. Adyo tov mapamdvem cyécswy, givor kot envy-free

[Mepintowon 2: V1(Vis2) < 1/2. Apykd Ba deifovpe 611 dev vmdpyet N petold tov
nowktdv. O naiktng 1 g yivetar va {nievet, kabog tov diveton Eva koppdtt Xy pe Vq (X)) =
1/2. EmmpocBétmg, kabbdg n kotavoun eivoar migpng, Vi(X;) =1/2 ko apod 10 X,
anaptifetor povo and «onueio» x ota omola Uy (x) < uy(x), yvopifovpe kot 6t V,(X,) =

Vi(X5) = 1/2. Apa n xatavoun givon envy-free.

Mo va xatoyvpwdei n eEdretym g {HALAG Yoo TV ooto. kavouvpe Adyo, Buctdlovpe
T0 opadikd 6Qelog eyyvduevol otov okt 1 koupdtia 6mov uq (x) < u,(x) (mov onuaivet
KOUUATIOL amtd TO Yosq), Kot To (nToduEVO otV Tepimtmon ovth gival va doréEovpe Tov
KOAVTEPO TPOTO Y10, Vo cuuPei 1 petotdmion avtn. @étovtag o toyaio katovour (Xi, X3),
opiovpe: A =XNX;NYos1, B=(X; —X)NYo5q xau C= (X1 —X{)NY55, : 10 A
amoptifetol ond To KOUUATIO TEVED GTO OTOle KOl Ol SVO KOTAVOWES xavouv opadikn aia,
AdY® omovoung Koppatidv otov 1 mov alohoyel mepiocdtepo o0 maikng 2, evd ta B kon €
amd To KOUUATIO TAV®D 6T 0mote ovo 1 opadikn a&ia g katavoung (X1, X,) xau (X1, X3)
ghottdvetor oe kabe avtictoyn mepintwon. Topo, Oétoviag € > 0 éva péyeboc e
V1 (Yis2) = 1/2 — €. Apod o olyopiBuog diver o&io akpioc 1/2 otov maiktn 1, égovpe:

Vi(4) +Vi(B) = [,us(x)dx + [Lus(x)dx = ¢

Moapdrinia, kabohg N katavoun (X1, X7) eivor envy-free, o naiktng 1 mpémet vo AGPet
TOVAGYIGTOV € 0md TO PePiodlo Tov Y, mov AauPdvet:

Vi(A) + V1 (C) = f

uq (x)dx + ful(x)dx =
A

c

Zuvovdlovtag Tig SV0 OVTEG GYECELS TPOKVTTEL:

ful(x)dx — ful(x)dx >0
c B
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Topa, opileton katavoun X* = (X7, X5), oyt amapaimto envy-free, kot po toyaio
katovour] A = (44,45). H cuvaptnon dwogopdc tibetar og [(A) = s(X™) — s(4). Tougpova
He To Aqppa 7.5, 1oy0ouy o TopaKaTo!

1(X1, X2) = [,[(u2(x) — ug ()]dx + [[(ua(x) — ug (x)] dx
1(X1,X3) = [,[(ua(x) — ug (0)]dx + [ [(uz(x) — uy (x)] dx

H mocétta mov yavetar yio ) (X1, X5) eivar ovicdtnta eneidn kobdg o adyopiOpog
Savéperl 6GhokAnpo 10 Yis, otov 1, n (X1, X3) pmopei va pn xavel opadiky a&io oto koppdtio
aLTA.

[TAéov yperaletan vo anodeifovpe amhdg ot 1(X1, X5) = (X4, X,). T va yivel owto,
onuetwvovpe 0tL €€’ optopod 1o X; N Y5 q mepiéyet Oha ta onpeio pe R(x) > r* kot pepika
onueio pe R(x) =r*. Kabog B N C = @, mpokvmtel 01t av x € B 1618 R(X) = 7" Ko v

x € C t6te R(x) < r*.’E101,

1(X1,X2) — 1(X1, X3) = fc[(uz(x) —uy (x)]dx — fB[(uz(x) —u;(x)] dx
. uy () uy (x)
- jc [ = s ()] j [ — ()l

1
> (—*— 1) (ful(x)dx - ful(x)dx) >0
r c B
He mv TeAgvTOi0L avicoon va TPOKVTTEL AOY® ™mg oyéomng

ful(x)dx — ful(x)dx =0
C B
1.5 Ouoodika PéitioTn 160UEPEIR EVAVTIOV OUAOIKA PEATICTHS

egaleryns g {iilag

Meto&h TOV KATOVOUDV 7OV OVIAKOUV OTNV KAGGN TOV Ouadikd PEATIoTOV AVGE®V,
EVOLIQPEPOV TTAPOVOIALEL M TEPAUTEP® OLEPEVVNOT] TNG OTOTEAECUOTIKOTNTAS TOVG UECH
GUYKPIGEDV TMV ADGEWMV GTIC OTOIEC Ol TUPOUTAV® KATOANYOUV. e ONUOcievoT| ToVG, TE6GEPLS
gpevvitég, ot Steven Brams, Michal Feldman, John Lai, Jamie Morgenstern kot Ariel
Procaccia, peta&d GAA®mV GuYKpIivOuv To OTOTEAECUOTO TOV OUOSIKA BEATIOTOV 1GOUEPDY
KOTOVOULMY EVOVTL TV IOTEAECUATMV TV OpodIKa BédTiotmv envy-free katavoumv [29].
SopuPorifovrag v opadikr afloddynon o opadikd Pértiotng  envy-free
katavoung wg OPTgp , xoi avtictoya pag woouepods pe OPTgg , kau opiCovtag v &-EF
KOTOVOUN ®¢ TNV katavoun ekeivn ywo v omnoia V;(4;) = Vi(Aj) — & Y Kabe i,j EN,

glpaote o€ BEom va TAPOVGIAGOVLLE TO TOPUKATD DEDdp L
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Ozopnpa 7.8. Xe mpofinua TUNUOTIKE oTabepdY 0EIOAOYNCEMY OO TOVG TOIKTEC, 1GYVEL
OPTgq < OPTgp . Emiong, v yevikég ovvaptioelg afloddynong ko kdbe € > 0, oydet
OPTEQ < OPTS—EF + €.

H oam6delEn tov Oewpiuotog ovtod evomOKEITOL GTO GULGYETIOUO  peTald
GUVOPTNOE®MY TUNUOTIKE oTafepdV OEOAOYNCE®Y KOl 1GOPPOTIRG ayopds Y GUVOAX
Stpéoipwv ayabov, eumvevopévn and T dovAeld tv Reijnierse ko Potters [30]. ITpotod
TaPOLGLoTEL 1 amddelén Tov, Ba NTav ypnoun N TapdPecT TOV GLUGYETIGUOD AVTOV KOL 1)
avaQopd 6Ta GYETIKA amoteléopata omd T Piproypapio TG 1ooppomiog oyopds:

Mo ypoppukn oyopd Fisher givar puor ayopd 6mov ot maikteg N = {1, ..., n} éyovv
TPOGHETIKES, YPOULIKEG GUVOPTACEL YpNooTNTag Y éva obvoro G ={1,..,m}
Swpéopwv oyabov. Kdébe maiktmg i € N AopPdver éva Kepdiowo e; kol €xsl pio
xpnoomTo U;; Yo k6e ayabd j € G. Mo e@iktfi katavopn diver éva khdopa  x;; tov
ayaBov j otov maiktr i €10l MGTE va unv VILApYEL KAmolo ayado mov va vrepkataveunel. H
OAKN XPNOUOTNTA TOL TaKTN Gd o KaTavoun X;; etvar X u;;x;5. Otav ov cuvaptiicelg
a&loldynong eivorl TUNUATIKA GTOOEPES, Ol YPNOIUOTNTEG OE U0 KOTAUVOUT EQIKTNG OyOPAS

Fisher uropei va avaroapaydei 6to mhaicto tov Koyipatog tov kéik.

Afqppa 7.9. Eoto 44, ..., A, o Kotovopn og Tpofanpa topng tov k€. Opilovpe o ayopd
Fisher pe tovug idovg maikteg, kot éva ayabd j mov va avuictolel oe kéle A; won u;; =
Vi(4;). Eriong, éotm x;; wa eueti katavopn ayadav otnv ayopd Fisher. Tote, vmépyet wa
kotavoun Aj, .., Ay tétown dote V; (A]') =u;jx;; . Me amhéd Aoy, pmopodue vo

avoTopaEOVUE YPNOIUOTNTES TAUKTOV otV ayopd Fisher pe wa katavoun tov kéik.

Am6de1En. Aoopévng pog e@iktng Katavoung x;; ommv ayopd Fisher, xatackevdleran
’ I ’ 7 I3 , ’ 3 3

Katavoun Aj, ..., An og eéng kabe apykd xoppdtt A; koBetor o pKpOTEPO KAl Yio TO

kaféva amd ovtd M ovvdptnon afloAdynong kdbe maiktn eivor otabepr. Xtov moiktn I

dtveran éva kKhaopa x;; k4O vrodoacthipatoc. H agiohdynon tov i yio 1o pepidio tov amd to

Aj givan x;;V; (Aj) = X;jU;j Ko TPocHETOVTOG OO TOL KOUUATIOL OV TPOEKLYAV AlO TNV

TEPOLTEP® KATAUTUTOT OTTOOEIKVOOVUE TO ANILULAL.

Ot ypapukég ayopég Fisher £xovv Tic e€ng o) onpovtiké 1310t Tec:
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Ocodpnpo 7.10. Avaroyllopoote pua ypoppukn ayopd Fisher émov o maiktng i éxel kepdalaio
e, Yienvei =1, ko k@Oe oyabo divel OTIKN YPNOIULOTNTO TOVAGYIGTOV GE EVaV TOAKTN.
Yrapyet évo S1Gvocpa TAV p = (Pq, -, Dig)) Me P; >0, Yjegp; =1, xau o epuety
KOTOVOUN X;j Y10, TNV OTO0L:

1. Vj€EG, Yienxij =1,

2. Vi€N,jE€G,avxy > 0,10tej € argmax (u;jr/p;r),

3. Vi€N, YienXij =1, Xjecjxij = €;.

XPNGIUOTOIDVTOG TIG OYEGELS AVTES, TPOXMPOVUE GTNV amddeEn Tov Bempnparog 7.8.

Amooeitn tov Beopiparog 7.8. Ilpdta deiyvovpe 10 amotélecua yroo TUMUOTIKE otafepég
a&ohoynoeig. ApyiCovpe pe v opadikd Bértiot) envy-free katovour A* = (47, ..., Ay) Kou
katackevdlovpe o ayopd Fisher oty oot 1o ayadd j avtiotoyel oto A7, u;j = Vi(45)
Ko kGOe maiktng £xet kepdhato e; = 1/n. Opilovag p,x;; 10 SIUVOGHO TIHOV KO [0 EPIKTT
KOTAVOUN Om®g eyyvmvtal amd 1o Oedpnua 7.10, avaroyillopacte v katovoun Aj, ..., Ayn
OTMG TTEPLYPAPTNKE 6TO ANpupa 7.9. Xperaletar va deiovpe OTL 1 KATAVOUn avTn gival envy-
free kou katanyel o€ opadiky a&ioc acevag peyoddtepn amd v apyikn opadikd PEATio)
oopepn] Katavour. Adym tov Aquuatog 7.9, umopodpe vo cvoyeticovpe TG 0510A0YNOELS
A7, ..., Ay, pe TIg ypnoTikOTnTEG 6TNV aryopd Fisher.

H amddei&n tov 611 ) katavoun A3, ..., Ay eivon envy-free dwugaivetar otn dovieid
tov Reijnerse xour Potters [30] , kot yw Adyovg mAnpodtntag M emduevn 16OTHTA TNV

avarapdyetl (opilovpe u; = argmaxy (uy/pr)):

N _ Uik
Vi(A) = Z Ui X = p—Lkpkxik
K X
—_ * —_ *
= Zuipkxik =u;/n
X

N — — Uik
VL(A]) = zuikxjk = Epkxjk
k k

* %
< z Ui PrXjk = U; /n.

K
Amopéver va derybet mog X Vi(4)) = X Vi(47). Yrobétovtag V;(4;) = C yw xdbe i € N,
1018 OPTRg = X,; Vi(47) = nC. To u; peyistonolel 10 Uy /Py, €161 GOTE T0 U; va ivon 0
Mydtepo u;;/pi, M xpnoTKOTTO TG avaioyiog Ting v o ayadd oty ayopd Fisher mov

avtietoyei 610 Aj. Enopévag, V;(4]) = uj/n = u;/(np;) = C/(np;). Tore,

OPT, >ZV(A’)>ZC AN
EF—ill—inpinipi'
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Abyo o0 011 Y p; = 1, 10 péyebog X;(1/p;) ehoyrotonoteiton 0tav p; = 1/n yo kabe i ko
givar tovdéyiotov n2. Apa,

OPT >C 1>C 2 =nC = OPT,
EF_".Pi_nn B Ee
L

YvveyiCovtog, O1levpOVOLUE TO OMOTEAEGHO OVTO Yo YEVIKEG GLVAPTNAGELS aSloAdynong
Vi, oo, Vu(ue  ohokAnpmoiueg  ovvapthioels  afoddynong Riemann). Tw &>0, 7
ohokAnpooipotto. Riemann tov uy, ..., U, cvvemdyetar 6t Yoo OAa ta i € N vudpyovv
0=x < <xp = 11€1010 OGTE TO AVAOTEPO GOPOICLUA TOV U; IKAVOTOLEL TN Y€

1
1 =j u; (x)dx
x=0

m
< > [0t = 1) * (5P (@) < 145
k=1

o kdbe k=1,..,m kou ke y € [xp_q,Xx], Oétovpe ui(Y) = SUPxex,_,x, 1 ti (X)-
Ioyvpilopacte 6tL ot aviotoyyilovoeg TunuoTikd otabepég cvvapthoel aSlohdynong
Vi, ...,V mpooeyyilovv Tig apyikés cvvaptioels a&loAdynong vo vy évvolo 0Tt yo Kabe
Koppdrtt X tov KEIK,

Vi(X) < V/(X) < Vi(X) + 2

[pdypatt, T0 aproTEPd PEPOG TNG AVICOTNTAG EIVOL TETPLUUEVO, Kol TO OeEl TPOKVTTEL A0 TNV

TOPATAVO GYEoN Ko To Yeyovog ot u; (x) = u;(x) yo 6ha o x € [0,1]:

V00 = V00 = [ (00— wG)d
X

1
< Lzo(u{(x) —u;(x))dx < %

SoumePaivovpe OTOC TPONYOLUEVMG OTL 1 opadikd PéAtiotn 1oopepng katavoun A*
wavorotei ) oxéon V;(47) = C yu 6o o i € N. Xpnowonowbvtog ta ido opiopato pe
npv, vrapyel kotovoury A’ n omowo givar envy-free avagopikd pe ™ Vi, ..., V,. Zvvendc,
1oYVEL OTL

OPT, g = ) Vi(A) = ) (V{(4) =)

iEN iEN

&

IEN IEN
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Eniloyog

Q¢ thpa, M Bepatoroyion mov €xel avamtvybel emdvem oto Oépo g dikamg dSapuépiong
opotoyevovg ayadov, To Aeyouevo Koyiuo tov kéik, eivol ommadfimote mAOOGL0, EKTEVIC, KoL
GUVAO TOAVETITED, KAODS Omw avolvdnke ota Ke@dAaio Tov Tponynnkay, ot TOAAEG
OTTIKEG YWVieg amd Tig omoieg umopel vo peletndel to mpdPANUA TPOGPEPOVY TOAAATAO
QAGO OTNV TOPATHPNOT EVOG BELOTOC S10POVIKOD Kol TOADTAELPTG EPAPUOYNC OTIMG KOl TO
0éua avtd. Emopéveog, oe o PPAOypoa@ikn avackOrmnon Ommg Kot Ty mopodoo, o€ Oa
umopovoe va yivel TANPNG Topovciosn Tav 6cmv £xovv extvonbdel Kol amodelytel TAV®D 6TO
TPOPANUQ, Tapd Vo, eTAeXO0OV opicopéva OEuata omd T0 GHVOAD TOVG KOl VO, TOPOVGIOGTOVY

®G L0 GLAAOYT TV CNUAVTIKOTEP®OV €5’ AVTMV.

BéBaia, de Oo émpene vo moapaineboldv kol peptkd omd to vwoAouwma OépoTo M
amoteléopata o omoia Ogv PpNKav YHPO GTNV TOPOLCNU AVAGKOTNGT. X& dNUOGIELCT TOVG
t0 2009, o1 Kapayidvvng, Kakiapdvng, Koavelidmoviog koar Kvpomodriov, mapovsiacay to
KOGTOC OVaAOYIKOTNTAG GE TPOPANUa N ToukTdV (O (VN)), KabdC Kot To KOGTOC IGOUEPELOG

2
(to moAH n Ko To AMyoTEPO %)[40]. O1 Chen, Lai, Parkes kot Procaccia (Bacilopevor kat

o€ mponyovueveg Oomuoctevcelc [43-45])oyediacay Kol ONUOGIEVCHY £V, TUYOLOKPATIKO
(randomized) pnyavioud ywo n maikteg, o omotog e€oreiper T (Ao peta&d TOV TOKTGOV,
glvar erAaAnOng kot avaioykods. A&ilel vo onuelwbel 6TL ToAlol amd Tovg TpoavapepHEvTeg
gpevvntég Aoyilovrar g mbavn cuvdptnon a&loAdynong Ty TUNUaTIKG Ypapuiky (piecewise

linear), mépav t@v vVIoAOIT®OV TUNHOTIKOY cuvapthoeny. Télog, oo Edmonds kot Pruhs [33]
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TOPOLGIOcHY VO KATAOTOTO OpPlo Yo TNV TOAVTAOKOTNTO OA®MV TOV VIETEPUVIGTIKOV
npoTokOMV (2(nlogn)), kot Eva KaT®TATO OPLO0 OV TOV TLYALOKPOTIKOV TPOTOKOA®Y
(2(nlogZ/log?)).

To wpdPAnpa davoung ayabmv Ba sivor Tavta diaypovikd 6€ OAES TIC LOPPES TOV,
KaODC 0G0 VTAPYOLV OLUPOPETIKEC OVAYKES TAV® GE &vav kKoo moOpo B vadpyovv Kot
drapopetikol mBavol tpomot dapepicpod tov. H Oswpntikr [TAnpogopikn eéetdlovtag t0
mpofAnpa Topng tov kék pe €va padnpatikomoiuévo Tpomo okéyng, €xet Non dMGCEeL
OPKETEG OMOVINGELS GTO EPMTNUATO TOL TAPOLGLALOVTIAL, KOl 1) EMTUYNG TPOCEYYIST TNG
EYKEITOL OTNV TOKIAOLOPON OVTIHETAOTICY] TV SQop®mV Kpunpiov OSKalocuvNg mTov
avakvntovv. H cuvéyion tov £pyov avtod avapévetar va el Tpaktikotepn atio 6to péAlov,
KkaBdg 1 oM vdpyovoa PiAloypapio propel va dMGEL AVGELG 6€ TOALL TpoPANLaTO GTNV
KaOnpepivn o1, TNV TOMTIKN Kol QUOIKA TNV EMGTNUN TOV VITOAOYIGTAOV, KOl TOPAAANAL 1
perétn oe Beopntikd eminedo B efakolovdnoel va dnpovpyel Kovohpylovg VITOTHTOVG
mpofAnpdtov dote va avdvetar 10 eminedo SLGKOALNG EVPECTG AMAVINGCEMY. XTO TOPOV
enminedo, ota ¥épla Lo EYOLUE o oM ekteTapévn Bgpatoloyia Tov pmopel vo KAADWEL -0g
évav apKetd peydho Pabuo- to meplocOTEPE EPOTALOTO TNG GUYKEKPLUEVIC KOl GTTOVOOING

aVTNG TEPLOYNG Tov Mechanism design.
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