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EJNIKO METSOBIO POLUTEQNEIO

Per–lhyh

OptikËc IdiÏthtec Lept∏n Umen–wn apÏ Topologikà Ulikà

Sta topologikà ulikà emfan–zontai Ëntona magnhtÏ-optikà fainÏmena Ïtan
h summetr–a antistrof†c qrÏnou spàsei. Autà ta fainÏmena se sunduasmÏ me
thn topologik† touc f‘sh ta kajisto‘n idanikà se efarmogËc optik†c kai kba-
ntiko‘ upologismo‘. Se aut† th diplwmatik† meletàme jewrhtikà tic optikËc
idiÏthtec topologik∏n monwt∏n kai topologik∏n hmimetàllwn Weyl.
Sta pr∏ta d‘o kefàlaia jËtoume tic jewrhtikËc bàseic gia thn melËth twn

topologik∏n umen–wn. Sto kefàlaio 1 anal‘oume tic idiÏthtec kai tic efarmo-
gËc twn magnhtÏ-optik∏n ulik∏n, en∏ sto kefàlaio 2 strËfoume thn prosoq†
mac ston kaino‘rgio klàdo twn topologik∏n ulik∏n. 'Opou, parËqoume ta ba-
sikà ergale–a gia thn katanÏhsh twn idiot†twn twn topologik∏n monwt∏n kai
ton hmimetàllwn Weyl.
'Eqontac anapt‘xei thn apaito‘menh jewr–a sta pr∏ta d‘o kefàlaia, su-

neq–zoume me sugkekrimËna parade–gmata umen–wn apÏ topologikà ulikà. 'Ena
topologikÏ monwt†, Ëna topologikÏ monwt† me diataraq† kai Ëna hmimËtallo
Weyl. Sto kefàlaio 3 g–netai h montelopo–hsh kai h exagwg† tou tanust†
agwgimÏthtac twn ulik∏n, en∏ sto kefàlaio 4 meletàme tic magnhto-optikËc
idiÏthtec twn ulik∏n basismËnoi sthn montelopo–hsh tou prohgo‘menou kefa-
la–ou.
Kle–noume me thn enÏthta 4.4, sthn opo–a sugkr–noume tic mejÏdouc kai ta

apotelËsmata tou kefala–ou 4. SugkekrimËna, qrhsimopoi∏ntac mia diafore-
tik† prosËggish gia ton topologikÏ monwt† br–skoume exàrthsh twn optik∏n
idiÏthtwn tou umen–ou, apÏ to pàqoc tou, se ant–jesh me thn prosËggish tou
kefala–ou 4. Ep–shc br–skoume Ïti oi d‘o mejÏdoi sumfwno‘n sto Ïrio twn
pol‘ lept∏n umen–wn. Sth sunËqeia sugkr–noume tic idiÏthtec tou topologiko-
‘ monwt† se sqËsh me to hmimËtallo Weyl. Br–skoume Ïti h gwn–a Faraday
gia to hmimËtallo e–nai enisqumËnh ep– Ëna paràgonta pol‘ megal‘tero thc
monàdac pou Ïdhgei se Ëntonh emfànish tou fainomËnou. TËloc sugkr–nou-
me ton adiatàrakto me ton diataragmËno topologikÏ monwt† diapist∏nontac
Ïti o Ïroc diataraq†c a–rei th summetr–a katoptrismo‘ sto q∏ro twn orm∏n
odhg∏ntac se emfànish qeiromorf–ac sthn aporrÏfhsh.

HTTP://WWW.NTUA.GR
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Abstract

Optical Properties of Thin Films of Topological Matter

Topological materials exhibit strong magneto-optical properties when
time reversal symmetry is broken. These strong properties, have a topolo-
gical nature and this fact renders them strong candidates for applications
in optics and quantum computation. In this thesis we study the magneto-
optical properties of thin films of topological insulators and Weyl Semime-
tals.

In the first two chapters we set the theoretical foundations for the study
of topological thin films. In chapter 1 we study the properties and appli-
cations of magneto-optical materials, and in chapter 2 we focus on the new
field of topological matter. Where we provide the necessary tools in order to
understand the properties of topological insulators and Weyl Semimetals.

After we have developed the necessary theory in the first two chapters,
we turn our attention to specific examples of thin films of topological mat-
ter. A topological insulator, a topological insulator with a perturbation and
a Weyl Semimetal. In chapter 3 we model and extract the conductivity ten-
sor of these materials and in chapter 4 we study the magneto-optical pro-
perties of these materials based on our models from the previous chapter.

We close with section 4.4, where we compare the methods and results
of chapter 4. Specifically, we use a different approximation for the study
of magneto-optical properties of the topological insulator. In contrast with
the results from chapter 4 we find dependence of Kerr and Faraday rotation
with the thickness of the thin film. Also the two approximations agree in
the limit of very thin films. When we compare the properties of topological
insulator with the Weyl semimetal we find that the Faraday angle of the
semimetal is multiplied by a factor largely greater than unity, that leads to a
strong presence of the Faraday effect. Lastly we compare the unperturbed
and the perturbed topological insulator. The perturbation lifts reflection
symmetry in momentum space, the result is the emergence of chirality in
absorption.
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Euqarist–ec
JËlw pr∏ta ap'Ïla na euqarist†sw ton epiblËpwn mou kai kajhght† k.

Bas–leio GiannÏpapa gia thn anàjesh aut†c thc diplwmatik†c, thn amËristh
bo†jeia kai tic suzht†seic mac kaj'Ïlh thn diàrkeia aut†c thc ergas–ac.
Ep–shc ja †jela na euqarist†sw touc f–louc mou kai touc sumfoithtËc

mou, gia thn sumparàstash kai sunergas–a touc ta teleuta–a 5 qrÏnia sta
opo–a foit∏ sto EjnikÏ MetsÏbio Poluteqne–o.
TËloc, den mpor∏ na brw tic lËxeic gia na ekfràsw thn eugnwmos‘nh stouc

gone–c mou gia thn altrouistik† touc st†rixh kai ∏jhsh proc thn ep–teuxh twn
one–rwn mou. H diplwmatik† aut† e–nai afierwmËnh se auto‘c.
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Kefàlaio 1

Eisagwg†

ApÏ tÏte pou oi arqa–oi 'Ellhnec ef†uran thn Ënnoia tou atÏmou, oi epist†mo-
nec epikentr∏jhkan sthn e‘resh Ïlo kai pio mikr∏n domik∏n stoiqe–wn thc
‘lhc. Ton 19o ai∏na h anakàluyh twn qhmik∏n stoiqe–wn Ïrise thn qrus†
epoq† thc qhme–ac, en∏ h anakàluyh twn stoiqeiwd∏n swmatid–wn ton 20o
ai∏na Ëbale ta jemËlia gia mia enopoihmËnh jewr–a thc f‘shc.
Sth Fusik† SumpuknwmËnhc 'Ulhc, den upàrqoun kaino‘rgia domikà stoi-

qe–a thc ‘lhc gia na anakalufto‘n. Ant– auto‘, oi epist†monec endiafËrontai
gia to pwc ta upàrqonta domikà stoiqe–a mporo‘n na <<sunergasto‘n>> ∏ste na
d∏soun zw† se kaino‘rgiec katastàseic thc ‘lhc. H anàptuxh twn fusik∏n
nÏmwn mËsa apÏ thn kbantomhqanik†, ton hlektromagnhtismÏ kai thn stati-
stik† fusik†, Ëdwsan ta apara–thta ergale–a gia na ektoxeuje– o klàdoc thc
Fusik† SumpuknwmËnhc 'Ulhc.
H Ëreuna Ëdwse zw† se efarmogËc pou àllaxan thn koinwn–a mËsa se 100

qrÏnia. H anàptuxh thc jewr–ac twn hmiagwg∏n, od†ghse sto tranz–stor,
ton domikÏ l–jo twn upologist∏n. T∏ra h klasmatik† kbantik† katàstash
Hall odhge– se topologikà anyons sta opo–a Ëqei strafe– to endiafËron ta
teleuta–a qrÏnia lÏgw thc dunatÏthtac touc na qrhsimopoihjo‘n wc o domikÏc
l–joc twn kbantik∏n upologist∏n.
Autà ta oione– swmat–dia (anyons) apotelo‘n Ëna paràdeigma topologik†c

katàstashc thc ‘lhc. Me ton Ïro autÏ ennoo‘me Ïti parousiàzoun idiÏth-
tec oi opo–ec e–nai <<topologikà stajerËc>>. Dhlad† diàforec diataraqËc pou
mpore– na prokalo‘ntai apÏ to exwterikÏ peribàllon den ja metabàloun tic
idiÏthtec tou uliko‘. Aut† h idiÏthta twn topologik∏n katastàsewn thc ‘lhc
e–nai apara–thth gia touc kbantiko‘c upologistËc kaj∏c ta kbantikà bits e–nai
upereua–sjhta kai odhgo‘ntai se aposunoq† (decoherence) prin akÏma e–nai
dunatÏc o kbantikÏc upologismÏc. Ta anyons me tic topologikËc idiÏthtec
touc Ërqontai na d∏soun l‘sh se autÏ to prÏblhma.
H melËth twn topologik∏n ulik∏n xek–nhse 1980 Ïtan o Klaus von Kli-

tzing [11] parat†rhse Ïti, an se Ëna disdiàstato ulikÏ se qamhl† jermokras–a
efarmÏsoume pol‘ isqurÏ magnhtikÏ ped–o, h agwgimÏthta Hall �

xy

pa–rnei
timËc pou e–nai akËraia pollaplàsia thc kbantik†c agwgimÏthtac.

�
xy

= n
e2

~ , n 2 N . (1.1)

H katàstash Ëmeine stasimh ta epÏmena 25 qrÏnia. To endiafËron a-
nazwpur∏jhke Ïtan oi epist†monec antil†fjhkan [5] Ïti oi allhlepidràseic
sp–n-troqiako‘ mporo‘n na antikatast†soun ton rÏlo pou pa–zei to isqurÏ
magnhtikÏ ped–o kai na odhg†soun sth katàstash thc ‘lhc pou onomàzoume



2 Kefàlaio 1. Eisagwg†

<<topologiko‘ monwt†>>. 'Enac topologikÏc monwt†c Ëqei akrib∏c thn –dia su-
mperiforà me Ëna koinÏ monwt† sto eswterikÏ tou, sthn epifàneia tou Ïmwc
upàrqoun ag∏gimec katastàseic. 'Opwc e–pame aut† h sumperiforà wc topo-
logik† e–nai ana–sjhth se diataraqËc. Ta ag∏gima hlektrÏnia sthn epifàneia
tou topologiko‘ monwt† Ëqoun kajorismËnh qeiromorf–a kai kate‘junsh sp–n,
ano–gontac Ëtsi to drÏmo se efarmogËc touc sth spintronik† teqnolog–a.
H kaino‘rgia odÏc pou ànoixan oi topologikËc katastàseic thc ‘lhc sth

fusik† sumpuknwmËnhc ‘lhc qr†zei Ëntonhc prosoq†c. TÏso Ïson aforà to
kajarà episthmonikÏ kommàti (thn melËth miac kaino‘rgiac klàshc katastàse-
wn), Ïso kai sto kommàti twn efarmog∏n. H istor–a mac Ëdeixe Ïti kaino‘rgiec
katastàseic thc ‘lhc, mporo‘n na odhg†soun se epanastàseic sthn teqnolo-
g–a kai oi topologikËc katastàseic thc ‘lhc fa–netai na Ëqoun Ïla ta fÏnta
gia mia tËtoia epanàstash.

1.1 SkopÏc

Sth diplwmatik† aut† g–netai jewrhtik† melËth twn optik∏n idiot†twn lept∏n
umen–wn apÏ topologikà ulikà. SugkekrimËna meletàme pwc diàfora topologi-
kà ulikà allhlepidro‘n me diaforetikÏ trÏpo Ïtan prosp–ptei pànw touc dexi-
Ïstrofa kai aristerÏstrofa kuklikà polwmËnh aktinobol–a(fainÏmena qeiro-
morf–ac). Sta topologikà ulikà emfan–zontai Ëntona fainÏmena qeiromorf–ac
tÏso wc proc thn sqetik† diaforà fàshc (gwn–ec Kerr kai Faraday [19],[14])
Ïso kai wc proc thn diaforetik† aporrÏfhsh [1],[23].
O lÏgoc pou estiàzoume se umËnia Ëgkeitai sto Ïti tËtoiec gewmetr–ec e–nai

pio pijanÏ na qrhsimopoihjo‘n se efarmogËc, Ïpwc TFETs (Tunnel field-effect
transistors) [17]. EpiplËon qrhsimopoi∏ntac umËnia upeisËrqetai h paràmetroc
tou pàqouc thn opo–a mporo‘me na rujm–soume kai Ëtsi na enisq‘soume ta
optikà fainÏmena pou parousiàzoun ta topologikà ulikà.
LÏgw tou topologiko‘ qarakt†ra twn ulik∏n, emfan–zetai topologik† su-

mperiforà kai stic optikËc idiÏthtec twn umen–wn. AutÏ e–nai kentrik†c shma-
s–ac kaj∏c oi idiÏthtec e–nai ana–sjhtec se mikrËc allagËc twn paramËtrwn
tou uliko‘ (allagËc oi opo–ec den allàzoun thn topologik† tou fàsh). Wc ek
to‘tou, tËtoia ulikà mporo‘n na qrhsimopoihjo‘n se efarmogËc pou apaite–tai
akr–beia sth sumperiforà tou uliko‘. Ep–shc, mporo‘n na qrhsimopoihjo‘n se
sust†mata kai peribàllonta Ïpou h dunatÏthta elËgqou twn sunjhk∏n den
e–nai dunat†. To gegonÏc autÏ, l‘nei ta qËria se pollà probl†mata efarmo-
g∏n Ïpou oi kbantomhqanikËc idiÏthtec ulik∏n e–nai anekmetàlleutec, lÏgw
thc euaisjhs–ac touc sto peribàllon (decoherence).
AfÏtou g–netai mia anaskÏphsh se diàfora àrjra thc bibliograf–ac sta

opo–a melet∏ntai optikËc idiÏthtec topologik∏n ulik∏n, efarmÏzoume kai su-
gkr–noume diaforetikËc mejÏdouc e‘reshc qeirÏmorfwn idiot†twn. H anàlush
aut† mac epitrËpei na do‘me ta Ïria kai thn efarmosimÏthtà diafÏrwn proseg-
g–sewn. Ep–shc, sugkr–noume tic idiÏthtec metax‘ diaforetik∏n topologik∏n
ulik∏n, melet∏ntac thn exàrthsh touc apo diàforec paramËtrouc. H s‘gkri-
sh aut† parËqei thn dunatÏthta kal‘terhc katanÏhshc twn idiot†twn kai twn
dunatot†twn twn topologik∏n ulik∏n, oi efarmogËc twn opo–wn br–skontai se
embruakÏ stàdio.
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1.2 Dom† Diplwmatik†c

San prelo‘dio kai gia na g–nei kal‘tera katanoht† h anàgkh gia Ëreuna sta
magnhtÏ-optikà ulikà, sthn epÏmenh enÏthta (1.3), ja do‘me ti e–nai kai poiec
oi basikËc efarmogËc twn magnhtÏ-optik∏n ulik∏n.
Sto kefàlaio 2 ja g–nei mia sunoptik† parous–ash twn topologik∏n uli-

k∏n. Gia na katalàboume ta jewrhtikà jemËlia auto‘ tou taqËwc anaptus-
sÏmenou ped–ou, ja d∏soume mia eisagwg† sthn Topologik† Jewr–a Zwn∏n
2.1 kai ja exhg†soume thn topologik† tàxh sto kbantikÏ fainÏmeno Hall
(Quantum Hall Effect - QHE) kai stouc topologiko‘c monwtËc 2.1.2. E-
p–shc shmantikÏ je∏rhma gia thn katanÏhsh thc emfànishc ag∏gimwn kata-
stàsewn sto s‘noro tou uliko‘, e–nai h << antistoiq–a eswteriko‘-sunÏrou>>
(bulk-boundary correspondence) kai ja anafËroume ta k‘ria shme–a 2.1.3.
En∏ ja teli∏soume me thn perigraf† tou 2D topologiko‘ monwt† 2.2 kai tou
hmimetàllou Weyl 2.3 .
'Eqontac bàlei ta jewrhtikà mac jemËlia suneq–zoume sto kefàlaio 3 me

thn montelÏpoi†sh kai melËth twn idiot†twn twn ulik∏n mËsa apo thn biblio-
graf–a. Xekinàme me thn enÏthta 3.1 Ïpou de–qnoume pwc mpore– na monte-
lopoihje– Ënac topologikÏc monwt†c kai katal†goume me thn exàgwg† tou
tan‘sth agwgimÏthtac tou uliko‘. Sthn enÏthta 3.2 meletàme thn allag† twn
idiot†twn enÏc topologiko‘ monwt† an jewr†soume mia diataraq† (Ïroc kinh-
tik†c enËrgeiac) sthn Qamiltonian† tou. Estiàzoume Ïmwc stouc Ïrouc tou
tanust† agwgimÏthtac pou Ëqoun na kànoun me thn aporrÏfhsh thc aktino-
bol–ac. TËloc sthn enÏthta 3.3 de–qnoume pwc mpore– na montelopo–hje– Ëna
hmimËtalloWeyl kai katal†goume me thn exagwg† tou tanust† agwgimÏthtac
tou uliko‘.
Me touc treic diaforetiko‘c tanustËc agwgimÏthtac sthn diàjesh mac,

sto kefàlaio 4 proqwràme me thn melËth twn optik∏n idiot†twn twn topolo-
gik∏n ulik∏n. Xekinàme sthn enÏthta 4.1, me ton tanust† agwgimÏthtac tou
topologiko‘ monwt† apÏ thn enÏthta 3.1. Br–skoume Ïti ta leptà umËnia a-
pÏ topologiko‘c monwtËc parousiàzoun gigantia–o magnhtÏ-optikÏ fainÏmeno
Kerr, en∏ to fainÏmeno Faraday, parÏlo pou e–nai mikrÏ (< 1�) Ëqei olik†
(universal) sumperiforà. Sthn enÏthta 4.2 suneq–zoume me thn melËth twn
idiÏthtwn thc diataragmËnhc Qamiltonian†c pou parousiàsthke sthn enÏth-
ta 3.2. Parathro‘me Ïti h diataraq† odhge– se fainÏmena qeiromorf–ac sthn
aporrÏfhsh kai sugkr–noume thn diataragmËnh me thn adiatàraqth Qamilto-
nian†. TËloc meletàme tic optikËc idiot†tec tou hmimetàllou Weyl (enÏthta
4.3) Ïpou akoloujo‘me mia diaforetik† prosËggish apÏ thn enÏthta 4.2. Pàli
br–skoume Ïti h gwn–a Kerr parousiàzei megàlec timËc (⇡ �⇡

2 ) me th diafo-
rà t∏ra Ïti Ëqoume exàrthsh apÏ to pàqoc tou umen–ou kai thn apÏstash twn
kÏmbwnWeyl. Kle–noume me thn enÏthta 4.4 Ïpou g–netai anàlush kai s‘gkri-
sh twn apotelesmàtwn tou kefala–ou 4. Sthn enÏthta 4.4.1 qrhsimopoio‘me
thn prosËggish thc enÏthtac 4.3 gia na bro‘me tic optikËc idiÏthtec thc Qa-
miltonian†c tou topologiko‘ monwt† (enÏthta 3.1). Parousiàzoume ta apote-
lËsmata kai ta sugkr–noume me ta ant–stoiqa apotelesmàta apÏ thn enÏthta
4.1. Ep–shc de–qnoume thn exàrthsh twn fainomËnwn Kerr kai Faraday apÏ
diàforec paramËtrouc, Ïpwc to pàqoc tou umen–ou kai thn enËrgeia FËrmi tou
uliko‘. H upoenÏthta 4.4.2 e–nai afierwmËnh stic omoiÏthtec kai stic diaforËc
pou parousiàzoun oi magnhtÏ-optikËc idiÏthtec twn topologik∏n monwt∏n kai
twn hmimetàllwn Weyl. En∏, kle–noume me thn upoenÏthta 4.4.3 sthn opo-
–a sunoy–zontai ta a–tia thc emfànishc qeiromorf–ac sthn aporrÏfhsh Ïtan
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Sq†ma 1.1: 'Enac optikÏc apomonwt†c apotele–tai apo Ëna
polwt†, to magnhtÏ-optikÏ ulikÏ kai apÏ Ëna analut†.

upeisËrqetai Ënac Ïroc diataraq†c sthn Qamiltonian† Haldane.

1.3 MagnhtÏ-Optikà Ulikà

'Opwc e–pame ta topologikà ulikà emfan–zoun Ëntona fainÏmena qeiromorf–ac.
Me to epiprÏsjeto pleonËkthma thc topologik†c touc f‘shc, mporo‘n na
antikatast†soun àlla magnhtÏ-optikà ulikà se efarmogËc parËqontac staje-
rÏthta se astaj† peribàllonta. Se aut† thn upoenÏthta ja do‘me ti e–nai kai
po–ec oi efarmogËc twn magnhtÏ-optik∏n ulik∏n.
Se Ëna magnhtÏ-optikÏ ulikÏ, to dexiÏstrofa kai to aristerÏstrofa ku-

klikà polwmËno f∏c Ëqoun diaforetikËc taq‘thtec, to opo–o odhge– se mia plei-
àda apÏ fainÏmena [10]. H efarmof† magnhtiko‘ ped–ou se Ëna magnhtÏ-optikÏ
ulikÏ († h aujÏrmhth magn†tish se Ëna ferrogmanhtikÏ ulikÏ) odhge– se stro-
f† tou epipËdou pÏlwshc tou diadidÏmenou ped–ou (fainÏmeno Faraday) kai
tou anakl∏menou ped–ou (fainÏmeno Kerr).
Mporo‘me na montelopoi†soume to fainÏmeno mËsa apÏ th sqËsh[10]:

� = VBd (1.2)

Ïpou b h gwn–a strof†c tou epipËdou pÏlwshc, V h empeirik† stajerà
V erdet h opo–a qarakthr–zei to ulikÏ mac, B to magnhtikÏ ped–o kai d h
apÏstash pou dian‘ei h hlektromagnhtik† aktinobol–a mËsa sto ulikÏ (eik.
1.1).

1.3.1 OptikÏc Apomonwt†c

Mia efarmog† tou fainomËnou Faraday mporo‘me na bro‘me sthn optik† kai
ston trÏpo pou doule‘ei Ënac optikÏc apomonwt†c (Optical Isolator). 'Enac
optikÏc apomonwt†c qrhsimopoie–tai ∏ste na epitrËpetai h diàdosh aktinobo-
l–ac mÏno se m–a kate‘junsh. Sthn eikÏna 1.1 blËpoume Ënan polwt†, sth
sunËqeia to magnhtÏ-optikÏ mac ulikÏ kai tËloc Ënan analut†. An h aktino-
bol–a Ëqei die‘junsh diàdoshc apo ta aristerà sta dexià ja polwje– kàjeta
apÏ ton polwt†, sth sunËqeia to magnhtÏ-optikÏ ulikÏ ja strËyei to ep–pedo
pÏlwshc katà 45�. O analut†c pou e–nai strammËnoc katà 45� ja epitrËyei
sthn aktinobol–a na peràsei. An Ïmwc h aktinobol–a Ëqei diËujunsh diàdoshc
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Sq†ma 1.2: 'Ena ulikÏ me anomoiogen† magn†tish ja proka-
lËsei diaforetik† strof† Kerr se diaforetikà shme–a tou u-
liko‘. Sthn diàtaxh aut† mporo‘me na metr†soume thn Ëntash
thc anakl∏menhc aktinobol–ac pou telikà odhge– sthn peri-

graf† thc magn†tishc tou uliko‘.

apÏ ta dexià sta aristerà, metà thn pÏlwsh apo ton analut† to magnhtÏ-
optikÏ ulikÏ ja to strËyei thn aktinobol–a aristerÏstrofa katà 45�. 'Etsi
h aktinobol–a ja Ëqei orizÏntia pÏlwsh kai wc ek to‘tou den ja peràsei apo
ton analut†[16].
Oi optiko– apomonwtËc qrhsimopoio‘ntai sthn apotrop† anepij‘mhthc a-

ktinobol–ac se optiko‘c talantwtËc Ïpwc koilÏthtec laser. Ep–shc qrhsimo-
poio‘ntai wc stoiqe–a se optikà kukl∏mata.

1.3.2 MikroskÏpio Kerr

'Ena mikroskÏpioKerr qrhsimopoie– to magnhtÏ-optikÏ fainÏmenoKerr (Magneto-
Optical Kerr Effect-MOKE), gia na apotup∏sei diaforËc sthn magn†tish
enÏc magnhtiko‘ uliko‘. To mikroskÏpio Kerr qrhsimopoie– kai pàli th ge-
wmetr–a polwt†c-magnhtikÏ ulikÏ-analut†c. LÏgw thc allag†c pÏlwshc apÏ
to de–gma, Ëqoume diaforetik† gwn–a metax‘ tou epipËdou pÏlwshc thc aktino-
bol–ac kai tou analut†. 'Etsi apo ton nÏmo tou Malus, Ëqoume diaforà sthn
Ëntash thc aktinobol–ac pou pernàei apÏ ton analut†. Me autÏ ton trÏpo
br–skoume th gwn–a strof†c tou epipËdou pÏlwshc kai àra thn magn†tish
tou uliko‘, afo‘ Ïpwc e–pame h gwn–a strof†c e–nai anàlogh tou magnhtiko‘
ped–ou.

1.3.3 MagnhtÏ-OptikÏc D–skoc

O magnhtÏ-optikÏc d–skoc, apotele– upokathgor–a twn optik∏n d–skwn. Dh-
lad† Ëna laser, (h aktinobol–a tou opo–ou br–sketai mËsa † kontà sthn optik†
aktinobol–a) qrhsimopoie–tai gia na gràyoume kai na diabàsoume dedomËna apÏ
ton optikÏ d–sko. Se Ëna koinÏ optikÏ d–sko, Ïpwc CD � R † DVD � R,
to ulikÏ e–nai qaragmËno. To ‘yoc ton qaragmàtwn e–nai kontà sto 1

4 thc
aktinobol–ac tou laser ∏ste na prokale–tai katastrofik† sumbol† (yhfiakÏ
0).
Se ant–jesh me ton koinÏ optikÏ d–sko Ënac magnhtÏ-optikÏc d–skoc apo-

tele–tai apÏ Ëna magnhtikÏ ulikÏ. Katà thn eggraf† dedomËnwn mia magnhtik†
kefal† Ërqetai se epaf† me ton d–sko apÏ thn ant–jeth pleurà pou br–sketai
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Sq†ma 1.3: 'Enac apÏ touc pr∏touc magnhtÏ-optiko‘c
d–skouc thc etair–ac Sony.

to laser. To laser jerma–nei to shme–o thc eggraf†c (to fËrnei se jermokra-
s–a Curie) kai h metallik† kefal† allàzei topikà thn magn†tish tou d–skou.
T∏ra katà thn anàgnwsh, to laser aktinobole– ton d–sko, anàloga me thn
magnhtik† katàstash tou shme–ou thc epifàneiac to anakl∏meno fwc parou-
siàzei strof† sto ep–pedo pÏlwshc (fainÏmeno Kerr). Qrhsimopoi∏ntac Ëna
analut† kai Ëna fwtÏaniqneut† metràme thn Ëntash thc anakl∏menhc aktino-
bol–ac h opo–a ja antistoiqe– sto yhfiakÏ 0 (mhdenik† Ëntash) † 1(Ëntash
pànw apo Ëna Ïrio).
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Kefàlaio 2

Topologik† 'Ulh

Se aut† thn enÏthta ja g–nei mia sunoptik† parous–ash twn topologik∏n uli-
k∏n, ta ulikà pou meletàme tic optikËc touc idiÏthtec. Ja do‘me ta basikà je-
wrhtikà touc jemËlia, estiàzontac stouc topologiko‘c monwtËc (Topological
Insulators - TI) kai sta hmimËtalla Weyl ( Topological Weyl Semimetal -
TWS ).
Ta topologikà ulikà e–nai ekplhktikà ulikà Ïqi mÏno gia tic entupwsiakËc

idiÏthtec pou katËqoun allà kai gia to Ïti ànoixan ton drÏmo se mia kaino‘r-
gia kathgoriopo–hsh ulik∏n, aut†n thc topologik†c tàxhc [18]. 'Ena apÏ ta
megal‘tera epite‘gmata thc fusik†c sumpuknwmËnhc ‘lhc ton perasmËno ai-
∏na †tan h kathgoriopo–hsh twn kbantik∏n katastàsewn bàsei thc arq†c tou
aujÏrmhtou spàsimou summetr–ac (spontaneous symmetry breaking (SSB)).
Gia paràdeigma Ïtan Ëqoume th metàbash apÏ thn ugr† sthn krustallik† fàsh
Ëqoume spàsimo thc summetr–ac metatÏpishc, parÏlo pou oi allhlepidràseic
metax‘ twn atÏmwn e–nai summetrikËc wc proc tic metatop–seic. 'Enac magn†thc
spàei th summetr–a strof†c parÏlo pou oi stoiqei∏deic allhlepidràseic e–nai
peristrofikà summetrikËc, en∏ Ënac uperagwgÏc spàei aujÏrmhta thn summe-
tr–a bajm–dac. H sumperiforà aut† perigràfetai apÏ mia paràmetro tàxh pou
pa–rnei mh-mhdenikËc timËc mÏno Ïtan briskÏmaste sthn katàstash tàxhc. En∏
mpore– na perigrafe– apÏ mia energÏ jewr–a thn legÏmenh jewr–a Ginzburg-
Landau kai lËme Ïti autËc oi kbantikËc katastàseic akoloujo‘n to <<Paràdeig-
ma tou Landau>>[21].
Prin 30 qrÏnia Ïmwc brËjhke mia kaino‘rgia kbantik† katàstash pou den

akolouje– to paràdeigma tou Landau. Katà to kbantikÏ fainÏmeno Hall
(Quantum Hall Effect-QHE) den spàei kam–a summetr–a allà or–zetai mia to-
pologik† fàsh me thn Ënnoia Ïti sugkekrimËnec posÏthtec (sthn sugkekrimËnh
per–ptwsh h agwgimÏthta Hall �

xy

= e2/h) den ephreàzontai apÏ omalËc al-
lagËc twn paramËtrwn tou uliko‘, allàzoun mÏno Ïtan Ëqoume mia kbantik†
metàbash fàshc.
Ta teleuta–a 10 qrÏnia Ëna kaino‘rgioc klàdoc Ëkane thn emfànish tou

sth fusik† sumpuknwmËnhc ‘lhc, metà thn diap–stwsh Ïti oi allhlepidràseic
sp–n-troqiako‘ mporo‘n na odhg†soun se topologikà monwtikËc hlektronikËc
fàseic[5]. 'Enac topologikÏc monwt†c sumperifËretai akrib∏c Ïpwc Ënan su-
nhjismËno monwt† sto eswterikÏ tou (Ëna energeiakÏ qàsma diaqwr–zei thn
uyhlÏtera kateilhmmËnh z∏nh apÏ thn qamhlÏtera ken† z∏nh). ParÏla au-
tà, sthn epifàneia tou topologiko‘ monwt† Ëqoume ag∏gimec katastàseic pou
prostate‘ontai apÏ th summetr–a antistrof†c qrÏnou. 'Opwc ja do‘me sth
sunËqeia, oi topologiko– monwtËc sundËontai stenà me to akËraio kbantikÏ fai-
nÏmeno Hall (Integer Quantum Hall State-IQHS) stic d‘o diastàseic, Ïpou
kai pàli Ëqoume idia–terec epifaneiakËc katastàseic.
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Sq†ma 2.1: Ta tr–a pànw sq†mata e–nai topologikà isod‘na-
ma me to ant–stoiqo kàtw, afo‘ mporo‘n na paramorfwjo‘n

omalà sta kàtw sq†mata. (apÏ [15])

Gia na anapt‘xoume thn jewr–a auto‘ tou taqËwc anaptussÏmenou ped–ou,
ja d∏soume mia eisagwg† sthn Topologik† Jewr–a Zwn∏n kai ja exhg†sou-
me thn topologik† tàxh sto QHE kai stouc topologiko‘c monwtËc. Ep–shc
shmantikÏ je∏rhma sthn katanÏhsh twn topologik∏n katastàsewn thc ‘lhc
e–nai h << antistoiq–a eswteriko‘-sunÏrou>> (bulk-boundary correspondence)
kai ja anafËroume ta k‘ria shme–a. En∏ ja telei∏soume me thn perigraf† tou
2D topologiko‘ monwt† kai tou hmimetàllou Weyl.

2.1 Topologik† Jewr–a Zwn∏n

H kbantik† katàstashHall apotËlese to pr∏to paràdeigma miac kbantik†c ka-
tàstashc h opo–a †tan topologikà xeqwrist† apÏ Ïlec tic àllec katastàseic
thc ‘lhc [11]. H akrib†c kbàntwsh thc agwgimÏthtac Hall exhge–tai apÏ to
Ïti e–nai mia topologikà anallo–wth posÏthta, h opo–a mpore– na pàrei san
timËc mÏno akËraia pollaplàsia tou e2/h. Oi majhmatiko– qrhsimopoio‘n thn
Ënnoia tou topologikà anallo–wtou gia na kathgoriopoi†soun diaforetikà ge-
wmetrikà sq†mata se diàforec klàseic. Oi disdiàstatec epifàneiec mporo‘n
na kathgoriopoihjo‘n anàloga me to gËnoc (tr‘pec) pou Ëqoun. D‘o sq†mata
dhlad† e–nai topologikà isod‘nama an mporo‘me na paramorf∏soume to Ëna
sto àllo qwr–c na dhmiourg†soume tr‘pec (Eik. 2.1).
P∏c metafËretai Ïmwc aut† h Ënnoia sth fusik†; H kentrik† idËa e–nai

aut† thc << omal†c paramÏrfwshc >>. H pràxh thc omal†c paramÏrfwshc o-
madopoie– ta sq†mata se klàseic isodunam–ac. Sth fusik† mpore– kàpoioc na
skefte– genikËc QamiltonianËc se sust†mata poll∏n swmàtwn me Ëna ener-
geiakÏ qàsma na diaqwr–zei tic kateilhmmËnec apÏ tic kenËc katastàseic (Ïpwc
se Ëna monwt†). T∏ra mporo‘me na or–soume mia omal† paramÏrfwsh san mia
paramÏrfwsh pou den kle–nei to energeiakÏ qàsma. 'Etsi se aut† thn klàsh
isodunam–ac ja an†koun Ïloi oi monwtËc kai oi hmiagwgo–. Wc ekprÏswpo thc
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Sq†ma 2.2: (a,b,c) h monwtik† katàstash (d,e,f) IQHS
(a) Ënac atomikÏc monwt†c (b) h sqËsh diasporàc gia Ënan

monwt† (c) klàsh isodunam–ac sfa–rac g = 0
(d) kuklotronik† k–nhsh twn e� (e) ta ep–peda Landau
(f) klàsh isodunam–ac tÏrou g = 1 (apÏ [13])

klàshc jewro‘me to << kenÏ >> pou Ïpwc xËroume apÏ thn sqetikistik† jew-
r–a tou Dirac, h enËrgeia tou keno‘ br–sketai se Ëna energeiakÏ qàsma kai
diaqwr–zei ta swmat–dia apÏ ta antiswmat–dia. 'Ena endiafËron er∏thma pou
mporo‘me na rwt†soume loipÏn e–nai an upàrqoun àllec klàseic isodunam–ac.

2.1.1 Kbantik† Katàstash Hall

H apànthsh e–nai katafatik† kai ta parade–gmata e–nai pragmatikà entupw-
siakà. To pio aplÏ ek twn opo–wn e–nai to akËraio kbantikÏ fainÏmeno Hall
(IQHE), to opo–o prok‘ptei Ïtan hlektrÏnia periorismËna stic 2D topojeto-
‘ntai se isqurÏ magnhtikÏ ped–o.
Klasikà ta hlektrÏnia ja akolouj†soun kuklikËc troqiËc mËsa sto 2D

ulikÏ lÏgw tou magnhtiko‘ ped–ou. An antimetwp–soume to s‘sthma kbantomh-
qanikà oi troqiËc autËc kbant–zontai. Ta energeiakà ep–peda twn kbantismËnwn
troqi∏n (ep–peda Landau) pa–rnoun diakritËc timËc:

E
n

= ~!
c

(n+ 1/2) (2.1)

Ïpou !
c

= eB/m h kuklotronik† suqnÏthta. An N ep–peda e–nai katei-
lhmmËna tÏte Ëna energeiakÏ qàsma diaqwr–zei ta kenà apÏ ta kateilhmmËna
ep–peda, Ïpwc se Ëna monwt†. Se ant–jesh me Ëna monwt† Ïmwc, Ïtan efar-
mÏsoume Ëna hlektrikÏ ped–o oi troqiËc olisja–noun kai Ëqoume thn emfànish
re‘matoc sto 2D ulikÏ, to ulikÏ qarakthr–zetai apÏ thn apÏ thn kbantismËnh
agwgimÏthta Hall:

�
xy

= N
e2

h
. (2.2)
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H kbàntwsh tou �
xy

Ëqei metrhje– me akr–beia 9 shmantik∏n yhf–wn. H
tromer† akr–beia e–nai sunËpeia tou topologiko‘ qarakt†ra thc agwgimÏthtac
Hall.
Gia ta ep–peda Landau mporo‘me na or–soume mia dom† zwn∏n. O trÏpoc

pou g–netai autÏ e–nai na or–soume mia stoiqei∏dh kuyel–da me epifàneia A =
2⇡~c/eB. 'Etsi oi genn†torec twn metatop–sewn metat–jentai, Ïpote to je-
∏rhma tou Bloch mac epitrËpei na onomat–soume tic katastàseic bàsei tou
kumatarijmo‘ touc ~k. Exasfal–zontac Ïti to dunamikÏ Ëqei thn –dia periodi-
kÏthta me thn stoiqei∏dh kuyel–da pou or–same, br–skoume Ïti ta energeiakà
ep–peda ja diaspe–rontai san sunàrthsh tou ~k. AutÏ odhge– se mia dom† zw-
n∏n tautÏshmh me aut†n enÏc monwt†. OpÏte pwc prok‘ptei h diaforà metax‘
enÏc monwt† kai enÏc uliko‘ sto opo–o Ëqoume ro† re‘matoc pou perigràfetai
apÏ thn kbantismËnh agwgimÏthta Hall 2.2;
H apànthsh dÏjhke sth dhmos–eush twn Thouless, Kohmoto, Nightingale

kai den Nijs(TKNN) [18] kai Ëqei na kànei me thn topolog–a. Mia 2D sqËsh
diasporàc apotele–tai apÏ Ëna qàrth apÏ thn krustallik† orm† ~k pou or–ze-
tai se Ëna tÏro (periodikËc sunoriakËc sunj†kec) se mia Qamiltonian† Bloch
H(~k). 'Opwc e–pame mporo‘me na or–soume topologikËc klàseic isodunam–ac,
jewr∏ntac san isod‘namec tic H(~k) oi opo–ec mporo‘n na paramorfwjo‘n me
suneq† trÏpo qwr–c na kle–noun to energeiakÏ qàsma. AutËc oi klàseic qa-
rakthr–zontai apÏ Ënan akËraio arijmÏ n pou kale–tai << anallo–wto Chern >>
(Chern invariant). Gia na katalàboume diaisjhtikà to anallo–wto Chern ja
do‘me pwc or–zetai mËsa apÏ thn fàsh Berry (Berry Phase), pou sqet–zetai
me thn sunàrthsh Bloch |u

m

(~k)i. 'Otan to ~k diatrËqei Ënan kleistÏ brÏgqo h
|u

m

(~k)i pa–rnei mia kalà kajorismËnh fàsh Berry pou d–netai apÏ thn sqËsh:

�
B

=

I
ihu

m

(~k)| ~r
k

|u
m

(~k)idk (2.3)

ApÏ to je∏rhma tou Stokes mporo‘me na ekfràsoume thn fàsh Berry san
epifaneiakÏ olokl†rwma thc kampulÏthtac Berry:

F
m

= ~r⇥
⇥
ihu

m

(~k)|~r
k

|u
m

(~k)i
⇤

(2.4)

OpÏte

�
B

=

Z

S

F
m

d2k (2.5)

To anallo–wto Chern e–nai h olik† ro† thc kampulÏthtac Berry F
m

sthn
z∏nh Brillouin ajroizÏmeno pànw se Ïlec tic kateilhmmËnec z∏nec

n =

NX

m=1

n
m

=

NX

m=1

1

2⇡

Z

B.Z

F
m

d2k (2.6)

Ïpou kàje n
m

e–nai Ënac kbantismËnoc akËraioc. Oi TKNN Ëdeixan Ïti to
N sthn 2.2 e–nai to –dio me to n sthn 2.6. To opo–o katadeikn‘ei ton topologikÏ
qarakt†ra thc agwgimÏthtac Hall.



2.1. Topologik† Jewr–a Zwn∏n 11

Sq†ma 2.3: H sqËsh diasporàc gia to grafËnio kontà se Ëna
apÏ ta shme–a Dirac. Aristerà qwr–c kai dexià me energeiakÏ

qàsma (apÏ [12]).

2.1.2 To montËlo tou Haldane

'Ena aplÏ paràdeigma tou kbantiko‘ fainomËnou Hall se mia jewr–a zwn∏n
parËqei to montËlo tou grafen–ou se Ëna periodikÏ magnhtikÏ ped–o to opo–o
eis†gage o Haldane [9]. Estiàzoume se autÏ to paràdeigma giat– parËqei tic
basikËc idËec p–sw apÏ ton <<2D sp–n-kbantikÏ Hall monwt†>>. Ep–shc to mo-
ntËlo Haldane qrhsimopoie–tai san bàsh gia thn montelopo–hsh topologik∏n
monwt∏n kai topologik∏n hmimetàllwn Weyl pou apotelo‘n thn jewrhtik†
jemel–wsh aut†c thc diplwmatik†c.
To grafËnio ofe–lei tic entupwsiakËc hlektronikËc tou idiÏthtec sto ge-

gonÏc Ïti h z∏nh agwgimÏthtac kai h z∏nh sjËnouc akoumpàne h mia thn àllh
se d‘o diaforetikà shme–a sth z∏nh Brillouin, ta legÏmena shme–a Dirac.
To pio aplÏ montËlo tou grafËniou qrhsimopoie– d‘o montËla zwn∏n gia

ta p
z

troqiakà gia ta d‘o isod‘nama àtoma sthn monadia–a kuyel–da tou grafe-
n–ou. H qamiltonian† Bloch e–nai Ënac 2⇥2 p–nakac kai d–netai apÏ to eswterikÏ
ginÏmeno,

H(~k) = ~h(~k) · ~� (2.7)

Ïpou ~h(~k) = (h
x

(~k), h
y

(~k), 0) kai ~� = (�
x

,�
y

,�
z

) oi p–nakec Pauli. O
lÏgoc pou h

z

(~k) = 0 e–nai Ïti o sundiasmÏc thc isotim–ac (P) kai thc summe-
tr–ac qrÏnou (T ) prËpei na af†noun thn qamiltonian† anallo–wth, opÏte

h
z

(~k) = T Ph
z

(~k) = T
⇥
� h

z

(�~k)
⇤
= �h

z

(~k) (2.8)

kai àra h
z

= 0. Sto grafËnio Ëqoume d‘o shme–a Dirac sta shme–a ~K kai
� ~K. 'Otan o kumatarijmÏc br–sketai kontà sthn perioq† tou K, k = K + q
Ïpou q mikrÏ, Ëqoume Ïti h(~q) = ~�

F

~q, Ïpou �
F

h taq‘thta Fermi, Ëtsi h
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H(~q) = ~�
F

~q · ~� (2.9)

Ëqei thn morf† miac 2D qamiltonian†c Dirac (eik. 2.3, aristerà). O ekfu-
lismÏc sta shme–a Dirac prostate‘etai apÏ tic summetr–ec P kai T kai gia na
ton àroume prËpei na tic spàsoume. An spàsoume thn P tÏte epitrËpoume na
Ëqoume h

z

(~k) 6= 0. An h h
z

(~k) e–nai mikr†, tÏte kontà sto K h qamiltonian†
mac apoktà màza

H(~q) = ~�
F

~q · ~� + �
z

m, (2.10)

Ïpoum = h
z

( ~K) kai àra h sqËsh diasporàc g–netaiE(~q) = ±
p
|~�

F

~q|2 +m2

(eik. 2.3, dexià). Shmei∏noume Ïti h summetr–a T (pou den Ëqei spàsei) mac
upoqre∏nei na Ëqoume thn –dia màza sto diametrikÏ shme–o K'

h
z

(K 0) = m0 = m, (2.11)

h katàstash aut† qarakthr–zei Ëna sunhjismËno monwt†.
O Haldane [9] fantàsthke ti ja ginÏtan an spàsoume mÏno thn summetr–a

T . AutÏ mpore– na g–nei mËsw enÏc magnhtiko‘ ped–ou pou Ëqei thn summetr–a
tou plËgmatoc kai Ëqei mËsh tim† mhdËn. Aut† h diataraq† d–nei màza sth
Qamiltonian† Ïpwc kai prin. ParÏla autà h summetr–a P upoqre∏nei tic h

z

( ~K)
kai h

z

( ~K 0) na Ëqoun ant–jeto prÏshmo

h
z

(K 0) = m0 = �m = h
z

(K), (2.12)

O Haldane Ëdeixe Ïti aut† h katàstash, parÏlo pou parousiàzei energeia-
kÏ qàsma, den e–nai monwt†c allà mia kbantik† katàstash Hall me �

xy

= e2/h.
H mh-mhdenik† agwgimÏthta Hall mpore– na g–nei katanoht† sta pla–sia tou

anallo–wtou Chern. H 2.6 gia thn Qamiltonian† 2.10 pa–rnei thn morf†

n =
1

4⇡

Z
d2k
�
@
k

x

ĥ⇥ @
k

y

ĥ
�
· ĥ (2.13)

Ïpou ĥ =
~

h(~k)

|~h(~k)|
to monadia–o diànusma. To n metràei pÏsec forËc to ĥ

diatrËqei mia sfa–ra san sunàrthsh tou ~k (mac kajor–zei thn topolog–a thc
ĥ). 'Otan m = m0 = 0 h ĥ br–sketai ston ishmerinÏ thc sfa–rac (h

z

= 0)
kai gia ta 2 shme–a Dirac Ëqoume mia peristrof† me ant–jeth forà, opÏte to
sunolikÏ apotËlesma e–nai mhdËn. Gia mikrà m, h h 6= 0 panto‘, h ĥ pernàei
apÏ ton bÏreio † nÏtio pÏlo anàloga me to prÏshmo thc màzac. Prok‘ptei Ïti
kàje shme–o Dirac sumbàlei katà ±e2/2h sthn �

xy

. Sthn monwtik† katàstash
m = m0 kai oi sumbolËc allhloanairo‘ntai. Sthn kbantik† katàstash Hall,
m = �m0 kai àra �

xy

= e2/h.
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Sq†ma 2.4: Sth diepifàneia enÏc monwt† kai miac kbantik†c
katàstashc Hall dhmiourgo‘ntai ag∏gimec katastàseic. (a)
h qeirÏmorfh f‘sh twn katastàsewn (b) H hlektronik† dom†
sto montËlo Haldane. H monadik† oriak† katàstash sundËei
thn z∏nh sjËnouc me thn z∏nh agwgimÏthtac (apÏ [13]).

2.1.3 OriakËc Katastàseic kai h Antistoiq–a Eswteriko‘-SunÏrou

Ti ja sumbe– sth diepifàneia d‘o ulik∏n me diaforetik† topolog–a; H a-
pànthsh e–nai entupwsiak†. Ja Ëqoume thn dhmiourg–a ag∏gimwn qeirÏmorfwn
katastàsewn, enno∏ntac Ïti ja Ëqoume ro† fort–ou mÏno katà mia kate‘jun-
sh. AutËc oi katastàseic, den ephreàzontai apÏ atËleiec kaj∏c oi atËleiec
apotelo‘n diataraqËc pou den allàzoun thn topolog–a twn ulik∏n.
FantazÏmaste thn diepifàneia enÏc 2D krustàllou Ïpou stadiakà Ëqoume

thn allag† apÏ thn kbantik† katàstash Hall (n = 1) sthn monwtik† katàsta-
sh (n = 0).
Mia apl† jewr–a gia tic qeirÏmorfec sunoriakËc katastàseic prok‘ptei

apÏ to montËlo d‘o zwn∏n tou Dirac 2.10. Gia na montelopoi†soume thn
allag† sthn topolog–a, jewro‘me Ïti h m0 Ëqei stajer† tim† en∏ h m allàzei
san sunàrthsh tou y, m = m(y). 'Etsi gia m(y > 0) > 0 h monwtik†
katàstash kai m(y < 0) < 0 h kbantik† katàstash Hall. L‘nontac thn
ex–swsh enËrgeiac 2.10 br–skoume thn komy† l‘sh

 
q

x

(x, y) / eiqxxe
�

R
y

0 dy

0 m(y0)
�

F

✓
1
1

◆
(2.14)

me E(q
x

) = ~�
F

q
x

. Aut† h sqËsh diasporàc tËmnei thn enËrgeia Fermi E
F

me jetik† taq‘thta omàdac dE

dq

x

= ~�
F

kai or–zei mia dexiÏstrofh sunoriak†
katàstash.
Allàzontac thn Qamiltonian† kontà sthn epifàneia allàzoun kai oi sqËseic

diasporàc twn ag∏gimwn sunoriak∏n katastàsewn. Gia paràdeigma mporo‘me
na allàxoume thn E(q

x

) ∏ste na tËmnei treic forËc thn epifàneia Fermi (d‘o
forËc me jetik† taq‘thta omàdac kai mia me arnhtik†). H diaforà N

R

� N
L

metax‘ twn dexiÏstrofwn kai aristerÏstrofwn katastàsewn den allàzei kai
kat' akr–beia kajor–zetai apÏ thn topolog–a twn d‘o topologik∏n katastàse-
wn. SugkekrimËna

N
R

�N
L

= �n (2.15)

Ïpou �n h diaforà twn arijm∏n Chern sthn diepaf†. H sqËsh 2.15 o-
nomàzetai Antisto–qish Eswteriko‘-SunÏrou (Bulk-Edge Correspondence)
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kaj∏c sundËei thn ag∏gimh qeirÏmorfh sunoriak† katàstash me thn topolo-
g–a twn eswterik∏n katastàsewn.

2.2 TopologikÏc Monwt†c Z2

'Opwc e–dame gia na katal†xoume se mia mh tetrimmËnh topologik† katàstash
ja prËpei na spàsoume thn summetr–a antistrof†c qrÏnou (T ). ParÏla au-
tà an jewr†soume swmat–dia me sp–n, h allhlep–drash sp–n-troqiako‘ odhge–
thn topologik† katàstash se mia diaforetik† klàsh monwtik†c dom†c zwn∏n
[5]. Gia na katalàboume pwc prok‘ptei aut† h diaforetik† klàsh prËpei na
exetàsoume to rÏlo thc summetr–ac T se swmat–dia me sp–n 1/2.
H summetr–a T mpore– na ekproswphje– apÏ ton telest†:

T = ei⇡Sy

/~K (2.16)

Ïpou K o telest†c migadik†c suzug–ac. Gia swmat–dia me sp–n 1/2 o tele-
st†c T Ëqei thn idiÏthta T 2 = �1. H idiÏthta aut† odhge– se Ëna endiafËron
periorismÏ gnwstÏ wc je∏rhma Kramers. An jewr†soume mia Qamiltonian†
anallo–wth wc proc thn antistrof† tou qrÏnou, enÏc swmatid–ou me sp–n 1/2.
Oi idiÏkatastàseic | i kai T | i ja Ëqoun thn –dia enËrgeia. To je∏rhma ek-
fulismo‘ tou Kramers mac lËei Ïti autËc oi d‘o katastàseic e–nai diaforetikËc
opÏte Ëqoume diplÏ ekfulismÏ. Pràgmati, Ëstw Ïti e–nai –diec katastàseic tÏte
T | i = ei�| i, opÏte

�| i = T 2| i = Tei�| i = ei⇡Sy

/~Kei�| i = e�i�T | i = | i (2.17)

àtopo, afo‘ | i 6= 0. Sth parous–a allhlepidràsewn sp–n-troqiako‘ o
ekfulismÏc Kramers Ëqei shmantikËc sunËpeiec.
Mia T anallo–wth Qamiltonian† Bloch prËpei na ikanopoie– thn sqËsh

T H(k)T �1 = H(�k) (2.18)

T∏ra jËloume na kathgoriopoi†soume mÏno tic QamiltonianËc pou ikano-
poio‘n thn 2.18 ∏ste isod‘namec na jewro‘ntai oi QamiltonianËc pou mporo‘n
na paramorfwjo‘n omalà qwr–c na kle–noun to energeiakÏ qàsma. To anal-
lo–wto Chern e–nai n = 0(de–xame prin Ïti h summetr–a T sunepàgetai m = m0

kai àra n = 0). ParÏla autà upàrqei akÏma mia anallo–wth posÏthta n, h o-
po–a mpore– na pàrei tic timËc ⌫ = 0, 1 [5]. Gia na katalàboume pwc prok‘ptoun
autËc oi d‘o klàseic prËpei na strËyoume thn prosoq† mac sthn Antistoiq–a
Eswteriko‘-SunÏrou.
Sthn eikÏna 2.5 fa–nontai oi sunoriakËc katastàseic enÏc T anallo–wtou

2D monwt†. Gia ta shme–a �
a

= 0 kai �
b

= ⇡/a Ëqoume Ïti k = �k, opÏte
apÏ to je∏rhma Kramers ja Ëqoume d‘o diaforetikËc katastàseic se autà ta
shme–a. Makrià apÏ autà ta shme–a h allhlep–drash sp–n-troqiako‘ a–rei ton
ekfulismÏ. T∏ra upàrqoun d‘o trÏpoi gia na sundËsoume ta shme–a �

a

kai �
b

.
Sthn eik. 2.5(a) sundËontai anà ze‘gh. Se aut† thn per–ptwsh parathro‘me
Ïti h E

F

tËmnetai zugÏ arijmÏ for∏n. Aut† h katàstash e–nai topologikà



2.3. Topologikà HmimËtalla Weyl 15

Sq†ma 2.5: SqËseic diasporàc metax‘ d‘o sunoriak∏n ekfu-
lismËnwn shme–wn Kramer �

a

= 0 kai �
b

= ⇡/a. (a) zugÏc
arijmÏc shme–wn pou tËmnetai h E

F

(b) perittÏc arijmÏc sh-
me–wn pou odhge– se topologikà prostateumËnec metallikËc

sunoriakËc katastàseic (apÏ [13]).

isod‘namh me thn monwtik† katàstash(katàstash keno‘). Ant–jeta sthn eik.
2.5(b) oi sunoriakËc katastàseic den mporo‘n na paramorfwjo‘n omalà sthn
katàstash tou keno‘ kai parathro‘me Ïti tËmnoun thn E

F

perittÏ arijmÏ
for∏n. Shmei∏noume Ïti kai stic d‘o peript∏seic h katàstash k Ëqei thn –dia
enËrgeia me thn katàstash �k.
To poià apÏ autËc tic d‘o peript∏seic ja prok‘yei Ëqei na kànei me thn

topologik† klàsh tou uliko‘. LÏgw tou ekfulismo‘ an h sunoriak† katàstash
tËmnei thn E

F

sto k
x

ja thn tËmnei kai sto �k
x

. An sumbol–soume N
K

autà ta
ze‘gh, tÏte h Antistoiq–a Eswteriko‘-SunÏrou sundËei to N

K

me thn diaforà
twn Z2 anallo–wtwn twn d‘o ulik∏n.

N
K

= �⌫ mod 2 (2.19)

2.3 Topologikà HmimËtalla Weyl

'Opwc e–dame oi topologiko– monwtËc parousiàzoun energeiakÏ qàsma metax‘
z∏nhc sjËnouc kai z∏nhc agwgimÏthtac sto eswterikÏ touc. ParÏla autà u-
pàrqoun ag∏gimec epifaneiakËc katastàseic oi opo–ec prostate‘ontai apÏ thn
topolog–a. Ta teleuta–a qrÏnia oi ereunhtËc Ëdeixan pwc aut† h antistoiq–a
eswteriko‘-sunÏrou mpore– na sumbe– kai Ïtan den upàrqei energeiakÏ qàsma,
sugkekrimËna Ïtan h z∏nh agwgimÏthtac kai h z∏nh sjËnouc akoumpàne se
Ëna mh-ekfulismËno shme–o [20]. Gia na e–nai topologikà mh tetrimmËnh aut†
h tuqa–a epaf† metax‘ z∏nhc sjËnouc kai agwgimÏthtac, ja prËpei h summe-
tr–a antistrof†c qrÏnou (T ) † h summetr–a antistrof†c q∏rou (P) na Ëqoun
spàsei[4].
H dom† zwn∏n enÏc TWS (TopologikÏ HmimËtallo Weyl - Topological

Weyl Semimetal) kontà sto shme–o epaf†c mpore– na perigraf† apÏ thn Qa-
miltonian†

H = ±~�
F

~� · ~k. (2.20)

H Qamiltonian† aut† e–nai tautÏshmh me aut†n thc ex–swshcWeyl sth fu-
sik† stoiqeiwd∏n swmatid–wn, pou perigràfei qeirÏmorfa fermiÏnia d‘o stoi-
qe–wn. To prÏshmo mprostà sth Qamiltonian† qarakthr–zei tic d‘o diaforeti-
kËc qeiromorf–ec pou mpore– na parousiàsei to fermiÏnio Weyl. Opoiad†pote
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Sq†ma 2.6: ProteinÏmenh diàtaxh hmimetàllou Weyl. Ta
skiasmËna ep–peda e–nai sunhjismËnoi monwtËc en∏ to àspra
e–nai topologiko– monwtËc. Ta bËlh de–qnoun thn kate‘junsh

magn†tishc(apÏ [2]).

Sq†ma 2.7: Ta m,�s e–nai paràmetroi thc Qamiltonian†c kai
h agwgimÏthta metriËtai se monàdec e

2

h

. 'Otan m

�s

< 0.2 tÏte
�
xy

= 0 kai to ulikÏ br–sketai sthn monwtik† katàstash.
'Otan m

�s

< 1.8 tÏte �
xy

= 1 to ulikÏ br–sketai sthn an∏ma-
lh katàstash Hall. H endiàmesh katàstash e–nai aut† tou

hmimetàllou Weyl(apÏ [2]).

diataraq† ja metatop–sei to shme–o epaf†c allà den ja to diaspàsei. Aut†
h diap–stwsh Ërqetai se ant–jesh me thn Qamiltonian† thc paragràfou 2.1.2
pou perigràfei to grafËnio. Sthn per–ptwsh tou grafen–ou to spàsimo thc T
† thc P odhge– sth dhmiourge–a energeiako‘ qàsmatoc[2].
H jewr–a mac lËei Ïti ta shme–a epaf†c prËpei na emfan–zontai se ze-

‘gh ant–jethc qeiromorf–ac kai Ëtsi na allhlokatastrËfontai. 'Otan Ïmwc
spàsoume thn summetr–a T † thn P ta fermiÏnia Weyl diaqwr–zontai ston
q∏ro twn orm∏n kai jewr∏ntac Ïti h summetr–a metatÏpishc suneq–zei na i-
sq‘ei ta swmat–dia e–nai topologikà stajerà. 'Eqontac spàsei mia ek twn d‘o
summetri∏n, oi diaqwrismËnoi plËon kÏmboi Weyl leitourgo‘n san phg† kai
katabÏjra kampulÏthtac Berry.
Ta hmimËtalla Weyl emfan–zontai se isqur∏c susqetismËna magnhtikà u-

likà Ïpwc Y2Ir2O7 [20]. En∏ oi [2], Ëdeixan Ïti mporo‘me na ta montelopoi-
†soume mËsw miac poluep–pedhc dom†c pou apotele–tai apÏ f‘lla monwt† kai
topologiko‘ monwt† 2.6.
E–nai axioshme–wto Ïti ta TWS apotelo‘n Ëna e–doc endiàmeshc katàsta-

shc metax‘ thc topologik†c katàstashc enÏc koino‘ monwt† kai thc an∏ma-
lhc kbantik†c katàstashc Hall (QAHE - Quantum Anomalous Hall Effect).
Aut† h an∏malh katàstash apotele– thn Ëkfansh tou fainomËnou Hall se
ferromagnhtikà ulikà Ïpou kai pàli h agwgimÏthta Hall Ëqei thn kbantismËnh
tim† �

xy

= e

2

h

[6].
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Me ton Ïro endiàmesh katàstash ennoo‘me Ïti h agwgimÏthta Hall exar-
tàtai apÏ thn apÏstash twn kÏmbwnWeyl sto q∏ro twn orm∏n (jum–zoume Ïti
oi k∏noi diaqwr–zontai metà to spàsimo thc summetr–ac antistrof†c qrÏnou).
AutÏ den isq‘ei sthn monwtik† katàstash, Ïpou Ëqoume Ïti �

xy

= 0. Sthn
kbantik† an∏malh katàstash Hall Ëqoume �

xy

= e

2

h

(blËpe eik. 2.7). Sugke-
krimËna gia b = 0 (monwtik† katàstash) emfan–zetai Ëna ekfulismËno shme–o
Dirac. Sthn sunËqeia kaj∏c to b > 0 to shme–o autÏ spàei se d‘o m†-
ekfulismËnouc kÏmbouc (fàsh hmimetàllou Weyl) h apÏstash twn kÏmbwn
kajor–zei thn agwgimÏthta Hall �

xy

. Auxànontac peraitËrw thn paràmetro m
oi d‘o mh-ekfulismËnoi kÏmboi sunantio‘ntai sto kËntro thc z∏nhc Brillouin
(~k = 0 ) Ïpou kai allhloanairo‘ntai, odhg∏ntac to ulikÏ sthn kbantik† a-
n∏malh katàstash Hall.
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Kefàlaio 3

Montelopo–hsh Lept∏n Umen–wn
Topologik∏n Ulik∏n

Se aut† thn enÏthta ja melet†soume montËla topologik∏n ulik∏n se gew-
metr–a lept∏n umen–wn. O lÏgoc pou estiàzoume se umËnia Ëgkeitai sto Ïti
tËtoiec gewmetr–ec e–nai pio pijanÏ na qrhsimopoihjo‘n se efarmogËc, Ïpwc
TFETs (Tunnel field-effect transistors) [17]. EpiplËon h qr†sh umen–wn mac
odhge– se Ëntonh exàrthsh twn idiot†twn apÏ to pàqoc touc kai Ëtsi rujm–zo-
ntac to, mporo‘me na enisq‘soume ta optikà fainÏmena pou parousiàzoun ta
topologikà ulikà.

3.1 To montËlo thc Qamiltonian†c Haldane

Mporo‘me na prosomoi∏soume Ëna umËnio apÏ topologikÏ monwt† jewr∏ntac
d‘o metallikËc epifàneiec kai sto endiàmeso Ëna dihlektrikÏ [19]. Oi metalli-
kËc epifàneiËc ja metafËroun elikoeid† oione–-swmat–dia pou ja qaràkthr–zo-
ntai apÏ thn Qamiltonian† Haldane [9]:

H = (�1)s~�
F

~� · ~k +��
z

(3.1)

Ïpou ~k = (k
x

, k
y

, 0) kai ~� = (�
x

,�
y

,�
z

) oi p–nakec tou Pauli pou energo‘n
stouc bajmo‘c eleujer–ac tou sp–n. O de–kthc s = 0, 1 anafËretai sthn pànw
(1) kai kàtw (0) epifàneia kai Ëqei ant–jeto prÏshmo giat– jËloume ta re‘mata
na Ëqoun ant–jeth forà. H epirro† miac diataraq†c pou spàei thn summetr–a
T metafràzetai ston Ïro màzac ��

z

o opo–oc ano–gei Ëna energeiakÏ qàsma
sto shme–o Dirac.
Jewro‘me t∏ra Ëna hlektromagnhtikÏ ped–o to opo–o prosp–ptei kàjeta

sthn topologik† metallik† epifàneia kai epàgei re‘mata sthn pànw kai kàtw
epifàneia tou topologiko‘ monwt† me epifaneiak† puknÏthta:

Sq†ma 3.1: Montelopo–hsh Topologiko‘ Monwt†(apÏ [8])
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~J = � ~E (3.2)

Ïpou s o tanust†c agwgimÏthtac. H hlektrik† antapÏkrish thc epifàneiac
tou topologiko‘ monwt† mpore– na breje– qrhsimopoi∏ntac th kbantik† kinh-
matik† ex–swsh[19]:

@f (1)
k

@t
+ e ~E · @f

(0)
k

@k
+ i(�~⌧ · ~k +��

z

, f (1)
k

) = 0 (3.3)

l‘nontac thn mporo‘me na bro‘me thn epifaneiak† puknÏthta fort–ou

~J = eTr
X

k

e
@H
@~k

f (1)
k

(3.4)

h 3.4, mac d–nei ton guroskopikÏ tan‘sth agwgimÏthtac

� =

0

@
�R
xx

+ i�I
xx

�
�
�R
xy

+ i�I
xy

�
0

�R
xy

+ i�I
xy

�R
xx

+ i�I
xx

0

0 0 �R
xx

+ i�I
xx

1

A (3.5)

Ïpou ta stoiqe–a tou d–nontai apÏ tic sqËseic [19]

�R
xx

=
e2

~


✓(|µ

F

|� |�|) �(!)|4µ
F

|(µ
2
F

��2) +
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16

+
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F

|, |�|)
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�I
xx

=
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F

|� |�|)µ
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F

��2
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F

� �2
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✓
1

✏
c

� 1

max(|µ
F

|, |�|)

◆
+

1

16⇡

⇣
1 + 4

�

!

2⌘
f(!)

�

�I
xy

=
e2

~


�

4!
✓
�
! � 2max(|µ

F

|, |�|)
��
,

�R
xy

=
e2

~


�

4⇡!
f(!)

�

(3.6)

Ïpou ✓(x) h bhmatik† sunàrthsh, �(x) h sunàrthsh Dirac, µ
F

h enËrgeia
FËrmi (pou mpore– na prosarmoste– me prosm–xeic), ✏

c

h enËrgeia apokop†c thc
Qamiltonian†c tou Dirac kai

f(!) = ln

����
! + 2✏

c

! � 2✏
c

����� ln

����
! + 2max(|µ

F

|, |�|)
! � 2max(|µ

F

|, |�|)

���� (3.7)

Sthn eik. 3.2 fa–netai h exàrthsh twn stoiqe–wn tou tanust† agwgimÏthtac
(se monàdec ✏2/~) apÏ thn suqnÏthta. Gia mikrà w parathro‘me Ïti ta stoiqe–a
tou tanust† te–noun sto 0,ektÏc apÏ thn �R

xy

h opo–a Ïpwc Ëdeixan oi Wang-
Kong Tse, A. H. MacDonald [19] te–noun sthn tim†

�R
xy

=
↵

4⇡
(1� �

✏
c

) (3.8)
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Sq†ma 3.2: Ta stoiqe–a tou tanust† agwgimÏthtac san su-
nàrthsh tou w gia � = 0.06eV , µ

F

= 0.02eV kai ✏
c

=
0.175eV . Oi paràmetroi qarakthr–zoun ton topologikÏ mo-

nwt† Bi2Se3

Ïpou a h stajerà thc lept†c uf†c.

3.2 Qamiltonian† Dirac me Deuterobàjmia Diataraq†

T∏ra ja xekin†soume me mia Qamiltonian† gia fermiÏnia sthn epifàneia enÏc
topologiko‘ monwt† [23] thc morf†c,

H =
~2k2
2m

+ ~�
F

(k
x

�
y

� k
y

�
x

). (3.9)

O pr∏toc Ïroc d–nei thn kinhtik† enËrgeia enÏc fermion–ou màzac m, me te-
tragwnik† sqËsh diasporàc wc proc thn orm† (E / k2), en∏ o de‘teroc e–nai
o Ïroc Dirac pou perigràfei sqetikistikà swmat–dia me taq‘thta �

F

kai e–nai
katàllhloc gia na perigràyoume topologiko‘c monwtËc. 'Otan efarmÏsou-
me Ëna magnhtikÏ ped–o sthn katËujunsh z (kàjeta dhlad† sth k–nhsh twn
fermion–wn), h Qamiltonian† pa–rnei thn morf†,

H =
~2|� ı~r+ e ~A/~|2

2m
+ ↵

⇥
(�ı@

x

+ eA
x

/~)�
y

� (�ı@
y

+ eA
y

/~)�
x

⇤

(3.10)

Ïpou ~A to dianusmatikÏ dunamikÏ kai or–same ↵ = ~�
F

. EpilËgontac thn
bajm–da Landau, opÏte ~A = (0, Bx̂) br–skoume Ïti:

H =
~2
⇥
(�ı@

x

)2 + (�ı@
y

+ eB ˆx/~)2
⇤

2m
+ ↵

⇥
(�ı@

x

)�
y

� (�ı@
y

+ eBx̂/~)�
x

⇤

(3.11)

Or–zoume t∏ra touc telestËc dhmiourg–ac kai katastrof†c wc ex†c:
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a† =
l
Bp
2

⇥
� @

x

+
(x+ x0)

l
B

⇤

a =
l
Bp
2

⇥
@
x

+
(x+ x0)

l
B

⇤ (3.12)

Ïpou to magnhtikÏ m†koc l
B

=
q

~
e|B| kai x0 = k

y

l2
B

. H ex–swsh 3.11
g–netai:

H =
~2[a†a+ 1/2]

ml
B

✓
1 0
0 1

◆
�

p
2↵

l
B

✓
0 a
a† 0

◆
(3.13)

TËloc an prosjËsoume Ëna Ïro Zeeman (D) h Qamiltonian† pa–rnei thn
telik† morf†:

H =

 ~2[a†a+1/2]
ml

B

+�
p
2↵
l

B

a
p
2↵
l

B

a† ~2[a†a+1/2]
ml

B

��

!
(3.14)

Diagwnopoi∏ntac thn Qamiltonian† br–skoume tic idiÏkatastàseic oi opo–ec
apotelo‘n mia m–xh tou sp–n pànw N � 1 epipËdou Landau (|N � 1i ") kai tou
sp–n kàtw N epipËdou Landau (|Ni #), kai to sumbol–zoume me:

|N, si =
✓
C",N,s

|N � 1i "
C#,N,s

|Ni #

◆
. (3.15)

'Opou gia aplÏthta jewr†same D=0, to s = ± qarakthr–zei tic jetikËc
kai arnhtikËc enËrgeiakËc katastàseic ant–stoiqa. Oi idiÏenËrgeiec e–nai:

E
N,s

=
~2N
ml2

B

+ s

s
~

2ml2
B

2

+
2N↵

l2
B

(3.16)

opÏte gia N = 0 br–skoume Ïti

E
N=0 =

~2
2ml2

B

=
~e|B|
m

(3.17)

H enËrgeia E0 e–nai h kinhtik† enËrgeia pou proËrqetai apÏ ton tetragw-
nikÏ Ïro thc Qamiltonian†c. En∏ h enËrgeia E0

0 = ~�
F

l

B

proËrqetai apÏ thn
suneisforà tou grammiko‘ Ïrou (Dirac) sthn Qamiltonian†. 'Etsi mporo‘me
na or–soume Ëna mËtro pou mac lËei pÏso megàlh e–nai h suneisforà thc dia-
taraq†c sthn Qamiltonian† mac. Or–zoume loipÏn thn posÏthta P san:

P =
E0

0

E0

2

(3.18)

'Otan P ! 1 pa–rnoume thn Qamiltonian† tou topologiko‘ monwt† kai
Ïtan P ! 0 pa–rnoume th Qamiltonianh enÏc tou elËujerou swmatid–ou. Gia
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Sq†ma 3.3: Sqhmatik† anaparàstash tou k∏nou Dirac me
kËntro to shme–o G thc z∏nhc Brillouin. O pànw k∏noc
antistoiqe– sth z∏nh agwgimÏthtac en∏ o kàtw k∏noc (pou
Ëqei sq†ma kley‘drac) antistoiqe– sth z∏nh sjËnouc (apÏ

[23]).

ulikà pou apotelo‘n topologiko‘c monwtËc Ïpwc Bi2Te3 br–skoume m↵

2

2~2 =
0.048eV kai eB�2

F

~ = 1.2⇥10�4eV 2 gia magnhtikÏ ped–o 1T. H energÏc màza
twn hlektron–wn sto Bi2Te3 e–nai m = 0.09m

e

br–skoume Ïti P = 74.2 [7].
O kinhtikÏc Ïroc parËqei diÏrjwsh 8% gia N = 1, s = 1 kai aneba–nei mËqri
to 26% gia N = 10.
Se ant–jesh me thn Qamiltonian† tou topologiko‘ monwt† pou e–nai summe-

trik† wc proc tic jetikËc kai arnhtikËc enËrgeiec o tetragwnikÏc Ïroc diata-
raq†c spàei aut† th summetr–a. 'Opwc mporo‘me na do‘me h sqËsh diasporàc
gia thn diataragmËnh Qamiltonian† (sq†ma 3.3) Ëqei sq†ma k∏nou gia thn z∏nh
agwgimÏthtac, en∏ h z∏nh sjËnouc pa–rnei to sq†ma kley‘drac.
Gnwr–zontac tic idiÏkatastàseic kai idiÏenËrgeiec tou sust†matoc (exi-

s∏seic 3.15 kai 3.16) mporo‘me na bro‘me ton tanust† agwgimÏthtac enÏc
sust†matoc me ep–peda Landau apÏ ton t‘po tou Kubo

�
↵�

=
ı

!
lim
~q!0

⇧
↵�

(~q,!). (3.19)

H sunàrthsh polikÏthtac ⇧
↵�

(~q,!) d–netai apÏ thn sunàrthsh susqËtishc
re‘matoc-re‘matoc [14]

⇧
↵�

(~q,!) =
�1

V

Z
�

0
d⌧eı!n

⌧ hT
⌧

j
↵

(~q, ⌧)j
�

(�~q, 0)i (3.20)

Ïpou V o Ïgkoc kai o telest†c agwgimÏthtac ~j or–zetai wc:

~j = ��H
� ~A

= e�
F

~� (3.21)

oloklhr∏nontac kai pa–rnwntac to Ïrio q ! 0 sthn 3.19 br–skoume Ïti:

�
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=
�ı

2⇡l2
B

X

N.N

0
,s,s

0

f
N,s

� f
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0
,s

0

E
N,s

� E
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0
,s

0

hN, s|j
↵

|N 0, s0i hN 0, s0|j
�

|N, si
! � E

N,s

+ E
N

0
,s

0 + ı/2⌧ (3.22)

ta stoiqe–a tou dian‘smatoc ~j d–nontai apÏ tic sqËseic:
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Sq†ma 3.4: H �R
xx

(!) kai �I
xy

(!) me kai qwr–c màza. To u-
pÏloipo suqnÏthtac skËdashc � = 1

2⌧ = 15K, B = 1T kai
m = 0.09m

e

h energÏc màza sto Bi2Te3(apÏ [23]).

j
x

= e
⇥
ı
~
m

a† � ap
2l

B

I +
↵

~�y
⇤

J
y

= e
⇥ ~
m

a† + ap
2l

B

I � ↵

~�x
⇤ (3.23)

en∏ 1/2⌧ mikrÏ oloklhrwtikÏ upÏloipo (residual) pou qarakthr–zei th
suqnÏthta skËdashc kai f

N,s

= 1
e

�(!�µ)+1
h katanom† Fermi�Dirac.

Se ant–jesh me thn enÏthta 3.1 pou estiàsame sto stoiqe–o �R
xy

to opo–o
odhge– se diaforà fàshc sto dexiÏstrofo kai aristerÏstrofo k‘ma (ana-
kl∏meno kai diadidÏmeno) se aut† thn enÏthta ja estiàsoume sta stoiqe–a
�R
xx

kai �I
xy

tou tanust† agwgimÏthtac pou odhgo‘n se diaforetik† apor-
rÏfhsh gia to dexiÏstrofo kai aristerÏstrofo k‘ma. Qrhsimopoi∏ntac thn
3.22 br–skoume Ïti ta d‘o megËjh ja perigràfontai apÏ tic sqËseic [23]:
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�I
xy
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◆
= ± e2

2~
X

s

f0 � f1,s
E0 � E1,s

F (0, s)

H(o, s)
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⇥
�(~! � E0H(0, s))± �(~! + E0H(0, s))

⇤

± e2
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X
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N,s

� f
N+1,s0)

F (N, s, s0)

H(N, s, s0)
E0
⇥
�(~! � E0H(N, s, s0))± �(~! + E0H(N, s, s0))

⇤

(3.24)

Ïpou to prÏshmo (+) antistoiqe– sthn �R
xx

(!) kai to (-) sthn �I
xy

(!). Oi
sunart†seic H kai F or–sthkan wc ex†c:
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Sq†ma 3.5: Sqhmatik† anaparàstash tou q∏rou twn orm∏n
Ïpou fa–nontai oi kÏmboi Weyl (ant–jethc qeiromorf–ac) sta
shme–a ±~b. O mplË kÏmboc leitourge– san phg† kampulÏth-
tac Berry kai o kÏkkinoc san katabÏjra. Probàllontac touc
kÏmbouc stic epifàneiec tic z∏nhc Brillouin pa–rnoume ta le-

gÏmena <<TÏxa FËrmi>> (Fermi Arcs) (apÏ [14]).
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(3.25)

H grafik† paràstash twn �R
xx

(!) kai �I
xy

(!) gia peperasmËnh màza kai
mhdenik† màza 4.3 katadeikn‘ei pwc allàzei h sumperiforà tou tanust† agw-
gimÏthtac Ïtan prosjËtoume san diataraq† ton tetragwnikÏ Ïro.

3.3 Montelopo–hsh Lepto‘ Umen–ou apÏ TopologikÏ Hmime-
tàllo Weyl

Se aut† thn enÏthta ja do‘me pwc mporo‘me na or–soume mia Qamiltonian†
pou na perigràfei Ëna TWS kai qrhsimopoi∏ntac ton t‘po tou Kubo 3.19,
na bro‘me ton guroskopikÏ tanust† agwgimÏthtac �

↵�

= �R
↵�

+ �I
↵�

pou
perigràfei to umËnio.
Ja montelopoi†soume Ëna TWS pou Ëqei d‘o kÏmbouc Weyl ant–jethc

qeiromorf–ac sta shme–a ±~b = (0, 0, b) tou q∏rou twn orm∏n. 'Etsi h qamil-
tonian† gia qamhlËc enËrgeiec k < k

c

= !
c

(Ïpou k
c

, !
c

o kumatarijmÏc kai h
enËrgeia apokop†c ant–stoiqa) pa–rnei thn gnwst† grammik† morf†:

H = ±~�
F

~� · (~k ±~b) (3.26)

Qrhsimopoi∏ntac thn 3.20 br–skoume thn sunàrthsh susqËtishc re‘matoc-
re‘matoc
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Ïpou katà ta gnwstà V o Ïgkoc, 1/2⌧ Ëna mikrÏ oloklhrwtikÏ upÏloipo,
f(✏) h katanom† FËrmi kai o telest†c re‘matoc d–netai apÏ th sqËsh:

j
↵

= � �H
�A

↵

= ±e�
F

�
↵

(3.28)

Oi idiÏkatastàseic kai oi idiÏenËrgeiec upolog–zontai apÏ th sqËshH|~kii =
✏
i

(~k)|~kii Ïpou i = 1, 2 opÏte gia kàje kumatarijmÏ Ëqoume d‘o idiÏkata-
stàseic. Upolog–zoume thn sunàrthsh susqËtishc re‘matoc-re‘matoc Ïtan
h enËrgeia FËrmi br–sketai kontà stouc kÏmbouc Weyl gia enËrgeiec ✏ < ~!

c

kai br–skoume Ïti h diam†khc agwgimÏthta d–netai apÏ tic sqËseic:
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Shmei∏netai Ïti oiMehdi Kargarian, Mohit Randeria and Nandini Trive-
di [14] Ëdeixan Ïti o Ïroc sthn �I

xx

(!) pou e–nai anàlogoc tou 1
!

e–nai plasma-
tikÏc. Pràgmati jewr∏ntac thn Qamiltonian† plËgmatoc pou Ëqei san Ïrio
mikr∏n energei∏n thn 3.26 oi Ïroi 1

!

allhloanairo‘ntai pl†rwc tÏso sthn
diamagnhtik† Ïso kai sthn paramagnhtik† apÏkrish. 'Etsi mporo‘me na ton
agno†soume kai Ëqoume Ïti:
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Sto Ïrio twn qamhl∏n energei∏n br–skoume Ïti h egkàrsia agwgimÏthta
d–netai apÏ th sqËsh:
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(3.31)

Sthn enÏthta 2.3 anafËrame Ïti h agwgimÏthta Hall se Ëna topologikÏ
hmimËtallo Weyl exartàtai apÏ thn apÏstash twn kÏmbwn Weyl kai Ïpwc
blËpoume apÏ thn montelopo–hsh twn [14] h exàrthsh e–nai grammik† (�I

xy

(!) /
b).
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Sq†ma 3.6: H grafik† paràstash twn stoiqe–wn tou tanu-
st† agwgimÏthtac gia to hmimËtalloWeyl se monàdec e

2

~
1

nm

.
Jewro‘me tic paramËtrouc tou Bi2Se3, !c

= 0.175eV , �
F

=
5 · 105ms�1 kai b

kc
= 1

1.75 .
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Kefàlaio 4

OptikËc IdiÏthtec Lept∏n Umen–wn

Se autÏ to kefàlaio ja do‘me pwc prok‘ptoun oi optikËc idiÏthtec thc topo-
logik†c ‘lhc sthrizÏmenoi sthn montelopo–hsh twn Qamiltonian∏n tou kefa-
la–ou 3.

4.1 Gigantia–a FainÏmena Kerr kai FainÏmena Faraday se
Leptà UmËnia Topologik∏n Monwt∏n

'Otan to f∏c skedàzetai apo magnhtikà ulikà, stroform† metafËretai sto a-
nakl∏meno (fainÏmeno Kerr) kai sto diadidÏmeno k‘ma (fainÏmeno Faraday).
An ekfràsoume to hlektromagnhtikÏ k‘ma sth bàsh kuklikà polwmËnou fw-
tÏc, tÏte ta fainÏmena Kerr kai Faraday odhgo‘n sth dhmiourg–a sqetik†c
diaforàc fàshc sta d‘o dian‘smata bàshc (aristerÏstrofo kai dexiÏstro-
fo). To ep–pedo pÏlwshc tou fwtÏc strËfetai kai h gwn–a strof†c d–netai
apo th sqËsh:

✓
F

=
arg(Et

+)� arg(Et

�)

2

✓
K

=
arg(Er

+)� arg(Er

�)

2

(4.1)

'Opou to dexiÏstrofo(+) kai aristerÏstrofo(�) k‘ma or–sthkan apÏ tic
sqËseic:
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+ = Er,t
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+ ıEr,t

y

Er,t

� = Er,t

x

� ıEr,t
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(4.2)

Aut† h diaforà ston trÏpo pou allhlepidrà to hlektromagnhtiko k‘ma me
to ulikÏ (anàloga me thn qeiromorf–a tou) emfan–zetai Ëntona se ulikà Ïpwc
oi topologiko– monwtËc pou Ïpwc e–pame emfànizoun ag∏gimec qeirÏmorfec
katastàseic (eik. 2.4).
O tanust†c agwgimÏthtac thc Qamiltonian†c Haldane 3.1 Ëqei thn guro-

skopik† morf†:
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@
�
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0
�
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�
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xx
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A (4.3)
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Sq†ma 4.1: Ta stoiqe–a tou tanust† agwgimÏthtac san su-
nàrthsh tou w gia � = 0.06eV , µ

F

= 0.02eV kai ✏
c

=
0.175eV . Oi paramËtroi qarakthr–zoun ton topologikÏ mo-

nwt† Bi2Se3

Ïpou ta stoiqe–a �
xx

kai �
xy

d–nontai apÏ thn 3.6. Opwc e–pame oi [19]
montelopoio‘n ton topologikÏ monwt† san d‘o ep–pedec epifàneiec, sto endi-
àmeso ton opo–on br–sketai Ëna dihlektrikÏ. Jewr∏ntac skedàseic apÏ thn
pànw kai kàtw epifàneia br–skoume Ïti to anakl∏meno kai to diadidÏmeno k‘ma
ja d–nontai apÏ tic sqËseic [19]:
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ApÏ tic exis∏seic twn stoiqe–wn tou tanust† agwgimÏthtac 3.6 br–skoume
Ïti gia ! ⌧ ✏

c

, �R
xx

= �I
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= �I
xy

= 0,�R
xy

= ↵/4⇡(1 � �/✏
c

). To opo–o
fa–netai sto sq†ma 4.1 Ïtan to w e–nai kontà sto mhdËn.
Jewr∏ntac Ïti ta dihlektrikà pou peribàllon ta disdiàstata ep–peda e–nai

to kenÏ (n = 1) br–skoume gia to diadidÏmeno kai to anakl∏meno k‘ma Ïti:
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Qrhsimopoi∏ntac t∏ra touc orismo‘c 4.2 kai 4.1 br–skoume Ïti:
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Sq†ma 4.2: H peristrof† Kerr san sunàrthsh thc suqnÏth-
tac !/✏

c

kai tou qàsmatoc �/✏
c

. H ✓
K

e–nai stajer† me tim†
�⇡/2 gia mikrà ! kai � (apÏ [19]).

dhlad† to anakl∏meno k‘ma parousiàzei peristrof† 90� se sqËsh me to
prosp–pton k‘ma.
To apotËlesma gia thn gwn–a Kerr Ëqei topologikÏ qarakt†ra kai ka-

tadeikn‘etai sthn eik. 4.2. Parathro‘me Ïti gia arketà mikrËc suqnÏthtac
Ënac <<katarràkthc>> diaqwr–zei thn tetrimmËnh apÏ thn mh tetrimËnh topologi-
k† fàsh.

4.2 H Ep–drash tou 'Orou Diataraq†c stic OptikËc IdiÏth-
tec tou Topologiko‘ Monwt†

'Eqontac dei pwc h Qamiltonian† Haldane odhge– to kuklikà polwmËno fwc se
diaforetik† allhlep–drash me to ulikÏ anàloga me thn qeiromorf–a thc akti-
nobol–ac, strËfoume t∏ra thn prosoq† mac sthn diataragmËnh Qamiltonian†
thc enÏthtac 3.2 mËsa se magnhtikÏ ped–o(qwr–c ton Ïro Zeeman):
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(4.7)

h opo–a Ïpwc de–xame odhge– sta stoiqe–a �R
xx

(!) kai �I
xy

(!) ta opo–a pe-
rigràfoun thn magnhtÏ-optik† agwgimÏthta
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Sq†ma 4.3: H �R
xx

(!) kai �I
xy

(!) me kai qwr–c màza. To u-
pÏloipo suqnÏthtac skËdashc � = 1

2⌧ = 15K, B = 1T kai
m = 0.09m

e

h energÏc màza sto Bi2Te3(apÏ [23]).

Gia na katalàboume aut† thn sumperiforà twn �R
xx

(!) kai �I
xy

(!) gia pe-
perasmËnh màza kai mhdenik† màza (sqhma 4.3) prËpei na do‘me tic epitreptËc
optikËc metabàseic (sq†ma 4.4).
H pr∏th koruf† twn �R

xx

(!) kai �I
xy

(!) proËrqetai apÏ thn metàbash N =
0 ! N = 1 (to bËloc me to mikrÏtero m†koc). Upàrqei mÏno Ëna bËloc
se aut† thn perioq† suqnot†twn kai gia autÏ e–nai h mÏnh koruf† gia mikrà
w. ParÏla autà kaj∏c to w megal∏nei parathro‘me Ïti Ëqoume diaforetik†
sumperiforà Ïtan upàrqei kai den upàrqei o Ïroc diataraq†c. O lÏgoc e–nai Ïti
t∏ra Ëqoume d‘o epitreptËc metabàseicN = 1 (z∏nh sjËnouc)! N = 2 (z∏nh
agwgimÏthtac) kai N = 2 (z∏nh sjËnouc) ! N = 1 (z∏nh agwgimÏthtac).
Qwr–c ton tetragwnikÏ Ïro sthn qamiltonian† autà ta d‘o bËlh ja e–qan to
–dio m†koc odhg∏ntac Ëtsi se mia mÏno koruf†, Ïpwc kai sumba–nei sto pànw
mËroc tou sq†matoc 4.3. 'Otan Ïmwc upeisËrqetai o tetragwnikÏc Ïroc sthn
Qamiltonian† 3.2 h summetr–a metax‘ z∏nhc sjËnouc kai agwgimÏthtac den
eustaje– (sq†ma 3.3), kai h koruf† spàei se d‘o korufËc. H ep–ptwsh thc
diataraq†c e–nai akÏmh pio dramatik† gia thn agwgimÏthta Hall �I

xy

(!).
H kÏkkinh diakekommËnh kamp‘lh sto pànw mËroc tou sq†matoc 4.3 parou-

siàzei talàntwsh g‘rw apÏ to mhdËn. Gia thn adiatàrakth Qamiltonian† tou
topologiko‘ monwt†, autËc oi korufËc emfan–zontai sto –dio w opÏte allhlo-
anairo‘ntai pl†rwc. 'Etsi gia ! > 0.03eV h �I

xy

(!) e–nai mhdenik†.

4.3 FainÏmena Kerr kai Faraday se Topologikà HmimËtal-
la Weyl

Sthn enÏthta 3.3 br†kame ta stoiqe–a tou guroskopiko‘ tanust† agwgimÏth-
tac gia to hmimËtallo Weyl. Omadopoi∏ntac tic sqËseic 3.29, 3.30, 3.31
Ëqoume Ïti:
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Sq†ma 4.4: MerikËc epitreptËc optikËc metabàseic, me to qh-
mikÏ dunamikÏ na parousiàzetai me thn ma‘rh diakekommËnh

gramm† (apÏ [23]).
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Ja melet†soume t∏ra to anakl∏meno kai diadidÏmeno ped–o Ïtan hlektro-
magnhtik† aktinobol–a me die‘junsh metàdoshc ton àxona z prosp–ptei kàjeta
se pol‘ leptÏ umËnio apÏ TWS. Jewro‘me Ïti to pàqoc tou umen–ou d e–nai
tËtoio ∏ste na e–nai pol‘ mikrÏtero apÏ to m†koc k‘matoc thc prosp–ptousac
aktinobol–ac d ⌧ �. Jewro‘me Ïti to umËnio br–sketai sto ep–pedo z = 0 kai
àra qwr–zei ton q∏ro se d‘o mËsa. To mËso i, z < 0 kai j, z > 0 Ëtsi sta d‘o
mËsa ja Ëqoume tic exis∏seic:
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Ïpou o kumatarijmÏc k
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sumbol–zetai o de–kthc
diàjlashc tou mËsou i). Oi de–ktec i, r, t qarakthr–zoun to prosp–pton, a-
nakl∏meno kai diadidÏmeno k‘ma ant–stoiqa. Oi oriakËc sunj†kec gia z = 0
e–nai:
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Sq†ma 4.5: H grafik† paràstash twn stoiqe–wn tou tanust†
agwgimÏthtac gia to hmimËtallo Weyl se monàdec e
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= n l‘noume to prÏblhma sunoriak∏n tim∏n kai
br–skoume Ïti to anakl∏meno kai to diadidÏmeno k‘ma ekfràzontai san sunàr-
thsh tou prosp–ptontoc:
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(4.12)

Mporo‘me na qrhsimopoi†soume autËc tic sqËseic gia na upolog–soume tic
gwn–ec Kerr kai Faraday. Ekfràzoume to k‘ma sth bàsh tou dexiÏstrofou
kai aristerÏstrefou k‘matoc E± = E± ± iE±, ja Ëqoume:



4.3. FainÏmena Kerr kai Faraday se Topologikà HmimËtalla Weyl 35
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Gia arketà mikrÏ w Ëqoume Ïti �I
xx

+ �R
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(sq†ma 4.6), opÏte oi

sqËseic 4.13 aplopoio‘ntai. T∏ra jewr∏ntac Ïti n = 1 kai ↵ = e

2

4⇡✏0c~ (h
stajerà lept†c uf†c), br–skoume Ïti:
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ApÏ th sqËsh arctan(x) = �arctan(�x) kai tic sqËseic orismo‘ gia tic
gwn–ec Kerr kai Faraday 4.1 katal†goume Ïti [14]:
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Stic pio qamhlËc suqnÏthtec br–skoume Ïti:
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Gia tupikÏ pàqoc umen–ou 50 � 100nm br–skoume Ïti h gwn–a Kerr, ✓
K

mpore– na pàrei pol‘ megàlec timËc (mËqri 70�� 80�). Ep–shc shmei∏noume Ïti
Ïtan h enËrgeia thc aktinobol–ac br–sketai metaxu 6�
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ston paronomast† thc sqËshc 4.15 gia to ✓
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mporo‘n na agnohjo‘n, Ëtsi
br–skoume Ïti h ✓
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e–nai anexàrthth tou pàqouc d. SugkekrimËna:
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Sq†ma 4.6: Oi gwn–ec Kerr kai Faraday gia to hmimËtallo
Weyl se rad. Oi paramËtroi pou qrhsimopoi†jhkan antistiqo-
‘n se realistikËc paramËtrouc TWS. SugkekrimËna Ëqoume

Ïti d = 100nm, �
F

= 106m/s

4.4 S‘gkrish Apotelesmàtwn kai S‘noyh

Se aut† thn enÏthta ja sqoliàsoume kai ja sugkr–noume ta apotelËsmata tou
kefala–ou 4. Ja xekin†soume jewr∏ntac mia diaforetik† prosËggish gia thn
exagwg† twn ✓

K

kai ✓
F

thc upoenÏthtac 4.1, sugkr–nontac kai sqoliàzontac
tic d‘o prosegg–seic. Sthn sunËqeia sqoliàzoume tic diaforËc metax‘ twn
optik∏n idiot†twn tou topologiko‘ monwt† kai tou hmimetàllou Weyl. Sth
teleuta–a upoenÏthta de–qnoume pwc mia diataraq† (deutËrou bajmo‘ wc proc
ton kumatarijmÏ) sthn Qamiltonian† tou topologiko‘ monwt† odhge– sthn
emfànish qeiromorf–ac sthn aporrÏfhsh.

4.4.1 ProsËggish Uperlept∏n Umen–wn ston TopologikÏ Monwt†

Sthn enÏthta 4.1 e–dame Ïti mporo‘me na montelopoi†soume ton topologikÏ
monwt† san d‘o disdiàstatec plàkec pou metax‘ touc br–sketai Ëna dihlektri-
kÏ. Jewr∏ntac skedàseic apÏ thn pànw kai kàtw plàka br†kame Ïti gia mikrà
w oi gwn–ec Kerr kai Faraday pa–rnoun tic topologikËc timËc thc ex–swshc
4.6.
Mia diaforetik† prosËggish gia tic gwn–ec Kerr kai Faraday prok‘ptei

an jewr†soume upËrlepta umËnia pàqouc d [14]. Jewro‘me thn qamiltonian†
Haldane kai ton guroskopikÏ tanust† agwgimÏthtac pou prok‘ptei apo aut†n
(enÏthta 3.1), (ta stoiqe–a tou tanust† d–nontai apÏ thn 3.6).
Ja melet†soume t∏ra to anakl∏meno kai to diadidÏmeno ped–o Ïtan hle-

ktromagnhtik† aktinobol–a me die‘junsh metàdoshc ton àxona z prosp–ptei
kàjeta se pol‘ leptÏ umËnio apÏ topologikÏ monwt†. Akoloujo‘me thn pro-
sËggish thc enÏthtac 4.3, opÏte to pàqoc tou umen–ou d e–nai tËtoio ∏ste na
e–nai pol‘ mikrÏtero apÏ to m†koc k‘matoc thc prosp–ptousac aktinobol–ac
d ⌧ �.
L‘noume to prÏblhma sunorik∏n tim∏n kai br–skoume Ïti to anakl∏meno

kai to diadidÏmeno k‘ma ekfràzontai san sunàrthsh tou prosp–ptontoc apÏ
tic sqËseic 4.12.
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Sq†ma 4.7: Oi gwn–ec Kerr kai Faraday qrhsimopoi∏ntac
thn prossËggish lept∏n umen–wn. Parathro‘me Ïti ✓

K

⇡ �⇡

2
kai ✓

F

⇡ arctan(↵) ⇡ 0 se sumfwn–a me touc [19]

Mporo‘me na qrhsimopoi†soume autËc tic sqËseic gia na upolog–soume tic
gwn–ec Kerr kai Faraday. Ekfràzoume to k‘ma sth bàsh tou dexiÏstrofou
kai aristerÏstrefou k‘matoc E± = E± ± iE± kai prok‘ptei Ïti:

arctan(Et

±) = arctan

✓
��I

xx

± ��R
xy

1 + n+ ��R
xx

⌥ ��I
xy

◆

arctan(Et

±) = arctan

✓ ±2��R
xy

1� (n+ ��R
xx

)2 � (��R
xy

)2 � (��I
xy

)2 ⌥ ��I
xy

◆

(4.18)

Ïpou � = 4⇡↵d (a h stajerà thc lept†c uf†c) h sqËsh 4.1 mac d–nei thc
gwn–ec Kerr kai Faraday (eik. ;;). Parathro‘me Ïti gia ! < 0.12eV oi gw-
n–ec ✓

F

kai ✓
K

parousiàzoun topologik† f‘sh, kaj∏c e–nai anexàrthtec tou
w. Gia megal‘tera w fa–netai Ïti Ëqoume allag† topologik†c fàshc me tic
gwn–ec ✓

F

kai ✓
K

na exart∏ntai apÏ to !. E–nai axioshme–wto Ïti stic sqËseic
4.18 upàrqei exàrthsh apÏ to pàqoc tou lepto‘ umen–ou d se ant–jesh me thn
enÏthta 4.1. Sthn eik. 4.8 fa–netai h exàrthsh twn ✓

F

kai ✓
K

apÏ to pàqoc tou
umen–ou. Antiparabàllontac tic grafikËc autËc me ta apotelËsmata ;;, para-
thro‘me Ïti oi d‘o prosegg–seic sumfwno‘n gia thn mh-realistik† tim† pàqouc
d = 2nm. Gia megal‘tero pàqoc h |✓

K

| sugkl–nei se mikrÏterec timËc apÏ ⇡

2
Ïtan ! ! 0, en∏ h ✓

F

sugkl–nei se megal‘terec timËc apÏ thn arctan(a) ⇡ 0.
TËloc shmei∏noume thn exàrthsh twn strof∏n Kerr kai Faraday apÏ

thn enËrgeia FËrmi µ
F

. Peiràmata Ëdeixan Ïti mporo‘me na rujm–soume thn
enËrgeia FËrmi se topologiko‘c monwtËc (Ïpwc ton Bi2Te3), me enapÏjesh
atÏmwn, moriak† aporrÏfhsh † photodoping [22]. Sto sq†ma 4.9 fa–netai Ïti
ntopàrontac ton topologikÏ monwt† odhgo‘me thn topologik† metàbash na
sumba–nei Ïlo kai se megal‘terec suqnÏthtec. Ep–shc megal‘tero ntopàrisma
odhge– se megal‘terh sumfwn–a me tic sqËseic twn [19] ;;.
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(a˛) ✓
F

(!) (b˛) ✓
K

(!)

Sq†ma 4.8: Oi gwn–ec Faraday kai Kerr gia diaforetikÏ
pàqoc umen–ou. To pàqoc metriËtai se nm, opÏte gia rea-
listikËc domËc (d > 20nm) parathro‘me apÏklish apÏ thn

sumperiforà pou upolÏgisan oi [19]

(a˛) ✓
F

(!) (b˛) ✓
K

(!)

Sq†ma 4.9: Oi gwn–ec Faraday kai Kerr gia diaforetik†
enËrgeia FËrmi. Parathro‘me metabol† thc suqnÏthtac sthn
opo–a isq‘ei h topologik† katàstash kai elafrià metabol†

stic gwn–ec ✓
K

, ✓
F
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4.4.2 DiaforËc Optik∏n Idiot†twn Metax‘ TI kai TWS

Ta topologikà hmimËtalla Weyl apotelo‘n Ëna e–doc endiàmeshc katàstashc
metax‘ tou koino‘ kai tou topologiko‘ monwt†(† thc an∏malhc kbantik†c ka-
tàstashc Hall) [3]. Ta TWS apotelo‘ntai apÏ d‘o kÏmbouc Weyl ant–jethc
qeiromorf–ac, me sqetik† apÏstash b sto q∏ro twn orm∏n. LËme Ïti e–nai
mia endiàmesh katàstash anàmesa ston topologikÏ monwt† kai to kenÏ (koinÏ
monwt†) giat– h agwgimÏthta Hall sto TWS exartàtai apÏ thn apÏstash twn
kÏmbwn. Sto Ïrio pou kÏmboi ekful–zontai se Ëna k∏no Dirac Ëqoume thn ka-
tàstash tou topologiko‘ monwt†, en∏ Ïtan oi k∏noi allhloanairo‘ntai sto
kËntro thc z∏nhc Brillouin pa–rnoume thn tetrimmËnh topologik† katàstash
tou keno‘.
Sto Ïrio twn pol‘ mikr∏n suqnot†twn br†kame Ïti oi gwn–ec Kerr kai

Faraday gia ton TWS d–nontai apÏ tic sqËseic:

tan(✓
F

) = ↵bd/⇡

tan(✓
K

) = � 1

↵bd/⇡
,

(4.19)

en∏ oi ant–stoiqec sqËseic gia ton topologikÏ monwt† e–nai:

tan(✓
F

) = ↵

tan(✓
K

) = � 1

↵
.

(4.20)

Epeid† ↵ ⇡ 1
137 , prok‘ptei Ïti ✓F ⌧ 1� gia ton topologikÏ monwt†. Gia ton

TWS Ëqoume exàrthsh apÏ to pàqoc kai thn apÏstash twn kÏmbwnWeyl kai h
efaptomËnh thc gwn–ac Faraday pollaplasiàzetai me Ëna paràgonta bd

⇡

en∏ h
efaptomËnh thc gwn–ac Kerr diaire–tai me autÏn. Epeid† bd � 1 parathro‘me
megàlh en–sqush sth gwn–a Faraday kai me–wsh sth gwn–a Kerr.

4.4.3 FainÏmena Qeiromorf–ac sthn AporrÏfhsh gia thn DiataragmËnh
Qamiltonian† tou Topologiko‘ Monwt†

E–dame pwc metabàlontai oi optikËc idiÏthtec enÏc topologiko‘ monwt†, pro-
sjËtontac Ënan tetragwnikÏ Ïro (wc proc thn orm†) diataraq†c. Se aut†
thn per–ptwsh h z∏nh agwgimÏthtac kai h z∏nh sjËnouc den Ëqoun summe-
tr–a katoptrismo‘(eik. 3.3). 'Etsi oi optikËc metabàseic apo thn stoibàda N
thc z∏nhc sjËnouc sthn stoibàda N + 1 diafËroun energeiakà apo tic meta-
bàseic N + 1 ! N . AutÏ Ëqei san sunËpeia ton diaqwrismÏ twn koruf∏n
aporrÏfhshc thc �R

xx

(!) kai thc �I
xy

(!) se d‘o korufËc.
Aut† h dom† koruf∏n pou perigràyame gia tic �R

xx

(!) kai �I
xy

(!) Ëqei sh-
mantikËc sunËpeiec sthn agwgimÏthta gia kuklikà polwmËnh hlektromagnhtik†
aktinobol–a. Or–zoume thn dexiÏstrofa(+) kai aristerÏstrofa(-) kuklikà po-
lwmËnh agwgimÏthta wc:

�±(!) = �
xx

(!)± ı�
xy

(!). (4.21)

Sto sq†ma 4.10 fa–netai h exàrthsh tou pragmatiko‘ mËrouc twn �± to
opo–o perigràfei thn aporrÏfhsh tou dexiÏstrofa kai tou aristerÏstrofa
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Sq†ma 4.10: To pragmatikÏ mËroc thc dexiÏstrofa(+) kai
aristerÏstrofa (-) kuklikà polwmËnhc agwgimÏthtac se mo-
nàdec e

2

~ . H màza ston tetragwnikÏ Ïro e–nai m = 0.09m
e

(pànw sq†ma) en∏ gia thn adiatàrakth Qamiltonian† tou to-
pologiko‘ monwt† m = 1 (kàtw sq†ma). TËloc jewro‘me

↵/~ = 4.3⇥ 105m/s (apÏ [23]).

kuklikà polwmËnou k‘matoc ant–stoiqa. Parathro‘me Ïti gia tic �R± den u-
pàrqei h sumperiforà thc diàspashc twn koruf∏n se d‘o, Ïpwc e–qame gia tic
�R
xx

(!) kai �I
xy

(!). Ep–shc tÏso sthn adiatàrakth (kàtw sq†ma) Ïso kai sthn
diataragmËnh Qamiltonian† apousiàzei h pr∏th koruf† apo thn �R+ .
T∏ra sthn adiatàrakth Qamiltonian† parathro‘me Ïti gia ! > 0.03eV to

ulikÏ allhlepidrà me ton –dio trÏpo sthn dexiÏstrofh kai aristerÏstrofh
aktinobol–a. O Ïroc diataraq†c a–rei aut†n thn summetr–a Ïpwc fa–netai sto
pànw sq†ma thc 4.10. Oi korufËc twn �+ kai �� metatop–zontai, me thn �� na
metatop–zetai dexià kai thn �+ aristerà. AutËc oi metatop–seic mporo‘n na qrh-
simopoihjo‘n gia na kajoriste– peiramatikà h suneisforà tou tetragwniko‘
Ïrou diataraq†c sthn Qamiltonian†.
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