





Use of Bayesian techniques in hydroclimatic prognosis

o UU)} sbe

sU Uds U fal q@quﬁﬁyquM@gg
U e Kdssoah zUOUGHDS "deagUUes Ua
aUUY Uddxs8gygUwBU0ddodUe Eaae@L%Ud@m@@eega
EyY¥ssd Gehan
e U0Y U’ eph 0dl gi'dVy YO s0d

WU UGoaWBgbe babe g U:0d 1
U h
B3 jjedlUe ¢iy Uad

‘e oo Uzl o A
oUs s durydsyl Ud



This thesis has been approved by the advisory committe

Professor Demetris KoutsoyianifSupervisor)  National Technical Universi of Athens
Reader Christian Onof Imperial College London
AssistantProfessoNikolaosD. Lagaros National Technical University of Athens

Examination committeeomposition

Professor Demetris KoutsoyianifSupervisor)  National Technical Uniusity of Athens

Reader Christian Onof Imperial College London

Assistant Professor Nikolaos D. Lagaros National Technical University of Athens
Professor Apostolos Burnetas National and Kapodistrian University of Athens
ProfessoAlberto Montanari University of Bologha

AssociateProfessoHarry Paviopoulos AthensUniversity of Economics and Business
Assistant Profess@ndreas Langousis University of Patras

This research was performed at the Department of VIRREsourcesand Environmental Engineering,

School of Civil Engineering of National Technical University of Athens

Keywords Bayesian statistics,general circulation modelsHurstKolmogorov, hydroclimat

prognosis, point estimatioppsterior predictive distribution

CopyrightE by Hristos Tyralis
Book cover art copyrighff by Xant houl a Michail

All rights reserved. No part of the material protected by this copyright notice may be reproduced or

utilized in any form or by any means, electronic, or mechanical, inclydiotgpcopy, recording or by

any information storage and retrieval system, without written permission of the publisher.

This thesis was written usiricrosoft Office
Printed in Athens

Seeitia.ntuagr/en/docinfol 58 for more background information and updates.


http://itia.ntua.gr/en/docinfo/1581/

Tomy parents



Rather than love, than money, than fame, give me truth.

- In Walden; or, Life in the Woods, Byenry David Thorea(1854)



Preface

During the last decadesumeros studies on the prediction of clin@tvariables have been
published. Tk prediction problem isusually solved using statd-the-art deterministic
models which predict the climate for decades or centuries aHeag\er the results of these

deterministionmodels were noterifiedin the last decade

A shift of paradigm from deterministio stochastic approach goposedThe stochastic
prediction of geophysical variables is well established in hydrolbgyrarely implemented
by climate scientists. Thimitial aim of this research was to use well establisstedhastic
techniques of hydrology in climate science, as well as to develop new statistical methods for
the problem at handHowever the lack of knowledge on this direction, forced us to focus on

the development of these tools and minimize the amount of numerical results.

The stochastic modelling of phenomena was based on welliss&bhotions of physics
It is assumed that processes exhibiting HKi@mogorov behaviouare appropriate to model
geophysical variables. The author hopes that the modeld in this study are correbiutan

a priori verification is out of the scope of this thesis

The simple Bayesian met hodol ogy (model choi
Y posterior distribution i¥mafheraticaly strichndcanr edi ct
quantify the uncertainty of the predictions, not just providing pointmedés. Therefore
Bayesian tools for the prediction of hydroclimatic processes assuming that they exhibit Hurst
Kolmogorov behaviour were developed here. Alstatistical tools used in previous

frequentiststudies have also been verified.
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Summary

Climatic prognosis is performed, using the deterministic General Circulation Mddedse
modelswhoseuse started half a century agoe based othe Navier Stokes equations and

are numerical representations of the climate system based on the physical, chemical and
biological properties of its components, their interactions and feedback processes. Recently it
was proved that their older versiofaled to provide adequate predictions, while newer

versions are still not able to reprodube climate of the past.

Thusa shift of paradigm to stochastic models has been propdsgdnodels have shown
that stochastic models amore capable opredicing for long horizons, and additionally they
can quantify the uncertainty on their predictiovge preferto follow the pathlesstravelled
and model geophysical processes stochasticeligereas a usual approach to stochastic
modelling is thead hoc choice fahe appropriate stochastic model for the time series at hand,
we againprefer touse results obtained from the implementation afegal notions of physics
suchas the maximization of entropglbeit a satisfactory answer to the question, which is an
appropriate stochastic model for climate has not yet been gMamimization of entropy
under certain constraintesults inmodelsexhibiing HurstKolmogorov behaviour In this

thesis the HursKolmogorov stochastic process will be used to model thisvieina

The overall aim of this thesis the development of tools for climateediction Attempts
to achieve this aim in a typicatatisticalcontext have been proved successful so farihay
do not offer much space for further improvemems.Bayesiam approach offers more
flexibility at the cost an additional assumption, i.e. the introduction of the prior distribution

for the parameters of the models.

The main questions thate addressed in this theaie:

- How can the uncertainty in the estimatiofiithe parametersf the modebe integrated in
the uncertainty of the prediction?

- How can the data be used for the prediction?

- Which is an appropriate framework to gamformationfrom theavailabledeterminisic

model®

The main components of thieamework that will be developed in this thes@me the
stochastic model and the dafdne development dbols should contribute in quantifying the
uncertainty in the prediction of climate. Uncertainty quantification contrary to point

estimation may explaiclimate variability.



To answer theseugstions, a previous typical statisticabproach of the problem is
investigatel and is justified analyticallyThe general algorithm for the estimation of
confidence intervals of parameters of interest that wasingbéds study is compared to other
general algorithms and it is found that it performs satisfactorily. Properties of the algorithm
are discovered within an analytical framework strengthening the arguments in favour of its
use in this earlier studyoweve this approach is not adequate to solve the problem, owing to
its indirect but encouraging results. Thus tatowe the research, another pa&hchosen,

namely the Bayesian approach.

To strengthen the Bayesian choicen results on the estimationtbé parametersf the
HurstKolmogorov processising a madknum likelihood estimator are presented novel
estimator is proposeds well and its properties are examined analytically. It is shown that
handling all parameters of the process simultaneouslyitisat to obtain valid resultsThe
posterior predictive distributions of the climate varialflasthe HurstKolmogorov process
are calculated conditional on past observations within a Bayesian stochastic framework. The
examined variables are assumedbéonormal or truncated normal. The results are compared
with cases where some of the parameters are considedn and the effect of the
uncertainy in their estimation is shown. Uncertainties not previously given attention are

revealed

We conclude tryig to use infomation from deterministic modebutputs to improve
stochastic predictionTo this end properties of the maximum likelihood estimator of the
bivariate HurstKolmogorov processre analysedA stochastic framework including both

data and modalutputs is developed.

On a more practical level theoshastic framework is applied temperature, rainfall and
runoff data from Greece and Europe and it is shown that it is able to explain climatic
variability within a stationary context. The lattelameworkis applied tohistorical global
temperatureand over land precipitation data. General Circulation Modeks used as
deterministic models. It is shown that the information added byGéeeral Circulation
Models to that contained in the historicahtdsets is not substantidlhis meanshat the

output of the General Circulation Models has almost null effie¢he stochastic predictions.



gUj; aadyd

KolGUosrvoe

ZUes Y A dapdemwialk on wate Kdutsoyiannis2010)Ue 6 " sae Us @3 edda
UUaU8ze tded UcldenrpRaidyvedaleig 0B U8 UWg e 3 UU00U) e93
"1 hbalyd Usg oe2aeUUesd Uas UaU Wdgosel tee UdlBo ¥ d ¢ R
goo} UliyUd U s6clBgazddUdadd)@de hadds selicge U ¢ ¢
Us ¢ UG Us &1d) Ul 3 U "aligv¥itgatilhyoo UdldssU d uwgsUURMUJUU

"ealU "UyyeUOUUs U fh 3U00U0U;es3s8Usoasid aUshsU
Uz U 8UUaci 3 3W0depsildyY wWefypWlo@dqraaEmgui
g) sl BYAEYUUs UkzeYcdigamsafp UU aUs Udd ooacUsl
Usysessea 6jase3lUUd "y hbalUydd UsU RGUgaUU Gght
"gleUsoes 6adidd UzaUy; UYUUs RUdR U@Gs fJrv@a dies UOY v D

Co

@ Co

QO AN (DT a4

Bs Ujdo Uaals oy eU3s Hd 3o WUveddeeag GUscUGUsaas.
aaseUUsoe Uap b qWagnan 2g14 FU UgUe Udls a8y ddqal

"3 80yo200990d Usg KeoltGodaigarealliay sy 11 Wzl goaddgdg U
HurstKolmogorov (HKp), i~ ¥ d 6 3 dle e Wlstsmyiannis( 2010) oUs d o
"Uyegldys Ud) dHirstKKomogorov (HK). FUsc UG Usay¥Y ec63UyaU

"UjegloaYeegs HKigjed dJij slimgsy U ' h Uds g@fa@Pddoe U
dUjecguigslUesoed, udelde WrxdE); c Uobdg,Ucgd sfpmdégsle:?
(Koutsoyiannis 2011)¢ HKp Ua3 Us GUYGsed GUecc UGB Usoa®K Usyas:
cUj UsaUdyasUU0Us U HustH Jose ey Wadgfxten (s y 42y, ¢ gé
UasUs e€95U GUYlosed WUdeBkUsose Usyasazd U eyl

e 1= E[x] )
Ug see U hoeaasld
0 :=+/Varx] @)

g3y, Udid GmysusUG 6y Yd
&= Covfx, e+, k=0,°1,°2, & 3)
aUs 0Ggs3Yy Udud (aliapdireldtigiinetign i) g d
Jk=x/0,k=0,°1,°2, é 4

ghUOU d GgHKeUBg Way ¥ U e 63 UdddY@erahtOHp42) " f Ud 3

Xi



lim e/ (ck®=1,0<a<1,0<c (5)
kY B

¢ " UpvyeePpedUUs U K Uds
H: = al2 1 (6)

K 9 oaye3 g ddstdehesUaglUe Lhslesorde dUUsahd Us

8 6 68aaed UsU U;s8UY e5U ¢ jusdsoeslbiee olbduse UsmyUs 3e9lboel

Udd Us3xjags sedffilgg s UG Usoe B3 yledsa dp atolt UbglUei d &t 3 O U U
te

x):=(1k) & X @)
I=(t7 )a+1

¢ Usfhocgde) te Hlptbdtsoyiannis2003).

o ~HT 1
(&‘3)78)9%3—8 (77€),0<H<1ij= 1, 2pe=%l, and ¢)

¢ ACF U dHKp U a {Kdwsoyiannis 2003)
=K+ 12+ kT /| k=] 0, 1, é )
zUovy¥aUd UseydHUmzgUs UgqUWdyadladald o050 Uds ea3!
e ald " Ujegloay¥Yseags ecUovyalUd 1UsslbogeYsi@sdg |
gy didosee @addei 3 UsUa ed aGUYGserv3 di Usjeyillss aa G
U gGlUi oUOUUs, H ¥vd “~38U0a30UUs U H Ue3 Koutso

o~ —

— H=05

()v 20%0 4000 GOUOV 8000 . 10000 - B -
FcedWsseieUsed eylied osU 30 HiKplee Wo )t =0 o1U oaelssU
( 0.5 Hx=08. (b)

° e -

"edyUUdg HRUs Us G

@ B o Gddgy ooplplgpas U0UUdd
GO0lieeysrvas Uvrse &) UOd

0 0% 3 og diloU Welhiakbeeth®&®)” Uh o

Xii



UgUf Ues ~aUalsse UasUs ilgsUUe d UsaUaedad Ux:
oaUUUsceceed Usgd oUsedd elUUpteafggiedgs o lhUselt; Us Ud
UdsUesoacBdpaersd Uddydedddtlgawd Uds GgsBoU ¢ 00U
é x), heg

X1n ~ f(X1:n|d) (10
g 7z UhgoUsh 0 WUGIVGDa M Lme AU fRemsr@p7p.9). ¢
UbUbhUshUqUU WagsUUpBsgBPagUs U Udad osU lslusls
838eYsUUUs UaUUW3cépcdYprayasUUUs vd Uszed

d~"(d) (11)
ghU0 d o Udllbzselkse dUdz e d:
“(dixan) = ﬁg(“ k';? '((;))dd (12)

oaUs UfJUseee e€5Ud 6 6oUGtue sUU | e Ueylauglemd s U

9g(yix1n) = fQ(yldX1n)" (dx1n)dd 13
¢ UpoUapald GBBGsSYecUs GUdae U0hdiasly d U Uiy sedoln 3
dUjedoepPUsalUs d, bPsdfRdUwWisdhd agle ¢d@yaiale iUg Usls i
"1ebaeglU8dUR Ue ~aUdalisdq U0epPgtolUacll aysd Vddgd
vyGURGe UVasUs d ehad bosttosed U sasoe 295U €9
(Koutsoyiannis2010) z aliseal U Y3 Udad OGOsU&; UBdéBycisaol
GUscUGUsafh ea63Uyace bblbely idies eylsalrad ou.cld@ih & aktibeesn -
U o WiamsUUUUs UsUe@ilicclexiigtioayd UsUy oUBKUG ~ U,
alUs emdBUxsdUs Yadoudeosmllddiscpade UUssaed U
‘Uy s2Ueb¥Y3UUUs O lhgsdpaliBeseeomoslfg. 3 by UdUa
"ay83 ~JUsUsose "~ UpUcUUpsee “"jelGyoosuad Ueg
eUst3Us Uds @B@ag jeeehoefplddlBs dU 60U UUecssa¥Y scdqUe
U s aye3 g HNHBOdPc8B8de @Ot ry3s ~jeUy; d3 oaUUUsac¢
D3 Ud Uesohyesdeaead o090 Uds aU0UUGS
U c

Uge zhHR3UU TYy o
"Uy UeyUy¥ys "~ odUseUssal 3 oaUU 3

C(

€1l

zo9U “31U0d " jelyo09sld Ueg "~ jebeeclUBY W3H U
GUecUGUsaf ~aUalse yos3U ;e300 Uhi eadadyadl GulsUllsstitidl

Xiii



o Us dafpdy } BMdreecCdrlo Confidencelnterval MCCl)c ¥} ad Us UagUsoae UU
UsggUs ) dloses eoeddal o0sU Uds Uiy U0Gd avaaUlde
GgaUy UelUsd UVUeHKp.U; BO¢UGWewdd g ecoeoallUdalUs U
Ue osGUsGi 3dd ~ eHKp @& Ud elieojUaiize e Ud)d) Ue s GUsGi 3dd
G0 Ua8dgdUbUBPUsHUJUUYd e UosobbbBdqtitsa. giidds goa t)l
UbUbUsil@dBUY cai eUoUai UUy @, Ggooayo3fhelUsas ¢
Uy VWlesdes UgedidpPodhatdydaddre 0008DbadqUL 3 UJEU G ¢
Uy 9 W ®uddhelded alls ¢ 6 3 By asel €Uk W d0WHD ek By oy

Uy U0dy de y 300y (lyatesyodi 3UvesUUUBb adq UL 3.

FUds “~Ujecidle@Wjoddiall sU83 UsgbeddVontddd®pbdec
Usg Ueaogejadeagd U sUUaUa ¢ s (Ripey(®erp1rg1igy Udd =
B Uaofhyosdgasd Updd® XMoisir@ddpsli UB Gi 3dd o«dU0 Uds
eoUd e63a6 Uy Ue UCle) 5 8,gd vd UU = s end Ubs 2, HuczeleU o

U'fh Uds U RelUsd Geyad:

b(x)1 g(b b(x)1 &b
160.0001 = [600) + T, b(x) + oo o] (19
f elg=bxim)VUazUs d UVsUscelU; sl eyoostlUdd dodidUse(Ys
bxin) d UesUaedid Udge dpPmaaiUgegUUUszseebxideg GUU
Ua gl , d@gduy Bepdsd ccaoglbsed

ad) = G'Y(2[d) andg(d) =G' Y11 U2[d) (15)

¢ G uder 30Us 00gasidsUdd Ggs3yYy Udid Ua@gUdgsyy U
GeyGld 66 Yo 3(ayiidfpe-9nx o Uadalddjs - by 9 6 a60as63UUs ¢U
"3e0eeagoatl GUs g zehisWals diqre becUB 8 yfloe YUHEH ) sde e d
20U 69060o0y3UsUd oUUU3s &K wvs aodgsiddficolavydbde Uo Ud
Geytldd U stUacddalU HRUs UaszUs UlGgli Ukadase® s
8 eoUte 8UU degboydlgdstty e gadUs o905 U Ue alse Us

] "eulotbtdogfgdav U UsUslddUsales g Ujlse ses ) saaddeliadg
"8ag Uy UelU)sdyguiowlldds d)é wdidd uUsUaUeeUOUU Use
s0alUi 3UeU U aMpald( U clllblh jUside ead UGUyefhaUdaU O
Uds oUse3soe oUUGammed)s Ukhs wiblldteessa goo) adda l
Yooo@doosgid Usdfe JdtiegPUoay e UWUa 8 UM ol Ue Ug

Xiv



Estimated parameter &

A\ 4

True parameter, &
Fce2®FoalUlae “~e6g UzxdoUa Ues

z G B B B ;] 6 O lhaldgUs the HUJB ¥ 3
UsUstGUjetie Usg. yalUoeceg g hdUGdd

HL°J;0'TUUU3UU;YelzyoU focee goced) el Uo: Ripley

HosUdUzg’thU TY) a6 ~odUshUdUUd oYegyddUweds =
g sasoolieh UsUGUde YUrs Qeo00dI Ues Vi p8drIuvs d e (
U'elictUU0Us GUds esyYdglieidgU Uds aUai UUy

"adU3s hUqU

d Usd eUdhlaeg
ipley i ~ 8 Bootstrap MCCI

U lZzgtJ 2oV bgUytiygs U s Yo
aU
R

iUao:" Uy Ue: Uy Ue dyGd eaaae l Wald
1 Kad U LI{’ aacs U 10 a=2 0.889 (5) 0.977 (2) 0.975 (1, 0.916 (4) 0.966 (3
2 TUse:yld 10 €e=0 a=1 0.946 (3) 0.946 (3) 0.947 (2, 0.931 (5) 0.968 (1,
3 TUseaxdaled 10 €e=0 u=1 0.919 (4) 0.929 (2) 0.929 (2, 0.867 (5) 0.973 (1,
hyoee
4 Gamma Faae U 50 U=2 =3 0.753  0.923 (5) 0.976 (1) 0.940 (4 0.957 (3) 0.974 (1.
5 Gamma z @} Ge 50 U=2 =3 0.976  0.948 (5) 0.972 (2) 0.978 (2) 0.956 (4) 0.974 (1,
6 Weibull Taae U 50 a=2 b=3 0.971  0.969 (3) 0.970 (2) 0.966 (4 0.965 (5) 0.973 (1.
7 Weibull e e d 50 a=2 b=3 0.971  0.968 (3) 0.970 (1) 0.961 (4) 0.969 (2,
i osa
eyldd aU00Y¥Y 4000 1.857 2500 4.286 1.429

g0gURecye3d UsUaedid Uvxs y agkusstgldinogomv Udd G Ue c Ul

] " elGUGstGUsoe GdeUGaU GUds UsyYeagtd Uxs oUxig
slciaead Udd HKge eUjesnlls jOvadi; Ye UUUs U Wbédaydoce
UaUseeUypdleggdlegy eUUdUa. d) gyyddegd WBdsealsp s di
aUs Usd YeooUdHKpAiUeplpa@gdgoBdddUUBURpUYes U UG d
UsaUaedidd Udd Ug seed U Rooastddg,dUgs 0iUdiss ez f
bobascoylddwWsegke U Uds bUGsleysd GUds eydslas
U o U " LegstySquéres based on Variance estima®gV) s Us s Uy Ugsaei ¢ U U,
Uds U htete Udd, ©d¢s Uescaydadgss Uedeagalivs UU
GUds Ug’ 9 o teast Sduares sbased on Standard Deviatld®SD) aUs Uds

XV



UsaUseelUypsU Udd eyostUdd ~ odbddineasBdle. GEa 30
HKp e Us UoaUsecgi s UGgociHhatgy Uds Ud) HKswUpedd o
UayocegelU Udst & g0dfeiax@vBisUgp e UoUdit 3 Usg Ul
Ustl e U e9U gUBawglgabraidtfod UGgooa) dadeper UgdUJdY o
bobaseoy UlialU(d.

J edyUsgfeUt=hUs, W3 UsKpsBacaeageU U atdqd Uds 0

UscUGUsoroYd Y o@z3as m®@d) saac Usa U

Co

® ta ®
z7:= Ax=ox (16)
=7 )a+1

ioaU UgUes Uds GUeecUBUsoae Usyasazd slci Us
112
E[ZY] = ¢, 20 = Va2 = ¥ o, 0@ = (29) 17

Ggasyy; Udtd GgastiosUG 63 ¥gdllelisc r@dlc @t colWl el ch
soaceUalU Ugd¥deslidaxryadWads WBgs U f
y R =p=k+1p2+ kT 2/ k=] 0, 1,¢é (19
Goddo U ~ Uy ki) dadUs ¢ @Wy=s@@H)  Wag 3 Us ((dleode g G e
andHippel 1978):

1 o _ _ o _ 7 -
|(d|X1:n) = W |U2 R[l:n] [1:n]|I 1 /e;(lfﬂ 1 /UZI (Zl:n I € en)T R[l:ln] [1:n] (Xl:n I € 31)] (19)

en=(11, ¥, (20)
y3U UoNBYcdaRua@diilleassdUse 8 ~as3UsaUgdBgledgd
y3Ud ‘nxadd® UigUmg s)eilaUsiikdajt 3Us Uds uUsUsj asasgl

C«

TAN

¢ UaUoscelUy sl eyod&ledy A) b delbieiivsbelthdgls gd Uds d
GdeytaUsd

XT AT 1 e,
1:n N\[1:n][1:n]
TA 1 : (21)

N
en Ritn [0 en

N
€=

(xanT € &) R (XnT € &)
ﬁ:\/ 1ln [1':] [1:n] \ALin (22)

XVi



ol WasUs §¥YG§USds cVosiUc agHiitd dUad cingls By G Ddd

n XT ﬁl 1 e

_-n _ Aln X[L:n][1:n]

gu(H) =T ZIn[(xnT ~5x7 e L
en Rzn2:n &n

T AT 1
M1 _ Xun Rz [1:n] €n 1 _
R n(Xen T TAT 1 en) | 2 IA(IR2:n) [2:ni]) (23
en Ritn [0 en

Bs Uas U435® (Kputstyiginnis2003)o UsV b Ulas a3 UUs G Uds ausU
UoUlmBYsr d e 0UBWWBaaidlgids OUUs U f UsUeagUsayd
UdsSDos U Uds UUsedjavyid Uddedoepdddfgthas WUss I
UgsUUe d UsUagUgsw ullya s UdvERergiiiapdp.o):

E[§21(a)] _ (n/a()nT/egr}/a)ZHil 10(8) _ (n/e() nI/a§n|/a)2H| 1 M 2 = Ca(H) o 24
h"eg
= | —— & 7 K (25)
o ni iil_ -
T 2HT 1 o
- o S .

¢fLSVeydo il dbBloWBe¥cosGUs 6951 3U00dUdd Ushaasgdd

S ] sﬁ(]

FLH®FT s o vor @9

] " euUsadliUUUkL f 3 slegtdhdls 6o ~ U U Urserg (eoyYdseaiiges
"8oi oaUsi UU; Ud sushUJUUd a0 Geyld eUcBsd Yo
UaUset ¢ Us (U albalesy gUsllhgg Ues g jJU teaticldd om i aid®wi Ue
Uss g esacosleh Usa dgishérh BlBbadJUM UG ) elnesyUnU dd ) defo L 3
GUa3U0UUs o8 BLixdlRefH(1887) 00U 90 Yiegs Ggse UsayY vy
GUUU0UsGUsoeat 3 Ggs3U0 UsizsUUckd dJUddid sy sasplisnGU Jd .

alyd 30U Uasld gUelulyiGy&; ddds UgaUYdUsMl, Ggoa
LSSDa UsVes 68 s8ald UaUBEe ) URgUHhGBgaBade Y ecyd,
Udd UszyY; Udidd Uxs UsaUsedUyoaigyY)y asdsPdalgde tsl
GUsd clBalge Y3U@5, U U 1Udisds Vatiakle D30 Us €U} sayg

XVii



ey yd oawyillmiecsld UoUscelflfoedgdUdsdpdU; aU0Y

15

# series length:64 @

1.4 A
B series length:128

1.3 11 series length:1024

series length:8192

1.2 1

11

1

0.9

Estimated standard deviation,s

0.8

2

0.7 o

0.6
15

1.4

13

12

*
[ ]

11

%%

Estimated standard deviation,s

0.4 0.5 0.6 0.7 0.8 0.9 1
Estimated Hurst Parameter,H

BoUsetL e Usd Hurdifyre Wdye gues Use L ¢ Usdd MgUdmed
ie eyostUdd “~sdUseidyaUsUd U h 200 uUao
8 ~Y3y¥y UsY0o) UeseU UsHI»@8balssc UWhe G0y Uy Ubee

¢ “3e8bal Usoe aUUUsesee glujeoeaasceUUsoalt 3 ¢UUUDa
¢HKpy c8J8o YalUd UgUslGglcUUaldod) &Jafayd A aredd EoYilisk
elUo¥ad eU0UUBadURUqUU GU hRoaUd aJeodUlcs Bss sowd
UslryeUUL e geealbol&fogywid ~ Uy 0U0dyedlUsd osU0U 3U
aUUUseee Uxs gujeoaasclUUssatr a3 uUsUjoUtstas a0 ac
idqu¥eygaes cU y3U ~aUalufpBadeoel. 3U aoi U

N
c
>
®
()
C
w

J edyUsgf)t=HUb, s Ud& e95U oaUszeszsae GUYOsced
"Up UeyUyegd ~ 6 ¢)@OIdxfgdddoyfgads gUgofvitedh) gbe

Xviii



Noise WN), idaUle €90 UbowalbdglvsU Ulse Uarvs e UUUBbadU!L
oUUUscce Ea]30oPbe UioVadalefeayy ' OltL oUsaldlile Use
Us UGy OWNDg wWghe Us de jthadatliovstieds U UgUes " Uass iy hedlo
(first-orderautoregressivprocessAR(1)).
T &=Uixs o €) +ay, U] <1 (28)
¢ ACFUGAR( 1) (Wei2006p.34)
je=Gr k= 0, 1,8 (29
¢ o9UUUsesee Udug=&ldkybledhUesds U oaUse3soe GUYUOS
Usyasad UasUs
foanld) = "RIE Ryl XA L 8AxinT € &) R (xanT € en)] (30)
h eRgmuqgUasaUs @ "~ a3UsaUd UgUeGgmelyafiDarg é0 ol
UgUsligagytdderd hUs Uasz Us 0 g 30¥]ybeliedUigs thdif, )0} Ue y (
30U Uas3Us d " U yY&U89hdgUs g Kbapwpss G081 gdo Us
=0,k= 1, 2, ARQOUFHPUiGae WL 0gRYb ths UsKplddle Ue
Gas0U0Us4).U" f Uds
OtUxy AHiIUeasWe Us Uxs “~j3eUy) v3.Uslidgs Oe dragy sle
380Uy ¥3 a0WUdeseceoUUBBG e ¢ duW Y orabeft28ar; s (6} a
example3.5.6)
() 1R 31)
¢ Us Uxys gGUyy¥3s oaUUUseee Uxs ~ Uy UeyUyrs ul
3U 6a8o90UU0a U ' K y3U eUaoelU bUFghbeoeyng s8¥s(
U gulUsoasi UUUs fUs:
e|?, G, X1n ~ N[(X1n Rz (1 €)/(en Rz (1 €n), G2/(en Rt g €n)] (32
GG, X1 ~ Inv-gammg(ni 1), [bz ]Ri[l;ln] [ L
€n XI:n RT[l:ln] [1:n] Xn 1 X-:IL-(n RT[l:ln] [1:n] 31)2]/ (2 e-rl; RT[lzln] [1:n] en)} (33)
“(Gx1n) © R ] /[é: RT[1:1n] Ln el
T o1 = I p 1 A7 6 1) lp 1 n21 1
X1in Ritn i Xen T X1 Rz 2] €0)°] (e Rz:n [1n] €n) (39
U “~ 3 UoegUUsa¥Y “"jeboeeUUU U sbYaoas3sUbe Y3
OtUy AUs d >xal@dB0ec dij Wdd y3d oUs jrofpddidsyg Ui a

XiX



idalPie

f(xenld) ~ exd(T 1 mz)le:ni € en)¢ RT[l:ln] [1:n] (X1n T € )] |[a,b]”(xl, Bn), (39
h ecglitetdss Ggs3yYy Udad ulgkmea Uda) =0 ddb"s U4 U
OUaa®iiUr AUs Us Gi 3 eta[dbpapi RE{¥ia).Bs UBd) ac gda d
Uoaohy 6itbs'ds 1 Us 8 D@lagleoUsly3 wWwlidlyg 3 j eliceacarvxd
d= (e, & 0).
(eI, G, xan) € X p g Tx{o Rz en)f(en L

Riwm i €)]%/(20%en Riwn o @)} Iani(€) (36)
&le, G, x1n ~ Inv-gammafv2, (xunT € e)T R wn inT € €)/2} (37)

“(Gle, & xan)* Rumul’ 2'ekpl 16T € @) Rizmn (anT € @)/2  (39)
¢ Ues Ux3 gGUyy¥vs ) exbegrddnm WE &2 U gpeUyilmidnas 8 ¥ 3Uc g
U et Us a 3lia¥Baiba200y146,117)
f(Xe:eemldxin) = @R ™ [Rmin[ Y2 L
exp( 1 B)AX(s1yeem T Emn)T R (K)o T Emin)] (39)
h egpUBpniasesUUs U UU
Emin = €6m + Ry(n+1):+m)] [1:n] RT[1:1n] [1n] (Xan T €€n) (40

Riin = Rinstsm vty oem) T R o (st Rt (g et (v o (41)
h 8 gRkipeUasUs y3Ud B e aess Ussaledd Uaelhy lety ¢lfme¢ UU G U
jenUU 6 6alU g 8aco2as63U0Us UsYasoU gx}.Bhad siu:
UsyUyy v GeyadUsd € 638i3 3U 6ydlesee 8sddei 3 9
e esUlile U GUY0oedd oUsc3whedRT)UcaHlp Ugoed
A 5 J} UdOU0Y digdope®add Udd oU00U03 g @myldd e 0U
Xoeme1, Egme) oY o, UGUGeUgeaxpscg E8HYUbBg U YEahsUeU
Gge Uyposley ¥ Umbd cjwsypmosnidd ¢ jmEBsArGUE Pdelitds Ugs U
d Uiy 0add Udd aU0UUseceed aUs o950 Ugassdlga Urxid
¢ eydeuaed Uaullteshetnilpdebelo jUXI a Ud, by eech UrxlGdd o
beosvyUsoah Fdisiufh "~ esUUsWls (RWzasOleeyal. d20Had
bPeaasze (Koutsoyiannis et al. 20079) o480 sldes

XX



eUUUbadUe "6g WemdUelUdqdUecPasl&Ugd vd Used:

%o =(1/30)( A x+ & x),t=n+ 1, n+B9s Ckgsoy=(1/30) & x, t=n+300+31¢ (42)
I=t1 21En+1 I=t1 29

FUU UOcdeoWBUWaszesUUs 65 Us Uxs g-0Uypssyd )
Ue ®filzddg. @GsU Uds "~ Uya Urvid Udd U e4deced U
"Uyseee UasUs UGieelOU;d oahovy Usg oayYUr¥ () Yoce
UsUadUOUU U Usd YoolUdsU&,dsllUs®¥de dofiwUGHBYY
byech Urxiddd GUds j4eeaUpUs §U®) cfsegese UGy Yoe UUU
Uy s UeaUesdoUai UUy Ud " Uysceyd HKp (sohberti Gdid
Uessd), UsegasgddREel))s Ugwh  GugliessY 65 "H} 986Gy
dU¥y) UaUUs ¥YosyvdUe UasUs eUoUai UU; Udg U K Usd
Uds UsaUaedld eyostlUdd ~sadUseliyYysUsUdg. Bs ulU |
3U30a 9saUsyd 30U e63U0Uas 8seleagas Usd oaseUUs
6} diosea HKp Uadlbsb Up Ust 363 UU0Ud Udas U saesoe Udd :

A a Udd "1 hbalydd yeeegsrys UsUesaszUx¥s ) dqlsca

€63 Byoar

OsU "1 hbadeU “"6g Gg3UsUYUUs GUds UUcssee g
gjicasdosat 3 eU0UUbadqUiL 3 U uUueeysUd Usd o000
“"Ujy UadeaUsat 3 alUs gUaac3Usatl 3 abloxmBlhyld sc yUd ehl
ycaegh UWpesdUa o250 30 U3sUseUU¥y alaegBlicesbeUhlds
zUj; a6bsUsed Woerysl dedU UeUbBW@adic 3. EU UgUes Uds Uy
U yaUUGdd Ueg "y eborelUUcd aUs GU HKs Uy oUGaUd

XXi



Historical White Noise HKHknown  --------
Moving average AR() e - HK ===

Sample mean e AR(1) asymptotic -——-- HK asymptotic ———-
| | |
o
8 4
B3
o
=]
®
=
2
o
g &
=
S
I I I
1950 2000 2050
o | | |
IS -
o
o
[=J—
2
T e
‘@ RIS T
© ] T e -
8 | T T T T T e e e T T T S e e e
o
8 -
<
I | I
1950 2000 2050
| | | |
?"_ —]
Iy
2
©
Q
(=N
£
(5]
[

1950 2000 2050

o o L Year B -
FcedblUesyoaY UUleseysU aUs Uy ae S
0958 Us aa9¢eUUsae GjB399e d2aeUaU 30 yU(d)
Tdao,deayifibey s s h Uxiad [elkbdrUrdga dUie s

gyed Ugdv8Uildgs 0 dxy ke ti{Usl , { 2, éHKdses0Us Ui
"Uy Ue y &l)0sHy)d )@ HY) UsUaUescU. RUU d uselOUUD
{x=Cux}ht= 1, 2, é Ua3s UdKp& ¥ Bmbfudietal 20d2) d e y 3 d
wii(K) = Jig KR, 3= 1y =450 =4, {0 T {1,20{1,2)) 43
3 (K) := CoVxit, Xjt+K] = (1/2) G & (wi(ki 1T) v (K) + wij(k+1)) (49)
g h Uess "~ Ujyseyoalich

, . 0(2H1+1) G(2H2+1) sin(" Hi) sin("Ha)
G2(H1+Hz+1) siré(” (Hi+H2)/2) (45)

XXIi



A 20deUasUiks #HU6Umssll o0c®i.3 UEGd=x U Wdesi aU
UaUgowd 695 Uy YeUOU); e dHKp bdly Uidese VBYHegBedgldd

"sdUsaesiYsUsUd.

Historical White Noise HK H known — ---------
Moving average AR(1) e HK i
Sample mean —_— AR(1) asymptotic -—-—- - HK asymptotic ———-

Temperature

Temperature

o o ~

FcesbGUe)y ooy UUlUeeyaU oaUs "Ujsescyd Liea=s0Us i
0950 Us oasecUUsoe 6} 630@ &Fd0Gdaad Wpdls 8pley, iy cosealb

GYWPhds dUjyescoay UGaU aUds owayszad

O UY xuhghpla3 Us Ue U 88Uy alteU Ug g xa budl)yse okl G
" Uy U0dy dey 3sA) audlgleseeiyeslU 3 U b 8 gl B 0 o Wddlys 1 € 2

U¥®10em o U@in By ac g elim, xo1m)'ed " a3UalU (g3
U fh (4B)p3dlies U v 0d eclir3sU(56 U Ud 3

e F1 Fiog

e F1 B2 H
B = 0t Ry, Ra(ij) = Ra(ji) := 4 17y andB 1= & Ra, Ra(ij) = Ra(ii) = 271)

Z21= F12:= }12 (1 (o Ra1, Raa(i ) = Rea(j,i) = Raa(jT i) =} 21(jT i)

~

-

s uu’

(46)

(47)
(48)

321(T1) = o(Ti) /¢ GuC) = (1/2) (iTiT +H21  jpi HptH2 + jTi+1HitH2) (49

XXxiii

8}

L



e F1  Fixn B

_ép 7 £ 8 e P1 Pug 50
E_é 211 Pon Fonm )= 8P21 PzH (50)
€ Fo12 Bomn Fom U
8 FmBas UsnxmatgUaUd o Us
_é El E].Zlﬂ _ e ElZZﬂ
Pl_gEzn o HPZl_[ P10 EZmn], Pio=¢ & Forrn H, P> = Fom (51

ghU00 d Us Uxs g8 U¥P03 8 b4 @Epigldl esObgpeeyxsiwa), U3
lenefﬂﬂjosos

f(XZ (n+1):(n+m) |X1 1:(+m), X2 ln,d) = @22 m2 |Rm|n|T V2.
expf(i 1 8Tz raymm T €mn)" R (X2 oayoem T €min)] (52)
h 6 EmBURMmUa3e3sUUs U Uds:
Emin = £26m+ P21 PL '( (X1 1(04m) , X2 10)T T €160em , £260)") (53
Rmin =P2T P21 P 1|312 (54
j1dioes Bl ¥0EUdEe gla Uaediadd eyostUdd ~sdUs.
"Uy s Ut Usd "6g UOUpse 8gbdlaf)) emoefpaoll . EUsd
"Uy s Ut aUsd d UoaWPeblUsUsdqUuPRsra0q) @fladay d
"8g “4e80ydU0Us UU 300003 es390Usa¥Y ec3@)yalU 3l
7786g U UaddUiegas UgUhRs Ue3 slGcgy)asleh.

Co

Co

historical moving average ----- deterministic ==+ prediction ----- -

Temperature
\

| | | | I
1900 1950 2000 2050

Year

Fce 605 % ’U;seee Je "ot Usliadd o290 Uds "} hbaUy

UOuts Udd eybad UUAj s @Ud@;@&&&é@@m;aeﬁtﬁaﬂﬂ}@,eg

6y dqloeas 891 3U0Ud Usd uUsUlGey ydgNOBA.d eylidd UUels

XXV



historical moving average ----- deterministic -+ prediction ----- -

| | | | |

1.5

1.0

cm e S =

0.5
|

Temperature
A\
)

-1.0 -05 0.0

1900 1950 2000 2050

Year
Fced85% "~Ujsece Ue 9GUsliiadd o0 Uds ~} hbaU)
UUtL 3 Udd eyld UUeCDsLlng’sUchﬁRleUG@;}gH&deEﬁHﬁ@?eg”
6y didseas @851 3U0Ud Usd uUsUGaey ydgNOBA.d eyiadd UUedls
A 90deUaxgUUlnryUjar ecydeitiiad UaszUs e9U U yoal
Krzysztofowicz 1999a,b; Wang et al}.oa T0GUpd
zUy 96bsUst1 3 ega63Uyars.

aUs "3 eUY0U0Usd

Ce

Fge Uy YGeUOU

Co

B Ujecasoahd 8  hd UgUed Udd Uy oUGaUd eUUs3s d
"1 hbalyd glujeeascslUUssat 3 eUUUbadUL 3 6} diseas’ @
U "} hbag @& WG aliUdeclre gdeiage U €950 ~ Uy UeUU)s0ce

o

UscUGUsoah e€63Uyae U seaycddalU. ¢ U sacgoe bU
} sUegq®d), GgooalUoa)seysU Uss gU0i OU; 6 drse U(q
UostUes 8adid Udd UsUypecqegBdiegcigd hdeps dayps asagl
s508oy3UsU eU0UUBadUL 3 685 6 KKUdzosUUjsglifegrs@d
"3180yo20990d U seoycddal UwsU glidsy j sy OGa bedygUso
eUalUUiglpsarsasce UUsat 3 ¢ UUUBadqUL 3.

@ ™ (D) Co

"1 edowd EyYgadsigdal Usy UgszU y3U aGUescUGUSs
U egUUay e UUU Udd eUeayUdd eUUs UszdUjjgsUs
sUsliddqUsesoah Ueohyoadeasa. EU UgUes Uds UjoUGal
UgURd wyecUs 90803 Ksdadday dJUrsu s AUdalslds et 3 Ud
U gtGlUGatUdalU0 d U aeagtd Ueg “~jebeaeelUUsd eU |
31 U0Ue beeU "j368d UgUes Uds oaU0U0Uidgs adUeldsUdy
Usg GUecUGUsosaasi €63 lse gg.UsgrU UG del( § agyslesB®BrU €O

o

beeU aidUecU Us "~ AbadeU U 7z UhgsosUse ecydels

Ce

{9

o
Ce

(4

XXV



oaUUUscee egdquUssoaed "~ oadjelseyald osU Usdg ~ Uy Us
U glGUGatUdeaU d cjyeld Ufgoeli adpedéyedd 380U00:
U cli@xllys Usg GUscUGUssaci e63Uyasg. ¢ bUaUan

dghGoalbgtUe d Uy oU8aU U3 U sailUs "~ aeyrd Us

ee3UyalU 299U Uds oasecUUsoae ( y¥ubidyld Wasdss G000
UsyY Ugs3el,0mglfs,d UsaUayUsd Uesgd. AaYeosGUU Uy O
UseyU Udd oeeseUUsosaed " hbaUyAdd aslgeille 800 U

Uy oUaUalU "eg U3U UiecddaUs UBW.3U0 "jellyy)egs

XXVI



Contents

L 1] = T = P Vil
YU 0] 0= PP iX
S I T IRV 20« PO T TSRO Xi
(©0] 0112 ] £ PRSP PPPPPPP XXVii
LIST Of FIQUIES ....eeeieieiiie e et eeei e eeea et e e e e e e e s emens e et e e e e e e e e s annnnrees XXiX
LISt Of TADIES....ciiiiiii et e s err e e e s as XXXiii
1. 1Y 0o [8ox 1o o N O PP P PRSPPI 1
1.1  Long horizons of prediction within a stochastic framework................ccccoveeeeeeeennine 1
1.2  Longterm persistence in predicting the climate..............cccviiiieeeiiii e 2
1.2.1  HurstKolmogorov behaviour of geophysical proCesses.......ccccvvvvvvvvvieenneeeeeennn. 2
1.2.2 A mathematical dfinition of HurstKolmogorov behaviour...............cccccoeeeiieeen. 3
1.2.3  Consequences of the HutSbImogorov behaviour............cccovviiiiiieenniiiiieeeeeen 4
1.3 A Bayesian framework on th@ediction of climate..........c.cccevvvviiiiiiiice e, )
1.3.1  Definition of the Bayesian statistical model....................oo e 5
1.3.2  Parameter estimation and confidence regions.............uuvviieiiecceeeniiiiiiiiieeeeeees 6
1.3.3  Predictive diStrDULION.........ciiiiiiiiiiiiie et eeeean 7
1.4  Objectives and research qUESTHIQNS.........ceeiiieiiiiiiccrreeeeeeeeeeeeeeeeeeeeeereeene s e e e e e eeeeeeaeanaa
141  The Droader PErSPECHVE. .......uii ittt ieee e e e e eness e e e e e e e ennnreees 7
1.4.2  ReSearch ODJECHVES...........ooiiiiiiiiiieeee e eeeaees 8
1.4.3 Research qUESHIONS...........ooiiiiiiii e eree s 8
R T I T TS LS o U 1 = 9
2. An algorithm to construct Monte Carlo confidence intervals for an arbitrary function of
probability distribution PAraMELELS...........ooiiiiiii et ee s 11
P22 A [ {0 To [§ o 1 o o RSP 11
2.2 Terminology and NOTALIQN...........oiiiuiiiiiii e erer e e e e e e e e 13
2.3  Construction otonfidence intervals for oagarameter distributions............................ 13
2.3.1  Construction of the confidence interval...............cccuvviiieeriiiiieee e 15
2.3.2  Some theoretiCaBSUILS..........cooo oo 16
2.3.3  Construction of the algorithim.............ccooiiiiiiimm e 18
2.4  Construction of confidence intervals for mytirameter probability dishutions........... 19
2.4.1  Construction of the algorithm..............oeeviiiiiiice e 20
2.5 SIMUIALION FESUILS. ... eeiiiiiiiiiiiiiiiiiirrre e e e e e e e e e e e e e e e e e ee e e e e eeeereerae e mmmreeeeeeeeeees 21
2.5.1 Confidence interval for the scale parameter of the exponential distributian....21
2.5.2  Confidence interval for the location parameter of the normal distribution........ 22
2.5.3  Confidence interval for the percentile of the normal distribution...................... 23
2.5.4  Confidence interval for the scale parameter of the gamstabdition.................... 25
2.5.5 Confidence interval for the shape parameter of the gamma distribution.......... 27
2.5.6  Confidence interval for thecale parameter of the Weibull distribution............... 28
2.5.7  Confidence interval for theth percentile of the Weibull distributian.................. 30
25.8 SUMMATY TESUIES. ...ttt re e e e e e e e e e e e e e e e e e e e e e e e eeemeeneees 30
2.6  Sensitivity to the choice of the increment and the simulation sample size.............. 32
2.7  SOME theOretiCal BRIILS.........uuuiiiiiiiiiiiiiiiieeee e reen e 32
2.8  Application of the algorithm to a historical river flows dataset....................ccceennns 36
P28 T O o] o o] 113 [0 L= 37
3.  Simultaneous estimation of the parameters of the Hlokhogorov stochastic process.....41
K 200 N 11T [T 1T o SRR 41
T I = 1101110 L 43
I 0 N Y =1 o T PO PO PPPPPPPPPPR 43
3.3.1 Maximum likelinood eSHIMALQL.............uueiiiiieeiiiime e 43
3.3.2  LSSD MELNOM......coiiiieeiiiciiieiieeeieee e a e e e e snnnnneee e e s snneeeeee e D
3.3.3 LSV MENOA ...t e e 45
3.4  Proof of equations (3.6) and (3.8).........ccovvriiiriiiiiieeeiiieee e AT
3.5  Proof of boundedness of the LSV estimat&lof (0, 1]...........cevvvvvreiiniiiiiimmmneeineeeeeeee. 48

XXVii



3.6 Cal cul ation of Fi sher ..l.nf.o.r.ma.t.i.oon..Ma48r i x 6 s

3.7 RESUIS. ..ot eeee e reesnnrnneee e e e e s e nnnees DO
O T ©7o 1 (o1 013 (o] £SO PR 55
. The predictive distribution of hydroclimatic vari@b................cccccciiiiieic 61
R [ 1 (oo [0 T 1o o F SO U R TTPPP 61
O R I T i 1 (o T o AN {1 ) 63
4.2  Poserior distribution of the parameters of a stationary normal stochastic process.63
4.3  Posterior predictive diStriDULIONS............eviiiiiiiiiiiiee e 65
4.31 WITE NOISE.....ci ittt et e e e e e s mnee s bree s 65

V0 T2 AN = {1 = 1 [0 1 1 o 65
4.3.3  Asymptotic behaviour of AR(1) and HKpP.......ooooiiiiiiiiiiiiieeeeeeeeeee e 66
4.3.4  Truncated white noise, AR(1) and HKP.............ooviimiiiiiieeeiiiie e, 67
4.3.5  Asymptotic convergence of MCMQG.........uiiiiiiiiiiiiiire e reeeen e 67
4.4 MathematiCal PIOTS. ......cuiiiiiiiiiiiiite e e e e e e e e e e s eeereeeee e 69
T O - = I LB o [ 69
4.5.1  HiStOrical dat@SeLS........cccuriiiiiiiiee et emme e e e nmnne s 70
4.5.2  Application of the MethQd..............oooiiiiiiiiicc e 71
45.3 TS U £ 4 o
G U [ 01 =Y PSP 80
. On the prediction of persistent processes using the output of deterministic madels......85
o 00 R |10 [T 1T o SRR 85
5.1.1  Definition of thewell-balanced bivariate HKp...............coooooiiiiiieeeeeeiiiis 87
5.2  Maximum likelihood estimator for the parameters of the bivariate HKp................... 87
5.3  Maximum likelihcod estimators of the means of the bivariate HKp............cccccevveee 90
5.4  Posterior predictive diStrDULIONS. .........coiiiiiiiiiiiieeeii e eesi e 90
5.4.1 Investigation for various VBES Oft..............eeviiiiiiiiiiiiie e 91
S T OF- L1 11 o Y TS PP P PP PPPPPPPPRN 92
5.6  Summary and CONCIUSIONS...........uuuiiiiiiiiii it rmmme et e e e e e e nnee 98
. Summary, conclusions and recommendationS.........cccoceeiieiiicccireiieeieeee e 103
6.1  Methodological CONtrbULIONS...........cocooiiii e 103
6.1.1 A new algorithm to calculate confidenitgervals..................c.ooeeiirieeceiiinnnnnns 103
6.1.2  On the estimation of the parameters of the HKp................oo el 104
6.1.3 The Bayesian statistical model.................o e 104
6.1.4 Incorporating information from deterministic models...........cccvvvvvvvvieeeneennnnn. 105
6.2 Recommendations for further researCh............ccoooiiii e 106
6.2.1  TeCHNICAl ISSUBS.....cei ittt e e es 106
6.2.2  FUMNEr FESEAICH.....cc it 106
0 T N 011 7> Y10 1P 106
L] (=T = o =T 109
ACKNOWIEAGEMENTS. ...ttt eee e e et e e e e e e e e e e e e e e e e e e e e ememeeaeeeneeennennnnes 125
ADOUL the QUEINQL.........co ot r e e e e e e e e e e e aaaeas 127
LU o 1= 11T L3P 129

XXViii



List of Figures

Figure 1.1. Moving average for 30 points for a simulated HKp with0, i = 1 and (aH = 0.5 and

Figure 2.1. Sketch explaining the determination of confidence lindtsdu from an inversion of a
Y POTNESIS TESL.....cceieeeeeeeeeeeee e ————— e e e e e e e e e e e e e e e e e e e e e raaaa 15

Figure 2.2. Confidence intervals for the scale of an exponential distributiomwitﬁo,ﬁ = 1.002.
Here the number of samples: 50000 for MCCI, "Ripley location" and "Ripley scale" cases aine

Figure 2.3. Confidence intervals for the location parameter of a normal distribution wiﬂO,/s\ =
0.026 andtl = 1.023. Here the numbef eamplesk = 100000 for MCCI, "Ripley location" and

"Ripley seal@"le@Ba.SU...Uceiececce e 23

Figure 2.4. Confidence intervals fer+ 20 of a normal distribution witm = 50,/8\ = 10. O/f\2=7 and
0.998. Here the number of sampias: 50000 for MCCI, "Ripley location" and "Ripley scale" cases,

VR O B [V - T 1 o 1 AR PRRORROPRROPROR 24

Figure 25.Confdnce i ntervals with c oenf infdaeornakdistdbutod f i ci e
with n = 50,2:\ = 7 0. 0®=70.928nHere the number of sampiass 50000 for MCCI, "Ripley

|l ocation" and "eRi PI. ely=Aashada llie.....c.a.5.8.8 pelluverrennene 25

Figure 2.6. Confidence intervals for the scale parameter of a gamma distribution wif0, U=

1.979 andﬁ = 3.007. Here the umber of samplesn = 20000 for MCCI, "Ripley location” and
"Ripley stal @ 0c@B.@.S.U.....0.oiireeeeceeeeeceeee e 27

Figure 2.7. Confidence intervals for the shape parameter of a gamma distributiam &0, U=

1.979 andfi = 3.007. Here the number of samphes= 20000 for MCCI, "Ripley location" and
"Ripley stal @ 0c@B@.S.U.....Uiieeeeeee e 28

Figure 2.8. Confidence intervals for the scale parameter of a Weibull distributiomwitﬁo,g =

2.022 andb = 3.097. Here the number of samples= 20000 for MCCI, "Ripley location" and
"Ripley saal " @K .B.S......lUecooiiiieee e 30

Figure 2.9. Confidence intervals for the 75th percentile of a Weibull distributionn/vitrso,g =

2.022 andb = 3.097. Here the nureb of samplesn = 20000 for MCCI, "Ripley location" and
"Ripley saal @." 1be@EE.SU.....0 oo 31
Figure 2.10. 0.95 confidence intervals for a normal distribution estimated for differann di (thé
parameter i ncr e med)t(spped eonfiddnee ihtervahfor the catioraparameter

from a sample witm = 10,:9\ = 0.026 andi = 1.023 and number of samples dramn= 100000;

(lower) confidence interval for the quantity+ 20 from a sample witm = 50,:0,\ = 70.08% and
0.998 and number of samples dramve 50000..........cccoiiiiiiiiiieeiiier e 33
Figure 2.11.0.95 confidence intervals for a normal distribution estimated for varying simulation

sample size: (upper) confidence interval for the location paramdtem a sample witm = 10,?:\ =
0.026 andi = 1.023; (lower) cofidence interval for the quantiy+ 20 from a sample witm = 50,;:\

S I 015750 X TN OO 34
Figure 2.12. Confidence intervals for the scale (upped shape (lower) parameter of a gamma

distribution, used to model the Boeoticos Kephisos river January monthly flowsn wimoz,ﬁz

3.842 and] = 15.218. Here the number of sampfes= 120000 for MCCI andm = 60000 for the
"Ripley location" H©=:d0."R+&d.ckyl.s.c.al.e'..c.as.88, U

XXIX



Figure 2.13. A graph (normal probability plot) produced by the Hydrognomon software referring to
the monthly fow of Boeoticos Kephisos river for the month of January (28%%). The sample (dots

plotted using Weibul plotting positions) was modelled by a gamma distribution (central Iinef):with

3.842 andﬁ = 15.218. Dottedihes represent 95% prediction intervals for these parameter values
(denoted as-andgin the text) and dashed lines represent 95% confidence intervals (MCCI denoted as
| andu in the text) for the distribution Percentiles. ......... .o 39

Figure 3.1. Monte Carlo confidence intervals for thand (i estimates with trué¢! = 0.60,H = 0.90

andH= 0. 95 (upper toH #PIEI)TW-B rd qﬁiaﬁnf@r thes ML ,estivatiore. r..e... 560
Figure 3.2. Monte Carlo confidence intervals for thand (i estimates with trué¢! = 0.60,H = 0.90

andH= 0. 95 (upper toH tr/EbTV\He r qcfﬂaﬁnfcor thes DSSD estimatar..e...5dp
Figure 3.3. Monte Carlo confidence intervals for thand( estimates with trué! = 0.60,H = 0.90

andH = 0.95 (upper to lower panels), whe H =ql§\1 TH G qa/‘.’\JT G, for the LSV estimator.......... 52
Figure 3.4. Root mean square error (RMSE) (left of the estinkhatmtt right of the estimate) as a
function of series length for all three estimators, Witk 0.60,H = 0.90 ancH = 0.95 (upper to lower
PANEIS) ANMI= L. ..icuiiiiiieieiicete et eemr ettt e et e et e e e s emnte et e e sae e s eeereeeae e s anmnr s e e neeaneeereenreenteennen 53
Figure 3.5. Root mean square error (RMSEHofleft) andl (right) as a function of truél for all
lengths. Upper to lower panels correspond to ML, LSSD and LSV methods..................c...... 54
Figure 3.6. Estimated Hurst paramekéversus estimated meanfrom the ML methodfrom 200
ensembles of synthetic time series with various lengths fOHFI®.8.............cccccooviiiiiiiiieniiinnn 55
Figure 3.7. Estimated Hurst parametewersus estimated standard deviatipfiom the ML method
from 200ensembles of synthetic time series with various lengthse.upper diagram corresponds to
trueH = 0.8 and the lower diagram coresponds to FHEe0.6...............evveivieieeiiiiccee e 57
Figure 3. 8. Me atha nod (ledb) el theircdrresponding standprd deviations from

200 ensembles of synthetic time series 128 long (right) vegsus w h & i1 Hp U qoﬁT u G
and | are standard deviations apd= 6 for the LSV stimator. Definition of symbols usedl} :=
200 200

(12 0 O)) & ()" G := (12 0 0)) . 58

Figure 3.9. Mean of the estimatgii a n dJ (left) and their corresponding standard deviations from

200 ensembles of synthetic time series 128 long (right) vexsusw h d = i1 Hp U qoﬁT a,
and({§ are standard deviations agd= 50 for the LSVestimator. (See definition of symbols used in
CAPLION OF FIGUIE 3.8)... it ettt e e e e e m e e e e e e e s 59
Figure 3.10. Me B a n difleftahdeheiecsrtespomding standaga deviations from

200 ensembles afynthetic time series 24 long (right) versus, ~ wh d # 1 Hp U qﬁi a, Gy
andl are standard deviations= 6 andg = 50 for the LSV estimator. (See definition of symbols used

(Tpler=To] 1 o] ooyl To 0T =TC 28 ) P 60
Figure 4.1 The BoeoticOKephiSOSRIVETr DASIN.........coiiiiiiiiiiiiiiie e 70
Figure 4.2. Posterior probability distributionseftl, ¢ , i for the casesf AR(1) and HK processes,
for the runoff of BOEOtICOS KEPNISOS. ... .. uuiiiee e 75
Figure 4.3. Posterior probability distributionsepfil, ¢, G, for the cases of AR(1) and HK processes,
for the rainfall AALIAITOS. ........coo o eeee s e e e e e e e e e e eeas 76
Figure 4.4. Posterior probability distributionsepfil, ¢, G, for the cases of AR(1) and HK processes,
for the temperature at AlIAMOS..........coooiiii i reee e e e e e e e e e e e e e e e aaeeaeeeeeeereneenneen ] O

Figure 4.5. Posterior probability distributionsepfil, ¢, @1 for the cases of AR(1) and HK processes,

for the temperature at Berlin/Tempelhof. In this case the parameters are estimated from years 1756
1220 0L SRR 77

Figure 4.6. Posterior probability distributionsepfil, ¢, G for the cases of AR(1) and HK processes,

for the temperature at Vienna. In this case the parameters are estimated from yed@097.75...77

Figure 4.7. Posterior probability distributionsepfil, ¢, @1 for the cases of AR(1) and HK processes,

for the temperature at Berlin/Tempelhof. In this case the parameters are estimated from ¥ears 175
I S T PP SSTRTOTPPPPI 78

XXX



Figure 4.8. Posterior probability distributionsepfil, ¢, G for the cases of AR(1) and HK processes,

for the temperature at Vienna. In this case the parameters are estimatgddrerh775.919......... 78

Figure 4. 9. Hi storical climate armdO03%amifclimdte nce r ¢
time scale of 30 years) for (upper) runoff of Boeoticos Kephisogld{e) rainfall at Aliartos, and

(lower) temperature at AlIArTOS.........cooiiiii i rrer e e e e e e e e e e e aaaeaaaaeeeeeennaanaaanas 79

Figure 4.10. Hi storical cli mat e aanr@.95@ndrclimatdence r
time scale of 30 yas) for (upper) temperature at Berlin, and (lower) temperature at Vienna..80

Figure 4.11. Hi storical cl i mat ea= @&9bdnd climati¢ timd e nc e |
scale of 30years) for (upper) temperature at Berlin/Tempelhof after the year 1920 and (lower)
temperature at Vienna after the year 1920............oovvviiiiiiiee e 81

Figure 5.1Scetch explaining the time periods that are usedhfmlel calibration, i.e. estimation of its
parameters, and prediction. The specific years depicted in the sketch represent the typical years that
were used in case studies (although these may vary in some of them; see Appendix.B........ 92

Figure 5.295% confidenceegionfor thepredictive30movi ng aver age temperatur
scenario of the ECH®@ model, using the NOAA annual global land and ocean temperature

=T T0] 4 F= 1= TR 95

Figure 5.3.95% confidence region for th@edictive30movi ng aver age temperatur
scenario of the ECH®@ model, using the NOAA annual global land and ocean temperature

=T T0] 4 F= 1= TR 95

Figure 5.4 95% confidenceegionfor the predictive 3@novingaverage e mper at ure ( AC) f
scenario of the ECH@ model, using the NOAA annual global land and ocean temperature

=T T0] 4 F= 1= TR 97

Figure 5.595% confidenceegionfor the predictive 3movi ng average temperatur
scenario of the CGCM3.1 (T63) model, using the GISS globaldaedn temperature index....... 97

Figure 5.6 95% confidenceegionfor the predictive 3movi ng aver age temperatur
scenario of the CGCM3.1 (T63) model, using the NOAA annual global land and ocean temperature

=T T0] 3= 11T PP 98

Figure 5.7 95% confidenceegionfor the predictive 3dnovi ng aver age temperatur
scenario of the CGCMS3.1 (T63) model, using the CRU combined land [CRUTEM{jranine

TEMPErAtUre ANOMEALIES.......euiiiiiiiiiiiii e e e e e e e e e e e e e e e e e e e e e e e eeee s e e s e e smmme e e e eeeeeeeeeeeeeeees 98

Figure 5.8 95% confidenceegionfor the predictive 3@novingaverage e mper at ur e ( AC) f ¢
scenario of the UKMO HadGEM1 model, using the GISS gltavalocean temperature index...99

Figure 5.9 95% confidence region for thpeedictive30movi ng aver age temperatur
scenario of the UKMO HadGEM1 model, using the NOAA anmglathal land and ocean temperature

=T T0] 1 =TT PP 99

Figure 5.10 95% confidenceegionfor the predictive 3dnovi ng average temperat |
A1B scenario of the UKMO HadGEM1 model, usingetCRU combined land [CRUTEM4] and

marine temMpPEerature anNOMAIIES............uuuiiiiiii ettt e e e e e e e e e e s rmmne e e e 100
Figure 5.11 95% confidenceegionfor the predictive 3@noving average precipitation (mm) for the
A1B scenario of the ECHG model, using the CRU precipitation over land areas................. 100
Figure 5.12 95% confidenceegionfor the predictive30-moving average precipitation (mm) for the
B1 scenario of the ECHG model, sing the CRU precipitation over land areas..................... 101
Figure 5.13 95% confidenceegionfor the predictive30-moving average precipitation (mm) for the
A2 scenario of the ECH@ model, using the AR precipitation over land areas....................... 101

XXXI






List of Tables

Table 2.1. Summary results of the case studies examined. Smaller numbers mean that the
corresponding result isefter. Equal numbers mean that there is a similarity between the different
results. For example, in the case of the percentile of the normal distribution, MCCI, "Ripley scale" and
"Bayesian" methods (marked as 1) gave similar results, whereastyiald'tootstrap” and "Ripley
location" methods (marked as 2, 3 and 3 correspondingly) gave results worse than the former methods.

Table 2.2. Monte Carlo coverage probabilities and rank of eachoohethen calculating 0.975

confidence intervals after O iterations (rank 1 is assigned to the method of best performaB2e).

Table 3.1. Estimation results fét using 200 independent teations 8192 long wherelJis the

standard deviation of the sample containing the estimdiedH6 s wer e esti mated usi |

package, except the local Whittle estimates (Shimotsu 2004)............coooeeiiirecciviiiiiiiieens K6

Table 3.2. Estimation results fét using 200 independent realizationd® long whereJis the
standard deviation of the sample containing the estinkdded...................coo oo i, 56

Table 4.1. Summarizecksults and maximum likelihood estimates for the cases of WN, AR(1) and
HKp at Boeoticos KephiSOS RIVEN DASINL- .........uiiiiiiiiiiiireeiiiii e eesi e 71

Table 4.2. Summarized results and maximum likelihood estimates for theofaséé, AR(1) and

HKp at Berlin @and VIENNaL............coooi i mmmr e e e e e e e e e as 72

Table 4.3. Metropolis acceptance rate for the MCMC simulationti;ofnd H, respectively, at
Boeoticos KephiSOS RIVEN DASIN..........cciiiiiiiiiii et 73

Table 4.4. Heidelberger and Welch test, for significance level 0.05, at Boeoticos Kephisos River basin.
................................................................................................................................................. 73
Table 4.5. Heidelberger and Welch test, for significance level 0.05, at Berlin and Vienna.....73

Table 4.6. Raftery and Lewis test for the case of Boestephisos River basin........................ 74

Table 4.7. Raftery and Lewis test for the cases of Berlin and Vienna...................cccccoivnnnns 74

Table 4.8. Summary resulfer the parameters of the AR(1) and HK cases at Boeoticos Kephisos
V7= o > T | 82

Table 4.9. Summary results for the parameters of the AR(1) and HK cases respectively at Berlin and
VA (] 01 = TP RPPPPPPPRUPTIN 83
Table 4.10. Estimates efusing various Methods..............uuvviiiiiiiiiecc e 83

Table 5.1. Study historical tiMe SErES...........oviiiiiiiiiiieeeee e 93

Table 5.2. IPCC scenarios and their relevance to thilg.Stu.............ccciiiee e 94

Table 5.3. Main characteristics of the GCMs used in the study.............ccceviiieeceeeenniiie, 96

Table 5.4. Main characteristics of the cases presémtéidures 5.25.13...........cccccvvvvvvvivivviinnnnnnn. 97

IR To T AN R A\ o) = 11T 1= PP 117

Table A.2. Distributions used in the Bayesiaamiiework................oooo e 117
Table B.1. Maximum likelihood estimates for the parameters of the bivariate HKp for the GISS global
|anNd-0CeaN tEMPETALUIE INUEX - .. ii ittt eeet et e e e e e amme e e e e st e e e e e e e e s smmne e e e anes 119

Table B.2. Maximum likelihood estimates for the parameters of the bivariate HKp for the NOAA
annual global land and ocean temperature anomalies.............oooo v 120

Table B.3. Maximum likehood estimates for the parameters of the bivariate HKp for the CRU
combined land [CRUTEM4] and marine temperature anomalieS............ccccoeeevrcccreeereeeeeeenennn. 121
Table B.4. Maximum likelihood estimates for the parametershefbivariate HKp for the CRU
precipitation OVEr [aNd ArEas............oooiiiiiiiii ettt e e eas 123

XXXiii






1. Introduction

1.1 Long horizons of prediction within a stochastic framework

Inthepaperi A rmnwal k on wat e20b0)relaved fostotdenryaDareyi s
Medal awardoccasion the question Wether deterministic predictioof climate is possible
arises andthe answer i€ mp h at i c @he huhor farguetdat fit is possible to shape a
consistent stochastic representation of natural processes, irhpnedictability (suggested

by deterministic laws) and unpredictability (randomness) coexist and are not separable or
additive components. Deciding which of the two dominates is simply a matter of specifying
the time horizon and scale of the prediction.ngiohorizons of prediction are inevitably
associated with high uncertainty, whose quantification relies on theteng stochastic
properties of the processesience a deterministic prediction of climate for a long horizon is

impossible.

To supporthis aguments Koutsoyiannis (201@)udies adeterministictoy model of a
caricature hydrological systerm this toy modelthe evolution of the state of the system is
observed. The state tfe system is a function ¢ine, the parameters of the toy model and
the initial conditionsof the system A small change of the initial conditions results in
completely different trajectories of the state of the system after a long time héyssuming
that a precise observation of the initial conditions is not possiloletsoyiannis (2010)
concludes that deterministic dynamics can produce good predictions only for short time

horizons andhat a shift of paradigm from determinism to stochastics is needed.

On the other handhe scientific communityfocuses on Geaaral Circuhtion Models
(GCMs) following Phi | | i p &rét published &tegmpto predict the future climate
GCMs arenumerical representatisrof the climate system based on the physical, chemical
and biological properties of its components, their interactionks faedback processes, and
accounting for all or some of its known propertighey are applied as a research tool to
study and simulate the climate, and for operational purposes, including monthly, seasonal and
interannual climate predictiodPCC 2007 p.946). They aredeterministic modelbased on

the Navier Stokes equations.

There are numerous attempts to predict future climate based on the results of FeCMs.
instance,the projection of surface temperature to the year JO0QPCC 2007 p.823) is
mertioned.However therehave beemany criticisms regarding the validity of the results of

GCMs. Sme of them are listed here



- They have negligible hindcast propertias. theycannotreproduce the climate of the
past even for relatively small time haons e.g. Koutsoyiannis et al. (2008a),
Anagnostopoulos et al. (201®yfe et al. (2013)

- They cannotpredict the regional climate oseasonal to decadal time scales, even for
short time horizos, e.g. Handorf and Dethloff (201, Zcafetta (2013)

- They do not model adequately thendite due to theinherent propertiese.g. Spencer
and Braswell (2011McNider et al(2012) Stevens and Bony (2013)

1.2 Long-term persistence in predicting the climate

Little work has been donan choosing a suitablstochasticmodel for climate prediction
(Keenan2014) Here the approach ¢foutsoyiannis (2011) will be adoptedoutsoyiannis
(2011) proved thatunder certain constraints, i.e. the preservation of the mean, variance and
lag-1 autocovariance and an inequglirelationship betweegonditional and unconditional
entropy production, the extremization of entropy production of stochastic representations of
natural systems, performed at asymptotic times (zero or infinity) results in-Keirebgorov
processed An a priori choice of the statistical model, justifiegl the implementationf a
principle well established in physicsi.e. the second law of thermodynamicseems

appropriate (Keena?014).
1.2.1 HurstKolmogorov behaviour of geophysical processes

The HurstKolmogorov (HK) behaviourof hydrological and other geophysical processes
naned by Koutsoyiannis (201@yas discovered bidurst (1951), later beoae known with
several names such as Hurst phenomenon;tknng persistence and lomgnge dependence,

and hassubsequently received extensive attention in the literature. Earlier, Kolmogorov
(1940), when studying turbulence, had proposed a mathematical model to describe this
behaviour, which was further developed by Mandelbrot and van Ness (1968) and has been
known as simple scaling stochastic model or fractional Gaussian noise (see Beran 1994;
Embrechts and Maejima 2002; Palma 2007; Doukhan et al. 2003; Robinsgna?@0the

references therein).

Many studies on this kind dbehaviourhave been accomplisheBeran(1994)discusses
someof them related taliversescientific fieldsfrom climatology to agronomy and from
economics to chemistryfThe HK behaviour is of special interest for hydrologists, e.g. see
Koutsoyiannis (20022003 2006), Koutsoyiannis and Montani (2007), all published in



hydrological journals.Furthermoremany studies on the HK behaviour of geophysical
processefave been published, e.g. recerBlyette et al. (2006) studied the Irish daily wind
speed andZhang et al. (2009) studied the scglproperties of the hydrological series in the

Yellow River basin.
1.2.2 A mathematical definition of Hurstolmogorov behaviour

In the rest of this thesithe Dutch convention for notation, according to which random
variables and stochastic processes are unddr(Hemelrijk 1966Wwill be used We assume

that {x}, is astationarystochastic process discrete timé = 1,2¢ with mean
e = E[x] (1.0
standard deviation
{:=/Var[x] (1.2)
autocovariance function
x = Cov[x, x+], k=0,°1,°2 , & (1.3)
and autocorrelation function (ACF)
Jk:=a/0,k=0,°1,°2, & (1.9
Then he HK behavioucan be modelled byx;} if (Beran 1994.42)

limjk/(ck®=10<a<1,0<c (1.5)
KY B

The parameter, defined by
H: = al2 1 (1.6)
is the Hursor selfsimilarity parameter of the process.

Processes ébiting the HK behaviourinclude the Fractional ARIMAprocessegBeran
1994 p.59) andthe HurstKolmogorov stochastic process (HKmlso known adractional
Gaussian nee, (fGn) see also Beran (1994.55) andKoutsoyiannis (2010 The typical
modelling approach with artificial models such as thecionalARIMA processesuffers in

many aspectéKoutsoyiantis 2015). On the other hand the HKp does not belong to this class

of models thus we prefer to use it in this manuscript to model geophysical processes

Furthermore we assume thagi{ t= 1, 2, elLetia be arpasitivm anfeger that

represents a timescale larger than 1, the original time scale of the pmate$hd averaged



stochastic process on that timescale is denoted as

©) te
x =(k) Aax (1.7)
=i )a+1

The notation implies that superscrip(1) could be omitted, i.e_q(l) [ . Now we consider

the followingequation that defines the HKoutsoyiannis 2003)

®) - d°9ﬁl(a>- _— ; ,
(X |s)—%g§ (x77€),0<H<1ij= 1, 2p0o%l, aznd (¥

The ACF of the HKp is (Koutsoyiannis 2003)
jk=k+1f/2+ki /| H*Hik=]0, 1, ¢é (1.9)
with an asymptotic behaviour same wittat of (L.5).
1.2.3 Consequenced the HurstKolmogorov behaviour
A direct consequence of.B) is that
Var[d'] = (22T 2 (1.10)

Assuming that the climate variable of interest is modelledx}yif{is obvious thats/ar[>_((1n)] >

g?/nfor 0.5 <H < 1and that\/arQ((ln)] = (#/n, whenH = 0.5, which corrsponds to independent
{x}, t= 1, 2, € .canlekplais bigger Hatigns of an observed varialdempared
to independent varialdge.g. seeFigure 1.1. This is shownfor instance by Koutsoyiannis
(2006), and will be studied thoroughly in Chapter

o~ —

— H=05

0 2000 4000 6000 8000 10000
Figure 1.1. Moving average for 30 points for a simulated HKp vtk 0,0 =1 and (aH =
0.5 and (bH =0.8.

The fact that a HK|s stationaryis emphasizedlso. Koutsoyiannis (2006b) shovtisatthe



HKp can reproduceclimatic trends due to its scaling behawioThese trends arthen
considered @ largescale fluctuions. Paradoxical results obtained by modelling ltsrgn
terms as deterministic componeats avoidede.g the case study examined by Koutosyiannis
(2006b, Section 2.6))Koutsoyiannis (2006b) explains that the nonstationarity modelling
approach is comadictory in its rationale and its terminology, implying misleading perception

of the phenomena and uncertainty estimation.
1.3 A Bayesian framework on the prediction of climate

Assuming thathe chosen statistical model is appropriedemodel the datathe poblem of
predicting future variables conditional on their observed values belongs to the branch of
parametric statisticA Bayesian approacls suitableto solve the problenfor a defence of

the Bayesn choice the interested readereferred toRobet (2007p.507-518).

1.3.1 Definition of theBayesan statistical model

We assume that there is a recordnobbservations which we write as a vectam =
(x1,€ X»)" (Wwhere the superscript T is used to denote the transpose of a vector orametrix
vectors andnatrices are boldedee als@\ppendix Afor more on the notatiojsFurthermore

we define the random variabten := (x1,€ ,x»)", where
X1 ~ f(X1:n|d) (2.11)

wheref is a probaility distribution with unknown parametef which bdongs to a vector
spaceU of finite dimension Then aparametric sttistical model consists ofin and Xin
(Robert, 200D.7).

We assume now that the uncertainty of the parantetier modelled by a piwability
distribution” on U, called prior distribution, such that

d~"(d) (1.12)

Notice that we generally use the symbdbr probability density functions of parameters.
Then the distribution off conditional onxi: is called posterior distribution and is used to

makeinference ord.

f(X1nld)” (d)
fi(xwnld)” (d)dd

Then the Bayesian statistical modehsists okin, Xx1nand” (Robert 2007%.9).

" (dlx1n) = (1.13)

Notice that



- The termfi(x1:n|d)” (d)dd in (1.13) does not depend @h Furthermore for the given record
of observationst is a constantThus” (d|x1:n) is proportional taf(X1n|d) “ (d). An important
consguence is thab calculate (d|xin) the calculation ofhe integral ternis not necessary

- The analysis o is performed conditional uporxi:n (Robert 2007%.529).For instance
after modelling x1n with the parametric statistical model, an infererme d is made,
calculating its confidence interval¥he typical approach of the construction obnfidence
intervalsis justified on a longerm basigRobert 2007%.16) On the other hand the Bayesian
statistical model proposes apedurdor the problenmat hand (Robert 2007.513).

- Bayesian inference obeys the likelihood pringiecording to which the information
brought byxin aboutd is entirely contained in the likelihood functid(d|xi.n). For more
information onthe likelihood principleand ts application in Bayesian statistisee Robert
(2007p.15).

- At the cost of aradditional assumptign.e.the introduction of the prior distribution df
inference ord or some future variables reduces to a simple technical problem. Furthermore
the cat d this assumfon can be reduced using a ndormative prior distribtion, i.e. a
distribution derived fronf (Robert 20070.127)whenthis is the only available information.
Sometimes this automatic derivation leads to imprdpergeneralized, Robe2007 p.27)
distributionsfor d. In these casa$ cannotbe considered as a random varialle.pointed by
Robert (2007 p.10jthe importance of the prior distribution in a Bayesian statistical analysis
is not at all that the parameter of interestan (or cannot) be perceived asgeret ed f r om
or even as a random variable, but rather that the use of a prior distribution is the best way to
summarize the available information (or even the lack of information) about this parameter,
as well as the residual uncertainty, thus allowing facorporation of this imperfect
information in the decision procasd-urthermoref the integralfi(x..n|d)” (d)dd is finite, the
distribution " (djx1:n) is well defined and can be used as a regular probability distribution to
describe the properties df For consistency reasonswill be handled as a random variable
(Robert 200.165).

1.3.2 Parameter estimatioand confidence regions

The available information o is summarized by its posterior distributiorlowever,
sometimes an estimate dis required Bayesian point estimation lsased on decisioeory.
A loss functionL(d,l) is selectedThis functionevaluates the errdr(d,l)) associated with the
decisiont (i.e. the estimate af) when the parameter takes the valiu@obert 2007 p.52)A



Bayes ruleli (x1n), which is the value ofi that minimizes the function EL(d,U)[x1n] for the

given’, X1:n andxin, is defined as Bayesian estimate aof (Robert 200%.173).

Furthermoreafter the computation of(djx1n) confidence regions athare availableln the
Bayesian formulation has a given probability to belong to a fixed confidence region. On the
other hand confidence intervals have a given probability to contain the parafm@tee
former notion is more intuitiv€Robert 200%.260).

1.3.3 Predictive dstribution

In our particular problem, i.e. the plietion of a future variabley conditionalon X1 the
posterior predictive distribution defined figobert 200p.22)

9(¥ixwn) = fQ(yld,X1n)" (dX1n)dd (114

solvesthe problem.The calculation of the integrél.14) is not necessayginceg(y[xin) can
be simulatedrom the mixture of theonditional distributions (dJx1.n) andg(y|d,x1n) (Gelman
et al.2004p.74).The future variable can be any variable of interest,ye=gxnn, for n1 > n

where
Xnpm = (Xn,€ Xnp)" (1.19
One could claim that instead of usitite posterior distribution o, it would suffice to

substituted for d in o(yld,x1:n). As will be shown in Chaptet neglecting the uncertainty in

the estimation off for the problem at handaluableinformation is lost.

1.4 Objectives and research questions

1.4.1 The broader perspective

To summarize the discussion, this thesis focuses on the prediction of hydroclimatic variables
including temperature and rainfall, using a stochastic framewatkdling ths problem using
stochastis is notthe stateof-the-art for the climatology scientificcommunity, however it
seems to behe only reasonableoption for an adequate answer to this probleNot
surpringly, after completing the technical part of the thesis the author came upaticte
pointing that the number otlimatologists supparg this optiors steadily increases
(Macilwain 2014).A viable answer to the question, which is the most appropstathastic
modelfor studying climaténas not yet been givgiKeenan2014). In thisthesisit is assumed

thatgeophysicaprocessesxhibit HK behaviouand are modelled correspondingly.



Owing to thér structure GCMs do not regardthe climate variabless random. Thus
climate projections are point estimat€ontrary to the aforementied approach stochastic
models treat climate variables as random. Hence all the information about the climate
variables is included in their distributioit. is crucial to find this distribution. The most
practical parmetric approach is the Bayesiame which reduces the complexity of the
problem to technical issues, with the cost jost one additional assumption, i.¢he

assignmenof aprior distribution tod.
1.4.2 Research objectives

The djective of this thesis it provide some toolsowardsthe development of a stochastic
framework for the prediction of hydroclimatic variable$he main components of this
framework are the stochastic model and the datmics such as the estimatiasf the
parameters of the model, the uncertainty of the estimation of thempters andhe
incorporation of this uncertainty in the predictiancertainty areexamined.An additional
component, namely the output of GCMs is incogped in the modellnformation gained
from the deterministic models is assessedismnded to update the inference of the stochastic

model

The development of these tools shougluhtribute in quantifying the uncertainty the
prediction of climateUnceatainty quantificationcontrary to point estimatiomay explain

climate variability.
1.4.3Research questions

The main questions that are addressatiemanuscript are

- How canthe uncertainty in the estimatioof the parameterde integrated in the
uncertanty of the prediction?

- How can the data be used for the prediction?

- Which isan appropriate framewio to gain from available informatidinom deterministic

model®

To answer these questiona previous typical statisticapproachof the problem is
investigated and is justified theoreticallyjowever thisapproachs not adequate to solve the
problem, eving to its indirectout encouragingesults.Thus to continue theesearch, another
way is chosen, namely the Bayesian appro8cme results on the @sation of parameters

using a maximum likelihood estimator further strengthen the Bayesian choice.



The main problem i.ghe prediction is solved in a Bayesian way, revealing uncertainties
not previouslypaid attentionto. The thesisoncludeswith an atemptto improve prediction
using deterministic information, incorporating this in a stochastic model with dependence

structure more complicated thamarkovianone
1.5 Thesis outline

This thesisexamines several issues associated with clireate stochasticprediction In
Chapter2 a generalalgorithm for the estimation of confidence intervals of parameters of
interest is investigated. This algorithm was discovered heuristically in a previousasididy
was used forestimating hydroclimatic uncertainty in a stochastic framewstéte it is
compared with other general algorithms and it is found thaterforms satisfactorily.
Properties of the algorithm are d/eredwithin an analytical framework strengthening the

arguments in favour of its use in this earlier study.

Following the encouraging results of Chafftave decide to head to the study of stochastic
models however following theBayesan paradigm In Chapter3 the properties of three
estimators othe parameters of the Hkgre examined analytically. One estimator is novel. A
simulation study is performed and it is shown that these estimators have some optimal
properties. The optimal pperties of the maximum likelihood estimatare encouraging in
the sense thdhe likelihood principlas followed bythe Bayesian approachurthermore it is
shown thathe parameters of the HKpust be handled simultaneousbhnd we should avoid

examinirg them separately.

Chapter4 is the main part of this thesis. Thp@sterior predictivedistributions of the
climate variables are calculatednditional on past observationsthin a Bayesian stochastic
framewok. This framework contains a stationary stochastic process which exhibits HK
behaviourThe examinedariablesare assumed to be normal or truncated nariited results
are compared with cases where some of the parameters are considered known and the effec
of the uncertainty in their estimation isostn. The framework is applied temperature,
rainfall and runoff data from Greece and Europe.

An attempt to include the outputs afdeterministic model within the framework of the
stochastic modeak displayel in Chapter5. To this end propertiesf the maximum likelihood
estimatorof the bivariateHKp are analysedn this case the parameters of the framework are
considered known and equal to their estesa The famework is applied toglobal

temperature and rainfaldata and their corresponding GCMs prediction. Chapéer



summarizes the analytical results on the technical level providing also some insights from

their apgication in climate data.
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2. An algorithm to construct Monte Carlo confidence intervals for an

arbitrary function of probability distribution parameters

In this Chaptéran algorithm for calculating an exact confidence interval for a parameter of
thelocation or scale family, based on a tswled hypothesis test on the parameter of interest,
using some pivotal quantitias analysed We use this algorithm to calculate approximate
confidence intervals for the parameter or a function of the parameter gfa@mmeeter
continuous distributions. After appropriate heuristic modifications of the algorithm we use it
to obtain approximate confidence intervals for a parameter or a function of parameters for
multi-parameter continuous distributions. The advantage odltfeithm is that it is general

and gives a fast approximation of an exact confidence interval. Some asymptotic (analytical)
results are shown which validate the use of the method under certain regularity conditions. In
addition, numerical results of tmeethod compare well with those obtained by other known
methods of the literature on the exponential, the normal, the gamma and the Weibull

distribution.

The algorithm of the metlilbwas derived by Koutsoyiannis aKeézanis (2005)and is a
main tool of the ttistical software Hydrognomonlti& research group 20€2012.
Koutsoyiannis et al. (2007) used the algorithm as an intuitive tool without mathematical
proofsin an attempt to form a stochastic framework for climate prediction and quantification

of the pediction uncertainty.
2.1 Introduction

Various general methods for the calculation of a confidence interval for a peraofe
interest exist. Casella anBerger (2001p.496497) suggest the use of the asymptotic
distribution of the maximum likelihood estitoa (MLE) to construct a confidence interval for

a function of the parameter of a eparameter distribution. Wilks (1938) constructs a
confidence interval based on the iscestatistic (see also Casella @&erger 2001p.498). Kite
(1988) gives approximateonfidence intervals for the parameters of various distributions, by
performing separate analyses for each distribution and each parasiteation method.
Garthwaite andBuckland (1992) make a new use of the Robiilanro search process to
generate Mote Carlo confidence intervals for a eparameter probability distribution. The

Jacknife method is another general technique to obtain confidence intervals (§&e ex n

1Based on: Tyras et al.(2013)
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Montoya et al.2008). Ripley (1987%.176178) constructs simple Monte Carlo confiden
intervals which depend on the type of local properties (location or scale) of the parameter of

interest.

In this Chapterwe generalize the method proposed by Ripley (198&taining its
simplicity. The met hod we s tgaestkgeghagonsantoiomec or p o
new equation. The method has a general character and does not make a disghoeen
thelocation andscale familieswhile other methods make such distinction. It provides single
results without requiring user choices. Thase strong advantages which make the proposed

method a usefistatistical computation tool.

Initially, we show that our algorithm is asymptotically equivalena td/aldtype interval
i.e. an interval resulting from the inversion of a Wald (€stsella ad Berger 2001p.499) of
a parameter or a function of a parameter of anypamameter probability distribution. We
also show how this algorithm works for certain distributions. Then we generalize this new
algorithm to construct confidence intervals for ffegameters or functions of parameters for
multi-parameter probability distributions. We show that these intervals are asymptotically
equivalent to Waldype intervals. We also show analytically how this algorithm works for the
normal distribution. We congpe the results of the algorithm with those obtained by other
exact and approximate methods for the exponential, normal, gamma and Weibull
distributions, and it turns out that the algorithm works well even for small samples. The
approximate methods desaib here include Waltype intervals given in the literature or
derivad using the formula in Casella and Ber@g2001 p.497), Ripley's two equations, and
biascorrected and accelerated (BCa) bootstrap-paametric itervals (see also DiCiccio
1984; Di Cicio and Efron 1996; Di Ciccio and Romano 1995; Efron 1987; Efron and
Tibshirani 1993; Hall 198&isielinska 2012).

The proposed algorithm is partly heuristic and simultaneously so generdl rteatds no
assumptions about the statistical behaviour osthgstics under study, i.e. it can perform for
any continuous distribution with any number of parameters, and for any distributional or
derivative parameter. Only the theoretical probabilistic model is needed and all other
calculations are done by a nuembof Monte Carlo simulations without additional

assumptions.
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2.2 Terminology and notation

We use the terminology of Casella aBdrger (200). We recall that an interval estimate of a
parameterd | R is any pair of functionsl(x) andu(x), of a samplexin = (x1, €x;) that
satisfyl(xin)  uQun) for all xun. If X1n is the random variableconsisting of i.i.d random
variables,whose realization ig1n, the inferencd(xin) @ u(xin) is made. The random

interval [[(x1:n),u(x1n)] is called an interal estimator.

Thefollowing result from Casella anBerger (2001p.421,422) is neceasy for the proofs
of Section 2.3 and shows how we can construct a confidence interval from a hypothesis

testing procedure:

For eachdo I U1 R, let A(ch) be the acceptance region of a leMéést ofHo: d = do. For

eachxin, we define an interval(xyn) in the parameter space by
C(X]_:n) = {do: X1n i A(do)} (21)

Then the random s€(xix) is a 17 Uconfidence interval. Conversely, I€{xin) be a 11 U

confidence interval. For argp | U, we define
A(do) = {X1n: do I C(X1:n)} (2.2

ThenA(dv) is the acceptance region of a lelHest ofHo: d = do. For0 WD  1test wath
power functionb(d) is a levelUtest if supd g, b(d) OU. If supd o, b(d) = Uthen this is asize
Utestwhichis a special case of the lewgtest (Casella and Berger 2001 p.38%te that the
above terminology is not precise @rhthe tests randomized (Shao 20Q93477).

2.3 Construction of confidence intervals for oneparameter distributions

Now we proceed to the construction of a confidence interval foiparemeter continuous
probability distributions. The following result which is a consawe of 2.1) and @.2) is

necessary for the construction of the confidence interval.
We suppose thdi := b(x1n) is @ MLE of the parametef of a oneparameter distribution

with densityf(x|d). Thend = b(x1n) is the eBmate of the parameter. We suppose now that the
probability density of the statistla(x1:n) is g(b|d). Then we seek two functioréd), g(d) such
that:

P{ed) b@un) 9@ } =0 1 1 (2.3)
We defines(d), g(d) as thoseunctions that satisfy:
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Pr{b(x1n) < &)} = Pr{b(x1n) >g(d)} = U2 (2.4)
The above equation implies that:
d) = G' {(U2d) andg(d) =G'Y(11 U2[d) (2.5)

where G'{(Q) denotes the inversef the cumulative distribution function(or distribution

function from this point forward® of the statistido(x1:n).
Now we construct a testo: d = dvs Hi: d i dwith acceptance region:
N - - AN N N - - N\
A(d) ={x1n: G U2[d) b@) OG 17 U2/)} (2.6)
which is asizeUtest becausthe value of the power function dis b(a), given by(2.7).
N - - /\ < . - N\ N
b(d = I1G' fJ2/dp rb@n) GOt 1UZW) | d)} = (2.7
Thus
N i o NN S Y A o o o
bd) = 1G'H10ZE TG @Wed)ld ] = 1 2U=D 71 (29

From this test and according t8.X) and @.2) we obtain the following I U confidence

interval ford:
C(xin) = {0 G YT2[) b@un) OG 1T T2() (2.9)
After rewriting (2.9) we obtain théollowing 17 Uconfidence interval fodf:
C(xin) ={d: G Y(U2[d) bQun) OG (1T U2/} (2.10)
Now we defind andu as the solutions of the equations:
g(l) =b(x1:n) anda{u) = b(X1:n) (2.11)
From the above equation we obtain that:
G {U2Ju) =b(x1n) andG' {17 U2]) = b(x1n) (2.12
We assume thdi(xin) = [di,db] wheredy,dz are the solutions ohe equations
G {(U2[k) = b(x1n) andG' 31T U2[d1) = b(X1n) (2.13)

Now it is obvious thatl[u] is a 1T Uconfidence interval estimate fdr

14



2.3.1 Construction of the confidence interval

Having proved thatl[u] is a 17 U confidence interval estimate faf, we can use it to
construct an approximate confidence interval that can be easily computed numerically. From

Figure2.1 we observe that

N N
@713 CA, dg
A, cs® Eg)w:d (2.14)

Solving forl we find

FY IR OR (2.15)
(dg/dd) =

and in a similar way we find that

N N

A _dT d) (2.16)

uadd+ -
(detdd) g =d

We can lhus claim that

b(x) 1 g(b b(x) T &b
160,001 = [600) + TG, p(x) + i) 217

i s an app Ywnfidenta intervalfod. 1

Estimated parameter &

N
>

j N H
/ é=e u

True parameter, &

Figure 2.1. Sketch explaining the determination of confidence linhitand u from an
inversion of a hypothesis test.

Under suitable regatity conditions (i.e. Casella afkrger2001p.516) thedensityof the

1t



MLE is given by Hillier andArmstrong (1999). The necessary conditions for the equations

(2.15) and @.16) to hold are thag-andg are continuous and differentiable at a regiorﬁof
The validity of these assumptions for certain cases cdoelthvestigated, using Hillier and

Armstrong (1999) formula, but at such situations this is not always possible.
2.3.2 Someheoretical results

It is useful to find cases where the above derived confidence interval is exa2tlf.and
2.16 are exact). We can easily prove that this happetisel case whemg{d) = cid + ¢, where

c1 andc; are any real numbers:

N A A N

d A , iTd cd+cid

(acg[)w:d:cl, an(Jug(,c\]DI _alrelt o (2.18)
di 1 a7 (@7 coley

(The proof foru can be conducted in a similar way and is omitted). Special cases of this are
(i) wheng(d) =d + ¢, and (ii) wheng(d) = ¢ dThese two correspdrto the first and second
method described by Ripley (1987) respectively (p.176, eq.3 and p.177, eq.6, after

substitution ofg*cgf)u:&: c=g(d)/din (2.17)). We can als@asily prove that location families

correspond to the first case and scale families correspond to the second case. The proof is

given below:

(a) For location families the quantigyt € (whereg is a MLE of the location parametgyis a
pivotal quantity i.e. its distribution does not depend on unknown paraméees Lawless
2003p.562). Then from4.4) we have that

Pr{e <)} = U2 (2.19

which implies that
Pr{eT e<ofe) ej=U2 (2.20)

and we obtain that
Ae) =e + G 2) (2.21)

whereG is the distribution function of T € that does not depend @nin a similar way we
obtain that

ge)=e+G t 102 (2.22)
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Now it is obvious from (i) above that the confidence interval obtaine®y)(is an exact

confidence interval.

(b) For scale families the quantityt (wherel is a MLE of the location parametal) is a

pivotal quantity (see Lawless 20@p3%62). Then fromZ.4) we have that

Pr{li < &)} = U2 (2.23)

which implies that
Pr{t/G < &0)/G} = U2 (2.24)

and we obtain that
) =0 T @2 (2.25)

whereG is the distribution function o/l and is independent &f In a similar way we obtain
that

g =aG t 102 (2.26)

Now it is obvious from (ii) above that the confidence interval obtainedliy)(is an exact

confidence interval.

While in the above cases ouwonethod provides exact confidence inteals, when the
equationg(d) = cid + c2 does not hold, it can only provide approximate confidence intervals,
wherethe level of approximation depends on the form-ahdg and for certain casewill be
examined in the nextestions. It is also easy to prove that the confidenterval given by
(2.17) is asymptotically equivalent to a Watgpe interval for any function of the parametier
(and hence for the parameter itself) under certain regularity conditions. The proofns give

below.

We want tofind a confidencenterval for a functiorh(d) of d. We assume thatis a MLE
of d. Then according to Casella aBérger (2001p.497) and Efron an#linkley (1978), the

variance of the functioh(d) can be approximated by

égh&d)]zld =d
1 @"’ﬂ (lel:n) |d= d

Varfh(d)|d] & (2.27)

whered is the maximum likelihood estimate dfand I(djx1n) the likelihood fundbn of d.

Now according to Casella afrger(2001p.497) we have the following result:
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h(d) 1 h(d) ..

A Y N(CO, 1) (2.28)
Varh(d)|d]
Then from 2.4) we get that
Pr{h(d) <ad)} = U2 (2.29)
and
Pr{h(d) > g(d)} = U2 (2.30)

which imply that

ad) =h(d) + \/v’ér[h(g)|d]a”((12) andg(d) = h(d) + \/Vlc\elr[h(g)|d]l]”(1T u2) (2.31)

w h e r'edendtes the inverse of the standard normal distribution function. If we subdtitute
for h(d) then @.28) becomes identicab case (i) above.

2.3.3 Construction of the algorithm

Having found an expression for the confidence interval, we can construct a Monte Carlo
algorithm to calculate it when there do not exist analytical expressions for the functions of

interest. The algorithm ksahe following steps:

Step 1. We find the maximum likelihood estimate /e\fay
Step 2. We produdesamples of siza, fromf(x|/o\l).

Step 3. We use thekessamples to compuda) andg(/o\l).

Step 4. We produce additionklsamples of sizen, from f(x|/c\f+ljd), whereld is a small

increment.

Step 5. We use these additiokaamples to compumerﬂjd) andg(erﬂjd).

Step 6. We substitut%g)u: a of (2.15) with [g(/c\f+ljd) gqa)]/ljd, and &(?fi'd: ¢ of (2.16) with

[ad+id)  of0)]/Ud
Step 7. We cmputel andu from (2.15) and @.16).
We conclude based on the construction of the algorithm that it could be applied to cases
whered is estimated by a different estimat@elow we give an application of the algorithm
on the normal distribution where we used the unbiased estimatbranél obtained good

results.
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2.4 Construction of confidence intervals for multtparameter probability distributions

We assume now that we havemalti-parameter probability distribution with densiiix|d)
and parametedf = (d, d,  ék), whose estimator i§ = (T1, T>,  &k). We wish to calculate

a 1canfidence interval for a scalar functibn= h(d) of d. If we assume thak is a MLE
then b(x) given by .32)

b(x) :=h(T) (2.32)
is a MLE forh(d) andb(x1n) given by @.33)
b(Xl:n) = h(t) (233)

is its estimate. To exteritie method, described bg.15) and @.16) in the multiple parameter

case, the derivativessdld and d@) dd should be evaluated appropriate directionds.andds.
Let o be defined byZ.34)
2:=(a:b, 0T (2.34)
whereay g have been defined bg.4) and let
Var[T] = diag(Varg4i], ..., Varlgd]) (2.35)

Var[T] can be easily computed during the same Monte Carlo simulation that is performed to
computeo. It is reasonable to assume thdatinddg will depend on VEIT] as well as orthe

matrix of derivatives o),

\ do N o po Mo
eddg el.ldl pck 3 I.ldkg
do_€dU Ew w 3 w U 536
dd= Zdd N AWk uh S ok o (2.36)
QQQ U eJiQ B9 Hg u
edd u ep.dl pd> 3 pdk u

Heuristically, we camssume a simple relation of the form

T
Oo= Varm%‘ﬁ & (2.37)

whereesis a size 3 vector of constants needed to transform the matrix product of the first two
terms of the right hand side into a vector. Bhements of this vector could be thought of as
weights corresponding to each of the derivatives of the three elementsTbé simplest

choice s to assume equal weights, i.e.
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e=111D" (2.38)
However, numerical invéigations showed tha239)
e=(0,1,1)7 (2.39)

yields better approximations and the theoretical analysis below showed that it yields

asymptotically good results undsgrtain regularity conditian

The derivatives oéandb with respect tal on directiondswill then be

o ~ o ~ [} ONT [} b~ o b~ o ONT
%zda: %ﬁ?iVar[I] %& €5 %agda: %dgVar[ﬂ %& € (2.40)
and are both scalars, so by taking their ratio we can calalgétle. By symmetry, similar
relationships can be written fgranddg with
&=(1,10)7 (2.47)

The two groups of relationships can be unifiedie r ms o f t lydefinedab 3 mat r i
T
do 5dog
q:= gq VarlTl %8 (2.42)
It can then be easily shown that on the directoiy@nddg,

do 2+ iz dg_ Qa1+ Qg2 (2.43)
db ™ g2+ ez’ db T Qi+t g2 :

In Section2.7 we show that the confidence interval for the parametef a normal
distribution N(g,0?) is asymptoticallyequivalent to a \&ld-type interval We also show that
the confidence interval obtained by our method is asymptotiegilyvalent to a Waldype
interval for two-parameter regular distributions and hence for any fpalameter

distribution.
2.4.1 Construction of the algorithm

Now the algorithm for the calculation of the intervals follows:

Step 1. We find the MLE d, namelyd, and its maximum likelihood estimate s’ﬁy
Step 2. ¢rsbd),MidEs matimum likelihood estimateh@).

Step 3. We produam samples of siza, fromf(x|a).

Step 4. We usthesem samples to compuda), g(a), h(a) and Va[T].
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Step 5. We produce additiomalsamples of size, fromf(x|3+ d) , wh s aeectar with
all elements zero excepttieh el ement , which is a small qua

Step 6. We use these additionasamples to computgd+ &), g(@+ &) andh(d+ &).
Step 7. We repeat steps 4 and 5ifor 1 ,k2 , €,

. . AN o N o cb‘- N o N o e
Step 8. We substitatin 2.36) [a(d+ &) afd) ]d/far ar [g(d+ di) g{d) ]di/far af and

[h(d+ &) hid) ]di/fai%.

Step 9. We calculatgfrom (2.42).
Step 10. We computeandu from (2.15) and @.16).

2.5 Simulation results

To test the algorithm in specific cases, we construct confidence intervals for the scale
parameter of the exponential distribution, the location parameter apthtpercentile of the
normal distribution, the scale and shape parameter of the gammhbudistriand the scale
parameter and thath percentile of the Weibull distribution. Then we compare the numerical
results with known, mostly analytical, results from the literat\arious methods are first
compared using a single sampbeit the ranking based on visual inspectiogould be
considered as subjectiv@hus coverage probabilite using Monte Carlo methods are also

calculatedo obtaina more objective inference
2.5.1 Confidence interval for the scale parameter of the exponential distribution

The dengy of the exponential distribution is
fexp(X|0) = (1A) exp( ®/0),xO >0 (2.44)
The MLE oflis
b=x (245)
A 11 UWald-type confidence interval (Papoulis afdlai 2002p.310), is

x5 X

(1) uGan)] = [ +07{1T U2A/m 1 Gt U/z)/\/ﬁ] (2:46)

We find a1 1 Uexact confidence interval, ing the pivotal quantity/(. The distibution

of Gis given by 2.47)

U~ gamman,n/d) (2.47)
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and a T Uexact confidence interval is obtained by the following equations.
Fao ) = U2 Fe@djnniu) = U2 (2.49)
whereFg(x|Ub) is the gamma distribution whose density is
fo(x{Up) =B " XU e x (kK> 0 (2.49)
whereU> 0is the shape parametand1/b > 0 is the scale parameter

The confidencénterval obtained by 2.48) is exact andhe confidence interval obtained by
(2.46) is Wald-type. These two are intercompared also with the BCa bootstrajpa@metric
interval, designated as "bootstrap”, the two confidence intervals obtained by the two Ripley's
methods, designated as "Ripley location" and "Ripley scale", respectively, and the a@nfiden
interval obtained by our algorithm, designated as MCCI (Monte Carlo Confidence Interval).

Figure 2.2 compares the confidence intervals obtained by all six methods for a simulated

sample with 50 elements from a&xponential distribution withi = 1. For this sampl@ =
1.002. As we seeMCCI is close to the exact and the "Ripley scale" and gives a better

approximation than the Wakype, the "bootstrap" and the "Ripley location”
2.5.2 Confidence interal for the location parameter of the normal distribution

The density of the normal distribution is
fn(xe,0) = @ k(T 1 #AXT £)? (2.50)

wheree is the location parameter, add> O is the scale parametéx 17 Uexactconfidence

interval (Papoulis anBillai 2002p.309) is

[1(X1:n),u(X1n)] = [x(ln)T FII'(r}T (17 U2) % x(ln) + FTT(r%T (17 U2) %] (2.51)

&= \/ ﬁ éloq T )2 (2.52)

A 11 UWald-type confidencanterval (Papoulis andPillai 2002p.309)is

where

[ uCxan)] = X0 T a7 3T Uz)%,x‘lnh THLT U2) %} (2.53)
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Figure 2.2. Confidenceintervalsfor the scale of an exponential distribution witkr SO,ﬁ =
1.002. Here the number of sampless 50000 for MCCI, "Ripley location" and "Ripley

v

scale" daG0®s and U

We compare the MCCI with the exact interval obtained 2§1j, as well as with the
Wald-type interval, the BCa interval and the imMea | s obt ai ned by Ripl e

Figure 2.3 compares the confidence intervals obtained by the six methods for a simulated
sample with 10 elements from a normal distribution with0 and( = 1. For this sarﬂpfs\ =

0.026 andﬁ = 1.023. In this case for the calculation of the confidence interval we use the
unbiased estimators af and (? (instead of the MLE). As we see, MCCI gives a better

approximation than the other foapproximate methods.
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Figure 2.3. Confidence intervals for thiecationparameter of a normal distribution with=

10, £ = 0.026 and’ = 1.023. Here the number of sampk = 100000 for MCCI, "Rlpley
| ocation" and "eRi pl.ely=8shcda llile" cases, a

2.5.3 Confidence interval for the percentile of the normal distribution

Thepth percentild, is defined by 2.54)
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tp =€ + 20 (2.54)

wherez, is pth percentile of the standard normal distributién1i UWald-type confidence

interval estimate is given by the follawg equation (e.g. Koutsoyiannis 1997 p.69)
[1(Xen)U(xan)] = DA +zps 07 22T 0/2)—\\7“?] [1+ 225 +z,50+ G117 U2) \/—in\/l +7J2] (255

Another way to obtain a confidence interval is by using Bapeanalysis (see Gelman et
al. 2004p.75,76). Then if we chose a priodefined by 2.56)

“(e,0) 7 1P (2.56)
we can construct a sampler based on the following mixture.
Pxan ~ INv-GX(NT 1,5) ande|xin ~? & ,6/n) (2.57)

Thus, here we compare six confidenogervak, the Bayesian confidence region, the
Wald-type of equation 4.55), the BCa interval, the interv
methods, and the MCCFigure 2.4 compareshe confidence intervals far+ 20 obtained by

the six methods for a simulated sample with 50 elements from a normal distributian=with

0 andd = 1. For this samplé\ = 7 0. 08®=70.988nAd we see, Bayesian and MCCI are

almost indistinguisable, and MCCI is better when compared to "Ripley location" and
"Ripley scale". "Ripley location" is close to the Waghe and the "bootstrap”. The same

holds forFigure 2.5 which compares all methods onthe calcat i on of a 11 0. O

interval, whergppv ar i es from 13 to 3.
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Figure 2.4. Confidencentervalsfor € + 20 of a normal distribution witm = 50,§ =10.027

and 8 = 0.998. Here the number of samphas= 50000 for MCCI, "Ripley location" and
"Ripley seal@"lic@kadsly U
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Figure 2.5. Confidenceintervals with confidence céficient 171 0.01 fore + z f a normal

distribution withn = 50,3 =10.027 and’ = 0.998. Here the number of sampies- 50000
| ocateizo®" 1c@Ad.d" Ri pl ey

for
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2.5.4 Confidence interval for the scale parametf the gamma distribution

3

scal

First we show how we can calculate an approximate confidence interval for the scale

parameter of th gamma distribution. We defifi& by (2.58)

wherex is the geometric mean of a simesample, which, according ®haumik et al. (2009)

Ry := In(/%)

(2.59)

and Bain and&Engelhardt (1975), has a distribution independent of the scale paraémetd.

The maximum likelihood estimates bfand (i according toBhaumik et al. (2009) and Choi

andWette (1969), denoted kfyandﬁ arethe solutions of thequationg2.59)

where y

We have that

(2.61)

E[R]=TIn(n)Ty 0

denotes t

Re=In) 7 y 0 andU & x

he

di gamma

Q) gn@vVar[Ri] = (Un)y &)1 y &

We also define as andv, functions ofUandn, the solutions of theystem of equations

2n E[R,] =cvand (2 Y¥Var[R|] = 2cv

From @.61) we obtain

el Var[Ry]

E[Ri]

andv =

2E°[R1]
VarRi]

(2.59)

functi on.

(2.60)

(2.61)

(2.62)



For the construction of the confidence interval see Bhiawnal. (2009) and Engelhardt
andBain (1977). The statistzdefined by 2.63)

z= 2/ (2.63
has approximately a clsiquare distribution Withrideegrees of freedom, sgifically

z~ Y20 (2.64)

We define the stattic T1 by (2.65).

T, = 2nlR/c+ 2 (2.65)

ThenT, is approximately distributed according(&66).

T~ %@+2n)) (2.66)

Now using theTi stats t i ¢ we o bt ai nUconfidence imdrvhl dowthensgalel 1

parameterl.

(n) (n)

2nx1 2nx1
[|(Zl:n),U@1:n)] :[ T _ . AL A . A A ]
Fs il I U23+2nk) T 2nURW/c Fg %U’2|3+2nk) I 2nURY/C

(2.67)

We will designate the confidence interval obtained 2g7) as "approximate". Another
way to obtain a confidence interval is by using Bayesian analysis (8bertRR007).
According to Son an®h (2006), if we chose a prior (Ul) ~ 1/4, we construct a Gibbs

sampler using the following equations

GUx1:n ~ Inv-gammdn C[; Xi) (2.68)

i=1

Also
(xar)” [EO]E O O (2.69)
i=1

A Wald-typeintervalis calculated using the formula in Galla andBerger (2003.497)

[ (xam) u(xan)] = [AT @'2@1 U2NT1°@), G+ a2 @t u2) Vi@ (2.70)

wher lé'(ﬁ) is an estimate of the Hessian ﬁ.tﬁl, when optimizing the logjkelihood

function.



We designate the confidence region obtained20§8) and @.69) asBayesian, the BCa
i nterval as "bootstrap", the confidence 1inte
location" and "Ripley scale” and the confidence interval obtained bglgarithm as MCCI.

Figure 2.6 compares the confidence intervals obtained by all seven methods for a simulated
sample with 50 elements from a gamma distribution With2 andd = 3. For this sampl@:

1.979 andi = 3.007. As we can see, the MCCI, "Ripley scale" and "bootstrap” limits are close
to the Bayesian ones, but the approximate, "Vigbe and "Ripley location" limits lig¢ar
apart, which shows that they do not provide a satisfactory approximation (perhaps owing to

too many assumptions involved in their derivation).
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Figure 2.6. Confidence intervals for threcaleparameter of gamma distribution with = 50,

U= 1.979 andd = 3.007. Here the number of samples= 20000 for MCCI, "Ripley
| ocation" and "URi pil.e3y=8Bcda lle” cases, U

2.5.5 Confidence interval for the shape parameter of the gamma distribution

To o bt aUcanfidancelintefval for the shape paraméteaccording to Bhaumik etl.
(2009;see also Engelhardt aBain 1978), we use the statisfle defined by 2.71).

T1=2n(R, (2.71)
ThenT: is agproximately distributed according ta.72).
~ cGA(3) (2.72)

T h e n Uconfiderice interval corresponds to the following inequality

V?a[%]l Fi §02p3) < 2R, < ?a[rR[%”l Fefl U2p) 273

where we solve fotl

27



A Wald-type interval iscalculated using the formw in Casella and Berger (200497)

T2, U+ a' @t a2y \i1rOy] (2.74)

where1 I"(/lj) is anestimate of the Hessian zfu(ﬁ), when optimizing the log¢jkelihood

[1(xan) u(xan)] = [07 @73

function.

We designate the confidens#erval obtainedby (2.73) as"approximate; the confidence
region obtined by @.68), (2.69) as Bayesian, the confidence interval obtained2og4) as
Wald-type, the BCa confidence interval as "bootstrapg, ¢bnfidence intervals obtained by
the two Ripley's methods as "Ripley location” and "Ripley scale" and the confidence interval
obtained by our algorithm as MCCI.
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Figure 2.7. Confidence intervals for the @pe parameter of a gamma distribution wath 50,

U= 1.979 and’ = 3.007. Here the number of samplas= 20000 for MCCI, "Ripley
| ocation" and "URi pil.e3y=8Bcda lle” cases, U

Figure2.7 compares theonfidencantervak obtained by all seven methods for a simulated
sample with 50 elements from a gamma distribution With2 andd = 3. For this sampl@:

1.979 andi = 3.007. As we can see, the "approximate"”, \Afgjze, "Ripley locdon" and
MCCI confidence intervals are close. The Bayesian confidence region is close to the
"approximate" which, in our opinion, gives a good approximation of the exact confidence

interval. "Ripley location" is far from the other intervals.
2.5.6 Confidence iterval for the scale parameter of the Weibull distribution

The density of the Weibull distribution is

fw(xja,b) = (b/a) (Wa)” e x pxaP)(x>0 (2.75)
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wherea > 0 is the scale parameter and O is the shape parameter. According to Yang et al.
(2007) first we must find a modified MLE &f according to the following equation, which is
a modification of the equations discussed in Cohen (1965).

ni 2 " b

I(b) ="~ T (n& xiInx)(& X) 1+ & Inx =0 (2.76)
i=1 i=1 i=1

We denoteb the modified maximum likelihood estimate given 3.76) and 2 the

modified maximum likelihood estimate given by the following equation.

A=[m) & N 2.77)

i=1

We defineS(b) andc: by (2.78).

n
Sb)=ax, =\l + 0.607F27L0. 42692
i=1

Then ali Uconfidence interval estimate is given by (B&79).

25(b) ih 25(b)

(CET gzpn)t anar ) e P duzzn 1 zner 1) 1@79

[1(X1n),u(x1n)] =
A Wald-typeinterval is calculated, using the formauh Casella and Beeg (2001p.497)

[1(xen),Uu(an)]=[ AT @TYAT U2NT1°@), 2+ 07321 U2N\11"@Q)] (2.80)

wher Ié(’a\l) is an estimate of the Hessian Qt llé), when optimizing the logjkelihood
function.

We designate the interval obtained 2/70) as "approximate the interval obtained by
(2.80) as Waldtype, the BCa interval as "bootstrap"”, the confidence interval obtained by
Ripleyds two method as ‘tdRf and the corfidenca intenaan "
obtained by our algorithm as MCCI.

Figure 2.8 compares theonfidenceintervals obtained by the six methods for a simulated
sample with 50 elements from a Weibull distribution véith 2 andb = 3. For this sampllé =

2.022 andb = 3.097. As we can see, the "approximate”, "Ripley scale" and MCCI confidence
intervals are almost indistinguishable and the \Wwgtek, "bootstrap” and "Ripley locatidon

are far from the previous intervals.
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Figure 2.8. Confidence intervals for thecaleparameter of a Weibull distribution with= 50,

a = 2.022 andb = 3.097. Here thewumber of samplesn = 20000 for MCCI, "Ripley
| ocation" and "&i Ol.elly=@8shcda lite” cases, U

2.5.7 Confidence interval for the pth percentile of the Weibull distribution

According to Yang et al. (2007) tip¢h percentileof the Weibull distributions
to=al T | p1 (2.81)

T h e n Uapploximate confidence interval estimate is given by the following equation.

25(6)In(11 p) g 290n@n g o0

o) iCan] = (T e ™ ooy T 2net 1)) ' o FL B02020) T 2n(cat 1)

wherec; is defined by 2.83).

=41 + 0.607927LQ@}42264271 12871 | n

Figure 2.9 compares the confidence intervals obtained by the five methods, the
"approximate”, the "bootstrap”, the "Ripley locatiptiie "Ripley scale" and the MCCI for a
simulated sample with 50 elements from a Weibull distribution &with2 andb = 3. For this

samplea = 2.022 and = 3.097. "Bootstrap” and "Ripley location" are close to edbhrdout

far from the other three confidence intervals.
2.5.8 Summary results

Table2.1 shows the results of all previous methods summarized. MCCI is similar to "exact"
(when "exact” can be calculated analytically, cadg8). MCCI is also similar to

"approximate", in cases 5,6,7. In these cases "approximate" seems to be a good approximation
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of an exact confidence interval. This implies that MCCI is a good approximation of an exact

confidence interval.
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Figure 2.9. Confidenceantervalsfor the 75thpercentileof a Weibull distribution witm = 50,

a = 2.022 andb = 3.097. Here the number of samples= 20000 for MCCI, "Ripley
location"and " Ri pl eya=s cOa.llb®8@.hcda sties, U

On the othehandin case 3 MCCI is almostienticalto "Bayesian" which we think is a
good property. In case 4, MCCI is closer to "Bayesian" than the "approximate”. We believe
that the "approximate" is natgood approximation of an exact confidence interval, because it
involves a lot of assumptions and transformations. MCCI was also better in our opinion than
Wald-type and bootstrap intervals in all cases. We should also keep in mind that confidence
intervals and Bayesian "confidence regions" are naoatly comparable (see also thbapter
dedicated tanatching priors in Robert 20@7137).

Table 2.1. Summary results of the case studies examined. Smallerarsmiean that the
corresponding result is better. Equal numbers mean that there is a similarity between the
different results. For example, in the case of the percentile of the normal distribution, MCCI,
"Ripley scale" and "Bayesian" methods (marked agale similar results, whereas Wald

type, "bootstrap” and "Ripley location” methods (marked as 2, 3 and 3 correspondingly) gave
results worse than the former methods.

Methods
Case Figure Distribution Paramete Exact Bayesiar Approximate Ripley Ripley Wald- Bootstrap MCCI
No locaion scale type
1 2.2 Exponential Scale 1 4 1 3 2 1
2 2.3 Normal Location 1 2 2 2 3 1
3 24 Normal Percentile 1 3 1 2 3 1
4 2.6 Gamma Scale 1 3 2 1 2 1 1
5 2.7 Gamma Shape 2 1 3 1 1 2 1
6 2.8 Weibull Scale 1 2 1 2 2 1
7 2.9 Weibull  Percentile 1 2 1 2 1

As an additional meansof intercomparison, coverage probabilities using Monte Carlo

methods were calculated for all methods except for the Bayesian confidence regions and the
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algorithm behaved relatively well in all casd@sable2.2). MCCI was better when estimating
the confidence intervals foréhnormal and the gamnahstribution parameters, and had the

best mean rank for all the examined cases.

An application of the algorithm, using historical river flow data is given in Se2t®n

Table 2.2. Monte Carlo coverage probabilities and rank of each method when calculating
0.975 confidence intervals after @00 iterations (rank 1 is assigned to the method of best
performance).

Coverage probabilities (th ranks in parentheses) for al

methods
CaseDistributionParamete Sample Paramete Paramete Approximate Ripley Ripley  Wald- Bootstrap MCCI
size value value location scale type

1 Exponentia Scale 10 a=2 0.889 (5) 0.977 (2) 0.975 (1 0.916 (4) 0.9%66 (3)
2  Normal Location 10 €e=0 a=1 0.946 (3) 0.946 (3) 0.947 (2. 0.931 (5) 0.968 (1.
3 Normal Percentile 10 €e=0 a=1 0.919 (4) 0.929 (2) 0.929 (2 0.867 (5) 0.973 (1,
4 Gamma Scale 50 U=2 a=3 0.753 0.923 (5) 0.976 (1) 0.940 (4, 0.957 (3) 0.974 (1)
5 Gamma Shape 50 U=2 a=3 0.976 0.948 (5) 0.972(2) 0.978 (2, 0.956 (4) 0.974 (1,
6 Weibull  Scale 50 a=2 b=3 0.971 0.969 (3) 0.970 (2) 0.966 (4, 0.965 (5) 0.973 (1,
7 Weibull Percentile 50 a=2 b=3 0.971 0.968 (3) 0.970 (1) 0.961 (4) 0.969 (2.

mean rank 4.000 1.857 2.500 4.286 1.429

2.6 Sensitivity to the choice of the increment and the simulation sample size

In this Sectioowe t est the sensitivity of theandl gor it
ud and the simulated sampéize in the case of the location parameter and the percentile of

the normal distribution.

Figure2.10tests thesensitivityof the algorithmtd he choi ce ofand@ieli ncr
in the cases of the locationdathe percentile parameters of the normal distribufam = 10
(upper panel) and = 50 (lower panel), wherfor the calculation of the confidence interval
the unbiased estimators @f and 0? were used. As we see, the algorithm gives good
approximatios , r egar dl e s a o @l Fér bnelin,a slight rableno dppedrs if
e is too small (< 0.5)Figure2.11 describes the convergence of the algorithm for the same
cases. The speed afonvergence is lowsince ~5000 iterations are needed for its

stabilization, although reasonable results are obtained even f@08litkerations.
2.7 Some theoretical results

First we show that the confidence interval for the paransetém normal distributiomN(e,C?)

is aymptotically equivalent to a Waltype interval. For th normal distribution we define
d:=(, 0 (2.84)

T(x) := (Tu(x), T2(x)) (2.85)

whereTi(x) =€, andTz(x) = U are the MLE ok and( respectively.
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location parametee from a sample witm = 10,§ = 0.026 and) = 1.023 and number of
samples drawmim = 100000; (lower) confidence interval for the quantity+ 20 from a

sample withn = 50,3 =10.027 ad & = 0.998 and number of samples drawr 50000.

Then, followingthe notation of the preceding@&ions we have

b:=h(e,0) =¢ (2.86)
h(T) =T (2.87)
and
P(b(x) < &d)) = U2, P(b(x) > g(d)) = U2 (2.89)
which imply that
a=¢+0'{(U2)0~/nandg=¢c + 0 Y11 U2)tA/n (2.89)

Now from 2.36) we obtain
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sample withn = 10,§ = 0.026 andi = 1.023; (lower) confidence interval for the quanaty
20 from a sample witim = 50, =10.027 andi = 0.998.

It is also easy to provedhasymptotically

510000 1o 8 28
thus
£ ~N(g, 0%/n) andd ~ N(G, (7/2n) (2.92)
We also have that
a1 U2) =1 a'Y(U2) (2.93
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From @.15), (2.16) we derive

o-T11 - o 71 _ o~
I:§TMlél—L;lzlandu:§+MlId—LayLZ2 (2.94)
Vnge Vnge
From @.43) we haw that
do_dg_ - (a'a1 02))?
de ~ds = 1! an (2.99)

A 11 Uconfidence interval foe is (€ T Frer 1() 1 U2) ﬁ,g + Fran 1) 1 U2) %) (e.g.
Papoulis andPillai 202 p.309). Now we have that

a'tat U2y (%g)

lim —
D Frer (11 U2)

=1 (2.96)

which proves that the confidence intalebtained byZ.17) is asymptotically exact.

We will also show that the confidence interval obtained by our method is asymptotically
equivalent to a Waldlype intervalfor two-parameter regular distitions. Accordig to
Casella an@erger (2001p.472)

Jnd7 d) ¥ N@©,ITY (2.97)

whered is the MLE ofd, andl is the Fisherriformation Matrix with elements

lik = g%%(@] (2.98

This means that
(7 i) ¥ N1 andyn(d T o) B N(O/I5) (2.99)

We conclude that
JnT B ¥ NOD (2.100

wherel‘.’lg depends only on; andd>. Suppose t hBHdonfidesce istenamlkiob.a 1

Then it is @sy to show that asymptotital

ab)=b1 T 1 UdAn, gb)=b+ "F 1 TA)iA/n (2.101)

Now we have



Var[di] = 111/, Var[d] = 15n (2.102

and
< do \C'I)__- o Qi Q) NN €
Qi @ a;T 0 uz)mi/\/ﬁ AR uz)on/\f a
d_€edU_e o)) ¢} u
dd = & o L\J_ é an &b U (2103
A AD o +'11 2 U
€ U Eg;+ 't )Of Ot )01
. - Q. ., 1 Q. ., 1 - - Qlp D 1 Qb
o1+ G [a' (1T uz)]z[(gf;)zl 1i+(§£)2| T At uz)\/ﬁ[ Q;’Qf.ﬁ Ojbmlzjz]
Op1 + Q22 - AQrd G !

VAL BT 02D SO Dy o () + ()2l
Qi Gl * GLGL Qf; Qb

2n((%)2| u+ (%)% 2)
— (2.104
_ . @)) | M
il e U2)GRR + LoDy 1 oDyl + (Sl

It is obvious that

. dg _ 1t G2 _

lim lim = 210

% E)db A pdeL 022 ( 9
In a similar way we can find that

Jo-_ Quz+ i3 _

r!:(deb n|:( plez+ Qs (2109

Now substituting toZ.15), (2.16) we obtain
1=b7 "d 1 UD%Anu=b+ "& 1 TA)A/n (2.107)

which is an asymptotically equivalent to a W.geinterval according to Casella aBerger
(2001p.497).

Repeating the same procedure for thpeeameter distributions, we obtain the same
results.

2.8 Application of the algorithm to a historical river flows dataset

In this Sectionwe apply the algorithm on a historical river flow data set using the
hydrological statistical software Hydrognomdtig research groug0092012), suitable for

the processig and the analysis of hydrological time series, which has already incorporated
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the proposed method. The case study is performed on an important basin in Greece, which is
currently part of the water supply system of Athens and has a history, as regaalditiyd
infrastructure and management, that goes back to at least 3500 years ago. Modelling attempts
with good peformance have already been carriedauthe hydrosystem (Rozos et 2004).

A long-term dataset of the catchment runoff, extending fron618®008, is available. The
example presented iRigure 2.12 is for the January monthly flow record at the Boeoticos
Kephisos river outlet at the Karditsa station measured i Tine gamma distribution is often

used to model monthly river flows. Confidence limits of quantiles of distributions are of
interest to hydrologists. Here we derived confidence intervals for the scale and the shape
parameters of the gamma distribution. Comparison of the results of threwliffieethods used

show that the MCCI and "Ripley scale" limits are close to the Bayesian ones. In addition,
Figure2.13 gives confidence limits of the distribution percentiles using the same dataset, this

time consructed using Hydrognomoiitig research group 2062012).
2.9 Conclusions

By modifying two Monte Carlo methods used by Ripley (1987), associated with the
computation of a confidence interval for a parameter of a probability distribution, we derive a
new equaobn and a general algorithm which gives a single solution for a confidence interval,
which combines the advantages of these two methods without requiring discrimination for the
type of parameter. We show that this algorithm is exact for a single pararhdistribution

of either location or scale family. It is also asymptotically equivalent to a-¥ypé&linterval

for parameters of regular continuous distributions.

After appropriate modification of the algorithm we make it appropriate for calculating
corfidence intervals for a parameter of mydrameter distributions. We show that this

algorithm is asymptoticallgquivalent to a Waldlype intervalfor regular distributions.

We tested the algorithm in seven cases, namely the construction of a confidencsd
for the scale parameter of the exponential distribution, the location parameter gt the
percentile of the normal distribution, the scale and shape parameter of a gamma distribution,
and the scale parameter and fie percentile of the Weibudistribution. We found that in

general this algorithm works well and results in correct coverage probabilities.
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Figure 2.12. Confidenceintervalsfor the scale (upper) and shape (lower) parameter of a
gamma distribution, used to model the Boeoticos Kephisos river January monthly flows with

n=102,0= 3.842 andi = 15.218. Here the number of sampies 120000 for MCCI andn
=60000 for the "Ripley | oclWt iOoBi=88dd 0" Ri pl ey

We propose the use of the algorithm for an approximatian aafnfidence interval of any
parameter for any continuous distribution because it is easily applicable in every case and
gives better approximations than other known algorithms as shown in specific cases above.
An additional advantage compared to Ripléws methods is that it is not needed to select
one of the methods. Our algorithm worked equally well or better from the best of Ripley's
methods in all the examined cases. Thanks to its generality, toettaly has been
implemented in th@ydrometeorologid software packagklydrognomon(ltia research group
20092012, which fits various distributions in data records and calculates point and interval
estimates for parameters and distribution quantiles, which areubed for hydrological

design.
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Figure 2.13. A graph (normal probability plotproducedby the Hydrognomon software
referring to the monthly flow of Boeoticos Kephisos river for the month of January-(1993
2006). The sample (dopdotted using Weibul plotting positions) was modelled by a gamma

distribution (central line) withU = 3.842 andd = 15.218. Dotted lines represent 95%
prediction intervals for these parameter values (denoteslaasl g in the text) and dashed
lines represent 95% confidence intervals (MCCI denotedl @3d u in the text) for the
distribution percentiles.

The confidence intervals obtained by the algorithm are approximate and the algorithm was
not developed with the intdon to replace the exact confidence intervals, when their
calculation is pssible. Further research is needed to evaluate the influence of the choice of
the numeri cal p a d anchthd senulation(sample size)rtoethre tresultsiof the

algorithm. A disadvantage of the algorithm is that a lot of repetitions are nieeceaverge.
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3. Simultaneous estimation ofthe parameters of the Hurst-Kolmogorov

stochastic process

Of critical importancgin analyzing hydrological and geophysical time series is the estimation

of the strength of the HK behaviour. The parametef the HKp arises naturally from the

study of seHsimilar processes and expresses the strength of the HK behaviour. A number of
estimators oH have been proposed. These are usually validated by an appeal to some aspect
of seltsimilarity, or by an asymptotic alysis of the distributional properties of the estimator

as the length of the tienseries converges to infinity and only estimate thessalflarity

parameter.

Here we showvthat the estimation dfl affects the estimation of the standard deviation, a
fact that was not given appropriate attention in the literatffe.propose the Least Squares
based on Variancestimator, and we investigate numerically its performance, which we
compareo the Least Squares based on Standard Deviatbmator, as well aséhmaximum
likelihood estimator after appropriate streamlining of the laiteesethree estimatoreely on
the structure of théHKp ard estimatesimultaneouslyits Hurst parameter and standard
deviation In addition, ve test the performance of the threethodsfor a range of sample
sizes andH values througha simulationstudyand wecompardt with other estimatorsf the

literature.
3.1 Introduction

Rea et al(2013 present an extensive literatureview dealing with the properties of these
estimators.They also examine the properties tefelve estimators, i.ethe nine estimators
(aggregated variance, differencing the varianalsolute values of the aggregated series,

Hi guchi 6s met hod, resi dual s of regression,
perodogram method, Whittle estimatad)scussed in Tagqqu et al. (19938us the wavelet,

GPH and HasletRaftery estimatorWeron (2002)discusses the properties of residuals of
regression, R/S method and periodogram metliacuCarles (2005) also analyzéke

behaviour of the residuals of regression, the R/S method and the GPH.

Additionally, new estimators are proposed, for exam@eerrero and Smith (2005)
presened a maximum likelihood based estimator, while Coeurjol2008) presentd

estimators based oconvex combinations of sample quantiles of discrete variations of a
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sample path over a discrete grid of the interval [0Sbne authors proposaprovementof
existing estimators. For exampMielniczuk and Wojdyllo (2007)mprove the R/S method.
Othea authors likeEsposti eal. (2008) propose techniqueich usemore than one methods

simultaneously to estimate thieparameter.

Because the finite samppropertiesof these estimators can be quite different from their

asymptotic propertiessomeauthas have undertaken empirical coangons of estimators of

H. The rine classicalestimatorswere discussed in some detail by Tagqu et al. (1995) who
carried out an empirical study of these estimators for a single semigth lef 10000 data
points, 5 valus ofH, and 50 replication®\ll twelve estimatorsabovewere discussed imore
detail byRea et al. (200)3who carried out an empirical study of these estimators for series
lengtts between 100 and 1@D0 data points in steps of 108 ,values between 0.58nd 0.90

in steps of 0.05 and0DO replicationsRea et al. (201)3also preserd an extensivditerature

reviewaboutthe samekind of empirical studies.

These studiesdid not include two methodsThe maximum likelihoodML) method
discussed byMcLeod andHippel (1978) andMcLeod et al. (2007) probably due to
computational problemgBeran 1994 p.109), and the methodby Koutsoyiannis(2003)
hereinafter referred to as the LSSD (Least Squasased onStandard Deviationjnethod
which was also articulate@cently byEhsanzadeh and AdamowgRki010) The ML method
estimats the Hurst parametebasedon the whole structure of the process, its joint
distributionfunction The LSSD methodrelies on the selimilarity property of the process.
Ore common cheacteristic of the ML and LSSD methods is that they estimate
simultaneouslythe HurstparameteH andthe standard deviatioi of the process. This is of
great importanceéhecause botparametes areessentiafor the construction of the modahd,
as we wll show below (see also KoutsoyiannZ)03) their estimators generalare not
independent okach otherIn addition,the classical statistical estimator dfencompasses
strong bias if applied to a series with Hi€haviour(Koutsoyiannis2003; Koutsoyiannis and
Montanari2007) It is thus striking thasomeof the existingmethods do natemedyor even
pose this problem at all, and estimbténdependently ofi and vice versa, e.g. assuming that

0 can be estimated using its classical statistical estimatoch does not depend éh

Thefocus of this Chapteis the simultaneous estimation of the parameteandl of the

HKp. We use theML and LSSDmethods that have the capacity gamultaneous estimation,

1 Basedon: Tyralis and Koutsoyiann{2011)
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after appropriatstreamliningof the former ina morepractical form,andwe propose a third
method which is ammprovement of the LSSnethod(referred to as LS\fethodd Least
Squaresbased onVariance retaining the simultaneous parameter estimation attitike.
apply the three methods to evaludteit performance in a Monte Carlo simulation framework
andwe comparehe resultavith those ofthe estimatorgresentedn Taqqu et al. (1995with

the exception of the Whittle estimator, which we replacedthrylocal Whittle estimator
presented ifRobinson(1995)

3.2 Definitions

We assume thatx{}, t= 1, 2 ,HKpéWsd atso defime the aggregated stochastic process

for every time scale:

ta ®
z = ax=ox (3.2
I=(t7 )a+1

For this process the following relationships hold:
BRL

E[Z] = a¢, 99 = Var[2?] = &2 ¥ o, 6@ = (57) (3.2)

The autocorrelation functionf either of >_<t(a) and Zt(a), for any aggregated timescade is

independent o, and given by

(Do = k124 KT M| APk=] 0, 1,¢é (33
3.3 Methods
3.3.1 Maximum likelihood estimator

In this Sction the method of maximum likelihood is employed for thémedton of the
parameters of HKpnamelyH, 0, €. For a giverrecordxin the likelihood ofd := (g, 0, H)

takes the genatform (McLeod and Hippel978)
[(d]X1n) = 2™ |G Rpzn eng[ Y2 explT 1/(20%) (XanT € )7 Rl[l:ln] i XanT € en)] (3.4)

where
en=(L1, é1) (3.5

Is a column vector witm elements Rj1:n [1:n IS the autocorrelation matrix, i.ea n-by-n

matrix with elements;jj = 41 j, and| .| denotes the determinant of a matrix
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Then amaximumlikelihood estimatord = (fs\, ﬁ, I/-\|), as shown irBection3.4, corsists of
the following relationships:

T AT 1
1

A Xin R[] [1:n] €En
€="TAr1 , (3.6)
€n R[1:n][1:n] €n
(xanT € &)T Rs (XinT € &)
ﬁ - 1ln [1'.‘r]1] [1:n] \ALn (37)

andf can be obtained from the maximization of mgle-variablefunctiongi(H) defined as:

n XT ﬁT 1 e XT ﬁT 1 e,
- - Al 1:n] [1: T1 - Al 1:n] [1:
g1(H):=1 §|n[(X1:nl Tn T[ln][ . en) R [ (Xl Tn T[ln][ .

A A
R z:nj [z:n] €n en Rtn [0 en

&)1 3 IN(Rixn ) (39)

3.3.2LSSDmethod

This method wagroposedby Koutsoyiannis (2003)in his paper after a systematic Monte

Carlo study he foundraestimators, of 0, approximately unbiased for knows and for

normal distribution ok;, where

~ ni 1/2 ni 1/2
Sn = nT n2HTl§n— (nT 1) (n1 n2HTl)

S = % a:L (T >_<(1n))2 (3.10)

(3.9)

This algorithm is basednoclassial sample estimates® of standard deviation&® for
timescaless ranging from 1 to a maximum valus = [n/10]. This maximum value was

chosen so tha® can be estimatkfrom at least 10 data values.

Combining(3.2) and(3.9), assumingg[s] = U and using the seHlimilarity propery of the
procesone obtains

E[s?] © cy(H) & @ (3.11)

with

nfat (nfa)d'?!

Then the algorithm minimizesfitting errorer?(d, H):
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' () - (®)q2 +1 . o - (C)) 1
. S [INE[&h'] T Ins' ] HY 2 [Inu+HLIne+Incs(H) T Insy’]©  HY
er’(0, H) := & > te1- @ > t gt (3.13)

a=1

- a=1
where a weight equal to &/is assigned to the partial error of each sal&orp = 0 the

weights are equal whereas for= 1, 2, e, decreasing weights
scales; this is reasonable because at larger scales the sample size is smaller ted thus
uncertainty largerUsing Monte Carlo experiments it was found that, although differences in
estimates azsed by different values g@fin the range 0 to 2 are not so importgnt, 2 results

in slightly more efficient estimates (i.e., with smaller variation) and thus is preferable.
penalty factoH""Y/(g+1) has beerncludedin er? in (3.13) for a highg, say 50. Tie effect of

this factor is that iexcludes the valull = 1 andforcesH to slightly smaller valuesvhen it is
close to 1 As a consequendais factor helps get rid of amfinite 3 also forcingto smaller

valuesfor H close to 1 (se8ection3.5).

An analytical procedure to locatee minimumis not possible Therefore, minimization of
er?(G, H) is done mmerically and several numerical procedures can be devised for this
purpose. A detailed iterative procedure is giveKautsoyiannig2003).

3.3.3LSVmethod

In Section3.3.2 an approximately unbiasedstimators, of & wasfound after a systematic
Monte Carlo simulationHowever, if(? is used instead af, we havethe advantage thétere
existsa theoretically consistent expressiornich determine&[s?] as a function ofi andH.
This is the basis to f;m a modifiedversion of the LSSD method, the LSiethod.From the
general relationshiBeran1994p.9)

m nt 1l

E[ = 7@ whogx=@mid j(,))=24a @1 1)« (3.14)
il k=1

we easily obtain thdbr an HKp

(P (3.15)

Due to the selkimilarity property of the proceske following relationshifolds

_(nR)T (nfe)*™t o  (nfg) T (n/g)*?

1= e T %0 et 1 P FEeH) M E (316

E[s




where

()T () o 1
C(H) ="z 7 1 aMds =p571

E]

@1 kK2 3.17)

Q2

1

Thus,the following error function should be minimized in order to obtain an estimation of

H andd:

o0, H) = A [E[gi@]a J S 2 [eH) eZHe {1 sﬁ‘a)]{ %m0 (319
a=1 a=1
Taking partial derivatives.e.,
%&—Hl =2 [t Gu(H) Ui(H)] (3.19
where:
Gia(H) := glﬁ%p&m, Uia(H) glﬂﬂj”;sﬁ@ (3.20)
0= o=

andequatingto zerowe obtain an estimabf U:

8=/ G Ay s (3.21)

An estimag of H can be obtained byinimizing the single-variablefunction

. 4(e) &
s Us(H)
g2(H) —egl_ep " Tha(H) O<¢ <1 (3.22)

We provein Section3.5that (0, H) attains its minimum foH ¢ 1. However,vvhenll-\l =
1, then from equation&.21) and (3.30) we obtain thatl = Bccordingly, to avoid such

behaviour(values ofd tending to infinity, a penalty factorH%"%/(g+1) for a highq is added

again as in method LSS[o the error faction.

So the function to be minimized becomes:

. oo - 2(3)
. 9 [C (H) e2H u2 I S, ]2 Hq+l
er’(ll, H) = ) il Tl

a=1

(3.23

An estimateof H can be obtained by the minimization of #eglevariablefunction:
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A(d) +1
°s . Up(H) A H¢
QH):=a 1 U.I.l((H)) gL’ 0<¢ <1 (3.24)

a=1

andUl is again estimated froii3.21).
3.4 Proof of equations(3.6) and (3.8)
From equatior{3.4) we obtain:

X1n R[ln][ln] €n,»
T +
en R[ln][ln]en

1 1 . Tl
(i) =55 g Rl e X pofd @ R en (61

en R 1n][1n] en Xin R[ln][ln] X1n T (X1n R[ln][ln] €n)?
en R 1n][1n]en

)] (3.25)

Sinceen RT[l:ln] [ € > 0 R (1 IS positive definite matrix) thenaximum ofl(djxwn) is

achieved when

X1n R[ln][ln]en
eann][ln]en

£ (3.26)

For that value of, taking te logarithm of the posterior density witain

In{I(dxaa)]=T (W2)l 0 (7 BIRED) (/20N Rpwn o 5 oz(XlnI £en) TR 1 (L (X1 £6)(3.27)

Ol I : n 1 _ 7 -
G = gt tant ge) R (xinT €er) (3.29)

Thus,the logarithm of the maximum posterior density is maximizbenO | | (]kn)]/Ql =
0. The solution of this equation proves equa(®6) andgives the MLestimator ofl.
Substituting the values efandd from equation(3.6), weobtain

T T 1 T T 1
X1:n R0 [1:n] €n 1n Rt [1:n] €n -

n n._nn i1 X1:
In[I(dX1:1)] = 3INGHT AT SIN[(XanT - &) "R LA e (Xl =5 — a)] 1
[1(dx1:n)] > (2 ) ol 5 [(X1:n a-erl[l:ln] ] & ) Rt:n] (1 (Xan QIRI[l:ln] ] & )]
: 1 n. n.
15 L [detRpnn)] = |n(2—,) Pl 01(H) (3.29

which is a function oH through the matrixR:q (1:n. SO we maximize the abov@ngle
variable functionor equivalently the functiog:(H), and findf.

We may observehat itis not necessary to form tleatire matrix Rjz:n [1:n] and invert it to

computegi(H) (It suffices to form a columr(jo € Jm )" ). Since R 1 iS a positive

47



definite Toeplitz matrix we can ushe LevinsorTrenchZohar algorithm(Musicus 1988).

This algorithm can solve the problem of caIcuIatiRTg;ln] (1:n] € andIn|R1:n 1:n| USING oNly
O(n?) operations and @J storage. Ircontraststandard methods such as Gaussian elimination
or Choleski decomposition generally requiren®)(operations and @f) storageThis is of
critical importance when the timergss size is large and computeemory capacity restricts

its ability to solve the problem.

3.5 Proof of boundednes®f the LSV estimate ofH in (0, 1]

In order to examinghe behaviourof & and g2(H) from equatiors (3.21) and (3.22) we

calculate the following limits:

- 3 2(3) 2 3 -
lim %E—I)zzg a mn—/eegLﬁ’ / & M%ﬁﬁi 0 andlim &J“(E%: P (3.30)
HY 1 = =1 HY 1 -
Therefore, there is possibility thatgz(H) could have a minimumfddi=1andli= ®, 0Owhen
tends to infinity from this path = /Ui2(H)/ 1{H).
Then
o 99 9 in(nle e 3 In(n/a
im o) = & -1 AR = )2/( J—L (331)
HY 1 a=1 a=1

Now we prove &(0, H) attains its minimum foH ¢ 1. The proof is given bellow:

Suppose¢hatHz, > 1 andl,> 0 és tb preve that an estimatéd 0 always). Now for
anyH: [ (0, 1) we can always find(l; > 0, such that«H;) 8™ l‘ﬁi Snz(a) < 0 for everyoe. For
these values ofl; and dy: [co(H1) 82% 82 T 27| < [eo(H2) %2 Co T s3] for everya. This

proves thaer?(h, Hi) < er?(Cp, Hz). Thus,er?(0, H) attains its minimum foH ¢ 1.
3.6 Calculation of Fisher Informat i on Matri x6s el ement s

We can easily calculate thex(d), 113(d) andl23(d) elements of the Fisher Information Matrix
(Robert 200.129):

C")nIdX: 21
—u(.ilﬁzl:| ?(aI R[ln][ln]e”lf;' XlnR[ln][ln]ew) (332

Oll 1n n

1 _ i -
3 = o+ o (X1nT € en)T Rl[l:ln] n] (XanT € €n) (3.33
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GIn[I(d]x : 2 { - T
_C[E(%.jﬁzl = ? (GI Rl[lj:-n] [1:n] En € I XI:n Rl[lj:-n] [1:n] €n) (3.39)
6ln||(glxln)| 1 T RT 1 CR1n 1:n N
G MH R (e en Rz [2n) H
RT[l:ln] [Ln] €n T Xn RT[l:ln] [L:n] —[B—nl_l'[l—nl RT[l:ln] [1:n] €n) (3.35
6|n [ (d]x1: 21 - T CR : : 7 -
_O[%_Il_n)l =T &5 (XanT € &) Rl [ _[161:@ Rl wn (XinT €67 (3.36)

The expectations of the above erpsioms are easily calculated and gitlee corresponding

elements of the Fisher Information Mattix).
3.7 Results

The threeH and 0 estimators, namely ML, LSSD and LSV are implemented in the
computati onal software Mat | abmancaNe estanataéi u at e d
and U for simulated HKp. HKp series were generated usstgev (2008) functionThis
function gener at es Afexacto pat hs of HKp by
replications of simulated HKp series with eight different lengtit faze differentH values.

The lengths were 64, 128, 256, 512)24, 2048, 4096 and 8.92 data points. Thi values

were 0.60, 0.70, 0.80, 0.90 and 0.95. Without loss of generality, in all cases the true
(population) value ofiwas assumed 1.00.

For e&xh seriesH and U were estimated by each of these three estimators. For ldach
value and series length we estimated from the simulated data the median, 75% and 95%

confidence intervals and the square root of the mean square error (Tagqu et al. 1995)

200
RMSE:= Z—M)kejl(Hkr H)>? (3.37)
The H or 0 estimates were sorted into ascending order and the mgditimpercentile)was
obtained after replacement thfe 100th and 101st valubg theirarithmetic averageSimilar
calculations were done ftine 75% and 95%arametric bootstraponfidence intervaldased

on symmetric upper and lower sample quantile values

Figures3.1-3.5 depict some of the results in graphical form. (To present the results in
tabular form would require a very large amount of space). In Fi@.te%3 the vertical axis
ranges bet ween H(@the3estimatedd nnus2the ftroeH) togfacilitate
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comparisons among the esti mat oFigeBdshowsthel ar d d
RMSE as a function of the series length. Again all vertical axes have the same range to
facilitate comparisong-igure 3.5 presents RMSE as a function of series length. FigBifes

3.5 also depict corresponding results for €hestimators
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Figure 3.1. Monte Carlo confidencitervalsfor theH and( estimates with truél = 0.60,H
=090andH= 0.95 (upper to Hi=d\W eHy Gm%inﬁeforsth)eML wher e
estimator.
The results for the ML method asbownin Figure3.1. The ML method is unbiased fér
at all series lengths when trite= 0.6, but becomes biased and underestimétethenH
increases, for low length of time series. This method is unbiaseail gorll series lengths
when trueH = 0.6 but becomes biased and underestimatelsenH increases. But even for
values ofH over 0.9, the method becomes unbiased when the time series length increases.

The results for the LSSD method greesentedn Figure 3.2. The LSSD method was
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unbiased forH and G at all series lengths when trid O 0. 9, but became
underestimatedd and (0 when trueH = 0.95. Weobservedthe same results for the LSV
method Figure3.3), but this method was slightly worse compared with the previous method.
The 75% confidence intervals all contain the true values, except wheH tru&95 and the

LSSD or LSV method is used to estimbter (.
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Figure 3.2. Monte Carlo confidencitervalsfor theH and( estimates with truél = 0.60,H

=090anH= 0. 95 (upper to Hi= &l w ki, r l‘]q)ﬁa'rn‘],efdrtﬂe)LSSth ere
estimator.

Figure 3.4 compares the RMSE of all threeethods We observethat when estimating
the ML method is best, followed by the LSV method, for all valuekl.oThe same holds
when estimating), except that the LSSD method behavesds than the LSV method.

Figure 3.5 presents the variation of RMSE whéh increases. Webservethat when
estimatingH the RMSE increases whéth increases for the LSSD and LSV methods but it
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remains stable for thmaximum likelihood method. However, when estimafinthe RMSE

increases for increasirtgin all methods.
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Figure 3.6 presents theorrelationbetweentl andfa\, for nominalH = 0.8.A does not seem

to affectg:\, in terms of bias and this holds for every time series length.

Figure3.7 presentghe correlationbetweery andﬁ, for nominalH = 06 and 0.8. It seems
that an increase of nominHl results inan increase of theorrelation betweelgl\i andﬁ. We

AN . . N .
can see that a high results in a hlgflﬁ}l, and a lowd results in a lovi.
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Figure 3.4. Root mean square error (RMSE) (left thfe estimatedH and right of the
estimated]) as a function of series length for all three estimators, M/ith0.60,H = 0.90 and
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A proof of the kind of dependence between the maximum likelihood estimates of the

parameters could be given by the use of the Fisher Information Mé&tixvith elements

Lij(d) =1 %%ﬂ] whered = (di, cb, b) £, 0, H). We easily calculatéi(d) =

s |

o T CR ; . .,
0 andizo(d) = (1) TrRunmn — gD | 0 ( s3@eThszandFiaen

13(d)

N n N A\
orthogonal and so aeeandu, but notu andH.

Figure 3.8 presents thenean of the®t i maHtaenddd afpmg with their corresponding
standard deviations from the ensemble vegsusn increase of) results to a decrease of bias
when estimatingd and an increase in the corresponding variance. The minimum bias when

estimating(, is achievd for values ofq around 50 depending on the actual valuebi obut
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there is also an increase in the corresponding variance wvirgreases as expected from
equations(3.21) and (3.30). It should be noted that a changetioes not influence the

estimates whehl is low, becausél®/ (g+1) is negligible for values dfl near 0.5.
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Figure 3.5. Root mearsquareerror (RMSE) ofH (left) and( (right) as a function of trukl
for all lengths. Upper to lower panels correspond to ML, LSSD and LSV methods.

Figure39presents t he me & n difalgng tith theirscorrespanding d
stardard deviations from the ensemble vergu$here is a range @fbetween 5 and 6, where
we achieve minimum bias when estimatiigr 0, but the corresponding variance decreases
whenp increases. We also note the irregularity between the graphs, caubedgogsence of
g, which gives smaller standard deviation of estimator for a High0.95 rather than smaller
H (e.g.H = 0.90).
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200 ensembles of synthetic time series with various lengths fortru@.8.

Figure3.10pr esent s t he meHan diblong with thesr sarréspoading d o
standard deviations from the enseenbérsusn:=n/@d6. We obser ve tnhrat up

10 & 1024/ 100 the results menara than 1@ theee issaa me ,

higher bias and lower variance.

Finally we can see fromiable 3.1 and Table 3.2 that thesethree methods perform better
than the eight methods discussed in Taqqu et al. (1995) and the local Whittle estimator
discussed in Robinson (1995).

3.8 Conclusions

It is clear from the simulatianthat the three estimators (ML, LSSD and LSV) are not
equivalent, when compared to each other. Compared to other estimators of the literature,
when estimatingd, they seem to be more accurate and have a low error. This holds, because
they have lower varize for large time series length and the other estimators rely on some

asymptotic properties, whereas these estimators rely mostly on the structure of the HKp.



Table 3.1. Estimation results foH using 200 indpendent realizations1®2 long wherdJis

the standard deviation of the sample containingetenatedH6 HH6 s wer e e st
Chen (2008) package, except the local Whittle estimates (Shimotsu 2004).
Estimation Nominal H Estimation Nominal H
method method
0.6 0.7 08 0.9 0.6 07 08 09
Variance R 0.595 0.687 0.775 0.850 R/S 0.619 0.706 0.784 0.854
0] 0.027 0.027 0.026 0.027 0.031 0.032 0.031 0.032
RMSE 0.027 0.030 0.036 0.057 0.036 0.033 0.035 0.055
DiffvVar ll—\l 0.567 0.667 0.771 0.864 Periodogram 0.604 0.708 0.809 0.912
U 0.073 0.068 0.067 0.061 0.024 0.023 0.025 0.024
RMSE 0.080 0.076 0.073 0.070 0.024 0.024 0.026 0.027
Absolute o 0.594 0.686 0.775 0.849 Modified 0.565 0.661 0.752 0.847
Periodogram
U] 0.028 0.027 0.028 0.029 0.037 0.038 0.037 0.034
RMSE 0.029 0.031 0.038 0.059 0.051 0.054 0.060 0.063
Higuchi ll—\| 0.599 0.696 0.798 0.888 Local 0.601 0.700 0.804 0.902
Whittle
U] 0.028 0.029 0.040 0.044 0.023 0.023 0.022 0.021
RMSE 0.028 0.029 0.040 0.046 0.023 0.023 0.023 0.021
Var. of ll—\| 0.600 0.702 0.801 0.896
Residuals
U] 0.024 0.028 0.030 0.027
RMSE 0.024 0.028 0.030 0.027

Note: Variance a method based on aggregated variaBiéyar: a method bsed on diffeencing the variance;

Absolute a method based on absolute values of the aggregated bkgeshi: a method based on finding the

mat €

fractal dimension)Var. of Residualsa method based on residuals of regression, also known as Detrended

Fluctudgion Analysis (DFA); R/S the original method by Hurst, based on the rescaled range statistic;

Periodogram a method based on the periodogram of the timeseModified Periodogram similar as the
Periodogram method but with frequency axigidld intologarithmically equally spaced boxes and averaging

the periodogram values inside the box (see details in Tagqu et al. L66&)Whittle a semiparametric version

of the Whittle estimator (see details in Robinson 1995).

Table 3.2. Estimation results foH using 200independentealizations 892 long wherdJis
the standard deviation of the sample containing the estirhiiiesl .

Estimation method

NominalH

0.6

0.7

0.8

0.9

Maximum Likelihood

Least Squaes Standard Deviatiol

Least Squares Variation

R

m

Py

< N >§ N >§ >
oot (r{_I,GI oot

Py
m

0.599

0.008
0.008
0.599

0.011
0.011
0.599

0.009
0.009

0.700

0.007
0.007
0.699

0.011
0.012
0.700

0.008
0.008

0.799

0.008
0.008
0.799

0.015
0.015
0.800

0.011
0.011

0.899

0.007
0.007
0.892

0.015
0.017
0.895

0.014
0.015
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Figure 3.7. Estimated HursparameteH versus estimated standard deviatioilom the ML
method from 200 ensembles of synthetic time series with various lefigisipper diagram
corresponds to trud = 0.8 and the lower diagram coresponds to Hue0.6.

An additional advantage of these three estimatatisaitsin addition toH, they estimate
which is essential for the model. As seerfrigure3.7, and also mved in SectiorB.7, A and

G are correlated and thus their maximum likelihood estimators cannot be calculated
separately. Cox and Reid (1987) outline a number of statistoalsequences of
orthogonality. They state that the maximum likelihood estimatel of (0 whene is given
varies only slowly withe. But this is not the case when examiniigrersusH. As a
consequence a non simultaneous estimatodl ahd H may be subopthal in terms of
robustness comparetb the ML, LSSD or LSV estimators which estimate and (
simultaneously. From a more practical point of view, the importance of accounting for the

dependence of the estimators, could be understood from the numerousatpmrdi that
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calculate the standard deviation by the classical statistical estimator while at the same time
find an H > 0.5, and sometimes very close to 1. Apparently, such estimates of standard

deviation are heavily biased and thlis point which authgrgenerally fail to note
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Figure 3.8. Mean of t h eH aensdfi {lgft)aainck thheir qorresponding standard
deviations from 200 ensembles of synthetic time series 128 long (right) gersusvhld + e @

A7 H el & G and{ are standard deviatiorand p = 6 for the LSV estimator.

200 200
Definition of symbols usedi := ((1/(200 1)) & (oH)DY? @ := ((1/(200 1)) & (qu)?)*2
k=1 k=1

There are some problems with the choicegair p in LSSD and LSV estimator&Vhen
choosing a largeg we benefit from the fact that it decreases the variance ai éstimator,
but it causes an irregularity for high valuesHhfthat cannot be controlled a priori. However
we believe that the benefits from the presencg arfe suprior to the losses induced from its
use, especially given that its presence does not affect the estimators for low vaduéof
the choice op the conflicting criteria of minimum bias and minimum variance of estimator
should be considered. As a coggence, an a priori choice @f and q has a degree of
subjectivity. In this study we choge= 6 for LSV, p = 2 for LSSD andy = 50 for both
methods, and the results were rather satisfactory. Additionally we chesd0, although
Figure 3.10 allows to use lowem values. A choice ofm below 10 does not influence the

results.
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AT H, epﬁT g, (4 and{§ are standard deviations agd 50 for the LSV estimator(See
definition of symbols used in caption Bigure3.8).
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=A71H Gl & G and§ are standard deviationp,= 6 andq = 50 for the LSV
estimator(See definition of symbols used in captiorFgjure3.8).

Another strong point ofthesethree estimators is that they are easy to understand, again
because they rely on the structure of the HKipey also enable some interesting theoretical
analyses such as those presented here, namely the bracketirapafthe behaviour of the

estimator for high values &f.

There is a problerwith the implementation of the ML estimator, because it needs large
computational times for large time series lengths (e.g. many thousands of data values). But in
hydrology the avéable time series are usually short. Thus, we think that its use is preferable,
when an estimation of the HKp parameters is required. When the time series length increases
we can switch to the LSV or the LSSD method. Among the three estimators, the ML
estimator is better when estimatim) followed by the LSV method. But when estimatiing

the LSSD method is superior to the LSV method.
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4. The predictive distribution of hydroclimatic variables

The HKpt entails high autocorrelations even for large lags, as well as high variability even at
climatic scales. A problem that, thus, arises is howintorporate the observed past
hydroclimatic data in deriving the predictive distribution of hydroclimatic processes at
climatic time scales. Here with the use of Bayesian techniques we create a framework to solve
the aforementioned problem. We assume titvxte is no prior information for the paranrste

of the process and use a mdarmative prior distribution. We apply this method with real
world data to derive the posterior distribution of the parameters and the posterior predictive
distribution of varbus 30year moving average climatic variables. The marginal distributions
we examine are the normal and the truncated normal (for nonnegative variables). We also
compare the results with two alternative models, one that assumes independence in time and
onewith Markovian dependence, and the results are dramatically different. The conclusion is
that this framework is appropriate for the prediction of future hydroclimatic variables

conditional on the observations.
4.1 Introduction

A lot of work has been done inrgdicting the future of hydroclimatic processes using
Bayesian statistics. Berliner et al. (2000) applied a Markov model to -ardev dynamical
system of tropical Pacific SST, using a hierarchical Bayesian dynamical modelling, which led
to realistic erro bounds on forecasts. Duan et al. (2007) illustrated how the Bayesian model
averaging (BMA) scheme can be used to generate probabilistic hydrologic predictions from
several competing individual predictions. Kumar and Maity (2008) used two different
Bayesan dynamic modelling approaches, namely a constant model and a dynamic regression
mo d e | (DRM) to forecast the volume of the
Bayesian dynamic linear model to predict the monthly Indian summer monsoon rainfall.

Bakker and Hurk (2012) used a Bayesian model to predictyegti geostrophic winds.

On the other hand3;CMs give deterministic projections of future hydroclimatic processes
for some hypothesized scenarios e.g. for the increase pE@@entration, etc. Hosver, the
uncertainty of these projections whose sources may be attributed to insuftoreent
understanding of climatic mechanisms, to inevitable weaknesses of numerical climatic and

hydrologic models to represent processes and scales of interestnpdexity of processes

1 Basedon: Tyralis and Koutsoyiannis (20L4
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and to unpredictability of causes (Koutsoyiannis et al. 2007), is not estimated by these
models. Consequently, it is impossible to estimate whether any observed changes reflect the
natural variability of the climatic processes drosld be attributed to external forcings.
Additionally, using deterministic projections and thus neglecting the uncertainty in future
hydroclimatic conditions, may result in underestimation of possible range of the future
hydroclimatic variation.

Koutsoyiannis et al. (2007) have done some work on the uncertainty assessment of future
hydroclimatic predictions. They propose stochastic framework for future climatic
uncertainty, where climate is expressed by they&fr time average of a natural process
exhiliting HK behaviour To this end, they combine analytical and Monte Carlo methods to
determine uncertainty limits and they apply the framework developed to temperature, rainfall
and runoff data from a catchment in Greece, for which measuremeaigdabdk for about a

century.

In the study by Koutsoyiannis et al. (2007), the climatic variability and the influence of
parameter uncertainty are studied separately. As a result, a hydroclimatic prediction needs two
confidence coefficients to be defined, oneerghg to the uncertainty of the climatic evolution
and one to the uncertainty wiodel parameters. In this Chaptes unify the study of the two
uncertainties so that a climatic prediction needs only one confidence coefficient to be defined.
To this endwe solve the problem of climatic predictions of natural processes using Bayesian
statistics, instead of the stochastic framework developed by Koutsoyiannis et al. (2007). For
physical consistency with natural processes such as rainfall and runoff, whoss aee
nonnegative, we also examine the case where truncation of the negative part of the
distributions is applied. No prior information for the parameters of processes is assumed, so
tha the prior distribution is nanformative. The posterior joint digbution is derived from a
mixture for the case where truncation is not applied and a Gibbs sampler for the case where
truncation is applied. We derive the posterior predictigéridution (Gelman et al. 2004.8)
of the process in closed form given thasterior distribution of the parameters. We simulate a
sample from the posterior predictive distribution and use it to make inference about the future
evolution of the averaged process. We apply this procedure using the same data as in
Koutsoyiannis et al (2007), and specifically runoff (Case 1 or C1), rainfall (C2) and
temperature (C3) data from catchments in Greece and temperature data from Berlin (C4, C6
with the last 90 years excluded from the dataset); in addition we used temperature data from
Vienna(C5, C7 with the last 90 years excluded from the dataset). For the rainfall and runoff
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data we use truncated distributions.

As per the temporal dependence of the processes, three alteasstveptiongre made:
(a) independence in time; (Barkovian d@endence modelled by firstder autoregressive
(AR(1)) process; and (c) HK dependence (see Markonis and Koutsoyiannis 2013, for a
justification of the latter). In the lasteStion we compare the results of the three models.
Additional results such as thmosterior distributions of the parameters and the asymptotic

behaviour of the predictive distribution are also given.

While this Chapteuses the same case studies as those in Koutsoyiannis et al. (2007), the
resuls are not directly comparable to each exthHere we give posterior predictive
distributions of the climatic variables, whereas Koutsoyiannis et al. (2007) give confidence
limits for specified quantiles of climatic variables. The posterior predictive distribution of the
variables given here is agtly what we call climatic prediction, whereas we could say that the
confidence limits of the quantiles, given by Koutsoyiannis et al. (2007), are intermediate or
indirect results. The Bayesian methodology applied here aims ahgstm} prediction
(Robert 2007p.7) and is direct, while its disadvantage compared to Koutsoyiannis et al.

(2007) framework is the much heavier computational burden.
4.1.1 Definition of AR(1)

We assume thafx},t= 1, is2a,normal stationary stochastic process with parameters
given by (1.1)-(1.4). We assume thataf} is a zero mean normal white noise process (WN),

i.e. a sequence of independent random variabdes & normal distribution with medf{a] =

0 and variance Vaaf] = ﬁi. In the following discussiong} is always referred to as WN. The

following equation defines the firstrder autoregressive process AR(1).
T e=Uilxs 1T €) +a, |1 <1 4.1
The ACF of the AR(1) i$Wei 2006p.34)
je=Ghk= 0, 1,6 (4.2)
4.2 Posterior distribution of the parameters of a stationary normal stochastic process

The distribution of theariablexin = (X1,€ ,X»)" from a normal stationary stochi@sprocesss

fxaald) = " | Reoy ] M2 exp[( 1/20) (Xan T € €)% R (Xan T € €9)] (4.3)
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whereR[1:nq [1:n] IS the autocorrelation matrix with elemenfs= Jjj, i, = 1, 12 Detas,on

the distributions used thereafter are giveAppendix A The autocorrelatiopjij is assumed

to be function of a parameter (scalar or veadiigrdo thatf := (g, 2, (i) is the paranter vector

of the process. We note thatxif is white noise thepo =1 andjx=0,k= 1, 2, é;
AR(1) thenykis given by 4.2) if it is HKp thenjk is given by L.9).

We assume thai is uniformly distributed a priori. We set as prior distribution diathe

noninformative digribution (see also Robert 20@Xample 3.5.6)
()" (4.4)

The posterior distribution of the parametdes not have a closed form. However it can
be calculated from a mixture based on conditional distributions. Spdyifitas shown (see
Sectiond.4) that

e|t?, G, X1n ~ N[(XI;n RT[l:ln] [L:n] eh)/(eﬁ RT[l:ln] [L:n] €n), ﬁZ/(eI RT[l:ln] [1:n] €n)] (4.5
G|, X1:n ~ Inv-gammay{ni 1)/2, [e.: RT[l:ln] [1n] €n L

Xin RT[lzln] [1:n] X1n T XIG RT[l:ln] [ €n)?)/(2 e RT[l:ln] [L:n en)} (4.6)
“(Gxan) " IRwnwal” * & Rin o en L

Xin R Xen T Xi6 R )27 € 1) (0F Rl oy €)™ 1 (4.7)

As real world problems often imposeperor lower bounds on the variableswe assume
that the distribution of1n is two-sided truncated by boundsandb, i.e.,

f(x1nld) ~ exp[( 1/20%) (X1nT € en)? RT[l:ln] wn (XenT € en)] lapn(xe, %),  (4.8)

where | denotes the indicator function, so that{(x, &) = 1if xn I [ab]"and O

otherwise.

We assume that theuncation set ot is [a,b], ab i RC{ia,a}. The following Gibbs

sampler is used to obtain a posterior sample filon{g, (7, () (seeSection4.4).
(el G, x1n) © e x p[gi T(xl;n L
RT[1:1n] [L:n] aq)/(euTq RT[1:1n] [1:n] €n)] 2/(21‘]2/eI RT[1:1n] (1] €n)} lap(€) (4.9)
(e, G, X1n ~ Inv-gammafv2, (XxinT € &)’ RT[l:ln] n] Xun T € en)/2} (4.10

(G, 62 xam) " Rl Y2 expll (XanT € )T Rivn g (xanT € e)/2(7  (4.11)

64



4.3 Posterior predictive distributions

As we stated in Seon 4.1, we seek to make an inference about the future evolution of a
process given observations it past. To this end, in thise&ion we derive the posterior
predictive distributoins of xn+1):+m)[X1n for the cases of the white noise, the AR(1) and the

HKp, wherexn+1):mn+m) := Xn+1, é)_(m+m)T-
4.3.1White noise

We assume thag,t= 1, 2, € i s fOuehdh e A& xspedi §)7/@P)L A
noninformative prior distribution fod = (g,0%) is "(d) ~ 1/(?. The posterior distributions of

the parametergagiven by (Gelman et al. 20p47577)
glxin ~ t 1(x1”, 51 /) (4.12)
@x1n ~ Inv-gamm&(nT 1)/2, (N7 ) 2) (4.13)

Notice that 4.12) and @.13) are derived from4.5),(4.6),(4.7) for R, = I (the former after
integrating outl?). The posterior predictive distribution is

Xixan ~ tr 1047 (0 + 1))SD), t = n+1, n+2, (4.14)

wherexni1, X2, € are mutual | yeif)ndesp etnhdee NIt uadnedv ttd s

degrees of freedom.
4.3.2AR(1) and HKp

When there islependence among the elementg:af:m), the posterior predictive distribution
of X(n+1):(n+m) givend andxuin is (Eaton 2009.116,117)

f(X(n+2):(em)|diX1n) = @2)7: m2 |Rm|n|T 12 exd (1 1/262)
- T1 .
(X(n+1):(n+m) | 8m|n)T Rr|n|n (X(n+1):(n+m) 1 8m|n)] (415)
wheregmn andRmn are given by:
71 -
Emin = €em + Ry(n+1):(n+m)] [L:n] Rl[l:n] i XenT €€n) (4.16)
. T T 1
len = R[(n+1):(n+m)] [(n+1):(n+m)] I R [1:n] [(n+1):(n+m)] R[l:n] [1:n] R[l:n] [(n+1):(n+m)] (4-17)

whereR[kq (mnj IS the submatrix oR which contains the elememtg k¢ i ¢, m¢j ¢ n. The
elements of the correlation matrscB1:n and Ry:n+m) are obtained from4(2) for the case of
the AR(1) and from.9) for the case of HKp. In the implementation of the AR(1) model we



assume that all three pamneters, 0, (i1 are unknown. For the HKp we examine two cases: (a)
all three parametess 0, H, are unknown, and (lg), 0, are unknown but is considered to be

known and equal to its maximum likelihood estim&bagpter3).

In the case that all three parameters of the AR(1) or HKp are unknown, we obtain a
simulated sample af from (4.5),(4.6),(4.7) and use this sample simulateg mn andRmj» from
(4.16) and @.17) and generate a sample Qfi+1):qp+m from (4.15). In the case wher#l is
considerd as known, we obtain a simulated samplel ef (g, (%) from (4.5),(4.6) and use
this sample to simulatemn and Rmn from (4.16) and @4.17) and generate a sample of

X(n+1):(n+m) from (415)
4.3.3 Asymptotic behaviour of AR(1) and HKp

In most applications, it is useful to know the ultimate confidence regiongeakcton
horizon tends to infinity. This is expressed by the distribution X@fm1):memey =

(X1, €Xa+me)T @smY @, conditional orxin. For givend this distribution is:
f(X(n+mi-1):(n+n‘r+I)|d,X1:n) = @22- I/leI |n|T V2.
expl(T 1/20%) ( Xm+me1):emsl) T 8||n)TRT||ﬁ( Xrmed):eme) T €10)]  (4.18)

whereg | andRyjn are given by:
- ]
Elln = £8 + Rygneme1):emei)] (1] R (] (Xen T €€n) (4.19)

T i1
Riln = Rin+me1):(reeme )] [(neme):(neme)] TR [Lin] [(neme2):(neme )] Rl[l:n] (:n R ((neme2):nemey) (4.20)

We observe that, a8 Y @, Ri1:n j(n+me1):@emel)] @Nd Ryineme1):pemsl)) 1] DECOME ZEro matrices

andRy(n+me1):(em)] [(n+me2):(nemel)] = Rpzap ). This implies that:
Eih=¢8Q (4.21)
Rin = R (4.22)

whereR; is again obtained from4(2) for the case of the AR(1) and frorh9) for the case of
HKp.

Accordingly, the application caproceedas follows. We obtain a simulated sampledof
from (4.5),(4.6),(4.7) and use this sample to simulaig@ andRi» from (4.21) and @.22) and

generate a sample Bf+m+1):q+m+) from (4.18) for a largem.
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4.3.4 Truncated white noise, AR(1) and HKp

To examine real world problems which often impose upper or lower bounds on the variables
X, we assume that the distribution xaf, is two-sided truncated, and is given b48). We

obtain a posterior sample dfusing the Gibbs sampler defined #9j, (4.10), (4.11). When

(i is known, we obtain a posterior sample(g,d?) using the Gibbs sampler defined o)

and @.10). Thenxi.m|d follows a truncated normal multivariate distribution and according to
Horrace RO005) the conditional multivariate distributions @fn+1):p+m|d,X1n are again
truncated normal. As a resudL15) still holds after slight modifications and.{6), (4.17) are

valid. The posterior predictive distribution gf+1):qn+m|d,X1n is then a multivariate truncated

normal distribution:

f(X(e1yeemldXan) EXH(T 1/28P) (Xe1yeemT Emin) Rein(Xos1yoemT EmillfabmXnetnsm)  (4.23)

Now for the case of white noise}.12), (4.13) and @.14) are not valid. But from4(16),
(417)andforjo=1andjk=0,k= 1, 2, €&, emecepabhdRanFE Rimizh.at

When laking for theasymptoticbehaviour of the process4.18) still holds after slight
modifications, according to Horrace (2005). As a result, the distributigf«&f1):n+m+)|d,X1n
is truncated multivaate normal, while4.21) and 4.22) remain valid:

f(Xeme1):eme|dX1n) ~ expl(T 1/20°%) (Xeme1):(nemety T E1in) T Lo
RT||r11( Xemed):eme) T €1n)] 1{ab)'( X(neme1):(reme)) (4.24)
4.3.5 Asymptotic convergence of MCMC

To simulate from4.7) we use a random walk Metropelitastings algorithm with a normal
instrumenté (or proposal) distbution (Robert and Casella 20p4£271). We implement the

algorithm using the function MCMCmetroplR of the Rgaage O6 MCMCpackd ( Ma
2011). The variable édburnind in this gackage
keep their default values.

There are a lot ofnethodsto decide whether convergence can be assumed to hold for the
generated sangp (see Gamerman and Lopes 208 7-169; Robert and Casella 20p£272
276). We use the methods of Heidelberger and WdI8B3) and Raftery and Lewis (1992).
These methods are described by Smith (2007), whose notation we use here. We use the R
pak age oOcodad ( P)ltoumpleraent thede metHods. W @gs@ime that we have

obtained a samplgy, y2,... of a scalar vaable i using the MCMC algorithm.
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The diagnostic of Heidelberger's method provides an estimate of the number of samples
that should be discarded as a burrsequence and a formal test for rmomvergence. The
null hypothesis of convergence to a statignarain is based on Brownian bridge theory and

1

uses the Crameron-Mises test statisti§ Bq(t)?dt, where
0

Bn(t) = (T, T OM0Y )A/nS0) (4.25)
k

Tk=ay,k= 1, 2Tp=0 and (4.26)
ji=1

where @x(] denotes the floor ok (the greatest integer not greater thanand §0) is the

spectral density evaluated at frequency zero. In cdingldhe test statistic, the spectral
density is estimated from the second half of the original chain. If the null hypothesis is
rejected, then the first (hlof the samples are discarded and the test is reapplied to the
resulting chain. This process ipeated until the test is either nsignificant or 50% of the
samples have been discarded, at which point the chain is declared to-&tatimrary. For
more details see Smith (2007).

The methods of Raftery and Lewis are designed to estimate the noihMdeMC samples
needed when quantiles are the posterior summaries of interest. Their diagnostic is applicable
for the univariate analysis of a single parameter and chain. For instance, let us consider the

estimation of the following posterior probability @ model parametef:

P(f(d) <a|x) =q (4.27)

wherex denotes the observed data. Raftery and Lewis sought to determine the number of
MCMC samples to generate and the number of samples to discard in order to egtionate

wi t hriwith pribabilitys. In practice, users specify the valuesgpf ands to be used in
applying the diagnostic (For more details see Smith, 2007).

To simulate from4.11) we use an accepgject dgorithm (Robert andCasella 2004.51-
53) with a uniform instrumental density. Simulation frofr®f and @.10) is trivial. We assess
the convergence ohé chain simulated from#@), (4.10), (4.11) using the rethod of Gelman
and Rubin (1992; see also Gelm&fA96; Gamerman and.opes 2006p.166168). An
indicator of convergence is formed by the estimator of a potential scale reduction (PSR) that
is always larger than 1. Convergence can be evaluated by the proxifiBRofo 1. Gelman

68



(1996) suggested acceminonvergence when the value of PSR is below 1.2.
4.4 Mathematical proofs

In Section4.4 the proofs of 4.5),(4.6),(4.7),(4.9),(4.10),(4.11) are given. It is easily shown
that

(X1nT €en)’ RT[l:ln] n] XanT € &) = e.: RT[l:ln] [1n] €n €21 Xén R, leh e+ X-]I::n R'n 1X1:n (4.28)
After completing thesquares thaboveexpression becomes:
enR [z (1) €62 T Xi2R [ (1€ + X1nR [1n) [1:Xn = EnR (1) (tri€n[€ T X1GR 1) (1:men) / (en
RT[lzln] [rjen)]? + [e-rI;RT[l::Ln] [1:n]61XI:nRT[1:1n] [L:Xn T XI@RT[lzln] [rjen)? / (e1n—RT[1::Ln] [1:n]€n) (4.29
From @.3) and @.4) we obtain the following:
(@) fOxanld) 8 ) Ryl eRPIE 1 8)ZxanT & @) Rigmn (anT £ &)] (430
From @.28),(4.29) and @.30) we obtain 4.5). After integration of 4.30) we obtain 4.31)
which proves4.6):
(Pl xar) (D) V2 Rl 'ekp[0 1 BDBRR W @R o Xl R o o
en)?)/ (eIRT[l:ln] [:nj€n)] (4.31)
After integration of 4.30) we obtain 4.32), whichproves(4.7) after integration:
“(Gxan) ~ W YD Rl tekpl@ 1 8)AxinT € en)' RT[1:1n] ] (XenT € en)] de di?(4.32)
See also Falconer and Fernadez (2007) for some results.
Now for the case where truncatioraigpliedwe obtain from 4.4) and @.8):
() fxanld) © O 2 Ry o] 12
exp[( 1 d)Ax1nT €en)’ RT[1:ln] ) XinT € en)] lfagn(Xe, &), (4.33
Conditional one | [ab], ab | RC{ ®,}the derivation of 4.9), (4.10) and ¢.11) from
(4.33) is then trivial.

45 Case studies

In this Section we apply the metholdgy developed in the previoug&ions to five historical
datasets; three of them obtained from the Boeoticos Kephisos River basin, one from Berlin
and one from Vienna. The choice of these datasets wagedidby the fact that they have

been also studied in other works with similar objectives, i.e. Koutsoyiannis et al. (2007) and
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Koutsoyiannis (2011), so that the interested reader can make some comparisons. We present
the results of the application of theethodology to the aforementioned datasets.

4 5.1 Historical datasets

The first case study is performed on an important catchment in Greece, which is part of the
water supply system of Athens and has a history, as regards hydraulic infrastructure and
managementhat extends backward at least 3500 years. This is the closed (i.e. without outlet
to the sea) basin of the Boeoticos Kephisos RiFegufe4.1), with an area of 1955.6 Kn

mostly formed over a karstic subsurfa€wing to its importance for irrigation and water
supply, data availability for the catchment extends for about 100 years (the longest dataset in
Greece) and modelling attempts with good performance have already been carried out on the
hydrosystem (Rozod al. 2004).

D Sub-basin
B Lake

= River segment
Aqueduct

B Spring

@ Borehole

Figure 4.1. The Boeotico¥KephisosRiver basin.

The longterm dataset for the basextendsfrom 1908 to 2003 and comprises a flow
record at the river outlet at the Karditsa station (C1)faliobservations in the raingage
Aliartos (C2) and a temperature record at the same station (C3); the station locations are
shown in Figure 4.1. Further details on the construction of these datasets are given by
Koutsoyiannis et al. (2007). The relatively long records have already made it possible to
identify the scaling behaviour of rainfall and runoff in this basin (Koutsoyiannis 2003), and

make the catchment ideal for a case study of uncertainty assessment.

The two other datasets which we use are the mean annual temperature record of

Berlin/Templehof and Vienna, two of the longest series of instrumental meteorological
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observations. For further details on the Berlin mean annual temperature dataset see
Koutsoyianms et al. (2007) and for the Vienna mean annual temperature dataset see
Koutsoyiannis (2011). We examine two cases. In the first case we assume that the update of
the prior information is done (C4, C5), using the whole dataset. In the second case the updat

is done excluding the last 90 years of the datasets (C6, C7).
4.5.2 Application of the method

We classified the data into three classes, the first containing the data from the Boeoticos
Kephisos River basin (GC3), the second containing the data from Berhd &ienna (C4,

C6) and the third containing again the data from Berlin and Vienna (C5, C7) but excluding
the last 90 years. In the third case the posterior results were compared to the actual 90 last

years.

Table 4.1. Summarized results and maximum likelihood estimates for the cases of WN,

AR(1) and HKp at Boeoticos Kephisos River basin.
Boeoticos basin
Runoff (mm) Rainfall(mm) Temper at

Start year 1908 1908 1898
End year 2003 2003 2003
Size, n 96 96 106

WN

g 197.63 658.36 16.96
a 81.25 155.82 0.69

AR(1)

g 197.65 658.22 16.96
/f\l 81.22 155.81 0.69

A 0.34 0.10 0.31

Ui

HK

g 195.11 657.38 16.97
/f\j 80.47 155.00 0.70

|’_‘| 0.71 0.60 0.71

First we calculatedthe maximum likelihood estimates of the parameters for all the
examined cases (WN, AR(1), HKp). The results are givefahle 4.1 and Table 4.2.
Truncated models were used for C1 and C2 datasets due to the relatively high estimated
which otherwise would result in negative values. Instead, when we exathenesmperature
datasets (G&7), simulated values near the absolute zero never appeared, indicating a good

behaviour of the notruncated model.

The procedure for the temperature datasets is described below. We.a2edr{d ¢.13)
to generate a posterior sample frerand{? for the WN case. To simulate from.7) for the
(1 and H posterior distribution of the AR(1) and HEKases correspondingly, we used a
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random walk Metropoligiastings algorithm. We simulated a single chain with03000

MCMC samples. The Metropolis acceptance rates are givéahle4.3. To decidewhether
convergnce has been achieved, we used the Heidelberger and Welch method (1983). We
tested four cases, the first case containing alBt@0000samples, the second containing the

last 2000000 samples and so forth. The results are presentdalote 4.4 and Table 4.5,

from where we conclude that stationary chain hypothesis holds in every case. We also used
the methods of Raftery and Lewis (1992), to estimate the number of M&hPles needed

when quantiles are the posterior summaries of interest. The minimum number of samples and
the burnin period for the simulation is given ifable 4.6 and Table4.7, whereq = 0.025,

0.500, 0.975 are the quantiles to be estimated).005 is the desired margin of error of the
estimate and = 0.95 is the probability of obtaining an estimate in the intexyial, @+r). We

decided to use the 1a&000000 sampes of the chains, to obtain the histograms of the
posterior distributions of the parametéisandH. The simulation o, & from (4.5) and @.6)

is then trivial. Summarizeresults for the parameters of the AR(1) and HK cases respectively

are shown imable4.8 andTable4.9.

Table 4.2. Summarizedresults and maximum likelihood estimates for the cases of WN,
AR(1) and HKp at Berlin and Vienna.

Berlin Vienna Berlin Vienna
Temper at Temper at Temper at Temper at

Start year 1756 1775 1756 1775
End year 2009 2009 1919 1919
Size, n 254 235 164 145
WN
Q 9.17 9.58 9.04 9.36
ﬁ 0.91 0.87 0.92 0.84
AR(1)
’S\ 9.18 9.58 9.05 9.36
ﬁ 0.92 0.87 0.92 0.84
é‘l 0.37 0.30 0.30 0.11
HK
Q 9.27 9.64 9.10 9.37
ﬁ 0.91 0.86 0.92 0.84
|’_\| 0.73 0.70 0.70 0.59

From the simulated samples we obtaitieelposterior probability plots of, G, ¢, (i1 for
the AR(1) and HK casesFigures 4.2-4.8). The last100000 simulated samples of the
parameters, described in the previous paragraph were usedaio shmples from the
required posterior predictive probabilities. The samples from the posterior predictive
probability of x[xin, t = n+1, n+2,...,n+90 were used to obtain samples for the variable of

interestxzo) given by @.34).
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n t
X30):= (1/30)( & x+ a x),t=n+ 1, nt€9and
|=t129 I=n+1

t
X30):=(1/30) & x,t=n+30,n+ 31, ¢ (4.34)
=17 29

Table 4.3. Metropolis acceptance rate for the MCMC simulatiodi:ohndH, respectively, at
Boeoticos Kephisos River basin.
Aliartos temperature Berlin temperature Vienna temperaturc Berlin temperature Viennatemperature

(1756:2009) (17752009) (17561919) (17751919)
fi1 0.70731 0.70603 0.70612 0.70649 0.70654
H 0.706037 0.70551 0.70599 0.70601 0.70638

Table 4.4. Heidelberger and Welch test, for significance level 0.05, at Boeoticos Kephisos
River basin.

Aliartos temperature

Parameter (i1 H
Stationarity test passed passed passed passed passed passed passed passed
Start iteration 1 1 1 1 1 1 1 1
p-value 0.427 0.745 0.46 0242 0.869 0.567 0.338 0.618
Table 4.5. Heidelberger and Welch test, for significance level 0.05, at Berlin and Vienna.
Berlin temperature (1758009) Vienna temperature (1772009)
Data start 1 1000000 2000000 2900000 1 1000000 2000000 2900000
Parameter (i1 (1
Statinarity test passed passed passed passed | passed passed passed passed
Start iteration 1 1 1 1 1 1 1 1
p-value 0.943 0.738 0.342 0.448 | 0.928 0.696 0.366  0.0761
Parameter H H
Stationarity test passed passed passed passed | passed passed passed passed
Start iteration 1 1 1 1 1 1 1 1
p-value 0.837 0.466 0.279 0.691 | 0.789 0.501 0.296 0.84
Berlin temperature (1756919) Vienna temperature (177819)
Parameter (i1 (1
Stationarity test passed passed passed passed | passed passed passed passed
Startiteration 1 1 1 1 1 1 1 1
p-value 0.94 0.589 0.376 0.425 | 0.777 0.55 0.308 0.592
Parameter H H
Stationarity test passed passed passed passed | passed passed passed passed
Start iteration 1 1 1 1 1 1 1 1
p-value 0.833 0.606 0.339 0.923 | 0.885 0.83 0.373 0.323

We examined the cases of WN, AR(&symptoticbehaviour of AR(1), HK wherel is
considered to be known and has the value of the maximum likelihood estimate, HiKlwhen
not known, and its asymptotic behaviokrgures4.9-4.11 show the 0.025, 0.500 and 0.975
guantiles of the posterior predictive distributionx@b)xi:n, t = n+1, n+2,...,n+90.

The procedure for C1 and G& described below. We simulated fro#h9), (4.10) and
(4.11) to obtain a posterior sample frant? and (i for all casesWe simulated 10 chains with
each one having 3000 MCMC samples. To decideshether convergence has been
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achieved, we used the Gelman and Rubin (1992) rule. In all B&& which shows that

the chains converged to the target dittion We decided to use the [&00000samples of

each chain, to obtain the histograms of the posterior distributions of the paraimeieds$.
Summarized results for the parameters of the AR(1) and HK cases respectively are shown in
Table4.8.

Table 4.6. Raftery and Lewis test for the case of Boeoticos Kephisos River basin.
Aliartos temperature
g Burn- Total Lower Dependenc Burn- Total Lower Dependenc

in bound factor in bound factor

(i1 0.025 21 31794 3746 849 ¢ 18 35784 4899 7.3
~ 0.50C 24 35675238415 9.29 24 46402450239 9.24
0.975 28 32298 3746 8.62 28 42161 4899 8.61

Note:q is the quantile to be estimatads 0.005 is the desired margin of ergfrthe estimate,
s = 0.95 the probability of obtaining an estimate in the intemyiat,(g+r), eps= 0.001 is the
precision required for estimating time to convergence

Table 4.7. Raftery and Lewis test foreélcases of Berlin and Vienna.

Berlin temperature (1758009) Vienna temperature (1772009)
g Burnin Total Lower bounc Dependence fact(Burrrin Total Lower bounc Dependence factc

(i 0.025 21 31416 3746 8.39 21 31612 3746 8.44
~ 0500 24 35651z 3845 9.28 21 322441 38415 8.39
0975 21 31731 3746 8.47 21 31745 3746 8.47
¢ 0.025 18 27288 3746 7.28 18 35670 4899 7.28
0.500 21 322777 38415 8.4 21 42297t 50239 8.42
0.975 28 32732 3746 8.74 28 42882 4899 8.75
Berlin temperature (1756919) Viennatemperature (1779919)

(i1 0.025 21 31780 3746 8.48 21 31780 3746 8.48
0.500 24 35665€ 38415 9.28 21 323631 38415 8.42
0975 21 32193 3746 8.59 21 32137 3746 8.58
¢ 0.025 18 27330 3746 7.3 18 27072 3746 7.23
0.500 21 32333C 38415 8.42 21 324177 38415 8.44
0.975 18 32991 3746 8.81 27 39690 3746 10.6

Note:qis the quantile to be estimated; 0.005 is thelesiredmargin of error of the estimate,
s = 0.95 the probability of obtaining an estimate in the interyiat,(q+r), eps = 0.001 is the
predsion required for estimating time to convergence.

From the simulated samples we obtained the posterior probability pletsiog , (i: for
the AR(1) and HK cases&igure4.2 andFigure4.3). The lastLl0 000simulated samples of the
parameters of each chain, described in the previous paragraph are used to obtain samples from
the required posterior predictive probabilities. The samples from the posterior predictive
probabilty of x(xin, t = n+1, n+2,...,n+90 are used to obtain samples for the variable of
interest>_<§30) given by @.34). We examined the cases of WN, AR(1), asymptotic behaviour of
AR(1), HK whereH is considered to be known and has the value of the maximum likelihood
estimate, HK with unknowrH and its asymptotic behaviouFigure 4.9 shows the 0.025,

0.500 and 0.975 quantiles of the posterior predictivigibligions ofxizo)X1n, t = n+1, n+2,...,
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n+90.
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Figure 4.2. Posterior probability distributions @f U, ¢, G for the cases of AR(1) and HK
processes, for the runoff of Boeoticos Kephisos.

4 5.3 Results

A first important result of the proposed framework is that it provides good estimates of the
model parameters without introducingyaassumptions (i.e., using rioformative priors).
While common statistical methods give point estimates of parameters, thesiday
framework provides also interval estimates based on their posterior distributions. The
estimated values @fare given inTable4.10. It turns out that irrespective of the method used

(MLE or posterior medias) they are almost equal. When examining temperatures, HKp

resulted in the Iarge"/s\t and AR(1) in the second largest. In C4 and &Was larger than in

C5 and C7 respectively. From the density diagrams of the postiestabutions Figures4.2-

4.8) it seems that the posterior distributiongofs wider when HKp is used. The posterior
distribution of( is also wider on the right (see the values of the 0.975 quantilEsbie 4.8
andTable4.9) for the HKp. However the estimated valuegi@re almost eggl for the three

used modelsTable 4.1 and Table4.2). The estimatedi, andH are given inTable4.1 and
Table4.2. Their estimated values for C5 are considerably higher compared to C7, but their
posterior distributions are narrowdraple4.9), probably because of the bigger sample size in

the former case. Their posterior distributions are also narrower for C4 compared to C6.
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Figure 4.9. Historical climate and confidence regions of future climate (foral= 0.95 and

climatic time scale of 30 years) for (upper) runoff of Boeoticos Kephisos, (middle) rainfall at
Aliartos, and (lower) temperature at Aliartos.

The second result of the framewaskthe predictive distribution of the future evolution of
the process of interest. The posterior predictive -8@8idence regions for the 3@ar
movingaverages are given kigures4.9-4.11. For C1 the confidence region is hot symmetric

with respect to the estimated mean, owing to the lower truncation bound alongside with the
relatively bigﬁ. In contrast, there i8 symmetry for C2 owing to the relatively sm%,llvvhich

justifies our decision to use models without truncation in those cases tviseegen smaller
(compared to mean). For all cases, the widest confidence regioaspond to the HKp (due
to the existence of persistence), followed by the AR(1), while the narrowest confidence

regions appear for the WN. Of course the confidence regions for unki@mawider than in
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the case wherd was considered to be known andialgto its maximum likelihood estimate.

In C5 and C7 the HKp seems to be the best model, because it captures better than the others
the observed values of the climate variable for the last 90 years based on the observed values

of the previous years. In GZseems that the HKp did not capture the increase of temperature

in last decades. But when we examine the full dataset (C5), the behaviour in last 90 years does
not appear extraordinary. For the asymptotic values in the HKp, thecOfilence region

rages at intervals of the order of 150 mm (C:
(C5) for the 3Byear moving average. The corresponding values for the case of the WN of the
order of 50 mm (Cl1), 75 mm (C2), ddergabC ( C3°
smaller compared to the case of the HKp.
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Year
Figure 4.10. Historical climate and confidence regions of future climate (fiora= 0.95 and
climatic time scale of 30 years) for (upper) temperattifgealin, and (lower) temperature at
Vienna.

4.6 Summary

We developed a Bayesian statistical methodology to make hydroclimatic prognosis in terms
of estimating future confidence regions on the basis of a stationary normal stochastic process.
We applied this nmtbodology to five cases, namely the runoff (C1), the rainfall (C2) and the

temperature (C3) at Boeoticos Kephisos river basin in Greece, as well as the temperature at
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Berlin (C4, C6) and the temperature at Vienna (C5, C7). The Bayesian statistical model
consisted of a stationary normal process (or truncated stationary normal process for the runoff
and rainfall cases) with a niofiormative prior distribution. Three kinds of stationary normal
processes were examined, namely WN, AR(1) and HKp. We derived dkteripr
distributions of the parameters of the models, the posterior predictive distributions of the
variables of the process and the posterior predictive distribution of thy@a80moving
average which was the climatic variable of interest. The metbggalan also be applied to

other structures of the ACF.
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Figure 4.11. Historical climate and confidence regions of climate (for & = 0.95 and
climatic time scale of 30 years) for (upper) temperaturBeatin/Tempelhof after the year
1920 and (lower) temperature at Vienna after the year 1920.

A first important conclusion ishat for all the examined cases and for all the examined
processes their estimated means are almost equal as expected. Howepestéhnier
distributions of the means are wider when using the HKp, due to the persistence of the
process, and even wider when all parameters of the process are assumed to be unknown. This
results in wider confidence regions for future climatic variablethefprocessedMoreover
the confidence regions of truncated future variables are asymmetric. This asymmetry depends

on the variance of the examined process. However the posterior distributions of the means of
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all processes were less asymmetric.

Table 4.8. Summary results for the parameters of the AR(1) and HK cases at Boeoticos
Kephisos River basin.

Quantiles

Case Mean Standard 2.5% 25% 50% 75% 97.5%

Deviation
Boeaoticos runoff
AR(1)
€ 197.7 12.69 1725 189.4 197.7 2059 22238
Vi 83.93 7.41 7150 78.78 83.23 88.29 100.45
(i1 0.35 0.10 0.16 0.28 0.35 0.42 0.55
HK
€ 194.85 31.30 132 178.1 195 2116 256.1
¥] 86.51 12.35 71.19 79.15 84.40 91.06 114.22
H 0.74 0.07 0.62 0.69 0.74 0.78 0.88
Aliartos rainfall
AR(1)
€ 658.18 18.57 621.5 646 658.2 670.4 694.7
¥] 159.9 12.24 138.3 151.3 159.1 167.5 186.2
(i1 0.11 0.10 1T 0. C 0.04 0.11 0.18 0.32
HK
€ 657.09 31.98 5925 638.4 657.3 676.1 720.4
¥] 160.7 13.45 137.9 151.4 1595 168.6 190.3
H 0.62 0.06 0.51 0.58 0.62 0.66 0.75
Aliartos temperature
AR(1)
€ 16.96 0.10 16.76 16.89 16.96 17.02 17.15
Vi 0.71 0.06 0.61 0.67 0.70 0.74 0.84
(i1 0.33 0.10 0.14 0.26 0.33 0.39 0.52
HK
€ 16.97 0.29 16.44 16.83 16.97 17.11 17.52
Vi 0.75 0.13 0.62 0.68 0.73 0.79 0.99
H 0.74 0.07 0.61 0.69 0.74 0.79 0.88
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Table 4.9. Summary results for the parameters of the AR(1) and HK cases respectively at
Berlin and Vienna.

Quantiles

Case Mean Standard 2.5% 25% 50% 75% 97.5%

Deviation
Berlin temperature (1758009)
AR(1)
€ 9.18 0.09 9.01 9.12 9.18 9.24 9.35
U 0.93 0.05 0.84 0.89 0.92 0.96 1.03
(i1 0.38 0.06 0.26 0.34 0.38 0.42 0.49
HK
€ 9.28 0.25 8.80 9.13 9.27 9.43 9.79
U 0.94 0.06 0.83 0.89 0.93 0.97 1.08
H 0.75 0.03 0.67 0.72 0.75 0.77 0.83
Vienna temperature (17723009)
AR(1)
€ 9.58 0.08 9.42 9.53 9.58 9.63 9.74
U 0.88 0.05 0.80 0.85 0.88 0.91 0.98
(i1 0.31 0.06 0.19 0.27 0.31 0.35 0.43
HK
€ 9.64 0.19 9.27 9.52 9.64 9.76 10.03
U 0.88 0.05 0.79 0.84 0.87 0.91 0.99
H 0.71 0.04 0.64 0.68 0.71 0.73 0.79
Berlin temperature (1756919)
AR(1)
€ 9.05 0.10 8.85 8.98 9.05 9.12 9.25
U 0.94 0.06 0.83 0.89 0.93 0.97 1.06
(i1 0.31 0.08 0.16 0.26 0.31 0.37 0.46
HK
€ 9.11 0.26 8.60 8.95 9.10 9.26 9.64
U 0.96 0.08 0.83 0.90 0.95 1.00 1.14
H 0.72 0.05 0.63 0.69 0.72 0.76 0.83
Vienna temperature (1778219)
AR(1)
€ 9.36 0.08 9.20 9.31 9.36 9.42 9.52
U 0.86 0.05 0.76 0.82 0.85 0.89 0.97
(i1 0.12 0.08 1T0. C 0.06 0.12 0.18 0.29
HK
€ 9.37 0.13 9.10 9.29 9.37 9.45 9.63
i 0.86 0.06 0.76 0.82 0.86 0.89 0.98
H 0.61 0.05 0.51 0.57 0.61 0.64 0.72

Table 4.10. Estimates of usingvariousmethods.
Maximum likelihood estimat| 50% quantile

Examined case WN AR(1) HKp |AR(1) HK

Boeoticos runoff 197.63 197.65 195.11|197.7 195
Aliartos rainfall 658.36 658.22 657.38|658.2 657.3
Aliartos temperature 16.96 16.96 16.97 | 16.96 16.97

Berlin temperature (1758009) 9.17 9.18 9.27 | 9.18 9.28
Vienna temperature (1772009) 9.58 9.58 9.64 | 9.58 9.64
Berlin temperature (1756919) 9.04 9.05 9.10 | 9.05 9.11
Vienna temperature (177819) 9.36 9.36 9.37 | 9.36 9.37

Another impetant conclusion is that the use of sh@mge dependence stochastic

processes is nosuitable to model geophysical processes, because they underestimate
uncertainty. However stationary persistent stochastic processes are suitable to achieve this

purposeln the examined cases they performed well and were able to explain the fluctuations
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of the process.

One may claim that, wheslimateis to be predicted, an assumption of stationarity is not an
appropriate one as currently several climate models projedtaaging future climate.
Nonetheless, an assessment of future climatgability and uncertainty based on the
stationarity hypothesis is a necessary step in establishing a stochastic method, whose
generalization at a second step would enable incorpgraimstationary components. In
addition, without knowing the variability under stationary conditions, it would not be possible
to quantify the credibility of climate models and even their usefulness. Work on the
generalization of the methodology to incore deterministic predictions by climate models
is presented in Chaptér
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5. On the prediction of persistent processes using the output of

deterministic models

A problem frequently métin the engineering hydlmgy community is the prediction of
future hydrologic variables conditional on their historical observations and the hindcasts and
forecasts of a deterministic model. Various methods have been developed to deal with this
task under the independence or Markovian dependence assumption of the variables. On
the other hand it is a common practice for climatologists to use the out@@ME for the
prediction of climatic variables despite their imperfections and their inability to quantify the
uncertainty ofthe predictionsin this Chapteiwe extend the aforementioned hydrological
frameworks to include cases where persistent dependencarspplee framework is applied

to climate time series and the output of GCMs. Predictions of the climate variables are
derived, with their uncertainty. We conclude that the influence of the GCMs to the reduction
of the uncertainty is negligible.

5.1 Introduction

Recently various studies regarding the prediction of future hydrologic variables based on
stochastic models have beearried out. To mention some of them, Koutsoyiannis et al.
(2008b) proposed a stochastic model for the prediction of the Nile flow a month ahead. On
larger time scales Koutsoyiannis et al. (2007) proposed a stochastic framework to calculate
future climaticuncertainties conditional on historic observatiomkile the same problem was
tackled in a Bayesian framework @hapter4. Stochastic models are frequently usdsoby
engineering hydrolagtsfor the prediton of hydrologic variables, whereas the climatadts

focus on deterministic models (GCMs) (Koutsoyiannis et al. 200Vhile it is true that
deterministic models incorporate knowledge of the climatic mechanisms expressed through

deterministic equationshey are not appropriate to quantify the uncertainty of prediction

The task of exploiting the outpudf deterministic models to improve the output of
stochastic models has been studied as well by hydrologists, e.g. Montanari and Grossi (2008),
Zhao etal. (2011), Smith et al. (2012) and othdfszyszibfowicz (1987a,b; 1999a,b; 2001,
2002), Krzysztofowicz and Maranzano (2004), and Krzysztofowicz and Evans (2008)
proposed a stochastic framework, namely the Bayesian Forecasting System (BFS) for

producinga probabilistic forecast of a hydrologic predictand via any deterministic catchment

1Based on: Tyralis and Koutsoyiannis (2p15



model Wang et al. (2009) and Pokhrel et al. (2013) proposed a Bayesian joint probability
(BJP) modelling approach for seasonal forecasting of streamflows at multipleTsigeBFS

and theBJP can be applied tmy hydrological processes, irrespective of their autocorrelation
structure. However to the authorsdé knowl edge

Markovian stochastic processes.

Koutsoyiannis(2000) examned the handlingof HK behaviourin multivariate stochastic
simulation ofhydrologicalprocessesA multivariate extension of the HKp was proposed by
Lavancier et al. (2009) and its properties were studied extensivélynblard and Coeurjolly
(2011), Ambaérd et al. (201R Coeurjolly et al. (201Q2013.

In this Chaptemwe modify the BJP proposed by Wang et 2009) to make prediction of
hydrologic processesxhibiting HK behaviouconditional on their historical observations and
the output of some detemi ni sti ¢ model s. The outputds tin
observations period to future projection in an arbitrary time. To this end we model the two
time series (theobserveddata and the output of the deterministic model) using a- well
balancedbivariate HKp (see definition below). A maximum likelihood estimator of the
parameters of the model is proposed and the estimated values of the parameters are used to
make inference for the distribution of the processes under dtutlye proposed framewk,
the knowledge of theexact dynamicsof the deterministic model i®ot a requirement,
similarly to the BFS. However the structure of fireposed approadtiffers, in that the BFS
relies onan assumptiof conditional independence between the vargloiethe stochastic
process and the deterministic model. Hence the distribution of the deterministic model is
determined from the stochastic process. In our model the distribution of the variables of the
deterministic model is considered known and the etation between the variables is

examined.

The framework is applied tglobal averaged temperature and precipitation datasetsh whi
are assumed to exhibit HK behaviotihe deterministic models are GCMs. It is shown that
the information added by the detenistic models is negligiblgparticularly for precipitation
This was expected according to Koutsoyiannis et al. (2008a) and Anagnostopoulos et al.
(2010) who comared the output of various GCM® temperature and precipitation

observations and showeuht the spatially integrated projections were poor.
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5.1.1 Definition ofthe weltbalanced bivariate HKp

We assume thdtxii} and{xx}, t= 1, 2, HKpoastheparanveterge:, 0, Hi) and
(e2, O, H2) respectively.Then the normal bivariate process £ (xi,x2)}, t= 1, 2,
well-balancedi.e. a timereversibleHKp if (Amblard et al. 2012)

wii(K) = gij KA g = 140 = 5=, (T {{2,20{1,2) (5.1)
3j(K) := CoVfxi, Xjt+1] = (L/2)G G (wi(ki 1T) W& (K) + wij(k+1)) (5.2
under the following restriction

5 . G(2H1+1) G(2H2+1) sin(" H1) sin(" Ha)
G2(H1+H2+1) sir?(" (Hi+H2)/2)

(5.3)

Note that for =], (5.2) is equivalent to1.9).
5.2 Maximum likelihood estimator for the parameters of the bivariate HKp

The problem of finding and assessing the maximum likelihood estimator fpatameters of
the HKp was studieth Chapter3. The solution of this problem for the bivariate HKp is more
complicated. We assume that there is a recordatifservations 1n := (X11,€ ,Xan)' andxz 1n

= (%21,€ Xon)'. Theparameters of the bivariate HKp afe (g1, €2, U1, U2, H1, Hz, }). We use
the terminology bWei (2006p.382427). Hence we have the mean vector

Elx] = (e1,&2)" (5.4)

and the lagk covariance matrixXi(k), which as a fuction ofk is called the covariance matrix

function for the process.

e qk) %K) g

G(k) := Cov[xt, Xt+] = g (k) (k) (5.5)
The covariance matrix of the multivariate normal variahle:= (xl,xz,é ,xz)T is
é a(0) a() ¢é a1
aa aoy é a2
g=€ "W o e A (56)
e é é é e
€amiy ami2 ¢ o U

. . T T . .
Rearrangingtte elementof x1n we defire the vectow:n := (X1 1n, X2 1n)" With covariance
matrix

- ] Elzg
€K Ko U

3 (5.7)
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where; and 2 are the covariance matricesaf 1n andx2 1n and Ei12, F21 are their cross

covariance matrices.
B = 8 Ry, Ru(i) = Ra,i) := 1611y and Bz := 8 Ra, Ra(i ) = Ro(ii) =420 (5.8)
Fo1 = B12:=} O G2 Rot, Raa(if) = Raa(j,i) = Raa(jT i) := 4 21T 1) (5.9)
3 21(T1) 1= 2T 1) / ¢ G Cp) = (1/2) (|jT i1 1{H2+tH27 2 7 [HitH2 4+ 7 i+1HitH2)(5.10)

The Ry, Rz, Ro1, B1, B2 and 21 are symmetric Toeplitz positive definiteatrices(Golub
and Van Loan 1996 p.193The Schur complemen{siorn and Zhang 200p.18) of the

matricesZ> andF: are
S1=F1T Ea B o= 0 (RiT J2Ro1 R Ra) (5.11)
S =Bl BaB1 Ba=05(ReT J2Ru R Roy) (5.12

and they are symmetric as well. It is prowtirsubstituting $.8) and 6£.9) in (5.13) that

TET En Sy = 751%2 R Ro1 (R2T J2Ra1 Ry Rog)]'™ (5.13)
Additionally
TSy Fo1 Eill = Eilil Fo1 STzl)T (5.14)

becauses,, F21 and ;1 are symmetric matriceshence the inverse d is (Horn and Zhang
2005p.19

1 5] Sy T ETll Fo1 S5 g € Sy 7Sy Fo1 Eizl %)
Fr=¢ i LT 71 u=¢e 1 Tl 71 u (5.19
é(1 1 F21S3) S2 U é( S1FaF») S2 u

Now we define the vectors
e=(11 é,71) (5.16)
€= (8161 : £26n )’ (5.17)
The probability distribution function afi1:, is (Eaton 2007 p.122)
fwinle , B) = ("2 Y2exp( ( 1 (W) &)" B (WinT €)) (5.18)
The maximumlikelihood estimate$/\1 andé\z are given inSection5.3 and depend on the
other parameters of the bivariate HKp. However whebst#uting them in %.18) its

maximization becomesomplicated. From now on we assume thate, are known or

estimated fronthe corresponding sample meaeg. see the estimation techniques proposed
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by Amblard and Ceurjolly (2011). Substituting®'* from (5.15) in (5.18) and taking the
partial derivatives of the lotikelihood function 6.18) with respect tah and(, we obtain

\ 2 - ) ] i ] )
N g T ? (RiT J?Raa RI21R21)' 1 _ﬁ% R1'Ra (R27 }2RzR1 lRzl)]' o)
1 1 U
Qi _é j12 - ! i1 i1 35'19)
8 2¢ (R2T }°Ra1R1R21)]' 'R21 Ry 0 0
ui Uz
& g 0 a}ll_l% R 'Ra1 (R2T }2Rxs R, 1Rzl)]T )
= 2 15.20)
Qi ! i . i 2 ; i
* & 2225 (RoT 12Ra Ry Rey)]” 'R R T 5 (ReT J2Ra R1Ray) 1
€ 0 o2 U2 u

The determinant dg is (Horn and Zhang 2005 p.19)

B = Bl 1l = Bl 152l = [2Re] i (RuT §2RaaR2 Ras)]| = FiiRy 2 (ReT 1 2RaaR1R21)|  (5.20)

and

Ol B2 Ol B2n
Qun "0 Qr "k (5:22)

Solving thesystem

On(f(wanle , B) _ o . O |(f¢W5;1I8 B _ g
2

&y (5.29)

for U1 and U2 we obtain

b= (@a"1) 2@V ) b= (@a 1) 2@)na)? (524

where
ap = yI 1in(RiT J2Ra1 Rizl R21)" y1 1,
a = y; 1n (R2T }2Ras Rill R21)' ! Ra1 Rill Yi1n, &3 = y; 1n (R27 J?Ra Rill R21)'ty21n  (5.25)
and
Y11n= ( X11nT 81&I)T, Y21n= (X; inT €260 )7 (5.26)
Now substitung (5.24) in (5.18) and maximizing the lotjkelihood of the three

parametersve obtainﬁ\l, I-ll\z, f After substitting these values irb(24) we obtairﬁ\l and lﬁ\z.

We assume now thétereis a record of observations 1:pm) := (X1,€ X1 (+m) " andxz 1n

= (%21,€ ,Xen)'. Followingthe same procedure it is shownatZ12 = EL and
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a0 = yiaem (RiT J2Ra1 R Rat)' Hya sy,
= Yo 1n (Rof } 2Ry1R1R21) *R21R 1 Y1 L:vm), 83 1= Y2 1n (R J 2Ro1R1 Ra1)! Y2 1n (5.27)

5.3 Maximum likelihood estimators of the means othe bivariate HKp

We mentioned in Sectioh.2 that the maximum likelihood estimaté\isandsl\z depend on the

other parameters of the bivariate HRjm obtain them we substitu(b.15) in (5.28):
T e\ L Toe) = e @ T o
(WinT €)' B {(winT €) =(1/2) (¢1,€2) A g &) H I e{,e2)b+winF win (5.28)

where

e
- B 1..—
en S1 6 ( 3 Ezlsz €n !Z’ SW“ 8

e
A=28 , GSten 4 o S (529
eeI(T E|11E215|2}6n en Sz e U 8 Win B Y Q

To maximize 5.18), (5.28) should beminimized Its minimum is attained faiGolub and
Van Loan 1996 p.490)

(e1,82)"=A"b (5.30)
The matricesA andb are functions of the other parameters of the bivariate HKp, therefore
after substititing their maximum likelihood estimates B.30) we obtains/\l andsl\z. However,
as mentioned in Sectidn2, this result will not be sed in this study.

5.4 Posterior predictive distributions

We assume that 1.q+k is the output of theeterministiomodel andk: 1n is the data observed.

We wish to find the distribution ofz (+1)n+m conditional onx1 1:q+m) andxz 1n. ASSuming

that{xt = (Xux)}, t= 1, 2, €é is a bivariate widkKpis the |
given by(5.18). The 26+m)-by-2(n+m) covariance matrix of the process is given hy) and

is partitioned according t&(E1)

e B Fin Fa

é 8 @ P1 Pug
E=gFou B Fomm 0=8p, P, U (5.31)
€ Fo12 Fomn Fom U
whereFam is mby-m matrix and
e Z1 Fizig ez g
S8 Ba HP21_[ Z212 Fomn |, P12= & S g U P2 = Fam (5.32)
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Then the posterigoredictivedistribution ofxz @+1)(n+m conditional 0rx1 1:q+m), X2 1n andd
IS
f(x2 eriymemXe seem X2 1nd) = CP2 ™2 Rmin| Y2 exp(T 1/207) L
_ 11 _
(X2 @2y T €rmin) " Rnin (X2 ey T )] (533

wheree mn andRmp are given by
Emin = £26m+ P21 PL (X1 1gnemy , X2 1) " T (E16nem » €26n)7) (5.34)

Rrin = P27 P21 P’ Pa (5.35)

Here we mention that in the followind will be considered known and equal to its
maximum likelihood estimate. In a Bayesian setting we would assumef iad random
variable, however this is out of the scope of this study and will be examined in the future. In
the Bayesian setting the uncertainty of the prediction would increassge.@hapted. The
varialdes that will be examined in the following will be considered normal. For truncated
normal variables the interested reader is referred to Horrace (2005Ctapter4. The
examination of nomormal variables isut of the scope of this study as well.

5.4.1Investigation for various values df

An investigation for various values of the parameters is performed here.

- For} = 0, x1 andx> areuncorrelatedhence the knowledge addedyi.n+m) is useless. In
this cas€5.33) reduces to

f(X2 (1) (n+m X1 1:04m),X2 10,d) = F(X2 (e 1):(nmy X2 10,d) (5.36)
which already has been examinedChapted.

- For H1 = H2> = 0.5(5.33) reduces tdhe case of the normdinear processor examined by
Krzysztofowicz (1999a) with the following equivalence between the parameters of normal

linear processaand our model.

YEr (5.37)
S= ik (5.39)

a=( tn)/ie (5.39)
(P=08( 1,2 (5.40)
b=(2e1T J Cher)lli (5.41)
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5.5 Case study

We applied our methodology tgobal temperature data and precipitation data showiale

5.1. These data are mdted by a HursKolmogorov proces (Koutsoyianis and Montanari
2007). We used the 20C3M for the calibration of the model and the SRES scenarios A1B, B1,
A2 of the IPCC Fourth Assessment Report (AR#)mprove the prediction of the stochastic
model Table5.2). The AR4 output could be divided into two time periods. The first time
period corresponds to the 20C3M scenario, which simulates the climate of the past, based on
greenhouse gasses increasing as observed through the 20th century. The 20C3M scenario
approxmately covers a time period spanning from 1880 to 2000, albeit the exact time period
depends on the developer of the model. A list of model developers is shdabl@b.3. The
second time period corresponds tee tA1B, B1, A2 scenarios and simulates the future
climate, based on hypotheses mentioned@ahle5.2. We preferred to use the AR4 because
the intersection of its second time period with the time period correspptalithe observed
histical data is almost 10 years, thus we can inspect the validity of our predidtiens.
specific GCMs that where used in the study are showraibte5.3. TablesB.1-B.4 show the
maximum likelihood estimates of the bivariate HKp £ (xut,X21)}, where {xi} is the process

which models the GCM anfix»} is the process which models the obseoret The time
interval for the calibration spans from the maximum starting yeath®fcorresponding
20C3M scenario and the observed data to the miniwiuine corresponding 20C3M scenario

and the observed date.g. sed-igure5.1). We also examined the case where the parameters
are estimated separately. Specifically the}{ {x=} are assumed to be univariate HKps and
their parameters are estimated a€hapter3. The sample crossorrelation function is used

in this case to estimaje

Calibration period ; Prediction period
Historical observations, x; : :
20C3M L1 Al
GCM output, x; ; §
Year E E >
1880 2000 2010 2050

Figure 5.1. Scetch explaining the time periods that are used for model calibration, i.e.
estimation of its parameters, and prediction. The specHdiarsy depicted in the sketch
represent the typical years that were used in case studies (although these may vary in some of
them; seé\ppendix B
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Table 5.1. Study hstorical time series.

Data Name Developed by Time interval

Temperature Global LandOcean Temperature  GISS 18802012
Index

Temperature Annual Global Land and Ocean NOAA 18802012
Temperature Anomalies

Temperature Combined land [CRUTEM4] and CRU 18502012
marine tempeature anomalies

Precipitation Precipitation over land areas CRU 19001998

Sourcesdata.giss.nasa.gpwww.nodc.noaa.gov/General/teamature.htmlwww.cru.uea.ac.uk/cru/data/temperature/
www.climatedata.info/Precipitation/Precipitation/gid. html

Using the simultaneousnaximum likelihood estimate of}, we obtain the posterior
predictive distribution ofkz p+1)(+m) conditional onxi 1:p+m), X2 1n @and d from (5.33). The
other parametrs of the bivariate process are estimated again assuminfxifaf x2} are
univariate HKps, however in this case we use the whole sample, starting from the common
starting year of %1t} and {x2} until the year 2100 for thex:} parameter estimatesnd the
common end year of the corresponding 20C3M scenario gmdf¢r the {x»} parameter
estimatesThe samples from the posterior predictive probabilityjgf, t = n+1, n+2,...,were

used to obtain samples for the variable of intexggi) given by @.34).

93


http://data.giss.nasa.gov/
http://www.nodc.noaa.gov/General/temperature.html
http://www.cru.uea.ac.uk/cru/data/temperature/
http://www.climatedata.info/Precipitation/Precipitation/global.html

Table 5.2. IPCC scenarios and their relevance to the study.

Scenario

Characteristics Reason for being appropriate or inappropriate

AR4 SRES

AlB

Bl

A2

COMMIT

1%-2X,
1%-4X

Pl-cntrl

20C3M

Various hymthetical scenarios for the Runs start in the 21st century.

future.

A future world of very rapid economic

growth, low population growth and rapi

introduction of new and more efficient

technology. Major underlying themes a

economic and cultural cerrgence and

capacity building, with a substantial

reduction in regional differences in per

capita income. In this world, people

pursue personal wealth rather than

environmental quality.

A convergent world with the same glob

population as in the Astoryline but with

rapid changes in economic structures

toward a service and information

economy, with reductions in materials

intensity, and the introduction of clean

and resourcefficient technologies.

A very heterogeneous world. The

underlying heme is that of strengthenin

regional cultural identities, with an

emphasis on family values and local

traditions, high population growth, and

less concern for rapid economic

development.

Greenhouse gases fixed at year 2000 Runs start ithe 21st century, however it is a

levels. conservative scenario.

Assume a 1%peryear increase in CO2, Results in CO2 being 570 ém? (ppm) already in

usually starting at year 1850. 1920, when in fact it was 379 ém? in 2005. Actual
20th centuryconcentrations are required.

Uses prandustrial greenhouse gas Actual 20th century concentrations are required.

concentrations.

Generated from output of late 19th & This scenario is used for calibration.

20th century simulations from coupled

oceaifiatmosphere models, to help

assess past climate change.

Sources: Leggett et al. (1992); IPCC (2000); IPCC (2007); HPGCIA (1999);Hegerl et al(2003)
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Figure 5.2. 95% confidenceegionfor thepredictive30movi ng aver age temper
the A1B scenario of the ECHG model, using the NOAA annual global land and ocean
temperature anomalies.
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Figure 5.3. 95% confidence region for thredidive 30movi ng aver age temper
the B1 scenario of the ECHG model, using the NOAA annual global land and ocean
temperature anomalies.

We preferred to present some specific examined cases with characteristics presented in
Table5.4. First we examined the scenarios A1B, B1, A2 of the ECHO G model dvQAA
annual global land and ocean temperature anomatigaréss.2-5.4). The estimated for
this case was equal to 0.24 and rather moderate. A 95% confidence region for the predictive
global climate temperature for the worst scenario A2 was of terof 0to0 . 5AC mor e t h
the 2012 climate tengpature.Figures5.5-5.7 show the results for the scenario A1B of the
CGCM3.1 (T63) for all temperature datasets. The estimatedk values at the range of 0.12
to 0.24. A 95% confidence region for the predictive global climate temperature for all
historical datasets is of the orderidd.2 to0 . 6 AC more than the 2012
We also examined a case with relatively bggimatedé6s of t he @.B8fwthe of 0.



A1B of the UKMO HadGEML1 and for all temperature datasdétgyures5.8-5.10 show the

results for this scenario. A 95% confidence region for the predictive global climate
temperature for all historicalathsets is of the order of 0.7 Io. 2 AC mor e t han t
climate temperature. For the CRU precipitation over land areas dataskefcisled to show

the results for the scenarios A1B, B1, A2 of 8B 8HO G modefor the CRU precipitation

over land areasF{gures5.11-5.13) . |t seems that the model 0s

historical datasets.

Table 5.3. Main characteristics of the GCMs used in the study.

IPCC Name Developed by Country
report
AR4 BCC CM1 Beijing Climae Center China
BCCR Bjerknes Centre for Climate Research Norway
BCM2.0
CCSM3.0 National Center for Atmospheric Research USA
CGCM3.1 Canadian Centre for Climate Modelling & Analysis Canada
(T47)
CGCM3.1 Canadian Centre for Climate Modelling/nalysis Canada
(T63)
CNRM M®t-®Boance / Centre National d e France
CM3
CSIRO  CSIRO Atmospheric Research Australia
Mk3.5
ECHAM5 Max Planck Institute for Meteorology Germany
MPI-OM
ECHO G Meteorological Institute of the Univetg of Bonn, Meteorological Germany/Korea
Research Institute of KMA, and Model and Data group.
FGOALS LASG / Institute of Atmospheric Physics China
gl.0
GFDL US Dept. of Commerce / NOAA / Geophysical Fluid Dynamics Labora USA
CM2.1
GISS ER NASA / Goddard Institute for Space Studies USA
INGV Instituto Nazionale di Geofisica e Vulcanologia Italy
ECHAM4
INM Institute for Numerical Mathematics Russia
CM3.0
IPSL CM4 Institut Pierre Simon Laplace France

MIROC3.2Center for Climate Syste Research (The University of Tokyo), Nationa Japan
(medres) Institute for Environmental Studies, and Frontier Research Center for
Global Change (JAMSTEC)

MRI Meteorological Research Institute Japan
CGCM

2.3.2

PCM National Center for Atmospheric Research USA
UKMO Hadley Centre for Climate Prediction and Research / Met Office UK
HadCM3

UKMO Hadley Centre for Climate Prediction and Research / Met Office UK
HadGEM1

Sourceshttp://mwwpcmdi.linl.gov/ipcc/model_documentation/ipcc_model_documentation giimpexp.knmi.nl
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Figure 5.5. 95% confidenceegionfor the predictive 3Gnoving averg e
the A1B scenario of the CGCM3.1 (T63) model, using the GISS globaloeeah
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Table 5.4. Main characteristics of the cases presented in FigL2es13.

Variable Historical dataset Model

ScenarioEstimated Corresponding Corresponding

developer table figure
Temperatue NOAA ECHO-G Al1B 0.24 TableB.2 Figure5.2
Temperatue NOAA ECHO-G Bl 0.24 TableB.2 Figure5.3
Temperatue NOAA ECHO-G A2 0.24 TableB.2 Figure5.4
Temperatue GISS CGCM3.1 (T63) Al1B 0.21 TableB.1 Figure5.5
Temperatue NOAA CGCM3.1 (T63) A1B 0.24 TableB.2 Figure5.6
Temperatue CRU CGCM3.1 (T63) A1B 0.12 TableB.3 Figure5.7
Temperatue GISS UKMO HadGEM1 A1B 0.37 TableB.1 Figure5.8
Temperatue NOAA UKMO HadGEM1 A1B 0.38 TableB.2 Figure5.9
Temperatue CRU UKMO HadGEM1 A1B 0.26 TableB.3 Figure5.10
Precipitatior CRU ECHO-G Al1B -0.03 TableB.4 Figure5.11
Precipitatior CRU ECHO-G Bl -0.03 TableB.4 Figure5.12
Precipitatior CRU ECHO-G A2 -0.03 TableB.4 Figure5.13
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Figure 5.6. 95% confidenceegionfor the predictive 3@noving average tempetatr e

the A1B scenario of the CGCMS3.1 (T63) model, using the NOAA annual global land and

ocean temperature anomalies.
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Figure 5.7. 95% confidenceegionfor the predictive 3dnoving average temperatur ( A C)

the A1B scenario of the CGCM3.1 (T63) model, using the CRU combined land [CRUTEM4]

and marine temperature anomalies.

5.6 Summary and conclusions

The aim of this Chaptexas to predicthe future evolutiorof a LTP process used to model a

geophysicaphenomenon conditional on historical observations of the phenomenon and the
hindcasts and predictions of a deterministic model of the phenomenon. To this end we

modelled both time serighistrorical observations and deterministic model outpugs)g the

bivariate HKp. We derived a new MLE to estimate the parameters of the bivariate HKp. The

parameters were given values equal to their estimations, and the distribution of the future

variables conditional on the historical observations, the hindcasts addtmns of the

deterministic model and thestimatecparameters was derived.
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Figure 5.8. 95% confidenceegionfor the predictive 3dnovingaverage e mper at ur e ( A
the A1B scenario of the UKMO HadGEMmodel, using the GISS global landean
temperature index.
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Figure 5.9. 95% confidence region for thpgedictive30movi ng aver age temper
the A1B scenario of the UKMO HadGEM1 model, using M@AA annual global land and
ocean temperature anomalies.

The methodology was applied hastorical globatemperatureand over land precipitation
data. GCMs were used as deterministic models. Using the estimated values of the parameters
we provided stochstic prediction of the future climate combining the projections of the
GCMs and their corresponding hindcasts with the observed time series. It was found that the
estimated values of the cressrrelation between the historical datasets (at global saadk) a
the hindcasts of the GCMs range from 0 to 0.4, showing that the information added by the
GCNMs to that contained in the historical datasets is not substantial. Hence the upper bound of
the 95% confidence region of the climatic value of temperature a2§€8 was estimated to
about 1.2AC more than the current value of t

the estimated value of the cressrrelations between the historical datasets and the hindcasts
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of the GCMs was almost equal to 0. Thigant that the output of the GCM had no effect on

the stochastic predictisn

historical moving average

deterministic

prediction

Temperature

Year

Figure 5.10. 95% confidenceegionfor the predictive 3dmo v i n g
for the A1B scenario of the UKMO Had®H model, using the CRU combined land

[CRUTEM4] and marine temperature anomalies.
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Figure 5.11. 95% confidenceegionfor the predictive 36noving average precipitation (mm)
for the A1B scenario of the ECHG model, using the CRU precipitation over land areas.

2050

t emp e

We emphasize that the estimation of the stochastic model parameters should better be

performed using only data that were not used in the GCM fitting/tuning, i.e. for the period

after 2000. This would ceespond to the soalled splitsample technique, which avoids

possible model overfitting on the available data. However this would increase considerably

the uncertainty of the estimators of the parameters of the models and practically would result

in totd neglect of the GCM predictions. Hence we decided to approach the problem more

conservatively
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Figure 5.12. 95% confidenceegionfor the predictive30-moving average precipitation (mm)
for the B1 scenariof the ECHGG model, using the CRU precipitation over land areas.
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Figure 5.13. 95% confidenceegionfor the predictive30-moving average precipitation (mm)
for the A2 scenario of the ECHG model, usinglte CRU precipitation over land areas.

Our approach is an extension of previous studies (Krzysztofowicz 1999a,b; Wang et al.
2009), which exploited the outputs of deterministic models combined with historical dataset,
on persistent stochastic processeghis study a methodology for LTP processes is proposed
whereas in the previous studies only white noise and the AR(1) processes were examined. An
expansion of the methodology to a Bayesian setting, in which also the uncertainty of

parameters is accountear fwill be a next step
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6. Summary, oonclusions and recommendations

Theinitial aim of this thesisvas the development of a stochastic frameworkhe prediction

of hydroclimatic processes using Bayesian techniqgliessolve the problem wedecided to
sekcta parametric approacifhus a stochastic model walsosen.The choice was based on
well established griori criteria, namely thesecond law of thermodynamijc#hich under
certain constraintsesults to a family of stochastic models exhibiting HK béhav A
Bayesian approach was adopted to find the posterior predictive distributions of the

hydroclimatic variables of interest.

The thesis proceedditiearly asplanned from the starf previousstudywhich developed
a stochastic framework waswestigaéd. The results of thastudy were encouraging.
However it was based on a new heuristic algorithmthis thesis we pread analytically that
this algorithm is correcDue to the Initations of the first approacke decided to solve the
problem using Baysan statisticSA first step to this direction is the assessment of the
estimators of the parameters of the stochastic model. The results were again encouraging.
Hence in the second step we solved ghablem in a Bayesian way using a nioformative
prior distribution for the parameters of the stochastic model. Last we decided to use

information provided byleterministic models to improve the resulfghe stochastic model.

Of course this thesis can not solve exhaustively the problem as mentioned am 6&&ti
The stateof-the-art models for climate prediction are deterministic and research is focused on
their developmentdespite their deficienciekittle research has been condudtethedomain
of stochasts. Therefore the stochastic approach could be considered innovative on its own.

We hope that the analytical tools developed here dmldlding block to this effort.

6.1 Methodological contributions

6.1.1 A new algorithm to calculate confidence intervals

In Chapte 2 a MonteCarlo algorithm for an approximation of a confidence interval of any
parameter for any continuous distribution was propokedas shown that the algorithm is
exact for a single parameter of distrilon of either location or scale family. It is also
asymptotically equivalent to a Watglpe interval for parameters of regular continuous
distributions. After appropriate modification of the algorithm it was made appropriate for
calculating confidence tarvals for a parameter of mufiarameter distributions and it was

shown that it is asymptotically equivalent to a Whalgde interval for regular distributions.

10¢



The algorithmwas tested in several distributions and was foundithgéneraworks well
and results in correct coverage probabiliti®se algorithm is proposedr an approximation
of a confidence interval of any parameter for any continuous distribution because it is easily
applicable in every case and gives better approximations than atbemkalgorithns as
shown in specific case¥he algorithm wasmplemented iran earlierstudyexamining future

hydroclimatic variables for a better approximation of confidence intervals.
6.1.2 On the estimation of the parameters of the HKp

A simulation study toassess the performance of several estimators of therbitess was
performed in ChapteB. It was found that three estimators (ML, LSSD and LSV) were more
accurate when estimating the Hurst parameter of the HKp, comparee@testimators of the

literature, probably because they aredolgn the structure of the HKp.

The LSV estimator is novel and follovedosely the rationag¢ of the construction of the
LSSD,deferring in that its construction was based oryaical results Propertiesof the LSV
were found analyticallynamely the boundedness propery H and the behaviour of the
estimator for high values ¢i. It is mentioned that other estimatotisan the oneproposed
here, yield estimats of H outside of its proper domain. The MLE was presented after

appropriate streamlining, to be used in Chapter

An additionaladvantage of these three estimatorthig in addition toH, they estimate
which is essential for thetatisticalmodel.lt was shown thall andH are not orthogonathus
their maximum likelihood estimatomare correlated. On the other hahe pairse, 0 ande, H
are orthogonal, thutie maximum likelihood estimate Gfor H varies only slowly witre. As
a consequence a nommsiltaneous estimator af and H may be suboptimal in terms of
robustness comparing to the ML, LSSD or LSV estimators which estitdatnd (

simultaneously.
6.1.3 The Bayesian statistical model

In Chapter4 a Bayesianstatistical model wagroposed for estimating future confidence
regions on the basis of a statary normal ®chastic proces$urthermore the problem for a
truncated stationary normal stochastic process was solved ag\welhinformative prior of

the mrametersvas chosenThe posterior distributions of the parameters of the model, the

posterior predictive distributions of the variables of the process and the posterior predictive
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distribution of the30-year moving average which the climatic variableof interest were
derived after technical manipulations.

The methodologywas appied to runoff, rainfall and temperature datasets from Greece,
Vienna and Berlin to five cases. Three kinds of stationary normal processes were examined,
namely WN, AR(1) and HK. It was shown thathe use of shomange dependence stochastic
processes, i.e. WN and AR(1) is matitableto model geophysical processes, because they
underestimate uncertainty. However the HKp achieved this purpose. In the examined cases it

performedwell and was able to explain the fluctuations of the process.

Results associated with the estimation of the parameters on a Bayesrawork
compared to typical statisticastimators, such as the ML esttorawere also derived
showing that in generahé two estimators are almost equal. Posterior distributions of the

parameters were derived and it was shown thatwesg wider for the HKp.
6.1.4 Incorporating information from deterministic models

Conclding the thesis we tried to encompagsrmation from eterministic modelsTo this

end datasets and deterministic model outputs were time modelled by the bivariate HKp. A
new MLE of the parameters of the bivariate HKp was derived. The parameters were given
values equal to their estimations, and the distroutif the future variables conditional on the
historical observations, the hindcasts and predictions of the deterministic model and the

parameters was derived.

We applied the methotb historical globaltemperatureand over land precipitation data.
GCMs wee used as deterministic modelswas shownthat the information added by the
GCMs to that contained in the historical datasets is not substantial. Hence the upper bound of
the 95% confidence region of the climatic value of temperature at year 2108twzested to
about 1.2AC more than the current value of
the estimated value of the cresmrrelations between the historical datasets and the hindcasts
of the GCMs was almost equal to 0. This meant ttetoutput of the GCM had no effect on
the stochastic predictions.
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6.2 Recommendationdor further research

6.2.1 Technical issues

Regarding the topics studied in this thesis, theeela$ of space for improvementslated to
technical issuesk-urther research ineeded to evaluate the influence of the choice of the
numerical parameters (incremengmd the simulation sample size) to the results of the

algorithmin Chapter2.

The prior distribution of the parameters otthiKp in Chapter4 could bedetermined
automatically, directly derived from the sampling distribution in aimformative approach,
e.g. a Jeffreys pripra reference prior or a matching prigk. comparison of dferent
simulators for thebivariate HKp in the fashion of Chapte3, would be a step for a better

establishment of the new MLE estimator.
6.2.2 Further research

The stochastic framewowdkeveloped in this theseould be improved awsiderablyWe could

switch to an informative prior based on prior information, e.g. information from similar
observed geophysical processes or use hierarchical maddelsiramework examinesnly
normal variables. The incorporation of mnAparmal variables using appropriate
transformations will be a next step. An extension of the framework to the multivariate case to

examine multiple time series in adjacent regions will be another improvement.

The derivation of the MLE for the multivariate HKip worth stalying. The Bayesian
expansion of the framework that incorporates information from deterministic models, will
reveal uncertainties in a similar manner to the stochastic frame®#orthermore truncated
normal variables could easily be examined within trengwork. The examination of its
mathematical relationship with the Bayesian Forecasting Systkbmlso offer opportunities
for new developments. Furthermore the methods developed in this thesis could be applied to
more datasets for obtaining more praati@sults.

6.3 Limitations

This thesis focused on the HKp to modgtophysical processes. Despite its parsimony owing
to the use of only three parameters it is limited when modelling complicated phenomena.
More complex but also parsimonious models shoulddyeldped to model such phenomena.

However we believe that the methods developed here could serve as building blocks in this
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effort. These models for example could be derived setting different constraints when
maximizing entrops or could be selected per Regional models towards the same direction
could also be developed, e.g. the incorporation of deterministic information in the stochastic

framework for the multivariate case could be examined.
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Appendix A Notations and dstributions

The rotaionsused in this thesisnless stated otherwisee summarized imableA . 1.

Table A.1. Notations

Symbol Notation

XY, Z Observations

XV, Z Random variables

X, Y, Z Vectors or Matrices

f,g,h Densities

f(x|dl) Density ofx conditional on the parametdr

’ Densities for parameters (Bayesian setting)

F,GH Distribution functions

F(x|d) Distribution function o conditional on the parametdr

For easyeference, the details of the distrilbart functions used in this thesase summarized
in TableA.2.

Table A.2. Distributions used in the Bayesian framework.

Distribution Notation Parameters Density function
Chi-square X~ 64(3) degrees of freedom> 0f; ¢x|3) = (1/2F2[ ®/R)]' % 2'elx p/R)jx>0
Inverse chisquare x ~ Inv-64(3) degrees of freedom> 0 Finv-c 6X|3) = (1/2F2[ ®/R)]" X #*Vexp T X)/x2 0
Exponential x~EXP(@) scaleli> 0 fexp(X|0) = (LL)exp( */0)
Gamma x ~gamma(p) shapel> 0 fo(x|UP) =B9[ W' XU e x (kx>0
scalel/b>0
Inversegamma  x ~ Inv-gamma(lp) U>0 fis(xUb) =bY[ W' % ¥Ve x MK)Ix>0
b>0
Normal x~N(g,i?) locatione fa(xle,0?  =0A(12Xd(1 1UAIAxT €)3
scaleli> 0
Truncated normal x ~ TN(g,(?,a,b) locationg fg Axle,0%a,b) =[G ((bT €)/A)T G (@t €)/q)]" t1/4) a ((xT €)/0)
scale(i> 0 x1 [ab], (x) :=f(x]0,12)

Multivariate normax ~ N(g,B)

Studenit

Weibull

(implicit dimensionn)

X~ tn(e,0?)

X~ Weibull(a,b)

a minimum value

b maximum value

locatione fra(xle,B) = TR L kp[( 1/ @01)e)? B T €)]
symmetric, pos. definite

N X nvariance matrix

degrees of freedom  Not needed in the manuscript

locatione

scaleli >0

scalea> 0 fw(xja,b) = (b/a) (V)" e x pxa)’)(

shapeb >0







Appendix B Results for deterministic models

Table B.1. Maximum likeliood estimates for thgarameters of the bivariate Hqr the GISS global landcean temperature index.

GCM Time Simultaneous MLE Separate MLE
J o Hi  H> | } €1 €2 O Hi  H>
BCC CM1 itas_bcc_cml_20c3m-B60E_-90-90N_n_su_00 18712003 | 0.37 0.15 040 0.89 0.98|0.84 16.82 14.00 0.20 0.50 0.95 0.99
itas_bcc_cml_20c3m-860E_-90-90N_n_su_ 01 18712003 | 0.44 0.14 0.36 0.88 0.98|0.89 16.81 14.00 0.20 0.50 0.96 0.99
BCCR BCM2.0 itas_bccr_bcm2_0_20c3m-3BOE_-90-90N_n_su 18501999 | -0.05 0.26 0.47 0.97 0.9|0.53 12.56 13.97 0.22 0.41 0.97 0.99
CGCM3.1 (T63) itas_cccma_cgcm3_1_t63_20c3r3@0E_-90-90N_n_su 18502000 | 0.21 0.87 0.31 0.995 0.97|0.86 12.53 13.97 0.92 0.42 0.995 0.99
CNRM CM3 itas_cnrm_cm3_20c3m-860E_-90-90N_n_su 18601999 | 0.08 0.49 0.43 0.96 0.99|0.80 13.09 13.97 0.49 0.41 0.97 0.99
CSIRO Mk3.5 itas_csiro_mk3_5_20c3m-ZB0E_-90-90N_n_su_01 18712000 | 0.08 0.77 0.44 0.99 0.99/0.76 15.13 13.97 0.73 0.42 0.99 0.99
ECHAMS5 MPI-OM itas_mpi_echam5_20c3m-3B60E_-90-90N_n_su_03 18602000 | 0.06 0.28 045 0.90 0.99|0.56 14.23 13.97 0.27 0.42 0.90 0.99
ECHO G itas_miub_echo_g_20c3m-3B0E_-90-90N_n_su_00 18602000 | 0.27 0.46 0.40 0.98 0.98]|0.79 13.57 13.97 0.49 0.42 0.99 0.99
itas_miub_echo_g_20c3m-3B0E_-90-90N_n_su_02 18602000 | 0.26 0.52 0.39 0.99 0.98|0.78 13.51 13.97 0.55 0.42 0.99 0.99
FGOALS g1.0 itas_iap_fgoalsl_0_g_20c3m3BOE_-90-90N_n_su_00 18501999 | 0.05 0.27 0.44 0.71 0.99/0.30 12.42 13.97 0.25 0.41 0.72 0.99
itas_iap_fgoalsl_0_g_20c3m3BOE_-90-90N_n_su_01 18501999 | 0.02 0.30 0.44 0.75 0.99|0.51 12.35 13.97 0.28 0.41 0.76 0.99
itas_iap_fgoalsl_0_g_20c3m3BOE_-90-90N_n_su_02 18501999 | 0.02 0.27 0.44 0.68 0.99/0.34 12.41 13.97 0.25 0.41 0.69 0.99
GFDL CM2.1 itas_gfdl_cm2_1_20c3m-B60E_-90-90N_n_su_00 18612000 | 0.13 0.49 0.42 0.95 0.99|0.73 13.31 13.97 0.52 0.42 0.96 0.99
itas_gfdl_cm2_1_20c3m-860E_-90-90N_n_su_01 18612000 | 0.17 0.60 0.42 0.98 0.99|0.70 13.33 13.97 0.61 0.42 0.98 0.99
itas_gfdl_cm2_1_20c3m-B60E_-90-90N_n_su_02 18612000 | 0.22 0.60 0.42 0.97 0.99|0.68 13.30 13.97 0.63 0.42 0.98 0.99
GISS ER itas_giss_model_e_r 20c3m360E_-90-90N_n_su_00 18802003 | 0.35 0.39 0.45 0.99 0.99/0.85 14.01 14.00 0.44 0.50 0.99 0.99
itas_giss_model_e_r_20c3m360E_-90-90N_n_su_01 18802003 | 0.28 0.51 0.45 0.99 0.99|0.85 14.00 14.00 0.53 0.50 0.99 0.99
itas_giss_model_e_r_20c3m360E_-90-90N_n_su_07 18802003 | 0.45 0.41 0.43 0.99 0.99|0.87 14.02 14.00 0.46 0.50 0.99 0.99
INM CM3.0 itas_inmcm3_0_20c3m-860E_-90-90N_n_su 18712000 | 0.14 0.68 0.42 0.99 0.99|0.78 12.75 13.97 0.67 0.42 0.99 0.99
IPSL CM4 itas_ipsl_cm4_20c3m_-860E_-90-90N_n_su 18602000 | 0.12 0.37 0.43 0.96 0.99|/0.79 13.08 13.97 0.37 0.42 0.97 0.99
MIROC3.2 (medres)itas_miroc3_2_medres_20c3m360E_-90-90N_n_su_00 18502000 | 0.29 0.38 0.40 0.98 0.98|0.79 13.37 13.97 0.41 0.42 0.99 0.99
itas_miroc3_2_medres_20c3m360E_-90-90N_n_su_01 18502000 | 0.31 0.48 0.39 0.99 0.98|0.76 13.41 13.97 0.49 0.42 0.99 0.99
itas_miroc3_2_medres_20c3m360E _-90-90N_n_su_0218502000 | 0.28 0.48 0.41 0.99 0.98|0.70 13.45 13.97 0.49 0.42 099 0.99
MRI CGCM 2.3.2 itas_mri_cgcm2_3_2a_20c3m-3BOE_-90-90N_n_su_01 18512000 | 0.04 0.50 0.45 0.98 0.99|0.79 12.82 13.97 0.46 0.42 0.99 0.99
UKMO HadGEM1 itas_ukmo_hadgem1_20c3m360E -90-90N_n_su_00 18601999 | 0.37 0.36 0.38 0.98 0.98/0.78 12.63 13.97 0.39 0.41 0.99 0.99

Source:climexp.knmi.nl
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Table B.2. Maximum likelihood estimates for the parasre of the bivariate HKjor the NOAA annual global land and ean temperature
anomalies.

GCM Time Simultaneous MLE Separate MLE
J b O Hi  H> | } & Hi  H>
BCC CM1 itas_bcc_cml_20c3m-860E_-90-90N_n_su_00 18712003 | 0.36 0.15 0.41 0.88 0.98/0.85 0.20 0.52 0.95 0.99
itas_bcc_cml_20c3m-860E_-90-90N_n_su_01 1871-2003 | 0.41 0.14 0.38 0.88 0.98/0.90 0.20 0.52 0.96 0.99
BCCR BCM2.0 itas_bccr_becm2_0_20c3m-3B0E_-90-90N_n_su 18501999 | -0.06 0.26 0.50 0.97 0.99|0.50 0.22 0.45 0.97 0.99
CCSM3.0 itas_ncar_ccsm3_0_20c3m360E_-90-90N_n_su_02 18701999 | 0.29 0.72 0.36 0.99 0.98/0.86 0.76 0.45 0.995 0.99

itas_ncar_ccsm3_0_20c3m360E -90-90N_n_su_05 18701999 | 0.31 0.42 0.40 0.98 0.98/0.84 0.49 0.45 0.99 0.99
CGCM3.1(T63) itas_cccma_cgem3_1_t63_20c3mB360E -90-90N_n_su 18502000 | 0.24 0.85 0.34 0.995 0.98/0.85 0.92 0.45 0.995 0.99
CNRM CM3 itas_cnrm_cm3_20c3m-860E_-90-90N_n_su 18601999 | 0.09 0.49 0.46 0.96 0.99|0.79 0.49 0.45 0.97 0.99
CSIRO MK3.5 itas_csiro_mk3_5_20c3m-3B0E -90-90N_n_su_00 18712000 | 0.00 0.62 0.50 0.98 0.99/0.69 0.56 0.45 0.98 0.99
itas_csio_mk3_5_20c3m -B60E -90-90N_n_su_01 18712000 | 0.09 0.77 0.47 0.99 0.99|0.74 0.73 0.45 0.99 0.99
ECHAMS MPI-OM itas_mpi_echam5_20c3m-3B0E -90-90N_n_su_03 18602000 | 0.07 0.28 0.48 0.89 0.99|0.55 0.27 0.45 0.91 0.99
ECHO G itas_miub_echo_g_20c3m-3B0E -90-90N_n_su_00 18602000 | 0.24 0.46 0.44 0.98 0.99]0.79 0.49 0.45 0.99 0.99
itas_miub_echo_g_20c3m-3BOE -90-90N_n_su_02 18602000 | 0.28 0.52 0.42 0.99 0.99|0.78 0.55 0.45 0.99 0.99
itas_miub_echo_g_20c3m-3BOE -90-90N_n_su_03 18602000 | 0.17 0.36 0.46 0.98 0.99/0.75 0.38 0.45 0.98 0.99
FGOALS g1.0 itas_iap_fgoals1_0_g_20c3m3BOE -90-90N_n_su_00 18501999 | 0.04 0.27 0.47 0.71 0.99]0.28 0.25 0.45 0.72 0.99
itas_iap_fgoals1l_0_g_20c3m3B0OE -90-90N_n_su_01 18501999 | 0.02 0.30 0.48 0.750 0.99|0.50 0.28 0.45 0.76 0.99
itas_iap_fgoals1l_0_g_20c3m3BOE -90-90N_n_su_02 18501999 | 0.02 0.27 0.48 0.69 0.99/0.33 0.25 0.45 0.69 0.99

GFDL CM2.1 itas_gfdl_cm2_1_20c3m-B60E -90-90N_n_su_00 18612000 | 0.11 0.50 0.46 0.95 0.99]0.73 0.52 0.45 0.96 0.99
itas_gfdl cm2_1_20c3m _<B60E -90-90N_n_su_01 18612000 | 0.15 0.61 0.46 0.98 0.99/0.70 0.61 0.45 0.98 0.99
GISS ER itas_giss_model_e_r_20c3m3B0E_-90-90N_n_su_00 18802003 | 0.36 0.39 0.47 0.99 0.99/0.85 0.44 0.52 0.99 0.99

itas_giss_model_e_r_20c3m360E_-90-90N_n_su_01 18802003 | 0.29 0.51 0.48 0.99 0.99/0.85 0.53 0.52 0.99 0.99

itas_giss_model_e_r_20c3m360E_-90-90N_n_su_05 18802003 | 0.35 0.50 0.47 0.99 0.99/0.82 0.52 0.52 0.99 0.99
INM CM3.0 itas_inmcm3_0_20c3m-B60E_-90-90N_n_su 18712000 | 0.14 0.68 0.46 0.99 0.99|0.78 0.67 0.45 0.99 0.99
IPSL CM4 itas_ipsl_cm4_20c3m-860E_-90-90N_n_su 18602000 | 0.11 0.37 0.46 0.96 0.99|0.78 0.37 0.45 0.97 0.99
MIROC3.2 (medres)itas_miroc3_2_medres_20c3m360E -90-90N_n_su_02 185032000 | 0.24 0.49 0.45 0.99 0.99|/0.68 0.49 0.45 0.99 0.99
MRI CGCM 2.3.2 itas_mri_cgcm2_3_2a_20c3m-3B0E_-90-90N_n_su_01 18512000 | 0.05 0.49 0.48 0.98 0.99|0.78 0.46 0.45 0.99 0.99
UKMO HadCM3 itas_ukmo_hadcm3_20c3m-3BOE -90-90N_n_su_00 18601999 | 0.07 0.33 0.47 0.96 0.99|/0.62 0.32 0.45 0.96 0.99
UKMO HadGEM1 itas_ukmo_hadgeml_20c3m360E -90-90N_n_su_00 18601999 | 0.38 0.36 0.42 0.98 0.99/0.77 0.39 0.45 0.99 0.99

Source:climexp.knmi.nl
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Table B.3. Maximum likelihood estimates for thgarameters of the bivariate HKpr the CRU combined land [CRUTEM4] and marine
temperature anomalies.

GCM Time Simultaneous MLE Separate MLE
J VS H, H> } i G Hi H
BCC CM1 itas_bcc_cml_20c3m-860E_-90-90N_n_su_00 18712003 | 0.51 0.16 0.33 0.89 0.965| 0.87 0.20 0.45 0.95 0.99
itas_bcc_cml_20c3m-860E_-90-90N_n_su_01 18712003 | 0.51 0.15 0.31 0.89 0.96| 0.89 0.19 0.45 0.95 0.99
BCCR BCM2.0 itas_bccr_bcm2_0_20c3m-3B50E_-90-90N_n_su 18501999 | -0.04 0.29 0.44 0.97 0.98| 0.43 0.23 0.35 0.97 0.98
CCSM3.0 itas_ncar_ccsm3_0_20c3m360E_-90-90N_n_su_01 18701999 | 0.23 0.59 0.32 0.99 0.97| 0.83 0.60 0.37 0.99 0.98

itas_ncar_ccsm3_0_20c3m360E -90-90N_n_su_02 18701999 | 0.20 0.73 0.28 0.99 0.95| 0.85 0.76 0.37 0.995 0.98
itas_ncar_ccsm3_0_20c3m360E -90-90N_n_su_03 18701999 | 0.21 0.52 0.35 0.99 0.97 | 0.77 0.51 0.37 0.99 0.98
itas_ncar_ccsm3_0_20c3m360E -90-90N_n_su_04 18701999 | 0.20 0.66 0.34 0.99 0.97 | 0.75 0.65 0.37 0.99 0.98
itas_ncar_ccsm3_0_20c3m360E -90-90N_n_su_05 18701999 | 0.27 0.45 0.32 0.98 0.97 | 0.81 0.48 0.37 0.99 0.98
CGCM3.1(T63) itas_cccma_cgem3_1_t63_20c3mB60E -90-90N_n_su 18502000 | 0.12 0.99 0.33 0.995 0.96 | 0.79 0.93 0.35 0.995 0.98
CNRM CM3 itas_cnrm_cm3_20c3m-B60E_-90-90N_n_su 18601999 | 0.09 0.57 0.38 0.97 0.97 | 0.76 0.53 0.35 0.97 0.98
CSIRO MK3.5 itas_csiro_mk3_5_20c3m-Z60E_-90-90N_n_su_00 18712000 | 0.01 0.69 0.42 0.99 0.98 | 0.64 0.61 0.37 0.99 0.98
itas_csiro_mk3_5_20c3m-30E -90-90N_n_su_01 18712000 | 0.07 0.81 0.40 0.99 0.98| 0.69 0.73 0.37 0.99 0.98
itas_csiro_mk3_5_20c3m-Z60E -90-90N_n_su_02 18712000 | 0.14 0.61 0.39 0.99 0.98 | 0.70 0.57 0.37 0.99 0.98
ECHAMS MPI-OM itas_mpi_echam5_20c3m-3BOE -90-90N_n_su_03 18602000 | 0.07 0.30 0.41 0.89 0.98 | 0.51 0.26 0.36 0.90 0.98
FGOALS g1.0 itas_iap_fgoals1_0_g_20c3m3B0OE -90-90N_n_su_00 18501999 | -0.01 0.33 0.43 0.78 0.98 |-0.01 0.27 0.35 0.78 0.98
itas_iap_fgoals1_0_g_20c3m3B0OE -90-90N_n_su_01 18501999 | -0.02 0.38 0.44 0.82 0.98| 0.14 0.30 0.35 0.81 0.98
itas_iap_fgoals1_0_@0c3m_6860E -90-90N_n_su_02 18501999 | -0.01 0.31 0.44 0.72 0.98| 0.10 0.25 0.35 0.72 0.98
GFDL CM2.1 itas_gfdl_cm2_1_20c3m-860E -90-90N_n_su 00 18612000 | 0.08 0.55 0.40 0.96 0.98 | 0.73 0.50 0.36 0.96 0.98
itas_gfdl_cm2_1_20c3m-860E -90-90N_n_su 01 18612000 | 0.09 0.68 0.39 0.98 0.98| 0.71 0.62 0.36 0.98 0.98
itas_gfdl_cm2_1_20c3m-B60E -90-90N_n_su_02 18612000 | 0.17 0.65 0.38 0.98 0.97 | 0.71 0.63 0.36 0.98 0.98
GISS ER itas_giss_model_e_r_20c3m3B0E_-90-90N_n_su_00 18802003 | 0.34 0.39 0.37 0.99 098 | 0.86 0.44 0.45 0.99 0.99
itas_giss_model_e_r_20c3m3B0E -90-90N_n_su_01 18802003 | 0.24 0.52 0.37 0.99 0.98| 0.86 0.53 0.45 0.99 0.99
itas_giss_model_e_r_20c3m3B0E -90-90N_n_su_03 18802003 | 0.28 0.53 0.34 0.99 0.97 | 0.88 0.57 0.45 0.995 0.99
itas_giss_model_e_r_20c3m3BOE -90-90N_n_su_04 18802003 | 0.32 0.46 0.35 0.99 0.97 | 0.86 0.50 0.45 0.99 0.99
itas_giss_model_e_r_20c3m3B0E -90-90N_n_su_06 18802003 | 0.28 0.49 0.40 0.99 0.98 | 0.84 0.51 0.45 0.99 0.99
itas_giss_model_e_r_20c3m3B0E_-90-90N_n_su_07 18802003 | 0.40 0.42 0.37 0.99 0.98| 0.85 0.46 0.45 0.99 0.99
itas_giss_model_e_r_20c3m3B0E_-90-90N_n_su_08 18802003 | 0.27 0.43 0.38 0.99 0.98| 0.84 0.46 0.45 0.99 0.99

INGV ECHAM4 itas_ingv_echam4_20c3m-350E_-90-90N_n_su 18702000 | 0.19 0.62 0.36 0.99 0.97| 0.76 0.58 0.37 0.99 0.98
INM CM3.0 itas_inmcm3_0_20c3m-860E_-90-90N_n_su 18712000 | 0.11 0.70 0.39 0.99 0.98| 0.75 0.65 0.37 0.99 0.98
IPSL CM4 itas_ipsl_cm4_20c3m_-860E_-90-90N_n_su 18602000 | 0.11 0.39 0.39 0.96 0.98| 0.75 0.35 0.36 097 0.98

MRI CGCM 2.3.2 itas_mri_cgcm2_3_2a_20c3m3BOE -90-90N_n_su_0018512000 | 0.15 0.60 0.37 0.99 0.97 | 0.78 0.54 0.36 0.99 0.98
itas_mri_cgcm2_3_2a_20c3m3BOE -90-90N_n_su_01 18512000 | 0.074 0.51 0.41 0.98 0.98 | 0.77 0.44 0.36 0.98 0.98
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GCM Time Simultaneous MLE Separate MLE
J VS H, H> } i G Hi H
itas_mri_cgcm2_3 2a_20c3m-860E_-90-90N_n_su_021851-2000 | 0.20 0.69 0.36 0.99 0.97| 0.81 0.64 0.36 0.991 0.98
itas_mri_cgcm2_3_2a_20c3m3B0OE_-90-90N_n_su_031851-2000 | 0.30 0.59 0.31 0.99 0.96| 0.84 0.58 0.36 0.99 0.98
itas_mri_cgcm?2_3_2a_20c3m-3B0OE_-90-90N_n su_04 18512000 | 0.29 0.57 0.32 0.99 0.96 | 0.83 0.57 0.36 0.99 0.98
PCM itas_ncar_pcml_20c3m-3B0E_-90-90N_n_su_00 18901999 | 0.23 0.41 0.34 0.98 0.97| 0.78 0.46 0.39 0.98 0.98
itas_ncar_pcm1_20c3m-3B0E_-90-90N_n_su_01 18901999 | 0.29 0.30 0.32 0.96 0.97| 0.79 0.37 0.39 0.98 0.98
itas_ncar_pcml_20c3m-3B0E_-90-90N_n_su_02 18901999 | 0.23 0.40 0.34 0.98 0.97| 0.78 0.45 0.39 0.99 0.98
itas_ncar_pcml1_20c3m-3B0E_-90-90N_n_su_03 18901999 | 0.30 0.41 0.32 0.98 0.97| 0.81 0.49 0.39 0.98 0.98
UKMO HadCM3  itas_ukmo_hadcm3_20c3m-860E_-90-90N_n_su_00 18601999 | 0.06 0.36 0.41 0.96 0.978| 0.57 0.31 0.35 0.96 0.98
UKMO HadGEM1 itas_ukmo_hadgeml_20c3m360E_-90-90N_n_su_00 18601999 | 0.26 0.49 0.35 0.99 0.97 | 0.73 0.46 0.35 0.99 0.98
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Table B.4. Maximum likelihood estimates for thparameters of the bivariate HEqr the CRU precipitation over land areas.

GCM Time Simultaneous MLE Separate MLE
J v {2 Hi  He J €1 €2 v Uz Hi  H
CCSM3.0 ipr_ncar_ccsm3_0_20c3m-3BOE_-90-90N_n_5lan_su_00 18701999 | 0.02 11.35 161.75 0.69 0.99| 0.23 756.00 1082.68 11.44 160.35 0.69 0.99
ipr_ncar_ccsm3_0_20c3m-3BOE_-90-90N_n_5lan_su_01 18701999 |-0.02 10.20 160.86 0.73 0.99|-0.05 756.56 1082.68 10.29 160.35 0.74 0.99
ipr_ncar_ccsm3_0_20c3m-3B0E_-90-90N_n_5lan_su_02 18701999 |-0.02 12.34 164.05 0.71 0.99| 0.15 753.87 1082.68 12.34 160.35 0.71 0.99
ipr_ncar_ccsm3_0_20c3m-3B0E_-90-90N_n_5lan_su_03 18701999 | 0.00 12.5 162.61 0.76 0.99| 0.05 756.33 1082.68 12.31 160.35 0.76 0.99
ipr_ncar_ccsm3_0_20c3m-3B0E_-90-90N_n_5lan_su_04 18701999 |-0.02 10.03 162.80 0.72 0.99|-0.01 753.96 1082.68 10.08 160.35 0.72 0.99
ipr_ncar_ccsm3_0_20c3m-3B0E_-90-90N_n_5lan_su_05 18701999 | 0.00 10.19 162.29 0.62 0.99| 0.15 756.44 1082.68 10.24 160.35 0.62 0.99
CGCM3.1 (T47) ipr_cccma_cgem3_1_20c3m-3BOE_-90-90N_n_5lan_su_00 18502000 |-0.03 9.80 160.99 0.70 0.99|-0.09 685.01 1082.68 9.87 160.35 0.70 0.99
ipr_cccma_cgem3_1_20c3m-3BOE -90-90N_n_5lan_su_01 18502000 | 0.02 9.88 163.61 0.62 0.99| 0.08 686.24 1082.68 9.94 160.35 0.63 0.99
ipr_cccma_cgem3_1_20c3m-3BOE -90-90N_n_5lan_su_02 18502000 |-0.04 11.33 161.11 0.78 0.99|-0.03 687.32 1082.68 11.41 160.35 0.78 0.99
ipr_cccma_cgem3l_20c3m_6B60E -90-90N_n_5lan_su_03 18502000 | 0.03 12.15 162.83 0.77 0.99| 0.09 686.65 1082.68 12.22 160.35 0.77 0.99
ipr_cccma_cgem3_1_20c3m-3BOE -90-90N_n_5lan_su_04 18502000 |-0.01 11.09 161.99 0.76 0.99|-0.05 687.51 1082.68 11.14 160.35 0.76 0.99
CGCM3.1 (T63) ipr_cccma_cgem3_1_t63_20c3m360E_-90-90N_n_5lan_su 18502000 | -0.02 11.42 162.18 0.62 0.99|-0.07 698.15 1082.68 11.48 160.35 0.62 0.99
CSIRO Mk3.5 ipr_csiro_mk3_5 20c3m_-860E_-90-90N_n_5lan_su_00 18712000 | 0.01 22.70 162.83 0.62 0.99(-0.03 677.67 1082.68 22.80 160.35 0.62 0.99
ipr_csiro_mk3_5 20c3m_-860E_-90-90N_n_5lan_su_01 18712000 | 0.00 22.00 162.51 0.65 0.99(-0.05 673.90 1082.68 22.11 160.35 0.65 0.99
ipr_csiro_mk3_5_20c3m_-860E_-90-90N_n_5lan_su_02 18712000 | -0.03 19.49 162.46 0.65 0.99(-0.08 678.32 1082.68 19.60 160.35 0.65 0.99
ECHAM5 MPI-OM ipr_mpi_echam5_20c3m-860E_-90-90N_n_5lan_su_03 18602000 |-0.01 11.05 162.67 0.55 0.99(-0.03 678.27 1082.68 11.11 160.35 0.55 0.99
ECHO G ipr_miub_echo_g_20c3m-860E_-90-90N_n_5lan_su_00 18602000 |-0.03 10.53 164.31 0.61 0.99| 0.05 757.54 1082.68 10.58 160.35 0.61 0.99
ipr_miub_echo_g_20c3m-860E_-90-90N_n_5lan_su_01 18602000 | 0.01 10.51 162.46 0.68 0.99| 0.10 758.15 1082.68 10.57 160.35 0.68 0.99
ipr_miub_echo_g_20c3m-860E_-90-90N_n_5lan_su_02 18602000 | 0.00 10.96 162.05 0.65 0.99| 0.16 758.50 1082.68 11.02 160.35 0.65 0.99
GFDL CM2.1 ipr_gfdl_cm2_1_20c3m_-360E_-90-90N_n_5lan_su_00 1861-2000 | -0.03 28.72 161.12 0.49 0.99(-0.10 749.37 1082.68 28.86 160.35 0.49 0.99
ipr_gfdl_cm2_1_208m_0360E_-90-90N_n_5lan_su_01 1861-2000 | -0.01 25.85 162.76 0.48 0.99| 0.02 747.31 1082.68 25.98 160.35 0.48 0.99
ipr_gfdl_cm2_1_20c3m_-360E_-90-90N_n_5lan_su_02 1861-2000 | -0.02 25.63 162.34 0.61 0.99(-0.07 750.61 1082.68 25.77 160.35 0.61 0.99
GISS ER ipr_giss_model_e_r_20c3m-3B0E -90-90N_n_5lan_su_01 18802003 | 0.01 9.88 161.94 0.77 0.99| 0.04 878.52 1082.68 9.93 160.35 0.77 0.99
ipr_giss_model_e_r_20c3m-3B0E -90-90N_n_5lan_su_03 18802003 |-0.03 8.96 160.95 0.56 0.99|-0.16 880.45 1082.68 9.01 160.3% 0.56 0.99
ipr_giss_model_e_r_20c3m-3B0E -90-90N_n_5lan_su_04 18802003 |-0.04 11.10 164.06 0.66 0.99|-0.14 880.03 1082.68 11.14 160.35 0.65 0.99
ipr_giss_model_e_r_20c3m-3B0E _-90-90N_n_5lan_su_05 18802003 |-0.02 10.22 162.58 0.67 0.99|-0.11 879.16 1082.68 10.27 160.35 0.67 0.99
ipr_giss_model_e_r_20c3m-3B0E -90-90N_n_5lan_su_06 18802003 | 0.01 8.65 163.75 0.64 0.99|-0.11 880.93 1082.68 8.69 160.35 0.64 0.99
ipr_giss_model_e_r_20c3m-3B0E -90-90N_n_5lan_su_07 18802003 |-0.04 9.87 161.64 0.68 0.99|-0.17 879.71 1082.68 9.96 160.35 0.69 0.99
ipr_giss_model_e_r_20c3m-3BOE_-90-90N_n_5lan_su_08 18802003 | 0.02 10.55 164.42 0.65 0.99|-0.17 880.12 1082.68 10.59 160.35 0.64 0.99
INGV ECHAM4 ipr_ingv_echam4_20c3m-860E_-90-90N_n_5lan_su 18702000 | 001 10.79 162.22 0.75 0.99| 0.10 755.09 1082.68 10.86 160.35 0.75 0.99
INM CM3.0 ipr_inmcm3_0_20c3m_-360E_-90-90N_n_5lan_su 18712000 | 0.03 12.28 156.60 0.70 0.99| 0.43 693.42 1082.68 12.48 160.35 0.72 0.99
IPSL CM4 ipr_ipsl_cm4_20c3m_-@60E _-90-90N_n_5lansu 18602000 [-0.01 9.93 163.12 0.60 0.99| 0.12 656.51 1082.68 9.98 160.35 0.60 0.99
MIROC3.2 (medres)ipr_miroc3_2_medres_20c3m3BOE -90-90N_n_5lan_su_0018532000 | -0.03 19.40 160.50 0.81 0.99|-0.34 807.72 1082.68 19.72 160.35 0.82 0.99
ipr_miroc3_2_mdres_20c3m_B60E_-90-90N_n_5lan_su_0118502000 | 0.06 20.02 163.83 0.86 0.99|-0.09 799.97 1082.68 19.97 160.35 0.85 0.99
ipr_miroc3_2_medres_20c3m-3BOE -90-90N_n_5lan_su_0z18502000 | 0.11 18.44 164.95 0.84 0.99| 0.00 801.56 1082.68 18.53 160.35 0.84 0.9
MRI CGCM 2.3.2 ipr_mri_cgcm2_3 2a_20c3m-3BOE -90-90N_n_5lan_su_001851-2000 | 0.02 9.92 162.66 0.50 0.99| 0.10 710.52 1082.68 9.97 160.35 0.50 0.99
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GCM Time Simultaneous MLE Separate MLE
J v ( Hi  H> } €1 € v Cz Hi H»
ipr_mri_cgcm2_3_2a_20c3m-3BOE_-90-90N_n_5lan_su_02 18512000 | -0.03 10.76 162.83 0.65 0.99|-0.04 711.06 1082.68 10.80 160.35 0.64 0.99
ipr_mri_cgcm2_3_2a_20c3m-3B0E_-90-90N_n_5lan_su_03 18512000 | -0.02 9.60 162.31 0.59 0.99|-0.02 712.80 1082.68 9.65 160.35 0.59 0.99
ipr_mri_cgcm2_3_2a_20c3m-3B0E_-90-90N_n_5lan_su_04 18512000 | -0.02 12.04 160.75 0.57 0.99(-0.14 709.93 1082.68 12.11 160.35 0.57 0.99
PCM ipr_ncar_pcml_20c3m-860E_-90-90N_n_5lan_su_00 18901999 | 0.05 11.40 163.51 0.57 0.99| 0.11 758.02 1082.68 11.45 160.35 0.56 0.99
ipr_ncar_pcml_20c3m-860E_-90-90N_n_5lan_su_01 18901999 |-0.01 12.00 163.06 0.57 0.99| 0.07 759.18 1082.68 12.06 160.35 0.57 0.99
ipr_ncar_pcml_20c3m-860E_-90-90N_n_5lan_su_02 18901999 | 0.00 12.50 162.45 0.60 0.99|-0.04 757.91 1082.68 12.56 160.35 0.60 0.99
ipr_ncar_pcml_20c3m-860E_-90-90N_n_5lan_su_03 18901999 | 0.00 12.05 163.16 0.44 0.99|-0.06 757.87 1082.68 12.11 160.35 0.44 0.99
UKMO HadCM3  ipr_ukmo_hadcm3_20c3m-Z60E_-90-90N_n_5lan_su_00 18601999 | -0.03 13.07 162.90 0.43 0.99|-0.06 768.84 1082.68 13.14 160.35 0.43 0.99
ipr_ukmo_hadcm3_20c3m-BBOE -90-90N_n_%an_su_01 18601999 |-0.03 13.46 159.40 0.47 0.99|-0.14 768.47 1082.68 13.52 160.35 0.48 0.99
UKMO HadGEM1 ipr_ukmo_hadgeml1_20c3m-3B0E_-90-90N_n_5lan_su_00 18601999 | -0.04 13.81 159.55 0.72 0.99|-0.26 805.32 1082.68 13.95 160.35 0.73 0.99

Source:climexp.knmi.nl
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