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Prìlogoc

”K�je �njrwpoc èqei mprost� tou qili�dec drìmouc. All� o pragmatik� dikìc tou drìmoc eÐnai

autìc, ton opoÐo an apofasÐsei na akolouj sei o fìboc tou megal¸nei.”

Emèna o fìboc mou meg�lwne k�je for� pou antÐkriza mia nèa majhmatik  ènnoia. Kai k�pwc

ètsi, me aut  th fr�sh tou Sèrbou suggrafèa MÐlan P�bitc sto nou mou, apof�sisa pwc o dikìc

mou drìmoc ja èprepe na qaraqjeÐ me Majhmatik�. AfoÔ èftiaxa to drìmo kai ton perp�thsa,

èftasa sto telikì st�dio, thn ekpìnhsh thc Diplwmatik c mou ergasÐac.

H enasqìlhsh mou me ton tomèa thc JewrÐac Elègqou ofeÐletai sto jèma autì kaj� autì,

afoÔ apoteleÐ ènan exairetik� endiafèronta sunduasmì tìso twn Jewrhtik¸n Majhmatik¸n ìso

kai thc praktik c efarmog c touc.

H ekpìnhsh thc diplwmatik c ergasÐac ègine sth GermanÐa, se sunergasÐa me ton Prof. Rainer

Nagel tou PanepisthmÐou Karls Eberhard tou T übingen mèsw tou progr�mmatoc antallag c

foitht¸n Erasmus , en¸ h beltÐwsh thc ègine se sunergasÐa me ton Kajhght  Tsini� Iw�nnh

met� thn epistrof  mou apì th GermanÐa.

Gi' autì to lìgo ja  jela na euqarist sw idiaitèrwc ton k.Tsini� gia thn amèristh upost rixh

tou tìso sto na k�nw th diplwmatik  mou ergasÐa se panepist mio tou exwterikoÔ ìso kai sth

beltÐwsh thc.

Ja  jela epÐshc na euqarist sw jerm� ton Prof. Rainer Nagel, o opoÐoc apodèqjhke polÔ

jerm� thn aÐthsh mou gia thn epÐbleyh thc diplwmatik c mou ergasÐac. H idèa gia to jèma thc

ergasÐac  tan dik  tou kai h sunergasÐa mac  tan �yogh.

Tèloc, ja  jela na euqarist sw apì kardi�c to Didaktorikì Foitht  Bernd Klöss, thc e-

reunhtik c om�dac tou Prof. Nagel, kai thn Dr. Britta Dorn gia thn polÔtimh bo jeia touc me

thn ergasÐa kaj¸c kai touc Fatih Bayazit, Tina Tassouli, Retha Heymann kaiMarco Scheiber
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gia th jerm  filik  agkali� pou mou prosèferan kai h opoÐa dieukìlune ìqi mìno thn ergasÐa mou

all� kurÐwc th diamon  mou sto T übingen.
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PerÐlhyh

Sthn paroÔsa Diplwmatik  ergasÐa, melet¸ntai kai parousi�zontai oi basikèc arqèc thc JewrÐac

Bèltistou Elègqou enìc sust matoc , se q¸ro peperasmènhc di�stashc. H melèth aut  afor�

tìso tic jewrhtikèc ptuqèc tou antikeimènou ìso kai efarmogèc tou , me skopì thn kalÔterh

katanìhsh thc shmasÐac tou.

Sto Kef�laio 2 parousi�zetai h montelopoÐhsh tri¸n susthm�twn, kurÐwc wc kÐnhtro gia

thn enasqìlhsh me to antikeÐmeno thc JewrÐac Bèltistou Elègqou. Sto Kef�laio 3 eis�getai

h ènnoia thc eust�jeiac enìc sust matoc, ènnoia h opoÐa eÐnai idiaitèrwc shmantik  kai qr simh

sta epìmena kef�laia. Sto Kef�laio 4 gÐnetai mÐa genik  perigraf  twn susthm�twn elègqou kai

twn diafìrwn qarakthristik¸n touc kai tÐjentai k�poia basik� erwt mata thc JewrÐac Elègqou.

Sto Kef�laio 5 anaptÔssetai h ènnoia thc Elegximìthtac enìc sust matoc. ParatÐjentai k�poia

polÔ basik� jewr mata kai epilÔontai efarmogèc, me skopì thn kalÔterh katanìhsh thc èn-

noiac aut c. Katìpin , asqoloÔmaste kai me ton trìpo antimet¸pishc susthm�twn 2hc t�xhc,

eis�gontac thn ènnoia twn isodÔnamwn susthm�twn. Sto Kef�laio 6 asqoloÔmaste me thn ènnoia

thc Parathrhsimìthtac enìc sust matoc . Ed¸ epilÔontai dÔo paradeÐgmata pou èqoun anaferjeÐ

sto Kef�laio 2. Tèloc, sto Kef�laio 7 anaptÔssetai h dunatìthta thc StajeropoÐhshc enìc

sust matoc kai apodeiknÔetai to Je¸rhma MetakÐnhshc Pìlwn.
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Kef�laio 1

Eisagwg 

1.1 Me tÐ asqoleÐtai h Majhmatik  JewrÐa Elègqou ?

Sthn epoq  mac up�rqoun probl mata, ta opoÐa mporoÔna na lujoÔn -me majhmatik� montèla- mèsw

mi�c sqetik� nèac jewrÐac. H Majhmatik  JewrÐa Elègqou eÐnai èna pedÐo twn efarmosmènwn ma-

jhmatik¸n, to opoÐo asqoleÐtai me tic basikèc arqèc thc an�lushc kai tou sqediasmoÔ susthm�twn

elègqou kai eÐnai idiaÐtera qr simh se di�forouc tomeÐc thc kajhmerinìthtac mac.

To na ”elègqoume” èna sÔsthma , shmaÐnei na mporoÔme na ephre�soume th leitourgÐa tou,

ètsi ¸ste na epitÔqoume to epijumhtì gia mac apotèlesma. Gia par�deigma , ston tomèa thc

Mhqanik c prokeimènou na epitÔqoun aut  thn epirro  , oi mhqanikoÐ kataskeu�zoun suskeuèc oi

opoÐec sunen¸noun di�forec majhmatikèc teqnikèc.

Autèc oi suskeuèc ekteÐnontai apì to rujmist  thc atmomhqan c touWatt, h opoÐa sqedi�sthke

kat� th di�rkeia thc Agglik c Biomhqanik c Epan�stashc, mèqri touc plèon exeligmènouc mikroepe-

xergastèc elègqou pou qrhsimopoioÔntai se poll� proðìnta ìpwc CDplayers, ektupwtèc, upo-

logistèc   rompìt kai susthm�twn autìmathc plo ghshc aeroskaf¸n all� akìma kai se biologik�

sust mata, ìpwc to anjr¸pino s¸ma.

Jèloume loipìn na melet soume autèc tic suskeuèc kaj¸c kai tic allhlepidr�seic touc me

to antikeÐmeno pou elègqoume. Sth JewrÐa Elègqou èqoun qaraqjeÐ dÔo basikoÐ drìmoi , me

b�sh touc opoÐouc ergazìmaste. AutoÐ oi drìmoi kami� for� faÐnetai na energoÔn se diaforetikèc

kateujÔnseic , all� sthn pragmatikìthta allhlosumplhr¸nontai.

O ènac ex' aut¸n basÐzetai sthn idèa ìti up�rqei èna kalì montèlo tou antikeimènou pou

jèloume na elègxoume kai emeÐc jèloume me k�poio trìpo na beltistopoi soume th sumperifor�-
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leitourgÐa tou. Gia par�deigma, oi fusikèc arqèc kai oi teqnikèc prodiagrafèc mporoÔn na qrhsi-

mopoihjoÔn gia ton upologismì ekeÐnhc thc troqi�c, enìc aerosk�fouc, h opoÐa elaqistopoieÐ to

sunolikì qrìno taxidioÔ   th sunolik  katan�lwsh kausÐmwn. Oi teqnikèc pou qrhsimopoioÔntai

se aut  th perÐptwsh, eÐnai sten� sundedemènec me ton klassikì logismì metabol¸n kai ta �lla

pedÐa thc JewrÐac BeltistopoÐhshc. To telikì apotèlesma eÐnai èna ek twn protèrwn program-

matismèno sqèdio pt shc.

H �llh basik  gramm  pou mporeÐ na akoloujhjeÐ eÐnai ekeÐnh h opoÐa basÐzetai stouc perio-

rismoÔc pou epib�llontai apì thn abebaiìthta gia to montèlo   gia to perib�llon mèsa sto opoÐo

leitourgeÐ to antikeÐmeno thc melèthc mac. To basikì ergaleÐo se aut  th perÐptwsh , eÐnai h qr sh

mÐac an�drashc (feedback) prokeimènou na diorj¸soume tic apoklÐseic ,pou up�rqoun, apì thn

epijumht  sumperifor� tou antikeimènou mac . Gia par�deigma , di�fora sust mata elègqou mèsw

an�drashc , qrhsimopoioÔntai kat� th di�rkeia miac pragmatik c pt shc sto di�sthma , prokeimè-

nou na antistajmÐsoume ta l�jh pou up�rqoun lìgw tou ìti h troqi� tou aerosk�fouc eÐnai

prokajorismènh. Apì majhmatik  skopi� h JewrÐa StajeropoÐhshc kai h JewrÐa Dunamik¸n

Susthm�twn , sunèbalan kajoristik� se aut  th prosèggish.

1.2 Elegximìthta

'Ena aplì kajhmerinì par�deigma, mÐac suskeu c pou qrhsimopoieÐ th JewrÐa Elègqou gia th

leitourgÐa thc, eÐnai o hlektrikìc foÔrnoc tou opoÐou h jermokrasÐa sto eswterikì mporeÐ na

all�xei opoted pote an emeÐc apl� rujmÐsoume diaforetik� thn paroq  jèrmanshc. Kat� sunèpeia,

h allag  thc jermokrasÐac sto eswterikì tou foÔrnou eÐnai elegqìmenh. Mia peraitèrw efarmog ,

thc JewrÐac Elègqou, ousiastik c shmasÐac eÐnai o èlegqoc thc leitourgÐac purhnik¸n stajm¸n

paragwg c hlektrik c enèrgeiac.

Epomènwc, antilambanìmaste ìti èna sÔsthma eÐnai elègximo, ìtan mporoÔme emeÐc na broÔme

ènan kat�llhlo trìpo elègqou thc leitourgÐac tou, ètsi ¸ste na epitÔqoume thn epijumht  kat�-

stash tou sust matoc, opoiad pote ki an  tan h arqik  kat�stash tou sust matoc. MporoÔme
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dhlad  dojeÐshc mÐac arqik c kat�stashc na elègxoume thn poreÐa leitourgÐac tou sust matoc.

1.3 StajeropoÐhsh kai Pole Assignment Theorem

H jewrÐa elègqou, èqei shmantikì rìlo idiaÐtera sthn aeronauphgik  kai th diasthmik  teqnologÐa.

Gia par�deigma, ed¸ to er¸thma eÐnai kat� pìso mporeÐ èna aerosk�foc na elègqetai apì autìmato

pilìto. 'Ena apì ta aploÔstera sust mata ,eÐnai o mhqanismìc pou sundèei th jèsh tou pterugÐou

tou aerosk�fouc me th rÔjmish tou moqloÔ elègqou kai sth sunèqeia qrhsimopoi¸ntac mia mhqan ,

h trèqousa kat�stash all�zei prokeimènou na epiteuqjeÐ h epijumht  kat�stash gia th jèsh tou

pterugÐou. Sthn perÐptwsh aut  mil�me gia èna SÔsthma An�drashc (Feedback System).

Probl mata autoÔ tou eÐdouc eÐnai idiaitèrwc endiafèronta, kaj¸c epidi¸koun na katast soun

tic suskeuèc ikanèc na elègqoun oi Ðdiec th leitourgÐa touc. 'Ena sÔsthma an�drashc qrhsimopoieÐ

mìno thn tim  thc trèqousac kat�stashc prokeimènou na prosdiorÐsei ton mhqanismì elègqou gia

to sÔsthma. 'Ena sÔsthma pou èqei aut  thn idiìthta onom�zetai Stajeropoi simo.

'Ena apì ta basikìtera apofjègmata sth JewrÐa Elègqou, ston tomèa thc StajeropoÐhshc,

eÐnai to Je¸rhma MetakÐnhshc Pìlwn (Pole Assignment   alli¸c Pole Shifting Theorem).

Gia èna sÔsthma loipìn, to opoÐo perigr�fetai apì th diaforik  exÐswsh ẋ(t) = Ax(t) + Bu(t),

to je¸rhma autì lèei ousiastik� ìti sqedìn gia k�je zeÔgoc pin�kwn A, B, eÐnai dunatì qrhsi-

mopoi¸ntac kat�llhlh an�drash me pÐnaka F , na exasfalisjoÔn aujaÐretec idiotimèc gia ton pÐnaka

A+BF , o opoÐoc exart�tai mìno apì touc profaneÐc periorismoÔc (mi�c kai o A+BF eÐnai pÐnakac

pragmatik¸n arijm¸n) ìti oi migadikèc idiotimèc prèpei na parousi�zontai se zeÔgh , dhlad  an

up�rqei mÐa migadik  idiotim  tìte kai h suzug c thc eÐnai kai aut  idiotim  tou A+BF . ”Sqedìn

k�je” shmaÐnei ìti autì ja isqÔei gia ìla ta zeÔgh pou perigr�foun, autì pou apokaloÔme,

”elègxima sust mata”.

To ìnoma tou jewr matoc, ofeÐletai sto gegonìc ìti oi idiotimèc tou pÐnaka A + BF eÐnai

epÐshc oi pìloi tou pÐnaka (zI −A−BF )−1   isodÔnama thc sun�rthshc 1
det(zI−A−BF ) .

Wc sunèpeia tou Jewr matoc MetakÐnhshc Pìlwn , gnwrÐzoume ìti (ektìc apì polÔ eidikèc
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peript¸seic) dojèntoc enìc sust matoc ẋ(t) = Ax(t) + Bu(t), eÐnai dunatì na broÔme èna nìmo

an�drashc u(t) = Fx(t) , tètoio ¸ste ìlec oi lÔseic tou sust matoc na fjÐnoun ekjetik�. Gia na

katal xoume se autì to sumpèrasma , prèpei na qrhsimopoi soume to Jewr matoc MetakÐnhshc

Pìlwn prokeimènou na broÔme ènan pÐnaka F , tètoio ¸ste ìlec oi idiotimèc tou pÐnaka A+BF ,

na èqoun gnhsÐwc arnhtik� pragmatik� mèrh , dhlad  o pÐnakac A+BF na eÐnai Hurwitz .

To je¸rhma autì eÐnai idiaÐtera shmantikì sth jewrÐa Grammik¸n Susthm�twn , giatÐ apì th

stigm  pou gnwrÐzoume ìti mporoÔme na ekqwr soume sto sÔsthma mac aujaÐreta sÔnola idio-

tim¸n, mporoÔme kai na sugkrÐnoume ta apotelèsmata , tic epidìseic dhlad  twn diafìrwn aut¸n

sunìlwn. MetaxÔ ekeÐnwn pou parèqoun stajerìthta , k�poia mporeÐ na eÐnai pio qr sima apì

�lla kai epomènwc emeÐc mporoÔme na dialèxoume to pio qr simo ,gia mac, sÔnolo .

1.4 Parathrhsimìthta

MÐa basik  jewrhtik  idiìthta pou prokÔptei polÔ fusik� ìtan melet�me Parathrhtèc kai Mejìdouc

An�drashc, eÐnai aut  thc Parathrhsimìthtac. Autì shmaÐnei ìti ìlh h plhroforÐa mac gia thn

kat�stash x tou sust matoc, prèpei na anakthjeÐ apì th gn¸sh twn metr sewn y pou prokÔp-

toun. Kat� mÐa ènnoia eÐnai èna antist�jmisma sthn ènnoia thc elegximìthtac, h opoÐa èqei na

k�nei me thn eÔresh elègqwn u pou mac epitrèpoun na epitÔqoume mia epijumht  kat�stash x .

Sthn perÐptwsh twn Grammik¸n Susthm�twn , aut  h sÔndesh thc elegximìthtac me thn

parathrhsimìthta mporeÐ na gÐnei akrib c mèsw thc ènnoiac thc duadikìthtac kai epitrèpei thn

epÐteuxh twn perissìterwn apotelesm�twn gia touc parathrhtèc , wc �mesh sunèpeia twn apote-

lesm�twn pou aforoÔn thn elegximìthta .
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1.5 Istorik  Anadrom 

Me thn arq  thc exèlixhc tou politismoÔ , ègine aparaÐthtoc o èlegqoc diafìrwn susthm�twn

prokeimènou na epiteuqjeÐ mÐa kalÔterh poiìthta zw c.

'Hdh apì ton 3o ai¸na p.Q., oi �njrwpoi prospajoÔsan na efeÔroun èna rujmist  pou na

elègqei autìmata thn prìslhyh neroÔ se mia dexamen  apoj keushc. Apì tìte xekÐnhse h t�sh

na kataskeu�zontai ìlo kai perissìterec suskeuèc elègqou.

Eidik� kat� th di�rkeia thc biomhqanik c epan�stashc to 17o ai¸na, shmei¸jhke ragdaÐa

prìodoc sth melèth twn susthm�twn elègqou. Mia apì tic piì dhmofileÐc kataskeuèc , eÐnai aut 

tou James Watts Regler gia atmomhqan  , o energeiakìc efodiasmìc thc opoÐac gÐnetai me tètoio

trìpo ¸ste aut  na pragmatopoieÐ strofèc , me stajer  taqÔthta.

Argìtera , akoloÔjhsan perissìterec exelÐxeic. Kat� th di�rkeia tou polèmou ,gia par�deigma,

 tan epitaktik  h an�gkh gia thn exèlixh thc teqnologÐac. H torpÐlh  tan èna apì ta pr¸ta ìpla

gia ta opoÐa  tan aparaÐthto èna exeligmèno sÔsthma elègqou. Arqik� , ston Amerik�niko em-

fÔlio up rqan prohgmènec torpÐlec , wstìso kataskeuasmènec na leitourgoÔn mìno p�nw apì thn

epif�neia thc j�lassac , kai epomènwc kindÔneuan kaj¸c  tan ènac eÔkola entopizìmenoc stì-

qoc.LÐgo argìtera kataskeu�sthkan upobrÔqiec torpÐlec , oi opoÐec dièjetan exeligmèna sust -

mata elègqou.EÐqan ènan aisjht ra b�jouc kai lepÐdec elègqou prokeimènou na kinoÔntai proc

ta p�nw kai proc ta k�tw.'Htan epÐshc exoplismènec me èna sÔsthma elègqou pou epètrepe th

rÔjmish thc taqÔthtac thc propèlac thc torpÐlhc.

Wstìso , h majhmatik  montelopoÐhsh twn susthm�twn elègqou aut¸n twn tìso perÐplokwn

exoplism¸n , ègine argìtera , kaj¸c apeÐqe polÔ apì tic mejìdouc thc epoq c. Mìno argìtera,

kat� th di�rkeia tou 2ou PagkosmÐou polèmou mpìresan na brejoÔn k�poiec lÔseic gi' aut� ta

majhmatik� sust mata elègqou.

Mia �llh shmantik  ¸jhsh gia thn exèlixh twn susthm�twn elègqou ,dìjhke me aform  th

qr sh aut¸n ston tomèa thc teqnologÐac sthn aeroporÐa. Eidikìtera, to sÔsthma ”autìmatou

pilìtou” eÐnai èna idiaÐtera polÔploko sÔsthma plo ghshc aerosk�fouc ,to opoÐo to krat� se

prokajorismèno Ôyoc kai kateÔjunsh kai elègqei thn taqÔthta me thn opoÐa autì kineÐtai.

Apì majhmatik c apìyewc , to megalÔtero mèroc thc aparaÐththc an�lushc gia sust mata
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thc morf c : ẋ(t) = Ax(t) + Bu(t) , pragmatopoi jhke metaxÔ 1940 kai 1960. Wstìso , lìgw

tou 2ou PagkosmÐou polèmou , poll� apotelèsmata dhmosieÔjhkan argìtera.

H JewrÐa Elègqou ,eÐnai epomènwc èna nèo pedÐo èreunac pou exakoloujeÐ na af nei poll�

perij¸ria gia peraitèrw èreuna.
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Kef�laio 2

Eisagwg  sth JewrÐa Elègqou -
KÐnhtro

Ta epìmena paradeÐgmata apoteloÔn mia pr¸th parousÐash tou eÐdouc twn problhm�twn me ta

opoÐa asqoleÐtai h JewrÐa Bèltistou Elègqou.

2.1 Omal  prosel nwsh diasthmikoÔ aerosk�fouc

'Ena prìblhma ston tomèa thc aeroporÐac kai thc diasthmik c teqnologÐac eÐnai h legìmenh ”Omal 

prosgeÐwsh diasthmikoÔ aerosk�fouc sto fegg�ri” , dhlad  h prosgeÐwsh kata thn opoÐa , ìtan

to ìqhma aggÐzei to èdafoc , èqei taqÔthta v = 0 . Autì to epijumoÔme diìti se k�je allh

perÐptwsh ja eÐqame mia - mikr    megalh- prìskroush tou aerosk�fouc kat� thn epaf  tou me

thn epif�neia thc sel nhc.

JewroÔme ìti th qronik  stigm  t , to Ôyoc sto opoÐo brÐsketai to diasthmikì sk�foc apì to

èdafoc eÐnai h(t) , h epibr�dunsh tou lìgw thc leitourgÐac twn rouket¸n eÐnai u(t) en¸ h m�za

tou -h opoÐa jewreÐtai gnwst - eÐnai m . Gia na lujeÐ to prìblhma , qrhsimopoioÔme th gnwst 

sqèsh tou Newton:

m(ḧ(t) + g) = u(t) (2.1)

Gr�fontac th taqÔthta tou diasthmikoÔ aerosk�fouc wc :

v(t) = ḣ(t) (2.2)
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Sq ma 2.1: Prosel nwsh Aerosk�fouc

kai thn epibr�dunsh tou wc :

u(t) = v̇(t) = ḧ(t) (2.3)

h exÐswsh (2.1) metatrèpetai sto SÔsthma :



(
ḣ(t)

v̇(t)

)
=

(
0 1

0 0

)(
h(t)

v(t)

)
+

(
0

u(t)
m − g

)
(
h(0)

v(0)

)
=

(
h0

v0

) (2.4)

Prèpei na broÔme mia apeikìnish u : R+ −→ R , tètoia ¸ste na up�rqei t0 > 0 me h(t0) =

ḣ(t0) = 0 . Apì fusik  skopi�, eÐnai profanèc ìti isqÔoun oi parak�tw proôpojèseic :

h(t) ≥ 0 (2.5)
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v(t) ≤ 0 (2.6)

0 ≤ u(t) ≤ umax (2.7)

Gia na lujeÐ to prìblhma, jewroÔme ìti se k�je qronik  stigm  , h epibr�dunsh pou epib�lletai

eÐnai stajer  kai Ðsh me u(t) ≡ ū.

H (2.1) =⇒ ḧ(t) + g = u(t)
m =⇒ ḧ(t) = v̇(t) = u(t)

m − g
u(t)≡ū
=⇒ v̇(t) = ū

m − g

=⇒ v(t) =

∫
ū

m
− gdt =⇒ v(t) =

( ū
m
− g
)
t+ v0 (2.8)

Epiplèon, h (2.8) =⇒ ḣ(t) =
(
ū
m − g

)
t+ v0 =⇒ h(t) =

∫ (
ū
m − g

)
t+ v0dt

=⇒ h(t) =
1

2

( ū
m
− g
)
t2 + v0t+ h0 (2.9)

ìpou ( ūm − g) = ḧ(t).

'Etsi , th lÔsh tou (2.1) apoteloÔn oi sqèseic (2.8) kai (2.9) .

Epomènwc, prèpei ū
m > g, dhlad  ḧ(t) > 0, oÔtwc ¸ste na epiteuqjeÐ h epibr�dunsh tou

aerosk�fouc, h opoÐa eÐnai aparaÐthth gia na apofeuqjeÐ h prìskroush tou me thn epif�neia thc

sel nhc , th stigm  thc prosel nwshc.

T¸ra eÐnai dunatì na upologÐsoume apì tic sqèseic (2.8) kai (2.9) , thn epibr�dunsh ū kai th

qronik  stigm  t0 thc prosel nwshc.

EÐnai profanèc ìti th qronik  stigm  t0 , isqÔoun :

v(t0) = v0 +
( ū
m
− g
)
t0 = 0 (2.10)

h(t0) = h0 + v0t0 +
1

2

( ū
m
− g
)
t0

2 = 0 (2.11)

Apì th (2.10) sunep�getai ìti

t0 = − v0
ū
m − g

≥ 0 (2.12)
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Epomènwc t¸ra, h (2.11) gÐnetai :

h(t0) = h0 −
v0

2

ū
m − g

+
1

2

( ū
m
− g
) v0

2(
ū
m − g

)2 = 0 (2.13)

H (2.13) mac odhgeÐ telik� sth lÔsh thc ū :

ū = m(
v0

2

2h0
+ g) (2.14)

Sundu�zontac t¸ra th (2.12) kai th (2.14) katal goume sto :

t0 = −2h0

v0
(2.15)

Apomènei loipìn na doÔme an ikanopoioÔntai oi upìloipec proôpojèseic.

H proôpìjesh

h(t) ≥ 0 (2.16)

isqÔei, ∀ t ∈ [0, t0], op¸c mporoÔme na doÔme me antikat�stash tou ū , apì th sqèsh (2.14) , sth

sqèsh (2.11) .

EpÐshc isqÔei :

v(t) ≤ 0 , ∀ t ∈ [0, t0] (2.17)

to opoÐo apodeiknÔetai eÔkola, an antikatast sw to ū , apì th sqèsh (2.14), sth sqèsh (2.10).

Epiplèon, to ū ≥ 0 p�nta, epomènwc isqÔei : ū ≤ umax an m
(
v02

2h0
+ g
)
≤ umax, �ra an kai

mìnon an :

v0
2 ≤ 2

(umax
m
− g
)
h0 (2.18)

ìpou profan¸c, (umax
m − g) > 0, afoÔ gnwrÐzoume ìti ū

m − g > 0.

H sqèsh (2.18) mac dÐnei tic epitrepìmenec arqikèc timèc.

Gia na eÐnai loipìn to aerosk�foc se jèsh na èqei taqÔthta v = 0 th stigm  thc prosel nwshc,

ja prèpei oi arqikèc timèc na brÐskontai sto grammoskiasmèno tm ma thc parak�tw grafik c

par�stashc 1.

Lamb�nonac up�oyh to ìti h prosgeÐwsh gÐnetai se dedomènh qronik  stigm  T, paÐrnoume

akìma pio sugkekrimènec arqikèc timèc.
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Sq ma 2.2: Grafik  par�stash 1

 

Sq ma 2.3: Grafik  par�stash 2

'Estw ìti h qronik  stigm  T eÐnai gnwst  kai Ðsh me T = −2h0
v0

, tìte v0 = −2h0
T . Autì èqei

wc apotèlesma :

(
h0

v0

)
∈ {v0

2 ≤ 2
(umax

m
− g
)
h0} ∩ {v0 = −2h0

T
} (2.19)

Gia na ekplhrwjoÔn loipìn kai oi prìsjetec sunj kec , prèpei oi arqikèc timèc na brÐskontai

sta shmeÐa tom c thc eujeÐac v0 = −2h0
T kai thc grafik c par�stashc 1 ìpwc faÐnetai kai sth

grafik  par�stash 2.

Epomènwc , to sumpèrasma mac eÐnai ìti mporeÐ na brejeÐ kat�llhloc èlegqoc u , tètoioc ¸ste

to aerosk�foc na èqei omal  prosel nwsh.
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2.2 Hlektrikìc FoÔrnoc

SkefjeÐte ènan hlektrikì foÔrno , tou opoÐou h jermokrasÐa rujmÐzetai apì èna phnÐo jèrmanshc

to opoÐo brÐsketai sto perÐblhma tou foÔrnou. Ja sumbolÐzoume me u, th jermìthta h opoÐa

parèqetai ap'to phnÐo. JewroÔme ìti mìno oi parak�tw stajerèc ephre�zoun th Metabol 

thc jermokrasÐac :

• Oi Jermoqwrhtikìthtec c1 kai c2 ,tou eswterikoÔ tou foÔrnou kai tou peribl matoc

tou, antÐstoiqa.

• Oi epif�neiec a1 kai a2 tou eswterikoÔ kai exwterikoÔ twn toiqwm�twn tou foÔrnou,

antÐstoiqa.

• Oi suntelestèc jermik c agwgimìthtac , r1 kai r2 antÐstoiqa, thc eswterik c kai

exwterik c epif�neiac tou peribl matoc tou foÔrnou.

JewroÔme ìti h jermìthta sto eswterikì tou foÔrnou eÐnai omoiìmorfa katanemhmènh kai oi

ap¸leiec jermìthtac an�logec thc epif�neiac kai thc diafor�c jermokrasÐac me to perib�llon.

De lamb�nontai upìyh peraitèrw par�gontec. Me T0 sumbolÐzoume th jermokrasÐa sto exwterikì

tou foÔrnou , me T1 th jermokrasÐa sto perÐblhma tou foÔrnou kai me T2 th jermokrasÐa sto

eswterikì tou.

Tìte , h metabol  JermokrasÐac sto perÐblhma dÐnetai apì th sqèsh :

c1Ṫ1 = −α2r2(T1 − T0)− α1r1(T1 − T2) + u (2.20)

kai gia to eswterikì tou foÔrnou , apì th sqèsh :

c2Ṫ2 = α1r1(T1 − T2) (2.21)

Me ” · ” sumbolÐzoume thn par�gwgo thc jermìthtac wc proc to qrìno t ,dhlad 

Ṫ =
dT

dt
(2.22)

Endiafèron parousi�zoun oi diaforèc jermokrasÐac T1 − T0 kai T2 − T0 .

JewroÔme to di�nusma st lh :

x := (T1 − T0, T2 − T0)> ∈ R2 (2.23)
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kai lème ìti apì th x (t) dÐnetai h diafor� jermokrasÐac tou periblhmatoc kai tou eswterikoÔ tou

foÔrnou , se sqèsh me th jermokrasÐa sto exwterikì ,th qronik  stigm  t. Jewr¸ntac touc

pÐnakec :

A =

(
−(α2r2+α1r1)

c1
α1r1
c1

α1r1
c2

−α1r1
c2

)
(2.24)

kai

B =

( 1
c1
0

)
(2.25)

Oi sqèseic (2.20) kai (2.21) mporoÔn na ekfrastoÔn san sÔsthma , mèsw thc diaforik c exÐswshc:

ẋ (t) = Ax (t) +Bu(t) (2.26)

Erwt mata pou genniìntai kai sta opoÐa jèloume na apant soume :

1) MporeÐ mesw aÔxhshc thc jermokrasÐac na epiteuqjeÐ kai na diathrhjeÐ opoiad pote jermokrasÐ-

a sto perÐblhma kai sto eswterikì tou foÔrnou , se dedomènh qronik  stigm  ;

2)MporoÔme na prosdiorÐsoume akrib¸c th jermokrasÐa T2 sto eswterikì tou foÔrnou , qwrÐc

na th metr soume �mesa , par� mìno metr¸ntac th jermokrasÐa T1 tou peribl matoc ;
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2.3 Geranìc

 

Sq ma 2.4: Geranìc

Sto parap�nw sq ma faÐnetai èna kinhtì m�zac M, sto opoÐo askeÐtai dÔnamh u kat� th jetik 

for� pou prosdiorÐzei to sÔsthma suntetagmènwn (proc ta dexi�). Se qronik  stigm  t , to kèntro

b�rouc tou kinhtoÔ eÐnai sto shmeÐo (0, s0) . Apì to mèso tou kinhtoÔ krèmetai antikeÐmeno m�zac

m ,me th bo jeia sqoinioÔ m kouc l. Lìgw thc kÐnhshc tou kinhtoÔ h m�za m apomakrÔnetai apì

ton katakìrufo �xona kai dhmiourgeÐ me autìn gwnÐa ektrop c φ.

Mac endiafèrei, kat� th qronik  stigm  t , h metatìpish s(t) tou kinhtoÔ , h taqÔthta tou

ṡ(t) , h ektrop  φ(t) thc m�zac m kai h taqÔthta φ̇(t) thc m�zac m pou prokaleÐ aut  h ektrop .

MporoÔme na anaparast soume thn kat�stash tou sust matoc, an� p�sa stigm  t , mèsw tou

dianÔsmatoc x (t) := (s(t), ṡ(t), φ(t), φ̇(t))> ∈ R4 kai gr�foume x = (s, ṡ, φ, φ̇)> .

Gia na parast soume aut  thn kÐnhsh mèsw mÐac diaforik c exÐswshc thc morf c (2.26) , prèpei

na exetasjoÔn oi dun�meic pou droun sto sÔsthma mac kai na gÐnoun k�poioi metasqhmatismoÐ.

Arqik�, gia th dÔnamh pou askeÐtai sto kinhtì (s¸ma m�zac M) paÐrnoume apì to nìmo tou
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Newton:

ΣFx = M~a =⇒ u− Fx = Ms̈ =⇒ Ms̈ = u− F sinφ (2.27)

ìpou F eÐnai h dÔnamh pou askeÐtai sto kinhtì lìgw thc ektrop c thc m�zac m.

Lìgw twn orizìntiwn dun�mewn pou droun epÐ thc m�zac m , èqoume :

H metatìpish tou m eÐnai (s− l sinφ) . Opìte :

ΣFx = m~a =⇒ m(s− l sinφ)′′ = F sinφ (2.28)

Oi k�jetec sunist¸sec twn dun�mewn , ephre�zoun mìno thn kÐnhsh thc m�zac m , epomènwc

èqoume epiplèon :

Fy −mg = m(l − l cosφ)′′ =⇒ m(l − l cosφ)′′ = F cosφ−mg (2.29)

ìpou g eÐnai h dÔnamh thc barÔthtac , h opoÐa dra sth m�za m .

Prokeimènou na exaleÐyoume ton ìro F apì tic exis¸seic , prosjètoume th sqèsh (2.27) me

th sqèsh (2.28) kai afairoÔme th sqèsh (2.29) pollaplasiasmènh me sinφ apì th sqèsh (2.28)

pollaplasiasmènh me cosφ. Opìte èqoume :

(2.27) + (2.28) =⇒ u− F sinφ+ F sinφ = Ms̈+m(s− l sinφ)′′

=⇒ u = Ms̈+ms̈−ml(sinφ)′′

=⇒ u = Ms̈+ms̈−ml(φ̇ cosφ)′ =⇒ u = Ms̈+ms̈−ml
[
φ̈ cosφ+ φ̇2(− sinφ)

]
=⇒ u = Ms̈+ms̈−mlφ̈ cosφ+mlφ̇2 sinφ

=⇒ u = (M +m)s̈−mlφ̈ cosφ+mlφ̇2 sinφ (2.30)

(2.28) · cosφ− (2.29) · sinφ =⇒ F sinφ cosφ− F cosφ sinφ+mg sinφ =

= ms̈ cosφ−mlφ̈ cos2 φ+mlφ̇2 sinφ cosφ−m sinφ
[
lφ̇ sinφ

]′
=

= ms̈ cosφ−mlφ̈ cos2 φ+mlφ̇2 sinφ cosφ−ml sinφ(φ̈ sinφ+ φ̇2 cosφ) =⇒

=⇒ mg sinφ = ms̈ cosφ−mlφ̈ cos2 φ+mlφ̇2 sinφ cosφ−mlφ̈ sin2 φ−ml sinφ cosφφ̇2 =

= m cosφs̈−ml(sin2 φ+ cos2 φ)φ̈ =⇒

=⇒ mg sinφ = ms̈ cosφ−mlφ̈ (2.31)
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An t¸ra , èqoume mìno mikrèc kai argèc talant¸seic , isqÔoun oi proseggÐseic : cosφ ≈ 1 ,

sinφ ≈ φ kai φ̇2 ≈ 0 , opìte oi sqèseic (2.30) kai (2.31) , dÐnoun antÐstoiqa :

u = (M +m)s̈−mlφ̈ (2.32)

mgφ = ms̈−mlφ̈ (2.33)

EÔresh thc s̈ :

(2.32)− (2.33) =⇒ u−mgφ = Ms̈+ms̈−mlφ̈−ms̈+mlφ̈

=⇒ s̈ =
1

M
u− mg

M
φ (2.34)

EÔresh thc φ̈ :

Apì thn (2.32)
(2.34)
=⇒ u = (M +m)

[
1
M u−

mg
M φ

]
−mlφ̈ =⇒ u = M+m

M u− (M+m)mg
M φ−mlφ̈

=⇒ φ̈ =
1

Ml
u− (M +m)g

Ml
φ (2.35)

Sqetikèc erwt seic :

1) MporoÔme elègqontac th dÔnamh u, na epitÔqoume k�je pijan  kat�stash tou sust matoc?

EÐnai dhlad  dunatì na epitÔqoume, k�je jèsh kai taqÔthta tou kinhtoÔ kai k�je metatìpish-

ektrop  kai taqÔthta thc m�zac m ?

2) MporoÔme, gia par�deigma, upologÐzontac mìno th metatìpish s kai thn ektrop  φ, na

prosdiorÐsoume tic taqÔthtec ṡ kai φ̇ ?

Parak�tw ja anaptuqjeÐ sqetik  jewrÐa , oÔtwc ¸ste na apant soume se autoÔ tou tÔpou

ta erwt mata.
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Kef�laio 3

Majhmatik� Montèla twn
Grammik¸n Autìnomwn
Susthm�twn Elègqou

3.1 Grammikì Omogenèc Prìblhma Arqik¸n Tim¸n (G.O.P.A.T.)

Arqik� , jewroÔme to G.O.P.A.T. kai thn antÐstoiqh lÔsh , ta opoÐa orÐzontai wc ex c :

3.1.1 Orismìc

1. 'Estw A ∈ Rn×n , x0 ∈ Rn . To sÔsthma :

(S1)

{
ẋ(t) = Ax(t), t ≥ 0

x(0) = x0

(3.1)

onom�zetai Prìblhma Arqik¸n Tim¸n gia th Grammik  Omogen  Diaforik  ExÐswsh

ẋ(t) = Ax(t) (3.2)

2. MÐa diaforÐsimh sun�rthsh x : R+ −→ Rn , h opoÐa epalhjeÔei th (3.2) , apoteleÐ

lÔsh thc kai kat' epèktash kai lÔsh tou sust matoc (S1) .

3.1.2 Je¸rhma

'Estw A ∈ Rn×n , x0 ∈ Rn .

Tìte h exÐswsh

x(t) := etAx0 (3.3)

apoteleÐ monadik  lÔsh tou sust matoc S1 .
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Shmantikì rìlo paÐzei h sumperifor� twn lÔsewn gia megalec qronikèc periìdouc. Gi' autì ,

eÐnai shmantik  h stajeropoihsimìthta tou sust matoc.

3.2 Eust�jeia

Se aut  thn enìthta ja exhg soume tÐ akrib¸c ennooÔme ìtan anaferìmaste sthn eust�jeia enìc

Sust matoc Elègqou.

3.2.1 Orismìc

'Ena shmeÐo x∗ ∈ R onom�zetai shmeÐo isorropÐac thc autìnomhc diaforik c exÐswshc

ẋ(t) = f(x(t)) (3.4)

an isqÔei f(x∗) = 0 , ìpou f : Rn −→ Rn Lipschitz .

IsodÔnama , me b�sh to Je¸rhma 'Uparxhc kai Monadikìthtac thc lÔshc , h sun�rthsh

x(t) = x∗ , t ∈ R (3.5)

apoteleÐ th monadik  lÔsh , thc diaforik c exÐswshc (3.4) , pou dièrqetai apo to x∗ .

3.2.2 Orismìc - Eustajèc shmeÐo isorropÐac

'Estw to x∗ = 0 , shmeÐo isorropÐac thc Grammik c OmogenoÔc Diaforik c ExÐswshc (3.2) .

To x∗ = 0 onom�zetai eustajèc shmeÐo isorropÐac , an oi lÔseic tou sust matoc (3.1), gia ìlec

tic arqikèc katast�seic , sugklÐnoun sto x∗ = 0 , dhlad  an isqÔei :

lim
t→∞

etAx −→ 0 (3.6)
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3.2.3 Orismìc - F�sma

'Estw A ∈ Rn×n . To sÔnolo

σ(A) := {λ : (λI −A) µη αντιστρεψιµoς} (3.7)

onom�zetai F�sma tou A .

3.2.4 ShmeÐwsh

To f�sma tou A eÐnai akrib¸c ìlec oi idiotimèc tou pÐnaka A .

3.2.5 OrismoÐ

1. To sÔnolo

s(A) := sup{Reλ : λ ∈ σ(A)} (3.8)

onom�zetai Fasmatik  AktÐna tou A.

2. To sÔnolo

w(A) := inf{w ∈ R : ∃Mw ≥ 1 µε ‖etA‖ ≤Mwe
wt ∀t ≥ 0} (3.9)

onom�zetai ”Fr�gma An�ptuxhc” tou A.

3. To anoiqtì sÔnolo

ρ(A) = C \ σ(A) (3.10)

onom�zetai EpilÔon SÔnolo tou pÐnaka A .

4. To x∗ = 0 , onom�zetai ekjetik� eustajèc shmeÐo isorropÐac , an w(A) ≤ 0.

Thn arq  thc entatik c èreunac p�nw sthn eust�jeia , èkane o Lyapunov to 1892 me to

parak�tw je¸rhma , sthn perÐptwsh twn grammik¸n susthm�twn . To je¸rhma autì apoteleÐ è-

na krit rio to opoÐo mac epitrèpei na elègqoume an èna shmeÐo isorropÐac eÐnai eustajèc   astajèc .
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3.2.6 Je¸rhma Lyapunov (1857-1918)

'Estw o pÐnakac A ∈ Rn×n kai h diaforik  exÐswsh (3.2) . Tìte ta epìmena eÐnai isodÔnama :

(1) To shmeÐo isorropÐac x∗ = 0, eÐnai eustajèc an kai mìno an ìlec oi idiotimèc tou pÐnaka A

èqoun gnhsÐwc arnhtik� pragmatik� mèrh , dhlad  an kai mìno an o pÐnakac A eÐnai Hurwitz .

(2) Gia th Fasmatik  AktÐna isqÔei : s(A) < 0 .

(3) limt→∞‖etA‖ = 0 .

(4) Up�rqei M ≥ 1 kai ε > 0 me ‖etA‖ ≤Me−εt , ∀t ≥ 0 .

(5) Gia to ”Fr�gma An�ptuxhc” w(A), isqÔei w(A) < 0 .

3.2.7 ShmeÐwsh

Gia A ∈ Rn×n isqÔei : s(A) = w(A) .

Oi apodeÐxeic tou jewr matoc Lyapunov kaj¸c kai thc parap�nw shmeÐwshc, up�rqoun stic

selÐdec 12-13 tou biblÐou (1), pou anafèretai sth bibliografÐa.

Met� apì aut  thn sunoptik  epan�lhyh stÐc OmogeneÐc Diaforikèc Exis¸seic , ja asqol-

hjoÔme t¸ra me tic MH-OmogeneÐc Diaforikèc Exis¸seic , kaj¸c autèc eÐnai pou kurÐwc qrhsi-

mopoioÔntai sth JewrÐa Elègqou.

3.3 Grammikì MH-Omogenèc Prìblhma Arqik¸n Tim¸n (G.MH-
O.P.A.T.)

ArqÐzoume kai p�li me ton orismì tou MH-O.P.A.T. kai thn antÐstoiqh lÔsh tou.

3.3.1 OrismoÐ

'Estw A ∈ Rn×n , x0 ∈ Rn kai f : R+ −→ Rn oloklhr¸simh sun�rthsh.

1. To sÔsthma :

(S2)

{
ẋ(t) = Ax(t) + f(t), t ≥ 0

x(0) = x0

(3.11)
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onom�zetai Prìblhma Arqik¸n Tim¸n gia th Grammik  MH-Omogen  Diaforik  ExÐswsh

ẋ(t) = Ax(t) + f(t) (3.12)

2. MÐa diaforÐsimh sun�rthsh x : R+ −→ Rn , h opoÐa ikanopoieÐ thn (3.12) , apoteleÐ lÔsh

thc kai kat' epèktash kai lÔsh tou sust matoc S2.

H lÔsh thc (3.12) prosdiorÐzetai mèsw thc parak�tw prìtashc.

3.3.2 Prìtash

H sun�rthsh

x(t) := etAx0 +

∫ t

0
e(t−s)Af(s)ds (3.13)

eÐnai h monadik  lÔsh tou sust matoc S2 , me arqik  sunj kh x(0) = x0 .

H apìdeixh up�rqei sth selÐda 59 tou biblÐou (2), pou anafèretai sth bibliografÐa.

Sta epìmena kef�laia ja asqolhjoÔme me tic ènnoiec Elegximìthta, StajeropoÐhsh kai Parathrhsimìth-

ta enìc Sust matoc Elègqou. Ja lujoÔn kai k�poia paradeÐgmata, wc efarmogèc aut¸n twn

ennoi¸n.
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Kef�laio 4

Genik  perigraf  twn Susthm�twn
Elègqou

4.1 Perigraf  tou Sust matoc

Stìqoc thc JewrÐac Elègqou eÐnai na fèroume to SÔsthma, me to opoÐo asqoloÔmaste, sthn

epijumht  gia em�c kat�stash , ètsi ¸ste na mporoÔme na to elègqoume kai na ephre�zoume th

leitourgÐa tou. Wc sÔsthma, jewroÔme èna sÔnolo antikeimènwn , ta opoÐa allhlepidroÔn metaxÔ

touc. 'Ena sÔsthma (S) dèqetai k�poiec eisìdouc (inputs) kai par�gei k�poiec exìdouc (outputs).

Sugkekrimèna , to (S) perigr�fetai apì mÐa diaforik  exÐswsh thc morf c :

ẋ(t) = Ax(t) +Bu(t) (4.1)

me arqik  tim  x(0) = x0 .

'Etsi èqoume to sÔsthma :

Σ(A,B)

{
ẋ(t) = Ax(t) +Bu(t)

x(0) = x0

(4.2)

ìpou t ≥ 0 .

4.1.1 Q¸roi tou Sust matoc Σ(A,B)

Q¸roc Katast�sewn tou sust matoc (4.2) , onom�zetai o q¸roc X = Kn ( ìpou to

K eÐnai eÐte to R eÐte to C) ,dhlad  to Q eÐnai o q¸roc ìlwn twn dunat¸n Katast�sewn tou

sust matoc. Ta stoiqeÐa tou Q , x = (x1, x2, ..., xn) onom�zontaiDianÔsmata Kat�stashc.
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Q¸roc twn tim¸n Eisìdou/Elègqou tou (4.2) , onom�zetai o q¸roc U = Km ,ètsi

¸ste to U na eÐnai to sÔnolo ìlwn twn dunat¸n eisìdwn tou sust matoc. Ta stoiqeÐa tou U ,

u = (u1, u2, ..., um) onom�zontai DianÔsmata Eisìdou/Elègqou.

Sthn paroÔsa ergasÐa o q¸roc K ja eÐnai p�nta o R. Epomènwc, X = Rn kai U = Rm.

4.1.2 Telestèc/PÐnakec

O PÐnakac Katast�sewn A ∈ Rn×n , eÐnai o pÐnakac tou sust matoc (4.2) .

O PÐnakac Elègqou/Eisìdwn B ∈ Rn×m , eÐnai mÐa grammik  apeikìnish orismènh sto

q¸ro eisìdwn U = Rm , me stoiqeÐa se èna Q¸ro Katast�sewn X = Rn dhlad  , B : Rm → Rn

, u 7→ Bu .

4.1.3 EpÐlush tou sust matoc Σ(A,B)

Gia mÐa dojeÐsa arqik  kat�stash x(0) ∈ Rn kai ènan èlegqo u(t) ∈ Rm ,ìpou t ≥ 0 ,

up�rqei monadik  lÔsh x(t;x(0), u) ∈ Rn thc diaforik c exÐswshc tou sust matoc (4.2), h opoÐa

sumfwna me th sqèsh (3.13) thc Prìtashc 3.3.2, eÐnai :

x(t;x(0), u) = etAx(0) +

∫ t

0
e(t−s)ABu(s)ds (4.3)

4.1.4 Sust mata An�drashc

Suqn� èna sÔsthma thc morf c (4.2) eÐnai autìnoma elègximo , dhlad  eÐnai ètsi sqediasmèno ¸-

ste na eÐnai elègximo qwrÐc exwterikèc epirroèc. Tìte mil�me gia ta legìmena ”Feedback Systems

- Sust mata An�drashc ”. Se aut� ta sust mata, oi eÐsodoi u exart¸ntai apì tic an-

tÐstoiqec katast�seic x tou sust matoc, dhlad  up�rqei grammik  exÐswsh u = Fx , h opoÐa

onom�zetai Grammik  An�drash.

Se k�poiec peript¸seic h leitourgÐa tou sust matoc (4.2) mporeÐ na parathrhjeÐ mìno èmme-

sa, dhlad  mìno mèsw metr sewn. Tìte , antÐ tou sust matoc (4.2) , qrhsimopoioÔme to sÔsthma:
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Σ(A,B,C)


ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t)

x(0) = x0

(4.4)

ìpou t ≥ 0 .

O q¸roc Y = K l , onom�zetai Q¸roc twn tim¸n Exìdou tou (4.4) kai eÐnai to sÔnolo

ìlwn twn exìdwn tou sust matoc. Ta stoiqeÐa tou Y , y = (y1, y2, ...yl) , onom�zontai DianÔs-

mata Exìdou.

Kai p�li dieukrinÐzoume ìti se aut  thn ergasÐa to K ja eÐnai p�nta to R. Epomènwc, Y = Rl.

OPÐnakac Exìdwn C ∈ Rl×n eÐnai mÐa grammik  apeikìnish orismènh se èna Q¸ro Katast�sewn

X = Rn me stoiqeÐa pou an koun sto Q¸ro Exìdwn Y = Rl , dhlad  C : Rn → Rl , x 7−→ Cx.

H exÐswsh y(t) = Cx(t) loipìn, eÐnai h èxodoc tou sust matoc , me y : R+ −→ Rl kai

eÐnai :

y(t) = Cx(t) = CetAx0 +

∫ t

0
Ce(t−s)ABu(s)ds (4.5)

4.1.5 Shmei¸seic

1. An se èna sÔsthma den up�rqei Parathrht c , tìte autì sumbolÐzetai Σ(A,B,−)  

aploÔstera Σ(A,B).

2. An se èna sÔsthma den up�rqei èlegqoc u , tìte autì sumbolÐzetai Σ(A,−, C)  

aploÔstera Σ(A,C) :

Σ(A,C)


ẋ(t) = Ax(t)

y(t) = Cx(t)

x(0) = x0

(4.6)

ìpou t ≥ 0 .
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4.2 Zht mata thc JewrÐac Elègqou

Merik� apì ta jemeli¸dh zht mata thc peperasmènhc JewrÐac Elègqou , prokÔptoun apì ta

akìlouja erwt mata :

(1) EÐnai dunatì na brejeÐ èlegqoc u , ètsi ¸ste to sÔsthma na eÐnai elègximo gia mÐa dojeÐsa

kat�stash (dhlad  se mÐa sugkekrimènh qronik  stigm ) ;

Aut  h er¸thsh afor� thn Elegximìthta enìc sust matoc.

(2) EÐnai dunatì na prosdiorisjeÐ h arqik  tim  enìc sust matoc, mìno mèsw metr sewn; EÐ-

nai dhlad  dunatì gia èna sÔsthma thc morf c (4.4) na kajorÐsoume to x0 (kai epomènwc kai thn

x(t)) , gnwrÐzontac ta A,B,C, u(·), y(·) ;

Ed¸ upeisèrqetai h ènnoia thc Parathrhsimìthtac.

(3) Sthn perÐptwsh pou èqoume èna sÔsthma thc morf c (4.2) , to er¸thma pou prokÔptei eÐ-

nai :

MporeÐ na brejeÐ kat�llhlh gramik  an�drash u(t) = Fx(t) tètoia ¸ste to sÔsthma mac na

eÐnai stajeropoi simo mèsw aut c thc grammik c an�drashc;

Tìte , mil�me gia StajeropoÐhsh.
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Kef�laio 5

Elegximìthta Sust matoc

Autì to kef�laio asqoleÐtai me to ex c er¸thma :

EÐnai dunatì , mèsw enìc apodektoÔ elègqou u , xekin¸ntac apo mÐa kat�stash x0 tou sust -

matoc , na proseggÐsoume mÐa �llh kat�stash x1 ;

Sto par�deigma 2.1 tou KefalaÐou 2 , to u antipros¸peue mÐa dÔnamh pèdhshc -epibr�dunsh,

to

x0 =

(
h0

v0

)
thn arqik  tim  Ôyouc kai taqÔthtac tou aerosk�fouc kai to x1 thn kat�stash tou aerosk�fouc

met� thn prosel nwsh, dhlad  to Ôyoc h = 0 tou aerosk�fouc apì to èdafoc kai thn taqÔthta

tou v = 0 .

Arqik� , dÐnontai k�poioi orismoÐ , pou ja mac eÐnai qr simoi gia th sunèqeia thc ergasÐac.

5.1 Basik� qarakthristik� thc elegximìthtac

5.1.1 Epis mansh

'Estw to sÔsthma (4.2) tou KefalaÐou 4 . To anafèroume kai p�li gia lìgouc eukolÐac sthn

an�gnwsh :

Σ(A,B)

{
ẋ(t) = Ax(t) +Bu(t)

x(0) = x0
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me q¸ro eisìdwn , to q¸ro ìlwn twn tetragwnik¸c oloklhr¸simwn sunart sewn me timèc

ston Rm , dhlad  u ∈ L2([0, t],Rm).

Sth sunèqeia, eis�getai h ènnoia thc elegximìthtac.

5.1.2 OrismoÐ

(1) H kat�stash x1 ∈ Rn eÐnai proseggÐsimh apì thn kat�stash x0 ∈ Rn, an up�rqei

t0 ≥ 0 kai u0 ∈ L2([0, t],Rm), me :

x1 = x(t0;x0, u0) := et0Ax0 +

∫ t0

0
e(t0−s)ABu0(s) ds = x(t0;x0, 0) + x(t0; 0, u0) (5.1)

(2) H kat�stash x1 ∈ Rn eÐnai proseggÐsimh apì thn kat�stash x0 ∈ Rn gia sug-

kekrimènh qronik  stigm  t0 > 0 , an up�rqei èna u0 ∈ L2([0, t],Rm) ,me x1 = x(t0;x0, u0).

(3) To sÔsthma S(A,B) eÐnai elègximo , an k�je kat�stash x1 ∈ Rn eÐnai proseggÐsimh

apì k�je arqik  kat�stash x0 ∈ Rn .

(4) To sÔsthma S(A,B) eÐnai elègximo se sugkekrimènh qronik  stigm  t0 > 0, an

k�je kat�stash x1 ∈ Rn eÐnai proseggÐsimh apì k�je arqik  kat�stash x0 ∈ Rn th qronik 

stigm  t0.

(5) Prositì sÔnolo

'Estw x0 ∈ Rn èna shmeÐo (kat�stash) kai qrìnoc t > 0 . To sÔnolo A(t, x0) twn shmeÐwn

(katast�sewn) x ∈ Rn , stic opoÐec mporeÐ na ft�sei tì sÔsthma (S) se qrìno t , xekin¸ntac

apì to x0 th qronik  stigm  t = 0 , me k�poio apodektì èlegqo u ∈ Rm , onom�zetai prositì

sÔnolo tou shmeÐou x0 kai eÐnai :

A(t, x0) = {x ∈ Rn : ∃u ∈ Rm µε x = x(t, x0, u)} (5.2)
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5.1.3 Je¸rhma Cayley −Hamilton

To je¸rhma Cayley−Hamilton (ìnoma to opoÐo p re apì touc majhmatikoÔc Arthur Cayley

kai William Hamilton) anafèrei ìti k�je tetragwnikìc pÐnakac pou an kei se antimetajetikì

daktÔlio (sumperilambanomènou tou q¸rou twn pragmatik¸n   twn migadik¸n) ikanopoieÐ to Ðdio

to dikì tou qarakthristikì polu¸numo. Pio sugkekrimèna , an o A eÐnai ènac dojèntac n × n

pÐnakac kai In o (n × n) tautotikìc pÐnakac , tìte to qarakthristikì polu¸numo tou A orÐzetai

wc ex c :

p(λ) = det(λIn −A) (5.3)

Dedomènou ìti ta stoiqeÐa tou pÐnaka eÐnai, (grammik�   suneq ) polu¸numa sto l, h orÐzousa

eÐnai epÐshc polu¸numo tou l. To je¸rhma Cayley−Hamilton isqurÐzetai ìti , antikajist¸ntac

ton pÐnaka A sth jèsh tou l sto parap�nw polu¸numo, paÐrnoume wc apotèlesma :

p(A) = 0 (5.4)

Oi dun�meic tou l pou t¸ra eÐnai dun�meic tou A , lìgw thc antikat�stashc , ja prèpei na

upologÐzontai apo diadoqikoÔc pollaplasiasmoÔc pin�kwn , kai o stajerìc ìroc ja prèpei na

pollaplasi�zetai me ton tautotikì pÐnaka , ètsi ¸ste na mporeÐ na prostejeÐ stouc upìloipouc

ìrouc .

To je¸rhma epitrèpei stoAn na ekfrasteÐ wc grammikìc sunduasmìc twn mikrìterwn dun�mewn

tou pÐnaka A.
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5.1.4 L mma

'EstwA ∈ Rn×n . Tìte , gia k�je k ∈ N , k ≥ n up�rqoun pragmatikoÐ arijmoÐ α0(k), ..., αn−1(k)

me :

Ak =
n−1∑
j=0

αj(k)Aj (5.5)

Apìdeixh

Gia k = n : Epilègw αj(n) tètoio ¸ste gia to qarakthristikì polu¸numo pα tou A, na

isqÔei:

pα(z) = zn −
n−1∑
j=0

αj(n)zj (5.6)

Lìgw tou Jewr matoc Cayley −Hamilton èqw :

An =
n−1∑
j=0

αj(n)Aj (5.7)

Gia k = n+ 1 : An+1 = AnA =
(∑n−1

j=0 αj(n)Aj
)
A =

∑n−1
j=0 αj(n)Aj+1

= α0(n)A+ ...+ αn−1A
n = α0(n)A+ ...+ αn−2A

n−1 + αn−1(n)
∑n−1

j=0 αj(n)Aj

=
∑n−2

j=0 αj(n)Aj+1 + αn−1(n)
∑n−1

j=0 αj(n)Aj .

'Ara kai to An+1 eÐnai grammikìc sundiasmìc ginomènwn twn Aj , j = 0, ..., n− 1 .

5.1.5 Prìtash

1. To A(t, 0) eÐnai grammikìc upìqwroc tou Rn :

A(t, 0) ≤ Rn (5.8)

2.To A(t, x0) eÐnai grammik  pollaplìthta tou Rn :

A(t, x0) = eAtx0 +A(t, 0) (5.9)

5.1.6 Je¸rhma

Gia k�je t > 0 isqÔei

A(t, 0) = Im[B,AB, ..., An−1B] (5.10)
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kai sunep¸c (me b�sh th Prìtash 5.1.5) :

A(t, x0) = eAtx0 + Im[B,AB, ..., An−1B] (5.11)

Apìdeixh

• Arqik� deÐqnoume ìti :

A(t, 0) ⊂ Im[B,AB, ..., An−1B] (5.12)

'Estw x ∈ A(t, 0) . Tìte :

x =

∫ t

0
eA(t−r)Bu(r)dr , (5.13)

gia k�poia metr simh u(·) . Lìgw tou Jewr matoc Cayley −Hamilton , to opoÐo bebai¸nei

ìti gia k�je k = 1, 2, ...

Ak ∈ span{I, A, ..., An−1} , (5.14)

paÐrnoume ìti :

eA(t−r) = I + (t− r)A+
(t− r)2

2!
A2 + ... ∈ span{I, A, ..., An−1} (5.15)

kai up�rqoun suneqeÐc sunart seic

δi(·) : R+ → R , i = 0, 1, 2, ..., n− 1 µε δi(t− r) =
(t− r)i

i!
(5.16)

ètsi ¸ste telik� :

eA(t−r) =
∑

δi(t− r)Ai (5.17)

Epomènwc , h (5.13) lìgw thc (5.17) gÐnetai :

x =

∫ t

0

∑
δi(t− r)AiBu(r)dr ∈ Im[B,AB, ..., An−1B] (5.18)

Sunep¸c :

x ∈ Im[B,AB, ..., An−1B] (5.19)

Epomènwc , ìntwc

A(t, 0) ⊂ Im[B,AB, ..., An−1B] (5.20)

• Epiplèon , sÔmfwna me th Prìtash 5.1.5 , pou bebai¸nei ìti to A(t, 0) eÐnai upìqwroc tou Rn,
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kai qrhsimopoi¸ntac th (5.20) paÐrnoume ìti oA(t, 0) eÐnai upìqwroc kai tou Im[B,AB, ..., An−1B],

dhlad  :

A(t, 0) ≤ Im[B,AB, ..., An−1B] (5.21)

• Ja deÐxoume t¸ra ìti to A(t, 0) de mporeÐ na eÐnai gn sioc upìqwroc tou Im[B,AB, ..., An−1B]

kai pio sugkekrimèna ja deÐxoume ìti isqÔei h (5.10) .

'Estw ìti A(t, 0) < Im[B,AB, ..., An−1B] . Tìte, up�rqei

0 6= d ∈ Im[B,AB, ..., An−1B] (5.22)

tètoio ¸ste to d na eÐnai k�jeto ston A(t, 0) . Tìte :

d′x = 0 , ∀x ∈ A(t, 0)
(5.13)⇐⇒ d′

∫ t
0 e

A(t−r)Bu(r)dr = 0 , ∀u ∈ Rm

⇐⇒ d′eArB = 0 , ∀r ∈ [0, t] (5.23)

Lìgw analutikìthtac , apì th (5.23) èpetai ìti :

d′B = 0

d′AB = 0

.

. =⇒ d′[B,AB, ..., An−1B] = 0

.

d′An−1B = 0

(5.24)

'Omwc , to d ∈ Im[B,AB, ..., An−1B] . Sunep¸c , apì thn (5.24) èpetai ìti : d = 0 ,

to opoÐo eÐnai �topo afoÔ arqik� eÐqame upojèsei ìti d 6= 0 .

Epomènwc , ìntwc A(t, 0) = Im[B,AB, ..., An−1B] . ‡
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5.2 PÐnakac Elegximìthtac Bt

5.2.1 Orismìc

OrÐzoume PÐnaka Elegximìthtac Bt : L2([0, t],Rm) −→ Rn , thn apeikìnish :

Btu(·) :=

∫ t

0
e(t−s)ABu(s)ds , t > 0 , u ∈ L2([0, t],Rm) (5.25)

H eikìna tou Bt , ImBt, eÐnai epomènwc to sÔnolo ìlwn twn katast�sewn tou Rn , oi opoÐec

eÐnai proseggÐsimec apì to mhdèn , th qronik  stigm  t, dhlad  h eikìna tou Bt eÐnai to prositì

sÔnolo tou mhdèn.

ImBt := A(t, 0) = {x ∈ Rn : ∃u ∈ L2([0, t],Rm) µε x = x(t; 0, u)} (5.26)

5.2.2 Prìtash

O Bt eÐnai grammikìc kai fragmènoc telest c.

Apìdeixh

H grammikìthta eÐnai profan c. Sth sunèqeia deÐqnoume ìti :

‖Bt‖ := sup{‖Btu‖ : u ∈ L2([0, t],Rm), ‖u‖ ≤ 1} <∞.

Pr�gmati , èqoume :

‖Btu‖ = ‖
∫ t

0 e
(t−s)ABu(s)ds‖ ≤

∫ t
0‖e

(t−s)ABu(s)‖ds ≤
∫ t

0 e
(t−s)‖A‖‖B‖‖u(s)‖ds ≤

≤M‖u‖L2 <∞,

afoÔ M := sups∈[0,t]e
(t−s)‖A‖‖B‖ pou eÐnai peperasmèno kai u ∈ L2([0, t],Rm). ‡

Sth sunèqeia orÐzoume Im(Bt) = {x ∈ X : ∃u ∈ L2([0, t],Rm) ètsi ¸ste x = x(t, 0, u)} .

Profan¸c o Im(Bt) eÐnai grammikìc upìqwroc tou Rn.

5.2.3 L mma

O suzug c tou pÐnaka elegximìthtac Bt eÐnai o :

B∗t : Rn −→ L2([0, t],Rm) , B∗tx =
∫ t

0 B
∗e(t−·)A∗

x , ∀x ∈ Rn

Apìdeixh
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〈Btu, x〉 = 〈
∫ t

0 e
(t−s)ABu(s)ds, x〉 =

∫ t
0 〈e

(t−s)ABu(s), x〉ds =

=
∫ t

0 (e(t−s)ABu(s))∗xds =
∫ t

0 u
∗(s)B∗e(t−s)A∗

xds =

=
∫ t

0 〈u(s), B∗e(t−s)A∗
x〉ds

=⇒ 〈Btu, x〉 = 〈u(s),

∫ t

0
B∗e(t−s)A∗

xds〉 (5.27)

GnwrÐzoume apì th JewrÐa Telest¸n ìti : 〈Btu, x〉 = 〈u,B∗tx〉 .

Epomènwc, apì thn (5.27) èpetai ìti :

〈u,
∫ t

0
B∗e(t−s)A∗

xds〉 = 〈u,Bt∗x〉 =⇒ B∗t =

∫ t

0
B∗e(t−s)A∗

ds (5.28)

5.2.4 Je¸rhma

Ta epìmena eÐnai isodÔnama :

(i) To sÔsthma Σ(A,B) eÐnai elègximo .

(ii) ∪t≥0Im(Bt) = Rn

(iii) ∃ T > 0 : Im(BT ) = Rn

Apìdeixh

(i) =⇒ (ii) Profanèc , apì ton orismì thc elegximìthtac tou S(A,B) kai tou telest  Bt.

(ii) =⇒ (iii) 'Estw 0 ≤ t ≤ r kai u ∈ L2([0, t],Rm) . OrÐzoume :

v(s) =

{
0 an 0 ≤ s ≤ T − t
u(t− r + s) an T − t < s ≤ T

Tìte : v ∈ L2([0, t],Rm) kai Btu = Brv .

Epomènwc , Im(Bt) ⊂ Im(Br) =⇒ ∪t≥0Im(Bt) ⊂ Im(BT )
(ii)
=⇒ Rn ⊂ Im(BT ). 'Ara , h (iii)

isqÔei , afoÔ dim(Rm) <∞.

(iii) =⇒ (i) 'Estw dÔo katast�seic x1, x2 ∈ Rn tou sust matoc S(A,B). Lìgw tou (iii) ,

èpetai ìti up�rqei èna u0 ∈ L2([0, t],Rm) tètoio ¸ste :

Btu0 = x2 − eTAx1 ∈ Rn (5.29)

Epomènwc ,

x2 = eTAx1 +Btu0 = x(T ;x1, u0) (5.30)
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to opoÐo shmaÐnei ìti gia dojeÐsa qronik  stigm  T, k�je kat�stash x2 mporeÐ na proseggisjeÐ

apì mÐa �llh kat�stash x1 mèsw enìc elègqou u0 , pou shmaÐnei ìti to S(A,B) eÐnai elègximo .

5.2.5 Pìrisma

To sÔsthma S(A,B) eÐnai elègximo se dojeÐsa qronik  stigm  T , an ImBt = Rn .

5.3 O PÐnakac Lt

OrÐzoume ènan nèo Telest /PÐnaka gia to sÔsthma S(A,B), tètoion ¸ste :

Lt :=

∫ t

0
esABB∗esA

∗
ds , t > 0 (5.31)

ìpou x 7−→ Lt : Rn −→ Rn .

5.3.1 ShmeÐwsh

AfoÔ asqoloÔmaste me pÐnakec twn opoÐwn ta stoiqeÐa eÐnai pragmatikoÐ arijmoÐ , gia k�je

suzug  pÐnaka ja isqÔei K∗ = KT .

5.3.2 L mma

O telest c Lt eÐnai summetrikìc , dhlad  :

〈Ltx, y〉 = 〈x, Lty〉 (5.32)

kai jetik� hmiorismènoc gia k�je x ∈ Rn , dhlad  :

〈Ltx, x〉 ≥ 0 , ∀x ∈ Rn (5.33)

Apìdeixh

• Summetrikìc

'Estw x, y ∈ Rn tuqaÐec katast�seic tou S(A,B). Tìte :

〈Ltx, y〉 = 〈
∫ t

0 e
sABB∗esA

∗
x ds, y〉
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=
∫ t

0 〈e
sABB∗esA

∗
x, y〉ds =

∫ t
0 〈x, (e

sABB∗esA
∗
)∗y〉ds

=
∫ t

0 〈x, (e
sA∗

B∗)∗B∗esA
∗
y〉ds =

∫ t
0 〈x, e

sABB∗esA
∗
y ds〉

= 〈x,
∫ t

0 e
sABB∗esA

∗
ds y〉 = 〈x, Lty〉 .

• Jetik� hmiorismènoc

Gia x ∈ R , x 6= 0 :

〈Ltx, x〉 =
∫ t

0 〈e
sABB∗esA

∗
x, x〉ds

=
∫ t

0 〈B
∗esA

∗
x,B∗esA

∗
x〉ds =

∫ t
0‖B

∗esA
∗
x‖2ds ≥ 0

T¸ra ja doÔme pwc mporoÔn na susqetisjoÔn oi Telestèc Bt kai Lt.

5.3.3 L mma

IsqÔei h sqèsh

Lt = BtBt
∗ (5.34)

Apìdeixh

Gia x ∈ Rn :

BtBt
∗ =

∫ t
0 e

(t−s)AB(Bt
∗x) ds =

∫ t
0 e

(t−s)ABB∗e(t−s)A∗
x ds =

∫ t
0 e

sABB∗esA
∗
x ds = Ltx

5.3.4 Prìtash

Gia thn eikìna tou telest  Lt isqÔei

ImLt = Im[A|B] := Im[B,AB, ..., An−1B] (5.35)

Apìdeixh

ArkeÐ isodÔnama na deÐxw ìti (ImLt)
⊥ = (Im[A|B])⊥

• Arqik� apodeiknÔw ìti (Im[A|B])⊥ ⊂ (ImLt)
⊥ .

'Estw loipìn : x ∈ (Im[A|B])⊥ =⇒ x⊥Im[A|B]

=⇒ 〈x, [A|B](y0, ...., yn−1)〉 = 0 , ∀y0, ...., yn−1 ∈ Rm

=⇒ 〈x,
∑n−1

k=0 A
kByk〉 = 0 , ∀yk ∈ Rm , k = 0, 1, ..., n− 1

=⇒
∑n−1

k=0〈x,AkByk〉 = 0 , ∀yk ∈ Rm , k = 0, 1, ..., n− 1
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=⇒ 〈x,AkByk〉 = 0 , ∀yk ∈ Rm , k = 0, 1, ..., n− 1

=⇒ 〈x,AkBy〉 = 0 , ∀y ∈ Rm , k = 0, 1, ..., n− 1 (5.36)

K�nontac qr sh tou L mmatoc 5.1.4 apì th sqèsh (5.36) èpetai ìti :

〈x,AjBy〉 = 0 , ∀j = 0, 1, ..., n− 1 , ∀y ∈ Rm

=⇒ 〈x, etABy〉 = 0 , ∀y ∈ Rm =⇒ 〈B∗etA∗
x, y〉 = 0 , ∀y ∈ Rm

=⇒ B∗etA
∗
x = 0 , ∀y ∈ Rm (5.37)

'Omwc : 〈x, Lty〉
Λ.5.3.3

=
∫ t

0 〈x, e
sABB∗esA

∗
y〉ds

=
∫ t

0 〈B
∗esA

∗
x,B∗esA

∗
y〉ds (5.37)

= 0

=⇒ 〈x, Lty〉 = 0 , ∀y ∈ Rm =⇒ x⊥ImLt

=⇒ x ∈ (ImLt)
⊥

Epomènwc katal xame ìti

(Im[A|B])⊥ ⊂ (ImLt)
⊥ (5.38)

• T¸ra deÐqnoume ìti (ImLt)
⊥ ⊂ (Im[A|B])⊥

'Estw loipìn x ∈ (ImLt)
⊥ =⇒ x⊥ImLt

=⇒ 〈x, Lty〉 = 0 , ∀y ∈ Rm

Epomènwc kai gia y = x , ja isqÔei :

〈x, Ltx〉 = 0 =⇒ 〈x,
∫ t

0 e
sABB∗esA

∗
x ds〉 = 0

=⇒
∫ t

0 〈x, e
sABB∗esA

∗
x〉ds = 0

=⇒
∫ t

0 〈B
∗esA

∗
x,B∗esA

∗
x〉ds = 0 =⇒

∫ t
0‖B

∗esA
∗
x‖2ds = 0

=⇒ B∗esA
∗
x = 0 , ∀s ∈ [0, t] =⇒ dk

dsk
(B∗esA

∗
x) = 0

x 6=0
=⇒



B∗x = 0

B∗A∗x = 0

.

.

.

B∗(A∗)n−1x = 0

=⇒ B∗(A∗)kx = 0 , ∀k = 0, 1, ..., n− 1 (5.39)

'Omwc : 〈x,AkBy〉 = 〈B∗(A∗)kx, y〉 (5.39)
=⇒ 〈x,AkBy〉 = 0 , ∀k = 0, 1, ..., n− 1
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=⇒ x⊥Im(AkB) , ∀k = 0, 1, ..., n− 1 =⇒ x ∈ (Im[A|B])⊥

'Ara katal goume ìti

(ImLt)
⊥ ⊂ (Im[A|B])⊥ (5.40)

Epomènwc telik� èpetai apo tic sqèseic (5.38) kai (5.40) , ìti (ImLt)
⊥ = (Im[A|B])⊥

to opoÐo isodunameÐ me to ImLt = Im[A|B] := Im[B,AB, ..., An−1B] .

5.3.5 Prìtash

'Estw t > 0.Tìte , isqÔei : ImBt = Im[A/B] (= ImLt)

Apìdeixh

• Arqik� deÐqnw ìti ImBt ⊂ Im[A/B]

'Estw x ∈ ImBt . Tìte up�rqei u ∈ Rm tètoio ¸ste x = Btu . Tìte :

e(t−s)ABu(s) =

∞∑
κ=0

(t− s)Aκ

κ!
Bu(s) ∈ Im[A|B] , ∀s ∈ [0, t] (5.41)

Epomènwc : x = Btu =
∫ t

0 e
(t−s)ABu(s)ds ∈ Im[A|B]

=⇒ x ∈ Im[A|B] (5.42)

ìpou Im[A|B] upìqwroc tou Rn. 'Ara telik� :

ImBt ⊂ Im[A|B] (5.43)

• T¸ra deÐqnw ìti isqÔei kai Im[A/B] ⊂ ImBt

'Estw x ∈ Im[A|B] . Tìte apì Prìtash 5.3.4 èpetai ìti :

x ∈ ImLt =⇒ up�rqei y ∈ Rn tètoio ¸ste

x = Lty = BtBt
∗y (5.44)

'Omwc , y ∈ Rn , epomènwc up�rqei u ∈ Rm tètoio ¸ste Bt
∗y = u , �ra h (5.44) gÐnetai:

x = ImBtu , u ∈ Rm =⇒ x ∈ ImBt

'Ara katal goume ìti :

Im[A/B] ⊂ ImBt (5.45)
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Epomènwc , epì tic sqèseic (5.43) kai (5.45) , èpetai ìti telik� : ImBt = Im[A/B] .

5.3.6 Pìrisma

H eikìna ImBt eÐnai anex�rthth tou t , gia k�je t > 0.

Met� apì ìla ta parap�nw apotelèsmata aut c thc paragr�fou , mporoÔme na epekteÐnoume to

Je¸rhma 5.2.4 . 'Eqoume loipìn to parak�tw je¸rhma :

5.3.7 Je¸rhma

Ta epìmena eÐnai isodÔnama :

(1) To sÔsthma Σ(A,B) eÐnai elègximo .

(2) To S(A,B) eÐnai elègximo gia dojeÐsa qronik  stigm  t > 0 .

(3) ImBt = Rn

(4) O Lt eÐnai antistrèyimoc , ∀t > 0 .

(5) Gia to q¸ro C(t) := {x0 ∈ Rn : ∃u0 ∈ L2([0, t],Rm) µε x(t;x0, u0) = 0} isqÔei

C(t) = Rn

(6) span[A|B] = Rn

(7) rank[A|B] = n

Apìdeixh

(3) ⇐⇒ (1) H isodunamÐa eÐnai �mmesh apì to Je¸rhma 5.2.4 kai to Pìrisma 5.3.6 .

(3) ⇐⇒ (2) H isodunamÐa eÐnai �mmesh apì to Pìrisma 5.2.5 .

(3) ⇐⇒ (4) To na eÐnai o Lt antistrèyimoc , eÐnai isodÔnamo me to na isqÔei ImLt = Rn .

IsodÔnama apì Prìtash 5.3.5 , ImBt = Rn .

(3) =⇒ (5) Profanèc apì ton Orismì tou Bt .

(5) =⇒ (3) 'Estw x0 ∈ C(t) . Tìte , up�rqei u0 ∈ L2([0, t],Rm) me x(t;x0, u0) = 0

=⇒ etAx0 +Btu0 = 0 =⇒ etA = −Btu0 =⇒ etAx0 ∈ ImBt

=⇒ Rn = C(t) = etAC(t) ⊂ ImBt =⇒ ImBt = Rn , t > 0

(3) ⇐⇒ (6) Apì Prìtash 5.3.5 èqw :

ImBt = Im[A|B]
(3)⇐⇒ Rn = Im[A|B] ⇐⇒ span[A|B] = Rn

(6) ⇐⇒ (7) Profan c isodunamÐa.
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5.4 Prosdiorismìc tou u(t)

'Estw ìti gia to sÔsthma S(A,B) dÐnontai dÔo katast�seic x0, x1 ∈ Rn , oi pÐnakec A kai B kai o

qrìnoc t . Tìte anazhtoÔme ènan èlegqo u0 ∈ L2([0, t],Rm) ètsi ¸ste to x1 na eÐnai proseggÐsimo

apì to x0 gia qrìno t. Sunep¸c , y�qnw u0 tètoio ¸ste

x1 = etAx0 +Btu0 (5.46)

OrÐzoume loipìn :

u0(s) := B∗e(t−s)A∗
x = Bt

∗x (5.47)

gia k�poio x ∈ Rn.

Me Lt = BtBt
∗ , h (5.47) gÐnetai :

Btu0(s) = Ltx =⇒ x = Lt
−1Btu0

(5.46)
=⇒ x = Lt

−1(x1 − etAx0) (5.48)

'Omwc h (5.47) lìgw thc (5.48) , dÐnei ton èlegqo pou anazhtoÔsame :

u0(s) = B∗e(t−s)A∗
Lt
−1(x1 − etAx0) = Bt

∗Lt
−1(x1 − etAx0) ∈ ImBt (5.49)

To parak�tw l mma eÐnai aparaÐthto gia thn apìdeixh thc Prìtashc 5.4.2.

5.4.1 L mma

'Estw dÔo q¸roi Hilbert H kai K kai o grammikìc telest c S : H −→ K . Tìte isqÔei :

kerS∗ = (ImS)⊥ .

Apìdeixh

'Estw y ∈ kerS∗ . Tìte isodÔnama :
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y ∈ kerS∗ ⇐⇒ S∗y = 0⇐⇒ ∀x ∈ H :< x, S∗y >= 0

⇐⇒ ∀x ∈ H : < Sx, y >= 0

⇐⇒ ∀x ∈ H : y⊥ImS

⇐⇒ y ∈ (ImS)⊥ ‡

5.4.2 Prìtash

'Estw ìti to S(A,B) eÐnai elègximo. O èlegqoc (5.49) ikanopoieÐ thn exÐswsh

x(t;x0, u0) = x1 (5.50)

Epiplèon, o èlegqoc u0 eÐnai ekeÐnoc me th mikrìterh L2−nìrma metaxÔ ìlwn twn elègqwn u

gia touc opoÐouc x1 = x(t;x0, u).

Apìdeixh

To ìti isqÔei to x1 = x(t;x0, u0) eÐnai fanerì apì th parap�nw prosèggish.

Gia na deÐxoume ìti h nìrma ‖u0‖L2 eÐnai h mikrìterh , epilègoume ènan èlegqo u ∈ L2([0, t],Rm)

me x1 = x(t;x0, u).

Tìte : x1 = etAx0 +Btu0 = etAx0 +Btu ⇐⇒ Bt(u− u0) = 0

⇐⇒ u− u0 ∈ kerBt
Λ.5.4.1

= (ImBt
∗)⊥ (5.51)

'Omwc :

(ImBt
∗)⊥ ∩ ImBt∗ = ∅ (5.52)

‖u‖2 = ‖u− u0 + u0‖2 = ‖u− u0‖2 + ‖u0‖2 + 2〈u− u0, u0〉

'Omwc , u− u0 ∈ ImBt∗ kai u0 ∈ ImBt∗ , �ra lìgw thc (5.52) èpetai ìti :

〈u− u0, u0〉 = 0 (5.53)

Epomènwc :

‖u‖2 = ‖u− u0‖2 + ‖u0‖2 ≥ ‖u0‖2 (5.54)

pou shmaÐnei ìti

‖u0‖ = inf{‖u‖ , ∀u ∈ Rm} (5.55)
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5.5 ParadeÐgmata

Ed¸ parousi�zoume tic treic efarmogèc gia tic opoÐec mil same sto Kef�laio 2 , wc paradeÐgmata

ston tomèa thc elegximìthtac. Ja exet�soume an ta sust mata aut¸n twn paradeigm�twn , eÐnai

elègxima.

5.5.1 OMALH PROSELHNWSH DIASTHMIKOU AEROSKAFOUS

Sto par�deigma autì , eÐqame brei ènan èlegqo u , o opoÐoc elègqei to sÔsthma se dojeÐsa

kat�stash , gia thn opoÐa h = v = 0 . T¸ra , mporoÔme na deÐxoume ìti den eÐnai tuqaÐo to ìti

eÐnai elègximo to sÔsthma :

(
ḣ(t)
v̇(t)

)
=

(
0 1
0 0

)(
h(t)
v(t)

)
+

(
0

u(t)
m − g

)
me arqikèc timèc :

(
h(0)
v(0)

)
=

(
h0

v0

)
EÐnai eÔkolo twra , na epalhjeÔsoume th sunj kh elegximìthtac tou Kalman.

Oi pÐnakec tou sust matoc mac eÐnai :

A =

(
0 1
0 0

)
, B =

(
0
1

)
,

opìte

[A/B] = (B,AB) =

(
0 1
1 0

)
.

Epomènwc , o bajmìc tou pÐnaka eÐnai rank[A|B] = 2 , ìsoi dhlad  kai oi bajmoÐ eleujerÐac

tou sust matoc.

'Ara , to sÔsthma eÐnai elègximo.
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5.5.2 Hlektrikìc FoÔrnoc

EÐqame dei ìti oi pÐnakec tou sust matoc dÐnontan apì tic sqèseic (2.24) kai (2.25) antÐstoiqa,

dhlad :

A =

(
−(α2r2+α1r1)

c1
α1r1
c1

α1r1
c2

−α1r1
c2

)
, B =

( 1
c1
0

)
Epomènwc ,

[A|B] =

(
1
c1

−(α2r2+α1r1)
c12

0 −α1r1
c1c2

)

ParathroÔme , ìti to sÔsthma ja  tan MH-elègximo , mìno sthn perÐptwsh pou to eswterikì

toÐqwma tou foÔrnou eÐqe mhdenikoÔ embadoÔ epif�neia (a1 = 0) , pr�gma adÔnato bèbaia na sum-

beÐ   sthn perÐptwsh pou to eswterikì toÐqwma tou foÔrnou  tan jermik� mh-ag¸gimo (r1 = 0)

, pr�gma par�logo. Epomènwc , upì logikèc proôpojèseic , to sÔsthma eÐnai elègximo to opoÐo

praktik� shmaÐnei ìti me kat�llhlh rÔjmish thc paroq c jermìthtac mporoÔme na petÔqoume

opoiad pote jermokrasÐa sto eswterikì tou foÔrnou.
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5.5.3 Geranìc

Ja d¸soume ap�nthsh sthn pr¸th er¸thsh autoÔ tou paradeÐgmatoc . EÐqame dei ìti oi pÐnakec

tou sust matoc eÐnai :

A =


0 1 0 0

0 0 −mg
M 0

0 0 0 1

0 0 −(m+M)g
Ml 0

 , B =


0
1
M
0
1
Ml


Epomènwc , k�nontac touc pollaplasiasmoÔc twn pin�kwn brÐskoume ìti :

[A|B] = (B,AB,A2B,A3B) =


0 1

M 0 −mg
M2l

1
M 0 −mg

M2l
0

0 1
Ml 0 −(m+M)g

M2l2
1
Ml 0 −(m+M)g

M2l2
0


UpologÐzontac thn orÐzousa ,blèpoume ìti :

det[A|B] =
g2

M6l4
[m2 + (m+M)2 − 2m(m+M)] =

g2

M4l4
(5.56)

Epomènwc det[A|B] > 0 austhr�. 'Ara to sÔsthma eÐnai elègximo , pr�gma to opoÐo praktik�

shmaÐnei ìti elègqontac th dÔnamh u pou askoÔme sto kinhtì , mporoÔme na kajorÐsoume an� p�sa

stigm  th jèsh kai thn taqÔthta tou kinhtoÔ kai sunep¸c kai th gwnÐa ektrop c thc kremm¸menhc

m�zac.

Sth sunèqeia , exet�zoume thn Elegximìthta enìc sust matoc uyhlìterhc t�xhc.
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5.6 SÔsthma 2hc T�xhc

5.6.1 Par�deigma - M�zec enwmènec me elatt ria

JewroÔme sÔsthma dÔo maz¸n m1 kai m2 kai dÔo elathrÐwn ,stajer¸n k1 > 0 kai k2 > 0 ,

to opoÐo eÐnai stajer� sundedemèno se toÐqo. Se kat�stash hremÐac , oi jèseic isorropÐac twn

maz¸n m1 kai m2 , eÐnai x1 kai x2 antÐstoiqa.

O Q¸roc Katast�sewn tou sust matoc , eÐnai o X = R2 , me katast�seic pou perigr�fontai

apì to di�nusma-st lh x = (x1, x2)′ ∈ X .

Ti ja sumbeÐ an ask soume dÔnamh (èlegqo) u sto sÔsthma (sugkekrimèna an trab xoume th

dexi� m�za , m1 , proc ta dexi�) ; EÐnai dunatì na elègxoume to sÔsthma ;

EpÐlush

Autì to sÔsthma perigr�fetai apì tic Exis¸seic :

m1ẍ(t) = −k1(x1(t)− x2(t)) + u(t) (5.57)

m2ẍ(t) = −k2x2(t) + k1(x1(t)− x2(t)) (5.58)

'Ara , oi pÐnakec tou sust matoc eÐnai :

A =

(
− k1
m1

k1
m1

k1
m2

−k1+k2
m2

)
, B =

( 1
m1

0

)
Epomènwc , to sÔsthma eÐnai :


ẍ(t) = Ax(t) +Bu(t)⇐⇒

(
ẍ1(t)

ẍ2(t)

)
=

(
− k1
m1

k1
m1

k1
m2

−k1+k2
m2

)(
x1(t)

x2(t)

)
+

(
1
m1

0

)
u(t)

x(0) = c0

ẋ(0) = c1

Autì eÐnai èna sÔsthma 2hc t�xhc ston R2 . Prokeimènou na mporèsoume na exet�soume an

eÐnai elègximo , ja to metatrèyoume se sÔsthma ston R4 .

jètw loipìn , x3 := ẋ1 , x4 := ẋ2 , X := (x1, x2, x3, x4)′ .

Sunep¸c , oi pÐnakec tou nèou sust matoc eÐnai :
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A =

(
O I2

A O

)
, B =

(
0
B

)
'Etsi t¸ra èqoume to isodÔnamo sÔsthma 1hc t�xhc :

Ẋ (t) = AX (t) + Bu(t)

X (0) =

(
c0

c1

)
K�nontac touc pollaplasiasmoÔc twn pin�kwn , brÐskoume ìti :

[A|B] =


0 1

m1
0 −k1

m1
2

0 0 0 k1
m1m2

1
m1

0 −k1
m1

2 0

0 0 k1
m1m2

0


ParathroÔme ìti rank[A|B] = 4 , ìsoi eÐnai dhlad  kai oi bajmoÐ eleujerÐac tou sust matoc

1hc t�xhc , epomènwc to sÔsthma Σ(A,B) eÐnai elègximo .

5.6.2 Prìtash

'Ena sÔsthma deÔterhc t�xhc Σ2(A,B)

ẍ(t) = Ax(t) +Bu(t) , u(t) ∈ L2[0, t]

x(0) = x0

ẋ(0) = x1

eÐnai elègximo , ìtan to isodÔnamo sÔsthma 1hc t�xhc einai elègximo.

Apìdeixh

To sÔsthma Σ2(A,B) eÐnai isodÔnamo me to sÔsthma Σ(A,B) 1hc t�xhc , gia to opoÐo :

A =

[
O I2

A O

]
, B =

[
0
B

]
, X =

[
x(t)
ẋ(t)

]
,

dhlad  me to sÔsthma :


Ẋ (t) = AX (t) + Bu(t), u ∈ L2[0, t]

X (0) =

[
x0

x1

]
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Apì to Je¸rhma 5.3.7 , èpetai ìti to Σ(A,B) eÐnai elègximo ìtan : rank[A|B] = 2n .

Epomènwc , arkeÐ na deÐxoume ìti : rank[A|B] = 2n =⇒ rank[A|B] = n .

Gia to sÔsthma 1hc t�xhc isqÔei :

[A|B] =

((
0
B

)
,

(
B
0

)
,

(
0
AB

)
,

(
AB
0

)
, ......,

(
0

A2n−1B

)
,

(
A2n−1B

0

))
=

[
[A|B] 0

0 [A|B]

]
.

Epomènwc , rank[A|B] = 2rank[A|B] . Kai epeid  to Σ(A,B) eÐnai elègximo , èpetai ìti :

2n = 2rank[A|B] =⇒ rank[A|B] = n =⇒ Σ2(A,B) elègximo .

5.6.3 Sunèqeia tou paradeÐgmatoc 5.6.1

Me thn parap�nw Prìtash blèpoume ìti sto par�deigma mac , arkeÐ na upologÐsoume to bajmì

tou pÐnaka :

[A|B] = (B,AB) =

(
1
m1

− k1
m1

2

0 k1
m1m2

)
.

'Ara : rank[A|B] = 2 =⇒ to sÔsthma Σ2(A,B) eÐnai elègximo.

Praktik� autì shmaÐnei , ìti ask¸ntac kat�llhlh dÔnamh u sto sÔsthma elatthrÐwn - maz¸n

, mporoÔme na elègxoume thn kÐnhsh tou sust matoc.

Sth sunèqeia parajètoume �llo èna par�deigma sust matoc 2hc t�xhc , lÐgo pio perÐploko

apì to prohgoÔmeno.
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5.6.4 Diplì Anestrammèno Ekkremèc

 

Sq ma 5.1: Diplì anestrammèno ekkremèc

JewroÔme to anestrammèno ekkremèc tou sq matoc. DÔo r�bdoi m kouc l1, l2 me sterewmènec

sthn koruf  touc tic m�zec m1,m2 antÐstoiqa , isorropoÔn p�nw se kinhtì m�zac M. Oi r�bdoi

paramènoun k�jetec , ìtan oi gwnÐec ϕ1 kai ϕ2 eÐnai mhdèn , opìte kai brÐsketai to sÔsthma se

isorropÐa. Opoiad pote mikr  diataraq  mporeÐ na prokalèsei kÐnhsh twn r�bdwn.

Ja exet�soume loipìn an up�rqei kat�llhlh dÔnamh u , ètsi ¸ste oi r�bdoi na paramènoun

katakìrufec en¸ to s¸ma M kineÐtai .

To prìblhma thc elegximìthtac , dÐnetai mèsw thc isorropÐac twn r�bdwn pou brÐskontai

sterewmènec p�nw sto M.

'Estw v h taqÔthta me thn opoÐa kineÐtai to sÔsthma .

Ja melet soume thn kÐnhsh tou sust matoc , jewr¸ntac dÔo diaforetik� sust mata anafor�c.

• SÔsthma anafor�c to èdafoc

Se aut  thn perÐptwsh , jewroÔme oti o parathrht c tou sust matoc mac brÐsketai sto

èdafoc apènati apì to sÔsthma kai to parathreÐ en¸ autì kineÐtai. Qrhsimopoi¸ntac to 2o Nìmo

tou Newton ,melet�me thn kÐnhsh tou sust matoc tìso ston orizìntio ìso kai ston katakìrufo

�xona .

Gia mikrèc metakin seic twn maz¸n m1,m2 , oi gwnÐec ektrop c eÐnai sqetik� mikrèc , opìte
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jewroÔme ìti den up�rqei metatìpish twn maz¸n ston katakìrufo �xona . Epomènwc :

Gia to m1 :

H gwnÐa ektrop c tou m1 einai arnhtik  . 'Estw ìti aut  eÐnai −ϕ1 < 0 , ìpou ϕ1 > 0.

Ston katakìrufo �xona :

ΣF1y = 0 =⇒ F1y +m1g = 0 =⇒ F1 cos(−ϕ1) = −m1g

=⇒ F1 = − m1g

cosϕ1
(5.59)

'Estw x1(t) , h metatìpish tou m1 ston orizìntio �xona. Tìte :

x1 = l1 sin(−ϕ1) =⇒ ẍ1 = −l1(sinϕ1)′′ (5.60)

Ston orizìntio �xona :

ΣF1x = m1α1 =⇒ F1x = m1α1 =⇒ F1 sin(−ϕ1) = m1α1

(5.59)
=⇒ − m1g

cosϕ1
sin(−ϕ1) = m1α1 =⇒ − m1g

cosϕ1
(− sinϕ1) = m1α1

=⇒ m1g tanϕ1 = m1α1 (5.61)

ìpou α1 = v̇ − ẍ1 =⇒ α1 = v̇ − (−l1(sinϕ1)′′) =⇒ α1 = v̇ + l1(sinϕ1)′′ .

'Ara , h (5.61) =⇒ m1g tanϕ1 = m1v̇ +m1l1(sinϕ1)′′

m1l1(sinϕ1)′′ = m1(g tanϕ1 − v̇) (5.62)

AntÐstoiqa , gia to m2 èqoume :

ΣF2y = 0 =⇒ F2y +m2g = 0 =⇒ F2 cosϕ2 = −m2g

=⇒ F2 = − m2g

cosϕ2
(5.63)

'Estw x2(t) , h metatìpish tou m2 ston orizìntio �xona. Tìte :

x2 = l2 sinϕ2 =⇒ ẍ2 = l2(sinϕ2)′′ (5.64)

59



Ston orizìntio �xona :

ΣF2x = m2α2 =⇒ −F2x = m2α2 =⇒ −F2 sinϕ2 = m2α2

(5.63)
=⇒ −

(
− m2g

cosϕ2

)
sinϕ2 = m2α2

=⇒ m2g tanϕ2 = m2α2 (5.65)

ìpou α2 = v̇ + ẍ2 =⇒ α2 = v̇ + l2(sinϕ2)′′ .

'Ara , h (5.65) =⇒ m2g tanϕ2 = m2v̇ +m2l2(sinϕ2)′′

=⇒ m2l2(sinϕ2)′′ = m2(g tanϕ2 − v̇) (5.66)

'Ara èqoume tic sqèseic :

mili(sinϕi)
′′ = mi(g tanϕi − v̇) , i = 1, 2 (5.67)

kai

miv̇ = mig tanϕi −mili(sinϕi)
′′ , i = 1, 2 (5.68)

Epomènwc , gia ìlo to sÔsthma èqoume :

ΣF = (M +m1 +m2)α =⇒ u = (M +m1 +m2)v̇ =⇒ u = Mv̇ +m1v̇ +m2v̇

=⇒ u = Mv̇ +m1g tanϕ1 −m1l1(sinϕ1)′′ +m2g tanϕ2 −m2l2(sinϕ2)′′ (5.69)

T¸ra ja melet soume thn kÐnhsh tou sust matoc me �llo sÔsthma anafor�c.

• SÔsthma anafor�c to s¸ma M

Se aut  thn perÐptwsh , melet�me thn kÐnhsh tou sust matoc , jewr¸ntac ìti o parathrht c

mac brÐsketai p�nw sto s¸ma M kai epomènwc antilamb�netai mìno thn kÐnhsh twn m1,m2 .

Efarmìzoume thn Arq  Diat rhshc thc Orm c gia to sÔsthma mac . Arqik� h orm  tou

sust matoc  tan mhdèn , afoÔ autì briskìtan se hremÐa . Epomènwc , isqÔei :

0 = m1v1 +m2v2 (5.70)

60



ParagwgÐzontac , paÐrnoume :

0 = m1v̇1 +m2v̇2 =⇒ 0 = m1ẍ1 +m2ẍ2

=⇒ m1l1(sinϕ1)′′ +m2l2(sinϕ2)′′ = 0 (5.71)

Epomènwc , h (5.69)
(5.71)
=⇒ u = Mv̇ +m1g tanϕ1 +m2g tanϕ2

=⇒ Mv̇ = u−m1g tanϕ1 −m2g tanϕ2 (5.72)

'Omwc gia mikrèc metakin seic twn m1,m2 , dhlad  gia mikrèc gwnÐec ektrop c, isqÔoun oi

proseggÐseic tanϕ ∼ ϕ kai (sinϕ)′′ ∼ ϕ̈. Epomènwc:

Gia i = 1 , h (5.68) gÐnetai :

v̇ = gϕ1 − l1ϕ̈1 (5.73)

en¸ h (5.72) =⇒ Mv̇ = u−m1gϕ1 −m2gϕ2

=⇒ v̇ =
u

M
− m1g

M
ϕ1 −

m2g

M
ϕ2 (5.74)

Epomènwc , h (5.73)
(5.74)
=⇒ u

M −
m1g
M ϕ1 − m2g

M ϕ2 = gϕ1 − l1ϕ̈1

=⇒ ϕ̈1 = − u
Ml1

+ m1g
Ml1

ϕ1 + m2g
Ml1

ϕ2 + g
l1
ϕ1

=⇒ ϕ̈1 =
(m1 +M)g

Ml1
ϕ1 +

m2g

Ml1
ϕ2 −

1

Ml1
u (5.75)

'Omoia brÐskoume ìti :

ϕ̈2 =
m1g

Ml2
ϕ1 +

(m2 +M)g

Ml2
ϕ2 −

1

Ml2
u (5.76)

'Ara èqoume to sÔsthma :

(
ϕ̈1

ϕ̈2

)
=

(
α1 α2

α3 α4

)(
ϕ1

ϕ2

)
+

(
b1
b2

)
u (5.77)
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ìpou :



α1 = (M+m1)g
l1M

α2 = m2g
l1M

α3 = m1g
l2M

α4 = (M+m2)g
l2M

b1 = − 1
Ml1

b2 = − 1
Ml2

(5.78)

Metatrèpontac t¸ra autì to sÔsthma , se sÔsthma 1hc t�xhc , ja èqoume plèon mia diaforik 

exÐswsh thc morf c :

ϕ̇(t) = Aϕ(t) +Bu(t) (5.79)

ìpou :

A =


0 0 1 0
0 0 0 1
α1 α2 0 0
α3 α4 0 0

 , B =


0
0
b1
b2


K�nontac tic pr�xeic metaxÔ twn pin�kwn , brÐskw :

[A|B] = (B,AB,A2B,A3B) =


0 b1 0 c1

0 b2 0 c2

b1 0 c1 0
b2 0 c2 0


ìpou : c1 = α1b1 + α2b2 , c2 = α3b1 + α4b2 .

Me antimetajèseic sthl¸n , èqoume :
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[A|B] =


c1 b1 0 0
c2 b2 0 0
0 0 c1 b1
0 0 c2 b2



SÔmfwna , me to Je¸rhma Kalman gia na eÐnai to sÔsthma Σ(A,B) elègximo , ja prèpei na

eÐnai MH-mhdenik  h orÐzousa tou pÐnaka:

D :=

(
c1 b1
c2 b2

)
An h orÐzousa tou D eÐnai mhdèn , tìte kai h orÐzousa tou [A|B] eÐnai mhdèn.

det(D) = c1b2 − c2b1 = α1b1b2 + α2b2
2 − α3b1

2 − α4b2b1

= (M+m1)g
l1M

1
Ml1

1
Ml2

+ m2g
l1M

1
M2l2

2 − m1g
l2M

1
M2l1

2 − (M+m2)g
l2M

1
Ml1

1
Ml2

= m1g−m1g+Mg
l1

2l2M3 − m2g−m2g+Mg
l1l2

2M3

= Mg
M3 ( 1

l1
2l2
− 1

l2
2l1

)

= g
M2l1

2l2
2 (l2 − l1)

'Ara , gia na eÐnai elègximo to sÔsthma Σ(A,B) , kai epomènwc kai to arqikì sÔsthma 2hc

t�xhc , ja prèpei l1 6= l2 , afoÔ mìno tìte det(D) 6= 0 .

Epomènwc , up�rqei kat�llhlh dÔnamh u (èlegqoc) , ètsi ¸ste to sÔsthma na eÐnai elègximo ,

all� mìno sthn perÐptwsh pou ta m kh twn dÔo rabd¸n eÐnai diaforetik�.

Ti sumbaÐnei ìmwc sthn perÐptwsh pou oi dÔo r�bdoi èqoun to Ðdio m koc ;

Prokeimènou na mporèsoume na apant soume se autì to er¸thma eÐnai aparaÐthth h an�lush

thc jewrÐac isodÔnamwn susthm�twn.
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5.7 IsodÔnama Sust mata

5.7.1 Orismìc IsodÔnamwn Susthm�twn

Gia na per�soume apì èna pragmatikì sÔsthma se èna sÔsthma elègqou S(A,B), apaiteÐtai èna

majhmatikì montèlo .'Omwc , autì to montèlo den eÐnai monadikì , afoÔ exart�tai apo thn epilog 

twn metablht¸n . Autì mac odhgeÐ ston akìloujo orismì :

'Estw dÔo grammik� sust mata :

Σ(A,B)

{
ẋ(t) = Ax(t) +Bu(t)

(x, u) ∈ Rn × Rm

Σ̃(Ã, B̃)

{
ż(t) = Ãz(t) + B̃u(t)

(z, u) ∈ Rn × Rm

Ta dÔo sust mata S(A,B) kai Σ̃(Ã, B̃) , eÐnai isodÔnama (kai gr�foume S ∼ Σ̃ ) an:

up�rqei antistrèyimoc telest c T ∈ Rn×n , ètsi ¸ste gia k�je eÐsodo u(·) ∈ Rm kai gia k�je

x0, z0 ∈ Rn , me :

z0 = Tx0 , (5.80)

na isqÔei :

z(t, z0, u) = Tx(t, x0, u) , ∀t ≥ 0 (5.81)

ParagwgÐzontac thn (5.81) wc proc t , èqoume :

ż(t, z0, u) = T ẋ(t, x0, u) , ∀t ≥ 0 (5.82)

Lamb�nontac upìyh tic diaforikèc exis¸seic twn susthm�twn Σ kai Σ̃ , h (5.82) mac dÐnei :

Ãz0 + B̃u(·) = TAx0 + TBu(·) , µε z0 = Tx0 , ∀x0 ∈ Rn , u(·) ∈ Rm (5.83)
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IsodÔnama : {
ÃT = TA

B̃ = TB

'Ara telik� gia ta Ã, B̃ paÐrnoume tic sqèseic :

Ã = TAT−1 (5.84)

kai

B̃ = TB (5.85)

Epomènwc , h isodunamÐa metaxÔ twn susthm�twn Σ kai Σ̃ shmaÐnei ìti up�rqei grammik 

allag  suntetagmènwn z = Tx , µε detT 6= 0 ètsi ¸ste to S na metasqhmatÐzetai mèsw twn

nèwn suntetagmènwn sto Σ̃ , ìpou oi Ã, B̃ , ikanopoioÔn tic sqèseic (5.84) kai (5.85) .

5.7.2 Prìtash

An S ∼ Σ̃ , tìte to S eÐnai elègximo an kai mìno an to Σ̃ eÐnai elègximo.

Apìdeixh

AfoÔ S ∼ Σ̃ , ta dÔo sust mata èqoun ton Ðdio bajmì elegximìthtac :

Im[Ã|B̃] = Im[B̃, ÃB̃, ..., Ãn−1B̃] =

= Im[T−1B, T−1ATT−1B, ..., ÃÃn−2B] =

= Im[T−1B, T−1AB, ..., T−1AT (T−1An−2B)] =

= Im[T−1B, T−1AB, ..., T−1An−1B] =

= ImT−1[B,AB, ..., An−1B] =

= Im[B,AB, ..., An−1B]
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afoÔ o T eÐnai antistrèyimoc .

'Ara ìntwc , Im[Ã|B̃] = Im[A|B] =⇒ rank[Ã|B̃] = rank[A|B] .

Epomènwc , S elègximo ⇐⇒ Σ̃ elègximo .

Prokeimènou t¸ra na doÔme thn isodunamÐa twn susthm�twn ìso pio apl� gÐnetai , ja exet�-

soume thn perÐptwsh pou o q¸roc eisìdwn eÐnai monodi�statoc , dhlad  o R .

5.7.3 IsodÔnama sust mata se q¸ro eisìdwn di�stashc 1

Se aut  thn perÐptwsh , o pÐnakac B eÐnai :

B = b =



b1
b2
.
.
.
bn



5.7.4 Prìtash

'Estw to sÔsthma S(A,B) kai to dojèn qarakthristikì polu¸numo tou A :

pA(x) = xn − anx
n−1 − ...− a2x− a1 (5.86)

'Estw epiplèon,

Â =


0 · · · 0 a1

1 · · · 0 a2
...

. . .
...

...
0 · · · 1 an

 , b̂ =


1
0
...
0


kai T := (b, Ab, ..., An−1b) = [A|b] ∈ Rn×n .

Tìte to Σ̂ := Σ(Â, b̂) onom�zetai Kanonik  Elègximh Morf  tou S(A,B), eÐnai p�nta

elègximo kai isqÔei: AT = TÂ , b = T b̂ .

Eidikìtera , to S eÐnai elègximo , ìtan S ∼ Σ̂ .

Apìdeixh
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Apì ton trìpo orismoÔ twn Â kai b̂ , eÐnai profanèc ìti rank[Â|b̂] = n , pou shmaÐnei ìti to

Σ̂ eÐnai elègximo.

Apì to je¸rhma Cayley −Hamilton gnwrÐzoume ìti An = anA
n−1 + ...+ a2A+ a1I .

Epomènwc , Anb = anA
n−1b+ ...+ a2Ab+ a1b .

Epiplèon :

TÂ = (b, Ab, ..., An−1b)


0 · · · 0 a1

1 0 · · · a2

. . .
. . .

. . .
...

0 · · · 1 an

 = (Ab,A2b, ..., An−1b, a1b+ a2Ab+ ...+ anA
n−1b︸ ︷︷ ︸

=Anb

)

kai epiplèon

AT = A(b, Ab, ..., An−1b) = (Ab,A2b, ..., An−1b, Anb) , to opoÐo shmaÐnei telik� ìti :

TÂ = AT (5.87)

T b̂ = (b, Ab, ..., An−1b)



1
0
.
.
.
0

 = b

Epomènwc :

T b̂ = b (5.88)

Gia na apodeÐxoume t¸ra th sqèsh isodunamÐac metaxÔ thc elegximìthtac tou S kai thc iso-

dunamÐac twn susthm�twn S kai Σ̂ , epikaloÔmaste thn Prìtash 5.7.2 . Apì ekeÐ èpetai ìti to S

eÐnai elègximo , afoÔ to Σ̂ eÐnai elègximo kai isodÔnamo me to S. ‡

AkoloujoÔn dÔo Sunèpeiec thc Prìtashc 5.7.4 .

5.7.5 Sunèpeia 1

'Estw ta elègxima sust mata S=S(A,B) kai Σ̃ = Σ(Ã, b̃) . Tìte , S ∼ Σ̃ an kai mìno an ta

qarakthristik� polu¸numa pA kai pÃ sumpÐptoun .
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Apìdeixh

” =⇒ ” GnwrÐzw ìti ta Σ, Σ̃ eÐnai elègxima. Epomènwc , k�nontac qr sh thc Prìtashc

5.7.4 , èqw :

S elègximo =⇒ S ∼ Σ̂ =⇒ AT = TÂ =⇒ A = TÂT−1

Σ̃ elègximo =⇒ Σ̃ ∼ ˆ̃Σ . 'Omwc , apì upìjesh: S ∼ Σ̃ , �ra telik� Σ̃ ∼ Σ̂

=⇒ ÃT = TÂ =⇒ Ã = TÂT−1 .

Epomènwc , A = Ã =⇒ pA = pÃ .

”⇐= ” Ta Σ , Σ̃ eÐnai elègxima , opìte apo Prìtash 5.7.4 , èpetai ìti :

Σ ∼ Σ̂ , Σ̃ ∼ ˆ̃Σ (5.89)

'Omwc , pA = pÃ =⇒ an = ãn , an−1 = ãn−1, ..., a1 = ã1 =⇒

=⇒ ˆ̃Σ = Σ̂ (5.90)

'Ara h (5.89) lìgw thc (5.90) =⇒ Σ ∼ Σ̂ kai Σ̃ ∼ Σ̂ =⇒ Σ ∼ Σ̃ .

5.7.6 Sunèpeia 2

To sÔsthma Σ = Σ(A, b) eÐnai elègximo an kai mìno an Σ ∼ Σ̌ := Σ(Ǎ, b̌) ,

ìpou :

Ǎ := Â∗(= ÂT ) =


0 1 · · · 0
...

...
. . .

...
0 0 · · · 1
a1 a2 · · · an

 , b̌ :=


0
...
0
1



Sth genik  perÐptwsh , dhlad  gia q¸ro di�stashc m > 1 , ta pr�gmata eÐnai pio polÔploka .

Mia ap�nthsh sto jèma thc antimet¸pishc autoÔ tou probl matoc , eÐnai to parak�tw je¸rhma. H

apìdeixh tou , eÐnai exairetik� shmantik  ,afoÔ deÐqnei p¸c mporeÐ na metatrapeÐ èna MH-elègximo

sÔsthma, qrhsimopoi¸ntac èna ” metasqhmatismì isodÔnamwn susthm�twn ” ,se èna sÔsthma pou

mporeÐ na diairejeÐ me th seir� tou se dÔo mèrh , èna elègximo kai èna MH-elègximo .
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5.8 An�lush Kalman

5.8.1 Je¸rhma

JewroÔme kai p�li to sÔsthma S(A,B), to opoÐo eÐnai MH-elègximo , pou shmaÐnei ìti :

rank[A|B] = k < n .

Tìte , up�rqei sÔsthma :

Σ̃(Ã, B̃)

{
ẋ(t) = Ãx(t) + B̃u(t)

(x, u) ∈ Rn × Rm
, µε :

Ã :=

(
A1 A2

0 A3

)
, B̃ :=

(
B1

0

)

tètoio ¸ste Σ(A,B) ∼ Σ̃(Ã, B̃) , ìpou :

A1 ∈ Rk×k , A2 ∈ Rk×(n−k) , A3 ∈ R(n−k)×(n−k) , B1 ∈ Rk×m .

Tìte , to Σ(A1, B1) eÐnai elègximo , dhlad  : rank[A1|B1] = k .

Prokeimènou na apodeÐxoume to Je¸rhma 5.8.1 eÐnai anagkaÐo na mil soume gia ton elègximo upì-

qwro enìc sust matoc.

5.8.2 Orismìc

Onom�zoume elègximo upìqwro Z =< A | B > , enìc sust matoc S(A,B) , to q¸ro

span[B,AB,A2B, ...., An−1B] kai bajmì elegximìthtac tou sust matoc , th di�stash tou

Z =< A | B > .

K�nontac qr sh tou jewr matoc Cayley −Hamilton , mporeÐ na deiqjeÐ ìti :

O q¸roc Z =< A | B > eÐnai A-analloÐwtoc , dhlad  :

Ax ∈ Z , ∀x ∈ Z (5.91)

kai perièqei to ImB , dhlad  :

ImB ⊆ Z. (5.92)
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5.8.3 Prìtash

JewroÔme to sÔsthma Σ(A,B) . Tìte o Elègximoc Upìqwroc Z =< A | B > eÐnai o

mikrìteroc A-analloÐwtoc upìqwroc tou Rn , ètsi ¸ste ImB ⊂ Z .

Apìdeixh

• Arqik� , ja deÐxw ìti to Im(A/B) , eÐnai A-analloÐwtoc upìqwroc tou Rn , dhlad 

ìti :

AIm(A/B) ⊂ Im(A/B) .

'Estw loipìn , y ∈ Im(A/B) �ra up�rqei x ∈ Rn tètoio ¸ste : y = [B,AB, ...., An−1B]x.

Epomènwc :

Ay = [AB,A2B, ...., AnB]x ∈ Im(A/B) ⇐⇒ gia ”y ∈ Im(A/B) =⇒ Ay ∈ Im(A/B)” ⇐⇒

AIm(A/B) ⊂ Im(A/B) .

• Sth sunèqeia , deÐqnoume ìti o Im(A/B) èqei ìntwc tic ex c idiìthtec:

(1)eÐnai o mikrìteroc A-analloÐwtoc upìqwroc tou Rn kai

(2) ImB ⊂ Z .

'Estw ìti o Im(A/B) den eÐnai o mikrìteroc upìqwroc tou Q me tic idiìthtec (1) kai (2).

Epomènwc , èstw ìti ∃V ⊂ Im(A/B) tètoio ¸ste na isqÔoun oi sunj kec:

(3) AV ⊂ V kai

(4)ImB ⊂ V

Tìte , me th bo jeia twn sqèsewn (3) kai (4) , èqoume ìti :

Im(AB) = AIm(B) ⊂ AV ⊂ V =⇒ Im(AB) ⊂ V (5.93)

.

Tìte ,

h (5.93) =⇒ AIm(AB) ⊂ AV

=⇒ Im(A2B) ⊂ AV ⊂ V

=⇒ Im(A2B) ⊂ V
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Im(AkB) ⊂ V , ∀k ≥ 0

Epomènwc , apì tic parap�nw sqèseic , èqw telik� : Im(A|B) ⊂ V

'Omwc, h arqik  mac upìjesh  tan ìti V ⊂ Im(A|B) �ra telik� Im(A|B) = V kai epomèn-

wc o V eÐnai pr�gmati o mikrìteroc A-analloÐwtoc upìqwroc tou Rn tètoioc ¸ste ImB ⊂ V . ‡

Apìdeixh tou Jewr matoc 5.8.1

• ApodeiknÔoume pr¸ta ìti ìntwc to S(A,B) mporeÐ na grafeÐ wc :

(
ẋ1

ẋ2

)
=

(
A1 A2

0 A3

)(
x1

x2

)
+

(
B1

0

)
u

'Estw V := Im[A|B], opìte dimV = k, kai W o sumplhrwmatikìc q¸roc tou V . Tìte, o

q¸roc Rn eÐnai : Rn = V ⊕W . Profan¸c , dimW = n− k .

Epilègoume dÔo b�seic {v1, v2, ..., vk} kai {w1, w2, ..., wn−k} , twn q¸rwn V kaiW antÐstoiqa.

Jètoume T := (v1, v2, ..., vk, w1, w2, ..., wn−k) ∈ Rn×n . 'Etsi , o T eÐnai antistrèyimoc .

'Estw , Ã := T−1AT kai B̃ := T−1B . Tìte :

Ã

(
v
w

)
=

(
A11 A12

A21 A22

)(
v
w

)
=

(
A11v +A12w
A21v +A22w

)
,

ìpou :

A11 : V −→ V , A12 : W −→ V , A21 : V −→W , A22 : W −→W

Apì thn Prìtash 5.8.3, gnwrÐzw ìti o V eÐnai o mikrìteroc A-analloÐwtoc upìqwroc tou Rn

tètoioc ¸ste ImB ⊂ V .

Wc ek toÔtou , o V eÐnai kai Ã− analloÐwtoc kai epomènwc :

Ã

(
v
0

)
∈ V ∀v ∈ V ⇐⇒

(
A11v
A21v

)
∈ V , ∀v ∈ V ,

to opoÐo shmaÐnei ìti A21 = 0 , afoÔ A21 : V −→W .
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AntÐstoiqa , gia ton B̃ :

B̃u =

(
B1u
B2u

)
,

ìpou :

B1 : U −→ V , B2 : U −→W ,

isqÔei ìti ImB ⊂ V ⇐⇒ ImB̃ eÐnai upìqwroc tou V ⇐⇒ B2 = 0.

Epomènwc , ft�same sto epijumhtì apotèlesma :

T−1AT = Ã =

(
A1 A2

0 A3

)
, T−1B = B̃ =

(
B1

0

)
• Mènei akìma na apodeÐxoume ìti to sÔsthma Σ(A1, B1) eÐnai elègximo.

SÔmfwna me to Je¸rhma 5.3.7, arkeÐ na deÐxoume ìti rank[A1|B1] = k.

IsqÔei ìti :

rank[Ã|B̃] = rank(B̃, ÃB̃, ..., Ãn−1B̃) = rank

(
B1 A1B1 · · · An−1

1 B1

0 0 · · · 0

)
= rank[A1|B1]

Epiplèon ,

rank[Ã|B̃] = rank(B̃, ÃB̃, ..., Ãn−1B̃) = rank(T−1B, T−1AB, ..., T−1An−1B) = rank(T−1[A|B]) =

= rank[A|B] = k .

'Ara telik� : rank[A1|B1] = k pou shmaÐnei ìti to Σ(A1, B1) eÐnai elègximo.

5.8.4 UpenjumÐseic

(1) 'Estw Q dianusmatikìc q¸roc p�nw ston Rn×n kai V,W upìqwroi tou Q. An X = V +W

kai V ∩W = 0 tìte to Q eÐnai to eujÔ �jroisma twn V,W . To eujÔ �jroisma sumbolÐzetai

X = V ⊕W .

(2) 'Estw Q ènac dianusmatikìc q¸roc me peperasmènh di�stash p�nw sto s¸ma Rn×n me V,W

upìqwrouc tètoiouc ¸ste X = V ⊕W . Tìte : dimX = dimV + dimW .
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5.8.5 ShmeÐwsh

To Je¸rhma 5.8.1, ousiastik� mac lèei ìti gia to sÔsthma :

Σ(A,B)

{
ẋ(t) = Ax(t) +Bu(t)

x(0) = x0

up�rqei isodÔnamo sÔsthma

Σ̃(Ã, B̃)

{
˙̃x(t) = Ãx̃(t) + B̃u(t)

x̃(0) = x̃0

to opoÐo eÐnai thc morf c

Σ̃1

{
ξ̇1(t) = A1ξ1(t) +A2ξ2(t) +B1u(t) (1)

ξ̇2(t) = A3ξ2(t) (2)
,

ìpou (
ξ1

ξ2

)
:= x̃ = T−1x

H exÐswsh (1) tou Σ̃1 , apoteleÐ to elègximo tm ma tou sust matoc , en¸ h (2) to apolÔtwc

MH-elègximo tm ma tou.
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Parajètoume t¸ra wc efarmog  thc an�lushc Kalman , to par�deigma tou anestrammènou

ekkremoÔc.

5.8.6 Par�deigma

Sto par�deigma 5.6.4 , eÐdame ìti eÐnai dunatì na elègxoume èna sÔsthma anestrammènou ekkre-

moÔc me 2 m�zec ,an ta m kh twn dÔo rabd¸n tou sust matoc DEN eÐnai Ðsa . T¸ra , ja apant -

soume sto er¸thma :

Ti sumbaÐnei an ta dÔo m kh eÐnai Ðsa ;

'Estw loipìn l1 = l2 = l . Tìte oi nèoi suntelestèc eÐnai :



α′1 = (M+m1)g
lM

α′2 = m2g
lM

α′3 = m1g
lM

α′4 = (M+m2)g
lM

b′1 = b′2 = b = − 1
Ml

(5.94)

kai epomènwc oi pÐnakec A , B tou sust matoc gÐnontai :

A =


0 0 1 0
0 0 0 1
α′1 α′2 0 0
α′3 α′4 0 0

 , B


0
0
b
b



Epomènwc ,

[A|B] = (B,AB,A2B,A3B) =


0 b 0 (α′1 + α′2)b
0 b 0 (α′3 + α′4)b
b 0 (α′1 + α′2)b 0
b 0 (α′3 + α′4)b 0



'Ara , eÐnai fanerì ìti rank[A|B] = 2 < 4 .

Jèlw loipìn , na brw antistrèyimo pÐnaka T tètoio ¸ste Ã = T−1AT kai B̃ = T−1B .
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Epomènwc , h b�sh tou [A|B] eÐnai :




0
0
1
1

 ,


1
1
0
0




K�nw epèktash b�shc kai jewr¸ th b�sh tou [A|B] :




0
0
1
1

 ,


1
1
0
0

 ,


1
0
0
0

 ,


0
0
0
1




O pÐnakac T eÐnai :

T =


0 1 1 0
0 1 0 0
1 0 0 0
1 0 0 1


K�nontac touc upologismoÔc , brÐskoume ìti :

detT = −1 kai

adjT =


0 0 −1 0
0 −1 0 0
−1 1 0 1
0 0 1 −1


'Ara :

T−1 =
1

detT
adjT =


0 0 1 0
0 1 0 0
1 −1 0 0
0 0 −1 1



Epomènwc ,

Ã = T−1AT =


0 (m1+m2+M)g

Ml
(m1+M)g

Ml 0
1 0 0 1
0 0 0 −1
0 0 −g

l 0

 =

(
A1 A2

0 A3

)

kai
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B̃ = T−1B =


− 1
Ml
0
0
0

 =

(
B1

0

)

Mèsw thc an�lushc Kalman , br kame loipìn èna sÔsthma Σ̃ = Σ(Ã, B̃) to opoÐo eÐnai

isodÔnamo tou S(A,B) , me :

A1 =

(
0 (m1+m2+M)g

Ml
1 0

)
kai

B1 =

(
− 1
Ml
0

)
Gia to Σ(A1,B1) isqÔei :

det[A1|B1] = det(B1,A1B1) = det

(
− 1
Ml 0
0 − 1

Ml

)
= − 1

M2l2
6= 0

Epomènwc , to Σ(A1,B1) eÐnai elègximo.
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Kef�laio 6

Parathrhsimìthta Sust matoc

EÐnai dunatì sto par�deigma 2.2 tou hlektrikoÔ foÔrnou (Kef�laio 2) na upologÐsoume thn

eswterik  jermokrasÐa T2 tou foÔrnou , metr¸ntac �mesa mìno th jermokrasÐa T1 tou peribl -

matoc tou foÔrnou;

6.1 Idiìthta Parathrhsimìthtac

MporeÐ na kajoristeÐ h arqik  kat�stash x0 enìc sust matoc (kai wc ek toÔtou kai k�je kat�s-

tash x(t)) mìno mèsw metr sewn gia to sÔsthma. H epÐlush autoÔ tou probl matoc sunÐstatai sto

sqediasmì enìc Parathrht  , h kataskeu  tou opoÐou sthrÐzetai sthn ènnoia thc Parathrhsimìth-

tac. Sugkekrimèna, jewroÔme to sÔsthma (4.4) , pou eÐqe oristeÐ sto Kef�laio 4, to opoÐo kai

xanagr�foume gia lìgouc eukolÐac sthn peraitèrw an�gnwsh :

Σ(A,B,C)


ẋ(t) = Ax(t) +Bu(t)

x(0) = x0

y(t) = Cx(t)

To y(t) = Cx(t) eÐnai h èxodoc tou sust matoc , h opoÐa ekfr�zei to gegonìc ìti gia ton

parathrht  enìc sust matoc , den eÐnai en gènei efikt  h mètrhsh ìlou tou dianÔsmatoc x(·) thc

kat�stashc . Mìno èna mèroc   sunduasmìc twn sunistws¸n thc x(·) eÐnai diajèsimo kai autì

akrib¸c onom�zetai èxodoc.
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6.1.1 IsodÔnamoi OrismoÐ thc Parathrhsimìthtac

(i) 'Estw dÔo katast�seic x0, x1 tou sust matoc (4.4) . To sÔsthma (4.4) eÐnai

parathr simo an isqÔei :

”y(t, x1, u) = y(t, x0, u),∀t ≥ 0 , tìte x0 = x1 ” ,

ìpou y(·, x0, u) = Cx(·, x0, u) h èxodoc tou sust matoc.

Efìson to olokl rwma eÐnai gnwstì , den paÐzei kanèna rìlo gia thn ap�nthsh sto

er¸thma mac kai epomènwc qwrÐc bl�bh thc genikìthtac mporeÐ na mhdenisteÐ.

'Etsi , to sÔsthma (4.4) metatrèpetai sto (4.6), dhlad  sto:

Σ(A,C)


ẋ(t) = Ax(t)

x(0) = x0

y(t) = Cx(t)

(ii) H arqik  tim  x0 tou sust matoc mporeÐ na upologisjeÐ an gia tic katast�seic

x0, z0 ∈ Rn èpetai ìti :

An ” y(t, x0, u) = y(t, z0, u)⇐⇒ CetAx0 = CetAz0 , ∀t ≥ 0 ” , tìte x0 = z0.

'Omwc o Rn eÐnai dianusmatikìc q¸roc kai ta x0, z0 ∈ Rn , epomènwc up�rqei x ∈ Rn

tètoio ¸ste x = x0 − z0.

Epomènwc isodÔnama : ∩t>0{x ∈ Rn : CetAx = 0} = {0} ⇐⇒ ∩t>0ker{CetA} = {0}

=⇒ ∩t>0kerCt = {0} (6.1)

ìpou Ct := CetA : Rn −→ L2([0, t],Rl) .

To sÔsthma Σ(A,C) , ja onom�zetai parathr simo sto di�sthma [0,t0] , an :

∩t∈(0,t0]kerCt = {0} (6.2)
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Sthn epìmenh par�grafo , ja doÔme ìti to prìblhma thc Parathrhsimìthtac eÐnai èna duðkì

prìblhma Elegximìthtac. Autì shmaÐnei ìti mporoÔme na susqetÐsoume thn Parathrisimìthta

enìc sust matoc me thn Elegximìthta enìc �llou.

6.2 Duðkì SÔsthma

OrÐzoume wc Duðkì SÔsthma , tou sust matoc Σ(A,−, C) , to sÔsthma :

Σ′(A′, C ′)

{
ẋ(t) = A′x(t) + C ′u(t)

x(0) = x0

ìpou : o A' eÐnai o grammikìc PÐnakac Katast�sewn tou Σ′ kai o C ′ den eÐnai pia PÐnakac

Exìdwn , alla PÐnakac Eisìdwn tou sust matoc Σ′ , ìpou A′ = A∗ = ¯(AT ).

Ja deÐxoume th duðk  sqèsh metaxÔ Parathrhsimìthtac kai Elegximìthtac. Jèloume na

deÐxoume ìti h Parathrhsimìthta tou Σ(A,C) eÐnai isodÔnamh thc Elegximìthtac tou Σ′(A′, C ′) .

6.2.1 L mma

Gia C̃t : Rn −→ L2([0, t],Rl) me C̃t := Ce(t−·)A , isqÔei :

kerCt = kerC̃t (6.3)

6.2.2 Je¸rhma

Gia to sÔsthma Σ(A,C) , ta epìmena eÐnai isodÔnama :

(a) To Σ(A,C) eÐnai Parathr simo .

(b) To Σ(A,C) eÐnai Parathr simo th qronik  stigm  t ,∀t > 0 .

(g) To duðkì sÔsthma Σ′(A′, C ′) eÐnai elègximo .

(d) rank[A′|C ′] = n

H basik  isodunamÐa se autì to Je¸rhma eÐnai aut  metaxÔ twn sunjhk¸n (a) kai (g) , afoÔ
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aut  eÐnai pou mac dÐnei thn isodunamÐa metaxÔ thc Parathrhsimìthtac tou Σ(A,C) kai thc Elegx-

imìthtac tou Σ′(A′, C ′) .

Apìdeixh

” (a) ⇐⇒ (b) ”

Lamb�nontac upìyh to L mma 5.2.3 tou KefalaÐou 5 , sumperaÐnoume ìti :

B′t = C̃t (6.4)

Sundi�zontac to prohgoÔmeno L mma 6.2.1 kai L mma 5.4.1 tou KefalaÐou 5 èpetai ìti :

kerCt = kerC̃t = kerB′t = (ImBt)
⊥ (6.5)

'Omwc , lamb�nontac upìyh to Pìrisma 5.3.6 tou KefalaÐou 5 , katal goume sto sumpèrasma

ìti to kerCt eÐnai anex�rthto tou qrìnou.

'Ara telik� katal goume ìti ∩t>0ker{Ctx} = ker{Ctx} ,∀ t > 0 .

” (g) ⇐⇒ (d) ”

'Amesh sunèpeia tou Jewr matoc 5.3.7 tou KefalaÐou 5 .

” (a) ⇐⇒ (g) ”

Apì thn (6.2) , èqoume ìti :

∩t>0ker{Ctx} = {0} ⇐⇒ ∩t>0ImCt = Rn , (6.6)

apì to opoÐo lìgw thc (6.2) èpetai ìti:

∩t>0ImB
′
t = Rn ⇐⇒ ImB′t = Rn , ∀t > 0 (6.7)

'Omwc , qrhsimopoi¸ntac to Je¸rhma 5.3.7 tou KefalaÐou 5 , apì thn (6.7) èpetai ìti

to S' eÐnai elègximo.

6.2.3 Sqìlio

'Opwc kai sthn perÐptwsh thc Elegximìthtac , antÐstoiqa kai sthn perÐptwsh thc Parathrhsimìth-

tac eÐnai dunatì na elègxoume an èna sÔsthma eÐnai parathr simo mèsw thc Sunj khc Kalman.

'Etsi èqoume thn parak�tw sunj kh .
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6.3 Sunj kh Parathrhsimìthtac

6.3.1 Prìtash

To sÔsthma Σ(A,C) eÐnai Parathr simo an kai mìno an :

rank


C
CA
...

CAn−1

 = n (6.8)

Apìdeixh

'Estw x0, z0 dÔo katast�seic tou sust matoc Σ(A,C). Tìte :

Σ(A,C) parathr simo ⇐⇒ [CetAx0 = CetAz0 , ∀t ≥ 0 =⇒ x0 = z0]⇐⇒

⇐⇒ [CetA(x0 − z0) = 0 =⇒ x0 − z0 = 0]

⇐⇒ [CetAω = 0 =⇒ ω = 0] (6.9)

ìpou x0 − z0 = ω ∈ Rn , afoÔ o Rn eÐnai dianusmatikìc q¸roc.

GnwrÐzoume ìti etA := I + tA+ t2

2!A
2 + ...+ tn

n!A
n + ...

Epomènwc , h (6.9) gr�fetai isodÔnama :

[Cω + tCAω + t2

2!CA
2ω + ... = 0 =⇒ ω = 0]⇐⇒

⇐⇒


C
CA
...

CAn−1


︸ ︷︷ ︸

K

ω = 0 =⇒ ω = 0 (6.10)

'Omwc , n = rankK + dimkerK kai to monadikì w pou mhdenÐzei to (K·w), eÐnai to mhdenikì.

Epomènwc , dimkerK = 0 kai telik� :

rankK = n =⇒


C
CA
...

CAn−1

 = n ‡

Sth sunèqeia parajètoume thn epÐlush twn paradeigm�twn 2.2 kai 2.3 tou KefalaÐou 2 , wc

efarmogèc thc Parathrhsimìthtac.
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6.3.2 Par�deigma HlektrikoÔ FoÔrnou

Ac upojèsoume loipìn ìti mporoÔme na metr soume �mesa th jermokrasÐa T1 tou peribl matoc

tou foÔrnou , all� ìqi kai th jermokrasÐa T2 sto eswterikì tou.

EÐnai tìte dunatì na broÔme poia eÐnai h arqik  kat�stash tou sust matoc , dhlad  poia eÐnai

h arqik  jermokrasÐa sto perÐblhma kai sto eswterikì tou foÔrnou;

To gegonìc ìti mporoÔme na metr soume mìno th jermokrasÐa tou peribl matoc , mac odhgeÐ

sto na eis�goume sto sÔsthma mac ènan PÐnaka Exìdwn Cm := (m, 0) , me m ∈ R . QwrÐc bl�bh

thc genikìthtac , mpor¸ na jewr sw to m = 1 , opìte èqw ton pÐnaka C1 = (1, 0).

'Eqw loipìn to sÔsthma :


ẋ(t) = Ax(t)

x(0) = x0

y = C1x(t)

(6.11)

ìpou , ìpwc èqoume dei apì th sqèsh (2.24) :

A =

(
−(α2r2+α1r1)

c1
α1r1
c1

α1r1
c2

−α1r1
c2

)

K�nontac tic pr�xeic twn pin�kwn , èqoume :

[A|C]′ =

(
C
CA

)
=

(
1 0

−(α2r2+α1r1)
c1

α1r1
c1

)

Epomènwc , rank[A|C]′ = 2 an h epif�neia a1 kai o suntelest c jermik c agwgimìthtac r1, tou

eswterikoÔ toiq¸matoc tou foÔrnou eÐnai MH mhdenik�. K�ti pou ìmwc , den apoteleÐ periorismì

afoÔ isqÔei p�nta.

'Ara , to sÔsthma mac eÐnai parathr simo kai epomènwc eÐnai dunatì na broÔme poia eÐnai

h arqik  kat�stash tou sust matoc , dhlad  poia eÐnai h arqik  jermokrasÐa sto perÐblhma kai

sto eswterikì tou foÔrnou , gnwrÐzontac mìno th jermokrasÐa tou peribl matoc.
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6.3.3 Par�deigma GeranoÔ

Sto par�deigma 2.3 tou KefalaÐou 2 eÐnai , an ìqi adÔnath , tìte sÐgoura dÔskolh h �mesh

mètrhsh twn taqut twn ṡ kai φ̇ .

'Omwc , h metatìpish s tou kinhtoÔ kai h gwnÐa ektrop c φ , mporoÔn na upologisjoÔn eÔkola.

MporoÔme , loipìn , upologÐzontac mìno th metatìpish s kai thn ektrop  φ , na prosdiorÐsoume

tic taqÔthtec ṡ kai φ̇ ;

'Enac PÐnakac Exìdwn , pou prokÔptei logik� eÐnai o :

C =

(
1 0 0 0
0 0 1 0

)
ìpou kai p�li q�rin aplìthtac kai dÐqwc bl�bh thc genikìthtac , oi stajerèc eqoun tejeÐ Ðsec me

th mon�da.

O pÐnakac A tou sust matoc  tan :

A =


0 1 0 0

0 0 −mg
M 0

0 0 0 1

0 0 −(m+M)g
Ml 0


.

K�nontac tic pr�xeic twn pin�kwn , èqoume :

[A|C]′ =


C
CA
CA2

CA3

 =



1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

0 0 −mg
M 0

0 0 −(m+M)g
Ml 0

0 0 0 −mg
M

0 0 0 −(m+M)g
Ml


.

EÐnai profanèc ìti rank[A|C]′ = 4 , dhlad  ìti to sÔsthma mac eÐnai Parathr simo .

Autì praktik� shmaÐnei ìti telik� , eÐnai dunatì upologÐzontac mìno th metatìpish s kai thn

ektrop  φ , na prosdiorÐsoume tic taqÔthtec ṡ kai φ̇ .
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Kef�laio 7

StajeropoÐhsh Sust matoc

T¸ra pou èqoume ta aparaÐthta ”teqnik� ergaleÐa” , jèloume na asqolhjoÔme kai p�li me to

Grammikì Autìnomo Prìblhma Elègqou :

Σ(A,B)

{
ẋ(t) = Ax(t) +Bu(t)

x(0) = x0

me pÐnakec An×n, Bn×m .

Sto prìblhma pou ja mac apasqol sei periorizìmaste se elègqouc thc morf c u(t) = Fx(t),

ìpou o F : Rn −→ Rm eÐnai ènac grammikìc telest c (mÐa grammik  apeikìnish Fm×n). 'Hdh apì

thn par�grafo 4.1 tou KefalaÐou 4 èqoume pei sto 4.1.4, ìti h sun�rthsh

u(t) = Fx(t) (7.1)

onom�zetai Grammik  An�drash .

7.1 Orismìc

Me th qr sh thc grammik c an�drashc (7.1) , h diaforik  exÐswsh tou sust matoc S(A,B)

metasqhmatÐzetai sthn :

ẋ(t) = Ax(t) +BFx(t) , δηλαδη ẋ(t) = (A+BF )x(t) (7.2)

kai �ra to sÔsthma S(A,B) metasqhmatÐzetai sto :

Σ1

{
ẋ(t) = (A+BF )x(t)

x(0) = x0
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To Prìblhma StajeropoÐhshc (   alli¸c Feedback Problem) gia to S(A,B) ,eÐnai na

broÔme mÐa kat�llhlh grammik  apeikìnish u = Fx : Rn −→ Rm , ètsi ¸ste h grammik  diaforik 

exÐswsh (7.2) na eÐnai eustaj c .

To sÔsthma S(A,B) eÐnai to legìmeno ”Anoiqtì SÔsthma” . En¸ me th qr sh thc Grammik c

An�drashc (7.1), paÐrnoume to ”Kleistì SÔsthma Epan�lhyhc” Σ1.

7.1.1 ShmeÐwsh

Sthn pr�xh, suqn� h kat�stash x(t) den mporeÐ na upologisjeÐ �mesa. Ant ' autoÔ gnwrÐzoume

thn èxodo y = Cx(t) gia k�poion pÐnaka Cl×n. Se aut  thn perÐptwsh, o Feedback Operator F

(Telest c An�drashc) exart�tai mìno apì thn èxodo y. Tìte, mil�me gia An�drash Exìdou.

Se aut  thn perÐptwsh, to prìblhma thc stajeropoÐhshc eÐnai na broÔme ènan pÐnaka Fm×l , ètsi

¸ste to A+BFC na eÐnai asumptwtik� eustajèc.

Sth sunèqeia , de ja asqolhjoÔme perissìtero me aut  th morf  an�drashc .

T¸ra ja asqolhjoÔme me thn exagwg  ikan¸n kai anagkaÐwn sunjhk¸n gia thn Ôparxh enìc

kat�llhlou Feedback Operator F , o opoÐoc na stajeropoieÐ to sÔsthma S(A,B).
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7.2 Stajeropoi simo SÔsthma

Apì to krit rio gia tic idiotimèc sthn perÐptwsh asumptwtik c eust�jeiac , èpetai ìti :

To sÔsthma elègqou S(A,B) eÐnai eustajèc an :

up�rqei pÐnakac Fm×n tètoioc ¸ste x(t) = et(A+BF )x0 −−−→
t→∞

0 .

Qrhsimopoi¸ntac to Je¸rhma stajeropoÐhshc Lyapunov (Je¸rhma 3.2.6), paÐrnoume ton

parak�tw orismì.

7.2.1 Orismìc

S(A,B) stajeropoi simo ⇐⇒ ∃ F : s(A+BF ) = sup{Reλ : λ ∈ σ(A+BF )} < 0 .

Ousiastik� dhlad  paÐrnoume to parak�tw L mma :

7.2.2 L mma

'Estw to sÔsthma S(A,B) , ìpwc autì èqei oristeÐ sthn arq  tou kefalaÐou .

Tìte , o pÐnakac An�drashc Fm×n stajeropoieÐ to sÔsthma , an ìlec oi idiotimèc tou n ×

n−pÐnaka (A + BF ) èqoun gnhsÐwc arnhtik� pragmatik� merh , dhlad  an kai mìno an o

A+BF eÐnai Hurwitz .

T¸ra , ja exet�soume mÐa akìmh austhrìterh sunj kh.

7.3 ApolÔtwc Stajeropoi simo SÔsthma

7.3.1 Orismìc

To sÔsthma S(A,B) eÐnai apolÔtwc stajeropoi simo an , gia k�je ω ∈ R− up�rqei

pÐnakac Fm×n tètoioc ¸ste na isqÔei :

s(A+BF ) = sup{Reλ : λ ∈ σ(A+BF )} ≤ ω (7.3)

Sto ex c ja epikentrwjoÔme se autoÔ tou eÐdouc th stajeropoÐhsh. Ja apodeÐxoume èna

shmantikì Je¸rhma pou susqetÐzei thn elegximìthta enìc sust matoc , me th stajeropoÐhsh tou
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kai th metafor� twn pìlwn tou. Prokeimènou na to k�noume autì , eÐnai aparaÐthth lÐgh proa-

paitoÔmenh doulei� . Gi ' autì to lìgo , eÐnai shmantik  h an�gnwsh kai h katanìhsh thc parak�tw

jewrÐac.

7.3.2 An�lush tou Sust matoc Elègqou

JewroÔme to sÔsthma S(A,B) pou orÐsame sthn arq  tou kefalaÐou , me th dojeÐsa Grammik 

An�drash (7.1).

'Estw X1 := Im(B) ⊂ Rn , o q¸roc Elègqou tou sust matoc kai X2 o sumplhrwmatikìc

q¸roc tou X1. Tìte , o q¸roc Katast�sewn , mporeÐ na ekfrasteÐ wc Rn = X1 ⊕X2 .

Epiplèon , èstw P1 : Rn −→ X1 kai P2 : Rn −→ X2 , oi Orjèc Probolèc kai

I1 : X1 −→ Rn kai I2 : X2 −→ Rn , oi Kanonikèc Probolèc (�1-1�) .

MporoÔme t¸ra na proqwr soume sthn peraitèrw an�lush twn emplekìmenwn pin�kwn.

† A : X1 ⊕X2 −→ X1 ⊕X2 ,

(
x1

x2

)
7−→

(
A11 A12

A21 A22

)(
x1

x2

)
ìpou:


A11 : X1 −→ X1 µε A11 := P1AI1

A12 : X2 −→ X1 µε A12 := P1AI2

A21 : X1 −→ X2 µε A21 := P2AI1

A22 : X2 −→ X2 µε A22 := P2AI2

† B : Rm −→ X1 ⊕ X2 , u 7−→
(
B1

0

)
u

ìpou:

B1 : Rm −→ X1 µε B1 := P1B
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† F : X1 ⊕ X2 −→ Rm ,

(
x1

x2

)
7−→

(
F1 F2

)(x1

x2

)
ìpou:

{
F1 : X1 −→ Rm µε F1 = FI1

F2 : X2 −→ Rm µε F2 = FI2

7.3.3 Prìtash

An to sÔsthma Σ(A,B) eÐnai elègximo ston Rn , tìte to sÔsthma Σ(A22, A21) eÐnai elègximo

ston X2 .

Apìdeixh

'Estw to sÔsthma Σ(A,B) elègximo ston Rn. Jèloume na deÐxoume ìti to sÔsthma Σ(A22, A21)

eÐnai elègximo sto X2 , �ra prèpei na ikanopoieÐtai to krit rio Kalman , dhlad  :

span[A22|A21] = span[A21, A22A21, ....., A
n−2
22 A21] = X2 .

IsodÔnama :

Im(A21) ∪ Im(A22A21) ∪ · · · · ∪Im(An−2
22 A21) = X2 (7.4)

Qrhsimopoi¸ntac thn an�lush tou sust matoc Σ(A,B) , pou ègine parap�nw , blèpoume ìti :

A =

(
A11 A12

A21 A22

)
, B =

(
B1

0

)
Sth sunèqeia proqwrìntac me epagwg  , apodeiknÔoume ìti to deÔtero stoiqeÐo tou pÐnaka

AiB gia k�je i = 0, ..., n − 1 , eÐnai grammikìc sunduasmìc stoiqeÐwn tou span[A22|A21] =

span[A21, A22A21, ....., A
n−2
22 A21]

(i) Gia i = 1

AB =

(
A11 A12

A21 A22

)(
B1

0

)
=

(
A11B1

A21B1

)
=⇒ Im(AB) = Im

(
A11B1

A21B1

)
⊂
(
X1

X2

)
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† Isqurismìc † : Wc sunèpeia tou gegonìtoc ìti o B1 eÐnai ”epÐ” apeikìnish , isqÔoun

ta k�twji :

Im(A11B1) = Im(A11) (7.5)

Im(A21B1) = Im(A21) (7.6)

Apìdeixh IsqurismoÔ

Apìdeixh thc sqèshc (7.5) .

” ⊆ ” : 'Estw x ∈ Im(A11B1) . Tìte :{
x = A11B1u , u ∈ Rm

B1u = x1 ∈ X1

=⇒ x = A11x1 , µε x1 ∈ X1 =⇒ x1 ∈ Im(A11)

Epomènwc :

Im(A11B1) ⊆ Im(A11) (7.7)

” ⊇ ” : 'Estw x ∈ Im(A11) . Tìte , up�rqei x1 ∈ X1 tètoio ¸ste :

x = A11x1 (7.8)

'Omwc , o B1 : Rm −→ X1 eÐnai epÐ , opìte:

gia k�je x1 ∈ X1 up�rqei u ∈ Rn µε x1 = B1u .

Epomènwc , h sqèsh (7.8) =⇒ up�rqei u ∈ Rm tètoio ¸ste x = A11B1u

=⇒ x ∈ Im(A11B1) .Sunep¸c :

Im(A11) ⊆ Im(A11B1) (7.9)

kai �ra apì tic sqèseic (7.7) kai (7.9), èpetai ìti :

Im(A11B1) = Im(A11) (7.10)

Apìdeixh thc sqèshc (7.6)

” ⊆ ” : 'Estw x ∈ Im(A21B1) Tìte , up�rqei u ∈ Rm tètoio ¸ste x = A21B1u .
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'Omwc o B1 eÐnai epÐ , epomènwc : gia k�je x1 ∈ X1 up�rqei u ∈ Rm tètoio ¸ste x1 = B1u .

'Ara , x = A21x1 ìpou x1 ∈ X1 =⇒ x ∈ Im(A21)

⇐⇒ Im(A21B1) ⊆ Im(A21) (7.11)

” ⊇ ” : 'Estw x ∈ Im(A21) . Tìte , up�rqei x1 ∈ X1 tètoio ¸ste x = A21x1 .

'Omwc , o B1 : Rm −→ X1 eÐnai epÐ , sunep¸c : gia k�je x1 ∈ X1 up�rqei u ∈ Rm tètoio

¸ste x1 = B1u . 'Ara telik� , up�rqei u ∈ Rm tètoio ¸ste x = A21B1u , sunep¸c

x ∈ Im(A21B1) kai epomènwc :

Im(A21) ⊆ Im(A21B1) (7.12)

Apì tic sqèseic (7.11) kai (7.12) èpetai telik� ìti :

Im(A21B1) = Im(A21) (7.13)

Epomènwc , to deÔtero stoiqeÐo tou AB pÐnaka , dhlad  to A21B1 , eÐnai ènac grammikìc

sunduasmìc twn stoiqeÐwn tou span[A22|A21] .

(ii) Gia i = 2

A2B = A(AB) =

(
A11 A12

A21 A22

)(
A11B1

A21B1

)
=

(
A2

11B1 +A12A21B1

A21A11B1 +A22A21B1

)
=⇒

=⇒ Im(A2B) = Im

(
A2

11B1 +A12A21B1

A21A11B1 +A22A21B1

)
(7.14)

'Estw x ∈ Im(A21A11B1) . Tìte , sÔmfwna me thn (7.5) èpetai ìti :

x ∈ Im(A21A11) =⇒ up�rqei y ∈ X1 tètoio ¸ste x = A21A11y

=⇒ up�rqei y ∈ X1 tètoio ¸ste x = A21P1AI1y .

Epomènwc , up�rqei y1 ∈ Rn tètoio ¸ste I1y = y1 kai �ra isodÔnama to x mporeÐ na grafeÐ

wc :

x = A21P1Ay1 (7.15)

'Omwc , A : Rn −→ Rn , �ra up�rqei y2 ∈ Rn tètoio ¸ste Ay1 = y2 . Sunep¸c ,

x = A21P1y2 , y2 ∈ Rn . EpÐshc , P1 : Rn −→ X1 , �ra up�rqei x1 ∈ X1 : P1y2 = x1 .
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'Ara :

x = A21x1, x1 ∈ X1 =⇒ x ∈ Im(A21) (7.16)

'Etsi telik�:

Im(A21A11B1) = Im(A21A11) ⊂ Im(A21) (7.17)

'Estw x ∈ Im(A22A21B1) . Tìte , apì th sqèsh (7.6) èpetai ìti :

x ∈ Im(A22A21) =⇒ up�rqei y ∈ X1 tètoio ¸ste x = A22A21y

=⇒ up�rqei y ∈ X1 tètoio ¸ste x = A22P2AI1y

=⇒ up�rqei y ∈ X1 tètoio ¸ste I1y = y1 kai �ra x = A22P2Ay1

=⇒ up�rqei y2 ∈ Rn tètoio ¸ste Ay1 = y2 epomènwc x = A22P2y2

=⇒ up�rqei x2 ∈ X2 tètoio ¸ste P2y2 = x2 epomènwc x = A22x2

=⇒ x ∈ Im(A22)

'Ara :

Im(A22A21) ⊂ Im(A22) (7.18)

Epomènwc apì tic sqèseic (7.17) kai (7.18), èpetai kai p�li ìti to deÔtero stoiqeÐo , (A21A11B1+

A22A21B1) ,tou pÐnaka A2B eÐnai ènac grammikìc sunduasmìc twn stoiqeÐwn tou span[A22|A21] .

(iii) Efarmìzoume thn Epagwgik  mèjodo. Sugkekrimèna, gia i = k < n− 1 , deqìmaste ìti

to deÔtero stoiqeÐo tou pÐnaka AkB eÐnai ènac grammikìc sunduasmìc twn stoiqeÐwn tou

span{A21, A22A21, ...., A
n−2
22 A21} , dhlad  deqìmaste ìti up�rqei αi ∈ R , i = 0, 1, 2, ..., n − 2

ètsi ¸ste gia k�je x ∈ Rn na isqÔei :

P2A
kBx =

n−2∑
i=0

αiA
i
22A21x (7.19)

DeÐqnoume ìti sthn perÐptwsh i = k + 1 ≤ n− 1 , to deÔtero stoiqeÐo tou pÐnaka Ak+1B eÐnai

epÐshc grammikìc sunduasmìc twn stoiqeÐwn tou span{A21, A22A21, ...., A
n−2
22 A21}. Pr�gmati,

gnwrÐzoume ìti:

AkB =

 ∗∑n−2
i=0 αiA

i
22A21x


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me Im(∗) ⊂ X1.

'Omwc epiplèon ,

A =

(
A11 A12

A21 A22

)
opìte :

Ak+1B = A

 ∗∑n−2
i=0 αiA

i
22A21x

 =

A11 ∗+A12
∑n−2

i=0 αiA
i
22A21x

A21 ∗+A22
∑n−2

i=0 αiA
i
22A21x

 ⊂ (X1

X2

)

Opìte , to deÔtero stoiqeÐo : A21 ∗+A22
∑n−2

i=0 αiA
i
22A21x , tou pÐnaka Ak+1B eÐnai ènac

grammikìc sunduasmìc twn stoiqeÐwn tou span{A21, A22A21, ...., A
n−2
22 A21} .

Sunep¸c, apì ta b mata (i)− (iv) èpetai ìti to deÔtero stoiqeÐo k�je stoiqeÐou tou

span{B,AB,A2B, ...., An−1B} , eÐnai ènac grammikìc sunduasmìc twn stoiqeÐwn

tou span{A21, A22A21, ...., A
n−2
22 A21} .

IsodÔnama :

P2span{B,AB,A2B, ..., An−1B} = span{A21, A22A21, ..., A
n−2
22 A21}

'Omwc : P2 span{B,AB, ..., An−1B} = P2Rn kai P2 : Rn −→ X2 , �ra :

P2span{B,AB, ..., An−1B} = X2 (7.20)

Opìte :

X2 =: P2span{B,AB,A2B, ..., An−1B} = span{A21, A22A21, ..., A
n−2
22 A21}

⇐⇒ span{A21, A22A21, ...., A
n−2
22 A21} = X2

⇐⇒ Σ(A22, A21) eÐnai elègximo ston X2 . ‡
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7.3.4 ShmeÐwsh gia thn parap�nw Prìtash

EÐnai profanèc ìti dimX = n kai dimX2 ≤ n − 1 . SÔmfwna me to je¸rhma twn

Calley−Hamilton , to span[A|B] qrei�zetai na perièqei mìno ta stoiqeÐa AiB , mèqri t�xewc

i = n− 1 kai to span[A22|A21] qrei�zetai na perièqei mìno ta stoiqeÐa Aj22A21 mèqri t�xewc

j = n− 2 , �ra j = i− 1 .

Sth sunèqeia jèloume na apodeÐxoume to Je¸rhma MetakÐnhshc Pìlwn. Gia na gÐnei autì mac

eÐnai aparaÐthta ta parak�tw, L mma 7.3.5 kai Prìtash 7.3.6.

7.3.5 L mma - "F�sma twn SÔnjetwn-Trigwnik¸n Pin�kwn�

'Estw

A =

(
A 0
C D

)
Tìte isqÔei :

λ ∈ σ(A) ⇐⇒ λ ∈ [σ(A) ∪ σ(D)] (7.21)

Apìdeixh

GnwrÐzoume ìti: ” 'Enac Trigwnikìc SÔnjetoc pÐnakac A eÐnai antistrèyimoc an kai mìno

an kai oi dÔo pÐnakec A kai D eÐnai antistrèyimoi ” . Epomènwc , o (λI −A) eÐnai antistrèyimoc

an kai oi dÔo pÐnakec (λI −A) kai (λI −D) eÐnai antistrèyimoi. SÔmfwna me ton orismì tou

epilÔontoc sunìlou èqoume ìti :

ρ(A) = C \ σ(A) (7.22)

Sundu�zontac ta parap�nw kai th sqèsh (7.22) èqoume :

{ λ ∈ ρ(A) ⇐⇒ λ ∈ [ρ(A) ∩ ρ(D)] } ⇐⇒ { λ ∈ [ρ(A)]c ⇐⇒ λ ∈ [ρ(A) ∩ ρ(D)]c }
(De Morgan)⇐⇒ { λ ∈ Σ(A) ⇐⇒ λ ∈ [[ρ(A)]c ∪ [ρ(D)]c] }

⇐⇒ { λ ∈ σ(A) ⇐⇒ λ ∈ [σ(A) ∪ σ(D)] } . ‡
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7.3.6 Prìtash

To sÔsthma S(A,B) eÐnai elègximo se èna q¸ro Q an kai mìno an , gia k�je φ ∈ X ′

idiodi�nusma tou A', isqÔei :

B′φ 6= 0 (7.23)

Apìdeixh

” =⇒ ” H apìdeixh ja gÐnei me th mèjodo thc eic �topon apagwg c

'Estw ìti up�rqei φ0 ∈ X ′ idiodi�nusma tou A' tètoio ¸ste h (7.23) na mhn isqÔei ,dhlad :

B′φ = 0 (7.24)

To S(A,B) eÐnai elègximo , epomènwc sÔmfwna me to Krit rio tou Kalman , èpetai ìti :

Z := Im[A|B] = X (7.25)

'Omwc , Im[A|B] = {[A|B]u ∈ X , ∀u ∈ X} .

Epomènwc : [Im(A|B)]⊥ = {0} =⇒

=⇒ [Im(A|B)]⊥ = {φ ∈ X ′ : φ(x) = 0 , ∀x ∈ Im(A|B)} = {0} (7.26)

K�nontac qr sh tou L mmatoc 5.4.1 tou KefalaÐou 5 , èqoume ìti :

[Im(A|B)]⊥ = ker(A|B)′ (7.27)

Opìte , h sqèsh (7.27) lìgw thc (7.26) gÐnetai :

ker(A|B)′ = {0} =⇒ ker


B′

B′A′

...
B′(A′)n−1

 = {0} , ∀φ ∈ X ′ (7.28)

To φ0 ∈ X ′ eÐnai idiodi�nusma tou A' , pou shmaÐnei ìti :

up�rqei λ0 ∈ C tètoio ¸ste A′φ0 = λ0φ0 =⇒ A′B′φ0 = λ0B
′φ0 .

T¸ra , sÔmfwna me th sqèsh (7.24) , èpetai ìti :
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A′B′φ0 = λ0B
′φ0 = 0 =⇒ A′B′φ0 = 0 (7.29)

=⇒ A′(A′B′φ0) = 0 =⇒ (A′)2B′φ0 = 0 (7.30)

=⇒ · · · · · · =⇒ (A′)n−1B′φ0 = 0 (7.31)

Epomènwc , apì tic sqèseic (7.24) kai (7.29), (7.30), (7.31) èpetai ìti :



B′φ0

A′B′φ0

A′2B′φ0

...

A′n−1B′φ0

=⇒ φ0 ∈ ker


B′

A′B′

A′2B′

...
A′n−1B′

 = {0} =⇒ φ0 = 0

'ATOPO , afoÔ to φ0 ∈ X ′ eÐnai idiodi�nusma tou A' kai �ra dÐaforo tou mhdenìc.

'Ara , h arqik  mac upìjesh eÐnai lanjasmènh , sunep¸c :

DEN up�rqei φ0 ∈ X ′ , idiodi�nusma tou A' tètoio ¸ste B′φ0 = 0 .

”⇐= ” Kai p�li h apìdeixh ja gÐnei me th mèjodo thc eic �topon apagwg c

GnwrÐzoume ìti gia k�je idiodi�nusma φ ∈ X ′ tou A' , isqÔei h (7.23) .

'Estw ìti to S(A,B) DEN eÐnai elègximo. Tìte :

Z := Im(A|B) ⊂ X =⇒ Z⊥ 6= {0}

'Omwc , Z⊥ ⊃ {0} =⇒ Z⊥ := [Im(A|B)]⊥ ⊃ {0}

=⇒ Z⊥ := {φ ∈ X ′ : < φ, x >= 0 , ∀x ∈ Im(A|B)} ⊃ {0}

=⇒ up�rqei φ 6= 0 , φ ∈ X ′ : < φ, x >= 0 , ∀x ∈ Im(A|B)

=⇒ up�rqei φ ∈ Z⊥ , φ 6= 0 , pou shmaÐnei ìti to φ eÐnai idiodi�nusma tou A' .

Epiplèon , apì Prìtash 5.8.3 (Kef�laio 5) gnwrÐzoume ìti Z⊥ ⊂ kerB′ kai afoÔ φ ∈ Z⊥,

èpetai ìti :

B′φ = 0 (7.32)

'Ara , up�rqei φ ∈ X ′ tètoio ¸ste B′φ = 0 . 'ATOPO , afoÔ antitÐjetai sthn (7.23) .

Epomènwc , h arqik  mac upìjesh  tan lanjasmènh kai �ra to S(A,B) eÐnai elègximo . ‡
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7.4 Je¸rhma MetakÐnhshc Pìlwn - Pole Assignment Theorem

Ta epìmena eÐnai isodÔnama :

(i) To sÔsthma Σ(A,B) eÐnai elègximo.

(ii) To sÔsthma Σ(A,B) eÐnai apolÔtwc stajeropoi simo.

(iii) To sÔsthma Σ(A,B) epitrèpei th Metatìpish twn Pìlwn (Pole Assignment),dhlad :

gia k�je {λ1, λ2, ...., λn} ⊂ C , up�rqei ènac PÐnakac An�drashc F tètoioc ¸ste

σ(A+BF ) = {λ1, λ2, ...., λn} (7.33)

Apìdeixh

(iii)=⇒ (ii)

'Estw to sÔsthma S(A,B) ìpwc autì èqei oristeÐ sthn arq  tou kefalaÐou.

Σ(A,B)

{
ẋ(t) = Ax(t) +Bu(t)

x(0) = x0

Epib�llw an�drash u(t) = Fx(t) sto sÔsthma, opìte prokÔptei to kleistì sÔsthma :

ẋ(t) = (A+BF )x(t) (7.34)

Apì ton Orismì 7.3.1, gnwrÐzoume ìti to S(A,B) eÐnai apolÔtwc stajeropoi simo an

gia k�je ω ∈ R− up�rqei telest c F : Rn −→ Rm tètoioc ¸ste

s(A+BF ) = sup{Reλ : λ ∈ σ(A+BF )} < ω . (7.35)

'Estw λi h idiotim  tou (A+BF ) me Reλi = sup{Reλ : λ ∈ σ(A+BF )}, isodÔnama h λi

eÐnai tètoia ¸ste

Reλi = s(A+BF ) (7.36)

Profan¸c lìgw thc (iii) mporeÐ na epiteuqjeÐ kat�llhlh epilog  thc λi, ètsi ¸ste Reλi < ω

kai antÐstoiqh epilog  tou F . Epomènwc, lìgw thc (7.36) katal gw sth sunj kh

s(A+BF ) < ω, thc (ii).
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(ii) =⇒ (i) H apìdeixh ja gÐnei me th mèjodo thc eic �topon apagwg c

'Estw ìti to sÔsthma Σ(A,B) eÐnai stajeropoi simo , all� ìqi elègximo .

Tìte, lìgw thc Prìtashc 7.3.6 up�rqei idiodi�nusma v 6= 0 tou pÐnaka A' kai λ ∈ C ètsi ¸ste:

λv = A′v (7.37)

kai

B′v = 0 (7.38)

Epomènwc, up�rqei v 6= 0 tètoio ¸ste

F ′B′v = 0 , ∀F (7.39)

Epilègoume F tètoion ¸ste

s(A+BF ) < Reλ (7.40)

H (7.37) sunep�getai ìti λv = A′v + 0 kai lìgw thc (7.39) èqoume :

λv = A′v + F ′B′v =⇒ λv = (A+BF )′v

=⇒ λ ∈ σ[(A+BF )′] (7.41)

'Omwc , o (A+BF ) eÐnai ènac grammikìc telest c, epomènwc :

σ(A+BF ) = σ[(A+BF )′] (7.42)

Sunep¸c:

(7.41)
(7.42)
=⇒ λ ∈ σ(A+BF )

'Omwc , autì to apotèlesma èrqetai se antÐjesh me thn upìjesh (7.40).

Epomènwc, to sÔsthma Σ(A,B) eÐnai elègximo .

(i) =⇒ (iii) H apìdeixh ja gÐnei me qr sh thc Majhmatik c Epagwg c

'Estw ìti to sÔsthma Σ(A,B) eÐnai elègximo kai Q o Q¸roc Katast�sewn.

• Exet�zw pr¸ta th stoiqei¸dh perÐptwsh dimX = 1 . 'Estw λ1 ∈ C dojèn . Prèpei na
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broÔme kat�llhlo pÐnaka F tètoio ¸ste σ(A+BF ) = {λ1} . IsodÔnama, qrei�zetai na broÔme

kat�llhlo F tètoio ¸ste o [λ1I − (A+BF )] na eÐnai mh-antistrèyimoc pÐnakac. IsodÔnama,

sth monodi�stath perÐptwsh pou melet�me:

λ1I − (A+BF ) = 0 ⇐⇒ λ1I = A+BF

⇐⇒ up�rqei pÐnakac F tètoioc ¸ste F := B̄(λ1I −A)

ìpou B̄ o dexi� antÐstrofoc tou B.

• SuneqÐzoume epagwgik�. Sugkekrimèna , upojètoume ìti gia dimX = k < n , k = 2, ..., n− 1

h sunj kh (iii) plhroÔtai, dhlad  :

σ(A+BR) = {λ1, λ2, ..., λk} (7.43)

ìpou R ènac PÐnakac An�drashc.

• Ja deÐxoume ìti h sunj kh (iii) plhroÔtai kai gia k = n. Pr�gmati , èstw dimX = n kai

to dojèn sÔnolo migadik¸n arijm¸n {λ1, λ2, ..., λn } . Jèloume na broÔme kat�llhlo PÐnaka

An�drashc F tètoio ¸ste σ(A+BF ) = {λ1, λ2, ..., λn} .

QrhsimopoioÔme thn an�lush pou ègine sthn par�grafo 7.3.2 . Efìson , to f�sma eÐnai Ðdio

gia isodÔnamouc pÐnakec , mporoÔme t¸ra na epilèxoume touc par�gontec gia touc opoÐouc , o

isodÔnamoc trigwnikìc pÐnakac tou (A+BF ) èqei to epijumhtì f�sma .

Epomènwc : up�rqei sÔsthma Σ(A22, A21) elègximo ston X2 , ìpou dimX2 = k < n−1 , me

sÔnolo idiotim¸n {λ1, λ2, ..., λk}. SÔmfwna me th sqèsh (7.43) , gia to sÔnolo twn idiotim¸n

{λ1, λ2, ..., λk} ⊂ {λ1, λ2, ..., λn} èpetai ìti , up�rqei PÐnakac An�drashc R tètoioc ¸ste

σ(A22 +A21R) = {λ1, λ2, ..., λk} (7.44)

Epilègw PÐnaka An�drashc F tètoio ¸ste o pÐnakac (A + BF ) na èqei to epijumhtì

f�sma.

Metatrop  tou pÐnaka (A+BF ) sthn isodÔnamh trigwnik  morfh

Epilègoume T antistrèyimo pÐnaka tètoio ¸ste :

T =

(
I R
O I

)
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Tìte :

T−1 =

(
I −R
O I

)
Epomènwc :

A = T−1(A+BF )T =⇒ A =

(
I −R
O I

)[(
A11 A12

A21 A22

)
+

(
B1

0

)(
F1 F2

)](I R
O I

)
=⇒

=⇒ A =

(
I −R
O I

)(
A11 +B1F1 A12 +B1F2

A21 A22

)(
I R
O I

)
=⇒

=⇒ A =

(
A11 +B1F1 −RA21 A12 +B1F2 −RA22

A21 A22

)(
I R
O I

)
=⇒

=⇒ A =

(
A11 +B1F1 −RA21 (A11 +B1F1 −RA21)R+A12 +B1F2 −RA22

A21 A21R+A22

)
,

ìpou :

F =
(
F1 F2

)
: Rn = X1 ⊕X2 7−→ Rm .

T¸ra dialègw F2 := B̄1 [RA22−A12−(A11 +B1F1−RA21)R] , ètsi ¸ste F2 : X2 −→ U ,

me B̄1 to dexi� antÐstrofo tou B1.

Epex ghsh: GnwrÐzw ìti o B1 èqei dexi� antÐstrofo , ìpwc isqÔei ex' orismoÔ gia tic ”epÐ”

apeikonÐseic , ìpwc h B1 := P1B : Rm −→ X1 , me P1 : X −→ X1 .

Me autì ton trìpo to stoiqeÐo A12 tou

A =

(
A11 A12

A21 A22

)
,

mhdenÐzetai. Pr�gmati upologÐzoume :

A12 = (A11 +B1F1 −RA21)R+A12 +B1F2 −RA22

=⇒ A12 = (A11+B1F1−RA21)R+A12+B1B̄1[RA22−A12−(A11+B1F1−RA21)R]−RA22

=⇒ A12 = (A11 +B1F1 −RA21)R+A12 +RA22 −A12 − (A11 +B1F1 −RA21)R−RA22
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=⇒ A12 = O

'Ara :

A =

(
A11 O
A21 A22

)
=

(
A11 +B1F1 −RA21 O

A21 A21R+A22

)

Jèloume na deÐxoume ìti to f�sma tou (A+BF ) eÐnai

σ(A+BF ) = {λ1, λ2, ..., λn} (7.45)

Epomènwc , arkeÐ isodÔnama na deÐxoume ìti :

σ(A) = {λ1, λ2, ..., λn} (7.46)

Pr�gmati, gia ìlouc touc trigwnikoÔc pÐnakec

K =

(
Λ O
M N

)
gnwrÐzoume apì to L mma 7.3.5 ìti :

σ(K) = σ(Λ) ∪ σ(N) (7.47)

Epomènwc ,

σ(A) = σ(A11 +B1F1 −RA21) ∪ σ(A21R+A22) (7.48)

Apì th sqèsh (7.44) gnwrÐzoume ìti

σ(A21R+A22) = {λ1, λ2, ..., λk} ⊂ σ(A) , (7.49)

afoÔ to A orÐzetai ston Rn en¸ to A22 +A21B orÐzetai sto X2 ⊂ Rm .

Opìte , gia na deÐxoume ìti s(A) = {λ1, λ2, ..., λn} , arkeÐ na deÐxoume ìti :

σ(A) = {λ1, λ2, ..., λk} ∪ {λk+1, ..., λn} (7.50)

AfoÔ isqÔoun oi sqèseic (7.48) kai (7.49) , arkeÐ na deÐxw ìti up�rqei pÐnakac F1 tètoioc ¸ste

σ(A11 +B1F1 −RA21) = {λk+1, ..., λn} (7.51)
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Gia na deiqjeÐ h (7.51) , JewroÔme

F1 := B̄1(diag(λk+1, ..., λn)−A11 +RA21) (7.52)

Opìte :

A11 +B1F1 −RA21 = A11 −RA21 +B1B̄1︸ ︷︷ ︸
I

(diag(λk+1, ..., λn)−A11 +RA21)

=⇒ A11 +B1F1 −RA21 = diag(λk+1, ..., λn)

=⇒ σ(A11 +B1F1 −RA21) = σ(diag(λk+1, ..., λn))

=⇒ σ(A11 +B1F1 −RA21) = {λk+1, ..., λn}.

Epomènwc , up�rqei kat�llhloc pÐnakac F1 tètoioc ¸ste na isqÔei h epijumht  (7.51).

Katal goume loipìn ìti up�rqei kat�llhloc pÐnakac F1 tètoioc ¸ste na isqÔei h sqèsh (7.50).

'Ara, afoÔ A ∼ A+BF èpetai ìti , gia dojèn sÔnolo migadik¸n arijm¸n {λ1, λ2, ..., λn} ,

up�rqei pr�gmati kat�llhloc pÐnakac F tètoioc ¸ste σ(A+BF ) = {λ1, λ2, ..., λn}. ‡
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