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Progress is impossible without change,
and those who cannot change their minds

cannot change anything.

George Bernard Shaw
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Abstract

Over the last years a significant scientific research attention has been observed in the
aerial robotic field towards aerial manipulation and cooperation in dynamic environ-
ments. In this context, a new novel aerial manipulation system will be constructed in
the Control Systems Lab at National Technical University of Athens. The proposed
integrated system is composed of seven thrusters and an end-effector that can produce
the desired actuation forces and torques to the environment. The mechanical design

of the aforementioned system has been studied in [1].

Following this work, in this thesis a detailed differential kinematic model that relates
the end-effector velocities with the corresponding velocities of the body frame is pre-
sented. The geometry specifications and the dynamic analysis are studied in order
to describe mathematically the motion of the proposed system in the Cartesian task
space. A static analysis is introduced for providing the mathematical relationship of
the interaction with the environment. Taking all the above parameters into considera-
tion, a nonlinear robust adaptive backstepping controller is designed in order to ensure

robustness against actuator failures, unmodeled dynamics and external disturbances.

Extended numerical simulations were performed in Matlab Environment in order to
verify the theoritical results of the this work, to demonstrate the performance of the
system and the effectiveness of the controller. Finally, animated videos were created
with the aim to observe graphically the motion the proposed system in arbitrary track-

ing and stabilization manipulation tasks scenarios.

Keywords: Robotics, Aerial Manipulation, Optimization, Kinematics, Dynamics,
Statics, Nonlinear Control, Robust Adaptive Backstepping, MATLAB Simulations
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Edvixd Metoédfo Iloauvteyveio

Lyohh) Mnyoavoldywy Minyavixov
Metomtuytond Almiouo Ewixcuong otov Autéuato ‘Eieyyo xo ot Poumotiny

Avdiuor, Movtehornoinor, Xyedloon xow Mn Ioapupixds ‘Edeyyocg

Evoég Intduevou Pournotixod Oyruatog

Ahé€avdpoc Nixou

Il epz’/\rygbnl

To tedeutalor ypoOVLOL ot CNUAVTIXT) ETLO TNUOVIXY| EPELVNTIXT Te0GOY Y| €YEl Toputnendel
OTOV TOUEN TNG EVUEQLUC POUTOTIXAC WS TEOC TNV XUTELIUVOT) TOU EVUEPLOU POUTOTIXOU
YELRLOMOU Xai TN CUVERYAG(o O duVUXY TEQIBGAAOVTA. YME AUTO TO TAAICLO, EVOC VEOG
X0 XOVOTOUOC POUTIOTIXOG YEWLOTAS TEOXELTAL VoL XATUoXELUOTEL 610 Epyaotrpo Au-
Toudtou EAéyyou oto Edvind MetodBio Ilohuteyvelo. To npotevouevo ohoxhnpomuévo
oLo TN amoTehelTan amd QT XVNTARES XaL EVAL TEAXO OTOLYElD Opdong TO oTolo EYEL
TNV BLUVATOTNTA VoL ETUIXOWVWVEL PE TO TEPUBUAAOY ou Vo aoxel eTVUUNTEG DUVBHELS %ot

comég. O unyavohoyinde oyeEdLUCUOS TOU UG TARATOS UEAETAHUNXE 0TV gpyacia [2].

Yuveyllovtag autrhv TNV €peuva, oTny Tapoloa epyacio PEAETAUNKE AENTEUEQWS TO Ol
APOEIXO HIVNUATIXO LOVTEAD TOU GUG THUATOC, UEGHK TOL omolou cuayeTiCovTon oL Toy UTNTES
Tou TEMX0U onueiou Bpdong Ue TIC avTioTOlES TOu Bacixol CwUATHOETOU TANGIOU.
MehetiOnray o YEQUETEIXS YOQUXTNEIOTIXG TOU CUCTAUATOS XS XaL 1) SUVOLXT
avdALoY) OOTE Vo TEPLYPUPEl UE Evar uoinUaTiXd WOVTEND 1) XIVNOY) TOU TROTELVOUEVOU
ouo THaToc oTov Kapteotavd yweo dpdong. Xtn cUVEYELX €Val G TATIXG BUVOUIXO LOVTEAD
ELodYETOL OO TE Vo TEPLYpapel 1 Hordnuatiny| oy€on mou GUVOEEL NG OAANAETBROT TOU

CUCTHUATOS UE TO TERBAAAOV.

1Aéyw Tou ot To TESPANUa Tou TpaypatedeTal 1) Tapolon epyacto eutepléyel ueydho TARdog and
eZelBIXELUEVOUS GPOUS, N UETAPROOT TwV ontolwy oot EAANvxd dev elvan 86xuur, xpldnxe mpotipdtepo var
yeaptel €& ohoxApou ota Ayyhixd

2@G. Gavridis,“Control Oriented Aerodynamic Design Optimization For An Aerial Manipulator”,
Diploma Thesis, National Technical University of Athens, 2014



Aopfdvovtag Gha tar Tponyolueva UTOYLY, EVag U YROUUIXOS EVPWO TOS TEOCUPUOC TIXOG
eheYy TS péow aryoplluou omiolodpduncrs oyedtdotnxe £Tol Mo TE va eyyunuel 1 cup-
0o Tio xoun 1 EVCTEVEL TOU GUC THUNTOS EVEVTLO G TNV TUEOUGTN GOUAIATOY EVEQYOTONONG
OO TOUG XIVNTHRES, TIG OUVAUELS XaL POTEG TTOU Efvor avépTo va ovTeAomondoly xodng

xou TIg EEWTEPIXES BlaTapay€C Tou EMBEOLY 6T GG TNHAL.

Téhog, mpaypatomoinxoay extevelc apriunTxeés TEOCOUOLOOES GTO TERBIAAOY Ttpo-
yeapatiopoL tou Matlab étol wote va emBeBarwdoldy ta Yewentind anoteAéopata TnE €0-
yootog xou vo amodetydel 1) amodoTIXOTNTO TOU TEOTEVOUEVOL GUC TAUATOSC XoMS Kol TOU
eheyyt. Télog, dnuovpyrinxay animation video ye otéyo v xahitepn TopathEno
NG YeuPix i xvnong xaL Tou EAEYYOU TOU XAUUVOTOUOU GUC THUNTOS OF TEOBAAUATO GTo-

Yepomolnong xou mopoxohoUnong EMYUUNTOY TEOYLMV.

A€€eig Khewdid: Poumotny|, Evaéprioc Poumotixde Xewoiouog, Kivnuatue Avéhuon,
Avvopxr) Avéluor, Xtotixr) Avéivon, Mn Feopuixde Ereyyoc, Evpwotoc Ipocoe-
wooctxée Eheyythc péow Omododpduone, Ipocouoiwoeic ye MATLAB
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Chapter 1

Preface

1.1 Introduction

Aerial manipulation is a new scientific field which has been gaining significant research
attention and a wide variety of structures have been proposed in the last years. These
manipulation systems possess several features which have lately brought them in the
spotlight, with their objective mainly oriented towards performing effectively complex
manipulating tasks in unstructured and dynamic environments. Having them include
active manipulation as a major functionality, would vastly broaden the applications of
these systems, as they move from mere passive observation and sensing to interaction
with the environment. Therefore, new scientific applicable horizons will be introduced
related to cooperative manipulation, surveillance, industrial inspections, inspection
and maintenance of aerial power lines, assisting people in rescue operations, construct-
ing at inaccessible sites by repairing and assembling, with potential applications in
object retrieval and improved observation through manipulating barriers, objects or
switches. These aerial robots are capable of physically interacting with objects in the
environment through a terminal end-effector. Naturally, both designing and control-

ling aerial manipulators could be considered as nontrivial engineering challenges.

1.2 Literature Review

A wide variety of aerial manipulation systems and aerial robots that can interact with

the environment have been studied and proposed in bibliography. In this subsection,
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an explanatory and extended literature review for the previous works that has been

adopted in this field, is presented.

The first theoretical and experimental results on aerial robots interacting with the
environment were derived by a three DOF ducted-fan prototype with a four DOF
end-effector (Figure 1.1). This UAV aerial manipulator was within the framework of
ATRobots project on 2008-2013. The works in [2, 3, 4, 5, 6] refer to the mechanical
design, the mathematical modelling and the control of this system focusing on the
interaction with the environment by addressing two different control scenarios, the
take-off and the set-stand vertical fixed surfaces. Impedance control problems are also
considered. Authors performed ulstrasonic non-destructive testing experiments and

versatile tasks at unreachable locations for humans.

F1GURE 1.1: Ducted Aerial Manipulator from AIRobots Project

The design of a quadrotor (Figure 1.2) capable of applying force to a wall maintaining
flight stability is provided in [7]. The basis for the work presented is a quadrotor system
which is stabilized with an inertial measurement unit. As new approach an additional
actuator was added to generate forces in physical contact while the quadrotor stays

horizontal. The performance of the system is proved by several flight tests.

FIGURE 1.2: A quadrotor applying force to a wall [7]
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In [8, 9, 10, 11] considerable experimental results at Yale University with a small
helicopter with grasping capabilities (Figure 1.3) are shown along with the stability
proofs while grasping. Authors demonstrated stable grasping of a range of objects
both when landing and while hovering. The dynamic load disturbances introduced by
the load mass was rejected by a PID flight controller. The approach employs passive
mechanical compliance and adaptive underactuation in the gripper to allow for large

positional displacements between the aircraft and the target object.

F1GURE 1.3: The Yale Aerial Manipulator

The authors in [12] present the design of several light-weight, low-complexity grip-
pers that allow quadrotors to grasp and perch on branches or beams and pick up and
transport payloads (Figure 1.4). It is showed how the robot can use rigid body dy-
namic models and sensing to verify a grasp, to estimate the inertial parameters of the
grasped object, and to adapt the controller and improve performance during flight.

Experimental results with different grippers are also showed.

FIGURE 1.4: A Quadrotor equipped with a gripper from UPEN Grasp Lab [12]

An implementation of autonomous indoor aerial gripping using a low-cost, custom-

built quadrotor is provided in [13], [14]. This research extends the typical functionality
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of micro air vehicles form passive observation to sensing and to dynamic interaction
with the environment. The system utilizes nested PID controllers for attitude stabi-
lization, vision-based navigation and gripping. This quadrotor (Figure 1.5) is able to

autonomously navigate, locate and grasp an object using only on-board sensors.

FIGURE 1.5: A quadrotor performing aerial gripping [13]

The authors in [15, 16, 17] considered the problem of controlling multiple quadrotor
robots that cooperatively grasp and transport a payload in three dimensions. Quadro-
tors are modeled (Figure 1.6) both individually and as a group rigidly attached to a
payload. Individual robot control laws which are proposed, are defined with respect
to the payload that stabilize the payload along three-dimensional trajectories. An
experimental study with teams of quadrotors cooperatively grasping, stabilizing and

transporting payloads along desired three-dimensional trajectories is presented below.

FIGURE 1.6: Four quadrotors carrying a payload

Another significant work with cooperative quadrotors throwing and catching a ball
with a net (Figure 1.7) is presented in [18]. Based on a first-principles model of
the net forces, nominal inputs for all involved vehicles are derived from arbitrary

target trajectories of the net. Two algorithms that generate open-loop trajectories for
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throwing and catching a ball are also introduced. The feasibility methods has been

validated in experimental in the ETH Arena.

F1GURE 1.7: Three quadrotors attached to a net [18]

A system for aerial manipulation composed of a helicopter platform and a fully actu-
ated seven DOF redundant industrial robotic arm (Figure 1.8) is introduced in [19, 20].
It is shown that the dynamic coupling between helicopter and arm can generate di-
verging oscillations with very slow frequency. An impedance controller approach is
proposed for the whole system. Flights experiments that have been done showed that

the system might be used in practically relevant tasks.

FIGURE 1.8: A helicopter equipped with a 7 DOF robotic arm in [19]

A novel dextrous hexrotor platform equipped with a 6 DOF end-effector (Figure 1.9)
for interaction with structures has been proposed in [21, 22, 23, 24]. This manipulator
can exert arbitrary wrenches in the 6 DOF force/torque space and provides the unique
capability of being able to resist any applied wrench, or generalized force/torque.
A thrust mapping based on decomposed net force/torque and a control system which

allows the pilot to control the position and the orientation separately has been derived.
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FIGURE 1.9: A novel dextrous hexrotor manipulator in [21]

A multi-body aerial manipulator composed of a hexarotor main body equipped with
a two-link manipulator with a low-cost gripper (Figure 1.10) has been studied in [25].
The proposed approach employed free-flying multi-body dynamics modelling and back-
stepping control to develop stabilizing control laws for a class of underactuated sys-
tems. Two control methods are developed: coordinate-based and coordinate-free which

are both generally applicable to aerial manipulation tasks.

" r |

FIGURE 1.10: A helicopter equipped with a two-link manipulator in [25]

A significant experiment using a quadrotor with a two DoF robotic arm (Figure 1.11)
can be found in [26]. By considering the quadrotor and the robot arm as a combined
system, the kinematic and dynamic models were developed and an adaptive sliding
mode controller was designed. With the controller, an autonomous flight experiment
was conducted including picking up and delivering an object, which requires accurate

control of the quadrotor and the robotic arm.
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FIGURE 1.11: A quadrotor with 2 DoF manipulator in [26]

In [27] the challenges in controlling a mobile manipulating UAV using a commercially
available aircraft with three light-weight each with 2-DoF robotic arms (Figure 1.12)
is investigated. Because of the overall instability of the rotorcraft, a motion capture
system was used to build an efficient autopilot. The results indicated that the proto-
type could be accurately modeled and controlled given significant disturbances when

both moving the manipulators and interacting with the ground.

FIGURE 1.12: A quadrotor with three 2-DoF robotic arms in [27]

Finally, theoretical results for modelling and controlling quadrotors equipped with
multi DoF robotic arms in order to interact with the environment can be found in
28, 29, 30, 31, 32].
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1.3 Problem Statement

In the framework of the development of a completely autonomous aerial manipula-
tion system, the main issues to be resolved are the mechanical design, the kinematic,
dynamic and static analysis, the control of the final system aiming to perform ad-
vanced manipulation tasks effectively and the final choice of the system’s mechanical

and hardware components.

The idea of the proposed novelty system was developed at Control Systems Lab on
National Technical University of Athens. The proposed system is fully integrated,
because is not considered as a commercial aerial robot equipped with an external
robotic arm, as many of proposed aerial manipulators in the bibliography introduced
above. The system is equipped with seven thrusters in optimal locations that can
produce maximum thrust force A\, = 28N , without aerodynamic interaction. The
mechanical design has been performed in a control-oriented way so that the final system

could be controllable and exact feedback linearizable.

The first engineering results of the project can be found in [1] where the mechanical
design of the system, which is the result of solving difficult optimization problems,
is presented along with an extended review of the suitable system components and
hardware. The aim of this thesis was to integrate the primary work with the final
pre-manufacturing stage. In this context, the first objective was to provide a well-
defined 3D geometry mechanism for the exact study of the motion of the system in
the 3D space. This was investigated by the extensive geometry analysis, the thrust
force redistribution among the seven actuators, the kinematic differential equations
of the end-effector and the dynamic/static force analysis needed for the final motion.
The following step was to design a high-level nonlinear controller that would provide
accurate trajectory tracking of the end-effector in arbitrary trajectories, by identifying
and taking into account the system geometry specifics. The controller should be able
to handle possible uncertainties, unmodeled dynamics, actuator failures, external and
environmental disturbances. Finally, simulations have been carried out in order to test
the performance of the system and to estimate if the proposed system was able to be

manufactured, which constituted the last objective.
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1.4 Thesis Structure

The rest of this thesis is organized as follows:

e In Chapter 2 a functional description of the proposed aerial robot, the main ideas
and principles, the primary work, the mechanical design process via optimiza-
tion problems and the components that are going to compose the system in the

manufacturing stage are discussed.

e In Chapter 3 an analysis is made on the Kinematics of the Aerial Manipulator. At
first, several reference frames and relative motions are defined and in the sequel
the kinematic tranformations and the basic assumptions are provided. Finally,
the differential kinematics equation is derived along with the time derivative of

Jacobian.

e In Chapter 4 a mathematical model that captures the proposed system dynamics
and govern the behavior of the system is derived with well-known Newton -
Euler formalism. All matrices that compose the dynamic analysis are presented
explanatory and in the end of the Chapter a static model for the system in

interaction with the environment is provided.

e In Chapter 5 the nonlinear model of the system is analyzed with nonlinear con-
trol theory tools. Controllability conditions, system’s relative degree computa-
tion and feedback linearizability conditions are provided. Based on this highly
nonlinear model a robust adaptive backstepping control law is designed tak-
ing into account the modelling errors, the unmodeled dynamics, the actuator
failures, the external and environmental disturbances. The stability proofs are

extensively provided.

e In Chapter 6 the performance of the developed kinematic, the dynamic and
the controller design analysis is demonstrated through a series of simulation
in MATLAB where various aerial manipulation tasks scenarios are considered.
MATLAB Figures and animation videos are used for illustrative purposes in

order to show the motion of the system and the controller effectiveness.

e Finally, in Chapter 7 an overall description of this work is presented. Moreover,
the conclusions of the thesis are summarized and possible suggestions and future

directions are provided.



Chapter 2

Mechanical Design

2.1 Introduction

The overall description of the Aerial Manipulator was based on the idea of designing
an aerial robot composed of a set number n of similar thrusters and an end-effector in
order to interact with objects in the environment. the exact geometry of the structure
will be the result of the analysis in this section. The aforementioned mechanical design

process is extensively presented in the primary work thesis [1].

2.2 Principles of the Problem

Initially, we will define the Body-Fixed frame Fg = {Zp,9p, 25} and End-Effector
frame Fp = {Zg, g, Zr}. These frames are attached to the rigid body of the aerial ma-
nipulator as in Figure 2.1. The vectors 7, 7. € R? denote the position of each thruster
and the position of end-effector respectively with reference to the Body frame. The
thruster orientations are given by a unit vector F e R3, i = 1,...,n, the corresponding
thrust forces are defined as A; and the propulsion vectors are given by \; Fl In the rest
of the analysis, all forces ant torques acting to the system can be expressed in Body-
Fixed frame. At this point, it is assumed that the total system is considered to be a
rigid body and without loss of generality the End-Effector frame and the Body frame
have the same orientation. Thus, for the actuation force applying to the end-effector
is

Fact‘B = lact|p € R? (2.1)

10
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| » denote the expression to frames Fp, Fi; respectively. The corresponding

actuation torque is obtained via the formula

where | B

TactlB = Tact}E + 7o X fe (22)

where
Tact‘E =rX fe (23>

is the torque produced by the end-effector. The terms r, f, are the displacement vector

(length of the lever arm) and the vector force that tends to rotate a gripped object

L ALF
., X S
Thruster 3'; !
Frame

i=t,..6a i F

from the end-effector.

FB
Body-Fixed

Earth-Fixed : Frame
Frame
X,
Xg
End-Effector
Frame

“E

F1cURE 2.1: Aerial Manipulator Configuration Frame System

2.3 Forces and Torques

The forces transmitted essentially through the end-effector are written as

> N F)+ W = Fual,, (2.4)
i=1
where W € R3 is the vector that correspond to the total weight of the system. The
weight can be separated as w, = W —n w where w € R3 is the weight of each thruster.
The separation of weights is made so as to define the necessary number (n) of thrusters

in the rest of analysis. Using the previous result and modifying the (2.4) in matrix
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form we conclude that

FAX+nw+ws = aCt}B (2.5)
where
\ = [)\1 )\n]T c R» (2.6)
F= [ﬁl An]f e R3X" (2.7)
Using the matrix
F:Fact‘B—nw—ws (2.8)

the equation (2.5) can be written as

FA=F (2.9)
Similarly, the torque produced from each thruster is

using the well-known skew-symmetric matrix S(-) € R3*3 such that a x b = S(a) b
for the cross-product x and any vectors a,b € R3 (explanatory properties of skew-
symmetric matrices will be discussed in Chapter 3). The torque due to the weight can

be calculated as

Tw=rgx W= Zri XW+Ts X wg = ZS(Ti)W+S<Ts)wS
i=1 i=1

where r¢ is the center of gravity of the system and r, is the center of gravity of the total
system when omitting the mass of each thruster. The reaction torque of each thruster
is 7; = pu (A F}) where y is a coefficient that represents the relationship between the
thrust force and the reaction torque [33]. Therefore, combining all torques the following

equation holds

zn: {)\i S(ri) Fz} + 1 z": </\i E) +§:S(r,~) w+ S(rs) ws = Toet|

1= 1=

o Xn: {n St By +u F A+ Xn: S(ri) w+ S(ry) wy = Toa,
=1 =1

& Z {)\i S(r;) ]:1} +u F+ Zn:S(ri) w+ S(rs) wy = T (2.11)
i=1 =1
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Using the matrices
= [rl rn]T e R¥*" (2.12)
E(r,F) = |S(r) By -+ S(r,) F,| € R (2.13)
in (2.11) we get
FA=F
_ L (2.14)
EX=Tou|z— 1 F—ZS(H‘) w — S(rs) ws
i=1
Defining the transformation matrix from actuator space to end-effector space
D(r,F) = € RO*" (2.15)
E(r, F)
from the system (2.14) it is implied that
D(r,F) A\ =Wg (2.16)
where the augmented wrench vector W5r € R® is given by
F
Wg = _ _ 2.17
f Tact‘B — puF — Z S(ri)w — S(rs)ws (2.17)
i=1

2.4 Negative Thrust Forces

It is clear that when solving the (2.16), the matrix that corresponds to the propulsion

effort \ can obtain any value in R%. However, the thrusters are optimally designed to

produce thrust force towards a specific direction, which we set to correspond to the

positive values of )\;. In order to alleviate the problem of negative thrust forces \;, a

conservative solution is adopted in this analysis, which will be based on the idea of

introducing one additional thruster. Thus, (2.16) is rewritten as

=1

(2.18)
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where
D(r, F) = [tl tn} (2.19)

€ R® (2.20)

forall e =1,...,n. The vector

n n - —Z 4 A
1=1 =1 S(T'L) E — Z {S(TZ)FZ} S(Ta>Fa

=1

that corresponds to the additional thruster is introduced. Using (2.21) the position

vector r, and the direction Fa of the new thruster should satisfy the equations

P =— i E (2.22)
S(Fa) ra ==Y {S(F) i} (2.23)

=1

If we assume at this point, that (2.16) results in some negative thrust forces then the

set
O'N:{ki)\k<0,/{7:1,...,6} (224)

denote the indexes for every negative thrust force and
op=1{1,2,3,4,5,6} —on (2.25)
the corresponding set of positive thrust forces. Noticing that
M <0& (=X) >0, Vk€oy (2.26)

the equation (2.18) can be separated in

DAt > Aty =Wg

i€op k€on

S Y Nt Y (=) (—tk) =Wg (2.27)

i€op k€on
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Now, from (2.21) the following can be exported
DS SR 3
i=1 i€op JjE€on
=Y ti=tat > 1 (2.28)
JjEoN i€op
It is obvious that
— Y ti=—t— Y t;, Vkecoy (2.29)
JjEoN jeEon
J?HC
Combining (2.28), (2.29) we obtain
—tk:ta+2ti+2t]~,‘v’k3€m\f (2.30)
i€Eop JjEON
J7#k
Substituting (2.30) in (2.27) we have
Sontit T M) [t Tt o] =w
1€Eop k€on 1ETp JEON
ik
DoXitit D (M) tat Y (=) D tit Y {(—)\k) th] =Wr (2.31)
1€op k€on k€on 1€Eop k€on JjEoN
J7#k
It is known from basic mathematical summing properties that
NESHWED B PUEHI 2
k€on i€op i€op “k€on
SIS AL D NI 239
k€on JjEON k€on -jEoN
i#k 7k
Thus, the (2.31) by combining (2.32) and (2.33) can be written as
S o S en]ar D[ E e ok | Sew]u-we @

k€on -jEon k€on

J#k

i€op keon
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Defining

A= (M) >0 (2.35)

k€on

Er=)Y (=X)>0 (2.36)

J#k

and substituting it in (2.34) it finally yields

ST (N+A) i+ Y Bty + Aty =Wp (2.37)

i€op k€on

From (2.37) the thruster redistribution among all thrusters after adding the new
thruster is provided. It has been proven that the issue of negative thrust forces can be
alleviated by adding one extra thruster. This equation can be better analysed in Fig-
ure 2.2 in which the thrust redistribution algorithm is depicted. The variables X', X}, A}
denote the initial thrust forces and the other the thrust force after redistribution, plus
the additional thrust force A,. The X, V i € op denote the initially non-negative
thrust forces and the A, V k € oxn denote the initially negative thrust forces. This
means that at every time, six thrust forces (not necessary all positive) are equivalent

with seven thrust forces, all positive with redistributed thrust forces as in (2.37).

AeR 1 1 Avies, | *E8

—_—l N
Av—E.Vkeo, | 0<a<a

j=1....6.a
A=A

FIGURE 2.2: Thrust Force Equivalence

In order better understand the thrust force redistribution algorithm, an example will
be given. Let’s assume at in an arbitrary time t, > 0, the system needs actuation

thrust forces

i (ts) -8
Ay (ts) 7
(A —
f’( ) = ’ [Newton]
N, (ts) 3
>‘/5(t8) —4
_)\g(ts)_ | 5 |
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Then the sets op, oy can be easily derived from (2.24), (2.25) as op = {2,4,6}, oy =
{1,3,5}. The A is given by A = —(—8) — (=5) — (—4) = 17. Hence, after the

redistribution algorithm the new thrusts are

v [9

Ny (ts) 24

Ni)| |12

N,(t)| = [20]| [Newton]
x| |13

)| |22

EXOSI Ity

Closing the issue of the negative thrust forces, the additional thruster reforms the
(2.12), (2.17) into

F= Fact|B —(n+1) w—w, (2.38)
F
Wg = ] (2.39)
Tact‘B —pu F— ZS(”) w— S(rs) ws
i=1

where here after n is added the additional thruster for changing the total weight of
the system.

2.5 Aerodynamic Interaction

At this point, the aerodynamic interaction between the operating thrusters is investi-
gated. The aerodynamic effects produced by each thruster are based on experiments
that took place in Control Systems Lab NTUA on a 8 x 4.7SF APC propeller ac-
companied with the Neu Motor NEU 1902/2Y - 2035 motor, which produces at 17550
rpm, Apax = 28N thrust force. The surface, corresponding to every thruster, that
approximates these effects is a third order equation in (SI). By expressing this surface

/

to body attached thruster coordination frame Fr, = {Z]

o
VUL 2 i =1,...,6,a we get

—0.06 <z, < 0.91
()2 + ()% < [-1.11(2})3 + 1.56(2)% — 0.31(x}) + 0.11]°

(2

(2.40)
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Hence, the aerodynamic effects of the air flow throughout the rotor are extended from
x = —0.06m to x = 0.91m and x axis shows the length of the aerodynamic effect of
the exit flow. In order to understand this one should consider the rotor/blade to be
positioned at x = 0. On the other side, y axis shows the distance of the effect measured
from the rotation axis of the blade, where at position x = 0, y = 0.102m (SI) is the

blade radius in approximation (because the existence of an offset).

The description of an arbitrary point p = [x y z]” expressed in Fp and the correspond-

ing pi = [x} y. 2]]” expressed in Fr,, can be linked by an equation

FT- ~ Vi
p =A{TRg, (r:, F})} p; (2.41)

A

where TR?;Z' (r;, F}) is the appropriate homogeneous frame transformation correspond-
ing to the translation and orientation vectors (r;, F,) By combining the coordinates
transformation equation with the constraints (2.40), a set of constraints that can be
described in matrix form as G(r;, F’i, p) < 0, is produced. The distance between two
such volumes i, j can defined and evaluated via the optimization problem (P;) of Table

2.1.

dij(ri, Fi, vy, Fy) = min||p; — py|

isPj

dijZEQ, Vi,j:1,2,...,n704

(F2) dy>Ro, Vi=1,2....na
Fa:_ZE
=1
S(EF)ra==Y_ S(E)r
=1
1<k(D)<K

TABLE 2.1: Optimization Problems

2.6 Design Problem

Given a particular structure defined by the matrices (r, F'), for a set of required

actuation forces and torques (Fact‘ = Tact| E) it is necessary to find the associates levels
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of the thrust forces \;. Since Wx € RO in order for (2.16) to have a solution for
A € R™, the conditions {rank(D(r, F)) = 6,n > 6} are required. The rank condition
is adequate from a strict mathematical perspective but from a practical point of view,
since the (2.16) leads to the thrust forces values A € R” the sought solutions should not

be very sensitive to small deviations. This is partially achieved by using the condition

number (D)
Omax (D

D)= "2 2.42

r(D) (D) (2.42)

where o(D) = \/eig(D"D) are the singular values of matrix D, eig(-) denotes the

eigenvalues of a matrix and oy (D), Omin(D) are the maximum and minimum singular
values of matrix D respectively. Thus, a low condition number x(D) > 1 is required
[34]. Although the condition number is bounded to to take feasible values (not equal
to zero/infinity) when o(D) — 0 , the matrix D(r, F) might be ill-conditioned and
the determinate close to zero (det(D(r, F')) =~ 0). Thus, o(D) > € > 0. Furthermore,
as it is referred, to avoid fan interaction an other constraint is d;;(r;, F’i, Tj E i) > € >
0 Vi,j = 1,2,...,n,a. Note that in resemblance to (P;), it should be introduced
to the design problem the position r. as the avoidance between a sphere, (with R,
radius) that encloses the end-effector, and thrusters. This sphere when expressed to
body attached end-effector coordination frame Fp is given by

(22)* + (yo)* + (20)° < Re (2.43)
in correspondence to (2.40). Therefore, de;(re,7) > Re >0 Vi=1,2,...,n,a. An
optimization is also needed to minimize the volume of the system, which is translated
with the norm function of the form: J(r) = ||r||o. Taking all these into account, the
design problem is essentially recast to the optimization problem (P) from Table 2.1

where the optimization parameters are chosenas K =5, ¢; = 1072, e = 1072 m, R, =
1072 m.

2.7 Solving the Optimization Problem

Notice that when solving the optimization problem (P;) each time should be solved
the inside optimization (P;). But the number of thrusters is seven and in that way the
total number of distances to be calculated is twenty one plus seven between the end-
effector. The decision variables of the optimization problem will be 45 corresponding
to seven position vectors and to seven directional vectors of each thruster and one

position vector of the end-effector. That entails the necessity of solving twenty one
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optimization problems for each evaluation of the outside problem (P,). Although the
problem () has smooth objective function the inequality constraints are nonsmooth,

nonlinear and discontinuous.

More specifically, the inside optimization problem that refers to the avoidance of the
fan interaction is smooth but in terms of the outside (F,) is nonsmooth and nonlinear.
This inside problem has one and only one minimum according to the inputs and that
minimum is global. Moreover, both the objective function and the constraints of the
problem are continuous. Therefore, it was solved with active-set strategy [35],[36] by

using appropriate rotation and transformation matrices.

Since the design problem (P,) has nonsmooth, discontinuous and nonlinear inequality
constraints, it is used a non-gradient-based methodology that searches disjoint feasi-
ble regions. Therefore, for the pre search of the design space was chosen the Latin
Hypercube (LHS) [37]. This ensures that the points are distributes throughout the
search space, and Latin hypercube sampling is known to provide better coverage than
simple random sampling, [38]. Following this was used a direct search algorithm called
Generalized Pattern Search (GPS) [39],[40].

The thrust force () and momentum (Q) can be computed from [41],[42] as

=7p Co R® 2
©=mr -2 R, (2.44)
A=mp C\ R* Q? O

where the term g—f R corresponds to the p coefficient, R is the radius of the rotor and
p,§ are the air density and the rotational speed of the rotor respectively. By applying
a combination of Blade Element Theory [42] and Momentum Theory [33] and using
modified versions proposed in [41], it was calculated in experiments held on CSL for

the APC propeller that
Cy = 0.008,Cq = 0.0095, 1 = 0.1473, R = 0124m (2.45)

Consequently, by solving the optimization, with the results depicted in Table 2.2, the
D(r, F') resulted as a full ranked matrix. For this solution of (F%), all the constraints
were satisfied and produced results that correspond to a low volume body structure
with condition number (D) = 3.36. The above raised solution will be the one with
which will be evaluated the actuating force and torque the Aerial Manipulator is ca-
pable to apply for the specific match of motor and propeller. Therefore, by using the

above values and inserting the preferable actuating forces and torques (Fact{ = Tact’ E)
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the matrix Wg can be determined. Moreover, by using the (2.16) the propulsion effort
A can be identified since the matrix D(r, F') is invertible. In that way, the maximum
thrust force and torque the proposed system can apply are approximately Ay.x = 28N
and 3Nm respectively. The values of the components, proposed for the Aerial Manip-
ulator are: the motor and propeller 0.12 kg, the frame 0.66 kg, the battery 0.25 kg and
the electronic components 0.15 kg. Therefore, the total mass of the proposed system
is m = 1.90 kg and the production of a carefully studied framework was achieved by
using 3D CAD package (Solidworks) shown in Figures 2.3,2.4,2.5 and 2.6 based on
which the mass and geometry properties of the table 2.2 have been evaluated. Some

the parameters that are depicted in 2.2 will be introduced in the next Chapters.

FIGURE 2.3: Aerial Manipulator 3D caption of the framework (1)

FIGURE 2.4: Aerial Manipulator 3D caption of the framework (2)
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FIGURE 2.5: Aerial Manipulator 3D caption of the framework (3)

FIGURE 2.6: Aerial Manipulator 3D caption of the framework (4)
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ParametersH Description H Value H Units ‘
m Total Mass 1.90 kg
Rest of
Ms Structure Mass 1.06 kg
Mipy Thruster Mass 0.12 kg
Moment of 0.3488 0.0683 —0.0457 9
Ia i 0.0683 0.1588 0.0144 ] kg m
Inertia Tensor —0.0457 0.0144 0.4081
Center of R
ra Gravity Position [0.0737 0.0083 — 0.0781] m
re End-Effector [—0.23 — 0.15 0.23] m
Position
Rest of
ry Structure 0.1267 — 0.0052 —0.1900]" | m
Center of
Gravity
Structure Total 3
J(r) Volume 1.80018 m
Radius of the
R Rotor 0.124 m
Gravitational 9
g Acceleration 9.81 m/s
ry =[0.43 —0.15 —0.44]"
ro = [0.08 —0.22 —0.14]"
rs=[0.1 —0.9—-0.2]"
i Thruster ry = [~0.34 0.25 0.006)" "
Positions
rs = [0.184 0.359 — 0.254]"
re = [—0.22 —0.44 —0.04]
r; =[0.51 0.79 — 0.06]"
F; =1[0.08 0.39 0.92]"
Fy =[-0.33 —0.90 0.29]
) Fy;=10.13 —0.87 —0.48]"
F; Thruster ~
Orientations F; =10.56 0.08 0.82]
F5=10.83 0.11 —0.55]"
Fs =[-0.66 0.57 —0.49]"
F; =[-0.59 0.62 — 0.51]"

TABLE 2.2: Aerial Manipulator Parameters



Chapter 3

Kinematic Analysis

3.1 Introduction

In this chapter the differential kinematic analysis of the proposed aerial manipulator
system is provided. It is divided into two parts. The first part deals with the differ-
ential kinematic analysis of the system rigid body, and the second one deals with the
kinematic equations of end-effector of the manipulator. In order to analyze the motion
of the proposed system, several reference frames need to be defined. As in all problems
in robotics, various quantities are represented in different coordinate frames and there

is the need for transformation of them between frames.

3.2 Deriving the Kinematic Equations of the Rigid
Body

The aerial manipulator is consisted of the main body, which is assumed to be rigid
and the end-effector which provides the contact between the robot system and the
environment. The end-effector is rigidly connected to the main body with a link and
there are no extra joints. This means that end-effector does not increase the system’s
Degrees of Freedom (DOF). The analytical mechanical design process of the system
was given in previous chapter. The goal here is to derive the kinematic equations for

the motion of the system in 3D task space.

Consider the structure in Figure 2.1 of the proposed aerial manipulator system with

reference frames. An aerial manipulator moves in six degrees of freedom (DOF). Thus,

24
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to describe its motion, we need to consider three coordinates to define translations and
three coordinates to define the orientation. These coordinates are defined using two
types of reference frames: the Earth-fixed frame and the Body-Fixed frame. In this
chapter, the derivation of the body’s motion and velocity transformations are provided.
Forces and torques that are produced by the thrusters and gravitational forces will be
used in dynamic model. They do not affect the kinematic model. The basic ideas for
the analysis in this chapter are discussed in [43], [44], [45]. The goal is to correlate the
linear and angular velocity of Body-Fixed frame with the derivatives of position and
orientation of the Inertial frame. This correlation is well-known from the robotics as

the Analytical Jacobian Matrix [46].

Due to the fact that there are several types of relative positions, orientations and

velocities, a strict mathematical formulation will be provided.
To begin the kinematic analysis, first are defined the system reference frames.

e The frame

Fy={%a 9a Za} (3.1)

is the Earth-Fixed frame which is assumed to be an Inertial frame. The origin a of
frame F4 is any convenient point on the Earth. We assume that the system moves in
near-Earth gravity and the effect of gravity is uniform over the system, thus center of
mass coincides with the center of gravity G. It is also well-known in literature as the

generalized earth coordination system.

e The moving frame

FB:{QA:B Z)B 23} (3-2)

is conveniently fixed to the body and is called Body-Fixed reference frame. Its origin
is the point b and rotates according to the rotation of the rigid body. Note that point
b is not coincided with the center of gravity (it is useful for the dynamic analysis in the
next chapter). The orientation of the rigid body is defined by the orientation of the
Body-Fixed frame. The position and orientation of the flying manipulator should be
described relative to the Inertial reference frame F4 while linear and angular velocity
of the body should be expressed in the body-fixed coordinate system. In this point,
it should be mentioned that the reader should not be confused by the term “resolving
a vector to a frame”. This term is the same as the bibliographically well-known term

“the vector is expressed”.

Let p € R3
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be the position vector of frame F'g relative to the Inertial frame F4, resolved in frame
F,. The vector p € R? is the linear velocity of Fz relative to F4 with respect to Fy,

resolved in frame F. The vector v € R? is defined as
v=1[v, v, v (3.4)

as the linear velocity of Fg relative to F4 with respect to Fa, resolved in the body-
fixed frame Fj. The vector © € R3 is the linear acceleration of Fj relative to F4 with

respect to Fy, resolved in the body-fixed frame Fj.

The Body-Fixed frame is related to the Inertial frame by a ¢ — 6 — ¢ Euler angle
rotation sequence applied to the Inertial frame. The term Euler angles refers to the
angles of rotation v, 8, ¢ needed to go from one coordinate system to another using the
specific sequence of rotations Yaw, Pitch, Roll. These operations yield two intermediate

frames, namely

FA’ = {QA’,‘A/ :I;A/ ZA’A/} (35)
FA” = {JA;A” QAN 214”} (36)

for the rotation from frame F'4 to Fg. Therefore, the overal rotations are
P 0 ¢
FA—A>FA’—A>FA”—A>FB (37)
z Y T
It is generally satisfied for Euler angles that

Vs T
—<0< =
2 2

(3.8)

Assumption (3.8) is totally crucial for the rest of the work and will be used many
times. This assumption can be likewise found in publications [47], [48]. Let now define

O cR3
O=[¢ 0 Y (3.9)

as the Euler angles vector of frame Fg relative to the Inertial frame F4. The vector

© € R? is the angular velocity of Fjy relative to Fy4, resolved in the frame F.
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The orientation matrices corresponding to the three rotations are given by

1 0 0
Opjar = O1(¢) = [0 ¢y 84| € SO(3) (3.10)
0 —S¢ C¢
Co 0 —Sp
Oy =0:(0)= |0 1 0 | €50(3) (3.11)
S 0 Cy
Cy Sy 0
Ownya=03(1h) = | =sy ¢y 0] € 50(3) (3.12)
0 0 1
where
SO(n) ={ReR™": R R =I,,det(R) = +1} (3.13)

is the set of all orthogonal matrices with determinant equal to 1 or -1. Therefore, using
formulas (3.10)-(3.12), the orientation of the frame F,4 relative to the frame Fz can be

calculated as

Oasp = [Opa]”
(O Oaoin O]
= [01(¢) O2(0) O3(¢)]"

Co Cyp S¢ So Cyp — Syp Cp Sp Cy C¢+8¢ Sy
= |8y Co 5¢565y T CyCyp  Sg Sy Cp — S¢ Cyp (3.14)

—Sp S¢ Co Co Co

It is defined the Jacobian transformation matrix J;(©) € R3*3 expressing the trans-

formation from the Body-Fixed frame Fz to the Inertial frame F4 as
Ji(©) = Ou/B (3.15)

This matrix is useful for transforming vectors from frame Fp to F4 and is usually

denoted in bibliography as 4 Rp.

We define now the position vector of point b relative to point a as

T_’)b/a:sz—l-yjA-i—Zl%A (316)
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For the time derivative of the unit vectors Z 4,34, 24 with reference to frame F) it
holds that
Ae Ae Ae
Ta=9Ya=24=0 (3.17)
since the frame vectors of F4 are constant with respect to this frame. Differentiating
(3.16) with respect to frame F4 we have
Ae Ae Ae Ae

Fb/a = ﬁb/a/A = pa: Ta + Dz Ta +py ,@A +py QA +pz ZaA + D ZaA
= px '%A +py gA +pz 'QA (318)

and resolving in frame F4 leads to

Ae
7 b/a =p=[t ¢ 2 (3.19)
A

= Up/ajA
A

Using now the definition (3.4) of the vector v we have
UbjajA = Vg TB + Uy Yp + V. 2B (3.20)
and thus 7/, 4 resolved in body-fixed frame is given by

Upjajal =z vy, 0] =w (3.21)

On the other hand, if 7,/,/4 is resolved in frame F4 and using the basic formula

(3.22)
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for any arbitrary vector Z from [45], we get

Ijb/a/A = Ug j:B +vy Z)B +v, éB
A A A A
=v; Op/p TB| +vy O/ Y| +v. Oa/B 2B
B B B
=v; Og/p €1 +vy Oy p €2 +v, Oyyp €3
:OA/B (UI 61—|—Uy €2+Uz 63)
Vg 0 0
= Ou/B O+ oyl +10
0 0 U,
/U$
=0u/ |vy
Vy
T Uy
= |y| =Ou |v, (3.23)
z v,

where e; = [100]",e2 = [010]" and e3 = [0 0 1]". Now, by substituting (3.15) in
(3.23) the following transformation holds

T Uy
gl =7(©) |v, (3.24)
(%

which denotes the relationship between Earth-Fixed and Body-Fixed linear velocities
of the rigid body of the proposed aerial system and can be represented in a more

compact form as

p=J(O) v (3.25)

It should be noted that, any vector in Body-Fixed frame can be expressed in the
corresponding Inertial frame with transformation J;(©). Now, as regards the rigid

body’s rotation motion, we define w € R?
w=lwe wy w] (3.26)

as the angular velocity of Fg relative to F)4 resolved in the body-fixed frame Fg. The
vector w € R3 is the angular acceleration of Fp relative to F4. It is known that (see

[45]) if 7 is a unit vector in the direction of the rotation, then the angular velocity is
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given by
W=1xn (3.27)

for an arbitrary angle . The angular velocity can be easily related to the derivatives

of Euler angles. For a v — 6 — ¢ angle rotation we have the sequence of rotations

Fao—2 Fay = Gapa =1 Su (3.28)
k4

FA/ i> FA// < CUA///A/ = 9 QA” (329)
Yar

Fan -5 F <= Gpjar = ¢ i (3.30)
B

Using the addition theorem for angular velocities and formulas (3.28)-(3.30), the an-

gular velocity of frame Fp relative to F)4 is given by

Wp/A = @gjar + @anja + Darya

:¢‘§:B+HQA”+¢ ZA'A/ (331)

Using the orientation matrices from equations (3.10)-(3.12) the unit vectors of frames

Fy, Fyr and Fpg are related by the transformations

i‘B i’A//
Jp | = 01(9) | Gan
éB ZA/A//
flAjA// iIAZ'B 1 0 0 :i'B
= |jar | =01 |G| = |0 ¢5 —s4| |UB (3.32)
'%A” 23 0 S¢ C¢ 23
and
,fjA// ,@A/
jar | = 0:0) | v
2[4// ,’/E’A/
ji‘A/ —j\'/‘A//- i’B
<= | gar | =[0200)]" |gar | =[0200)]" [O1()]" |
2/:’14/ 2A// é}B

Co S¢pSe  SyCo B
=10 ¢ —ss| |UB (3.33)

—S0 S¢Chp  CyCh 2B
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Substituting (3.32), (3.33) in (3.31) the following equation
Gp/a =0 ip+0 [ch U — 54 28]
+ ¢ [_50 Ip+ S¢Co QB + cpco 23]
= [Qg—se TP] Tp+ [C¢9+S¢Ce w] Yn
+ [C¢Ca ¢ — S¢ 6‘:| ZA’B (334)
is obtained. Resolving (3.34) in frame Fp yields
b — s 1) 1 0 —so| |0
LUB/A == C¢ 0—|— S¢Cg 77/) - 0 C¢ 8¢09 0 (335)
B - : :
CoCo Y — 54 0 0 —s4 cyco
By the definition (3.26) of the vector w we have
Opjal =w=|w, wy, w,] (3.36)
B
Comparing equations (3.35), (3.36) we have
Wy 1 0 —sg (/5
wyl =10 ¢y spco| |6 (3.37)
W, 0 —s4 cyco Y
Now by computing the inverse matrix we get
<;'5 1 s4ty coto| |wa
0l =10 ¢y —so| |wy (3.38)
] [ I I [
This relationship can be represented in compact form as
0=J(0)w (3.39)
where J,.(©) € R*3 is denoted as
1 S¢ t,g Co tg
J(0)= 10 ¢ —s (3.40)
0 S G

Co Co
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Collecting the equations (3.15), (3.40) in 6 dimensional matrix forms we have the

kinematic differential model for the rigid body of the proposed system

J(©) Osxs)
Oxs)  Jr(O)

g

Jo(©)

p

=g

W

U] (3.41)

where ¢ € R® is the augmented position and orientation vector expressed in Earth-
Fixed frame. Matrix J;(0) € SO(3) transforms a vector from the Body-Fixed frame
to the Inertial coordination and the matrix J,.(©) € R3*3 denotes the relation in the
rate of change of the Euler-Angles and the Body-Fixed angular velocities of the rigid
body of the proposed system. If needed the overall analytic form, this is

Z e Cyp Sp S0 Cy — Sy Cp 89 Cy Cy + 845y 0 0 0 Vg

y' Sy Co S¢pS0Sy + CopCy Sg Sy Cp — S Cy 0 0 0 Uy

Z" —Sg 3¢ Co C¢ Cy O 0 0 U, (3 42)
ol | O 0 0 1 sety coto| |w, ‘

é 0 0 0 0 Co —S¢ Wy

. S¢ Co
" 0 0 0 0 2 2,
L L Co Cop L

One issue that is general confused in bibliography is that the vector © = [ 0 ]
is the time derivative (rate of change) of Euler angles, not the angular velocity of the
body with reference to to Inertial frame. In order to find the relation between the time
derivative of Euler angles and the angular velocity expressed in Inertial we can apply

the following procedure.

Using transformation (3.25) obviously the angular velocity in Body-Fixed and Inertial

frame respectively is given by the relation

= Ji(©) Jp/a
A

WwB/A

B

= Jt(®) w (343)

<:>CUB/A

By computing the inverse transformation from equation (3.39) the following equation
holds
w=(J(O)" 6 (3.44)
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Combining the previous equations (3.43), (3.44) we have

Wp/a o 1(©) (J.(0)" ©

& 0= (J,(0) (Jr(@))_l)_1 Wp/a

A
©0=(/(0)" (1(©)" dpa )
& 0=J.(0) (J(0)" s ) (3.45)
The matrix J;(0) € SO(3) is orthogonal, hence
J71(0) = J7 () (3.46)
Therefore, combining equations (3.45), (3.46) finally results in
O =J,.(0) (J(O))" &p/a (3.47)

A

The last equation denotes the transformation between the rate of change of Euler
angles and the angular velocity of the body expressed in Earth-Fixed frame, terms

that are confused in many books.

3.3 Deriving the Kinematic Equations of the End-
Effector

The tasks for the proposed manipulation system require the knowledge of the absolute
position and orientation of end-effector with reference to the Earth-Fixed frame. The
aim here is to correlate the velocities of end-effector in Cartesian R® space with the

translational and angular velocity of the rigid body. To begin with, let
Fr={%g 9r Zg} (3.48)
be a frame that is attached to the end-effector. The vector r. € R? is defined as

re =|[r

e Ty T =T (3.49)
B



Chapter 3 Kinematic Analysis 34

as the position of the end-effector point e with reference to the point b, expressed in

Body-Fixed frame. Let p, € R?

Pe=[Te Ye 2 (3.50)

be the position vector of end-effector relative to the Inertial frame F4, resolved in
frame Fy. The vector p. € R? is the linear velocity of Fy relative to Fy, resolved in
frame F4. The Euler angles vector ©, = [¢ 0 ¢|” € R3 of frame Fp relative to the
Inertial frame F'4 and the vector @e € R? as the angular velocity of Fj relative to Fy,

resolved in the frame Fy are also defined.

In the rest of the thesis the issue of skew-symmetric matrix S(-) will be used several
times. Skew-symmetric matrices are very important for 3D Kinematic and Dynamic
analysis. These properties will be crucial in this thesis, therefore the main properties

are presented below. We define the skew-symmetric matrix

0 —w, wy
Sw)=1|w, 0 —w.|,5€8553) (3.51)
—Wy Wy 0

for all arbitrary vectors w = [w, w, w,]” € R® where
SS(n) = {RER™:R=—R") (3.52)

is the set of all skew-symmetric matrices. The basic properties of skew-symmetric

matrices are

e Any cross product can be written in matrix form as

w1 X Wy = S(CL)1> Wy = —S(WQ) Wi, W w1, wWs € Rg (353)

e The determinant of a skew-symmetric matrix follows the formula

det(S) =0, V S € SS(3) (3.54)

e Multiplication with rotation matrices

S(Rw)=R S(w) R™, VS €8S(3),VReSOB3), YweR? (3.55)
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Continuing the previous analysis, the position of Fg with respect to F)4 is given by
Fe/a = Fb/a + Fe/b (356)
Resoling in frame F4 the following equations hold

= ﬁ/a +Fe/b

A

Te/a

A

S pe=p+O0a/B Tep
B

< Pe :p+OA/B Te
& pe=p+Ji(O) 1e (3.57)

Differentiating (3.57) and using the basic formula J,(©) = J,(©) S(w) from [47] we

have

Pe =P+ Ji(©) re+ Ji(0) i
= J,(©) v+ Ji(O) e + Jy(0) 7.
= Jiy(©) v+ Jy(O) S(w) re + Ji(0) 7.
Ji(©) v — J,(0) S(re) w+ Jy(0) 7. (3.58)

It should be noted here that the end-effector is not moving with reference to the rigid
body because of there are no extra joints between end-effector and the rigid body. Two
points attached to rigid body remain fixed with respect to each other for all ¢ > 0.
Thus, a relative motion between the end-effector and the rigid-body does not exist.

Invoking this result, we have that the vector r,. is constant in time i.e.
7e =0 (3.59)
and the angular velocity of frame Fg relative to Fg is
Wg/p =0 (3.60)
The equation (3.58) is modified as

Pe = Ji(©) v — Jy(O) S(re) w (3.61)
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The angular velocity of frame F relative to Fy is given by

Wp/a = @p/B + Wp/a = Wpja (3.62)

Resolving in frame Fp we get

= w (3.63)

= WpB/A
B

WE/A

Using the corresponding transformation (3.39) for the end-effector it holds that

96 = Jr((ae) (DE/A

E

= J.(0.) Op/p Gg/a

B
= JT(GQ) OE/B w (364)

As mentioned in Chapter 2 the Body-Fixed and the End-Effector frame have the same

orientation with reference to the Inertial frame. Thus,

Og/p = Is (3.65)
0. =06 (3.66)

where I3 is the 3 x 3 identity matrix and the (3.64) is modified as
O. = J,(0,) Op/p w0 =J,(0)w (3.67)

Combining the last result with equation (3.61) it eventually follows that

H (3.68)

where &, € R p = [z, y. 2.]” € R? denotes the position of the end-effector expressed in

Ji(©) —J(©) S(re)
O(3x3) J-(©)

g

Je(©)

Pe

ge: @

the Earth-Fixed frame, r. is the position of end-effector with reference to Body-Fixed
frame. Equation (3.68) is the total differential kinematic equation of the proposed
system and the main objective of the chapter is achieved. The Jacobian matrix of the
system is given by

[h©) —5(0) S(r)

J.(©
© O(3x3) J:(©)

(3.69)



Chapter 3 Kinematic Analysis 37

where

- Jt(g) S(Te) =

ry (8¢5 + Ccpcysg) +1E(cysy — Cpsesg)  Ticyco —TE(545y + Cpcyse)  —TE(CySy — CypSpSe) — T‘ngCQ)
= —rg(cw%, — CySy8e) — TE(CpCy + 5¢5y5e)  TE(CySe — CySySe) +Ticosy rZ(cpCy + 5¢5y50) — rdcysy
re¥cypco —1ricese —TZ8g — TeCyCo rdsg + TeCoSe

(3.70)

The Jacobian transformation matrix J.(0) € R%*0 relates in a straightforward way
the linear velocity p. and the rate of change in the Euler Angles © of the end-effector

expressed in F4 with the Body-Fixed velocities v, w.

3.4 Kinematic Singularities

During the kinematic analysis in this section there are transformations that need to
be invertible due to inverse kinematic processes and the control of the structure that
is introduced in Chapter 6. Thus, transformation matrices J;(0), J.(0), J,(©) and
J¢(©) in equations (3.25), (3.39), (3.41) and (3.68) should be for all ¢ > 0 nonsingular.
Matrix J;(©) is nonsingular since det(J;(©)) = 1. The other three matrices are square,
hence it can be shown that they are nonsingular by computing the corresponding

determinants as

( det(J,(0)) :CO:(Q)
det(J,(0)) :cosl(Q) (3.71)
det(.(6) :Wl(@

Using the basic assumption (3.8) we conclude that all transformation matrices are

always nonsingular since the following hold

det(J,(©)) #0
det(J,(0)) £0 , ¥V — g <0< g (3.72)
det(/.(©)) # 0

3.5 Time Derivative of the Jacobian Matrix

One important issue of the control of proposed aerial manipulator is the time derivative

of the Jacobian matrix. In this section the analytical form of the time derivative of
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the Jacobian matrix will be given, which is useful for the controller design in Chapter

6. Differentiating the equation (3.69) it is obtained that

J.(0) = Ji(©) —J,(©) S(re) (3.73)
’ O(3x3) J(©) '

since J
o =06 —(S(r.)) =0 (3.74)
dt
where
Ji(©)

&]t . &]t : &]t .
= (9_¢ o+ W 0+ % P
= Jt(@) S(W)
= Ji(©) S((J.(©))™" ©)

— ces¢—é Cy S d)(s¢sw+c¢cw59)—1/}(c¢cw+s¢s¢59)+écw095¢ (zs(cd)sw—cws¢59)+1/}(cws¢—c¢sws(g)+9'c¢cwce
= P Cyp cg—0 Sep S0 9698¢8w—¢(C¢Spsi—C¢S¢Sg)—¢(6¢5¢—6¢5¢89) ’I,Z)(S¢S¢+C¢C¢Sg)—¢(C¢C¢+S¢S¢59)+GC¢CQS¢

—0 ¢y ¢ cyco—0 540 —¢ cose—0 cgsg
(3.75)
and
. oJ, -  0J, .
J.(0) = == -y
©)=%35 2" %
[ 9 S¢ + (b C4CoSo 0 Cop — gb CoS¢Se i
0 c2 c2
0 0
— O —Qb S¢ —¢ C¢ (376)

(/5 (e —i—é S$Se _gz'S CoSp — 0 CeSp

0
2 2
Cy Cy




Chapter 4

Dynamic Analysis

4.1 Introduction

This chapter presents the dynamic equations of motion of the proposed aerial robot
using Newton-Euler formalism. The dynamic analysis of the system will be investigated
assuming that the system is moving freely without interaction forces and torques with
the environment. This analysis is crucial in order to provide a mechanism that shows
the way the thrust forces from the actuators affect the behavior of system in the

Cartesian space. In the end of the Chapter, the static force analysis is also provided.

4.2 Basic Assumptions

As assumed in the previous Chapter the vehicle is considered as rigid body. The
aerodynamic forces and torques on the body come from two basic sources: the pressure
distribution over the body surface and the shear stress distribution over the body
surface. As discussed in [1], the proposed aerial manipulation system is supposed to
be a low altitude flying vehicle, operating low speed flights with aerodynamic effects
having low impact on it. These aspects lead to reduced gyroscopic effects from the
propellers and, without loss of generality, to neglected aerodynamic frictions. Taking
into account all previous issues, in this Chapter the actuation forces/torques, the
gravitational forces/torques and the reaction type torques will be investigated. The
unmodeled dynamics could be considered in the robust adaptive control analysis as

unknown disturbances affecting the dynamic model of the system. In the next Chapter

39
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it will be proven that the proposed system is able to follow arbitrary trajectories

irrespectively of these disturbances.

4.3 Deriving Dynamic Equations of Motion with

Newton-Euler Formalism

In the previous chapter, the kinematic analysis of the aerial manipulator was performed
resulting in Figure 2.1. The structure is composed of a number of n thrusters and the
end-effector. The dynamic analysis of the aerial manipulator depends on the effects
of total forces and torques acting on the body. The n thrusters produce forces and

torques on the system.

X' i,

# L
.1;' -

Thruster Coordination
Frame i=1,....6,a

FIGURE 4.1: Local thruster coordination system

We assume that every thruster is attached to its own coordinate system, which is
Body-Fixed as in Figure 4.1. For convenience, the Body-Fixed coordinate frame of

each thruster is written as
FTi = {Z)A’JZ,Q“,%Z}, 1= ]., ., n (41)

The frames [, are orthogonal, right-handed and fixed to the body of the aerial robot.
Each frame origin is at the point 7,7 = 1,...,n. Points 7;,7 = 1,...,n are essentially
the points on which the thrust force is applied. Basically, the thrusters are thrust
actuators that produce thrust forces for the system. From the analysis of the Chapter
2, the aerial robot is equipped with seven thrusters that actuate the system. The first
1 = 1,...,6 are the main thrusters and the n-th is the additional one used from the

system in order to alleviate the problem of negative thrust forces.
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Let

~

fi=fai it fyiWi+f i, i=1,..,n (4.2)

be the unit vector of each thruster in its own coordination frame. Using the basic

property of unit vectors, from (4.2) the following holds
il =1, i=1,n = (foi)*+ (f)* + (f0)> =1, i=1,.on (4.3)

Unit vector fz defines the orientation of thruster i. It is well-known that each thruster
can produce thrust force only in one direction. We assume that this direction is parallel
to the unit vector Z;, ¢ = 1,...,n (see mechanical design in [1]). We assume that
thruster unit vectors fz have only one component, parallel to unit vector z;. Thruster

i produces thrust force only in the direction of vector z;. Thus, we result in
foi=1fpi=fi=0i=1..n (4.4)
The combination of equations (4.2) and (4.4) leads to
fi=z,1=1,..n (4.5)

Expressing all unit vectors fz in its coordination frame F7, for i = 1,..,n respectively,

results in

=eni=1,...,n (4.6)

I
o O =

Where e; is the i-th column of the identity matrix /3. Note that the vectors fz are the

unit orientation vectors. We define

~

.]E];T,i = AZ fz = )\’L i’ia 1= ]-7 ces (47)

as the propulsion vector of each thruster and \;, i = 1, ..., n the thruster force magni-
tude of its thruster. The total thrust force that is applied to the system is
. n . 47 n )
pr,tOt = Z (fpr,i) = Z (Az xz) (48)
i=1 i=1
The information and the technical details for the thrusters that will compose the final

structure can be found in [1].

At this point, the total force on the aerial manipulator due to gravity, is investigated.
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The gravity is supposed to be uniform in near Earth flights. It is obvious that all
the gravitational forces are parallel to the Inertial unit vector Z4. Furthermore, it
is assumed that the total system is consisted of the n thrusters and the rest of the
structure and since the fact that all the thrusters are similar, they have the same
mass. Let my,, be the mass of each thruster, and m, the mass of the rest of structure.
The total mass m is given by

M =1 Mypyr + M (4.9)

It will be assumed that the mass is constant in time, hence
m =0 (4.10)

The total gravitational force f;r acting on the rigid body (essentially is acting in the

Body-Fixed frame) is given by

.f;r,tot =m g
=m (—g Za)

= (m g) (—Z4) (4.11)

where § = g (—Za) is the acceleration due to the gravity and m g is the total weight

of the structure.

The total force acting on the vehicle in the Body-Fixed frame can be calculated as

follows

fB = fj;r,tot + .f;r,tot
(4.8),(411) > (A @) +m g (—Za) (4.12)

=1

The overall force acting on the vehicle in the Body-Fixed can be derived by resolving

the vector ﬁ; in Body-Fixed frame Fp as

Fp={> (A x)>

i=1

1 {(Ai i)

v
1

o (m g (=Za)) .

Joms ()
Peme(el)

n

7

-

(2
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By resolving unit vectors k4, Z;,7 = 1,...,n in frame Fg it is obtained

0
24| =Oga 2a| = (Oap)" 24] =J7(©) |0| = J[(O) e; (4.14)
B A A
1
1
%Ti = OB/TZ- JAIZ = OB/TZ- o = OB/T,L- €1 = .Fi, V 1= 1, ., n (415)
B T; 0

where Op/r, is the orientation matrix of the frame Fp relative to thruster frames

Fr., i=1,...,n. Using the definition of the orientation matrix [45], simply yields

COS(QC%B/jTi)

OB/TZ e = COS(QQB/iTi) 7’i = 17 ., n (416)

005(923/9%Ti)
where 03, /5, € [0, 7] denotes the angle between vectors Z, 3.

Substituting equations (4.14), (4.15) in (4.13) leads to

n

Fp = E ()\i Op/r, el) — mg J[(O) e3 (4.17)
- N e’
=1 s
_ gravitational forces

W
thruster propulsion forces

Equation (4.17) shows that the total force acting on the vehicle in Body-Fixed frame

is consisted of the propulsion efforts from the thrusters and the gravitational forces.

Writing equation (4.17) in matrix form we have

_)\1_
: . Az .
FB = OB/T1 €1 o OB/Tn e1 : —mg Jt (@) €3
An
=FAX—mg J/(O) e; (4.18)

Where the matrix

- [OB/T1 er : -+ 1 Opr, 61} € R>™ (4.19)



Chapter 4 Dynamic Analysis 44

denotes the transformation from the actuator space to Body space (i.e. from every

thruster frames Fr, to the the Body-Fixed frame Fj) and the vector
A=A - A ER (4.20)

denotes the vector of all thrust forces.

We are proceeding now with the computation of torques that are applied in Body-Fixed

frame. We the position vectors of each thruster relative to the Body-Fixed frame as
Fn/b:%,z’ Li’B—l-Ty,i QB"‘Tz,i 23, 1= 1,...,n (421)

For notation convenience we define r; € R? as
ri=Trp| = |ryil . i=1,..,n (4.22)

The next step is to take into consideration the thruster torques. It is well known that

each thruster, due to its own rotation produces a reaction torque which is given by

Mreact,i =n .fz;r,i =K ()‘Z fZ) = (M )\Z) :i'ia 1= 17 w1 (423)

where p is an aerodynamic coefficient which is related by the type of the thruster
introduced in Chapter 2. Note that the coefficient p is the same for all thrusters of

the system. The total reaction torque which is produced from all the thrusters is
- N 4.23) . - .
Mreact,tot = Z (Mreact,i) ( = : Z {(/1’ >\’L> 'I’L} =p {Z ()\Z xl)} (424>
i=1 i=1 i=1

We define
My jy = oy X fori s i=1,...,m (4.25)
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as the torque that is produced from each thruster. The total torque acting on vehicle

in Body-Fixed frame due to the thruster propulsion is given by

n

Mthr,tot - Z (Mrz/b>

i=1

= Z (FT,-/b X ﬁr,i)
=1

i=1

= Z (N (T x 23) } (4.26)

Consider now the total torque that is acting in body-fixed frame due to the fact of

gravity. We define rg € R?

TG/b = TGz LB+ TGy YB + TG 2B

TGz
S re=Top| = |ray (4.27)
" TGz
as the position of the center of gravity of the total system. The torque that is applied

by the gravitational force is given by

Mgr,tot =TG/p X fgr,tot

4.11) A
LD F x (m g (—24))
= — (m g) (Fg/b X 7:'A) (428)

The total torque acting on vehicle in Body-Fixed frame can be computed using equa-
tions (4.26), (4.24) and (4.28) as

— — — —
MB = Mthr,tot + Mreact,tot + Mgr,tot

n

i=1
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By resolving the equation (4.29) in Body-Fixed frame gives

Mp = {Zn:{Ai (7 X :zi)}} ‘B+ {u {Zn:(Ai x)}}

i=1 1=1
B}
B

D} {5 ()
)+(:])

Substituting the (4.14), (4.15), (4.22), (4.27) in the equation (4.30) we have

B

—{(m g) (Fayp % 24) }

B

B} + { :1 (i )

)

n

5 {)\i (F x &)

=1

— (m g) (Fg/b X 2,4)

=1

—(m g) (FG/b

i=1 i=1

Mp = Z {)\i (Tz' X Op/r, 61)} +p {Z (>\i Op/1; 61)}
— (m g) (re x J/(©) es)
(323) Z [)\Z S(T,) OB/TZ' 61] + [ {Z (/\Z OB/Ti 61)}

i=1 i=1

— (m g)[S(ra) J/(O) es]

n

= [)\Z S(Tl) OB/Ti 61] —|—[L {Z ()\z OB/TZ' 61)}

i=1 =1
NS 7 A >y
vV Vv
thruster propulsion torques thruster reaction torques
T
—m g S(rg) J7(O) €3 (4.31)

~
gravitational torques

Equation (4.31) implies that the total torque acting on the vehicle in the Body-Fixed
frame is consisted of the propulsion thrust torques, the gravitational torques and the

torques due to thruster own rotation.
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Writing equation (4.31) in matrix form we get

_)\1_
. . A2
MB = [S(Tl) OB/T1 €1 o S(Tn> OB/Tn 61] :
An
_)\1_
. . A2
+ u [OB/Tl € ol OB/Tn 61] .
An
—m g S(rg) J{(O) es
=EXN+pFX—mgS(re) J[(O) e; (4.32)
Where
E=|p i . i B
- [S(m) Opjry 1 o - i S(rn) Opyr, e1] € RZ" (4.33)

and F,\ as in (4.19), (4.20). Combining equation (4.18) and (4.32) we have the
generalized vector Ap € RS of forces and torques acting on aerial robot in Body-Fixed

frame is obtained as

Ap =

__ FX—mgJ(O) es ]
(E+p F)X—=m g S(re) J7(n) es

F A
(E+pF) A
SR
E+pF

B [ m g JJ(O) e3
m g S(rg) J7(©) e3

m g I(3x3) J7(O) e
m g S(re)

F
E

A+
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F O I
= A TP N g [T r(e) e
E u F S(ra)
propulsion forces/torques reactior:, torques gravitational‘f,orces /torques
_ 1
=NXx=—mg | TV J7(0) e (4.34)
S(ra)

where here the matrix N is given by

F
E+up F

N = € RO*6 (4.35)

The matrix N € RS is known in bibliography as actuator configuration matrix or

thruster allocation matrix.

There are several techniques which can be used to derive the equations of motions of a
rigid body with 6 DOF. The Newton-Euler formalism has been adopted to this work.
The dynamic equations with respect to the Body-Fixed frame can be conveniently

written (main ideas are discussed extensively in [44], [45]) as

M| +ow) |V = As
w w
' F
oM |l+cw) |7 =]7"
w W _MB
; [ F I
s | 1o |V = Aemg | (0) e (4.36)
W w|  |[EtupF S(rg)
where
I -m S
R (4.37)
m S(ra) Ip
is the inertia matrix,
S —m S(w) S
cwy=| " w m S(w) 5lre) (4.38)
m S(rg) S(w) —S(Ip w)
is the Coriolis-Centipetal matrix, v = [v” w™]" € R’ is the vector of Body-Fixed

velocities. The term Iz denotes the well-known inertia tensor matrix expressed in Fi.

Using the parallel axis theorem (also well known as Steiners theorem) from [43] we
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have

IB = IG —m S(Tg) S(T(;) (439)
where I is the inertia tensor relative to the body’s center of gravity.

Solving equation (4.36) with respect to [07 w]” we get

v 1 v 1 F
=-M"C(v) +M A
w w E+upF
—mg M s J7(O) e (4.40)
Stre)| " |

The (4.40) can be written in a more convenient matrix form as

v=H®W)+G(E)+N A
& =DB((,v)+N A (4.41)

where the matrices in (4.41) are defined as

Hv)=-M"1C{W)v (4.42)
_ F
N=M" (4.43)
E+uF
R A
G(&e) =—mg M [sug) J{ (©)es (4.44)
B(&,v)=H(v)+G(&), B:R* xR — R® (4.45)

Equation (4.41) constitutes the final dynamic equation of motion in matrix form of
the proposed system. Combining the kinematic model from (3.68) with the dynamic
model (4.41) the aerial manipulator model including kinematics and dynamics can be

written as

(5) : s e (4.46)

v=DB(,v)+ N A
This convenient final form is appropriate for the nonlinear controller design that will
be introduced in Chapter 6. All the parameters that appear in the (4.46) can be found
in Table 2.2. The dynamic model (4.46) is highly nonlinear with coupling between
the translational and rotational dynamics. Additionally, there is coupling between
inputs and output channels in which the nonlinearity of the system makes the control

design of the proposed system a real challenge. On the other hand, if we consider
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the control problem of the aerial manipulator to be position tracking with attitude
regulating, then the system is square in which with six actuators and six outputs (
3D position and three attitude angles ). This highlights the positive aspect of the
proposed configuration in terms of controller design compared to other systems that

are in general underactuated systems.

The matrix M can be written in 6 column as

e |™ Iisxgy —m S(re)
m S(rg) Ip

m 0 0 0 mre. —Mragy
0 m 0 —mrg, 0 MrGy
B 0 0 m TGy —M TG 0
B 0 —mrag; mragy Cax Ixy — MrgzTGy Ia:z — MrgzTG:
mrea. 0 —Mrge  Lzy — MrcaTay Cyy L., — mre.rq.
__ery mrgy 0 ]J:z — MrgzTaGz Iyz — Mrgy’Gz Czz ]
where
Con = Log + mrg, +mrg, (4.47)
Cyy = Ly + mréx + mréz (4.48)
Cor = L, +mrg, + mréy (4.49)

4.4 Properties of the Matrices in the Dynamic Anal-

ysis

In this section some important properties of the matrices that are involved in the
dynamic model of the proposed system will be given. These properties are important

since they affect the controller design in Chapter 6 crucially.

To begin with, matrix C(v) is time dependent and matrices M, I are time indepen-
dent, hence we have that
M=1I5=0,C(v)#0 (4.50)

Continuing the analysis, the determinants of matrices M and I5 can be easily cal-

culated by Symbolic MATLAB Toolbox. The corresponding determinants satisfy the
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formula

det(M) = m® det(Ig) (4.51)

This formula shows that the singularity of matrix M depends on the correspond of
matrix /5. Nevertheless, from the mechanical design in Chapter 2 we have that I > 0,

cond (/) = 3.25. Therefore, matrix M is nonsingular with
M >0, cond(M)=19.5 (4.52)
For the Coriolis/Centipetal matrix it can be easily shown that
C(v)=-C"(v) (4.53)
The matrix N is positive definite with small condition number
N >0, cond(N) = 6.63 (4.54)

which is the main result of Chapter 2 and [1] and the control-oriented optimization

that the system was mainly designed.

4.5 Static Force Analysis

We assume now that the proposed aerial robot is needed to contact with the envi-
ronment for accomplishing different tasks. In this situation, the aerial manipulator
is in contact with an object and is assumed to be stationary. Consequently, static
equations must be provided. In this situation forces and torques are applied to the
end-effector from the environment. These forces and torques acts in the whole system,
thus the dynamic equation is modified and the force/torque transformations between

the reference frames of the system must be provided.

The principle of virtual work yields a set of linear equations that relate the resultant
force-torque six vector, called a wrench, that acts on the end-effector, to the joint
torques of the robot. If the end-effector wrench is known, then a direct calculation

yields the joint torques.

The inverse statics problem seeks the end-effector wrench associated with a given set
of joint torques, and requires the inverse of the Jacobian matrix. As in the case of

inverse velocity analysis, at singular configurations this problem cannot be solved.
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When the system is in contact with the environment (actually the end-effector is
in contact with the environment) forces and torques are applied at the tip of the
manipulator. In this case, there are interaction forces and torques that are applied
to the end-effector. Consequently, in the dynamic equation of the system, forces and
torques that will be resolved in the Body-Fixed frame will appear. Remember that
all the vectors appearing in the dynamic equation are expressed in Body-Fixed frame.
With all these considerations, the dynamic equations of motion with system interaction

with the environment are modified as

F
E+upF

v

M +C(v) =

v

w W

. Iisusy | . o Je
A g [S(Tg)] Ji (©) e [MJ (4.55)

where f., M, € R3 are the magnitude of the contact force and torque respectively
that are exerted by the manipulator’s end-effector on the environment expressed in
the Body-Fixed frame. The minus (-) in the right part of the equation denotes the
reaction force/torque that is applied from the environment to the system ( Newton’s

Third Law) [46], [49]. Using the notation from the previous chapters, it is clear that

fe:f;

(4.56)

(4.57)

Note that in (4.55) all the vectors are expressed in Body-Fixed frame. It is well-known

from the robotics [43, 46], the manipulator wrench vector

- [fe\A

€ R® (4.58)
M|,

M,
A A . . . .
the end-effector expressed in Inertial frame. The wrench vector is expressed in the

where f; are the interaction force and torque respectively that applied at

Inertial frame, thus the transformation from Body-Fixed frame to the Inertial must be

provided. This can be done using the well-known kineto-statics duality from [43, 46].
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Hence, we get

Elal [fe!
- =J7(E) 4
M|, | M|,
o [E ] _[xe)r —ue sw)]”,
M|, [Oaxsy  Ji(O)
- Jie\B ERCICHY T O(3><3)T h, (4.59)
(Me|,|  [S(re) (1(©)" (J:(©))
where the formula (S(r.))” = —S(r.) was invoked. Substituting the (4.59) in the

dynamic equation (4.55) the following equation holds

F
E+pF

(%

M|+ |7 =

o 1TEI | ) e e
A g [S(Tg)] Jt (@) 3 J(ge) he (46())

w w

Under the assumption that the aerial manipulator is stationary while it is applying a
force/moment h, to an object, the dynamics can reduced to statics. Thus, considering

that v = 0 = w = w = 0 the following statics equation is delivered from (4.60)

_ F o I(3><3) T g7
e FuF A—mg [S(Tg)] J{ () e3 — J7(&) he
_ [(3><3) T T
ol u F A=m g [S(Tg)] Jt (@) es+J (ge) he (461>

The equation (4.61) is the static force equation when the aerial manipulator is in
interaction with the environment. This equation will be widely used in the case of the

force/torque control which will not be investigated in this thesis.



Chapter 5

Nonlinear Control of The Aerial

Manipulator

5.1 Introduction

In this chapter we will attempt to control the motion of the system in the case where
there are no interaction forces and torques from the environment applied to the system.
Firstly, we will conduct a complete analysis using nonlinear geometry control tools
in order to study the controllability and the feedback linearizability of the system.
Following this, a backstepping control will be designed in order to control the absolute
position and orientation of the end-effector. Due to the fact that the system is in
the presence of actuator failures, unmodeled dynamics and external disturbances, the

controller needs to be adaptive and robust to improve the performance of the system.

5.2 Basic Definitions from Nonlinear Control The-

ory

Before proceeding with the analysis some important definitions will be presented.
Vector signals are time varying vector functions, defined for nonnegative time as
z(t) : {0} UR; — R, where ¢t denotes the time. Consider a vector signal z(t) =
[21(t) -+ x,(¢)]” € R™ At any time ¢, z(t) is a vector. As ¢ changes, x(t) represents
a vector field. A function is called smooth, if its every component has continuous

partial derivatives of all orders. A vector field f : R” — R™ is a function which assigns

54
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a n-dinemnsional vector to every point in the n-dimensional space R™. Having two
smooth vector fields f, g : R" — R™ and a smooth scalar function h : R®™ — R, the Lie
derivative of h with respect to the vector field f is a new function L;h : R™ — R given
by

LY h=h (5.1)
LY h=vhf (5.2)
L h=L; LV hk=12,.. (5.3)
LyLy h=V(Lsh) g=V(Vh f) g (5.4)

where the function VAi(z) denotes the gradient of scalar function h(z) and it is denoted

as a 1 X n row vector

o _[on o
 Ox |0z " Oz,

Vh(z) (5.5)

Similarly, given a vector field f(z) = [fi(z) -+ fu(2)]", the Jacobian of f(x) is denoted

by Vf(z) and is a n X n matrix

Oh . Oh
E)xl 8xn
V@)= : . (5.6)
O fn O fn
e o

Let us now define two smooth vector fields f, g : R® — R"™. The Lie Bracket of f and
g is a third vector field defined recursively by

1,91 =g (5.7)
[f,9)) =Vg f=Vfyg (5.8)
[f?g](k) = [f> [f>g](k71)] k=1,2,... (59)

A signal z(t) = [x1(t) - z,(t) |7 € R™ is bounded if z(t) € Lo, that is, ||x(t)||e <
K, Vt > 0, for some K > 0 where

[|2(#)]loo = max |a;(t)] (5.10)

1<i<n
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5.3 Controllability Conditions

Consider now the overall system model from (4.46)

(5): %~ S (5.11)

U= B(&,v)+ N A

The state vector of the model is defined as
e

T =
v

w=\= [ul uﬁ} € R (5.13)

€ R (5.12)

and let

be the control input, namely the thrust forces from actuators as alluded in the previous
Chapter. System (5.11) can be written in the well-known nonlinear control affine form
[50]

i= f(z)+ Zgi u; (5.14)

where the smooth vector field f : R?2 — R!2 is given by

fz) =

J(&) ]
B(&,,v)

and is called drift vector field. The smooth vector fields g; : R'? — R'2, 4 =1,...,6

are defined as

O(6x6)
i = 5.16
g [ N L) (5.16)

where the notation X; denote the ith column of matrix X. The vector fields g;,7 =
1,...,6 are called control input vector fields. The accessibility distribution is defined

G(x) = span{gi, ... gs, [f, 1], -, [f, 96]} (5.17)

The dimension of the distribution G(x) can be calculated from [51] as

dim(G(z)) = rank [¢1, ..., g, [ f, 91] » ---s [ f, G6]] (5.18)
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By computing the lie brackets

Vg =0,Vi=1,..6 (5.19)
1f,91=Vg [=Vfg=-Vfg,i=1..6 (5.20)

the following conditions hold

T
rank [917 -+, 96, [f7 gl] PREXY! [fa gﬁ“ =12 = n, Vi € R12,$5 % :l:E (521>

det [g1, ..., g6, [f> 0] s - [f, 96]] = 30.78 cos(#) # 0, V & € R x5 # :I:g (5.22)

The (5.22) holds due to the assumption (3.8) that —5 < 6 < 7. The (5.21), (5.22)
result in dim(G(z)) = 12 = n, V o € R, 25 # % and the system is locally con-
trollable from any zy € R?, x5 # +7. Further analysis for nonlinear controllability is
discussed in [50], [52].

5.4 Feedback Linearization Conditions

Feedback linearization is an approach to nonlinear control design which has attracted
a great deal of research interest in recent years (see [51, 53, 54, 55]). The central idea
of the approach is to algebraically transform a nonlinear system dynamics into a linear
and controllable one so that the linear control techniques can be applied. The basic
assumption for this methodology is the exact knowledge of the nonlinear model of the
system. In this section the mathematical conditions to prove that the system is exact

feedback linearizable are provided.

Let

h(t) = [ha(t) - he(t) |
= [x(t) y(t) 2(t) o(t) 6(t) ¥(H)] (5.23)

be the desired output of the system. System (5.14) has a vector relative degree at a
point zy € R12

T |:T'1 T9 T3 T4 Tj 7"6:|

[2 2 2 2 2 2} (5.24)
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since
Ly, LPhi(20) =0, V1 <i <6, V1<5<6 (5.25)
Ly, Lgcl)hi(xo) # 0, for at least one 1 < j <6 (5.26)

for all x in a neighborhood of xy and the 6 x 6 matrix

Ly LSV by Ly, LY 1y Ly LTV 1y
s [ B B B L
| Ly, LYV b Ly, Lgﬁgﬁl) he -+ Lg, LSZLGU hs |
(L, Lihi Ly Lyhy -+ Ly, Ly hy)
= |Febrte L Brhe e L By (5.27)
Ly Ly he Lgy Ly he -+ Lgg Ly he)
is nonsingular at xy since rank(A(z;)) = 6 and det(A(zg)) = —55.47 cos(f) =
—55.47 cos(xs), Vs # £7.
By defining the distributions
Ai(z) =span{ [f,¢,]® :i=0,...,5, j=1,...,6, k=1,...,i} (5.28)

the system (5.11) is full state space exact feedback linerizable (see [51, 55]) since the

following conditions holds

6

d =12

=1

e rank(g) =6
e dim| A;(z) | =6, i=0,...,5

All the distributions 4A;, i =0, ...,4 are involutive

5.5 Controller Design

In this section, we will proceed with the controller design. A backstepping controller

design is adopted. Integrator backstepping is a nonlinear control design technique that
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employs Lyapunov synthesis to recursively determine controllers for systems satisfying

a particular cascaded structure called “strict feedback form”.

Backstepping has become a very popular control design method for nonlinear control
systems because can guarantee global stability, tracking and transient performance for
strict-feedback systems. It is a recursive controller design methodology, in which the
construction of both feedback control laws and the associated Lyapunov functions is

systematic, following a step-by-step algorithm.

Strong properties of global or regional stability and tracking are built into the system
in a number of steps, which is never higher than the system order. While feedback lin-
earization methods require precise models and often cancel some useful nonlinearities,
backstepping designs offer a choice of design tools for accommodation of uncertain
nonlinearities and can avoid wasteful cancellations. Backstepping designs are more
flexible and do not force the designed system to appear linear. They can avoid can-
cellations of useful nonlinearities and ofted introduce additional nonlinear terms to

improve transient performance.

In contrast to feedback linearization technique which stipulates the cancellation of all
nonlinearities including useful ones, backstepping affords the control engineer not only
the choice of retaining all beneficial nonlinearities, but also great freedom in select-
ing the final control law. Furthermore, backstepping can accommodate, by explicitly
accounting for, large nonlinearities and uncertainties in the system’s model, ignored

dynamics, input and measurement disturbances.

Another advantage is that the backstepping controller can be used to relax the match-
ing conditions, which are blocked in the traditional Lyapunov design. By matching
condition we mean that the nonlinearity enter the system at the same point as the
control input, thus it can be canceled. Therefore, backstepping require no match-
ing conditions. Backstepping is a well known technique extensively used in nonlinear
control with applications in helicopters, quadrotors and other aerial systems. The

technique was comprehensively addresed by Krstic, Kanellakopoulos and Kokotovic in
[56].

The idea of Backstepping is to design a controller for the nonlinear system recursively
by considering some of the state variables as “virtual controls” and designing inter-
mediate control laws for them. It starts with a subsystem which is stabilizable with
a known feedback law for a known Lyapunov function, and then adds to its input an

integrator. For the augmented subsystem a new stabilizing feedback law is explicitly
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designed and shown to be stabilizing for a new Lyapunov function. The process con-
tinues till the explicit construction of the controller and the Lyapunov function for the

complete system.

We will now recall the nonlinear system model from (5.11). The system (5.11) is a
cascaded highly nonlinear system in the well-known ([57], [58]) strict feedback form.

This form is defined in general as

(S) i1 = fo(z1) + go(w1) T2 (5.20)

To = fi(z1, ) + gr1(x1, 22) u

By comparing equations (5.11), (5.29) we get

1y =&, 1a=v, fo=0, go= J(fe), fi= B(fe>”)> g =N (5-30)

This particular form of the nonlinear system of the aerial manipulator is appropriate

for applying the backstepping recursive controller design method.

A manipulation task is usually given in terms of desired position and orientation of
the end-effector. The objective of this section is to design a controller of the proposed
aerial manipulator ensuring that the position p.(t) and the orientation ©(t) of the

end-effector tracks the desired Cartesian trajectory

Cas) = [Ta(t) vas(t) 2aes(t) Gueslt) Oues(t) taes(t)] € RS (5.31)

asymptotically. Thus, a nonlinear controller A(§.,v) should be designed in order to

guarantee that
—00

and all closed loop signals required in controller design should remain bounded for all
t>0.

The system (5.11) is separated in kinematic and dynamic model. The objective of
the kinematic control is to find suitable vehicle trajectories v(t) that correspond to
a desired end-effector trajectory &.(t). The objective of the dynamic controller is to
find suitable control inputs A;(t), ¢ = 1,..,6 to drive the desired velocities v(t) from

kinematic controller.
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It is generally known in control theory that due to imperfect modelling, the system dy-
namics are in presence of parameters uncertainties, actuation failures, unmodeled dy-
namics, modelling errors and external disturbances. All this parameters, may decrease
the performance of the closed loop system and cause system instabilities. Therefore,
the nonlinear controller should be designed in such a way that are taken into consid-

eration and are tackled these problems in order to increase closed loop efficiency.

The reasons which made us to take into consideration of the uncertainties and the dis-
turbances in the system dynamic model (5.11) are the imperfect mathematical mod-
eling from Chapters 3, 4 and the unpredictable changes in the physical environment.
Control techniques, such as robust control, can yield good performance for these cases.
It is possible to determine the bounds on the system uncertainties and design a ro-
bust control scheme, which guarantees stable control of the system as long as the
uncertainties stay within these bounds. However, robust control does not enhance its
performance with time. When a certain amount of error is present in a robust control
system, the error gets carried on even in a repetitive task. The solution to this problem

is the use of adaptive control methods.

Mathematical modelling is the central point in almost all control system design meth-
ods. However, no physical system can be perfectly modeled and there is a mismatch
between the model and the physical system. Even if an exact model of the physical
system is available, one type of uncertainty may still arise from some exogenous dis-
turbances which might affect the control system via imperfect measurement of state
or output. On the other hand, other types of uncertainties may be present due to
the lack of knowledge about the physical system. Even if the model is qualitatively
correct, i.e. the structure of the model is exact, the actual parameter values of the

physical system could hardly be obtained exactly.

Robustness of a control system determines the capability of the controller to be unaf-
fected by the uncertainties. Since uncertainties will always be present, robustness is

always a desired property when designing control systems.

Another problem is the change of system dynamics due to changes in the environment
in an unexpected manner. For example, although the exact mathematical model of
the aerial manipulator is usually available, there may be abrupt changes in the loads
that the manipulator handles. This kind of unknown changes in the dynamics lead to

an inexact model and create difficulties in its control.

Additionally, the controller should be able to handle problems such as battery drains,

miscalculated mechanical properties, measurement bias and noise. To cope with these
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uncertainties, the controller needs to be adaptive. The Adaptive Control tries to
remove the effects of the uncertainties in the system model. Te objective of the adaptive
control is to provide a mechanism such that the model parameters converge to the true

values, even if the actual system parameters change unexpectedly.

Due to the fact that the model plan is in presence of uncertainties, an adaptive back-
stepping controller is the best solution. The uncertain plant parameters will be es-
timated on-line since the adaptive controller is a dynamic system with an online pa-
rameter estimation. The stability analysis will be held with the well-known Lyapunov
Stability Theory.

Taking all the above issues into consideration a robust adaptive backstepping controller

will be designed in order to tackle them. Firstly, we consider the system as

(5): 167 7&) (5.33)

v=DB(,v)+ N O A+ d(&,v,t)

where 05 = diag{6;, ... , 05} € R®*%. The uncertainty in 6% is introduced to model
the control actuation failures and the modelling errors, in the sense that there may
exist uncertain control gains or the designer may have incorrectly estimated the system
control effectiveness. The entries 0% are bounded in the set [fpin, Omax] = [0.1,1]. This
means that if for example 87 = 0.5 for an arbitrary ¢+ = 1,...,6 then the i-th acuator
has 50 % controller effectiveness reduction. For Multi Input-Multi Output systems,
such as the proposed system in the aerospace engineering field, it is usually useful to
simultaneously estimate and adapt to differences between the real and design actuator
effectiveness. The system is in the presence of disturbance d(&,,v,t) : RO x R x R, —
RS with

A1) = [di(Eert) dafEerrt) - delEert)] (5.34)
where d; are continuous functions on (&, v) and piecewise continuous on ¢t > 0 rep-
resenting the disturbances of the system. The disturbances might be time-dependent
noise, constant disturbances, time varying disturbances, unmodeled nonlinear dynam-

ics and external or environmental disturbances.

It is assumed for the disturbances that there are unknown positive constants A;, ¢ =
1,...,6 such that
‘di(é-e; v, t)| S Al 61'(&-37 V), 1= ]., 76 (535)

where 6;(&.,v) : RS x R® — RS are known continuous and differentiable positive func-

tions. This assumption is very crucial since ensures that the disturbances d(&., v, t) will
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not become unbounded for all ¢ > 0. The matrix of unknown disturbance constants is
defined as
A=[ar By o A €R (5.36)

Since the matrix A and the constants A; are unknown they should be estimated online

through the adaptation parameter updates laws. Let

~

0, = diag{0, ...0;} € R®*® (5.38)

denote the matrix of estimations of the unknown parameters. The matrix of the

parameter estimations errors are given by

A = Al Ag st AG € Rﬁ (539)
0, = diag{f; ...0} € RC (5.40)

Obviously, we have
A=A-A (5.41)

The value of A will generally be unknown. However, it is not required by the control
law (only the estimations A are required), it is used only in the Lyapunov design
process. We are proceeding now with the controller design suitable for the proposed

system.

In order to design the controller of the system (5.33), the following assumptions are

required:

Assumption 1: The states of the system &, v are available for measurement V ¢ > 0

for the following control development.

Assumption 2: The desired trajectories 4o are known bounded functions of time

(€ges € L) with known and bounded derivatives (fdes, des € Lo).

Assumption 3: It is assumed for all t > 0 that —7 < 6(¢) < 7. This ensures that the

Jacobian matrix is nonsingular since det(J(&.)) = 1/cp. This assumption is likewise
utilized in [47], [48].

e Step 1: To begin with the backstepping controller design, let the position-orientation

error of the end-effector z; € RS be given by

21 = 56 - gdes (542)
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By differentiating (5.42) and using (3.68) we get

Z = ée - édes
= J(&) v — aes (5.43)
We view v as a control variable and we define a virtual control law for (5.43), say

Vaes € R®, and let 2, € R® be an error signal representing the difference between the

virtual and actual controls of (5.43) as

292 =V — Vdes

> V= Vdes + 29 (544)
Thus, in terms of the new state variable, (5.43) can be rewritten as

2.:1 - J(ge) (Vdes + Z2) - édes
= J(&) Vaes + J (&) 22— Eaes (5.45)

Consider now a positive definite and radially unbounded (V' (z1) — oo, as ||z1]| — o0)

candidate Lyapunov function as the squared norm of error z;

1 1
Vi(z) = §HZ1||2 =544 (5.46)
Its time derivative is
. 1 1
Vi(z1) = 542 + 5214 (5.47)
Noting that
Ha =24 (5.48)
we arrive at
1 .
VVI(Zl) =2 5 2121
= 2] {J(fe) Vaes + J (&) 22 — édes}
= 2 { (&) aos — oo} + 21T (60)22 (5.49)

The stabilization of z; can be obtained by designing an appropriate virtual control law

Vdes = Jﬁl(fe) {édes - Klzl} (550)
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where matrix K; € R%* K, = K7 > 0 is diagonal, positive definite and represents

the first controller gain to be designed. Hence, the time derivative of V; becomes
Vi=—2TKyz 4 2] J(E) 2 (5.51)

The first term on the right-hand side in (5.51) is stable, and the second term will be

canceled at the next step.

e Step 2: For the second step, we take into consideration the time derivative of error
(5.44)

o = 1V — Vdes (5.52)

:B(ée,I/)—FN 6; >\+d(£eul/7t) _I)des (553)
Choosing the augmented radial unbounded Lyapunov function as
A A 1 2 1 AT T—1 A 1 ot -1
%(Zl,ZQ,A,H,\) :‘/1+§HZQ|| +§A FA A+§tr<9/\ PH 0)\) (554)

where Th =T} > 0,Ta € R0 Ty =T7 > 0,Ty € R°*® are diagonal adaptation gain
matrices. The notation tr(-) denotes the matrix trace. The adaptive parameters will
be adjusted in the adaptive control that are given below. The time derivative of the

constant parameter estimation errors are

A=A—A—AcR® (5.55)
O =0, — 67 =0, Yi=1,....6 (5.56)

The time derivative of the augmented Lyapunov (5.54) can be calculated by

Vs(o1, 20 A, G3) = Va(21) + 275 + %A I A %AT r< A+ %tr(éf\ It d))
+ %tr(é; ;0 6,)
= — TRz + 20 J(E) 2 + 2320 + 2 % ATT3 A+ 2 %tr(éK r,! 0y
= —TKy 2 + 2] J(E) 2 + 2550 + AT TR A +tr(A Iyt é,\) (5.57)

It should be noted that
2 J(E)z = 2307 (§) (5.58)



Chapter 5 Nonlinear Control of The Aerial Manipulator 66

By substituting the last equation in (5.57) we have

Va(z, 20, A, 0)) = —2T K21 + 2507 (€)z + 2350 + AT T'1! A +tr(] T,° é,\)
= 27Kz 4 2 {TT(E) e + )+ AT TR A 4 te(0] Ty 6))
= 2Kz + 25 {J7(€)z1 + B&e,v) + N 05 A+ d(Ee, v, t) — Viges }
+ A" T, A+ tr (6} r,! éA)
= —z1 K21 + 25 {J7 (&) 21 + B(&e, v) + N 05 A — taes }
b23 d(E, v t) + AT TR A (8] T 6y)
(5.59)

Writing vector 25 as
n=|a1 o mg| R (5.60)

and using basic mathematic inequalities properties the following statements hold

d1(§e7 v, t) 6
2y d(&e,v,t) = [22,1 22,6} : = ZZQ,i di(&e, v, t)
do(Ee,vit)|

6 6
S Z |227i di(gea v, t)| S Z |z2,i| |di(€6a v, t)|
i=1 1=1

6
< Z |22.4] A; 6i(&e, v, t)

=1

Ay 51(5&’4 t)

— [\zm! ,z276|] :
Ag 96(&e, v, t)

(A1 61(E,v,t))]

= {sgn(z2) 22}" :

| Ag d6(&e, Vs t)_

Ay 61(€,v,1)]

= z; {sgn(z)}" :

| Ag 06(Ee, 15 1)
Ay §1(&, v, t)

= 25 sgn(zs) : (5.61)
Ag 96(&e, v, t)
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where

1, ifx>0
sgn(r) =40, ifz=0 (5.62)
—1,ifz <0
sgn(z2) = {sgn(z2)}" = diag{sgn(zs,), ... ,sgn(ze)} € R (5.63)

By adding and subtracting the terms A, 0i(&e,v),i=1,...,6 in the equation (5.61) we

obtain

_Al 51(5@7 l/) + Al (51(56, V)
zy d(&e,v,t) < 25 sgn(z) :
| A6 56(567 V) :i: AG 56(567 V)
-(A1 — A1) 01(&e,v) + A 01(&e, v)
= z7 sgn(zs) :
| (Ag — Ag) 06(&e,v) + Ag d5(6e, v)
(A1 01(&v) + Ay 0i(&,v)

= 25 sgn(z)

_—AG 56(567 V) + AG 56(567 V)

Ay 01 (&,v) Ay 61(&,v)
= —z; sgn(z) : + 25 sgn(z) :
Ag 06(Ec,v) Ag 06(&e, v)
— —27 sgn(z,) (&, v) A+ 25 sgn(z,) e(&,v) A (5.64)
where
€(&e,v) = {e(&,v)}" = diag{di(&, v), ... ,d6(&e,v)} (5.65)

Using inequality (5.64) the Lyapunov function (5.59) becomes

Vg(zl,zg, A,éA)

< —2{Kiz1 4+ 25 {J7(&)z1 + B(&e, v) + N 05 X — Des

127 sgn(zs) e(6,v) A — 25 sgn(z) e(6,v) A+ AT T5E A 1 t0(85 T 6))
=~ Kz + 2 {7 (6)21 + B(6e,v) + N 05 X — s + 5g0(2) e(ev) A

27 sgn(z) (6, v) A+ AT TS A 4 tr(d T 6y) (5.66)
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Invoking the property

o7 sgn(z) (6o v) A = A {sgn(z) €€ 1)} 2
= A7 {e(&, 1)} {sgn(22)}" 2
AT e(é.,v) sgn(z) 2 (5.67)

the Lyapunov function (5.66) becomes

VQ(zl,zQ,A,é,\)

< =K+ 25 {7 (€5 + Bl&,v) + N 03 A = e + sgn(22) €6 v) A
~ A" e(&,v) sgn(z) 2+ AT DA+ tr(0] T 0))

— TRz 42 {JT(fe)zl 4 B(€,v) + N 05\ — ges + 5g0(25) €(Ee, 1) A}

+ AT (T3 A — €&, v) sgn(z) 2} + tr(65 Tyt 6)) (5.68)
By adding and subtracting the terms zJ N 0, \ in the equation (5.68) we get

‘72<Z17 22, A7 ék)

< 2 Kyz + 25

—

JT(E)2 + B(Ee,v) + N 05N £ N 0y N — Dges + sgn(25) €(&e, v) A}
+ A" {1 A €(&,v) sgn(zy) 2} + tr(05 Ty! é,\)
< —2{Kyz + 25 {JT(fe)zl + B(&,v)+ N é,\ A — Uges + sgn(29) €(&, v) A}

I NG A+ AT TR A €6 v) sgn(zs) 2} + tr(@] T 6)) (5.69)

Invoking the basic property a” b = tr(b a”), V a,b € R™ the following holds

—2I N O\ A==\ {N0\}"
e I
=— X\ 0L N z
e —
a™ b

= —tr(0y N” 2 \") (5.70)
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By substituting the (5.70) in (5.69) we get

‘./2(217Z27Aaé)\>
g _ZIKlzl + Z; {JT(ge)Zl + B(fey l/) + N é)\ A— Ddes + sgn(zg) 6(5@5 I/)

>

—tr(A] N7 2 \") + A7 {I'; A €(&,v) sgn(zy) 2} + tr(05 Ty! é,\)

— Ky 42 {JT(ge)zl Y B(E,v) + N Oy A — Daes + sgn(2) €(Eo,v) A}

+ A" {1, A €(&.,v) sgn(zy) 2} + tr{f(I';* éA — N7 2z \")} (5.71)

Aiming to reinforce robustness of the system, a o-Modification adaptive control design
method will be introduced for the parameter estimation update law A in order to
compensate the unknown disturbances effectively. This method is discussed extensively
in [59], [60]. Given the form of V, from (5.71), the adaptive control law for the nonlinear
system (S) to be designed is

A&y B, 00) = (007 N7 {ine = T (6)21 = Bl&e,v) — sgn(z2) €6 v) A= Ks 2}
(5.72)

and the corresponding parameter estimator update law with o-Modification method is
A =Ta{e(&.,v) sgn(z) z — o A} (5.73)

The K, € R0 K, = K] > 0 is diagonal, positive definite second controller gain
matrix to be designed and ¢ > 0 is the o-modification parameter to prevent the
parameter drift (see [59], [60]).

Substituting the control laws (5.72), (5.73) in Lyapunov equation (5.71) we obtain
VQ(zl, zg,A) < —2[Kyz — 25 Koz — 0 AT A+ tr{éf\(l“gl Oy, — N z AT (5.74)

At this point, a projection operator method (see [61]) for the parameter update law éA
will be introduced. Projection methods are well-known algorithms in adaptive control
theory that can guarantee fast adaptation, can improve robustness of the adaptive
backstepping design and can ensure that the estimation parameters remain bounded
in compact sets for all time. The parameter adaptation law should be chosen to ensure

three rules. The first rule is to ensure that
tr{f1(T;' 0y — N7 2 A7)} <0 (5.75)

in order to guarantee that the Lyapunov function will not be increasing. The second is
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to guarantee that the estimation of the unknown parameters 6, should remain bounded
for all ¢ > 0. The last rule is to avoid singularity of the term (6,)~! from (5.72). Taking

all these into consideration, the parameter update law is designed as

Oy = Ty Proj(fy, N7 2 A7) (5.76)

where by defining the sets
Q={0; ER: Opax <0; < Opax, Vi=1,...,6} (5.77)
Qs =10, ER : Opax — 0 < 0; <Opax +0, Vi=1,...,6} (5.78)

the projection operator is defined as

[1 + _emaxaieij} Yijs i 055 > Omax and yy; > 0

[Proj(é/\a y)} (i) = [1 + @} Yij, if éij < emin and Yij < 0 (579)
Yij, else
for every element (ij), i =1,...,6, j =1,...,6 of the matrices 6,y where
y=NT 2 \7 (5.80)

The parameter § > 0 is to be designed. The projection operator (5.79) by definition

ensures that

tr{f7(T;1 0y — N7 2 A")} < 0
& tr{0(Proj(fx, N 2z, A7) = N7 2, A7)} <0
& tr{0(Proj(0,,y) — y)} <0 (5.81)

which means that the projection operator contributes to the negative semi-nagativeness

of the Lyapunov function. Furthermore in can be verified that this rule satisfies
0:(0) € Q= 0;(t) € Qs, ¥t >0 (5.82)

hence, f remains bounded for all ¢ > 0 and the term (6,)~! in (5.72) is protected

away from singularity.
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Therefore, using the projection operator property (5.81) the Lyapunov function results
in

‘./2(21, 29, A, é)\) S —zIKlzl — Z;KQZQ — 0 AT A (583)

Now invoking the Rayleigh-Ritz theorem from [59], [62]

Amin(P)[|2]* < 27 P < Aax (P) || ]| (5.84)
Vz € R",¥Y P €R™™ P =P" >0

where Amin(P), Amax(P) denote the minimum and the maximum eigenvalue of the

matrix P, we have that

—ZIKlZl S _)\min(Kl)HZlHQ (585)
_Z;KQZQ S _)\min(K2)HZ2H2 (586)

where obviously is Apin(K7), Amin(K2) > 0. Using (5.85), (5.86) in (5.83) we have
‘./2(21, 29, A) < _)\min(Kl)”21H2 — )\min(K2)HZ2H2 — 0 AT A (587)

A significant property in the adaptive control theory is that for every 0, é, 0 € RP, the
following equality holds

~ a1 1, 4 1
070 = =||0|> + =16]1* — =110))? .
161 + 1612 - 51 (539)

Using this property in (5.87) the Lyapunov function results in

Va(z1, 22, 8, 03) < =Amin (K1) |21 1% = Aunin (K[| 22
— o {GIAP + SIAI - ZIAIP)
< Nain (K1) 212 = Ao () 2]
—ZIAP = ZIAP +ZIAP (5:89)
It is obvious that the following inequality holds
= SIAIP = SIAI + Z1Al < =S 1A+ Z AP (5.90)

Then, (5.89) finally results in

. ~ o~
Va(21, 22, 8) < =Amin (K1) [[21]1% = Aunin (K2 [ 22]* — §HAHQ + (5.91)
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where w is the strictly positive term

w = %||A||2 >0 (5.92)

From (5.91) it follows that V3(z1, 25, A) < 0 when

22| > (5.93)

)

>~
E

g s
=

or || 22| > (5.94)

)‘m (K2>

or |Al> ,/7“’ (5.95)

Thus, both the errors z;, z» and the parameter estimation error A are uniformly ulti-

mately bounded (see [59]) with respect to the sets

0 = RS [z1]| < ) — .
1 {zl € | 21]] < Amm(Kl)} (5.96)
Q=42 eR: ||z < /— (5.97)
o )\min(K2)
. . 2

One important issue associated with the controller design is the analytical form of
the time derivative of the Jacobian matrix J(&.) and the virtual control vector vges.
The time derivative of the Jacobian J(&.) was derived in Chapter 3 from the equation
(3.73). The ges can be calculated from (5.50) as

Vies = 771 (6) {€iee — K21}
& J(&) Vaes = Eaes — K121
& J(&e) vies + J (&) Vs = Eaes — K11
& Vges = I (E){Eaes — (&) vaes — K1} (5.99)

Invoking from the last results that the zi, 2, are bounded in the sets 2, and
Edess Vdes € Loo from assumption 1, then &, v € L. Since A,A,Q},Q; are bounded
then A, 0, € L. Using (5.99) yields that rges € Lo and invoking this, from (5.72)
yields that A € L. Therefore, it was proven that all closed loop signals are bounded.
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The resulting closed-loop error dynamics system for new states 21, 22 € RS, with all

signals having been proven to be bounded, can be depicted in matrix form as

[21 _ [ — K J(fe)] [21] . O6x1) ) (5.100)
22 _JT(ge) _KQ 22 d(fea v, t) - Sgn(z2) 6(667 V) A
A = Ta{e(6.,v) sgn(zs) z — o A} (5.101)
By = Ty Proj(fy, N7 2 A7) (5.102)

Although it is written in a linear-like form, this system is highly nonlinear.

The aforementioned analysis of the controller design in this section could be summa-

rized by the following theorem.

Theorem: Given the dynamic model (5.33) utilized with parameters from Table (2.2),
under the assuptions 1-3, the control law (5.72) and the adaptive parameters update

laws (5.73), (5.76), all closed signals are bounded and asymptotic tracking
tliglo ”ge - gdeSH =0 (5103>

is achieved.

While observing the controller design procedure, it should be noted that the only loss
of controllability of the proposed system is due to the singularity of matrices J(&.) and
N. The first was discussed in Chapter 3, thus due to assumption (3.8) is well-defined
and the second matrix has full rank with well-defined and small condition number

which is a vital result for the control oriented optimization from [1].



Chapter 6

Simulation Results

In this chapter, the results of extended numerical simulations performed in computer
with the MATLAB/Simulink Environment are presented in order to demonstrate the
flight performance of the proposed framework for the aerial robot in dynamic environ-
ments. Consequently, the effectiveness of the control law designed in Chapter 6 can
be verified. The dynamic model in (5.33) is utilized with system parameters which are
depicted in Table 2.2.

A task for the proposed system modeled in the previous Chapters is usually speci-
fied in terms of a desired trajectory for the end-effector Cartesian position p.(t) =
[e(t) ye(t) z(f)]” and corresponding Cartesian orientation ©(t) = [p(t) 0(t) ¥(t)].
The proposed aerial robot is required to move from the Earth-Fixed Frame to a desired
position-orientation in 3D Cartesian space, namely Stabilization Scenario, or to track

a desired position-orientation trajectory, namely trajectory tracking Scenario.

Each Scenario is accompanied with two Figures with the position/orientation errors
and the required thrust forces respectively. The simulations parameters are depicted
in the corresponding Tables. The 3D animation simulations (videos in .avi file format)
for the proposed system demonstrated with Matlab Software and the video files are
available with the CD included with the printed version of this thesis. The geometric
transformations and the frame graphics animation were carried out using the Corke
MATLAB Toolbox [63].

74
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Scenario 1: In this scenario the end-effector of the proposed aerial manipulator is
forced to stabilize at the position peges = [—2 — 2 5]" with regulated desired ori-
entation O(¢t) = [0 0 0]" with reference to Earth-Fixed frame and 10 % controller
effectiveness reduction. The parameters for this simulation are depicted in Table 6.1

and the corresponding simulation results in Figures 6.1,6.2.

’ ParameterH Description H Value ‘
Initial End-Effector T
£(0) Position/Orientation [-0.230.015 0.23 0 0 0]
Initial Body-Frame T
r(0) Position [0°00]
Initial Body-Fixed T
v(0) Velocities [000000]
A Initial Parameter .
0(0) Estimation Conditions 0.7 diag{l,1,1,1,1,1}
A Initial Parameter .
A0) Estimation Conditions 0,0,0,0,0,0]
Gain of kinematic .
K Controller 0.3 diag{1,1,1,1,1,1}
Gain of Dynamic .
K, Contmyuer 8 diag{1,1,1,1,1,1}
" Unknown Actuator .
05 Parameters 0.9 diag{1,1,1,1,1,1}
Iy Adaptation Gain Matrix 0.1 diag{1,1,1,1,1,1}
|IN Adaptation Gain Matrix 13 diag{1,1,1,1,1,1}
o o-Modificatioon Gain 0.3
d(t) Disturbance [2sin(t) 0.1 0.2 0.5 0.7 2 cos(¢)]”
) Projection Parameter 0.05

TABLE 6.1: Simulation Parameters for Scenario 1

Scenario 2: In this scenario the end-effector of the proposed aerial manipulator is
forced to stabilize at the position peges = [2 3 2]" with regulated desired orientation
O(t) = [Z — I Z]" with reference to Earth-Fixed frame and 20 % controller effective-
ness reduction. The parameters for this simulation are depicted in Table 6.2 and the

corresponding simulation results in Figures 6.3,6.4.
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’ ParameterH Description H Value
Initial End-Effector T
&(0) Position/Orientation [-0.230.015 0.23 0 0 0]
Initial Body-Frame T
p(0) Position 000]
Initial Body-Fixed .
v(0) Velocities 000000]
A Initial Parameter .
0(0) Estimation Conditions 0.7 diag{l,1,1,1,1,1}
A Initial Parameter T
A0) Estimation Conditions 0,0,0,0,0,0]
Gain of kinematic .
K Controller 0.3 diag{1,1,1,1,1,1}
Gain of Dynamic .
Ky Controller 6 diag{1,1,1,1,1,1}
. Unknown Actuator .
0% Parametors 0.8 diag{1,1,1,1,1,1}
Iy Adaptation Gain Matrix 0.2 diag{1,1,1,1,1,1}
|IN Adaptation Gain Matrix 8 diag{1,1,1,1,1,1}
o o-Modificatioon Gain 1.5
d(t) Disturbance [1.2 0.1sin(¢) 0.2sin(t) 0.5 0.7 2 cos(t)]”
) Projection Parameter 0.05

TABLE 6.2: Simulation Parameters for Scenario 2

Scenario 3: In this scenario the end-effector of the proposed aerial manipulator is

forced to track the trajectory peges(t) = [sin(t) cos(t) 3sin(t)]” with regulated orien-
tation O(t) = [0 0 0]" with reference to Earth-Fixed frame and 15% controller effec-

tiveness reduction. The parameters for this simulation are depicted in Table 6.3 and

the corresponding simulation results in Figures 6.5,6.6.
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’ ParameterH Description H Value
Initial End-Effector T
&(0) Position/Orientation [-0.230.015 023 0 0 0]
Initial Body-Frame -
p(0) Position [000]
Initial Body-Fixed -
v(0) Velocities [000000]
A Initial Parameter .
6(0) Estimation Conditions 0.7 diag{1,1,1,1,1,1}
" Initial Parameter T
A(0) Estimation Conditions 19,0,0,0,0,0]
Gain of kinematic .
K, Controller diag{1,1,1,0.1,0.1,0.1}
Gain of Dynamic .
Ko Controller 10 diag{1,1,1,1,1,1}
. Unknown Actuator .
0% Parametors 0.85 diag{1,1,1,1,1,1}
[y Adaptation Gain Matrix 0.2 diag{1,1,1,1,1,1}
N Adaptation Gain Matrix 15
o o-Modificatioon Gain 2.5
d(t) Disturbance [sin(¢) 0.2 0.5 cos(t) 0.5 0.5]"
) Projection Parameter 0.05

Scenario 4: In this scenario the end-effector of the proposed aerial manipulator is
[cos(0.5t) sin(0.5¢) 1.5+ 0.5¢]" with regulated
desired orientation ©(t) = [0 0 0] with reference to Earth-Fixed frame and 10 %

controller effectiveness reduction. The parameters for this simulation are depicted in

forced to track the trajectory pedes =

TABLE 6.3: Simulation Parameters for Scenario 3

Table 6.4 and the corresponding simulation results in Figures 6.7,6.8.
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’ ParameterH Description H Value
Initial End-Effector T
&(0) Position/Orientation [-0.230.015 023 0 0 0]
Initial Body-Frame -
p(0) Position [000]
Initial Body-Fixed -
¥(0) Velocities 000000}
A Initial Parameter .
9(0) Estimation Conditions 0.7 diag{l,1,1,1,1,1}
A Initial Parameter T
A0) Estimation Conditions 0,0,0,0,0,0]
Gain of kinematic .
K Controller diag{0.5,0.5,0.5,0.3,0.3,0.3}
Gain of Dynamic .
Ko Controller 8 diag{1,1,1,1,1,1}
" Unknown Actuator .
0% Parameters 0.90 diag{1,1,1,1,1,1}
[y Adaptation Gain Matrix 0.5 diag{1,1,1,1,1,1}
[N Adaptation Gain Matrix 5
o o-Modificatioon Gain 0.5
d(t) Disturbance [0.5 cos(t) 0.5 0.5 sin(t) 0.5]"
) Projection Parameter 0.05

TABLE 6.4: Simulation Parameters for Scenario 4

Scenario 5: In this scenario the end-effector of the proposed aerial manipulator is
forced to track the trajectory peqes = [cos(0.5¢) sin(0.5¢) 1.5 + 0.5¢]" with regulated
desired orientation ©(t) = [2 £ — Z|” with reference to Earth-Fixed frame and 10 %
controller effectiveness reduction. The parameters for this simulation are depicted in

Table 6.5 and the corresponding simulation results in Figures 6.9,6.10.
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’ ParameterH Description H Value
Initial End-Effector -
&(0) Position/Orientation [-0.230.015 023 00 0]
Initial Body-Frame -
p(0) Position (000
Initial Body-Fixed -
v(0) Velocities 000000]
N Initial Parameter .
6(0) Estimation Conditions 0.7 diagi1,1,1,1,1,1}
~ Initial Parameter T
A(0) Estimation Conditions 0,0,0,0,0,0]
Gain of kinematic .
K, Controller diag{0.8,0.8,0.8,0.3,0.3,0.3}
Gain of Dynamic .
K, Controller 5 diag{1,1,1,1,1,1}
. Unknown Actuator .
0% Parametors 0.90 diag{1,1,1,1,1,1}
[y Adaptation Gain Matrix 0.5 diag{1,1,1,1,1,1}
[N Adaptation Gain Matrix 13
o o-Modificatioon Gain 1.5
d(t) Disturbance [1.2 0.8 cos(t) 0.8 0.9 cos(t)]”
) Projection Parameter 0.05

TABLE 6.5: Simulation Parameters for Scenario 5
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Chapter 7

Conclusion and Future Directions

Aerial robots physically interacting with the environment could be very useful for
many applications. In this thesis, we proposed a completely novel aerial manipulator
that interacts with the environment via an end-effector by applying desired forces and
torques in six DoF task space. We have presented extensively all necessary issues
relevant to the kinematic differential equations, geometry transformations, static and
dynamic equations which constitute a well-defined mechanism for the free motion of

the proposed system in space.

It has proven that the system, with the proposed geometry, which is the result of tech-
nical optimization problems, is exact controllable and linearizable. A robust adaptive
backstepping controller is designed in order to control the exact position and orienta-
tion of the end-effector in 3D space. Simulations from Chapter 6 illustrated that the
system performs desired manipulation tasks efficiently irrespectively of the presence of
unmodeled dynamics, modelling errors, actuation failures, external and environmen-
tal disturbances. Figures from Chapter 6 depicted that the controller provides fast
adaptation of the unknown parameters, accurate disturbance rejection of unknown
disturbances and fair transient performance in the steady state. Furthermore, the re-
quired thrust force is within actuators bounds, which underlie an extremely significant
result in the field of aerial robotics. All these conditions are sufficient to lead us to the

final construction of the system.

With regards to the future directions, first an extensively bending stress study for
every bracket of the system should be performed, in order to choose the exact ma-
terial that will compose the system. This is vital issue in order to avoid possible

oscillations among the brackets during the flight tests. Future work mainly involves
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the construction of the proposed aerial robot in the Control Systems Lab NTUA and
the conduction of experimental trials for the proposed framework with the actual sys-
tem. The experiments should be done in order to verify the theoretical results of this
thesis. The integrated system needs to be equipped with force/torque sensors which
will have the ability to measure the required actuation forces and torques from the
end-effector. This will enable us to perform more advanced manipulation tasks such
as carrying loads, interaction with the environment, industrial inspections and coop-
eration with other aerial robots since the end-effector will be able to apply accurate
desired force/torque in an object. Furthermore, concerning the system identification,
a nonlinear system approximation with Neural Networks will be ideal, providing more
effectiveness in the controller robustness design. Ultimately, an embedded controller
software should be programmed in C++, for the implementation of the high-level con-
troller that was designed in this thesis in order to control the aerial robot in real-time

applications.
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