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!
Περίληψη 
!
!
 Τα τελευταία χρόνια παρατηρείται το φαινόµενο τα σύνολα 
δεδοµένων που δίνονται ως είσοδοι σε αλγόριθµους προς επεξεργασία να 
είναι ασύλληπτα µεγάλα. Λογικό είναι, λοιπόν, ο χρόνος που θα κάνει ο 
αλγόριθµος να τα επεξεργαστεί να είναι εξίσου πολύς. Πολλές φορές, 
όµως, χρειαζόµαστε τα αποτελέσµατα σε σύντοµο χρονικό διάστηµα ώστε 
να πάρουµε άµεσα κάποια απόφαση. Γι' αυτό και το ενδιαφέρον έχει 
στραφεί πλέον προς τους αλγόριθµους που τρέχουν σε υπογραµµικό χρόνο 
σε σχέση µε το µέγεθος της εισόδου. Στην περίπτωση που δεν µας 
ενδιαφέρει ολόκληρη η λύση του προβλήµατος, αλλά αρκούµαστε σε ένα 
µικρό µέρος αυτής κάθε φορά, µπορούµε να χρησιµοποιήσουµε έναν 
αλγόριθµο τοπικού υπολογισµού οι οποίοι παρουσιάζονται στην εργασία 
αυτή. Παρουσιάζονται δύο παράλληλοι αλγόριθµοι που τρέχουν σε 
υπογραµµικό χρόνο. Στη συνέχεια δίνονται αλγόριθµοι τοπικού 
υπολογισµού για αρκετά σηµαντικά γραφοθεωρητικά προβλήµατα που 
βασίζονται στους προηγούµενους, και συγκεκριµένα για τα προβλήµατα 
του maximal independent set, του 2-χρωµατισµού υπεργράφου και του 
maximal matching. Συζητούνται, επίσης, εφαρµογές αυτού του είδους 
αλγορίθµων σε διάφορες περιοχές της Επιστήµης Υπολογιστών, όπως ο 
Σχεδιασµός Μηχανισµών και το Probabilistic Inference. 
!
!
!
!
!
!
!
!
!
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!!
Abstract 
!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

In recent years, we observe the phenomenon that the datasets 
being given as input to algorithms are growing rapidly fast in size. 
As a consequence, the time needed for an algorithm to manipulate 
those kinds of inputs has grown a lot too. Most frequently, though, 
we need the results in a short amount of time in order to make some 
kind of decision. That's why research nowadays is being focused on 
algorithms that  run in sublinear  time.  When we don't  really care 
about the whole solution of a problem but we only need to learn a 
small portion of it we can use a local computation algorithm, which 
we  define  in  this  thesis.  We  start  by  presenting  two  parallel 
algorithms  that  run  in  sublinear  time  on  multiple  machines 
concurrently. We continue by giving local computation algorithms 
for some very important graph-theoretic problems that are based on 
those previous parallel algorithms. More specifically, we focus on 
the problem of maximal independent set, of hypergraph 2-coloring 
and of maximal matching. We also discuss some applications of this 
new kind of algorithms on various areas of Computer Science, like 
Mechanism Design and Probabilistic Inference.



!!



PerieqÏmena

1 Eisagwg† 14

2 UpÏbajro 17
2.1 Upogrammiko– AlgÏrijmoi . . . . . . . . . . . . . . . . . . . . . 17
2.2 Paràllhloi AlgÏrijmoi . . . . . . . . . . . . . . . . . . . . . . 19
2.3 Proseggistiko– AlgÏrijmoi . . . . . . . . . . . . . . . . . . . . 22
2.4 'Amesoi AlgÏrijmoi . . . . . . . . . . . . . . . . . . . . . . . . 25
2.5 SqediasmÏc Mhqanism∏n . . . . . . . . . . . . . . . . . . . . . 26
2.6 Probabilistic Inference . . . . . . . . . . . . . . . . . . . . . . 31

3 Orismo– 33
3.1 Sumbolismo– . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.2 Maximal Independent Set . . . . . . . . . . . . . . . . . . . . 33
3.3 2-QrwmatismÏc Upergràfou . . . . . . . . . . . . . . . . . . . 35
3.4 k-wise independent tuqa–ec metablhtËc . . . . . . . . . . . . . 36
3.5 Lovász Local Lemma . . . . . . . . . . . . . . . . . . . . . . . 36

4 Upàrqontec AlgÏrijmoi 38
4.1 Genikà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.2 O algÏrijmoc tou Luby . . . . . . . . . . . . . . . . . . . . . . 38
4.3 O algÏrijmoc tou Alon . . . . . . . . . . . . . . . . . . . . . . 43

5 AlgÏrijmoi Topiko‘ Upologismo‘ 46
5.1 MontËlo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
5.2 Maximal Independent Set . . . . . . . . . . . . . . . . . . . . 47

5.2.1 EpiskÏphsh tou AlgÏrijmou . . . . . . . . . . . . . . . 47
5.2.2 Fàsh 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
5.2.3 Fàsh 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

11



5.3 2-qrwmatismÏc upergràfou . . . . . . . . . . . . . . . . . . . . 51
5.3.1 EpiskÏphsh Algor–jmou . . . . . . . . . . . . . . . . . 51
5.3.2 Fàsh 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
5.3.3 Fàsh 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
5.3.4 Fàsh 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

6 Belti∏nontac th Qwrik† PoluplokÏthta 58
6.1 DËntra erwthmàtwn (Query trees) . . . . . . . . . . . . . . . . 58
6.2 Baj‘terh anàlush . . . . . . . . . . . . . . . . . . . . . . . . . 60
6.3 k-wise independent random orderings . . . . . . . . . . . . . . 62
6.4 2-qrwmatismÏc upergràfou . . . . . . . . . . . . . . . . . . . . 64

6.4.1 Belti∏seic . . . . . . . . . . . . . . . . . . . . . . . . . 64
6.4.2 O nËoc ATU . . . . . . . . . . . . . . . . . . . . . . . . 65

6.5 Maximal Independent Set . . . . . . . . . . . . . . . . . . . . 68

7 EfarmogËc sto SqediasmÏ Mhqanism∏n 70
7.1 MontËlo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
7.2 SunduastikËc dhmopras–ec . . . . . . . . . . . . . . . . . . . . 70
7.3 Maximal Matching . . . . . . . . . . . . . . . . . . . . . . . . 71
7.4 Unit-demand agorastËc . . . . . . . . . . . . . . . . . . . . . 72

7.4.1 Unit-demand agorastËc me uniform value . . . . . . . . 72
7.4.2 Unit-demand agorastËc, uniform-buyer-value . . . . . 76

8 EfarmogËc sto Probabilistic Inference 79
8.1 MontËlo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
8.2 H bËltisth politik† . . . . . . . . . . . . . . . . . . . . . . . . 80
8.3 AlgÏrijmoc Topiko‘ Upologismo‘ . . . . . . . . . . . . . . . . 82

8.3.1 Nice Block Angular Grammikà Progràmmata . . . . . . . 83
8.3.2 K‘rio apotËlesma . . . . . . . . . . . . . . . . . . . . . 83

12



Katàlogoc Sqhmàtwn

2.1 Paràdeigma paràllhlhc àjroishc arijm∏n . . . . . . . . . . . . 20

3.1 Parade–gmata independent set . . . . . . . . . . . . . . . . . . 34
3.2 Paràdeigma upergràfou . . . . . . . . . . . . . . . . . . . . . . 35

4.1 O algÏrijmoc tou Luby . . . . . . . . . . . . . . . . . . . . . . 39

5.1 Fàsh 1 tou ATU gia MIS . . . . . . . . . . . . . . . . . . . . 48
5.2 Fàsh 1 tou ATU gia qrwmatismÏ upergràfou . . . . . . . . . . 53
5.3 Fàsh 2 tou ATU gia qrwmatismÏ upergràfou . . . . . . . . . . 54

6.1 Fàsh 1 tou nËou ATU gia qrwmatismÏ upergràfou . . . . . . . 66
6.2 Fàseic 2-3 tou nËou ATU gia qrwmatismÏ upergràfou . . . . . 67
6.3 Fàsh 4 tou nËou ATU gia qrwmatismÏ upergràfou . . . . . . . 68

7.1 Paràdeigma enÏc tairiàsmatoc . . . . . . . . . . . . . . . . . . 71

13



Kefàlaio 1

Eisagwg†

MËqri prÏsfata, Ïtan anaferÏmastan ston Ïro algÏrijmo, ennoo‘same thn
klasik† Ënnoia tou algor–jmou. Katà thn Ënnoia aut†, Ënac algÏrijmoc dia-
bàzei mia e–sodo, ektele– kàpoiouc upologismo‘c kai sto tËloc tup∏nei mia
Ëxodo. Sth shmerin† epoq† thc pol‘ e‘kolhc prÏsbashc sto Internet kai twn
teràstiwn data centers ta s‘nola dedomËnwn pou apotelo‘n e–sodoi diafÏrwn
algor–jmwn Ëqoun apokt†sei kai autà as‘llhptec diastàseic. S‘mfwna me ta
teleuta–a statistikà dedomËna, to eBay — to megal‘tero site dhmoprasi∏n
ston kÏsmo— diajËtei katà mËso Ïro 700 ekatomm‘ria proÏnta proc p∏lhsh
se per–pou 155 ekatomm‘ria energo‘c qr†stec. 'Allh mia etair–a-megaj†rio,
h Google, parËqei q∏rouc diafhm–sewn se ekatomm‘ria istosel–dec pou to
epijumo‘n, gia touc opo–ouc antagwn–zontai ekatomm‘ria diafhmizÏmenoi.
LogikÏ e–nai, loipÏn, Ënac algÏrijmoc pou epexergàzetai tËtoiou e–douc de-

domËna na arge– uperbolikà mÏno kai mÏno gia na ta diabàsei, kajist∏ntac ton
mh leitourgikÏ gia idia–tera suqn† qr†sh. Gia na mac e–nai Ënac algÏrijmoc
qr†simoc ja prËpei na paràgei to apotËlesma pou epijumo‘me se Ëna e‘glwt-
to, sqetikà, qronikÏ diàsthma. Ja prËpei, epomËnwc, na trËqei se qrÏno
upogrammikÏ — sublinear — (pq polulogarijmikÏ) se sqËsh me to mËgejoc
thc eisÏdou. Oi algÏrijmoi auto– apotelo‘n mia idia–terh kathgor–a algo-
r–jmwn, touc Upogrammiko‘c AlgÏrijmouc. Sto Kefàlaio 2 anaferÏmaste
ektenËstera stouc algÏrijmouc auto‘c kaj∏c kai sth qrhsimÏthtà touc.
Diàforec teqnikËc qrhsimopoio‘ntai me skopÏ thn ektËlesh enÏc algor–j-

mou se qrÏno upogrammikÏ. Oi d‘o pio sunhjismËnec, parade–gmata twn opo–wn
ja do‘me Ëmprakta kai sthn ergas–a aut†, e–nai h ektËlesh enÏc algor–jmou se
perissÏtera tou enÏc mhqan†mata tautÏqrona, kerd–zontac Ëtsi qrÏno, kaj∏c
kai h prosËggish — kai Ïqi e‘resh akrib∏c — thc bËltisthc l‘shc, diabàzo-
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ntac mÏno tm†ma thc eisÏdou. H qr†sh twn teqnik∏n aut∏n or–zei d‘o nËec
kathgor–ec algor–jmwn, touc Paràllhlouc AlgÏrijmouc (parallel/distributed
algorithms) kai touc Proseggistiko‘c AlgÏrijmouc (approximation algori-
thms) ant–stoiqa. Idia–terh anaforà stic kathgor–ec algor–jmwn autËc ja
kànoume ep–shc sto Kefàlaio 2.
Sth diplwmatik† ergas–a aut† parousiàzetai mia tr–th teqnik† me stÏqo

thn ep–lush tou parapànw zht†matoc. H teqnik† pou parousiàzetai bas–zetai
sthn akÏloujh parat†rhsh. PollËc forËc den mac e–nai apara–thth olÏklhrh
h l‘sh enÏc probl†matoc, allà mac endiafËrei mÏno Ëna sugkekrimËno mËroc
aut†c. Gia paràdeigma, to eBay de qreiàzetai na xËrei anà pàsa qronik† stigm†
gia Ïla ta antike–mena se poion ja pwlhjo‘n kai pÏso, allà se kàje qroni-
k† stigm† endiafËretai to pol‘ gia Ëna sugkekrimËno proÏn (pq Ïtan l†gei
mia dhmopras–a). EpomËnwc, o algÏrijmoc de qreiàzetai na diabàsei kai na
epexergaste– olÏklhro to dataset me touc energo‘c qr†stec kai ta diajËsima
proÏnta gia na brei thn pl†rh l‘sh kai na mac apant†sei, parà mÏno na exe-
tàsei touc qr†stec oi opo–oi endiafËrjhkan gia to proÏn autÏ — o arijmÏc
twn opo–wn logikà e–nai pol‘ mikrÏteroc tou sunoliko‘.
Oi algÏrijmoi auto– onomàzontai AlgÏrijmoi Topiko‘ Upologismo‘ (Local

Computation Algorithms) kaj∏c ektelo‘n upologismo‘c mÏno g‘rw apÏ to
zhto‘meno tm†ma thc l‘shc kai Ïqi se olÏklhro to dojËn s‘nolo dedomËnwn.
DËqontai erwt†mata sqetikà me Ëna mËroc thc l‘shc tou probl†matoc kàje
forà kai Ïqi gia olÏklhrh th l‘sh. An Ëna prÏblhma Ëqei pollËc dunatËc
l‘seic, tÏte Ïlec oi apant†seic tou algor–jmou ja prËpei na e–nai sunepe–c
me toulàqiston m–a dekt† l‘sh. StÏqoc e–nai oi sugkekrimËnoi algÏrijmoi na
trËqoun se qrÏno anàlogo me to mËgejoc thc apànthshc pou anamËnoume apÏ
auto‘c kai Ïqi me to sunolikÏ mËgejoc thc eisÏdou.
Gia na or–soume touc AlgÏrijmouc Topiko‘ Upologismo‘ kai na ana-

pt‘xoume th nootrop–a p–sw apÏ thn teqnik† aut† epilËxame d‘o pol‘ shma-
ntikà probl†mata tou q∏rou thc Epist†mhc Upologist∏n kai parousiàzoume
ATU pou skopÏ Ëqoun thn ep–lus† touc. Ta probl†mata autà e–nai h e‘resh
enÏc Maximal Independent Set se Ënan dosmËno gràfo kai o 2-QrwmatismÏc
enÏc Upergràfou, ta opo–a or–zontai epakrib∏c sto Kefàlaio 3. Ta sugke-
krimËna probl†mata, wstÏso, den antimetwp–zontai gia pr∏th forà ed∏ allà
upàrqoun †dh algÏrijmoi oi opo–oi d–noun akribe–c l‘seic gia to kajËna. Su-
gkekrimËna, kai gia ta d‘o probl†mata parousiàzoume sto Kefàlaio 4 apÏ
Ënan paràllhlo algÏrijmo — ton algÏrijmo tou Luby gia to maximal in-
dependent set kai ton algÏrijmo tou Alon gia to 2-qrwmatismÏ upergràfou
— pànw sth logik† twn opo–wn bas–sthkan kai oi algÏrijmoi topiko‘ upo-
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logismo‘ pou ja parousiàsoume. H diaforà Ëgkeitai sto Ïti oi teleuta–oi
apanto‘n se erwt†mata sqetikà me th bËltisth l‘sh se qrÏno shmantikà mi-
krÏtero apÏ to qrÏno pou qreiàzontai oi ant–stoiqoi paràllhloi algÏrijmoi
gia na d∏soun olÏklhrh th bËltisth l‘sh.
Sto Kefàlaio 5 or–zetai plËon to montËlo twn Algor–jmwn Topiko‘ Upo-

logismo‘ kai d–nontai epakrib∏c oi algÏrijmoi gia ta d‘o probl†mata pou ana-
fËrame, anal‘ontac tic epimËrouc fàseic tou kàje algor–jmou kai th qronik†
touc poluplokÏthta. Oi algÏrijmoi auto–, sthn arqik† touc morf†, trËqoun
se upogrammikÏ qrÏno — Ïpwc akrib∏c ja jËlame — allà qrhsimopoio‘n
arket† mn†mh gia to skopÏ autÏ. Sto Kefàlaio 6 parousiàzoume kàpoiec
teqnikËc oi opo–ec bohjo‘n ∏ste na mei∏soume thn katanàlwsh mn†mhc apÏ
touc algor–jmouc auto‘c se upogrammikà ep–shc ep–peda. Sth sunËqeia tou
Kefala–ou 6 d–nontai oi beltiwmËnoi pia ATU. TËloc, sta Kefàlaia 7 kai 8
d–nontai efarmogËc twn algor–jmwn topiko‘ upologismo‘ se àllec ereunhti-
kËc perioqËc kai sugkekrimËna stic perioqËc tou Sqediasmo‘ Mhqanism∏n kai
tou Probabilistic Inference. Parousiàzoume, loipÏn, ATU gia sugkekrimËna
probl†mata thc ekàstote perioq†c. Mia n–xh gia to ti antiproswpe‘ei h kàje
perioq† apÏ autËc d–netai sto eisagwgikÏ Kefàlaio 2.
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Kefàlaio 2

UpÏbajro

Sthn enÏthta aut† ja anaferjo‘me stic shmantikÏterec kathgor–ec algor–j-
mwn pou sunantàme sth diplwmatik† ergas–a aut† kaj∏c kai stic perioqËc
tou Sqediasmo‘ Mhqanism∏n kai tou Probabilistic Inference, Ïpou br–skoun
efarmog† oi AlgÏrijmoi Topiko‘ Upologismo‘ pou ja anapt‘xoume.

2.1 Upogrammiko– AlgÏrijmoi

MËqri prÏsfata, h e‘resh enÏc algor–jmou grammiko‘ qrÏnou katà thn pro-
spàjeia ep–lushc enÏc probl†matoc jewro‘ntan idia–tera ikanopoihtikÏ e-
p–teugma. 'Etsi, oi Ëreunec epikentr∏nontan sthn e‘resh algor–jmwn pou
trËqoun se grammikÏ qrÏno se sqËsh me thn e–sodo (pq O(n2

)). WstÏso,
Ïpwc anafËrame kai parapànw, stic mËrec mac ta s‘nola dedomËnwn pou d–do-
ntai wc e–sodoi stouc diàforouc algor–jmouc Ëqoun apokt†sei as‘llhptec
diastàseic. Oi parapànw algÏrijmoi, loipÏn, ja qreiasto‘n uperbolikà pol‘
qrÏno gia na epexergasto‘n to s‘nolo twn dedomËnwn eisÏdou kai pollËc
forËc qreiazÏmaste ta apotelËsmata àmesa † diajËtoume periorismËno qrÏno
gia th l†yh miac apÏfashc. H mÏnh l‘sh tÏte e–nai h qr†sh algor–jmwn
pou trËqoun se upogrammikÏ qrÏno [55, 1]. Tupikà, Ënac algÏrijmoc lËme Ïti
trËqei se upogrammikÏ qrÏno Ïtan T (n) = o(n). Ta teleuta–a qrÏnia Ëqei
làbei q∏ra ektetamËnh Ëreuna se algor–jmouc upogrammiko‘ qrÏnou, idia–tera
sthn perioq† twn problhmàtwn beltistopo–hshc kai tou property testing (mia
enallaktik† morf† prosËggishc gia probl†mata apÏfashc).
Oi algÏrijmoi pou trËqoun se upogrammikÏ qrÏno e–nai kur–wc e–te paràl-

lhloi algÏrijmoi e–te proseggistiko– algÏrijmoi e–te algÏrijmoi gia property
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testing. SugkekrimËna, oi paràllhloi algÏrijmoi e–nai h mÏnh kathgor–a al-
gor–jmwn apÏ tic parapànw pou mporo‘n na trËxoun se upogrammikÏ qrÏno
kai parÏla autà na d∏soun akrib† apotelËsmata, qwr–c na Ëqei g–nei kàpoia u-
pÏjesh gia th morf† thc eisÏdou. To petuqa–noun autÏ trËqontac tautÏqrona
anexàrthta tm†mata tou k∏dikà touc se pollo‘c diaforetiko‘c epexergastËc
† mhqan†mata, moiràzontac Ëtsi to fÏrto ergas–ac kai exoikonom∏ntac qrÏno.
ApÏ thn àllh, oi d‘o teleuta–ec kathgor–ec sundËontai metax‘ touc stenà
epeid† kai oi d‘o bas–zontai gerà sthn pijanotik† ektËles† touc kai sth dia-
dikas–a thc tuqa–ac deigmatolhy–ac. Gia na trËxoun oi algÏrijmoi auto– se
upogrammikÏ qrÏno o monadikÏc trÏpoc e–nai na diabàsoun mÏno tm†ma thc
eisÏdou kai na bgàloun sumperàsmata me bàsh autÏ to mikrÏ de–gma. Gia ta
perissÏtera fusikà probl†mata, autÏ shma–nei Ïti to apotËlesma pou ja pa-
ràxei o ekàstote algÏrijmoc ja e–nai proseggistikÏ kai ja enËqei Ëna mikrÏ
bajmÏ abebaiÏthtac. Ja anaferjo‘me pio analutikà stic d‘o pr∏tec kathgo-
r–ec apÏ autËc parakàtw.
PËra apÏ tic parapànw kathgor–ec, suqnà wc upogrammiko– algÏrijmoi je-

wro‘ntai kai oi data streaming algÏrijmoi, mia eidik† morf† àmeswn (online)
algor–jmwn stouc opo–ouc ep–shc ja anaferjo‘me sth sunËqeia. Stouc al-
gÏrijmouc auto‘c jewro‘me Ïti h e–sodoc Ërqetai san mia ro† dedomËnwn
(stream). Jewro‘me, ep–shc, Ïti diajËtoun upogrammikÏ mËgejoc mn†mhc se
sqËsh me to m†koc thc ro†c dedomËnwn kai kaj∏c Ërqontai ta dedomËna apofa-
s–zoun poia apÏ autà ja krat†soun sth mn†mh gia mellontik† epexergas–a kai
poia Ïqi. PerissÏtera gia algor–jmouc data streaming mporo‘n na brejo‘n
sta ke–mena [48, 10]. Upàrqoun, akÏmh, algÏrijmoi pou trËqoun se upogrammi-
kÏ qrÏno dojËntoc, Ïmwc, kàpoiwn sugkekrimËnwn upojËsewn gia thn e–sodo
(Ëqei pq kàpoia sugkekrimËnh morf† † dom†). To pio qarakthristikÏ pa-
ràdeigma tËtoiou algor–jmou e–nai h duadik† anaz†thsh (binary search) katà
thn opo–a anazhte–tai h jËsh enÏc stoiqe–ou se mia l–sta, dedomËnou Ïmwc Ïti
h l–sta aut† e–nai taxinomhmËnh. O algÏrijmoc duadik†c anaz†thshc trËqei
se logarijmikÏ qrÏno se sqËsh me to mËgejoc thc eisÏdou O(log n), kaj∏c
den elËgqei Ïla ta stoiqe–a Ëna Ëna ekmetalleuÏmenoc th seirà me thn opo-
–a autà e–nai dosmËna. TËloc, upàrqoun kbantiko– algÏrijmoi pou jewrhtikà
trËqoun se upogrammikÏ qrÏno, Ïpwc o algÏrijmoc anaz†thshc mh taxinomh-
mËnhc l–stac tou Grover [25]. O algÏrijmoc anaz†thshc tou Grover trËqei se
qrÏno O(n1/2

).
Paràdeigma algor–jmou pou trËqei se upogrammikÏ qrÏno apotele– o al-

gÏrijmoc twn Chazelle, Rubinfeld kai Trevisan gia ton upologismÏ tou bàrouc
tou Minimum Spanning Tree enÏc gràfou. 'Opwc e–nai logikÏ, to apotËle-
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sma tou algÏrijmou auto‘ e–nai proseggistikÏ miac kai sto qrÏno autÏ den
mpore– na anal‘sei olÏklhrh thn e–sodo pou dËqetai. DojËntoc enÏc gràfou
G me mËso bajmÏ kÏmbwn d kai bàrh akm∏n sto s‘nolo {1, . . . , w} o su-
gkekrimËnoc algÏrijmoc d–nei to bàroc tou elàqistou sundetiko‘ dËntrou me
perij∏rio làjouc to pol‘ ", 0 < " < 1/2, se qrÏno mÏlic O(dw"�2

log

dw
" )

[11].

2.2 Paràllhloi AlgÏrijmoi

MËqri prin merikà qrÏnia, h kur–arqh mÏda metax‘ twn etairi∏n kataskeu†c
epexergast∏n †tan na auxànoun thn taq‘thta rologio‘ twn epexergast∏n
touc ∏ste na petuqa–noun auxhmËnh apÏdosh. 'Etsi, ektelo‘ntan perissÏte-
rec entolËc enÏc klasiko‘ seiriako‘ algÏrijmou anà deuterÏlepto kai o al-
gÏrijmoc autÏc Ëbgaze to apotËlesmà tou grhgorÏtera. WstÏso, h taq‘thta
rologio‘ aut† Ëftase se Ëna an∏tato kat∏fli sthn opo–a mpore– na fjàsei
qwr–c na emfanisto‘n leitourgikà probl†mata pou apotrËpoun thn peraitËrw
a‘xhs† thc. Ta probl†mata autà e–nai eggen† kai ofe–lontai sto –dio to ulikÏ
kataskeu†c twn epexergast∏n, dhlad† sto pur–tio. SugkekrimËna, apÏ kàpoia
taq‘thta kai pànw h jermokras–a sthn opo–a fjànei o ekàstote epexergast†c
e–nai uperbolikà megàlh gia Ëna fusiologikÏ s‘sthma y‘xhc kai arq–zoun na
emfan–zontai diarroËc enËrgeiac. H twrin† tàsh, loipÏn, twn etairi∏n Ëgkeitai
sto na topojeto‘n perissÏterouc tou enÏc pur†nec anà epexergast† († peris-
sÏterouc tou enÏc epexergastËc se megàlhc kl–makac sust†mata), oi opo–oi
ektelo‘n tautÏqrona diaforetikËc entolËc o kajËnac. Gia na ekmetalleuto-
‘me, Ïmwc, ta ofËlh aut∏n twn poluepexergastik∏n susthmàtwn den arko‘n
oi klasiko– seiriako– algÏrijmoi. Ja prËpei na sqediàsoume algor–jmouc oi
opo–oi na or–zoun pollaplËc entolËc anà b†ma oi opo–ec kai ja ektelo‘ntai
paràllhla se diaforetiko‘c epexergastËc h kajem–a, touc legÏmenouc dhlad†
paràllhlouc algÏrijmouc.
'Ena pol‘ aplÏ paràdeigma probl†matoc pou mpore– na epiluje– qrhsimo-

poi∏ntac Ënan paràllhlo algÏrijmo e–nai to àjroisma enÏc sunÏlou arijm∏n.
UpÏ thn klasik† optik† gwn–a, gia na ajro–soume n to pl†joc arijmo‘c ja
qreiazÏtan na ektelËsoume n�1 sunolikà prosjËseic th m–a metà thn àllh se
Ënan epexergast†. An e–qame, Ïmwc, sth diàjes† mac perissÏterouc tou enÏc
epexergastËc tÏte ja mporo‘same na trËxoume ton ex†c paràllhlo algÏrij-
mo: Qwr–zoume touc arijmo‘c se zeugària kai touc prosjËtoume paràllhla
anà d‘o se diaforetikÏ epexergast† to kàje zeugàri (Ëstw Ïti Ëqoume ida-
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nikà n/2 epexergastËc). 'Etsi se m–a mÏlic monàda qrÏnou katal†goume se
n/2 arijmo‘c pou ja prËpei t∏ra na prosjËsoume. Epanalambànontac thn
–dia diadikas–a ja katal†xoume se n/4 arijmo‘c proc àjroish kok. Ëwc Ïtou
katal†xoume sto telikÏ àjroisma. Afo‘ se kàje b†ma to s‘nolo twn arijm∏n
proc àjroish upodiplasiàzetai kai kàje b†ma pa–rnei qrÏno O(1) (dedomËnou
Ïti Ïlec oi prosjËseic tou b†matoc auto‘ g–nontai se diaforetikÏ epexergast†
h kajem–a) o sunolikÏc qrÏnoc pou ja qreiasto‘me e–nai log n+1 = O(log n).
Sto Sq†ma 2.1 fa–netai mia efarmog† tou algor–jmou gia 8 sunolikà arijmo‘c
kai 4 epexergastËc. 'Opwc blËpoume qreiàzetai qrÏnoc –soc me log8 + 1 = 4

monàdec ant– gia 7 pou ja qreiazÏmastan gia na kànoume tic prosjËseic m–a
m–a seiriakà.

Sq†ma 2.1: Paràdeigma paràllhlhc àjroishc arijm∏n

Gia thn anàlush enÏc opoioud†pote algor–jmou qreiazÏmaste kàpoio mo-
ntËlo upologismo‘ gia na sthriqjo‘me kai na upolog–soume th qronik† kai
qwrik† poluplokÏthtà tou. 'Oson aforà touc seiriako‘c algÏrijmouc, to mo-
ntËlou pou qrhsimopoie–tai katà kÏron e–nai h mhqan† tuqa–ac prospËrashc
(random-access machine, RAM). Katà to montËlo autÏ, h mhqan† apotele–tai
apÏ mia epexergastik† monàda kai mia monàda mn†mhc sundedemËna metax‘ touc.
Kàje leitourg–a thc arijmhtik†c kai logik†c monàdac kai kàje prospËlash thc
mn†mhc pa–rnei mia monàda qrÏnou. 'Oson aforà touc paràllhlouc algÏrij-
mouc, Ïmwc, ta pràgmata e–nai pio pol‘ploka miac kai den upàrqei m–a mÏno
sugkekrimËnh diarr‘jmish twn diafÏrwn sustatik∏n mer∏n. 'Eqoume tr–a ba-
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sikà e–dh diarr‘jmishc: mhqanËc topik†c mn†mhc, mhqanËc arjrwt†c mn†mhc kai
mhqanËc paràllhlhc tuqa–ac prospËlashc (parallel random-access machines,
PRAM). Stic mhqanËc topik†c mn†mhc Ëqoume n epexergastËc me th dik† touc
topik† mn†mh o kajËnac kai Ïloi maz– e–nai sundedemËnoi se Ëna koinÏ d–ktuo
dias‘ndeshc. Stic mhqanËc arjrwt†c mn†mhc Ëqoume n epexergastËc kai m
xeqwristËc monàdec mn†mhc Ïla maz– sundedemËna se Ëna koinÏ d–ktuo dias‘n-
deshc. Stic mhqanËc paràllhlhc tuqa–ac prospËlashc Ëqoume n epexergastËc
Ïlouc sundedemËnouc me m–a koin† mn†mh. H diaforà metax‘ twn montËlwn au-
t∏n Ëgkeitai ston trÏpo me ton opo–o prospelàzetai h mn†mh. [57, 22, 23, 58]
Se opoiad†pote anàlush paràllhlou algor–jmou sthn ergas–a aut† qrhsi-
mopoie–tai to PRAM montËlo upologismo‘, Ïpou kàje epexergast†c mpore–
paràllhla me opoiond†pote àllo na prospelàsei th mn†mh se m–a mÏno mo-
nàda qrÏnou. Pio sugkekrimËna, qrhsimopoie–tai to EREW (exclusive-read,
exclusive-write) PRAM montËlo, Ïpou den epitrËpetai h paràllhlh eggraf† †
anàgnwsh sthn –dia die‘junsh mn†mhc apÏ d‘o † perissÏterouc epexergastËc.
'Oson aforà thn poluplokÏthta twn paràllhlwn algor–jmwn, Ëqoume thn

klàsh NC [35, 52] gia ta probl†mata pou mporo‘n na epilujo‘n apodotikà se
Ënan paràllhlo upologist† katà antistoiq–a me thn klàsh P gia to seiriakÏ
montËlo. Wc klàsh NC or–zetai to s‘nolo twn problhmàtwn apÏfashc ta
opo–a l‘nontai se polulogarijmikÏ qrÏno se Ënan paràllhlo upologist† o
opo–oc Ëqei sth diàjes† tou poluwnumikÏ arijmÏ apÏ epexergastËc. Tupikà:

OrismÏc 1. 'Ena prÏblhma an†kei sthn klàsh NC an upàrqoun stajerËc c
kai k tËtoiec ∏ste to prÏblhma autÏ na l‘netai se qrÏno O(log

c n) qrhsimo-
poi∏ntac O(nk

) paràllhlouc epexergastËc.

H klàsh NC apotele– upos‘nolo thc klàshc P , kaj∏c Ïloi oi poluloga-
rijmiko– paràllhloi upologismo– mporo‘n na exomoiwjo‘n apÏ ant–stoiqouc
seiriako‘c se poluwnumikÏ qrÏno. WstÏso, paramËnei mËqri kai s†mera a-
noiqtÏ prÏblhma to an oi d‘o autËc klàseic taut–zontai NC = P † Ïqi. O
parapànw orismÏc den ephreàzetai apÏ to pwc to montËlo PRAM diaqeir–ze-
tai thn paràllhlh eggraf†/anàgnwsh miac sugkekrimËnhc jËshc mn†mhc apÏ
d‘o † perissÏterouc epexergastËc. TËloc, p†re to Ïnomà thc (NC=‘Nick’s
Class’) apÏ ton Nick Pippenger, o opo–oc e–qe kànei ektetamËnh Ëreuna pànw
se kukl∏mata polulogarijmiko‘ bàjouc kai poluwnumiko‘ megËjouc.
'Ena apÏ ta shmantikÏtera probl†mata pou mporo‘n na lujo‘n se paràl-

lhlec mhqanËc kerd–zontac shmantik† belt–wsh sto qrÏno ektËleshc e–nai o
pollaplasiasmÏc pinàkwn. H idËa p–sw apÏ thn parallhlopo–hsh tou pro-
bl†matoc auto‘ Ëgkeitai sthn taktik† ‘dia–rei kai bas–leue’, spàzontac touc
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arqiko‘c p–nakec se mikrÏterouc upop–nakec kai ektel∏ntac pollaplasiasmo-
‘c anàmesa se auto‘c touc mikrÏterouc plËon p–nakec. Epeid† oi epimËrouc
auto– pollaplasiasmo– e–nai anexàrthtoi metax‘ touc mporo‘n na ektelesto‘n
tautÏqrona se paràllhlouc epexergastËc kai miac kai to mËgejÏc touc e–nai
mikrÏtero twn arqik∏n ja Ëqoume to epijumhtÏ apotËlesmata pol‘ pio gr†go-
ra. SugkekrimËna, o aplÏc seiriakÏc algÏrijmoc pollaplasiamo‘ d‘o pinàkwn
n ⇥ n qreiàzetai qrÏno O(n3

) en∏ o algÏrijmoc tou Strassen [59] trËqei se
qrÏno O(n2.81

) kai mpore– na parallhlopoihje– arketà e‘kola kaj∏c sthr–ze-
tai sthn parapànw logik†.
Sth diplwmatik† ergas–a aut† ja sunant†soume àllouc d‘o pol‘ shma-

ntiko‘c paràllhlouc algÏrijmouc. AutÏn tou Alon gia 2-qrwmatismÏ uper-
gràfou, o opo–oc trËqei se qrÏno O(log n) qrhsimopoi∏ntac nO(1) paràllh-
louc epexerastËc, kai autÏn tou Luby gia thn e‘resh enÏc Maximal Inde-
pendent Set se gràfo, o opo–oc trËqei se qrÏno O(log

2 n) qrhsimopoi∏ntac
O(m) paràllhlouc epexergastËc.

2.3 Proseggistiko– AlgÏrijmoi

Ta perissÏtera probl†mata beltistopo–hshc an†koun sthn kathgor–a twn
NP-d‘skolwn problhmàtwn. AutÏ shma–nei pwc, deqÏmenoi thn eurËwc apode-
kt† eikas–a Ïti P 6= NP, den upàrqei algÏrijmoc poluwnumiko‘ qrÏnou pou na
upolog–zei th bËltisth l‘sh touc kai màlista h anaz†ths† thc kai mÏno e–nai
apagoreutikà qronobÏra. Probl†mata beltistopo–hshc e–nai ta probl†mata
autà Ïpou anazhto‘me thn kal‘terh dunat† l‘sh anàmesa se Ïlec tic apode-
ktËc. Sun†jwc, ta probl†mata autà Ëqoun Ëna ant–stoiqo prÏblhma apÏfashc
apÏ to opo–o prok‘ptei àmesa to prÏblhma thc beltistopo–hshc. H Ënnoia thc
‘kal‘terhc’ l‘shc or–zetai me bàsh mia antikeimenik† sunàrthsh (objective
function) h opo–a dËqetai wc Ïrisma mia opoiad†pote apodekt† l‘sh gia thn
ekàstote e–sodo kai thc apod–dei mia tim†. Anàloga an Ëqoume prÏblhma megi-
stopo–hshc † elaqistopo–hshc, kal‘terh e–nai mia l‘sh pou Ëqei uyhlÏterh †
qamhlÏterh ant–stoiqa tim† antikeimenik†c sunàrthshc apÏ mia àllh. BËlti-
sth e–nai h l‘sh † l‘seic pou Ëqoun thn uyhlÏterh † qamhlÏterh ant–stoiqh
tim† antikeimenik†c sunàrthshc. Paràdeigma probl†matoc apÏfashc e–nai to
prÏblhma Vertex-Cover Ïpou mac d–netai Ënac gràfoc kai Ënac akËraioc k kai
prËpei na apofanjo‘me an upàrqei vertex cover1 megËjouc < k. To ant–stoiqo

1
Vertex cover enÏc gràfou onomàzetai Ëna upos‘nolo kÏmbwn tou Ëtsi ∏ste kàje akm†

tou gràfou na Ëqei àkrh sto s‘nolo autÏ.
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prÏblhma beltistopo–hshc e–nai h e‘resh tou mikrÏterou vertex cover (Min-
Vertex-Cover) Ëqontac wc antikeimenik† sunàrthsh ton arijmÏ twn kÏmbwn
sto vertex cover. Shmantikà apotelËsmata sto sugkekrimËno prÏblhma Ëqoun
d∏sei oi Parnas kai Ron [54], ta opo–a ja mac fano‘n qr†sima kai sto sqe-
diasmÏ twn algor–jmwn topiko‘ upologismo‘ parakàtw, kaj∏c kai oi Onak,
Ron, Rosen kai Rubinfeld [31], oi opo–oi d∏san Ënan algÏrijmo upogrammiko‘
qrÏnou pou parËqei l‘seic arketà kontà sth bËltisth.
Akrib∏c se autÏ to prÏblhma e‘reshc thc bËltisthc l‘shc se pro-

bl†mata beltistopo–hshc Ërqontai na bohj†soun oi proseggistiko– algÏrijmoi
(approximation algorithms) [63, 61]. SugkekrimËna, qalar∏nontac thn apa-
–thsh thc e‘reshc thc akribo‘c bËltisthc l‘shc, mporo‘me na upolog–soume
mia l‘sh h tim† thc antikeimenik†c sunàrthshc thc opo–ac na e–nai pol‘ ko-
ntà se aut† thc bËltisthc l‘shc akÏma kai se upogrammikÏ qrÏno pollËc
forËc. AutÏ akrib∏c kànoun kai oi proseggistiko– algÏrijmoi. Diabàzoun
mËroc thc eisÏdou kai upolog–zoun mia prosËggish thc bËltisthc l‘shc maz–
me kàpoiec eggu†seic gia thn apÏstash aut†c thc proseggistik†c l‘shc apÏ
th bËltisth. PollËc forËc, bËbaia, mpore– na jËloume na qrhsimopoi†soume
proseggistiko‘c algor–jmouc kai gia àlla probl†mata gia ta opo–a upàrqoun
†dh poluwnumiko– algÏrijmoi. Gia paràdeigma, mpore– na jËloun na pàrou-
me pio gr†gora to apotËlesma, na Ëqoume kàpoion periorismÏ sth diajËsimh
mn†mh † o proseggistikÏc algÏrijmoc na klimak∏netai pio e‘kola se kàpoio
katanemhmËno s‘sthma se sqËsh me ton ant–stoiqo poluwnumikÏ.
Ja or–soume t∏ra ti shma–nei o Ïroc ↵-proseggistikÏc algÏrijmoc, ton

opo–o ja qrhsimopoi†soume arketËc forËc kai sto upÏloipo thc ergas–ac.

OrismÏc 2. 'Estw prÏblhma beltistopo–hshc ⇧ kai F (S) h antikeimenik†
sunàrthsh me Ïrisma mia apodekt† l‘sh S. Sumbol–zoume me OPT (x) th bËl-
tisth l‘sh gia e–sodo x. TÏte ↵-proseggistikÏc algÏrijmoc gia to prÏblhma
⇧ onomàzetai Ënac algÏrijmoc ALG pou gia opoiad†pote e–sodo x isq‘ei:

F (OPT (x))  F (ALG(x))  ↵ · F (OPT (x)).

To ↵ apokale–tai lÏgoc prosËggishc tou algor–jmou. Gia probl†mata
elaqistopo–hshc Ëqoume ↵ > 1 en∏ gia probl†mata megistopo–hshc ↵ < 1.
'Etsi, Ënac 1

2

-proseggistikÏc algÏrijmoc gia Ëna prÏblhma megistopo–hshc
d–nei pànta l‘sh h opo–a Ëqei tim† antikeimenik†c sunàrthshc toulàqiston
mis† apÏ aut† thc bËltisthc l‘shc.
H epÏmenh er∏thsh pou Ërqetai t∏ra sto mualÏ e–nai gia poia probl†mata

mporo‘me na pàroume kalo‘c proseggistiko‘c algor–jmouc kai gia poia Ïqi.
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Gia to skopÏ autÏ or–zoume tic legÏmenec klàseic proseggisimÏthtac, tic
kuriÏterec apÏ tic opo–ec anafËroume sth sunËqeia:

OrismÏc 3. LËme Ïti Ëna prÏblhma beltistopo–hshc an†kei sthn klàsh
Polynomial-time Approximation Scheme (PTAS) an gia kàje " > 0 upàr-
qei algÏrijmoc pou trËqei se poluwnumikÏ qrÏno kai d–nei mia l‘sh h opo–a
br–sketai katà paràgonta (1 + ") kontà sth bËltisth gia probl†mata elaqi-
stopo–hshc kai katà paràgonta (1�") kontà gia probl†mata megistopo–hshc.

Upos‘nolo thc parapànw klàshc apotele– h pio austhr† Fully Polynomial-
time Approximation Scheme (FPTAS) klàsh, h opo–a apaite– o algÏrijmoc
na e–nai poluwnumikÏc tÏso wc proc to mËgejoc thc eisÏdou n Ïso kai wc proc
ton Ïro 1/". 'Ena gnwstÏ prÏblhma pou an†kei sthn klàsh FPTAS e–nai to
prÏblhma tou sakid–ou (knapsack problem).

OrismÏc 4. LËme Ïti Ëna prÏblhma beltistopo–hshc an†kei sthn klàsh APX
(ek tou ‘approximable’) an upàrqei algÏrijmoc pou trËqei se poluwnumikÏ
qrÏno kai d–nei mia l‘sh h opo–a br–sketai katà kàpoion stajerÏ paràgonta
kontà sth bËltisth.

Profan∏c h klàsh APX perilambànei ex orismo‘ thn klàsh PTAS. H
diaforà Ëggeitai sto Ïti gia na an†kei Ëna prÏblhma sthn klàsh PTAS ja
prËpei na upàrqei Ënac algÏrijmoc pou na d–nei l‘sh gia kàje paràgonta kontà
sth bËltisth l‘sh, en∏ sthn klàsh APX arke– na upàrqei algÏrijmoc gia Ëna
mÏno sugkekrimËno paràgonta. Màlista, ektÏc kai an apodeiqje– Ïti P = NP ,
Ëqoume Ïti PTAS 6= APX, dhlad† h klàsh PTAS e–nai austhrÏ upos‘nolo thc
APX. Paràdeigma probl†matoc pou an†kei sth de‘terh allà Ïqi sthn pr∏th
e–nai to prÏblhma bin packing.
'Ena apÏ ta shmantikÏtera apotelËsmata sthn perioq† e–nai to apotËle-

sma twn Feige, Goldwasser, Lovasz, Safra kai Szegedy [60] sqetikà me th mh
proseggisimÏthta tou probl†matoc thc e‘reshc enÏc Anexàrthtou SunÏlou
(Independent Set) se Ënan dosmËno gràfo. To sugkekrimËno apotËlesma ànoi-
xe to drÏmo gia peraitËrw Ëreuna g‘rw apÏ th mh proseggisimÏthta Ëktote.
SugkekrimËna gia to prÏblhma MAX-3SAT o J. Hastad [28] Ëdeixe Ïti to na
plhsiàseic katà paràgonta 7/8 + " kontà sth bËltisth l‘sh apotele– NP-
hard prÏblhma. 'Eqoume wstÏso kai apotelËsmata proc thn ant–jeth pleurà.
Gia paràdeigma o D. Johnson [30] Ëdeixe bËltistouc lÏgouc prosËggishc gia
arketà shmantikà probl†mata Ïpwc thc e‘reshc Independent Set † Set Cover
se dosmËno gràfo, to prÏblhma MAX-SAT k.à. dojËntwc pànta Ïti P 6= NP .
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2.4 'Amesoi AlgÏrijmoi

'Amesoi AlgÏrijmoi (Online Algorithms) [34, 16] e–nai oi algÏrijmoi pou de
dËqontai thn e–sodo sto s‘nolÏ thc allà tmhmatikà, san mia akolouj–a apÏ
ait†mata, kai ektelo‘n mia sugkekrimËnh enËrgeia san apÏkrish se kàje a–thma.
Màlista, ta ait†mata autà pou dËqetai Ënac àmesoc algÏrijmoc prËpei na
exuphrethjo‘n me th seirà me thn opo–a katËfjasan. 'Estw, loipÏn, r =

r(1) . . . r(n) h akolouj–a twn aithmàtwn. QarakthristikÏ twn algor–jmwn
aut∏n e–nai Ïti ta mellontikà ait†mata den e–nai gnwstà kai Ëtsi prËpei na
dràsoun Ïso kal‘tera mporo‘n me bàsh to mËroc thc eisÏdou pou Ëqoun dei
mËqri thn paro‘sa stigm† qwr–c na xËroun ti ep–keitai sto mËllon. Dhlad†,
Ïtan exuphrete–tai to a–thma r(t) o algÏrijmoc de gnwr–zei ta ait†mata r(t0) me
t0 > t. Ep–shc, kàje forà pou o algÏrijmoc exuphrete– Ëna a–thma prokale–tai
kàpoio kÏstoc. Profan∏c, stÏqoc sto sqediasmÏ àmeswn algor–jmwn e–nai na
elaqistopoihje– to kÏstoc pou ja proklhje– sunolikà metà thn exuphrËthsh
tou sunÏlou twn aithmàtwn thc akolouj–ac.
Oi àmesoi algÏrijmoi sugkr–nontai suqnà me touc offline algÏrijmouc. Oi

offline algÏrijmoi Ëqoun sth diàjes† touc olÏklhrh thn e–sodo exarq†c. E-
pomËnwc, Ïtan touc zhte–tai na exuphret†soun Ëna a–thma mporo‘n na dràsoun
basismËnoi se olÏklhrh thn akolouj–a aithmàtwn pou touc e–nai gnwst†. Exai-
t–ac auto‘, profan∏c, oi offline algÏrijmoi apod–doun suqnà arketà kal‘te-
ra apÏ touc ant–stoiqo‘c touc àmesouc algor–jmouc gia Ëna sugkekrimËno
prÏblhma. Sugkr–nontac, Ëtsi, Ënan àmeso algÏrijmo me ton ant–stoiqÏ tou
offline algÏrijmo mporo‘me na ton axiolog†soume kai na pàroume Ëna mËtro
thc apÏdos†c touc sth qeirÏterh per–ptwsh. H anàlush aut† onomàzetai
antagwnistik† anàlush (competitive analysis). SugkekrimËna Ëqoume:

OrismÏc 5. 'Estw ALG Ënac àmesoc algÏrijmoc pou dËqetai mia akolou-
j–a aithmàtwn r kai OPT o bËltistoc offline algÏrijmoc pou exuphrete– thn
akolouj–a aut† me to elàqisto dunatÏ kÏstoc. Sumbol–zoume me ALG(r)
kai OPT (r) ta kÏsth twn d‘o algor–jmwn afo‘ exuphret†soun to s‘nolo
twn aithmàtwn thc akolouj–ac r. TÏte o algÏrijmoc ALG onomàzetai k-
antagwnistikÏc an upàrqei stajerà c tËtoia ∏ste gia opoiad†pote akolouj–a
r na isq‘ei:

ALG(r)  k ·OPT (r) + c.

To k onomàzetai de–kthc antagwnisimÏthtac (competitive ratio). BËlti-
stoc àmesoc algÏrijmoc gia Ëna prÏblhma e–nai tÏte autÏc me ton mikrÏtero
de–kth antagwnisimÏthtac.
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Se pollà probl†mata oi àmesoi algÏrijmoi apod–doun kal‘tera an touc
epitrape– na kànoun kàpoiec tuqa–ec epilogËc katà thn ektËles† touc. Sthn
per–ptwsh pou epitrËpetai kàti tËtoio, o de–kthc antagwnisimÏthtac tou al-
gor–jmou auto‘ or–zetai se sqËsh me kàpoion ant–palo. O ant–paloc kata-
skeuàzei mia akolouj–a aithmàtwn r kai thn parËqei ston algÏrijmo. Gnwr–zei
pànta katà to sqediasmÏ thc akolouj–ac aut†c thn perigraf† tou algor–j-
mou. Upàrqoun, wstÏso, tr–a diaforetikà e–dh antipàlwn anàloga me to an
o ant–paloc gnwr–zei tic apant†seic kai tic tuqa–ec epilogËc tou algor–jmou
sta prohgo‘mena ait†mata proto‘ sqediàsei ta epÏmena pou ja tou parËqei.
'Etsi, s‘mfwna me ton Ben-David [14], Ëqoume:

Oblivious ant–paloc: 'Enac oblivious ant–paloc kataskeuàzei olÏklhrh thn
akolouj–a aithmàtwn r proto‘ parËqei ston algÏrijmo opoiod†pote a–thma apÏ
autà.

Online prosarmostikÏc ant–paloc: 'Enac ant–paloc auto‘ tou t‘pou mpore–
na parakolouje– tic apant†seic tou algor–jmou sta ait†mata pou tou d–nei
kai na sqediàzei ta epÏmena ait†mata me bàsh tic apant†seic autËc. PrËpei,
wstÏso, na d–nei ta ait†mata autà katà online trÏpo, mh gnwr–zontac dhlad†
tic tuqa–ec epilogËc pou Ëkane † ja kànei o algÏrijmoc.

Offline prosarmostikÏc ant–paloc: 'Enac ant–paloc auto‘ tou t‘pou mpo-
re– na parakolouje– tic apant†seic tou algor–jmou sta ait†mata pou tou d–nei
kai na sqediàzei ta epÏmena ait†mata me bàsh tic apant†seic autËc. ParËqei
akÏmh ta ait†mata autà katà offline trÏpo, gnwr–zontac dhlad† tic tuqa–ec
epilogËc pou kànei o algÏrijmoc gia na apant†sei sta erwt†mata.

2.5 SqediasmÏc Mhqanism∏n

Ja or–soume arqikà to montËlo dhmoprasi∏n pou qrhsimopoio‘me. 'Estw Ënac
pwlht†c pou jËlei na poul†sei Ëna antike–meno kai n endiaferÏmenoi agora-
stËc. Kàje agorast†c i Ëqei mia ax–a vi gia to antike–meno autÏ, dhlad† to
mËgisto posÏ pou prot–jetai na plhr∏sei gia na apokt†sei to antike–meno.
H ax–a aut† kàje agorast† jewro‘me Ïti e–nai idiwtik† tou plhrofor–a kai
kane–c àlloc den th gnwr–zei. Profan∏c kàje agorast†c summetËqei sth dh-
mopras–a gia na apokt†sei to antike–meno Ïso to dunatÏn fjhnÏtera, en∏ an
h tim† tou uperbe– to vi tÏte den to jËlei kajÏlou. To kËrdoc (utility) ui

enÏc agorast† i jewro‘me Ïti e–nai –so me 0 Ïtan den apoktàei to antike–meno
kai –so me vi � p Ïtan to apoktàei kai plhr∏nei p. To montËlo kËrdouc autÏ
onomàzetai sth bibliograf–a quasi-linear montËlo.
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To montËlo dhmoprasi∏n pou qrhsimopoio‘me an†kei sthn kathgor–a twn
sealed-bid dhmoprasi∏n. Stic dhmopras–ec autËc kàje agorast†c i kànei mia
prosforà gia to antike–meno bi thn opo–a thn anafËrei mÏno ston pwlht† kai
h opo–a mpore– na e–nai kai diaforetik† apÏ thn ax–a tou gia to antike–meno
autÏ. 'Eqoume Ëtsi to diànusma prosfor∏n b = (b

1

, . . . , bn). O pwlht†c
sth sunËqeia apofas–zei se poion ja d∏sei to antike–meno, dhlad† ton kanÏna
katanom†c x(b) ✓ Rn. Kàje xi e–nai –so me 0 † 1 anàloga an o agorast†c
i kËrdise to antike–meno † Ïqi kai Ëqoume sunolikà Ëna mÏno 1. O pwlht†c
apofas–zei ep–shc kai thn tim† sthn opo–a ja pwlhje– to antike–meno, dhlad†
ton kanÏna plhrwm∏n p(b) ✓ Rn. 'Ola ta pi e–nai –sa me 0 ektÏc tou agorast†
eke–nou pou kËrdise en tËlei to antike–meno. Oi plhrwmËc e–nai pànta jetikËc
∏ste o pwlht†c na pa–rnei qr†mata kai Ïqi na d–nei. An e–qame perissÏtera
tou enÏc –dia antike–mena ta x kai p ja prosarmÏzontan analÏgwc. To kËrdoc
kàje agorast† i e–nai tÏte ui(b) = vi · xi(b)� pi(b)
Upàrqoun kàpoiec idiÏthtec pou epidi∏koume na isq‘oun se kàje dhmopra-

s–a pou sqediàzoume, epeid† bohjo‘n tÏso touc agorastËc na summetËqoun
Ïso kai ton –dio ton pwlht† na problËyei to apotËlesma. Oi d‘o pio shmanti-
kËc e–nai oi idiÏthtec thc filal†jeiac kai thc individual rationality :

OrismÏc 6. Filal†jeia. 'Enac mhqanismÏc onomàzetai filal†jhc Ïtan h
kur–arqh strathgik† kàje agorast† i e–nai na dhl∏sei wc prosforà bi thn
pragmatik† idiwtik† tou ax–a vi. Pio sugkekrimËna, gia opoiad†pote prosfo-
rà b0i tou agorast† i kai gia opoiesd†pote prosforËc b�i twn upolo–pwn
agorast∏n ja isq‘ei:

ui(vi,b�i) � ui(b
0
i,b�i).

Dhlad†, dhl∏nontac thn pragmatik† tou ax–a megistopoie–tai to kËrdoc tou,
otid†pote kai an kànoun oi upÏloipoi agorastËc.

OrismÏc 7. Individual Rationality. H idiÏthta aut† egguàtai Ïti opoios-
d†pote agorast†c i dhl∏sei thn pragmatik† tou ax–a vi wc prosforà bi prÏkei-
tai na Ëqei mh arnhtikÏ kËrdoc ui. Pio sugkekrimËna, gia opoiesd†pote pro-
sforËc b�i twn upolo–pwn agorast∏n ja isq‘ei:

ui(vi,b�i) � 0.

Dhlad†, dhl∏nontac thn pragmatik† tou ax–a den prÏkeitai na bgei potË qa-
mËnoc summetËqontac sto mhqanismÏ, otid†pote kai an kànoun oi upÏloipoi
agorastËc. H idiÏthta aut† pollËc forËc anafËretai sth bibliograf–a kai wc
voluntary participation (ejelontik† summetoq†).
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ApÏ thn pleurà tou pwlht†, h idiÏthta thc filal†jeiac ton bohjàei na e-
piqeirhmatolog†sei sqetikà me thn Ëkbash thc dhmopras–ac. H mÏnh upÏjesh
pou prËpei na g–nei gia to skopÏ autÏ e–nai Ïti Ënac agorast†c pou diajËtei
mia kur–arqh strathgik† ja th qrhsimopoi†sei, miac kai qrhsimopoi∏ntac o-
poiad†pote àllh strathgik† mpore– na bgei zhmiwmËnoc. Se aut† thn upÏjesh
sthn ous–a sthr–zetai kai olÏklhrh h Jewr–a Paign–wn. ApÏ thn pleurà tou
agorast†, h idiÏthta aut† tou l‘nei ta qËria wc proc ton trÏpo me ton opo–o
ja summetàsqei kaj∏c de qreiàzetai na exetàsei Ïlec tic dunatËc strathgikËc
allà arke– na dhl∏sei wc prosforà thn pragmatik† tou ax–a. H idiÏthta thc
individual rationality tou egguàtai akÏmh Ïti dhl∏nontac thn pragmatik† tou
ax–a den prÏkeitai na bgei zhmiwmËnoc summetËqontac sto mhqanismÏ, opÏte
den upàrqei kai lÏgoc na mh summetËqei.
Oi kuriÏteroi stÏqoi tou sqediasmo‘ dhmoprasi∏n sun†jwc e–nai h megi-

stopo–hsh tou kËrdouc tou pwlht† † h megistopo–hsh tou koinwniko‘ kalo-
‘ (social welfare/surplus). To koinwnikÏ kalÏ antiproswpe‘ei katà kàpoio
trÏpo th ‘qarà’ thc koinwn–ac gia mia sugkekrimËnh katanom† twn antikei-
mËnwn. ProsjËtontac ta kËrdh Ïlwn twn summeteqÏntwn sto mhqanismÏ, dh-
lad† kai tou pwlht† kai twn agorast∏n, Ëqoume to ex†c àjroisma:

nX

i=1

pi

| {z }
pwlht†c

+

nX

i=1

(vixi � pi)

| {z }
agorastËc

=

nX

i=1

vixi.

Sto parapànw àjroisma jewr†same kai ton pwlht† wc pa–kth tou mhqanismo‘
me kËrdoc tic plhrwmËc pou pa–rnei gia ta antike–mena pou poulàei. BlËpoume
Ïti oi plhrwmËc akur∏nontai metax‘ touc kai wc koinwnikÏ kalÏ mËnei mÏno to
àjroisma twn axi∏n twn agorast∏n pou kËrdisan kàpoio antike–meno. Prokei-
mËnou, epomËnwc, na megistopoihje– to koinwnikÏ kalÏ ja prËpei ta antike–mena
na dojo‘n stouc agorastËc me tic megal‘terec ax–ec.
'Enac pol‘ aplÏc mhqanismÏc dhmopras–ac gia thn per–ptwsh enÏc anti-

keimËnou me pollo‘c agorastËc e–nai h legÏmenh second-price dhmopras–a †
dhmopras–a Vickrey. Sth dhmopras–a aut†, pou e–nai dhmopras–a t‘pou sealed-
bid, to antike–meno d–netai ston pleiodÏth (dhlad† ston agorast† pou Ëkane
th megal‘terh prosforà). H plhrwm† pou anat–jetai ston agorast† autÏn na
d∏sei e–nai –sh me th de‘terh megal‘terh prosforà agorast†. H dhmopras–a
aut† apodeikn‘etai arketà e‘kola [62] Ïti e–nai filal†jhc kai Ëqei thn idiÏthta
thc individual rationality. Ep–shc, megistopoie– profan∏c kai to koinwnikÏ
kalÏ dedomËnou Ïti d–nei to antike–meno ston pa–kth me th megal‘terh prosfo-
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rà kai, efÏson o mhqanismÏc e–nai filal†jhc, ston pa–kth me th megal‘terh
ax–a.
Eutuq∏c gia Ïlouc touc sqediastËc mhqanism∏n, upàrqei Ëna je∏rhma

to opo–o dedomËnou enÏc kanÏna katanom†c twn antikeimËnwn, d–nei arketà
e‘kola kai me sugkekrimËno trÏpo ton ant–stoiqo kanÏna plhrwm∏n ∏ste o
mhqanismÏc na e–nai filal†jhc kai na parËqei to mËgisto kËrdoc. Arke–, loipÏn,
o sqediast†c enÏc mhqanismo‘ na katal†xei ston kanÏna katanom†c pou jËlei
anàloga me to skopÏ tou kai qrhsimopoi∏ntac to je∏rhma autÏ ja pàrei sth
sunËqeia àmesa kai apodotikà ton kanÏna plhrwm∏n. D–noume pr∏ta Ënan
apara–thto orismÏ sqetikà me ton kanÏna katanom†c:

OrismÏc 8. 'Enac kanÏnac katanom†c x onomàzetai monÏtonoc an gia kàje
agorast† i kai gia opoiesd†pote prosforËc b�i twn upolo–pwn agorast∏n,
h sunàrthsh katanom†c xi(bi,b�i) e–nai a‘xousa wc proc to bi.

Me àlla lÏgia, auxànontac thn prosforà tou Ënac opoiosd†pote agorast†c
mpore– mÏno na kerd–sei perissÏtera antike–mena kai Ïqi na qàsei kàpoio apÏ
autà pou †dh Ëqei (an Ëqei). TÏte, Ëqoume to ex†c pol‘ shmantikÏ je∏rhma
sto SqediasmÏ Mhqanism∏n to opo–o onomàzetai L†mma tou Myerson:

Je∏rhma 1. ([49]). An Ënac kanÏnac katanom†c x e–nai monÏtonoc, tÏte
upàrqei monadikÏc kanÏnac plhrwm∏n p Ëtsi ∏ste o mhqanismÏc (x,p) na e–nai
filal†jhc, kai màlista o kanÏnac autÏc p d–netai apÏ sugkekrimËno t‘po.

To parapànw apotËlesma isq‘ei, wstÏso, mÏno sthn per–ptwsh pou pw-
le–tai Ëna mÏno antike–meno † pollà –dia kai kàje agorast†c Ëqei m–a ax–a gia
to antike–meno autÏ. An jel†soume na sqediàsoume mia dhmopras–a gia peris-
sÏtera tou enÏc antike–mena, tÏte ja prËpei na metabo‘me se Ëna genikÏtero
montËlo mhqanism∏n. SugkekrimËna, Ëstw Ïti Ëqoume n agorastËc kai Ëna
s‘nolo ⌦ apÏ pijanà apotelËsmata Ïson aforà thn katanom† twn antikei-
mËnwn. Kàje agorast†c t∏ra Ëqei wc idiwtik† plhrofor–a mia ax–a vi(!) gia
kàje Ëna endeqÏmeno ! 2 ⌦. Sto montËlo autÏ Ëqoume to ex†c jemeli∏dec
je∏rhma sto SqediasmÏ Mhqanism∏n:

Je∏rhma 2. ([26, 19, 62]). Se kàje genikÏ montËlo sqediasmo‘ mhqanism∏n
upàrqei Ënac filal†jhc mhqanismÏc o opo–oc megistopoie– to koinwnikÏ kalÏ.

O parapànw mhqanismÏc onomàzetai VCG apÏ ta arqikà twn onomàtwn
twn empneust∏n tou (Vickrey-Clarke-Groves). DedomËnou Ïti megistopoie– to
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koinwnikÏ kalÏ o kanÏnac katanom†c ja prËpei na e–nai o ex†c:

x(b) = argmax!2⌦

nX

i=1

bi(!).

'Etsi epilËgetai to apotËlesma pou megistopoie– to àjroisma twn prosfor∏n
kai, dojËntoc Ïti o mhqanismÏc e–nai filal†jhc, megistopoie– kai to àjroisma
twn axi∏n (dhlad† to koinwnikÏ kalÏ). Wc kanÏnac plhrwm∏n or–zetai o
ex†c: Ënac agorast†c i plhr∏nei thn ap∏leia kËrdouc pou prokale– stouc
upÏloipouc n� 1 agorastËc apÏ thn parous–a tou. Dhlad†:

pi(b) = max

!2⌦

X

j 6=i

bj(!)

| {z }
qwr–c ton i

�
X

j 6=i

bj(!
⇤
)

| {z }
me ton i

,

Ïpou !⇤
= x(b) to apotËlesma pou epilËqjhke me ton parapànw kanÏna ka-

tanom†c.
Epeid† sthn pràxh den mporo‘me na gnwr–zoume tic pragmatikËc ax–ec twn

agorast∏n katà th fàsh sqediasmo‘ enÏc mhqanismo‘, ∏ste na sqediàsoume
ton pio katàllhlo gia thn per–stash, jewro‘me Ïti oi ax–ec twn agorast∏n
akoloujo‘n kàpoiec sugkekrimËnec katanomËc tic opo–ec gnwr–zoume. Oi kata-
nomËc autËc mpore– na Ëqoun prok‘yei apÏ stoiqe–a prohgo‘menwn ektelËsewn
tou mhqanismo‘, dhmografikà stoiqe–a twn agorast∏n, etair–ec dhmoskop†se-
wn kaj∏c kai apÏ sunduasmÏ twn proanaferjËntwn kai àllwn phg∏n. TÏte
ta pràgmata e–nai arketà pio d‘skola gia to sqediasmÏ tou katàllhlou mhqa-
nismo‘. Ta teleuta–a qrÏnia h Ëreuna Ëqei epikentrwje– g‘rw apÏ to sugke-
krimËno prÏblhma e‘reshc enÏc apodotiko‘ mhqanismo‘ me to bËltisto kËrdoc
sthn per–ptwsh poll∏n antikeimËnwn, an kai to prÏblhma paramËnei akÏmh
anoiktÏ.
'Estw, gia paràdeigma, h per–ptwsh Ïpou Ënac pwlht†c prosfËrei pollà

diaforetikà antike–mena se Ënan mÏno agorast† o opo–oc endiafËretai na apo-
kt†sei to pol‘ Ëna apÏ autà (unit-demand buyer). 'Eqoume ta ex†c d‘o pol‘
shmantikà apotelËsmata:

Je∏rhma 3. ([18]). 'Otan oi katanomËc twn axi∏n twn agorast∏n gia ta
antike–mena e–nai anexàrthtec metax‘ touc h e‘resh enÏc bËltistou ntetermini-
stiko‘ mhqanismo‘ pou na megistopoie– to kËrdoc e–nai upologistikà d‘skolh
diadikas–a.
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Je∏rhma 4. ([64]). AkÏma kai Ïtan oi katanomËc twn axi∏n twn agorast∏n
gia ta antike–mena e–nai –diec metax‘ touc † to mËgejoc tou support2 touc
e–nai to pol‘ 3, h e‘resh enÏc bËltistou nteterministiko‘ mhqanismo‘ pou na
megistopoie– to kËrdoc e–nai Ëna NP-pl†rec prÏblhma.

AkÏmh kai an epitrËyoume kai pijanotiko‘c mhqanismo‘c ta apotelËsmata
den allàzoun idia–tera:

Je∏rhma 5. ([17]). 'Otan poulàme pollà diaforetikà antike–mena se pollo‘c
agorastËc pijanÏtata3 den upàrqei bËltistoc mhqanismÏc pou na megistopoie–
to kËrdoc o opo–oc na ulopoie–tai apodotikà.

2.6 Probabilistic Inference

StatistikÏc SumperasmÏc e–nai h diadikas–a thc exagwg†c sumperasmàtwn gia
mia katàstash me bàsh kàpoiec parathr†seic pou Ëqoume apokt†sei. Gia pa-
ràdeigma, Ëstw Ïti se Ëna dwmàtio upàrqei Ënac arijmÏc apÏ aniqneutËc oi
opo–oi sunergàzontai prokeimËnou na diapist∏soun thn ‘parxh fwtiàc † mh,
kajËnac apÏ touc opo–ouc Ëqei mia sugkekrimËnh pijanÏthta epituqo‘c an–qneu-
shc fwtiàc. TÏte, h klasik† er∏thsh statistiko‘ sumperasmo‘ e–nai o upo-
logismÏc thc pijanÏthtac ‘parxhc fwtiàc me bàsh tic timËc twn aniqneut∏n.
Upàrqei, Ïmwc, pijanÏthta kàpoioc apÏ touc aniqneutËc na e–nai qalasmËnoc
kai na mh paràgei ta anamenÏmena apotelËsmata. Qreiàzetai, loipÏn, na e-
–maste s–gouroi Ïti kai Ënac, gia paràdeigma, apÏ touc aniqneutËc na qalàsei
h ekt–mhsh gia fwtià ja e–nai h –dia. Eisàgetai, Ëtsi, h idËa tou E‘rwstou
Statistiko‘ Sumperasmo‘ (Robust Probabilistic Inference), Ïpou oi parath-
r†seic stic opo–ec basizÏmaste gia na bgàloume sumperàsmata mpore– na e–nai
kakobo‘lwc tropopoihmËnec.
'Estw, loipÏn, Ïti jËloume na problËyoume thn tim† miac duadik†c meta-

blht†c kai Ëqoume sth diàjes† mac Ënan arijmÏ apÏ parathr†seic. Kàpoiec,
Ïmwc, apÏ autËc tic parathr†seic mpore– na e–nai Ïpwc e–pame kai parapànw
kakobo‘lwc tropopoihmËnec. 'Eqoume, Ëtsi, Ëna pa–gnio anàmesa ston pro-
blËpth, pou prospaje– na problËyei swstà thn tim† thc metablht†c, kai ton
ant–palo, o opo–oc prospaje– na kànei ton problËpth na apot‘qei Ëqontac

2
Support miac katanom†c onomàzetai to s‘nolo twn shme–wn gia ta opo–a h sunàrthsh

katanom†c den e–nai mhdenik†.
3EktÏc kai an ZPP ◆ P#P .
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sth diàjes† tou Ëna s‘nolo apÏ dunatËc tropopoi†seic pou mpore– na efar-
mÏsei stic parathr†seic gia na tic allàxei. StÏqoc e–nai na problËyoume
Ïso to dunatÏn kal‘tera thn tim† thc metablht†c. To prÏblhma autÏ mpore–
na perigrafe– san Ëna grammikÏ prÏblhma sugkekrimËnou t‘pou. Sthn erga-
s–a aut† parousiàzetai Ënac algÏrijmoc topiko‘ upologismo‘ o opo–oc l‘nei
proseggistikà tËtoiou e–douc grammikà probl†mata — àra kai to prÏblhma
upologismo‘ thc tim†c thc metablht†c apÏ tic tropopoihmËnec parathr†seic
— se polulogarijmikÏ qrÏno.
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Kefàlaio 3

Orismo–

3.1 Sumbolismo–

'Estw n � 1 Ënac fusikÏc arijmÏc. TÏte me [n] sumbol–zoume to s‘nolo
{1, . . . , n}. 'Oloi oi logàrijmoi e–nai me bàsh to 2.
'Estw G = (V,E) Ënac gràfoc. 'Oloi oi gràfoi jewro‘ntai mh kateuju-

nÏmenoi. TÏte, me dG(u, v) sumbol–zoume thn apÏstash metax‘ twn kÏmbwn u
kai v, dhlad† to m†koc tou suntomÏterou monopatio‘ apÏ ton Ënan kÏmbo ston
àllon. Me NG(u) = {u 2 V (G) : (u, v) 2 E(G)} sumbol–zoume to s‘nolo
twn geitÏnwn tou u. Ep–shc, N+

G (U) = NG(u) [ {u}. Me dG(u) sumbol–zou-
me to bajmÏ tou kÏmbou u. 'Opote den upàrqei k–nduno s‘gqushc me touc
sumbolismo‘c parale–poume to de–kth G apÏ ta dG(u, v), NG(u) kai dG(u).

3.2 Maximal Independent Set

'Ena anexàrthto s‘nolo (independent set) enÏc gràfouG e–nai Ëna s‘nolo apÏ
mh geitoniko‘c kÏmbouc tou G. 'Ena independent set (IS) onomàzetai maximal
independent set (MIS) an den perilambànetai ex olokl†rou se kanËna àllo
IS. To parakàtw sq†ma bohjàei sthn katanÏhsh twn ide∏n:
Gia thn e‘resh enÏc MIS upàrqei àplhstoc algÏrijmoc o opo–oc trËqei se

grammikÏ qrÏno:

1. Ar–jmhse Ïlouc touc kÏmbouc tou G wc 1, 2, . . . , n

2. S  ;
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Sq†ma 3.1: Parade–gmata independent set

3. ApÏ i = 1 Ëwc n:

(a˛) An o i den Ëqei ge–tonec sto S, S  S [ {i}

To MIS pou prok‘ptei apÏ ton parapànw algÏrijmo onomàzetai to lexi-
kografikà pr∏to maximal independent set (lexicographically first maximal
independent set † LFMIS). O Cook [20] apËdeixe Ïti h e‘resh tou LFMIS e–nai
prÏblhma NC1-pl†rh gia to P , enisq‘ontac Ëtsi th genikÏterh dia–sjhsh pou
up†rqe Ïti den upàrqei algÏrijmoc NC pou na paràgei to LFMIS. WstÏso,
oi Karp kai Wigderson [36] anËptuxan Ënan gr†goro paràllhlo algÏrijmo
o opo–oc qrhsimopoie– O(n2

) epexergastËc kai trËqei se qrÏno O((log n)4).
'Edeixan Ëtsi Ïti to prÏblhma tou MIS an†kei sthn klàsh NC4. O algÏrij-
moc tou Luby pou ja parousiàsoume sthn enÏthta aut† apodeikn‘ei Ïti to
prÏblhma tou MIS an†kei sthn klàsh NC2.
To prÏblhma thc e‘reshc enÏc maximal independent set e–nai idia–tera

shmantikÏ miac kai qrhsimopoie–tai se Ïlo kai perissÏterouc paràllhlouc al-
gÏrijmouc se morf† uporout–nac. Gia paràdeigma, o Karloff [32] qrhsimopo–h-
se ton algÏrijmo gia MIS wc uporout–na gia to prÏblhma tou Odd Set Cover.
EpiplËon, pollà probl†mata Ëqei deiqje– Ïti an†koun kai autà sthn klàsh
NC2 d–nontac anagwgËc apÏ autà sto prÏblhma e‘reshc enÏc MIS. Sugkekri-
mËna, oi Karp kai Wigderson [36] Ëdwsan NC1 anagwgËc apÏ ta probl†mata
Maximal Set Packing kai Maximal Matching sto MIS kai mia NC2 anagw-
g† apÏ to prÏblhma thc 2-IkanopoihsimÏthtac sto MIS. O Luby [45] Ëdwse,
epiplËon, mia NC1 anagwg† apÏ to prÏblhma Maximal Coloring sto MIS.
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3.3 2-QrwmatismÏc Upergràfou

Upergràfoc H onomàzetai Ëna zeugàri H = (V,E), Ïpou V e–nai Ëna s‘nolo
apÏ antike–mena pou onomàzontai kÏmboi kai E e–nai Ëna s‘nolo apÏ mh-kenà
upos‘nola tou V pou onomàzontai uperakmËc. 'Ena paràdeigma enÏc uper-
gràfou fa–netai sto parakàtw sq†ma:

Sq†ma 3.2: Paràdeigma upergràfou

'Enac upergràfoc onomàzetai k-omoiÏmorfoc an kàje uperakm† tou periËqei
akrib∏c k kÏmbouc. 'Enac 2-qrwmatismÏc enÏc upergràfou H e–nai mia anti-
sto–qish c apÏ kÏmbouc se d‘o qr∏mata, pq c : V ! {red, blue}, Ëtsi ∏ste
kam–a uperakm† tou H na mhn periËqei mÏno Ëna qr∏ma. Gràfoc Exart†sewn G
tou upergràfou H onomàzetai Ënac gràfoc o opo–oc Ëqei Ënan kÏmbo gia kàje
m–a uperakm† tou H kai mia uperakm† Ei en∏netai me mia àllh uperakm† Ej an
kai mÏno an Ei \ Ej 6= ;. Me E(u) sumbol–zoume to s‘nolo twn uperakm∏n
stic opo–ec an†kei o u.
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3.4 k-wise independent tuqa–ec metablhtËc

'Estw X
1

, . . . , Xn tuqa–ec metablhtËc me timËc sto s‘nolo {0,1} oi opo–ec
akoloujo‘n mia katanom† D : {0, 1}n ! [0, 1] kai 1  k  n Ënac akËraioc.
H katanom† D e–nai k-wise independent an gia opoiad†pote i

1

, i
2

, . . . , ik (Ïla
monadikà) kai t

1

, . . . , tk 2 {0, 1} isq‘ei

PrX
1

,...,X
n

⇠D[Xi
1

= t
1

, . . . , Xi
k

= tk] = Pr[Xi
1

= t
1

] . . . P r[Xi
k

= tk].

Mia tuqa–a metablht† onomàzetai k-wise independent an h sunàrthsh kata-
nom†c thc e–nai k-wise independent.

Support miac katanom†c D, supp(D), onomàzetai to s‘nolo twn shme–wn
gia ta opo–a h sunàrthsh katanom†c den e–nai mhdenik†, supp(D) = {x :

D(x) > 0}. Mia diakrit† sunàrthsh katanom†c e–nai summetrik† an D(x) =
1/|supp(D)| gia kàje x 2 supp(D). An mia katanom† D : {0, 1}n ! [0, 1]
e–nai summetrik† me |supp(D)|  2

m gia kàpoio m  n, tÏte mporo‘me na
deiktodot†soume ta stoiqe–a tou support thcD me {0, 1}m, Ïpou tom kale–tai
seed length thc tuqa–ac metablht†c pou akolouje– katanom† D.

Je∏rhma 6. Gia opoiad†pote 1  k  n, upàrqei mia summetrik† katanom†
D : {0, 1}n ! [0, 1] me mËgejoc support to pol‘ nbk/2c, h opo–a e–nai k-wise
independent. Me àlla lÏgia, upàrqei mia k-wise independent tuqa–a meta-
blht† x = (x

1

, . . . , xn) me seed length to pol‘ O(k log n). Ep–shc, gia kàje
1  i  n, to xi mpore– na upologisje– se q∏ro O(k log n).

3.5 Lovász Local Lemma

Upàrqoun peript∏seic pou to zhto‘meno enÏc probl†matoc e–nai h epal†jeush
thc ‘parxhc miac dom†c se Ëna s‘nolo stoiqe–wn. Me àlla lÏgia zhte–tai na
apode–xoume Ïti ta stoiqe–a tou sunÏlou parousiàzoun kàpoiec sugkekrimËnec
idiÏthtec. Gia na to epit‘qoume autÏ mporo‘me na efarmÏsoume thn pijanotik†
mËjodo. Me bàsh aut†, epilËgoume Ëna stoiqe–o tou sunÏlou sthn t‘qh kai
de–qnoume Ïti autÏ ikanopoie– Ïlec tic zhto‘menec idiÏthtec me kàpoia jetik†
pijanÏthta. SugkekrimËna, tic perissÏterec forËc, h pijanÏthta aut† e–nai
arketà megàlh kai te–nei sto 1 kaj∏c oi paràmetroi tou probl†matoc te–noun
sto àpeiro. Màlista, qrhsimopoi∏ntac thn pijanotik† mËjodo, pa–rnoume su-
n†jwc kai Ënan pijanotikÏ algÏrijmo o opo–oc paràgei Ëna s‘nolo me thn
ant–stoiqh dom†. Upàrqoun, wstÏso, kai peript∏seic Ïpou h ‘parxh miac su-
gkekrimËnhc dom†c se Ëna s‘nolo apodeikn‘etai kànontac qr†sh gegonÏtwn
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ta opo–a isq‘oun me kàpoia jetik† pijanÏthta h opo–a, Ïmwc, e–nai ekjetikà
mikr†. AntijËtwc me prin, tËtoiec apode–xeic sun†jwc den d–noun algor–jmouc
gia ta ant–stoiqa probl†mata.
TËtoiec peript∏seic e–nai ta probl†mata ta opo–a l‘nontai me th bo†jeia

tou Lovász Local Lemma. AnafËroume parakàtw th ‘summetrik†’ ekdoq† tou
l†mmatoc.

L†mma 1. 'Estw A
1

, A
2

, . . . , Ak mia seirà apÏ gegonÏta tËtoia ∏ste Pr[Ai] 
p gia Ïla ta 1  i  k kai kàje gegonÏc e–nai anexàrthto apÏ Ïla ta àlla ektÏc
apÏ to pol‘ d apÏ autà. An

ep(d+ 1)  1,

Ïpou e = 2.718 . . . h bàsh twn fusik∏n logar–jmwn, tÏte upàrqei pijanÏthta
na mh sumbe– kanËna apÏ autà, dhlad†:

Pr[\k
i=1

¯Ai] > 0

Oi efarmogËc tou parapànw l†mmatoc e–nai pàra pollËc. MerikËc apÏ
autËc mporo‘n na brejo‘n sta [2, 6, 4, 3, 7, 21]. M–a apÏ autËc me thn
opo–a ja asqolhjo‘me kai peraitËrw sthn ergas–a aut† e–nai o qrwmatismÏc
upergràfou.
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Kefàlaio 4

Upàrqontec AlgÏrijmoi

4.1 Genikà

'Opwc anafËrjhke kai prohgoumËnwc, upàrqoun diàfora e–dh algor–jmwn me
stÏqo thn ep–lush enÏc probl†matoc se upogrammikÏ qrÏno, Ïpwc oi paràllh-
loi algÏrijmoi kai oi proseggistiko– algÏrijmoi. KatanemhmËnoi algÏrijmoi
Ëqoun protaje– ta teleuta–a qrÏnia gia arketà probl†mata, Ïpwc gia qrw-
matismÏ, maximal independent set, dominating set, ktlp (blËpe [38, 39, 40,
41, 42, 43, 12, 13]). Sth sunËqeia ja parousiàsoume d‘o tËtoiouc katanemh-
mËnouc algor–jmouc: tou Luby gia maximal independent set kai tou Alon gia
qrwmatismÏ upergràfou. Stouc algÏrijmouc auto‘c ja basisto‘me gia na
paragàgoume algÏrijmouc topiko‘ upologismo‘ gia ta ant–stoiqa probl†ma-
ta.

4.2 O algÏrijmoc tou Luby

Sto Sq†ma 4.1 fa–netai o algÏrijmoc tou Luby gia to prÏblhma thc e‘re-
shc enÏc maximal independent set enÏc gràfou. O algÏrijmoc autÏc e–nai
ËnacMonte Carlo algÏrijmoc, dhlad† trËqei se nteterministikÏ qrÏno ektËle-
shc allà to apotËlesma pou d–nei endËqetai na e–nai làjoc me kàpoia mikr†
pijanÏthta. E–sodoc tou algor–jmou e–nai Ënac mh kateujunÏmenoc gràfoc
G = (V,E). 'Exodoc, fusikà, e–nai Ëna MIS I ✓ V . Wc d(v) noe–tai o bajmÏc
tou kÏmbou v sto gràfo G0.
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Sq†ma 4.1: O algÏrijmoc tou Luby

Anàlush 'Estw m
1

o arijmÏc twn akm∏n tou G0 prin thn ektËlesh tou
brÏqou while, m

2

h tuqa–a metablht† tou arijmo‘ twn akm∏n tou G0 metà
thn ektËlesh tou brÏqou while kai m

3

h tuqa–a metablht† tou arijmo‘ twn
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akm∏n pou afairËjhkan apÏ ton G0 katà thn ektËlesh tou brÏqou while.
TÏte, fusikà, Ëqoume m

2

= m
1

� m
3

. 'Estw Ev to gegonÏc o kÏmboc v
na epilege– sto b†ma (*) tou algor–jmou. Ta gegonÏta autà e–nai amoiba–wc
anexàrthta (mutually independent). 'Estw, akÏmh, pv = Pr[Ev] =

1

2d(v) kai
sumv =

P
w2adj(v) pw.

L†mma 2. Pr[v 2 N(I 0)] � 1

4

min(sumv, 1).

ApÏdeixh. Arijmo‘me touc geitoniko‘c kÏmbouc tou v wc ex†c {1, . . . , d(v)}.
'Estw

E 0
1

= E
1

E 0
i = (

i�1\

j=1

Ej) \ ¬Ei, 2  i  d(v)

kai
Ai =

\

x2adj(i),d(x)�d(i)

¬Ex.

TÏte,

Pr[v 2 N(I 0)] �
d(v)X

i=1

Pr[Ai|E 0
i]Pr[E 0

i].

Allà,

Pr[Ai|E 0
i] � Pr[Ai] � 1�

X

x2adj(i),d(x)�d(i)

px �
1

2

.

Apodeikn‘etai se epÏmeno l†mma Ïti

d(v)X

i=1

Pr[E 0
i] = Pr[[d(v)i=1

Ei] �
1

2

min(sumv, 1).

OpÏte Ëqoume telikà:

Pr[v 2 N(I 0)] � 1

4

min(sumv, 1).

Apodeikn‘oume sth sunËqeia to l†mma pou qrhsimopoi†same sthn para-
pànw apÏdeixh. H apÏdeixh g–netai gia thn per–ptwsh pou ta gegonÏta {Ew}
e–nai anexàrthta anà d‘o (pairwise independent), upÏjesh asjenËsterh apÏ
aut†n pou e–qame kànei arqikà Ïti ta gegonÏta autà e–nai amoiba–wc anexàrthta.
'Ara o algÏrijmoc exakolouje– na leitourge– kanonikà kai upÏ asjenËsterec
sunj†kec.

40



L†mma 3. 'Estw gegonÏta E
1

, . . . , En, 1  i  n, tËtoia ∏ste Pr[Ei] = pi
kai gia 1  i 6= j  n, Pr[Ei \ Ej] = pi · pj. JËtoume sum =

P
i pi. TÏte

Pr[[iEi] � 1

2

min(sum, 1).

ApÏdeixh. 'Estw E 0
k =

Sk
i=1

Ei kai ↵k =

Pk
i=1

pi. UpojËtoume Ïti ta ge-
gonÏta {Ew} br–skontai se fj–nousa seirà pijanÏthtac, dhlad† p

1

� p
2

�
· · · � pn, qwr–c àrsh thc genikÏthtac. TÏte Ëqoume Pr[E 0

n] � Pr[E 0
k] gia

kàje 1  k  n. Epeid† ta gegonÏta {Ew} e–nai anexàrthta anà d‘o Ëqoume
Ïti

Pr[E 0
k] � ↵k �

X

1i<jk

pi · pj.

To dex– mËroc thc anisÏthtac aut†c, Ïmwc, elaqistopoie–tai Ïtan Ïla ta pi
iso‘ntai me ↵

k

k . OpÏte,

Pr[E 0
k] � ↵k


1� ↵k(k � 1)

2k

�
.

Pa–rnoume t∏ra peript∏seic gia to ↵n. An ↵n  1 tÏte

Pr[E 0
n] �

↵n

2

=

sum

2

.

An ↵n � 1 tÏte Ëstw l = min{k : ↵k � 1}. An l = 1 tÏte

Pr[E 0
1

] � 1.

An l � 2 tÏte ↵l�1

< 1  ↵l  l
l�1

. EpomËnwc,

Pr[E 0
l] � ↵l


1� ↵l(l � 1)

2l

�
� 1

2

.

Mporo‘me plËon na apode–xoume to k‘rio je∏rhma pou ja mac bohj†sei
na upolog–soume to qrÏno ektËleshc tou algor–jmou.

Je∏rhma 7. E[m
3

] � 1

8

m
1

ApÏdeixh. Gia opoiod†pote W ✓ V , Ëstw ET to s‘nolo twn akm∏n pou
akoumpàn to W :

ET (W ) = {(v, w) 2 E|v 2 W † w 2 W}.
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Qrhsimopoi∏ntac autÏn to sumbolismÏ oi akmËc pou afairËjhkan apÏ ton G0

katà thn ektËlesh tou brÏqou while e–nai oi akmËc sto ET [I 0 [N(I 0)]. Kàje
akm† (v, w) pou an†kei sto parapànw s‘nolo an†kei se autÏ e–te epeid† v 2
I 0 [N(I 0) e–te epeid† w 2 I 0 [N(I 0). EpomËnwc,

E[m
3

] � 1

2

X

v2V 0

d(v)Pr[v 2 I 0 [N(I 0)]

� 1

2

X

v2V 0

d(v)Pr[v 2 N(I 0)].

ApÏ to l†mma 3, Pr[v 2 N(I 0)] � 1

4

min(sumv, 1). OpÏte, telikà:
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+
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QrÏnoc ektËleshc ApÏ to Je∏rhma 7 Ëqoume E[m
3

] � 1

8

m
1

kai sunep∏c
E[m

2

] � 7

8

m
1

. EpomËnwc, o anamenÏmenoc arijmÏc ektelËsewn tou brÏqou w-
hile e–nai O(log n) me arketà megàlh pijanÏthta. Kàje epanàlhyh tou brÏqou
mpore– na ekteleste– se qrÏno O(log n) qrhsimopoi∏ntac O(m) epexergastËc,
Ïpou o anamenÏmenoc arijmÏc tuqa–wn bits e–nai O(n). 'Ara, telikà, o aname-
nÏmenoc qrÏnoc ektËleshc tou algor–jmou tou Luby e–nai O(log

2 n) qrhsimo-
poi∏ntac O(m) epexergastËc, Ïpou anamenÏmenoc arijmÏc tuqa–wn bits e–nai
O(n log n).
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4.3 O algÏrijmoc tou Alon

Sthn enÏthta aut† ja parousiàsoume ton algÏrijmo tou Alon gia thn e‘resh
enÏc 2-qrwmatismo‘ enÏc upergràfou H. O algÏrijmoc autÏc e–nai pijanoti-
kÏc kai trËqei se treic fàseic. Sth Fàsh 1 qrwmat–zoume tuqa–a kai anexàr-
thta Ïlouc touc kÏmbouc tou H e–te me mple e–te me kÏkkino me –sh pijanÏthta.
An opoiad†pote akm† apokt†sei toulàqiston ↵n kÏmbouc tou –diou qr∏matoc
tÏte onomàzoume thn akm† aut† ‘kak†’. 'Estw B to s‘nolo Ïlwn twn ‘ka-
k∏n’ akm∏n. Mia tuqa–a akm† an†kei sto s‘nolo B me pijanÏthta to pol‘
2

P
i↵n

�
n
i

�
/2n  2 · 2(H(a)�1)n, Ïpou H(x) = �x log x� (1� x) log(1� x) h

duadik† sunàrthsh entrop–ac.
Apodeikn‘oume sth sunËqeia Ëna l†mma pou ja mac bohj†sei sthn anàlush

tou algor–jmou. Sthn apÏdeixh aut† kànoume qr†sh miac sugkekrimËnhc dom†c
pou onomàzoume 1,2-dËntro. 'Ena upos‘nolo kÏmbwn C tou G (Ïpou G o
gràfoc exart†sewn) onomàzetai 1,2-dËntro an trab∏ntac mia akm† metax‘ kàje
Ai, Aj 2 C twn opo–wn h apÏstash ston G e–nai 1 † 2, o prok‘ptwn gràfoc
e–nai sunektikÏc.

L†mma 4. H pijanÏthta opoiod†pote 1,2-dËntro C ston G tou opo–ou Ïloi
kÏmboi an†koun sto B na Ëqei mËgejoc to pol‘ d log(2N) e–nai toulàqiston
1/2.

ApÏdeixh. Ja fràxoume to mËgejoc twn zhto‘menwn 1,2-dËntrwn fràssontac
ton arijmÏ twn 2,3-dËntrwn megËjouc u ston G. 2,3-dËntro onomàzetai Ëna
upos‘nolo kÏmbwn T touG an trab∏ntac mia akm† metax‘ kàjeAi, Aj 2 T twn
opo–wn h apÏstash ston G e–nai 2 † 3, o prok‘ptwn gràfoc e–nai sunektikÏc
kai, ep–shc, oi apostàseic twn Ai, Aj ston G e–nai toulàqiston 2. 'Estw
gràfoc enÏc sunÏlou kÏmbwn tou G Ïpou upàrqei akm† metax‘ d‘o kÏmbwn
tou an kai mÏno an oi kÏmboi auto– ston G Ëqoun apÏstash 2 † 3. Parathro‘me
Ïti opoiod†pote 2,3-dËntro se Ëna s‘nolo T apÏ kÏmbouc tou G periËqei Ëna
dËntro me kÏmbouc tou T sto nËo gràfo. O nËoc gràfoc Ëqei mËgisto bajmÏ
mikrÏtero apÏ D = d3.
Isq‘ei ([37]) Ïti Ëna àpeiro D-regular dËntro me r–za periËqei akrib∏c
1

(D�1)u+1

�
Du
u

�
ton arijmÏ upodËntra megËjouc u me r–za. AmËswc sumpera-

–noume Ïti o arijmÏc twn dËntrwn megËjouc u ta opo–a periËqoun Ënan su-
gkekrimËno kÏmbo se opoiond†pote gràfo me mËgisto bajmÏ D den uperba–nei
ton parapànw arijmÏ, o opo–oc e–nai mikrÏteroc apÏ (eD)

u. Gia opoiod†pote
2,3-dËntro T megËjouc u xËroume ep–shc Ïti Pr[T ✓ B] . EpomËnwc, o ana-
menÏmenoc arijmÏc apÏ 2,3-dËntra T ✓ B megËjouc u e–nai to pol‘ N(eDp)u.
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An t∏ra upojËsoume Ïti isq‘ei 4ed3 < 2

n(1�H(↵)), tÏte eDp < 0.5 kai an
u = log(2N) o parapànw Ïroc e–nai to pol‘ 1/2.
'Eqoume de–xei dhlad† Ëwc t∏ra Ïti den upàrqei 2,3-dËntro me mËgejoc me-

gal‘tero apÏ log(2N) tou opo–ou Ïloi oi kÏmboi an†koun sto B me pijanÏthta
toulàqiston 1/2. Gia Ëna maximal 2,3-dËntro T sto C isq‘ei Ïti kàje Ai 2 C
e–nai ge–tonac sto G enÏc Aj 2 T . Upàrqoun, Ïmwc, ligÏteroi apÏ d ge–tonec
Ai enÏc opoioud†pote Aj. Sunep∏c, log(2N) � |T | � |C|/d kai telikà:

|C|  d log(2N).

Epanalambànoume th Fàsh 1 tou algor–jmou mËqric Ïtou den upàrqei ka-
nËna 1,2-dËntro me mËgejoc megal‘tero tou d log(2N) tou opo–ou Ïloi oi kÏm-
boi na an†koun sto B. TÏte lËme Ïti h Fàsh 1 e–nai epituqhmËnh kai terma-
t–zoume thn epanàlhyh. H pijanÏthta na e–nai epituqhmËnh mia ektËlesh thc
Fàshc 1 e–nai toulàqiston 1/2 me bàsh to parapànw l†mma. O anamenÏmenoc
qrÏnoc ektËleshc thc Fàshc 1, epomËnwc, e–nai grammikÏc.
Sth Fàsh 2 ja diorj∏soume tic ‘kakËc’ akmËc pou proËkuyan sth Fàsh 1.

AutÏ to petuqa–noume epanaqrwmat–zontac touc kÏmbouc tou H pou an†koun
stic ‘kakËc’ akmËc, ∏ste na mhn upàrqei kam–a monoqrwmatik† akm†. Me ton
epanaqrwmatismÏ upàrqei to endeqÏmeno kàpoiec akmËc na g–noun monoqrw-
matikËc. De qreiàzetai Ïmwc na anhsuqo‘me gia Ïlec tic akmËc. MÏno gia
autËc pou Ëqoun toulàqiston ↵n kÏmbouc pou an†koun se ‘kakËc’ akmËc. An
mia akm† Ëqei ligÏterouc apÏ tÏsouc kÏmbouc se ‘kakËc’ akmËc, tÏte ligÏte-
roi apÏ ↵n kÏmboi ja epanaqrwmatisto‘n kai h akm† aut† Ëqei toulàqiston
↵n kÏmbouc kàje qr∏matoc prin ton epanaqrwmatismÏ. EpomËnwc, metà ton
epanaqrwmatismÏ de prÏkeitai na g–nei monoqrwmatik†. Tic akmËc pou Ëqoun
toulàqiston ↵n kÏmbouc pou an†koun se ‘kakËc’ akmËc tic onomàzoume ‘epi-
k–ndunec’. Epanaqrwmat–zontac Ïlouc touc kÏmbouc stic ‘kakËc’ akmËc tuqa–a
kai anexàrthta epanaqrwmat–zoume toulàqiston ↵n kÏmbouc se kàje ‘epik–n-
dunh’ akm† kai àra h pijanÏthta aut† na g–nei monoqrwmatik† e–nai ligÏtero
apÏ 2

�↵n. UpojËtontac Ïti 2e(d + 1) < 2

↵n kai dedomËnou Ïti kàje akm†
tËmnei to pol‘ àllec d, apÏ to L†mma 1 Ëqoume Ïti upàrqei epanaqrwmatismÏc
Ïpou kam–a akm† na e–nai monoqrwmatik†.
Mia pol‘ shmantik† parat†rhsh gia th diadikas–a tou epanaqrwmatismo‘

e–nai Ïti o epanaqrwmatismÏc twn akm∏n kàje maximal 1,2-dËntrou C apÏ ‘ka-
kËc’ akmËc mpore– na g–nei xeqwristà. Kai autÏ giat– den upàrqei ‘epik–ndunh’
akm† pou na tËmnei d‘o † perissÏtera tËtoia maximal 1,2-dËntra. EpomËnwc,
mporo‘me na epanaqrwmat–soume tic akmËc se kàje C prosËqontac mÏno na mh
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g–nei monoqrwmatik† kàpoia ‘epik–ndunh’ akm† pou na tËmnei kàpoia akm† tou
C. DedomËnou Ïti o arijmÏc twn kÏmbwn pou prËpei na epanaqrwmatisto‘n se
kàje 1,2-dËntro C e–nai sqetikà mikrÏc (O(logN)), mporo‘me na bro‘me ton
katàllhlo epanaqrwmatismÏ efarmÏzontac exantlhtik† anaz†thsh. Kànontàc
to autÏ gia Ëna sugkekrimËno C ja pàrei qrÏno O(2

O(logN)

) = NO(1) kai su-
nolikà gia Ïla ta C ja pàrei poluwnumikÏ qrÏno. 'Ara telikà o algÏrijmoc
tou Alon trËqei se poluwnumikÏ qrÏno. O algorijmÏc autÏc mpore– na paral-
lhlopoihje–, Ïpwc Ëqoume anafËrei kai prwt‘tera, ∏ste na trËqei se qrÏno
O(log n) qrhsimopoi∏ntac nO(1) paràllhlouc epexerastËc.
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Kefàlaio 5

AlgÏrijmoi Topiko‘
Upologismo‘

Oi algÏrijmoi topiko‘ upologismo‘ pou ja parousiasto‘n ed∏ apotelo‘n ge-
n–keush twn topik∏n algor–jmwn (local algorithms). Oi topiko– algÏrijmoi,
Ïtan efarmÏzontai se grafojewrhtikà probl†mata, exetàzoun mÏno Ëna mikrÏ
tm†ma thc eisÏdou to opo–o br–sketai g‘rw apÏ Ëna sugkekrimËno kÏmbo ∏ste
na paràxoun th zhto‘menh l‘sh. Qrhsimopoi∏ntac thn anagwg† twn Parnas
kai Ron [54] mporo‘me na metatrËyoume katanemhmËnouc algÏrijmouc me sta-
jerÏ arijmÏ g‘rwn, Ïpwc auto‘c tou prohgo‘menou kefala–ou, se topiko‘c
algor–jmouc.

5.1 MontËlo

'Estw n = |x| to mËgejoc thc eisÏdou x.

OrismÏc 9. Gia e–sodo x, Ëstw F (x) = {y|y dekt† l‘sh gia e–sodo x}. To
zhto‘meno prÏblhma e–nai h e‘resh enÏc y 2 F (x).

OrismÏc 10. 'Enac (t(n), s(n), �(n))-algÏrijmoc topiko‘ upologismo‘ A e-
–nai Ënac (pijanotikÏc) algÏrijmoc o opo–oc dËqetai mia seirà apÏ erwt†ma-
ta q

1

, . . . , qk kai d–nei ant–stoiqa apant†seic yq
1

, . . . , yq
k

, oi opo–ec apotelo‘n
tm†mata miac sugkekrimËnhc dekt†c apànthshc y 2 F (x). H pijanÏthta na
epit‘qei se Ïla ta erwt†mata e–nai toulàqiston 1 � �(n). 'Eqei sth diàjes†
tou mia genn†tria tuqa–wn arijm∏n kai mpore– na apojhke‘ei kai na anaktà
plhrofor–ec apÏ prohgo‘menouc upologismo‘c. O A trËqei se qrÏno to pol‘
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t(n), o opo–oc jËloume na e–nai upogrammikÏc se sqËsh me to mËgejoc thc
eisÏdou, kai qreiàzetai q∏ro to pol‘ s(n).

TÏso h e–sodoc x Ïso kai h Ëxodoc y jewro‘me Ïti e–nai pol‘ megàlec. Su-
gkekrimËna h e–sodoc de qreiàzetai na e–nai se kàpoia prokajorismËnh morf†.
Ep–shc, o parapànw orismÏc twn algor–jmwn topiko‘ upologismo‘ apokle–ei
thn pijanÏthta o algÏrijmoc na apant†sei upolog–zontac pr∏ta olÏklhrh th
l‘sh y.

OrismÏc 11. 'Enac ATU A onomàzetai query order oblivious (query obli-
vious gia suntom–a) an oi apant†seic tou den exart∏ntai apÏ th seirà twn
erwthmàtwn.

OrismÏc 12. 'Enac ATU A onomàzetai parallhlopoi†simoc an uposthr–zei
paràllhla erwt†mata.

5.2 Maximal Independent Set

'Estw gràfoc G o opo–oc Ëqei n kÏmbouc me mËgisto bajmÏ d.

5.2.1 EpiskÏphsh tou AlgÏrijmou

O algÏrijmoc topiko‘ upologismo‘ pou perigràfoume ed∏, me bàsh th logik†
gia touc ATU pou anapt‘xame parapànw, dËqetai erwt†mata gia kÏmbouc tou
G kai apantàei sto an o ekàstote kÏmboc an†kei se kàpoio maximal indepen-
dent set. O algÏrijmoc trËqei se 2 fàseic. Sthn pr∏th fàsh prosomoi∏nei
ton paràllhlo algÏrijmo tou Luby pou perigràyame sthn EnÏthta 4.2: o
zhto‘menoc kÏmboc prospaje– na mpei sto IS me mia mikr† pijanÏthta kai ta
katafËrnei mÏno an kanËnac apÏ touc ge–tonËc tou den prospaje– na kànei to
–dio. Epanalambànoume th Fàsh 1 Ëwc Ïtou sqedÏn Ïloi oi kÏmboi e–te Ëqoun
mpei sto IS e–te kàpoioc ge–tonàc touc e–nai sto IS (opÏte auto– den prÏkeitai
na mpoun potË). An isq‘ei Ëna apÏ ta duo gia to zhto‘meno kÏmbo tÏte o
algÏrijmoc tele–wse. Alli∏c suneq–zei me th Fàsh 2 Ïpou ektele– ton àplh-
sto algÏrijmo (pou anafËrame sthn EnÏthta 3.3) sth sunektik† sunist∏sa
me touc enapome–nantec kÏmbouc g‘rw apÏ ton zhto‘meno. H sunist∏sa aut†
Ëqei, ‘stera apÏ th Fàsh 1, sqetikà mikrÏ mËgejoc opÏte kai h Fàsh 2 ja
oloklhrwje– pol‘ gr†gora.
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O algÏrijmoc antistoiqe– se kàje kÏmbo tou G kai mia katàstash. Anà
pàsa stigm† kàje kÏmboc mpore– na br–sketai se m–a ek twn ex†c tri∏n ka-
tastàsewn: (a) ‘selected’, dhlad† an†kei sto MIS, (b) ‘deleted’, toulàqiston
Ënac ge–tonàc tou an†kei sto MIS, kai (g) ‘?’. 'Oloi oi kÏmboi xekino‘n sthn
katàstash ‘?’. 'Apax kai kàpoioc kÏmboc metabe– se katàstash ‘selected’ †
‘deleted’ mËnei se aut† kaj' Ïlh thn upÏloiph diàrkeia ektËleshc tou algÏrij-
mou. Ja perigràyoume t∏ra analutikà tic d‘o autËc fàseic kai ja or–soume
tic qronikËc poluplokÏthtËc touc.

5.2.2 Fàsh 1

Sto Sq†ma 5.1 fa–netai o yeudok∏dikac thc Fàshc 1 tou algor–jmou. H
sunàrthsh MIS(u, i) epistËfei wc apotËlesma thn katàstash tou kÏmbou u
sto tËloc tou g‘rou i. Sthn ous–a, h MIS(u, i) trËqei ton algÏrijmo tou
Luby pou Ëqoume †dh parousiàsei gia Ënan g‘ro. Sto g‘ro autÏ o kÏmboc
prospaje– na ‘epilËxei’ ton eautÏ tou me pijanÏthta 1/2d. To –dio prospajo‘n
na kànoun kai Ïloi oi ge–tonËc tou pou e–nai se katàstash ‘?’. O kÏmboc u
mpa–nei telikà sto IS mÏno an epilege– o –dioc allà kanËnac apÏ touc ge–tonËc
tou, alli∏c suneq–zoume ston epÏmeno g‘ro. An o u mpei en tËlei sto IS
anane∏noume thn katàstas† tou se ‘selected’ kai thn katàstash Ïlwn twn
geitÏnwn tou se ‘deleted’.

Sq†ma 5.1: Fàsh 1 tou ATU gia MIS

Me bàsh to [45], an trËxoume th Fàsh 1 gia O(log n) g‘rouc tÏte de ja
upàrqei kanËnac kÏmboc se katàstash ‘?’ metà thn olokl†rwsh thc fàshc
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aut†c. KanËnac kÏmboc se katàstash ‘?’ Ïmwc sunepàgetai Ïti brËjhke Ëna
MIS kai o algÏrijmoc Ëqei oloklhrwje–. To na epanalàboume th Fàsh 1 gia
tÏsouc g‘rouc wstÏso kajustere– pàra pol‘. Kànontac thn ex†c parat†rh-
sh mporo‘me na mei∏soume ton arijmÏ twn g‘rwn pou ja trËxoume th Fàsh
1 arketà: kaj∏c auxànoume stadiakà touc g‘rouc apÏ O(1) Ëwc O(log n) mei-
∏netai ant–stoiqa to mËgejoc twn sunektik∏n sunistws∏n apÏ enapome–nantec
kÏmbouc gia touc opo–ouc den Ëqei apofas–sei o algÏrijmoc an an†koun † Ïqi
sto MIS. Apodeikn‘etai sto [56] pwc an trËxoume th Fàsh 1 gia O(d log d)
g‘rouc tÏte Ïlec oi sunektikËc sunist∏sec apÏ touc enapome–nantec kÏmbouc
se katàstash ‘?’ Ëqoun, sqedÏn s–goura, mËgejoc to pol‘ poly(d) log n. Ja
mporËsoume, Ëtsi, sth Fàsh 2 na ektelËsoume ton àplhsto algÏrijmo sth
sunektik† sunist∏sa me touc enapome–nantec kÏmbouc g‘rw apÏ ton zhto‘me-
no pol‘ gr†gora, agno∏ntac Ïlec tic upÏloipec sunist∏sec. SugkekrimËna
apodeikn‘etai Ïti:

Je∏rhma 8. Afo‘ trËxoume th Fàsh 1, Ïlec oi sunektikËc sunist∏sec apÏ
touc enapome–nantec kÏmbouc se katàstash ‘?’ Ëqoun, me pijanÏthta toulàqi-
ston 1� 1/n, mËgejoc to pol‘ O(polylog(d)n).

QrÏnoc ektËleshc Gia na upolog–soume to MIS(u, i) ja prËpei na ka-
lËsoume anadromikà to MIS(v, j) gia Ïlouc touc prohgo‘menouc g‘rouc, 1 
j  i� 1, tÏso gia ton u Ïso kai gia Ïlouc touc ge–tonËc tou, v 2 N+

(u). E-
peid† o mËgistoc arijmÏc geitÏnwn enÏc kÏmbou e–nai d kai trËqoume th Fàsh 1
gia O(d log d) g‘rouc, o qrÏnoc ektËleshc thc Fàshc 1 e–nai dO(r)

= dO(d log d)

(to dËntro thc anadrom†c Ëqei ‘yoc O(r) kai branching factor d).

5.2.3 Fàsh 2

An o zhto‘menoc kÏmboc u metà th Fàsh 1 e–nai akÏmh se katàstash ‘?’
(dhlad† o algÏrijmoc den apofànjhke an o kÏmboc an†kei † Ïqi sto MIS metà
apÏ O(d log d) g‘rouc thc Fàshc 1) tÏte prËpei na trËxoume th Fàsh 2. Sth
Fàsh 2 kratàme mÏno touc kÏmbouc tou G se katàstash ‘?’ kai br–skoume tic
sunektikËc sunist∏sec tou nËou gràfou. 'Estw C(u) h sunektik† sunist∏sa
pou periËqei ton u. Ja epikentrwjo‘me apokleistikà se aut† th sunektik†
sunist∏sa, miac kai to an an†kei o u stoMIS exartàtai mÏno apÏ to an an†koun
† Ïqi se autÏ oi ge–tonËc touc kai mÏno. O u profan∏c den Ëqei ge–tonec se
opoiad†pote àllh sunektik† sunist∏sa, opÏte mporo‘me na agno†soume Ïlec
tic upÏloipec. An to mËgejÏc thc C(u) e–nai megal‘tero apÏ c

2

log n gia kàpoia
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stajerà c
2

pou exartàtai mÏno apÏ to d, tÏte diakÏptoume thn ektËlesh kai
epistrËfoume ‘Fail’ ∏ste na mhn parabiàsoume to qronikÏ Ïrio ektËleshc pou
jËloume idanikà na epit‘qoume. Alli∏c, ektelo‘me ton àplhsto algÏrijmo
pou anafËrame sthn eisagwg† tou kefala–ou auto‘ gia na bro‘me to MIS thc
C(u), h opo–a e–nai arketà mikr† ∏ste o àplhstoc algÏrijmoc na telei∏sei
sqetikà gr†gora.

QrÏnoc ektËleshc Gia na elËgxoume Ïti Ïloi oi kÏmboi thc C(u) e–nai
se katàstash ‘?’ trËqoume th Fàsh 1 gia kajËnan apÏ auto‘c me qrÏno
kàje forà dO(d log d). 'Ara o qrÏnoc ektËleshc thc Fàshc 2 e–nai to pol‘
O(|C(u)|)·dO(d log d)  O(dO(d log d)·log n). DedomËnou Ïti h posÏthta aut† e–nai
megal‘terh apÏ to qrÏno ektËleshc thc Fàshc 1, tÏsoc e–nai kai o sunolikÏc
qrÏnoc ektËleshc tou algor–jmou topiko‘ upologismo‘ pou parousiàsame gia
to MIS.

SunolikÏc Q∏roc Gia th Fàsh 1 qreiàzetai na diathro‘me sth mn†mh
tic tuqa–ec epilogËc kàje kÏmbou, ∏ste oi apant†seic tou algor–jmou mac
na e–nai sunepe–c wc proc kàpoia dekt† l‘sh. Sth Fàsh 2 prËpei na kratàme
plhrofor–ec gia touc kÏmbouc thc sunektik†c sunist∏sac C(u), oi opo–oi e–nai
to pol‘ O(log n). 'Ara o algÏrijmoc qreiàzetai sunolikà q∏ro O(n).

'Eqoume, telikà, to ex†c apotËlesma:

Je∏rhma 9. 'Estw gràfoc G me n kÏmbouc kai mËgisto bajmÏ d. TÏte
upàrqei Ënac (O(dO(d log d) · log n), O(n), 1/n)-algÏrijmoc topiko‘ upologismo‘
o opo–oc, dojËntoc enÏc kÏmbou u, apofas–zei an o u an†kei se kàpoio maximal
independent set. Ep–shc, Ïlec tou oi apant†seic e–nai sunepe–c wc proc kàpoio
sugkekrimËno MIS.

Qrhsimopoi∏ntac ton AlgÏrijmo Topiko‘ Upologismo‘ pou parousiàsame
parapànw katafËrame, epomËnwc, na pàroume thn epijumht† plhrofor–a gia
Ëna sugkekrimËno kÏmbo se qrÏno mÏlic O(dO(d log d) · log n). AntijËtwc, an
perimËname na apokt†soume me ton algÏrijmo tou Luby olÏklhro to maximal
independent set ja qreiazÏmastan O(log

2 n) qrÏno kai O(m) epexergastËc,
kajuster∏ntac Ëtsi kai xode‘ontac arketà perissÏterouc pÏrouc.
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5.3 2-qrwmatismÏc upergràfou

'Estw k-omoiÏmorfoc upergràfoc H o opo–oc Ëqei m kÏmbouc, N uperakmËc
kai kàje uperakm† tËmnei to pol‘ d àllec. 'Ara m  kN kai an jewr†soume
ta k kai d stajerËc tÏte Ëqoume m = O(N).
Ep–shc, gnwr–zoume Ïti oi Erdös kai Lovász [21] apËdeixan qrhsimopoi∏ntac

to Lovász Local Lemma to ex†c:

Je∏rhma 10. An e(d + 1) < 2

n�1 tÏte opoiosd†pote upergràfoc H ston
opo–o kàje akm† Ëqei toulàqiston n � 2 kÏmbouc kai kam–a akm† den tËmnei
perissÏterec apÏ d àllec akmËc e–nai 2-qrwmat–simoc, Ïpou e = 2.718.

5.3.1 EpiskÏphsh Algor–jmou

O algÏrijmoc topiko‘ upologismo‘ pou perigràfoume ed∏, me bàsh pàli th
logik† gia touc ATU pou anapt‘xame prohgoumËnwc, dËqetai erwt†mata gia
kÏmbouc tou H kai apantàei me to qr∏ma tou ekàstote kÏmbou se kàpoio
2-qrwmatismÏ tou H. O algÏrijmoc autÏc prosomoi∏nei ton algÏrijmo tou
Alon pou perigràyame sthn EnÏthta 4.3. TrËqei, epomËnwc, se 3 fàseic. Sthn
pr∏th fàsh qrwmat–zoume Ënan Ënan touc kÏmbouc tou H se mia tuqa–a seirà
(pq sth seirà me thn opo–a dËqetai ta erwt†mata o algÏrijmoc). An kàpoia
stigm† mia uperakm† Ëqei k

1

kÏmbouc enÏc qr∏matoc kai kanËnan tou àllou,
tÏte shmei∏noume aut†n thn akm† wc ‘dangerous’ kai touc aqrwmàtistouc
kÏmbouc thc wc ‘troubled’. Touc kÏmbouc auto‘c den touc qrwmat–zoume sth
Fàsh 1. An o zhto‘menoc kÏmboc g–nei ‘troubled’ trËqoume th Fàsh 2. Arqikà
diagràfoume Ïlec tic uperakmËc oi opo–ec periËqoun plËon kÏmbouc kai twn
d‘o qrwmàtwn, miac kai touc aqrwmàtistouc kÏmbouc pou periËqoun mporo‘me
plËon na touc qrwmat–soume Ïpwc jËloume. Sth sunËqeia, epanalambànoume
thn –dia diadikas–a sth sunektik† sunist∏sa apÏ enapome–nantec akmËc g‘rw
apÏ ton zhto‘meno kÏmbo, allà t∏ra mia uperakm† g–netai ‘dangerous’ an Ëqei
k
1

+ k
2

kÏmbouc enÏc qr∏matoc kai kanËnan tou àllou. An o zhto‘menoc
kÏmboc de qrwmatiste– o‘te t∏ra, trËqoume th Fàsh 3. Katà th diàrkeia
thc Fàshc 1 to mËgejoc twn sunektik∏n sunistws∏n apÏ enapome–nantec u-
perakmËc mei∏netai arketà. Katà th diàrkeia thc Fàshc 2 mei∏netai akÏma
perissÏtero. AutÏ mac epitrËpei sth Fàsh 3 na ektelËsoume mia exantlhtik†
anaz†thsh gia qrwmatismÏ sth sunektik† sunist∏sa apÏ tic nËec enapome–na-
ntec akmËc g‘rw apÏ ton zhto‘meno kÏmbo. H sunist∏sa aut† e–nai plËon
arketà mikr† opÏte h anaz†thsh ja telei∏soume sqetikà gr†gora. H ‘parxh
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tou zhto‘menou qrwmatismo‘ e–nai egguhmËnh apÏ to Lovász Local Lemma
s‘mfwna me to [5].
Katà thn ektËlesh tou algÏrijmou Ënac kÏmboc mpore– na e–nai se m–a apÏ

tic akÏloujec katastàseic: ‘uncolored’, ‘red’, ‘blue’, ‘trouble-1’ kai ‘trouble-
2’. Mia uperakm† mpore– na e–nai se m–a apÏ tic ex†c: ‘?’, ‘safe’, ‘unsafe-1’,
‘unsafe-2’, ‘dangerous-1’ kai ‘dangerous-2’. Oi arijmo– stic katastàseic Ëqoun
na kànoun me to se poia fàsh mp†kan sthn ant–stoiqh katàstash. Arqikà
Ïloi oi kÏmboi e–nai se katàstash ‘uncolored’ kai Ïlec oi uperakmËc se ‘?’.
Ja perigràyoume t∏ra analutikà tic treic autËc fàseic kai ja or–soume tic
qronikËc poluplokÏthtËc touc.

5.3.2 Fàsh 1

Sto Sq†ma 5.2 fa–netai o yeudok∏dikac thc Fàshc 1 tou algor–jmou. An o
kÏmboc x e–nai †dh zwgrafismËnoc epistrËfoume apeuje–ac to qr∏ma tou. An
e–nai se katàstash ‘trouble-1’ tÏte trËqoume th Fàsh 2. An e–nai se katàstash
‘trouble-2’ tÏte trËqoume th Fàsh 3. Alli∏c, epilËgoume Ëna qr∏ma sthn
t‘qh kai tou anajËtoume autÏ. Sth sunËqeia, anane∏noume thn katàstash
Ïlwn twn uperakm∏n pou ton emperiËqoun. SugkekrimËna, an mia uperakm†
perilambànei plËon kÏmbouc kai twn d‘o qrwmàtwn allàzoume thn katàstas†
thc se ‘safe’. An perilambànei k

1

kÏmbouc tou –diou qr∏matoc kai kanËnan tou
àllou, tÏte allàzoume thn katàstas† thc se ‘dangerous-1’ kai thn katàstash
Ïlwn twn aqrwmàtistwn kÏmbwn thc se ‘trouble-1’. TËloc, an den Ëqei kanËnan
aqrwmàtisto kÏmbo allà e–nai akÏma sthn arqik† katàstash ‘?’ (pràgma pou
sumba–nei an Ïloi oi kÏmboi thc e–nai e–te qrwmatismËnoi me to –dio qr∏ma e–te
‘trouble-1’), tÏte allàzoume thn katàstas† thc se ‘unsafe-1’.

QrÏnoc ektËleshc An o zhto‘menoc kÏmboc x e–nai qrwmatismËnoc tÏte
o qrÏnoc ektËleshc thc Fàshc 1 e–nai profan∏c O(1). An o kÏmboc e–nai
aqrwmàtistoc tÏte prËpei na ananewjo‘n oi katastàseic apÏ to pol‘ d +

1 uperakmËc, afo‘ kàje kÏmboc an†kei se to pol‘ d + 1 uperakmËc, kai oi
katastàseic apÏ to pol‘ k(d+1) kÏmbouc, afo‘ kàje uperakm† perilambànei
akrib∏c k kÏmbouc. 'Ara o qrÏnoc ektËleshc se aut† thn per–ptwsh e–nai
O(kd) = O(1), afo‘ ta k kai d jewro‘ntai stajerËc. TËloc, an o x e–nai se
katàstash ‘trouble-1’ tÏte o qrÏnoc ektËleshc e–nai –soc me thc Fàshc 2, en∏
an e–nai se katàstash ‘trouble-2’ e–nai –soc me thc Fàshc 3.
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Sq†ma 5.2: Fàsh 1 tou ATU gia qrwmatismÏ upergràfou

5.3.3 Fàsh 2

Sto Sq†ma 5.3 fa–netai o yeudok∏dikac thc Fàshc 2. Katà th Fàsh 1 tou
algor–jmou mac mpore– o zhto‘menoc kÏmboc na Ëgine ‘trouble-1’ arketà nw-
r–c qwr–c na prolàboun na qrwmatisto‘n arketo– kÏmboi. Ja trËxoume, loi-
pÏn, Ëna ‘proparaskeuastikÏ’ stàdio sthn arq† thc Fàshc 2 katà to opo–o
ja qrwmat–soume Ïsouc kÏmbouc apÏ auto‘c pou den e–qan qrwmatiste– mpo-
ro‘me akÏmh exereun∏ntac ton gràfo exart†sewn G. To stàdio autÏ sthn
ous–a apotele– mËroc thc pr∏thc fàshc tou algor–jmou tou Alon. Sto tËloc
tou stad–ou auto‘ ja Ëqoume brei th sunektik† sunist∏sa apÏ ‘surviving-1’
uperakmËc g‘rw apÏ ton kÏmbo x ston G, Ëstw C

1

(x). Sth sunËqeia, qrw-
mat–zoume touc kÏmbouc thc C

1

(x) me parÏmoio trÏpo me th Fàsh 1, to opo–o
apotele– kai to k‘rio stàdio thc Fàshc aut†c. StÏqoc tou stad–ou auto‘
e–nai h sunektik† sunist∏sa apÏ ‘surviving-2’ t∏ra uperakmËc g‘rw apÏ ton
x ston G na e–nai arketà mikr† sto tËloc thc Fàshc 2, ∏ste sthn epÏmenh
fàsh na ektelËsoume exantlhtik† anaz†thsh arketà gr†gora. ‘Surviving-1’
uperakmËc kalo‘me tic uperakmËc se katàstash ‘dangerous-1’ † ‘unsafe-1’,
en∏ ‘surviving-2’ autËc se katàstash ‘dangerous-2’ † ‘unsafe-2’.
Xekinàme, loipÏn, exereun∏ntac ton gràfo exart†sewn G. Diathro‘me Ëna

s‘nolo apÏ uperakmËc E
1

, to opo–o ja exeliqje– sth sunektik† sunist∏sa
C

1

(x), kai Ëna s‘nolo apÏ kÏmbouc V
1

. To s‘nolo V
1

periËqei kàje stigm†
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Sq†ma 5.3: Fàsh 2 tou ATU gia qrwmatismÏ upergràfou

Ïlouc touc aqrwmàtistouc kÏmbouc twn uperakm∏n sto E
1

. Or–zoume arqikà
E
1

= E(x), kaj∏c to qr∏ma tou kÏmbou x exartàtai àmesa apÏ ta qr∏mata
twn kÏmbwn twn uperakm∏n oi opo–ec ton periËqoun. Sth sunËqeia, qrwma-
t–zoume tuqa–a touc kÏmbouc tou sunÏlou V

1

. Kàje forà pou qrwmat–zoume
Ënan kÏmbo anane∏noume Ïlec tic uperakmËc stic opo–ec an†kei Ïpwc akrib∏c
sth Fàsh 1. An kàpoia uperakm† g–nei ‘safe’ tÏte thn afairo‘me apÏ to E

1

kai touc aqrwmàtistouc kÏmbouc thc pou an†koun mÏno se aut† apÏ to V
1

.
Suneq–zoume mËqri na qrwmat–soume Ïlouc touc kÏmbouc sto V

1

. Metà elËg-
qoume an upàrqei uperakm† pou e–nai geitonik† sto G me kàpoia tou E

1

kai, an
den e–nai ‘safe’, thn prosjËtoume sto E

1

kai ant–stoiqa touc aqrwmàtistouc
kÏmbouc thc sto V

1

, kaj∏c ta qr∏mata twn kÏmbwn twn uperakm∏n oi opo–ec
periËqoun ton x exart∏ntai àmesa apÏ ta qr∏mata twn kÏmbwn twn uperakm∏n
pou tic tËmnoun. Epanalambànoume t∏ra thn proanaferje–sa diadikas–a qrw-
matismo‘ gia touc nËouc kÏmbouc tou V

1

. H diadikas–a oloklhr∏netai Ïtan
den upàrqoun plËon aqrwmàtistoi kÏmboi sto s‘nolo V

1

(Ïloi oi kÏmboi twn
uperakm∏n tou E

1

e–nai e–te qrwmatismËnoi e–te se katàstash ‘trouble-1’) † an
to mËgejoc tou E

1

g–nei megal‘tero apÏ c
1

logN , Ïpou c
1

mia stajerà (∏ste na
mhn parabiàsoume to qronikÏ Ïrio ektËleshc pou jËloume idanikà na epit‘qou-
me). To s‘nolo E

1

e–nai en tËlei h sunektik† sunist∏sa C
1

(x) kai s‘mfwna me
to akÏloujo l†mma, pou apodeikn‘etai sto [5], Ëqei sqedÏn s–goura mËgejoc
to pol‘ c

1

logN . Oloklhr∏netai Ëtsi to ‘prokataskeuastikÏ’ autÏ stàdio
thc Fàshc 2.

L†mma 5. ([5]). 'Estw S ✓ G to s‘nolo twn ‘surviving-1’ uperakm∏n metà
th Fàsh 1. TÏte, me pijanÏthta toulàqiston 1 � 1

2N , Ïlec oi sunektikËc
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sunist∏sec tou G|S Ëqoun h kàje m–a mËgejoc to pol‘ c1 logN .

Suneq–zoume t∏ra me to k‘rio mËroc thc Fàshc 2. DedomËnou Ïti den
upàrqei akm† pou na sundËei th C

1

(x) me opoiad†pote àllh sunektik† su-
nist∏sa tou G, den upàrqei kÏmboc akm†c thc C

1

(x) pou to qr∏ma tou na
exartàtai apÏ qr∏ma kÏmbou pou den an†kei se akm† thc C

1

(x). Mporo‘me,
epomËnwc, na qrwmat–soume touc kÏmbouc twn uperakm∏n thc anexàrthta apÏ
Ïlouc touc àllouc kÏmbouc. Akoloujo‘me diadikas–a parÏmoia me th Fàsh 1
qrwmat–zontac tuqa–a touc kÏmbouc. Kai pàli mÏlic qrwmat–soume Ënan kÏmbo
anane∏noume thn katàstash Ïlwn twn uperakm∏n stic opo–ec an†kei. Sugke-
krimËna, an mia uperakm† perilambànei plËon kÏmbouc kai twn d‘o qrwmàtwn
allàzoume thn katàstas† thc se ‘safe’. An perilambànei k

1

+ k
2

t∏ra kÏm-
bouc tou –diou qr∏matoc kai kanËnan tou àllou, allàzoume thn katàstas† thc
se ‘dangerous-2’ kai thn katàstash Ïlwn twn aqrwmàtistwn kÏmbwn thc se
‘trouble-2’. TËloc, an den Ëqei kanËnan aqrwmàtisto kÏmbo kai Ïloi oi kÏmboi
thc e–nai e–te qrwmatismËnoi me to –dio qr∏ma e–te ‘trouble-2’, tÏte allàzoume
thn katàstas† thc se ‘unsafe-2’.
StÏqoc thc parapànw diadikas–ac e–nai oi sunektikËc sunist∏sec touG apÏ

‘surviving-2’ uperakmËc thc C
1

(x) na e–nai arketà mikrËc metà to tËloc thc,
∏ste— an qreiaste–— sth Fàsh 3 na ektelËsoume mia exantlhtik† anaz†thsh
sth sunektik† sunist∏sa g‘rw apÏ ton x sqetikà gr†gora. 'Estw S

1

(x) to
s‘nolo apÏ ‘surviving-2’ uperakmËc thc C

1

(x). EfarmÏzontac to L†mma 5 ston
G|S

1

(x) Ëqoume Ïti, sqedÏn s–goura, kàje m–a apÏ tic sunektikËc sunist∏sec
Ëqei mËgejoc to pol‘ c

2

log logN , Ïpou c
2

mia stajerà. An isq‘ei autÏ gia to
qrwmatismÏ pou kàname sth C

1

(x), tÏte lËme Ïti o qrwmatismÏc e–nai kalÏc.
An Ïqi, epanalambànoume thn parapànw diadikas–a. Epanalambànontac th

diadikas–a to pol‘ O
⇣

logN
log logN

⌘
forËc ja pàroume, me pijanÏthta toulàqiston

1� 1

2N2

, qrwmatismÏ tËtoion ∏ste kàje m–a apÏ tic sunektikËc sunist∏sec tou
G|S

1

(x) na Ëqei mËgejoc to pol‘ c2 log logN , dhlad† ikanopoihtikà mikrÏ.

QrÏnoc ektËleshc Me bàsh thn parapànw anàlush thc Fàshc 2, Ëqoume
Ïti:

PrÏtash 1. O qrÏnoc ektËleshc thc Fàshc 2 e–nai O(polylogN).
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5.3.4 Fàsh 3

Sth Fàsh 3 br–skoume th sunektik† sunist∏sa tou G|S
1

(x) me uperakmËc g‘rw
apÏ ton kÏmbo x, Ëstw C

2

(x), exereun∏ntac ton G me trÏpo parÏmoio me
autÏn sth Fàsh 2. To Lovász Local Lemma mac egguàtai thn ‘parxh enÏc
2-qrwmatismo‘ tou upergràfou H s‘mfwna me thn EnÏthta 5.3. EpomËnwc,
mporo‘me na qrwmat–soume ton x yàqnontac exantlhtikà Ënan 2-qrwmatismÏ
thc C

2

(x) anàmesa se Ïlouc touc dunato‘c qrwmatismo‘c thc.

QrÏnoc ektËleshc Apodeikn‘oume thn ex†c prÏtash gia to qrÏno e-
ktËleshc thc Fàshc 3:

PrÏtash 2. O qrÏnoc ektËleshc thc Fàshc 3 e–nai O(polylogN).

ApÏdeixh. Ant–stoiqa me th Fàsh 2, br–skoume th sunektik† sunist∏sa
C

2

(x) se qrÏno O(log logN). Ep–shc, dedomËnou Ïti h C
2

(x) Ëqei mËge-
joc to pol‘ c

2

log logN , h exantlhtik† anaz†thsh enÏc 2-qrwmatismo‘ a-
nàmesa se Ïlouc touc dunato‘c qrwmatismo‘c thc pa–rnei qrÏno to pol‘
2

O(|C
2

(x)|)
= 2

O(log logN)

= polylogN . 'Ara o sunolikÏc qrÏnoc ektËleshc
thc Fàshc 3 iso‘tai me O(log logN + polylogN) = O(polylogN).

'Eqoume, telikà, to ex†c apotËlesma:

Je∏rhma 11. 'Estw upergràfoc H kai d, k tËtoia ∏ste na upàrqoun treic
jetiko– akËraioi k

1

, k
2

kai k
3

tËtoioi ∏ste na isq‘oun ta ex†c:

k
1

+ k
2

+ k
3

= k,

16d(d� 1)

3

(d+ 1) < 2

k
1 ,

16d(d� 1)

3

(d+ 1) < 2

k
2 ,

2e(d+ 1) < 2

k
3 .

TÏte upàrqei Ënac (O(polylogN), O(N), 1/N)-algÏrijmoc topiko‘ upologi-
smo‘ o opo–oc, dojËntoc enÏc kÏmbou u, epistrËfei to qr∏ma tou u se kàpoio
2-qrwmatismÏ tou H. Ep–shc, Ïlec tou oi apant†seic e–nai sunepe–c wc proc
kàpoio sugkekrimËno 2-qrwmatismÏ tou H.

Qrhsimopoi∏ntac ton AlgÏrijmo Topiko‘ Upologismo‘ pou parousiàsame
parapànw katafËrame, epomËnwc, na pàroume thn epijumht† plhrofor–a gia to
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qr∏ma enÏc sugkekrimËnou kÏmbou se qrÏno mÏlic O(polylogN). AntijËtwc,
an perimËname na apokt†soume me ton algÏrijmo tou Alon olÏklhro to 2-
qrwmatismÏ tou upergràfou ja qreiazÏmastan e–te poluwnumikÏ qrÏno e–te
arketà perissÏterouc epexergastËc.
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Kefàlaio 6

Belti∏nontac th Qwrik†
PoluplokÏthta

'Oloi oi parapànw AlgÏrijmoi Topiko‘ Upologismo‘ trËqoun men se qrÏno
polulogarijmikÏ, allà qreiàzontai grammikÏ q∏ro sth mn†mh. Qrhsimopoi-
∏ntac th jewr–a twn dËntrwn erwthmàtwn (query trees) kai twn yeudotuqa-
–wn arijm∏n mporo‘me na belti∏soume touc parapànw algor–jmouc kai na touc
kànoume na trËqoun tÏso se polulogarijmikÏ qrÏno Ïso kai me polulogarij-
mikÏ q∏ro.

6.1 DËntra erwthmàtwn (Query trees)

'Estw Ënac upergràfoc H o opo–oc e–nai k-omoiÏmorfoc kai kàje uperakm†
tou tËmnei to pol‘ d àllec. Mac zhte–tai to qr∏ma tou kÏmbou x. Mporo‘me
na montelopoi†soume th diadikas–a qrwmatismo‘ tou kÏmbou x me Ëna query
tree. R–za tou query tree e–nai o kÏmboc x kai oi kÏmboi tou pr∏tou epipËdou
e–nai oi kÏmboi apÏ to qr∏ma twn opo–wn exartàtai to qr∏ma tou x. Genikà, to
qr∏ma twn kÏmbwn enÏc epipËdou i exartàtai apÏ ta qr∏mata twn kÏmbwn tou
epipËdou i + 1. Mac endiafËrei na màjoume se ti timËc kuma–netai to mËgejoc
tou query tree auto‘.
To qr∏ma enÏc kÏmbou exartàtai apÏ ta qr∏mata to pol‘ D = k(d + 1)

àllwn kÏmbwn, afo‘ kàje kÏmboc an†kei se to pol‘ d+1 uperakmËc kai kàje
uperakm† perilambànei akrib∏c k kÏmbouc (o gràfoc e–nai k-omoiÏmorfoc). Oi
kÏmboi, dhlad†, tou parapànw query tree Ëqoun mËgisto bajmÏ D. EpomËnwc,
gia na fràxoume to mËgejoc tou dËntrou auto‘ mporo‘me na qrhsimopoi†sou-

58



me sth jËsh tou Ëna (àpeiro) D-regular dËntro T me r–za to x. Profan∏c,
kànontac aut†n thn allag† to mËgejoc tou query tree mpore– mÏno na mega-
l∏sei. Ep–shc, o algÏrijmoc tou Alon ston opo–on sthr–qjhke o ATU pou
perigràyame sto prohgo‘meno kefàlaio doule‘ei gia opoiad†pote seirà qrw-
matismo‘, àra doule‘ei gia tuqa–a seirà.Mporo‘me tÏte ant– gia to query tree
T na qrhsimopoi†soume Ëna random query tree. 'Ena random query tree me
r–za to x kataskeuàzetai wc ex†c:
Se kàje kÏmbo w tou T anajËtoume sthn t‘qh Ënan pragmatikÏ arijmÏ

r(w) 2 [0, 1]. Ton tuqa–o autÏ arijmÏ onomàzoume rank (bajmÏ) tou w. Ana-
pt‘ssoume Ëna upodËntro T tou T me r–za to x wc ex†c: Ënac kÏmboc w an†kei
sto upodËntro T an kai mÏno an o patËrac tou an†kei sto T , parent(w) 2 T ,
kai r(w) < r(parent(w)) (gia eukol–a jewro‘me Ïla ta ranks diakrito‘c arij-
mo‘c). An |T | h tuqa–a metablht† pou dhl∏nei to mËgejoc tou random query
tree T , Ëqoume to ex†c je∏rhma:

Je∏rhma 12. Gia opoiond†pote mËgisto bajmÏ kÏmbou D � 2, upàrqei
stajerà C(D) h opo–a exartàtai mÏno apÏ to D tËtoia ∏ste gia arketà megàlo
N na isq‘ei:

Pr[|T | > C(D) log

D+1 N < 1/N2

].

H basik† idËa thc apÏdeixhc tou parapànw jewr†matoc Ëgkeitai sto na
qwr–soume touc kÏmbouc tou random query tree se ep–peda anàloga me to
rank touc. Arqikà qwr–zoume to diàsthma tim∏n twn ranks [0, 1] se D + 1

upodiast†mata: Ii :=

�
1� i

D+1

, 1� i�1

D+1

⇤
gia i = 1, 2, . . . , D kai ID+1

=⇥
0, 1

D+1

⇤
. OpÏte t∏ra spàme to query tree se D + 1 ep–peda Ëtsi ∏ste Ënac

kÏmboc u an†kei sto ep–pedo i an r(u) 2 Ii. 'Estw Ïti h r–za x tou random
query tree T an†kei sto ep–pedo 1, r(x) 2 I

1

. TÏte oi kÏmboi tou T pou
an†koun sto ep–pedo 1 sqhmat–zoun Ëna dËntro T

1

= T (1)

1

me r–za to x. Oi
kÏmboi tou T sto ep–pedo 2 sqhmat–zoun Ëna dàsoc {T (1)

2

, . . . , T (m
2

)

2

}, oi kÏmboi
sto ep–pedo 3 Ëna dàsoc {T (1)

3

, . . . , T (m
3

)

3

}, kok. To akÏloujo l†mma, pou
apodeikn‘etai sto [8], fràzei to mËgejoc Ïlwn aut∏n twn dËntrwn:

L†mma 6. Gia opoiad†pote 1  i  D + 1 kai 1  j  mi, me pijanÏthta
toulàqiston 1� 1/N3, isq‘ei |T (j)

i | = O(logN).

ApÏdeixh tou Jewr†matoc 12. To mËgejoc tou dËntrou T
1

apÏ to L†mma 6
e–nai to pol‘ O(logN) me pijanÏthta toulàqiston 1 � 1/N3. H r–za opoiou-
d†pote dËntrou sto ep–pedo 2 prËpei na Ëqei patËra sto T

1

. EpomËnwc, o
arijmÏc twn dËntrwn tou epipËdou 2 e–nai to pol‘ D forËc o arijmÏc twn
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kÏmbwn tou T
1

, dhlad† m
2

= D · O(logN) = O(logN). EfarmÏzontac,
t∏ra, to L†mma 6 se kàje dËntro tou epipËdou 2 pa–rnoume Ïti o arijmÏc
twn kÏmbwn tou epipËdou 2 e–nai to pol‘ m

2

· O(logN) = O(log

2 N). A-
nt–stoiqa, h r–za opoioud†pote dËntrou sto ep–pedo 3 prËpei na Ëqei patËra
se kàpoio apÏ ta ep–peda 1 † 2, àra o arijmÏc twn dËntrwn tou epipËdou 3
e–nai to pol‘ m

3

= D(O(logN) +O(log

2 N)) = O(log

2 N) kai o arijmÏc twn
kÏmbwn tou e–nai to pol‘ m

3

· O(logN) = O(log

3 N). Me parÏmoio trÏpo
pa–rnoume Ïti mi = O(log

i�1 N) kai oi kÏmboi tou epipËdou i e–nai to pol‘
O(log

i N), gia i = 2, . . . , D + 1. TÏte, o sunolikÏc arijm∏n kÏmbwn kai twn
D + 1 epipËdwn e–nai to pol‘ O(logN) + O(log

2 N) + · · · + O(log

D+1 N) =

O(log

D+1 N), upojËtontac Ïti to apotËlesma tou L†mmatoc 6 isq‘ei gia Ïla
ta upodËntra Ïlwn twn epipËdwn. AutÏ sumba–nei me pijanÏthta toulàqiston
1 � O(log

D+1 N)/N3 > 1 � 1/N2, apÏ thn anisÏthta Boole gia Ënwsh gego-
nÏtwn.

6.2 Baj‘terh anàlush

Sthn enÏthta aut† belti∏noume to ànw fràgma gia to mËgejoc enÏc query tree
pou jesp–same sthn prohgo‘menh enÏthta gia thn per–ptwsh pou oi kÏmboi
Ëqoun mËgisto bajmÏ d kai epekte–noume to nËo fràgma kai sthn per–ptwsh
pou oi bajmo– twn kÏmbwn e–nai katanemhmËnoi diwnumikà, anexàrthta metax‘
touc, me mËsh tim† d. 'Eqoume, loipÏn, Ïti:

L†mma 7. 'Estw G gràfoc tou opo–ou oi kÏmboi Ëqoun mËgisto bajmÏ d †
bajmo‘c katanemhmËnouc anexàrthta o kajËnac me bàsh diwnumik† katanom†:
deg(v) ⇠ B(n, d/n). TÏte upàrqei stajerà C(d), h opo–a exartàtai mÏno apÏ
to d, Ëtsi ∏ste na isq‘ei

Pr[|T | > C(d) log n] < 1/n2,

Ïpou h pijanÏthta lambànetai gia Ïlec tic dunatËc metajËseic ⇡ twn kÏmbwn
tou G kai T e–nai Ëna random query tree upÏ th metàjesh ⇡.

Gia thn per–ptwsh kÏmbwn me mËgisto bajmÏ d xanagràfoume to L†mma 6
wc ex†c:

PrÏtash 3. 'Estw L � d+1 Ënac akËraioc kai T Ëna àpeiro d-regular query
tree. TÏte, gia opoiad†pote 1  i  L kai 1  j  mi, isq‘ei Pr[|T (j)

i | � n] 
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P1
i=n 2

�ci  2

�⌦(n) gia Ïla ta n � �, Ïpou � stajerà. SugkekrimËna, upàrqei
stajerà c

0

h opo–a exartàtai mÏno apÏ to d tËtoia ∏ste gia kàje n � 1,

Pr[|T (j)
i | � n]  e�c

0

n.

Gia thn per–ptwsh kÏmbwn me bajmo‘c katanemhmËnouc diwnumikà, anexàr-
thta metax‘ touc, me mËsh tim† d apodeikn‘etai h ex†c prÏtash sto [47]:

PrÏtash 4. 'Estw L � d+1 Ënac akËraioc kai T Ëna query tree me bajmo‘c
katanemhmËnouc diwnumikà, anexàrthta metax‘ touc: deg(u) ⇠ B(n, d/n).
TÏte, gia opoiad†pote 1  i  L kai 1  j  mi, isq‘ei Pr[|T (j)

i | � n] P1
i=n 2

�ci  2

�⌦(n) gia Ïla ta n � �, Ïpou � stajerà.

To parakàtw pÏrisma prok‘ptei àmesa apÏ tic Protàseic 3 kai 4:

PÏrisma 1. 'Estw L � d + 1 Ënac akËraioc kai T Ëna àpeiro d-regular
query tree † Ëna query tree me bajmo‘c katanemhmËnouc diwnumikà, anexàrthta
metax‘ touc: deg(u) ⇠ B(n, d/n). TÏte, gia opoiad†pote 1  i  L kai
1  j  mi, me pijanÏthta toulàqiston 1� 1/n3, isq‘ei |T (j)

i | = O(log n).

H akÏloujh prÏtash de–qnei Ïti kaj∏c auxànoume ta ep–peda, to mËgejoc
tou dËntrou auxànetai to pol‘ Ënan stajerÏ paràgonta gia kàje ep–pedo.

PrÏtash 5. 'Estw L � d + 1 Ënac akËraioc kai T Ëna àpeiro d-regular
query tree † Ëna query tree me bajmo‘c katanemhmËnouc diwnumikà, anexàrthta
metax‘ touc: deg(u) ⇠ B(n, d/n). Gia opoiad†pote 1  i  L kai 1  j  mi,
upàrqoun stajerËc ⌘

1

, ⌘
2

> 0 tËtoiec ∏ste an
Pm

i

j=1

|T (j)
i |  ⌘

1

log n tÏte

Pr[
Pm

i+1

j=1

|T (j)
i+1

| � ⌘
1

⌘
2

log n] < 1/n2 gia Ïla ta n > �, Ïpou � stajerà.

ApÏdeixh. 'Estw Zk o arijmÏc twn kÏmbwn tou epipËdou k kai Yk =
Pk

i=1

Zi.
UpojËtoume Ïti kàje kÏmboc i se ep–pedo  k e–nai r–za enÏc dËntrou megËjouc
zi sto ep–pedo k + 1. TÏte Ëqoume Ïti Zk+1

=

PY
k

i=1

zi.
ApÏ thn PrÏtash 3, upàrqoun stajerËc c

0

kai � tËtoiec ∏ste gia kàje
upodËntro T (i)

k sto ep–pedo k kai kàje n > � Ëqoume Pr[|T (i)
k | = n]  e�c

0

n.
EpomËnwc, h pijanÏthta ta dËntra tou epipËdou k+1 na Ëqoun megËjh akrib∏c
(z

1

, . . . , zY
k

) e–nai to pol‘
QY

k

i=1

e�c
0

(z
i

��)
= e�c

0

(Z
k+1

��Y
k

). To –dio apotËlesma
Ëqoume kai me thn PrÏtash 4.
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Ja fràxoume thn pijanÏthta Zk+1

= ⌘Yk gia kàpoia stajerà ⌘ > 0 ar-
ketà megàlh. DojËntoc enÏc Yk upàrqoun to pol‘

�
Z
k+1

+Y
k

�1

Y
k

�1

�
<

�
Z
k+1

+Y
k

Y
k

�

peript∏seic dianusmàtwn (z
1

, . . . , zY
k

) pou pragmatopoio‘n to Zk+1

. TÏte:

Pr[|Tk+1

| = Zk+1

] <

✓
Zk+1

+ Yk

Yk

◆
e�c

0

(Z
k+1

��Y
k

)

<

✓
e(Zk+1

+ Yk)

Yk

◆Y
k

e�c
0

(Z
k+1

��Y
k

)

= (e(1 + ⌘))Yke�c
0

(⌘��)Y
k

= eYk

(�c
0

(⌘�b)+ln(⌘+1)+1)

 e�c
0

⌘Y
k

/2.

EpomËnwc, upàrqei stajerà c0 tËtoia ∏ste Pr[|Tk+1

| � ⌘Yk]  e�c0⌘Y
k .

SugkekrimËna, an ⌘Yk = ⌦(log n), tÏte |Tk+1

| � ⌘Yk me pijanÏthta to pol‘
1/n3.

Mporo‘me t∏ra na apode–xoume to L†mma 7.

ApÏdeixh tou L†mmatoc 7. ApÏ to PÏrisma 1 Ëqoume Ïti to mËgejoc opoiou-
d†pote upodËntrou, kai sugkekrimËna tou T

1

, e–nai to pol‘ O(log n) me pi-
janÏthta toulàqiston 1 � 1/n3. ApÏ thn prohgo‘menh prÏtash Ëqoume Ïti
upàrqei stajerà ⌘ tËtoia ∏ste an o arijmÏc twn kÏmbwn sto ep–pedo k e-
–nai to pol‘ |Tk|, tÏte gia ton arijmÏ twn kÏmbwn tou epipËdou k + 1 Ëqoume
|Tk+1

|  ⌘
Pk

i=1

|Ti| + O(log n)  2⌘|Tk| + O(log n). ApÏ thn anisÏthta tou
Boole kai gia ta L ep–peda, Ëqoume Ïti o sunolikÏc arijmÏc kÏmbwn tou qu-
ery tree e–nai to pol‘ O((2⌘)L log n) = O(log n), me pijanÏthta toulàqiston
1� 1/n2.

6.3 k-wise independent random orderings

'Estw m � 1 Ënac akËraioc kai R Ëna olik∏c diatetagmËno s‘nolo. 'Ena
ordering tou [m] e–nai mia ‘1-1’ sunàrthsh r : [m] ! R. 'Estw r = {ri}i2I
mia oikogËneia apÏ orderings me de–ktec sto I. TÏte, random ordering Dr

tou [m] e–nai mia katanom† pànw sthn oikogËneia apÏ orderings r. LËme Ïti
Ëna random ordering Dr e–nai k-wise independent gia 2  k  m an, gia
opoiod†pote upos‘nolo S ⇢ [m] megËjouc to pol‘ k, h katanom† pou pro-
k‘ptei an perior–soume to Dr sto S e–nai Ëna uniform permutation pànw sto
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S. Ep–shc, lËme Ïti to Dr e–nai ✏-almost k-wise independent an h statistik†
apÏstash tou Dr apÏ Ëna k-wise independent random ordering e–nai to pol‘
✏. To parakàtw je∏rhma mac egguàtai thn apodotik† kataskeu† 1/m2-almost
k-wise independent random orderings.

Je∏rhma 13. 'Estw akËraioi m � 2 kai 2  k  m. TÏte upàrqei kata-
skeu† enÏc 1

m2

-almost k-wise independent random ordering pànw sto [m] tou
opo–ou to seed length e–nai O(k log2 m).

ApÏdeixh. Jewro‘me gia eukol–a Ïti to m e–nai d‘namh tou 2 kai s = 4 logm.
'Estw s anexàrthtec k-wise independent tuqa–ec metablhtËc sto {0, 1}m,
Z

1

, . . . , Zs, tic opo–ec gràfoume wc ex†c:

Z
1

= z
1,1, . . . , z1,m,

Z
2

= z
2,1, . . . , z2,m,

. . . . . .

Zs = zs,1, . . . , zs,m.

Gia ordering tou [m] qrhsimopoio‘me th sunàrthsh r : [m] !
{0, 1, . . . , 2s � 1} Ïpou r(i) e–nai o arijmÏc pou anaparistà h st†lh i para-
pànw sto duadikÏ s‘sthma, dhlad† r(i) := z

1,iz2,i . . . zs,i. H sunàrthsh aut†
ja prËpei genikà na e–nai ‘1-1’.
'Estw i kai j d‘o diakrito– de–ktec, 1  i < j  m. DedomËnou Ïti

ta zl,1, . . . , zl,m e–nai k-wise independent, Ëqoume Ïti Pr[zl,i = zl,j] = 1/2.
Ep–shc, dedomËnou Ïti oi Z

1

, . . . , Zs e–nai anexàrthtec, Ëqoume:

Pr[r(i) = r(j)] = Pr[zl,i = zl,j gia Ïla ta 1  l  s]

=

sY

l=1

Pr[zl,i = zl,j] = (1/2)s = 1/m4.

ApÏ thn anisÏthta tou Boole gia Ïla ta
�
m
2

�
zeugària deikt∏n pa–rnoume Ïti oi

arijmo– r(1), . . . , r(m) e–nai Ïloi diakrito– me pijanÏthta toulàqiston 1�1/m2.
'Ara h sunàrthsh r e–nai ‘1-1’ me thn –dia pijanÏthta.
DedomËnou Ïti ta Z

1

, . . . , Zs e–nai k-wise independent tuqa–ec metablhtËc
sto {0, 1}m, tÏte, gia kàje s‘nolo k deikt∏n {i

1

, . . . , ik}, ta r(i1), . . . , r(ik)
e–nai anexàrthta metax‘ touc. Me thn proÙpÏjesh Ïti e–nai kai diakrità, to or-
dering pou prok‘ptei an perior–soume th sunàrthsh r sto s‘nolo {i

1

, . . . , ik}
e–nai Ëna independent ordering. 'Ara to ordering pou paràgei h r e–nai Ëna 1

m2

-
almost k-wise independent random ordering, afo‘ h sunàrthsh r den e–nai
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‘1-1’ me pijanÏthta to pol‘ 1/m2. EpiplËon, me bàsh to Je∏rhma 6, to seed
length kàje miac apÏ tic tuqa–ec metablhtËc Z

1

, . . . , Zs e–nai O(k logm), àra
qreiazÏmaste sunolikà q∏ro O(k log2 m) kai gia tic s.

6.4 2-qrwmatismÏc upergràfou

EfarmÏzoume t∏ra tic teqnikËc pou perigràyame stic EnÏthtec 6.1 Ëwc 6.3
ston ATU gia 2-qrwmatismÏ upergràfou pou d∏same sto prohgo‘meno ke-
fàlaio.

6.4.1 Belti∏seic

Xekinàme kataskeuàzontac Ëna random query tree me r–za ton zhto‘meno kÏm-
bo x kai kÏmbouc auto‘c apÏ touc opo–ouc exartàtai to qr∏ma tou x kai
qrwmat–zoume to dËntro autÏ apÏ kàtw proc ta pànw. To random query tree
T autÏ kataskeuàzetai Ïpwc de–xame sthn UpoenÏthta 6.1. ApÏ to Je∏rhma
12, me pijanÏthta toulàqiston 1 � 1/m2, o sunolikÏc arijmÏc kÏmbwn tou
T e–nai to pol‘ polylogm, dhlad† polylogN . EpomËnwc, qrwmat–zontac to
dËntro T apÏ kàtw proc ta pànw ja qreiaste–, sqedÏn s–goura, na qrwma-
t–soume to pol‘ polylogN kÏmbouc prin qrwmat–soume th r–za x. OpÏte kai o
qrÏnoc ektËleshc thc fàshc 1 tou nËou ATU e–nai, me pijanÏthta toulàqiston
1� 1/m2, to pol‘ O(polylogN).
EpiplËon, katà to sqhmatismÏ tou random query tree T mÏno h sqetik†

diàtaxh twn kÏmbwn pa–zei rÏlo. SugkekrimËna, elËgqoume mÏno an r(x) <
r(y) en∏ oi akribe–c timËc twn r(x) kai r(y) den mac e–nai qr†simec. Mporo‘me,
epomËnwc, na antikatast†soume th genn†tria tuqa–wn arijm∏n tou algor–jmou
me mia isod‘namh sunàrthsh random ordering r 2 Sm (Ïpou Sm to symmetric
group twn m stoiqe–wn). EpiplËon, dedomËnou Ïti to mËgejoc tou query
tree e–nai sqedÏn s–goura polulogarijmikÏ, to random ordering de qreiàzetai
na doule‘ei kai gia touc m kÏmbouc tou upergràfou tautÏqrona allà arke–
na e–nai Ëna polylogN -wise independent random ordering. ApÏ to Je∏rhma
13 mporo‘me na kataskeuàsoume Ëna 1

m2

-almost k-wise independent random
ordering gia touc kÏmbouc tou upergràfou me k = polylogN qrhsimopoi∏ntac
q∏ro O(k log2 m) = O(polylogN).
Ex–sou me ta ranks, de qreiàzetai na kratàme sth mn†mh ta qr∏mata Ïlwn

twn kÏmbwn tou upergràfou, allà mÏno gia touc kÏmbouc pou qreiazÏmaste.
H apÏdeixh tou basiko‘ l†mmatoc tou algor–jmou tou Alon (bl. [9]) isq‘ei
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akÏma kai an o tuqa–oc qrwmatismÏc e–nai c logN -wise independent, Ïpou c
stajerà. Mporo‘me, dhlad†, na antikatast†soume touc pragmatikà tuqa–ouc
arijmo‘c sto {0, 1}m pou qrhsimopoio‘me gia qr∏mata me c logN -wise inde-
pendent tuqa–ouc arijmo‘c sto {0, 1}m. ApÏ to Je∏rhma 6 qreiazÏmaste
O(log

2 N) q∏ro gia na apojhke‘soume ton nËo yeudotuqa–o qrwmatismÏ.

6.4.2 O nËoc ATU

Qrhsimopoio‘me to nËo fràgma gia to mËgejoc twn query trees gia na bel-
ti∏soume ton ATU gia 2-qrwmatismÏ upergràfou. Sthn akÏloujh anàlush
jewro‘me Ïti:

k � 3dlog 16d(d� 1)

3

(d+ 1)e+ dlog 2e(d+ 1)e
ki = ki�1

� dlog 16d(d� 1)

3

(d+ 1)e.

H genik† diadikas–a

Se kàje fàsh i xekinàme me ta upos‘nola Ei kai Vi twn E kai V ant–stoiqa,
Ïpou kàje uperakm† periËqei toulàqiston ki kÏmbouc. To Vi kàje stigm†
periËqei Ïlouc touc aqrwmàtistouc kÏmbouc twn uperakm∏n sto Ei. H para-
kàtw diadikas–a apotele– sthn ous–a gen–keush thc Fàshc 1 tou algor–jmou
tou Alon.
Arqikà, anajËtoume sthn t‘qh qr∏mata stouc kÏmbouc tou Vi. Kàje forà

pou qrwmat–zoume Ënan kÏmbo anane∏noume thn katàstash Ïlwn twn uperak-
m∏n pou ton emperiËqoun. An mia uperakm† perilambànei ki+1

kÏmbouc tou
–diou qr∏matoc kai kanËnan tou àllou, tÏte allàzoume thn katàstas† thc se
‘dangerous ’ kai thn katàstash Ïlwn twn aqrwmàtistwn kÏmbwn thc se ‘saved ’.
Suneq–zoume mËqric Ïtou Ïloi oi kÏmboi sto Vi na e–nai e–te qrwmatismËnoi e–te
‘saved’.
Wc ‘survived ’ kalo‘me Ïlec tic uperakmËc pou den periËqoun kÏmbouc kai

twn d‘o qrwmàtwn. 'Estw Si to s‘nolo twn ‘survived ’ uperakm∏n metà th
Fàsh i. H pijanÏthta to G|S

i

na periËqei sunektik† sunist∏sa megËjouc d3u
e–nai to pol‘ |Vi|2�u me bàsh to [5]. EidikÏtera, an epanalàboume ton tuqa–o
qrwmatismÏ twn kÏmbwn ti forËc, den ja upàrqei sunektik† sunist∏sa sto
G|S

i

megËjouc megal‘terou tou d3u me pijanÏthta

(|Vi|2�u
)

t
i . (6.1)
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An katà th Fàsh i o kÏmboc x qrwmatiste– tÏte epistrËfoume to qr∏ma
autÏ wc apotËlesma. Alli∏c, exereuno‘me ton G|S

i

∏ste na bro‘me th sune-
ktik† sunist∏sa Ci(x) me uperakmËc g‘rw apÏ ton x. DedomËnou Ïti h Ci(x)
de sundËetai me kam–a àllh sunektik† sunist∏sa tou G, mporo‘me na qrwma-
t–soume touc kÏmbouc twn uperakm∏n thc anexàrthta apÏ Ïlouc touc àllouc
kÏmbouc. TrËqoume loipÏn th Fàsh i+ 1 me e–sodo Ei+1

= Ci(x).

Fàsh 1

Sto Sq†ma 6.1 fa–netai o yeudok∏dikac thc Fàshc 1 tou algor–jmou. Sth
Fàsh 1 xekinàme Ëqontac wc e–sodo olÏklhro ton upergràfo, dhlad† E

1

= E
kai V

1

= V . Kataskeuàzoume Ëna random query tree me r–za to x kai qrw-
mat–zoume touc kÏmbouc tou apÏ kàtw proc ta pànw, Ïpwc stic prohgo‘menec
enÏthtec. An o x qrwmatiste– epistrËfoume to qr∏ma tou.

Sq†ma 6.1: Fàsh 1 tou nËou ATU gia qrwmatismÏ upergràfou

An o x g–nei ‘saved’ tÏte exereuno‘me ton G|S
1

gia na bro‘me th sunektik†
sunist∏sa C

1

(x). Kàje forà pou sunantàme Ënan nËo kÏmbo kataskeuàzoume
to query tree tou kai qrwmat–zoume touc kÏmbouc tou apÏ kàtw proc ta pànw,
Ïpwc akrib∏c kàname kai gia ton x. Gia to mËgejoc thc C

1

(x) Ëqoume Ïti
Pr[|C

1

(x)| > 4d3 log n] < n2�4 logn
= n�3. DedomËnou Ïti sqedÏn s–goura

upàrqoun to pol‘ O(log n) akmËc sth C
1

(x) (àra kai O(log n) kÏmboi, afo‘
o upergràfoc e–nai k-omoiÏmorfoc me k stajerà) kai kàje query tree Ëqei
mËgejoc to pol‘ O(log n), ja qrwmat–soume to pol‘ O(log

2 n) kÏmbouc.
Afo‘ mac endiafËrei na qeirizÏmaste to pol‘ O(log

2 n) kÏmbouc kàje stig-
m†, mporo‘me na qrhsimopoi†soume Ënan yeudotuqa–o qrwmatismÏ pou e–nai
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O(log

2 n)-wise independent kai mia yeudotuqa–a diàtaxh pou e–nai n�3-almost
O(log

2 n)-wise independent. Me bàsh ta Jewr†mata 6 kai 13 ta anwtËrw
mporo‘n na kataskeuasto‘n se q∏ro kai qrÏno O(log

4 n).

Fàsh 2 kai 3

Oi Fàseic 2 kai 3 e–nai aplà epanal†yeic tic genik†c diadikas–ac pou perigràya-
me pio pànw. StÏqoc touc e–nai na mei∏soun Ïso to dunatÏn perissÏtero to
mËgejoc thc sunektik†c sunist∏sac apÏ enapome–nantec akmËc g‘rw apÏ to
zhto‘meno kÏmbo x, ∏ste telikà na efarmÏsoume pànw thc exantlhtik† ana-
z†thsh gia qrwmatismÏ. Sto Sq†ma 6.2 fa–netai o yeudok∏dikac twn fàsewn
aut∏n.

Sq†ma 6.2: Fàseic 2-3 tou nËou ATU gia qrwmatismÏ upergràfou

SugkekrimËna, Ëqoume me megàlh pijanÏthta Ïti |E
2

| = |C
1

(x)|  4d3 log n
kai kàje akm† Ëqei k

2

aqrwmàtistouc kÏmbouc. ApÏ th sqËsh 6.1, metà apÏ
t
2

= log n epanal†yeic tou tuqa–ou qrwmatismo‘, h sunektik† sunist∏sa apÏ
‘survived’ uperakmËc Ëqei mËgejoc 2d3 log log n me pijanÏthta

((4d3k
2

log n)2�2 log logn
)

logn < n�3.

Omo–wc, sth Fàsh 3 Ëqoume me megàlh pijanÏthta Ïti |E
3

| < 2d3 log log n
kai kàje akm† Ëqei k

3

aqrwmàtistouc kÏmbouc. ApÏ th sqËsh 6.1, metà apÏ
t
3

= log n epanal†yeic tou tuqa–ou qrwmatismo‘, h sunektik† sunist∏sa apÏ
‘survived’ uperakmËc Ëqei mËgejoc log logn

k
4

me pijanÏthta
✓
(2d3k

3

log log n)2
� log logn

d

3

k

4

◆
logn

< n�3.
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Fàsh 4

Sto Sq†ma 6.3 fa–netai o yeudok∏dikac thc Fàshc 4. SugkekrimËna, Ëqoume
me megàlh pijanÏthta Ïti |E

4

| < log logn
k
4

kai kàje akm† Ëqei k
4

aqrwmàtistouc
kÏmbouc. 'Eqoume r–xei plËon arketà to mËgejoc thc sunektik†c sunist∏sac
E

4

kai to Lovász Local Lemma mac egguàtai thn ‘parxh enÏc 2-qrwmatismo‘
tou upergràfou. EpomËnwc, mporo‘me na qrwmat–soume ton x yàqnontac exa-
ntlhtikà Ëna 2-qrwmatismÏ thc E

4

anàmesa se Ïlouc touc dunato‘c qrwmati-
smo‘c thc se qrÏno O(log n).

Sq†ma 6.3: Fàsh 4 tou nËou ATU gia qrwmatismÏ upergràfou

'Eqoume, telikà, to ex†c apotËlesma gia ton beltiwmËno ATU gia 2-qrwmatismÏ
upergràfou:

Je∏rhma 14. 'Estw k-omoiÏmorfoc upergràfoc H tËtoioc ∏ste kàje u-
perakm† na tËmnei to pol‘ d àllec uperakmËc. 'Estw k � 16 log d + 19.
TÏte upàrqei Ënac (O(log

4 N), O(log

4 N), 1/N)-algÏrijmoc topiko‘ upologi-
smo‘ o opo–oc, dojËntoc enÏc kÏmbou u, epistrËfei to qr∏ma tou u se kàpoio
2-qrwmatismÏ tou H. Ep–shc, Ïlec tou oi apant†seic e–nai sunepe–c wc proc
kàpoio sugkekrimËno 2-qrwmatismÏ tou H.

6.5 Maximal Independent Set

Gia th Fàsh 1, o ATU qreiàzetai na diathre– sth mn†mh tic tuqa–ec epilogËc
kàje kÏmbou, ∏ste Ïlec oi apant†seic tou na e–nai sunepe–c wc proc kàpoia
dekt† l‘sh. Dhlad†, h apÏfash pou ja pàrei gia Ënan kÏmbo sqetikà me to an
e–nai mËsa sto MIS † Ïqi ja prËpei na isq‘ei gia Ïlec tic epÏmenec apant†seic
pou ja d∏sei. Mia shmantik† parat†rhsh e–nai Ïti Ïloi oi upologismo– e–nai
‘topiko–’ kai, epomËnwc, mporo‘me na antikatast†soume ta pragmatikà tuqa–a
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bits me tuqa–a bits periorismËnhc anexarths–ac, mei∏nontac Ëtsi to q∏ro pou
qreiàzetai o algÏrijmoc.
Arqikà jËtoume wc nËo mËgisto bajmÏ tou G to ˜d = 2

dlog de (d  ˜d < 2d).
Thn pijanÏthta 1/2 ˜d pou qrhsimopoie– o algÏrijmoc thn paràgoume t∏ra
r–qnontac log ˜d = dlog de anexàrthta d–kaia kËrmata. 'Eqoume Ëtsi Ïti kàje
endeqÏmeno Bu exartàtai apÏ to pol‘ dO(log d) · log ˜d = dO(log d) tuqa–a bits.
EpiplËon, h apÏdeixh tou Jewr†matoc 8 isq‘ei akÏma kai an ta endeqÏme-
na {Bu}u2H3 e–nai c log n-wise independent, Ïpou c stajerà. AutÏ sumba-
–nei Ïtan ta tuqa–a bits pou qrhsimopoie– o ATU e–nai k-wise independent me
k = dO(log d) · c log n = dO(log d)

log n. DedomËnou Ïti o arijmÏc twn tuqa–wn
bits pou qrhsimopoie– h Fàsh 1 e–nai m = dO(log d) · n, qreiazÏmaste en tËlei
mia k-wise independent tuqa–a metablht† sto {0, 1}m. ApÏ to Je∏rhma 6, gia
thn tuqa–a aut† metablht† qreiazÏmaste q∏ro O(k logm) = dO(log d)

log

2 n kai
kàje tuqa–o bit mpore– na upologisje– se qrÏno O(k logm) = dO(log d)

log

2 n.
'Eqoume, telikà, to ex†c apotËlesma gia ton nËo ATU gia MIS:

Je∏rhma 15. 'Estw gràfoc G me n kÏmbouc kai mËgisto bajmÏ d. TÏte
upàrqei Ënac (O(dO(d log d)·log3 n), O(dO(d log d)·log2 n), 1/n)-algÏrijmoc topiko‘
upologismo‘ o opo–oc, dojËntoc enÏc kÏmbou u, apofas–zei an o u an†kei se
kàpoio maximal independent set. Ep–shc, Ïlec tou oi apant†seic e–nai sunepe–c
wc proc kàpoio sugkekrimËno MIS.
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Kefàlaio 7

EfarmogËc sto SqediasmÏ
Mhqanism∏n

Sto kefàlaio autÏ ja parousiàsoume th logik† p–sw apÏ Ënan AlgÏrijmo
Topiko‘ Upologismo‘ gia to prÏblhma tou Maximal Matching kai ja qrhsi-
mopoi†soume ton algÏrijmo autÏ gia na apode–xoume thn ‘parxh ATU gia Ëna
sugkekrimËno e–doc dhmoprasi∏n thc perioq†c tou Sqediasmo‘ Mhqanism∏n.

7.1 MontËlo

OrismÏc 13. 'Enac mhqanismÏcM = (A,P) e–nai (t(n), s(n), �(n))-topikÏc
an tÏso h sunàrthsh katanom†c A Ïso kai h sunàrthsh plhrwm∏n P upolo-
g–zontai apÏ (t(n), s(n), �(n))-algor–jmouc topiko‘ upologismo‘.

'Enac filal†jhc topikÏc mhqanismÏc M = (A,P) e–nai Ënac topikÏc mh-
qanismÏc o opo–oc e–nai paràllhla filal†jhc. Dhlad†, h epikrato‘sa stra-
thgik† gia kàje pràktora e–nai na dhl∏sei thn pragmatik† tou ax–a, àsqeta
me to an o mhqanismÏc e–nai topikÏc.

7.2 SunduastikËc dhmopras–ec

SunduastikËc dhmopras–ec (combinatorial auctions) e–nai dhmopras–ec stic
opo–ec oi agorastËc mporo‘n na kànoun bid se s‘nola antikeimËnwn. 'Estw
Ïti m antike–mena bga–noun se dhmopras–a metax‘ n agorast∏n. D–noume
kajolikà filal†jeic topiko‘c mhqanismo‘c gia tic ex†c d‘o peript∏seic:
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1. 'Oloi oi agorastËc Ëqoun thn –dia ax–a gia kàje antike–meno sto s‘no-
lÏ touc kai h idiwtik† plhrofor–a kàje agorast† e–nai to s‘nolo twn
antikeimËnwn gia ta opo–a endiafËretai.

2. To s‘nola twn agorast∏n e–nai koin† gn∏sh kai h idiwtik† plhrofor–a
kàje agorast† e–nai h ax–a tou gia ta antike–mena pou ton endiafËroun,
h opo–a jewro‘me Ïti e–nai –dia gia Ïla ta antike–mena autà.

7.3 Maximal Matching

'Estw gràfoc G = (V,E). 'Ena ta–riasma (matching) e–nai Ëna upos‘nolo
akm∏n tou E tËtoio ∏ste kanËna zeugàri akm∏n na mhn Ëqei koinÏ kÏmbo. 'Ena
ta–riasma onomàzetai maximal an kamià àllh akm† den mpore– na prosteje– se
autÏ qwr–c na parabiàsei thn proanaferje–sa idiÏthta. 'Ena paràdeigma enÏc
tairiàsmatoc fa–netai sto parakàtw sq†ma:

Sq†ma 7.1: Paràdeigma enÏc tairiàsmatoc

Sthn online ekdoq† tou probl†matoc oi akmËc ftànoun se mia àgnwsth
seirà. Gia thn e‘resh enÏc maximal matching mpore– na qrhsimopoihje– o
akÏloujoc àplhstoc algÏrijmoc. 'Estw Ïti ftànei h akm† e. An h e den
e–nai †dh sto ta–riasma, tÏte elËgqoume Ïlec tic geitonikËc tic akmËc gia na
do‘me an e–nai kàpoia apÏ autËc sto ta–riasma. An kamià touc den e–nai, tÏte
prosjËtoume thn e sto ta–riasma. AntijËtwc, sth local computation ekdoq†
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tou probl†matoc d–noume ston ATU mia akm† e 2 E wc e–sodo kai tou zhtàme
na mac apant†sei an h akm† aut† an†kei se kàpoio maximal matching † Ïqi.
O algÏrijmoc, loipÏn, Ïtan tou d–netai wc e–sodoc mia akm† e ftiàqnei Ëna

DAG me r–za thn e qrhsimopoi∏ntac BFS stic akmËc. UpojËtoume Ïti o G
Ëqei mËgisto bajmÏ kÏmbou d. ApÏ to L†mma 6, to mËgejoc tou DAG e–nai
to pol‘ O(log n) (kaj∏c to query tree apotele– ànw fràgma gia to DAG).
Mporo‘me, epomËnwc, na kataskeuàsoume Ëna O(log n)-wise independent ran-
dom ordering gia tic akmËc me seed length O(log

3 n) (Je∏rhma 13), afo‘ anà
pàsa stigm† ja qeirizÏmaste to pol‘ O(log n) kÏmbouc. Gia na apofas–sei
telikà o ATU an h e an†kei se kàpoio maximal matching trËqei ton àplhsto
algÏrijmo stic akmËc tou DAG me th seirà pou or–zei to parapànw ordering.
Pa–rnoume Ëtsi to ex†c apotËlesma:

Je∏rhma 16. 'Estw gràfoc G = (V,E) me n kÏmbouc kai mËgisto baj-
mÏ d. TÏte upàrqei Ënac (O(dO(d log d) · log n), O(n), 1/n)-algÏrijmoc topiko‘
upologismo‘ o opo–oc, dojËntoc miac akm†c e, apofas–zei an h e an†kei se
kàpoio maximal matching. Ep–shc, Ïlec tou oi apant†seic e–nai sunepe–c wc
proc kàpoio sugkekrimËno maximal matching.

7.4 Unit-demand agorastËc

Sthn enÏthta aut† ja asqolhjo‘me me thn per–ptwsh unit-demand agora-
st∏n: kàje agorast†c endiafËretai gia to pol‘ k antike–mena kai gia kàje
antike–meno endiafËretai to pol‘ Ënac polulogarijmikÏc arijmÏc apÏ agora-
stËc. Sthn enÏthta 2.5 e–dame Ïti to na upolog–soume th bËltisth l‘sh
sthn per–ptwsh aut† e–nai arketà d‘skolo. Ed∏ ja qrhsimopoi†soume to
montËlo twn Algor–jmwn Topiko‘ Upologismo‘ gia na pàroume mia kal† pro-
sËggish thc bËltisthc l‘shc arketà gr†gora— sugkekrimËna se qrÏno mÏlic
O(log

4 n).

7.4.1 Unit-demand agorastËc me uniform value

'Estw I Ëna s‘nolo apÏ n unit-demand agorastËc kai J Ëna s‘nolo apÏ
m antike–mena. Kàje agorast†c endiafËretai gia Ëna s‘nolo Ji apÏ to pol‘
k antike–mena. Jewro‘me ta n, m kai k stajerËc. Mporo‘me na anapara-
st†soume aut† th dhmopras–a wc Ënan gràfo G = (V,E) Ïpou V = J [I kai
E = {(i, j) : i 2 I, j 2 Ji}. H ax–a enÏc agorast† e–nai h –dia gia Ïla ta anti-
ke–mena, Ëstw 1. H ax–a tou agorast† i gia to upos‘nolo S e–nai vi(S) = 1 an
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S \ Ji 6= ; kai 0 alli∏c. Dhlad†, oi agorastËc den kànoun diakr–seic metax‘
twn antikeimËnwn pou jËloun. Jewro‘me Ïti to utility enÏc agorast† i e–nai
quasi-linear, dhlad† Ïtan apoktà ta antike–mena tou sunÏlou S kai plhr∏nei
p tÏte to utility tou e–nai ui(S, p) = vi(S)� p. UpojËtoume Ïti upos‘nola Ji
epilËgontai omoiÏmorfa sthn t‘qh.
StÏqoc tou topiko‘ mhqanismo‘ pou ja parousiàsoume e–nai na megisto-

poie– to koinwnikÏ kalÏ. Gia na to kànei autÏ, ja prËpei na ikanopoi†sei Ïso
to dunatÏn perissÏterouc agorastËc katanËmontàc touc Ëna mÏno antike–meno
apÏ to s‘nolÏ touc, efÏson gia auto‘c den Ëqei diaforà an ja apokt†soun
Ëna † perissÏtera antike–mena (Ïla ta s‘nola me toulàqiston Ëna antike–meno
pou epijumo‘n Ëqoun thn –dia ax–a). AutÏ sto gràfo G anàgetai sto na breje–
Ëna maximum matching metax‘ agorast∏n kai antikeimËnwn. AutÏ to e–doc
dhmopras–ac onomàzetai k-UDUV (unit-demand, uniform value).
WstÏso, Ïpwc apodeikn‘etai akolo‘jwc, den e–nai dunatÏ na luje– topikà

to prÏblhma tou maximum matching.

Je∏rhma 17. ([27]). Den upàrqei ATU gia to prÏblhma tou maximum
matching.

ApÏdeixh. 'Estw s‘nolo apÏ omomorfiko‘c gràfouc G = {Gi}, kajËnac apÏ
touc opo–ouc Ëqei 2n kÏmbouc {v

1

, . . . , v
2n}. Se kàje gràfo Gi oi kÏmboi

v�i
1 sqhmat–zoun Ënan k‘klo (peritto‘ m†kouc) kai o kÏmboc vi sundËetai me

ton kÏmbo v
(i�1) mod 2n. Mac d–netai Ënac tuqa–oc gràfoc G 2 G kai h akm†

e = (v
1

, v
2

) kai ja jËlame na màjoume an h e an†kei sto maximum matching.
Parathro‘me Ïti h akm† e an†kei sta misà akrib∏c maximum matchings.
Ac upojËsoume Ïti o gràfoc e–nai o Gn † o Gn+1

. TÏte, sto katanemhmËno
montËlo, h apÏstash metax‘ thc akm†c e kai tou diaqwristiko‘ shme–ou twn
Gn kai Gn+1

e–nai n akmËc. Dhlad† qreiàzetai qrÏnoc toulàqiston ⌦(n) gia
na diakr–noume swstà metax‘ twn d‘o gràfwn.
Sto dikÏ mac montËlo topiko‘ upologismo‘ gràfoume tic akmËc se mia

tuqa–a seirà. TÏte, o ATU qreiàzetai na apant†sei se n katà mËso Ïro e-
rwt†mata proto‘ katafËrei na diakr–nei swstà metax‘ tou Gn kai tou Gn+1

.
EpomËnwc, den mpore– na upàrxei ATU pou na apantàei sto prÏblhma tou
maximum matching.

PÏrisma 2. Den upàrqei ATU gia to prÏblhma tou maximum matching se
dimere–c gràfouc.
1Me v�i sumbol–zoume Ïlouc touc kÏmbouc tou gràfou ektÏc tou kÏmbou i, dhlad†

{v1, . . . , vi�1, vi+1, . . . , v2n}.
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ApÏdeixh. 'Estw s‘nolo apÏ omomorfiko‘c gràfouc G = {Gi}, kajËnac a-
pÏ touc opo–ouc Ëqei 2n kÏmbouc {v

1

, . . . , v
2n}. Se kàje gràfo Gi oi kÏmboi

{v
1

, . . . , vi�1

, vi+2

, . . . , v
2n} sqhmat–zoun Ënan k‘klo (àrtiou m†kouc). O kÏm-

boc vi sundËetai me ton kÏmbo v(i�1) mod 2n kai o v(i+1) mod 2n sundËetai me ton
v
(i+2) mod 2n. Parathro‘me Ïti oi akmËc (vi�1

, vi) kai (vi+1

, vi+2

) e–nai pànta
mËsa sto maximum matching, to mËgejoc tou opo–o e–nai n. H apÏdeixh e–nai
akrib∏c Ïpwc sth genik† per–ptwsh.

Afo‘ den upàrqei ATU gia ton upologismÏ maximum matching ja ar-
kesto‘me sthn e‘resh enÏc approximation (prosËggishc) tou maximum ma-
tching. 'Estw AUDUV o algÏrijmoc gia maximal matching pou parousiàsame
sthn enÏthta 7.3. Ja qrhsimopoi†soume ton algÏrijmo autÏ gia na pàroume
Ëna 1/2-approximation tou maximum matching.
'Estw o mhqanismÏc MUDUV = (AUDUV ,PUDUV ) o opo–oc lambànei wc

e–sodo Ëna upos‘nolo J 0
i ⇢ J apÏ kàje agorast†. O algÏrijmoc katano-

m†c AUDUV exetàzei ta antike–mena Ëna th forà me mia sugkekrimËna seirà. H
seirà aut† prok‘ptei wc ex†c: o mhqanismÏc anajËtei se kàje antike–meno j
anexàrthta kai omoiÏmorfa Ënan pragmatikÏ arijmÏ rj ⇠u [0, 1]. Ta antike–me-
na exetàzontai se fj–nousa seirà tou rj. 'Otan exetàzetai Ëna antike–meno j,
an upàrqei kàpoioc agorast†c i o opo–oc endiafËretai gia to antike–meno autÏ,
dhlad† j 2 J 0

i , kai den Ëqei tou Ëqei doje– akÏmh kàpoio antike–meno, tÏte to
antike–meno j d–netai ston i. An upàrqoun pànw apÏ Ënac tËtoioi agorastËc
tÏte h isopal–a l‘netai me kàpoio sugkekrimËno trÏpo, pq lexikografikà.
Epeid† oi arijmo– rj anat–jentai anexàrthta, oi agorastËc den mporo‘n

na kànoun t–pota gia na allàxoun th seirà me thn opo–a ja exetasto‘n ta
antike–mena ∏ste na alloi∏soun thn Ëkbash tou mhqanismo‘ proc ÏfelÏc touc.
DedomËnou Ïti oi ax–ec Ïlwn twn antikeimËnwn e–nai –diec, opoiod†pote

sq†ma plhrwm∏n PUDUV doule‘ei, arke– na ikanopoie– thn idiÏthta thc in-
dividual rationality2. 'Ara, h plhrwm† mpore– na e–nai opoiad†pote tim† sto
diàsthma [0, 1]. 'Estw, loipÏn, p = 1/2 gia Ïpoion agorast† apoktà kàpoio
antike–meno kai p = 0 gia Ïpoion den apoktà.

Je∏rhma 18. Sthn per–ptwsh thc dhmopras–ac k-UDUV, o mhqanismÏc
MUDUV = (AUDUV ,PUDUV ) e–nai kajolikà filal†jhc kai d–nei Ëna 1

2

-
approximation thc bËltisthc katanom†c.
2H idiÏthta thc individual rationality † voluntary participation egguàtai Ïti kanËnac

pa–kthc den prÏkeitai na bgei zhmiwmËnoc apÏ to na summetËqei sto pa–gnio. Dhlad† to
utility opoioud†pote pa–kth e–nai se kàje Ëkbash mh arnhtikÏ.
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ApÏdeixh. Gia na de–xoume Ïti o mhqanismÏcMUDUV e–nai filal†jhc arke– na
de–xoume Ïti kanËnac agorast†c den prÏkeitai na epwfelhje– me to na dhl∏sei
J 0
i 6= Ji. To petuqa–noume autÏ se d‘o b†mata. Pr∏ta ja de–xoume Ïti gia
opoiod†pote J 0

i , to na dhl∏seic Ji\J 0
i kuriarqe– ad‘nama

3 tou na dhl∏seic J 0
i .

Metà ja de–xoume Ïti to na dhl∏seic Ji kuriarqe– ad‘nama tou na dhl∏seic
opoiod†pote J⇤

i ✓ Ji.
ApÏ ta s‘nola Ji \ J 0

i kai J
0
i o agorast†c endiafËretai mÏno gia ta anti-

ke–mena pou an†koun sto Ji \ J 0
i kai kajÏlou gia autà sto J 0

i \ Ji. An Ëna
antike–meno sto Ji \ J 0

i doje– ston pa–kth i dhl∏nontac J
0
i , ja doje– ep–shc se

autÏn kai an dhl∏sei Ji \ J 0
i . 'Ara h ax–a tou pa–kth i den mpore– na meiwje–

dhl∏nontac Ji \ J 0
i ant– gia J

0
i kai, sunep∏c, to Ji \ J 0

i kuriarqe– ad‘nama tou
J 0
i .
Ja de–xoume t∏ra Ïti to na dhl∏seic Ji kuriarqe– ad‘nama tou na dhl∏seic

opoiod†pote J⇤
i ✓ Ji. An o agorast†c i den kerd–sei kanËna antike–meno

dhl∏nontac J⇤
i tÏte profan∏c h parapànw prÏtash isq‘ei. 'Estw Ïti o i

apoktà to antike–meno j dhl∏nontac J⇤
i . TÏte, dhl∏nontac Ji, an den Ëqei

apokt†sei kanËna antike–meno apÏ to s‘nolo Ji\J⇤
i prin o algÏrijmoc exetàsei

to antike–meno j, tÏte ja apokt†sei to j. EpomËnwc, an apokt†sei kàpoio
antike–meno dhl∏nontac J⇤

i ja to apokt†sei ep–shc kàpoio antike–meno kai an
dhl∏sei Ji. Ja Ëqei dhlad† thn –dia ax–a kai utility. Sunep∏c, to Ji kuriarqe–
ad‘nama tou J⇤

i ✓ Ji.
'Estw Ënac agorast†c pou den apoktà kàpoio antike–meno sthn per–ptwsh

tou AUDUV , en∏ apoktà kàpoio sth bËltisth katanom†. To antike–meno autÏ
katanËmetai se kàpoion diaforetikÏ agorast† stoAUDUV . 'Ara, o arijmÏc twn
agorast∏n pou apokto‘n kàpoio antike–meno sth bËltisth katanom† kai Ïqi
sto AUDUV fràzetai apÏ ton arijmÏ twn agorast∏n pou apokto‘n antike–meno
sto AUDUV . Sunep∏c, to AUDUV apotele– 1

2

-approximation thc bËltisthc
l‘shc.

S‘mfwna me to Je∏rhma 18, h sunàrthsh katanom†c AUDUV apotele–
apÏ Ënan (O(dO(d log d) · log n), O(n), 1/n)-ATU gia to prÏblhma tou maximal
matching. EpomËnwc, prok‘ptei apÏ thn parapànw anàlush to akÏloujo
je∏rhma:

Je∏rhma 19. H dhmopras–a k-UDUV Ëqei Ënan (O(log

4 n), O(log

3 n), 1/n)-
mhqanismÏ topiko‘ upologismo‘ o opo–oc e–nai kajolikà filal†jhc kai parËqei

3Me ton Ïro h strathgik† A kuriarqe– ad‘nama thc B ennoo‘me Ïti me to na akolouj†seic
thn A den prÏkeitai na epwfelhje–c ligÏtero apÏ to an akoloujo‘sec th B.
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Ëna 1

2

-approximation tou bËltistou koinwniko‘ kalo‘.

7.4.2 Unit-demand agorastËc, uniform-buyer-value

'Estw I Ëna s‘nolo apÏ n unit-demand agorastËc kai J Ëna s‘nolo apÏ m
antike–mena. Kàje agorast†c endiafËretai gia Ëna s‘nolo Ji apÏ to pol‘ k
antike–mena, to opo–o apotele– koin† gn∏sh. Jewro‘me ta n,m kai k stajerËc.
H ax–a enÏc agorast† i, Ëstw ti, e–nai h –dia gia Ïla ta antike–mena kai gnwst†
mÏno se autÏn. Mporo‘me na anaparast†soume aut† th dhmopras–a wc Ënan
gràfo me bàrh G = (V,E) Ïpou V = J [ I kai E = [iEi me Ei = {(i, j) :
j 2 Ji}. Kàje akm† e 2 Ei Ëqei bàroc w(e) = ti. H ax–a tou i gia to
upos‘nolo S e–nai vi(S) = ti an S \ Ji 6= ; kai 0 alli∏c. Jewro‘me Ïti to
utility enÏc agorast† i e–nai quasi-linear, dhlad† Ïtan apoktà ta antike–mena
tou sunÏlou S kai plhr∏nei p tÏte to utility tou e–nai ui(S, p) = vi(S) � p.
UpojËtoume Ïti oi ax–ec akoloujo‘n mia tuqa–a katanom†, h opo–a e–nai –dia
gia Ïlouc touc agorastËc, kai ta upos‘nola Ji akoloujo‘n omoiÏmorfh †
diwnumik† katanom†.
StÏqoc tou topiko‘ mhqanismo‘ pou ja parousiàsoume e–nai na megisto-

poie– to koinwnikÏ kalÏ. Gia na to kànei autÏ, ja prËpei na ikanopoi†sei Ïso
to dunatÏn perissÏterouc agorastËc katanËmontàc touc Ëna mÏno antike–meno
apÏ to s‘nolÏ touc, efÏson gia auto‘c den Ëqei diaforà an ja apokt†soun
Ëna † perissÏtera antike–mena (Ïla ta s‘nola me toulàqiston Ëna antike–meno
pou epijumo‘n Ëqoun thn –dia ax–a ti). AutÏ to e–doc dhmopras–ac onomàzetai
k-UDUBV (unit-demand, uniform buyer value).
Or–zoume pr∏ta ton algÏrijmo katanom†c AUDUBV . Arqikà, o AUDUBV

taxinome– touc agorastËc se fj–nousa seirà wc proc thn ax–a touc. Exetàzo-
ntac touc agorastËc me aut† th seirà, se Ënan agorast† i anat–jetai Ëna
antike–meno j an upàrqei kàpoio j 2 Ji pou den Ëqei anateje– akÏma. An u-
pàrqoun perissÏtera tou enÏc tËtoia antike–mena h isopal–a l‘netai me kàpoio
sugkekrimËno trÏpo, pq lexikografikà. An den upàrqei kanËna, tÏte o i den
apoktà kanËna antike–meno. O AUDUBV suneq–zei Ëwc Ïtou kanËna antike–meno
na mhn mpore– na anateje– kàpou.

PrÏtash 6. O algÏrijmoc katanom†c AUDUBV parËqei Ëna 1

2

-approximation
thc bËltisthc katanom†c, me bàsh tic dhlwjËntec ax–ec.

ApÏdeixh. Paristànoume th dhmopras–a me Ënan dimer† gràfo G = (U,W,E),
Ïpou to s‘nolo U antiproswpe‘ei touc agorastËc kai to W ta antike–mena.
Mia akm† metax‘ enÏc agorast† i kai enÏc antikeimËnou j upàrqei an kai mÏno
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an j 2 Ji. To bàroc thc akm†c aut†c e–nai –so me thn ax–a pou d†lwse o
agorast†c autÏc, Ëstw bi. Sthn ous–a, h bËltisth katanom† br–skei Ëna ma-
ximum matching metax‘ agorast∏n kai antikeimËnwn, en∏ o AUDUBV br–skei
Ëna maximal matching afo‘ exetàzei touc agorastËc sth seirà me bàsh to bi
tou kajenÏc.
An mia akm† e = (i, j) br–sketai sto ta–riasma tou AUDUBV allà Ïqi

sto bËltisto ta–riasma, tÏte pa–rnei th jËsh twn pol‘ d‘o akm∏n tou bËl-
tistou tairiàsmatoc (miac akm†c e0 pou agg–zei ton i kai miac e00 pou agg–zei
to j). DedomËnou Ïti o AUDUBV exetàzei tic akmËc se fj–nousa seirà wc
proc to bàroc touc Ëqoume Ïti w(e) � w(e0) kai w(e) � w(e00). EpomËnwc,
2w(e) � w(e0) + w(e00) kai o AUDUBV parËqei Ëna 1

2

-approximation thc bËl-
tisthc katanom†c.

Sth sunËqeia or–zoume to sq†ma plhrwm∏n PUDUBV . An Ënac agorast†c i
den apokt†sei kàpoio antike–meno, tÏte den plhr∏nei t–pota. An apokt†sei Ëna
antike–meno, tÏte plhr∏nei pi to opo–o upolog–zetai wc ex†c: TrËqoume arqikà
ton AUDUBV qwr–c ton agorast† i. O i telikà plhr∏nei thn mikrÏterh tim†
apÏ autËc stic opo–ec poul†jhkan ta antike–mena pou ton endiafËroun. Gia na
de–xoume Ïti o mhqanismÏc e–nai filal†jhc arke– na de–xoume Ïti to na dhl∏soun
oi agorastËc wc bi tic pragmatikËc touc ax–ec ti apotele– thn epikrato‘sa
strathgik† gia auto‘c, dhlad† ui(ti, b�i) � ui(bi, b�i) gia opoiad†pote bi, b�i.

PrÏtash 7. Sto mhqanismÏ MUDUBV = (AUDUBV ,PUDUBV ), gia opoion-
d†pote agorast† i kai dhlwje–sa ax–a bi, to na dhl∏sei ti epikrate– ad‘nama
tou na dhl∏sei bi.

ApÏdeixh. JËtoume b�i tic dhlwje–sec ax–ec Ïlwn twn àllwn agorast∏n ektÏc
tou i.
'Estw Ïti o i skËftetai na dhl∏sei bi > ti. TÏte an o i kËrdize †dh

Ëna antike–meno dhl∏nontac ti, tÏte dhl∏nontac perissÏtera den prÏkeitai na
allàxei kàti kaj∏c kàje agorast†c apoktà to pol‘ Ëna antike–meno kai oi
plhrwmËc e–nai anexàrthtec thc dhlwje–sac ax–ac. An o i den kËrdize kàpoio
antike–meno prin tÏte ja isq‘ei pi � bi = ti, Ïpou pi h plhrwm† pou pro-
k‘ptei an trËxoume ton mhqanismÏ qwr–c autÏn. An dhl∏nontac perissÏtera
apokt†sei telikà kàpoio antike–meno, tÏte ja plhr∏sei toulàqiston ti kai to
utility tou ja e–nai mh-jetikÏ.
'Estw Ïti o i skËftetai na dhl∏sei bi < ti. TÏte an o i den kËrdize

kàpoio antike–meno dhl∏nontac ti den prÏkeitai na kerd–sei o‘te t∏ra, kaj∏c
o AUDUBV exetàzei pr∏ta touc agorastËc me megal‘tera bi. An o i kËrdize
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†dh Ëna antike–meno prin, tÏte dhl∏nontac ligÏtera e–te plhr∏nei kai pàli pi
Ïso suneq–zei na kerd–zei kàpoio antike–meno e–te den kerd–zei telikà kanËna
antike–meno kai Ëqei sunep∏c mhdenikÏ utility.

ApÏ tic protàseic 6 kai 7 Ëqoume to ex†c:

Je∏rhma 20. O mhqanismÏcMUDUBV e–nai kajolikà filal†jhc kai parËqei
Ëna 1

2

-approximation tou bËltistou koinwniko‘ kalo‘.

S‘mfwna me to Je∏rhma 18, h sunàrthsh katanom†c AUDUV apotele– apÏ
Ënan (O(log

4 n), O(log

3 n), 1/n)-ATU gia to prÏblhma toumaximal matching.
WstÏso, prËpei na trËxoume ton AUDUV mia forà gia na bro‘me thn katanom†
kai àllec k forËc gia na upolog–soume tic plhrwmËc. ApÏ thn parapànw
anàlush prok‘ptei to akÏloujo je∏rhma:

Je∏rhma 21. H dhmopras–a k-UDUBV Ëqei Ënan
(O(log

4 n), O(log

3 n), 1/n)-mhqanismÏ topiko‘ upologismo‘ o opo–oc e-
–nai kajolikà filal†jhc kai parËqei Ëna 1

2

-approximation tou bËltistou
koinwniko‘ kalo‘.
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Kefàlaio 8

EfarmogËc sto Probabilistic

Inference

Sto kefàlaio autÏ parousiàzoume sunoptikà to basikÏ prÏblhma pou pro-
spaje– na antimetwp–sei h perioq† tou Probabilistic Inference kai or–zoume
Ëna sugkekrimËno e–doc grammik∏n programmàtwn ta opo–a sunant∏ntai su-
qnà sth sugkekrimËnh perioq†. De–qnoume, sth sunËqeia, thn ‘parxh ATU
gia thn proseggistik† ep–lush twn programmàtwn aut∏n kai to p∏c aut†
br–skei efarmog† sto arqikÏ prÏblhma thc perioq†c.

8.1 MontËlo

To prÏblhmà mac ed∏ e–nai na problËyoume thn tim† miac duadik†c metablht†c
Z = {0, 1}. Gia to skopÏ autÏ Ëqoume sth diàjes† mac n s†mata S

1

, . . . , Sn

susqetismËna me th Z ta opo–a pa–rnoun kai autà timËc sto {0, 1}. H meta-
blht† Z kai ta n s†mata akoloujo‘n mia koin† katanom† D thn opo–a jew-
ro‘me gnwst†. SugkekrimËna, jewro‘me Ïti gnwr–zoume thn katanom† thc Z:
Pr[Z = 0] = p kai Pr[Z = 1] = 1� p.
Sto montËlo upàrqei ep–shc Ënac ant–paloc, o opo–oc Ëqei sth diàjes†

tou Ëna s‘nolo apÏ m nteterministiko‘c kanÏnec tropopo–hshc  = {⇢i :

{0, 1}n ⇥ {0, 1} ! {0, 1}n}. Gia touc kanÏnec auto‘c prËpei na isq‘oun ta
ex†c: a) kàje kanÏnac ⇢i prËpei na mpore– na upolog–zetai se poluwnumikÏ
qrÏno kai b) o ant–strofoc ⇢�1

i prËpei ep–shc na mpore– na upolog–zetai se
poluwnumikÏ qrÏno. O ant–paloc mpore– na efarmÏsei opoiousd†pote kanÏnec
tou  sta arqikà s†mata gia na ta tropopoi†sei, basismËnoc akÏmh kai sthn
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pragmatik† tim† thc Z. StÏqoc tou antipàlou e–nai na mac kànei na problËyou-
me anepituq∏c thn tim† thc Z.
O dikÏc mac stÏqoc e–nai, dojËntoc twn parathrhmËnwn shmàtwn x 2

{0, 1}n (dhlad† twn shmàtwn metà thn tropopo–hs† touc apÏ ton ant–palo), na
problËyoume thn tim† thc metablht†c Z 2 {0, 1}. Mia politik† ⇡ e–nai mia sto-
qastik† apeikÏnish apÏ ta parathrhmËna s†mata x 2 {0, 1}n se mia prÏbleyh
{0, 1}. JËloume me àlla lÏgia na bro‘me thn politik† pou problËpei kal‘tera
th metablht† Z parà tic kakÏboulec enËrgeiec tou antipàlou.
'Estw q⇡(x) = Pr[⇡(x) = 0] h oriak† sunàrthsh katanom†c thc ⇡. To

anamenÏmeno sfàlma thc politik†c ⇡ wc proc ton kanÏna tropopo–hshc ⇢i
e–nai:

error(⇡, ⇢i) = EZEx[Pr[⇡(x) 6= Z]]

= EZEx[q⇡(x)I(Z = 1) + (1� q⇡(x))I(Z = 0)].

To anamenÏmeno sfàlma thc politik†c ⇡ wc proc Ëna s‘nolo kanÏnwn tropo-
po–hshc  e–nai:

error(⇡) = max

⇢
i

2 
error(⇡, ⇢i).

Mia politik† ⇡⇤ e–nai bËltisth wc proc Ëna s‘nolo kanÏnwn tropopo–hshc  
an:

⇡⇤
= argmin

⇡
max

⇢
i

2 
error(⇡, ⇢i)

kai to bËltisto sfàlma tÏte e–nai:

error⇤ = error(⇡⇤
) = min

⇡
max

⇢
i

2 
error(⇡, ⇢i).

Paromo–wc, mia politik† ⇡ e–nai ✏-bËltisth, gia opoiod†pote ✏ > 0, wc proc
Ëna s‘nolo kanÏnwn tropopo–hshc  an:

error(⇡)  error⇤ + ✏ = min

⇡
max

⇢
i

2 
error(⇡, ⇢i) + ✏.

8.2 H bËltisth politik†

Or–zoume th bËltisth politik† ⇡⇤ exetàzontac thn oriak† sunàrthsh kata-
nom†c thc q⇤ = q⇡⇤ . Ton–zoume Ïti mia oriak† sunàrthsh katanom†c or–zei
monadikà mia politik†. Ja gràyoume Ëna grammikÏ prÏgramma pou ja elaqi-
stopoie– to sfàlma wc proc to qeirÏtero kanÏna tropopo–hshc kai to opo–o
ja Ëqei wc l‘sh thn q⇤.
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'Estw A(x, �, i) h pijanÏthta na Ëqoume Z = � dedomËnou Ïti o ant–paloc
efàrmose ton kanÏna ⇢i 2  prokeimËnou na prok‘yei to parathrhmËno s†ma
x 2 {0, 1}n. TÏte:

A(x, �, i) = Pr[Z = � ^ x = ⇢i(S, Z)]

=

X

y2⇢�1

i

(x)

D(�; y).

H pijanÏthta enÏc sfàlmatoc dedomËnhc miac politik† ⇡ me oriakËc pijanÏth-
tec q Ïtan o ant–paloc efarmÏzei ton kanÏna ⇢i e–nai:

error(q, ⇢i) =
X

x2{0,1}n
[A(x, 1, i)q(x) + A(x, 0, i)(1� q(x))].

StÏqoc mac e–nai na bro‘me mia politik† ⇡ † isod‘nama tic oriakËc pija-
nÏthtec q, oi opo–ec ja elaqistopoio‘n to sfàlma dedomËnou Ïti o ant–paloc
efàrmose ton kanÏna ⇢i. AutÏ e–nai isod‘namo me to na elaqistopoi†soume, wc
proc Ïlec tic sunart†seic q : {0, 1}n ! [0, 1], thn tim† max⇢

i

{error(q, ⇢i)}.
To petuqa–noume autÏ me to ex†c grammikÏ prÏgramma:

min

q,Er
Er

8i 2 [1,m]

X

x20,1n
error(q, ⇢i)  Er

Er � 0

8x 2 {0, 1}n q(x) � 0, q(x)  1.

H metablht† Er elaqistopoie– to sfàlma thc qeirÏterhc per–ptwshc. To
pr∏to set apÏ anisÏthtec, m–a gia kàje kanÏna ⇢i tou antipàlou, fràzei to
sfàlma thc qeirÏterhc per–ptwshc. To teleuta–o set apÏ anisÏthtec, m–a gia
kàje x 2 {0, 1}n, egguàtai Ïti h prÏbleyh ja e–nai mËsa sto [0, 1].
Parathr∏ntac Ïti

P
x A(x, 0, i) = Pr[Z = 0] = p pa–rnoume to ex†c GP,

to opo–o onomàzoume Primal -PrÏbleyh:

min

q,Er
Er

8i 2 [1,m] p  Er +
X

x20,1n
q(x)(A(x, 0, i)� A(x, 1, i))

Er � 0

8x 2 {0, 1}n q(x) � 0, q(x)  1.
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To parapànw GP Ëqei ekjetikÏ arijmÏ apÏ metablhtËc (Ëna q(x) gia kàje x 2
{0, 1}) kai ekjetikÏ arijmÏ apÏ anisÏthtec (mia q(x)  1 gia kàje x 2 {0, 1}).
Ftiàqnoume t∏ra to duadikÏ prÏgramma. To GP autÏ Ëqei metablhtËc yi,

oi opo–ec prok‘ptoun apÏ touc periorismo‘c tou sfàlmatoc gia kàje kanÏna
⇢i, kai rx, oi opo–ec prok‘ptoun apÏ touc periorismo‘c q(x)  1. 'Eqoume,
loipÏn, to ex†c duadikÏ GP:

max

y,r
x

p
mX

i=1

yi �
X

x2{0,1}n
rx

8x
mX

i=1

yi(A(x, 0, i)� A(x, 1, i))  rx

mX

i=1

yi  1

8i yi � 0

8x rx � 0.

Fa–netai e‘kola Ïti h tim† tou duadiko‘ GP epitugqànetai gia
P

i yi =

1. SkeftÏmaste to yi wc thn pijanÏthta o ant–paloc na qrhsimopoi†sei ton
kanÏna ⇢i. Ep–shc jËtoume:

Rx(y) = max

(
0,

mX

i=1

yi(A(x, 0, i)� A(x, 1, i))

)
.

Pa–rnoume Ëtsi to ex†c GP, to opo–o onomàzoume Dual -PrÏbleyh:

max

y,r
x

p�
X

x2{0,1}n
Rx(y)

mX

i=1

yi = 1

8i yi � 0.

8.3 AlgÏrijmoc Topiko‘ Upologismo‘

Sthn enÏthta aut† parousiàzoume Ëna sugkekrimËno e–doc grammik∏n pro-
blhmàtwn ta opo–a onomàzoume nice block angular (NBA) kai gia ta opo–a
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apodeikn‘oume Ïti upàrqei algÏrijmoc topiko‘ upologismo‘ o opo–oc ta l‘nei
proseggistikà.

8.3.1 Nice Block Angular Grammikà Progràmmata

'Ena grammikÏ prÏblhma lËgetai block angular an o p–nakac periorism∏n tou
mpore– na diaqwriste– se Ëna mikrÏ arijmÏ apÏ puknËc grammËc, tic opo–ec ono-
màzoume periorismo‘c pur†na, kai se Ënan megàlo arijmÏ apÏ mplok as‘ndeta
apÏ grammËc kai st†lec, ta opo–a onomàzoume pËtala. O p–nakac periorism∏n
dhlad† Ëqei thn ex†c morf†:

A =

0

BBB@

Ak
1

· · · Ak
r

Ap
1

0

. . .
0 Ap

r

1

CCCA

Gia paràdeigma, to GP Primal-PrÏbleyh Ëqei m periorismo‘c pur†na pou e–nai
koino– gia Ïlec tic metablhtËc kai 2n pËtala ta opo–a periËqoun m–a metablht†
to kajËna (dhlad† ta mplok e–nai 1⇥ 1).
H parapànw block angular dom† sunepàgetai ep–shc Ïti to duadikÏ GP Ëqei

Ëna mikrÏ pur†na apÏ metablhtËc pou emfan–zontai se Ïlouc touc periorismo‘c
kai Ëna megàlo arijmÏ apÏ pËtala me metablhtËc pou emfan–zontai se mplok
me l–gouc periorismo‘c to kajËna. Me àlla lÏgia, dojËntoc miac anàjeshc
twn metablht∏n pur†na, h bËltisth anàjesh gia tic metablhtËc kàje petàlou
mpore– na upologiste– anexàrthta. Gia paràdeigma, sto GP Dual-PrÏbleyh
thc EnÏthtac 8.2, h tim† twn metablht∏n twn petàlwn rx d–netai wc sunàrthsh
Rx(y) twn metablht∏n pur†na y.
Jewro‘me Ïti oi duadikËc metablhtËc pur†na an†koun se Ëna fragmËno

ped–o orismo‘ kai Ïti oi suntelestËc tou GP e–nai fragmËnoi. Apaito‘me,
ep–shc, oi duadikËc metablhtËc twn petàlwn na akoloujo‘n mia katanom† h
opo–a na deigmatolhpte–tai apodotikà, Ëtsi ∏ste h bËltisth tim† opoiasd†pote
metablht†c na mhn e–nai pol‘ megal‘terh apÏ thn pijanÏthtà thc.
LËme Ïti Ëna grammikÏ prÏgramma e–nai nice block angular (NBA) an ika-

nopoie– Ïlec tic ‘kalËc’ idiÏthtec pou perigràyame parapànw.

8.3.2 K‘rio apotËlesma

E–nai genikà pol‘ e‘kolo Ënac ATU na paràgei apant†seic oi opo–ec na e–nai
topikà sunepe–c wc proc mia ✏-bËltisth politik†, afo‘ kàje tim† q̂(x) Ëqei
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ekjetikà mikr† suneisforà sto sunolikÏ sfàlma (akÏma kai to na apantà
sunËqeia 0 e–nai topikà sunepËc). WstÏso, den mporo‘me na Ëqoume kamià
egg‘hsh sqetikà me thn pijanÏthta tou sfàlmatoc miac politik†c h opo–a
efarmÏzei Ënan ✏-proseggistikÏ ATU o opo–oc den e–nai query-oblivious. Mac
endiafËrei, loipÏn, Ënac ATU o opo–oc na e–nai query-oblivious , Ëtsi ∏ste oi
apant†seic pou d–nei na e–nai sunepe–c wc proc mia genik† l‘sh q̂ anexàrthta
apÏ to er∏thma x.
Mporo‘me na diatup∏soume to parakàtw genikÏ je∏rhma to opo–o apodei-

kn‘etai sto [46]:

Je∏rhma 22. Gia opoiod†pote ✏ > 0, to prÏblhma e‘reshc miac ✏-additive-
proseggistik†c l‘shc se Ëna NBA grammikÏ prÏgramma L, dojËntoc enÏc
oracle gia thn katanom† µL, Ëqei Ënan query oblivious algÏrijmo topiko‘ upo-
logismo‘ A o opo–oc epitugqànei me pijanÏthta toulàqiston 1 � � kai trËqei
se qrÏno poly(logN,m, 1/✏, log(1/�)).

EfarmÏzontac, en tËlei, ton parapànw ATU A sto grammikÏ prÏgramma thc
EnÏthtac 8.2 mporo‘me, dojËntoc twn parathrhmËnwn shmàtwn x, na rwtàme
ton A gia thn tim† tou q(x) se mia ✏-bËltisth l‘sh.
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