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Anoyopedeton 1 avTiypagr, anodfxeuor xou dtavour| Tne nopoloog epyaaiog, €€ ohoxAnpou 1
TWAUATOS, Yid EUnopixd oxond. Emtpéneton n avatinwon), anodrixeuon xat dioavopr yio oxond
U1 *EEBOGXOTING, EXTAUDEUTIXAS T EQEUVATIXAC PUOTC, LTO TNY TpolndYesr Vo avapépeTal 1)
YY) Tpoéheucnc xon vo Btatnpeitar To Topdy uhvupa. Epwtiuata mou agopoby 11 yehon tng
gpyaotag yio xEpB0ooXONING GXOTO TEENEL VoL AMEVVLVOVTOL TTPOS TOV CUYYPAUPEQ.

Or andderg xou Tol CUUTEPIOUATO TOU TEPLEYOVTUL GE AUTO TO EYYPAUPO EXPEALOLY TOV GUY-
YEUPEX XL OEV TEEMEL VAL EPUNVEUTOUY OTL AVTINPOCWTEVOLY TIS enlonueg Véaelg Tou Edvixo
Metodpiou Hohuteyveiou.






Hepidngn

Ané 1o mp@ta xbhag yeodvia TNE Tpaypatonoinong Tou ouunuxvouatog Bose-Einstein
(BEC) uéypt ofjpepa, unfiplav unepdprduec npoondietec va vionomdodv BECs ue boo
T0 BUVaTOV pEYaRUTERD opiduo atéuwy. Ilapdho to yeydho eviupépoy, uéypet oNUEPa U-
mipe Bvoxoho va Bpedolv ol xpiolUES TUPGUETEOL YId T UEYIOTOTOMAT) TOU aptiiol Twv
OUUTIUXVOUEVODY OTOUGY. XTIC TEPIOGOTERES TEQITTWOEL, 1) BeATiotonoinon Paciletar o€
TELPUUATIXES DOXES o Ol LEYOBOL TTOU YENOILOTOLOUVTAL TUPUHEVOUY Bly (S VoL TEQLYPI-
olV. e JAAEC MEQIMTAOOELS, O EPELVNTEC XAVOUY YPNOT] TNG TUXVOTNTASC YWEOU (PAoNS
(phase-space density) wc v napduetpo yio authv ) BeAtiotonoino, 1 onoia oty Tpay-
HOTIXOTNTA BEV EVAL O XATAAANAOG TapdYOVTAS Yid TNV YEYIGTOTOMGN Tou apiluol Twy
atopwy. H epyaoio autr napouvotdler tn Yewpntinn napaywyr ag Tapauéteou, TNy onola
Yo ovopdoouvye Hapdyovta Iodtntac, yia ) Bedtiotonoinon tou aptduod Twv cuuru-
XVOUEVOY atouwy Boaotlbuevn otic Yewpntixés apyés tne Yoing ue ypnon laser xar tng
poryvnto-ontixng nayideuong xadwg enlong xar tng goryvntixng nayidevong xar tng YiEng
e e€dtpion o pio toryido Tou tOmou loffe-Pritchard. H euydeioa napductpog Aettoupyet
pe tov emtdugntd Teémo WOVo oTny mEPINTWOY auThS TNE nayidag, xadwg oty dwdixactio
TopaywyYhS TS AdBape LTOUTN HoC TN CUYXEXQIWEVY] CUUTEQLPORE TNS Xat TN Lop@Y Tou
ouvaxol tou auth nopeyel. ITupdha autd, ot Baoixég WEeg unopolv Vo yenotuononvoly
YioL TNV TopaywyY) Tapouoiag tapauéTeou xou yia dtagopeTixéc mayideg. Ot BdTnTES TOU
IMopdyovta Hototntag tov xathotody povaded yia toug oxonols yac. H adouvoa eEdp-
THoN ToU and oV apilud TV ATOUWY OTO CUUTUXVOU ToV XohoTd xatdhAnho yio TN
Behtiotonoinon g dradaciag nou odnyel oto cupmixvwua. H otadepr tou 1y xadohy
T Swadteooia TN payvnTixhc mayideuone xat e e€dtpiong tov xathotoby unedduvo i
v nocotixonoinon tou Yepuxol vépouc. H ixavdtnta tou vEQoug va GUVEISPEREL YEYH-
Aot guumuxvOpaT expedleTal and TV T autol tou napdyovta. H avelaptnoia tou and
T napapétpoug tou xadopilovy Ty mayida (rdvia €yoviac 6To wuakd 6T TpdxEtTaL Yio
tinou loffe-Pritchard) tov xavouv évav yevixd napdyovra yio olyxpion twv SdQopny ve-
WV 0710 (510 6TABLO TOU TEWRIUATOC, OE DIUPORETIXG GTABLA XAl OF BLUPOPETINS EQPYATTHOLOL.
H e€aywyr tne nopagétpou axohoveitar and Tny nelpduatixy| enBefalworn v 100ty
¢ Tov EMPBEBADGVOUY T YENOOTNTA TNS, XS XL and AMOTEAECUATA TNG XPNONS AUTAHS
oto meipopa. ITapouotdlovial anoTeAéoUATA VIO TNV TOCOTIXOTONGT) TOU VEQOUS, YLoL TNV
TpoBhedn Tou xploou aprluo) TWY ATOP®Y XATE TNV ELYAVIOT] TOU GUUTUXVOUATOS aXOpA
%L oo TA TEWTA oTAdIL TNG dtadxactag, Yio T Bedtioon B axopa xar 1) fedtiotonoinomn
WV SL8PopwY oTAdlwY.

Aées khadd: oupninvwua Bose-Einstein, Bektiotonoinoy, tocotxonoinon, Moapdyovtag
ot rag, npdPedn, nayida loffe-Pritchard, payvnro-ontuxy nayida (MOT), eZdtuion






Abstract

From the first years of BEC in dilute gases till now, there was a great amount
of attempts to reach BECs with as large number of atoms as possible. Despite this
interest, until now it has been difficult to find the critical parameters for the maxi-
mization of the number of the condensed atoms. In most cases, this maximization is
based on trial and error and the methods often remain unmentioned. In other cases,
researchers adopt the phase-space density (PSD) as the parameter for this optimiza-
tion, which in fact is not the appropriate factor in order to maximize the number of
the condensed atoms. This thesis presents a theoretical derivation of a parameter,
which we call the Quality factor, for the optimization of the number of the con-
densed atoms based on theoretical principles of laser cooling and magneto-optical
trapping as well as magnetic trapping and evaporative cooling in an Ioffe-Pritchard
trap. The derived factor works well only in this kind of trap, since in the derivation
we kept in mind its special behaviour and the potential it offers. However, the basic
ideas can be used in order to extract a similar parameter for other traps, like the
TOP-trap, as well. The properties of this Quality factor make it unique for our
attempts. Its direct ascending relation with the condensed atom number makes it
appropriate for the optimization of the processes which lead to BEC. Its constant
value throughout the processes of magnetic trapping and evaporative cooling lays it
responsible for the quantification of the thermal cloud. The quality of the cloud to
give large BECs is expressed by the value of this Quality factor. Its independence of
the trapping parameters (always keeping in mind that we use a Ioffe-Pritchard trap)
makes it a global factor for the comparison of the thermal clouds. The derivation
of this factor is followed by experimental results that prove and confirm the useful-
ness of it. Results for the quantification of the cloud in an Ioffe-Pritchard trap, the
prediction of the critical atom number when BEC just occurs even from the first
stages of cooling, the optimization of the processes of the magneto-optical trapping
(MOT), the transfer of the cloud from the MOT to the Ioffe-Pritchard trap and
evaporative cooling are presented. Additional properties, like the verification of the
correctness of measurements of BEC are discussed.

keywords: BEC optimization, BEC quantification, Quality factor, Prediction, Ioffe-
Pritchard trap, Magneto-optical trap (MOT), magnetic trapping and evaporative
cooling.






Euyaplotieg

Many people have supported me throughout the work of this thesis and I would like to
thank them for their contribution in many and different ways.

First and foremost, I owe my gratitude to my supervisors, Prof.Georgios Varelogiannis
for giving me his advice and the opportunity to be able to work in such an interesting field
in the framework of my Master program ” Microsystems and Nanostructures” and Dr.Wolf
von Klitzing for allowing me to realize this thesis at his laboratory. Dr.Wolf von Klitzing
graciously offered me his time and a continuous guidance from the beginning until the
final revision of this research.

Without the financial support of the Onassis Foundation, which offered me a scholar-
ship for graduate studies, this work would not have been possible. I would like to take the
opportunity to thank the Onassis Foundation for its generosity. I am very honoured to be
recipient of this award. Special thanks to Mrs Antigoni Chantzolou who made everything
simple during this scholarship.

In the laboratory I had the chance to cooperate with a large number of people, who
offered me their knowledge. Dr.Vasiliki Bolpasi, who worked beside me as a post doc,
gave me answers to many of my questions regarding the experimental environment, the
setup and the processes and helped me decidedly in deriving the experimental results of
this thesis. Dr.Daniel Sahagun was the first who transmitted his experimental experience
and his working habits that led me to be more efficient. Special thanks to Ph.D. students,
Saurabh Pandey and Hector Mas, who made easy my adjustment in a new environment
and expressed their ideas for my work.

I would like to thank the three-member committee for their presence in the thesis
defence. From the Physics Department 1 would like to thank all the professors that
inspired me all these years with their simple approach in Physics and their advices.

I owe many thanks to a number of people, my family, my friends, that I will express
in person.






ITepieyopeva

YRy pAPOVIAS T SoUN TNS spyaoiog

1

OcswpnTind ctolyeia Tou cupnuxvopatos Bose-Einstein os apoid cu-

oTARATA ATOUwY PoufBisiou

1.1  Ocwpla Tou cupnuxvopatos Bose-Einstein (BEC) . ... . ... ... ...
111 HwéawouBEC. . . .. .00 o o
1.1.2  To ocupnixvwpa Bose-Einstein oe tdavixd aépto . . . . . . . . ... ..
1.1.3  To ocupnixvepa oc Eva aoVeVKDS AAANAETIOPMOY 0EQL0 . . . . . . . . . .

1.2 BECoe vEpoc 8TRb . . . . . .o
1.2.1  Tevixég wi0tnTES TOU STRb . .
1.2.2  Négoc 87 Rb uéoa oe ypovouetoSintd nhextond medio . . . . . . . . .
1.2.3  Négoc 8 Rb péou o€ poyvuxd medlo . . . . .

H diadixacio ntpog to BEC
2.1 Emuoxomnon tng Swodixaciog . ..o
2.2 WO&n ye yprion Alep xan payvnro-ontixh nayidevon . . ... L L
221 Boowég apyéc twv TeYVIXGOY Yo Ty Y& xon toryideuor pe Aéilep
AL Abvaurn oxédaong axtivofollog . . . ... Lo Lo
B. Onuxfperdoa (OM) . . ..o o000
I'. Mayvnro-ontied nayidevony (MOT) . . . . . . ..o oL
222 Ta BAuata yia Tnv vhononon tng Gigng Aéilep xau tng nayidevong . .
2D-MOT . . .
3D-MOT . . ..
Yuvpmeoyévo MOT xouw Omtiery uerhdoor . . . . . o o ..o 0oL
2.3 WiO&n pe eZdtpion oe wo paryvnuxd nayida Ioffe-Pritchard (IIT) . . . . . . . .
2.3.1 Boowxéc apyéc hertouvpyiog tng e€dtwone oe T payvntuen may(do . . .
AL Apyég payvnuinAc mayIBEUONS . . . L e
B. Ieprypagn e I moy@dag . . o o 0 00 o oo oo
I'. Oeowpntied pehétn g €€ATIONG « . v v v v v v e e e
2.3.2  Awdoywxo Briwata yioo Ty vhonolnon Tne eEATIONG L . . L L L L L
Poptwon e naydag - MéYodog avtiotolylong . . .. L.
Yoprieon e Il moryfdog . . . . o v o oo
E&avayxaouévn e€dtwon ue ypron padloouvyvotitwvRE . . . . .. ..



3 XopaxTneloidg TOU VEPOUG XU TWV TEYVIX®Y AViYVELGHS Tou

3.1 Koatavopr nuxvotntag tou végoug xad)” OAn T Stadixacta Yo Tny eniteudn tou
OUUTIUXVOUUTOS + v v v o v e v e i e e e e e
3.1.1  Ipogik muxvotntag oty MOT . . . . ... ..o 00000
3.1.2  TIpogik nuxvétntag otny I poryvntoed moyfdo . . . o L L L L oL L
3.1.3  Ipogih muxVOTNTAG OTO CUURDXVOUAL .« + v o v e oo
3.2 Teyvixéc Y100 TNV XUTAYRUPH XL TIC PETEHOELS « « « « v v v v v v v v e e .
3.21 Teyvixf Time of Flight (ToF) . . . .. .. ... .. ... ... ....
Extéoveon tou fepuinolh vEQoug . .. L. Lo Lo
EXTévwom ToU CUUTUXVOUOTOS « « v v v v v oo
3.2.2  Teyvixf) TG aneixOvIong Ye AnopeoPnoT . o « « . . . .
3.3 Metpfoeic xot TEOCEYYIGEIS . . . . v v v i
3.3.1  EZaywyr tou apuiyol) Tov atouwy . ...
3.3.2  E&ayoynh tng Vepyoxpaoiag . . . . ..o

4 H nopaywyr TOU TapdyovId TOLOTNIAC YIX TNV TOCOTIXOTONcT »xol
TN BeAtwoTtonoinoyn tng dadixaciag yia to BEC
4.1 H ypnowdmnta evOG CUVTEAESTH TOOTNTIC -« v v v v v v oo e e e
4.2 EZaywy? TOU GUVTEAESTY TOLOTNTOC - o v v v v v o oo e e e e e e e e
4.2.1 Iooduvayio g Beitiotonoinone Tou aptluol TOV GUUTUXVWUEVGLY d-
TOpwy Ye 1N BedtioTonoinon tou xpictwou aptduold atouey . . . . . . .
422 Boaowéc oyéoeg vy TNV TERYpagH Twv dladxaotodv xotd v 1II-
TOYIOEUOT, .« o v v v i i e e e e e e e e
423 ECaywyy tou nopdyovta ntodtntag oty I moylde . . . 0 o o o0 L
424 Enéxtaon tou ovvieAeoth) nototntag oty MOT . . o oo o000

5 I8L6TnTEG TOLU CLUVTEAECTY MOLOTNTAG %ol TNELPARATINY ENAANDELCY
5.1 O ouvieheothig TOOTNTOC XA 1] TOGOTIXOTOINOT) TOU VEQOUS . . . . . . . . . .
5.1.1 H otolepdtntal TOU OUVTEAESTH TOWOTNTOC « = « v v v v v v v o o o o
Enoahfdevon twv YETPACE®Y . . . . . . ..o

5.1.2  H Ave€aptnoio Tou cuvteheotd| ToldTnTag and TIC TOQAUETEOUS Taryi-
OEUCTIC « v v v v v v e e e e e e e e e
5.2 O ouviekeotic notdtntog xou 1 TedPAedy) Tou xplotwou aptduold atéuwy . . . .
5.3 O ouviekeothic nodTnTag xat 1) Bektiotonoinon g Swdaciag . . ... L.
5.3.1 O ovvteheothc nodtnTag xat 1 Pertioon e MOT . . . . . ... ..

5.3.2 O ouvteheotic nowdtnrac xou 1 Bertiotononon oty III poryvntixy
ROV - v . o e

6 JUUTEPACOTA XL TEPOOTTIXES

57



2IHLAYPUPWVTAC TN OOUN TNS
feldelojfela

To ocupninvewpa Bose-Einstein etvou otevd ouvdeuévo pe evbiagpépouoes Yempntixéc cpw-
THOEIG X0 TEWRAULATIXES EPUPUOYES, GUVOEETAL UE UELOONUEID T GUVOUEVA YOUUNAWY VEPUOXPO-
OOV, OO 1) UTERPELCTOTNTA OTO UYEO MALO 1) 1) UTEQUY WYILOTHTA GTA OTEPEA XU UTOPEL VoL
vhonomdet uévo otepa and Tig oLYypoveg eEEMEEIC TNV TEIpOUATIXTY ATOULXY) PUOLXY), OIS
n $OZn pe yeron laser, 1 poryvnuixy| nay(deuon xa 1 egopuoy Tng e€ATioNg o€ Yauniég dep-
poxpaoieg. T'ia Ghoug autolc Toug Aoyoug, 1 e€epedvnom tou BEC etvon éva and ta taytepa
avantuoodpeva tedio TG atouiig puotxrg. 1Ihéov, undpyouv tdvew and 100 epyacthplo Tou
aoyohoOVTAL UE TO CUUTUXVOUA ToyXooplng. Avayeoa ota YEUata auTtdY TOV £pYAcTNE
oV, unopel xavel va Eeywploet TNV eEepelVNOT, CUCTNUATWY YOUNA®Y SLUoTAGEWY, T OTTIXY
TAéypota, o AMlep atouwy, T cupfolopetpla xupdtwy OAnNg, TiC ueTproclg axpiBelag, Tic
petofdoelc @dong.

H ouyxexpipévn epyacia emxevipdvetoar otn Beltiotonoinoy twv otadiwy, 1 dadoyixy
EQUPUOYT TWV OTOlwY TEAXA 0ONYEL OTNY ERQAvVIon Tou cuunuxvepatos. H Beltiotonoinon
auth) oyetiletar ue v eniteudn Tou Yéytotou apitpol atduwy oto cupnixvepa. H dopr tng
epyaotag unopel vo auvodrodel wg eEng:

Y10 xe@dhowo 1 oulntdue xdmota Yepehwdn Yewpentind onueio mou oyetiCoviar e Ty
TEAYUATOTONGCT TOU CURTUXVOUITOS O Upaid CUCTAUATA ATOTEAOUUEVA and dTouo poufidiou-
87. Ilio ouyxexpweéva, oto umoxepdiouo 1.1 Gotepa and TV meptypapr oTa TAACIA TNG
Yewploc petdfaomne @dong xo Tou opuakiouol Tne delbtepng xBaviwong tne évvoiag tou BEC
oTY) YEVIXOTERY TEPINTWOTN TG Tapousiog AAANAETOPACEWY, EMXEVIPOVOUPE TO EVOIAPEQOY
KOS OTIC EWDIXEC TEPIMTOOEIC TWV LBAVIXWY X0t ENAPEMS AAANAETIBEWVIWY acplwy. EZdyovton
ot T0mot o yapaxtnellouy TNV xplowr Yepuoxpacio xon €V YEVEL T1] CUUTERLPOPS TWV ATOUWY
o€ aUTY Ta € cuoTAYATE. 210 unoxe@dioto 1.2 tapouatdlovyue Tic VeEPEALOOELC BIOTNTES
tou 8TRb. Yulntdpe, petafh Aoy, 0 dour Tou olUQWYL UE To ¥Baviind poviého Yid
TO LBPOYOVO, TN Bopr AEMTNC ot LTEPAETTNG LPAS TOU, TOUG E0WTEPIXOUE ot EEWTERIXOUC
Baduotic eheudeplog tou pueoa oe nedio Pwtog xat o payvntind nedlo. To anoteréopata nou
Yo ey oy Vo pog gavoly yproa ota xe@dhono oy axohovdoiv.

Y10 xeQAAAO 2 TEQLYPAPOVTAL Ot BUCIXES APYES TWY TEYVIXWY TOU YPTICWOTOOUYTOL Yid
0 Yuiiwo xon yioo T mayldevon Tou vépoug poufidiou-87 ue tehixd otdyo Ty enlteuln Tou
ovunuxvouatog. Totepa and 1 yevixr enontela g cuvolixhc dadixaciog 0To UTOXEPY-
Aouo 2.1, Tpoywpedue 0TO 2.2 0TNY TEPLYPAPT TN TEWTNS YEVIXTC ueBddoU, TNg TEYIXNS ToU
ovopaletar YPO&n pe ypnon AMilep xou goryvnro-ontixy| mayideuon. Avahboupe Tic Vepehddelg



apyéc e mayidevong xar Tng YPOEng evég Vepuinol vépoug ue T yenor hAilep xou Hory yNTIXGDY
nediwy, Toug Teploptogols 0Ty Yepuoxpacia, Tov apilud TV aTtouwy Xaddg xol TG TUXVO-
TNTOC TOUG TOU GUVODEUOUY QUTRHY TNV TEYVIXY X0 TNV TELRUUATIXTY] TRy daTonoinoY auThg Ye
Ti¢ Slatdelg mou Pploxovial 6T0 EPYACTARIO. LTO Uoxe@dhoo 2.3 napousidloviot ot facixég
apyéc tne wayvnuxhc nayidevong xou g Puing peow g e&dTUong, TS BEVTEPNC YEVIXNC
dladixaciog. Ileprypdgouue didgpopa Vépata tou oyetiloviou ue Ty nayidevoy, 6neg 1 Yew-
enTixh mEPtYpapr) xou N mpayuatonoinor tng nayidac tonou loffe-Pritchard, n @bptwon tng
noyidog and To mpoNYolUEVO GTddIo, 1 GUUTIEST) TOU VEQOUC Xt 1) EdToN Tou Yiat Ty (OEN
tou. ITapouctdlovye xdmoto YewpenTixd xol TELRAUATIXG ATOTEAEGUOTA TOU HOVIEAOTOLODY oU-
Té Tot 0TddL e TN Bordeta Aoyidy unodécewy. Ta anoteléopata oautd anoteholv 1 Bdon
yioe T oulHTNOY OTA UTOAOLTA XEPUAAL.

To xe@dhono 3 Teprypdper TO GY AU oL TNV XATAVOUT| TOU VEQOUG XATE TN DLdpXeld TwV Bid-
POPWY GTASIY UEYEL TNV ELPAVIOT] TOU GUUTUXVOUATOS XAVMS X0 TO OY LA XUl TNV XATOVOUN
WY AToUwY péoa 070 Blo To ouunhxveua. I'vwpilovtag autés Tic xatavoués, napouatdlouye
TIC TEYVIXES TIOU YPNOWLOTOO0VTAL YId T7) UETENOT TV IDOTATWY TOU VEQOUS XAt TNV oVIY VEU-
o1 Tou ouunuxvepatog. O teyvixée time-of-flight xou anexdvione péow tne anoppdpnong
ebvor petagl autdy tou Yo avageptolv.

Metd v ohoxATipwon NG TEPLYPAPNEC TOU TELPAUATOS TOU OONYE! 6TO CUUTOXVWUI Xol
TWV TEYVIXWY Yoo TN U€Tpnom, oto xepdiono 4 apyilouue TEQrYpdpovTag TNV avayxy WLog
TUPUUETEOU IBAVIXTE Yo T PelTioTonoinon twv Sdgopwy otadiwy. Ilpdta, napdyouye Tt
TOPAPETEO auTH xatd TN deutepn wédodo POEng, Ty poryvntixy maydeuon xot Ty eEdTuion,
XUl OTY) CUVEYELN ENEXTEIVOUNE TN YPNOWOTNTA TNG OTNY TpTYN TEYVIXT, TNV YOEN UE yenon
Mélep.

Y10 xepdiono 5 emBeBatcdvovian ot 1BLOTNTES TOL Ty IEVTOC TUPUYOVTA TOIOTNTAUS UE TT)
Xenomn TG B1dTagng Tou epYaoTNEloy. LUYXEXPWEVY, ATOBEXVOOUYE TIC ONUAVTIXES IDIOTNTES
TOU TOEAYOVTA VO THPUUEVEL OTAVEROS xalt AVEEFOTNTOSC Umd TIS THPAUETPOUS TtaY {DEUONS xaTd
T 0TABW TN Py YNTIXNG may(devong xou tne e€dtmiong, va €yel dueon adZouod e€dpTNnom
oo TOV oo TWY CUUTUXVGUEVLY ATOUMY, Vo EWVOL YEHOWWOS aTny TeoBAedn xodmg xat Ty
ueylotonoinomn tou xplotou aptipol aTduwy.

Tehixd, oto xepdhao 6 ouvodiCoviar ta anmoteréopata xaw 0 POAOS NG epyaciog auTrc.



Kegpdiowo 1

OewpEenTIXd CTOLYELX TOU
cupnuxvouatoc Bose-Einstein oe
APOUE CUCTHUATA ATOUWV
Poufisiou

1.1 Oewpia Tou cvpnuxvopatoc Bose-Einstein (BEC)

1.1.1 H d3éx touv BEC

‘Eva and ta Pooind aidpata g xPavTindc unyavixic dnAdver 6Tt to owpoatidia propoty
Vo ywetotoLy oe 8o xatnyoplec: Ta unoldvia, T cwPATO Ye axEpUIO OTY XAl GUUME-
TEWES NUUATOCUVIPTACELS, %O TO QPEPULOVI, TO COUATIOW PE NtaxEQaio TN TOU OTY Xt
AVTIOVUPETEIXES xuPatoouvapthoelc. H xBavtix otatiotxr| avagépet 6Tt to pnolovia €youy
auénuévr miavotnta vo xatohopfBavouy pia xBavting xatdotacy tou eivan 1idn xatetAnupévn
and xdnoto dilo unolovio, eve 1) amayopeutixt apy tou Pauli uvnoyopeiet 611 600 pepurdvia
amoryopeETAL VoL XoTahau3dvouy TNy (Bia tdloxatdotaoy. Xty epyacio auty, evdiapepduacTte
yio oupnuxvopata Bose-Einstein xoat, wg ex to0tou, pnoldvia. Y10 TARCLO TOU QOPUIAMCUOU
e devtepne xBavtwonge [1], o urolédvia yopuxtneilovtor and Tic Topaxate avTUETAVETIXES
oyéoelg

[(O(r), UT (") =6(r —+') xow [B(r), U()] =0 (1.1)

6mou W(r) /Ut (r) eivor o1 teheatéc nediov mou xatacTEé@ou/SnuoupyYosv éva cwpatidio ot
UEOT T TOU YOPOU Xt § EVAL 1) CUVIETTOT DEATA.

Xy o Yevixy TepInTwon TG Tapouaiog 1oy upedY IAANAETLOPACEWY, Ol LBIOCUVAPTHOELS
e XoATOVIOVAC OE UTOPOUV VO EXPEACTONY ©C YIVOUEVO XATACTACEWY EVOG COUATIOON,
oeoun xou oe undevixr) Yeppoxpaoio. I to Adyo autd, mpénet xavelg va anevduviel oto
POPUAAIOUS TNG THO EVPEWS EQPUPUOCIUNG UATEUS TUXVOTNTIC EVOS CWUATIOIOU, TPOXEWEVOU
va xadopicoupe 0 @don tou BEC. H pfitpa muxvétnrag evée swpatdiov n() (r,r") opileto
S 0 TEAEOTHS

nW(r, ) =< U ()T (') > (1.2)



7 ornolo mepthaufdver 1600 TV mepintwon wag xoduphc OTATIOTIXNAG XUTAOTAONS 600 %ot
EVOG UELYPATOSC X op@Y XATAOTACEWY. {1¢ €V OYETIXO OY OO, UTOREL XAVEIS VO GUUTEQUVEL
and TNV PATEA TUXVOTNTIS TOU EVOS COUATIOIOU TOV TEAEOTH TUXVOTNTAS TOU CUCTAUITOS WG
n(r) = nM(r,r). Mropel elxoha va anodetyVei (Bhéne yio napdderypa [2][3]) 6t 1 whrea n)
elvoll EpUNTIOVY Xolt WS €X TOUTOU, UTAPYEL Eva TAPES 0pY0YOVIO GHYOAO IBLOCUVAPTAGEWY TOU
eVOC OWPATIOU ¢@; UE TIC aVTIGTOLYES BLOTIWES Ny TOU TNV Bty WVOTOEL. TNV ovanapdoTaoT
aUTAC NS Bdomng, 1 onola XUAEITUL OVATAPACTACT, PUOLXWY TROYIWY, 1) WATEA TUXVOTNTA EVOS
OWUATOS YPAPETAUL WC

nt(r,r') = Z ni¢; (r)ei(r') (1.3)

Me 11 yphon aUTOY TV CUVIPTHCERDY X0 TV TEAECTWY TOU XATACTREPOUY €V CLUATIOIO
and autés Tic xataotdoes &(¢;) = Gy, unopel xaveic va exppdoet To teheoT| Tediou we
U(r) = To(r) +60(r) = go(r)do + Y _ ¢i(r)dy (1.4)
i#0

To ocupnixvwypa Bose-Einstein opileton wg 1 @don mou eugaviCeton 6tay pio and Tig
WoTIHES My (AUTH TOL YPAPTNXE TAUPUTAV® WS 1) YIVETH LaXPOOXOTUXE YEYEAT), TNS THENS TOU
ool v atéuwy oto ctotnua N. To BEC eivor pia petdfaor @dong mou ogelheton ot
oTATIOTIXY TwV Unoloviey, xo 6yt 0TI IAANAETIOPACEL OTwS CUPPAIVEL 0TI TEQIOGOTERES Ao
Ti¢ yetaPdoelg pdong. Aedopévou 61t 610 BEC 0 apliuds 1wv copatidiwy mou oucompebovto
OV XATAGTAGT, g eivar TOhD peyahlTepog Tne wovddac (No = (afa) > 1), unopei xaveic va
AVTIHETOTIOEL 1GOBUYVAA T waxpooxomxh cuvdptnot doag ™e ¥ wg éva xhacixd redo

U(r) =/ Nogo + Y 6i(r) i (1.5)
i#0
Avth ebvor 1) heyodpevn mpocéyyion Bogoliubov[4] o n cuvdptnon ¥y = /Nogp nailer to
poho TN mapapEtpou tdEng tou BEC.

Trdpyouv 500 dhha Bactxd Yopax TNELGTIXG, EXTOS Ad TNV TUPUUETEO TAENC, TEOXEWEVOU
Vo TEpYpagel To ouunixvepa oto mhaioo g Vewplag petdBaong gdoewyv: To auvddpunto
ondoipo ouupetplog xar N TEEN paxpds euPéietac Tov cuoThuatoc. Mropolue va mopatnet-
ooupe and tny €€.1.3 6Tl o€ NEPINTWOT] AMOUCIAS TOU GUUTUXVOUATOS, TO CUCTNUA TUPUUEVEL
aVIAAOIWTO XdTw and Tov petaoynuatiopd Poduidac. H dnoapln g oupuetplug Poduidog
U(1) ornpaiver 61t eivon Suvatds 0 TOAATAAGIAGUOS TV 1D106UVapTAGEWY UE évay audaipe-
10 TapdyovIa wdone e/ ywplc TNy alhayt onoledirote puowhc WibTTac. A TV dAAN
TAEVEA, XATE TNV EPPYAVIOY) TOU CUUTUXVOUATOS, 1] pNTH ETAOYT Yo TNV THwr TNE TopauéTeou
88N, 1 omolo elvon €vag wiyadinde aptiuodg xat, g X TOUTOU, EYEL Ui CUYXEXPLUEVY] QAOT),
odbnyel ot0 ondoo e napoloas cuppetpioc[3][0]. Lty mpoypatixétnta, 10 audbpunto
ondoo ouupetplag Poduldag etvon 1 avoryxala xon eavt) teolndleoy Yio T CURTOXVKOT
Bose-Einstein[6].

IM'upiCoupe Twpa T0 EVBIAPEROY POG OTNY EVVOLX TNE TAENG Hoxpds EUBENELNG TOU TUOTHUA-
10¢. ‘Onwe o Landau [7] np@tog anédeile, n whtpa nuxvotntog evoc ohuatog dev undeviletar
O€ UEYIAES AMOOTAOEIS OTAY TO CUUTOXNVWUA Eivan Tapoy, aAAd TpoceYYilel TNV TENEPACUEVT)
T no

lim nM () = lim 2D (r,0) = ng (1.6)

r—r’/—o0 T—>00



Auti) 1) ovuneplpopd avapépeTal KOS 1 PN-BlaydVio TAZT UEYIANG XAUaxag, and Th OTY Y Tou
n nM (r, 7)) xadiotata wn undevixd) yia r # . Auth 1 @épuouka eivor axpiBde 10 xprThplo
mou o Yang[8] npdtewve yia Ty nopouaio e ouunixvwons. To apyixo xpithplo tou yedpetar
¢ lim, 0o nM (1,0) > 0, o unopel va eppnveudel we wun-dlarydvia TéE weydhng xhioxoc.

1.1.2 To ocuvpndxvwua Bose-Einstein oce davixd agpro

H npatn Yewpntnd npdBiedn tou cupnuxvodpatog 860nxe and tov Aivotduv[10] oe andv-
on otov Bose Yl TI¢ 0TATIOTIXES IBOTNTEC TV POTOVIWY TNV TERINTOOY EVOS LBaviX0U
urolovixol agpiov]9]. Eva tdavixd prolovixd aépto opileton we éva ovotnua N un-draxpiowomv
UN-0AANAETBPOVTOY coPatdiny (extdc and 6tav cuYXpoloVTIL EAXCTIXG) UTAXOLOVTAS 6T
OTATIOTIXY YVWOo T w¢ otatiotixy Bose-Einstein, mou npoépyetar and tnv e€fynon tou Planck
yioo TV axtvoBoria Tou uéhavog owpatog. ‘Eva tétoo aépto elvor éva mhaouatind oloTnud,
dedouévou 6Tl xdle peahioTind vgplo eppavilel xdnolo eninedo ahhniemdpdoewy. (2oT600,
xotapépver vo TEpLYpdel onuoavTinés Paoixég IBIOTNTES TV TEaYHATIX®Y Un-tdavixwy BEC.

Yy nepintwon anouslag Twv aAANAemdpdoewy, 1 XopAtoviavy| evog bavixol agpiou
uropet va ypaptel we 1o ddpotopa Xaphtoviavhy 1ou evée copatidiov H = % + Vet (1),
p ebvat 1 uATpol opunc Tou cwpaTidiou, m pdla Tou xot Vex 0 e€wtepixd 1edlo mov ao¥dvetan
10 cwPatidlo. (2¢ anotéleoud aUTOU, Ol IBOXAUTACTICELS TOU OEplOU UTOPOVY VOl EXPRUGTOVY
©C TO YIVOUEVO TV JOVOSOUIUTIOINGY XATAOTACEDY ¢; XL ETOUEVES, OTNV TEPITTWOT EVOC
Wovixol aegplov, T0 cuunixveus egpaviletar 6TaV UTAPYEL YA LoXPOOXOTIXT XATIANYN NS
VeUEADOOUE XUTAGTACNC TWY CLOUATISIWY TOU CUCTALATOS.

Xenoonolvtag Toug TUTX00¢ XUVOVES TNG OTATICTIXASC PNYAVIXAC XAl TO PEYIAOXAVO-
vixé 60VoAo, 1} 1000GVaUa TOV Qopuakiouwd TNne debTepng xBAVIWANS Yo Tar Wavixd aéplal Tou
nepypdpeton and Ty Xawhtoviavh Higeal, 0 #€c0¢ aprddg xatdhndng n; tne xatdotoons ¢;
Tou meptypdpet TNy xatavour; Bose-Einstein eivan

1

"= caplle — w/kpT] 1 .

Sty ponyoluevn oyéon, € eivar n ot e HY tou avtiotoiyel oo Biocuvdptnon ¢;,
T etvon 1) Vepuoxpacio Tou GUVOAOL ot 1 TO YNxd duvouxd tou. H xatavour) Bose-Einstein
uropel va tpoxtier pe Srdpopouc tpdnoue, PAéne yia napdderypa oto [L1].

Xpenowonoldvtag 1 cuvdptnon xatavourc Bose-Einstein, o cuvolixdg aptduds twy ato-
wov uropel vo extipniel g

o] fo%S) 1
" z:;n -2 expl(e; — p)/kpT] — 1 (1.8)

1=0

Q61600, elvor TEAXTIXG Yot TOUS UTOAOYIGHOUE HOG VAL YPNOILOTOHGOVUE Uiol UXAAGOIXY TEO-
oEYYLoN, xaTd TNV omola oL xataoTdoel unopel va Yewpndolv 6Tt elvan GuVEYELS Ue TUXVOTNTA
xataotdoewy D(e) n onolo neptypdpet Tov aptdud ToV xaTacTIcEWY UE EVEPYELX PETOED € Xat
€ + de. To onuelo-xhewdi yia v e€epedvnon tov BEC péoa oe autdv 10 gopuaiioud eivo
VO QVTIHETOTOTEL 1) XATAGTACT TN Yoaunhotepne evépyeiag Eeywpiotd. H xatavour Bose-
Einstein 1.7 pyropel va neprypagel and wa nui-xhoouxr, xatavour, f(e) = W ol
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€1ot, 0 aUVOAXOS aplUOE TWY aTOULY Unopel Vo tpoceyylotel and

o0

1
N = Ny + / d€D(e)exp[(e )/ UmT) = 1 (1.9)

€=€p

O npidtog 6pog elvar o apttpdg Twv atéuwy o1r YeUehlndn xatdotaoy, tou dev eivar ot Yéan
VoL TEQLYPAPEL OE AUTAY TNV MU-XAAoIXT TROGEYYIoN), VG 0 TEAEUTAlOC Opog avTIoTotyEl OTO
Yepuind Tunpa N1 10U GUGTAUATOS ToU BRIOXETAL GE XATACTACELS DLopOPETIXES TNG VeUEAL®-
douc.

To ynuixd duvopxd xaopileton and 11 cuvifxn xavovixornoinong 1.9. Xe dedopévn Yep-
noxpactia, €dv npoc¥écouue TEPIOGOTERA ATOPA GTO VEQOS, TOTE TO YNuixd duvapuixd xadopilet
oV apliud TV ATOUWY TOU UnopolV Vo Yivouv amodextd and tny xoatavour. To urdhoina
TEETEL VoL XU TOAEOUY GTaL YoauUNnhOTERa ETUNMEDA EVERYELUS Xk, WS EX TOUTOU, VO GYNUATIOOUY
0 ouunixvepe. Mia pelworn tne Yeppoxpasiog 0dnyel oe abinon tou ynuxos Suvoxot (au-
6 unopel vor pavel and Y avwTépw ouVIRAXT XAVOVIXOTOINONC) XL, 6NV TEpitTwor auTy,
6ho xa TeptocdTEpa dTopa TEENeL Vo xatahRZouy oTo cuunixvepa. H e&iowon 1.7 delyvet
OTL TO YMuixd duvaxd Teénel va efvar TavTa WixpOTERO And TO YUUNAGTERO EVERYELaXO ETi-
1edo ¢ Xohtoviovic evog owpatidiou, €, 1 aAldg Yo uThpye apvnTixds TAnduoude ot
autd. Kadog pewwveton 1 Yeppoxpacio xon 1o ynuixd duvogixd auidvetal, o xdnoto xplotun
Yeppoxpacia, ™y Te, 10 YMuxd duvauixd GTAGEL THY TWH TOU €. XE QUTAY oxXpi3MC TNV
Yeppoxpaotia, and v 1.7 1 xatdhndmn tng YegeMmddOUS xaTdoTaoNS N YIVETAUL HAXPOOKOTIXA
weYdAn. Auth ebvan 1 exdihwon tou BEC. And v nopandve oulAtnor, xatoalfyouue oTo
ovprépaocyua 6Tt 1 xplotun Veppoxpacia Yo To ouunixvwua xadopiletar and 0 cuvinxm

i 1
:/0 P capl(e —co)/(kpTo)] —1 N (1.10)

x90¢ 070 Ti, 0 apripds TV COUATIBILY 6T0 cuunixveua eZaxorovlel va elivar aueintéog e
olyxpior ue tov apiud N.

Oa plloupe TOPA Wo YAUTIE OE CUYXEXPWEVEC TEQITTOOEIC TOU EEWTEPIXOL BuVIULXOU
‘/ext(r)-

Ouoroyevég oavind agplo LNy nepintwaor anousiog evog e€wTepixol duvauixol toyi-
devong, Vext(r) = 0, éval apro un-odAnhemidpwviny eletlepwy couatidiny 6Tov dnelpo ympeo
uropel va meprypaget and ) Xagthtoviavh evée cwpatidiou H = %. Or 1Brocuvaptroeig
wae tétorae Xoghtoviavic]l] eivan eninedo xdpata (1 opud k eivon évac xohde xBoavtinde o-
erdude Yior TV TEPLYPUOT TWV XATACTACEWY) X0 1) EVEPYELD NS Xatdotaong pe opul k efvar
er = h2k%/2m.

H nuxvétnta xatactdoewy yia éva tétolo obotnua divetou[l1] and
vV o[(2m\*?
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Avuxahotoviag v tapandve oty €€.1.10 urnopel xavels va Beet v xplown Yeppoxpascia
OTNV TEPINTWOT TOU OHOYEVOLS WDavixo) depiou

_2xk? [ NJV P
ot =0 () (112)

Yy napandve, oc ¢ oupPorilovpe v ouvdptnon Riemann[12] pye ((3/2) ~ 2.612.

Emniéov, yvwpilovtag to enineda eVEPYELIS € XA TNV TUXVOTNTA XATACTACEWY, UTOPOUUE
Vo utohoyloouue Tov optiud Ty Vepux®V cwuatdiny 1.9 xat and auTéV CLUTEPUIVOUYE T
oyéon uetald tou opriuol Twv copaTdivy 6to ouurixvepe (Np) xou Tov ouvolixo aptdud
TV copatdinv oto wépo (N) oe Yeppoxpacio T

No(T) = N [1 - <£>3/2

H oyéomn 1.12 pmopel vor Eavarypdpel »¢ TEOg TNV TUXVOTNTA YWEOU PAoTS, WOTE VA TRO-
oépet évay dlaoUnTixd TeOTo Yo TNV xatavénon g epgdviong tou BEC. H nuxvétnta tou
Y @eou @done optletar we

(1.13)

D, = nA, (1.14)

6mou n ebvor 1 TuxvETNTAL TOU opoyevols aegpiou xat At = +/27h? /mkpT to Veppxd pixoc
xtuotog de Broglie oe Yeppoxpacia T'. Ané 1ov oplopd Tng, 1 TUXVOTIHTA YWEOY QACTS UTOpEL
va Yewpniel wg o apripdg Tov cwpatdiny yéoa ot éva x0fo e TAeLpd eVOC UHXoUS X0UATOS
de Broglie. Xpnowonoiwvtag authy tnv nopdueteo, 1 xplowrn ouviixn yia va ouuPel BE®
elvon

Dy > ((3/2) ~ 2.612 (1.15)

H nuxvétnta tou végoug ebvan éva gétpo tng eYyinTag petol TV oUATdinY Ve To uixog
xbuotog de Broglie pla pétpnon tng ywetxhc €XTUONS TV XUPATOCUVIPTACE®Y TV CWU-
Tdlwy. Q¢ amotéheoya, 6TAV N TUXVOTHTA YOEOU GAoTNS YIVEL TNg TAENG NS povAdag, T
OLooUATIOWNT andoTAoT YivETal TNG TAENG TNG XUUATOCUVARTNONG TOV OOUATIOIDY Xt 1
EMXAAVYT TV XUUATOCUVARTHCE®Y TWV OLPOPETIXMY TWUATIOIWY XAVEL TNV EUPAVIOT| TNG
OBNYWVTIS OTO GUUTHXVWUAL.

IBavind a€plo o aprovixd duVaULXO. XNV TEp(NTWoY NG TapoUsLas EVOg EEWTE-
ool duvapxol apuovixic popphc (UE ouyVOTNTES TANEVTIWONS w; 0TV i-xateliuvon)

1 1 1
Vext(r) = §mw§x2 + imwf,yg + §mw322 (1.16)
o eninedo g evépyelag evog owpatdiou[l] evan en nyn, = Y. (ni + 1/2)hw; xon m
i={xy,z}
TUXVOTTA TV XATAoTIoEwY[ | 1]
1

D(e) = 2 1.17
9 = 507 (117)



Synfua 1.1: H yetdBaon oto BEC.
(o) Otav n andotaon petald TV
ocwpaTdiwy elvor TOAG peyohlTeen
andé 10 Péyedoc TV YEUOVWUEVLDVY
oOUATSIWY, UTOPOLY VO AVTIUETW-
nilovtar wc xhaoowmd onuelaxd ov-
wxelpevo. H muxvétnta tou ywpov
@pdong elvar tdEeig peyédoug uixpd-
TEEYN ATO TNV POVAdAL.
(B) T éva chotnua oe younhA dep-
poxpaoio, To CLUATOLL ATOXAND-
TTOUV TNV xugotxy toug @von. H
TUXVOTATA TOL XOPOoL Pdone eEaxo-
houdel va ebvan tdewg peyédoug pi-
xpoteen amd 1.
(v) H enudhudn yetald v xupo-
T  TOOLVOPTACEWY TwV cwuatdiwy. H
TUXVOTNTA TOV XWEOL PAonC YiveTan
™e tééng e povddac. Eugavileton
T0 GUUTOXVLUOL.
Ewéva mou eMfodn and to [13].

6mov w = (wxwywz)l/?’ 0 YEWUETPIXOS HEGOG 6poc. Axohovdwvtag tny (Bl Stadixacio dnwg
oTNV TERIMTWAT Tou opoyevolg agplou, umopet xavelg vo e€ayel ebxolo T oyéor yid TNV
xplown Yeppoxpacio

N\ /3
kpT. = hw () (1.18)
‘ ¢(3)
xS XA TN GYECT TOU GUVOEEL TOV GUVOAIXO XOL TO GURTUXVOUEVO aptld owUATIOIWY
T 3
No(T) =N |1— () (1.19)
Tc

Mnopolye ot 6€ qUTAY TNV TEQITTWOT, Vo Ypdouue T cuvinixr yia Ty eugpdvion tou BEC
HE 6pOUC TUXVOTHTAS TOU YWOPOU QYACTC AV AVTIXAUTUCTACOUUE TNV OUOIOUORPY) TUXVOTNTA TOU
vEpoug pe Ny péytoty nuxvotnta n(0) oto x€vipo tou duvouxol. Einy nepintwon evéc
appovixol duvauxol, ouvdyer xaveic tehxd][3]

Dy =n(0)A3 > ((3/2) ~ 2.612 (1.20)

1.1.3 To ocupnbxvewpa oc éva acVeveg AAANAETLOPWY AEPLO

H e&éhén g nepopatinnc uotxrc tov oyetiletan pe 10 BEC axoholinoe pio eviehde
dlapopeTiny) mopeta o€ ayéon pe T Yewpntinés npofiédieic Tou and toug Aivotdry xou Bose
mou dte&hyInoav o davixd aépla. To 1938 o F. London|[11] npdtetve 10 oupunidnvwpo we évay
unyeviops vl v uteppeuotétnte oto *He mou efye hiyo mpwv avaxodugdel. To ‘He eivan
€va oLOTNUA UE 1oy LEES alAmhedpdoels. Emmhéoy, 1o tpcdto agplo ouuminvwua emttedyvnxe
10 1995 ané toug E.Cornell, C.Wieman[15] kai W.Ketterle[16] To 2001 xépdioav to Peafeio
Noépmeh 'y v enitevdn ovunuxvouatog Bose-Einstein evdg atoyxol guoixol aegpiov, yia
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T SnlovpYia TEYVIXOVY Yiol TN UEAETH TOU CUUTUXVOUATOS %ot Yid T UETENOT) TWV PUOIXOY
WBOTATOY TV AeVeVOE IANAETDPWVTWY aepiwy’. §1¢ ex TOUTOU, TPOXEUEVOU VU UEAETHOOUNE
10 BEC, o1 ahknhemdpdoeig Yo mpénet va eivar yéoa 0To mawyvidt.

H eppdvion twv aoVevedy ahAnAenidpdoenmy Yetadl TV owpattdiny 0ev ahhdlel tn Paotxh
opY Y TNG CUUTOXVWONS: TN GUGCWPEEVCT) TNC VEPEAODOUS evepyelaxrc xatdotacns. H Slugpo-
pd eivar tocotixt. lpoodétovtag Tic aAAnAemdpdoelc GTa cwPATIOW, 1 Ywetxh EXTaoT XaL 1
OUYOAIXT| EVERYELX TNE VEUENLWDBOUC XATAGTACTC YivovTal LeYOA)TERES amd TIC AVTIGTOLYES OTA
wWovixd aépa. H xplown Yeppoxpacioa ahrdler eniong, xuplng Aoyw tne peiwong g muxvé-
TG oL TpoxuAeiton and Tic aAAnhemdpdoels. Tlap’oha autd, To @dhya, av unotedel Ot 1)
pépUOUL Yol Tl Un-oAANAeTdpGVTY cwpatidia eZaxohovlel va 1oy del, dev etvan yeyahitepo
and 5% [L7][18]. Mua A7 Sropopd HeTall Twy OAANAETOPMYTOY Xat AVEEFOTHTOY CLUATOWY
elvor OTL 0TV TEAOTY TEPIMTWOT), oxdun xat o€ undevixt Yepuoxpacio 8 cuOTWEELOVTUL GAa
ot owpatidi oty Yeuehwdn xatdotact, ahhd avtiVeta undpyel Eva xAdopa Tou TANYUoUOD
o€ dleyepuévec.

Qotéoo, wa mo axpPhc meptypapn Yo ntpdogepe peydhn Bordeia oty xatavonon twy
YepdTtov mou elodyovion ond Tic ahhniemdpdoetc. o plor tétota meptypapy| xdnolog npénet
var Otardéter pior e€{owon Tou TeEpLYpdpEL T YAUpAXTNEIGTIXG TG VeUEADODOOUS XUTIGTAGNC TOU
CUOTAULATOC.

Eexvévtog omb 10 yeyovée étn W (r) (brwg opileta amd 1.4) mhnpol otny avanapdataoy
tou Heisenberg tnv e&towon

jhgtlll(r, t) = [¥(r,t), H] (1.21)
TPENEL XAVELS VA XAVEL BLAPOopES TposeYYIoElS TG0 Yia TNy Xawhtoviavy H ToAGY cwudteny
600 %o Yl Tov TeEheoTH| nediou, €10l WoTe va ypagel wo emhdoun e&lowan.

O ENIXEVTPOOOVYUE TNY TROCOYT| UG OTA dpatd opLa, OTOU UTOPOVUE VO UTOUVECOLUE OTL
10 €0p0¢ TV DLUTOWIX®Y Buvdpewy, eivar taEelg ueyéloug wxpdtepo and 1 wéaon andoTaoT
peTol Twv owpatdiny. H unddeon auth elvon arapaitntn xoa npoogépel peydhn Pordeia yia
didpopoug Aoyoug. Ilpdta am "oha, owtéd pog Bondd va e€etdooupe wévo Tic ahANAemded-
oelc mou nepthapPdvouy Lebyrn owpatidiwy (tov neptypdpoviar and éva dSuvouxd e popphc
V(r —1")) xou byt odknhendpdoeic udmhétepne t8Ene, dnwe eivar autée mou eumhéxouy tpio
Tautdypova couatidin. Oa dolue apyotepa 6Tl auTY 1) Tepintwor eivon eniong emuunty,
©OoTe va ehaytotonoioly ol anwheleg atny nayida mou ogelhovton oTic ouyxpovoel. Metd
and auThAv THY TEooEy Yo, 1 XoWAToViavy) Tou cUoTALATOS Propel vo ypapTel

2
H— / (:;Ylv\iﬁ(r)v@(r)> d?‘—i—;/\iﬁ(r)\iﬁ(r/)‘/(r _r’)\@(T)@(T/)dr/dr (1.22)

Aeltepoy, oe auTd T0 TAAGLO TG APAOTNTAS, UTOPOVUE VA UTOVEGOUUE OTL oL IAATAETOPE-
oeig pmopoly va Tpooey Yool and TN Vewplo oxédaong xou mepypapoly and To TAATOC
ox€daong. Ye DlEpYATIES YAUNANE EVEQYELS auTO YivETol OTaERO X0l TERLY PAPETAUL UOVO U
wlo mopdpeteo, 1o uixog oxédaong as. Lo va xuplohextioouue, 1 opatbThHToL TOU VEQPOUSG
uropel va exgpaotel ©¢ njas|? << 1. Adyw authc g oTadepdTnTag, 1 TEayRATiX Loppf
TOU BuVEIX00 BUO COUATKY BEV Elvor ATARALTHTY YId THY TEQLYPAPT] TWV LAXPOOKOTIXDY LOIo-
TtV Tou Quotxol agplou[3] xa 1 Vewpla oxeddoewy TpoTEVEL THY AVTIXUTAGTAOY TOU ond
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évor duvaxd enapric
4rh*a
55 ! 1.23
9 (r—1") ( )

Metd tic npooeyyioeig ot Xowhtoviavy, tpootadolye vo TeooeYYIOOUUE TOV TEAETTY
Tediou. XuvdudlovTag TV apondTnTa TOU GUGTAUATOS UE TNV Younir) Tou Yeppoxpacia, unopet
UEMOI0C VAL Ay VOROEL TNV W1 oUUTUXYOUEVT cuvioTdhod O tou 1.4 xadde o aprduol xatd-
Andne yioo Tig xataotdoelg extog g Yeuehiddoug eivon pixpol oe olyxpior. H teheutola
unoVeor etvon 1) Aeyopevn npoaéyyion Bogoliubov nou woylet dtav o aprduds v cwuatdiny
efvan peydhos, dnhadh, avée Gote va unoxatacthoouue tov teheoth tediou Wo(r) ue
ouvdptnon Wo(r) = vV Neo(r) 1 100dlvoua pe to va npoceyyicoupe 1o xPaviind nedio and
€vol xAaoxo.

AvtixoahotdVTag TOpA TNV TEOCEYYIoN NS XOWATOVIAVASC XAl TOU TEDOU 01N OYEoT
1.21 xou avalnrodvtag yio ypévo-aveZdptntes hoeic (Y nepiocdtepes Aentouépetes delte

Sraduxaoior [3][19]) ptdvoupe otny egiowon Gross-Pitaevskii
h2v2
u¥o(r) = <_2m + Vear(r) + g|\Ifo(r)|2> Wo(r) (1.24)

1 omola efvar o awTo-cuvenhc e€iowo yia 1o Tedio W 1) Lloodhvaua Yol THY TOPIUETPO TEENS
Tou BEC.

To 6pto Thomas-Fermi. ' apxobvieng peydho oUUTUXVOUATA, Ol aneInTixée ahhnhe-
TdpdoElC UETAE) TV COPATIOIOY YIVOVTUL TOCO ONPAVTIXES, WOTE 1) XIVNTIXTY EVERYELX TOUG
umopet va ayvoniel and tny e&iowor, Gross-Pitaevskii. Auty etvau 1 npocéyyion Thomas-
Fermi, otny onola 1 e€lowor Gross-Pitaevskii uropel va Audel ebxoha, divoviag 1o anotéhe-
OUOL YO THY XATOVOUY TUXVOTNTIC TOU GUUTUXVOUATOC

[Wol*(r) = ;(/L — Veat(7)) (1.25)

To anotéheoya auto Yo gavel e€onpeTind yeRowo Yo Tov eviomioud twv BEC oto nelpaud
pog, 6nee Yo SoOUEe GTa ETOUEVA XEQPIAALL.

1.2 BEC ot végog *"Rb

‘Onwe Hon avagépinxe ota Tponyolueva TUALITA, 1] TEMTY TELRoaTiXy eniteuln Tou cuy-
TuxvepaTog Ntav ot éva uypd. 01600, and o TeKOTA BHpatd, o otdyoc ftay 1 avalhtnon
oe aépia VEQT), ywplc Tic emmhoxéc mou oyetiCovtan pe éva uyEo. I'a 10 0TdYo aUTS, Tar xVpLa
ovothuata Tou €youv pehetnlel eivon to onuxd-Oleyeppéva e€itévia oe nuaywyols [20][21],
vEQog udpoYOVoU ue Tohwpévo omy [22][23] xor Tpwtiotwe ahxdha, To onola efvar xon ouTd
TIOU HOG EVOLAPEPOLY OTY) OUYXEXPLUEVY) EpyaaiaL.

H deyehddne anaitnon and éva obotnua mpoxeévou va emteuydel 1o BEC eivon 7
urolovixy) Tou @Uon. Aedougévou OTL UTHEYOLUY TOAAL CUCTAULAUTA TOU UTAXOVOLY GE QUTHY
NV WLOTNTA, GAAES AvNOLYIEC TPOXVUTITOUY OYETIXE YE TNY ETAOYY| TNG OANg dladixaociog ueypt
T0 OLUTOXVOUO Tou oyetiovton Ye TNV emAoyn Tou aepiou -aTadepdTNTA, GUYXPOUCIAXES
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wWoTNTES- Mot emiong xou TN Sradixacia Yo TNV EMTEVEN TOU CUUTUXVOUATOS, OTKS Ot
ey vixéc Pu&ng xou mayldeuong.

Avutég ot teyvixée etvau xplowung onpactiog yio tn dtadixacio Tne eniteudng atouixol cupTu-
XVOPATOC xVpleg e€artiag Tou YEYOVOTOE OTL Ol THPABOCLUXES TEYVIXES TNG QUOIXAS YAUNATC
Yepuoxpaoiag dev epapudloviar ota eV AdYw cuoTthpatd, dedouévou 6T elvol yetaotodt) xt
étoL dev pmopolv va épouv ot oopponio pe éva dhho ooua. To Ao elvar o wévo otor-
Yelo mou dev atepeonoteital 010 £0POC TNE TUXVOTNTUC XAt TNS Veppoxpaciog xutd To onolo
eppaviletan 1o BEC. T 10 Adyo autd, elpaote avayxaouévol va epyactodpe Bothd otny
VEQUOBUVAUIXE ATy OPEVUEVT] TIEPLOY Y}, OTIOU EVA UTOUIXO UEPLO ETUTUY YAVEL XIVNTLXT LGOPPOT-
a mpty €pler oty yMuixt| toppotio xat oynuatioet éva oteped[l7]. Autd emtuyydvetar bTay
0 pUIUOS TV GUYXEOVCEWY PETAEY 800 ATOUMY, OL OTOIEC PEPVOUV TO GUCTNUO OE XIVNTIXY
oopponia, urepPfaivel 0 pUUULS TWY CUYXPOUCEWY TV TELOY COUITWY oy evar UTELYUVES
yioo T YUy tooppotia. Ot cuyxpoloelg UeETaE) BUO CLOUATWY BEV UTopOUY Vo TEPLopicouY
™ Odpxetar {ong, eMedr) Sev UnopolV Vo TPOXUAECOUY Wia aAAXYY) TOU OTY UE TAUPAAANAT
OLULTHENOT TNG EVERYELUG XU TNG OPUNS, OF avTideaT) Ue TIC CUYXPOVOEIC TPIWY CWUATWY, OTOU
T0 1piT0 cwyatidio unopel va uetaépet waxptd tny evépyeta. H didpxela Lwrg avtol tou peto-
otaoic vépoug eZaptdtan and Ty TuxvoThTe Tou acpiou. Do éva apad végog pe 101 em =3
Gropa, dev Vo unopovoe va elvan neptoodtepo and yepxd milliseconds[17]. Etot, nohd apoud
agptar TG TAENS TV 10" em ™2 amoutolvron Yo va eZepeuvniel 1 GAOY TOU CUUTUXVOUATOC.
Xenowornowdvtag v 1.12 yia ) oyeon pueta€d e xploung Yeppoxpactag xat tne TuXvo-
™tog, unopel xovels va Peet 6Tt pe autés TIC TWES NG TuxvoTnTag 1) Xplowy Yepuoxpaoio
eyxertar oc 1ol peyévoug exatovtddwy nanoKelvins. ®tdvouue xou ndhi to oupmépacya
OYETXE UE TNV AVayXotdTNTA TV TEYVIX®Y Tne Ui&ng xan mayidevong xou 0 onuacio Tng
eMAOYNC TOU atomxol agpiov.

Néogn atéuwy ahxariwy civoar Bokixd oto mhalolo Tng avantuypévng teyvohoylag Yyl Tny
GO&n xou v maryideuon toug Y didpopoug Aéyoug. Ilpdta and dha, yapaxtneilovtar and
wa €0X0AT, aTo yeplowd Toug evepyetaxt| doun. Ot evépyelaxes petofdoeic toug Beloxovto
OTNV TEPLOYY) XOVTY GTO 0paTsd 1) LTEEUUPO, ATt Tou Bondd Toug TelPUUATIOTES, BEBOPEVOL 6T
dradEtouy ToAD oyuped Aélep yia TV €V Moyw meployn. To acileuxto toug Nhextedvio 6Ty
eCwteptnn onfBdda N dopne toug elvon 1 outior Y TRV ep@dvion e wayvntixic ponic (o€
avtiVeon pe dhha otoryeia, dnme o ahxalxéc yolec) mou ta xdvel wavixolc vodmeious yia
Vv maryideuo pe poryvnTixd tedla. Emmiéov, ov yopaxtrplotixeg WLoTNTES Tou eu@avilouy
og oyEom UE TIC OUYXPOUOCELS TWV ATOU®Y Toug Bonlolv onuavTixd xotd Tr didpxeld Tng
eZdtyiong, x4t Tou Yo SolUe o1 CUYXEXPWEVY) EVOTTTOL.

Metalh Hhwy 1wy oTadepdy 100TéTwY TV alxakiny, 1o 87 Rb diadpapatile xuplapyo pb-
Ao oty otopio xon Ta TEEYOVTA TEWRdUATA Yia To SupTOXVwPd. Autd ogeiletar xuplwg ot
Srodeorpdnta Bohxwy nnyadv Mwlep (diodoc) xar tny euvoixr avohoyia petalld ehaoTxdY
otV aveEAoTIXGY cuyxpovoewy. To pfxoc oxédaone tou 8 Rb éyet Yetixd TR npocpé-
povtac otodepdTnTa xar emiong eivon aveZdpTnTo Tou poyvnTXol mediou mou e@apublETo.
Emniéov, yapaxtnpeiletar and €va oyetixd wixpd Yeovo (ofc TwV DIEYEQUEVWY XATACTICEWY
T0U o€ GUYXEION UE To dAAa ahX Al TPOCPEPOVTS Wi MEYORDTERT, Dlvauy oy evepyel oe
autd and Ty axtvoBohic. Ot Buotxée wiétntec Tou 87 Rb ouvolilovia oto [21].

Q¢ amotéheopa TV TO TAVL, 0TI ENOPEVES EVOTNTEC Vo EeTdo0oUPE Ypriotues IOTNTES
tou 8" Rb.
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1.2.1 Tevixéc WBiotnteg Touv 'RD

Eva dropo 8"Rb éyel 50 vetpdvia xar 37 mpwtévia 6Tov Tuphva Tou xadde xar 37 nhe-
xtpovia. T'tar vau xuplohexthiooupe, dev ebvar éva otadepd todtono tou Poufidiou. Ilup’oha
autd, N e€onpeTind tepdoTiar didpxeta Lwhic Tou e TENC Twv 5 x 1010 yebvev[25] 1o xdver
va, Yewpniel we pdhhov otadepd. Soppova pe o xBaviind poviéro tou udpoyévou, o S Rb
EYEL UOVO €V NAEXTEOVIO GTNV e€wTEPXT, TOL oTPAdA, 0To Tpoytaxd 5S atnv Yeuehlndn Tou
AATAGTACT).

Ot xatd tor dAA EXQUNOUEVES XATACTACE TG N = D oTPAdAC SloTdvTHL AoYe TNg
o0leu€ng UETAEY TS TpOoytaxNig OTEOPOPURS L %ot tou omy S (To parvouevo e Aenthc Venc).
H ouvohixy} otpogopur| 10U NAeXTEOViou Eival GT1) CUYXEXPIIEVT) XATIOTAOT J=L+5 »u
o avtioToryog xBavtindg aprude J mou mEpYpdgeL TNV XaTdoTAOT UTopel Vo elvon aTo VPO
|L—S| < J < L+S. T 1o dropo tou poufidiou ot Vepehidddn tou xutdotao, 1o eEwTtepind
nhextpovio éxer L = 0 xou S = 1/2, xt étor J = 1/2 (Auth 1 xatdotoaon cupforileton ouyvd
3% 5251/2). Y npd1n deyepuévn xatdoTtaoy), o nhextpovio éyet L =1 xa S = 1/2 xon
we ex woUtou, J = 1/2 (52Pyj9) f J = 3/2 (52P3)5). H i tou J opiler v ahdoy? 070
eninedo g evépyetac. Tnd authv TV évvota, 1 uetdfaon L = 0 éoc L = 1 (0 onofo xoheitar
¢ petdfaon oty yeauuh D) ywpiletar oe 800 ouviotwoes (D1-ypoppsh yio TV petdfaon
5281/2 ot 52P1/2 xou 1 yeauu? D2 yio ) petdBaon 5251/2 o€ 52P3/2).

Kortd napbpoio te6mo, hbyw tne o0leving uetafl tne otpogopuhc Tou nhextpoviou J xou
NS GTPOYOPUNS TOL TUPHVA I (10 PatvOUEVO NS UTEPAETTNS LYTHC) UTpyEL i ETtTAEOV BLd-
onooT TV eTEdwy evépyelas. H ouvohixh otpogopun evOg aTOUOU EVOL OTT) CUYXEXPLUEVT)
AATAOCTAUOT) F = J+1T xa o avtiotoyoc (PBavtindg aprdpde F mou Tepypdget TNV XATdoToo
uropel va elvar oo ebpog |J — I| < F < J + 1. T to dropo poufidiov oty Vepehiddn tou
xoatdotoon ebvar J = 1/2 xou [ = 3/2 éto, Gote F =11 F =2. [o my 52P1/2 XATAGTAOT)
hemthc voric J = 1/2 xon I = 3/2 xou emopévac F =14/ F = 2. Opolwc, yia v 52 Py )9
xotdotaor hentng vorc J = 3/2 xa I = 3/2 xou enopévoc F =0 F =14 F =2/ F = 3.
O evepyelomog dlaywplowds and auto To eninedo unépAentng upng eCaptdton and TNy T F.

Io o mo Aentouepy| avdhuon tng Aenthg xou TTEQAENTNG UPAS XU TV TELRUUATWY
Tou oyetilovial Ye auTéV To dloywpiopd Tou poufidiou, unopel xaveic va arsuduvidel ota

[26][27][28][29][30]

1.2.2 Négog 8TRb HEoa o YPOVOUETAPBANTO nhexteixd nedlo

e auth) TV evotnta Ya evdlagepdolyue yio T LEAETY TV EMTTMOOEWY OE €Va GTOUO POU-
Bidlou and v mapovasio tng axtivoBoliag, xat Wiaitepa Evog povoypwuatixot hélep.

O ueydhog daywpetopdc petadh twv yeaupdv D1 xar D2 oe olyxpion Ue 10 TAATOC NG
0éopng AElep pag xdvel vor UTOUECOUUE OTL 1 axTvoBOAa AAANAETIDRA YE PoVO EVal omod &-
vepyelaxd enineda Tng AETTAS LGAC, AVIAOYA UE TN GUYVOTHTA Tou Pwtds. Emniéov, otny
TEPINTWOT TOL 1) TEOOTUNTOVCA AXTVOZOoAld Elvol GYEBGY OE CUVTOVIOUO UE TNV ATOUIXY| UE-
TéPBaon wo, uropel va Yewpndel 6Tt alAnhemdpd povo ue pla utéphentn xatdotact. o toug
Aoyoug autolg, 1 wovoypwpatixt| axtivoBolla culedyvel uovo dVo and to UnEphenTta enineda
F xou €101 10 dtopo yéoa oe éva nhextoixd medlo pmopel vo avtipetoniletar we éva obotnua
000 XATACTACEWY.
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Rb Fedgpm———— — — — — —  —
(=t mm}l SyAue 1.2: H Aentf vpy tne n =5
267 Mhz ot3édac tou ¥ Rb pe Tic xataoTé-
o, oeic 528 52P, o 52Ps /5. Tt
=5 FJE R 1/2,, 1/2 3f 3/2
L e S e ™ Swodwasio e eniteving ocuumu-
167 Wz AVOUATOC WE €Nl T0 TAElGTOV EVOLO-
- o Eperpowou Y TN g’wtocﬁoicn D?. Zr,o
ro 72 Mhz E |o OLALYQAULLOL UTEOPEL XOVELS VO OEL ETCL-
= Q N 7 N 7
8 g one tn ddpxeta Lo Twv deyepué-
= 7 7 /
D, 780.24nm o [2 2 vc,ov xocrocowos,mv. NKou()e ?\snrn xci(-
Lamsas F=?7] T B g tdotaoy emniéov Sywelleton Ao-
818 MH, et 4 L
5P12 z 5 =3 Y@ TOU QAVOUEVOL TN Unsp?\snrnc
g verc. O ddgopes TeVIXéS TOL
OWOTOOVUE EMWPEAOVVTAL OTd
D,795.98 nm Z(P"] " . " , @ ,
e | -L_1_ OL(X(]DOQE,TL){EQ uero&ﬁaoag p.srocE,u rco,v
XATUOTEoEWY LTEPAETTNG LPNG, O-
5512 683 Ghz nwe Yo dobue oto EMOUEVO XEPY-
hoto.
ot — —

Oa gavel 1Baitepea ebypNOTO VoL YETCULOTIOHOOUUE ULa NUIXAAOLXT ELXOVAL TEQLYpaPng: TO
dropo avtuetwriletal wg éva xPavtognyavind aviixeluevo, eve 1 oxtivoBohio meplypdpeTo
0¢ éva xhaooixd nedlo. Auté woylet dtav 1 ontixy| 1oy 0 Tou NAexTEopayYNTIX00) TEdiou clvor
ToAD uPnhoTep and exeivh TV Aywv goToviey. Xe autr Ty TpocéYYior), TO dTopo £YEL
d00 enineda evépyelas, Ty Yepuehddn xatdotaon |g) o tn deyepuévn |e). Autd ta enineda
ywetlovton and €va evepyeloxd ydoua fwg. Amd tny dhhn mheupd, 1 axtivoBolio neprypdpeton
O¢ €VoL XAaooIxd nhextpixd nedio

E(7,t) = Egcos(wt — k7) (1.26)

6mou w elvar 1 ouYVOTNTA TNG axTivooliag, k o avT{OTOLYO XUPATAVUGHA, T 1] YEOVIXT] %ol
7" Ol YOEIXES CUVTETAYHEVES. Ey ebvat 0 apYS METABAAAOUEVO TAGTOS NG axTvoBohiog, Tou
omnotou 1 xatedduvor xadopiler TRV TOAWGY TOU XVYATOC.

M GAAn Tpooéyyion ueyding Bofdetag eivon n npocéyyiar dindhou: To mhdtog Ej Yew-
pelton 6Tt ebvan atadepd oTo YWpo. Mo Tétola TpocEyyior elvar €yxupn OTAY TO dTOUO £lvol
TOAD UitxpdTepo and To uhxog xuatog tou Milep. g ex TolToU, Vewpolue petoBoréc ubvo
070 Tedio Tou YpoVOoU: E(7,t) = Eycoswt.

EZENEn ecwtepixady Badpwy ehevdeplag. Metd and dheg autég Tic npooeyyioels,
uropolue T Vo pi€oupe tia HoTid 6TOV TPOTO ToU TO dToUo BtavéueTton o1 VeEUEALDON Xo
N OLleYEPUEVT), TOL xaTdoTaoT. Xe Tepintwo anouciag tou nediou Aéilep, 1 XoplATovIavY| Tou
atéuou unopel va ypaptel ¢

Ho = |e} (e (1.27)

Yy nopandve egiowor), éyouue mapaheidel Tov xivnTixd 6po apol Uac EVOLUPELOUY OL E-
owtepxol Paduol ehevldeplac. Eyovtag #on unodéoet éva olotnua 500 emmédwy, UTopOLUE
va umootnpiouue OTL 1 atdpayn XouAtoviavy €yel dGo Woevépyeieg, Tig B xan Fy mou
AVTIGTOLYOVY OTIC XATAOTAOELS |g) %ot |e) avtiotouya.
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Hapouoio pwtde, autd napdyer wa dratapoyf Tou neptypdpetar and v Xowhtoviovi[31]

Hi(t) = —dE|e) (9] — dE |g) (e]

! J (1.28)
= erEgcoswt |e) (g| + erEgcoswt |g) (e

e@’oo0y Yewpolye 6T, ehheldel evog nhextpnol poptiou, Aoy g OLUBETEROTNTAC TOU UTO-
HOU, HOVO Wiat NAexTEixY) BImoALxY poTh d xver TNV EYPAVIOT| TNG xou Oyl LYnhdTEPES poTEL.
Yy mapandve eiowon —e eivor 10 goptio nhextpoviou xar 7 1 Yo Tou nAexTpoviou o€
OYEON YE TOV TURTVOL

Ot xatactdoec |g) xou |e) mabouv vo etvon otdowec e tAfpouc Xauhtoviovic H =
Hy + Hy. Tap 'oha outd, 1 XATAOTAGY) TOU ATOROY OE OTOLDTOTE YEOVIXY| OTIYWY| UTOPEL Vol
expaoTel e Tpog auTtés wg eENg:

W) = c1lg) + cale) (1.29)

It 1¢ MeEAnQUA, 1@ ove voepTe TNE devolty patpil:

o=ty = (7 r) (I ) (1.30)

P21 P22 c2c] |C2|2

6mou o 7ho11 xat rhogg AVTITPOCWREVOLY TouE TANYUCPHOUE T1E Yegehddoug xat Tng Sleyep-
HEVNC XATAOTOONG, EVE T P12 XU P21 XAAOLYTOL ¢ CUVAGELR Tou cuoThatos. Ewwdyovtog
™V xugatoouvdptnon ¥ otny elowaon tou Scroedinger yprnowonotwvtag Ty XamAtoviavy
1.28 pyetd v mpooéyyion nepLoTpEQOUEVOU-xUPaTos [32] (1 onola oy el av |w — wp| << wp),
uropel xavelc va ouvaydyer g ontuxée elowoelc Bloch yia toug p-ouvteheotéc (Y neplo-
obtepeg hemtouépeteg [27]).

Avalntovrag v otadepée xatdotaoel (steady states) yia tig Onuxée e€iodoeic Bloch
tehxd xatahiyoupe ot [33]:

_12(T/2)% +2A% 4+ Q22
P9 m/2)2 + A2+ 22
1
T2

02/2
T/2)2 1 A2+ 022
. Q@A +T)
P12 = P21 = 500 TUA2 412

P22 (1.31)

6mou Q ebvan 1 suyvotnta Rabi 1) onola optleton wg A = dEy, A = w—wp 0 amocuUVTOVIOPS
wetafu Aéilep xoun atouxdc petdBaone xou ™1 o ypdvoc Lofc ne deyepuévne xatdotaonc.

Extéc and v adhoy) atov mAnducpd tng YeueAiddous xan Tng BIEYEpUEVNS XATAOTAON,
7 ToEOVG{a EVOC NAEXTEOPAY VNTIXOU TEDIOL UNoREl VoL 0BNYHOEL GTNY UETATOTLON TWV EMTESWY
evépyetag. Autég ol petatonioeic avagpépoviar wg uetatonioeg ac Stark. I va Pfpodye auth
TNV EVERYELOXNY) PETATOTLON Yol TN YEUEALODT) XATACTAOT], UTOPEL XAUVELS VO YENOILOTOOEL TN
Vewplo drtapaydv, 1 onola eivar éyxupn pévo av Q < (02 + T2/4)Y2. Xpnowonowbvag
Y TEYVIXY AUTY), UTOPEL XAVELS Vo YRAPEL YEVIXE TNV EVERYELOXY) UETATOTLOT WG ULl GUVVETT
nocoTTal20]

AFEy = Vi — jhl1 /2 (1.32)
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To mpaypotind pépog Vi avuiotolyel oTn UETATOTION TNG EVERYELNC TNG XATAOTAGNG, EVE TO
pavtaoTind uépoc aviioTolyel oe éva tenepaouévo yedvo Lwihc I tne YepehidBouc xatdota-
ong, Moy TN peTdBaong oty SIEYEQUEVT XATAOTAOY, TOU TpoXAe(Tar amd TNy nedio PwToC.
Avut n yetatomion g evépyetag unopel v Bpevdel va elvan:
)

02 4T12/4
Etvar onpavtixd va onuetwiet tt ot e€lodoelg 1.31 e€axohovioldy va 1oy bouy otny nepintwo

NG EVERYEIXNG HETATOMIONS TOV XataoTdoewy. H petaBord) twv mAnduoumy oe autiv Ty
nepintwon Aapgfdveton unogmn oty cuyvotnta Rabi xa otov arocuvioviouo.

Vi (1.33)

EZwtepixol Badpol eAevdeplag - Auvuvdpeic oto dtopo. Katd ) didpxeta tng
aAnhenidpaone petalh evog atouou xar evog putoviou undpyel aviahhayt opurc. ‘Etot, to
¢ ennpedlel xo Toug e€wteptxolq Paduoic eheulepliag TOU ATOUOL.

[Tpoxewévou va cuveyioovpe otov unoloyloud g dlvaune oe éva dtouo, Vo mpénet va
GEOVUE TNY TPOGEYYLON BITOAOY, OV TTEOTNYOUREVLS VEWPNTUUE, Xt AVTAUTOV Vo EEETACOUUE
t0 medio 1.26. Autd ogelheton 010 YEYOVOS OTL Ta dTopa elvon oe xivnom, €10l unopoly va
TEOEVOVY UEYAAES ATOCTACEL OE OYE0T PE TO UN0¢ XOUATOS TOU PwTOS OE Eva GOVIONO
YEOVIX6 BldoTnuaL.

Anéd ) oxomd xBavuxic unyovixic, n dOvaun mou aoxeitan eni evog atéuou ebvon 1)
AVOPEVOUEVT] TN Tou puloU YeToBoArc Tou TEAECTY) OpuNng

. dp
F =< —= 1.34
<dt> (1.34)

Yty avanopdotaor tou Heisenberg, o teheotic €yet o eZ€MEN mou yapaxtneiletar and tny
elowon
p_j
= _21H = _VH 1.
W (). 51 = ~vH ) (1.3)
H teheutola tobtnta mpoxtntet omd o yeyovée ot v [H(r),p] = jAVH(r). Eto, F =
—VH(r). Avuxadotodvrog tn Xoghtoviavr 1.28 xar 1o nhextpopayvntixd nedio 1.26 otov
TEOTYOUUEVO TUTO Yia TN DUVOPT), PETA and Wia EXTEVY| avdAuoT nou eivar €€w and To nedlo
eqapuoyhc Tne napoloag epyaciuc (aAhd pnopel va Bpedel oto [33]), unopel xavelc va ndpet:
_, VQ(r)
F=nQ
" )

O npwtog 6pog eaptdton amd TNV ahhayhh TOU TAGTOUS Tou TEdiou Tave oTo ywpo. Kahelta
d0vopn dtméhou (dipole force or gradient force or stimulated force) xon epgpaviletar uévo
av undpyet wa xAlon oto medlo gwtdc. Aoxeiton o éva dtopo eCmtiog g ouvEXTIXHC
OVOXATAVOUNS TV PWTOVIWY X OPELAETAUL GTNY ATOREOPNCT XA TNV EEAVUYXACUEVT] EXTOUTY,
pwtoviov. And v & mheupd, o deltepog 6pog elvan YVWGTOC W 1) BUVAUY oxEDUOTC
(scattering force or spontaneous force or radiation pressure) xot eaptdtor and tn @don
Tou mediou Tdvew oTo ywpo. Autéd onuaivel 6T autd To €lbog BUVaUNG Elvan TEVTA TUEOY
otay eva medio pwtog undpyet. Ilpdxertar yio T dUvapn ndve o €va GTOPO TOU AVTIGTOLYE!
o€ anopedPnon evog Pwrtoviou mou axohoudeiton and avddpuntn exmounr. lleploodtepeg
Aentopépeleg oyeTiXd e TNV TeAeuTaior dOvauy Yo 6odolv 6TO EROUEVO XEGIANO.

Re{proe eI 7 (k) (Im{ proe 7%t F7}) (1.36)
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1.2.3 Négog ¥ Rb péoa oe payvntixd nedio

‘Onwe avagépinxe xou mopandvw, to enineda evépyelac tou poufidiou-87 Stayweilovto
Aoyw e olleuing omv-tpoytds (Aent ueR) xou oe éva endpevo aTddo, Aoyw e ouleung
nhextpoviou-tupriva (unéphentn upr). H Xowhtoviavh tou neprypdger 1o dtaywptopd tng
uéphentne uPhc Yo xdle éva and to cuotaTxd TNe Ypopurc D Siveton and [24]

—

3T+ 31T — I(I+1)J(J +1)

Hyoe = AngsIJ + Bugs
mos = AutslJ + Bty 21(21 — 1)J(2J — 1)

(1.37)

onou Apgs xou Bhgs elvon otadepés mou oyetiCovtan pe v D-ouviotwoa. Ev anoucia evég
e€nTepol poyvnTxol ediou, oheg ol 2F + 1 xataoTdoelg Tou (Blou UTEPAENTOU EVEQYELO-
%00 emnédou pe tov (8o xBavtixd apdpd F' (nou neprypdpoviar and tov apiud my) eivor
EXPUAICPEVES.

‘Eva dtopo poufidiou propel va Yewpniel we évo payvntixd dinoko hoye tou aleuydomTou
mhextpoviou tou (rou druoupyeita axd o omv S) Tre TeoylXfc oteogoputc L xon e
OTEOYORUNC TOU TUPHVAL I. AopBdvovtag ok autd uddy), 1 woyvnTix SimoAy) pomy) evég
aTOUOL UnOpEl VO EXPRACTEL ¢

L _MB, g, 7, R

fim = =95 + gLL + 1) (1.38)
onou up elvon 1) pary vtovn tou Bohr xat ot g-napdyovTeS yenoILOTOL00VTAL YL TNV POy VITIXY
Tpononoinoy dinohixwy poney. lleploodtepeg hentouépeteg oYETXE Y AUTOUE TOUG TURAY OV-
te¢ divovton oo [24], eved ot yetpolueves Tipéc toug oto [34]. 'Etor, oty napousia evég
xhaoIX00 pory vTixol mediou B = B.i., eupavileton alhnhenidpoaon ue TNV poryvnTixy duto-
x| pom) Tou atépou. (g cuvidwe, 1 Xawihtoviovy) Tou neptypdpet autyh 1 aAAnienidpaon

elvar
1B

h

‘Otay 10 poryvntixd nedlo eivar 1oyupd, oA Oyt xat T600, HGTE 1) EVERYELUXY) TPOTOTOMNOT)
EVOIL IXPY) GUYXPIVOUEVT) UE TOV DlaywpeioWd Tng Aenthc veng, o J elvan évag xahog aprdude
xou €10l

Hmagn = ﬁmg = (gsSz + gLLZ + gIIZ)BZ (139)

UB
h
Kotd tov {0 tpdmo, yia acdevéatepa poyvntixd nedia 6mou 1 evepyelaxn petatdnion egantiog
ToUg elvor Uixpr) G GUYXELOY UE TOV Dl wELoUs UTEpAenTNS VYN, o F elvon tdpa €vag xahdg
aptdpog X WS €X TOHTOU

Hmagn = ﬁmé = (gJJZ + gIIZ)BZ (140)

Hmagn = ﬁmé = %QFFZBZ (141)

Mog evdtagépet xupledg 1 TeAeutala TEPITTWAT), OTOU TO EVEPYELUXA YACUATA UTOPOUV Val
exQpacTolV YeNolponoldVTaS dtotapayy| Tewmtng tédEng otn Xowhtoviavy 1.37 wg

AE|pm,y = pBgrmr B, (1.42)

Kdnolog unogel ebxoha vo det 6Tt 1) petartonion eivat ypouuixy o€ oy€on UE To dary viuxo tedio.
e auThY TNV TEPLOYN, 0 B WEIOUOS TOV ETTEDWY EVERYELING AOY® TOU TEBIOU XAUAEITAL ©G
TO OVOUUNO GUVOUEVO Zeeman yiol Tol ATOWoL.
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Ye autiy Ty epyaocia, 1 1oyls TV uayvnTixdy 1edlwy tou epappolovio Bploxetar otny
TEPLOY T} OTOU TO AVOUAAO YUYOUEVO Zeeman €lvor ETAPXES YId TNV TEPLYPAPT] TNG CUUTERLPO-
pdg TV aTOPOY. (20TOC0, aVAPEQOUPE OTL Yol LoYUPOTEPA Pory VN TIXd Tedia, Wia Tpooéyyion
otatapary g dedtepng TAENE Elvar O EMTUYNG, XU 1 UETATOTUOT) TNG EVEQYELNS UTOPEL VoL TTERL-
Yeopel and tov tino Breit-Rabi[39]

1 2

AE\pp,y = pBgrmr B, + E(4 —mg)

(gs,uBBz)2

1.43
Foor (1.43)

Axépa ioyupdepn tedio Eenepvoly TNy UTEPAENTY VYT, ATOGULLEDYVOUY Ta T 3o J xon n unép-
Aenty Xowiktoviavy) 1.37yivetan oagentéa oe oyéon pe v Xaghtoviavh ahknhenidpaornc[24].
Auté 10 pouvéuevo ovopdletar xavovixo Quvouevo Zeeman Yo TNy UTEPAETTN LY. Axodua
oy upedTepa nedia EndyouY SAAEC GUUTERLPORES, OTKS TO TETPAYWVIXO Qouvouevo Zeeman [35].
‘Ol autd ta anoteAéopata, Ouws, eivar mépa ;;0m6 To nedio dpdorg auTAg TN EpYaoiag.

Synfua 1.3: Me v mapouoia evéc
e&wtepol payyntixol nediov o ex-
QUMOUOC TWV ETULTEDWY M TOUL (Blov
evepyeloxol emnédou F alpeton. T
uped poryvntixd media, 1 evepyeiaxn
uetaBoln etvon ypouutxh oto medlo.
To @ovépevo autd ovoudletar ave-
yoho Zeeman. T woyvpdtepa me-
Sla, 0 F' dev elvor théov évac xahdc B I —
#Bovtindg aprdude xan N Yeouuixy €- — —

Edptnomn oto nedio mader va woyleL. T—
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Kegpdiowo 2

H owaowacio tpog to BEC

2.1 Emoxdénnon tng diadixaciog

To armotehéopata and THY EGULUOYT TOU PwTOC xou EVOS UayvynTixod ediou mou €youy Ron
ouvaydet oto nponyoluevo xepdioto Yo yenotponotnioly edw yio vo e€nyniel n oAn dradixo-
ofo uéypt THY ELGAVIOY) TOU GUUTUXVOPATOS. OEUEAIDONS GTOY0¢ Hog Efval Vo TACOUYE GTOY
*(PBavtnd ex@uAiogd Ye tov LPNAGTERO duvato apiud atduwy. Auth elvon plo SITAY Tpoond-
Vel Ipdta an’oha 1 eniteudn tou exg@uiiopot, 1 onola and v drodn Tou TapUdoLaXo)
xprTnpiou TNe TuXVOTNTAC Tou YWpou @done (6nwe opiletar otny €&, 1.14) unopel va teptypo-
getl and ) ouviinn Dy > 2.612. Aedtepov, Yo mpénet va axohovdioouyue pla dradixacio tou
Tpocpépel Tig BéATIoTEC oUVIAXES Yl TNV AmdXTNOY TOU PEYUADTEPOU apldol atéumy 6To
OUUTOXVWUA.

IMa v vhonoinon tou BEC, ypeialdpacte éva apatd atopixd SidAupa, 6nwe TovioTnxe
0TO TPONYOUUEVO XEQIALO. Autd amautel TNV EXTANPOOT ENUEXOS YOUNAGY TUXVOTHTWY,
ot onolec Ue T oelpd Toug odNYolLy oty anaitnon eZopeTixd younhov Yepuoxpactdyv. Lo
VO ATOXTHOOVUE TETOIEG ECAPETING YAUNAES VEQUOXQIUTIES XA TUXVOTNTES, XATOIOG TPETEL VOl
avantiZet eZehrypéveg texvinég yioo v PO&n xa moyideuor oudétepwy atéuwy. Ta Sdo-
yixd Brigota, mou oulnTobvTon €56 xal AUEAVOUY TNV TUXVOTNTA YWEOU QACTS TOU ATORXOU
VEQOUG 8TRb OBNYWVTASG OTN CUUTHXVWOT], EQPUPPOLOVTAL YEVIXA, UE XATOLES TopaAAAYES, OTA
gpyaoThiplol o€ OAOV TOV x60U0. LTO XEQAAA0 aUTO, Yo TEPLYPAPOUUE OAEC AUTES TIC TEYVIXES
Tou yenotwonowohvta uéyel Ty eniteun tou BEC. Ané v diin mhevpd, 1 BeAtiotonoinoy
auThg TG Sradixasiag Tou odnyel 6T uPTiXVELOT dev elvor xadohou uia dladixacio poutivog.
Kadde o ot6y0¢ tou peydhou aprdyold atduwy o1o vépog dev ouoyetiletal ye dueco 1poTo
HE TNV amdxTnom VYNAAC TUXVOTNTAS GE AUTO, 1) TUXVOTAHTA YOEOU YACTC TOU ECUPTYTOL oo
Ty muxvoTnTa Tavel va efvan 1o xpithplo yia Ty Beitiotonoinor. Autd Yo eivar to Yépa ota
EMOUEVAL XEPIAOLAL.

H noiumhoxdtnta twv BEC repopdtov yia tig dwdixaoieg tng $iO&ng xo nayidevuong
anoutel TpooexTxd oyediacuéveg diatdiels pe éva ueydho Padud adomiotioc. H ohn neprypapn
e ouoxeunic pog uropel vo Peedel ota [36][37][38]. E80, Yo avageppoiue ev ouvtopia
o€ oplopéveg and T YEVIXEC amauTACELS Yioo TNV mayideuon xar PUEn uéypl va @Tdooupe
oTov ex@uAllopd. Ml and i xUpleg anoutroelg yio o emtuyh QO&n elvan 1 anoudvwon
TOU aTopIX00 VEQOUG antd To TEPBIAROY TOU, TROXEWEVOU Vo UEtwPOlY oL oUYXEOUCES TWVY
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atéumy ue owpatid vhniic evépyetag. Tétota cwpatidin unopody va mpoépyoviar and To
telyn tou VAol mou neplopilouy to Végog. T 1o Adyo autd, To vépog Vo mpénel va evan
VeQUIXA ATOUOVOUEVO Xal, KOS EX TOOTOU, E{UUOTE AVOYXACUEVOL Vo TAYIOEVTOUUE TO VEPOS
HE TNV EQUPUOYT) EEWTEQIXWY TEDIWY PWTOC %o POy YNTIXGY TEdlWY, Tapd PE TN YeHom VS
uAixob doyelou. otdo0, axdun xot Ye TNV anousia Twv Tolywy, LPNAAC evépyelas cnpatidla
TOU TPogpyovTal and To YU YOO Utopoly va auihoouy 1 Vepuoxpacio TV atéU®y 1 va
Ta odnyHoouy €€w and v maylda. §2¢ ex ToUTOU, MEEREL XAVEC Vo SLUCPIUAIGEL OTL AUTOU
Tou eldoug T cwpatidia etvon omdvia. Autéd emtuyydvetar ye TNy Tayideuor Tou végoug oe
neptoyf ue urmep-umnhé xevé. Théoec tne t8&nc tov 10~ Mmbar eivor anapaitnec. Tré
autég Tic ouviixeg, xavelg eivon Théov o Véor va meptoploel Ta owUATIdL Yior SELTEPORETTAL
1 UXOUT, XL Y AEMTA, TOU EVOL APXETOC YEOVOS Yiat Vo xpuwaoouy. Mia dhin analtnom,
TOU TPOXUTTEL and TNV TEOMNYOUUEV, Elvar 1 UEYAAN avdyxy TouTOypova yio xtiveg Aélep
we optopévee Widttee (otadeponoinon ouyvétntac ot ontixés peTaPdoels, edixés EVIGOELC
xA) xou v mou Yo yenoiwonomody Yia TNV EQUPUOYY TOV ATAUTOVUEVODY WAy VITIXMY
nediewy. ‘Ola autd ta ouothgota AElep xat To TNVId TPOCHPEPOLY TO ATMATOUPEVO YOS XL TA
xotdAAAa poryynTind nedia to onola xou fondoly atnv vhonolnon ot dradixacies e YPOEng
xou g moyidevone. H ouoxeud) anotekeiton eniong and éva peydho aprdud nhextpovindy
CUOTNUATLY EAEYYOU.

‘Oha T Priarta wéypet To ouundxveua urtopoty va dtapedolyv oe 80 yevixés dadixaoieg
POZne xar moyidevone: ty $O&n Ailep tou végoug oe wo poryvnrto-ontie] noryida (MOT)
Tou axohovdeiton and YOZn ue e€ATPIoN UETA TOV TMEQIOPIOUS TOU VEQOUS OF Plal CUVTNENTIXN
pory vt mayido. Auteég ot 800 TeyvixéS PuENng elvar CUUTANPWUATIXES WE TPOS TOV OTOYO
Tou xBavtixol exguiiopol: H teyvixd $OEne ue Milep dev elvon emapxhic, GOTe vor eppavicdet
0 BEC, 8edoyévou ott undpyetl éva xatdtepo 6pto tng Veppoxpaciog xor TG TuXvOTNTIG
Tou emTUYYAvel. Ao TNy I mheupd, 1 texvixr) YOEng ue eZdtmor unopel vo heitoupyioet
UE AMOTEAECUATIXG TEOTO WOVO €AV TO VEQOG EVOL TUXVO Xl JPXETA %pVO0 Yol VA TPOCPEQEL
vnhoic pudpolc olyxpouone xau oyt cuyxpdtnoy. Autd ogelheton 0To YEYOVOS OTL )
pory vnuix) mary{da, mou yenowonoteiton Yo TRV TEYVIXH auTh, dev umopel va €xet éva Bddog
peyohitepo and tny mayidevon pepixwv milliKelvins, Aoyw tou oudétepou yapaxthipa TwV
atéumv. H evioyvon e muxvotntag yoeou ¢dong xatavéuetal oyeddy wodtpona petald ou-
OV TV 800 dadixactov PoEne. Apyilel pe wa twh e t8Enc v 10712 oe Yeppoxpasia
dwuatiou xan xdde plo and Tic TeYVINég Tapéyel Eva x€pdog €€L TdZewy peyédoug, GoTe Tehxd
AATOATYOUUE PE HLOL TUXVOTNTA YWEOL QAomg TNg T8ENE tne novadag. Metd and auto, 1 ey-
oévion, Tou BEC auZdver tny nuxvétnta yopou @domne dhhov évav napdyovia 10° yopic xoplo
emnhéov npoondveta. Autdg elvar 0 AOYOS Yldl TOV OTOI0 TO GUUTUXVOPA GUYVE anoxoleiTol
xou w¢ “ehediepn Pogn’ [77].

Y10 dldypouua 2.1 unopolue va dolue Ta dladoyixd oTAdI Tou AmoTEAOVY Tig 800 ou-
€ yevxég teyvixée Yoing xon mayidevong, mou culnthdnxay nopandve. Me hiyo Aoyia, 7
dladixacio €yel wg e€nc. O Vdhapog vrep-uPnhod xevol eivol POPTOUEVOSC UE EVay PEYEAO
aprdpd atépwy e téEewe twv 1010 pe tn BoRdela woc BidtaEng Yvwoth o dioddoTtaTn
poryvnto-ontix| mayida (2D-MOT), nov Aertovpyel o¢ 1 inyh pag axtivag atdpomv yopnihic
Ty TNTAS, 00NYWVTAS To 0To Vahapo. Xpnowonowwvtag Ti¢ oxtiveg tou MOT xan to mnvia
Ioffe, mou egumnpetolby Ty vhonoinon tng teyvixnc MOT, 1o vépog maydedeton xou Piyeton
péoa otov Vdhapo unep-uhnhod xevol, odnywviag ot wa otadepr) xatdotaoy. Mia anhy
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Laser Cooling
MOT | CMOT |Molasses] Trap Match| Compression] Evaporation] Imaging

Imaging Beam
MOT Beams
RF
Boz
Pitch Cails
Compensate Colls
loffe Caoils
red-detuning of MOT beams |25 MHz |40MHz  |40MHz
duration 4 6 sec |10 msec |Tmsec 05 sec 3 sec 10 sec
atom number 101 Ox10f Ox10F Ix108 4x 108 nlef

Eyfua 2.1: Ta Swdoywd otddua tne PoEne xou moryidevone mou 0dnyolyv o ocuundxvwor. Xwpilovion oe
800 yevixée Swodicaotes: YPOEN ue Aéwlep xon YOEN pe e&dtwon. H PO&n Milep anotehelton and ta otddia tng
MOT, v oupmeopévn CMOT xon ) dradixacio e omtxrc Yehdooc, eved 1 texvixy YO&ne pe e&dtpione
and ™ Aertovpyla @éptwone e mayidog, ™ ovunieon e moyidac xouw To TeEMxd oTddo Tne e€dTyione.
Kdmotog unopet va der tn dudpxeta, Tov aptdud twv atéuwy xar tnyv emtteuydeion Yepuoxpacia oto téhog tou
%8&0e otadlov. XTo Sdypad, XAVOLUE ULt CYNUATIXY OVATOEAOTAON TNG TAPOLGLUG X TN OYETLXY dUvoun
TV deoudv AWep xat tol pEOUATA OToL TNV TOU AMOTEAOUY UEROC TWV TEYVIXDV AUTWOV XATE T BLdpxeL TwY
dLapbpwy oTadinwy.

MOT da noydedoer ta dropa o nieomn 1 Tipn tng onolog neptopiletar and tr dodixacio e-
TOUVEXTOUTAS POTOVIWY OE Wol oYETIXA YounAh Tipn. Katd cuvéneia, o avtiotoryog puluode
obyxpovong petd ) wetaPifoor oty poryvnuind moryido Yo ebvor younhog. Aecdopévou 6T To
ThEoV xplolo yopaxtnetoTixd e eatutotixng Yvéneg etvat o puiude olyxpovang oe olyxp!l-
on e ) ddpxeta Lwhg g Toyidog, umopel xavels va anoxtioet oyedov 1o Blo x€pdog pe TN
Behtiwomn tou xevol 1 pe N Behtinon e nuxvétntag oto MOT. Ta tny tekeutaia ehtiowon,
weTd T popTwon xa Ty Yu&n tou MOT, egupudéloupe éva ohvtopo otddlo oupnicong ng
woryvnto-ontixfc nayideuone (CMOT). To CMOT eivon o teyvixt| Tou yprnotuonoteital yio
TNV TUPAGKEVY) oG VPNAOTERNS TUXVOTNTAC TOU VEQOUS YL TO EMGUEVO OTAdI0 TeEdTioNng
pe v avnomn tng xhlomng Tou Yoy vnTixoH NEBIOU X0l TOU ATOGUYTOVIOHOU TWV AXTIVOV TOU
MOT. Y11 neplocdtepeg TEPTWOELS, Wt oOvToun @dor ontixhc YOEng, pe To woryvnTixd
nedio anevepyonomnpéva, epapudletal apéows uetd to otdadio e CMOT, 1 omola eyyudton
wa mepantépw pelwon g Yeppoxpaoiag tou Yepuxod végpoug.

To xplo végog tou dnuovpyRinxe xatd 1o MOT ypnoweler wg mnyH twv Yuypdv atduwy
Yioo TNV ETOUEVY YeVixT dtadxaoia, dnhadh tny Pugn uéow e&dtmong. Ot poryvntixég noyideg
TROGGEQOLY ot GYEDGY TEAELIX LAOTIOMOT EVEC GUVTNENTIXOD BuVOIXOD Yid TNV Ty (BEVoT) TV
atopwy. H xdpla netpopoatind tpodxAnoT €ivol 1) ATOTEAECUOTIXNT PETAPOPE TWV ATOUWY ATO TO
MOT ot payvntoe] nay{da. Autd emTuyydveTol XaTd 10 GTABO NS AELTOURYIUS PORTWONS
NG TYLdag, OTOU Ol THES TWVY PEUPATWY o TEEYOUV uéoa oTa tnvia elvar TEtola, €10l WOTE
var Onuovpy et wa toryido Tou poidler pe 1o oyfua g nponyoluevne oto MOT. Metd and
autd xa ey and 1o TeEAxS oTddlo tne YOEng ue egdtwor, ouvumélouue to Végog. Ta va
Yiver auTd, auEdVoude TIC TWES TWV PEVUATOY TOU TPEYOUY PECUOTO TNVIO X0 UELDVOUUE TO
By.. Auté unopel va gavel oto didypaupa 2.1 napandve. H ouunieon tou obyvegou yiveto
yenown mpoxeévou v auiniel o pududc ocuyxpoloewy twv atduwy. Télog, epapudlovpe
v ey VX g eCavayxaouévne Yuing péow eEATWONS YENOLHOTOIOVTOS PABOCUYVOTNTES
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TOU TPOXAAOLY TNV UETUPOAY Tou oTy TwV atouwy. H tevixy auth odnyel oty yeryoen xou
OYETHS OMOTEAESPATIXA TapaywYH EVOS oupmuxvOUatoc ue oyeddy 100 dropa.

Metd and 6ha ouTd oL 0TABLA, O (BAVTIXOC EXPUALOUOS ETUTUY YEVETOL. LTNV TUQATAVE CU-
Chtnom, e MBayue xaddAou undPn Yag TO YEYOVOS OTL Yiol TNV ERPAVICT] TOU CUUTUXVOPATOS
TpENEL XAVElS Vo emAdoEL €val Ueydho apttpd {ntnudtwy mou avTietenilovy Oha o oyETIXd
repdpota. H v avdyxn evduypdupione tov xévtpey mne MOT xot tng woryvnuixnic moyi-
0UC, 1) IXAVOTNTA VO EVERYOTOIOUVTUL XOl VO ATEVERYOTIOLOUVTOL ToL LAty v Tixd edla ypryopd,
1 LEYSAT am@AEL TV aToUwy Aoy g avavTiototyiog wetadl g MOT xot tng payvntixnc
nay{dag, 1 emppot| TNg S0VauNg TS PaplTNTAC Yol ToL dTOUA, N OYETIXA WixpY) Sidpxeta Lwrig
e mary{dag xan 1 avdryxn Yo togyelor eZdTpion elvon pepnés evoeTinég dUOXOMES.

Y10 undhoino autol Tou xEPUAUiov, Vo OWOOLUE TIC BACIXEC UPYEC TWY TEYVIXWY TOU
XENOILOTOOUY T Yia TNV ENITELEY) TOU GUUTUXVOUATOS, To Sladoyixd Aata Tou axoioulolye
X0l OPLOUEVES TTUYES TNG LVAOTIOMNOTNE AUTWV OE oUYXEXQIUEVOL Tetpduata pag. H oepd twy
UTIOXEPUAMWY aXOAOUTEL TN OELRE TWV AVTIGTOLY WV TELRAUATIXGY Budtwy. X1ny evotnta 2.2
reprypdgeTon 1 teY VXY g YOEng pe Ailep oto MOT xan otny evotnta 2.3, 7 tey v PiOEng
ue egdrplon.

2.2 WOEn pe ypnomn Aéllep xo LAY VN TO-OTTTIXY] Ty (DEU-

"N
H Baowr apyn e $oine yenowonowbvtog axtiveg AMilep Paciletor oto dewpnua tng
woxatavophc[l 1] mou 1oylet v ta xhaotxd wépta (e€axohoviolue va Bploxduaote oe oye-

Txd vdmhéc Yeppoxpaoiec) xou oyetiler ) VYepuoxpacia Tou cucTAUATOS e TO U€co Gpo
NG EVEPYEWIC TV GUOGTUTIXWY TOU. LTNV TEPINTWON TV WDavVIX®OV deplwy 10 Yewpnud TN

LIOOXATAVOURC TEPLYPAPETAL G
1 3
imﬂz = sl (2.1)

6mou m elvon 1) wdla TV cwPaTIdiwy, U 1 uéon TayvnTa Toug, kp 1 otadepd Boltzmann xou
T n depuoxpacio 1ou cuothuatog. Me autd XaTd Vou, UEIWVOVTAS TNV UEOT), TaYOTNTA U TWV
aTéUmY unopel xavelc 1oodivape va Tpoywenoel o1 peiwon tng Yeppoxpasiag Tou delypatoq.

Ye avtileorn pe tny mayideuon Twv OVTLY, To onold TPOCPEROLY TO PopTio TOUg MOTE
évar nhextpoporyvnTixd medlo umopel va aoxfoet peydiec duvduere Coulomb mdve toug, m
W0€a xan 1 vhomolnon Tng mayldevong o oudEtepa dtopa eivar oyeTxd véa. Auvdueic oe
0udETERA dTopa UopoUY VoL aox o0y av Xavels EXPETIAAEUTEL TN pory VT 1) NAexTeixY| porh,
mou eugaviouy, EmTEENOVTUC YEVIXA WXPOTEPES DUVAUEIC VA EQUpUooTolY. Amd TNy GAAY
TAELEA, elvon YEVIXE YEYOVOC OTL YeyohlTeEpOL apliiol xou TUXVOTNTESC CLUATIOIWY UTopolY
Vol Tayt0euToNY o€ EpinTwo Tou autd elvan oudétepa o€ oUYXELON e To LOVTA, EUTING TNG
eEMetdne twv emdpdoswy peTal) Ty Qoptiny oto yweo. H 1déa 6Tt t0 gwe Aélep unopet
va yenotponomlel yia va $iZet ta dropa npotdinxe and toug Hansch xar Schawlow[39] xon
Wineland xou Dehmelt[10] to 1975. Tpla ypbvia apydtepa, oo Wineland, Drullinger xor Walls
[41] Bruooievcay to mpodTo TEelpopa POEng. Xmuoavtind netpduota Tdvew ota dToud Ye Ypnon
Mlep éywvay and tov [12][13]. Hepapanxd, otn dexaetio tou 1980 o Chu[!1] dnwolpynoe
Vv TpodTH ontxY) yehdooa xaw o Raab [45] v npdtn payvnro-ontixd nayida.
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H 080 xou n mayidevon pe hilep eivon ofpepa wia ouvhouévy teyvixy oty xBavtixy
ontxny xar ot xBavtind aépra. ITpoopépel €va peyoho aprdud YopoxXTNEIOTIXWY TOU ToUELd-
Couv ue wa oglpd and olyypova nelpduata. ‘Atopa pe yopnAr xvnTixr evépyela xat PXpEg
ToyOTNTES, Womepd Bidipxelor Cwng xar HEYAAOL YpovoL ahANAET{dpaoTS, avoTnTa Tay(dEUong
peydhou optdpol atouwy, enapxels puiuol EAACTIXWY cUYXPOVOEWY Elval PETUED) TWV TAEO-
VEXTNUATWY auTey. Qotdoo, auth 1 teyvixn $OEne noyidevong éyel auatnpolc teptoptooic
1600 o1 Yeppoxpacia 660 xaut THY TuXVOHTNHTA ToL elvar duvatov va emtteuydel. O neploploude
ot Yeppoxpacia ogelheton o QOO NG aWVOEUNTNG EXTOUTAC PwTOC and Eval ATOpO, EVE O
TEPLOPIOUOS OTNY TUXVOTHTA EYEL TIS pIleC Tou oe avemdunTa QoUUVOUEVO XAt TNV ToryiBeuaT
¢ axTvoPBollag, 6TwS 1) TUEoUGio ETAVAGHESACUEVGDY PWTOVILY, XAl Ol ATOAEIES OTNY TTaYi-
oa. O GLUYBLACUEE AUTHOY TWY BUO TEPLOPIORMY OONYEL GE UL TUXVOTNTA YOPEOU YACTC 1) OTOLd
dev pwnopel va Eenepdoet Ty Ty 1077, mévte téEeic peyédouc wixpdtepn tne avtioToyne Tou
CUUTUXVOUATOS.

Y 1o melpaud pag, yenowonootye $OZn Ailep xou goryvto-ontixy| nayideuon wg ) pédodo
Tpo-PuENS Yiot TO ENOPEVO OTADIO TNg &dTiong. Mto mhadolo autrhc g npdleong, Va dodel
TEWTAPYIXY TPOcoY N wus o€ dUo atdyous: Tr Sracpdhion vdniody puiumy cuyxEoLEELY YLo
TNV anoteAeopatixy) eEAToN eyxataheinoviag xdde mpoomdleto i TV eRTEVEN YUUNADY
Veppoxpaot®y N VPNAAC TUXVOTNTIC YWEOU PAoNC Xt DEUTEPOV Tr GUAAOYT VO PEY SO
aprduol atdpwy. O dedtepog o1y 0g eivon Lwtixig onuactiog, dedouévou 6Tt yag evotapépouy
TA EYUAY CURTUXVOUITA, TO OTOL0 Xl TROERY OVTAL UG YEYAAX ATOWXE VEQT).

2.2.1 Boaowég apyéc TV TEYVIXOVY Yo TNV $OEn xou nayidevon ue
Aélep

A. Abvapr oxédaong axtivoPoliag

Yy evotnta 1.2.2 ovunepdvape 6Tt undpyouv dVo €ldn duvduewy axtivooliag mou a-
oxolvtoL o€ €va ahxoAxd dtopo, 1 d0voaurn Simdlou xar 1 dUvaun oxédaong. Ko ot 800
duvdyelc pmopoly va ypnotwonowmdoly yia Ty moyideuon xar v YOn evdg Vepuinol vé-
poug. Ta npwta netpdyata Yoo Ty Yuin evog Taytdevpévoy atomxol delyuatog entyeipnoay
var expeTalheuToly TNV Orapdn tne ddvaung dindhou [46]. Qotdoo, autd 1o eldog g Blvoung
Tpoaépel Eva TOAL ey 6 Bddog mayldeuong, Tumxd oty Tepoy ) xdtw and to €vo millike-
lvin, oe olyxplon e tn d0voun oxedaong, N onola €yel €va Tumixd Batog Tng T8ENE TOu EVOS
Kelvin. Q¢ ex toltou, ot duvdyels oxédaong mpoopépouy éva ueyalitepo 6yxo mayideuong
o€ oUYxplom Ue exelvo mou dnplovpyeitat and T SGvaun Sitéhov. Autd ogelhetal 0To YEYOVOQ
6TL 1) S0voun oxédaorng elvon aveZdptnTn and Ty xhion Tng évtaong g déoung Yutog. g
ATOTEAECUA, Ol MELPALTIXO! CUYXEVTPWOAY TEAIXA TNV TPOGOYT TOUS GTNY BUVOUY OXEDACNS
X 1) goryviTo-omTuxy) mory(da etvon évar e€anpetind mopdderyua TNE EQaproYHc auTtod Tou eldoug
e dUvaPng.

Y10 MOT, ot eowtepixof Baduol ehevdepiog elivon otadepéc xataotdoelg xa, wg ex T00-
Tou, ot e€wteptxol Paduol propoly va anocuvdedoly, divovTag uia SUVaUn ox€daong 6w O
detepog 6pog g oyeong 1.36. Xpnowonowviag v eiowaon €y.1.30 yio Tic ouvdgpeteg,
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uropolue Tehxd va ypddouue

Fue = —hQV (kr)(Im{prpe 7%
E I/Isat (2'2)
21+ I/ +4A2)T2

6mou éyouye oploel Ty évtaot xopeopol Iy 10U @wtéc we I/ Iy = 202 /T2,

‘Opwe, mow elvan 1) mpoéhevon authc tng d0vapng; Kdde pwtdvio mou anoppopdtar npo-
o¥étel 070 dTopo wa oput fon ue TV opur| Tou elye 0Ty xatedYuvoT) ToU YrToC. Me avtideon
we auto, xdlde avdopunTa EXTEUTOUEVO POTOVIO ToEIdeVel ot uia Tuyaio xatedYuvor. Qg ex
ToUTOU, UETA amd ToAAOUE XUXAOUS ATOPPOPNCEWS Xat aUIOPUNTNG EXTOUTAS POTOVILY, Ot
auopUNTES EXTIOUTES XATA HEGO OPO TEIVOUV GTO UNBEV, EVK 1) AMOPEOGNOT| TPOEPYETAUL UTO
wla xatedduvon, xot wg ex T00T0U, UTdEYEL wa wéan divaun oty xatebhuvor TN PWTEVHS
0éopng. Autd odnyel 6T0 YEYOVOS TS 1) HETUPONTY TNG opufic Eival TO AMOTEAEGU ATOXAEL-
oTxa g drodixaciag anoppdenone gwtovioy. H e€ic.2.2 woybet ubvo oty nepintwon mou n
oUvaun urnopet va tpoatelel xatd Yéoo dpo mdve ot Eva peYdho aptiud xOxhwy anoppdPnoNo-
exmopnnc. Av éva wTovio ahhdlel TV atouixy) TayOTNTA UE ONUAVTIXG TEOTO, 1) NUXAACLXY,
TPOGEYYION TOEL VL LoYVEL Xl ONAL TA ATOTEAECUATA TOU ATOPEEOUY ATd AVTHY.

Yy napandve oyéon 2.2, n mpaypatixy S0voun avd gwtovio eivon kI, eved 1o undhoito
tou t0nou eivon 1) mbavétnTa va eggavioVel 1 dUvaun auTy, 1 omolo €ival To XAACUA TOU
YEOVOU TOU TO GTOHO TOPUHEVEL oTNV Ueuelmdn xoatdotooy tou. Mo audodpuntn exnopny
umopet vo mpoxtier €dv to dtouo PBeloxeton otn Yeuehidd TOU XATIOTAOY), S EX TOUTOL,
auTd TO €80C TNG EXTOPUTNAS, X WS ATOTEAECUA 1 T NG dUvaune oxédaong, meptopileTo
and TO XAAGPA TOU YPOVOU TOU TO GTOUO TEPVA O DeYEpUEVT xatdoTacT. Autd to xhdopa
oL Ypdvou €yet uéytotn T 1/2, xar 1ot Fye max = AL /2.

Méypt autéd to onuelo, dev €youue AdBel unddm 1n petatémior, Doppler mou eugaviCeto
OTAY TO ATOPO XIVELTOL UE XATOLAL TOYVTNTA U. LTV TEAYRaTiXoTnTaL, e€outiag authg Tng Toy -
TNTOC, TO GTOUO BAENEL Uior axTvofoliar GUYVOTNTOC W UE YLa TROTIOTIOINUEVT, GUYVOTNTA w—k7,
6mou k ebvor o xugatdvuoua TG déoung Aéilep. LNy nMeplNTWON AUTAH, O ATOGUVTOVIOUOS
petagd tng axTvoPoliag mou To dTouo aGUVAVETOL Xl TNG ATOPIXHS CUYVOTNTAS GUVTOVIGUOU
wo evar A = (w — k) — wp %o WC X TOHTOY, 7 0Uvaun mou acxel 1 déopn ent TOu ATOUOU
TEOTOTOLE(TAL ¢

(2.3)

I I/1
FDoppler = hkg / sal

1+ 1/ Loqs + 2(w — wo — k)2 /T2

B. Ontixyy peldoa (OM)

Yy nponyoluevy evotnta oulntivnxe 1 dOvaun oxédaong mou aoxelton o€ éva GToUo
mou xiveltar pe tay 0TI U and wo axtival AEWEp UE XUUATAVUCHA k, hopPBavovtog urogn
™ petotémion, Doppler otn cuyvétnta tne axtivag. E&etdlovtag mpdta Ty meplntwon tng
wag dtdotaong, éva dtopo mou xwveltal mpog Ty avtidetn xatedduvon and v déoun Vo
emPBpadivel eved éva dToyo mou xveltar TapdAAnho e TV axtiva Yo avghoer Ty Ty dThT
tou. ¢ ex to0TOL, AUTH 1) OdTaly (o Topdhhnhn déoun Aélep ¥ avti-napdhAnho pe TNy
xivnon tou atéuou) dev emPpadiver Gha o dtopa, ool autd xvolvion 1660 TPOC 6G0 Xt
anopaxpuvopeva and v axtiva. o 10 Adyo autd, wo didtadyn pe d%o avTidLopeTEIXES
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OXTIVES TNG (BLog oUYVOTHTAC W Xat EVTAGTC UTopolY va yernoworomioly yia va emPBpadivouy
Ta dropa Tou Végoug. H avicoppornia twv duvduewy and Tic 600 déopeg mpoxUTTEL Yio vl
%xvo0UEVO dTouo, w¢ anotéheopa Tou govopévou Doppler. T'a va to e&nyfoouue auto,
uno¥étoude 6Tl oL axtiveg Alep €Youv auYVOTHTA WXEOTERT NG CUYVOTNTIC GUVTOVIOHOU
oL atépou. ‘Eva xtvoluevo dtopo Yo BAénet and tny avtidetn and tny xivnoy) tou wia axtiva
OUYVOTNTOC TO XOVTE GTY) GUYVOTNTA GUVTOVIOUOU TOU, €V Yol TNV axTiva Tou Bradideton
TopdAAnha Y To dtoyo, 1 uetatoniorn cuyvotntac Doppler auidvel tny andotact tng and
TOV aTOUXS cUVTOVIoUS. Katd cuvéneia, to dTopo anoppo@oly TAvIoTE TEPIOTOTERN PWTOHVIA
ano TNV AVTIWETY OTNY XIVNOT] TOUC AXTIVA TOY Ta avaryxdlel oe emifBpdduvor,.

Me tehixd o160 éva amhd TocoTixd wovtélo Yia auth 11 Sidtody Twv 8o Aélep, mpénet
VO XAVOUPE XATOLES ONUAVTIXEG UTOVETELS: GTOPA U0 EVEQYELUX®Y EMTESWY Xt VAL AOOVUUO
nedlo axtvoBoliog. XNy nepintemon auth, ot 800 BuVdUelg Tou aoxolvTa and Tic dbo avtive-
TEC OXTIVEG UTOROUY VU AVTIHETOTIOTOUY aveldpTnTd, Ywelg 1 Utapdn tng plag va uetaBdhAe
™y dhAn. Q¢ ex tobtou, 1 cuvohixr dUvaun Tou aoxeitaw oe xdde dtogo amd TIC eV AOYW
oxtiveg umopel Vo YpapTel »¢

E I/Isat I/Isat
2

1+ I/ Togr + 2(w — wo — k0)2/T2 1+ I/Togy + 2(w — wo + £0)2/T2
2.4)

Fom = hk

H 80Ovoun avty anewxoviletar 610 oyfua ;3.

Synfua 2.2: ITowotixd, n dOvaun mou aoxelton oe
€val dTopo WS cLVdETNoY TNE TaydTNTAC TOU Yia
éva Lebyoc avtidetwv axtvdv btav n cuyvotnta
TOUG EVOL UXEOTERN ATd TN CUYVOTNTA GUVTOVL-
opol tou atouou. o wixpée taybtntes 1 dhvaun
elvar ypouuwxry oe oyéon ye v toydmmra. T
] peyalltepeg TayOtnteg n e€dptnon nadel va etvan
- 1 yeapux, aAhd eniong odnyel oe pia dovaun and-
] ofeone.

Acceleration
[=]

0

Velocity

Or eminpbdoieteg unodéoelg Tt Ta ATOPA XIVOUYTOL HPXETY dpYd, 6Tt 1) uetartomior Doppler
4 4 Z . : 2 4 4 ’
elvon wixpY) oe oyéon pe 1o linewidth twv axtivwy, oniadh kv < I', xou 611 oL evtdoeig
Twv axtivey I eivor Toh) uixpdtepe and tny €vitao xopeopol, I K Iy, YIS TPOGQELOUY
1) SuvatéTNTa Vo TpooeYYioouue TNV Tapamdve dOvaur, yenotwonowwvtag oced Taylor, e
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anotéheoya

FOlv[:FSC(w_wo_kU)_Fsc(w_w0+kv)

~ Fe(w —wo) — ]w@anc — (Fsc(w —wo) + kvaanc>
w “ (2.5)
~ —28FSC kv
ow
~ —bv
ue b = 2k% = — [Hé?ff_zgi%)g]g 2(w;w°). To napandve anotéAeopa Ynopel vo epunveudet

w¢ wa dOvour andofBeong mou emPBpadivel Ta dtoya oe mepinTtwon tou b > 0. M Yetunr,
T e b ouvendyetar w < wyp, medyua Tou onuaivel 6Tt 1o hilep EYEL LIXPOTERT CUYVOTNTA
OE OYECT UE TNV CUYYOTNTA CUVTOVIOUOU Tou atopou. To mapandve épyetan o€ ouupwvia Ue
v Quot| emediynon g emPBedduvong TV aTéuwy Tou dOUNXE 0TV apy”) Tou TaEdVTOQ
Tufpatog. Acdopévou 6Tt auth 1 d0voun anboBeoTg elvar ToEOUOLd YE T1) dUVAUT Tou Bpa
enl evég avTixepévou péoa oe éva oy lpEEUaTO PEVGTS, auTh N ddtaln Ty dlo avtidetwy
axtivwy Milep eivon cupéwe Yvwoth we «Ontn yeddoay. H Fon unopel va elvor anote-
AeopaTixg Yiol €Val TEQLOPIOUEVO EVPOG TAYUTATWY Tou atopou. Ildvew and autd 1o bpto, 1
Yeouu) pop@ry e dlvoung authc madet va efvon Wiot Xoht] TEooEYYLon Xou Uiol ETAXOAoUUY
pelwon napovotdleton. Auth 1 xpiown taydtnta eivol Umax = £0/k. Mropel xaveic va det
QUTY T1) CUUTERLYOPE OTNY EXOVA 53 TUPATAVE.

To 6pro Doppler yia tn Jeppoxpacio. Xtnyv napdypago auth Yo Siepeuvicouye
NV eAdyloty Yepuoxpacio Tou PmopolUE Vo EMTUYOLUE e TN Yphon TN teyvixric Ontixhc
pehdoac. Tor éva vEQog atdpwy Yalac m UE YoUUNAES dpyIXES TayUTNTES WOTE 1 dLVAYT VA
elvor TN ypauwxy Teployt, uropolue vo ypddoupe Yo Ty xvnti| evépyela Eg:

dEyx d (1 v2> dv 9 2b Fx

dt  dt

-m =mv— =vFom = v = ——FEk = — (2.6)
2 m

dt

Tdamp

Q¢ ex To0TOU, olUPWVA e TNV egapuoyn TN TexVixic OM, 1 XNty evEpYELd TWY ATOUMY
uetdvetar exdetind pe pio otadepd Ypdvou Tagmp = m/2b, @ddvovtag tehxd to 6pto TNg
undevixnc xivntic evépyetag. Me dhha Aoyla, YENOLLOTOLOVTIS TO YEMETUA LOOXATAVOUTNS,
pddvouue To bpto Tng undevixric Veppoxpaciag. Iapola autd, oty ampondve avdhuorn de
ANaBoye unddn ) Hépuavon Tou TEOXVUTTEL and TIC dlaxLPAVoES TN duvaung. Yrdpyouv 800
eldn tétowwy Blaxuudvoewy, tou oyetiCovtar ue Tt Vpuavon: ot daxupdvoeic Tou ool
TWV PWTOVIKY TOU UTOPEOPOVTAL OE Widt DEDOUEVY YPOVIXT OTIYUY Xl AUTES TIOU TPOERYOVTAL
and TNV Tuyaio xatedduven TV extEUToUéVLY QwTovioy. H tuymétnta e avddpuntng
exmountic efvar 0 AOYog Yo Ti¢ 800 AUTEC BoXUUAVOELS. AV EMIXEVIPWOOUYE TO EVOIAPEQOY
Ko OTO YGpo TNg TaybTntag, xdde Staxbuoavon urnopel va meptypagel and éva tuyaio Brua,
napouota ue Ty xivnorn Brown twv cwpatdiov. O pudude adinong tne xvnuxnc evépyetog
AOY® auTOY TV TuYaiwy Brudtwy eiva
d(Ex) 1 d{p*) Rh*k*

dt  2m di m (2.7)
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Yo tepandve, 1 péor TeTpay v opuh exppdleta we d (p?) /dt = 2Rh%k?, brou R givar o
T0G00TO OXEDAUTTS TV QuToviny, hbark civar to péyedog Tou onoloudrnote Tuyaiou Brpatog
0TO YWPO TWV TAYLTATWY %ot 0 Tapdyovtag 2 Teox)nTeL and To YEYovog Ot undpyouy dbo
Tétota Priwata Yo xdde cupgfdy oxédaong, To €va and TNV anopeéPNoT Xl TO GAAO Ao TNV
EXTOUTY, TOU QoTOViou. Ao TNy dAAn mhevpd, o puiuoc PiEng Tne xvnTixig eVERYELXS AOY W
NG EQUPUOYAS TNG BUVaUNC andofBeong eiva

kT

LB _ o Fou) = -b(?) = ™87 (2:8)

6mou oy TeheuTala LOGTNTA €Y OUPE XAVEL YpTioT) ToL avtioTotyou ot uia Sidotaon Yewprjuatog
LOOXATAVOURS.

Ye wopponia, o pviude Vpuavong yivetar (cog ue tov pudud Poing xou enopéveg pe
xefon e €€ic.1.30 yia tov pudud oxédaong xou tov TONo Yio T0 ouvieheoTr| andofeong b,
UTOPOUUE VO YPAPOUYE.:

RR*E* AL 1+ 4[(w — wo)/T]?

kpTp = =
Bap b 4 (w—w)/T

(2.9)

Avuth etvan 1 Yeppoxpacia Doppler yia tny nepintwon tne plog didotaong tng T VIXnE OnTixig
wehdooc. Ehayiotonowdvtag 11 Yeppoxpacta Doppler o oyéon ye 10V anocuvtovioud, @1d-
voupe 010 anotéheopo kBTh min = AI'/2, to onofo eygaviletar yio 6 = —I'/2 xon xadopilet
0 6pto YOZng Doppler. I'ia to pouPidio, 1o 6pto Doppler etvan 145uK.

I'. Mayvrnto-ontixy noyidesvon (MOT)

H ontixt| yehdoa ebvar gl teyvinnh mou emifpadvel ta dtopa, pio teyvied $ogng. Toutd-
xeova 1 OM meplopilet opudpd to Vépog, pe v évvola 6Tl Ta dtopa avTiaauBdvovtal pio
Tétota DUV andoBeone nou N uéor ehetidepn Sadpopn Toug yivetar wxpt ot GUYXEIoN UE
TI¢ Do TdoEIC TNE weAdoag. ¢ amotéheoya, N xivnom TwV atéuwy oTr UeAdooa efvan didyutn
X0l O TEPLOPIOUOS TEAUYUUTOTOLEITAL AN TNV UPXETA UAXQEE TUQUHOVY] TOUS GTNY TEQLOYT| TGV
Mlep. Qo1600, xdTL TéTolo DV elvan EMUPXEC Yo TNV TayIBELoT TwV aTOPWY ot wa otadepn
xatdotaor. Mia tétola nayideuorn unopel va yivel duvaty] o€ TEPINTWOT TOU Ol BUVAUELS TNG
oxédaong mou Piyouy To VEPog va Yivouv Oyt UOVo eCapTWUEVES TNE Ty OTNTAS, ohAd Xou
¢ Véong. Autd umopel va emitevydel ye v mpooUhxn evog poyvnTixol medbiou xon TNV
XUTIAAAY emhoyY) TN TOAWONS TV deouwy AEWep TNV TPONYOUPEVWS TEpLypapeioa dio-
woppwon e ontixic pehdoos. To epoppolduevo poyvnuixd medio eivon mohl acdevég yia
vo TorytdedoEL ToL dToUa dUeca, dANS Tpoogépel Ty emuunty e€dptnomn Tng Svaung and T
Véor), eved 1) OO TV oxTivwy eunodiCel T didtady and To va napaypeivel cugueteixy. Mia
TpOTOTOMNPEVT) BLdTaly dTwe auth, ovoudleta “waryvnto-ontixf nayide’ (MOT).

Y1y povodidotaty nepintwor, 800 avtiVeteg xuxhixd nolwuéves ue avtiletn mélwon
(0F) axtivec Milep tne (Biug ouyvéTTAC Xou TN Bl EVINOTS YPNOLOTOOUVTOL O Wi
TEPLOY Y TOU YGEOU OTou equpudleTar €va TETPATOMXS UayvnTixd nedio, ue xiion a. Autd
10 medio UETABAAAETUL Ypouuixd pe TN Véomn oviag undév otn péon twyv dLo axtiveov. Eva
xwvolpevo drogo Yo awodoaviel o ueyahltepn dOvaur, Aéyw Tou @avouévou Zeeman mou
wetatonilet ta enineda evépyetag, amd TV axtiva Tou elvor TO XOVTE OE AUTG amd 6, Tt oo
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v axtiva mou eivon mo paxpid. Kotd ouvénel, ta dtopa wdolviar mpog To x€Vipo Tng
TEPLOY S, AXEIBWS OOV TO Py VNTiX6 Tedio elvon Pndey, xt €1ot, naytdedovTalL.

[a va exgpaotel 1 nopandve e€hynon pe padnuatixd tpémo, Yewpolue Tic axdloudeg
amhovotevoetg: o va yivel n apyn noryidevong cagprc Yewpolue Ty anhononuévr neplntw-
o1 TNS TUPAUEANOTG TOU TLUENVIXOL oY ot UTOVETOVUE OTL Eva dTopo €yel Wil YeUehloddn
XATHoTUON) PE PNdeViny ouvohixt) otpogoput J = 0 xou wior dieyepuévn xatdotoaon pe J = 1.
Yy nepintwon auty, 1 napovsia evog poyvnTinol nediou mtou avayxdlovue vo efvar Ypouut-
x6 oe péyedoc B(z) = az (6nou a eivon 1 xhion tou nedlouv) odnyel oe draywpiowd Zeeman
obpgpeva pe Ty gic.1.42

AE|pm,) = BBIFMEaz (2.10)

TV TELOV EMTEOWY TNG DIEYEQUEVNS XATAGTAONS, O OTOI0G BLayWEIOUOS EVOL YROUUIXOS OF
oyéon pe ) Yéon Y g me = 1 xaTaoTdoeic Onwe unopel xavelc va del 6To oy 2.3.
Ebw®, unovéoope xon mdht pla ovodidotaty Sdtaln pe z ) Véon ouvietaypévewy xou z = 0
10 %€V1p0 TV B0 axtivwyv. (g ex tovTou, av 1 auvixn GHEng oy e, dnhady| xdlde déoun
EYEL CUYVOTNTA WXEOTERT TN CUYVOTNTAC GUVTOVIOHOU TOU ATOUOU, TOTE, XAUOS ATOUXQU-
vouaote and 1o x€vipo, 6mou B = 0, undpyel TdvTo tid XATACTAGY, OTOU O UTOGUVTOVIOUOS
petagh tou AMélep ot TG CUYVOTNTAS PETHBOOTS TOU ATOUOY YivETal WXPOTEPOS, UE AMOTEAE-
opo geyohltepn dOvoun va aoxeiton enl Tou aTépoL WIOVTIS T0 TPog 10 XEvtpo. Ilpoxeévou
auTh 1 wetdPBaon va unopel vo mpaypoatonomiel, N owoTh TOAWON PwTOHC TEENEL Vo ETAEYEL.
H o Séoun deyelper dropa otny me = +1 xatdotaoy, avtiotoya. Autd ogeiheton oTo
YEYOVOS OTL 1) UETAPACT ETMTEENETAL OV 7] GUVOAIXT| TEQLOTEOPY| TOU GOTOVIOU Xui TOU ATOUOU
ottneeitan. Tt 2 > 0 m J = 1 xatdotaon ye my = —1 ebvar o x0vTd GTOV GUVTOVIGUO
XL WS EX TOUTOU Wia BéoPn Ue 0~ TOAWOY) TPENEL VoL EPYETAL OTO XEVTPO OO PEYOAES TIUES
z > 0. Opolwe, 1 axtiva mou mpoépyetar and Tov yweo pe 2z < 0 mpénet va efvor xuxhixd o™
TOADUEVT.

Sydua 2.3: O dwywetoudc Zeeman Twv XATo-
otdoewyv pe J = 0 xa J = 1. X Ve
MENODN xatdotaoy, xad®s XL NG XATACTUONG
|J =1,m; = 0) dev undpyer xopio petaBolf and
™V Tapousta EVOC aBOVOUOL YEOUUIXOD Yoy VN TL-
%00 mediov. Avtideta, oo my = £1 xataotdoeic
e J = 1 yetofdihovton Yeouuixd oe ox€on UE
Véom. Auté unopel vo mpoo@épel wa peyohbteen
B0voun, xdd¢ 10 dTopo PETAXIVELTOL HoXELd aTtd
T0 XEVTPO AOYW TOL PLXPOTEPOL AMOCLVTOWGHOV.
H nélwon twv deoudv npénet vor elvol XoTdAANAaL
eMAEYEYHEVN YL Vo emiteédel autée Tig petaBd- EEEE—_—
OELC.

0 o J=0

Ye wo Tétota BdTady, 1 GUYVOTNHTA CUVTOVIOUOU VO atogou otr Jéon 2z tpononoteita
W¢ Wy = wWo + Aw = wo + AE g,y /h = wo + £’z (ue &' = ppgrmra/h) xu, wg ex toltov,
n 80vaun mou aoxeiton o autd and Tic dvo axtiveg Aéilep, xat” avaloyia pe ) SOvaun oTNY
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onTxY| PEAAOA, UTOREL Vo YpapTel we e€ng:

Fiior = Fe(w — wo — &'z — kv) — Fye(w — wo + £z + kv)

FSC FSC Fsc Fsc
;sFSC(w—wO)—kva —i—/ﬁ}/a — Fsc(w—wo)—i-kva —n/za
Ow 80.)0 00 6&10
(2.11)
~ —QaFSC kv + 28FSC Kz
- ow dwo

~ —bv — Kz

Yta mapandve, ot 800 duvdpelg and Tig axtiveg Aélep ano¥dvovTal SLapOPETIXOUS ATOGUVTO-
viopolc  omegag pm k'apa((z, Moyw TV SLa@opeTiXOV TOADOEWY TOUS, K = —2‘%500# =

_ Ahkl/Isat 2(w—wo) ppgrmra
1+(2(w—wo)/T)?]? r h
XU YOEIXES PETATOTIOEL A TO XEVIPO TN DldTaENng, wate va xahotdtal £yxupn 1) TEOGEY-

yion, Taylor mpdtne 1d&ng. Auth 1 6Ovaun FoT €xel Ty Bta opey) pe évay anocPevipevo
appovixd tohavtwtr. O edaptdpevos and Ty tayutnTa 6po¢ TN duVIUNG Yuyel Ta dToua
eV 0 6po¢ mou oyetiCetan pe 0 V€on Ta TAYOEVEL 0TO XEVTPO TN dtdTadng.

, EVE TAUTOYPOVA UTOVETOUPE ETUPXMS WXPES TAYUTNTES

To 6pro muxvétntag oto MOT. Kotd t Swdiasia e $ogng ue Aéilep oe pia
poryvnto-ontir] mayida 1600 1 Veppoxpacio 660 xou 1 TUXVOTATA TOU VEQOuS meptopilovTa
o€ Tiég Tou 0 GUYBLACPOS Toug Bev elvan o Véom va épel 1o emuunTéd ouunixveud. TNy
TponYoUUeV evoThTa, ueeTtrioaue To 6pto Doppler yia tn Yeppoxpacio otny teyvixr ontxng
wehdooag, 1 omola toylel xatd éva peydro pépog xan oty teyvixy MOT. Xty tpéyouca
EVOTNTA, EPEVVOVUE TO OPIO GTNY TUXVOTNTA Tou Tarytdeuuévou végoug oto MOT.

Kdnowog puropet va dronpiver 800 oupmeplpopéc oe Eva VEQOG: TNV TERLOY Y| TERLOPLOUOL TNG
Veppoxpaocioc xaw TV nEpLoy Twv ToAkan®y oxeddoewy [33]. To xpithpto authc tne didxpiong
UTOPE!l Vo EXPEUCTEL UE TNV TUXVOTNTA TOU VEQOUS Xt TOV opliud TV ATOP®Y Ot auTo.
Do emopxde younhyy muxvotnTa xou uixpd aprdud atéumy, dnhadh Ty TEpLoY T TEPLOptoRol
e VepUOoXEATLaS, OMA OCU TEONYOUUEVLS GULNTACAUUE VLot TOUS wnyaviopols tng YOEng xou
nayideuong oybouv ye axpifewa, eved yio peyolbtepoug apripolc xan muxvotepa végn (tnv
Teptoy ) TOMATAC oXEDUOTC) TEOGVETES DUVEPELS TEOXUTTOUY ol UETUBAAAOUY Tic IOLHTNTES
T0U VEpoug. Ot Buvdpelg autég €Youv TNV TPOEAEUOY| TOUC TNV EUPAVIOT] TG EMAVAOREDACTC
TWV PWTOVIWY and YEITOVIXA dToud AOYw g pxenc uéorng ehebiepns SLadpopnc duT®y TV
PWTOVIKY TEW anopaxpuvoly and TNy maylda xou elivor xuplwg anoxpousTixég, YEYovog Tou
odnyel oe éva 6pl0 GTNY TUXVOTNTA TOU VEQOUC.

Yy neployt| Tou neptoptopol Yepuoxpaciag, 1 cuvioTauévy dhvaun eivon amhd auty Tou
Beélnxe oty mponyoluevy evotnTa, 1 BOVAUY EVOC AnOGBEVVOUEVOU dpUOVIXOU TUAAVTWTY,
Fyvor = —bv — kz. Tapd ) gborn authg tne divaung, o apuovinds 6po¢ tne URopel va vew-
enlet w¢ o anotéheopa evog apgovixol duvoxol. Me to Suvouixd autd xatd vou, unopet
xavelg va xdvet ypnor tou Vewpiuatog ICOXATAVOUNS Xat VA TIEL OTL 1) UECT XIVNTIXT) EVERYELA
evée atépou otny MOT ebvon fon pe 1t péor duvntixd| appovixt| evépyete, 1Az = LkpT.
Ed, Azp etvon 1 evepydg T tng Véomng twv atogwy otny MOT xou T' 1) Yeppoxpacio tou
végpoug. Mia dueon ouvéneio autol, eivon 0 0ploUoS Plag EXOVIXAG GUYVOTNTAUS WAVOT TOU Yo-
paxxtnpiler ) ovuneptpopd Tou MOT, av xon oTny TpoyHaTIXdTNTA BEY UTAPYOUY TAAAVIWCELS,
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0]
1 1
imwl%/[OTAzg = §kBT (212)
H noapandve oyéorn cuvendyetor Ty e€dptnom tou peYEYous Tou YEQOug U6vVo amd 1 Vepuo-
xpaoia. Me 1n oelpd Tou, Yia pia optopévn Yeppoxpacia, o 6yxog Tou végoug eivan otoepdg
xat, €T0L, 1) TUXVOTNTA YIVETUL AVIAOYT) TPOS TOV UptUUd ATOUWY, EQ 'OGOV 1) YoRAXTNPLOTIXTY,
ouyvoTnta wo mapauével otadepr]. o éva ogotpxd oUUPETEIXG VEQOS OF TEELC DIACTAOELC,
uropel xaveic va Beet [33]
3N k%2
n=-———:-
A (kpT)3/?

H abinon tou oprdpold twv atoywny odnyel otny adinon g nuxvdtntog, uéypel 1 ena-
vaoxedoaon opyiCet va mailel éva onpavtixd pdho otn dodixacio. Xe auth TV mepintwon,
0Vo mpododeteg Buvduelg avadbovTal Tou dAAGLOUV TN CUUTERLPOPY Tou VEPoug. Auth elva
1 TEPLOYT TWV TOAAATAWY oxeddocwy. H mpdtn mpbovetyn dOvouyn eivon anoxpouoTixy|, Tou
TPOEpYETA and TN DLAdOY XY ATOPEOPNOY TOU EXTEUTOUEVOL PWTOVIOU AN6 YEITOVIXE JTOUA.
Auté 1o enavaxTivoBoholuevo Qe axohoudel pia SLPORETIX XUTAVOUT CUYVOTATWY and To
pwc tou Milep[19]. Q¢ anotéheoya, n uéon Sratour; anoppdynome or nou yopuxtneiler TNy
emavaox€daoT dopépel and excivn tou apyxol gutog op. H 80voun mou aoxeitar and v
enoavaoxéduor pnopel va ypagtel wg[20]

(2.13)

or,orl
Fr =
4der?

(2.14)

6mou c ebvon 1) oy UTNTA TOU PWTOS Xan 7 1) anéaTaoy UETAED BUo atduwy Tou vépoug. H del-
TEQT), BUVIPT TOU TPOXVUTTEL AOY® TOU TUXVOYL VEQOUS Eival EAXUOTIXT X EIVOL TO ATOTENEGUA
¢ e€ao¥évnong e déoung, eCautiog Tng anoppdYnone TV utoviny. O vroloyioude [20]
authg e dlvaung odnyel otov tHno
2
Iof

Fa = — 2.15
A dmer? ( )

YNy neploy) TV TOMATAGY OXEBACEWY, 1] UEYLOTH TUXVOTHTO TOU VEQOUS UTOPEL VoL UTOAO-
YIoTEl %ot T€T0l0 TEOTO WOTE 1) duVaPT nayidevuong va e€loopponel TiIg dAAES BUVAPELS:

3ck 1

Fvyor+FrR+Fa=0>n=——-—"—
Io? (or/or, — 1)

(2.16)

6mou mapaAeinetal o 6poc YUEne tng dlvaung mayideuong, xadng 1 Yepuoxpacio énade va
xadoploel To péyedog Tng mayidag, Aéyw e enavaoxkédaonc. Kdnotog unopel vo napatneroet
OTL 1) TuxvoTnTa deV e€opTdTon TAEOY omd TOV dpliUd TWV ATOUWY OTNV Tayidd, oALd UEVEL
waAhov otadept| yio o optopévy ouyvotnta tou MOT xou opiopévr évtaon déourg.

IMo va auéndel autd o bplo TUXVOTNTIC, %xdnolog Yo Unopoloe Vo AUENCEL TOV ATOCUY-
TOVIOUO 1) TNV XAoY) Tou TEdLou, xaddg ol ahhayég aUTEC €X0UV WC ATOTENEGUA TNV OYETIXY
adZnomn e elxtixdic d0voune Fa oe olyxpton e v anwinuxi[19]. Qotdoo, wa tétow
abénon Vo odnyfoer o aviiotoryn adinon tou pUUOD AVEAACTIXWY GUYXEOUCEWY UETAZ)
TV ATOUWY TOU TEOXAAE! an®Aeio 6ToV apliud TwV aToueY oTny Toryido.
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2.2.2 Ta Brpota yia Tty vAonoinon tng POEng Aéwlep xouw tng mayi-
OELOTS

H vionoinon tou MOT nou unopel va tpoo@épet Ty emituy ) tpo-Yo&n yio TV eRpdvion Tou
CUPTUXVOUATOS Vo TEYVIXE anontnTixy. AlapopeTinég diatdEelg €youy mpoTalel xat TEoyho-
tonotnVel, Tpoxeévou va dnuovpyniel éva xpto xon taydeupévo atoptxd vépoc[L5][H3][H4].
‘O)éc Toug potpalovtan ta (Blar x0plat GLUOTATIXG: EVa OVATAPRA XEVOD VL0l ATOUOVKOT), Uld LOVE-
0ot SLovoung Twv aTopwY Yo T1) dnutoupyio atpol, clotnua Aélep yio tny POEn xar poryvnTixd
mvia Yo TV oy ideuo. Nty evotnTa auTy, divoupe Wia 6OVTOUY Tapouaiooy Tng oUGXEUTC
TOU YPNOLLOTOLEITOL YIo TA TELPOUATIXG ATOTEAEGUAUTA YOS, TOU Yol TEPLYEUPOUY GTA ETOUEV
XEQPIAALOL.

IMo v vkonoinomn tou Puypol végoug poufidiou, ypetalouacte Eva cUOTNU ATLOD and
10 ornofo unopel va optwiel to MOT. Ilapd 10 yeyovég 61t 10 xplo végog Va unopoloe
va tapay Vel oe oyetxd uPniéc miéoelg, N drdpxela Lwric Tou Yo elvar avendpxhc, AOYw Twv
OUYVOY CLYXPOVCEWY TWV ATOUWY UE Ta UPNATC evépyetag dtopa Tou tepi3dhhovtog. ‘Etot,
anoutolue Wia meployr) eoupeTixd younhnic nicong. Ta 1o Adyo autd, yenoipuonololue Eva
Oimhd cloTua xeVol Yid TO BlaywEloRd TS TNYNRS TV atopwy and ty nayida. To mpdto
wépog autol Tou Bithol cuaTAaTog xevol ovoudletor xOttapo 2D-MOT xou n nleon yéoa o
autd To %M pddver Tiéc T Téewe Twv 10" mbar, evé 1o Bedtepo pépoc, 1o xittapo UHV,
yapoxtnpiletor and wa nieon nepinou 10~ Hmbar. Autol ot 800 Ydhapot Tou GuUVBEovTan X
TauTOypova Slaywpilovton and wa ontr g onolug 1 dduetpog eivar 2,4 yithlooTd.

To dropa and tov mpdTo Vdhapo wiodvtor mpoc to Vdhauo unepudmhol xevol ue ulo
TEY VXY YYWoth wg N teyvixt, 2D-MOT, 6nou 1o végog naydedeton and T yehor Tne TEYVIXTC
3D-MOT.

2D-MOT

Abo Lebyn avtidetov axtivey AMlep, xdieta petald Toug oe 800 amd Tig TEEIS XATEVIUVOELS
(awdaipeta Tic & xar z and TOpa xou 610 €EAC) UE TNV XATIAANAY, (0 Yy xéde Levyoq)
TOAWOTN xo €Va TETPATOAXO payvnTixd nedlo cuviétouv v Teyvixt) tou ovoudletar 2D-
MOT. Autd ta Lebyn tov aviivev epapuéloviar oTtny Teptoy) 6mou évag owlfvag cuVEEEL
Toug 000 Yohduoug xou mpaypatonooivial and 800 omoVoavaxhdpeves axtive A&lep UE
draotdoeic 50 x 50mm? xor o néhwon. Ta Milep mou yenowonowodvtar pudpilovor uepixd
linewidths pxpdtepa and ) petdfaom 55108 =2 — 5Py F = 3 87, To payvntixo nedio
dnuovpyeitar and dvo oploydvior mnvia. Extéc and autd, undpyer wor dhkn oneipa (mou
ovopdletar mnvio dInone), étol Kote va eréyyeton 1 Véon tne déoune Ty atdumyv xatd
unxog tou opllévtiou emmédou.

Ta dropa pouPidiov and tov atud Piyovton xon naytdedovial o 800 xATEVVLVOES XATY
unxog tou d€ova y. Mty teitn xatebPuvor elvor ehediepa va xtvolvtal UE TIC TEONYOUUEVES
TayOtnTes Touc. Me 1 BoRleta wac axtivag winone (Bhéne oyrpa 2.4) oty y-xatedduvon,
TEPLOGOTEPO Amd TO NUIOU TV Puypmdy aTOU®Y XvolvTal TRo¢ TNy TEUTA xol 10 X0TTAPO
unepudnrol xevol. H tplna mpoogéper 0 olvdesn twv 800 xuTTdpwy nou Beloxovial o
dtapopeTiny) ieon xar eniong QAtpdpet To dTopa pe uhmiy Soprxn toyvTnTa. To teleutalo
emtuyydvetar dedouévou 6Tl Ta dtopa udMAAg evépyelag Sev Zodebouv apxetd yedvo GTNY
noryida 2D-MOT vy va puydoly enopxcds otic = xat z xatevdiveelg. (¢ anotéheoya, Hovo
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3p MOT gection

Syfua 2.4: H 8udtaén 2D-MOT. Mnopolue va Saxpivoupe to optlévtio xat xddeto Lebyoc twv oxtivwy
Mlep, To x0tTapo xevol 2D-MOT xou tic 3 onelpec oL TpayHATOTOWOV TO PoryVTiXd TEdIO xou ToV EAEY YO
Tou.

o dTopa Ye yopnAr Staphxn toy dTnTar 0dnyolviar otov Ydhauo unepudniol xevol.

H po¥y tou 2D-MOT eZoptdtan and tov anocuvtoviopd twv Aélep, xodog xou and thv
nieon otov Ydhapo 2D-MOT. YdniA nieon npoogépet o1o xittapo UHV pe mepiocdtepa
dropa, oAAG pewwvel T didpxeta Lwng tne toyidag. Xta mepduotd pog, n poRy oto 2D-MOT
elvar mepinou 5 x 107 dropa/deutepbhento, e xaTdAANA EMAEYPEVESC TUPUUETPOUS Y1l TO
pory vnuixd medio xan tor Aéilep.

3D-MOT

Metd ) dradicoocio tou 2D-MOT, wio apy?y atouixy) 8éopn mou mapdyeton Todidedel Tpog
10 8eUTEPO %0TTHPO. Xe autd To xUTTARO, Teia Lelyn aviidetwy axtivwy Aélep otoug TRElQ
Goveg x, y xau z UE TNV TpooUixn evog poryvnTixol medlou tetpandlou cuvioTtolv pali
Ty eV Tou eivan Yvwoth wg 3D-MOT. Auté 1o olvolo twv deopdyv Aélep Poyer ta
dtopo o€ OheC TIC XATEVHUVOELS, EVE TO HAYVNTIXG TEDBIO Ta TayIOEVEL XOVTA 6TO XEVIPO TOU
Yordpou. T'a 1o 3D-MOT, ypeialbpacte morhamhy ontix) npdofacy. O €Zr axtivee YOEng,
N déoun Yo MY WUNoY, 1 ONTIXH AMEXOVIOT Xl GAAES Yproles axTives mpénel va eivon o€
Véor va ewoéhfouy oto Vdhapo. Autdg eivon o Aoyoc Yo TO 1BOR0pGo SR TOAUYGVOU
mou €yet 1o x0TTapo Tou Vardpou. Ot axtiveg etvar 20 ylAtootd oe diduetpo ye toyh nepinou
20mW/em?. Tlpoypatonolobye to omoutoUpevo TeTpamohixd medio ye Tn Ypnom dlo mnviwy,
ta emovoualopeva wg peydha Toffe mmvia tng ewodvag 2.5 oe avti-Helmholtz Sapdppwon
(800 pedpata ot avtidete xateviivoeg). Ot axtivec AMilep tou 3D-MOT unopoiv va elvou
SLapopETIXTic oLy VOTNTaG amd autéc oty dtopdppwot 2D-MOT, ahhd yio ty b 557 o b =
2 = 5Py F' = 3 petdfaon.

To naywevuévo vépog goptwvetan and tnyv atomxr axtiva tou 2D-MOT. ¥to oyfua
2.6(a), pnopel xaveic va det tn @optwon tou MOT ot oyéon pe tn oty nou 7 déoun
anooTéAAETAL TPOg TO X0TTapo. Xe oTadepr) XaTdoTAo), 0 AptiUOC TWY ATOUWY YIVETHL GYEDOY
109, éyer Yeppoxpacia nepinou 500 wxpo - pe 1 milliKelvin Metd v arevepyomofnon tne
atoutxig axTivag, 0 aptidc TV ATOUWY UEIOVETHL eXUETIXE, AOY® TV GUYXPOUCERDY TWV
ATOUWY PE TOV AT TV XUy atépwy. Lto oyfua 2.6(B)rapouctdleton auth n peiworn. H

36



Eyhua 2.5: (o) Ou déopec Mlep UE TiC TOADGELS TOUC ELCERYOVTAL OTNY TEPLOYH OTOL Tt dTOp TaYLOEVOVTOL
xo Poyovtan oto x0tTapo urepudniod xevol. Autéc ta €L déouec otny TEEYoLaa dlopdppwaon etval YVKWoTéC
¢ 3D-perdoo. Kdnotog pnopel eniong va Siaxpivel ta 800 xuxhwd mnvia oty avti-Helmholtz Suapdpgwon
70V dNIoLEYOUY TO Yeauwxd payvnTixd Tedlo Yo Ty poyvnto-ontixd naydeuon. (B) M arewxovion Ghwv
v onelpwy otny neptoyn tou MOT. T'ia to MOT ypnowonowlvtar uévo to peydra nnvia Toffe. Ebvon autd
nou anewxoviCovton xou 6o (o). Ta uTéAoLTa TNVio XENOHLOTOLVYTOL OTOL ENOUEVA CTODLAL.

wetpolpevn didpxela {ofg gaivetar va eivon mepinou 10 deutepdienta. To oyhuo tou vépoug
MOT oanewxovileton oto oyfua 2.6(y). Tpdxertan yio éva pdhhov opatpixd végpoc. To MOT
auT6 €yel wat TohD younhy muxvéTn T xan o TohG udmAY) Yeppoxpaoia. o va Bektidooupe
A AU TNELOTIXE TOV, EQUpROLOVUE TEpaTEPW GUUTEST, xai POET.

Yvpmeopweévo MOT xow Ontixy peAdox

Oa ATay UEYAAO TAEOVEXTNUA €AV UTOROVCUUE VO AUENCOVUE TEQUITERE TNV TUXVOTNTA TOU
VEQoug, xaddg xaL Vo UELOOOLUE TN Yeppoxpacia ywelc onuavtixéc andAeec otov apriud TV
ATOUWY, TPV And TV €QApROYT TNS deutepng teyvixic YO&ng, v egdtwon. Mia MOT pe
TOEOUETEOUS GaY oL TIC OXEC UAC, TPOCUPUOCUEVES YOl VO UEYIOTOTOOUY TOV puiud GUA-
Aoyng, Beloxetor 6Ty TEpLoy ! TV TOMAATAGY OXEDACEWY, OTwe culnTtiinxe 6To XePIAMmO
2.2.1.T, xatd to onoloopletar éva 6plo TNy TUXVOTNTA Tou VEQouc. To dpio autd elvar To
ATOTENEGUO TOU UNYOVIOUOD OXEDUOTNG TOY QPOTOVIWY ou TNV ex VEOu anoppdynor, 1 omola
UTOPE! Vo TEPLY PAQEL (¢ 1) TOAU-ATOPEOPNOT) EVOE PWTOVIOU amtd GANN ATOPA GTNY TERLOYT| TOU
ATOUOU OV EXTEPTOVTAL TRV and To PuTovio dlaglyet To aéplo. Auth ot dradixaotio eladyet
avemdiunTn VEpUavon ot anondAwoY TV atouwy. Emmniéov, dedouévou 6Tl Eva @wToVIo
TPOEpYETAU And €VOL TUPAXEWEVO GTOUO, UTEEYEL Yot AUty dUvVauy UETUE) auT®V TV 800
ATOUWY TTOU UEWDVEL ETOTG TNV TUXVOTNTA TOU VEQOUC.

[ v augriooupe auThY TNV TERLoplopévr TuXVOTNTA, B0 €ldn TEYVIXWY €Youy TpoTadel
xou egappootel. H mpdtn, 1 MOT oxotevol onpeiov [55] tpononotel tic napopétpous tou
MOT o710 ydpo, evd n debtepn teyvixd, 1 ovpmeopévr-MOT (CMOT) [56], tpononotel
MOT ypovixd. Xto nelpaud pog, xdvouue ypnon tne teyvixric CMOT, dedoyévou dtt auth
dev anoutel xouio TpononoMon TG CUGKEUNE, EXTOC A TNV AVAYXY) VoL EAEY Y OVUE TA PEVUOTA
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(b)

Atom Number

5 10 15 20 25 0 10 20 30 40 50 60 70

Holding time (s) Time (s)
(d) ImageOD

x [16.3 mm]

y [15.5 mm]

Eyhua 2.6: (o) H péptwon tou 3D-MOT. O apududs tov atdpwy éxer ¢idoet T uéyiotn A tou yetd and 4
deutepbhenta. Auth 1 péytotn Ty eivor tepinou 100, (B) H xapniln tne Lwhc tou 3D-MOT. H yetpnuévn
Lo tou etvon miepinou 7 Seutepdhenta. Metd and oxeddév 40 deutepdbienta, o aptdudc TwV atdUwY TAdEL Vo
UELOVETAL AOY W TNS LOOPEOTHOG UETASD TMV AMWAEDY XoL TNV €X VEOU (PORTMOY TWY aTdU®y Tou Bpioxovta
teryVpw. (v) To opopwd oyfua touv vépouc MOT. (8) H rmuxvétnta tou végouc MOT bnwe aneixovileton
UE TNV TEYVLXY TNG AMEWXOVIONG amopedynone KETd Ty eieliepn Slaotol Tou VEpoug Yo 12 Beutepdienta.
Avutéc o 800 teyvixéc Yo e&nyndoldv oto enduevo xe@dhato.

xau Tig axtiveg Méilep mou ypnotponootviar 6to MOT. Y10 tprpa 2.2.1.I" avagépape 6T1 pia
abgnomn oV TUXVOTNTA TOL VEQOUS unopel va emtteuy Vel Ye Evay TEpaTép® AMOCUVTOVIGUO
Twv deouwy Aéilep oe ouvduaoud pe v addnomn tou payvntixol medlov g MOT. Autdg
ebvor axplBo¢ o tpoémog Aettoupyiag tng CMOT. Metd tnv ohoxhfpwon wag otodepric MOT,
N aOENOoT TOU ATOGUYTOVIOUOU TPOXUAEL UEDOT) OTO UNYAVIOUO ETAVIOXESAOTC, ENELDY| TOPA
efvor AyOTERO BUVATO Yid T PWTOVIAL Vo IAANAETDPOUY UE Tor dToua Tou vépous. And tny
GAAT mheupd, N allnon Twv payvnTixwy nediwy teplopilel ta dToud Ye auoTnedTERO TPOTO,
avEdvovtac TNV TuxvéTHTA Toug . Yta Tetpdpatd poc, petd ) pépTworn tou MOT, 10 végog
Zodebel 5 YIAMOOTA TOU BEUTEQOAENTOU GTNV TEQIOYT| TWV axTiVwY Tou elvol oxOU TO Ao~
ouvtoviouéveg and oyedov 31N ota 131 = 40MHz pe v peyiotn duvaty Ty g xAlong tou
Ry VN TixXoU mediov.

Metd and authy v 1oyupdTeRY Tayideuon, 1 omola odnyel oe €va pxpdTEpo VEQOC,
n Yepuoxpacion Tou auidvel AOYw NG €x VEOu amoppdynong tng oxédaons. Me atédyo 1)
uelwon tne Yeppoxpaociog, offfvoupe to payvnTxd nedio mou mpoxahkeiton and Ta peduaTo OTA

PAv xon Bev efvor YewpnTind TPOTEVOUEVO, OTO. TELPAUOTE HAC 0 TEPALTEPW TEPLOPLOPOC TWV JTOUWY EML-
TuYydveton UE N uelwon tng xhlong avti yia TNV adénon tovu.
YX pe ™m nm n Yl nen
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weydho Toffe mnvia evéd xpatdue yio oyedov 3 emmhéoy YIMOOTE TOU BEUTEPORETTOU TIg UXTIVES
Aélep. Autd TO YPOVIXO DIACTNUA VAL AVETAUPXES YIo TO ATOUA VO LETAXVHVOUY OUCIACTIXA
and To XEVTPO NG Taryldag, AAAd xot apXETA Wxed Yiol var anogeuy Yoy ol andAeleg AoYw Tou
oY NUATIONOD TV popley. AuTth axpBOg eivol 1 TEYVIXTH TNE OTUXNE HEAIOUS, TTOU TEQLY OUPNXE
TUPATAVE.

To anotéheoyo aUTGVY TWV TEYVIXOV elvan €va lixpd xar apxeTd xpl0o VEQOS Yiol TO ETOUE-
Vo 0Tddlo TNe poryyntixig mayidevong xan v PO&n yeow tne e€dtpong. H depuoxpasia tou
etvar mepinou 100 millikelvin, eved o vépoc éyet oyeddv 9 x 1010 dropa. Mia pxpr pelwon
otov apuiud atogey ogetheton oty alinom Tou PUIKOY TWVY AVEAJGTIXGY GUYXPOVCERY TOU
npoxahel 1 CMOT. I'a to unéhoino autic g epyaciuc, Gheg auTég o TEYVIXES TOU YET)-
owornoovvtar 1 wa Yetd v dhhy (MOT, CMOT, pehdoa) da ovoudletoar anhd we MOT.
Emuniéov, wg wyoT Yo oupfolileton 1 eixovixt) ouyvotnta tne MOT petd ) ouunieon,.

2.3 WOEn pe e&dtpion o pia payvntixy noyida Ioffe-
Pritchard (IIT)

H Yepehadng apyr) tne $i&ng ue e&dtuion evog epuixol atouixol végoug Baciletan otny
EMAEXTINY ATOUAXQPUVOT) QUTMV TWV ATOUWY TOU €Y0UV EVERYELX UEYAADTERY) and TO UECO 6PO
NG EVEPYELOC TOU VEQPOUS. AUTH 1) anoudxpuver €yet cav anotéheoya T Yelwon g uéong
EVEQYELOC TWV UTOAOIT®Y GTO VEPOS XA, WS €X TOLTOU, wia yaunhotepn Yepuoxpacio. T va
elpoote oe Vé€on va oulnNTHoOUYE GYETIXE UE TN Veppoxpasia, 1) AMOUdxpUYGT TwV aTéUGY Yo
TPETEL VO OONYNOEL OF Uit VEX XATAoTaoT) Yepuixnc 100pponiog Teptypapopevy and wa Yepuixy
xoatavouy), and Ty oupd g onolag Yo mpopyovion Ta dTopo Tou amopaxplvovtal. AuTh n
LOOPEOTO EMITUY YAVETAL UE TNV TUQOVGLA EAACTIXWDY GUYXPOVOERY UETAL) TV TUQUUEVOVTLY
aTOU®Y, Ol OTolES, TAUTOYEOVY, Teowloly Ta dToua ot evépyeteg uPnhotepec and 1 péom
evépyelo. And Tnv dAAN Theupd, Ta dTopo LVYMAAC EVERYELNC UTOPOLY Vo AQRCOUY TNV TE-
ooy 6mou 1 YOZn mpayuatonoleitan dio e€atpioewe Ppovo av 1) Tayido TWV ATOUWY €YEL Eva
nenepaopévo Badog cuyxplowo ye TNy evépyeld toug. o 1o hAéyo autd, n YO&n ue egdtuon
TEUYUATOTOLE(TON O Wil GUVTNENTIXT Uary VITLXn Toryida, 6Tou 1) amoudvwaT; Tou VEQoug and To
neptBdhhov elvor emapxic Xt OTOU Ol AVERAGTIXEC GUYXEOUGELS UTopoUY Vo eivol WXPOTERPES
and 6,Tt TIC AVToTOYES EAVCTIXES X0, WS €X TOUTOU, TA ATOHO UTOUAXEUVOVTOL AOY® TNG
eZdTong xat Oyt AGYw AMWAELGV.

‘Ohot gipacte e€oxelwuévol ue to unyavioud Yoéne e e&dtpiong and tny xounuepwt Lw-
7. Auvth ebvon umebduvn yia v $OEn evog phitlaviot xapé xon Yo TN peTapopd VepudtnTog
and 10 oVPWRIVO GOPA XATA TN OLdEXELN TS doxnong. 2Tig dpyés Tou 16ou awva, o Leo-
nardo da Vinci ypnowonoinoe v eZdtion yia Vo XOTUOXEUEOEL TO TPMTO LYPOUETEO[DT].
O guowol perétnoay v YOEN uéow eCdTUIONS 0T CQAUEMTY OURYY and OOV T JCTEQLA
eZotuiCovton. LNy atopxr| guotxn, 1 Te®ty dnuoocicuon tou oyetileton ue Ty YOEn ue €€4-
TWON TRV ATOUmY LOPOYGVOU, 860Nxe oTn dnuootdtrta and tov Hess[H8] 1o 1986, otny onola
emeofuave ToOMEG onuavTixég évvoleg Tng dradixaciug authg, UETAED TV oTolwY Tig EAATTIXES
xou avehaoTixég ouyxpoloelg. Movte Kdpho npocopoidoetg yio Ty e€4Tuion ohoxhnpodnxay
Yo Tp@ T Popd and tov Movpde[H9]. To 1989 oPritchard unoothpiZe [60] 1 n e€drpon Yo
uropoloe va ebval Teptoadtepo anoteheopatixy ue 1 yenon RF-axtivoBoliog, pe v omola
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umopet va xadoplotel axplBog 1) TEpIoYY TNE ATOUAXEUYCTC Al TO YWEO TOU Yoy VNTIxo) Tedi-
ov. Metd ané pepixd ypovia, to 1994, o unyaviouds $i&ng pe e&dtmon enextdinxe oe droua
alxohiovy, Votepa and v apyixn toug YO&n pe Mlep [01]. Emniéov, aveldpnta and tig
npoondVeleg i TV eEATUIOT), plal Loy ynTi maryido Twy oudéTepwy atouwy mapatneinxe
Yo TemTn opd to 1985 [62] xan byt mohd apydtepa onuavtixéc Behtiwoels emttedynxay and
Tic opddec tou MIT xou tou Apotepvray [63][04]. H npdtn III nayida, 1o eidoc tne mayidog
TIOU YPTOWLOTOOVUE OTA TELRAUATY wag xat oYeTileTan UE TNV TUPOVCA EQYACLY TROTAVNXE Yid
TP Popd xor vhonotfinxe and tov Pritchard[65].

H §i&n pe e&dtuion €yet €va aolYXpLTo TAEOVEXTNUA: UAOTOIEL TO CUUTUXVOPA, OF Av-
tideorn pe dhheg teyvixée Yoing, omwe v GOEn pe Aéilep, Twv onolwyv o TEpopIOUdC OTY
Veppoxpacia xo Tny tuxvotnta Ti¢ xoiotoy avenapxels yio 1o BEC. Tlépa and auto, 1
eZdtyion elvon Uior oyeTIXd amhr xou xuAd UEAETNUEVY) SLadixacid, TOUALYIGTOV 0TV XAUOLXT,
TEPLOY T TNG XVNOTE TOU ATOUOU, UE EVa EUpl PAcUA VEPUOXQPACIMY Xl TUXVOTATWY. {20700,
o unyaviopog g egdtpiong wg teyvixr) $OZng €yel optouéva oNUAVTIXG UEIOVEXTAUATY, To
omnofa npénet xavelc va Eenepdoel npoxetuévou vo emteuy¥el 0 0X0TOg TOU CUUTUXVGUATOS.
To mo xpiowwo and autd elvar 1 onNuavTIX AnOAELR ToU dpllgo) TwY ATOUWY XATd T didp-
xeto g e€atpotinic POEnc. Katd ) didpxetd g oyeddv tpeig tdieig ueyédoug pedveton
0 apriuds TV aToueY and Ty apyr uéyet to t€hog tne. Tap oha autd, Vewpeiton w¢ pla
AmOTEAEGPATINY TEY VXY, BEQOUEVOL OTL, XaTd TNV (Blo OTIY N, 1 TUXVOTHTA TOU YWPOU YAoTS
augdvetar xatd €€ TéEel yeyedoug, QUAVOVTAS GTO GUUTUXVGLPAL.

Y1ig evotnTeg mou axoloutoly, Yo oulnthcoupe Tig apyéc xan TiC Bidpopeg VewpnTixég
TTUYES TNG May vTixhg Tayidevomg xat tng ey viig $iHéne, Vo neptypddoupe T ouyXeXpUEVY
noyido Tou yenoonootye, dniady) Ty moyida IIT xou, téhog, Ta Sradoyxd Buota Tou Tpory-
paTomoto0VTAL UEYEL TNV ERGAVIOT Tou auunuxvepatog. Metd tmy Quén pe AMéilep oto MOT,
€youpe éva xplo ot TUXVO VEQPOC UE €val JEYGAO aptdd aTOUwWY xou OYETIXd LPNAS pudud
eAAoTIXOY oUYXEOVoEWY. O 0T6y0¢ TNg POENg uéow e€dTuiong elvon amhd VoL TR O TOTOLAOEL
10 BEC uné ti¢ xahitepeg ouviixes.

2.3.1 Baowég apyéc Aettovpyiag tng eddtuiong oe III payvntixiq
oy do

A. Apyég payvnTixnig nayldsuong

Hpoxewévou va dwtnendel to vépog opuytd nepopiopévo yio 0 Sadixacia e Pong
p€ow g e€dTiong, anonteiton Wiot Tary (Do UE TNV IBLOTNHTA VO TUREYEL UPXETA YAUNAS puiuod
Yéppavong. Kdt tétoto propet va ixavomomdel and ma ouvtnenuxy poryvntxy) noryida, émou
ol puduol anwielag Tng nayldevong ebvar oyetixd wixpol xar to Bddog nayideuonc unopel va
yweéoet 1o apyixd vépog tne MOT. Mo poryvntind moy(Sa yior o atopixd vEgy, elvar pla
£QOPUOYY TOU Qavouévou Zeeman, OTKS TEQIYPAPTNXE GTO TEPLYPAPETUL 6TO 1.3.

Egapuélovtoc éva poryvntxd nedlo B otny nepioyt tou végoue, n evéeyetd evic atduou
Tou Bploxetor 6TV xaTdoTAG M Yenolonoinvtas Ty edic.1.42 ypdpeton

E¥ mp = Er + ppgrmr B, (2.17)
omov Ep eivon 1o evepyelaxd eninedo tng umephéntng ugpric ywelc tov Slayweioud Zeeman.

Y1y nepintwon nou to woryvntixd tedio eivan avoUoloYEVES, 1) EVERYELX TOU ATOUOU TOU Efvall
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o€ auth TV xatdotaoy e€aptdton and T Véan tou. ‘Oneg elvar Yvwoto, Ta owuatidio teivouy
va xvdoly Tpog TERIOYES OTOU 1) EVEPYELY TOUS YiveTal EAdytoTr. ¢ ex ToUTOU, avdAoYa
Ue 1o Tpdomuo Tou YeyEédoug grmr, T0 ENAYI0TO TNS EF 1y epgaviletar 6tay to péyedog Tou
woryvitieol mediou eivar uéytoto (grmp < 0) # eldytoto (grme > 0).

Qotédo0, ol e€lowoelg tou Maxwell anoyopedouy Ty nepintwon nayidevong oe ueYLoTo NE-
diou. O Aéyoc yio Ty amarybpevon auth eivan 1o heyouevo Vemprnpa un Oropdng peytotou’[66]
TOU ONAWVEL OTL OE TEPIOYES YWPIC POPTLOL Yol PEVUATA TO Uy VNTIxo Tedio dev pmopel va é-
xet Tomxd uéyoto. Ia pio obvtopn e&nynom, unopel xavels va ypdder yio o péyedog tou
Ry VN TixXos nediou:

V2B? = 2£ (Bféff) = 2B;V*B; + 2 <gff> (2.18)
J J J

Iap "oho autd, Eexvavtag and tig edlowoelc tou Maxwell (VB =0 xat V x B = 0 av dev
undpyouy peduata oe exEVO To oMueio), Umopel XAVElC VoL AVTAHOEL Yial TIC CUVIOTOOES TOU
pory vnuixol mediou

V2B; =0 (2.19)
Xpnowonowvtag g e&lonoeig 2.18 xou 2.19, ebxoha pnopel xaveic va Bpet 6Tt

ViB? >0 (2.20)
7 onota efvor acupfiBactn pe TNV OnapEn evée avwtdtou mou arnatel OB2/0x; = 0 xou

0?B?/0x? < 0. 'Etot, uévo xatectdoeic Tou 10 ehdylotéd Toug epoaviletar 610 eAdyIoTo
Tou nediou unopolv va yenowonodoly yio poryynTixg nayidevor. Ytnyv nepintwor tou R,
Tpelg etvan auTég ot xatdotdoes: [F=1,mp = —1), |F =2,mp =1) avd |F =2, mp = 2).

‘Etot, npoxeipévou va emtteuyVel payvntixt| nayldeuor oe oudétepa dToua, TEETEL XAVELS
vaL oyedidoet éva pary viTind medio ue pia xhion Tou Tpoo@épel avouotoYEVELd Xau £Va EAAYLOTO.
To Bddog tng mayidag Ya eivon g tdéng twv

kBT = ,U/BgFmF(BmaX - Bmin) (221)

010y Bpin elvor 10 ehdyloto tou nediouv xat Bpax T0 mAnciéotepo tomxd 1o uéytoto. I
ouvhlelg poryvntixée nayideg, 1 toydc tou nediou eivon tétota Wote to Bddog va elvon moh)
wxpdtepo and 1 Kelvin.

To yeyovog 6Tt ol xataotdoel nou yapaxtneilovior and eAdyloTn EVEPYELN GTO UEYL-
070 €VOC Yoy vnTixol mediou Bev eivan ypRoles Yoo TNV ToyiBEUaT), HETATRENEL TNV YAy VNTLXT
nay{da oc emppenyy oe aotdieeg. Autéc mpoxaholvton and maveg YetaBdoel PETALD TwWV
XATAOTACEWY, UE ATOTEAEGUO TA ATORO TA dTOA VoL amopaxplbvovTal and Ty toryido. Tétoeg
petofdoel avagépovial we uetaPBdoel; Majorana. T'a va e€aogaiiotel 611 6ev Yo cupPoly
autég ot petafdoel, N wayvntixy pom Tou atépou Yo mpéner vo axohoudel adaBatind Ty
xatevuvon tou payvntuxol tediou. Opilovtag wg 0 tn yovia petald tng payvntixhAc pomng
TOU aTOPOU o TOU TEdIOV, TOTE 1) TopANdVE anaitnor UTopel Vo EXPEACTEL wg

do _ psgrmr|B|

4o _ pgrmr| 5] 9.99
it S hE (2.22)

Avth ) aviootnTa topaBideTton yior wxpd wory vnTixd medla xou mpocoyy meénet va dolel otny
anoQuUYY TETOLLY TEDIWY, TEOXEWEVOY To ATOUA VU TOPAUEVOUY 0TV TTay(Ba.
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B. Ilepwypap? tne III noyidag

Mo and Tic To ouY VA YENOULOTOIOVUEVES Xl ANd TIC TPOTES DUTAEES TOU TPOCPEQEL TO
eNdytoto payvnuxd nedio yia v nayidevon etvon 1 heybpevy Toffe-Pritchard (II1) moryida. H
emtuylo TG ogelleton €v UEPEL GTO YEYOVOC OTL TPOCPEREL EVAL OPUOVIXO BUVOULXO TOU Elval
) YaunAdTERY TAEN X, CUVETMS, 1) MO o@tyTH Tayido mou pmopel vo €yel emmAéov wor un
undevixt| ehdytotn T (bias field).

H III noy{Sa anotehet pla tpononoiner e nayidac tetpandhov (oTnv onola To payvntixd
nedio peTafdAAeTon Ypouuxd Ue TNy andotaon npog OheC Tic XATEVHOVOELS), TPOXEWWEVOU Vo
anogevyVel 1 yetdBaon Majorana oto xévipo tng mayidag. ‘Onwg pmopet vo gavel and to
oyfua 1.3, oe nepioyég 6mou 1o medio elvon dpxeTd Wxpd xou oTNY oucta UNdEVIXO, Ol XUTUOTA-
oeig expuAlovtar, WoTe éva dtopo unopel ebxola va uetovnlel UETAEY TV XATAOTACEWY GE
XATAOTACEIS TTOU OEV EMTPETOVY TAYIDEUCT, XUl CUVETWE Vo amopoxpuvdoly and tny nayido.
Me tnv npocifixn evéc opoloyevoig nedlov By xatd prxog tng aovixic xateduvorng, to ou-
vohixd nedio dev elvon TAéov undév 6to xévipo g maryidag, avTdéTeg Tpog TNV TepinTwaoT Tou
tetpandlou. Me tov 1p610 autd, unopovyv va arogeuyoly tétoleg andieeg. To By autd,
oUW, EyEL Wo oNUAVTIXY ETIBROY GTY) LORQT] TOU BUVIIXOD TS aPEcKS Vo BIAMIOTOCOUYE.

Mo noryida T oty o ouvniopévn e wopet, [65] anoteleitar and téooepic eudiypoppes
pdfdoug, ot omoleg drutovpyoly éva medio TeTpamolxd otig axTvixég dievdivoelg xou dbo
xUXAIXd Tvia Tou yenotwonoolvtal yio 1 dnuoupyio napaBoiixol mediou otny aovixy
xatedduvon. MNta nelpduata Tou Yoy 6To TANICLO TNg Tapoloag EpYasiag, YENOWOTOCoUE
wo evahhaxtind| nayido I mou anotekeiton and téooepa xuxhixd nnvia (mnvia loffe) mou
onuiovpyoly dYo Lebyn mnviny ot avti-Helmholtz didtadn o xddeteg uetall touodieutivoeig
xou 000 xuxhixd tnvio (nnvia pinch) oe Helmholtz Sidtagyn. Auth n Sidtaln anewovileton oto
oy. 2.5(8). Ta 800 Lebyn nnviwy Toffe pali dnproupyoldv éva nedio tetpanohixd oty axTvixA
xateduver, eve ta mnvia pinch yenowonoobvtar yio éva napaBohixd tedlo oty aovixn
xotevduvon. Eva eunhéov Leuydpt nnviowv (nnvia compensate), tou eniong gaivoviat oto
Bro oyfua, eivon ureduvo yia Ty xodopioud tou peyédoug Tou ehdyloTou mediouv By.

To cuvohnd payvnuxd nedlo mou yapaxtneilel tny I nayida oty nepintwot| pug 111
wog [36] ewvon

T 0 1 -T2
B=al|l-y|+Bo|0]| + 55 —yz (2.23)
0 1 10 T

7 2. 7 N4 x z 7 7 4
émou a ebvor 1 xhlon tou nedlou mou druovpyeltar and to wnvia loffe xou B 7 xaunuhéTHTA
and to pinch myvio. To pétpo autol tou nediou v

1 2 1 2 1 1 2
B= <aaj - 2,6’332) + (ay + 25yz) + <Bo + 55 [22 - 5(1‘2 + y2)]> (2.24)

Ava >> 51/2, 0 Teploplopdg aTig axTvixég dievlivoelg mou mpoxakeiton and Ty xhion
elvol TOAD 10 UEOTEPOS A6 EXEIVOY TTOU OQELAETAL GTNY XUUTUAGTNTA. JE AUty TNV TERINTWOT),
umopel xavelg vo ayvoroel Ty axTvixy| appovixy) e€pTNon xot, wg €x ToUTO, TO PETEO TOU
Tediou umopel va TposeYYIoTEl and TO YVWOTO YewpnTixd goyvnTixd nedio mou yopaxtneilet
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v may(da 111

B- \/ (ap)? + (Bo + 5222 (2.25)

ue p2 =2+ y2.

Topa Yo eetdooupe mota efvar 1) goppn tou uétpou xatd tny axtivixy diedduvorn. Ta
z = 0, 10 pérpo ypdgeton: B = y/(ar)? + Bi. Xtnv mepintwon nou 1o By efvor mohD
wxpod (oe oOyxplon pe T Vepuoxpacio tou wepiou), T6Te 10 Y€tpo Tou TEdiou elvor A
B = ar xat 1o duvaixd xatd x0plo Adyo yeauwxd npog auth TNy xatebduvor. And tny dihy
TAevpd, €dv To medlo TOAwang By xad{otatan UeYdho, TOTE YENOWOTOIOVTIS TNV TPOCEYYLoN
(14 2)" = (14 nx) yioo wxpd = 1o uétpo yiveta

1/2 )

2
a a
B=[(ap)® +B3'? =By |1+ (B’D ~ By + Q—BOpZ (2.26)

XL TO BUVUUIXO PETATEENETOL OF apuovixd oTic oxTvixég deudivoelg ue éva ehdyioto By.
Yy o yevnr| nepintwon (xon oyt wévo ot ypouun pe z = 0), oo dplo peydhou By, unopet
xavelg vor axohoudoet Ty (Bla diadixaoto xat Vo GUPTEPAVEL 6T TO Suvopxd efval auTd VO
3D avioOTEOTOU APUOVIXOY TAAUVTLTY

2

a 1
B~ By+ ——p° + = 2° 2.27
0t otk (2:27)
HE OUYVOTNTES
2
Wy = grmrpp a~ w, = /gFmFMBB (2.28)
m By m
Vir) vir)
.BU.-'
(@) ’ ®) r

Eyhua 2.7: Xto (o) to péyedoc tou poyvntxod medlov xatd tny axtivixy diebduvor oe mepintwon By = 0.
Koadde éva pnrundevixd By mpootideton otnv mayida (B) xou to ehdyioto mader va efvar undév, 1 dudtaln
TEOOPEREL Eval Aplovixd duvaixd yua wxed r. To medio mou éva dropo PAéne. eCaptdton and TV Xwnuxn
evépyewa tou. T kpT << ppBo, 10 dtopo Beloxetor oto xdtw Wwépoc tne mayidog xou owoVdvetar €va
appovixd duvouxd. Tw kT >> upBo, N yeoauwxh e&dptnon anoxatadiototor xai oL SUYVOTNTES TOU
divovton mapamdvew dev €xouv QUOXY oTacia .
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Ocppoduvouixés Idotnteg g III moaydag. [a va unohoyiotel 7 evepyetaxt
TUXVOTN T XATAOTAoEWY TN¢ ntayidag ITE, uropolue va ypnoluonotioouvye Tov YeVIXG 0plopo
¢ o€ €va Tuyalo duvauxo U wg

D(e) = (27rh)_3/dr3dp36(e —U(r) —p*/2m) (2.29)

émou r etvon 1 Vo evog owuatidiou, p 1) opur Tou xau 0 1 ouvdptnor 6éhta. H D(e) opileton ye
Tétolov 1p610, wote D(e€)de eivan 0 aptiinoc TwV IBI0XATUOTACEWY TOU TAYIOEVOLOU dUVAULXOU
U(r) = —upB(r) pe evépyeio yetalh € xat €+ de. XpnotponotdvTag 10 Suvaixd nou napdyet
n 111 2.25, npoxintet

D1H<€) = A[H(€3 + 2U062) (2.30)

we Up = ugBp »o

= (2r*m)°/2 (2.31)

A =
T @rh)32(upgrmra)’ vV 1BgrmepB/2

Mt dAAY 1Btaitepa yeRouly] TOPAUETEOS YIoL TNHY TEQLYROGY| TWV CTATIGTIXMY IBOTATWY TNG
nayidag elvon 1 ouvdptnom emtpeplogol Z. Mtn yAoooa g Ltatiouxnc Puoixfc, n nocd-
TN QUTYH TROEPYETAL A6 TO PETENUO TWV COUATOIOY Tou Stavéuovion Tdve aTig dradéoiueg
AATAOTAGELS GOUPWVOL UE Wid OPLOPEVT xaTtavour mdavdtnTag. Xe yauniés Yeppoxpaoieg npe-
el xavelc va yerotponotioet Ty xatavoul) Bose-Einstein, evéd oe udmhotepeg Yeppoxpascieg
yenowonoteitan 1 xatavopr Boltzmann. H cuvdptnomn emiyepiopol yio Ty xatovour auth
opiletar g

Z = (27rh)_3/dr3dp36xp{(U(r) + p?/2m) ks T}

(2.32)

_ / deD()expl—e kT
H ouvdptnon emyepiopol eivor éva uétpo tou Balduod otov onolo ta cwpatidia amhdvovto
Tdve and ta enineda evepyeloc. Autd elvar TEQIOGOTERO EUPAVES GTNY XBAVTIXT PNy oviX),
6mov 1 Z noiler 10 pdho Tou Adyou Tou apipol Twv cwpatdivy oto cbotnua, N,wg Tpog
Tov aptiud twv owpatdiny oty Yeuehddn tou xatdotaon, Ny, dnhad Z = N/Ny. Xern-
OWOTOIWVTAS TNV TUXVOTNTA Xataotdoewy 2.30, 1 cuvdptnor emipcpopot e may(dag 111
yiveton

(2.33)

2upB,
Zim = 6Am (ksT)* <1+ s 0)

3kgT

M tpitn yprion yio Toug ox0ToUg Yog TocoTNT Efvan 0 eixovixdg OYxog Tng may(dag.
Autée optletor wg 0 Adyog Tou apripol TwV aTéU®Y TEog TN UEYLOTYH TUXVOTNTO TOUS GTO
%€VTpOo TNe moryidog

Vet = N/ng (2.34)
xat Todler 1o pdho Tou mpayUaTNol GYxou Tou VEPoug otny ntayida. XpnoieonouwvTag auTtéy
oV eovixd 6Yx0, 1 ouvdptnon empeptopol unopel va Eavaypagel ex véou [8] wg Z =
Vepp AT Auth 1 popot, tpoceéoet o G Siano Ot eEfynon e cuvdpTNong EMUEPIOPOY.

Etvar 0 Adyog tou emxovixol dyxou tne noyidog wg mpog Tov eixovid 6Y%0 Tou evog atduou
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we prxog xopatog Ar. Iohhamhaoidlovtag xon ta %o u€prn tng mapandve eZlowong, xavelg
Tafpvel
Z = N/Dy (2.35)

{2¢ ex T0UTOU, N CLUVAETNOT) ETWEPIOUOL TEQLAAUPAVEL OAEC TIC YEHOWES TOCOTNTEG O TEE-
TEL Vo BEATIOTONOGOVYE PE GXOTO TO GUUTUXVOUA, ONA0dY Tov aptdud TV aTtoumy, TNV
TUXVOTNTO Xt TN Yepuoxpacio Tou VEQoug.

I'. Oswentiny pelétrn tng eEdTUiong

‘Onwe avagéplnxe oty apy Tou tpé€yovtog xegahaiou, 1 YOEN ue e&dtwon elvon plar di-
TAY, epyaoio: dtopa pe evépyeta mou Eemepva To Bavoc g mayidag, epsilon; Zepedyouy
and TO VEQOG, EVE Ol EAAOCTIXEC CUYXPOVGELS TV UTOAOIT®Y atoUmy amoxotioTody Yepuix
oopponia oe véa younhotepr Yepuoxpacio. Edv 1o Badog e mayidac mapauéver otadepo,
OTAY TA O OpACTAPLA JTOUO EYXATUAEIYOUY TNV mayida N HEoT EVERYEIX TWV ATOUWY OTO
ohvvepo xoHoTaton ONUAVTIXG UixpbTERT] o € xou, £TOL, 6AO xou AydTepa dTopa ebvorn txavd
Vo AnOoXTACOLY ENUEXT EVERYELX Yol var EeUyouy and tny mayida. Eva oevdpio cav xt autd
ovoudletan eninedn eZdtuion [72] xou we ex toltou, 1 YOI pe e&dtuion yiveton hydtepo o-
TOTEAECUOTIXY PE TNV Tdpodo Tou yedvou. Tlpoxewevou va dratneniel évag anoteheopatindg
eviuodg €€6dou amd TNV mayda Yo To dtopa VYNAAG TayTNTAC, 1 EVERYELL ATOUAXEUVOTS
€t, 1 onola opilel To Bddog tng mayidag, Yo mpénel Vo UEDVETAL UE TNV TdPOJO Tou YeéVou.
Avutol tou eldoug N Teyvind) POEng ovopdletar e€avayxaouévn e€dtuion. Mo oyetilduevn
TocoTNTo Tou Tpooyépel BoRleia oty mepypaph Tne YOEng uéow edtuiong elvon 1 mopdye-
TPOC AMOXOTNS 1), €10t OOTE € = NkpT, 1 onolo elvol GTNY YEVIXY TEPINTWOT EEAPTWUEVT ond
OV YpOVOo.

H enavadepponoinon xol 1 NEpXOUUEVT CUVAETNOT XATAVOUNRG. Me xev-
TEIXO OTOYO VO DIXUOAOYHOOUPE ol YEQUIXT| XATAVOUT| YIX TO TUPUUEVOY VEQOS, Vo AXOAOU-
Uoouvye ta emyephpota mou npofAfinxay and tov Walraven oo [67]. [a tov oxond autd,
Tpémel xavele va eloaydyel wa oelpd and uToYESELS TOU QPaivovToL Vo AEITOVPYOUV XUAd GTIC
neployéc g Veppoxpaotog xot TN TuxvotnTag mou pog evdtagépouy. H mpdtn unddeon eivon
1 gpyodixoTnTa. Lty Yewpla g otatioTixnc Mnyavixnc, epyodixdtnta onpoivel 6Tt 6T0 YO-
PO TV QPACEWY EVOC GUOTAUITOS 1) XATAVOPT| TwV cwpatdiny f(r, p) eZuptdtar anoxhelotind
and TNV evEpYeELd Toug. Xe uadnuatixy YAGooo:

f(r,p) = /5(U(7°) +p?/2m — €) f(€)de (2.36)

Yy napandve eglowon, 1 mocdmta f(e) unopel va epunvevdel wg o aprduds twv xata-
otdoswyv pe evépyewa €. Aeltepov, Yo xdvouue yprion e unddeons «mAfipoug edToncy.
Loupwvo ue auth, xdle dToUuo Tou AnoxTd EVEPYELN HEYAUNDTERY) OO €; PECW TV EAACTIXWY
ouyxpoloewy Eegelyel and Ty mayida ywelc meputépw ocuyxpoloeic ye dhha dtopa. Au-
™ 1 vnddeon Qaiveton Aoyixn edv 1 uéon ehebieprn dradpour; A Tou evog atoéuou elvar Toh)
weyahbtepn and v Sidotacn | tou végoug [68]

A (2.37)

45



Emniéov, unodétoupe xhaoixd droua mou meprypdpovton and wio xatovour] Boltzmann. Mia
tehevtaltor ahhd Oyt Ay 6TEpO onuavTiny UTOVEST) EfVAL TO YEYOVOS OTL OL EAAGTIXES GUYXPOUCELS
TPOXVTTOUY POVO and To xavdht ox€daone s-xupdtwy (s-wave scattering). Koatd cuvénea,
N ehaotixf Sotour g¢ Twv atéuwy Yiveton [09] pla ouvdptnomn tou prhxouc oxéduone as,
cOUPWVA UE T oYéon g = 8mal.

Xpnowonowdvag To anotehéouata g Tpocopoinong, o Qakpoey anédele OTL xaTd TN
Oidpxeta TN eEdTlong 0 VepUIndS YOPUXTRROS TNG XAUTAVOUNC TWV ATOUMY eival xohd diatn-
enuévoc. Q¢ ex to0ToL, 1) XaTavou Tou VEpoug umopel va meprypagel and pla TEQIXOPUEVN
070 Padog tng mayidag xatavour; Boltzmann:

fl€) = ngAde™/*TQ (e, — ) (2.38)

6mov O eivan 1 ouvdpTnom Buatog. And v edlowon 2.36, uropel xavelg va urtohoyioel Ty
XATAVOUY, GTO YWPO TNS PAOTG

£(r,p) = noAde~ VP2 2m/keTQ (¢, — U(r) — p?/2m) (2.39)

XL UE TNY OAOXANPWOT TNG TEAEUTOUAC TAVG OTIS TOYUTNTES, AAUBAVOUPE TNV XUTAVOUY| TU-
XVOTNTIC

n(r) = nge VOV/kT P39 (e, —U(r))/kpT) (2.40)

we Pla,b] v ateld ouvdptnorn yaupa [70] xou ng ) péytotn muxvoTna ToU VEQOUS 0TO
x(€vtpo g mayidog.

O puduwog edtuiong. H e€éhln tne xatavounc Tou YOEouU PAcEWY XaTd T SLdpXEL
¢ Oadixaoioug g eEdTuiong Teplypd@eTon 0To TAdico TG xwvnTixg Yewplag and tny e&i-
owon Boltzmann [71]. Autd n e&iowon petatpénetar o wa anholotepn Yy tny f(€) otny
TepinTwon mou ot unoléoelg mou avapéplnxay Teonyouuévws efaxoioutoldy va ioylouy. O
euluOg UETABOAAS TOU apLiol TV ATOUWY Tou ogelAeTal o€ EEATUION), OF TEPINTWOT) anouaiog
TWV UNYAVIOU®Y ATOAELS, diveTol anod

d];;ev = /et deD(e)dJ;(te) (2.41)

T v nepixoppévn xatavopy, Boltzmann 2.38, rafpvoupe [67]

dNevy —n Vev
T —Nngogve "‘ZH (2.42)
Yty napomdve eglowon, v = (16kgT/mm)/? eivar n uéomn tayHTnTa TV aTéULY X0
A3 €t —n
Vey = —L / deD(€)[(e; — € — kpT)e~/kBTHknTe™"] (2.43)
kBT 0

Téhog, ye Baon v ediowon 2.30 yia TRy TuxvoTNTa XATA0TACoEWY o€ Wior mary(da I, umopet
xavelc vo avthioet tov axpifn tono yia to puiud e&dtmiong oe wia tétola mayida. Qotéoo,
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Yo Bdoouye UEYAAOTERN TPOTOYY GTNY TERINTOON TV YeYdAwY 1. Lo yeydhec Tipée tou 7,
uropolpe vo npooeyyiooupe Voy/Vesr & 1 xoil, GUVETAC,

dNev
dt

= —Nngogune " (2.44)

Etvar ongavtixd va onuetwdel 61t 1 napandve elowor oy el Yia 0TO00HTOTE TOAVWVUIIXO
duVaULXG GO0 1) T 1) TOPUUEVEL EMUPXMS PEYEAN, AGYw Tou Yeyovdtog 6Tt To Bddog tng
nay{dag yivetow tdEng yeyédoug peyahlitepo and 1OV UECO OPO TNG EVERYELIC TOU VEQOUS
1 wwodlvapa and 1o kT xot, w¢ ex ToOTOU, 1 oxEI3NC HopPH TOU BuUVAUIXOL XOVTd GTO
ehdyloto navel v dradpoapatilet onupavtixd poho. H tehevtala ediowon 2.44 cuvendyetou 6Tt
N YO&n pe e&dtwon hayfBdver yopa o wa exdetind xAlpaxo pe o otadepd ypdvou Tey =
(ngoeome™")~ .

H anoteieopatindtna tng e€dtiions xol o pohog Twv ouyxpoLoewy. O-
TS avapépinxe Tapandve, ol aAAnientdpdoels nailouv xadopiotind pdio yia Ty PiEn uéow
eZdtuong xadde enavagépouy Vepuiny| t1ooppotnia 6to undhomo végog. Ol ouyxpoloel 6Ny
noryida pmopel va dtarpedoly oe 800 TUTOUS: TG EAAOTIXES GUYXPOVOELS Tou elvar uneDYU-
VEC YL TNV ovaxotavouy) Tng xwvnTixnig evépyetag xadadg 800 dtopa ouyxpolovial Xl Ti
AVEAAOTIXEG OUYXPOVCELC TTOU 0BNYOUV O ANMWAEIES ATOUWY Und TNV Tay(dA.

Ot ehaotinés ouyxpoloelg UeTaEl 800 atduwy Aertoupyoly unép tng dadixaoiog eEdTyt-
ong. IMpdta an "oha, eivar unedhBuveg yia v enavadepgonoinon tou VEQoug mou odnyel ot
Yepuxt| oopponia. Emniéov, 1€toieg ouyxpolioeic 800 atdumy ouyvd divouy ot éva and autd
o dtopol evEpYELd EYOAUTERY Antd TO XATOTUTO Oplo ATOYOENONG ATd TNV ToyLda, EVE TO
GALO dTouo amoxtd Ayotepn g opylxic Tou evépyelo. ¢ anotéleoua, N dtadixacia auTh
Bond otny peiwon tne Yeppoxpaciag, Sudyvovtag evépyeia we éva Taybtepo puiud. O pudude
ENOOTIXMY OUYXPOUOEWY diveton and tnv axdhouly eliowor [72]

Vel = NOe]V

= n(8ma?)(16kgT/mm)"/? (2.45)

UE as TO YVWOTO Uixog oxédaong.

Qotdo0, N anoteheopatixdTnTA TS e€dTIong dev e€opTdTon and THY AnoAUTH Ty UTHT
TOY EAACTIXWY OUYXPOUGEWY, 0AAd and Tov ayeTixd AoYo Tou puluol ENAGTIXDOY GUYXEOU-
OEWY TPOS TOV pLIUS TV ATWAELDY Tou cupPaivouy eEaitiog TV AVEACTIXWY CUYXPOUCEWY.
Trdpyouv teeic dladixaciec Tou GUUBIAAOLY TNV ATOAEIES O WLOL MOy YN TIXH oy (Do

1. Buyxpoloeic ye droua tou undPfadoou: AVENAGTIXEC OUYXPOUOEL TAYLOEUUEV®DY ATOUMY
we vdmAhc evépyetag dtopa amd 1o mepBdihov. O pududg Twv v AoYw oLYXEOVoEWY
eCopTdTon WOVo and TNV TECT NG TAYDEVPEVNS TEPLOYTIC XA, S EX TOUTOU, O PUUNGS
Tog Ebvor oTalepdS W TEOG TNV atouLxr TuXVOTNTA, we T — Ky, 6Tou K o detixy
otolepd.

2. Awmohixy) yaAdpwon: AvehaoTtixéc ouyxpoloelc JeTadl 800 TAYIOEUPEVWY ATOUWY, OTTOU
AVTOIAAGOGOUY GTROoPoRUY HETAZ) TNG TeoYLoXRg XVNorfg TOUg xaL Tou oy, JlaoXop-
mlopeva o pn naydedoeg xataotdoelc. Autd o €idog Tou puluol anwhetag etvon
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avdhoyo Ye TNV muxvoTnTa Tou Vépoug. (26T600, 1 Bimohixy yoldpwaorn Bev eivon du-
Vot 0€ BElYHATa TAAPWS OTIV-TOAWUEVWY atouwy. Mia tétola olyxpouon Yo npénel
va odmyfoet o€ €va YOpIopa TOU OTY, YEYOVOS TOU OTuaivel OTL To Oy OEV Ymopel
va Statnenlel epdoov dev undpyer avetepn xatdotaon va ndte. Autéd enaindedeton
Tepapatixd oo [73].

3. Xuyxpoloelg TPV owpdtv: AveAaoTixée ouyxpoUoEl UETAE) TELOV TAYIOEUPEVLY
atoéuwy, 6mou Blo and o dropa oynuatilouv éva wbpo mou aghver v mayida (to
Tpito dropo elvon anapaitnto yior T Srathpnon tne evépyetag xat tne opphc). O pudpde
anGALIOC efvan avEAOYOC UE TO TETPAYWVO TN TUXVOTNTAC, Yap = —Kapn?, ue Kap o
et otadepd.

O cuvolxdg puitpdg AnwAELDY EXPEALETAL OC TO QUEOLOHA OADY TWV TUPAUTAVL PUUUAY, KO
Ys = —Kpg — Kspn® (2.46)

H avodoyia tov ehaotindy «(xahédvy) vo pn ehaotixdyv «(xoxdvy) cuyxpoloewy R =
Yet/Vis xoopiler Toug meptoptopgole Yo Ty YOEN péow eZdtuiong. Me dhha Aoyia, 1 xOpia
analtnon Yo TNV egappoy Tne e€atotinnc Yo&ng elvon 1 didpxeia {whg Tou Belypatog 6TNY
noyida vou uEYdAn o oyéan ue To Ypovo tng emavadepponoinone. Extoc and autd, éva
onuavTIXd xptThplo Yot TNV emtuy Y e€dtpion elvon 1 Brathpnom 1 axoua xahitepa 1 adénom
0L PLILOY TWV EAACTIXOY GUYXEOVOEWY xal®S 1) Btadixacio ouveyiletor. Av auth elvor 1)
Tepintwo, propet va el xavels 6Tt 1y e&dtuion yiveton oty Teptoy ) runaway. Me diia Aoyia,
yio runaway egdtuion, 1 axdrovdn cuvirixn npénel Vo IxavomoLeiTol:

dlnye
InN < 0 (2.47)
Xpnowonowvtag Ty e€lowon 2.45 1 napamdvey cuvifxn YedpeTar we
din(nT/?)

Mia onpavTind) TapdUeTpog Yior TNV TEpYpagt| Tng e€dTworc, dedouévou 6Tt Tpayuatonote{to
oe exdeTnolg ypovous, etval

dinT
= 2.49
¢ dinN (249)
Avth v napdpetpog exppdlel T uelworn g Yeppoxpaciag avd dTouo anwheiag e noyidog.
Mpdxerton yio éva yevixd anotéheopa [72] étv yia xdlde nodvwvupxd duvauixd, o eixovixdc

byxog e mayidag, énwe oplleton otny 2.34, xhpoxwvetar ¢ Veg T‘S, pE 0 wiar T
mou eaptdtar and To duvouixd g mayidag. T'a v tepinTworn evog appovinol duvouixoy,
d = 3/2 xo, wc ex To0TOU,

Vg = CogT>/? (Cefr : positive constant) (2.50)
Yuvoualovtag Ttig e€lowoetg 2.48 xar 2.50 xavels moupvet

din(nTY?) _ din([N/VegT'/?)

dinN - dinN (2.51)
_dinN dinT  dinCeg <0

~ dinN  dinN  dinN
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n omola diver 1t Twée g € v runaway edtwon: £ > 1. H guowd évvola tng runaway
e€dtpong ebvar 611 1 welwon tng Yeppoxpaoiog eivon tayltepn pe pelwor twy atouwy.

Av 7 T g napapétpou € napapéver otadepr xatd T didpxeia Tng e€dTiong, TOTE and
TOV OPIOPOG TNG UTARYEL plal EEdpTNoT TNS Mo

T o N¢ (2.52)

peTat Tou apttpol Twy atépwy xat g Yepuoxpaciog xadog 1 dradixacia cuveyileton. Au-
) elvor 1) TepinTwon Tou BlamoTdveTon and €va peYdAo aplduo Twv ouddwy mou Ydyvouy
Yioo ouUOXVeLPN xal Yo anoteAéoel ueYAAT Bordeia i TNV TEQIY AP TV TELPUUATWY HAG

[rA][7o][7e][89]-

2.3.2 Awdoyixa BRpata yio Ty vAoroinon tng eEdtuiong
PopTwon Tng naywdag - MEDodog avTioTolyiong

Meté v MOT, 1o végog petagépeton otny III mayido. H petagopd yivetar pe tny ame-
vepyonoinon tne onTixfc PeAdoac mou elye mponyouuévws PiZet 1o végog MOT xar pe tnv
Eapvixy| EVEQYOTOMOT TWV PEVUATOY OE Oheg Ti¢ omelpeg g mayidag. Auth 1 daxomn Aet-
TovpYlog TV AElep xat 1) apy Y| Attoupytag Tou wayvruxol nedlov mpénel va eivan tayeleg o
oyéon Ue Tig oUYVOTHTES Ttayibeuomg, Tpoxewévou va anogeuydel onoladhnote ahhoyh 6Ty
narytdevon tou végous. H anoteheopatixdtnia g goptwong tou MOT oty mayida IIT Sio-
dpapatilel xploo péro o1y Sladixacio yiol TNV €NITELEY TOU CUUTUXVOUATOSL, APOL TEOCPEREL
TIg apyxeg ouvinxeg Yo Ty YO&n peow egdtpiong. O puludg EAUOTIXDY GUYXPOUCEWY, O O-
PUOC TWV ATOUWY TOU apyixd BploxoTay oTNV Tory{da xaL 1 TUXVOTHTA TOU YWOEOY YAcTS lvar
HETOEY TWY TOCOTHTWY TOU TEETEL VoL UEYIoTOTONVOoUY Yia pial ETiTuY Y dtadixacta e€dTuiong.

‘Okec autéc ot nocdntee peytotonotolvt [77] bdtay 1o oldvvepo datnpel to uéyedoc xat
T0 Oyfua Tou xatd TN Sudpxela Tng uetagopds and T MOT oty payvhtixd noyido. Qg
anotéheopa aUTHS NS dlathenone, 1 Yepuoxpacio Topapével apeTdBAnTy. AvVapepOUaoTe ot
auUTAY TNV BV UETAYOPE we Aettoupyio avTiotolyiong mode-matching. Xe xdde Sugpope-
T TERINTOT), OTAV 1) UETAUPORY BV elval Xatw and auTéS TG WavVIXéS cUVIAXES, TO VEQPOQ
Yo Yeppoviel mepantépw. o avotnpdtepn poryvnuxy| noyideuorn tng Wavixnc, To dTopo o-
TOXTOVY UEAVOUEVT BuVaiXT| EVERYELX, Tou odnYel ot eva mo Yepud végog. Ta wa mo
Yohopr) paryvintier) maryideuor, un adtofoutix exTévwor Tou végoug Yo TpoxaAéoel xon TdAL
™y Véppavor,.

Yt MOT, 1o végog unopel ixavonomuxd va Teplypa@el wg €va oQaipixd, YXaousiavo
VEQOC U€0O OE €VA EIXOVIXO JPUOVIXO BUVOIXG UE CUYVOTNTES WMOT TPOS OAES TIG XATEUL-
Yovoelg, mou dvovtar and 2.12. Q¢ ex tolTou, yio va e€acahiotel Ot T0 VEQOS Slatnpel TN
Yeppoxpasia tou, to péyedog xat 10 oy Tou, 1o duvouxd toyidevong tng I noyidog Vo
TEENEL Vo efval appOVIXG UE cuYVOTNTA (o1 PE wMoT TPog OAeg T xatevdivoec. H mpdty
npolnddeon exnhAnpwvetal Ue T xpnon evoc udmhod tedlov ndéAwong By. ‘Onwg unoothpilo-
UE 0TO TPONYOUUEVO xe@dhato, 1 moryida eivon apuovier av kg1 <K pupBy. Xpernotpwonoldvtog
T0 YeYaAlTepo Buvato By mou elvar BUVATO VoL ETITUYOUUE TELRUUOTING, UTopel xavelc va umo-
hoyloet N PelTioTOnOMUEVT XAIOT) XU XAUTUAGTNTA Yiot TN AEtToupYla TNE avTioTolylong and

49



Vv e&ilowom 2.28 xou ye YVvwoth Ty ewovixr ouyvétnta e MOT.

m 2
a4 = ——W\OT B = wmMmoT
UBIFMEF

mBO,max
HUBIFME

(2.53)

[Mo ta tepdpatd pag, wvot ~ 8Hz x €10t ot VewpnTinés TWES TNE XAONG X TN XOUTUAG-
ThToC Yiol T Aertovpyia aviiotolyiong elvar a & 82G /em xan B &~ 40G /em? avtiotorya.

Qoté00, oty TRALY, undpyEL EVag HEYAAOS aplUUOS TEQLOPIOHMY Yiot TN Aettoupyio ov-
TioTolylong mou Yog avayxdlouvy va BEATIOTONOIACOUPE TNV QopTwaoTn TN nayidac wdvo met-
papatixd. O mpdTog ALTOV TV TEploptogny eivan 1 Véon mayida. O déouec Aéilep xa Ta
poryvntixd mnvia, and ta onola aroteieiton 1} MOT, €youv dnuovpyroet éva véQog ue €va
optopévo xévipo to omolo umopel va petaBindel and 1o xhelowo twv AMilep xaw TRV aAhay
TV payvnTixwy nediwyv. Tétola petdBuon 610 *EVTPO TOU VEQOUS TEOXUAEL TUAAVTIOOELS GTO
xevipo palag Tou ot omoleg Yo W ey moryido odnyel ta dropa é€w and v moayida. E-
vag dhhog onpavtindg neptoplonds ebvar to Padog tng noyidag. o va Batnpricouvye 600 to
duvatdy TeploodTEpa dToua, 1 Toyido mpénet va elvan 660 To duvatéy BadiTep.

‘Eva dhho onuoavtind Gépa xatd tn didpxelo Tng @OpTwong Tne maydag eivol 1) andAeLo Twy
atéuwy. O tpdémog mou 1 pwayvntie Toryido Asttovpyel TEOXaAEl AvVaTOPEUXTA ATWAELL EVOS
HEYSAhOU U€poug TV atouwy o€ alYxplon He tov avtiotolyo aptdpd ot MOT. To yeyovég
elvor apxetd xplowo dedouévou 6TL 0 oxondg g mayideuong eivon 1 YO&N TV aTdpwLY pe
e€dTion, %4TL TOU PELOVEL TEpUTéR® Tov aptiud Twv atéuwy. Ilpdta and dha, uetd v
GOEn pe helep ypnoonowwviac T petdBoaon 55yl = 2 — 5P5,5F = 3, 1o dropa elvor
nepinou e&ioou xataveunuéva oe Oheg Ti¢ b mp-xataotdoelc 610 F = 2 unéphento alvolo.
Qo1600, Ta dTOPA TAYIBEVOVTAL GTY) ALY VITIXY) TAYLVOL HOVO av Bploxovidl OTIC XATUOTAELS
Tou éva eAdyloTo waryynTixd nedio tic morydever. Q¢ anotéheopa, to 3/5 TV atéuwy e€artiag
™S uone e payvnTixig noyidevong ydvovtar. Ilépa and autd, ta dtopa ota mp = 1
xatdotaoy, unopolyv eniong va anopaxpuvidolyv Aoyw tne Bapltntag €dv 1 poryvnTxh xhion
efvar apxetd wxph (o < 15G/cm). Téhoc, oty Wavixh nepintwom, o andhees ogeilovtar
HOVO 0TIV XaTavour, TwV Mmp XotaoTtdoewny, dnhady wévo 1o 1/5 tev atduwy mopauévouy
morytdevpeva. O aptduodg auTtdg YELOVETAL TEQUITERM YIX ATEAT AVTIOTOYION TV Ty dwy.

Yvuurieon tng I noyidag

Hpoxewévou va emiteuydel 10 CUUTUAVOUA GTO CUVTOPGTERO BUVITS YPOVO 1] YE TO YEYO-
ANOTERO BUVATO aplud aTOUWY, 0 PLILOS TWV ENACTIXWY CUYXPOUGEWY YL TNV EnavadepUo-
Toinon Tou cuoTAuaTog Tpénet va ebvar 600 To Buvatdy peyahitepog. Kotd tn Sidpxeta tng
POPTWONG TNG PAYVNTIXAS Tay (D, To duVOLXO EVOL APXETY OBUYVIHO, WOTE Vo EMITEUYVEL 1)
Aertoupyio avtiotolylong xot 1 amo@uyr TNe VEpUavong xou TV anwAeldy oty mayida. Metd
™0 POPTWOT), CUUTLELOVUE TNY TaY{da 600 TO BUVATOY TEPLOGOTEPO, UE ATOTEAETUA TNV ALENOT)
NG TUXVOTHTAG Xat TNE Veppoxpactiog xot kg ex ToUTOL Tou puduol cuYxpoloEwWY

H 80vayun tng mayideuong auidvel pe v abinom Ty peLPdTOY Tou PEOUY UECH and To
Tvio o U€YLoTn Ty Toug oe 0A0YO YEoVIXG BLdoTua xou e Aoyixd Teono. To anotéheopa
authg TN ad&nomg elvan wa enaxdroudn abEnom oty xhion xou TN xaunuAdTNTA TNE Tory o,
XL 0T OLVEYEW, wa abinor oTic ouyvotntee nayidevong. Amo v eliowon 2.28, unopel
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xavele vo Tapatnenoet 6TL 1) uelworn oty T tou By Bonldd eniong otny xahlTER axTivixy
ray{deuon,.

Apxetéc unoBéoeig mpénel va yivouv, mpoxeiwévou va uehetniel 1 Swadixacia ouunicong
e poyvnuxng noyidag. IMpwtov, unodétouye 611 To Vepund vépog amoteleiton and 1davi-
%8 xhaoixd povoatouxd cwpotide. Eva wavixd aéplo opiletar wg exelvo oto onolo dheg
ot ouyxpoloelg UETOEY TV aTOUOY €ival ATOADTOC EAAOTIXEC Xl OTO OTOl0 DEV UTAEYOLY
Otatopxés elxtinég duvdelc. To 1Bavind aplo UTAXOUEL GTO VOUO TWV WBAVIX®OY depleV, pla
anhonotnuévn xataotatixy| €lowor, 1 onolo ex@pdletal wg

PV = NRT (2.54)

ue P tnv nleon tou agplou, V tov byxo tou xon R wa otodepd fon pe 8.314J K tmol L.
Ebvar onpoavtins va onuetwde! 61t yia éva tdavixd aépto, 1 eontepixnt| evépyela Uiy e€apTtdton
wévo and tn Yeppoxpaoia [78] yéoa and tn oyéon
AUsny = CodT (2.55)
pe Cy v eider) YepuoywenuxdtnTa Tou agplou.
Acitepoy, vnodétouye 6Tt 1 ouunieor ebvon par adtaBatien xon avaoteéduur dtadxacta. H

aboaTiXOTNTA Yag EYYUdTOL OTL BEV LUTdPYEL UETaQOopd TNe YepUoTNTAC GTO VEQOS XOTd TN
Oidpxeta TNS ouumieong

Q=0 (2.56)
To xpithpro yio tn Srathpnon e adwBatxdtnrog eivan [79]
dw 9
— 2.
o <<w (2.57)

pe w = (Wng)l/g ™ péon cuyvoTnTa Tng moryidog.

Ye auto 1o onpelo, Yo npénet va avagepouue wa teptthoxt| tng I oy idag nov oyetileton
we v mopandve cuviixn: Kaldde to By peiwveton Touhdylotov xatd pio td€n yeyédoug,
7 oXTVIXY) cUYYOTNT YiveTon PEYUATERY) and TNV afoVIXT] PE ATOTEAECHA EVOL VEPOS GUUTIE-
ouévou oyfuatog (cigar-shaped). Autd éyer w¢ anotéheopo éva emmhéov xpithiplo yior TV
adtaBatiedoTnTa: 0 PGS TNG CUPTIEOTS TPETEL VoL ElVol WUXEOC GE GYECT UE TO pUUNO EAACTI-
%WV oUYXPOVoEY, WoTE Vo anogeuy Vel 1 avicotponia g Vepuoxpaciog. Xto TEPAUATY Hag,
T a xou B audvovton Yeuumxd U€ypet Ti¢ HEYIOTES TWES TOUS, EVK TO By Ueldveto exveTixd
we otadepd ypdvou mepinou lor pe 3 deutepdrenta. H mopeio auth eaogarilel T diathpnon
e adtoPBatixdtnTag. Amd tny dhAn mAevpd, 1 avaoTEEPIUOTTA UTOVOEL OTL TO VEQOS elvan
CUVEY WS OE 160ppoTia X T0 U6vo €pyo mov eumiéxetar elvon awtd eCoutiog g ovpnieong

SW = —PdV (2.58)

Kdde avaotpéduyun xo adtafoties, Swdixaoia eivon woevipomxd [78] dnhadh AS = 0, énou S
1 EVIPOTd TOU CUOTAUATOC.

Xpnoonoudvtag 1ol TOQTAVE ATOTEAECUTA TOU TEPLYPAPOUY Uidt avaoTEEPIUT, adto3a-
TixY| Braduxaota yior Eva 18avixd d€plo 0ToV TPWTO VOUoC g Oepuoduvamixic, o onolog opilet
6Tt Uing = 6Q — OW, umopel xaveic v ypdiet:

dr av

WdT = —RTAV = —— = —(y—1 2.
Ve RTAV = = = —(y~ 1)+ (2.59)
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émou v = (R + C,)/Cy. D' Bavixd povoatopixd aépta eivor v = 5/3 otadeph xat, we ex
ToUTOU:
T =cV™23 (c: constant) (2.60)

H avwtépw oyéon exppedlel to yeyovog OTL 1 Pelwor Tou OYX0U TWV TAYISEUUEVLY ATOUMY
odnyel oe wla ab&nomn tng Yeppoxpaciog.

Yy evotnta 2.3.1 oploaue évay eixovixd dyxo Yy To végog otny mayida III, o omolog
noilel To pOO TOU TMEAYUATIXOU 6YXoU Tou deplou. Me avtixatdotaon tou Veg and v 2.34
OTNV TOPATAVG GYECT], TAUlPVOUYE:

T3/2ZA1T? = const. (2.61)

Me ) oe1pd TOU, AV YENOLLOTOLACOVIE TOV TUTO TNS GLVAETNONG dlaueptopol and Ty e&lowaon
2.33 yioo Ty morydar I xan to Vepuind phAxog xbpatoc A = +/2mh?/mkpT, yropolye va

Yedpouye:
2up B,
T3/2( 27Th2/kaT)3614111(k'BT)4 <1 + :SCB TO) = const. (2.62)
B

Agarpddvtag Oheg tig otadepég nou etvan aveldptrteg and Tig TapauéTeoug nayideuong, PTAvVou-
UE TEMXE OTO ONPAVTIXO ATOTENECUA YA TNV AVTIOTEENTY adlofatixn?] GUUTIEST) TOU 18aVIXO0U

acplou:
kpT\? 3kpT
e 1 = . 2.
( o > < + QMBBO> const (2.63)

1/3
7

Yty napandve oyéon, o 0plopoc TNE w, ToL dTee éyel AN avagepdel etvar w = (wiw,)
TpoépyETal and TO YEYOVOS 6Tl To péyedog Arp mou ewodyeton otr) oyéor eCopTdTon and T @
xou B wg Arp o ﬁ H nopduetpog w oUUTINTEL Ye TO YEWPETPIXG UEGO PO TV CUYVOTHTWY
600 10 duvouxd Topapével apuovixd. ‘Otay elvar oty yYpouuxy Teptoyy dev undpyel xdmoio
QuUOIXO VoMU TG W TERA amd TN Loppt| TN e€dptnong and TNy xhion xat TNV xopmuhoTnTo.

‘Eva dhho onpoavtixd anotéheoua tng adofotixic cupnicong eivon 1o yeyovég 6t 660 1,
otdpxeta Lwng g mayldag elvar moAD peyaAlTepn and to yedvo cuunicong, o apriuds Ty
ATOUMY TUPAUEVOUY 0TAVERH, DEDOPEVOU OTL BEV UTAPYOUY AVEAACTIXES GUYXPOVUCELC.

EZavayxacuévr egdtnion Le Yenon padtocuyvottovRF

Ye plol GUUTECUEVT] pory YN Tuer] Ty 8o pe UPMAS pulo EAACTIXGY GLUYXPOVGCEWY, 1) EEATUION
umopetl vo mporypatonotmiel pe Evay anoTEAEOUATING TPOTO OOTE Vo Tpaypatonomiel To ouy-
nOxvoud. o tny egappoy tne e€aTUions, YeNoILOTO0UE THY TEYVIXT TNG ECAVUYXATHEVTS
eZdtong ue mpootixr padloouyvotntog, 1) onola, oe avtideon pe dhheg oyetinéc uedddouc,
EMTEENEL TNV EEATUIOT OE TEELC DIAOTACELS. 1 TNV TEYVIXT QUTY|, EVA PUdLO-CUYVOTN TS UETO-
Bakhbuevo poryvnuind medio egopudletar oTo vépog g Tayidag, To omolo nedlo oulelyver Tig
TAYIOEVOIUES UE YN TAYIOEVOIUES XATACTACELS TOU 00N YOLY 0T UETUBOAT] TOU 0TIV GTaL dTOYA,
%ot w¢ €x To0ToU €€w and TNy nayida. Xe éva avopoloyevée wayvnTixd Tedlo Onwg auTtéd Tou
€Y OUUE YPENOWOTOOEL Yiot TNV TAYIBEVST, 1 GUYVOTATA CUVTOVIOROY PETUEY BUO XUTUOTE-
oewv egoptdtar and T Véorn otny mayido xo wg anotéheopa éva RE-nedio ye wa oplopévn
ouyVOTNTA Wy ouvTovileTon pe TNV PetdBaon povo ae ouvyxexptuéveg Héoeic. O ouvtovioudg
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ovufaiver yia o dTopa o€ wat TepLoyt g maryidog dmou to péyedog tou mediov B minpol T
ouYOxn GUVTOVIGUOY:
hwt = ppB (2.64)

Y1y nopandve, pupB elvor o dlaywpetopos Zeeman YETAE) TWV OYETIXOV UTEPAENTOY EMLTE-
0wV,

Yuvenng, EEXVOVTAC UE €Vo UYNANG CUYVOTNTIUC Wyf TESLO X PELOVOVTAS TNV xoddS O
XPOVOS TEPVE, dtopa ue uetoluevy evépyeta Ya Eegedyouv and tny moyido, yeidvoviag T
Veppoxpacia tou vépoug. Katd tny otiyur) 6tay 1 cuyvOTNTo EVOL Wy, 1) EVERYELX ATOXOTNG
umopetl vor ypagpTtel wg

€t = uph(wef — Wmin) (2.65)

610U Wiin = pYrBo/h elvon 1 cuYVETHTA CUYTOVIOUOU TWY ETPEPOUC ETUTEDWY GTO XATw Ué-
poc g noryidag. Koatd tn ouyxexptuévn ypovixr) otiyuy), dtoua Ue evépyeta € > € mdavotata
Yo €youv RON @OyeL amd v Tayda.

IMo tn Yewentiny nepintwon evog aeplou ye droya o Vo enineda, N mdavéTnta Yo Eva
dtopo va ahhdZel xatdotaot xadog draoyilel Ty teptoy ) GUVTOVIOUOL umopel Vo UTOAOYIOTEL
yenotporotdvrag tny Yewpia Landau-Zener [30][81]. Me Bdon avut], 1o nedio nayidevong
vrnotiVeton 6T motxiher ypaupixd oe oyéon ye v xhion a otV TERLOYT TOU CUVTOVIGUOD.
Av ta dropa dtaoyilovy TNy meploy auTh HE TaYUTNTA N, TOTE N MWAVOTNTA NG YeTdPaong
Beloxetan vou etvan

p=1-eap{—C} (2.66)

ue ¢ = mupavB? /h. Ed6, B, ebvor 10 mhdtog tou mediou RE xdeta mpog 10 pory vt
nedio ndAwong By.

H petwon tng ouyvotntag npénel va eivon apy? o oyéor e To ypdvo enavadepuonoinong,
1 0ANLOC Ol EAACTIXES GUYXPOUCELS DEV UTOPOUY VU AMOXATACTHGOUY T1) YepUiny| t1ooppoTia.
Ané tny Ay, évag moh wixpds pultude peiwong Tng ouyvotntag xal{oTaton oVANOTEAECUO-
TIXOC XL OONYEL OE Mol UEYTAT AMWAELA ATOUWY AOYW TNG TENEPACHEVNS OLdpxetag (whg Tne
noyidog. o toug Adyoug autole, wa ehtiotonomuévn Tpoytd Tng padloouy VOTN TS TEETEL Vol
TpaypatonotnVel. Xtol TERAUAT Yag, To Tedio padlocuyvotAtwy evepyonoieitar ota S0M H 2
xou 6T oLVEYELX EMBIAAOUYE ECATIION UELDVOVTOS TO YRUUUIXS PE TO YEOVO U€ypl TNV TIun
v oyedoy 0.4M Hz. Etvon onuavtixd vo onuetwdel 6t 7 yopniotepn tur tov RE xadopilel
™y Tehixy) Yeppoxpacia Tou unéhoimou vépoug. H Bidpxeia authg g adhayrig Beloxeto va
elvor anoteAeopaTiXg oTNY TEPINTWON TV oYedov 10 SeutepohénTov.

Ietpaypating dedoyéva and YOZn uéow e€dtuons. Mia ypopuxy pelwon e RE ouyvo-
g mpaypatonoteitar and ta S0M Hz uéypl o 0.4M Hz o 10 Seutepdhenta. H xhion tou
DLy PAPUATOS, TOU AVTITPOCWTEVEL TNV T NG mopduétpou & mapauével otadepr xatd T
Oidpxetor oyeddv OAng g diadixaoioc. H Ty etvon xi ~ 1.17. Anoxhicelc and outhy
otadepn Tiun eypaviCovtar wévo atnv apyn tng dtadxactag xor 610 TEAOG TNG, OTOU EMTUY-
Yaveton To ouunixveua. I umié neployn elvar 0 y®EOC GACTC TOU GUUTUXVOUATOS, OIS
TeoXVUTTEL and TN oyéon 1.18 yia TNy neplntwon evog appovixol duvamxo.

Y10 oyfua 2.8 oyedidlovye Tov apilud Twv atouwmy ot oyéon ue Tt Yeppoxpacio xotd
™ Odpxeta g OAng dradxactag g elatwotinic POEng. H xhion tng xaumding authg
AVTITPOOWTEVEL TNV TapdueTeo & mou oulnuiétan oty evotnta 2.3.1. Diveton cagéc 6t n &
TelpopaTind napapével otadepr| oe Wi T v £ ~ 1.2 yia 10 peyahiTERO YeOoViNd DAoTNUA
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Eyfua 2.8: Iewpopotind dedouéva and YPOEn véow e&dtmone. Mo ypouwwxn ueiwon e RF ocuyvétntac
npaypotonoleiton and ta 50M Hz uéyet o 0.4M Hz oe 10 deutepdienta. H xhion tou dwaypduupatoc, mou
AVTLTPOCWTEVEL TNV TN NS Topaé€teou & mapauéver otadepr] xatd tn didpxeln oyeddv Ohnc tne dradixo-
oloc. H wph ebvon xi = 1.17. Amoxhioewc ané avtiv ) otadepr T eppavilovion pévo oty apynf e
draduxactac xar oto hog e, 6nov emTUYYdvVETAL TO cLUTUXVLUA. H prnAé meptoyx) elvar o xdpos @dong
TOU GUUTIUXVOUATOC, OTWE TEoXUTTEL and TN oxéorn 1.18 yia v mepintwon evdc appovixod duvaixo.

e Yone ue e€dtwon. Iloapdporo otadepdtnta e € Qaiveton va tinel évo ueydho mocod
OV TEWORdTWY SV opddwy[TA[7T5][76][89]. Tnv nepintwon pog, auth n otadepdtnTa
nopafBidletar pévo oty apyY| Tng e€dTUlong, OTou QalveTal Vo eival MySTERO ATOTEAEGHATIXY,
XL 07O TENOG TG, AXEIBMEC XATA TNV EUPAVIOT] TOU CURTUXVOUITOS.

H avoppovixdtnta tng nayidag AT T SIAeXELL TOV SLAdIXACIOY PORpTw»-
ong, ocuunicong xol eEdTUIONS.

Agot meprypddope v AN Sradixacio Tng poryvnuixig mayideuong xou tng Poing pe €€4-
Tiom, efvar onuavtixd va diepeuvniel 1 ouuneptpopd tne mayidag IIT xatd tn Sdpxeia Tng
Aertoupylog avtiotolytong, g oupnicong xa tng e€dtpione. ‘Onwg avagépdnxe oto xepd-
Aouo mou meplypdpet Yewpntixd tny moryida IIT, elvon 1 oyetind Tiwr) Tou ehdylotou tou nediov
o€ OYEaN UE TNV XIVNTIXY EVEQYELX TWV ATOPGY Tou xodopllel edv autd avtilopBdvovtal pla
Yoopuxh tayido oty axtvixh xatedduven ¥ appovix 6vn (Bhéne tnv edva 2.7 xou T oyé-
on 2.26). Tw kT << pupBy 10 duvauixd eivor apgovixd, eved yio kT >> upBy yivetat
YEUUUXO.

T10 oyfpa 35 RapouctdlovUe o TEpUATIXG pag dedopéva Yo tny topduetpo kpT'/upBy.
X Aertoupyla avTiotolylong, 1 may o CUUTERLPEPETAL WC UpUOVIXT] CUUGOVA UE TNV YewEr-
i tedPhedr 6Tt tpoxetuévou va emteuy el 1 xoahltepn opTwoN TG nay{dag amorTelTon Wi
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Syfue 2.9: (a) T kT << pupBo to dtopa cuyxevip®vovtal 610 xdtw pépoc tne HI-nay{dac xou wcdd-
vovtar éva appovixd duvauxd. (B) T kT >> ppBo, ta dtopa €youy yevixd petaxwvndel paxpid and to
x€vtpo g maryidog xon amoxadiototan ) yeouuxy e€detnon e mayldac.

appovixn mayido pe tic ouyvotntee e MOT. Metd t Aettoupyia avtiotolynong, 1 ouunicon
e mayidag ye Ty exdetiny| yelwon tou By odnyel o wo ypouuixt| noyida, n ool yiveto
6ho xan "o ypopux’, xadde 1 cupnieon ouveyiletar, ue v udmibdtepn tur tov kp1'/up By
07O TAHPWS CUPTLECUEVO VEQOS, ondTe axplBwg apyilel xu 1 e&dtmion. Amo tny dhhn, xotd T
didpxetor TN e€dTUiong, To eAdytoTo By dlatnpeiton ot wa otadepr Ty, eved 1 Yepuoxpaocio
UELDVETOL, UE amOTENEOHA Wiol txplTepn) Tiuh e napopétpov kT /upBy. To cuuninvepa
epgaviletan nédvta oe pio appovixt| moryido.
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Data from 140715_1149_55 to 140715 _1248 12

n

A
|

Compression
Evaporation
Condensatio

2 4 H 8 11} 12

Experiment time [s] -

kBT /nupBy xatd tn Sidpxeto g hertoupylag avtioTtolytong, e ovunieons xat g
e€dtpong uéypt va emtevydel 1o ouuntxvepe. H noyido nafpver v o ypouuixy| wopey
g 6Tay TEAEt®VeL 1) oupmieon xou Eexwvdel 1) e€dton. And tnv dhhn TAgupd, lvon apuovixn
xtd TNV €vopén TNS AElToupyidg avTioToltoNg Xat 0T0 TEAOC NG ECUTUIONG.
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Kegpdiowo 3

XaApAXTNELOUOS TOU VEQPOUSG XAl
TWY TEYVIXW®V AVIYVEVCNS TOU

210 mponYolUEVO XEQAAaio TEpLYpdpnxe 1 dadxacio UE TNV omola TEMXE TAPGYOUPE TO
ovpmuxveuata Bose-Einstein. Ytpégoupe topa Ty mpocoyn wag mpog Ty avahuoTn autay
TWV CLUUTUXVEPRATOY. Auth 1 Sldixactio utohoytopol unopel va diatpedel o 800 oTddIL GTNY
ATELXOVIOT] TOU VEQOUS X TNV EEAYWYT) TV ATOTEAEOUITWY PEGL eVOS XatdAAnlou fit otny
ATELXOVION,).

I To mpdTo 6TAdIO TG AnedVIoNS, BrapopeTixéc TexVixég €xouv TpoTadel, Gheg amd Tig
oTolEC €YOUY WS XOWVO TNV EPUPUOYT s BEoung Aelep oTo Vepuind VEQOS 1 TO GUUTIXVWUL
XOU TNV TOPATHENOY TOU GOTOC YETE TNV oAAnAenidpact Tou ue to dtopa. H amewxdvion pe
anopeoYNoT, 1) anewovion pe ploploud, 1 dark-ground aneixédvion ot 1 phase-contrast onet-
x6vioT etval ot To xovég TeVIxéS. X Oheg avtég Tig TeyVixée, 1 duco eZoydeioa TAnpogopla
elvoll 7] ATOIXT] TUXVOTNTA TOU VEQOUG. Xta mAalota authg tne Véong, Yo emxevipwlolue oty
TEYVIXT| OTEIXGVIONC AToREOPNONS, dedouévou 6Tl autt| elvon Tou yenotponoteitor ota telpd-
HOITOL OLG.

Mot ye v texVIxn Tou €xel eMAEYEL Yia TNV AMEXOVIOT), TRETEL XaVElS vor emAECeL T
oTypn, xotd v omofo Yo epgovioVel auth 1 exdva. Trdpyouv 800 diagopeTinéc mpooeyyi-
o€lg o€ Ut TO TPOBANUA oL €youy yenatponomlel ot epyaocthpta: 1 pedodog to in-situ xou
7 uédodoc time-of-flight (ToF). Xtnv mpdtn nepintwomn, potoypapilovye Ty xatavops| Tne
TUXVOTNTOG TOU VEQOUS OTNV Tayldd, EVE OTNV TEAELTALY, AQPOU TEWTA £YEL APEVE! VO EXTO-
vodel otov eheliepo Tpdno. H teyvind Tng aneoviong Ye anoppd@non Yiol 10 GUUTHXVOUA
DOUAEVEL 0WOTA WOVO UETA T EAEVUERT EMEXTACT) TOU VEQOUS, XA, WG EX TOUTOV, OE AUTO TO
xepdhato pag evdiagépet 1 pédodog ToF.

Teeic Baoueol Aoyol odynoay otny eTAOYY AUTAS TNE TEOCEYYLIONS XAl TNV ENEXTACT] TOU
vépoug Tpv MdPer yopa 1 anexovion. Kat’ apydg, 10 vEQOg xai To ouUTHXVWUA HTOpoUY Vo
yivouv wixpdtepa oe OYx0 and 10 OplO TNG OTTUXASC AVAALCTS, XATL TOU xooTd EUXOAY TNV
eoaAUéV cpunveia Twv anoteheoudtony. Aeltepoy, N OTapdn TUXVOY VEPWY UTOREL Vo 0d1-
YHOEL OTNV EPPAVION) KEGTIAOUOVY, XAUTd TOV 0Tol0 TO TpoyUaTiXd €pog Tou Belx Ty diddhaong
yivetar 1660 onuavtixd 660 1 anoppdenon. Auty 1 enidpaocy eotiaouol unopel va odnynoet
O GUOTNPATIXG TQANLATA XUTH TOV TPOGDIOPtoWd Tou apituol) TwyV cuuaTdiwyY ¥ To uéyedog
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Tou végoug. Tpitov, dedouévou 611 1) UETABOGT TOU PwTOE YeLwvETU EXVETING UE TNV ATOUIXY
TUXVOTTA, Yol €val TuxVO VEQOGS, OTwe exelvo otny mayida, 1 oxid (tou expetodlevdpoote
OTNV TEYVIXY, ATEXOVIONG PE amoppdgnon 6nwe Va dolue otn ouvéyewa), Yo eivon eVIEADS
podpn ydvovtag €Tol TIC BIAQOPES TOCOTIXEC TATPOQOpleg. XENOILOTOIOVTAS TNV TEYVIXY
ToF, urnopel xavelc va tpocdlopioet 10 cuPTIAVOUA And TNV AVICOTPOTIXY| TOU ETEXTACT, XA,
¢ X TOUTOU, 1) TEYVIXY| AUTH DEV amayopelel TNV TORAUTAENOT TOU CUUTUXVOUITOS, OTwe Yo
ou{nThoovPE oTNY ENOUEVY eVOTNTA. {20TO00, 1) TEYVIXT AUTH TUEOVCLALEL OPLOUEVO UELOVE-
XTAPOTA TOU TEETEL VoL EYOUME XAUTd Vou: onotadfrote xaduotépnom o1o xhelowo tng moyidog
TpWV and TNV EVapln) TN EXTOVWOTC Unopel Vo 0dnyNoel oe anpdBAentes cuuneplpopes eCaut-
Tilog Tou €pyou Tou TupdyeTor XoTd TNV enéxtaoy, Tou acplou. H aduvapla g pwToypdpiong
TOMAITAGDY EIXGVEY TOU (BloU VEQOUS Elivan Vot GAAO UEIOVEXTTUO TTOU TEOGVETEL AVUTOPEUXTA
XeovoxaducTERNOT OTA TELRAUOTY HoC.

Metd tn Mm TN €x6Vag ol TNV ONELXOVIOY) TN XATAVOUNG TUXVOTNTAS TOU VEQOUG,
npénet xavels va e€dyel aflOTIOTA AMOTEAECUATA Yiol TIC EVOIAPEPOUEVES TOOOTNTES, OTWC
10 wéyedog, 10 oyfua, 1 Vepuoxpacion Tou VEQoug, 0 apluog TWV ATOUWY XAt Autd Ta
anotehéopota eivon ETITUYY, HOVO oV xdmolog tpoceyyioel To VEpog ue €va fit nou poldlel pe
TNV TROYUATIXT, Lop@r) TNg xatavophc tou. [o to Aéyo autd, mpodto oulnTdue, 6Ny ENOUEVN
EVOTNTA, TO OYNUA TOU VEQOUS 0T BLdpopa oTddia Tng dradixaciug uéypet va tdoet oo BEC
XOU TNV XATOYOUT TUXVOTHTAS TOU oT1) Vewplor xou 011 GUVEYELL TEQLYPdPOUUE TIC TEYVIXES
TIOU YENOLWOTOLOUYTOL Yo TNV OMEXOVION XAl TNV TALAYWYT| TV UATOTEAECUATWY.

3.1 Koatavoun nuxvotntag Tou vEpoug xod” OAmn Tr Olo-
owcacion yio TNV eniteLEn TOU CUUTUXVOUATOS

3.1.1 IIpogih tuxvotntag oty MOT

Yo tpnua 2.2.1 draxplvaye 8%o neptoyég Aertovpytag g MOT ue Sragopetin CUPTERLPOPA,
NV teptoy Y| Teploplouévng Yeppoxpaciag xat TV TERLOY T TOAAATAGY oxeddocwy. Ot 800 autég
neployég yapaxtnelilovTon and BlapopeTiXT EEATNOT TNE TUXVOTN TS Otd TOV dptld ATOUMY
xou T Veppoxpaoio. Xto (B0 tuiua, utoloyioaue TNy TuxVOTHTA 0TO *€VTRO TN Tayidog
vt Tic 800 meptoyée, (dnwe divovtar and Tic oyéoec 2.13 xar 2.16 avtiotoya). Xe autd To
TUAPO EVOLAPEPOUACTE YA TOV TPOTO TOU TO ATOUN XATAVEUNUEVA 6TO Ywpeo. I'a 10 Adyo
auto, mpoxeévou vo diatnendel wa amhoTnTa ywelc va yolel nemogy e To TELRUUOTIXS
ATOTEAECUATA, XAVOUUE T1V ATUQUUTNTH UTOVEST): TO TUYIOELUEVO VEQPOS AMOTEAE(TOL OO TNV
xhaoixd dropa. Aut elvar wa Aoy unddeor, dedopévou 6Tl 1 Vepuoxpacion xod "ohn T
otadxaota tng MOT eivar uhnhn oe ohyxpion pe excivy 6mou o xPavtind garvoueva apyilouvy
VoL avodUoVTaL.

IMo onolodhnote 106TPONO VEPOS UE TAVUOTY TACEWV TOU ATOTEAEITAUL AMOXAEICTIXY ATO
xavovixée tdoeic P, and v egapuoyr tne Kivnmuxd Yewpla, woyber n egioworn [82]

VP(r) = Fit(r)n(r) (3.1)

ES&, Fiot(r) etvon 1 ouvohur Svopn mou acxeitar oe €va dTopo Tou VEQPOUC TuxvOTNTIS N
Tou Beloxeton oty Véom 1 (o710 €€hc, 1 elvon 1 Véon ot onowadrrote and 1i¢ xUpteg xateLIOVOELC
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{z,y,2,p}). Qc ex tolTOUL, N TapATdVL eZlowon eivar £yxupt, ETiong, OTNY TERITTWOT TOU
vépoug oty MOT. 'Evog edxohog tpémog Yo va e€nyniel 1 eyxupdtnta Tng mopandve oyéong
ebvor 1) oxdhouvdn: Mia Srotaporyhévn xatavous| Tou végoug, ywel va éyet emteuy Vel ioopponia,
TeptypdpeTon and Ypdvo-eEapTOUEVES TOoGTNTES, Onwe 1) Vepuoxpaoia T'(t) = Ty + dT'(t), n
ruxvétnta n(t) = ng + In(t) xou 7 toydtnTa TV atdpwy v(t) = vy + dv(t) (pe vo = 0).

Xpnowonoidvtag ta anoteréopoto tou [83], unopel xaveic va Ppet yio Tic SlaxLUAVeELS TNG
Toy 0TS
0dv(t
mng 815( ) _ —[VP(r) — Fiot(r)n(r)] (3.2)

Ytnyv wopponia, 1 8e€id mheupd tng edlowaong 3.2 mpénet vo eivon UndEV, xot w¢ EX TOUTOU,
ppdvouyue oty ekiowon 3.1.

H e&lowomn autr ynopel va a&tonomdel yio va Bpevel 1 yweixt, xatavour, tou végoug. Ta
™V eptoy’) ¢ teploplopévng Yeppoxpaciag, To dTopo Eival OUCIACTIXG YN-AAATAETIBPWVTA,
n povY dUvaun mou evepyel ot autd ebvar 1 Fyor, onwg Peédnxe oty 2.11, xou 1 unddeon
evoe Bavixol aeplov (BAéne v ellowon 2.54) dive:

VP(r) = kg[T(r)Vn(r) + n(r)VT(r)] = n(r)Fmor(r) (3.3)
Edv n deppoxpacio etvon otadep; oto yopo, T(r) = T, unopel xavels va ypder tehind
kgTVn(r) = —kn(r)r (3.4)
Advovtag Ty mapandve TeoTng TAENS drapopixnt| eElowo), ToupvoupE
ny(r) = noef'”Q/%BT (3.5)

we ng doopevo amd TNy egiowon 2.13. Auty eivon wo ogoupx I'caouciovh xatavour, pe
mhdtoc Ar = /2kgT/k.

Méyper todpa, vnodétaue ot 1 otadepd tou ehatnpiou, K, eivon 1 (Bl Tpog dAeC Tig xo-
teudivoelg. H unddeon autr pog divel éva opoupind vEQog. 3Ta TEWRAUATE Wag, 1) XAloT Tou
nediou elvon 800 @opéc peyohitepn xatd uhixoc tou dZova y (o onoiog elvon xddetoc mpog
o peydha loffe mnvio ntou ypnowonowiviar yia ty MOT) o obyxpion pe v xhior otic
GAheg xatevdivoeic. §2¢ ex ToUTOU, N oQAUEIXT, CUPHETEIO TOU VEQOUS TAEOV eV evon oAT-
Ve, H EMheroetdric elvan o xahtepn mpocéyyion Yia T0 oy Ao ToU VEQOUS YE anoxhioeig
Az = Az # Ay. Tlop 'oha autd, 1 dSopopd PETUED AUTWY TwV UeYEVOY dev eivon 1660
onuavTix xon uropel xavels va utodéael Eva apouptnd VEQoc.

And tnv dAAY, 0Ty TERLOY Y| TOMMATAGY OXEBACEWY, Ot TEOGUETES BUVAPELS TOU UVAdDOYTHL
Fp xau Fy, 6nwg divoviar and Tic e€lowoeig 2.14 xon 2.15 avtiotoya, xdvouv Tny xotdotaom
mo nepinmhoxn. e authy TNV meptoyt), To Vepuxd vépog dev unopel mhéov va Yewpnlel ot
ebvor 18avixd xan, we ex to0Tou, wa elowon tapdpota we Ty 3.3 nadel va oy det. Qotdoo,
umopolue vo unovécouue 6Tt 1 I'caouciavh npocéyyion Yo TNV XATAVOUT| TNG TUXVOTN TS
e€axohouiel va eivon €yxupn. H npocéyyion avty ogeiletan xotd x0pto AGYO 0TA TELRUPATIXG
o dedopéva, oto omola o I'vaouaiavy) xatavous| gaivetar idtaitepa ETTUYAS OTNV TEQLYEAUQPT
NG TEAYRATIXAC xatavouric Tou VEpoue (Bhére oyfjua 3.3).

Kkr?
2kpT

} (3.6)

Nims (1) = npexp{—
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[ 16.38 mm |

Syhua 3.1: (0) To opopind oyhua tne 1010

OD and fit along X , , ’ /

o =y atouwyv MOT omwe )\oc,uﬁocveroa. ue ™ xer-

s o / b1 oN TN TEXVXNC OMEXOVIONG UE AMOPEOQN-
©.10 ;i \\\ (b) on xou ) pédodo time-of-flight nou nept-

0.05

0.00
0.0 E=

%[ 16.38 mm]

0D and fit along ¥

Yedpovtan otny enduevn evétnrta. Ed® o-
newoviletan o eninedo z —y. (B) (y) H
I'xaouotavh Tpocéyylon TS xoTtavounc mu-
(VOTNTOG OTIC T X Y dreudivoels elvan UdA-
AOV ETUTUYAC YO TNV TEPLYEAPY] TNS TEOY-

o0 e patede xotavopns. To onuelo pe madlo

zi:_ '!,.-'/ % (© owrmpf)ownsl')ouy ™ nupci(pomxdc pstp,m()év-

e ¥ \ T, EVO 1) CLVEXNAC YPUUUT AVTIOTOLYXEL GTNY

o § T'xaovotavy npocéyyion. Ta A&ty auToOY

005t v enextetapévey Inaovotavdy eivan oye-
¥ [ 15.47 mm]

06v 16mm. tToe = 12.5ms

6Tou N €lval ) YEYIOTY TUXVOTNTA OTwg oTNy e€lowon xou K o fitting nopduetpog.

Y1 ovpmieopévny MOT, olugwva ye ) Yewpla, auidvoupe tny xAion tou goryvnuixol
Tedlou %At TV amocuVTOVIoWO Ty Aélgp oe oyéon Ye TNV cuyvotnTa cuvioviopol. Tmo
v npobndleoy OTL 0 amOGUVTOVIOWOS YIVETUL OPXET UEYHAOC X, TAUTOYEOVA, 1) XAion
aUEAVEL OE Wi ETOEAWS LVYNAR T, TO GUUTIECUEVO VEQOC Blatnpeel Ty I'xaouctavn xatavoun
yioo TRV Tty 0TNTE Tou, OTWS PTOPOUUE Vo SWIMIOTOCOUYE and To AmoTEAéoUAT 0TO [84].
H ab&non tng xhong odnyel oe avtiotoyn adénon e otavepds ehatnpiov tng MOT xou
TNV EIXOVIXT, GUYVOTHTA TOU, 1) oTtold, UE TN OElpd NG, €xEl WS AmOTEAECUA T1) UElWoT) TOU
mhdtoug tou I'vaouaiavol vepous. Aebougevou 6Tl 0 aprlds TRV ATOUWY TUPUUEVEL GYEDOY
otavepde, 1 I'vaousciavy mou yoapoxtneiler TNy xatavour) TuxvOTHTAS YIVETOL TO amdToUn e
peyohtepn HEYLOTY THLY), Tpoxetpévou va datneniel otadepd 1o euadov mou divel Tov apriud
TWV ATOUWY GTO YRAGNUA TNG XATAVOURE TUXVOTNTOC WS Teog 11 ¥éon Tov atéuny. Auth 1y
Stathpnom tou oyfpatos e xatavouic dev etvan autovémty. ‘Onwe e&nyeitar, tdAL, oto [84],
Y10l lixpolg amocuUYTOVIoUoUS 1 yia puxey) ab&nom oTny xAlor), UTOpOVUE VA TOQUTNPNCOUUE Un-
XAVOVIXOTNTES OTNY XoTavoun, 1 onola madet va ebvar I'xaovotovy), eved o aptudc Twv atdpey
elvol onUaVTIXG UEtwUEVOS. And Ty dAAT), Yiot uPnhotepeg xhioelg, Eval BLdyUTO VEGOS ATOUWY
gaiveton 61t mepBdiiet ta ateva I'xaouoiavd xoataveunuéva dtopa. Qotdéco, oty U,
HELOVOUPE TNV xAlom Tou poryyntixol medlou. Kdtt tétolo elvor plar metpadatiny] and@aoy mou
odnyel ot éva xaAOTEPA CUUTIECUEVD VEQOC. Tal TEWRGUaTA wog, 1 I'vaoustavy xatovops| tng
ovpmieopévne MOT gaiveton vo Srotnpettar.

3.1.2 Ilpogih muxvotntac otnv III poyvntixn noyida

Ly evétnta auti), Yo Siepeuvniel 1 xatavou) Tng TuxvoTyTog Tou Yepminol vEPoug xadog
efvar teptoptopévo otny I payvntnd mayida (xatd tn ddpxela e pdptwone tne nayidoc,
e adtafotixhc oupnieons tou vépoug xou TN eEdToNG).

Aladixacia Avtictolytong. Kotd ) Sidpxeia g gpdptwong tng wayvntixie noryidog,

70 Veppxnd VEQOC yapoxtnpileton and wio oyetixd unAf Veppoxpacia, £Tol wote o xPavtixd
patvouEevaL var pmopoly va ayvontoly. Me dhha Adyta, uropolue va untodécouue €va xhaoixd
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TorytdeLUévo VEgog. Xto mhaiolo autd xon e TNV mpdodety npobndleor 6Tl To VEQoOg eivon
Bovixd, 1 xatavoun e evépyetas f(€) tou agplou neptypdgpeton and Ty xatavour Boltzmann

f(e) = noAe</FsT (3.7)

X0 1) XOUTAYOUT] TOU YWEOL TWV QACEWS Efval

£0:9) = [ def (31U () +57/2m — € (5)
Me avuxatdotaon tng e&lowong 3.7 oty e€iowon 3.8 naipvouue

f(r,p) = nOA%e—(U(T-)+p2/2m)/kBT (3.9)

XL OMOXANEWVOVTAS TTAVE OTOV YOEO TNG 0pUNG TOPVOUUE TNV XATAVOUT] TUXVOTNTAS
n(r) = nge Y r)/ksT (3.10)
And my elowon 3.14 unopolue Vo GUUTERAVOUNE OTL TO YWELXO TROYIA TOU VEQOUS €-
Eaptdton amd T wopy Tou duvauxol mayldevong. ¢ ex TolTou, N Aetrtoupyio avtioTolylong
efvar Buvatd vo emiteuyVel pe T owoth exthoyT tou duvouxol U(r). Hpoxewévou va em-

tevydel 1 avuioTolylon, 10 vépog mou €yel tonodetniel oty maryida Yo mpénel va BaTneRoe
Vv yxaouotavh xoatavous| tou elye oty MOT (w600 oty opuf oo xou tn Véomn). 'Eva

appovixd duvaguxd U(r) = tmw?r? npoogéper auth v xomavous, e mhdtog Ar = Mi’fﬁ,.
Autég ebvan évag emniéov Aoyog mou 1) moryida mpémel va efvar aplovixy xatd TV @épTwo
Tou aegplov. AV mopatnENCOUUE TNV EXOVA 33, UmopolUE va unootnpifoune 6TL, mpdyuaTt,
xotd T Bidpxeta TG Aettoupyiag avTioTolyiong, To duvopixd Tng mayidag eivon appovixd. (g
£x TOUTOU, 1) XUTOUVOUY| TUXVOTNTAS TOU VEQPOUS TROCEYYILETOL EMTUYWS ATO ULl YXAOUCLAVY
cuUVAETNOT.

AdwaBatixn cvprnieorn. ‘Onwg xa oty ovunicon tng MOT, cupmiéCovtog adaBatind 1
noyido Sratnpel To yxaouslavé Tpo@Lh Tne xatavouns tuxvotntac. To nelpapatind anotehé-
OUOTA UTOPOYY VoL Qavoly ato oyfipa 3.2. 01600, T0 oYedoY opupixd oy fud Tou odNYEel oE
wat LooTpoTuxt| xatavour) o Ohec Tic xatevdivoeic ahhdler ot €va CUUTIECUEVO TPOC 1) uia
xatebuvon oy, Autd ogethetar 0T0 YEYOVOS OTL xaTd TN Bidpxela TS adlaPatixhc cuuni-
eomg, 1 axtvixf cuyvotnta (6nwe oty edicwon 2.28) yivetar pia t8Ey ueyédoug ueyahitepn
and TN ouYVOTHTA Xatd TNV afovixt] xatedduvor, divovtag wa loyupdtepn nayidevor oe ou-
™y Ty xatedduvon. ¢ anoTéheoya, YXAOUOLAVES XATAVOUES BLaQOPETIX0) TAATOUC TpEnEL
va utotetnUoly yia TNy afovixr, ot TNV oaxTvixy) SleduvoT), doTE var TuptdlEL 1 XUTUVOUT,
TOU VEQOUC UE OWOTH TPOTO.

EZdtpion. Xty nponyoluevn oulhtnomn yia Ty xatavour tuxvétntag oty MOT, xatd
™ didpxeia g popTwone g moryidag IIT xar xatd n didpxeia g adBotinic cupnicorng,
YENOWOTOHOUUE o XAAUOLXTY] TEOCEYYLOoN Yiol TNV Tayideuuévo aépto, 1 omola elvon €yxupn,
oedouévou 6Tl 1 Veppoxpacia mapauéver oe TOAD LYMAGTEPES TWEG and TV xplown. Xe
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avtideon, xatd t Sdpxeta e eZatmotixig POEng, 1o végog apyilel ue oyetxd vmiég
Uepuoxpaocieg mou Afyel oe pal Teploy”] 6mou tal xPaviind pouvoueva xuptapyolv. g ex
TOUTOU, TPEMEL VoL YERLOTOVUE TO 0épto oTNY may(da Ue BiopopeTixd TpoTO, TEOXEWUEVOL VA
UTOMOY{COUUE TNV XATAVOPT] TNG TUXVOTNTAS TOV.

And xBavtopnyoavixhc oxomids, 1 TUXVOTHTA TWV UN-0AANAETOpOVTLY unoloviwy eival

n(r) = z:fz‘l@(?“)l2 (3.11)

omou f; ebvan o aprdude xatdindme e xaTdoTaoNS ¢ TNS OTolug 1) XUMATOOLVAPTNOY auuSo-
AMeton pe ¢;. TMap’oha autd, Yo eyxatadeihoupe authy TNV axpiBh oyéon yio TNy TUXVOTNTA
xou Yo utoBeTAcoLUE piat NU-xhaox | Teocéyyion, 1 onola oy Vel Yia To Vepuixd véQog 6Tny
oy (0o Tou anoteheitan and ATOUA OTIC DIEYEQUEVES XATACTHOELS, DESOUEVOU OTL TOL WXy XU~
TO¢ TOUC Elvan pxpd o€ olbyxplom Ue TNV xAlwaxo urixoug enl Tng onolag To Suvopixd Stapépet
onpavTixd. Xto mAaioto authg Tng Tpocéyyiong, elpacte ot V€om Vo YENOILOTO|COVUE [Ld
nw-xAaoxt| ouvdptnon xatavophc f(r,p), n onofa yio to wépio Bose hayfdver ) popen

1
elep—m/kT _ |

f(r,p) = (3.12)
ue Tic evépyeée €, = p2/2m + U(r) (U(r) 1o duvopxd mayidevonc). Autd 1 ouvdptnon
xatavophc optletar xatd téT0t0 1610, BoTE 6TO YOPo @lone 1 f(r, p)dpdr/(2wh)? va etvar
o uéoog aprdude Twv atéuwy o éva 6yxo dpdr pe 1o xévtpo (p, 7).

Y1y npocéyylon auTy, 1 TUXVOTNTA TOU VEQOUS Uropel va Ypuptel wg

 dp > dp 1
)= [ st ) = [ e (3.13)

Me tnv eloaywyh tov petohntov @ = p?/2mkpT xo z = exp[(n — U(r))/ksT) Bploxe:
xaveic [20]

2 ©  dgxt/? 1
%mmzﬁﬁézﬂﬁﬂzﬁww> (3.14)
UE g3/2 = D np ni—r/LQ ™ ouvdptnon Bose. H cuvdptnomn auth elodyet 11 cuvéneieg tng xBav-
g OTATIOTIXAS oTNY atavour Tng Tuxvotntog. Ilapaxakeiote va onpeidoete ot 1 e€lowon
3.14 Sev howPBaver unodn TNy Yegehwdn xatdotacy Tou cuoThuatog. Auth 1 npocéyyion
elvon amoéhuto dixotohoyuévr wovo oe uPnhotepes Yeppoxpacieg 6mou ta dropa Peloxovro
oc mohhd emineda evépyelag. Amb TNV GhAn TAELpd, oTNY TERINTOON NG VeUEADODOUS %o
TAOTACNG, O YWELXES DlaxuPAVOEL elvol cuyxplolues YE exelveg Tou duvauixol tTng mayidag,
xeNOTOVTAG AUTAY TNHY NU-xhaoix| Tpocéyyion dxupn. Qo1do0, dev mpénel vo avnouyolue
Y10 TOV BLoy wELoWd ouTod, apoy LIS EVOLUPEREL LOVO 1) XUTAVOUY| TNE TUXVOTNTAS TOU YepULXoU
vEéQoug otV may B xt &yt To SUUTONVOU 6TNY YeUEA®DdN XATAoTAGT,

Méypt ta teheutaior otddia tne eatutotaig PUEng, To yMuxd duvauixd eivon YeYdho
xou apynTixd () n Yepuoxpacia oyetinde vymin), xi étot pnopel xaveic va mpooeyyioet Ty
TUXYOTNTA AN TNV TEWTNG TAENE TEOCEYYIoT TN ouvdptnong Bose

1 1 e
Nyoryev (1) = A—%z = A—%e(“ U(r)/ksT (3.15)
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Avti 1 npooéyyior pag odnyel vautootnpiouue 6Tt Eva YXaoustavd TROGIA Yiol TNV XaTavoun
e muxvotnTag eaxoloviel va toylel. Xto oyfua 3.2 nopuxdte, Unopel xavel va del Ot
auTy| elvol 1) TERIMTWOY) 0T TELRAUOTA WLIC.

EyAue 3.2: (o) To ehhewntind oyfua evoc Yeppinol

VEQPOULC OTA TPWTAL 0TEBLAL TNE EEATULONG OTO T—Y E- OD and fit along X

ninedo, 6mwe hapfdveton e TN Xeron TNS TEXVIXNAG (a) 006 !_,"' "'~.___.

NG AMEXOVIONG UE ATOEPOPNON XAt TNG TEYVIXTG S o / '-.\! )
time-of-flight. Xtnv npaypatixdtnta, T0 VEQoc Tou oy P \, (b)
amewxoviletan €xel €vo oYU TRYOVITIC 0TS TEELS o ‘,,; .-\\.‘
dwotdoels, 6nwe Yo culntnidel oo enduevo TURUA. g o - e
(B)-(v) H yxaouowvi| npoceyyion e xatavopric OD:L:;:;! .
nuxvéTTac ot T xar y dievdivoei elvon udAhov Z 007 p— -

EMTUYNAC YIOL TNV TEPLYPAPY, TNS TEAYUATLXAC XOo- ey LN

tavopnc. o onuela pe modha avTinpoownelouy To — s __,’/ -\*"\, )
TELPOPATING LETENVEVTA, EVE 1] CUVEXNAS YEOUMUN oLv- Lk o },r" "‘!
notoyel otny I'xaovoiavh npocéyyion. Ta mAdtn il g o
ALTOV TV enexteTopévwy Iraovotavdy eivon oye- S *

d6v 6.5mm xou 7.5mm avtiotowyd. tres = 12.5ms

3.1.3 IlIpo@ih TUAVOTNTAUC GTO GUUTUXVLULOL

Trodétouye yio amhdTnTa 6TL o€ Undevixy| Yeppoxpacia GAa To dTOU TOU VEQOUG aVHXOUV
0710 oupmixvoud. Aedouévou 6Tt 0 apiudie TwY atdpmY ota Tetpduata g elvor peydhos (tng
téEewe v 109), elvar éyxupo v unodéoouvue 61t 0 cupnixvepe eivar oto épro Thomas-
Fermi. ‘Onwe avagépinxe oto xegdloto 1.1.3, o autny TNy TERLOYN UTOPEL Xdmol0¢ Vo
AYVONOEL TOV XVNTIXG 6p0 oTny e&iowon 1.24 xou vo odnynidet otny 1.25 yio tyv nuxvotnta
TOU GUUTUXVOUATOS, TNV ontola enavahaudvoute e8¢ yior AdYoug euxohiog

ncond(r) = ;[/14 - U(T)] (316)

LOpQwvo Ye To aVaAUTIXG ANOTEAEGUA TOU TEPLYpdpeTal otny elowar 2.27 to onolo melpo-
potixd etodndedetar 6To oyhua 53, 6Tay cupfaivel To GUUTOXVELPA, TO duvouxd elvar TOAD
appoviXo, To onola diveton and

a2

1
2 2
+ 1
2Bop 2[1]352 (3 7)

U(p,z) = upBo + 1B

Avtxadiotdviag 1o U ot oyéorn 3.16, Bploxer xaveic

1 ps ((@® 5 1,
ncond(pa Z) = 5(“ - MBBO) - ? <2BOI0 + iﬂz > (318)
O mapandve TOTOC AVTITPOCWTEVEL ULl AVECTRUUUEVT] ToRABORXY XATAVOUY TUXVOTNHTAS TOU
vépoug 1660 aTNY agovixh) 600 xou oty axTvix) xatedduvor. Ko otic 800 nepintdoeig, to
andtopo uéytoto toug éyet tny uuh (1 — uBo)/g. To ymuxd duvapixd unopei va exppaoctel
péoo amd Ty ouvihnn xoavovixonolnong yio Tov aprdud twv atouwy and v ediowon 1.9
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2/5
wc p = Mm (M> UE Wm TOV YEWUETEIXO UECO OpO TWV GLYVOTATWY TaY{dEUONS XaL

2 am
o h ]_/2 7 7 /. ’ T )\/ 1
am = [h/mwm]/? 10 yapuxtnplotixd uhixoc tou gpuovixol neptoptopot. To mhdtoc twv
, , _ 4dup a® _ 2uB
Tapaorwy etvoan W, = =5 By o W, = 7 B.

And v dhA, xovta atnv xplown Yeppoxpaoio xon xdtw and auTh, Td CUUTUXVWUEVIL
dropa ouvuTdpyouv e to Vepuxd vépog. Av xa dev umdpyetl xdnola Yewpntiny| epunvela,
elvol EVAOYO VU LOYURIGTOVYE OTL 1 TUXVOTNATA TN CUVUTOEENG UTOPEL VO TIEPLYPAQEL A plal
ditpomunyy (bimodal) cuvdptnor. Aueon evar 1 emhoyy) wag YxooLotovic XatavouRs Yio To
Vepuind VEQOS %o VoS TapdBoAx0) TEOGIA TUXVOTNTAS YIX TO CUUTOXVWUA

2.2 4w,

Not (1) = nthff%mw "t ne(l - %) (3.19)

Ne

1600 Yioo TNV afovixn} OG0 xat Yior THY axTivixy xatavour. Ed®, ng, xat ne elvon ol x0pugeg
QUTAY TV 500 XATAVOUDY. LTNV TEPINTOOT TOU 0 0pIUUOC TWV ATOUWY GTO GUUTOXVWUA Eiva
ouyxplolwog ue to Vepund droua, dedopévou OTL 1 napaBolxr xatavour eivan yeyakltepn and
TNV YXAOLGLOVY), TOTE Ne > Ny,

OD and fit along X
0.8
(@) I
eor [ SyAua 3.3: (o) To BEC oo  — y
TmageOD ] PN ~ ,
= 04 i (b)  eninedo. (B)-(y) H ditpornn mpooéy-
02 ’ % YNoN Yl TO TELPOUATIXG Oedopéval.
= |- TR, S, Mt yxaouclovy) cuvdetnomn yenot-
3 i x[1.56 ma] ponoteitar yior T0 Yepuixnd VEPOC xan
= OD and it along ¥ @i TopoBoAR yia to cupTdxvwue. H
o f %x0pLEN NG ToPABOAAC efvor ueyahd-
g ||| TEEY AMO TNC YXAOUGLOVAC, 1N OTolo
ETy— 04 Tl 1 () eugaviletor we yia ovpd otV xato-
) [ 4 _
i 15 vou. ttor = 12.5ms.
W,
0.0 b __"_,?’ L PRRPT PR
¥ [ 1.69 mm]

3.2 Teyvixég yio TNV XATAYEAPY] AL TL LETENOELS

3.2.1 Teyvwxr Time of Flight (ToF)

LNy evoTnTo aUTY, TEELYPAPOUPE TOV TPOTO YE TOV OTOIOV TO VEPOC Xat TO GUUTOXVLUI
EXTOVOYOVTUL TEOXEEVOU VUL ATELXOVICOVUE TNV XUTAVOUT| TUXVOTYTAS TOUG Y PTCILOTOLOVTIG
v tey vt time-of-flight. To Yepuixd vépog xon 10 ouundxvwua cuurepLpépovTon e Evay
EVIEADS OLQOPETING TEOTO OTay aprivovion eAelVepa. 311 GUVEYELR, TEQLYPAPOUIE AUTES TIC

CUUTEPLPOPES.

'To nhdroc e ouvdptnone y = az? + bx + ¢ opiletor we W = 4|a| xon exqppdlet éva yétpo oL t6G0
TAoTLd auTh N TopaBoln etvon
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Extévwon tou Jepuixol végoug

‘Eva depuixd végog dtav 10 agrivoupe eheudepo va extovwiel yetd v nayideuot tou
oty may(da propel va epgavicer 800 BIUPOPETINEC GUUTEPLPORES OVAAOYOL PE TNV TUXVOTNTA
TOU. Xe YopnhEC TUXVOTNTES, Omou 1) uéom ehellepT) Bladpour| EVOS ATOUOU TPV GUYXEOVCTEL
we éva dhho yivetow peydin oe olyxpion pe o uéyelog Tou VEQOoug Xal, ¢ EX TOLTOU, Ot
oLUYXEOUOELS EIVAL OTAVIES, TO VEQOG BtaoTEMAETAL EAeVEpA. AUTY| 1) CUUTIEELPORA EIVAL YVWOTY
o¢ 1 Ekeddepn Extévoon. And tnyv dhhrn, oc unhéc nuxvotnteg ue wla uéon eheddepn
OLadpoUT) TWV ATOUWY xEOTERT antd 10 Y€yedog Tou VEPOUG, oL cuYXpolaEl; dladpapatilouy
onuavtixd péro. H oupnepipopd oe authiy v Teploy ) ovoudletar Tdpoduvauixr Extéveaon.
Y1y tehevtalo nepintwor), 1 Swdixacto uropel va Vewpeniel wg ioevipomxt|. Axohouddvtog
TO ETLYELRHLOTAL YLOL TNV LOEVTPOTUXY| GUPTEDT, oTNY evoTnTa 2.3.2, Teptué Vel xavelg 6TL uTdpyet
wa petworn tne Yeppoxpaciog xadde 0 Vépog dtaotéhhetar mou oyeTi{eTon Ye TNy TuXvOTHTA
t0u we T o n?/3. Tepoobrepec AemTOpPpElec OYETIXE UE AUTAY TN CUUTEPLPOPS. UTOPETE Vol
Bpeite oto [37].

Y10 unéhoino auThC NS EVOTNTUS Vo EMXEVIPOOOUNE TNV TEOCOYT R 0Ty dadixacia
e ehetlepng BlaoToMg ¥ pe dhha Aoyia TNV exTOVOOT VO Wavixol agplou. Aebopévou
6Tt T0 vfplo BraoTEAAeTaL eAe¥epa, DEV aoxELTal TAVL TOL Epyo, dnAadh 0W = 0. Eminkéoy,
N EXTOVODOTN YIVETOL YPHY0RA %ot GUVETMS BEV LUTdpYEL UeTapopd Vepudtntag mpog ¥ and To
vépog, Q) = 0. And tov mpwto vouo g Ocppoduvauinic, n ecwtepxt| evépyela dUiyg etvan
undevix) xou and v ediowon 2.55 npoxtintel dI' = 0. Q¢ ex tolT0U, N Yeppoxpacia Tou
VEQOUC XAt TNV Oldpxeta TG eAEulepnC eEXTOVWOTS Tapauever auetdfBintn. To moapamdve
elvor éva onuavTixd anotéleopa, dedouévou OTL 1 Vepuoxpacio Tou PeTpdTon Etvar 1 (Bl pe
QUTYH OTO TAYLOEUPEVO VEQPOS TIOU oG EVOLUPEQEL.

Ou e€dyOUUE TOPA TNV XATAVOUT TUXVOTNTAUS TOU EXTOVWUEVOU VEPOUG HETA Ypovixd did-
OTNUA LToF EXTOVOONG, OTAV 7] 0PY XY XATAVOUY TUXVOTNTAC TOU ToytdeUrévoy aepiou xou 1
oyt xatovouy Tne TayUTNTAS Tou elval Yvwotd. Ag¢ unodécouye 4Tt €va dTouo and To
végog Bploxeton ot Véom 1 axpBidg TNy oTiypn Lo xat 0Tt To GOVVEQO agrveTan Vo ETexTodel
pe toyvtnTa v. H taydtnta tou atduou Yo napayeivel otadepr, dedoyévou ott dev ato¥dveTon
xaio BOvan, eve xou 1 Yeppoxpacio Tou agpiou dev ahhdler. ‘Etot, olpguva ue v xhooixt
pnyevier, UETE and tror 1 Telxh Vo tou 1y Yo ebvon

rf =T+ vlToR (3:20)

Trdpyouv BLdpopol GuVBUACUOL TV dEYIXOY VECEWY XL TV TAYUTHTWY TOU 0dNYolV OE
Wl ouyxexpuévn tel) Véom, 1, yio éva dtopo YeTd and didotnua trop. H mavétnra
e0peang Tou atépou atn Véon auty elvan fon ye 1o dlpotopa 1wV THAVOTATOY OAWY AUTOV
TwV ouvduaouwy, N xadepia and T onoleg eivon 1o Yvépevo g miavoTnTuC Yiol TO dTOpO
va ebvar atn 9éomn r; TV Lo xon TV mdavoTnTo v €yl TayOTnTa v
[e. 9]
Pyrpstne) = [ P Aoy (3.21)

—00

6mou Py(r;) etvon 1 xotovops; TuxvoTnTag Tou nayiBeugévou VEQoug Ty ty xot fy, 1 xatavoun
e Ty UTNTAS TOU OV TOROPEVEL QUETABANTY) XaTtd 1 dLdpxeta TG SLoTOANS.
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'Etot, npoxeévou va Bpedel 1 tehin xotavous, Py, ogethouye va yvopilovue tic F; xau
fo- Tt v apy e xatavopr tuxvotntag, vnoVéoaue Aoyixd otny mpornyoluevn evotnta 3.1
wa I'eaovatavy xatavous|, 160 yia 1o vépog MOT dc0 xau yia exeivo atn pory vtixy) mary(da.
Ye o aguupeTiny| Hop@Y), UTOPOUUE Vo Yeddouue

1 2 2
Pi(r:)) = ,e_ri/ATz' 3.22
) = =5 (322)
we Ar; 1o tAdTog e xatavourc. Ot ToydTNTES TV ATOU®Y, 0TIV TERITTWOT TOU TO PUOIXS
agplo ebvan Wavixd, entong vroxotovy oe wa I'xaouaiav| xatavour|, TNV YVWOTH XATOVOUN
Maxwell-Boltzmann [11]:

3
m —mu
fo(v) = (W) 2pv2e w2k T (3.23)

1 onola oy lel TG00 Yid TO PETPO TN T UTNTUC OGO XoU YIol OTOLOONTOTE ANd To CLATATIXG
me. H avotépw oyéon elvar to anotéheopa tou H-Yewpruatog, Bacixol dewpruatog tng
otatioTixfc unyovixrc. To mhdtoc e xatavourc tne toybtntos etvan Av = /2kgT’/m.

IMo vo e€aylel 1 xoTAvoUr] TOU EXTOVOUEVOU VEQPOUG, UTOPE! XOVEIS Vo GUVOLAOEL TIg
eCiowoeig 3.20 xot 3.21 yio vor ypdiet

Pi(rs,tror) = / P;(r;) v( P >d7“Z (3.24)
O

H tedevtaio oyéon urnopel va Yewpnlel we n ouvéh&n e Pi(r;) pe vy ouvdptnon fu(ri/tror.
Ebvar yvwotd, yenotponotdvtag onotodfrote Biiio tne Ytatiotindc, 6Tt 1 cuveNEr S0 yxo-
OUGLAVOY CUVIPTACEMY EVOL (L0l YXAOUGLUYY GUVARTNOTY), UE TAATOC (00 UE TNV TETPAYWVLXT,
olZa Tou adpolopatoc TV TETPAYOYLY Tou TAGTOUS TN XalE ERPEPOUS YXAOUGIUVAC. 2.

2kpT
Ar = \/Arg WB; - (3.25)

Anéd v napamdve oyéar, Aapfavovioag unody T HEYAAN yeovix BidpxEld EXTOVROTS,

tToF > Wirap, 10 Péyedog Tou VEpoug umopel va mpooeyylotel wg Ar =~ L%T"

tToF %O
uno¥étovtag 6Tt 1 Veppoxpacia eivan 1 idia mpog Oheg TiC xateLYOVOELS, UTOPOVUE VU LOYLEL-
0TOUUE OTL TO 0€pto DIUCTEAAETAL LOOTPOTUXY UE CURHETEINY XATAVOUT, TUXVOTNTAS axXOUT %ot

oV TO ApYIxd OYNUA TOU VEQOUS EVOL AVIGOTEOTO.

Extévmor ToU CUUTUXVORATOS

Yo tphpa 1.1.3 neprypddope vy npocéyyior; Thomas-Fermi yia 1o ouundxvwua mov a-
YVOEL TNV AVATIXTH EVEQYELX TOU ATOUOU XUl QUTY 1) TPOCEYYLOT YENOWOTOAUNXE GTO TURUA
3.1 vy va TpoodloploTel 1 xatavopr, TuxvoTHTAS Tou cupmuxvepatos. ‘Otav to BEC agr-
vetar eAelVepo va extovewlel, 1 yevixy e&lowon Gross-Pitaevskii yivetoan eaptwuevy and o

2Ytny mpaypotixé T, XeNoulonoloUUe Wia mTheoy WI6TNTa, 6TL av f () eivon Uia YXAoUGIav GuUVEETRON
pe midtoc W, téte 1 ouvdptnon f(ax) ebvor enione yxaovstavh pe thdtoc W/a?.
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Xpovo xat wa avtiotoryn npocéyyion Thomas-Fermi dev unopel va egapuootel, dedouyévou
OTL 1 YETUBOAY) TOU TEDIOV TNG TAYIOEUOTC GTOV YPOVO UETUTEENEL T DUVIMIXT EVERYELX OF
xviToen, xahotwvtag adivato Ty teheutaia vo ayvonlel. Ilpoxeipévou va yehethioouue tov
TPOTO OTOV TO GUUTUXVWUN EXTOVOVETAL, axohovdolue 1o [80] xan wa xhaotxr tpocéyyiomn
ue unitary yetaoynuatiowd mov AOVEL T0 TEOBANUA TNG TAPUUEANONS TG XIVATIXAS EVEQYELXS.
Yopgova pe 1o HOVTELO auTo, To XAUE ATOYO TOU CUUTUXVOUNTOS avTihuBdveTon i
dUVaun
Feona(r,t) = =NV (U(r,t) + gncond(r, 1)) (3.26)
Tnéd v enldpoaor authc Tne dOVaUNS, TO VEPOS BLidvel Uil SlaoTOAY xot vl GTOUO, UETH TN
otyuh to mov agriveton ehediepo, axohoudel wa tpoytd oty j xatetduvon (§ = {1,2, 3} yix
TIC TPELC XAUTEVVOVOELC TOU Y OPOL)
rj(t) = N (t)r; (to) (3.27)
‘OAn 1 duvox Tne dlaotohfc Teptéyeton oty eEEMEN aUTWY TwY TopauéTewy. H nuxvétnta
TOU VEQOUC TN oTiyu t xadioTotan
1
)= —v /At t 3.28
ncond(r7 ) Al(t)AQ(t)Ai;(t)ncond({rﬂ/ ]}7 0) ( )
H nopandve oyéon yoc delyver Tt 10 ouunixvouo eivon topaBolixic pop@hc eCapTOUEVNS
and Tov yeévo. Avtixahotdviog tny d0voun and tny e&lowor 3.26 xat tn Véon and ty 3.27
070 vouo tou Nebtwva, GTavouue EMTEAOUS 0TI AUTO-OLVETELS BlaQopinés EELODOELS
A2\, wit) 2
= —wi(t)A; 3.29
W2 aany A (3.29)
[Ma v tepintwon pog evée Eagwixol xt okixol avoiypatog tne LI nayidac (dnov A\ =
Ao = X, xat A3 = A;) TNV tp, ot Tapandve Srapoptxés eEloWoELS YedpovTo
X, 1 D
dr? A3\, dr?  A2)\2

(3.30)

Ed6 oploope 7 = wyt xaw € = w, (1) /wy(to). Emhdovrag, uéypet xon deltepn téln, naipvoupe

M(7) = V1472
M. (1) = 14 [rarctant — l”(m]

To aspect ratio tou vépoug W,/W,, pe W 10 nhdtog ¢ mopafolixnc xatavourc, 6mwe
opiletan oTNy mponyolpevn nupdypapo 3.1, e€ehioostal clupwva pe

Wot) _ A0Wyte) _ Alt) 532

Wz (t) )‘z (t)WZ(tO) Az(t) .
Kdnotog unogel ebxoha va anodetel 6t 10 A, auidveton oe éva mohl) taydtepo puipd and o,
TLTO A, xa, €101, To TAATOC Xatd TNy oxTivixr] dieduvon yiveton ueyahitepo and excivo xatd
Vv agovixy. §1¢ anoTEAEoUA, TO dpy X6 oy fud To0EOL TOU VEQYOUS e € K 1 moupvel Yetd and
xdmolo ypbdvo daoTohNg éva oyfipa Tnyavitag. Auth n ouvuneptpopd eivon avtidetn and Ty
nepintwoT evog Yepuixot VEQOUS, To 0nolo PETA and ENUEXT| YPOVO ETEXTEVETAL IOOTPOTA OF
Oheg Tig xateudivoelg, xou pmopel va yenowonowmdel yioo Ty tautonoinoy tng Hnupdng Tou
OUUTUXVOUATOG.

(3.31)
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3.2.2 Teyvixn tng aneixdoviong UE Anoppo@ron

Metd v enéxtaon tou végoug péow tne dtadixactag time-of-flight, 6nwe neprypdpetar
TOQAUTEVE, 1) OTOlo UELDVEL TNV ATOULXT] TUXVOTNTU OE AmodeEXTE ENINEdA, 1 TEYVIXY TNC O-
TELXOVIONG UE ATOPPOYPNOTY) YENOILOTOLELTAL Yiol VO TROBAAEL TIC WIOTNTES TOU VEPOUE OE Wld
pwtoypapia. XpnoilonoudvTag THY ATEOVION UE ATOPEOYNOT, TUREYETOL ULl ASLOTLOTY Xo-
TOVOUT TUXVOTNTAC TOU VEQOUS oTic dvo and tic Ttpec (o xar z) xatevdivoewe. 'Eyovtag
OTELXOVIOUEVT TNV XoTavour] TuxvoTnTag, Btdopes Thnpogoplec unopolv va eZaydolv yia to
péyedog, 1o oyfpa, 1 Yepuoxpacia xat Tov aptipd aTORLY TOU BOYXWUEVOU VEQOUS Xl atd
aUTO TOL aPY K00 TOU XUPIS Lag EVBLUQEREL.

H Baowaq apyh g teyvinns authg Baciletar otny anoppdgnot TV GuTOVIKY Hog axTvag
Milep «(Béounc anewdvioney) N onola Beloxetar xovtd 6Tov GUVTOVIOUS UE TN LY VOTHTA
HETAPAOTC TV ATOUGY. AUTH 1 anoppd@non YIVETAL TO €VTOVY] OE TEQIOYES UE PEYUATERT)
TUXVOTNTO XU 1) EVIAOY) TNG DEGUNG UMELXOVIONGC UELWVETAL TEQIGOOTEQO GE AUTEC TIC MEPLOYES.
Q¢ ex ToUTOU, UE AUTY TNV TEYVIXY] UTopolUE Vo amEixovicouue Tn oxtd Tou végoug, 1 omola
UTOPEL VoL yenotuonotnUel Yiol TNV TPOCEYYIOT TN TROYHATIXAC XATAVOUNS TWV ATOUMY.

C
, | C
“'x..\ /4D

f | 2f | f—u

SyAuo 3.4 Tynuoatixd TERLYPAPT] TOU CUCTAULATOC ATEXOVLONG. XETOWOTOLE! £Va TNAEOKOTLO GE DLodpPwa
4f. H pnke déoun elvon 1 déoun aviyvevone mou Eexwvd and pa povotpomixy ontixy tva. O mpdtog @axdéc
gondlel v 8éoun avtd. H xéxxwvn etvon n axtiva dopiopod xan n mpdowvn 1 déoun anoppdbpnong mou
dnuolpyNinxe, uetd and tnv aAAnhenidpaon tng déounc aviyveuonc YE To dToya.

Ané tov vépo Lambert-Beer yia tnv anoppdgnon tne déoune and éva péoo [87], unopolue
va ypdthouue
I(z,2) = Ip(z, z)e"pnn(@3) (3.33)

6mou Iy etvan 1) apyixt| évraot ey and TNy anoppdenot, n(z, z) = [ dyn(x,y,z) xou op, N
Statoun TS AmoppdPNoTC PETOVIWY oL Yia Ypauuuwxh téhwon eivar [88]

7 3)\2 1

T 15 27 1+ (2A)T)? (3:34)

Tph

[a v vhomoinon authg tng Teyvixrg, ebvan avdyxn vo AouBdvovton Tpelg Sladoyixnég
eoveg. Mo @t Ye 1 déopn aviyveuong xou To vEpog, 1) omola divel o xatavouy| €viaong
Iops(z, ), wa Sedtepn wévo ue tny axtiva, ohhd agot 1o vépoc €yet anopaxpuviel, ue Eviaon
Lef(x, 2) xan o tehevtaion yoplc obte ) 0éoun, o0Te 10 VEQog Iyg(x, 2). 'Eyovtag petproet
QUTES TIC EVTAOEL], UTOPEL XAUVELS VO GUUTEPAVEL:

I(z,2) = Lops(, 2) — Ipg(x, 2)

In(x,2) = Lref(x,2) — Ipg(x, 2) (3:35)
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Kot pe yvwotée autég ot evtdoelg, unopel xaveic va oyedidoel 10 npopih muxvotnTag emhi-
ovtac tny e€lowon 3.33 we npog n(x, z).
In[I —In[I

Oph

3.3 Metprosig xo tpooeyyloelg

3.3.1 Elaywy?n Tou aptdpod TV aTtOp®y

Me oxond va unokoyicouye Tov aplud TwV ATOUWY XATA TN HETPOVUEVO GTABIO NG Olo-
dixaoiog, mpénel xavelc va xdver pio tpooéyyion (fit) otny exéva nou anetxoviletar pe Vv
TEYVIXY AMEXOVIONG UE amoppd@noy. Auth 1 npocéyyion Yo yiver hagfdvovtac unddn to
TpoQiA ToU UTOVECUUE Yia TO VEPUIXO XUl TO GUUTUXVWUEVO VEQOC.

IMao v tepintowon tou Yepuinol VEQoug, eVBEiXVUTAL ULl XAOUCLOVY TROGEYYLOT:

nen(x, 2) = Kgpexp [— (&)2 - (AZZ)Q] (3.37)

Yy nopandve, Ky etvar 1 u€ytotn ontixh TuXvOTNTA GTNY EXOVY SIUPEPEVT] PE Oph. Metd
NV Tpoc€Y Yo, 0 aptiudc TV atéuwy unopel e0xoha va utoloylotel and

Ny, = //dxdznth(x,z) =t KnAxzAz (3.38)

IMo Yy TepinTwor TOU CUUTUXVOUATOS, YA AVECTRUUUEVT TUPAB0AIXT| TPOCEYYIOT, Elval
TAEOV XATAANNAT)

N2 L \213/2
ncond(xaz) - Kcond |:1 - (E) - <E> :| (339)
Xt 0 opLIUOS TWV ATOUWY GTO GUUTHXNVWUA EVL
2
Neond = //dxdzncond(a:,z) = ngcondAasAz (3.40)

3.3.2 EZaywyr tng Yeppoxpaciog

[ tov unohoyoud tng Yepuoxpaciog, Yo enwpeAnloldye and Ti¢ oyEoelg 53 xou 33. Zovo-
YPAQOVTHS TEC €0

1

5mw§Am% = kpT,

Az = \/ Azd +
IMo v nepintworn e Yeppoxpaciag oty MOT, ot avetépw ediowoeig dev elvar xatdh-

Ankec yio tov unoloyioud tng. Kdmitétowo oupfaiver enedy| v ouvyvotnta nayidevong elvon
Gyvewotn xot €101 UTGRYOUY TEEC dyvewoTes UeTafhntéc oe bvo ediowoeg. o va Ppedet

(3.41)

2kpTy

2
tToF
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1 Yeppoxpaocia, propel xavelc vo axorovdioet évay and Toug 800 BLUPOPETIXOVE TAUPUXATE
TEOTOUG: ELTE XAVEL XATOIES TPOCEYYIOELS 1| avary®ALETol Vo EXTEAETEL TEQIGOOTERA Ao €Vl
TELRAUOITOL Y10l VOL XAVEL Uiol PETENOY. TNV Te®TN TepInTtwor, o cuvAlng TpdTog elivon va o-
PHOOVKE TO VEQOS Vo EXTOVWUEL Yol UEYAAT Bidpxeia tror. ‘Otav oupfaiver autd, 10 apyixnd
wéyedoc tou vépoug etvar TohD uixpdtepo and To TEMXO, Xt €10t To Yéyedog Axg unopel va
rapoerplet and ) dedtepn e&lowon otny 3.41. Téte, n Yeppoxpasia otny MOT unopel va
UTOAOYLOTEL:
mAz*t%,

2kp
It debtepn mepintwon, yia Tov unoloyloud tne Veppoxpaoioc otny MOT, tou tehixd
axohouolye, xdnotog unopel va et T dladixacia 500 Popég xat Vo utohoyioel U0 Blapo-
eeTixég TWES Tou TAdTOUS A yia BUO BLapopeTIXeS didpxeles tror. Metd and autd, unopolye
VO TROCEYYLOOUPE T1 Be0TEPT TV 3.41 xou va Bpolue Tic Tipés v Az xat Thsor.

IMo v nepintworn tne Yepuoxpaciac otn poyvntixy noayide, ot ellowoelg 3.41 etvon xa-
TIAANAES Yot TOV UTOAOYLOUS. Xuvbudloviag Teq, TEAIXA TolpVOUNE

Tyor = (3.42)

mw?Aiz 1

T'r
2kp  witA, p+1

)

(3.43)

YLt =71, 2.
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Kegpdiowo 4

H nopaywyn touv mopdyovta
TOLOTNTAG YLO TNV
TOCOTIXOTOINCT KXo TN

BeATioTOTOINGT TNG OLAdLMACIAG
via To BEC

Yty evotnta 2.1 Eexvoaye 1 oulTNoY| PG AVAPEQOVTAS T ST TpooTdveld TOU o-
TouTe(TaL Yo TNV ENITEVEY) TOU CUUTUXVOUATOS UE amoTeAEoUaTiXd Tpémo. Méypt Tdpa, mept-
yedaue uoVo 10 TRAOTO WEPOg aUTHE NG mpoondlelag, TN dtadixacio Tou axohouleltar Yia
™y a0Nnon TG TUXYOTNTAS OTO Y WO YAoTg Ewg TNV xplon Tiur yio Ty eniteuén tou BEC.
Yta undhoina xepdiona auThg TG epYAoiog, Yo EMIXEVTPWOOUUE TO EVOLIGEROV Hag OTO DEUTE-
e0 U€pog: ot PBehtiotonolnon tng Sodixaciog, TEPOXEWEVOU VU ATOXTHOOUUE TO PEYAADTEQO
BUVATO GUUTOXVOUO GTO GUVTOROTERO duvatd Ypovixd ddotnua. And Ta TpGOTA Ypovia TNG
vhonoinone tou BEC, yivovtou enipovee npoondieiec (npocopoidoeic e dadixaoiac, Yew-
onuxée uehétec xou metpopotind anoteréopata [68][90][70] ) yia Ty eZebpeon v BérTioTwV
otadxaotey PuEng. Autég ot ouvinixeg moxthouy, avaAoYo Ue TNV XaTEVVUVOT) TV TELRUUS-
OV X TV egapuoy®y. Lo nupdderyua, opiouéve epappoyéc ypetdlovton udmiéc atoutxég
TUXVOTNTES, EVE GARES anoutolv umAolg atoutxols aptiuols 0To cupmixveUd. Acdouévou
OTL BEV UTAPYEL GUEDTT) CUOYETION AUTKY TWV BUO ATAUTACEWY, 1] ATOPACY, Yia TO oy Vo EMLyEL-
pfioel va BehTioTomofioel XAVeElS TOV aptlpd ATOU®Y 1 TNV ATOWXY| TUXVOTNTA EEUPTATAUL Ond
TNV OUYXEXPIEVT EQUPROYY. XE auTH TNV epyaocia, eVOLaPepOUAGTE Yia TV BeATioTonomon
o€ OYEOT UE TOV APl TV ATOUWY GTO GUUTUXVLUAL.

4.1 H ypnoindtnIat €VOC CUVIEAECTY TOLOTNTAS

Ané ta mpwta ypévia tou BEC o apond aépia (mpddtn @opd to 1995 1995 [15][16]) uéyet
ofuepa, LTHREE Yeyahog aptiude mpoonaelwy Yo TNV eNITELEN CUPTUXVWUATWY YE 0G0 TO
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duvatdy ueyaritepo apriud atéuwy. O otdyog autdc mpofilde 1660 and VewpnTino evdlo-
pE€pov 600 X Yl TEAXTIXOUS AGYous. XNV mp®1Tn Tep(nTwot], Yeydhog apiduods atoumy
odnyet Badid oty nepioyy) Thomas-Fermi, 6nou xuplapyolv woyupéc adiniemdpdoes. Iloi-
A& xon evoragpépovta pouvoueva efval duvatdy va diepeuvndoly dtay elvar napoloeg 1oy UEES
olnhemidpdoeic. Emniéov, to 6pto Thomas-Fermi npoopéper wa ebxohn hoon yia tny &i-
owor Gross-Pitaevskii 1.24, 6nwe napovsidletan oty Evétnra 1.1.3, xat éva aveatpappévo
ToEABOAIXG TEOGIA TV CUUTUXVWUEV®Y ATOU®Y, OTKS avagépetal atny evotnta 3.1. Ltny
delteEn TEPIMTWOT), TOMES EQupuoYEg xat 10€eg €youv mpotadel ot omoleg anutoly éva ueydho
aptdpd atouwy Ny 610 cuunixveud. Aélep aTOUmY xal PEAETEC GYETIXY UE T1) GUVEXTIXOTNTA
tou BEC [37] elvon petall autdy, ye duitepo eviiapépov yio TNV ouddo ag.

IMapd ™0 onuacia toug Yo T0 oxond auTo, Péypl Twea ftav dhoxoio va Bpedolv ol
%plOUWIEC TUPIUETEOL VIO TN UEYIOTOTOMON TOU aptdo) TV GUUTUXVWUREVDY ATOUWY. XTI
TEQLOTOTERES TEQINTWOELS, AUTY 1) EYLoTonolno Paciletar oe doxur| xou ol wéYodol mou Yer-
OLOTOOUVTAL GUY VA TUPUUEVOUY AOPIGTES. XE JAAEC MEQINTWOELS, Ol EQELVITES LIOVETOVY
NV TUXVOTNTA Tou YOeou gdone (PSD) we v xatdhinhy napduetpo, 1 onolo UE TO Vo
Behtiotonomiel ota Sidpopa otddia e Stadixaciag odnyel oty yeytotonoinon tou apriuol
TV atoUwy 610 cuunixveps. H nposéyyion auth odnyeiton and to yeyovog OtL, Aoyw ng
oyéonec 1.15, n onola cuvdéel Ty epgaviony BEC ye tnv PSD, yivetat 1) idovixt] Tapdletooq
yioo T u€tenom tng eyyltntog o oyéon pe o BEC xou yio TV TAUTONOINGT] TOU oV XATOL
otepyaota etvar v va 1o @tdoet. T napdderypa, n $O&n ue Ailep €yer mpotadel va elvon
QVETOPXNC Yo T1 OUUTUXVKOT, Bedouévou 6Tt augdvel Ty PSD uévo éwg xou 6 té€eic ye-
yédoug uxpdTeRn and TNy xplown iyt v 1o BEC. Y10 nAaiolo authic ¢ npocéyylong,
€youv Yivel Yvwotd nohhd Snpoctetparta [91][92][93][94] xou modhéc ouddeg ypnotponoody Ty
PSD vy ) ehniotonoinoyn tng dadixacioows npog Ty Ny.

Qot600, 1 PSD dev etvar 1 xotdhAnhn Tapduetpog mou avalntodue, TOOXEWEVOU VoL UEYL-
OTOTOVAOOUPE TOV 0pIIU6 TWV CUUTIECPEVWY ATOUMY. AUTO yiveTal ENQAVES and TO YEYOVOS
61, €€ oplopol 1.14, ny PSD dev elaptdtar dueca and tov andiuto apldud twv atépwy IV,
oAAG pdAhov and v nuxvotnTa Tou Végouc (to N Bionpeuévo e 1o Gyxo mou xotolopBdver
0 Vépoc). Q¢ anotéheopa, 1 Pektiotonoinon e PSD dev eyyudton tn Bedtiotonoinon tou
ouvohixol apriuol TV atéuwy N xat Telxd, OTwe BAETouUe 0TV EXOUEVY evOTNTa, TN BEA-
tiotonoinon twv No. Me dida Aoyta, €yoviag wg otdyo va yeytotonotfioel Ty PSD xadeg
7 drodixacio ouveyileta, pmopel xavelc va 1o emtiyel ye T pelwon Tou dyxou Tou vEpoug
ywele xavéva x€pdog Tou apliitol TwV ATOUWY TOU EIVAL TEOYHATIXE QUTO TOU UAS EVOLUPEQEL.

IMap” 6hor autd, 1 PSD énwe xan mapduoieg emAOYES Yiol ToV Tapdyovta Tou emtdupgol-
pe, Tou e€UPTAOVTAUL TOGO And TOV UpiUUd TWV ATOUMY Xl TNV TUXVOTNTA TOUS, €Y0UV €va
oNUAVTIXG PEOVEXTNUA, To ontolo axoroulel xan 1 PSD: tnv e€dptnot toug and tnv @dom
e dtadaotag Puéng. Auth 1 e€dptnomn unopel va expEacTEl EOXONA OV XATOLOG LOYUPIOTEL
6t n PSD dev nopopével otadepn xatd T Sdpxetd tne dtadixaciag. NNy mpoyoTixoTtnTa,
n PSD oauv&dveton xatd tn didpxeta Yoing pe AMélep xou tne Yo&ng pe egdtmor. Axdua xou
brav unotidetar 6t napapéver otadepr (xatd tn ouunieorn tou vépouc otny IIT poryvnixA
noyida), n petatpony) e mayidac and appovint| o ypouwx (BAEne ex.;;) odnyel o alinon
NG TUXVOTATAC TOU YWpou @dome, olupwva e to [I6][77]:

Dpjin exp{ Flin/NkpTin }
Dp,harm eXp{Eharm /NkB Tharm}

(4.1)
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6m0u @ Elin/Eharm yopaxtnpileton n eontepint| evépyeta Tou aeplou oty yeopmxl/apuovixh
may(da mou ahhdlel AOYw NG UETHBOAAS TG TUXVOTNTOSG TWV XATACTACEWY TOU BUVOULXOU
mayidevong . ¢ anotéheopa authc g adhayhg oty PSD xotd tn didpxeia g dadixaot-
g, VEQY) OE DLPOPETING OTAOLYL 1) MO X OE DIAPORETIXES YPOoVInES oTYHES TOU (Blou oTadiou
dev umopoly evxoha Vo auyxprloly. Qot600, 1 oOYXpelon auTh eival Eva Paoind YapaxTneL-
oTXd GOTE VoL YVwplloupe TV AnOTEAECUUTIXOTHTA TNS Btadixaciog Yo ToV TEMXS GTOYO NG
peylotonoinong tou apriuol Twv atdpwy. Xwel auth TNV XavoTnTa 6OYXEIoNS, AXOUT Xol
edv yvwpiloupe oe onoodinote anueio tne dadixaociag 1660 xOVTd E(UACTE GTO Vo PTACOUYE
oto BEC (petpovtac tny andhutn tr tne PSD xar ouyxpivovide tn pe tny 1.15), dev
elyoote og VEom Vo avapépoulE TIMOTA YLoL TNV OTOTEAECUATIXOTNTA AU THE TNg Sradixactiog xou
™ Bedtiotonomon e, Eivan, hoindy, avdyxrn 1 tocotxonoinon tng dadixactiog.

To nponyoluevo emyelpnua yiveton 1oyvpdtepo, av AdBouue unddn 6TL Bev propolue va
emTOYoLUE wa toryxdouta Behtiotonoinon yia tny PSD. YTrdpyouv dnpooteboeig [92][93] nou
detyvouy 6TL 1 peviotonoinon g PSD oty MOT dev ouvendyeton ey yunuévn Bertiotonoinon
NS AELTOURYIUS AVTIOTOLYIONG XA, XUTA CUVETELXL, XATA T1) DLIOKELNL TOU VEQOUS GTNV LAY VI TIXT
moryido. Me dhha Aoy, wio wxpdtepn 1w tng PSD oty MOT o propolioe va od1y¥oet oe
wae xahbtepn T e oty I noyida. Axdua xt av dev Aoy auth 1 nepintwo, unopolye
OXOUOL VO LOYUELOTOVUE OTL TPOXELTOL Yol EVal eCAPETIXE BUOXOANO EpYO VAl TpooTaliGouYE Vo
Bpouue tn Béhtioty mopela yio TV YO&N péow eZdtmone mou Yo yeylotonothoet Ty PSD.

IMo 6ho ta napandve, urnopel xaveic vo avalnTtAcel plo TUPGUETPO, TOU OTO TOEM X
oto €&rc VYo TNV amoxaAolpE wE TOV TopdYovTa TotéTnTag, 1) omolo madet vor diodétel autd
Ta yetovexthpata. Ewbixdtepa,n npdtn 0ioTnTa, Tou mpénel va €yel yia vo Yewpniel g po
ETTUYNUEVY TOPAUETEOC Yid TOV x0T TNe BedTiotonolinong, ivar 1) dueor e€dptnot| tng omd
TOV dPIUO TRV ATOUWY TOU CUPTUXVOUATOS. Eivon onpoavtixd autdg o mapdyovtag TotoTnTag
va elvar ahZouoa GUVEETNOT ToL JPItUol TWV CUUTUXVOUEVKDY atouwy. Enniéov Bordea da
Hog TooEPepe oTNY TERINTWOT oL AUTOS 0 Tapdyovtag Yo uropoloe va ypnowdonomiel yia
TNV EXPEAOCT) TWV GAAGDY ONUOVTIXWY QUOIXOY TOCOTATLY Onwe 1) PSD.

O nopdyovtag motdtntog Yo mpénet eniong Vo TOCOTIXOTOLEL TO VEQOC XU TO GUUTHX VUL
OE OLOPOPETINES YPOVIXES OTIYUES %O PACELS, WOTE Vo uag dovel 1 duvatdTnTa olYXeloNng
petagd toug. Autr) 1) Tocotixonoinon épyetar ot B0 wépn: T otalepy T TOU GUVTIEAEOTH,
TOLOTNTAC XoTd TN Oidpxelo TG OANG dradixaoiog xou TNy avelaptnoia Tou and TIC ToPUuE-
Tpoug TNg mayideuong. Xty mpodTn tepintwot, évag oTatepd TaRdyoVTAS TOIOTNTAS UTOEE!
VO TPOGQEREL TN DUVATOTNTA YL TN CUYXEION VEQPWY GE DLUPOPETIXES YPOVIXES OTIYMES TNG
dadixaoiog YOEng oe nepintwor mou 1 dadixacio autr e€ehiooeton dnwe Vo teplueve xaveic.
Anoxhioeig and authy 1N otadepdtnta Yo mpénel va emonuaivouy tuydy mapexxhioel and
auTh TNV Bavixy) tepintworn. Mtnyv devtepn nepintwor, 1 aveluptnola and Ti¢ TapapéTEoug
noyidevone (Onhady to ehdytoto tou poryvntixol nediou By, tny xhomn xau tny xounuidTnta
NG ROy VITIXAC Ty dac) TPOoEREL GTOV TOPAYOVTA VoL AELTOUPYHOEL ¢ ULa TAY XOOWIN PG
HETEO YLoL TN OUYXELON VEGOY Xt SLoDIXACLOY OE SLUPOPETIXES EXTENETEIC TOU TELPAUATOC T
OXOUOL X0 DLPOPETIXG TIELAUATA DLUPOPETIXWV EQYACTNRIWY.
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4.2 Efaywyr Tou cuVTEAECTY TOLOTNTAS

"Yotepa and tn oulhTnoy yia T onuocio €VOG THpdYOVTA TOLOTNTAS GTNY TEOCTAVEId Hog
yio vao tocotixonowdel 1 toldtnTa Tou VéQoug xat va deyioTtonoinlel o aprduds Twv atéumy
07O CUUTUXVOUA, 0 0ToY0¢ pog Vo eivar va anodeilovue v Unapln pog povaduaic tétolag
TUPUUETEOU.

4.2.1 Iocoduvapia tng BeAtictonoinong Tou aEtdod TWVY CLUUTLAVWL-
HEVWY atouwY WE T BeATtiotonoinorn tou xpiocipou aprdpol
ATOUWY

Eexivdye Ye wia ouotaotixr] diwon epyaciag: H Bedtiotonoinon tou apriuold twv cuunie-
ouévey atouwy, No, T0) GTIYUY TNS TapaTHETONE TOU CUUTUXVMUATOS, UTOREL VAL AV TIXATAOTO-
Vel and v mpoonddeta Peitiotonoinong tou xplowou aptiuot atéuwy, Ne, xatd Tn oTiyun
mou wokic eugaviCetoan to BEC. H wooduvapio auth unopet va anodetydel ev ouvtopio wg e€rg.

TroYétouue 6t 1 tg = 0 ebvon 1 otryyr mov pohg epgaviCetar o BEC oty xplown
Veppoxpaocia T'(tg = 0) = Tt xat 6t0v xpiotpo aptdud atduwy.

Nty = 0) = Ny (to = 0) = N, (4.2)

dedoyévou 6Tt oe autd To ornueio To ouunuxvwévo pépoc No(top = 0) e€axohoudel va efvar
aperntéo oe alyxplon e tov epuixd 6po Niy. H PO&n pe e&dtwon ouveyileton xon Yetd tny
EUPAVIOY) TOU OUUTUXVOUATOS, WEYEL TN OTiypr Ly, 6TaV 1) XAPaxXOoVUEVY Tpog To xdtw RF
ouyvotnta dtoxontetar. Ty ty, 10 TeAixd cuumdxvwyua €yel dnuiovpynUel, Ue TIC TUPUUETEOUG
TOU ¢

N (tr) = No(te) + Nin(te)

T'(te) = Tf (43)

Yty Evétnra 1.1.2 neplypdope T CUUTEQLQPOPA TOU GUUTUXVOPATOS Yl TNV TERITTWOT
ToU 1o duvouxd Tayideuong etvan apuovixd. Me 1o cuvbuaoud twv oyéocwy 1.18 xau 1.19,
UTOPOUUE TEMXS Vo Ypdoupe

¢(3)(kBTt)* N (t;)

1 XENOWOTOIOVTAS TN oyéor) 4.3 Tapamdve
3
Ny (t) = ¢(3)(kBTE)” No(te) + Nin(ts) (4.5)

(hw)? Ne

Emniéov, oo tprua 2.3.1.%, 6nov oulnthoaue tnyv 1d€a tng YOEng uéow egdtuiong, xavope
™y anapaitnTy LNdUEoT OTL Yiol UEYAAES TIHES TNG TAUPAUETEOU 1), TOL UTOAOITA dTOUO GTNY
noyido oxohoudolv pla exdetiny) uelwor, n onola diénetan and v eiowon 2.44. Avth
n vnddeon Vewpeiton dedouévr 010 mAalolo NG mapovoaC gpydctag ol eVICYUETUL Omo TIG
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HeTENoEIC Hag, OTwe autéc mou anewxovilovian oto oy.2.8. Emibovtag authv v e&lowan,
umopet xaveic va ypddet

Nth(tf) = Nth(tU = O)e_tf/Tev

4.
— Nce_tf/TeV ( 6)

UE Tey = (nooqune™) ™! olhugwva pe t Yewpla Tou xepuhaiou 3. Te autd 10 onpeto, xdvope
TN Aoy unédeon 6Tt uévo ta droua and 1o Yepuind VEQog amoded and tnv mayida, xaddg
7 dwdtxacta tng YOEng ue e&dtuior ouveyileto.

Q¢ anotéhecpa TwV TUPATAVE, avTixathotdvTag Ty eélowon 4.6 oty nponyoluevr e&i-
owon 4.5 Beloxouye wa oyéorn petadd tou xplowou apriuod Ty atduwy xai Tou apriod Ty
CUUTUXVOUEVOY OTOUOY 0Ty OTay 1) EEATULOT) OTOUATYOEL.

No(ts) = )ty et/ N (4.7)
C(3)(kBTH)? ‘

‘Otav neprypddope mponyoupéveg oto otddo g RF-(OEng pe e&dtuion, dnivooue OTL 1)
tehxt] Yepuoxpacion T xadopileton and ) yoaunAoTteen TIUH Twv padloouyvotitwy. )¢ ex
T00TOU, Yo (o oplopévy T TG TeMxc Vepuoxpaciag, o aprduds Twv atdpwy 0To oUUTD-
xvoua oyetiletar ye tov xplowo apripd TV aToueY UEcw plag Tapafolxng oyéaong, Oneg
dideton and Ny e€lowon 4.7. Kadde n N, etvor wa Vetinr) toadtnta, 1 oyéon uetald Ny xou
N. ebvar abZovoa xat, wg ex T00TOV, N U€YoTn TWh e Ne umodnimvel T u€yotn Tuh e
No.

4.2.2 Boaowég oy€oelg I TNV TEPLYPAPY| TWV SLABLXATLDY XATEL TNV
IIT-noydsvom

Ly mponyoluevy evotnta, xaturhiaue oto cupnépacpa 6Tt y BEC Behuotonolnorn o
OYEOM UE TOV 0PIIUO TV CURTUXVOUEVRY ATOUWY UTOPE! Vo ERITEUYVEL EQY UEYIOTOTOICOUUE
oV %plowo aptiud TV aTOP®Y XATd TNV LOMC EUPAVIOT| TOU CUUTUXVOUITOS.

ITpwv and 11 Biepedivnom TNE SUVATOTNTAS
yio Bedtiotonoinon autig TNE TOGOTNTAC e
™0 YPHOT EVOC GUVTEAECTY| TOLOTNTOG, EXPE-

Subscript  Corresponding time of the process

, , [} at the end of the MOT
TO()\)\SUOP.O(GTE T GUPTERLQOPA TN oy v TL- m at the beginning of compression
%ﬁq TEO(YiBO(C pE O%OTO Ty SEO(YC\)Y'f] XPﬁOL' e at the beginning of evaporation
VIO)Y TOTWY Yid ™m OUVéXELO( me O'UC/]TT]GY]C- C at the eritical temperature

Ané tdhpa xar oto €€%¢, Yo suuBoriCoupe Tic
TOEUUETPOUS O OPLOUEVES XPIOWES OTIYUES
¢ dradixaotog we Toug delxteg mou divovio
otov nivaxa 4.1. Kdde nopduetpog ye €va
detxtn Vo avagépetar 0TV aviioToyn oTiy-
un g dradxactog. O napduetpol ywplc deixteg Yo avagépovtar oe ula WEtenor oe onotodr-
Tote Tuyala oty ywelc va evilapepdpaote av eivon xatd T Aettoupyia avtiotolylong, xatd
™ oupnieon, v e&dtuion B yetd to BEC.

Me autd xatd vou, YpnoILOTOUDVTAS T 0UCL)OY anoteréopata Twy eElowoewy 2.63 xou
2.52 vy ot 6TddL TG oUPTIEONS KA TNG EEATIONG, avTioToly o, XodS X T UETATPOTY TNG

Iyfua 4.1: Acixtec oe drapopetinés xplowes Yeovinég
oTiYpéG
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Toryidog and appovix) o€ ypouux xon tiow e apuovixnd xadag 1 6 Sadixacia cuveyileton
wéypt Tov exguliopd (BA.s3), naipvouye:

Acitovpyio avTioTolyiong. Xty evotnta 2.3.2, 6nou neplypddoue T @OpTwoT TNG
noyidog petd 1y MOT, vnodéoaue 6tL 7 hettovpyla avtiotolyiong unopel va emteuydel uévo
€4V 1) pary vTix) oy 0o efvan oty apuovixt| teploy . Auth 1 undleo TEPUUATIXG TEAYHATO-
Toteltan Ye TNy 1poc¥rixn evog ueydiou offset wayvntixol nediou oto tetpanolixd nedlo, dnwg
7on oulntidnxe oty evotnta 2.3.1.B. Kottdlovtag tnv ewx.;;, pmopel xavelc va toyuplotel
6Tt auth elvan 7 nepinTworn ota nepduoatd pog. oty mepintwon wag appovirc moryidag,

woyber BEBY « 1 xan w¢ ex TovTou, 1 Bacwh ayéon 2.63 unopel va tpoceyyiotel ond
XVEY TeT N n oxeon urnop e
keT\®
—— | = constant 4.8
(%) (45)

To Buvapixd autd etvar appovind xou 0to TéAog NG AetTovpyiag avTioTolyione, TEw AdPeL ywpa
n ovunieon. Ané tnv GANY, otny Wavixh tepintwon, o apliudc TV atouwy eivar otadepds,
xoddg dropa dev eyxataieinouy Ty nayda. Etot, ot Bacixéc oyéoeig mou yoapaxtneilouv
AerTovpyla avTIoTOlYLONG UTOPOVY VA YRAPTOLY 0

ksT\>  [kpTw\® ot
—_ = = constan
hw hw (4.9)

N = N, = constant

Acedoyévou 6Tt 0 aprieds TV aTOUWY Xal 1 WECT, U VOTNTA Tay(BEUONC Wy TAUPUUEVOLY
otadepd xatd TN Sidpxeta g Aettoupyiog avtiotolytong, 1 Veppoxpacio eniong dev oAldlet.

ASraBatixn cupnieon tng tayidag. Koatd tny teleutala napdypapo Tne mapaypdpou
2.3.2, oulntioope Y avoppovixOTTa TG Tay(Bug xotd TN Sidpxelo TG POPTOONG ot TNG
ovunieong tng moyidag xou N dradwacta g Poéng pe e&dtwon. Befxoue exel 611 xotd
) Sidpxela TG ouunieong, N naylda 1 omofo eivon apyxd apUoviXY TEALXE UETATEENETAL OF
yvoaupxr. ‘Etot, 1 oyéon 4.8 woylel eniong oty apyR g ovunieons. lotéoo, xadog
N wéon T g ouyvotTnTag w auddvetar, To Suvopixd mayideuong mader va etvon xadapd
QPUOVIXO X0t WG €X TOUTOY, 1) YEVIXT) HoppT| TNg oyéong 2.63 Vo mpenetl va ypnowdonomiet.
Enovahayfdvouye yia euxohio:

kpT\’ kg T
(%Z) <1 + 23#]3]'330> = constant. (4.10)

Qot600, 070 TENOC TNC adtaPBaTixdg ouunieong, N toryido Eyel TNV TATEN Lop@n Hlog YeUUMIXNS
noryidog, OnAady) 1 Yeppoxpacia etvon UMY oe olbyxplon ue TV T Tou By. Mty nepintwon

auth LBBO s 1 yan. wc ex Tol ] 3 { [ and
) B2 , ©C €x T00TOY, 1 TUpandve oyéom unopel Vo tpooeyyioTel and

kpTo\® 3kpT.
<B > Skp = constant. (4.11)

hwe 2/~LB BOe
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Emniéov, unodétoupe 6Tt otny mepintwon tng woavixic cupmieong, o apilude TwV oTOUeY
otatnpeitan. XLuvoudlovtag tig 4.10 o €y. 4.11, ypdpouue Tic facixéc oyECEIC TOU LOYUOLY
XATA TN OLdpXELR TNG OUUTIEDYS:

kpTm\®  (ksT\’ Ly SksT Y _ (ksTe ° 3kpTe — ¢ (e: const)
hww )\ hw 2upBo)  \ hwe /) 2upBoe ' ' (4.12)

Np = N = Ng = const.

E&dtpion Tou vEgoug xaw To0 cupnLxveue Bose-Einstein  Katd 1 Sidpxeio g
e€dtiong, 1 oyl g mayldag ¢ uetaBdhheTon, dnhad N cuyveTTA W Topauével otadepn
xotd TN Odpxeta Tng dtadxactag. And tny dhAr, unovétoviag Wavixés cuvxeg IOV L~
Unxay oty Evotnra 2.3.1 xan pe tnv emnhéov nelpapatixt| €VOeIEy yia ) otadepdtnTa TN
TopAUéTEou &, xdmotog pmopet vo utovethoet T oyéon 2.52 yio Ty apyt, To Téhog, # xdmoia
oyaio oty g e€dTions. BUVENQOC, ol Pacixéc oyETElC Tou oY YoUY OE aUTO TO GTABLO
ebvon

T. T T
NE NSNS

C

= const. We = W = We = const. (4.13)

Ytny xplowun Yepuoxpacio, and v 33, propolue va doacptvouye ot 1 I naryida yetatpénetan
Cavd oe wa apuovixy nayida. Eivor etouéveg €yxupo va yenotponotficouue tn oyéon 1.18 yia
évor appovixd duvoxd otny xplown Yeppoxpacio. Tpoapuévn pe wa Alyo dta@opeTixy| Lop@;
TOUEVOUPE TN Pacixt] GYECT YL TO GUUTUXVGLUA

(4.14)

kpT.\ >
hewe

N

4.2.3 E&aywyn tou nopdyovta nototntoag otny III noyida

Yy evotnta 4.2.1 dnhooope 6Tt Yio va BEATIGTOTOGOVUE TOV aplid TV CUUTUXVOUEVLDY
ATOULY, UTOPOVUE EVORNOXTIXG VO ETLYEIPNOOUNUE VA UEYICTOTOGOUUE ToV xploiwo aptdud
TV YepUix®y aTOUeY oxpBng TN oTtypn) mou epgaviletoar To oupnixveu. ¢ ex to0Tou,
elpoote oe V€on va Blepeuvioouue TNV HTUEEY TOU CUVTEAEOTY| TOLOTNTAS YPNOLLOTOIWVTIS WS
ageTnela auThY axplBag T ottypn, 6tav BE udhig npaypatonoieitoar otny xploun depuoxpacia
Te. Eopgove ye v avdAuvon tng mponyoluevng evotntag, oty Te o aprduds 1wy atéuny
mhneol 800 cuviixes: And Ty TAgupd Tou GuUTUXVORATOS, Loy Vel ) oyéon 4.14, eve and Ty
Thevpd g egdtmiong 1 oyéon 4.13 elvan €yxuprn. Me 10 ouvBuaoud Twy 800 ALTOY OYETEWY,
Bploxel xavelc 1 ovoyétion yetall g otyphc xata Ty évapln tou BEC {Ng, T¢, we} xou
onotacdhnote otrypfic xatd ) ddpxeta e e&dtwone {N, T, w}:

N6\ 3/(36-1)
N, = ¢(3) (’Mhﬂ) S N, = ()0 <Nf;;“;) (4.15)

xo €QopROlovTas THY 6TNY apy’ TNE EEATUlong, 1oL 1) cuoyETion auTh e&uxoloutel va Loy vel

F 3/
N, = ¢(3)1/0-39 <N£ 2 ) (4.16)

“kpT.
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O napandve tomog expedlet Tov xpioo apriud atouwy we cUVEETNOY TwV TocoThTwy (Vep-
woxpaoio, apriuds atduwy, tapduetpol tayidevong) otny apyn e eEdtpone.

[Inyaivovtag axoépa mo niow, Yo tpoonadicovue vo cuvdécoupe Tov xplowo apiud Twy
atOpWY UE TN dladxacta Tng ouunieong. Autd umopel va yiver ue tny allonoinom tng oTiyUng
axp3e¢ mou 1 ouunieon StoxonteTar Tpoxelpévou va Lextvioel 1) eCatutotiny Y&, Exeivn
xS TN oTiyUy, toylouv T6G0 oL OYECES TOU TEPLYPAPOUY TN GUUTIEST, 600 X oUTEC
Yo 10 0Tddo e YOEng uéow e&dtiong, Omwe npoxuday otny nponyoluevry evotnta. To

Baowd onpeio eivon va exgppdooupe tov dpo Ng k’;“’i, o omnolog anotehel uépog g oyéorg
4.16, we ouvdptnon v tocotitwy (Veppoxpaoia, aprdude atdpwy, napduetpol toyideuonc)
o€ xdnowa tuyala oty Tng ovunieong. Xenowonowbvtog Tig e€ilowoelg 4.12, unopel xavelic

VoL EXPEAGEL AUTHY TOV 60 S GUVERTNCY TNE otalepds ¢

3 1 1/4
BT )" BhTe | e e e (B e i)
hwe ) 2puBDBoe kgTe 2B Boe

A avTixaeTOVTIOC To ¢ and TN oyéon 4.12 {ovou Axd
f c n oyéon 4.12, nalpvoupe tehxd

NETe _ e (kBT)_3/4 <1 Sl >_1/4 ( S >1/4 (4.18)
¢ kpTe hw 2uBBo 2418 Boe '

H nopandve 106tnta guvdéer tov aptiud twv atdpeny xo ) Yepuoxpacio 6Tav 1) eSaTaTixn
YO&n apyilet pe Tic avtioTolyeg TWéS Tou apLiol TV ATOUMY XAl TNS Veppoxpucias € oToLo-
0NnoTe GAAY oTiyuh xotd TN Odpxeta Tng ouurnicong. H avtixatdotaoy authc g odtnTog
4.18 otov tOmo 4.16 nou tpoPAénet Tov xplolpo aptiud TWV ATOUMY, EVUL GUEDY:

(kBT>3 <1 | 3keT ) ( 3huwe >3/4<3f—1>
hw 2pB Bo 248 Boe
(4.19)

Avth ebvar 0 emdupnty oyéon nou ouvdéel Tov xplowo apiud atduwy oto BEC pe tig no-
capétpouc {1, N,w, By} oc onowdhnote otryur xatd tn didpxeta e ouvunieons. Mnopolue
VA AVOPEPOUPE TNV AVATOYEUXTY] Topouaia Ty tapopétpwy tayidevons (we ot Boe) xatd
™y évopdn tne PuEng ue e&dtwon. H moapousioa auth uropel va epunvevdel dSniwvovtag 6ti,
Tpoxepévou va tpohegiel o xplotwog aptipoe atdpwy, npénet xavelc va yvwpllet Ty axeiBn
XATAOTAOY TG TAYIOUC 6TAY XAMOL0¢ GTUPAUTA TNV ouunieoT), 1 UE Ao AdYLa, Vo yVwpilel
i apyxéc ouvinxeg g e€dtwone . ‘Eva tétolo anotéheoya ftay avapevopevo, dedogévou
OTL uTdpYEL ot Loy veY) EEGETNOT TNG UTOTEAECUAUTIXOTNTOC TN eCuToTixng YOEng and tov
apyxd puiud ENCTIXOV XPOUGEWY TNV apy Y| TNG ELATIOTC.

O tinog 4.19 unopel va ywplotel ae 8o dpouc:. Tnv mapduetpo A, 1 onola avtovoxhd
TIC TAPaéTEouS NG Tayidag aTny apyn TN eEATUIONS Xou TNV TapaueETeo @, 1 omola eivor
OUVAETNOTN HOVO TWV TOQUPETPMY XAUTA TN UETEOUPEYY oTiyur]. §2¢ ex TolToU, opiloupe Toug
TPy OVTES:

—1/4\ 3/(3¢-1)
N, = C(g)l/(l—i’)ﬁ) Né

A = (3)1/0-36) ( 3huwe (4.20)

3/4(3¢—1)
2uB B0e>
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kpT\® ser \ ]
o ([ (- 25)

ue Toug omoloug o xplotpog aprludg aToUwY ExPEAlETAL WS

N. = Q%A (4.22)

O 6poc A eZoptdra and Tic nopapétpous nayidevone {we, Bo,} otic apyéc tne e€dtmong
xou efvor éva YopaxTNEIoTIXG Tou YEYOovéTog bTt 1) Taryida Bev efvar appovixd exetv T otrypA L.
Kohobyue tov 6po A wg nopdyovta avapgovixdtntoag tng T moyidag. And v 4.22, xou yior
peytotonoinoy tou N, npénel va Peolue 0 ueyahitepn emteddun T tou A. Juvdudalovtag
Tig 2.28, gy. 4.20 xon 10 YEYOVOS OTL We = (w2 wz,e)l/3, umopel xdmolog va Peet:

p,e
3/4(3¢—1)
a2\/B)M/3
A=A % (4.25)
BOe
6mou 3/4(36-1)
_ 3h a JgrMmpgUB 3/8(3¢—1)
Ay — 1/(1=3¢) [ 2% Jee e 4.2
0=<(3) S (FEER) (4.26)

Ye wa nowotih oulATNoT, 0 6pog avUpUOVIXSTNTAC EEapTdTUl and TY T0CGTNTA a2/ Be/ B,
Meytotonoinoyn tou A onuaivel TNy PeYIoTonoNoT TNg TEMXNG XAlong xou NG XAUTUAGTN TS
e mayldaug axpiBee mety and TNy eEATUIOT PE TNV TAUTOYPOVY UElWOT TOU wayvnuxol) ne-
dlou By, xdt t0 onolo eivon axpPadg autd mou ouufaiver xatd T Bidpxeio THg adBaTIXrS
ovpnieong. Katd tn didpxeia tng ovunieong, 1 xAlon xot 1 xopmuhéTnto augdvovial oTig ué-
YIOTEC TIHES IOV YmopolY Vo emttevydoly and Tt dtdtaly), eve, 10 By pet@vetor péypt exeivn
NV ENAYIOTY THY TOU amary0pelEL TNV EUQAVIOT) TV PoliX®V ATOAEIOV Xai T SAQUYT| TV
aTOpWY, oUPGeVA PE TN €£.2.22. Ynuedote 6Tl 1 eEAdytoTy T Tou By xadopiletar and Tig
anoieteg Majorana.

O 6poc avoappovixdtntag A e€optdton and TIC TUPUUETPOUS TNE TAYidEUoNG Xal, ¢ €X
T00TOU, 1) LEYUADTERY SUVOTYH TN Tou unopel var pLBULOTEL UE TNV TEOCUPUOYT| TNG UTHPY OUCIS

T va dolue Zexddapa 61t 0 bpoc A eppoviletor otn oyéon 4.19 héyw tne yeouuxic @lone tou du-
Vool xatd T Sudpxela Ty mewTtwy otadiny e e&dtmong, e€etdlovue v unodetixy mepintwon xatd
v onolo N may(do mopopéver appovixr xod 'oAn Tt Siadixacior Tou AoBaver xWpa oTN Moy YNTIXY Tory(da.
e avtd 1o unodetind cevdpro, n e&lowon 4.13 tou meptypdper T cuureptpopd otn cuunicon Ya nEénel vo
avuxotaotadel and v axdiouvdn:

ksTe 3 . ksT 3 . ksTm 3 e (4 23)

Twe T\ Aw T\ hwm - '
Me v avtuxatdotaon e e&iowone avtic oty 4.16 Bploxel xaveic ™ oyxéon petadd tou xpiowou aptduod
ATOUWY XAt TNS XATACTACNS TOL VEQOUS 6T cuunieon

Ne = ¢(3) (kBT)S (4.24)

huw

7 omola etvon aveEdptnTn and Tic napapéTeoue tayidevone oty apy TNe e€dTiong, oG eEapTdTon AmOXAEL-
ouxd and TNV Tuyala oTLYUH Tng CLUTESTC.
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dudtagng. And v Ay, to @ eivor wa o ovvieTy tapdueTteog N omola xadopileTon and To
dtdpopa otdda tne Pugne tou végouc: ty MOT mou Siver Tic apyixéc tpée wwv {N, T},
™ @béptworn e III nayidac mou tpomonoel T twée tov {N, T} xou opiler Tic apyixéc
ouYVOTNTES, TN ouunieon 1 onola Yo mpémet va evon adtaBatier, mpoxeiévou to ) va elvon
otadepd, TNy e€dtuion péow tne nopauétpou £. Etot, 6edopévou dtt 1o A maipver T uéyiot
Tipn Tou, o xplowog apiuds atoéuwy elvar ouvdptnon wovo tou Q. H egdptnon avth pog
divet Toug Pacixolc hoyoug nou xaiotolvy to Q onpavtixd. Ilpdtov, o N, ebvar pio abCouvoa
ouvdptnon Tou @, dnwe unopel xaveic va tapatneroet and tny e€lowon 4.22. To yeyovég autd
uropel avopgoBhnta va yog fondroet ye tn PeAtioTonolnon twy Sladixacldy Tou 0dnYoLy
oto auundxvoud. Acltepoy, To @ Topapével aTadepd xatd 11 Sidpxeta TG ouunieong, av 1o §
elvon otalepd xotd TNV EATUION X TA ATOpA BEV UmopolY Vo Blagiyouy and tnyv mayida xo
oA v adBatiey) ovunieon. Teltov, o Q etvan aveldpTnTo amd TiC ToPAPETEOUS TayideUaTC.
Autéc ot 800 WoTNTES Woll 00MYOUY OE mocoTixomoinoy Tou VEpoug otn cuunicor. ‘Etat,
10 Q ebvar mdavde wa owoth urtodipla TapdUETEOS Yiol Vo €ival O TAURdYOVTS TOLOTNTOG
mou Yy voupe. T'a va emBeBatdcoupe 1oV 1oy URIoRS aUTO, TEENEL Vol EEETACOUNE TOV TPOTO
UE TOV omolov T () CUUTERLQEPETAL XATA T1) didpxeta NG AetTovpylac avtioTolylong xat Tng
e€dtong. Ly nepintwon nou to @ mapopéver otadepd xaTd Ta OTAdI QUTH, UTOPOVUE Vo
eniBefardoovye 6Tl 1 tocoTTA (Q Unopel v eVl 0 TORAYOVTIS TOLOTNTAS UIC.

To @ otn Asttovpyla aviiotoiyiong. Alepeuvovtag Tt oupPaivel oty dpyh TNe
ovunieong, and 1o oy.;; Yvepilovye Tt 1 mayBa ouuneptpépeton YE appovixd 1pémo, kply <K
1B Bom xo, ¢ €x T0UTOL, TO ) Unopel Vo TpooeYYIoTEL pe emtituyio and

_g/47 1/(36-1)

RN kBTm)
Qm = | NS, ( e (4.27)

Inyatvovtag miow axdua TeplocdTEpo 0T AciToupyior aVTIOTOYIONG, UTOPOVUE VoL YENOIUO-
TOIiGOLUE Tal oy OUEVY anoTteAéopata 4.9 via Vol oYeTioOUUE T0 Qm UE TIC TAPAUETEOUS TOU
vépoug oe o Tuyaior ueTpolUeVy oTiypr Tng Acttoupyioug avtiotolylong

,3/4 1/(35_1)

kT
atinm — N£ e 4.2
Qrat (=) (4.28)

dot600, BedoPevou OTL 1 oYL ot TO apUoVIXO TEOGIA NG mayldag dev ahhdlouy xatd T
didpxetor TG PORTWONG TNS, UTopoYUE TMpa Va utootnpilouye 61t 10 Qn, mpooeYYilel 0 Q,
onweg autd opiletar and v €. 4.22 enlong v to tuyaia petendéy vépog ot Aeitoupyla
avTioTolylong X, we X ToVTOV, To () mupauével oTadep; xoTd TN didpxEld TOou oTAdlou TNG
avtiotolytone. To nupandve anotéheoua g otaepdTnTag Aettouvpyel xahd, TOUALYLGTOV
HETE oo TG TPWTES OTYRES NG PORTWONG XAt TOV TEMXO xafoplopd Tou dprlol) Twy dToUeY
petd m MOT.

To @ otnyv egdtpion. Xto avtideto dpto Tng ouunicong, otay apyilet 1 PO<n pe egdtm-
or, n nayido T petaoynuatiCetan oe ypaupxr). Ta o tétota nayido kpTym > puBBom o
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oto téhog TN¢ ouunicong To @ unopel va TpooeyYloTel and
(kBTe>3 ( 3kpT, )
e 2B Boe

NE ; 1y 166D
N (kBTe <2hw§,uBBOQ> )

Yougwva pe Ny Bl emtyeipnuatoloyio OTwg xor 0Ty Tepintwon Tne Asitoupylag avTioTol-
XloNG, Umopolpe va yenotponotioovue g oyéoeg 4.13 yio va exgpdooupe 10 Qe o€ oyéon
UE TIC Tapa€Tpoug Tou VEQoug ot wa Tuyador otiyun e Yoing ue e€dtpion

_ 1/(3¢-1)
N¢ 3 1/4
Qe = 3 (4.30)
]{JBT 2hw ,LLBBO

Etvon cagég and tny avwtépn oulitnon 6t 10 Qe eivar apetdBinto xad” dAn T dradixactio tng
boEng ue e&dtuon. Qotéo0, talpver axpBog TV Bia wopey pe To @, énwg opiletar and Ty
e€lowon 4.22, o neplntwon nou 1o duvauixd nayideuong eivon ypopuxod. ‘Etot, 1o apyixd @
Topopével eniong otalepd xatd Tn didpxeia g e€dTwone 600 1) Toryida TapoPEVEL YEUUUIXY.
And 10 0).5; YUnopovUE Vo UTOGTNEIEOUPE OTL AUTO cuPPaiver UEypL OYEDOY TNV EUPAVIOT) TOU
BEC, étav n noyida petatpéneton o apgovixy. 201600, 10 evdiagépoy pag eivon xuplwg T
anod TNV EYPAVIOT TG oLPTOXYWOTS, dedopévou OTL o Bactxdg otdyog TNg napoloug epyactog
elvor 1) mpoondieia vo tocoTixonoimiel To vépog yia Ty Beltiotonoinoy tng dSadixaciag o
v enfteudn tou yéytotou Ne.

,1/4 1/(35_1)

Qe - Neg

(4.29)

(2¢ ouunEPUoPA TWV AVWTEPW ETLYEIPNUATOY, T0 Q) ¢ e&iowaorng 4.22 nupauével aveldpTtnTo
and Tig mapauéTeoug Tayideuong tng didtalng, oe dueon oUVdean ue TNy mpoPBhedn tou N
xot otadepd xatd T Sidpxela TG Aettoupyioag avTioTolylong, TN ouunieon xal 1o eYaR)TEQO
wépoc tne dtadxactac e e€dtpiong. Autég ol IBOTNTEC Yo 0dNYOLY VAL YETOLLOTOCOUYE
QUTOY TOV TUPAYOVTA () WS TOV ToRdYoVTA TOLOTNTIS T YeetalUacTE Yia T BEATIoTONOMOoN
v Sdixactoy oty T payvnuxr noayido.

4.2.4 Emnéxtaor TOu cLVIEAECTY nolotnTag oty MOT

O napdyovtag moidtnTag Q Aettovpyel xahd yio Tic diadixaoieg ot pory vty moryido. e
avtiveon ye autd, xatd N Sidpxeta g Puine pe Aewlep, T0 ) SV TapauéVel oTalERS X WS
ex T00TOU Bev unopel va yenotwonomdel yioo v emduunty nocotuxonoinoy. llapdha autd,
AATAPERVOVTOG VAL ENEXTEIVOUPE AUTOVY TOV Tapdyovta notdtntoag oty MOT, Yo ynopotioe xo-
velg va xgpdloet pio xahltepn enonteio Tng OAng Sadixaciag, xuping yio 800 Adyoug: 1pdtov,
1 vVOTATA Yo BEATIOTONOMOOVUE UE ETapXY) TEOTO Tal Sladoytxd Brpata Tng dtadixactag tng
biEng pe Aéilep, n ool AettoupYel wg YR Tou VEQoug Yo TN wary vt mayda. Aebtepoy,
7 duvat;TTa Voo tocoTixonotnVel 1 Aettoupyia avtioTolylong mou ouvdéel T YOEN ue Aélep

xou ) Y& pe e&dtwon,.
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IMa toug Aéyoug autole, EMEXTEVOUUE TOV 0pLOUS TOU GUVTEAESTY TOOTNTAS 010 TEAOQ
e MOT. T va yivel autd, yenoteonololue To 160d0Vauo THTo Yia T0 ) Tou toylel o1y
Aertoupyio avtiotolyiong, 4.28, yia va xodopicoupe 10 @, oty MOT.

_g/471/(36-1)
Qo = [wg <kBT") ] (4.31)

hwo

YoV mapandve Um0 w, = wmoT Ebvar 1 exovixy) ouyvétnta e MOT, mou opileton g
2.12, €dv xdmotog Yo propoloe VoL avTIoTOLYEL EVA ApUOVIXG BUVIUIXS OTIC BUVAPELS TTOU DPOUY
and 1o Milep ota dropa. H enéxtaoy auth gaivetar hoyixn, dedouévou &ti oTn Aetrtoupyia
avtiotobytong 1 moryida 1T Aettoupyel otny apuovixy| nepoyy.

H nooétnra auty) unopel eniong va exgpaotel anoxhelotixd and uetpnieloss napauétpoug,
€dv xdmotog yenotwonotel ) oyéon 3.41

_3/47 1/(36-1)

o " \/kBTo(mAx2 — 2kpT,t2 1)
o — o \/§h

(4.32)

EnravohagBdvoupe yior AT o gopd €8 61110 Q, dev unopel va Yewpniel we uio ota-
Vept| mooodtnTa xatd T ddpxeia g Yuéng ue héilep. H onpaocia tou yiveta npogavic 6tay
TPOGTAUCOUPE VO TO OYETICOUPE UE TNV AvTioTOLYN TOGOTNTA XATd T Didpxeto Twy dLodi-
XACLOY TNV payvnTixh mayido. Xto mhaiclo autrc g npoondvelag, éyoupe vroYéoel TN
Woavixy) hertoupyio avtioTtolylong UETaE) auTdY Twv 800 TexvXY YuEng, onwg teprypdpetor
oty evotnta 2.3.2, n onola unopel va cuvodiotel pe Tic ouvinxeg

(4.33)

Ly B evotnTa, avagépape 6T, 0Ty Wavixh Tepintwor, N uetagopd and t MOT ot
pory vt moryida 0dnyel otny napopovh povo tou 1/5 twy naytdeugévmy atdpmy, Aoyw tng
VeUEADOOUC IBIOTNTAC TWY PoryVNTIX®Y Taydwy mou pmopel vo meptopioet dtopa povo oTic
avég yio tary devom xataotdoetc. Lty nepintwot| pag, wévo 0 {F = 2, mp = 2} xatdotaon
xenotwonoteltar yioo Ty naryldevon. €l ex toltou, o nepintwon nou 1 MOT xon n moryida I11
elvon 10avind ouleVYPEVES, 1) oY€oT PETAEY TOU CUVTEAECTY| TOLOTNTAC OTY) oy VITixY mary (oo
xou Tou Q, oto téhog g MOT pmopel va ypaptel wg

N§ (M 3¢-1

Q, [ Tiwo N, §/(3¢-1) /(31

Q Taa11/GED — \ N, =B (1.34)
[N% () ] "

hwm

>_3/4:| 1/(3¢-1)

Ye xdde & nepintwon, Q,/Q > 5/G4~1) Bedouévou bt 10 védog Vepuaivetor xon tEpLo-
oOTEPA ATOUA YAVOVTOL a6 TNHY Tay(dd.

H onpoacia tou Q, eivar anhy. Kowrdlovtag and v oxomd g Beltiotonoinong tng
poryvnuxig maryidag, 1 ouvixn 4.34 elvon emapxic yia Ty Boavixy Aettovpyio avtioTolytong.
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‘Etol, vyt o optopévy Tiwy tou @y, YVOpaoTe eviuepol yio T €Yoty Tiwy Tou @ mou
umopel vo emtteuy Vel ue TNV wary vTix| mayido xon ¢ AnoTENEOUA TO UEYIOTO Xplowo aptiuod
TWY ATOUWY TOU UTOPOUUE VU ATOXTHOOUPE EPOCOV UEYIOTOTOCOUYE X0t TIG TOQAUUETEOUS
noryidevong nou vnootrneilovtar and ) Sidtalh pog. And tny dhhn, axpBog Aoyw authig Tng
ouviixng, 10 Qp 010 éhog e MOT yivetar 1 1davixy| Tapduetpog mou npénetl va BeEATIOTOTOL-
HOOUYE, TPOXEWEVOL Vo elpacTe o€ VEor va emTOYOUYE ot UEYAADTERY] THLY] TOU GUVTIEAEOTH,
nowotnrag Q@ oty I nayido xa, €tot, éva peyahltepo xpioipo aptiud atduwy.
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Kegpdiowo 5

IototnTEC TOL CULUVTEAECTY)
TOLOTNTAUG XOUL TELOOUATLXY)
enaAyUeLo

Y10 mponyoluevo xe@dhoto cLlNTACAUUE TNV AvAYxT E0PECTC IAC XATIAANANG TOQAUETEOU,
TV onola ovoudoage CUVTEAEOTY TowdTNTag, (@, Yo TOV 0Xond TG TOCOTIXOTOINCTSC TOU
atowxol vEgoug xat g Behtiotonoinong tng dadixactag tne eniteuing BEC og oyéon ue o
HEYLOTO EQIXTO apllpd aTOUeY 0To auunixvwpa. Eyouue neprypdder Tic Bt6TNTES TOL CWUTHC
o mapdryovtog Yo mpénet va Stardéter xan Tapniope TRV TopdUETEo ), 1 omola TANEOl aUTES TIC
WOLOTNTES xoTd TN Otdpxeta Ty dtadixactwy otny I payvnuxr nayida. Y10 1p€yov xe@dioto
Yo allonoioouye 11 Srodéoiun BIdTady NG OYAdAC WOC, OTWS TERPLYPAPETAUL OTO XEPIAMO
2, v va emoahndetoovpe Y emttuyiot AUTOL TOU TUPAYOVTU TOLOTN TS TELQOHATING XOL Vi
eZepeuViooupE T0 (), T GUUTERIPOPE TOU XAk TN YENOLOTNTA Tou ot Teploadtepo Badoc.

‘Eyoupe yweloel autd 10 xe@dhato ot tpla tpfuata. 210 mp@dTo, aviyetonilovye 1o Q
(G TOPAYOVTA TOU TOTOTXOTOLE! TNV TOLOTNTA Tou atoutxol vépoug otny mayda 111, eved otic
enopeveS 800 evoTNnTES Yot GUTNTHCOUNE TIC XVPLEC CUVETEIES AUTHE TS TOCOTIXOTOMNONS, TNV
TedPAedn xou Tt PedtioTonoinor tou xplowou apriuol TV aTOUKY XaTd To didpopo aTABI
e dradixaotag.

5.1 O ocuVvTEAECTHC TOLOTNTAC XA T} TOCOTLXOTOLNCY] TOU
VEQPOUG

H rocotuxonoinon tou végoug pag diver T BuvatodTnTo Vo GUYXEIVOUUE TNV TOLGTN T TOU
OGOV APORY TO GTOYO IS -OTNV GUYXEXPWEVY TepinTwor TNy enitevén yeydiwy BEC- xatd
1) DIdpXELL DLOPOPETIXWY ETAVIAAPEDY TOU (Bl0U TEIPAUATOS, XATE To BLdpopa GTAdL TNG
Otadixaolag xat xatd Tn Oidpxeld SLopopeTIXMY datdlewy tou emttuyydvouy BEC. Auti 7
nocotixonoimon unopel va emiteuydel ye T ypeHon pag TapauéTeou Tou €YEl TIC IBIOTNTES
vo Topapével otalepr) xatd Tn didpxetad Tng OAng Sadixactiog, v elvan aveldptnTn and Tig
TOPAUUETEOUS TNG Ty (Beuong -tdvta €xovTag xatd vou 61t pog evdiagépet 1 I nay{da- otny
apyh e e€dTuiong, ahhd xan va €yer wor onth oyéon (avovoa B iivouoa) pe Ty TodtnTa
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Tou végoug. O 1pémog mou mporhle o cuvieheoThc moldTHTag () 010 XEQdAao 4 eyyudTon
VEWENTIXA TNV IXAVOTNTA TNE TOCOTIXOTOINONS TOU VEPOUG XAUTA T1) SLIOXELN TNG Koty YNTLXAG
noyideuong: aivetan va elvar otadepds xatd T didpxeta Tng dradwactog, 1 edpTnon TV
TOEUUETEWY TAYIOEVOTE UETAPEQOVTAL UOVO UE TOV OPO avapUovxoTnTag tng e&lowong 4.22
X0l 1) TOLOTNTA TOU VEQOUS oL PeTapedleTtal aTov %piotpo aptiud twy atopwy eivar addouvoa
oe oyéon e 10 Q. Ou mpénel TavTo Vo EYOUUE XATE Vou OTL To (Q AetToupYel e emiTuyn
TPOTO WOVO TG GLYXEXPWEVES Tpolnodéatlg, Tou enavalaufdvouue edw: To atowxd vépog
Yewpeiton wBovixd, 1 ddixacio g ouunicong tou végoug umotidetar oTt elvan abioPBoatixy
xot avooTeEdT xat eniong 1 eCatmotix) YUgn axolovldel To yeyovée Ot N £ mMAUPAUETEOS
Topapéver otodept.

Ye auth) TNV evoTnTa Yo EQEUVHCOUUE TIELQOUATIXG TIC LOLOTNTEG TOU GUVTEAECTT TOLOTNTOG
Tou oyetilovTal Ue TNV TOCOTIXOTOMGN Tou VEpoug, dnhady| T otadepdtnTa, Ty avelauptnoia
TV TapaéTewy TNe toryideuong xat Ty adiovoa oyeon Uetagd Tou @ xou TNE TOLOTNTS TOU
VEQOUG.

5.1.1 H otadepdtnTta TOU CUVTEAECTY TOLOTNTAG

Yto oy.5.1(a) oyeddlovpe 10 ouvteheoty| notdtntac o OAY TN Sradixaoio tne YPugne ué-
ow e&dTong UETA T @épTwao TN poryvuxhg tayidag III xou tnv adiafatiny ouunicon tou
atopxol végoug. T vo umohoyioouge tov oprdud v atéuwy xar T Yeppoxpacio xatd
N OLdPXELN OTOLNCONTOTE OTIYUNS, TpayHatonooaue didpopes exavahiels tng Brag dio-
duxaclag, agphoaue To Vépog va extovwiel eheliepo xon Vo YpNoILOTOCUUE TIG TEYVIXES
time-of-flight xat ameixdévione pe anoppdpnoy, Onwe neptypdpovian 610 xepdiato 3 . Me
aUTES TIC TOGOTNTES UTOAOYLIOUEVES, elvan xavel o Véon va e€dyel Ty T Tou @ omd Ty
€€.4.22 tnv Bl ypovixr) oTiyun tne dtadxactag. Ye autd To oYU, xdle pla and TIC XOUX-
x{de¢ avuinpoownelel T péon Twh Tou @ oTo Ypdvo t amd Tic didpopes emavahielg Tou
{dlou metpduatog, pe Tig dleg napapétpoug nayideuong oe 6hn T Stadxacta. H ouyxexpipévn
netpapatiet] dradixaocio yapaxtneiletoar and €va didotnua 0,5 deuTepOAEnTWY Yior TV eniTeLEn
avtioTolylone pe Tic {diec Tiée Twv mapuuétpwy Tayideuone (a = 85G /cm, b = 40G /cm?,
By = 30G), tnv (B dradixacia ovunieong (touv ohoxhnpodvetar Uetd and 2 deutepdAenta Ue
e tehixée tpée a = 450G /em, b = 240G /em?, By = 0.5G) xa, téhog, 7 S e&dton
(10 deutepdhenta ypapuxh peinon tne ouyvétntac and 50GHz éwe nepinov 0,5GHz). Tnb
auTég Tig OLVINXES, amoXTAGOUE Xou TNV x.2.8 1 ontola diver Ty otadepr Twh £ = 1,2 xatd
N Sudipxelol TN eEATLONG.

To xbplo ouunépaoya auTng TG AMEXOVIONG Elvat GTL UTOPOVUE TELRULOTIXG Vor ok del-
coupe 11 otadepdtnTa Tou Q) XATA T OTAdIA TNG AEttoupyiag avTioTolylong, TG ouunieong
xa g e€dtworng. [upduola anoteréopata unopotv va Beedoly av yetafdilovue Tig mapo-
wétpouc mayideuomC 1/xon ToUC YEGVOUS TV DIEPYAOLOY, UE TN woVN Sapopd vo elvon 1 Tiun
Tou ouvteheot| mowotntac. H ouyxexpwévn tuy 320 oto nelpapa mou anewovileton dev Aéet
Tinota, exTOC xou av TEOCTAYOVUUE VA TO GUVOEGOUPE UE TNV TOLOTNHTA Tou VEpoug. (20T600,
Tewv and authy TN oOVOEDT), TOu PEPVEL T BuVITOHTNTA TNG CUYXEIONG, KOS EVOLUPEDEL VoL €-
EEPEVVACOLUE TNV CUUTERLPOPA TOU GUVTEAECTY| TOLOTNTAS PE PEYahOTeEPT Aemtopépeta. Auto
odnyelton amd 10 YeYOVOS 6TL UTdPYOUV Xdnoleg anoxhioelg and TN otadepdtnTa O OploUEVA
xplowa onuela g dadixaotiog.
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Eyhuo 5.1: (o) H nerpopotind UnoloyLiopévr Tih Tou CUVTEAESTH TOWOTNTAC WS GUVEETNOT TOL YPHVOU, xoTd
N Sudpxeta TNe Aettovpyiog avtioTolytone, T cuurieon xou T YO&n pe edtuior. Ltn Aertovpyio avtiotolyione
ov mopduetpol toyideuonc Tou YpNoWoToWlVTL OTa CLUYXEXEIEVY Tewpduata elvan: a = 85G/em, B =
40G/em? o Bo = 30G. Metd ané 2 deutepbhenta oupnicong tou vépouc, uéypt ot Tapduetpol noyidsuone
va pddoouy Tic tehiec Twéc a = 450G /em, B = 240G /cm? xa. By = 0.5G, 10 1ehx6 616d0 twv 10
deuteporéntwy e YOENe e egdtuion AouBdver yweo. H tur tou € unoroyileton va efvon 1.2 o710 peyahbtepo
Sdotnua e egdtuione. Katd to yeyoahldtepo uépoc o mapdyovtac molotnta Topaével otadepds, Ue TN
320. Oplopévec draxuudvoeic eppaviloviar ota (B), (Y) xou (3). Xto (B) o cuvieheothc towdtntoc Eexivd ue
T 670, paydotar pewdveTon xan TeEAXd YeTd and 0.05 deutepdhenta @Tdvel ot otavepy| T tou. H outia
yior gt Tétola ouunepLpopd Peloxetar oo uTéhotno dtouo mou dev maydevovtar petd t MOT olhd dev
€yxouv Tpohdfer axdpa va Bpedolv extdc e naydac. Xto (y) anewxovilovpe ta TedTa oTddia e YPuEneg
pe egdtuion. Mo apyxry adEnon tou @ cuvendyeton tn Aavdacuévn unoloylouevn Th v Q. Autd to
Mrdoc ogelhetan oe Advdaopévn Ty tov €. (3) H ovunepipopd tou Q xovtd xor petd to cupndxvewpa. Ot
AMEOBAENTES TLEC TOL GE AUTNV TNV TEPLOYY Elvol EXTOC TOL Thanolou TN Tapolous EpYaclac.

Y10 0y.5.1(B) Brénoupe 1 ouuneptpopd tou @ xatd To oTAdo TG Acttovpyiog avTioTol-
yiong. Kotd 1i¢ mpoteg oTiyPée e OpTwong TNS Ry VNTIXANG Tay(dag, 0 GUVIEAESTHC
rowbtntag €yel Tohd yeyahitepn T and exeivr xatd T Sidpxeto TG uTéhoinng dradixaoiog.
Koavoe n poption ouveyiletar, 1o @ petwveton anotopa péyet tny otadepy Tiwy tou. Auth 1)
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ouunEpLpopd etvon amdAuTa TEOPBAEYY xan umopel v epunveudel and To YEYOVOS OTL UOVO T
xatdotaon {F = 2, myp = 2} eivar plo xatdotaor nayideuone yio ta dropa. Adyw autol tou
YEYOVOTOC, 0 aplOC TWV ATOUWY TOU TUPUUEVOUY TOYIOEVUEVA UELDVETOL XATE €Vary ToRdY OV-
ta 5, og abyxplon pe 1o Vépog oty MOT. g ex toltou, €dv xdnotog eotidlel TNV tpocoyh
TOU OTIC TPWTES OTIYUES TNES POPTWOTNS TNG Loty W Txrg moryidog, umopel vo cupnepdvel 6Tt dev
€y ouv TPOhdBet axdua GAoL ToL ATOPOL TV YN TUYLOEVOIUWY XATACTAGEDY VoL ATORoXpLVIODY,
odnyovtag oe avénomn e NS Tou Q. AxeBde tn otiypr g evepyonoinone tne T moryi-
dag, 6ha ta dropa e MOTT elvon mopdvta xau pe avagopd otny e&iowaon 4.34, unopolue va
Bpolue v VewpnTind avapevouevn apylxn TiUY Tou cUVTEAESTY motoTntag Ye £ = 1,2

Qinitial = 5'7/2°Q = 5/26 %320 = 672 (5.1)

H nopandve T elvon o€ TARpn U@V UE To TEIPUUATIXG ATOTEAEGUATI TOU QAiVOVTAL GTO
Yy.5.1(B). And v B emxdva, uropel xaveic va supnepdvet eniong to ypdvo nou ypetdletar
xavelc Gote Ok Ta YN morydedoa dtoua vo Eepiyouy and v noyida. Xtny nepintwo
o, etvor oyedov 0.05 deutepdrenta. Teheutalo addd dyt hydTepo onuavTixd, TUpATNEOUUE
Qo aneocdoxnTY) TGO TNy T Tou @ Alyo mpwv Ty ataeponoinon tou. Auth ebvar pla
OUUTEPLPOPE IOV ATMAVTATAL G GAEC OYEDOY TIC EMAVAUAAPELS TOU TEWAUATOC UE DLAPOPES TIUES
WV TapaUETewY Tayidevong xan elvon ofuepd AVEERYNTY).

‘Eva dhho xplowo onpeio yio 11 CURTEPLPOEA TOU CUVTEAESTY TOOTNTAS anotehel 1) apy,
e e&dtuiong. e avtideorn pe 1o undroino avTtig TG BladXAclug, OTO TEWTA OTABL TNG
e€dtuong 1o @ qafveton var €yet Yo eEhapews HEYaRDTERT, T and TN oTaep| Tou. XTo
oy.5.1(y) unopobue va dolpe Eexddapa ) cuuneptpopd auth. Xe avtileon ye 6, T cupPaiver
oty oYY TNe Aettovpylag avtiotolylong, avty 1 aotddeia dev GUVODEDETIL ATO XATOLY PUGLXY,
eppnvela. Auth 1 amposddxnty adénon expedlel anime To YEYOVOS OTL OE auTd 1o OTddto,
0 mapdyovTag ToldTnTag 0ev unoloyiletal pe 10 owotd tedmo. T va 1o e&nyfioouue auto,
npénet xavele va e€etdoer Ty ex.2.8. Katd tn oulitnon autic tng emdvag, avapépaue to
TELROPATIXG YEYOVOS OTL oty oy TS Yi&ng uéow e&dtuiong 1o £ Eyel xpdTepT TILY, TtV
ndpet TV tehixr, Tou £ = 1.2. Qotbdo0, 10 Q 010 oy.5.1(y) unoroyiletar pe v mapadoyh
tou € = 1,2 navtol. Q¢ anotéheopa auTOY, EYOUPE UTEQEXTWAOEL TNV T TOU () OE oUTHY
NV neptoy)) xou auTHC elvar axpBdc o Adyog yia Tov onolo BAEmouUe Wiot auENUEVY Xon UETO-
Bakhépevn T, mety TNy anoxatdotacn tne Tehxis € = 1, 2. Metd and v apyin e€dtuion,
10 (Q unohoy(leTon ot AL YE TO OWOTO TEOTO ToU BIVEL TN 0WoTH T xou TNV otadepdTnTaL.

Y10 oy.5.1(8) PAénoupe TV mEpALATIX GLUTEPIPOPA TOL  %0oVTd oTnv xplown Veppo-
xpaota Tt yio v egpdvion, BEC xat yetd tny npaypatonoinoyn tou. O napdyovtag totdtnrag,
UE TOV TpOTO Tou TPOoHAYE Ue apeTnpla ToV xplotuo apliud TwV aTéU®Y, SEV EYYUATU OTOLODT -
TOTE GUUTEPLPORA UETA and exelvo To arnuelo. 261660, Yol T0 6X0TO NG TUPOLoUS Epyactog
UTopOUUE VO DNADCOUUE OTL DEV EVOLUPEPOUAGTE Yiol TOV TOPIYOVTA TOWOTNTAUS GTO GUUTU-
xvopa. Iewpopatind, uropolue va napatneoouue ta e€hc: Katd tn Sidpxeia twv teheutainy
otadiey ¢ Pi&ne péow eZdtworng oy 1o BEC, unopel xovelg vo Slaxpiver o amdtoun od-
&nomn oty Tipn tou Q. Auth 1 oupmeptpopd unopel va epunvevdel ypnowonolwvtag to Bo
emyelpnua, 6nwg oty nepintwon g évaping tne egdtmone. And to oy.2.8, Bhénouye uia
TTeon tou € ota TEAeuTalo YIAMooTd Tou BeutepoénTou NG dladxaciug, 1 onola odnyel oc
€vay uTER-UToAOYLoS Tou Q. Extdg and autd, xat lowg axdun mo onuavtixd, Alyo mpty ond
TNV ELPAVIOT) TOU cupuxvwuatog, 1 toyida I yetatpéneton xou ndht oe wa appovixt| nayido.
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Y10 xepdhaio 4, dtav e€fyope Tov @, TapaTeHoaue 6Tl auTOC Topauével oTadepdg Péypl TN
oTiyur) mov 1 marytda yiveton apgovixt. Auth| elvar 1 tepintwon xovtd 610 cupnixveua. Ano
™V GAAY, UeTd TNV eppdvion; tou BEC, unopolue va noapatnpriooupe wior Toyela ueiwon tng
g Tou Q. Xto onpelo autd Yo mpénel var xdvouue plo onuavtixy onuelworn. H onpacia tou
CUVTEAEGTY| TOLOTHTAC WC TOPGPETPOS Yid TNV TEOBAedn Tou xpiotwou apriuold atdumy, Yo
TNV nocoTixononen tne dradixaciug nou odnyel o BEC xou yio T fedtiotonoinon tng dio-
dixaotog woyler aveldptnta and TNV GAAAYT TNG CUUTERLPORUS TOU PETA TV TEAYUATONOMOT
TOU GUUTUXVOUATOG.

Nth
2.0x10° (a)
1.8x10° [
1.6%10° [
1.4x10° [
1.2%10°¢
1.0 10° \f\\\\‘
|s.0x10® 1
6.0 108 |
. . . .
0.5 1.0 1.5 2.0

Eyhua 5.2: (o) O aprdude twv atdpwy xou (B) 0 cuVTEAESTAC TOLOTNTAC WS GUVEETNGOT TOU YEOVOU XoTd
) ddixaoia e adtaPBatixic ovurieone. Ltn Yewpla, unootneilope 6TL pe Ty Tapadoyh evéc otadepold
aprdpol ATOpWY, 0 TUEAYOVTUG TOLOTNTAC TUEUUEVEL ETioNG oTadepds o Wiot adLBaTIXT] Xl AVTICTRENTY
ovunieon Tou VEQPoLS. Btol TELPAUATA, 0 APLIUOS TWY ATOUWY Petdvetol xadde 1 dtadixacio tpoywedet, Aoyw
e nenepoopévne ddpxetac Lofe e waywntidc maydoc B TV aveEASTIXGOY CUYXPOUCEWY PETAED TWV
atopwy. e 0ploUEVEC TEPINTAOCELS, OTwe auTh ntou amewxoviletan €3, 1 pelwon avth @tdver to 30% twv
atouwy. 201600, N TN TOU GUVTEAESTYH TOLOTNTAC DEV QUIVETOL VoL EIVOL ETILPPETNG OF TETOLES AAAAYEC.

To Baowxd ovunépaoya g avwtépn oulntnong, eivor 6Tt uropolye va utodésouue 0 @
¢ oTalepd XATA T1) OIAEXELA OAWY TOVY BIERYACLDY TOU AUBAVOUY YOEA OTT Moy VTixT| Tary(da
III. Amoxhioeig authc tne otadepdtntac ogeilovion 6Ty daxony Twy Bacxey unodéocwy Tou
ONADOAUE PE OXOTO TNV EEAYWYT) TOU OUVTEAESTY ToOTNTAG. §20TH00, axdun xat Ywelc auTég
Tig unoYéaelg va Loy bouy andluta, To @ mapapével opxetd otadepd. Mo tétoln mepintwon
anewovileton oto 0y.5.2. Lto (o) BAénovye v e&€MEn tou apriuol twy atdpny xadoe 7
ovpunieor, ouveyileton, evéd oto (B) v avtiotoryn tih tou cuvteheot notdtntac. Koavelc
uropel va avapépet 6Tt mapd T onuavTixd| pelwon tou ool twy atdpmy xutd tepinou 30%,
n onofa etvar avtietn npog v 1davixt] tepintwon tne adBoatinic oupnieons, 1o ) TUPUUEVEL
oyedov otadepd.

EnaldOevon twv petpfoceny

Zulntdvtoag ) otadepdTnTa TOU GUVTEAEGTH TOIOTHTAS OTY) poryvnTuixy) mayida, Berxaue
ot oty apy e YOEng wéow eddtmong 1o @ anexovileton va ebvar actadés efoutiog utog
AMdouc unddeone (otn ouyxexpipévy nepintwon, Atav o Aaviaouévos utoloyiopds tou §).
H Yewpnund xou nepapatind enahideuvorn tng otadepdtnrag tou () unopel va pog Bonioet
oty emPefaiwor g op¥oTnTag dlapdpwy YETPRoEWY Tou AauPdvovial and Ta TEIRGUATA T
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TpoxnTouV Uotepa amd TNy eneepyacia Twv dedopévey mou hauBdvovtar. Me didla Adyia,
eva miavo anotéheopa mou Vo detyver 6Tt 0 Tapdyovtag notdTnTa dev elvan otalepds unopet
Vo Bel€el OTL oL UETENOELS €pYOVTaL UE XATOW OQPIAULATOL.

Q¢ mopddELYpo QUTAS TN YPNOILOTNTUSC Tou ), 0T0 G).5.3 oY eBALOUUE TOV GUVTEAEDTY
TOLOTNTAC XATd TO 6TAdI0 NS ovunieonc. Autd mou elval BIAQPOPETIXNG GTIC SLAPOPES EXOVES
elvor 1 Bidpxetor g eheudépag BlaaToA TOu VEpoug Tty and T An g exdvag, dnwe
neprypdpeton oto Kegdhato 3. T yixpoic ypdvoug, to @) anewxovileton va uny etvor otadepd,
EVO Yo peYoAUTEPOUC Ypbdvou 1 otodepdtnta anoxadictatar. To anotéheopa autd xadopilet
€vaL 6plo 6TOV Y6V Yo TN dradixacta T'oF nou elgaote ot Y€on Vo Yenollonolicouye, xaddg
ebvor coagéc 6Tt yia Aryotepo amd 10 ythtooTtd Tou BEUTEPORENTOU, O GUVTEAESTHS TOLHTNTAUC
oev unohoyiletar owotd. To npdfhnua, BeBata, Eyxeitar otov Aaviacuévo uToAoYIoWd NG
Veppoxpaciag ue T dradixacio oy TeplypdgeTol 0TO Xe@dAouo 3, Bedopévou OTL oe auTég TIg
TEQIMTOOELC WE Wxpd Ypbvo, 0 bpoc Axd < ri}flT" t3 p mou unodétovue mader va oy e, xou
¢ anotéheopo urtohoyileton Aavdaouéva o Q.

5.1.2 H Avelopinoia ToU GUVTEAEGTH TOLOTNTAC ANO TLIC TOPAUE-
Teoug nayidevong

MeTd T Slepelivon TNS CUUTEPLPORES TOU GUVTEAEGTY) TOLOTNTUSC OTO YEOVO Ol TNV ENO-
AMdeuor tng otadepdTnTag Tou, elvon Théov xarpdg Vo BiEpEUVCOLUE TN BEUTERT, ONUAVTIXY
WOLOTNTA ToU @ Tou T xUhoTA WOAVIXT TUPIUETEO YL TNV TOGOTIXOTOMAY) TOU VEQOUS: TNV
aveaptnoia Tou and Tig mapauéteoug NG Tayideuong, dnhady TNV xhion, THY XOPTUAGTHTA
Tou payvnuxol tedlou xat To medio ndAwong By, axpBag tn oty mou apyilet 1 e€dtpion.

ITpoxetévou va emBEBUDGOOUYUE TEWRAUYATIXE OTL 1) TIUY} TOU GUVTEAESTY) ToldTnTog e€up-
Tdton WOvo ambd TNV TOLOTNTU TOU VEQOUC xot Oyt amd Ti¢ TIES Twv mapouétpwy tng III-
nay{deuong, mpenel va delfouye 6Tt Yl TO (B0 VEQOS, T0 Q) mopopével To (Blo, eved aAAdlouv
oL ToRdUETEOL Xatd TNV €vapln tng elatuiotixc PiEng. Xto oy.5.4 Belyvouue mopaoTUTL-
x4 TL onpadVEL 1) TOpAndve (pedon Yio TV Tepintwon g peToPolric Tou By oto téhog Trg
ovunieong. Xta mEpduatd pog 1o By uetdvetoan exdetind, onwe 1o avagpépinxe, oAAd autd
umopel va €yel wa mo yevxr egappoyt. Eyouue oyedidoel 500 SlapopeTinés TpOyIEC TOU
Tediou TOAwoNG Tou 0dnYolv oe BV SlapopeTinés TeMxéc Twég Bor xou Bpa. Xe autd To
ouyxexplpévo melpapa, 1 avedaptnoia Touv @ and to By enakniedetar edv axorovdodvTag TNy
XOWAWVY), TNV TRACWVY 1) AAAES BIaBPOPES, 1) TT TOU GUVTEAECSTY) TOLOTNTAS Topapével oTadepy
ywelc xoplo ahhayr. Ao cuvirixec Yo npénel GAeg auTES O TPOYLES VO IXAVOTIOLOUY TPOXEL-
wévou var e€aytolv aflOTIOTO AROTEAEGATA OYETIXG Ye TNV avedaptnota avth: Tr Stthenon
e TWAS Tou § o€ Oheg aUTEC TIC DLopOPETIXEC EMAVOANPELS TWV TEIPOPATWY Xat TNV 1oy
¢ oyéong kg1 > pg By, étol Gote 1 may{da va etvar Ypopuxr) oty ooy g Yuing uéow
eZdtong. Oo mpéner va avageplel oto onuelo autd, ot o aviideon ue to By, ol dhheg
TAUPAUETEOL Ty (BEUONE XD XA 0 YPOVOC NS OULUTIESNE TUPEUEVAY T (Bl OE OAEC AUTES
Tig emavalfdeic.

To nepopatixd anoteréopata authc e dadixaoioc anewxoviletar oto 6y.5.5. Lto (o)
oyeddlouye 10 @ wg ouvdptnorn tou By xatd T ddpxeia g egdtmions. Acoueloupe To
Tehx6 By o€ yiot TEQLOYT WXPOY TGV, €101 WOTE 1) YRoUXOTNTa TNne noryidog oty apy
e e€dtuiong va napauéver o€ oy . Kowtdloviag 1o oyfpa, Tapatneotye 6Tt 0 Tapdyovtog
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Eyfua 5.3: O cvvtekeotic modTNTAC WE CLVEPTNOT TOL XPOVou xutd TN ddpxela e oupnicone. Kdde
oynhua yopoxtnelleton amd €vay Blapopetixd Yedvo TTAOTE YL TNV amexovion tou végous. Io pixpolc
¥xpévouc 1o Q delyver va audveton U TOV YpOVO, EVEH YLo HEYUADTEPOUC XpGVOUC 1 oTadepdTNTa TOU €xEL
anoxataoctadel. H xplown tiuh yio 1o xpévo ntiong mev Angdel n euxdva gaiveton va ebvar 10 ythiootd tou
deuteporéntou. Auth 1 ouunepLpopd dev €xel xapla oxéon pe TN @uoixy Bradixacta Tng ouunleong B T
évvowa tou Q. Eivou wa éveln yio v opddtnta v petphoewy. Ta tixpolc ypdvouc tthione, to vépoc
elvar Tuxvé o oOPPLVA UE TNV avEhUoT 6To xe@dhato 3 xou Wlwe tne €€.3.42 n Vepuoxpacia dev utohoyiletan
UE T0 owoT6 TEéTO. Autd elvon €vor TUPABELY A OmPOGdOXNTNG XPNONS TOU GUVTEAECTY TOLOTNTOG Yiol TNV
enaAlevorn e axpiBelac Twv UETPHoOEWY.

roétnag dev ahhdler xadde to By petofdiieton. Xto (y) mapouotdleton n T tou § yia
xqe plo and g tehixég Tipég tou By, I'V autd 10 Sidotnua tev Tipdy tou By yetagd 0,2G
xou 1.4G, to € napoapéver apetdfinto (€ ~ 1.15). XLuvdudlovtag Tic B00 exdveg unopolye va
onAooupe 6Tt 0Ty Tepintwao Tou By, av 1o £ eivan otadepd tdHTE T0 () dev eaptdtan and To
nedio nohwaone. Ta (Bl anoteréopota pnopolty vo e€aydody TEROHATIXG YId TIC TEPLTTOOELS
™S xAong xo NG xaumuAdTNToC Tou payvntixol mediou. To Baowxd anotéheoua umopet
vo emPefouwiel netpapatind: 1o @ elvon aveldptnTo and TIC TUPAUETEOUS TAYIBEUOTC GTNV
eZdTion.

And v GAAT, 0 xplotog aptinds Twy aTomY eapTdTon and TIC TUPUUETEOUE TaY(DEVOTW.
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Eyfua 5.4: Mo Sraduxacion Tov uropel va cLUBEAeL otny e€epedvnon Tou YewpnTixol emyelpRuatoc 6Tl 0
napdyovtoag nowdtnTa elvan avedptntoc and e nopapétpous tayidevone otny YO&n uéow e&dtuionc. Eyouvue
tpononotioet pio and autéc Tic napapétpous ayidevong, oTo CLUYXEXELUEVO Tapddelypa to Tedio ntdAwong,
eV dratnpolpe otadepéc Ohec Tic undlonec. Metd and pia SiapopeTixy] TpoyLd, to @ Vo mEENEL Vo UETo-
BAnOe, €dv autd e€aptdtan and N cLYXEXEWEVT Tapduetpo tayidevone. Kdmowg npénel va elvan BéBoog ot
optopéves ouvirixes napagévouy oe toyb yia autd to Telpapo: Ilpdtov, n Ty Tou £ Vo npéner va etvon 1 (Bra
yiat ONEC TIC TPOYLES, OLOTL Wit BrapopeTixh Ty Tou € adAdler xou TNy Tt Tov Q. Aeltepov, otny apyf TNe
eatotinnic YOEng, n moylda mpénel va elvon Yo,

‘Onwg €yet 1o avagepiel, elvar 0 6pog avapuovixdtntag oTtny 4.22 ToU TEOCPEREL AUTHY TNV
eZdptnon. Y10 6y.5.5(B) anewxoviovye tov xplotwo aprdpd atduwy yio Tic Sidpopes TPéS Tou
nediou méhwong. ‘Onwg elvar avoaevoOUeEVo xat TEQIYPAPETAL GTO XEPIANO 4, 1 younhotepen
Tin v By odnyel oty peyohbtepn Tipn tou Ne. Enavolopfdvouue yio pio axdun gopd 61t
UTIAPYEL EVAL 6PLO Y10 TO GUYXEXPIUEVO TEDI0 TOAWGTS, XdTw and To omoio cupPaivouy walixég
petaBoréc Tou omy xou ta droua Legelyouy and Ty mayida. H th By = 0,2G ebvar xovtd
oe autd 10 Opto. Ta TI¢ MEQINTWOEL TG XAIONG XAl TNG XOPTUASTNTOC NS Tayidag oTny
eZdtyion, to mpdypata eivon axdua mo cagR. O péyiotog apruds TwY aTOUMY TOU UTOPOUUE
VO TETUYOUPE EMUTUYYAVETAUL UE TI MEYIOTEG TWES TWV a xat B Tou Unopel Vo Tpoa@EpEL 1
otdtaln.

To ) wg ATOALTOG TARAYOVTAG YIA TNV TOLOTNTA TwY VEQ®Y. H ixavotnta tou
Q va etvon otadepd xan aveldptnTo and Tic tapapétpous tayidevong tne III naydag unopel va
nog Bonifoet vo cuyxpivoude Oyt LOVO TNV TOLOTNTA TOU VEQOUC, TROXEWEVOU VO OTUIOVPYTOEL
peydho BEC petadl 1wV TERUUITOV 08 DIUQPOPETIXES YPOVIXEC OTIYUEC 1| QAOELS, AARG %ot
HETOED DLUPOPETIXWY SLUTIEEDY Xl DIAPOPETIXWY opddwy. H pdévn npolinddeon yia tnyv ev
Aoyw obyxptor, ebvon 1 topoucto piag I noyidac. Xto mapaxdtw oyfua, n obyxplon yetalld
OPIOUEVWY BLACUWY TEWAUATLY TEUYHATOTOIELTAL.
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Sy 5.5: (o) To Q we ouvdptnon tou tehxol Tediov téhwone Bo. Enavahfdeic tou (Biov neipduatoc pe
™ pévn dpopd N tehx Tn tou mediov néhwone xatd v e&dtuon. Do uixpdrepes Twwée ané 0,2G, to
végog odnyeltoan o palixh andieta Adyw odhayng omv. Do moAd yeyohltepeg tipég and 1,5G, n noyida
nodes var efvon yeouux. T evdidueoes tée, o ouvteheotrc nodtntac Tapapéve. otadepdc. To Q patveton
va efvon aveEdptnto and to nedio néhwone. (B) H vroloyilbuevoe xplowoc aptdude atdpwy we cuvdptnon
tou By. Xe avtideon pe tov mopdyovia mowdtntac, o xpiowwog aptduds twv atéumy efoptdtan Evtova and
T Topa€TPoLE TN Taryidevone wéow tou bpou avappovixotntac. ‘Oco wixpdtepn eivar 1 Ty Tou Tediou
néhwone, téoo peyohltepn eivon Tty tou xplowou aptdpod atéuwy. (y) O map;yoviac € yia Sudpopec Tég
tou BO. EnoArfidevon 6t n nopduetpos € mapauéver 1 (Bra xadde adhdloupe to nedio ndédwong petald 0, 2G
xou 1.4G.

5.2 O ocuvteAeoTthg ToLOTNTAS Xl N TEOPBAedn Tou xpi-
oLoL aEldpol ATOULY

H emtuynpévn npoondieia va tosotixonomdel n totdtnta tou végoug ot payvntixd 111

mory (8o xardotd Suvatdy va tpoPhegiet 1 xplotwog aptiuods atopwy, axdun xo and o TEWTA

oTdda g Sradixaciag. Auth 1 duvatdtnTa elvar €vag cuvbuaouds g otadepdTnTag Tou @
XL TNG OYEOTS TOL PE TOV Xploo aptdud dtouwy peow tng €8.4.22:

N. = Q%A (5.2)

'Etot, av ynopolue va unoloyiooupe v tiuR tou A o autd ol apyixd oTAdL, UTOPOUUE

emiong va unohoylooupe xan 10 Ne. Auth 1 1) tou A e€aptdton amoxheloTxd and Tig
TopaéTeous Tayideuong oty apyh e e&dTuiong, Boe X We.
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EyAua 5.6: O cuvtedeothc TotdTNtac, 6w LTohoyiletan and Tic THuéc TNne Veppoxpaocios, Tov apriud atéuwy,
NV TOEGUETEO € Xat TIC TAUPAUETEOUC TAY(BeLoTE Yol xdmota didonua Tewpduata touv vionoinoay BEC. T
AeTTOUERELES OYETS Pe auTd To elpdpata wropel xavele va deu [89][75][74][76][36].

Ou EMXEVIPOCOUYE TEMTA TNV TPOCOYT| WS OTNV TepInTtwon mou 1 uétpnon hauBdvetor
xotd T Sdipxetar plog Tuyadag ottypng otny Yidn uéow e€dtpiong. Ye auth Ty nepintwon, o
bpog avapuovixdtntag A eivon Yvemotdg, dedouévou 6Ti oL TapdUeTpol TaYBEVOTC TUPUUEVOUY
oapeTABANTEC 08 OAN TN Otadxaota TNE EATUIONG XA, WG EX TOUTOU, UTOPOVUE VA YENOULO-
TOWAOOUYE TIC UETPOVUEVES TWES TwV Boe Xt we Yiot TOV UTohoyiowd tou A. ¢ anotéleopa
aUTOU, €4V Ta TELpoPATIXG dedouéva emBeBonwvouy TNy urndleot| pag otadephc TUAS Yo To €
xotd T Sudpxeta TG eCatmoTing YuEng, 1éTe 0 xplowog apriude atéuwy unopel vo tpofie-
pUel amd ToL apytnd OTADLY TN EEATIONG PE TNV AMOXAEIGTIXY YPNOT TV YETPOVUEVKDY TIUOY
exebvng e otryuic mou yivetoun yétpnom. Xto oy.5.7(a) oyedidlovue tny npoPrepieioa Tiun
U Ne, YpNOWOTOWOVTAS UOVO TIC UETPOVUEVES TIHéS TwV Topauétpwy tou végoue {T', N}
xou Tic mapopétpouc tayidevone {Bo, w}, dnhady yia tov unohoytoud tou A avtixathoTodue
o Bpe %01 we Y€ TIC peTEOOPEVES TipéS By xot w. ‘Onwe Umopolye Vo TopatneficOUIE O duTod
TO oY, xotd TN Odpxeta TNg POEng ue e€dtuion, N tpoPAenduevn Tur twv N elval xovtd
otV TEAXT TIuY Tou.

Awapopetixt, elvon 1) nepintwon 6tav 1 u€tenon hauBdvetal xatd t didpxelo Tng ouunieong
1) TNS POPTWONG Tou VEPOUS 0Ty wary vty maryido. Autéd unopel va e€nynel and 1o yeyovég
ot xavelc ayvoel Ti¢ mapapétpoug tayldeuong otny apy’ T e€dTiong, qv 1 pétpnon Aoy-
Bdveton oe mpwn oty e dradixacioc. H abuvaula auth aneixovileta oto oyfua 5.7(a).
O mpoPhendyevog xpiotpog aprduds dToumy anotuyydvel otn Aettoupyio avtioTolyiong xou
ovunieon €dv xdnolog yenowonowel uovo Tig petpodpeveg Tipés. H eouyxexpiévn 1w tou
N. og autd 10 oyfua exppdler TNy TpaypaTxdTNTa TNV TEORAedn Tou xplotwou apriuol
aTOUWY 0TNY UTOVETIXY TEPINTWOT TTOU 1 EEATULOT EEXVE OE QUTY| TN CUYXEXPWIEVY] OTLYUT| UE
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Syhue 5.7: (o) H npdPiedm tou xplowou aptduol atéumy Pe 1 Xphom TV HETPOVUEVKDY THIMV TV Topo-
uétpwy tou Vépous (apriude atduwy, deppoxpacio) xon Tic HETPOVUEVES TWES TwV TopapéTpny Tayidevong
(ouyvétna, nedio néhwone). Me xbdxxivec xouxxidec avtinpoocwnebovial ot TpoBhendpeves TiéS Tou xplot-
pou aptduol, Ve 1) TEECWVY Yeau SNAGVEL TNV TEayUatixy LETPoUUEYN T Tou N, dtav epgavileton to
ovunOxvwua. Auvth 1 nedBhedn etvon emtuyhc xatd T ddpxewa e eatwioTinhc YPOENC, axdun xou and tny
apyf TS, OARG AmoTUYYAVEL 0T PopTwon xat TN ovunicon tng noyidag III. H cuunepipopd autr opelheton
670 ONUAVTIXG PORO TWV TP TewY Taydevonc oty apyh TN YOEnc péow e&dtuione, tou dev hapBdvovTon
unédm o avtd to ddypoppa. (B) To Bio dudypappa 6w 6To (o) HE TN KOV dlopopd TNV AVTLXATECTAOT
v petendelony napayétpwy toyidevone pe avtéc oty apyn e e€dtponc. H npdPiedn dev anotuyydvet
TOpa 0UTE 0TN CLUTEST], 0UTE OTN AELTOURPYIO AVTLIOTOLYLONG.

NV TauToypovy Tadon e ouunieonc. And tny dAAn, oty ex.5.7(B) éyoupe oyedidoel TV
neoBhedm yia To N e TNV TpoceTy YVOOT TWV TUPUUETEWY TNE TAYIBEUONS OV apyT| TNS
eZdtwong. I vo unohoyioouye v T twv Ve o€ autd 10 oyfua, unohoyilouue 10 A pe
Yenon 1wy Tuey Boe xot we. Auth 1 avtixatdotaot ynopel vo emiteuydel uévo av elpaocte
EVAPEPOL Yol TIC TEMXES THES TV Topapétowy. 261600, auTd eivon hoyixd, dedopévou 6Tl e
0T6)0 Vo yeytotonotjoove 10 Ne, xoavels ouumiélel 10 VEgog uéypl to 6ptd Tou, OTwe AUTo
Tpoodiopiletar and THY GUGKAELY TOU YpnoiwoTolElTar Xou TNV Teolnddeon yio THY anoQuy™n
™S PolIXAC ATWAEING TRV ATOUWY AOYw ahhayng omv. O xplowog apriude atouwy oe auth
NV nepinTwor npoAEneTar Ye emTUYlol axOUN XU UTO TO TEWTA OTAOLY TNES POPTWONS TOU
véQoug otV Tay(da.

5.3 O ocuvteleotng molotnTag xou 1 PeATioTonoinon tng
oLaoLxacioc

Mo GAAY oMoVt CUVERELX TNE TOCOTIXOTOMNONE TOU ATOUIXOU VEQOS GT1 POy VITIXY
III moryido, extdg amd v medPhedn Tou xplowou apiuol aTéUmY oaxour xot and T TEWTA
oTddL, Elvarl 1 BUVATOTNTA VO BEATIOCOVUE 1) OXOUT XL VO UEYLOTOTOINCOVUE UTO OPLOUEVES
ouvifixeg autod tov aptdud. Auth 7 Pertiotonoinoy g Sadixaciug Yo TNV TUPACHELT], TOU
BEC xoi 1 mot6TnTa T0U VEQOUS GUVIEOVTAL UEGK TOU YEYOVOTOG OTL O TURAYOVTS TOLOTN TG
ebvor plor yvnolwg adZovoa cuVAPTNOY NG IXAVOTHTAS TOU VEQPOUS VoL TROXAAETCEL PEYGAO
ovpmixveua. ‘Etot, ue 1 Behtiotonoinomn tou @, unopel xavel va UEYIOTONOMOEL TOV Xplotuo
aprdud atépwv. Aut i Bektioon propel va emtevyVel xatd ) didpxeto tng MOT (axdurn xan
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av 10 Q dev opileton we otadepd oe auth T dradixacia), xatd TN POPTWOY XAl TNV GUUTIEST
Tou VEQOUG Xat, TENOG, xatd TN Sdpxeta tng YOEng ue egdtuon.

H npdieon tng napoloag epyaoiag dev etvar pto Aentouepic LeAET yia Ty BeAtioTonoinon
Tou @ xa wg anotéheopa Tou Ne o€ oyéorn e xde nopduetpo mou ennpedlel Tr) dadixaoia,
OAAG HEAAOY VoL AVAPECOUIE XATOL BUOIXE ATOTEAEGUATA TTOU TIEPLYEAPOUY TNV ETLTUY LN AUTAG
e PeltioTonoinong xou TN GuUTERLPOPd TN Sladixaciag mou odnyel oto ouunixveua. Mia
TENXN TopaThENoY TEV and TNV mapouciaon Twv anoteiecpdtov: ‘Onwe NN avagpépinxe,
7 dadxacio e e€dTUIONG TEPLYpAPETAL Amd THY T TOL § ®C TPOS TO OTOYO IS Yot TN
Behtiotonoinom, 600 1 TAPHUETEOE AUTY| TUPUPEVEL oTaept| e Ohn Tr Sadixaoio tng YOEng.
O nopdyovtag mowbthTog eivor wa Yvnolwe adouoa cuvdptnon authic e nopauéteou §. Qg
ex to0toL, 1 Pehtiotonoinon Tng dradixaciog Tehxd ueTapépeTar 0Ty feATioTonolmoT Tou &,
wa tpoomdieiar Tou ebvon €€w and 1o medlo egapuoyhc e mapoloag cpyaciog. H Béktio
T TOU £ TOU XUTAPEQUUE VAl TAPOUUE TELpUATIXd Efval 1) TOU YenolHonolEltal o€ Ohal To
anoteAéopATA TOU avapépouye, § = 1,2.

5.3.1 O ocvuvieleotvg oot *xou N Pertiwon tng MOT

Av xar o mapdyovtag TotdTNTAS OEV €YEL QUOLXT Evvola xatd To oTddto TNg YiEng Ye Aér-
Cep, Ty eméxtaoy tou @, oto téhog g MOT, 6nwe neprypdpetan otny evotnta 4.2.4 clvon
e€oupetind onuavtixy. Auth n 1w tou @, oto téhog T MOT xadopiler tnv Orapln evig
peylotou oto @ ot poyvntiad moyido xon, »¢ €x TOUTOU, EVAL UEYIGTO GTNY TOLOTNHTA TOU
végoug. Xprnowponoiwvtog tny e€iowor 4.34, unopel xaveic va Bpet ) BéAtioty Tipn Tou @
yio ptor Sedouév Tin Tou Q. Auth 1 BélTiotn Ty pnopel v emiteuy Vel oyt wévo pe Baon
dadixaoior avTioTolytong, ahhd xar emhéyovtag TNy xahltepn nopela Tng oupnicong. H udvn
eAeLVERIA TTOU ATOUEVEL, UETA TOV TROGBIOPIOWS Tou o, Yot Vo auénlel 1 uéytoty emtetiun
T Tou @ mapaéver i BuvatoTnTa adEnong Tou . (g €x TOUTOU, oXOUN Xak oV OEV UTOPOUUE
VO UETPHOOUPE TNV IXAVOTNTA TOU VEQPOUS OF OTOLONTOTE Tuyaia oTIYUr) XxaTtd T Otdpxeld
e MOT, 1 tehixd ©uh Tou @, Yo TANPOPORE! OYETIXA UE TIC CUVOMXEC TPOOTTIXEC TNG
TOLOTNTAS TOU.

OcwpnTixd, dev undpyer 6plo oty T oV Q,. O udvog Teploplonds €YXETAL OTOUG
TEPLOPIoMOUE TNE BLdtadng. Autdg etvon 0 AGYOg o BEV AVAPEROPACTE GTNY EQEUVA QUTH| TOU
Qo ¢ ) Behtiotonolnomn ahhd tn Pertinon tne dradixactac tng MOT.

Y10 6y.5.8 (o) xau (B), anewxovilovpe 10 Qp xou 0V aptdud TV Veplixdy aTéUWY av-
tiototya wetd 1o otddo e CMOT we cuvdptnon g xhiong tou payvntixol mediou mou
epopudletar ota yeydha loffe mnvia xatd tn Bidpxeia tneg depyaostag tng MOT mpv and T
ovunieor. Yto (o) Brénovpe 1 1 péyiotn emtedun T tou Q, efvon oyeddv 820 yia tnv
nepintwon 6mov anor = 25G/cm. ‘Okeg ot dhhec nopduetpot e 111 napauévouv otadepéc
OTIC TIIES, OIS AUTES TIOU DNUIOVEYOUVY Td VEQT OE OAES TIG TEONYOUUEVES YRUPIXES TOPO-
otdoeig xa o anotehéopata. Xto 0y.5.8 (y) xa (3), wa napdyora avanapdotact Tou Qo
eugpaviCetal wg ouvdpTnoy Tou anocuvtoviopol tng MOT.

Kowtdlovtag tig 800 autég MEQINTOOELS, UMopolue va dolUe OTL 1) ueYloTonoimon tou @
ovpfaiver otig Bleg TIES TNS aMOT X fMOT XAUTd TIC OTOIES UEYIOTOTOIEITAL Xt O TEAIXOG
optdpog atduwy Yetd Ty ohn Sodixacto PoEne ue Aélep. To yeyovog autd punopel va evioy -
OEL TOV IOYUPIORO OTL Umopolue vo BEATIOTOTOGOUUE ToV apidud TV atduwy, avti Tou Q,
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Eyhua 5.8: (a)-(B) H ouunepipopd tou (o) napdyovta nowdtntac xou () tou apiduold twv atdéuwy 6to téhog
e POEne Awlep we ouvdptnon e xilong e MOT npw and 1o otddio g ouvpmeouévng MOT xou tng
ontuAc pehdoos. Ko ta 300 autd ueyédn éxouy éva yéyioto yia amor = 25G/cm. e auth tny nepintwon,
QalveTol VoL Loy UEL JLOG OVTIXOTEOTAON TOL CUVTEAECTY TOLOTNTAC Ad TOV dEtIUs TWV ATOUWY WS TUPIUETEO
nov Yo mpénel vo e€etdoovye o tn Bedtiotonoinom. (v)-(8) H (y) ovunepupopd tou cuvieleoT| ToLOTNTAC
xat (8) Tou apLipol Twv atdpwy PeTd o oTddo e MOT we cuvdptnon tou arnocuvioviopol tne MOT. Xe
AUTAY TNV TEPIMTWON, 1) AVTIXATIOTAON JEV ETUTEENETOL, XU TO () TOPOHUEVEL O XATIAANAOC TAPEYOVTASC VLol
 Behtiotonoino.

xou Tou @ ot wory vty maryda, mpoxewévou va BeTioTonotcouue Tov xploto aprdud atd-
uwv. Ot oyuptopol autol, wotéco, gaiveton vo pnv etvon éyxupot. H awttohdynon authg tng
un eyxvpdtnTag uropel va Beedel ota Bl draypdupata. Hupatnemdvrag, yio topdderyua, Ty
nepintwor tou anocuvtoviopol e MOT, unopolye va dotue 6t Yo fyor = —12.5M Hz 1)
Tin Tou @, ebvon mohG peyohbtepn and 6, T yio fyor = —10M Hz. And v dAAn mhevpd,
autd dev elvar ahfdeia yior Ty T Tou apiuol twv atouwy. Eminkéov, xortdlovtag xot ndt
oty nepintwon tou arocuvtoviopol g MOT, unopel xavelc va napatnerioer oti, Yo ano-
ouvYTOVIopoUg oty Teploy petalh —25M H z xar —35M H z, 0 aptiudc twy aToueY Tapoué Vel
oyedov otadepde, eved 10 Q, €xel wio petaBaiiopevy Tipn 1 omofa de @atveton tuyalo. Mia
TOPOUOLN GUUTERLPORA QalveTar 0TNV TepInTwon TNe ahhayhc Tng xhiong. Kdlde aliwon yio )
Behtiotonoinon tou apriuol 1wy atdpwy dev Aaufdver unddn ) yetafoln tng Yepuoxpaciac
%34T and TIC AAAAYES TV DlaPOpwY TOPUUETEWY oL oToleg auUBdALOLY eiong TNy TOOTNTA
TOU VEQOUQ.
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5.3.2 O cuvieieotig noldoTnTag %o 1 BeAtiotonoinon otny IIT po-
YVNTLXe oy ido

Yy nponyoluevy evotnta culntioode oyeTxd pe Ty Bedtinon tou @y, YEYOVOS Tou
odnyel oe LMAdTERO dve dpto Yia To @ oty poryvnTixy Toryido. Metd and auth Ty nelpapo-
Y Behtioon, tpoonadolye va Behtiotonotoouye 1o vépog otny 1T noyida. H oyéon 4.34
TPOG@EREL TN YV&OoT TNg Yewpntixic BEATIOTNG Tiwng Tou @ yio o optopévn Tiwy Tou Q.
‘Etot, 1 tpoondield gog €YXEITAl 6TO GUVBUACUS OAWY TV TUPUUETPWY O aUTH TNV noryida,
Tpoxeévou va emteuydel auth 1) Yewpnuixd uéyioty Tipr Tou Q. Auth 1 T e€aptdton xupi-
w¢ and 11 ddixacio Tng Aertovpylog avtiotolytorng, 1 onola xaopllel Ty apyxn cuyvotnTa,
™ Yepuoxpaocto xon Tov aprdud Twv atéumY, xaL oand Tig dradixaciec cupnicong xan eZATIONC,
ot onofeg xadopilouv TNy T Tou € xat w¢ ex To0TOU TNV optoTixy a&ld Tou Q).

Yty Evétnra 2.3.2 neprypddope ) dradixacio tng MOT xar unootnei€ope 6Tt yia
AE1TovpYia AVTIGTOIYIONG Ol GUYVOTHTES TNG PAYVNTIXAS Tay(dug Teénel va elvon (0EC UE TNV
mpaypatixh ouyvotnta tng MOT. Ot Béhtioteg Tée g xhiong xar g xopmuhoTnTag Yew-
entixd Peloxovion and tny e&iowon 2.53 XpenoleonoidvTag auTéS TIC OYECELS, To TELRUUATIX
anotehéopota e MOT xou plar awdaipetn exthoy yiot 1o By pe v péplvol vo Topapeiver 1)
Toyideuar) apuovixt], urtopolUe va GUUTEPAVOURE OTL 1) AerTovpyia avTioTolyiong eupavileto
Yio et xhion xovid oty T Tou a = 45G /em, yio e xouruhéTnTe oYedév B = 20G /em?
xou Yo By = 30G. Qot600, autéc ot unohoyi{ouevee TIUéS BEV oUUPWVOUY UE TO TElpaud,
onou damotwoope OTL Yoo By = 30G , ot BéATioTeC THUES TNG XAIOME XU TNG XAUTUASTNTA
T0U poryynTINol Tediou Tou xatapépoue Vo emttiyouye eivar a = 850 /cu xor B = 50G /em?.

Y10 0y.5.9(a) xou (B) oyeddlovpe 0 Q we ouvvdptnomn e xhione a, eV Sratnphoaue
TV XoUTUROTITY Xon To TEdto Téhwore otadepd. Yto (o) éyoupe B = 50G/em? avd wop
By = 30G. Tvo (B) éyoupe B = T0G/cm? avd gop By = 30G. Ot Sroxexoppévec ypoupéc
AVTITEOOWTEVOLY TNV VewpnTixd BEATIOTH WY Tou @ 6nwe tpoadiopiletan Yio éva dedopévo
végoc oty MOT xou neprypdgeton otny nponyoluevy evotnta. Eivon cagéc étt oto (o) 7
tpoondieia BedtioTonolinong eivar mohd mo emtuyhc and 6, Tt (B). Xe autd to Bidypoppa
(o), wmopel xaveic va det 6T xdmoleg enavahfelc Tou TEPEUATOC PTAVOUY oYEdOY uéypt
™V oV T Tou Q, eve N péor) Tipr Toug dev ebval TOAD poaxpld and auth TV Wavixy
nepintwor. Mo dAAY auTtovénTy napathenon eivon To YEYOVOS OTL Yiol o DIUPORETIXTY] TN
NS XAUTUAGTNTAC, TO PEYIOTO TOU () EMTUYYAVETOL YLl Lol OLopOpETIX T Tng xAlong.
Hpoxewévou va pehetniel mAfipws 1 BeATioToNoNoT, TNC POPTWOTNC TOU VEQOUS GTY) LAY VNTLXT
moryida, Yo TEENEL VO DIEPEUVACOUNE OAOUEC TOUS GUVBUNGHOUS TWV TUQUHETPLY AUTWV X
Vo Toug ouyxpivoupe ye To Jewpntind uéyioto ouvieheotr) mowdtntoc. Ilapduora ebvon 1
TEPIMTWOT AV XATOI0¢ TEOTOTOLEL TNY XUUTUAGTNTA, aPhivovTag ywpeic ahhayr Tny xAlon Tou
woryvntixol medlou. Xto oy.5.8(y) anewxoviletan auth 1 nepintwon. Eva tehixd oydhio yia
™ Aettovpyla avtiotolytong etvon 1o €€hc: H emhoyy| tou apyixod By dev gaiveton var ivon
eCanpeTind anoaototxy| Y Ty enitevn ueydiwy Q. Autd pnopel va pavel oo oyfua 5.8(5),
6TOY 0 ToPdYOVTAC TOLOTNTA elval AUETABANTOC Yia SLapopeTixés Tiwég Tou medlou mOhwong
oty neployn and 20G €we 40G.

H onpacta e oupnieong yia ) Beltiotonoinoyn tou ouvieheotd| Toldtntog ebvon Sy
Oa mpénel va eyyudTon TNV adiaBatinn WETUBOAT TOU VEQOUC, TPOXEWEVOL To () Vo Elvol oTo-
Vepd xou va tpoogépet Tig apyixéc ouviixes yio YOI ue edtwon B pe dAho Aoy, ebvon
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ESyhue 5.9: ()-(B) o mapdyoviac mowdtntac we cuvdptnon tne xhone xatd i ddpxew tne Aertoupyiog
avuotolytong. Ot Blaxexouuéves YpouUéS AVTLTPOOWTEVOLY TNV Wavixh WEYloTtn Tr Tou Q yia oplouévn
petpoluevn Ty tou Qo otny MOT, clupwva ue ™ cLlATNoY oTo Tponyoluevo Tuhua. Xto (o) Yenowo-
Towolye T Tapapétpoue B = 50G/em? xa By = 30G, evé o1o (B) B = T0G /cm? xan By = 30T. To npito
Sudypaupa elvon o emttuynuévo oe oyéon pe to debtepo. Mo dAAN napatipnon elvon 1 dLopopeTix) i TS
BérTioTne xhione o€ TERINTWON TOL 0L SAAEC TUPGUETEOL, 1| XOUTUAGTNTA Xt TO TEDIO TOAWONG, €YOLV dia-
gopetxf T (v) O cuvteheoTthAc TOLGTNTAC Yiot TiC DLAPOPES THES TG XaUTLAGTNTC Yiot a = 85G /em avd
By = 30G. (3) To apywd nedio néhwone dev gaivetor va elvan tdéoo xplowo yia ) Aettovpyia avustolyong.

evog mapdyovtag mou xadopilet Ty TR tou £ H mpodtn npobndideon xavonoteitar av 1)
dladixaoio ouunicong e€ehioostar avomomntind apyd. H axpific emhoyy tng didpxeiog tng
otadxaotag dev gatveton va efvar xplon Yo Ty Tiw Tou cuVTEAESTY, TototnTag. Ao deute-
POAETTAL OLUTIEDTG, OTWE YENOWOTOLEITOL OE OAAL TO TELRHUATI TWV OTOWY T ANOTEAECUATA
aneixoviovtan, elvon apxetd Yoo adioBatixotnta. H perétn tng ovunieong wg wio diaducacta
yia Tov xadoptopd tou € eivon €€w and to Tedio egapuoyhc TNg Tapoloag epyasiauc. 0T600,
TELPUUOTLXG, DLATIGTAVOLPE OTL 1) eyahbTepn Ty Tou € elvan & = 1,2 xou 6Tt 1) Tiwn) auTr dev
petofdhheton, ExTOC €4V ot bpol TN oupnieong etvan tehelwe dlagopeTixol.
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Kegpdiowo 6

DIVUTEQACUOATA XKoL TTROOTTTIXES

Yty epyaocio auth e€dyope €vay oUVTIEAECTY TOWOTNTAG WG ATOTEAECUN TNE TEOOTAVELAS
KOG Yot TNV TOCOTIXOTOMNOT TWV VEQ®OVY %o TN BEATIOTOTOMOT TV SLadLXact®y Tou 0d1yoly
oto BEC. Anobeilaye, enlong, netpoatixd i WOLOTNTEC auUTOV TOU TApdyovTo TOLOTYTIL,
ol omoleg Tov xooTovY W TNV XATIAANAY TopdUETPO Yo Tov oxond pag. H otadeptr tiun
e xadohn N dadixaoia, 1 avelaptnoio g and Tig napauétpoug Tayideuong o 1 adEovoa
oyéomn TNe HE ToV %plotpo aptiud aTOUmY POAS XATE TNV EGAVIOT] TOU CUUTUXVOUATOS Vol
Ol TUO ONUAVTIXEC IBIOTATEC TOU 1) Blapoponotoly and OTOIBATOTE GAAY TUPUETEO, OTKC
™0 TuxvOTNTEL Tou Ywpou @done (PSD). 'Eyovtac autée Tic WLOTNTES, UTOPOUUE VA TNV
xenotwonohoouye Yo T fehtiatonoinon tne Yi&ng MOT, tn Aettoupyia avTiotolyiong xat ot
TNy e€dTlon, yia Ty TeoBAsdn Tou xplotpou aplino; aTdUWY, axoUT XAl ond TA TEWTA OTAOLY,
yioo T oOyxeon Tou ndoo xahd éyoupe emtiyer BEC xo yio tov ékeyyo tng opdotntog
HEPLXMY TIELQOPATIXODY ATOTEAEOUATLY. AUTOC 0 TUpdyoVTag TOWOTNTAG AELTOURYEL HOVO Yid
v nepintwon g I paywntindc may(dag xon AapBdver unddm Toug YETACYNUATIONOUS TNG
and éva apuovixd BuVAUIXO o€ Eval Yeauuixd xou Tiow ot éva dpuovixd xatd Tic depyaocieg
NS AVTIOTOlYLoTE, TN CUUTIESY) TOU VEQOUC Xt TNV ECATULOY) TOU.

Mropotyue va enwgeAnoldye and auTdV TOV TUpdYOVTA TOLOTNTOC XAt VA TUPAIEOUUE TOUY-
ruxvopate e udnhole apripoie atduwy. BEC ye 1010 dropa etvon o xadnuepnvd poutiva
ota metpdpatd woc. ‘Eyovtag 1600 peydha BEC xot mpootoadodvtag Yo axopn weyaAbTepa,
UTOPEl Vol pag OGoEL TNV guxonplol Vo UEAETACOUUE TOAMAES EVOLOQEPOVOES TTUYES, OTWE TIG
aAANAETIDPAGEL UETOED TWV ATOUMY Xou TNV EUPAVION TS ouvoyic oTo auunixvoua. Aéilep
atopwy, wa G epapuoyr 1 onola anaitel peydha BEC, npdxeital Vo UdS AnooyOAOEL
oto mpooeyéc péhhov. Amd wia Sy dmodm, Vo eivon evdiagépoy Yio eRdc Vo SLEREUVHOOUYE
TNV ENEXTACT, TOU OUYTEAECTY| TTOIOTNTAC OE JAAES UAYVNTIXES TAY(DEC TTOU YENOILOTOLOUVTAL
eupéwg oe metpduota BEC, énwg 1 xadopy| appovixy) toryida.
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Abstract

From the first years of BEC in dilute gases till now, there was a great amount
of attempts to reach BECs with as large number of atoms as possible. Despite this
interest, until now it has been difficult to find the critical parameters for the maxi-
mization of the number of the condensed atoms. In most cases, this maximization is
based on trial and error and the methods often remain unmentioned. In other cases,
researchers adopt the phase-space density (PSD) as the parameter for this optimiza-
tion, which in fact is not the appropriate factor in order to maximize the number of
the condensed atoms. This thesis presents a theoretical derivation of a parameter,
which we call the Quality factor, for the optimization of the number of the con-
densed atoms based on theoretical principles of laser cooling and magneto-optical
trapping as well as magnetic trapping and evaporative cooling in an Ioffe-Pritchard
trap. The derived factor works well only in this kind of trap, since in the derivation
we kept in mind its special behaviour and the potential it offers. However, the basic
ideas can be used in order to extract a similar parameter for other traps, like the
TOP-trap, as well. The properties of this Quality factor make it unique for our
attempts. Its direct ascending relation with the condensed atom number makes it
appropriate for the optimization of the processes which lead to BEC. Its constant
value throughout the processes of magnetic trapping and evaporative cooling lays it
responsible for the quantification of the thermal cloud. The quality of the cloud to
give large BECs is expressed by the value of this Quality factor. Its independence of
the trapping parameters (always keeping in mind that we use a Ioffe-Pritchard trap)
makes it a global factor for the comparison of the thermal clouds. The derivation
of this factor is followed by experimental results that prove and confirm the useful-
ness of it. Results for the quantification of the cloud in an Ioffe-Pritchard trap, the
prediction of the critical atom number when BEC just occurs even from the first
stages of cooling, the optimization of the processes of the magneto-optical trapping
(MOT), the transfer of the cloud from the MOT to the Ioffe-Pritchard trap and
evaporative cooling are presented. Additional properties, like the verification of the
correctness of measurements of BEC are discussed.

keywords: BEC optimization, BEC quantification, Quality factor, Prediction, Ioffe-
Pritchard trap, Magneto-optical trap (MOT), magnetic trapping and evaporative
cooling.






Acknowledgements

Many people have supported me throughout the work of this thesis and I would like to
thank them for their contribution in many and different ways.

First and foremost, I owe my gratitude to my supervisors, Prof.Georgios Varelogiannis
for giving me his advice and the opportunity to be able to work in such an interesting field
in the framework of my Master program ”Microsystems and Nanostructures” and Dr.Wolf
von Klitzing for allowing me to realize this thesis at his laboratory. Dr.Wolf von Klitzing
graciously offered me his time and a continuous guidance from the beginning until the
final revision of this research.

Without the financial support of the Onassis Foundation, which offered me a scholar-
ship for graduate studies, this work would not have been possible. I would like to take the
opportunity to thank the Onassis Foundation for its generosity. I am very honoured to be
recipient of this award. Special thanks to Mrs Antigoni Chantzolou who made everything
simple during this scholarship.

In the laboratory I had the chance to cooperate with a large number of people, who
offered me their knowledge. Dr.Vasiliki Bolpasi, who worked beside me as a post doc,
gave me answers to many of my questions regarding the experimental environment, the
setup and the processes and helped me decidedly in deriving the experimental results of
this thesis. Dr.Daniel Sahagun was the first who transmitted his experimental experience
and his working habits that led me to be more efficient. Special thanks to Ph.D. students,
Saurabh Pandey and Hector Mas, who made easy my adjustment in a new environment
and expressed their ideas for my work.

I would like to thank the three-member committee for their presence in the thesis
defence. From the Physics Department I would like to thank all the professors that
inspired me all these years with their simple approach in Physics and their advices.

I owe many thanks to a number of people, my family, my friends, that I will express
in person.






Contents

Outline of this thesis 6

1

Theoretical aspects of Bose-Einstein Condensation in dilute atomic Rb

systems 8
1.1 Theory of Bose-Einstein Condensation (BEC) . . . .. ... ... ... ... 8
1.1.1 The concept of BEC . . . . . . . .. . .o 8

1.1.2 BECinanideal gas . . . . . . . . .. ... .. 10

1.1.3 BEC in a weakly interacting gas . . . . . ... ... ... ... 13

1.2 BECin®Rbeclouds . . . .. .. ... i 14
1.2.1 General properties of ¥Rb . . . . . . ... ... ... 16

1.2.2  8Rb cloud in a time-varying electric field . . . . ... ... ..... 17

1.2.3 8"Rb cloud in a magnetic field . . . ... ... ... ... ... ... 19

The procedure to BEC 22
2.1 Overview of the procedure . . . . . . . .. .. ... 22
2.2 Laser Cooling and Magneto-Optical Trapping . . . . . .. . ... ... ... 25
2.2.1 Basic principles of the techniques for laser cooling and trapping . . . 26

A. The Radiative Scattering Force . . . .. ... ... ... ..... 26

B. The Optical Molasses (OM) . . . . ... ... .. ... ...... 27

C. The Magneto-Optical Trapping (MOT) principles . . . . . . . .. 29

2.2.2  The steps for the laser cooling and trapping realization . . . . . .. 35
2D-MOT . . . . e e 35

3D-MOT . . . . 36
Compressed MOT and Optical Molasses . . . . ... ... ...... 37

2.3 Evaporative cooling in a loffe-Pritchard (IP) magnetic trap . . . ... ... 39
2.3.1 Principles of evaporative cooling in a IP magnetic trap . . . . . . . . 40

A. Magnetic trapping principles . . . . . . . . ... ... ... 40

B. Description of a IP trap . . . . . . .. .. .. o oL 42

C. Theoretical aspects of Evaporative Cooling . . . . . .. ... ... 44

2.3.2  Sequential steps for evaporative cooling realization . . . . . .. ... 48
Loading of the IP trap - mode-matching . . . . . .. ... ... ... 48
Compression of the IP trap . . . . . . .. .. ... ... 49

RF-induced forced evaporative cooling . . . . . ... ... ... ... 52



3 Characterization of the cloud and detection techniques 56

3.1 Density distribution of the cloud throughout the process . . . . . ... ... 57
3.1.1  Density profile in the MOT . . . . .. ... ... ... ........ 57
3.1.2  Density profile in the IP magnetic trap . . . . . . . . ... ... ... 59
3.1.3 Density profile in the condensate . . . . ... ... ... ....... 61

3.2 Techniques used for measurements . . . . . . . . ... ... ... 62
3.2.1 Time of Flight (ToF) Technique . . . ... ... ... ........ 62

Expansion of a thermal cloud . . . . . ... ... ... ... ... .. 63
Expansion of the condensate . . . . ... .. ... ... ....... 65
3.2.2  Absorption Imaging technique . . . . ... .. ... ... .. .... 66

3.3 Measurements and fits . . . . .. ... L L 67
3.3.1  Atom number derivation . . . . . ... ..o 67
3.3.2 Temperature derivation . . . . ... ... .. ... ... ... 67

4 The derivation of the Quality factor for quantifying and optimizing the

process towards BEC 69
4.1 The usefulness of a Quality Factor . . . .. ... ... ... ... ... ... 69
4.2 Derivation of the Quality Factor . . . . . .. .. ... ... ... ...... 71
4.2.1 The equivalence of optimizing the number of condensed atoms and
the critical number of atoms . . . . . .. ... oo L. 72
4.2.2 Basic relations for describing the processes in the IP-trap . . . . .. 73
4.2.3 The Quality factor Derivation in the IP trap . . . .. ... ... .. 75
4.2.4 Extending the Quality Factor in the MOT . . . . . .. .. ... ... 79
5 Properties of the Quality factor and experimental verification 81
5.1 The Quality factor and the Quantification of the cloud . . . . . ... .. .. 81
5.1.1 The Constancy of the Quality factor . . . . . ... ... ... .... 82
Verification of measurements . . . . ... ... .. ... ....... 85
5.1.2  The strictly increasing relation between the Quality factor and the
quality of the cloud . . . . . .. .. ... o oL 86
5.1.3 The Independence of the Quality factor from the trapping parameters 88
5.2  The Quality factor and the Prediction of the critical atom number . . . . . 91
5.3 The Quality Factor and the Optimization of the process to BEC . . .. .. 93
5.3.1 The Quality factor and the Improvement of the MOT . . . .. ... 93

5.3.2  The Quality factor and the Optimization in the IP magnetic trap . . 95

6 Conclusions and Outlook 97



Outline of this thesis

Bose-Einstein Condensation (BEC) is closely connected with interesting theoretical
questions and experimental applications, is related to remarkable low-temperature phe-
nomena, such as superfluidity in liquid helium or superconductivity in solids and is able
to be realized only after the modern developments in experimental atomic physics, such
as laser cooling, magnetic trapping and forced evaporative cooling. For all these reasons,
the investigation of BEC is currently one of the most rapidly developing fields in atomic
physics. Nowadays, there are more than one hundred BEC experiments worldwide. Among
the topics of these experiments, one can distinguish the investigation of low-dimensional
systems, optical lattices, atom lasers, matter-wave interferometry, precision measurements,
phase transitions.

This thesis focuses on the optimization of the processes, the successive application of
which eventually leads to the onset of BEC. This optimization is related to the achievement
of the largest possible number of atoms in the condensate. The structure of this thesis
can be summarized as follows: In Chapter 1 some basic theoretical aspects related to the
realization of BEC in dilute atomic Rubidium-87 systems are discussed. In particular, in
Section 1.1 after we describe the concept of BEC in the general case with the presence of
interactions from a Phase-transition theory and Second Quantization formalism point of
view, we concentrate our interest in the special cases of ideal and weakly interacting gases.
The critical temperature and the behaviour of the atoms in the condensate are presented
in these cases. In Section 1.2 we present the fundamental properties of 87Rb. Its structure
according to the Quantum model for the Hydrogen, the fine and the hyperfine structure,
its internal and external degrees of freedom in a light field and a magnetic field are among
the topics that we discuss, which are useful for the following chapters.

In Chapter 2 we describe the basic principles of the techniques used for the cooling and
trapping of the 8’Rb cloud in order to eventually achieve BEC. After an overview of the
whole procedure in Section 2.1, we proceed in 2.2 in describing the first general process,
namely the laser cooling and the magneto-optical trapping (MOT) technique. We discuss
the fundamental principles of trapping and cooling a thermal cloud using laser beams and
magnetic fields, the limitations of these techniques for the temperature, the number of
atoms and the density of the cloud and the experimental realization of these technique
with the setup built in our laboratory. In Section 2.3 the basic principles of magnetic
trapping and evaporative cooling, the second general process, is presented. We discuss
issues related to the trapping, such as the theoretical description and the realization of the
Toffe-Pritchard trap, to the loading of the trap from the previous stage, to the compression



of the cloud and to evaporative cooling. We present some theoretical and experimental
results that model these processes after some rational assumptions that will be of great
assistance throughout the next chapters.

Chapter 3 describes the shape and the distribution of the cloud during the different
stages until the degeneracy and the shape and the distribution of BEC, as well. With
the knowledge of these distributions, we present the techniques that are used for the
measurement of the properties of the cloud and the detection of the condensate. The
time-of-flight and the absorption imaging are among these techniques. Finally, we discuss
the fits we need to have in order to extract reliable results for the temperature, the number
of atoms etc.

After the whole description of the experiment that leads to BEC and the techniques
for measurements, in Chapter 4 we begin by discussing the need of a parameter which can
be ideal for the optimization of the processes. The derivation of this parameter, which
we call the Quality factor, is the topic of this chapter. First we derive it in the process of
magnetic trapping and evaporative cooling and then we extend its usefulness in the MOT.

In Chapter 5 the properties of the derived Quality factor are confirmed by using the
apparatus available in our laboratory. In particular, we prove its important properties of
remaining constant and independent of the trapping parameters during the processes of
magnetic trapping and evaporative cooling, of having a direct ascending relation with the
condensed atom number, of being useful for the prediction of this critical atom number.

Finally in Chapter 6 the conclusions of this thesis are summarised.



Chapter 1

Theoretical aspects of
Bose-Einstein Condensation in
dilute atomic Rb systems

1.1 Theory of Bose-Einstein Condensation (BEC)

1.1.1 The concept of BEC

One of the fundamental postulates of Quantum Mechanics is that particles can be di-
vided into two kinds: Bosons, the ones with integral spin and symmetric wavefuctions and
Fermions, the particles with half-integral spin and antisymmetric wavefunctions. Quan-
tum Statistics states that Bosons have an increased probability of occupying a quantum
state that is already occupied by another Boson, whereas Pauli’s exclusion principle dic-
tates that no two Fermions can occupy the same eigenstate. Here, we are interested in
Bose-Einstein condensates and, thus, Bosons. In the framework of second quantization
formalism [1], Bosons are characterized by the commutative relations

[\il(r), \iﬁ(r’)} =§(r—7r") and [‘i/(r), \i/(r’)] =0 (1.1)

where W(r)/Wi(r) are the field operators that annihilate/create a particle at the point
of the space and ¢ is the Dirac function.

In the most general case of the presence of strong interactions, the eigenfunctions of
the Hamiltonian cannot be expressed as products of single-particle states, even at zero
temperature. For that reason, one should address himself to formalism of the more widely
applicable one-body density matrix in order to define the phase of BEC. The one-body
density matrix n(!) (r,7/) is defined as the operator

nW (") =< W)U () > (1.2)

which includes both the case of a pure statistical state and a mixture of pure states.
As a relevant comment, one can deduce from the one-body density matrix the density
operator of the system as n(r) = n(r,r). It can easily be proven (see for example



[2][3]) that the matrix n(}) is Hermitian and therefore there is a complete orthogonal set
of one-particle eigenfunctions ¢; and the corresponding eigenvalues n; which diagonalize
it. In the representation of that basis, which is called the natural-orbit representation, the
one-body density matrix is written as

nW(r,r') = Z i} ()i (1) (1.3)

With the use of these functions and the operators that annihilate a particle from these
states &(¢;) = &; one can express the field operator as

U(r) = o(r) + 60 (r) = do(r)ao + Z¢i(7“)dz‘ (1.4)
i#0

Bose-Einstein Condensation is defined as the phase that appears when one of the
eigenvalues n; (the one that above was written as ng) is macroscopically large, of order of
the number of atoms in the system N. BEC is a phase-transition caused by the statistical
rules of bosons, and not due to interactions like most of the other phase-transitions. Since
in BEC the number of particles accumulating the state ¢g is much larger than the unity
(No = <aTa> > 1), one can equivalently treat the macroscopic component ¢gag of U as a

classical field
U(r) = /Nogo + > 6ir)i; (1.5)
i#0
This is the so-called Bogoliubov approximation[1] and the function ¥ = v/Ny¢y plays the
role of the order parameter of the BEC.

There are two other key-features, apart from the order parameter, in order to describe
the condensate in the framework of phase transition theory: The spontaneous symmetry
breaking and long-range order of the system. We can notice from eq.1.3 that in the absence
of BEC the system remains invariant under the gauge transformation. The global gauge
symmetry U(1) means that one is able to multiply the eigenfunctions by an arbitrary
phase factor e/* without the change of any physical property. On the other hand, when
BEC occurs, the explicit choice for the value of the order parameter, which is a complex
number and, thus, has a specific phase, leads to the breaking of this symmetry [3][5]. In
fact, spontaneous gauge symmetry breaking is the necessary and sufficient condition for
Bose-Einstein condensation [(].

Now we turn to the concept of the long-range order of BEC. As Landau [7] first proved,
the one-body density matrix does not vanish at large distances when BEC is present, but
it approaches the finite value ng

lim nM () = lim D (r,0) = ng (1.6)

r—r/—o0 T—00
This behaviour is referred to as off-diagonal long-range order, since n() (r,7") becomes non-
zero for r # r’. This formula is exactly the criterion Yang proposed [3] for the presence of

the condensation. His initial criterion is lim, oo n(l)(r, 0) > 0, that can be interpreted as
the off-diagonal long-range order.



1.1.2 BEC in an ideal gas

The first theoretical prediction of BEC was given by Einstein[l0] in response to Bose’s
seminal paper on photo statistics in the case of an ideal Bose gas[9]. An ideal Bose
gas is defined as a system of N indistinguishable non-interacting particles (except when
they collide elastically) obeying the statistics known as Bose-Einstein, coming from the
explanation of the Planck black-body radiation law. Such a gas is a fictitious system, since
every realistic gas shows some level of interactions. Nevertheless, it succeeds in describing
important basic properties of actual non-ideal BECs.

In the absence of interactions, the Hamiltonian of an ideal gas can be written as the
sum of one-particle Hamiltonians Higea = >, H, where H1) = % + Vext (1), p is the
momentum matrix of the particle, m its mass and Veyt the external field a particle feels.
As a result of that, the eigenstates of the gas can be expressed as the product of single-
particle states ¢; and therefore, in the case of an ideal gas, BEC happens when there is a
macroscopical occupation of the ground single-particle state of the system.

Using the standard rules of statistical mechanics and the grand canonical ensemble, or
equivalently the formalism of the second quantization for the ideal gas that is described
by the Hamiltonian Higeal, the mean occupation number n; of the state ¢; describing the
Bose-Einstein distribution is

1
"= Caplle — ) ko] 1 4o

In the previous relation, ¢; is the eigenvalue of H!) corresponding to the eigenfunction
¢i, T is the temperature of the ensemble and p its chemical potential. The Bose-Einstein
distribution may be derived in several different ways, see for example [11].

Using the Bose-Einstein distribution function, the total number of atoms can be esti-
mated as

oo oo 1
N = n; = 1.8
2= e ] 1 (18)
However, it is practical for our calculations to use a semiclassical approach, in which the
states can be assumed to be continuous with a density of states D(e) that describes the
number of the states with energy between € and € 4+ de. The key-point for exploring BEC
within this formalism is to treat the lowest energy state separately. The Bose-Einstein
distribution 1.7 can be approached by a semi-classical distribution f(e) = W
and, thus, the total number of atoms can be approached by

T 1
N =Ny +€/60 deD(E)ea}p[(e — ) e =1 (1.9)

The first term is the number of atoms in the ground state, that is unable to be described
in this semi-classical approach, while the last term corresponds to the thermal part Nt of
the system being in states different than the ground.

The chemical potential is fixed by the normalization condition 1.9. At a fixed tem-
perature if we add more atoms in the cloud, then the chemical potential determines the

10



number of atoms that can be accepted by the distribution. The rest, hence, have to go
to the lowest energy levels and, thus, form a BEC. A temperature decrease leads to the
chemical potential increase (this can be seen from the normalization condition above) and,
in this case, more and more atoms have to go to the condensate. Equation 1.7 shows that
the chemical potential must always be less than the lowest energy level of the one-particle
Hamiltonian, eg, or otherwise there would be a negative population in it. As the tempera-
ture decreases and the chemical potential increases, at some critical temperature, namely
T., the chemical potential reaches the value of ¢y. In exactly that temperature, from 1.7
the occupation of the ground state ng becomes macroscopically large. This is the mani-
festation of BEC. From the above discussion, we conclude that the critical temperature
for BEC is determined by the condition

i 1
/O e coplle —eo)/(hpT] =1 (1.10)

as in T, the number of particles in the condensate is still negligible compared to N.
We now have a look at specific cases of the external potential Veyy (7).

The uniform ideal gas. In the absence of an external trapping potential, Ve (r) = 0,
a non-interacting gas of free particles in the infinite space can be described by the one-
particle Hamiltonian H(1) = %. The eigenfunctions of such a Hamiltonian[!] are plane
waves (k-momentum is a good quantum number for the description of the states) and the
energy of the state with momentum k is e, = h?k?/2m.

The density of states for such a system is given[l1] by

m\ 3/2
D(e) = 2% @2) Je (1.11)

Substituting it in 1.10 one can find the critical temperature in the case of the uniform gas

_2xn? [ NJV P
Wt =0 () (112

In the above, ¢ is the Riemann zeta-function[!2] with {(3/2) ~ 2.612.

Moreover, with the energy levels € and the specific density of states we can find the
thermal particle number 1.9 and from that we deduce the relation between the number of
particles in the BEC (NNy) and the whole number of particles in the gas (N) in temperature

T 7\ 3/2
win v i (2)

Relation 1.12 can be rewritten in terms of the phase-space density (PSD) to offer an
intuitive way of understanding the appearance of BEC. PSD is defined as

(1.13)

D, = nA% (1.14)

11



where n is the density of the uniform gas and At = \/27h?/mkgT the thermal de Broglie
wavelength at temperature T. From its definition, PSD can be seen as the number of
particles inside a cube with side of a de Broglie wavelength. Using this parameter, the
critical condition for BEC to occur is

Dy > ((3/2) ~ 2.612 (1.15)

The density of the cloud is a measure of the proximity between the particles whereas the
de Broglie wavelength a measurement of the spatial extension of the wave functions of the
particles. As a result, when PSD is of order of 1, the interparticle distance becomes of the
order of the particle wavefunction extent and an overlap of the wavefunctions of different
particles makes its appearance leading to BEC.

Figure 1.1: The transition to BEC.
(a) When the inter-particle distance
is much greater than the size of indi-
vidual particles, they can be treated
as classical point particles. PSD is
orders of magnitude less than the
unity.
(b) For a cooler system, the parti-
cles reveal their wave nature. PSD
is still orders of magnitude less than
1.
(c) Overlap between the particle
wavefunctions. PSD becomes of the
T+  order of unity. BEC occurs.
Figure taken from [13].

The ideal gas in a harmonic potential. In the case of the presence of a harmonic
external trapping potential (with the oscillator frequencies w; in the i—direction) given by
the formula

1 1 1
Vext (1) = §mw§x2 + §mw§y2 + §mw322 (1.16)
the one-particle energy levels[l] are ey, nym, = >, (7 + 1/2)hw; and the density of
i={xy,z}
states[| 1]
1
D(€) = ——¢€ 1.17
© = 57 (117)

where w = (wxwywz)l/ 3 the geometric average. Following the same procedure as in the

case of a uniform gas, one can easily deduce the relation for the critical temperature

kpT. = hw <C(]\?f>)> v (1.18)

and the relation linking the total and the condensed number of particles

No(T) = N [1 - <§>3

12

(1.19)




We can still write the condition for BEC to occur in terms of the phase space density if
we replace the uniform density of the cloud with the peak density n(0) at the centre of
the potential. In the case of a harmonic potential, one finally deduces [3]

D, =n(0)A} > ((3/2) ~ 2.612 (1.20)

1.1.3 BEC in a weakly interacting gas

The evolution of the experimental physics related to BEC followed a quite different
path compared to the theoretical predictions of it from Einstein and Bose which were held
in ideal gases. In 1938 F. London[!4] proposed BEC as a mechanism for superfluidity
in He that had shortly before discovered. *He is a strongly correlated system. More-
over, the first gaseous condensate was achieved in 1995 by E.Cornell, C.Wieman[!5] and
W.Ketterle[16]. In 2001 they won the Nobel prize ”for achieving Bose-Einstein condensa-
tion of an atomic gas, for creating techniques for studying the Bose condensate and for
measuring the physical properties of the weakly interacting atomic Bose gas”. Therefore,
in order to study BEC, interactions should be in the game.

The appearance of weak inter-particle interactions does not change the basic principle
of the condensation: the accumulation of the ground energy state. The difference is
quantitative. Adding interactions to the particles, the spatial extent and the total energy
of the interacting ground state become larger than the corresponding in the ideal gases.
The critical temperature also changes, mainly due to the reduction of the density caused by
interactions. Nevertheless, the error, if one assumes that the formula for non-interacting
particles holds, is not bigger than 5% [17][18]. Another difference between the interacting
and independent particles is that in the first case even at zero temperature not all of the
particles accumulate the ground state, but there is a fraction of the population in excited
levels.

However, a more accurate description would be of great assistance in understanding
the issues inserted by interactions. For such a description one needs to have an equation
describing the characteristics of the ground state of the system.

Starting from the equation that \il(r) (as it is defined in 1.4) fulfils in the Heisenberg
representation

jhgt\ll(r, t) =[Y(rt), H] (1.21)
one has to make several approaches for both the many-body Hamiltonian H and the field
operator so as to write down a solvable equation.

We concentrate our attention to dilute gases, where we can assume that the range
of interatomic forces is orders of magnitude smaller than the average distance among
particles. This assumption is essential and offers great assistance for a number of reasons.
First of all, this helps us consider only interactions involving pairs of particles (driven by
the potential V(r — 7)) and not higher-order interactions, like three-body interactions.
We will see later that this is also desirable in order to minimize the losses in the trap due
to collisions. After that approximation, the Hamiltonian of the system can be written

2 A A A A A N
H= / <2hmV\IJT(T)V\IJ(r)> dr + ;/\PT(r)\PT(r’)V(r —r)U(r)¥(r)dr'dr  (1.22)
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Secondly, in that concept of diluteness, we can assume that the interactions can be ap-
proximated by scattering and described by the scattering amplitude. At low energy pro-
cesses this becomes constant and is described by just one parameter, the scattering length
as. Strictly speaking, the diluteness can be expressed as n|as|?> << 1. Because of that
constancy, the actual form of the two body potential is not essential in describing the
macroscopic properties of the gas [3] and scatternig theory suggests the substitution with

the contact potential

4mh?ag ,
= — 1.2
g m §(r—r') (1.23)

After the approximations in the Hamiltonian, we try to approach the field operator.
Combining the diluteness of the system with its low temperature, one can neglect the
non-condensate component oW of 1.4 as the occupation numbers for states different than
the ground state are small in comparison. The last assumption is the namely Bogoliubov
approximation that holds when the number of particles is large, i.e. that we can substitute
the field operator Wo(r) with the function Wo(r) = v/N¢o(r) or equivalently approaching
the quantum field by a classical.

Substituting now the approximated Hamiltonian and field in 1.21 and searching for
time-independent solutions (for more details in the procedure see [3][19]) we finally reach
at the Gross-Pitaevskii equation

h2v? 9
pia(r) = (=" + Vi) + gl¥o(r) ) ol (124)

which is a self-consistent equation for the field ¥y or equivalently for the order parameter
of BEC.

The Thomas-Fermi limit. For sufficient large condensates, the repulsive inter-particle
interactions become so important that the kinetic energy can be neglected from the Gross-
Pitaevskii equation. This is the Thomas-Fermi approximation where the Gross-Pitaevskii
equation can easily be solved, giving the result for the density distribution of the conden-
sate

[Wol*(r) = ;(u — Veat(r)) (1.25)

This result will be extremely useful for the identification of BEC in our experiment as we
will see in the next chapters.

1.2 BEC in 3"Rb clouds

As already mentioned in the previous sections, the first experimental demonstration of
BEC was in a liquid. However, from the first steps, the aim was to search for BEC in a gas,
without the complications of dealing with a liquid. For this goal, the major systems that

have been studied are optically-excited excitons in semiconductors [20][21], spin-polarized
hydrogen [22][23] and most of all laser-cooled alkalis, in which we are interested in this
thesis.
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The fundamental requirement a system must have in order for BEC to be possible at
least in theory is to be bosonic. As there are plenty of systems obeying this property,
other concerns arise about the choice of the whole procedure to BEC related to the choice
of the gas -stability, collisional properties- and also the process to reach the condensate,
such as the cooling and trapping techniques.

These techniques have been critical to the process of reaching atomic BEC mainly due
to the fact that the traditional techniques of low-temperature physics are not applicable
to those systems since they are metastable, so they cannot come into equiliblrium with
another body. Liquid helium is the only element that does not solify in the range of density
and temperature that BEC happens. For that reason, one is forced to work deep in the
thermodynamically forbidden regime, where an atomic gas achieves kinetic equilibrium
before coming to chemical equilibrium and form a solid [17]. This is achieved when the
rate of two-body collisions which brings the system into kinetic equilibrium exceeds the
rate of three-body collisions for chemical equilibrium. Two-body collisions cannot limit
the lifetime, because they cannot cause a spin-flip whilst preserving energy and momentun,
contrary to three-body collisions where the third particle can carry away the energy. The
lifetime of this metastability depends on the density of the gas. For a dilute cloud of
10'7em ™3 metastability could be not for more than a few milliseconds [17]. Thus, very
dilute gases of order of 10'em ™ are needed to explore the BEC phase. Using 1.12 for
the relation between the critical temperature and the density, one can find that with these
orders of density the critical temperature lies in the regime of nanoKelvins. We reach once
again the conclusion about the necessity of the cooling and trapping techniques and the
importance of the atomic gas choice.

Clouds of Alkali atoms are convenient in the framework of the developed technology
for cooling and trapping them for a number of reasons. First of all, they are characterized
by their easy to handle energy-level structures. Their energy transitions lie to the regime
near the visible or the infrared, something that helps experimentalists since they have
really strong lasers for that region. Their unpaired electron in their outer shell of the
structure is the reason for the appearance of magnetic moment (unlike other elements
like alkaline earths) that makes them perfect candidates for trapping with magnetic fields.
Last but not least, they have helpful collisional properties with respect to evaporative
cooling, something that we will see in the specific section.

Among all stable alkali isotopes, 8’Rb plays a dominant role in the history and the
current experiments for BEC. This is mainly because of the availability of convenient
(diode) laser sources and the favourable ratio of elastic to inelastic collisions. The scatter-
ing length of 8"Rb is positive offering stability and also it is independent of the magnetic
field applied. In addition, it has a relevant small lifetime of the excited states as compared
to other alkalis offering a bigger force acting on it from radiation. The main properties of
87Rb are sumarized in [24].

As a result of the above, in the current sections we will examine useful properties of
8TRb.
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1.2.1 General properties of ¥ Rb

A 8"Rb atom has 50 neutrons and 37 protons in its nuclear and 37 electrons. Strictly
speaking, it is not a stable isotope of Rubidium. Nevertheless, its extremely enormous
lifetime of 5 x 109 years [25] makes it be considered as rather stable. According to
quantum model of the hydrogen, 8’Rb has only one electron in the outer shell, being in
the 5s-configuration in its ground state.

The otherwise degenerate states of the n=>5 shell split due to the coupling between
the orbital angular momentum L and the spin angular momentum S (the phenomenon of
Flne Structure) The total angular momentum of an electron being in the specific state
is J = L+ S and the corresponding quantum number J describing the state can be in
the range |[L — S| < J < L+ S. For a 8"Rb atom in the ground state the outer electron
has L=0 and S=1/2 so J=1/2 (This state is written as 55} 5). In its first excited state
the electron has L=1 ans S=1/2 and therefore J=1/2 (5°Py5) or J=3/2 (5°P5/5). The
value of J sets the change in the energy level. In that sense, the transition L=0 to L=1
(which is called the D-line transition) is split into two components (the D1-line for 525, /2
to 52P1/2 transition and the D2 line for 5251/2 to 52P3/2 transition).

In a similar way, due to the coupling between the electron angular momentum J and
the nuclear angular momentum I (the phenomenon of Hyperfine Structure) there is an
additional splitting of the energy levels. The total angular momentum of an atom being
in the specific state is F = J+17 and the corresponding quantum number F describing the
state can be in the range |J —I| < F < J+I. For a 3'Rb atom in the ground state J=1/2
and I=3/2 so F=1 or F=2. For the 5P, ), fine-state J=1/2 and I=3/2 and therefore F=1
or F=2. Similarly, for the 52P3/2 fine-state J=3/2 and 1=3/2 and therefore F=0 or F=1
or F=2 or F=3. The energy split from the Fine Structure level is dependent on value of
F.

For a more detailed analysis of the Fine and Hyperfine Structures and experiments

related to this splitting in 8”Rb, one can see [26][27][28] [29][30].
Rb,, ™7 S ]
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. Figure 1.2: The Fine Structure of
5P3r2 the n=>5 shell of ®Rb with the
7 Y . states 5251/2, 52P1/2 and 52P3/2.
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1.2.2 8"Rb cloud in a time-varying electric field

In this section we are interested in studying the effects on a Rb-atom from the presence
of radiation, and especially a monochromatic laser light.

The large separation between the D1 and D2 lines compared to the width of the laser
beam makes us assume that the radiation is interacting with only-one of the fine-structure
components, depending on the frequency of the light. In addition, in the case the incident
radiation is almost in resonance with an atomic transition wg, it can be assumed that it
interacts only with one hyperfine-state. For these reasons, the monochromatic radiation
couples two of the hyperfine levels F and so the atom inside an electric field can be treated
as a two-level system.

It will be of great ease to use a semiclassical picture of description: the atom is treated
using quantum mechanics aspects while the radiation is described as a classical field. This
is valid when the optical power of the electromagnetic field is much higher than that of
a few photons. In this approach, the atom has two energy levels, the ground state |g)
and the excited state |e), being the higher energy level. These levels are separated by an
energy gap of fwg. On the other hand, the radiation is described as a classical electric
field

E(7,t) = Eycos(wt — kF) (1.26)

where w is the frequency of the radiation, k its wavevector, ¢ the temporal and 7 the spatial
coordinates. Ej is the slow-varying amplitude of the radiation whose direction defines the
polarization of the wave.

Another approach that will be of great assistance is the dipole approximation: The
amplitude Eo is assumed to be constant in space. This is a valid consideration when an
atom is much smaller than the laser wavelength. Therefore, we only need to consider the
field in time: E(7,t) = Egcoswt.

Internal State Evolution. After all these approximations, we can now take a look in
the way the atom is distributed in the ground and the excited states. In the absence of a
light field, the Hamiltonian of the atom can be written as

Ho = |e) (¢] (1.27)

In the above equation, we omitted the kinetic term since we are interested in the internal
degrees of freedom. Having already assumed a two-level system, we can argue that the
unperturbed Hamiltonian has two eigen-energies, E1 and E5 corresponding to the states
lg) and |e) respectively.

When the light is on, it produces a perturbation described by the Hamiltonian [31]

Hi(t) = —dE |e) {g| — dE |g) (e]

! ! (1.28)
= erEycoswt |e) (g| + er'Egcoswt |g) {e|

as long as we consider that in the absence of an electric charge due to the neutrality of
the atom, only an electric dipole moment d makes its appearance and not higher order
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moments. Here, -e is the electron charge and  the electron’s position with respect to the
nucleus.

The states |g) and |e) cease to be stationary states of the full Hamiltonian H = Hy+ Hj.
Nevertheless, the state of the atom at any instant of time can be expressed in terms of
them as follows:

B) = c1|g) + 2 |e) (1.29)

It is helpful, if one inserts the density matrix:

p= o= (7 r) (I ) (1.30)

P21 P22 cact  Jeof?

where p11 and poo represent the populations of the ground and excited state, while pio
and po; are called the coherences of the system. Inserting the wave-function ¥ in the
Scroedinger’s equation using the Hamiltonian 1.28 after the rotating-wave approximation
[32] (which holds well if |w — wp| << wp), one can deduce the optical Bloch equations for
the p-coefficients (for more details [27]).

Searching for steady-state solutions for the Optical Bloch Equations we finally end up
with [33]:

_12(1/2)* +2A% + Q%/2
PLL= 57T /2)2 + A2 1+ 02/2
1 02/2
P22 = = / (131)
2(I/2)2 + A2 +Q2/2
. Q(2A + 4T)
P12 = P21 =

202 + 4A2 + 12

where () is the Rabi frequency which is defined as A} = cfﬁo, A = w — wq the detuning
and I'~! the excited state’s lifetime.

Apart from the change in the population of the ground and the excited state, the
presence of an electromagnetic field may result in the shift of the energy levels. These
shifts are referred to as the ac Stark shifts. To find this energy shift for the ground state,
one can use the perturbation theory, which is valid only if Q < (62 4 1'2/4)'/2. Using this
technique, one can generally write the energy shift as a complex quantity [20]

AE, = Vi — jh'1/2 (1.32)

The real part V; corresponds to the shift of the energy of the state, while the imaginary
part corresponds to a finite lifetime Ffl of the ground state, due to transitions to the
excited state induced by the light field. This shift of the energy can be found to be:

RS

Vi ———
YT T2/

(1.33)
It is important to note that equations 1.31 still hold in the case of the shift of the energy of

the states. The change of the populations is taken into consideration in the Rabi frequency
and the detuning.
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External Degrees of Freedom - Forces on the atom. During the interaction be-
tween an atom and a photon there is an exchange of momentum. Thus, light affects the
external degrees of freedom of the atom as well.

In order to continue in calculating the force on an atom, we have to lift the dipole
approximation, assumed previously, and instead consider the field 1.26. This is due to the
fact that the atoms are in motion, thus they can travel considerable distances compared
to the wavelength of the light in a short period of time.

From a quantum mechanical point of view, the force exerted on an atom is the expected
value of the derivative of the momentum operator

. dp
F=<—> 1.34
7 (1.34)
In the Heisenberg representation, the momentum operator has an evolution that follows
the equation .
B _ 15,5 = —VHE) (1.35)
dt h ’
The last equality emerges from the fact that [H(r),p] = jAVH(r). Thus F = —VH(r)
Inserting the Hamiltonian 1.28 and the electromagnetic field 1.26 in the previous formula
for the force, after an extensive analysis that is out of the scope of this thesis (but can be
found in [33]), one can get:
= VQ(r)
F=hQ
" a0

Re{prae 9% IR _ 7 (k) (Im{prae %35 (1.36)

The first term is dependent on the change in amplitude of the field over space. It is called
the dipole force (or gradient force or stimulated force) and is present only if a gradient in
the light field exists. It is exerted on an atom due to coherent redistribution of photons.
and it is arising from the absorption and stimulated emission of photons. On the other
hand, the second term is known as the scattering force (or spontaneous force or radiation
pressure) and depends on the phase of the field over space. This means that this kind
of force is always present when light is on. it is the force on an atom corresponding to
absorption of a photon followed by spontaneous emission. More details about the latter
force will be given in the next chapter.

1.2.3 8"Rb cloud in a magnetic field

As mentioned above, the energy levels of " Rb split due to the spin-orbit coupling (fine
structure) and in a next step because of the electron-nuclear coupling (hyperfine structure).
The Hamiltonian describing the hyperfine split for each of the D-line components is given

by [24] . .

3(IJ)?+ 31T —I(I+1)J(J+1)
2I(21 — 1)J(2J — 1)

where Apg and Bpg are constants related to the D-component. In the absence of an

external magnetic field, all the 2F + 1 hyperfine levels with the same quantum number F

(describing by the number mp) are degenerate.

Hygs = AngsIJ + Bigs (1.37)
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A 8"Rb atom can be seen as a magnetic dipole due to its unpaired electron (created
by the spin momentum S), its angular momentum L and the spin of nuclear . Taking all
these into account, the magnetic dipole moment of an atom can be expressed as

KB =

fim = ?(gs§+ gL + g1 (1.38)

where pp is the Bohr magneton and the g-factors are used for the magnetic dipole moments

modification. More details about these factors are given in [24], whereas their measured
values in [34]. Thus, in the presence of a classical magnetic field B = B,i,, there is an

interaction with the atom’s magnetic dipole moment. As usual, the Hamiltonian describing
this interaction is
- 3 MB
Hmagn = ,umB = ?(QSSZ + gLLZ + gIIZ>BZ (139)

When the magnetic field is strong, but not so strong, that the shift from the magnetic
field is small compared to the fine-structure splitting, J is a good number and so

HB

7 (QJJZ +gIIZ)BZ (1.40)

Hmagn = ﬁmg =
In the same way, for weaker magnetic fields that the shift due to them is small compared
to the hyperfine-structure splitting, F is now a good number and therefore

Hmagn = ﬁmg = %QFFZBZ (141)

We are mainly interested in the last case, where the energy splittings can be expressed
using a first order perturbation in the splitting Hamiltonian 1.37 as

AE|pm,y = pBgrmr B, (1.42)

One can easily see that the splitting is linear with respect to the magnetic field. In this
regime, the splitting of the energy levels due to the field is called the anomalous Zeeman
effect for the atoms.

In this thesis, the strength of the magnetic fields that are applied lies in the region
where the anomalous Zeeman effect is adequate in describing the behaviour of the atoms.
However, we mention that for stronger magnetic fields, a second order perturbation ap-
proach is more successful, and the energy shift can be described by the Breit-Rabi formula

[59]

1 (4 —m2 ) (gs/iBBz)2

AE\pmyy = pegrmr B, + — F heong (1.43)

16
Even stronger fields overpower the the hyperfine structure, decouple I and J and the
hyperfine Hamiltonian 1.37 is negligible compared to the interaction Hamiltonian [24].
This effect is termed the normal Zeeman effect for the hyperfine structure. Yet stronger
fields induce other behaviours, such as the quadratic Zeeman effect [35]. All these effects,
though, are beyond the scope of our treatment.
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Figure 1.3: In the presence of an
external magnetic field the degener-
acy of all the mp levels of the same
F breaks. For small magnetic fields,
the splitting is linear to the field.
This regime is called the anomalous
Zeeman effect. For stronger fields
is not a good quantum number and
the linear dependence on the field
ceases to hold. The linear splitting
for weak magnetic fields will be very
useful in the concept of atom trap-

ping.

-0.5

21



Chapter 2

The procedure to BEC

2.1 Overview of the procedure

The results from the application of a light and a magnetic field that have already been
deduced in the previous chapter will be used here in order to explain the whole procedure
for Bose-Einstein condensation to occur. Our fundamental goal is to reach quantum
degeneracy with the highest attainable number of atoms. This is a dual effort: First
of all, to achieve degeneracy, which in terms of the traditional criterion of the phase-
space density (as defined in eq.1.14) can be described by the condition that D, > 2.612.
Secondly, we have to follow a process that offers the optimized conditions for obtaining
the largest number of atoms in BEC.

For a BEC realization, we need a dilute atomic vapour, as it was pointed in the
previous chapter. This necessitates the accomplishment of sufficiently low densities, which
in turn leads to the requirement of extremely low temperatures. In order to obtain such
extraordinary temperatures and densities, one has to develop sophisticated techniques for
cooling and trapping neutral atoms. The successive steps, discussed here, that increase
PSD of a 8" Rb atomic cloud and lead to the condensation are generally applied, with some
variations, in BEC labs worldwide. In this chapter, we will describe all these techniques
used until the achievement of BEC. On the other hand, the optimization of this procedure
leading to BEC is not routine at all. Since the goal of having a large number of atoms
in the vapour is not correlated in a direct way with obtaining high density of the cloud,
PSD which depends on the density ceases to be the criterion for the optimization. This
will be the topic of the next chapters.

The complexity of BEC experiments for the processes of cooling and trapping requires
a carefully designed setup with a great amount of reliability. The whole description of
our apparatus can be found in [30][37][38]. Here, we briefly mention some of the general
requirements for the trapping and cooling until degeneracy is reached. One of the main
demands for a successful cooling is the isolation of the atomic cloud from its surroundings,
in order to abate collisions of the atoms with high energy particles. Such particles may
come from the material walls that confine the cloud. For this reason, the cloud should be
thermally isolated and, thus, we are forced to trap the cloud by the application of external
light and magnetic fields rather than by the use of a material container. However, even in
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the absence of walls, high energy particles coming from the background may increase the
temperature of the atoms or lead them out of the trap. Therefore, one has to insure that
these type of particles are rare. This is achieved by trapping the cloud in a region of ultra-
high vacuum. Pressures of the order of 10~ 'mbar are necessary. Under such conditions,
one is able to confine the particles for seconds or even for minutes, which is enough time
to cool them. Another requirement, resultant from the previous, is the high need for both
laser beams with certain properties (frequency stabilization to optical transitions, specific
intensities etc) and coils that will be used for the application of the required magnetic
fields. All these laser systems and coils offer numerous appropriate light and magnetic
fields which realize the concepts of cooling and trapping. The apparatus also consists of
a large number of electronic and computer control systems.

All the steps until BEC can be divided into two general cooling and trapping processes:
the laser cooling of a cloud in a magneto-optical trap (MOT) followed by the evaporative
cooling after the cloud is confined in a conservative magnetic trap. These two cooling
techniques are complementary for the goal of quantum degeneracy: The laser cooling
technique is not adequate in order BEC to occur, since there is a lower limit in the
temperature and the density it achieves. On the other hand, evaporative cooling technique
can work in an effective way only if the cloud is dense and cold enough to offer high collision
rates and tight confinement. This is due to the fact that the magnetic trap, that is used for
this technique, cannot have a trapping depth bigger than some milliKelvins, because of the
neutral nature of the atoms. The enhancement of the phase-space density is distributed
in an almost equal way between these two cooling processes. PSD begins with a value of
the order of 1072 in the room temperature and as each of the techniques provides a gain
of six orders of magnitude, we end up with a PSD of the order of the unity. After that,
the occurrence of BEC increases PSD by another factor of 10° without any extra effort.
That is why, BEC is often called as "free cooling” [77].

Laser Cooling
MOT | CMOT |Malasses] Trap Match| Compression| Evapaoration] Imaging

Imaging Beam |
MOT Beams
RF
Hez
Pitch Cails
Compensate Coils
loffe Caoils
red-detuning of MOT beams |25 MHz |40MHz  |40MHz
duration 4 5 sec |10 msec |Tmsec 05 sec 3 sec 10 sec
atom number 1010 ox10¢ ox10F Fx108 4x 108 Ix10°

Figure 2.1: The sequential stages of cooling and trapping that lead to BEC. They are divided into two
general processes: laser cooling and evaporative cooling. Laser cooling consists of the stages of the MOT,
the CMOT and the Optical molasses, while in the evaporative cooling technique, mode-matching, com-
pression of the trap and the final stage of evaporation are included. One can see the duration, the number
of the atoms and the achieved temperature at the end of each stage. In the diagram, we make a schematic
representation of the presence and the relative power of the laser beams and the currents in the coils that
are part of these techniques during the various stages.
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In diagram 2.1 we can see the sequential steps that constitute these two general cooling
and trapping techniques, discussed above. In short, the procedure is as follows. The ultra-
high vacuum chamber is loaded with a large number of atoms of the order of 10!° with
the assistance of an arrangement known as the two-dimensional magneto-optical trap (2D-
MOT), that works as a source of slow beams of atoms, driving them in the chamber. Using
the MOT beams and the Ioffe coils, that serve the realization of the MOT technique,
the cloud it trapped and cooled inside the uldtra-high vacuum chamber, leading to a
steady state. A simple MOT will confine atoms at a density limited by reradiated photon
pressure to a relatively low value. As a consequence, the corresponding collision rate
after the transfer to the magnetic trap will be low. Since the most crucial feature in
the evaporative cooling is the collision rate compared to the trap lifetime, one can gain
almost the same by improving the vacuum or by improving the density in the MOT. For
the latter improvement, after the loading and the cooling of the MOT, we apply a short
compressed magneto-optical trapping (CMOT) stage. The CMOT is a technique used
for the preparation of a higher density of the cloud for the next stage of the evaporative
cooling by increasing the magnetic field gradient and the detuning of the MOT beams after
the steady MOT. In most cases, a short stage of optical cooling, with the magnetic fields
being turned off, is applied shortly after the CMOT stage, which guarantees a further
decrease of the temperature of the thermal cloud.

This MOT serves as a source of cold atoms for the next general process, namely the
evaporative cooling. Magnetic traps offer a nearly perfect realization of a conservative
potential for atom trapping. The main experimental challenge is to transfer the atoms
efficiently from a MOT into a magnetic trap. This is achieved during the mode-matching
stage, where the values of the currents running through the coils (Pitch, Compensate and
Toffe coils) are fixed so as to create a trap that resembles in shape the previous in the MOT.
After this and before the final stage of evaporatively cooling the cloud, we compress it. To
do so, we increase the values of the currents running through the coils and decrease By..
This can be seen in the diagram 2.1 above. The compression of the cloud becomes helpful
in order to increase the collision rate of the atoms. Finally, we perform forced evaporative
cooling using radio frequency induced spin flips. A single 10 sec RF ramp leads to the fast
and relatively efficient production of a Bose-Einstein condensate of almost 10° atoms.

After all these stages, quantum degeneracy will be achieved. We suppressed the fact
that in order to manage BEC, one has to come up with a great number of issues that
confronts all related experiments. The high need of aligning the centers of the MOT and
the magnetic trap, the ability to turn on and off the magnetic fields quickly, the big loss
of the atoms due to the mode-mismatch between the MOT and the magnetic trap, the
importance of taking into consideration the gravity force on the atoms, the relatively small
lifetime of the trap and the need for a rapid evaporation are some indicative difficulties.

In the remainder of this chapter, we will give the basic principles of the techniques
used to reach BEC, the sequential steps that we follow and some aspects of the realization
of these in our specific experiments. The order of the corresponding sections follows the
sequence of the experimental steps. In section 2.2 we describe the laser cooling technique
in the MOT and in section 2.3 the evaporative cooling technique.
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2.2 Laser Cooling and Magneto-Optical Trapping

The basic principle of cooling using laser beams relies on the equipartition theorem [?]
that holds for classical gases (still relatively high temperatures) and relates the tempera-
ture of the system with its average energies. In the case of ideal gases the equipartition
theorem states that 1 3

—2
- = —kgT 2.1
;MU = Skp (2.1)

where m is the mass of the particles, v the average velocity, kg the Boltzmann coefficient
and T the temperature of the system. With that in mind, by decreasing the average
velocity v of the atoms one can equivalently decrease the temperature of the sample.

In contrast to the trapping of ions, which offer their charge on which an electromagnetic
field can exert large Coulomb forces, the idea and the realization of trapping neutral atoms
is relatively new. Forces on neutral atoms can be exerted if one exploits their magnetic or
induced electric moments, allowing generally smaller forces to be applied. On the other
hand, it is generally a fact that larger numbers and densities of particles can be trapped
in case they are neutral compared to ions, because of the lack of space charge effects. The
idea that laser light can be used to cool atoms was suggested by Hansch and Schawlow [39]
and Wineland and Dehmelt [10], both in 1975. Three years later, Wineland, Drullinger
and Walls [11] published the first cooling experiment. Significant experiments on laser
forces were performed by Ashkin [12][43]. Experimentally, in the 1980’s Chu et.al. [14]
created the first Optical Molasses and Raab et.al. [15] the first magneto-optical trap, both
at Bell laboratories.

Laser cooling and trapping is nowadays a standard technique in quantum optics and
quantum gases. It offers a great amount of features which fit with a number of novel and
up-to-date experiments. Atoms with low kinetic energy and velocities, long lifetimes and
interaction times, the ability to confine big numbers of atoms, adequate collision rates
are among those advantages. However, this cooling and trapping technique has strict
limits to both the temperature and the density that it is possible to achieve. A limitation
in temperature is due to the nature of the spontaneous emission of light from an atom,
while a density limitation has its origin in radiation trapping effects, i.e. the presence of
rescattered photons, and losses in the trap. The combination of these two limitations leads
to a PSD which cannot surpass a value of around 107°, five orders of magnitude too low
for BEC.

In our experiment, we use laser cooling and magneto-optical trapping as a pre-cooling
for the next stage of evaporation. In the framework of this intention, our primal attention
will be paid to two objectives: To ensure high collision rates for efficient evaporation
abandoning any attempt for achieving low temperatures or high PSDs and to collect a
large number of atoms. The second objective is crucial, since we are interested in large
BECs, which derive from large atomic clouds.
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2.2.1 Basic principles of the techniques for laser cooling and trapping
A. The Radiative Scattering Force

In section 1.2.2 we deduced that there are two kinds of radiative forces acting on an
alkali atom, the dipole and the scattering force. Both forces can be used for trapping and
cooling a thermal cloud. The first experiments trying to cool a trapped atomic sample
attempted to exploit the existence of the dipole force [16]. However, this type of force offers
a much shallower trapping depth, typically in the range below one-milliKelvin, compared
to the radiative pressure, which has a typical depth of one Kelvin. Therefore, scattering
forces offer a larger volume of trapping compared to the one created by the dipole force.
This is because of the fact that the scattering force is independent of the gradient of the
intensity of the light beam. As a result, experimentalists concentrated eventually their
attention on the scattering force and the magneto-optical trap is an excellent example of
the application of this kind of force.

In the MOT, the internal degrees of freedom are in steady states and, thus, the external
degrees can be decoupled, giving a scattering force as the second term in eq.1.36. Using
eq.1.30 for the coherences, we can finally write

Fye = —hQV (kr)(Im{prpe 7% e 751

_ E I/Isat (22)
21+ I/ Ly + 4A2)T2

where we have defined the saturation intensity s of the light as I/l = 202 /T2.

But, what is the origin of this force? Each absorbed photon adds to the atom a
momentum equal to the momentum it had in the direction of the light. Contrary to
that, each spontaneously-emitted photon travels to a random direction. Therefore, after
many cycles of absorption and spontaneous emission of photons, the spontaneous emissions
average to zero, whereas the absorption comes from one direction, and thus, there is an
average force in the direction of the light beam. This means, the change of the momentum
is solely the effect of absorption. Eq.2.2 is valid only in case the force can be meaningfully
averaged over a great number of absorption-emission cycles. If a single photon changes
the atomic velocity in an important way, the semiclassical approach ceases to hold and all
the results deriving from it as well, and such an average is not possible.

In the formula 2.2 above, the actual force per photon is hkI', while the rest of the term
is the probability of the force being applied, which is the fraction of the time that the
atom remains in its ground state. A spontaneous emission can occur if the atom is in its
ground state, therefore this type of emission, and as a result the value of the scattering
force, is limited by the fraction of the time the atom spends in its excited state. This
fraction of time has a maximum of 1/2, and so Fsc max = hkI'/2.

Until this point, we have not taken into consideration the Doppler shift that appears
when the atom is moving with some velocity . In fact, due to that velocity, the atom sees
a radiation of frequency w with a modified frequency w — IZU, where k is the wave-vector
of the laser beam. In this case, the detuning between the radiation the atom feels and the
atomic resonance frequency wg is A = (w — EU) — wp and as a consequence, the force the
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beam applies on the atom is modified to

hk‘E I/Isat
21+ I/ Lgy + 2(w — wo — k0)2/T2

FDoppler = (23)

B. The Optical Molasses (OM)

In the previous section we deduced the scattering force that is exerted on an atom
moving with velocity ¢ from a laser beam with wave-vector E, taking into consideration
the Doppler shift of the frequency. Examining first the one-dimension case, an atom
moving in the opposite direction to the beam will slow down while an atom moving co-
parallel with the beam will increase its velocity. As a result, this set-up (a laser beam
parallel or anti-parallel to the atom’s motion) does not slow the atoms down, since they
move both towards and away from the beam. For that reason, an arrangement of two
counter-propagating beams of the same frequency w and intensity can be used to slow the
atoms down. An imbalance in the forces from the two beams emerges for a moving atom
as a result of the Doppler effect. In order to explain this, we assume that the laser beams
are tuned below resonance. A moving atom will feel from the beam opposite to its motion
a closer to its resonance frequency, while for the beam that co-propagates with the atom,
the Doppler shifted frequency increases its distance from the resonance. As a consequence,
the atoms absorbs always more photons from the counter-propagating beam, slowing it
down.

In order to get a simple quantitative model for this two-beam arrangement, we have
to make some important assumptions: the two-energy-level atom and the weak radiation
field -such that perturbation theory is valid giving the scattering force 2.2- assumptions.
In this case, the two forces exerted from the two counter-propagating beams can be treated
independently, without each one altering the other. Therefore, the total force acting on
any atom from these beams can be written as

141 /Igq 4+ 2(w — wo — Eg)2/r2 1+ 1/Isat 4+ 2(w — wo + EJ)Q/FQ
(2.4)

FOM = hkg I/Isat I/Isat

This force is depicted in figure 2.2.

The additional assumptions, stating that the atoms move sufficiently slowly that the
Doppler shift is low compared to the linewidth of the beams, i.e. kv < I', and that the
beam intensities I are well below the saturation intensity, I < Ig,t, can offer us the ability
to approximate the above force using the Taylor’s series, giving the result:

Foum = Fee(w —wp — kv) — Fye(w — wo + ko)

~ Fye(w —wp) — k:vaFSC - (Fsc(w —wp) + kvanc>
Ow Ow (2.5)
~ _QaFSC k‘
- ow v
~ —bv
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Figure 2.2: Qualitatively, the force exerted on
an atom vs its velocity for a red-detuned pair of
counter-propagating beams. For small velocities
the force is linear with respect to v. For larger
velocities the dependence ceases to be linear but
also leads to a damping force.

1 A pictorial explanation of the form of this force:
4 Because of the Doppler shift, an atom feels
two different frequencies from these counter-
propagating beams. From the one that travels
with its motion, the frequency it feels is further
away from resonance. Contrary, from the beam
|1 that travels against the atom the frequency comes
0 1 closer to resonance. As a result, an atom feels a
' \:;emcit'y — . bigger force against its motion than parallel to it

so it slows down.

Acceleration
. T .
[=]

with b = 2k% = —[Hé?fizolj;tp)zp Q(WEWO). The above result may be interpreted as a
damping force that slows down the atoms in case b > 0. A positive b implies w < wy,
which means that the laser is red-detuned with respect to the atom’s resonance frequency.
This is in accordance with the physical explanation of the slowing down of the atoms with
this configuration that was given in the beginning of this section. Since this damping force
is similar to the viscous force acting on an object inside a fluid, this arrangement of the
two counter-propagating laser beams is widely known as ”Optical Molasses”. Fon can
be efficient for a limited range of the atom’s velocities. Above this limit, the linear form
of this force ceases to be a good approximation and a subsequent reduction occurs. This

peak is a value of vyax = £J/k. One can see this behaviour in the figure 2.2 above.

The Doppler limit for the temperature. In this paragraph we investigate the mini-
mum temperature that we can achieve using the Optical Molasses technique. For a cloud
of atoms of mass m with low initial velocities that the force is in the linear region, we can
write for the kinetic energy Fx:
dE d (1 dv 2b E
i (o) :

- = mu— = vFoy = =-ZFx=-
2 Mg T VoM mo

dt  dt

(2.6)

Tdamp

Therefore, under the application of the OM technique, the kinetic energy of the atoms
decreases exponentially with a time-constant 7ggm, = m/2b, reaching finally the limit of
zero kinetic energy. In other words, using the equipartition theorem, reaching the limit of
zero temperature. However, we did not take into consideration the heating that emerges
from fluctuations of the force. There are two kinds of fluctuations, related to this heating:
fluctuations in the number of photons absorbed in a given time and the ones coming from
the random direction of the emitted photons. The randomness of the spontaneous emission
is the reason for both of these fluctuations. If we concentrate our interest in the velocity
space, each fluctuation can be described by a random walk step, similar to the Brownian
motion of particles. The rate of increase in the kinetic energy due to these random walks
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2 2.2

d(Ex) _ 1 dp>) _ RI%k e
dt 2m dt m
In the above, the mean-square momentum is expressed as d (p?) /dt = 2Rh?k?, where R is
the scattering rate of photons, Ak is the magnitude of any random step in the velocity space
and the factor 2 emerges from the fact that there are two such steps for each scattering
event, one from the absorption and one from the emission of the photon. On the other

hand, the cooling rate of the kinetic energy due to the application of the damping force is

d <£K> = (vFonm) = —b(v?) = —bk%T (2.8)

where in the last equality we have made use of the corresponding in one-dimension equipar-
tition theorem.

At equilibrium, the heating rate becomes equal to the cooling rate and therefore using
eq.1.30 for the scattering rate and the formula for the damping coefficient b, we can write:

RE*E* AT 1+ 4[(w — wo)/T]?
b 4 (w—wp)/T

kgTp = (2.9)
This is the Doppler temperature for the case of the one-dimension Optical Molasses tech-
nique. Minimizing the Doppler temperature with respect to the detuning, we reach at the
result kgTp min = RI'/2, which occurs for 6 = —I'/2 and defines the Doppler cooling limit.
For Rubidium, the Doppler limit is 145uK.

One can comment here that for real experiments this minimum value of the tempera-
ture is not as given by the above relation, but it can be up to one order of magnitude less
than this Doppler limit. This regime of temperatures is called the sub-Doppler cooling
[17][1%] but it is beyond the scope of our treatment.

C. The Magneto-Optical Trapping (MOT) principles

Optical molasses is a technique that slows the atoms down, i.e. a cooling technique.
Together with that, OM viscously confines the cloud, in the sense that the atoms of the
cloud experience such a damping force that their mean free path becomes small compared
to the dimensions of molasses. As a result, the atoms’ motion in molasses is diffusive and
confinement is realized from their quite long stay in the region of the lasers. However, this
is not adequate for trapping the atoms in a steady state. Such a confinement may be pos-
sible in case the scattering forces that cool the cloud become not only velocity-dependent,
but also position-dependent. This can be achieved by the addition of a magnetic field and
the appropriate choice of the polarization of the laser beams to the previously described
configuration of Optical molasses. The applied magnetic field is too weak to trap the atoms
directly but it offers the desired dependence of the force on the position, while the beams’
polarization prevents the arrangement from being symmetric. A modified configuration
like that is called ”Magneto-Optical Trap” (MOT).

In the one-dimensional case, two counter-propagating circularly polarized with oppo-
site helicity (¢F) laser beams of the same frequency and intensity are used in a region
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of space where a quadrupole magnetic field, with gradient a is applied. This field alters
linearly with position, being zero in the middle of the two beams. A moving atom will
feel a bigger force, due to the Zeeman effect which shifts the energy levels, from the beam
that is closer to it than from the beam that is further away. As a consequence, the atoms
are pushed toward the center of the region, exactly where the magnetic field is zero, and
thus, they get trapped.

In order to express the above explanation in a mathematical way, we assume the
following simplification: To make this principle clear we consider the case of neglecting
the nuclear spin (just fine-structure splitting) and assuming that an atom has a ground
state with zero total angular momentum J=0 and an excited state with J=1'. In this
case, the presence of a magnetic field that we force to be linear in magnitude B(z) = az
(where a is the gradient of the field) leads to a Zeeman split in accordance with eq.1.42

AE|pm,) = BBIFMEaz (2.10)

of the three fine sublevels of the excited state, which is linear? with respect to position
for the mgp = +1 states as one can see in fig 2.3. Here, we assumed again the easy case
of a one-dimensional arrangement with z the position coordinate, with z = 0 the center
of the two beams. Therefore, if the cooling condition holds, i.e. each beam is tuned
below zero field atomic resonance, then as we move away from the center where B = 0,
there is always one state that the detuning between the resonance and the laser transition
frequency to that state becomes smaller with a bigger force exerted on the atom pushing
it to the center. In order this transition to be realized, the proper light polarization must
be chosen. The ot beam excites atoms to the mp = +1 state, respectively. This is due
to the fact that a transition is allowed if the total spin of the photon and the atom is
conserved. For z > 0 the J = 1 sub-state with mjy = —1 is closer to resonance and as
a result a beam with ¢~ polarization must come from large z > 0. Similarly, the beam
coming from z < 0 must be circularly o+ polarized.

Figure 2.3: The Zeeman split in the fine-
structured states with J = 0 and J = 1. In the
ground state, as well as the state |J = 1,my = 0) m,
there is no modification from the presence of a

o
(U]
&=
w
=
w
. . -1 +1
weak linear magnetic field. Contrary, the my =
+1 states of J = 1 bent linearly with respect 0 0 =1
to the position. This can offer a greater force N ="
as one moves far from the centre due to the less }w.
detuning in that regions between the laser beams g+ o a-

and the resonance. The polarization of the beams 0 x o J=0
must be appropriately chosen to allow these tran-

. —
sitions. 7

L An exact description of the Zeeman split due to the magnetic field gradient in the case of Rb atoms
and laser beams of frequency that leads to the hyperfine F' = 2 — F = 3 transition of the D2 line (see fig
1.2) that is really used is quite complex.

*In reality, this is more complicated, mainly because of the more than one ground states (F = 1 and
F = 2) which lead not always to a close loop of absorption and emission and the Zeeman split in the
ground states. Though, the linear dependence of the magnetic fields does not cease to hold.
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In such a configuration, the resonant frequency of an atom in position z is modified as
wp = wo +Aw = wo + AE|pp, .y /h = wo + K’z (with &' = ppgrmpa/h) and, thus, the force
acting on it from the two laser beams, in analogy to the force in the Optical molasses, can
be written as:

Fyor = Fae(w — wo — K'2 — kv) — Fye(w — wo + &'z + kv)

Fsc Fsc Fc FC
zFSC(w—wo)—kva +/<c'8 — Fsc(w—t,uo)+k:va > —/@’za °
ow Owy 1ol Owy (2.11)
R —28FSC kv + 28FSC Kz |
ow Owo

~ —bv — kz

In the above, the two scattering forces from the laser beams feel different detuning wo=+x'z,
due to their different polarizations, x = —2%555 k' = i +(§(}Z€£(/UIOS)G;F)2]2 2(w1:w0) HBIEER,
and we assumed adequately small velocities and spatial shifts from the center of the
configuration that the first order Taylor’s approximation becomes valid. This force Fyor
has the same form as the one in a damped harmonic oscillator. The velocity-dependent
term of the force cools the atoms while the position-dependent term traps them in the
middle of the configuration.

Writing the force in the MOT in a slightly different way as

Fyor = —bv — kz = —b (v + %z) =—b(v+u) (2.12)
one can interpret the MOT as a moving molasses with spatially dependent velocity u =
kz/b. Such a pictorial interpretation is shown in fig.2.4 and assists in understanding in
more depth the real complicated case the Rb-cloud. The only difference between the
simplified case that was described above and the real one is the different form of the
velocity u that governs the movement of the molasses.

Figure 2.4: Force 2.12 is a moved form of
the force in molasses. Here it is depicted
in a z > 0 point.

] Intuitive explanation of the trapping: For
) 1 molasses, if the direction of the wveloc-
ity changes, the force direction will also
change. Contrary, for the MOT, in a posi-
tion different than the centre, even if the v-
direction changes, the direction of the force
does not, pushing the atom towards the
o ] centre and thus leading to trapping.

Acceleration
———

Velocity

The density limit in the MOT. In the process of laser cooling in a magneto-optical
trap both temperature and density of the cloud are limited to values that their combination
is unable to bring BEC. In the previous section, we studied the Doppler limit for the
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temperature in the optical molasses technique, which largely holds in the MOT as well.
In the current section, we investigate the limit in the density of the trapped cloud in the
MOT.

One can distinguish two regimes with a different behaviour for a steady state cloud:
the temperature-limited and the multiple-scattering regimes [33]. The criterion of this
distinction can be expressed by the density of the cloud and the number of atoms in it.
For adequately low densities and small numbers of atoms, i.e. the temperature-limited
regime, all the previously discussed mechanisms of cooling and trapping hold, whereas
for bigger numbers and denser clouds (the multiple-scattering regime) additional forces
emerge which alter the properties of the cloud. These forces have their origin in the
appearance of rescattering of photons from adjacent atoms due to the short mean free
path of these photons before escaping the trap and are mainly repulsive, a fact that leads
to a limit in the cloud’s density.

In the temperature-limited regime, the resultant force is simply the one found in the
previous section, the force of a damped harmonic oscillator, Fyjor = —bv — kz. Despite
the dissipative nature of this force, its harmonic term can be thought as the result of a
harmonic potential. With this potential in mind, one can make use of the equipartition
theorem and state that the average kinetic energy of an atom in the MOT is equal to
the mean potential harmonic energy, %I{AZ(% = %kBT. Here, Az is the rms-value of the
position of the atoms in the MOT and T the cloud’s temperature. A straight consequence
of this, is the definition of an effective frequency wyioT that features the behaviour in the
MOT, although there are no real oscillations, as

1 1

The above relation implies the dependence of the cloud’s size solely on the temperature.
In turn, for a certain temperature, the volume of the cloud is constant and, thus, the
density becomes proportional to the atom number, as long as the characteristic frequency
wp remains constant. For a spherically symmetric cloud in three dimensions, one can find
[33]
3N k32
"7 dn (kgD
The increase of the atom number leads to the increase of the density, until rescattering
begins to play an important role in the process. In this case, two additional forces emerge
that change the behaviour of the cloud. This is the multi-scattering regime. The first
additional force is a repulsive one, coming from the sequential absorption of the emitted
photon from adjacent atoms. This re-radiated light follows a different frequency distri-
bution from the laser light [19]. As a result, the average absorption cross-section og
characterizing the rescattering differs from that of the incident light o1,. The force applied
from this rescattering can be written as [20]

(2.14)

or,ord
Fr = -
mer

(2.15)

where c¢ is the speed of light and r the distance between two atoms of the cloud. The
second force that emerges due to the dense cloud is attractive and is the result of the
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beam’s attenuation as photons get absorbed. The calculation [26] of this force leads to
the form
Io?

Aer?

Fy = (2.16)

In the multi-scattering regime, the maximum density of the cloud can be calculated in
such a way that the trapping force balances the other forces:

3ck 1

MOT + £'R + Fa n Iaﬁ(aR/aL—l)

(2.17)

where we omitted the cooling term of the trapping force, since temperature ceased to
determine the trap size, because of the rescattering. One can notice that the density no
longer depends on the number of atoms in the trap, but stays rather constant for a certain
frequency of the MOT and a certain beam intensity.

In order to increase this density limitation, one could increase the detuning or the
field gradients, as these changes result in the relative increase of the attractive force Fa
compared to the repulsive one [19]. However, such increase would lead to a corresponding
increase of the inelastic collision rate between the atoms which causes loss in the number
of atoms in the trap.

During the above discussion, we assumed a perfect alignment and a uniform profile
of the intensity for the beams that consist the MOT. Any imperfection may result in the
decrease, the unexpected imbalance or the spatial change of the predicted forces which
affect the properties and the parameters -number of atoms, density, temperature, size- of
the cloud.

Loading of the MOT - The limit in the number of atoms. Together with the
constraints in the temperature and the density of the cloud, the MOT traps only a finite
number of atoms because of the various loss mechanisms that take place and have in
common to knock atoms out of the trapping region. In this region, only atoms with a
velocity below a limit v, can be slowed by the beams and trapped in a sufficient way. This
velocity characterizes the depth of the MOT and is typically a few times '\, where A is
the beam wavelength. We assume that all of the atoms with velocity less than or equal
to v, are trapped. Under this assumption and given that there is a mechanism which
continuously supplies the trap with atoms, the rate of the MOT loading is given by the

Kinetic theory [50][51] by
nV2/3y4 m \/?
L= < 2.18
2 <2k:BT) (2.18)

where n is the density of the atoms and V the volume of the trap.

The number of atoms in a steady state MOT is given by the balance between the
loading of the atoms and the departure of them due to the loss mechanisms. There are
various mechanisms that cause such losses, the most important of which are:

e Collisions of the cold atoms with the background hot atoms offering them the nec-
essary energy to leave the trap. The rate of such collisions is proportional to the
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number of the cold atoms, Ry, = Ye/N. The value of v, is determined by the
collisions with the surrounding warm atoms,

Tbg = MRbORbLURD + MbgOhgUbg (2.19)

where ngy,/npg is the density of the Rubidium atoms in the trap/the background cold
atoms, vRy, and vpg their corresponding mean velocities and oRyp, and oy, the cross-
sections that characterize the collisions which accelerate cold atoms to the velocity
larger than the critical velocity, above which the atoms escape from the trap. The
cross-sections depend on the electronic state of the atoms.

e Light-assisted collisions, inelastic collisions between two trapped atoms which occur
due to the change of the energy of the internal state of the particles in the presence of
a light field. The dipole moment of an excited atom may induce a dipole moment in
the nearby ground state atoms, causing an attractive force which, in turn, increases
the velocity of the atoms. This loss mechanism is characterized by the loss of two
atoms per collision and this loss rate v; is proportional to N2.

e Photon re-absorption scattering, where the photons being emitted in a random di-
rection by a cold atom are absorbed by an adjacent atom driving it out of the trap.

As mentioned previously, the last case is important only in the multi-scattering regime
which is characterized by large densities. This loss mechanism can be ignored for medium
MOTs. Therefore, in the absence of a full theoretical model for the behavior of the atoms
when they insert in the MOT, a phenomenological equation is often used [52][27][26]:

dN(t
dt( ) LN - N (2.20)

At relatively low densities, the first loss mechanism dominates, thus assuming ; = 0
we get
L
N(t) = o, (1 —exp{—nt}) (2.21)
This loading formula guesses that the trap saturates when there is an equilibrium
between the loading process and the loss mechanisms. This means that after some specific
time of loading the number of atoms remains constant irrespectively of the time.

Lifetime of the MOT In the absence of a source that offers atoms in the MOT, if one
solves equation 2.20 with L = 0, he can easily find that the number of atoms that are
trapped starts decreasing in an exponential rate

L
N(t) = ——exp{—wt} (2.22)
b
This decay is due to the presence of the losses. Atoms from the cloud collide with

the background vapour, gaining such energies that are able to leave the trap. A relative
quantity that characterizes the behaviour of the trap is its lifetime. It is defined as
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7, = 1/73 and gives the time at which the number of the atoms becomes the e~! of the
initial value. This decay time 7, of the number of atoms, when one switches off the 2D-
MOT, is equal to the loading time in the presence of it. One can use a more complex
model that simulated reality in a more efficient way and state that this time-constant of
the MOT depends on all loss mechanisms that are described above.

After some time the losses of the cloud from the collisions with the background vapour
reach an equilibrium with the atoms that are re-trapped from the background. When this
is the case, the number of atoms remains constant. However, this number is very small
compared with the initial and one tries to work as quickly as possible.

2.2.2 The steps for the laser cooling and trapping realization

The realization of the MOT that can offer the successful pre-cooling for the BEC oc-
currence is technically demanding. Different configurations have been proposed and ac-
complished in order to create a cold and trapped atomic cloud [15][53][54]. They all share
the same principal components and principal experimental components: a vacuum system
for isolation, an atom dispensing unit for vapour creation, laser system for cooling and
magnetic coils for trapping. In this section, we give a brief presentation of the apparatus
we used for our experimental results that will be described in the next chapters.

For the realization of the cold Rb-cloud, we need a vapour from which the MOT can
be loaded. Despite the fact that the cold cloud could be produced at relatively high
pressures, its lifetime would be inadequate because of the frequent collisions of the atoms
with the background vapour. Thus, we demand a region of ultra low pressure. For this
reason, we use a double vacuum system to separate the Rb-source from the trap. The first
part of this double vacuum system is called the 2D-MOT cell and the pressure inside this
cell reaches values of the order of 10~®mbar, whereas the second part, the UHV cell, is
characterized by a pressure of about 10~ *'mbar. These two chambers are connected and
simultaneously separated by a 50mm long differential pumping tube with a hole whose
diameter is 2.4mm.

The Rb-source is a break-seal ampoule in a coper tube next to the 2D-MOT cham-
ber. The atoms in this chamber are pushed towards the UHV-chamber with a technique
known as the 2D-MOT technique, where the cloud is trapped by the use of the 3D-MOT
configuration.

2D-MOT

Two pairs of counter-propagating laser beams, orthogonal to each other in the two out
of three directions (arbitrary x and z directions from now on) with the appropriate (o= for
each pair) polarization and a quadrupole magnetic field compose the technique called 2D-
MOT. These pairs of beams travel to the region where a tube connects the two chambers
and are realized by two retro-reflected laser beams with dimensions 50 x 50mm? and o+
polarization. The lasers used are turned a few linewidths to the red of the 55, F =
2 5PF =3 8TRb-transition travelling towards the 2D-MOT cell. The magnetic field
gradient is created by two rectangular coils. In addition to them, there is another coil
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(called push-coil), so as to control the position of the atom beam along the horizontal
plain.

Figure 2.5: 2D-MOT configuration. One can see the horizontal and the vertical pairs of laser beams, the
2D-MOT vacuum cell and the 3 coils described for the magnetic field and the control of it.

The rubidium atoms from the background vapour are cooled and trapped in two di-
rections along the y-axis. In the third direction they are free to move with their previous
velocities. With the assistance of a push beam (see fig 2.5) in the y-direction, more than
half of the cooled atoms move towards the hole and the UHV cell. The hole offers the
connection of the two cells that are on a different pressure and also filters out the atoms
with high longitudinal velocity. The latter is achieved, since such high-energy atoms do
not spend enough time in the 2D-MOT trap to be sufficiently cooled in x and z directions.
As a result, only atoms with low longitudinal velocity are driven to the UHV chamber.

The flux of the 2D-MOT depends on the detuning of the laser beams as well as on
the pressure in the 2D-MOT cell. High pressure provides the UHV cell with more atoms
but decreases the trap lifetime. In our experiments, the flux in the 2D-MOT was about
5 x 109 atoms/sec, with appropriately chosen magnetic and laser parameters.

3D-MOT

After the 2D-MOT process, a slow atomic beam that is produced travels towards the
second cell. In that cell, three pairs of counter propagating beams in the three axes x,y
and z with the addition of a magnetic quadrupole field constitute together the technique
known as 3D-MOT. This set of laser beams cools the atoms in all directions while the
magnetic field traps them near the center of the chamber. For the 3D-MOT, we need
multiple optical access. The six cooling beams, the push-beam, imaging optics and other
useful beams have to be able to enter the chamber. This is the reason for the peculiar
polygon shaped cell of the chamber. The beams are of 20mm diameter with a power
of approximately 20mW/cm? (i.e. a saturation parameter of 8.). We create the required
quadrupole field, by operating two coils, The big Ioffe coils in fig.2.6 in anti-Helmholtz
configuration (two currents tunning in opposite directions). The laser beams of the 3D-
MOT can be differently detuned from the ones in the 2D-MOT configuration but for the
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Figure 2.6: (a) The laser beams with their polarizations coming in the region where the atoms are trapped
and cooled in the UHV cell. These six beams in the current configuration are known as the 3D-molasses.
One can also distinguish the two circular coils in the anti-Helmholtz configuration that create the linear
magnetic field for magneto-optical trapping. (b) A picture of all the coils in the region of the MOT. For
the MOT only the big Ioffe coils are used. They are the ones depicted in (a) as well. The Pinch, the Small
Toffe and the Compenastion coils are used afterwards for the magnetic trapping of the atoms.

The trapped cloud is loaded by the atomic beam of the 2D-MOT. In fig.2.7(a), one is
able to see this loading with respect to the time that the beam is sent towards the cell.
The number of atoms that get stored in the trap follows the behaviour predicted in eq.2.21
with an experimentally measured time-constant of about 4 seconds. In the steady state,
the number of atoms becomes almost 10'° having a temperature of about 500micro - to 1
milli Kelvin. After the switch-off of the atomic beam source, the number of atoms decay
in an exponential way, in accordance with eq.2.22, due to collisions of the atoms with the
background vapour. In fig.2.7(b) this decay is presented. The measured lifetime seems to
be about 10 seconds. The shape of the MOT cloud is depicted in fig.2.7(c). It is a rather
spherical cloud. Allbeit being very large, this MOT has a very low density and a very
high temperature. We therefore apply further compression and cooling stages.

Compressed MOT and Optical Molasses

It would be of great advantage if we could manage to further increase the density
of the cloud, as well as to decrease the temperature without important losses in the
number of atoms, before the implementation of the evaporative cooling. A MOT with
working parameters, like ours, adjusted to maximize collection rate has reached its multi-
scattering regime, discussed in section 2.2.1.C, that applies a limit in the density of the
cloud. This limit is the result of the photon re-absorption scattering mechanism, which
can be described as the multi-absorption of a photon by other atoms in the vicinity of
the atom that emitted it before the photon escaping the gas. These processes introduces
undesirable heating and depolarization of the atoms. Moreover, since a photon comes
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Figure 2.7: (a) The loading of the 3D-MOT. The number of atoms has reached its maximum value after
4 seconds. This maximum value is almost 10'°. (b) The lifetime curve of the 3D-MOT. The measured
lifetime is 7 seconds. After almost 40 seconds, the number of atoms ceases to decrease because of the
balance between the losses and the re-loading of the background atoms. We are interested in times less
than the trap’s lifetime. (c) The spherical shape of the MOT cloud. (d) The density of the MOT cloud
as depicted using the technique of absorption imaging after the free expansion of the cloud for 12 seconds.
These two techniques will be explained in the next chapter.

from an atom to an adjacent one, there is a repulsive force between these two atoms which
also decreases the density of the cloud.

In order to increase this limited density, two kinds of techniques have been proposed
and applied. The first one, the Dark-spot MOT [55] modulates the MOT parameters
spatially, whereas the second technique, the compressed-MOT (CMOT) [56], modulates
the MOT temporally. In our experiment, we make use of the CMOT technique, since
it does not require any modification of the apparatus apart from the ability to control
the currents and the laser beams used in the MOT. In section 2.2.1.C we mentioned that
an increase in the cloud density can be achieved with a further detuning of the laser
beams together with the increase of the magnetic field of the MOT. This is exactly how
CMOT works. After the accomplishment of a steady MOT cloud, the increase of the
detuning causes a decrease in the re-scattering mechanism, since now it is less possible for
the photons to interact with the atoms of the cloud. On the other hand, the increase of
the magnetic fields confines the atoms in a tighter way, rising up their density®. In our

3 Although it is not theoretically established, in our experiments the further confinement of the atoms
is achieved by decreasing the gradient instead of an increase.
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experiments, after the loading of the MOT, the cloud spends 5 milliseconds in the region
of the beams that are even more detuned from almost 3I" to 13I' = 40MHz with a ramped
up magnetic field to its limit.

After this tighter confinement, which results in a smaller cloud, we should be aware
of the temperature of it which also increases due to re-absorption scattering. To decrease
the temperature, we switch off the magnetic field caused by the currents in the big-Ioffe
coils, while we keep for almost 3 milliseconds the laser beams on. This interval is long
enough for the atoms to move to the center of the trap, but short enough to avoid atom
losses due to the formation of molecules. This is exactly the optical molasses technique,
described earlier.

The result of these techniques is a small and enough cold cloud for the next stage of
magnetic trapping and evaporative cooling. Its temperature is almost 100 milliKelvin,
while the cloud has almost 9 x 10'” atoms. A small decrease in the atom number is due to
the higher rate of inelastic-collisions that CMOT causes. For the remaining of this thesis,
all these techniques that are used one after the other (MOT, CMOT, molasses) will be
called simply as the MOT. Furthermore, as wyor we will denote the effective frequency
of the MOT after the compression.

2.3 Evaporative cooling in a Ioffe-Pritchard (IP) magnetic
trap

The fundamental principle of the evaporatively cooling of a thermal atomic cloud relies
on the preferential removal of those atoms that have an energy higher than the average
energy of the cloud. This removal results in the reduction of the average energy of the
remaining in the cloud atoms and, thus, in a lower temperature. In order to be able to
discuss about the temperature, the removal of the atoms should lead to a new equilibrium
state with a thermal distribution, from the tail of which the leaving atoms come. This
equilibrium is achieved by the presence of elastic collisions between the remaining atoms,
which, in addition, promote atoms to energies higher than the average. On the other
hand, the high energy atoms can leave the region where evaporative cooling takes place,
only if the trap of the atoms has a finite depth comparable with their energy. For this
reason, evaporative cooling is realized in a conservative magnetic trap, where isolation of
the cloud from the surroundings is adequate and where the inelastic collisions can be less
than the elastic ones and, therefore, the atoms leave due to evaporation and not because
of losses.

One is familiar with the cooling mechanism of evaporation from one’s everyday life.
This is responsible for the cooling of a cup of coffee and for the carrying off of heat from
the human body during exertion. At the beginning of the 16th century, Leonardo da Vinci
used evaporation to produce the first hygrometer [57]. Physicists used to study evaporative
cooling in globular clusters from where stars evaporate. In atomic physics, the first paper
related to the evaporative cooling of Hydrogen atoms was published by Hess [58] in 1986,
in which he pointed out many important concepts of this procedure, among which elastic
and inelastic collisions. Monte-Carlo simulations for the trajectories of evaporative cooling
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were for the first time accomplished by Monroe [59]. In 1989 Pritchard argued [60] that
evaporation could be more efficient with the use of RF-radiation to define the region of
removal than just the topography of the magnetic field. After some years, in 1994, the
evaporative cooling mechanism was extended to alkali atoms, after they got laser cooled
[61]. Moreover, independently of the efforts for evaporation, a magnetic trap of neutral
atoms was first observed in 1985 [62] and not much later important improvements were
achieved from the MIT and Amsterdam groups [63][64]. The first Ioffe-Pritchard (IP)
trap, the type of trap we use in our experiments and is related with this thesis was first
proposed and demonstrated by Pritchard [65].

Evaporative cooling has an incomparable advantage: it realizes BEC, in contrast with
other cooling techniques, like laser cooling, whose temperature and density limits make
them inadequate for BEC to occur. Apart from that, evaporation is a relatively simple
and well studied process, at least in the classical regime of the atom’s motion, with a wide
working-range of temperatures and densities. However, the mechanism of evaporation as
a cooling technique has some important drawbacks, which one has to overpass in order to
achieve degeneracy. The most crucial of them is the important loss on the number of atoms
during evaporative cooling. There is an almost three orders of magnitude decrease in the
atom number from the beginning to the end of evaporation. Nevertheless, it is considered
as an eflicient technique, since, at the same time, the phase-space density increases by six
orders of magnitude, reaching BEC.

In the sections below, we discuss the principles and various theoretical aspects of the
magnetic trapping and evaporative cooling techniques, we describe the specific trap we
use, i.e. the loffe-Pritchard trap and finally the sequential steps that take place until BEC.
After the laser cooling in the MOT, we have a cold and dense cloud with a large number
of atoms and relatively high elastic collision rate. The objective of evaporative cooling is
simply to bring BEC in the best conditions.

2.3.1 Principles of evaporative cooling in a IP magnetic trap
A. Magnetic trapping principles

In order to keep the cloud tightly confined for the process of evaporative cooling and
hold the BEC, a trap is needed with the property of sufficiently low heating rate. This
can be satisfied by conservative magnetic traps, where the trap loss rates are relatively
small and their trap-depth capable of holding the initial MOT cloud. A magnetic trap for
atomic clouds is an application of the Zeeman effect described in 1.3.

Applying a magnetic field B in the region of the cloud, the energy of an atom being
in the state mp of the hyperfine level F, using eq.1.42, becomes

EF mp = B + pgrmr B, (2.23)

where EFr is the energy level of the hyperfine state without the Zeeman splitting. In case
the magnetic field is inhomogeneous, the energy of the atom being in that state depends
on its position. As it is known, particles tend to move towards regions where their energy
becomes minimum. Therefore, depending on the sign of of grmp, the minimum of Ep ,,
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in that state appears where the magnitude of the magnetic field is maximum (gpmp < 0
- states with a negative magnetic moment are referred to as high-field seeking states) or
minimum (grpmpg > 0 - low-field seeking states).

However, Maxwell equations prohibit the case of trapping in high-field seeking states.
The reason for this prohibition is the so-called "No-maximum” theorem [(6] stating that
in regions free of charges and current, the magnitude of the magnetic field cannot have a
local maximum. To see that briefly, one can write for the magnitude of the magnetic field:

B, OB; 0B;\ 2
’B2=9— ( B;=— ) =2B;V?B; + 2 : 2.24
V am'j 8.%']' V + 8.%']' ( )

Nevertheless, starting from the Maxwell equations (Vé =0 and V x B = 0 if there are
no currents at that point), one can derive for the components of the magnetic field

V2B; =0 (2.25)
Using equations 2.24 and 2.25, one can easily state that
V2B? >0 (2.26)

which is incompatible with the existence of a maximum that requires dB%/dz; = 0 and
02B?/0x? < 0. Thus, only low-field seeking states can be used for magnetic trapping. In
the case of Rb, in low magnetic field limit, the three trapped states are |[F' = 1,mp = —1),
|F'=2,mp=1)and |F =2,mp = 2).

So, in order to achieve magnetic trapping of neutral atoms, one must design a mag-
netic field configuration with a gradient that offers inhomogeneity and a minimum in the
magnitude of the field. The depth of the trap will be of the order of

kT = pupgrmp(Bmax — Bmin) (2.27)

where B, is the minimum of the field and B,ax its nearby maximum. For convenient
magnetic traps, the strength of the field is such that the depth is much less than 1 Kelvin.

The fact that high-field seeking states are not useful for confinement makes the mag-
netic trap prone to instabilities. These are caused by possible transitions from low to high
field seeking states, leading the atoms out of the trap. Such transitions are referred to
as Majorana flops. To insure that these transitions will not occur, the atom’s magnetic
moment should follow adiabatically the direction of the magnetic field. Defining 6 as the
angle between the magnetic moment of the atom and the field, then the above requirement

can be expressed as

df  psgrmr|B|
7 < ¥ (2.28)

This inequality is violated for small magnetic fields and attention must be paid to obviate
such fields in order the atoms to remain in the trap.
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B. Description of a IP trap

One of the most commonly used and one of the first realized configurations that offers
the minimum field for trapping is the so-called Ioffe-Pritchard (IP) trap. Its success is
partially due to the fact that it offers a harmonic potential that is the lowest order and
therefore tightest trap which can have a bias field.

IP trap is a modification of the quadrupole trap (in which the magnetic field varies
linearly with distance in all directions) in order to avoid the Majorana flops in the centre
of the trap. As it can be seen from fig. 1.3, in regions where the field is enough small and
practically zero, the states become degenerate so an atom can easily move from a low-field
seeking state to a high-field one and thus cease to be trapped. By adding a homogeneous
field By along the axial direction, the total field is no longer zero at the centre of the trap,
contrary to the quadrupole case. In this way, such losses can be avoided. This By, though,
has an important effect in the form of the potential as we will notice.

A TP trap in its commonest configuration [65] consists of four straight bars, which
create a quadrupole field in the radial directions and two circular pinch and compensation
coils that are used to create parabolic field in the axial direction. In the experiments done
in the framework of this thesis, we used an alternative IP trap, consisting of four circular
coils (called the Ioffe coils) which create two pairs of anti-Helmholtz configuration that are
perpendicular to each other and two circular pinch coils in Helmholtz configuration. This
set-up is depicted in fig. 2.6(b). The two pairs of Ioffe coils together create a quadrupole
field in the radial direction, whereas the pinch coils are used for a parabolic field in the
axial direction. An addition pair of coils (the compensate coils), that are also seen in the
same figure, are responsible to compensate the magnitude of the field minimum Bj.

The total magnetic field characterizing our IP trap is [30]

T 0 1 —TZ
B=a|-y|+By|0] + 55 —yz (2.29)
0 1 22— 2(2? + %)

where a is the gradient of the field created by the loffe coils and 5 the curvature by the
pinch coils. The magnitude of such field is

1 2 1 2 1 1 2
B = (ax - 26@'2’) + (ay + 2ﬁyz> + (Bo + 56 [22 - §(x2 + y2)}> (2.30)

If @ >> (12, the confinement in the radial directions that is caused by the gradient
is much stronger than the one from the curvature. In this case, one can ignore the radial
harmonic dependence and,thus, the magnitude of the field can be approximated by the
familiar theoretical magnetic field that characterizes the IP trap

B = \/(ap)2 + (Bo + %ﬁzr")z (2.31)

with p? = 22 +¢%.
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Now we will examine what is the form of the magnitude in the radial direction. For
z = 0, the magnitude is written: B = y/(ar)? + B2. In the case that By is very small
(compared to the temperature of the gas) then the magnitude is simply B = ar and the
potential is predominantly linear in that direction. On the other hand, if the bias field By
becomes large, then using the approximation (1+xz)"™ = (1+nx) for small x the magnitude
becomes
9\ 1/2 )
B = [(ap)* + BYY? = By (1 + (ap) ) ~ By + a—p2 (2.32)
By 2By
and the potential becomes harmonic in the radial directions with a minimum By. In the
more general case (not just in the line with z = 0), in the limit of By being large, one can
follow the same procedure and deduce that the potential is of that of a 3D anisotropic
harmonic oscillator is

a® 1
B~ By+ —=p* + ~B2° 2.
0+2BOP + 5Pz (2.33)
with frequencies
2
wy = (JIEMERE @ JIETELE g (2.34)
m By m
Vir) Vir)
@ " () "

Figure 2.8: In (a) the magnitude of the magnetic field in the radial direction in the case of Bo = 0. As By
is added in the trap (b) and the minimum ceases to be zero, the configuration offers a harmonic potential
for small r. The field an atoms sees depends on its kinetic energy. For kgT << ppBo, the atom is at the
bottom of the trap and feels a harmonic potential. For kgT >> npBo, the linear dependence is restored
and the frequencies given above have no physical meaning any more.

Trap properties and Thermodynamics. In order to calculate the energy density of
states of the IP trap, we may use its general definition in a potential U as

D(e) = (2wh)_3/dr3dp35(e —U(r) — p*/2m) (2.35)

where r is a particle’s position, p its momentum and § the delta-function. D(e) is defined
in such a way, that D(e)de is equal to the number of the eigenstates of the trapping
potential U(r) = —upB(r) with energy between e and € + de. For the IP potential 2.31,
one derives

DIP(E) = Alp(€3 + 2U0€2) (2.36)
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with Uy = ug By and

(27T2m)3/2
(2mh)32(ppgrmra)®\/ pegrmerS/2

Another particularly useful parameter for describing the statistical properties of the
trap is its partition function Z. In the language of Statistical Physics, this quantity comes
form the counting particles which are distributed over the available levels in accordance
with a certain probability distribution. At low temperatures one has to use the Bose-
Finstein distribution, whereas at higher temperatures the Boltzmann distribution is used.
The partition function for this distribution is defined as

App =

(2.37)

7 = (2nh)~? / drddpPeap{—(U(r) + p/2m) kT

(2.38)

= /deD(e)exp{—e/kBT}
The partition function is a measure of the degree to which the particles are spread out
over the energy levels. This can be more obvious in quantum mechanical systems, where
Z plays the role of the ratio of the number of particles in the system, N, to the number of
particles in the lowest energy level, Ny, i.e. Z = N/Ny. Using the density of states 2.36,
the partition function of the IP trap becomes

(2.39)

2upB
Zip = 6A1p(kBT)4 (1 + 1B D)

3kgT

A third useful quantity for our purposes is the effective volume of the trap. This is
defined as the ratio of the number of atoms to the peak-density in the center of the trap

Vet = N/no (2.40)

and plays the role of the real volume of the cloud in the trap. Using this effective volume,
the partition function can re rewritten [3] as Z = ‘/eﬁ‘AE?). This form offers another
intuitive explanation of the partition function. It is the ratio of the effective volume of
the trap to an effective volume of an atom with wavelength At. Multiplying both parts
of the above equation, one gets

Z =N/D, (2.41)

Therefore, the partition function includes all the useful quantities we need to optimize for
BEC, namely the number of atoms, the density and the temperature of the cloud.

C. Theoretical aspects of Evaporative Cooling

As mentioned in the beginning of the current section, evaporative cooling is a dual work:
atoms with energy that surpasses the depth of the trap, €, escape from the cloud, while
elastic collisions of the remaining atoms restore thermal equilibrium with a new lower
temperature. If the trap-depth remains constant, after the most energetic atoms leave the
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trap, the average energy of the atoms in the cloud becomes significantly smaller than e
and, thus, fewer and fewer atoms are capable to acquire sufficient energy to escape from
the trap. A scenario like this is called plain evaporation [72] and as a result, evaporative
cooling becomes less efficient as time goes on. In order to keep an efficient rate for the
high-velocity atoms to leave the trap, the truncation energy €;, which defines the depth
of the trap, should be ramped down over time. This kind of cooling technique is known
as forced evaporation. A related quantity that offers assistance in describing evaporative
cooling is the truncation parameter 7, such that ¢, = nkg7’, which is in the general case
time-dependant.

Rethermalization and the truncated distribution function. In order to justify
a thermal distribution for the remaining cloud, we will follow the arguments given by
Walraven in [67]. For that goal, one has to introduce a number of assumptions that
seem to work well in the temperature and density regime we are interested in. The first
assumption is ergodicity. In Statistical Mechanics theory, ergodicity means that in the
phase space of a system, the distribution of the particles f(r,p) depends exclusively on
their energy. In a mathematical way:

f(r,p) = /5(U(T) +p?/2m — €) f(€)de (2.42)

In the above equation, f(€) can be interpreted as the occupation number of states with
energy €. Secondly, we make use of the ”full-power evaporation” assumption. According
to that, every atom that gains energy greater than ¢; through an elastic collision escapes
from the trap without further collisions with other atoms. This is satisfied if the mean
free path A of an atom is much larger than the dimension [ of the cloud [(8]

A1 (2.43)

Furthermore, we assume classical atoms described by a Boltzmann distribution. A last
but not least assumption is the fact that elastic collisions result only from the s-wave
scattering channel. As a consequence, the elastic cross-section oo of the atoms becomes
[69] a function of the scattering length a, in accordance with the relation oo = 8ma?.

Using simulation results, Walraven proved that during evaporative cooling the thermal
nature of the atom’s distribution is well preserved. Therefore, the distribution of the cloud
can be described by a truncated at the depth of the trap Boltzmann distribution as

fle) = ngA3e™/*TQ (e, — ) (2.44)

where O is the Heaviside step function. From eq. 2.42, one can calculate the phase-space
distribution

f(r,p) = noAge= V2 2mkeT e (¢, — U(r) - p? /2m) (2.45)
and by integrating the last result over momentum, one obtains the density distribution
n(r) = noe V*TP3/2 (e, — U(r))/kpT) (2.46)

with P[a,b] the incomplete gamma function [70] and ny the peak-density of the cloud in
the center of the trap.
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The rate of evaporation. The evolution of the phase space distribution during the
process of evaporative cooling is described in the framework of the kinetic theory by the
Boltzmann equation [71]. This equation is converted into a simpler for f(e) in case the
assumptions previously mentioned still hold. The rate of change of the number of atoms
due to evaporation, in the absence of loss mechanisms, is given by

dNey _ [* df ()
For the truncated Boltzmann distribution 2.44, one gets [(7]
dNey _p Vev
=-N K 24
o NeTe Ve Vi (2.48)
In the above equation, v = (16kgT/mm)'/? is the average velocity of the atoms and
AB €t .
Voy = —L | deD(e)|(er — € — kpT)e~</FsT+kaTe™" (2.49)
kBT 0

Finally, using eq. 2.36 for the density of states in a IP trap, one can derive the accurate
formula for the rate of evaporation in such a trap. However, we will pay more attention
on the case of large 7. For large values of 7, we can approximate Ve, /Veg = 1 and, thus

dNey
dt

It is important to note that the above equation is valid for any power-law potential as
long as n remains adequately large, due to the fact that the trap depth becomes order o
magnitude greater than the average energy of the cloud or equivalently kgT" and, therefore,
the exact form of the potential near the minimum ceases to play a significant role. The
last equation eq. 2.50 implies that evaporative cooling occurs on an exponential scale with
a time-constant 7, = (ngoqvne )7L,

= —Nngogune " (2.50)

The efficiency of evaporation and the role of collisions. As mentioned above,
interactions play a crucial role for evaporative cooling in bringing back thermal equilibrium
in the remaining cloud. Collisions in the trap can be divided into two types: the elastic
collisions that are responsible for the redistribution of the kinetic energy as two atoms
collide and the inelastic collisions which lead to atom losses from the trap.

Elastic collisions between two atoms work in favour of the process of evaporation.
First of all, they are responsible for the rethermalization of the cloud leading to thermal
equilibrium that is described by a temperature. What is more, such collisions of two atoms
often give to one of these atoms energy larger than the threshold, whereas the other atom
gets less energy. As a result, this process helps the decrease of the temperature by bringing
out energy in a quicker rate. The elastic collision rate is given by the following equation

[72]
Vel = N0V

= n(8ra?)(16kgT /wm)"/? (251)
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with as the familiar scattering length.

However, the efficiency of evaporation depends not on the absolute rate of elastic
collisions, but on the relative elastic collision rate with respect to the rate of losses that
occur because of inelastic collisions. There are three processes that contribute to losses in
a magnetic trap:

1. Background collisions: Inelastic collisions of trapped atoms with high energy atoms
from the surroundings. The rate of such collisions depends only on the pressure of
the trapped area and, thus, 11, is constant with respect to the atomic density, with
a value of — Ky, with Ky, a positive constant.

2. Dipole relaxation: Inelastic collisions between two trapped atoms, where they ex-
change angular momentum between their orbital motion and their intrinsic spin,
being scattered into untrapped states. This type of loss rate is proportional to the
density of the cloud. However, two body dipolar relaxation is not possible in fully
spin polarised samples. Such a collision would have to lead to a spin flip, which
means that the spin cannot be conserved since there is no upper state to go to. This
is experimentally verified in [73].

3. Three-body collisions: Inelastic collisions among three trapped atoms, where two
of the atoms form a molecule that leaves the trap (the third atom is necessary for
energy and momentum conservation). The loss rate is proportional to the square of
the density, v31, = —K3pn?, with K3}, a positive constant.

The total loss rate is expressed as the sum of all loss rates as
Vs = —Kpg — Kapn® (2.52)

The ratio of elastic (good’) to non-elastic ('bad’) collisions R = 7y /vis sets the limit
to evaporative cooling. In other words, the major requirement for the application of
evaporative cooling is that the lifetime of the sample in the trap be long compared to the
time of thermalization. Apart from that, an important criterion for successful evaporation
is the maintenance or even better the increase of the elastic collision rate as the process
goes on. If that is the case, one can say that evaporation is done in the runaway regime.
In other words, for runaway evaporation, the following condition has to be fulfilled:

dln’)/el
dinN

<0 (2.53)

Using eq.2.51 the above condition is written as

din(nT"/?)

i <0 (2.54)

An important parameter for describing evaporative cooling, since it occurs in exponential

times, is
_dinT

&= dinN (2:55)
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This parameter expresses the decrease of temperature per atom loss of the trap. It is a
general result [72] that for any power-law potential, the effective volume of the trap, as
defined in eq.2.40, scales as Vog o T?, with § a value that depends on the potential of the
trap. For the case of a harmonic potential, 6 = 3/2 and, therefore

Vg = CogfT>/? (Ceft : positive constant) (2.56)
Combining eq.2.54 and 2.56 one gets

din(nT'?) _ din([N/Veg]TV/?2)

dinN dinN (2.57)
_dinN _ dinT _ dinCes _

" dinN  dinN  dinN

which gives the values of £ for runaway evaporation: £ > 1. The physical meaning
of runaway evaporation is that the temperature decrease is faster with decreasing atom
number.

If £ remains constant during evaporation, then from its definition there is a dependence

of the form
T x N¢ (2.58)

between the number of atoms and the temperature as the process goes on. This is the
case found by a great amount of groups searching for BEC and will be of great assistance
in order to describe our experiments [74][75][76][39].

2.3.2 Sequential steps for evaporative cooling realization
Loading of the IP trap - mode-matching

After the MOT, the cloud is transferred into the IP trap. The transfer is done by
switching off the optical molasses which previously cooled the MOT cloud and suddenly
switching on the currents in all the coils of the trap. This switching-off of the beams and
switching-on of the magnetic field should be rapid with respect to the trapping frequencies
in order to avoid a change in the confinement the cloud feels. The efficiency of loading
the MOT cloud into the IP trap plays a crucial role in the process of reaching BEC, as
it offers the initial conditions for evaporative cooling. Elastic collision rate, the number
of atoms initially in the trap and the phase-space density are among the quantities that
have to be maximized for a successful evaporative cooling process.

All these quantities are maximized [77] when the cloud preserves its size and its shape
during the transfer from the MOT to the magnetic trap. As a result of this conservation,
temperature remains unchanged as well. One refers to this ideal confinement as mode-
matching. In any different case, when the transfer in not mode-matched, heating of the
cloud will be the result. For a tighter magnetic trap, the atoms gain increasing potential
energy, that leads to a hotter cloud. For a looser magnetic trap, non-adiabatic expansion
of the cloud will cause again heating.

In the MOT, the cloud is well-approximated as a spherical, Gaussian shaped cloud
in an effective harmonic potential with frequencies wyor in all directions, given by 2.13.
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Therefore, to ensure that the cloud maintains its temperature, size and shape, the IP
trapping potential has to be harmonic with frequencies equal to wyoT in all directions.
The first requisition is fulfilled by using a high bias field By. As we argued, the trap is
harmonic in both radial and axial directions if kT < upBp. Using the largest offset field
(Bo) possible in our apparatus, one can calculate the optimized gradient and curvature
for mode-matching from eq.2.34 and a known effective MOT frequency.

m 2 mBO max
Q= —Ww 8 =wmoTt| ——— 2.59
UBIFME MoT \/ UBIFME ( )

For our experiments, wyor &~ 8Hz and the theoretical values of the gradient and the
curvature for mode-matching are a ~ 82G/cm and B ~ 40G /cm? respectively.

However, in practice, there is a great number of constraints for mode-matching which
force us to optimize the loading of the trap only experimentally. The first of these con-
straints is the trap position. The laser beams and the magnetic coils, consisting the MOT,
have created a cloud with a certain center which may be altered by the switching-off of the
beams and the change of the magnetic fields. Such transition in the center of the cloud
causes oscillations in the mass-center which for a shallow trap bring atoms out of the trap.
Another important constraint is the trap depth. To keep as many atoms as possible, the
trap must be as deep as possible.

Another important issue during the loading of the trap is atom loss. The way the
magnetic trap works causes inevitably a loss of a large fraction of atoms compared to the
corresponding number in the MOT. This is quite crucial since the aim of the trapping is
to cool the atoms with evaporation, something that reduces further the number of atoms.
First of all, after laser cooling using the transition 5S; ,F' = 2 — 5P3 o F' = 3, the atoms
are approximately equally distributed over all 5 m p-states in the F' = 2 hyperfine manifold.
However, the atoms get magnetically trapped if they are kept in low-field seeking states.
As a result, 3/5 of the atoms are because of that lost. Apart from that, atoms in the
mp = 1 state can also be lost due to the gravity if the magnetic gradient is sufficiently
small (o < 15G/cm). Finally, in the ideal case the losses are only due to the distribution
of the mp states, i.e. one traps 1/5-th of the atoms that are in the MOT. This number is
reduced further by imperfect trap matching.

Compression of the IP trap

In order to reach BEC in the shortest possible time or with the largest possible number
of atoms in the BEC, the elastic collision rate for rethermalizing the cloud has to be as
large as possible. During the loading of the magnetic trap, the trapping potential is quite
weak so as to achieve mode-matching and the prevention of heating and losses from the
trap. We compress the trap as much as possible, resulting in an increase in density and
temperature and thus in collision

The confinement increases by ramping up the currents flowing through the trap coils
to their maximum value in a reasonable time and in a reasonable way. The result of such
increase is a subsequent increase in the gradient and the curvature of the trap and, in
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turn, an augmentation in the trapping frequencies. From eq.2.34, one can notice that a
decrease in the value of By also assists in a better radial confinement.

Several assumptions have to be made, in order to study the process of compression
of the magnetic trap. First, we assume that the thermal cloud consists of ideal classical
monoatomic particles. An ideal gas is defined as the one in which all collisions between
atoms are perfectly elastic and in which there are no interatomic attractive forces. The
ideal gas obeys the ideal gas law, a simplified equation of states, which is expressed as

PV = NRT (2.60)

with P the pressure of the gas, V its volume and R the gas constant equal to 8.314J K ~tmol~!.
It is important to note that for an ideal gas, the internal energy Ui, depends only on the
temperature [78] through the relation

AU = CodT (2.61)

with C, being the specific heat capacity of the gas.
Second, we assume that compression is an adiabatic and reversible process. Adiabatic-
ity guarantees that there is no heating transfer to the cloud during compression

5Q =0 (2.62)
The criterion to preserve adiabaticity is [79]
dw 9
2.63
o <<w (2.63)

with w = (w?w,)'/? the mean frequency of the trap.

At this point, we should mention a complication of the IP trap related to the above
condition: Since By is decreased at least by an order of magnitude, the radial frequency
becomes greater than the axial resulting in a cigar-shaped cloud. This results in an
additional criterion for adiabaticity: the rate of the compression has to be slow with
respect to the elastic collision rate in order to prevent an anisotropy in the temperature. In
our experiments, a and § increase linearly until their maximum values while By decreases
exponentially with a time constant of 3 seconds. This trajectory ensures that adiabaticity
is preserved. On the other hand, the reversibility implies that the cloud is continuously
in equilibrium and the only work involved it that of compression, hence

SW = —PdV (2.64)

Any reversible and adiabatic process is isentropic [78], i.e. AS = 0, where S the entropy
of the system.

Using the results above that describe a reversible adiabatic process for an ideal gas in
the first law of Thermodynamics, which states that Uy = §QQ — W, one can derive:

v

dT
= — —_ = — — 1
VC,dT = ~RTdV = 7 = ~(y = 1)

(2.65)
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where v = (R+ C,)/C,. For ideal monoatomic gases it is v = 5/3 which remains constant
and, thus:
T =cV™3 (c: constant) (2.66)

The above relation expresses the fact that the decrease of the volume of the trapped cloud
results in an increase of the temperature.

In section 2.3.1 we defined an effective volume for the cloud in the IP trap, which
plays the role of the real volume of the gas. By substituting Veg from eq. 2.40 in the above
relation, one gets:

T3 ZA1T? = const. (2.67)

In turn, if we use the formula of the partition function deduced in eq. 2.39 for the IP trap
and the thermal wavelength At = \/27h? /mkgT, we can write:

2up B
T3/2( 27Th2/kaT)36AIP(kBT)4 <1 + :Z{;B T0> = const. (2.68)
B

Removing all the constants that are independent of the trapping parameters, we finally
reach to the important result for the reversible adiabatic compression of ideal gas:

kpT\? 3kpT
—_— 1 = t. 2.69
( o ) < + QMBBO) cons ( )

1/3
M

In the above relation, the definition of w, which as already mentioned is w = (w?w,)
comes from the fact that Ajp that is inserted in relation is dependent on a and f as
Arp x ﬁ The parameter w coincides to the geometric average of the frequencies as
long as the potential remains harmonic. When it is in the linear regime there is no physical
meaning of w except for the form of dependence on the gradient and the curvature.

Another important result of adiabatic compression is the fact that as long as the trap
lifetime is much greater than the compression time, the number of atoms remain constant,
as there are not inelastic collisions.

Scaling laws for the adiabatic compression. In this paragraph, we are interested in
the way the various quantities change as compression takes place. Parameters without a
prime sign represent the corresponding quantities in the beginning of compression, while
with a prime sign at the end of it. Using eq. 2.66 between the volume and the temperature
of the cloud and the fact that the number of atoms remains constant during compression,
we are able to write:

n' T\
TV?? = const. = T(V/N)?/3 = const. = o= (T) (2.70)
On the other hand, following the argument of [72], if a power-law potential U(r) o /o,

with d the dimensions of the trap, is raised by a factor &,

U = kU (2.71)
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then the above relation holds

T

For a harmonic potential d = 3 and 6 = 3/2, while for a linear potential d = 3 and ¢ = 3.
As a consequence, by combining relations 2.70 and 2.72, we get the result

0 — 30/(2643)

! — 26/(2643) (2.73)

and from the definition of the phase-space density 1.14 and the elastic collision rate 2.51,
as long as the s-scattering length remains unchanged:

Dy =D (2.74)
v = KOTCH '

This is exactly what we aimed for: to increase elastic collision rate without decreasing the
phase-space density. In fact, PSD remains constant if the potential keeps the same shape
throughout the adiabatic change. However, this is not the case of a IP trap, where the
radial potential changes from harmonic to linear. This change gives a small increase in
the phase-space density in the center of the trap [77], since the distribution of the levels
changes from being equally spaced to decreasing spacing with increasing energy.

RF-induced forced evaporative cooling

In a compressed magnetic trap with high elastic collision rate, evaporative cooling can be
realized in an efficient way to bring BEC. For the implementation of evaporative cooling,
we use the technique of radio-frequency induced forced evaporation, which, in contrast
to other related methods, permits evaporation in three dimensions. In this technique,
a radio-frequency oscillating magnetic field is applied to the cloud of the trap, which
couples the trapped hyperfine sub-state with untrapped ones leading to spin-flips of the
atoms and, thus, driving them out of the confinement. In an inhomogeneous magnetic
field as the trapping one, the resonance frequency between two hyperfine sub-states is
position dependent and as a result a RF-field with a certain frequency wy¢ is in resonance
with this transition only for specific positions. The resonance occurs for atoms in a region
of the trap where the field magnitude B satisfies the resonance condition:

Iy = :U'BB (275)

In the above, upB is the Zeeman splitting between the related hyperfine sub-levels.

Therefore, by beginning with a high frequency w,s and ramping it down in time, atoms
with decreasing high energy will escape from the trap, reducing the cloud’s temperature.
At the instant when the frequency is wy, the truncation energy can be written as

€& = NFh(wrf - wmin) (276)
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where wpin = ugrBo/h is the resonance frequency of the sub-levels in the bottom of the
trap. At the specific time, atoms with energy € > ¢, will probably have already left the
trap.

For the theoretical case of a gas with two-level atoms, the probability of such an atoms
to make the transition as it traverses the resonance region can be estimated using the
Landau-Zener theory [30][81]. In this theory, the trapping field is assumed to vary in a
linear way with respect to the gradient a in the vicinity of the resonance. If the atoms
traverses this region with velocity v, then the probability of the transition is found to be

p=1—exp{—(} (2.77)

with ¢ = ﬂﬂBaUBi /h. Here, B, is the amplitude of the RF field perpendicular to the
bias magnetic field By

The frequency decrease has to be slow with respect to the rethermalization time, or
otherwise the elastic collisions cannot restore a thermal distribution. On the other hand, a
very small rate of ramping down becomes inefficient and leads to a large loss of atoms due
to the finite lifetime of the trap. For these reasons, an optimized trajectory of the radio-
frequency has to be realized. In our experiments, the RF fields is turned on at 50M H z
and we start evaporation by lowering it linearly in time until the value of almost 0.4M H z.
It is important to note that the lowest value of RF determines the final temperature of
the remaining cloud. The duration of this change is found to be efficient if it is almost 10
seconds.

In fig. 2.9 we plot the number of atoms with respect to the temperature during the
whole process of evaporative cooling. The slope of this graph represents the £-parameter
discussed in section 2.3.1. It becomes clear that ¢ experimentally remains constant at a
value of £ ~ 1.2 for the biggest time interval of evaporative cooling. Similar constancy
of £ seems to govern a great amount of other group’s experiments [74][75][76][39]. In our
case, this constancy is violated only in the very beginning of the evaporation, where it
seems to be less efficient, and at the end of it, exactly where BEC occurs.

The anharmonicity of the trap during the procedures of loading in the IP trap,
adiabatic compression and evaporative cooling.

After describing the whole procedure of the magnetic trapping and evaporative cooling,
it is important to explore the behaviour of the Ioffe-Pritchard trap during mode-matching,
compression and evaporation. As mentioned in the section describing theoretically the IP
trap, it is the relative value of the minimum of the field with respect to the kinetic energy
of the atoms that defines if they feel a linear trap in the radial direction or a harmonic
one (see fig.2.8 and relation 2.32). For kT << upBy the potential is harmonic whereas
for kpT >> upBy it becomes linear.

In fig.2.11 we plot our experimental data for the parameter kg7 /upBy. In mode-
matching, the trap behaves as harmonic in accordance with the theoretical prediction
that in order to achieve the best loading of the trap a harmonic trap with the frequencies
of the MOT-cloud are required. After mode-matching, the compression of the trap with
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Figure 2.9: Experimental data from evaporative cooling. A linear ramping down of the RF-frequency is
realized from 50MHz downto 0.4MHz in 10 seconds. The slope of the diagram, representing the £ parameter
remains constant during almost the whole process. The value is zi ~ 1.17. Deviation from this constant
value is only at the very beginning of the process and at the end of it, where BEC is achieved. The region
painted blue is the phase-space of BEC as proposed by 1.18 for the case of a harmonic potential.
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Figure 2.10: In (a) For kgT << upBo the atoms are gathered in the bottom of the IP-trap and feel a
harmonic potential. (b) For kgT >> upBo, the atoms have generally moved away from the center of the
trap and the linear dependence of the quadrupole trap is restored.

the exponential decrease of By leads to a linear trap, which becomes "more linear” as
compression goes on, having the highest value of kgT' /By in the fully compressed trap,
exactly when evaporation starts. On the other hand, during evaporation, the minimum
By is preserved in a constant value, whereas the temperature decreases, resulting in a
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smaller value of the ratio. BEC occurs always in a harmonic trap.

Data from 140715_1145 55 to 140715 1248 13
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Figure 2.11: kpT/upBo during mode-matching, compression and evaporation until BEC is reached. The
trap takes its most linear form when compression finishes and evaporation begins. On the other hand, it
is harmonic at the beginning of mode-matching and at the end of evaporation.
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Chapter 3

Characterization of the cloud and
detection techniques

In the previous chapter we described the procedure by which we produce Bose-Einstein
condensates. We now turn our attention towards the analysis of these BECs. This process
of calculation can be divided into two steps: the imaging of the cloud and the extraction
of results through an appropriate fit to this image.

For the first step of the imaging, different techniques have been proposed, all of which
have in common the application of a laser beam to the thermal cloud or the condensate
and the observation of the light after its interaction with the atoms. Absorption imaging,
fluorescence imaging, dark-ground imaging and phase-contrast imaging are the most com-
mon imaging techniques. In all these techniques, the direct extracted information is the
atomic density of the cloud. In the framework of this thesis, we will focus on absorption
imaging technique, since this is the one used for our experiments.

Together with the technique that is chosen for imaging, one has to select the instant
when this image occurs. There are two different approaches to this problem that have
been used in labs: the in-situ and the time-of-flight (ToF) methods. In the first case, we
image the density distribution of the cloud in the trap, whereas in the latter after it is
allowed to expand in a free way. Absorption imaging technique for the condensate works
well only after the free expansion of the cloud, and, thus, in this chapter we are interested
in the ToF method.

Three main reasons lead to the choice of this approach and to the expansion of the
cloud before imaging takes place. First, the cloud and the condensate may become smaller
in volume than the resolution limit of the optics, making it easy for misinterpretation of the
results. Second, the existence of dense clouds may result in the appearance of ”lensing”,
in which the real part of the index of refraction becomes as important as the absorption.
This lensing effect may lead to systematic errors in determining the number of particles
or the size of the cloud. Third, since the transmission of the light drops exponentially
with atomic density, for a dense cloud, such as the one in the trap, the shadow (that one
exploits in the absorption imaging technique as we see next) will be completely black and
quantitative information is lost. Using the ToF technique, one can identify BEC from
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its anisotropic expansion and, hence, this technique does not prohibit the observation of
the condensate, as we discuss in the next section. However, this technique exhibits some
drawbacks which we should keep in mind: any delay in the turning off of the trap before
the beginning of expansion may lead to unpredicted behaviour from the work done on the
expansion gas. The prohibition of obtaining multiple images of the same cloud is another
disadvantage that adds inevitable time to our experiments.

After the image is taken and the density distribution of the cloud is depicted, one has
to extract reliable results for the interested quantities, such as the size, the shape, the
temperature of the cloud, the number of atoms etc. These results are successful, only if
one approaches the cloud with a fit that resembles the real form of its distribution. For
this reason, we first discuss, in the next section, the shape of the cloud in the different
stages of the process to reach BEC and its density distribution in theory and then describe
the techniques used for imaging and the derivation of the results.

3.1 Density distribution of the cloud throughout the pro-
cess

3.1.1 Density profile in the MOT

In section 2.2.1 we distinguished two regimes of the MOT with different behaviour with
respect to the density’s dependence on the temperature and on the number of atoms. These
two regimes are the temperature-limited, with small number of trapped atoms, and the
multiple-scattering regime, with dense clouds of large atom numbers. In the same section,
we calculated the density in the center of the trap for these two regimes, given in eq. 2.14
and eq. 2.17 respectively. We are, now, interested in the way the atoms are distributed
in space. For that reason, in order to keep a simplicity without losing contact with the
experimental results, we make the essential assumption: the trapped cloud consists of
classical atoms. This is a sensible assumption, since the temperature throughout the
process of the MOT is high compared to the one where quantum phenomena start to be
obvious.

For any isotropic cloud with a stress tensor composed of exclusively of normal stresses
P, from the application of the Kinetic theory, the equation [32]

VP(r) = Fi(r)n(r) (3.1)

holds. Here, Fio(r) is the total force that acts on an atom of the cloud of density n in
position r (in the following, r is the position in any of the main directions {z,y, z, p}).
Therefore, the above equation is valid, also, for the case of the cloud in the MOT. An
easy way to explain the validity of the above relation is the following: A perturbed distri-
bution of the cloud, without having achieved equilibrium, is described by time-dependent
quantities, such as the temperature T'(t) = Ty + 07'(t), the density n(t) = ng + dn(t) and

the velocity of the atoms v(t) = vg + dv(t) (with vg = 0). Using the results of [$3], one
can find for the velocity fluctuations:
0ov(t
mng 875( ) = —[VP(r) — Fiot(r)n(r)] (3.2)
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In equilibrium, the right-hand side of eq. 3.2 must be zero, and therefore, one reaches
eq. 3.1.

This equation can be exploited in order to find the spatial distribution of the cloud.
For the temperature-limited regime, the atoms are essentially non-interacting, the only-
force acting on them is Fyror, as it is found in eq. 2.11, and the assumption of an ideal
gas (see eq. 2.60 for the ideal gas equation) gives:

VP(r)=kpl[T(r)Vn(r) + n(r)VT(r)] = n(r) Fxor(r) (3.3)
If the temperature is constant in space, T'(r) = T, one can finally write
kEgTVn(r) = —kn(r)r (3.4)
Solving the above first order differential equation, we get
ny(r) = noe*m"z/%BT (3.5)

with ng given by eq. 2.14. This is a spherical Gaussian distribution with a width Ar =
/2kpT /K.

Until now, we assumed that the spring constant, x, is the same in all directions. This
assumption gives us a spherical cloud. In our experiments, the gradient of the field is
twice along the y-axis(which is perpendicular to the big-loffe coils that are used for the
MOT) compared to the gradient in the other directions (this is a result of the Maxwell
equations and in particular VB = 0). Therefore, a spherical symmetry of the cloud is
broken. An ellipsoid is a better approximation for the shape of he cloud with deviations
Ax = Az # Ay. Nevertheless, the difference among these sizes is not so important and
one can assume a spherical cloud.

On the other hand, in the multiple-scattering regime the additional forces that emerge
Fr and Fa, given in eq. 2.15 and eq. 2.16 respectively, make the situation more complex.
In this regime, the thermal cloud can no longer be assumed to be ideal and, thus, an
equation similar to eq. 3.3 does not hold. However, we suppose that a Gaussian approxi-
mation for the density distribution is still a valid one. This approach is mainly driven by
our experimental data, in which a Gaussian distribution seems particularly successful in
describing the real distribution of the cloud (See fig. 3.3).

Kr?
2kgT

} (3.6)

nms(r) = npexp{—

where ng is the peak density as in eq. 2.17 and « a fitting parameter.

In the compressed MOT, according to theory, we increase the gradient of the magnetic
field and the detuning of the laser beams with respect to the resonant frequency. As long
as the detuning becomes sufficiently large and simultaneously the gradient rumps to an
adequately high value, the compressed cloud maintains its Gaussian velocity distribution,
as the results in [384] show. The increase of the gradient leads to a corresponding increase
of the spring constant of the MOT and its effective frequency, which, in turn, results in
the decrease of the width of the Gaussian cloud. Since the number of the atoms remains
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Figure 3.1: (a) The spherical shape of
a 10'%-atoms MOT as it is taken us-
ing absorption imaging technique and the
method of time-of-flight that are described
in next section. Here the x-y plain is de-
picted. (b)(c) The Gaussian fit of the
density distribution in x and y directions
is rather successful in describing the real
distribution. The dash points are experi-
mentally measured, while the continue line
is our Gaussian fit. The widths of these
expanded Gaussians are almost 16mm.
tToF = 12.5ms.
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almost constant, the Gaussian that characterizes the density distribution becomes sharper
with a larger peak, in order to keep a constant area that gives the number of atoms in
the graph of the density distribution vs the position of the atoms. This conservation of
the shape of the distribution is not self-evident. As, again, in [384] it is shown, for small
detunings or for small increase in the gradient, one finds irregularities in the distribution,
which ceases to be Gaussian, while the number of atoms is significantly reduced. On
the other hand, for higher gradients, a diffuse cloud of atoms appear that surrounds the
narrow Gaussian-distributed atoms. However, in practice, we decrease the gradient of
the magnetic field. This is an experimental decision which leads to a better compressed
cloud. In our experiments, the Gaussian distribution of the compressed-MOT seems to be
preserved.

3.1.2 Density profile in the IP magnetic trap

In this section, we investigate the density distribution of the thermal cloud, while it is
confined in the IP magnetic trap during the loading of the trap, the adiabatic compression
of the cloud and evaporative cooling.

Mode-matching. During the loading of the magnetic trap, the thermal cloud is charac-
terized by a relatively high temperature, such that quantum phenomena can be neglected.
In other words, we can assume a classical trapped cloud. Under this and the additional
assumption that the cloud is ideal, the energy distribution f(¢) of the gas is described by
the Boltzmann distribution

fle) = noAfe=</keT (3.7)
and the phase-space distribution is
£0:9) = [ def (31U () +5%/2m — € (38)
By substituting eq. 3.7 into eq. 3.8 we get
f(r,p) = noAe™ WEIHP2/2m) kT (3.9)
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and by integrating over momentum space we obtain the density distribution
n(r) = nge”Vr/ksT (3.10)

From eq. 3.14 we can deduce that the spatial profile of the cloud depends on the form
of the trapping potential. Therefore, mode-matching is possible for the correct choice of
the potential U(r). In order to achieve mode-matching, the cloud that is loaded in the trap
should preserve the Gaussian distribution that it had in the MOT (both in momentum

and position). A harmonic potential U(r) = Fmw?r? offers this Gaussian distribution,

with a width Ar = 4/ :@’Zﬁ. This is another reason that in mode-matching the trap should
be harmonic. If we notice fig. 2.11, we can argue that, indeed, during mode-matching
the potential of the trap is harmonic. Therefore, the density distribution of the cloud is
successfully approximated by a Gaussian function.

Adiabatic compression. As in the compression of the MOT, compressing adiabatically
the trap preserves its Gaussian form of the density distribution. The experimental result
can be seen in fig. 3.2. However, the almost spherical shape that leads to an isotropic
distribution in all directions alters into a cigar-shaped cloud. This is due to the fact that
during adiabatic compression, the radial frequency, as in eq. 2.34, becomes an order of
magnitude larger that the frequency in the axial direction, giving a stronger confinement.
As a result, Gaussian distributions of different widths have to be adopted for the axial
and the radial directions in order to fit the cloud’s distribution in a correct way.

Evaporative cooling. In the previous discussion for the density distribution in the
MOT, during the loading of the IP trap and during adiabatic compression, we used a
classical approach for the trapped gas, which is valid since the temperature remains in
much higher values than the critical one. Contrary to that, during evaporative cooling,
the cloud begins with relative high temperatures ending in a regime where quantum phe-
nomena dominate. Therefore, we have to handle the gas in the trap in a different way in
order to calculate its density distribution.
From a quantum mechanical point of view, the density of non-interacting bosons is

MHZE:M@&W (3.11)

where f; is the occupation number for the state ¢ whose wave-function is denoted by ¢;.
Nevertheless, we abandon this exact relation for the density and adopt a semi-classical
approach which is valid for the thermal cloud in the trap that consists of atoms in the
excited states, since their wavelengths are small compared with the length scale over which
the trapping potential varies significantly. In the framework of this approach, we are able
to use a semi-classical distribution function f(r,p), which for the Bose gas takes the form

1
e(fp_ﬂ)/kBT —1

f(r,p) = (3.12)

60



with energies €, = p?/2m+U(r) (U(r) the external trapping potential). This distribution
function is defined in such a way that in phase space f(r,p)dpdr/(27h)3 is the mean
number of atoms in a volume dpdr with the center (p,r).

In this approach, the density of the cloud can be written as

_ [T dp [ dp 1
n(r) —/0 Wf(?“,p) —/0 (2mh)3 elep—1)/kBT _ 1

By introducing the variables x = p?/2mkpT and z = exp[(u — U(r))/kpT] one finds [20]

(3.13)

2 © dygt/? 1

nmagn(r) = ﬁA%ﬂ /0 Lot _ = Ai%g?)/2(z) (314)
with g3/o = Yoo n%—T/LQ the Bose function. This function introduces the effects of quantum
statistics on the density distribution. Please note that equation eq. 3.14 does not take
into account the ground state of the system. This approximation is well justified only at
higher temperatures where many levels are occupied. On the other hand, in the case of
the ground state, the spatial variations on length scales are comparable with those over
which the trap potential varies, making this semi-classical approach invalid. However,
we are not concerned about this separation, since we are interested only in the density
distribution of the thermal cloud in the trap.

Since the last steps of evaporative cooling the chemical potential is large and negative
(or the temperature relatively high), one can approach the density by the first order
approximation of the Bose function as

1 L (w-v@)/kst

Nmagn (T) = —=2 = — (3.15)
o) = 3" =

This approximation leads us argue that a Gaussian profile for the density distribution is
still valid. In the figure fig. 3.2 below, one can see that this is the case in our experiments.

Figure 3.2: (a) The elliptical shape of a thermal
cloud in the first stages of evaporation in the x-
y plain as it is taken using time-of-flight absorp-
tion imaging. In reality the cloud that is depicted
has a pancake-like shape in three dimensions, as
will be discussed in the next section. (b)(c) The
Gaussian fit of the density distribution in x and
y directions is rather successful in describing the
real distribution. The dash points are experi-
mentally measured, while the continue line is our
Gaussian fit. The widths of these expanded Gaus-
sians are almost 6.5mm and 7.5mm respectively.
tTor = 12.5ms.
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3.1.3 Density profile in the condensate
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We assume for simplicity that at zero temperature all the atoms of the cloud belong to
the condensate. Since the number of atoms in our experiments is large (of the order of
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10%), it is valid to assume that the condensate is in its Thomas-Fermi limit. As discussed
in section 1.1.3, in this regime one can neglect the kinetic term in the Gross-Pitaevskii
equation eq. 1.24 and result in eq. 1.25 for the density of the condensate, which we repeat

here for convenience 1

ncond(r) = ;[:u - U(’I”)] (316)

In accordance with the analytical result described by eq. 2.33 which is experimentally
verified in fig. 2.11, when BEC occurs, the potential is very harmonic, which is given by

a? 1
Ulp,2) = pBo + pB5m-p° + 187" (3.17)
2B, 2
By substituting U in eq. 3.16, one finds
1 ps ((a® 5 1,
nd(p,2) = —(p—pusBy) — — | =— - 3.18
Ncond (P, 2) g(M 18 Bo) p <2BOP + 582 (3.18)

The above formula represents an inverted parabolic density distribution of the cloud in
both the axial and the radial directions. In both cases, their sharp maximum has the
value (u — pupBp)/g. The chemical potential can be expressed through the normalization

condition for the number of atoms from eq. 1.9 as pu = h%“ (%)2/5, with wy, the
geometric average of the trapping frequencies and ay, = [i/ mwm]l/ 2 the typical length of
harmonic confinement. The focal width' of the parabolas is W, = 4”—3;% and W, = 2“73 5.

On the other hand, near the critical temperature and below it, the condensed atoms
coexist with the thermal cloud. Although it is not theoretically established, it is plausible
to claim that a bimodal function would appropriately represent the density distribution
for the coexistence. The choice of a Gaussian distribution for the thermal cloud and a
Parabolic density profile for the condensate is straightforward

2,2 4w,

4o (r) = nene” 2™ 4 n (1 - r?) (3.19)

Te

for both the axial and the radial distributions. Here, ng, and n. are the peaks of those
two distributions. In case, the number of atoms in the condensate in comparable with
the thermal atoms, since the Parabolic distribution is sharper than the Gaussian, then
Ne > Nyp.

3.2 Techniques used for measurements

3.2.1 Time of Flight (ToF) Technique

In this section, we describe the way the cloud and the condensate expand in order to
depict the density distribution with the time-of-flight technique. A thermal cloud and
a condensate behave rather differently when they are allowed free for expansion. In the
following, we describe these behaviours.

!The focal width for the function y = ax® + bx 4 c is defined as W = 4|a| and expresses a measure of
how wide this parabola is.
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Expansion of a thermal cloud

A thermal cloud that is allowed to expand after being in a trap can exhibit two different
behaviours depending on its density. At low densities, where the mean free path of an
atom before colliding with another is large compared with the cloud’s size and, thus,
collisions are rare, the cloud expands freely. This is known as the Collisionless or Free
expansion. On the other hand, at high densities with a mean free path of the atoms less
than the size of the cloud, collisions play a crucial role. An expansion in this regime is
called Hydrodynamic expansion. In the latter case, the procedure may be regarded as
isentropic. Following the arguments for the isentropic compression in section 2.3.2, one
expects that there is a temperature decrease as the cloud expands that is related with its
density as T o< n?/3. More details about this behaviour can be found in [7].

In the remaining of this section we concentrate our attention in the process of free
expansion or with other words the expansion of an ideal gas. Since the gas expands freely,
no work is done on it, therefore §W = 0. Furthermore, the expansion occurs quickly and
as a consequence there is no heat transfer to or from the cloud, Q2 = 0. From the first
law of thermodynamics, the internal energy dUjy is zero and from eq. 2.61 it follows that
dT' = 0. Therefore, the temperature of the cloud during collisionless expansion remains
unchanged. This is an important result, since the deduction of the temperature in the
trapped cloud is straightforward from the calculated in the expanded cloud.

We, now, deduce the density distribution of the expanded cloud after tp,p temporal
interval of expansion, when the initial density distribution of the trapped cloud and its
initial velocity distributions are known. Let us assume that an atom of the cloud is found
in position r; exactly at the instant ¢g, that the cloud is let to expand, with a velocity v.
Its velocity will remain constant, since it does not feel any force on it and the temperature
of the gas does not change. Thus, according to classical mechanics, after tp.p its final
position r; will be

ry=1r;+ ViToF (3.20)

There are different combinations of initial positions and velocities that lead to a specific
final position, ry, for an atom after ¢tor. The probability of finding the atom in this
position is equal to the sum of the probabilities of all these combinations, each of them is
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the product of the probability for the atom to be in a position r; at ty and the probability
of having velocity v. This can be written as

[e.e]

Pyrpstne) = [ R Aoy (3.21)
—00

where P;(r;) is the density distribution of the trapped cloud at ¢ty and f,(v) its velocity

distribution that remains unchanged during expansion.

Thus, in order to find the final distribution Py, we have to know P; and f,. For the
initial density distribution, we deduced in the previous section 3.1 a Gaussian distribution,
both for the MOT cloud and the one in the magnetic trap. In a more abstractive form,
we can write

1 2 2
Pi(r:)) = =1y [Ar; 3.22
i (Tz) \/7>TAT,L € ( )
with Ar; the width of the distribution. For the velocities of the atoms, in case the gas is
ideal, they also obey a Gaussian distribution, namely the Maxwell-Boltzmann distribution

[11]:

m —mu
folv) = (kaT) 2pv2e "2k T (3.23)

which holds for both the magnitude of the velocity and any of its components. The above
relation is the result of the H-theorem?, a basic theorem of Statistical mechanics. The
width of the velocity distribution is Av = \/2kgT/m.

In order to find the distribution of the expanded cloud, one can combine eq. 3.20 and

eq. 3.21 to write
P TfatToF / P Tz v < ) de‘ (324)
ToF

The last relation can be seen as the convolution of P;(r;) with the scaled function f,(r;/t1or).
It is known, using any textbook of Statistics, that the convolution of two Gaussian func-
tions is a Gaussian function, as well, with a width equal to the square root of the sum of
the squares of each Gaussian width?.

Ar = \/ Ar + QkBTtToF (3.25)

From the above relation, considering large times of expansion, ttor > Wirap, the size of

the cloud can be approximated by Ar ~ \/%LmetTOF and assuming that the temperature

is uniform in all directions, we can claim that the gas expands isotropically with symmetric

density distributions even though the initial shape of the cloud is anisotropic®.

2For an isolated ideal gas, the H-function H(t) = fo (log (f(\EFt)) - 1) dE with f(FE) the

energy distribution has its minimum when the atoms have a Maxwell Boltzmann distribution. From his
Kinetic theory, Boltzmann showed that the continual process of elastic collisions causes H(t) to reach its
minimum.

3In fact, we also used another property, stating that if f(x) is a Gaussian function with width W, then
the function f(ax) is also Gaussian with a width W/a>.

“This is the case of the IP magnetic trap where it is cigar shaped as mentioned in 3.1
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Expansion of the condensate

In section 1.1.3 we described the Thomas-Fermi approximation for the condensate that
neglects its kinetic energy and this approach was used in section 3.1 to determine the
density distribution of the condensate. When BEC is free to expand, the general Gross-
Pitaevskii equation becomes time-dependent and a corresponding Thomas-Fermi approx-
imation is not applicable, since the variation of time of the trapping potential converts
potential energy into kinetic, making it impossible for the latter to be neglected. In order
to study the way the condensate expands, we follow [36] and a classical approach with a
unitary transformation that solves the problem of neglecting the kinetic energy.

According to this model, any atom of the condensate experiences a force

Feona(r,t) = =V(U(r,t) + gneonda(r, 1)) (3.26)

Under this force , the cloud experiences a dilatation and an atom, after the instant ¢y that
is let free, follows a trajectory in the j direction (j = {1, 2,3} for the three directions of
space)

ri(t) = Ay (O (to) (3.27)

All the dynamics of the expansion are contained in the evolution of these scaling param-
eters. The density of the cloud at time ¢ becomes

Meond (1 1) = mncond({rj I} to) (3.28)

The above relation makes us state that the condensate is a time-dependent parabola.
Substituting the force from eq. 3.26 and the position from 3.27 into Newton’s law, we
finally reach to the self-consistent differential equations

d*); w3 (to) 2

= — w5 ()N 3.29
T W WA (3:29)

For our specific case of a sudden and total opening of the IP trap (where A\; = Ay = A,

and A3 = \,) at tp, the above differential equations become
d2)\p _ 1 A’ )\, _ €

dr? )\g)\z dr? )\%)\g

(3.30)

Here we defined 7 = w,t and € = w.(ty)/w,(to). Solving, up to a second order, we get
A(T) =V 1+ 72
A (1) = 14 €[rarctant — In(\/1 + 72

The aspect ratio of the cloud W,/W., with W the width of the parabolic distribution as
defined in the previous section 3.1, evolves according to

(3.31)

Wo(t) _ Ap(t)Wp(to) _ Ao(t)
W) AOWa(to) () (3.32)
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One can easily show that A\, increases in a much faster rate than A, and, thus, the width
in the radial direction becomes bigger than the one in the axial direction. As a result, the
initial cigar-shaped cloud with € < 1 takes after some expansion time a pancake-like form
with an inverted aspect ratio. This behaviour is contradictious to the case of the thermal
cloud, which after adequate time expands isotropically in all directions and can be used
for the BEC identification.

3.2.2 Absorption Imaging technique

After the expansion of the cloud via the time-of-flight process, described above, that
reduces the atomic density to acceptable levels, absorption imaging technique is used
to project the cloud’s properties into a camera. Using absorption imaging, a reliable
density distribution of the cloud in two out of the three (x and z) directions is provided.
Having the density distribution imaged, information can be extracted for the size, shape,
temperature and atom number of the expanded cloud and thus the initial cloud that we
are really interested in.

The main principle of this technique relies on the absorption of photons of a probe
beam ('imaging beam’) which is near resonant with the resonance frequency of the atoms.
This absorption gets bigger in regions with bigger density and the intensity of the imaging
beam decreases more in such regions. Therefore, with this technique we can gain the
shadow of the cloud, which can be used for fitting its distribution.

f— 2f | f—i

Figure 3.4: Schematic outline of the imaging system. It uses a relay telescope in the 4f-configuration. The
blue beamis the probe beam that is launched from a single-mode optical fiber. The first lens collimates
this prob beam. The red beam is the fluorescence beam and the green is the absorption beam that both
are created after the interaction of the probe beam with the atoms.

From the Lambert-Beer’s law for the absorption of a beam from a means [37], we can

write
I(z,2) = Iy(x, z)e opn(@2) (3.33)

where I is the initial intensity before the absorption, n(z, z) = [ dyn(z,y,z) and oy, the
photon absorption cross-section that for linear polarization is [$8]

7 3)\2 1

T 15 27 1+ (2A)T)? (3:34)

Oph
For the realization of this technique, three successive images must be taken. A first

one with the probe beam and the cloud, which gives an intensity distribution Is(z, z), a
second just with the beam but after the cloud is gone, with intensity I,.¢(z, z) and a last
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one without either the beam or the cloud as the background intensity Ips(x,z). Having
measured these intensities, one can deduce:

I(z,2) = Iops(, 2) — Ipg(z, 2)

IO(:L'vZ) = ref($’2) - Ibg(‘r’z) (335)

With these intensities known, one can plot the density profile solving eq. 3.33 for n(z, z)

n(z, 2) = In[Iy(z, 2)] — In[I(z, 2)] (3.36)

Oph

3.3 Measurements and fits

3.3.1 Atom number derivation

In order to calculate the number of atoms at the measured stage, one has to make a
fitting in the image he depicted with the absorption imaging technique after letting the
cloud expand freely. This fitting will be done taking into account the profiles we assumed
for the thermal and the condensed clouds.

For the case of the thermal cloud, a Gaussian fit is appropriate

nen(x, 2) = Kgpexp [— (&)2 — (L)Q] (3.37)

In the above, Kjy, is the maximum optical density in the picture divided by opy. After the
fit, the number of atoms can be easily calculated from

Ny, = //dxdznth(az,z) =1 KipnAxzAz (3.38)
For the case of the condensed cloud, an inverted parabolic fitting is appropriate
o2 L\ 213/
Neond (T, 2) = Keond |:1 - (Ex) - <A72> :| (3.39)
and the number of atoms in the condensation
2
Neond = //dxdzncond(a;,z) = gﬂKcondAa:Az (3.40)

3.3.2 Temperature derivation

For the calculation of the temperature, we take advantage of the relations 7?7 and 77.
We write them again here

(3.41)




For the case of the temperature in the MOT, the above equations are not adequate
for its calculation. This is because the trapping frequency is unknown and so there are
three unknown variables in two equations. To find the temperature, one can follow one
out of two different ways: either one makes some approximations or one gets forced to
make more than one experiments to make a fitting. For the first case, the usual way is
to let the cloud to expand for large t7,r. When this happens, the initial size of the cloud
is much smaller than the final, so Azg can be omitted from the second equation in 3.41.
Then, temperature in the MOT can be calculated:

2,2
MAX“ 7,

42
T (3.42)

Tyor =
For the second case, for calculation of the temperature in the MOT, that we finally fol-
lowed, one can run the procedure for two times and calculate two different values of the
width Az and the time of flight tr,r. After that, we can fit the second of 3.41 and thus
find the values of both Axg and Thsor.
For the case of the temperature in the magnetic trap, the equations 3.41 are adequate
for the calculation. Combining them, we finally get

TIP o meQAZ2 1

= 4
' 2k wii o +1 (3.43)

fori=r,z.
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Chapter 4

The derivation of the Quality
factor for quantifying and
optimizing the process towards

BEC

In section 2.1 we begun our discussion by mentioning the dual effort that is needed in
order to achieve quantum degeneracy in an efficient way. Until now, we described only
the first part of this effort, the process which is followed for increasing the phase-space
density to its critical value for the BEC to occur. In the remaining chapters of this thesis,
we concentrate our interest in the second part: the optimization of the process in order
to obtain the largest BECs in the shortest time possible. From the first years of the
BEC realization, there are persistent attempts (simulations of the procedure, theoretical
studies and experimental results [62][90][76]) of finding the optimal cooling procedures.
These conditions vary, depending on the direction of the experiments and the applications
that they are focused on. For instance, some applications need high atomic densities,
whereas others require high atomic numbers in the condensate. Since there is not a
direct correlation of these two demands, the decision of whether to optimize for maximum
number of atoms or atomic density depends on the specific application. In this thesis,
we are interested in the optimization of BEC with respect of the number of atoms in the
condensate.

4.1 The usefulness of a Quality Factor

From the first years of BEC in dilute gases (first was achieved in 1995 [15][16]) till now,
there was a great amount of attempts to reach BECs with as large number of atoms as
possible. This aim was driven by both fundamental interest and practical reasons. For the
first case, big numbers of atoms lead to BECs deep in the Thomas-Fermi regime where
interactions dominate. Many interesting phenomena and new physics are supposed to be
explored when strong interactions are present. In addition, the Thomas-Fermi limit offers
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an easy solution for the Gross-Pitaevskii equation eq. 1.24, presented in Section 1.1.3, and
a comfortable inverted parabolic profile for the condensed atoms as mentioned in Section
3.1. For the second case, many applications and thoughts have been proposed which need
large number of atoms Ny in the condensate. Atom lasers and studies about the coherence
of BEC [37] are among them, in particular interest for our group.

Despite its significance for this purpose, until now it has been difficult to find the critical
parameters for the maximization of the number of the condensed atoms. In most cases, this
maximization is based on trial and error and the methods often remain unmentioned. In
other cases, researchers adopt the phase-space density (PSD) as the appropriate parameter
that by being optimized in the various steps of the process leads to the maximization of
the number of atoms in the condensate. Such approach is driven by the fact that, due to
relation eq. 1.15 which connects the occurrence of BEC with PSD, it becomes the ideal
parameter to measure the proximity to BEC and for its identification if one is able to
reach it. For instance, laser cooling has been proposed to be inadequate for condensation
since it increases PSD only up to 6 orders of magnitude less than its critical value for
BEC. Under this approach, many publications exist [91][92][93][94] and many groups use
PSD for optimization of the process to reach the biggest attainable value of Nj.

However, the PSD is not the appropriate parameter we are looking for in order to
maximize the number of the condensed atoms, Ny. This becomes evident by the fact that,
by its definition 1.14, the PSD is not directly dependent on the absolute number of atoms
N, but rather on the density of the cloud (N divided by the volume it occupies). As a
result, the optimization of PSD does not guarantee the optimization of the total number
of atoms NN and finally, as we see in the next section, the optimization of Ny. In other
words, having as a goal to make PSD getting a larger value as the process goes on, one
can manage it with the decrease of the volume of the cloud without having any profit in
the number of atoms he is really interested in. There have been some attempts [95] that
try to overcome this disadvantage, like the optimization of the cooling efficiency instead
of PSD. The cooling efficiency is defined as dD,/dN, the ratio of the increase in phase
space density to the decrease of the number of atoms. In fact, this cooling efficiency can
be also seen as the inverted partition function of the IP trap, as expressed in eq. 2.41.

Nevertheless, similar choices for the optimized quantity, that depend on both the
number of atoms and their density, have a significant drawback, which follows PSD as
well: Its dependence on the stage of the cooling process. This dependence can be easily
expressed if one claims that PSD does not remain constant during it. In fact, PSD increases
during laser cooling and also evaporative cooling. Even when it is assumed to remain
constant (during compression of the cloud in the IP magnetic trap), the transformation
of the trap from harmonic to linear (see fig. 2.11) leads to an increase of the phase space
density, according to [96][77]:

Dp,lin _ eXp{Elin/NkBTlin}
Dp,harm exp{Eharm/NkBTharm}
where Ejiy,/Eharm denote the internal energy of the gas in the linear/harmonic trap that

changes due to the alteration of the density of states of the trapping potential. As a
result of this change in PSD during the process, clouds at different stages or even at

(4.1)
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different times of the same stage cannot easily be compared. However, this comparison is
an essential feature in order to know the efficiency of the process for the final aim of the
number of atoms. Without this ability of comparison, even if we are aware at any point
of the process how close we are to reach BEC (by measuring the absolute value of PSD
and comparing it with 1.15), we cannot state anything about the efficiency of this process
and its optimization. Thus, the need of quantifying the process.

The previous argument becomes stronger if we take into consideration that we can-
not achieve a global optimization for PSD. There are publications [92][93] showing that
maximizing PSD in the MOT does not imply guaranteed optimization of it when mode-
matching occurs and consequently during the cloud in the magnetic trap. In other words,
a smaller value of PSD in the MOT could lead to a better value of it in the IP trap.
Even if this was not the case, we can still claim that it is an extremely difficult project
to attempt to find the optimum trajectory for evaporative cooling (investigating the best
time-dependence of RF sweeping of the frequency) to maximize PSD. Theoretical attempts
and simulations have been given [65][97], but have been too focused on their specific sys-
tems to be discussed here.

For all the above, one can be in the quest of a parameter, that from now on we call it as
the Quality factor, which withdraws these drawbacks. In particular, the first property it
should have in order to be assumed as a successful parameter for the aim of optimization,
would be its direct dependence on the number of atoms of the condensate. It is important
this Quality factor to have a direct ascending relation with the number of the condensed
atoms. In case this factor can also be used for the expression of other important physical
quantities, like PSD, it would offer additional advantages.

The Quality Factor should also quantify the cloud and the condensate at different
times and stages in order to give us the opportunity of comparison between them. This
quantification comes in two parts: the constancy of the Quality factor during the whole
process and its independence from the trapping parameters. In the former case, a constant
Quality factor can offer the ability to compare the clouds at different instants of the cooling
process in case this process evolves as we expect. Deviations from this constancy should
indicate deviations of this ideal case. In the latter case, by the independence of the
trapping parameters (i.e. the minimum magnetic field By, the gradient and the curvature
of the IP magnetic trap) this factor could work as a global factor for comparing clouds
and processes of different runs of the experiments or even different set-ups.

4.2 Derivation of the Quality Factor

After the discussion of the importance of a Quality factor in our attempt to quantify
the quality of the cloud and maximize the number of atoms in the condensate, our goal
will be to prove the mere existence of such a parameter.
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4.2.1 The equivalence of optimizing the number of condensed atoms and
the critical number of atoms

We start with an essential working statement: The optimization of the number of
the condensed atoms, Ny, when we observe the derived BEC, can be substituted by the
attempt of optimizing the critical number of atoms, N., at the moment when BEC just
occurs. This equivalence can be proven briefly as follows.

We suppose that ty = 0 is the moment when BEC just occurs at the critical tempera-
ture T'(tp = 0) = T, and the critical number of atoms

N(to = 0) = Nen(to = 0) = N, (4.2)

since at this point the condensed fraction Ny(tg = 0) is still negligible compared to the
thermal component Ny,. Evaporative cooling continues after the occurrence of BEC, until
the moment t¢, when the ramping down of the RF-frequency is interrupted. At ¢, the
final condensate is reached, with its parameters as

N(tr) = No(te) + Nen(tr)

T(tg) = Tg (4.3)

In Section 1.1.2 we described the behaviour of the condensate for the case the trapping
potential is harmonic. By combining relations eq. 1.18 and eq. 1.19, we can finally write

¢(3)(kBTt)* N (t;)

No(ts) = N(tg) — 4.4
o(tr) (tr) )P N (4.4)

or using the relation eq. 4.3 above, we finally get
Nin(te) = ¢(3)(kBTt)* No(tr) + Nun(t) (45)

(fw)? Ne

What is more, in Section 2.3.1.C, where we discussed the concept of evaporative cool-
ing, we made the essential hypothesis that for large values of the n-parameter, the remain-
ing atoms in the trap follow an exponential decrease, which is governed by eq. 2.50. This
hypothesis is taken for granted in the framework of this thesis and is strengthen by our
measurements as they are plotted in fig. 2.9. Solving this equation, one can write

Nth(tf) = Nth(t() = O)eitf/Tev

4.
= Nget/Tev (46)

with 7ey = (noaewne_”)_l in accordance with the theory in Chapter 3. At this point, we

made the rational assumption that only atoms from the thermal cloud escape from the
trap as the process of evaporative cooling goes on.

As a result of the above, by substituting eq. 4.6 in the previous equation eq. 4.5 we
find a relation between the critical number of atoms and the number of condensed atoms
when evaporative cooling stops

(hw)? —t¢/ 2 —tg/
N — fTeVN _ fTevNC 4
N ETr A o

72



When we previously described the stage of RF-induced forced evaporative cooling, we
stated that the final temperature 77 is determined by the lowest value of the radio-
frequency. Therefore, for a certain value of the final temperature, the number of con-
densed atoms is related with the critical number of atoms by a parabolic formula, given
by relation eq. 4.7. Since N, is a positive quantity, the relation between Ny and N, is
ascending and, thus, the maximum value of N, implies the maximum value of Nj.

4.2.2 Basic relations for describing the processes in the IP-trap

In the previous section, we concluded that BEC optimization with respect to the number
of the condensed atoms can be achieved if one maximizes the critical number of atoms at
the onset of BEC.

Before investigating the possibility of
optimizing this quantity using a Quality
factor, we exploit the behaviour of the mag-
netic trap in order to extract useful formu-
las for the following of the discussion. From e at the beginning of evaporation
now on, we will denote the parameters at e at the critical temperature
some critical times of the process with the
subscripts given in table 4.1. Each param-
eter with a subscript will refer to that time
of the corresponding process. Parameters
without subscripts will refer to a measure-
ment at any random time, without caring if it is in mode-matching, compression, evapo-
ration or after BEC.

With that in mind, using the essential results eq. 2.69 and eq. 2.58 for the stages of
compression and evaporative cooling respectively and also the transformation of the trap
from harmonic to linear and back to harmonic as the whole process goes on until the
degeneracy (see fig. 2.11), we get:

Subscript  Corresponding time of the process

8] at the end of the MOT
m at the beginning of compression

Figure 4.1: Subscripts of the parameters at different
times

Mode-matching. In section 2.3.2, where we described the loading of the IP trap after
the MOT, we assumed that mode-matching can be achieved only if the magnetic trap is a
harmonic potential. This assumption is experimentally realized by the addition of a large
offset field into the quadrupole field, as it is already discussed in section 2.3.1.B. Looking at
fig. 2.11, one can claim that this is the case in our experiments. For the case of a harmonic

trap, it is *;f;; ]‘;0 < 1 and therefore the basic relation eq. 2.69 can be approximated by
keT\*
—— | = constant 4.8
(%20 = constan (1.8

This potential is harmonic also at the end of mode-matching, before compression takes
place. On the other hand, in the ideal case, the number of the atoms is constant as no
atoms leave the trap. Thus, the basic relations that characterize mode-matching can be
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written as

kB—T 3* P T 3*constant
hw )\ hwm ) (4.9)

N = N, = constant

Since the number of the atoms and the average trapping frequency wy, remain constant
during mode-matching, the temperature also does not alter.

Adiabatic compression of the trap. At the last paragraph of section 2.3.2, we dis-
cussed the anharmonicity of the trap during the loading and the compression of the IP trap
and the process of evaporative cooling. We found there that during compression, the trap
which is initially harmonic is finally transformed into a linear potential. Thus, relation
eq. 4.8 holds also in the beginning of compression. However, as the average frequency w
increases, the trapping potential ceases to be purely harmonic and as a result the general
form of the relation eq. 2.69 should be used. We repeat it hear for convenience:

kT’ kT
(7”’]11) <1 + 211;33()) = constant. (4.10)

However, at the end of the adiabatic compression, the trap is fully converted into a linear
trap, i.e. the temperature is high compared to By. In this case “,CBTJ;O > 1 and therefore,

the above relation can be approximated by

ksTo\® 3kpTe
hwe 2uBBoe

= constant. (4.11)

Moreover, we assume that in the ideal case of compression the atom number is conserved.
Combining eq. 4.10 and eq. 4.11, we write the basic relations which hold during compres-
sion:

kpTw\®  (kT)’ Ly SksT Y\ _ (ksTe ? 3keT. _ (c : const.)
hom )\ hw 2upBo)  \ hwe /) 2uBoe ' ' (4.12)

Np = N = N, = const.

Evaporative cooling of the cloud and Bose-Einstein condensation. During evap-
oration, the tightness of the trap does not change, i.e. the the frequency w remains con-
stant throughout this process. On the other hand, assuming the ideal conditions stated
in Section 2.3.1 and with the additional experimental evidence for the constancy of the
&-parameter, one can adopt relation eq. 2.58 for the beginning, the end, or any random
moment in evaporative cooling. Therefore, the basic relations that hold at this stage are

7. T T
Nef N¢§ N§

C

= const. We = W = W = const. (4.13)

At the critical temperature, from fig. 2.11 we can see that the IP is again transformed into
a harmonic trap. It is therefore valid to use the formula eq. 1.18 derived for a harmonic
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potential for the critical temperature. Written in a slightly different form, we get the basic

relation fOI' the Condensate
hwc ’

4.2.3 The Quality factor Derivation in the IP trap

In Section 4.2.1 we stated that in order to optimize the number of the condensed atoms,
we can alternatively attempt to maximize the critical number of the thermal atoms exactly
when BEC just occurs. Therefore, we are able to investigate the existence of the Quality
factor using as a starting point this exact moment, when BEC is just achieved at the critical
temperature T,. According to the analysis in the previous section, at 7. the number of
atoms satisfies two conditions: From the point of view of the condensate, relation eq. 4.14
holds, while from the point of view of the evaporation, relation eq. 4.13 is valid. By
combining these two relations, one finds the correlation between the moment of the BEC
onset {Ne, T¢, we} and any random moment during evaporative cooling {N, T, w}:

£\ 3 3/(3¢—1)
kp [%] 1 hw
N, = NS N, = /A=38) ( N — 4.1
() ( ) = Ne=c) — (415)
and applying it at the beginning of evaporation, where this correlation still holds
3/(3¢-1)
N, = ¢(3)/0-30) (e e (4.16)
kT,

This formula expresses the critical number of atoms as a function of the quantities (tem-
perature, atom number, trapping parameters) at the beginning of evaporative cooling.
Tracing even more back, we attempt to connect the critical number of atoms in the
BEC with the process of compression. This can be done by exploiting the moment when
compression is interrupted in order to begin evaporative cooling. At that exact moment,
both the relations for the stage of compression and for the stage of evaporative cooling, that
were derived in the previous section, hold. The key point is to express the term Ng k}:b:i’
which is part of the relation eq. 4.16, as a function of the quantities (temperature, atom
number, trapping parameters) at any instant of the compression. Using equations eq. 4.12,

one can express this term as a function of a constant ¢

-1 1/4
=c= N§ e = N¢ (3C hw€>
2MBBOe kBTe 2IU’BBOB

ksTe\® 3kpTs
( b ) B (4.17)

hewe

or substituting ¢ by its equality any time of the compression from eq. 4.12, we get finally

N _ e (kBT>_3/4 <1 Sl >_1/4 ( e )1/4 (4.18)
 kpTe hw 2uB By 2418 Boe

The above equality connects the number of the atoms and the temperature when evap-
orative cooling begins with the corresponding values of the number of atoms and the
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temperature at any other instant during compression. The substitution of this equality
eq. 4.18 into the formula eq. 4.16, which predicts the critical number of atoms, is straight-

forward:
3
kT 14 3kgT
hw 2usBo
(4.19)

This is the desired relation connecting the critical atom number in BEC with the parame-
ters {T, N,w, By} at any time during the compression. One can mention the unavoidable
presence of the trapping parameters (we. and Bye) at the beginning of evaporative cooling.
This presence can be interpreted by stating that in order to predict the critical atom num-
ber, one has to be aware of the exact state of the trap when one stops the compression, or
in other words, to be aware of the initial conditions of the evaporation. Such a result was
to be expected, since there is a strong dependence of the efficiency of evaporative cooling
and the strength of BEC on the initial collision rate when evaporation is firstly applied.
This formula eq. 4.19 can be divided into two terms: The parameter A, which reflects
the parameters of the trap at the beginning of evaporation and the parameter @), which is
a function just of the parameters at the measured time. Therefore, we define the factors:

,1/4 3/(35_1)

- Shwe | 3/4BED
N, = ¢(3)/1=30) | N¢ ( )

2B Boe

3/4(3¢—1)
A = ((3)/0-30) (%) (4.20)
kT 3 Sk T —1/4\ V/(3¢=1)
Q=M (hw> (1 i QMBBO> 2
with which the critical atom number is expressed as
N. = Q%A (4.22)

The term A depends on the trapping parameters {we, By, } at the beginning of evapo-
ration and is a feature of the fact that the trap is not harmonic at that instant'. We call

n order to see clearly that the A-term appears in relation eq. 4.19 due to the linear nature of the
trapping potential during the first stages of evaporation, we examine the hypothetical case in which the trap
remains harmonic throughout the whole process taking place in the magnetic trap. In this hypothetical
scenario, equation eq. 4.13 that describes the behaviour in compression would be replaced by the following:

keT.\® 3 L3
Ble\" _ (ksT\" _ (ksTw\" _ (4.23)
hwe w Twom
By the substitution of this equation into eq. 4.16 one finds the relation between the critical atom number
and the state of the cloud in compression

kBT)3 (4.24)

Ne=ceo (2

which is independent of the trapping parameters in the beginning of evaporation, but solely depends on
the random moment of compression.
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this term A as the anharmonicity factor of the IP trap. From eq. 4.22, under the demand
to maximize N¢, one has to find the largest attainable value of A. By combining eq. 2.34,
eq. 4.20 and the fact that we = (wiewzve)l/?’, one can finally find:

3/4(3¢—1)
2 1/3
A= 4, | GeVE) (4.25)
473
BOe
where 8/4(36-1)
3h B m 3/8(3¢-1)
_ 1/(1=3¢) [ 2t grMmrUB 4
O N C (4.26)

In a qualitative discussion, the anharmonicity term depends on the quantity a2v/Be/ Bée.
Maximizing A implies the maximization of the final gradient and curvature of the trap just
before evaporation with the contemporary decrease of the offset magnetic field, which is
exactly what one does during the adiabatic compression. During compression, the gradient
and the curvature increase to their maximum values attainable with the setup, whereas,
By decreases until that minimum value that prohibits the appearance of massive spin-flips
losses and the escape of the atoms, according to eq. 2.28. Note that the minimum value
of B0 is set by Majorana spin flip losses.

The anharmonicity term A depends on the trapping parameters and, thus, its largest
possible value can be set by adjusting the existing setup. On the other hand, Q is a more
complex parameter which is determined by the different stages of the cooling of the cloud:
by the MOT which gives the initial values of { N, T'}, by the loading of the IP trap which
modifies the values of { N, T'} and sets the initial frequencies, by compression which should
be adiabatic in order for Q to be constant, by evaporative cooling through the £-parameter.
Thus, given that A gets its maximum value, the critical atom number is a function solely
of Q). This dependence gives us the main reasons that make () important. First, IV, is an
increasing function of (), as one can notice in eq. 4.22. This fact can decidedly help us with
the optimization of the processes that lead to BEC. Second, Q remains constant during
compression if £ is constant in evaporative cooling and the atoms do not escape from the
trap throughout the adiabatic and reversible compression. Third, ) is independent of
the trapping parameters. These two facts together lead to a quantification of the cloud
throughout compression. Thus, @ is probably a proper candidate for being the Quality
factor we are looking for. In order to affirm this claim, one has to examine how () behaves
during mode-matching and evaporative cooling. In case () remains constant during these
stages, we can confirm that this quantity can be our Quality factor.

() in mode-matching. Investigating what happens in the beginning of compression,
from fig. 2.11 we know that the trap behaves in a harmonic way, kpTy < upBom and,
thus, @ can be successfully approximated by

_ 1/(3¢-1)
knT 3/4
_ 3 BLim
Qo [Nm (%) ] (4.27)
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Tracing back even more in mode-matching, we can use the extracted relations eq. 4.9
to relate @y, with the parameters of the cloud at a random measured instant of mode-

matchin
g kT -3/4 1/(3¢-1)
m= |N¢ (2B 4.2
Q [ (%) ] (4.28)

However, since the tightness and the harmonic profile of the IP trap does not alter during
the loading of the trap, we can now argue that Q., approaches @) as it is defined by eq. 4.22
also for the randomly measured cloud in mode-matching and, thus, ) remains constant
also during mode-matching. The above result of constancy works well at least after the
first moments of the loading and the balance of the number of the trapped atoms after
the MOT.

(@) in evaporative cooling. In the opposite limit of compression, when evaporative
cooling begins, the IP trap transforms into a linear trap. For such a trap kT > upBom
and at the end of compression () can be well approximated by

(kBTe>3 ( 3kp T, )
hwe 2,U'BBOe

NE 3 —1/4\ 1/(3¢-1)
- (kBTe <2hw§,uBBoe> )

Following the same argument as in the case of mode-matching, we can use relations eq. 4.13
to express Q. with respect to the parameters of the cloud at a random moment of evapo-

rative cooling
¢ —1/4\ 1/(3¢-1)
Q=2 ’ (4.30)
kBT 2770.)3/“330

It is clear from the above discussion that Q. is unchangeable during the whole process
of evaporative cooling. However, (). takes exactly the same form as (), which is defined
in eq. 4.22, in case the trapping potential is linear. Thus, the initial () also remains
constant during evaporation as long as the trap remains linear. From fig.2.11 we can
argue that this is the case until almost the BEC occurrence when the trap is transformed
into harmonic. However, our interest is mainly before the emergence of the condensation,
since the fundamental aim of this thesis is the attempt to quantify the cloud for the
optimization of the process to reach the maximum N..

L1y VB

Qo= | N§

(4.29)

As a conclusion of the above arguments, ) in eq. 4.22 remains independent of the
trapping parameters of the setup, in direct connection with the prediction of N. and
constant during mode-matching, compression and the interesting for our scopes part of
evaporative cooling (before the occurrence of BEC). These properties make us use this
Q) quantity as the Quality factor we need for the optimization of the processes in the
magnetic IP trap.
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4.2.4 Extending the Quality Factor in the MOT

The Quality factor Q works well for the procedures in the magnetic trap. Contrary
to that, during laser cooling, () does not remain constant and as a result it cannot be
used for the desired quantification. Nevertheless, by attempting to extend this Quality
factor in the MOT, one could gain a better supervision of the whole process mainly for
two reasons: First, the ability to optimize in a sufficient way for the sequential steps the
process of laser cooling, which works as the source of the cloud for the magnetic trap.
Second, the possibility to quantify mode-matching that connects laser and evaporative
cooling.

For these reasons, we extend the definition of the Quality factor at the end of the MOT.
To do so, we use the equivalent formula for ) that holds in mode-matching, eq. 4.28, to

define @, in the MOT
_3/471/(3¢=1)
Qo = [NE (kff) ] (4.31)

In the above formula w, = wyoT is the effective frequency of the MOT, defined in eq. 2.13,
if one could correspond a harmonic potential to the light forces that act on the atoms.
This extension seems sensible, since in mode-matching the IP trap works in the harmonic
regime.

This quantity can also be expressed by explicitly measured parameters, if one uses
eq. 3.41

—3/47 1/(3¢-1)
. VT (mAz? — 20Tt )

Qoz No \/ih

We repeat once again here that @), cannot be regarded as a constant quantity during
laser cooling. Its importance becomes clear when we try to relate it with the corresponding
quantity during the processes in the magnetic trap. Under this attempt, we assume the
perfect mode-matching between these two cooling techniques, as discussed in section 2.3.2,
which can be summarized by the conditions

(4.32)

Wo = Wm

4.33
T T (4.33)

In the same section, we mentioned that, in the ideal case, the transfer from the MOT to the
magnetic trap leads to the stay of only 1/5 of the trapped atoms, due to the fundamental
property of the magnetic traps that can confine atoms only in the low-field seeking states.
In our case, only the {F = 2, mp = 2} state works as a trapping state. Therefore, in case
the MOT and the IP trap are ideally mode-matched, the relation between the Quality
factor in the magnetic trap and @, at the end of the MOT can be written as

1 1/(3¢-1)

Q [Ng ( h]fu() ) N §/(3¢-1) £/(3-1)

70 — = 70 = 5 - 434
N [NS (kBT,n)—3/4] 1D <Nm) 39

Iwm
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In any other case, Q,/Q > 5¢8/(3¢=1) “since the cloud is heated and more atoms get lost.

The importance of @, is straightforward. Looking from the point of view of optimizing
the magnetic trap, condition eq. 4.34 is adequate for the ideal mode-matching. Thus, for
a certain value of ),, we become aware of the maximum value of () that can be achieved
in the magnetic trap and as a result the maximum critical number of atoms that we can
gain as long as we can also maximize the trapping parameters supported by our setup.
On the other hand, exactly due to this condition, @), at the end of the MOT becomes the
ideal quantity to be optimized, in order to be able to achieve a larger value of the Quality
factor @ in the IP trap and, thus, a larger critical atom number.
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Chapter 5

Properties of the Quality factor
and experimental verification

In the previous Chapter we discussed the need of finding a proper parameter, which
we named as the Quality Factor, @), for the aim of quantifying the atomic cloud and
optimizing the process of reaching BEC with respect to the maximum attainable number
of atoms in the condensate. We described the properties this factor should have and
derived the parameter (), which satisfies these properties during the procedures in the IP
magnetic trap. In the current Chapter we will exploit the available set-up of our group,
as described in Chapter 2, to verify the success of this Quality factor experimentally and
explore @, its behaviour and its usefulness in more depth. During the experiments, the
apparatus was kept without significant modifications and the exact devices used, as well
as the values of the parameters can be found in [35].

We divide this chapter into three sections. In the first one, we treat ) as a factor
that quantifies the quality of the atomic cloud in the IP trap, while in the following two
sections we discuss the main consequences of this quantification, the prediction and the
optimization of the critical number of atoms during the various stages of the process.

5.1 The Quality factor and the Quantification of the cloud

The quantification of the cloud gives us the ability to compare its quality in terms of
our goal -in the specific case for the aim of achieving large BECs- during different repeti-
tions of the same experiment, during different stages of the process and during different
set-ups that accomplish BEC. This quantification can be achieved with the use of a pa-
rameter that has the properties of remaining constant during the whole procedure, being
independent of the trapping parameters -always having in mind that we are interested
in IP traps- in the beginning of evaporation and also expressing an explicit behaviour
(ascending or descending) with respect to the cloud’s quality. The way the Quality factor
() was derived in Chapter 4 guarantees theoretically the ability of the cloud quantification
during magnetic trapping: it seems to be constant during the process, the dependence of
the trapping parameters is tranfered solely to the anharmonicity term of eq. 4.22 and the
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quality of the cloud that is translated to the critical number of atoms is ascending with
respect to (). We should always keep in mind that () works in a successful way only under
specific assumptions, which we repeat here: The atomic cloud is considered to be ideal,
the process of compression of the cloud is assumed to be adiabatic and reversible and also
evaporative cooling follows the fact that the £&-parameter remains constant.

In this section we investigate experimentally the properties of the Quality factor that
are related to the cloud’s quantification, i.e. the constancy, the independence of the trap-
ping parameters and the ascending relation between () and the quality of the cloud.

5.1.1 The Constancy of the Quality factor

In fig. 5.1(a) we plot the Quality factor during the whole process of evaporative cooling
after the loading of the IP magnetic trap and the adiabatic compression of the atomic
cloud. In order to calculate the number of the atoms and the temperature during any
moment, we realized various repetitions of the same process, let the cloud to expand freely
and used the time-of-flight and the absorption imaging techniques, as described in Chapter
3. With these calculated quantities, one is able to extract the value of Q) from eq. 4.22 at
the same moment of the process. In this figure, each of the dots represents the average
value of () at time t for the different repetitions of the same experiment, with the same
trapping parameters throughout the whole process. The specific experimental procedure
is characterized by an interval of 0.5 seconds for achieving mode-matching with the same
values of the trapping parameters (a = 85G/cm, b = 40G /cm?, By = 30G), the same
process of compression (being finished after 2 sec with the final values of a = 450G/cm,
b = 240G /em?, By = 0.5G) and finally the same evaporative cooling (10 seconds of linearly
ramping down the frequency from 50 GHz down to 0.5 GHz). Under these conditions,
fig. 2.9 was extracted which gives the constant value of £ = 1.2 during evaporation.

The main conclusion of this depiction is that we can experimentally verify the con-
stancy of () during the stages of mode-matching, compression and evaporation. Similar
results can be found if we alter the trapping parameters and/or the times of the processes,
with the only difference to be the value of the Quality factor. The specific value of 320 in
the experiment that is depicted says nothing, unless we try to connect it with the quality
of the cloud. However, before this connection that brings the ability of comparison, we are
interested in exploring the behaviour of the Quality factor in more detail. This is driven
by the fact that there are some deviations from this stability at some critical points of the
process.

In fig. 5.1(b) we see the behaviour of @) during the stage of mode matching. At the
first moments of the loading of the magnetic trap, the Quality factor has a much larger
value than the one during the rest of the process. As the loading goes on, ) sharply drops
until its stable value. This behaviour is totally predictable and can be interpreted by the
fact that only the low-field seeking sub-state {F' = 2, mp = 2} is a trapping state for the
atoms. Due to this fact, the number of the confined atoms is decreased by a factor of 5,
compared with the cloud in the MOT. Therefore, if one concentrates its attention at the
first instants of the loading of the magnetic trap, one can deduce that not all of the atoms
in the untrapped states have already left, leading to an increased value of (). At exactly
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Figure 5.1: (a) The experimentally calculated value of the Quality factor as a function of time, during
mode-matching, compression and evaporative cooling. In mode-matching the trapping parameters that
were used in the specific experiments were: a = 85G/cm, 8 = 40G/cm? and By = 30G. After 2 seconds
of compressing the cloud until the trapping parameters reach the values a = 450G /cm, 8 = 240G /cm?
and By = 0.5G, the final stage of 10 seconds of forced evaporative cooling takes place. The value of £ is
calculated to be 1.2 in the largest interval of evaporation. The big image implies that the Quality factor
remains constant, at a value of 320, during these processes in the magnetic trap. Some fluctuations are
seen in (b),(c)and (d). In (b) The Quality factor begins with a value of 670, rapidly drop and finally
after 0.05sec reaches its stable value. The reason for such behaviour is the remainder of the untrapped
atoms in the trapping region i.e. that the atoms in myp states that are not trapped fall out of the trapping
region.. In (c) we plot the first stages of evaporative cooling. An initial increase of ) implies the erroneous
calculated value of Q. This mistake is due to the wrong value of £. (d) The behaviour of Q) near and after
BEC. Its unpredicted value is not similar for the concept of this thesis.

the moment of the switching on of the IP trap, all the atoms in the MOT are present and
by referring to eq. 4.34, we can find the theoretically expected initial value of the Quality
factor with £ = 1.2

Qinitial = 5'7/29Q = 5/6 5320 = 672 (5.1)

This is in complete agreement with the experimental result shown in fig. 5.1(b). From
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the same figure, one can deduce also the time one needs in order all the atoms in the
untrapped states to escape from the trap. In our case, it is almost 0.05 seconds. Last but
not least, we want to notice an unexpected drop in @ just before the stabilization of its
value. This is a behaviour that is found in almost all the repetitions of the experiment
with various values of the trapping parameters and are currently unexplainable.

Another critical point for the behaviour of the Quality factor is the beginning of
evaporative cooling. Contrary to the remainder of this process, at the first stages of
evaporation () seems to have a slightly larger value than its stable one. In fig. 5.1(c) we
can see clearly this behaviour. Taking into account this figure, we can separate evaporative
cooling before the occurrence of BEC into two regimes. The first one takes place at the
beginning of evaporation and lasts almost half a second when ) appears to be larger with
respect to the previous stage of compression with a decreasing tendency as the process goes
on until its stable value. The second regime occurs during the next stages of evaporation
and is characterized by a constant value of (), having the same value as in compression.
Contrary to what happens in the beginning of mode-matching, this instability is not
followed by any physical interpretation. This unexpected increase simply expresses the
fact that at this stage, the Quality factor is not calculated in a proper way. In order to
explain this, one has to look at fig. 2.9. In the discussion of this figure, we mentioned the
experimental fact that at the very beginning of evaporative cooling £ has a smaller value,
before it becomes constant to its value & = 1.2. However, @ in fig. 5.1(c) is calculated
with the assumption of £ = 1.2 everywhere. As a result of this, we overestimate Q in this
regime and this is exactly the reason why we notice an increased and changing value of it,
before the correct value of £ = 1.2 is restored. After this regime, Q) is calculated again in
a proper way which gives the correct value and the constancy.

In fig. 5.1(d) we see the experimental behaviour of @) near the critical temperature
T, of the occurrence of BEC and after its realization. The Quality factor, in the way it
was derived with starting point the critical number of atoms in T¢, does not guarantee
any behaviour after that point. However, for the aim of this thesis we can state that we
are not really interested in the Quality factor in BEC. Experimentally, we can notice the
following: During the last stages of evaporative cooling before BEC, one can see an abrupt
increase of Q. This behaviour can be interpreted using the same argument as in the case
of the beginning of evaporation. From fig. 2.9, we see a drop of ¢ at the last milliseconds
of the process, which leads to an over-calculation of (). In addition to that, and perhaps
even more important, just before the BEC occurrence the IP trap is transformed again
into a harmonic trap. In chapter 4, when we derived ), we mentioned that it remains
constant until the trap becomes harmonic. This is the case near the condensate. On the
other hand, after the BEC occurrence, we can notice a rapid decrease of the value of Q).
At this point we should make an important note. The significance of the Quality factor
as a parameter for prediction of the critical number of atoms, for the quantification of the
process that leads to BEC and for the optimization of this process holds, independently
of its break-down after the realization of the condensate.

The fundamental consequence of the above discussion, is that we can assume Q to
be constant during all the processes that take place in the IP magnetic trap. Deviations
of this stability refer to interruption of the main assumptions that we stated in order to
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Figure 5.2: (a) The number of atoms and (b) the Quality factor as a function of time during the process
of adiabatic compression. In theory, we argued that under the assumption of a constant number of atoms,
the Quality factor remains also constant in an adiabatic and reversible compression of the cloud. In the
experiments, the number of atoms is clearly decreased, due to the finite lifetime of the magnetic trap or
some inelastic collisions among the atoms. In some cases, like the one depicted here, this decrease reaches
the 30% of the atoms. However, the value of the Quality factor does not seem to be prone to such changes.

extract the Quality factor. However, even with interruptions, () can remain constant.
Such case is depicted in fig. 5.2. In (a) we see the progress of the number of atoms as
compression goes on, while in (b) the corresponding value of the Quality factor. One can
mention that despite the important decrease of the atom number of about 30%, which is
contrary to the ideal case of adiabatic compression, () stays almost constant.

Verification of measurements

While discussing the constancy of the Quality factor in the magnetic trap, we found
that at the beginning of evaporative cooling @) is depicted to be unstable due to some
wrong hypothesis (in that specific case, it was the incorrect calculation of £). The the-
oretically and experimentally verification of the constancy of ) can help us in affirming
the correctness of different kind of measurements that are taken from the experiments or
deduced after the elaboration of the taken data. In other words, the possible outcome
that the Quality factor is not stable may show that the measurements come with some
erTors.

As an example of this usefulness of @, in fig. 5.3 we plot the Quality factor during
the stage of compression. What is different in these subplots is the duration of the free
expansion of the cloud before the image is taken, as described in Chapter 3. For small
times of flight, Q is depicted as it was not constant, while for bigger times the prospective
stability gets restored. This result defines a low-limit time for the ToF process that we
are able to use, as it is clear that for times less than 10 milliseconds, the Quality Factor
is not calculated correctly. The problem, of course, lies in the erroneous calculation of
the temperature with the process described in Chapter 3, since in these cases with small
expansion time the condition A:cg < QkfnT" t?roF that we assume does not hold, and as a
result the erroneous calculation of Q.
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Figure 5.3: The Quality factor as a function of time during compression. Each figure is characterized by
a different time of flight for the depiction of the cloud. For small small times of flight () seems to be
ascending in time, while for larger times its constancy is restored. The critical value for the time of flight
before the image is taken seems to be 10 milliseconds. This behaviour has nothing to do with the physical
process of compression or the meaning of (). It is an indication of the correctness of the measurements.
For small times of flight, the cloud is dense and according to the analysis in chapter 3 ans in particular
eq.3.42 the temperature is not calculated in a proper way. This is an example of an unexpected use of the
Quality factor, the verification of the correctness of measurements.

5.1.2 The strictly increasing relation between the Quality factor and the
quality of the cloud

It is now time to concentrate our attention into the value of the Quality factor itself. In
the previous figures fig. 5.1 and fig. 5.2 we see that in the specific experiments, the Quality
factor has the value of 320. The interesting question is the following: How does this value
change if a different cloud is prepared in the MO'T, if different trapping parameters during
the loading of the magnetic trap are applied or if a different trajectory in evaporative
cooling is followed? Before investigating this question, we should take a minute and
answer this first: What do we expect for the behaviour of @7 In order for the Quality
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factor to be the proper parameter that quantifies the quality of the cloud, it should express
in a clear way this quality. In other words, @) has to be a strictly monotone function with
respect to the cloud’s parameters (temperature, number of atoms) and to the efficiency of
the processes (frequencies of the trap, the {-parameter).

In fig.5.4(a) we plot @ as a function of the measured number of atoms for different
clouds that all of them are characterized by the same temperature, the same trapping
parameters and the same £-parameter. The Quality factor is a strictly increasing function
with respect to the number of the trapped atoms. This fact means that for two clouds
in the same trap, @ is higher to the one that has a larger number of atoms, which is the
more qualitative. In a similar way, in fig.5.4(b) we plot the Quality factor as a function
of the measured temperature for clouds with the same atom number. @ increases if the
temperature decreases. This means that for two clouds in the same trap, the Quality factor
is higher to the one that has the lower temperature, which again is the more qualitative
for the aim of achieving large BECs.

¥ Q (a) 350:

300

200

jiso

L . -
1x1019 |} 000 0.02 004 0.06 0.08 0.10

Figure 5.4: The Quality factor as a function of (a) the number of atoms, (b) the temperature of the cloud
and (c) the &-parameter. In each of these plots, only one of the parameters change, whereas the others
remain the same. The additional condition of @ = 300 for the measured combination of values N = 9x10°,
T = ... and £ = 1.2 is used, in order to plot rational and realistic values for the Quality factor. ) increases
with the increase of the atom number, with the decrease of the temperature and the increase of £. These
behaviours confirm the role of @) as a quantity which expresses the quality of the cloud. The larger the
value of the Quality factor, tha more qualitative the cloud in achieving large BECs.

In Chapter 2, in the description of the process of evaporative cooling, we inserted the
&-parameter. In Chapter 4, by saying that () does not alter even if the trapping parameters
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in evaporation are different, as long as they do not affect the value of £, we essentially
argued that the role of evaporative cooling in determining the value of @ is reduced to
the fixing of the value of £&. This holds only in the assumption that £ remains constant
throughout evaporation. Therefore, in order to express the quality of the cloud, it is a
demand for this Quality factor to increase with an increase in £. We repeat here that this
quantity, £, is an index of the sufficiency of evaporation, since it expresses the decrease of
the temperature per atom loss of the trap. In fig. 5.4(c) we plot @ as a function of &, as
it is defined in eq. 4.22, having all the other quantities (temperature, number of atoms,
frequencies) constant. This can be seen as having identical clouds in identical IP traps
and applying different evaporative cooling trajectories that give different £. The additional
condition that Q(¢ = 1.2) = 300 is used in order to give realistic numbers for . With the
assistance of this figure, we argue that the Quality factor is an ascending function of &.
The quantification of the cloud by the Quality factor indeed includes evaporative cooling.

After this discussion, we can finally argue that the value of () determines the quality of
the cloud. The largest possible value of ) which we can have in our experiments describes
the optimum combination of the parameters of the cloud and the process {N, T, £} which
give the maximum critical atom number in BEC.

5.1.3 The Independence of the Quality factor from the trapping param-
eters

After investigating the behaviour of the Quality factor in time and verifying its con-
stancy, it is now time to explore the second important property of () that renders it the
ideal parameter for the cloud quantification: its independence of the trapping parameters,
i.e. the gradient, the curvature of the magnetic field and the bias field By, exactly when
evaporative cooling begins.

In order to confirm experimentally that the value of the Quality Factor depends only
on the quality of the cloud and not on the values of the IP-trapping parameters, we have to
show that for the same cloud, Q remains the same while one changes the parameters at the
beginning of evaporative cooling. In fig. 5.5 we show graphically what the above sentence
means for the case of a change in By at the end of compression. In our experiments
By is reduced exponentially, as already mentioned, but this can have a more general
implementation. We plot two different trajectories for the bias field resulting in a different
offset By and Bge. The final value of By is determined by an offset that we can apply
and adjust. In this specific experiment, the independence of @) from By is verified if by
following the red, green or other routes, the value of the Quality Factor remains stable
without any change. Two conditions all these trajectories should accomplish in order to
extract credible results about this independence: The maintenance of the value of £ in all
these different repetitions of the experiments and the validity of the relation kgT > ug By,
so that the trap is linear in the beginning of evaporative cooling. We have to mention at
this point, that unlike By, the other trapping parameters and also the time of compression
remained the same in all these repetitions.

The experimental results of this procedure are depicted in fig. 5.6. In (a) we plot @ as
a function of By in evaporative cooling. We bound the final By in a region of small values,
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Figure 5.5: A process that can helps up exploring the theoretical argument that the Quality factor is inde-
pendent of the trapping parameters in evaporative cooling. We modify one of these trapping parameters,
in the specific plot the bias field, whereas keep all the others the same. Following a different trajectory,
Q@ should change if it depends on this parameter. One has to be sure that some conditions hold for this
experiment: First, £ should be the same for all these trajectories, since a different value of £ changes the
value of Q). Second, in the beginning of evaporative cooling, the trap should be linear.

so that the linearity of the trap in the beginning of evaporation always holds. Looking at
this figure, we see that the Quality factor does not change with this By modification. In
(c) the extracted value of £ is shown for each of the final values of By. For this interval of
values for By between 0.2G and 1.4G, the {-parameter remains unchangeable (§ ~ 1.15).
Combining these two sub-figures we can state that for the case of By, if £ is constant then
(@ does not depend on this bias field. The same results can be extracted experimentally
for the cases of the gradient and the curvature of the magnetic field. The basic result can
be confirmed experimentally: @ is independent of the trapping parameters in evaporation.

On the other hand, the critical number of atoms depends on these trapping parameters.
As already mentioned, it is the anharmonicity term in eq. 4.22 that offers this dependence.
In fig. 5.6(b) we depict this critical atom number for the different values of the bias field.
As it is expected and described in Chapter 4, the lowest value of By brings the largest
value of N.. We repeat once again that there is a threshold for this bias field, under which
massive spin-flips occur and the atoms escape from the trap. The value By = 0.2G is near
this threshold. For the cases of the gradient and the curvature of the trap in evaporative
cooling, the things are ever clearer. The maximum number of atoms we can attain is
achieved with the maximum values of a and 8 our apparatus can offer.

Q as an absolute factor for the quality of clouds. The ability of Q to be constant
and independent of the trapping parameters of the IP trap can help to compare not only
the quality of the cloud in order to create big BECs among experiments in different times
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Figure 5.6: (a) Q as a function of the final offset field By.Repetitions of the same experiment with the
only difference the final value of the bias field during evaporation. Experimentally this is done by using
an offset field in addition to the exponentially decreased during compression. For smaller values than
0.2G, the cloud may be leaded to massive spin-flips. For much larger values than 1.5G, the condition of
linearity is not guaranteed. In the intermediate interval, the Quality factor remains constant. @ seems
to be independent of the bias field. (b) The calculated critical atom number as a function of By. Unlike
the Quality factor, the critical number of atoms depends strongly on these trapping parameters through
the anharmonicity term. The smaller the value of the bias field, the larger the value of the critical atom
number. (c) The ¢ factor for different offset fields B0. Verification that the {-parameter remains the same
as we change the bias field inside this regime between 0.2G and 1.4G.

or stages, but also among different set-ups and different groups. The only prerequisite for
that comparison is the presence of a IP trap. In the figure below, a comparison among
some famous experiments is fulfilled.
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Figure 5.7: The Quality factor as it is calculated by the values of the temperature, the number of atoms,
the ¢-parameter and the trapping parameters for some famous experiments that have led to BEC. For
details of these experimets one can see [39][75][74][76][36].

5.2 The Quality factor and the Prediction of the critical
atom number

The successful attempt to quantify the quality of the cloud in the IP magnetic trap
makes it possible to predict the critical atom number even from the first stages of the
process. This capability is a combination of the constancy of ) and its relation with the
critical atom number through eq. 4.22:

N.=Q3A (5.2)

Thus, if we can calculate the value of A at these initial stages, we can also calculate N..
This value of A depends solely on the trapping parameters at the beginning of evaporation,
Boe and we.

Let us first concentrate our attention in the case that the measurement is taken during
a random moment in evaporative cooling. In this case, the anharmonicity term A is well
known, since the trapping parameters remain unchanged throughout the whole process of
evaporation and, thus, we can use the measured values of By, and w, in the calculation
of A. As a result of this, if the experimental data confirm our assumption of constant
& during evaporative cooling, then the critical atom number can be predicted from the
initial stages of evaporation with the exclusive use of the measured values at that moment
of the measurement. In fig 5.8(a) we plot the predicted value of N, by using only the
measured values of the cloud’s parameters {T', N} and the trapping parameters { By, w},
i.e. in calculating A we substitute Bge and w, with the measured values By and w. As we
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can notice in this figure, during evaporative cooling, the predicted value of N is close to
its final value.
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Figure 5.8: (a) The prediction of the critical atom number with the use of the measured values of the pa-
rameters of the cloud (number of atoms, temperature) and the measured values of the trapping parameters
(frequency, bias field). With red dots we represent the predicted values of the critical number, whereas the
green line implies the real measured value of N.. This prediction is successful during evaporative cooling,
even from the beginning of it, but fails in the loading and the compression of the IP trap. This behaviour is
due to the important role of the trapping parameters in the beginning of evaporative cooling, that are not
taken into consideration in this plot. (b) The same plot as in (a) with the only difference the substitution
of the measured trapping parameters by the ones in the beginning of evaporation. The prediction does
not fail even in compression or mode-matching.

Different is the case where the measurement is taken during the compression or the
loading of the cloud in the magnetic trap. This can be explained by the fact that one is
unaware of the trapping parameters in the beginning of evaporation if the measurement
is taken in a former instant of the process. This weakness is depicted in fig 5.8(a). The
predicted critical atom number fails in mode-matching and compression if one uses only the
measured values. The specific value of N, in this figure expresses in fact the prediction of
the critical atom number in the hypothetical case that evaporative cooling starts at that
particular moment with the contemporaneous cease of the compression. On the other
hand, in fig. 5.8(b) we plot the prediction of N. with the additional knowledge of the
trapping parameters in the beginning of evaporation. In order to calculate the value of
N, in this figure, we calculate A with the final values By, and we. This substitution can
be achieved only if we are aware of the final values of the parameters. However, this is
sensible, since in order to maximize N, one compresses the cloud until its limit as they
are determined by the apparatus used and the condition for voiding massive spin-flips.
The critical atom number in this case is well-predicted even from the first stages of the
loading of the cloud in the trap.
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5.3 The Quality Factor and the Optimization of the process
to BEC

Another significant consequence of the quantification of the atomic cloud in the IP
magnetic trap, apart from the prediction of the critical atom number even from the first
stages, is the potentiality to improve or even maximize under some conditions this number.
This optimization of the process to BEC and the quality of the cloud is connected with the
result extracted in Section 5.1.2, that the Quality factor is a strictly increasing function of
the cloud’s ability to cause large condensate. Thus, by optimizing ), one maximizes the
critical atom number one gets. Such improvement can be achieved during the MOT (even
if @ is not defined or constant in this procedure), during loading and the compression of
the cloud and finally during evaporative cooling.

The intention of this thesis is not a detailed study for the optimization of ) and as a
result of V. with respect to every parameter that affects the process, but we rather mention
some basic results that describe the success of this optimization and the behaviour of the
procedure that leads to the condensate. A final notice before the presentation of these
results: As already mentioned, the process of evaporation is described by the value of
&-parameter for our aim of the optimization, as long as this parameter remains constant
throughout the whole process of cooling. In Section 5.1.2 we found that the Quality factor
is a strictly increasing function of this parameter £. Therefore, the optimization of the
process is eventually transferred to the £ optimization, an attempt that is out of the scope
of this thesis. The optimum value of ¢ that we managed to get experimentally is the one
used in all of the plots, £ = 1.2.

5.3.1 The Quality factor and the Improvement of the MOT

Although the Quality factor has not a physical meaning during the stage of the laser
cooling, its extension @), at the end of the MOT as described in Section 4.2.4 is extremely
important. This value of @, at the end of the MOT determines the existence of a sup-
premum in the value of @) in the magnetic trap and, thus, a suppremum in the quality of
the cloud. Using eq. 4.34, one can find the optimum value of @) for a given value of Q.
This optimum value can be achieved not only by mode-matching, but also by selecting
the best compression trajectory. The only freedom left, after the determination of Q),, to
increase the maximum attainable value of @) is the ability to increase . Therefore, even
if we cannot measure the ability of the cloud at any random moment during the MOT,
its final value @), informs us about its overall potential quality.

Theoretically, there is not a limit in the value of QJ,. The only limitation lies in the
restrictions of the apparatus. This is the reason we do not refer this investigation of @,
as optimization but rather as the improvement of the process of the MOT.

In fig. 5.9(a) and (b), we plot @, and the thermal atom number respectively after
the stage of CMOT as a function of the gradient of the magnetic field applied in the big
Ioffe coils during the process of the MOT before the compression. In (a) we see that
the maximum attainable value of @, is almost 820 for the case of apjor = 25G/cm. All
the other parameters of the MOT remained constant with their values as the ones that
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Figure 5.9: (a)-(b) The behaviour of (a) the Quality factor and (b) the number of atoms at the end of laser
cooling as a function of the gradient of the MOT before the stage of the compressed MOT and Optical
Molasses. Both these quantities have a maximum for amor = 25G/cm. In this case, it seems valid to
substitute the Quality factor by the number of the atoms as the parameter which we should consider for
the optimization. (c)-(d) The behaviour of the Quality factor (c¢) and (d) and the number of atoms after
the whole stage of the MOT as a function of the detuning during the stage of the MOT. In this case, a
substitution is not allowed, and @ remains the proper factor for the optimization.

create the clouds in all the previous graphs and results. In fig. 5.9(c) and (d), a similar
representation of ), is plotted with respect to the detuning of the MOT.

Looking at both of these cases, we can see that the maximization of @) occurs at the
same values of ayor and fyor as at the ones for the maximization of the final atom
number after the whole laser cooling process. This fact can amplify the claim that we can
optimize the number of atoms instead of ), and instead of ) in the magnetic trap in order
to optimize the final and critical atom number. Such claims, however, seem to be invalid.
The justification of this invalidity can be found in the same plots. Concentrating, for
example, on the case of the detuning of the MOT, we can see that for fyior = —12.5MHz
the value of ), is much larger than for fyjor = —10MHz. On the other hand, this is
not true for the value of N. Moreover, looking again at the case of the detuning of the
MOT, one can notice that for detunings in the region among —25MHz and —35MHz the
number of atoms remains practically constant, whereas ), has a varying value which does
not seem random. A similar behaviour appears in the case of the gradient change. Any
claim for the optimization of the number of atoms does not take into account the change
of the temperature under the changes of different parameters which also contribute in the
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quality of the cloud.

5.3.2 The Quality factor and the Optimization in the IP magnetic trap

In the previous section we discussed the improvement of @Q),, which leads to a higher
suppremum for () in the magnetic trap. After this experimental optimization, we attempt
to optimize the cloud in the IP trap. Relation eq. 4.34 offers the knowledge of the theo-
retical optimized value of @ for a certain value of ,. Thus, our attempt lies in combining
all the parameters in that trap in order to reach this theoretically maximum value of Q.
This value depends mainly on the process of mode-matching, which determines the initial
frequency, temperature and number of atoms, and on the processes of compression and
evaporative cooling, which set the value of £ and therefore the definitive value of Q.

In Section 2.3.2 we described the process of the MOT and argued that for mode-
matching the frequencies of the magnetic trap should be equal to the effective frequency
of the MOT. The optimum values of the gradient and the curvature theoretically are found
by eq. 2.59. Using these relations, the experimental results of the MOT and an arbitrary
choice for By under the concern to keep the trapping potential harmonic, we deduce that
mode-matching occurs for a gradient near the value a = 45G/cm, for a curvature almost
B = 20G/cm? and for By = 30G. However, these calculated values do not agree with
the experiment, where we found that for By = 30G, the optimum values of the gradient
and the curvature of the magnetic field we managed to achieve are a = 85G/cm and
B = 50G /cm?.

In fig. 5.10(a) and (b) we plot @ as a function of the gradient a, while we kept the
curvature and the bias field constant. In (a) we set 3 = 50G/cm? and for By = 30G. In
(b) we set 8 = 70G /cm? and for By = 30G. The dashed lines represent the theoretically
optimum value of @ as it is determined for a given cloud in the MOT and described in the
previous section. It is clear that in (a) the attempt of optimization is much more successful
than in (b). In this plot (a), one can see that some repetitions of the experiment almost
reach the ideal value for (), whereas their mean value is not far away from that ideal
case. Another self-evident notice is the fact that for a different value of the curvature,
the maximum of @ is achieved for a different value of the gradient. In order to study
in complete the optimization of the cloud’s loading of the magnetic trap, one should
investigate all the combinations of these parameters and combine them with the theoretical
maximum of the Quality factor. Similar is the case if one modifies the curvature, leaving
without change the gradient of the magnetic field. In fig. 5.9(c) this case is depicted.
Another final comment for mode-matching is the following: The choice of the initial By,
does not seem to be extremely decisive for achieving large ). This can be seen in fig. 5.9(d),
where the Quality factor is unchanged for different values of the bias field in the region
from 20G to 40G.

The importance of compression for the optimization of the Quality factor is dual: It
should guarantee the adiabatic change of the cloud in order for ) to be constant and it
offers the initial conditions for evaporative cooling or in other words it is a factor which
determines the value of £&. The former demand is satisfied if the process of compression
evolves adequately slowly. The exact choice of the duration of the process does not seem
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Figure 5.10: (a)-(b) the Quality factor as a function of the gradient during mode-matching. The dashed
lines represent the ideal value of @ for the certain measured value of @, in the MOT, according to the
discussion in the previous section. In(a) we used the parameters 8 = 50G/cm2 and By = 30G, while in
(b) 8 =70G/cm? and By = 30G. The first plot is more successful compared to the second. Another notice
is the different value of the optimum gradient in case the other parameters, the curvature and the bias
field, have a different value. (c) The Quality factor in case the curvature changes for a = 85G/cm and
By = 30G. (d) The initial bias field does not seem to be so critical for mode-matching.

to be critical for the value of the Quality factor. 2 seconds of compression, as we used
in all the experiments whose results are previously plotted, are enough for adiabaticity.
The study of compression as a process for determining £ is out of the scope of this thesis.
However, experimentally, we find that the best value of £ is £ = 1.2 and that this value
does not alter unless the conditions of compression are totally different.
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Chapter 6

Conclusions and Outlook

We derived the Quality factor as the result of our quest in quantifying the cloud and
optimizing the processes that lead to BEC. We, also, proved experimentally the properties
of this Quality factor, which set it the appropriate parameter for our purpose. Its constant
value, its independence of the trapping parameters and its ascending relation with the
critical atom number are the most important properties that distinguish it from any
other parameter, such as the phase-space density (PSD). Having these properties, we can
use it for the optimization of the MOT, mode-matching and evaporative cooling, for the
prediction of the critical atom number even from the first stages, for comparison of how
well we have achieved BEC and for verifying the correctness of some experimental results.
This Quality factor works only for the case of the loffe-Pritchard magnetic trap and takes
into consideration its transformations from a harmonic potential into a linear and back
to a harmonic one as the processes of mode-matching, the compression of the cloud and
evaporative cooling take place.

We can take advantage of this Quality factor and produce BECs with high atom
numbers. BECs with 10'° atoms is a daily routine in our experiments. Having such
large BECs and trying to make them even larger, can give us the opportunity to study
many interesting aspects, such as the interactions among the atoms and the growth of the
coherence in the condensate. Atom laser, another application which requires large BECs,
is going to concern ourselves in the near future. From another point of view, it will be
interesting for us to investigate the extension of the Quality factor to other magnetic traps
that are widely used in BEC experiments, such as the pure harmonic trap.
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