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Introduction

Multi-agent systems a receiving growing attention in recent years from various
research areas, since they form the basis of a broad spectrum of applications.
A large part of the literature on multi-agent systems focuses on achieving
cooperative tasks, like formation control and flocking. A somewhat different
and also popular class of problems is that of non-cooperative navigation, where
each agent has an independent task to complete (i.e. reach a goal) but all the
agents must share a common workspace. Two major applications for this class
of problems are mobile robot path planning, and Air Traffic Management
(ATM]). The operation of multiple mobile agents in the same space means
that conflicts (or collisions) may occur and compromise the safety and efficacy
of the system as a whole. Thus, automated conflict avoidance has become an
inherent part of multi-agent navigation problems.

[ATM] in particular is an area where the use of automation in navigation
and Conflict Detection and Resolution (CD&RI) tasks is limited, partly due
to the safety considerations involved. Nevertheless, the long-term forecast by
EUROCONTROL [1] suggests a growth in the number of flights in Europe by a
factor of up to 2.2 by 2030 compared to 2009, along with a shift towards longer
flight distances. A more recent short-term forecast [2] taking into account the
effects of the current economic crisis on air transportation predicts a slower
growth rate for the years to come, though still an increased number of flights
is expected. This will result in a significant increase in the capacity
required to safely and efficiently handle the traffic. However, the capacity in
already congested areas is currently limited by the human operators that are
responsible for Air Traffic Control [ATC]) operations in the existing centralised
structure of [ATM| Thus, in order to remove this bottleneck and allow safe and
efficient air transportation in the next decades the introduction of automation
is envisioned, gradually relieving the human operators from mundane, tactical
tasks.

One of the most critical functions in [ATM] is separation assurance, which
is currently handled by human air traffic controllers. Because of the key role
that separation assurance holds in ensuring flight safety, it is essential that
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operations are performed in a reliable and effective way for the given
air traffic levels. The growing air traffic levels bring a near combinatorial
increase in the complexity of the possible conflict scenarios, challenging the
physical limits of air traffic controllers, whose responsibilities are not limited
to [CD&Rl Moreover, the centralised organisation of present [ATM system
means that a single entity handling for all aircraft in a given airspace
area may be overwhelmed by future traffic levels and compromise the whole
system’s safety in the event of a failure.

From the above it becomes obvious that the achievements in decentralised
multi-agent conflict resolution can and ought to play a significant role in the
development of future [ATMl Although a wide variety of approaches exists
in the control and robotics literature, the specific characteristics of [ATM] (in-
cluding but not limited to aircraft kinematic constraints, safety requirements
etc) make the direct application of existing methods problematic. A survey
on the decentralised multi-agent navigation and conflict avoidance literature
is presented in Chapter [

Motivated by the above facts, this thesis aims to exploit recent achieve-
ments in multiagent systems control for the design of a new framework for de-
centralised aircraft Following a survey on the decentralised multi-agent
navigation and conflict avoidance literature, the Navigation Functions (NEK)
[3] methodology has been chosen as the basis of the new design, because of
a number of appealing characteristics, as explained in detail in Sections g
and 2.3. The framework offers powerful formal properties but since it has
emerged in the robotics community, it does not take into account the specific
requirements of aircraft Navigation Functions have been introduced
to aircraft navigation and conflict avoidance within the research project HY-
BRIDGE [4] by Dimarogonas et al., see for example [5, [0}, [7, 8]. The formal
conflict avoidance and convergence guarantees that the [NE| framework offers
have greatly appreciated for [ATM] applications, however significant aspects of
the specific application remain to be addressed. Inspired by these novel re-
sults, the work presented here aims to refine and adapt the [NE] methodology
according to the requirements of [ATM] applications, so that it can be prac-
tically integrated in a complete future [ATM] concept, like the one developed
within the research project iFly [9].

The most important aspects of the NF|framework that have been addressed
in this thesis are the implementation of local sensing and prioritisation in a
practical and efficient way, along with the adaptation to 3D aircraft kinematics,
constraints and [ATC] practice. The use of local sensing is essential to accom-
modate the practical limitations of aircraft surveillance and communication
systems, as well as to reduce the computational requirements of the methodol-
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ogy. Moreover, the aircraft performance constraints that have to be taken into
account greatly differ from those that apply to mobile robots: aircraft speed
regulation capabilities are limited and a lower speed bound applies, while the
climb and descent capabilities are bounded too.

This thesis is structured as follows: In Chapter [ a literature survey on
navigation and conflict avoidance algorithms is presented, documenting the
choice of the Navigation Functions (NEFk) framework as the basis for the work
in this Thesis. The specifications for aircraft in the Autonomous Flight
concept are detailed in Chapter E, along with the assumptions regarding air-
craft modeling used here. A more detailed presentation of NE}based solutions
presented so far is also included to give a better overview of the framework’s
capabilities. In Chapter [ the contribution of this Thesis in the integration of
limited sensing and prioritisation in [NElbased potentials is presented, followed
by the proposed application scheme of the methodology to a more general
class of shapes, detailed in Chapter 4. The NFlbased control scheme that has
been developed in this Thesis specifically for aircraft in 3D space is
presented in Chapter B, along with the formal proof of its efficacy. The per-
formance of the resulting method comprising the proposed [NElbased potential
and the novel aircraft control scheme is demonstrated in a series of simulations
in Chapter , both in small-scale artificial scenarios and in realistic air traffic
data. Finally, the contribution and conclusions of this Thesis are summarised
in Chapter [1, where possible directions for future research in the same area
are proposed. Initial work on one of those directions, namely the combina-
tion of Navigation Functions (NEk) and Model Predictive Control (MPC), is
presented in Appendix (Al
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Chapter 1

Literature Survey

1.1 Conflict Avoidance in Control & Robotics

Conflict avoidance has been a very popular subject in the fields of applied
control and robotics during the last three decades. Various collision avoidance
algorithms have emerged through this extensive research effort [10] 11, 12]. A
very good review of the literature in this area has been presented in [13], al-
though significant progress has been achieved since this survey was compiled.
Most of the research on focuses on mobile robot applications and Un-
manned Aerial Vehicle ([UAV]), though applications have been growing
in popularity in the last years.

A wide class of CD&R approaches utilise optimisation techniques, where
separation assurance is usually introduced as an inequality constraint. Op-
timization offers a natural framework for dealing with performance require-
ments, such as minimum fuel consumption or deviation from planned course,
and passenger comfort in [ATM] applications [14].

A non-cooperative, worst case approach for 2 aircraft is presented in [15,
16}, [17], where each aircraft calculates the maximal set of initial conditions that
guarantee a safe trajectory for the system for all possible manoeuvres of the
conflicting neighbour. This algorithm is off course inherently non-cooperative
and decentralised and is mostly suited for off-line prediction of safe and unsafe
escape manoeuvres.

A less conservative, cooperative approach is developed in [I8], [19] and
[20]. Each aircraft is considered to have information on the state and goals
of all other ones closer than a maximum ”alert” distance and based on this
knowledge plans its trajectory so that the sum of the delays of all neighboring
aircraft is minimised, while avoiding conflicts.

A similar formulation of the problem described above is used in [21] and
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[22], in an even more decentralised form where each aircraft’s cost function
depends solely on its own trajectory.

In general optimization methods for aircraft CDR are appealing for han-
dling constraints and performance requirements, but pose considerable difficul-
ties for real-time application to multiple aircraft situations. The non-convex
nature of the conflict avoidance constraints means that the optimisation prob-
lem is computationally non-tractable and has to be solved numerically, thus
requiring significant computational effort, especially for large numbers of air-
craft involved.

A different approach is presented in [23], where the theory of Hybrid Sys-
tems is used to build and analyse a hybrid control policy for aircraft [CD&RI
The control scheme employs straight and fixed curvature lines to avoid col-
lisions while respecting the aircraft speed and curvature bounds. Although
the safety of the system (i.e. collision avoidance) can be formally guaranteed,
convergence to the destination has only been shown through a probabilistic
study.

A significant part of navigation and work employs some form of
artificial potential (or vector) field. The concept of artificial potential fields
has been initially presented by Andrews and Hogan [24] for the motion plan-
ning of manipulators, while Khatib [25] applied it to mobile robots. The basic
principle of these methods is very similar to the way natural potential (eg.
electrical) fields are created: the artificial potential (or force in some varia-
tions) field ® is constructed by combining the repulsive effect of obstacles or
other agents, and the attractive effect of the destination. Thus the potential
value is high near collisions and low near the target. One then can use the
negated gradient —V & to drive the agent along a flow line and towards the di-
rection that decreases the potential and eventually to the destination, which is
a minimum of ®. This methodology is intuitive and allows the consideration of
various types of obstacles and destinations by appropriately constructing the
potential function. However, a common weakness of most artificial potential
field methods is the creation of local minima away from the destination, which
can attract agents to undesired positions and lead to stagnation, preventing
convergence.

Although widely used for the motion control of mobile robots, methods
using artificial potential fields have not yet been very popular in aircraft CD&R
so far. This is due to the common inability of such methods to consider the
limitations that characterise the feasible aircraft performance. An overview of
various potential field methods to aircraft CD&R is given in [26] and [27] and
a representative of this class of methods is presented in [28].

One class of methods for robot collision that employs potential function
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handles the problem in a two step approach [29]: the workspace is initially
divided into cells, which are then used to formulate the navigation problem as
a graph search problem. Consequently, artificial potential or vector fields are
used to steer the robots between cells, following the sequence provided by the
graph search solution. An extension of this scheme to multi-robot navigation is
presented in [30]. Although this class of solutions provides an intuitive line of
thought, it requires considerable pre-calculations and thus a-priori knowledge.
Moreover, performing the cell decomposition in the combined state space of all
robots and solving the graph search problem can become very computationally
challenging for large groups of robots.

A major breakthrough in artificial potential field methods has been pre-
sented in [3] with the introduction of Navigation Functions (NEk). This special
class of appropriately constructed potential fields eliminates the existence of
local minima away from the destination and is thus able to provide guaranteed
convergence and conflict avoidance performance. The formal properties of the
[NFs methodology make it a promising candidate solution for aircraft [CD&RI
A detailed survey of the NEtrelated work in the literature that is relevant to
aircraft is presented in Section [2.3.

1.2 Conflict Avoidance in ATM Research

The approaches coming from the control and robotics domains mentioned in
the previous section usually address the problem of conflict avoidance in a
somewhat abstract way, though some of them use the underlying control and
robotics elements towards an [ATMtargeted solution. However, a number of
approaches have been developed in the [ATMHMHocused research and industry.
Such algorithms often lack any foundations from the control (or robotics) do-
mains, but are explicitly designed for from the start. Off course, this
distinction between solutions from the control and robotics domains on one
hand and the [ATMlspecific ones on the other hand, is not absolutely clear
in all cases. However, in the following paragraphs a number of representative
algorithms specifically focused to [ATM]is presented.

One approach that is loosely based on the concept of artificial force fields,
enriched with many heuristic elements specific to in [ATM] has been
presented in [31]. This method has been chosen by the Mediterranean Free
Flight (MEFE]) project [32] as the most promising algorithm for free route plan-
ning in the relatively sparse Mediterranean airspace. Although simulation
results of the method are promising, the heuristic aspects of the algorithm
make any formal guarantee about its performance extremely difficult, if not
impossible.
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A class of methods developed specifically for application
utilises the collision cone concept, i.e. the set of relative velocity vectors
between two aircraft that bring them at a distance lower than the minimum
allowed separation. Carbone et. al. [33] employ the collision cone concept
using one control input (either turn, descent/climb or change the speed), but
have not provided any formal guarantee for collision avoidance. Lalish et.
al. [34] have also used the collision cone concept in a decentralised algorithm
which considers actuation limits. However this approach requires deconflicted
initial conditions to ensure that no conflicts will occur in the future.

Another class of geometric CD&R methods using a form of optimization
include those proposed by Bilimoria [35] and Dowek, Munoz and Geser [36].
In these approaches the relative speed between conflicting aircraft is used to
calculate the relative trajectory of the intruding aircraft. Note that no intent
information is used, only position and velocity vector information are consid-
ered to be available. Once a loss of separation is detected, a family of new
trajectories is produced that are tangential to the protected zone of the in-
truding aircraft, thus providing a separation equal to the minimum allowed.
Specifically the new trajectories are designed by assuming a discrete maneu-
ver (ie instantaneous change in heading, ground speed or both) strictly with
geometric means and in a closed form. As there are infinite maneuvers that
produce tangential trajectories, 3 types of solutions are considered as candi-
dates: the ones given only by a heading or ground speed change, and those
that require the least possible change in the velocity vector. The effectiveness
of the algorithm presented in [36] has been formally verified by the authors in
[37].

Finally, Durand et al. [38] describe another distributed algorithm for short
term conflict resolution, where prioritized planning is considered, planning new
trajectories for aircraft after first establishing a priority order. Establishing an
order of priority could also enable the distributed use of a one-against-many
algorithm, like the also geometrical algorithm presented in [39].
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Chapter 2

Conflict Avoidance in Air
Traffic Management ((ATM)

2.1 Introduction

Conflict avoidance and navigation in general is a critical aspect of modern
[ATM] given the high levels of local traffic density in busy areas. In the be-
ginning of aviation navigation was a major challenge, considering the lack
of modern technologies for positioning. Pilots had to rely on instrument-
based navigation, moving along fixed airways, each defined as a predefined
sequence of ground radio beacons, using angle/angle navigation enabled by a
simple single-channel radio receiver. As new technologies like Global Position-
ing System (GPS) and Long Range Navigation (LORAN]) became available,
navigation became less of a challenge and the need for fixed radio beacons
was eliminated. However, route planning has still been using the structure
of airspace, based on airways between fixed waypoints and discrete altitude
levels, now defined and tracked via the use of and similar technologies.
Since waypoints do not require ground radio stations, a large number of them
can be defined to enable a denser network of airways between them that allows
shorter detours from the direct paths, resulting in lower fuel consumption and
shorter flight times.

Although today’s navigation enabling technologies in principle allow the
elimination of waypoints and airways in favor of direct routes, i.e. aircraft
flying straight from their departure airport to their destination, [ATM] is still
operating on a structured airspace using airways. The reason for this is re-
lated to conflict avoidance, which is handled centrally by ground-based Air
Traffic Control (ATC]) stations. The use of airspace structure limits the pos-
sible trajectories of aircraft and enables the reduction of the general three-
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dimensions-plus-time problem to a set of one-dimension-plus-time problems.
Such problems are far easier to handle for human operators, at the cost of sig-
nificantly limiting the spectrum of possible solutions and consequently airspace
capacity. Nonetheless, direct routing is used by air traffic controllers when the
traffic load is low enough to allow them to maintain situation awareness.

Although the airspace structure allows human operators to maintain a men-
tal picture of the traffic at relatively high traffic levels, it cannot overcome
human limitations when the sheer number of aircraft in a given airspace area
becomes very high. In fact, human-operated conflict detection and resolution
is currently the limiting factor in the busiest areas of European airspace. A
common approach to reduce the load on human operators is to divide the area
of responsibility of each air traffic controller, i.e. sector, into smaller ones when
it becomes too crowded for one controller to handle. However, this approach
can be useful up to a certain level of traffic density where each sector becomes
too small and the overhead of transferring flights between adjacent sectors
negates any benefits of reducing the number of aircraft in each sector.

The need for a better way to handle is increasing as traffic density
levels grow, especially in the crowded airspace areas of central Europe. Free-
ing aircraft routes from the fixed airways can significantly increase the traffic
levels than can be safely accommodated by exploiting all the available space.
Moreover, route planning without the limitation of airspace structure will al-
low routes with significantly lower deviation, thus reducing the flight time and
fuel consumption and increasing the overall capacity of the system.

2.2 Autonomous Flight

Facing the bottlenecks in [ATM]l described above, significant effort has been put
into developing a new concept for future that will enable safe handling of
traffic levels of the the next decades. Key enabling technologies and scientific
developments in the areas of communication, localisation and automatic con-
trol give rise to a new [ATM] model where human operators are complemented
or even replaced by automation in a significant number of tasks. The main
motivation behind this effort is to offload humans from a number of mundane
tasks which can be better handled by automation and are currently limiting
airspace capacity. Separation Assurance (SA)) is a prime example of such a
task that can be significantly supported by an automatic system, which will
be able to detect and track a lot more aircraft and than what a human can.
Toward this direction, research has resulted in the development of auto-
mated systems that aid human controllers, like Short-Term Conflict Alert
(STCA]) [40] which detects possible conflicts and alerts the air traffic controllers
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about them. However, another approach has been aiming to completely re-
move ground support from the coordination process and allow each aircraft to
fly autonomously. Thus, the concept of Free Flight [41] has been introduced,
which moves the responsibility for [SAl from ground controllers to each aircraft.
This line of thought promotes the use of decentralisation due to the ability of
distributed systems to handle large scale problems and the associated inherent
benefits in robustness with respect to localised failures. Moreover, by allow-
ing each aircraft to plan its own route, the optimal route and altitude can be
selected, increasing efficiency.

The concept of Free Flight has been studied in the Mediterranean Free
Flight (MEFE) project, [32], for the relatively sparse airspace above the Mediter-
ranean Sea. Within this project an Airborne Separation Assurance System
(ASAS)) was developed, intended to monitor near-by traffic for possible in-
truders and assist the pilot by suggesting safe avoidance manoeuvers. For con-
flict resolution the modified voltage potential algorithm [31] was used , which is
loosely based on the concept of potential fields, combined with a simple priority
scheme. The design was evaluated via computer simulations and pilot-in-the-
loop experiments. The results of this initial concept were positive regarding
both the feasibility of Self Separation and pilot acceptance, suggesting that
Free Flight is feasible, at least in the low density Mediterranean airspace.

Following the encouraging outcome of [MEFF] further research in Free Flight
has been undertaken within project iFLY [9], in order to study the applicability
of Self Separation in high density areas. The iFLY consortium aims to explore
the possibility of autonomous flight in future [ATM] especially in the high-
density areas that challenge the capacity of current [ATMl To maintain or
even improve flight safety, Separation Assurance (SAl) is a major focus of the
concept developed by iFLY for future [ATM] [42], where operations are
organised in three levels:

e Long-term flow management, with a horizon of hours.
e Mid-term [CD&RI operating with a horizon of tens of minutes.

e Short-term [CD&R] dealing with conflicts that are up to 5 minutes away
in the future.

According to the iIFLY Concept of Operations (ConOps)) [43], long-term op-
erations are performed centrally on the ground and provide a Reference Busi-
ness Trajectory (RBT)) for each aircraft to fly. Mid and Short-term are
handled autonomously on-board each aircraft and are responsible for adjust-
ing the [RBT] to avoid any unforeseen conflicts. Though both levels operate
in a distributed fashion, the focus of each algorithm is different. Due to the
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relatively long time horizon, optimisation with respect to various performance
criteria (area congestion, fuel efficiency, flight time, passenger comfort etc) are
appealing and can yield very good results for Mid- and Long-Term [CD&RI
Short-term on the other hand is the last safety net for ensuring [SAl
Therefore, this level requires guaranteed performance to ensure flight
safety, and fast response, in order to allow real time application.

Decentralisation is investigated in project iFLY as a key feature in future
[ATMl A centralised system is usually able to offer globally optimal solutions,
but requires many computational resources and communication. On the other
hand, decentralised methods can be realised with fewer available resources
and offer some tolerance with respect to localised failures and faults. Because
of the safety critical role of Short-term and the limited resources on-
board each aircraft, decentralised methods are preferred in this level of [CD&RI
The work in this thesis has been primarily targeted to address the Short-term
level. Thus, the specific requirements presented here have been crucial
for the choice of the [NE] framework, as is explained in Section 2.4

2.3 Methodology - A Navigation Function (NF)
approach

This thesis addresses the problem of decentralised aircraft [CD&R] focusing
mainly on the Short-term level as it has been defined in the iFLY [ConOps| [42].
As explained in Section 2.4, the safety implications of Short-term [CD&RI,
along with the requirement for fast response to newly detected conflicts favor
feedback-based methods with guaranteed performance. Due to these require-
ments, the [NF| framework has been chosen to develop a Short-term
solution that offers powerful formal guarantees and can be adapted to [ATM]
applications.

As explained in Section m, the Navigation Functions (NEk) methodology
belongs to the general class of artificial potential field methods [25], although
it offers some special characteristics. The basic principle of these methods is
very similar to the way natural potential fields (eg. electrical) are created:
the artificial potential (or force in some approaches) field ® is constructed by
combining the repulsive effect of obstacles or other agents, and the attractive
effect of the destination. Thus the potential value is high near collisions and
low near the target. One then can use the negated gradient —V® drive an
agent along a flow line and towards the direction that minimises the potential
and eventually to the destination, which is a minimum of ®. Though simple
and intuitive, this technique may fail due to a common weakness of most

22



artificial potential field methods: local minima may be created away from the
destination and attract the to undesired positions. This eventually leads to
stagnation, preventing convergence.

As explained in Section [ﬁ, the Navigation Functions (NEk) methodology
belongs to the general class of artificial potential field methods [25], although
it offers some unique characteristics. Specifically, given a collision-free space F
with a destination g4 inside F, a Navigation Functions is a map ¢ : F — [0, 1]
that satisfies the following properties:

1. Tt is smooth, or at least C? on F,

2. It is polar at the destination qg, i.e., has a unique minimum at g4 € Ia
where I’ denotes the interior of F,

3. It is a Morse function, i.e., its Hessian V?® at all critical points (i.e.
where V@ = 0) has full rank,

4. It is uniformly maximum on the boundary of the free space F, O.F, i.e.

The main advantage of over other potential field methods is the guar-
antee for a single, global optimum at the destination, which allows provable
almost global convergence to the destination and conflict avoidance. ap-
proaches have been greatly based on the assumption of sphere worlds, i.e. that
all agents, obstacles and the workspace itself have spherical shapes, in order
to simplify the formal analysis. It has been shown [44] that strict global nav-
igation (i.e. with a globally attracting equilibrium state) is not possible and
a smooth vector field on any sphere world which has a unique attractor must
have at least as many saddles as obstacles. Further, navigation properties are
invariant under diffeomorphisms; hence any world that can be diffeomorphi-
cally transformed to a sphere world can accept a navigation function [44], 3] [45].

Navigation Functions were initially proposed for single point robot navi-
gation in sphere worlds. Ongoing research has enabled the extension of the
Navigation Functions (NEk) framework to the navigation of multiple non-point
robots via Multi-Robot Navigation Functions. Implementations for Multi-
Robot Navigation Functions have been presented both for centralized [46], 47,
48] and decentralized [6] [7,[49] systems. There are several levels of decentraliza-
tion, depending on the information available to each agent. The simplest form
of decentralization is directly derived from the centralized case, where agents
have full information about other agents and they calculate locally their con-
trol input. A more decentralised algorithm has been presented in [6] where
full state information is assumed for each agent but only abstract information
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about the destinations of the other agents. Completely Decentralized Navi-
gation Functions as presented in [7, 49] further limit the information required
only to the state of other agents within a local area. In those cases each agent
calculates locally its control based on the positions of the neighboring agents.
The sum of all each agents’ Decentralized Navigation Functions serves as a
Lyapunov function candidate, used to prove almost global convergence for the
complete system.

The [NE] framework has been chosen in this thesis for the development of a
Short-term solution for future [ATM] because of its guaranteed conflict
avoidance properties and its decentralised nature. Moreover, being a real-time
feedback based method, [NFk offer fast and computationally efficient response,
along with some degree of robustness against measurement and modeling er-
rors or environmental disturbances (eg. wind). Although initially developed
for holonomic agents, the methodology has been extended to non-holonomic,
unicycle-like kinematics that can be used to better model aircraft as shown in
Section 2.4. In order to prevent in place rotation for non-holonomic agents,
Dipolar Navigation Functions [45] are used here, which employ an artificial
obstacle H,;, in ®;. This makes all the integral lines of the potential field
tangent to the desired orientation at the goal, so that each agent approaches
the goal with the desired orientation.

A Decentralised Dipolar Navigation Function is of the form:

Yai + [i
(as + fi) + Han, - G- o,) "

constructed as explained in detail in [6]. Function G; = G, (Q), where Q =

o, = (2.1)

[ ql ... qy }T is the vector of all agents’ configuration, serves as a mea-
sure of proximity to any possible conflicts involving agent ¢: G; is zero when
aircraft ¢ is in a conflict, i.e. when the sphere of agent ¢ intersects with other
agents’ spheres, and is positive values away from conflicts. The goal function
V4 attracts agent ¢ to its destination g;q, while f; = fi(G;) ensures that in
proximity situations ®; remains non-zero even when agent ¢ has reached its
destination. Thus, agent ¢ can be temporarily driven away from its destination
in order to facilitate the convergence of its neighbors. The circular workspace
is modeled by (y;, while the artificial obstacle H,,; renders the potential field
dipolar and aligns the trajectory at the origin with the desired orientation 6,,.
This obstacle is considered as the plane with normal vector that is parallel to
the desired orientation and includes the destination:

thi =€pn + Nnni (22)
N = ([cosOiqg  sin By - (g — qid))2 (2.3)
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Figure 2.1: Potential of a Navigation Function in a 2D workspace with 2 obsta-
cles O1, Oy. The target is [z4 ygq) = [7 0], with orientation ¢4 = 0 and the
corresponding non-holonomic obstacle H is the line z = 7.

where €,, is a small positive constant. Finally, k is a positive tuning parameter.

The construction of the potential described above is decentralised in the
sense that each agent needs no information about the other agents’ destinations
and only knowledge of their position is required. In [ATM] applications each
aircraft can monitor the position, heading and velocity of neighboring aircraft
through surveillance systems, while additional information can become avail-
able through the use of an information exchange system, like SWIM (System
Wide Information Management) [50], envisioned for the future [ATM] concept
of iIFLY. Moreover, in a future [ATM] environment geared towards decentrali-
sation, it is reasonable to expect that each individual aircraft will be able to
acquire and process on-board an increased amount of information, assisted by
technological advances in computing and information systems.

Navigation Function (2.I]) is by construction 0 at the destination and 1 on
the boundary of conflicts and provides almost global convergence to agent’s ¢
destination g4, along with guaranteed conflict avoidance [51]. The potential
of such a in a 2D workspace with two obstacles O, Os is shown in Figure
21 The target is [ Tq Yd } = [ 70 ], with desired orientation ¢y = 0 and
the corresponding non-holonomic obstacle H is the line z = 7.

Typically, a[NEFlbased algorithm consist of two main components, the Navi-
gation Function (NF)) that creates the potential as in the example shown above
and the set of control laws that use the information embedded in the potential
to derive the actual control inputs that drive each agent. The work presented
here contributes to both of the above areas in order to compose a complete
navigation and collision avoidance scheme, though the proposed potential con-
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struction and control scheme can also be used separately for other applications.
More specifically, in the construction of the NElbased potential field the main
contributions of this thesis, presented in Chapters [ and[d are the integration of
a novel and more practical local sensing scheme, as well as prioritisation, both
implicit (emerging from the non-circular sensing areas allowed by the proposed
sensing scheme) and explicit via the organisation of agents to priority classes.
Furthermore, an extension of the potential construction methodology that can
handle a more general class of shapes is also presented. These developments
have used the main form presented in (2.I]) without the Dipolar obstacle
H,p, to build upon. The Dipolar obstacle has not been included in the po-
tential construction since ensuring a specific orientation at the destination is
not required for the Short-Term aircraft collision avoidance case treated here.
However the main principles presented here can also be applied to H,;, if a
Dipolar potential field is required. In the area of the control scheme that ex-
ploits the NE}based potential field, the work presented in Chapterla introduces
a novel set of feedback control laws that is specifically designed to take into
account the characteristics and constraints of aircraft motion, as well as [ATM]
requirements. Moreover, although the potential construction in Chapters 5
and [ does not include the Dipolar obstacle, the control scheme presented in
Chapter H can be used together with a Dipolar potential to ensure that each
agent reaches its destination with a desired orientation.

2.4 Aircraft modelling

The choice of the model of motion used for each aircraft is important for the
development of the algorithms and their evaluation. The model used
must be realistic enough for aircraft Short-term application, but must
be also as simple as possible to facilitate the design of the algorithm and also
allow fast and efficient real-time execution and simulations.

In general, the motion of aircraft is affected by several disturbance factors,
mostly related to the wind, that are difficult, if not impossible, to accurately
measure or predict. However, as explained in the iFLY [ConOps| [43], a deter-
ministic model of motion is sufficient for Short-term operations, since the 3 —5
minute horizon does not allow the uncertainty to build-up significantly. More-
over, deterministic models require less computational resources to extrapolate,
thus allowing for faster Short-term response. Finally, the effect of any errors
that may arise due to unmodeled uncertainties can be significantly reduced by
the real-time feedback nature of the [NF] methodology.

In principle, even in deterministic form, the complete performance model
of a civilian aircraft is of high complexity due to the coupling of mechanical,
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aerodynamic and aeroelastic phenomena. This inherent complexity has lead
to the development of advanced on-board flight control systems - avionics -
that handle the complex underlying dynamics and present the crew with a
set of relatively simple and intuitive controls, like heading, speed or altitude
changes. Such commands can be input by the crew to the Autopilot to be
executed automatically, without any human intervention. Moreover, higher-
level commands, like a complete trajectory or a part of it can be input through
the Flight Management System (EMS]).

In the case were an automation system is employed for the aircraft naviga-
tion and [CD&R], the aforementioned control systems can offload a large part
of the complex aircraft dynamics from the algorithm. Thus, from the
point of view of the algorithm, the aircraft can be modeled using a sig-
nificantly simpler model that functions as an abstraction layer and enables the
algorithm to operate at a level above the [FMS| without any direct interaction
with the actual dynamics and controls. This abstraction can also be useful
to isolate the system from the [EMS], since the latter uses detailed and
possibly restricted aircraft performance information that may not be available
to the system. Thus, the model used has to be able to adequately
capture the aircraft motion while being as generic and simple as possible to
facilitate the design of the algorithms. Moreover, the computational
efficiency of the model used is critical when used in algorithms that employ it
in a predictive manner, like the approach described in Appendix |Al

For the 2-dimensional case, where only horizontal maneuvers are consid-
ered, the well-known unicycle model has been employed for each aircraft 7,

using the horizontal position vector n; = [ x; yi]T and the orientation ¢;
about the vertical axis z as the aircraft configuration:
. & [ cos(¢;) |
[ Yi } L sin(¢;) i (24)
Cbz' = W
using J;(¢;) = [ cos(@) | (2.5)
o | sin(¢;) | .

Specifically, vector n; is agent’s i position on the horizontal plane with respect
to a global frame &, while ¢; is the orientation angle between its longitudinal
axis and the global z axis. The linear velocity u; and angular velocity w; are
the control inputs used to drive each aircraft.

For aircraft navigation in 3 The use of 3-dimensional maneuvers to allow
aircraft to better exploit the available airspace has been a goal of this work.
To this end, the 3-dimensional model used in the first stages of this work [52,
53, [54] has been based on the planar unicycle, while using 2 additional rotation
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Wi q;

Figure 2.2: Model Coordinates q; = [z; v; zi]T, ¢; and controls u;, w;, w;. Descent
angle «; and vertical velocity w; shown here negative during descent.

rates. However, this set of control inputs, comprising the linear velocity and
the roll, pitch and yaw rates, proved more complicated than necessary, while
being quite different from the current practice in[ATM where the climb/descent
rate is controlled explicitly. Thus, the aircraft model used for the design of the
control scheme presented here is more closely related to the planar unicycle
model (2.4)), with the addition of the vertical linear velocity w; used to directly
adjust the altitude z;, as shown in Figure .4

Yi
ng' = Wi

Thus, the configuration of each agent in 3D space comprises the position
q;, = [ nzT % }T = [ Ti Yi % ]T and the heading angle ¢; between the
agent’s longitudinal axis and the global x axis. The control vector consists of
the horizontal and vertical linear velocities u;, w; and the angular w;.

The simple set of variables in model (2.6)) describes naturally the aircraft
motion and is directly related to the parameters that [ATC| operators and
aircraft crew use, eg. rate of climb or descent, heading angle. It should be
noted here that the effect of the Earth’s curvature is not being taken into
account, however this does not practically affect the Short-term level

as the distances covered within the 5-minute horizon are too short for the
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modeling error to become significant.

The vertical maneuvering is performed via w;, independently of the motion
on the horizontal plane. In order to make the resolution algorithm compatible
with the civilian aircraft performance characteristics the climb or descent angle
«; is used, defined between the resultant velocity vector q; = [ Ti Vi % }
and the horizontal plane, with a; > 0 representing climbing:

a; = tan™"! ( i ) (2.7)
i
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Chapter 3

Decentralised [NF with Limited
Sensing and Prioritisation

3.1 Introduction

This chapter describes the construction of the NElbased potential field that is
used in the proposed algorithm for decentralised multi-agent navigation in a
workspace with obstacles. The developed approach requires no a-priori compu-
tation or knowledge and is completely decentralised, as each agent employs its
own potential field that incorporates a local sensing scheme. Each agent needs
only information about its position within the workspace and other agents
and obstacles within a sensing area around it. Thus, the complete algorithm
is completely distributed and the computational cost for each independent
controller does not depend on the total number of agents.

Apart from a more generic and practical approach to apply limited sensing,
the contribution of this chapter is also the introduction of discrete priorities
in the construction of the potential fields, in order to allow for an additional
design parameter, if required: high priority agents are allowed to maintain
right of way when in conflict with lower priority ones, forcing the latter to
maneuver. The presented priority scheme allows the algorithm to offer
some fault tolerance with respect to single agent failures. This can be achieved
by assigning agents with limited or no maneuvering capability the highest
priority so that all others have to avoid them. The use of discrete priorities in
the continuous framework also enables the integration of moving obstacles
in the algorithm, similarly to uncontrollable agents.

Decentralisation in the [NF] methodology has been introduced by allowing
each agent to ignore the targets of other agents and navigate using its own
[NElgenerated potential field. Limited sensing is a key factor for decentrali-

31



sation: it allows the use of real sensors with a finite range and greatly limits
the information that each agent needs to acquire and process. Thus the ap-
plicability and scalability of the algorithm to large scenarios is significantly
improved. Local sensing so far has been applied in a number of ways in [NFk.
In [7] the authors implement limited sensing in a C° fashion, but assume a
priori knowledge of the total number of agents. This requirement has been
eliminated in [55], where a switching sensing graph is used, resulting in a hy-
brid system. The overall system converges only if the switching of the sensing
graph eventually stops and blocking situations are not reached. A completely
locally computable [NE] has been presented in [56], which addresses single-agent
problems with the assumption that at each time instant there is at maximum
one obstacle within the sensing range. This effectively means that the algo-
rithm solves the collision with one obstacle at a time, which is not practical in
a multi-agent scenario where encounters involving more than two agents can
occur.

The work presented in this thesis improves upon the above approaches,
offering completely decentralised navigation for multiple independent agents
with local sensing. Moreover, prioritisation as well as static and moving ob-
stacles have been also incorporated, to enable the application to a wider class
of real problems, especially from the fields of robotics and [ATCl The modi-
fied potential field proposed in this Chapter is absolutely locally computable
and can take into account multiple agents according to their priorities, as
well as static and moving obstacles. This potential field in combination with
a control scheme as the one presented in Chapter H can offer decentralised,
non-cooperative navigation for multiple agents. In fact, any controller that
can ensure a decreasing rate for the potential’s value over time is applicable.
Thus, the use of the potential field presented below is not limited to the specific
agent model assumed here, but can also be applied to other types of agents
(holonomic or non-holonomic), when combined with an appropriate control
scheme.

As explained in Section lﬁ, the development of the potential field presented
in this Thesis is based on the common non-Dipolar form of Navigation Function
(NE), similar to the one presented previously in (Z.I]) but without the Dipolar
obstacle H,p,:

P, — Yai + Ji
1T 1 )
(yai + fi)F + G- o) *
The lack of H,;, in eq. (l&_,_‘l_]) limits only the potential field’s capability to
drive each agent to its goal with a predefined orientation, which is not relevant

in Short-term aircraft [CD&R] as aircraft are expected to update their goals,
i.e. intermediate waypoints along their flight plan before they actually reach

(3.1)
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them. However, as will be presented in Chapter B, the control scheme presented
there can still be combined with a Dipolar potential field to control the final
orientation of the agents as they reach their destinations.

The functions used in the potential form above depend on the distances be-
tween the agents and their destinations and in multi-agent Navigation Function
(NE)) approaches have length units in a positive power. Especially G;, which

N

is calculated as a product of g;; = g5 (||@; — qj||2), G; = Hgiﬂ" can end up
j=1

varying in a very wide range of orders of magnitude within the same scenario.

This introduces a number of difficulties:

e Tuning the NF parameters (eg. exponent k used to eliminate local min-
ima) is quite difficult, depends on the scale of each problem and often
requires extreme values (especially for k).

e The overall behaviour of the potential field becomes unpredictable, counter
intuitive and impractical.

e High G; values, combined with high %k values that are required (see
above), cause numerical problems.

In order to overcome the above issues in the methodology proposed here
all the distances used are scaled using reference lengths that are native to
each problem setting. Thus, all the functions used in the construction of
the NF can be non-dimensionalised and a single potential field derived to
represent a class of similar real problems. Using dimensionless functions for the
metrics 7;, G; and S; to construct the potential (2.1]) results in a more elegant
and predictable behaviour of the potential field, enabling easier parameter
tuning. Furthermore, the results of parameter tuning are valid for all similar
problems. Additionally, numerical problems in simulations and experiments
are significantly reduced.

The rest of this Chapter details the construction of the proposed NEFlbased
potential field. The explicit prioritisation scheme is presented in Section @,
followed by the limited sensing scheme for spherical shapes in Section B4
The implicit prioritisation strategy resulting from an extension of the limited
sensing scheme is detailed in Section[3.4 The integration of all the developments
in the construction of the potential field is presented in Section 3.9 where the
synthesis of the complete potential field is described.
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3.2 Explicit Prioritisation

Prioritisation has been applied in the methodology presented here by assigning
to each agent i, i« € {1,..., N} a single priority class ¢; € N, as originally
presented in [57] and later in [58]. Lower values of ¢; represent higher priority,
with ¢; = 0 denoting either uncontrolled or faulty agents, or obstacles, that
can be stationary or moving. This classification is used to define the sensing
and avoidance relationships between agents, which are taken into account in
the construction of each potential ;. Specifically, each agent i can sense, i.e.
its potential is affected by, agents that belong to its threat set T; comprising
all agents (or obstacles) of the same or higher priority class, i.e. with the same
or lower ¢;:

T2 {j e {1, N}\ {i}|e; < e} (3.2)

Agents of lower priority, ¢; > ¢;, are not included in 7; and consequently are
ignored by agent ¢ as they do not affect ®;. Thus, agents with high priority
have right of way, while lower priority ones are forced to steer around them.
Moreover, agents belonging to the same priority class avoid conflicts between
them mutually.

The higher priority class, ¢; = 0 is reserved for obstacles (stationary or
moving) and uncontrolled or faulty agents. Thus if an agent ¢ is known to
experience a degradation of its navigation and collision avoidance capabilities
it is assigned the priority class ¢; = 0, in order to have maximum priority
and force all other normally operating agents to avoid it. Using priorities in
this way means that two agents ¢ and j have mutual sensing between them,
i.e. they both take each other into account to navigate, ¢ € T; and j € T;,
if and only if ¢; = ¢; # 0, i.e. they belong to the same priority class, other
than the highest one. Otherwise, if one of the agents, say ¢, belongs to a
higher priority class (even the highest one), 0 < ¢; < ¢;, then i € Tj but
j ¢ T;. Thus, at all combinations of ¢;, ¢; where at least one of them is
nonzero, i.e. max(c;, ¢;) > 0, there is at least one-way sensing between agents
¢ and j. Taking into account that every is transverse on the boundary
of collisions, the above priority scheme combined with a control scheme that
ensures a decreasing rate for the potential ®; or ®; ensures that all collisions
will be avoided, at least by one of the two involved agents. Finally, when
¢ = ¢j = 0, both agents ¢ and j are uncontrolled and any collisions between
two controlled agents or a controlled and an uncontrolled one or an obstacle
are avoided. This inherent safety feature will be better illustrated when the
control scheme is also presented.

This priority scheme is intuitive and simple to implement, yet can be useful
in a wide range of applications. One such example is [ATC] where the use of
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priorities has shown beneficial results [59]. Other applications can include
heterogeneous mobile robots executing tasks of different priorities.

3.3 Limited Sensing

As mentioned before, it is common in most [NE] based approaches to model
the environment as sphere worlds and therefore use spherical agents. This
assumption is also used in this section to introduce the proposed limited sensing
scheme, originally presented in [57], while the extension to more freely defined
shapes, as introduced in [60], is presented in chapter 4. Each agent ¢ of radius
r; is assumed here to be able to detect and sense other agents and obstacles
within a sensing range R, around it. Local sensing is applied by appropriately
redefining the component functions of the potential (8.]), so that the effect of
other agents is only active inside the sensing range.

The construction of the obstacle function g;; between two agents located
in g;, g; is based on the dimensional function §;; as defined in previous [NE]
approaches:

N N 2
9ij = ji = @i — q;11” — 75 (3.3)

where 7;; £ 7; + 1 (3.4)

By the above definition, §;; is zero when agents i, j touch, i.e. when ||g; — ¢;|| =
rij, and increases as they move away from each other. Limited sensing is in-
tegrated in the potential by allowing each agent 7 to only sense other agents j
that are within a maximum sensing range R, away, i.e. when ||g; — g;|| < Rs.
The sensing range is used to non-dimensionalise the obstacle function g;; be-
tween agents 4, j into g;;:

L(w), llai— gl <R,
where gy — { i), e — gl < 55)
1, lgi — g5l| > R,
where the shaping function L(x) is:
L(z) = 2* — 32° + 3z (3.6)
chosen so that it satisfies the following properties:
L(0)=0 (3.7a)
L(1) =1 (3.7b)
L'(z) >0Vzel0,1) (3.7¢)
L'(1)=L"(1)=0 (3.7d)



The dimensionless obstacle function g;; defined above becomes zero when ¢,j
are on the boundary of a collision, i.e. ||g; —q;|| = r;; and up to 1 at the
boundary of the sensing area, i.e. when ||g; — q;|| = R,. Outside the sensing
range of agent 7 g;; is constant and equal to 1. Using the above properties of
L(z) it can be verified that g;; is by construction C? in the interior of the free
space, i.e. away from collisions, where g;; € (0, 4+00). This allows the potential
®; to be C?, as it is required for it to be a Navigation Function [44]. Function
gi; = 6ij (||g@; — g;||) is plotted in FigureB.Tal Since the factor g;; is constantly
1 when ||g; — g;|| > Rs, each agent ¢ is only affected by other agents j € T;
that are up to Ry away.

The complete collision function of agent ¢, GG; used in the proposed scheme
is the product of all g;; factors, for all agents j (or obstacles) of the same or
higher priority class, i.e. with the same or lower ¢;, which comprise the threat
set T; of agent i:

L= e{l, . N\ {itle <} (3.8)

Similarly to the prioritisation scheme presented in the previous section, local
sensing prevents agents j outside the vicinity of agent ¢ to affect ®;. Thus,
each agent ¢ essentially ignores any agent j that has lower priority, i.e. when
¢ < ¢j, or is beyond its sensing range. The agents that are taken into account
by agent i form its “close threat” set T; C T}, i.e. are of equal or higher priority
and within the sensing range:

jeT;

T,={j e Ti| llai — qll < R,} (3.11)

Similarly to g;;, the workspace boundary component ; is redefined here to
contain its effect in a zone of width Rs near the boundary. The dimensional
workspace boundary function f; is:

B = (Ry = 1) — |4l (3.12)

Since the largest collision-free distance from the center of the workspace for
agent ¢ is R, —r;, i.e. when the agent’s sphere touches the workspace boundary;,
function f; is always non-negative, i.e.:

~

Bi >0
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Figure 3.1: @ Dimensionless obstacle function g;; with respect to the distance

|l@i — q;|| between agents ¢ and j.
[(b)} Workspace boundary function 3; wrt ||g;|

T

The corresponding dimensionless function 3; is calculated similarly to g;;:

Bi 1> _
6@‘ o {L ((wam)Q*(waRsf) ’ ||ql|| > fy = I, (313)
1, |lgil| < Rw — R
(3.14)
Thus, 8; becomes zero when agent i touches the workspace, i.e. ||q;|| = Ry, —13,

and varies in a C? fashion to exacty 1 when agent i is at a distance equal to or
higher than R, away from the workspace boundary, i.e. ||g;|| < R, — Rs, see

Figure B.11]

3.4 Implicit Prioritisation

The concept of local sensing presented in the previous Section can be further
exploited to improve the qualitative properties of the resulting potential, as
well as give rise to an implicit prioritisation mechanism that functions inde-
pendently of the explicit prioritisation scheme presented in Section 3.4 This
has been achieved by employing non-spherical sensing area for each agent, so
that the sensing relation between any two agents depends not only on the
distance between them but also on the relative bearing angles, i.e. the angle
between the longitudinal axis of each agent and the line connecting it to the
other agent.
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(b)

Figure 3.2: @ The non-circular sensing area used for each agent, consisting of a
semi-circle in the rear and a semi-ellipse in front of it.

@ Implicit prioritisation of agent 2 with respect to agent 1: Agent 1 senses agent
2 but is outside agent 2’s sensing area, thus only agent 1 will manoeuvre.

The non-spherical sensing scheme has been initially applied in this Section
to the planar case, as originally presented in [58]. The effective sensing area
used by each agent consists of a semicircle of radius Ry, in the rear semi-
plane and a semi-ellipse with semi-major and semi-minor axes Rss, R, (with
Rs; > R, ) respectively in the forward semi-plane, as shown in Figure B.2al
This shape allows the representation of the sensing area, and consequently the
obstacle function g;, as in the previous Section by varying the sensing range
Ry with the relative angle 6 around the agent:

RsrRs  pe(—x T
RS(Q) - \/(Rsr cos(9))2+(Rsf sin(e))2 ’ ( 2 2) (315)
R, otherwise

The angle 6 € (—m, 7] is measured from the forward direction of agent i, as
shown in Fig. B.2al For each neighbor j of agent ¢ the bearing angle §;; is
defined between the relative position vector g;; = q; — g; and the forward
direction of agent i, see Fig. [3.2hl The effective sensing range of agent 7 in the
direction of g;; is R,(6;;), using (B.15]). In the special case that R,y = Ry, the
sensing zone becomes a circle, as in Section B4

This combination of a circle and an ellipsis has been chosen here because
it offers a simple way for an adjustable forward sensing range in a C*' fash-
ion, though other C! curves may be used if required by specific applications.
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Moreover, a more general solution for the sensing area shape is presented in
Chapter 4. The notion behind the use of the above sensing area shape is that
a longer range in the forward direction is beneficial as it allows each forward-
moving agent to detect obstacles and conflicting neighbors soon enough to
enable safe and efficient avoidance, while a shorter range around the sides and
rear decreases unnecessary manoeuvering. Thus, the non-spherical sensing
scheme allows a finer selection of the possible threats that affect the potential
of each agent, focusing on those that are in near its course. As a result, the
computational effort required by the algorithm is reduced and each agent has
to acquire and process less information about its surroundings.

An additional significant consequence of the use of non-spherical sensing
areas is the asymmetrical sensing relations that can arise between neighboring
agents. The term asymmetrical is used here to indicate that given two agents
1,7, agent ¢ can be inside the sensing area of agent j, while the latter is outside
the sensing area of the former. If the sensing relations between agents are
represented by a communication graph, this means that the graph in the case
of non-spherical sensing areas can become directed, while spherical sensing
areas ensure an undirected graph.

An example of asymmetrical sensing arising from the semi-circular, semi-
ellipsoid sensing area defined above can be seen in Figure [3.2H. In this scenario
a behaviour resembling a rules-of-the-road system, where the agent behind has
to give right of way to the agent in front of it.

3.5 Potential Synthesis

For the potential (3.]]) construction to be complete, the target function ~; and
the cooperation functions f; must also be defined, in order to be used along
with the above presented forms for G; and §; in (B.1)):

i+ fi
(i + fi)k + G- B)

The target function ; does not depend on other agents’ position since
it is only a measure of proximity to the goal of each agent. Therefore, lim-
ited sensing does not apply in this case, however the form used here is non-
dimensionalised following the principles explained in the introduction of this
chapter:

o, =

o g — qid||2

i % (3.16)

39



Since the largest distance between any points in the spherical workspace of
radius R,, is 2R,,, v; is equal to or lower than 4 for any combination of g;, q;q4-

The cooperation function f; is used in the construction of decentralised
potential fields to ensure that in close proximity encounters the potential of
agent ¢ remains non-zero, allowing it to manoeuvre and even temporarily leave
its goal after it has converged there, in order to facilitate the convergence of
neighboring agents. Specifically, ; is used here as presented in [7], since it is
already non-dimensional:

3 1
ag + Z _ CL[GZ-, Gz < X
fi (Gy) = =1 (3.17)
0, G, > X
where ag =Y, a; =0, ay = ;?—3/, as = i—YS and X, Y are positive parameters.

The parameter X sets a threshold for G;, such that values of G; lower than X
indicate a close proximity situation and activate the cooperation function f; so
that ®; > 0. Parameter Y defines the maximum value of f;, which is attained
when G; = 0.

Combining the proposed forms for G;, f;, v; and f; in (8.1]), a completely
non-dimensional potential ®; is derived, featuring prioritisation and limited
sensing. The result for a scenario with 3 obstacles is shown in Figures
and 3.4l The goal q,4 is set in the center of the workspace and 3 obstacles are
included. Figure[3.4] presents the potential field in the workspace, while Figure
shows the values of G;, (;, v; and ®; along the positive x axis, that crosses
through the center of one of the obstacles that is placed between the target
and the workspace boundary. In this example the cooperation function f; is
assumed to remain zero everywhere for clarity in the presentation. As Figure
demonstrates, GG; and [3; become less than 1 only within the sensing range
R, of the obstacle and workspace boundary, respectively. The dotted blue
line represents the value of ®; for G; = [; = 1 everywhere, i.e. without the
effect of any obstacles or the workspace boundary. As expected, this coincides
with the actual ®; outside the sensing range of the obstacle and the workspace
boundary.

3.5.1 Proof of correctness

It has been shown in [44] that [NF] properties are invariant under diffeomor-
phisms. This fundamental property is used here to ensure that the potential
(B1) using the definitions of v;, f;, G; and 3; given above maintains the naviga-
tion properties and can provide almost global convergence to the destination.
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Figure 3.3: Obstacle function G;, workspace boundary function j;, target function
~; and the resulting Navigation Function ®; for z; € [0, Rw], y; = 0.
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Figure 3.4: Navigation Function field in a workspace with 3 obstacles and local
sensing.
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The shaping function L(x) is smooth and strictly increasing in the set [0, 1)
(see BZd)). Thus, gi; = gij (gi;) : [0, R2 —r}) — [0,1) is a diffeomorphism
when agent j is inside the sensing area of agent i. Generalising, g;; (g;;) is a dif-
feomorphism whenever j € T;. Thus, the critical points of ®; inside the sensing
range of agent i are the same with those of the potential in [55], which does
not uses the non-dimensionalisation and shaping function. Moreover, agents
not belonging to TZ do not affect the potential ®;, and G; = HT gij becomes

equal to HTi\j gij in a C* way as ||q; — qzd||2 reaches R,. Thus, agents outside
the sensing range can be ignored and do not affect the navigation properties
of (I)z

Consequently, the potential presented here is a and as such it provides
almost global navigation and collision avoidance for all values of £ higher
than a finite lower bound k3. Moreover, since in the construction presented
here only nearby agents and obstacles affect the potential, the number of g;;
that contribute to ®; at any given time is significantly reduced, especially in
scenarios involving many agents. Simulation experience with indicates
that the minimum value of the exponent k required to eliminate local minima
and render (B1) a [NE| increases with the number of contributing obstacles.
Thus, the exponent £ needed for the potential presented here is in most cases
lower than the one required in [55].

The use of the priority scheme described in means that collisions be-
tween any two agents i, j are avoided when at least one of them has non-zero
priority, maz(c;, ¢;) > 0, i.e. one of them is able to maneuver. Since the sens-
ing area of each agent includes a finite neighborhood around it, it is guaranteed
that any conflicting agent or obstacle will affect its potential before the two
of them collide. Moreover, by construction a [NE] is transverse on the bound-
ary of collisions with other agents or obstacles. Thus the potential synthesis
presented here in any conflict between agents, where at least one is able to
manoeuvre, will always yield at least one repulsive potential field, i.e. at least
one of the agents will be driven away from the conflict.
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Chapter 4

Potential construction using
implicitly defined shapes

In the previous Chapter local sensing has been presented for spherical sensing
areas and agents, while an extension to ellipsoid-like shapes has also been used.
These approaches all shared in common the use of a polar representation of the
sensing area shape, where the radius may be a function of the angle around the
central point. In this Chapter a more general representation of the agent shape
and sensing region is used, originally presented in [60], which employs a level
set of an implicit shape function. This representation makes it possible to build
the required potential function in the case of non-spherical shapes with non-
spherical sensing areas. To this end, a modified form of the repulsive function
Bi; that models the contribution of an intruding agent j to the potential ®; of
agent 7 is presented in Sections .1 to M, based on the implicit description of
the agent shapes and sensing areas.

The ability to incorporate more freely various shapes in the construction
of the potential field greatly improves the applicability of the method-
ology to aircraft One major reason for this is that the horizontal
and vertical dimensions of the shapes involved are significantly different, thus
making a sphere approximation very impractical. Moreover, the 3D shape of
the protected airspace and the sensing area can be more easily adjusted to
the task. The application of the potential construction scheme for implicitly
defined shapes in aircraft Short-Term is presented in Section K%

4.1 Implicit agent shape description

In the approach presented here the shapes of the agents and their sensing
areas are described implicitly, using level sets of scalar implicit shape functions.
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In order to construct the collision function g;;, it is essential to model the
proximity to collisions between two agents 7,7 and define the collision set of
agent j with respect to agent i, i.e. the set O;;(q;) of all position vectors
g; of agent j that cause a collision with agent ¢ located at g;. Similarly to
the initial work by Rimon and Koditschek in [3], the level sets of a scalar
implicit proximity function 0,;(q;, q;) are employed here to define O;;(g;). The
proximity function J;; is an indicator of collision between agents ¢ and j: it
is negative when the agents are in collision, fades to 0 when they touch and
becomes positive when they are separated. Thus, the level set of d;;(q;, ;)
with value 0 represents the boundary 0O;; of all collisions between agents i
and 7, while configurations with negative values belong to the interior of the
collision set:

Oii(a:) = {q;l0:;(qi, q;) < 0} (4.1)
90;;(qi) = {q;l9:;(ai, q;) = 0}

In applications where the collision avoidance requirements are expressed
directly in terms of the relative position g;; = g; — g; between any two agents
i, J, the shape of the collision set O;; is directly known. Given the application-
specific relative collision set O} referenced to g ) 0;j(g;) can be directly
derived via a translation of O} to g;. The relative collision set O} can be
described via a relative prozimity function 5§(qij), such that 5§(qij) < 0 when
agents i and j collide, i.e. g;; € O . The implicit proximity function d;;(gi, q;)
of the absolute positions g;, g; can be then derived directly:

5ij<qi7 Qj) = 5;(% - q;) (4.3)

Alternatively, the collision set O;; may have to be derived indirectly when
the relative shape O' of each individual agent i with respect to its reference
point g; is given. Similarly to O;;, the relative shape O can be defined using
level sets of a relative shape function 6%

0" = {q'|0'(q") < 0} (4.4)
00; = {q'|0:(q") = 0} (4.5)

where ¢° = q — g, is a position vector in the local frame of agent i. For an
arbitrary position of agent ¢ the absolute shape function ¢;(q;, q) is used to

!The superscript 4 is used in general here to denote sets, functions or positions vectors
defined in the local coordinate frame of agent ¢ which has its origin on the reference point
q; of the agent.
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define the shape O; of agent i in the global frame, via a translation of O by
qi:

0i(ai,q) = 0'(q — @) (4.6)
Oi(a:) = {q : 6:i(qi,q) < 0} :
00;(q;) = {q : di(qi, q) = 0} (4.8)

Using the above shape description also for an intruding agent j, the collision
set O;;(q;) of agent j with respect to a given position g; of agent i comprises
all the positions g; of agent j that cause O;(q;) and O;(q;) to overlap. An
analytical function ¢ for the description of the intersection of O;(g;) and
O;(q;) can be obtained using the formula given by Zenkin in [61]:

Un (05, 0;) = 6; + 0, + \/ 02 + 62 (4.9)

Thus the intersection of O;, O; can be implicitly described using the level sets

Of ?/}m (527 5])

Oi(q:) N O;(q5) = {ql¥n (di(qi, q), 0;5(q;,q)) < 0} (4.10)
9 (0i(q:) M 0;(q;)) = {a|vn (di(ai, q), 0;(q;,q)) = 0} (4.11)

Therefore, the collision set O;;(g;) will then comprise all g; vectors that result
in an non empty intersection of O;(g;), O;(q;), since

q; € O045(qi) == Oi(q;) N O;(q;) # 0 (4.12)

) =
) =

Consequently, this means that whenever O;(g;) and O,(g;) overlap, the inter-
section function ¢ (9;,d;) will have non-positive values in some part of the
space. However, when O;(q;) and O;(q;) are disjoint, ¢, (6;,0,) will be pos-
itive everywhere. Using this, the collision set O;;(g;) can be described using
the minimum of ¢~ as an implicit shape function:

0y(a) = {almnvn Gla @ d(@a) <0f (@13

The boundary 00;;(g;) will comprise all g; vectors that cause O;(g;) and O;(g;)
to touch, i.e. all their common points will be on 00;(q;) U 00;(g;):

00,a) = {aminin (la.a)5apa) —0f (@)

Observing (£.13), (£.14), one may conclude that min ¢ (d;, d;) is a possible
choice for the proximity function d;; in accordance to (4.1),(4.2). However,
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identifying a usable proximity function is not always straightforward in prac-
tice. Although minn (d;,6;) is a valid option, it is not always practical, since
the minimum of ¢ (J;, ;) over the entire workspace is not easy, or even pos-
sible, to derive in general, especially in analytic form. However, this does not
prevent the use of the method to [ATM] since conflict avoidance constraint
in this field of application are defined with respect to the relative position of
neighboring aircraft. Thus, J;; can be directly derived using Equation (’E) and
the methodology described here is immediately applicable, as will be shown in
Section [4.5.

4.1.1 Graphical Construction

As discussed above, the analytical derivation of the collision set O;; and the
associated proximity function ¢;; when only the relative shapes O', 07 (and
corresponding %, ¢/ functions) of the individual agents are known is not always
possible. Therefore, an alternative graphical method is presented here, offering
also a more intuitive view of the concept.

The individual agent shapes in the global coordinate frame, i.e. sets O;(g;),
O;(qj), along with the globally defined functions d;(q;, q), 0,(g;,q), can be
derived as explained previously by a translation to g;, g; and via Equation )
respectively. By the definition of the collision set O;;(g;), for all g; € O;;(q;)
there is at least one common point q. that belongs to both of O;(g;), O;(q;),
such that

6i(gi,q.) <0 (4.15)
0;(qj,9:) <0 (4.16)

Using q. as a reference point and qj = g; — q. as the relative position vector
of g; with respect to g, 6; can be rewritten using Equation (IZL%)

0 (@, 4c) = 0" (—(q; — qc)) = 0'(—g5) <0 (4.17)

Thus, using the function 47 defined as:

05(des @) = 0;(;,9c) = & (—) (4.18)

the set 0%(q.) comprising all g; that result in a set O;(g;) which includes
g. can be described in the same way that O;(q;) is described by §; using
Equation (@) Graphically, Oj(g.) can be produced by mirroring O’ with
respect to the hyperplane that is normal to the N-dimensional vector of ones

—

1= [ 11 ...1 ], and then translating it to q., as shown in Figure [4.1l
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Figure 4.1: @ The relative shape O7 of agent j with respect to its reference point
q; .

[(b)} The shape symmetric O}(qc) derived by mirroring 07 around the y = —x line
and translating it to q.

Construction of the collision set O;; between agents 4, j, by sliding the set
O}(qc) along the boundary of O;. (O; has been assumed larger than O; here for
figure clarity)

Using this procedure, the set O’(g.) of all g; such that O;(q;) contains q. is
obtained:

0}(g) = {4, : . € Os(a,)} (4.19)

Finally, the set O;; of all (g;, g;) pairs that result in a collision between O,(qg;)
and O;(g;) can be directly composed as the union of all O}(qc) for all q. €

Oi(q;):

Oua) =<5 |J Oia)p=0J8 U Oja) (4.20)

a:€0;(qi) qc€00,(q;)

This allows the graphical construction of O;; as the as shown in Figure d.1d,
by taking the sum of all instances of the mirrored shape O;(qC while sliding q.
along the boundary of O;((q;). It can be observed here that by construction
0;;(q;) is the Minkowski sum of O;(g;) and O}(0).
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4.2 Local Sensing

Similarly to the way the shape O; of each agent ¢ is defined in the previous
Section, a limited sensing region A; around agent i is also defined to restrict
the sensing of other agents and obstacles by agent i: only those agents and
obstacles that are inside A;(g; can influence the potential ®;. The shape of the
sensing area is usually defined in the local coordinate frame of agent i as A’
(using the superscript notation as before) via the zero level set of the relative
sensing function s'(q"):

A= {q':s'(q") <0} (4.21)
A" ={q' : s'(¢") =0} (4.22)

In the global coordinate frame the absolute sensing region A; can the be defined
by the implicit sensing function s;(q;,q) = s' (q — q;):

Ai(q) = {q: si(gi,q) <0} (4.23)
0Ai(q;) = {q : si(qi,q) = 0} (4.24)

To ensure that conflict avoidance is always possible, each agent ¢ should
be able to sense another intruder agent or obstacle j before an actual collision
between them occurs. Thus, the set O;;(q;) = {q;| (@i, q;) € O;;}, comprising
all g; that cause a collision for a given position g; of agent i, must always
be completely contained inside the sensing region A;(q;) for all pairs of i, j.
Equivalently, in the local frame of agent i, O; must always be in the interior
of A*.

An agent or obstacle j can influence the potential of agent i, ®; when it is
inside the sensing area A; through the collision function f;;. Since no collision
are allowed, the set where f3;; is effectively used is A;(g;) \ O}(g;). Thus the
properties of the functions ; and s;, which will be used to derive §;;, in this
region are important for the overall behavior of the potential ®;. Specifically,
functions §; and s; are required to be negative inside O; and A; respectively
and positive outside. Moreover, they must also be C?, at least in the set
Ai(g:) \ O%(q;) to allow their use in the NEFbased potential construction.

The implicit sensing area description used here can off course give rise to
asymmetrical sensing in the same manner as the less general sensing scheme
presented in Section B4 Even more, the shape of the sensing area can be
designed to implement specific implicit prioritisation rules. One such example
would be to make the sensing scheme asymmetrical with respect to the longi-
tudinal axis also, by extending it more to the right side of the agent than to
the left, so that in an encounter the agent that is on the right side has right
of way.
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4.3 Collision function synthesis

As explained above, the collision function f3;; is relevant only when q; € A;(g;)\
O;(qi), i.e. inside A; where s; < 0, and outside O;, where 9;; > 0. Within
this set, the “conditioning” diffeomorphism oy from [3] is used to map —% €
[0, +o0] to [0, 1]:

5 A )y 0ij
= - = — 4.25
B] <0-)\ ° S; ) 5@']’ — )\Si ( )
Wherecr)\éAix, A>0

By the above definition, f3;; is zero when agents i, j touch (i.e. when §;; =
0 because (g;,q;) € 00;;). Moving away from collisions and towards the
boundary of the sensing area A; where s; = 0, 3;; increases up to its maximum
value of 1. Thus, §3;; can form the basis of the dimensionless collision function
Bi; in the set A;(g;) \ O%(q;). Moreover, when g; is outside the sensing region
A;, the influence B;; should become inactive by assuming a constant value of
1. Thus, in order to ensure that §;; will be C?, the shaping function L(x)
introduced in the previous Chapter is applied also to Bij to derive the final
collision function:

By 2 {L (B) fig <1 (4.26)

]_, 6@‘ >1

By the above definition, 3;; approaches zero as agents ¢, j approach a collision,
thus causing the potential ®; to take the maximum value of 1 and become
strongly repulsive, while as agent 7 moves toward the boundary of the sensing

area A;, 3;; becomes constantly equal to 1, thus effectively becoming inactive
in the potential field.

4.4 The workspace bounding obstacle

As explained before, the potential component [5y; models a special obstacle
which ensures that all agents remain inside the available workspace W C R™.
For its construction a similar approach to the one presented above for 3;; is
followed. The workspace is modeled through a scalar function dy(q):

(4.27)
(4.28)



Figure 4.2: The workspace W (blue color) and the region F' (dotted pattern) where
its influence is inactive. Thus, agents take into account the workspace boundary only
within the blue undotted annulus.

In order to make the influence of the workspace boundary active only when
agents are close to it, a local sensing scheme is used similarly to the one
presented in Section [4.2. To this end, a region F' completely contained inside
W is used, within which the influence of the workspace boundary is eliminated:

A

F = {q|so(q) <0 (4.29)
0

}
} (4.30)

Thus, agents are affected by the workspace boundary only inside the annulus
W\ F, as shown in Figure @2l In this region 0,0 = do(q;) < 0 and s;0 =
so(g:) > 0, thus, similarly to the synthesis of f3;;, oy can be used to map
—% € [0, +inf) to By € [0, 1]:

Bio = (U,\ o —@> = 5& (4.31)

Si0 0 — AS;0

One can see that B; is zero on OW and becomes 1 on the boundary of the
influence area, 0Fy. Consequently, the workspace obstacle function is derived
by applying the L(x) mapping to B to ensure it is C*:

L (Bw), Bo<1
Bio = {1’ By > 1 (4.32)
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4.5 Decentralised aircraft Conflict resolution
in 3D space

The forms of functions 3;; and (3, presented in Sections @ and M can be
used directly in (B1]), to derive the [NElbased potential for any application
employing implicitly defined shapes in the way described above. Conflict res-
olution in 3D space for [ATM] has been the motivation for the development
presented here and the resulting tools allow the methodology to be readily
applicable. What is needed to apply the methodology described in the previ-
ous sections to aircraft conflict resolution, is to select appropriately the shapes
for the collision set O;; and the sensing area A; of each aircraft.

The separation minima set for current [ATM] operations are very different
for the horizontal and vertical planes. In the horizontal plane a minimum
distance dj of 5 nautical miles is required to ensure conflict-free flight. Thus,
aircraft flying at the same altitude can be modeled as circular agents with
a radius of 2.5 nautical miles. Equivalently, from the point of view of each
aircraft it must always maintain a circle of a 5nm radius around it free of other
aircraft or other obstacles. In the vertical direction the minimum separation
d, required for aircraft flying over one another is 1000 feet, or about 0.16nm.
The two separation minima together form a cylindrical Protected Airspace
Zone (PAZ)), i.e. the set O;; discussed previously, with a radius of 5nm and a
height of 2000 ft.

In order to integrate the [ATM] separation requirements in the methodology
developed in this Chapter an analytical function has to be identified that will
model the shape of [PAZ]lin 3D space. The function chosen here is that of a
3D spheroid, since it can approximate the [ATM] requirements sufficiently well,
while also being computationally efficient. Thus the collision set O;; takes the
form of a “pill-like” 3D oblate spheroid with a radius on the horizontal plane
equal to the minimum horizontal separation d; and a vertical semi-axis equal
to the vertical minimum separation d,,, as shown in Figure [4.3

Therefore, using the notation of Section B, the implicit collision function
0;; is the standard ellipsoid formula:

(v)°

dj,

i\2
5 = («5)

(3)°
= + —1 (4.33)
h

+ 7

% %

where q;» = [ T’ y; z; } is the position of aircraft 7 in the local coordinate
frame of aircraft i; :E; is along the longitudinal direction of aircraft i, y; along
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2dy,

(a) (b)

Figure 4.3: The collision set O;; - Protected Airspace Zone (PAZ) in [ATM] terms
- around each aircraft, defined as an oblate spheroid of horizontal radius d; and
vertical semi-axis d,. dj and d, are the horizontal and vertical separation minima,
respectively. (not drawn in scale)

the lateral direction and Z]Z on the vertical one:

4, =T (g — @) (4.34)
cos(¢;)  sin(¢;) 0

T, = | —sin(¢;) cos(¢;) 0 (4.35)
0 0 1

The sensing region A;, corresponding to the Alert Zone (AZ]) in [ATM] ter-
minology, is constructed by extending the principle presented in 3.4 to the
3-dimensional case: the sensing range in the forward direction of each aircraft
is significantly longer than in the sides and rear, as shown in Figure [£.4l The
benefits of such a sensing scheme have been demonstrated in [58], allowing
smoother turns and smaller deviations in the resulting trajectories. Specifi-
cally, the sensing region considered here consists of two half-ellipsoids, one in
the front of the aircraft with semi-axes Ry, R, and R, in the forward, side and
vertical directions respectively, and one in the rear with semi-axes R,., R, and
R,. Thus, the cross-sections of the two semi-ellipsoids match exactly on the
plane normal to the forward direction of the plane, while a longer range R,, is
applied forward compared to the shorter side and rear range R,.. As explained
in 3.4l such a non-circular sensing scheme introduces prioritisation, since the
interaction between two neighboring agents is not symmetrical in general.

Similarly to the collision function, the ellipsoid formula is used for s;; as
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(b)

Figure 4.4: The sensing region A; around each aircraft, extending to Ry forward,
R, to the rear and sides and R, on the vertical direction (not drawn in scale)

well:
N\ 2 2 2
@) W) (&)
Sij == R2 + R2 + R2 -1 (436)
R Ry, 2t >0 (aircraft j in front of 7)
“|R,, 2% <0 (aircraft j behind )

(4.37)
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Chapter 5

Decentralised Aircraft Conflict
Avoidance

5.1 Introduction

The potential field construction detailed in the two previous Chapters provides
a solid foundation for the development of a distributed, multi-agent navigation
control scheme that can be applied to aircraft Such a control scheme
will have to rely on the information embedded in the potential field at the
current position of each agent in order to derive the desired control inputs.
Since the exact modeling of the agents (i.e. aircraft) has not been taken into
account in the design of the potential field ®;, its applicability is not limited to
a specific agent model. It is the responsibility of the control scheme to bridge
the gap between the potential field built on the workspace geometry and the
agent-based controls in a way that is safe and practical. More specifically, the
control scheme must be able to exploit the formal properties of the potential
field to ensure that all agents avoid each other and converge to their respective
destinations while respecting the specific requirements and limitations arising
from the agents’ characteristics and the task at hand.

The ability to design the control scheme to a large extent independently
of the potential field is an important advantage for the development of a dis-
tributed aircraft scheme. The fact that the navigation properties of the
NF-based potential field inherently handle conflict avoidance and convergence,
offers valuable flexibility in the design and adaptation of the control scheme
that will be employed to guide the aircraft. Since the potential ®; has exactly
one minimum at the goal of agent ¢ and is uniformly maximum on the bound-
ary of conflicts, any control law that can maintain a decreasing rate for each
potential field ®;, i.e. ®; < 0, can be employed to guide each aircraft to their
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targets (which are always global minima of ®;), while also avoiding conflicts.

Apart from ensuring that the potential ®; is always decreasing, a control
scheme suitable for aircraft must also take into account the requirements that
apply to aircraft navigation. Most importantly, the key aspect that has been
addressed in the work presented in this Chapter is the lower velocity bound.
This is an inherent constraint of the aircraft dynamics, since fixed wing air-
craft need to maintain a minimum linear velocity to ensure adequate lift ca-
pacity. This aspect has not been significantly addressed in previous Navigation
Function (NE])-based control schemes, developed mostly for ground robot ap-
plications where this limitation does not apply. An initial approach in the
aspect of speed regulation has been presented in [5] using a gain switching
scheme designed to maintain the velocity of each (holonomic) agent below a
predefined higher bound. Another important to [ATM]l aspect which has been
significantly improved in this work is the reduction of unnecessary manoeu-
vring when navigating. In general, the integral lines of a [NFlbased potential
field are curves, while pilots and [ATC| operators prefer to fly in straight lines
as much as possible. This makes the aircraft motion more predictable, enhanc-
ing their Separation Assurance (SAl), and also reduces the workload required
by pilots to execute the manoeuvres. Moreover, avoiding unnecessary turns
means that passenger comfort is also enhanced, while total flight time and fuel
consumption is reduced.

In the following Sections the control strategy developed in this Thesis is
presented. Initially, a simplified approach for 2D, horizontal-only motion is
presented in Section @, where the issues of lower bounded velocity and re-
duced turning effort are addressed. In Section the full 3D control scheme
is detailed, followed by the analysis of its formal properties in Section 4.

5.2 Aircraft navigation in 2D Space

In this Section a first form of the control scheme developed for distributed,
NEbased aircraft is presented for horizontal-only flight. The main
contributions of this control scheme, which is based on the concept initially de-
veloped in [62] and refined in [57], compared to previous approaches employing
a[NFlbased potential field is that it addresses the lower aircraft velocity bound
and reduces unnecessary manoeuvring. The exact problem treated here is the
decentralised navigation of a group of N aircraft navigating at a fixed common
altitude. Each aircraft ¢+ must be driven towards its goal n;,; = [ Tid  Yid ]T
with heading angle ¢;4. In order to satisfy the minimum separation require-
ments, each aircraft is considered circular, with a size equal to its Protected
Airspace Zone (PAZ). Each aircraft has an associated desired absolute speed
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ug, > 0 which should be used whenever possible. This desired absolute speed
ug, can be constant, or regulated independently of the conflict avoidance al-
gorithm, thus it can track the optimal cruising speed for the current altitude,
or be adjusted according to the flight plan, air traffic controller instructions,
crew preference or the output of higher separation assurance levels (Mid- and
Long-term).

Since only planar flight is considered in this Section, the model used for
each aircraft is that of a unicycle, as shown in (Z4), where n; = [ z; ;] is
the position of each aircraft, ¢; its heading angle, u; its linear velocity and w;
its angular velocity.

5.2.1 Preliminaries

The control scheme for each aircraft i relies on a decentralised potential field ®;
and its gradient V;®;, where the notation V;®; is used to denote the derivative
of ®; with respect to the position of aircraft i. The potential field ®; can be
constructed as detailed in Chapter , or the more generic form presented in
Chapter @, implementing implicit shape representation, if all references to the
vertical z direction are omitted.

The potential field gradient for the planar case examined in this section,
is:

8(132 T
Vi = — = [ @i 5.1
using the notation ®;, = 90, P, = 9% Since the unicycle-like aircraft can
oz Y dy

only move along its heading direction, the component of the gradient that is
essentially driving the aircraft is its projection P; on this direction, as defined
by the heading angle ¢;:

P=J] Vi,
_ | cos(¢n)
where J;, = { sin(;) }

From the above it becomes obvious that the direction of motion towards
decreasing values of ®; is naturally determined by the sign of P;:

si = sgn(F)
1, ifx >0

{—1, if v <0.

o7

lI>

where: sgn(z)



From the perspective of each aircraft i, the potential ®;, depends on its own
position, mn;, and the positions of the other aircraft. Thus, the effect of the
motion of all other aircraft to the potential ®; can be summarised in the partial

derivative 851? :

09P;
at == Z V](I);r . Jj’LLj (52)
J#

where V;®; = gf:; is the gradient of ®; with respect to the position n; of
aircraft j.

In order for the unicycle-like aircraft ¢ to move along an integral line of
the potential ®;, its heading axis must align with the gradient of the potential
field. Moreover, in general when the agent approaches the goal configuration
from behind it must do so moving forward, while in the case where the starting
position is in front of the goal configuration the agent must move backwards.
The latter case of course is not relevant to aircraft navigation, therefore suf-
ficient conditions are provided after the presentation of the control scheme to
ensure that only forward motion is used. The principle explained above for
heading control is implemented through the use of the nonholonomic heading
angle ¢npi, which is used to represent the heading of sgn(p;)V;®;:

Gnni = atan2 (sgn (p;) @iy, sgn (pi)Pia) (5.3)
where the function atan2 is the 4-quadrant heading angle of a vector (x,y):
atan2(y, z) = arg (z,y), (v,y) € C,

while p; = J,- (n; — n4) is the position vector with respect to the destination,
projected on the longitudinal axis of the target configuration. Consequently;,
sgn(p;) is equal to 1 in front of the target configuration and —1 behind it. The
angle Gnn; is used directly as the reference angle ¢,y for the aircraft ¢ away
from the destination (and other critical points of ®;), while in the vicinity of q;q
the approximation presented in [63] is employed to eliminate the discontinuity

of ¢nhi:

(ﬁnhia pPi > €
Gani =4 5 2 3
e Dnni (3€0p? — 207) + dia (3eo (60 — pi)” — 2 (€0 — pi)°)
3 y P S €o
€0
(5.4)

o8



where p; = /@7, + @7 and ¢ is a small positive constant. Thus, whenever

q; = q;q, i.e. aircraft ¢ is at its target position, the reference angle ¢un; is
continuous and equal to ¢;q:

qih_{quid Gnhi = plill—nn) Pnhi = Pnhil ;0 = Pia (5.5)

5.2.2 Control Scheme

Using the notation defined in the previous Section, the proposed control law
for the linear velocity wu; is:

—s.U. 9% < 7. (|P] —¢)
. 1~ . ot — (2 (2
3 |Pz‘ Y ot 3 (2

where ¢ is a small positive constant and U; is the nominal velocity of aircraft
i

ids i — Qial| > d;
Ui = T‘Lq(j_%d” s — gl (5.7)
2w, g — qial| < di

By the above regulation scheme, U; follows identically the desired velocity
value u;q away from the goal g;; and is continuously reduced to 0 inside a disc
of radius d; around q;g,.

It can be shown here that in the second case of (5.6]), the magnitude of w;
is always higher than U;:

0P,
> U; (|1Bi] —
4> U(IP] - )
0P,
— U > U, | P,
e+ oy | P
UZ'&' + 8(;1;1'
— —F >
1P|
The above also holds as an equality, i.e. both branches of (5:6) produce the
same result when 8;? = U, (|P;| — ¢), thus ensuring that the transition is al-

ways continuous. By the above, the nominal velocity U;, and consequently the
desired velocity u;q4, acts as a lower bound for the flight speed. Therefore, a ma-
jor drawback of previous [NEFtbased solutions is lifted, ensuring that infeasibly
low velocities are never used. Off course, the use of a continuously decreasing
velocity down to 0 in the vicinity of the goal is also not applicable to aircraft
navigation. However, this feature of the control scheme, though important for
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the analysis of the scheme’s formal properties, is practically insignificant for
the application in [ATM] since the goal region can be made arbitrarily small,
and a new goal can be assigned (eg. next waypoint) before the aircraft enters
it and has to reduce its velocity.

The proposed control law for the angular velocity w; is:

O, M,‘ > €¢
w; = Ql(l—%>, 0<Mi<€¢ (58)
Q, M; <0

where: M,; é(bnhi (i — Onh,)
Qi 2 — ky (6 — bun,) + Oun,

Finally, €, is a small positive constant defining a minimum decreasing rate for
the angular error (¢; — ¢nn,) and k4 a positive gain. The above control scheme
allows the aircraft to fly straight when the convergence to the reference angle
®nn, 1s not at risk and gradually increases the steering effort as this becomes
necessary. A more detailed explanation of the angular control law’s operation
is given in the following Section.

The complete control scheme presented in egs. (@) to (@) exploits the
formal conflict avoidance and convergence guarantees, offering a solution
for the navigation of aircraft on a fixed altitude that is compatible with aircraft
characteristics and constraints, as well as with [ATM] practice. As shown in the
simulation results presented in Section @, the above control scheme yields
considerably more sensible (from an [ATC] point of view) and aircraft-friendly
manoeuvres than previous approaches [54], while maintaining the formal
properties.

Essentially, the set of control laws presented above is a special case of the
control scheme proposed in the next Section for the navigation of aircraft in
the 3D space. Therefore, the formal analysis presented in Section 5.4 applies
also to the navigation scheme presented above.

5.3 Aircraft navigation in 3D Space

Initial work on the navigation of aircraft in 3D space in this Thesis [52, 53] [54]
has used the linear velocity and three rotation rates (roll, pitch, yaw) to control
the motion of each aircraft. However, due to the practical disadvantages of
this motion model, along with its incompatibility with current [ATC| practice,
the model has been adopted for 3D aircraft navigation, which uses a linear
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velocity for altitude adjustment. With this model in mind, the navigation
scheme presented in the previous Section can be extended to the case of 3D
flight, i.e. when changes in altitude are also considered in order to offer each
aircraft more options for conflict avoidance manoeuvres. The complete control
scheme proposed for the 3D case, originally presented in [64, 65], is detailed
below, along with the basic principles upon which it has been conceived. The
general concept of the scheme relies on using heading changes to follow the
heading changes of the negated gradient vector and altitude changes up to
a predefined maximum clib and decent angle in order to allow the aircraft
to maintain a nominal horizontal speed U;. Horizontal velocity changes are
applied only if vertical manouvring is not enough to maintain a decreasing
rate for the potential ®;.

5.3.1 Preliminaries

In the 3D case the [NElbased potential field presented in Chapter U is used in
a similar manner as in the previous Section. The differences in this case lie in
the gradient of the potential field, V;®;, which is here a 3D vector, and in the
additional control law for the vertical speed.

o®;
oq;
The horizontal speed control law is based on the projection P; of the gradient
on the aircraft’s heading direction, as in the 2D case, which depends on the
components of V,;®; on the horizontal plane:

P=J-[®, @] (5.10)

The control law for the vertical velocity w; is based on the elevation angle
of the negated gradient, i.e. between —V,;®; and the horizontal plane:

o; = tan™! % € (—g, g) (5.11)
e 2
(I)iar + (I)iy

In order to take the aircraft performance limits into account, the reference
elevation angle &; is derived from «;, which is confined within the aircraft’s
feasible climb and descent angles, a;c € (0, g) and a;p € (—%, O) respectively:

Q;p, Q; < Q;p
a; = o;, ap <o < e (5.12)
oo, O > OG0

so that: &; € [aip, aic] (5.13)
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The corresponding reference slope ¢; = tan @, is employed in the vertical speed
control law. By the definition of a; it follows that ¢; has always the opposite
sign of ®;,, i.e.:

t:®;, <0 (5.14)

5.3.2 Control Scheme

The proposed control scheme has been synthesised in order to allow straight,
level and fixed-speed flight whenever possible, i.e. the common [NF| practice of
following exactly an integral line of the potential is here relaxed as long as the
three main objectives detailed below are satisfied. Each of the objectives below
is encoded in a continuous switch that acts as a "relaxation” factor in the case
of the vertical velocity: a value of 1 means that level flight does not threaten
the formal properties of the control scheme, while a value of 0 indicates that
the gradient’s slope must be followed exactly.

Conflict avoidance and Convergence

Ensuring a decreasing rate for potential ®; is crucial for convergence and con-
flict avoidance in all based approaches, as ®; attains its maximum value
on the boundary of conflicts and its minimum on the destination. The time
derivative of ®; can be written:

0®;
ot '’

=> V9 { ]j ] (5.16)

J#i

P; = Zv D q; = Pu; + ®w; + (5.15)

where

The partial derivative g;l, as before, sums the effect of the motion of all other
aircraft on the potential of aircraft i, ®;

The control design here aims to use a nominal horizontal velocity U;, which
must point to the direction that decreases ®; along the longtitudinal axis
of aircraft . This direction is naturally defined by s; = sgn(F;), as shown

previously. Thus, the preferred control law for the horizontal velocity is:

Moreover, the vertical velocity w; shall be regulated based on the reference
slope t;, and when fully activated it will drive the aircraft to a climb or descent
angle matching t¢; exactly. To achieve this, w; must be of the form:
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When the above control laws are applied ®; can be rewritten as follows:
. - 0P,
(5.20)

Using the above relations, the objective of conflict avoidance and conver-
gence can be encoded into the following continuous switch:

Ui (£:®s. + v — | P]) + %
Ui = sat ( v 1P + % : (5.21)
Uiti ;.

where sat is a saturation function:

0, <0
sat(z) =<z, O<x<l1, (5.22)
1, z>1

and ey is a small positive constant that adjusts the minimum (in absolute
value) decrease rate allowed for ®; during navigation, i.e. ® < —U;-ey. Thus,
the continuous switch og; expresses whether horizontal flight with velocity U;
can maintain a decrease rate for ®; equal or faster than the one set by €. By
the above definition and taking into account (B.14)), og; is:

e 1 when % —|P;|U; < =Usey, i.e. the nominal horizontal speed U; alone
with zero vertical velocity w; can ensure that ® < —U,ey,

e (0 when the nominal horizontal velocity U; combined with vertical velocity
w; = t;U; (so that the reference slope t; is followed exactly) cannot
maintain ®; < —U,ey,

e varying continuously in (0, 1) when there is a nonzero vertical velocity w;
corresponding to a climb or descent angle less steep than a;, i.e. |w;| <
‘ti‘ U;, which together with the horizontal velocity U; can maintain ®; <
_UigU-

Position with respect to the target

The control action is adjusted according to the position of each aircraft ¢
relatively to its target g;q, in order to achieve reduced manouevring away from
the target without sacrificing the convergence properties. Specifically, the
construction of the control laws is based on the position of the aircraft with
respect to a number of sets defined around its target, as shown in Figure [5.1k
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e The vertical Target Cylinder (TC) C;, centered on the vertical line passing
from the target position g;q, with a radius ¢;:

Ci ={ni| [[ni — nial| < ¢} (5.23)

e The Belt Zone B; of thickness b; surrounding the Target Cylinder C;:

B ={ni | ci < |l —nial| <+ b} (5.24)

e The Target Sphere S; centered on the target g;4, which is contained inside
the Target Cylinder C;:

Si=1ai | |lai — qidl| < i} (5.25)

e the Manoeuvring Space R;, as the rest of the available airspace that is
outside C; and B;:

Ri={ni| |[ni — nial| > c; + b;} (5.26)

The proposed control strategy depends on the relative position of each aircraft
¢ with respect to C;, B; and R;. Inside the manoeuvring space R;, the main
objective of each aircraft ¢ is to steer away from conflicts and towards the direc-
tion of the negated gradient —V,;®;, while maintaining the desired horizontal
speed u;4 and horizontal flight (w; = 0) for as long as possible. This means that
aircraft fly level as long as minimum separation and convergence are ensured.
Following exactly the slope of the negated gradient is not required in R;, as
long as this does not oppose any of the other two control objectives. Inside C;
the horizontal speed u; is gradually reduced, while the vertical velocity w; is
adjusted so that the aircraft trajectory follows the reference slope ;. ;. This
allows each trajectory to converge to the target q;s. The belt zone B; is used
between C; and R; to ensure that the transition between the two areas does
not cause discontinuity in the control inputs.

The complete scheme described above is captured by the continuous switch
oni, Which expresses whether aircraft ¢ is in C;, R; or B;, as shown in Figure

6.1k

Opn; = sat <||nl — ZidH — Ci) 5 (5.27)
0, n; ¢ Cz
so that o,; = < 1, n; € R; (5.28)



Figure 5.1: Target Cylinder C;, Target Sphere S;, Belt Zone B; and Manoeuvring
Space R; around the target q;q. o,; varies linearly in B;

It should be noted here that an aircraft may enter its TC and exit afterwards,
driven by the potential’s gradient. As it is shown in the convergence analy-
sis though, this does not affect the performance of the navigation algorithm,
since all aircraft eventually converge to their TCs. As the complete algorithm
presented here is primarily intended for Short-term in [ATM] applica-
tions, aircraft are not expected to reach close enough to their targets to enter
their TC while still operating under short-term Instead, a higher level
of or navigation algorithm will set a new target for the Short-term
[CD&RI However, the TC and the associated control scheme are included here
for completeness.

Elevation angle of the negated gradient

The aircraft are allowed to fly horizontally only when the absolute elevation
angle of the negated gradient —V,;®;, |ay/|, is lower than an upper bound 6? > 0.
When this bound is exceeded, i.e. |a;| > 6, vertical manoeuvring via w; is
gradually activated, until |o;| reaches a value of 0;, 0; > 69, where the maximum
absolute w; possible is used to yield a total linear velocity q; that matches

exactly the reference elevation angle &;. This is realised via the continuous
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switch o,;:

b — la
Oni = sat 17|O[2| (529)
0, — 0V

where parameters 6 and 6° must satisfy min (o, |oyp|) = 0 > 69 > 0. Conse-
quently, as shown in Figure 5.2 o,; is:

e 0 when |o;] > 6;,
e 1 when |a;] <67, and

e 0< 0, <1 when 6) < || < 0;.

«
A
aiC —VI.CIJZ.
o, ,
6;
T =
Ui
\/
«

Figure 5.2: Angle parameters é, 9?, aircraft limits o;¢c, a;p and switch o,; with
respect to the gradient elevation angle ;.

Using the three objectives established above, the control scheme is synthe-
sized around the following principles:

e A nominal absolute speed U; is used for u; regulation. U; is equal to the
desired absolute horizontal speed u;y when ¢; ¢ S;, i.e. when aircraft
¢ is more than ¢; away from its target, while it is continuously reduced
to 0, as the aircraft approaches its target inside S;. Naturally, this is
included for formal completeness of the control scheme without affecting
the practical applicability of the control scheme to aircraft [CD&RI
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e The absolute horizontal velocity |u;| is kept equal to the nominal signal U;

when aﬁi < U ( |Pi| — t:®;, — eU), i.e. the combination of horizontal and

vertical velocities —s;U; and U,t;, respectively, can maintain P; < Uiep.

e Vertical velocity w; is kept zero allowing level flight when all three of the
objectives described above are met, i.e.:

1. Agent 7 is inside its manoeuvring zone, n; € R;.
2. The nominal horizontal speed U; alone is enough to ensure that the

potential is decreasing, i.e. & = —Pu; + ag;i < —U,ey holds.

3. The gradient’s absolute elevation angle is at most 69, |a;| < 69.

Thus, a zero vertical velocity should be applied only when all three re-
laxation factors defined above are active:

Oni = 0dj = Oq; = 1

e Agent’s i slope is made equal to ¢; when any of 0g;, 0n;, 0a; become zero,
i.e. in any of the following cases:

1. Agent i is inside its Target Cylinder, i.e. n; € C;.

2. The combination of horizontal speed —s;U; and vertical speed ¢;U;
does not allow a sufficiently fast decreasing rate for the potential
®,;, such that &, < —U,ey, i.e. it holds that

~ 09;

3. The gradient’s absolute elevation angle is at least éi, || > él

e When separation and convergence are at risk, vertical manoeuvring via
w; is used up to an elevation slope t;, by setting w; = #; |us|. If this
alone is not enough to achieve d)z < —Uey, the magnitudes of both
linear velocities are increased proportionally in a continuous way so that
®; = —Uep holds.

e Continuous transition is desired for the horizontal velocity u; and vertical
velocity w;.

e For the aircraft to track an integral line of V;®;, the heading veloc-
ity w; must ensure that the heading error |p; — ¢np,| is always decreas-
ing, while also keeping the steering effort low. Therefore, whenever
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M, = énhi (i — Gnn;) > €4 > 0, the absolute error |¢; — ¢np,| is already
decreasing, so the angular velocity is kept zero, i.e. w; = 0. Otherwise,
when M; < &4, a feedback law as in [54] ensures that |¢; — ¢nn,| de-
creases over time. The small constant €, is used here similarly to ey in
the linear velocity control law, to ensure continuous transition for the
heading velocity.

Based on the above principles, the control scheme proposed for the linear
velocities of aircraft i is the following:

—s;Us, % < U (|P] = t:®:. — ev)
u; = Viev+2% g, Pl_id (5.31a)
—SiThhbn ot > U; (|P] — 6:®i. — ev)
w; I(l — min (0-‘131'70-11@'70-0&')) E@‘uz‘ . (531b)
Similarly to (5.6), the magnitude of u; increases in the second case of (.3Tal):
0P, ~ UiEU + o%;
. > UZ Pz — tiq)iz — & = 7~8t = |u;| > UZ 5.32

As in the 2D case, the above also holds as an equality at the transition point,
ensuring that u; remains continuous. The nominal absolute horizontal velocity
U; used above is regulated similarly to the 2D case:

m:{m“ n ¢ C (5.33)

—n.
IIQz zdII Ui, n; c CZ

Cqi
As explained before, control law (5.31D) ensures that the vertical velocity is
not activated when all of the continuous relaxation factors are fully active, i.e.
equal to 1.
The angular velocity w; is regulated according to:

0, M; > €4
M:s%@—%)0<m<% (5.34)

Q, M; <0,
where: M; £ gf)nhi (i — Onh,;) (5.35)

Q2 —ky (¢5 — dnn,) + Gnn,

and k, is a positive gain.

The complete navigation scheme comprises the control laws (@), (@)
and (@) along with the potential field form (B)). From the above it is ob-
vious that the implementation of the control scheme requires only tractable,
forward calculations. Thus, the computational requirements for real-time ap-
plication are limited for each control update step.
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5.4 Conflict avoidance and Convergence Anal-
ysis

The two control schemes presented above have been designed so that in com-
bination with a [NEFlbased potential field they can provide formally provable
conflict avoidance between aircraft and convergence of each aircraft to its goal.
As mentioned above, the 2D control scheme detailed in Section is essen-
tially a special case of the full 3D scheme of Section 5.4 Therefore it is only
necessary to provide a formal proof of the navigation properties of the 3D con-
trol scheme. The performance of the control scheme with respect to the two
principal objectives, i.e. conflict avoidance and convergence is analysed in the
rest of this section.

Theorem 1. A group of aircraft moving as agents described by ([2.6) remains
always conflict-free, i.e. no two Protected Airspace Zones (PAZs) inter-
sect, when each aircraft navigates using the the control laws (IE), @)
and @)

Proof. In order to simplify the analysis here a useful property of the aircraft
[PA7Z] is exploited; because the shape of the [PAZ] is axisymmetrical with re-
spect to the aircraft axis of heading rotation, i.e. the vertical direction, it
is concluded that any two [PAZk can only touch due to linear motion of the
aircraft and not because of heading changes. Thus, to ensure that the sepa-
ration minimum is never violated, it suffices to show that each aircraft ¢ uses
its linear velocities u;, w; to maintain a safe distance from its neighbours. By
construction, a[NEFbased potential field is uniformly maximum on the bound-
ary of obstacles, which in the case of [ATM] applications are the [PAZk of other
aircraft. As a result, the potential field’s negated gradient points directly away
from the obstacle’s surface.

Furthermore, it can be shown that the linear velocities (5.31]) of each air-
craft ¢ never drive it towards a direction that increases its potential field ®;.
For this to hold, the inner product of the field’s gradient and the aircraft
position time derivative must always must always remain non-positive, i.e.:

Vi@ - ¢; <0 (5.36)

In order to prove this, first the definitions of o, &; and #; given in Section .31
can be used to verify that #;®;. < 0. Indeed, by Equation (IE‘) it follows that
a; - ®;, <0 and since &; € [a;p, aic] C (—g, g), while &; has by construction
the same sign as «;, it can be deduced that t;®;, < 0. Moreover, the control

law (5.3Ta)) yields:
Pu; < —PisU; = — |P|U; <0 (5.37)
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Additionally, from (5.3Th)) it can be derived:
O w; = 1;®;, (1 — min (0g;, Onis 0ai)) il < 0 (5.38)
Consequently, it is shown that condition (5.30) always holds:
V:®, - q; = Pu; + ®.w; < 0. (5.39)

Using (5.36]) it can be proven that all remain always conflict-free. To show
that is suffices to make the assumption that a group of aircraft navigating
under the proposed control scheme engage in a conflict involving two or more
of them and demonstrate that this cannot occur: Initially no conflict should
exist, i.e. all aircraft are at a safe distance from each other, i.e.:

O, <1 Vi (5.40)

Since each potential ®; is continuous and differentiable in space, assuming that
a conflict occurs means that at least one of the conflicting aircraft, 7, moved
towards the direction of V;®;, causing the potential ®; to attain its maximum
value of 1. However, in all initial conflict-free conditions all potentials are less
than 1 as shown above in (5.40)), while the motion of any aircraft can never
allow its potential to increase, as shown in (5.39). Therefore the condition
where a conflict is created, represented by the potential of one or more aircraft
attaining their maximum value of 1, can never be reached under the proposed
control scheme after a conflict-free state of the group. O

The use of the priority scheme described in[3.2lmeans that conflicts between
any two aircraft ¢, j are avoided when at least one of them has non-zero priority,
mazx(c;, c;) > 0, i.e. one of them is able to maneuver. This holds because by
construction a[NFlis transverse on the boundary of collisions with other agents
or obstacles. One can easily show similarly to [64] that the above control
scheme ensures that V;®;u; < 0 holds always, i.e. all agents move towards the
direction that decreases their potential. Thus, when there is at least one-way
sensing between any two neighboring agents, at least one of the agents moves
away from the other and collisions between them are avoided. Off course,
when both agents are uncontrolled, ¢; = ¢; = 0, no collision avoidance can
be performed between them. Thus, the proposed control scheme combined
with the priority rules in section ensures that all collisions between two
controlled agents or a controlled and an uncontrolled one or an obstacle are
avoided.

Theorem 2. FEach aircraft i described by (2.6]) under the control laws (@),
@) and @) converges to its target q,q with the desired heading angle ¢;q.
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Proof. Since the control scheme is discontinuous, analysis tools for non-smooth
systems are employed to prove the convergence of the system under the pro-
posed control scheme. The following candidate Lyapunov function is used:

N
V=>V (5.41)
i=1
1
where V; = ®; + D) (61 — Gnni)” (5.42)

In order to prove the convergence of all N agents, the complete multiagent
system x = f(x) is considered, comprising N systems of the form (2.6]):

_ U1J1 -
[ @ Wy
an unJn
b1 WN
N '
(bnhl f"'}N
: (bnhl
L (bnhN a ) :
L ¢nhN |

In order to study the evolution of the above system , the generalised time
derivative of V(x) must be computed, which is possible via the chain rule
given in [66]. In order to do so, the Filippov set [67] of the above system,
K[f(x)], must be derived, along with the generalised derivative OV [68] of the
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candidate Lyapunov function V' (x):

i K[ul]Jl T
K[w] [ El V19, |
Klux|Tx 3 Vad;
Klwy] (A1 — ¢nn1)
Kifj=| @ |, ov= ;
: (N — dnnn)
wN — (#1 — ¢nn1)
¢nh1 E
E — (6n — Gunn) |
L $unny

Using the above, the generalised time derivative of V(x) can be calculated:

V=) K=

geov

:iimuiw@}[ ' } +ZZKW _+

+Z — Gnn,) (Wi — dnn,) =
—ZKUZP+ZZKUJV D [ J]l

)

+Zle Zz—l—ZZKw] 02; Zee (5.43)

i jFi

where the angular error 6; = (¢; — ¢nn;) has been used to simplify the above
form. By (534) it can be deduced for 6;:

_Q‘thia MZ Z 6(15
b= = ko (1= 2) 4 2mi) 0, 0< My < sy (5.44)

For the analysis of the switching linear velocity control law, each aircraft can
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be categorised into one of the following three sets:

0,
ot

Qlé{iE{l,.,N} —UZ|PZ‘+UZ€U§0}

8(132 7
Qs 2 {Z € {1, ,N}|0< 5 U |P| + Uey < _tiUi(I)iZ}

0P, .
Qs £ {Z €{1,,N} o U; | P + Uey > _tiUi(I)iz}

A similar classification is made corresponding to the different branches of the
angular velocity control law (5.34)):

TyE{ie{l,...,N}| M; >e4}
Th2{ie{l,...,N}|0< M; <ey}
Ty2{ie{l,....N}| M; <0}

By the control laws (|5_.3_1|) and (Liﬁﬁ) the Filippov sets of the linear velocities
can be derived:

—Klsi] - U; i€ Js
Klu;] = Usey + 22 (5.45a)
CK[s 20T e
1 | P;| — ;P i€@s
Kw;] = (1 — min (0;, Oni; 0ai)) t; |uil . (5.45Db)

Using the aircraft sets defined above, the calculation of V can be further de-
veloped from (5.43)):
0%,

< 0D, Uey + oD,

V= —K[s;|PU; + —~ —K[s;]P; _ 0t ‘

| y { [si| PU; + 8t}+§ { [si] |Pi\—ti<1>@-z+ = }+
1i€Q1UJQ2 i€Q3

N
+ Z (1 — min (Uclm Oni Uai)) t~i |Uz\ D, — Z eiénhi—

€Ty
M; p2.
_Z [k¢(1__l) +%
€¢ E¢

1€TH

07 = kyb? (5.46)

€T3

Taking into account the definitions of the three continuous switches og;,
Onis Oais \‘m), (IE) and (IE), it can be shown that the following inequality
holds always and becomes an equality for aircraft belonging to ()3:

(]_ — min (O'q;.i, Onis Uai)) Z (]_ — O'q;.i) Z O (547)
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Moreover, the inequality #;®;, < 0, as proven above, combined with (5.32))

yields:
(1 — min (0, O, 0ai)) i [us] @iz < (1 — 00i) LU Ps
Using control law (0.3Tal) and (5.21)) the following is derived:

0, i €
Ui (|1F| — € o,

(1 —0g;) = ( |U-E-<I>U') % c(0,1], i€Qy
1, 1 € Qs.

Finally, by the control law (5.3Tal) can be deduced:
u; = —sgn(P)U;, i€ @y UQZ

(5.48)

(5.49)

(5.50)
(5.51)

Taking the above into account, along with the fact that the switch og; is 0 for

all in ()3, the calculation of V can proceed:

= 09,
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By the definitions of the employed sets and the previous analysis, it can be
directly derived:

V<0

Thus it has been shown that the complete system converges over time. More-
over, since V' is regular [68] and has compact level sets, the non-smooth version
of LaSalle’s invariance principle [66] can be applied to conclude that the tra-
jectory of the closed-loop system converges to the largest invariant subset S:

g2 {[qT,qﬂT |0€17} (5.53)

By the definitions of the sets T}, T5, T3 it can be deduced:

. 2
Z[k¢<1—%>93+%

£
€Ty ¢

Therefore, for V=0to hold, according to (5.52)) all aircraft must fall into T,
resulting in:

@ =0Vi € Q1) A (epU; = OVi € Q2 UQs)/\

S:{n:(|P,~|UZ-— =

N = @i — bnn, = OW)}

Taking into account that by construction, for every i € (), it holds that:
0P,
ot

the equality must hold inside S, i.e. U; = 0. This means that inside S the
following conditions hold for each aircraft 7:

qi =qid (5.55a)
¢i =Pnh; = Gid (5.55b)

Thus, the invariant set S reduces to a singleton:
S ={n: (g = qia¥i) A (¢ = diaVi)} (5.56)
Therefore, the configuration that each aircraft converges to is its target qq
with the desired orientation ¢;4. O
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The time required for each aircraft i to reach its Target Cylinder C; around
its target g;; can be bounded by considering that the control law presented

above ensures that: '
(I)i < —UZ‘E

Moreover, outside C; the nominal velocity U; is equal to the desired wu;q > 0,
therefore the decreasing rate of ®; is smaller than a finite negative quantity :

d; < —uge <0 (5.57)

Each aircraft that starts its navigation outside its Target Cylinder has a pos-
itive initial potential value ®; = ®;(¢ = 0) which decreases as the aircraft
navigates to its target. Denoting as ®;4 the value of ®; when aircraft i reaches
for the first time C;, the total change in the potential value from the initial
position of each agent ¢ up to the boundary of C; is:

Ad; = Dy — Dy
Assuming a non-degenerate, conflict-free initial configuration, it follows that:
b < 1Vie{l,...,N} (5.58)

Moreover, as the radius of C; is non-zero, the potential is positive anywhere on
its boundary, i.e. ®;; > 0. Consequently:

Denoting as t;; the first time instant that agent i reaches a distance d;
from @q;4 and assuming a constant wu;q over time the total decrease of ®; can be

calculated and bounded using (5.57]):
tid |
A(I)Z = / (I)Zdt S —uidetid (560)
0

Combining Equations (5.59) and (5.6d) yields:

—1< A(I)Z < —Ujgetiq = (561)

tia < (5.62)

Uid€
Thus, the time t;; required for aircraft i to reach a distance d; from gq;q4 is
always less that t;ne. = i It should be noted though that aircraft ¢ may
enter C; but exit again if driven to do so by other aircraft. However, t;,qz

gives a reasonable limit for the time required to reach the vicinity of the target
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q;q- Finally, the maximum time needed for all aircraft to reach their Target
Cylinders can be derived is:

tMAX = max (timax) (563)

A significant remark should be made here about the application of the
proposed control scheme to aircraft navigation. The algorithm presented here
allows the agents to move both forward and backward. However, for [ATM]
and other applications where only one direction of motion is feasible, it is
possible to derive sensible sufficient conditions to avoid bidirectional motion
and direction reversals. By (5.44]) it can be seen that the angular error 6; is
asymptotically stabilised to 0 and |6;| is always decreasing. Therefore, if |6
is initially smaller than 7, it will never reach 7, which indicates a direction
reversal. Thus, when |¢;| < 7 holds at the starting configuration, agent i will
use a single direction throughout its motion. Essentially, what is required is
P; - p; > 0 at the initial conditions, i.e. agents starting in the subspace behind
their targets (where p; < 0) must have the initial negated gradient vector
driving them forward (P; < 0), while agents starting in front of their target
(p; > 0) must have the negated gradient initially driving them backward (P; >
0). To enforce additionally only forward (or backward) motion, preventing
any direction reversals, all agents must start in the subspace behind (or in
front) of their targets. Specifically for [ATM] applications where only forward
motion is feasible, the above condition means that initially the aircraft must be
behind their respective waypoints, while the negated gradient must be driving
them forward. The first condition is easy to satisfy via the succession of
waypoints, while the second one implies that the aircraft faces towards the
general direction of its destination. Although the potential field’s gradient is
of course affected also by neighboring aircraft, their contribution fades with
increasing distance, thus practically the condition satisfaction considers only
near-by aircraft. This mild requirement should not pose practical difficulties in
[ATM] applications, since it represents reasonable physical conditions and can
be taken into account for the integration of the algorithm presented here in the
complete system. Specifically, the system can be designed to
use the Short-term algorithm presented here when the gradient deviates more
than a given acute angle from the forward direction.
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Chapter 6

Simulations

The [NEFbased potential field construction detailed in Chapters H and 4 along
with the control schemes presented in Chapter H have been employed in a
number of simulated scenarios to evaluate and demonstrate the overall per-
formance. The simulations have been performed using the kinematic models
described in Section 2.4 for 2D and 3D aircraft motion.

Two different sets of simulations have been performed. First, a variety of
application examples is presented in Sections 6.1 and @, involving a relatively
small number of aircraft-like agents in artificial scenarios. These examples
have been tested to assess the performance of the control strategy in specific
conditions and also evaluate the effect of various features of the control scheme.
In these simulations the focus has been on difficult to solve initial conditions,
usually involving a relatively small group of agents in close proximity in a
confined part of airspace and with conflicting straight-line paths. This limits
the execution time for each simulation, allowing for a variety of scenarios,
enabling useful conclusions about the algorithms performance in demanding
close encounters.

The second set of simulations presented in Section 6.9 used a realistic air
traffic sample spanning a significant amount og flight time and airspace. This
reveals the capabilities of the proposed control solution in large scale
scenarios, rather than local conflicts.

6.1 Application examples in 2D space

6.1.1 Limited Sensing & Explicit Prioritisation

In the set of simulations the effectiveness of the proposed control approach
employing the explicit prioritisation scheme detailed in Section 3.4 and the
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limited sensing scheme presented in Section @ is examined in planar navi-
gation. The shapes of each agent and their awareness zones are considered
circular in this case. Simulation results for two different application scenarios
are presented below.

The first scenario can be described as a stream crossing situation: a group
of agents move in parallel, forming a stream, while a lower priority agent
starting from one side of the stream is assigned a destination in the other
side. Thus, the latter agent is being forced to cross the stream formed by the
parallel paths of its neighbours. To enforce the desired prioritisation, agents
1-4 moving in the stream are assigned higher priority, i.e. lower ¢;, than the
crossing agent 5, allowing them to continue their motion undisturbed by agent
5, which manoeuvres around all of them to avoid conflicts.

The result of this scenario can be seen in Figure Agents 1-4 do not
maneuver at all, as desired, since their potential fields do not take into account
the intruding, lower priority agent 5. On the other hand, agent 5 maneuvers
around all other agents and finally reaches its destination without any conflicts.

Figure 6.1: High priority agents 1-4 move undisturbed in parallel paths, while low
priority agent 5 crosses their paths while avoiding conflicts to reach its destination.

The second test case is a variation of the first one, using identical initial
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and final positions, but with inverted priorities. Thus, in this scenario agents
1-4 are given low priority, while the high priority agent 5 crosses their paths.
The aim here is to allow the high priority agent to reach its goal without any
delays or detours induced by conflict avoidance, while all other agents maintain
separation with it and each other. This scenario could resemble a case in [ATC]
where an aircraft in an emergency condition is granted higher priority than
its neighbours to facilitate its motion towards the closest airport. Similar
situations can also occur in other applications where prioritised multiagent
navigation is desired, like robotics. The results for this case are shown in
Figure[6.2l Agents 1-4 are driven into large deviations from their straight line
paths in order to avoid conflicts with each other and agent 5, who follows a
direct path from its initial position to its goal. Finally, all agents converge to
their destinations and desired headings.

Figure 6.2: High priority agent 5 crosses the path of lower priority agents 1-4,
forcing them to maneuver around it and each other to reach their destinations.
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6.1.2 Implicit Prioritisation

The simulation results presented in this monstrate the effect of the non-circular
sensing scheme introduced in Section 3.4 to the performance of the algorithm.
The first simulation scenario tested is a simple example with a single agent
navigating around one static obstacle. Although not a challenging scenario,
this simple test case can give a clear view of the performance and efficiency
improvements that the non-circular sensing scheme achieves compared to the
circular sensing scheme. A maximum sensing range of 0.5 length unit is as-
sumed, so for the non-circular sensing scheme the full sensor range is exploited
in the forward direction, using R,y = 0.5, but only 30% of it is active in the
rear, using R, = 0.15. Results for the same test case using circular sensing
are included, using two different sensing ranges, R, = 0.5 and Ry = 0.15. The
resulting paths are shown in Figures [6.3aH6.3d along with statistical informa-
tion in Table[6.3dl Compared to the full range circular sensing scheme in [6.3a,
the new sensing scheme path in [6.3b]is less conservative, allowing significantly
smaller deviation from the straight-line path. In both and [6.30] cases
the agent starts turning at around the same position, near x = —0.3, as the
forward sensing range is the same. However, the significantly shorter sensing
range to the sides and rear of the agent with the new sensing scheme allows a
much smaller deviation from the straight line path. Using a reduced circular
sensing of radius 0.15 in results in a more aggressive turn as the agent
starts manoeuvring later, and eventually travels longer distance to reach the
target. The improvements of the sensing scheme presented inSection 3.4 are
reflected in the total length of the paths shown in table[6.3dl The computation
time is also presented, revealing a clear improvement with non-circular sensing,
due to the reduced interaction between the agent and the obstacle. Finally the
total absolute steering angle is calculated, as a measure of the manoeuvring
effort required for each case:
A= / |w| dt

As shown in Figure @, significantly less manoeuvring is used with the non-
circular sensing scheme.

The second simulation example presented here is a multiagent scenario sim-
ilar to the one used in the previous set of simulations : 4 low priority agents
are moving in parallel, while a high priority one is crossing their paths. Results
are presented in Figure for a circular sensing R, = 0.5 and in [6.4D] for the
non-circular sensing scheme with R,, = 0.15 and R,y = 0.5. No conflicts oc-
cur, while all the agents reach their destinations. The total travel length for all
agents has been calculated in both cases. For the circular sensing scheme the
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Computation Time || 25sec | 20sec | 26sec
Path Length 7.56 | 5.13 | 6.59
Total steering angle || 6.11 | 3.66 | 5.00

(d)

Figure 6.3: Simulation results: Obstacle avoidance using various sensing schemes

total length is 23.89, while the proposed non-circular sensing scheme achieves
a significant reduction with a total path length of 20.9. It should be noted
that this test case is unrealistically dense for Air Traffic and is a closer rep-
resentation of problems encountered in other fields, such as robot navigation.
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(a) Circular sensing, R; = 0.5. Path length: 23.89
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(b) non-circular sensing, Rsy = 0.5, Ry, = 0.15. Path length:
20.9

Figure 6.4: Simulation Results: A high priority agent crosses the paths of 4 lower
priority ones moving in parallel
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6.2 Application examples in 3D space

Simulations of aircraft-like agents navigating in 3D space have been performed
to evaluate the effectiveness of the control scheme presented in Section 5.9
applied to the kinematic model (Z.6]). The scenario used consists of 5 agents
in converging paths, starting from initial positions g;y near the boundary of
the common workspace and facing inward. The destinations q;4 have been set
across the center of the workspace, so that the straight line paths between
each start position and the corresponding destination violate the minimum
separation near the centre of the workspace. Specifically the initial and final
positions, @q;o and g;q respectively, as well as the heading angles, ¢;0 and ¢;q,
used here are:

qo=1] —09 0 03 1", qa=] 09 0 03 |7
go= 0 —09 —04 17, qu=] 0 09 —04 T
go=[ 06 06 —04 ", qu=] -06 —-06 -—04 |
qo=[ 06 —06 -02 |7, qu=[ -06 06 04 7
go=[ 038 0 0 1™, qa=] 08 0 03 |7
T
$10 = Q1a = P50 = P54 = 0, 20 = P20 = =,
2
3T 3T
¢30:¢3d:_17 ¢40:¢4dzz

The desired horizontal velocity wu;g for all the agents has been set to a
constant value of 5-107* and the control update interval was 0.01 time units.
The maximum climb and descent angles used are a;c = 15° and «;p = —20°
respectively. The angular parameters 69 and 6; have been set to 09 = 10° and
0, = 15° for all agents and the parameters ey and 4 applied were 107! and
1 respectively. Finally, the radius of all target cylinders C; and target spheres
S, has been set to ¢; = 0.04 and the thickness of the belt zones B; b; = 0.01.

The results of the simulation produced after almost 6000 time steps are
shown in Figures 6.9 to 6.1 The agents’ paths are shown in Figures
from two different viewing angles, along with the intermediate positions of the
agents at equidistant time instants. The horizontal linear (u;) and angular ve-
locity (w;) are depicted in Figure[6.7] while the vertical velocities w; are shown
in Figure As the figures demonstrate, the proposed algorithm drives
all agents towards their destinations without allowing any conflicts to occur.
Specifically, the following remarks can be made about the agents’ trajectories:

e All agents maintain their horizontal speed equal to the constant desired
value u;q, except for agent 2, which uses a higher speed for a limited
amount of time, while avoiding a conflict with agent 3.
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(b)

Figure 6.5: Trajectories in 3D space
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Figure 6.6: Vertical Velocities

Agents follow level paths, i.e. w; = 0, for a significant amount of time.
They all approach their destinations with their climb/descent angles con-
verging to zero.

The bounded angle of climb or descent, in combination with constant
horizontal velocity, results in bounded vertical velocity. When oy, is
saturated, |anni| > |&;|, and |u;| = w4, a constant vertical velocity is
used. This can be observed in the beginning of the simulation for agents
1 and 5, and is in accordance with practice.

Combined the two above remarks are obvious in agent’s 1 path, which
follows a climb-fly level-descent pattern.

The initial and final positions of agent 4 result in a straight line path
with climbing angle greater that a;c. The agent performs a climbing
circle to reach the desired altitude while avoiding conflict with agent 5.
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Figure 6.7: Horizontal and Angular Velocities
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6.3 Case Study - Realistic ATM Simulations

In order to assess the performance of the NEFlbased navigation scheme as a can-
didate solution for aircraft Short-term applications, simulations against
a realistic air traffic sample have been performed. The data sample used has
been developed for the Episode 3 project for use in initial validation of the
Single European Sky ATM Research Programme (SESARI]) Target Concept
[50]. The traffic density of the sample is about 3 times higher than the peak
day in 2006. Specifically, the sample contains almost 98000 flights in Europe
departing in a period of 48 hours. Each flight is described by the departure
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Figure 6.8: Flights entering the interest area studied

and arrival airport and the scheduled take-off time, while no information about
intermediate waypoints and flight altitude is given.

In order to keep the computational cost of the simulations manageable,
the traffic in a 400nm x 400nm interest area centered around Zurich has been
studied, as show in Figure[6.8. This represents a busy part of central European
airspace, as indicated by the 35000 flights that fly in this area over the 48
hour period. Since most of the flights that cross the interest area do not
land or take-off inside it, the start and destination positions have been set
at the intersection of the straight line between each flight’s departure and
arrival airport and the boundaries of the interest area. A the purpose of
the simulations performed here is to evaluate the overall capabilities of the
algorithms when handling large traffic samples, the precision of these
conventions is not significant for the final conclusions about the algorithm’s
performance. The aircraft type is provided for each flight, allowing the use of
the Base of Aircraft Data (BADA) [69] aircraft performance model to extract
the horizontal velocity according to the flight level chosen for each case.
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The simulations presented here focus on planar navigation. Therefore, in
each simulation scenario the initial and final positions of all aircraft have been
set at the same flight level and aircraft are allowed to use only horizontal ma-
noeuvres to resolve conflicts. Although the navigation framework developed
in this Thesis is mostly aimed to function as the Short-term algorithm
when applied to [ATM] in the simulations presented here the [NElbased con-
trol scheme handles all conflicts alone. Thus, each aircraft is governed only
by the Short-term algorithm which has to resolve all conflicts rather
than handle only those that are not solved by the Mid-term level. Natu-
rally, this increases the requirements for the Short-term algorithm, as there is
no route planning in advance or any path optimisation along the flight. All
computations have been performed in a single desktop computer using the
implementation of the [NFlbased algorithm developed in MATLAB.

6.3.2 Results

The first simulation setting used in this Section is the simplest one, comprising
the first 1000 flights of the traffic sample that enter the interest area defined
above. This scenario spreads over a period of around 26 hours, although
the traffic density varies over time as will be shown in the results. The first
and most important outcome of the simulation is that the [NEFbased
algorithm handled the scenario successfully and no conflicts occurred. The
results of the simulation give an overview of the performance of the algorithm:
in Figure the number of aircraft flying inside the interest area at each
time instant is shown, while the next next Figure [6.90] presents the number
of aircraft manoeuvring over time. As can be seen in the figures, during the
first 10 hours only a few aircraft enter the interest area resulting in very few
resolutions. Later on however traffic increases significantly, up to about 140
aircraft flying simultaneously, resulting in more resolutions, up to about 110
in progress simultaneously. Figure presents the distribution of the total
number of resolutions performed by each aircraft while flying inside the interest
area. Most of the aircraft perform only a small number of resolutions, typical
up to about 10-15, while only a handful are required to perform more than 25
resolutions. Additional information about the scenario are shown in Table [6.1]
Specifically, the total number of flight hours gives an overview of the total flight
time simulated for all aircraft, and suggests that on average each aircraft flew in
the interest area for about 30 minutes, of which 72.9% of the time, or about 22
minutes, the Short-Term algorithm was performing a resolution. This
figure is increased here since there is no Long-term route planning or Mid-term
path optimisation algorithm to avoid some conflicts before the Short-term level
is engaged. The average number of resolutions each aircraft has to perform

90



Simulation Results: First 1000 flights
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Figure 6.9: Simulation Results: First 1000 flights

inside the interest area is the mean of Figure The increase in total flown
distance is calculated over the straight-line paths between each flight’s initial
and final position and is shown to be quite small even without any optimisation
performed by the Mid-term level. Finally, the execution time implies
that using a single desktop computer for all 1000 aircraft is enough to run
the NF-based algorithm more that 300 time faster than real-time. Significant
gains in this aspect can be achieved by distributing the computation over all
the aircraft and using a more efficient implementation of the algorithm.

Total Aircraft 1000

Total Flight-hours 495.3
Average % time in resolution | 72.9%
Average number of resolutions | 4.65

Total distance increase 1.15%
Total execution time (sec) 5460
Real time speed 326x

Table 6.1: Simulation Results: First 1000 flights
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Figure 6.9: Simulation Results: First 1000 flights(cont.)
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In order to test the ability of the algorithm to accommodate more
aircraft, simulations using multiple flight levels have been performed for the
first 4000 flights in the traffic sample. The aircraft have been divided to 4
different levels, using two different protocols. Each flight level is simulated
independently since no vertical manoeuvres are considered that would cause
aircraft from adjacent levels to interact.

For the first set of simulations the flight level assignment has been per-
formed according to the direction of the flight route, as defined by the straight
line path between the initial and final position. The first flight level includes
aircraft with a route direction between North and East (heading angle 0°—90°),
the second routes flying between East and South (90° — 180°), the third be-
tween South and West (180° — 270°) and the fourth between West and North
(270° — 360°). As expected, the distribution of aircraft between the different
flight levels is not uniform, since some directions are more commonly used than
others and this relation changes throughout the day. The results for this set of
simulations are presented in Figures and Table [6.2], where signifi-
cant differences can be observed between the 4 flight levels. As can be seen in
the table, the total number of aircraft alone is not enough to characterise the
resolution effort, as measured by the average number of resolutions per aircraft
and the execution speed relative to real-time. Specifically, the N-E and S-W
flight levels have a similar number of aircraft going through. However, as can
be seen in Figure [6.10al traffic in the S-W flight level is highly concentrated
between 25 and 30 hours, while the traffic in the N-E level is spread out in a
larger time period, significantly reducing the algorithm effort. A similar set

Route Direction N-E E-S S-W W-N
Total Aircraft 705 1120 789 1386
Total Flight-hours 258,49 | 675,28 | 419,57 | 840,29
Avg time in resolution 62,23% | 79,58% | 86,20% | 79,12%
Avg number of resolutions | 2,22 7,49 7,96 5,32
Total distance increase | 0,393% | 1,39% | 2,559% | 1,49%
Total execution time (sec) | 1361 10976 | 6708 12320
Real time speed 683,7x | 221,5x | 225,2x | 245,5%

Table 6.2: Simulation Results: FL assignment by route direction

of simulations has been performed by assigning to each flight one of 4 flight
levels, referred to as FL A to FL D here, in a round-robin fashion, i.e. the 1
flight to enter the interest area is assigned to FL A, the 2"¢ to FL B etc in a
cyclic fashion. In this way the aircraft are distributed evenly between flight
levels throughout time, as can be seen in [6.1TaH6.1T1d and Table Apart
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Round-Robin Queue FL A FL B FL C FL D
Total Aircraft 1000 1000 1000 1000
Total Flight-hours 523,63 | 521,37 | 522,75 | 525,32
Avg time in resolution 69,41% | 67,42% | 70,37% | 68,71%
Avg number of resolutions | 7,25 6,96 7,58 7,42
Total distance increase 239% | 2,37% | 2,44% | 3,19%
Total execution time (sec) | 5886 5620 843 5985
Real time speed 320,3x | 334,0x | 322,1x | 316,0x

Table 6.3: Simulation Results: Round Robin FL assignment

from the number of aircraft being the same, the number of active resolutions
is also very similar between all 4 flight levels, since the distribution of flight
directions is essentially randomised. Thus, the evolution of all the metrics
presented in the figures and the statistics table are very similar for all flight
levels.
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Simulation Results: Round Robin FL assignment
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Chapter 7

Conclusions and further
research

7.1 Contributions

The work presented in this Thesis offers significant advances in the area of
Navigation Functions (NEk)-based motion planning, especially towards the
development of a Short-term Conflict Detection and Resolution (CD&R]) for
aircraft navigation. Compared to the promising results of the initial applica-
tion of [NF] to the navigation of air vehicles, eg. [8 5,16, [7], the work presented
here leverages the powerful [NE| framework to produce a practical and construc-
tive aircraft navigation and conflict avoidance scheme, that can be integrated
in a complete system designed with the future demand in mind. This has
been possible by addressing a series of issues that have significantly limited the
applicability of [NF] to aircraft navigation, as outlined below. Even more, the
results presented here can also be exploited in other applications of multiagent
navigation, like multirobot motion planning.

Specifically, the contributions of this Thesis can be organised in the follow-
ing areas:

e A broad literature survey, presented in Chapter EL has been performed in
the area of multiagent conflict resolution, especially in methods that can
be candidate solutions for Short-term in Air Traffic Management
(ATM]) applications as outlined in Chapter B, To this end, the main
focus has been mostly strategies that can offer formal guaranties of their
performance and can operate in a distributed fashion. As documented
in Section lﬁ, the outcome of this survey has been that the Naviga-
tion Functions (NEK) framework is a very promising starting point for
a Short-term aircraft [CD&R] though there are significant areas that re-
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quire further development and improvement.

e In Chapter B, local sensing has been integrated in the [NE] framework in
a novel and improved way, including non-circular sensing areas, while
prioritisation has also been introduced. Specifically, two independent
priority schemes have been proposed, one implicit, as an emergent effect
of non-circular sensing areas, and one explicit, via the assignment of
priority classes.

e Further development of the NE]| framework has allowed the integration of
a general class of shapes used for the sensing area and the agent protected
area, defined through implicit shape functions. Thus, a finer adaptation
to the specific characteristics of aircraft [CD&RL or any other similar
application to that matter, is possible.

e Complementing the advances in the construction of [NEFlbased potential
fields towards [ATM applications presented in Chapters [ andﬁ a dis-
tributed feedback control scheme has been developed in Chapter B The
main innovations of this control scheme are the integration of constraints
and requirements that are inherent to aircraft navigation, such as:

— Use of a constant horizontal speed
— Bounded climb and descent angles

— Decoupling of horizontal and vertical maneuvering, allowing for sep-
arate adjustment according to regulations and crew preference

— Reduced steering for comfort and efficiency reasons

e Finally, the combined developments in the areas of potential construc-
tion and control scheme design have been tested in simulated scenarios
Chapter [d. The test cases used range from demanding but localised
encounters, which give also an insight of the method’s performance in
applications other than , to a realistic air traffic sample of the
foreseen future traffic in central European airspace. The combined out-
comes of the simulations strongly support that the proposed approach is
a promising solution for future [ATM] designs that can successfully cope
with present and future air traffic levels

7.2 Future research directions
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The technical developments presented in this Thesis can lead to a range of
future work and extensions. From the point of view, additional refine-
ments can be made in terms of the compliance of the control scheme with the
application’s requirements, such as the curvature of the resulting trajectories.
Moreover, the area of priority assignment can be explored, both in static and
dynamic schemes. The priority class of each aircraft can be set according to
some criteria about the initial conditions, or can be updated as the agent navi-
gates through the space. The interaction of the NElbased control scheme with
the discrete prioritisation method will give rise to a hybrid control system.

Another area where future research can be fruitful is the effect of the agents’
and their sensing areas’ shapes to the overall response of the algorithm. Once
these shapes become non-circular, they can be adapted to induce various de-
sirable behaviours to the agents through implicit prioritisation. This can be
done similarly to how the unequal effective sensing range in the front and rear
direction of the agent presented in Section 3.4 allows an agent in front of an-
other to maintain its course. For example, using unequal sensing between the
left and right sides of the agent, an additional degree of implicit prioritisation
can be introduced, mimicking a “rules of the road” approach. Moreover, the
size and shape of the sensing area can be changed dynamically according to
the agent’s state, eg. at higher speeds a larger sensing area is required to allow
timely detection of possible conflicts.

Finally, a promising direction where initial steps have been made is the
combined use of a [NEtbased strategy with Model Predictive Control (MPC])
[70]. Such an approach can offer the best of both methodologies, featuring
fast response and the formal properties of Navigation Functions (NEk), along
with the performance improvements offered by optimisation. Thus, a safe and
computationally efficient navigation solution is always active, while MPC| can
be employed according to the computational resources currently available to
improve a set of performance criteria. In[ATM]applications specifically, such an
approach can lead to an improved, fully contained and independent Short-term
solution, or to a tighter integration between Short and Mid-term [CD&R]
levels. Initial steps towards this direction have been proposed in [71] [72], [73]
and are presented here in Appendix (Al Another approach leveraging the results
of this Thesis through the combination with [MPCl has been presented in [74],
with very encouraging results.
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Appendix A

Combining Navigation
Functions with Model
Predictive Control

In this Appendix, an initial approach towards an integrated methodol-
ogy combining [NF|and [MPClin a multi-level hierarchical control system [75. [76]
is presented. In this control architecture, originally proposed in [71], [72], [73],
the decentralised [NE] methodology is employed as a lower level controller to
generate conflict free trajectories for all aircraft. To ensure that the resulting
trajectories respect the aerodynamic constraints of the aircraft, a centralized
[MPCl scheme is added at a higher level, to provide preview to the [NE] scheme,
which otherwise does not use any form of prediction. The proposed setu
closely resembles the structure of an[ATM]situation, as outlined in Sectionlﬁg,
where aircraft are flying in a self-separation airspace with the use of decen-
tralised [NFlbased Short-Term algorithm, assisted by an [MPCFbased
overseeing ground tool that seeks to optimize longer term goals and serves as
the Mid-term level system.

The integration of [NF| and [MPC] allows the exploitation of the formal prop-
erties provided by Navigation Functions (NEkK), along with the optimisation
and constraint handling capabilities of [MPCl Such constraints can be im-
posed in the form of bounded velocity, smoothness requirement for the path,
time constraints etc. Model Predictive Control (MPC]) is a control method-
ology developed specifically to deal with state and input constraints. [MPC|
and optimization approaches in general offer a natural framework for handling
constraints, in non-cooperative (worst case) schemes [15] [16], as well as decen-
tralized, cooperative approaches [18], [22], although they lack in general the
real-time, feedback nature of [NF| based control. It should be noted here that
since this has been a first attempt at integrating [NEF] and [MPC| frameworks,
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the NELbased control scheme employed here is a rather simplified one, as will
be shown below.

A.1 Hierarchy

The proposed control scheme is illustrated in Figure [A. Il In this framework,
each aircraft can be considered as a multi-level controlled system. At the higher
level, the [NEFlbased navigation scheme derives a conflict-avoiding control input
for the aircraft and communicates it to the Flight Management System (EMS)).
The then translates the output of the control law into inputs for a more
detailed aircraft dynamics model, which simulates the aircraft navigation in
the wind field.

For the aircraft dynamics, a hybrid point mass model following the dynam-
ics in [77] is used. For the case of level flight, those dynamics for aircraft ¢ can
be simplified to:

%1 [ Vieos()+ Wi

Y, Visin(y) + Wiy

Vil = _CDiSiP% + mLTZ , (A.1)
Vi CLfie Vi sin(¢;)

mi i —n; T i

where X; and Y; denote the aircraft position in the horizontal plane, V; the true
aircraft airspeed, v; is the heading angle, m; the mass and ¢; the bank angle
of the aircraft, T; is the engine thrust, 5; is the surface area of the wings, p is
the air density, 7); is the fuel flow coefficient and Cp;, C}; are aerodynamic lift
and drag coefficients whose values depend on aircraft type and configuration.
Noise enters through the wind (W;; and W;y), which is unbounded and has
correlation and distribution properties according to [78].

Those dynamics are rather complex and solving a conflict resolution prob-
lem at this level of detail would be computationally intractable, as both the
dynamics and the conflict avoidance constraints are non-convex. Thus, the
dynamics of each aircraft ¢ are abstracted to those of a planar non-holonomic
agent, specifically a circular unicycle of radius r;. The position and orienta-
tion of aircraft ¢ are n; = [z;, ;] € R? and 6; € (—m, n] respectively. The
radius r; corresponds to the of each aircraft. A conflict is considered to
occur whenever the [PAZ] of two or more aircraft intersect or touch each other.
Therefore in order for any two aircraft ¢, 7 to be conflict free, the distance
between them must be greater than r; + r;.

The motion of each aircraft is described by the planar unicycle model, as

104



[ Navigation > Navigation [=--=-=--=--~ > Navigation |
'l Functions | L Functions fe------------ - Functions |
‘ ' state ‘ | state ‘ |
; . sensing | . sensing | !
| FMs | | FMs | | PMs |
[ Aircraft | [ Aircraft | [ Aircraft |
'|_Dynamics | '|_Dynamics | '|_Dynamics |
3 Aircraft 1 3 Aircraft 2 i 3 Aircraft i i
L. T, ! L. T ,,,,,, ‘ Lo ___ R ‘
wind T

Figure A.1l: Hierarchical Multi-Level System

s — [??} zzll“cosei} (A.22)
0; = w; (A.2Db)

where w; is the longitudinal (linear) and w; the angular velocity of aircraft i.

The [NElbased controller of each aircraft is an intermediate scheme, before
the development of the final control scheme presented in Chapter B, employing
a Dipolar Navigation Function (NE)) of the form (2I):

u; = —sgn(P) - F; — ( 5 ’ B ) 5P (A.3a)
wi = — ki (0; — Onni) + Onni (A.3b)
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where
F; =k, - Hviq)in + k.- llgi — qZ‘dH2
P =J7; - V0,
Jli :J[Z(el) = [COS QZ sin QZ]T

0P
Vb, =22
7 Oq;
0P,
T = Ve - Iy
j#i

and k,, k., kg4, are positive real gains.

A simplified controller accepts the kinematic inputs of linear and
angular velocity and translates them into thrust and bank angle commands
for the aircraft dynamics through the equations:

CriTirvtar  fu+6>V,

T, = 0.95T; pram if U; — o< Vi (A4a)
—CDQS L2 else
i = w; (A.4b)

where T;prq. and Crp; are parameters depending on the aircraft type and flight
phase of the aircraft [69] and § a small tolerance to avoid chattering around
the nominal airspeed.

Finally, a centralized model predictive controller enforces the dynamic con-
straints on the NElbased scheme and performs some longer term optimization
for the trajectories of the aircraft. The main contribution of [MPC to the over-
all navigation scheme is the natural handling of constraints and performance
criteria via optimisation. The main principles of [MPC] are given below, using
the notation:

wilk] 2 {ui(t),t € [kr, (k+ 1)7)}, ¥k =0,...,N — 1

, where 7 denotes the periodicity of the controller. Assuming an optimisation
horizon N and a desired final (infinite horizon) position and orientation of
aircraft ¢ denoted by nlj, 07 | respectively, the desired configuration at each
time step of the horizon can be written as:

Rt = mia[1] nig[2] ... ny[N])" (A.5)

0iq = [0ia[1] 0:a2] .. 6:a[N]]" (A.6)

106



while the longitudinal velocities during all intermediate periods of the horizon
are:

;= [w;[0] wil] ... w[N —1]]" (A7)

Then, the finite horizon optimization problem for m aircraft, solved by MPC
at each time step, can be described as:

min  J(ny,...,0,)
14, 0md,01ds--0md

subject to  (A.2)), 1), @3), (A3) Vi (A.8)

ai € [uminu umax] VZ

where J(ny,...,n,,) € R can be any desired cost function, e.g. fuel consump-
tion, deviation from the flight plan, etc. Unfortunately, this problem is not
convex, because of the constraint equations. Thus, the problem of finding the
exact optimal value is computationally intractable. In order to overcome this
difficulty, randomized optimization algorithms are used, being a very promis-
ing method in this context, since they can inherently deal with the complexity
of the problem, with reasonable computational workload. There are several
methods falling into this category, such as genetic algorithms [79], simulated
annealing [80], etc. The algorithm chosen to be applied here is a variation of
Simulated Annealing, based on Markov Chain Monte Carlo methods [81].

Of course, since the control scheme presented here has a receding horizon
policy, at every time ¢, the optimal inputs for the time instants ¢, ¢ +7,...,t+
(N — 1)7 have to be calculated, but only the first will be applied. Following
such a formulation, the problem size grows exponentially with the horizon N.
To tackle this, a simplifying heuristic rule is applied, optimizing over only the
first intermediate destination ng,[1], 6;4[1] and then assuming that this will
be just moved forward in the same direction for the rest of the horizon, i.e.
Ilid[k’] = nld[k:—l]JrnZ[k—l]—nz[k;—Z] and sz[k:] = sz[l], Vk € {2, ey N} Due
to uncertainties and conflict resolution maneuvers, aircraft might not arrive at
their exact final destination, thus it is considered that aircraft reach their
destination when the Euclidean distance is less than some tolerance value A.

The complete control approach is summarized in Algorithm [Il Note that
the proposal distribution from which random samples are extracted is very im-
portant for the algorithm to approximate the optimum inputs. Also important
to note is that the dimension of the search space grows linearly in the predic-
tion horizon N, which makes the optimization problem harder to solve for long
prediction horizons. The proposed combination of [MPC| and [NFk retains the
safety guarantees of NF-based solutions, while constraints and cost factors are
handled through the optimization performed by MPC.
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Algorithm 1 MPC using randomized optimization algorithm

Require: n;(t),0;(t),t =0 and nf}, 0FVi € {1,...,m}
while Ji s.t. ||n;(t) —nl]ls > A do
Solve (A.8)
Calculate the FMS inputs according to (A.4)
Evolve the system according to (A1) from ¢ to ¢t + T
Sett=t+T
Measure new aircraft position n;(t)
end while

A.2 Simulation Setting

To assess the efficacy of the combined [NE| and [MPC] scheme here, computer
simulations have been performed, where several aircraft in level flight are on
converging routes and have to be deconflicted. A typical configuration is pre-
sented in Figure [A.2] for three aircraft.
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Figure A.2: Configuration for 3 aircraft encounter.

For all simulations here, aircraft are assume to be of type Airbus A321,
flying at 33000f¢, a typical cruising altitude for commercial flights. [69] sug-
gests that the airspeed at this altitude can only vary in the region [366, 540]
knots, with a nominal value of 454 knots. These constraints are enforced on
the proposed controller.
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Regarding the uncertainty, it is considered to be caused only by the wind
speed. Wind speed (in general) can be modeled as a sum of two components: a
nominal, deterministic component (available through meteorological forecasts)
and a stochastic component, representing deviations from the nominal. Since
the forecasts are available prior to the flights, flight plans are calculated taking
them into account, so for simplicity reasons, the forecasted wind speed is set
equal to zero. The stochastic part of the wind will be generated by a Gaussian
distribution with zero mean and standard deviation ¢ = 5.17m/s [82]. Its
strong correlation structure [83] implies that it cannot be represented as white
noise; instead it is more accurate to approximate it by a constant random value
for each simulation.

A.3 Control using Navigation Functions

First, simulations are run using only the simplistic NEFbased control scheme
(A.3]) to deconflict this situation, in the case where uncertainty is set to zero,
without applying MPC. Indeed, [NFk manage to resolve the situation, with
the aircraft converging to their destinations, without any conflicts arising.
Their inability to respect system’s constraints is, however, obvious, as indicated
in Figure [A.3l The aircraft have a speed that is constantly decreasing and
converges asymptotically to zero, as the aircraft approach their destination.

Aircraft Speed
480
aircraft 1
aircraft 2
420+ aircraft 3 H
360 .
300 .
m
°
f=
=3
> 240 n
(9]
(73
j=X
%)
180 .
120+ - .
60 .
0 1
0 100 200 300

time (min)

Figure A.3: Aircraft speed for the solution produced by NFs
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This problem is due to the [NEFlbased control scheme used here, since the
speed of the agents heavily depends on the distance to their final destination.
The situation is more strongly pronounced when uncertainty is introduced.
Since the trajectories of the aircraft depend only on the geometry of the situ-
ation in a deterministic manner, the only way for the [NF] controller to correct
the deviation because of the wind is to command different control inputs. The
problem is that since the uncertainty is applied on the output trajectory, the
solution converges to a different point, where the speed commanded by the
scheme added to the wind speed equal zero. Thus, depending on the wind
speed and its direction, some aircraft may never reach their destination.

A.4 MPC with NFs

As already discussed, the search space for the randomized optimization algo-
rithm grows with the prediction horizon. On the other hand, if the control
scheme is to be applied in [ATC] a fast implementation is required. To reduce
the computational workload, one can do several things, like shortening the
horizon, or calculating only one input for all times {¢,t+T,...,t+ (N —1)T}.
The first would clearly reduce the advantage of the approach, causing
the system to enter states where no feasible solutions are available, while the
second approach would introduce much conservatism in the controller.

To reduce conservatism on the second approach, a new strategy for the
optimization algorithm is introduced, where only the input for time ¢ will be
optimized. Then, at time ¢ 4+ T, the new input (intermediate way point) for
the predictive controller will be the same as that of time ¢, adding the distance
covered by each aircraft, etc. until the input for time ¢t + (N — 1)7. In this
fashion, the controller will have taken into account the uncertainty encountered
by the aircraft and will constantly try to keep the target at a constant distance,
forcing the [NFk to command airspeeds close in the desired range.

Exploiting the structure of the problem, it can be observed that a distance
to the target around 100nm produces a speed for the aircraft matching the
nominal cruising speed for our altitude. Thus, the search space will concentrate
around points with a distance close to this value. This is done by sampling
from a Gaussian with mean 100nm and standard deviation 10nm. Then, the
intermediate waypoint is determined by uniformly sampling for an angle in
[—%, 5] around the line segment joining the current position of the aircraft
and its final destination.
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A.5 Results

One can optimize over several costs in the optimization problem over several
horizons and discretisation steps. The chosen recalculation period has been
set to T' = 5 minutes, and the horizon to N = 4. The cost function aims to
minimize the sum of the remaining distance to final destination at the end of
the horizon for all aircraft:

L =) D(i,t + NT). (A.9)

To evaluate the performance of the algorithm, each encounter is simulated
using 1000 Monte Carlo runs. The randomized optimization algorithm will
optimize at each time step over 1000 random extractions from the search space.

A.5.1 4 aircraft encounter

The first example used consists of 4 aircraft following paths that are converging
at the same point. Using all the settings mentioned before, the proposed
control scheme resolves the situation in all 1000 runs, while respecting the
speed constraints we impose on the aircraft airspeed (i.e. speed remains within
[366, 540] knots). Figure[A.4lshows the mean speed (over all 1000 Monte Carlo
runs), as well as the highest and lowest airspeeds observed for every aircraft
at all times. The bounds on the speed are also drawn for convenience. The
average running time for each simulation is 200 sec in a dual-core Pentium
3.2GHz, while the peak memory usage is around 110MB RAM. This time is
many times faster than real time (which would be 66 min for this situation).
One can observe that the speed of the aircraft is very well regulated, with
a mean value very close to the desired nominal airspeed for this altitude. An-
other interesting aspect is the minimum separation between all aircraft flying
in the airspace. Simulating the situation with the simple [NE-based scheme
(A.3]) (without the MPC approach) for the deterministic case leads to a mini-
mum separation of 22 nm. This is obviously quite conservative, since conflicts
only happen when this separation drops below 5 nm. The proposed approach
shows some major improvement in this aspect, resulting in minimum separa-
tions between 11.5 and 16 nm in all simulations. Thus, despite the presence
of uncertainty, the aircraft can fly closer to one another, while comfortably
respecting the safety separation criteria. The solution generated by the algo-
rithm for a particular wind speed is shown in Figure [A.6] while NFs generate
the trajectories shown in Figure [A.3] for the case where wind is not present.
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A.6 Conclusions

Combining [NElbased and [MPC| navigation schemes offers a significant im-
provement over what each methodology alone can achieve. Even with a sim-
plistic NE}based control scheme, rather than the much more refined one pre-
sented in Chapters E to B, the combined control scheme is able to provide better
results then the scheme alone. It is reasonable to expect even better results
when [MPClis integrated in the significantly more capable and suitable to[ATC]|
[NE] control methodology developed in this Thesis. The more capable the [NE]
scheme is at respecting aircraft constraints, the less is the computational ef-
fort that the MPClhas to spend to comply with them instead of optimising the
performance criteria. Though a black-box optimisation approach was used to
here to interface the and [NF] schemes, a more integrated solution taking
into account the internal structure of the [NF| algorithm in the optimisation
performed by the [MPCl could yield even better results and potential reduce
the computational requirements of the method.
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Euyoptotieg

Y1y ohoxAfpwor tne tapovoac Awdaxtopxic AatplBhc cuvéBaiay ue didgo-
POUC TPOTOUC GLUVERYATES, QLAOL oL cuYYEeVelS, Toug onoloug Oa Heha e3¢ va
AVULPER®.

Kat’ apydc, Oo ffeha vo euyoplotion ethixplvd Tov emBAénovta xalnynty
uov, x. Kooto Kuptaxdérnovho yio tn duvatdtnto mou pou €8woe vor avohdBo
auth) ™ Awaxtopery Atateldr, xafdg oL Yo ™y TohuTiun xabodhynon xou
unooThplln Tou xal’ 6hn T Sidpxeta exnovnorc Tne. Eluat Wualtepa euyvoduwy
YLOU TNV ETLUOVY XAl TNV UTOUOVY| Tou EBele UEypL TNV ohoXAipwo TNS.

Ou NPeha enlong vo euyaploTACW TaL dAAL S0 UEAN TN TPLUEAOUS ETLTRPOTHC
e Awaxtopixnc Awatp3nc uou, toug xabnyntéc Evdyyeho Ianaddérmovio xou
Nuwdroo Kewéhn yio tnv euntotocivn mou uou €detlav avoraufdvovtag tny
euhivn e eniBiedne Tneg epyactag pou.

Kotd v exnévnorn tne Awaxtopixfic wou Atatpl3nc eCalpetind onuovtixn
uthece 1 oLVELSQOPd Tou AHuou ANUaEdYXwWVL, 0 OTOLOC UOLPAGTNXE TNV TElpA
Tou uall wou xatd T Ted T Lou Briuato Tne epyaoiag wou xat 1 ouvepyaotia uall
Tou fTay xaboploTixy) Yo T cuvéyela Tne. Emntong Oa Alelo vo evyaplotiow
Tov X4BBa Aotlou, ue Tov onolo SuaTtuyde 1 cuvepyaoio uTHple cUvToUn aAAd
Stapotiotix. Axdua, ogelhw vo avagephd Wialtepa otov Kdota Baothdxr,
o omolog avéhaPe Ue emTuYlo TNV TEOYUATOTOINOY TWV EXTETAUEVLY TEOGO-
UOLOOEWY UE PEOALOTIXS Bed0UEVE TTACE®Y, To ATOTEAECUATA TV OTOLWY To-
couctdlovtol otny epyacto auth. Oa Hlela enlong va euyaploTHcow GhouUg TOL
ouvadérpouc ue Toug omoloug Peelfixaue Aydtepo 1) MEPLOGHTERO XOVTE GTO
Epyoaotiplo Autoudtou Eréyyou xat edixd tov Atéihwva Ouxovoudrovho,
Aruntea [Mavdyou, tnv Zaviy Harayewpylov xol to Fenyden Awovr. H Borbeia
TOUC, TEYVLXT), ENAYYEALOTIXY XAl TpoowrixT| unple ToAUTIun. Téhog, xah’oAn
™ Sudpxela extovnone e AwtplBric Lou onuavtixy utiple N TOAUTAELET GUU-
Bohy) xat Bonbela Tou xou Miydhn Apocdxn.

Eluow axdua wialtepa euyvoumy mpog tov xadnynth x. [dvvn Auyepd xon
tov ['dpyo XakoVho ano to Ioluteyvelo tng Zuplyne - ETH. H ouvepyaoia
uall Toug frav ToAD onuavTixd v TNV oloxAfpwon tne AlateBnc pou. Opt-
ouéva amoTeAécUATA NG ouvepyaoiog authg mapoucidlovtar oto [opdptnua
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TOU TATPOUC XeLUévou Tne Alatpl3nc.

Kielvovtag, dev unopd mopa VoL ELYOELOTHCK TNV OLXOYEVELD UOU YLOL TNV
auéplotn utooThplln oe dha tol oTddia g AwatelBric wou. H ohoxhpwon autric
e epyaota dev Oa Aoy duvaty ywelc Tny duxr Toug Borbeila xoL cuunapdoTaoT.
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Ewcayoy™

To cueTAUATA TOAAGDY TOEAYOVIWY, GTOU W TaedyovTag voeltal yévixa xdbe
OVTOTNTA TOL GUUUETEYEL XoL AAANAETLORA Ue dAhoug o Eva oUoTNUA, ATUC)O-
Aovv TNV TpbopoTh EMeTHUOVLXT €peuva 6e TolhoUg Touelc, xabde Peloxouv
TOAAES o BlapopeTXEC epapuoYéc. 'Eva ano ta mo Snuoglhy) tpoSAfuoto ToA-
ANATAGY TORAYOVTIOY elvaL 1) ETUTELEN GUVERYATIXMY OTOY WY, OTWS 1 dnulovpyia
OYNUATLOUOY XAl 0PYAVWUEVWY ouUNnvGY. Mo Slopopetixnd) xatnyopia TpoBAnud-
TV e0TLALEL O UN-CLVERYATIXOUS GTOY0US, 6TOY0US dNAad Tou elval Stapope-
ol (ahh& Oyt amopaitnTor xow avtaywvieTtixol) yio xdbe mapdyovta, ol onolot
TEENEL va emLTELYHOUY YENOLUOTOLOVTAS EVa XOLVG GUVORO Topwv. XopaxTnpl-
ot %ol TOA) oLUY VO Topddelyuo auTAS TNS XATNYoplac TEOBANUATOY elval 1
TAOHYNOT TOANATADY XLVATOV TAQAYOVIWY OE £VOL X0LVO YOR0 epyactog, 6oL o
%40e mapdyovtog emdLd el TNV EXTEAEST ULaC EEYWPLOTAS epyaciag YEVLXd, OTwS
YL ToEdSELYUd VoL (PTACEL GE £VaL GUYXEXPLUEVO YLoL AUTOY TpoopLoud. Autol Tou
eld0ug Ta TEOPBAAUATA ATAVTOVTAL OE TOAAES EQUPUOYES, OV ATO TLS XUPLOTEPES
AUTAOV ELVOL 0 TEOYPAUUATIONOSC XaL EAEY YOS XIVNONC TOANATAGDY XLVOUUEVKY pO-
urot xow 1) Avayelpion Evaéprac Kuxhogoplag - Air Traffic Management (ATM]).
H Aettovpyia ToAATAGY %VoUUEV®DY TapayOVIOY GTOV (8L0 Y ®heo onualvel Twg
uTdpyeL xlvBuYoC GUYXPOUGEWY TOL UTOPOVY VO ETNEEEAGOUY TNV AGPIAELNL XL
NV andd00Y TOL GUVOAXOU cuoTAuatoc. Enouévwe,n autouatonomuévn ano-
puUYY ouyxpolcewY xabloTatol Eva YapaxTNELoTIXG XEQPUAUDOOOUSC onuaciag Yia
Ta TEOPBARUATO TAOHYNONS TOANATADY TALAYOVTWY.

H Auwyeipion Evaéplac Kuxhogopioc (AEK]) ouyxexpwéva eivan évac to-
UE0C IOV 1) YPNOT AUTOUATOTOLNUEVWY SLABIXACLOY GTNY TAONYNCT X0l ATOPUYTY
oLYXPOVOEWY ElVOL TEPLOPLOUEVT, €V UEPEL Xul AOYW TwY Oeudtwy ac@alelog
mou eumhéxovtol. EE dhdou, ol ueléteg Tou Evpwnaixol opyaviouol yia tnv
ao@dhela e evaéplac Thofynone - Eurocontrol [I], mpoBiénovv atvZnem otic
evaépleg UeTaopes oty Bupdnn uéypl 1o 2030 éwg xat xatd 2.2 gopéc mepi-
mou oe oyéon ue 1o 2009. Autd avamdpeuxTo GNUALVEL TOC 1) SUVOULXOTNHTA
Tou ovothuatoc EXéyyou Evaépia Kuxhogoplac (EEK]), tou elvon uretBuvo yia
NV TAORYNON TOVY Aepoaxap®y, Ho tpértel va auindel ovolaotixd, HdoTe va elvol
oe Oéon vo eCaopaiioel TNV oualr xal acpory dielaywyr Twv nthcewy. [lop’
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O AUTH, 1) SUVIUXOTNTO TOL GUOTAUATOS OTLS YO CLUUPOPNUEVES TEQLOYES TOU
eVaéplou ympou dev umopel va augnbel onuavtixd utd T Tapovoec cuVOTxeC,
xafd¢ meplopiletal amo 0 SuvaTOHTNTA TV YELPLOTOY Tou elvol uredBuvol yia
TOV EAEYYO TNS EVagpLag xuxhopoplag oTig Teployés autés. Enouévwe, 1 eloa-
YY1 xdnolag wop@hc autouatotolnene mou fo analldlel Toug YELPLOTES aNOo
TOUALYLOTOV TIC TLO TETPLUUEVES epYaoieg elval ouvolaoTixd emBefAnuevy oTig
endueveg dexaetiec. Me autdy tov tpdmo unopel va apbel o napandve TepLlopt-
OUOC oL Vo xaTaoTeL duvaTh) 1) eCUTNEETNON TNS oNUAVTIXS AUENUEVNC EVaépLag
xuxhogoplag ywelc va uTovoueuTel N aoQIAELL XaL 1] AELTOVEYIXOTNTA TOU GU-

otfhuatoc [AEKL

Mio ano 1 xplowwdtepec Aettoupyleg otov "Eleyyo Evaéprac Kuxhogoplag,
alhd xaw ot Awayetpion Evaéplag Kuxhogoplac yevixdtepa, elval n mpdindn xat
ano@uyf ouyxpoloewy ev nthoet - Conflict Detection and Resolution (CD&R)),
1 omota auTH TN oTLYUN exteleltal and avlpdmoug - eheyxTég evaépLag XUXAoQo-
olac. "Onwg elvat xatavontd, 1 ATOTEAEGUATIXT EXTEAECT) AUTHS TNS AELTOLPYLOC
elval amapaltnTn Yiot T e€ao@dilon Tng aopdhelag Twy tThoewy. Ta auinuéva
enimeda evagpLac xuxhopoplog Tou TEOBAETOVTOL YLo TO UEAROY TANGLALOUY 1) %ol
Eemepvolv ToL QUOLXE GpLO TV EAEYXTHY, TwY oTtolwy UdAloTa Ta xabhixovTa dev
teplopilovtal 6Ty anoguyy| cuyxpoloewy. Emmiéov, n napolca cuyXEVTp®-
Twer) opydvwon tne Awayelpion Evaéprac Kuxhogoptag, dmou dha ta acpooxdpn
o€ Ulo Teploy ) Tou evaéplou ydpou xabodnyolvtal ano évo otabud eréyyov,
unopel vo dnulovpyfoel Tomxy cuupdeNoT xaBGS xal xlvduvo acpalelag oe
Teplntwon PAASne 1 Adbouc.

Enouévwe, elval eugavéc 6tL 1 mpdodoc mou €yel onuelwbel to teheutalo
YPOVLOL GTNY OTOXEVTPWUEVY ATOYUYT] GUYXPOVCEWY UTOpElL Xl YEeldleTol va
aZlomonfel otn oyediaon e [AEK] yio to uéhhov. Lt Bihioypagla undpyouv
ToAAESC xau Towxihec mpooeyyloelc 6To Mopamdvew TEOBAnua, TOGO GTOV Tougd
TOU QUTOUATOU EAEYYOU YEVLXY, OGO XdlL GE AUTOV TNC POUTOTIXNAC ELBLXOTERQ,
EVO ULoL ETLOXOTNOY aUTOV Tapovoldletal otny mapaypago (L3, TTap’dha autd,
o 'Eheyyoc Evaéprac Kuxhogoploc we nedlo egapuoyrc Slobétel Wdialtepa yo-
CAXTNELOTLXY, OTWS 1) XLVAUATIXY XAl SUVAULXT] TWV OEQOCKAPHDY, OL AUOTNEES
TEOBLAYPAPES AGPANELAC X.0L., TOU BEV ETMLTPETOLY TNV GUEST) EQUPUOYT XATOLG
undpyoucac uehodoroylac.

O otdyoc authc TNe epyactac elvat vor avarTiZet éva ahyopliuxd Thalolo
eLOLXS TPOCAVATOALGUEVO GTNY UATOXEVTIPWUEVT] ATOPUYY) CUYXPOUGEWY AEQOCKO-
pdv. [ autd to oxond emhéylnxe 1 uebodoloyia Twv Xuvapthcewy IThofyn-
onc (EII) - Navigation Functions (NEk) xafdc, 6nwe e&nyelton avalutixd ota
UTOXEQAAOLAL (1.3 o , StabéTel oplouéva YopaxTNELOTIXd ToU TNV XoBLETOVY
NV ThEOV xaTdMANAY. Suyxexpiuéva, 1 uebodohoyla twv Kl tpoopépel Tumixd
amodel&lues I8LOTNTEC WS TPOS TNV GUYXALOY XAl TNV ATOQUYY GUYXPOVGEWY,
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ahhd xaBde €yel avantuybel xuplog oTtov Touéa g pounotixrc, dev AauPd-
vel utt’ 6dLy Tic Wialtepeg amauthoelg Tou umdpyouy ot Alyelpion Evaéplog
Kuxhogoplac. H ouyxexpuuéva uebodoroyla éyet epapuocbel apyixd otny thon-
YNOoT AEPOOXAPGY oTa Thaiota Tou gpeuvnTixol npoypduuatoc HYBRIDGE [2]
aro tov A. Anuapbdyxwva xou dhhouc epeuvntéc [3, 4l 5L 6], 6nou éyive eupavic
n onuactio Ty e TNEGOY eYYLRcEwY Tou Teocpépet. Tlap” dha autd, To Waltepa
yapaxtnetotixd tou Exéyyou Evaéprac Kuxhogoplac xabiotody anapaltntn tny
Tepattépw Epeuva xat eZEAEN Tne uebodoloyioc. Me Bdon ta mpdta mohd evhap-
oLVTIXE Tapamdvew anoteAéouota, N Tapoloa epyacio emLyelpel Vo avamTUEeL TN
uebodoloyia twv Luvapticewy [Thofynone npog v xatedfuvon npocapuoyrg
0TI oLYXEXpPLUEVES aratThoelc Tou EAéyyou Evadpiac Kuxhogoplac. Teluxd,
1 epyaoia oToYeVEL OTNY AVATTUEY EVOC GUOTAUATOC TAONYNONS Xl ATOPUYTC
CLYXPOVOEWY UEPOOHAPRDY TOL UTOopEl TpaxTxd vo evtaybel oe éva ohoxhnpw-
uévo uehhovtx6 ovotnua [EEK] 6nwe autd mou avarntdyfnxe ota nhaloto tou
epeuvnTLxoy Tpoypduuatoc iFly [7].

M Baowr| ttuyn tne uebodoroylac mou eetdletar xat eZehlooetal oty
TopovUoa epYaoio Elval N TEAXTIXY XAl ATOTEAECUATIXY EVOWUATWOT TOTUXNC
YVOONS TOU TEPYBAAAOVTOC XAl LEQAPYNONS TWV TALAYOVIWDY UECK TEOTEPULOTY)-
Twv. O meploplouds g Yvoone xdbe mopdyovta-aepooxdgous e €va UEpog
u6vo Tou YOEoU gpYaolag YUPW Ao AUTOY GUVADEL UE TIC TEMEQUCUEVES dUVITO-
TNTEC TWV CUCTNUATWY ToEAXOhoVONGTC %ol EMXOLYWVLAC ToU SlabéTouy Ta oe-
COOXAPT, EVE UELOVEL ONUAYTLXY XUl TLS UTOAOYLOTIXES analTOELS TS Uebodou.
Emniéov, napovoidletal 1 eméxtaon tne pebodolroylac Gote va unopel va yeL-
OLOTEL TNV XLYNUATIXY X0l TOUC TEPLOPLOUOUC EVOC AEPOGXAPOLC TOU TAOTYELTAL
otov 3-3ldoTaTo Yoo, evéd Exouv Anglel unddiv xar Béuata Tng xabiepwuévng
mpaxTxrc otov 'Eheyyo Evadoiac Kuxhogoplag. Ta yapaxtnoiotind autd elvol
TOAY SLLPOPETIXG Ao AUTA TOU APopoVY e xivolueva poundt. [ napdderyua,
T0 eplipLo plbulone T TayUTNTAC TOY AEPOCHAPDY ELVOL TEPLOPLOUEVO ATO
EVoL XATW 6PLO, EVE TEPLOPLOUEVT Vol oL 1) SuVATOTNTA avodou xaL xabddou.

To napdv xeluevo amotehel uLo extetauévn teplindn e dtatpBric otny Ei-
v Yhdooa. H midene Swate3n [8] éxer ouypagel oty Ayyiu yAdooo
XUl M AVAYVOON TNS TEOTELVETAL YLa ULol OAOXANpwUEVN EXova Tng epyacioc. H
dour| tne meplAndne avtic éxel we e€rc: oto Kegpdhato [l TopouctdalovTal o xi-
ynTea TN epyactac authc, xafdg ol ule cuvonTixy| BIBAOYEAPLXT| ETLOXOTLOT)
otic uebodohoyleg anoguyhc cuyxpoloewy, Ve YIVETOL UL ELCAYW®YT 0T Ueo-
doloyla Twv Luvaptioedy IIhofynong mou €youv emheylel we 1 o tpdogopen
uéfodoc yia to eletalduevo mpdBinua. Enlong napovoidletol n uoviehonoinon
TOL YPTNOLUOTOLELTAL 0TY) GUVEYELL TNS epyaoiac Yo xdfe aepooxdpoc. Yto Ke-
pdhowo 2 cuvodiletal 1 oLUBOAY NG EpYGLlac GTOV TOUEN TNS XUTAGKEUHC TOU
Suvautxol mediou Paotouévou oe Tuvdptnon MhoRynones (EIlk), xow ouyxe-
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XPLUEVAL TNY EVOOUATWOY Tomxnc alobnone mepBdilovtoc xafde xal duecwy
XUl EUUECWY TPOTEPULOTHTWY. X TN GUVEYELL TO OYHUd EAEYYOU Tou aflomolel
€va Suvauxd Ue yopaxtneloTixd Xuvopthoewy [Tho¥ynong yuw v mhorynon
aepooxap®Ov Topovoldletal oto Kegdhato 4, ouvohlovtac TV GLUBOAY TNg
epyaotiog otny Tpocapuoyy TN uebodohoylog oTa LilaiTepa YopaxTHELGTLXd TOU
Eréyyou Evaéprac Kuxhogoplag. Evdeuxtind otolyela yio tnv anodotixdtnta
e mpotelvouevne uebodou mapouctdlovtal oto Kepdhato , 6mou mapotife-
VTAL OPLOUEVA ATOTEAEGUATA TPOCOUOLOOEWY TOC0 OE TEYVNTA GEVAPLY 6GO XL
o€ amoLTNTIXd pealoTixd dedouéva oyedlov nthoewy. Télog, n cuvolxr cuu-
Bohy) tng epyaotac, Ta GVUTERAOUATA XaL Ol TLHOVES XATELOUVGELS Yio TEQULTEPW
épeuva auvodilovtat oto Kegdhao 1.
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Kegdhato 1

Kivntpa xar XtoyoL tng cpyactlog

1.1 Ewayoy

H npdhndn xou anoguyt| ouyxpolvoewy elvat évo Tohd SNUOPLAES avTixeluevo
€peuvag Tig teheutaleg Tpelg dexaetieg. Ilapadooiaxd, To mpdfinua autd amo-
oy olel xUPlC TOV YEVIXOTEPO EMLOTNUOVLXG TOUEN TOU OUTOUATOU EAEYYOU GU-
OTNUATWY TOAGOY TopayOVTwY, xafde xoL ToV o EQUPUOCUEVOUS TOUEN TN
counotic. Emmiéov autdy, n mpdhndmn xot anoguyy| cuyxpolcewy npoceyyi-
Cetan o Teheutalor ypdvia xal ano to Tedlo TN épeuvac Tou oyeTileTal UE TNV
Awayelpion Evaéplac Kuxhogopiac (AEK]). O Aéyoc yio autd elvon 6t 1 eloo-
YOYT] QUTOUATOTOLNUEVWY BLABLXAGLOY TAONYNONS Xal ATOPUYHC CUYXPOUGEWY
agpooxap®y e€etdletal coPapd yia T oyedloon TwV UEAAOVTLXGDY CUCTNUATWY
[AEKl Xe éhec tic mopandvew TEPLTTOOELS, 1 YEVIXT LOp®TH TOU TPoBAAUITOC
apopd €va aUVOLO TOPAYOVTWY, ONAUST) OVTOTATWY TOU AVTLIPOCWTEVOLY TY.
%LVoUUEVO POUTOT 1) agpooxdpr, Tou TEEnel vor Thonynholyv oe éva xovd yHpo
ATOYEVYOVTIC TIC UETAEY TOUC GUYXPOUGELS, EVK GLVHOWS ATOLTELTOL VoL (PTAGOLY
XUl OE GUYXEXPLUEVOUS TPOOPLGUOUG.

To Baowd xivntpo authc tne dtatePric elvar vor avantdlet uia uebodoroylo
YL TNV TAOTYNOT XAl ATOPUYY) CUYXEOVOEWY AEPOGXAPMY Tou fa elval Tpooap-
UOGUEVY] GTA YOpAXTNELGTLXA TNG CUYXEXQLUEVNS epapuoYc xal Oo ixavornotlel
Tig Wialtepeg analtioels acgdielog xal afloniotiog. Baowd xpithplo mpog auth
Vv xoteluvon elval emouévog 1 SuvatdtnTa Tng Uebodohoylog va TEoGpEpeL
EYYUNUEVOL XA AELTOURYLo xoL cLUTEPLYOEE. 2¢ ex TOUTOU ElVaL ATAPALTNTO VL
aZlomonfoly mpornyolueves epyaciec tou undpyouy oty BBAloypapio oL onoleg
Baollovtar oe éva cuumayég ualnuotixd mhaiclo To omolo Umopel va ypnoluo-
mounfel yia T BewpenTix LEAETN TNG GLUTERLPOPAC Tou TeEAXOU akyopibuou.
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1.2 Awyelpion Evaéprag Kuxhogoplag xar Ano-
PUYN XVYXPOVGELY

H mhorynon yevixd xau 1 aroguyy cuyxpoloeny ewdixdtepa elval éva ToAd xpi-
owo Béua otnv olyypovn [AEKL Xe oyéon ue to Zexivnua tne acpomhotac
el emteuyfel onuavTX Tpd0doC AOY® TOY TEYVIXOV ETLTEVYUITWY GTOV TO-
uéa TV 0pYdvwy mpoadloptouol Béong xol Twv TRhemxolvwvidy. Ilap’ dha
AUTH, O TPOTOC TPOYPUUUATIOUOU TWV TEOYLOY TWV AEPOCHAPDY, XoHDS xal
1 vevixotepn Slayelplon Toug mapauével Paclouévn xuplng ot éva mpoxabopt-
OUEVO GUYOLO aEpOBLAdPOUMY TOU EVOVOUY UETOZ) TOUC SEBOUEVO YEWYPAPLXS
onuelo (waypoints). To onuelo avtd tadadtepa onuatodotodviay ano otabe-
coUg padLogdpoug 6To €dagog, v TAéov Tpoadloptlovtol UECw TOV SopuPopt-
%OV CLOTNUATWY TayxéouLou evtomiouoy Béorne - Global Navigation Satellite
System (GNSS). Autd n avotnpd Sounuévn uoppr Tou evaéplou YHpou SLELXS-
AUVE TN dpouoldynom 6ty o TEYVXS Uéoa (AN oL 1 EVAERLL XUXAOQOpLa)
Ty TEPLOPLOUEVA, TAEOV OUMC ATOTEREL AVACTAATIXG TapdyovTa, xoBdC onuai-
VEL TS OL QUVOTEC TPOYLES TV AEQOCXAPDY ax0AoLHOVY TOUC TEOXAHOPLoUE-
Youg aepodladpduoug, oL onolol €Youv TEPLOPLOUEVT ywenTxoTnTa. Emmiéoy,
AoYw TNe yerong otabepdy aepodladpduwy, ol TTAcELS cuyvd dev axohoufoly
Y cuvtoudTepn, eubela, Stadpour| amo To AepOBdPOULO AVAYMENOTC GTOV TPOO-
oLoUd TOUS, AANG UTOYPEMYOVTAL G ONUAVTIXES Topaxduels Tou auidvouy T
Sdpxetar Tou TagdLoY Xol TNV XATAVIAKGY XoUGlUOU.

"Evac Baoixdc Aoyog mou 1o undpyov xevipixd cUoTNUo TOV AEQOSLUSPOUWY
TOPAUEVEL GE YPHOT) ELVAL OTL ETLTEENEL GTOUC EAEYXTES EVAEPLUC XUXNOPORLC VAL
Statnpovy emontela TNE evagpLag xivnong xal va emthbouy €tol mbavéc ouyxpoU-
oetc. Ilop’ 6ha autd, o avBpdrivoc tapdyovtac elvat autdc mou BETEL To HpLo
OTNY SUVAULXOTNTA OTLC TEPLOYES TOU EVUEPLOU YOPOU UE €VTOVY xuxhogopld.
Axbua xar 1 ouviing Tpaxtixf va Stapeltal évac Touéac (1 neployic evbivne
evéc eheyxTy)) oe uxpdTtEpOUS GTay 0 aptBuds aepooxapdY ot autéy auinbel
dev umopel va ovTlUETWRLoEL TO TEOBANUA Tépa amo xdnolo eninedo evaéplog
xuxhogoplag. ¢ ex ToUToU, Ul onuavTix xatebBuvon oxédne mpog TV avti-
UETOTLONS TNS aLENUEVNC evaEplac xuxhogoplac aTo UEAAOV TpocavaToMLETaL
OTNY ETAVAOYESLOT TOU TEOTOU TEOYPAUUATIOUOU TNS TEOYLAC TWV AEQOOKI-
P&V ywplc xaboplouévouc aepodladpduous xat ywelc xabodrynon ano otabuoic
eddpouc. O véog autde tpénog opydvwone tne [AEK] yopuxtnelletor we Avtd-
voun Iltijon - Autonomous Flight xau dtaxpivetat v tov xafoplotixd pdro
Tou avohauPdvel TAEOV 0 aUTOUATOC EAEY)YOC.

Autduata cuothuaTto yenoluorolovvtal ¥on meoc authy TNV xatevuvor,
6mwe To cvotnua Peayunpdlecunc tpoeldonolnorng ouyxpolvoewy - Short-Term
Conflict Alert (STCA) to omolo mpoPiénel nfavéc ouyxpoloelc xaL ewdonolel
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TOV 0pUOBLO EAEYXTY| EVAEPLAC XUXAOQoplac. XTo oyédlo ylo Ty Autdvoun 1
Ehevbepn IIthon - Free Flight [9] n cuuBoly| tou avtouatiouoy yivetat xabopt-
ot xafdg avtixabiotd Tov avlpdnivo mapdyovta oe éva TARfoc SladixaoTi-
%OV epYAOLOY TS oTtoleg umopel va exteréoel TayUTepa xat aoparéoTtepa. 'Etol
T0 TAApwUO Tou %80 agpOOXAPOUC ATAANSGGETAL OO EVAL ONUAVTLXG UEPOC
TOU QOpTOL epyaciac TOU xou UTopel vor avtaneléhbel XaAUTepd GTLS UTOAOLTES
apuodotnTee Tou. ‘Onwe avagéolnxe napandvw, Paoixd yapaxTneloTixd Tou
oyedlou ylor TNy autévoun ntion elval 1 andiewdn Twv TpoxaboploUEveY dEepo-
Sadpbumy xat Twv otabudy eddgouc, ta onola xabiotolv théov v [AEK] éva
ATOXEVTPWUEVO cUoTnua EAEYyou. Ta Baowd o@éln aro autyh Tnyv TpooeyYLoT
elvat 6Tl mhéov xdle agpooxdpog uropel va xaboptlel tny TpoyLd Tou, emAéYo-
VTOC TNY GUVTOUOTERY) XOL OLXOVOULXOTERT), EVE OE TEPITTWOT ULUC LEUOVWUEVNS
actoylag, TY. 0TO CUCTNUATOS TAONYNOTC EVOC AEPOGHAPOUC, TA UTONOLTA OE-
pooxdpn dev ennppedlovtal. Emniéoy, wg anoxevipwuévo, éva T€Tolo cUeTNUd
eAéyyou umopel vo avtamoxpliel xalUtepa o Ueydho apliud aepooxapdy, xo-
0 0 umohoYLoTIXdC PHETOC elval XATAVEUNUEUOS oL 8 GUGCWEEVETAL GE EVal
onueto 6twe yivetar otoug otabuol eddgouc Ue To Loyvov cloTnua.

H ehetlepn ntrion €xet diepeuvniel wg SuvaTHTNTA YLoL TOV EVOEPLO YMPO TNS
Meooyelouv 670 epevvnuixd npdypauua Mediterranean Free Flight (MEE]) [10]
ue evloppUVTIXE aToTEAECUATA. XTO TPOYPAUUN aUTO avantOyOnxe évo Evoé-
oLo Liotnua Awcgdiong Ataywetouol Uetall aepooxa@oy To otolo utoPfonid
TOUC TLAGTOUC GTNY ETLAOY T TWV XATAAANAGDY EALYUDY YLOL TNV ATOQUYT| GUYXEOU-
oewv. O akydplfuoc mou yenouonohinxe Baolletol oe éva TponoTOLNUEVO Nhe-
xTpwxd duvauxd oe ouVduaoUs UE éva athd olotnua Tpotepatotitey [II]. To
TeEAX6 ovotnua aloloyhinxe UEow TPOGOUOLOGEWY YLO TIC YOUNAES GYETLXA
TUXVOTNTES XUXhOQOPLAC TOL eVaéplou ywpeou Tne Mecoyelou, ue Oetixd amote-
Aouata.

Yuveyllovtac ™y épeuva YUpw ano tnv Eiedfepn IIthiom, to epeuvntind
npbdypouua iIFLY [7] uehetd tn SuvatdTnta epapuoyfic 0€ TEPLOYEC TOU EVAEPLOU
Y Gpou ue auZnuévn TuxvoTnTa XuXhogoplac. Baowd uépog tng epyaciag autrg
arotelel 1 €peuva YUpw ATO TNV AUTOVOUT TAONYNOT AEPOCXAPDY GE UEANO-
vixd ovotAuata [AEK] xat eldixd oe neployée udmhic xivnone 6mou to undpyov
oVoTtnua TAnotdlel ¥ xat @Tdvel Ta 6plo Tou. H anoguyr cuyxpoloewy arotelel
TEOTAPYLXO avTiXeluevo €peuvag Tou Tpoypdupatog iIFLY v tnv eZaogdiion
xat Behtioon e aoQIAelag TV TTHCEWY XL 0pYUVOVETUL 68 3 eMdAANAa emti-
Teda:

o Moaxponpdleourn duayeipliorn pody xuxhogoplaog, Ue ypovixd opllovia wpdv.

\

o Meoornpdbeoun aroouyr cuyxpooloewy, ue opllovta dexddwy AeTTOV
\ PN

e Bpayunpdfeoun anoguyy cuyxpoloewy Tou avTUETOTIlEL cUYXpoUGELS
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ota enbueva Alya (5-10) Aertd.

LOUQwVIL UE TO oYeSLUoUS TWV SLASLXAGLOY ATOPUYHC CUYXPOVGERY TOU EYEL
yiver ot mhatola Tou mpoypduuatoc iFLY, n uaxponpdfeoun diayelpion podv
yivetal xevtpxd ano touc otafuolc eddpous, oL omolol TaRdYoUY TS TPOYLEC
avapopdc xdfe nTAoNC TELY auTH Zextvioel. 1T GUVEYEL, 1) UecoTpdbeaur xoL
Beayunpdleoun anoguyy) cuyxpoloewy TpOTOTOLOUY SUVAULXE TNV TEOYLd ava-
popdic xatd TN didpxeta TS TTHoNS AOTE Vo ano@euyBovy GLUYXPOVUGELS TOU SV
éywve Suvatéd va mpoPhepboldy xatd tn dnuovpyia tng. To 2 autd eninedo Aet-
TOURYOUV UTOXEVTRPWUEVO %ol aveldptnto wetald Toug, eoTidlovtac To xabéva
o€ JLaPopeTIXd XpLthpla. XTo Uecompdlhecuo eninedo, 6nwe GAAWGTE Xal GTO
uaxponp6leaUO, 1) OYETIXY AVEGT] YPHVOL ETLTRETEL TN YPNOT TEYVIXOY PEATLOTO-
Tolnong xpLtnelowy 6Tee 1 cLUEoENoY Xdbe TepLoyhc, N XATAVAAWLGT Xauotuov,
1 Sudpxela TnC TTHONS oL 1) dveor TV emPBatdy. Avtifeta, n Bpayunpdbeoun
ATOPUYY) CLYXPOVOEWY ATOTEAEL TO TEAEUTALO UETPO YL TN SLACQAALOY) AC(o-
AoUg anéoTaong LETOE) TWV OEPOOHAPOY XL KOS EX TOUTOU YPeldleTol Vo €YEL
eYYUNUéVN anotelecuaTixdTnTA X %ol yeryopn andxplon OGTE va eQapUo-
olel oe mpayuatind ypdvo.

H ypron anoxevipwuévoy uebodoroyidy eletdletar oto mpdypoupe iFLY
OC EVOL ONUAVTIXG YopAXTNELOTIXG Yld ToL UEAAOVTIXG cuoTthuato Sayelptong
evaéplac xuxhogoplac. Tevixd, éva xevipixd ovotnua uropel cuvAbng va emt-
TOyeL W Abor mou vo mThnoldler oty xalbohixd BEATIOTN, Ue UeYdho Ouwg
UTOAOYLOTIXO XOGTOC Xal avyxy entxolvoviac. Xe avtifeon ue autd, o ano-
XEVTPWUEVA CUCTHUATA oUVATKS amoToly ALYSTEPOUS UTOAOYLOTIXOUS THROUC
X0 ETUXOLVOVIO UETAEY TOV EUTAEXOUEVWY UERADY, EVH ETLTAEOV elval Lo avle-
xTxd oe uedovouéves BAEBec. ¢ ex TouTou, Yo TN Ppayutpdbecun anoguyt
OLYXPOVUCEWY TPOTLUAOVTAL amoxevipwUéves Uéhodol dote va dlacpaiiotel 660
T0 SUVATOVY TEPLEGHTERO 1) acPdieia Twv TTHoewy. H eotlaon oe anoxevipwué-
veg uebodohoyleg anotéheoe Baowxd napdyovta emhoyrc tng uehodoroylag Twy
Yuvapthoewy IThofynong oe auty| Ty epyaocia, OTwe avahVETIL OTNY TAREYEAPO

4

1.3  Bipioypaguxr; Entoxdnnon

H uéypr tdpa €peuva yUpw ano to medBAnua Tng anoguyfc CUYXPOUCEWY EYEL
Tpocpépel anuavTixd TAHog uehddwy xal Tpoceyyloewy, dpXeTEC N0 TIC OTOLES
uropolv va Beeholv ota BPila [12] 13, 14]. Emmiéov, uia yphown entoxoénnon
o€ auTh TNY eTLoTNUOVX Teployy) undpyet oto [I5], av xat ano v dnuoocieuon
auThHC TS LEAETNS €yel emiteuyfel onuavTtixr tedodoc. MNta mAalola aUTAC TN
StatpiBric éytve extetauévn BLBALoypapLxy eTLOXOTNOY GYETLXA Ue alyopiBuoug
xal Uebodoug amoguyYng cLYXPOUCEWY, TOGO OTNV ETLOTNUOVIXY TEPLOYT TOU
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aUTOUATOL EAEYYOU, OGO XoL 0T EQUPUOCUEVE TESL TNS POUTOTIXAC oL TN
Auayetpion Evaéprac Kuxhogoplac, n omola nopouotdletar avarutind oto Ke-
pdhato 1 tne mipouc Ayyhixiic éxdoone [8].

Cevixd, wo onuoavtixd xatnyopla Tov tpoceyyloewy 6To TEOBANUA TS ano-
PUYTC CUYXPOUCEMY ATO T1) OXOTLY TOU EAEYYOU CUGTNUATWY XLYOUUEV®DY TR0~
YOVTLY ypenowuonolel teyvixée Beltiotonolnong, 6mou o eAdyLoTN ATALTOVUEVT
ANOGTACY) ELOAYETOL WS EVAC AVIOOOTIXOC Teploploudc. Oplouévec ano autéc
TIc epyaoiec ypnowonololy un-ocuvepyatixd oyfua eréyyov, PA. [16, 17, 18],
6mou o xdfe mapdyovrog oyeddlel TNV Topela Tou €T0L HGOTE Vo Elval aGPARTS
amo oLyxpovoelS Yia xdfe duvat Topela TwY uTololTwY, cuUTEPLAAUBAVOUEVNS
doa xol TS dUoUEVESTEPNC Yo autov (worst case approach). "Alkec Mydtepo
ouvtnenuxéc mpooeyyioewe [19, 20, 21, 22, 23] Paocilovtar oe xdnowo Pabud
ouvepyootog UeTadl Twv Topaydviwy. 'evixd, ou uéhodol mou ypnowwonololy
xdmola Uop@Y| BeATLoTOTOINONC EMLTRETOUY UEV TNV EUXONY ELOAYWYT| TEQLOPL-
OUGY xal TEOdLAYPAP®OY ETB00NS, ARG TopousLdlouY ONUAVTLXES TEAXTLXES
SuoxoAlec oTny eqopuoYr Tou oe TpayUaTxd ypedvo. H anoguyy| cuyxpoloewy
exPEAleToL UAONUATIXE KOS UN-XUETOC TEPLOPLOUOS, XADLOTOVTAC TNV AVOAUTLXY
Adon ohd Soxohn, av Oyt advvaty. Erouéveg ta npoAfuata Beitiotonolinong
ToU TEOXUTTOLY TEénel Vo ALY aplBuntixd, amoltdvTag UeYdhn UTOAOYLGTLXY
oV xafde o apliuds TV eUTAEXOUEVDY TapaYOVTwy auidvetal. Emniéov,
T0 onoTéleouan TV UeBOdwY autdy Sev elvar ev yével e€aoQAAOUEVD, ooy
avéhoya xou Ue 0 uabnuatien Statinwon tou mpoflifuatoc BeltioTonolnong,
evdéyetal va unv elvat duvath 1 evpeot) anodexthc Adong.

Mo Stagopetixn npocéyyion oto 8lo Béua xwdixonoteltal we €vo alvolo
AOYXOV xavéVwY Yo TV emthoyT) weTall eubetdy xat xounviwy, [24], xatalf-
yYovTag oe €vo UBEWIXG GUCTNUA TAORYNONS UE EYYUNUEVT ATOQYUYT| GUYXPOU-
cewv alNd byl TPocEYYLOT) TOU 6THY0U Xdbe TopdyovTa.

Mo evpetor xotnyopta ueB63wvV TAOHYNONS XOL ATOYUYHC CLYXPOVCEWY YPTN-
owonotel Texyntd Suvauixd edla [25], we Weatd avdhoya Twv puoxdy Tedlwy,
TY. TOV NAEXTRXOV. LTNV XATAOXELT VoS TETOLoU Weatol medlou & evowua-
TAVETOL 1) AMWOTLXT ETLEEON TV TLHAVOY eUTOBlwY, xaldg xaL 1 EAXTIXY eTLEpOT)
Tou TeAxol otdyou. ¢ ex toUTou, 1) emtbuunTy| TEOYLd TEOXUTTEL axohoUDHK-
vtog Ty apvnTixn xhion —V & tou nedlou xotd unxog uiag Suvaulxnic Yeoauune,
uaxpLd amo oLYXEOVGELS Xal TEAMXE WS To 6THY0 %x4be Tapdyovta, Tou elval éva
eNdytoto onueto tou medlov. H amhn otn Bdor tne oVAAndn authc Tng owxoyé-
velag Uebodwv avdyel To TedBANU TAONYNONS OTNHY XUTAGKELT| TOL XATEAANAOU
Suvautxoy mediou. Xnuavtixr aduvoulo TV TeploadTepnmY TETOLWY Uehddwy el
vaL 1 SuVATOTNTO EUPAVIONS TOTUXOY ehayloTwY onuelwy oto duvaulxd medlo,
SLoOPETIXGY om0 Tov TEAXG 6TdY0 Xdbe mapdyovto. XTnv meplntwor autd 1)
oVY¥ALom Tou ahyopliuou oTauatd oL oL Tapdyovtes eyxAwPBilovtal 6Ta Tomxd
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eAdyLOTA.

Av xou apyixd oL uéBodoL Tou yenoLuoroLoly TeY VT duvauxd tedla e@apusd-
OTNXAY EXTEVAOS GTOV TOUEN TNG POUTOTIXNAS, OTWS Yol TUPABELYUd OTLS EpYaTieg
[26], 27], eyouv BpeL ueténelta epapuoy xal otny épeuva YUpw and Ty Alo-
yetpton Evaéotac Kuxhogoplag, dnwe yia napddetyua otny epyaoia [28]. Mua
ETLOXOTNON TNS XPNONG dUVIULXGY TEdLWY BTNV TAOYYNOY AEPOOHAPDY EYEL TTo-
pouctaoTel otny epyaota [29].

Mo xatpior eZEMEN 0TOV TOUEA TV TEYVATOV SUVAUXOY TEdlwY anoTé-
Aeoe 1 eloayYh Towv Luvapthoewy [Thodynone (EII) - Navigation Functions
(NIEK), [30]. Ta duvauxd medio authc e xatnyoplag EMTUYYAVOLUY UECK TNC
XATAANANANG XATACKEUNC TOUC VoL €Y0uV UOVo €va xafohxd ehdyloto onuelo,
ETLTPETOVTOC ETOL TNV eYyyunuévn olyxilon xdfe mapdyovia oto oTdY0 TOU
ywelc ouyxpoloelc. To onuoavtixd Oewpentixd TheovexThuata auTAC TS Uebo-
doloylag TV xabloTolY 1BLLTEPWS XATIAANAT YLoL TNV TAONYNGCT 0EROCHAPEY
6mou N ao@dhela elval xXeQaAalddoug onuaciog. Avalutixdtepn avopopd oTHY
undpyovoa €peuva Ylpw ano T Luvapthoelg [Ihorynong yivetar otny emduevn
TOLEAY PO,

Mo onuavtixd ueplda Twv tpooeyyloewy 6To TEOBANUA TNG ATOPUYAS GU-
YXPOUOCEWY UEQOCHAPGDY TPOERYETAL ATO EQUPUOCUEVY) EPELVA TIOU YIVETUL GTOV
touéa e Awayelpione Evaéotac Kuxhogoplag xat tnv avtiotouyn Bounyavia.
Mo tétowa Aor mou yenowwonolel teyvnTd Suvauxd tedlo ue ToAhd eupLoTLIXd
ototyela tapovoidleton oto [II]. H uébodoc auth emhéybnxe ano to epevvn-
w6 npéypaupa Mediterranean Free Flight (MEE]) wc 1 mo xatdAAnin yi to
oYeTd apald evaéplo yHeo tne Mecoyelou xal €dwoe evBuppuVTIXG amOTEAE-
ouata oe mpocouolhoelc. Ilop’ dha autd, Ta €vrovo evploTixd oTolyela Tng
uehodou xabiotoly ToAY SUoxoAr, av oyl adlvoty, TN Oewentixt| avdivor Tng
ATOTEAECUATIXOTNTAS TNS.

Mo xatnyopla Moewy nou éyel avantuybel eldnd yio epapuoyéc [AEK] yor-
owonotel TNV évvola Tou xdvou olyxpouons o omolog mepléyel dha Tar Savi-
OUOTO GYETXOVY TAYUTATOVY UETOED 300 aEpOOXAPOY ToU To 081 YoUV 6e UeTaly
TOUS ATOOTACT) UXPOTERT) ATO TO EAAYLOTO bplo. Mia TéTola TposEyYLoT TopOoL-
odletat oo [31], 6mou emhéyetal uia eloodog eréyyou (oTpogt, alhayr vhouc
1 ol ) Ty dTnToc) Yo Ty anoguyt xdfe olyxpovong, ywelc dunc eyyinon
v Vv anotehecuatixotnTa. Ilapeupeprc elval xal 1 TpooéyyLon TOoU ToEOL-
owdleton oo [32], brouv hauBdvovtar un’ v xat dpla oTic eLobdou eNéyyou. H
ATOPLYY) GLYXEOVCEWY GTO UEAAOY UTOREL va StacpalioTel ubvo ¢’ boov oL ap-
YWEC ouvhxeg dev dnuLovpyoly cuYXpoloelc. AVTioTOoLY o YEWUETPLXE XPLTHELA
ypnotuonolodvtol xot otic epyaoies [33, 34, 5], ue otéyo vo emheyBel ooy
Topelag TETOL BOTE TA AEPOOXAPT] VoL TEOGEYYIGOLY axELB3KS 6T EAAYLGTO HELO
ATOGTACTC.
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Téhoc, otov ahyodplBuo mou napouatdletal oto [36] yenouronoteital uLa xo-
Tdtaln mpotepuldTNTUC Ue Bdon Ty omola To aepooxdpn TEoYpaUUATICoUY TIC
TpoYLéc Touc. Baowr cupPoly) tne epyociog authc arotelel 1 SnuLovpyla ULag
xafohxrc oelpdc TPOTEPULOTNTAC UE ATOXEVTPWUEVO TEdTO, 1) omolo Utopel va
allomoinfel oL alhol, OTwe vl Tapddetyua oty enione yewuetexy) UébHodo
Tou napovoldletar oto [37].

1.4 Me6Oodoloyla

Me don ta otolyela Tou TapaTéBNXaY 0TS TEONYOVUEVES ToEAYPAPOUS, TO OVTL-
xeluevo auTtic e epyaociag utopel va mpoodioplalel we 1 avdnTudy uLag amoxe-
vTpwuévng uebodoroylog aroguync ouYXEoUGEWY UETAED AEPOGXAPDY, UE XUPLO
0TOY0 TNV EQPAUPUOYT WS Ppayutpdleouo cUoTNU ATOPUYNC CLYXPOVOELY, OTWS
aut6 optletan oto Lyédo Awadixaotdy - Concept of Operations TOU
epeuvnTxol tpoypdupatoc iIFLY [38]. 'Onwe eZnyhbnxe oty napdypago L2 n
Bpayurpdheoun anoguyt cuyxpolcewy elval xplolun YL TNV AGQIAELY TTHOEWY
xal anmoutel ypriyopn andxplon. < ex toutou, xatdiinkec uehodohoyiec yia
TNV avaRTUEY EVOC TETOLOU GUOTAUNTOC ELVOL AUTEC TOU TPOGPELOUY EYYUNUEVT
arotelecuotixotnTa X0 Pacilovtal oe éva oyfua er€yyou xAetotol Bpdyou.
Me Bdon autd to xpithpla, oe auth TV epyacta €yel emheyfel n uebodoroylia
Twv Yuvapthoenv IIhoRynone wg agetnpla yio Ty avdntuln tou {nroduevou
OUGTAUATOC ATOYUYNS GUYXPOVUCEWY UE EYYUNUEVY anddooT, XATIAANAO yia
yetfion o [AEKL

H emiieyuévn uebodohoyla avixel ot yevixy xatnyoplo ToV TEYVNTGOY du-
vouxodv mediov [25], yenowonoel dnhadh v Baow apyR Aettoupylac Twv
PUOLXAY BLYVAUIXOY TESLWY, TY. NAEXTEXOYV, OOTE Vo dNULOLEYNOEL Vol duVa-
uxd P Tou eVeLUATOVEL TNV EAXTIXY ERLOEACT TOU GTOYOL XAl TNV ATWOTLXY
enldpaon Twv eunodiwy. Telxd, to nedlo AauPBdvelr vhniéc TLWéC xovTd oTa
EUTOBLOL %Ol YAUNAESC XOVTE GTO OGTOY0, ETOL HOTE AXOAOLODVTAC TNV APYNTLXT
xAlon Tou medlov, —V @, va unopel xavelc va odnynoet Evav xivoduevo tapdyo-
VToL @t Ufxog uLag Ypauuns pofc Tou medlou 6To o1dy0 ywpelc ouyxpoloELS.
H amhy) auth apyn Paciletar oto 611 0 otdyoc elval éva eEAdyLoTO Tou Tedlov,
unopel UWS va anoTVYEL av oTo Slabéoluo ydpo dnutovpynboly xal dAla To-
mxd eNdylota. Auth n mbavotnto elvol uta xolvr aduvaulo Tov TEpLEGOTEPWY
ueBodwY TEYINTOV duvoux®dy Tedlwy xaL UTopel vor 0dnyNoeL Tov Tapdyovto o
un emtBuuntéc Béoelc uaxpLd ano To 6TOY0, ATOTEETOVTAC T GUYXALOY).

Aedouévou evog SlabéoLuou yopou epyaotac F, ano Tov onolo €youv 1dn
agoLpebel oL teployéc mou xatahauBdvovtoLl and eunddia, xoL Vg GTOYOU g4 GTO
eowTepxG Tou F, U ouvdptnon ¢ : F — [0, 1] anotehel Luvdptnon [hoRynone
6tav eavorotel Tic e€Ac ouvhrxec:
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1. Elvar hela, B toukdylotov 2 gopéc ouveyde napaywylown - C* 610 yopo
F

Y

2. 'Eyev axpBdc éva eldyLoto oto 6tdy0 g4 € F, 6T0u F elval T0o eowtepind
Tou Yopou F

3. Elvai cuvdptnon Morse, dnhady n eaotavi V2P tne Siatnpel nhfion Babud
oe 6ha Ta xplowa onueta, dnh émou Loyvel VO = 0,

4. 'Eyel ouolduoppo uéylotn Twur oto 6plo tou ehedbepou ydeou F, OF,
dmhadA lim,or ¢(q) = 1

Ou mopoandve WLOTNTES emTpénouy ot Luvapthoelg IThorynone va unepé-
Youv dA Y LeBddwY Tou yenotuonololy TexvnTd Suvauixd, xafdhe éyouy ey-
yunuéva axplBoe éva, xabohxd, ehdytoto. Autd onualvel TKS Unopoly va emt-
TUY0LY TAONYNOT UEYEL TO OTOYO YwEls UYXPOVGELS anto GYEdOY dAa Ta orueia
Tou Ydpou epyaciag, Ue eCalpean apyxéc GUVOTXEC TOL AVAXOLY GE OPLGUEVA
oVvola undevixol uétpou. Amolitwe xabolxr Thofynon ano xdbe onueio Tou
yOpou F dev elvat duvath|, 6mwe éyel anodelyBel oto [39], xabde xdbe eunddio
070 Y®po dnulovpyel éva onuelo oéhac. TIdvtwe, emedy) dnwe avagpépbnxe ta
GLYOAXL TTOU UTOPOUV VoL 0dNYHooLY GTa eniuaya onuelo oehag elval undevixoy
uétpou, N mhavdtnTa va cLUPBEL AUTO OTNY TEAXTXY EQaUEUOYT Elval TOAD uLxeY
eVO Uxpéc apliuntinéc anoxAloels Slaxuudveelc Utopoly vo eAeLbephcouy Tov
TAEAYOVTA.

Agetnpla yio Ty egapuoyr tov Yuvapthoenv [Ihofynong ftayv ot ogoipixol
x66uoL, dNhady) cuVBLUCUOS GPALEXOY YOEOL ERYACLAC UE CQULELXE EUTODLAL.
E&’ dAhou, ulor TOAY onuavTixr WLoTNTa Ty Luvopthoewy IThofynone anote-
Ael n Sathpnon TV WBLOTATWY TouC UECW SLPEOUOPPLOUGDY. AuTO eTLTEETEL TN
xenon tne uebddou oe ydpoug Tou Utopolv va UeTAGYNUATIOTOUY UECW BLpeo-
uoppLoudy o o@atpxols, 6mou 1 dnuovpyla Yuvapthoewy IThorynong €yel
uehetnBel apxetd [39, B0 40].

Apywd oL Xuvaptioeic [Thorynong npotdbnxayv yio Tnv Thofynon evog po-
UTOT, aAAd GTY) GUVEYELD 1) EQUPUOYT TOUC ETeXTAONXE Xou 6 TpoBAAUATA UE
TOMNATAG poundT, T6o0 ue oyfiuata xevipixol ehéyyou, [41l 42 [43], 660 xo
anoxevtpwuévou [4, Bl [44]. O Babudc anoxévipwone xdfe mpocéyylone eap-
TdToL omo To €UpOS TWV TANPOYOELKOY Tou elval Slabéoiues oe xdbe mapdyovta.
Yy mo amhy uop@n anoxévipwong xdbe mapdyovioag €yel mATPN TpdoBao
oe Ghec Tic TANpoYoplac dMwY mapayévtwy (Béon-xatdotaon, 6téy0c) ahhd
unohoyilet uévo T dixr} Tou amdxplon. Mid O ATOXEVTIPWUEVY U0PPT| EYEL
yenotuonoinfel otnv epyaoio [4] énou xébe napdyovtac yvwpeilel ubvo to dixé
TOU 0TOY0, ahAd €YEL ATEPLOPLOTY TEOGRUOT OTNY XATAGTAOY, GAAWLY TapAYO-
viwv. Téhog, oe axdua mo anoxevipwUévee npooeyyioelc 6nwe ot [5 [44] xdbe
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TedxTopog Unopel Vo YVopllel TNV XaTdoToo UOVO TV YELTOVIXOY TOU Topo-
YOVTWY oL Oyl 60wV Elval LaxEUTERO OTO UL TEREQACUEVT ATOOTO).

Ot Baowxol hoyou emhoyric tne uebodoloyiuc Twv Yuvaptioewy IThorynong
Yoo TNV avdmTudn evog Bpayunpdleouou GUOTAUATOSC ATOPUYNS GUYXPOUGEWY
otov[EEK]elvat ot eyyurioeic tov unopel va tpocpépet 1660 yLo TRV anoguy ou-
YXEOUOCEWY, 660 xaL YL TN 6UYXALGT 6T0 6Toy0. EmnAéoy, enedr yernotuonotel
Eva oYU EAEYYOU UECW AVAdPAONC OE TEAYUATIXO YPOVO, TROCQEREL YR YOE
Xl Y0elc UEYEAES UTONOYLOTIXES ATOLTHOELS ATOXPLOT TOU UTOPEL VoL avTLoTah-
uloel opdluata Uétenong xal wovielomolnonc. Av xat apyixd egapubdodnxay
0€ OAOVOUN UOVTENX OYNUATOVY, TAEOV £Y0UY BEEL EQUEUOYT XL OE UN-0AGvoua
uovTéla Tou Tpocouoldlouy To xhaooxd uovoxuxho. T va anogeuylel oe
aUTHY TNV TeplnTwon 1 enl témoU TEpLoTEOQY) €xouv avantuybel ol Altohixég
Yuvapthoetc [Thorynone [40] mou yenolwwonotody éva enttiéoyv teyvntd eunddio
H,p, &ote va eufuypauuioovy Ttic ypauués porc ue Tov emtbuuntd tpocavato-
Aoub oto 6T6)0, Gote xdbe mpdxTopac va mpooeyyilel To 6TdYO TOU UE TO
0wWOTO TEOGAVATOALOUS. Ol GUVIPTAGELS AUTEC £YOUY TNV TUPUXATGL UOPQY):

P, — Yai + fi (1.1)

i 17 > .
((Vas + fi)k + Hop, - G+ Bo,) *

Avahutixd tapovetaon e xataoxeuric Toug Unopel va Bpebel oto [4]. H ouvdp-
mon G; =G;(Q), 6nov Q=1[¢q/ ... qy ]T, elval évol UETPo NS eYYUTNTOC
0€ GUYXPOUGELS Yla TO agpooxdpog i: 1 G elvan 0 6Tay To aepooHAPOS & EUTAE-
xetal oe oUyxpouot, evé malpvel Oetixée Twéc paxpud amo ocuyxpovoelc. H
OLVAPTNOY OTOYOU Vgi EAXEL TS YPAUUES PONC TEOS TO GTOYO @i, EVE 0 6pOC
fi = [i(G;) ewodyel éva Babud ouvepyatixdTnTac HOTE OE TEPLTTOOELS GUUYHPT-
ong o Suvauxd P; TapauEvel Un UNSEVIXO axOUd XoL YLd TEAXTORES TOU €YOUY
PTAoEL 6TO GTOYO TOUC, HOTE VO ATOUAXELYOUY TROCWELVE ATO AUTOVY, BLleuxo-
AOVOVTOC TN OUYXALOT %ol TV YELTOVLY Touc. O xuxhixde dabéoiuog yodpog
xivnong vovtehonoteltol amo 0 cuvdpTnom eunodiou By, EVE TO TEYYNTO EUTO-
dto Hy,pi mpoodLdel To dimohixd yopaxthpa 6To duvouixd, eubuypauullovtag Tig
Yeauuée porfc 6To aTéyo Ue Tov entBuuntd mpocavatoioud Biy. To eunddio
autd AapfBdvetal we To eminedo exelvo Tou omolou To xdfeto didvucuo elval
TopdAAnho Ue Tov emOLUNTO TEOGAVATOMOUG oL TO OTOLo TEQLEYEL TO TEALXO
onuelo TEoopLoUOY.

Hypi =€npn + Nppi (1.2)
Nnni = ([cosbiq  sinbiq4] - (g — qid>>2 (1.3)

6moU €, xo k elvar Oetixéc napduetpol.
To mopoamdvew Suvouxd elval ex XATAOXELNS ATOXEVTIPWUEVO Ylo Xdbe mo-
edyovTa 7 agov yla TOV TRPOOLOPLoUSO TNS TS Tou anatteltol ubvo yvdon Tou
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Yydua 1.1: Auvouxd piag Luvdptnong IThorynong oe éva Sdidotato yodpeo epyaotiag
ue 2 eunddia, O1, O2. O otdyoc éyel tebel we [zg yq] = [7 0], pe entBountéd
TpOGAVATOAMOUS ¢g = 0 xau To avtioTolyo un-okévouo eundédio H eivor 7 evbela
r="T.

Tpooplouoy Tou Topdyovta i xal NS Béonc Twv dAAwY TopaySVTWY aAAE Oyl
TWV TPOOPLOUMY TOUC. LTNV TAOTYNOY AEpOoXAPOY auTod UTopel va emiteuy el
UECH TWV TOY UTEPYOVIOY CUCTNUGOTWY TPoadloplouol Béong xol emtthpnong
TOU EVAEPLOU YDPOU AANS X0 ETLTAEOY UECW TLO OVETTUYUEVWY CUOTNUATODY TAY-
00(OENONE TOU AVATTUGCOVTAL Y TO UEAhOY 6Twe To System Wide Information
b4 ’ /7 /7 z /7

Management (SWIM]). EZ’éd\\ou, eivaw avauevéuevo 6t o éva uehlovtixd amo-
xevipwuévo ovotnua [AEK] xdbe acpooxdgpoc fo unopel vo cuyxevtpdoel xou
va aglomolfoel €vo auEnuévo alvolo TANROQOELGY, Bacllouevo xal GTIC TEYVO-
AoYxéc e€eMEELC OTOUC TOUELWS TWY CUCTNUATOY ETLXOLYOVLAC Xl EAEYYOU.

To mapamdvew duvauixd elvar ex xataoxeunc 0 6tov mpoopioud xal 1 610
oUVopO GUYXPOUGEWY XoL TapEYEL GYEdOY xafohuxr cUYXALOY TWV TAPAYOVIOY
0TOUC TPOOPLEUOUS TOUC UE EYYUNUEVY ATOQUYT GUYXPOVUoEWY TS Eyel deLyDel
oo [45]. H uopyt Tou Suvautxol uac Awmoiwxfic Xuvdptnone [hofynone oty
Teplmtwor evég didldotatou yohpou epyactac ue 2 eunddia galvetal 6to Lyrua
LI O otéyoc éyer tebel wg [z ya | = [ 7 0], ue embuuntéd mpocavato-
Moub ¢g = 0 xat 1o aviiotolyo un-ohévouo eunddio H elvar 1 evfela z = 7.

To teyvntd duvauxd nedlo dTwe TaPoLCLAGTHXE TapATdvw aroTelel Tn ula
Baowxy) cuviothoa evig alyoplfuou Poaclouévou e Luvapthoeg [ThoRynone,
eV 1) GAAT elvan évar 6UVoLo voUwY ehéyyou ou allonolel TNy TAnpogopla ToU
VOl EVOWUATOUEVT 010 Suvauixd Tedlo xal mapdyel Tic e€6d0u eAEYyOU TOU
odnyolv tov xdbe mapdyovta. H napodoa epyoacio ouvelopépel xal ota 0o mo-
camdve Uépn GoTe 1 6UvieoT Toug va amoTEAEGEL ULd ONOXANPOUEVT TEOTAOT YL
NV TAOTYNOT %ol ATOQYUYY) GUYXEOVUCEWY UETOE) AEPOCHAPHOY. LUYXEXPLUEVA,
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1) GUVELGYOPA GTOV TOUEN TNS XATAOXELTC TOU SuvauLxol edlou TopouctdleTal
ouvontixd 6to Kegpdhowo [2, eved yio Tov vOuo eREyyou oL TEOTELVOUEVES AUGELS
ouvodilovtal oto Kegdharo 13. EE'dAhov, Ta anoteréouoto tou tapouotdlovTal
ed& umopoVy va aloronboldv xat oe dANoUS TOUELS EQAPUOYNC.

1.4.1 Movtelonoinon Aecpooxdgoug

[o tig avdyxeg tne mapovoag epyactog 66ov agopd otn uoviehomolnon xdbe
agpooxdpoug, €xel yenotuonoiniel we Bdon To xvynuATIXG UOVOXUXAO. BuYxe-
XPLUEVA, YL TLC TEQLTTAOCELS OTOU 1) TAOTYNOT) TOV AEPOCKAPHOY TEpLoplleTal o
éva oplovTio eninedo otalepol uouétpou yenoluonoteltal autololo To xabie-

0WUEVO UOVTELO TOU LovoXUxhoy, 6Tou To Sidvuoua Béone elvar n; = [ o yi]
X0l 0 TPOGAVATOAOUOS WS TPOS Tov d&ova T elval ¢;:
. T [ cos(¢;) |
n;,=| . = . cu; = J; 1.4
7 |: Ui :| I Sln(d)i) ] i i i ( )
¢; = w;
, [ cos(¢;) |
orou J; = . (1)
| sin(¢;) |

Y10 TOPATAVE LOVTENO 1) YROUUULXT] YOl YOVLOX TaYUTNTA, U; XAl w; avTloTolyd,
ATOTEAOUY TIC ELGOSOUS TOU XLYNUATIXO0U GUGTAUATOC UECW TOV OOV ETLOPA
o alyoplfuoc mhorynore.

Avtiotouya, Yo TV TAoRYNGT o€ 3-8LACTATO YMdEO YENOLLOTOLELTOL Xal TEAL
TO XLVNUOTIXG LOVOXLUXAO, ERAULENUEVO UE TNV YPaUULXY) TayVTNTa w; XATd TOV
xataxdpuo dZova z mou yenouronoleltol yio T evuton Tou Vdouc.

Yi
bi = w;
To dudvuoua xaTdoTIoNC TOL GUGTAUATOSC OE AUTHY TNV TEPITTWON anoTEAELTOL

aro TNy 3-8dotatn Béon q; = [ nZT Z; ]T = [ Ti Yi % ]T X0l TOV TPOGU-

vatohoud phi;, BAéne xar Lyfua [L2L Ot eloodot Tou cuathuatog edd elvat o
YOUUUXES TAYUTNTES U;, W; XOL 1) YWVLOXT W;.

To olvolo TV UETABANTGOY €LGOB0L TOU EUTAEXOVTAL OTO TOPATIVG UO-
vTéha elvan amhd eved meplypdgel Quoxd TNy xlvnon Tou aepooXdPOUC KoL O)E-
tiletal dueca Ue T TANPOYORLES TOU YENOLUOTOLOUY 1dN OL EAEYXTES EVIEPLAC
%xLXhoQOopPLag XaL oL TAGTOL Yiot TNV UETOED TOUS ETLXOLVWVIX XAl TNV TAOTYNoT).
EWwd oty 3-8idotatn mhorynorn yenowwonoeitar otn cuvEyelo xal 1 xilomn
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Wi
YyAna 1.2: Suvtetayuéves qi = [z i zi]T, @i xai eloodol u;, w;, w; TV GUGTAUL-

to¢, H ywvia xhlong a; xar n xataxdpuen taydtnta w; eupavilovral e8d apvntixég
Moyw xabBbdov.

Q; TN TPOYLAC Tou avTLoTolyel 61N Ywvio UeTald TN oLVIoTAUEVNS TayVUTN-
tac §; = [ @ Ui %4 | wou tou optlovtiou emmédou, ue Tic Hetieée TiwéS va

avTLoTOLY0UY OE 4vodo:
w.
a; = tan™! ( . ) 1.6
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Kegdhato 2

AnoxevipmUEves LUVARTAGELS
IThonynong otov "Eleyyog Evagplag

4

<

Kuxhogoptag ([

2.1 Ewaynyq

)

To anotéhecua tng nopolodc epyaolog elval UL GUVORLXT GTROTNYLXY Yol TNV
ATOPLYY) GLUYXEOUCEWY XAl TOV TEOYQPUUMUIATIOUS TORelag AepOOXAPDOY UE LBLai-
TEPO GTHYO TNY eQupUOYY 6TO0 enlnedo Ppayunedlecunc anoguyRc oLUYXEOVGELVY.
H teyvix) AMoon nou npotelvetal €yel Bactotel otn yevixdtepn uebodoroylo Twy
Yuvapthoewy IThofynone vyl cuoTAUATE AVEEIPTNTWY TALUYOVIWY TOU UOVTE-
Aormotolv Ta agpooxden. H cuvelopopd authc tne epyaotoc evioniletal xuplng

oe 2 Baoixolc Touelc:

o Trv mpaxTixn XATAGHELT] TOU ATAPALTNTOL ATOXEVTPOUEVOU SUVIULXOY TE-
dlou xdfe mapdyovta - aepooxdpous, Bdoel e uebodoroylag Twv Yuvap-
hoewv [Thorynong, éotw Gote autd va €yel Ta eENC YAPAXTNPLOTLXA:

— Ileplopiouévn teployn Yvodong tou epBdAlovtog, GuUSBUTH Ue TEYVL-
%00¢ xal GAAOUC TEPLOPLOUOUS O TRAYUOTIXG TPOBAAUATY, OTWS 1
TEMEQUOUEVY] EUBENELYL 0RYIVOY TV AEQOCHAPEY

— Emextuen Stahoyn Tov GAAwY TopayovTieny xol eunodlny Tou AauBd-
vovtoL UTOLY avdhoya ue T oyeTixt| Oéor mpog Tov (8o tapdyovta,
ELOAYOVTAUC ETOL EUUEGOUS XAVOVES TROTEQULOTNTAC.

— AuvatdTNnTa EVOWUATWONS SLaxplTdV XAJGEWY AUEOTC TPOTERULOTN
TS UETAEY TOVY TAPAYOVTOV, ETLTPETOVTOS ETOL XAl TNV ATOQUYT) UN-

ENEYYOUEVWY EUTOBLWV.
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e Trv allonoinom Tou TAPATAVEL ATOXEVTPWUEVOL Suvaulxoy Tedlou oe uLa
OTEATNYXY TAOHYNONC TOU EMLTUY Y AVEL:

— Eyyunuévn anoguyy) 6 Awv Twv cuyxpoloewy xaldc xal cUyxhlon
oto onuelo Tpooplouoy xdfe mapdyovro.

— ITho¥ynoy| otov 3-8Ldotato yohpeo, ue Suvatdtnta aveldptning pUbut-
OMNC TNS GLUTEPLPOPAS XaTd TNV adhayy) xatevluveng, TayvTnToC XoL
Uoug avdhoya UE TOUC LOYVOVTES XAVOVLGUOUC %ol TLC TROTLUNGELS
Tou TANEOUATOC B Twv Eleyxtdv Evaéprag Kuxhogoplog.

— Ixavorolnomn Twv TEaxTXGOY TEPLOPLOUKY TOU JEPOCHAPOUS CYETLXY
ue TLg Yovleg avédou xal xalodou, xabdc v eAdytotn Suvaty To-
YOTNTa.

— Ileploploud TV TEQLTTOV EALYUDY %ol amoxAloewy TNg TaylTNToC
ATO ULoL OPLOUEVY TUUN avapopdc, TEog OPENOC NS AVECTS XUl TNG
owxovoulag xavaciuou.

To mifpec oyfua eréyyou elvol TARPWS AToXeEVTPWUEVD, xafde %xdbe oe-
000%38pog YeeldleTaL Yia TNV OGQUAY ol ATOTEAECUATIXY TAOHYNON TOU UGVO
dedouéva yio T B€an xaL TNV TORELX TWY YELTOVIXGDY TOU AEPOGXAPHDY, To OTold
elvat %81 oe onuavtixd Pobud diabéoluo Ue Ta ONUEPLVE GUGTHUATO ETLXOLY®L-
viag xau mapaxolovinone. Emmiéov, n avdntuln xal eapuoyy VE®V GUGTT-
udtwy eviatag Stayelplone mAnpoopldy, 6twe to System Wide Information
Management (SWIMI), fa enttpédel tny mo edxoln xal ATOTENEGUATIXF AVTUA-
Aoy Tov anopaltntey dedouévov. Kdbe acpooxdgoc ypeidletal vo yvopllel
uové 1o dxd Tou onuelo TPOOELOUOY OOTE Vo ETLTUYEL TN GUYXALOY TOU OE
AUTOV.

Y1n ouvéyela autod Tou xegalaiou YIVETAL ULK AVAGKOTNON TWYV TEYVLXOVY
ATOTEAECUATOY TNE EPYAOLAC OTOV TOUEN TN XATAGXELNC TOU SuvauLxoy Tediov,
EV® 1) TPOTELVOUEVY] GTRUTNYLXY TAONYNONS TapoucLdleTaL 6To ENOUEVO XEQS-
Aato. O mhipete mapousidoetc xabde xat oL aviiotolyec anodeléelc unopoly va
Beebolv ota xepdlata 3, 4 xaL 5 Tou TAYPOULS XEWEVOL 0Ty Ay YA YAGOGA.

2.2  Arnoxevtpouéva Avvouxd ITedio

To aroxevtpwuévo Suvaulxd Tedlo Tou yenoldoroinxay 6e auTh TNV epyocia
v Ty Beayunpdleoun anoguyr cuYXpoUcEwY 0EPOOXAPOY XaTooXELELoVTAL
ue Bdomn tnyv uebodoloylo Twv Luvopthoewy IThoynone, enelepyaouévn étol
(OOTE VAL AVTATOXPLVETAL OTLC GUYXEXPLUEVES avdayxec Tne eqgopuoyrc. H Baouxr
Sour) Tou medlou mou ypenoluonoteltal 0T cuVEyEL TNS epyaciag elval 1 xabie-
owUEVN, urn StmoAur| woppn Twv Xuvapthoewy IThoRynong mou Slagépel aro
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dtmohxn Lopyt| mou napovaldotnxe otny eilowon (L) uévo oty un mepihndn
ToL dLohxoy eutodiou H,p,:

Yai + fi
((vas + fi)* + G - ﬁoi)l/k ,

H armovsta tou teyyntol eunodlou Hy,p; emidpd wovo otn duvatdtnTta TOou Te-
dlou va odnyrioel xdbe napdyovto 6TOV TPOOELGUS TOUC UE TOV TpoxaHoploUévo
TEOGAVATOMOUG. AUTOC 0 TEPLOPLOUOS Bev apopd oLGLACTIXG TN Bpayutpdle-
oun TAOHYNON UEPOCHAPRDY APOU 0 EXACTOTE EVOLIUETOS TPOOPLOUOC -OTNUELD
ehéyyou- xdfe oepooxdpouc medxeLTAL Vo avavedveTol Teplodixd ue [Bdon To
oYé8Lo TTHOMC XAl TPLY TO 0EPOOXAPOC GpTdoel oe autdv. Tlap’dha autd, dnwe
eZnyeitoar 6T0 MATpec AyYhxd xeluevo, To oyrua ehéyyou Tou TopoucldleTal
ouvormTixd oto enduevo Kegpdhao uropel va cuvduaotel xat ue Simohixd duva-
uwxd medlor Gote va eAGPAALOTEL XL 1) GUYXALGT) TOU TPOCAVUTONGUOY GE ULd
emBuunty| tehnr| yovia.

To ueyalltepo UEROC TNC GUVELCQOPAC TNS EPYOCLUC OTOV TOUEN TNG Xd-
TaoxeLc Tou Suvauxol mediou evtoniletol 6TO GNUAVTLXY SLUQOPETIXG TPOTO
xATAGXELNS TNG cuvdptnong eunodiwy G;. H ouvdptnomn auty €yel tpotapyixd
e6lo 611 GLUTEPLYPOPd TNg UeBGBoU ooV apopd TNV anopuYY TLHIVOY GUYXEOU-
OEWY, EVK 0 TPOTOC XATUOXEVNC TNS EMNepedlel xat TN SuvaTéTnTa palnuatixrc
amodelEng TV Paoxdy WLoTHTnY Tou yapaxtnellouy ulo Yuvdptnon Ihovyn-
org.

e €Vl UEYAAO UEROC TWV TEYVLXADY XUTACKEUNS ATOXEVIPOUEV®Y LUVIPTH-
oewv [Thofynong n cuvokixy) cuvdptnon eurodiov G; cuvtibeTal KS TO YLVOUEVO
ETLUEPOUC GUVTEAESTMY g;j, oL elval cuvapthoelg g Euxieldelag andotaong
uetay Tou Wlou TapdyovTa ¢ xat Tou xdfe eunodiou B yettovixol Tapdyovta j:

o; = (2.1)

N
G; = Hgij (2:2)
j=1

Gij = Gij (||Qz - Qj||2) (2.3)

H mpoctiner) auty| dnutovpyel oplouévo onuavTixd UELOVEXTHUATA, TOU oPo-
e0UV xuplwe oTn duoxolio pUbulong TV TaPAUETEWY Tou TEdlou AdYw Tne e€dp-
TNoMS ToUg amo TNV xhluaxa ueyéboug xdfe oevaplou xau oe aplBuntind TpoBixk-
UATA TOU Vo U TOUY Ao TOAD UeYdAeg TUWES NS ouvdpTtnone G; o€ cuvBuacud
ue Pnhéc Twée Tou k; mou amontolvtal Aoyw autov. TNV napolca epyactio To
TEOBANUA AUTO AVTILETOTLOTAXE UECK TNS UdLICTATOTOINONS TWY GUVTEAEGTMV
gi UE Bdom uta xotdhAnAo eTLAEYUEVY) TOGHTNTA AVAPOpRdc, ETOL HGOTE TO TO €0POC
WOV TV g; Vo Yivel TpoPrédiuo xal euxoldtepa Stayetplowo. Emmiéov yéow
¢ adtaotatonolnong etodyeton otn uébodo ula emmiéov TapdueTpog, N onol
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AOY® %ol TNS dueonS QuOLXC onuaclag TNe, 6Twe Bo govel 0Ty cuvéyeta, Slvel
07O GYESAOTY TOU GUGTAUNTOC EAEYYOU UL TEAXTLXY XL EVEALXTY) SUVATOTNHTA
oVlulone. Xuyxexpluévoa, 1 ToGOTNTO UVAPOPdC TOU YPNOLUOTOLELTAL Yiot TNV
adtaotatonoinon oyetileton dueca ue To elpog enLEPONc Tou xdbe moupdyovTa
ota duvouxd medlo Twv yertovixdv tou. Kot’ autdv tov tpdmo, elvar duva-
TOC 0 TEPLOPLOUOC TNS ETUBPAGTC TWV YELTOVIXOV TAPAYOVIWY GE Uldl OpLOUEVT
amo6oTOOY AN TOV (8L TopdyovTa.

Enextelvovtag auty tn ypauur oxédng, n Suvatdtnta TapaUeToonolnong tne
oLVAPTNOTNC eUTOdlWY SleLEvVONXEe TepalTépw UE TN SuVATOTNTA XaboELGUOY ULag
CUYXEXPLUEVNC TEPLOY T EVTOC TNg omolag evepyomoLleital 1 enldpaoT) YELTOVIXOY
TopAYOVIWY, 6e avTileon Ue To amAoUGTERO XELTHELO TN ATOGTACYS TOU YPNoL-
uomoteltol oe mponyoluevee Aboelc. Autd emLTEEREL TN Yprom %ol UN XUXALXADY
oYNUATWY, T60 Yo TNV TEpLoy Y| “emithenonc” xdbe agpooxdpous, 660 xal yia
TO oYU TOU WEATOY, TPOGTATEVOUEVOL YMhpou acpalelac xdfe aepooxdpouc,
omwe o povel 6T GUVEYELN, UE ATOTEAEGUA XOL TNV EVOOUATWOT) EUUECHY X0l
VOVOV TROTEPALOTNTAS GTO GYHUAL EAEYYOV.

Téhog, uLo eEMTAEOY EMEXTAOT, TOU TEOTELVETAUL GE AUTYH TNV epyaoia elval
N ELoaYWYT JaXELTOY XAACEWY TEOTEPULOTNTAC UETOE) TWV TopAYOVIWY, Ol
omoleg ypnoluwomotovvtal Yo va xafloploouy uta tepopyia olugponva ue tny onola
TEOY LU TOTOLOUVTAL OL EVEQYELEC ATOQYUYTC OO TOUC EUTAEXOUEVOUS TORAYOVTES.
Auté emitpénel oe TopdyovTee LPNAGTERPNC TREOTEPOLOTNTAC VoL SLATNEHGOUY TNV
mopela Toug, emlopTilovtag UGVo auTOUC YAUNAOTERNC TPOTEPALOTNTAS VoL (PPO-
VTloouY Yol TNV amoQuYT TOY LEToE) TOUC GUYXPOVCEMY.

2.3 Ilepropiouévr alobnon nepiBdAlovtog

'Onwe avagéplinxe tapandvw, 1 etoaywnyn teploptouévng alobnong tou teplBdA-
Aovtog, dnhadh twv yettovxdy aepooxapdy (f eunodivv), emtelybnxe uéow
ute véag Uop@ic TN ouvdptnomng eunodiov g;; mou exppdlel TN cuoyétion 2 oe-
cooxap®dy 1 oL j. Mia tpdtn uopg Yo T cuvdptnon eurodlov Tou tpotelveTal
oe auTh) TNV epyaotia Bploxel epapuoyn otny neplnTwon 6TOL O TPOGTATELOUE-
vog Y ®pog xdbe agpooxdpouc i, 0 omolog Sev TEEREL VoL €YEl ETUXAAUYT UE TOUC
avtioToLyoug YOEoUC dAAWY aepooxap®Y, Uoviehomoleltal wg ogalpo axtivag
ri. Tn Bdon yur auty €yel anoteléoel 1 LopYn NG oLVIETNOTC eunodiou Tou
eyeL Yenowdornonbel oe mponyoluevee tpoceyyloele, yweplc adlaotatonolnoy, n
omolo e3¢ cuuBolleTar wg gi;:

i = gji = |l — qjl > — 3 (2.4)

A
6mou 1 = 1+ 1; elvar To d0poloud TV aXTIVODY T; XL T TV WEATOV 6Qatpdy
ToL povtelorololy Ta dUo agpooxdpn. Me Bdorn Tov napandve oploud, 1 ou-
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véptnom gi; elval undevix) 6TaV OL TEOGTATEVOUEVES GQULPES TV UELOCHAPDY
L XUl J EQATTOVTOL XoL AUEAVETAL GGO ATOUAXPUVOVTAL.

Xpnoluonolhvtog To UEYLOTO EUPOC OVLYVEUGTC YELTOVLXMDY AEPOOXAPOY Ry,
1 wop®n Yo TN cuvdptnon eurodlou g;; mou Tpotelvetal edG elval:

L <%> ’ i — q;l| < Ry
where g;; = { Rs=rii g = @il < (2.5)
L la; — ;|| > B,
6mou 1 ouvdptnon L(z) elvar éva tohudvuuo uopprc:
L(z) = 2° — 32° + 3x (2.6)

To napandvew mohudvuuo L(x) éyet entheylel étoL dote va ixavomolel Tig mapa-
%4Tw ouVOrXEC:

L(0)=0 (2.72)
L(1) =1 (2.7h)
L'(z) > 0Vz € [0,1) (2.7¢)
L'(1)=L"(1)=0 (2.7d)

Me autdv tov TpdTO, To YELTOVXE acpooxdpn emdpovy oTto Tedlo ®; udvo e’
600V Bploxovtal 010 ecwTepxd TN ogalpac emtthpnong ue axtiva R ylpw ano
T0 0EPOOXAQPOC 1, OTWS alvetal xol oto Lyrua 2.1al

Xpnowonoldvtag To 8lo oxenTixd Tponomolinxe aviloTolyo xal 1 GUVIE-
TNOT AVATARACTACNS TOU YGeou epyaciac f; OOTe va TEPLOpLoTel 1 ATWOTLXT
enldpaon Tou oplou Tou evtdg uLag oplouévng andotacng R, ano autd. € Bdon
yenowornolinxe xat TdAL 1 aviloTolyn Lop@Y TS cuvdpTnone Ywelc adlaoTo-
Tomolno, 6nwe €yel yenotuonolnlel oe TponYoVUEVES TPOCEYYLOELS:

B = (R —13)* = llaill”

H avtiotoiyn adiaotatorounuévn cuvdpetnon 3; unohoylletal mapduola Ue Ty
Gij TOQATAVE:

0G; = L <(Rw_7'i)2fi(Rw—Rs)2) ) quH > Ry, — R; (28)
1, llgil| < Ruw — Ry

(2.9)

Kot autdv tov tpomo, n cuvdptnon B; undeviletor 6Tay o nopdyovtog ¢ e@dnte-
TaL 670 bpLo tou Sabéctuou ydeou, dnhady ||g;|| = Ry —1i, xoL uetodhhetol ue
C? tpbmo o xar v i 1 dtav o napdyovtag i elval ot artdotaoy ton A ueya-
Aotepn ano Ry uaxpLd amo to 6plo tou ydpou epyactiac, Snhadf ||g;|| < R, — R,
Bréne Syrua 21D
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9ij
Bi

T + s Rw Rs w r;

T
lla; — qjl| al
(a) (b)

Iyfine 2.1: [(a)l Adidotatn cuvdptnon eunodlov gi; oe oyéon ue Ty amboTACN
@i — q;]| vetadl twv TapayovTLY i xaL 5.
[(b)} Adidoratn suvdptnom Tou oplou ydpou epyastas 3; oe oyéon ue |[gil|

2.4  Mpn ogporpixol y®Hpol xol EUUESY) TEOTERALOTNTA

Enextelvovtag To nopamdvew oxentixd, Tpomonotiinxe XoL To oYU ToU YOO
emTipnong xdle acpooxdpous, apyLxd yio enineda TpoBAAUATA, OOTE VO Gy U0
tiletal ano NV Evwor evog NuxuXhiou xat ulag HULEAReLdNS, 6w palvetal 6To
Yyfuo 2.3al Auté éyive Bewpdvtag Ty Yéylotn andotaon entthipnone Ry xdle
agPOOXAPOLS WS cuVAETNON TNS Ywviag O Ylpw atd To agpooxdpoc, €Tl HOTE
va oynuatioTtel éva nuxdxAo axtivag Ry, oto nlow Auieninedo tou agpooxd-
poug xou Uta HULEAAeL) Ue UeYdho xat Uxpd Hul-dova Rgp xau R, aviiotouya
07O eUTPOS HULETITESO:

Rsr Rsp . fe(-x
Ry(0) = V/(Rar cos(8))°+(Ry s sin(9)) (=23) (2.10)
R,,, OLALPOPETING

Me auté to 1pb1o elvon Suvatic o cuVBUAGUGC UeYdlou edpouc emttipnong (Ué-
YpL XAl TOU UEYLOTOU TEYVLXE SuVITOU) 6TO Y(HPO UTPOOTY Ao TO 0EPOGXAPOC,
6mou ot mBavéS TapafLAcELS TNC andoTAOTS AOQAAELNC TEOXUTTOUY AOYW TNG (-
YNOTNS TOU, oL UixpOTEPOL oTa TAdyLa xou tlow. "Etot, ol arapaltntol ehtyuol
ATOYUYTC UTOPOUY Vo ZEXLVOUY 0pXETA Vel OGTE Vo Uny elval andTouoL, eve
oL ueydhec anoxhioelg ano tnv mopela armo@elyovtal AOYw TOU TEQLOPLOUEVOU
ebpoug emithpnone ota TAdyLa xatl Tlow. H emhextiny) aviluetdrion tov Yel-
TOVIXQV EUTOBLOY X0l AEPOOXAPDOY UE BAom TNV eYYUTNTA GTNY TPOEXTACT) TN
Topelag Tou aepooxdpous Bondd, exToC TV AAALY, X0l GTY) UElWGT TOU LTOAO-
YLoTX0U %x60ToUC TS UEDGB0L apol UELBVETOL 0 GUVOAXGS YDEOS ETLTAPNONS
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xal dpa 0 apliude YeLTOVwY Tou Teénel vor AdPBel unt’ oLy xdbe aepooxdpoc. Ta
TEAXTLXY OQEAYN ATO AUTH TNV AVILUETOTLOY), TOCO GTNY TEOXUTTOUGH TEOYLY
660 xaL 6710 LTohoYLoTxd xbotog gaivovial oto oyAua 22 o Ty nepinTwon

evoc otalbepoy eunodiou.

0.87
0.67
0.4
>0.27
oF

-0.27
-0.47

S0.6
-1.2 -1 -0.8-0.6-0.4-0.2 0 0.2 0.4 0.6 0.8
X

(a) Kuxhde ydpoc emthpnone pe Rsy =
Rep =05

0.8F
0.6f
0.4r
0.2 m
> P — ~— @ P
-0.2r

-0.4r
-0.6

1.2 -1 -0.8-0.6-0.4-0.2 0 0.2 0.4 0.6 0.8
X
(c) Kuxhwde ydpoc enttipnone ue Ry, =
Ry =0.15

0.8
0.6
0.4r
0.2

oF

>

-0.2¢
-0.4r
-0.6

1.2 -1 -0.8-0.6-0.4-0.2 0 0.2 0.4 0.6 0.8
X
(b) Mn xuxdhixde yopog emtipnone Ue
Rer = 0.15, Ry = 0.5

Yyfuo eEmTHENOTNS

@) | 1) | ()

Xpbvoc unoroylouoy
Mrxoc Tpoytdc

Yuvohur) anéhuty yovia otpogrc | 6.11 | 3.66 | 5.00

25sec | 20sec | 26sec
7.56 5.13 6.59

Yydua 2.2: Anoguyy| eunodiov Ue SLAQORETIXE GYHUATI TOU YOEOU ETLTHENONS

EmnAéov, 1 daxduavor tng axtivag emtthenone Ypw ano To aepooxdpog
EYEL EXTOC TV GAWY WS anmoTéleoua va eu@avielel un ouvuueteuxr] aAlnhe-
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(b)

EyAua 2.3: [(a)} H un-ogaipud teployf emitfipnong, anoteholuev oo éva nuixdxhio
mpoc to tlow xat pia AUL-EAAedn Tpog To eumpodC.

[(b)} "Eupeon mpotepuétnra Tou aepooxdpoug 2 we mpog to 1: To acpooxdgpog 2
AouPBdvetoal v’ gy amo to 1 ahhd Oyl To avTioTPoYo, wS ex ToUTou UbvVo To 1 Ha
TPAYUATOTOLAGEL ATOQYUYT).

Tidpaon uetall 800 YELTOVXOV 0EQOOXAQPOY i Xal j, 6Tav 1 enidpacy Tou i
oto Suvauxd medlo Tou j Bev elvar avtiotouyn ue autd Tou j oto i. H un
OUUUETELXT AAANAETLOP0OT EXSNAMDVETAL XL WS EUUEDT) OYEDT TPOTEPULOTNTAC
UETAEY YELTOVIXADY 0EQOCHAPDY AOY® TN SUVATOTNTAC AVLGOUEPOUSC XATAVOUNS
e Sodxaoiag aro@uync UeTaZl 80V0 1) TEPLOGOTEPWY YELTOVIXMY AEQOGHAPRY,
AVINOY O UE TIC EXAOTOTE OYETXES ToUC Déoelc. XopaxtnploTixnd Topddelyua Té-
Tolac teplntwone galvetat oto Yy ua 23Dl 61ov n adinhenidpaon elvon ardiuta
uovouepnc, odnydvtac wovo to agpooxdpoc 1 oe ellyud.

2.5 'Ayeor Ipotepadtnta

Extéc amo v ypfon €UUEST) TEOTEQULOTHTOY UECK TNC U GUUUETOLXNS oA~
Anhenidpaone UeTal) YELTOVX®OY Topaydviwy mou delyfnxe oto mponyoluevo
uToxepdhato, oto TAalola TNg mapovoac epyociac Tpotddnxe xau éva oy fud
duecwv, daxpltdv tpotepatothtoy. To oyfua autd Paciletar otny xotdtaln
xd0e mopdyovta i oe U oplouévn xAdon ¢; € N ano éva Lepopynuévo ov-
voho xAdoewv. Muixpdtepes TLWUES ¢; AVTLOTOLYOUY OE QUENUEVY TPOTEPALOTNTY,
ue Ty ehdytotn Ty ¢; = 0 va avtioTolyel oe mapdyovtes ywplc duvatdtnTa
eEMYUOY (Ty MNoyw PAAPNC) xat aveZéheyxta eunddio, To onolo TEETEL VoL omo-
pevyovtal and 6Aoug Toug dhhoug mapdyovies. To eninedo mpotepaldTNTAC C;f
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xd0e 0EPOOAAPOC EVOOUATMOVETAL GUECA OTNY XATAOKELT TWV TPOTELVOUEVWY
Suvaulx®y tedlwy, opllovtac Toug TapdyYdVTEC TOU UT0POoUY Vo eNLBpdo0oUY GE
x&fe nedlo (e’ boov Bploxovtar evtde tne avtloTolyne meployfic entthpnong).
Yuyxexpluéva, 1 xataoxeur) Tou Tedlou xdfe tapdyovta ¢ hauBdvel ut’ 6Ly G-
AOUC TOREYOVTES j TOL aVHX0LY 6T0 GUVOLo TV ThavGY “anethdv T;, dnhadi
€youv lom 1 vPNAdTERN TEOTEPALOTNTA, 1) AAALDC AVAXOLY TNV Bl 1 UxEdTERT
x\don:

T,2 {j e {1, N}\ {i}|e; < ¢} (2.11)

Kat’ autdy tov 1610 napdyovTes § yaunhotepnc tpotepatdtnTac (Tou dev avi-
xouv oto aivoho T;) ayvoolvtal uéow tne un tepthndne e avtiotolyng dua-
OLXNC CLVARTNONS gij OTNV XATAOXELY| TNEG GLYOALXYC GLUVAETNOTS eunodlowy Gj.

2.6 X0vbeom tou medlou

Me Bdor ) cuvduacuévn enidpacn Tou oY AUATOC GUECTIC TEOTEQULTOTNTAC XL
NG TEPLOPLOUEYNC YVAOTNS TOU TEQLBIANOVTOS TOU TEPLYRAPNXAY TAQATAV®, 1)
TEAXY) Woppn) Tou Talpvel 1 cuvokxr ouvdptnon eutodiwy G elval:

G; = H Gij (2.12)
JET;

6mou: T ={j € T;| ||gi — qj|| < Rs} (2.13)

Anhadt TeAxd T0 GUVOLO TV EVERYDY " aTELAOY T, tou TAPAYOVTO &, TOU ETL-
dpolv xai oto medlo P;, meploplletal avd ndoa oTiyur Udvo ota UEAN exelva
ToU 6UVOLoU ThavGOY " amelthdV” T; mou Peloxovtal eviog NS TEpLOY NS EMLTHEN-
onc T;, 0ol oL GUVAPTAGELS gi; TOL AvTLaTOLY0UY Ge Ge0UC Beloxovial extde
QUTAC, OV 0L TUTLXE GUUUETEYOLY GTOY UTOAOYLOUS NS ouvdptnong Gy, éyouy
uovodtalor TLun.

Enmiéov, yia tn ovvheon tou nedlou olugwva ue t uwopoh (1) anottel-
Tal 0 Xa00pLOUOS TWY GUVIPTAGEWY GTOYOU Y4 XUl CUVERYUTIXOTNTAS f;, xaldg
NS GLVERETNOTEC TEPLYPAPTIC TOL SLaféaiuou yweou Fy. Axoloubdvtog TapduoLa
TAXTLXT UE AUTY| TOU TOPOUCLAGTNXE TAPATAV®, 1) GLUVEETNCT OTOYOL ABLACTATO-
moteltaL, auth TN Qopd ue Bdon tnv axtiva tou dtabéaiuou ydeou R, o< urxog
AVOLPORAC:

2
o @i — qidl|
B 2

R’LU
Eg’ 6oov n uéyiotn andéotaon uetald onolovdnrote dVo onuelwy evidg Tou
Slabéaiuou ydeou epyaotog elvar ton ue 2R, n oLVAETNON GTOYOL UTOEEL Vo
xouaivetol Yetold 0 xa 4.

i (2.14)
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H ouvdptnon ocuvepyatxdtnrac f; yenowwonoleltal edd oty TpwToTUTY
uopt mou mapouctdotnxe [5], xafde elval Adn aveldptntn TV daoTAoEGY TOU
EXGOTOTE TPOPANUATOC:

ap+ 30 4Gl G <X

fi(G;) = 0. G > X (2.15)

omov ag = Y, a; = 0, ag = }9’—3/, az = % xat ot X, Y elvar Oetxée mopd-
uetpol. H mapduetpoc X opilet éva xatdhl yio ) ouvdptnor G;, Gote dtay
auth malpvel Twéc uixpdtepec ano X (Snhadf 6tav utdpyel oTevA eyyUTnTa Ue
YELTOVIX0UE TUPAYOVTES) VoL EVEPYOTOLELTAL 1 GUVERYATIXT| ouvdpTtnon fi, dlotn-
oovtog Oetind| TNy Twwy) tou edlov, ®; > 0. H napduetpoc YV opllel tn uéyiotn
T e fi, n omola mpoxdntel 6tav Gy = 0.

Yuvdudlovtag Tig Tapandve Uop@és Twv emuépous cuvapthoewy G, Bi, Vi,
Hypi xau f; ue Bdon ty e€iowon (20) ouvtifetar to tedxd anoxevipwuévo du-
vauxod medlo, To onolo Slabétel Tomxy| emtthpnon Tou TEpBdANOVTOC xaBOC XoL
dueoeg aAAd xol Euueceg TEOTEPALOTNTESC. To ANOTEAEGUO TNC TEOTELVOUEVNC
uefodohoylac xataoxevric Tou medlou, xuplwe de 1 Tomxn enidpaon Twv euno-
dlwv, Yo éva TEOBANU UE 3 xUXAXE EUTOdLA XL TO GTOYO GTO XEVIPO TOU
Stabéaiuou ydeou gaivetol ota oyfuata 2.4 xou Y10 oyfua 2.4 gatvovtat
oL ouvapthoec G, B, vi xau ®; xatd urnxog tou Betixold Hui-dZova x, o onolog
Siépyetal amo to xévtpo Tou evog eunodiov. H ouvdptnon cuvepyatixdtnrag f;
el DewpnPel ed6 undeviey mtavtod yio xaldtepn enontela. 'Onwe galvetal 6To
oyfua 2.4 ta eunddia xat To 6plo Tou SLabéctuou Y Hpou ELdEOVY GTIC GUVIE-
oeig G; xou f; avtioTtolyo xabloTdvTag Teg UxpodTepes amo 1 ubvo evtdg g
anbotaong euPéretag Ry aro autd. H didotixtn umie ypauur avoraplotd tny
Twr Tou Suvauxol O, ywpelc Ty enldpoon Twv Tapandve, dnhady| Hewpdvtac
G = (i = 1 navtol. 'Onwg elval To avoUuevouevo, duTd GUUTITTEL UE TNV TEAY-
UaTLXr TLUT) TOU Buvaxol exTég TNg euBEletag enidpaong TwY eUunodiwy xal Tou
oplou Tou ydpou epyaciog.

'Onwe avalvetal oto Thfpeg xeluevo tne epyactac otny Ayyixy YAOooa, o
TOPATEVG TEOTOSC XATAOKEVHC TOU SuVaULX0oU Tedlou xavoToLel TLC anapaltnTeg
ouvbrxec e pebodoroylac Twv Xuvapthoewy IThofynong, tpoopépovtac étol
TAOTHYNOT) UE EYYUNUEVT ATOQUYT| GUYXPOUCEWY XUl TEOGEYYLOT TOU GTOYOU.
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Z;
Yyhuo 2.4: Yuvohwxr ouvdptnor eunodlov G;, cuvdptnon yoeou epyaotiac F;, ou-
véptnon otéyou v; xat To TeEAxS duvauxd nedio @; v z; € [0, Rw], y; = 0.

Wl

I

) ) /‘;
0l NNM%//

X

YyAua 2.5: To duvauxd medlo oe éva mpoBinua ue 3 eunddia xal Tomxr alclnen
nepLBdAlovoc.
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2.7  Koataoxeur duvautxol nedlov oe YOpous UE EW-
LECMS OPLOUEVA CYAULATA

Yy napovoa epyacia pekethiinxe xat n enéxtaocn tng uebodoloylac xata-
OXELNC SUVOUXGY TedlwY Ue YapaxTneloTixd Yuvaptioeny IThonynong oe yo-
OOUC IOV ATOTEAOUVTOL OO GY AT IS YEVIXOTERNS LOPYHC TOU UTOPOUY VA
TEPLYPAPOLY EUUECWS aTto Ulo oYEoT TNS Lop®nc:

flq) <0 (2.16)

6mou q elval didvuoua Béong. Me autd Tov TpoTO YiveTol EQUXTY 1) EQaPUOYT| TNS
uebodoloylag oe Lo evpltepn oLxoYEVELX TPOBANUATOY TOANATAGY TEOXTOPWY,
omou dev elvan anapaltnTn 1 yenon opapxdy oynudtwy. H mpocéyyiorn mou
axolouvBeltal arotehel yevixevorn tne mpaxtixic mou napouctdotnxe oto [2.4]
Yl Tov AUl-eAAelmTind yGpo emitipnone. Ilo ocuyxexpluuéva, 1 meplypagr Tou
byxou O;(q;) x4fe napdyovta i yivetal TAEOV UECW ULIC GLUVERTNONS EYYUTNTOC
6:(gi, q) n omola malpver apyntxés TLWéS 6T0 ecwTepd Tou O, Detixée extic
autoU eved undeviletal 6To ovvopo tou, 00;:

Oi(q;) = {q : é:(qi,q) < 0} (2.17)
20;(q;) = {q : 6i(qi, q) = 0} (2.18)

6mou g; etval 1 Béon Tou mapdyovta i xo g € W to Sidvuouo arnéhutng Béong
oto dwbéoo ydpo W. H Siagopetinr) uoviehonolnon tou xdbe mapdyovta,
xafdg xau tou dwbéowuov ydpou, Tou yenoldornoleital e3¢ oe oyéon ue To
TEONYOVUEVO UTOXEPAAALO XATAATYEL OE VEEC UOPPES YLOL TL GUVOQPTHOELS GU-
YXpoUoNS g;; xaL SLaféaLuou ydpou Fip, Tou aroTeholy Baoixd GLOTUTIXE TOU
Suvautxov tedlov @;. Ye xdbe nopdyovia i ue Héomn g; avtiotolyileton €vag yo-
00c oyeTXdY ouyxpoloewy 0;;(g;) Yo x80e yeltovixd tou topdyovta X eunddio
J, 0 omolog mepthaufdvel 6hec Tic Béoelg g; Tou j mou Tpoxalolv clyxpouon
uetaly TV dvo:

Oyi(q;) = {q;16;j(qi, q;) < 0} (2.19)

Kot’ autdv Tov tpémo npoxintel yio xd0e napdyovta ¢ ue ulo mhovn anelly j
évog enauinuévoc, Weatds dyxog tou mapdyovta i, O, evidc Tou onolou dev
mpémel vo Bpebel 1 Béon q; dote va unv undplel olyxpouor. Auth n tpocol-
Enom Tou 6YXoL TOou TapdyovTa i GoTe vo Utopel TAéov va Oewpnlel o étepog
TOEAYOVTAC 1) EUTOdLO J ONUELIXOS, elval xot’ apyhy Looduvaurn Ue Ty avti-
oToly N ETAVENCT) TOU HYXOU TV EUTOdlwY Xal TN BedENon TOU TAPAYOVTA & WS
oNUELIX0U, XaL ELVAL XOLVT TEAXTLXT) 6TO OYedLaoUd Topelag AToQUYRS GUYXEOU-
cewv. XTny epyacia ed0 ypnowwonoteltal 1 Teocalincy Tou 6yxou Tou Ldiou
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Topdyovta ylatl, Onwe egnyelton tapaxdtw, N onuetaxy) Bedenon Twy eunodiwy
SteuxollveL Ty yerion uac otabephic teployfc emLTheNoNS Yio xdbe mapdyovta.
Avéhoya ue Ty eQopuoyy, To oAU TOU ETAULENUEVOL YOEOU LY XPoVUCELY O;;
xal dpo xoL 1 ouvdptnoT 6;; Utopolv elte va opilovtal dueca, dniady| oL wpo-
SLaypapéc amo@uYNc cLYXpoVoE®Y Vo ex@pdloviol GUECH WS TROS TN GYETLXY
0éom uetall moapaydviwy, elte vo Tpénel vo Tpoadloptaoly éuueca Bdoel Twy
UEUOVOUEVWY OYNUATWY XL GUVAPTACEWY 0;, 0;. 'Onwg ednyeltal avahutixd
070 TATPEC XelUEVO TNC €pYACLUC, O AVIAUTIXOS TPOGOLOPLOUOS LIS XATAAAT-
Ang ouvdptnong 0;; Yo dedouéveg 6;, 0; dev elvar mdvtote duvatdg, Yo AUTH
nopovoldletal eniong xal évag Tpémog yYeupixol Tpoadloplouol Tou 6yxou O;;.

H mpaxtiny) mou meplypdonxe mopandve yia Ty Joviehomolnon tou ydeou
OLYXPOVOEMY YENOLUOTOLELTAL XOL YLOL TNV TEPLYPAPT TOU YGpou emtthenons A;
YVew ano N 6éorn q; xdfe mapdyovta ¢, ue TN Borbela ULag oLUVAETNONC ETLTH-
eNomNC §; Ue WLOTNTEC avTloTOLYEC UE TNV 05t

Ai(g) = {q: si(gi,q) <0} (2.20)

O ydpog emtfipnone A; anoteleltal ano 6hec Tic duvatéc Béoelg mou umopel va
EYEL EVOL YELTOVIXO EUTOBLO 1) GAAOC TARdYOVTAC BOTE VoL ETLOPAGEL GTO dUVIULXS
TOU TUPAYOVTA 4.

Tehxd ue Bdor tic ouvapthoelg eyyVTnTac 0;; oL emTAENONS 5; UTopel va
ouvtebel uo xatdAAnhn ouvdptnon cUyxpouone g Yl To duvouxd P; mou
APoPd GTOV TUEAYOVTA j. ZEXLVOVTOS 0RO TNY TOCOTNTI —%, 1 omola unde-
viletal otny enoagn dVo mapaydviwy o6mou 0;; = 0 xou Telvel oto dmelpo dTay
o mapdyovtac j elvat oto Gplo tne meployfic emtthpnong tou i (s, = 0 ) xou
elvar Betueh avdueoa, epapuélovue Tov axéiovho dpeouoppioud [30] dote va
avtiotoLynbel to —iﬂ € [0, +00] o70 ddonua [0, 1]:

_ bij Oij
= ) =2 2.21
& (U)‘ ° 7 bij — As; (2.21)
T
) —), A>0 2.22
6Tou o) et (2.22)

Me autév oV TedTO 1) TPOXUTTOUGH GUVEETNOY §;j UNSEVICETAL OTNY ETAYY) TWY
ToPAYOVTWY ¢ Xat j eve avldvetal oe Oetixée Tuéc xabde ol dlo napdyovtec

ITw Moyouc amhdtnrac yenotuonotelton puévo n Béon g; tou onuelov avagopds Tou Topd-
yovta j xat byt o mheng 6yxog tou 0. Autd unopel va Exel wg anoTéAEcU EVa UEPOS TOL
6yxov O; va Bploxetow eviée tne mepoyfic enttipnone A; alld tehxd to duvauixd Tou ma-
pdyovto i va uny ennppedletal ano Tov napdyovta j €4V To onuelo avapopds Tou elvol exTog
Tou A;. Av elvar anapalitnn ulo mo axplBrc neptypapy) dtou haufdvetor undédLy onotodrnote
Tuiua tou 6yxou O; Beloxetol evidg Tou ydpou emtthenong A;, o mpénel vo npoadioptabel o
avtioTolyog yopoc emtipnong A;; ue Swadxaoto napduota pe aut yia tov Ojj.
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amouaxplivovtal UeTall Toug Uypl Xol TO Oplo NS TEPLOYNS ETLTHPNONS TOU
Topdyovta ¢ 6mou yivetal uovadiolo. Emouévee uropel vo ypnoiuoroiniel o
Béom vl ™y tedueh ouvdptnon alyxpouorg gi; oty weployx) Ai(q) \ O}(q:)
6mou auth| elvon evepyr. EZdAlou, extdc tng meploync autic 1 enidpaoy Tou
Tapdyovta J anevepyornoleltal, dpa mpénel exel va toylel g;; = 1. {2¢ ex TodTtou
Yo va dracgadiotel oL 1 g;; Ba ewvar C? mavtol ypnotdonoeltol 6Twe xaL 6Ty
napdypapo 23 1o tohudvuuo popehc L(z) = x® — 3x2 + 3z:

L(gij), gi; <1
gy 2 {1 (i) 95 = (2.23)
) 9ij > 1
H tehuxt| ouvdptnon olyxpouong g;; elval undevixy) 6to 6vvopo xdfe alyxpou-
ong, xdvovtag 1o nedlo P; anwotxd xabdc autd hauBdvel T UEYLOTN TLUY TOU
(1), auZdveton ue C* 1p6T0 WS TN LOVEdA 670 bpLo TNE Teployfic entThpnong A;
xal mapauével otabepd wovadialo extdc auTthc, omoTE TEAXTIXG TadeL Vo ETLOPY
oto nedio.

AvtioTtouya ue TN ouvdpTtnon clyxpousng Ue dAhoug TopdyoVTES oL EUTOdL
gij xotooxeudletol xat 1 ouvdptnot B; YL TOV TEPLOPLOUS TWV TURAYOVIWY
evTog Tou Sabéaiuou yodpou W. O Swbéowuoc ydpoc opiletor ue 1 Pordela
e ouvdptnonc d(q):

W = {qléo(q) < 0} (2:24)
(2.25)
H enidpaon Tou cuvépou tou dlabéciuou ydpou evepyornoteital u6vo Tomxd, oe
UL TEPLOY Y XOVTA 6TO GUVORO, eVve ot Uia teploy) ' C W nou elvat 610 ecw-
Tepxd Tou Slabéaiuou ydpou elval avevepyn. H neployn F' émou ol mapdyovreg
mhonyoluvtal ywpelc vo emnppedlovtal xab6iou amo to oUvopo Tou dlaféciuou
Y ®pou oplletol Uéow TNe BabunTic ouvdpTnong So:
F = {qlso(q) < 0} (2:26)
(2.27)
Tehxd, to olvopo Tou Sbéciuou ydpou emnpeedlel TOUC TAPAYOVTES UOVO
evtoe tne Ldvne W\ F, énoc gaivetar 610 oyfuaZ6l Evtéc autic tne neployic
Loy vouv:
6io = 6o(qi) <0 (2.28)
sio = So(qi) > 0 (2.29)
Enouévoc, o Supeouoppoude oy ([2.22) uropel va ypnoiuorounfel xou edé yio
v avTioTolyloet To Aoyo —g’%g € [0, +inf) oto enbuuntd edpoc Fi € [0, 1]:

~ 0; 0;
Bio = (U/\ o ——0) =— (2.30)

Si0 bi0 — Asio
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Yyhna 2.6: O dwabéoipog ydpoc W (urhe ypdua) xat 1 teproyhy F' (oxiaon) 6mou 7
enidpaon Tou elvar avevepyr. O napdyovies anwboldvtal ano to 6pLo udvo evtde ng
unhe meploync ywelc oxtaon.

Me Béon Tov mopandve oploud, 1 ouvdetnon B undeviletal 6to dplo Tou dia-
Oéoluou ydpou xau yivetor povdda, dnhadh avevepyr, 6To Gplo TNG TEPLOYNS
empporic F. T v tehixt| ouvdptnon dtabéoluou ydeou By yernotuonoleital
%ol €86 To ToAuGVLLO Lopphc L(x) dote va eucpaiiotel 6L auty Ha elvar C2:

q; =T (q; — @) (2.31)

cos(¢;) sin(¢;) 0

T; = | —sin(¢;) cos(¢;) 0 (2.32)
0 0 1
o L(Bin), Bin<1

Bio = {1’ By > 1 (2.33)

"Eyovtag mpoodloploel Ti¢ VEEC UOpQES TOV OULYVAPTACEWY GUYXPOUGTS (i)
(223)) xou dabéoiuou ydpou Bip ([233) avdhoyo pe Ty exdoTote EQUPUOYY,
AUTEC UTopovy va yenoluoroltnfoldy ylo Ty xoTtaoxeut| Tou Suvauxol tediouv @;
6Twe xaL 6To TPoNYoVUEVO UTOXEPdAALO, yenoluotoldvTac ) oyéon (LII).
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2,

(a) (b)

YyAua 2.7: O yodpog ouyxpoloeny Yipw ano xdbe acpooxdpog, wg éva TETAATU-
ouévo GQuLpoeldéc Ue axTiva 6To 0plldVTlo xal xaTaxb6puo eninedo lon ue Ty avti-
otouyn eAdytoTn anotoVuevy andotaoy aogarelag, dp xat d, . (To oyfua dev elvat
v whigaxa)

2.7.1 Egapupoyr otov éleyyo evaépLag xuxhopoplag

H onuavtixd pyeyaldtepn eheuleplo ota oyfuata xdbe napdyovta, NS TEQLOY NS
EMLTAPNONS TOU Xl Tou SLabéoLuou Ydpou eTLTEENEL TNV XAAVTERY TROGUPUOYY
e uebodoloylog oTnY TAOTY NGO XAl ATOPUYY CUYXPOVCENY AEPOOXAPHY GTOV
3-Sdotato yopeo. o va emtteuy el autd ypetdletar va emtheyfHoly xatdAinha
OYAUOTA YL THY OVOTAPAOTAGT TOU YMEOU GYETLXGY cuyxpovoewy O;; xdbe
AEPOCHAPOUS 1 %Ol TNG TEpLOYhc EmThpnong Tou A;. Xtnv napoldoa epyacia
TpotelveTal 1 emAoyy) eAAeLoelddy xaldc auTd TEOGPEROUY LxavoToLnTLXT Su-
vatédtnTa plbulong Twy dlaoTdoewy Tou TeEAX0U oyfuatoc avd Sievbuvor, oe
oLYBLACUO UE ATAT) OYETIXG AVAAUTIXY) TEPLYPAPT) XL UTOAOYLOTIXG XOOTOC.

[t Tov Y Gpo oYeTXd)Y cuYXpoUcewY xdle acpooxdpouc TpoTelveTal 1 yerion
evHC TEMAATUGUEVOL eAAELPOELBOUC €X TEPLOTEOPTC YUPW OTO TOV XATAXOPUYO
dCova, ue opllbvTio ol xatoxdpupo NuL-dZova, dp xau d, avtictolya, 6o ue
TNV EAAYLOTN EMLTPENOUEYY], AmOCTOON UETOZ) 2 AEPOOXAPDOY GTNY avIloToLyT
dtevbuvor, 6nwe paivetal 6to LyAua 271 Suvende, 1 avaluTixy Exppoon Tou
XOPOL BLYXEOVCEWY UECW TNG CUVAPTNONS 0;; elval:

2 N2 2
(=) W) (&)

5, =\ j i) 2.34

iTTe e e (2.54)

6mou g = [ x4 yi 2| elvau n Béon tou aepooxdgouc j oTo cLUATEdETO

’ 7 7 - ’ 7 7 ’
GUOTNUL GUVTETOYUEVWY TOU UEROOXEPOUC 4, UE TOV SE0VA L5 0T Slouixn dled-
) 4 ) A .
fBuven, Tov y; oty eYxdpoto xaL ToV z; 6TNY XATAXGELPY:
[ 0 wop@y| Tou yopou emithpnone mpotelvetal évag cuvduaouds dVo Nul-
elethoeddy, emextelvovtag Tn yeauur oxédng mou TapoLUCLAcTAXE OTNHY To-
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) 2R,

(b)
Yydua 2.8: H neployy| emtripnone A; yopw ano xdfe aepooxdpog extelveton xatd

Ry mpog ta eunpbe, R, mpog ta mlow o mAdyLa xar R, méve xat xdte. (Sydua oyt
urto xhlpaxa)

odypago 2.4 Xuyxexpwéva, o ydpoc emthipnone anoteleltal amo éva fut-
eMherhoeldés eumpodg ue fui-dloveg Ry, R, xau R, oto Swufxn, eyxdpoto xat
XATAXOPUPO dEova, xat Eva EAAELYOELDES TLoW ATO TO AEPOCHAPOC UE HUL-AEOVES
avtiotowyo Ry, R, xa. R,, 6nwe golvetal oto Lynua 2.8 Autd n woppr|, 6nwce
éxeL mapouotachel otny epyaoio [46], emtpénel mo ouakovs ehryuolc xou Uti-
%p0TEPES amoxAloel 6Ty Tehxt) TpoyLd, xaldc ouvdudlel ueydho edpog emt-
™enone R, 070 y®po eunpds ano To agpooxdpoc ue uxpdtepo elpoc R, o€
eunodlo 0To TAdL Xl Tlow ano autd. Emmiéov, onwg €yel Seiybel otny mapd-
Yeapo [2.4] tétoloL un-ogatpixol ydpol emtthipnong enBEAAOUY EUUEGOUC XUVOVES
TPOTEQPALOTNTAC UETAEY YELTOVIXMY AEPOCHAPDY.

[t TV avaAuTLXr avamopdoTaoT) TOU ToRATIVE Y MOPOU ETLTARNONS 1) GUVIE-

TNOT Sij EYEL TN LOPQY):

2 2 2
(=) () | (=)
Sij == RJZ + RJQ + éZ —1 (235)
R _ Ry, x; >0 (to agpooxdpoc j Bploxetal eunpdc Ao To i) (2.36)
“ R, ; <0 (to aepooxdpoc j Beloxeton nlow aro to i) '

XpnowonoldvTog TG UOPYES TOY GUVIPTACEWY GUYXPOUCEWY 0;; %Ol ETL-
THENOTNG Sij TOU TAPOUGLAGTNXAY OTNV TARAYQEUPO AUTH OTNV XATACKELT, TOU
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SuvauLxol tediou 6nwe napouctdotnxe oty tapdypapo . elval duvaty n xato-
OXELT EVOC TEYYNTOU Buvautxoy Yio xd0e aepooxdpoc Tou ENLTREREL TNV ACQAAT
TAOTYNOT TPOC TOV TEOOELOUS, YWPlS CUYXPOVCELS.
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Kegpdiawo 3

AnoxevipmUEVn anopuLYT
GUYXPOVUGEMY AEQOGHAPHV

3.1 Ewcaynyi

To teyvntd Suvauixd Tedlo xUTUOHEVACUEVO OTWS TAPOUCLAGTNXE GTO TPOT)-
yYoUuevo xe@dlalo amoTeAel Loyupt| Bdon yia TN dnutouvpyla VO GUOTAUATOC
TAOHYNOTS XAl ATOPUYNS GLUYXEOVCEWY agpooxap®y. o var yivel autd duvatd
amoutelton 1 oyedlaon evog ouvohou VOuwy eléyyou mou Oa ypnowmotel Ty
TANPOYORLY TOU UTEPYEL EVOWUATWUEVT 0TO SuvauLxd medlo yia va Tapdéel Tig
xATIANANAES eLoddouC eAEYy oL xdbe agpooxdpouc. [lo ouyxexpluéva, To oyHua
eAEYYOL TpéneL v aLomotel TLg uabnuatixéc LoTNTES Tou duvaulxoy tediou (tou
el xataoxevaotel aveldpTnTa ano To Uovtého xivnorne xdbe mapdyovta - oe-
000x4pouc), hauPdvovtac urn’ édiv 0 pwovtehonoinor xdfe aepooxdpouc Gote
TO GUVOAXG GUOTHUA VO ElVOL EQUPUOCLUO XL ACQAAES.

H yevueq apyt) v tnv mhorjynon evog mopdyovia i ue Bdon €va teyvntod
Suvauxo nedlo ®; elvar n napaxorovinomn tne apvnTxic xAlong tou medlou Tpog
™Y gopd mou autd uetdvetol. Kabde ta duvouxd nedla mou Bacilovtal oe ou-
VapTHOELS TAOTYNONE EYOUY axpLBGS Eva EAAYLOTO Xl Talpvouy TN UEYLOTY TLUT)
TOUC GTO GUYOPO TV GUYXPOUGEWY, 1) ECAGPIAOT) TTwTX0V pLOUOY Yia TNV TLUT
Tou Tedlou apxel Yl vo odnyrioel xd0e mopdyovTa LoaxpLd ano GLYXEOUGCELS oL
TPOS TOV TPOOPLOUOS TOU. LNV ATAOUCTERT) Lop®n EAEY Y 0L, 0 xdle TapdyovTog
axohoufel améAuTa ULor SuVaULXY| YeoUUT Tou Tedlou Uéypl ToV Tpooploud Tov,
dnhodn Loylel ndvta:

g = —V,;; (3.1)
0P,

6mov V;®; = S0 [ D Dy Dy, }T (3.2)
q;

165



elvat 1 xAlon Tou m&ou g Tcpog 1 Béom g; Tou TapdYoVTU %, YENOLUOTOLOVTOG
10 ouuPBoioud ®;, = Bx , @iy 51; , i, = ‘9;; )
Auth 0 toxTin, av xou out)\n, dev elval egapudolun oe meayuaTIXd GLOTH-
uata xafde npolnobétel dtL 0 %dbe mapdyovtac umopel avd mdoo oTLYUR va
axohouffioel onoladnroTe TpoyLd oL ue onotadfrote TayvtnTa. Edied 8¢ otov
ENeYY0 evagplac xuxhogoplac meétel va Angbodyv ur’ 6Ly oL duvauxol TepLopt-
ouol Tou UTEEYOLY BTNV BUVAULXT TWV UEPOCHAPADY XAl ETLBAAOLY ALGTNEY dpla
otnyv xivnorn toug. ¢ ex ToUtou, elval anapaltnTog évag dlapopeTindc vouog
ehéyyou mou Oa emitpénel anoxhicelc g xlvnong tou xdbe aepooxdpoug and
™V axpPh devBuvor xal taydTnTa Tou TpoxUntel and Tov vouo eréyyou (B.1)),
(OOTE VoL LXAVOTIOLOUVTOL UEV OL SUVAULXOL TEPLOPLOUOL, EVE) TapdAANAA SUWS BLo-
TNEOUVTAL OL AUGTNEES EYYUNOELS ATOPUYTHC CUYXPOVUCEW®Y XUl TROGEYYLGNS TOU
TPoOopPLEUOY TOL TPOGpEpeL To LTHPBabpo Twv Xuvapthcewy IThofynong.

‘Evac and toug xupldtepoug TEPLOPLOUOUS TOU AVTLUETOTLOTNXAY OTNY To-
coloa epyacta elval autdg Tou xatdTaToL oplou taydtntac. Ta meplocdTepa
agpooxdpn, yeewdlovrtal ula eldytotn Taydtnta tthong Gdote va elacpoillouy
™V anapaltnTn dvwor), eved Woavixd 1 TaydTnTa Toug TEENEL va elval oTabep.
Autdc o mepLoploudg eV elye AVTIUETOTLOTEL ETAPXOS 0TS UEYPL TMpA AUOELS
ue Xuvapthoelc [Thorynone, Wialtepa autée mou otdyevay WS xVpLo EPAPUOYY
T OYRUATA EBEPOUC TOU OTLC MEPLOGOTEPES TMEPLTTMOOELS €YOUV T1 SUVATOTNHTA
axLyNTOTOINGNG, AxdU XL avaoTeoPNS TNS TayVtnTag Toug. Mo mpdtn Tpo-
oéyylon o6To {ATNUA TOU EAEYYOL TNS TayUTNTAC TAVIWS TopoucLdleTol oTny
epyaota [3], 6mou ypnotuonoteltal éva oyfua evahhayfic xepdhvy Ue aTdy o T dlo-
THeNom TNS TayVTNTOC X4Tw ano €va dve 6plo. 'Eva dhho {itnuo mou Afgbnxe
coPapd uT’6dLy oTn oyEdlaon TOU TEOTELVOUEYOL €8 CUOTAUATOC EAEYYOL El-
vau 1 analtnor v 660 10 BuVATOV UELWUEVOUS EALYUOUC XaTd TNV TAOHYNoT
TOU 0EPOOXAPOUS, OGTE VA UNY UTEPYEL UEYAAT ambdxhior aro tny eulela mo-
cela. Amogevyovtog mepltéc alhayés mopelog BehtidveTtal 1 owxovoula ypdvou
xal xowoluov ohhd xoL 1 dveon Twv emPatdy. ‘Eyive npoondbeia Gote, av %ol
oL SUVAULXES YPAUUES TV TEYVNTOV dUVIULX®OY TEdlwY elvol Yevixd xaurvleg,
oL TEAXES TROYLEC Vo amoTtehovvTal oe Ueydho Babud armo evblypauua TUfUaTa,
Omwe elval xat N TpoTiunon TAGTWY xal EAEYXTOVY evagplag xuxhogoplag. Té-
AOg, €Vl oNUAYTIXG XOUUdTL TS epyactag agopd TV TAoYynon oc 3-3ldoTato
Y®pO UE TEOTO oLULUTH UE TS SUVATOTNTES TWV AEQOCXAPDYV XoL TNV GUVHDTN
rpaxtieh otov [EEK]

Y1 ouvéyela autol Tou xepalalou Tapouctdletal N Bacixy) Ypauur oxédng
NG TPOTELVOUEYNC OTRUTNYIXNAC EAEYYOL XAHHDC ol GUVOTTIXG OL VOUOL EAEYYOU
v Ty 2-0udotatn xou 3-didotacn tAonynon acpooxapny. H avalutiny mo-
couctaon xafde oL oL anodellels ToV WLOTATOY TOY TEOTELVOUEVWY ohyoplh-
uwv uropovv va Beebolyv oto Kegpdhato 5 tou mAfjpoug xewwévou otny Ayyhuxt

166



yAGooo

3.2 IIhovynon acpooxapdy oe opllovTio eninedo

H nopouctacy tng npotetvduevng taxtixic ehéyyou unopel vo extvioet e3¢ ano
TNV TEPINTWOT TNS TAOTHYNONS AEQOOKAPDY GE €va - xoLvd - optlbvTio eninedo,
EVQ 1 EMEXTACT, 0TOV 3-8L40TATO YOPO GLYOPILETAUL GTO ENOUEVO UTOXEPEAALO.
Me Bdon tn uovtelonoinor tou xdfe aepooxdpouc Tou €yel napoucLaaTel aTNY
nopdypapo [LAT autd otn cLYXEXPUUEVY EQUEUOYT TRETEL VO YIVEL UEGK XATEA-
Anhou ehéyyou NS 0pllHVTLOS YRUUULXAC TaYUTNTAC Ui, TNS YWVLAXAS ToyUTNTOS
(YUpw and Tov xataxbpupo dZova) w; %ol TNS XATAXOPUPTS YPOUUUXAC Ty UTr-
Tac w;. Baowd xivnteo yio ) oyedlaon Tou Topaxdtw vouou eAéyyou elval va
unopel To %d0e agpooxdpoc va xiveltar evBdypauua xau ue otabepn taydtnTa
OTAV UTO TOU ETUTEETEL VoL UELOVEL UE emapxr) pubud TNy TLur Tou SuvauLxoy
medlou xat vo TtpoPalvel oe alhayéc TayvTnTac xot Sievbuvorng udvo dtav elvol
arapattnTo.

Yy 2-8dotatn meplntwor mou avakletal €360 To duvauxd medlo P; elvon
oLvdpTnoT Twv 2 oplovtiwy dctdoewy. Adyw TNC UoVTELOTONGTC TOU aEpO-
OXAPOUS WS UOVOXUXAOU TOU XLVELTOL UOVO XaTd Tov Slounxn dZovo Tou 6To
optl6vTio entinedo, wg avagopd yenowwonoleltal 1 tpofohn Tng xhiong V;®; otov
dEova auTdHV:

, cos(¢;
P=J-V;®;, o6movJ;=| . (63)
sin(¢)
H avayxaia xatedbuven xivnone dote n Béon va uetaBdhetal Tpog younhdTepee
TLWéC Tou duvaulxol nedlou ®; Slvetonl amo to npdonuo s;:

s; = sgn(F;)
, A 1, >0
6mou: sgn(x) =
-1, z<0.
Av xou autéd onualvel g oTn Yewxr| Teplntwon unopel va amartnel aAloy
xatevbuveng xivnong, To omolo Yl agpooxdpn elval TEOGUVOS adUVATO, GTO
TApES xeluevo TNg epyaolog TopoucLACoVTaL AVUAUTIXE Ol AVOYXaleg XOL LX0-
véc ouvlfixec dote vo elaogaliotel 0Tl N TpoxUnTovco TayvTNnTa u; Ho elvol
TévTo TEOC T EUTPOL, Ywpelc va meploplleTal TpaxTixd To medlo eQaUpUOYNC TNS
uebddou.
/7 /. 4 ’ T ’

H oplbvtia suvietdoa tou Staviouatog xhione V;®;, [ D, Dy } , opllet

™ StevBuvor avagopds YVpw anto Tov dfova z Tou Wavixd Ho énpene vo meTU)EL
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TO AEPOOXAPOC ¢ Yol Vo ax0AoVOYoEL amdAUTA TN SUVAULXT YpouUr 6TNY onola
Beloxetar. Kabdec to aepooxdpoc npénel va xivnbel mpog uixpdtepes TLUéS Tou
medlov, 1 Wavixr xatevbuvon tpocavatohiouol Slvetal ano TNV un-oAovourxi
YOVIA Puni, 1 oTola avomaplotd Ty xatelfuven tou dtavicuatos sgn(p;)V,;®;:

Guni = atan? (sgn (pi) @iy, sgn (pi) Piz) (3.3)

6mou atan2 elvat 1 xatevBuvon tou dtaviouatos (z,y):

atan2(y,z) = arg (z,y), (z,y) €C,

Yty nopandve oyéon oc p; = J) - (n; — nig) oplleton to Sidvuoua Béornc Tou
AEPOCHAPOUS WS TPo¢ TNV emBuunTy Tehxt| B€om 1y XL TEOGAVATOMOUS ¢jq,
étoL dote sgn(p;) = 1 eunpdc amo v TeAxt| xatdotaon xoL sgn(p;) = —1 nlow
ATO AUTHV.

H rapaxorotinen tne xatevbuveng tou Slavicuatog avagopds F; xal tng
SLevluvong avapopds Gnn; ATO TO AEPOCGXAPOC & Bev apxel Yo TNV eEaGpIALoN
TToTxol pubuol tou tedlouv ®;, xafde autd elaptdtal, extodc aro tn Béon Tou
AEPOOHAPOUS &, XUl ATO TLC DECELS TV GAAWDY AEQOGHAPOV XAl EUTOSLOY OTNY
Teploy Y| EMLTAENONS ToL agpooxdpoug . H enidpoaon 6Awv autdv oto Suvaulxd
®; unopel v suvorotel ot uept Topdywyo S

ZV (IDT Jju;
J#i

6<I>

omouv V;®; = a
a
To tehxd oyfua eEAEYYOL YL TNV YRoUULX TayVTNTa u;, Ue Bdon xoL Toug
TOEATEV®W 0pLoUOUS elval:

—s;Ui, 00 <Ui (IR —¢)
L

—si—prts e > Ui(|P] =)

(3.4)

U; =

omou ¢ elvon utor wxpy) Oetinr) otabepd xar U; 1 xavovixy) taydtnTa avopopdc
TOU 0EPOOUAPOUC i

Uid, llgi — qial| > d;

|gi —giall

U, =
7w, |G — qial| < d;

(3.5)

Eivat eugavéc 6t n uetdfoon uetald TwV eEVOAAIXTIXGDV TEPLITOCEWY OTLC To-
camdvw oyéoelg yivetal mdvta Ue cuveyr TEOTO, BGOTE VoL UNY UTAEYOLY oxo-
oale adhayéc oty Tayltnta xdfe acpooxdpouc. H taydtnra avagopdc U;
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xafoptletal ano v embuuntyh TaydTNTA Uiy UAXPUA ATO TOV TEOOPLOUS gjq,
EVE UELOVETOL OLVEYKS we To 0 uéoa oe éva Sloxo axtivac d; ylpw amo ou-
t6v. Ano ) oyéon (B4) elvar cagéc 6L 1 xavovxr tayvtnta U; Aettoupyel
0¢ Eval XATw QEdyud Yoo TNV e@apuoloueyy TayVTnTa u;, anogelyovtog €Tl
Tohd yaunhéc yua to agpooxdpoc Tayltntes. EE dhhou, n cuveyric uelwon g
TayvTnTag UEyel To 0 6ToV TPooplousd av xal adUvaTy Yl AEpOoXAPY|, dEV EUTO-
3ilel TNV mMpaxTIXY) EQUEUOYT TOU VOUOU EAEYYOU, EVE ELVAL ONUAVTLXS YLoL TNV
AVEAUOT TOY UAONUATIXGOY WBLOTHTWY Tou ahyopliuou. Luyxexpluéva, 1 Teployy
YUpw amo To 6TOY0 OToU UetdveTtal 1) TayUTnTa Utopel va yivel mohd uxpt|, eved
olugwva xou Ue ) ouviin taxtixy otov [EEK] o tpocwplvic mpoopioude xdbe
AEPOOHAPOUS AUVUVEDVETAL OTAY AUTO TANGLIGEL TOV TEONYOUUEVO UE TO ETOUEVO
onueto eAéyyou Tou oyedlou TTHONS TOU.

O mapamdvew vouog ehéyyou yua TN Yeouxr toyvtnto u; cuVSLAleTal UE
TOV AVTIOTOLYO YLa TN YWVLaXT| ToyUTnTo w;:

0, Mz > €¢
w; = QZ<1—€M¢I), O<Mi<8¢ (36)
Q, M; <0
oTou: M; Zén; (9 — dnn;)
Qi 2 — ky (b5 — dnn;) + Onn,

L11g mopamdvw oYEcELS, €4 elvar ula Uixet] et otabepd mou opilel éva “nept-
Odplo aogaleloc”, e€aoparilovtag ovolaotixd éva ehdyLoto puiud clvyxAlong
™S YwViag @i Teog TN Ywvid avapopds dpn,, EVO kg elval éva Oetind xépdog.
'Onwe npoxtntel ano tn odéon ([B6), n yovaxr taydtnta napouével 0 600 7
SLapopd UeTAZY TOU TEAYUATLXOU TPOGAVATOAGUOU ¢; X0l TNC YWVLIC oVapopds
O, dtatnpel évay eENGyLoTO TTOTXG PLUOUG (EUPTOUEVO A0 TNV TUPAUETEO £ )
xal aLEAveToL XaTdA Ao 6toy amattelTol.

LUVolixd, To Tapandve oy U EAEYYOU EXUETAAAEVETAL TLC LadnUaTIXES EY-
YUHOELS TV GLUVAPTACEWY TAOYYNONS ot Ui AOoY Tou umopel va eQopuocTEL
YLoU TNV TAOMYNOY XOL OTOQUYT] GUYXPOVCEWY 0EpooXapOY ot oTalepd Ls-
UETPO, LXOVOTIOLOVTAC TLS ONALTACGELS VLo UELWUEVOUS EALYUOUC Xal SLATHENoT
NS YPUUUIXNC TayVTNTaC Téve ano éva ehdytoto 6pLo. Ot uabnuatixr avdiuvon
TV WLOTATWY TOU TUPATEVEW GUOTAUATOS EAEYYOL TapoUGLAlETAL AVOIAUTIXE GTO
ThRpec xeluevo tne epyaotiac otnv AyyAwn YAdooo.
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3.3 ITho¥ynomn acpooxap®y ce 3-0LAcTATO YHOEO

Ov Baowég apyég yio TNy TAONRYNOT) AECOOKAPMY GE €vol 6TaleERG XOLV6 LPSUETEO
TOU TAPOUCLACTNXAY TOQATAVL EUTAOLTIOTIXAY €TOoL BOoTE Vo yivel duvath 1
EMEXTAOY TOU OYNUATOS EAEYYOU OTNY TEQITTWOTN AEPOOHAPDY TOU XLVOUVTOL
oTov 3-8L40TaTo YMdeo, dNAadY) yenotuonololy xal ahAayEéS VYOUETEOU XATE TOUS
ehlyuoUc amoguync. Ko oe autiv v meplntwon, ™ Bdorn tng otpatnyixric
ehéyyou anotelel To Suvauxd nedlo @;, Baotouévo oe Yuvaptioeic [ThoYynoneg
Tou TapovcLdoTtnxe oTo xepdhato 2.2 ue to 3-8idotato TAéov didvucua xhiong:
Vid; = ? — [ ®, Dy O] (3.7)
q;
Ye oyéon ue 1 2-8dotatn meplntwor, ol eloodol eAéyyou xata TV xlvnon
070 3-8LA0TATO YOPO GUUTANEOVOVTOL UE TNV Xotaxdpupn tayvtnta w;. Ou
SLapopéc oe GYEGT UE TO TPOTYOUUEVO UToXEPEAALo eVTOTILOVTOL GTOUS VOUOUS
eENEYYOU YL TNV 0pllOVTLOL U; XOL XOTAXOPUPY w; YRUUUXY TayUTnTa, EVE 1
Yovioxn TaydTnTa w; €yel ed0, OTwe xaL 0T 2-3LEoTaTN TERITTWaT, TN LopPT
e eélowone (B.6). Baowd otolyeio yia tn oyedlaon twv vouwy eréyyou oe
authyv TNV TepinTwon elvan ) ywvla xilong tou davicuatog V,;P;:

o; = tan™! _ % € (—g, g) (3.8)
[ &2 2

Auty) ewvon ) yovia mou Bo énpene To %8 agpOOUAPOC T VAL EYEL WS AVAPORY
YL vo axohoufnoel anéiuta To duvauxd tedlo. Kabdc duwe mpénet va Angphodv
uT’ 6LV %ol oL SuVaULXOL TECLOPLGUOL TOU AEPOGHAPOUS, YETOLUOTOLELTAUL WS oLV
opd 1 Yovia xhiong &; mou elva teptoptouévn evide Tou daoTAUNToC [y, i),
6TOU a;p XL ;e Elval oL U€yloTeg duvaTéc Ywvieg xafddou xaL avodou:

Q;p, o < Q;p
;=4 a;,  ap < < ac (3.9)

Qic, O > Q4C-

Me Bdon v napandve yovia &; oplletat xal o avtiotolyoc Aéyoc xhiong avo-
popdc t; = tan ;.

H oyedlaon tou oyfuatoc eAéyyou yio TNV optldvTio XoL XATAXOEUYY To-
YOTNTA €YEL WS OTOYO Vo ATOTPEPEL TOUC TEPLTTOUC EALYUOUSC %ol AmoXALGELS
ATO TNV TPOOYESLAoUEVY TEoyLd, dnhadr) Tnv eubela mopela mpog Tov emdUEVO
onueto eAéyyou - mpooplousd, xabdC xoL T Un-amapaltnteg aAlayés TayvTn-
Tag xou Udouc. Buyxexpluéva, 1 cuVNOLoUEVN TaxTLXY GUVEYOUS TopoxXoNoU-
Onone e xAlong Tou duvaulxol medlou emitpénetal va 7 yalopdoel”, e¢’écov
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LXOVOTIOLOUVTOL T 3 xpLThpLa Tou Teplypdpovtal topaxdtw. Kabévo ano auvtd
Ta xpLTApLoL AeLToupYel we avayxalo cuviixn v Ty “yokdpwon” Tou vouou
EAEYYOL TNC XATAXOPLPNS TaYVTNTAC, GoTe va emttevybel opllovtio TThHoT: 1
avaAUTIXT ExEacT) Tou xpltnelou Talpvel TRy T 1 6tay 1 oplldvtio ttror dev
Slatapdocel Tic pabnuatixés WLoTNTES ToL oy RUaTOC EAEYYOU, evd dTav elval
amapaltnTo vo axohoulnbel andiuta 1 xotaxdpupr xhior Tou Tedlou Talpvel Ty
Twn 0. Luvontixd to Tplo auTd xpLThpla TepouctdloVTal TUEAXAT® Xl VAL TA
eZnc:

1. Amoguyt cuyxpoUoeEwY XoL TPOGEYYLOT TOU GTOY 0L
2. Andéotaon ano TovV Tpooplousd

3. Twvio Tou dlavdouoatog xhiong ue to oplldvtio eninedo

3.3.1 Amnoguyn cuyxpoUCE®Y XAl TEOGEYYLGY) TOU GTOYOU

'Onwe éyel e&nyndel napamdvw, Baowxr analtnon ano 1o oyfua eAEyyou, OoTe
autd va aflomotioel TIC Uolbnuatixés WLoTNTES Twv Luvapticewy IThofynong,
elval va eCoo@aiilel ulor oLVEYOS TTOTLX eCENEN Yot TNV TLUY TOU SUVAULXOY
nedlov ®;. H ypovin nopdywyog tou tedlov uropel vor ypopet:

R 0P;
d; = ; V8, ¢; = Piu; + ®pw; + e (3.10)
OTOL 1 UeELX) TUEAYWYOS 6;;1' otny 3-ddotaty nepinTworn elva:
8(131 . T u]-Jj
o = g v, - { | (3.11)
VE=)

Me Bdon autd, oplletal 0 GUVTEAESTNC Og;:

Ui (£:®s; + v — | P]) + %
( v — |l + % , (3.12)
Uit @,

Op; — sat

)

IN A
— 8 O

6mou sat(r) = <1,

)

—_ 5 O
8 O R

V

)

xal ey elvon wia uixer) Betny) otabepd. O cuvteheoTi< og; xWOLXOTOLEL TO OV
elvat amapaltntn N yerRon ahhaync vlpouétpou Yo TNV eEACQPIALOT TTOTLXOY
oubuol Tou duvauxol @;, agol elva:
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0P,
ot

ue Undevixt| xataxdpuen TayuTnTa w;, apxel Gote va oyvel ¢ < —Usey,

o 16tav Pui+5: < —Uey, dnhadt| udvo 1 oplldvtia taydtnta aveopds Us,

e 0 6tav 0 ouvduaouds e oplldvTiag TayvTnTaC avagopds U; xat tne xa-
Taxdpueng Tayitntag w; = t;U; (Gote va axolovbeltan 1 xhion avapopdc
t;) dev apxovv Gote Vo eZacQahoTeL LXavoToTIXd TTWTIXGC PUBLGE TOU
Suvaxod, Smadh &; < —Usey,

e xuuavéuevog oo didotnua (0, 1) ue cuveyn tpdno dTav uTdpyel xoTaxs-
oL TAYVTNTA W; ULXPOTERY, O UETPO ORO T;u;, OOTE GE GUVBLAOUOS UE
Vv optlévTia TayvTNTa Uu; Vo tetuyaivouy ®; < —Usey.

3.3.2 Arndéotacy ano Tov npooploud

H andéotaon ano 1oV npooploud, ol To GUYXEXPLUEVA 1) TPoBoAY TNS 6TO OpL-
L6vtio eminedo ypnoiuomoleital yio vo pubuloel TV xataxdpupn Yeouxy Tay V-
TNTAL. DUYXEXPUUEVI, UAXPLY 0RO TO 0TOYO0 EMLTRENOVTAL UXPES amoxAloels ano
v xA\on avagopdc 1;, evé xovtd oe autdy n xhlon #; uxohoubeitor axpBioc
®ote va emttevybel n telxy) tpocéyylon. H ocuurmepipopd auty Poaciletol oto
OUVTEAEGTY| Op;, O OTOLOC EXPEALEL TN oY ETLXT| Béon Tou aepooXdPOUC @ WS TEOC
TOV TPO0opPLoUG Tou, TRoPBeBANUéVn 6To opllévTio eninedo:

Opi = sat (Hnl - ZidH — Ci) (3.13)

OmoU M; XAl Mg elval oL TeoPoléc oTo opllovTio eninedo TN Tpéyovoac Héong
X0l TOU TP0oopLooy Tou aepooxdgoug i, BAéne [LAIl Emniéov, ¢; elvon n axtiva
evHc xUAVSpou C; ue d€ova TNV xataxdpupn Tou SLEPYETIL ATO TOV TEOOPLOUO
id, €VT6C Tou omotou M xhlom £; axolouBeltor axplBhe evéd b; elvan To ThdToc
utag uetaPatixnic Lovne B uetadl tou xuhivdpou C; xal Tou LUTOAOLTOU YHEOU
R 6mou emtpénetal 1 oplldvTior TTHOT axdUo xoL 6Tay To SLdvucua xAlong dev
elva optlovtio. Tpagied o xOAwvdpog C; xa n Lodvn B; gatvetal oto Syfua Bl
Me Bdon ta napandvw, o GUYTEAESTHC 0p; Elval:

0, n; € C;
Oni = § 1, n; €R;
ac€ (0,1, n;eB;.

3.3.3 Twvia Tou draviopatog xAiong we to optldvtio eninedo

To tehevutaio xpithplo ue Bdon to onolo xabopiletar 1 xataxdpupyn TayvTnTa
w; elvaL N andéluty yovia |a;| uetald Tou apyntixol dtaviouatog xhione —V,;P;
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Yydua 3.1: Metafolr] Tou cUVTEAEGTY| 0y UE TNV 0pLLOVTLO ATOGTAGY) ATO TOV TROO-
oLoud qiqg.

xat Tou optlovtiou emméSou. TUYXEXPLUEVA, 1) XUTAXOPLEY ToyUTNTA UTOPEL va
rapapelver 0 ubvo dtay N yovia |a;) Sev elvar ueyahdtepn ano éva dvw dpLo 6Y.
Ao 10 bplo auTH oL TaVW ZeXLVE 1) YENoN XATAXOELUENS TAYVTNTIC UE CUVEYT
TPOTO, €wc €va deltepo Gplo 0;, 0; > 09 6mou mhéov 1 xaTaxdpuen TayVINT
yivetal Tétola GoTE TO 0EPOOHAPOC Vo axohoLBEL axplBdC TNV Ywvia avapopdc
a;. H ovuneplpopd auth emTuydveTaL UEGK TOU GUVTEAECTY| 04!

0; — |ov
Oai = sat A7|a| (3.14)
6, — 69

'Onwe gatvetar xat oto oyfuo B.2, 0 cuvteleoThc 04, elval:
e 0 6tav |oy| > 6,
o 1 6tay |a;| < 69, xau

o 0 <04 <16tav b < | < 0.
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Yyhua 3.2: Metaolr) Tou GUVTEAEGTY| 0 UE TN YWVIO XAioNg oy.

3.3.4 XEyMuo ehéyyou

'Onwe avagéphnxe Tapandvew, oty TeplnTwon 3-SldoTatne TAoHYNnoNS o vouog
EAEYYOL YL TN YVlaxh TayVTnTo w; TopaUével (Blog UE TNy TAORynon oTo
optlovtio eninedo, énwe dlvetal ot oyéon (B.6):

> i =2 700 M; 2, (91— duny)
OTOL: i —Pnh; i — Onh;
= Qe (1-2), 0< <y 0 2 — b (6 — o) + &
T P n,+ nh;
Q, M; <0 ’ " "

[t Ty opLlovTia Ypouulx| Ty UTnTol U; 0 VOUOC EAEYYOU ATOTEAEL EMEXTAOT)
e oyéone B.4) dote va hauBdver unéhiy xa Ty Tpitn didotaon:

o —s;Us, - i < U (|B| — 1;%1 — 207) 8.15)
U; = _S.w 0P, > U (|P|—£(I> . ) .
P |—t; ;. ot 4 [3 i X5z U

H pVbuion tne xavovixrc taydtntac avagopds U;, mou elvol dla ue tnv 2-
Sudotaty meplntwon, urnopel vo ovaypagel €80 YpNOULOTOLOVTAC TOV 0pLGUS
Tou xUAivdpou C;:

U = {“d n ¢ C (3.16)

llgi—midll
Icil cUig, My ECi.
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Ta Tplo xpLTHPLY TOU TAPOUGLAGTNHAY TURATAVL YENOLULOTOLOUVTAL 6T GUV-
Oeon e xataxdpueEng TaYYTNTASC W; ETOL HOTE GTAY XAl T 3 LXOVOTOLOUVTAL,
dnhadn oL avtiotolyol cuvtereoTéC elval 1, To aepooxdpoc Vo teTd optlovTiol oL
XATAXOEUPOL EALYUOL VoL EVEQYOTOLOUYTAL GTAdlAXd HTOY AmaLTelTOL Amo XATOL0
ATO TOL XELTHELAL

w; = (1 — min (0;, Oni, Oai)) i |uil - (3.17)

(2¢ 6Yvoho TO TOPATAVL GYHUA EAEYYOL ERLTUYYAVEL TNV TAONYNOT %ol ATO-
PUYY) CLYXEOUCEWY JEQOCHAPDY GTOV 3-BLACTATO YDEO YENCLULOTOLOVTIS TR~
AT XL PEAALOTIXG XPLTHELAL YlaL TNV OYESLAOT TOY VOUWY EAEY)YOU €TOL OOTE
VoL 0OPeEVYOVTOL TPOYLES UE OUVEYELS %ol TEPLTTES aAAAYEC TayUTNTAC, XoTe-
Buvone xau vpouétpou. Emmiéov, 1 oLUTERLPOPE TOL GUOTAUATOS TAOHYNOTNS
unopel vo pubuloTel UEow TEaXTIXDY TapaUéTenY Ue xabupy| Quolxr onuacla, Ue
SuvatétnTa aveldptntng pllutone Twv optlovTlwY %ol XATAXOPLUYWY EALYUMY.
Yuvdualouevo ue éva duvauixd medlo Paciouévo oe Yuvaptioeic [horynong,
TO TOEATAVL OY UL EAEYYOU TPOGPEPEL EYYUNUEVY ATOPUYT| CUYXPOUCEWY XL
TPOGEYYLGY) TOU TPO0ELEUOY, OTWS TopoLGLdLeTaL avahuTiXd oTny ThYen éxdoor
e epyactog 6Ny Ayyhuxy YAGoGO.
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Kegdhato 4

Anotehéouata EQAPUOYNAS

H cuvolixy) uebodohoyla mhorynong xal anoguync oLYXPOVCE®Y TOU TEOTE Ve-
Tal O€ oUTH TNV epyaoio ouVTIOETaL WS CLYSUAOULS TWV TEYVNTOV SUVOULXOY
redlwy faciouévoy oe Yuvapthoeig [ThoRynong tou napovsdotnxay 6to xepd-
oo 2 xan tov vouwy eréyyou armo to xepdlato Bl Eta mhalowa tne epyaotog
auTHC Teayuatoroliinxe éva 6UVORO TROGOUOLHOENY HOTE Vo exTiuniel 1 ano-
TEAECUOATIXOTNTO TWV TPOTELVOUEV®DY AUCEWY XL 1) LXAVOTNTO TOUC VO AVTLUE-
Twnioovy peakioTixd oevdpla. Koat’ apydc Soxiudotnxe n npoteltvouevn uebo-
doloylo oc oplouéva GevdpLa TEOGOUOLWOTC, TEPLOPLOUEVT GYETLXE EXTAONG XL
apliuol mopaydvTmy oAl EToL ETAEYUEVO BGOTE Vo ATOTEAOUY BUOKOAES GUY-
O¥xec mou Bo Sdoouy TN SuvatdTnTa oE EVOEYOUEVES adUVAULEC TWY aAYOoplBUwY
va. aroxaiugfolv. Emniéov, mpayuatonouinxe ulo Ueyding éxtacng, T600
YWELXNE xaL Ypovixic 660 xal w¢ Tpog To ThRbog, Tpocouolwon Bactlbuevn oe
ceahloTixd Sedouéva evagpla xuxho@oplag. Luyxexpluéva yenotloroliinxay
oyEBLoL TTHOMC TOU AVTLOTOLYOUY OTNY ALENUEVY TUXVOTNTO EVOERLAS XUXAOQO-
olac mou avouévetal Tig enoUeveS dexaetiec otov Eupwnaixd evaéplo yopo. Xto
OUYOLO TWV TPOGOUOLOCEWY TA SOXLUACTIXS GEVAPLY AVTIUETWTLOTNXAY UE ETL-
tuyla, emPefatdvovtoc xaL TeaxTxd Tic BewENTIXES LOLOTNTES TNS TEOTELVOUEVNC
uebodoloylac. XN cuvéyelo TapoLGLALOVTUL GUVOTITLXY TA GNUAYTLXOTER UTO-
TEAEGUATA OUTOY TWY TEOCGOUOLBGEWY, EVE oVahUTIXE UTopoly va Beeboly 6To
TARpeS xeluevo e epyaotac otny AyyAun YAGooo.

4.1 Ilpocopoidoelg pe texvnTtd oevdpla oe opllo-
VTLO eNlnEdO

o v Soxwoaotixy epapuoyr, Tou TpoTelvouevou alyoptBuou oe opldvtia
ThoRynom yenorlorotiinxe éva 6OVOLO ATO TOPEUPERT) ATULTNTIXS TEYVNTE OE-
véapla. Kaféva aro autd anoteleltar and 4 agpooxdpn mou xivodvtal TapdAnia

177



o€ UlxpY) andoTaoT) UETAEY TOUS oL €VoL TEUTTO ToU XLVelToL o€ xd0eTn Tpog auTd
dtevfuvor étol HoTe 0 oLYBLACUOC TV eLlelnY TPOYLOY LETAED TNE APYLXAC XL
telxric Oéone xdfe aepooxdpous va Tpoxahel TOAATAES GUYXPOUGCELS.

Kobdc n em ol duecwy TeoTepaloTATOY UECK XATATAENS TWY AEPOCHAPHDY
oe xAdoelg anotelel Paoixd yapaxTnploTixd g mpotelvouevne uebodoloylog,
apyYxd eQaEUOCTIXAY GTO (8L0 GEVAELO 2 SLUPOPETIXES XATATALELS Yol VoL YLIVEL
euavic N emidpaor OTIC TEAXES TROYLEC: OTNV TEMOTN exdoy N Ta 4 agpooxdPn
Tou xwvolvTol Tapdhhnha €youy UPNAGTERY TPOTEPALATNTE amo TO TEUTTO (%o
(Do ueTaZl Toug), evd ot deltepn exdoyn oL pOhoL AVTLOTEEYOVTOL Xal TO Té-
UTTO 0EPOOXAPOC Eyel TNV uYnAdTepn npotepadTnTd. Kat otic ddo tepintdoeic 1
TEPLOY T EMLTAPNONS XADE AEQOGHAPOUC ELVOL XUXALXT|, OTIWS XL OE TPOTYOUEVES
Tpoceyyloelg ue teyvnTd Suvaulxd medla, dote va dolel éugoaon otny entdpaon
TV OLAPOPETIXMY AUECcHY TpoTepatloTHTwY. To anoteréouata AUTOV TOVY TPO-
couoldoewy gatvovtal 6to Lyrua Il dtou elvor eupavég 4TL oL TpoTEpatdTNTES
TNEOUVTAL OTOAITWS, ETLTEENOVTAUC Ot Xdfe TeplnTWoT TOUC TUPdYOVTES UE TN
UEYLOTN TPOTEPULOTNTA Vo axoloubricouy euflelor TpoyLd.

Yydua 4.1: Ilpocouoiwon teyvntol cevapiov mhorynong oe opldvtio eninedo ue
xUXALXT TepLOy T EMLTHENONS XaL AUECES TPOTEQULOTNTES!

[(2)] Ov mapdryovtes 1-4 ue uinhf TEOTEPAOTAHTA XLVOUVTAL OTaPEYXALTO OE TOPSAAAES
TEOYLEC EVE 0 TARAYOVTAUS D UE YUUNAT) TROTEQULOTNTA TEAYUATOTOLEL EALYUOUS amo-
PUYTS BS TOV TPOOELEUS TOV.

[(b)] O ropdyovrag 5 netd e vhnhA mpotepandTnTa ot eubela TpoyL EVE 1 yaunhéTEEN
npotepatdTnTA TV 1-4 Tor avayxdlel oe eAlyuoUs YUpw amo auTo.

‘Eva 8etepo 6Uvoho TPOGOUOLOOE®Y 0QORd TN UOPPT| TOU YMOEOU ETLTHET-
one xé0e mapdyovta, émou doxwudobnxay 300 SLaPopeTixd oy RUATA HGOTE Vo
Slamotwlel 1 enldpaoy tne ouvuPBoifc TN epyaciac oe autdv Tov Touéa. To
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X X
(a) (b)

Yyhua 4.2: Tlpocouolwon teyvntol cevaplov mhorynone oe opllbvtio eninedo ue
SLaPOPETIXES UOPPES TNE TepLOY S EMTHENONS:

[(@)Aropuyh cuyxpoloewy amo Touc mapdyovies yaunhic mpotepubTHTac 1 — 4 ue
XA Teploy N EmLTHENoNS. LuVolixd unixog tpoylodv: 23.89

[(b)Aroguy? cuyxpoloewy aro Toug Tapdyoves yaunhfc mpotepondtnTag 1 — 4 ue
un-xuxhuer) teployn enLthenong. Luvokixd unixog tpoyldv: 20.90

OEVAPLO TIOU YpNoLUOTOLONXE Elval TOPOUOLO UE OUTO TWY TEONYOUUEVWY TRO-
COUOLOOEWY, UE 4 TP YOVTES YOUUNATC TEOTEPULOTNTAS VO XLYOUVTOL TURSAANAYL
O€ TPOYLA GUYXPOUOTC UE EVALY TopdYoVTa UYNAGTERNC TROTEPALOTNTAC TTOU XLVEL-
TaL oe x40etn mpog autd Stadbuver. Apywd yenousomolhinxe xuxhixdc ydpog
emThpNoNS OTwe Tapouctdletal 6to unoxepdiato 23] evdd ot cuvéyeLo epap-
uéchnxe xor UN-xuxAxdc YOEOC EMLTAENONS UE TOV TPOTO TOU TROTELVETAL GTO
UTOXEPAAOLO To anoteAéoUATA AUTOY TOY TPOCOUOLOOEDY QPULVOVTAL GTO
Eyhua B2 6mou onueldvetal 1 Hetixr enldpaon 610 cUVORXS URXOC TV TEO-
YLOV TOU UN-XUXAXOU OYUATOS ETLTARNONS aXOUd XoL OE aUTO To To Ltaltepa
ATALTNTIXG TEYVNTO GEVARLO.

4.2 Ilpocopoidoelg ye ey vntd cevdpLa oe 3-dLdotato
X©e0

Lot Ty avddelln tne arotehecuatixdTnToC TOL aAyopliuou TAoRynong oL ano-
PUYHC CLYXPOVCEWY AEPOCHAPDY OE 3-OLACTATO YMPO TOU TUPOVGLACTNXE GTO
urnoxepdhato B.3] yenowworotiinxe éva ceviplo tpocouolwone Tou Vo TepLhdu-
Bével mowhia ouvinxdy, 6nwe paivetor oto Lyfua B2l Avalvtind, to ceviplo
arnoteheitar ano 2 agpooxdpn (No. 2 xat 3 010 oyfua) Tou xvodvtal xdfeta To
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€val »S TPOS TO G0 xaL 6To (Blo uhbueTpo, eV éva 3° (No. 4) mpayuatonotel
Evtovo avodixy| mopela, TEPVAOVTAC ano Tol eineda 6TOU xLVoUvTaL GAAYL dEQO-
oxdon (No 1 xat 5). 'Onwc gaivetal xaL 610 oyfud, o Ghec T ouvliixec o
TeoTEWVOUEVOS ahybpLiuog ThoYynong mapdyel oUahéc TpoyLES, OTLC onoleg elvol
eUQaVAS 1 ETUBEACT) TWV GUYXEXPUUEVLDY dpY DY OYESLIONS TWV YOUWY EAEYYOU
Tou extélnxay oto unoxepdlolo B3l Xuyxexpiuéva, Staxplvetol 1 tdor xdbe
aEPOOXAPOLS Vo xiveltal oe otalbepd LhoUETPO Yia 600 PeYohUTEPO BLAGTNHUA
elval duVATOY, OTWS YalveTol 6TO GUVORO GYESHY TNS XIVNONC TWV AEPOCHAPHDY
2, 3 xau 5 xaL oe UeYdAo TURUA TNG TOYLAS Tou agpooxdgoug 1. Ewwdtepa,
To AEPOGXAPT) 2, 3 xaL H TpayUaTonololy 0pllovTloug EALYUOUS AToQUYNC TWV
SLopaLvoUEVWY GUYXPOVUCEWY OTOPEUYOVTOS aANaYES LPOUETPOL, EVE 1) TPOY LA
ToU aepooxdoc 1 tpocouotdlel ToA) 6Ny TUTLXY TEOCWELVY) ahhayT) VYOUETEOU
mou yenotwuonoteltal otov 'Eleyyo Evaéprac Kuxhogoplac: dvodoc ue otabept
xhlom, opllovtia mopela, xdfodoc napouoiwe. Elvar onuavtixd vo toviobel edd
OTL 1) TUEATNEOVUEVT TEOTLUNGT 08 XATAXORLYO EALYUO OTNY TEPITTWOT) TOU ae-
cooxdpoug 1 xar oe 0plldvTioug ehlyuols ota agpooxdgn 2, 3 xat 5 dev elval
TEOXAH0PLOUEVY] UE XATOLOV TPOTO 0UTE UTAPYEL WS SLaXELTY ETLAOYY OTN AEL-
Toupyla Tou akyoplBuou. Avtibeta, 1 emAoyr 0pLOUEVOL TEPOTOU AVTLUETOTLONG
xdfe oVyxpovone “avadletal” amo TN oyedloon TwV EMUEPOUS VOUWY EAEYYOU,
NV EMAOYY| TV TAPAUETPWY EAEYYOU XL TS EXEOGTOTE GUVOTXES.

0.4

0.2 —

-0.2 -
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0.4+

0.2

-0.2+

0.4

(b)

Yyfua 4.2: Tooyléc Twv agpooxap®dy xata THY TAoHYNon 6Tov 3-3ldoTato Ydeo

4.3 Ilpocopol®doelg Ye peahlotixd dedoueva evoé-
pLag xuxhogoplag

Q¢ tehxd 61ddLo oty allordynon tne mpotewvouevns uebodoloyiag we mbavig
Aong vy T Beoayurpdbeoun TAORYNON XL OTOQPUYT GUYXPOUCEWY UEPOCHIL-
P&V Yenoluorolinxay pealoTixd dedouéva evaéplac xuxiogoplac. To cuyxe-
xpluéva dedouéva TTHoEWY elval artotéleoua tou épyou Single European Sky
ATM Research Programme (SESARI) Target Concept [47] xot anoteloldvton
aro 98000 neplmou nthoelc oty Eupdnn mou avaywpolv oe didotnua 48 wpdy,
€Y OVTUC WS ATOTEAEOUN TEPLTOU 3-TAAOLYL TUXVOTNTA TTHOEWY OE OYEDT UE TNV
vnidtepn muxvotTnTa Tou étoug 2006. T'a va teploploTtel To GUVOALXS UTOLO-
YLoTXO %O0TOS TWY TPOCGOUOLOoEWY eTAEY e wa teptoyry 400nm x 400nm
oToV eVaEPLO Y Gpoc TN xevipehic Bupdnng, dnwe galvetar oto Xyuoa 4.3 ano
Vv onolo 6T0 ddoTnua Twv 48 wpdv diépyovtar 35000 nthoelg meplmou. O
TPOTELVOUEVOS €06 alydpliuog eQopudoTNXE GTNY TAONYNOT TOV AEPOCHAPHY
%ATd TNV SLEAEVOY) TOUS UEST UTO TNV TOAUGUYVIGTY 0UTH TEPLOYY) TOU EVAERLOU
Y OPEOL.

H mpotewvouevn e8¢ uebodoloyia epapudotnxe ue emtuylo oty TAorfynon
XOL ATOQUYY| UEQOCHAPDY OTO PEAAMGCTIXG XUl UTULTNTLXO AUTO GEVAELO, XOTO-
PEPVOVTAC VO aTOTEEPEL OAEC TLC GUYXPOUGELS %Ol Vo 08MYHOEL OAL TA AEQO-
oxdprn 6T0 6TOY0 TOLC. LuyxexpLUéva oTolyela Yo TG TowiAeC TEOCOUOLOCELS
Tou vhomolAnxay xaHOS xal AVAAUTLXT TOEOLGLUGT TWV ATOTEAEOUSTOV TOUG
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Syfuo 4.3: H eZetalduevn neployh xaL oL TTHGELS TOU SLERYOVTOL N0 AUTHY

unopel va Bpebel oto mAfpec xeluevo e epyactoc oty Ayyhuxy yAdooa. Agi-
Zer €36 vo emonuaviel 6t tépav OAwY TV dhhwy, avadelyOnxe xou To yaunho
UTOAOYLOTIXG X60T0C TS UeBddou, xalde ue évav Tpocwmxd LTONOYLOTH EYLVE
SuvaTth 1 TAOTYNOY TOU GUVOAOL TV 0EPOOXAPAY Ue PLOUG exaToVTadeS @o-
P€C UEYOAUTEPO TOU TpayUaTiXoV ypovou. Kabiotdtow coagéc emouévme 0,6TL 1
EQUPUOYT) UE ATOXEVTPOUEVO TPOTO, 610U Xdbe aepooxdgoc Ho oyedidlel ubvo
ToUg Sx0Ug TOU EAYUOUS GE TROYUOTIXO YpOVO ELVAL CUPKOC PEAALGTIXY oTO
UTOAOYLOTIXY) GXOTLA.
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Kegpdiowo 5

YVUTEQACUATA

2T0 TPONYOVUEVA XEQIAULYL TOPOUCLIGTAXE GUYOTTIXY TO TEQLEYOUEVO TNC ToL-
colooc Awaxtopxhc SLoTELBhC, Ue EUQOOT OTNY EQUPUOYT TV ATOTEAECUY-
TV 01N Ppoayunedlecun anoguyh cUYXEOUCE®Y X0l TAOTYNOT| AEPOCHAPOY GTI
mhatoa Tov EXéyyou Evaéprac Kuxhogoplac[EEKL AZionowdvtac nponyodueves
TPOGEYYIOELS TOU GUYXEXPLUEVOL TPOBAAUATOC UE TN YeHioT LuvapThoewy [Thor-
ynong, [6, B[4, 5], n uebodoroyia enextdOnxe xar eZeldixeltnxe oTIC ATAUTAOELS
TNC OUYXEXPLUEVNC EQUOUOYNC, UE OTOYO WULAL TEYVLXT ATOPUYNC OUYXPOUCEWY
AEPOOHAPDY TOL UTOREL VO ATOTEAEGEL TUNUO EVOC UEAAOVTIXOU GUGTAUATOS
Eréyyou Evaéorac Kuxdogoplag. T va ylver autéd duvatd avtiuetonioTn-
xav ddpopa IntAuata mou eunodillav TNy meaxTxy epopuoyt tne uehodolo-
ylag oy Thorynom aepooxapdy, eVve TEoTdlnxay xar onuavTixéc BehTdoele,
omwe napovoldlovtal cuvonTixd Tapaxdtw. EE’ dhhou, dnwe éyel emonuoaviel
XUl VWPITEPA, TA ATOTEAECUNTO TOU TOPOUCLAGTNXOY €30 Umopoly enlong va
allomoinfoly oe GAAEC EQUPUOYES TAORY NGNS TOAAGDY TAPAYOVIWY, OTKS O TPO-
YOOUUUOTLOUOS TROYLAS Xal 0 EAEYY0C %ivnong poundT. Xuvohixd, 1 GLUPBOAN
aUTHC TNS epyaotac umopel vo avohubel ota e&c:

o Ilpayuatonolfiinxe xol tapouoldleTal uta evpela €peuva 6NV LTEY LG
eTLOTNUOVIXY XL TEYVXT BiBAloypagpla Tou TaEOLCLAGTNXE GTO XEPIAAULO
L3 Exel apywd emonudvinxay oL Suoxoliec mtou avtlueTwnrilel xal ovo-
uévetar vo avtetonioel o 'Eleyyoc Evaéplac Kuxhogoploc (EEK]) wc
T0 eZetalbuevo medlo eqopuoyic. Emmiéov, tapouoidotnxay o emTEYY-
UaTa TNG TREOCQATNG ETLOTNUOVLXNS €pEuvaS Tou elte oToyeloLY TO (Blo
medlo eqapuoync, elte oyl adld xplbnxe 6T umopoly va aflonotnboly yia
Y avdntuén ulag Aong yia tov ‘Ereyyo Evaéprac Kuxdogoplac. Iduai-
Tepn éupaon 360nxe oTic uehddoug exelves mou UTOPOVUY Vo TPOGYELOLY
AUOTNEES EYYUNOELS YL TNV ATOTEAEOUATIXOTNTA TOUS XOL TOU UTOPOUV
VoL EQUQUOGTOUY UE OTOXEVTPWUEVO TEOTO, BIXALOAOYOVTIS AUTES TLS ETIL-
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Aovéc. Me Bdon to anotedéouoto Tne €peuvac autrc tpoxplinxe 1 uebo-
doloylo Twv Yuvapthceny IThoRynong wg n mo xatdhinin agetnpelo yia
Y avanTUEYN EVOC CUGTAUATOS BpayuTedhecunc TAORYNONS oL ATOQU-
YHC CUYXPOUGEWY AEPOCHAPDY, EVE) EVIOTIOTNXAV CUYXEXPLUEVE onueia
auTAC oL YEHLoLY GNUAVTLXAC TEPALTEPW AVATTUENS XaL BEATILONC.

H xataoxevr) Tou teyvntol Suvauixol ue Bdor Tic apyéc tng uebodolo-
yiag tov Yuvapthcewy IIhofynone eunioutiotnxe oe SLdpopouc onua-
vtxolc touelc: Eiorylnxe menepacuévn alobnon tou mepiBdihovtog ue
Evay BEATIWUEVO VEO TpOTO OE OYEOT) UE TPOTYOUUEVES TPOCEYYLOELS, EVE
evowuatdinxay xal 8o aveldptntol uetall Toug unyaviouol yua e Boly
XAVOVWY TEOTEPULOTNTAS.  §2¢ €X TOUTOU TA OEQOOHAPT, UTOXELVTOL o’
eVOC OE QUECOUC XaVOVeS TpoTepaldTNTac Tou Bacllovtal oTny Lepdpynon
TOUC € XAAOELS, 0@’ ETEPOL OE EUUECOUS XAVOVES TOU TPOXUTTOLY UTO TO
UN-XUXALXO oY HUd TN TEPLOY NS ETLTENOoMS xdbe aepooxdpouc.

AvantdyOnxe n duvatdnta yerong 6Ty xaTaexeur) Tou SuvauLxoy tediou
YEVXOTEPWY OYNUATWY, 0pllouévwy euuéons Ue T Porbela Babuntdy
ouvapthoewy Uopphc. H avinuévn ekevlbeplo otny emhoyrc Tou Weatol
oyfuatog xdbe aepooxdpouc xabdg xaL Tou Ydeou emlthpnong Tou allo-
Touifnxe Hote va TpocapuooTtel xahUtepa 1 UéHodog ot TpodLaypapéc
xal anothioels Tou Eréyyou Evaéplac Kuxlogoplac.

TLUTANEWUATIXG UE TLC Topandve eEEAEEL GTNY XUTAGXELY) TOU SUVOUL-
%00 medlou, avantdylnxe avtioTolya xat Evag aToXeEVTpOUEVOS ahydptiuog
eAEYYOoU TOU hauPBdvel T’ OYLY Ta ELBLXE YUPAXTNELOTIXG TNG CUYXEXPLUE-
VNG EQAPUOYTC, OTWC:

— Tleplopiouévn Suvatdtnta dtaxuavone e optlovtiag TayiTnTog

— Tleplopiouévn ywvia avédou xal xab630u

— Ave&dptnroc éheyyoc Twv 0ptlovTiwy xoL XaTaxGpLUYWY EAYUOS, ETL-
TEETOVTOG TNV TOPAUETPOTOINGT, TOUS avdAOY UE TOUC LOYUOVTES
XOVOVLOUOUC %Ol TS TEOTUNOELS TOU TANPOUATOC

— Mewwuévol ehtyuol xoL anoxAloelc Yo Adyoug olxovoulag xauotiuou
XAl YPOVOU AN oL GVEOTS TV ETBATOVY

Téhog, 0 xaVOTOUOS TEOTOC XATAGXEVHC TOU Suvauxoy Tedlou cuYSU-
otnxe Ue Tov e€ehlyuévo akydpliuo eléyyou oe ula mowxihlo TpoGoUOLL-
uévwyv oevaplwy, ZextvOVTag amo TepLOoploUEVNS EXTAaoTS aAhd auinuévng
duoxoAlag oevdpLa, To onola elvol EVOEXTIXG TNG ATOTEAEGUATIXOTNTOG
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e Kebodou xar oe dAlec egapuoyéc. Emmiéov, aliomouifnxoyv peali-
OTLXd GYEDBLAL TTOU AVTLETOLYOUY TNV UEANOVTLXT AUENUEVT] EVOEPLAL XUXNO-
popla otov Evpwroxd evaéplo yopo. Suvolxd To anoTeAéoUAT TWV
TPOGOUELOOEWY LTOGTNEILOLY TNV XATAAANAOTNTA TNS TPOTELVOUEVNS £3O
uebodoroylac yia ta ovotiuata [EEK] tou uélovrtoc.

5.1 Endueveg xateulivoelg €peuvag

Tao anotehéouata TG epYAGLlAC TOU TUAPOVCLAGTAXAY TURATIVE UTOPOUV VI ATO-
teMéoouy TN Bdon yia TepuLTERW EpeEuva GE EVa UEYAAO £0pOC EQUPUOYMY. 2U-
yxexpwéva, otov 'Eieyyo Evaéprac Kuxhogoplac unopodyv va ylvouy emmhiéov
TOLOTIXEC BEATLOCELS OTLC TOPAYOUEVES TPOYLES, ELOAYOVTAC TEPLOCATERO XPLTT -
oL, OTWS Y 1 XAUTUAGTATA Touc. Emmhéoy, 1 ypfon TOY TROTEPALOTATWY UTOo-
cel v avantuyfel meplocdtepo, Yo Tapddetypa Teog TV xaTelhuvoT) AUTOUATNS
avdfeonc Twv xhdoewy, elte oTaTiXd Xatd TNy exxivnon xdbe acpooxdpoug, eite
xaL duvoulxd. Mo dAAN Teploy | Tou TpocpEpeTaL YLo TepalTépw eufdiuvon elvol
TA OYAUATA TV WBEATOY OYXWYV %xdhE AePOTHAPOUS XAl TNE TEPLOYAS ETLTAPNOTC
ToU, 0oL TAEoY uTdpyel auinuévn ehevbeplo emthoyhc Toug. Télog, uta Suvato-
NTo eMEXTAOTC 0TV ool €youy HdY yivel Briuata elval o cuvduacude NS uebo-
doloylac Twv Xuvapthoeny IIhoynone énwe napouctdletal ed6 Ue éva oyfua
[TpoPhentixol Eréyyou - Model Predictive Control (MPC). Me avtév tov
TPoOTO ouVBLALoVTAL Ta TAEOVEXTAUATA TV S0 UebOdwY, dNAady) oL auoTneéc
eYYLHoelc Ty Yuvapthoeny IThofynone ue v xavétnta tou IpoBientinoy
EXéyyou va yeplletar evxoha xpitripla Beitiotonolnong xal teptopiouovc. To
anoTéAecuo evOg TETOLOU GLVBLAGUOL UTopel va elvar elte éva choTnua Beoyu-
TpdHecunc amoQUYNC GLUYXPOUGEWY UE AUENUEVES LXAVOTNTES, ELTE ULO OTEVOTERT
Staovvdeon wetalld Tou Bpayunpdbecuou xar Tou weconpdiecuou emnédou ano-
puUYHC ouYXpoUoewy. Mia TpdhTn TPoaéyYLon Teog TNV SevtepT xatelhuvor el
tpotafel ota [48), [49] xou napovodletar avalutixd oto [apdptnua Tou TAYpoUC
XeWEVOL TN epyaciac 6Ty AyyAu yAdooa. Enimiéov, ta anoteléouata ou-
e e AwtpBrc €xouv allomoiniel oe ouvduaoud ue teyvixéc Ilpofrentinoy
EXéyyou, divovtac mohd Getixd anoteléouata, otny epyaota [50].
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