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Kef�laio 1

Eisagwgikèc ènnoiec

1.1 DaktÔlioi

Orismìc: OrÐzoume daktÔlio R, èna sÔnolo mazÐ me dÔo dimeleÐc pr�xeic (+, ·) orismènec ston R
ètsi ¸ste

1. to < R,+ > eÐnai abelian  om�da.

2. o pollaplasiasmìc eÐnai prosetairistikìc.

3. ∀a, b, cεR, isqÔoun oi epimeristikoÐ nìmoi,

(a) a(b+ c) = (ab) + (ac)

(b) (a+ b)c = (ac) + (bc)

Gia par�deigma, ta < Z,+, · >,< Q,+, · >,< R,+, · >,< Z/n,+, · > eÐnai daktÔlioi.

Je¸rhma: Gia R daktÔlio me tautotikì stoiqeÐo prìsjeshc to 0, kai a, bεR.

1. 0a = a0 = 0

2. a(−b) = (−a)b = −(ab)

3. (−a)(−b) = ab.

Apìdeixh:

1. To a0 + a0 = a(0 + 0) = a0 = 0 + a0⇒ a0 = 0.
antÐstoiqa gia to 0a = 0.

2. Ta −(ab), ab eÐnai prosjetik� antÐjeta, epomènwc, a(−b) + ab = a(−b + b) = a0 = 0. AntÐs-
toiqa (−a)b+ ab = (−a+ a)b = 0b = 0

3. (−a)(−b) = −(a(−b)) = −(−(ab)), to opoÐo eÐnai to antÐjeto tou −(ab), �ra to ab.

5



1.2 OmomorfismoÐ DaktulÐwn

Orismìc: Gia dÔo daktulÐouc R,R′, h apeikìnish f : R→ R′ onom�zetai omomorfismìc an isqÔoun
oi ex c idiìthtec:

1. f(a+ b) = f(a) + f(b)

2. f(ab) = f(a)f(b)

Orismìc: 'Enac f : R → R′, ìpou eÐnai omomorfismìc , èna proc èna kai epÐ, onom�zetai
isomorfismìc.

1.3 S¸mata kai akèraiec perioqèc

Orismìc:

1. 'Eqoume antimetajetikì daktÔlio , ìtan ston daktÔlio mac h pr�xh tou pollaplasiasmoÔ eÐnai
antimetajetik .

2. 'Otan èqoume pollaplasiastik� tautotikì stoiqeÐo   alli¸c monadiaÐo stoiqeÐo 1 , tètoio ¸ste
1x = x1 = x gia k�je xεR, eÐmaste se daktÔlio me monadiaÐo stoiqeÐo.

Je¸rhma: To pollaplasiastikì tautotikì stoiqeÐo tou R eÐnai monadikì.

Apìdeixh: 'Estw 1, 1′ monadiaÐa stoiqeÐa, tìte (1)(1′) = 1′, (1)(1′) = 1. Ara 1 = 1′.

Orismìc: 'Estw R daktÔlioc me monadiaÐo stoiqeÐo.

1. èna stoiqeÐo uεR lègetai mon�da an èqei pollaplasiastikì antÐstrofo sto R.

2. an k�je mh mhdenikì stoiqeÐo tou daktulÐou eÐnai mon�da, tìte èqoume daktÔlio diaÐreshc.

3. S¸ma, onom�zetai ènac antimetajetikìc daktÔlioc diaÐreshc.

OrÐzetai o upodaktÔlioc, wc èna uposÔnolo tou daktulÐou , pou klhronomeÐ tic pr�xeic tou dak-
tulÐou.
AntÐstoiqa orÐzetai kai to upìswma.

Orismìc: 'Estw a, bεR mh mhdenik� stoiqeÐa , tètoia ¸ste ab = 0, ta a, b lègontai diairètec tou
mhdenìc.
'Otan ènac daktÔlioc den èqei diairètec tou mhdenìc onom�zetai akèraia perioq .

Je¸rhma:

1. K�je s¸ma F einai akèraia perioq .

2. K�je peperasmènh akèraia perioq  eÐnai s¸ma.
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Apìdeixh:

1. 'Estw a, b sto F , me a 6= 0. Gia ab = 0, 1a(ab) =
1
a0 = 0.

'Etsi èqoume 0 = 1
a(ab) = 1b = b.

2. 'Estw 0, 1, a1, . . . , an, ta stoiqeÐa miac peperasmènhc akèraiac perioq c D. Ja deÐxoume oti gia
k�je aεD me a 6= 0, up�rqei k�poio bεD tètoio ¸ste ab = 1, dhlad  oti to a eÐnai mon�da.
PaÐrnoume to

a1, aa1, . . . , aan.

Lìgw tou nìmou diagraf c pou isqÔei se akèraiec perioqèc, ta stoiqeÐa aut� eÐnai diakekrimèna.
MporoÔme na metr soume kai na doÔme oti ta stoiqeÐa a1, aa1, . . . , aan, eÐnai Ðdia me ta 1, a1, . . . , an
apl� me diaforetik  di�taxh, epomènwc a1 = 1   aai = 1 gia k�poio i. ApodeÐxame oti up�rqei
pollaplasiastikì antÐstrofo.

1.4 S¸mata phlÐkwn

Ja jewr soume mia akèraia perioq  D kai ja thn epekteÐnoume se s¸ma F .

Arqik� ja fti�xoume to kartesianì ginìmeno

D ×D ⊃ S = {(a, b)|a, bεD, b 6= 0}

to zeÔgoc twn stoiqeÐwn (a, b) parist�nei èna phlÐko.

Sthn sunèqeia ja orÐsoume thn isodunamÐa ∼ gia dÔo stoiqeÐa tou S

(a, b) ∼ (c, d)⇔ ad = bc.

1. (a, b) ∼ (a, b) giatÐ ab = ba, lìgw antimetajetikìthtac tou pollaplasiasmoÔ (anaklastik )

2. (a, b) ∼ (c, d), tìte ad = bc⇒ cb = da⇒ (c, d) ∼ (a, b) (summetrik )

3. Gia (a, b) ∼ (c, d) kai (c, d) ∼ (r, s), èqoume ad = bc kai cs = dr.
Apì ekeÐ k�nontac pr�xeic, asd = sad = sbc = bcs = bdr = brd, d 6= 0, kai asd = brd⇒ as =
br, epomènwc èqoume (a, b) ∼ (r, s). (metabatik )

Mia sqèsh isodunamÐac, ep�gei kl�seic isodunamÐac pou ja tic sumbolÐsoume wc [(a, b)] gia (a, b)εS.

Ja orÐsoume thn prìsjesh kai ton pollaplasiasmì sto sÔnolo twn kl�sewn isodunamÐac F .

1. [(a, b)] + [(c, d)] = [(ad+ bc, bd)]

2. [(a, b)][(c, d)] = [(ac, bd)]
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oi opoÐec eÐnai kal� orismènec pr�xeic sto F .
Profan¸c ta (ad+bc, bd), (ac, bd) an koun sto S. Gia na deÐxoume oti eÐnai kal� orismènec oi pr�x-

eic, prèpei na epilèxoume diaforetikoÔc antipros¸pouc kai na doÔme oti to apotèlesma ja eÐnai to Ðdio.

Upojètoume oti (a1, b1)ε[(a, b)] kai (c1, d1))ε[(c, d)].

Tìte (a1, b1) ∼ (a, b) kai (c1, d1) ∼ (c, d), epomènwc a1b = b1a kai c1d = d1c.

Pollaplasi�zontac tic sqèseic me d1d thn mia, kai thn deÔterh me b1b, kai sth sunèqeia prosje-
tont�c tec, èqoume :

a1bd1d+c1db1b = b1ad1d+d1cb1b⇒ (a1d1+b1c1)bd = b1d1(ad+bc)⇒ (a1d1+b1c1, b1d1) ∼ (ad+bc, bd)

.
Epomènwc (a1d1 + b1c1, b1d1)ε[(ad+ bc, bd)]. H prìsjesh eÐnai kal� orismènh.

Gia ton pollaplasiasmì, èqoume tic isìthtec a1b = b1a kai c1d = d1c, tic pollaplasi�zoume kai
èqoume

a1bc1d = b1ad1c⇒ a1c1bd = b1d1ac⇒ (a1c1, b1d1) ∼ (ac, bd).

Epomènwc, (a1c1, b1d1)ε[(ac, bd)]

Mac mènei na deÐxoume oti to F eÐnai s¸ma.

1. H < F,+ > eÐnai abelian  om�da.

(a) H prìsjesh eÐnai abelian 
[(a, b)]+ [(c, d)] = [(ad+bc, bd)] [(c, d)]+ [(a, b)] = [(cbda, db)] 'Omwc isqÔei (ad+bc, bd) ∼
(cb+ da, db) to opoÐo apodeiknÔetai èukola me pr�xeic

(b) H prìsjesh eÐnai prosetairistik 

(c) To [(0, 1)] eÐnai to tautotikì stoiqeÐo thc prìsjeshc sto F

(d) To [(−a, b)] eÐnai to prosjetikì antÐjeto tou [(a, b)] sto F

2. O pollaplasiasmìc eÐnai prosetairistikìc sto F

3. O pollaplasiasmìc eÐnai epÐshc antimetajetikìc sto F

4. IsqÔoun oi epimeristikoÐ nìmoi

5. to [(1, 1)] eÐnai to oudètero pollaplasiastikì stoiqeÐo

6. Ean to [(a, b)]εF den eÐnai to tautotikì stoiqeÐo thc prìsjeshc, tìte to [(b, a)] eÐnai to pol-
laplasiastikì antÐstrofo tou.

To D perièqetai sto F , mporoÔme na to doÔme orÐzontac mia apeikìnish i : D → F , me i(a) =
[(a, 1)], kai na deÐxoume oti eÐnai isomorfismìc thc D se mia upoperioq  thc F .
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1.5 DaktÔlioc PoluwnÔmwn

Orismìc: 'Estw R ènac daktÔlioc. OrÐzoume wc polu¸numo f(x) me suntelestèc sto R èna �jro-
isma

∞∑
i=0

aix
i = a0 + a1x+ . . .+ anx

n + . . . ,

me aiεR kai ai = 0 ektìc apì peperasmèno pl joc i.
OrÐzoume ta ai wc suntelestèc tou f(x), kai h megalÔterh tim  tou i, gia thn opoÐa ai > 0, orÐzetai
wc bajmìc tou f(x).

Orismìc: To sÔnolo R[x], eÐnai ta polu¸numa mia aprosdiìristhc x me suntelestèc apì ton
daktÔlio R.

To R[x] eÐnai daktÔlioc me pr�xh thn prìsjesh kai ton pollaplasiasmì poluwnÔmwn.

1. ean o R eÐnai antimetajetikìc, tìte epagwgik� eÐnai kai o R[x].

2. ean o R èqei monadiaÐo stoiqeÐo, tìte kai o R[x] eÐnai daktÔlioc me monadiaÐo stoiqeÐo.

An�loga mporoÔme na orÐzoume kai touc daktulÐouc R[x1, . . . , xn]

Orismìc: 'Estw F upìswma tou s¸matoc E, kai èstw aεE ,kai x mia aprosdiìristh.
OrÐzoume ton omomorfismì ektÐmhshc φa : F [x]→ E, me

φa(a0 + a1x+ . . .+ anx
n) = a0 + a1a+ . . .+ ana

n

gia k�je (a0 + a1x+ . . .+ anx
n)εF [x]

Orismìc: 'Estw F upìswma, s¸matoc E, kai èstw a èna stoiqeÐo tou E.
Gia f(x) = a0 + a1x+ . . .+ anx

n sto F [x] kai φa : F [x]→ E o omomorfismìc ektÐmhshc.

φa(f(x)) = a0 + a1a+ . . .+ ana
n

Ean f(a) = 0 tìte to a lègetai rÐza tou f(x).

Orismìc: 'Ena mh stajerì polu¸numo f(x)εF [x], onom�zetai an�gwgo p�nw apì to F , ean den
mproÔme na to gr�youme wc ginìmeno dÔo poluwnÔmwn g(x), h(x) ston F [x] mikrìterou bajmoÔ tou
f(x).

1.6 DaktÔlioi PhlÐka

Je¸rhma: 'Estw f omomorfismìc daktulÐou R sto R′.

1. gia 0 prosjetikì oudètero , to f(0)=0', ìpou 0' eÐnai to prosjetikì oudètero tou R′

2. ean aεR , tìte f(-a)=-f(a)
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3. gia S upodaktÔlio tou R, to f(S) eÐnai upodaktÔlioc tou R′ , kai an�poda gia S′ upodaktÔlioc
tou R′, to f−1(S′) eÐnai upodaktÔlioc tou R.

4. ean to 1 eÐnai to monadiaÐo stoiqeÐo tou R , to f(1) eÐnai monadiaÐo stoiqeÐo tou f(R).

ApodeÐxeic:

1. to pr¸to exasfalÐzetai apì ton omomorfismì om�dwn

2. epÐshc exasfalÐzetai apì ton omomorfismì om�dwn

3. eÐnai gnwstì oti diathreÐtai h ènnoia thc upoom�dac, jèloume na doÔme ti gÐnetai me ton pol-
laplasiasmì, φ(s1)φ(s2) = φ(s1s2) kai φ(s1s2)εφ(S), opìte to φ(S) eÐnai me ton pollaplasi-
asmì, kai o φ(S) eÐnai upodaktÔlioc tou R′. AntÐstoiqa kai to an�podo.

4. φ(r) = φ(1r) = φ(r1) = φ(r)φ(1) = φ(1)φ(r). Epomènwc to φ(1) eÐnai pollaplasiastikì
oudètero tou φ(R).

Orismìc: 'Estw oti h apeikìnish φ : R → R′ eÐnai omomorfismìc daktulÐwn. O upodaktÔlioc
φ−1({0′}) onom�zetai pur nac tou f, kai sumbolÐzetai me ker(φ).

Enac omomorfismìc daktulÐwn eÐnai èna proc èna apeikìnish an kai mìno an ker(φ) = {0}.

Je¸rhma: Gia φ : R→ R′ omomorfismì daktulÐwn me pur naH. Tìte, ta prosjetik� sÔmploka
tou H sqhmatÐzoun èna daktÔlio R/H, tou opoÐou oi dimeleÐc pr�xeic orÐzontai mèsw antipros¸pwn,
dhlad 

(a+H)(b+H) = (a+ b) +H

kai

(a+H)(b+H) = (ab) +H

.
H apeikìnish m:R/H → φ(R), me m(a+H)=f(a) eÐnai ismorfismìc.

Apìdeixh: Xèroume oti isqÔei gia thn prìsjesh apo thn jewrÐa om�dwn. Jèloume na doÔme gia
ton pollaplasiasmì.
Ja deÐxoume oti o pollaplasiasmìc eÐnai kal� orismènoc.
'Estw h1, h2εH kai antiprìswpoi a+ h1 gia to a+H kai b+ h2 gia to b+H.

c = (a+ h1)(b+ h2) = ab+ ah2 + h1b+ h1h2

prèpei to c na an kei sto ab+H. To ab+H = φ−1{φ(ab)}, �ra jèloume na deÐxoume oti φ(c) = φ(ab).

φ(c) = φ(ab+ ah2 + h1b+ h1h2) = φ(ab) + φ(ah2) + φ(h1b) + φ(h1h2) =

φ(ab) + φ(a)0′ + 0′φ(b) + 0′0′ = φ(ab) + 0′ + 0′ + 0′ = φ(ab)

Epomènwc o pollaplasiasmìc eÐnai kal� orismènoc.
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H prosetairistik  idiìthta tou pollaplasiasmoÔ, kai oi epimeristikoÐ nìmoi isqÔoun giati èpontai
apì touc antipros¸pouc twn sumplìkwn.

EpÐshc gia ton isomorfismo, m((a+H)(b+H))=m(ab+H)=φ(ab)=φ(a)φ(b)=m(a+H)m(b+H).
ta upìloipa ep�gontai apì thn jewrÐa om�dwn.

Orismìc: 'Estw upodaktÔlioc I enìc daktulÐou R, kai èstw pwc isqÔei to ex c:

aI ⊂ I, Ib ⊂ I, ∀a, bεR

. tìte o upodaktÔlioc I, onom�zetai ide¸dec tou R.

Prìtash: Gia N ide¸dec enìc daktulÐou R, ta prosjetik� sÔmploka tou N sqhmatÐzoun ènan
daktÔlio R/N me tic ex c pr�xeic:

(a+N) + (b+N) = (a+ b) +N

(a+N)(b+N) = (ab) +N

.
Orismìc: O daktÔlioc R/N onom�zetai daktÔlioc phlÐko tou R wc proc N.

Je¸rhma: 'Estw ide¸dec N, daktulÐou R. H apeikìnish g:R → R/N, me g(x)=x+N, eÐnai
omomorfismìc daktulÐwn me pur na N.

Apìdeixh: To je¸rhma eÐnai an�logo apì th jewrÐa om�dwn, kai epomènwc gia ton pollaplasi-
asmì g(xy)=(xy)+N=(x+N)(y+N)=g(x)g(y)

Jemeli¸dec je¸rhma omomorfism¸n: 'Estw f: R → R′ omomorfismìc daktulÐwn me
pur na N. To f(R) eÐnai daktÔlioc , kai h apeikìnish m: R/N →f(R) ,me m(x + N) =f(x), eÐnai
isomorfismìc.
An g: R → R/N eÐnai omomorfismìc pou orÐzetai wc g(x) = x + N , tìte gia k�je xεR, èqoume
f(x) =mg(x).

1.7 Ide¸dh DaktulÐwn

Je¸rhma: Ean R eÐnai daktÔlioc me monadiaÐo stoiqeÐo, kai N èna ide¸dec tou R pou perièqei anti-
strèyimo stoiqeÐo, tìte N = R.

Apìdeixh: 'Estw u mon�da sto N, tìte exìrismoÔ u−1N⊂ N. Epomènwc 1ε N, kai gia k�je
stoiqeÐo tou R , èstw r , r1εN ⇒ rεN .

Orismìc:

1. Lème èna ide¸dec M mègisto, me M 6= R an den perièqetai se kanèna gn sio ide¸dec tou R.
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2. Lème èna ide¸dec N pr¸to, me N 6= R an gia abεN ⇒ aεN   bεN , gia k�je a, bεR.

Je¸rhma: 'Estw R ènac antimetajetikìc daktÔlioc me monadiaÐo stoiqeÐo,

1. to M eÐnai mègisto ide¸dec tou R, an kai mìno an to R/M eÐnai s¸ma.

2. to N eÐnai pr¸to ide¸dec tou R, an kai mìno an to R/N eÐnai akèraia perioq .

Apìdeixh:

1. 'Estw M mègisto ide¸dec tou R.
Ean o R eÐnai antimetajetikìc daktÔlioc me monadiaÐo stoiqeÐo , tìte kai o R/M eÐnai epÐshc.
'Estw (a+M)εR/M , me a 6 εM gia na mhn einai to a+M prosjetikì oudètero.
Ja deÐxoume oti to a+M èqei pollaplasiastikì antÐstrofo ston R/M . Ja p�roume

N = {ra+m|rεR,mεM}.

To N eÐnai ide¸dec:

(a) To < N,+ > einai om�da. (r1a +m1) + (r2a +m2) = (r1 + r2)a + (m1 +m2)εN kai ta
0 = 0a+ 0 kai −(ra+m) = (−r)a+ (−m) epÐshc an koun sto N.

(b) Idiìthta twn idewd¸n: r1(ra+m) = (r1r)a+ r1m, èqoume oti r1(ra+m)εN gia r1εR, kai
lìgw antimetajetikìthtac (ra+m)r1εN.

To aεN giati a = 1a+ 0, kai epeid  m = 0a+m èqoume oti M ⊂ N . 'Ara to N = R.
1εN , epomènwc 1=ba+m gia bεR kai mεM . Epomènwc,

1 +M = ba+M = (b+M)(a+M)

. Dhlad  to b+M eÐnai to pollaplasiastikì antÐstrofo tou a+M .
AntÐstrofa, èstw pwc R/M eÐnai s¸ma.
Ean N eÐnai ide¸dec tou R tètoio ¸ste M ⊂ N ⊂ R kai g o kanonikìc omomorfismìc tou R epÐ
tou R/M, , tìte to g(N) eÐnai ide¸dec tou R/M kai {(0 +M)} ⊂ g(N) ⊂ R/M . 'Atopo.

2. 'Estw N pr¸to ide¸dec. An 0 = (a+N)(b+N) = ab+N , tìte abεN . Epomènwc aεN   bεN ,
dhlad  a+N = 0   b+N = 0. To antÐstrofo eÐnai an�logo.

Prìtash: K�je mègisto ide¸dec se antimetajetikì daktÔlio R me monadiaÐo stoiqeÐo, eÐnai pr¸to
ide¸dec.

Apìdeixh: Ean to M eÐnai mègisto ston R, to R/M eÐnai s¸ma, epomènwc akèraia perioq , kai
apì to prohgoÔmeno je¸rhma, to M eÐnai pr¸to ide¸dec.

Prìtash: Enac antimetajetikìc daktÔlioc me monadiaio stoiqeÐo eÐnai s¸ma, an kai mìno den
perièqei gn sia mh tetrimmèna ide¸dh.
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Apìdeixh: Ean o daktÔlioc eÐnai s¸ma, k�je stoiqeÐo eÐnai mon�da, ep�getai apì to prohgoÔmeno
je¸rhma.
'Estw antimetajetikìc daktÔlioc R me monadiaÐo stoiqeÐo, qwrÐc gn sia mh tetrimmèna ide¸dh, tìte to
{0} eÐnai mègisto ide¸dec kai o R/{0} eÐnai isìmorfoc me ton R kai s¸ma.

1.8 Ide¸dh ston F [x]

Orismìc: Ean èqoume R antimetajetikì daktÔlio me monadiaÐo stoiqeÐo aεR, to ide¸dec {ra|rεR}
pou par�getai apì to a, lègetai kÔrio. Autì to ide¸dec sumbolÐzetai wc N=(a).

Je¸rhma: 'Estw F s¸ma, k�je ide¸dec tou F [x] eÐnai kÔrio.

Apìdeixh: 'Estw N ide¸dec tou F [x].
An N={0}, to N=< 0 >.
'Estw N6= {0}, kai g(x)εN di�foro tou mhdenìc, me ton el�qisto dunatì bajmì.
Ean o bajmìc tou g(x) eÐnai 0, tìte up�rqei antÐstrofo, afoÔ g(x)εF , kai se aut  thn perÐptwsh,
N = F [x] =< 1 >.
'Estw o bajmìc tou g(x) megalÔteroc apì 0, kai èstw f(x)εN . Tìte f(x) = g(x)q(x) + r(x) me ton
bajmì tou r(x) mikrìtero apì to bajmì tou g(x).Tìte f(x) − g(x)q(x) = r(x)εN , epomènwc prèpei
r(x) = 0. 'Ara f(x) = g(x)q(x) , kai N =< g(x) >.

Je¸rhma: 'Ena ide¸dec < p(x) > ston F [x] eÐnai mègisto an kai mìno an to p(x) eÐnai an�gwgo
p�nw apì to F .

Apìdeixh: 'Estw < p(x) >6= 0 mègisto ide¸dec tou F [x]. To < p(x) >6= F , epomènwc p(x) 6 εF .
JewroÔme mia an�lush tou p, p(x) = f(x)g(x). Efìson to < p(x) > eÐnai mègisto ide¸dec, eÐnai kai
pr¸to , �ra f(x)g(x)ε < p(x) >⇒ f(x)ε < p(x) >   g(x)ε < p(x) >. Autì shmaÐnei oti oi bajmoÐ
twn f(x), g(x) eÐnai megalÔteroi apì tou p(x). 'Atopo.
AntÐstrofa, jewroÔme to p(x) an�gwgo p�nw apì to F . Ean to < p(x) > den eÐnai mègisto ide¸dec,
up�rqei N ide¸dec, tètoio ¸ste < p(x) >⊂ N ⊂ F [x]. AfoÔ to F eÐnai s¸ma to N eÐnai kÔrio
ide¸dec, èstw N =< g(x) >. 'Omwc to p(x) an kei sto N, epomènwc p(x) = g(x)q(x) gia k�poio
q(x)εF [x]. AfoÔ to p(x) eÐnai an�gwgo, k�poio g(x)   f(x) ja èqei bajmì 0.
'Estw pwc to g(x) èqei bajmì 0, tìte èqei antÐstrofo kai to < g(x) >= N = F [x]. 'Estw pwc to
q(x) eÐnai bajmoÔ 0, tìte q(x) = c, kai to g(x) = (1/c)p(x) an kei sto < p(x) >, �ra N =< p(x) >.
Epomènwc den gÐnetai < p(x) >⊂ N ⊂ F [x].

1.9 Perioqèc monos manthc an�lushc, kai kÔriwn idewd¸n

Orismìc: 'Estw D akèraia perioq  kai a, bεD. An up�rqei cεD, tètoio ¸ste b = ac, lème oti to a
eÐnai par�gontac tou b ,kai a|b.

Orismìc: 'Estw mh mhdenikì stoiqeÐo p, pou den eÐnai mon�da thc akèraiac perioq c D, lègetai
an�gwgo stoiqeÐo an gia k�je an�lush p = ab , ènac apì touc par�gontec tou p eÐnai mon�da.
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Orismìc: DÔo stoiqeÐa a, bεD, lègontai isodÔnama an a = bu, ìpou to u eÐnai mon�da thc D.

Orismìc (Perioq  Monos manthc An�lushc): Mia akèraia perioq  D eÐnai perioq 
monos manthc an�lushc (PMA), ean ikanopoioÔntai ta ex c:

1. K�je stoiqeÐo thc D di�foro tou mhdèn kai thc mon�dac (antistrèyimo), analÔetai se ginìmeno
peperasmènoou pl jouc an�gwgwn stoiqeÐwn.

2. Gia dÔo analÔseic enìc stoiqeÐou tou D se ginìmeno an�gwgwn stoiqeÐwn , p1, . . . , pr kai
q1, . . . , qs, tìte r = s kai mporoÔme na arijm soume xan� to qi ètsi ¸ste na eÐnai isodÔnama
me ta pi.

Gia par�deigma o Z einai PMA, èqoume

24 = 2 · 2 · 3 · 2 = (−2) · (−3) · 2 · 2

ìmwc ta 2,-2 eÐnai isodÔnama , afoÔ an pollaplasiasoume me (-1) eÐnai Ðsa.

Orismìc (Perioq  KÔriwn Idewd¸n): Mia akèraia perioq  D onom�zetai perioq  kÔriwn
idewd¸n, ean k�je ide¸dec thc eÐnai kÔrio.

Je¸rhma: 'Estw D mia PKI, tìte gia N1 ⊆ N2 ⊆ . . . monìtonh aÔxousa alusÐda idewd¸n Ni,
ja up�rqei, jetikìc akèraioc r tètoioc ¸ste Nr = Ns, gia k�je s ≥ r.

Apìdeixh: 'Estw N1 ⊆ N2 ⊆ . . . monìtonh aÔxousa alusÐda idewd¸n Ni sthn akèraia perioq 
D.
Jètoume N = ∪iNi.
Profan¸c isqÔei N ⊆ D. To N eÐnai ide¸dec thc D, epomènwc eÐnai thc morf c N =< c > gia cεD.
To c ìmwc an kei se èna Nr, gia rεZ>0.
Ean s > r, tìte

< c >⊆ Nr ⊆ Ns ⊆ N =< c >

.
'Ara Nr = Ns .

Argìtera ja onom�soume touc daktÔliouc me auth thn idiìthta, daktÔliouc thc Noether.

Je¸rhma: 'Estw D PKI, tìte h D eÐnai PMA.

Apìdeixh: 'Estw aεD, kai to a den eÐnai oÔte 0 oÔte mon�da.
Ja deÐxoume oti to a èqei toul�qiston ènan an�gwgo par�gonta.
'Estw pwc a = a1b1, jewroÔme pwc to a den eÐnai an�gwgo, epomènwc kanèna apì ta a1, b1 den eÐnai
mon�da.
'Eqoume < a >⊂< a1 >.
Ean eÐqame < a >=< a1 >, tìte ta a kai a1 ja  tan isodÔnama kai to b1 ja  tan mon�da .
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< a >⊂< a1 >⊂< a2 >⊂ . . .. Aut  h alusÐda prèpei na termatÐzei se k�poio < ar >, to ar
prèpei na eÐnai an�gwgo.
Epomènwc èqoume apodeÐxei oti gia a pou den eÐnai oÔte 0 oÔte mon�da tou D, to a eÐnai   an�gwgo  
a = p1c1 , ìpou p2 an�gwgo kai c2 ìqi mon�da.
'Etsi paÐrnoume thn ex c alusÐda

< a >⊂< c1 >⊂< c2 >⊂ . . . ,

aut  h alusÐda prèpei k�pote na termatÐzei gia k�poio cr = qr, epomènwc a = p1p2 . . . prqr.
Mac mènei na apodeÐxoume oti h an�lush eÐnai monos manth.

Je¸rhma: 'Ena ide¸dec < p > miac PKI eÐnai mègisto an kai mìno an to p eÐnai an�gwgo.

Apìdeixh: 'Estw < p > èna mègisto ide¸dec sto D, pou eÐnai PKI.
Upojètoume oti p = ab, tote < p >⊆< a >.
'Estw pwc < p >=< a >, tìte ta a kai p eÐnai isodÔnama, dhlad  to b eÐnai mon�da.
An < p >6=< a >, tìte < a >= 1 = D, afoÔ to p eÐnai mègisto. 'Omwc tìte ta a kai 1 eÐnai
isodÔnama,   to a eÐnai mon�da. 'Ara to p eÐnai an�gwgo stoiqeÐo thc D.
Antistrìfwc, èstw pwc to p eÐnai an�gwgo thc D. Tìte an < p >⊆< a >, èqoume p = ab. Ean to a
eÐnai mon�da, tìte < a >=< 1 >= D
Ean to a den eÐnai mon�da, tìte to b prèpei na eÐnai mon�da, dhlad  up�rqei uεD tètoio ¸ste bu = 1.
Tìte pu = abu = a, �ra < a >⊆< p >, kai èpetai oti < a >=< p >. Dhlad , an < p >⊆< a >
èqoume pwc < a >= D   < a >=< p >, kai < p > 6= D alli¸c to p ja  tan mon�da. Epomènwc to
< p > eÐnai mègisto ide¸dec.

Prìtash: Se mia PKI, an k�poio an�gwgo stoiqeÐo p diaireÐ to ab, tìte h p/a   p/b.

Apìdeixh: 'Estw D mia PKI, an p eÐnai k�poio an�gwgo stoiqeÐo thc D èqoume p/ab. Tìte
(ab)ε < p >. AfoÔ k�je mègisto ide¸dec thc D eÐnai pr¸to ide¸dec, èqoume oti aε < p >   bε < p >,
�ra p/a   p/b.

MporoÔme epagwgik� na poÔme, oti gia an�gwgo stoiqeÐo pou diaireÐ to a1a2 . . . an me aiεD, to
p/ai gia toul�qiston èna i.

Orismìc: 'Ena mh mhdenikì kai ìqi antistrèyimo stoiqeÐo p, miac akèraiac perioq c D, gia ton
opoÐo isqÔei p|ab⇒ p|a   p|b, lègetai pr¸toc.

Gurn�me pÐsw sthn apìdeixh tou jewr matoc oti k�je PKI eÐnai PMA, pou eÐqame af sei th
monadikìthta.
Gia aεD, apodeÐxame oti up�rqei an�lush se an�gwga stoiqeÐa,

a = p1p2 . . . pr

'Estw pwc
a = p1p2 . . . pr = q1q2 . . . qs

Tìte p|(q1q2 . . . qs) dhlad  p1|qj1 gia k�poio j1. Qwric bl�bh thc genikìthtac upojètoume pwc j1 = 1,
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epomènwc p1|q1.'Ara èqoume q1 = p1u1, kai efìson to p1 eÐnai an�gwgo to u1 eÐnai mon�da, epomènwc
ta p1, q1 eÐnai isodÔnama. Apì nìmo diagraf c sthn D, p2 . . . pr = u1q2 . . . qs.
SuneqÐzontac thn Ðdia diadikasÐa

1 = u1u2 . . . urqr+1 . . . qs

Efìson ta qj eÐnai an�gwga, èqoume r = s.

Prìtash: H akèraia perioq  Z eÐnai PMA.

Apìdeixh: EÐnai PKI.

EpÐshc ìpwc deÐxame kai sthn prohgoÔmenh par�grafo, gia F s¸ma, h F [x] eÐnai epÐshc PKI.

1.10 Epekt�seic swm�twn

Orismìc: 'Ena s¸ma E lègetai epèktash, enìc s¸matoc F , an F ≤ E.

Je¸rhma: 'Estw F s¸ma kai f(x) èna mh stajerì polu¸numo ston F [x]. Tìte up�rqei mia
epèktash s¸matoc E tou F gia k�poio aεE, tètoio ¸ste f(a) = 0.

Apìdeixh: To f(x) mporeÐ na analujeÐ ston F [x] se ginìmeno poluwnÔmwn, pou eÐnai an�gwga
p�nw apì to F . 'Estw p(x) èna an�gwgo polu¸numo se mia an�lush tou f .
To < p(x) > eÐnai mègisto ide¸dec ston F [x], epomènwc to F [x]/ < p(x) > eÐnai s¸ma.

Jèloume na fti�xoume mia apeikìnish y:F → F [x]/ < p(x) > me y(a)=a+< p(x) >. gia k�je
aεF .
Aut  h apeikìnish eÐnai 1-1: gia y(a)=y(b)⇒ (a− b)ε < p(x) >, epomènwc to a− b eÐnai pollapl�sio
tou poluwnÔmou p(x), to opoÐo èqei bajmì ≥ 1. To a− bεF epomènwc a− b = 0⇒ a = b.

MporoÔme na doÔme to E wc to F [x]/ < p(x) > kai na tautÐsoume to F me to {a+ < p(x) > |aεF}.

Tèloc jèloume na deÐxoume oti to E perièqei mia rÐza tou p(x).
Jètoume a′ = x+ < p(x) >, jewroÔme ton omomorfismì ektÐmhshc φa′ : F [x] → E. Ean p(x) =
a0 + a1x+ . . .+ anx

n me aiεF , tìte èqoume

φa′(p(x)) = a0 + a1(x+ < p(x) >) + . . .+ an(x+ < p(x) >)n

sto E, epomènwc

p(a′) = (a0 + a1x+ . . .+ anx
n)+ < p(x) >= p(x)+ < p(x) >=< p(x) >= 0

. 'Eqoume èna stoiqeÐo a′ sto E me p(a′) = 0 kai f(a′) = 0.

Orismìc: 'Estw s¸ma F kai epèktas  tou E. Gia aεE, to a lègetai algebrikì p�nw apì to F
an f(a) = 0 gia k�poio mh mhdenikì F [x].Ean den eÐnai algebrikì, tìte to a lègetai uperbatikì p�nw
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apì to F .

Orismìc: 'Estw E epèktash s¸matoc F kai aεE algebrikì stoiqeÐo p�nw apì to F . To an�g-
wgo p(x)εF [x] gia to opoÐo p(a) = 0 to opoÐo eÐnai monos manta orismèno ektìc apì k�poio stajerì
par�gonta sto F kai gia to opoÐo isqÔei gia f(x)εF [x] me f(a) = 0 to p(x) diaireÐ to f(x). Onom�ze-
tai an�gwgo polu¸numo tou a p�nw apì to F kai to sumbolÐzoume me irr(a, F ).

Ja apodeÐxoume thn Ôparx  tou: 'Estw φa omomorfismìc ektÐmhshc tou F [x] sto E. O pur nac
tou φa eÐnai ide¸dec, kai m�lista prèpei na eÐnai kÔrio ide¸dec me genn tora k�poio p(x)εF [x]. To
< p(x) > apoteleÐtai apì ta polu¸numa me rÐza to a, epomènwc to p(x) diaireÐ k�je polu¸numo me
rÐza to a.
Jèloume na deÐxoume oti to p(x) eÐnai an�gwgo. An p(x) = r(x)s(x)  tan mia an�lush tou p(x), tìte
r(a)s(a) = 0 �ra r(a) = 0 h s(a) = 0. 'Atopo giatÐ to p(x) eÐnai to polu¸numo elaqÐstou bajmoÔ me
p(a) = 0. 'Ara to p(x) eÐnai an�gwgo.

Orismìc: Mia epèktash E enìc s¸matoc F lègetai apl  epèktash tou F an E = F (a) gia
k�poio aεE.

Je¸rhma: Gia mia apl  epèktash E tou F , kai a algebrikì p�nw apì to F , me deg(a) = n.
K�je stoiqeÐo k tou E = F (a) gr�fetai monadik� wc

k = b0 + b1a+ . . .+ bn−1a
n−1, biεF.

Apìdeixh: 'Estw irr(a, F ) = p(x) = xn + rn−1x
n−1 + . . . + r0. IsqÔei pwc p(a) = 0 ⇒ an =

−rn−1an − . . .− r0.
'Ara k�je dÔnamh tou a, am me m ≥ n xèroume pwc na th gr�youme. Epomènwc, ean kεF (a) mporoÔme
na gr�youme to k wc

k = b0 + b1a+ . . .+ bn−1a
n−1

Gia th monadikìthta, èstw

b0 + b1a+ . . .+ bn−1a
n−1 = b′0 + b′1a+ . . .+ b′n−1a

n−1, b′iεF,

tìte

(b0 − b′0) + (b1 − b′1)x+ . . .+ (bn−1 − b′n−1)xn−1 = g(x)

. To g(x) an kei sto F [x] kai g(a) = 0, epÐshc prèpei na èqei mikrìtero bajmì apì to irr(a, F ) ,
epomènwc èqoume g(x) = 0 kai bi = b′i.

Orismìc: Mia epèktash s¸matoc E enìc s¸matoc F lègetai algebrik  epèktash tou F an k�je
stoiqeÐo tou E eÐnai algebrikì p�nw apì to F .

Orismìc: 'Otan mia epèktash E enìc s¸matoc F èqei peperasmènh di�stash n wc dianusmatikìc
q¸roc p�nw apì to F , tìte to E lègetai peperasmènh epèktash bajmoÔ n p�nw apì to F .
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Je¸rhma: K�je peperasmènh epèktash E enìc s¸matoc F eÐnai algebrik  epèktash tou F .

Apìdeixh: 'Estw aεE. Ean [E : F ] = n, ta 1, a, . . . , an den mporoÔn na eÐnai grammik¸c
anex�rthta, �ra up�rqoun stoiqeÐa ciεF tètoia ¸ste,

cna
n + . . .+ c1a+ c0 = 0

, me k�poia ci 6= 0.To
f(x) = cnx

n + . . .+ c1x+ c0

eÐnai mh mhdenikì polu¸numo sto F [x] me f(a) = 0.

1.11 R-prìtupa

Orismìc: 'Estw R daktÔlioc. 'Ena (aristerì) R −module (  R-prìtupo) M apoteleÐtai apo ton
R, mia abelian  om�da < M,+ > kai mia apeikìnish ∗ : RxM →M , tètoia ¸ste ∀a, bεM kaÐ r, sεR
isqÔoun:

1. (r ∗ a)εM

2. r ∗ (a+ b) = r ∗ a+ r ∗ b

3. (r + s) ∗ a = r ∗ a+ r ∗ b

4. (rs) ∗ a = r(s ∗ a)

AntÐstoiqa kai to dexiì R−module (R-prìtupo).

ParadeÐgmata: K�je abelian  om�da G mporeÐ na jewrhjeÐ wc Z − module. Ean orÐsoume
n ∗ a = an gia aεG kai nεZ, ta axi¸mata bgaÐnoun eÔkola.

ParadeÐgmata: Gia k�je ide¸decN tou R, mporoÔme na doÔme th < N,+ > wc èna R−module,
ìpou gia aεN , rεR, paÐrnoume to sunhjismèno ginìmeno twn r kai a, blèpontac ta wc stoiqeÐa tou
daktulÐou.

Efarmog : Na oristeÐ omomorfismìc apì to R sto End(M).

LÔsh: Arqik� mporoÔme na orÐsoume ton omomorfismì fr : M −→ M , me fr(x) = r ∗ x gia
k�poio rεR. O fr eÐnai omomorfismìc om�dwn , lìgw tou (2), pr�gmati, gia a, bεM : fr(a + b) =
r ∗ (a+ b) = r ∗ a+ r ∗ b = fr(a) + fr(b).

Ex'orismoÔ bèbaia,eÐnai èna proc èna kai epÐ, dhlad  isomorfismìc. Epomènwc èqoume èna sÔnolo
endomorfism¸n End(M) = {fr : rεR}.

OrÐzoume t¸ra thn g : R −→ End(M) h opoÐa ja apodeÐxoume pwc eÐnai omomorfismìc daktulÐwn.
Gia r1, r2εR èqoume:

g(r1 + r2) = fr1+r2

kaÐ
g(r1) + g(r2) = fr1 + fr2
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∀xεM h fr1+r2(x) = (r1 + r2)x = r1x+ r2x = fr1(x) + fr2(x). 'Ara h g eÐnai omomorfismìc wc proc
thn prìsjesh. Ja deÐxoume oti eÐnai kai omomorfismìc wc pros th sÔnjesh sunart sewn.

g(r1r2) = fr1r2

kaÐ
g(r1)g(r2) = fr1 ◦ fr2

∀xεM h fr1r2(x) = (r1r2)x = r1(r2x) = fr1 ◦ fr2(x).'Ara h g eÐnai kai omomorfismìc wc proc th
sÔnjesh.

Ean to R eÐnai s¸ma, tìte to R−module eÐnai dianusmatikìc q¸roc.

1.12 DaktÔlioi thc Noether

Orismìc:'Estw daktÔlioc R. O R onom�zetai Noetherian, ean den up�rqei apeÐrwc auxanìmenh
alusÐda idewd¸n tou R. Dhlad , gia k�je I1 ⊂ I2 ⊂ I3 ⊂ . . ., ìpou Ij ide¸dh tou R, ∃m jetikìc
akèraioc, tètoioc ¸ste Im = Ik, ∀k ≥ m.

Prìtash: 'Estw I ide¸dec enìc Noetherian daktulÐou R, tìte o daktÔlioc phlÐkwn R/I eÐnai
daktÔlioc thc Noether.

Apìdeixh: K�je �peirh alusÐda idewd¸n tou R/I ja antistoiqeÐ apì to tètarto je¸rhma iso-
morfism¸n, se mia �peirh alusÐda idewd¸n tou R.
To tètarto je¸rhma isomorfism¸n om�dwn, lèei pwc e�n èqw mia om�da G me kanonik  upoom�da N ,
tìte up�rqei isomorfismìc f, apì tic upoom�dec tou G pou perièqoun to N se upoom�dec tou G/N .

Je¸rhma: Ta epìmena eÐnai isodÔnama:

1. O daktÔlioc R eÐnai Noetherian.

2. K�je sÔnolo idewd¸n tou R perièqei èna mègisto stoiqeÐo.

3. K�je ide¸dec tou R eÐnai peperasmèna parag¸meno.

Apìdeixh: (1) ⇒ (2) Upojètoume oti o R eÐnai Noetherian. OrÐzw S to sÔnolo idewd¸n tou
R. 'Estw I1ε S. An I1 eÐnai mègisto sto S, tìte apedeÐqjh. Ja jewr soume pwc den eÐnai. Tìte
ja up�rqei I2ε S me I1 ⊂ I2, antÐstoiqa, ean to I2 eÐnai mègisto sto S, apedeÐqjh. AntÐstoiqa ja
jewr soume pwc den eÐnai. Epomènwc, up�rqei I3ε S, me I2 ⊂ I3. SuneqÐzw ètsi , kai an den brÐskw
mègisto, apì axÐwma epilog c mpor¸ na epilèxw p�nta mia alusÐda stoiqeÐwn, pou suneq¸c aux�netai
, �topo apo to (1).
(2) ⇒ (3) 'Estw N ide¸dec tou R, kai S to sÔnolo twn peperasmèna parag¸menwn idewd¸n tou N.
ParathroÔme oti to S den eÐnai kenì afoÔ {0}ε S. To S ja perièqei mègisto N'. Ean to N ′ 6= N , tìte
mporoÔme na broÔme xεN−N ′. Epeid  to N' eÐnai peperasmèna parag¸meno, to ide¸dec pou par�getai
apì to N' eÐnai peperasmèna parag¸meno kai to x eÐnai epÐshc peperasmèna parag¸meno. Autì eÐnai
�topo afoÔ to N' eÐnai mègisto , �ra N = N ′.
(3) ⇒ (1) 'Estw I1 ⊂ I2 ⊂ I3 ⊂ . . . alusÐda idewd¸n sto R. 'Estw epÐshc, N = ∪∞i=1Ii.
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Profan¸c to N eÐnai ide¸dec, wc ènwsh idewd¸n, kai epomènwc peperasmèna parag¸meno. 'Estw
loipìn a1, . . . an, aiεN ta stoiqeia pou par�goun to N. K�je ai an kei se èna Iji . Jewr¸ t¸ra to
m = max{j1, j2, . . . , jn}. Tìte ta aiεIm gia k�je i, epomènwc to ide¸dec pou par�goun an kei sto
Im   N ⊂ Im. Epomènwc èqoume Im = N = Ik , ∀k > m.

UpenjÔmish: ApodeÐxame sto prohgoÔmeno kef�laio pwc oi perioqèc kÔriwn idewd¸n eÐnai thc
Noether, t¸ra to genikeÔsame gia daktulÐouc opou ta ide¸dh touc den eÐnai kÔria, all� apl� peperas-
mèna parag¸mena.

Par�deigma: K�je perioq  kÔriwn idewd¸n einai Noetherian daktÔlioc. Efìson k�je ide¸dec
tou eÐnai peperasmèna parag¸meno. Sugkekrimèna o Z, o poluwnumikìc daktÔlioc k[x] ìpou k s¸ma,
kaÐ oi Gaussian akèraioi , dhlad  to Z[i].
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Kef�laio 2

ParagontopoÐhsh Idewd¸n se
Dedekind DaktulÐouc

Se autì to kef�laio ja jewr soume pwc oi daktÔlioi mac eÐnai antimetajetikoÐ me monadiaÐo stoiqeÐo.

2.1 Nìrma, 'Iqnoc kai DiakrÐnousa

Sth sunèqeia ja qrhsimopoi soume arket� thn ènnoia tou s¸matoc arijm¸n. 'Ena s¸ma arijm¸n eÐnai
mia peperasmènh epèktash (epomènwc kai algebrik ) tou s¸matoc twn rht¸n arijm¸n.

Orismìc: 'Estw K s¸ma arijm¸n, kai σ1, . . . , σn oi omomorfismoÐ apì to K sto C. Gia aεK,
ta stoiqeÐa σi(a) onom�zontai ta suzug  stoiqeÐa tou a.

Je¸rhma: 'Estw K s¸ma arijm¸n , [K : Q] = n. PaÐrnoume aεK, kai jewroÔme ton pol-
laplasiasmì me a ¸c grammik  antistoÐqish apì to Q-dianusmatikì q¸ro K ston eautì tou. 'Etsi
loipìn to a : K → K orÐzetai wc b→ ab. Kai tìte to qarakthristikì polu¸numo thc antistoÐqishc
eÐnai Ðso me Pa(x) =

∏n
i=1(x− σi(a)).

Apìdeixh: 'Estw K = Q[θ], kai h b�sh tou 1, θ, θ2, . . . , θn−1. JewroÔme Ma ton pÐnaka pou
perigr�fei thn grammik  antistoÐqish a sqetik� me aut  th b�sh.

Arqik� jewroÔme a = θ. 'Estw f0 = xn + an−1x
n−1 + . . .+ a0, tìte

Mθ =


0 0 . . . 0 −a0
1 0 . . . 0 −a1
0 1 . . . 0 −a2
...

...
. . .

...
...

0 0 . . . 0 −an−1



kai upologÐzoume to qarakthristikì polu¸numo,
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det(XIn −Mθ) = det


x 0 . . . 0 a0
−1 x . . . 0 a1
0 −1 . . . 0 a2
...

...
. . .

...
...

0 0 . . . 0 x+ an−1

 =
∑

akx
k

Epomènwc to qarakthristikì polu¸numo tou Mθ eÐnai fθ =
∏n
i=1(x− σi(θ)) ìpwc jèlame.

Epomènwc apo grammik  �lgebra xèroume oti up�rqei antistrèyimoc pÐnakac A tètoioc ¸ste:

Mθ = A


σ1(θ) 0 . . . 0
0 σ2(θ) . . . 0
...

...
. . .

...
0 0 . . . σn(θ)

A−1

IsqÔei Ma±b = Ma ± Mb kai Mab = MaMb. Epomènwc e�n èqoume polu¸numo gεQ[x] tìte
Mga = g(Ma). T¸ra mporoÔme na gr�youme k�je aεK wc g(θ) gia k�poio gεQ[x]. Kai èqoume

Ma = g(Mθ) = A


g(σ1(θ)) 0 . . . 0

0 g(σ2(θ)) . . . 0
...

...
. . .

...
0 0 . . . g(σn(θ))

A−1 =

A


σ1(g(θ)) 0 . . . 0

0 σ2(g(θ)) . . . 0
...

...
. . .

...
0 0 . . . σn(g(θ))

A−1 =

A


σ1(a) 0 . . . 0
0 σ2(a) . . . 0
...

...
. . .

...
0 0 . . . σn(a)

A−1

Epomènwc to qarakthristikì polu¸numo tou Ma eÐnai autì pou jèloume.

Orismìc: 'Estw K s¸ma arijm¸n, aεK. OrÐzoume th nìrma tou a wc

N(a) = NK/Q(a) =
n∏
i=1

σi(a)εQ
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Prìtash: IsqÔei N(a) = det(Ma) kai N(ab) = N(a)N(b)

Orismìc: 'Estw K s¸ma arijm¸n, aεK. OrÐzoume to Ðqnoc tou a wc

Tr(a) = TrK/Q(a) =
n∑
i=1

σi(a)εQ

Prìtash: IsqÔei Tr(a) = Tr(−a) = Tr(Ma) kai Tr(a+ b) = Tr(a) + Tr(b)

Par�deigma: Ston K = Q[
√
d] pou ja asqolijoÔme sto epìmeno kef�laio, ja èqoume

1. Tr(a+ b
√
d) = (a+ b

√
d) + (a− b

√
d) = 2a

2. N(a+ b
√
d) = (a+ b

√
d)(a−

√
d) = a2 − db2

Ston K = Q[ 3
√
2], èqoume (x3 − 2) = (x− 3

√
2)(x− ζ3 3

√
2)(x− ζ23

3
√
2) ìpou ζ3 = e(2πi)/3

1. Tr(a+ b 3
√
2 + c 4

√
2) = (a+ b 3

√
2 + c 4

√
2) + (a+ ζ3b

3
√
2 + ζ23c

4
√
2) + (a+ ζ23b

3
√
2 + ζ3c

4
√
2) = 3a

2. N(a+ b 3
√
2+ c 4

√
2) = (a+ b 3

√
2+ c 4

√
2)(a+ ζ3b

3
√
2+ ζ23c

4
√
2)(a+ ζ23b

3
√
2+ ζ3c

4
√
2) = a3 +2b2 +

4c3 + 6abc

Orismìc: 'Estw K s¸ma arijm¸n kai a1, . . . , an b�sh tou K. 'Estw σ1, . . . , σn : K → C ìloi oi
omomorfismoÐ. H diakrÐnousa tou (a1, . . . , an) orÐzetai wc

disc(a1, . . . , an) =

(
det


σ1(a1) σ1(a2) . . . σ1(an)
σ2(a1) σ2(a2) . . . σ2(a2)

...
...

. . .
...

σn(a1) σn(a2) . . . σn(an)


)2

Je¸rhma: 'Eqoume,

disc(a1, . . . , an) = det


Tr(a1a1) Tr(a1a2) . . . T r(a1an)
Tr(a2a1) Tr(a2a2) . . . T r(a2an)

...
...

. . .
...

Tr(ana1) Tr(ana2) . . . T r(anan)



Apìdeixh: 'Estw M = (σi(aj))ij . Tìte èqoume disc(a1, . . . , an) = det(M)2 = det(M2) =
det(MTM). 'Omwc ta stoiqeÐa tou MTM sta (i, j) eÐnai

∑n
k=1 σk(ai)σk(aj) =

∑n
k=1 σk(aiaj) =

Tr(aiaj).

Je¸rhma: 'Eqoume oti disc(a1, . . . , an) 6= 0.
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Apìdeixh: 'Estw oti disc(a1, . . . , an) = 0, tìte up�rqoun c1, . . . , cnεQ me

c1

Tr(a1a1)...
Tr(ana1)

+ . . .+ cn

Tr(ana1)...
Tr(anan)

 = 0

epomènwc, Tr(a1
∑
cjaj)

...
Tr(an

∑
cjaj)

 = 0

gia a′ =
∑
cjaj , èqoume Tr(a1a

′)
...

Tr(ana
′)

 = 0

Dhlad  Tr(aia′) = 0 gia k�je i.

'Omwc xèroume oti ta ai eÐnai b�sh gia to K p�nw apì to Q, epomènwc Tr(ba) = 0,∀bεK ,kai
a > 0.
Gia b = a−1 , èqoume Tr(ba) = Tr(1) = n = [K : Q], �topo.

Par�deigma:

1. 'Estw K = Q[
√
d]. Jewr¸ntac th b�sh 1,

√
d. UpologÐzoume th diakrÐnousa:

disc(1,
√
d) = det

[
Tr(1) Tr(

√
d)

Tr(
√
d) Tr(d)

]
=

[
2 0
0 2d

]
= 4d

An jewr soume th b�sh, 1, 1+
√
d

2 , tìte disc(1, 1+
√
d

2 ) = (−
√
d)2 = d

2. 'Estw K = Q[ 3
√
d] me b�sh 1, 3

√
d,

3
√
d2. Tìte, èqoume

disc(1,
3
√
d,

3
√
d2) = det

 Tr(1) Tr( 3
√
d) Tr(

3
√
d2)

Tr( 3
√
d) Tr(

3
√
d2) Tr(d)

Tr(
3
√
d2) Tr(d) Tr( 3

√
d)

 =

3 0 0
0 0 3d
0 3d 0

 = −27d2

2.2 Akèraioi arijmoÐ

Orismìc 1: 'Estw A daktÔlioc, kai xεL, ìpou L ⊃ A s¸ma. To x onom�zetai akèraioc p�nw apì
to A, an ikanìpoieÐ mia monik  poluwnumik  exÐswsh me suntelestèc apì to A.

xn + an−1x
n−1 + ...+ a0 = 0, aiεA, n ≥ 1
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Ja d¸soume t¸ra k�poiouc enallaktikoÔc orismoÔc kai isodunamÐec.

Prìtash 1: 'Estw A daktÔlioc, kai xεL, ìpou L ⊃ A s¸ma. To x eÐnai akèraioc p�nw apì to
A, an kai mìno an, up�rqei peperasmèna parag¸meno A−module M ⊂ L tètoio ¸ste xM ⊂M .

Apìdeixh: Arqik�, èstw pwc o x eÐnai akèraioc p�nw apì to A, tìte �mesa to peperasmèna
parag¸meno moduleM pou anazht�me, eÐnai autì pou par�getai apì ta 1, x, ..., xn−1, profan¸c isqÔei
xM ⊂M . AntÐstrofa, èstw oti up�rqei M peperasmèna parag¸meno apì k�poia < r1, ..., rn > ètsi
¸ste xM ⊂M . Tìte

xr1 = a11r1 + ...+ a1nrn

xr2 = a21r1 + ...+ a2nrn

...

xrn = an1r1 + ...+ annrn

pern¸ntac ta pr¸ta mèlh apì thn �llh prokÔptei ènac pÐnakac ìpou h orÐzousa tou mac dÐnei thn
monik  poluwnumik  exÐswsh pou jèloume.

0 =

∣∣∣∣∣∣∣∣∣
(a11 − x) a12 · · · a1n
a21 (a22 − x) · · · a2n
...

...
. . .

...
an1 an2 · · · (ann − x)

∣∣∣∣∣∣∣∣∣
Prìtash 2: 'Estw A daktÔlioc, kai xεL, ìpou L ⊃ A s¸ma. To x eÐnai akèraioc p�nw apì to

A, an kai mìno an, h A-�lgebra pou par�gei eÐnai peperasmèna parag¸meno A−module.

Apìdeixh: 'Estw pwc h A-�lgebra pou par�getai apì to x, eÐnai peperasmèna parag¸meno
A−module.
Tìte up�rqei peperasmènoc arijmìc dun�mewn tou x pou to par�goun. 'Estw 1, x, . . . , xn. Tìte to
xn+1 =

∑n
i=0 aix

i , kai aut  eÐnai h poluwnumik  exÐswsh pou y�qnoume.
(MporoÔme na qrhsimopoi soume kai to porhgoÔmeno je¸rhma , giatÐ to xA[x] ⊂ A[x].)
AntÐstrofa, èstw x akèraioc p�nw apì to A.
Tìte up�rqei poluwnumik  exÐswsh pou ikanopoieÐ , xn + an−1x

n−1 + . . . + a1x + a0 ⇒ xn =
−an−1xn−1 − . . . − a1x − a0. Pou shmaÐnei oti k�je dÔnamh tou x megalÔterh tou n, mporoÔme
na thn ekfr�soume me th bo jeia thc prohgoÔmenh sqèshc, dhl�d  sunart sei twn 1, . . . , xn−1.

Orismìc 2: 'Estw daktÔlioc B pou perièqei ton A. Ja lème oti eÐnai akèraioc p�nw apo ton A,
an k�je stoiqeÐo tou eÐnai akèraio p�nw apo ton A.

Prìtash 3: 'Estw A ⊂ B ⊂ C treÐc daktÔlioi. E�n o B eÐnai akèraioc p�nw apo ton A kai o
C eÐnai akèraioc p�nw apo ton B, tìte o C eÐnai akèraioc p�nw apo ton A.

Apìdeixh: 'Estw xεC, to x ja eÐnai akèraio p�nw apo to B, dhlad  ja up�rqoun biεB tètoia
¸ste xn + bn−1x

n−1 + ... + b0 = 0. Ja jewr soume t¸ra thn epèktash tou A, B1 = A[b0, ..., bn−1],
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to B1 eÐnai peperasmèna parag¸meno A−module, giatÐ ta stoiqeÐa tou B eÐnai akèraia p�nw apì to
A (epagwgik� apì Prìtash 2),kaÐ to B1[x] eÐnai peperasmèna parag¸meno B1 − module epomènwc
kai A−module. IsqÔei oti xB1[x] ⊂ B1[x] , epomènwc apì Prìtash 1 to x eÐnai akèraio p�nw apì to A.

Prìtash 4: 'Estw A ⊂ B dÔo daktÔlioi, kai o B na eÐnai akèraioc p�nw apì ton A. 'Estw
epÐshc s ènac omomorfismìc tou B. Tìte s(B) eÐnai akèraio p�nw apì to s(A).

Apìdeixh: ProkÔptei �mesa , afoÔ o omomorfismìc diathreÐ tic pr�xeic.

Prìtash 5: 'Estw A daktÔlioc, K to s¸ma phlÐkwn tou kai x algebrikì p�nw apì to K. Tìte
up�rqei èna stoiqeÐo tou A , c 6= 0, tètoio ¸ste to cx eÐnai akèraio p�nw apì to A.

Apìdeixh: AfoÔ eÐnai algebrikì p�nw apì to K, up�rqei mia poluwnumik  exÐswsh

anx
n + an−1x

n−1 + ...+ a0 = 0, aiεA

. Pollaplasi�zwntac me an−1n èqoume,

(anx)
n + ...+ a0a

n−1
n = 0, aiεA

. Tìte to cεA pou y�qnoume eÐnai to an.

Orismìc 3: 'Estw A daktÔlioc pou perièqetai se s¸ma L, kaÐ èstw B to sÔnolo pou perièqei
touc akeraÐouc p�nw apì to A sto L. Tìte o B eÐnai daktÔlioc kai onom�zetai akèraia kleistìthta
tou A sto L. EpÐshc ja lème oti ènac daktÔlioc A eÐnai akèraia kleistìc se èna s¸ma L an k�je
stoiqeÐo tou L, pou eÐnai akèraio p�nw apì to A, brÐsketai sto A.Tèloc ja lème oti eÐnai akèraia
kleistì an eÐnai akèraia kleistì sto s¸ma phlÐkwn tou.

O B eÐnai profan¸c daktÔlioc afoÔ , èstw x, y sto B, efìson eÐnai akèraioi p�nw apì to A, ja
up�rqoun peperasmèna parag¸mena A−modules M,N tètoia ¸ste xM ⊂M , yN ⊂ N . Tìte to MN
eÐnai peperasmèna parag¸meno A−module kaÐ (x± y)MN ⊂MN ,xy ⊂MN .

Prìtash 6: E�n to A eÐnai perioq  monos manthc an�lushc (PMA), tìte eÐnai akèraia kleistì.

Apìdeixh: Upojètoume oti up�rqei èna phlÐko a/b, a, bεA to opoÐo eÐnai akèraio p�nw apì to
A, kai èna an�gwgo stoiqeÐo p tou A, to opoÐo diaireÐ to b all� ìqi to a. Profan¸c gia k�poia
a0, ..., an−1εA ja isqÔei

(a/b)n + an−1(a/b)
n−1 + ...+ a0 = 0

epomènwc
an + an−1ba

n−1 + ...+ a0b
n = 0

efìson to p diaireÐ to b ja prèpei na diaireÐ kai to an, epomènwc kaÐ to a. 'Atopo.

Prìtash 7: 'Estw A upodaktÔlioc enìc daktulÐou B akèraiou p�nw apì to A. 'Estw S pol-
laplasiastikì uposÔnolo tou A. Tìte to S−1B eÐnai akèraio p�nw apì to S−1A. Kai an to A eÐnai
akèraia kleistì , to S−1A eÐnai epÐshc akèraia kleistì.
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Apìdeixh: 'Estw xεB kaÐ sεS kaÐ èstw M peperasmèna parag¸meno A −module tètoio ¸ste
xM ⊂ M . To S−1M eÐnai peperasmèna parag¸meno S−1A −module, kai (s−1x)S−1M ⊂ S−1M ,
epomènwc to s−1x eÐnai akèraio p�nw apì to S−1A. T¸ra èstw x sto s¸ma phlÐkwn tou A, akèraio
p�nw apì to S−1A. 'Eqoume,

xn +

(
bn−1
sn−1

)
xn−1 + ...+

(
b0
s0

)
= 0, biεA, siεS

epomènwc up�rqei èna sεS tètoio ¸ste to sx na eÐnai akèraio p�nw apo to A, kai na brÐsketai sto A.
Epomènwc to x brÐsketai sto S−1A.

Je¸rhma: 'Estw I mh mhdenikì ide¸dec tou daktulÐou twn akèraiwn Ok, ìpou [K : Q] = n.
Tìte to I eÐnai eleÔjero Z−module bajmoÔ n, kai par�getai apì mia Q-b�sh gia to K.

Apìdeixh: 'Estw (a1, . . . , an) mia Q-b�sh gia to K. Arqik� isqurizìmaste pwc gia k�je i, up-
�rqei èna mh mhdenikì diεZ tètoio ¸ste diaiεOk. IsqÔei afoÔ eÐnai arkèto na deÐxoume oti to di mporeÐ
na eÐnai o pr¸toc ìroc k�je akèraiou polu¸numou pou ikanopoieÐtai apì to ai. Epomènwc gia k�je
βεI, brÐskoume oti (βd1a1, . . . , βdnan) eÐnai Q-b�sh gia to K pou perièqetai sto I.
DeÐxame oti to I perièqei mia Q-b�sh gia to K. MporoÔme na suneqÐsoume thn apìdeixh me dÔo trìpouc.

To I perièqetai se Noether daktÔlio, epomènwc apì je¸rhma taxinìmhshc eÐnai thc morf c
Zr×(k�ti peperasmèno). 'Omwc to peperasmèno den mporeÐ na up�rqei diìti eÐnai upoom�da s¸matoc
qarakthristik c mhdèn kai den up�rqoun stoiqeÐa strèyhc. Tèloc ja deÐxoume oti r = n. Xèroume  dh
oti r ≥ n giati to I perièqei b�sh tou dianusmatikoÔ q¸rou. An�poda, ean èqw mh mhdenikì grammikì
sunduasmì r stoiqeÐwn p�nw apì to Q, mporoÔme na ton metatrèyoume se grammik  sqèsh p�nw apì
to Z pollaplasi�zontac me paronomastèc, �topo afoÔ oi genn torec tou Zr den èqoun sqèsh metaxÔ
touc.

Alli¸c, isqurizìmaste oti apì tic b�seic pou perièqei to I, aut  me th mikrìterh diakrÐnousa,
eÐnai Z-b�sh gia to I. Epeid  h diakrÐnousa twn stoiqeÐwn tou OK eÐnai akèraioc arijmìc, mporoÔme
na broÔme el�qisto.
'Estw aεI, tìte to a =

∑n
i=1 biqi, gia qiεQ. Jèloume na deÐxoume oti ta qiεZ gia k�je i. 'Estw pwc

autì den sumbaÐnei. QwrÐc bl�bh thc genikìthtac, upojètoume oti q1 6 εZ. Tìte to q1 = m + ε, me
0 < ε < 1 kai m = bq1c. MporoÔme na all�xoume to stoiqeÐo b1 me b′1 = a −mb1. To stoiqeÐo b′1
an kei sto I. 'Etsi èqoume mia kainoÔrgia b�sh sto I ìpou h orÐzousa tou pÐnaka allag c b�shc einai
e. Epomènwc h kainoÔrgia b�sh ja èqei mikrìterh diakrÐnousa.

ParadeÐgmata:

1. Ta nεZ eÐnai ta stoiqeÐa tou Q pou eÐnai akèraia p�nw apì to Z. AfoÔ h poluwnumik  exÐswsh
pou èqei rÐza to n eÐnai h x− n = 0.

2. 'Estw h epèktash tou Q , Q[
√
d], me d na eÐnai akèraioc, eleÔjeroc tetrag¸nwn. Ja broÔme

touc akeraÐouc sto Q[
√
d] p�nw apì to Z.

'Estw (q1 + q2
√
d)εQ[

√
d], to an�gwgo polu¸numo pou èqei rÐza autì to stoiqeÐo eÐnai to ex c,(

x− q1
q2

)2

− d = 0⇔
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(x− q1)2 − q22d = 0⇔

x2 + (−2q1)x+ (q21 − q22d) = 0

Jèloume ta (2q1), (q
2
1 − q22d)εZ.

(a) (2q1)εZ⇒ q1εZ (  q1 = p1/2, ìpou p1 perittìc.) Gia q1εZ⇒ dq22εZ⇒ q22εZ⇒ q2εZ.
(b) q1 = p1/2⇒ p21/4− dq22εZ⇒ p21 − 4dq22ε4Z.(1)

Genik� jèlw, 4dq22εZ
i. 4dq22εZ ⇒ dq22εZ ⇒ q22εZ ⇒ q2εZ 'Omwc se aut  thn perÐptwsh den isqÔei h (1) �ra
�topo.

ii. 4dq22εZ⇒ q2 = p2/2, ìpou p2 perittìc.
Jèlw p21 − dp22 = 0mod4 epeid  isqÔei apì Je¸rhma Euler, p2 = 1mod4 arkeÐ na
doÔme pìte isqÔei dp22 = 1mod4⇒ d = 1mod4.

'Ara h algebrik  kleistìthtaOk = Z[
√
d], gia d 6= 1mod4, en¸ gia d = 1mod4, p1/2+p2/2

√
d =

p1−p2
2 + p2

1+
√
d

2 èqoume oti Ok = Z[1+
√
d

2 ].

2.3 Klasmatik� Ide¸dh

Orismìc: 'Estw daktÔlioc O kai to s¸ma phlÐkwn tou K. 'Ena klasmatikì ide¸dec tou O sto K
eÐnai èna O −module A sto K, tètoio ¸ste na up�rqei èna stoiqeÐo c sto O gia to opoÐo cA ⊂ O.

Parathr seic:

1. 'Ena klasmatikì ide¸dec, den eÐnai aparaÐthta ide¸dec, afoÔ den eÐnai p�nta uposÔnolo tou O.

2. E�n to O eÐnai Noetherian daktÔlioc, tìte to cA kai epomènwc to A, eÐnai peperasmèna parag¸-
meno.

Par�deigma:

1. To Z eÐnai perioq  kÔriwn idewd¸n, ta klasmatik� ide¸dh sto Q eÐnai uposÔnola tou Q thc
morf c rZ, rεQ. Gia par�deigma, 1

2Z,
6
5Z klp.

2. Sto Q[
√
−5] to sÔnolo F = { (2a1+a2−5a4)+(a2+2a3+a4)

√
−5

3+
√
−5 } eÐnai klasmatikì ide¸dec afoÔ

(3 +
√
−5)F ⊂ Z[

√
−5].

L mma: 'Estw O Noetherian daktÔlioc me s¸ma phlÐkwn K , kai èstw I ⊂ K èna O−module.
Tìte to I eÐnai peperasmèna parag¸meno an kai mìno an, aI ⊂ O gia k�poio mh mhdenikì aεO.

Apìdeixh: 'Estw pwc to I eÐnai peperasmèna parag¸menoO−module apì ta stoiqeÐa r1
s1
r2
s2
. . . rnsn ,

tìte to aI ⊂ O, gia a = s1 . . . sn.
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AntÐstrofa, èstw aI ⊂ O, tìte to aI eÐnai ide¸dec, epomènwc peperasmèna parag¸meno (giatÐ to
O eÐnai Noetherian), kai an ta a1, . . . , an par�goun to aI, tìte ta a1

a , . . . ,
an
a par�goun to I.

Epomènwc k�je peperasmèna parag¸meno O −module tou K eÐnai klasmatikì ide¸dec,kai to an-
tÐstrofo isqÔei mìno an to O eÐnai Noetherian.

Pìrisma: K�je klasmatikì ide¸dec enìc Noetherian daktulÐou O, mporeÐ na grafteÐ wc 1
aI

ìpou to aεA kaÐ to I eÐnai ide¸dec.

2.4 Dedekind daktÔlioi

Orismìc: 'Enac Noetherian daktÔlioc O, akèraia kleistìc, ìpou k�je mh mhdenikì pr¸to ide¸dec
tou eÐnai kai mègisto, onom�zetai Dedekind daktÔlioc.

'Ena par�deigma Dedekind daktulÐou, eÐnai o daktÔlioc akeraÐwn tou Z enìc s¸matoc arijm¸n.

Orismìc: Gia ide¸dh a, b sto O, to ginìmeno ab eÐnai to sÔnolo ìlwn twn ajroism�twn

r∑
k=1

xkyk, r ≥ 1, xkεa, ykεb

.

Prìtash: Se Dedekind daktulÐouc isqÔei h monadik  paragontopoÐhsh idewd¸n. Dhlad  k�je
ide¸dec gr�fetai monadik� wc ginìmeno pr¸twn idewd¸n.

Apìdeixh:

1. Arqik� ja deÐxoume , oti an A ide¸dec enìc daktulÐou O, tìte up�rqoun pr¸ta ide¸dh pi tètoia
¸ste p1 . . . pn ⊂ A.
'Estw G to sÔnolo ìlwn twn idewd¸n pou den perièqoun ginìmeno pr¸twn idewd¸n. Je¸roume
epÐshc oti to G eÐnai mh kenì. Epeid  to O eÐnai thc Noether,to G èqei mègisto stoiqeÐo , èstw
A. To A den mporeÐ na einai pr¸to, alli¸c ja perièqei ton eautì tou. Epomènwc up�rqoun
ide¸dh b, cεO tètoia ¸ste bcεA, b 6 εA, c 6 εA.
Jewr¸ ta A1 = A+b, A2 = A+c. Tìte A1A2 ⊂ A. Lìgw tou oti to A eÐnai mègisto ta A1, A2

den an koun sto G. 'Ara up�rqei p1, . . . , pt, pt+1, . . . , pr tètoia ¸ste

p1 . . . pt ⊂ A1

, pt+1 . . . pr ⊂ A2

  p1 . . . pr ⊂ A1A2 ⊂ A.
T¸ra ja orÐsoume gia k�je ide¸dec A sto O,

A−1 = {xεK|xA ⊂ O}
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2. Gia q mègisto ide¸dec, q−1 ⊃ O.
EÐnai profanèc oti O ⊂ q−1, ja deÐxoume oti up�rqei stoiqeÐo tou q−1 pou den an kei sto O.
PaÐrnoume èna aεq me a 6= 0. 'Estw r o mikrìteroc arijmìc tètoioc ¸ste p1 . . . pr ⊂ (a) ⊂ q,
epeid  ta pr¸ta ide¸dh eÐnai kai mègista, èna pi ⊂ q, dhlad  pi = q. 'Estw qwrÐc bl�bh thc
genikìthtac, pi = p1 ⇒ p2 . . . pr 6⊂ (a)⇒ ∃bεp2 . . . pr, b 6 ε(a). 'Omwc bq ⊂ (a)⇒ ba−1q ⊂ O ⇒
ba−1εq−1, kai isqÔei b 6 εaO ⇒ ba−1 6 εO.

3. K�je ide¸dec antistrèfetai, apì klasmatikì ide¸dec.
Ja p�roume èna sÔnolo idewd¸n G, ta opoÐa den antistrèfontai, kai epeid  eÐmaste se daktÔlio
thc Noether ja up�rqei mègisto stoiqeÐo. 'Estw mègisto ide¸dec tou G , a. To a den mporeÐ
na eÐnai mègisto. Epomènwc a ⊂ p, a 6= p gia p mègisto.

a ⊂ ap−1 ⊂ aa−1 ⊂ O

. To a eÐnai peperasmèna parag¸meno , epomènwc den gÐnetai ap−1 = a ⇒ ap−1 ⊃ a, epomènwc
èqei antÐstrofo, pou an pollaplasiastei me to p dÐnei antÐstrofo tou a, �topo.

4. Monadik  paragontopoÐhsh
'Estw ide¸dh pou den gr�fontai me monadik  paragontopoÐhsh. PaÐrnw a to mègisto aut¸n. To
a den eÐnai pr¸to ⇒ a ⊂ p ìpou p pr¸to , tìte

a ⊂ ap−1 ⊂ pp−1 ⊂ O

∃p1, . . . , pr tètoia ¸ste p1 . . . pr = ap−1 ⇒ a = pp1 . . . pr.

Monadikìthta t¸ra, èstw a = p1 . . . pr = q1 . . . qs, to p1 diaireÐ k�poio par�gonta qj , èstw q1,

p2 . . . pr = q2 . . . qs

suneqÐzontac katal goume sto zhtoÔmeno.

Prìtash: Ta mh mhdenik� klasmatik� ide¸dh me pr�xh ton pollaplasiasmì apoteloÔn om�da.

Apìdeixh: 'Estw a ide¸dec di�foro tou mhdenìc, kai c èna klasmatikì ide¸dec tètoio ¸ste
ac = O. Tìte c = a−1

IsqÔei oti c ⊂ a−1. AntÐstrofa , an xa ⊂ O, tìte xac ⊂ c kai epomènwc xεc, giatÐ ac = O.
Epomènwc ta klasmatik� ide¸dh antistrèftontai. Ean a eÐnai klasmatikì ide¸dec, tote up�rqei
stoiqeÐo cεO tètoio ¸ste ca ⊂ O, kai to ca na einai antistrèyimo. Ean cab = O tìte cb = a−1.
Autì apodeiknÔei oti ta mh mhdenik� klasmatik� ide¸dh apoteloÔn om�da.

Orismìc: 'Estw Dedekind daktÔlioc kai èna klasmatikì ide¸dec a.

a =
∏

p
prp , rpεZ

to rp eÐnai h t�xh tou a sto p.
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1. Ean to rp > 0 to a èqei èna mhdèn sto p.

2. Ean to rp < 0 to a èqei èna pìlo sto p.

EpÐshc apì èna aεK s¸ma phlÐkwn enìc daktulÐou A, mpor¸ na fti�xw èna klasmatikì ide¸dec,

aA =< a >

Gia klasmatik� ide¸dh a ⊃ b , èqoume oti ordpa ≤ ordpb gia k�je pr¸to ide¸dec p.
Se perÐptwsh pou ordpa = 0, to a eÐnai mon�da sto p, epÐshc tìte to a eÐnai mon�da kai ston topikì
daktÔlio Ap.

Prìtash: 'Estw A Dedekind daktÔlioc ,kai S pollaplasiastikì uposÔnolo tou. O S−1A eÐnai
Dedekind daktÔlioc. EpÐshc, h antistoÐqish

a→ S−1a

eÐnai ènac omomorfismìc, apì thn om�da klasmatik¸n idewd¸n tou A, sthn om�da klasmatik¸n idewd¸n
tou S−1A, kai o pur nac autoÔ tou omomorfismoÔ eÐnai ta klasmatik� ide¸dh tou A ,pou èqoun koin�
stoiqeÐa me to S.

Apìdeixh: 'Estw a, b ide¸dh tou A, tìte S−1(ab) = (S−1a)(S−1b) , epomènwc o pollaplasias-
mìc me S−1 eÐnai ènac omomorfismìc sthn om�da ton klasmatik¸n idewd¸n.
Epeid  to a ∩ S 6= 0 , S−1a = S−1A, mporoÔme na gr�youme, 1 = a′/s gia a′εa kaÐ sεS. Epomènwc
a′ = s kaÐ to a èqei koin� stoiqeÐa me to S. Autì apodeiknÔei ton isqurismì gia ton pur na. O
omomorfismìc eÐnai kai epÐ , giati èqoume oti k�je ide¸dec tou S−1A eÐnai thc morf c S−1a gia k�poio
ide¸dec a tou A.

Orismìc: OrÐzoume wc kÔrio klasmatikì ide¸dec, to klasmatikì ide¸dec tÔpou aA, dhlad  autì
to opoÐo par�getai apo èna stoiqeÐo a tou s¸matoc phlÐkwn tou A.

Efarmog : O daktÔlioc akeraÐwn Ok tou Z enìc s¸matoc arijm¸n, eÐnai Dedekind daktÔlioc.

Apìdeixh: Jèlw na apodeÐxw pr¸ta èna L mma pou ja qrhsimopoi soume sth sunèqeia.

L mma: 'Estw I mh mhdenikì ide¸dec ston daktÔlio akeraÐwn Ok. Tìte to Ok/I eÐnai peperasmèno.

Apìdeixh: JewroÔme oti to I perièqei ènan akèraio mεZ. Tìte to Ok/I eÐnai èna phlÐko tou
Ok/(m), to opoÐo eÐnai isomorfikì wc Z−module me to (Z/mZ)n, epomènwc eÐnai kai ta dÔo peperas-
mèna.

1. 'Eqoume proanafèrei oti to aεK eÐnai akèraio p�nw apì to Z an kai mìno an up�rqei ena mh
mhdenikì, peperasmèna parag¸meno Z−moduleW ⊂ K tètoio ¸ste aW ⊂W , kai pwc ìtan to
a eÐnai akèraio, tìte to Z[a] eÐnai èna tètoio module.
Ac upojèsoume loipìn èna aεK to opoÐo ikanopoieÐ to polu¸numo xm+am−1x

m−1+. . .+a1x+a0
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me aiεOk∀i. Kai ac p�roume to daktÔlioW := Z[{ai}i, a] ⊂ K wc Z−module. To Z[{ai}i] eÐnai
peperasmèna parag¸meno Z −module giatÐ ta ai eÐnai akèraia p�nw apì to Z, kai to W eÐnai
peperasmèna parag¸meno Z[{ai}i] −module gia ton Ðdio lìgo. EÔkola èpetai oti to W eÐnai
peperasmèna parag¸meno Z −module paÐrnontac ginìmena twn gennhtìrwn. AfoÔ aW ⊂ W
èqoume ìti to a eÐnai akèraio p�nw apì to Z , ìpwc jèlame.

2. K�je pr¸to ide¸dec eÐnai mègisto.
'Estw p pr¸to ide¸dec tou OK , tìte to OK/p eÐnai peperasmènh akèraia perioq . Epomènwc
s¸ma, kai to p eÐnai mègisto.

3. Mènei na deÐxoume pwc eÐnai daktÔlioc thc Noether.
'Estw I mh mhdenikì ide¸dec, tìte to OK/I eÐnai peperasmèno apì to L mma, kai ta ide¸dh
pou perièqoun to I sto OK eÐnai isomorfik� me ta ide¸dh tou OK/I, epomènwc eÐnai kai aut�
peperasmèna , �ra h alusÐda idewd¸n stamat�ei kai o daktÔlioc eÐnai thc Noether.

Apìdeixh pwc up�rqei o prohgoÔmenoc isomorfismìc: 'Estw R daktÔlioc, kai I ide¸dec tou R.
Up�rqei isomorfismìc an�mesa sto A = {J |J ide¸dec tou R me J ≥ I} kai B = {J ′|J ′ ide¸dec tou
R/I}.
OrÐzoume loipìn f:A→B kai

jεA : φ(J) = J ′ = {j + I|jεJ}.

1. Arqik� ja deÐxoume oti h f eÐnai kal� orismènh. PaÐrnoume J ′ ide¸dec tou R/I tètoio ¸ste
J ′εB.

(a) to J ′ den eÐnai kenì: 0 + IεJ ′

(b) to J ′ eÐnai kleistì sthn afaÐresh: a + IεJ ′, b + IεJ ′, a, bεJ tìte (a + I) − (b + I) =
(a− b) + I, a− bεJ : (a− b) + IεJ ′

2. H f eÐnai "1-1".
J1, J2εA me J1 ∩ J2 = {�} ⇒ j1εJ1, j1 6 εJ2, Ja deÐxw oti J ′1 6= J ′2. 'Estw J ′1 = J ′2 ⇒
(j1+ I)εJ

′
1 = J ′2 tìte ∃j2εJ2 : j1+ I = j2+ I ⇒ j1− j2εI ⊂ J2 �topo giatÐ j1 = j1+ j2− j2εJ2

kaÐ j1 6 εJ2. Epomènwc, ean J1 6= J2 tìte J ′1 6= J2.

3. h f eÐnai epÐ.
'Estw J2 ide¸dec tou R/I. OrÐzoume to J = {jεR|j + IεJ2} prèpei na deÐxoume oti to J eÐnai
ide¸dec kai f(J)=J ′=J2.

(a) to J eÐnai mh kenì: 0 + IεJ2 kai 0εJ

(b) a, bεJ : a+ IεJ2 kai b+ IεJ2, afoÔ to J2 eÐnai ide¸dec tou R/I

(a+ I)− (b+ I) = a− b+ IεJ ⇒ a− bεR, a− bεJ

(c) aεJ2, rεR⇒ a+ IεJ kai r + JεR/I ⇒ J2 ide¸dec tou R/I

(a+ J)(r + I) = ar + IεJ2 ⇒ arεJ

'Ara eÐnai ide¸dec, ja deÐxoume oti φ(J) = J ′ = J2
Apì th mia pleur� xεφ(J)⇔ x = j + IεJ2 kai φ(J) ⊂ J2
AntÐstrofa, xεJ2 ⇒ x = j + I gia jεR⇒ xεφ(J).
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2.5 Om�da kl�sewn idewd¸n

Orismìc: 'Estw A Dedekind daktÔlioc. H om�da twn klasmatik¸n idewd¸n modulo thn om�da ton
kÔriwn idewd¸n onom�zetai om�da kl�shc idewd¸n tou A.

H t�xh thc om�dac kl�shc idewd¸n onom�zetai arijmìc kl�shc.

Basik� h om�da kl�shc idewd¸n metr�ei pìso apèqei ènac Dedekind daktÔlioc apì to na eÐnai
perioq  kÔriwn idewd¸n.

Prìtash: 'Estw A Dedekind daktÔlioc, me peperasmènh om�da kl�sewn idewd¸n. 'Estw
a1, . . . ar antiprìswpoi twn klasmatik¸n idewd¸n thc om�dac kl�sewn idewd¸n, kai b èna mh mh-
denikì stoiqeÐo tou A pou brÐsketai se k�je ai. 'Estw S to pollaplasiastikì uposÔnolo tou A pou
par�getai apì tic dun�meic tou b. Tìte k�je ide¸dec tou S−1A eÐnai kÔrio.

Apìdeixh: 'Ola ta ide¸dh S−1a1, . . . , S−1ar antistoiqoÔn sto monadiaÐo ide¸dec , mèsw ton
omomorfismì thc prohgoÔmenhc prìtashc. Efìson k�je ide¸dec tou A antistoiqeÐ se èna ai pol-
laplasiasmèno me èna kÔrio ide¸dec, h prìtash èpetai apì to gegonìc oti h antistoÐqhsh eÐnai epÐ ,
pou apodeixame prin.

Jèloume na apodeÐxoume oti h om�da kl�sewn idewd¸n eÐnai peperasmènh.
Orismìc: 'Estw e1, . . . , enεRn, me ei grammik� anex�rthta p�nw apì to R. Epomènwc ta ei eÐnai
b�sh tou Rn wc dianusmatikìc q¸roc p�nw apì to R. Ta ei dhmiourgoÔn epÐshc b�sh gia èna eleÔjero
Z−module bajmoÔ n,

H = Ze1 + . . .+ Zen.

To sÔnolo H pou eÐnai ftiagmèno me autì ton trìpo lègetai plègma ston Rn.
O stoiqei¸dhc q¸roc tou H, gia k�poia b�sh e1, . . . , en, dÐnetai apì to

T = {xεRn : x =

n∑
i=1

aiei, 0 ≤ ai ≤ 1}.

Sthn pio koin  perÐptwsh, ta e1, e2 eÐnai grammik� anex�rthta dianÔsmata, kai T eÐnai to parallh-
lìgrammo pou par�getai apì ta ei. Genik�, k�je shmeÐo tou Rn eÐnai isodÔnamo moduloH se èna
monadikì shmeÐo tou T, epomènwc to Rn eÐnai h ènwsh twn xènwn sunìlwn h + T, hεH. Ean to m
eÐnai to mètro Lebesgue, tìte o ìgkoc m(T) tou stoiqei¸dec q¸rou T ja sumbolÐzetai me u(H). An
par�xoume to H me diaforetik  Z−b�sh , o ìgkoc tou stoiqei¸douc q¸rou paramènei stajerìc.

L mma: 'Estw S Lebegue metr simo uposÔnolo tou Rn me m(S) > u(H). Tìte up�rqoun di-
aforetik� x, yεS tètoia ¸ste x− yεH.

Apìdeixh: 'Opwc eÐdame ta {h + T}, hεH eÐnai xèna ana dÔo kai kalÔptoun ton Rn. Epomènwc
ta S ∩ (h+ T ), hεH eÐnai xèna kai kalÔptoun to S dhlad 

µ(S) =
∑
hεH

µ(S ∩ (h+ T ))
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kai isqÔei oti µ(S ∩ (h+ T )) = µ((−h+ S) ∩ T ).
Ean ta S ∩ (h1 + T ) kai S ∩ (h2 + T ) eÐnai xèna, den isqÔei oti ta (−h1 + S) ∩ T kai (−h2 + S) ∩ T
eÐnai xèna. Ean upojètame oti  tan xèna ja eÐqame

u(H) = µ(T ) ≥
∑
hεH

µ((−h+ S) ∩ T ) = µ(S).

�topo. Epomènwc up�rqoun h1, h2εH tètoia ¸ste (−h1 + S) ∩ (−h2 + S) ∩ T 6= 0. Dialègoume
x, yεS : −h1 + x = −h2 + y ⇒ x− y = h1 − h2εH.

Je¸rhma: 'Estw H plègma tou Rn kai S na eÐnai Lebesgue metr simo uposÔnolo tou Rn to
opoÐo eÐnai summetrikì kai kurtì.
Ean

1. m(S) > 2nu(H)  

2. m(S) ≥ 2nu(H) kai S sumpagèc

Tìte, S ∩ (H \ {0}) 6= 0

Apìdeixh:

1. 'Estw S′ = 1/2S , tìte m(S′) = 2−nm(S) > u(H) ⇒ ∃y, zεS′ tètoia ¸ste y − zεH. To
y − z = 1/2(2y + (−2z)) eÐnai kurtìc sunduasmìc twn 2y, 2z.
yεS′ ⇒ 2yεS kai zεS′ ⇒ −2zεS, �ra y − zεS kai y − zεH \ {0}.

2. Efarmìzoume to (1) sto (1+1/m)S,m = 1, 2, . . . . Efìson to S eÐnai fragmèno, to (1+1/m)S
eÐnai fragmèno sÔnolo, kai perièqei peperasmèno arijmì stoiqeÐwn tou plègmatoc H. 'Ara gia
k�je jetikì akèraio m, Sm = (1 + 1/m)S ∩ (H \ {0}) eÐnai di�foro tou kenoÔ peperasmèno,
epomènwc sumpagèc uposÔnolo tou Rn. Efìson Sm+1 ⊆ Sm gia k�jem, ta sÔnola Sm dhmiour-
goÔn mia sugklÐnousa akoloujÐa, kai epomènwc ∩∞m=1Sm 6= ∅. Ean to xε∩∞m=1Sm, tìte xεH \∅
kai x \ (1+ 1/m)εS gia k�je m. Epeid  to S eÐnai kleistì, af noume to m→∞ kai paÐrnoume
oti xεS.

Ja doulèyoume ston Rn, ta stoiqeÐa me deÐktec èwc r1 eÐnai stoiqeÐa ston R, en¸ ta upìloipa
eÐnai ston C, epÐshc profan¸c r1 + 2r2 = n.
To endiafèron mac eÐnai sto sÔnolo

Bt = {(y1, . . . , yr1 , z1, . . . , zr2)εRr1 × Cr2 :

r1∑
i=1

|yi|+ 2

r2∑
j=1

|zj | ≤ t}, t ≥ 0

.
Ja deÐxoume oti o ìgkoc tou Bt dÐnetai apì to

V (r1, r2, t) = 2r1(
π

2
)r2
tn

n!
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Apìdeixh: Me dipl  epagwg  sta r1, r2.
Ean ta r1 = 1 kai r2 = 0, èqoume n = 1 , ja upologÐsoume to m koc tou [−t, t], to opoÐo eÐnai 2t
ìpwc jèloume.
Ean ta r1 = 0 kai r2 = 1, èqoume n = 2 , ja upologÐsoume ton embadìn tou {z1 : 2|z1| ≤ t}, ènac
dÐskoc me aktÐna t/2. To apotèlesma eÐnai πt2/4, ìpwc jèloume.
Upojètoume oti o tÔpoc isqÔei gia r1, r2 gia k�je t. Tìte V (r1 + 1, r2, t) eÐnai o ìgkoc tou sunìlou
me

|y|+
r1∑
i=1

|yi|+ 2

r2∑
j=1

|zj | ≤ t

  isodÔnama,
r1∑
i=1

|yi|+ 2

r2∑
j=1

|zj | ≤ t− |y|

Epomènwc ean |y| > t, tìte to Bt eÐnai kenì. Gia mikrìtera |y|, ean all�xoume to |y| se |y|+ dy,
èqoume èna koutÐ sto (n+ 1)-di�stato q¸ro me dy mia apì tic diast�seic tou. O ìgkoc tou koutioÔ
eÐnai V (r1, r2, t− |y|)dy. Epomènwc, èqoume

V (r1 + 1, r2, t) =

∫ t

−t
V (r1, r2, t− |y|)dy

to opoÐo apo thn upìjesh epagwg c eÐnai 2
∫ t
0 2

r1(π/2)r2 [(t− y)n/n!]dy = 2r1+1(π/2)r2tn+1/(n+
1)! , ìpwc jèloume.
Tèloc, V (r1, r2 + 1, t) eÐnai o ìgkoc tou

r1∑
i=1

|yi|+ 2

r2∑
j=1

|zj |+ 2|z| ≤ t.

AntÐstoiqa,

V (r1, r2 + 1, t) =

∫
|z|≤t/2

V (r1, r2, t− 2|z|)dµ(z)

ìpou m eÐnai to mètro Lebesgue ston C. Se polikèc suntetagmènec, to olokl rwma gÐnetai∫ 2π

θ=0

∫ t/2

r=0
2r1(

π

2
)r2

(t− 2r)n

n!
rdrdθ

to opoÐo eÐnai 2r1(π/2)r2(2π/n!)
∫ t/2
r=0(t−2r)

nrdr Me olokl rwsh kat� par�gontec, èqoume V (r1, r2+
1, t) = 2r1(π/2)r2(2π/n!)tn+2/4(n + 1)(n + 2) = 2r1(π/2)r2+1tn+2/(n + 2)!. To n + 2 eÐnai swstì
afoÔ r1 + 2(r2 + 1) = r1 + 2r2 + 2 = n+ 2.

Orismìc: 'Estw L s¸ma arijm¸n bajmoÔ n p�nw apì toQ, kai èstw σ1, . . . , σn oiQ-monomorfismoÐ
tou L sto C. Ean ta σi èqojn sÔnolo tim¸n exìlokl rou sto R lème oti ta σi pragmatikoÔc automor-
fismoÔc, alli¸c fantastikoÔc. Efìson o suzug c enìc Q−monomorfismoÔ eÐnai Q−monomorfismìc,
mporoÔme na aparijm soume ta σi ètsi ¸ste oi pragmatikoÐ automorfismoÐ na eÐnai σ1, . . . , σr1 , kai oi
fantastikoÐ automorfismoÐ na eÐnai σr1+1, . . . , σn, me σr1+j na eÐnai zeugarwmèno me to suzugèc tou
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σr1+r2+j , j = 1, . . . , r2. Epomènwc up�rqoun 2r2 fantastikoÐ automorfismoÐ kai r1 + 2r2 = n.

O kanonikìc automorfismìc σ : L→ Rr1 × Cr2 = Rn dÐnetai apì to

σ(x) = (σ1(x), . . . , σr1+r2(x))

.

K�poiec pr�xeic pin�kwn pou ja qrhsimeÔsoun: 'Estw x1, . . . , xnεL grammik� exarth-
mèna ston Z, kai èstw C o pÐnakac tou opoÐou h k-ost  st lh eÐnai

σ1(xk), . . . , σr1(xk), Reσr1+1(xk), Imσr1+1(xk), . . . , Reσr1+r2(xk), Imσr1+r2(xk).

JewroÔme oti [
σj(xk)
σj(xk)

]
=

[
x+ yi
x− yi

]

Krat�me to j kai af noume to k na kineÐtai apì to 1 sto n.

Prosjètoume thn deÔterh seir� sthn pr¸th , kai sth sunèqeia prosjètoume thn pollaplasiasmènh
me (-1/2) pr¸th seir� sth deÔterh kai bg�zoume koinì par�gonta to (-2i)

−2i
[
x
y

]
= −2i

[
Reσj(xk)
Imσj(xk)

]

to k�noume autì gia j = 1, . . . , r2.

epomènwc èqoume
detC = (2i)−r2det(σj(xk))

Ean to M eÐnai eleÔjero Z−module pou par�getai apo ta xi, ètsi ¸ste to σ(M) na einai eleÔjero
Z−module me b�sh σ(xi), i = 1, . . . , n , dhlad  plègma ston Rn, o q¸roc einai èna parallhlìgrammo
pou oi pleurèc tou einai σ(xi), kai o ìgkoc tou einai h apìluth tim  thc diakrÐnousac thc opoÐac oi
grammèc   oi st lec eÐnai ta σ(xi). Epomènwc

v(σ(M)) = |detC| = 2−r2 |detσj(xk)|.

Ja efarmìsoume autì to apotèlesma.

Prìtash: 'Estw B o daktÔlioc akeraÐwn enìc s¸matoc arijm¸n L, kai èstw I èna mh mhdenikì
ide¸dec mh tetrimmèno tou B, tètoio ¸ste, to s(I) na eÐnai plègma ston Rn. Tìte o ìgkoc enìc
stoiqei¸dh q¸rou sto plègma eÐnai

u(σ(I)) = 2−r2 |d|1/2N(I)

sugkekrimèna u(σ(B)) = 2−r2 |d|1/2, ìpou d eÐnai h diakrÐnousa tou s¸matoc.
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Apìdeixh: To apotèlesma gia I = B, bgaÐnei apì thn prohgoÔmenh efarmog , èqontac ta xk
gia b�sh tou B. Gia to genikì apotèlesma, parathroÔme oti o stoiqei¸dhc q¸roc tou s(I) mporeÐ
na grafteÐ wc xènwn N(I) en¸sewn tou stoiqei¸dh q¸rou tou s(B).Gia par�deigma, èstw e1,e2 ta
dianÔsmata b�shc, tìte to plègma H' par�getai apì ta 2e1,3e2 eÐnai upoom�da tou H pou par�getai
apì ta e1,e2, all� o stoiqei¸dhc q¸roc T' tou H' eÐnai megalÔteroc apo ton T tou H. Sugkekrimèna
up�rqoun akrib¸c 6 antÐgrafa tou T pou qwr�ne mèsa sto T'.

Je¸rhma: Ean to I einai mh tetrimmèno ide¸dec tou B, tìte to I perièqei èna mh mhdenikì stoiqeÐo
x tètoio ¸ste

|NL\Q(x)| ≤ (4/π)r2(n!/nn)|d|1/2N(I)

Apìdeixh: To sÔnolo Bt apì prin eÐnai sumpagèc kurtì kai summetrikì. O ìgkoc tou eÐnai
m(Bt) = 2r1(π/2)r2tn/n!, me m to mètro Lebesgue. Dialègoume t ètsi ¸ste m(Bt) = 2nu(σ(I)), to
opoÐo eÐnai Ðso me 2n−r2 |d|1/2N(I), apì thn isìthta twn dÔo ekfr�sewn èqoume

tn = 2n−r1π−r2n!|d|1/2N(I).

Efarmìzoume th sqèsh m(S) ≥ 2nu(H) kai S sumpagèc tìte, S ∩ (H \ {0}) 6= 0
. Gia H = σ(I) kai S = Bt. Apì thn upojes  mac gia to t h sunj kh thc sqèshc ikanopoieÐtai kai
èqoume S ∩ (H \ {0}) 6= 0. Epomènwc up�rqei mh mhdenikì stoiqeio xεI tètoio ¸ste σ(x)εBt.
H apìluth tim  thc nìrmac tou x, eÐnai to ginìmeno twn jetik¸n arijm¸n ai = |σi(x)|, i = 1, . . . , n.
Gia na proseggÐsoume to N(x), ja epikalèsoume thn anisìthta twn arijmhtik¸n kai gewmetrik¸n
mèswn, dhlad  (a1 . . . an)

1/n ≤ (a1 + . . .+ an)/n⇒ a1 . . . an ≤
(∑n

i=1 ai/n
)n

Gia ta dik� mac ai èqoume

|N(x)| ≤
( 1
n

r1∑
i=1

|σi(x)|+
2

n

r1+r2∑
i=r1+1

|σi(x)|
)n

AfoÔ σ(x)εBt, èqoume |N(x)| ≤ tn/nn. Me epilog  t,

|N(x)| ≤ (1/nn)2n−r1π−r2n!|d|1/2N(I).

'Omwc n− r1 = 2r2, tìte 2n−r1π−r2 = 22r2π−r2 = (4/π)r2 .

Je¸rhma(Fr�gma Minkowski gia nìrmec idewd¸n): K�je kl�sh idewd¸n tou L per-
ièqei èna mh tetrimmèno ide¸dec I tètoio ¸ste

N(I) ≤ (4/π)r2(n!/nn)|d|1/2.

Apìdeixh: 'Estw J ′ klasmatikì ide¸dec sth kl�sh mac. MporoÔme na pollaplasi�soume me
ena kÔrio ide¸dec tou B, qwrÐc na all�xoume thn kl�sh idewd¸n, epomènwc mporoÔme na upojèsoume
qwrÐc bl�bh thc genikìthtac oti to J = (J ′)−1 eÐnai mh tetrimmèno ide¸dec. Dialègoume èna mh mh-
denikì stoiqeÐo xεJ tètoio ¸ste to x na ikanopoieÐ thn prohgoÔmenh anisìthta thc nìrmac. Jèloume
to I = xJ ′.

Arqik� to J eÐnai mh tetrimmèno afoÔ xεJ kai JJ ′ = B. To (x) = IJ , epomènwc
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N(I)N(J) = N(x) ≤ (4/π)r2(n!/nn)|d|1/2N(J).

Diagr�foume to N(J) kai katal goume ekeÐ pou jèloume.

Kai t¸ra sto zhtoÔmeno.

Je¸rhma: H om�da kl�shc idewd¸n enìc s¸matoc arijm¸n eÐnai peperasmènh.

Apìdeixh: Up�rqoun mìno peperasmèna mh tetrimmèna ide¸dh me mia sugkekrimènh nìrma. Kai
apì to nìmo tou Minkowski mporoÔme na susqetÐsoume k�je kl�sh idewd¸n wc èna mh tetrimmèno
ide¸dec ìpou h nìrma tou eÐnai fragmènh apì mia stajer�. Ean h om�da kl�shc idewd¸n eÐnai �peirh,
ja qrhsimopoioÔsame en tèlei to Ðdio mh tetrimmèno ide¸dec se dÔo diaforetikèc kl�seic , to opoÐo
eÐnai �topo.

'Estw oti to fr�gma Minkowski, MK eÐnai mikrìtero apì 2. Efìson to mìno ide¸dec nìrmac
1 eÐnai to tetrimmèno (1)=B, k�je kl�sh idewd¸n prèpei na perièqei to (1). 'Etsi up�rqei mìno mia
kl�sh idewd¸n. Ja apodeÐxoume oti autì shmaÐnei oti eÐmaste se perioq  kurÐwn idewd¸n

Ean h om�da kl�shc idewd¸n C(R) eÐnai tetrimmènh , tìte k�je mh tetrimmèno ide¸dec I ston dak-
tÔlio R einai kÔrio klasmatikì ide¸dec Rx gia xεK, me K s¸ma phlÐkwn . 'Omwc to I ⊆ R, epomènwc
to x = 1x prèpei na an kei sto R, to opoÐo apodeiknÔei oti to R eÐnai perioq  kÔriwn idewd¸n.
AntÐstrofa, ean to R eÐnai perioq  kÔriwn idewd¸n kai I eÐnai mh mhdenikì klasmatikì ide¸dec, tìte
rI ⊆ R, rεR. Apì upìjesh, to mh tetrimmèno ide¸dec rI prèpei na eÐnai kÔrio, epomènwc rI = Ra, aεR.
Kai ètsi I = R(a/r), (a/r)εK, katal goume oti k�je mh mhdenikì klasmatikì ide¸dec tou R eÐnai
kÔrio klasmatikì ide¸dec.

Efarmog : gia pragmatik� tetragwnik� s¸mata n = 2, r2 = 0⇒MK = 1
2

√
|D|

gia fantastik� tetragwnik� s¸mata n = 2, r2 = 1⇒MK = 2
π

√
|D|

Ean to MK < 2⇒ h om�da kl�sewn eÐnai tetrimmènh, dhl�dh eÐmaste se perioq  kÔriwn idewd¸n.

1. gia pragmatika tetragwnik� s¸mata MK < 2⇒ |D| < 16

2. gia fantastik� tetragwnik� s¸mata MK < 2⇒ |D| < π2

Se tetragwnik� s¸mata K = Q[
√
d] h diakrÐnousa eÐnai h ex c D = d an d = 1mod4 ,   D = 4d

alli¸c.
�ra ta epìmena tetragwnik� s¸mata èqoun arijmì kl�shc 1:

Q[
√
2],Q[

√
3],Q[

√
5],Q[

√
13],Q[

√
i],Q[

√
−2],Q[

√
−3],Q[

√
−7]

.
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Kef�laio 3

Efarmog  se tetragwnik� s¸mata

Gia ènan akèraio eleÔjero tetrag¸nwn d 6= 1, jewroÔme

K = Q[
√
d] = {x+ y

√
d : x, yεQ}

.
To K eÐnai tetragwnikì s¸ma kai èqei bajmì 2 p�nw apì to Q.

3.1 Nìrma, Ðqnoc kai suzugÐa

MazÐ me tic upìloipec basikèc pr�xeic pou up�rqoun se èna tetragwnikì s¸ma, up�rqei kai h suzugÐa.
Mil�me gia th genÐkeush thc migadik c suzugÐac. Gia a = x+ y

√
dεK, jewroÔme to suzugèc tou

a = x− y
√
d

EÐnai eÔkolo na apodeiqjoÔn ta ex c:

a+ b = a+ b, ab = ab, a = a

.

EpÐshc eÐnai profanèc pwc a = a⇔ aεQ.

Orismìc: Gia aεK, orÐzoume to Ðqnoc Tr(a) = a+ a kai th nìrma N(a) = aa.

'Ammeso eÐnai pwc to Ðqnoc diathreÐ thn prìsjesh kai h nìrma ton pollaplasiasmì. Tr(a+ b) =
Tr(a) + Tr(b), N(ab) = N(a)N(b).

Epomènwc k�je aεK eÐnai h rÐza monikoÔ poluwnÔmou bajmoÔ 2 , me rhtoÔc suntelestèc

(x− a)(x− a) = x2 − (a+ a)x+ aa = x2 − Tr(a)x+N(a)

.
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'Ara e�n ta Tr(a), N(a) an koun sto Z tìte to a eÐnai akèraioc p�nw apì to Z.

EÐqame orÐsei touc daktÔliouc akeraÐwn gia tetragwnikèc epekt�seic sto prohgoÔmeno kef�laio.
O daktÔlioc akeraÐwn tou K  tan o ex c: OK = Z[

√
d], gia d 6= 1mod4, en¸ gia d = 1mod4 èqoume

OK = Z[1+
√
d

2 ].

Je¸rhma: E�n to aεOK , tìte to aεOK .

Apìdeixh: EÐnai �mmeso afoÔ èqoun to Ðdio Ðqnoc kai nìrma.

3.2 ParagontopoÐhsh stoiqeÐwn tetragwnik¸n swm�twn

Je¸rhma: 'Estw OxK = {aεOK |N(a) = ±1} kai OxK ∩Q = {±1}

Apìdeixh: 'Estw aεOK .
Ean to a eÐnai mon�da (èqei antÐstrofo), tìte ab = 1 gia k�poio bεOK . PaÐrnoume nìrmec kai èqoume
N(a)N(b) = N(1) = 1 sto Z, epomènwc N(a) = ±1.
AntÐstrofa, jewroÔme pwc N(a) = ±1, efìson èqoume N(a) = aa ⇒ aa = ±1. 'Ara to ±a eÐnai
antÐstrofo tou a, kai brisketai sto OK .
Gia na deÐxoume oti OxK ∩Q = {±1} h pleur� ⊃ eÐnai profan c. Gia thn �llh pleur�, èstw qεOxK ∩Q.
Tìte N(q) = ±1, afoÔ to qεOxK , epomènwc q

2 = ±1 giatÐ to q eÐnai rhtìc, epomènwc q = ±1.

Je¸rhma: Ean h nìrma tou aεOK eÐnai pr¸toc sto Z tìte to a den analÔetai sto OK .

Apìdeixh: 'Estw a = bc me b, cεOK . Tìte paÐrnontac tic nìrmec N(a) = N(b)N(c) sto Z.
To N(a) eÐnai pr¸toc, epomènwc   to N(b)   to N(c) eÐnai ±1. Epomènwc èna apì ta dÔo eÐnai mon�da
sto Ok. Epomènwc to a den èqei mh tetrimmènh an�lush sto Ok.

Bèbaia to antÐstrofo den isqÔei , ac doÔme èna par�deigma.

Par�deigma: Sto Z[
√
−14], N(3) = 9 den einai pr¸toc sto Z. To 3 ìmwc den analÔetai sto

Z[
√
−14]. 'Estw oti 3 = ab sto Z[

√
−14]. Tìte 9 = N(a)N(b) sto Z.Oi nìrmec twn a, b prèpei na

eÐnai 3 giatÐ an  tan 1 ,ja  tan mon�dec. To 3 = a2 + 14b2 den èqei lÔsh ìmwc sto Z, epomènwc den
Ôp�rqoun stoiqeÐa me nìrma 3.

Par�deigma: H nìrma tou 1+
√
−14 eÐnai 15, pou den eÐnai pr¸toc sto Z. 'Omwc to 1+

√
−14

den analÔetai sto Z[
√
−14]. An gr�youme to 1 +

√
−14 = ab kai p�roume nìrmec 15 = N(a)N(b)

sto Z. 'Omwc ta 3,5 den eÐnai nìrmec sto Z[
√
−14],èna prèpei na èqei nìrma ±1, �ra èna apì ta a, b

eÐnai mon�da.

Je¸rhma: K�je mh mhdenikì, pou den eÐnai mon�da stoiqeÐo tou Ok eÐnai ginìmeno an�gwgwn
stoiqeiwn tou Ok.

Apìdeixh: 'Estw a sto Ok ja qrhsimopoi soume epagwg .
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1. Gia |N(a)| = 2 to a èqei nìrma pr¸to epomènwc den analÔetai kai epomènwc h el�qisth
paragontopoÐhsh tou eÐnai o eautìc tou.

2. Gia N(a) = n ≥ 3 kai gia k�je stoiqeÐo me nìrma apì 2 èwc n− 1, upojètoume pwc isqÔei oti
analÔetai.
Ean to a analÔetai tìte mporoÔme na gr�youme a = bc ìpou b, c den eÐnai mon�dec. Epomènwc
ta |N(b)|, |N(c)|, eÐnai mikrìtera apì to |N(a)|, apì thn upìjesh thc epagwg c èqoume

b = p1 . . . pr, c = p′1, . . . , p
′
r′

me pi, p′j den analÔontai sto Ok. Epomènwc kai to a gr�fetai wc ginìmeno stoiqeÐwn pou den
analÔontai.

To prìblhma thc diplwmatik c esti�zetai ed¸, pwc ìtan feÔgoume apì ton Z q�noume thn monadik 
an�lush se pr¸touc, èna stoiqeÐo ston Ok mporeÐ na analÔetai monadik� mporeÐ kai ìqi.

Par�deigma: Ston Z[
√
−14] ,

1. to 15 analÔetai me dÔo diaforetikoÔc trìpouc

3 · 5 = (1 +
√
−14)(1−

√
−14)

2. se autì to par�deigma blèpoume oti 4 analloÐwtoi ìroi antistoiqoÔn se 2 analloÐwtouc ìrouc

3 · 3 · 3 · 3 = (5 + 2
√
−14)(5− 2

√
−14)

EÐnai eÔkolo na elènxoume oti oi ìroi 5±2
√
−14 den analÔwntai. N(5+2

√
−14 = 81 gr�fetai

wc k�poio ginìmeno twn 3,9,27. Den up�rqei ìmwc stoiqeÐo me nìrma 3   27, kai ta stoiqeÐa me
nìrma 9 eÐnai ta ±3 ta opoÐa den eÐnai par�gontec tou 5+2

√
−14. AntÐstoiqa gia to 5−2

√
−14.

Ja epidi¸xoume loipìn na antikatast soume thn mh monadik  paragontopoÐhsh stoiqeÐwn, me
monadik  paragontopoÐhsh idewd¸n.

3.3 Ide¸dh se tetragwnik� s¸mata

'Opwc xèroume apì to prohgoÔmeno kef�laio, se èna Dedekind daktÔlio, epeid  eÐnai thc Noether,
ta ide¸dh tou eÐnai peperasmèna parag¸mena.

Je¸rhma: Sth sugkekrimènh perÐptwsh, k�je ide¸dec tou Ok eÐnai peperasmèna parag¸meno,
me to polÔ dÔo genn torec.

Apìdeixh: 'Ena ide¸dec tou Ok eÐnai upoom�da tou Ok. Wc prosjetik  om�da Ok ∼= Z2.Epomènwc
apì taxinìmhsh peperasmèna parag¸menwn abelian¸n om�dwn, k�je upoom�da tou Ok eÐnai 0   isì-
morfh me to Z   me to Z2. Autì deÐqnei oti èna ide¸dec tou Ok sth sugkekrimènh perÐptwsh tetrag-
wnik¸n swm�twn, èqei to polÔ 2 genn torec wc Z−module.
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Gia èna peperasmèno sÔnolo stoiqeÐwn tou Ok, a1, . . . , am , to ide¸dec pou par�getai sumbolÐzetai
me (a1, . . . , am)

Par�deigma: Ston Z[
√
−14], ja deÐxoume oti

(17 + 2
√
−14, 20 +

√
−14) = (3−

√
−14)

Ston Z[
√
−14]/(3−

√
−14),

√
−14 = 3 , epomènwc −14 = 9 kaÐ 23 = 0. 'Ara èqoume 17+2

√
−14 =

17+6 = 0, 20+
√
−14 = 23 = 0. To (3−

√
−14) diaireÐ ta (17+2

√
−14), (20+

√
−14). Kai epomènwc

to Ðdewdec sta dexi� perièqetai se auto sta arister�.
AntÐstoiqa, sto Z[

√
−14]/(17 + 2

√
−14, 20 +

√
−14) èqoume

√
−14 = −20, 17 = −2

√
−14 dhlad 

17 = 40, 23 = 0. To 3−
√
−14 = 23 = 0. Epomènwc apodeÐxame to zhtoÔmeno.

Par�deigma: Mia �llh efarmog  eÐnai na deÐxoume oti to (2,
√
−14) den eÐnai kÔrio.

'Estw pwc (2,
√
−14) = (a). Tìte, afoÔ to 2ε(2,

√
−14), èqoume oti 2ε(a), �ra a|2 sto Z[

√
−14].

Gr�fontac 2 = ab kai paÐrnontac nìrmec 4 = N(a)N(b) sto Z, epomènwc N(a)|4. AntÐstoiqa√
−14ε(a), kai epomènwc N(a)|14 sto Z.

Efìson to N(a) diaireÐ ta 2 kai 14, N(a) = 1   2. 'Omwc N(a) = x2 + 14y2 den eÐnai potè 2. 'Ara
N(a) = 1, kai (a) = 1 ,   1ε(2,

√
−14) �topo.

Je¸rhma: 'Estw a = (a1, . . . , am) kaÐ b = (b1, . . . , bn) dÔo ide¸dh tou Ok. Tìte ta epìmena
eÐnai isodÔnama:

1. a ⊂ b,

2. k�je ai brÐsketai sto b,

3. k�je ai eÐnai ènac Ok-grammikìc sunduasmìc twn bj .

Apìdeixh: Ta (1)⇒ (2)⇒ (3) ep�gontai �mmesa.
Ean k�je ai eÐnai ènac Ok-grammikìc sunduasmìc twn bj , tìte k�je ai brÐsketai mèsa sto b, epomènwc
k�je Ok-grammikìc sunduasmìc twn ai brÐsketai mèsa sto b.

Prìtash: Epomènwc, èpetai �mmesa oti a = b an kai mìno an k�je ai eÐnai Ok-grammikìc sund-
uasmìc twn bj , kaÐ k�je bj eÐnai Ok-grammikìc sunduasmìc twn ai

ParadeÐgmata:

1. gia a1, a2 sto Ok, (a1, a2) = (a1, a2 + ca1) gia k�je c sto Ok.

2. sto Z[
√
−14],

(a) (2 +
√
−14, 7 + 2

√
−14) = (3, 1−

√
−14)

AntÐstoiqa ìpwc prÐn sto Z[
√
−14]/(2 +

√
−14, 7 + 2

√
−14) èqoume

√
−14 = −2 kaÐ

0 = 7 + 2
√
−14 = 3.

'Ara 1 −
√
−14 = 1 − (−2) = 3 = 0. Kai epomènwc to (2 +

√
−14, 7 + 2

√
−14) ⊃

(3, 1−
√
−14). An�loga doulèuoume gia to an�podo.
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(b) (2, 1 +
√
−14) = (1).

ston Z[
√
−14]/(2, 1 +

√
−14) èqoume 2 = 1 +

√
−14 ⇒

√
−14 = 1 ⇒ 15 = 0. EpÐshc

2 = 0⇒ 14 = 0⇒ 15− 14 = 1 = 0. 'Ara (2, 1 +
√
−14) = Z[

√
−14] = (1).

Je¸rhma: Ean èna ide¸dec sto Ok perièqei dÔo stoiqeÐa tou Z ta opoÐa eÐnai sqetik� pr¸ta
tìte to ide¸dec eÐnai to tetrimmèno Ok. Sugkekrimèna, èna ide¸dec eÐnai to tetrimmèno ide¸dec ean
perièqei dÔo stoiqeÐa twn opoÐwn h nìrmec eÐnai pr¸tec metaxÔ touc.

Apìdeixh: 'Estw A èna ide¸dec kai a, b stoiqeÐa tou A ta opoÐa eÐnai ston Z kaÐ eÐnai sqetik�
pr¸ta. MporoÔme na gr�youme 1 = ax+by gia k�poia x, yεZ. H dexi� pleur� an kei sto A epomènwc
mporoÔme na gr�youme 1εA �ra A = (1).
AfoÔ h nìrma k�je aεA eÐnai kai au'th sto A, duo sqetik� pr¸tec nìrmec stoiqeÐwn tou A eÐnai oi
Ðdiec stoiqeÐa tou A. 'Ara A = (1).

Je¸rhma: K�je ide¸dec sto Ok pou èqei sÔnolo gennhtìrwn apì to Z, eÐnai kÔrio ide¸dec.

Apìdeixh: 'Estw a = (a1, . . . , am) me aiεZ. 'Estw d o mègistoc koinìc diairèthc twn ai, tìte
k�je stoiqeÐo tou a diaireÐtai apì to d sto Ok. Epomènwc a ⊂ (d). AntÐstrofa, o Z ìpwc xèroume
eÐnai perioq  kÔriwn idewd¸n, epomènwc mporoÔme na gr�youme d = c1a1 + . . . + cmam gia k�poia
ciεZ. Epomènwc opoiod pote Ok-pollapl�sio tou d eÐnai Ok-grammikìc sundiasmìc twn ai. 'Ara
(d) ⊂ a⇒ (d) = a.

Je¸rhma: Gia a, b sto Ok, ta (a) = (b) an kai mìno an, ta a, b eÐnai Ðsa pollapl�si�zontac ta
me k�poia mon�da sto Ok.

Apìdeixh: (a) = (b)⇒ a|b kai b|a, apì to opoÐo èpetai �mmesa autì pou jèloume.

T¸ra ja orÐsoume pr�xeic idewd¸n,

UpenjÔmish: Gia ide¸dh a, b sto OK , to ginìmeno ab eÐnai to sÔnolo ìlwn twn ajroism�twn

r∑
k=1

xkyk, r ≥ 1, xkεa, ykεb

.

Je¸rhma: Gia a = (a1, . . . , am) kai b = (b1, . . . , bn), tìte ab = (a1b1, . . . , aibj , . . . , ambn).
Sugkekrimèna (a)(b) = (ab).

Apìdeixh: K�je stoiqeÐo tou ab èqei morf  x1y1 + . . . + xryr me xkεa, ykεb. MporoÔme na
gr�youme k�je xk wc Ok-grammikì sunduasmì twn ai kai antÐstoiqa ta yk wc Ok-grammikì sunduasmì
twn bj . Epomènwc to xkyk eÐnai Ok-grammikìc sunduasmìc twn aibj . Kai to �jroisma touc eÐnai epÐshc
Ok-grammikìc sunduasmìc twn aibj , �ra ab ⊂ (a1b1, . . . , aibj , . . . , ambn).
AntÐstrofa, k�je stoiqeÐo autoÔ tou idewd¸c eÐnai ènac Ok-grammikìc sunduasmìc twn aibj , dhlad 
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èna �jroisma thc morf c
m∑
i=1

n∑
j=1

cijaibj

. Me cijεOk. AfoÔ ta cijaiεa kai bjεb to prohgoÔmeno �jroisma eÐnai thc morf c
∑r

k=1 xkyk, r ≥
1, xkεa, ykεb.

Par�deigma: Ston Z[
√
−14]. 'Estw a = (5+

√
−14, 2+

√
−14) kai b = (4+

√
−14, 2−

√
−14).

To ab = (5+
√
−14, 2+

√
−14)(4+

√
−14, 2−

√
−14) = (6+9

√
−14,−6+6

√
−14, 24− 3

√
−14, 18)

Prìtash: Gia ide¸dh a, b to ab = (0), an kai mìno an a = (0)   b = (0).

Apìdeixh: Ean (a) = 0(b) = 0 tìte (ab) = 0, apì to prohgoÔmeno je¸rhma. Ean (a) 6= 0 kaÐ
(b) 6= 0, tìte to a èqei mh mhdenikì stoiqeÐo x kai to b èqei mh mhdenikì y antÐstoiqa. Tìte to ab
perièqei to xy �ra ab 6= 0.

Ston pollaplasiasmì idewd¸n isqÔoun h antimetajetikìthta kai h prosetairistikìthta thc prìs-
jeshc.

Prìtash: Gia ide¸dec a = (a1, . . . , am) kai kÔrio ide¸dec (c) , tìte ep�getai èukola oti

(c)a = (ca1, ca2, . . . , cam)

.

Par�deigma: EÐqame deÐxei prohgoumènoc oti to (2,
√
−14) sto Z[

√
−14] den eÐnai kÔrio. Ja

to deixoume me diaforetikì trìpo t¸ra,

(2,
√
−14)2 = (2,

√
−14)(2,

√
−14) = (4, 2

√
−14,−14) = (2)(2,

√
−14,−7)

.
'Omwc ta 2 kai 7 eÐnai sqetik� pr¸ta sto Z, epomènwc �mmesa

(2,
√
−14)2 = (2)(1) = (2)

.
Ean (2,

√
−14) = (a) tìte (2) = (a)2 = (a2)⇒ a = ±2. PaÐrnoume nìrmec N(a)2 = 4⇒ N(a) = 2.

Den up�rqei stoiqeÐo ston Z[
√
−14] me nìrma 2, epomènwc �topo.

Orismìc: Gia èna ide¸dec A, to suzugèc tou ide¸dec eÐnai to A := {a : aεA}.

Je¸rhma: Ean a = (a1, . . . , am) tìte a = (a1, . . . , am). Sugkekrimèna, an to c = (k) eÐnai kÔrio
ide¸dec, to c = (k) eÐnai epÐshc kÔrio.
Gia k�je ide¸dh a, b isqÔei to ex c ab = ab kai a = a.
oi apodeÐxeic ep�gontai �mmesa apo touc orismoÔc.

ParadeÐgmata:
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1. Otan ènac stoiqeÐo tou Ok eÐnai Ðso me to suzugèc tou , an kei sto Z, all� autì den epekteÐne-
tai sta ide¸dh. 'Otan èna ide¸dec eÐnai Ðso me to suzugèc tou den shmaÐnei aparaÐthta oti oi
genn torec tou eÐnai apì to Z.
Ston Z[

√
−14],to (2,

√
−14) = (2,−

√
−14) = (2,

√
−14) . to ide¸dec eÐnai Ðso me to suzugèc

tou all� den èqei genn torec apì to Z all¸ste an eÐqe ja  tan kÔrio ìpwc eÐqame apodeÐxei.

2. Ja deÐxoume oti to (3, 1+
√
−14) sto Z[

√
−14] den eÐnai kÔrio kai den eÐnai kai Ðso me to suzugèc

tou.
Arqik� parathroÔme oti

(3, 1+
√
−14)(3, 1−

√
−14) = (9, 3−3

√
−14, 3+3

√
−14, 15) = (3)(3, 1−

√
−14, 1+

√
−14, 5).

To 3 kai 5 eÐnai sqetik� pr¸ta metaxÔ touc epomènwc

(3, 1 +
√
−14)(3, 1−

√
−14) = (3)

Ean to ide¸dec mac eÐnai kÔrio , èqoume

(a)(a) = (3))⇒ (aa) = (N(a)) = (3)⇒ N(a) = ±3

. 'Omwc sto Z[
√
−14] den up�rqei stoiqeÐo me nìrma 3. 'Ara to ide¸dec mac den mporeÐ na eÐnai

kÔrio.

Gia na dèixoume oti to (3, 1+
√
−14) den eÐnai Ðso me to suzugèc tou , upojètoume pwc eÐnai tìte

(3, 1 +
√
−14)2 = (3)

.
'Omwc (3, 1 +

√
−14)2 = (9, 3 + 3

√
−14,−13 + 2

√
−14) Autì den mporeÐ na eÐnai (3) afoÔ to

−13 + 2
√
−14 6 ε(3)

Tèloc ja mil soume lÐgo gia th diairetìthta ide¸dwn.

Orismìc: Jètoume a|b ean b = ac gia k�poio ide¸dec c.

Je¸rhma: Gia a, b sto Ok, èqoume (a)|(b) an kai mìno an a|b.

Apìdeixh: Upojètoume a|b sto Ok. Ex' orismoÔ b = ac gia k�poio cεOk, epomènwc (b) = (ac) =
(a)(c)⇒ (a)|(b).
AntÐstrofa, ean (a)|(b) tìte (b) = (a)C gia k�poio ide¸dec C. Gr�foume C = (c1, . . . , cr), epomènwc

(b) = (ac1, . . . , acr)
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tìte to b eÐnai Ok-grammikìc sunduasmìc twn ginomènwn ack:

b =

r∑
k=1

dkack = a

r∑
k=1

dkck,

�ra a|b sto Ok.

Je¸rhma: Gia aεOk kai ide¸dec b = (b1, . . . , bm) sto Ok, ta epìmena eÐnai isodÔnama:

1. (a)|b

2. a|bj gia k�je j

3. (a) ⊃ b

Apìdeixh: Ean (a)|b tìte b = (a)c gia k�poio ide¸dec c. 'Ara b = (ac1, . . . , acn). K�je stoiqeÐo
tou b diaireÐtai apì to a. Epomènwc bjε(a) gia k�je j, �ra b ⊃ (a). MporoÔme na gr�youme k�je bj
san pollapl�sio tou a �ra to b èqei to ide¸dec (a) wc par�gonta.

Je¸rhma: Gia ide¸dh a, b, ean a|b tìte a ⊃ b. Sugkekrimèna, ean a|b kai to b|a tìte a = b.

Apìdeixh: Upojètoume oti a|b, tìte b = ac. Ta ide¸dh eÐnai Ok −modules, �ra ac ⊂ a.

Epomènwc, se aut  thn par�grafo me ta ide¸dh èqoume antikatastÐsei ton pollaplasiasmì kai
thn diaÐresh stoiqeÐwn tou Ok, se pollaplasiasmì kai diaÐresh idewd¸n sto Ok. Autèc oi pr�x-
eic twn idewd¸n mèqri t¸ra antikatoptrÐzontai stic pr�xeic twn gennhtìrwn. ProspajoÔme loipìn
na antikatast soume ta stoiqeÐa me ide¸dh gia na diathr soume th monadik  paragontopoÐhsh t¸n
stoiqeÐwn pou q�netai.

ParadeÐgmata:

1. 'Estw p = (3, 1 +
√
−14) kai q = (5, 1 +

√
−14). Sta prohgoÔmena paradeÐgmata eÐdame

oti (3) = pp, me ton Ðdio trìpo mporoÔme na doÔme oti (5) = qq, pq = (1 +
√
−14), kai,

pq = (1−
√
−14)

Tìte to kÔrio ide¸dec (15) mporeÐ na analujèi se

(15) = (3)(5) = ppqq

kai epÐshc wc
(15) = (1 +

√
−14)(1−

√
−14) = pqpq

'Oso mil�me gia to stoiqeÐo 15, blèpoume oti den analÔetai monadik�. An antikatast soume ìmwc
ta stoiqeÐa apì ta kÔria ide¸dh, ta (3), (5), (1±

√
−14) analÔontai se ide¸dh p, q.
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2. Sto Z[
√
−14], to 2 · (−7) =

√
−142, eÐnai tèleio tetr�gwno ènw ta 2,-7 den èqoun koinì

diairèth.
Autì an per�soume se idewdh exhgeÐtai, a = (2,

√
−14), b = (7,

√
−14), tìte (2) = a2 kai

(−7) = (7) = b2 kai

ab = (14, 2
√
−14, 7

√
−14,−14) = (

√
−14)(

√
−14, 2, 7,

√
−14) = (

√
−14)

.

O kÔrioc mac stìqoc eÐnai na paragontopoi soume monadik� ta ide¸dh tou Ok se pr¸ta ide¸dh, to
epìmeno mac b ma ja eÐnai na broÔme thn analogÐa tou nìmou diagraf c ton mh mhdenik¸n akeraÐwn
me ta ide¸dh.

3.4 ApaleÐfontac Ide¸dh

Orismìc: 'Ena ide¸dec c sto Ok onom�zetai apaleÐyimo an ìpote ac = bc gia ide¸dh a, b sto Ok
èqoume a = b.

Je¸rhma: Mh mhdenik� kÔria ide¸dh eÐnai apaleÐyima. Dhlad  gia mh mhdenikì c sto Ok kai
ide¸dh a, b, ean a(c) = b(c) tìte a = b.

Apìdeixh: Ja deixoume oti a ⊂ b. To an�podo to qeirizìmaste parìmoia.
Den eÐnai dÔskolo na doÔme oti to a(c) = ca eÐnai to sÔnolo twn pollapl�siwn twn a me to c. AfoÔ
mporoÔme na aplopoi soume to c wc koinì par�gonta, oi sqèseic ca = cb kai a = b eÐnai isodÔnamec.

Prìtash: K�je ide¸dec sto Ok me mh mhdenikì kÔrio pollapl�sio eÐnai apaleÐyimo.

Apìdeixh: 'Estw c èna ide¸dec me mh mhdenikì kÔrio pollapl�sio, dhlad  cc′ = (γ) me γ 6= 0.
Tìte ean ac = bc, pollaplasi�zontac kai tic dÔo pleurèc me c′ gia na p�roume a(γ) = b(γ), tìte a = b

ApodeiknÔetai oti k�je mh mhdenikì ide¸dec sto Ok èqei mh mhdenikì kÔrio pollapl�sio, epomènwc
sto Ok k�je mh mhdenikì ide¸dec eÐnai apaleÐyimo.

Je¸rhma: Gia k�je ide¸dec a sto Ok, to ginìmeno aa eÐnai kÔrio ide¸dec.
Ja to apodeÐxoume sth sunèqeia (*)

Par�deigma: 'Eqoume deixei oti ìtan d = 1mod4, tìte Ok 6= Z[
√
d], èqoume thn isìthta twn

idewd¸n sto Z[
√
d]:

(2, 1 +
√
d)(2, 1 +

√
d) = (4, 2(1 +

√
d)) = (2)(2, 1 +

√
d)

Apì to prohgoÔmeno je¸rhma kai to l mma, èqoume oti to (2, 1+
√
d) einai apaleÐyimo. All� tìte

ja eÐqame

(2, 1 +
√
d) = (2)
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, to opoÐo den isqÔei afoÔ 1 +
√
dε2Z[

√
d].

An doulèyoume sto Ok = Z[(1 +
√
d)/2], tìte h mh apaleiyimìthta exafanÐzetai afoÔ (2, 1 +

√
d) =

(2)(1, (1 +
√
d)/2) = (2).

Je¸rhma: 'Estw A = (a, b) èna ide¸dec tou Ok me dÔo genn torec. Tìte

AA = (N(a), T r(ab), N(b))

Apìdeixh: Ean to a   to b eÐnai 0 to je¸rhma apodeiknÔetai eÔkola. MporoÔme na jewr soume
ta a kai b eÐnai mh mhdenik�.
AA = (a, b)(ab) = (aa, ab, ba, bb) = (N(a), ab, ab,N(b)).
jèloume na dèixoume oti

(N(a), ab, ab,N(b)) = (N(a), T r(ab), N(b))

AfoÔ Tr(ab) = ab+ ab, to ide¸dec sta dexi� perièqetai sto ide¸dec sta arister�. Gia ton an�podo,
prèpei na deÐxoume oti ta ab, ab perièqontai sta dexi�.

Ja deÐxoume oti abε(N(a), T r(ab), N(b)). 'Estw g=a/bεK = Q[
√
d]. EÐnai rÐza tou

(X − γ)(X − γ) = X2 − Tr(ab)

N(b)
X +

N(a)

N(b)
.

Kai èstw c to EKP twn Tr(ab)
N(b) kai N(a)

N(b) . Tìte

N(a)

N(b)
=
α

c
,
Tr(ab)

N(b)
=
β

c

ìpou α, β, cεZ den èqoun koinì par�gonta megalÔtero tou 1. Tìte

N(a) = kα, Tr(ab) = kβ,N(b) = kc

gia k�poio akèraio k, epomènwc

(N(a), T r(ab), N(b)) = (kα, kβ, kc) = (k)(α, β, c) = (k)(1) = (k).

AfoÔ

γ2 − β

c
γ +

α

c
= 0⇒ (cγ)2 − β(cγ) + αc = 0,

To cγ = ca/bεOK . 'Omwc ca/b = cab/N(b) = ab/k, �ra tèloc to abεkOK = (k)   abε(N(a), T r(ab), N(b)).

(*) H apìdeixh pou af same prokÔptei eÔkola t¸ra afoÔ to AA èqei genn torec tou Z. Epomènwc
eÐnai kÔrio ide¸dec.

Je¸rhma: Gia ide¸dh a,b sto Ok, a|b an kai mìno an a ⊃ b.
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Apìdeixh: 'Otan a = (0) èqoume (0)|b⇔ b = (0)⇔ (0) ⊃ b.
Upojètoume oti a 6= (0). Ean a|b⇒ a ⊃ b. Upojètoume oti a ⊃ b, tìte aa ⊃ ba. Gr�foume aa = (k)
epomènwc (k) ⊃ ba. 'Ara (k)|ba ⇒ (k)c = ba. Pollaplasi�zontac epÐ a èqoume (k)ca = b(k). Kai
epomènwc apaleÐfontac to (k) dÐnei ac = b⇒ a|b.

Je¸rhma: OrÐzoume thn prìsjesh idewd¸n. Ean A = (a1, . . . , am) kaÐ B = (b1, . . . , bn), tìte

A+B = (a1, . . . , am, b1, . . . , bn)

.

Je¸rhma: Gia ide¸dh a kai b, to ide¸dec a+ b eÐnai o mègistoc koinìc diairèthc twn a,b

Apìdeixh: AfoÔ a ⊂ a+ b kai b ⊂ a+ b, to a+ b eÐnai koinìc diairèthc twn a kai b, giatÐ an to
perièqei to diaireÐ. Gia k�je ide¸dec d pou diaireÐ kai ta a, b èqoume a ⊂ d, b ⊂ d. Epeid  to d eÐnai
kleistì wc proc thn prìsjesh ìmwc a+ b ⊂ d. Epomènwc eÐnai o mègistoc koinìc diairèthc.

ParathroÔme oti k�je ide¸dec (a1, . . . , am) tou Ok. EÐnai o mègistoc koinìc diairèthc twn kÔriwn
idewd¸n.

(a1, . . . , am) = (a1) + . . .+ (am)

.

3.5 Nìrma Idewd¸n

Orismìc: Gia mh mhdenikì ide¸dec a sto Ok, jètoume Na na eÐnai o jetikìc akèraioc pou par�gei
to aa. To Na lègetai nìrma tou a.

ParathroÔme oti se kÔria ide¸dh A = (a) h nìrma touc eÐnai Ðsh me thn apìluth tim  thc nìrma
touc genn tora.

Par�deigma: Ston Z[
√
−14] to ide¸dec (3, 1 +

√
−14) èqei nìrma 3.

Je¸rhma: Gia mh mhdenik� ide¸dh a, b, N(ab) = NaNb.

Apìdeixh: (N(ab)) = abab = abab = aabb = (Na)(Nb) = (NaNb).

L mma: Gia mh mhdenik� ide¸dh a, b, ean a|b tìte Na|Nb sto Z.
(To antÐstrofo genik� den isqÔei. Gia par�deigma a = (1 +

√
−14) kai b = (1−

√
−14)).

Apìdeixh: Gr�fontac to b = ac paÐrnoume nìrmec se k�je pleur�.

Prìtash: 'Estw mh mhdenikì ide¸dec a, k�je par�gontac ide¸dec tou a ektìc tou eautoÔ tou,
èqei nìrma mikrìterh apì Na.
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Apìdeixh: 'Estw b par�gontac tou a , tìte a = bc kai c 6= (1). Efìson Na = NbNc me
Na 6= (0) kai Nc > 1, Nb < Na.

ja prospaj soume na upologÐsoume k�poiec nìrmec t¸ra.

ParadeÐgmata:

1. 'Estw a = (3, 1 +
√
−14). To ide¸dec aa par�getai apì ta N(3), T r(3(1 −

√
−14)) kai

N(1 +
√
−14), dhlad  apì ta 9,6 kai 15. O mègistoc koinìc diairèthc touc einai to 3, ara

Na = 3.

2. 'Estw a = (1+
√
−14, 1−

√
−14). H nìrma eÐnai o mègistoc koinìc diairèthc twn N(1±

√
−14) =

15 kai Tr((1+
√
−14)2) = −26. AfoÔ ta 15 kai 26 eÐnai pr¸ta metaxÔ touc Na = 1. Epomènwc

a = (1).

3. 'Estw a = (4+
√
−14, 2−

√
−14). AfoÔ N(4+

√
−14) = 30, T r((4+

√
−14)(2+

√
−14)) = −12,

kai N(2−
√
−14) = 18, Na = 6.

ja poÔme k�poia pr�gmata t¸ra pou aforoÔn thn monadik  paragontopoÐhsh twn idewd¸n, thn
opoÐa èqoume apodeixei sto prohgoÔmeno kef�laio.

Je¸rhma: Ean èna ide¸dec eÐnai pr¸to, tìte to suzugèc tou ide¸dec eÐnai epÐshc pr¸to.

Apìdeixh: Oi daktÔlioi Ok/p kai Ok/p eÐnai isìmorfoi, epomènwc o èna daktÔlioc eÐnai akèraia
perioq  an kai mìno an eÐnai kai o �lloc.

Prìtash: IsqÔei oti Na = 1 an kai mìno an a = (1).

Apìdeixh: H mia pleur� eÐnai profan c.
Ean N(a) = 1 tìte aa = (1), epomènwc a|(1). Sta ide¸dh to diair¸ eÐnai perièqomai , opìte
a ⊃ (1) = OK , epomènwc a = (1).

Je¸rhma: K�je ide¸dec pou h nìrma tou eÐnai pr¸toc, eÐnai pr¸to ide¸dec.

To antÐstrofo den isqÔei.

Apìdeixh: 'Estw Na = p pr¸toc. Ean a = bc, paÐrnontac nìrmec èqoume oti to p = NbNc.
Epomènwc afou to p eÐnai pr¸toc, to b   to c èqoun nìrma 1, epomènwc èna apì ta dÔo eÐnai to (1).

ParadeÐgmata:Ston Z[
√
−14]

1. To ide¸dec (3, 1 +
√
−14) èqei nìrma 3, epomènwc eÐnai pr¸to ide¸dec.

2. Ja deÐxoume to ide¸dec (11), tou opoÐou h nìrma eÐnai 121, eÐnai pr¸to.
Upojètoume oti (11) = ab, a 6= (1), b 6= (1). Tìte paÐrnontac nìrmec èqoume 121 = NaNb.
'Ara Na = 11. Gr�fontac to a = (a1, . . . , am), èqoume oti a|(ai) paÐrnontac nìrmec 11|N(ai).
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Epomènwc prèpei na doÔme poia stoiqeÐa tou Z[
√
−14] èqoun nìrma pou diaireÐtai me to 11.

Ean to x+ y
√
−14 ikanopoieÐ thn x2 + y214 = 0mod11 tìte x2 = −3y2mod11. To −3mod11

den eÐnai tetr�gwno, epomènwc prèpei na èqoume y = 0mod11 kai x = 0mod11. Auto uponoeÐ
oti to x+ y

√
−14 diaireÐtai apì to 11 ston Z[

√
−14].

Gurn¸ntac pÐsw, (11) = ab, to a eÐnai pollapl�sio tou 11. To a = (11)c gia k�poio ide¸dec
c. Tìte to Na diaireÐtai apì to 121, me Na = 11. 'Atopo, �ra to (11) eÐnai pr¸to ide¸dec sto
Z[
√
−14].

Je¸rhma: Ean to p eÐnai pr¸to ide¸dec kai p|ab, tìte p|a   p|b.

Apìdeixh: JewroÔme oti to p den diaireÐ to a kai apodeiknÔoume oti p|b. To ide¸dec p+ a eÐnai
koinìc diairèthc twn p kai a. Oi mìnoi diairètec tou p eÐnai to p kai to (1), efìson to p eÐnai pr¸to.
Epeid  to p den diaireÐ to a , p+ a 6= p. Epomènwc p+ a = (1),�ra to 1 = x+α gia k�poio xεp, αεa.
Tìte gia k�je βεb,

β = 1 · β = xβ + αβεp+ ab ⊂ p,

to opoÐo deÐqnei oti b ⊂ p. Epomènwc p|b.

Ean to p eÐnai pr¸to ide¸dec kai p|a1, . . . , ar, tìte p|ai gia k�poio i.

3.6 DhmiourgÐa pr¸twn idewd¸n.

Je¸rhma: K�je mh mhdenikì pr¸to ide¸dec ston Ok diaireÐ èna monadikì pr¸to arijmì.
Ean to P eÐnai mh mhdenikì pr¸to ide¸dec tìte P |(p) gia èna pr¸to p sto Z.

Apìdeixh: To ide¸dec PP = (NP ) diaireÐtai apì to P kai èqei ènan genn tora sto Z>0. AfoÔ
P 6= (1), NP > 1. AnalÔoume to NP se pr¸touc sto Z>0,

NP = p1p2 . . . pr.

Tìte PP = (p1p2 . . . pr) = (p1) . . . (pr) �ra to P diaireÐ k�poio (pi).
Gia thn monadikìthta, jewroÔme P |(p) kai P |(q) gia dÔo diaforetikoÔc pr¸touc p, q. Tìte pεP, qεP .
AfoÔ ta p, q eÐnai pr¸ta metaxÔ touc, to p perièqei èna zeug�ri pr¸twn metaxÔ touc akeraÐwn kai
P = (1). Atopo.

Prìtash: K�je mh mhdenikì pr¸to ide¸dec ston Ok èqei nìrma p   p
2 gia k�poio pr¸to arijmì p.

Apìdeixh: 'Estw P mh mhdenikì pr¸to ide¸dec ston Ok. Tìte up�rqei pr¸toc arijmìc me P |(p).
PaÐrnontac nìrmec NP |N((p)). Epomènwc N((p)) = |N(p)| = p2, to NP eÐnai p   p2.

'Ara mporoÔme na broÔme k�je mh mhdenikì pr¸to ide¸dec ston Ok, paragontopoi¸ntac pr¸touc
arijmoÔc ston Ok.
Gia par�deigma, ston Z[

√
−14], xèroume oti (2) = (2,

√
−14)2 kai (3) = (3, 1+

√
−14)(3, 1−

√
−14).
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Epomènwc to (2,
√
−14) eÐnai to mìno pr¸to ide¸dec me nìrma 2, kai ta (3, 1+

√
−14), (3, 1−

√
−14),

ta mìna me pr¸ta ide¸dh me nìrma 3.

Je¸rhma: 'Estw K = Q[
√
d] tetragwnikì s¸ma, me d eleÔjero tetrag¸nwn kai Ok = Z[ω], me

f(X) to tetragwnikì polu¸numo pou èqei ta ω, ω wc rÐzec:

f(X) =

{
X2 − d gia d 6= 1mod4,

X2 −X + 1−d
4 gia d = 1mod4.

Gia k�je pr¸to arijmì p, o trìpoc me ton opoÐo to (p) paragontopoieÐtai sto Ok tairi�zei me ton
trìpo h f(X) paragontopoieÐtai modulop:

1. Ean f(X)modp eÐnai an�gwgo tìte to (p) eÐnai pr¸to sto Ok me nìrma p2.

2. Ean f(X) = (X − c)(X − c′)modp kai c 6= c′modp tìte (p) = PP ìpou P 6= P kai ta P, P
èqoun nìrma p.

3. Ean f(X) = (X − c)2modp tìte (p) = P 2 kai NP = p.

Sugkekrimèna, ta pr¸ta ide¸dh ston Ok èqoun nìrma pr¸to, ektìc twn kÔriwn idewd¸n (p) ìpou
p eÐnai pr¸toc arijmìc tètoioc ¸ste to f(X)modp na eÐnai an�gwgo.

Apìdeixh: AfoÔ Ok = Z[ω] ∼= Z[X]/(f(X)), Ok/(p) ∼= Z[X]/(p, f(X)) ∼= (Z/pZ)[X]/(f(X)).
Ja sugkrÐnoume touc daktulÐouc Ok/(p) kai (Z/pZ)[X]/(f(X)), gia na broÔme thn antistoiqÐa
paragontopoÐhshc tou (p) ston Ok me thn paragontopoÐhsh tou f(X) ston (Z/pZ)[X].

Ean to f(X)modp eÐnai an�gwgo tìte to (Z/pZ)[X]/(f(X)) eÐnai s¸ma. Ean to f(X) = (X −
c)(X − c′)modp kai c 6= c′modp tìte

(Z/pZ)[X]/(f(X)) ∼= (Z/pZ)[X]/(X − c)× (Z/pZ)[X]/(X − c′) ∼= (Z/pZ)× (Z/pZ)

eÐnai kartesianì ginìmeno dÔo swm�twn , den eÐnai s¸ma kai den èqei mh mhdenik� mhdenodÔnama
stoiqeÐa. Ean f(X) = (X − c)2modp tìte to (Z/pZ)[X]/(X − c)2 èqei mh mhdenikì mhdenodÔnamo
stoiqeÐo: X − cmod(X − c)2. Epomènwc o trìpoc me ton opoÐo h f(X) analÔetai ston (Z/pZ)[X]
antanakl� sthn dom  tou daktulÐou (Z/pZ)[X]/(f(X)).

O daktÔlioc Ok/(p) eÐnai s¸ma an kai mìno an to (p) eÐnai mègisto ide¸dec   epomènwc pr¸to
ide¸dec. 'Ara, to f(X)modp eÐnai an�gwgo an kai mìno an to (p) eÐnai pr¸to ston Ok.
An to (p) den eÐnai pr¸to tìte , (p) = ab me a, b 6= (1). PaÐrnontac nìrmec p2 = NaNb, �ra
Na = Nb = p kai epomènwc eÐnai pr¸ta ide¸dh. Sugkekrimèna afoÔ Na = p èqoume (p) = (Na) = aa,
kai apì monadik  paragontopoÐhsh se pr¸ta ide¸dh èqoume b = a. Gr�foume to a ¸c P afoÔ eÐnai
pr¸to ide¸dec. H parag¸ghsh tou (p) eÐnai PP . Ean P = P tìte to Ok/(p) = Ok/P

2 èqei èna mh
mhdenikì mhdenodÔnamo stoiqeÐo , epomènwc f(X) = (X − c)2modp gia k�poio c.
Ean P 6= P tìte to Ok/(p) = Ok/PP den eÐnai s¸ma kai den èqei mh mhdenikì mhdenodÔnamo stoiqeÐo
, dioti ean xm = 0modPP tìte ta P kai P diairoÔntai me to (xm) = (x)m, dhlad  me to (x), PP |(x)
giati P 6= P . Epomènwc x = 0modPP , kai prèpei na èqoume f(X) = (X − c)(X − c′)modp me
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c 6= c′modp.

Prìtash: Ean to (p) den eÐnai pr¸to sto Ok tìte to f(X)modp èqei rÐza . Gia k�je rÐza
cmodp,to (p, ω − c) eÐnai èna apì ta pr¸ta ide¸dh pou diaireÐ to (p).

Apìdeixh: DeÐxame oti (p) = PP gia pr¸to ide¸dec P . Jètoume a = (p, ω−c). AfoÔ pεa, a|(p).
'Omwc ω − c 6 ε(p), a 6= (p) �ra   to a eÐnai èna apì ta pr¸ta ide¸dh pou diaireÐ to (p)   to a = (1).
Jèloume na deÐxoume oti a 6= (1). H nìrma tou a eÐnai o mègistoc koinìc diairèthc twn N(p) =
p2, T r(p(ω − c)) = pTr(ω − c), kai N(ω − c) = f(c) = 0modp. Aut� diairoÔntai apì to p epomènwc
p|Na. Kai a 6= (1), epomènwc to a eÐnai P   P . Oi rìloi twn P kai P mèqri t¸ra  tan summetrikoÐ,
�ra mporoÔme na jèsoume P = a = (p, ω − c).

Par�deigma: Pwc to (2) paragontopoieÐtai se akeraÐouc tou Q[
√
−39]?

To d = 1mod4 epomènwc f(X) = X2 − x+ 10.

X2 −X + 10 = X(X − 1)mod2

H paragontopoÐhsh tou (2) eÐnai PP .

'Otan to p 6= 2 o trìpoc me ton opoÐo to f(X) paragontopoieÐtai modulop kajorÐzetai apì thn
diakrÐnousa tou.
Up�rqoun dÔo diaforetikèc rÐzec, ean h diakrÐnousa eÐnai mh mhdenik  tetr�gwno modp,
KamÐa rÐza ean h diakrÐnousa den eÐnai tetr�gwno modp,
Kai epanalambanìmenh rÐza ean h diakrÐnousa eÐnai 0modp.

Ean h f(X) eÐnai X2 − d h diakrÐnousa eÐnai 4d alli¸c d, epomènwc o trìpoc me ton opoÐo

paragontopoieÐtai h exart�tai apì to sÔmbolo Legendre
(
d
p

)
.

Ja mazèyw ta apotelèsmata kai ja proqwr sw se par�deigma.
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'Estw oti briskìmaste se Q[
√
d]. Oi akèraioi mac eÐnai oi Z[ω], to polu¸numo f(x) kai h

diakrÐnousa D.

f(X) =

{
X2 − d gia d 6= 1mod4,

X2 −X + 1−d
4 gia d = 1mod4.

D =

{
4d gia d 6= 1mod4,
d gia d = 1mod4.

ω =

{ √
d gia d 6= 1mod4,

1+
√
d

2 gia d = 1mod4.

1.
(
D
p

)
= 1⇒ f(X) = (X − c)(X − c′)modp⇒ (p) = PP , P 6= P ,NP = NP = p

2.
(
D
p

)
= −1⇒ f(X) an�gwgo modp⇒ (p) eÐnai pr¸to , N(p) = p2

3.
(
D
p

)
= 0⇒ f(X) = (X − c)2modp⇒ (p) = P 2, NP = p

Gia rÐza modp tou f(X), c, èqoume P = (p, ω − c)

3.7 Telik  efarmog 

Ja suneqÐsoume na douleÔoume ston Z[
√
−14]. Ja broÔme arqik� mikroÔc pr¸touc.

O trìpoc me ton opoÐo èna (p) paragontopoieÐtai ston Z[
√
−14] exart�tai apo to pwc paragontopoieÐ-

tai to X2 + 14 modp.

1. Gia p = 2, f(X) = x2mod2⇒ c = 0mod2 epomènwc (2) = P 2, ìpou P = (2,
√
−14).

2. Gia p = 3, f(X) = (x2 + 2)mod3 = (x + 1)(x + 2)mod3 ⇒ c = −1mod3, c′ = −2mod3
epomènwc (3) = PP , ìpou P = (3,

√
−14+1). Den paÐrnoume to P = (3,

√
−14+2), diìti tìte

N(3,
√
−14 + 2) 6= 3.

3. Gia p = 5, f(X) = (x2 − 1)mod5 = (x + 1)(x + 4)mod5 ⇒ c = −1mod5, c′ = −4mod5
epomènwc (5) = PP , ìpou P = (5,

√
−14+1). Den paÐrnoume to P = (5,

√
−14+4), diìti tìte

N(3,
√
−14 + 2) 6= 5.

4. Gia p = 7, f(X) = x2mod7⇒ c = 0mod7 epomènwc (7) = P 2, ìpou P = (7,
√
−14).

5. Gia p = 11, f(X) = x2 + 3mod11 to opoÐo eÐnai an�gwgo, epomènwc to (11) eÐnai pr¸to.

An suneqÐsoume an�loga,
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p (p) P

2 P 2 (2,
√
−14)

3 PP (3,
√
−14 + 1)

5 PP (5,
√
−14 + 1)

7 P 2 (7,
√
−14)

11 (11) (11)

13 PP (13,
√
−14 + 5)

17 (17) (17)

19 PP (19,
√
−14 + 9)

23 PP (
√
−14 + 3)

Me gn¸sh autoÔ ja proqwr soume se paragontopoÐhsh idewd¸n pou den èqoun genn torec apì
to Z

Par�deigma 1: To (1 +
√
−14). To ide¸dec èqei nìrma 15, kai gr�fontac to wc ginìmeno

pr¸twn idewd¸n, to ginìmeno twn nìrmwn touc eÐnai 15, �ra prèpei na èqoun nìrmec 3 kai 5. Efìson
to (1 +

√
−14)ε(3,

√
−14 + 1) kaÐ (1 +

√
−14)ε(5,

√
−14 + 1) , to (1 +

√
−14) diaireÐtai apì ta

(3,
√
−14 + 1), (5,

√
−14 + 1). Epomènwc èqoume

(1 +
√
−14) = (3,

√
−14 + 1)(5,

√
−14 + 1)

Par�deigma 2: To (5 + 2
√
−14). To ide¸dec èqei nìrma 81. Oi pijanoÐ par�gontec pr¸ta

ide¸dh tou (5 + 2
√
−14) , eÐnai ta (3,

√
−14 + 1) kai (3,−

√
−14 + 1). 'Omwc den mporeÐ na diairejeÐ

apì kanèna , epomènwc diaireÐtai apì to (3,
√
−14 + 1)(3,−

√
−14) = (3). 'Omwc xèroume oti to (3)

den diaireÐ to 5+2
√
−14 ston Z[

√
−14], kai epomènwc to (5+2

√
−14) eÐnai dÔnamh tou (3,

√
−14+1)

  tou (3,−
√
−14 + 1). Lìgw nìrmac eÐnai (3,

√
−14 + 1)4   (3,−

√
−14 + 1)4.

Ston Z[
√
−14]/(3,

√
−14 + 1) ∼= Z/3Z, afoÔ 1 +

√
−14 = 0, 5 + 2

√
−14 = 3 = 0 kai epomènwc

(3,
√
−14 + 1)|(5 + 2

√
−14), �ra

(5 + 2
√
−14) = (3,

√
−14 + 1)4

Par�deigma 3: To ide¸dec a = (2+3
√
−14) èqei nìrma 130 = 2 ·5 ·13. Epomènwc (2,

√
−14)|a

, jèloume na doÔme ean to (5,
√
−14 + 1) diaireÐ to a   to suzugèc tou.

To ide¸dec (1+
√
−14) diaireÐtai apo to (5,

√
−14+1) kai ìqi apì to suzugèc tou, o mègistoc koinìc

diairèthc tou a kai toÔ (1 +
√
−14), eÐnai o (1 +

√
−14, 2 + 3

√
−14). H nìrma tou eÐnai 1, epomènwc

prèpei to suzugèc tou na diaireÐ to a.
Kai jèloume na apofasÐsoume telik� ean to (13,

√
−14+5) diaireÐ to a   to suzugèc tou. AntÐstoiqa

koit�me (2 + 3
√
−14,

√
−14 + 5), eÐnai eÐte (13,

√
−14 + 5), eÐte (1). H nìrma tou eÐnai 13 epomènwc

to (13,
√
−14 + 5) diaireÐ to a kai èqoume,

a = (2,
√
−14)(5,−

√
−14 + 1)(13,

√
−14 + 5)

Par�deigma 4: To ide¸dec a = (7+ 3
√
−14), èqei nìrma 175 = 52 · 7. Epomènwc (7,

√
−14)|a.

Xan� jèloume na doÔme ean to (5,
√
−14+1) diaireÐ to a   to suzugèc tou. To ide¸dec (7+3

√
−14, 1+
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√
−14) èqei nìrma 1, �ra to a diaireÐtai apo to suzugèc tou, kai

a = (7,
√
−14)(5,

√
−14 + 1)2
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