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Abstract 
 

Information criteria are used in finding the most suitable model for the analysis or prediction 
of data, since they balance the explanatory power of the candidate models against the number 
of their parameters. Various information criteria have been developed over the years. In this 
thesis, an outline of the proof of the Akaike Information Criterion (AIC) is presented, thus we 
demonstrate 
described since they aim at eliminating some of the latter, as well as maximum likelihood 
estimators and Kullback  Leibler distance.  

 All of these information criteria are then compared with Bayesian information criterion 
(BIC). Specifically the weak consistency, strong consistency, consistency and efficiency of 
these criteria were compared through concrete theorems. It was concluded that both AIC and 
BIC manage to choose the model that is closer to the true distribution of data according to the 
Kullback  Leibler distance as n . In addition, AIC manages to choose the model also 
chosen through minimization of squared errors as n  (efficiency), whereas BIC manages 
to choose the most parsimonious model from those that minimize the Kullback  Leibler 
distance between the adjusted and true distribution of data (consistency). 
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( ) , log | , , | ,
n n

n i i i i i i
i i

H n w x y f y x n w x y f y x dx , 

  

  1 2J =-H (n n w , 1

1

n
t

n i i
i

K n u u ( , ) | , ( | )i i i i i w w iu w x y u y x x  

( | ) , | ,w i i i wx w x y f y x . 

AIC  WAIC ( ) 1w . 

WAIC 
( )w

 

 

WAIC, n wH  

*2p  

2 ( )n wnH TIC. 

( )nH WAIC AIC 

 

A kaike  Agostinelli (wleA I C). 

Y X  p   

 2      
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  Agostinelli (2002)  
  (w-  

 . 

  
  

1

| , , 0
n

i
i

u Y x , 

( , )w w w  
  

                                             
1

( , ) | , , 0.
n

t
i i i

i

w y x u Y x                                  (4.6) 

( | , ) log ( | , )u Y x f Y x     
 

( , ) min{1,max( , ( ) 1/ ( 1))}t
i i i iw y x o r e e , 

ie  Pearson ( )r a a  
  

.  
Agostinelli  Pearson 

 t
i i ie y x .  

 Pearson   

( ) ( ) 1i e i ie f e m e , 

1 1 1

1

( ) ( ( ))
n

e i
i

f t n h K h e t  

kernels 1 1 2( ) ( ) ( , )m t h K h t s s ds . 

  , Agostinelli 
AIC   4.2.  
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1

2 ( , ) log ( | , , ) 2( 1),
n

t
i i i i

i

wleAIC w y x f y x p                  (4.7) 

 ( , )  
 .  

 4.3:  wleAIC Agostinelli.  

Heereveen 
Eskin Ervik 0 

2:09:20, 
 

, 

 

4 2
0 1 4...     Y X X N  ,X Y  

 

 

 4.3 . 

 4.3 
 

( 0 11:  Y=M X  

Akaike wleAIC 
 Agostinelli  

 
Ervik),  
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 28 

 AIC, WleAIC.  

#  

#   

#   AIC wleAIC AIC WleAIC 

# ### rank score rank score rank score rank score 

 x  2 227,1026 1 184,6 1 206,1201 1 183,6 

 2,x x  1 213,8950 2 201,3 2 207,4309 3 190,8 

 2 3, ,x x x  3 215,8177 3 201,6 3 209,4139 2 193,6 

 2 3 4, , ,x x x x  4 217,8161 4 204,3 4 210,5252 4 202,5 

AIC, WleAIC 
  .   

 4.4,  AIC 
 (AIC=213,8950) 

2
0 1 22 :  Y=M X X ,  

, 
AIC 

 
2,  , 

AIC 

 
 

AIC  
Agostinelli, WleAIC WleAIC 

  (WleAIC=184,6), 
  

, WleAIC  
Ervik   
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 4.5
  Ervik  

#  

#   

# Intercept slope intercept slope 

AIC 288.22 1.06 46.03 3.22 

WleAIC 46.87 3.21 46.64 3.21 

 4.6:  AIC, WleAIC 
. 

 
, 

  
,  

 

 

R  wle.aic 
WleAIC Agostinelli circular  wle 

AIC AIC. 
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V  

(B I C) A I C) 

 
5.1.  

 
Akaike AIC

 
BIC  

, AIC
  

 Akaike (1977) Akaike 
 

 

5.2.    B I C (Bayesian information cr iterion) 

  M ,  
n   dim( )M   

                                       max2 log dimBIC M l M n M .                                (5.1) 

BIC AIC
 

2dim M  AIC log dimn M  

BIC  

BIC  
.  
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   BIC M . 

 

  BIC 
BIC 

AIC. 

5.1.: BIC 
 -31. 

, 

  

 

 

 

 

 

 

 

 

 

kaike 
information 

cr iterion 
(A I C) 

Bayesian 
information 

cr iterion 
(BI C) 

1 
0X , 1X  4,411 1 154,8727(4) 158,5293(3) 

2 
0X , 2X  4,621 1 157,2947(6) 160,7282(5) 

3 
0X , 3X  5,066 1 162,0716(7) 165,7282(7) 

4 
0X , 1X , 2X  4,496 2 156,7647(5) 161,6402(6) 

5 
0X , 1X , 3X  3,799 2 148,0040(1) 152,8759(1) 

6 
0X , 2X , 3X  4,271 2 154,0933(3) 158,9689(4) 

7 
0X , 1X , 2X ,  

3X  

3,863 3 149,7176(2) 155,8120(2) 

8 
0X  5,477 0 165,1907(8) 167,6284(8) 

. AIC, BIC R
  , 
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AIC BIC  
(5   0X , 1X , 3X ) 

   0X ) 
 

 
    

 
BIC   

.  
  1X  ,  

2X , 3X ) 0.14 (4,271-4,411). 
BIC  

(152,8759- AIC 
(148,004-165,1907). BIC 

8n . 

    
  

BIC  Akaike (1978a, 
1978b).  BIC 

AIC consistency  
(efficiency .  

 

5.3.  

5.3.1.  

(consistency  
 weak and strong consistency), 

    

 K-L n

 
 K-L

 parsimonious model , 
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AIC, BIC 
 

  

  
  

 
 

 

 
 

 

 
 K-L. 

 n . 

AIC 
BIC   

                                              2 2dimnAIC M l M M ,                                      (5.2) 

                                           2 log dimnBIC M l M n M .                                (5.3) 

2 nl M  

BIC, log dimn M , 

 , 
AIC, 2dim M  8n   BIC 

AIC  

 

1,...,   
1,...,i n  
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i , ;i if y , 

  , , ;i i if y x . 

 

                                   , ,
1

( ) 2 log , ;
n

i i i n
i

IC M f y x C ,                                      (5.4) 

  , 0nC C n C  

M  n . 

, AIC , 2dimnC  BIC , log dimnC n . 

 
 

,  .cAIC TIC  

 
 

 5.1: 
 

0
M   K-L 

 

(a) 
0 0

1
, ,

1

liminf min  ; ; 0
n

n

i i
i

n KL g f KL g f , 

(b) ( )pO n . 

 1, 
0

M  

 . 

  5.1: , 
, n , n . 

  
 ,nC   

  5.1 AIC, BIC ,nC  

2dim  log dimn  ,  
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AIC:  

, 2 dim 0n
n

C
n n

, 

  

 2 0
n

 dim 0 . 

BIC:  

, log dim 0n
n

C n
n n

, 

log 0 1n n dim 0 . 

AIC BIC  

AIC BIC 
 K-L 

n . 

 5.2:   
 K-L  . 

 

(a) 
0 0

1
, ,

1

liminf min  ; ; 0
n

n

i i
i

n KL g f KL g f , 

(b
( )O n  n, 

0 0
min 0,  l lP IC M IC M . 

 
AIC  BIC AIC BIC 

K-L 
n . 
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 K-L n . 
 

; 
 

 
  K-L 

n . 

J  
K-L 0J J    

 5.3: .  
 

i) 0 0l J  ,  

(a) 
0 0

1
, ,

1

lim ; ;
n

n i l i
i

Sup n KL g f KL g f , 

(b) 0 0j J  0\l J J ,  

0, , / 1n l n jP C C n . 

ii) 0 0l J  ,  

(a) 0 0

0 0

*
,

*
1 ,

;
log 1

;

n
i i

p
i l i i l

f y
O

f y
, 

(b) 0 0j J  0\l J J , 

0, , 1n l n jP C C . 

, 
K-L 

parsimonious model), 

0 0\lim min 0 1n l J J j lIC M IC M . 
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Vuong (1989). 

 

AIC, BIC ii.b : 

BIC: 

0

0

, ,

, ,

log dim( ) 

,

 1.

o

o

n l l n j j

l j

n l n j

C n C n

n

P C C

 

BIC  

 

AIC: 

0

0

, ,

, ,

2dim( )  2dim .

 

1.

o

o

o

n l l n j j

l j

l j

n l n j

C C

P C C

 

AIC  

,   
   

n  
 

AIC, BIC BIC 
 AIC 5.3. AIC 
BIC 

K-L  
n   

 K-L 
BIC 
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5.3  

 , 
 

(efficient). 

 

 

0 1 1 2 2 ...i i i k ki iY X X X  1,...,i n , 

2( )iVar  1, 2, ,, ,...,i i i k iX X X X   

iY

( )S P X  1 2, ,..., kX X X X

S  
 

1 2, ,..., ny y y  

                                            
2

, , 1 2
1

| , ,...,
n

s i true i n
i

E Y Y y y y ,                                (5.5) 

,true iY  1 2, ,..., nY Y Y  

 ,s iY  ( )s S P X  

1 2, ,..., ny y y . 

1 2, ,..., ny y y , 
 

 

. 
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2 2
2

, , 1 2 , , 1 2
1 1

2

1

| , ,..., | , ,...,

                                                        ,

            

n n

s i true i n s i true i n
i i

tn
t

s true i i s true
i

E Y Y y y y E Y E Y y y y n

X X n

                                           

  

s ,  

s S  ,s iY ,  

 s

true  

iX  ,true iY .   

0 ,s iY  

n

1 2, ,..., ny y y . 

  
 

                                             
2

, ,
1

n

n s i true i
i

L s E Y Y                                        (5.6) 

 

2

1

tn
t

n s true i i s true
i

L s E X X n . 

0s S  

 0s S  

 

0 0

0

2

, ,
1 0

2
0

,,
1

1

n

s s i true i
i n

pn
n

true is i
i

E Y Y
L s
L sE Y Y

 n , 
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0sE  

S  0s . 

 
 

,  
 

AIC,  ,cAIC  
BIC   

 5.4.  

1   
s   S sX  | |s , 

| |s  s

max | | a
s s O n  0,1a . 

2  :  
 0,0.5b  0c , 

2exp 0b
n

s

cn L s n . 

s S  2b
nn L s .  

 Hurvich Tsai 
 

3   
 

                                               22 | | sIC s n s ,                                               (5.7) 

s   

                               1 /t
s s s s Sn Y X Y X SSE n . 

AIC BIC  
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 5.4: 0s  
  

0s  

nL s  min 1 / 2,c a b   

0
*
0

( ) 1 ( )cn
p

n

L s O n
L s

. 

Hurvich  Tsai 
(1995).  

4:  

(a , ( ) 2 | | 1 | | 2 / | | 2cAIC AIC AIC s s s n s  

, 

(b) To BIC  

Shibata (1980,  
 

AIC AICc  
  5.3. BIC  AIC, cAIC  

n . 

 

 AIC BIC 
 K-L 

  ,  BIC 
    K-L 

  AIC 
  

BIC  ( ). 
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AIC, TIC, AICc 

WAIC
AIC TIC, 

AICc WAIC
AIC 

 K-L
 K-L 

 -

 

TIC AIC 
AICc

AIC 
AIC 

n AIC WAIC 
Agostinelli

Pearson.  

AIC BIC

AIC BIC
K-L

n AIC 
n  

BIC 
K-L 

 

 
IC BIC Yang 
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