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09-,"*<," (,*(%%(A+"*;)"1)#*-.;="1<,=1(*;@K"L(">9$-CT;,*(,"8,(" (#B(%8@"
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*("M+1(*("*;)" ••›6 ""0$9-%(1MC,$-"*<,"0(9(A;,*;0;&<#<"$).;%/*$9?,"
(.$9(&?,K"'<%('+K"(9-L1:,"0;)"(,(18,$*(-",("8>;),"*;)%C>-#*;,"8,(,"
1-.9/"0(9 CA;,*(2"J$"()*/"*;"M+1(";" Q}| "(0;*$%$&"0;%="#<1(,*-./"$9A(%$&;"
*;)" ••›6 2"

" "



 

! PZ!

zI!)BGVBCF*G#-!A$LC#,-!
"
J$"()*+"*<,"$,/*<*("0(9;)#&(T;)1$"#*;,"(,(A:#*<".C0;-$@"(0/"*-@"
A,?#*8@"$0-L8#$-@"$,C,*-("#*;"5672"‘/A?"(,*-.$-18,;)K"L ("$0-.$,*9?L;=1$"
#*-@"$0-L8#$-@"0;)"(B ;9;=,"#*<"1(L<1(*-.+"';1+"*;)".9)0*;#)#*+1(*;@2"
v-("C%%;)"$&';)@"$0-L8#$-@"09;*$&,$*(-"#*;,"(,(A,:#*<"<"1$%8*<"*?,"… y–†K"
…y†K"…‰ƒ†K"…•Œ†2"

"

f2"y"" r(*<A;9&$@"$0-L8#$?,"
"

•0C9>;),"'-CB;9("$&'<"$0-L8#$?,"#*;" 5672"j-("09;B(,+@"-'8("$&,(-",("
09;#0(L+#;)1$",("0(9(A;,*;0 ;-+#;)1$"*;" a4c[][U "ΝK".C*-"0;)"L("
;'<A;=#$"#$";%;.%<9?*-.+".(*C99$)#<"*;)"#)#*+1(*;@k";"$0-*-L81$,;@"L("
10;9;=#$",("(0;.9)0*;A9(B+#$-"/%("*("1<,=1(*(2"q)*/"10;9$&",("
$0-*$)>L$&"1$"1&("(0/"*-@"1$L/';)@"0;)"0(9;)#-CT;)1$"#*;"*$%$)*(&;"
.$BC%(-;2"r(L:@";-"18L;';-"0(9(A;,*;0;&<#<@"0;)"0$9-A9Cn(1$"
09;<A;)18,?@"'$,"*98>;),"#$"0;%)?,)1-./">9/,;K"<".(*C%%<%<"$0-%;A+"*;)"
1$A8L;)@"*;)"Ν".C,$-"()*8@"*-@"$0-L8#$-@"(,8B-.*$@2"•0C9>;),"'<1;#-$)18,("
UGVFcVIcU"1$"09;*C#$-@"A-("*;"18A$L;@"*;)"Ν".(-"*;"18A$L;@"*?,"09:*?,"
0;) "$m(9*:,*(-".)9&?@"(0/"*;"0/#;">9/,;"L8%$-".C0;-;@",(".9(*+#$-"
(#B(%+"*(".9)0*;A9(B<18,("'$';18,("*;)2 ""
"
Š0?@"$&0(1$".(-"09;<A;)18,?@K"<"(#BC%$-("*;)"567"M(#&T$*(-"#*;"
09/M%<1("*;)"567".(-"#*;"09/M%<1("0(9(A;,*;0;&<#<@"(.$9(&?,2"
•0C9>;),"/1?@"/0?@"'$&m(1$K"%CL<"#*<,")%;0;&<#<"0;)"10;9;=,",("
'<1-;)9A+#;),"9+A1(*("#*<,"(#BC%$-("*;)".9)0*;#)#*+1(*;@2"{("
m$.-,+#;)1$"()*/"*;".$BC%(-;K"0(9;)#-CT;,*(@".C0;-("(0/"*("M(#-.C"%CL<"
#*(";0;&("10;9$&",(")0;08#$-";"C0$-9;@">9+#*<@".(-"L("$m<A+#;)1$"#*;,"
(,(A,:#*<"0?@"L("1 0;98#$-",("(0;B=A$-"()*C"*("%CL<2"J*<"'$=*$9<".(-"
*9&*<"0(9CA9(B;"()*;="*;)".$B(%(&;)"0(9;)#-CT;)1$"*;)@".-,'=,;)@"
$0-%;A+@"1-.9:,"'<1;#&?,".(-"-'-?*-.:,"$.L$*:, K"09;*$&,;,*(@"(#B(%+"
1$A8L<".(-"A-("*-@"'=;"*-18@"

"
"
"
"
"
"
"
"



! P]!

f2"‰"" ‘ CL<"#*<">9+#<"
"

v,?#*8@"(0/".(-9/K"; -"$0-L8#$-@"0;)"0(9;)#-CT;,*(-"#$"()*+"*<,"
0(9CA9(B;"8'$-m(,".C0;-$@"M(#-.8@"%(,L(#18,$@"09(.*-.8@".(*C"*<,"
)%;0;&<#<"*;)" 5672"
"

"
?N%V#C'!.O,GOP!m=>_`_4!

"
!"-'8("*;)".;-,;=" a4c[][U "$&,(-"0?@"/*(,"8>;)1$"8,("567"UHUUX4F"1$"
0;%%;=@">9+#*$@")0C9>$-"1&("810-#*<";,*/*<*("0;)";9&T$-"8,(" a4c[][U "Ν"
.(-"0(98>$-"#$".CL$">9+#*<"8,("T$=A;@"8A.)9?,"567".%$-'-:,"0;)"$&,(-"
;9-#18,(" a4c[]4 "! ! K"(%%C"/>-"*<,"0(9(A;,*;0;&<#<"*;)"Ν2"w<%('+".CL$"
>9+#*<@"𝑈! "%(1MC,$-"*;"'<1/#-;".%$-'&"< ! !!𝑁 ! ".(-"*;"-'-?*-./".%$-'&"
< ! !!𝑁 ! "2""
s"6Xaa4FU"…•‰†"8'$-m$"/*-">?9&@",(">9$-CT$*(-",("0(9(A;,*;0;-+#;)1$"*;"
a4c[][U K"(,"*;"&'-;"1+,)1(".9)0*;A9(B<L$& ".(-"#*(%$&"#$"'=;">9+#*$@"*?,"
;0;&?,";-"'<1/#-;-"$.L8*$@"$&,(-"09:*;-"09;@"(%%+%;)@"*/*$".CL$"C%%;@"
>9+#*<@"10;9$&",("(0;.9)0*; A9(B+#$-"*;"^XZWHIGHgG2"
"
d#e$'FB I!€#*?" 𝑁 ! 𝑝𝑞"8,(" 567"a4c[][U ".(-"8#*?" ! 𝑒! , ! >!, ! 𝑒! , ! >"
'=;"'<1/#-(".%$-'-C"*8*;-(":#*$" ! ! ! ! ! ! ! 2"€#*?"0?@"8,("1+,)1("m"
.9)0*;A9(B$&*(-".(-"1$"*("'=;".%$-'-C2"v,?9&T;,*(@"*("
! ! ! !! ! ! ! !"# !! !! ! ! = !! ! !    𝑚𝑜𝑑  ! !.(-"*("'<1/#-(".%$-'-C"10;9;=1$",("
)0;%;A&#;)1$"*;" m"#$"0;%)?,)1-./">9/,;"?@"09;@"*;"18A$L;@"*;)"Ν."
"
Απόδειξη.	
  v,?9&T;,*(@"*("𝑒!, 𝑒!"10;9;=1$",(")0;%;A&#;)1$" ! ! !! ! ! "*8*;-("
:#*$" ! ! 𝑒! ! ! ! 𝑒! ! ! ">9<#-1;0;-:,*(@"*;,"$.*$*(18,;"(%A/9-L1;"*;)"
z).%$&'<2"S:9("10;9;=1$",(")0;%;A&#;)1$k "
𝑐!

! !! !
! ! ! ! !! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !! !"# !! ! "NfŒO"

s"$.*$*(18,;@"(%A/9-L1;@"*;)"z).%$&'<".(-";"*$%$)*(&;@")0;%;A-#1/@"
A&,;,*(-"#$"0;%)?,)1-./">9/,;"?@"09;@"*;"18A$L;@"*;)" N2"—"
"
q)*/"#<1(&,$-"0?@";0;-;#'+0;*$"1$"09/#M(#<"#*("'<1/#-(".%$-'-C".(-"*("
^XZWHIGHgGU"10;9$&"(0;.9)0*;A9(B+#$-"1<,=1(*("0;)".9)0*;A9(B +L<.(,"
'=;"B;98@"A-("'-(B;9$*-.;=@">9+#*$@2"
"
"
"
"
"



 

! P_!

•%;0;-+#(1$"()*+"*<,"$0&L$#<"A-("'-CB;9$@"*-18@"*;)"1$A8L;)@"*;)"Νk"
"

j8A$L;@"*;)"Ν"#$"\XGU" •9/,;@")0;%;A-#1;=" m"#$"
'$)*$9/%$0*( "

Œ" ™2™™™™y‚"
y„ " ™2™™™™‰y"
f‰" ™2™™™™•–"
„• " ™2™™™™–„ "
y‰Œ" ™2™™™yŒ™"
‰–„" ™2™™™•ƒ–"
–y‰" ™2™™y–™•"
y™‰•" ™2™™„‚‚Œ "
‰™•Œ" ™2™f–‚‰•"
•™‚„ " ™2‰‰Œ‚„„"

"
S;"y‚Œ•"1-("(./1(" -#>)9/*$9<"$0&L$#<"$,C,*-("#*;".;-,/" a4c[][U "
.(*(#.$)C#*<.$"(0/"*;," ‡HŽV[IHFGXU"…y‰†2"q08'$-m$"/*-"'$,">9$-CT;,*(-"'=;"
.9)0*;A9(B+#$-@"*;)"&'-;)"1<,=1(*;@":#*$",("10;9;=1$",("
(0 ;.9)0*;A9(B+#;)1$"*(" m2"S;"L$:9<1("%8$-"/*-";0;-;#'+0;*$">9+#*<@"
10;9$&",("'<1-;)9A+#$-"8,(",8;"-'-?*-./".%$-'&"0;)"10;9$&",("%$-*;)9A+#$-"
1$";0;-;'+0;*$"$0-%$A18,;"'<1/#-;".%$-'&2 "
"
d#e$'FB I!€#*?" ! ! ! ! ! "8,("8A.)9;"567 "'<1/#-;".%$-'&"1$"! ! ! ! ! "*;"
(,*&#* ;->;"-'-?*-./"*;)2"€#*?" ! ! ! ! ! ! "*;"'<1/#-;".%$-'&"$,/@">9+#*<"
*8*;-;":#*$" ! ! ! ! 2"S/*$"8,("-'-?*-./".%$-'&" ! ! ! ! ! ! "0;)",("(,*-#*;->$&"
#*;" ! ! ! ! ! ! "10;9$&",(".(*(#.$)(#*$&"?@"$m+@k"

! ! ! !! !
! ! ! !"# !

!" ! !
! ! ! !" ! !

" "

!
Απόδειξη.	
  •0$,L)1&T;)1$"*<,"$m&#?#<".%$-'-;=k"
"
!" ! ! ! ! !"# !! ! !! !" ! ! ! ! ! ! " "

"
r(-"0(9(*<9;=1$"/*-"(B;="*;" ! !"$&,(-"'<1/#-;@"$.L8*<@"L("-.(,;0;-$&"
𝑒!,𝜑 𝑁 = 1".(-"C9(" 𝑒! ! ! 𝜑 𝑁 ! ! !"A-(".C0;-;" k’"0;)"'-(-9$&"*;" k2"€#*?"

*:9(" ! !! =    !
!

!
"2"s")0;%;A-#1/@"Nf‚O"10;9$&",("A9(B$&"#(,k"

"
𝑑!    ! !𝑒!

!!    !"#   ! !!! 𝑁 !⇒ !𝑑! 𝑒!    !   !    !"#   ! 𝑁 " "
"
p9("*;" ! !"$&,(-"8,(@"8A.)9;@"$.L8*<@"0;)"(,*-#*;->$&"#*;"! !2"Š%;-";-"
)0;%;A-#1;&"10;9;=,",("A&,;),"#$">9/,; "0;%)?,)1-./"?@"09;@"*;"18A$L;@"
*;)" Ν2"—"



! [K!

!")%;0;&<#<"()*+@"*<@"$0&L$#<@"0(9;)#-CT$*(-"#*;"0(9C9*<1(2"S("
0$-9(1(*-.C"'$';18,("0;)"09;8.)n(,"A-("'-CB;9$@"*-18@"*;)"1$A8L;)@" n	
  
*;)" Ν"0(9;)#-CT;,*(-"#*;,"0(9 ( .C*?"0&,(.(2 "
"

j8A$L;@"*;)"Ν"#$"\XGU" •9/,;@")0;%;A-#1; ="*;)" ! !"
#$"'$)*$9/%$0*( "

Œ" ™2™™™™yƒ"
y„ " ™2™™™™‰‰"
f‰" ™2™™™™‰‚"
„• " ™2™™™™f™"
y‰Œ" ™2™™™™f–"
‰–„" ™2™™™™•Œ"
–y‰" ™2™™™™––"
y™‰•" ™2™™™™Œƒ"
‰™•Œ" ™2™™™yŒy"
•™‚„ " ™2™™™f„‚"

"
•0C9>$-"1&("C%%<"09;#8AA-#<K"(./1("0-;"(0%+2"s0;-;#'+0;*$">9+#*<@"
10;9$&",(">9<#-1;0;-+ #$-"*;"T$=A;@"*?,".%$-'-:,"*;) ":#*$",(")0;%;A&#$-"
8,("0;%%(0%C#-;"*;)"𝜑 ! "18#?"*<@"$m&#?#<@"*;)".%$-'-;=""!" ! 1 !
𝑘𝜑 ! 2"S/*$K"18#?"*?,"(0;*$%$#1C*?,"*;)" |X]]HI"…ff†K"10;9$&",("
>9<#-1;0;-+#$-"8,(,"0-L(,;*-./"(%A/9-L1;"A-(",("0(9(A;,*;0;-+#$-"*;" Ν"
#$"0;%)?,)1-./">9/,;2"p9("$&,(-"$m(-9$*-.C"#<1(,*-./K"/*(,".C0;-;@"
>9<#-1;0;-$&"*;"567K",("1<," 1;-9CT$-"*;"&'-;"a4c[][U "#$"'-(B;9$*-.;=@"
>9+#*$@2"
"
"

?N%V#C'!.O,GOP!/'FEC,O@!#.V*D' !
!

!"0(9(.C*?"$0&L$#<";B$&%$*(-"#*;," ˆVUGVc"…yŒ†2"z&,(-"A,?#*+".(-"?@"
$0&L$#<".;-,; ="1<,=1(*;@"'-/*-">9$-CT$*(-K"/0?@"#*<,"09;<A;=1$,<"
$0&L$#<K",(".9)0*;A9(B<L$&"*;"&'-;"1+,)1("0(9(0C,?"(0/"1&("B;98@2"J*<,"
(9>-.+"1;9B+"*<@"$0&L$#<@K">9$-(T/1(#*$"#*<,"09(A1(*-./*<*("k"1<,=1(*("
1$"𝑘!≥ ! K"/0;)"e"$&,(-";"'<1/#-;@"$.L8*<@"0;)">9<#-1;0;-$&*(-"#*<,"
.9)0*;A9CB<#<"*?," k"1<,)1C*?,2"S;"L$:9<1("#*;";0;&;"#*<9&T$*(-"<"
$0&L$#<"0(9;)#-CT$*(-"$':k"

d#e$'FB I!•0;L8*;)1$"/*-"8,("1+,)1(" m".9)0*;A9(B$&*(-" k"B;98@"1$"*("
'<1/#-(".%$-'-C" < ! , ! ! !   !< ! , ! ! !   !… !< ! , ! ! !   !/0;)" 𝑘!≥ ! ".(-"*("
𝑁!   !𝑁!   !… !𝑁! "$&,(-"(,C"'=;"09:*("1$*(m="*;)@ 2"€#*?"
𝑁! = !"# ! ! !! ! ! !! ! ! ! ! ".(-" ! ! ! ! !

!
! ! ! "2"7,"*;"1+,)1("-.(,;0;-$&"" ! ! ! ! ! "

*/*$"<"z=(K"A,?9&T;,*(@"*;"! !   ≡ !𝑚! ! !"#   ! ! ".(-" ! 𝑒!𝑁! >"A-("! = 1!2!… !𝑘"
10;9$&",(")0;%;A&#$-"*;"m"#$">9/,;"0;%)?,)1-./"?@"09;@"*;"18A$L;@"*;)"Ν2"



 

! [L !

Απόδειξη.	
  qB;="*(" ! ! "$&,(-"09:*("1$*(m="*;)@"10;9;=1$",("$B(91/#;)1$"*;"
.-,8T-.;"L$:9<1(")0;%;&0?,"A-(",(")0;%;A&#;)1$"*;" ! !   𝑚!! !"# !! 2"
qB;=" ! ! ! ! ! "8>;)1 $"! ! !! ! ! ! ! ! ! ! ! ! ".(-"C9(" ! ! ! ! 2"p9("*;"1/,;"
0;)">9$-CT$*(-",(".C,;)1$"$&,(-",("M9;=1$"*<," eD;#*+"9&T("*;)"C"#*;)@"
(.$9(&;)@"A-(",("%CM;)1$"*;"m2"r(-"0C%-K"/%;-";-")0;%;A-#1;&"10;9;=,",("
A&,;),"#$"0;%)?,)1-./">9/,;"?@"09;@ "*;"18A$L;@"*;)" N."̂ ")%;0;&<#<"()*+@"
*<@"$0&L$#<@"0(9;)#-CT$*(-"#*;"0(9C9*<1("$,:"*("0$-9(1(*-.C"*<@"
(0;*$%8#1(*( "B(&,;,*(-"#*;,"0(9(.C*?"0&,(.(k "

j8A$L;@"*;)"Ν"#$"\XGU" •9/,;@")0;%;A-#1;=" m"#$"
'$)*$9/%$0*( "

y„ " ™2™™™™•‚"
f‰" ™2™™™™–y"
„• " ™2™™™™–y"
y‰Œ" ™2™™™™–y"
‰–„" ™2™™™™–‰"
–y‰" ™2™™™™„‰"
y™‰•" ™2™™™™„„"
‰™•Œ" ™2™™™™‚–"
•™‚„ " ™2™™™™‚ƒ"

"
p%%<"1-("$0&L$#<"A,?#*+"?@"$0&L$#<"#),(B;=@"1<,=1(*;@K"$0-*980$-"#*("
1<,=1(*(",("$&,(-"'-(B;9$*-.C"(%%C",("#>$*&T;,*(- "18#?"A,?#*:,"
0;%)?,=1?,".(-">9$-CT$*(-"1$A(%=*$9;"(9-L1/".9)0*;A9(B<18,? ,"
1<,)1C*?,2"S;"(0;*8%$#1("()*/K"* ?," ›IVF_]XF"D"5HXGHI"…yƒ†"$&,(-"*;"$m+@k"
"
d#e$'FB I!w;#18,?,"*?,"'<1;#&?,".%$-'-:,"" ! ! ! ! ! ! ! !! ! ! ! ! ! ! ! !! ! ! !
! ! ! ! ! ! !1$"*("! ! !! ! ! !! ! ! ! ! ",("$&,(-"(,C"'=;"09:*("1$*(m="*;)@K".(-" "
! ! ! !! !! ! !

! !! ! ! ! ! ! !! !! ! !
! !K"L8*;)1$" ! ! ! !"# ! ! ! ! ! ! ! ! ! ! ".(- "

! ! ! ! !
!
! ! ! "2"v-("8,("1+,)1(" ! ! ! ! ! "(," ! ! ! !"# ! ! ! !"# ! ! ! "K"*/*$"

';#18,;)" ! ! ! ! ! ! ! !"# !! ! ".(-" ! ! ! ! ! ! ! "A-("! ! ! ! ! ! ! ! ! "*;"1+,)1(" m"
10;9$&",(")0;%;A-#*$&"#$"0;%)?,)1-./">9/,;"?@"09;@"*;"18A$L;@"*;)"Ν."
"
Απόδειξη."j0;9;=1$",(")0;L8#;)1$"/*-"/%("*(" ! ! ! "$&,(-"1;,-.C2"q,"'$,"
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1$A-#*;MCL1-;)"#),*$%$#*+2"q,"'$,")0C9>$-"(,*&#*9;B;@"A-("8,("! ! ! K"*/*$"

M9&#.;)1$"8,(,"0(9CA;,*("*;)" ! ! ".(-"(0/"*;" !! "10;9;=1$",("M9;=1$"*;" m2"

"

{8*;)1$" ! ! !"# ! ! ! !"# ! ! ! !!.(-" ! ! ! ! ! !"# ! ! !
! ! "A-("! !

! ! ! ! ! ! ! 2"
"
"



! [J !

j$*CK";9&T;)1$"*("k"1;,-.C"0;%):,)1("M(L1;=" δk"
!

! ! ! ! ! ! ! ! !
! ! ! ! ! ! ! ! !! !!

"A-("! ! 1! ! ! ! !𝑘2" "
"

l(9(*<9;=1$"/*-" ! ! ! !! ! ! !"# !! ! "A-("! ! ! ! ! ! ! ! ! ".(-"C9("10;9;=1$",("
>9<#-1;0;-+#;)1$"*;".-,8T-.;"L$:9<1(")0;%;&0?,"MCT;,*(@"*(" ! ! ! ".(-" ! ! "
?@"$&#;';"A-(",(")0;%;A&#;)1$"8,(",8;"1;,-./"0;%):,)1;"M(L1;=" δ""
"
! ! !! ! ! !"# !! " "

!

Š0;)" ! ! ! ! ! ! !
!
! "C9("$&1(#*$"#$"L8#<",(">9<#-1;0;-+#;)1$"*("

(0;*$%8#1(*( "*;)" }4ZZHIUaXGW2"p9("10;9;=1$",(")0;%;A&#;)1$"*;" m"UH"
0;%)?,)1-./">9/,;"?@"09;@"*;"18A$L;@"*;)" Ν2"
"
S("0$-9(1(*-.C"(0;*$%8#1(*("0;)"%CM(1$"(0/"*<,")%;0;&<#<"0;)"
0(9;)#-CT$*(-"#*;"0(9C9*<1("B(&,;,*(-"0(9(.C*?k "
"

j8A$L;@"*;)"Ν"#$"\XGU" •9/,;@")0;%;A-#1;="*;)"
! ! "#$"'$)*$9/%$0*( "

ƒŒ‰" ™2™™™‰Œ‚"
y™‚f " ™2™™™f™Œ"
yƒ‚f " ™2™™™f‚™"
ffƒf " ™2™™™–‰•"
„‰–y" ™2™™™ƒf„"
y‰‰•„" ™2™™y‰„‚"
‰f‚yŒ" ™2™™‰„‚f"

"
s-"|V` ".(-" 5XGiHFW4YHF"…f™†".(*8M(#(,"*;"B9CA1("A-("*;,"(0(-*;=1$,;"
(9&L1;"̂ XZWHIGHgGU2"{8*;,*(@"! ! ! ! ! ! !"# ! ! ! "(,"<"(,-#/*<*(" "
"

!
! !

!

! ! !

! ! " "

"
•.(,;0;-$&*(-K"*/*$"*;"1+,)1(" m"10;9$&",("M9$L$&"(0/"*("k"̂ XZWHIGHgGU2"
v-(",("$10;'-#*;=,"()*8@";-"$0-L8#$-@"1$*C';#<@"0980$-",("$&1(#*$"
#&A;)9;-"/*-"<"*$%$)*(&("(,-#/*<*("'$,"-.(,;0;-$&*(-2"€,(@"0;%="(0%/ @"
*9/0;@K"$&,(-",("1<,"1$*('&';)1$"*;"&'-;"1+,)1("1(T-.C2"q,"()*/"$&,(-"
(,(A.(&;K"*/*$"0980$-",("09;#8m;)1$",("1<,"-.(,;0;-$&*(-"<"(,- #/*<*(K"
1$*(#><1(*&T;,*(@"*("1<,=1(*("1$"0;%):,)1("1$A(%=*$9;)"M(L1;="+"
$,(%%(.*-.C",(">9<#-1;0;-+#;)1$"1$A(%=*$9;)@"'<1/# -;)@"$.L8*$@2"
"

"



 

! [P!

M@.&,.L!#N%V#C'!

!".).%-.+"$0&L$#<"+*(,"(0/"*-@"09:*$@"$0-L8#$-@"0;)"09;*CL<.(,"…•f†2""
Š0?@"%8$-".(-"*;"/,;1C"*<@K"<"$0&L$#<"()*+"';)%$=$-".9)0*;A9(B:,*(@"
$0(,(%(1M(,/1$,("*;" ^XZWHIGHgG2"Š*(,"<"z=("%(1MC,$-"*;"! ! ! ! !   ! !"#   𝑁)K"
L(".9) 0*;A9(B+#$-"m(,C"*;"^XZWHIGHgG"1$"*;"&'-;"'<1/#-;".%$-'&".(-"()*/K"
*$%-.CK"L(";'<A+#$-"#$"8,("^XZWHIGHgG"0;)"L("$&,(-"*;"(9>-./ 2"w<%('+K"1$*C"
(0/" ! + 1".9)0*;A9(B+#$-@"L("8>;)1$k"

! ! !! !   ≡ 𝑐 ≡ 𝑚! !(!"#   𝑁)" "
!

€*#-"L("m89;)1$"/*-"<"(18#?@"09;<A;=1$,<".9)0*;A9CB<#<"+*(,"#*<"
09(A1(*-./*<*("*;"1+,)1(" mk"

𝑐! ! !≡ 𝑚!(𝑚𝑜𝑑  ! )" "
!

!")%;0;&<#<"*<@"$0&L$#<@"(08'?#$"*("0(9.C*?"(0;*$%8#1(*(k"

j8A$L;@"*;)"N" •9/,;@"$.*8%$#<@"
Œ" ™2™™™™y™"
y„ " ™2™™™™y™"
f‰" ™2™™™™y™"
„• " ™2™™™™yy"
y‰Œ" ™2™™™™yy"
‰–„" ™2™™™™yy"
–y‰" ™2™™™™yy"
y™‰•" ™2™™™™yf"
‰™•Œ" ™2™™™™y–"
•™‚„ " ™2™™™™y„"

"

S("(0;*$%8#1(*("()*C"'$&>;),"0?@"*;" N"'$,"8>$-".(,8,(,";)#-(#*-./"9/%;"
#*<,"$0&L$#<2"

!"$0&L$#<"()*+"'$&>,$-"%;-0/,"0?@"1$*C"(0/"l".9)0*;A9(B+#$-@K"<"z=("
10;9$&",("M9$-"*;"1+,)1(2"v-t()*/"*;"%/A;" <"*-1+"l"%8A$*(-"$.L8*<@"
(,C.*<#<@"*;)"1<,=1(*;@"m2"p9(K"';#18,;)"1<,=1(*;@" m"*;"1/,;"0;)"
>9$-CT$*(-",(".C,$-"<"z=("$&,(-",("M9$&"*;,"$.L8*<"l"A-(",("%CM$-"*;"1+,)1("
m2"r(L:@"()*+"<"*-1+"10;9$&",("M9$L$&"';.-1CT;,*(@"/%$@"*-@"*-18@K"L8%;)1$"
,("$&,(-"/#;"1$ A(%=*$9<"A&,$*(-2"q18#?@"M%80;)1$"/*-"*;"1+,)1("! = 1"8>$-"
$.L8*<"(,C.*<#<@"! ! 12"q)*/"#<1(&,$-"0?@"<"z=("0(&9,$-"*;"&'-;"̂XZWHIGHgG""
1$*C"(0/"1/%-@"1-(".9)0*;A9CB<#<2"p9("8,("*8*;-;"1+,)1("'$,"0980$-",("
#*8%,$*(-"0;*82"q,".(-"'$,"$&,(-"'),(*/,",(")0;%;A&#; )1$"1$"$=.;%;"*9/0;"
*;" l	
  .CL$"1<,=1(*;@K")0C9>$-"8,("(0;*8%$#1("0;)"$&,(-"0;%="M;<L<*-./"
#*<,"(,*-1$*:0-#<"()*+@"*<@"$0&L$#<@k"



! [[ !

d#e $'FB I"€#*?"/*-"8,("1+,)1(" m	
  .9)0*;A9(B$&*(-"1$"*;"'<1/#-;".%$-'&"
< 𝑒, ! >2"S/*$";"$.L8*<@"(,C.*<#<@"*;)"m	
  '-(-9$&"*;"! 𝜆 ! 2"

v-("*<,"(0/'$-m<"()*;="*;)"L$?9+1(*;@"09;*$&,$*(-"<"(,CA,?#<"*;)"…‰–†2"
p9("A-(",("(0;B=A;)1$"()*+"*<,"$0&L$#<"0980$-",("$&1(#*$"#&A;)9;-"/*-"*;"
𝜆 𝜆 ! "$&,(-"0;%="1$AC%;"N.(L:@"*;"l"$&,(-"<"18A-#*<"*-1+"*;)O".(-"0?@"8>$-"

1$AC%;)@"09:*;)@"0(9CA;,*$@2"€>$-"'$->L$&"0?@"A-("1$AC%("567"a4c[]X "1$"
-#;99;0<18,;)@K"*)>(&;)@"09:*;)@K"()*/"#)1M(&,$-"…y†2"

•0C9>$-"1-("A$,-.$)18,<".).%-.+"$0&L$#<"#*;"5672"w;#18,;)"$,/@" ^XZWHIGHgG"

cK"L8%;)1$",("M9;=1$"*;,"1-.9/*$9;"(.89(-;" k"*8*;-;,":#*$" 𝑐!! ! 𝑐, 𝑘 ! 12"

j$* C"(0/"()*/K"(,k "

𝑐! !    ! 𝑐!(!"#   ! ! " .(- " ! ! !
! ! ! !! !"# !! ! " "

!
8>;)1$"/*-" ! ! ! 2"q,C0;'(K"(,k "

! ! !
! !! !! !"# !! ! " .(- " ! ! !

!≡ 𝑐  (𝑚𝑜𝑑!𝑞)" "
!

S/*$"m89;)1$"/*-"𝑘 = 𝑞2"J$".CL$"0$9&0*?#<K"8>;)1$"M9$-"8,(,"(0/"*;)@"
09:*;)@"0( 9CA;,*$@"*;)"a4c[][U ".(-"C9("10;9;=1$",("#0C#;) 1$"*;"
#=#*<1(2"J=1B?,("1$"*;"…y†K"()*+"<"$0&L$#<"$&,(-"(,8B-.*<"A-("1$AC%$@"
*-18@"*)>(&("$0-%$A18,?,"09:*?,"p,q."

q)*+"<"$0&L$#<"1(@"09;$-';0;-$&"A-("8,("$0-0%8;,"18*9;"(#B(%$&(@"0;)"
0980$-",("8>;)1$")0/n<"1(@"/*(,"'-(%8A;)1$"09:*;)@" p,q2"l980$-",("
$&1(#*$"#&A;)9;-"/*-";"1-.9/*$9;@"09:*;@"0(9CA;,*(@"*;)" 𝜆 𝜆 ! "$&,(-"
1$AC%;@"(9-L1/@2"

" "



 

! [M!

f2"f"" j(L<1(*-.8@"$0-L8#$-@"#$"1-.9/"'<1/#-;"$.L8*< "
!

J$"()*+"*<,"$,/*<*("L("0(9;)#-C#;)1$"09;M%+1(*("#*<"(#BC%$-("*;)" 567""
/*(,"A&, $*(-">9+#<"1-.9;="'<1/#-;)"$.L8*<K"/0?@"! ! 32"S8*;-$@"
0$9-0*:#$-@"10;9;=1$",("#),(,*+#;)1$"/*(,"1&("#)#.$)+"8>$-"
0$9-;9-#18,;)@")0;%;A-#*-.;=@"0/9;)@"/0?@"8,(".-,<*/"*<%8B?,;2"q)*8@";-"
$0-L8#$-@"(08>;),"(0/"*;",("#0C#;),"*;"#=#*<1(".(L:@"'$,"#*;>$=;),"
#*<, "0(9(A;,*;0;&<#<"*;)" a4c[][U ""(%%C"#*<,"(,C.*<#<"#)A.$.9-18,?,"
1<,)1C*?,"+"189;)@"*;)@2"

"

?N%V#C'!JGKCDOP!F'GPFBDO-!

Š*(,".9)0*;A9(B;=1$"8,("1+,)1(" m"0980$-",("$&1(#*$"0;%="09;#$.*-.;&"
1$"*;"18A$L/@"*;)2"Š0?@"$&'(1$"#*<,"*$%$)*(&("$0&L$#<"*<@"09;<A;=1$,<@"
0( 9(A9CB;)K"*;"1+,)1(" 𝑚 = 1"(,(.*C*(-"0;%="$=.;%(2"q)*+"')#*)>:@"'$,"
$&,(-".(-"<"1/,<"0$9&0*?#<K"$-'-.C"/*(,">9<#-1;0;-;=1$"1-.9/"'<1/#-;"
$.L8*<2"q,";"'<1/#-;@"$.L8*<@"$&,(-"(9.$*C"1-.9/@")0C9>$-";".&,'),;@",("
-#>=$-"! = ! ! ! 𝑁2"v,?9&T;,*(@"()*/K"*;"1/,;"0 ;)"8>$-",(".C,$-"<"z=("$&,(-"

,(")0;%;A&#$-"*<,"eD;#*+"9&T("*;)" c"#*;)@"(.$9(&;)@2"p9("1<,=1(*("𝑚 < !
!
! "

'$,"0980$-",(">9<#-1;0;-;=,*(-2"q)*/"$&,(-"0;%=".9&#-1;"A-(*&"*;" 567"
>9<#-1;0;-$&*(-"A-("*<,"(,*(%%(A+".%$-'-:,"0;)"L(">9<#-1;0;-<L;=,"#$"8,("
#=#*<1("#)11$*9-.+@".9)0*;A9(B&(@2"v-("0(9C'$-A1("(,">9<#-1;0;-;=1$"
8,(" a4c[][U "y™‰•"\XGU".(-"8,(,"'<1/#-;"$.L8*<" ! = ! "*/*$"*;".%$-'&"0;)"
L8%;)1$",("(,*(%%Cm;)1$"L("0980$-",("8>$-"*;)%C>-#*;,"f•‰"\XGU2"

!"$0-*)>&("*<@"$0&L$#<@"#*$9$;*)0-.;="1<,=1(*;@"$m(9*C*(-"/>-"(0/"*;"
18A$L;@"*;)"1<,=1(*;@"(%%C"(0/"*;"*-"189;@"*;)"1<,=1(*;@"A,?9&T;)1$2"v-("
,(".(*(%CM;)1$"0?@"()*/"$&,(-"'),(*/,"L("0(9;)#-C#;)1$"8,(".%(##-./"
0(9C'$-A1(k"8#*?"/*-".CL$"09?&K"1-(".$,*9-.+"(9>+".9)0*;A9(B$&".(-"
#*8%,$-"#$".C0;-;,">9+#*<"*;"1+,)1(" ŸS;"1)#*-./"A-("yK"•;),&;)K"‰™y–"$&,(-"
••••• 2"!"z=(K"A,?9&T;,*(@"*<"'-('-.(#&("N(@"0;=1$"/*-"';=%$)$"#*<,"$*(-9$&("
.(-"*:9("L8%$-",("0C9$-"$.'&.<#<"A-("*<,"C'-.<"(0/%)#+"*<@O"L("m89$-"8,("
.;11C*-"*;)"1<,=1(*;@".(-"L("nC>,$-"8,("1-.9/".;11C*-"*;)2"s" }4ZZHIa XGW"
…‚†"8'$-m$"/*-"(,"*;"T<*;=1$,;".;11C*-".(-";"'<1/#-;@"$.L8*<@"$&,(-"$0(9.:@"
1-.9CK"*/*$"<"z=("10;9$&",("(,(.*+#$-"*;".;11C*-"$.$&,;"0;)"'$,"m89$- 2"

d#e$'FB I!€#*?"/*-"8,("1+,)1(" m".9)09;A9(B$&*(-"1$"*;"'<1/#-;".%$-'&"
< 𝑒!𝑁 >2"v,?9&T;,*(@"*;"< 𝑒,𝑁 >, ! ! ! !   ! !"# !! ! ".(-"A,?9&T;,*(@"*;"m"

$.*/@"(0/"8,(".;11C*-"*;)"0;)"$&,(-"1-.9/*$9;"(0/ ""! ! ""'-(';>-.C" \XGUK"
10;9;=1$",(")0;%;A&#;)1$"*;"CA,?#*;".;11C*-"*;)" m"#$"0;%)?,)1-./"
>9/,;"?@"09;@"*;"18A$L;@"*?,"N".(-" e2"



! [^ !

Απόδειξη.	
  z0$-'+"*;"CA,?#*;".;11C*-" *;)"1<,=1(*;@"$&,(-"1-.9/*$9;"(0/"
! 𝑒"'-(';>-.C" \XGU"10;9;=1$",("A9Cn;)1$" ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "/0;)"

1/,;"*;".;11C*-" 𝑚!"$&,(-"CA,?#*;".(-" ! ! < 𝑁
!
!2"€#*?" 𝑓! 𝑥    ! !! ![𝑥!"*;"

0;%):,)1;"0;)";9&T$*(-k "

𝑓! 𝑥 ! 2! !! ! ! !! !! + ! !! !! + ! !
! − !    !"#   ! " "

!
l(9(*<9;=1$"/*-" 𝑓! 𝑚! = ! !! !"# !! ! 2"p9("*;" "! ! "$&,(-"9&T("*;)"

! ! ! !! !"# !! ! ".(-"-.(,;0;-$&" ! ! ! !
!
! ""C9("10;9;=1$",("$B(91/#;)1$"*;"

L$:9 <1("*;)" }4ZZHIUaXGW"A-(",(")0;%;A&#;)1$"*;" ! ! "#$"0;%)?,)1-./"
>9/,;"?@"09;@"*;"e	
  .(-"*;" 18A$L;@"*;)" Ν":#*$",("(,(.*+#;)1$";%/.%<9;"*;"
m2"—"

•%;0;-+#(1$"()*+"*<,"$0&L$#< ".(-"*("(0;*$%8#1(*("0(9;)#-CT;,*(-"
0(9(.C*?k "

j8A$L;@"*;)"Ν"" •9/,;@"$.*8%$#<@"
Œ" ™2™™™™––"
y„ " ™2™™™™ƒy"
f‰" ™2™™™y‰Œ"
„• " ™2™™™‰•f "
y‰Œ" ™2™™™–•• "
‰–„" ™2™™yy•Œ"
–y‰" ™2™™‰yŒƒ"
y™‰•" ™2™™•–™•"
‰™•Œ" ™2™™‚–™‰"

!
s-">9/,;-"'$,"(B;9;=,"#*;"*$%$)*(&;"M+1("*<@"$0&%)#<@"*;)"0;%)?,=1;)2 "

•0C9>;),"$=.;%;-"*9/0;-",("(0;B$)>L$&"()*+"<"$0&L$#<2"j0;9;=1$"(0%C"
, ("'-(%8m;)1$"e	
  *8*;-;":#*$" ! ! !"# ! ".C*-"0;)"L("#+1(-,$"0?@"<"z=("L("
809$0$",("m89$-";%/.%<9;"*;"1+,)1(2"j-("$,(%%(.*-.+"C1),("0$9-%(1MC,$-"
,("MC%;)1$"8,("*)>(&;"ZVc"*;"1+,)1("0;)"L("(,*-09;#?0$=$-"8,(".;11C*-"

1$A(%=*$9;"(0/"*;"*;"" ! ! "*?," \XGU"*;) "1<,=1(*;@2"

•0C9>$-"1&("$)9-#*-.+"$08.*(#<"()*+@"*<@"$0&L$#<@2"q,"*("CA,?#*("\XGU"'$,"
$&,(-"'-(';>-.CK"10;9;=1$".(-"0C%-",("*("(,(.*+#;)1$"(9.$&"*;"#=,;%;"*?,"

CA,?#*?," \XGU"",("1<,")0$9M(&,;),"*;" ! ! "*?," \XGU"*;)"1<,=1(*;@2"q)*/"*;"
0/9-#1(K"$m(9*C*(-"(0/"1-("$)9-#*-.+"18L;';"0;)".(*(#.$=(#$";"
}4ZZHIUaXGW"…‚†"A-(",("M9$-"1-.98@"%=#$-@"0;%)?,=1?,"1$"'=;"1$*(M%<*8@2"
q,"()*8@";-"18L;';-"(0;'$->L;=,"#?#*8@K"*/*$"L("(0;'$-.,)/*(,"0?@"1-("
-#>)9/*$9<"$0&L$#<")0C9>$-2"



 

! [Z !

J)10$9(#1(*-.CK"09;*$&,$*(-"/*-"*;)%C>-#*;,"8 ,(".;11C*-"1$A8L;)@"! ! "*;)"
1<,=1(*;@",("$&,(-"*)>(-;0;-<18,; 2"

"

?N%V#C'!C@CA#D,cEF#GO@!F'GPFBDO-!

!"$0&L$#<"0;)"0(9;)#-CT;)1$"#$"()*+"*<,"0(9CA9(B;"L$?9$&*(-"$0&L$#<"
1-.9;="'<1/#-;)"$.L8*<"A-(*&"8>$-"(0;'$->L$&"0?@"';)%$=$-"A-("! ! ! 2"
•0C9>;),"?#*/#;".C0; -$@"$,'$&m$-@"0?@"10;9$&",("8>$-"(0;*8%$#1(".(-"1$"
1$A(%=*$9;)@"$.L8*$@"…y†2"r(L:@"/1?@"()*/"'$,"$&,(-"(./1("(0;'$'$-A18,;K"
0(9;)#-CT;)1$"1/,;"*<,"(9>-.+"1;9B+"*<@"$0&L$#<@2"

€#*?"/*-"<"q%&.<"#*8%$-"*;"^XZWHIGHgG"! ! ! ! ! ! !"# !! "#*;,"u(#&%<2"!"z=(K"
0(9-#*C,;,*(@"/*-"$&,(-";"u(#&%<@K"%8$-"#*<,"q%&.<"/*-"'$,"0(98%(M$"*;"
1+,)1(".(-"T<*C$-",("*<@"*;"m(,(#*$&%$-2"S:9("<"q%&.<"L("'-(B;9;0;-+#$-"
.C0?@"*;"1+,)1(K">9<#-1;0;-:,*(@"'-(B;9$*-./" GXaHUGVaZ"A-("0(9C'$-A1("
.(-"L("*;"m(,(#*$&%$-"#*;,"u(#&%<"N.(-"<"z=("*;")0;.%80*$-O2"S:9("<"z=("
8>$-"'=;"̂ XZWHIGHgGU"0;)"(,*-#*;->;=,"#$"'=;"1<,=1(*("*(";0;&(K"$,:"'$,"
$&,(-"&'-(K"#>$*&T;,*(-"1$"1-(".(*C".C0;-;"*9/0;"(0%+"#>8#<2"s-"›IVF_]XF".(-"
5HXGHI"…•ƒ†K"8'$-m(,"/*-"A,?9&T;,*(@"*("'=;"^XZWHIGHgGU".(-"*<"#>8#<"0;)"*("
#) ,'8$-K"'$';18,;)"/*-"$&,(-"(0%+K"<"z=("10;9$&",("(,(.*+#$-"*;"1+,)1(2 "

d#e$'FB I!€#*?"'=;"1<,=1(*(" ! ! !! ! ! "0;)"-.(,;0;-;=,"*<"#>8#<" ! ! !
! ! ! ! ! 2"•0;L8*;)1$"/*-"()*C"*("1<,=1(*(".9)0*;A9(B;=,*(-"1$"*;"&'-;"
'<1/#-;".%$-'&" ! ! !! ! ! 2"S/*$K"A,?9&T;,*(@"*("(,*&#*;->(" ^XZWHIGHgGU"! ! !! ! ! "
.(L:@".(-"*(" ! ! ! ! ! !.(-" ! ! ! "$&,(-"'),(*/",(")0;%;A-#*$&"*;" ! ! ".(-"
.(*t$08.*(#<"*;" "! ! "#$">9/,;"0;%)?,)1-./"?@"09;@"*;"18A$L;@"*;)"Ν2"

Απόδειξη.	
  v,?9&T;,*(@"*("! ! !! ! ! !! ! !! ! !! ! !! ! ")0 ;%;A&T;)1$k"

! ! ! ! ! ! ! ! ! − ! !

! ! ! − ! ! ! ! ! ! ! ! ! ! !
! ! ! ! ! ! ! !

! ! ! ! ! ! ! ! ! ! ! ! ! !

! ! ! ! ! !
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !! !"# !! ! " "

!
Š%;-";-")0;%;A-#1;&"10;9;=,",("A&,;),"#$"0;%)?, )1-./">9/,;"?@"09;@"*;"
18A$L;@"*;)"Ν";0/*$"09;.=0*$-"*;"$0-L)1<*/"(0;*8%$#1(2"— "

z&,(-"09;B(,8@"0?@"/*(,">9<#-10;-;=1$"'<1/#-;"$.L8*<" ! ! ! "'$,"0980$-"
,(">9<#-1;0;-;=1$"1<,=1(*("0;)"$&,(-"A9(11-.:@"$m(9*<18,(2 "

!

!

!



! [] !

?N%V#C'!D@AB%O@!l7>>X\Y !

Š0?@"'$&m(1$"09-,K"*;"567"1/,;"*;)K">?9&@".C0;-;"ZVccXFe"#>+1(K"8>$-"
(0;'$->L$&"0?@"$&,(-"1<"(#B(%8@2"€*#-K"/*(,")%;0;-;=1$"*;"567"$&,(-"
)0;>9$?*-./",("$,-#>=;)1$"*("1<,=1(*("09-,"*<,".9)0*;A9CB<#<K"'<%('+"
,("1$*(#><1(*&T;)1$"*;"1+,)1(" m"#*;"1+,)1(" ! ! ! ! ! ! "/0;)" b"$&,(-"
#) ,+L?@".C0;-;@"*)>(&;@"(9-L1/@"1$"#)A.$.9-18,(">(9(.*<9-#*-.CK"/0?@"
A-("0(9C'$-A1(";"(9-L1/@"*?," \XGU"*;)2 "q)*+"<"'-('-.(#&(">9+T$-"-'-(&*$9<@"
09;#;>+@2"Š*(,";"'<1/#-;@"$.L8*<@"$&,(-"! ! ! ".(-"<"(0/%)*<"*-1+"*;)" b"
$&,(-"$0(9.:@"1-.9+K"1-("$0&L$#<"*;)"}4ZZHIUaXGW"…‚†"$0-*980$-"*<,"
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()*+"<"-'8(K"*;,&T;)1$"/*-"<"0C,*("<"(#BC%$-(";9&T$*(-"1$"MC#<"'=;"
0(9(18*9;)@2"l9:*;,K"*-@"'),(*/*<*$@"*; )"$0-*-L81$,;)K"'<%('+"*-"10;9$&"
,(".C,$-".(* C"*<"'-C9.$-("*<@"$0&L$#<@2"w$=*$9;,K"*;)@"#*/>;)@"*;)"
$0-*-L81$,;)K"'<%('+K"*-"$%0&T$-",(".$9'&#$-"(0/"*<,"$0&L$#+"*;)2"
"
Š#;,"(B;9C"#*;"09:*;".;11C*-K"*-@"'),(*/*<*$@"*;)"$0-*-L81$,;)K"<"0-;"
-#>)9+"(0/"()*8@";, ;1CT$*(-"ŸVcVZGXbH"̂ W4UHF"̂ XZWHIGHgG"VGGV^_ "+"}}7 "…• ‚†2"
q)*/"09(.*-.C"#<1(&,$-"0?@";"(,*&0(%;@"8>$-"*<"'),(*/*<*(",("
(0;.9)0*;A9(B+#$-"/0;-;" ^XZWHIGHgG"L8%$-"$.*/@"(0/"8,("#).$.9-18,;"
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1&("VcVZGXbH"̂ W4UHF"̂ XZWHIGHgG"$0&L$#<K"%8A$*(-"0?@"$&,(-"E•‡D}}7 "(#B(%8@2"
!" (#BC%$-("E•‡D}}7 "#<1(&,$-"0?@"8,(@"(,*&0(%;@"1$"09/#M(#<"#$"1&("
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>?9&@"09(A1(*-./"(,*&.9)#1(2"s"}VFHGGX"…„– †"8'?#$"*;"0(9C'$-A1("$,/@"
#>+1(*;@")0;A9(B+@"0;)"$,:"$&,(-"(#B(%8@"#*;"IVFc4a "4IV^]H"a4cH]K"'$,"
8>$-"(#BC%$-("(08,(,*-"#$".(,8,("#)A.$.9-18,;"*)>(&;"1(,*$&;2 "
"
“#*/#;K"10;9$&".C0;-;@",(" L$?9+#$-"(0;'$&m$-@"0;)"M(#&T;,*(-"#*;"IVFc4a "
4IV^]H"a4cH]".C,;,*(@"*<,"0(9(';>+ "0?@";"(,*&0(%;@"A$,-./@K">?9&@",("
0(&T$-"9/%;"<")%;0;&<#<"*<@"#),C9*<#<@".(*(.$91(*-#1;="+"C%%?,"-'$(*:,"
(%A/9-L1?,2"w<%('+K"10;9;=1$",(")0;L8#;)1$"0?@";"(,*&0(%;@"'$,"10;9$&"
,(">9<#-1;0;-+#$-".C0;-("#)A.$.9-18,<"('),(1&("*?,"#),(9*+#$?,"
.(*(.$91(*-#1;="0;)">9<#-1;0;-;=,*(-"#*<,"09Cm<2"•C9<"#$"()*+"*<,"
0(9(';>+K"0;%%C"(0;';*-.C"#>+1(*(")0;A9(B+@".(-".9) 0*;A9CB<#<@"
8>;),"(,(%)L$&"…„„ K"„ƒ K"„Œ†2"
"
l980$-",("*;,-#*$&"0?@"(./1(".(-"() #*<98@"(,(%=#$-@"#*;"IVFc4a "4IV^]H"
a4cH]"'$,"(0;*$%;=,"-#>)98@"(0;'$&m$-@"(#BC%$-(@"%/A?"*<@"-'(,-.+@"
0(9(';>+@ "0;)".C,;)1$2"q)*/"0;)".C,;),"/1?@"$&,(-",("0(98>;),"-#>)98@"



 

! ^L!

$,'$&m$-@"(#BC%$-(@".(-",(">9<#-1;0;-<L;=,"?@"MC#<"A-("(9.$*C"(0;';*-.C"
#>+1(*( 2"€,("*8*;-;"$0->$&9<1("A-("09(.*-.C"#>+1(*("$&,(-"0-;">9+#-1;"
(0/"1-("()#*<9+"(0/'$-m<"(#BC%$-(@"A-("8,("1<"(0;';*-./"#>+1(2 "

"

"#$,J$B|L!DO@![2hs !

,%"-./%"'0%1%#&2."2'&"'0%1*1*&3-$/'"')4'5$6")78-'"29:0#%39;4<)<6="
#</"*0%78"0%:"%">?@ABC@DEFBC@G"1<-%)H*:)*"#</"*0HI*)<"#%:")#%"JKLMNOPK"
QR"SRTU="8#'/"#%"VLWN"0%:"09%#;I<2*"'0."#%:6">@??FG@"2'&"JXYFZF["\]] ^T",%"
VLWN"-0%9*H"/'"79<)&-%0%&<I*H"-*"%0%&'180%#*"_GF`aXXG"̀ @Gbc_F_AXD"!"="
1<5'18"-&'"$/ '"09%6"-*#;I*)<"0%:"*H/'&"1d)2%5%"/'"'/#&)#9'4*H="*2#.6"/'"
'/"3/e9Hf%:-*"2;0%&'"05<9%4%9H'"g_GF`aXXGhT"i&'"/'"29:0#%39'48)%:-*"
$/'"-8/:-'"79<)&-%0%&(/#'6"#%")78-'" !"#$%&""09(#'"*4'9-.f%:-*"#%"
VLWN".0e6")#%"0'9'2;#e")78-'T",%" ' ("*H/'&"-&'"#:7'H'"):-j%5%)*&9 ;"2'&"%&"
) *(+("*H/'&"):/'9#8)*&6"2'#'2*9-'#&)-%dT"k&"#&-$6"!! ! ! "0%:"09%2d0#%:/="
29:0#%39'4%d/#'&"-*"#</"!T"l<5'18="! ! ! ! ! ! T"

"

k&">@??FG@"2'&"JXYFZF[="'0$1*&m'/ ".#&".#'/ "79<)&-%0%&%d-*""VLWN"̀ FaaADY"
)* "%0%&'180%#*"_GF`aXXG"̀ @Gbc_F_AXD"!("#.#*"09%2d0#*&"$/'")<-')&%5%3&2;"
')4'5$6")78-'"29:0#%39;4<)<6T"n9%)I$#%/#'6"2'&"2;0%&'"0*9&##;" EA_o"#%"
#$5%6=".0e6"<"#&-8"! ! ! ")#%"0&%"0;/e")78-'"'0$1*&m'/".#&"*H/'&"'1d/'-'"
`?FAD_@p_"FZFG@T"q:#8="*H/'&"-&'"&1&.#<#'"#e/"29:0#%39'4&2(/")7<-;#e/"
)#%"GFDaXb"XGFB?@"bXa@?"0%:"%9H)#<2*"'0."#%:6">@??FG@"2'&"JXYFZF["2'&"
)<-'H/*&"0e6":0;97*&"$/'6"-<7'/&)-.6"0%:"-0%9*H"/'"*m;3*&"#%"-8/:-' ="
&2'/.6"/'"09%)%-%&()*&"#%"-'/#*H%"'0%29:0#%39;4<)<6")*"2;I*"BA`C@G_@p_="
$32:9%"8"-<="0%:"I'"$7*&"2'#')2*:;)*&"%"'/#H0'5%6T",%"r'1d/' -%s")#%/"
%9&)-."#%:6="'/'4$9*#'&")#%".#&"<"*m'3e38"#%:"-</d-'#%6"-0%9*H"/'"
1%:5*d*&"-./%".#'/"%"'/#H0'5%6"1*/"$7*"5;j*&"2;0%&%"$32:9%"BA`C@G_@p_"'0."
2;0%:T"t*"-H'""FaF`_AS@"PPL"*0HI*)<".-e6 ="1H/%:-*")#%/"'/#H0'5%"
'0*9&.9&)#<"09.)j')<")#%"-'/#*H%"'0%29:0#%3 9;4<)<6"'2.-'"2'&"'4%d"
5;j*&"#%"BCF??@DY@"BA`C@G_@p_="3&'"#%"%0%H%"I$5*&"/'"-;I*&"05<9%4%9H*6T"q:#."
#%"BCF??@DY@"*H/'&"$/'"$32:9%"BA`C@G_@p_T"u0*#'&"5%&0./"0e6"<"



! ^J!

)<-')&%5%3&28"')4;5*&'="-'fH"-*"'1d/'-%" `?FAD_@p_MFZFG@D@oo"):/*0;3*#'&"
#</")<-')&%5%3&28"')4; 5*&'"#%:"):)#8-'#%6"-./%"'0$/'/#&")*" DXD"
FaF`_AS@"PPL"g.0e6"%&"?cDBC_Ab@"*0&I$)*&6"\Uv̂ h".0%:"#%"-'/#*H%"
'0%29:0#%39;4<)<6"*H/'&"0*9&%9&)-$/%"-$79&"%"'/#H0'5%6"/'"5;j*&"#%"
BCF??@DY@"BA`C@G_@p_T"

k"'97&2.6"%9&)-.6"#%:"`?FAD_@p_MFZFG@D@oo="1&%9I(I<2*"'0."#%:6">@??FG@="
w@oFA="JXYFZF["2'&"NXAD_BC@SF?="'0'&#(/#'6"05$%/"#</":0;9m<"*/.6"
`?FAD_@p_"*m'3e3$'"0%:"I'"-0%9*H"/'"-&-<I*H"#%"-'/#*H%"
'0%29:0#%39;4<)<6")*"2;I*" BA`C@G_@p_"0%:"1H/*&"%"'/#H0'5%6"'2.-'"2'&"
'4%d"1*&"2;0%&'"$32:9'"BA`C@G_@p_o"0%:"1*/"$7%:/"29:0#%39'4<I*H"'0."#%/"
H1&%T"q:#.6"%"&)7:9.#*9%6"%9&)-.6="*H/'&"-&'"2'5d#*9<"09%)$33&)<"#%:"
09'3-'#&2%d"2.)-%:=".0%:"%"'/#H0'5%6"-0%9*H"/'"$7*&"09.)j')<")*"
BA`C@G_@p_o"29:4'2%d3%/#'6")*"2;0%&%"2'/;5&T"
"
q2.-<="'0$1*&m'/"0e6"':#8"<"/$'"&1&.#<#'="0%:"-0%9*H"/'"%9&)#*H"-./%")#%"
GFDaXb"XGFB?@"bXa@?="0'9$7*&")#%")78-'"29:0#%39;4<)<6"#%"&)7:9.#*9%"
*0H0*1%"')4;5*&'6="1<5'18")<-')&%5%3&28"')4;5*&'"'0$/'/#&")*" FaF`_AS@"
PPL"gxywMPPLhT"z)#.)%"2'/*H6"1*/"*H7*"*4%1&;)*&"#%"VLWN"-*"2;0%&%/"
#$#%&%"*m'3e3$'T"u#)&="'/"2'&".5%&"0H)#*:'/"#%":{<5."*0H0*1%"')4;5*&'6"
#%:"VLWN"1*/"*H7*"0%#$"'0%1*&7I*H"0e6"*H/'&"xywMPPL"j')&)-$/%"-./%" ) #</"
-<"'/#&)#9 *{&-.#<#' "#<6"):/;9#<)<6"29:0#%39;4<)<6T "

" "



 

! ^P!

•2"•"" q,C%)#<"(#BC%$-(@"*;)"P7QR"
!

!"1/,<"(0/'$-m<"A-("*<,"(#BC%$-("*;)" P7QR"+*(,""A-("*<,"#<1(#-;%;A-.+"
(# BC%$-("*;)"(08,(,*-"#$" ][F^WGXaH"$0-L8#$-@K"'$>/1$,;-"M8M(-("*<,"1<"
(,*-#*9$n-1/*<*("*<@"#),C9*<#<@".9)0*;A9CB<#<@2"•0+9>$".(-"<"
0$0;&L<#<"/*-"*;"P7QR"$&,(-".(-"E•‡D}}7 2"
"
s""6W4[Z"…„‚ †"8'$-m$"/*-"1C%%;,"()*+"<"0$0;&L<#<K"M(#-#18,<"1/,;"#*<,"1<"
(,*-#*9$n-1/ *<*("*<@"GIVZc44I"#),C9*< #<@K"+*(,"%(,L(#18,<2"€'$-m$""/*-"
(,")0C9>$- "1-("GIVZc44I"#),C9*<#<@"1;,+@".(*$=L),#<@""g	
  A-("*<,";0;&("
$&,(-"$=.;%;",(")0;%;A-#*$&"*;"! ! ! ! "A,?9&T;,*(@"*("! ! ! ! "*/*$"*;"
P7QR"'$,"10;9$&",("$&,(-"E•‡D}}7 "(#B(%8@"A-(".C0;-(" *)>(&(" GIVZc44I"f2"S;"
(,*-0(9C'$-A1("*;)" 6W4[Z"+*(,"*;"$m+@k"€#*?"! !!! "<"8m;';@"*;)"P7QR"
1$*(#><1(*-#1;="#*;"1+,)1(" m2"s9&T;)1$"*<,"#),C9*<#<"1;,+@"
.(*$=L),#<@"! ! ! ! ! ! ! ! ! !!! ! 2"p9(".9)0*;A9(B:,*(@"*;" m"
>9<#-1;0;-:,*(@"*;" f-­‐P7QR"%(1MC,;)1$"*;"^XZWHIGHgG"! ! ! ! ! 2""

"
P"6W4[Z"8'$-m$"/*-")0/"()*8@"*-@"#),L+.$@";"(,*&0(%;@"10;9$&",("
>9<#-1;0;-+#$-"*;" C"A-(",(".(*(#.$)C#$-"8,(" ^XZWHIGHgG"C’"$,/@"1<,=1(*;@"
m’"0;)"$&,(-"(9.$*C"#)#>$*-#18,;"1$"*;" m2"J)A.$.9-18,(K"A-(".CL$"UGIXFe"δ";"
(,*&0(%;@"10;9$&",(".(*(#.$)C#$-"*;" C’	
  0;)"$&,(-"<".9)*0;A9CB<#<"*;)"
! ! ! ! ! ! 2"€*#-"*;"#>+1("()*/"$&,(-" aV]]HV\]H".(-"C9("/>-" E•‡D}}7 "0;)"
#<1(&,$-"0?@"(,"':#;)1$"#(,"$&#;';"#*;"1(,*$&;"(0;.9)0*;A9CB<#<@"*;"
C’"L("1(@"$0-#*98n$-"*;"! ! ! ! ! ! "(0/"*;";0;&;"10;9;=1$",(" M9;=1$"*;"! 2"

!

"

v-(",(".(*(#.$)C#;)1$"*;" C’"()*/"0;)".C,;)1$"$&,(-",("$.1$*(%%$)*;=1$"
*<,"$1BC,-#<"*;)" s	
  #*;" C."•0;%;A&T;)1$"09:*("*;" ! ! ! ! ! ! "/0;)"
! ! ! !!! ! ! 2"S;"Δ	
  (0;*$%$&"8,("ZVccXFe"*;)" δ."j$*CK")0;%;A&T;)1$"*;"
! ! ! ! ! ! ! ! "A,?9&T;,*(@"*("s".(-" s’".(-"8>;,*(@"09/#M(#<"#*;"
1(,*$&;"H2"S8%;@K">9<#-1;0;-:,*(@"*<,"-'-/*<*("*<@"g	
  0;)"0$9-A9Cn(1$"0-;"
0C,? K"10;9;=1$",(")0;%;A&#;)1$"*;" ! ! ! "/0;)" ! ! ! ! ! ! 2"z=.;%("
M%80;)1$"/*-"! ! ! ! ! !!! ! ! "$&,(-"1-("8A.)9<".9)0*;A9CB<#<"* ;)"1<,=1(*;@"



! ^[ !

m’.	
  p9(".(*(B89(1$",("#0C#;)1$"*;" F4F"aV]]HV\X]XG`""*;)" fDP7QR2"
"
q0/"()*/K"10;9;=1$",("#)10$9C,;)1$"/*-"1;-CT$-"(0&L(,;"A-(".C0;-;,",("
.(*(B89$-",("(0;'$&m$-"/*-"*;" f-­‐P7QR"$&,(-"E•‡D}}7 "(#B(%8@"A-(".C0;-("
*)>(&(" GIVZc44I"#),C9*<#<" "f."

v-(",(". (*(#.$)C#;)1$"8,("8A.)9;" ^XZWHIGHgG"C’"#*<,"$0&L$#<"0;)"
0$9-A9Cn(1$"0-;"0C,?"0980$-",("0C9;)1$"*;" ! ! "*<@"#),C9*<#<@"
.(*(.$91(*-#1;=" H."q)*/"/1?@K"#<1(&,$-"/*-"';#18,;)" C"10;9;=1$",("
M9;=1$"*<,"*-1+"s"(0/"*<,";0;&("09;8.)n$"*;" C."p9("B(&,$*(-"0?@"A-(",( "
09(A1(*;0;-+#;)1$"*<,"$0&L$#<"*;)" 6W4[Z"L("0980$-",("10;9;=1$",("
(,*-*98n;)1$"1$9-.:@"*<," fK"'<%('+"';#18,;)" ! ! ! ! ",("10;9;=1$",("
M9;=1$"*;"s.	
  

‘81$"0?@"<"f	
  "$&,(-"1$9-.:@"N#*;"0$'&;";9-#1;=O"1;,+@".(*$=L),#<@"(,"'$,"
)0C9>$-"(0;';*-./@"(%A/9-L1;@"0;)", ("10;9$&",("$mCA$-"*;"s	
  (0/"*;" ! ! ! ! 2"
v-("*8*;-$@"GIVZc44I"#),(9*+#$-@"f"L("10;9;=#$".C0;-;@",("$%0&T$-"0?@"<"
$0&L$#<"*;)"6W4[Z"L("(0;*=>$-".(-"/*-"<" f"hP7QR"$&,(-"E•‡D}}7 "(#B(%+@2"s-"
›[žXUV_XK"P_Va4G4K"R4XFG^WHbV]".(-" 6GHIF"…–‰†"(08'$-m(,"()*/"(.9-M:@ k"q,"<"f	
  "
$&,(-"1$9-.:@"N#*;"0$'&;";9-#1;=O"1;,+@".(*$=L),#<@"*/*$"<"f"hP7QR"$&,(-"
E•‡D}}7 "(#B(%+@2"

‘/A?"*<@";1;1;9B-.+@"-'-/*<*("*;)" 567K"(0;'$-.,=$*(-"/*-"<"#),C9*<#<"
*;)" 567"$&,(-"1$9-.:@"1;,+@".(*$=L),#<@K"(,".(-"1/,;"(,"$&,(-"1;,+@"
.(*8)L),#<@2"v-("*< ,"(.9&M$-(K"8,(@"(%A/9-L1;@"0;)"10;9$&",("1(@"':#$-"*("
1-#C"\XGU""*;)" !" ! ! ! ! "10;9$&",(">9<#-1;0;-<L$&"A-(",("(,*-#*98n$-"
$,*$%:@"<"#),C9*<#<"*;)"5672"p9("%;-0/,"(0;'$-.,=$*(-"0?@"*;" 567DP7QR"
$&,(-"E•‡D}}7 "(,"<"#),C9*<#<"*;)" 567"$&,(-"GIVZc44I"#),C 9*<#<2"v-("
0(9(18*9;)@"(#B(%$&(@K"ε,t"8>;)1$"*;"(./%;)L;"(0;*8%$#1(k "

€#*?"q"8,(@"}}7 "(,*&0(%;@"0;)"MCT;)1$"(08,(,*-"#*<"#<1(#-;%;A-.+"
(#BC%$-("*;)"567DP7QR"1$"*;,">9/,;"$.*8%$#<@",("$&,(-"B9(A18,;@"(0/"t	
  "
.(-"1$"0%$;,8.*<1(" ε2"S/*$"<"#),C9*<#<"*;)"567"10;9 $&",("(,*-#*9(B$&"1$"
0-L(,/*<*("1$A(%=*$9<"*;)" ! ! ! ! "18#("#$">9/,;"B9(A18,;"(0/"*;" 2t2"

w)#*)>:@"()*+"<"(,(A?A+"(0/"*<,"(,*-#*9 ; B+"*;)" 567"#$"$0&L$#<"$&,(-"
(9.$*C"1<"(0;';*-.+"A-("09(.*-.C"1$A8L<2"l-;"#)A.$.9-18,("$&,(-"
*$*9(A?,-.+"?@"09;@"*("$9?*+1(*("0 ;)"#*8%,;)1$"#*;"1(,*$&;O2"€*#-K"()*+"
<"(,(A?A+"'$,"8>$-",;+1(K"$.*/@"(,".C0;-;@">9<#-1;0;-$&"8,("*/#;"1$AC%;"
a4c[][U "8*#-":#*$"<"(,*-#*9;B+ ",("(0(-*$&"0C,?"(0/" ! !"# "09Cm$-@2"j$"*-@"
#=A>9;,$@"1$L/';)@"0(9(A;,*;0;&<#<@"…ƒ™Kƒy†"0980$-",("
>9<#-1;0;-+#;)1$" 8,(" •™‚„ D\XG"a4c[][U K":#*$",("8>$-",;+1("()*+"<"
(,(A?A+2"q0/"1&("C%%<"#.;0-CK"()*+"<"(,(A?A+K"'$&>,$-"/*-"8,("a4c[][U "



 

! ^M!

y™‰•"\XGU"0(98>$-"(#BC%$-("1/,;"*<@"*Cm<@"*;)"! !" "0;)"$&,(-"(,$0(9.+@K"
%(1MC,;,*(@")0/n-,"*<,")0;%;A-#*-.+"'=,(1<"0;)"8>;)1$"'-(L8#-1<2 "

" "



! ^^!

• I!Q@FN#$0CFBDB!
"

s-"$0-L8#$-@"0;)"0(9;)#-C#*<.(,"#$"()*+"*<,"$9A(#&("'$,"8>;),"
.(*(#*+#$-"*;" 567"(,(#B(%8@2"•0C9>;),".C0;-$@"'),(*/*<*$@"A-(".C0;-$@"
$0-L8#$-@K"$-'-.C"()*+"*?,"¡4FHWK"‡[IYHHK"¡]4aHI ".(-" |V` "0;)"10;9$&",("
A&,$-"0;%="-#>)9+"(,".(*(B89;)1$" ,("(0;'$&m;)1$"+"8#*?",("(0;.*+#;)1$"
.C0;-("A,:#<"A-("*-@"$-.(#&$@"*?,"1$L/'?,"*;)" }4ZZHIUaXGW2"q)*8@";-"
$-.(#&$@"#>$*&T;,*(-"C1$#("1$"*<,"(#BC%$-("*;)"567".(-";0;-('+0;*$"
09/;';@"#>$*-.C"1$"()*8@"L("$&,(-"0;%=">9+#-1<2"

“#*/#;K".(1&("(0/"()*8@"*-@"$)9-#*-. 8@"$0-L8#$-@"'$,"$&,(-"-.(,+",("
(0$-%+#$-"$,*$%:@"*;"5672"v-(".(-,;=9-("B9CA1(*("0; )"L("(0;'$->L;=,K"L("
()m<L;=,";-"09;B)%Cm$-@2"S;"0-;"#<1(,*-./".9-*+9-;"/1?@"A-("*;"567"
0(9(18,$-"*;"09/M%<1("*<@"0(9(A;,*;0;&<#<@"1$AC%?,"(.$9(&?,2"q,".(-"
8>;),"#<1$-?L$&"#<1(,*-.8@"09/;';-"#*;,"*;18("()*/K"(./1("'$,"8>;)1$"
M9$-".C0;-;,"(%A/9-L1;"0;)",("0(9(A;,*;0;-$&"(0;';*-.C"1$AC%;)@"
(.$9(&;)@2"J$"0;%)?,)1-./">9/,;"?@"09;@"*;"18A$L;@"*;)"(9-L1;="'<%('+2"

S("0$-9C1(*("#$"()*+"*<,"$9A(#&(K"10;9$&",("1<,"(,8'$-m(,".C0;-;"
.(-, ;=9-;"(0;*8%$#1( "(%%C"$%0&T;)1$"/*-"1(T&"1$"*-@"(0%8@")%;0;-+#$-@"0;)"
0$9-%(1MC,;,*(-K",("0(9(.-,+#;),"*;,"(,(A,:#*<",("$m$9$),+#$-"
0$9(-*89?"*-@")0C9>;)#$@"$0-L8#$-@"#*;"567".(-",("#.$B*$&"0?@"L("
10;98#$-",("*-@"M$%*-:#$-2"

€,("L81("0;)"#&A;)9("(m&T$-"M(L=*$9<@"1$%8*<@"$&,(-";-"0(9(%%(A8@"*;)"
5672"z&,(-"-.(,8@",("1(@"0(98>;),"#),(90(#*-.8@",8$@"'),(*/*<*$@"$,:"<"
(#BC%$-("*;)@"'$,"8>$-"A&,$-"*;"(,*-.$&1$,;"$,'$%$>;=@"89$),(@K"/0?@"*;)"
(0%;="5672"

S8%;@K"*;"567DP7QR"$&,(-"8,("09(.*-./"#>+1("M(#-#18,;"#*;" 567K""*;";0;&;"
0(98>$-"(0;'$'$-A18,<"(#BC%$-("#*;" IVFc4a "4IV^]H"a4cH]2"v-("(#BC%$-("#$"
.(L<1$9-,+">9+#<K"*;"./#*;@"*?,"(,(A?A:,"'$,"10;9$&",("A&,$-"#$"
0;%)?,)1-./">9/,;".(L:@"<"(0;';*-./*<*("*<@"(,(A?A+@"$0<9$CT$-"C1$#("
*-@"0(9(18*9;)@"(#BC%$-(@"0;)">9$-(T/1(#*$2"€*#-K"/*(,"(m-;%;A;=1$"
.9)0*;A9(B-.C"#>+1(*(K"0980$-",("%(1MC,;)1$")0/n-,"1(@"*<,"
0;%)0%;./*<*("*<@"(0/'$-m<@"*<@"(#BC%$-(@"A-(*&"/0?@"$&'(1$"10;9$&",("
1<,"10;9;=,",("09;#B89;),"$AA=<#<"(#BC%$-(@"A-("0(9(18*9;)@"0;)"
>9<#-1;0;-;=1$"#$".(L<1$9-,8@"$B(91;A8@2"

"

"



 

! ^Z!

!"#$%&'("()*+"$&,(-"#./0-1("%$).+2"

" "



! ^] !

€I!•,R&,OJ$B|%B!
"

…y†"|2"¤VU4F"ˆXFH_K"}I`ZGVFV]`UXU"4Y"567"VFc"XGU"œVIXVFGUK"}WVZaVF"ˆV]]K"‰™y™2"

…‰†"3VFXV"ŽVFeH"‡VFXH]"¤2"¡HIFUGHXFK"RHGHI"¡XI_FHI"VFc"}WIXUGXVFH"RHGHIUK"Q}|"
[UXFe"QcdVIcU"}[IbHUK"¤4[IFV]"4Y"}I`ZG4]4e`"N‰™y™O2""

…f †"˜X]]XVa"6GHXFK"Q]HaHFGVI`"F[a\HI"GWH4I`2"RIXaHUK"^4FeI[HF^HUK"VFc"
UH^IHGU2"7"^4aZ[GVGX4FV]"VZZI4V^W2K"•Hd"¥4I_K"•¥k"6ZIXFeHIK"‰™™‚2"

…•†"‡"¡4FHW"•"‡[IYHH"VFc"¥"›IVF_H]K"QgZ4UXFe"VF"567"RIXbVGH"~H`"•XbHF"V"
6aV]]"›IV^GX4F"4Y"XGU"¡XGUK"¤4[IFV]"4Y"}I`ZG4]4e`"N‰™™yO2""

…„†"|2"¤VU4F"ˆXFH_K"7F4GWHI"Ž44_"VG"6aV]]"567"QgZ4FHFGUK"‰™™„2""

…‚†"‡2"}4ZZHIUaXGWK"6aV]]"64][GX4FU"G4"R4]`F4aXV]"Q¦[VGX4FUK"VFc"Ž4d"
QgZ4FHFG"567"œ[]FHIV\X]XGXHUK"¤4[IFV]"4Y"}I`ZG4]4e`"Ny‚‚ƒO2"

…y™†"•"‡[IYHH"‡"¡4FHW"VFc"¥"›IVF_H]K"7F"7GGV^_"4F"567"•XbHF"V"6aV]]"
›IV^GX4F"4Y"GWH"RIXbVGH"~H`"¡XGUK"ŽH^G[IH"•4GHU"XF"}4aZ[GHI"6^XHF^H"Ny‚‚ŒO2"

…y‰†"¤2"|2"‡HŽV[IHFGXUK"7"›[IGWHI"˜HV_FHUU"XF"GWH"}4aa4F"|4c[][U"RI4G4^4]"
Y4I"GWH"567"}I`ZG4V]e4IXGWaK"}I`ZG4]4eXV"Ny‚Œ•O2"

…yf†"˜WXGYXH]c"‡XYYXH"VFc"|VIGXF"Q2"ˆH]]aVFK"•Hd"‡XIH^GX4FU"XF"}I`ZG4eIVZW`K"
EQQQ"3IVFUV^GX4FU"4F"EFY4IaVGX4F"3WH4I`"Ny‚ƒ„O2""

…y–†"‡VF"¡4FHWK"3dHFG`"¥HVIU"4Y"7GGV^_U"4F"GWH"567"}I`ZG4U`UGHaK"•4GX^HU"4Y"
GWH"7aHIX^VF"|VGWHaVGX^V]"64^XHG`"Ny‚‚‚O2"

…y•†"7•‡5Q¤"‡§¤QŽŽ7K"}4FGXF[Hc"›IV^GX4FU"VFc"567"dXGW"6aV]]"6H^IHG"
QgZ4FHFGK"3VGIV"|G2"|VGW2"R[\]"N‰™™•O2""

…y„†"•]HFF"‡[IYHHK"}I`ZGVFV]`UXU"4Y"567"§UXFe"7]eH\IVX^"VFc"ŽVGGX^H"|HGW4cUK"
RW2‡2"GWHUXUK"6GVFY4Ic"§FXbHIUXG`K"‰™™‰2""

…yƒ†"|2"~2"›IVF_]XF"VFc"|2"~2"5HXGHIK"7"ŽXFHVI"RI4G4^4]"›VX][IH"Y4I"567"dXGW"
QgZ4FHFG"3WIHHK"}5¥R3P"t‚–"I[aZ"UHUUX4F"Ny‚‚–O2""

…yŒ†"¤2"ˆVUGVcK"PF"[UXFe"567"dXGW"Ž4d"QgZ4FHFG"XF"V"R[\]X^"~H`"•HGd4I_K"
ŽH^G[IH"•4GHU"XF"}4aZ[GHI"6^XHF^H"Ny‚Œ–O2""

…y‚†"|"¤VU4F"ˆXFH_K"Ž4d"R[\]X^"QgZ4FHFG"RVIGXV]"~H`"VFc"Ž4d"RIXbVGH"
QgZ4FHFG"7GGV^_U"4F"|[]GXDZIXaH"567K"|VUGHItU"GWHUXUK"§FXbHIUXG`"4Y"
˜VGHI]44K"‰™™‰2""



 

! ^_!

…‰™†"|VGGWHd"Q2"¡IXeeUK"7F"EFGI4c[^GX4F"G4"GWH"•HFHIV]"•[a\HI"›XH]c"6XHbHK"
|VUGHItU"GWHUXUK"œXIeXFXV"R4]`GH^WFX^"EFUGXG[GH"VFc"6GVGH"§FXbHIUXG`K"y‚‚Œ2""

…‰y†"|"¤VU4F"ˆXFH_K"PF"GWH"6H^[IXG`"4Y"64aH"œVIXVFGU"4Y"567K"RW2‡2"GWHUXUK"
§FXbHIUXG`"4Y"˜VGHI]44K"‰™™ƒ2"

…‰‰†"~VaX]VW"7\c[]]VWK"}4aZVIXU4F"\HGdHHF"GWH"567"}I`ZG4U`UGHa"VFc"
Q]]XZGX^"}[IbH"}I`ZG4eIVZW`K"|VUGHItU"GWHUXUK"§FXbHIUXG`"4Y"˜VX_VG4K"y‚‚Œ2""

…‰f†"|2"¤VU4F"ˆXFH_"VFc"}WVI]HU"}2"¥2"ŽVaK"}4aa4F"|4c[][U"7GGV^_U"4F"6aV]]"
RIXbVGH"QgZ4FHFG"567"VFc"64aH"›VUG"œVIXVFGU"NXF"RIV^GX^HOK"E7}5"}I`ZG4]4e`"
HRIXFG"7I^WXbH"‰™™‚"N‰™™‚OK"fƒ2""

…‰•†"7\c[]]VW"‡VIdXUW"EaVc"~WV]Hc"6V]VW"VFc"6V]HW"P¦HX]XK"|VGWHaVGX^V]"
7GGV^_U"4F"567"}I`ZG4U`UGHaK"¤4[IFV]"4Y"}4aZ[GHI"6^XHF^H"N‰™™„O2""

…‰–†"62"~VGiHF\HXUUHIK"5H^HFG"7cbVF^HU"XF"567"}I`ZG4eIVZW`K"~]HdHI"
7^VcHaX^"R[\]XUWHIU"N‰™™yO2""

…‰„†"72~2"ŽHFUGIVK"ˆ2˜2ž[F2"ŽHFUGIVK"VFc"Ž¨VUi]4"Ž4b¨VUiK"›V^G4IXFe"
R4]`F4aXV]U"˜XGW"5VGX4FV]"}4HYYX^XHFGUK"|VGW2"7FF2"‰„y"Ny‚Œ‰OK"–y–h–f• "

…‰ƒ†"}VI]4U"›IHcHIX^4"}XcK"}I`ZGVFV]`UXU"4Y"567k"7"6[IbH`K"EFY4IaVGX4F"
6H^[IXG`"5HVcXFe"544a"Ny‚ŒŒO2""

…‰Œ†"7IžHF"~"ŽHFUGIVK"§F\H]XHbV\]H"6H^[IXG`"|VG^WXFe"7Q6"6H^[IXG`"§UXFe"
R[\]X^"~H`"6`UGHaUK"RI4^HHcXFeU"7UXV^I`ZG"‰™™yK"Ž•}6"‰‰•ŒK"6ZIXFeHIDœHI]Ve"
‰™™yK"„ƒŒ„K"6ZIXFeHIDœHI]VeK"‰™™yK"ZZ2"„ƒhŒ„2""

…‰‚†"•HHIVž"~V`V]"|VFXFcIV"7eIVdV]"VFc"•XGXF"6VgHFVK"R5E|Q6"XU"XF"RK"7FF2"4Y"
|VGW"N‰™™•O2""

…f™†"72"|V`"VFc"|2"5XGiHFW4YHFK"64]bXFe"6`UGHaU"4Y"|4c[]VI"Q¦[VGX4FU"XF"PFH"
œVIXV\]Hk"ˆ4d"|VF`"567DQF^I`ZGHc"|HUUVeHU"‡4HU"QbH"•HHc"G4"~F4d©K"
R[\]X^"~H`"}I`ZG4eIVZW`"N‰™™ŒO2""

…fy†"7]HgVFcHI"|V`K"§UXFe"ŽŽŽD5Hc[^GX4F"Y4I"64]bXFe"567"VFc"›V^G4IXiVGX4F"
RI4\]HaUk"7"6[IbH`K"¤4[IFV]"4Y"}I`ZG4]4e`"N‰™y™O2""

…f‰†"62|2"|VUWXW[IH"54aaVF"|c2"7]XD7]D|Va[FK"|4WVaaVc"|4GVWVI[]"
EU]VaK"RHIY4IaVF^H"QbV][VGX4F"4Y"6HbHIV]"QYYX^XHFG"567"œVIXVFGUK"EFGHIFVGX4FV]"
¤4[IFV]"4Y"}4aZ[GHI"6^XHF^H"VFc"•HGd4I_"6H^[IXG`"N‰™™ŒO2""

…ff†"•2"Ž2"|X]]HIK"5XHaVFFtU"ˆ`Z4GWHUXU"VFc"3HUGU"Y4I"RIXaV]XG`K"¤4[IFV]"4Y"
}4aZ[GHI"VFc"6`UGHa"6^XHF^HU"Ny‚ƒ„O2""



! ZK!

…f•†"R2Ž2"|4FGe4aHI`K"|4c[]VI"|[]GXZ]X^VGX4F"˜XGW4[G"3IXV]"‡XbXUX4FK"|VGW2"
}4aZ[GVGX4F"Ny‚Œ–O2""

…f–†"¤2"|2"R4]]VIcK"7"|4FGH"}VI]4"|HGW4c"Y4I"›V^G4IXiVGX4FK"¡E3"•[aHIX^V]"
|VGWHaVGX^U"Ny‚ƒ–O2""

…f„†"}VI]"R4aHIVF^HK"7"3V]H"4Y"3d4"6XHbHUK"•4GX^HU"4Y"GWH"7|6"Ny‚‚„O2"

…fƒ†"ˆ2"5XHUH]K"RIXaH"•[a\HIU"VFc"}4aZ[GHI"|HGW4cU"Y4I"›V^G4IXiVGX4FK"
¡XI_WV[UHIK"y‚‚•2""

…fŒ†"72"6WVaXI"52Ž2"5XbHUG"VFc"Ž2"7c]HaVFK"7"|HGW4c"Y4I"P\GVXFXFe"‡XeXGV]"
6XeFVG[IHU"VFc"R[\]X^D~H`"}I`ZG4U`UGHaUK"|VeViXFH"}4aa[FX^VGX4FU"4Y"GWH"
7}|"Ny‚ƒŒO2""

…f‚†"¤4UHY"RXHZIi`_"ˆ[VgX4Fe"˜VFe"54F"6GHXFYH]cK"6^4GG"}4FGXFXK"}4FbHIUH"
5HU[]GU"G4"GWH"˜XHFHI"7GGV^_"4F"567K"EFGHIFVGX4FV]"˜4I_UW4Z"4F"RIV^GX^H"VFc"
3WH4I`"XF"R[\]X^"~H`"}I`ZG4eIVZW`"N‰™™–O"

…•™†"‡VFXH]"52"Ž2"¡I4dFK"7"˜HV_D5VFc4aXiHI"7GGV^_"4F"567DP7QR"dXGW"H"ª"fK"
‰™™–2""

…•y†"5"•"6V]Ha\XHI"VFc"RV[]"64[GWHIXFeG4FK"7F"EaZ]HaHFGVGX4F"4Y"GWH"7~6"
RIXaV]XG`"3HUGK"}4aZ[GHI"QFeXFHHIXFe"N‰™™–O2""

…•‰†"•2"¤2"6Xaa4FUK"7" ˜HV_ "RIXbV^`"RI4G4^4]"[UXFe"GWH"567"}I`ZG4"
7]e4IXGWaK"}I`ZG4]4eXV"Ny‚ŒfO2""

…•f†"•2"¤2"6Xaa4FU"VFc"|2"¤2"•4IIXUK"RIH]XaXFVI`"}4aaHFGU"4F"GWH"|E3"R[\]X^D
_H`"}I`ZG4U`UGHaK"}I`ZG4]4eXV"Ny‚ƒƒO2""

…••†"¤"¡]4aHI"VFc"72"|V`K"Ž4d"6H^IHG"QgZ4FHFG"567"5HbXUXGHcK"ŽH^G[IH"•4GHU"
XF"}4aZ[GHI"6^XHF^H"N‰™™yO2"

…•–†"|"3I4GGK"3WH"|VGWHaVGX^V"•[XcH\44_"Y4I"6`a\4]X^UK"6ZIXFeHIDœHI]VeK"
‰™™„2""

…•„†"|"¤"˜XHFHIK"}I`ZGVFV]`UXU"4Y"6W4IG"567"6H^IHG"QgZ4FHFGUK"EQQQ"
3IVFUV^GX4FU"4F"EFY4IaVGX4F"3WH4I`"Ny‚‚™O2""

…•ƒ†"PcHc"¥V^4\X"VFc"¥V^4b"¥V^4\XK"7"•Hd"5H]VGHc"|HUUVeH"7GGV^_"4F"567K"
QUUV`U"XF"|Ha4I`"4Y"6WXa4F"QbHFK"‰™™„K"ZZ2"yŒƒhy‚–2""

…•Œ†"64Fe"¥2"¥VFK"}I`ZGVFV]`GX^"7GGV^_U"4F"567K"6ZIXFeHIK"‰™™Œ"

…•Œ†"PcHc"•4]cIHX^WK"PF"GWH"›4[FcVGX4FU"4Y"|4cHIF"}I`ZG4eIVZW`K"}I`ZG4"
t‚ƒK"Z2"•„D•ƒ "



 

! ZL!

…•‚†"}2"5V^_4YYK"‡2"52"6Xa4F2"•4FDEFGHIV^GXbH"«HI4D~F4d]HceH"RI44Y"4Y"
~F4d]HceH"VFc"}W4UHF"}XZWHIGHgG"7GGV^_K"}I`ZG4"t‚yK"Z2"•ffh••• "

…–™†"62"•4]cdVUUHI"VFc"62"|X^V]XK"RI4\V\X]XUGX^"QF^I`ZGX4FK"¤4[IFV]"4Y"
}4aZ[GHI"VFc"6`UGHa"6^XHF^HUK"Z2‰ƒ™h‰‚‚ "

…–y†"‡2"‡4]HbK"}2"‡d4I_K"|2"•V4IK"•4F D|V]]HV\]H"}I`ZG4eIVZW`K""6E7|"¤4[IFV]"
4F"}4aZ[GXFeK"Z2"f‚yh•fƒ "

…–‰†"Q2"›[žXUV_XK"32"P_Va4G4K"‡2"R4XFG^WHbV]K"¤2"6GHIF2"567hP7QR"XU"6H^[IH"
[FcHI"GWH"567"7UU[aZGX4FK"}I`ZG4"t™yKZ2"‰„™h‰ƒ•"

…–f†"|2"¡H]]VIHK"72"‡HUVXK"‡2"R4XFG^WHbV]K"R2"54eVdV`K"5H]VGX4FU"Va4Fe"•4GX4FU"
4Y"6H^[IXG`"Y4I"R[\]X^D~H`"QF^I`ZGX4F"6^WHaHUK"}I`ZG4"t‚ŒK"Z2"‰„h•– "

…–•†"|2"•V4I"VFc"|2"¥[FeK"§FXbHIUV]"PFHD̃V`"ˆVUW"›[F^GX4FU"VFc"3WHXI"
}I`ZG4eIVZWX^"7ZZ]X^VGX4FUK"RI4^HHcXFeU"4Y"GWH"‰yUG"63P}K"Z2"ffh•f "

…–„†"‡2"¡]HX^WHF\V^WHIK"7"}W4UHF"}XZWHIGHgG"7GGV^_"VeVXFUG"RI4G4^4]U"\VUHc"
4F"GWH"567"QF^I`ZGX4F"6GVFcVIc"R~}6"£yK"}I`ZG4"t‚ŒK"Z2"yhy‰"

…–ƒ†"}2"ˆV]]K"E2"•4]c\HIeK"¡2"6^WFHXHIK""5HV^GX4F"7GGV^_U"7eVXFUG"6HbHIV]"R[\]X^D
~H`"}I`ZG4U`UGHaUK"RI4^HHcXFeU"4Y"E}E}6"t‚‚K"Z2"‰hy‰"

…–Œ†"R2"}2"~4^WHIK"3XaXFe"7GGV^_U"4F"EaZ]HaHFGVGX4FU"4Y"‡XYYXHD̂H]]aVFK"567K"
‡66K"VFc"PGWHI"6`UGHaUK"}I`ZG4"t‚„K"Z2"y™•hyyf "

…–‚†"R2"}2"~4^WHIK"¤2"¤VYYHK"¡2"¤[F2"‡XYYHIHFGXV]"R4dHI"7FV]`UXUK"}I`ZG4"t‚‚K"Z2"
fŒŒhf‚ƒ "

…„™†"Q2"¡XWVaK"72"6WVaXI2"‡XYYHIHFGXV]"›V[]G"7FV]`UXU"4Y"6H^IHG"~H`"
}I`ZG4U`UGHaUK"}I`ZG4"t‚ƒK"Z2"–yfh–‰–"

…„y†"‡2"¡4FHWK"52"‡H|X]]4K"52"ŽXZG4FK"PF"GWH"EaZ4IGVF^H"4Y"}WH^_XFe"
}I`ZG4eIVZWX^"RI4G4^4]U"Y4I"›V[]GUK"Q[I4^I`ZG"t‚ƒK"Z2"fƒh–y"

…„‰†"32"‡XHI_UK"}2"7]]HFK"3WH"3Ž6"RI4G4^4]"

…„f†"•2"|2"¡H]]VIHK"R2"54eVdV`K"5VFc4a"PIV^]HU"7IH"RIV^GX^V]k"V"RVIVcXea"Y4I"
‡HUXeFXFe"QYYX^XHFG"RI4G4^4]UK"RI4^HHcXFeU"4Y"GWH"yUG"}}6K"Z2"„‰hƒf "

…„•†"72"›XVGK"72"6WVaXIK"ˆ4d"G4"RI4bH"¥4[IUH]Yk"RIV^GX^V]"64][GX4FU"4Y"
EcHFGXYX^VGX4F"VFc"6XeFVG[IH"RI4\]HaUK"}I`ZG4"tŒ„K"Z2"yŒ„hy‚• "

…„–†"52"}VFHGGXK"P2"•4]cIHX^WK"62"ˆV]HbX2"3WH"5VFc4a"PIV^]HU"|HGW4c4]4e`K"
5HbXUXGHcK"RI4^HHcXFeU"4Y"GWH"f™GW"63P}K"Z2"‰™‚h‰yŒ"



! ZJ!

…„„†"|2"¡H]]VIHK"R2"54eVdV`K"PZGXaV]"7U`aaHGIX^"QF^I`ZGX4F"h"̂ 4d"G4"
QF^I`ZG"dXGW"5672"Q[I4^I`ZG"t‚•K"Z2"‚‰hyyy "

…„ƒ†"|2"¡H]]VIHK"R2"54eVdV`K"3WH"QgV^G"6H^[IXG`"4Y"‡XeXGV]"6XeFVG[IHU"h"̂ 4d"G4"
6XeF"dXGW"567"VFc"5V\XFK"Q[I4^I`ZG"t‚„K"Z2""f‚‚h•y„ "

…„Œ†"‡2"R4XFG^WHbV]K"¤2"6GHIFK"6H^[IXG`"7Ie[aHFGU"Y4I"‡XeXGV]"6XeFVG[IHU"VFc"
¡]XFc"6XeFVG[IHUK""¤4[IFV]"4Y"}I`ZG4]4e`K"Z2"f„yhf‚„ "

…„‚†"œ2"6W4[Z2"P7QR"5H^4FUXcHIHc2"}I`ZG4"t™yK"Z2"‰f‚h‰–‚"

…ƒ™†"72"ŽHFUGIVK"ˆ2"ŽHFUGIV2"3WH"‡HbH]4ZaHFG"4Y"GWH"•[a\HI"›XH]c"6XHbHK"
b4][aH"y––•"4Y"ŽH^G[IH"•4GHU"XF"|VGWHaVGX^U"

…ƒy†"62"}VbV]]VIK"¡2"‡4cU4FK"72"~2"ŽHFUGIVK"˜2"ŽX4HFK"R2"Ž2"|4FGe4aHI`K"¡2"
|[IZW`K"ˆ2"GH"5XH]HK"~2"7VIcV]K"¤2"•X]^WIXUGK"•2"•[X]]HIaK"R2"ŽH`]VFcK"¤2"|VI^WVFcK"
›2"|4IVXFK"72"|[YYHGGK"}W2"R[GFVaK"}I2"R[GFVaK"R2"«XaaHIaVFFK"›V^G4IXiVGX4F"
4Y"V"–y‰D\XG"567"|4c[][U2"Q[I4^I`ZG"t™™K"Z2"yhyŒ"

"

"

" "



 

! ZP!

"B$0$D'FB !
"

q2"r:'-.(@ "$0-L8#$?,"

q2y"z0&L$#<".;-,;= "a4c[][U "

commonModulusAttack  = {};  

i  = 3;  

While[i < 13,  

nbits = 2^i;  

p_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^(nbits/2 )  Ð 
1}];  

q_prime  = RandomPrime[{2^( nbits/2 Ð 1), 2^(nbits/2 )  Ð 
1}];  

While[q _prime  == p _prime , q _prime  = 
RandomPrime[{2^(nbits/2 Ð 1), 2^(nbits/2 )  Ð 1}]];  

n = p _prime *q _prime ;  

epsilon1  = n;  

While[e psilon 2 == n || e psilon 2 == e psilon1, epsilon 2 = 
RandomPrime[n];]  

message  = RandomPrime[n];  

c ip herText 1 = PowerMod[m, e psilon 1, n];  

c ipherText2  = PowerMod[m, e psilon 2, n];  

 

r = Append[ commonModulusAttack , {nbits, Timing[  

gcd  = ExtendedGCD[e psilon 1, e psilon 2];  

a1 = gcd[[2, 1]];  

a2 = gcd [[2,2]];  

dec ryption  = Mod[PowerMod[c ipherText 1, a1, 
n]*PowerMod[c i pherText 2,a2,n],n]  

}[[1]]}];  

Print[ commonModulusAttack ];  

i++;  

]  



! Z[ !

72‰"z0&L$#<".;-,;= "a4c[][U  

delaurentisAttack  = {};  

i = 3;  

While[i < 13,  

nbits = 2^i;  

p_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^(nbits/2 )  Ð 
1}];  

q_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^(nbits /2 )  Ð 
1}];  

While[ q_prime  == p_prime , q_prime  = 
RandomPrime[{2^(nbits/2 Ð 1), 2^(nbits/2 )  Ð 1}]];  

n = p_prime * q_prime ;  

epsilon 1 = n;  

While[e psilon 2 == n || e psilon 2 == p_prime  || e psilon 2 = 
q_prime , e psilon 1 = RandomPrime[n];]  

d1 = PowerMod[e psilon 1, - 1,n];  

epilon 2 = n;  

While[e psilon 2 == n || e psilon 2 == e psilon 1, e psilon 2 = 
RandomPrime[n];];  

 

delaurentisAttack  = Append[ delaurentisAttack , {nbits, 
Timing[  

naux  = (e1*d1 Ð 1)/GCD[e2, e1*e2 Ð 1];  

d2crypt = PowerMod[e2, - 1, naux]  

][[1]]}];  

Print[ delaurentisAttack ] ;  

i ++;  

]  
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hastadCommonMessageAttack  = {};  

e = 3;  

i = 3;  

While[i < 12,  

nbits = 2^i;  

nlist = {};  

b = 1;  

primes = {};  

While[Length[nlist] < e + 2,  

p_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}];  

q_prime  = RandomPrim e[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}];  

While[Intersection[{ p_prime },primes] != {},  

p_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}]; ];  

While[Intersection[{q _prime }, primes] != {}, || 
p_prime ==q_prime ,  

q_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}]; ];  

n = p_prime *q _prime ;  

euler _value  = (p _prime - 1)*(q _prime - 1);  

If[GCD[e, euler _value ] == 1,  

nlist = Append[nlist,{e,n}];  

primes = Append[primes, p_prime ];  

primes = Append[primes, q _prime ];  

];  

];  

n1 = nlist[[4]];  

n2 = nlist[[5]];  

n3 = nlist[[3]];  

messag e = RandomInteger[{1,Min[n1,n2,n3] - 1}];  

c ipherText 1 = PowerMod[m essage ,e,n1];  

c ipherText 2 = PowerMod[m essage ,e,n2];  



! Z !̂

c ipherText 3 = PowerMod[m essage ,e,n3];  

 

hastadCommonMessage Attack  = 
Append[ hastadCommonMessageAttack , {BitLength[n], Timing[  

n0 = Min[n1,n2,n 3];  

n = n1*n2*n3;  

c ipherText  = ChineseRemainder[{c1,c2,c3},{n1,n2,n3}];  

dec ryption  = c ipherText ^(1/ e);][[1]]}  

];  

i ++;  

];  

hastadCommonMessageAttack  

 

72•"z0&L$#<"#),(B;=@ "1<,=1(*;@"

related Plaintext Attack  = {};  

b = 3;  

While[b < 10,  

nbits = 2^b;  

i = 3;  

g = 50;  

nlist = {};  

primes = {};  

While[Length[nlist] < g,  

e = Prime[RandomInteger[{2,5}]];  

p_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}];  

Q_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}];  

While[Intersection[{p _prime },primes] != {},  

p_prime  = Rando mPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}]; ];  

While[Intersection[{q _prime }, primes] != {}, || 
p_prime ==q_prime ,  

q_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}]; ];  



 

! ZZ!

n = p _prime *q _prime ;  

euler_value  = (p _prime - 1)*(q _prime - 1);  

If[GCD[e, euler_value ] == 1,  

nlist = Append[nlist,{e,n}];  

primes = Append[primes, p _prime ];  

primes = Append[primes, q _prime ];  

];  

];  

l = Max[Table[nlist[[i,1]]*2, {i,1,g}]];  

coef ficients  = Table[{RandomInteger[{0,2 }],i},{i,1,l}];  

poly nomial  = Function[{i, m},  

Mod[message ^coef ficients [[ i,1]] + coef ficients [[i,2]], 
nlist[[i,2]]]  

];  

deg ree  = Function[i, coef ficients [[i,1]]];  

max = Max[Table[nlist[[i,1]]*deg ree [i],{i,1,l}]];  

i = 2;  

n0 = nlist[[1,2]];  

While[i <= 23,  

n0 = Min[n0, nlist[[i,2]]];  

i++;  

];  

i = 2;  

n = nlist[[1,2]];  

While[i <= 23,  

n = n*nlist[[i,2]];  

i++;  

];  

message  = RandomInteger [n0 Ð 1];  

c ipherTexL ist = Table[PowerMod[poly nomial [i,m], 
nlist[[i,1]], nlist[[i,2]],  

{i,1,l}];  



! Z] !

 

related Plaintext Attack  = Append[ relatedPlaintextAttack , 
{BitLength[n], Timing[  

sigma = Max[Table[nlist[[i,1] ]*deg ree [i], {i,1,l}]];  

h = Table[sigma Ð deg ree [i]*nlist[[i,1]], {i,1,l}];  

gpoly nomial  = Function[{i,m},  

Mod[PowerMod[m, h[[i]], nlist[[i,2]]*  

(PowerMod[poly nomial [i,m], nlist[[i,1]], nlist[[i,2]] Ð 
c ipherTextL ist[[i]]),  

nlist[[i,2]]  

];  

messageL ist = Tabl e[n/nlist[[i,2]], {i,1,l}];  

minv = Table[PowerMod[mlist[[i]], - 1, nlist[[i,2]]], 
{i,1,l}];  

gcrt = Function[m,  

r = 0;  

i = 1;  

While[i <= l,  

r = r + gpoly nomial [i,m]*m essageL ist[[i]]*minv[[i]];  

i ++;  

];  

Mod[ r , n]  

];  

][[1]]}];  

b++;  

];  

relatedPlaintextAttack  

 

 

"

"
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stereotypicalMessageAttack  = {};  

i  = 3;  

While[i < 14,  

nbits = 2^i;  

p_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}];  

q_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}];  

While [q _prime  == p _prime , q _prime  = 
RandomPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}]; ];  

n = p _prime *q _prime ;  

e = 3;  

While[GCD[e,(p _prime - 1)(q _prime - 1) != 1, e = 
NextPrime[e];];  

Print[ÒRSA generated: Ò,i];  

bits = Table[RandomInteger[{0,1}],{i,1,nbits}];  

l ength  = Len gth[bits];  

f loor  = Floor[(1/e)*l] - 1;  

p_prime  = RandomInteger[{1, l - f loor }];  

u = 1;  

message  = 0;  

While[u <= l ength ,  

message  = message  + bits[[u]]*2^(l ength - u);  

u++;  

];  

c ipherText  = PowerMod[m essage ,e,n];  

 

stereotypicalMessageAttack  = 
Append[ stereotypicalMes sageAttack , {nbits, Timing[  

k = 1;  

message 2 = 0;  

While[k < p _prime ,  



! ]K!

message 2 = m essage 2 + 2^(32 - k)*bits[[k]];  

k++;  

];  

j = p _prime  + f loor ;  

message 0 = 0;  

While[j <= l,  

message 0 = m essage 0 + 2^(l ength - j)*bits[[j]];  

j ++;  

];  

stereotypicalMessageAttack  

 

u2‰"z0&L$#<"#)#>$*-T/1$,;) "1<,=1(*;@"

relatedMessageAttack  = {};  

i = 3;  

While[i < 13,  

nbits = 2^i,  

p_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}];  

q_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}];  

While[q _prime  == p _prime , q _prime  = 
RandomPrime[{2^(n bits/2 Ð 1), 2^nbits  Ð 1)}]; ];  

n = p _prime *q _prime ;  

e = 3;  

message 1 = RandomPrime[{5,n}];  

a = RandomInteger[n];  

b = RandomInteger[n];  

message 2 = a*m essage 1 + b;  

c ipherText 1 = PowerMod[m essage 1,e,n];  

c ipherText 2 = PowerMod[m essage 2,e,n];  

 

relatedMessageAtta ck  = Append[ relatedMessageAttack , 
{nbits,Timing[  



 

! ]L !

Mod[(b(c2 + 2*a^3*c1 Ð b^3)/(a(c2 Ð a^3*c1 + 
2b^3)),n]][[1]]}];  

i ++;  

}  

relatedMessageAttack  

 

 

v2"r:'-.(@ "$0&L$#<@"#),$>: , ".%(#1C*?, "

wienerAttack  = {};  

i  = 5;  

While[i < 14,  

nbits = 2^i;  

p_prime  = RandomPrime[ {2^(nbits/2 Ð 1), 2^nbits  Ð 1)}];  

q_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}];  

While[q _prime  == p _prime , q _prime  = 
RandomPrime[{2^(nbits/2 Ð 1), 2^nbits  Ð 1)}]; ];  

n = p _prime *q _prime ;  

lamda N = LCM[(p _prime - 1),(q _prime - 1)];  

d = RandomPrime[Floor[ n^(1/4)]];  

While[GCD[d, lambda N] != 1, d = 
RandomPrime[Floor[n^(1/4)]];];  

g0 = n;  

k0 = 1;  

l = 1;  

While[d > p _prime *q _prime /(2*(p _prime +q_prime - 1)*g0*k0),  

p_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^(nbits/2)  Ð 
1)}];  

q_prime  = RandomPrime[{2^(nbits/2 Ð 1), 2^ (nbits/2)  Ð 
1)}];  

While[q _prime  == p _prime , q _prime  = 
RandomPrime[{2^(nbits/2 Ð 1), 2^(nbits/2)  Ð 1)}]; ];  

n = p _prime *q _prime ;  

lamda N = LCM[(p _prime - 1),(q _prime - 1)];  



! ]J !

d = RandomPrime[Floor[n^(1/4)/l]];  

While[GCD[d, lambda N] != 1, d = 
RandomPrime[Floor[n^(1/ 4)/l]];];  

e = PowerMod[d, - 1,lambda N];  

k = (e*d Ð 1)/lambda N];  

g = GCD[p _prime - 1, q _prime - 1];  

g0 = g/GCD[g,k];  

k0 = k/GCD[k,g];  

l++;  

];  

wienerAttack  = Append[ wienerAttack , {nbits, Timing[  

conv ergents  = Convergents [e/n];  

candidates = 
Table[Floor[e/conv ergent s [[i]],{i,2,Length[conv]}];  

message  = 0;  

fact = 0;  

While[fact == 0,  

j = 1;  

While[j <= Length[candidates] && fact == 0,  

fitemp = candidates[[j]] + m;  

primes = Solve[x^2 Ð (n Ð fitemp + 1)*x + n == 0, x];  

p_temp = x/.primes[[1]];  

q_temp = x/.primes[[2]];  

If[ PrimeQ[p _temp] && PrimeQ[q _temp], fact = 1, j++];  

];  

message ++;  

];  

][[1]]}];  

i++;  

];  

wienerAttack  

 


