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... Sth mn mh twn goni¸n mou, AnastasÐou kai Elènhc,

... sth sÔntrofo thc zw c mou Pìph,

... ston epiblèponta Kajhght  mou,

... sta adèrfia mou Basilik  kai NÐko.
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... me to Mhdèn kai to 'Apeiro na sumfiliwjoÔme.

(K¸stac Karuwt�khc,

poiht c me tragik  kat�lhxh, pou qwrÐc na eÐnai Majhmatikìc

  Fusikìc, me th fr�sh tou aut  aggÐzei kai to nou kai th yuq  mac).

EuqaristÐec

Sthn ìlh mou prosp�jeia gia thn olokl rwsh thc ergasÐac aut c, jèlw na eu-

qarist sw polloÔc, pou me bo jhsan, mou sumparast�jhkan, mou èdinan dÔnamh kai

autopepoÐjhsh ìtan aisjanìmoun ìti aut� ta teleutaÐa me egkatèleipan. Pr¸ta apì

ìla ìmwc jèlw na euqarist sw to Jeì, pou mou èdwse ugeÐa, pÐsth kai kajarì mualì

gia na mporèsw na antapexèljw sto meg�lo all� ìmorfo kai polÔ endiafèron taxÐdi

pou xekÐnhsa to 2006 se hlikÐa 51 et¸n, gia thn ekpìnhsh Didaktorik c diatrib c.

'Htan ìneiro zw c kai puxÐda mou  tan h akìresth ag�ph mou gia ta Majhmatik�.

'Ena sÔntomo istorikì.

2006. Mìlic eÐqa telei¸sei epituq¸c tic dieteÐc Metaptuqiakèc mou spoudèc sth

Sqol  twn Nauphg¸n - Mhqanolìgwn, ìpou epèlexa Diplwmatik  ergasÐa p�nw sta

Majhmatik�. JewrÐa Floquet p�nw se periodikèc sunart seic. Epiblèpwn Kajhght c

mou o k.Dhm trhc Tzanet c. DÔskolo jèma, all� ta kat�fera. Bajmìc ergasÐac: 10.

Tìte skèfthka na suneqÐsw se Didaktorikì p�nw sta Majhmatik�. Mh grammikèc

Merikèc Diaforikèc exis¸seic, parabolikoÔ tÔpou kai sugkekrimèna exÐswsh Di�qushc

me mh topikì ìro phg c, kai melèth gia thn perÐptwsh èkrhxhc twn lÔsewn se pepera-

smèno qrìno. Me epiblèponta Kajhght  ton k.Dhm.Tzanet , kai mèlh thc trimeloÔc

Epitrop c touc Kajhghtèc k.Kuriak  Kuri�kh kai k.BasÐlh Papanikol�ou.

'Htan ìmwc upoqrewtikì kai bebaÐwc aparaÐthto h parakoloÔjhsh ept� majhm�twn,

metaptuqiakoÔ epipèdou, p�nw se jèmata pou ja mou sumpl rwnan tic gn¸seic mou.

'Ena qrìno di rkesan ta maj mata aut�, ìpou ta parakoloÔjhsa anellip¸c me prwto-

fanèc, (kat� th dik  mou krÐsh), endiafèron gia thn hlikÐa mou. Oi nèec gn¸seic pou

mou prosèferan kurÐwc p�nw sth Majhmatik  An�lush kai sth mh grammik  jewrÐa

twn Merik¸n Diaforik¸n Exis¸sewn, mou dieÔrunan kuriolektik� ton orÐzonta p�nw

sthn Epist mh twn Majhmatik¸n. Den èmaja apl¸c nèec ènnoiec. BÐwsa nèec ènnoiec,

pou, ìso kai na akoÔgetai trabhgmèno, mou �llaxan trìpo skèyhc, ìqi mìno sta Majh-

matik�, all� genikìtera sthn antimet¸pish twn anjr¸pwn kai twn pragm�twn. PolloÐ
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uposthrÐzoun ìti ta Majhmatik� touc zalÐzoun. Emèna perièrgwc me qal�rwnan, mou

dhmiourgoÔsan pneumatik  all� kai yuqik  hremÐa. To taxÐdi pou xekÐnhsa ègine èna

ìmorfo, oneirikì taxÐdi. Pou suneqÐzetai kai ja suneqÐzetai ìso oi pneumatikèc mou

dunatìthtec mou to epitrèpoun.

To e�n ta kat�fera den to gnwrÐzw. GnwrÐzw ìmwc ìti kat�fera na taxidèyw sto

qrìno kai na gurÐsw sthn hlikÐa twn 30 qrìnwn. Kai to kuriìtero, na palèyw. T¸ra,

met� apì ept� qrìnia melèthc kai prosp�jeiac, katajètw th diatrib  mou. EseÐc ja

thn krÐnete.

Eg¸ apl¸c, kai me ìlh th semnìthta, jèlw na euqarist sw th sÔntrofo thc zw c

mou Kalliìph, pou me st rize sunèqeia, me enèpnee me thn empistosÔnh pou èdeiqne gia

thn apìfas  mou aut , kai gia k�poiec stigmèc yuqagwgÐac pou Ðswc na thc stèrhsa.

Euqarist¸ touc eklipìntec goneÐc mou, Anast�sio kai Elènh, pou mou klhronìmh-

san to sebasmì sth m�jhsh, kai thn aperiìristh Ag�ph touc.

Euqarist¸ ta adèrfia mou Basilik  kai NÐko, pou p�nta me sumboÔleuan kai  tan

dÐpla mou.

Euqarist¸ 'Olouc touc Kajhghtèc pou me did�xane. QwrÐc tic gn¸seic autèc pou

mou d¸sane, h prosp�jei� mou ja eÐqe fober� empìdia. Touc agap¸ kai touc sèbomai

aperiìrista.

'Ola aut� kal¸c èqoun. Up�rqei ìmwc èna kentrikì prìswpo, sa na lème o kurÐwc

Prwtagwnist c, pou brÐsketai suneq¸c kai anellip¸c dÐpla mou se 'Olo to taxÐdi autì.

BrÐsketai san epiblèpwn Kajhght c mou all�, p�nw apì ìla, sa FÐloc mou. EÐnai to

prìswpo autì pou me bo jhse apotelesmatik�, pou akoÔrasta  tan sto pleurì mou,

pou sunergazìmastan ¸rec atèleiwtec, pou mou prosèfere tic gn¸seic tou, pou me

apèranth ag�ph prospajoÔse o Ðdioc proswpik� na me bg�lei apì tic ìpoiec dÔskolec

katast�seic proèkuptan. Pollèc forèc xenuqt¸ntac.

EÐnai to prìswpo pou pollèc forèc anèqthke kai dikaiolìghse orismèna mou �gqh,

pou anjr¸pina xephdoÔsan apì mèsa mou. Pou qwrÐc autìn den ja mporoÔsa tÐpota

na petÔqw. Kai m�lista sta 60 mou.

KÔrie Kajhght� mou, kÔrie Dhm trh Tzanet , apì b�jouc kardi�c, se EUQARI-

STW.

Dhm trioc Ntìgkac

Dekèmbrioc 2015
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PerÐlhyh.

MeletoÔme to mh-topikì prìblhma arqik¸n-sunoriak¸n tim¸n me mh grammik  di�-

qush (Di jhsh):

ut = ∆K(u) + λf(u)/
(∫

Ω
f(u)dx

)p
, x ∈ Ω, t > 0,

BK(u) := ∂K(u)/∂n̂+ β(x)K(u) = 0, x ∈ ∂Ω, t > 0

ìpou, 0 < p < 1, Ω fragmènoc tìpoc tou RN , N ≥ 1, me arkoÔntwc leÐo sÔnoro ∂Ω.

Arqikèc sunj kec u0(x) ∈ C(Ω̄), me sumpag  forèa entìc tou pedÐou Ω, mh arnhtikec,

ìqi tautotik� mhdèn. K(s) kai f(s) eÐnai pragmatikèc sunart seic, jetikèc, aÔxousec

kai kurtèc, gia s > 0. E�n K ′(0) = 0 èqoume ekfulismì tou parabolikoÔ telest  gia

u = 0, kai e�n f(0) = 0, èqoume lÔsh me qronik� epekteinìmeno fore�. JewroÔme

genikeumènec lÔseic (polÔ asjeneÐc lÔseic). OrÐzoume thn ènnoia thc èkrhxhc thc

lÔshc se peperasmèno qrìno.

Sto Kef�laio 2 dÐnoume ton orismì gia ta p�nw - k�tw zeÔgh lÔsewn. EpÐshc

orÐzoume touc mèsouc ìrouc Steklov gia mÐa sun�rthsh.

Sto Kef�laio 4 apodeiknÔoume èkrhxh gia to prìblhma Neumann gia k�je λ > 0

kai gia ìla ta u0(x) ≥ 0. EpÐshc gia ta probl mata Dirichlet   Robin, (ìtan to

pedÐo Ω eÐnai kurtì), eÐte gia arkoÔntwc meg�la λ kai gia ìla ta u0(x) ≥ 0 eÐte gia

arkoÔntwc meg�lec arqikèc sunj kec u0(x) anex�rthta me thn tim  thc paramètrou λ.

Upojètoume k�poiec sunj kec metaxu twn K(s) kai f(s).

Sto Kef�laio 5 exet�zoume to fainìmeno thc peperasmènhc taqÔthtac di�doshc thc

diataraq c gia to ekfulismèno mh-topikì prìblhma Di jhshc.

Sto Kef�laio 7 meletoÔme thn eust�jeia twn lÔsewn tou st�simou mh-topikoÔ

probl matoc Di jhshc, ìtan to di�gramma diakl�dwshc eÐnai kleistì apì dexi�.

Sto Kef�laio 8 apodeiknÔoume èkrhxh gia to topikì prìblhma Di jhshc, upì ori-

smenec sunjhkec metaxÔ K(s) kai f(s) kai kat�llhla arqik� dedomèna, ìtan λ > λ∗.

Sto Kef�laio 9 kai gia to mh-topikì prìblhma grammik c di�qushc, apodeiknÔoume

èkrhxh thc lÔshc upì kat�llhlec arqikèc sunj kec, ìtan λ > λ∗.

Sto Kef�laio 10 kai gia to mh-topikì prìblhma Di jhshc, apodeiknÔoume èkrhxh

thc lÔshc se peperasmèno qrìno gia λ > λ∗, upì orismenec sunjhkec metaxÔ K(s) kai

f(s) kai kat�llhla arqik� dedomèna.

Tèloc, sta upìloipa kef�laia anaptÔssontai teqnikèc pou qrhsimopoioÔntai sta

anwtèrw kef�laia.
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Abstract.

We study the following Initial-Boundary Non-Local problem, with Nonlinear Dif-

fusion (Filtration):

ut = ∆K(u) + λf(u)/
(∫

Ω
f(u)dx

)p
, x ∈ Ω, t > 0,

BK(u) := ∂K(u)/∂n̂+ β(x)K(u) = 0, x ∈ ∂Ω, t > 0

where 0 < p < 1, Ω boundary domain in RN , N ≥ 1, with smooth enough boundary

∂Ω. Initial conditions u0(x) ∈ C(Ω̄), with compact support in the domain Ω, non

negative and non identical zero. K(s) and f(s) are real functions, positive, increasing

and convex, for s > 0. If K ′(0) = 0 the parabolic operator becomes degenerate

for u = 0, and if f(0) = 0, we have solution with expended in time support. So, we

consider generalized solutions (very weak solutions). We define the notion of Blow-up

of solutions in finite time.

In Chapter 2 we give the definition of the Lower-Upper solution pairs. Moreover

we give the definition of Steklov averages for a function.

In Chapter 4 we prove blow-up in finite time of the solutions for the Neumann

problem, for every λ > 0 and for all u0(x) ≥ 0. The same holds for the Dirichlet or

Robin problems, (when the domain Ω is convex), either for large enough λ and for

all u0(x) ≥ 0 or for big enough initial conditions u0(x), independently of the value of

parameter λ. We suppose some conditions between K(s) and f(s).

In Chapter 5 we discus about the finite speed of propagation for the support of

the solution, for the degenerate Non-Local Filtration problem.

In Chapter 7 we study the stability of solutions for the stable Non-Local Filtration

problem, when the bifurcation diagram is bounded and turns to the left.

In Chapter 8 we prove finite time blow-up for the Local Filtration problem, under

some conditions between K(s) and f(s) and appropriate initial data, when λ > λ∗.

In Chapter 9 we prove finite time blow-up for the solutions for the Non-Local

diffusion problem, for appropriate initial data, when λ > λ∗.

In Chapter 10 we prove finite time blow-up for the solutions for the Non-Local

Filtration problem, under some conditions between K(s) and f(s) and appropriate

initial data, when λ > λ∗.

Finally, in the rest of the chapters, we develop methods which are used in the

above chapters.
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ParousÐash twn kefalaÐwn

Sto Kef�laio 1 kai sthn pr¸th par�grafo, k�noume mÐa arqik  parousÐash

tou probl matoc, dhlad  tou mh-topikoÔ probl matoc arqik¸n-sunoriak¸n tim¸n me

mh grammik  di�qush kai mh grammikèc sunoriakèc sunj kec (Filtration problem) kai

esti�zoume thn prosoq  mac sth mh topikìthta ston ìro phg c, anafèrontac meri-

k� shmantik� fusik� fainìmena sta opoÐa, kat� th majhmatik  touc montelopoÐhsh,

emfanÐzetai to olokl rwma
(∫

Ω
f(u)dx

)p
ston paronomast  tou ìrou phg c.

Sth deÔterh par�grafo perigr�foume en suntomÐa th stadiak  exèlixh tou majh-

matikoÔ montèlou, apì tì aplì prìblhma di�qushc mèqri to prìblhma pou exet�zoume.

GÐnetai anafor� gia arqikèc sunj kec u0(x) ≥ 0 me sumpag  forèa entìc tou pedÐou

Ω, pou apoteleÐ thn pr¸th basik  prwtotupÐa thc diatrib c. H paradoq 

K ′(0) = 0 ja odhg sei ston ekfulismì tou parabolikoÔ telest  gia tic timèc u = 0,

pou se sunduasmì me thn Ôparxh mh exanagkasmènhc antÐdrashc, (f(0) = 0), ja dh-

miourg sei to qronik� epekteinìmeno sÔnoro tou forèa thc lÔshc mac, me peperasmènh

taqÔthta. Autì eÐnai kai h kÔria prwtotupÐa thc diatrib c, afoÔ ìpwc ja

doÔme, ja apaithjeÐ na ergasjoÔme me genikeumènec lÔseic. Tèloc, jewroÔme ìti h

f(s) eÐnai mÐa aÔxousa sun�rthsh, gegonìc pou duskoleÔei dramatik� touc upologi-

smoÔc afoÔ den isqÔoun ap' eujeÐac oi klassikèc mèjodoi sÔgkrishc twn parabolik¸n

problhm�twn. Kai autì eÐnai mÐa shmantik  prwtotupÐa thc diatrib c mac.

Sthn trÐth par�grafo k�noume mneÐa tou mh-topikoÔ probl matoc Por¸douc Mèsou

(porous media), to opoÐo eÐnai upoperÐptwsh tou probl matoc di jhshc.

Sthn tètarth par�grafo anaptÔsoume majhmatik� thn perÐptwsh tou ekfulismoÔ tou

parabolikoÔ telest  gia tic timèc u = 0.

Sth pèmpth par�grafo eis�goume thn ènnoia twn Genikeumènwn lÔsewn, esti�zontac

thn prosoq  mac stic asjeneÐc kai stic polÔ asjeneÐc lÔseic. AitiologoÔme thn epilog 

twn polÔ asjen¸n lÔsewn gia thn en gènei exètash tou ekfulismènou probl matoc.

Sthn èkth par�grafo k�noume mÐa majhmatik  an�lush gia thn perÐptwsh ìpou

èqoume arqikèc sunj kec me sumpag  forèa entìc tou Ω kai lÔsh me epekteinìmeno

qronik� forèa.

Tèloc, sthn èbdomh par�grafo anaferìmaste ekten¸c sto fainìmeno thc èkrhxhc

(blow-up), pou apoteleÐ kai th basik  èreuna thc diatrib c aut c. OrÐzoume thn ènnoia

thc èkrhxhc thc lÔshc se peperasmèno qrìno.
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Sto Kef�laio 2 meletoÔme to genikeumèno prìblhma di jhshc.

Sthn pr¸th par�grafo diatup¸noume to mh-topikì prìblhma di jhshc se polÔ

asjen  morf , dÐnoume ton orismì gia ta p�nw - k�tw zeÔgh lÔsewn se polÔ asjen 

morf  kai apodeiknÔoume thn Ôparxh enìc toul�qiston tètoiou zeÔgouc.

Sth deÔterh par�grafo diatup¸noume kai apodeiknÔoume mi� genik  arq  sÔgkri-

shc gia to mh-topikì prìblhma di jhshc se polÔ asjen  morf , ìtan f(s) aÔxousa

sun�rthsh. H diatÔpwsh kai h apìdeixh se polÔ asjen  morf  eÐnai prwtìtuph

ergasÐa sth diatrib  aut . (H arqik  idèa gia thn perÐptwsh twn klassik¸n

lÔsewn up�rqei stic ergasÐec twn k.k. Tzanet , Kaball�rh, L�tou, stic opoÐec kai

basist kame). EpÐshc dÐnoume ton orismì twn mèswn ìrwn Steklov gia mÐa sun�rthsh.

H qr sh twn mèswn ìrwn Steklov sthn melèth thc èkrhxhc thc lÔshc se mh-topik�

probl mata di jhshc apoteleÐ prwtìtuph ergasÐa sth diatrib  aut .

Tèloc, sthn trÐth par�grafo, apodeiknÔoume thn topik  Ôparxh kai th monadikì-

thta thc lÔshc gia to mh-topikì prìblhma di jhshc se polÔ asjen  morf . Kai ed¸

basist kame, ìpwc kai parap�nw se ergasÐec twn k.k. Tzanet , Kaball�rh, L�tou,

pou anafèrontai ìmwc se klassikèc lÔseic. H diatÔpwsh kai h apìdeixh se polÔ a-

sjen  morf , eÐnai prwtìtuph ergasÐa sth diatrib  aut .

Sto Kef�laio 3, diatup¸noume kai apodeiknÔoume merikèc mejìdouc sÔgkrishc

gia to mh-topikì prìblhma di jhshc se polÔ asjen  morf , pou eÐnai qr simec sthn

melèth parìmoiwn problhm�twn. 'Opwc kai prohgoÔmena, h arqik  idèa gia thn pe-

rÐptwsh twn klassik¸n lÔsewn up�rqei se ergasÐec twn k.k. Tzanet , Kaball�rh,

L�tou, stic opoÐec kai p�li basist kame. H diatÔpwsh ìmwc kai h apìdeixh se polÔ

asjen  morf , eÐnai prwtìtuph ergasÐa sth diatrib  aut .

Jèloume na tonÐsoume ìti an kai ta anwtèrw jèmata eÐqan antimetwpisjeÐ gia thn

perÐptwsh twn klassik¸n lÔsewn stic ergasÐec twn anwtèrw Kajhght¸n - Ereunht¸n,

h perÐptwsh twn arqik¸n sunjhk¸n me sumpag  forèa entìc tou pedÐou orismoÔ (dh-

lad  ìqi austhr� jetikèc se ìlo to pedÐo) se sunduasmì me f(0) = 0, ja odhgoÔse se

ekfulismì tou probl matoc, gegonìc pou eÐqe epishmanjeÐ kai eÐqe qara-

kthrisjeÐ wc anoiktì prìblhma gia peraitèrw èreuna. Sthn paroÔsa

diatrib  asqoloÔmaste akrib¸c me aut� ta anoikt� jèmata (genikeu-

mènec lÔseic, lÔseic me qronik� epekteinìmeno forèa, peperasmènh
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taqÔthta di�doshc thc diataraq c klp).

Sto Kef�laio 4 exet�zetai h perÐptwsh thc èkrhxhc thc lÔshc gia to prìblhma

1.1. Sugkekrimèna apodeiknÔoume èkrhxh thc polÔ asjenoÔc lÔshc gia to ekfulismèno

mh-topikì prìblhma di jhshc kai gia to ekfulismèno mh-topikì prìblhma Por¸douc

Mèsou. Kat� kÔrio lìgo qrhsimopoioÔme th mèjodo Kaplan, thn anisìthta Jensen kai

tic idiìthtec twn mèswn ìrwn Steklov.

Sugkekrimèna apodeiknÔoume èkrhxh gia to prìblhma Neumann gia k�je λ > 0

kai gia ìla ta u0(x) ≥ 0. EpÐshc gia ta probl mata Dirichlet   Robin, (ìtan to

pedÐo Ω eÐnai kurtì), eÐte gia arkoÔntwc meg�la λ kai gia ìla ta u0(x) ≥ 0 eÐte gia

arkoÔntwc meg�lec arqikèc sunj kec u0(x) anex�rthta me thn tim  thc paramètrou λ.

'Opwc kai prohgoÔmena, tonÐzoume ìti h apìdeixh twn anwtèrw gia ta ekfulismè-

na mh-topik� probl mata, eÐnai prwtìtuph ergasÐa sth diatrib  aut .

Sto Kef�laio 5 exet�zoume to fainìmeno thc peperasmènhc taqÔthtac di�doshc

thc diataraq c gia to ekfulismèno mh-topikì prìblhma.

Sto Kef�laio 6 kai stic dÔo pr¸tec paragr�fouc, anaferìmaste ekten¸c sta

diagr�mmata diakl�dwshc tou topikoÔ st�simou probl matoc di jhshc, diatup¸nontac

ta piì basik� jewr mata apì th jewrÐa diakl�dwshc twn elleiptik¸n problhm�twn.

Sthn trÐth par�grafo k�noume mÐa efarmog  twn anwtèrw gnwst¸n jewrhm�twn

sto prìblhm� mac. H basik  èreun� mac eÐnai na elègxoume e�n up�rqoun sunart seic

K(s) kai f(s) me f(0) = 0, tètoiec ¸ste to di�gramma diakl�dwshc tou topikoÔ st�-

simou probl matoc di jhshc na eÐnai kleistì apì dexi�. H èreuna aut  eÐnai anagkaÐa

¸ste na gnwrÐzoume e�n up�rqei k�poio λ∗ < ∞, gia na exet�soume sth sunèqeia ti

sumbaÐnei gia λ > λ∗. H ap�nthsh eÐnai jetik . Shmei¸noume ìti gia na eÐnai kleistì

apì dexi� to di�gramma diakl�dwshc tou st�simou mh-topikoÔ probl matoc di jhshc,

anagkaÐa proôpìjesh eÐnai na eÐnai kleistì apì dexi� to di�gramma diakl�dwshc tou

st�simou topikoÔ probl matoc di jhshc. To shmantikì autì sumpèrasma pou apodei-

knÔoume sth diatrib  aut , apoteleÐ prwtìtuph ergasÐa. Gia peperasmèna kai

apì dexi� anoikt� diagr�mmata, h melèth twn problhm�twn eÐnai anoikt� probl mata.

Sto Kef�laio 7 meletoÔme thn eust�jeia twn lÔsewn tou st�simou mh-topikoÔ

iii



probl matoc di jhshc, ìtan to di�gramma diakl�dwshc eÐnai kleistì apì dexi�. Opwc

ja tekmhri¸soume analutik� sto antÐstoiqo kef�laio, autì shmaÐnei ìti up�rqei èna

toul�qiston shmeÐo anastrof c proc ta arister�.

Sthn pr¸th par�grafo anafèroume merikèc prokatarktikèc ènnoiec.

Sth deÔterh par�grafo apodeiknÔoume ìti o k�tw kl�doc eÐnai eustaj c, qrhsimo-

poi¸ntac klassik� zeÔgh p�nw - k�tw lÔsewn, en¸ sthn trÐth par�grafo apodeiknÔ-

oume ìti o p�nw kl�doc eÐnai astaj c. H mèjodoc pou akoloujoÔme gia thn apìdeixh

basÐzetai se prwtopìrec ergasÐec twn Kajhght¸n A.A.Lacey kai D.Tzanet , ìpou k�-

name tic aparaÐthtec tropopoi seic (ìqi eÔkolec) gia tic an�gkec tou probl matìc mac

kai kurÐwc gia thn perÐptwsh ìpou h f(s) eÐnai aÔxousa sun�rthsh, opìte qrei�sthke

na qrhsimopoi soume zeÔgh p�nw - k�tw lÔsewn antÐ twn apl¸n p�nw  /kai k�tw lÔ-

sewn. H tropopoÐhsh aut  thc mejìdou eÐnai prwtìtuph ergasÐa sth

diatrib  aut .

Tèloc, sthn tètarth par�grafo, apodeiknÔoume ìti h tautotik� mhdenik  lÔsh eÐnai

astaj c gia opoiesd pote arqikèc sunj kec, ìtan λ > λ∗. To sumpèrasma autì eÐnai

shmantikì gia th melèth thc èkrhxhc thc lÔshc ìtan λ > λ∗. H diatÔpwsh kai h

apìdeixh aut  eÐnai prwtìtuph ergasÐa thc diatrib c aut c.

Ta Kef�laia 8, 9 kai 10 eÐnai ta basikìtera kef�laia thc diatrib c, aforoÔn

thn èkrhxh thc lÔshc gia λ > λ∗, oi de mèjodoi kai apodeÐxeic gia thn è-

krhxh apoteloÔn prwtìtupec ergasÐec thc diatrib c aut c.

Sto Kef�laio 8 apodeiknÔoume thn èkrhxh gia to topikì prìblhma Di jhshc,

ìtan λ > λ∗. Parajètoume dÔo apodeÐxeic: Sthn pr¸th (basik ), jewroÔme tic e-

xis¸seic ex' arq c p�nw se ìlo to jemeli¸dec pedÐo, en¸ sth deÔterh, oi exis¸seic

mac ≪akoloujoÔn≫ ton epekteinìmeno forèa thc lÔshc. H deÔterh apìdeixh èqei to

pleonèkthma ìti parakoloujoÔme thn fusik  exèlixh tou fainomènou.

Sto Kef�laio 9 asqoloÔmaste me to mh-topikì prìblhma grammik c di�qushc

kai apodeiknÔoume èkrhxh thc lÔshc upì kat�llhlec arqikèc sunj kec ìqi tautotik�

mhdèn, ìtan λ > λ∗ me 0 < p < 1.

Sto Kef�laio 10 exet�zoume to mh-topikì prìblhma di jhshc (perÐptwsh mh
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grammik c di�qushc) kai apodeiknÔoume èkrhxh thc lÔshc se peperasmèno qrìno gia

λ > λ∗, upì kat�llhlec arqikèc sunj kec ìqi tautotik� mhdèn, ìtan 0 < p < 1. EpÐshc

sthn enìthta 10.1 apodeiknÔoume ìti to f�sma tou antÐstoiqou st�simou probl matoc

eÐnai �nw fragmèno.

ShmeÐwsh

Sqetik� me th BibliografÐa pou èqw parajèsei sto tèloc (biblÐa kai dhmosieÔseic),

sta perissìtera apì aut� gÐnontai parapompèc mèsa sto keÐmeno, sta antÐstoiqa shmeÐa.

Eqw ìmwc sumperil�bei kai orismèna biblÐa kai dhmosieumèna �rjra qwrÐc na parapèmpw

se aut�. Je¸rhsa ìmwc skìpimo na up�rqoun sth BibliografÐa giatÐ aforoÔn genik�

jèmata Majhmatik c An�lushc, jewrÐa mh grammik¸n merik¸n diaforik¸n exis¸sewn,

ta opoÐa �ptontai thc ìlhc diatrib c, me bo jhsan sthn katanìhsh twn diafìrwn

ennoi¸n kai mporoÔn na qrhsimeÔsoun se ìpoion jel sei na asqolhjeÐ kai na epekteÐnei

ta jèmata pou jÐgw sth diatrib  aut .
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Kef�laio 1

Eisagwgik�. An�lush twn

problhm�twn.

1.1 ParousÐash tou probl matoc

Sth diatrib  aut  meletoÔme to parak�tw mh-topikì prìblhma arqik¸n-sunoriak¸n

tim¸n me mh grammik  di�qush kai mh grammikèc sunoriakèc sunj kec (Filtration pro-

blem):

ut = ∆K(u) +
λf(u)(∫

Ω
f(u)dx

)p , x ∈ Ω, t > 0, (1.1aþ)

B(K(u)) :=
∂K(u)

∂n̂
+ β(x)K(u) = 0, x ∈ ∂Ω, t > 0, (1.1bþ)

u(x, 0) = u0(x) ≥ 0, x ∈ Ω, (1.1gþ)

ìpou 0 < p < 1, n̂ eÐnai to me kateÔjunsh proc ta èxw monadiaÐo k�jeto dianusmatikì

pedÐo (par�gwgoc kat� kateÔjunsh) kai Ω eÐnai ènac fragmènoc tìpoc (anoiktì sune-

ktikì sÔnolo) tou RN , N ≥ 1, me arkoÔntwc leÐo sÔnoro ∂Ω. Jètoume wc arqikèc

sunj kec u0(x) ∈ C(Ω̄), u0(x) ≥ 0 kai u0(x) ìqi tautotik� mhdèn.

Epiprìsjeta, gia sunoriakèc sunj kec Dirichlet   Robin, apaitoÔme, gia lìgouc

sumbatìthtac, h K(u0)   h u0(x), an�loga me to prìblhma, na fjÐnei kont� sto sÔ-

noro ∂Ω me kat�llhlo trìpo, ìpou autì eÐnai aparaÐthto   eÐnai efiktì (bl. [111]). H

sun�rthsh u eÐnai mÐa klassik  lÔsh gia to prìblhma (1.1) e�n ikanopoieÐ to prìblhma

(1.1) kai u ∈ C2,1
x,t (Ω× (0, T ))∩C

(
Ω̄× [0, T )

)
, gia k�poio T > 0, (bl. [98, 141]). EÐnai
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epÐshc pijanì h parabolikoÔ tÔpou exÐswsh na katasteÐ ekfulismènh, an�loga me tic

paradoqèc pou èqoume k�nei gia th mh grammik  sun�rthsh diaqushc K(u) kai gia to

mh grammikì ìro antÐdrashc f(u).

Eis�goume sunoriakèc sunj kec thc morf c B(K(u))   B(u) = 0. AutoÔ tou tÔpou

oi sunj kec eÐnai apìrroia tou nìmou Fourier gia thn di�qush kai thn diat rhsh thc

m�zac,   thc jermik c agwgimìthtac kai thc diat rhshc thc enèrgeiac, gia klassikèc

lÔseic, β (0 ≤ β = β(x) ≤ ∞) eÐnai C1+α(∂Ω), α = 0, opoted pote eÐnai fragmènh.

β ≡ 0, β ≡ ∞, 0 < β < ∞ shmaÐnei Neumann, Dirichlet kai Robin sunoriakèc

sunj kec antÐstoiqa. Shmei¸noume ìti dÔnatai na èqoume sunoriakèc sunj kec meiktoÔ

tÔpou sto ∂Ω, dhlad  Dirichlet sto ∂Ω1 , Neumann sto ∂Ω2 , me ∂Ω1 ∪ ∂Ω2 = ∂Ω.

Oi par�metroi λ, p eÐnai jetikèc me p ∈ (0, 1).

H sun�rthsh f(s) kai h mh arnhtik  par�metroc λ parist�noun k�poia fusik� me-

gèjh kai mazÐ me ton ekjèth p exart¸ntai apì th fÔsh tou probl matoc.

Sqetik� me th mh topikìthta ston ìro phg c.

Poll� apì ta klasik� probl mata pou montelopoioÔn fusik� fainìmena lamb�noun

upìyh touc tic paramètrouc metabol c tou fainomènou mìno topik�, agno¸ntac tuqìn

ex�rthsh tou, eÐte apì geitonikèc (qwrikèc) perioqèc eÐte apì progenèsterec   meta-

genèsterec qronikèc stigmèc. Gia par�deigma, h exÐswsh jermìthtac dÐnei to rujmì

metabol c thc jermokrasÐac se k�poio shmeÐo kai gia k�poia qronik  stigm  se sqèsh

me thn topik  qwrik  ex�rthsh thc jermokrasÐac.

AntÐjeta, sta mh-topik� probl mata, oi posìthtec metab�llontai sunart sei twn

tim¸n touc se orismèna   se ìla ta (qwrik�) shmeÐa exèlixhc tou fainomènou,   se

progenèsterouc qrìnouc, gegonìc to opoÐo ofeÐletai, eÐte se allhlepÐdrash ex' apo-

st�sewc eÐte sthn epÐdrash k�poiac �llhc exwgenoÔc fusik c paramètrou.

Oson afor� to mh topikì ìro thc antÐdrashc tou probl matoc (1.1), autìc emfa-

nÐzetai:

• kat� th montelopoÐhsh fainomènwn WmikoÔ tÔpou jèrmanshc (bl. [3, 9, 46, 47,

94, 95, 134]).

• sth di�tmhsh met�llwn upokeimènwn se paramorf¸seic lìgw efarmog c uyhl¸n
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t�sewn (bl. [14, 15, 16]).

• sth jewrÐa barutik c isorropÐac polutropik¸n astèrwn (bl. [87]).

• sthn èreuna thc pl rouc turb¸douc ro c, qrhsimopoi¸ntac analloÐwta mètra

sthn exÐswsh Euler [25].

• sth montelopoÐhsh thc an�flexhc sumpiest¸n aerÐwn (bl. [10, 117]).

• sth montelopoÐhsh thc susswm�twshc twn kutt�rwn ex' aitÐac allhlepidr�sewn

me k�poia qhmik  ousÐa (chemotaxis), (bl. [146]).

• sthn ex�plwsh enìc plhjusmoÔ bakthridÐwn (bl. [30]), klp.

Gia perissìterh bibliografÐa sqetik� me tic efarmogèc twn mh-topik¸n problhm�-

twn mporeÐ kaneÐc na dei thn ergasÐa [127].

Stic aploÔsterec twn peript¸sewn, ìtan h mh-topikìthta emfanÐzetai sto mh gram-

mikì ìro phg c, tìte oi (mh grammikèc) mh-topikèc exis¸seic diathroÔn ton elleiptikì,

parabolikì   uperbolikì qarakt ra touc. Akìmh ìmwc kai s' autèc tic peript¸seic,

ta qarakthristik� thc sumperifor�c twn lÔsewn all�zoun entel¸c lìgw thc Ôparxhc

tou mh-topikoÔ ìrou.

'EpÐshc arket� suqn�, majhmatik� ergaleÐa ìpwc h arq  megÐstou kai oi teqnikèc

sÔgkrishc paÔoun na isqÔoun (bl. [134]).'Ena koinì qarakthristikì, gia poll� qrono-

exart¸mena mh-topik� probl mata, eÐnai ìti èqoun to Ðdio st�simo prìblhma.

'Ena logikì shmeÐo afethrÐac gia th melèth twn problhm�twn aut¸n, eÐnai na kata-

l�bei kaneÐc th sumperifor� twn mh-topik¸n (st�simwn) elleiptik¸n problhm�twn kai

katìpin na p�ei stic antÐstoiqec mh-topikèc qronoexart¸menec (exeliktikèc) exis¸seic

parabolikoÔ   uperbolikoÔ tÔpou. 'Wstìso, gia perissìtero polÔplokouc mh-topikoÔc

ìrouc, gÐnetai polÔ dÔskolh akìmh kai h taxinìmhsh twn idÐwn twn exis¸sewn.

Ston tomèa twn fusik¸n episthm¸n, jewrÐec pou sqetÐzontai me thn allag  f�shc

thc ulik c kat�stashc, apoteloÔntai apì ìrouc diafìrwn diatetagmènwn paramètrwn,

oi opoÐoi sqetÐzontai me thn puknìthta, th sugkèntrwsh   thn atomik  di�taxh tou

ulikoÔ.
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Palaiìterec jewrÐec, ìpwc autèc tou Van der Waals, twn Ginzburg-Landau kai

twn Cahn-Hilliard, periel�mbanan thn epÐdrash tou rujmoÔ metabol c twn jermoduna-

mik¸n posot twn wc proc k�je mÐa apì tic diatetagmènec paramètrouc kai sunep¸c oi

antÐstoiqec exis¸seic apotèlesan ta prwtarqik� montèla me mh-topik  epÐdrash.

Ta teleutaÐa qrìnia, exet�zontai poll� apì ta  dh up�rqonta sumbatik� topik�

montèla kai kataskeu�zontai nèa pio akrib  (kallÐterh prosèggish) mh-topik�, ta o-

poÐa mìno stic pio aplèc peript¸seic aplopoioÔntai se topik�.

1.2 Stadiak  exèlixh tou majhmatikoÔ montè-

lou.

Gia th bajÔterh katanìhsh tou probl matoc (1.1), prèpei na parajèsoume kai na

analÔsoume tic aplopoihmènec arqikèc morfèc tou, pou ja anadeÐxoun to rìlo tou k�je

ìrou pou summetèqei sto prìblhma (1.1). Xanagr�foume to (1.1):

ut = ∆K(u) +
λf(u)(∫

Ω
f(u)dx

)p , x ∈ Ω, t > 0,

B(K(u)) :=
∂K(u)

∂n̂
+ β(x)K(u) = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x) ≥ 0, x ∈ Ω,

A1) To pio aplì prìblhma afor� thn apl  exÐswsh di�qushc. Gia eukolÐa

sthn epex ghsh thc exèlixhc tou montèlou, ja jewr soume sthn arq  ìti èqoume

sunoriakèc sunj kec Dirichlet kai austhr� jetikèc arqikèc sunj kec:

ut = ∆u, x ∈ Ω, t > 0, (1.2)

u = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x) > 0, x ∈ Ω.

To prìblhma autì den emfanÐzei ìro an�drashc, h lÔsh teÐnei sto mhdèn kaj¸c

o qrìnoc teÐnei sto �peiro kai èqei antimetwpisjeÐ pl rwc. Eqoume klassik  lÔsh,

(Bl. [9, 10, 16], klp.
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B1) Uparxh ìrou phg c (  apìsbeshc) sto deÔtero mèloc:

ut = ∆u+ λf(u), x ∈ Ω, t > 0, (1.3)

u = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x) > 0, x ∈ Ω.

To prìblhma autì èqei antimetwpisjeÐ ekten¸c. (Bl. [12, 23, 24, 119, 123, 147]

klp. 'Eqoume klassik  topik  lÔsh. An�loga me th mh grammikìthta thc sun�rthshc

f(s) kai thn tim  thc jetik c paramètrou λ, mporeÐ na èqoume olik  lÔsh, olik  mh

fragmènh lÔsh (dhlad  up�rqei mÐa toul�qiston akoloujÐa (xn, tn)n∈N kai èna toul�-

qiston x∗, me u(xn, tn)→∞ kaj¸c (xn, tn)→ (x∗, t∗), n→∞, ìpou t∗ =∞,  , sthn

perÐptwsh olikoÔ apeirismoÔ u(x, t)→∞, tn →∞ gia k�je x, eÐte èkrhxh thc lÔshc

se peperasmèno qrìno (t∗ < ∞). Gia ta perÐ ekr xewc thc lÔshc, ja anaferjoÔme

ekten¸c se epìmeno kef�laio.

G1) 'Uparxh mh-topikìthtac ston ìro phg c (  apìsbeshc) sto deÔtero

mèloc:

ut = ∆u+
λf(u)(∫

Ω
f(u)dx

)p , x ∈ Ω, t > 0, (1.4)

u = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x) > 0, x ∈ Ω.

To prìblhma autì èqei antimetwpisjeÐ en mèrei. Eqoume klassik  topik  lÔsh, kai

an�loga me th mh grammikìthta thc sun�rthshc f(s), mporeÐ na èqoume olik  lÔsh,

olik  mh fragmènh lÔsh,   èkrhxh se peperasmèno qrìno. (Bl. [73, 97, 132], kaj¸c

epÐshc kai tic dhmosieÔseic [74, 76, 78, 79, 103, 104, 106]).

H perÐptwsh ìpou p < 0 eÐnai sqetik� pio apl , afoÔ eÐnai pio eÔkolo na odhghjoÔme

se k�poia monotonÐa tou ìrou antÐdrashc (phg    apìsbesh) (bl. [119]. E�n p >

0, to prìblhma duskoleÔei afoÔ, pèran thc mh exasf�lishc k�poiac monotonÐac, den

isqÔoun oi klassikèc ap' eujeÐac arqèc sÔgkrishc ìtan h f(s) eÐnai gnhsÐwc aÔxousa,

(bl. [39, 134]).

'Ola ta parap�nw probl mata, polÔ gnwst� sth bibliografÐa, aforoÔn thn perÐ-

ptwsh thc grammik c di�qushc. GnwrÐzoume ìmwc polÔ kal� ìti se poll� fusik�

fainìmena h di�qush eÐnai mh grammik . UpenjumÐzoume ìti sth grammik  di�qush to
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majhmatikì montèlo odhgeÐ se diataraqèc pou metadÐdontai me �peirh taqÔthta, (mh

apodektì fusikì fainìmeno, pou dÐnei ìmwc kal  prosèggish, gi' autì kai to qrhsi-

mopoioÔme). Ta anwtèrw probl mata gia thn perÐptwsh thc mh grammik c di�qushc,

(sthn perÐptwsh pou exet�zoume, h mh grammik  di�qush sunÐstatai apì thn sun�rthsh

K(u)), diamorf¸nontai wc ex c:

A2) Apl  mh grammik  exÐswsh di�qushc (Di jhsh):

ut = ∆K(u), x ∈ Ω, t > 0, (1.5)

u = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x) > 0, x ∈ Ω.

To prìblhma autì den emfanÐzei ìro an�drashc, h lÔsh teÐnei sto mhdèn kaj¸c

o qrìnoc teÐnei sto �peiro kai èqei antimetwpisjeÐ pl rwc. Eqoume klassik  lÔsh

(bl. [123, 141]).

B2) 'Uparxh ìrou phg c (  apìsbeshc) sto deÔtero mèloc:

ut = ∆K(u) + λf(u), x ∈ Ω, t > 0, (1.6)

u = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x) > 0, x ∈ Ω.

To prìblhma autì èqei antimetwpisjeÐ ekten¸c. Eqoume klassik  topik  lÔsh.

An�loga me th sqèsh metaxÔ twn dÔo mh grammik¸n sunart sewn K(s) kai f(s) ka-

j¸c kai thn tim  thc jetik c paramètrou λ, mporeÐ na èqoume olik  lÔsh, olik  mh

fragmènh lÔsh   èkrhxh thc lÔshc se peperasmèno qrìno.

G2) 'Uparxh mh-topikìthtac ston ìro phg c (  apìsbeshc) sto deÔtero

mèloc:

ut = ∆K(u) +
λf(u)(∫

Ω
f(u)dx

)p , x ∈ Ω, t > 0, (1.7)

u = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x) > 0, x ∈ Ω.
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To prìblhma autì èqei antimetwpisjeÐ en mèrei. 'Eqoume klassik  topik  lÔsh

kai an�loga me th sqèsh metaxÔ twn dÔo mh grammik¸n sunart sewn K(s) kai f(s)

kaj¸c kai thn tim  thc jetik c paramètrou λ, mporeÐ na èqoume olik  lÔsh, olik  mh

fragmènh lÔsh   èkrhxh thc lÔshc se peperasmèno qrìno. 'Opwc kai sth grammik  di�-

qush ètsi kai ed¸ den isqÔoun oi klassikèc arqèc sÔgkrishc ìtan h sun�rthsh f eÐnai

aÔxousa, kai e�n p > 0, to prìblhma duskoleÔei, gia touc Ðdiouc lìgouc. (Bl. [97, 98]).

To parap�nw prìblhma (1.7) eÐnai profan¸c kai to pio dÔskolo. To prìblhma (1.1)

pou melet�me sthn paroÔsa diatrib  eÐnai aut c thc morf c, plhn ìmwc kat� polÔ pio

epibarumèno me epiplèon duskolÐec pou apì mìnec touc to katat�ssoun se teleÐwc

diaforetik  kathgorÐa. Oi epiplèon duskolÐec ofeÐlontai se pragmatikèc sunj kec

pou upeisèrqontai kat� kìro sta fusik� fainìmena kai proseggÐzoun èti peraitèrw th

fusik  pragmatikìthta.

Ja katagr�youme sunoptik� mÐa-mÐa tic epiplèon duskolÐec, aitiolog¸ntac sug-

qrìnwc kai thn anagkaiìthta sunektÐmhshc aut¸n, sth sunèqeia de, ja proboÔme sth

diamìrfwsh tou telikoÔ proc melèth montèlou (1.1), exet�zontac diexodik� apì majh-

matik c pleur�c ta nèa stoiqeÐa pou ja prokÔyoun.

1)Arqikèc sunj kec u0(x) ≥ 0 kai sugkekrimèna me sumpag  forèa entìc

tou pedÐou Ω.

Se ìlec tic prohgoÔmenec peript¸seic, jewr same ìti oi arqikèc sunj kec eÐnai

austhr� jetikèc sto pedÐo Ω, perioristik  upìjesh pou eÐqe wc apotèlesma na mac

odhg sei se klassikèc lÔseic, aplopoi¸ntac shmantik� th melèth tou probl matoc.

EÐnai ìmwc profanèc ìti sthn pr�xh ja èqoume kai arqikèc sunj kec pou den ja eÐnai

jetikèc se ìlo to pedÐo, all� mìno se èna sumpagèc uposÔnolo autoÔ. Autì sumbaÐnei

se ìlec tic peript¸seic pou èqoume di�qush (met�dosh) jermìthtac mèsw yuqroÔ mè-

sou, di�qush enìc reustoÔ mèsw �llou, sthn ex�plwsh enìc plhjusmoÔ bakthridÐwn

se geitonikèc perioqèc mh molusmènec, klp.

H anagkaiìthta je¸rhshc arqik¸n sunjhk¸n me sumpag  forèa entìc tou Ω eÐnai ek

twn wn ouk �neu. Apì majhmatik c pleur�c, to gegonìc autì all�zei �rdhn ìla ta

pl�na kai tic qrhsimopoioÔmenec mejìdouc epÐlushc.
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2) Ekfulismìc tou parabolikoÔ telest  gia tic timèc u = 0 ìtan K ′(0) =

0. E�n K ′(0) = 0, o parabolikìc telest c ∆K(u) = K
′′
(u) |∇u|2 + K

′
(u)∆u kajÐ-

statai ekfulismènoc stic peript¸seic ìpou u = 0, (bl. [35, 38, 36, 49, 123, 148]).

3) Mh exanagkasmènh antÐdrash (unforced case), dhlad  f(0) = 0. H sun-

j kh aut  eÐnai pèra gia pèra kont� sthn pragmatikìthta, kajìson shmaÐnei ìti se

“yuqrì” mèso den ja èqoume èklush jermìthtac, se uposÔnola me mhdenik  sugkèn-

trwsh k�poiac ousÐac, den ja emfanÐzontai “ ek tou mhdenìc” mìria thc ousÐac aut c,

se perioqèc pou den èqoun prosblhjeÐ oi istoÐ, autoÐ den ja prosb�llontai apìtoma

“wc dia mageÐac”, klp. To f(0) = 0 af nei to fainìmeno na exeliqjeÐ apoklei-

stik� mèsw thc di�qushc, gegonìc pou ja dhmiourg sei, ìpwc ja anaptuqjeÐ

analutik� sth sunèqeia, to qronik� epekteinìmeno sÔnoro tou forèa thc lÔshc mac,

fainìmeno �krwc shmantikì apì fusik c pleur�c, kai polÔ endiafèron apì majhmati-

k c (bl. [19, 27, 84, 91].

4) f(s) aÔxousa sun�rthsh. Se poll� fusik� fainìmena h antÐdrash au-

x�nei ìso aux�nei to mègejoc - metablht . Apì majhmatik c pleur�c ta pr�gmata

duskoleÔoun dramatik� afoÔ, lìgw thc Ôparxhc tou mh topikoÔ ìrou, den isqÔoun oi

klassikèc arqèc sÔgkrishc, èna basikì ergaleÐo sth melèth twn parabolik¸n problh-

m�twn, grammik¸n kai mh grammik¸n, (bl. [134]).

KajÐstatai profanèc ìti sto exetazìmeno prìblhma (1.1) èqoume l�bei upìyh tic

plèon dusmeneÐc sunj kec, pou ìmwc proèkuyan apì fusikèc anagkaiìthtec. Gi' autì

kai kajistoÔn endiafèrousa th melèth tou apì majhmatik c pleur�c all� kurÐwc apì

thn pleur� twn efarmog¸n.

Pèran twn anwtèrw sunjhk¸n kai epeid  skopìc thc paroÔsac eÐnai kurÐwc h melèth

twn peript¸sewn pou èqoume èkrhxh thc lÔshc se peperasmèno qrìno, ja prèpei na

eis�goume kai tic parak�tw sunj kec gia thn sun�rthsh f(s), ¸ste na mhn apokleisjeÐ

to endeqìmeno thc èkrhxhc:∫ ∞

b

ds

f 1−p(s)
<∞ gia k�poio b ≥ 0 kai f 1−p(s) kurt . (1.8)
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Telikì Majhmatikì montèlo.

Wc ek toÔtou, to majhmatikì mac montèlo diamorf¸netai wc ex c:

ut = ∆K(u) +
λf(u)(∫

Ω
f(u)dx

)p , x ∈ Ω, t > 0, (1.9aþ)

u(x, t) = 0, x ∈ ∂Ω, t > 0, (1.9bþ)

u(x, 0) = u0(x) ≥ 0, x ∈ Ω, (1.9gþ)

ìpou oi arqikèc sunj kec eÐnai mh tautotik� mhdèn kai èqoun sumpag  forèa entìc tou

pedÐou Ω. EpÐshc, gia tic mh grammikèc sunart seic K(s) kai f(s) deqìmaste:

K(s), K ′(s), K ′′(s) > 0 gia s > 0 kai K(0) > 0, K ′(0) = 0, K ′′(0) ≥ 0, (1.10aþ)

f(s), f ′(s), f ′′(s) > 0 gia s > 0 kai f(0) = 0, f ′(0) ≥ 0, (1.10bþ)∫ ∞

b

ds

f 1−p(s)
<∞ gia k�poio b > 0. (1.10gþ)

Sto shmeÐo autì prèpei na anafèroume mÐa eidik  perÐptwsh tou probl matoc thc di-

 jhshc kai sugkekrimèna to prìblhma thc di�qushc mèsa se por¸dh mèsa (porous

medium), pou apì mìno tou èqei gÐnei antikeÐmeno epistamènhc èreunac, kajìson su-

nant�tai polÔ suqn� se fusik� fainìmena (bl. [6, 32, 89, 136, 137, 139, 141]).

1.3 Por¸dh mèsa (porous media)

E�n K(u) = um, m > 1, m ∈ R, tìte h (1.1) kajÐstatai to mh-topikì prìblhma

Por¸douc Mèsou (PM), me arg  di�qush (slow diffusion).

ShmeÐwsh. E�n m < 1 èqoume thn perÐptwsh thc gr gorhc di�qushc (fast diffusion),

shmantik  perÐptwsh apì fusik c pleur�c me eurÔ ereunhtikì pedÐo, pou ìmwc den ja

asqolhjoÔme sth paroÔsa ergasÐa.

ut = ∆um +
λf(u)(∫

Ω
f(u)dx

)p , x ∈ Ω, t > 0, (1.11aþ)
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B(u) = ∂um

∂n̂
+ β(x)um = 0, x ∈ ∂Ω, t > 0, (1.11bþ)

u(x, 0) = u0(x) ≥ 0, x ∈ Ω. (1.11gþ)

E�n u0(x) ≥ 0 all� ìqi tautotik� mhdèn sto Ω, dhlad    u0(x) èqei sumpag  forèa

  u(x, t) = 0 sto ∂Ω, autì sunep�getai mÐa ekfulismènh, parabolikoÔ tÔpou, exÐsw-

sh (autì ofeÐletai sthn ap¸leia thc omoiìmorfhc parabolikìthtac tou probl matoc,

(bl. [123]).

To basikì kÐnhtrì mac na exet�soume thn (1.11aþ) anaforik� me ton ìro agwgimo-

thtac ∆um (  ∇ · um−1∇u), proèrqetai apì to [135]. Sto [135], melet�tai h exÐswsh

jermìthtac tou pl�smatoc ut = (u3ux)x + λf(u)/
(∫ 1

−1
f(u)dx

)2
gia f(s) jetik  kai

fjÐnousa. Sugkekrimèna, eis�getai o ìroc agwgimìthtac (u4)xx   (u3ux)x, ìpou o

ìroc u3 afor� th metafor� jermìthtac proerqìmenh kurÐwc apì thn jermik  akti-

nobolÐa, akolouj¸ntac to nìmo twn Stefan-Boltzman gia thn ekpomp  thc jermik c

aktinobolÐac. Sthn pragmatikìthta, h exÐswsh (1.11aþ) eÐnai mÐa genÐkeush thc exÐ-

swshc jermìthtac tou pl�smatoc. To prìblhma (1.1) mporeÐ na jewrhjeÐ san mÐa

genÐkeush tou (1.11).

AkoloujeÐ emperistatwmènh an�lush ìswn anafèrontai sto prohgoÔmeno kef�laio.

1.4 Ekfulismìc tou parabolikoÔ telest  gia

tic timèc u = 0.

Ac exet�soume th diaforik  exÐswsh (1.1aþ) sth genik  thc morf , dhlad  gia

sqedìn grammikèc parabolikèc exis¸seic me leÐouc suntelestèc.

ut =
N∑

i,j=1

aij(u,∇u, x, t)uxixj + a(u,∇u, x, t) (1.12)

'Opwc anafèretai ekten¸c sth bibliografÐa, (bl. [123]), h parap�nw exÐswsh eÐte se

probl mata sunoriak¸n tim¸n (me leÐec sunoriakèc sunj kec kai efarmog  thc sunj -

khc sumbatìthtac sto sÔnoro) eÐte se probl mata Cauchy, diajètei topik� klassikèc

lÔseic, upì thn proôpìjesh na eÐnai omoiìmorfa parabolik . Autì shmaÐnei ìti:

ν(p) ∥r∥2 ≤
N∑

i,j=1

aij(p, q, x, t)rirj ≤ µ(p) ∥r∥2 , (1.13)
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gia aujaÐreto t ∈ [0, T ), x ∈ Ω̄, p ≥ 0, q, r ∈ RN , ìpou oi suneqeÐc sunart seic

ν(p), µ(p) eÐnai austhr� jetikèc. H sunj kh (1.13) shmaÐnei ìti o deÔterhc t�xhc el-

leiptikìc telest c sth (1.12) eÐnai mh ekfulismènoc (non-degenerate) kai ìti o pÐnakac

∥aij∥ eÐnai orismènoc jetik�.

EpÐshc, h topik  epilusimìthta èqei apodeiqjeÐ gia exis¸seic genikìterhc morf c

ìpwc:

ut = F (u,∇u,∆u, x, t),

(bl. [123]). Sthn perÐptwsh aut , h sunj kh omoiìmorfhc parabolikìthtac paÐrnei th

morf :

ν(p) ≤ ∂F (p, q, r, x, t)

∂r
≤ µ(p), (1.14)

ìpou p = u ∈ R+, q = ∇u ∈ RN , r = ∆u ∈ R, x ∈ RN , t ∈ R+.

'Estw t¸ra to topikì prìblhma,

ut −∆K(u) = f(u), (1.15aþ)

u0(x) ≥ 0, x ∈ Ω, u0 ∈ C(Ω), supu0 <∞, (1.15bþ)

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ). (1.15gþ)

Gia to prìblhma autì, h sunj kh omoiìmorfhc parabolikìthtac èqei thn exhc polÔ

apl  morf , ìpwc prokÔptei apì thn parak�tw prìtash, (bl. [123]):

Prìtash 1. 'Estw ìti oi sunart seic K(u), f(u) eÐnai arkoÔntwc leÐec gia u ≥ 0,

kai f(0) = 0. E�n isqÔei h sunj kh,

K ′(u) ≥ ε0 = const > 0, gia u > 0, (1.16)

tìte up�rqei topik  klassik  lÔsh gia to anwtèrw prìblhma. Epiplèon, e�n u0 ìqi

tautotik� Ðsh me to 0 sto Ω̄, tìte u(x, t) > 0 sto Ω gia ìla ta apodekt� t > 0.

Epomènwc, mÐa mh arnhtik  lÔsh mi�c omoiìmorfa parabolik c exÐswshc, eÐnai au-

sthr� jetik  opoud pote sto pedÐo orismoÔ thc. Me �lla lìgia, sta fainìmena met�-

doshc jermìthtac pou perigr�fontai apì tètoiec exis¸seic (omoiìmorfa parabolikèc),

oi diataraqèc metadÐdontai me “ �peirh taqÔthta”. Akìma kai sto prìblhma Cauchy,
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e�n h arqik  sun�rthsh u0 èqei sumpag  forèa, akìma kai an den eÐnai kajìlou dia-

forÐsimh, h topik  lÔsh ja eÐnai klassik  kai austhr� jetik  sto RN gia ìlouc touc

qrìnouc pou aut  orÐzetai.

'Estw t¸ra ìti den isqÔei h sunj kh (1.16). Tìte gia ta probl mata sunoriak¸n

sunjhk¸n ìpou h arqik  sun�rthsh u0 èqei sumpag  forèa entìc tou pedÐou Ω, all�

kai gia probl mata Cauchy, endèqetai kai h lÔsh na èqei sumpag  forèa gia k�je

t > 0. Akìmh perissìtero, endèqetai na mhn orÐzontai oi pr¸tec par�gwgoi, qronikèc

kai qwrikèc sta shmeÐa pou h lÔsh gÐnetai mhdèn. Epomènwc den mporoÔme na mil�me

gia klassikèc lÔseic, kai ja prèpei na strafoÔme sthn eÔresh asjen¸n genikeumènwn

lÔsewn, (bl. [123]).

Sqìlio 2. Sta sunoriak� probl mata pou exet�zoume, ja jewr soume kurÐwc sun-

j kec Dirichlet. Autì eÐnai logikì giatÐ mac endiafèroun oi peript¸seic ìpou h arqik 

sun�rthsh u0(x) èqei sumpag  forèa entìc tou Ω, opìte h sunj kh sto sÔnoro ja

eÐnai kat' arq�c u = 0. 'Allwste oi sunj kec Robin sto sÔnoro, pou den exart¸ntai

apì to qrìno, den diaforopoioÔn thn ousÐa tou probl matoc. Mìno sunj kec Robin

thc morf c u(x, t) = u1(x, t), x ∈ ∂Ω, ìpou h sun�rthsh u1 eÐnai upergrammik  wc

proc to qrìno all�zoun �rdhn th morf  thc lÔshc. Autèc ìmwc oi peript¸seic a-

foroÔn kurÐwc tic peript¸seic èkrhxhc sto sÔnoro, pou den eÐnai sto antikeÐmeno thc

paroÔsac ergasÐac. Oson afor� tic sunoriakèc sunj kec Neumann, autèc kat� kanìna

aplopoioÔn to prìblhma.

1.5 Genikeumènec lÔseic.

JewroÔme p�li to topikì prìblhma. Anaferìmaste se autì kai lìgw aplìthtac

sthn morf , all� kurÐwc diìti, ìsa anafèrontai sto kef�laio autì gia to topikì

prìblhma, isqÔoun kai gia to mh-topikì.

ut −∆K(u) = f(u), x ∈ Ω, t ∈ (0, T ), (1.17aþ)

u0(x) ≥ 0, x ∈ Ω, (1.17bþ)

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ). (1.17gþ)
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Me dedomèno ìti u0 ∈ C(Ω) ∩ L∞(Ω), to er¸thma eÐnai na brejeÐ mÐa topik� olo-

klhr¸simh sun�rthsh u = u(x, t) orismènh sto Ω× (0, T ) pou na epilÔei tic anwtèrw

exis¸seic upì k�poia asjen  morf  pou ja orÐsoume epakrib¸c katwtèrw. Epiplèon,

h lÔsh ja prèpei na an kei se tètoio sunarthsiakì q¸ro pou na exasfalÐzetai h mo-

nadikìthta kai h suneq c ex�rthsh apì ta dedomèna.

AsjeneÐc lÔseic. Pr¸ta ja eis�goume thn ènnoia thc asjenoÔc lÔshc, qwrÐc

na anaferjoÔme stic arqikèc kai sunoriakèc sunj kec.

MÐa asjen c lÔsh tou probl matoc (1.17) eÐnai mÐa topik� oloklhr¸simh sun�rthsh

u ∈ C((0, T );L1(Ω)), tètoia ¸ste:

(i) K(u) ∈ C((0, T );W 1,1
loc (Ω)),

(ii) h tautìthta, gia u = u(x, t) kai η = η(x, t)∫ T

0

∫
Ω

(∇K(u) · ∇η − uηt)dxdt =
∫ T

0

∫
Ω

f(u)ηdxdt, (1.18)

na alhjeÔei gia k�je dokimastik  sun�rthsh η ∈ C1
c (Ω× (0, T )), (bl. [141], sel.85).

PolÔ asjeneÐc lÔseic, (qwrÐc na anaferjoÔme stic arqikèc kai sunoriakèc

sunj kec.) MÐa “ polÔ asjen c lÔsh” tou probl matoc (1.17) eÐnai mÐa topik� olo-

klhr¸simh sun�rthsh u ∈ C((0, T );L1(Ω)), tètoia ¸ste:

(i) K(u) ∈ C((0, T );L1(Ω)),

(ii) h tautìthta ∫ T

0

∫
Ω

(K(u)∆η + uηt + f(u)η)dxdt = 0, (1.19)

na alhjeÔei gia k�je dokimastik  sun�rthsh η ∈ C2,1
c (Ω× (0, T )).

AsjeneÐc, polÔ asjeneÐc lÔseic.

AfoÔ lìgw thc ekfulismènhc parabolikìthtac apokleÐsame thn perÐptwsh twn

klassik¸n lÔsewn, to er¸thma plèon pou eÔloga tÐjetai eÐnai na esti�soume thn pro-

soq  mac stic asjeneÐc   stic polÔ asjeneÐc lÔseic. E�n u0(x) > 0, x ∈ Ω, den up�rqei

jèma kajìson oi lÔseic mac ja eÐnai klassikèc.

Sthn ergasÐa aut  mac endiafèrei h perÐptwsh ìpou oi arqikèc sunj kec èqoun

forèa èna sumpagèc uposÔnolo tou Ω. 'Opwc ja parousi�soume analutik� se epìmeno

kef�laio, h lÔsh mac ja èqei kai aut  sumpag  forèa, pou ja epekteÐnetai qronik�
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me peperasmènh taqÔthta. P�nw sto sÔnoro tou forèa thc lÔshc, oi pr¸thc t�xhc

qwrikèc par�gwgoi den orÐzontai. Parousi�zetai dhlad  èna “ jump discontinuity”

stic pr¸tec qwrikèc kai qronikèc parag¸gouc.

E�n epilèxoume na asqolhjoÔme me asjeneÐc lÔseic, o emfanizìmenoc sthn exÐswsh

ìroc ∇K(u) ja prèpei na orÐzetai pantoÔ, �ra kai sto epekteinìmeno sÔnoro. Ac ton

analÔsoume:

∇K(u) = K
′
(u)∇u. (1.20)

P�nw sto sÔnoro tou forèa thc lÔshc ja èqoume u = 0 opìte K
′
(u) = 0 kai

sÔmfwna me ta prohgoÔmena, o ìroc ∇u den orÐzetai. O problhmatismìc mac ja

stamatoÔse ed¸ kai ja aporrÐptame ek twn protèrwn thn idèa twn asjen¸n lÔsewn,

e�n den up rqe o fusikìc nìmoc tou Darcy pou anafèrei saf¸c ìti akìmh kai sto

metakinoÔmeno sÔnoro h ro  (jermik , sugkèntrwsh klp) eÐnai suneq c.

Apì tic exis¸seic paragwg c tou majhmatikoÔ montèlou, h jermik  ro  eÐnai akri-

b¸c to ginìmeno −K ′
(u)∇u. Dhlad  parìti to ∇u den orÐzetai, to ginìmeno K

′
(u)∇u

orÐzetai kai eÐnai suneqèc. Autì shmaÐnei ìti, e�n epilèxoume tic asjeneÐc lÔseic, ja

prèpei eÐte na frontÐzoume na mh diasp�tai to ginìmeno autì, gegonìc pou dusqeraÐnei

polÔ tic pr�xeic, eÐte na epilèxoume tic energeiakèc lÔseic, p.q. sto q¸ro W 1,1
loc (Ω).

Sthn ergasÐa ìmwc aut  endiaferìmaste gia touc ligìterouc dunatoÔc periorismoÔc.

Gi' autì kai epijumoÔme o sunarthsiakìc mac q¸roc na eÐnai o L1(Ω). Gia to lìgo autì

epilègoume thn ènnoia twn polÔ asjen¸n lÔsewn.

Ac ekfr�soume loipìn thn exÐsws  (1.17) se polÔ asjen  morf , sumerilam-

b�nontac kai tic arqikèc sunj kec (oi sunoriakèc sunj kec eÐnai Dirichlet dhlad  mhdèn

kai epomènwc den upeisèrqontai sthn exÐswsh). H diatÔpwsh eÐnai h exhc:

H parak�tw exÐswsh, gia u = u(x, t),∫ T

0

∫
Ω

(K(u)∆η + uηt + f(u)η)dxdt+

∫
Ω

u0(x)η(x, 0)dx = 0, (1.21)

ja prèpei na alhjeÔei gia k�je sun�rthsh η = η(x, t) ∈ C2,1
(
Ω̄× [0, T ]

)
pou mhdenÐ-

zetai sto ∂Ω× [0, T ] kai gia t = T .

Oi polÔ asjeneÐc lÔseic ja eÐnai to genikì plaÐsio mèsa sto opoÐo ja kinhjoÔme.

Parìla aut� ja up�rqoun kai k�poiec peript¸seic pou ja douleÔoume me klasikèc
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lÔseic, ìtan h morf  tou probl matoc to epitrèpei   den to periorÐzei. EpÐshc ja exe-

t�soume kai k�poiec peript¸seic ìpou èqoume sunoriakèc sunj kec Robin   Neumann.

1.6 Arqikèc sunj kec me sumpag  forèa entìc

tou Ω - LÔsh me epekteinìmeno qronik� fo-

rèa.

Ac exet�soume t¸ra thn exÐswsh (1.17) katarg¸ntac thn phg  f(u), (ìroc antÐ-

drashc):

ut = ∆(K(u)) = ∇ · (K ′
(u)∇u), t > 0, x ∈ Ω ⊂ RN . (1.22)

H exÐswsh aut  mporeÐ na grafeÐ kai wc,

ut = K
′
(u)∆u+K

′′
(u) |∇u|2 . (1.23)

Sta shmeÐa ekeÐna ìpou K
′
(0) = 0 all� |∇u| ̸= 0, h exÐswsh ekfulÐzetai se pr¸thc

t�xhc kai h lÔsh odeÔei kat� m koc qarakthristik¸n kampul¸n (eikonal, Hamilton-

Jacobi exis¸seic), (bl. [141], sel. 3). Autì shmaÐnei ìti e�n ta arqik� mac dedomèna eÐnai

mÐa sun�rthsh me sumpag  forèa sto pedÐo Ω, tìte o forèac thc lÔshc metab�lletai me

thn parèleush tou qrìnou, sqhmatÐzontac èna sÔnoro (interface) to opoÐo metab�lletai

me to qrìno.

EpishmaÐnoume ìti h perÐptwsh K
′′
(0) = 0 den ephre�zei thn kat�stash. Autì den

prokÔptei apì thn parap�nw sqèsh, prokÔptei ìmwc saf¸c e�n ektelèsoume to legì-

meno metasqhmatismì pÐeshc, (bl. [141], prìblhma 2.5, sel. 29). Ja anaferjoÔme

emperistatwmèna se autìn sto Sqìlio 23 tou KefalaÐou 5.

To sÔnoro autì diaqwrÐzei thn perioq  ìpou h lÔsh eÐnai jetik  (jetikì sÔnolo)

apì thn perioq  ìpou h lÔsh paramènei mhdèn (mhdenikì sÔnolo). Me ìrouc sunolo-

jewrÐac mporoÔme na ekfr�soume ta anwtèrw wc akoloÔjwc:

Jetikì sÔnolo, P (u) = {(x, t) ∈ Ω× R+ : u(x, t) > 0}, kai
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Mhdenikì sÔnolo, Z(u) = {(x, t) ∈ Ω× R+; u(x, t) = 0}.

Gia k�je t > 0 mporoÔme na orÐsoume ta dÔo aut� sÔnola wc ex c, (paraleÐpontac

lìgw aplìthtac to u):

P (t) := {x ∈ Ω; u(x, t) > 0, gia k�poio t > 0} , anoiktì sÔnolo.

Z(t) := {x ∈ Ω; u(x, t) = 0, gia k�poio t > 0} , kleistì sÔnolo.

Epomènwc to sÔnoro mporeÐ na orisjeÐ wc:

S(t) := P̄ (t) ∩ Z̄(t), t > 0. (1.24)

Sto jetikì sÔnolo, h lÔsh eÐnai leÐa kai epomènwc klassik . 'Omwc, p�nw sto

sÔnoro S(t) h lÔsh parousi�zei asunèqeia stic pr¸thc t�xhc parag¸gouc (qwrikèc

 /kai qronikèc). Autìc akrib¸c eÐnai kai o lìgoc pou jewroÔme genikeumènec lÔseic.

ProtoÔ diatup¸soume to prìblhma se (polÔ) asjen  morf , ja prèpei pr¸ta na

melet soume tic idiìthtec di�doshc tou forèa thc lÔshc,   isodun�mwc tou sunìrou

aut c. EÐnai skìpimo, gia thn kalÔterh katanìhsh tou fainomènou, na xekin soume me

aploÔstera probl mata kai bajmiaÐa na katal xoume sto sÔnjeto prìblhma, ìpou kai

ja qrhsimopoi soume, ìpote mporoÔme, ta sumper�smata pou ja apokomÐsoume apì ta

aploÔstera probl mata.

a) Gia thn exÐswsh Por¸douc Mèsou.

'Estw K(u) = um, me m > 1, dhlad  h perÐptwsh thc “ arg c di�qushc” (slow

diffusion). MeletoÔme to prìblhma se mÐa qwrik  di�stash me Ω ≡ R. Oi aplopoi seic
autèc ja mac epitrèyoun na ex�goume sugkekrimèna apotelèsmata pou ja isqÔsoun kai

se piì genikèc peript¸seic, toul�qiston poiotik�.

Upojètoume ìti suppu0 = [x1, x2], (−∞ < x1 < x2 < +∞) kai u eÐnai mÐa genikeu-

mènh lÔsh tou,

ut = ∆um, (1.25)

sto Q = R× (0,∞). Shmei¸noume ìti,

P̂ = {(x, t); u(x, t) > 0, t > 0}, (1.26aþ)
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P (t) = {x; u(x, t) > 0, t > 0}, (1.26bþ)

S1(t) = inf P (t), S2(t) = supP (t). (1.26gþ)

Lìgw thc sunèqeiac thc u, to P (t) eÐnai èna anoiktì sÔnolo. T¸ra, gia k�je t > 0,

Si(t), (i = 1, 2) eÐnai peperasmèno, (bl. [68]). OrÐzoume wc xi = Si(t), (i = 1, 2) to

eleÔjero sÔnoro thc u.

Sto biblÐo twn Z.Wu, J.Zhao, J.Yin, H.Li, Nonlinear Diffusion Equations sel.74,

(bl. [147]), anafèretai ìti:

“ 'Estw ìti m > 1. Tìte (−1)iSi(t), (i = 1, 2) aux�nei kai

lim
t→∞

(−1)iSi(t) = +∞, (i = 1, 2).” (1.27)

SÔmfwna me to anwtèrw kai gia thn perÐptwsh thc arg c di�qushc, ìtan h lÔsh

eÐnai olik  wc proc to qrìno oi diataraqèc diadÐdontai mèqri to �peiro me taqÔthta

met�doshc peperasmènh.

Autì shmaÐnei ìti to sÔnoro tou forèa thc lÔshc den mporeÐ na apeirisjeÐ se

peperasmèno qrìno, afoÔ h taqÔthta met�doshc eÐnai peperasmènh. EpÐshc h taqÔthta

epèktashc tou sunìrou den dÔnatai na gÐnei mhdèn se peperasmèno qrìno, diìti tìte

den ja Ðsque lim
t→∞

(−1)iSi(t) = +∞, (i = 1, 2).

Se probl mata Cauchy kai me b�sh th sqèsh (1.27), sun�goume ìti den eÐnai du-

natìn na èqoume lÔsh me fragmèno forèa ìtan t → ∞, dhlad  ìtan h lÔsh mac eÐnai

olik . IsodÔnama shmaÐnei ìti se probl mata me sunoriakèc sunj kec Dirichlet, Robin,

Neumann, e�n h lÔsh mac eÐnai olik  (eÐte eÐnai fragmènh eÐte eÐnai mh fragmènh), ja

èqoume opwsd pote jetikopoÐhsh thc lÔshc mèsa sto pedÐo Ω, kai m�lista se pepera-

smèno qrìno.

b) Gia to prìblhma Di jhshc qwrÐc phg .

'Opwc kai sthn prohgoÔmenh perÐptwsh, exet�zoume to prìblhma se mÐa qwrik 

di�stash, me Ω ≡ R. (Prìblhma Cauchy).

ut = (K
′
(u)ux)x = (K(u))xx. (1.28)

Exet�zoume an up�rqoun eidikèc lÔseic, ìpwc lÔseic omoiìthtac   lÔseic tÔpou

odeÔontoc kÔmatoc. (Leptomer  jewrÐa gia tètoiou eÐdouc lÔseic bl. p.q. [69, 141]).
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'Etsi kataskeu�zoume (anazhtoÔme) thn eidik  auto-ìmoia (self-similar) lÔsh, tÔpou

odeÔontoc kÔmatoc, (bl. [123], sel.15). Oi upologismoÐ pou akoloujoÔn p�rjhkan apì

to biblÐo autì kai paratÐjentai wc èqoun lìgw thc shmasÐac twn sumperasm�twn. Stì

to Sqìlio (3) jètoume touc dikoÔc mac problhmatismoÔc.

us(t, x) = fs(ξ), ξ = x− λt, (1.29)

ìpou λ > 0 eÐnai h taqÔthta di�doshc tou jermikoÔ kÔmatoc. Antikajist¸ntac thn

èkfrash (1.29) sthn (1.28), lamb�noume gia fs(ξ) ≥ 0 thn exÐswsh:

d

dξ

(
K

′
(fs)

dfs
dξ

)
+ λ

dfs
dξ

= 0,

  isodun�mwc,

K
′
(fs)

dfs
dξ

+ λfs = C. (1.30)

Jètontac C = 0 (h epilog  aut  ja aposafhnisjeÐ sth sunèqeia), katal goume sthn,

K
′
(fs)

fs

dfs
dξ

= −λ. (1.31)

Ac upojèsoume ìti, ∫ 1

0

K
′
(η)

η
dη <∞, (1.32)

ètsi ¸ste h sun�rthsh

Φ(u) =

∫ u

0

K
′
(η)

η
dη, u ≥ 0; Φ(0) = 0,

na èqei ènnoia. Apì thn (1.31) prokÔptei ìti,

Φ(fs(ξ)) = −λ(ξ − ξ0), ξ ≤ ξ0 = const.

E�n jèsoume ξ0 = 0, ja èqoume,

fs(ξ) = Φ−1(−λξ), ξ ≤ 0,

ìpou Φ−1 eÐnai h antÐstrofh sun�rthsh thc Φ (eÐnai kal� orismènh lìgw thc austhr c

monotonÐac thc Φ). EpekteÐnoume thn fs sto qwrÐo {ξ > 0} tautotik� Ðsh me mhdèn.

Apì thn (1.30) prokÔptei ìti h jermik  ro  −K ′
(fs)f

′
s eÐnai suneq c kai sto shmeÐo
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ξ = 0 gia C = 0.

Telik� katal goume sthn akìloujh lÔsh auto-omoiìthtac:

us(x, t) = Φ−1(λ(λt− x)+); t > 0, x ∈ R, (1.33)

ìpou èqoume eis�gei to sumbolismì (k)+ = k e�n k ≥ 0, kai 0 e�n k < 0.

Jètoume T0 = Φ(∞)/λ2 ≤ ∞. Tìte h (1.33) mporeÐ na jewrhjeÐ wc h lÔsh sto

(0, T0)× R+ tou probl matoc sunoriak¸n tim¸n gia thn exÐswsh (1.28) me sunj kec:

u(x, 0) = 0, x > 0; u(0, t) = Φ−1(λ2t), 0 < t < T0. (1.34)

Epomènwc e�n isqÔei h sunj kh (1.32), to prìblhma (1.28), (1.34) èqei lÔsh ìpou

h jermik  ro  (heat flux) eÐnai pantoÔ suneq c, kai èqei sumpag  forèa sto x gia

k�je t ∈ (0, T0):

us(x, t) ≡ 0, x ≥ λt, t ∈ (0, T0).

Wc ek toÔtou h exÐswsh (1.28) perigr�fei diadikasÐec me peperasmènh taqÔthta

di�doshc thc diataraq c, me λ > 0. Sto shmeÐo ìpou us > 0, h lÔsh tou probl matoc

eÐnai klassik  all� den eÐnai anagkastik� arkoÔntwc leÐa sto sÔnoro (mètwpo) tou

jermikoÔ kÔmatoc, xf (t) = λt, sto opoÐo bebaÐwc kai mhdenÐzetai.

EÐnai shmantikì na tonÐsoume ìti h sunj kh (1.32) den eÐnai mìno ikan  all� eÐnai

kai anagkaÐa gia na èqoume peperasmènec taqÔthtec di�doshc thc diataraq c gia dier-

gasÐec pou perigr�fontai apì thn exÐswsh (1.17), (bl.[123]).

E�n h K(s) eÐnai kurt , jetik  kai aÔxousa me K(0) = 0, K
′
(0) = 0, tìte isqÔei

h sunj kh (1.32) me Φ(∞) =
∫∞
0

K
′
(η)
η
dη = ∞, pou shmaÐnei ìti T0 = Φ(∞)/λ2 = ∞

kai epomènwc h lÔsh u(x, t) eÐnai olik  wc proc to qrìno.

Otan èqoume fragmèno qwrÐo Ω ⊂ RN me arkoÔntwc leÐo sÔnoro kai ta arqik�

dedomèna u0(x) ≥ 0 èqoun sumpag  forèa ω ⊂ Ω, tìte, h austhr  jetikìthta thc

taqÔthtac di�doshc, to gegonìc ìti to sÔnoro epekteÐnetai mèqri to �peiro ìtan h

lÔsh eÐnai olik  wc proc to qrìno, exasfalÐzei ìti to jetikì sÔnolo P (t) ja gÐnei Ðso
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me to qwrÐo Ω se peperasmèno qrìno, èstw tp, (P (tp) = Ω). Met� apì thn qronik 

aut  stigm , h lÔsh mac ja gÐnei jetik  kai epomènwc klassik .

To ìti 0 < tp < ∞ shmaÐnei ìti gia k�je x ∈ R up�rqei k�poioc peperasmènoc

qrìnoc tx kat� ton opoÐon u(x, tx) > 0, (blèpe [123], sel.25).

Sqìlio 3. 'Apeirh taqÔthta di�doshc thc diataraq c gia to mh ekfulismèno, gram-

mikì prìblhma di�qushc.

'Estw to aplì klassikì prìblhma di�qushc,

ut = ∆u, t > 0, x ∈ Ω ⊂ RN , (1.35)

me opoiesd pote arqikèc sunj kec mh arnhtikèc kai mh tautotik� mhdèn, kai me su-

noriakèc sunj kec Dirichlet. Sthn perÐptwsh aut  K(u) = u kai h sqèsh (1.32) ja

d¸sei: ∫ 1

0

K
′
(η)

η
dη =

∫ 1

0

1

η
dη = ln η|10 =∞,

opìte h taqÔthta di�doshc thc diataraq c ja eÐnai �peirh. Dhlad  katal goume me

k�poion �llo trìpo sth gnwst  aut  diapÐstwsh.

Ja sundèsoume t¸ra th sqèsh (1.32) pou afor� thn taqÔthta di�doshc thc diata-

raq c me th sqèsh K
′
(0) = 0 kai K

′
(0) > 0 ìtan K(s) kurt  jetik  sun�rthsh.

1) K
′
(0) = 0.

'Estw ìti h kurt  sun�rthsh K(s) sto di�sthma (0, 1) sumperifèretai san th du-

namosun�rthsh sp me p > 1. Ja èqoume:∫ 1

0

K
′
(η)

η
dη ∼ p

∫ 1

0

ηp−1

η
dη = p

∫ 1

0

ηp−2dη =
p

p− 1
ηp−1

∣∣1
0

=
p

p− 1
1p−1 − p

p− 1
0p−1 =

p

p− 1
<∞,

kai epomènwc h taqÔthta di�doshc thc diataraq c ja eÐnai peperasmènh.

2) K
′
(0) > 0.
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Gia opoiad pote kurt  sun�rthsh K(s). Ja èqoume:∫ 1

0

K
′
(η)

η
dη =

∫ 1

0

K
′
(η)d ln η = K

′
(η) ln η

∣∣∣1
0
−
∫ 1

0

ln ηdK
′
(η)

= K
′
(1) ln 1−K ′

(0) ln 0−
∫ 1

0

ln ηK
′′
(η)dη. (1.36)

Epeid  h K(s) eÐnai kurt  kai jetik , èpetai ìti K
′′
(s) > 0 kai epomènwc sto

di�sthma (0, 1) ja èqei èna el�qisto c > 0. EpÐshc sto Ðdio di�sthma h sun�rthsh

ln(s) eÐnai arnhtik , opìte ja isqÔei h anisìthta:

K
′′
(η) ≥ c > 0⇒ ln(η)K

′′
(η) ≤ c ln(η)⇒∫ 1

0

ln ηK
′′
(η)dη ≤ c

∫ 1

0

ln ηdη = c(|η ln η − η|10) = c
(
1 ln 1− 1− η ln η|η=0 + 0

)
.

Ja �roume thn aprosdioristÐa thc sun�rthshc η ln η sto shmeÐo mhdèn, efarmìzontac

ton kanìna L’ Hospital.

lim
η→0

(η ln η) = lim
η→0

(
(ln η)

′

(η−1)′

)
= lim

η→0

(
−η

−1

η−2

)
= lim

η→0
(−η) = 0.

Epomènwc ja isqÔei,∫ 1

0

ln ηK
′′
(η)dη ≤ −c⇒ −

∫ 1

0

ln ηK
′′
(η)dη ≥ c,

kai h sqèsh 1.36 gÐnetai:∫ 1

0

K
′
(η)

η
dη = K

′
(1) ln 1−K ′

(0) ln 0−
∫ 1

0

ln ηK
′′
(η)dη ≥ K

′
(1) ln 1−K ′

(0) ln 0 + c

= 0 +∞+ c⇒
∫ 1

0

K
′
(η)

η
dη =∞

pou shmaÐnei ìti èqoume �peirh taqÔthta di�doshc thc diataraq c.

BebaÐwc ta jewr mata aut� upojètoun lÔseic olikèc wc proc to

qrìno kai den dieukrinÐzoun ti sumbaÐnei e�n èqoume èkrhxh thc lÔ-

shc se peperasmèno qrìno.
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To shmeÐo autì loipìn eÐnai kai to piì kat�llhlo gia na mil soume gia to fainìmeno

thc èkrhxhc (blow-up) thc lÔshc se peperasmèno qrìno.

1.7 Ekrhxh (blow-up)

Ac jewr soume thn pio apl  morf  enìc probl matoc arqik¸n - sunoriak¸n sun-

jhk¸n, me grammik  di�qush ∆u kai mh grammikì ìro antÐdrashc f(u).

ut −∆u = f(u), x ∈ Ω, t ∈ (0, T ), (1.37aþ)

u(x, 0) = u0(x) > 0, x ∈ Ω, (1.37bþ)

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ). (1.37gþ)

EÐnai gnwstì ìti h lÔsh tou probl matoc (1.37) k�tw apì orismènec proôpojèseic

gia th sun�rthsh f(u), tic arqikèc sunj kec u0(x) kai to qwrÐo Ω, paÔei na up�rqei

se peperasmèno qrìno (bl. [65, 90, 96, 144], kai poll� �lla). Efìson ìmwc h lÔsh u

tou (1.37) exakoloujeÐ na up�rqei gia ìso qrìno eÐnai fragmènh, èpetai telik� ìti h u

paÔei na up�rqei se peperasmèno qrìno mìno lìgw èkrhxhc (blow-up), (bl. Bebernes

[15] Picard type argument, Souplet [127]).

Orismìc 4. Ja lème ìti h lÔsh u tou (1.37) ekr gnutai se peperasmèno qrìno,

(blow-up), an up�rqei t∗ <∞ tètoio ¸ste:

lim
t→t∗−

sup ∥u(·, t)∥∞ =∞, (1.38)

  isodÔnama an up�rqei t∗ <∞ kai akoloujÐa (tn) tètoia ¸ste tn → t∗− kaj¸c n→∞
kai

lim
n→∞

∥u(·, tn)∥∞ =∞. (1.39)

ProtoÔ proqwr soume se peraitèrw leptomèreiec pou aforoÔn th fÔsh thc èkrh-

xhc, ja esti�soume thn prosoq  mac se mÐa polÔ shmantik  parat rhsh tou J. Ball

(bl. [7, 8]).
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Gia tic sun jeic diaforikèc exis¸seic h mh epektasimìthta (non extendability)  

alli¸c h mh olik  Ôparxh (no global existence) eÐnai isodÔnamh me èkrhxh (bl.Hartman

[15]). Wstìso, autì den isqÔei p�nta gia apeirodi�stata probl mata arqik¸n tim¸n,

ìpwc aut� pou prokÔptoun apì tic merikèc diaforikèc exis¸seic, exaitÐac thc sunÔpar-

xhc mh isodÔnamwn norm¸n, kajemÐa apì tic opoÐec dÐnei kai èna diaforetikì mètro gia

to mègejoc thc lÔshc (bl. [7, 8]).

Epomènwc gia tic merikèc diaforikèc exis¸seic den eÐnai dunatìn na susqetÐzetai

h mh olik  Ôparxh me thn èkrhxh. 'Etsi eÐnai pijanì k�poia lÔsh na mhn epekteÐnetai

peraitèrw qronik�, epeid  q�nei th leiìtht� thc. Gia èna par�deigma mh olik c Ôparxhc

pou den ofeÐletai se èkrhxh, bl. [7].

Prèpei epÐshc na parathr soume ìti h èkrhxh mporeÐ na antistoiqeÐ se diaforetik�

fusik� fainìmena, an�loga me to prìblhma. 'Etsi up�rqoun peript¸seic pou apeikonÐzei

èna pragmatikì fainìmeno (jermik  èkrhxh, an�flexh, sp�simo enìc ulikoÔ k.t.l) en¸

�llec forèc ekfr�zei thn apotuqÐa enìc majhmatikoÔ montèlou na perigr�yei to fusikì

prìblhma kont� se k�poio qrìno, to qrìno èkrhxhc.

P.q., e�n to majhmatikì montèlo afor� th dia tou WmikoÔ fainomènou jèrmansh

enìc sÔrmatoc, (bl. [78, 82, 94, 95, 134, 135], tìte to ìti èqoume èkrhxh thc lÔshc se

peperasmèno qrìno shmaÐnei apl� ìti apì ìpoio ulikì kai an kataskeuasteÐ o surm�ti-

noc agwgìc, h jermokrasÐa ja gÐnei polÔ meg�lh (èkrhxh) kai sth sunèqeia autìc ja

takeÐ se peperasmèno qrìno (pl rhc èkrhxh).

Antijètwc, e�n h qronoexart¸menh lÔsh sugklÐnei se mÐa st�simh lÔsh, (bl. [43,

79]), tìte mporoÔme na epilèxoume tètoia ulik� kai arqikèc sunj kec ¸ste to mègisto

thc st�simhc lÔshc na mhn xepern� thn jermokrasÐa astoqÐac tou ulikoÔ, lamb�nontac

upìyh kai touc kat�llhlouc suntelestèc asfaleÐac. MporoÔme dhlad  na elègxoume

thn exèlixh tou fainomènou.

Sthn perÐptwsh thc èkrhxhc se peperasmèno qrìno, eÐnai adÔnato na apofÔgoume

thn kat�reush tou ulikoÔ. To mìno pou Ðswc mporoÔme eÐnai h epim kunsh tou qrìnou

èkrhxhc.

'Ekrhxh se mi� sun jh diaforik  exÐswsh. To pio aplì par�deigma eÐnai

autì mi�c tetragwnik c exÐswshc. JewroÔme to akìloujo prìblhma me metablht 
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u = u(t).

ut = u2, t > 0, u(0) = a.

Gia dedomèna a > 0 eÐnai �meso ìti up�rqei monadik  lÔsh sto qronikì di�sthma

0 < t < T , ìpou T = 1/a kai h opoÐa ja dÐnetai apì ton tÔpo:

u(t) =
1

T − t
.

H lÔsh eÐnai mi� omal  sun�rthsh gia qrìnouc mikrìterouc tou T . Kaj¸c t→ T−,

h u(t) → ∞, dhlad  h lÔsh ekr gnutai kai paÔei na up�rqei. E�n o mh grammikìc

ìroc eÐnai genik� mÐa sun�rthsh f suneq c kai jetik  sto [a,+∞), opìte èqoume to

prìblhma,

ut = f(u), t ≥ 0, u(0) = 0,

tìte h sunj kh
∫∞
a

ds
f(s)

< +∞ eÐnai ikan  kai anagkaÐa gia thn Ôparxh èkrhxhc se pepe-

rasmèno qrìno t∗ =
∫∞
a

ds
f(s)

< +∞, gia opoiad pote lÔsh me jetik� arqik� dedomèna.

H sqèsh aut  onom�zetai sunj kh Osgood sth jewrÐa twn SDE kai parousi�sjhke

gia pr¸th for� to 1898, (bl. [61]).

Stic merikèc diaforikèc exis¸seic h sun�rthsh u exart�tai kai apì to q¸ro kai apì

to qrìno. Sugkekrimèna e�n sthn parap�nw exÐswsh upeisèljei kai o ìroc di�qushc

∆u, opìte sqhmatisjeÐ to prìblhma 1.37, apodeiknÔetai ìti h anwtèrw sunj kh eÐnai

men anagkaÐa gia na èqoume èkrhxh thc lÔshc se peperasmèno qrìno, all� ìqi ìmwc

kai ikan , (bl. [12]).

Epomènwc logikì eÐnai na anarwthjeÐ kaneÐc an up�rqei k�poia sunj kh ikan  na

d¸sei èkrhxh. H ap�nthsh dÐnetai apì thn akìloujh prìtash, ìpou to prìblhm� mac

parametropoieÐtai me th jetik  par�metro λ, (bl. [12, 72]).

Prìtash 5. 'Estw f(s) > 0, f ′(s) ≥ 0, f ′′(s) ≥ 0 gia s ≥ 0 kai
∫∞
0

ds
f(s)

< ∞. An

epiprìsjeta λ > λ∗ := λ1 sup{ s
f(s)

: s ≥ 0}, tìte h monadik  lÔsh tou,

ut −∆u = λf(u), (x, t) ∈ (Ω× [0, T )), (1.40aþ)

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ), (1.40bþ)
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u(x, 0) = u0(x), x ∈ Ω, (1.40gþ)

ekr gnutai se (peperasmèno) qrìno t∗, ìpou,

t∗ <

∫ ∞

0

ds

λf(s)− λ1s
:= T0 <∞. (1.41)

Apìdeixh. OrÐzoume α(t) =
∫
Ω
ϕ(x)u(x, t)dx, ìpou ϕ eÐnai h mh arnhtik  idiosun�rthsh

pou antistoiqeÐ sthn prwteÔousa idiotim  λ1 tou −∆, me
∫
Ω
ϕ(x)dx = 1. Apì thn (3)

lìgw thc tautìthtac tou Green prokÔptei ìti:

α′(t) = λ

∫
Ω

ϕf(u)dx− λ1α(t), gia t > 0.

EpÐshc eÐnai α(0) = α0 :=
∫
Ω
ϕu0dx. Lìgw t¸ra thc anisìthtac Jensen paÐrnoume ìti:

α′(t) ≥ λf(α)− λ1α, gia t > 0.

Jewr¸ntac λ > λ∗ := λ1 sup{ s
f(s)

: s ≥ 0} ja isqÔei λf(α) − λ1α > 0, kai

lìgw thc upìjeshc
∫∞
0

ds
f(s)

< ∞ prokÔptei ìti α(t) → ∞ kaj¸c t → T−
0 , ìpou

T0 =
∫∞
0

ds
λf(s)−λ1s < ∞. To sumpèrasma thc prìtashc prokÔptei epeid  α(t) =∫

Ω
ϕ(x)u(x, t)dx ≤∥ u(·, t) ∥∞.

D¸same thn apìdeixh tou parap�nw jewr matoc, parìti up�rqei ekten¸c sthn bi-

bliografÐa, mìno kai mìno gia na parousi�soume th mèjodoKaplan   mèjodo thc pr¸thc

idiotim c, mÐa mèjodo pou ja qrhsimopoi soume kat� kÔrio lìgo gi� thn apìdeixh thc

èkrhxhc thc lÔshc sthn paroÔsa diatrib .

Ti parathroÔme. ParathroÔme ìti me th mèjodo aut , sthn ousÐa, apodeiknÔoume

thn èkrhxh se peperasmèno qrìno tou qwrikoÔ oloklhr¸matoc α(t) =
∫
Ω
ϕ(x)u(x, t)dx.

Lìgw thc sqèshc
∫
Ω
ϕ(x)u(x, t)dx < max

x∈Ω
ϕ(x)

∫
Ω
u(x, t)dx, èpetai ìti èqoume èkrhxh

sto t1 tou oloklhr¸matoc
∫
Ω
u(x, t)dx, pou den eÐnai �llo apì th nìrma thc u sto

q¸ro Lebesque L1(Ω), me thn proôpìjesh bèbaia ìti h lÔsh epekteÐnetai se “ asjen ”

morf  mèqri th qronik  stigm  t1.

O kÔrioc skopìc thc paroÔsac ergasÐac eÐnai h melèth tou fainomènou thc èkrhxhc

twn lÔsewn upì thn polÔ asjen  morf  touc. Dhlad  jewroÔme ìti h lÔsh u(x, t) =

u(t)(x) eÐnai mÐa suneq c sun�rthsh apì to (0, T ) → L1(Ω), (bl. [7, 10, 26, 79]). E-

pomènwc, eÐnai �meso epakìloujo na mac endiafèrei h èkrhxh thc L1 nìrmac kai ìqi h
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èkrhxh thc L∞ nìrmac.

H èkrhxh thc L1 nìrmac se peperasmèno qrìno eÐnai pio “shmantikì fainìmeno ” me

k�poia ènnoia se orismèna fainìmena apì thn L∞ èkrhxh. EpÐshc ja prèpei na shmei¸-

soume ta parak�tw:

1) H L1 èkrhxh sunep�getai thn L∞ èkrhxh. To antÐjeto den isqÔei. Autì prokÔ-

ptei �mesa apì thn sunj kh egkleismoÔ twn Lp q¸rwn: (bl. [1, 7]),

L1 ⊃ Lp ⊃ Lq ⊃ L∞, ìpou 1 < p < q <∞. (1.42)

Autì shmaÐnei ìti mporeÐ na èqoume èkrhxh thc ∥ u(·, t) ∥∞ se k�poia qronik  stig-

m  t∗ < ∞, opìte h lÔsh mac paÔei na up�rqei ston L∞(Ω), eÐnai dunatìn ìmwc na

ufÐstatai ston L1(Ω) (  kai se k�poion Lq(Ω), q < ∞). Den ja anaferjoÔme sthn

met� thn èkrhxh Ôparxh (bl. [92, 45, 118, 58, 140, 24]), pou eÐnai ter�stio ereunhtikì

pedÐo, all� mil�me gia th stigm  thc èkrhxhc t∗.

2) H L1 èkrhxh eÐnai h katastrof  thc lÔshc sthn asjenèsterh morf  thc. Pr�g-

mati e�n èqoume èkrhxh thc L1 nìrmac, tìte h lÔsh mac paÔei na up�rqei se k�poion

apì touc gnwstoÔc sunarthsiakoÔc q¸rouc.

3) H L1 nìrma isoÔtai me to olokl rwma
∫
Ω
u(x, t)dx to opoÐo me th seir� tou,

apì fusik c apìyewc, antistoiqeÐ sth olik  m�za thc lÔshc mac. EÐnai �llo na èqoume

aperismì thc jermokrasÐac se k�poia qronik  stigm  se k�poio memonwmèno shmeÐo kai

�llo na èqoume, se merikèc peript¸seic, apeirismì thc olik c jermìthtac (m�zac) pou

perièqetai sto qronik� exelissìmeno fainìmeno.

Ena par�deigma èkrhxhc thc L∞ nìrmac se peperasmèno qrìno en¸ thn Ðdia qronik 

stigm  h L1 nìrma paramènei peperasmènh, dÐnei o P.Quittner - Ph.Souplet (bl. [119],

Je¸rhma 24.1, L mma 24.2), gia to prìblhma,

ut −∆u = up, x ∈ Ω, t > 0, (1.43)

u = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω,
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ìpou p > 1,Ω = BR, u0 ∈ L∞(Ω), u0 ≥ 0, aktinik� summetrik  mh aÔxousa sun�rthsh.

Tìte, (blèpe apìdeixh sto biblÐo autì), lim
t→T
∥u(·, x)∥∞ =∞, all� lim sup

t→T
∥u(·, x)∥q <

∞ gia 1 ≤ q < qc = n(p− 1)/2.

'Ena �llo shmeÐo sto opoÐo esti�zetai h prosoq  twn ereunht¸n pou meletoÔn

fainìmena èkrhxhc, eÐnai h fÔsh thc èkrhxhc. 'Etsi prospajoÔme k�je for� na apan-

t soume sta ex c erwt mata: (bl. [61, 73] kai �lloi),

• POTE gÐnetai h èkrhxh,

• POU gÐnetai, dhlad  se poi� shmeÐa tou q¸rou,

• PWS gÐnetai, dhlad  me poiì trìpo apeirÐzetai h lÔsh sto qrìno èkrhxhc.

Mèqri t¸ra eÐnai gnwstèc oi parak�tw morfèc èkrhxhc:

(a) Shmeiak  èkrhxh (Single point blow-up). Sthn perÐptwsh aut  up�r-

qei shmeÐo x0 ∈ Ω̄ kai akoloujÐa shmeÐwn (xm, tm) me tm ↑ t∗−, xm → x0, ¸ste

u(xm, tm)→∞ kaj¸c m→∞.

(b) Pl rhc èkrhxh (Complete blow-up). Me ton ìro pl rh èkrhxh, ennooÔme

lim supt→t∗− ∥ u(·, t) ∥∞=∞ kai u(x, t) ≡ ∞ gia k�je x ∈ Ω kai t > t∗.

(g) Olik  èkrhxh (Global blow-up). Tìte èqoume ìti lim supt→t∗− u(x, t) =∞
gia k�je x ∈ Ω.

(d) Topik  èkrhxh (Regional blow-up). Tìte up�rqei Ω1 me Ω̄1 ⊆ Ω kai

µ(Ω1) ̸= 0 ( µ: mètro Lebesque) ètsi ¸ste lim supt→t∗− u(x, t) =∞ gia k�je x ∈ Ω1.

Profan¸c h topik  èkrhxh eÐnai mÐa eidik  perÐptwsh thc olik c èkrhxhc (sun jwc

qrhsimopoioÔme ton ìro olik  èkrhxh gia na perigr�youme tic dÔo autèc katast�seic).

(e)Merik  èkrhxh (Partial blow-up). Sthn perÐptwsh aut  isqÔei ìti lim supt→t∗−

∥ u(·, t) ∥∞=∞, all� gia t > t∗ h lÔsh u(x, t) up�rqei me k�poia asjen  morf    kai

klasik  akìma, gia k�je x ∈ Ω.
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EÐnai fanerèc oi akìloujec sqèseic an�mesa sta di�fora eÐdh èkrhxhc

OLIKH ⇒ TOPIKH ⇒ PLHRHS

kai

MERIKH ⇒ SHMEIAKH

KleÐnoume thn par�grafo aut  eis�gontac thn ènnoia thc apìklishc twn qronoexar-

twmènwn lÔsewn.

Orismìc 6. Ja lème ìti h lÔsh u tou probl matoc (1.37) apoklÐnei an up�rqei

akoloujÐa (tn) tètoia ¸ste tn →∞ kaj¸c n→∞ kai

lim
n→∞

∥ u(·, tn) ∥=∞.

H lÔsh u∗ tou mh-topikoÔ probl matoc (1.1), me Ω = (−1, 1), ìpwc anafèretai

sthn ergasÐa [96], sthn krÐsimh tim  λ∗ apoklÐnei kai m�lista,

u∗(x, t)→∞ kaj¸c t→∞,

gia k�je x ∈ (−1, 1), dhlad  h apìklish thc u∗ eÐnai olik .

T¸ra mporoÔme na exet�soume èna apì ta shmantikìtera shmeÐa

thc paroÔsac diatrib c. 'Opwc eÐdame parap�nw, e�n h lÔsh mac sto prìblhma

Cauchy:

ut −∆K(u) = f(u), x ∈ RN , t > 0, (1.44aþ)

u(x, 0) = u0(x) ≥ 0, (1.44bþ)

ìpou oi arqikèc sunj kec èqoun sumpag  forèa, eÐnai olik , tìte tou t→∞, o forèac

thc lÔshc teÐnei sto RN . Autì shmaÐnei ìti e�n antÐ gia prìblhma Cauchy èqoume prì-

blhma Dirichlet se èna fragmèno qwrÐo Ω ⊂ RN , tìte se k�poio peperasmèno qrìno

tp, o forèac thc lÔshc ja tautisjeÐ me to Ω.

Ti gÐnetai ìmwc e�n h lÔsh mac, gia to prìblhma Cauchy, ekr gnutai se pepera-

smèno qrìno T ; O forèac thc lÔshc sth qronik  stigm  T ja eÐnai p�li o RN   m pwc
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mporeÐ na eÐnai kai fragmènoc;

H ap�nthsh sto er¸thma autì eÐnai kajoristik c shmasÐac.

Ac upojèsoume ìti antÐ gia to prìblhma Cauchy eÐqame èna prìblhma Dirichlet

se k�poio fragmèno qwrÐo Ω. Tìte, protoÔ o forèac thc lÔshc “ aggÐxei” to sÔnoro

∂Ω, oi sunoriakèc sunj kec p�nw sto ∂Ω sthn ousÐa den ephrre�zoun thn exèlixh tou

fainomènou kai to prìblhma kat' ousÐan eÐnai prìblhma Cauchy (bl. [141], sel.334).

Sugkekrimèna sth selÐda aut  o Vazquez anafèrei epÐ lèxei:

... In the theory of the homogeneous Dirichlet problem, the ZKB is an acceptable

solution as long as the free boundary does not reach the exterior boundary ∂Ω (this

happens though in a finite time).

T¸ra, e�n sto prohgoÔmeno er¸thma gia to prìblhma Cauchy o forèac thc lÔshc

th stigm  thc èkrhxhc  tan ìloc o RN , metaferìmenoi sto sunoriakì prìblhma, ja

eÐqame jetikopoÐhsh thc lÔshc p�nw sto Ω se qrìno tp mikrìtero tou qrìnou èkrhxhc

T , pou shmaÐnei ìti gia to qronikì di�sthma [tp, T ) h lÔsh mac ja eÐnai klassik .

H melèth epomènwc thc èkrhxhc ja mporoÔse na gÐnei me th jewrÐa twn klassik¸n

lÔsewn kai ìqi twn genikeumènwn sunart sewn pou emeÐc akoloujoÔme.

H ap�nthsh sto er¸thma autì eÐnai xek�jarh. Tìso sto [123] ìso kai sto �rjro

tou Ryuichi Suzuki [128] anafèretai ìti gia to prìblhma Cauchy se mÐa di�stash,

ut −∆um = uk, x ∈ R, t > 0, (1.45aþ)

u(x, 0) = u0(x) ≥ 0, (1.45bþ)

me sumpag  forèa, e�n k/m > 1, tìte tou t→ T− o forèac paramènei fragmènoc kai

Ðsoc me (−xT , +xT ), ìpou xT <∞.

Metatrèpontac to prìblhma Cauchy se prìblhma Dirichlet p�nw sto qwrÐo Ω =

(−a, +a) me a > xT , ja èqoume èkrhxh thc lÔshc protoÔ o forèac thc lÔshc �aggÐxei�

to sÔnoro ∂Ω. Oi ìpoiec sunoriakèc sunj kec den ja èqoun kammÐa epÐdrash afoÔ,

aploÔstata, o forèac thc lÔshc, dhlad  h diataraq , den ja èqei fj�sei potè sto

sÔnoro ∂Ω kai epomènwc kammÐa allhlepÐdrash den ja èqei suntelesjeÐ me to sÔnoro.

H lÔsh mac ja eÐnai jetik  sto (−xT , +xT ), Ðsh me mhdèn sto sÔnolo (−a, −xT ) ∪
(+xT , +a) kai qwrÐc pr¸tec merikèc parag¸gouc sto ∂(−xT , +xT ) = {−xT , xT}.
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Epomènwc, h melèth tou probl matoc autoÔ apaiteÐ th qr sh genikeumènwn lÔsewn

(polÔ asjen¸n).

BebaÐwc to parap�nw par�deigma afor� th mÐa qwrik  di�stash. Logikì na afor�

kai tic aktinik� summetrikèc lÔseic ston RN , kai den xèroume e�n isqÔei   den isqÔei

sthn genik  perÐptwsh twn mh summetrik¸n problhm�twn.

To sÐgouro eÐnai ìti ìso to jèma autì paramènei �gnwsto, h sw-

st  antimet¸pish tou probl matoc thc èkrhxhc apaiteÐ th qr sh ge-

nikeumènwn lÔsewn, ìtan èqoume lÔsh me epekteinìmeno forèa.

Pèran ìmwc ìlwn twn anwtèrw, to na doulèyoume me genikeumènec lÔseic, mac pro-

sfèrei th dunatìthta na melet soume akìmh pio genik� probl mata ìpwc p.q. ìtan oi

arqikèc sunj kec u0(x) den eÐnai suneqeÐc all� an koun apl¸c ston L1(Ω), (oloklh-

r¸simec arqikèc sunj kec).

Oi genikeumènec lÔseic Ðswc eÐnai oi katallhlìterec gia th melèth fusik¸n faino-

mènwn pou montelopoioÔntai majhmatik�. Kai autì diìti den epikentr¸nontai sthn tim 

thc sun�rthshc u(x, t) se memonwmèna shmeÐa, all� sthn ousÐa antikajistoÔn autèc

apì oloklhr¸mata thc morf c
∫ t2
t1

∫
ω
u(x, t)dxdt, ìpou to di�sthma (t1, t2) eÐnai ìso

mikrì jèloume, to de mètro tou ω eÐnai kai autì ìso mikrì jèloume.

1.8 Melèth tou mh-topikoÔ probl matoc di jh-

shc.

'Eqoume anaptÔxei kai perigr�yei, p�nta mèsa sta plaÐsia thc paroÔsac ergasÐac, to

skeptikì gÔrw apì to prìblhm� mac. Skopìc mac eÐnai h exètash gia to e�n up�rqoun

lÔseic pou ekr gnuntai se peperasmèno qrìno,   sthn perÐptwsh twn olik¸n lÔsewn,

h asumptwtik  sumperifor� aut¸n, gia to prìblhma:

ut = ∆K(u) +
λf(u)(∫

Ω
f(u)dx

)p , x ∈ Ω, t > 0, (1.46aþ)

u(x, t) = 0, x ∈ ∂Ω, t > 0, (1.46bþ)
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u(x, 0) = u0(x) ≥ 0, x ∈ Ω, (1.46gþ)

ìpou oi arqikèc sunj kec èqoun sumpag  forèa mèsa sto Ω, kai me tic proôpojèseic

pou èqoume jèsei gia tic sunart seic K(s) kai f(s), dhlad ,

K(s), K ′(s), K ′′(s) > 0 gia s > 0 kai K(0) > 0, K ′(0) = 0, K ′′(0) ≥ 0,

f(s) > 0, f ′(s) > 0, f ′′(s) > 0 gia s > 0 kai f(0) = 0, f
′
(0) ≥ 0,∫ ∞

b

ds

f 1−p(s)
<∞ gia k�poio b > 0.

Sto epìmeno kef�laio ja ekfr�soume to prìblhma autì upì thn polÔ asjen  mor-

f  tou, kai ja to melet soume.
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Kef�laio 2

Genikeumèno prìblhma Di jhshc.

'Uparxh kai monadikìthta thc

lÔshc

2.1 Prokatarktik�.

2.1.1 DiatÔpwsh tou mh-topikoÔ probl matoc Di jhshc

se polÔ asjen  morf . PolÔ asjeneÐc lÔseic.

Orismìc 7. MÐa sun�rthsh u ∈ C((t1, t2);L1(Ω)) orismènh sto Ωt1,t2 := Ω× (t1, t2)

ja onom�zetai polÔ asjen c lÔsh tou probl matoc (1.1) e�n u,K(u), f(u) ∈ L1(Ωt1,t2)

kai sugqrìnwc ikanopoieÐtai h tautìthta:∫
Ω

[uη]t2t1dx−
∫ t2

t1

∫
Ω

uηtdxds−
∫ t2

t1

∫
Ω

K(u)∆ηdxds− λ
∫ t2

t1

∫
Ω
f(u)ηdx(∫

Ω
f(u)dx

)p ds = 0,

(2.1aþ)

∀ t1, t2 : 0 ≤ t1 < t2 ≤ T, ∀ η ∈ C∞((t1, t2);C
∞(Ω)) me η = η(x, t) ≥ 0,

me sunoriakèc sunj kec
∂η

∂n̂
+ βη = 0 sto ∂Ω, ìpou 0 ≤ β = β(x) ≤ ∞. (2.1bþ)

• Gia to prìblhma Dirichlet èqoume β(x) ≡ ∞ kai η ∈ C∞((t1, t2);C
∞
c (Ω)),

• Gia to prìblhma Robin èqoume β(x) > 0,
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• Gia to prìblhma Neumann èqoume β(x) ≡ 0,

ìpou C∞
c (Ω) eÐnai o q¸roc ìlwn twn C∞− sunart sewn me sumpag  forèa sto Ω,

blèpe epÐshc [40, 141].

MporoÔme epÐshc apl� na poÔme ìti h u eÐnai mÐa lÔsh tou (1.1) me thn ènnoia twn

katanom¸n, e�n ikanopoieÐtai h (2.1). Gia to prìblhma (2.1aþ), to olokl rwma p�nw

sto sÔnoro gÐnetai mhdèn, dhlad ,∫ t2

t1

{∫
∂Ω

(
η
∂K(u)

∂n̂
−K(u)

∂η

∂n̂

)
dσ(x)

}
ds = 0, (2.2)

kai epomènwc den emfanÐzetai sthn (2.1aþ). Autì sumbaÐnei p�nta ìtan qrhsimopoioÔme

thn polÔ asjen  diatÔpwsh tou probl matoc (1.1). EpÐ thc ousÐac, gia thn (2.1aþ),

qreiazìmaste mìno η ∈ C2,1
x,t   thn Ðdia leiìthta all� me sumpag  forèa sto Ω,(

η ∈ C2,1
cx,t

)
. Epiplèon, e�n p�roume t1 = 0, t2 = T kai dokimastik  sun�rthsh

η = η(x, t) pou na mhdenÐzetai gia t = T , tìte to pr¸to kat� seir� olokl rwma

thc (2.1aþ) gÐnetai
∫
Ω
u0(x)η0(x)dx, ìpou η0(x) = η(x, 0). Tèloc, e�n t1 = 0, ta arqik�

dedomèna mporoÔn na jewrhjoÔn upì thn ènnoia,

lim
t→0+

∫
Ω

η(x, t)u(x, t)dx =

∫
Ω

η0(x)u0(x)dx. (2.3)

2.1.2 P�nw - k�tw zeÔgh lÔsewn se polÔ asjen  morf 

gia to mh topikì prìblhma Di jhshc. Orismìc.

Se antÐjesh me thn perÐptwsh fjÐnousac sun�rthshc f(s), ìpou isqÔei �mesa h

arq  sÔgkrishc se asjen  morf , ìtan h f(s) eÐnai aÔxousa, h Ôparxh p�nw kai k�tw

lÔsewn me th sun jh ènnoia den exasfalÐzei (qrhsimopoi¸ntac mejìdouc sÔgkrishc)

thn Ôparxh lÔshc keÐmenhc metaxÔ aut¸n, oÔte gia to prìblhma (1.1) oÔte gia to

prìblhma (2.1), (bl. [39, 98]).

Prokeimènou na qrhsimopoi soume kat�llhlec sunj kec sÔgkrishc pou na mac e-

xasfalÐzoun thn Ôparxh lÔshc gia to prìblhma (2.1), eis�goume thn ènnoia tou p�nw

- k�tw zeÔgouc lÔsewn upì asjen  morf .
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Orismìc 8. Gia dÔo sunart seic z = z(x, t), v = v(x, t) ∈ C((t1, t2);L1(Ω)), èstw o

telest c V orizìmenoc apì th sqèsh:

V (z, v; η) : =

∫
Ω

[zη]t2t1dx−
∫ t2

t1

∫
Ω

zηtdxds (2.4)

−
∫ t2

t1

∫
Ω

K(z)∆ηdxds− λ
∫ t2

t1

∫
Ω
f(z)ηdx(∫

Ω
f(v)dx

)pds,
∀ t1, t2 : 0 ≤ t1 < t2 ≤ T, ∀ η ∈ C∞((t1, t2);C

∞
c (Ω)) me η ≥ 0.

Tìte to (z, v) ja onom�zetai polÔ asjenèc zeÔgoc p�nw - k�tw lÔsewn gia to prì-

blhma (2.1), e�n isqÔoun oi katwtèrw sqèseic:

V (z, v; η) ≤ 0 ≤ V (v, z; η), x ∈ Ω, t1 ≤ t ≤ t2, (2.5aþ)

0 ≤
∫
Ω

η0(x)z(x, 0)dx ≤
∫
Ω

η0(x)u(x, 0)dx ≤
∫
Ω

η0(x)v(x, 0)dx, (2.5bþ)

∀ t1, t2 : 0 ≤ t1 < t2 ≤ T kai ∀ η pou ikanopoieÐ thn (2.1b).

Sqìlio 9. To olokl rwma p�nw sto sÔnoro den emfanÐzetai sthn (2.4) kajìson,∫ t2

t1

∫
∂Ω

{
η

[
∂K(z)

∂n̂
− ∂K(v)

∂n̂

]
− [K(z)−K(v)]

∂η

∂n̂

}
dσ(x)ds ≤ 0,

(gia to prìblhma Dirichlet η = 0 kai ∂η
∂n̂
< 0, gia to Neumann ∂η

∂n̂
= 0 kai gia to Robin

∂η
∂n̂

+ β(x)η = 0 sto ∂Ω, η = η(x, t)).

2.1.3 Uparxh p�nw - k�tw zeÔgouc lÔsewn gia to-mh to-

pikì prìblhma Di jhshc

L mma 10. (bl. [98]). Estw ìti oi Z = Z(t), V = V (t) ≤ b < ∞ ikanopoioÔn tic

anisìthtec:

Zt − Λf(Z) ≤ 0 ≤ Vt − Λ̄f(V ), 0 < t < T̂ <∞,
Z(0) = Z0 ≤ u0(x) ≤ V (0) = V0
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To Z0 prèpei na eÐnai di�foro tou mhdenìc, eid�llwc o paronomast c sthn èkfrash

tou p�nw - k�tw zeÔgouc lÔsewn ja  tan mhdèn, lìgw tou ìti f(0) = 0.

EpÐshc, Z0 ≤ u0(x), 0 ≤ u0(x). Gi' autì jètoume Z0 = ε > 0 arkoÔntwc mikrì gia

x ∈ ω ⊂ supp(u0(x)) ⊂⊂ Ω kai Z0 = 0, x ∈ Ω/ω.

Jètoume Λ = λ/fp(b)|Ω|p < Λ̄ = λ/fp(Z0)|ω|p, gia k�poio b ≫ 1 arkoÔntwc

meg�lo. Tìte (Z, V ) eÐnai èna zeÔgoc p�nw - k�tw lÔsewn tou probl matoc (2.1) kai

0 ≤ Z(t) ≤ V (t).

Apìdeixh. Estw Tmax eÐnai o mègistoc qrìnoc Ôparxhc thc V , (V (t) → ∞ kaj¸c

t→ T−
max). To gegonìc ìti 0 ≤ Z ≤ V prokÔptei me ap' eujeÐac olokl rwsh.∫ Z(t)

Z0

ds

f(s)
≤ Λt < Λ̄t ≤

∫ V (t)

V0

ds

f(s)
≤
∫ V (t)

Z0

ds

f(s)
<

∫ ∞

0

ds

f(s)
<∞⇒ Z(t) ≤ V (t)

Lìgw thc epilog c tou Λ, Λ̄, sunep�getai ìti (Z, V ) eÐnai èna zeÔgoc p�nw - k�tw

lÔsewn tou probl matoc (2.1).

Gia na proqwr soume sthn apìdeixh thc Ôparxhc kai thc monadikìthtac thc lÔshc

tou probl matìc mac, diatup¸noume kai apodeiknÔoume sthn epìmenh par�grafo èna

shmantikì kai anagkaÐo je¸rhma sÔgkrishc. Ja to apodeÐxoume pr¸ta gia klassikèc

lÔseic kai met� gia polÔ asjeneÐc lÔseic.
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2.2 Genik  Arq  sÔgkrishc gia to mh-topikì

prìblhma Di jhshc, anex�rthta thc lÔshc.

2.2.1 Gia klassikèc lÔseic.

To prìblhm� mac eÐnai to (1.1) ìpou, gia aploÔsteush, jewroÔme sunj kec Diri-

chlet sto sÔnoro, dhlad :

ut = ∆K(u) +
λf(u)(∫

Ω
f(u)dx

)p , x ∈ Ω, t > 0, (2.6aþ)

u(x, t) = 0, x ∈ ∂Ω, t > 0, (2.6bþ)

u(x, 0) = u0(x) > 0, x ∈ Ω. (2.6gþ)

Estw t¸ra dÔo sunart seic z = z(x, t), v = v(x, t) ∈ C((0,∞);L1(Ω)) kai o

telest c S, ìpwc autìc orÐsjhke prohgoÔmena all� sthn klassik  morf :

S(z; v) = zt −∆K(z)− λf(z)(∫
Ω
f(v)dx

)p , (2.7)

S(z; v) = zt −∆K(z)− λf(z)(∫
Ω
f(v)dx

)p . (2.8)

Tìte to (z, v) ja onom�zetai diatetagmèno zeÔgoc gia to prìblhma (2.1), e�n

ikanopoioÔntai ta akìlouja:

S(z; v) < S(v; z), x ∈ Ω, t ∈ (0, T ), (2.9aþ)

z(x, t) ≤ v(x, t), x ∈ ∂Ω, t ∈ (0, T ), (2.9bþ)

0 ≤ z(x, 0) < v(x, 0), x ∈ Ω, (2.9gþ)

H onomasÐa diatetagmèno zeÔgoc pou d¸same, dikaiologeÐtai pl rwc apì to para-

k�tw je¸rhma to opoÐo kai ja apodeÐxoume.

(TonÐzoume ìti to zeÔgoc autì den eÐnai kat' an�gkh zeÔgoc p�nw - k�tw lÔsewn

tou probl matoc, afoÔ sÔmfwna me ton orismì tou, den to sundèoume me tic arqikèc

sunj kec thc ìpoiac lÔshc mac, oi de antÐstoiqoi telestèc den eÐnai ekatèrwjen tou

mhdenìc, mporeÐ dhlad  na eÐnai kai oi dÔo jetikoÐ   kai oi dÔo arnhtikoÐ).
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Je¸rhma 11. E�n isqÔoun oi anisìthtec,

S(z; v) = zt −∆K(z)− λf(z)(∫
Ω
f(v)dx

)p < vt −∆K(v)− λf(v)(∫
Ω
f(z)dx

)p = S(v; z)

kai z0 < v0, tìte z < v.

Apìdeixh. Dia thc eic �topon apagwg c. Estw ìti to sumpèrasma eÐnai yeudèc.

Tìte ja up�rqei gia pr¸th for� mÐa qronik  stigm  t̄ kai èna shmeÐo x̄ ∈ Ω ìpou

z(x̄, t̄) = v(x̄, t̄) me z(x, t̄) < v(x, t̄) gia x ̸= x̄.

Epomènwc th qronik  aut  stigm  t̄ ja isqÔei ìti:
∫
Ω
f(z)dx <

∫
Ω
f(v)dx, lìgw tou

ìti h sun�rthsh f(s) eÐnai aÔxousa.

IsqÔei ìti:

∆K(v)−∆K(z) = K
′′
(v)∆v +K

′
(v) |∇v|2 −K ′′

(z)∆z −K ′
(z) |∇z|2 .

Oi upologismoÐ mèqri to tèloc thc apìdeixhc anafèrontai sto sh-

meÐo (x̄, t̄).

'Etsi ja èqoume ìti z(x̄, t̄) = v(x̄, t̄) opìteK
′
(z(x̄, t̄)) = K

′
(v(x̄, t̄)) kaiK

′′
(z(x̄, t̄)) =

K
′′
(v(x̄, t̄)), kai h parap�nw sqèsh gÐnetai:

∆K(v)−∆K(z) = K
′′
(z)(∆v −∆z) +K

′
(z)
[
|∇v|2 − |∇z|2

]
= K

′′
(z)∆(v − z),

lìgw tou ìti ja èqoume, ∇z(x̄, t̄) = ∇v(x̄, t̄).
Apì thn anisotik  sqèsh metaxÔ twn dÔo telest¸n kai lamb�nontac upìyh ìti f(z) =

f(v), paÐrnoume:

(v − z)t = vt − zt > ∆K(v) +
λf(v)(∫

Ω
f(z)dx

)p −∆K(z)− λf(z)(∫
Ω
f(v)dx

)p =

K
′′
(z)∆(v − z) + λf(z)

(
1(∫

Ω
f(z)dx

)p − 1(∫
Ω
f(v)dx

)p
)

=

K
′′
(z)∆(v − z) + λf(z)

((∫
Ω
f(v)dx

)p − (∫
Ω
f(z)dx

)p(∫
Ω
f(z)dx

)p (∫
Ω
f(v)dx

)p
)

(Anaferìmaste p�nta sto shmeÐo (x̄, t̄)). Ja isqÔei ìti, ∆v > ∆z,
(∫

Ω
f(v)dx

)p −(∫
Ω
f(z)dx

)p
> 0, K

′′
(s) > 0, f(s) > 0 kai vt ≤ zt, opìte lamb�noume:

0 ≥ (v − z)t > 0

to opoÐo eÐnai �topo.
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2.2.2 Gia polÔ asjeneÐc lÔseic.

Estw dÔo sunart seic z = z(x, t), v = v(x, t) ∈ C((t1, t2);L1(Ω)) kai o telest c

V (se polÔ asjen  morf ):

V (z; v) := (2.10)∫
Ω

[zη]t2t1dx−
∫ t2

t1

∫
Ω

zηtdxds−
∫ t2

t1

∫
Ω

K(z)∆η dxds− λ
∫ t2

t1

∫
Ω
f(z)ηdx(∫

Ω
f(v)dx

)pds
∀ t1, t2 : 0 ≤ t1 < t2 ≤ T, ∀ η ∈ C∞((t1, t2);C

∞
c (Ω)).

Tìte to (z, v) ja onom�zetai diatetagmèno zeÔgoc gia to prìblhma (2.1),

(polÔ asjen c morf ), e�n ikanopoioÔntai ta akìlouja:

V (z; v) < V (v; z), x ∈ Ω, t1 ≤ t ≤ t2, (2.11aþ)

∂K(z)

∂n̂
+ β(x)K(z) ≤ ∂K(v)

∂n̂
+ β(x)K(v), x ∈ ∂Ω, t1 ≤ t ≤ t2, (2.11bþ)

0 ≤ z(x, 0) < v(x, 0), x ∈ Ω, (2.11gþ)

∀ t1, t2 : 0 ≤ t1 < t2 ≤ T kai ∀ η ∈ C∞((t1, t2);C
∞
c (Ω)).

(TonÐzoume ìti to zeÔgoc autì den eÐnai kat' an�gkh zeÔgoc p�nw - k�tw lÔsewn tou

probl matoc, afoÔ sÔmfwna me ton orismì tou, den to sundèoume me tic arqikèc sunj -

kec thc ìpoiac lÔshc mac, oi de antÐstoiqoi telestèc den eÐnai ekatèrwjen tou mhdenìc,

mporeÐ dhlad  na eÐnai kai oi dÔo jetikoÐ   kai oi dÔo arnhtikoÐ).

Je¸rhma 12. Estw oi sunart seic z(x, t) kai v(x, t), oi opoÐec ikanopoioÔn tic sqè-

seic (2.11). Tìte z(x, t) < v(x, t), ∀x ∈ Ω, ∀ t : 0 < t < T .

Prin thn apìdeixh tou jewr matoc autoÔ, prèpei na parajèsoume touc ex c pro-

blhmatismoÔc:

Apì ton orismì thc polÔ asjenoÔc morf c twn exis¸se¸n mac, dhmiourgeÐtai ana-

pìfeukta mÐa shmantik  duskolÐa ston majhmatikì qeirismì aut¸n, kurÐwc logw tou

emfanizìmenou ìrou
∫
Ω
[zη]t2t1dx sto aristerì mèloc. Den mporoÔme na apaleÐyoume

autìn, giatÐ ja èprepe na diathr soume mèsa sto olokl rwma thn pr¸th qronik  pa-

r�gwgo thc lÔshc. Autì ìmwc den dÔnatai na gÐnei apodektì diìti aploÔstata, sthn
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perÐptwsh twn polÔ asjen¸n lÔsewn, den diasfalÐzetai h Ôparxh thc pr¸thc qronik c

parag¸gou.

MÐa idèa gia thn antimet¸pish thc duskolÐac aut c eÐnai, antÐ thc Ðdiac thc lÔshc,

na emfanÐsoume sthn exÐswsh to Mèso 'Oro Steklov aut c. Sthn epìmenh par�grafo

orÐzoume touc mèsouc ìrouc Steklov mi�c sun�rthshc, anafèroume tic basikèc idiìthtèc

touc kai tèloc diatup¸noume thn polÔ asjen  morf  tou probl matoc b�sei aut¸n twn

mèswn ìrwn, apodeiknÔontac sugqrìnwc to isodÔnamo twn dÔo aut¸n orism¸n.

2.2.3 Mèsoi ìroi Steklov.

OrÐzoume t¸ra to mèso ìro Steklov uh(x, t) gia mÐa sun�rthsh u(x, t), (bl. [38]):

uh(x, t) =
1

h

∫ t

t−h
u(x, s)ds   uh(x, t) =

1

h

∫ t+h

t

u(x, s)ds,

0 < h ≤ T − t.
(2.12)

Gia th sun�rthsh aut , up�rqei h pr¸th qronik  par�gwgoc kai eÐnai Ðsh me:

d

dt
uh(x, t) = uh,t =

1

h
(u(x, t)− u(x, t− h)) . (2.13)

Oi mèsoi ìroi Steklov èqoun tic parak�tw kÔriec idiìthtec, tic opoÐec kai ja qrh-

simopoi soume eurèwc sthn apìdeixh thc èkrhxhc twn polÔ asjen¸n lÔsewn.

(S1) lim
h→0

uh = u, ston L1(Ω), (bl. [38], sel.11),

(S2) ut,h =
(
d
dt
u(x, t)

)
h
= d

dt
uh(x, t) = uh,t,

(S3) (f(u))h ≥ f(uh) ìtan f(u) kurt , (f(u))h ≤ f(uh) ìtan f(u) koÐlh.

(S4)
(∫

Ω
udx

)
h
=
∫
Ω
uhdx,

(S5) E�n v ≤ (≥)u, tote vh ≤ (≥)uh

Parajètoume thn apìdeixh thc idiìthtac (S3), sthn perÐptwsh pou h f(u) eÐnai
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kurt . An�logh eÐnai kai h apìdeixh ìtan h f(u) eÐnai koÐlh.

(f(u(x, t)))h =
1

h

∫ t

t−h
f(u(x, s))ds ≥ 1

h
(t− t+ h)f

(
1

t− t+ h

∫ t

t−h
u(x, s)ds

)
= f

(
1

h

∫ t

t−h
u(x, s)ds

)
= f(uh(x, t)).

Oi idiìthtec S2, S4 kai S5 eÐnai profaneÐc.

H polÔ asjen c diatÔpwsh tou probl matoc (2.1) mporeÐ epÐshc na grafeÐ kai upì

th morf  mèswn ìrwn Steklov. Jètontac t1 = t − h, t2 = t (  t1 = t, t2 = t + h),

pollaplasi�zontac me h > 0 kai epilègontac san dokimastik  sun�rthsh thn 0 ≤ η =

η(x) ∈ C∞(Ω), katal goume sth morf  Steklov h opoÐa eÐnai isodÔnamh me thn arqik 

morf .

Upì th morf  mèswn ìrwn Steklov, o anwtèrw orismìc diamorf¸netai isodÔnama

se:

V (z; v) =

∫ t2

t1

∫
Ω

ztηdxds−
∫ t2

t1

∫
Ω

K(z)∆ηdxds− λ
∫ t2

t1

∫
Ω
f(z)ηdx(∫

Ω
f(v)dx

)pds,
∀ t1, t2 : 0 ≤ t1 < t2 ≤ T kai ∀ η ∈ C∞((t1, t2);C

∞
c (Ω)).

E�n jèsoume t1 = t− h, t2 = t, h ≤ T − t, paÐrnoume:

V (z; v) =

∫ t

t−h

∫
Ω

ztηdxds−
∫ t

t−h

∫
Ω

K(z)∆ηdxds− λ
∫ t

t−h

∫
Ω
f(z)ηdx(∫

Ω
f(v)dx

)pds
=

∫
Ω

∫ t

t−h
ztηdsdx−

∫
Ω

∫ t

t−h
K(z)∆ηdsdx− λ

∫
Ω

η

{∫ t

t−h

f(z)(∫
Ω
f(v)dx

)pds
}
dx

=
1

h

∫
Ω

η

∫ t

t−h
ztdsdx−

1

h

∫
Ω

∆η

∫ t

t−h
K(z)dsdx− λ1

h

∫
Ω

η

{∫ t

t−h

f(z)(∫
Ω
f(v)dx

)pds
}
dx

=

∫
Ω

ηzt,hdx−
∫
Ω

∆η [K(z)]h dx− λ
∫
Ω

η

[
f(z)(∫

Ω
f(v)dx

)p
]
h

dx

=
d

dt

∫
Ω

ηzhdx−
∫
Ω

∆η [K(z)]h dx− λ
∫
Ω

η

[
f(z)(∫

Ω
f(v)dx

)p
]
h

dx (2.14)
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ìpou h sun�rthsh η = η(x, t) den exart�tai apì thn par�metro h.

Opwc anafèrame prohgoumènwc, h sqèsh aut  eÐnai isodÔnamh me thn arqik .

V (z; v) :=∫
Ω

[zη]t2t1dx−
∫ t2

t1

∫
Ω

zηtdxds−
∫ t2

t1

∫
Ω

K(z)∆η dxds− λ
∫ t2

t1

∫
Ω
f(z)ηdx(∫

Ω
f(v)dx

)pds.

Epanerqìmaste t¸ra sthn apìdeixh thc arq c sÔgkrishc, qrhsimopoi¸ntac touc

mèsouc ìrouc Steklov twn lÔsewn.

2.2.4 Apìdeixh tou jewr matoc 12

'Eqoume:

V (z; v) < V (v; z)⇒

d

dt

∫
Ω

ηzhdx−
∫
Ω

∆η [K(z)]h dx− λ
∫
Ω

η

[
f(z)(∫

Ω
f(v)dx

)p
]
h

dx <

d

dt

∫
Ω

ηvhdx−
∫
Ω

∆η [K(v)]h dx− λ
∫
Ω

η

[
f(v)(∫

Ω
f(z)dx

)p
]
h

dx

⇒ d

dt

∫
Ω

ηzhdx−
d

dt

∫
Ω

ηvhdx+

∫
Ω

∆η [K(v)]h dx−
∫
Ω

∆η [K(z)]h dx+

+λ

∫
Ω

η

[
f(v)(∫

Ω
f(z)dx

)p
]
h

dx− λ
∫
Ω

η

[
f(z)(∫

Ω
f(v)dx

)p
]
h

dx < 0

⇒ d

dt

∫
Ω

η(z − v)hdx+
∫
Ω

∆η [K(v)−K(z)]h dx+

+λ

∫
Ω

η

[
f(v)(∫

Ω
f(z)dx

)p − f(z)(∫
Ω
f(v)dx

)p
]
h

dx < 0.

Epeid  gia tic arqikèc sunj kec upojèsame ìti z0(x) < v0(x) entìc tou Ω, èstw ìti

se k�poia qronik  t = t1 up�rqei k�poio “ mikrì” uposÔnolo ω ⊂⊂ Ω me meas(ω) > 0

sto opoÐo èqoume z(x, t) = v(x, t) kai zh(x, t) < vh(x, t), en¸ sto sÔnolo Ω/ω :
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z(x, t) < v(x, t) gia k�je 0 ≤ t ≤ t1. EÐnai profanèc, ìti kaj¸c h→ 0 ja èqoume ìti

zh → z kai vh → v me z = v. H parap�nw anisìthta gÐnetai:

d

dt

∫
Ω/ω

η(z − v)hdx+
d

dt

∫
ω

η(z − v)hdx+
∫
Ω/ω

∆η [K(v)−K(z)]h dx+

+λ

∫
ω

η

[
f(v)

(∫
Ω
f(v)dx

)p − f(z) (∫
Ω
f(z)dx

)p(∫
Ω
f(z)dx

)p (∫
Ω
f(v)dx

)p
]
h

dx < 0.

'Opwc sto prohgoÔmeno je¸rhma, epilègoume mÐa dokimastik  sun�rthsh η(x, t) tètoia

¸ste η = 0, ∂η
∂n̂

= 0 sto ∂Ω, η = 0 sto Ω/ω kai η > 0 sto ω . H parap�nw sqèsh

gÐnetai:
d

dt

∫
ω

η(z − v)hdx+
∫
ω

∆η [K(v)−K(z)]h dx+

+λ

∫
ω

η

[
f(v)

(∫
Ω
f(v)dx

)p − f(z) (∫
Ω
f(z)dx

)p(∫
Ω
f(z)dx

)p (∫
Ω
f(v)dx

)p
]
h

dx < 0

⇒ 1

h

∫
ω

η {(z − v)(x, t1)− (z − v)(x, t1 − h)}dx+
∫
ω

∆η [K(v)−K(z)]h dx+

+λ

∫
ω

η

[
f(v)

(∫
Ω
f(v)dx

)p − f(z) (∫
Ω
f(z)dx

)p(∫
Ω
f(z)dx

)p (∫
Ω
f(v)dx

)p
]
h

dx < 0

⇒ −1

h

∫
ω

η(z − v)(x, t1 − h)dx+
∫
ω

∆η [K(v)−K(z)]h dx+

+λ

∫
ω

η

[
f(v)

(∫
Ω
f(v)dx

)p − f(z) (∫
Ω
f(z)dx

)p(∫
Ω
f(z)dx

)p (∫
Ω
f(v)dx

)p
]
h

dx < 0.

Gia h > 0 èqoume z(x, t1 − h) < v(x, t1 − h) ⇒ (z − v)(x, t1 − h) < 0, opìte, kaj¸c

h→ 0, o ìroc − 1
h

∫
ω
η(z − v)(x, t1 − h)dx paramènei mh arnhtikìc. ParomoÐwc, kaj¸c

h→ 0, kajènac apì touc upìloipouc ìrouc teÐnei:∫
ω

∆η [K(v)−K(z)]h dx→ 0,

( diìti [K(v)−K(z)]h
h→0

→ K(v)−K(z) kai v = z ⇒ K(v) = K(z) ),

∫
ω

η

[
f(v)

(∫
Ω
f(v)dx

)p − f(z) (∫
Ω
f(z)dx

)p(∫
Ω
f(z)dx

)p (∫
Ω
f(v)dx

)p
]
h

dx
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→
∫
ω

η
f(v)

(∫
Ω
f(v)dx

)p − f(z) (∫
Ω
f(z)dx

)p(∫
Ω
f(z)dx

)p (∫
Ω
f(v)dx

)p dx

=

∫
ω

η
f(v)

{(∫
Ω
f(v)dx

)p − (∫
Ω
f(z)dx

)p}(∫
Ω
f(z)dx

)p (∫
Ω
f(v)dx

)p dx

=

∫
ω

η
f(v)

{(∫
Ω/ω

f(v)dx
)p

+
(∫

ω
f(v)dx

)p − (∫
Ω/ω

f(z)dx
)p
−
(∫

ω
f(z)dx

)p}(∫
Ω
f(z)dx

)p (∫
Ω
f(v)dx

)p dx

=

∫
ω

η
f(v)

{(∫
Ω/ω

f(v)dx
)p
−
(∫

Ω/ω
f(z)dx

)p}
(∫

Ω
f(z)dx

)p (∫
Ω
f(v)dx

)p dx > 0.

( diìti
(∫

Ω/ω
f(v)dx

)p
>
(∫

Ω/ω
f(z)dx

)p
).

Ara, kaj¸c h→ 0 èqoume:

0 <
d

dt

∫
ω

η(z − v)hdx+
∫
ω

∆η [K(v)−K(z)]h dx+

+λ

∫
ω

η

[
f(v)

(∫
Ω
f(v)dx

)p − f(z) (∫
Ω
f(z)dx

)p(∫
Ω
f(z)dx

)p (∫
Ω
f(v)dx

)p
]
h

dx < 0,

to opoÐo eÐnai �topo.
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2.3 Uparxh kai monadikìthta thc lÔshc gia to

mh-topikì prìblhma Di jhshc se polÔ a-

sjen  morf 

Prìtash 13. (Topik  Ôparxh kai monadikìthta). E�n h sun�rthsh f ikanopoieÐ tic

(1.10bþ) kai (1.10gþ), eÐnai Lipschitz suneq c, h lÔsh u orÐzetai sto ΩT = Ω × (0, T ),

me u, K(u), f(u) ∈ L1(ΩT ) kai u0(x) ≥ 0, me u0 ìqi tautotik� mhdèn kai me sumpag 

forèa, tìte up�rqei mÐa monadik  polÔ asjen c lÔsh u(x, t;λ) gia to prìblhma (2.1)

ston L1(ΩT ) gia k�je λ > 0 kai gia k�poio T > 0.

H apìdeixh sthrÐzetai sth qr sh twn zeug¸n p�nw - k�tw lÔsewn thc prohgoÔme-

nhc paragr�fou 2.1.3. (blèpe kai [40, 98]).

JewroÔme dÔo epanalhptik� sq mata un, ūn, me u0 = Z kai ū0 = V sÔmfwna me tic

parak�tw sqèseic:

V (un; ūn) :=∫
Ω
[unη]

t
0dx−

∫ t
0

∫
Ω
unηtdxds−

∫ t
0

∫
Ω
K(un)∆ηdxds− λ

∫ t
0

∫
Ω f(un−1)ηdx

(
∫
Ω f(ūn−1)dx)

pds = 0

kai

V (ūn;un) :=∫
Ω
[ūnη]

t
0dx−

∫ t
0

∫
Ω
ūnηtdxds−

∫ t
0

∫
Ω
K(ūn)∆ηdxds− λ

∫ t
0

∫
Ω f(ūn−1)ηdx

(
∫
Ω f(un−1)dx)

pds = 0,

kai kataskeu�zoume dÔo monìtonec akoloujÐec pou sugklÐnoun sth lÔsh tou probl -

matoc (2.1).

Prìtash 14. Estw (Z;V ), Z ≤ V , èna zeÔgoc p�nw - k�tw lÔsewn thc (2.1) kai

un, ūn ikanopoioÔn tic parap�nw sqèseic gia n = 1, 2, 3, ... me u0 = Z kai ū0 = V , kai

arqikèc sunj kec un(x, 0) = ūn(x, 0) = u0(x). Tìte ja èqoume:

u0 ≤ u1 ≤ ... ≤ un−1 ≤ un ≤ ..... ≤ ūn ≤ ūn−1 ≤ ... ≤ ū1 ≤ ū0.

Apìdeixh. Me th mèjodo thc epagwg c.
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1' b ma. MonotonÐa thc un, ūn. AlhjeÔei gia n = 1

∫
Ω

[u1η]
t
0dx−

∫ t

0

∫
Ω

u1ηtdxds−
∫ t

0

∫
Ω

K(u1)∆ηdxds− λ
∫ t

0

∫
Ω
f(u0)ηdx(∫

Ω
f(ū0)dx

)pds = 0∫
Ω

[u0η]
t
0dx−

∫ t

0

∫
Ω

u0ηtdxds−
∫ t

0

∫
Ω

K(u0)∆ηdxds− λ
∫ t

0

∫
Ω
f(u0)ηdx(∫

Ω
f(ū0)dx

)pds ≤ 0

⇒
∫
Ω

[u1η]
t
0dx−

∫ t

0

∫
Ω

u1ηtdxds−
∫ t

0

∫
Ω

K(u1)∆ηdxds ≥∫
Ω

[u0η]
t
0dx−

∫ t

0

∫
Ω

u0ηtdxds−
∫ t

0

∫
Ω

K(u0)∆ηdxds,

( diìti u0 = Z kai ū0 = V eÐnai èna p�nw - k�tw zeÔgoc lÔsewn kai u1(x, 0) =

u0(x, 0) = u0(x) ).

Qrhsimopoi¸ntac thn arq  sÔgkrishc se polÔ asjen  morf  gia to aplì prìblhma

di jhshc, paÐrnoume u1 ≥ u0. ( OmoÐwc ū1 ≤ ū0).

Upojètoume ìti alhjeÔei gia k = n− 1, (un−1 ≥ un−2). Ja deÐxoume ìti alhjeÔei

gia k = n:∫
Ω

[unη]
t
0dx−

∫ t

0

∫
Ω

unηtdxds−
∫ t

0

∫
Ω

K(un)∆ηdxds− λ
∫ t

0

∫
Ω
f(un−1)ηdx(∫

Ω
f(ūn−1)dx

)pds
=

∫
Ω

[
un−1η

]t
0
dx−

∫ t

0

∫
Ω

un−1ηtdxds−
∫ t

0

∫
Ω

K(un−1)∆ηdxds− λ
∫ t

0

∫
Ω
f(un−2)ηdx(∫

Ω
f(ūn−2)dx

)pds
⇒
{∫

Ω

[unη]
t
0dx−

∫ t

0

∫
Ω

unηtdxds−
∫ t

0

∫
Ω

K(un)∆ηdxds

}
−
{∫

Ω

[
un−1η

]t
0
dx−

∫ t

0

∫
Ω

un−1ηtdxds−
∫ t

0

∫
Ω

K(un−1)∆ηdxds

}
=λ

∫ t

0

∫
Ω
f(un−1)ηdx(∫

Ω
f(ūn−1)dx

)pds− λ∫ t

0

∫
Ω
f(un−2)ηdx(∫

Ω
f(ūn−2)dx

)pds ≥ 0,

lìgw twn anisot twn,

un−1 ≥ un−2 ⇒ f(un−1) ≥ f(un−2)⇒
∫
Ω

f(un−1)ηdx ≥
∫
Ω

f(un−2)ηdx > 0,

ūn−1 ≤ ūn−2 ⇒ f(ūn−1) ≤ f(ūn−2)⇒
1(∫

Ω
f(ūn−1)dx

)p ≥ 1(∫
Ω
f(ūn−2)dx

)p > 0,
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kai pollaplasi�zontac kat� mèlh,

⇒
∫
Ω
f(un−1)ηdx(∫

Ω
f(ūn−1)dx

)p ≥ ∫
Ω
f(un−2)ηdx(∫

Ω
f(ūn−2)dx

)p .
Efarmìzontac p�li thn arq  sÔgkrishc, èqoume un ≥ un−1. ( OmoÐwc ūn ≤ ūn−1 ).

2' b ma. un ≤ ūn, omoÐwc me th mèjodo thc epagwg c.

Gia n = 1 èqoume:∫
Ω

[u1η]
t
0dx−

∫ t

0

∫
Ω

u1ηtdxds−
∫ t

0

∫
Ω

K(u1)∆ηdxds− λ
∫ t

0

∫
Ω
f(u0)ηdx(∫

Ω
f(ū0)dx

)pds = 0,

kai∫
Ω

[ū1η]
t
0dx−

∫ t

0

∫
Ω

ū1ηtdxds−
∫ t

0

∫
Ω

K(ū1)∆ηdxds− λ
∫ t

0

∫
Ω
f(ū0)ηdx(∫

Ω
f(u0)dx

)pds = 0.

'Ara ja isqÔei:{∫
Ω

[u1η]
t
0dx−

∫ t

0

∫
Ω

u1ηtdxds−
∫ t

0

∫
Ω

K(u1)∆ηdxds

}
−
{∫

Ω

[ū1η]
t
0dx−

∫ t

0

∫
Ω

ū1ηtdxds−
∫ t

0

∫
Ω

K(ū1)∆ηdxds

}
=λ

∫ t

0

∫
Ω
f(u0)ηdx(∫

Ω
f(ū0)dx

)pds− λ∫ t

0

∫
Ω
f(ū0)ηdx(∫

Ω
f(u0)dx

)pds ≤ 0.

Lìgw thc u0 ≤ ū0 kai apì thn arq  sÔgkrishc, èqoume u1 ≤ ū1.

Upojètoume ìti alhjeÔei gia k = n− 1, ( un−1 ≤ ūn−1 ). Ja deÐxoume ìti alhjeÔei

gia k = n:∫
Ω

[unη]
t
0dx−

∫ t

0

∫
Ω

unηtdxds−
∫ t

0

∫
Ω

K(un)∆ηdxds− λ
∫ t

0

∫
Ω
f(un−1)ηdx(∫

Ω
f(ūn−1)dx

)pds = 0,

kai∫
Ω

[ūnη]
t
0dx−

∫ t

0

∫
Ω

ūnηtdxds−
∫ t

0

∫
Ω

K(ūn)∆ηdxds− λ
∫ t

0

∫
Ω
f(ūn−1)ηdx(∫

Ω
f(un−1)dx

)pds = 0.
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'Ara ja èqoume,{∫
Ω

[unη]
t
0dx−

∫ t

0

∫
Ω

unηtdxds−
∫ t

0

∫
Ω

K(un)∆ηdxds

}
−
{∫

Ω

[ūnη]
t
0dx−

∫ t

0

∫
Ω

ūnηtdxds−
∫ t

0

∫
Ω

K(ūn)∆ηdxds

}
=λ

∫ t

0

∫
Ω
f(un−1)ηdx(∫

Ω
f(ūn−1)dx

)pds− λ∫ t

0

∫
Ω
f(ūn−1)ηdx(∫

Ω
f(un−1)dx

)pds ≤ 0.

Lìgw thc un−1 ≤ ūn−1 kai apì thn arq  sÔgkrishc, paÐrnoume un ≤ ūn.

3' b ma. un → u kai ūn → ū kaj¸c n→∞ kai u ≤ ū.

Apìdeixh. EÐnai �mesh sunèpeia tou ìti to zeÔgoc (Z;V ) eÐnai fragmèno.

4' b ma. Oi sunart seic u, ū eÐnai polÔ asjeneÐc lÔseic thc: V (u; ū) = V (ū;u) =

0, x ∈ Ω, t > 0.

Apìdeixh. Lebesque, un → u, ūn → ū.

5' b ma. 'Eqoume u ≤ ū. ApodeiknÔoume katwtèrw ìti u ≥ ū, b�sei tou parak�tw

L mmatoc to opoÐo kai apodeiknÔoume:

L mma 15. E�n h sun�rthsh f(s) eÐnai Lipschitz suneq c, tìte ja isqÔei u ≥ ū.

Shmei¸noume ìti mac arkeÐ na eÐnai Lipschitz suneq c mìno apì th mÐa pleur�, dhlad 

f(a+ b)− f(b) ≤ La ìpou L eÐnai mÐa jetik  stajer� kai 0 < a < R gia k�poio R. To

Ðdio alhjeÔei kai gia thn sun�rthsh K(s).

Apìdeixh. (AkoloujoÔme parìmoia taktik  ìpwc sta [39, 98]). 'Estw uε = u +

εeσt > u gia k�poio ε > 0. Sthn pragmatikìthta qrhsimopoioÔme 0 < ε≪ 1, εeσt <

εeσT = R kai L sugkekrimèno. UpologÐzoume ton katwtèrw telest :

V (uε; ū) =

∫
Ω

[uεη]t2t1dx−
∫ t2

t1

∫
Ω

uεηtdxds−
∫ t2

t1

∫
Ω

K(uε)∆ηdxds−

−λ
∫ t2

t1

∫
Ω
f(uε)ηdx(∫

Ω
f(ū)dx

)pds
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( η = 0, ∂η
∂n̂

= 0 gia x ∈ ∂Ω, t > 0 kai η ≥ 0 gia x ∈ Ω, t > 0)

=

∫
Ω

[
ηu+ ηεeσt

]t2
t1
dx−

∫ t2

t1

∫
Ω

(u+ εeσt)ηtdxds−
∫ t2

t1

∫
Ω

K(u+ εeσt)∆ηdxds

−λ
∫ t2

t1

∫
Ω
f(u+ εeσt)ηdx(∫

Ω
f(ū)dx

)p ds ≥

≥
∫
Ω

[ηu]t2t1dx+

∫
Ω

[
ηεeσt

]t2
t1
dx−

∫ t2

t1

∫
Ω

uηtdxds−
∫ t2

t1

∫
Ω

εeσtηtdxds−

−
∫ t2

t1

∫
Ω

K(u)∆ηdxds−
∫ t2

t1

∫
Ω

Lεeσt∆ηdxds−

−λ
∫ t2

t1

∫
Ω
f(u)ηdx(∫

Ω
f(ū)dx

)pds− λ∫ t2

t1

∫
Ω
Lεeσtηdx(∫

Ω
f(ū)dx

)pds =
= V (u; ū) +

∫
Ω

η(t2)εe
σt2dx−

∫
Ω

η(t1)εe
σt1dx− ε

∫ t2

t1

eσt
d

dt

(∫
Ω

ηdx

)
ds−

−Lε
∫ t2

t1

eσt
(∫

Ω

∆ηdx

)
ds− λLε

∫ t2

t1

eσt(∫
Ω
f(ū)dx

)p (∫
Ω

ηdx

)
ds = V (u; ū) + A,

ìpou:

A =

∫
Ω

η(t2)εe
σt2dx−

∫
Ω

η(t1)εe
σt1dx− ε

∫ t2

t1

eσt
d

dt

(∫
Ω

ηdx

)
ds−

−Lε
∫ t2

t1

eσt
(∫

Ω

∆ηdx

)
ds− λLε

∫ t2

t1

eσt(∫
Ω
f(ū)dx

)p (∫
Ω

ηdx

)
ds.

'Eqoume:

max
(t1, t2)

d

dt

(∫
Ω

ηdx

)
= k1 <∞,

max
(t1, t2)

∫
Ω

∆ηdx = k2 <∞,

max
(t1, t2)

∫
Ω

ηdx = k3 <∞,

min
(t1, t2)

(∫
Ω

f(ū)dx

)p
= k4 > 0, (diìti f(ū) ̸≡ 0).

EpÐshc isqÔei,∫
Ω

η(x, t2)εe
σt2dx−

∫
Ω

η(x, t1)εe
σt1dx = εeσt2

∫
Ω

η(x, t2)dx− εeσt1
∫
Ω

η(x, t1)dx =
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=

∫
Ω

η(x, t2)dx

{
εeσt2 − εeσt1

∫
Ω
η(x, t1)dx∫

Ω
η(x, t2)dx

}
,

ìpou, ∫
Ω
η(x, t1)dx∫

Ω
η(x, t2)dx

= k5 <∞,
∫
Ω

η(x, t2)dx = k6 <∞.

Me b�sh ta anwtèrw ja èqoume:

A ≥ k6ε(e
σt2 − k5eσt1)− εk1

∫ t2

t1

eσtds− Lεk2
∫ t2

t1

eσtds− λLεk3
k4

∫ t2

t1

eσtds =

= k6εe
σt2 − k6εk5eσt1 −

εk1
σ
eσt2 +

εk1
σ
eσt1 − Lεk2

σ
eσt2 +

Lεk2
σ

eσt1−

−λLεk3
σk4

eσt2 +
λLεk3
σk4

eσt1 =

= eσt2
{
k6ε− k6εk5eσ(t1−t2) −

εk1
σ

+
εk1
σ
eσ(t1−t2) − Lεk2

σ
+
Lεk2
σ

eσ(t1−t2)−

−λLεk3
σk4

+
λLεk3
σk4

eσ(t1−t2)
}
.

Epeid  t1 − t2 < 0 kai h par�metroc σ eÐnai aujaÐreth, mporoÔme na epilèxoume to σ

tìso meg�lo ¸ste oi anwtèrw parenjèseic na katastoÔn jetikèc. Epeid  eσt2 > 0,

mporoÔme na l�boume austhrèc plèon anisìthtec:

V (uε; ū) > V (u; ū)

V (u; ū) = V (ū;u)

}
⇒ V (uε; ū) > V (ū;u)

Epeid  uε(x, 0) = u(x, 0)+ εeσ·0 = u(x, 0)+ ε > ū(x, 0), apì to Je¸rhma 12 sumperaÐ-

noume ìti: uε > ū⇒ u+ εeσt > ū, opìte kaj¸c ε→ 0 paÐrnoume u ≥ ū.

H sqèsh aut  mazÐ me thn u ≤ ū mac dÐnei u = ū = u. 2

Merik� sqìlia - sumper�smata, epÐ thc upoenìthtac (2.2.1).

Jèloume na epishm�noume ìti to Je¸rhma (11) anafèretai kai isqÔei gia th sugke-

krimènh morf  thc exÐswshc (2.6aþ) tou probl matoc (2.6), dhlad  thn:
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ut = ∆K(u) +
λf(u)(∫

Ω
f(u)dx

)p , x ∈ Ω, t > 0. (2.15)

Eidikìtera, melet¸ntac to mh topikì prìblhma (2.6) kai me b�sh kurÐwc thn emf�-

nish tou sunarthsiakoÔ Φu =
∫
Ω
f(u)dx, epino jhkan oi telestèc,

S(z; v) = zt −∆K(z)− λf(z)(∫
Ω
f(v)dx

)p kai S(v; z) = vt −∆K(v)− λf(v)(∫
Ω
f(z)dx

)p .
To alhjèc tou Jewr matoc (11), dhlad  to ìti, “ e�n isqÔoun oi sqèseic:

S(z; v) < S(v; z), x ∈ Ω, t ∈ (0, T ), (2.16aþ)

z(x, t) ≤ v(x, t), x ∈ ∂Ω, t ∈ (0, T ), (2.16bþ)

0 ≤ z(x, 0) < v(x, 0), x ∈ Ω, (2.16gþ)

tìte z < v, x ∈ ∂Ω, t ∈ (0, T ) ”, apì kajar� pleur�c upologism¸n, basÐsthke kurÐwc

sthn parak�tw telik  anisìthta, ìpwc prokÔptei apì thn apìdeixh tou jewr matoc

autoÔ:

0 ≥ vt − zt > K
′′
(z)∆(v − z) + λf(z)

((∫
Ω
f(v)dx

)p − (∫
Ω
f(z)dx

)p(∫
Ω
f(z)dx

)p (∫
Ω
f(v)dx

)p
)
. (2.17)

Anaferìmaste p�nta sto shmeÐo (x̄, t̄)), ìpou, èstw, gia pr¸th for� h sun�r-

thsh z(x, t) ja ef�ptetai thc sun�rthshc v(x, t). Mil�me gia epaf  epeid  oi sunar-

t seic z(x, t) kai v(x, t) eÐnai leÐec.

Ja isqÔei ìti, ∆v > ∆z, opìte to �topo ja prokÔyei apì to prìshmo thc:(∫
Ω

f(v)dx

)p
−
(∫

Ω

f(z)dx

)p
,

kai apì to prìshmo kai monotonÐa twn:

K
′′
(s), kai f(s).

An kai oi treic autèc posìthtec eÐnai jetikèc (  mh arnhtikèc) kai h f(s) aÔxousa, tìte

ja prokÔyei �topo, pou ja apodeiknÔei to alhjèc tou jewr matoc.

Sthn perÐptwsh tou probl matoc pou exet�zoume, kai oi treic posìthtec eÐnai je-

tikèc. Epomènwc to Je¸rhma (11) isqÔei.
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T¸ra, gia thn kalÔterh katanìhsh thc sÔndeshc twn telest¸n tou zeÔgouc p�nw

- k�tw sunart sewn me th morf  thc exÐswshc (2.6aþ), exet�zoume kai �llec morfèc

exis¸sewn pou perièqoun sunarthsiak  ex�rthsh.

A) Estw ìti h sun�rthsh f(s) eÐnai fjÐnousa, tìte ja èqoume,(∫
Ω

f(v)dx

)p
−
(∫

Ω

f(z)dx

)p
< 0,

den prokÔptei �topo, kai h qrhsimopoÐhsh tou zeÔgouc p�nw - k�tw lÔsewn den eÐnai

dunat . Antijètwc, sthn perÐptwsh aut  mporeÐ na efarmosjeÐ qwrÐc prìblhma h

klassik  ènnoia twn p�nw - k�tw lÔsewn, me antÐstoiqouc telestèc touc,

S(z) = zt −∆K(z)− λf(z)(∫
Ω
f(z)dx

)p . (AntÐstoiqa gia ton S(v)).

H krÐsimh anisìthta (2.17) ja ginìtan,

0 ≥ vt − zt > K
′′
(z)∆(v − z) + λf(z)

((∫
Ω
f(z)dx

)p − (∫
Ω
f(v)dx

)p(∫
Ω
f(z)dx

)p (∫
Ω
f(v)dx

)p
)
,

h diafor�
(∫

Ω
f(z)dx

)p − (∫
Ω
f(v)dx

)p
ja  tan jetik  kai ja odhgìmaste se �topo.

B) H sun�rthsh K(s) na mhn eÐnai kurt  (convex) all� na eÐnai koÐlh (concave).

Tìte sthn anisìthta (2.17) o ìroc K
′′
(z) ja  tan arnhtikìc, kai den ja odhgoÔmaste

se �topo.

G) To kl�sma sto deÔtero mèloc thc exÐswshc (2.6aþ) na eÐqe arnhtikì prìshmo.

EÐnai eÔkolo na sumper�noume ìti sthn perÐptwsh aut  ja Ðsquan ta antÐjeta. Dhla-

d  e�n h f(s)  tan aÔxousa ja èprepe na qrhsimopoi soume ton klassikì orismì twn

p�nw - k�tw zeug¸n, en¸ gia f(s) fjÐnousa tìte ja èprepe na qrhsimopoi soume to

zeÔgoc p�nw - k�tw lÔsewn.

Oi epÐ mèrouc peript¸seic eÐnai pollèc. Akìma mia prosèggish sto jèma autì k�-

noume sto epìmeno Kef�laio 3.

Tèloc, gia thn perÐptwsh twn polÔ asjen¸n lÔsewn, isqÔei to antÐstoiqo Je¸rhma

(12).
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Kef�laio 3

Mèjodoi SÔgkrishc gia to

mh-Topikì prìblhma Di jhshc

Sto Kef�laio 2 kai prokeimènou na apodeÐxoume thn Ôparxh kai th monadikìthta

thc lÔshc sto mh topikì prìblhma Di jhshc (2.1), apodeÐxame kai qrhsimopoi same

mÐa arq  sÔgkrishc qwrÐc na anaferìmaste sth lÔsh tou probl matoc. Autì  tan

aparaÐthto afoÔ den eÐqame apodeÐxei thn Ôparxh lÔshc.

Sto kef�laio autì ja diatup¸soume kai ja apodeÐxoume merik� jewr mata sÔgkri-

shc gia ta p�nw - k�tw zeÔgh lÔsewn tou mh topikoÔ probl matoc Di jhshc, se

klassik  kai se polÔ asjen  morf , pou sqetÐzontai ìmwc me thn up�rqousa plèon

(toul�qiston topik ) lÔsh.

Ta jewr mata aut� eÐnai anagkaÐa gia th melèth tou probl matoc thc mh topik c

Di jhshc, afoÔ gia thn perÐptws  mac h sun�rthsh phg  eÐnai aÔxousa kai wc gnwstìn

den isqÔoun oi klassikèc arqèc sÔgkrishc. H klassik  morf  mac endiafèrei diìti èqei

efarmog  sth melèth eust�jeiac thc lÔshc ìtan apì mÐa qronik  stigm  kai met� h lÔsh

mac eÐnai jetik  se ìlo to qwrÐo kai �ra klassik  lÔsh, en¸ h polÔ asjen c morf  èqei

efarmog  sthn perÐptwsh thc èkrhxhc thc lÔshc se peperasmèno qrìno ìpou bebaÐwc

den gnwrÐzoume e�n h lÔsh mac, th stigm  thc èkrhxhc, eÐnai pantoÔ jetik  sto qwrÐo

(kai �ra klassik )   èqei sumpag  forèa gn sio uposÔnolo tou qwrÐou, opìte kai ja

paramènei mi� polÔ asjen c lÔsh.
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3.1 Mèjodoi sÔgkrishc, zeÔgoc p�nw - k�tw

lÔsewn

To prìblhm� mac eÐnai to (1.1) ìpou, gia aploÔsteush, jewroÔme sunj kec Diri-

chlet sto sÔnoro, dhlad :

ut = ∆K(u) +
λf(u)(∫

Ω
f(u)dx

)p , x ∈ Ω, t > 0, (3.1aþ)

u(x, t) = 0, x ∈ ∂Ω, t > 0, (3.1bþ)

u(x, 0) = u0(x) > 0, x ∈ Ω. (3.1gþ)

Prìtash 16. E�n isqÔoun oi anisìthtec,

S(z; v) = zt −∆K(z)− λf(z)(∫
Ω
f(v)dx

)p < 0 < vt −∆K(v)− λf(v)(∫
Ω
f(z)dx

)p = S(v; z)

kai z0 < u0 < v0, tìte z < u < v, ìpou u(x, t) eÐnai lÔsh tou probl matoc (3.1).

Apìdeixh. Dia thc eic �topon apagwg c. Estw ìti to sumpèrasma eÐnai yeudèc.

DiakrÐnoume treÐc peript¸seic, (bl. kai sqhma 3.1):

a) perÐptwsh. Up�rqei gia pr¸th for� mÐa qronik  stigm  t̄ kai èna shmeÐo x̄ ∈ Ω

ìpou z(x̄, t̄) = u(x̄, t̄) me z(x, t̄) < u(x, t̄) gia x ̸= x̄, kai u(x, t̄) < v(x, t̄) ∀x ∈ Ω.

Th qronik  aut  stigm  t̄ ja isqÔei ìti:
∫
Ω
f(z)dx <

∫
Ω
f(u)dx kai

∫
Ω
f(u)dx <∫

Ω
f(v)dx.

Se autì to shmeÐo (x̄, t̄) ja èqoume:

∆K(u)−∆K(z) = K
′′
(u)∆u+K

′
(u) |∇u|2 −K ′′

(z)∆z −K ′
(z) |∇z|2 =

K
′′
(z)(∆u−∆z) +K

′
(z)
[
|∇u|2 − |∇z|2

]
= K

′′
(z)∆(u− z),

epeid  K
′′
(z(x̄, t̄)) = K

′′
(u(x̄, t̄)), K

′
(z(x̄, t̄)) = K

′
(u(x̄, t̄)), ∇u(x̄, t̄) = ∇z(x̄, t̄).

Epiplèon ja isqÔei, ∆(u− z) > 0, (u− z)t ≤ 0, opìte lamb�noume,

0 ≥ (u− z)t = ut − zt > ∆K(u) +
λf(u)(∫

Ω
f(u)dx

)p −∆K(z)− λf(z)(∫
Ω
f(v)dx

)p =

K
′′
(z)∆(u− z) + λf(z)

(
1(∫

Ω
f(u)dx

)p − 1(∫
Ω
f(v)dx

)p
)
>
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K
′′
(z)∆(u− z) + λf(z)

(
1(∫

Ω
f(u)dx

)p − 1(∫
Ω
f(u)dx

)p
)

= K
′′
(z)∆(u− z) > 0

lìgw tou ìti K
′′
(s) > 0. Epomènwc, 0 ≥ (u− z)t > 0, to opoÐo eÐnai �topo.

b) perÐptwsh. Up�rqei gia pr¸th for� mÐa qronik  stigm  t̄ kai èna shmeÐo x̄ ∈ Ω

ìpou u(x̄, t̄) = v(x̄, t̄) me u(x, t̄) < v(x, t̄) gia x ̸= x̄, kai z(x, t̄) < u(x, t̄) ∀x ∈ Ω.

Th qronik  aut  stigm  t̄ ja isqÔei ìti:
∫
Ω
f(z)dx <

∫
Ω
f(u)dx kai

∫
Ω
f(u)dx <∫

Ω
f(v)dx.

Sto shmeÐo (x̄, t̄) ja isqÔei:

∆K(u)−∆K(v) = K
′′
(v)∆(u− v),

b�sei tou ìti sto shmeÐo autì alhjeÔoun oi sqèseic:

K
′′
(u(x̄, t̄)) = K

′′
(v(x̄, t̄)), K

′
(u(x̄, t̄)) = K

′
(v(x̄, t̄)), ∇u(x̄, t̄) = ∇v(x̄, t̄).

Epiplèon ja isqÔei,

∆(u− v) < 0 kai (u− v)t > 0,

opìte telik� paÐrnoume:

0 < (u− v)t = ut − vt < ∆K(u) +
λf(u)(∫

Ω
f(u)dx

)p −∆K(v)− λf(v)(∫
Ω
f(z)dx

)p =

K
′′
(v)∆(u− v) + λf(v)

(
1(∫

Ω
f(u)dx

)p − 1(∫
Ω
f(z)dx

)p
)
<

K
′′
(v)∆(u− v) + λf(v)

(
1(∫

Ω
f(u)dx

)p − 1(∫
Ω
f(u)dx

)p
)

= K
′′
(v)∆(u− v) < 0,

lìgw tou ìti K
′′
(s) > 0. Epomènwc, 0 < (u− v)t < 0, to opoÐo eÐnai �topo.

g) perÐptwsh. Up�rqei gia pr¸th for� mi� qronik  stigm  t̄ kai shmeÐa x1, x2 ∈
Ω ìpou z(x1, t̄) = u(x1, t̄) kai u(x2, t̄) = v(x2, t̄).

Th stigm  aut  t̄ ja isqÔei,
∫
Ω
f(z)dx <

∫
Ω
f(u)dx kai

∫
Ω
f(u)dx <

∫
Ω
f(v)dx.
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Sq ma 3.1:

Sto shmeÐo (x1, t̄) ja èqoume,

∆K(u)−∆K(z) = K
′′
(z)∆(u− z),

kajìson,

K
′′
(z(x1, t̄)) = K

′′
(u(x1, t̄)), K

′
(z(x1, t̄)) = K

′
(u(x1, t̄)), ∇u(x1, t̄) = ∇z(x1, t̄).

Epiplèon,

∆(u− z) > 0, (u− z)t < 0,

opìte,

0 > (u− z)t = ut − zt > ∆K(u) +
λf(u)(∫

Ω
f(u)dx

)p −∆K(z)− λf(z)(∫
Ω
f(v)dx

)p =

K
′′
(z)∆(u− z) + λf(z)

(
1(∫

Ω
f(u)dx

)p − 1(∫
Ω
f(v)dx

)p
)
>

K
′′
(z)∆(u− z) + λf(z)

(
1(∫

Ω
f(u)dx

)p − 1(∫
Ω
f(u)dx

)p
)

= K
′′
(z)∆(u− z) > 0,

lìgw tou ìti K
′′
(s) > 0. Epomènwc, 0 > (u− z)t > 0, to opoÐo eÐnai �topo.
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3.2 Arq  sÔgkrishc gia polÔ asjenèc zeÔgoc

p�nw - k�tw lÔsewn

Sto Kef�laio 2 èqoume apodeÐxei thn Ôparxh lÔshc gia to sugkekrimèno prìblhma

(2.1).

Ja apodeÐxoume t¸ra ìti e�n V (z; v) < 0 < V (v; z) kai 0 ≤ z0 < u0 < v0, tìte

z(x, t) < u(x, t) < v(x, t), x ∈ Ω, t ∈ (0, T ), ìpou u(x, t) eÐnai h lÔsh tou probl matoc.

'Omwc DEN gnwrÐzoume e�n V (z;u) < V (u; z)   V (u; v) < V (v;u). EkeÐno pou

gnwrÐzoume eÐnai ìti isqÔoun oi akìloujec sqèseic:

V (z; v) =
d

dt

∫
Ω

ηzhdx−
∫
Ω

∆η [K(z)]h dx− λ
∫
Ω

η

[
f(z)(∫

Ω
f(v)dx

)p
]
h

dx < 0,

V (u;u) =
d

dt

∫
Ω

ηuhdx−
∫
Ω

∆η [K(u)]h dx− λ
∫
Ω

η

[
f(u)(∫

Ω
f(u)dx

)p
]
h

dx = 0,

V (v; z) =
d

dt

∫
Ω

ηvhdx−
∫
Ω

∆η [K(v)]h dx− λ
∫
Ω

η

[
f(v)(∫

Ω
f(z)dx

)p
]
h

dx > 0.

H apìdeixh ja gÐnei me th mèjodo thc eic �topon apagwg c.

'Estw ìti z < u < v eÐnai esfalmèno. Tìte ja prèpei na isqÔei mÐa apì tic k�twji

treic peript¸seic:

a) perÐptwsh. 'Estw ìti se k�poia qronik  stigm  t = t1 up�rqei k�poio “ mikrì”

uposÔnolo ω ⊂⊂ Ω me meas(ω) > 0, sto opoÐo isqÔei z(x, t) = u(x, t) kai zh(x, t) <

uh(x, t), en¸ sto sumpl rwm� tou Ω/ω isqÔei: z(x, t) < u(x, t) gia k�je 0 ≤ t ≤ t1.

BebaÐwc, kaj¸c h→ 0 : zh → z = u← uh, kai z < v, u < v. Ja èqoume:

V (z; v) =
d

dt

∫
Ω

ηzhdx−
∫
Ω

∆η [K(z)]h dx− λ
∫
Ω

η

[
f(z)(∫

Ω
f(v)dx

)p
]
h

dx < 0

⇒
∫
Ω/ω

η
d

dt
zhdx+

∫
ω

η
d

dt
zhdx−

∫
Ω/ω

∆η [K(z)]h dx−
∫
ω

∆η [K(z)]h dx

− λ
∫
Ω/ω

η

[
f(z)(∫

Ω
f(v)dx

)p
]
h

dx− λ
∫
ω

η

[
f(z)(∫

Ω
f(v)dx

)p
]
h

dx < 0,

57



kai

V (u;u) =
d

dt

∫
Ω

ηuhdx−
∫
Ω

∆η [K(u)]h dx− λ
∫
Ω

η

[
f(u)(∫

Ω
f(u)dx

)p
]
h

dx = 0

⇒
∫
Ω/ω

η
d

dt
uhdx+

∫
ω

η
d

dt
uhdx−

∫
Ω/ω

∆η [K(u)]h dx−
∫
ω

∆η [K(u)]h dx

− λ
∫
Ω/ω

η

[
f(u)(∫

Ω
f(u)dx

)p
]
h

dx− λ
∫
ω

η

[
f(u)(∫

Ω
f(u)dx

)p
]
h

dx = 0.

'Omwc, kai sthn perÐptwsh aut , to (z, v) paramènei èna zeÔgoc polÔ asjen¸n p�nw

- k�tw lÔsewn gia to prìblhm� mac (2.1) ìpou u eÐnai h lÔsh tou. 'Ara, oi anwtèrw

sqèseic prèpei na isqÔoun gia k�je dokimastik  sun�rthsh η.

Epilègoume mÐa dokimastik  sun�rthsh η(x, t) tètoia ¸ste η = 0, ∂η
∂n̂

= 0 sto ∂Ω,

η = 0 sto Ω/ω kai η > 0 sto ω . H parap�nw sqèsh gÐnetai:

∫
ω

η
d

dt
zhdx−

∫
ω

∆η [K(z)]h dx− λ
∫
ω

η

[
f(z)(∫

Ω
f(v)dx

)p
]
h

dx < 0

kai ∫
ω

η
d

dt
uhdx−

∫
ω

∆η [K(u)]h dx− λ
∫
ω

η

[
f(u)(∫

Ω
f(u)dx

)p
]
h

dx = 0.

Afair¸ntac tic sqèseic autèc, paÐrnoume:

∫
ω

η
d

dt
zhdx−

∫
ω

∆η [K(z)]h dx− λ
∫
ω

η

[
f(z)(∫

Ω
f(v)dx

)p
]
h

dx

−
∫
ω

η
d

dt
uhdx+

∫
ω

∆η [K(u)]h dx+ λ

∫
ω

η

[
f(u)(∫

Ω
f(u)dx

)p
]
h

dx < 0

⇒
∫
ω

η
d

dt
(zh − uh)dx−

∫
ω

∆η [K(z)−K(u)]h dx

+λ

∫
ω

η

[
f(u)(∫

Ω
f(u)dx

)p − f(z)(∫
Ω
f(v)dx

)p
]
h

dx < 0
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⇒
∫
ω

η(z − u)h,tdx−
∫
ω

∆η [K(z)−K(u)]h dx

+λ

∫
ω

η

[
f(u)

(∫
Ω
f(v)dx

)p − f(z) (∫
Ω
f(u)dx

)p(∫
Ω
f(u)dx

)p (∫
Ω
f(v)dx

)p
]
h

dx < 0

⇒1

h

∫
ω

η {(z − u)(x, t1)− (z − u)(x, t1 − h)}dx−
∫
ω

∆η [K(z)−K(u)]h dx

+λ

∫
ω

η

[
f(u)

(∫
Ω
f(u)dx

)p − f(z) (∫
Ω
f(u)dx

)p(∫
Ω
f(u)dx

)p (∫
Ω
f(v)dx

)p
]
h

dx < 0.

'Omwc, gia t = t1, èqoume z = u sto ω. Epomènwc ja isqÔei:

−1

h

∫
ω

η {(z − u)(x, t1 − h)}dx−
∫
ω

∆η [K(z)−K(u)]h dx

+λ

∫
ω

η

[
f(u)− f(z)(∫

Ω
f(v)dx

)p
]
h

dx < 0.

Gia h > 0 èqoume z(x, t1 − h) < u(x, t1 − h)⇒ (z − u)(x, t1 − h) < 0 kai

− 1
h

∫
ω
η {(z − u)(x, t1 − h)}dx > 0.

Epomènwc, kaj¸c h→ 0 o ìroc − 1
h

∫
ω
η(z − v)(x, t1 − h)dx paramènei mh arnhtikìc.

ParomoÐwc, kaj¸c h→ 0 kajènac apì touc upìloipouc ìrouc teÐnei:

∫
ω
∆η [K(z)−K(u)]h dx →

∫
ω
∆η (K(z)−K(u)) dx = 0, diìti z = u sto ω ⇒

K(z) = K(u) sto ω.

∫
ω
η

[
f(u)−f(z)
(
∫
Ω f(v)dx)

p

]
h

dx →
(∫

Ω
f(v)dx

)−p ∫
ω
η (f(u)− f(z)) dx = 0, diìti u = z sto

ω ⇒ f(u) = f(z) sto ω.

Katal goume ìti, kaj¸c h→ 0, 0 ≤ − 1
h

∫
ω
η {(z − u)(x, t1 − h)}dx < 0, to opoÐo

eÐnai �topo.

Akrib¸c me ton Ðdio trìpo qeirizìmaste tic dÔo �llec peript¸seic. Oi antÐstoiqec

prot�seic eÐnai:
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b) perÐptwsh. 'Estw ìti se k�poia qronik  stigm  t = t1 up�rqei èna “ mikrì”

uposÔnolo ω ⊂⊂ Ω me meas(ω) > 0, sto opoÐo isqÔei u(x, t) = v(x, t) kai uh(x, t) <

vh(x, t), en¸ sto sumpl rwm� tou Ω/ω : u(x, t) < v(x, t) gia k�je 0 ≤ t ≤ t1. EÐnai

profanèc ìti, kaj¸c h→ 0 : uh → u = v ← vh, kai z < u, z < v, klp, kai me akrib¸c

Ðdio skeptikì ìpwc sthn a) perÐptwsh, odhgoÔmaste se �topo.

g) perÐptwsh. 'Estw ìti se k�poia qronik  stigm  t = t1 up�rqoun dÔo “ mikr�”

uposÔnola ω1, ω2 ⊂⊂ Ω me meas(ω1), meas(ω2) > 0, gia ta opoÐa isqÔei:

- sto men ω1: z(x, t) = u(x, t) kai zh(x, t) < uh(x, t), en¸ sto sumpl rwma Ω/ω1 :

z(x, t) < u(x, t) gia k�je 0 ≤ t ≤ t1,

- sto de ω2: u(x, t) = v(x, t) kai uh(x, t) < vh(x, t), en¸ sto sumpl rwma Ω/ω2 :

u(x, t) < v(x, t) gia k�je 0 ≤ t ≤ t1,

kai me akrib¸c Ðdio skeptikì ìpwc sthn a) perÐptwsh, odhgoÔmaste se �topo.

3.3 Parabolikèc exis¸seic me sunarthsiak  e-

x�rthsh apì th sun�rthsh. Sqìlia - Sum-

per�smata.

H exÐswsh sto prìblhma pou exet�zoume sthn paroÔsa ergasÐa, perièqei sto deÔ-

tero mèloc par�stash h opoÐa den eÐnai mia sun�rthsh thc lÔshc all� exart�tai su-

narthsiak� apì aut , eÐnai dhlad  èna sunarthsiakì.

To sunarthsiakì eÐnai to qwrikì olokl rwma
(∫

Ω
f(u)dx

)p
pou up�rqei ston pa-

ranomast  kai pou eÐnai telik� mia sun�rthsh mìno tou qrìnou.

Poi� eÐnai h basik  duskolÐa pou anakÔptei sthn perÐptwsh Ôparxhc sunarthsia-

koÔ sthn exÐswsh. EÐnai ìti den isqÔoun, sth genik  perÐptwsh, ta jewr mata Ôparxhc

lÔshc metaxÔ p�nw kai k�tw lÔsewn, pou wc gnwstì isqÔoun ìtan den up�rqei sunar-

thsiakì.

Sto �rjro “Existence and Invariance for Parabolic Functional Equations” twn
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J.Bebernes and R.Ely, gÐnetai diereÔnhsh tou probl matoc autoÔ, sthn genik  perÐ-

ptwsh, ìpou èqoume sumperil�bei kai arqikèc - sunoriakèc sunj kec.

Lu = f(x, t, u,Φu), (x, t) ∈ DT (3.2)

u(x, t) = ψ(x, t), (x, t) ∈ BT . (3.3)

Ed¸ L eÐnai omoiìmorfa parabolikìc telest c kai Φ eÐnai ènac leÐoc telest c.

Sto �rjro autì exet�zetai to er¸thma thc Ôparxhc lÔsewn tou probl matoc, (3.2)-

(3.3) upojètontac thn Ôparxh p�nw kai k�tw lÔsewn. Gia thn plhrèsterh katanìhsh

tou jèmatoc, metafèroume merikèc apìyeic ìpwc autèc anagr�fontai sto �rjro.

E�n h sun�rthsh f sthn (3.2) den èqei sunarthsiak  ex�rthsh Φu, tìte, wc gnw-

stì to problhma (3.2)-(3.3) èqei mia lÔsh u metaxÔ miac k�tw lÔshc α kai miac p�nw

lÔshc β.

UpenjumÐzoume ton klassikì orismì thc k�tw - p�nw lÔshc:

Mia sun�rthsh α ∈ C2,1(DT ) eÐnai k�tw lÔsh tou (3.2)-(3.3) e�n α(x, t) ≤ ψ(x, t)

gia (x, t) ∈ BT kai ikanopoieÐ th sqèsh Lα(x, t) ≤ f(x, t, α) gia (x, t) ∈ DT . Oi p�nw

lÔseic orÐzontai an�loga.

E�n ìmwc h f exart�tai sunarthsiak� apì thn u (sthn perÐptws  tou probl matoc

(1)-(2) mèsw thc Φ), h Ôparxh p�nw kai k�tw lÔsewn upì ton klassikì orismì den

eggu�tai thn Ôparxh lÔshc gia to (3.2)-(3.3) pou na keÐtai metaxÔ thc α kai thc β.

P.q. sto parak�tw par�deigma pou up�rqei sto �rjro,

y
′
= −y, (3.4)

y(0) = 1. (3.5)

oi sunart seic α(t) ≡ 0 kai β(t) ≡ 1 eÐnai men k�tw kai p�nw lÔseic, all� h monadik 

lÔsh y(t) = 1− 1/2t den keÐtai sto di�sthma [0, 1] gia t ≥ 0.

'Ena �llo par�deigma, sto Ðdio �rjro, eÐnai to akìloujo:

ut − uxx = −6
∫ 1

−1

udx, (x, t) ∈ (−1, 1)× (0,∞), (3.6)
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u(x, 0) = x2, x ∈ [−1, 1], (3.7)

u(−1, t) = u(1, t) = 1, t ∈ (0,∞).

OmoÐwc oi α(x, t) ≡ 0 kai β(x, t) ≡ 1 eÐnai k�tw kai p�nw lÔseic, all� ut(0, 0) = −2 <
0. Epomènwc u(0, t) < 0 gia t > 0 arkoÔntwc mikrì. EÐnai profanèc ìti e�n jèloume na

qrhsimopoi soume tic p�nw kai k�tw lÔseic se parabolik� probl mata pou perièqoun

k�poia sunarthsiak  ex�rthsh, ja prèpei, toul�qiston, na tropopoi soume kat�llhla

ton orismì.

Autì akrib¸c k�noume sthn paroÔsa ergasÐa. Apì to �rjro twn J. Bebernes and

R. Ely kai apì ta parap�nw paradeÐgmata kajÐstatai safèc ìti sthn genik  morf 

Ôparxhc enìc sunarthsiakoÔ, h eÔresh kai diatÔpwsh enìc nèou eniaÐou orismoÔ p�-

nw kai k�tw lÔsewn, tètoiou ¸ste na exasfalÐzetai h Ôparxh lÔshc keÐmenhc metaxÔ

aut¸n, eÐnai toul�qiston polÔ dÔskolh kai Ðswc amfibìlou axiopistÐac. EmeÐc ìmwc

den jèloume na broÔme ènan orismì p�nw kai k�tw lÔsewn gia th genik  perÐptwsh

Ôparxhc enìc sunarthsiakoÔ k�pou mèsa sthn exÐswsh, all� MONO gia thn exÐswsh

pou mac endiafèrei, me thn sugkekrimènh morf . Dhlad  thn:

ut −∆K(u) =
λf(u)(∫

Ω
f(u)dx

)p
ìpou Lu = ut −∆K(u) kai Φu =

∫
Ω
f(u)dx.

To ìti to sunarthsiakì eÐnai ston paranomast , to deÔtero mèloc eÐnai jeti-

kì, h sun�rthsh f(s) eÐnai aÔxousa kai ìti p > 0, mac od ghse sthn diatÔpwsh

tou parak�tw orismoÔ gia zeÔgoc p�nw - k�tw lÔsewn, pou eÐnai kat�llhloc, dhlad 

apodeiknÔoume ìti up�rqei lÔsh keÐmenh metaxÔ twn lÔsewn aut¸n. Sthn apìdeixh

pou d¸same qrhsimopoi same kai tic tèssereic parap�nw dedomènec katast�seic. P.q.

e�n to deÔtero mèloc  tan arnhtikì, tìte h Ôparxh zeÔgouc p�nw - k�tw lÔsewn me

ton orismì pou d¸same, den sunep�getai thn Ôparxh lÔshc keÐmenhc metaxÔ twn su-

nart sewn tou zeÔgouc. EpishmaÐnoume ìti h ènoia aut  tou zeÔgouc pro lje apì thn

sugkekrimènh morf  tou probl matoc pou exet�zoume, kai to e�n mporeÐ na efarmosjeÐ

kai se �llec peript¸seic ja prèpei na exet�zetai diexodik� kai kat� perÐptwsh.

O orismìc pou d¸same gia to zeÔgoc p�nw - k�tw lÔsewn eÐnai o akìloujoc:
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Orismìc 17. Gia dÔo sunart seic z = z(x, t), v = v(x, t) ∈ C((0,∞);L1(Ω)), èstw

o telest c S orizìmenoc apì th sqèsh:

S(z, v) := zt −∆z − λf(z)(∫
Ω
f(v)dx

)p
S(v, z) := vt −∆v − λf(v)(∫

Ω
f(z)dx

)p
Tìte to (z, v) ja onom�zetai zeÔgoc p�nw - k�tw lÔsewn tou probl matoc, e�n

isqÔoun oi katwtèrw sqèseic:

S(z, v) ≤ 0 ≤ S(v, z), x ∈ Ω, t > 0, (3.8aþ)

0 ≤ z(x, 0) ≤ u(x, 0) ≤ v(x, 0), (3.8bþ)

ìpou u(x, 0) oi arqikèc sunj kec pou èqoun tejeÐ gia th lÔsh tou probl matoc.

To shmantikìtato kèrdoc pou èqoume apì ton orismì autì eÐnai ìti mporoÔme na

apodeÐxoume, kai apodeÐxame sto Pìrisma (13), ìti, e�n isqÔoun oi proôpojèseic tou

orismoÔ autoÔ, tìte up�rqei lÔsh u(x, t) kai isqÔei, z(x, t) ≤ u(x, t) ≤ v(x, t) gi� k�je

x ∈ Ω kai gia k�je t me t ∈ (0, Tmax), ìpou Tmax eÐnai o mègistoc qrìnoc Ôparxhc thc

sun�rthshc v(x, t).

EpÐshc me ta Jewr mata (11) kai (12) apodeÐxame ìti o orismìc autìc tou zeÔ-

gouc, upì mÐa tropopoihmènh morf  apallagmènh apì to er¸thma thc Ôparxhc   mh

lÔshc, sunep�getai mÐa anisotik  di�taxh metaxÔ twn sunart sewn z(x, t) kai v(x, t)

gia t ∈ (0, Tmax). Kai sthn perÐptwsh aut , basist kame sth sugkekrimènh morf  thc

exÐswshc tou mh-topikoÔ probl matoc di jhshc.

Epanerqìmenoi sto anwtèrw par�deigma, sto opoÐo up�rqei sunarthsiak  ex�rthsh

(
∫ 1

−1
udx), to ìti oi sunart seic α kai β eÐnai p�nw - k�tw lÔseic me ton klassikì

orismì, ìntwc den odhgoÔn sthn Ôparxh lÔshc metaxÔ aut¸n. Dhlad  h qr sh mi�c

tètoiac sunepagwg c ja odhgoÔse se profanèc l�joc.

'Omwc, oÔte o orismìc pou eis�goume sthn ergasÐa aut  ja odhgoÔse se l�joc

sumper�smata sqetik� me to anwtèrw par�deigma. Oi sugkekrimènec wc �nw sunart -

seic α kai β, me b�sh ton orismì tou zeÔgouc, DEN apoteloÔn zeÔgoc p�nw - k�tw

lÔsewn. Kai toÔto diìti:

S(α, β) = αt − αxx + 6

∫ 1

−1

βdx = 12 > 0
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S(β, α) = βt − βxx + 6

∫ 1

−1

αdx = 0 = 0

dhlad  S(α, β) > S(β, α) pou shmaÐnei ìti oi sunart seic α(x, t) kai β(x, t) den a-

poteloÔn zeÔgoc k�tw - p�nw lÔsewn, opìte den sumperaÐnoume apolÔtwc tÐpota gia

th lÔsh tou probl matoc, ìpwc polÔ swst� epishmaÐnoun oi sunt�ktec tou �rjrou.

Autì profan¸c sunèbh diìti h morf  thc exÐswshc den eÐnai h “ endedeigmènh”. P.q.

to deÔtero mèloc eÐnai arnhtikì.

Sto shmeÐo autì, kai gia to prìblhma pou exet�zoume sth diatrib  mac aut , krÐ-

noume skìpimo na apodeÐxoume ìti h ènnoia tou zeÔgouc p�nw - k�tw lÔsewn me Ôparxh

lÔshc keimènhc metaxÔ aut¸n, eÐnai austhr� poiì perioristik  ènnoia apì thn ènnoia

twn klassik¸n p�nw - k�tw lÔsewn.

Je¸rhma 18. 'Estw F (L) = {z(x, t), v(x, t) : z, v k�tw - p�nw lÔseic me b�sh ton

klassikì orismì }, kai F 1(L) = {z(x, t), v(x, t) : z, v zeÔgoc k�tw - p�nw lÔsewn me

b�sh ton orismì tou zeÔgouc }. Tìte, F 1(L) ⊂ F (L) gn sio.

Apìdeixh.

'Estw (z, v) ∈ F 1(L) pou shmaÐnei S(z, v) ≤ 0 ≤ S(v, z), dhlad  isqÔei h sqèsh:

zt −∆z − λf(z)(∫
Ω
f(v)dx

)p ≤ 0 ≤ vt −∆v − λf(v)(∫
Ω
f(z)dx

)p .
'Omwc

(∫
Ω
f(v)dx

)p ≥ (∫
Ω
f(z)dx

)p
, opìte h sqèsh epekteÐnetai wc ex c:

zt −∆z − λf(z)(∫
Ω
f(z)dx

)p ≤ zt −∆z − λf(z)(∫
Ω
f(v)dx

)p ≤ 0,

0 ≤ vt −∆v − λf(v)(∫
Ω
f(z)dx

)p ≤ vt −∆v − λf(v)(∫
Ω
f(v)dx

)p .
'Ara,

zt −∆z − λf(z)(∫
Ω
f(z)dx

)p ≤ 0 ≤ vt −∆v − λf(v)(∫
Ω
f(v)dx

)p ,
dhlad , L(z) ≤ 0 ≤ L(v), pou shmaÐnei (z, v) ∈ F (L).
'Ara F 1(L) (gn sio) uposÔnolo tou F (L).
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Antistrìfwc.

'Estw (z, v) ∈ F (L) pou shmaÐnei L(z) ≤ 0 ≤ L(v),  toi,

zt −∆z − λf(z)(∫
Ω
f(z)dx

)p ≤ 0 ≤ vt −∆v − λf(v)(∫
Ω
f(v)dx

)p .
Me b�sh thn anisìthta

(∫
Ω
f(v)dx

)p ≥ (∫
Ω
f(z)dx

)p
eÐnai profanèc ìti den mporoÔme

na sun�goume ìti, zt−∆z− λf(z)

(
∫
Ω f(v)dx)

p ≤ 0 ≤ vt−∆v− λf(v)

(
∫
Ω f(z)dx)

p , kai kat' akoloujÐa

den sun�getai ìti (z, v) ∈ F 1(L).

Sumperasmatik� oi ìpoiec “ enst�seic” gia thn Ôparxh lÔshc metaxÔ p�nw kai k�tw

lÔsewn, aforoÔn p�nw kai k�tw lÔseic me b�sh ton klassikì orismì kai gia morf 

exis¸sewn diaforetik  apì aut  pou exet�zoume, ìson afor� th jèsh tou

sunarthsiakoÔ klp.

Oi anisotikèc sqèseic pou akoloujeÐ to zeÔgoc p�nw - k�tw lÔsewn, analÔontai

diexodik� kai apodeiknÔontai stic upoenìthtec 3.1 kai 3.2 tou parìntoc KefalaÐou.
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Kef�laio 4

'Ekrhxh

Sto Kef�laio autì exet�zoume to endeqìmeno èkrhxhc twn lÔsewn gia to prìblhma

(2.1). Sugkekrimèna apodeiknÔoume èkrhxh thc polÔ asjenoÔc lÔshc gia to ekfuli-

smèno mh topikì prìblhma Di jhshc, kai gia to ekfulismèno mh topikì prìblhma

Por¸douc Mèsou. Kat� kÔrio lìgo qrhsimopoioÔme th mèjodo Kaplan kai thn anisì-

thta Jensen, tic idiìthtec twn mèswn ìrwn Steklov, afoÔ pr¸ta èqoume diatup¸sei to

prìblhm� mac se polÔ asjen  morf .

(Shmei¸noume ìti stic ergasÐec [14, 78, 94, 95, 97, 104, 117, 134] all� kai se �llec,

to mh topikì prìblhma antimetwpÐzetai sthn klassik  tou morf  - klassikèc lÔseic

- kai kurÐwc me fjÐnousa th sun�rthsh f . Ed¸, kai sta perissìtera apì ta epìmena

kef�laia, exet�zoume thn perÐptwsh twn polÔ asjen¸n lÔsewn, lìgw tou ekfulismoÔ

tou probl matoc, kai gia aÔxousa sun�rthsh f . Oi jewr seic autèc kajistoÔn thn

paroÔsa diatrib , se poll� shmeÐa, kainotìmo).

Ja apodeÐxoume ìti èqoume èkrhxh stic akìloujec peript¸seic:

• Gia to prìblhma Neumann. Gia k�je λ > 0 kai gia ìla ta u0(x) ≥ 0.

• Gia ta probl mata Dirichlet   Robin ìtan Ω eÐnai kurtì.

1. Gia arkoÔntwc meg�la λ kai gia ìla ta u0(x) ≥ 0.

2. Gia arkoÔntwc meg�lec arqikèc sunj kec u0(x) anex�rthta me thn tim  thc

paramètrou λ, (λ > 0).

Kai stic dÔo peript¸seic apaitoÔme oi sunart seic K(s) kai f(s) na ikanopoioÔn

mÐa sugkekrimènh sunj kh.
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4.1 To prìblhma Neumann.

'Eqoume β(x) ≡ 0 kai jewroÔme to akìloujo prìblhma upì th morf  mèswn ìrwn

Steklov:

d

dt

∫
Ω

ηuhdx−
∫
Ω

Kh(u)∆ηdx− λ
1

h

∫ t+h

t

∫
Ω
f(u)ηdx(∫

Ω
f(u)dx

)pds (4.1)

− 1

h

∫ t+h

t

{∫
∂Ω

(
η
∂K(u)

∂n̂
−K(u)

∂η

∂n̂

)
dσ(x)

}
ds = 0,

1

h

∫ t+h

t

(∫
∂Ω

η
∂K(u)

∂n̂
dσ(x)

)
ds = 0,

∫
Ω

η(x)u(x, 0)dx ≥ 0,

0 ≤ t ≤ T − h kai gia k�je η(x) ∈ C∞(Ω), η(x) ≥ 0.

Ed¸ qrhsimopoi same san dokimastik  sun�rthsh th stajer  sun�rthsh η =

η(x) ≡ 1, x ∈ Ω̄.

Wc ek toÔtou to olokl rwma sto sÔnoro eÐnai mhdèn kai paraleÐpetai.

Prìtash 19. Estw Ω fragmèno qwrÐo ston RN kai f(s) tètoia ¸ste na ikanopoioÔn-

tai oi (1.10bþ kai 1.10gþ). Tìte h L1−nìrma thc lÔshc u(x, t) tou probl matoc (4.1)

ekr gnutai se peperasmèno qrìno gia ìlec tic timèc thc paramètrou λ > 0 kai gia k�je

u0(x) ≥ 0 (u0(x) ìqi tautotik� mhdèn).

Apìdeixh. Gia to prìblhma (4.1) kai lambanomènou upìyh ìti η = η(x) ≡ 1, x ∈ Ω̄.

katal goume sta akìlouja:

d

dt

∫
Ω

uhdx = λ
1

h

∫ t+h

t

∫
Ω
f(u)dx(∫

Ω
f(u)dx

)pds
= λ

1

h

∫ t+h

t

(∫
Ω

f(u)dx

)1−p

ds, (Jensen sthn f)

≥ λ
1

h

∫ t+h

t

(
|Ω| f

(
1

|Ω|

∫
Ω

udx

))1−p

ds,

(orismìc mèswn ìrwn Steklov)

= λ |Ω|

[(
f

(
1

|Ω|

∫
Ω

udx

))1−p
]
h
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= λ |Ω|
⌈
f 1−p

(
1

|Ω|

∫
Ω

udx

)⌉
h

≥ λ |Ω| f 1−p
(

1

|Ω|

∫
Ω

uhdx

)
,

(upì thn proôpìjesh ìti f 1−p kurt  sun�rthsh, kai lìgw twn idiot twn S3 − S4 twn

mèswn ìrwn Steklov).

Jètoume Ah(t) =
1
|Ω|

∫
Ω
uh(x, t)dx, me Ah(t) → A(t) = 1

|Ω|

∫
Ω
u(x, t)dx kaj¸c h →

0+ gia k�je t ≥ 0, kai h anwtèrw anisìthta gÐnetai:

d

dt
Ah(t) ≥ λf 1−p (Ah(t)) ,  

∫ Ah(t)

Ah(0)

ds

f 1−p(s)
≥ λt,

pou sunep�getai,

t ≤ 1

λ

∫ Ah(t)

Ah(0)

ds

f 1−p(s)
≤ 1

λ

∫ ∞

Ah(0)

ds

f 1−p(s)
<∞,

apì th sunj kh (1.10gþ)
∫∞
b>0

ds
f1−p(s)

<∞ kai epeid  Ah(0) =
1
|Ω|

∫
Ω
uh(x, 0)dx > 0.

Epomènwc sumperaÐnoume ìti:

Ah(t) =
1

|Ω|

∫
Ω

uhdx =
1

|Ω|
∥uh(·, t)∥L1

→∞, t→ t∗h ≤
1

λ

∫ ∞

Ah(0)

ds

f 1−p(s)
<∞.

H par�metroc h eÐnai ènac aujaÐretoc jetikìc arijmìc, ìso mikrìc jèloume. Epo-

mènwc, pern¸ntac sto ìrio kaj¸c h→ 0+ kai lìgw thc idiìthtac S1 twn mèswn ìrwn

Steklov, lamb�noume:

Ah(t)→ A(t) =
1

|Ω|

∫
Ω

udx =
1

|Ω|
∥u(·, t)∥L1

kai t∗h → t∗ ≤
∫ ∞

A(0)

ds

f 1−p(s)
<∞.

Telik� katal goume ìti,

∥u(·, t)∥L1
→∞ kaj¸c t→ t∗ ≤ 1

λ

∫ ∞

A(0)

ds

f 1−p(s)
<∞,

pou shmaÐnei ìti h L1−nìrma thc lÔshc u(·, t) ekr gnutai (apeirÐzetai) se peperasmèno
qrìno t∗.
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4.2 Ta probl mata Dirichlet kai Robin.

4.2.1 'Ekrhxh gia arkoÔntwc meg�la λ (λ≫ 1)

To prìblhma (2.1) se polÔ asjen  (Steklov) morf  eÐnai:

d

dt

∫
Ω

ηuhdx−
1

h

∫ t

t−h

∫
Ω

K(u)∆ηdxds− λ1
h

∫ t

t−h

∫
Ω
f(u)ηdx(∫

Ω
f(u)dx

)pds (4.2aþ)

− 1

h

∫ t

t−h

{∫
∂Ω

(
η
∂K(u)

∂n̂
−K(u)

∂η

∂n̂

)
dσ(x)

}
ds = 0,

1

h

∫ t

t−h

{∫
∂Ω

(
η

[
∂K(u)

∂n̂
+ β(x)K(u)

])
dσ(x)

}
ds = 0, (4.2bþ)

0 < β(x) ≤ ∞,
∫
Ω

η(x, 0)u(x, 0)dx ≥ 0,

ìpou η(x, t) ∈ C∞
c (ΩT )   C∞(ΩT ), gia ta probl mata Dirichlet   Robin, antÐstoiqa,

kai η(x) ≥ 0. Epomènwc kai stic dÔo peript¸seic to olokl rwma sto sÔnoro kajÐstatai

mhdèn.

JewroÔme t¸ra to ex c prìblhma idiotim¸n:

−∆ϕ = µϕ, x ∈ Ω (4.3aþ)

∂ϕ

∂n̂
+ β(x)ϕ = 0, x ∈ ∂Ω (4.3bþ)

ìpou µ > 0, ϕ = ϕ(x) > 0, x ∈ Ω kai 0 ≤ inf
Ω
φ(x) ≤ φ(x) ≤ k̄ = max

Ω
φ(x).

Prìtash 20. Estw ìti isqÔei h akìloujh sunj kh:∫
Ω

[
f 1−p(u(x, t))−K(u(x, t))

]
φ(x)dx > 0. (4.4)

Tìte, gia arkoÔntwc meg�la λ, (λ > λ0 = µ [(γ + 1)/k]p > 0), up�rqei ènac qrìnoc

t∗ < ∞, tètoioc ¸ste h polÔ asjen c lÔsh tou probl matoc (4.2) na ekr gnutai se

peperasmèno qrìno upì thn ènnoia thc L1−nìrmac.

Apìdeixh. Lamb�noume thn idiosun�rthsh φ(x) tètoia ¸ste
∫
Ω
φ(x)dx = 1, (kano-

nikopoihmènh) gia na mporoÔme na qrhsimopoi soume thn anisìthta Jensen sthn apl 
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thc morf . Epilègontac san dokimastik  sun�rthsh th sun�rthsh φ(x) tou probl -

matoc (4.3), (η = φ sto (4.2), kai o ìroc p�nw sto sÔnoro sthn (4.2bþ) gÐnetai mhdèn),

opìte kai èqoume:

d

dt

∫
Ω

φuhdx−
1

h

∫ t

t−h

∫
Ω

K(u)∆φdxds = λ
1

h

∫ t

t−h

∫
Ω
f(u)φdx(∫

Ω
f(u)dx

)pds,
 

d

dt

∫
Ω

ϕuhdx+ µ
1

h

∫ t

t−h

∫
Ω

ϕK(u)dxds = λ
1

h

∫ t

t−h

∫
Ω
f(u)ϕdx(∫

Ω
f(u)dx

)pds.
Lìgw thc (4.4) lamb�noume:∫

Ω

[
f 1−p(u(x, t))−K(u(x, t))

]
φ(x)dx > 0,

  ∫ t

t−h

∫
Ω

ϕf 1−p(u)dxds >

∫ t

t−h

∫
Ω

ϕK(u)dxds,

opìte paÐrnoume thn anisìthta:

d

dt

∫
Ω

ϕuhdx+ µ
1

h

∫ t

t−h

∫
Ω

ϕf 1−p(u)dxds > λ
1

h

∫ t

t−h

∫
Ω
f(u)ϕdx(∫

Ω
f(u)dx

)pds. (4.5)

Sto shmeÐo autì epishmaÐnoume ìti h mèjodoc twn par�llhla metakinoÔmenwn epi-

pèdwn (parallel moving planes), pou wc gnwstìn isqÔei gia klassikèc lÔseic, mporeÐ

na epektajeÐ kai sthn perÐptwsh pou èqoume ekfulismì thc parabolikìthtac, qrhsi-

mopoi¸ntac proseggistikèc mejìdouc, upì thn proôpìjesh ìti oi arqikèc sunj kec

fjÐnoun katall lwc kont� sto sÔnoro ∂Ω, blèpe gia leptomèreiec sto [111] kai sthn

episunaptìmenh bibliografÐa. B�sei aut c thc mejìdou (blèpe epÐshc [81]), efìson

Ω eÐnai kurtì qwrÐo kai f(s) eÐnai aÔxousa sun�rthsh, up�rqei èna sqetik� sumpagèc

sÔnolo Ω0 ⊂ Ω, (Ω̄0 ⊂ Ω) kai ènac jetikìc akèraioc γ, tètoioi ¸ste:∫
Ω

f(u)dx ≤ (γ + 1)

∫
Ω0

f(u)dx,

ìpou γ = γ(Ω) ∈ N∗. Estw k = inf
x∈Ω0

φ(x). Lìgw thc Ω̄0 ⊂ Ω, qrhsimopoi¸ntac thn

arq  megÐstou, ìpwc anafèretai sto [111], èqoume k > 0, opìte:∫
Ω

f(u)dx ≤γ + 1

k

∫
Ω0

f(u)ϕ(x)dx ≤ γ + 1

k

∫
Ω

f(u)ϕ(x)dx. (4.6)
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T¸ra, apì thn (4.6), h basik  mac anisìthta (4.5) gÐnetai:

d

dt

∫
Ω

ϕuhdx+ µ
1

h

∫ t

t−h

∫
Ω

ϕf 1−p(u)dxds >
λkp

(γ + 1)p
1

h

∫ t

t−h

(∫
Ω

f(u)ϕdx

)1−p

ds.

Efarmìzontac thn anisìthta Jensen ston ìro
∫
Ω
φf 1−p(u)dx, (me thn antÐstrofh mor-

f  thc kajìson h sun�rthsh s1−p eÐnai koÐlh), lamb�noume:∫
Ω

φf 1−p(u)dx ≤
(∫

Ω

φf(u)dx

)1−p

.

Wc ek toÔtou katal goume sthn anisìthta:

d

dt

∫
Ω

φuhdx+ µ
1

h

∫ t

t−h

(∫
Ω

φf(u)dx

)1−p

ds >
λkp

(γ + 1)p
1

h

∫ t

t−h

(∫
Ω

φf(u)dx

)1−p

ds,

 ,
d

dt

∫
Ω

ϕuhdx >

(
λkp

(γ + 1)p
− µ

)
1

h

∫ t

t−h

(∫
Ω

ϕf(u)dx

)1−p

ds.

T¸ra, e�n isqÔei,

c = λkp (γ + 1)−p − µ > 0,   λ > µ (γ + 1)p k−p, (4.7)

kai efarmìzontac p�li anisìthta Jensen sthn f , paÐrnoume:

d

dt

∫
Ω

ϕuhdx > c
1

h

∫ t

t−h

(
f

(∫
Ω

ϕudx

))1−p

ds = c
1

h

∫ t

t−h
f 1−p

(∫
Ω

ϕudx

)
ds =

(orismìc twn mèswn ìrwn Steklov) = c

[
f 1−p

(∫
Ω

φudx

)]
h

≥ cf 1−p
(∫

Ω

φuhdx

)
.

(idiìthta Steklov-S3, upojètontac ìti f 1−p kurt  kai Steklov-S4).

Jètoume A(t) =
∫
Ω
φ(x)u(x, t)dx opìte Ah(t) =

∫
Ω
φuhdx, kai èqoume:

d

dt
(Ah(t)) > cf 1−p (Ah(t)) ,  

∫ Ah(t)

Ah(0)

ds

f 1−p(s)
> ct,

  t <
1

c

∫ Ah(t)

Ah(0)

ds

f 1−p(s)
<

1

c

∫ ∞

Ah(0)

ds

f 1−p(s)
= t∗h <∞,
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apì thn (1.10gþ) kai lìgw tou ìti Ah(0) =
∫
Ω
φ(x)uh(x, 0)dx > 0.

Epomènwc, kaj¸c t → t∗h−, sunep�getai ìti Ah(t) → ∞ kai lìgw tou ìti h sÔg-

klish aut  isqÔei gia k�je h > 0, mporoÔme na per�soume sto ìrio kaj¸c h → 0 kai

na l�boume:

A(t)→∞ kaj¸c t→ t∗ ≤ 1

c

∫ ∞

A(0)

ds

f 1−p(s)
<∞.

Eqoume:

A(t) =

∫
Ω

φudx ≤ k̄

∫
Ω

udx = k̄ ∥u(·, t)∥L1
, ìpou k̄ = max

x∈Ω
ϕ(x).

Telik� katal goume sto ìti:

∥u(·, t)∥L1
→∞ kaj¸c t→ T ∗− ≤ t∗ ≤ 1

c

∫ ∞

A(0)

ds

f 1−p(s)
<∞, (4.8)

ìpou T ∗ eÐnai o qrìnoc èkrhxhc gia thn L1−nìrma, c = λkp (γ + 1)−p − µ > 0 kai gia

k�je λ > µ(γ+1)p

kp
.

ApodeÐqjhke epomènwc h èkrhxh thc L1−nìrmac thc u(·, t) se peperasmèno qrìno.
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4.2.2 'Ekrhxh gia arkoÔntwc meg�la arqik� dedomèna

'Ekrhxh mporeÐ na èqoume epÐshc ìtan ta arqik� mac dedomèna eÐnai arkoÔntwc

meg�la. Ta akìlouja apotelèsmata isqÔoun gia k�je λ > 0.

Je¸rhma 21. Estw to prìblhma (2.1), Ω kurtì, kai na isqÔei ìti,∫
Ω

(
f 1−q(u(x, t))−K(u(x, t))

)
ϕ(x)dx > 0, gia 0 < p < q < 1. (4.9)

Tìte h lÔsh u(x, t) tou probl matoc (2.1), me 0 < β(x) 6∞ gia to prìblhma Diri-

chlet   Robin, ekr gnutai ìson afor� thn L1 nìrma, se peperasmèno qrìno, gia arqik�

dedomèna arkoÔntwc meg�la u0 > 0, A0 =
∫
Ω
ϕu0 dx > δ, ìpou to δ prosdiorÐzetai apì

th sqèsh (4.13), kai ϕ(x) ikanopoieÐ to ex c prìblhma idiotim¸n:

−∆ϕ = µϕ, x ∈ Ω, (4.10aþ)

∂ϕ

∂n̂
+ β(x)ϕ = 0, x ∈ ∂Ω, (4.10bþ)

me µ > 0, ϕ = ϕ(x) > 0, 0 6 min
Ω
ϕ(x) 6 ϕ(x) 6 k̄ = max

Ω
ϕ(x).

Apìdeixh. Epilègoume
∫
Ω
ϕ(x)dx = 1, ¸ste h anisìthta Jensen na isqÔei sthn

apl  thc morf . Me dokimastik  sun�rthsh thn ϕ(x), ìpwc kai sthn prohgoÔmenh

perÐptwsh, h exÐswsh lamb�nei thn polÔ asjen  morf  thc:

d

dt

∫ t

t−h

∫
Ω

ϕudxds+µ

∫ t

t−h

∫
Ω

ϕK(u)dxds = λ

∫ t

t−h

∫
Ω
f(u)ϕdx(∫

Ω
f(u)dx

)pds, ∀ h > 0, h < T−t.

Ex upojèsewc èqoume:∫
Ω

[
f 1−q(u(x, t))−K(u(x, t))

]
ϕ(x)dx > 0,

dhlad ,

∫ t

t−h

∫
Ω

ϕf 1−q(u)dxds >

∫ t

t−h

∫
Ω

ϕK(u)dxds,

opìte katal goume sthn anisìthta:

d

dt

∫ t

t−h

∫
Ω

ϕu dxds+ µ

∫ t

t−h

∫
Ω

ϕf 1−q(u)dxds > λ

∫ t

t−h

∫
Ω
f(u)ϕ dx(∫

Ω
f(u)dx

)p ds. (4.11)
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Apì th mèjodo twn par�llhla metakinoÔmenwn epipèdwn, ìpwc kai prohgoÔmena,

kai gia γ = γ(Ω) ∈ N∗, k = inf
x∈Ω0

ϕ(x), Ω̄0 ⊂ Ω, lamb�noume th sqèsh:∫
Ω

f(u)dx 6γ + 1

k

∫
Ω0

f(u)ϕ(x)dx 6 γ + 1

k

∫
Ω

f(u)ϕ(x)dx.

Me b�sh aut  thn anisìthta, h kÔria anisìtht� mac (4.11) gÐnetai:

d

dt

∫ t

t−h

∫
Ω

ϕu dxds+ µ

∫ t

t−h

∫
Ω

ϕf 1−q(u)dxds >
λkp

(γ + 1)p

∫ t

t−h

(∫
Ω

f(u)ϕ dx

)1−p

ds.

Efarmìzontac thn anisìthta Jensen ston ìro
∫
Ω
ϕf 1−q(u)dx (antÐstrofh morf  ka-

jìson h sun�rthsh s1−p eÐnai koÐlh), paÐrnoume:∫
Ω

ϕf 1−q(u)dx 6
(∫

Ω

ϕf(u)dx

)1−q

,

opìte, fj�noume sthn anisìthta:

d

dt

∫ t

t−h

∫
Ω

ϕudxds+ µ

∫ t

t−h

(∫
Ω

ϕf(u)dx

)1−q

ds >
λkp

(γ + 1)p

∫ t

t−h

(∫
Ω

ϕf(u)dx

)1−p

ds

⇒ d

dt

∫ t

t−h

∫
Ω

ϕudxds >
λkp

(γ + 1)p

∫ t

t−h

(∫
Ω

ϕf(u)dx

)1−p

ds− µ
∫ t

t−h

(∫
Ω

ϕf(u)dx

)1−q

ds

>
λkp

(γ + 1)p

{∫ t

t−h

(∫
Ω

ϕf(u)dx

)1−p

ds− (γ + 1)p µ

λkp

∫ t

t−h

(∫
Ω

ϕf(u)dx

)1−q

ds

}
.

Jètoume: (γ + 1)p µ/λkp = c, opìte:

c

µ

d

dt

∫ t

t−h

∫
Ω

ϕudxds >

∫ t

t−h

(∫
Ω

ϕf(u)dx

)1−p

ds− c
∫ t

t−h

(∫
Ω

ϕf(u)dx

)1−q

ds

=

∫ t

t−h

{(∫
Ω

ϕf(u) dx

)1−p

− c
(∫

Ω

ϕf(u)dx

)1−q
}
ds

=

∫ t

t−h

(∫
Ω

ϕf(u) dx

)1−p
{
1− c(∫

Ω
ϕf(u) dx

)q−p
}
ds

>

∫ t

t−h
f 1−p

(∫
Ω

ϕu dx

){
1− c

f q−p
(∫

Ω
ϕu dx

)} ds.
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Jètoume A(t) =
∫
Ω
ϕu dx kai paÐrnoume:

c

µ

d

dt

∫ t

t−h
A(r)dr >

∫ t

t−h
f 1−p (A(r))

{
1− c

f q−p (A(r))

}
dr. (4.12)

T¸ra èqoume: q−p > 0⇒ f q−p(s) aÔxousa sun�rthsh⇒ 1
fq−p(s)

fjÐnousa sun�rthsh,

s > 0, f(0) = 0, f q−p(s) mh fragmènh (eid�llwc f q−p(s) < M ⇒ f(s) < M
1

q−p to o-

poÐo eÐnai �topo afoÔ f(s) > 0, f ′(s) > 0, f ′′(s) > 0), kai �ra 1
fq−p(s)

→
s→0
∞, 1

fq−p(s)
→
s→∞

0

opìte sumperaÐnoume ìti h sun�rthsh:

g(s) = 1− c

f q−p(s)
(4.13)

èqei akrib¸c mÐa jetik  rÐza, èstw δ0. H sun�rthsh g(s) eÐnai austhr� aÔxousa, opìte:

g(s) > 0, ∀s > δ0.

MporoÔme na epilèxoume to δ = δ0 + ε, ε > 0 ìso mikrì jèloume, kai epomènwc

lìgw thc (4.11) ja èqoume:

c

µ

d

dt

∫ t

t−h
A(r)dr >

∫ t

t−h
f 1−p (A(r))

{
1− c

f q−p (A∗)

}
dr, (4.14)

∀A(r) > A∗ = A(0) = δ = δ0 + ε. Jètoume Λ := 1− c/f q−p (A∗) > 0 kai peperasmèno.

Wc ek toÔtou, h anisìthta (4.12) gÐnetai:

c

µΛ

1

h

d

dt

∫ t

t−h
A(r)dr >

1

h

∫ t

t−h
f 1−p (A(r)) dr

⇒ c

µΛ

d

dt
Ah(t) >

∣∣f 1−p (A(t))
∣∣
h
> f 1−p (Ah(t)) ,

ìpou Ah(t) =
∫
Ω
ϕuh dx. Jètoume c/µΛ = C opìte katal goume:

C
d

dt
Ah(t) > f 1−p (Ah(t))⇒

dAh(t)

f 1−p (Ah(t))
>

1

C
dt⇒

∫ Ah(t)

Ah(0)

ds

f 1−p(s)
>

1

C
t

⇒ t < C

∫ Ah(t)

Ah(0)

ds

f 1−p(s)
< C

∫ ∞

Ah(0)

ds

f 1−p(s)
= t∗ <∞, (lìgw thc sunj khc (1.10gþ)).

Autì shmaÐnei ìti, Ah(t) → ∞ kaj¸c t → t∗ = C
∫∞
Ah(0)

ds
f1−p(s)

< ∞, gia Ah(0) =∫
Ω
ϕuh(0) dx > δ, ∀h > 0.
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Epomènwc, kaj¸c h→ 0, h sÔgklish aut  paramènei alhj c, kai èqoume:

A(t)→∞ kaj¸c t→ t̄ = C
∫∞
A(0)

ds
f1−p(s)

<∞, gia A(0) =
∫
Ω
ϕu0 dx > δ = δ0+ε,

kai C = c
µΛ
, Λ := 1− c

fq−p(A∗)
, c = (γ+1)pµ

λkp
, A∗ = δ = δ0 + ε, ìpou δ0 eÐnai h monadik 

jetik  rÐza thc g(s) = 1− c
fq−p(s)

, ε > 0 ìso mikrì jèloume.

Omwc, A(t) =
∫
Ω
ϕu dx 6 k̄

∫
Ω
u dx, k̄ = max

x∈Ω
(ϕ(x)) <∞. Autì shmaÐnei ìti:∫

Ω

u(·, t) dx = ∥u(·, t)∥L1
→∞ kaj¸c t→ t̄ <∞, (4.15)

kai epomènwc èqoume èkrhxh thc L1 nìrmac thc u(·, t) se peperasmèno qrìno.
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Kef�laio 5

Peperasmènh taqÔthta di�doshc

thc diataraq c gia to mh-topikì

prìblhma

Gia to fainìmeno thc peperasmènhc taqÔthtac thc diataraq c, (lÔsh me qronik�

epekteinìmeno forèa me taqÔhta peperasmènh), èqoun dhmosieujeÐ arketèc ergasÐec

gnwst¸n ereunht¸n p�nw sto jèma autì. Endeiktik� anafèroume tic ergasÐec [19, 27,

31, 36, 37, 38, 54, 84, 89, 91, 107, 122, 123, 145] h melèth twn opoÐwn bo jhse sthn

katanìhsh tou fainomènou. 'Omwc, se kammÐa apì autèc den melet�tai h perÐptwsh thc

mh topikìthtac ston ìro phg , kai to kuriìtero den ereun�tai h pijanìthta na èqoume

èkrhxh thc lÔshc en¸ thn Ðdia stigm , o forèac thc lÔshc suneqÐzei na epekteÐnetai.

Ta dÔo teleutaÐa erwt mata ja suzht soume sto kef�laio autì.

'Estw to prìblhma thc Di jhshc me mh-topikìthta ston ìro phg c:

ut = ∆K(u) + λ
f(u)(∫
Ω
f(u)

)p , t > 0, x ∈ Ω ⊂ RN , p > 0, (5.1aþ)

u(x, 0) = u0(x) ≥ 0, x ∈ Ω, u0 ∈ C(Ω), supu0 <∞, (5.1bþ)

u(x, t) = 0, t ∈ (0, T ), x ∈ ∂Ω, (5.1gþ)

ìpou h arqik  sun�rthsh u0(x) èqei sumpag  forèa ω ⊂ Ω, K
′
(0) = 0 kai f(0) = 0.
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Ja exet�soume e�n to mh-topikì autì prìblhma, upì tic anwtèrw upojèseic, emfa-

nÐzei thn idiìthta thc peperasmènhc taqÔthtac di�doshc thc diataraq c (dhlad  lÔsh

me forèa pou epekteÐnetai qronik� me peperasmènh taqÔthta).

H diadikasÐa pou ja akolouj soume ja eÐnai h ex c:

JewroÔme to akìloujo prìblhma arqik¸n kai sunoriak¸n tim¸n (qwrÐc phg ):

wt = ∆K(w), t > 0, x ∈ Ω, (5.2aþ)

w(x, 0) = u0(x) ≥ 0, x ∈ Ω, u0 ∈ C(Ω), supu0 <∞, suppu0 ⊂ Ω, (5.2bþ)

w(x, t) = 0, t ∈ (0, T ), x ∈ ∂Ω, (5.2gþ)

me lÔsh th sun�rthsh w(x, t).

Estw t¸ra ìti h sun�rthsh u(x, t) eÐnai h lÔsh sto prìblhma arqik¸n kai suno-

riak¸n sunjhk¸n:

ut = ∆K(u) + λ
f(u)(∫
Ω
f(u)

)p , x ∈ Ω, t > 0, (5.3aþ)

u(x, 0) = u0(x) ≥ 0, x ∈ Ω, u0 ∈ C(Ω), supu0 <∞, suppu0 ⊂ Ω, (5.3bþ)

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ). (5.3gþ)

Epeid  λ f(u)

(
∫
Ω f(u))

p ≥ 0 ja èqoume ìti ut ≥ ∆K(u), t > 0, x ∈ Ω, kai lamb�nontac

upìyh tic arqikèc kai sunoriakèc sunj kec sumperaÐnoume ìti h sun�rthsh u(x, t) eÐnai

mÐa �nw (genikeumènh) lÔsh tou probl matoc (5.2).

EpÐshc, h mhdenik  sun�rthsh z(x, t) ≡ 0 eÐnai mÐa k�tw lÔsh tou probl matoc

(5.2), kajìson,

0 = zt ≤ ∆K(z) = 0, (upenjumÐzoume ìti K(0) = 0),

0 ≡ z(x, 0) ≤ w(x, 0), x ∈ Ω,

0 ≡ z(x, t) ≤ 0 = w(x, t), t ≥ 0, x ∈ ∂Ω.

'Omwc gia to prìblhma (5.2) isqÔoun oi klassikèc arqèc sÔgkrishc, opìte katal -

goume sto ìti,

0 ≡ z(x, t) ≤ w(x, t) ≤ u(x, t), sto (0, T )× Ω.
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H sun�rthsh w(x, t) eÐnai h lÔsh sto prìblhma (5.2) to opoÐo eÐnai to aplì prì-

blhma Di jhshc qwrÐc ìro antÐdrashc. Apì ta prohgoÔmena Jewr mata sun�getai ìti

h lÔsh w(x, t) kajÐstatai jetik  se ìlo to Ω mèsa se peperasmèno qrìno tp0 > 0.

Apì thn anisìthta w(x, t) ≤ u(x, t) sto (0, T )×Ω sumperaÐnoume ìti h lÔsh u(x, t)

tou probl matìc mac gÐnetai kai aut  jetik  se ìlo to Ω entìc peperasmènou qroni-

koÔ diast matoc (0, tp) me tp ≤ tp0, dhlad  u(x, t) > 0 sto Ω,∀t ≥ tp, ìpou tp eÐnai

peperasmèno.

'Ena er¸thma pou logik� anafÔetai eÐnai e�n o qrìnoc autìc mporeÐ na eÐnai mhdèn,

gegonìc pou shmaÐnei �peirh taqÔthta epèktashc tou forèa thc lÔshc tou probl matoc

Di jhshc (me èna mh arnhtikì ìro antÐdrashc - phg ), parìlo pou h taqÔthta di�doshc

eÐnai peperasmènh ìtan den èqoume ìro phg c.

Autì ìmwc den mporeÐ na isqÔei, diìti to �peiro   to peperasmèno thc taqÔthtac

met�doshc thc diataraq c exart�tai mìno apì ton ìro di�qushc, dhlad  th sun�rthsh

K(s) kai ìqi apì ton ìro phg c.

Sqìlio 22. 'Eqoume anafèrei pollèc forèc ìti h ro  jermìthtac −K ′
(u)∇u eÐnai

suneq c se ìlo to qwrÐo Ω. Autì eÐnai epakìloujo tou nìmou tou Darcy. Autì para-

mènei alhjèc kai gia to prìblhma pou exet�zoume parìti èqoume jewr sei genikeumènec

lÔseic oi opoÐec den èqoun parag ģouc pr¸thc kai deÔterhc t�xhc. H ex ghsh eÐnai

apl . Sth jetik  perioq  h lÔsh eÐnai klassik , opìte h klÐsh ∇u orÐzetai kai eÐnai

m�lista leÐa sun�rthsh.

Sto suneq¸c epekteinìmeno sÔnoro (mètwpo), ìpou u = 0, parìlo ìti h klÐsh

eÐnai asuneq c (apì austhr� jetik    arnhtik  gÐnetai apìtoma mhdèn), isqÔei ìti

K
′
(0) = 0 ⇒ −K ′

(u)∇u
∣∣
u=0

= 0 kai epomènwc h di�dosh jermìthtac proc th yuqr 

(mhdèn) perioq  gÐnetai kat� trìpo suneq , ìpou bebaÐwc h jermik  ro  paramènei mh-

dèn. Wc ek toÔtou, h sunj khK
′
(0) = 0, pou prokaleÐ ton ekfulismì tou probl matoc,

eÐnai h Ðdia sunj kh pou diathreÐ th sunèqeia thc jermik c ro c, mÐa polÔ shmantik 

fusik  idiìthta.

Sqìlio 23. Metasqhmatismìc pÐeshc thc exÐswshc Di jhshc. (O ìroc autìc a-

nafèretai sto [141], oi de katwtèrw upologismoÐ èginan apì ton gr�fonta b�sei miac
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�skhshc qwrÐc th lÔsh thc, pou up�rqei sto biblÐo autì [141]).

H exÐswsh, ut = ∆K(u), gr�fetai se “sunthrhtik ” (conservative) morf  wc,

ut + ∇ · (uV ) = 0, ìpou h taqÔthta V = −∇v kai v(x, t) eÐnai h metablht  pÐeshc,

mÐa onomasÐa pou èrqetai se apìluth sumfwnÐa me touc fusikoÔc nìmouc. H exÐswsh

aut  gr�fetai:

ut +∇ · (uV ) = 0⇒ ut = ∇ · (u(−V )) = ∇ · u∇v.

H arqik  mac exÐswsh eÐnai:

ut = ∆K(u) = ∇ ·K ′
(u)∇u = ∇ · uK

′
(u)

u
∇u = ∇ · u∇

∫ u

0

K
′
(s)

s
ds.

Epomènwc, èqoume, (Metasqhmatismìc pÐeshc):

∇ · u∇v = ∇ · u∇
∫ u

0

K
′
(s)

s
ds⇒ v =

∫ u

0

K
′
(s)

s
ds. (5.4)

'Ara, h metablht  pÐeshc v(x, t) epilÔei thn akìloujh exÐswsh: (Ja qrhsimopoi -

soume th sqèsh K
′
(u)∇u = u∇v, h opoÐa prokÔptei apì tic prohgoÔmenec sqèseic),

vt =
d

dt

∫ u

0

K
′
(s)

s
ds =

K
′
(u)

u
ut =

K
′
(u)

u
∆K(u) =

K
′
(u)

u

(
∇ ·K ′

(u)∇u
)

=
K

′
(u)

u
(∇ · u∇v) = K

′
(u)

u
(∇u · ∇v + u∆v)

=
K

′
(u)

u
∇u · ∇v + K

′
(u)

u
u∆v = ∇

∫ u

0

K
′
(s)

s
ds · ∇v +K

′
(u)∆v

= ∇v · ∇v +K
′
(u)∆v ⇒ vt = K

′
(u)∆v + |∇v|2 .

E�n eÐqame apl¸c anaptÔxei thn Laplasian  ∆K(u), ja eÐqame l�bei:

ut = ∆K(u) = K
′
(u)∆u+K

′′
(u) |∇u|2 .

Apì thn exÐswsh ìmwc aut , den mporoÔme na ex�goume th sunj kh sÔmfwna me thn

opoÐa ja èqoume peperasmènh taqÔthta di�doshc tou sunìrou (kai �ra tou sumpagoÔc

forèa thc lÔshc), afoÔ ja qreiazìmastan, pèran tou K
′
(0) = 0, kai mi� nèa sunj kh

K
′′
(0) ̸= 0, pou ìmwc den eÐnai anagkaÐa, diìti ìpwc prokÔptei apì thn exÐswsh

pÐeshc, to mìno pou qreiazìmaste eÐnai K
′
(0) = 0, dhlad  h ex arq c tejeÐsa sunj kh.
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Apì th sqèsh tou metasqhmatismoÔ pÐeshc,

v =

∫ u

0

K
′
(s)

s
ds (5.5)

parathroÔme ìti h sunj kh gia peperasmènh taqÔthta di�doshc,∫ u

0

K
′
(s)

s
ds <∞ gia k�je 0 < u <∞,

sunep�getai ìti h pÐesh paramènei peperasmènh. T¸ra, e�n
∫ u
0
K

′
(s)
s
ds =∞ gia k�poio

0 < u < ∞, autì shmaÐnei ìti h pÐesh gÐnetai �peirh, pou sunep�getai kai thn �peirh

taqÔthta di�doshc thc diataraq c.

Apì ta parap�nw, antilambanìmaste ìti o metasqhmatismìc pÐeshc eÐnai èna polÔ

qr simo ergaleÐo sth melèth twn sqedìn grammik¸n, ekfulismènwn, parabolik¸n pro-

blhm�twn.

'Ena teleutaÐo sqìlio.

Sqìlio 24. 'Apeirh taqÔthta di�doshc thc diataraq c   �mesh jetikopoÐhsh thc

lÔshc se olìklhro to qwrÐo;

JewroÔme to prìblhma,

ut = ∆K(u) +Q(u), x ∈ Ω ⊂ RN , t ∈ (0, T ), T > 0,

u(x, 0) = u0(x) ≥ 0, x ∈ Ω, suppu0 = ω ⊂⊂ Ω,

u(x, t) = 0, x ∈ ∂Ω, t ∈ [0, T ),

K(u) > 0, u > 0, K(0) = 0, K
′
(0) = 0; Q(u) > 0, u > 0,

stic ex c dÔo parallagèc:

a) Q(0) = 0

Sthn perÐptwsh aut , o ìroc phg c den par�gei kammÐa jermìthta sth yuqr  pe-

rioq  {x ∈ Ω : u(x, t) = 0}, kai lìgw tou K
′
(0) = 0 ja dhmiourghjeÐ èna qronik�

epekteinìmeno eleÔjero sÔnoro, pou ja diaqwrÐzei to jetikì apì to mhdenikì sÔnolo,
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kai to opoÐo ja metakineÐtai me peperasmènh taqÔthta.

b) Q(0) > 0

Sthn perÐptwsh aut , h sun�rthsh phg c ja par�xei amèswc jetik  jermìthta se

ìlh th yuqr  perioq  {x ∈ Ω : u(x, t) = 0} anex�rthta apì to e�n K
′
(0) = 0. Wc ek

toÔtou, h �mesh aut  jetikopoÐhsh thc lÔshc, den ofeÐletai se epèktash tou sunìrou

me �peirh taqÔthta, all� sto ìti h sun�rthsh phg c Q(0) > 0 par�gei jermìthta

akìmh kai p�nw sth yuqr  perioq . H lÔsh kajÐstatai autìmata klassik , qwrÐc na

antibaÐnei se kanèna fusikì nìmo, afoÔ den ofeÐletai sto “ mh fusikì” fainìmeno thc

�peirhc taqÔthtac di�doshc thc diataraq c.
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Kef�laio 6

Diagr�mmata Diakl�dwshc gia to

topikì prìblhma Di jhshc.

Sunart seic me f(0) = 0.

6.1 Prokatarktik�

'Estw to qronoexart¸meno topikì prìblhma arqik¸n - sunoriak¸n tim¸n,

ut −∆K(u) = λf(u), (6.1aþ)

u0 > 0, x ∈ Ω, (6.1bþ)

u = 0, x ∈ ∂Ω, t ∈ (0, T ), (6.1gþ)

gia k�poio T > 0, me tic paradoqèc pou èqoume jèsei gia tic sunart seic mac, dhlad :

K(s), f(s) kurtèc, jetikèc, aÔxousec gia s > 0, K(0) = K
′
(0) = 0, f(0) = 0.

Oi sunj kec K
′
(0) = 0, f(0) = 0 eÐnai oi gnwstèc sunj kec gia na èqoume lÔsh me

epekteinìmeno forèa ìtan oi arqikèc sunj kec èqoun forèa sumpagèc uposÔnolo tou

qwrÐou Ω.

H sunj khK(0) = 0 mac qrei�zetai diìti jèloume h antÐstrofoc sun�rthshK−1(s)

na èqei pedÐo orismoÔ ìlouc touc jetikoÔc arijmoÔc sun to mhdèn. H exÐsws  mac den

ephre�zetai kajìlou kajìson, e�n K(0) = c > 0 tìte ∆(K(v) − c) = ∆K(v) kai h

sun�rthsh K(v)− c ja eÐnai jetik , aÔxousa kai kurt , me K(0)− c = 0.
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Jèloume na melet soume thn perÐptwsh èkrhxhc se peperasmèno qrìno gia λ > λ∗,

pou shmaÐnei lim supt→t∗− ∥u(·, t)∥ = 0 me t∗ = Tmax <∞, ìtan to λ∗ an kei sto f�sma

tou st�simou probl matoc.

Sunep¸c jewroÔme to antÐstoiqo elleiptikì (st�simo) prìblhma,

−∆K(v) = λf(v), (6.2aþ)

v > 0, x ∈ Ω, (6.2bþ)

v = 0, x ∈ ∂Ω, (6.2gþ)

kai jèloume na melet soume thn perÐptwsh ìpou to λ∗ an kei sto f�sma (an den a-

n kei to prìblhma eÐnai duskolìtero kai paramènei anoiktì), kai den up�rqei kammÐa

lÔsh v(x) gia λ > λ∗, up�rqei mÐa klassik  lÔsh gia λ = λ∗, to opoÐo shmaÐnei ìti

kaj¸c λ→ λ∗− h lÔsh paramènei fragmènh. Sunep¸c, h kampÔlh diakl�dwshc strè-

fetai proc ta arister� sto shmeÐo (λ∗, ∥v∗(·)∥) sto di�gramma λ − ∥v(x)∥, λ ∈ R+,

v ∈ C2(Ω) kai epÐshc up�rqoun toul�qiston dÔo lÔseic gia λ0 < λ < λ∗ gia k�poio

λ0 > 0.

To er¸thma pou eÔloga tÐjetai eÐnai:

Up�rqoun sunart seic K(s) kai f(s), kurtèc, jetikèc kai aÔxousec gia s > 0, me

K(0) = K
′
(0) = 0 kai f(0) = 0, proôpojèseic pou èqoume jèsei sto qronoexart¸meno

prìblhma, tètoiec ¸ste to di�gramma diakl�dwshc tou probl matoc (6.2) na èqei sq ma

⊃ (kleistì f�sma, Ôparxh shmeÐou anastrof c - turning point);

Gia thn exètash tou probl matoc autoÔ, ekteloÔme ton metasqhmatismì:

K(v) = w ⇒ v = K−1(w)⇒ f(v) = f
(
K−1(w)

)
= g(w), g = f ◦K−1,

opìte to prìblhma (6.2) metasqhmatÐzetai sto isodÔnamo:

−∆w = λg(w), (6.3aþ)

w > 0, x ∈ Ω, (6.3bþ)

w = 0, x ∈ ∂Ω. (6.3gþ)

EpÐshc isqÔei h isodunamÐa: e�n to prìblhma (6.2) èqei mÐa lÔsh v(λ) tìte kai to

prìblhma (6.3) ja èqei epÐshc mÐa lÔsh w(λ) - kai antijètwc - e�n to prìblhma (6.2)

den èqei kammÐa lÔsh, to Ðdio ja sumbaÐnei kai gia to prìblhma (6.3).
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Autì shmaÐnei ìti to λ∗, (e�n up�rqei tètoio), ja eÐnai to Ðdio kai gia ta dÔo pro-

bl mata.

'Ara, arkeÐ na melet soume to prìblhma (6.3), to opoÐo eÐnai aploÔstero, dhlad 

na broÔme gia poièc sunart seic g(s) ja èqoume diagr�mmata diakl�dwshc tÔpou ⊃.
E�n prosdiorÐsoume tètoiec sunart seic, tìte eÔkola ja prosdiorÐsoume kai tic ka-

t�llhlec sunart seic K(s) kai f(s).

Apì ton metasqhmatismì g(s) = f(K−1(s)), lamb�noume:

g(0) = 0, kai g
′
(s) = (f(K−1(s)))

′
=
f

′
(K−1(s))

K ′(s)
⇒ g

′
(0) =

f
′
(K−1(0))

K ′(0)
=
f

′
(0)

0
.

'Htoi, gia thn tim  thc pr¸thc parag¸gou sto mhdèn, e�n f
′
(0) > 0 tìte g

′
(0) =

+∞ kai e�n f
′
(0) = 0 tìte g

′
(0) ∈ [0,∞].

ParathroÔme ìti f
′
(0) den mporeÐ na eÐnai arnhtikì, afoÔ se antÐjeth perÐptwsh, ja

up rqe èna di�sthma (0, δ) sto opoÐo f(s) < 0, to opoÐo eÐnai �topo lìgw tou jetikoÔ

thc f(s).

'Eqontac upìyh ta anwtèrw, proqwroÔme sth melèth tou diagr�mmatoc diakl�dwshc

tou probl matoc (6.3), epishmaÐnontac to gegonìc ìti h sqèsh g(0) = 0 ja prokalèsei

arketèc duskolÐec. ParadeÐgmatoc q�rin, de mporoÔme na efarmìsoume tic gnwstèc

mejìdouc gia tic ekjetikèc sunart seic.

Sto shmeÐo autì jèloume na tonÐsoume ìti h bibliografÐa p�nw sto pedÐo autì eÐnai

ter�stia. Gia thn plhrìthta twn phg¸n pou melet same kai antl same stoiqeÐa, ana-

fèroume endeiktik� merikèc polÔ qr simec ergasÐec  /kai biblÐa. (Bl. [3, 4, 5, 12, 20,

23, 28, 29, 34, 86, 115, 120, 124, 125, 131, 132, 133, 143]).

Ja parajèsoume merik� sumper�smata qr sima gia ìsa ja akolouj soun. ArqÐ-

zoume me merik� polÔ gnwst� jewr mata, pou aforoÔn to prìblhma (6.3), (bl. [12]),

afoÔ ìmwc pr¸ta parajèsoume merikèc ènnoiec - orismoÔc, pou aforoÔn th asumptw-

tik  sumperifor� twn sunart sewn, kai tic opoÐec ja tic qrhsimopoi soume suqn�.
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a) MÐa sun�rthsh g(u) ja onom�zetai upergrammik  (superlinear) e�n:(
g(u)

u

)′

> 0. (6.4)

Isodun�mwc ja èqoume:(
g(u)

u

)′

> 0⇒ g
′
(u)u− g(u)

u2
> 0⇒ g

′
(u) > g(u)

u
,  

ug
′
(u)

g(u)
= Kg(u) > 1.

O suntelest c autìc metr� to rujmì aÔxhshc thc sun�rthshc.

b) MÐa sun�rthsh g(u) ja onom�zetai upogrammik  (sublinear) e�n isqÔoun oi

antÐjetec anisìthtec.

g) MÐa sun�rthsh g(u) ja onom�zetai kurt  (convex) e�n g
′′
(u) > 0, kai koÐlh

(concave) e�n g
′′
(u) 6 0.

Epis mansh. MÐa kurt  sun�rthsh den eÐnai upoqrewtik� upergrammik  kont� sto

mhdèn. 'Omwc isqÔei ìti:

d) E�n g(u) kurt  kai g(0) = 0, tìte eÐnai kai upergrammik .

SuneqÐzoume me merik� shmantik� jewr mata.

Je¸rhma 25. (Ikan  sunj kh) E�n up�rqei k�poio a > 0 tètoio ¸ste g(w) > aw

gia w > 0, tìte ja up�rqei λ∗ > 0 tètoio ¸ste gia λ > λ∗, h (6.3) den èqei kammÐa

jetik  lÔsh.

Apìdeixh. Ac upojèsoume ìti g(w) > aw gia w > 0. 'Estw ϕ1 h jetik  idiosun�rth-

sh gia thn pr¸th idiotim  λ1. Pollaplasi�zontac thn (6.3aþ) me ϕ1 kai oloklhr¸nontac

p�nw sto Ω, ja èqoume:

−
∫
Ω

φ1∆wdx = λ

∫
Ω

φ1g(w)dx⇒ −
∫
Ω

w∆φ1dx = λ

∫
Ω

φ1g(w)dx

⇒ λ1

∫
Ω

φ1wdx = λ

∫
Ω

φ1g(w)dx > λa

∫
Ω

φ1wdx.

Epomènwc, e�n h (6.3) èqei mi� jetik  lÔsh, tìte λ 6 λ1/a 6 λ∗.
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Pìrisma 26. E�n g(u) > 0, u > 0, g(0) > 0, kai
(
g(u)
u

)′

all�zei prìsimo apì ta

arnhtik� sta jetik� akrib¸c mi� for� gia k�poio u = β > 0, tìte up�rqei k�poio a > 0

tètoio ¸ste g(u) > au gia u > 0, opìte sÔmfwna me to Je¸rhma 25 ja up�rqei k�poio

λ∗ > 0 tètoio ¸ste gia λ > λ∗, h (6.3) den èqei kammÐa jetik  lÔsh.

Apìdeixh. (Bl. Junping Shi [124]).

Pìrisma 27. Sthn perÐptwsh ìpou g(0) = 0, to Pìrisma 26 eÐnai alhjèc e�n kai

mìno e�n g
′
(0) > 0.

Apìdeixh. Estw g(0) = 0 kai g
′
(0) = 0. EÐnai eÔkolo na doÔme ìti den up�rqei ka-

nèna a > 0 tètoio ¸ste g(u) > au gia u > 0. Omwc e�n g
′
(0) > 0 to Pìrisma 26 isqÔei.

Profan¸c, sthn perÐptws  mac, y�qnoume gia upì-upèr grammikèc sunart seic,

diìti jèloume epiplèon na isqÔei
∫∞
b

ds
g(s)

<∞ gia k�poio b > 0.

Ta anwtèrw jewr mata, molonìti basik�, de dÐnoun kammi� plhroforÐa gia th mor-

f  tou diagr�mmatoc diakl�dwshc. AforoÔn mìno to supremum tou f�smatoc.

Prìsfata, oi Ambrosetti, Brezis kai Cerami melèthsan thn exÐswsh (6.3) epÐ enìc

opoioud pote qwrÐou me leÐo sÔnoro, gia g(s) = sq + sp, me 0 < q < 1 < p 6 n+2
n−2

,

kai apèdeixan thn Ôparxh dÔo jetik¸n lÔsewn ìtan λ ∈ (0, λ∗), dhlad  to f�sma tou

st�simou probl matoc èqei shmeÐo anastrof c.

Gia th sun�rthsh g(s), ekteloÔme touc upologismoÔc:

g(0) = 0 kai g
′
(s) = qsq−1+psp−1 = q

s1−q +ps
p−1, opìte g

′
(0) =∞. EpÐshc,

∫∞
b

ds
g(s)

=∫∞
b

ds
sq+sp

<
∫∞
b

ds
sp
<∞, kajìson p > 1. Epiplèon, sÔmfwna me ta PorÐsmata (27) kai

(26), up�rqei èna a > 0 tètoio ¸ste g(s) > as, s > 0.

'Ontwc, g(s) > 0 gia s > 0, g(0) = 0, g
′
(0) > 0, kai,

(
g(s)
s

)′

=
(
sq+sp

s

)′
=

qsq+psp−sq−sp
s2

= (p−1)sp−(1−q)sq
s2

⇒ (p− 1) sp − (1− q) sq = 0 ⇒ sp−q = 1−q
p−1
⇒ s =(

1−q
p−1

) 1
p−q

, opìte
(
g(s)
s

)′

all�zei prìshmo apì ta arnhtik� sta jetik� akrib¸c mi� fo-

r�, sto shmeÐo s =
(

1−q
p−1

) 1
p−q

> 0.
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Sun�goume ìti h sun�rthsh g(s) = sq + sp eÐnai ìntwc mÐa apì tic upoy fiec gia

tic opoÐec to di�gramma diakl�dwshc ja èqei shmeÐo anastrof c. Parìla aut�, ja

qreiasjeÐ na analÔsoume akìma perissìtero to di�gramma diakl�dwshc. Mi� bajÔterh

melèth ja suneisfèrei shmantik� sth sunèqeia thc ergasÐac mac.

Mi� pr¸th prosp�jeia ègine stic arqèc thc dekaetÐac tou 80 apì ton Lions. Sto

tèloc thc ergasÐac tou o Lions katèdeixe ìti mÐa mèjodoc gia thn ektÐmhsh thc morf c

tou diagr�mmatoc diakl�dwshc twn lÔsewn tou (6.3) eÐnai h antikat�stash tou telest 

−∆w me λ1w opìte h (6.3) aplopoieÐtai sthn apl  exÐswsh λ1w = λg(w), ìpou λ1
eÐnai h pr¸th idiotim  thc −∆ sto H0

1 (Ω). E�n oi mh grammikèc sunart seic den eÐnai

polÔplokec (dhlad  qwrÐc poll� shmeÐa kamp c), to akribèc sq ma tou diagr�mmatoc

diakl�dwshc thc (6.3) eÐnai ìmoio me to gr�fhma thc λ1w = λg(w), kai e�n to qwrÐo

mac eÐnai Ω = Bn dhlad  h monadiaÐa mp�la ston Rn, tìte to di�gramma diakl�dwshc

thc (6.3) eÐnai mÐa peristrof  tou graf matoc thc s/g(s).

'Ola ta anwtèrw eÐnai polÔ qr sima, kai mac kajodhgoÔn stic anazht seic mac.

'Omwc qreiazìmaste perissìtera. Gia to lìgo autì krÐnoume skìpimo na parajèsou-

me to el�qista anagkaÐo jewrhtikì upìbajro, to opoÐo oikodom jhke kurÐwc apì tic

prwtoporiakèc ergasÐec twn Crandall kai Rabinowitz [34] kaj¸c kai apì tic ergasÐec

tou Junping Shi [124], apì ìpou kai antl same to perissìtero, jewrhtikì, ulikì.

Skopìc mac eÐnai na qrhsimopoi soume merik� basik� jewr mata thc jewrÐac dia-

kl�dwshc gia na melet soume to dikì mac prìblhma (mh-topikìthta, f(0) = 0) kai

kurÐwc na ereun soume thn perÐptwsh Ôparxhc kampÔlhc diakl�dwshc me morf  ⊃,
dhlad  na èqoume f�sma fragmèno kai kleistì.
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6.2 Basik� Jewr mata Diakl�dwshc

Sta epìmena jewr mata kai gia lìgouc omoiomorfÐac me antÐstoiqec ergasÐec sth

bibliografÐa, qrhsimopoioÔme to gr�mma u gia th lÔsh sto st�simo prìblhma, kai to

w gia th lÔsh twn grammikopoihmènwn exis¸sewn. EpÐshc, qrhsimopoioÔme thn u san

thn anex�rthth metablht  sth sun�rthsh g, ¸ste to gr�mma s na qrhsimopoihjeÐ wc

h pragmatik  metablht  stic parametrikèc exis¸seic thc kampÔlhc diakl�dwshc.

Ta basik� jewr mata pou parajètoume parak�tw gia thn plhrèsterh parousÐash

tou probl matoc, up�rqoun se ìlh thn antÐstoiqh BibliografÐa. EmeÐc anatrèxame

kurÐwc sto biblÐo tou Juping Shi, [124] gia tic basikèc jewrhtikèc ènnoiec.

Xanagr�foume loipìn to prìblhma (6.3) wc ex c:

∆u+ λg(u) = 0, x ∈ Ω ⊂ RN , (6.5aþ)

u > 0, x ∈ Ω, (6.5bþ)

u = 0, x ∈ ∂Ω. (6.5gþ)

Gia na gÐnei safèc to ti parist�noun oi di�forec par�metroi, parajètoume èna en-

deiktikì sq ma mi�c kampÔlhc diakl�dwshc, (bl.sqhma 6.1).

• (λ0, 0) eÐnai to shmeÐo ìpou èqoume diakl�dwsh apì thn tetrimmènh lÔsh.

• (λ∞,∞) eÐnai to shmeÐo ìpou èqoume diakl�dwsh apì to �peiro.

• (λ∗, u∗) eÐnai èna shmeÐo allag c kateÔjunshc, (turning point), ìpou èqoume

diakl�dwsh (upì eureÐa ènnoia) lìgw thc strof c tou diagr�mmatoc.

Shmei¸noume ìti, an�loga me th mh grammik  sun�rthsh g, to λ0 mporeÐ na eÐnai

mhdèn, jetikì   �peiro. To Ðdio isqÔei kai gia to λ∞.

Ja orÐsoume thn kampÔlh diakl�dwshc parametrik� me anex�rthth par�metro to s.

Ja èqoume: λ = λ(s) kai u = u(s), s ∈ R.

To shmantikìtero je¸rhma sth jewrÐa diakl�dwshc eÐnai to je¸rhma Peplegmènhc

Sun�rthshc (Implicit Function Theorem).
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Sq ma 6.1:

Je¸rhma 28. (Je¸rhma Peplegmènhc Sun�rthshc).

'Estw (λκ, uκ) mÐa jetik  lÔsh sto (6.5) kai ac upojèsoume ìti to grammikopoihmèno

prìblhma,

∆w + λκg
′
(uκ)w = 0, x ∈ Ω, (6.6aþ)

w = 0, x ∈ ∂Ω, (6.6bþ)

w > 0, x ∈ Ω, (6.6gþ)

den èqei kammÐa mh tetrimmènh lÔsh. Tìte, ìlec oi jetikèc lÔseic thc (6.5) kont�

sto (λκ, uκ) èqoun thn parametrik  morf  (λ(s), uκ + sw + z(s)) gia s ∈ (−δ, δ) kai
k�poio δ > 0, ìpou w eÐnai h lÔsh tou probl matoc:

∆w + λκg
′
(uκ)w = −g(uκ), x ∈ Ω, (6.7aþ)

w = 0, x ∈ ∂Ω, (6.7bþ)

w > 0, x ∈ Ω, (6.7gþ)

kai

λ(0) = λκ, λ
′
(0) ̸= 0, z(0) = z

′
(0) = 0.

Je¸rhma 29. (Diakl�dwsh apì thn tetrimmènh lÔsh). E�n g(0) = 0 kai g
′
(0) > 0

kai λ0 = λ1/g
′
(0), tìte ìlec oi jetikèc lÔseic thc (6.5) kont� sto (λ0, 0) èqoun th
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morf  (λ(s), u(s)) = (λ(s), sw + z(s)) gia s ∈ (0, δ) kai k�poio δ > 0, ìpou w eÐnai h

lÔsh tou probl matoc,

∆w + λiw = 0, x ∈ Ω, (6.8aþ)

w = 0, x ∈ ∂Ω, (6.8bþ)

w > 0, x ∈ Ω, (6.8gþ)

me

i = 1, λ(0) = λ0, z(0) = z
′
(0) = 0.

Je¸rhma 30. (Diakl�dwsh apì to �peiro.)

'Estw g
′
(∞) = lim

u→∞
g(u)/u ∈ (0,∞) kai λ∞ = λi/g

′
(∞). Tìte ìlec oi jetikèc lÔ-

seic thc (6.5) kont� sto (λ∞,∞) èqoun th morf  (λ(s), sw + z(s)) gia s ∈ (δ,∞) kai

k�poio δ > 0, ìpou w eÐnai h lÔsh thc (6.8) me i = 1, lim
s→∞

λ(s) = λ∞, kai ∥z(s)∥ = o(s)

tou s→∞.

Je¸rhma 31. (Diakl�dwsh se shmeÐo anastrof c, (turning point).)

'Estw (λ∗, u∗) mÐa jetik  lÔsh thc (6.5) kai upojètoume ìti h grammikopoihmènh

exÐswsh (6.6) èqei mÐa monadik  mh tetrimmènh lÔsh w, pou ikanopoieÐ th sqèsh:∫
Ω

g(u∗)wdx ̸= 0. (6.9)

Tìte, ìlec oi jetikèc lÔseic thc (6.5) kont� sto (λ∗, u∗) èqoun th morf 

(λ(s), u∗ + sw + z(s)) gia s ∈ (−δ, δ) kai k�poio δ > 0, ìpou λ(0) = λ∗, λ
′
(0) = 0,

z(0) = z
′
(0) = 0.

Ja efarmìsoume aut� ta jewr mata gia na kajorÐsoume ta λ0, λ∞ kaj¸c kai thn

kateÔjunsh thc kampÔlhc diakl�dwshc sto shmeÐo anastrof c, gia thn upì exètash

sun�rthsh g(u).

Sto shmeÐo autì ja diatup¸soume kai ja apodeÐxoume èna polÔ shmantikì je¸rhma.

Je¸rhma 32. E�n mi� sun�rthsh g eÐnai eÐte pantoÔ upergrammik  eÐte pantoÔ u-

pogrammik , tìte to prìblhma (6.5) den èqei ekfulismènh lÔsh, kai epomènwc to di�-

gramma diakl�dwshc den èqei kanèna shmeÐo anastrof c. (bl. [124]).
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Apìdeixh. 'Estw ìti h (λ∗, u∗) eÐnai ekfulismènh lÔsh. Pollaplasi�zoume thn (6.5)

me w, thn (6.6) me u∗, afairoÔme kai oloklhr¸noume sto qwrÐo, opìte paÐrnoume:

0 =

∫
Ω

(w∆u∗ − u∗∆w)dx = λ

∫
Ω

(
g

′
(u∗)u∗ − g(u∗)

)
wdx.

'Omwc, me b�sh thn upìjesh, h g
′
(u)u − g(u) den all�zei prìshmo sto [0,∞) kai

h w eÐnai jetik . Epomènwc, katal goume se �topo. (Eid�llwc, f(u) = u, grammik ).

'Ara den up�rqoun ekfulismènec lÔseic kai epomènwc oÔte shmeÐa anastrof c, afoÔ

sta shmeÐa anastrof c h lÔsh eÐnai ekfulismènh.

Sqìlio 33. Wc gnwstìn, gia thn ekjetik  sun�rthsh g(u) = eu up�rqoun shmeÐa

anastrof c. 'Omwc den up�rqei antÐfash diìti parìlo pou h eu eÐnai kurt  sun�rthsh,

sto di�sthma [0, 1] eÐnai upogrammik  kai ìqi upergrammik . (Autì sumbaÐnei diìti e0 =

1 > 0). Pr�gmati, Keu(u) =
u(eu)

′

eu
= u, kai h ekjetik  sun�rthsh eÐnai upogrammik 

sto di�sthma [0, 1] en¸ eÐnai upergrammik  sto [1,∞). 'Ola aut� eÐnai polÔ shmantik�

sth melèth thc morf c twn diagramm�twn diakl�dwshc.

94



6.3 Efarmog  sto prìblhm� mac

SÔmfwna me ta jewr mata twn prohgoumènwn paragr�fwn, prèpei na kataskeu�-

soume sunart seic g gia tic opoÐec h
(
g(u)
u

)′

all�zei prìshmo. M�lista, prèpei na

all�zei prìshmo apì ta arnhtik� sta jetik�, dhlad  na eÐnai upì-upèr-grammik  (sub-

sup) sun�rthsh, diìti e�n  tan upèr-upo-grammik , tìte h anagkaÐa sunj kh gia thn

Ôparxh tou λ∗, dhlad  h
∫∞
b

du
g(u)

<∞, den ja Ðsque.

H upì exètash sun�rthsh g(u) = uq + up, me 0 < q < 1 < p < (n + 2)/(n − 2),

eÐnai ìntwc upì-upèr-grammik .

Sth sunèqeia ja prosdiorÐsoume tic paramètrouc λ0, λ∞.

Apì to Je¸rhma 29, prokÔptei ìti λ0 = λ1/g
′
(0). 'Omwc, g

′
(0) = lim

u→0
g

′
(u) =

∞, opìte λ0 = λ1/ lim
u→0

g
′
(u) = 0.

Apì to Je¸rhma 30, prokÔptei ìti λ∞ = λ1/g
′
(∞), ìpou g

′
(∞) = lim

u→∞
g(u)/u.

'Omwc, g
′
(∞) = lim

u→∞
g(u)/u = lim

u→∞
(uq + up)/u = lim

u→∞
(uq−1 + up−1) = ∞, opìte,

λ∞ = λ1/∞ = 0.

AkoloÔjwc, ja prosdiorÐsoume thn kateÔjunsh thc kampÔlhc sta dÔo aut� shmeÐa

diakl�dwshc.

Gia to skopì autì, parajètoume dÔo porÐsmata apì to biblÐo tou Juping Shi

(bl. [124]). B�sei tou PorÐsmatoc 2.5.7 tou biblÐou autoÔ, mporoÔme na diatup¸soume

thn akìloujh prìtash anaforik� me thn perÐptwsh pou exet�zoume:

Prìtash 34. Upojètoume ìti to (λ0, 0) eÐnai èna shmeÐo ìpou èqoume diakl�dwsh apì

thn tetrimmènh (mhdenik ) lÔsh, kai (λ(s), u(s)) , s ∈ (0, δ), eÐnai h jetik  kampÔlh

twn lÔsewn tou Jewr matoc (29).

E�n h g eÐnai upogrammik    upì-upèr-grammik , tìte (λ(s), u(s)) eÐnai uperkrÐ-

simh, pou shmaÐnei ìti λ(s) > λ0, s ∈ (0, δ), dhlad  h kampÔlh kateujÔnetai proc ta

dexi�. (Blèpe Orismì 2.2.1 sto biblÐo tou Juping Shi).

H sun�rthsh g(u) = uq + up, eÐnai upì-upèr-grammik , me λ0 = 0. SÔmfwna me thn

anwtèrw prìtash, λ(s) > 0, s ∈ (0, δ), kai sto shmeÐo diakl�dwshc (0, 0), h kampÔlh
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Sq ma 6.2:

kateujÔnetai sta dexi�.

B�sei tou PorÐsmatoc 2.5.8 tou biblÐou autoÔ, h akìloujh prìtash eÐnai alhj c

gia thn perÐptwsh pou exet�zoume:

Prìtash 35. Upojètoume ìti (λ∞,∞) eÐnai èna shmeÐo ìpou èqoume diakl�dwsh apì

to �peiro, kai (λ(s), u(s)), s ∈ (δ,∞), eÐnai h kampÔlh jetik¸n lÔsewn tou Jewr matoc

30.

E�n h g eÐnai upì-upèr-grammik , me g(0) = 0, (opìte h g ja eÐnai epÐshc koÐlh -

kurt ), tìte (λ(s), u(s)) eÐnai uperkrÐsimh, pou shmaÐnei ìti λ(s) > λ∞, s ∈ (δ,∞).

H sun�rthsh g(u) = uq + up eÐnai upì-upèr-grammik , me g(0) = 0 kai me λ∞ = 0.

SÔmfwna me thn anwtèrw prìtash, sto shmeÐo diakl�dwshc (0,∞), h kampÔlh kateu-

jÔnetai proc ta dexi�, kajìson λ(s) > 0, s ∈ (δ,∞).

Mèqri stigm c, èqoume katal xei ìti h kampÔlh diakl�dwshc gia th sun�rthsh

g(u) = uq + up, me 0 < q < 1 < p < (n + 2)/(n − 2) èqei, poiotik�, th morf  tou

Sq matoc 6.2.

T¸ra, epekteÐnoume thn kampÔlh Σ− proc ta dexi�, ìso autì eÐnai dunatìn. 'Omwc,

gnwrÐzoume ìti den up�rqei lÔsh gia k�poio λ > 0 kai met�, lìgw tou ìti g(u) > au,

a > 0, u > 0. OrÐzoume wc λ∗ = sup {λ > 0 : h (6.5) èqei jetik  lÔsh gia autì to λ

sto Σ−} > 0. Epomènwc, h Σ− eÐte anastrèfetai proc ta pÐsw (arister�) sto λ∗ eÐte

apeirÐzetai sto λ∗ apì thn arister  meri� tou λ∗.

E�n h Σ− apeirÐzetai sto shmeÐo λ∗, tìte λ∗ kajÐstatai èna shmeÐo diakl�dwshc
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ìpou ja èqoume diakl�dwsh apì to �peiro. Apì thn Prìtash 35 ìmwc, gia th sun�r-

ths  mac, ìtan h kampÔlh èmfanÐzei diakl�dwsh apì to �peiro, aut  mporeÐ na eÐnai

mìno uperkrÐsimh, pou shmaÐnei ìti kateujÔnetai proc ta dexi�. Autì ìmwc eÐnai �to-

po kajìson to λ∗ eÐnai to supremum tou f�smatoc. Wc ek toÔtou, h Σ− prèpei na

strèfetai proc ta arister� sto λ∗, opìte to λ∗ eÐnai shmeÐo anastrof c.

Met� thn anastrof  proc ta arister�, h Σ− ja enwjeÐ me to tm ma Σ+ thc kampÔ-

lhc, to opoÐo proèkuye apì th diakl�dwsh sto shmeÐo (λ∞,∞), lìgw thc sunèqeiac

thc kampÔlhc diakl�dwshc, sÔmfwna me to Je¸rhma Peplegmènhc Sun�rthshc.

Epistrèfoume sto arqikì mac topikì prìblhma Di jhshc,

−∆K(v) = λf(v), x ∈ Ω,

v = 0, x ∈ ∂Ω,

v > 0, x ∈ Ω,

to opoÐo met� to metasqhmatismì,

K(v) = w ⇒ v = K−1(w)⇒ f(v) = f
(
K−1(w)

)
= g(w), (6.10)

katal gei sto isodÔnamo prìblhma,

−∆w = λg(w), x ∈ Ω, (6.11aþ)

w = 0, x ∈ ∂Ω, (6.11bþ)

w > 0, x ∈ Ω. (6.11gþ)

Me b�sh ta leqjènta gia th sun�rthsh g(s), prèpei epiplèon na isqÔei:

g(w) = wq + wp, 0 < q < 1 < p <
n+ 2

n− 2
. (6.12)

Tètoiec sunart seic saf¸c kai up�rqoun. E�n p.q., K(v) = vk, f(v) = vk1 + vk2 ,

me 1 < k1 < k < k2 kai
k2
k
< n+2

n−2
, pou dÐnei k1

k
= q < 1, k2

k
= p > 1 kai p < n+2

n−2
.

Pr�gmati, w = vk ⇒ v = w1/k ⇒ f(v) = vk1 + vk2 = (w1/k)k1 + (w1/k)k2 =

wk1/k + wk2/k = wq + wp = g(w).
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Sq ma 6.3:

Gia th sun�rthsh aut , g(w), apodeÐxame ìti to di�gramma diakl�dwshc èqei morf 

⊃, me 0 < λ∗ <∞. 'Eqoume ìmwc apodeÐxei ìti to isodÔnamo prìblhma,

−∆K(v) = λf(v), x ∈ Ω,

v = 0, x ∈ ∂Ω,

v > 0, x ∈ Ω,

èqei fragmèno f�sma, me to Ðdio mègisto, λ∗. Epiprìsjeta, oi sunart seic K kai f

ikanopoioÔn tic apait seic pou èqoume jèsei gia to qronoexart¸meno prìblhma, dhla-

d  hK(v) eÐnai kurt  meK(0) = K
′
(0) = 0, kai h f(v) eÐnai kai aut  kurt  me f(0) = 0.

EpÐshc,∫ ∞

b

K
′
(s)

f(s)
ds =

∫ ∞

b

ksk−1

sk1 + sk2
ds < k

∫ ∞

b

sk−1

sk2
ds = k

∫ ∞

b

ds

sk2−k+1
<∞,

diìti k2 − k + 1 > 1.

Epiplèon,∫ 1

0

K
′
(s)

s
ds = k

∫ 1

0

sk−1

s
ds = k

∫ 1

0

sk−2ds =
k

k − 1

[
sk−1

]1
0
=

k

k − 1
<∞,

kajìson k − 1 > 0. SÔmfwna me th sqèsh (1.32) tou KefalaÐou 1, autì shmaÐnei ìti

o sumpag c forèac thc lÔshc u(x, t) epekteÐnetai me peperasmènh taqÔthta.

Epanerqìmenoi sto st�simo prìblhma (6.11), e�n strèyoume kat�llhla to di�gram-

ma diakl�dwshc λ− w, ja l�boume to Sq ma 6.3.

98



Ston kl�do Σ− h λ(w) eÐnai aÔxousa. 'Omwc λ(w) = λ(vk) = Λ(v), 1 < k, opìte,

dΛ(v)

dv
=
dλ(vk)

dv
= kvk−1dλ(v)

dv
> 0,

kai to tm ma Σ−
v thc kampÔlhc Λ− v eÐnai epÐshc auxanìmeno.

Ston kl�do Σ+ h λ(w) eÐnai fjÐnousa, opìte,

dΛ(v)

dv
=
dλ(vk)

dv
= kvk−1dλ(v)

dv
< 0

kai to tm ma Σ+
v thc kampÔlhc Λ− v eÐnai epÐshc fjÐnon.

Epiplèon, kaj¸c ∥w∥ → ∞, λ(∥w∥)→ 0. Epomènwc, kaj¸c ∥v∥ → ∞⇒
∥∥vk∥∥→

∞ ⇒ λ(
∥∥vk∥∥)→ 0⇒ Λ(∥v∥)→ 0.

KleÐnontac thn enìthta aut , sumperaÐnoume ìti h kampÔlh diakl�dwshc Λ− v èqei
parìmoio ⊃ sq ma me thn kampÔlh λ− w kai me to Ðdio Λ∗ = λ∗.

Merik� sumper�smata

A) Wc genikì sumpèrasma sÔmfwna me ta anaferjènta anwtèrw, mporoÔme na poÔme

ìti gia to e�n to topikì st�simo prìblhma Di jhshc,

−∆K(v) = λf(v),

èqei di�gramma diakl�dwshc me kleistì fr�gma, kai sugkekrimèna e�n èqei th morf 

⊃, exart�tai �mesa apì to isodÔnamo prìblhma,

−∆w = λg(w).

Oi aparaÐthtec sunj kec pou br kame gia th sun�rthsh g(s), metafèrontai sth sun�r-

thsh f (K−1) (s) = g(s).

ApodeÐxame thn Ôparxh mi�c toul�qiston oikogèneiac tètoiwn sunart sewn K(s)

kai f(s). MporoÔme ìmwc na genikeÔsoume ta sumper�smata kai na sumperil�boume
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sunj kec gia piì genikèc sunart seic K(s) kai f(s).

Dhlad :

1. H sun�rthsh f (K−1) (s) na eÐnai upì - upèr-grammik ,

2. (f (K−1))(0) = 0. Autì prokÔptei apì tic sqèseic: K(0) = 0⇒ K−1(0) = 0⇒
(f (K−1))(0) = f(0) = 0,

3. (f (K−1))
′
(0) > 0, anagkaÐa proôpìjesh b�sei tou PorÐsmatoc 27 tou parìntoc

kefalaÐou, kai bebaÐwc h arqik  mac sunj kh:

∫ ∞

b

K
′
(s)

f(s)
ds <∞, gia b ≥ 0.

B) To di�gramma diakl�dwshc pou melet same sto kef�laio autì afor� to topikì

prìblhma Di jhshc. To mh topikì prìblhma pou exet�zoume mporeÐ na èqei to Ðdio all�

mporeÐ na èqei kai diaforetikì di�gramma diakl�dwshc, profan¸c lìgw thc Ôparxhc

tou oloklhr¸matoc ston paranomast .

'Opwc èqoume  dh diapist¸sei sto Kef�laio 7, ta dÔo probl mata, topikì kai mh

topikì, sundèontai mèsw thc sqèshc:

λ(µ) = µ

(∫
Ω

f(w)dx

)p
,

h opoÐa mporeÐ na mac odhg sei, upì orismènec proôpojèseic, sthn eÔresh tou diagr�m-

matoc tou mh topikoÔ probl matoc apì autì tou topikoÔ.

Gia tic peript¸seic pou exet�zoume, e�n to di�gramma diakl�dwshc tou topikoÔ pro-

bl matoc èqei sq ma ⊃, tìte kai to mh topikì endèqetai na èqei kai autì di�gramma

thc Ðdiac morf c. E�n ìmwc, antÐstrofa, to di�gramma diakl�dwshc tou topikoÔ, pa-

rìti èqei fragmèno f�sma gia thn par�metro λ, den èqei sq ma ⊃, tìte tou µ → µ∗

ja èqoume
∫
Ω
f(w)dx → ∞ kai epomènwc λ → ∞, (sÔmfwna me thn anwtèrw sqèsh),

kai to mh topikì prìblhma den ja èqei fragmèno f�sma. Ara anagkaÐa proôpojesh

gia na èqoume fragmèno f�sma (anoiktì   kleistì) gia to mh topikì prìblhma eÐnai to

di�gramma diakl�dwshc tou topikoÔ na èqei sq ma ⊃.
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H sunj kh aut  ìmwc den eÐnai kai ikan . H morf  tou diagr�mmatoc diakl�-

dwshc tou mh topikoÔ exart�tai apì to pou teÐnei h par�stash,

λ(µ) = µ

(∫
Ω

f(w)dx

)p
, kaj¸c to µ→ 0 kai sugqrìnwc

∫
Ω

f(w)dx→∞,

dhlad  ta endeqìmena eÐnai anoiqt�. 'Omwc ta pijan� endeqìmena eÐnai mìno trÐa:

1) To ìrio thc par�stashc na eÐnai to +∞. Tìte gia to mh topikì prìblhma, to

f�sma eÐnai mh fragmèno.

2) To ìrio thc par�stashc na eÐnai ènac peperasmènoc jetikìc arijmìc. Tìte gia

to mh topikì prìblhma, to f�sma eÐnai fragmèno kai endeqomènwc tÔpou ⊃.
3) To ìrio thc par�stashc na eÐnai to mhdèn. Tìte gia to mh topikì prìblhma, to

f�sma eÐnai fragmèno kai tÔpou ⊃.

G) EpishmaÐnoume ìti oi morfèc twn diagramm�twn diakl�dwshc pou exet�same sto

kef�laio autì isqÔoun sÐgoura ìtan to qwrÐo Ω eÐnai h mp�la BN sto q¸ro RN me

aktÐna r peperasmènh. To prìblhma gia thn akrib  morf  tou diagr�mmatoc diakl�-

dwshc se opoiod pote fragmèno qwrÐo Ω eÐnai èna prìblhma anoiktì. Sthn paroÔsa

diatrib  ìmwc den mac endiafèrei me akrÐbeia h morf  tou, all� apl¸c e�n up�rqei

perÐptwsh na èqei morf  ⊃. MporoÔme na ektim soume genik� thn kat�stash me thn

parak�tw apl  prosèggish.

Estw Ω to qwrÐo mac, me arkoÔntwc leÐo sÔnoro. EpÐshc èstw Br h mègisth se

autì eggegrammènh mp�la, kai BR h el�qisth perigegrammènh mp�la. (bl.sq ma 6.4 ).

To prìblhm� mac orizìmeno sth eswterik  mp�la èqei di�gramma diakl�dwshc mor-

f c ⊃. To Ðdio isqÔei e�n san qwrÐo jewr soume thn exwterik  mp�la. T¸ra, dedo-

mènou ìti to f�sma ja eÐnai fragmèno kai sthn perÐptwsh pou to qwrÐo mac eÐnai to Ω

(afoÔ to fragmèno tou f�smatoc exart�tai apì tic sunart seic K(s) kai f(s) kai ìqi

apì th morf  tou qwrÐou), kai me dedomènou ìti h asummetrÐa tou qwrÐou kat� kanì-

na periplèkei th morf  tou diagr�mmatoc diakl�dwshc, mporoÔme na jewr soume ìti

up�rqoun peript¸seic diagramm�twn diakl�dwshc me morf  ⊃ kai se genik c morf c

fragmèna qwrÐa, me arkoÔntwc leÐo sÔnoro.
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Sq ma 6.4:

Sta Kef�laia 9 kai 10 pou ja asqolhjoÔme me mh topik� probl mata, ja exet�-

soume analutikìtera to fragmèno   mh tou f�smatoc.
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Kef�laio 7

Eust�jeia twn lÔsewn tou st�-

simou mh-topikoÔ probl matoc.

7.1 Prokatarktik�

To qronoexart¸meno mh-topikì prìblhma pou exet�zoume eÐnai:

ut −∆K(u) =
λf(u)(∫

Ω
f(u)dx

)p , x ∈ Ω, t > 0, (7.1aþ)

u(x, t) = 0, x ∈ ∂Ω, t > 0, (7.1bþ)

u(x, 0) = u0(x) ≥ 0, x ∈ Ω, (7.1gþ)

ìpou oi arqikèc sunj kec èqoun sumpag  forèa mèsa sto Ω. EpÐshc,

K(s), K ′(s), K ′′(s) > 0 gia s > 0 kai K(0) > 0, K ′(0) = 0, K ′′(0) ≥ 0, (7.2aþ)

f(s), f ′(s), f ′′(s) > 0 gia s > 0 kai f(0) = 0, f ′(0) ≥ 0, (7.2bþ)∫ ∞

b

ds

f 1−p(s)
<∞ gia k�poio b > 0. (7.2gþ)

To antÐstoiqo st�simo mh-topikì prìblhma eÐnai:

∆K(w) +
λf(w)(∫

Ω
f(w)dx

)p = 0, x ∈ Ω, (7.3aþ)

w(x) = 0, x ∈ ∂Ω. (7.3bþ)
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Jètoume, λ/
(∫

Ω
f(w)dx

)p
= µ, opìte lamb�noume to isodÔnamo topikì prìblhma

gia thn w = w(x):

∆K(w) + µf(w) = 0, x ∈ Ω, (7.4aþ)

w(x) = 0, x ∈ ∂Ω, (7.4bþ)

λ(µ) = µ

(∫
Ω

f(w)dx

)p
. (7.4gþ)

Skopìc mac eÐnai na exet�soume thn asumptwtik  eust�jeia (  mh) twn lÔsewn tou

qronoexart¸menou probl matoc (7.1). Gia na èqei ènnoia h melèth aut  ja prèpei to

antÐstoiqo st�simo prìblhma (7.3) na èqei toul�qiston mÐa lÔsh. Epomènwc anaferì-

maste se ekeÐna ta λ pou an koun sto f�sma tou st�simou probl matoc.

Se prohgoÔmeno kef�laio apodeÐxame ìti upì tic sunj kec pou èqoume jèsei gia

tic sunart seic K kai f , to st�simo prìblhma (7.3) èqei fragmèno f�sma.

H plèon genik  perÐptwsh mi�c tètoiac melèthc eÐnai ìtan to f�sma eÐnai kleistì

kai h morf  tou diagr�mmatoc diakl�dwshc eÐnai tÔpou ⊃. Autì shmaÐnei ìti up�rqei

èna λ∗ < ∞ jetikì tètoio ¸ste gia k�je λ ∈ (0, λ∗) to st�simo prìblhma (7.3) na

èqei mÐa toul�qiston jetik  klassik  lÔsh, kai gia λ = λ∗ akrib¸c mÐa klassik  lÔsh.

H an�lush pou akoloujeÐ sqetÐzetai me th sÔgklish   mh twn lÔsewn tou qronoe-

xart¸menou probl matoc se mÐa lÔsh tou st�simou kaj¸c o qrìnoc teÐnei sto �peiro,

an�loga me tic arqikèc sunj kec oi opoÐec kai kajorÐzoun to e�n oi lÔseic tou probl -

matoc (7.1) eÐnai olikèc wc proc to qrìno. Epeid  oi lÔseic tou st�simou probl matoc

(7.3) eÐnai p�nta jetikèc kai wc ek toÔtou klassikèc, h melèth ja gÐnei gia thn perÐ-

ptwsh klassik¸n lÔsewn.

H paradoq  aut  den eÐnai se b�roc thc genikìthtac, afoÔ kai sthn perÐptwsh pou

èqoume lÔsh me qronik� epekteinìmeno forèa entìc tou qwrÐou Ω kai �ra polÔ asjen ,

ìpwc èqoume deÐxei se prohgoÔmeno kef�laio, e�n h lÔsh eÐnai olik  wc proc

to qrìno, ja jetikopoihjeÐ se peperasmèno qrìno, opìte kai ja gÐ-

nei klassik .
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T¸ra, epeid  h sun�rthsh f(s) eÐnai aÔxousa, gia na mporèsoume na efarmìsoume

arqèc sÔgkrishc ja prèpei na qrhsimopoi soume zeÔgh p�nw - k�tw lÔsewn gia to

prìblhma (7.1).

UpenjumÐzoume ìti (z(x, t); v(x, t)) eÐnai èna zeÔgoc p�nw - k�tw lÔsewn gia to

prìblhma (7.1) e�n:

S(z; v) := zt −∆K(z)− λf(z)(∫
Ω
f(v)dx

)p ≤ 0 ≤ vt −∆K(v)− λf(v)(∫
Ω
f(z)dx

)p =: S(v; z),

(7.5aþ)

z0(x) ≤ u0(x) ≤ v0(x). (7.5bþ)

ìpou gia aploÔsteush, jewroÔme sunj kec Dirichlet sto sÔnoro,

Stic epìmenec dÔo paragr�fouc ja exet�soume thn eust�jeia twn lÔsewn tou sta-

sÐmou, upojètontac ìti to di�gramma diakl�dwshc apoteleÐtai apì dÔo kl�douc. H

genik  perÐptwsh enìc elikoeidoÔc diagr�mmatoc, mporeÐ na eÐnai polÔ piì sÔnjeth,

mporeÐ ìmwc na exetasjeÐ me b�sh tic mejìdouc pou anaptÔsoume parak�tw.
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Sq ma 7.1:

7.2 Eustaj c kl�doc, klassik� zeÔgh p�nw -

k�tw lÔsewn

Exet�zoume wc proc thn eust�jeia pr¸ta ton k�tw kl�do tou diagr�mmatoc dia-

kl�dwshc (blèpe sq ma 7.1).

H mèjodoc pou akoloujoÔme eÐnai h ex c: Gr�foume tic sunart seic z(x, t) kai

v(x, t) sth ex c morf , (parametrikopoÐhsh wc proc to qrìno t, basizìmenoi se parì-

moio skeptikì me autì twn [98]):

z(x, t) = w(x;µ(t)) = w, (7.6aþ)

v(x, t) = w(x;µ(t)) = w, (7.6bþ)
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ìpou w(x;µ) eÐnai lÔseic tou topikoÔ st�simou probl matoc (7.4) kai µ(t) eÐnai su-

n�rthsh tou t, me arqikèc sunj kec, z0 = w0 > 0 kai v0 = w0 < w∗.

JewroÔme thn perÐptwsh:

u0(x) ≤ v0(x) = w0(x) < w∗(x). (7.7)

Sth sunèqeia anazhtoÔme sunj kec gia tic µ(t) kai µ(t) tètoiec ¸ste:

a) (z(x, t); v(x, t)) na eÐnai èna zeÔgoc p�nw - k�tw lÔsewn gia to prìblhma (7.1),

kai,

b) z(x, t), v(x, t) na sugklÐnoun sthn w(x, µ), lÔsh tou probl matoc (7.4), kaj¸c

to t→∞.

Ja doulèyoume loipìn wc ex c:

a) Gia na eÐnai to (z(x, t); v(x, t)) = (w;w) zeÔgoc p�nw - k�tw lÔsewn tou pro-

bl matoc (7.1) ja prèpei na isqÔei:

S(z; v) := zt −∆K(z)− λf(z)(∫
Ω
f(v)dx

)p = wµµ̇+
λf(w)(∫

Ω
f(w)dx

)p − λf(w)(∫
Ω
f(w)dx

)p ≤ 0,

kai

S(v; z) := vt −∆K(v)− λf(v)(∫
Ω
f(z)dx

)p = wµµ̇+
λf(w)(∫

Ω
f(w)dx

)p − λf(w)(∫
Ω
f(w)dx

)p ≥ 0.

Epomènwc ja prèpei:

wµµ̇+
λf(w)(∫

Ω
f(w)dx

)p − λf(w)(∫
Ω
f(w)dx

)p ≤ 0,  

µ̇ ≤

(
λ(∫

Ω
f(w)dx

)p − λ(∫
Ω
f(w)dx

)p
)
f(w)

wµ

=

(
µ
(∫

Ω
f(w)dx

)p(∫
Ω
f(w)dx

)p − µ
)
f(w)

wµ

=

(
µ

(∫
Ω

f(w)dx

)p
− µ

(∫
Ω

f(w)dx

)p)
f(w)

wµ
(∫

Ω
f(w)dx

)p
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kai

wµµ̇+
λf(w)(∫

Ω
f(w)dx

)p − λf(w)(∫
Ω
f(w)dx

)p ≥ 0  

µ̇ ≥

(
λ(∫

Ω
f(w)dx

)p − λ(∫
Ω
f(w)dx

)p
)
f(w)

wµ

=

(
µ
(∫

Ω
f(w)dx

)p(∫
Ω
f(w)dx

)p − µ
)
f(w)

wµ

=

(
µ

(∫
Ω

f(w)dx

)p
− µ

(∫
Ω

f(w)dx

)p)
f(w)

wµ
(∫

Ω
f(w)dx

)p .
MporoÔme na epilèxoume to zeÔgoc

(
w = w(µ); w = w(µ)

)
tètoio ¸ste,

µ

(∫
Ω

f(w)dx

)p
−µ

(∫
Ω

f(w)dx

)p
> 0 kai µ

(∫
Ω

f(w)dx

)p
−µ

(∫
Ω

f(w)dx

)p
< 0,

dhlad ,

µ

(∫
Ω

f(w)dx

)p
< µ

(∫
Ω

f(w)dx

)p
< µ

(∫
Ω

f(w)dx

)p

⇒ µ

(∫
Ω

f(w)dx

)p
< λ < µ

(∫
Ω

f(w)dx

)p
,

basizìmenoi sth sunèqeia thc kampÔlhc ∥w∥ − µ.

Me thn epilog  aut  ja èqoume:

0 < µ̇ ≤
(
µ

(∫
Ω

f(w)dx

)p
− µ

(∫
Ω

f(w)dx

)p)
f(w)

wµ
(∫

Ω
f(w)dx

)p .
Jètoume,

0 < µ̇ =

(
µ

(∫
Ω

f(w)dx

)p
− µ

(∫
Ω

f(w)dx

)p)
inf
x∈Ω

f(w)

wµ
(∫

Ω
f(w)dx

)p .
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OmoÐwc,

0 > µ̇ ≥
(
µ

(∫
Ω

f(w)dx

)p
− µ

(∫
Ω

f(w)dx

)p)
f(w)

wµ
(∫

Ω
f(w)dx

)p
⇒ 0 < −µ̇ ≤

(
µ

(∫
Ω

f(w)dx

)p
− µ

(∫
Ω

f(w)dx

)p)
f(w)

wµ
(∫

Ω
f(w)dx

)p .
Jètoume,

0 < −µ̇ =

(
µ

(∫
Ω

f(w)dx

)p
− µ

(∫
Ω

f(w)dx

)p)
inf
x∈Ω

f(w)

wµ
(∫

Ω
f(w)dx

)p
⇒ 0 > µ̇ =

(
µ

(∫
Ω

f(w)dx

)p
− µ

(∫
Ω

f(w)dx

)p)
inf
x∈Ω

f(w)

wµ
(∫

Ω
f(w)dx

)p .
'EpÐshc jètoume,

inf
x∈Ω

f(w)

wµ
(∫

Ω
f(w)dx

)p = c > 0,

kai oi diaforikèc exis¸seic gia tic µ, µ gÐnontai:

0 < µ̇ = c

(
µ

(∫
Ω

f(w)dx

)p
− µ

(∫
Ω

f(w)dx

)p)
, kai (7.8)

0 > µ̇ = c

(
µ

(∫
Ω

f(w)dx

)p
− µ

(∫
Ω

f(w)dx

)p)
. (7.9)

Epomènwc, µ(t) ↗, µ(t) ↘, w ↗, w ↘, kai eÐnai profanèc ìti kaj¸c t → ∞,

µ(t) → µ, µ(t) → µ, z = w → w, v = w → w, lamb�nontac upìyh ìti u0(x) ≤
v0(x) = w0(x) < w∗(x).

'Omwc, z ≤ u ≤ v kai �ra sumperaÐnoume ìti kaj¸c t → ∞, h u(x, t) → w(x;µ),

upì thn proôpìjesh ìti u0(x) < w∗(x).
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7.3 Astaj c kl�doc, klassik� zeÔgh p�nw -

k�tw lÔsewn

T¸ra ja exet�soume wc proc thn eust�jeia ton p�nw kl�do tou diagr�mmatoc dia-

kl�dwshc (blèpe sq ma 7.2).

Gr�foume p�li tic sunart seic z(x, t) kai v(x, t) upì th morf  z(x, t) = ω(x;µ(t)) =

ω kai v(x, t) = ω(x;µ(t)) = ω, ìpou ω(x, µ) eÐnai lÔseic tou topikoÔ st�simou pro-

bl matoc (7.4), pou antistoiqoÔn ston p�nw kl�do tou diagr�mmatoc

diakl�dwshc, kai µ eÐnai sun�rthsh tou t, me arqikèc sunj kec z0 = ω0 kai v0 = ω0.

Gia ton p�nw kl�do isqÔei, ωµ < 0. JewroÔme thn perÐptwsh,

w∗(x) ≤ u0(x) ≤ ω(x, µ). (7.10)

Exet�zoume t¸ra e�n mporoÔme na kataskeu�soume èna zeÔgoc ω(µ), ω(µ) me ar-

qikèc sunj kec w∗(x) ≤ ω0(x) ≤ u0(x) ≤ ω0(x) ≤ ω(x;µ), ¸ste na isqÔoun oi
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akìloujec anisìthtec:

µ

(∫
Ω

f(ω)dx

)p
< µ

(∫
Ω

f(ω)dx

)p
< µ

(∫
Ω

f(ω)dx

)p
. (7.11)

'Omwc,

µ

(∫
Ω

f(ω)dx

)p
< µ

(∫
Ω

f(ω)dx

)p
, isqÔei p�ntote.

µ

(∫
Ω

f(ω)dx

)p
< µ

(∫
Ω

f(ω)dx

)p
, isqÔei e�n µ kai ω eÐnai arkoÔntwc kont� sta

µ kai ω antistoÐqwc, kai µ≫ µ.

µ

(∫
Ω

f(ω)dx

)p
< µ

(∫
Ω

f(ω)dx

)p
⇒ µ

µ
<

(∫
Ω
f(ω)dx

)p(∫
Ω
f(ω)dx

)p .
H teleutaÐa anisìthta mporeÐ na ikanopoihjeÐ e�n oi sunart seic ω kai ω paramènoun

arkoÔntwc plhsÐon h mÐa sthn �llh. H sunèqeia thc kampÔlhc diakl�dwshc exasfalÐ-

zei ìti oi proôpojèseic autèc dÔnatai na ikanopoihjoÔn.

Apì tic parap�nw anisìthtec paÐrnoume:

µ

(∫
Ω

f(ω)dx

)p
< µ

(∫
Ω

f(ω)dx

)p
⇒ µ

(∫
Ω

f(ω)dx

)p
− µ

(∫
Ω

f(ω)dx

)p
< 0, kai

µ

(∫
Ω

f(ω)dx

)p
< µ

(∫
Ω

f(ω)dx

)p
⇒ µ

(∫
Ω

f(ω)dx

)p
− µ

(∫
Ω

f(ω)dx

)p
< 0.

Epomènwc, èqoume:

µ̇ ≥
(
µ

(∫
Ω

f(ω)dx

)p
− µ

(∫
Ω

f(ω)dx

)p)
f(ω)

ωµ
(∫

Ω
f(ω)dx

)p .
IsqÔei ìti,

µ

(∫
Ω

f(ω)dx

)p
− µ

(∫
Ω

f(ω)dx

)p
< 0 kai ωµ < 0,

opìte lamb�noume:

µ̇ ≥
(
µ

(∫
Ω

f(ω)dx

)p
− µ

(∫
Ω

f(ω)dx

)p)
f(ω)

ωµ
(∫

Ω
f(ω)dx

)p > 0

⇒ µ̇ ≥
(
µ

(∫
Ω

f(ω)dx

)p
− µ

(∫
Ω

f(ω)dx

)p)
f(ω)∣∣ωµ∣∣ (∫Ω f(ω)dx)p > 0,
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kai jètoume:

0 < µ̇ =

(
µ

(∫
Ω

f(ω)dx

)p
− µ

(∫
Ω

f(ω)dx

)p)
sup
x∈Ω

f(ω)∣∣ωµ∣∣ (∫Ω f(ω)dx)p , (7.12)

opìte h sun�rthsh µ(t) aux�nei me to qrìno t pou shmaÐnei ìti h z(x, t) = ω(x, µ(t))

fjÐnei me to qrìno t kai epomènwc apoklÐnei apì th st�simh lÔsh ω(µ), lìgw tou ìti

ω0(x) ≤ ω(x;µ).

EpÐshc, èqoume:

µ̇ ≤
(
µ

(∫
Ω

f(ω)dx

)p
− µ

(∫
Ω

f(ω)dx

)p)
f(ω)

ωµ
(∫

Ω
f(ω)dx

)p .
'Omwc, µ

(∫
Ω
f(ω)dx

)p − µ (∫
Ω
f(ω)dx

)p
< 0 kai ωµ < 0, opìte paÐrnoume:

0 < µ̇ ≤
(
µ

(∫
Ω

f(ω)dx

)p
− µ

(∫
Ω

f(ω)dx

)p)
f(ω)

ωµ
(∫

Ω
f(ω)dx

)p
⇒ 0 < µ̇ ≤

(
µ

(∫
Ω

f(ω)dx

)p
− µ

(∫
Ω

f(ω)dx

)p)
f(ω)

|ωµ|
(∫

Ω
f(ω)dx

)p .
Jètoume,

0 < µ̇ =

(
µ

(∫
Ω

f(ω)dx

)p
− µ

(∫
Ω

f(ω)dx

)p)
inf
x∈Ω

f(ω)

|ωµ|
(∫

Ω
f(ω)dx

)p , (7.13)

kai h sun�rthsh µ(t) aux�nei me to qrìno t pou shmaÐnei ìti h v(x, t) = ω(x, µ(t))

fjÐnei me to qrìno t kai epomènwc apoklÐnei apì th st�simh lÔsh ω(µ), lìgw tou ìti

ω0(x) ≤ ω(x;µ).

Oi sunart seic z(x, t) = ω(x;µ(t)) kai v(x, t) = ω(x;µ(t)) apoklÐnoun apì th

st�simh lÔsh ω(µ) proc thn Ðdia kateÔjunsh (kai oi dÔo eÐnai fjÐnousec), opìte apì

thn anisìthta z(x, t) ≤ u(x, t) ≤ v(x, t) sumperaÐnoume ìti h lÔsh u(x, t) apoklÐ-

nei kai aut  apì th st�simh lÔsh ω(µ) fjÐnontac, gia opoiad pote arqik� dedomèna

ω(µ) > u0(x) ≥ w∗(x). Autì isqÔei gia k�je st�simh lÔsh ω(µ) pou antistoiqeÐ ston

p�nw kl�do tou diagr�mmatoc diakl�dwshc, sthn perÐptwsh bebaÐwc pou o kl�doc au-

tìc fjÐnei sunart sei tou µ.
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Katal xame sto anwtèrw sumpèrasma giatÐ up�rqei toul�qiston èna tètoio zeÔgoc

p�nw - k�tw lÔsewn (z; v) :=
(
ω(µ);ω(µ)

)
pou ikanopoieÐ tic anisìthtec:

µ

(∫
Ω

f(ω)dx

)p
< µ

(∫
Ω

f(ω)dx

)p
< µ

(∫
Ω

f(ω)dx

)p
. (7.14)

Shmei¸noume peraitèrw, ìti h lÔsh u(x, t) fjÐnei ìso µ, µ paramènoun megalÔtera

  Ðsa me µ∗, dhlad  ìso oi sunart seic ω(µ), ω(µ) an koun ston p�nw kl�do. Ja

up�rxei epomènwc ènac qrìnoc t∗ > 0 peperasmènoc   �peiroc, ìpou h u(x, t) ja gÐnei

Ðsh me thn w∗(x).

E�n o qrìnoc autìc eÐnai peperasmènoc, mporoÔme na jewr soume th sun�rthsh

w∗(x) = u(x, t∗) wc tic nèec arqikèc sunj kec gia th lÔsh u(x, t), kai akolouj¸ntac

th diadikasÐa pou perigr�yame gia ton k�tw kl�do, mporoÔme na sumper�noume ìti ka-

j¸c t∗ < t → ∞, h u(x, t) → w(µ), dhlad  sthn antÐstoiqh st�simh lÔsh tou k�tw

kl�dou.

Prin proqwr soume sta epìmena kef�laia pou aforoÔn thn èkrhxh thc lÔshc se

topik� kai se mh topik� probl mata ìtan λ > λ∗, eÐnai qr simo na exet�soume thn

eust�jeia   mh thc tautotik� mhdenik c lÔshc, sthn perÐptwsh pou λ > λ∗.
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7.4 H tautotik� mhdenik  lÔsh eÐnai astaj c

gia opoiesd pote arqikèc sunj kec, ìtan

λ > λ∗.

Wc gnwstìn, h lÔsh u(x, t) thc exÐswshc di�qushc èqei thn idiìthta hmiom�dac,

(bl. [10]):

S(t+ s) = S(t) ◦ S(s). (7.15)

Autì shmaÐnei ìti e�n th qronik  stigm  s h lÔsh eÐnai u(x, s) := us(x), mporoÔme na

jewr soume th sun�rthsh aut  san tic nèec arqikèc sunj kec, to≪qronìmetro≫ ja

arqÐsei apì to mhdèn (metatìpish thc arq c tou qrìnou), kai h lÔsh tou probl matoc,

vt −∆K(v) = λf(v), x ∈ Ω, t > 0,

v0(x) = us(x), x ∈ Ω,

ja eÐnai akrib¸c Ðdia me th lÔsh u(x, t) tou arqikoÔ mac probl matoc, jewr¸ntac thn

teleutaÐa gia qrìnouc megalÔterouc apì s. Sugkekrimèna ja isqÔei:

v(x, t) = u(x, t+ s).

'Estw u(x, tp) eÐnai h lÔsh tou probl matìc mac th qronik  stigm  tp kat� thn

opoÐa aut  kajÐstatai jetik  se ìlo to qwrÐo. Dhlad  h stigm  tp eÐnai h pr¸th qro-

nik  stigm  kat� thn opoÐa ω(t) = Ω. Tìte ja isqÔei u(x, tp) > 0, x ∈ Ω, kai e�n

jewr soume aut n wc ta nèa arqik� dedomèna, h lÔsh mac kajÐstatai klassik  apì th

qronik  aut  stigm  tp kai met�. TonÐzoume ìti o qrìnoc tp eÐnai peperasmènoc.

Epomènwc, met� th qronik  aut  stigm , tp, h lÔsh ja exelÐsetai sÔmfwna me to

akìloujo prìblhma:

vt −∆K(v) = λf(v), x ∈ Ω, t > 0, (7.16aþ)

v(x, 0) = u(x, tp) > 0,   v0(x) = utp(x) > 0, x ∈ Ω. (7.16bþ)

E�n jewr soume t¸ra to prìblhma:

zt −∆K(z) = λ∗f(z) < λf(z), (7.17aþ)
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0 < z(x, 0) < min (v0(x), w
∗) , (7.17bþ)

gia λ > λ∗, apì thn klassik  arq  sÔgkrishc ja èqoume ìti:

v(x, t) > z(x, t), t > 0.

Epomènwc, e�n o mègistoc qrìnoc Ôparxhc Tmax thc v(x, t) eÐnai �peiroc, ja isqÔei:

lim
t→∞

v(x, t) > lim
t→∞

z(x, t) = w∗(x),

opìte lìgw thc sqèshc u(x, t+ s) = v(x, t) ìpou s peperasmènoc, to Ðdio ja isqÔei kai

gia th lÔsh u.

Wc ek toÔtou sumperaÐnoume ìti h tetrimmènh mhdenik  lÔsh eÐnai astaj c.

Profan¸c, e�n Tmax < ∞, tìte èqoume èkrhxh se peperasmèno qrìno, opìte kai

p�li h mhdenik  lÔsh eÐnai astaj c.
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Kef�laio 8

'Ekrhxh gia to topikì prìblhma

Di jhshc, ìtan λ > λ∗.

8.1 Prokatarktik�.

JewroÔme to topikì prìblhma di jhshc thc morf c: ut = ∆K(u) + λ f(u), me

arqik� dedomèna u0 ≥ 0 kai sunoriakèc sunj kec Dirichlet, ìpou f, f ′, f ′′ > 0. Apo-

deiknÔoume èkrhxh twn lÔsewn gia λ > λ∗ kai gia kat�llhla u0(x) ≥ 0 me sumpag 

kai sunektikì forèa sto qwrÐo Ω. To prìblhma ekfulÐzetai sto epÐpedo u = 0 opì-

te o forèac thc lÔshc epekteÐnetai me to qrìno. Gia to lìgo autì ja jewr soume

genikeumènec lÔseic.

To prìblhma pou ja exet�soume eÐnai to akìloujo:

ut = ∆K(u) + λf(u), x ∈ Ω, t ∈ (0,T), (8.1aþ)

u(x, 0) = u0(x), x ∈ Ω, (8.1bþ)

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0,T), (8.1gþ)

gia k�poio T > 0 kai u0(x) ≥ 0 me sunektikì kai sumpag  forèa sto Ω, ìpou Ω kurtì

qwrÐo ston RN . EpÐshc upojètoume:

f(s) > 0, f
′
(s) > 0, f

′′
(s) > 0 gia s > 0, me f(0) = 0, (8.2aþ)

K(s) > 0, K
′
(s) > 0, K

′′
(s) > 0 gia s > 0, me K

′
(0) = 0. (8.2bþ)

(EpÐshc, mporoÔme na p�roume K(0) = 0 qwrÐc kammÐa epÐdrash sth Laplasian ).
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Epiplèon, ∫ ∞

b

K
′
(s)

f(s)
ds <∞, ∀ b > 0, (8.3)

kai ∫ u

0

K
′
(s)

s
ds <∞ ∀ 0 < u <∞, (8.4)

dhlad  h sunj kh gia peperasmènh taqÔthta di�doshc thc diataraq c.

Sto kef�laio autì ja exet�soume to endeqìmeno thc èkrhxhc se peperasmèno qrìno

thc lÔshc u(x, t) tou anwtèrw probl matoc upì kat�llhlec arqikèc sunj kec ìqi

tautotik� mhdèn, ìtanλ > λ∗.

Epeid  èqoume upojèsei K
′
(0) = 0, f(0) = 0, u0(x) ≥ 0 me sunektikì kai sumpag 

forèa sto Ω, èpetai ìti to prìblhma ja eÐnai ekfulismèno sto epÐpedo u = 0 me lÔsh

pou ja èqei sumpag  kai epekteinìmeno forèa entìc tou Ω, kai epomènwc ja prèpei na

doulèyoume se polÔ asjen  morf .

H exÐswsh, se polÔ asjen  morf , eÐnai:

∫ t2

t1

∫
Ω

utηdxdt =

∫ t2

t1

∫
Ω

η∆K(u)dxdt+ λ

∫ t2

t1

∫
Ω

ηf(u)dxdt (8.5)

ìpou η(x, t), (  apl¸c η(x)), eÐnai mÐa dokimastik  sun�rthsh.

To antÐstoiqo st�simo prìblhma eÐnai:

∆K(w) + λf(w) = 0, x ∈ Ω, (8.6aþ)

w(x) = 0, x ∈ ∂Ω. (8.6bþ)

'Opwc eÐnai gnwstì, gia to prìblhma autì up�rqoun sunart seic K(s) kai f(s)

tètoiec ¸ste to di�gramma diakl�dwshc na èqei morf  ⊃, (dhlad , fragmèno, kleistì,
me shmeÐo anastrof c proc ta arister�), kai na up�rqei èna 0 < λ∗ <∞ tètoio ¸ste

gia 0 < λ < λ∗ to st�simo prìblhma na èqei dÔo toul�qiston klassikèc lÔseic, gia

λ = λ∗ mÐa klassik  lÔsh kai gia λ∗ < λ kammÐa lÔsh, oÔte klassik  oÔte genikeumènh.

Epiprìsjeta, sto shmeÐo λ = λ∗, h kampÔlh diakl�dwshc strèfei proc ta arister�.
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8.2 H perÐptwsh thc èkrhxhc.

Ja jewr soume ex' arq c th lÔsh mac p�nw se olìklhro to qwrÐo Ω.

H exÐswsh se polÔ asjen  morf , qrhsimopoi¸ntac touc mèsouc ìrouc Steklov

eÐnai:∫ t+h

t

∫
Ω

utηdxdt =

∫ t+h

t

∫
Ω

η∆K(u)dxdt+ λ

∫ t+h

t

∫
Ω

ηf(u)dxdt, h > 0. (8.7)

ìpou gia antÐ
∫ t2
t1

èqoume jèsei
∫ t+h
t

.

H grammikopoihmènh exÐswsh sto shmeÐo anastrof c (λ∗, w∗) tou diagr�mmatoc tou

st�simou probl matoc eÐnai:

∆(K
′
(w∗)ϕ) + λ∗f

′
(w∗)ϕ = 0, x ∈ Ω, (8.8)

h opoÐa, lìgw thc anastrof c thc kampÔlhc, èqei lÔsh ϕ(x), jetik .

Sto qronoexart¸meno prìblhma, san dokimastik  sun�rthsh lamb�noume thn η =

η(x) = K
′
(w∗(x))ϕ(x) kai met� thn efarmog  thc tautìthtac Green, paÐrnoume thn

exÐswsh:∫ t+h

t

∫
Ω

K
′
(w∗)ϕutdxdt =

∫ t+h

t

∫
Ω

∆(K '(w∗)ϕ)K(u)dxdt+λ

∫ t+h

t

∫
Ω

K
′
(w∗)ϕf(u)dxdt

= −λ∗
∫ t+h

t

∫
Ω

f
′
(w∗)ϕK(u)dxdt+ λ

∫ t+h

t

∫
Ω

K
′
(w∗)ϕf(u)dxdt.

ProsjafairoÔme ton ìro λ∗
∫ t+h
t

∫
Ω
K

′
(w∗)ϕf(u)dxdt sto deÔtero mèloc thc exÐswshc

kai èqoume: ∫ t+h

t

∫
Ω

K
′
(w∗)ϕutdxdt =

= λ∗
∫ t+h

t

∫
Ω

(
K

′
(w∗)ϕf(u)− f ′

(w∗)ϕK(u)
)
dxdt+(λ−λ∗)

∫ t+h

t

∫
Ω

K
′
(w∗)ϕf(u)dxdt

= (λ− λ∗)IB + λ∗
∫ t+h

t

∫
Ω

(
K

′
(w∗)ϕf(u)− f ′

(w∗)ϕK(u)
)
dxdt.

ìpou IB =
∫ t+h
t

∫
Ω
K

′
(w∗)ϕf(u)dxdt > 0. Lìgw tou ìti λ > λ∗, lamb�noume:
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∫ t+h

t

∫
Ω

K
′
(w∗)ϕutdxdt > λ∗

∫ t+h

t

∫
Ω

(
K

′
(w∗)f(u)− f ′

(w∗)K(u)
)
ϕdxdt. (8.9)

AkoloÔjwc, upologÐzoume to qwrikì olokl rwma sto deÔtero mèloc.

Epeid  to qwrÐo Ω eÐnai kurtì kai h f(s) eÐnai aÔxousa, up�rqei èna Ω0 ⊂ Ω kai

ènac jetikìc akèraioc γ ∈ Z+ tètoia ¸ste,∫
Ω

f(u)dx ≤ (γ + 1)

∫
Ω0

f(u)dx⇒
∫
Ω0

f(u)dx ≥ 1

(γ + 1)

∫
Ω

f(u)dx

⇒ φK
′
(m)

∫
Ω0

f(u)dx ≥ φK
′
(m)

(γ + 1)

∫
Ω

f(u)dx

⇒
∫
Ω0

ϕK
′
(w∗)f(u)dx ≥ φK

′
(m)

(γ + 1)

∫
Ω

f(u)dx

⇒
∫
Ω

ϕK
′
(w∗)f(u)dx >

∫
Ω0

ϕK
′
(w∗)f(u)dx ≥ φK

′
(m)

(γ + 1)

∫
Ω

f(u)dx, (8.10)

Jèsame φ = min
x∈Ω0

ϕ(x) > 0 m = min
x∈Ω0

w∗(x) > 0.

'Ara, to qwrikì olokl rwma sto deÔtero mèloc thc sqèshc (8.9) eÐnai:∫
Ω

(
K

′
(w∗)f(u)− f ′

(w∗)K(u)
)
ϕdx =

∫
Ω

K
′
(w∗)f(u)ϕdx−

∫
Ω

f
′
(w∗)K(u)ϕdx

>
ϕK

′
(m)

(γ + 1)

∫
Ω

f(u)dx− Φf
′
(M)

∫
Ω

K(u)dx

=
ϕK

′
(m)

(γ + 1)

[∫
Ω

f(u)dx− (γ + 1)Φf
′
(M)

ϕK ′(m)

∫
Ω

K(u)dx

]
=

= c0

[∫
Ω

f(u)dx− c1
∫
Ω

K(u)dx

]
= c0

∫
Ω

(f(u)− c1K(u))dx

ìpou jèsame
ϕK

′
(m)

(γ + 1)
= c0,

(γ + 1)Φf
′
(M)

ϕK ′(m)
= c1

Katal goume dhlad  sthn anisìthta:∫ t+h

t

∫
Ω

K
′
(w∗)ϕutdxdt > λ∗

∫ t+h

t

c0

∫
Ω

(f(u)− c1K(u))dxdt. (8.11)
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T¸ra, apì th sqesh (8.3) sun�getai ìti ja up�rqei ènac arijmìc S0 ≥ 0 ¸ste e�n

0 < a < 1, tìte gia k�je s > S0:

af(s)

K ′(s)
> c1s⇒ af(s) > c1K

′
(s)s

'Omwc h K(s) eÐnai kurt , jetik , me K(0) = 0. 'Ara ja eÐnai upergrammik  gia k�je

s > 0, (bl.[124] sel.34), kai mporoÔme na qrhsimopoi soume th sqèsh sK
′
(s)

K(s)
> 1 ⇒

K
′
(s) > K(s)

s
, ∀s > 0. Epomènwc ja isqÔei:

af(s) > c1
K(s)

s
s = c1K(s)⇒ af(s)− c1K(s) > 0, ∀s > S0

Profan¸c ènac tètoioc arijmìc eÐnai h megalÔterh lÔsh thc exÐswshc af(s)−c1K(s) =

0. DiakrÐnoume dÔo peript¸seic:

A) E�n S0 = 0 (p�ntote up�rqei mÐa tètoia rÐza afoÔ f(0) = K(0)), dhlad 

af(s) − c1K(s) > 0   af(s) > c1K(s) gia k�poio 0 < a < 1 kai gia k�je s > 0,

tìte h lÔsh ja ekr gnutai se peperasmèno qrìno gia opoiad pote arqik� dedomèna.

Pr�gmati, gia k�je s > 0 ja isqÔei:

af(s)− c1K(s) > 0⇒ f(s)− (1− a)f(s)− c1K(s) > 0

⇒ f(s)− c1K(s) > (1− a)f(s) > 0

kai h sqèsh (8.11) gÐnetai:∫ t+h

t

∫
Ω

K
′
(w∗)ϕutdxdt > λ∗

∫ t+h

t

(
c0

∫
Ω

(f(u)− c1K(u))dx

)
dt

> λ∗
∫ t+h

t

(
c0

∫
Ω

(1− a)f(u)dx
)
dt = λ∗c0(1− a)

∫ t+h

t

(∫
Ω

f(u)dx

)
dt

Pollaplasi�zontac kai ta dÔo mèlh me ton ìro 1/h, ekfr�zoume thn sqèsh se morf 

mèswn ìrwn Steklov:

1

h

∫ t+h

t

∫
Ω

K
′
(w∗)ϕutdxdt > λ∗c0(1− a)

1

h

∫ t+h

t

(∫
Ω

f(u)dx

)
dt

⇒
∫
Ω

K
′
(w∗)ϕ

(
1

h

∫ t+h

t

utdt

)
dx > c2

∫
Ω

(
1

h

∫ t+h

t

f(u)dt

)
dx, (λ∗c0(1−a) = c2)
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⇒
∫
Ω

K
′
(w∗)ϕut,hdx > c2

∫
Ω

f(u)hdx > c2

∫
Ω

f(uh)dx > c2

∫
Ω

K
′
(w∗)ϕ

K ′(M)Φ
f(uh)dx

( diìti h f(u) eÐnai kurt  ),

=
c2

K ′(M)Φ

∫
Ω

K
′
(w∗)ϕf(uh)dx = c3

∫
Ω

K
′
(w∗)ϕf(uh)dx. (ìpou

c2
K ′(M)Φ

= c3)

KanonikopoioÔme thn ϕ(x) ¸ste
∫
Ω
K

′
(w∗)ϕdx = 1, kai èqoume:

d

dt

∫
Ω

K
′
(w∗)ϕuhdx > c3f

(∫
Ω

K
′
(w∗)ϕuhdx

)
diìti h f(s) eÐnai kurt . Jètoume Ah(t) =

∫
Ω
K

′
(w∗)ϕuhdx kai lamb�noume:

d

dt
Ah(t) > c3f (Ah(t)) .

T¸ra, me b�sh tic idiìthtec twn mèswn ìrwn Steklov èqoume ìti, kaj¸c h → 0, to

Ah(t) → A(t) kai uh → u. Sunep¸c, h anisìthta gÐnetai, (anisoðsìthta lìgw thc

l yhc tou orÐou):
d

dt
A(t) ≥ c3f (A(t)) (8.12)

ìpou A(t) =
∫
Ω
K

′
(w∗)ϕudx.

'Ara,

c3dt ≤
dA(t)

f (A(t))
⇒
∫ t

0

dτ ≤ 1

c3

∫ A(t)

A(0)

dτ

f (τ)
⇒ t ≤ 1

c3

∫ ∞

A(0)

dτ

f (τ)
= t∗0 <∞.

'Htoi, kaj¸c to t→ t∗0, h A(t) =
∫
Ω
K

′
(w∗)ϕudx→∞

IsqÔei ìmwc,
∫
Ω
K

′
(w∗)ϕudx < K

′
(M)Φ

∫
Ω
udx, kai epomènwc:

∥u∥L1(Ω) =

∫
Ω

udx→∞, t→ t∗ ∼ t∗0 <∞

Epomènwc, èqoume èkrhxh thc L1−nìrmac thc lÔshc u(x, t) se pepe-

rasmèno qrìno.

B) E�n S0 > 0, tìte, gia 0 < s < S0 ja isqÔei ìti,

min
0<s<S0

(f(s)− c1K(s)) > −L, 0 < L <∞,
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en¸ gia s > S0 ja isqÔei:

f(s)− c1K(s) > (1− a)f(s) > 0.

UpologÐzoume to qwriko olokl rwma sto deÔtero mèloc thc sqèshc (8.11):

c0

∫
Ω

(f(u)−c1K(u))dx = c0

∫
Ω:u≥S0

(f(u)− c1K(u))dx+ c0

∫
Ω:u<S0

(f(u)− c1K(u))dx

> c0(1− a)
∫

Ω:u≥S0

f(u)dx− c0L
∫

Ω:u<S0

dx > c0(1− a)
∫

Ω:u≥S0

f(u)dx− c0L |Ω|

= c0(1− a)
∫
Ω

f(u)dx− c0(1− a)
∫

Ω:u<S0

f(u)dx− c0L |Ω|

> c0(1− a)
∫
Ω

f(u)dx− c0(1− a)f(S0) |Ω| − c0L |Ω|

= c1

∫
Ω

f(u)dx− c2

èqontac jèsei c0(1− a) = c1 kai c0(1− a)f(S0) |Ω|+ c0L |Ω| = c2.

Epomènwc h sqèsh (8.11) gÐnetai:∫ t+h

t

∫
Ω

K
′
(w∗)ϕutdxdt > λ∗

∫ t+h

t

(
c1

∫
Ω

f(u)dx− c2
)
dt

= λ∗c1

∫ t+h

t

∫
Ω

f(u)dxdt− λ∗c2h

> λ∗c1

∫ t+h

t

∫
Ω

K
′
(w∗)ϕ

K '(M)Φ
f(u)dxdt− λ∗c2h

=
λ∗c1

K ′(M)Φ

∫ t+h

t

∫
Ω

K
′
(w∗)ϕf(u)dxdt− λ∗c2h

= c3

∫ t+h

t

∫
Ω

K
′
(w∗)ϕf(u)dxdt− c4h, (ìpou

λ∗c1
K ′(M)Φ

= c3, λ∗c2 = c4)
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Pollaplasi�zontac, ìpwc kai sthn perÐptwsh (A), kai ta dÔo mèlh me ton ìro 1/h

ekfr�zoume th sqèsh se morf  mèswn ìrwn Steklov:

1

h

∫ t+h

t

∫
Ω

K
′
(w∗)ϕutdxdt > c3

1

h

∫ t+h

t

(∫
Ω

K
′
(w∗)ϕf(u)dx

)
dt− c4h

1

h

⇒
∫
Ω

K
′
(w∗)ϕ

(
1

h

∫ t+h

t

utdt

)
dx > c3

∫
Ω

K
′
(w∗)ϕ

(
1

h

∫ t+h

t

f(u)dt

)
dx− c4

⇒
∫
Ω

K
′
(w∗)ϕut,hdx > c3

∫
Ω

K
′
(w∗)ϕf(u)hdx− c4

⇒ d

dt

∫
Ω

K
′
(w∗)ϕuhdx > c3

∫
Ω

K
′
(w∗)ϕf(uh)dx− c4.

KanonikopoioÔme thn ϕ(x) ¸ste
∫
Ω
K

′
(w∗)ϕdx = 1, kai èqoume:

d

dt

∫
Ω

K
′
(w∗)ϕuhdx > c3f

(∫
Ω

K
′
(w∗)ϕuhdx

)
− c4

diìti h f(s) eÐnai kurt . Jètoume Ah(t) =
∫
Ω
K

′
(w∗)ϕuhdx kai lamb�noume:

d

dt
Ah(t) > c3f (Ah(t))− c4 = c3 (f (Ah(t))− c5)

ìpou c5 = c4/c3 > 0.

T¸ra, me b�sh tic idiìthtec twn mèswn ìrwn Steklov èqoume ìti, kaj¸c h → 0,

to Ah(t) → A(t) kai uh → u. Sunep¸c, h anisìthta gÐnetai, (anisoðsìthta lìgw thc

l yhc tou orÐou):
d

dt
A(t) ≥ c3 (f (A(t))− c5) (8.13)

ìpou A(t) =
∫
Ω
K

′
(w∗)ϕudx.

Profan¸c, h f(r)− c5 = 0 èqei opwsd pote mÐa (kai mìno mÐa) jetik  pragmatik 

rÐza, thn f−1(c5), diìti f(0) = 0, c5 > 0 kai h f(r) gnhsÐwc auxousa. Tìte kai h

af(r)− c5 = 0 me a ∈ (0, 1) ja èqei mÐa monadik  rÐza, èstw S1 > 0.

Epeid  h f(r) eÐnai aÔxousa, ja èqoume gia k�je r > S1: af(r) − c5 > 0 ⇒
f(r)− (1− a)f(r)− c5 > 0⇒ f(r)− c5 > (1− a)f(r), dhlad ,

d

dt
A(t) ≥ c3 (f (A(t))− c5) > 0, ∀A(t) > S1.
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E�n A(t0) > S1 ⇒ f (A(t0))− c5 > 0 gia k�poio 0 ≤ t0 <∞, ja èqoume:

d

dt
A(t) ≥ c3 (f (A(t))− c5) > 0⇒ c3dt ≤

dA(t)

f (A(t))− c5

⇒ c3

∫ t

t0

dτ ≤
∫ A(t)

A(t0)

dτ

f (τ)− c5
⇒ t− t0 ≤

1

c3

∫ ∞

A(t0)

dτ

f (τ)− c5
= t2 <∞

⇒ t ≤ t0 + t2 = t̂ <∞.

'Htoi, kaj¸c to t→ t̂ h A(t) =
∫
Ω
K

′
(w∗)ϕudx→∞

IsqÔei ìmwc,
∫
Ω
K

′
(w∗)ϕudx < K

′
(M)Φ

∫
Ω
udx, opìte:

∥u∥L1(Ω) =

∫
Ω

udx→∞, t→ t∗ ∼ t̂ <∞

Epomènwc, èqoume èkrhxh thc L1−nìrmac thc lÔshc u(x, t) se pepe-

rasmèno qrìno.

Merik� sumper�smata.

Sto kef�laio autì exet�same to topikì prìblhma Di jhshc kai apodeÐxame ìti

gia λ > λ∗ èqoume èkrhxh thc lÔshc se peperasmèno qrìno gia kat�llhlec arqikèc

sunj kec mh arnhtikèc kai mh tautotik� mhdèn.

H melèth mac aforoÔse thn perÐptwsh ekfulismènou parabolikoÔ telest  kai gia

autì jèsame K
′
(0) = 0.

EpÐshc, lìgw tou ìti oi arqikèc mac sunj kec eÐqan sumpag  forèa entìc tou

qwrÐou Ω, mac endièfere h lÔsh na èqei kai aut  sumpag  forèa, kai gia autì upojèsame

f(0) = 0. Gia na èqoume kai peperasmènh taqÔthta di�doshc thc diataraq c jèsame th

gnwst  sunj kh: ∫ u

0

K
′
(s)

s
ds <∞ gia k�je 0 < u <∞,

pou mac upoqre¸nei sthn anaz thsh polÔ asjen¸n (genikeumènwn) lÔsewn.

H melèth thc èkrhxhc twn lÔsewn sunduasmènh me OLES tic anwtèrw paradoqèc,

apoteleÐ prwtìtuph ergasÐa. Merik� jèmata proc peraitèrw exètash pou anafÔontai

apì to kef�laio autì eÐnai ta ex c:
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1) An mporoÔme na broÔme sqèseic metaxÔ twn arqik¸n sunjhk¸n, twn sunart sewn

K(u) kai f(u) kai tou qwrÐou Ω (morf  kai mètro), tètoiec ¸ste na èqoume èkrhxh thc

lÔshc protoÔ to epekteinìmeno sÔnoro tou forèa thc lÔshc aggÐxei to ∂Ω.

2) To gnwstì plèon er¸thma, e�n dhlad  mporoÔme na antikatast soume thn apaÐ-

thsh na eÐnai to qwrÐo Ω, kurtì me k�poia �llh ligìtero perioristik .

126



= ,/(-/' .> -'), ),? 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

" %%%%%% & !

!

!!

" # !

!" # !

"

"

Sq ma 8.1:

8.3 DeÔterh apìdeixh (akolouj¸ntac ton epe-

kteinìmeno forèa thc lÔshc).

MÐa pr¸th idèa gia na antimetwpÐsoume to prìblhma autì, eÐnai na jewr soume

èna sumpagèc kai sunektikì uposÔnolo ω0(t) arkoÔntwc kont� sto ω(t), to opoÐo ja

epekteÐnetai kaj¸c to ω(t) epekteÐnetai, kai, ìtan to ω(t) gÐnei Ðso me to Ω, tìte to

ω0(t) na gÐnei Ðso me to Ω0 (bl. Sq ma 8.1).

Ac proqwr soume t¸ra sth melèth twn exis¸sewn tou probl matoc.

H grammikopoihmènh exÐswsh gia thn ekfulismènh lÔsh w∗ eÐnai:

∆(K
′
(w∗)ϕ) + λ∗f

′
(w∗)ϕ = 0, x ∈ Ω, (8.14)

h opoÐa, lìgw tou ekfulismoÔ, èqei mÐa jetik  lÔsh φ(x).

Pollaplasi�zoume me η = η(x) = K
′
(w∗(x))φ(x) to qronoexart¸meno prìblhma,

kai met� thn efarmog  thc tautìthtac Green, paÐrnoume thn exÐswsh:∫ t+h

t

∫
Ω

K
′
(w∗)φutdxdt = h

∫
Ω

K
′
(w∗)φ

(
1

h

∫ t+h

t

utdt

)
dx = h

∫
Ω

K
′
(w∗)φuh,tdx

=

∫ t+h

t

∫
Ω

∆(K
′
(w∗)φ)K(u)dxdt+ λ

∫ t+h

t

∫
Ω

K
′
(w∗)φf(u)dxdt

= −λ∗
∫ t+h

t

∫
Ω

f
′
(w∗)φK(u)dxdt+ λ

∫ t+h

t

∫
Ω

K
′
(w∗)φf(u)dxdt,
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ìpou sto pr¸to mèloc emfanÐsame to mèso ìro Steklov thc lÔshc u ¸ste na èqei èn-

noia h pr¸th qronik  par�gwgìc thc, en¸ sto deÔtero mèloc af same ta qronik� ìria

olokl rwshc apì t sto t + h, afoÔ den èqoume qronikèc parag¸gouc. Profan¸c kai

oi dÔo ekfr�seic eÐnai isodÔnamec.

ProsjafairoÔme ton ìro λ∗
∫ t+h
t

∫
Ω
K

′
(w∗)ϕf(u)dxdt sto dexiì mèloc kai èqoume:

h

∫
Ω

K
′
(w∗)φuh,tdx =

= λ∗
∫ t+h

t

∫
Ω

(
K

′
(w∗)ϕf(u)− f ′

(w∗)ϕK(u)
)
dxdt+(λ−λ∗)

∫ t+h

t

∫
Ω

K
′
(w∗)ϕf(u)dxdt

= (λ− λ∗)IB + λ∗
∫ t+h

t

∫
Ω

(
K

′
(w∗)ϕf(u)− f ′

(w∗)ϕK(u)
)
dxdt,

ìpou èqoume jèsei, IB = IB(t) =
∫ t+h
t

∫
Ω
K

′
(w∗)φf(u)dxdt, to opoÐo eÐnai mh arnhtikì

gia λ− λ∗ > 0 kai h > 0, opìte lamb�noume thn anisìthta:

h

∫
Ω

K
′
(w∗)φuh,tdx > λ∗

∫ t+h

t

∫
Ω

(
K

′
(w∗)f(u)− f ′

(w∗)K(u)
)
ϕdxdt.

ProsjafairoÔme ton ìro K
′
(w∗)f(w∗) sth dexi� oloklhrwtèa posìthta, h opoÐa kai

gÐnetai:

K
′
(w∗)f(u)−f ′

(w∗)K(u) = K
′
(w∗)f(u)−f ′

(w∗)K(u)+K
′
(w∗)f(w∗)−K ′

(w∗)f(w∗)

= (f(u)− f(w∗))K
′
(w∗)− f ′

(w∗)K(u) + f(w∗)K
′
(w∗),

opìte èqoume thn anisìthta,

h

∫
Ω

K
′
(w∗)φuh,tdx > (8.15)

> λ∗
∫ t+h

t

∫
Ω

{
(f(u)− f(w∗))K

′
(w∗)− f ′

(w∗)K(u) +K
′
(w∗)f(w∗)

}
ϕdxdt.

EkteloÔme touc upologismoÔc:

∆K(w∗) + λ∗f(w∗) = 0⇒

⇒ λ∗K
′
(w∗)f(w∗)φ+K

′
(w∗)φ∆K(w∗) = 0
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⇒
∫
Ω

(
λ∗K

′
(w∗)f(w∗)ϕ+K

′
(w∗)ϕ∆K(w∗)

)
dx = 0

⇒
∫
Ω

λ∗K
′
(w∗)f(w∗)ϕdx = −

∫
Ω

K
′
(w∗)ϕ∆(K(w∗))dx =

= −
∫
Ω

K(w∗)∆(K
′
(w∗)ϕ)dx

( epeid  ∆(K
′
(w∗)ϕ) + λ∗f

′
(w∗)ϕ = 0 )

⇒ λ∗
∫
Ω

K
′
(w∗)f(w∗)ϕdx = λ∗

∫
Ω

K(w∗)f
′
(w∗)ϕdx

⇒
∫
Ω

K
′
(w∗)f(w∗)ϕdx =

∫
Ω

K(w∗)f
′
(w∗)ϕdx, (8.16)

sqèsh, h opoÐa apì mình thc eqei endiafèron. Antikajist¸ntac thn anwtèrw

sqèsh sthn (8.15), paÐrnoume:

h

∫
Ω

K
′
(w∗)φuh,tdx >

> λ∗
∫ t+h

t

∫
Ω

{
(f(u)− f(w∗))K

′
(w∗)− f ′

(w∗)K(u) +K(w∗)f
′
(w∗)

}
ϕdxdt

= λ∗
∫ t+h

t

∫
Ω

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdxdt.

DiairoÔme to qwrÐo Ω se ω(t) kai Ω/ω(t) kai h anwtèrw anisìthta dÐnei:

h

∫
ω(t)

K
′
(w∗)φuh,tdx+ h

∫
Ω/ω(t)

K
′
(w∗)φuh,tdx >

> λ∗
∫ t+h

t

∫
ω(t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdxdt

+λ∗
∫ t+h

t

∫
Ω/ω(t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdxdt

= λ∗
∫ t+h

t

∫
ω(t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdxdt

+λ∗
∫ t+h

t

∫
Ω/ω(t)

{
f

′
(w∗)K(w∗)− f(w∗)K

′
(w∗)

}
ϕdxdt
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= λ∗
∫ t+h

t

∫
ω(t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdxdt+ I0,

ìpou,

I0 = λ∗
∫ t+h

t

∫
Ω/ω(t)

{
f

′
(w∗)K(w∗)− f(w∗)K

′
(w∗)

}
ϕdxdt. (8.17)

Epeid  h
∫
Ω/ω(t)

K
′
(w∗)φuh,tdx = 0, katal goume sto:

h

∫
ω(t)

K
′
(w∗)φuh,tdx− I0 >

> λ∗
∫ t+h

t

∫
ω(t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdxdt. (8.18)

Apì to shmeÐo autì, proqwroÔme wc ex c:

Gia k�je sumpag  forèa ω(t) ⊆ Ω, jewroÔme èna uposÔnolo ω0(t) ⊂ ω(t) orizìmeno

wc:

ω0(t) = {x ∈ ω(t)/dist(x, ∂(ω(t)) > ε} , (8.19)

ìpou to ε > 0 eÐnai arkoÔntwc mikrì.

Se aut� ta qronik� epekteinìmena uposÔnola, orÐzoume tic akìloujec qronik� e-

xart¸menec sunart seic:

m(t) = min
x∈ω0(t)

w∗ > 0, (8.20aþ)

ϕ(t) = min
x∈ω0(t)

φ > 0, (8.20bþ)

ψ(t) = min
x∈ω0(t)

u > 0, (8.20gþ)

kaj¸c kai tic stajerèc:

M = max
x∈Ω

w∗ > 0, (8.21aþ)

Φ = max
x∈Ω

φ > 0. (8.21bþ)

EpÐshc jewroÔme to uposÔnolo Ω0 ⊂ Ω, orizìmeno wc:

Ω0 = {x ∈ Ω/dist(x, ∂Ω > ε} . (8.22)
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OrÐzoume tic akìloujec stajerèc:

m = min
x∈Ω0

w∗ > 0, (8.23aþ)

ϕ = min
x∈Ω0

φ > 0. (8.23bþ)

ParathroÔme ìti e�n o qrìnoc Ôparxhc thc lÔshc eÐnai arkoÔntwc meg�loc, tìte

ja up�rqei mÐa qronik  stigm  tp tètoia ¸ste ω(tp) = Ω. Sthn perÐptwsh aut  ja

èqoume, ω0(t) = Ω0, ∀t > tp.

Epomènwc sun�goume ìti ∀t > 0, ω0(t) ⊆ Ω0.

B�sei thc kataskeu c tou Ω0, èqoume ìti,

m = min
x∈Ω0

w∗ = min
t>0

m(t) = min
t>0

(
min
x∈ω0(t)

w∗
)
> 0 (8.24)

kai

ϕ = min
x∈Ω0

φ = min
t>0

ϕ(t) = min
t>0

(
min
ω0(t)

φ

)
> 0. (8.25)

DiairoÔme t¸ra to qwrÐo ω(t) sto ω0(t) kai sto ω(t)/ω0(t). H kÔria anisìthta

(8.18) gÐnetai:

h

∫
ω(t)

K
′
(w∗)φuh,tdx− I0 >

> λ∗
∫ t+h

t

∫
ω0(t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdxdt

+λ∗
∫ t+h

t

∫
ω(t)/ω0(t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdxdt.

Jètoume,

I(t) = λ∗
∫ t+h

t

∫
ω(t)/ω0(t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdxdt,

(8.26)

kai paÐrnoume:

h

∫
ω(t)

K
′
(w∗)φuh,tdx− I0 − I(t) >

> λ∗
∫ t+h

t

∫
ω0(t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdxdt. (8.27)
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Apì th sunj kh aÔxhshc (8.3) metaxÔ twn sunart sewn f(s) kaiK(s), lamb�noume:

f(s)

K ′(s)
> c1s+ c2, s >> 1, (8.28)

ìpou c1, c2 jetikèc stajerèc, pou ja kajorisjoÔn argìtera. T¸ra e�n 0 < S < ∞
eÐnai h megalÔterh rÐza thc exÐswshc:

f(Ŝ)

K ′(Ŝ)
= c1Ŝ + c2, (8.29)

orÐzoume dÔo uposÔnola ωp0(t) kai ω
n
0 (t) tou ω0(t) wc akoloÔjwc:

ωp0(t) = {x ∈ ω0(t) : u(x, t) > S +M}, (8.30aþ)

ωn0 (t) = {x ∈ ω0(t) : 0 < u(x, t) 6 S +M}, (8.30bþ)

ìpou M = max
x∈Ω

w∗. Epomènwc ωp0(t) ∪ ωn0 (t) = ω0(t) kai ω
p
0(t) ∩ ωn0 (t) = ∅.

B�sei twn anwtèrw, to qwrikì olokl rwma sto dexiì mèloc thc (8.27) gr�fetai:∫
ω0(t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdx =

=

∫
ωp
0(t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdx

+

∫
ωn
0 (t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdx.

UpologÐzoume k�je olokl rwma qwrist�.

Ip(t) =

∫
ωp
0(t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdx

=

∫
ωp
0(t)

{
(f(u)− f(w∗))K

′
(w∗)−K ′

(ξ)(u− w∗)f
′
(w∗)

}
ϕdx, w∗ 6 ξ 6 u

>
∫
ωp
0(t)

{
(f(u)− f(w∗))K

′
(w∗)−K ′

(u)(u− w∗)f
′
(w∗)

}
ϕdx

=

∫
ωp
0(t)

K
′
(w∗)

{
(f(u)− f(w∗))− f

′
(w∗)

K ′(w∗)
K

′
(u)(u− w∗)

}
ϕdx⇒
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Ip(t) >
∫
ωp
0(t)

K
′
(w∗)

{
f(u)− f(M)− f

′
(M)

K ′(m)
K

′
(u)u

}
ϕdx. (8.31)

Lìgw tou ìti u ∈ ωp0(t) = {u > S +M}, ja èqoume:

f(u)

K ′(u)
> c1u+ c2 ⇒ f(u) > c1K

′
(u)u+ c2K

′
(u) > c1K

′
(u)u+ c2K

′
(M).

E�n orÐsoume,

c1 = 2
f

′
(M)

K ′(m)
, kai c2 = 2

f(M)

K ′(M)
, ja l�boume:

f(u) > c1K
′
(u)u+ c2K

′
(M) = 2

f
′
(M)

K ′(m)
K

′
(u)u+ 2

f(M)

K ′(M)
K

′
(M)

⇒ 1

2
f(u) >

f
′
(M)

K ′(m)
K

′
(u)u+ f(M)

⇒ −f(M)− f
′
(M)

K ′(m)
K

′
(u)u > −1

2
f(u).

Antikajist¸ntac sthn (8.31), h oloklhrwtèa posìthta tou Ip(t) gÐnetai:

f(u)− f(M)− f
′
(M)

K ′(m)
K

′
(u)u > f(u)− 1

2
f(u) =

1

2
f(u) > 0,

kai

Ip(t) >
1

2

∫
ωp
0(t)

K
′
(w∗)f(u)ϕdx >

1

2
K

′
(m)φ

∫
ωp
0(t)

f(u)dx = c3

∫
ωp
0(t)

f(u)dx, (8.32)

ìpou c3 =
1
2
K

′
(m)φ > 0.

Sqìlio 36. H sun�rthsh f(s) eÐnai ex upojèsewc kurt , me f(0) = 0. Genik¸c, e�n

f(0) > 0, f
′
(0) > 0 kai f

′′
(0) > 0, tìte ja mporoÔsame na thn antikatast soume me

mÐa mikrìterh sun�rthsh g(s), kurt , gia s > 0. P.q. f(s) > f(s)− f(0)− sf ′
(0) =

1
2
f

′′
(0)s2 = g(s), kai tìte g(0) = g

′
(0) = 0, to opoÐo ja  tan qr simo e�n jèlame,

pèran thc apìdeixhc thc èkrhxhc pou eÐnai kai o skopìc thc paroÔsac ergasÐac, na

ektim soume kai to qrìno èkrhxhc. Sthn perÐptwsh aut , ja prèpei na epekteÐnoume

th sun�rthsh f(s) gia s < 0, wc mÐa �rtia sun�rthsh, f(−s) = f(s).
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T¸ra upologÐzoume to �llo olokl rwma, (sto qwrÐo ωn0 (t)).

In(t) =

∫
ωn
0 (t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdx

>
∫
ωn
0 (t)

{
(f(0)− f(w∗))K

′
(w∗)− (K(S +M)−K(0)) f

′
(w∗)

}
ϕdx

= −
∫
ωn
0 (t)

{
f(w∗)K

′
(w∗) +K(S +M)f

′
(w∗)

}
ϕdx

> −
∫
ωn
0 (t)

{
f(M)K

′
(M) +K(S +M)f

′
(M)

}
Φdx

= −Φ
{
f(M)K

′
(M) +K(S +M)f

′
(M)

}
∥ωn(t)∥ = −c4,

ìpou −c4 < 0.

Katìpin aut¸n, h kÔria anisìthta (8.27) gÐnetai:

h

∫
ω(t)

K
′
(w∗)φuh,tdx− I0 − I(t) >

>λ∗
∫ t+h

t

(Ip(t) + In(t))dt

>λ∗
∫ t+h

t

(c3

∫
ωp
0(t)

f(u)dx− c4)dt

=λ∗c3

∫ t+h

t

∫
ωp
0(t)

f(u)dxdt− λ∗c4h. (8.33)

UpologÐzoume to olokl rwma:∫
ωp
0(t)

f(u)dx =

∫
ωp
0(t)

f(u)dx+

∫
ωn
0 (t)

f(u)dx−
∫
ωn
0 (t)

f(u)dx >

>

∫
ω0(t)

f(u)dx−
∫
ωn
0 (t)

max
ωn
0 (t)

f(u)dx =

∫
ω0(t)

f(u)dx− f(S +M) ∥ωn0 (t)∥ .

Opìte h sqèsh (8.33) gÐnetai:

h

∫
ω(t)

K
′
(w∗)φuh,tdx− I0 − I(t) >
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> λ∗c3

∫ t+h

t

(∫
ω0(t)

f(u)dx− f(S +M) ∥ωn0 (t)∥
)
dt− λ∗c4h

= λ∗c3

∫ t+h

t

∫
ω0(t)

f(u)dxdt− λ∗c3f(S +M)

∫ t+h

t

∥ωn0 (t)∥dt− λ∗c4h

> λ∗c3

∫ t+h

t

∫
ω0(t)

f(u)dxdt− λ∗c3f(S +M) ∥Ω∥h− λ∗c4h

= λ∗c3

∫ t+h

t

∫
ω0(t)

f(u)dxdt− (λ∗c3f(S +M) ∥Ω∥+ λ∗c4)h.

Jètoume, λ∗c3f(S +M) ∥Ω∥+ λ∗c4 = c5, kai èqoume:

h

∫
ω(t)

K
′
(w∗)φuh,tdx− I0 − I(t) >

> λ∗c3

∫ t+h

t

∫
ω0(t)

f(u)dxdt− c5h

> λ∗c3

∫ t+h

t

∫
ω0(t)

K
′
(w∗)φ

K ′(M)Φ
f(u)dxdt− c5h

=
λ∗c3

K ′(M)Φ

∫ t+h

t

∫
ω0(t)

K
′
(w∗)ϕf(u)dxdt− c5h.

Jètoume λ∗c3
K′ (M)Φ

= c6 > 0, diìti c3 > 0. Shmei¸noume ìti jèloume c6 > 0, kajìson to

c6 ja eÐnai o pollaplasiast c tou oloklhr¸matoc sto dexiì mèloc. 'Eqoume:

h

∫
ω(t)

K
′
(w∗)φuh,tdx− I0 − I(t) > c6

∫ t+h

t

∫
ω0(t)

K
′
(w∗)ϕf(u)dxdt− c5h. (8.34)

T¸ra ja upologÐsoume ta oloklhr¸mata I0 kai I(t). Eqoume:

I0 = λ∗
∫ t+h

t

∫
Ω/ω(t)

{
f

′
(w∗)K(w∗)− f(w∗)K

′
(w∗)

}
ϕdxdt

> λ∗
∫ t+h

t

∫
Ω/ω(t)

{
f

′
(m)K(m)− f(M)K

′
(M)

}
φdxdt.

Sth dusmenèsterh perÐptwsh ìpou f
′
(m)K(m)− f(M)K

′
(M) = c8 < 0, ja èqoume:

I0 > λ∗c8Φ

∫ t+h

t

∥Ω/ω(t)∥dt > λ∗c8Φ ∥Ω∥h > c9h, λ∗c8Φ ∥Ω∥ = c9 < 0. (8.35)
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Gia to �llo olokl rwma,

I(t) = λ∗
∫ t+h

t

∫
ω(t)/ω0(t)

{
(f(u)− f(w∗))K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

}
ϕdxdt,

upologÐzoume thn oloklhrwtèa posìthta:

(f(u)− f(w∗))K
′
(w∗)− (K(u)−K(w∗)) f

′
(w∗) =

= f
′
(ξ)(u− w∗)K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

> f
′
(w∗)(u− w∗)K

′
(w∗)− (K(u)−K(w∗)) f

′
(w∗)

(alhjeÔei. E�n u < w∗ ⇒ u < ξ < w∗, u − w∗ < 0. E�n u > w∗ ⇒ u > ξ >

w∗, u− w∗ > 0 )

= f
′
(w∗)

(
(u− w∗)K

′
(w∗)−K(u) +K(w∗)

)
= −f ′

(w∗)
(
K(u)−K(w∗)− (u− w∗)K

′
(w∗)

)
= −f ′

(w∗)
(
K(u)− uK ′

(w∗) + w∗K
′
(w∗)−K(w∗)

)
= −f ′

(w∗)K(u) + f
′
(w∗)uK

′
(w∗)− f ′

(w∗)w∗K
′
(w∗) + f

′
(w∗)K(w∗)

> f
′
(m)K(m) + f

′
(m)uK

′
(m)− f ′

(M)K(u)− f ′
(M)MK

′
(M)

= −f ′
(M)K(u) + f

′
(m)K

′
(m)u+ f

′
(m)K(m)− f ′

(M)MK
′
(M)

= −f ′
(M)

(
K(u)− f

′
(m)K

′
(m)

f ′(M)
u+

f
′
(M)MK

′
(M)− f ′

(m)K(m)

f ′(M)

)
= −k1 (K(u)− k2u+ k3) ,

ìpou,

f
′
(M) = k1,

f
′
(m)K

′
(m)

f ′(M)
= k2,

f
′
(M)MK

′
(M)− f ′

(m)K(m)

f ′(M)
= k3 > 0,

opìte to olokl rwma I(t) gÐnetai:

I(t) > −k1λ∗
∫ t+h

t

∫
ω(t)/ω0(t)

(K(u)− k2u+ k3)φdxdt

= λ∗
∫ t+h

t

{
−k1

∫
ω(t)/ω0(t)

(K(u)− k2u)φdx− k1k3
∫
ω(t)/ω0(t)

φdx

}
dt
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> λ∗
∫ t+h

t

{
−k1

∫
ω(t)/ω0(t)

(K(u)− k2u)φdx− k1k3Φ ∥ω(t)/ω0(t)∥
}
dt

> λ∗
∫ t+h

t

{
−k1

∫
ω(t)/ω0(t)

(K(u)− k2u)φdx− k1k3Φ ∥Ω∥
}
dt, k1k3Φ ∥Ω∥ = k4

= λ∗
∫ t+h

t

{
−k1

∫
ω(t)/ω0(t)

(K(u)− k2u)φdx− k4
}
dt

= λ∗
∫ t+h

t

(
−k1

∫
ω(t)/ω0(t)

(K(u)− k2u)φdx
)
dt− k4λ∗h.

Ara,

I(t) > λ∗
∫ t+h

t

(
−k1

∫
ω(t)/ω0(t)

(K(u)− k2u)φdx
)
dt− k4λ∗h. (8.36)

H anisìthta (8.34) gÐnetai:

h

∫
ω(t)

K
′
(w∗)φuh,tdx− I0 − I(t) > c6

∫ t+h

t

∫
ω0(t)

K
′
(w∗)ϕf(u)dxdt− c5h

⇒ h

∫
ω(t)

K
′
(w∗)φuh,tdx >

> c6

∫ t+h

t

∫
ω0(t)

K
′
(w∗)φf(u)dxdt− c5h+ I0 + I(t), c5 + k4λ

∗ − c9 = k5

> c6

∫ t+h

t

∫
ω0(t)

K
′
(w∗)φf(u)dxdt−k5h+λ∗

∫ t+h

t

(
−k1

∫
ω(t)/ω0(t)

(K(u)− k2u)φdx
)
dt

= c6

∫ t+h

t

∫
ω0(t)

K
′
(w∗)φf(u)dxdt− k5h− k1λ∗

∫ t+h

t

(∫
ω(t)/ω0(t)

(K(u))φdx

)
dt+

+k1k2λ
∗
∫ t+h

t

(∫
ω(t)/ω0(t)

uφdx

)
dt

= c6

∫ t+h

t

∫
ω0(t)

K
′
(w∗)ϕf(u)dxdt− k5h

−
∫ t+h

t

∫
ω(t)

k1λ
∗K(u)ϕdxdt+

∫ t+h

t

∫
ω0(t)

k1λ
∗K(u)ϕdxdt

+

∫ t+h

t

∫
ω(t)

k1k2λ
∗uϕdxdt−

∫ t+h

t

∫
ω0(t)

k1k2λ
∗uϕdxdt
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=

∫ t+h

t

∫
ω0(t)

(
c6K

′
(w∗)f(u) + k1λ

∗K(u)− k1k2λ∗u
)
φdxdt

−k1λ∗
∫ t+h

t

∫
ω(t)

(K(u)− k2u)ϕdxdt− k5h

>

∫ t+h

t

∫
ω0(t)

(
c6K

′
(m)f(u) + k1λ

∗K(u)− k1k2λ∗u
)
ϕdxdt

−k1λ∗
∫ t+h

t

∫
ω(t)

(K(u)− k2u)ϕdxdt− k5h.

T¸ra, e�n ω(t) ⊂ Ω0, mporoÔme na p�roume ε = 0 ⇒ ω0(t) = ω(t), kajìson ta

el�qista m kai φ dÔnatai na jewrhjoÔn sto Ω0. Epomènwc:∫ t+h

t

∫
ω0(t)

(
c6K

′
(m)f(u) + k1λ

∗K(u)− k1k2λ∗u
)
ϕdxdt

−k1λ∗
∫ t+h

t

∫
ω(t)

(K(u)− k2u)ϕdxdt− k5h

=

∫ t+h

t

∫
ω(t)

(
c6K

′
(m)f(u) + k1λ

∗K(u)− k1k2λ∗u
)
ϕdxdt

−
∫ t+h

t

∫
ω(t)

k1λ
∗ (K(u)− k2u)ϕdxdt− k5h

=

∫ t+h

t

∫
ω(t)

c6K
′
(m)f(u)φdxdt− k5h

=

∫ t+h

t

∫
Ω

c6K
′
(m)f(u)φdxdt− k5h.

Wc ek toÔtou katal goume sth sqèsh,

h

∫
ω(t)

K
′
(w∗)φuh,tdx >

∫ t+h

t

∫
Ω

c6K
′
(m)f(u)ϕdxdt− k5h. (8.37)

To ω(t) eÐnai o forèac thc lÔshc, �ra,

h

∫
ω(t)

K
′
(w∗)φuh,tdx = h

∫
Ω

K
′
(w∗)φuh,tdx,
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kai h sqèsh (8.37) gÐnetai:

h

∫
Ω

K
′
(w∗)φuh,tdx >

>

∫ t+h

t

∫
Ω

c6K
′
(m)f(u)ϕdxdt− k5h

= c6K
′
(m)

∫ t+h

t

∫
Ω

f(u)ϕdxdt− k5h

> c6K
′
(m)

∫ t+h

t

∫
Ω

K
′
(w∗)

K ′(M)
f(u)ϕdxdt− k5h

=
c6K

′
(m)

K ′(M)

∫ t+h

t

∫
Ω

K
′
(w∗)f(u)ϕdxdt− k5h,

c6K
′
(m)

K ′(M)
= c20

opìte,

h

∫
Ω

K
′
(w∗)φuh,tdx > c20

∫ t+h

t

∫
Ω

K
′
(w∗)f(u)ϕdxdt− k5h. (8.38)

T¸ra, e�n ω(t) = Ω ja isqÔei:∫ t+h

t

∫
ω0(t)

(
c6K

′
(m)f(u) + k1λ

∗K(u)− k1k2λ∗u
)
ϕdxdt

−k1λ∗
∫ t+h

t

∫
ω(t)

(K(u)− k2u)ϕdxdt− k5h

=

∫ t+h

t

∫
Ω0

(
c6K

′
(m)f(u) + k1λ

∗K(u)− k1k2λ∗u
)
ϕdxdt

−k1λ∗
∫ t+h

t

∫
Ω

(K(u)− k2u)ϕdxdt− k5h

=

∫ t+h

t

∫
Ω0

(
c6K

′
(m)f(u) + k1λ

∗K(u)
)
φdxdt− k1k2λ∗

∫ t+h

t

∫
Ω0

uφdxdt

−k1λ∗
∫ t+h

t

∫
Ω

(K(u)− k2u)ϕdxdt− k5h

> ϕ

∫ t+h

t

∫
Ω

1

γ + 1

(
c6K

′
(m)f(u) + k1λ

∗K(u)
)
dxdt− k1k2λ∗

∫ t+h

t

∫
Ω

uφdxdt
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−
∫ t+h

t

∫
Ω

(k1λ
∗K(u)− k1λ∗k2u)ϕdxdt− k5h

(epeid  c6K
′
(m)f(u) + k1λ

∗K(u) eÐnai aÔxousa kai to qwrÐo Ω eÐnai kurtì)

>
ϕ

Φ

∫ t+h

t

∫
Ω

1

γ + 1

(
c6K

′
(m)f(u) + k1λ

∗K(u)
)
φdxdt− k1k2λ∗

∫ t+h

t

∫
Ω

uφdxdt

−
∫ t+h

t

∫
Ω

(k1λ
∗K(u)− k1λ∗k2u)ϕdxdt− k5h

=

∫ t+h

t

∫
Ω

(
c6K

′
(m)ϕ

(γ + 1)Φ
f(u) +

k1λ
∗ϕ

(γ + 1)Φ
K(u)− k1k2λ∗u− k1λ∗K(u) + k1k2λ

∗u

)
φdxdt

−k5h

=

∫ t+h

t

∫
Ω

(
c6K

′
(m)ϕ

(γ + 1)Φ
f(u) +

k1λ
∗ϕ

(γ + 1)Φ
K(u)− k1λ∗K(u)

)
φdxdt− k5h

=
1

(γ + 1)Φ

∫ t+h

t

∫
Ω

(
c6K

′
(m)ϕf(u) + k1λ

∗ (ϕ− (γ + 1)Φ)K(u)
)
φdxdt− k5h.

Jèloume,

c6K
′
(m)ϕf(u) + k1λ

∗ (ϕ− (γ + 1)Φ)K(u) >
1

2
c6K

′
(m)ϕf(u). (8.39)

Sqìlio 37. Jèsame sto dexiì mèloc ton ìro autì, diìti jèloume na diathr soume

k�poio pollapl�sio thc kurt c sun�rthshc f(s), h Ôparxh thc opoÐac ja mac odhg sei

sthn èkrhxh.

Epomènwc,
1

2
c6K

′
(m)ϕf(u) > k1λ

∗ ((γ + 1)Φ− ϕ)K(u)

⇒ f(u) >
2k1λ

∗ ((γ + 1)Φ− ϕ)
c6K

′(m)ϕ
K(u).

'Omwc, k1 = f
′
(M), c6 =

λ∗c3
K ′(M)Φ

, c3 =
1

2
K

′
(m)φ, opìte,

2k1λ
∗ ((γ + 1)Φ− ϕ)
c6K

′(m)ϕ
=

4K
′
(M)Φf

′
(M)λ∗ ((γ + 1)Φ− ϕ)

λ∗K ′(m)ϕK ′(m)ϕ

=
4K

′
(M)f

′
(M)Φ

(
γ Φ
ϕ
+ Φ

ϕ
− 1
)

(K ′(m))2 ϕ
= c.
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EpÐshc,
Φ

ϕ
=

max
x∈Ω

φ

min
x∈Ω0

φ
>

max
x∈Ω0

φ

min
x∈Ω0

φ
> 1 sto Ω, opìte c > 0.

T¸ra, oi K
′
(m) kai ϕ exart¸ntai apì to qwrÐo Ω0 to opoÐo me th seir� tou exart�tai

apì to γ.

'Ara, sto uposÔnolo Ω0 antistoiqeÐ mÐa stajer� γ, gia thn opoÐa oi K
′
(m) kai ϕ

eÐnai sugkekrimènec, pou shmaÐnei ìti c eÐnai mÐa sugkekrimènh jetik  stajer�.

Epomènwc jèloume na isqÔei f(u) > cK(u), to opoÐo ikanopoieÐtai gia u > sk, san

apotèlesma thc tejeÐsac proôpìjeshc:∫ ∞

b

K
′
(s)

f(s)
ds <∞⇒ f(s)

K ′(s)
> cs⇒ f(s) > csK

′
(s). (8.40)

'Omwc h sun�rthsh K(s) eÐnai upergrammik , pou shmaÐnei, sK
′
(s)

K(s)
> 1⇒ sK

′
(s) >

K(s), opìte sun�goume ìti,

f(s) > cK(s), gia s≫ 1. (8.41)

Wc ek toÔtou ja èqoume:

h

∫
ω(t)

K
′
(w∗)φuh,tdx >

>
1

(γ + 1)Φ

∫ t+h

t

∫
Ω

(
1

2
c6K

′
(m)φf(u)

)
ϕdxdt− k5h

=
c6K

′
(m)φ

2(γ + 1)Φ

∫ t+h

t

∫
Ω

f(u)ϕdxdt− k5h

>
c6K

′
(m)φ

2(γ + 1)Φ

∫ t+h

t

∫
Ω

K
′
(w∗)

K ′(M)
f(u)ϕdxdt− k5h

=
c6K

′
(m)φ

2(γ + 1)K ′(M)Φ

∫ t+h

t

∫
Ω

K
′
(w∗)f(u)ϕdxdt− k5h,

c6K
′
(m)φ

2(γ + 1)K ′(M)Φ
= c21,

opìte,

h

∫
ω(t)

K
′
(w∗)φuh,tdx > c21

∫ t+h

t

∫
Ω

K
′
(w∗)f(u)ϕdxdt− k5h

⇒ h

∫
Ω

K
′
(w∗)φuh,tdx > c21

∫ t+h

t

∫
Ω

K
′
(w∗)f(u)ϕdxdt− k5h.
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'Etsi kai stic dÔo peript¸seic, eÐte ω(t) ⊂ Ω0 eÐte ω(t) = Ω, ja èqoume:

h

∫
Ω

K
′
(w∗)φuh,tdx > c22

∫ t+h

t

∫
Ω

K
′
(w∗)f(u)ϕdxdt− k5h, (8.42)

ìpou c22 = min(c20, c21), kai met� apì mi� qronik  stigm  t1 kat� thn opoÐa h u kajÐ-

statai megalÔterh apì s2.

Apì ed¸ kai pèra h èkrhxh eÐnai anapìfeukth. 'Etsi èqoume:

h

∫
Ω

K
′
(w∗)φuh,tdx > c22

∫ t+h

t

∫
Ω

K
′
(w∗)f(u)ϕdxdt− k5h

⇒
∫
Ω

K
′
(w∗)φuh,tdx > c22

∫
Ω

K
′
(w∗)ϕ

(
1

h

∫ t+h

t

f(u)dr

)
dx− 1

h
k5h

⇒
∫
Ω

K
′
(w∗)φuh,tdx >

> c22

∫
Ω

K
′
(w∗)ϕf(u)hdx−k5 > c22

∫
Ω

K
′
(w∗)ϕf(uh)dx−k5 > c22f

(∫
Ω

K
′
(w∗)ϕuhdx

)
−k5

⇒ d

dt

∫
Ω

K
′
(w∗)ϕuhdx > c22f

(∫
Ω

K
′
(w∗)ϕuhdx

)
− k5.

Jètoume,

Ah(t) =

∫
Ω

K
′
(w∗)ϕuhdx, (8.43)

kai paÐrnoume
d

dt
Ah(t) > c22f (Ah(t))− k5. (8.44)

Jèloume na isquei c22f (Ah(t)) − k5 > 0 ⇒ c22f
(∫

Ω
K

′
(w∗)ϕuhdx

)
− k5 > 0 ⇒∫

Ω
K

′
(w∗)ϕuhdx > f−1(k5/c22) = k10.

Autì p�ntote epitugq�netai, kajìson h lÔsh u(x, t) eÐnai mh fragmènh. Gia par�-

deigma, mÐa ikan  sunj kh eÐnai h exhc:
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∫
Ω

K
′
(w∗)ϕuhdx >

∫
Ω

K
′
(m)φuhdx = K

′
(m)φ

∫
Ω

uhdx > k10

⇒
∫
Ω

uhdx >
k10

K ′(m)φ
= k11 ⇒ ∥uh∥L1(Ω) > k11,

p�ntote epitugqanìmenh met� apì mÐa qronik  stigm  t̂1.

'Eqontac exasfalÐsei thn Ôparxh enìc tètoiou qrìnou t̂1, lamb�noume:

dAh(t)

c22f (Ah(t))− k5
> dt⇒

∫ Ah(t)

Ah(t̂1)

dr

c22f (r)− k5
> t− t̂1

⇒ t− t̂1 <
∫ Ah(t)

Ah(t̂1)

dr

c22f (r)− k5
<

∫ ∞

Ah(t̂1)

dr

c22f (r)− k5
= t̂2 <∞

⇒ t < t̂1 + t̂2 = t̂3.

Autì shmaÐnei ìti, Ah(t) =
∫
Ω
K

′
(w∗)ϕuhdx→∞, tou t→ t̂3.

H anwtèrw sqèsh alhjeÔei gia k�je h > 0, opìte stèlnontac to h→ 0 èqoume:∫
Ω

K
′
(w∗)ϕudx→∞, kaj¸c t→ t̂4 <∞.

(t̂4 endeqomènwc na eÐnai diaforetikì tou t̂2, all� p�ntote <∞).

'Omwc,
∫
Ω
K

′
(w∗)ϕudx < K

′
(M)Φ

∫
Ω
udx, ìpou jèsame M = supxw

∗ < ∞ kai

Φ = supx ϕ <∞, pou shmaÐnei ìti,

K
′
(M)Φ

∫
Ω

udx→∞⇒
∫
Ω

udx→∞

⇒ ∥u∥L1(Ω) →∞, kaj¸c t→ t∗ <∞. (8.45)

Epomènwc, èqoume èkrhxh se peperasmèno qrìno thc L1- nìrmac thc

lÔshc u(x, t).

H teleutaÐa perÐptwsh eÐnai ìtan ω(t)∩Ω0 ̸= ∅, meas(ω(t)∩Ω0) > 0, kai ω(t) ⊂ Ω.

'Ena endeiktikì sq ma thc perÐptwshc aut c eÐnai to Sq ma 8.2.
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Sq ma 8.2:

'Estw

ε1 = dist(ω(t),Ω) = min
x∈ω(t)

(dist(x, ∂Ω)) . (8.46)

JewroÔme to uposÔnolo ω̂(t), orizìmeno wc,

ω̂(t) = {x ∈ Ω/dist(x, ∂Ω) > ε1} . (8.47)

EÐnai profanèc apì to Sq ma 8.2 ìti,

ε1 < ε, ω(t) ⊂ ω̂(t) ⊂ Ω, kai Ω0 ⊂ ω̂(t).

T¸ra, epeid  to Ω eÐnai kurtì qwrÐo, to ω̂(t) ja eÐnai epÐshc kurtì, wc apotèlesma

thc kataskeu c tou.

Sto shmeÐo autì kai proc apofug  epanal yewn, perigr�foume thn akoloujoÔmenh

diadikasÐa, h opoÐa eÐnai:

1.
∫
ω(t)

dx =
∫
ω̂(t)

dx, (diìti ω(t) eÐnai o forèac thc lÔshc).

2. ω̂(t) kurtì shmaÐnei ìti up�rqei mÐa stajer� γ > 0 tètoia ¸ste
∫
Ω0
f(u)dx >

1
γ+1

∫
ω̂(t)

f(u)dx (apì to je¸rhma twn par�llhla metakinoÔmenwn epipèdwn).

3. EkteloÔme toÔc Ðdiouc upologismoÔc ìpwc prohgoÔmena, p�nw sto qwrÐo Ω0,

kai basizìmenoi sthn anwtèrw anisìthta, metafèroume thn anisìthta me thn Ðdia for�
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sto qwrÐo ω̂(t) kai epomènwc kai sto ω(t), kai telik� sto Ω.

4. Oi upologismoÐ gia thn apìdeixh thc èkrhxhc, gÐnontai akrib¸c ìpwc sthn proh-

goÔmenh perÐptwsh.

Parìla aut�, kai mil¸ntac ìqi austhr�, mporoÔme na poÔme ìti h qronik  di�rkeia

kat� thn opoÐa ω(t) ∩ Ω0 ̸= ∅ kai ω(t) ⊂ Ω, eÐnai peperasmènh, kai epomènwc den

ephrre�zei thn perÐptwsh thc èkrhxhc se peperasmèno qrìno, par� mìnon th qronik 

stigm  thc èkrhxhc. EpÐshc upenjumÐzoume ìti h stajer� ε eÐnai ènac mikrìc jetikìc

arijmìc.
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Kef�laio 9

'Ekrhxh twn lÔsewn tou mh

topikoÔ probl matoc ìtan λ > λ∗.

Exet�zoume thn Ôparxh, monadikìthta kai thn èkrhxh twn lÔsewn u = u(x, t;λ) se

èna mh-topikì parabolikì prìblhma gia thn exÐswsh ut = ∆u + λf(u)/
(∫

Ω
f(u)dx

)p
,

Ω ⊂ RN , N ≥ 1, gia λ > 0 kai 0 < p < 1, me arqik� dedomèna u0 ≥ 0 kai kat�llhlec

sunoriakèc sunj kec. H sun�rthsh f eÐnai jetik , aÔxousa kai kurt , kai 1/f (1−p)

eÐnai oloklhr¸simh sto �peiro. O kÔrioc skopìc mac eÐnai na apodeÐxoume, me b�sh

mÐa paradoq  gia to λ-f�sma, ìti h lÔsh u ekr gnutai se peperasmèno qrìno t∗, gia

λ > λ∗ kai gia kat�llhlec u0(x) ≥ 0. Ed¸, λ∗ eÐnai to supremum twn λ tètoio ¸ste

gia λ ≤ λ∗ na up�rqei st�simh lÔsh.

9.1 Eisagwg 

ApodeiknÔoume thn èkrhxh twn lÔsewn gia to akìloujo mh-topikì prìblhma arqi-

k¸n - sunoriak¸n sunjhk¸n:

ut = ∆u+
λf(u)(∫

Ω
f(u)dx

)p , x ∈ Ω, t > 0, (9.1aþ)

B(u) = ∂u

∂n
+ β(x)u = 0, x ∈ ∂Ω, t > 0, (9.1bþ)

u(x, 0) = u0(x) ≥ 0, x ∈ Ω, (9.1gþ)
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ìpou Ω eÐnai èna fragmèno qwrÐo tou RN me arkoÔntwc leÐo sÔnoro ∂Ω kai n eÐnai to

proc ta èxw monadiaÐo k�jeto dianusmatikì pedÐo. Gia lìgouc praktikoÔc, jewroÔme

mh arnhtik� arqik� dedomèna. Epishc gia na èqoume klassikèc lÔseic, arkeÐ ta arqik�

dedomèna u0 ∈ L∞(Ω)   u0 ∈ L2(Ω). Jètoume sunoriakèc sunj kec thc morf c

B(u). Oi sunj kec autèc eÐnai apìrroia tou nìmou Fourier gia th di�qush kai thc

diat rhshc thc m�zac,   thc jermik c agwgimìthtac kai thc diat rhshc thc enèrgeiac.

H sun�rthsh 0 ≤ β = β(x) ≤ ∞, eÐnai C1+α(∂Ω), α > 0, ìpote aut  eÐnai fragmènh

(β ≡ 0, β ≡ ∞, 0 < β < ∞ shmaÐnei Neumann, Dirichlet kai Robin sunoriakèc

sunj kec antÐstoiqa). Oi par�metroi λ, p eÐnai jetikèc me p ∈ (0, 1) kai h sun�rthsh

f ikanopoieÐ:

f(s) > 0, f
′
(s) > 0, f

′′
(s) > 0, gia s ≥ 0, (9.2aþ)∫ ∞

0

ds

f 1−p(s)
<∞, (9.2bþ)

p.q. f(s) = (1 + s)1+k gia k > p/(1− p)   f(s) = es.

To prìblhma autì perigr�fei di�fora fusik� fainìmena, ìpwc anafèrontai stic

ergasÐec twn Bebernes-Lacey [15] kai Bebernes-Li-Talaga [16]. Sto [64], oi Gao-Feng

Zheng apodeiknÔoun èkrhxh gia to prìblhma (1), ìtan f(u) = eu, qrhsimopoi¸ntac

energeiakèc mejìdouc kai sunarthsiak� Liapunov. Sugkekrimèna h sun�rthsh f(u) =

eu dèqetai èna sunarthsiakì Liapunov thc morf c

E(u) =
1

2

∫
Ω

|∇u|2dx− λ

1− p

∫
Ω

eudx.

UpenjumÐzoume ìti gia mh-topik� probl mata me f aÔxousa, h arq  megÐstou den isqÔei

wc èqei, ìpwc sumbaÐnei sta topik� probl mata. Par�ola aut�, mporeÐ na efarmostoÔn

teqnikèc sÔgkrishc me th qr sh zeug¸n p�nw kai k�tw lÔsewn, bl. [13].

MÐa diaforetik  mèjodoc èqei dojeÐ apì ton Bellout, sto [17]. H mèjodoc aut  o-

nom�zetai concavity mèjodoc, kai parèqei èna krit rio èkrhxhc gia topik� probl mata.

Sto kef�laio autì genikeÔoume, anaforik� me thn sun�rthsh f , ta apotelèsmata

tou [64] qwrÐc th qr sh k�poiou sunarthsiakoÔ Liapunov, kai gia opoiad poue su-

n�rthsh f pou ikanopoieÐ thn (9.2), qrhsimopoi¸ntac thn eponomazìmenh fasmatik 
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mèjodo   mèjodo Kaplan, bl. [12, 90, 119] kai tic sqetikèc anaforèc.

Tèloc, to kef�laio autì èqei organwjeÐ wc ex c: sthn enìthta 9.2 exet�zoume en

suntomÐa thn Ôparxh kai th monadikìthta twn lÔsewn tou (9.1), kaj¸c epÐshc kai ta

antÐstoiqa topik� kai mh topik� st�sima probl mata. Sthn enìthta 9.3 gia lìgouc

plhrìthtac kai sun�feiac, anafèroume apotelèsmata [81], gia thn èkrhxh twn lÔsewn

gia arkoÔntwc meg�la λ kai gia arkoÔntwc meg�la arqik� dedomèna. To kurÐwc apo-

tèlesma parousi�zetai sthn enìthta 9.4, upì mÐa paradoq  sto f�sma thc paramètrou

λ kai me kat�llhla arqik� dedomèna, apodeiknÔoume èkrhxh gia λ > λ∗ ìpou λ∗ eÐnai

to supremum tou λ tètoio ¸ste gia λ ≤ λ∗ na up�rqei st�simh lÔsh gia to mh topikì

prìblhma. Tèloc, sthn enìthta 9.5, sunoyÐzoume ta apotelèsmata.

9.2 'Uparxh, monadikìthta kai st�simo prìblh-

ma.

9.2.1 'Uparxh kai monadikìthta gia to parabolikì prì-

blhma.

'Uparxh kai monadikìthta twn lÔsewn gia to prìblhma (9.1), prokÔptei apì thn

klassik  jewrÐa twn Merik¸n Diaforik¸n Exis¸sewn, me thn proôpìjesh ìti u0 ∈
L2(Ω), supx u0 < ∞, bl.[15, 88]. H mh epektasimìthta thc lÔshc ofeÐletai sthn è-

krhxh.

MÐa �llh mèjodoc gia thn apìdeixh thc Ôparxhc lÔshc gia to prìblhma (9.1) eÐnai

mèsw thc oloklhrwtik c anapar�stashc. Sugkekrimèna, sto Ω ⊂ RN , N ≥ 1, gia mÐa

metr simh kai fragmènh u0(x), to prìblhma (9.1) dÔnatai na grafeÐ se oloklhrwtik 

morf  Green:

u(x, t) = λ

∫ t

0

∫
Ω

g(x, y, t− s) f(u(y, s))(∫
Ω
f(u(y, s))dy

)pdyds+ ∫
Ω

g(x, y, t)u0(y)dy, (9.3)

ìpou g eÐnai h sun�rthsh Green gia thn exÐswsh jermìthtac me sunoriakèc sunj kec

B(g) = 0. Jètontac vn(un) antÐ gia u sto aristerì mèloc thc (9.3) kai vn−1(un−1) antÐ

gia u ston arijmht  kai un−1(vn−1) ston paranomast  sto dexiì mèloc thc (9.3), gia
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n ≥ 1 kai paÐrnontac u0 ≡ v0 ≡ 0, katal goume, pern¸ntac sto ìrio kai akolouj¸n-

tac ta standard epanalhptik� sq mata Picard, sto ìti e�n λ > 0, f(s) ≥ c > 0 kai

Lipschitz gia s ∈ (a, b), ìpou a < min {0, inf u0} ≤ u ≤ max {0, supu0} < b, tìte

up�rqei mÐa monadik  lÔsh u gia to prìblhma (9.1) kai (9.3). Epiprìsjeta, h lÔsh

suneqÐzei na ufÐstatai ìso aut  paramènei mikrìterh   Ðsh tou b. Autì shmaÐnei xan�

ìti h lÔsh paÔei na up�rqei mìno lìgw èkrhxhc. Lìgw tou ìti f eÐnai aÔxousa, merik�

apì ta parap�nw apotelèsmata mporoÔn na exaqjoÔn qrhsimopoi¸ntac zeÔgh p�nw -

k�tw lÔsewn, bl.[95].

EpÐshc, Ôparxh kai monadikìthta twn lÔsewn tou (9.1) mporeÐ na apodeiqjeÐ kai me

mejìdouc sÔgkrishc. Se antÐjesh me thn perÐptwsh fjÐnousac f(s), bl.[94, 105], ìpou

isqÔei h klassik  arq  megÐstou, ìtan h f(s) eÐnai aÔxousa sun�rthsh, den isqÔei gia to

prìblhma (9.1), mÐa �mesh arq  sÔgkrishc. Epiplèon, h Ôparxh p�nw kai k�tw lÔshc me

thn klassik  ènnoia, den exasfalÐzei thn Ôparxh lÔshc gia to prìblhma (9.1), keÐmenhc

metaxÔ aut¸n twn dÔo. Gia na mporèsoume na efarmìsoume teqnikèc sÔgkrishc, prèpei

na eis�goume thn ènnoia tou zeÔgouc p�nw k�tw lÔshc, bl.[13, 94, 98].

*

A

B

w

Sq ma 9.1: Di�gramma diakl�dwshc gia to mh-topikì prìblhma.
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(a)  (b)                   (c)
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w w

Sq ma 9.2: Di�gramma diakl�dwshc gia to topikì prìblhma.

9.2.2 To mh topikì st�simo prìblhma.

To antÐstoiqo mh topikì st�simo prìblhma tou (9.1) eÐnai:

∆w(x) +
λf(w(x))(∫

Ω
f(w(x))dx

)p = 0, x ∈ Ω, B(w(x)) = 0, x ∈ ∂Ω, (9.4)

en¸ to antÐstoiqo topikì eÐnai:

∆w(x) + ρf(w(x)) = 0, x ∈ Ω, B(w(x)) = 0, x ∈ ∂Ω, (9.5)

ìpou ρ = λ/
(∫

Ω
f(w(x))dx

)p
; λ eÐnai h mh topik  par�metroc, en¸ ρ eÐnai h topik .

Ja lème ìti h w = w(x) > 0 eÐnai klassik  lÔsh tou (9.4)   tou (9.5), e�n w = w(x) ∈
C2(Ω) ∩ C1(Ω̄).

Gia to prìblhma (9.4), ìpou h f ikanopoieÐ thn (9.2aþ), upojètoume ìti up�rqei mia

krÐsimh tim  tou λ∗ < ∞ tètoia ¸ste e�n λ > λ∗ to prìblhma (9.4) den èqei kamÐa

lÔsh, en¸ gia 0 < λ < λ∗ èqei mÐa toul�qiston lÔsh, (sugkekrimèna èqei akrib¸c dÔo

diakritèc mh arnhtikèc lÔseic kai gia λ = λ∗ <∞ èqei akrib¸c mÐa lÔsh. H perÐptwsh

aut  onom�zetai perÐptwsh kleistoÔ f�smatoc. Ta diagr�mmata tou sq matoc 9.1, tou
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sq matoc 9.2(a) kai tou 9.2(b) èqoun kleistì f�sma, en¸ to sq ma 9.2(c) èqei anoiktì

f�sma. Onom�zoume aut n thn upìjesh, anaforik� me ta ∥w∥-diagr�mmata tou sq -

matoc 9.1 kleistì kai arister� tou λ∗ kai 9.2(a), 9.2(b) kleistì kai arister� tou ρ∗,

λ -upìjesh.

H morf  aut  eÐnai apolÔtwc swst  gia sugkekrimènec mh grammikèc sunart seic;

gia par�deigma h f(w) = ew, n = 1, 2 kai 0 < p < 1, ìntwc gia 0 < λ < λ∗ to prìblh-

ma èqei akrib¸c dÔo lÔseic, en¸ gia k�poiec peript¸seic gia p ≥ 1 èqei mia monadik 

lÔsh gia opoiod pote λ > 0, bl. [15]. H morf  twn diagramm�twn diakl�dwshc, gia

genikèc peript¸seic eÐnai akìma �gnwsth kai apoteleÐ anoiktì er¸thma tìso gia ta

topik� ìso kai gia ta mh topik� probl mata.

Upìjesh (H). Telik�, kai gia ìsa èpontai, jewroÔme ìti isqÔei h λ -upìjesh.

Me �lla lìgia, upojètoume thn perÐptwsh kleistoÔ f�smatoc kai ìti to to mh topikì

di�gramma apìkrishc (diakl�dwshc) apoteleÐtai apì mÐa suneq¸c diaforÐsimh kampÔlh.

H kampÔlh aut  strèfetai sto λ∗ kai to (λ∗, ∥w∗∥) eÐnai to shmeÐo anastrof c tou

diagr�mmatoc, (bl.sq ma 9.1).

EpÐshc, gia lìgouc aplopoÐhshc, mporoÔme na upojèsoume ìti gia λ ∈ (λ∗−ε, λ∗),
gia k�poio 0 < ε ≤ 1, up�rqoun dÔo akrib¸c klassikèc diakekrimènec mh arnhtikèc

lÔseic w, w̄ me ∥w̄∥ > ∥w∥ , kai mìno mÐa sto λ = λ∗. EÐnai gnwstì ìti parìmoiec

peript¸seic isqÔoun epÐshc gia ta diagr�mmata diakl�dwshc tou topikoÔ probl matoc

(9.5), bl. sq mata 9.2(a), 9.2(b). Pio sugkekrimèna, ta diagr�mmata diakl�dwshc (ta ρ

-diagr�mmata) gia to topikì prìblhma eÐnai ìpwc sto sq ma 9.2, (bl.[15]). Epiprìsje-

ta, upojètoume ìti h kampÔlh diakl�dwshc tou sq matoc 9.1 antistoiqeÐ stic kampÔlec

diakl�dwshc tou sq matoc 9.2(a)   9.2(b). H perÐptwsh ìpou to λ -di�gramma tou sq -

matoc 9.1 antistoiqeÐ sto ρ -di�gramma tou sq matoc 9.2(c), mnhmoneÔetai sto tèloc

thc enìthtac 9.4.
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9.3 'Ekrhxh: KamÐa upìjesh gia to f�sma tou

st�simou probl matoc.

Sthn enìthta aut , kai gia lìgouc plhrìthtac, epanadiatup¸noume en suntomÐa

ta apotelèsmata tou [81], (bl.epÐshc [98]) gia thn exÐswsh di jhshc. EpishmaÐnoume,

ìti gia thn perÐptwsh aut , den apaiteÐtai kamÐa upìjesh gia to f�sma tou st�simou

probl matoc, se antÐjesh me ta anaferìmena sthn epìmenh enìthta.

'Ekrhxh gia ta probl mata Dirichlet kai Robin gia meg�la λ.

'Estw (ρ, Ψ(x)), me ρ = ρ(Ω) > 0 to prwteÔon idiozeÔgoc thc −∆, dhlad  h sun�r-

thsh Ψ(x) epalhjeÔei to prìblhma:

−∆Ψ(x) = ρΨ(x), x ∈ Ω, B(Ψ) =
∂Ψ

∂n
+ βΨ(x) = 0, x ∈ ∂Ω, (9.6)

EÐnai gnwstì ìti h Ψ(x) èqei stajerì prìshmo sto Ω, Ψ(x) > 0 kai kanonikopoieÐtai

ètsi ¸ste ∥Ψ∥1 =
∫
Ω
Ψ(x)dx = 1. Efarmìzontac thn mèjodo Kaplan, katal goume

sto parak�tw apotèlesma (èkrhxh thc lÔshc), [81].

Prìtash 38. 'Estw Ω kurtì qwrÐo tou RN , tìte h lÔsh u(x, t) tou (9.1) me suno-

riakèc sunj kec Dirichlet   Robin, ekr gnutai se peperasmèno qrìno gia arkoÔntwc

meg�lec timèc thc paramètrou λ, dedomènou ìti u0 ∈ L2(Ω).

Gia thn apìdeixh thc Prìtashc 38, bl. [81]. Ed¸, h kurtìthta tou qwrÐou Ω kai h

sqèsh (9.8) eÐnai apaitht�, (bl. katwtèrw).

Lìgw thc kurtìthtac kai tou gegonìtoc ìti h sun�rthsh f eÐnai aÔxousa, mpo-

roÔme na kataskeu�soume, efarmìzontac thn mèjodo twn par�llhla metakinoÔmenwn

epipèdwn, [67, 111], bl. epÐshc [81], èna sqetik� sumpagèc sÔnolo Ω̄0 ⊂ Ω tètoio ¸ste:∫
Ω

f(u)dx ≤ (k + 1)

∫
Ω̄0

f(u)dx, (9.7)

gia k�poio k ∈ N. 'Estw m = minx∈Ω̄0
Ψ(x), tìte me b�sh to ìti Ω̄0 ⊂ Ω kai thn arq 

megÐstou, èqoume ìti m > 0, opìte apì th sqèsh (9.7) sunep�getai ìti:∫
Ω

f(u)dx ≤ k + 1

m

∫
Ω̄0

f(u)Ψ(x)dx ≤ k + 1

m

∫
Ω

f(u)Ψ(x)dx
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�ra, (∫
Ω

f(u)dx

)−p

≥
(

m

k + 1

)p(∫
Ω

f(u)Ψ(x)dx

)−p

. (9.8)

H sqèsh (9.8) prìkeitai na qrhsimopoihjeÐ sthn epìmenh par�grafo.

'Ekrhxh gia meg�la arqik� dedomèna.

'Ekrhxh mporeÐ na èqoume kai gia arkoÔntwc meg�la (upì k�poia ènnoia) arqik� dedomè-

na. P�li h kurtìthta tou qwrÐou Ω, lìgw thc klasmatik c morf c tou mh topikoÔ ìrou

phg c, apaiteÐtai gia thn apìdeixh, qwrÐc ìmwc na apaiteÐtai k�poioc �lloc periorismìc.

Sugkekrimèna, isqÔoun ta akìlouja, [81]:

Prìtash 39. 'Estw Ω kurtì qwrÐo tou RN , tìte h lÔsh u(x, t) tou (9.1) ekr gnutai

se peperasmèno qrìno gia arkoÔntwc meg�la arqik� dedomèna u0(x) ∈ L2(Ω).

'Ekrhxh gia to prìblhma Neumann. Ac upojèsoume t¸ra ìti β(x) = 0 gia k�je

x ∈ ∂Ω, dhlad  h u ikanopoieÐ tic sunoriakèc sunj kec Neumann. Sthn perÐptwsh

aut , to antÐstoiqo st�simo prìblhma:

∆w +
λf(w)(∫

Ω
f(w)dx

)p = 0, x ∈ Ω,
∂w

∂n
= 0, x ∈ ∂Ω, (9.9)

den epidèqetai kamÐac morf c lÔsh gia kanèna λ > 0. 'Ontwc, e�n upojèsoume ìti to

prìblhma (9.9) èqei mÐa lÔsh w(x), tìte efarmìzontac thn arq  megÐstou, ja Ðsque ìti

w(x) > 0 sto Ω, afoÔ f(s) eÐnai jetik . Epomènwc, h w(x) ja eÐqe èna el�qisto sto

x0 ∈ ∂Ω kai apì to sunoriakì L mma tou Hopf ja eÐqame ìti ∂w
∂n
(x0) < 0 erqìmeno

se antÐjesh me tic sunoriakèc sunj kec Neumann. Enallaktik�, e�n oloklhr¸name

thn exÐswsh tou probl matoc (9.9) ja katal game sto ìti 0 = λ/
(∫

Ω
f(w)dx

)1−p
, to

opoÐo eÐnai �topo. To gegonìc autì apodeiknÔei ìti h qronoexart¸menh lÔsh u(x, t)

eÐnai mh fragmènh gia λ > 0. Sugkekrimèna, isqÔoun ta akìlouja, [81]: (Shmei¸noume

ìti sthn perÐptwsh aut  den apaiteÐtai to qwrÐo Ω na eÐnai kurtì).

Prìtash 40. 'Estw Ω fragmèno qwrÐo tou RN me leÐo sÔnoro. Tìte h lÔsh u(x, t)

tou (9.1) me sunoriakèc sunj kec Neumann ekr gnutai se peperasmèno qrìno gia k�je

λ > 0 upì thn proôpìjesh ìti u0 ∈ L2(Ω).

EpÐshc isqÔei èna sumplhrwmatikì apotèlesma sthn Prìtash 40 ìtan
∫∞
b
ds/f(s) =

∞ gia k�je b > 0. E�n jèsoume M(t) = maxx∈Ω̄ u(x, t) tìte, dedomènou ìti h f(s)
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eÐnai aÔxousa kai jetik , katal goume ìti h M(t) ikanopoieÐ:

Ṁ(t) = dM/dt ≤ λf(M)/

(∫
Ω

f(u)dx

)p
≤ λf(M)/(f(0) |Ω|)p,

to opoÐo odhgeÐ sto
∫M(t)

M(0)
ds/f(s) ≤ λt/(f(0) |Ω|)p. Apì thn teleutaÐa sqèsh sun�-

goume ìti hM(t) kajÐstatai mh fragmènh se �peiro qrìno, dhlad  sthn perÐptwsh aut 

to prìblhma (9.1) èqei mÐa olik  wc proc to qrìno mh fragmènh lÔsh, (upenjumÐzoume

ìti 0 < p < 1).

9.4 'Ekrhxh gia λ > λ∗. H λ -upìjesh sto st�-

simo prìblhma.

SÔmfwna me thn enìthta 9.2, upojètoume ìti to mh topikì st�simo prìblhma èqei

di�gramma diakl�dwshc ìpwc sto sq ma 9.1, dhlad  isqÔei h λ -upìjesh. JewroÔme

epÐshc ìti oi mh topikèc lÔseic tou sq matoc 9.1 antistoiqoÔn stic topikèc lÔseic tou

sq matoc 9.2(a)   9.2(b), all� ìqi tou sq matoc 9.2(c). Ja aitiolog soume sto tèloc

thc enìthtac aut c, giatÐ to sq ma 9.2(c) exaireÐtai. 'Opwc èqoume tonÐsei, h upìjesh

aut  alhjeÔei gia orismènec eidikèc peript¸seic (mikrèc diast�seic, aktinik  summetrÐa,

klp.), bl. [15].

EÐnai gnwstì ìti to antÐstoiqo grammikopoihmèno prìblhma tou topikoÔ st�simou

probl matoc (9.5), eÐnai:

∆ϕ(x) + ρf
′
(w(x))ϕ(x) = νϕ(x), x ∈ Ω, B(w(x)) = 0, x ∈ ∂Ω, (9.10)

Prìtash 41. 'Estw ìti ikanopoieÐtai h upìjesh (H) gia to λ− f�sma. Tìte to

shmeÐo anastrof c B tou sq matoc 9.1 antistoiqeÐ sto B∗ tou sq matoc 9.2(a)  

9.2(b) kai h krÐsimh tim  λ∗ antistoiqeÐ sto ρ∗ , to opoÐo me th seir� tou antistoiqeÐ

sthn prwteÔousa idiotim  ν > 0 tou probl matoc (9.10).

Apìdeixh. 'Estw ìti to zeÔgoc (ν, ϕ) eÐnai to prwteÔon idiozeÔgoc, tìte to ν < 0 (ν >

0) antistoiqeÐ sthn el�qisth w = w(x ; ρ) = w, (mègisth w = w(x ; ρ) = w̄, w̄ > w)

lÔsh kai ν̃ = 0 antistoiqeÐ sth w̃(x), sto shmeÐo anastrof c Ã = (ρ̃, ∥w̃(x)∥) tou

sq matoc 9.2(a)   9.2(b).

JewroÔme t¸ra mÐa apeikìnish s→ (ρ(s), w(x ; s)) h opoÐa eÐnai dÔo forèc suneq¸c

diaforÐsimh apì to (−δ, δ) sto [0, L)×C2,α(Ω̄), gia k�poio δ > 0 kai L ≥ ρ̃. Tìte, gia
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to tm ma thc kampÔlhc, pou antistoiqeÐ sto di�sthma (ρ̃ − ε, ρ̃), 0 < ε ≪ 1, èqoume

ρ(0) = ρ̃, w(x; 0) = w̃, ρ
′
(0) = 0, w

′
(x; 0) = dw(x; 0)/ds = ϕ̃(x) ìpou (ν̃, ϕ̃) eÐnai to

prwteÔon idiozeÔgoc tou (9.10), me ϕ = ϕ̃ > 0, ν = ν̃ = 0 kai w = w̃, [33].

T¸ra, apì th sqèsh λ = ρ
(∫

Ω
f(w)dx

)p
, kai upojètontac ìti ta λ, ρ, w, exart¸n-

tai apì thn par�metro s ∈ (−δ, δ) kai paragwgÐzontac se sqèsh me to s , paÐrnoume:

λ
′
(s) = ρ

′
(s)

(∫
Ω

f(w)dx

)p
+ ρp

(∫
Ω

f(w)dx

)p−1(∫
Ω

f
′
(w)w

′
(x; s)dx

)
(9.11)

Sto s = 0, èqoume:

λ
′
(0) = ρ̃p

(∫
Ω

f(w̃)dx

)p−1(∫
Ω

f
′
(w̃)ϕ̃(x)dx

)
> 0.

To teleutaÐo shmaÐnei ìti λ
′
(0) > 0 kai Ã eÐnai h eikìna tou A, dhlad  A ↔ Ã.

Lìgw thc sunèqeiac thc kampÔlhc, to tìxo ÂB antistoiqeÐ sto tìxo ̂̃AB∗,  toi A =

(λ, ∥w(x)∥) → Ã = (ρ̃, ∥w̃(x)∥) kai B = (λ∗, ∥w∗(x)∥) → B∗ = (ρ∗, ∥w∗(x)∥). Wc

ek toÔtou, gia to shmeÐo anastrof c B = (λ∗, ∥w∗(x)∥) tou sq matoc 9.1 èqoume ìti,

B ↔ B∗.

T¸ra ja diatup¸soume to kurÐwc apotèlesma tou kefalaÐou autoÔ.

Je¸rhma 42. 'Estw Ω kurtì qwrÐo tou RN kai ìti ikanopoieÐtai h upìjesh (H)

gia to λ−f�sma. Tìte h lÔsh u(x, t) tou probl matoc (9.1) me sunoriakèc sunj kec

Dirichlet   Robin kai u0(x) ≥ 0 me u0 ∈ L2(Ω), ekr gnutai se peperasmèno qrìno gia

k�je λ > λ∗.

H apìdeixh tou Jewr matoc eÐnai �mesh sunèpeia twn epìmenwn tri¸n Lhmm�twn:

L mma 43. 'Estw s = A(t) =
∫
Ω
ϕ∗u(x, t)dx ≥ S0, t ≥ 0, ìpou to S0 eÐnai h

megalÔterh rÐza thc exÐswshc af (1−p)(s)− c1s− c2 = 0, gia k�poiec stajerèc a, c1, c2

tìte h lÔsh u(x, t) ekr gnutai se peperasmèno qrìno.

Apìdeixh. EÐnai gnwstì ìti apì to problhma (9.10) mporoÔme na l�boume, (bl.[33],

sel.216):

∆ϕ∗(x) + ρ∗f
′
(w∗(x))ϕ∗ = ν∗ϕ∗, x ∈ Ω, B(ϕ∗(x)) = 0, x ∈ ∂Ω, (9.12)

me ϕ∗ > 0 kai ν∗ > 0.
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'Eqoume epÐshc: ρ∗
(∫

Ω
f(w∗)dx

)p
= λ∗ kai ρ∗ = λ∗/

(∫
Ω
f(w∗)dx

)p
= cλ∗ ìpou

c = 1/
(∫

Ω
f(w∗)dx

)p
. Prèpei na tonÐsoume ìti h tim  λ∗ eÐnai h tetmhmènh tou shmeÐ-

ou anastrof c (λ∗, ∥w∗(x)∥) tou mh topikoÔ diagr�mmatoc diakl�dwshc sto sq ma 9.1.

Efarmìzontac t¸ra to je¸rhma twn par�llhla metakinoÔmenwn epipèdwn sto prì-

blhma (9.1), kajìson to Ω eÐnai kurtì, f
′
(s) > 0, katal goume sto ìti, bl. epÐshc

(9.8), up�rqei èna uposÔnolo Ω0, Ω̄0 ⊂ Ω kai ènac jetikìc arijmìc k tètoia ¸ste:(
k + 1

m

)p(∫
Ω

ϕ∗f(u)dx

)p
≥
(∫

Ω

f(u)dx

)p
(9.13)

ìpou m = min
x∈Ω̄0

ϕ∗ > 0.

Epiplèon, to olokl rwma
∫
Ω
ϕ∗F (u)dx ≥ I > 0, ìpou I eÐnai mÐa stajer�. Pr�g-

mati, apì thn sqèsh (9.13) èqoume:

∫
Ω

ϕ∗F (u)dx =

∫
Ω
ϕ∗f(u)dx(∫

Ω
f(u)dx

)p ≥ m

k + 1

(∫
Ω

f(u)dx

)1−p

≥ m

k + 1
(|Ω| f(0))1−p = I > 0. (9.14)

Jètoume u = v+w∗, kai h exÐswsh ut−∆u = λF (u), ìpou F (u) := f(u)/
(∫

Ω
f(u)dx

)p
kai c = 1/

(∫
Ω
f(w∗)dx

)p
, gÐnetai, [90]:

vt = ut = ∆v +∆w∗ + λF (u) = ∆v − ρ∗f(w∗) + λF (u)

= ∆v − λ∗F (w∗) + λF (u) + λ∗F (u)− λ∗F (u)
= ∆v + (λ− λ∗)F (u) + λ∗(F (u)− F (w∗)). (9.15)

Pollaplasi�zoume kai ta dÔo mèlh thc (9.15) me ϕ∗, thn idiosun�rthsh tou gram-

mikopoihmènou probl matoc (9.12), oloklhr¸noume sto Ω, opìte lamb�noume:

J =

∫
Ω

ϕ∗utdx =

∫
Ω

ϕ∗vtdx (9.16)

=

∫
Ω

v∆ϕ∗dx+ (λ− λ∗)
∫
Ω

ϕ∗F (u)dx+ λ∗
∫
Ω

ϕ∗(F (u)− F (w∗))dx

≥ −ν∗
∫
Ω

ϕ∗w∗dx−ρ∗
∫
Ω

vf
′
(w∗)ϕ∗dx+(λ−λ∗)

∫
Ω

ϕ∗F (u)dx+
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+λ∗
∫
Ω

ϕ∗(F (u)− F (w∗))dx

= (λ− λ∗)
∫
Ω

ϕ∗F (u)dx+ λ∗
∫
Ω

ϕ∗
[
F (u)− cf(w∗)− cvf ′

(w∗)− ν∗

λ∗
w∗
]
dx

= (λ−λ∗)
∫
Ω

ϕ∗F (u)dx+

+λ∗
∫
Ω

ϕ∗

[
f(u)(∫

Ω
f(u)dx

)p − cf(w∗)− cvf ′
(w∗)− ν∗

λ∗
w∗

]
dx

= (λ−λ∗)
∫
Ω

ϕ∗F (u)dx+

+λ∗
∫
Ω

[
f(u)ϕ∗(∫

Ω
f(u)dx

)p − ϕ∗[cf(w∗) + cvf
′
(w∗) +

ν∗

λ∗
w∗]

]
dx.

Apì th sqèsh (9.13), jètontac A(t) =
∫
Ω
uϕ∗dx, c0 = (m/(k+1))p > 0, paÐrnontac∫

Ω
ϕ∗dx = 1 kai to ìti u = v + w∗ ⇒ −v = w∗ − u⇒ −v > −u, èqoume:

J ≥ (λ−λ∗)
∫
Ω

ϕ∗F (u)dx+λ∗c0

(∫
Ω

ϕ∗f(u)dx

)1−p

−λ∗cf(M∗)−λ∗cf ′
(M∗)

∫
Ω

ϕ∗udx

−ν∗M∗

≥ (λ− λ∗)
∫
Ω

ϕ∗F (u)dx+ λ∗
[
c0f

1−p(A)− cf ′
(M∗)A− cf(M∗)− ν∗M∗/λ∗

]
≥ (λ− λ∗)I + λ∗

[
c0f

1−p(A)− cf ′
(M∗)A− cf(M∗)− ν∗M∗/λ∗

]
= (λ− λ∗)I + λ∗(c0f

1−p(A)− c1A− c2)

ìpou c1 = cf
′
(M∗), c2 = cf(M∗)+ν∗M∗/λ∗ kai −cvf ′

(w∗)ϕ∗ ≥ −cuf ′
(w∗)ϕ∗, u ≥ 0.

Gia na fj�soume sthn prohgoÔmenh sqèsh, upenjumÐzoume ìti èqoume qrhsimopoi-

 sei: thn kurtìthta tou Ω, to je¸rhma twn par�llhla metakinoÔmenwn epÐpedwn, thn

anisìthta Jensen kai to ìti
∫
Ω
ϕ∗dx = 1. Telik�, gia λ > λ∗ èqoume:

A
′
(t) ≥ (λ− λ∗)I + λ∗(c0f

1−p(A)− c1A− c2) ≥ λ∗(c0f
1−p(A)− c1A− c2). (9.17)

T¸ra, epistrèfontac sth sqèsh (9.17) kai lìgw thc (9.2) lamb�noume:

af (1−p)(s) > (c1s+ c2), gia s ≥ S0, af (1−p)(s)− c1s− c2 = 0, (9.18)
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gia k�poio a ∈ (0, c0) kai S0 > 0, ìpou S0 eÐnai h megalÔterh lÔsh thc prohgoÔmenhc

exÐswshc. Shmei¸noume ìti h sqèsh (9.2bþ) sunep�getai ìti h f 1−p eÐnai upergrammik 

sto �peiro, epomènwc af (1−p)(s)− c1s− c2 > 0 eÐte gia k�je s > S0 > 0 eÐte gia k�je

s > 0 e�n h exÐswsh (9.18) den èqei lÔseic. Stic peript¸seic autèc, h A(t) mporeÐ na

epektajeÐ mèqri to �peiro. IsqÔei epÐshc, A(t) =
∫
Ω
ϕ∗(x)u(x, t)dx ≤ ||u||∞.

t ≤
∫ A(t)

A0

ds

c0f 1−p(s)− c1s− c2
≤
∫ ∞

A0

ds

c0f 1−p(s)− c1s− c2

≤
∫ ∞

A0

ds

(c0 − a)f 1−p(s)
≤ Λ

∫ ∞

A0

ds

f 1−p(s)
= T <∞, (9.19)

ìpou Λ ≥ 1/(c0 − a).

Gia na oloklhrwjeÐ h apìdeixh, prèpei na exet�soume thn perÐptwsh ìpou s =

A(t) ∈ (0, S0]. Gia to skopì autì qreiazìmaste to epìmeno l mma. Pr¸ta ìmwc prèpei

na d¸soume ton orismì. Eis�goume thn ènnoia thc asjenoÔc lÔshc gia to prìblhma

(9.1).

Orismìc 44. H sun�rthsh u = u(x, t) onom�zetai mÐa L1−lush tou probl matoc

(9.1) sto (0, T ] gia k�poio T > 0, e�n

(a) u ∈ C((0, T ] ; L1(Ω̄)), (b) f(u) ∈ L1(Ω̄T ),

kai h u ikanopoieÐ:∫
Ω

[uψ]tσdx−
∫ t

σ

∫
Ω

uψtdxdτ =

∫ t

σ

∫
Ω

(u∆ψ + λψF (u))dxdτ, (9.20)

ìpou F (u) = f(u)/(
∫
Ω
f(u)dx)p kai gia k�je ψ = ψ(x, t) ∈ C2(Ω̄T ) me sunoriakèc

sunj kec ∂ψ
∂n

+ β(x)ψ = 0, x ∈ ∂Ω kai 0 ≤ σ < t ≤ T .

L mma 45. 'Estw s = A(t) ∈ (0, S0], t ≥ 0, tìte h lÔsh u(x, t) eÐte ekr gnutai se

peperasmèno qrìno eÐte xepern� to S0 opìte p�li ekr gnutai.

Apìdeixh. H apìdeixh oloklhr¸netai sta trÐa epìmena b mata.

B ma 1. Lìgw thc kurtìthtac tou Ω kai qrhsimopoi¸ntac to je¸rhma twn par�llhla

metakinoÔmenwn epipèdwn sto prìblhma (9.1), lamb�noume:(∫
Ω

udx

)p
≤
(
(k + 1)

m

)p(∫
Ω

ϕ∗udx

)p
≤ c−p0 Sp0 . (9.21)
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OmoÐwc èqoume (bl. 9.14):(∫
Ω

f(u)dx

)p
≤
(
(k + 1)

m

)p(∫
Ω

ϕ∗f(u)dx

)p
. (9.22)

Apì to prìblhma (9.1), gia λ > λ∗, pollaplasi�zontac me ϕ∗ kai oloklhr¸nontac sto

Ω, paÐrnoume,

A′(t) =

∫
Ω

u∆ϕ∗ + λ

∫
Ω

ϕ∗F (u)dx,

  oloklhr¸nontac p�li sto (0, t) èqoume,

S0 ≥ A(t)− A(0) ≥ −c3S0t+ λ

∫ t

0

(

∫
Ω

ϕ∗F (u)dx)dτ, ìpou c3 = ρ∗f ′(M∗).

Apì thn teleutaÐa sqèsh kai qrhsimopoi¸ntac par�llhla epÐpeda, blèpe (9.13), lam-

b�noume:(∫ t

0

∫
Ω

f(u)dxdτ

)p
≤
(
(k + 1)

m

)p(∫ t

0

∫
Ω

ϕ∗f(u)dxdτ

)p
≤ c−p0

λ
(1 + c3t)S0. (9.23)

Apì th sqèsh (9.20) kai tic ektim seic (9.21), (9.23), paÐrnoume ìti u eÐnai mÐa asjen c

lÔsh gia to prìblhma (9.1), me thn ènnoia tou OrismoÔ 1.

B ma 2. 'Estw ìti h u(x, t) eÐnai mÐa olik  qronik� lÔsh, klassik    asjen c; Se

antÐjeth perÐptwsh ja eÐqame èkrhxh. Up�rqoun dÔo peript¸seic: (i). u omoiìmorfa

fragmènh, (ii). u mh fragmènh. H perÐptwsh (ii) shmaÐnei ìti:

lim sup
t→∞

||u(·, t)|| =∞; lim inf
t→∞

||u(·, t)|| < N∗ <∞,   ∃(tm), tm →∞, u(x, tm) < N∗,

ìpou N∗ mÐa stajer�. Kai stic dÔo peript¸seic (i) kai (ii), up�rqei mÐa akoloujÐa

tn (tn eÐnai upakoloujÐa thc tm sthn perÐptwsh (ii) ), tètoia ¸ste u(x, tn) < N∗,

u(x, tn) → w(x) shmeiak� kai
∫
Ω
u(x, tn)dx < N∗|Ω|. Efarmìzontac t¸ra to Je¸rh-

ma kuriarqhmènhc sÔgklishc tou Lebesgue, paÐrnoume ìti
∫
Ω
u(x, tn)dx →

∫
Ω
w(x)dx.

Epiplèon,
∫
Ω
f(u(x, tn))dx→

∫
Ω
f(w(x))dx, epeid  h f eÐnai aÔxousa.

B ma 3. Logw tou ìti h ψ(x, t) mporeÐ na epileqjeÐ aujaÐreta, epilègoume ψ(x, t) =

φ(t)ξ(x) tètoia ¸ste: 0 ≤ ξ(x) ∈ C2(Ω̄) me ∂ξ
∂n

+ βξ = 0, x ∈ ∂Ω. Me tètoia ψ sthn
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asjen  morf  (9.20) kai pollaplasi�zontac me 1/t, paÐrnoume:

1

t

∫ t

0

∫
Ω

u(x, τ)φ′(τ)ξ(x)dxdτ +
1

t

∫ t

0

∫
Ω

[u∆ξ + λF (u)ξ]φ(τ)dxdτ

=
1

t

∫
Ω

[u(x, τ)φ(τ)]t0ξ(x)dx. (9.24)

Antikajist¸ntac to t me tn, lamb�nontac upìyh tic ektim seic (9.21), (9.23) kai to

ìrio tn →∞, sun�goume:

1

tn

∫ tn

0

∫
Ω

uφ′(τ)ξ(x)dxdτ ≤ 1

tn
∥ξ∥ ∥u(·, tn)∥L1(Ω)

∫ tn

0

φ′(τ)dτ → 0, ac tn →∞,

(9.25)

kai

1

tn

∫
Ω

[uφ(τ)]tn0 ξdx ≤ 1

tn
∥ξ∥ ∥u(·, tn)∥L1(Ω) φ(tn)→ 0, ac tn →∞. (9.26)

Epomènwc, apì tic sqèseic (9.24), (9.25) kai (9.26) èqoume:∫
Ω

[w∆ξ + λF (w)ξ]dx =

∫
Ω

[
w∆ξ + λ

f(w)

(
∫
Ω
f(w))p

ξ

]
dx = 0,

gia opoiod pote ξ. H teleutaÐa sqèsh shmaÐnei ìti up�rqei mÐa asjen c lÔsh w, upì

thn parap�nw ènnoia, gia λ > λ∗,   isodÔnama gia ρ > ρ̃. Pr�gmati, e�n ρ ≤ ρ̃, tìte w

ja eÐnai mÐa klassik  lÔsh tou probl matoc (9.5) opìte λ = ρ(
∫
Ω
f(w)dx)p ∈ (0, λ∗),

to opoÐo apoteleÐ antÐfash, kajìson λ > λ∗. Tìte ìmwc, eÐnai gnwstì ìti to topikì

prìblhma (9.5) den èqei kammÐa lÔsh, oÔte klassik  oÔte asjen . Autì odhgeÐ se

antÐfash kajìson upojèsame ìti h lÔsh u(x, t)  tan olik  wc proc to qrìno. Epomènwc

h lÔsh eÐnai topik  qronik� opìte kai ekr gnutai se peperasmèno qrìno.

E�n to s uperbeÐ to S0 tìte apì to L mma 1 sun�goume ìti h lÔsh ekr gnutai.

Autì oloklhr¸nei to L mma.

L mma 46. 'Estw af (1−p)(s) − c1s − c2 > 0, gia k�je s > 0, tìte h lÔsh u(x, t)

ekr gnutai se peperasmèno qrìno.

Apìdeixh. Efarmìzoume to L mma 1 gia k�je A0 ≥ 0.

Ta parap�nw trÐa L mmata apodeiknÔoun to Je¸rhma.
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Sun�goume ìti, gia thn perÐptwsh ìpou to di�gramma tou sq matoc 9.1 antistoiqeÐ

sto di�gramma tou sq matoc 9.2(a)   9.2(b) kai isqÔei h λ upìjesh, h A(t) ekr gnutai

se peperasmèno qrìno T kai h èkrhxh thc A(t) sunep�getai thn èkrhxh thc u(x, t).

Epomènwc katal goume sto ìti h u(x, t) ekr gnutai se peperasmèno qrìno t∗ ≤ T

dhlad  ∥u(·, t)∥ → ∞ kaj¸c t→ t∗−.

To endeqìmeno to di�gramma tou sq matoc 9.1 na antistoiqeÐ sto di�gramma tou

sq matoc 9.2(c), den mporeÐ na alhjeÔei. Pr�gmati, apì to sq ma 9.1 èqoume:

λ = ρ

(∫
Ω

f(w)dx

)p
= ρ̄

(∫
Ω

f(w̄)dx

)p
. (9.27)

kai ∥w̄∥ > ∥w∥, tìte ρ̄ > ρ sto sq ma 9.2(c). Apì thn �llh meri�, p�li apì to sq ma

9.2(c), paÐrnoume: w̄ > w (sthn pragmatikìthta ∥w̄∥ > ∥w∥ mac dinei w̄ > w, upen-

jumÐzoume ìti se k�je λ antistoiqeÐ mÐa monadik  lÔsh w) kai apì th sqèsh (9.27)

sunep�getai ìti ρ > ρ̄, to opoÐo antÐkeitai sthn prohgoÔmenh di�taxh metaxÔ twn ρ's.

9.5 Sumper�smata.

Se aut n thn ergasÐa, o kÔrioc skopìc mac eÐnai na apodeÐxoume thn èkrhxh se

peperasmèno qrìno twn lÔsewn tou probl matoc (9.1) upì mÐa paradoq  gia to λ-

f�sma; pragmatik� h λ-upìjesh isqÔei (bl. sto tèloc thc enìthtac 9.2). Akribèstera,

h lÔsh u ekr gnutai se peperasmèno qrìno t∗, gia λ > λ∗ kai gia opoiod pote u0(x) ≥
0. Ed¸, to λ∗ eÐnai to supremum twn λ tètoio ¸ste gia λ ≤ λ∗ up�rqoun st�simec

lÔseic sto mh-topikì st�simo prìblhma.

ApodeiknÔoume thn èkrhxh, sugkrÐnontac th lÔsh u me th lÔsh mi�c Sun jouc Dia-

forik c ExÐswshc, gia thn opoÐa h lÔsh thc ekr gnutai, bl. ([12], p. 54). Jewr same

ìti u0(x) ≥ 0 all� ta parap�nw sumper�smata mporoÔn eÔkola na epektajoÔn kai gia

u0(x) ∈ R, bl. [90].
EpÐshc, gia lìgouc plhrìthtac, upenjumÐsame k�poia apotelèsmata èkrhxhc gia

arkoÔntwc meg�lec timèc thc paramètrou λ, (λ > λ0 gia k�poio λ0 , bl. [81]) qwrÐc

na jètoume kanèna periorismì gia to f�sma twn λ kai qwrÐc na kajorÐsoume �nw tim 

gia to λ, dhlad  èna λ∗. Sthn pragmatikìthta, ta apotelèsmata tou kefalaÐou autoÔ

kalÔptoun to kenì metaxÔ tou λ∗ kai tou λ0, λ∗ < λ0.
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EpÐshc, anaptÔxame en suntomÐa, thn topik  Ôparxh kai monadikìthta twn lÔsewn

tou probl matoc (9.1) qrhsimopoi¸ntac di�forec mejìdouc. Tèloc, sumper�name ìti

oi lÔseic paÔoun na up�rqoun lìgw èkrhxhc.

Mia endiafèrousa er¸thsh eÐnai na dojeÐ mia ap�nthsh gia th dom  tou sunìlou

sta shmeÐa tou opoÐou èqoume èkrhxh. 'Eqei apodeiqjeÐ sto [16] ìti sthn perÐptwsh thc

aktinik c summetrÐac, gia f(s) = es kai N = 1, 2, h èkrhxh lamb�nei q¸ra mìno sthn

arq  r = 0. Eik�zoume ìti to Ðdio mporeÐ na apodeiqjeÐ gia genikìterec sunart seic kai

megalÔterec diast�seic. Epiplèon, e�n to Ω eÐnai kurtì, eÐnai dunatìn na apodeiqjeÐ,

akolouj¸ntac mÐa prosèggish twn Friedman-McLeod (bl.[48]), ìti to sÔnolo thc

èkrhxhc (dhlad  to sÔnolo pou perilamb�nei ìla ta shmeÐa ìpou èqoume èkrhxh) keÐtai

se èna sumpagèc uposÔnolo tou Ω.

H perÐptwsh ìpou p > 1 eÐnai epÐshc èna endiafèron prìblhma proc exètash kai

mporeÐ na apotelèsei to antikeÐmeno mi�c mellontik c ergasÐac. Telei¸nontac, h perÐ-

ptwsh p = 1 paramènei èna anoiktì kai dÔskolo prìblhma.
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Kef�laio 10

'Ekrhxh twn lÔsewn tou mh

topikoÔ probl matoc Di jhshc

ìtan λ > λ∗.

Sto kef�laio autì ja exet�soume to mh topikì prìblhma Di jhshc (perÐptwsh mh

grammik c Di�qushc), p�li anaforik� me thn èkrhxh thc lÔshc se peperasmèno qrìno

gia λ > λ∗, upì kat�lhlec arqikèc sunj kec ìqi tautotik� mhdèn, ìtan 0 < p < 1. To

prìblhm� mac eÐnai, jewr¸ntac sunoriakèc sunj kec Dirichlet:

ut = ∆K(u) + λ
f(u)(∫

Ω
f(u)dx

)p , 0 < p < 1, (10.1)

u(x, 0) = u0(x) ≥ 0, x ∈ Ω,

u(x, t) = 0, x ∈ ϑΩ, t ∈ (0, T ),

me tic ex c paradoqèc gia tic sunart seic f kai K:

f(s) jetik , aÔxousa, kurt , me f(0) > 0,

∫ ∞

b

ds

f 1−p(s)
<∞, b > 0, (10.2)

K(s) jetik , aÔxousa, kurt , me K(0) = 0 kai

∫ ∞

c

K
′
(s)

f 1−p(s)
<∞ (10.3)

Wc sun jwc jewroÔme ìti to qwrÐo Ω eÐnai kurtì. EpÐshc, ìpwc kai sto prohgoÔmeno

kef�laio, h sunj kh pou jèsame f(0) > 0 exasfalÐzei ìti h lÔsh mac ja gÐnei amèswc

jetik  se ìlo to Ω kai epomènwc ja eÐnai klassik . H epilog  aut  ègine diìti mac
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endiafèrei perissìtero h mèjodoc pou ja akolouj soume gia thn apìdeixh thc èkrhxhc

kai ìqi tìso h melèth tou probl matoc se polÔ asjen  morf . To kuriìtero shmeÐo

duskolÐac eÐnai h mh topikìthta ston ìro phg  kai h Ôparxh thc mh grammik c sun�r-

thshc K(u).

To prìblhma autì mporeÐ na jewrhjeÐ wc mÐa genÐkeush tou probl matoc (9.1) tou

KefalaÐou 9.

Sthn perÐptws  mac to antÐstoiqo mh topikì st�simo prìblhma tou (10.1) eÐnai:

∆K(w(x)) +
λf(w(x))(∫

Ω
f(w(x))dx

)p = 0, x ∈ Ω, w(x) = 0, x ∈ ∂Ω, (10.4)

en¸ to antÐstoiqo topikì eÐnai:

∆K(w(x)) + ρf(w(x)) = 0, x ∈ Ω, w(x) = 0, x ∈ ∂Ω, (10.5)

me ρ = λ/
(∫

Ω
f(w)dx

)p
.

'Opwc kai sthn enìthta 9.2, upojètoume ìti to mh topikì st�simo prìblhma èqei

di�gramma diakl�dwshc ìpwc sto sq ma 9.1, dhlad  isqÔei h λ -upìjesh. OmoÐwc

jewroÔme ìti oi mh topikèc lÔseic tou sq matoc 9.1 antistoiqoÔn stic topikèc lÔseic

tou sq matoc 9.2(a)   9.2(b), all� ìqi tou sq matoc 9.2(c). 'Opwc èqoume tonÐsei, h

upìjesh aut  alhjeÔei gia orismènec eidikèc peript¸seic (mikrèc diast�seic, aktinik 

summetrÐa, klp.), bl. [15].

Me trìpo parìmoio me autìn tou kefalaiou 9, apodeiknÔetai ìti isqÔei h prìtah

47, dhlad :

Prìtash 47. 'Estw ìti ikanopoieÐtai h upìjesh (H) gia to λ− f�sma. Tìte to

shmeÐo anastrof c B tou sq matoc 9.1 antistoiqeÐ sto B∗ tou sq matoc 9.2(a)  

9.2(b) kai h krÐsimh tim  λ∗ antistoiqeÐ sto ρ∗ , to opoÐo me th seir� tou antistoiqeÐ

sthn prwteÔousa idiotim  ν > 0 tou probl matoc (10.6).

EÐnai gnwstì ìti to antÐstoiqo grammikopoihmèno prìblhma tou topikoÔ st�simou

probl matoc (10.5), eÐnai:

∆(K
′
(w∗)ϕ∗) + ρ∗f

′
(w∗)ϕ∗ = ν∗ϕ∗, x ∈ Ω (10.6)

me ϕ∗ > 0 kai ν∗ > 0.
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'Eqoume epÐshc: ρ∗
(∫

Ω
f(w∗)dx

)p
= λ∗ kai ρ∗ = λ∗/

(∫
Ω
f(w∗)dx

)p
= cλ∗ ìpou

c = 1/
(∫

Ω
f(w∗)dx

)p
. Prèpei na tonÐsoume ìti h tim  λ∗ eÐnai h tetmhmènh tou shmeÐ-

ou anastrof c (λ∗, ∥w∗(x)∥) tou mh topikoÔ diagr�mmatoc diakl�dwshc sto sq ma 9.1.

Sthn enìthta 10.1 tou kefalaÐou autoÔ, gÐnetai mia prospajeia gia na apodeÐxoume

ìti to antÐstoioqo st�simo prìblhma èqei di�gramma diakl�dwshc me fragmèno f�sma.

T¸ra mporoÔme na diatup¸soume to je¸rhma:

Je¸rhma 48. 'Estw Ω fragmèno kurtì qwrÐo tou RN kai ìti ikanopoieÐtai h u-

pìjesh (H) gia to λ−f�sma. Tìte h lÔsh u(x, t) tou probl matoc (10.1) me su-

noriakèc sunj kec Dirichlet (eÔkola mporeÐ na epektajeÐ kai sunj kec Robin) kai∫
Ω
ϕ∗(x)u(x, t0)dx ≥ τ, t0 ≥ 0, me u0 ∈ L2(Ω), ekr gnutai se peperasmèno qrìno

gia k�je λ > λ∗, ìpou τ eÐnai lÔsh (monadik ) thc exÐswshc bf (1−p)(s) − c9 = 0, e�n

bebaÐwc up�rqei lÔsh, gia k�poiec stajerèc b, c9. E�n h exÐswsh den èqei jetik , prag-

matik  lÔsh, pou isodunameÐ me f (1−p)(0) > c9/b, tìte èqoume èkrhxh gia opoiesd pote

u0(x) ≥ 0.

Apìdeixh.

Jètoume u = v+w∗ kai h exÐswsh ut−∆K(u) = λF (u), ìpou F (u) := f(u)/(
∫
Ω
f(u)dx)p

kai c = 1/(
∫
Ω
f(w∗)dx)p, gÐnetai:

vt = ut = ∆K(u) + λF (u) = ∆K(v + w∗) + ∆K(w∗)−∆K(w∗) + λF (u)

= ∆K(v + w∗)−∆K(w∗)− ρ∗f(w∗) + λF (u)

= ∆ (K(v + w∗)−K(w∗))− ρ∗f(w∗) + λF (u)

'Omwc K(w∗+v)−K(w∗) = K
′
(ξ(x, t))v(x, t), me ξ(x, t) metaxÔ w∗ kai w∗+v   w∗+v

kai w∗, an�loga me to prìshmo thc v. 'Ara:

vt = ut = ∆
(
K

′
(ξ)v

)
− ρ∗f(w∗) + λF (u)

= ∆
(
K

′
(ξ)v

)
− λ∗F (w∗) + λF (u) + λ∗F (u)− λ∗F (u)

= ∆
(
K

′
(ξ)v

)
+ (λ− λ∗)F (u) + λ∗ (F (u)− F (w∗)) . (10.7)
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Pollaplasi�zoume th sqèsh (10.7) me K
′
(w∗)ϕ∗, ìpou ϕ∗ h prwteÔousa idiosun�rthsh

tou grammikopoihmènou probl matoc (10.6), oloklhr¸noume sto Ω, kai paÐrnoume:

J(t) =

∫
Ω

K
′
(w∗)ϕ∗utdx =

∫
Ω

K
′
(w∗)ϕ∗vtdx = (10.8)

=

∫
Ω

K
′
(w∗)ϕ∗∆

(
K

′
(ξ)v

)
dx+ (λ− λ∗)

∫
Ω

K
′
(w∗)ϕ∗F (u)dx+

+λ∗
∫
Ω

K
′
(w∗)ϕ∗ (F (u)− F (w∗)) dx

=

∫
Ω

vK
′
(ξ)∆(K

′
(w∗)ϕ∗)dx+ (λ− λ∗)

∫
Ω

K
′
(w∗)ϕ∗F (u)dx+

+λ∗
∫
Ω

K
′
(w∗)ϕ∗ (F (u)− F (w∗)) dx,

ìpou efarmìsame tautìthta Green. Lìgw thc sqèshc (10.6), ja èqoume:

J(t) =

∫
Ω

vK
′
(ξ)(ν∗ϕ∗ − ρ∗f ′

(w∗)ϕ∗)dx+ (λ− λ∗)
∫
Ω

K
′
(w∗)ϕ∗F (u)dx+

+λ∗
∫
Ω

K
′
(w∗)ϕ∗ (F (u)− F (w∗)) dx

> ν∗
∫
Ω

vϕ∗K
′
(ξ)dx− ρ∗

∫
Ω

f
′
(w∗)ϕ∗K

′
(ξ)vdx+ λ∗

∫
Ω

K
′
(w∗)ϕ∗ (F (u)− F (w∗)) dx

= ν∗
∫
Ω

uϕ∗K
′
(ξ)dx− ν∗

∫
Ω

w∗ϕ∗K
′
(ξ)dx− ρ∗

∫
Ω

f
′
(w∗)ϕ∗K

′
(ξ)vdx+

+λ∗
∫
Ω

K
′
(w∗)ϕ∗ (F (u)− F (w∗)) dx

≥ −ν∗
∫
Ω

ϕ∗w∗K
′
(ξ)dx−ρ∗

∫
Ω

vf
′
(w∗)ϕ∗K

′
(ξ)dx+λ∗

∫
Ω

K
′
(w∗)ϕ∗ (F (u)− F (w∗)) dx

= λ∗
∫
Ω

K
′
(w∗)ϕ∗ (F (u)− cf(w∗)) dx−ν∗

∫
Ω

ϕ∗w∗K
′
(ξ)dx−ρ∗

∫
Ω

vf
′
(w∗)ϕ∗K

′
(ξ)dx

>

∫
Ω

(
λ∗K

′
(w∗)ϕ∗F (u)− λ∗K ′

(w∗)ϕ∗cf(w∗)− λ∗ϕ∗K
′
(ξ)cvf

′
(w∗)− ν∗K

′
(ξ)ϕ∗w∗

)
dx

= λ∗
∫
Ω

ϕ∗
(
K

′
(w∗)F (u)−K ′

(w∗)cf(w∗)−K ′
(ξ)cvf

′
(w∗)− ν∗

λ∗
K

′
(ξ)w∗

)
dx

= λ∗
∫
Ω

(
K

′
(w∗)

ϕ∗f(u)

(
∫
Ω
f(u)dx)p

− ϕ∗
(
K

′
(w∗)cf(w∗) +K

′
(ξ)cvf

′
(w∗) +

ν∗

λ∗
K

′
(ξ)w∗

))
dx
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Efarmìzoume to je¸rhma twn par�llhla metakinoÔmenwn epipèdwn, kajìson to Ω eÐnai

kurtì kai f
′
(s) > 0. Dhlad  up�rqei èna uposÔnolo Ω0, Ω̄0 ⊂ Ω kai ènac jetikìc

arijmìc k tètoia ¸ste:∫
Ω

f(u) dx ≤ (k + 1)

∫
Ω0

f(u) dx ≤ (k + 1)

∫
Ω0

K
′
(w∗)ϕ∗

K ′(m∗)φ∗f(u) dx =

=
(k + 1)

K ′(m∗)φ∗

∫
Ω0

K
′
(w∗)ϕ∗f(u) dx

⇒
(∫

Ω

f(u) dx

)p
≤ (k + 1)p

(K ′(m∗)φ∗)p

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)p
, (10.9)

ìpou m∗ = min
x∈Ω̄0

w∗ > 0 kai φ∗ = min
x∈Ω̄0

ϕ∗ > 0. Epomènwc,

J(t) = λ∗
(K

′
(m∗)φ∗)p

(k + 1)p

∫
Ω

K
′
(w∗)ϕ∗f(u)(∫

Ω
K ′(w∗)ϕ∗f(u) dx

)pdx−
−λ∗

∫
Ω

ϕ∗
(
K

′
(w∗)cf(w∗) +K

′
(ξ)cvf

′
(w∗) +

ν∗

λ∗
K

′
(ξ)w∗

)
dx

= λ∗
(K

′
(m∗)φ∗)p

(k + 1)p

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−

−λ∗
∫
Ω

ϕ∗
(
K

′
(w∗)cf(w∗) +K

′
(ξ)cvf

′
(w∗) +

ν∗

λ∗
K

′
(ξ)w∗

)
dx

(ìpou λ∗
(K

′
(m∗)φ∗)p

(k + 1)p
= c1 )

= c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−

−λ∗
∫
Ω

ϕ∗
(
K

′
(w∗)cf(w∗) + cK

′
(ξ)f

′
(w∗)u− cK ′

(ξ)f
′
(w∗)w∗ +

ν∗

λ∗
K

′
(ξ)w∗

)
dx

≥ c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−

−λ∗
∫
Ω

ϕ∗
(
K

′
(M∗)cf(M∗) + cK

′
(ξ)f

′
(w∗)u− cK ′

(ξ)f
′
(w∗)w∗ +

ν∗

λ∗
K

′
(ξ)w∗

)
dx

(ìpou M∗ = max
x∈Ω

w∗(x). Jètoume K
′
(M∗)cf(M∗) = c2)
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≥ c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− λ∗
∫
Ω

ϕ∗
(
c2 + cK

′
(ξ)f

′
(M∗)u+

ν∗

λ∗
K

′
(ξ)M∗

)
dx

= c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−

−
∫
Ω

c2λ
∗ϕ∗dx−

∫
Ω

cλ∗K
′
(ξ)f

′
(M∗)ϕ∗udx−

∫
Ω

ν∗K
′
(ξ)ϕ∗M∗dx

≥ c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−

−
∫
Ω

c2λ
∗Φ∗dx−

∫
Ω

cλ∗K
′
(ξ)f

′
(M∗)Φ∗udx−

∫
Ω

ν∗K
′
(ξ)Φ∗M∗dx

( ìpou jèsame Φ∗ = max
x∈Ω

ϕ∗(x) )

= c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−c2λ∗Φ∗ |Ω|−cλ∗f ′
(M∗)Φ∗

∫
Ω

K
′
(ξ)udx−ν∗Φ∗M∗

∫
Ω

K
′
(ξ)dx

( ìpou jèsame c2λ
∗Φ∗ |Ω| = c3 ) cλ∗f

′
(M∗)Φ∗ = c4, ν∗Φ∗M∗ = c5

= c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− c4
∫
Ω

K
′
(ξ)udx− c5

∫
Ω

K
′
(ξ)dx− c3.

Telik� katal goume sth sqèsh:

J(t) > c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− c4
∫
Ω

K
′
(ξ)udx− c5

∫
Ω

K
′
(ξ)dx− c3 (10.10)

E�n u ≤ w∗ tìte v ≤ 0 opìte ξ(x, t) ≤ w∗(x) ⇒ ξ(x, t) ≤ M∗ kai h sqèsh (10.10)

gÐnetai:

J(t) > c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− c4
∫
Ω

K
′
(M∗)udx− c5

∫
Ω

K
′
(M∗)dx− c3

= c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− c4K
′
(M∗)

∫
Ω

udx− c5K
′
(M∗) |Ω| − c3.

Jètoume c4K
′
(M∗) = c6, c5K

′
(M∗) |Ω|+ c3 = c7 kai èqoume:

J(t) > c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− c6
∫
Ω

udx− c7
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E�n w∗ < u⇒ 0 < v ⇒ w∗ < ξ < w∗ + v = u kai h sqèsh (10.10) gÐnetai:

J(t) > c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− c4
∫
Ω

K
′
(u)udx− c5

∫
Ω

K
′
(u)dx− c3

= c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−
∫
Ω

(
c4K

′
(u)u+ c5K

′
(u)
)
dx− c3

= c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−
∫
Ω

K
′
(u) (c4u+ c5)dx− c3.

Apì th sqèsh (10.3) èpetai ìti gia opoiad pote c4, c5 kai a me 0 < a < 1, ja up�rqei

k�poio S0 peperasmèno, ¸ste gia s > S0 na isqÔei: af1−p(s)

K
′
(s)

> c4s + c5 kai epomènwc

K
′
(s)(c4s+ c5) < af 1−p(s).

'Estw (proc to genikìtero) w∗ < S0. DiakrÐnoume dÔo peript¸seic gia thn u.

E�n w∗ < u ≤ S0 tìte:

J(t) > c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−
∫
Ω

K
′
(S0) (c4S0 + c5)dx− c3

> c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−K ′
(S0) (c4S0 + c5) |Ω| − c3

= c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− c8,

ìpou jèsame K
′
(S0) (c4S0 + c5) |Ω|+ c3 = c8.

E�n S0 < u tìte:

J(t) > c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−
∫
Ω

af 1−p(u)dx− c3.

Telik� ja èqoume:∫
Ω

K
′
(w∗)ϕ∗utdx > c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−c4
∫
Ω

K
′
(ξ)udx−c5

∫
Ω

K
′
(ξ)dx−c3 =

= c1

 ∫
Ω:u≤w∗

K
′
(w∗)ϕ∗f(u)dx

1−p

−c4
∫

Ω:u≤w∗

K
′
(ξ)udx−c5

∫
Ω:u≤w∗

K
′
(ξ)dx−c3+
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+c1

 ∫
Ω:w∗<u≤S0

K
′
(w∗)ϕ∗f(u)dx

1−p

−c4
∫

Ω:w∗<u≤S0

K
′
(ξ)udx−c5

∫
Ω:w∗<u≤S0

K
′
(ξ)dx−c3+

+c1

 ∫
Ω:S0<u

K
′
(w∗)ϕ∗f(u)dx

1−p

− c4
∫

Ω:S0<u

K
′
(ξ)udx− c5

∫
Ω:S0<u

K
′
(ξ)dx− c3 >

> c1

(∫
Ω:u≤w∗

K
′
(w∗)ϕ∗f(u) dx

)1−p

−c6
∫
Ω:u≤w∗

udx−c7+

+c1

(∫
Ω:w∗<u≤S0

K
′
(w∗)ϕ∗f(u) dx

)1−p

− c8+

+c1

(∫
Ω:S0<u

K
′
(w∗)ϕ∗f(u) dx

)1−p

−
∫
Ω:S0<u

af 1−p(u)dx− c3

> c1

(∫
Ω:u≤w∗

K
′
(w∗)ϕ∗f(u) dx

)1−p

− c6M∗ |Ω| − c7+

+c1

(∫
Ω:w∗<u≤S0

K
′
(w∗)ϕ∗f(u) dx

)1−p

− c8+

+c1

(∫
Ω:S0<u

K
′
(w∗)ϕ∗f(u) dx

)1−p

−
∫
Ω:S0<u

af 1−p(u)dx− c3

= c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−
∫
Ω:S0<u

af 1−p(u)dx− c3 − c6M∗ |Ω| − c7 − c8

( jètoume c3 + c6M
∗ |Ω|+ c7 + c8 = c9 )

= c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−
∫
Ω:S0<u

af 1−p(u)dx− c9

= c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−
(∫

Ω

af 1−p(u)dx−
∫
Ω:u≤S0

af 1−p(u)dx

)
− c9

= c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−
∫
Ω

af 1−p(u)dx+

∫
Ω:u≤S0

af 1−p(u)dx− c9

> c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− a
∫
Ω

f 1−p(u)dx− c9
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( isqÔei
∫
Ω
f 1−p(u)dx ≤

(∫
Ω
f(u)dx

)1−p
anisìthta Jensen gia koÐlec sunart seic,

afoÔ h sun�rthsh (.)1−p, gia 0 < p < 1, eÐnai koÐlh )

> c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− a
(∫

Ω

f(u)dx

)1−p

− c9

> c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− a
(

k + 1

K ′(m∗)φ∗

∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− c9

= c1

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−a (k + 1)1−p

(K ′(m∗)φ∗)1−p

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

−c9

=

(
c1 − a

(k + 1)1−p

(K ′(m∗)φ∗)1−p

)(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− c9. (10.11)

Jètoume c1 = λ∗
(K

′
(m∗)φ∗)p

(k + 1)p
.

H stajer� a ∈ (0, 1) eÐnai sthn epilog  mac. Epilègoume èna tètoio a ¸ste na isqÔei:

c1 − a
(k + 1)1−p

(K ′(m∗)φ∗)1−p
> 0⇒ λ∗(K

′
(m∗)φ∗)p

(k + 1)p
− a(k + 1)1−p

(K ′(m∗)φ∗)1−p
=

=
λ∗(K

′
(m∗)φ∗)p(K

′
(m∗)φ∗)1−p − a(k + 1)p(k + 1)1−p

(k + 1)p(K ′(m∗)φ∗)1−p
=
λ∗K

′
(m∗)φ∗ − a(k + 1)

(k + 1)p(K ′(m∗)φ∗)1−p
> 0

⇒ λ∗K
′
(m∗)φ∗ − a(k + 1) > 0⇒ a <

λ∗K
′
(m∗)φ∗

k + 1
.

Epilègoume 0 < a < min
(
1 , λ

∗K
′
(m∗)φ∗

k+1

)
. Ja èqoume:

λ∗K
′
(m∗)φ∗ − a(k + 1)

(k + 1)p(K ′(m∗)φ∗)1−p
= b > 0.

Epomènwc h sqèsh (10.11) gÐnetai:∫
Ω

K
′
(w∗)ϕ∗utdx > b

(∫
Ω

K
′
(w∗)ϕ∗f(u) dx

)1−p

− c9

⇒ d

dt

∫
Ω

K
′
(w∗)ϕ∗udx > bf 1−p

(∫
Ω

K
′
(w∗)ϕ∗u dx

)
− c9

Jètoume A(t) =

∫
Ω

K
′
(w∗)ϕ∗u dx kai lamb�noume th sun jh diaforik  anisìthta:
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dA(t)

dt
> bf 1−p (A(t))− c9 (10.12)

E�n f 1−p(0) > c9/b tìte bf 1−p(s)− c9 > 0 gia k�je s > 0 diìti h f 1−p(s) eÐnai aÔ-

xousa me f 1−p(0) > 0. Sthn perÐptwsh aut  èqoume èkrhxh thc lÔshc se peperasmèno

qrìno, gia opoiesd pote arqikèc sunj kec mh arnhtikèc.

E�n up�rqei rÐza (monadik ), èstw h τ tìte, e�n gia k�poio 0 ≤ t0 <∞, A(t0) > τ ,

ja èqoume èkrhxh thc lÔshc se peperasmèno qrìno. Pr�gmati, h sqèsh (10.12) gÐnetai:

dt <
dA(t)

bf 1−p (A(t))− c9
⇒
∫ t

t0

dτ <

∫ A(t)

A(t0)

dτ

bf 1−p(τ)− c9
≤
∫ ∞

A(t0)

dτ

bf 1−p(τ)− c9
=

= t1 <∞⇒ t− t0 < t1 ⇒ t < t0 + t1 = t̂ <∞

'Htoi, kaj¸c to t→ t̂, A(t) =
∫
Ω
K '(w∗)ϕ∗udx→∞.

IsqÔei ìmwc,
∫
Ω
K '(w∗)ϕ∗udx < K '(M∗)Φ∗ ∫

Ω
udx, opìte:

∥u∥L1(Ω) =

∫
Ω

udx→∞, t→ t∗ ∼ t̂ <∞.

Epomènwc, èqoume èkrhxh thc L1− nìrmac thc lÔshc u(x, t) se pepe-

rasmèno qrìno.

10.1 'Anw fr�gma gia to f�sma tou st�simou.

To antÐstoiqo st�simo mh topikì prìblhma eÐnai:

∆K(w) +
λ f(w)(∫

Ω
f(w) dx

)p = 0 (10.13)

Pollaplasi�zoume me thn prwteÔousa idiosun�rthsh ϕ thc exÐswshc idiotim¸n,

∆ϕ = −µϕ

kai oloklhr¸noume sto qwrÐo Ω:∫
Ω

ϕ∆K(w)dx+
λ
∫
Ω
ϕf(w)dx(∫

Ω
f(w) dx

)p = 0
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Efarmìzoume tautìthta Green:∫
Ω

K(w)∆ϕdx+
λ
∫
Ω
ϕf(w)dx(∫

Ω
f(w) dx

)p = 0⇒ µ

∫
Ω

K(w)ϕdx =
λ
∫
Ω
ϕf(w)dx(∫

Ω
f(w) dx

)p . (10.14)

Apo to je¸rhma twn par�llhla metakinoÔmenwn epipèdwn gia thn f(s), kajìson to

qwrÐo Ω eÐnai kurtì kai h f aÔxousa, up�rqei Ω0 ⊂ Ω kai k > 0 ¸ste na èqoume telika:∫
Ω

f(w)ϕ dx ≥ m

k + 1

∫
Ω

f(w) dx

ìpou m = min
x∈Ω̄0

ϕ(x) > 0.

'Ara h sqèsh (10.14) gÐnetai:∫
Ω

K(w)ϕdx ≥ λm

µ(k + 1)

∫
Ω
f(w) dx(∫

Ω
f(w) dx

)p =
λm

µ(k + 1)

(∫
Ω

f(w) dx

)1−p

.

Apì thn anisìthta Jensen gia koÐlec sunart seic èqoume ìti:∫
Ω

f 1−p(w) dx ≤
(∫

Ω

f(w) dx

)1−p

.

Opìte ja èqoume:

Φ

∫
Ω

K(w)dx ≥
∫
Ω

K(w)ϕdx ≥ λm

µ(k + 1)

∫
Ω

f 1−p(w) dx,

ìpou jèsame Φ = max
x∈Ω

ϕ(x). 'Ara:∫
Ω

f 1−p(w) dx ≤ µΦ(k + 1)

λm

∫
Ω

K(w)dx.

Jètoume µΦ(k+1)
m

= c1 kai h parap�nw sqèsh gÐnetai:∫
Ω

f 1−p(w) dx ≤
∫
Ω

c1
λ
K(w)dx. (10.15)

T¸ra, h sun�rthsh K(s) eÐnai kai aut  jetik  kai aÔxousa. 'Ara mporoÔme na efar-

mìsoume p�li to je¸rhma twn par�llhla metakinoÔmenwn epipèdwn kai na broÔme èna

uposÔnolo Ω1 kai mia stajer� γ > 0 tètoia ¸ste:∫
Ω

K(w) dx ≤ (γ + 1)

∫
Ω1

K(w) dx.
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Apì th sqèsh aut  kai thn (10.15) paÐrnoume:∫
Ω1

f 1−p(w) dx ≤
∫
Ω

f 1−p(w) dx ≤
∫
Ω

c1
λ
K(w)dx ≤ c1(γ + 1)

λ

∫
Ω1

K(w) dx

⇒
∫
Ω1

f 1−p(w) dx ≤ c1(γ + 1)

λ

∫
Ω1

K(w) dx. (10.16)

Apì th sqèsh (10.3) èpetai ìti ja up�rqei jetikìc arijmìc S0 ¸ste:

f 1−p(s) > c2K(s) gia s ≥ S0, me c2 jetik  stajer� thc epilog c mac.

Autì isqÔei diìti f1−p(s)

K′ (s)
> c2s ⇒ f 1−p(s) > c2sK

′
(s) gia k�poio S0 > 0. 'Omwc

sK
′
(s)

K(s)
> 1 ⇒ sK

′
(s) > K(s), kajìson h K(s) eÐnai kurt , jetik , aÔxousa, me

K(0) = 0 kai epomènwc ja eÐnai upergrammik  gia k�je s > 0. (bl.[124] sel.34).

T¸ra, gia s > S0 ja isqÔei:

f 1−p(s)

K(s)
> c2, s ≥ S0.

Gia m1 ≤ s < S0, ìpou m1 = min
x∈Ω̄1

w(x) ja isqÔei:

f 1−p(s)

K(s)
>
f 1−p(m1)

K(S0)
= c3.

Epomènwc gia k�je s ≥ m1 = min
x∈Ω̄1

w(x) ja èqoume:

f 1−p(s)

K(s)
> min(c2, c3) = c4 ⇒ f 1−p(s) > c4K(s).

H sqèsh (10.16) gÐnetai:

c1(γ + 1)

λ

∫
Ω1

K(w) dx ≥
∫
Ω1

f 1−p(w) dx ≥ c4

∫
Ω1

K(w) dx

⇒ c1(γ + 1)

λ
≥ c4 ⇒ λ ≤ c1(γ + 1)

c4
=

c1(γ + 1)

min
(
c2,

f1−p(m1)
K(S0)

)
kai

λ∗ = supλ ≤ λ̂ = max
0<m1≤∞

 c1(γ + 1)

min
(
c2,

f1−p(m1)
K(S0)

)
 <∞.
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To λ̂ eÐnai èna �nw fr�gma gia to f�sma tou st�simou probl matoc, afoÔ den exart�tai

apì tic st�simec lÔseic w(x), all� mìno apì tic sunart seic f(s) kaiK(s) kai to qwrÐo

Ω. Pr�gmati, ìso kai na aux�nontai oi w(x) kai epomènwc kai ta m1 kai ta f 1−p(m1),

h parap�nw sqèsh exart�tai apì to min
(
c2,

f1−p(m1)
K(S0)

)
, to opoÐo eÐnai peperasmèno kai

jetikì diìti to c2 eÐnai austhr� jetikì kai peperasmèno kai to f1−p(m1)
K(S0)

eÐnai kai autì

austhr� jetikì, afoÔ to el�qistì tou eÐnai f
1−p(0)
K(S0)

> 0.

Dhlad  gia k�je c2 > 0 (pou ja antistoiqeÐ èna S0 < ∞), ja èqoume kai èna �nw

fr�gma, JETIKO kai PEPERASMENO. Epomènwc, se k�poio c2 ja antÐstoiqeÐ kai

to el�qisto twn �nw fragm�twn, dhlad  to λ∗.

Merik� sumper�smata.

Sto kef�laio autì exet�same to mh topikì prìblhma Di jhshc kai apodeÐxame ìti

gia λ > λ∗ èqoume èkrhxh thc lÔshc se peperasmèno qrìno gia kat�llhlec arqikèc

sunj kec mh arnhtikèc kai mh tautotik� mhdèn.

H melèth mac aforoÔse thn perÐptwsh f(0) > 0, opìte anex�rthta tou ekfulismè-

nou   ìqi tou parabolikoÔ telest , (eÐte K
′
(0) = 0 eÐte K

′
(0) > 0), h lÔsh mac ja

eÐnai amèswc jetik  kai �ra klassik .

'Apì to Kef�laio 7 èqoume apodeÐxei ìti up�rqoun sunart seic K(s) kai f(s) (pou

plhroÔn tic arqikèc tejeÐsec sunj kec), tètoiec ¸ste to di�gramma diakl�dwshc tou

exetazomènou probl matoc na èqei morf  ⊃, (fragmèno kai kleistì f�sma gia thn pa-

r�metro λ).

H melèth thc èkrhxhc twn lÔsewn sunduasmènh me OLES tic anwtèrw paradoqèc,

apoteleÐ prwtìtuph ergasÐa.

Merik� jèmata proc peraitèrw exètash pou anafÔontai apì to kef�laio autì eÐnai

ta ex c:

1) Na jewr soume thn perÐptwsh f(0) = 0 kai K
′
(0) = 0, pou shmaÐnei ìti ja

prèpei na doulèyoume me thn polÔ asjen  morf  tou probl matoc.

177



2) Sthn anwtèrw perÐptwsh 1), na exet�soume an mporoÔme na broÔme sqèseic me-

taxÔ twn arqik¸n sunjhk¸n, twn sunart sewnK(u) kai f(u) kai tou qwrÐou Ω (morf 

kai mètro), tètoiec ¸ste na èqoume èkrhxh thc lÔshc protoÔ to epekteinìmeno sÔnoro

tou forèa thc lÔshc aggÐxei to ∂Ω, dhlad  olik  èkrhxh (èkrhxh se sumpagèc uposÔ-

nolo).

3) To gnwstì plèon er¸thma, e�n dhlad  mporoÔme na antikatast soume thn apaÐ-

thsh na eÐnai to qwrÐo Ω kurtì me k�poia �llh ligìtero gewmetrik� perioristik .
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