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"In the middle of difficulty lies opportunity."
Albert Einstein

Evyopioticg

Oa MBera va evyaploTHc® OAOVS OGOVE GLVEBOAOY LE OTOLOVONTOTE TPOTO OTNV
EMLTLYN EKTOVNOT QLTHG TNG SMTAMUATIKNG EPYACiag. Oa Tpémel va evyaploTiom Beppd
tov KaOnynt k. lodvvn KoAétoo yia v emifreyn avtic g SIMA®UATIKNG EPYOCIOG
KoL TNV guKoupio Tov Hov €0MGE VoL 0oYOAN0® LE Evay SLOPOPETIKO TOUEN EQAPLOYNG
TOV poONuatikov aviikelévov. Hrav mdvto 5100£0110G Vo TPOGEEPEL TIG YVMOOELS Ko
mv eumelpio Tov og KABe dVokoro onuelo aAAd kol TG GLUPOVAES TOL Yoo TNV
KOADTEPT EKTTOVNON TG EPYOTING QLTG.

21 ovvéreln evxaploTd® OAoVG Ttovg kafnyNntég g oxoAng XEM®E tov Efvikov
Metoofiov [Toivteyveiov mov pe kabodynoav ta tedevtaior SVO YPOHVICL GTO TOAD
EVOLLPEPOV KOl EVPV OVTIKEILEVO TOV EQUPUOGUEVOV HOOMUOTIKOV ETIGTNULOV.
‘Enerra, 0o 0era va evyopiotiom wiaitepa OAOLG TOVS KOONYNTES TG GYOANG TOV
MoOnpatikod tov E6vikod kar Koamodiotpiaxkod IMovemotuiov AOnvov mov pe
EVEMVELCOY KOL UE EGNYOYOV GTOV HOYIKO KOGUO T®V HOONUATIKOV 0G0 Xpovia
omovdala 6T GYOAN] KOl TOL OV TPOCEPEPAY YMPIG EVOOLUGLOVG, TIG GUGTATIKESG TOVG
EMGTOAEC.

Xe autd 10 onueio BEA® va avaEépm avOpOTOVS, EKTOC TOL GTEVOD OKOOTNLLOIKOV
nepPdrArovtog, mov vanpéav onuavikoi mwoOAol ot (N pov, TPocdidoviag TNV
OTOLTOVUEVT] 100PPOTiO. BOEA® apYLKA VAL ELYOPIGTC® TNV TOPEN LLOV OO TO GYOAELD
7oV NTov, Kot AT va givor dimha pov Kot 6to péAAoV, yloti 6Aot pall Kot Kabévog
amd avTovg Eeymplotd pe vrootpiEay og Kabe pov emhoyn. Eva, Eliva, Xpiotiva,
KéMw, oag evyopiotd! ‘Enetta, Bo n0elo va vyapioticm TIG GUUEOLTATPLES LOV
lodvva kot Avva, Tov ékavay To XpOvio. aVTE Lo TPOYUOTIKA aEEXOoTN EUTELPIA.
Axoun, évo peYEAAO €VXOPIOT® GTOVG GLVAOEAPOLG HoL AAEEavopo, EvBoun ot
Evtuyia mov pe vropov) kot empovn pe Borncav va cuveyicm péypt 1o TEA0G.

BéBowo to peyodlvtepo evyaplot® to 0oQeil® otovg yoveig pov, Kwotaviivo kot
Aquntpa, kKabadg kot otov Ogio pov Tdaxn kot tov mommov pov I1étpo, Tov omoiwv N
o™ OTIG SLVATOTNTEG OV OMOTEAEGE OP®YOS G OAOVS TOVG GTOYOLG KO TO. OVELPE
LoV, kot o1 omoiot pe avEBpeyav o€ Eva e10VAMOKO TEPIPAAAOV LOPP®OTG XWOPIG Kapia
otépnon. Tnv napodoa epyacio v aplepdve ot adépeta pov, I'avvn kot [éTpo.
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Hepidnyny

Oa propovoe Kaveic vo avTaoTel onjuepa ToV KOGHO Ywpig pedpa 1 mAépwvo; Omov
KOl VO KOITAEOLHE OTNV KoOnuepvotntd pag, to diktvo etvar movtov. Ta niektpikd
diktva pog eEac@aAiilovy T0 POTIGUO AL LOG TPOGPEPOLY Ko pio o dvetn (o).
Méo® aoTIKOV, VIEPACTIKOV TNAEQPOVIKOV OIKTUMV UTOPOVUE VO ETIKOIVMOVOVUUE
HETOED LOG LE EAAYLOTN TPOGTADELD. AKOUT, TA 0O1KE, GLONPOSPOUIKA KO LEPOTOPIKA
dlktvo poag mapéyovv To. HEGH VO OVOOLUE TEPAOTIEG OmOooTAcES. Ta dikTva
KOTOOKELNG Kot Slovoung pog dtvouv mpdcofacn o€ TPOPULO KOl KOUTOVOAMTIKA
npoidvta. TELOG, Ta SIKTLO VITOAOYIGTAOV OTWS TO, AEPOTOPIKA CLGTHLLOTA KPOTHGEMV,
EYouV AALAEEL TOV TPOTIO e TOV 0010 HOPALOHOGTE TANPOPOPIEG GTNV EMAYYEALLOTIKNY
KOl TPOCMOTIKY| pog (o).

e Oleg aVTEG TIC KaTNYopieg mpoPfAnudtmv kabmg Kot o€ TOAAEG AAAES, EMBLLOVUE VO
LETAPEPOVLE KOO0, HOoVAda omd éva onpeio o€ €vo GAALO YPNOLLOTOLOVTOG £Vl
VILAPYOV STKTLO KOt VO TO KAVOLUE aVTO OGO TO 0modoTIKA yivetal. OEhovpe Aomov
vo. HABOLUE VO OVTICTOLYOVUE OVTO TO. TPOPANUOTO GE HOOMUOTIKA OVTIKEIPEVO,
YVoOoTh 0¢ mpofiiuara poijs —network flow problems kat vo peretnoovpe didpopovg
TPOTOVG (0AY0opiBOVG) Yo VoL AVGOVUE TO LOVTEAD TTOV TPOKVTTOLV.

H ovykexpiévn epyoacio mpoypatedetor avtég Tig yvootég pebddovg emihvong
TPOPANUATOV  PONG, YPNOLLOTOOVTIONS TOCO YVOOTOVS aAyopiBuovg O6co Kot
BeAtiotomomoelg ovtdv, eapuoloviog OAC TO TOPATOVED GCE GLYKEKPLUEVA
napadetypato and v kadnuepvotnta. Ilo cvykekppéva, Hetd v pKp ovopopd
omv Emyeipnowokn ‘Epevva ko ™ ocvopPoir g ot PBeitictomoinon g ANyng
anopdoenv pEocw Opopwv pedddwv (oto 1° Kepdiaio), yivetanr m eicaywyn ota
Aiktvo, Pong, avagépovtag ypnoiovg optopovg kot cvpPoiiopoig (2° Kepdlaio).
AxolovBovv o1 téooepig yvmaotol péhodot Pertiotonoinong. O mpdtog epapuodleton
ota Ilpofiinuaza EAdyioton Movomatiod, ypnoylonolidvtog tov akydpdpo tov Dijkstra
(3° Kepdraro). Axorovbei n Pertioon tov, péow g epapuoyng tov Dial kot tov
2opov kabng Kol Técoepa mapadetypata. Xto 4° Kepdato, yiveror n avaeopd ota
Tpopinuora Meyiotng Pong kou avoivetor 1060 o I'evikdg AhyopiBpog AvEntucon
Movornatiod 6o ko o IIpoonpacuévog AAyopBrog kat to Osmpnua Méyiotng Pong
ka1t EAdylomng Amoxkomng, kabdg axoilovBodv ko tpilon mapadeiypota. Xto 5°
KepdAato, yiveror n avéivon evog e€icov onpavtikov tpofAnuatog, tov Ilpofinuarog
Pong Eloyiorov Koorovg, pécm tov Alyopifpov Ararowpng Koxkiov. Emmpdcbera,
avaeépovtol Kot ot akoAovbor Bedtiopévol akydpiBpot: o AlyopiBpog Atodoykmv
EMdyotov Movoratidv kot o AlyopiBuog Primal-Dual kafdc mapovoialeton kot Eva
napadetypa. Télog, oto 6° Kepdiao, mapovsialovion ta EAdyiota [lapaydueva
Aévrpo ko avoeépetor o AAyopiBpog tov Kruskal kot o AlyopiBpog tov Prim kabodg
Kol OVO TAPAOELY LT,

AEEE1G KAWL —diKTVO. poTjg, feltiaromoinon
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Abstract

One can hardly imagine a world today without electricity or phone. Networks have
become an integral part of our life today. Electrical networks do not only provide
illumination, but also result in greater ease for our lives. By the virtue of urban, intercity
telephone networks we can communicate with each other with the least effort. Road,
rail and air networks provide the best means of long-distance travels. With the help of
manufacturing and distribution networks, we have access to food and consumer
products. Finally, computer networks such as airline reservation systems, have
facilitated the way we share information both in our professional and personal life.

This thesis attempts to investigate not only the above problem categories but many more
as well. We wish to convey a unit from one point to another using an existing network
and try to accomplish it as efficiently as possible Thus we want to learn how to assign
these problems in mathematical objects known as network flow problems and to study
various ways (algorithms) of solving the resulting models.

This paper discusses these known methods of solving flow problems, using both known
algorithms and their optimizations, applying all these specific knowledge to examples
from everyday life. More specifically, after the brief reference in Operations Research
and its contribution to optimize decision-making through various methods (in Chapter
1), an introduction to the Networks Flow is discussed, indicating useful definitions and
symbols (Chapter 2). Below are four known optimization methods. The first applies to
Shortest Path Problems using the algorithm of Dijkstra (Chapter 3). Follows the
improvement, through the implementation of Dial and Heap and four examples. In
Chapter 4, is given the reference to the maximum flow problems and analyzed both the
Augmenting Path Algorithm and the Labeling Algorithm and the Max-Flow Min-Cut
Theorem, and follow three examples. In the fifth chapter is the analysis on the equally
important problem of the Minimum Cost Flow Problem through the Cycle-Canceling
Algorithm. In addition, the following improved algorithms are stated: Successive
Shortest Path Algorithm and Primal-Dual and in the end an example is presented.
Finally, in the sixth chapter, the Minimum Spanning Trees are referred and two
algorithms are mentioned: the algorithm of Kruskal and Prim's algorithm, as well as
two examples.

Key Words - networks flow, optimization
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Enyyeipnoioxny ‘Epesova

1.1. Hepiinyn

H Emyeipnowokn épevva (OR) kalvmtel éva euphd QAGH amd TIG TEYVIKES EMIALONG
npoPfAnudtov kot tov puedddwv mov epappoloviatl katd v avalntnon g Pertioong
™G AMYNG OmoPACEMY KOl TNG OMOTEAEGUOTIKOTNTOS, OTMG 1| TPOCOUOImoN, 1M
pofnpoatiky PeATioTonoinot, ot ovpPEC AVAUOVIG KOl GAAO GTOYOGTIKO HOVTEAC,
Moprofrovég dadikacieg AMYNG amopicem®y, ol OIKOVOUETPIKES péBodOL, avdivong
OEJOUEVMVY, VEVPOVIKA OTKTLO, EUTEPO GLOTHUOTO  OVAAVLONG OTOPAGE®Y, KOl 1
avaALTIKN Sladtkacio iepapyiag. Xxedov OAeG aVTEC Ot TEXVIKEG TEPAaUPdvovy TV
KOTOOKELT] HOOMUOTIKOV HOVTEA®V TOL TPOSTOHOVV Vo, TEPTYPAYOUV TO GUGTNLLO.
Ady® TOL VTOAOYIGTIKOV KOl GTATIGTIKOD YOPUKTIPO TOV TEPIGGOTEP®V OO AVLTE TO
nedila, N Emyepnowokn ‘Epevva €yl 10xvpovg de0UOVE HE TNV EMOTHUN TGV
VTOAOYICTMV Kol TOV oVOADGE®V. Ol EMYEPNCLOKOL EPEVVNTES, AVTILETOTILOVTAG £Val
Kovouplo TpoPAnua, mpémetl vo kabopicovv moleg and avtég Tig TEXVIKEG €ivatl ol o
KaTdAANAES, dedopévng TS VoS TOL GLUGTHLOTOC, TNV EMOIWKOUEVY Pektiwon kot
TOV TEPLOPIGUADV GTO YPOVO KOl TNV VTOAOYIGTIKY| 15)D.

O peyddot vmotopeic oTn GUYYPOVN EMLYEPNGLOKT EPELVA , OTTMOG TPOGdLopilovTor amd
10 MePLodko «Operations Researchy , sivat:

e [IAnpopopikn Kot te)VOAOYiEG TG TANPOPOPIaG

o [lepifarrov, Evépyela kar puoikol mopot

e  XpPNUOTOOTKOVOULKA

e Buoounyavio, EMGTAUESG VANPESIAOV , KO SLOYEIPION TNG YPOAUUNG TOPAYOYNG
e  Movtelomoinon Tng TOAITIKNG KOl TOV ONUOGIOV TOUEN EPYOCTOGC

¢ Awyeipion T@v €600V

e Ilpocouoimon

e  YTOYOOTIKA LOVTEAQD

e  Metapopég
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1.2. Iotopiko Mépog

Yav aveEdpTnTog KAGOOG, 1 EMLXEPNOLOKT £PEVVO TPOEPYETUL OO TIG AVAYKEC TOV
oTpotov kotd TN dapkeln Tov B ' Tlaykoouiov IToAépov yio fEATIOT KaTovoun Twv
TOP®V TOL KOl KOAVTEPY OVATTLEN TOV GTPATELUATOV. XTIC OEKOETIEC WETA TOV
TOAENO, Ol TEYVIKEC MOV avamtdiydnkav dpyoav va epoapuodlovior gupotepa, ©€
TPOPANUOTA OTIS EMYEPNOES, TN Prounyavie Kot v Kowwvia. Amd 10T, 1)
emryepnookn épevva Exel eelybel e vav Topéa TOV YPNCUOTOLEITOL EVPEMG OTIC
Brounyavieg (amd mETpOYNUIKE £OC AEPOTOPIKES ETOUIPEIES), TN XPNUATOSOTNOT, TNV
EPOOINGTIKY, KL TNV KLBEPYN O, KOL EXKEVTIPMOVETAL TNV OVATTUEN TOV Lo LOTIKOV
HOVTEA®MY OV UTOPOVV Vo, yxpnoipormombodv yuo v avdAivorn kot BeAtiotonoinon
TOAVTAOK®V CLUOTNUATOV, Kol £l YivEl Evag KAGOOG TG evepyol aKaONUOIKNIG Kot
Bropmyovikng Epevvoc.

1.2.1. Ietopikij Ilpoélcven

Xmv enoyn tov B' [Taykoouiov [ToAépov , n emyeipnotokn épguva opiletal o¢ «ua
EMOTNHOVIKN LEOOSOC TOV TOPEYEL GTO EKTEAECTIKG OPYOVOL L0 TTOGOTIKY BACT] Yo TN
MY amoPAGE®V GYETIKA HE TIG epyacieg vITO Tov EAeyyd TOVS). AAAo OVOUHOTO Yol
avtd meprapPavoovv «emyeipnotakn ovaivon» (Ymovpysio Apvvag tov Hvopévov
Baotieiov amd 10 1962) kot «mocotikn dtoyeiptony.

[Tpwv kaBiepwbei mg aveEaptnTog KAAGOS, TO TPMIUO EPYO GTNV ETLYEPNCLOKT EPELVA
de&nydn amod dropo 6mwg o Charles Babbage. H épevvd tov oyetcd pe to k66T0C
LETAPOPAS KOt OLAOYNG TOV TAXVIPOUEIOD 0N YNNGV GTN YVOOTH UETAPPVOUIGN TOV
Bactikob tayvdpopeiov g Ayyiiog to 1840, yvoot g "Penny Post”. O Percy
Bridgman ypnowonoince v emyelpnolokny £pguvo Yol VO OVTILETOTIGEL TO
mpofAquata ot euoikn to 1920 ko Tpoomadnoce apyodTEPO VO TNV EMEKTEIVEL OTIG
KOWOVIKEG EMGTNUES . To cVUYYpOVO TESTO TNG EMYEIPNOLOUKNG EPEVVOS TPOEKLYE KATA
) odpketa Tov B ' Tlaykoopiov TToAéuov .

H o0yypovn emyeipnotakn épevva yevwndnke otov gpeuvntikd otobud tov Bawdsey
ot0 Hvopévo Baocidelo 10 1937 kou Mtov t0 amotéAecpua HoG TpoToBovAiog Tov
emotdtn Tov otafpov , A.P. Rowe . O Rowe cuvédafe v 10éa NG EMYEPNCLOKNG
Epeuvag o¢ LECO Yo TNV avaivon kot ) Bedtioon g Asttovpyiag Tov dSkTHOL pavTip
gykopng mpogwdonoinong tov Hvopévov Baciieiov , «Chain Home» (CH) . Apykd,
AVEALGE TOV TPOTO AELTOVPYIOG TOL EEOTAIGLLOV TV PAVTAP KO TO STKTLO ETKOVOVING
TOVG, EMEKTEIVOVTAG TO OPYOTEPO YO VO GUUTEPIAGPEL TN CLUTEPLPOPE TOV
TPOCHOTIKOD. AVTO amokdAvye Kovovpleg duvatdtnteg Tov dtktvov CH kot emétpeye
va ANeBovv dopBmTikd pétpa.

O1 emotpoveg oto Hvopuévo Bacieo, cvumepihappavopévav tov: Patrick Blackett
(apyotepa Adpdog Blackett OM PRS ) , Cecil Gordon , CH Waddington , Owen -Jones
Wansbrough , Frank Yates , Jacob Bronowski kot Freeman Dyson , kot otig Hvouéveg
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[ToAteiec ovunepiiappavouévov tov George Dantzig, avalimmoav tpomove yio va.
TAPOVYV  KOADTEPO OMOPACELS o€ Touelc Ommw¢ logistics ot ta mpoypauuata,
exmaidgvong . Metd Tov TOAEp0 dpyioe va epapuoOleTal 6€ TAPOUOLN TPOPANLATO OTY
Blounyavia.

1.2.2. Aevtepog Haykoouiog Ioieuos

Katd ™ obpkea tov Agvtépov Iaykoouiov IToAépov mepimov 1.000 dvopeg won
yovaikeg otn Bpetavia coppetelyov oy enyelpnotokn Epevva Kot mepinov 200 omd
aVTOHG EPYASTNKOV Y10 TO BPETAVIKO GTPOTO .

O Patrick Blackett epydotnke yio TOMEC SLUPOPETIKEG OPYOVAOOELS KATA TN S1apKELQ
TOL TOAEHOV. XtV opyn Tov ToAépov, eved epyaldotov yioo to Royal Aircraft
Establishment (RAE) dnovpynoe pio opdda yvootn g «Circus». Avt n ouddo
Bonnoe va pewwbel o apBUOC TV avVTIOEPOTOPIKAOV POAMV TOL OTOLTEITOL Y10 VO
Katappiyer Eva exfpikd agpockdpos, and uEco 6po mov fToav Tave axd 20.000 (katd.
mv évapén g Mayng g Bpetaviag), o€ 4.000 to 1941 .

To 1941 o Blackett petaxivnidnke omo ™ R.A.E. oto ITokepkd Novtikd , petd v
npdt cvvepyooia pe v RAF Coastal Command, to 1941 kot 6tn cuvéyela oTIC
apyés tov 1942 oto vavapyeio. H opdado tov Blackett mov dovieve oto Tunua
Emyeipnoioknig ‘Epevvog ¢ Navtikng Awoiknong ( CC - ORS ) nepihappave dvo
peAlovtikoug vikntég tov Ppafeiov Noumeh kot wOAAODG GAAOVG 7OV NMTOV
dwokekpyévol otov topéa tovs. Ilpoéfnoav oe pia celpd amd onUAVTIKEG AVOADGELS
nov Bonncav otov morepo. H Bpetavia eionyoye 1o cvotno CONVOY i vo. HetwBovv
Ol OMAOAEES TOV TAOIOV, OAAL EVD M TAKTIKY TNG XPNONG TOAEUKOV TAOI®V Yol TN
OLVOOELD EUTOPIKMY NTAV YEVIKA ATOOEKTT, OEV NTAV GAPEG EGV NTAV KAADTEPA Y10l TO
convoy va givar pikpd 1 peydra. To cONVOY ta&oe0ouvv e TV ToyOTNTO TOL IO 0PYOL
HEAOLG, €101, LKPE CONVOY piropovv va tasdéyouy ypnyopotepa. Emiong, vmmpye n
avTiAnymn Ot Ta pukpd convoy Ba NToav mo SVGKOAO Vo T aviyvedoel 1 Yeppovikn U -
boats. And v GAAN mhevpd, ta peydia convoy Ba pmopovcav vo mapatdovy To
TOAG ToAepIKA TAOi0 evavTiov evog eloPforéan. To mpocwniko tov Blackett £de1&e ot
Ol OmMAEEG TOV CONVOY efaptdvior oe peydho Pabud amd tov aplBpd tov
GUVOOELTIKOV GKAP®OV TTOV TTAPELPIoKOVTAVY, Kot Oyt amd T0 cLVOAKO péyeBog Tov
convoy. To counépacud Toug NTav, EMOUEVMS, OTL Alya aALd peyddlo CONVOY givor o
VREPACTIGLA OO TOAANL LIKPAL.

Kotd v avdivon tov pebddwv mov ypnoyorotovce  Navtik Aoiknon RAF ya
VO EVIOTIGOVV KOl VO, KOTAGTPEYOLV VITOPPUYLa, VG 00 TOLG OVOALTEG POTNGE Tt
YPOUA NTOV TO 0EPOCKAPT], OEOOUEVOD OTL T TEPIGGOTEPO YPTCLLOTOLOVVTAY Yol
Boupapdicpois, NTov Poppéva podpa yio Tig VoyTePvES emyelpnoels. Me mpotacn Tov
CC-ORS éywve pia dokiyn v vo doHve av avtd NTOV TO0 KOADTEPO YPMUO Y10, VO
KOAADYOLV TO AlEPOCKAPOS Y1a TIG EMYEPNOELS KATd TN O1dpKela TG NUéEPAS oto ykpilo
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ovpavo Tov Bopelov AtAavtikod. Ot dokipég €0e1&av OTL TO OEPOGKAPOS TOL NTOV
Bappévo Aevkd dev evromldtay (kotd pneso 6po) €mg 6tov Nrav 20% mo kovtd, and
avtd mov Ntav Bappévo pavpo. H addhayn avtn £dei&e 6t 30% mepiocdtepa vtoPpuyta
Ba dexdvtovoav emiBeomn kot o PuOilévrovcay amd Tov 1010 apBud cKomeLTOV. Qg
amoTéAec O aVTOV TV eupnudteov 1 RAF-CC dALo&e TO Yp®OUL TOV 0EPOCKAPDV TNG
o0& AeVKO.

1.3. Hapadciyuata ue ypyon Emyeipnyoiorxns Epevvag

1° Hapddsiyua:

‘Eotow 4 dtopa (A4,B,I,A) mov Béhovv va mepdoovv éva motdut. Bpiockovtar otnv
avaTtoAKn 60N Kol GKOTAC TOVG Elval va pTacovy 6Ty duTiky 6xOn Tov motapov. I'V
avtd Ba ypnoipomomocovy pia Bdpka mov ywpdel To moAL 2 dtopa TN eopd. O A
ypewaletar 1 Aentod yo va gtdoet anévavtt, o B 2 Aentd, o I' 5 Aemtd ko o A 10 Aemtd.
Kd&Be popd o ypdvoc g dadpoung vroroyiletor amd tov mo apyod kommAdtn. H Bdpka
elvatl o povog tpoémog petapopds. Ilolog eivar 0 EAdyIoTOg XPOVOG Y10 VAL PTACOLV KOt
ot 4 amévavry,

Avan
Apykd Oa opicovpe 2 EVOALAKTUIKES OO POUES

1. ®Oa mepdoet 0 A + B, Ba yopicet o A, Ba mepdost o A + I', Ba yupicet o A, Oa
nepacelo A + A4

2. Oa mepaoet o A + B, Ba yupioet o A, o mepdoet o I' + A, Ba yvpicel o B, Oa
nepacero A + B

O epropiopot yua T Abomn avtov Tov TpoPAnuatog elvat:

1. O ypovog g dradpoung vtoroyiletor amd Tov o apyd KOTNALTH
2. H Bdpxa givor o povog tpOmog HeTapopds

To avTIKEWEVIKO KPITHPLO Y10 TNV EMAOYT] TNG OLOPOUNG fvar 0 EAIYLIOTOC YPOVOC.

o XNV TPAOTN TEPITTMOT], O XPOVOS LEXPL VA PTAGOVV OAOL ATEVOVTL VTTOAOYILETOL
g eENg:

Oa epdoeto A + B = o0 ypovog tov B = 2 Aemta

®a yvpicer o0 A= 1 Aemtd

Oa epdceto A+ I' = o ypovogtov I’ = 5 Aemta

Oa yvpicer 0 A= 1 Aentd

Oa mepdoel 0 A+A= o ypovog tov A= 10 Aemtd

Ok N E
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Apa 0 cuvolkog pdvog eivan 2+1+5+1+10=19 Aemta

o Xmv Oeltepn mepimtmomn, o YPOVOG UEXPL VO PTAGOLV OOl OTEVOVTL
vroAoyileTon wg e&Ne:

®a mepdoel 0 A+B= 0 ypdvog tov B= 2 Aentd

®a yvpicer o A= 1 Aemtd

®a mepdoet o ['+A= o ypdvog tov A= 10 Aentd

®a yvpicer o B=2 Aentd

®a mepdoel 0 A+B= 0 ypdvoc tov B=2 hentd

Ok E

Apa 0 cuvolKOG pdvog eivan 2+1+10+2+2=17 Aerrta

Onwg elvar Ttpo@avég 1 Avor Tov mpofAnpatog ivatl 1 dgvtepn dadpoun, dniadn 17
AemTd.

2° Ilapaderyua:

M eTtoupeio KataoKevn)g TNAEOPAGE®Y EYEL EpYOoTaoia o€ 3 Y®PES, Aq, Ay, A3 oV
napdyovv avtictoya 200,260,340 mmieopdoelg avtictoyya v nuépa. H etarpeia
npoundevel 4 dAhec yodpeg By, By, Bz, By mov ou avdykeg tovg kdbe pépo givon
300,240,160,100 tnAieopdocelg avtictoyya. To KOCTOG petagopds 7y kéOe
TNAEOPUGT] GE KATAAANAEG YPNUOTIKES LOoVAdES diveTar amd Tov axoAlovBo mivaka:

B, B, B B,
A 4 6 8 12
A, 2 5 7 4
A, 6 9 13 8

Noa Bpebel o Packn ekt Avon tov mpoPAnpatog pe ™ uéBodo elayioTov
oTolyeion.

3° Hapadciyua:

‘Exyovpe éva diktvo aymydv @uotkod agpiov mov evavel 4 moielg g Poociog. H
Sterlitamak 6mov Bpicketar ) anyn tov voikov agpiov, n Ufa ko Vladimirovka mov
gtvar evouapecol otabuoi kor m Tolyatti mov eivaw o telkdg mpoopopds. H
YOPNTIKOTNTO TOV KAOE aymyoL Tov gvdvel 000 TOAELG petald Tovg divetol GTO
TOPOKATO GYNHO 0md TOLG aplBpovg oTIG avtioTotyeg akpés. Embupoidpe va oteihovpe
™ UEYIETN dLVOTH TOGOTNTA PLGIKOD 0EPIOV, OO TNV TNYN S GTOV TEMKO TPOOPIGUO
t.
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Eixova 1.3.1. Aixrtvo aywynv s Pwoiog

1.4. Xpnowes MéQooor ano tyv Emiyeipyoioxny Epsvva

Mua a6 T Tpdteg epapproyég Tov I'pappuot [poypappaticpov vanpée 1o Tpofinua
NG MO OIKOVOUIKNG Otakiviong evag Tpoidvtog amd opiopévoug otafods mapoywyng
(m.. epyootacia, Prounyovies, amobnkes) oe opiopuévoug otadods Tpooptoov (m.y.
amofnkec, Mpdvia, Katactiuato, onitia). To mpoéPinua Ntav yvootd and 1o 1941
(Hitchcock, 1941) ko g IT.T.I1. Bgpembnie kot AvOnke and tov Dantzig 1o 1951 ko
AVNKEL 0TV KaTNyopio TV TpofAnudtev diktvmtig aviivong. H dwatdmmon avtov
TOL TPOPANUATOG OV EYIVE YVOOTH O mpdfinua s petapopds-Transportation
problem &ivar | mopokdto:

Ye m otafuodg mopayoyng Aq, A, ..., A, €va mpoidv vmdpyel oe TOGOTNTES
aqi, Az, ..., Ay OvTioTOLYO. TO TPOIOV TPEMEL VL TaPO0OEL GE N GTAOOVS TPOOPIGLOV
By, B,, ....,B, mov oamoutodv mocOtES by, by, ..., b, oviictoyo. H ocvvolikn

TOPUYMYN 1GOVTOL [LE TN GLVOAKT (Tnom, OnAadr|

iaiz bi=S (1)

n
=1 =1

To x6010G petagopds pog povdoag mpoiovtog and 1o otabud mapayoyng 4; otov
oTaOUO TPOOPIGHOV Bj , LETPOVUEVO GE KATOAANAEG XPNUOTIKEG LOVAdES, elvar ¢;; (T =
1,2,.....m,j=1,2,...,n) . Na Bpebei dpioto oy€do petapopds (dniadn va pebovv
ol KatOAANAeg mocdTNTEG X;; MOV TPEMEL Vo peTapepbovy amd Tovg GTAOUODG
TOPAYOYNG GTOVG GTOOHOVS TPOOPIGHOD £TGL DGTE VO EALUYICTOTOLEITOL TO CUVOAKO
KOGTOG HETAPOPAS KOl GLYYPOVOS VO TKOVOTOIOVVTOL Ol OVAYKES OA®V TOV GTAOU®V
TPOOPIGHOD).
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H paOnuoatixn dratdmwon tov mpoPAnpotoc petagpopdg eivat:

m n
min z z Cijxij

. (2)

x;j=0 (i=12..,mj=12..,n)

To npdPANUa 0VTO PTOPOVUE VO, TO AVGOVUE pE TOV adydptBuo Ths Simplex , mov eivol
évag olyovpog Kot amodoTikdg aAyoplOog vo LeAeTHooVIE OA TO. TPOPANLOT TNG
Emyeipnowokng ‘Epsuvag. Ouwg, AOym g amAng Soung mov €xel T0 TOPUTAVE®
TPOPANUO, UTOPOVUE VO XPNOUOTOGOVUE TN HEH0d0 TV JVVOUIK®OY -
Transportation method (rapaiiayn g uebodov Simplex), n onoia givat o amhn Kot
mo ypnyopn. H pébodog avty eivar onuavtikny o010t éva peydio pépog tmv
npofAnudtov e Enyeipnowoxkng Epsvuvag propel va avoyBel otn napondve popen

).

M aGAAn epappoyn ™e Emyepnoiokng ‘Epevvag ftov to mpofAnpato oto omoia
Béhape va LETOQEPOLLLE TN LEYIGT SLVOTH TOGOTNTA EVOG TPOIOVTOG OO EVAV APYIKO
TPOOPIOUO GE Evav TEMKO, YPTNOLLOTOLOVTOS EVEL GUYKEKPLUEVO OIKTLO UETOPOPDV.
Tétowo TpoPAnpoto givol yvootd g npoPAiuate uépteTns pors - maximum flow
problems.

To mpdPAnpa g pé€yrog pong draturddnke yo TpdT Popd to 1954 and tov T.E.
Harris kot tov F.S. R0SS ®wg éva omhomomuévo HOVIEAO NG KLKAOQOPIOG TMV
ocofietikdv odnpodpoumv. To 1955, o Lester R. Ford o vedtepoc kot o Delbert R.
Fulkerson onpodpynoav tov tpdto yvmwotd adydpiBuo Ford-Fulkerson.

H povtehomoinomn tov mpofinpartog eivat 1 axdAovdn:

Av 10 diktvo €xet tovg koOuPovg 1,2,..,n (l:mmyn, n:mpoopiouds) Ko
xopnticom o w;; Yooy okpn (i, 5), éoto x;; n pory Stapécov g axpng (i, j) kary
GUVOAIKT] pOT| SUEGOL TOL OKTOOV. DUGIKA 1) GUVOAIKT POT| JAUEGOL EVOG Oy®YOD
npénel va lvar 1o ToAD ion pe ) xopnTikdtTd Tov. Eionc, ot evoidpesot kopupot tov
JKTVOV, 0VTE TAPAYOLV, OVTE KATAVAAMVOLV VAIKO KOl ETOUEVMG 1) GUVOALKT POT| TOV
eloépyetal o€ €va evolapueco KOUPo 16o00TaL LLE T GLVOMKT POT TOL EEPYETOL OO
aVTo.
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"Etol m uabnuatixn orotdrwon g ILI.I1. givol:

X = maxy

qu =y

J
ink = Zxk] (k =23, ..,n— 1) (3)
i J

inn =y

i
0 Sxij Suij

To npofAnua avtod, Onmg Kot GAla ToALA, umopel va Avbei pe ) uébodo Simplex wc
TPOPANLO YPOUUIKOD TPOYPOUUaTIoHoD. Opmg Adym g Waitepng SOUng Tov, Ommg
T TPoKVTTEL Oamd TN povielomoinor tov, £xet emwvondel évag moAD mo
AmOTEAEGHATIKOC OoAyOpOog Yoo v emihvor tov. O adydpibuog avéntikod
Hnovomaziov - shortest augmenting path algorithm.
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Aixtva Pong

2.1. Eweaywyi

Ta mpofAnuata pong eival po Katnyopio TPoPANUATOV oL GLVOILALOVY S16.POPOVE
EPELVNTIKOVG TOUELG GUUTEPIAOUPAVOUEVOV EQAPULOCUEVOV LAONUATIKOV, ETMGTHUN
VTOAOYIGTMV, EMLYEPNOLOKT) Epevva kat management. O topéag avtog £xet po TAOVGLOL
Kot pokpd moapdooon, mn pilec tov omoiov evtomilovror otn dovAewd tov Gustav
Kirchhoff kot GAA®vV MAekTpoAdy®V pNYOVIKOV TPOTOTOPp®V Ol 0Toiol avéAvoay
GLGTNUOTIKA TO NAEKTPIKA KUKADONOTO. AVTEG O TPOILES Epyacies éBecav ta Bepéha
TOAMGOV Pacikdv 10edv ¢ Bswpiog Tov mpoPfAnudtov pong kot kabiépmcav To
YPOPNUOTO ®G YPNOUE HOONUOTIKA OVTIKEILEVO Y10l TNV OVOTAPACTOCT) TOAADY
QULGIKOV CGVoTNUATOV. MeydAo KOPUATL QLTOV TOV EPYUCLOV OMOVIOVGE GF
epOTAHOTA OTOG: «AV EQPUPUOCOVE LU0 GEWPE OO TAGES G £VaL OEOOUEVO OIKTLO,
nowo. Ba lvat 1 TEAKT pon| TOV PELUATOG» XTol TEAN TG deKaeTiag 1940 Kot Tig opyES
tov 1950, O6moL Ol EMOTNUOVIKEG KOWOTNTEG OvO TOV KOGHO ovESEEaV 1M
BeAtiotomoinon ocav  oveEdpmto epguvnTiKO Tedlo Kot 1 EMAVACTOOT TV
NAEKTPOVIKOV VLTOAOYIGTAOV OONYNOE OTO TOVIGYLPO HEGO Y. VO TNV EKTEAEOT
EMGTNHOVIKAOV DITOAOYIGLOV, 1 Bempia TpoPANUaTOV pong ApYIoe Vo, xpNCILOTOLEiTOL
KOl G€ SPOPETIKOD €100VG EPOTNUATA OTIMG: «AV £YOVUE SAPOPOVLS EVOAAAKTIKOVS
TPOTOVG YlOL VO, YPNOULOTOMGOVUE €va OikTLO, Tole eVOAlaKTIKN Ba glval 1 mo
OTOJOTIKT];»

Kamowa and to onuavikotepa tpofAnuata pong etvan ta axdiovda:

o Ilpofinua covrouotepns otadpouijs — shortest path problems
I[Totog givat 0 kaAVTEPOS TPOTOG Yo va. dlacyicovpie Eva diktvo and Eva onpeio
o€ €va, AL e 65O TO SLVATOV AYOTEPO KOGTOG;

o [Ilpofinua uépetng pors — maximum flow problem
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Av og éva SIKTLO £YOVE TEPLOPIGUEVEG YOPNTIKOTNTEG OTIS KOPLPES, MG
UTOPOVUE VO GTEIAOVUE TN UEYIOTN OLVOTH POT OVAUECOH GE dVO OTNUEID TOV
OKTOOV;
o Ilpofinua eldyierov kécTovg poric — minimum cost flow problem

‘Eotm 611 £xovpe €va dIKTLO LE TEPLOPIGUEVES YOPNTIKOTNTES OTIC KOPLPES KOl
emmAéov emPopuvopocte pe €vo KOOTOG ovd HOVAOO TPOIOVIOG MOV
petapépeTol péoa oe avTod. AKOuUN, TO TPOiOV PPIoKETAL KOTOVEUNUEVO GE
OLYKEKPIUEVES KOPLPEG-AmoONKeS Kot BELOLLE VO TO OTEIAOLUE GE KOPVLOEC-
npoopiopove. [Toto eivar 1o eAdyioto duvatd KOGTOC

Me Vv KAOGGIKY] TPOGEYYIOT TOV EQPUPUOCUEVOV KOl OBE@PNTIKOV HoONUOTIKOV
KaBéva omd to mapondveo mpoPfAnuota gival moAd amAd va Avbeil. Agv eivar oD
dVoKOAO (0AAG OVTE Ko TPOPOVEG Yo ToL 000 TeEAeLTain TPOPANATA) Vo SovpE OTL
yperdleton va eetdoovpe Povo éva TeEmePAGUEVO aplBUd omd eVOALAKTIKES Yo KAOE
npoPAnpe. Ondte évag mopadootokdc pobnuatikdog Oo €leye Ottt apkel va
amoplOuncove T0 GUVOLD TOV EPIKTOV AVCE®MV Kol vo emA&éEovpe T PBéATIo.
Avctoy®dg oty N TPocEyylon dev elvar epappoctiun, agov o apiuds tov mbavov
EVOALOKTIKOV AVcewv pmopel vo givar 1epdotiog (Yo TOAAG TPOKTIKE TpofAnuota
elval TeplocdTEPOG Ao ToV apliud Twv aTtop®V Tov cOUTavTog!). Omote avt’ avToL Ha
0éhape va katackevdacovpe alyopifovg mov eivar «kahoi» pe v évvola 0Tl 0 ypovog
vmoloyicuod - computation time tovg eivor pikpdc 1 TOLAGYIGTOV AOYIKOC Yo
TPOPANILOTA TTOL GLVOVTOVTOL 6TV TPAEN. Evag tpomog yia va 1o eEacpaiicovpe ovtd
elvat va Katackevdoov e alyopiBpoug yia toug omoiovg eiplacte Giyovpot 0T 0 ypovog
Jgttovpyiag-running time tovg dev Oa awénOei TOAD Ypriyopa KabmE To VIThpy oV dikTLO
ueyodmvel. H avantoén tétoiwv akyopiBumv eivarl yvoot mg worst-case analysis.

2.2. Ewoaywynq ota Aiktva Poxg

Kobnhg ta ypagnuota kot to diktva pong speavifovrol maviod Kot Pe StpOpES
EVOAMOKTIKEG LOPPEG, TOALOT emaryyeApaTIKOl KAGDOL £X0VV GUUPAAAEL LE ONUAVTIKEG
10€ec otV €£EMEN TV SIKTO®V PONG. AT 1 SLPOPETIKOTNTA EYEL ATOPEPEL TTOAAG
0PEAT, CLUTEPIAAUPAVOUEVOV TTOAADV Kot SLOPOPETIKAOV TpooTtTIk®V. [Tap’ OAa avtd,
vrdpyovv apketd eniParridpeva k6otn. ['a Tapdderypa, n BrAoypagio v SKTHOV
Kot ¢ Bewpiog ypaenudtov otepeitor EVOTNTOS Kot 01 GVYYPOQEIS EXouv LIOBETNCEL
po peydan mowidio and cvpupdoels, coppoiicpovg kot optopovs. Ewdwd yuo ) pon
SIKTV®OV UTOPOVLE VO LOVTEAOTIO|GOVLLE TPOPANLLATO GE OLOPOPETIKES LOPPEG KoL VoL
YPNOULOTOUCOVLE  OAPOPOVS OPICHOVG Kol  OPOAOYIES. 2T GLYKEKPUEVN
dmAopatikny epyocio Bo ypNOHOTOODUE TOVG OpoVE «Tder (Arcs)» Ko «xoufor
(nodes)». Emiong, Oa ypnowomolodue HOVTELD HE YOPNTIKOTNTEG oTa TOEM KO
eEwyeveilc mpoundeteg Kot amonTNoES 6TOLG KOUPOVC.
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e ovTO TO KEPAAOLO Ba avapEPOVLE TOAAOVS PaCTKOVE OPIGHOVE TOV SIKTO®V PONG
Kol ™G Bewpiag ypapnudTov, Kabdg Kot 10 GUUBOAICUO OV Oa XPNCULOTO|GOVLE.

2.3. 2vufoiricuoi kar Opicuoi

Ye avt v Tapdypoaeo Ba ddcovpe kdmolovg Pacikods optopods and ) Bewpia
ypoenuatwv kot Bo moapovoidcovpe kdmowo Pacikd cvpPoioud mov o pog
YPNOUEDGOVY GE OAN TNV EKTOON TNG EPYOAGINGC.

o KarecvOvvoueva I papiuara ko Aiktva (Directed Graphs and Networks)

"Eva. kazevBovouevo ypapnuoa G = (N, A) amoteieitan amd £va ohvoro kOuPov N kot

éva ohvoro tOEmv A tov omoiov ta otoryela eivon dwutetaypévo Cevyn SaKpLTOV

KOUPwv.
4
5

(2> >

T~
L

‘\3

\

Eiwxova 2.3.1. KatevOvviuevo I pagpnpo.

[ to ypdonua g Eixovag 2.3.1. £xovpe:

Ot koéuPot givaw 0 ovvodo N =1{1,2,3,4,5,6,7 } kaw 0. t6&0. €ivar 10 oHVOLO

= {(1,2), (1.3), (23), (24), 3,6), (45), (47), (52), (53), (56), (67)}

nov amotereiton omd (evyn doukpltdv KOUPwV.

"Eva karevBovouevo diktvo eivon €va katevBuvopevo ypdonua tov omoiov ot koot
n/xon ta T0Ea Exovy apBunTIKég TYES (GVVNB®G KOGTY, YOPNTIKOTNTES, TPOCPOPE Kol

{on). Opilovpe n to TANB0C TV KOPPOV Kot M TO TANO®V TOV TOE®V GTO YPAPT LA
G.
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o Mpn karevOovoueva Ipapijuare koar AixkTva (Undirected Graphs and
Networks)

H S1apopd tov pun katevbuvopevov ypaenudtov and to katevbuvoueva gival 0Tt o
QLT TNV TEPINTOOT Ta TOEA Elvan un katevBuvopeva (evyn dakpltdv KOUPwv. 10 Un
Kozevbuvouevo ypaenua, to T0&o amd Tov i kOpuPo otov j ypagetar (i,j) = (J, i).

%
-
f\/ : /

Eixova 2.3.2. My KozsvBovouevo I popnuo.

I'evikd oty epyacia avt Oa acyoinbodpe kuping e katevBuVOpeva dikTLA.

o  Apyn ko Télog (Tails and Heads)

‘Eva katevBovopevo 10€0  (i,j) éxer 600 drpa (endpoints), to i kattoj.
Avaepopoote 6tov KOpPo i og v ovpd tov 10&0v (i,) kot otov KOUPo j ®¢ to
Ke@AA Tov. Aépe 6t to t6&0 (i,)) Lervd (emanates) amd tov kOuPo i Ko kazalipyer
(terminates) otov k6ufo j. Eva 16€o (i, j) mpoodiopilerou (incident) amd tovg kOpPovE
ixat j. To t6&o (i,j) eivan éva elepyduevo (outoing) to&o tov kOuPov i Kot Eva
g1oepyouevo (iNgoing) tdé&o tov kopPov j. Orotednmote éva t0&o (i, ) € A Aéue 6T 0
Kkopupog j eivon yerrovikog (adjacent) tov ko6ppov i.

e BabBuoc (Degree)

O awoepyduevoc fabudc (indegree) evoc koppov ivar to mANnbog TV E1GEPYOUEVDV
T0EWV 6g aVTOV ToV KOUPO Ko 0 elepyduevoc fabudc (outdegree) sivar to TAH00¢ TV
e€epyouevav tOwv. O Pabudc (degree) evog xopPov eivar to GOpoicpo ToOL
gloepyopevov Ko tov e&gpyduevov Babupov. Emv Eikovo 2.3.1. o kouPog 3 éxet 3
eloepyopevoug ko 1 e&epyduevo Pabud dpa 3 + 1 = 4 Boabuovs. To dbpocpa twv
glogpyopevav Pabumv OAmv tov kouPwv eivar ico pe to dbBpotoua Tov eEepyouevmV

Babumv 6Amv TV KOUPwV Kat ico pe 1o TAN00C TV TOEWV M 6T0 diKTLO.
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o Aiota I'arviaonys (Adjacency List)

H liora yerrviaonc twv toéwv A(i) evog koppov i givar to 6OVOAO TV TOEWV OV
TPOEPYOVTOL 0O OLTOV TOV KOuPo, yio to onoio woyvet A(i) = {(i,j) € A:j € N}. H
AMota yeirvioong twv koufwv A(Q) glvarl To GHVoA0 TV KOUP®V TTov gival YELTOVIKE o€

avtdv Tov KOpPo i kKo og avth v tepintwon wyvel A(Q) = {j € N: (i,j) € A}. Zuyva
Oa mapoieimovpe TIC AEEEIC «TOEWVY KOt «KOUPOV» Kol Oo avapePOLOCTE OTAL OTN
Mota yerrviaong. H kdbe mepintwon Oa yiveton EexdbBapn oand to cvuepaldpeva.
Yno0étovpe emiong 0t ta to&a ot Aiota yerrviaong A(i) Exovv opyavmbei katd téToto
TPOTO MGTE Ol KOUPOL — KEPAAEG TV TOEWV givarl oe avEovoa oelpd. Ioyvetl axoun to
yeyovog 6t 10 |A(Q)| wovtan pe tov e€epyouevo Babud tov kdéuPov i. Kabmg to
dBpotopo OAwV TV KOUPoV pe eEepydpevous Babpovg tleovtat pe m, TaipvoupEe GUEGOL
™V aKOAovon W1dtra:

Idowtnta 2.3.1. Yien 1A =m

o Ymoypapnua (Subgraph)

‘Eva ypaonua G' = (N', A") givan éva vroypdpnua tov G = (N, A) ¢dv N' S N kot
A" € A. Aépeomito G' = (N', A") givon 1o voypaenue tov G mov mapdyetor (induced)
and to N’ gdv 10 A" mepiéyet kabe 16&0 oV A pe kabe katanktikd onueio Tov oto N'.
‘Eva ypaonua G' = (N', A") eivar évo. wapayduevo vmoypdenuo. (Spanning subgraph)
to0 G = (N,A) edv N' = Nkon A’ € A.

o Ilepinaros (Walk)

"Evag zepimazog o €va katevBuvopevo ypdonua G = (N, A) etvat évo vtoypaen o tov
G mov amotereitan amd pio axorovBio KOUPwV Kol TOEWV i1 —ay — iy — Ay — =+ —
iy_1 — Qr_q1 — I x0O1 wovomotel v W0t OTL Yo kéBe 1 < k < r — 1 1oydel gite
ap = (i, igp1)€A lte @ = (Igq1, ix)EA.

n—— &

!éj @
1 5 ——»(7 (3)
(a) (b)

Eixova 2.3.3. Ilopodeiyuara mepimdtwv
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[Moapammpdvtog to TOPAKAT® OV0 TOPASEIYHATO TEPMATOV UTOPOVUE VO TO
epryphyove wg eENG:

Ewxova2.33. (0):1—2—-5—-7 «u  Eikéva2.33.(0):1-2—-4—-5-2-3.

e KarevOovouevos Ilepinaros (Directed Walk)

‘Evoac  korevbovouevoc mepimoroc €ivol 1o «TPOGOVOTOAICUEVT)»  €KO0CT  €VOG

TEPIMATOL pe TNV €vvola OTL Yo KaBe d00 cvveyeic kOpPovg i ko ix,q o€ €vav
nepinato, woyvel 0t (i, ix41)€EA. LTO TPONYOVUEVO TOPASELYUO, O TEPITOTOC TNG
Ewcovog 2.3.3. () dev eivar katevbuvouevoe, evo n Eikova 2.3.3.(b) deiyvel évav
katevBuvopevo mepinaro.

e  Movonari (Path)

‘Eva. povomant eivon évag mepimotog yopic emavainym kopPov. O mepimatog g
Ewcovog 2.3.3.(a) elvan emiong kol Lovomatt, eved o mepinatog g Ewovag 2.3.3. (b)
dev glvat, Kabhg emavatopuBavetar 500 @opéc o kOuPog 2. Mmopovpe va ywpicovpe
T 10 €VvOG povomatiov og dVo Katnyopies. Ta sumpdc karsvOvvoueva oo (forward
arcs) ko to wiow korevbovouesve oo (backward arcs). Eva toé&o (i, j) o€ éva povomdrt
etvan gumpdg karevBovouevo tolo €dv to povomdtt mepvdel ond tov kOpPo i mpwv

nepdost and tov kOpPo j ko eivon miow kxarevbovouevo t0lo SOPOPETIKA. XTO
TPONYOLUEVO TTapddetyna, oty Ewova 2.2.3. (a), tato&a (1,2) xan (5,7) elvan epmpdc

Katevuvopeva v to T0£0 (5,2) givar micw katevBouvopevo.

e KarevOvvouevo Movoradr (Directed Path)

"Eva katevOovouevo povordn eivan évag katevBuvopuevog mepinatog ympig emavainyn
KOUPwv. Mg dAla Adyia, £va KaTELOVLVOLEVO LLOVOTIATL OEV £XEL APLOTEPOGTPOPA TOEA.
Mmnopovpe va amodnkedcovpe 0KOAN Eva LovomdTt (1] éva KatevBuVOUEVO LLOVOTIATL)
og évo voloyiot opilovrag Eva mponyoduevo (predecessor) deiktn pred (j) yio kéOe
Kkoppo j oto povomdrt. Edv i ko j givan dvo cvveydpevor kOpPot 6to povomdrtt (Kotd
TOV TPOGOVATOMS U TOV), TOTE 1oyVeL 0TL pred (j) = i. T to povomdrt g Exovag
2.2.3.(a): 1 =2 —5—7 wybdel 611 pred (7) = 5,pred (5) = 2, pred (2) =1 ka1
pred (1) = 0. To id10 dev yivetal ya Evav mepinato, Kabdg Evog Tepinatog umopei vo
nepdioet amod Evav KOUPo Téve and pio popd Kot 0 TPokdToyog deikTng amodnkevet pio
TN ™ Qopa.
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o Kivrioc (Cycle)

"Evog kordog gtvon éva povomdtt iy — i, — +++ — I, poli pe ta t0&a (i, i) M (i1, i). Oa
AVOPEPOUOOTE GE KUKAO Kot UE TO CUUPOAMOUO I — iy — *++ — i, — 1. Ono¢ Kot 610

povormdria, B opicovpe 0e&1d0oTpOPa Kot aploTePOSTPOPa TOEM GE €va KOKAO. XNV
Eixova 2.3.4. (a) ta t6&a (5,3) ko (3,2) eivon de&dootpopa to6&a evd 10 1080 (5,2)
etvat ap1otePOGTPOPO TOEO TOL KOKAOL 2 — 5 — 3.

o KarevOvvouevog Kixlos (Directed Cycle)

"Evag katevBouvopevog kokhog givor éva kotevBuvOopevo HovomaTt iy — iy — «+ — i,
pali pe 1o t6&o (i, i1). To ypaonua g Ewovag 2.3.4. () givar £vag KOKAOC, aALA
oyt xotevbovopevog, evd to  yphonua g Eikovas 2.3.4.(b) eivon  €évog
KaTeLOVVOUEVOC KUKAOG.

. o —o

\‘5'\

(@) (b)

Eixova 2.3.4. [lopodeiyuaro kdxkAwv

e Axvrlo I'papnua (Acyclic Graph)

‘Eva ypdonuo etvar drxvrio av dev mepiéyetl kdmolo Katevhuvopevo KOKAO.

o  Jvvoeowuotnta (Connectivity)

Avo wopPotl i ko j etvor govdedeuévor ov o YPAENUO TEPIEXEL TOVAAYIGTOV EVal
povordtt and tov kopupo i otov j. ‘Eva yphonua sivor govdedeuévo av  «éBe (evyog
KOUP@V Tov givar cuVOEdEUEVO, OLPOPETIKA TO Ypapnua lvar agdvdeto. O péylotog
aplOUOG CGLVOEOEUEVAOV VTTOYPOUPNUATOV €VOG OGVVOETOV OIKTUOV OTOTEAEL TIC
ovviotwoec Tov (components). T mapdderypa, nm Ewova 2.3.5.(a) deiyver éva
ouvdedepévo yphonua, eved avtd g Eixovog 2.3.5. (b) elvar acvvdeto. To televtaio
Haloto, £xel 300 CLVIGTOOEG MOV AmMOTEAOVVTAL 0O To. cOVoAo kouPwv {1, 2, 3,4}
k{5, 6}
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() (b)

Eixova 2.3.5. (a) 2ovoedeuévo. kar (D) Mn ovvdedeuéva ypapnuoza

o Ioyvpi Lovoecyuornyra (Strong Connectivity)

"Eva. cuvdedepévo ypaenua gival oyvpd ovvoedeuevo oV TEPLEYEL TOLAAYLIOTOV £Vl
KatevBouvopevo povomdrt and Kabe kOpPo g kébe dAlo kOpPo. Xty Eixova 2.3.5. ()
N ovviot®co mov opiletar oto cvvoro tov kouPov {1,2,3,4} eivor oyvpd
oLvdEdENEVO, EVD M cuvioTdoa Tov opiletar and to cVvoro TV KouPov {5, 6} dev
etvat woyvpd cvvdedepévo yrotl dev mepiéyel katevBuvopevo povomdrtt omd tov KOpPo

5 otov KopPo 6.
o Aévrpo (Tree)

"Eva dévipo stvar éva cuvoedepévo ypaen o Tov dev TEPLEYEL KUKAO.

O—0—"~—0—0—0

Eiwxova 2.3.7. (@) Iopaderyuo Aévipoo

O—0
>O——0
O

Eiwxova 2.3.7. (b) Hopdderyuo Aévpoo
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Ioiotnta 2.3.2.

a. Eva 0évipo ue n koufoug mepiéyetl axpifaosn — 1 axuég.
b. Eva dévipo éyer tovAdyiatov 6bo koupfoug e falud 1.
C. KaBe 0bo koufor evog 0évipov aovoeoviol e Eva HovaodIKo HOVOTATI.

Adaoog (Forest)

"Eva ypaonua mov dev mepiéyet kavéva KOKAo eival éva ddooc. Emiong, 60dcog etvarn pia
ovAhoyn amd dévTpa.

& @ © (19

Eova 2.3.8. Adoog

o Aévrpo ue pida (Rooted Tree)

"Eva dévtpo pe pila ivar Eva 0évtpo pe Eva 101K kaBopiopévo Koo, KaAoVUEVO MG
N pile. Tov. Mowdlet pe dévipo mov Kpépetar amd t pila tov. Xe €va dévipo pe piloa,
oLYVA TEPLYPAPOVLLE TO TOEX (1OG «TTPOTYOVUEVO - EMOEVO» (Predecessor - SUCCessor) M
oyéoelg «yovéa - moudov» (parent - child). o mopaderypa, oty Eikéva 2.3.9. o
KOUPog 5 etvan 0 mpokdtoyog TV KOUPwv 6 kot 7 ko 0 kOpPog 1 eivor o mpoxdtoyog
TV KOpPov 2, 4 ko 5. KdbBe xoépupog i extdc tov kOpPov-pila, €xel éva povadikod
TPOKATOYO, 0 001G £lvat 0 ETOUEVOS KOUPOG GTO LOVOIIKO LLOVOTTATL TOV OEVTPOL OO
exeivo tov kOpPo mpog t pilo. Amobnkevovpe TOV TPOKATOYXO TOL KOUPOL i
ypnowonowwvtag Vv évoelln pred (i). Eav j = pred (i) Aéue 6t 0 xOpuPog j etvat o
TPOKATOYOG TOL KOUPOL § Kot 0 KOUPOG I eivar 0 61600%0g Tov KOUPBOL j. AVTOC 0 TPdTOG
amofrkevong opilel povadikd Eva 0EvTpo pe pilo Kot Log ETITPETEL VO AVIYVEVOVLE TO
HOVOOIKO LOVOTATL TOL 00MYEl amd £va omolodfmote kOpPo micw otn pila. Ot axdyovor
evog kOpPov i amotelovvtal amd Tov KOUPO i, TOVg 01800%0VS, 61600Y01 TV Sadd WV
ktA. T mapdderypo, oty Eikdva 2.3.9. 10 cvvoro tev koppov {5, 6,7, 8} civar to
oVUVOAOD T®V SO ®V ToL KOUPov 5. Aéue 0TL £vag KOpPog eivor mpdyovog OA®V TV
dtdoywv tov. T'a mapaderypa, oty Eixova 2.3.9. o k6pPog 2 givar o mpdyovog tov
€00DTOV TOV KOt TOL KOUPov 3.
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Eixova 2.3.9. Aévpo ue pido

o Aévtpo mpocavarolicuévo npos ta é&w (Directed-out-tree)

"Eva 8évtpo sivon mpogavaroliouévo mpog ta éCw kan 1 pila Tov eivar o kOUPog s €dv
TO LOVOOIKO LOVOTATL GTO 0EVTPO amd ToV KOUPO S o€ omotovdnmote dAA0 KOUPo elvar
éva katevbouvopevo povomdtt. H Ewcova 2.3.10. () deiyvel €va mapaderypa 6EvTpov
TPOGOUVOTOAGUEVOL TTPOG Ta €M oL £xetl pila Tov kOpuPo 1. Kabe kopPog (exktdg ToU
1) éyeleloepyduevo Pabuo 1.

o Aévrpo mpocavarolicuévo mpos ta uéca (Directed-in-tree)

"Eva 0évtpo elvan mpocgavarotiouévo mpog ta uéoa ko m pila tov givar o k6puPog s ebv
TO HOVOOIKO HOVOTATL GTO OEVIPO amd omolovonmote KOUPo otov kOpPo s eivar éva
katevBovopevo povomdrti. H Eixova 2.3.10.(b) delyver éva mapddetypo 0EVIpOv
TPOCAVOTOAGHEVOL TTPOG Ta. Léca Tov €xel pila tov kopPo 1. Kabe kopfog (extdc tov
1) éxet e€epydpevo Padbuo 1.

(@) (b)

Eixova 2.3.10. Iopadeiyuozo 0évipwv (a) npocovatoriouéva tpog to. e kar (D)
TPOG TOL UEDQL.
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o Ilapayouevo Aévrpo (Spanning Tree)

‘Eva dévtpo T eivon spanning tree tov G €év to T givou spanning vroypaenue. tov G. H
Eiwxova 2.3.11. deiyver dbo spanning trees tov ypaenuatog g Ewovag 2.3.1. Kabe
spanning tree evoc ocuvdedeuévov ypagnuatoc G pe n koépPovg éxet n— 1 6o
Avagepdpoote ota tO&a gvog spanning tree T w¢ 6&a wov avijkovy oto dévipo (tree
arcs), evo oto to&a mov dgv avikovy 610 T ¢ T0la oV Jdev_aviikovy a10 JEVIPo

(nontree arcs).

Eiwxova 2.3.11. Ilapayoueva Aévipo. tov dixtdov g sixovog 2.3.1.

o  Awepés I'papnua (Bipartite Graph)

‘Eva ypdonua G = (N, A) eivon éva diuepéc ypdonua €6v PTOpOvUE v YOPICOVLE TO
ocVvoA0 TV KOUP®V TOoV G6€ dV0 vmoovvora N; kou N, étol ®ote yo kKabe TOEO
(i,j) oo A Ba woydel éva oo Ta dVO:

i. i€N;koj€EN,
ii. [{€N,koj€EN;

H Eiwxova 2.3.12. deiyver mopadetypata dipepmv ypapnuatwov. To ypdonua g Eixovag
2.3.12. (b) sivon dwuepég edv opicovpe Ny = {1, 2,3,4} xau N, = {5, 6,7, 8}.
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(a) (b)
Eiwxova 2.3.12. Iopadeiyuota Syueparv ypopnuotwy

Yvuyva Béhovpe va dodue av €va dedouévo ypdonua givar dpepég N oyl It owtod
PEWLOLOOTE TNV TOPAKATO 1010TNTO.

Iowotyta 2.3.3. Evo ypapnua G eivai Syuepes o kot uovo o ke kvxdog ato G mepigyel
ep1tro wAnBog tolwv.

Acknon: Iloiog eivai o uéyiotog apiBuos tocwv mov umopel vo. Tepi€yel Eva amlo OUEPES
ypagnue. ue n kopveés, loodvvaua, va deilete ot kGbe amAo YpaPHUO. HE N KOPOPES KO
nEp1ocdTepes and N2 /4 axuéc dev eivar Siuepéc.

Adon: O péyrotog apipnodg t10Ewv supPaivel 6tav EYovpe T0 TANPES OUEPES YPAPTLLAL.
AoV OAEG 01 KOPLEES lvat N, av TO £va. GLVOAO KOPLPGV TEPLEXEL K Kopvpég, T
devtepo Ba mepiéyerl (n — k). O cuvolkdg apiBuog to&wv tov Ky, etvar k(n — k).
To ywopevo peyiotomoteitol yioo k = n/2 av to n givar dptiog kot yio k = (n — 1) /2
oV TO N glval TEPLTTOG. LVVETMS, 0V TO N €ivat APTIOG, 0 HEYIOTOS aplBudg TOEWV glvan
n?/4, evd av 1o n sivon meprTdg, 0 péyotoc apdudg towv sivon (n? — 1) /4.
[Tapatnpodpe 6t1 o1 avtictory ot apBuol eivon mhvta axéporot.
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Hpopfinuoro Eiayietoo Movoratiov
Shortest-Path Problems

3.1. Eiwcaywyn

3.1.1 Hepiinyn

Ta mpofinquota eAdyiotng dradpoung Bpickovtar oy Kopdld Tmv diktvwv pongs. Eivat
OeLeaOTIKA TOGO Y100 TOVG EPEVVNTES OGO KO Y10 TOVS EMAYYEALOTIES Yo O18POPOVE
Adyovug:

1) IIpoxvmtovv cvyvé oty Tpaén Otav oe pio PeEYOAN TOIKIAO, EQOPLOYDV
0éhovpe va oteiAovpe KOO0 LAIKO (Yo TOPAOELYHO TOKETO OEOOUEVOV
VTOAOYLOTY, L0 TNAEPOVIKTY KANON, éva Oynua) avdpeca oe 600 kabopiopuéva
onpeia og éva 6ikTLO 6GO MO YPNYOPa, O PTNVE Ko Lo a&ldmoTa yivetat.

2) Eivoi bkolo va AvBovv amoteAecpatikd

3) Kabmg givor ta 7o amhd Lovtéda SIKTO®V, £X0VV TO O BOCIKG GLGTOTIKG TOV
TLPNVA TOV SIKTO®V POTG Kot £TGL TOPEYOLV TO GNUEID AVAPOPAG AALA KOt VL
onpeio exkkivnong yuo va peketnBovv o o cOvOeTa LOVTELD SIKTVMV.

4) Tlpokbdmtovy cuyvd ®¢ vrompoPAnuate Oty AVVOLUE TOAAG GUVOVAGTIKA
mpofAnuata 1| povtéda PeAtiotomoinonc.

Axoun Kot av To TPOPANLOTO EALYICTOV LOVOTTATION EVOL GYETIKA EDKOAN VoL AVOOVV,
0 OYEOCUOG KOL 1] OVAALGT TOV TEPICGOTEPWV OTTOJOTIKMV aAyopiOumy yio T AVom
Tovg amartel Waitepn eveuio. [’ avTd 10 AOYO0, N LEAETN TV TPOPANUATOV EAAYIGTOV
LLOVOTTION £ivort éva pUoIKO onpeio ekkiviong yio va glodyovpe TOAAEG 10€eg KAEWOL
a6 T, OIKTLO PONG GLUTEPIAAUPOVOUEVIC TNG XPNONGS EEVTVAV SOUDV JESOUEV®V.
Apywcd Ba opicovpe Tov cupPolod Kot Ba meptypdyovpe pepikég vmobécels mov Oa
EMKOAOVUOOTE GUYVAL.
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Oempovue to katevbuvopevo diktwo G = (N, A) pe éva wirog woéov (arc length) 7

koazog t6ov (arc cost) ¢;; yw ke 1680 (I,)) € A. To diktvo £xet éva GLYKEKPIUEVO
kouPo s, mov ovopdaleton zyyn (source). ‘Eoto A(i) avtumpoowmevel v Alota
yerviaong Tov T0Eov Tov Koppov i kot éotm € = max{ci (L)) € A}. Opilovpe 10
UNKOG VOGS KATELOVVOUEVOL LOVOTOTION MG TO AOPOIGHO TOV UNKOV TOV TOEMV GTO
povomdtt. To mpdPfAnua eAdyioTov povomaTion €lval vo Tpocsdlopicovpe yo kdbe
KOUPO €KTOG TNG TNYNG £Vl KATELOVLVOIEVO LOVOTATL EAGYIOTOV UNKOVG OTd TV TTNYN
s otov KOpPo i. EvaAloktikd, pmropovpe va doOE To TPOPANLIO ¢ €ENG: vV GTEIAOVLE
pio povéda 660 o eOMva yivetor (pe K66T0g KabE TOLOL C;5) amd Tov KOUPO S o€ KAGDE
évav and toug koppovg N — {s} o€ éva diktvo dnelpng yopNTIKOTNTAS. ATO QLT TNV
AOYIKN TO TPOPANUO EAAYIGTOV HOVOTOTION Wmopel va datummbel g TpoOPAnua
YPOUUKOD TPOYPOUUATIGHOD ®G EENG:

Minimize Z CijXij
(L,j)eA
Yno tovg mepropiopodg:

_{ n—1 yiai=s

Xij — z Xji —1ywx 6datai € N — {s}

{j: (L)eAa} U: .Dea}
xij = 0yia 6da ta (i,j) €A
YroOean 3.1.1. Ol ta pjxn t0lwv eivar oxépaia.

YroOson 3.1.2. Evo. diktvo mepiéyel eva katevBovouevo HovomaTl amo tov KOupo s oe

KGO dlro Koufo oo diktvo.

YroOeon 3.1.3. To oiktvo dev mepi€yer apvnTiko KOKAO (Yo, TOPAOEIyUO. Eva

KatevBovouevo kKOKA0 apvyTiKoD UnKovg)

YrdOeon 3.1.4. To diktvo eivar katevbvovouevo.

3.1.2. Awapopor Tomor Ilpofinuarwv eAdyicTov uovorariov

O1 gpeuvnTég £ovv HEAETNGEL SLPOPOV E0MV TOHTOVG YL TO. TPOPANLOATA EALYIOTOV
povomatiov. Kdmowa and avtd eivar:
1. H e&bpeon ehdyiotov povomatiov and Evav KOUPo oe GAOVG TOLG LTOAOUTOVS
KOpuPovg, 6mov Ta UNKN TV TOEMV givor pun apynTiKd.
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2. H ebpeon ehdyiotov povomotiov and Evov kKOpPo oe GAOVE TOLG VITOAOUTOVS
KOUPoVG pe avbaipeTa unkn TOEWV.

3. H gbpeon ehdyiotov povoratiod amd kdbe koppo oe kdbe dAlo kOpPo.

4. AQopeg YEVIKELGELS TOV TPOPANUATOV EAGYIGTOV LOVOTOTION.

Avopepopoote ota TpofAnpata Tov tepumtocemy (1) kot (2) wg mpdfinua eAdyiotov
uovororiod ue povadwkn wyyn (Single-source shortest path problem) (v omAd to
TPOPANUA TOVL EAAYIGTOL LOVOTATION) Kol 6T TpoPfAnuato e mepintoong (3) og
Tpofinua eAdyiotov uovomatiod ue kabe mibovo (evyoc (all-pairs shortest path
problem). Xti¢ mopakdte ooknoelc Oewpodue TIC TAPUKAT® TAPUANUYEG TOV

TPOPANLATOG EAAYIGTOV LOVOTOTIOV:

(1) To mpdPAnpa povomation pe T péytot xopntikdmra (the maximum capacity
path problem)

(2) To mpdPAnua povomatiov pe ) péytot aélomotio (the maximum reliability
path problem)

(3) Ta eldyoto povomdtio pe KVPMGEL; 0TI otpoPég (shortest paths with turn
penalties)

(4) Ta eldyroto povordrio e éva emmpocteto mepopiopd (shortest paths with an
additional constraint)

(5) To mpdPAnpa eldyiotng dadpoung He meplopiopévong topovg (the resource-
constrained shortest path problem)

3.1.3. Avaloyiky emilvey TOV TPOPAINUATOS EAGYIGTOV
HOVOTTaTIOV

To mpoPAnua eEAdyIoTOV LOVOTTOTION £XEL LIt WOLOETEPA OTAT) OOUT) TOV EMETPEYE GTOVG
EPELVNTEC VAL OVOTTTOEOLV SLAPOPOLS dtonsOnTikd EAKVOTIKOVG ahyopiBpovg yia v
eniAvor] tov. To mopakdt®w avaroywkd HOVTELO Yoo TNV €miAVON TOL TPOPANUATOC
EAIYIGTOV LOVOTOTION (UE 1N apvNTIKA KT TOE®V) TapEXEL TOADTIUES TANPOPOPIES
mov PonBodv omv Kotavémon KATOIWV omd To PACIKA YOPOKTNPIOTIKO TOV
npoPAnudtov eldyiotov povomatov. Ag Bswpricovpe €va mpOPANUA EAAYIGTOVL
povomatiov petald evog kabopiopévoo (evryoug kopPwv s ko t. Kataokevdlovpe éva
HOVTELO e KOPOOVIOL OTTOV 01 KOUPOL OVTITPOCSOTEHOVTOL OTd KOUTOVS Kol Yio kiOe
t0&0 (i,j) € A éva kopdovi pe uNkog ico pe ¢;; evdVEL TOvg VO KOPMOVG i Kat j.
YnoOétovpe emiong Ott Kavéva kopddvi dev  pmopel va  empumkovvOel. A@ov
KOTOOKEVAGOVIE TO HOVTELD, KPOTAUE TOV KOUTO TOV OVIUTPOGMTEVEL TOV KOUPO S
0T0 éva ¥€PL KOl TOV KOUTO 7OV OVTITPOCHOTEVEL TOV KOUPO t 610 dALO YL Ko
tpofdpue ta yépla pag. ‘Eva 1 mepiocdtepa povomdtia Ba mopapeivovv oorytd. Avtd
elvar ko o eAdyoto povomatio amd Tov KOUPo s otov kOpPo t.
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Mmopoue va e€dyovue Stdpopa cvumepdopoto (=insights) yio 1o mpofinua
EAIY1GTOV LOVOTOTION OO AVTO TO OTAO TOPASELY LA LE TOL KOPOOVIOL:

1. Tha xdBe 1650 oe éva eldyloto povomdti, 10 Kopdovl Ba etvar tevimpévo.
Emopévmc, n andotacn Tov EAAYIGTOL LOVOTATION AVAUESH GE SVO S1AO0Y KOV
KOpPovg i kot j o€ avtd TO povomdtt O 1covTaL pe To pnKog ¢;; Tov T6&ov (i, f)
AVALESH GE OTOVG TOVG KOUPBOLG.

2. T xéBe 600 kOUPoLS I Kot j 6TO EAAYLOTO LOVOTATL TOL GLVOEOVTOL LE £Vl
1080 (i,]) ato A, n andotacn Tov EAGYIGTOL HOVOTATIOD Ol TNV TNy GTOV
KOupo i vy ¢;; (o chvbe amdotaon) eivor Tavto ion pe TV ANOGTAGT TOL
eMdiyoTov povomatiot and Ty mnyn otov kOpPo j. H obvletn andotoon propet
va gtvar peyoddtepn emeldn to Kopddvt petald twv KOpPmv I Kot j pumopel va
HnVv vt TEVImPEVO.

3. T va Adoovpe t0 TPOPANUA TOL EAGYIGTOV HOVOTATION, £YOVUE ADGEL €val
oYETIKO TPOPANUA peyioTomoinong (tpaPdvag To oKowi).

3.2. 0 AiyopiBuocg tov Dijkstra

Ewcaymyn

O aAyopBuoc tov Dijkstra Bpioket ta ehdyiota povordrtio amd tov kOuPo myn S o€
KaOg dALo kOuPo oto dikTvo pE PN apvnTiKa punkn toEwv. O aiyopbpog tov Dijkstra
datnpei pia andotaon d (i) pe kabe kOpuPo i, Tov ivor évo dvm Gplo 6To PNKOG EMC
tov KOuPo I, tov €AGYIOTOL HOVOTOTIOD. XE OMOOONMOTE €VOlAUESO Prjua, o
alyopiBpog ywpiler tovg kOpPovg oe 000 opddeg: avtég mov opilel WG uoviues
(permanently labeled) kot avtég mov opilel wg mpooswpivés (temporarily labeled). H
amootoon o€ kdbe povipo kOpPo aviurpocwnedel TV EAAYIOT 0mdGTOCN OO TNV
myn o€ owtoév Tov KopPo. I'a kébe mpocwpvo kdpPo, n andotacn etvar Eva dve 6plo
OTNV EAIYIGTN ATOGTACT LOVOTOTION GE AVTOV TOV KOUPO. Apyikd, divovpe 6tov KOUPo
s o povipn tiun 0 (unodév) kot og Kée aAlo kopPo j po Tpocwptvi TN . Xg Kéoe
emovaAn Yy, N TN ToL KOUPov i givar N eAdylotn andotacn and tov KOPPo mnyn KoTd
UNKOG VOGS LOVOTTATION TOV OTTO10V 01 E6MTEPIKOL KOUPOL (EKTOG TOL KOUPOL S 1 TOL
KopPov i) eivor 6rot povipot. O akyopBpog emdéyet évav kOpuPo i pe v grdyiot
TPOCMOPIVY TIUN, TNV KAVEL HOVIUN Kol cvveyilel amd avTdv ToV KOUPO, GopOVOVTOGS
oA ta &0 610 A(Q) KOl EVNUEPDVOVTOS TIG TIEC TOV OTOCTACEMY TWV YEITOVIKMV
KOuPov. O adydpBuog tepuatilel dtav Exel 0picel OAOVG TOVE KOUPOLS WG LOVILOVG.

O aly6piBpoc Tov Dijkstra datnpet éva dévipo mpocavatoriopévo mpog to £ T pe
piCa otV YN oL exteiveTon o€ KOUPOVG e menepacévn andctact. O alyopifpog
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datnpel avTtd TO BEVIPO YPNOLLOTOLOVTAG TPONYOuUEVOLS dgiktec (predecessor
indices) (ywo mapdderypa, av (i,j) € T tote pred(j) = i). O alydpiOpog dotnpei v
avaArointn 110t Ta 6Tt Kabe T0E0 oL aviKeL o€ 6évtpo (i, f) kavomolel T cuvOnKn
d(j) = d(i) + ¢;; o€ oyéon pe TG TpEYovoEG TIMEG amdoTaong. Kotd tov teppatiopd,
Otav 01 TIHEG TV OMOGTAGE®V Bal EKTPOCOTEVOVY TIHEG ATOCTACEWDY TOV EAGYIGTOV
povomatiov, tote o T Oa eivon To 0EVTPO LLE TO EAAYIGTO LLOVOTATL.

Ytov aAyopiBuo tov Dijkstra, avagepduocte otn Aettovpyio emA0YNG TG EAGYIOTNG
TPOCMPIVIG amdotacnc g Asttovpyia: «koufoc emiloyic (node selection)y. Emiong,
AVOPEPOUOOTE OTN AELTOVPYIOL EAEYYOVL OV Ol TOPWES TWEG TOV KOUPwV i Katj
wavoroovy m cvvinkm d(j) > d(i) + ¢;; xor av avtd 1w6yvet ToTE opiovpe d(j) =
d(i) + c;j wg herrovpyia «eviuepwuévy amdéoraon (distance update)»

[Mapaxdtom answkoviletor o alyopOuog tov Dijkstra ypnoponoidvrog £va aplfuntiko
napddeypa wov divetal oty Ewove 3.2.2.(a,).

alyoptOuog Dijkstra;
begin
S:=@;S:=N;

d(i) == oo yia kaBe koupfo i € N;
d(s) == 0 katpred(s) = 0;
while |S| < ndo
begin
leti € S elvau évag kduPog yia tov omolo 1o yVet d(i) = min{d(j):j € S};
S=Su{i}
§=5-{i};
yia k&Be (i,j) € A(i)do
if d(j) > d(i) + ¢;j then d(j) = d(i) + ¢;; kat pred(j) = i;
end;
end;

Eixova 3.2.1. O alyopiBuoc tov Dijkstra
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Eixova 3.2.2. Ansixovion tov ALyopiBuov Dijkstra.

3.2.1. Iloivmiokotyta tov ALyopiBuov tov Dijkstra

Oa PHEAETCOVUE TNV TOAVTAOKOTNTO TNG XEWPOTEPNG TEPITTMONG TOV OAYOPIOLLOV TOV
Dijkstra. O vroloy1oTIKOG XpOVOG Y10 TOV GLYKEKPLUEVO aAYOp1Opo pmopei vo Bpebel
Ao TOV TPOTO KATOVOUNG OTIC TOPAKATO VO AEITOLPYIES:

o Emloyés tov koufov. O alyoplBuog exterel avtn ™ Agttovpyio n OpES Ko
K60e TéTo1a Asttovpyia amattel vo copdcEl KAOE TIUN TOV TPOSOPIVOV KOUPWV.
'V av1d, 0 GVVOAIKOG YPHVOC eTAOYNG TOV KOUPOUL givat:

n+(n—-1D+m—-2)+-+1=0n?

o Evnuepdoeig twv arootdocwy. O akydpbpog extelet ovt ™ Aetrovpyia |A(D)|
QopES Yoo Tov KOpUPo i. Zuvolkd o aAdydpiBuog extedel avt T Agrtovpyia
YienlA(D)] = m @opéc. Agdopévov 011 KGBe Aettovpyion evnuépmong TV
anootdcewv amartei 0(1) ypovo, o akydpiBupog ypetaletar O(m) cvvoliko
YPOVO Y10l VO EVILEPMGEL OAEG TIG TILEG TMV OMOGTAGEMV.

Qg amotéhecpa, £xovpe T0 akdAovBo Bemdpnpa:

Ocapnua 3.2.1. O alyopiBuog tov Dijkstra emidder ta mpofinuo eAdyiorov povomroriod
oe ypoévo 0(n?).
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3.3. H Egapuoyy rov Dial

H Aertovpyia coppdpnong tov akyopidupov tov Dijkstra givar  emdoyn tov kdpupov
(node selection). T'a va Bertiobel  oamddoon Tov akyopibpov, TPETEL VO, GKEPTOVUE
10 €€NG. Avtl va okavapovue OAEG TIG TPOCMOPIVEG TIMEG TV KOUPwV o KAOe
EMOVAAN YT, Ylo. va. BpovUE OVTH HE TNV WKPOTEPN T OTOGTOONG, UTOPOVUE VO
LELOGOVUE TOV YPOVO VIOAOYIGHOV SOTNPAOVING TIC OIOCTACELS G€ TASIVOUNUEVO
Tpomo drapdpewong; O adydpiBuoc tov Dial mpoorabdei va metdyel avtdv Tov 6TOY0
KO LEUDVEL TOV VTTOAOYIGTIKO XPOVO TOV 0AyopiBpov oty mpdsn, ¥pNoYLOTOI®VTAG TV
aKOAovON 110t TOL:

10i6tnra 3.3.1. O1 tiués twv omootdoewv mov opiler o alyopibuog tov Dijkstra wg¢

HOVIUES, EIVOL [N EAOTTWUEVEG.

Avt) 1 WidtTa mydlel amd 1o yeyovog 0t o alyoppog opilel poviun tiun evog
KOuPov i pe v pikpodtepn mpocwpivi T d(i) kot 6co okavapet ta T0Ea 610 A(D)
KATé TN OBPKENL TOV AEITOLPYIDV TOV EVIUEPDOCEDV TMV OTOCTACENMYV, TOTE OEV
LEWDVEL T TNG amOGTACT|G KATO0L HOVIHOV KOUPBov kdtw amd d (i) yati To unkn
TV TOEMV elvar pun apvnTIKa.

O aAyopiBuoc tov Dial amodnkedel kOuPovg pe nenepacpuéves TG 6€ TAEIVOUNIEVO
TpOTO drapopewong. Awtnpei (n — 1)C + 1 ovvola, mov ovopdlovton kddor (buckets)
nov aptBuovvion 0,1, 2, ..., (n — 1)C: O k kadog amobnkevel 6AoVS TOVG KOUPOLS pE
npocwpvi] TN amodctoong ton pe k. Toviletor 6t 10 C oviumrpocwmedel 10
peyaAdteEPO UKo TOEOL 610 dlkTvo Kot Yy’ antd (n — 1)C eivan éva dvo 6pro oty
TN NG AmOGTOCNG 0TOoVINTOTE KOUPOL e memepacpévn Tun. Agv yperaleton va
amofnkevoove KOUPOLG HE GmEPT] TN OTNV AmOCTOCT G€ KAmoov KAd0. AVTo
UTOPOVUE VO TO KOVOLUE OTAV OTOKTNGOLV TPMOTO MU0 TETEPACUEVT  TIUN.
AvTimposmmrebovLe T0 TEPLEYOUEVO £VOG KAOOL k e To chvolo content (k).

2mv Agttovpyia g emAoYNG TV KOUPoV, okavdpovpe tovg kddovg 0,1, 2, ... uéypt
VOl EVTOTICOVE TOV TPMTO U KEVO KAd0. YTobEToupE OTL 0 KAdOG Kk €ivat 0 TpMTOG U
Kevog Kadoc. Tote kdbe kOUPog oto svvoro content (k) €xel tnv eELdIOTN ATOCTOGT).
Awrypaeovpe avtovg Toug KOUPBoLS Evay Tpog Evav amd Tov kKhdo, Tovg opilovpe g
LOVILOVG Kol GKAVAPOLE TNV AloTa TV TOEMV TOVG Y10l VO EVILEPMDGOVUE TIG TIHEG
TOV OTOCTAGEMY TOV YEITOVIKOV KOUP®V. OTOTEMMOTE EVIULEPDOVOVLE TIG TILEG TOV
amooTacemV evog kKOpPov i and dy o€ d,, uetaxvodpe Tov KOUPo i amd T0 GHVOLO
content (d) oto chvoro content(d,). Zmv Aettovpyio TG EMAOYNG TOV EXOUEVOV
kopupov , ovveyilovpe T0 oKAVAPIGHO TOV KAd®V amd tov apldud k + 1,k + 2, ... yu
va emAéEovpe Tov enduevo pn kevo kado. H Ioiotyro 3.3.1. cuvendyston 6Tt ot Kadot
0,1,...,k Ba eivon mavto GO0l 68 EMOUEVES EXAVOANYELG Kot OTL 0 0AyOplOpog dev
ypewaletar va TG emaveleTdoet.
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Q¢ dopn| dedOUEVOV Yo TNV AOOKEVLOT) TOV 