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AmaryopeleTaL 1) avTiypar], omodKevLon Kot S10voUn TS TpovGAS EPYACIG, €& OAOKANPOL 1 TUY-
LOTOG QUTAG, Yot EUTOPIKO okomd. Emtpéneton n avartdnwon, amodnikevon kot dtovoun yio. okomd
L1 KEPOOGKOMIKO, EKTALOEVTIKNG 1 EPEVVITIKNG GVONGC, VIO TNV TPoUTOOEGN VO avapEPETAL 1) TNy
npoélevong kot va dtatnpeiton to Tapodv pnvope. Epotipata mov agopoldv ) xpion e epyaciog
Y10 KEPOOOKOTIKO OKOTO TPEMEL VAL ameLBVVOVTAL TTPOG TOV GLYYPUPEQ.

O1 0mOYELS KO TOL GUUTEPAC AT TTOV TEPIEXOVTOAL GE AVTO TO £YYPAPO EKPPALOVV TOV GLYYPAPEN Kol

dgv mpémel va epunvevdel 0TL avtimpoocwnevovy Ti¢ enionpeg Béoeig tov EBvikod MetooBiov [Tolvte-
yVeiov.



IHepiinyn

To tedevtaio gpovia 1 PO POUTOTIKOV PpoylOVmV TPOGUPLOCUEVOV TAVED G PETAPEPOLUEVES
Baoeic amoktd OA0 Kot LeEYOADTEPO EPELVNTIKO EVOLAPEPOV, KOOMG EMTPENEL GE KAUGGIKOVG POTO-
TIKOVG Pporyioveg Vo ETEKTEIVOLY TOV YDPO EPYACING TOVG G€ OAO TOV S10BEGILO YDPO, Kot Oyl LOVO
G€ QVTOV 6TOV 0Toi0 apyKd TomobeTovvTal. komdg TG Tapovoag epyaciag etval apevdg n oyedi-
aomn piog pnedddov eréyyov 600 TPOYOPOPMOY POUTOTIKOV GUGTNUAT®V LUE GTOXO TNV UETOPOPE EVOC
OVTIKEEVOL amd €va onpeio Tov TPLodIGTATOV YOPOL GE KATO10 AAAO onpeio, To omoio Bo emAé-
YeL 0 1010¢ 0 YEIPLOTNG TOGO o€ eminedo BEoNg 660 KoL G€ EMMESO TPOGOUVATOAMGOD, KOl OPETEPOV
1 vAomoinon g pebodoroyiag avtig oe Eva TEPPAALOV TPOGOUOI®ONG, £T6L MGTE Vo KoTadelBovv
EUPAVESTEPU TOGO 01 dVVATOTNTEC OGO KOl Ol advvapieg Te. o Tov okomd avto, eEetdlovtal 6To
téhog 4 cevapia Kot yivovtal oydAla TOGO TAVM G€ 0LTd OG0 Kol 6€ Kamota {NTHUATE Tov YivovTol
EULPOVN o€ GAAEC TPOGOUOIOOELS. ['la AOdYOoVE gVKOAING KAl YOPIG ATOAELD TNG YEVIKOTNTAG, TO OVTL-
KeIUEVO TOPLOTAVETAL GE LOPPT PEPdov.

10 TpdTO TUNLA B avaAvBel TO popmoTiKd cuaTNa o€ eminedo gvbeiog KIVNUOTIKAG OAAG Kot
o€ eminedo Spopikng Kivnuotikng. H aviivon avth Ba tapdéel ta amapaitnta epyaieio, £T01 ®OTE
Vo TEPAGOVIE GTNV SOUOPEmoT TG pHeBodoroyiag cuvepyasiog, 1) omoio Kol AVTA HE TNV GEPA TG
0o Tpaypatoromnel o Kivnuatikd eninedo.

210 devtepo TUNpa Ba dtapopewBel Eva mpdPAnpa BeAtioTonoinong, 1 eniAvon Tov oroiov KGO
YPOVIKN oTiyun Oa mapdyel Tic Vo pia Evvola BEATIOTES EVTIOAES TaDTNTAG TOV TPETEL VoL 160000V
070, POUTOT, £TG1 OOTE Vo TpaypoToroindei n Tpocéyyion g entBountig Béong.

370 TEAELTALO TUM O B0 TOPOVGLUGTOVY KATOL0 GEVAPLY GE TEPIPAALOV TPOGOLOIOGNG, TOV OV-
oloTIKG 0o KaTAdEIKVHOVV TOPACTOTIKA TV Tpotevouevn pebodoroyia. Télog, B mpayupoTomol-
NOoVV KATOlEG TOPATNPNOELS EML TOV OMOTEAEGUATOV Kot Bo 60000V KUTELOVLVGELS Y10 LEAAOVTIKY|
épevva.

AEgaic KAEWOWO

Kevtpudg Eheyyog, KIVNUOTIKOG ELEYKTNG, TPOXOPOPOL pOoUTOTIKOL Pporyioveg, cuvepyalOUEVT LETO-
©opa ovtikelévov, Bempia PedtioTonoinomng.






Abstract

In recent years the use of robotic arms mounted on mobile bases attracts an increasing research in-
terest as it allows manipulators to expand their workspace across all the available space, and not to
be restricted on the space available by their link’s lengths. The purpose of this diploma dissertation
is firstly to design a control method for two wheeled mobile manipulators which will allow them to
transfer an object from one point in three-dimensional space to another point, which the operator him-
self selects in terms of pose and orientation, and secondly the implementation of this methodology in
a simulation environment, in order to demonstrate clearly both the potential and the weaknesses of
the proposed method. To this end, four simulations scenarios will be considered and comments will
be made on them as well as on other scenarios not presented here. For simplicity and without loss of
generality, the object is represented as a bar.

The first section will analyse the robotic system in terms of forward kinematics as well as forward
differential kinematics. This analysis will generate the necessary tools which will allow the design of
a cooperation methodology in purely kinematic terms.

In the second section we will formulate an optimization problem, the solution of which at each
time step will generate in some sense optimal speed commands which must be send to the robot. This
commands will force the robot to converge to the desired position.

In the final section we will present some scenarios in a simulated environment that effectively
illustrate the proposed methodology. Finally, there will be some comments on the results and also
future directions of further research will be provided.

Key words

Centralized control, kinematic controller, mobile manipulators, coordinate object transport, optimiza-
tion theory.






Evyoaprotieg

Oa nfeha va evyopionom Oeppd tov emPrémovta kKabnynt) avtrg g dtatpPng, k. Kupraxdénovro
Kwvotavrivo, yuo ™) cvveyn kabodnynon Kot yio TNy eumiotocvvn tov. Eniong, 0a n6eka va gvyapi-
OTNO® TOLG GIAOVG LOV YL OAT TOVLS TNV GLUTOPAGTACT) KOl TIG EVOLUPEPOVGEG TAPATIPTTELS TOVG
KOTO TV EKTOVNON TG OIMA®UOTIKNG pov epyacioc. Téhog, Ba Beda va evyaploTiom TNV oKoyEVELL
LLOV KoL KUPIME TOLE YOVEIC LoV KoL TNV adePQN LoV, 01 070101 [LE VTOSTNPLENY KOl EKavoY SUVOTH TNV
OmEPIOTAGTY EVACYOANGT LOV TOGO LE TN OITAMUATIKY LoV OGO KOl GUVOALKA LE TIG GTOVOEG LLOV.
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Kepaiaro 1

Ewsayoym.

1.1 Awtdnmon tov mpofifqpartoc.

H mopovca dumhopatikny epyacio Katamidvetor pe v ovamtuén pog pebodoroyiog, n onoia Oa
EMTPENEL GE HVO TPOYOPOPOLS POUTTOTIKOVS Ppoyioveg Vo LETAPEPOLV EVOL OVTIKEIPEVO OO Lua Og-
dopévn apykn 0éon oe o emBounti tedkn 0€omn. H enilvon Ba mpaypotonoteiton Kevipikd, vwod
v évvola 6Tt Bo VITaPYEL EVag KEVTPIKOG EAEYKTNG TTOL B yvpilel Kabe ypovikn otiypn v dtdtoén
ToV KGBe cuoTHUATOC Kot ple Baon v pebodoroyia mov Ba avamtuydet, Bo amooTEALEL EVTOAES T V-
TV o€ KGOe poumotikd oot Eeyopiotd. H pebodoroyia avti o adiapopei yio To oynpo Tov
OVTIKELEVOL KoL Bo viLopEpeTaL LOVO Yo TNV GYETIKN BEom TV dV0 POoUTOTIKOV cuoTnudTmy. Ta
GLGTIHHOTO TOV EMAEYONKAV TTPOG EPapLOYN TNG LEBOSOL elvar B GTO EUTOPLO Y10, EKTALOED-
TIKOUG KOl EPEVVITIKOVG CKOTOVG.

o

Zyqpa 1.1: Zvvepyooio poumotikdv Ppoyldvev petapepopevng paong.

Ta {ntipato Tov Suvapeny Kot Katd Téc0 To avtikeilevo pmopel va petagepbei Adym Bapovuc,
1 KOTOVOUT TOV SLUVAUE®Y KAT. dev Ba pedetnBolv, kot cuvenmg Oa Bemprcovpe OTL aVTH 1KAVO-
TOOVVTOL YWPig TpoPfAnpota oe Kabe mepintwon. Aniadn, Ba eetdoovpe To (TNUO amd Kobopn
KIVNUOTIKT GKOTLd Kot povo. EmmAéov, kanoleg embountéc cupmepipopég mov gpeavifovral Toln
GLYVA OTNV TPAEN, OTWS AmOPLYNS ERmodimy, dev Ba AN@BoLY VITOYN GTNV TOPOVoH EPYACIN. XVve-
DG, 0 YOPog Ba Bempeitar 6TL TEPIEYEL ATOKAEIGTIKA Tt 3O POUTOTIKG CUGTNLOTO KO TO AVTIKEILEVO
TPOC LETAPOPAL.

1.2 H onpoecia Tov TpoPfinpartoc.

To evdaEépov Yo TNV EPAPUOYN TV TPOYOPOPOV POUTOTIKAOV CUGTNUATOV GE [0 GEPA KO-
TAGTACEWDV, OTWG LETAPOPAS OVTIKELEVAV, EAEYYOV, BaQNG e OTPEL, GUVAPHOAOYNONG K.0L, OTTOKTA
Ta TeEhevTain ¥pOvia OAO Kot HEYOADTEPO eviLHPEPOV. To GUGTNA OVOLACTIKG OTOTEAEITAL OO EVOV
KAOGGIKO poumotikd PBpoyiova Tpocaplocuévo OUme méve og pia Kivnth Bdaon, n omoia Kot emé-
KTOOT LEYOADVEL ATEPLOPLOTA TOV YDPO EPYUCING TAV®D 0TO EMIMESO XY.
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Ot poumotikoi Ppayioveg £xovv omOTEAECEL AVTIKEILEVO PEAETNG YO TAPO, TOAAG POV KOl TOL
HOVTEAQ, VOLYTAOV KIVILOTIKOV dALGIO®V Elval IKOVOTOTIKA YeEVIKA. Ot TAATQOPUES 0md TNV GAAN
TAEVPE PQoviCovV TOAD PeYaADTEPT TOIKIALN, OTTMG TT.). TPOYOPOPES, LLE TOJA, VIOPPUYIES, EVALEPLEG
KA., KOTL TO 07010 KAVEL TNV OVAAVGT] TOVE KATTMOG O ATOLTTIKY, AGY® VTS aKPBOS TNG TOWKIAMOG,
[pocappodlovtog évav Ppayiova v o€ (o TAATEOpR TPocTifetal 6To TPOPANUA Lo ETTAEOV
TEPUAOKOTNTA, KOOGS cuvovalovTtat dV0 avopoloyevi Hetalld Tovg GLGTHHOTO. XVVOVAlovTag LEAL-
070, 600 T€T010 O€ pio KAELGTH KIVUATIKN aAvoida dnpovpyel okoun teptocoTePa TPOPANLLATO TPOG
OVTILETAOTLON.

H ypnion tétoiov cvotnpdtov ndviog tpofAénetat vo enektabel Ta end UV ¥poOVIa, KaOMG TAEOV
YPTCLLOTOLOVVTOL OKOLLA KOl GE OLOGTNIIKES EQapLOYES. ' Evag Topéag 6TOV 0mT0i0 To GLGTI LT AVTA
VIOGYOVTOL TOAAEG EPAPUOYES Elvar 1) Plopnyavia, 1 LTOLOTOTTOINGT TG 0ToiaG Kol 1) TEPLOPLOnOi-
nomn tov avlpdmivov mTapdyova yiveror pe peyaAdtepo pulud ta terevtaio ypovia.

1.3 IIponyoduevn épevvao.

Meydro TpuMqpa TG EPELVAG TOV POUTOT UETAPEPOUEVNS PAONG 0.pOpd aVTA OV SLoBETOVY pUn-
OAOVOUIKEG TAUTPOPLEG, KOBMG TOTE 1 KIVILATIKY] KOVOTNTO TOV GUVOAMKOD GUGTHUOTOC Eival on-
LLOVTUKG TEPLOPIGUEVT] OIS T.Y. avaldbovv ot [Papadopoulos and Poulakakis, 2000], t6c0 o€ eninedo
Kvnpatikd 600 Kot g duvopkd. O [Seraji, 1998] napovsialet ) pebBodoroyia atnv omoia kot Ba Bo-
GLOTOVLE YO TNV EVOTOINGN TOV 30O GLGTOUTIKAOV LEPDV TOV GUGTHLOTOS, TOGO Y10 OAOVOUIKES OGO
Kol Yo, pn-oAovopikés mAatedpues. Ot [[Yamamoto and Yun, | mapovcidlovv o pebodoroyio oye-
oGOV KO EAEYYOV, AAUPAVOVTOC OILMOC LITOYT Kot TG SLVOUIKES EEICADGELS TOL GLGTHILOTOG, EVM Ol
[Bayle et al., 2002] mopovctalovv pio, Kivnuotikn pebodoroyia yio cueTipoTo Tov EUeavifovy Kot
mieovalovteg Pabuovg ehevbepiag. Télog, ot [Luca et al., 2006] mapovoidlovv o pebodoroyia yio
UN-OAOVOLIKG GUGTHLOTO, OTOUOVAOVOVTOG UOVO EEIGMGEIS TOV EMLTPETOVY KiVIGN KOl OVTOUATOG
KOVOTTOLMVTOG TOVS 1] OAOVOHIKOVG TEPLOPICHOVE, KABDS KOl TPOTOVS EKUETAAAEVONG TOV TAEOVO-
fovtov Pabumv pe ddpopeg pnebodovg, 6nmg Extended Jacobian, Projected Gradient xon Reduced
Gradient.

H ovvepyacio 600 11010V GUGTNUATOV VAOTOMONKE [LE TEXVIKEG TTOV AVOTTOYONKOV OpYIKA YioL
popmotikovg Ppayiovec. H onuavtikdtepn mnyn yuo oxetikn iprioypoeio poll pe ta mo onuavIikd
EPELVNTIKA OTOTEAESHLOTO TTapoLGtdlovv avaivtikd ot [Siciliano and Khatib, 2008], ondte dev Oa
EMOVOANPOOVV €0M KOl GVVETMG KAOE EVOLUPEPOLEVOC TOPATEUTETOL EKEL TEPA VIO TEPALTEP® AVEL-
Avon.

1.4 Xvvewo@opd.

2TV mpovca EPpYOCia, £XOVTOG MG AVAPOPH KATOIEG Amd TIG AVUADGELS TOV ovapEPONKaY Topa-
AV, ETEKTEIVOVLE TA VTTAPYOVTA OTOTEAEGUATA KO TPOGHETOVLE GAL, OTTOV CVTO Eivol AmTapaiTNTO.
ZUYKEKPLLEVO, Ol KIVILOTIKES OVOAVGELS TV TPOYOPOP®Y POUTOTIKOV Ppayidvev meplopilovtal ov-
viBwg Yo Adyovg amkotntag o e kivnt Bdon pe éva Bpoyiova 600 pe tpimv Pabudv ekevbepiag.
Xy mapovoa epyacio Bo acyoAnBovue e Evay ToAD PeYaADTEPO Ppayiova, 1) KIVLOTIKT TOV 0Toiov
aVEAVEL TV TOAVTAOKOTNTO.

Y MOAAEC TTEPUTTAOCELG TO GUVOAIKO cVOTNLA Bempeitat 0Tt amoteleitor omd 600 dtoKpLTd peEp,
TNV TAATEOPUA Kot ToV Bpayiova. Ztnv mapodoa epyocia Bo Bewproovue T0 GUVOMKO GUGTNUA GOV
pia oAdTNTO Kot B GuVOVECOVLLE TO SVO SlaKPLTd TOV PEPT GE £Val, GTO OTTOL0 Kol B0l ETIKEVIPDOGOLLLE
v aviélvon. ‘Etol Bo propécovpe vo ovVIHETOTIGOVE TO GUVOALKO GUGTNLUA GOV £VAV 1GOSVVOLO
Bpayiova, &xovtag cuVERMG T SuVOTATNTA VO EPaPUOGOLLLE OAa TO EpYaAEin TOV glval StoBEéaa Yo
QVTOVG. XTOVG Ppoyioves Uidt TPOTAPYIKY OVTIGTPOPT KIVIUOTIKN 0VAALGT YivETOLl HECH TNG OVTL-
GTPOPNG NG WKMPlavie. v epyacio avt) Ba deiéovpe v axatoAAnAotnTa ¢ pebddov avTNig
ka1 Oo Tpoteivovpe pia péBodo e yprion PertioTonoinot. XTov cuyypaeéa eV EIval YVMOGTN 1| EQOp-
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poyn pebddov Bertiotonoinong o TPOYOPOPOVS XEPIOTES, TOPA HOVO GE KAOGGIKOVG POUTOTIKOVG
Bpoayiovec.

H cuvepyosio Tov popumotikdv Tpoxopopmv Ppoayldveov Kot Tmv Ppoyldoveov YeVIKOTEPH LEAETA-
Tatl cvvnBmg og duvapkd emninedo, 6ToL Ta epyareio avdAvong tapovotdlovy peyaAHTEPT TOIKIALA.
211V TopovGO EPYOGiD 1) GUVOALKY] LOVIEAOTOIN O, OTT®G el 110N avapepet, Oa yivel kivnpatucd. H
KWWNHOATIKY 0vEALGT €VOC TETOLOV TOAVTAOKOU GUOTHHATOS KAEIGTNG KIVHOTIKNG aAvGidag dev elvar
YV®OTo va £xel TpaypoToToln el KATOL 0o TOV oUYYPOQEX.

Télog, Ba Tapovoiactel pro pEB0S0G amoPLYNG UNYUVIKOV oplov TV apBpdcewy Tov Bpoyiova,
otV omoia Oo AapPavel pépog kat n Aot TOV GVGTAUATOC, KATL TO 0TTOi0 deV YVOPILEL O GVYYPOPENC
va &yl mpaypatomombei og kdmola AN epyacia.

1.5 Aopn ¢ gpyaciac.

H dopn ¢ epyaciog Ba akolovdnoet yevikd tnv e€1g Aoyikn|: Xto emopevo kepdiato Oo Tparypo-
tomomBel o TANPNG KIVIILOTIKT Kot SI0pOPIKT KIVIUATIKT avdAven, mov Ba apopd téco tov Bpoyi-
ova 0G0 Kol TV TAATPOPLLO EVOG GUYKEKPILEVOD POUTOTIKOD GUCGTHHOTOS LETAPEPOLEVNS BAong. Zn
GUVEYELM, OL KIVIHOTIKEG EEICMGEIS TMV SO AVTOV LEPDY B GLVIVAGTOVV, TPOKEEVOL Vo TopayDel
L0 GUVOALKT KIVIHLOTIKY €£i0GT) TOV VO TEPLYPAPEL KOL TaL 6VO QVTA UEPT) GOV [io OAOTNTA.

10 emdueVo KEQAAOLO Ba avoAvBel apylkd Lo TPMOTN TPOCEYYIoN TNG KIVILOTIKNG OVAAVONG
TOV GUOTHHOTOS TOV dVO TPOYOPOP®V poundt Kot Ba eEnynbovv ot Adyot Yo Tovg omoiovg TeEAKA
gyKoTaAeipOnke. Xtnv ocvvéyela, Ba avapepbel n Kevipikn péBodoc emilvong KAvVovTog Xpnom e
Oewpiog PertioTonoinong. 1o 1éhog avtod Tov Keparaiov Ba avapepOei kot pio péBodog amopuyng
UNYOVIKOV opiwv Tov emekteivel Tnv Pacikn pnébodo.

‘Emteita, Oa mopovciactody T£66EpA GEVAPLO TPOCOUOIDGEMV, T0. 0Toiln B KaTASEKVIOLY TIG
dvvatotnTeg g nebddov, ot omoia Ba TPoVGLOGTOVY oTiyHIdTLTTA THG KAOE TPOGOpHoIoNS KaONDC
KOl YPAPIKEG TOPASTAGELS Yo TNV €EEMEN TOV GLVOAKOD GPAAUATOG.

Téhog, Oa Tpaypotomoindei £vag 6yoAMooUOS TOV OTOTEAECUATOV TOV TPOGOUOIDGE®DY, TOViLo-
vtog 1000 Betikd 660 Kot apvnTikd otoryeio g peboddov. Ta apvntikd otoryeio Ba amoteAécovy Ha-
MoTta kot T Paomn yio kdmoteg mhavEG eAAOVTIKEG KATEVOOVGELG E OMDTEPO GTOYO TNV TEPULTEPM
Bektioon g,
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Kepaiaro 2

Kwnpotwk avaivon tov youBot.

210 mopdv kepdAato Ba BEcovpe Tig amapaitnTeg PAGELS Y10 TNV KIVIOTIKY LOVIEAOTOINGT TOVL
GUVOMKOD GUGTNLOTOC. XTO TPMTO OVTO GTASI0 B0 AGYOANO0VLLE ATOKAEIGTIKA LE TNV KIVILLOTIKN
doun VO GLYKEKPUYEVOD EUTOPIKOD LOVTEAOD, ONAAOT TOV POUTOT g etopiog KUKA, to
omoio paivetor oto Zynua 2.1, avaidovtog Eexmplotd To dV0 Bactkd TOL TUMHOT, ONAAdT TV TAT-
@oppa kot Tov PBpayiova. H avdivon Oa yivel 1060 oe eninedo gubeiog kivnuatikig 660 kot gvdeiog
SLoPopIKNE, N omoio Ba amoteléoel Kot TV BAon Yol TV avTiGTPOPT KIVIILATIKY 0vAAVoT) ToL youBot
000 K01 TOV GUVOAMKOD GLGTHUATOG.

Yympa 2.1: To pounotikd cvotne youBot.

To mapondve cvotnuo amoteAeital omd éva Bpayiova 5 Pabumv erevbepiag (DoF - Degrees of
Freedom), evd n Bdon eivon orovopukn waykoatevbovtikn 3-DoF, kabohg £xet v dvvatdtta vo Ki-
vNOel OTOLOONTOTE GTIYUN TPOG OTOLONTOTE KATELOLVGN 1 VO EKTEAEGEL TEPIGTPOPT YOP® OO TOV
a&ova z, 6TmG Ba deryBel ka apydTeEPO.

2.1 Kuvnpotiki avaiven 1ov popmotikov fpayiova.

2.1.1 EvOgio xivnpotikny avaivon pe tnv pébodo Denavit-Hartenberg.

ApyIKQ, OTOLOVAOVOLLLE TOV POUTOTIKO Bpayiova amd Tnv mAateoppo. H kivnuotikn) avaivor| tov
umopel va wpoypatonomBel pe Pacikd epyodreia Tng avAAVOTG POUTOTIK®V Bpoaylovmy, OTmg T Ué-
000 Denavit-Hartenberg. Mg Bdon tv pebodoroyia mov mapovsialetat oto [Siciliano et al., 2009],
0 Tivakag TapapETpoV Yo Tov Ppayiova Tov Zynuartog 2.2 eaiveton otov [ivaxa 2.1.

Me Bdomn tov mopamdve Tivaka Kot T WTpo TopapETpoy T LeBodov Aﬁ_l, gpoppolovtog tov
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Zympa 2.2: O Bpoyiovog pali pe to mhaicia tng pebodov Denavit-Hartenberg.

Mivakag 2.1: Ot wapdapetpot g pebddov Denavit-Hartenberg yio tov fpayiova tov youBot.

2Hvdeoog i 0; d; ; a;
1 q1 0,1012 0,0330 90°
2 q2 + 90° 0 0,1550 0
3 qs3 0 0.1348 0
4 qs — 90° 0 0 —90°
5 g5 — 90° 0,1937 0 0

netaoymuatiopd T = AY(q1) Ad(g2) A3(g3) A3 (g4) A2 (g5) xatoiyovpe otu:

S1C5 + €1C23485 —S185 + Cc1Co3acs —c1S234  —0,1937c189234 — €1 (0, 1348s93 + 0, 15589 — 0, 033)

T — —C1C5 + 81C23485 €185 + S1C234C5  —S158234  —0,1937515234 — S1 (0, 1348593 + 0, 15555 — 0, 033)
me 593455 $934C5 €234 0,1937co34 + 0,1348c23 + 0, 155¢2 + 0,1012
0 0 0 1
@.0)

2.1.2 EvBgio Kivnpuotikn avaiven pe ypion YEVIKEDPEVOL dtavoopatog 0éong -
TPOGAVATOMGLOV.

H 08¢om g apmdync Tov Ppayiova divetat oe Lope1| SLVOCGUOATOG A0 TIG TPELG TPMTEG GEPES TG
tétaptng otANG Tov T, 0ntwg mpoxvmtetl amd TV Zyéon 2.1. I'ia voL EKPPAGOLLE TOV TPOGUVOTOMGLO,
avalnTovUE o avoTapioTacT EAYICTOV TAPUUETPMV, TO OTOI0 UTOPEL Vo Yivel eite HEGH TOV Y-
wviov Euler gite kdvovtag yprion tetpaddvimv (quaternions). Ta teTpadovia YEVIKE TAEOVEKTOVV EVOVTL
TV yovidv Euler Moy® ¢ apBuntikd ypnyopotepnc cbvieong meptotpodv, TG aniovotepng e&o-
Y®YNG TNG YOVING Kot TOL GE0VH TEPIGTPOPTG, TG GUVTOUOTEPT TOPEUPOANG, Kot Tng EALelyMC gimbal
lock o€ avtiBeon pe tig Yovieg Euler. Opmg, n eéayoyn tov Z-X-Z yovidv Euler and v pfitpa me-
PLOTPOPTG TNG ApTAyNG eivar apecdTepT Kot cuvenmg o mpotyunBel. H yevikny popon tov Z-X-Z
yovidv Euler [Diebel, 2006] stvor n axdéAovdn:

CaCqg — SaCbSg —CaSg — SaCbCq  SaSh
Z1X2Z3 = Rot.(a)Rot,(b)Rot.(g9) = |SaCg + CaCbSg  CaCbCq — SaSg  —CaSh (2.2)
SpSq SbCq cp

Amo om\) EMOKOTNON TN UNTPOG TEPLOTPOPNG TOL TEMKOV gpyaAeiov otn Xyxéon 2.1 kot Tov
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yoviov Euler otn Xyéom 2.2 mpokimtel dpeca Ot

a = q— g (2.3a)
b = @t+@at+au (2.3b)
g = ¢ (2.3¢)

Enopévag to yevikevpévo d1dvuopa 8E0MG-TpocavaToMGHOD TOV TEAMKOV gpyaieiov dpdomng Tov
Bpayiova maipvel v axdiovdn popen:

-—0, 1937615234 — 61(0, 1348823 + 0, 15582 - 0, 033)-
—0, 1937818234 — 81(0, 1348823 + O, 15582 — 0, 033)
0,1937co34 + 0, 134893 4 0, 155¢5 + 0, 1012
n—7%
g2 +q3+qa
a5

(2.4)

31

2.2 AW@OopiKn KIVI|HOTIKY] avaAVoT TS TAATQOPIOG.

2.2.1 IIMpng owg@opiki Kivnpoatiki e€icwon.

o Ty Kivnuoetikh avéAvon tg mAoteopuag [Muir and Neuman, 1987)], tonofetodpe to mAaicio
7OV Paivovtal 6To Zynua 2.3, dniadn Oempodpe Eva akivnto mThaicto avapopds oto matoua (F), Eva
070 KEVTPO NG TAoTeoppog (R), kot téooepa mhaiclo avapopdsg oo onpEin ETAPNG TOV TPOYDV UE
10 matopa (C;). 1o Zyfuo eoaivetot Kot 10 TAaiclo avaeopdc ¢ Pdong tov Bpayiova.

300

Zympa 2.3: Kdrtoyn g mhateoppog poli pe o arattovpeva TAaio avapopds.

Apyikd Bempobpe v akoBlovi Kabe Tpoyov, 1 omoia TEPLYPAPEL TN GLVEICPOPA KAOE TPOYOV
TNV TOoOTNTA TOL KEVIPOV TNG TAaTPOpuas. Ot Tpeig DoF tov tpoyod avapépovial ovclacTikd ot
SVVATOTNTO TEPLOTPOPNS TOL YOP® AT TOV AEOVA TOV, TN SVVATOTNTA TEPLGTPOPNS T®V roller otV
TEPLPEPELA TOV, KAl TN SUVOTOTNTO TEPITTPOPNS TOL YOP® amd To ornueio emagng. H yevikn popon
™G WK®BLovig ToL TPoYoL i ival 1 akdAovdn:

—R;sin(Roc,)  risin(Foc, +n;)  Fde,
Ji = | Ricos(%lc,) —ricos(Blc, +m;) Tde,, (2.5)
0 0 1
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Emopévag, yua kébe tpoyd Eexmplotd £xovpe:

0 —@r Iy w1,
"5y = (R =2 —i,| |on (2.6a)
0 0 1 w1,
Jpr
0 ?T lb w2,
" = |R —L2r 1,] w2 (2.6b)
0 0 1 w2,
Jfl
0 —gr —lb w3,
B = |R —Lr 1, | |ws (2.6¢)
0 0 1 w3,
J’r'l
0 ?r —ly| |wa,
" = |R —Lr —1,| |wa (2.6d)
0 0 1 wq,
JT‘T‘

omov R = 47,5mm, l, = 158, 5mm xo1 l, = 228mm. [apatnpovpe 611 0Aes o1 akmPravig etvor
Babpov 3.

Yuvovalovtag TIC Topamive eElGMGELS TPOKVTTEL 1] TANPNG SAPOPIKT KIVNUOTIKT e&lomon g
TAOTQOPLLOG:

IS Ji 0 0 0 w1
Llr. |0 Jo 0 0 |dh
I3 P00 J3 0 |s @.7)
I 0 0 0 Jy |

E@ocov n pfitpa tov povadiaiov untpov Kol 1 pitpo ToV koBlovay eivat tAnpovs fadpo, cupmte-
paivovpe 0TL 1 e&lowon £xel TAVTA, LOVOIIKT AVGT Kot 6Tt 1| TAaTeOpra £xel 3 Pabuovc elevbepiog.

2.2.2 Ev0Ogio Kor avtioTpo@n o10QopiKi] KIvijpatiki Avon pe fdon t dvvatétnto
0d1ynong.

21NV Topamdve TANPN SpOopIKT KIVILOTIKY 51000 TG TAATOOPHOG SEV EXOVIE TAPOPOPIES
oo TOVG AoONTNPEG OVTE Y10, OAES TIC TAYVTNTES TOV EREAVIfoVTaL, OVTE HLVATOTNTA 0O YNONG OA®V
TOV TOYLTHTOV KAOE TPOYOV. ZUVENMG, OMOUOVAVOLLE KOl LEAETANE TIG CUVIGTAOGEG OVTEG TTOL TO-
POLGLALOVY TPAKTIKO EVOLOPEPOV. ZVYKEKPIUEVE, SVVATOTNTO OVAYVAOGCTC HECH TV 0IGONTHP®V Kot
duvatdTNTo 001 YNONG £XOVUE LOVO OTNV TEPITTPOPN TEPL TOL GEova Tov Tpoyov. [lap’ dla avtd, &i-
vat dvvarr|  aglomoinomn Tov aveldptntov Babuoy elevdepiag HECH TV SVVATOTHTOV 001y oNG OGO
Kot 1 duvatodTTo EENYMYNG TNE TOYOTNTOC TG TAATPOPLOG amd TIG LETPNOELS TV ausOntpmv. ['a
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VO OTTOLOVAOGOVUE TIG GUVIGTMGEG AVTEG AVTIGTPEPOVLLE TNV KM PLovr kaOe Tpoyov Kot dtatnpovpe
TNV GLVIGTMOGO TOV APOPE TNV TayLTNTA wW;, . ETol TpokvmTet Ot

wlx -1 1 lab

we, | 1|1 1 —lw|r-

wy, | R |-1 1 —lg| P* (2.8)
w4, 1 1 Iy

Emumdéov, avadiatdocovtag Ty TANpT KvnUatikn €£I6moT 68 GUVIGTMGEG TOV PTOPOVV VoL 0d1)-
YNBOVV KOl GE GUVICTMGES TOL dEV UTOPOVVY VoL 03N YNB0VV Kot KATOTY AVVOVTAG TNV TApoTave e&i-
00N G TPOG TNV ToYVTNTO TOV KEVIPOL TNG TAUTOOPLLOS TPOKVTTEL OTL:

Rl 1 11 Yl
Ry — Y11 1 1 1] |“ 2.9
S O T TR I 9)
lab lab lab la,b w41

Télog, pe Baon TV TOPATAVEO KIVILOTIKY 0VOAVGT] TPOKOTTOLY KATOL0 TOAD EVOLAPEPOVTO GU-
umepdopata mov agilet va toviotovv. [lpdtov, avadiatdocovtag Tnv AN Kivnpotikn eéicmon e
Bdon Tic CLVIGTMOGEC Y1 TIG OTOIEG EYOVE TANPOPOPiES OO TOVG UICONTAPES, KAl LEAETOVTOG TNV
TPOKVTTOVGO. ££ICMOOT] KATOANYOVLE OTL VTLAPYEL EXAPKT CIGONTNPLOKN TANPOPOPNOT|, KAOMG 1| TPO-
KonTovoa ptpa &xet opilovoa 64(1, + )% # 0, cuvenmg sivar TAVTo AVTIOTPEYIUN Kot ExEL AVoT.
Mdhota n TAnpoeopia gival evpmatn Kol givatl dvvatov va ovtiAnebovue v vropén wheel slip
pécm TV acntnpov. Asdtepov, peretmvtag TV opilovoa ¢ TpokinTovsag e&icmong yio Ta Xo-
POKTNPIOTIKG 081 ynong, kot avth eivon ion pe 64(1,+1p)? # 0,emopévac katalofaivovpe OTLVTAPYEL
EMOPKNG IKAVOTNTO OONYNONG DGTE VO UTOPOVLE VO OTLLLOVPYCOVLE OTOLOONTOTE TAXVTNTO TOV Ké-
VIPOL TNG TAUTEOPLAG. QQ0TOC0, VTTAPYEL 1| TEPIMTOOTN Vo Onuovpyndel TpdPAnUa oty 0drynon av
d00ovv avbaipeteg eviolés, kabag dev gival evpwotn. Ocov apopd o wheel slip vadpyel  dvvato-
TNt VA, YIVEL 00VTO aVTIANTTO LECH TV usONnTNpmV, OTMC avoeEpOnKe Kot TpLy, kKaBmS Yio 0TolES-
ONTOTE EVIOLEG TPEMEL VAL IKOVOTOLEITOL 1 TOPOKAT® GUVOTKT:

Wi, +wo, —wW3, — Wy, = 0 (2.10)

AVvovtog T ouvOTKT 0T ©¢ TPOS T.Y. TNV ToXLTNTO Wy, Kot avtikadiotdvtag Ty oty e&icmon
2.9, avtn Aappavel Tnv akolovdn popen:

(2.11)

2.3  Kwnpotiki avaiven g aAaTt@Ooppog.

[Mapdro mov 1 dvvatdtnTa aveldptnTov eréyyov Kot twv 3 DoF, | onoia gppavileton oTic Toyka-
TeEVOVLVTIKEG POUTOTIKES TAOTPOPLES, EIVaL £va TOAD GTUOVTIKO TAEOVEKTN LA, 1 SUVATOTNTA Y10 TOV
aKp1p1] eviomaopd g B€ong oe TPayUATIKS XpOVO HECH TV HoONTHPOV TOV TPOXDV ival adbvarn.
INo v axpifeta, gival SuvoTd va VTOAOYICTEL [ie aKpiPELD. O TPOGUVOTOMGLOC TNE TAUTPOPUOAGC, EVD
1 0éon ¢ umopel vo TpokvYEL SOLGTLYMG HOVO PEG® oAokApwonc. TTio cuykekpéva £yovpe yio
™V TayHTNTO 6TO TANIGLO aVOPOPES TOL TATMLOTOGC!

cos(¥0,) —sin(¥'0,) 0
"pp = Rot.("0,)""p, = |sin("6,)  cos("6,) 0| "p,
0 0 1
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INo v tehevtaio cUVIGTOGO EYOVUE:

R R
F R F
wp ="wp = —(Wig — Wy — W3z +Wiy) = wpdt = (Wip —wop — w3z + Wi z)dt =

4lab 4lab
Fo, (1) = iwm(w —Oo.0(t) — O3.0(t) + 01.0(1)) +F 6,(0) iwl,x(m — 02,2(0) — 03.4(0) + 04.,(0))

(2.12)

YUVETMC, O TPOGOVUTOAMGUOC TNG TAATQOPLOG UTOPEL VO VTOAOYIOTEL OTOLONTTOTE GTIYUN LE
XPNOMN TV LETPNCEWMV TV 01cOnTpmv, Otmg paivetal amd TV mapamdve oxéon. H 0éon g mhot-
@Opuag VToroyileTol HEG® OAOKANPMOONG GE KABE OL0KPLTH YPOVIKT GTLYHN, £XOVTOAG SVOTVYDC OAN
T TPOPAN AT TTOV UTOPEL VO, ELOOVIGTOVV, OTMG GUCCHPELCT GPUAUATOV akpifelac, BopvPov pe-
tproewv, wheel slip k.4.

I'vopilovtag tic 6écelg X, y ToL TAaioiov avapopds R kot vroAioyilovtag Tov TpocavatoAod
OO TNV TOPATAVE GYEoT, 1| 0E0M TG TAATEOPLOG DKOAN VTOAOYILETOL MG:

cos(f'0,) —sin(¥'6,)

0
~|sin(f'0,)  cos(fo,) 0 Ty
T, = . 0 0 (2.13)

0

0 0

(2.14)

2.4 Kivnuotiki] avaAivet 100 6VVOAMKOUD GUGTI|ILO.TOG.

H xwnuatikn e€icwon mov meptypdeet v Béom tov TehMkod gpyaieiov tov youBot pmopet va
TPOKVYEL KAVOVTOAG YP1ION TV OTOTEAECUATOV TOV TPONYOVLEVOV TOPAYPAPOY. ZVYKEKPLUEVA, Oe-
opovpe o dedopéva ™V Béon Iz ko Iy Tov cueTipaTog Avapopdc TG TAATEOPHAC, TOV TPOGa-
votolopo g - 0, k0Bog Kot TIg Yovieg Tov apBpdcewv Tov Ppoyiova. O petaoynuatiopods petadd
TOV TAOIGIOV AVOPOPAS TNG TAUTPOPLAG KOL TOV TAUIGIOL avapopdg tng Pdong tov Ppayiova eivar
otafepds, 0TS PaiveTol Kot 6To Zyfua 2.4.

Me Bdon to mopamdve KIVHATIKE SE00UEVE, O OLOYEVIG HETOCYNUATIGHOG oL divel TNV Béon
KOLL TOV TPOCAVATOAMGUO TOL TEAMKOD EPYAAEIOV dPACTG SILUOPPAOVETAL OG EENG:

C19C5 — C23451955 —C19S5 — €234519C5  S234519  © — 0.0013cg — 0.16655¢ + ¢159(0.1935234 + 0.135523 + 0.15555 — 0.033) + cgs1(0.1935234 + 0.135523 + 0.155s2 — 0.033)
$10C5 + €234C1955  —S1955 + C234C19C5  —s23ac1g Y + 0.1665¢h) — 0.0013s9 — c1¢9(0.1935934 + 0.135523 + 0.15552 — 0.033) + sp51(0.1935234 + 0.135523 + 0.155s2 — 0.033)
523485 5234C5 €234 0.193¢234 4+ 0.135¢23 + 0.155c0s(¢2) + 0.2464
0 0 0 1

T, =

(2.15)

Ioodbvapa, o mTapomdvd OLoYEVAG LETACYNLOTIONOG prmopel va d00el péow tav Z-X-Z yovidv
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Tympa 2.4: ITIAdaywo oyn e nhoteopuog pali pe o TAaiclo avapopdg Tne Kot To TAUICIO ovapopas
g Bdong tov Ppoayiova.

Euler:

2z — 0.0013cg — 0.166559 + ¢159(0.1935234 + 0.135523 + 0.15559 — 0.033) + cg51(0.1935234 + 0.135523 + 0.155s2 — 0.033)
y + 0.1665¢9 — 0.0013s9 — c1¢9(0.1935234 + 0.135823 + 0.15552 — 0.033) + 5951(0.1938234 + 0.135523 + 0.15552 — 0.033)

= 0.193c234 + 0.135c23 + 0.155¢2 + 0.2464
v q+0
G2+ g3+ qa

q5

(2.16)

2.5 Aw@opiki KivijHoTIKY] 0VAAVGT] TOV GUVOALKOU GUGTILATOG,

2.5.1 AvoAuTiKi] WK®PBLOVI TOV GUVOAMKOD GUGTIHATOG.

"Exovtog Kotaotpdoet Tig e£1000ELG Tov Tpocdlopilovv T BEoM Kot TOV TPOCAVATOAMGUO TOV TE-
AKo0 gpyaeion dpAong Yo TO GCUVOAKO GUGTIN LA, TO ETOUEVO PriLLa EIVOL VO KOTAGTPMGOVE KoL TIG
e&lomoeig mov B pag dd@covV TN TohTNTA TOL TEAMKOD gpyoieiov pe BAor Tig TaXDTNTEG OA®G TV
TOPAUETPOV TOV GUGTNUATOG, SNAASYT] TNG TUYLTNTOS TV TPOYDV KOBMG Kot TG TaLTNTOS TOV Op-
Opdoemv. Yrdapyovv didpopeg nebodoAoyieg Tov Hog ETTPENOVY VO CUVIVAGOLUE TIG EEIGMGELS TNG
TAOTPOPLOG Kot TOV Ppayiova TpokeLéVoL va To emttdyovpe. Mia factkn Katnyopia €€ avtdv Oew-
pet ta 600 aVTA GLGTAUATO WG EEYOPLOTA, KOl OAT 1 OVAAVCT| £YKELTAL GTNV DAOTOINGT KOTAAANANG
uebddov dote vo emitevyel opaAr cLVEPYAGIO CVTOV TV dV0 GuaTNUATOV. AAleg pebodoloyieg Oe-
®POVV TO TPOPANLO OC EVOL U1 YPOUULKO TPdPAN L Bedtiotomoinong. [lap’ 6Aa avtd, pio o puotkn
avaAvor pmopel va Tpaypotonondel 0empdvog To GUGTNHO MG Ho OAOTNTA cLVOVALOVTOG KOTAA-
ANAQ TOGO TIG SLOPOPIKES KIVILATIKES EELOMAELS TS TAATPOPLLOG 600 Kol Tov Ppayiova [Seraji, 1998].
Me Bdon ) peBodoroyia avt, Bewpolue apykd v gvubeia Kivnpatikn e&icwon Tov GLGTAUATOC,
Yo TNV oToio, EYOLLE:

0 0
L= f(CIpa qm) = T = 8;;‘?10 + @%Qm = Jp(Qp)Qp + I (Gm) Gm =
T = [JP(QP) Jm(Qm)] |:5:1:| (2-17)

omov 4y = [Fir Ty F,)" xorgm=[@1 do ds da ds) -
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Ouwg oav €160600V¢ GTNV TAATPOPLO BE@POVUE TIC TAYLTNTEG TOV TPOYDV. AVTEG UTOPOVV VA
TPOKOYOLV ®G EENG:

gp=| 79| = Rot.("0,)"p, = Rot.("0,) 5 L0 0| e, | = G(F0,) |wa, | (2.18)
Fep m 0 —E w3, w3,

Yuvendmg, n e&icwon 2.19 AopPaver Ty axdAovon popen:

. u

&= [Jp(gp)G("0p)  Jin(am)] [u”} (2.19)

m
J
T ... . .qT

He up = [le w2, w3z] > Um, = [(h q2 43 44 Q5] Ko

7W(msanﬂ —10¢19(—33 + 15559 + 135523 + 1935934) + 3837s9)  0.0238¢y — 0.0238s 739;1%(2185(10 +10¢19(—33 + 15552 + 135523 + 1935934) + 1359)

Soss00 (— 166559 + 10819(—33 + 15555 + 135503 + 1935234) + 3837cp)  0.0238¢y + 0.023859  gon (— 218589 — 10519(—33 + 1555 + 135523 + 1935034) + 13¢)
G = 0 0 0
P 0.062 0 —0.062
0 0 0
0 0 0
(2.20a)

(019(0.1938234 + 0.135s23 + 0.15559 — 0.033)) 819(01930234 + 0.135¢93 + 0.15502) 819(()‘1930234 + 0.135023) 0.193c234819 O
(510(0.1935234 + 0.135s893 4+ 0.15552 — 0.033))  —¢19(0.193¢234 + 0.135¢23 + 0.155¢2)  —¢19(0.193¢a34 + 0.135¢23)  —0.193ca34¢19 0

] = 0 70.1935234 - 0.135523 - 0.15552 70.1938234 — 0.135823) 70.1935234) 0
ome 1 0 0 0 0
0 1 1 1 0
0 0 0 0 1

(2.20b)

H mopamdve tokoplovi amoTeAel TV GUVOAKT 0VAALTIKY 10K®BLOVE TOL GUGTNLOTOG KoL UTOPET
va xpMoorombel 6g KAmTo10 GLGTNHO AVTIGTPOPNS KIVIILATIKNAG KAEGTOV Bpdyov. OVclacTiKd, ovTL-
petonilovpe 1o GuVoALKO youBot e Bdorn avth Ty e&icmon cav Evav KAAGGIKO poUTOTIKS Ppayiova
KOl GUVETADG WTOPOVLLE VO, YPT|CLLOTOIGOVUE OAES TIG dlafEaieg peBOd0VE aVTIGTPOPNG KIVIUOTIKTG
avéivong mov Ppickovial oty BifAtoypapia.

2.5.2 Teoperpikn wkoprovi Tov 6GVVOAKOD GVGTINOTOG.

H yeopetpicn wkmprov propel va vroloyiotel péow 6o pueboddwv. Me Baon v tpad pébodo,
UTOPOVLLE VO VITOOEGOLLE OTL M fACT) IGOSVVALLEL LLE 0L GTPOPIKT ApBpmon yOpm amd Tov AZova z Kot
Vo TpIopaTIKEG apOpdGEIS VBVYPUUIGHEVES e ToVG dEoves X Kkl Y avtioTtowya. Ereita uropodpe
VoL TNV VTOAOYICOVUE HECH TOV GCUVEXOUEVOV OLOYEVOV UETACYNLOTIGUOV, OTWOC TapoLstaleTal Kot
€0 [Siciliano et al., 2009].

Me Baon v debtepn néBodo, avalntovpe LETOCYNUATICHO TG LOPONG:

Be = Koo
Me Bdon to Zynpa 2.5 pTopovpe vo, VTOAOYICOVE TIV GUVEIGQOPE KAOE TEPIGTPOPIKNG TOYVTN-
TOG OTIC GVVICTMOEG TG YOVIOKNG TOYVTNTOC ™G €ENG:
o AOY® TayOTNTOG b [wx Wy wz}T =¢ [0 0 1]T
o  Adyom taydnrog 0: [wx Wy wz} T=¢ [c¢ S4 0} T
, , ; T T
o Abdyotoyomragy:  [wp wy wi] = [sese —cgse o
OTOTE GUVOAIKA £YOVLLE OTL:

0 Co S¢S0 _
We= |0 54 —cgs0| Ge (2.21)
1 0 Co
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X-axis X'-axis X-axis X'-axis X-axis X-axis

Retation about £-axs Aatation abaut X'-axis Retation about £'-axis

Tyqpa 2.5: ZOvOeom oTolEIMODY TEPIGTPOPDY Y10, TOV VTOAOYICUO TNG YOVIOKNG TOXDTNTOC.

[MoMamhactalovtog pe TiG TEAEVTALES 3 YPUUUES TNG K®PLOVIC, 1] YEOUETPIKY 1aK®PLovn Tpo-
KonTel og e€NG:

~ i (1665 — 10c1p(—33 + 1535, + 185559 + 193s351) + 3337s9) 00238y — 0023859 s (2185 + 10c19(~33 + 15555 + 13535 + 198s334) + 13s0)
Toog (— 166559 + 10s19(—33 + 1555 + 135525 + 193s234) + 3837¢g)  0.0238¢o + 0023885 50005 (—218589 — 10519(—33 + 15552 + 135523 + 1935234) + 13¢p)

v _ 0 0 0
oG = 0 0 0
0 0 0
0.062 0 —0.062
(2.22a)
(619(041933234 + 0.135s923 + 0.155s9 — 0.033)) 319(041936234 + 0.135¢23 + 0.155[)2) 815(0.193(:234 + 0.135[)23) 0.193c234519 0
(510(0.193s934 + 0.135s23 + 0.155s9 — 0.033))  —c19(0.193c234 + 0.135¢23 + 0.155¢2)  —c19(0.193¢34 + 0.135¢93)  —0.193c234¢19 0
j— 0 *0.1938234 - 0.135823 - 0415582 *041938234 - 04135823) 70.1935234) 0
mo 0 c19 c19 c19 8234510
0 16 s10 S10 —S234C10
1 0 0 0 €234
(2.22b)

e avtd 10 onueio £xel oAOKANPWOEL N KIVLOTIKY OVAALGT TOV GLVOAKOD GLUGTNLOTOG, HECH
g ovvleons tov 600 SloKPLITOV HEP®Y TOL, dNAADN TNG TAATPOPLAS Kol Tov Ppayiova. ‘Eyovtag
KOTOOTPDOGEL OAES TIG TPONYOVUEVES EEICMGELS, OVOAVETOL TOPAKAT® 1 LEB0JOG TOL avamtHyOnKe G
TPMOTO GTAS10 Kal 1) 0moia amoppipOnke oTNV GLVEYELD, Y10 AOYOVE TTOL Ba Yivouy ELPUVESTEPOL TAPO-
kGtw. Enetra, 0o avoivbei n katainktikny pébodog, n omoia Baciletor oty Bewpio fertiotonoinong
Kol Oivel TOAD KOADTEPO OTOTEAEGLLOLTAL.
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Kepaiaro 3

2OVEPYAGLO TPOYOPOPMV POUTOTIKAOV Bpaytovov.

Yxondg TV 600 TOVOUOIOTUTTOV POUTOTIKAOV GUCTNUATOV EIVOL VO LETAPEPOVV EVO OVTIKEILEVO,
TO OTOl0 HOVTEAOTOLEITOL GE HOPPN PAPOOV, amd o TpokKaBopiopévn epiktn apykn 0éon oe pia
kabopiopévn tehkn epikth B€om, dtatnpavtag kad’ 6An v ddpkelo otabepn Aapn, ||Z1 — Za|| =
12, 1], 6mwg eaivetot kot 6to ZyAua 3.1. Zuvendg, T0 GUVOMKO GOOTNIO ATOTEAET L0 KAELGTH KIVILoL-

Yympa 3.1: Ieproptopog yia otabepn Aapn twv dvo youBot.

TIKN 0AVGI0a KoL 0 GVVOALKOG Babudg erevBepiog ivor pikpOTEPOS TOV abpotoTikov, dniadn 16. I'a
™V akpifelo, avtdg pumopet va vroloyiotei pécw tov tomov Tov Griibler, [[Tsai, 2008]. IIpog TovT1O,
OPYIKG ETIKEVIPOVOLAOGTE GTNV TAATQOPLLO. ATotereitol omd 4 mecanum Tpoyovs, Ekaotoc 3 DoF.
Yvvenmg, and Tov Tomo Tov Griibler yia eninedovg unyovicpovg ot fabuol ehevbepiag Tng TAATPOPLLOG
elvau:
J 4
M=3-(N-1-J)+> fi=3-2-1-4)+) 3=3 (3.1)

i=1 i=1

Me Bdomn 10 Topamdved amoTELEGHLA, Yio Vo amokToovpe Tov fafuod ekevbepiag Tng cuvolkng didTa-
&ne, povtelomotovpe TNV TAATEOPL cav Lo eninedn dpBpwon 3 DoF. Zuvendg, ot Babuoi ehevbepiog
TNG GUVOAIKNG KIVILOTIKNG 0AVGidaG elvat:

J 5
M=6-(N-1-J)+> fi=6-(12-1-12)+2-(3+ > 1) =10 (3.2)
i=1 =1
3.1  Apyn mpocéyyion.
Ye évo Tp®TO GTAd10, e Bdon T pebodoroyia mov avamtdydnke oto [Chiaccio et al., 1996], n

01Ol AVOPEPETAL OULYDG OE POUTOTIKOVG PPpayloveS, TPOyUATOTOMONKE 1) EPAPUOYN TNG OTNV TEPi-
nTmon wov e&etalovpe.
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3.1.1 EvB&io kivnpotik.

Apyikd, opifovtatl n omdAVTN Kot 1) GYETIKN B€0T TOL CLGTHIATOG OC EENG:

. 1.
Do = i(pL +pr)
Dr = DF— DL

K0l 0 OTOAVTOG KOl GYETIKOG TPOCAUVATOACUOG:

L

Rr,« - RF
omov krr €lval To Lovodioio SIGvuGHLO TOV TPAYLLOTOTOLEL TV TEPLGTPOPN 0d TO TANIGIO TOV dEV-
TEPOV POUTOT GTO TTPAOTO eV O, 1 avticTolyn yovia, Kot pr = RfR F. X€ EMINESO TUYLTATAOV 01

TPoNyovEVES GYETELG AauPdvouy TV akdAovON Lopon:

N 1 hiN N
Pa = 2(29L + PF)
ﬁr = ﬁF _ﬁL

- 1 . -
Wy = 2(wL + dr)
Oy = Wp—dp

3.1.2 AvtioTtpo@n KivipaTiky.

Me Bdon v gubeia Stopopikn KIVNUATIKN TOL KAOE GUOTHUATOS EEY®PLoTA, 1| OTToio £xEL ava-
nToyHel TpoNyovUEV®G, KAl avOADOVTOG TN TAYVTNTO OTIC 600 GUVIGTAOGCESG, ONANST TNV OTOALTY] Kot
TNV GYETIKN TOYVTNTA, 1] VOO SLUPOPIKT] KIVILLATIKT TOV GUVOAKOD GLGTHUATOG ACUPAVEL TNV 0KO-
Aovbn popon:

Da
Wa :FJL ;JF] [(J.L}
Dr —Jr Jr | |gF
Wy

BOempOVTIS OG IKOPLOVT TOL GUVOAMKOD GLGTHOTOG J VT TOV SLUOPPAOVETOL TPONYOVUEVMG, TOTE
SLOHOPPAOVOVLE TO GVOTN O KAELGTOV PBpdyov TTov yopaktnpiletarl omd v napokdte e&icwon:

Ké=Jq

omov K &ivar évog daymdviog mivakag Kepddv Kot € gival To o@aAua TNG TOPIVNG Ue TV emtBount
0éom:

ﬁad - ﬁa
- 1 /= - = - - -
oo || _ 5 (Mo X Tlaq + 5q X S4q + Qo X Gaq)
gr Raﬁrd - ﬁr

1 - - = - - -
5 Ry (7 X 1pq + 8p X 8pq + G X drq)

EnUeidvETOL OTL Y10, AOYOLG EVKOATNG, 1 GYETIKN 0€0m P)-g TOV leader ko tov follower givon BoAkotepo
Vo 0ploTel 6T0 0mTOAVTO CVOTNUA HETAPOPES, 6TO 0Toio Yia dedouévn otabepn dpbpwon givar Eva
ot0bepo dtdvvoua. Emumhéov, ta davdouata 72, § Kot @ amoTeAoDV TIg GTAAEG TNG OVTIGTOUYNG WATPOGC
TPOGAVOTOAGHOD.

To cvomud pog givorl Kivnuotikd TAeovalov, omoTe 1 OVIIGTPOPT| TG ok®Plovig pTpag Oa
npénel va yivel pe kamowo pébodo yevdooavtiotpdpov. H ypnon g yevdoovtictpopng UTpog Kotd
Moore-Penrose dev gival katdAAnAn, kabmg Kovid oe 10100peeg dlatdéelc, o omoieg sppavilovtan
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OPKETA oLYVE AOY® TNG KAEIGTIG KIVUOTIKNG 0AVGIdaG, Ol TayvTnTEG TOL Bl LITOAOYIGTOVY B0t TP Ol
Bialovv Ta 6pta TayLTHTOV TV apBpdcemy Kot Ba Tapovclactel avemBounTn cvunepipopd. ‘Etot,
TPOTLLATOL 1) XPNON TNG LEBOSGOL OVTIGTPOPTG TMV UTOGPEVVOLEVOV EAUYIOTOV TETPOYDV®V, 1| OT0i0
opiletl tov avtioTpoPo wg e&NG:

t_ gT T 27\ _ i - T
JH=JT (7J7 +22)) —%:m+£wm
omov o, SLoVHCUOTO U; Ko 2; VITOAOYi{ovTal HEG® TG S1doTaoNS IBIOTIUNG KoL 0; 1) avTiGTOUYT| 1310~
. H péBodog avti amoterel ovsrootikd Evay souPiacpod peta&d e axpifetog g Avong kat g
ToYOTNTOG TOV apfpdce®V, £T61 MOTE Vo TEPLOPLoTEL TO PEYEDOG TG KOVTH OTIG WOLOUOPPES Sl0TA-
EE1G. ZNUOVTIKO TOPAYyoVTo ETOUEVAOC EXEL 1) EMAOYT TS TAPAUETPOV A;. Mia péBodog emAoyNg TG
TOPOUETPOV AVTNG Yo KAOE 1310TIUN UTopel vo Tpaypatomoindel mg e&ng:

0 ,O; > €
’ (1— (ﬁ> ) M. soi<e
€

OTOV TO Ajae OPilEL TN UEYIOTN TIUY TOL oVVTEAESTH amdoPeong, evd To € opilel to péyebog e
WopopeNG mePLoyNs. Xto youBot Tov mepiBdAiovioc Tpocopoimong mapatnpndnke 6Tt 1 WO10TIUN
Kt and v omoia apyilovv va gpeavifovtar tpofinuarta ivar mepinov € = 0.0025.

Me ypnomn autig g HeBdO0v YELSOUVTIGTPOPTG, KATUAYOVLE GTNV aKOA0LON eicmon:

= JI(K&)+ (I - J D)

Q-

OOV TO S1AVUGLLL q;o umopel va ypnoponomBel Tpokelpévon va gilcayfodv atny Aon kdmoieg devte-
PEVOVOEG GLUTEPLPOPES, OTWS OTOPLYT HUNYAVIK®V 0pimV, LEYIGTOTOINGN TNE IKAVOTNTOS YEPIGLOV,
OTOELYN EUTOSIMOV K.AT.

SOUTEPACUATIKA, TO TPOPAN LA TOV PeYEBOVE TV VTOAOYILOUEV®V TAYLTHTOV UTOPEL KOTA KATO10
TPOTO va. omopevyOel e ypron tng mpoavapepbeicag nedddov Bucidloviag dOpmg v axpifela. v
TEPIMTO®ON OUW®E TOL 1 TEAKT| BEom €xEl LoVadIKT AVoT| 6€ WO1OHoPpPT d1dTasn, OTWC TT.Y. AV amoLTeiTaL
€KTOOT KOl TV dVO0 Bpoyldvev 6To PEYIETO VYOG, TOTE 1 GVYKAIOT TopoLGtilel coPapd TpoPfAnpata.
Ao éva poPAnpa mov Tapovstalet n péBodog ot gival 0Tt 01 LTOAOYILOUEVEG EVTOAEC TAYVTHTMOV
umopel v 00N yNOOVY TO GUVOAKO GUGTNUA G KAEId@Ua, dnAadn 1 didtaén odnyeitoan oe Kdmowa
1opopeia Tov o1 VTOAOYILOpEVES EVTOALG TayTNTAG OeV etvan duvatdv va tapdEovv kivnon. Eriong,
1 oxeTIKN AaPn TV 600 unyavicpmy, top’ OA0 oL emAEYETAL va. ival otabept], Onw¢ sivat EekdOapo
amd TV Tporyovuevn avdAvcn, oev givorl amapaitnto va copfaivel. To AdBog g oxetikng Béong
€, dev givarl Tavto undevikd kabdc, akopo Kot av emAEEoVpE TOAD UeYAAO KEPOOG OTIC OVTIOTOLYES
otieg g untpog K, autd dev pumopet va eEac@oloTel.

Avtd ta TpofAquate 0dNynoov oty TEAKY eyKaTaAelyn avtig e pebddov kot otny avali-
Tnon Aong n oznoio dev Ba amaitel TV aviioTpoen TS akoProvig, kot o Aappdvel vidyn Tvyxov
TEPLOPIGLOVS, OTWS TAL OPLO. TOV OPOPDCEDY KOl TV TUYLTIHTOV, TOV TEPLOPIGUO Yo oTafepn Aafn,
KaBdg Kot 0,TL AAAOVG TEPLOPIGLOVG ETOVOVLE VL 0pIGOVLE, KATA 0vaTpd TpOTo. Etot emAéyOnie
va daTuTtmOel To TPOPANUA cav TPOPAN L BEATIOTONOINGNG, GTO 0TTOI0 UTOPOVUE VO OPICOVLE TTE-
PLOpPIGLOVG TToL Bal tkavomolovvTal KT evpeon TG PEATIOTNG ADOTG.

3.2 Ilepropiopoi yio 600 popundt mov petayepilovror £va 6TEPED
OVTIKEINEVO.
Onwg avaeépbnke Kot TPoNyoLEVMS, OKOTOC TOV dVO POUTOT EIVOL VO LETAPEPOLY £VAL OTE-
peod avtikeipevo omd pa apykn 8éon o o tpoxabopiopévn epucty| tedikn 8€om. Katd ) dibpxeia

g Kivnong gival amapaitnto n Aapr Tov Kabe poUTOT VO IKAVOTOLEL KATOL0VE TEPLOPIGHOVE, KAODC
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Bewpovpe 6Tl av givor otabepr), VIO TV Evvola OTL OgV EMTPENETAL GYETIKY Kivon Kot dAAayn
TPOocavATOMS oV, Me avagopd ota Zynuota 3.1 kot 3.2 ot oAovopkoi teplopiopol yo tnv B€on
umopovv va povteronomBodv wg eENg:

Yympa 3.2: Tepropiopdg yio otafepn Aafn og Tpog Ta TEAMKA epyareia.

p(a") + R5(¢")r' = p(¢") =0 (3.3)
EVA Y10. TOV TPOCAVATOAMOUO EITE LEGH TOV UNTPOV TEPIOTPOPTG €iTE PES® TV Yovimv Euler:

R (¢M)TRE(¢") = C - Zrobepoc mvaxag (3.4a)

o(¢*) — o(q") = Zrabepod (3.4b)

OTOL EMAEYOVLE TN OEVTEPT] OYECT AOY® TOV PIKPOTEPOL POV amapaitnTev tapapétpov. Eropé-
VG, 01 TEPLOPIGLOTL BEGTG AMOTEAOVVY 3 LN YPOUUIKES EELOMGELS, EVMD 01 TEPLOPLIGLOL TPOTAVATOAG OV
OTOTEAOVV AAAES 3 YPUUUIKES EEIGMOOELC.

Yg EMMESO TAYLTHTOV TO TOPATAV® GVCTNUO EIVOL YPOUUKSO Kot SLOUOPPAOVETUL OC EENG:

O(RG(q")r")

8qL ]qL - Jypau.(qF)qF =0 (3.5a)

[Typa. (qL) +

JYU)V-(qL)qL - Jymv.(qF)qF =0 (35b)

OOV, AOY® YPOPLIKOTNTOS, Ol YOVIOKEG Lak®PlavEg eival otabepés.

Télog onpueidveror 6t o1 deikteg L:Leader ko F:Follower ypnoiponolovvtot Tpokeévou va. [mo-
podue va Egympicovpe ta dvo poundt. Emione, mtapodpola avdivon Ba propodoe va xpnoonowndei
OTNV MEPIMTMOT OV VTl Vi Eva 6Tafepd avTIKEIIEVO glyaple KATO0 EpYAAELD, TT.Y. TEVGQ, 1] COOPLKN
apBpmwon K.AT.

3.3 Awpopeoocn Tov cuvinkov tov mpofiqpatoc.

INo v Tpaypotoroinen e cvvepyasiog TV 600 POUTOTIKMOV GUGTNUATOV, Oa Stapopembel Eva
TPOPAN U LN YPOUIKNG BEATIOTOTOINONC Kol 6T cuvE)ELn Bo avalvBel 1 dtadikacio ETIAVGNC TOV.
ApyKd SLOLOPPDOVOLLLE TOVE TEPLOPIGHOVG.

3.3.1 Meropintéc KataoTaons.

Q¢ petafintég kardotaong yio Kabs youBot Bewpodpe Tig [a: y 0 @1 ¢ 93 qu Q5] 4
1N YVOOT TV 0noimVv pag divel erakpPdg Tn BE0m Kol TOV TPOGOVAUTOAGHO TOV TEAKOD epyaAeiov
dpdiong. O1 3 TpOTEG AVAPEPOVTOL WC TPOG TV TAATPOPLLA, EVO 01 5 TEAELTAIEG aLpopoHV TOV Bporyioval.

b
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3.3.2 Iootikoi mepropiopoi.

Zopupva Le Ty ovaAvo g Tapaypdeov 3.1, vedpyovv 3 un ypoppkol kot 3 ypopLpikoi 1looTikol
TEPLOPLOHOT TOL TPETEL VAL IKAVOTOLOVVTAL TAVTO. MAAIGTO, O TEAELTAIOG IGOTIKOG TEPLOPIGLOG Elval

™G HOPPNG:

L F
s = g5

KOl GUVETMG LTOPEL VO OVTIKATOOTOOEL OTIG TPONYOVUEVES GYECELG KOl VO, amdAElpOel amd To Tpo-

BAnua. Ipoyuotonoidvtog TG amopaitnTes avVTIKOTOOTACELS, e TNV Pondela Kol T®V 1G0TIKOV TTe-
PLOPICUOV, 01 5 0vTol TEPLopicpol Aapupdavouy tnv akdAovdn popon:

ot — 2t —0.0013(cf — cj ) —0.1665(s§ — s§ ) + cor o (rack —rysk )+ sk 5[0.135(sk, — sh )+

L F L L L L _
+0-155(8gp 495 — Sqo+3) ~ Cantas+as (TyCs T To8g;) + T28gh 44510, =0 (3.62)

yL - yF —1—0.1665(05 — cg) — O.OOlB(sQL — 85) + s§1+9(rxc(§5 — rysqu) — c§1+9[0.155(s§2 — 852)+

L F L L L L
+ 0'135(SQ2+Q3 - 8Q2+Q3) ~ Cotq3+aa (Tyc% + sz%) + TZSQ2+Q3+Q4] =0 (3‘6b)

L F L F L L L L
0'155(6112 - CQQ) + 0'135(CQ2+Q3 o Cq2+Q3) + Sqa+a3+qs (Tyc% + r1845> + TZCQ2+Q3+Q4] =0 (3.60)
aF - +ol—0" =0 (3.6d)

& —ad +ak -k +af —af =0 (3.6e)

Ot mepropiopol avtoi Tpémet va 1IKovomolohvTat KABE ¥poviKy GTLy U TPOKEILEVOL Ta. SVO POUTOT
va £xouv mivta otafepn Aafn g Tpog To avTIKEILEVO.

3.3.3 AvicoTiKOlL TEPLOPLOHOL.

"Extoc 0md Toug Topandvm 160TIKOOS TEPLOPICLOVG, TPETEL VO AABOVLLE KO DIOWT KOl TO OPLO, TV
HETAPANTOV, TOGO G€ eMIMEdO UNYAVIKOV opiwv TV apBpdcewy 000 Kot o€ eninedo tayvttov. Ta
OpLoL TOV UNYOVIKOV apBpdcemv divovTal amd TOV KATUGKELUGT KOl LTOPOVV VO EKPPASTOVV GTNV
aKoAovdn popen:

Amin; < ¢ < dmaz; (37)
ME Gmin = — [169° 65° 150° 102° 169°]", guas = [169° 90° 146° 102° 169°]" ot
rad. Opua yia T1g petafAntés X, y, 0 dev vdapyovv, Kabdc UTopovpe va, £xovpLe omoladnmote 0éon oto
EMIMESO0 KOl OTOI0ONTOTE TPOCAVATOMGUO TNG TAUTPOPLLOG.

Mo o 0plo TV TaYLTNTOV TPENEL VA, EILACTE To TPooekTikol. O KaTtaoKevaoThg divel Kamolo
Opla TOGO Y10 TNV TAATPOPLO OGO Kol Yid TIG apOpdOEIS. AVTH dTVOVTOL TOPUKATM, Y10 TOVG TPOYOVS
Kol Tig apBpmaoelg Eeywplotd:

—16rad/sec < w; < 16rad/sec (3.8a)

—2.5rad/sec < ¢; < 2.5rad/sec (3.8b)

EmimAéov ywa 11 apBpmoeig mpémet vo Adfovpe vroyn Kol TOV TOPUKATO TEPLOPIGUO AOY® NG dlo-
Kprronoinong, fewpmvtag yio TNy endpevn Béon g g1 ~ qx + i1

Qmin; — 4k . Qmaz; — 4k
T < g < T (3.9)
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Téhog, epdoov T0 poundT UTopel Vo avorTOEEL KATOL0 TTETEPUCUEVT] EMTAYVVOT|, TPETEL VO TN Al
Boupe ota 6pLo TV TayLTATOV. [Ipog ToVTO VITOBETOVE OTL TPEMEL VO CTAUOTIGOVLE TNV Kivnon
TOV POUTOT, LLE TOV YPNYOPOTEPO SLVATO TPOTO, SNALON LE LEYIOTN EMPPASUVON Apge ETCL DOTE VO
mapopeivovpe ota opila Twv apbpmdcemy. Tote, yia kdmola xpovikny oTiyun t > ti EYOVUE Yo KATOl0L
apBpwon;:

. ama$
q(t) = ar+ et — i) — =5 (1 = t)?
Q(ﬂ = qr— amax(t - tk)

Yty mo akpaio tepintoon Ba prdcovpe kdmolo 0plo 6TIg 0pHPDOCELS, €iTe TO TAV® €ite TO KATO.
Me Baon Tig TPONYOOLEVEG GYECELS, TPOKELUEVOL VO NV cLUPEL avTd, apkel vo TEPLOPIGOVLE TIG
TaYVTNTEG G EENG:

_\/2amax(q14 - QTm'm-) <@ < \/2amax(Qmaa:i - Qk) (310)

TomoBetdvTog 6Aeg Loll TIg TPONYOVUEVES UVICOTNTES, EYOVIE TOVG TEPLOPLIGLOVE TaOTNTAG 3.9a
Y10l TOVG TPOYOVG, EVM Y10 TIG apHPDOCELG:

max {ml’rLT’ Amin; _\/2amax(q1<: - sznz)} < g < mn {maxT’ Amax;s \/2amax (Qma:pi - Qk)}
3.11)

3.4 To npoPinpo o€ eninedo apOpOce®V.

Y10 eminedo g B€omng TV apbpdoewv To TPOPANa dapoppdveTon e Bdon Tig eEI0DCELS OTNV
Yyéom 3.6 Kot TouG TEPLOPIGHOVS oTa Opta TG Zxéong 3.7. OvclaoTikd TPOKELTOL Yo Eva TPOPAT AL
EMIAVONG 1N YPOUUIKOV EEICDOCEDV [LE 0P Y10 KATOEG amd TIG LETOPANTES, TO omoio amoteAel Eva
TOAD dVoKOAO TPOPANHa. MdaMoTa, 0 Y®POg TV SVVATAOV SITAEEMY TOV GLUVOAIKOD GUGTHUATOS
Swpopeavetol pe Bdorn avtég. Puoikd, dev apkel povo 1 Aon tov TpoPANHaTOS oA Kol 1 bpeon
dtadpopng oto ydpo avtd Tov Ba pog 0dnyel otny emBounti TEMKN 0éon. TUVvERDS, 0 YDOPOG TOV
duvaTOV S10TaEEDV SOUOPPMVETOL OG EENG:

Cclo = {C] eC: \v/fZ’fz(Q) = 07Qmin <g< Qmam}

"Evoc duvotdc tpomog emidvong 8o ftav cuvende 1 ovaliTnon o€ auTo TOV YDPO LE XPToT) KOTOL0L
aAyopifuov avalitnong, 6nmg m.y. Tov A*. Av TEPAGOVUE OUMG GE EMIMESO TAXVTNT®V, TO TPOPAN U
glvar ToAD To €0KOAN ETAVGIO.

3.5 Enilvon o€ eninedo TayvTiTOV.

Me Bdon v 1okoPlovi Tov £YEL TOPOVCLUGTEL GTO TPOTNYOVUEVO KEPAANLO, 1) GUVOAIKY| 10K®-
Bloavn Tov cvoTHpaTog propet va dtopopewBel wc eENG:

[n oo
I 612

omov J1, Jo amotedovv 1§ 1okoPilovég Tov kde pounoT Egxmplotd.

Me K076 TNV SIUOPPOOT) EVOG GUGTHIATOSC KAEIGTOV Ppoyov vIToAoyilovpe T0 GOAALO TG TTO-
povcag Béonc Kot TposoavaToAspol yio Tov leader og mpog v emBounti 0éon kat Tov emibountd
TPOGAVUTOMGLO, Kol TNG Tapovsag 0Eomg Kot Tposavatoiicopol tov follower g npog To embupntod.
To cpdipa yuo tov kaBéva Eeywplotd, Bempdvtag 0Tt £xovpe S10BEGILOVG TOVG OLOYEVELS LETOOYT-
paticpovs 1y mov apopd v embounty tehikn 8€om, 11 Tov apopd v Tapovca BEom Tov leader kKot
T mov agopd v Tapovoa Béon tov follower, voAoyiletat wg eENG:

e = [pd _pl] (3.13a)

O¢,
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l_
ep = [pd + Rgr pz] (3.13b)

Ocq

OOV TO GOAALLN TPOGAVATOMGLOV VITOAOYILETAL 300EVTOG TV UNTPADV ETOVUNTOV TPOGOUVOTOAGHLOV
Ry = [ﬁd Sy c‘id], TPOCAVATOMGUOD TOV TEAKOD gpyaieiov tov leader Ry = [ﬁl 51 d’l} Kol
TPOGAVOTOAGHOV TOL TEAMKOV gpyaAeiov Tov follower Ry = [ﬁg S 62] ¢ &N

O¢; = 711 X g + 81 X §g+ d1 X dg (3.14a)

Ocy = Tlg X Tig + 89 X 8y + do X dg (3.14b)

pe 10 GOUPOAO X VoL VTTOIMADVEL EEDTEPTKO YIVOLEVO. ZVUVETADC, TO GUVOAIKO GOAALLA SLOUHLOPPDVETAL
oG

e = [ﬂ (3.15)

er

e eMimedo TOLTATOV, SWUHOPPADOVOVLE L0 OVTIKEEVIKT] GUVAPTNON TTPOG EAOYLIOTOTOINGT, N
ormoia Oa &gl g 6TOYO Vo UNdEVILEL TO TapATAV® cPaApo. Me Bdomn v evbeio SLopOopIKn KIVILLOTIKN
avAAVOT 1 GLVAPTNOT CVTH UTOPEL VO VITOAOYIOTEL e TOV akOAovBo TpOTO:

F = ||f(q) — zall5 ~ ||z + Jgdt — z4|5 1 F(q) = || Jqdt — e|3

H ocuvapton avt) tapovotdlet Eva olkd eldytoto oty enilbountn 0€on. [a v cvvaptnon avt
€Yovpe:

|Jgdt —e||2 = [Jgdt — e]” [Jdt — €] = dt*¢T IV TG — dtgT T e — dteT TG+ eTe =
dt*qT IV Jg — 2dte g+ ele (3.16)
Yuven®dc, T0 TPOPAN O EAOYIGTOTOINONG SIAUOPPOVETAL MG EENG:
min. ¢ Hg+ hTg
q
s.t. M¢g=0 (3.17)
Qmin < q < (jma:v

ne H = dt?JTJ xou h = —2dtJ"e. Méota, 1 pitpa H etvon mévto OeTiké npopiopév Kot Gup-
petpkn. To yeyovog 6Tt givan Betikd npoptopévn eaivetal og e€ng:

T He = dt?2" I Jz = di? (Jz)* (Jz) > 0

Omov yiveton undevikn 6tav Kdmoa amd Tig WoTIHéEG pundeviletal, dniadn o€ kdmoto singularity. Emi-
mpdcheta £xovpe OTL:

HT =dt> (JT)" = a2g” (J7) =a2JTT = H

AP0l KO GUUUETPIKT.

Ot mepropiopol tov mapoamdve TpoPApatog eival Ypoppkol GUVERMOG Kol Kuptol. EmmAdov, Ko n
OVTIKELLEVIKT CLUVAPTNON €lval KupTh. AvTd pmopei vo omodetydei pe amevbeiag epapproyn g cvvon-
K1G KUPTOTNTOC. AVTH 0pilel OTL Y10 vaL Elvat Hio. GLVAPTNOT KVPTN TPETEL VAL IKOVOTIOLEL TNV akOA0VOT
oVIGOTNTOL:

Fz 4+ (1—N)y) <AF(z)+(1—NF(y) YAe[o,1]
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o A =01y A = 1 givon epoavég 6t wyvet n iootta. T A € (0, 1) éyovpe yio ta d00 péAn g
avicwong Eexmplotd:

Fe+(1-XNy) = [y+Az—y] Hly+ Mz -]+ [y+ Mz —y)] =
= Yy Hy+ Mz —y) Hy+ ' H(z —y) + (@ —y) Hz —y) +
+hTy + AT (2 —y) =
= y'Hy+2X\z —y) " Hy+ Nz —y) H(z —y) + h"y + A" (z — y)
AE(z)+(1=NF(y) = M Hz+ T2+ 1 =Ny Hy+ (1 - NhTy =
= XNelHax+yTHy — Ay Hy + h'y + AT (z — y)

AvtiKaf16T®mVTaG 0TV 0VIcOTNTO TPOG ATOdEIEY, apkel va derybei Ot
2A(z — y) Hy + N (z — y) H(z — y) < Ma"Hz — y" Hy)
Opwg, enedn to A givar Beticd Ko pikpotepo tov 1, 1woydel  mapakdto ovicoon:
Nz —y) H(z —y) < Nz —y) H(z —y)

YVVERMC, EEKVOVTOC 0td TO OPLoTEPO HEAOG TNG TPOS OHOEEN AVIGWOONG KOl YPNCLLOTOLOVTOG THY
TPONYOVLEVT] TTPOKVTTEL OTL:

2Mz —y) " Hy + N(z —y) H(z —y) < 2Ma—y) Hy+ Mo —y) H(z —y) =
= Mz —y)"Hy - Nz —y) Hr =
= Mz —y) H(z—y) =
= MNzTHz -y Hy)

Omote Ko amedetyOn.

YVVETMG, TOGO 1 OVTIKELLEVIKT GUVAPTN OGN OGO KOt 01 TEPLOPLGHOT TOV TPOPANLLATOG Elval KupTol.
H xvptémra egocparilel Tnv apyikn pog vwdOeomn yio TNV aVTIKEWEVIKT GLVAPTNOT, NAadn TV
Vmapén evoc oAkov ghayictov. E@ocov o epiktdg ydpog eival pun kevde, n BéATiotn Aon Ppioketal
OVAUESO OTIG EPIKTEG AMDGELG TOV TPOPANLLOTOC.

Ymoloylotikd, To mopandve TpoPAnua Oa propovoe va Abel pe kdmota péBodo TETpaymVIKOD
TPOYPUULOTIGHOV, OT®G .. T HEB0do Tov Wolfe. Enueidveton 6Tl Katd v Aven tov mpoPAno-
TOC, EMEION 01 TEPLOPIGUOL TAXVTNTOG OEV EMTPETOLY TV amevbeiag enitevén tov edayicTov awToY,
o€ kdOe Prpa g Tpocopoimong To TPOPANUE KATAAYEL G ADGT GTO GUVOPO TOL EPIKTOV YMPOL
7oV opilovV Ol TEPLOPIGUOL, e GUVETAKOAOVOT LEIMON TN AVTIKEIUEVIKNG GUVAPTNONG. ZVVETMS GE
KkéOe Pripa g dtakpiromoinong KataAnyovpe kée popd OAO0 Kal O KOVTH GTO OAIKO EAGYLIGTO, KoL
GUUTEPOAIVOVLE OTL TO GUVOAKO GUGTIIO KOTAANYEL TEMK®G GtV embountr 0éo.

3.6 Amo@uyn uNYOEVIKOV 0piev TOV apdpdcenv.

H amevbeiag epappoyn g mapandve puebdddov, map’ 0Tt UTopel va 0NyNGEL GTO GLGTNLO OTNV
emBoun 1eMkn 0o, avipetonilel kanown tpofiquota. ‘Eva and ta tiéov onpoviikd copPai-
Vel 0tav kdmola apBpmon amd To 600 PouTdT PTAGEL 6T UNYAVIKG Tov Opta. ToTE, ALTN TPAKTIKA
OTEVEPYOTOLEITOL Kot Ydvetar 1 duvatotnta enevépynon . Ilpokelpévon vo amopOyovpe TETOLEC
avemBOUNTEG KOTAOTAGELS O SLOLOPPDOGOVUE GALO VOl TETPUYMVIKO TPOPANUe ferTioTonoinong,
t0 omoio Ba divel TayvTNTEC, OV TTPEMEL Vo VITEPTEBOVY STV MO VIOAOYIGUEVT KoL O1 omtoieg Ba
e&aopariocovv ecmTEPIKES KIVIoELS ToL dev Ba aAAGlovv TN B€0m Kot TOV TPOGAUVATOAMGHO TOV TE-
Ao gpyaheiov, oAAd pdvo v ecmtepikn drdtaén kon Ba eEaceaiifovyv TV amopdkpovven and to
UNYOVIKA Op1aL.
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3.6.1 AVTIKEPEVIKI] OVVAPTNOT).

H ovvépton npog ehayiotomoinon Ba mpémet va mapovctalet £va olkd LG0T 6TO HECO KAOE
apBpmoNg, £T61 MOTE 1) EAUYIGTOTOINGT Vo 001 YEL KATA TO SLVOTOV Lo KOVTH 6€ avTo. M1 TETpOy®-
VIKT] GUVAPTION TOL IKAVOTOLEL AVTO TO KPITHPLo amoTeAEL 1] akOAovON:

G+ (G+¢)

fl) = 4= (3.18)
O6mov mg ¢ opiletar pe fdon To péco g Kabe apBpwong g e&ng:
¢ = k(g — mia) (3.19)

ue kg > 0 KOmO0 KEPSOG KO Gpiq = [0° 25° —4° 0° OO}T. Térog, n cuvdptnon avt eivan
010G LOPPNG LE VTN TTOV EMAEYONKE GTO OPYIKO TPOPANLLN, KoL CUVETHDC TOPOVSIALEL aKPPDS TIg
016G 1010t TEG KOl TOL 1610 YOUPOAKTNPLGTIKG TOV OVOAVLONKAY Y10, TNV OVTIKEWEVIKT GLVAPTNGT TOV
TPWTEHOVTOG,.

3.6.2 Ilgpropiopol.

H gloyiotonoinon g mapandve cuvaptong Ba mpénetl va pog e&acporicet 6Tt dgv Bo vapet
dlaTapay Tov TPOTEVOVTOG GTOYOV, INASY TNG emitevéng ¢ emBountig TeAMKng B€ong. Me otdyo
0VTO E1GAYOVLE TOV TAPOUKATM TEPLOPIGLO:

T = 0 (3.20)

1 Kovomoinon Tov omoiov avTopdTeg pog e&acearilel 6Tt 1 véa vepTiféuevn ToydTa Ppicketon
GTOV UNOEVOYDPO TNG L0K®PLAVIG KOl CUVETADS TO TEMKO pYOLEi0 TOPAUEVEL AUETAPANTO KOODG:

JG+dm)=Ji+Jgm=2+0=1

Emiong, n véa toyumta dev mpénetl vo mopaflalel ToV TEPLOPIGUO TOYVTHTMOV TOV dVO POUTOT.
YUVENMG E1GAYOVLE KOl TOV 0KOAOVOO TEPLOPIGUO:

Mg, =0 (3.21)
OAAG oVTE Kol Ta Opla TayLTATOV. ['la va 1o emtthyovpe oVTO EYOVLE:
Qmin S Q+ Qm S q'max = szn - q S Qm S Qmaz - q (322)

Télog, a&iel va onpelmbel 6tL 1 véa avt TayHTNTO TEPIAAUPAVEL KOt TIG TOYXDTNTES TV TPOYDV
TV BAcemV, 01 0TOiEg OULMG dEV VIIEIGEPYOVTOL GTIV OVTIKELEVIKT] GUVAPTNGT), TOPE LLOVO GTOVG TE-
pLopiopovs. Me avtod Tov Tpomo eEacearilovpie 0T Kot 1 TAat@Oppa Oa KivnOel e T€T010 TPOTO (MoTE
va Bpickovtat ot unyavikég apfpmcelg KoTd o duvatd 6To PEGO. XTIG TPOCOUOIMGELS TOL Bl avolv-
Bovv otV cuvérEld aVTO YIVETOL KUPIWE ELPAVES TOPATPAOVTOS TMG 0POL 1 dtdTaln Exel 0dnynOel
otnv emBounty B€om, o1 TAATEOPLES KvohvTal LE TETOW0 TPOTO Mote va Ppebel n mpdtn dpBpmon
otV Béon 0°.
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Kepararo 4

IIpocopoimon tpotetvopuevng pedoodoov.

Moty epapatikng emPePainon Tov 66mV avaAdON KOV GTIG TPOTYOVLEVES TOPAYPAPOVS, TPAY-
LLOTOTOWGOLLE U0 GELPE TTPOCGOUOIDCEMYV KAVOVTOG ¥PNoT TOV TEPIPAALOVTOG TPOocOopoinoNg ,
o€ ovvepyaoia pe to Simulink. Iepapyikd, To Simulink Tpaypotonolovce apyKd 6AOVE TOLG VITOAOYL-
GLOVG, TOVG OTTOI0VG KOl TPOPOSOTOVCE GTO V-rep, KOl 6TV GLUVEXELD AAUPOVE OG avaTpoPoddTNoT TIC
petafAntég Katdotaong Kot Tov 000 pounot, e dtakpitomoinon Prpatog dt = 0.05sec. To poviého
7oL ypnoponoinke eaivetar otny Eucova 4.1. Znueidveral 6tL 6Ty aploteprn TAELPE 0 ¥pNoTNG €l

<slate2> J
<actuation2-
<EEpose>
»pos2
™ actuation2

Velocity Input

rd 4 ‘ Follower

fen

ac tuation1
Planner P pos1 <EEposes ——
Optimization
<actuation>

90%pi/80

07pi/180

<state1>
Velocity Input
90%pi/180 Leader

o

Yyipa 4.1: To povtéAo Tov GLGTHLLOTOG TPOGOLOIMOT|G.

odyel v emiBopuntn 0o Kat Tov ETBVUNTO TPOGAVATOAGHO, O OTTOI0G TUPULETPOTOLELTAL LLE YPTION
tov RPY yovidv, kai ot omoieg amotelody T cOppacn mov akolovbel To v-rep yio TovV TPocavaTo-
MGUO OA®V TOV OVTIKEWEV@V.

211 ouvéyeln mpocopolddnkay 4 cevdpia, To onoio mepleAduPavay Yo Adyovg moiding TOG0
Kivnon Kot ot 4 TETOPTNUOPLE TOV YMPOL oV 0piletl To mePPAALOV V-rep OGO Kol TEPIGTPOPEG Kot
TPog Tovg TPels afovec. [ Adyovg evkoAlog emiéyOnke og KaBe mepintmon va Eyovpe 010 apykn
KaTAoTOoN Kot vo, aALAlel povo o TeAkog otdyoc. H apykn avt didtaén eaivetar oto Zynpa 4.2.

Q¢ onueio avagopdg Bempolue 10 onueio mov PpicKeTAl GTO KEVIPO TNG APTAYNG TOV POUTOT
7ov PpiokeTol yopunAoTEPO OTMG Paivetal 6to Lyfua 4.2, to omoio to opilovpe ¢ To poundt 1. Ot
GUVTETAYUEVEG KOL O TPOGUVOTOAIGHOG GLTOV TOL onpeiov giva:

]T

Tstart = [0 0.53 0.4 —90° 0° 90° (4.1)

4.1 Xegvapuwo 1.

Y10 Xevapro 1, emthéyetor Yo T0 oOoTNUA Vo peTaKvnOel and v mapamdve apyikn 0éon otnv
0éom e ouvTeETaYUEVEG:
Fenay = [1 1 05 90° 0° —90°]" (4.2)
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Tympa 4.2: Apywn owdtoén.

OvoloTIKA, To TEAKO EpYaieio TOL poundt Tpémet va petakivnOel katd 1m otov déova x, kKotd 0.5m
otov aéova y, kotd 0.1m otov aéova z kot va meptotpaei kortd 180° wg mpog tov dEova z. Téooepa
YOPOKTNPLOTIKG GTLYHOTLT TNG TPOCOpoimong paivovtal cuvolkd oto ynua 4.3, omod 1 TeAKN
0éom eaivetal otV TEAELTOIN EIKOVA TOV GYAIOTOC.

(b) Evéidpeco otypdtomo 2.

(c) Evéuapeco otrypuotomo 3. (d) Tehod otrypoTLTO.

Tympe 4.3: Zriypidétono and Ty TpdT TPOGOUOImaT).

2T0 GTIYIOTUTTO QUTA QOIVETOL e PTAE KOUTOAN 1 TTOpPEio TOL TEMKOD gpyaieiov TOV TPMTOV
POUTOT, TOL AMOTEAEL KOt TO onpeio avagopdc, Kabmg Kot pe KOKKIVN YPALUT 1] KOUTOAN Tov id10v
onpeiov yio T0 GALO pOUTOT.

10 Zynpa 4.4 Tapovctdletat n ypoeikn TapdotaoT TG EVKAEISELNG VOPLOS TOV GUVOMKOD € Kol
v To. Vo cvetipato. [apatnpodue 6TL uéypt va Tpoyuatomombel 1 TEPIGTPOPT TOL GLGTHLOTOC,
70 AdBog peyahdvel Emg O6TOV aTH 0AOKANP®OET Kal To cuoTpa petakivnOel oty Telkn embounn
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Yyqpo 4.4: H voppa tov AdBovg g TpdTng TPOSOUoinoTC.

4.2 Xegvapuo 2.

310 0e0TEPO GEVAPLO EMAEYETAL TO GVGTNHO Vo, KivnOel amd TV apyikn B€om 6TV TEAMKN LE GU-
VIETOYUEVEG:
Tend, = [-0.9 0.7 0.25 —145° —30° B

55° (4.3)

To teMKoO gpyaAeio Tov poumdT og oVTH TNV TEpinTwon Ba Kvnbel 010 de0TEPO TETAPTNLOPLO TOL
YDPOL, TPAYLOTOTOLDOVTOG TOGO LI TEPIGTPOPN 35° YOP® amd Tov AEOVA Z OGO KOl L0 TEPLOTPOPT|
amd Tovg GEoveg X kal y kKatd 55° kot 30° avtictowya, oe oyéon pe v opywn owdtaén. Téooepa
GTYHOTLTIO AVTOV TOL Gevapiov paivovtor 6to Zynua 4.5.

H evkdeideia voppa tov AdBovg ylo avt v mepintmon eaivetot 6to Zynua 4.6, 6T0v oVt TNV
QOPA LEDVETAL GUVEYOUEVOL.

4.3 Xgvapuo 3.

Y10 tpito oevaplo emAéxOnke To cOoTpa va KivnOel otnv Tedikn 0€om e cvvTeTaypéved:

Fendy = [-08 —0.8 0.72 0° 0° 60°]" (4.4)

Ovouotikd {nrovpe TV Kivnon Tov Unyovicpod 6To TETAPTO TETAPTNUOPLO, LUE TOVTOYPOVY TANPN
éxtaon Tov Ppayiova. To Té6oEpa GTIYIOTVTIO AVTNG TG TPOGOHOioNG aivovtal 6To Zynua 4.7,
EVO 010 Zynua 4.8 mapovstaletal n YPoELKn TapAoToot Tov AaBovg:

4.4 Xevapro 4.

Y10 TeAeVTOiO GEVAPLO Ot EMOVUNTEG TEAMKEG GLUVTETAYUEVEG TTOV EMAEXONKAV gival ot axdlovBec:

Fend, = [0.6 —0.6 02 —90° 30° 80°]" (4.5)

To cvotmua Ba petaxvnOel 6to Tpito TETAPTNUOPIO TOV YDPOV, EKTEADVTOG TEPICTPOPES YOP® OO
ToVg GEoveg y kat z povo, kotd 30° kot 10°. Ta otrypidtuna Kot to AdBog avtig g pebddov eppavi-
Covtan Katd o yvootd oto Zynpa 4.9 kot 4.10 avrictoryo.
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(a) Evdidueco otrypotomo 1. (b) Evdidpeco otiypotomo 2.

(c) Evéuapeco otrypuotomo 3. (d) Tehkd otrypodTLTO.

Zypa 4.5: Zrypiotona and v Se0TEPT TPOGOUOI®GT).

Simulation 2
T

0.8

norm of error
(=1
@

o
=

0.2

0 2 4 -] 8 10 12 14 16 8 20
time(sec)

Xype 4.6: H voppo tov AdBovg g de0TEpNS TPOGOUOIMGTNG.
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(a) Evdidueco otrypotomo 1. (b) Evdidpeco otypdtomo 2.

(c) Evdidueco otrypotomo 3. (d) Tehkd otrypdtumo.

Typa 4.7: Zrypidtono oo Ty TpiThn TPOCOUoimoT).

Simulation 3
14 T T

12

norm of error
o o
[=:3 ==

o
=

o
o

[} 5 10 15 20 25
time(sec)

Xype 4.8: H voppa tov AdBovg g tpitng mpocopoimong.
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(a) Evdidpeoo otrypdtomo 1.

(c) Evdidueco otrypotomo 3. (d) Tehkd otrypdtumo.

Tyqpo 4.9: Zrrypidétono oo Ty TETOPT TPOCOUOImoN.

Simulation 4
T T

norm of error

25

time(sec)

Xyipe 4.10: H voppa tov AdBovg g tétaptng Tpocopoinong.
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Kepararo 5

YOUTEPACUATO KO LEALOVTIKES TTPOOTTIKEC,

5.1 Tehka copnepdopora.

Me Bdon Tig Tapamave TPOGOUOIMGELS, KABMG Kol Le GALEG TOV dEV TOPOVCIALOVTAL TOPATAVED
a&ilel va mpaypoatorombovy kdmoleg oyeTikég mapatnpnoels. Kat’ apynv n emtoyio g pedoddov
MG TPOG TN GVYKAMGN lvatl eavep omd TIS YPAPIKES TOPACTAGELS OV Topovotdlovv to AdBog. Xe
KkG0e mepintwon, Top’ OA0 TOL UTOPEL KATA TNV SLUPKELD TNG TPOGOoUoimong va avénbdei 1ol dote
TO GUGTNO VO EKTEAECEL KATTOLOL OTapOiTNTY EVEPYELD, OTIMG TEPIOTPOPT YOP® OO KAMOLOV AEova,
070 T€A0G TavTa TEivel TPog To undév. Kab’ 6An v didpketa g kivnong ta popndt céfoviat tnv
amaitnon yw otafepn Aapn, o€ avtiBeon pe v TpdOTN TPOocEyyion mov avapépnke oto Kepdioio
3. llpocopownoelg g pedddov avtng dev céPovtay andivta tn otadepn Aafn Kot o€ TOALEG PACELS
o7 SLIPKELD TNG TPOCOLOIMONG TO GOAALLN TNG GYETIKNG TOVG €GN TV S1APOPETIKS ATO TO UNOEV.
AvT0¢ amoTéAEGE VOV OO TOVG GTLLAVTIKOTEPOVG AOYOVG Y10 TV TEAIKT EYKOTAAEYN TNG.

Onwg mapovoidotnke oto Kepdiaio 3, oe kdbe frpa g Tpocopoimong anatteitor 1 BeATioTO-
moinon 600 koAl oplopEVOV TPoPANUdTOV TETpaY®mVIKOD Tpoypapptaticpov. [lap’ 6o mov Ba pmo-
povoe va viomoinbel kamotog adyoplOuog avalvTikig EXiAVoNG ToV, eMAEXONKE TEAIKA 1| XPTION TNG
cuvaptnon quadprog pe alydpiBpo interior-point convex wov givat dtabéoiun oto Matlab, ko omoio
EMITLYYAVEL IKAVOTOMTIKT CUYKALON.

To TpofAnuata peyéBouvg tov TayLTNTOV KAbdS Kol Tov opiov Tov apbpocemv eEoieipovtal
TANPOC e TNV XPNOT OV TS HeBddov, kabdg evtdocovtal o¢ amapapiactol TepLopIGUol. Xv-
YKEKPUEVQ, GTO GEVAPLO 3 emAéyetarl ®¢ TeAkn 0€omn pia Béom mov odnyel T0 cHOTNHA TAPA TOAD
Kovtd oe Wopopeio. KAaookég teyvikég weudoavtioTpo@ng ¢ akmpPlovig unitpag Bo epedvi-
Cov cofapd TpoPfAnuata o€ avt, AOY® TOV VYNAGOV ToyLTHTOV oL Bo vroAdylav. H ypion ké-
nowog pHeBOSoL mov Ba AduPave vTOYN TO OPLA AVTA TOV TUXLTNTOV, GOV QLT TOV TPOTEIVETUL GTO
[Flacco et al., 2015], 6a BeAtimve capmg Vv katdotaon. H pébodog avtn viomombnke mpokepévon
va BeAtudoetl To TpoPAnpata tng apytkng pebodov. Ilap’ 6Aa avtd, ce TETOEG KOTAGTAGELS 1310-
HOPOL®DV 1 OYKALON YIVOTOV E0PETIKA apyn. AVTIOETMG, TO TPOPANLA BedTioTomOINGoNG eV amottel
QVTIOTPOPN TNG UNTPOG Kot £00 dEV aVTILETOTILEL KAvEVH O QLTA T TPOPATLOTA.

"Enterra, a&ilel va yivel oavagopd kot 6TV TPOTEWVOUEVT LEBOSO ATOPLYNG TOV UNYOVIKOV OpimV
TOV apBpdoeV. e OAEG TIG TEPMTMGELS YIVETAL EUPOVEG OTL O TPOTAPYIKOC GTOYOC, ONAadN 1 6¥-
yKAon oty emBounty 0éon dev datapdoceTol e v TPochnikn g, AOY® g éviaéng Tov me-
PLOPICHOV T®V VITOAOYILOUEVOV TOYLTHT®V GTOV UNdevoydpo ¢ tokmBavig. H dmapén g yivetan
EULPAVESTEPT KATA TO TEAOG TNG TPOGOUOIMOTG, OTOV KOl GTO TEGGEPU GEVAPLO. Ol TAUTPOPEG TE-
PLOTPEPOVTAL TPOKEUEVOL Vo VOVYpapUGTEL 1] EKAOTOTE TPATN APOp®OT LLE TO KEVTIPO NG, OVa-
Aappavovtag ot id1eg OToldNTOTE ATOITOVUEV TEPIGTPOPT G TPOG TOV GEova z. OAeg o1 apbpdoelg
GUVETMG TEIVOLV GTNV UNOEVIKT TOVS BEOT. Xe TEPIMTOOT YPNoNG KATONG WEVOOAVTICTPOPG TG 10t
KoBovig avutd Ba RTov TPaKTIKE adbvoTto, AOY®m TOV I0L0PPLHV Tov epgaviloviol otny didtaén
otav ot apBpdoelg undevilovrat.

Télog, N néBodog avtn mapovstaletl Kot kdmolo cofapd TpofAoTa, To 0Tole ATULTOVY TEPUL-
TEPO TNV EEMEN TNG. ZUYKEKPIUEVQ, TO TPOPAN O TOV ELPAVILETAL APKETA GLYVE OTIG TPOGOUOIDGELS
Kol Umodilel TV TEMKT GUYKAMON VOl 1] GUYKPOLGT] TOV GUGTHATOG LLE TOV E0VTO TOV. L€ QUTH THV
TEPIMTMON, 01 EVIOAEG TAYVTNTOV OEV IKAVOTOLOOVTAL AOY® TNG GUYKPOLGNE KOL ETOUEVMG 1] OTALTI O
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v otafepn Aafn otapatdel va veictatotl. Avto amoteAel va eEUPETIKO GNUOVTIKO TPOPAN LA, YioTi
TOTE OLGLUGTIKA 1) LEBODOG ATOTVYYAVEL, KOl Ol TEPIMTMGELS OVTEG OEV EIVaL Kol TOGO GTAVIEG.

5.2 Melhovtikég KaTevOvvoeLG.

H Baoiwkn pedhovtikn KatevBouvon ival OUGLOGTIKA 1) OVTILETOTLIOT] TOV TPOPALUATOG TOL TPOX-
vaeépinie. [pénet va vapéetl kamolo tepartépw PeAETN €101 MGTE VO ANQOEl VITOYT 6TO TPOPANLA
Bektiotonoinong 6A0 T0 GVGTN A, £TGL OCTE VO ATOPELYOOVY TOOVEG GLYKPOVGELS LLE TOV EQVLTO TOL.
2NV TEPINTOOT) TOV AVTIUETOTIOTEL KOt 0vTd, deV Tifeton kamoo dArho coPapd {Rtnpa tpog exiivon.

Ye endpevo otad1o Ba ropovoay va, LeAeTNOoVV KATOL0 YOPAKTNPICTIKA, OTMG ATOQVYNG ELITO-
dlwv, ta omoia otV mpaén eivan amapaitnta. Exiong, araiteitor cuotnuatiKn LEAET TV SUVALEDV
IOV OVOTTTUGGOVTOL, Ol OTTO{EG OV AAUPAVOVTOL DTTOYT GTNV KIVNUOTIKY avEALGN KOl GTIG OTTOlEg Tpo-
KOTTOLV {NTALOTO KATAVOUNG TV SVVAUE®V HETAED TV SV0 GLOTNUAT®V Yio. Vo amopevydel T.y. M
OVATPOTT KATO0V, 1 T0 HEYEDOG TV SLVALE®DY TOV ACKOVVTOL GTO GO, KAODS TOAD Heydieg dv-
VAUELS Umopel Vo TOo cUVOAIYOLV 1) TOAD LUKPEC LTOPEL VO UV LITOPOVY VOL TO GUYKPOTI|GOVV.
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To diavoopa Béong g TAATPOPHAG D), = Doz DPpy ep] ! ®G TPOG T0 TANIGLO avapopdg A.
Mntpa B€omg Kot TPOGAVATOAGHOV TAUGIOL 1 6€ GYECN e TO TAAIc1o i-1.

To cvvnuitovo g dpbpwong g;.

®Eon ¢ TPOG TOV X TOL TANLGIOV TNG TAATEOPAG TOV onpegiov exaeng C;.

B&omn O¢ TPOG TOV Y TOL TAALGIOV TNE TAATEOPUOG TOV onueiov exaeng C;.
AVTIKELEVIKT] GUVAPTNON TP®TEHOVTOG TPOPANLLATOC,

AVTIKEWEVIKT GLUVAPTNGT TPOPALOTOS ATOPLYNG UNYAVIKGV Opiev.

BabBpoi ehevbepiog g dpBpwong i.

Movoduaiog mivakog Saotdoemv [ X ).

O ap1Buos tov apbpmdce@y 1 1 1Ko PLov.

AmoGTOOT TOL OMPEIOL ETAPNG O TPOS TOV AEOVH X TOV KEVIPOL TG TAUTOOPLLOG.
AmOGTAOT TOVL OMIEIOL ETAPNG OC TPOC TOV AEOVH Y TOV KEVIPOV TNG TAUTPOPLLOG.
To é0poiopa TV ATOGTACEWY TOV CNUEIOV EXAPNG TOV TPOYDV OO TO TAUIGLO AVAPOPHS
NG TAATQOPLLOG.

Mntpa TEPLOPICUDV TOYVTNTAG.

O 0pBpog v GUVIECHMV.

Atdvoopa Béong p = [Px Dy pZ]T.

H apBpwon ¢; tov youBot, ¢ = 1, ..., 5 1] T0 1GvOGLO KOTAGTOGNG TOV GUGTNLOTOG,
Kéto 6p1o yoviag apfpdoemv Tov GUVOAMKOD GUGTILOTOC.

Avo 6p1o yoviog apBpdoemv TOL GLVOAIKOD GUGTALOTOG.

To dudvuc o TayDTNTOS TOL GUVOALIKOD GUGTIHOTOG,

Kétm 6p1o Toydn 06 TOv GLVOAKOD GUGTHUATOC.

Avm 6p10 ToyVTNTAG TOV GLVOAKOD GUGTILLOTOG.

H axtiva Tov Tpoyov g TAaTEOpLOC 1| TP TPOGAVOTOAGLOV.

H oxrtiva tov roller tng mAatedppog.
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®¢on tedkob TAaiciov Tov leader wg mpog tov follower.

To npitovo g apbpwong g;.

OpOoYEVIG HETOCYNULATIOHOG TOV OVTIKELLEVO 1.

To dtdvuoua TaxVTAT®V TOL TPOYOV 1 W; = [Wiz Wi, wiz} T.

Tevikevpévo dtdvooua B£ong Kol TPOGAVOTOMOUOD T = [ﬁ 5}

TI'ovia Tov roller mg Tpog Tov TpoYo.

T'ovio TAociov avaEopdg Tpoyol i ¢ TPOG TO TAAIGLO AVAPOPAS TNG TAATOOPLLOG.

. T
AGvuo O TPOGAVATOMGUOD ¢ = [a B ,y] .



Mopaptnpo B

English version

51



NATIONAL TECHNICAL UNIVERSITY OF ATHENS
SCcHOOL OF ELECTRICAL & COMPUTER ENGINEERING
DI1vISION OF MECHANICAL DESIGN & CONTROL SYSTEMS
CONTROL SYSTEMS LABORATORY

S
‘éj

%ﬁ
]
el
s
NPOMHOEVS -
ShHI=
nVPPOPOs

g
a8
<6

{

Trajectory Planning for Cooperating Mobile Manipulators

DIPLOMA PROJECT

IORDANIS S. CHATZINIKOLAIDIS

Supervisor : Kostantinos J. Kyriakopoulos

Professor N.T.U.A.

Athens, October 2015



2 92
3 "i@g W%\  NATIONAL TECHNICAL UNIVERSITY OF ATHENS
SIS S SCHOOL OF ELECTRICAL & COMPUTER ENGINEERING

DivisioN OF MECHANICAL DESIGN & CONTROL SYSTEMS
CONTROL SYSTEMS LLABORATORY

WA

3
=
POMH -
X :
nvp¢opo

|

Trajectory Planning for Cooperating Mobile Manipulators

DIPLOMA PROJECT

IORDANIS S. CHATZINIKOLAIDIS

Supervisor : Kostantinos J. Kyriakopoulos

Professor N.T.U.A.

Approved by the examining committee on the October 30, 2015.

Kostantinos Kyriakopoulos Kostantinos Papaodyssefs George Stassinopoulos
Professor N.T.U.A. Professor N.T.U.A. Professor N.T.U.A.

Athens, October 2015



Tordanis S. Chatzinikolaidis

Electrical and Computer Engineer

Copyright © Tordanis S. Chatzinikolaidis, 2015.
All rights reserved.

This work is copyright and may not be reproduced, stored nor distributed in whole or in part for
commercial purposes. Permission is hereby granted to reproduce, store and distribute this work for
non-propfit, educational and research purposes, provided that the source is acknowledged and the
present copyright message is retained. Enquiries regarding use for profit should be directed to the
author.

The views and conclusions contained in this document are those of the author and should not be
interpreted as representing the official policies, either expressed or implied, of the National Technical
University of Athens.



Contents

............................................ 57
......................................... 59
[I. Introduction . . . . . . . . . . . . ... 61
[[.1 Problemstatement . . . . ... ... . ... . ... . 61
[[.2  Problem’s significance . . . . . . . . . .. . . .. 61
.3 Priorworkl . . . . . . . . . 62
[[.4 Contribution . . . . . . . . . .. 62
......................................... 63

2. Kinematic analysisof youBof . . . . . . . . ... ... ... ... ... ..., 65
P.1 Kinematic analysis of the manipulatorl . . . . . . . . . . . . . . 65
R.1.1  Forward kinematics using the Denavit-Hartenberg convention . . . . . . . . 65

R.1.2  Forward kinematics using generalized pose vectoll . . . . . . ... ... .. 66

2.2 Differential forward kinematic analysis of the platform] . . . . . . ... .. .. ... 67
R.2.1 Composite platform equation . . . . . . . . . . ... .. ... ... ... 67

R.2.2  Sensed forward and actuated inverse solutiond . . . . .. ... ... .... 68

2.3  Forward kinematics of the platform . . . . . . . . . . . . . ... 69
2.4 Forward kinematicsof youBol . . . . . .. . ... ... ... ... ... 70

2.5 Forward differential kinematicsof youBof . . . . . . .. .. ... ... ....... 71
R.5.1 Analytic jacobianof youBo{ . . . . . . ... ... ... ... ... ... 71

R.5.2  Geometric jacobianof youBof . . . . . . ... .. ... ... ... . ... 72

B. Cooperation of mobile manipulators . . . . . . . . . ... ... ... ... ... ... 75
B.1 Initial attempt . . . . . . . . 75
B.1.1 Forward kinematicd . . . . . . . . . . 75

B.1.2  Inverse KINEMatiC§ . . . . . . . o v v v v et 76

B.2 Constraints between two robots forming a tight grasp . . . . . . . .. ... ... .. 77

B.3  Optimization problem formulation| . . . . . . . ... ... ... .. ... ...... 78
B.3.1 Statevariabled . . . . . ... ... 78

B.3.2 Equality constraints . . . . . . . . . . e e e 78

B.3.3 Inequality constraing . . . . . . . . . . e 79

B.4 Problem definition in terms of the joints position] . . . . . . . . . . ... ... ... 80

B.5 Solution for the state variables velocitie§ . . . . . . . . . . . ... .. 80
B.6 Jointlimitavoidancd . . . . . . . . .. ... 82
B.6.1 Objective functionl . . . . . . . . . . .. ... 82

B.6.2 Constraints . . . . . . v v e e e e 82




4. Simulations of the proposed method . . . . . . . . . . . . .. ... ... ... ... 83
........................................ 83
........................................ 85
........................................ 85
........................................ 85

5. Conclusion and future directions . . . . . . . . . . . . .. ... .. 89
5.1 Final conclusiony . . . . . . o v v v o 89
5.2 Future directions . . . . . . . . e e e 90

3 4 0 91
P < 93
IA. Nomenclaturd . . . . . . . . . . 93

56



List of Figures

[[.1 Cooperation of mobile manipulators . . . . . . . . . . . . .. 61
R.1 The robotic system youBot by KUKA| . . . . . . . . .. ... ... ... ...... 65
P.2  The manipulator with the link frames associated with the DH convention . . . . . . . 66
2.3 Down view of the platform along with the necessary coordinate frames. . . . . . . . 67
P.4  Side view of the platform with its coordinate frame and the arm’s base coordinate framd 70
2.5 Composition of elementary rotations in order to compute the angular velocityl . . . . 72
B.1 Constraint for a tight grip between twoyouBof . . . . . . . . ... ... ... ... 75
B.2  Constraint for tight grasp in terms of the end effectory . . . . . . . . . ... .. ... 77
#.1  Model of the simulated system in Simulinkl . . . . . .. ... ... ... .. .... 83
#.2  Initial configuration . . . . . . . .. ... 84
#.3  Snapshots from the first simulation . . . . . . . . . . . ... ... 84
#.4 Euclidean norm of the first simulation’serroff . . . . . . . . . . .. ... ... ... 85
#.5 Snapshots from the second simulation] . . . . . . . . ... ... ... ... .. ... 86
#.6  Euclidean norm of the second simulation’s errot . . . . . . . . . . ..o .. 86
#.7 Snapshots from the third simulation . . . . . . . . . .. ... ... .. ... .. 87
¥.8 Euclidean norm of the third simulation’s errott . . . . . . . . . . . . v .. 87
#.9  Snapshots from the fourth simulation . . . . . . . . . .. .. ... ... ... .... 88
%.10 Euclidean norm of the fourth simulation’s errofl . . . . . . . . . . . . . .. ... 88

57






Chapter 1

Introduction

1.1 Problem statement

The purpose of this diploma thesis is the development of a methodology which will allow two wheeled
mobile robotic arms to transfer an object from a given starting position to a desired final. The reso-
lution scheme will be centralized, i.e. there will be a controller aware at every time of the layout of
the two subsystems, and based on the methodology developed will send velocity commands in each
subsystem separately. The shape of the object shall be unimportant and it is only of interest the rela-
tive position of the two robotic subsystems. The subsystems selected for the method’s application are
commercially available for educational and research purposes.

Fiy
]

Figure 1.1: Cooperation of mobile manipulators

Issues relating to the magnitude of the applied forces and whether the object can be transported
due to its weight, the distribution of forces between the two robots etc. will not be considered, and
therefore we will assume that these are met in any case without problems. That is, we will examine the
issue from a purely kinematic standpoint and only. In addition, certain desired behaviours that occur
very often in practice, such as obstacle avoidance, will not be considered in this work. Therefore, the
space will be assumed to contain only the two robotic systems and the transported object.

1.2 Problem’s significance

In recent years, the implementation of wheeled mobile manipulators in a range of situations such as
object transport, inspection, assembly etc., acquires more and more interest. The system essentially
consists of a conventional robot arm mounted on a mobile platform, which thus extends the workspace
to include the whole x-y plane.

Robotic manipulators have been studied for many years and the kinematic models of open chain
mechanisms are generally satisfactory. The platforms on the other hand exhibit a wider variety of
possible constructions, such as wheeled, legged, submarine, aerial, etc., which makes their analysis a
little more demanding, exactly because of this variety. Mounting an arm on a mobile platform adds
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further complexity to the problem, due to the heterogeneity of the two subsystems. Combining two
mobile manipulators in a closed kinematic chain creates a wider range of issues to be dealt.

However, the use of mobile manipulators is generally considered to expand over the next few
years, given the fact that they are now utilized even in space applications. One area where such systems
are assumed to have great potential is industry, considering the rate of the automation’s utilization and
the widespread trend for the minimization of the human involvement.

1.3 Prior work

Much of the research on mobile manipulators is focused on those with non-holonomic platforms, since
then the kinematics capabilities of the overall system is significantly limited. One such analysis could
be found for example in [Papadopoulos and Poulakakis, 2000], where it is considered not only the
kinematics but also the dynamics of the whole system. In [Seraji, 1998] a methodology is presented,
which shall be utilized as the basis for the combination of the two distinct parts of the system, meaning
the platform and the manipulator. The methodology is applied equally in both holonomic and non-
holonomic platforms. In [[Yamamoto and Yun, ] a planning and control methodology is presented,
taking into account both the kinematic and dynamic equations of the system. In [Bayle et al., 2002]
an analysis in a kinematic level for systems with redundant degrees of freedom is presented. Finally, in
[Luca et al., 2006] a methodology for systems with non-holonomic constraints is elaborated, isolating
only the equations that allow movement and automatically satisfying the non-holonomic constraints,
as well as methods for the utilization of the redundant degrees of freedom such as Extended Jacobian,
Projected Gradient, and Reduced Gradient.

The cooperation of two mobile manipulators is implemented with techniques that were originally
developed for robotic arms. The most important source of literature survey along with the most signif-
icant results are presented in detail in [Siciliano and Khatib, 2008], so they will not be repeated here.
Therefore, whoever interested is referred there for further analysis.

1.4 Contribution

In this thesis, having as reference some of the analysis mentioned above, we extend the existing results
and add more whenever necessary. In particular, the kinematic analysis of wheeled mobile robotic
arms is usually limited for simplicity to a mobile platform with one arm of two up to three degrees of
freedom. This thesis will deal with the kinematics of a much larger arm, which in essence increases
complexity.

In many cases the entire system is considered as having two distinct parts, the platform and the
arm. In this thesis the overall system will be considered as a whole and the two distinct parts will
be combined into one system, on which the analysis will be focused. As a result, the overall system
will be equivalent to a robotic arm, thus providing the capability to apply all the tools available for
them. A basic inverse kinematics approach is done by inverting the jacobian matrix. In this work the
inadequacy of this approach will be shown and a new method using optimization will be proposed.
The author is unaware of the application of any optimization methodology in mobile manipulators,
only in classical robotic arms.

The cooperation of wheeled mobile manipulators and manipulators in general is usually modelled
in the level of dynamics, where the analysis tools are of greater variety and accuracy. In this study the
modelling, as already mentioned, will be done at a kinematic level. The kinematic analysis of such a
complex closed kinematic chain is unknown to the author.

Finally, we present a method for avoiding the mechanical limits of the arm’s joints, which takes
into account the platform too. Incorporating the platform’s kinematics in the joint limit avoidance is
unknown to have been done in any other prior work by the writer.
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1.5 Structure

This diploma thesis is structured as follows: In the next chapter a kinematics and differential kinemat-
ics analysis will take place, encompassing both the arm as well as the platform of a specific mobile
manipulator. Then, the kinematic equations of the two parts will be combined to produce an overall
kinematic equation that describes the system as a whole.

The next chapter will begin by presenting an initial attempt for the kinematic modelling of the
system of the two mobile manipulators and will explain the reasons why this method was abandoned.
Then the central method using optimization theory will be elaborated. At the end of this chapter a
method will be reported, which will allow avoidance of mechanical limits of the joints, as an extension
to the central method.

Afterwards, four simulated scenarios will be presented, which will vividly demonstrate the po-
tential of the proposed method. To this end, four snapshots of each simulation as well as graphs
concerning the evolution of the overall error shall be included.

Finally, a discussion about the results of the simulations will take place, highlighting both positive
and negative aspects of the method. Negative aspects will indeed be the basis for further improvements
and some possible future directions will be considered too.

61






Chapter 2

Kinematic analysis of youBot

This chapter will lay the necessary foundations for the kinematic modelling of the overall system. At
this first stage we will deal exclusively with the kinematic structure of a particular commercial model,
i.e. the robot by KUKA| which is shown in Figure 2.1, analysing separately the two main
subsystems, i.e. the platform and the arm. The analysis will be done in terms of forward kinematics
and forward differential kinematics, which will also constitute the basis for the inverse kinematics
analysis of the youBot and the overall system.

Figure 2.1: The robotic system youBot by KUKA

This system is composed by a 5 degrees of freedom (DoF) manipulator, while the platform is
holonomic omnidirectional 3-DoF, thus it is able to move at any time in any direction or perform
rotation about the z axis, as it will be shown later.

2.1 Kinematic analysis of the manipulator

2.1.1 Forward kinematics using the Denavit-Hartenberg convention

Initially the robotic arm is isolated from the platform. The kinematic analysis may be performed by
fundamental tools in robotic arms analysis such as the Denavit-Hartenberg convention. Based on the
methodology outlined in [Siciliano et al., 2009], the table of parameters for the arm of Figure 2.2 are
shown in Table 2.1.

Based on the previous table and along with the homogeneous matrix Aﬁ_l of the DH convention,
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Figure 2.2: The manipulator with the link frames associated with the DH convention

Table 2.1: The table with the DH parameters for the youBot’s arm

Link i 91 dl (67 a;
1 Q1 0,1012 0,0330 90°
2 g2 +90° 0 0,1550 0
3 qs3 0 0.1348 0
4 qs — 90° 0 0 —-90°
5 g5 — 90° 0,1937 0 0

we apply the transformation T' = A9(g1) A3(g2) A2(q3) A3 (q4) A2(g5) and we obtain that:

S§1C5 + €1C234S5  —S1S5 + c1Ca34c5 —c1S934  —0,1937c¢15934 — €1 (0, 1348s93 + 0, 15555 — 0, 033)
T - —C1C5 + 51C23455 C1S5 + S$1C234C5 —818234 —0, 1937815234 — 81 (0, 1348823 + 0, 15582 — 0, 033)
mo 593485 5934C5 €934 0,1937co34 + 0,1348c23 + 0, 155¢2 + 0, 1012
0 0 0 1
@.0)

2.1.2 Forward kinematics using generalized pose vector

The position of the manipulator’s end effector is given as a vector in the first three rows of the fourth
column of the above matrix. In order to express orientation, we are looking for a representation
using minimum parameters, which is possible either through Euler angles or quaternions. Quaternions
have generally an advantage with respect to Euler angles, due to the arithmetically faster rotation
composition, the simplicity in extracting the associated angle and rotation axis, the faster interpolation,
the lack of gimbal lock, etc. However, extracting the Z-X-Z Euler angles from the end effector’s
rotation matrix is much easier and thus utilized. The Z-X-Z Euler angles are represented as follows:

CaCg — 8aCbSg —CaSg — SaCbCq  SaSb
Z1X97Z3 = Rot,(a)Rot,(b)Rot,(g) = |Sacq + CaCbSg  CaCbCq — SaSg  —CaSh 2.2)
5S4 SpCq Cp

Comparison between the end effector’s rotation matrix in Equation 2.1 and the Euler angles in
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Equation 2.2 makes clear that:

a = q _g (2.3a)
b = @t+@atau (2.3b)
9 = ¢ (2.3¢)

Therefore, the generalized pose (position and orientation) of the manipulator’s end effector is
represented as:

[—0,1937¢1 5934 — ¢1(0, 1348523 4+ 0, 15559 — 0,033) ]
—0, 1937515234 — 51 (O, 1348823 + O, 15582 - 0, 033)
- 0,1937co34 + 0,1348co3 + 0, 155¢2 + 0,1012
Ty = i (2.4)
q — 3
g2 + g3+ qa
L g5 i

2.2 Differential forward kinematic analysis of the platform

2.2.1 Composite platform equation

For the kinematic analysis of the platform [Muir and Neuman, 1987], we place the coordinate frames
shown in Figure 2.3. In specific we consider a global coordinate frame on the floor (F), a coordinate
frame in the center of the platform (R), and four coordinate frames at the point contacts of the wheels
with the floor (C}). In the figure below the coordinate frame of the base of the manipulator is shown
too.

300

Figure 2.3: Down view of the platform along with the necessary coordinate frames

Initially we consider the jacobian of a single wheel, which describes the contribution of the wheel’s
velocity to the velocity of the platform. The three DoF of the wheel correspond to the wheel hub
rotation, the roller rotation, and the rotation about the point of contact. The jacobian of each wheel i
takes the following form:

—R;sin(Roc,)  risin(Foc, +n;)  Fde,
Ji = | Ricos(%lc,) —ricos(Blc, +m;) Tde,, (2.5)
0 0 1
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Thus, for each wheel we have respectively:

0 —?T’ lb Wi,
" = |R —Lr —1,| w1 (2.6a)
0 0 1 w1,
Ttr
0 @r Ip| [wa,
B = R —2r 1] |w2 (2.6b)
0 0 1 wa,
Jfl
-0 —gT —lb- ng
B = |R —Lr 1, | |ws (2.6¢)
_0 0 1 | w3,
JIri
_0 gr —lb_ w4,
B = |R =2 —l,| |ws (2.6d)
_0 0 1 | Wy,
J’F’V'

where R = 47,5mm, l, = 158,5mm and [, = 228mm. We observe that the rank of all jacobian
matrices is three, therefore they are full rank.

By combining the previous equations of motion of each wheel we obtain the composite robot
equation:

I3 J 0 0 0] [u

R- |0 Jo 0 O [dh

Ll P70 0o J 0] |

I3 0 0 0 Jy| |y

Given that the composite matrix of the identity matrices and the composite jacobian matrix are full
rank, we conclude that the previous equation has a unique solution and the platform has 3 DoF.

2.7)

2.2.2 Sensed forward and actuated inverse solutions

In the previous composite platform equation there are not available information from the sensors for all
velocity of each wheel. Moreover, it is impossible to actuate separately each available DoF. Therefore,
of practical interest are those components that it is possible to be sensed or actuated. Specifically, the
only available DoF which are possible to obtain by the sensors and actuate are those associated with
the wheel hub rotation. Nevertheless, it is possible to exploit the available DoF for the two desired
purposes: Calculate the platform’s velocity from the sensors and actuate independently all three DoF
of the platform. Isolation of those components is possible by inverting the jacobian of each wheel and
keeping those components associated with the velocity w;,. Thus:

W1, -1 1 lab
wo, | 1|1 1 —lgp| g~
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Furthermore, rearranging the composite platform equation into those components that can be actuated
and those components can not be actuated, and then solving the above equation for the velocity of the
platform’s center we obtain that:

R[L 1 11 Yl
Ry Y11 1 1 1] |“ 2.9
S O T TR I 9)
lab lab lab la,b w4

Finally, the above kinematic analysis provides some very interesting results worth highlighting. First,
rearranging the composite kinematic equation in terms of the components for which we have sensory
information, and studying the resulting equation we conclude that there is sufficient sensory informa-
tion, as the determinant of resulting matrix is 64 (1, + lb)2 = 0, therefore it is always invertible and has
a solution. In fact the available information is robust and can be exploited in order to determine the
existence of wheel slip from the sensors’ measurements. Secondly, by studying the determinant of the
resulting equation for the driving characteristics, this is equal to 64 (I, +1)? # 0 too, so we conclude
that there is capability to command any velocity of the platform’s center. However, arbitrary velocity
input is impossible, because actuator conflict may occur. The wheel slip is possible to be detected by
the sensors, as mentioned before, because for any velocity commands the following condition must
be satisfied:

w1, +we, —ws, —ws, =0 (2.10)

Solving the above equation for any velocity, e.g. the velocity wy,, and substituting in equation 2.9
yields:

R 0 1 -1 w1,
Ry, = 3 1 0 01 wo, (2.11)
Tab Tlpd L93s

2.3 Forward kinematics of the platform

Even though the ability to independently control the 3 DoF of the platform, which is a characteristic of
omnidirectional platforms, is a very important advantage, it is impossible to calculate the platform’s
position in real time by means of the available sensory informationd. In specific, it is only possible
to calculate exactly the orientation of the platform , whereas the position could be calculated through
integration at each time step. The velocity in terms of the floor’s coordinate system is:

cos(¥'0,) —sin(f6,) 0
Fpp = ROtz(Fap)Rpp = |sin("6,) cos(“6,) O Rpp
0 0 1

From the last component of the above equation, the orientation is calculated as follows:

R R
Fup =Tlw, = —— (w1 —wop — w3z +wig) = /prdt = /(mz —wyp — Wi wage)dt =
4lab » ” ) ’ 4lab ) » ” )
F R F R
By() = i (O0(8) = B2.0(8) = B0 (8) + 00,0(8)) +7 6,(0) = = (61,0(0) = B2(0) = B3.:(0) + 04.:(0))

Therefore, the orientation of the platform can be calculated at any time by using the measurements
of the sensors, as shown by the above relationship. The position of the platform is calculated by
integration at each discrete time step, thus having unfortunately all the problems that such a technique
might occur such as accuracy errors accumulation, measurement noise, wheel slip etc.
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Knowing the position x-y of the R reference frame and calculating the orientation from the previ-
ous equation, the position of the platform is readily calculated as:

cos(;ﬁp) - singep) 0 Iia:
_|sin("6,) cos("6,) O Yy

I = 0 0 0 0.2464 2.13)
0 0 0 1

(2.14)

2.4 Forward kinematics of youBot

The equation that describes the pose of the youBot’s end effector can be calculated by using the results
of the previous sections. That is possible by regarding the position 'z and 'y of the platform’s
coordinate system, the orientation ©° 0, of the platform, and the angles of the arm’s joints as known.
The homogeneous transformation between the platform’s coordinate system and arm’s base coordinate
systems is constant and a priori known, as it is shown in Figure 2.4.

T 140

Figure 2.4: Side view of the platform with its coordinate frame and the arm’s base coordinate frame

By considering all these inputs available, the homogeneous transformation that calculates the po-
sition and the orientation of the end effector is:

C19Cs — €23151955 —C19S5 — €234519C5  S234519 & — 0.0013¢g — 0.166559 + ¢159(0.1935234 + 0.135523 + 0.15552 — 0.033) + cg51(0.1935234 + 0.135593 + 0.15555 — 0.033)
T = |$1065 4 23401955  —S51055 + C231C19C5  —S234c19 Y + 0.1665¢H — 0.0013s9 — c1¢(0.1935234 + 0.135523 + 0.15552 — 0.033) + s951(0.1935234 + 0.135593 + 0.15555 — 0.033)
vy 593485 $934C5 €934 0.193¢934 4 0.135¢23 + 0.155c0s(¢2) + 0.2464
0 0 0 1
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Equivalently, the previous homogeneous transformation in terms of the Z-X-Z Euler angles is:

2z —0.0013¢y — 0.166559 + ¢159(0.1935234 + 0.135593 + 0.15552 — 0.033) + cp51(0.1935234 + 0.135523 + 0.155s2 — 0.033)
y 4 0.1665¢yp — 0.0013s9 — c1¢9(0.1935934 + 0.135s23 + 0.15559 — 0.033) + s951(0.193s234 + 0.135523 + 0.155s9 — 0.033)
_ 0.193c234 + 0.135¢23 + 0.155¢2 4 0.2464
- q+0
G2+ q3+qa
q5
(2.16)

2.5 Forward differential kinematics of youBot

2.5.1 Analytic jacobian of youBot

Having devised the equations that determine the position and the orientation of the end effector for
the overall system, the next step is to calculate the equations that will yield its velocity based on the
velocity of all the system parameters, i.e. the velocity of the wheels and the velocity of the joints. There
are several methodologies that allow to combine the equations of the platform and the arm in order
to achieve this. A basic category of them considers these two subsystems as separate, and the entire
analysis is focused on implementing an appropriate method which will achieve smooth coordination.
Other methodologies consider the problem as a non-linear optimization problem. Nevertheless, a
more natural analysis can be performed by considering the system as a whole, that is by suitably
combining the differential kinematic equations of the platform and the arm [Seraji, 1998]. Based on
this methodology, the forward kinematic equation of the system is initially considered, for which we
have:

0 0
L= f(QPv qm) = T= a(!]};q'p + aq%Qm = Jp(Qp)dp + I (Gm) dm =
&= [JP(QP) Jm(Qm)] |:qq:;:| (2-17)

. : . v . .. . . .AqT
where g, = [F& Py 6] anddm = [d1 d2 d3 d1 ds)
But the platform’s inputs are the wheel velocities. They can be computed as follows:

Fg R 0o 1 -1 w1, w1,
gp=| "9 | = Rot.("8,)"p, = Rot.(" Op) } 0 01 wa, | =G0, |wa, | (2.18)
Fé?p m O —m w3, w3,
Equation 2.19 takes the following form:d
. u
b= )G Intan)] | ] .19
7
. T . . . . . 1T
withu, = (w1, wo, w3,| ,um=[¢1 G2 43 4 ¢s| and:

— 3090505 (1665¢9 — 10c19(—33 + 15555 + 135593 + 1935934) + 3837s9)  0.0238¢ — 0.023854 —3?8109000(21851:5 + 10c19(—33 + 15552 + 135523 + 193s034) + 1334)
00000 (— 166556 + 10519(—33 + 15559 + 135593 + 1935234) + 3837cg)  0.0238ch + 0023855 3550005 (— 218559 — 10s19(—33 + 15555 + 135593 -+ 1935934) + 13cy)
0 0 0
0.062 0 —0.062
0 0 0
0 0 0

J,G =
(2.20a)
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(¢10(0.193s234 + 0.135523 + 0.15552 — 0.033))  519(0.193¢234 + 0.135¢23 + 0.155¢2) $19(0.193¢234 + 0.135¢23) 0.193ca34519 O
(519(0.193s934 + 0.135523 4+ 0.155s2 — 0.033))  —c19(0.193c234 + 0.135¢23 + 0.155¢2)  —c19(0.193¢a34 + 0.135¢23)  —0.193¢a34¢19 0

0 70.1938234 — 0.135523 — 0.15552 70.1935234 - 0.135523) 70.1938234) 0
Im =
1 0 0 0 0
0 1 1 1 0
0 0 0 0 1
(2.20b)

The above jacobian matrix constitutes the total analytic jacobian of the system and can be used in
a closed loop inverse kinematics scheme. In essence, the total youBot is treated as a robotic arm and
therefore we can use all the inverse kinematic methods available for them in the literature.

2.5.2 Geometric jacobian of youBot

The geometric Jacobian may be calculated by means of two methods. The first method assumes that
the platform is equivalent to a rotational joint around the z-axis and two prismatic joints aligned with
the x and y axes respectively. Then the geometric jacobian can be calculated through successive
homogeneous transformations, as shown here [Siciliano et al., 2009].

In order to apply the second method, a transformation of the following form is required:

(Ije = Kﬁi)e

K-ais X-axis K-axis K'-axis X-axis X-axis

Fetation about Z-axs Ratation about X'-ams Fetation about Z'-axs
Figure 2.5: Composition of elementary rotations in order to compute the angular velocity

Having as reference Figure 2.5, the contribution of each rotational velocity component to the
angular is calculated as follows:
e Component ¢: [w, wy wZ]T = ¢
e Component 6: (we  wy wZ]T =0 [cs 56 O}T
e Component 1/) [wx Wy wz] = w [3¢39 —CpSh CQ]T
and the transformation is thus equal to:

0 cy s¢sp -
(Ije =10 Sp  —CopSe ¢e (2.21)
1 0 co

By multiplying the last three lines of the analytic jacobian matrix with the above transformation the
geometric jacobian is computed:

— o) (1665¢9 — 10c19(—33 + 15559 + 135523 + 19350934) + 3837s5)  0.0238¢5 — 0.0238s¢ —3?8109000(218505 +10c19(—33 + 15582 + 13523 + 1935234) + 1355)

o 66559 + 10815(—33 + 1555 + 135555 + 1935034) + 3837cg) 0.0238cy + 0.023855  goabont (218555 — 10319(—33 + 15555 + 135523 + 193s234) + 13cp)
J,G = 0 0 0
P U U O
0 0 0
0.062 0 ~0.062

(2.22a)
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(c10(0.1935234 + 0.135523 + 0.155s2 — 0.033))  s19(0.193c234 + 0.135¢3 + 0.155¢2)  $19(0.193¢234 + 0.135¢23)  0.193co34510 0
(510(0.193s234 + 0.135893 + 0.155s9 — 0.033))  —c19(0.193¢234 + 0.135¢93 + 0.155¢2)  —c19(0.193¢34 + 0.135¢3)  —0.193c234¢10 0

- 0 —0.193s934 — 0.135593 — 0.155s9 —0.1935234 — 0.135523) —0.193s234) 0
" 0 c19 c19 c1p $234519
0 S10 S10 S10 —8234C10
1 0 0 0 €234
(2.22b)

At this point the kinematic analysis of the overall system has been completed by combining into
one the two distinct parts, namely the platform and arm. Having devised all the previous equations,
the following chapters begins by describing the method developed at a first stage and which was later
rejected for reasons that will become more apparent later. Then, the final method will be explained, a
method based on optimization theory, which gives much better results.
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Chapter 3

Cooperation of mobile manipulators

The purpose of the two identical robotic systems is to carry an object, which is modelled as a bar, from
a predetermined feasible initial position to a user-specified final position, maintaining throughout the
motion the initial grip, ||#1 — Z2|| = |||, as shown in Figure 3.1. Therefore, the overall system is

Figure 3.1: Constraint for a tight grip between two youBot

a closed kinematic chain and the total DoF are smaller than the sum of each youBot, i.e., 16. In fact,
the chain’s DoF can be calculated by Griibler’s formula, [[Tsai, 2008]. To this end, only the platform
is initially considered. It consists of 4 mecanum wheels, each of 3 DoF. As a result, by Griibler’s
formula for planar mechanisms, the platform’s DoF are:

J 4
M=3-(N-1-J)+> fi=3-2-1-4+) 3=3 (3.1)
i=1 i=1

Based on the above result, in order to obtain the DoF of the entire closed chain, the platform is modelled
as a planar, 3 DoF joint. Therefore, the DoF of the chain are:

J 5
M=6-(N-1-J)+> f;=6-(12—-1-12)+2-(3+ ) 1) =10 (3.2)
=1 =1

3.1 Initial attempt

In a first attempt, based on the methodology presented in [Chiaccio et al., 1996], which was developed
for fixed robotic arms, an application on our situation took place.

3.1.1 Forward Kkinematics

The absolute and relative position of the system are initially introduced:

. 1 .
Pa = §(PL +pr)
Pr = DPr—DL
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and the absolute and relative orientation:

0
R, = RpRy,, <12>
R, = RL

where ki is the unit vector which realizes the rotation from the coordinate frame of the second robot
to the first, while 0 i is the respective angle, and RE = RER r. At the velocity level, differentiating
the position equations and considering the angular velocity, it is obtained that:

= 1 hiN N
Pa = 5(10L + pF)
ﬁr = ﬁF _ﬁL

- 1 . -
Bg = §(wL + dp)
Gy = WF—df

3.1.2 Inverse Kkinematics

Based on the forward differential kinematics of each system, which has been developed in the previous
chapter, and analysing the two velocity components, i.e. the absolute and the relative velocity, the
forward differential kinematics of the overall system takes the following form:

Da
Wa :[%JL %JF] [Q.L}
Dr =Jr Jr | |gF
Wy

Assuming that J is the system’s jacobian matrix, a closed loop system is formed which is characterized
by the following equation:

Ke=Jg

where K is a diagonal gain matrix and €is the error between the current and desired pose:

ﬁad - ﬁa
= 1 /= - N - - -
oo |€a| _ 5 (Tlq X Tlag + 54 X 8ad + g X Gaq)
gr Raﬁrd - ﬁr

1 - - - N - -
le (nr X Npg + Sy X Spq + Qp X ard)

It is noted that for simplicity the relative position p,.; between the first and the second robot is easier
computed when defined in the absolute coordinate frame, because for a tight grasp it is a constant
vector. Moreover, the vectors 72, § kot @ constitute the columns of the respective orientation matrix.

Our system is kinematically redundant, in which case the jacobian’s matrix inverse is realized by
means of a pseudoinverse method. The use of the Moore-Penrose pseudoinverse is not appropriate,
because when the system is close to a singularity - often occurring because of the closed kinematic
chain - the calculated velocities will violate the joints’ limits and undesirable behaviour will appear.
Thus, the damped least squares method is used, which defines the inverse as follows:

J= T ) = 3

i

where vectors U; kot i; are calculated by performing SVD and o; the respective eigenvalue. This
method constitutes essentially a compromise between the accuracy of the solution and the velocity of
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the joints, so as to limit the values when close to singularities. Important factor thus has the choice of
the parameter \;. A selection of this parameter for each eigenvalue can be performed as follows:

where A4, defines the maximum value of the damping factor, and e defines the size of the singu-
lar region. For the youBot available in the simulation environment it was observed that when the
eigenvalue is bellow ¢ = 0.0025 problems start to arise.

By using this pseudoinverse method the following equation is formed:

q=JNEe)+ (I -J' )G

where the vector ¢y could be used in order to incorporate some desirable behaviours such as joint limit
avoidance, manipulability maximization, obstacle avoidance, etc.

In conclusion, the problems concerning the magnitude of the calculated velocity could be some-
what mitigated by using the damped least squares method, but this is only possible by sacrificing the
solution’s accuracy. However, if the final pose has a unique solution at a singularity, e.g. if the exten-
sion of both arms is required, then the speed of convergence is greatly diminished. Another problem
with this method is that the calculated velocity commands might cause the entire system to lock, i.e.
the systems arrives at a singular configuration where the calculated velocity commands do not produce
any movement. Also, the relative grasp between the two robots, as it is apparent from the previous
analysis, is not necessarily constant; the error of the relative position €, is not always zero. Even if
we choose a very big gain in the corresponding columns of the matrix K, this can not be guaranteed.

These problems led to the decision of abandoning this method and in seeking a solution that would
not require the jacobian matrix inversion, taking into account any restrictions such as joint and velocity
limits ,tight grasp, and every other restrictions we wish to define in a strict manner. So it was decided
to formulate the problem as an optimization problem, in which all constraints would be met at the
optimal solution.

3.2 Constraints between two robots forming a tight grasp

As mentioned earlier, the purpose of the two robots is to carry a solid object from an initial position
to a final feasible position. During the movement it is necessary for the robot’s grasp to meet some
restrictions, because it is considered tight in the sense that no relative movement and change of ori-
entation is allowed. With reference to Figures 3.1 and 3.2 the holonomic constraints for the position
can be modelled as follows:

Figure 3.2: Constraint for tight grasp in terms of the end effectors
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p(d") + R§(¢")r' — p(¢") =0 (3.3)

while for the orientation we use either the rotation matrices or the Euler angles:

RE(¢M)T RS(¢F) = C : Constant matrix (3.4a)

o(¢*) — o(q"") = Constant vector (3.4b)

where the second equation is chosen because of the smaller necessary number of parameter for rep-
resentation. Thus, the position constraints consist of 3 non-linear equations, whereas the orientation
constraints consist of 3 linear equations.

In the velocity level the system is linear and is defined as:

O(R5(¢M)r")

8qL ]qL - Jypap.(qF)qF =0 (3.5a)

[Jypan. (%) +

‘]YUJV.(qL)qL - Jywv.(qF)qF =0 (3.5b)

where, based on the equation’s linearity, the jacobian matrices are constant.

Finally it is noted that the indices L: Leader and F: Follower are used so that we can distinguish
the two robots. Also, a similar analysis could be utilized if instead of a solid object there was a tool,
e.g. pliers, or a ball joint etc.

3.3 Optimization problem formulation

In order to realize the cooperation between the two robotic systems, a non-linear optimization problem
will be derived. First of all the constraints are shaped.

3.3.1 State variables
As state variables for each youBot the variables [m vy 0 g g q3 qa q5]T are considered,
knowledge of which defines precisely the position and orientation of the end effector. The first 3 refer

to the platform, while the last 5 refer to the arm.

3.3.2 Equality constraints

According to the analysis of section 3.1, there are 3 non-linear and 3 linear constraint, which must be
always satisfied. In specific, the last linear constraint is of the form:

q5L = qu; + constant

and thus it can be replaced in the previous relationships and eliminated from the problem. Perform-
ing the necessary replacements and by using the linear equality constrains, the 5 constraints take the
following form:

ot — 2t —0.0013(ch — ¢)') —0.1665(sk — s}) —|—ch1+9(7"50ch5 —rysqLS) +s§1+9[0.135(s§2 - 552)+

L F L L L L
+ 0.155(8 0445 — Sgatas) — Cqo-tas-tas (TyCas T T28gs) + 728034 gs4qs] =0 (3.62)

yl — 4 4+0.1665(ck — cb') — 0.0013(sh —s5) + s§1+9(rxch5 - rysé) - CqL1+0[0'155(5qu - 552)+
L F L L L L
+ 0.135(5 ) 445 = Sgotas) — Cootastas TyCas T T2Sqs) + TSy 4gs4qs) =0 (3.6b)
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L F L F L L L L
0'155(Cq2 o qu) + 0'135(Cq2+q3 o Cq2+q3) + Sgrtas+as (rych + T‘Is%) + Tch2+q3+q4] =0 (3.60)
gk —qf +0F -0 =0 (3.6d)

@ -4 +af —a +ar —ai =0 (3.6¢)

These constraints must be satisfied at every time in order for the two robots to always maintain
the tight grasp.

3.3.3 Inequality constrains

Apart from the previous equality constraints, the limits of the joint variables must be taken into ac-
count, both in terms of the mechanical limits as well as the velocity limits. The limits of mechanical
joints are provided by the manufacturer and can be summarized as follows:

dmin, <gq < maz; (37)
with gin = — [169° 65° 150° 102° 169°]", gas = [169° 90° 146° 102° 169°]" in
rad. Limits for the variables x, y and 6 do not exist because every position and orientation of the
platform is possible. Velocity limits are given as:

—16rad/sec < w; < 16rad/sec (3.8a)

—2.5rad/sec < ¢; < 2.5rad/sec (3.8b)

Furthermore, the following constraint must be taken into account for the joints because of the dis-
cretization, assuming that in the next pose g1 ~ qx + ¢r1":

Amin; — 4k
T

Amaz; — 49k

< q <
>4k > T

(3.9)
Finally, given that the robot can develop some finite acceleration, this fact must be taken into account
and incorporated into the velocity constraints. To this end it is assumed that the robot’s motion should
be stopped the fastest way possible, i.e. with maximum deceleration @y, in order to remain between
the joint limits. Then, at some time ¢ > ¢ for a joint applies that:

. Omazx
o) = g+t — ) = =5 (1)
Q(t) = Qk_amax(t_tk)

In the most extreme case a joint’s limit will be reached, either the top or the bottom. Based on the
previous relationships and in order to prevent this, it is sufficient to limit the velocities as follows:

_\/2ama:r(Qk - Qmim) <@ < \/QQmax(Qmami - Qk) (3.10)

Putting together all the previous inequalities, the velocity limits defined in 3.9a for the wheels
exist, and for the joints:

max {mmT’ dmin;» _\/2amax(Qk - Qmmz)} < qr < min {maxT’ dmaz; > \/2amaa: (Qmaxi - Qk:)
(3.11)
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3.4 Problem definition in terms of the joints position

Considering only the position of the joints, the problem shall be formulated based on the equations 3.6
and constraints on the joints limits as given by inequality 3.7. The solution of a system of non-linear
equations with limits for some of the variables is required, which is a very difficult problem. Indeed,
a subspace of possible configurations of the overall system is formed based on them. Of course, it is
not only enough to solve the problem, but also to find a path that will lead the system to the desired
end position. Therefore, the subspace of possible configurations is formed as follows:

Celo = {q eC: vfufz(‘]) =0,qmin <q< Qmacs}

A possible solution would then be to search in this subspace using a search algorithm, e.g. the A*.
But if the problem is considered at the velocity level, it is much more easily solvable.

3.5 Solution for the state variables velocities

Based on the jacobian matrix formulated in the previous chapter, the jacobian matrix of the whole
system is formulated as follows:
s [Jl 0] (3.12)

0 Jo

where J1, Jo are the jacobian of each robot respectively.

In order to form a closed loop system, the calculation of the error between the present position and
orientation of the leader relative to the desired position and the desired orientation, and the present
position and orientation of the follower with respect to the desired must be computed. The error for
each one, considering that the homogeneous transformations 7y for the desired final pose, T for the
leader’s pose, and 75 for the follower’s pose are given, is calculated as follows:

el = [pd _pl] (3.13a)
O¢,
-
ep = [pd T P;dT pg] (3.13b)
€2

where the orientation error is calculated given the matrices of the desired final orientation Ry =
[ﬁd 8y &’d] , the orientation of the leader’s end effector R, = [ﬁl = Eil] , and the orientation of
the follower’s end effector Ry = [fly 5> s as follows:

Ocy = 1 X Tlg + 81 X 8g + d1 X dg (3.14a)

Ocy = Tlg X Tlg + 89 X 8y + do X dg (3.14b)

with symbol x denoting cross product. As a result the total error is calculated as:

e= [‘ﬂ (3.15)

er

Considering the joint velocities, an objective function is formulated in order to nullify the error. Based
on the forward differential kinematics, this function could be formulated as follows

F = |f(a) = zally = |l + Jgdt — zall3 7 F(q) = || Jgdt - el
This function has a global minimum at the desired pose.
|Jgdt — el = [Jgdt — e]” [Jgdt — €] = dt*¢T IV TG — dtgT T e — dteT TG+ e =
= dt’¢"JTJg —2dte” Jg + eTe (3.16)
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Therefore, the optimization problem is formulated as:
m;n G"HG+hTq
s.t. Mg=0 (3.17)
dmin < ¢ < Gmax

with H = dt?J7.J and h = —2dt.J" e. Matrix H is always positive semi-definite and symmetric. The
fact that it is positive semi-definite is shown as follows:

eTHe = dt?2"J" Jx = dt* (Ja)* (Jz) >0

where equality happens when any eigenvalue is zero, i.e. on a singularity. Furthermore, it follows
that:
HT = a2 (J70)" = ag" (JOY = d2J"T = H
thus symmetrical.
The constraints of the optimization problem are linear and therefore convex. Moreover, the objec-
tive function is convex. This can be proved by the definition of a function’s convexity, which states
that a convex function must satisfy the following inequality:

FOz 4 (1=Ny) <AF(z)+ (1= NF(y) YAe[o,1]

For A\ = 0 or for A = 1 it is clear that the equality stands. For A € (0,1) each side is considered
separately:

FQz+(1=Ny) = [y+Az -y Hy+ Nz —y)]+h [y + Mz —y)] =
= yTHy+ANe—y) Hy + Ny H(z —y) + N(z —y) H(z —y) +
+hTy + AT (2 —y) =
= yTHy+2\z —y) Hy+ (@ —y) H(z —y) + Ty + AT (z —y)
AE(x)+(1=NF(y) = M Hrz+ T2+ 1 =Ny " Hy+ (1 - Nhly =
= MTHz+yTHy - y"Hy + Ty + AT (z —y)
Substituting into the inequality which needs proof, it is sufficient to hold that:
2M(z —y) " Hy + X*(¢ —y)" H(z — y) < Na"He —y" Hy)
But A is positive and smaller than 1, thus the following inequality stands:
N(z—y)TH(z —y) < Mo —y) H(z —y)
Therefore, by considering the left side of the inequality which must hold and by using the previous
inequality, the following is obtained:
2Mz —y) Hy + N(z —y) H(z —y) < 2Nz —y) Hy+ Mo —y) Hz —y) =
Az —y) Hy — Mz —y) He =
Mz —y) H(z —y) =
= MNzTHz —yTHy)

and the proof has concluded.

As a result, both the objective function and the constraints of the problem are convex. Convexity
ensures our initial assumption for the objective function, namely the existence of a global minimum. If
the feasibility space is non empty, the optimum solution is among the feasible solutions of the problem.

Computationally the above problem could be solved by a method of quadratic programming, e.g.
the Wolfe method. It is noted that during the solution of the problem, because the velocity limits do not
allow the direct achievement of the minimum, at each step of the simulation the problem arrives at a
solution on the boundary of the feasible region defined by the constraints, with a consequent reduction
of the objective function. Therefore at each step of the discretization the simulation gets closer to the
global minimum, and we conclude that the overall system ultimately converges to the desired pose.
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3.6 Joint limit avoidance

Direct application of the above method, although it can lead the system to the desired final position,
faces a number of problems. One of the most important takes place when any joint of the two robots
reaches its mechanical limits. Then this joint is saturated and thus losing the possibility of being ac-
tuated in one direction. In order to avoid such an undesirable situation another quadratic optimization
problem is formed, which calculates velocities to be superimposed on the already calculated and which
will produce internal motions that will not change the position and orientation of the end effector, but
only the internal configuration, ensuring as much as possible the avoidance of the mechanical limits.

3.6.1 Objective function

The selected objective function must have a global minimum in the middle of each joint. Then the
minimization shall lead as closer to it as possible. A quadratic function satisfying this criterion is the
following:

(G+9"(G+0)

1) = =5 (3.18)
where c is defined based on the middle of each joint:
¢ = ky(q — Gmid) (3.19)

with £, > 0 a gain and ¢,,,;9 = [OO 25° —4° 0° O°] T Finally, this function is similar to the one
selected in the primary problem, and thus shows exactly the same properties and the same character-
istics.

3.6.2 Constraints

The minimization of the previous function should ensure that there will be no disturbance of the
primary task, that of achieving the desired final position. To this end the following constraint is
introduced:

JGm =0 (3.20)

satisfaction of which assures that the new superimposed velocity is contained in the jacobian’s matrix
null-space and as a result the end effector remains unchanged because:

J(d"’dm):t]q_"JQm:i""O:i'

Moreover, this velocity shall not violate the velocity constraint between the two robots. Thus the
following constraint is introduced:
Mgy, =0 (3.21)

but also not the velocity limits. This is achieved by including the following constraint:
Qmin < q + Qm < q.ma:v = Qm'm - q < Qm < q.ma:p - q (322)

Finally, it is worth noting that this new velocity vector includes the wheel velocities of the plat-
forms, which are not included in the objective function, but only to the constraints. In this way we
ensure that the platform will move in such a way in order to help the joint limit avoidance. In the
simulations included in the next chapter this becomes particularly evident by observing that after the
system has arrived at the desired final position, the platforms move in such a way as to allow the first
joint to reach position 0°.

80



Chapter 4

Simulations of the proposed method

For an experimental verification of the preceding paragraphs analysis, a series of simulations using the
simulation environment in combination with Simulink was conducted. Hierarchically, Simulink
initially made all calculations, which were supplied to v-rep, and then receiving feedback of the state
variables for both robots, with discretization step dt = 0.05sec. The model used is shown in Figure
4.1. It is noted that on the left side the user enters the desired position and the desired orientation,

<slate2> J
<actuation2-
<EEpose>
P pos2
actuation2

errort ol erort Velocity Input

rd 4 ‘ Follower

fen

ac tuation
Planner pos1 <EEposes ——
Optimization
<actuation>

90%pi/80

07pif180

<statet-
Velocity Input
90%pi/180 Leader

o

Figure 4.1: Model of the simulated system in Simulink

which is parametrized using RPY angles, the convention followed by v-rep for the orientation of all
objects.

Then four scenarios were simulated, which included for the sake of variety final poses in all 4
quadrants of the workspace defined by v-rep and rotations in all three axes. For convenience it was
chosen for all cases to have the same initial pose and only the final was changed. The initial configu-
ration is shown in Figure 4.2.

As reference point, the point at the center of the gripper of the robot which is lower in Figure 4.2
was chosen, which was defined as robot 1. The coordinates and orientation of this point are:

Foart = [0 0.53 0.4 —90° 0° 90°]" (4.1)

4.1 Scenario 1

In Scenario 1 the system was commanded to move from the defined initial position to the position
with coordinates: T

Tena, =[1 1 05 90° 0° —90°] 4.2)
Essentially the final tool of the robot is moved 1m relative to axis x, 0.5m relative to y axis, by 0.1m
relative to z axis, and rotated by 180° around z axis. Four characteristic snapshots of the simulation

are shown in Figure 4.3, where the final position is shown in the last image of the figure.
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Figure 4.2: Initial configuration

(b) Intermediate snapshot 2.

(c) Intermediate snapshot 3. (d) Final snapshot

Figure 4.3: Snapshots from the first simulation

In these snapshots, in a blue curve the path of the tool of the first robot appears, which is the
reference point, and in a red curve the path of the same point on the other robot appears too.

Figure 4.4 shows the graphical representation of the Euclidean norm of the total € for both systems.
Note that until the rotation of the system is finished the error grows, while the system moves to the
desired final position.
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Simulation 1
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Figure 4.4: Euclidean norm of the first simulation’s error

4.2 Scenario 2

In the second scenario the system is commanded to move from the initial position to the final with
coordinates:

1" (4.3)

Tendy = [—0.9 0.7 0.25 —145° —30° 55°

The end effector of the robot in this case moves in the second quadrant of the workspace, making both

arotation of 35° around z axis as well as a rotation around the axes x and y of 55° and 30° respectively,
compared to the initial pose. Four instances of this scenario are shown in Figure 4.5.

The Euclidean norm of the error is shown in Figure 4.6, where in this case is continuously reduced.

4.3 Scenario 3

In the third scenario the system was commanded to move to the final pose with coordinates:

Tends = [-0.8 —0.8 0.72 0° 0° 60°]T (4.4)

Essentially the system moves in the fourth quadrant, while the full extension of the arm is required.
The four snapshots of this simulation are shown in Figure 4.7, while Figure 4.8 shows the graph of
error’s norm:

4.4 Scenario 4

In the last scenario the desired coordinates were chosen as:

Fena, = [0.6 —0.6 02 —90° 30° 80°]" 4.5)

The system will move to the third quadrant of the workspace, performing rotations about the axes y
and z only, of 30° and 10°. The snapshots and the error of this simulation are shown as usual in Figure
4.9 and 4.10 respectively.
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(a) Intermediate snapshot 1 (b) Intermediate snapshot 2

(c) Intermediate snapshot 3 (d) Final snapshot

Figure 4.5: Snapshots from the second simulation
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Figure 4.6: Euclidean norm of the second simulation’s error
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(a) Intermediate snapshot 1 (b) Intermediate snapshot 2

(c) Intermediate snapshot 3 (d) Final snapshot

Figure 4.7: Snapshots from the third simulation
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Figure 4.8: Euclidean norm of the third simulation’s error

85



(a) Intermediate snapshot 1

(c) Intermediate snapshot 3 (d) Final snapshot

Figure 4.9: Snapshots from the fourth simulation
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Figure 4.10: Euclidean norm of the fourth simulation’s error
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Chapter 5

Conclusion and future directions

5.1 Final conclusions

Based on these simulations, as well as others that are not shown here, some observations are worth
mentioning. First of all, the convergence is apparent from the graphs showing the error. In any case,
although the error is sometimes increasing during the simulations, so as the system to perform any
necessary action, such as rotation about an axis, in the end it always tends to zero. Throughout the
course of motion the two robots respect the tight grip requirement, as opposed to the first approach
discussed in Chapter 3. Simulations of this method did not always respect the tight grip and at several
times their relative error was different from zero. This was one of the major reasons for the method’s
abandonment.

As discussed in Chapter 3, in each step of the simulation optimization of two well posed quadratic
programming problems is required. Although this could have been done using an analytic procedure,
the function quadprog was eventually selected using the Matlab’s available interior-point convex al-
gorithm, which achieves satisfactory convergence.

The problems associated with the velocity’s magnitude and the limits of the joints are completely
eliminated through the proposed method, because they are posed as constraints. In particular, in Sce-
nario 3 the final pose is chosen in a place that leads the system too close to a singularity. Classic
techniques utilizing pseudoinverse of the jacobian matrix would pose serious problems, because of
the high calculated velocities. Using any method that would take into account the velocity limits,
such as the one proposed in [Flacco et al., 2015], would definitely improve the situation. This method
was implemented in order to improve the results of the initial approach. Nevertheless, in situations
were singularities arise, convergence was extremely slow. Instead, the optimization problem does not
require the inverse of the matrix and hence does not suffer from any of these problems.

Furthermore, it is worth commending on the proposed method for avoiding the joints limits. In
all cases it becomes clear that the primary objective, i.e. the convergence to the desired final pose
is not disrupted, because of the inclusion of the constraint that the calculated velocities shall belong
to the null-space of the jacobian. Its existence is evident at the end of the simulations, where in all
four scenarios the platforms rotates in order to align the respective first joint to its center, performing
themselves any required rotation around the z axis. All joints therefore tend to their central position
as much as possible. By using the pseudoinverse of the jacobian this would have been practically
impossible, given the associated singularities at these positions.

Finally, this method suffers from some serious problems that require further development. Specif-
ically, a problem that occurs quite often in the simulations and prevents the final convergence is the
collision of the system with itself. In this case the velocity commands are not executed due to the
collision, and therefore the tight grip constraint is not guaranteed. This is an extremely important
problem, because then essentially the method fails, and as already stated these cases are not so rare.
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5.2 Future directions

The main future direction is effectively tackling the problem mentioned above. There must be a further
study in order to incorporate into the optimization problem the system itself, so as to avoid possible
self-collisions. If successfully tackled no other serious issue needs to be resolved.

In the next steps some highly desirable characteristics should be studied, such as obstacle avoid-
ance, which in practice are necessary. Also, systematic calculation of the applied forces is required,
which are not taken into account in the kinematic analysis; the resulting force distribution between
the two systems must avoid for example to overturn the system, or to pay attention to the size of the
forces exerted on the bar, because very large forces can crush it, while too small may not be able to
hold it.
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Appendix A
Nomenclature

T

Ap 0, with respect to coordinate system A.

Dp:  The position vector of the platform p, = [pp,m Ppoy

Aj_lz Homogeneous transformation matrix of frame i with respect to frame i-1.
¢;: The cosine of joint g;.

R -

ix®

Position of the contract point C; with respect to x of the platform’s frame.

RdC- .

.,- Position of the contract point C; with respect to y of the platform’s frame.

F: Primal objective function

f:  Objective function of the joint limit avoidance problem.

fi:  Degrees of freedom of joint i.

I;:  Identity matrix with dimensions [i x 1].

J: Number of joints or the jacobian matrix.

lo: Distance of the contact point with respect to x axis from the platform’s center.

lp:  Distance of the contact point with respect to y axis from the platform’s center.
lap:  The sum of the distances of the wheel contract points from the platform’s frame.
M: Matrix of velocity constraints.

N: Number of links.

=y

Position vector p = [Pa: Dy pz] T.
qi: Joint ¢; of youBot, i = 1, ..., 5 or the system’s state vector.
Qmin: Lower angle limit of any joint of the system.
Gmaz: Upper angle limit of any joint of the system.
g:  Velocity vector of the system.
Gmin: Lower velocity limit of any joint of the system.
Gmaz: Upper velocity limit of any joint of the system.
R: Platform’s wheel radius or rotation matrix.

r: Radius of the platform’s rollers.
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r.

Position of the leader’s end effector with respect to the follower.

Sine of joint g;.

Homogeneous transformation.

Velocity vector of the wheel 1 w; = [wl-z w;, wiz] T.

Generalized position vector & = [;5‘ 5] T.

Angle between the rollers and the wheel.

Angle between the coordinate frame of the wheel i1 and the platform’s frame.

. T
Orientation vector ¢ = [a B fy} .
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