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PerÐlhyh

Sthn paroÔsa diplwmatik  ergasÐa gÐnetai melèth di�forwn akrib¸n lÔsewn twn ex.Einstein gia
melanèc opèc. Xekin�me apì tic basikèc arqèc thc Eidik c Sqetikìthtac kai en suneqeÐa parou-
si�zoume to pwc h prosp�jeia genÐkeushc aut¸n twn arq¸n odhgeÐ se mÐa jewrÐa barÔthtac.
Perigr�fontac wc èna bajmì, ta majhmatik� ergaleÐa kai tic fusikèc ènnoiec, pou qrei�zontai
gia th melèth thc fusik c se kampulwmèno qwroqrìno, katal goume stic exis¸seic pedÐou thc
Genik c JewrÐac thc Sqetikìthtac.

'Epeita gÐnetai analutik  apìdeikh twn lÔsewn Schwarzschild kai Reissner-Nördstrom kai peri-
gr�fontai ta basik� sumper�smata kai genik� qarakthristik� touc(aitiakèc sqèseic, sumperifor�
k¸nwn fwtìc, eÔresh qwroqronik¸n anwmali¸n).

Sth sunèqeia apodeiknÔontai oi pediakèc exis¸seic gia th dr�sh thc barÔthtac(Einstein-Hilbert),
parousÐa kosmologik c stajer�c, mazÐ me bajmwtì pedÐo (dr�sh MTZ) kai exet�zetai h parabÐash
thc upìjeshc ex�leiyhc iqn¸n(no-hair conjecture).

Tèloc gÐnetai mÐa sÔntomh perigraf  thc arq c tou Mach kai exet�zontai lÔseic sto kenì,
fortismènwn kai afìrtistwn maÔrwn trup¸n miac tropopoihmènhc barutik c jewrÐac(Brans-Dicke
Theory) h opoÐa eÐnai apìluta sumbat  me aut  thn filosofik  arq .
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Kef�laio 1

Eisagwg 

'Opwc eÐnai gnwstì, up�rqoun tèsseric trìpoi gia na allhlepidr�soun metaxÔ touc ta
swmatÐdia thc Ôlhc. 'Iswc o pio kajolikìc apì autoÔc touc trìpouc, na eÐnai h barutik 
allhlepÐdrash, afoÔ to mìno proapaitoÔmeno eÐnai h Ôparxh m�zac1, èna qarakthristikì
to opoÐo èqoun ìla ta ulik� swmatÐdia. 'Ena s¸ma mporeÐ na mhn èqei hlektrikì fortÐo
all� sÐgoura èqei m�za.

O pr¸toc pou epiqeÐrhse na diatup¸sei mÐa jewrÐa gia thn barÔthta  tan saf¸c o
NeÔtwnac o opoÐoc thn periègraye san mÐa ��dr�sh apì apìstash�� metaxÔ twn swm�twn,
sÔmfwna me ton gnwstì nìmo thc pagkìsmiac èlxhc. Je¸rhse dhlad , pwc h dÔnamh thc
barÔthtac droÔse akariaÐa an�mesa sta s¸mata.

Arket� qrìnia argìtera to 1905, o A.Einstein me th diatÔpwsh thc Eidik c JewrÐac
thc Sqetikìthtac, èdeixe pwc tÐpota den dra akariaÐa. 'Ola periorÐzontai apì thn taqÔthta
tou fwtìc. To fwc eÐnai h taqÔterh di�dosh plhroforÐac pou mporeÐ na up�rxei an�mesa
se dÔo s meia tou sÔmpantoc2. Epomènwc h je¸rhsh tou NeÔtwna gia thn akariaÐa dr�sh
den mporeÐ na eÐnai swst  mi�c kai h Eidik  Sqetikìthta eÐqe apodeÐxeÐ thn orjìtht� thc.
Den eÐnai pwc o nìmoc thc pagkìsmiac èlxhc eÐnai apolÔtwc l�joc, afoÔ exhgeÐ arket�
fusik� fainìmena, all� apoteleÐ prosèggish miac perissìtero jemeli¸douc jewrÐac. Mia
eidik  perÐptws  thc.

To 1915 o Einstein katèlhxe se mia sqetikistik  jewrÐa barÔthtac, h opoÐa od ghse
se mÐa rizik  nohtik  epan�stash h pou �llaxe gia p�nta ton trìpo me ton opoÐo antilam-
banìmaste tic ènnoiec thc barÔthtac, tou q¸rou kai tou qrìnou. O Einstein estÐase sto
gegonìc pwc ìla ta s¸mata pèftoun me thn Ðdia epit�qunsh se èna barutikì pedÐo. Opìte
skèfthke ìti, afoÔ diaforetik� metaxÔ touc s¸mata, peftoÔn me ton Ðdio rujmì, Ðswc h
barÔthta na eÐnai èna qarakthristikì tou qwroqrìnou3 tou Ðdiou. Katèlhxe sto ìti h
m�za kampul¸nei ton q¸ro-qrìno gÔrw thc kai oi troqièc pou akoloujoÔn ta s¸mata eÐnai

1Kai lìgw thc E = mc2 kai mìno h Ôparxh enèrgeiac, dÐqwc m�za, arkeÐ [1]
2Qwroqronik� shmeÐa p�nta
3h ènnoia tou qwroqrìnou eÐqe xekin sei  dh apì thn eidik  sqetikìthta
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eujeÐec diadromèc4 s'autìn ton kampulwmèno qwroqrìno [1]. SÔmfwna me to NeÔtwna,
o 'Hlioc askeÐ barutik  dÔnamh sth Gh kai h Gh kineÐtai gÔrw tou wc apotèlesma aut c
thc dÔnamhc. SÔmfwna me ton Einstein, h m�za tou 'Hliou kampul¸nei to qwroqrìno kai
h Gh kineÐtai se mia eujeÐa s'autìn ton kampulwmèno qwroqrìno. Apì ekeÐ loipìn pou
perigr�fame thn barÔthta kajar� mèsw thc ènnoiac thc dÔnamhc, xekin same na thn sul-
lamb�noume sa sunèpeia twn gewmetrik¸n idiot twn tou q¸rou. KatalabaÐnoume loipìn
to pìso jemeliwd¸c, �llaxe ton trìpo skèyhc twn episthmìnwn h Genik  JewrÐa thc
Sqetikìthtac(G.J.S.).

An kai den ègine apodekt  arqik� apì touc epist monec, exhg¸ntac fainìmena ìpwc oi
maÔrec trÔpec, ta p�lsarc, h meg�lh èkrhxh kai sumb�lontac akìmh kai sthn an�ptuxh
teqnologik¸n efarmog¸n ìpwc to G.P.S., plèon eÐnai anapìspasto komm�ti thc sugqron c
fusik c.

4Oi legìmenec kai gewdaitikèc
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Kef�laio 2

Eidik  Sqetikìthta

2.1 O drìmoc proc th Sqetikìthta

K�je gegonìc sumbaÐnei sto q¸ro kai ton qrìno. Gia na prosdiorÐsoume th ��jèsh�� au-
toÔ tou gegonìtoc qreiazìmaste dÔo plhroforÐec. To poÔ ègine(qwrik  jèsh) kai to
pìte ègine(qronik  jèsh). Apì th stigm  pou antilambanìmaste treÐc diast�seic sto
q¸ro, h plhroforÐa gia th sunolik  ��jèsh��tou gegonìtoc dÐnetai apì mÐa tetr�da arij-
m¸n (ct, x, y, z)1. H tetr�da aut , dhl¸nei thn qwroqronik  jèsh tou gegonìtoc wc proc
ènan parathrht , èna sÔsthma anafor�c{êi}. Onom�zetai tetr�nusma kai eÐnai to an�lo-
go tou dianÔsmatoc tou eukleÐdiou q¸rou pou ìmwc an kei ston tetradi�stato epÐpedo
qwroqrìno. Wc proc �llo sÔsthma anafor�c h tetr�da aut  ja apoteloÔntan apì diafo-
retikoÔc arijmoÔc. Di�foroi trìpoi na thn sumbolÐsoume eÐnai

xµ = (ct, x, y, z) =
(
x0, x1, x2, x3

)
=
(
x0, ~x

)
= ctêt + xêx + yêy + zêz (2.1)

O pr¸toc pou diatÔpwse mÐa arq  sqetikìthtac  tan o GalilaÐoc, o opoÐoc eÐpe pwc
gia dÔo sust mata anafor�c(parathrhtèc) pou kinoÔntai sqetik� to èna wc proc to �llo,
me stajer 2 taqÔthta u, o metasqhmatismìc pou sundèei tic suntetagmènec touc eÐnai o
akìloujoc

x′ = x− ut (2.2)

y′ = y

z′ = z

t′ = t (2.3)

O parap�nw metasqhmatismìc ìmwc èqei èna prìblhma. An upojèsoume ìti metr�me tic
sunist¸sec thc taqÔthtac enìc swmatidÐou wc proc to èna adraneiakì sÔsthma anafor�c

1H qronik  suntetagmènh t pollaplasi�zetai me c giatÐ apì th stigm  pou ja jewr soume thn tetr�da
aut  wc di�nusma k�poiou q¸rou, ja prèpei ìlec oi sunist¸sec na èqoun Ðdiec mon�dec

2GiatÐ mìno tìte eÐnai adraneiak� sust mata anafor�c
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(ux, uy, uz) kai (u′x, u
′
y, u
′
z) wc proc to �llo sÔsthma anafor�c tìte apì tic (2.2) èqoume

u′x =
dx′

dt′
=

dx′

dt
=

dx

dt
− u = ux − u (2.4)

To apotèlesma autì eÐnai gnwstì wc kanìnac prìsjeshc taqut twn tou Newton. Autìc
o kanìnac ìmwc sunep�getai ìti akìma kai to fwc ja taxideÔei me diaforetikèc taqÔthtec
sta di�fora adraneiak� sust mata k�ti to opoÐo èrqetai se antÐjesh me tic exis¸seic
tou Maxwell, oi opoÐec deÐqnoun ìti to fwc kineÐtai stajer� me c. Me �lla lìgia, oi
exis¸seic tou Maxwell den paÐrnoun thn Ðdia morf  se diaforetik� adraneiak� sust mata.
Epomènwc, eÐte oi exis¸seic tou Maxwell isqÔoun mìno sto sÔsthma anafor�c gia to opoÐo
h taqÔthta tou fwtìc eÐnai c, eÐte o metasqhmatismìc tou GalilaÐou eÐnai l�joc. Poiì na
èinai ìmwc autì to pronomoiakì sÔsthma ? EkeÐnh thn epoq  pÐsteuan pwc up�rqei èna
mèso se olìklhro to sÔmpan, wc proc to opoÐo diadÐdetai to fwc me c, o aijèrac. Opìte,
an up rqe ìntwc o aijèrac, se opoiod pote �llo adraneiakì sÔsthma pou kineÐtai wc proc
autìn h taqÔthta tou fwtìc ja èprepe na dÐnetai apì thn (2.4). Oi Mickelson kai Morley,
to 1887, exètasan thn Ôparxh tou aijèra, metr¸ntac thn taqÔthta tou fwtìc se di�fora
adranei�ka sust mata all� den br kan k�poia diafor�. Opìte o metasqhmatismìc tou
GalilaÐou èprepe na tropopoihjeÐ.

2.2 Axi¸mata-Metasqhmatismìc Lorentz

H epituq c tropopoÐhsh  rje to 1905 apì ton Einstein kai onom�sthke Eidik  JewrÐa thc
Sqetikìthtac(E.J.S.). O Einstein ekanè tic ex c dÔo paradoqèc:

� 'Oloi oi nìmoi thc fusik c eÐnai Ðdioi gia k�je adraneiakì sÔsth-
ma anafor�c. Autì shmaÐnei ìti, panomoiìtupa peir�mata pou
diex�gontai se diaforetik� adraneiak� sust mata anafor�c pa-
r�goun panomoiìtupa apotelèsmata.

� H taqÔthta tou fwtìc eÐnai Ðdia se ìla ta adraneiak� sust mata
anafor�c.

Oi duo parap�nw prot�seic apoteloÔn ta axi¸mata thc eidik c
sqetikìthtac. H idèa ìti h taqÔthta tou fwtìc eÐnai Ðdia se ìla

ta adraneiak� sust mata anafor�c, odhgeÐ en tèlei se mia rizik  anaje¸rhsh. O
qrìnoc den eÐnai apìlutoc. Me autì ennooÔme ìti dÔo rolìgia pou kinoÔntai to èna
wc proc to �llo, qtupoÔn me diaforetikoÔc rujmoÔc. Den shmaÐnei ìti �ma ènac pa-
rathrht c A xekin sei na trèqei wc proc ènan parathrht  B, ja meÐnei neìteroc. O
A suneqÐzei na eÐnai akÐnhtoc wc proc to dikì tou (biologikì an jèlete) rolìi kai
ètsi ni¸jei pwc o qrìnoc kul�ei kanonik�. Apl� o B antilamb�netai pwc pern�ei pio
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arg� o qrìnoc gia ton A. Kai antÐstoiqa o A antilamb�netai pwc pern�ei pio ar-
g� o qrìnoc gia ton B, afoÔ ton blèpei na ��feÔgei�� proc thn antÐjeth kateÔjunsh.
To ìlo jèma eÐnai apl� mia asumfwnÐa twn metr sewn pou k�nei o ènac wc proc ton
�llon.Kanènac apì touc dÔo den gernaèi pio arg�.

Ac fantastoÔme èna rolìi to opoÐo leitourgeÐ me èna fw-
tìnio an�mesa se dÔo kajrèftec. O k�je qtÔpoc tou ro-
logiou antistoiqeÐ se mia diadrom  ��p�nw-k�tw�� tou fwto-
nÐou. 'Ara o k�je qtÔpoc antistoiqeÐ se èna qronikì di�sth-
ma ∆t = 2L

c ìpou L eÐnai h apìstash an�mesa stouc ka-
jrèftec. Ac jewr soume t¸ra, p�li to Ðdio rolìi to opoÐo
ìmwc brÐsketai se sqetik  kÐnhsh wc proc em�c. Apì th diki�
mac optik , to fwtìnio t¸ra èqei na dianÔsei mia apìstash

2
[(

∆x
2

)2
+ L2

] 1
2
h opoÐa eÐnai profan¸c megalÔterh apì 2L pou èkane sthn prohgoÔmenh

perÐptwsh. Dhl�dh antilambanìmaste ìti to kinoÔmeno wc proc em�c rolìi qtup�ei pio
arg�. All� eÐnai mìno jèma antÐlhyhc. An kinoÔmastan kai emeÐc mazÐ me to rolìi ja to
blèpame san eÐnai akÐnhto kai ja lègame ìti to fwtìnio p gainei ��p�nw-k�tw�� ìpwc sthn
pr¸th perÐptwsh. Me tètoia nohtik� peir�mata o Einstein èdeixe pwc h ro  tou qrìnou
eÐnai k�ti upokeimenikì kai k�je parathrht c thn metr�ei diaforetik�.

EpÐshc mia �llh asumfwnÐa pou prokÔptei apì to gegonìc ìti h taq tuta tou fwtìc eÐnai
stajer  wc proc ìlouc touc adraneiakoÔc parathrhtèc, eÐnai to fainìmeno thc sustol c
tou m kouc. An eÐqame mÐa r�bdo akÐnhth mprost� mac kai metroÔsame to m koc thc wc
L, tìte sthn perÐptwsh pou h r�bdoc kouniìtan wc proc em�c ja antilambanìmastan to
m koc thc meiwmèno kat� èna par�gonta γ(par�gontac Lorentz).

O Einstein kat�labe pwc oi exis¸seic pou sundèoun tic suntetagmènec an�mesa sta
di�fora sust mata eÐnai oi metasqhmatismoÐ tou Lorentz. Mac lène ìti an ènac parath-
rht c o opoÐoc krat�ei èna rolìi metr sei èna qronikì di�sthma ∆t, tìte ènac deÔteroc
parathrht c pou kineÐtai me vx wc proc ton pr¸to, ja blèpei to rolìi tou pr¸tou na èqei
metr sei qronikì di�sthma ∆t′. Me antÐstoiqo trìpo sundèoun kai thn asumfwnÐa twn
metr sewn wc proc to q¸ro (to m koc thc r�bdou).

Oi exis¸seic tou Lorentz eÐnai

∆x′ = γ (∆x− vx∆t)

∆y′ = ∆y

∆z′ = ∆z

c∆t′ = γ
(

∆t− vx
c2

∆x
)

'Opou γ = 1√
1− v2

c2

≥ 1 o par�gontac Lorentz pou anafèrame prohgoumènwc.
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Qrhsimopoi¸ntac sumbolismì pin�kwn ja gr�fame
ct′

x′

y′

z′

 =


γ −βγ 0 0
−βγ γ 0 0

0 0 1 0
0 0 0 1




ct
x
y
z

 =


γct− γβx
γx− γβct

y
z

⇒ (2.5)

∆xµ
′

= Λµ
′
ν ∆xν (2.6)

'Opou β ≡ v
c = vx

c . Oi exis¸seic pou ekfr�zoun ta duo fainìmena pou perigr�yame
parap�nw ( asumfwnÐa rologi¸n kai asumfwnÐa wc proc to m koc thc rabdou) bgaÐnoun
apì touc metasqhmatismoÔc tou Lorentz kai eÐnai

L′ = L

√
1− v2

c2
=
L

γ
(2.7)

∆t′ =
∆t√
1− v2

c2

= γ∆t (2.8)

Ta dÔo aut� sqetikistik� fainìmena onom�zontai sustol  tou m kouc kai diastol  tou
qrìnou.

Mia akìmh idiìthta twn metasqhmatism¸n tou Lorentz eÐnai ìti diathroÔn analloÐwth
thn posìthta

ds2 = − (cdt)2 + dx2 + dy2 + dz2 (2.9)

h opoÐa eÐnai to stoiqeÐo m kouc tou epÐpedou3 qwroqrìnou. 'Opwc parathroÔme, perièqei
to qwrikì komm�ti pou eÐnai apl� to EukleÐdio stoiqeÐo m kouc kai èna qronikì. H qwro-
qronik  apìstash metaxÔ duo shmeÐwn eÐnai stajer  anex�rthta apì to sÔsthma anafor�c.
Autì eÐnai to qwroqronikì an�logo tou na lègame pwc dÔo s meia sto epÐpedo apèqoun
Ðdia apìstash eÐte ekfr�soume to q¸ro se Kartesianèc eÐte se polikèc suntetagmènec. A-
pl� plèon h gewmetrÐa mac emplèkei kai ton qrìno san di�stash. Opìte èqoume apaÐthsh,
o metasqhmatismìc pou ja epilèxoume na diathreÐ analloÐwto to stoiqei¸dec m koc.
Gr�fontac thn exÐswsh (2.9) se sumbolismì tetranusm�twn èqoume

ds2 =
∑
µ,ν

gµνdx
µdxν ≡ gµνdxµdxν (2.10)

'Opou

gµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (2.11)

3O opoÐoc eÐnai gnwstìc wc q¸roc Minkowski
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Gia èna diaforetikì sÔsthma anafor�c xµ
′

= (ct′, x′, y′, z′) ja gr�fame 4

ds2 = gρ′σ′dx
ρ′dxσ

′
(2.12)

Epomènwc gia na eÐnai analloÐwto to ds2 prèpei

gµνdx
µdxν = gρ′σ′dx

ρ′dxσ
′ → gµν 6dxµ 6dxν= gρ′σ′Λ

ρ′
µ 6dxµ Λσ

′
ν 6dxν→

gµν = Λρ
′
µ gρ′σ′Λ

σ′
ν → g = ΛTgΛ (2.13)

Oi pÐnakec pou ikanopoioÔn thn parap�nw idiìthta lègontai metasqhmatismoÐ Lorentz
kai to sÔnolo ìlwn aut¸n twn pin�kwn lègetai om�da Lorentz [5]. Oi metasqhmatismoÐ autoÐ
mporeÐ na eÐnai eÐte aplèc strofèc sto q¸ro

Λµ
′
ν =


1 0 0 0
0 cos θ sin θ 0
0 − sin θ cos θ 0
0 0 0 1

 (2.14)

EÐte ��qwroqronikèc strofèc�� ìpwc sthn sqèsh (2.5) gia thn opoÐa mporeÐ na apodeiqjeÐ
ìti

Λµ
′
ν =


γ −βγ 0 0
−βγ γ 0 0

0 0 1 0
0 0 0 1

 =


coshφ − sinhφ 0 0
− sinhφ coshφ 0 0

0 0 1 0
0 0 0 1

 (2.15)

H teleutaia kathgorÐa twn metasqhmatism¸n Lorentz eÐnai gn¸sth kai wc prowj seic
Lorentz.

To arnhtikì prìshmo ston pr¸to ìro thc (2.9) sunep�getai ìti h qwroqronik  apìsta-
sh mporeÐ na eÐnai kai arnhtik . KathgoroiopoioÔme ta shmeÐa me b�sh to prìshmo5 tou
ds2 se :

1. ds2 > 0 qwroeid¸c qwrismèna,

2. ds2 < 0 qronoeid¸c qwrismèna,

3. ds2 = 0 fwtoeid¸c qwrismèna.

4h diafor� twn susthm�twn faÐnetai sthn Ôparxh twn tìnwn kai ìqi sthn epilog  diaforetik¸n gram-

m�twn. Ja mporoÔsame na gr�youme ds2 = gµ′ν′dx
µ′
dxν

′

5 'Eqoume qrhsimopo sei th sÔmbash (-,+,+,+). Gia an�podh sÔmbash ja k�name kai an�podh kath-
goriopoÐsh.
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Ta fwtoeidìc qwrismèna blèpoume ìti apèqoun mhdenik  apìstash. Autì shmaÐnei ìti, h
qwrik  apìstash twn dÔo shmeÐwn eÐnai tètoia, ¸ste gia na metaferjoÔme apì to èna sto
�llo se qrìno dt ja prèpei na taxidèyoume me thn taqÔthta tou fwtìc. Gia ta qwroeid¸c
qwrismèna ja prèpei na p�me akìmh pio gr gora, en¸ thn kosmik  diadrom  an�mesa de
dÔo qronoeid¸c qwrismèna shmeÐa ja mporoÔse na thn kalÔyei opoiod pote s¸ma me mh
mhdenik  m�za hremÐac.

O gewmetrikìc tìpoc twn shmeÐwn pou eÐnai fwtoeid¸c qwrismèna, apì èna shmeÐo P
onom�zetai k¸noc fwtìc tou shmeÐou P. Ta fwtìnia kinoÔntai sta ìria tou k¸nou kai
k�je �llo swmatÐdio Ôlhc ja èprepe anagkastik� na epilèxei mia jèsh sto eswterikì tou.
'Etsi o k¸noc fwtìc kajorÐzei tic aitiakèc sqèseic twn gegonìtwn kai twn di�forwn
shmeÐwn sto qwroqrìno. Opoiod pote fainìmeno   gegonìc den mporeÐ na èqei proklhjeÐ
apì èna �llo to opoÐo brÐsketai èxw apì ton pareljontikì tou k¸no fwtìc kai antÐstoiqa
den mporeÐ na prokalèsei kanèna apì ta gegonìta pou brÐskontai èxw apì ton mellontikì
tou k¸no fwtìc.
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Kef�laio 3

Genik  Sqetikìthta

3.1 Sust mata Anafor�c - Arq  thc IsodunamÐac

Sthn eidik  sqetikìthta ègine h apaÐthsh pwc fusik  eÐnai Ðdia se ìla ta adraneiak� su-
st mata anafor�c. All� ti to xeqwristì èqoun aut� ta sust mata? GiatÐ oi nìmoi thc
fÔshc na exartìntai apì to sÔsthma anafor�c tou parathrht  touc, kai na mhn eÐnai ka-
jolik� Ðdioi gia ìlouc? Ta adraneiak� sust mata èqoun parìmoio rìlo me thn idèa tou
apìlutou qrìnou tou NeÔtwna. Upodhlwnoun ìti up�rqei èna protimhtèo sÔsthma gia na
epilèxoume. O Einstein  jele na epekt nei thn eidik  sqetikìthta ètsi ¸ste na sumpe-
ril�bei mèsa sthn jewrÐa kai ta mh-adraneiak� sust mata kai autì ton od ghse se mÐa
jewrÐa gia thn barÔthta.

Ac skeftoÔme dÔo peript¸seic ìpou èqoume èna s¸ma m�zac m mèsa se èna diasth-
mìploio. Sthn pr¸th perÐptwsh to diasthmìploio eÐnai akÐnhto sthn epif�neia thc ghc. H
mình dÔnamh pou askeÐtai sto s¸ma eÐnai to b�roc tou lìgw tou barutikoÔ pedÐou thc ghc.

F ≡ w = mg (3.1)

Sth deÔterh perÐptwsh, to diasthmìploio brÐsketai sto di�sthma makri� apì k�je eÐdouc
barutikì pedÐo pou mporeÐ na proklhjeÐ apì k�poion plan th   �llou eÐdouc antikeÐmeno,
all� epitaqÔnetai me a = g = 9, 80m

s2
. Sto s¸ma m ja dr�sei p�li mÐa dÔnamh

F = ma = mg = w (3.2)

lìgw thc epit�qunshc tou diasthmoploÐou. Epomènwc h m�za m pou eÐnai akÐnhth sto
diasthmìploio, upì thn parousÐa barutikoÔ pedÐou, ni¸jei thn Ðdia dÔnamh me thn m�za
pou brÐsketai se èna epitaqunìmeno diasthmìploio, qwrÐc ìmwc thn parousÐa barÔthtac.
'Ara up�rqei k�poia susqètish metaxÔ twn epitaqunìmenwn susthm�twn anafor�c kai thc
barÔthtac. MporoÔme na dhmiourg soume   na exaleÐyoume thn epÐdrash thc barÔthtac
dialègontac èna kat�llhla epitaqunìmeno sÔsthma suntetagmènwn. Me b�sh di�fora, noh-
tik�   ìqi, peir�mata ìpwc to parap�nw mporeÐ kaneÐc na sumper�nei pwc èna epitaqunìmeno
sÔsthma anafor�c eÐnai isodÔnamo, me èna adraneiakì sÔsthma sto opoÐo up�rqei barutikì
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pedÐo. H teleutaÐa prìtash eÐnai gnwst  kai wc Arq  thc IsodunamÐac. Mèsa apì
aut  thn arq  o Einstein odhg jhke apì th melèth twn mh adraneiak¸n susthm�twn se
mÐa jewrÐa barÔthtac.

3.2 Tanustèc k' Pollaplìthtec

Gia na mporèsoume na perigr�youme thn ènnoia tou kampulwmènou q¸rou qreiazìmaste
èna majhmatikì ergaleÐo pou onom�zetai pollaplìthta. QwrÐc na thn orÐsoume austhr�,
anafèroume pwc mia n− di�stath pollaplìthta, èstw M , eÐnai ènac q¸roc n− diast�se-
wn gia k�je shmeÐo tou opoÐou mporoÔme na orÐsoume mia n−�da pragmatik¸n arijm¸n
x1, x2, . . . , xn pou ja èqoun to rìlo twn suntetagmènwn, dhlad  na up�rqoun apeikonÐseic
apì thn pollaplìthta ston Rn . H pollaplìthta den kalÔptetai apì èna sÔsthma su-
ntetagmènwn aparaÐthta all� oÔte kai up�rqei k�poio protimhtèo sÔsthma. Sth pr�xh
èqoume mÐa sullog  susthm�twn pou ef�ptontai to kajèna se k�poio shmeÐo thc pol-
laplìthtac kai kalÔptoun mÐa perioq  thc. Stic perioqèc ìpou up�rqei allhlepik�luyh
apì ta sust mata, mporoÔme tic suntetagmènec enìc shmeÐou wc proc to èna sÔsthma, xµ

me µ = 1 . . . n, na tic ekfr�soume sunart sei twn suntetagmènwn tou wc proc to �llo
sÔsthma xµ

′
me exis¸seic thc morf c

xµ
′

= xµ
′
(x1, x2, . . . , xn) (3.3)

all� kai tic antÐstrofèc touc

xµ = xµ(x1′ , x2′ , . . . , xn
′
) (3.4)

Ta dianÔsmata sth G.J.S.(aut¸n twn efaptìmenwn susthm�twn) orÐzontai genik� wc
x = xµeµ, ìpou xµ eÐnai oi sunist¸sec tou dianÔsmatoc kai eµ ta dianÔsmata b�shc
tou sust matoc pou èqoume epilèxei1. Ta dianÔsmata aut� onom�zontai antalloÐwta kai
oi sunist¸sec touc metasqhmatÐzontai wc [4] [5]

xµ
′

=
∂xµ

′

∂xν
xν = Λµ

′
ν x

ν (3.5)

'Opou sumbolÐzoume me Λµ
′
ν èna metasqhmatismì thc om�dac Lorentz giatÐ prèpei na diathreÐ

ta qwroqrìnik� m kh. Opìte prèpei to sunolikì di�nusma na meÐnei analloÐwto. Gia na
isqÔei autì ja prèpei na isqÔei ìti

x = xµ
′
eµ′ = xνeν = Λνµ′x

µ′eν (3.6)

gia k�je tim  twn xµ
′
. Epomènwc ta dianÔsmata b�shc metasqhmatÐzontai wc

eµ′ = Λνµ′eν

1QrhsimopoieÐtai h sÔmbash �jroishc Einstein
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dhlad  antÐstrofa apì tic sunist¸sec2.

'Ena �llo eÐdoc dianusm�twn eÐnai ta sunalloÐwta dianÔsmata pou gr�fontai x = xµe
µ.

Oi deÐktec eÐnai an�poda giatÐ ta dianÔsmata aut� an koÔn se èna diaforetikì dianusmatikì
q¸ro (gia ton opoÐo èqoume epilèxei wc b�sh thn {eµ} ) o opoÐoc onom�zetai duðkìc q¸roc
kai h b�sh tou sqetÐzetai me aut n tou arqikoÔ q¸rou mèsw thc sqèshc eµeν = δνµ . Aut�
metasqhmatÐzontai wc

xµ′ =
∂xν

∂xµ′
xν = Λνµ′xν (3.7)

dhlad  antÐstrofa apì ta antalloÐwta. To eswterikì ginìmeno enìc sunaloÐwtou kai enìc
antalloÐwtou dianÔsmatoc ja d¸sei èna pragmatikì arijmì lìgw tou idiot twn an�mesa
ston arqikì dianusmatikì q¸ro kai ton duðkì tou. 'Ara an sumbolÐsoume ton arqikì
mac q¸ro wc V kai to duðkì tou wc V ∗ tìte mporoÔme na ermhneÔsoume to sunalloÐwto
di�nusma wc mÐa apeikìnish apì ton duðkì q¸ro stouc pragmatikoÔc dhlad 

xµ ∈ V ⇐⇒ xµ : V ∗ → R

Gia èna tuqaÐo X ∈ V to opoÐo dra se èna stoiqeÐo Y ∈ V ∗ mporoÔme na gr�youme

X(Y ) = XµeµYνe
ν = XµYνeµe

ν = XµYνδ
ν
µ = XµYµ ∈ R

AntÐstoiqa, to antalloÐwto to ermhneÔoume wc apeikìnish apì ton arqikì q¸ro stouc
pragmatikoÔc

xµ ∈ V ∗ ⇐⇒ xµ : V → R

'Opou
Y (X) = Yνe

νXµeµ = . . . = XµYµ ∈ R

kai to eswterikì ginìmeno, èstw ston V , wc apeikìnish pou dèqetai san ìrisma dÔo stoiqeÐa
apì ton V kai ta apeikonÐzei sto R [1]

(·, ·) : V × V → R

Autèc oi treic majhmatikèc ontìthtec an koun se mÐa pio genik  kathgorÐa gewmetrik¸n
antikeimènwn, touc tanustèc kai lème ìti eÐnai antÐstoiqa, tanÔstec t�xhc (1,0), (0,1), kai
(0,2). Genikìtera ènac tanust c t�xhc-(n,m) eÐnai mia grammik  apeikìnish

T : V ∗×V ∗× ...×V ∗︸ ︷︷ ︸
n

× V×V ...×V︸ ︷︷ ︸
m

→ R (3.8)

Opìte h t�xh tou tanust  kajorÐzetai apì to pìsa stoiqeÐa paÐrnei wc eÐsodo apì ton
k�je q¸ro.

2Λνµ′ =
(

Λµ
′
ν

)−1

. H logik  eÐnai ìti, èstw pwc metasqhmatÐzoume thn b�sh me to Λνµ′ , all� oi suni-

st¸sec den all�zoun opìte to di�nusma ��akoloujeÐ�� th metasqhmatismènh b�sh kai den mènei analloÐwto.
Epomènwc prèpei na dr�sei ènac antÐstrofoc metasqhmatismìc stic sunist¸sec ètsi ¸ste to sunolikì
di�nusma na ��gurÐsei pÐsw�� kai meÐnei en tèlei analloÐwto.
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3.3 Metrik 

H exÐswsh (2.9) mporeÐ na grafteÐ se pio genik  morf  wc

ds2 = dxµdxµ ≡
∑
µ,ν

gµνdx
µdxν ≡ gµνdxµdxν

=
(
cdt dx dy dz

)
−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




cdt
dx
dy
dz

 (3.9)

= − (cdt)2 + dx2 + dy2 + dz2 (3.10)

'Opou gµν eÐnai h metrik  tou ek�stote qwroqrìnou kai sth sugkekrimènh perÐptwsh

gµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (3.11)

H metrik  genik� eÐnai ènac pÐnakac eswterikoÔ ginomènou tou q¸rou mac kai deÐqnei tic
sqèseic metaxÔ twn dianusm�twn b�shc kai orÐzei thn ènnoia tou mètrou ston dianusma-
tikì mac q¸ro. Ousiatik� qarakthrÐzei th stoiqei¸dh apìstash metaxÔ dÔo shmeÐwn. H
aplìtht� thc ed¸ wfeÐletai sto gegonìc ìti èqoume jewr sei epÐpedo qwroqrìno. EÐnai
diag¸nia epeid  h b�sh tou q¸rou eÐnai orjog¸nia.

Apì th sqèsh(3.9) blèpoume pwc h metrik  ephre�zei thn èkfrash thc stoiqei¸douc a-
pìstashc metaxÔ twn shmeÐwn. Ston trisdi�stato EukleÐdio q¸ro h apìstash duo shmeÐwn
dÐnetai apì

ds2 = dx2 + dy2 + dz2 (3.12)

An onom�soume tic kartesianèc suntetagmènec wc x = x1,y = x2 kai z = x3 tìte h
parap�nw sqèsh gÐnetai

ds2 =
(
dx1
)2

+
(
dx2
)2

+
(
dx3
)2

(3.13)

Stic N diast�seic ja eÐqame kartesianèc suntetagmènec xi me i = 1, 2, . . . , N . Se k�poio
�llo sÔsthma anafor�c, tou opoÐou oi suntetagmènec sundèontai me tou arqikoÔ me mÐa

sqèsh thc morf c xµ
′

= xµ
′
(x1, x2, . . . , xN ), h apìstash profan¸c den ja all�xei all�

ja perigr�fetai apì mÐa diaforetik  sqèsh. H stoiqei¸dhc apìstash dxµ ja metablhjeÐ
wc

dxµ =
∑
α

∂xµ

∂xα′
dxα

′
(3.14)

opìte to stoiqei¸dec m koc parap�nw, sto nèo sÔsthma ja p�rei mia pio sÔnjeth morf 
me ìrouc thc morf c (dxi

′
)2 all� kai dxi

′
dxj

′
.

'Ara h pio genik  graf  tou stoiqei¸douc m kouc ja eÐnai

ds2 = gµ′ν′dx
µ′dxν

′
= gαβdx

αdxβ (3.15)
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Antikajist¸ntac sthn teleutaÐa sqèsh ta dxµ katal goume sto ìti

gµ′ν′ =
∂xα

∂xµ′
∂xβ

∂xν′
gαβ (3.16)

Epeid  to gµν metasqhmatÐzetai me autì ton trìpo katalabaÐnoume pwc eÐnai ènac sunal-
loÐwtoc tanust c deutèrac t�xhc.

Genik� jèloume h orÐzousa thc metrik c na eÐnai di�forh tou mhdenìc3 ètsi ¸ste na
up�rqei kai h antÐstrofh metrik  gµν . H sqèsh pou sundèei tic sunist¸sec touc eÐnai

gµνgνσ = gλµgλσ = δµσ (3.17)

'Allh mia shmantik  idiìthta thc metrik c eÐnai ìti mac bohj�ei na apeikonÐsoume ta sunal-
loÐwta dianÔsmata se antalloÐwta kai to antÐstrofo

g(·, X) = gµνX
µ = Xν (3.18)

g(Y, ·) = gµνYµ = Y ν (3.19)

3.4 SunalloÐwth Par�gwgoc

O trìpoc na orÐsoume èna dianusmatikì pedÐo eÐnai na antistoiqÐsoume se k�je shmeÐo
tou q¸rou èna di�nusma. AntÐstoiqa an orÐsoume èna tanust  se k�je shmeÐo ja èqoume
orÐsei èna tanustikì pedÐo. Genik� h parag¸ghsh enìc tanustikoÔ pedÐou den dÐnei èna nèo
tanustikì pedÐo kai autì eÐnai prìblhma. Qrei�zetai na orÐsoume mia ��nèa�� par�gwgo h
opoÐa ìtan efarmìzetai se tanustèc na dÐnei tanustèc. 'Enac akìmh lìgoc pou qreiazìmaste
èna nèo orismì thc parag¸gou eÐnai pwc plèon asqoloÔmaste me kampulwmènouc q¸rouc.
Ston epÐpedo q¸ro h par�gwgoc mac deÐqnei pwc teÐnei na metablhjeÐ to di�nusma apì tì èna
shmeÐo sto �llo. Se èna kampÔlo q¸ro prèpei h par�gwgoc na èqei kai thn plhroforÐa
thc allag c tou Ðdiou tou q¸rou lìgw thc kampÔlws c tou, pèra apì thn allag  tou
dianÔsmatoc apì mìno tou.

Ac jewr soume èna sunalloÐwto dianusmatikì pedÐoXα kat� m koc thc kampÔlhc xα(u)
p�nw sthn pollaplìthta, sto shmeÐo P ìpou to u eÐnai eleÔjerh par�metroc thc kampÔlhc.

3g ≡ det(gµν) 6= 0
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Up�rqei èna epiplèon di�nusma Xα(xα + δxα) orismèno sto shmeÐo xα + δxα(shmeÐo Q).
Me b�sh ta parap�nw èqoume

Xα(x+ δx) = Xα(x) + δXα (3.20)

Ja orÐsoume thn sunalloÐwth par�gwgo mèsa apì dÔo b mata [13]

� K�noume par�llhlh metafor� tou arqikoÔ dianÔsmatoc Xα apì to shmeÐo P sto
shmeÐo sto telikì shmeÐo Q kai lamb�noume to di�nusma Xα+δ̄Xα. Aut  h metafor�
eÐnai pou krÔbei thn plhroforÐa gia thn kampÔlwsh tou q¸rou.

� BrÐskoume th diafor� metaxÔ tou metatopismènou dianÔsmatoc kai tou telikoÔ h
opoÐa eÐnai

[Xα + δXα]−
[
Xα + δ̄Xα

]
(3.21)

OrÐzoume t¸ra thn sunalloÐwth par�gwgo mèsw tou orÐou

∇cXα = lim
δxc→0

1

δxc
[
δXα(x)− δ̄Xα(x)

]
(3.22)

Diaisjhtik� loipìn, h sunalloÐwth par�gwgoc enìc tanust  proc mia sugkekrimènh ka-
teÔjunsh, metr�ei to pìso èqei all�xei o tanust c se sqèsh me autì pou ja  tan, an
tou eÐqame k�nei par�llhlh metatìpish [5]. MporeÐ na apodeiqjeÐ ìti h metabol  enìc
sunalloÐwtou dianÔsmatoc kat� thn par�llhlh metafor� eÐnai

δ̄Xα(x) = −Γαbc(x)Xb(x)δxc (3.23)

'Opou ta Γαbc onom�zontai sÔmbola Christoffel kai orÐzontai mèsw thc metrik c

Γαbc =
1

2
gαλ (gλb,c + gλc,b − gbc,λ) (3.24)

H sqèsh (3.22) ja gÐnei t¸ra

∇cXα = lim
δxc→0

1

δxc

[
∂Xα(x)

∂xc
δxc + Γαbc(x)Xb(x)δxc

]
(3.25)

Opìte h sunalloÐwth par�gwgoc isoÔtai me

∇cXα = ∂cX
α + ΓαbcX

b (3.26)

O pr¸toc ìroc wfeÐletai sthn metabol  tou tou dianusmatikoÔ pedÐou apì to xα sto xα+
δxα, kai o deÔteroc ìroc sthn metabol  twn dianusm�twn b�shc Endeiktik� anafèroume
pwc h sunalloÐwth par�gwgoc enìc sunalloÐwtou dianÔsmatoc eÐnai

∇cXα = ∂cXα − ΓbαcX
b (3.27)

kai h par�gwgoc enìc bajmwtoÔ pedÐou isoÔtai me klassik  par�gwgì tou

∇cφ = ∂cφ (3.28)
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autì giatÐ ta bajmwt� pedÐa den ephre�zontai apì thn kampulìthta tou q¸rou, epeid  den
èqoun dianusmatikì qarakt ra.

Sthn genikìterh perÐptwsh ìpou paragwgÐzoume èna tanust  an¸terhc t�xhc me su-
nalloÐwtouc kai antalloÐwtouc deÐktec, gia k�je �nw deÐkth prostÐjetai kai ènac ìroc kai
gia k�je k�tw deÐkth afaireÐtai ìpwc faÐnetai parak�tw

∇cT a...b... = ∂cT
a...
b... + ΓadcT

d...
b... + . . .− ΓdbcT

a...
d... − . . . (3.29)

3.5 Kampulìthta

Sthn prohgoÔmenh enìthta eÐdame pwc h par�llhlh metafor� enìc dianÔsmatoc se èna
kampÔlo q¸ro prokaleÐ mÐa metabol  sto di�nusma an�logh twn sumbìlwn Christoffel4.
MporeÐ na deiqjeÐ pwc h par�llhlh metafor� tou dianÔsmatoc kat� m koc miac kleist c
kampÔlhc ja to metab�llei kat� mia posìthta an�logh enìc tanust  tet�rthc t�xhc, tou
tanust  Riemann [5]. O tanust c Riemann apoteleÐ jemeli¸dec mègejoc thc gewme-
trÐac Riemann epeid  kajorÐzei me monadikì trìpo thn kampulìthta enìc q¸rou. 'Otan
o tanust c autìc eÐnai mhdèn shmaÐnei pwc o q¸roc eÐnai epÐpedoc 5. OrÐzetai apì ton
metajèth

RαbcdX
b ≡ (∇c∇d −∇d∇c)Xα (3.30)

Qrhsimopoi¸ntac tic sqèseic gia thn sunalloÐwth parag¸ghsh èqoume

(∇c∇d −∇d∇c)Xα =∇c
(
∂dX

α + ΓαdbX
b
)
−∇d

(
∂cX

α + ΓαcbX
b
)

=∂c

(
∂dX

α + ΓαdbX
b
)
− Γ

(
∂eX

α + ΓαebX
b
)

+ Γαce

(
∂dX

e + ΓedbX
b
)

− ∂d
(
∂cX

α + ΓαcbX
b
)

+ Γedc

(
∂eX

α + ΓαebX
b
)
− Γαde

(
∂cX

e + ΓecbX
b
)

=∂c∂dX
α + Γαdb∂cX

b + ∂cΓ
α
dbX

b − Γecd∂eX
α − ΓecdΓ

α
ebX

b

+ Γαce∂dX
e + ΓαceΓ

e
dbX

b − ∂d∂cXα − Γαcb∂dX
b − ∂dΓαcbXb

+ Γedc∂eX
α + ΓedcΓ

α
ebX

b − Γαde∂cX
e − ΓαdeΓ

e
cbX

b

All�zoume touc bouboÔc deÐktec apì e se b ston èkto kai ton dèkatotrÐto ìro kai qrhsimo-
poi¸ntac thn summetrÐa twn sumbìlwn Christoffel6 wc proc touc k�tw deÐktec, lamb�noume
ton tanust  Riemann sunart sei twn sumbìlwn Christoffel.

Rαbcd = ∂cΓ
α
bd − ∂dΓαbc + ΓebdΓ

α
ec − ΓebcΓ

α
ed (3.31)

4Sqèsh (3.23)
5Kai an mil�me gia qwroqrìno, eÐnai Minkowski
6To sntisummetrikì mèroc twn sumbìlwn Christoffel, èstw T abc = Γabc − Γacb onom�zetai tanust c

strèyhc(torsion tensor). Sta plaÐsia thc ergasÐac mènoume se q¸rouc gia touc opoÐouc isqÔei ìti
Γabc = Γacb.
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Mèsa apì ton tanust  kampulìthtac bgaÐnoun duo akìma shmantik� megèjh gia thn ge-
nik  sqetikìthta, o tanust c Ricci, opoÔ eÐnai kai autì èna mègejoc pou perigr�fei thn
kampulìthta tou q¸rou, kai to Ricci scalar.

Rab = Rcacb = gcdRdacb tanust c Ricci (3.32)

R = gabRab Ricci scalar (3.33)

AutoÐ oi dÔo tanustèc qrhsimopoioÔntai gia na oristeÐ o tanust c Einstein

Gab = Rab −
1

2
gabR (3.34)

3.6 ExÐswsh Einstein

Oi exis¸seic thc G.J.S. sundèoun thn kampÔlothta tou qwroqrìnou me thn katanom  thc
Ôlhc   enèrgeiac. Gia thn majhmatik  diatÔpwsh thc kampulìthtac  tan aparaÐthth h
epèktash thc EukleÐdiac gewmetrÐac se Riemann-ia kai o orismìc tou tanust  kampulìth-
tac tou Riemann. Gia thn pl rh diatÔpwsh thc jewrÐac gÐnetai h eisagwg  tou tanust 
orm c-enèrgeiac opoÐoc eÐnai ènac trìpoc èkfrashc thc katanom c thc ulo-enèrgeiac. Ton
sumbolÐzoume me Tµν . Ta barutik� pedÐa perigr�fontai mèsa ap'thn gewmetrÐa kai kat�
sunèpeia th metrik  kai ta mh-barutik� pedÐa apì ton Tµν .

An den up�rqei m�za   enèrgeia sto q¸ro trigÔrw tìte ja eÐnai epÐpedoc kai ja mhde-
nÐzetai o tanust c Riemann to opoÐo me th seir� tou shmaÐnei ìti

Rdacb = 0→ gcdRdacb = 0→ Rcacb = 0→ Rab = 0
·gab−−→ R = 0 (3.35)

'Ara ja mhdenÐzetai olìklhroc o tanust c Einstein

Gab = Rab −
1

2
gabR = 0 (3.36)

Gia parousÐa m�zac ja èqoume Rdacb 6= 0 opìte mporoÔme na jewr soume ìti

Rab = Xab kai (3.37)

Rab −
1

2
gabR = Tab (3.38)

Apì thn tautìthta Bianchi ìmwc, prèpei na isqÔei ìti

∇b
(
Rab − 1

2
gabR

)
= 0→ ∇bT ab = 0 (3.39)

H exÐswsh (3.39) prèpei na isqÔei gia k�je tanust  pou proèrqetai apì thn parousÐa m�zac
diaforetik� shmaÐnei pwc eÐnai l�joc h exÐswsh (3.38). Oi exis¸seic Einstein gr�fontai
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en tèlei wc

Gab =
8πG

c4
Tab (3.40)

Rab −
1

2
gabR =

8πG

c4
Tab (3.41)

To aristerì komm�ti perigr�fei thn kampulìthta kai to dexi� thn parousÐa Ôlhc   enèrgeiac
sto q¸ro. O ìroc 8πTab dÐnei thn puknìthta kai thn rìh thc enèrgeiac kai thc orm c pou
ofeÐletai se otid pote �llo ektìc thc barÔthtac, dhlad  sthn parousÐa Ôlhc, m�zac, H/M
pedÐwn klp. Oi sunist¸sec T a0 dÐnoun thn puknìthta kai oi T ai (i = 1, 2, 3) thn ro .

18



Kef�laio 4

LÔseic exis¸sewn Einstein

4.1 LÔsh Schwarzschild

Y�qnoume th metrik  tou qwroqrìnou , èxw apì èna statikì, sfairik� summetrikì s¸ma
, aktÐnac R kai m�zac M . H metrik  ja kajorÐsei to stoiqeÐo m kouc tou q¸rou kai apì
ekeÐ, thn gewmetrÐa tou. O Karl Schwarzschild  tan o pr¸toc pou br ke aut  th lÔsh gia
tic ex.Einstein.

H metrik  tou epÐpedou qwroqrìnou se sfairikèc suntetagmènec eÐnai

ds2 =
∑
µ

∑
ν

gµνdx
µdxν ≡ gµνdxµdxν = dt2 − dr2 − r2dθ2 − r2 sin2 θdφ2 (4.1)

ds2 =
(
dt dr dθ dφ

)
g00 0 0 0
0 g11 0 0
0 0 g22 0
0 0 0 g33




dt
dr
dθ
dφ


Ston kampulwmèno qwroqrìno ,h metrik  ja eÐnai diaforetik  kai h genikeumènh morf  tou
stoiqeÐou m kouc ja eÐnai

ds2 = gµνdx
µdxν = Udt2 − V dr2 −Wr2dθ2 −Xr2 sin2 θdφ2 (4.2)

Idiìthtec pou prèpei na ikanopoieÐ h lÔsh :

� Sfairik  summetrÐa: 'Oloi oi suntelestèc U,V,W,X prèpei na eÐnai anex�rthtoi
apì ta θ kai φ. EpÐshc, ta W kai X prèpei na eÐnai Ðsa , ètsi ¸ste na mhn mporoÔme
na xeqwrÐsoume tic duo gwnÐec metaxÔ touc. MporoÔme na jèsoume kai ta dÔo Ðsa me
th mon�da , qwrÐc bl�bh thc genikìthtac.

� Statikìthta: 'Oloi oi suntelestèc U,V,W,X prèpei na eÐnai anex�rthtoi tou

qrìnou kai epomènwc ja isqÔei ìti ∂gµν∂t = 0, ∀µ, ν
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� Kenì: AfoÔ y�qnoume thn kampÔlwsh , èxw apì to s¸ma , shmaÐnei pwc briskìma-
ste sto kenì , ìpou den up�rqei m�za/enèrgeia �ra o tanust c enèrgeiac-ìrmhc ja
eÐnai mhdenikìc dhlad  Tµν = 0, ∀µ, ν

Me b�sh tic parap�nw idiìthtec, to stoiqeÐo m kouc ja p�rei thn genik  morf :

ds2 = gµνdx
µdxν = U(r)dt2 − V (r)dr2 − r2dθ2 − r2 sin2 θdφ2 (4.3)

Opìte, oi sunist¸sec thc metrik c t¸ra, eÐnai:

g00 = U(r) , g11 = −V (r) , g22 = −r2 , g33 = −r2 sin2 θ

kai h exÐswsh tou Einstein ja gÐnei :

Rµν −
1

2
gµνR =

8πG

c4
Tµν = 0 (4.4)

Se autì to shmeÐo, xèroume thn genik  morf  pou prèpei na èqei to stoiqeÐo m kouc,
dhl�dh h gewmetrÐa tou qwroqrìnou . Me b�sh aut  thn genik  morf  kai tic paradoqèc
pou èginan sthn arq  , ja upologÐsoume pr¸ta , ta sÔmbola Christoffel , sth sunèqeia
tic sunist¸sec tou tanust  Ricci (Rµν) , mèsa apì autìn to Ricci scalar (R) kai tìte ja
eÐmaste se jèsh na lÔsoume thn exÐswsh Einstein kai na broÔme thn morf  twn U(r), V (r).
Tìte to stoiqeÐo m kouc ja èqei kajoristeÐ pl rwc.

SÔmbola Christoffel

H exÐswsh twn sumbìlwn Christoffel sunart sei thc metrik c eÐnai:

Γµνσ =
1

2
gµλ (gλν,σ + gλσ,ν − gνσ,λ) (4.5)

ìpou qrhsimopoieÐtai o sumbolismìc gµλ,σ ≡
∂gµλ
∂xσ

1. Gia µ = 0 èqoume:

Γ0
νσ =

1

2
g0λ (gλν,σ + gλσ,ν − gνσ,λ)

λ=0
=

1

2
g00 (g0ν,σ + g0σ,ν − gνσ,0) (4.6)

Sthn exÐswsh (4.6) to λ ja eÐnai mhdèn gia k�je tim  twn ν kai σ , epeid  sthn
metrik  mac , ìloi oi m -diag¸nioi ìroi eÐnai mhdenikoÐ.

� Γ0
00 = 1

2g
00 (g00,0 + g00,0 − g00,0) = 0 , epeid  lìgw statikìthtac k�je qronik 

par�gwgoc eÐnai mhdèn.

� Γ0
0i = 1

2g
00 (g00,i + g0i,0 − g0i,0) =


1
2g

00g00,1 = 1
2U(r)

∂U(r)
∂r gia i = 1

1
2g

00g00,2 = 0 gia i = 2
1
2g

00g00,3 = 0 gia i = 3

Opìte Γ0
0i = Γ0

01 = Γ0
10 = 1

2U(r)
∂U(r)
∂r , i = 1
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� Γ0
ij = 1

2g
00 (g0i,j + g0j,i − gij,0) = 1

2g
00 (g0i,j + g0j,i) = 0

AfoÔ gia i, j = 1, 2, 3 ,ìla ta g0i, g0j eÐnai ektìc diagwnÐou , �ra mhdenik�.
Epomènwc , gia i, j = 1, 2, 3 : Γ0

ij = 0

2. Gia µ = 1 èqoume:

Γ1
νσ =

1

2
g1λ (gλν,σ + gλσ,ν − gνσ,λ)

λ=1
=

1

2
g11 (g1ν,σ + g1σ,ν − gνσ,1) (4.7)

'Opou to λ = 1 aut  th for� , gia ton Ðdio lìgo me prohgoumènwc.

� Γ1
00 = 1

2g
11 (g10,0 + g10,0 − g00,1) = −1

2g
11g00,1 = −1

2

(
− 1
V (r)

)
∂rU(r) = 1

2V (r)∂rU(r)

� Γ1
0i = 1

2g
11 (g10,i + g1i,0 − g0i,1) = 1

2g
11g1i,0 = 1

2g
11g11,0 =

1
2

(
− 1
U(r)

)
∂t (−U(r)) = 0

� Γ1
ij(i 6=j) = 1

2g
11 (g1i,j + g1j,i − gij,1)

−Γ1
12 = 1

2g
11 (g11,2 + g12,1 − g12,1) = 1

2g
11g11,2 = 0

−Γ1
13 = 1

2g
11 (g11,3 + g13,1 − g13,1) = 1

2g
11g11,3 = 0

−Γ1
23 = 1

2g
11 (g12,3 + g13,2 − g23,1) = 0

� Γ1
ij(i=j) = 1

2g
11 (g1i,j + g1j,i − gij,1)

−Γ1
11 = 1

2g
11 (g11,1 + g11,1 − g11,1) = 1

2g
11g11,1 = − 1

2V (r)∂r (−V (r)) = 1
2V (r)∂rV (r)

−Γ1
22 = 1

2g
11 (g12,2 + g12,2 − g22,1) = −1

2g
11g22,1 = 1

2V (r)∂r
(
−r2

)
= − r

V (r)

−Γ1
33 = 1

2g
11 (g13,3 + g13,3 − g33,1) = −1

2g
11g33,1 = 1

2V (r)∂r
(
−r2 sin2 θ

)
=

− r sin2 θ
V (r)

3. Gia µ = 2 èqoume:

Γ2
νσ =

1

2
g2λ (gλν,σ + gλσ,ν − gνσ,λ)

λ=2
=

1

2
g22 (g2ν,σ + g2σ,ν − gνσ,2) (4.8)

� Γ2
00 = 1

2g
22 (g20,0 + g20,0 − g00,2) = −1

2g
22g00,2 = 1

2V (r)∂θU(r) = 0

� Γ2
0i = 1

2g
22 (g20,i + g2i,0 − g0i,2) = 1

2g
22g2i,0 = 1

2

(
− 1
r2

)
∂t
(
−r2

)
= 0

� Γ2
ij(i 6=j) = 1

2g
22 (g2i,j + g2j,i − gij,2)
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−Γ2
12 = 1

2g
22 (g21,2 + g22,1 − g12,2) = 1

2g
22g22,1 = 1

2

(−1
r2

)
∂r
(
−r2

)
= 1

r

−Γ2
13 = 1

2g
22 (g21,3 + g23,1 − g13,2) = 0

−Γ2
23 = 1

2g
22 (g22,3 + g23,2 − g23,2) = 1

2g
22g22,3 = 1

2

(−1
r2

)
∂φ
(
−r2

)
= 0

� Γ2
ij(i=j) = 1

2g
22 (g2i,i + g2i,i − gii,2)

−Γ2
11 = 1

2g
22 (g21,1 + g21,1 − g11,2) = 1

2g
22 (g11,2) = 0

−Γ2
22 = 1

2g
22 (g22,2 + g22,2 − g22,2) = 0

−Γ2
33 = 1

2g
22 (g23,3 + g23,3 − g33,2) = −1

2g
22g33,2 = −1

2

(−1
r2

)
∂θ
(
−r2 sin2 θ

)
=

− sin θ cos θ

4. Gia µ = 3 èqoume:

Γ3
νσ =

1

2
g3λ (gλν,σ + gλσ,ν − gνσ,λ)

λ=3
=

1

2
g33 (g3ν,σ + g3σ,ν − gνσ,3) (4.9)

� Γ3
00 = 1

2g
33 (g30,0 + g30,0 − g00,3) = −1

2g
33g00,3 = −1

2

(
−1

r2 sin2 θ

)
∂U(r)
∂φ = 0

� Γ3
0i = 1

2g
33 (g30,i + g3i,0 − g0i,3) = −1

2g
33g0i,3 = −1

2g
33g00,3 = 0

� Γ3
ij(i 6=j) = 1

2g
33 (g3i,j + g3j,i − gij,3) = 1

2g
33 (g3i,j + g3j,i)

−Γ3
12 = 1

2g
33 (g31,2 + g32,1 − g12,3) = 0

−Γ3
13 = 1

2g
33 (g31,3 + g33,1 − g13,3) = −1

2

(
1

r2 sin2 θ

)
∂r
(
−r2 sin2 θ

)
= 1

r

−Γ3
23 = 1

2g
33 (g32,3 + g33,2 − g23,3) = 1

2g
33g33,2 = 1

2

(
−1

r2 sin2 θ

)
∂θ
(
−r2 sin2 θ

)
= cos θ

sin θ

� Γ3
ij(i=j) = 1

2g
33 (g3i,i + g3i,i − gii,3)

−Γ3
11 = 1

2g
33 (g31,1 + g31,1 − g11,3) = 0

−Γ3
22 = 1

2g
33 (g32,2 + g32,2 − g22,3) = 0
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−Γ3
33 = 1

2g
33 (g33,3 + g33,3 − g33,3) = 1

2g
33g33,3 = 1

2

(
−1

r2 sin2 θ

)
∂φ

(
−1

r2 sin2 θ

)
= 0

SÔnoyh apotelesm�twn , sumbìlwn Christoffel :

Γ0
νσ : Γ0

01 = Γ0
10 = 1

2U(r)
∂U(r)
∂r

Γ1
νσ : Γ1

00 = 1
2V (r)∂rU(r) Γ1

11 = 1
2V (r)∂rV (r) Γ1

22 = − r
V (r) Γ1

33 = − r sin2 θ
V (r)

Γ2
νσ : Γ2

12 = Γ2
21 = 1

r Γ2
33 = − sin θ cos θ

Γ3
νσ : Γ3

13 = Γ3
31 = 1

r Γ3
23 = Γ3

32 = cos θ
sin θ = cot θ

Tanust c Ricci

T¸ra pou upologÐsame ìla ta sÔmbola Christoffel ,mporoÔme na broÔme tic sunist¸sec
tou tanust  Ricci .

Kampulìthta Riemann: Rβνρσ = Γβνσ,ρ − Γβνρ,σ + ΓανσΓβαρ − ΓανρΓ
β
ασ

Tanust c Ricci: Rµν ≡ Rβµβν = −Rβµνβ = −
{

Γβµν,β − Γβµβ,ν + ΓαµνΓβαβ − ΓαµβΓβαν

}
Parak�tw , upologÐzoume ta Rβµνβ kai ìqi ta Rβµβν ìpwc ja èprepe kanonik�. Dhlad ,
ìla ta Rµν pou upologÐzoume eÐnai me antÐjeta ta prìshma ap' ìti ja èprepe, all� sthn
sugkekrimènh perÐptwsh den mac peir�zei. Epeid  h exÐswsh einstein eÐnai Rµν −
1
2gµνR = 0 , upologÐzontac ta −Rµν ja broÔme kai to Ricci scalar me antÐjeto prìshmo,
ìpìte ìlh h exÐswsh ja gÐnei −Rµν + 1

2gµνR = 0 pou profan¸c den mac peir�zei .

P�me na broÔme pr¸ta ta m  diag¸nia stoiqeÐa

1. Rµν ∀ µ 6= ν :

• Rµν =Γβµν,β − Γβµβ,ν + ΓαµνΓβαβ − ΓαµβΓβαν

=Γ0
µν,0 − Γ0

µ0,ν + ΓαµνΓ0
α0 − Γαµ0Γ0

αν+

Γ1
µν,1 − Γ1

µ1,ν + ΓαµνΓ1
α1 − Γαµ1Γ1

αν+

Γ2
µν,2 − Γ2

µ2,ν + ΓαµνΓ2
α2 − Γαµ2Γ2

αν+

Γ3
µν,3 − Γ3

µ3,ν + ΓαµνΓ3
α3 − Γαµ3Γ3

αν
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µ = 0 , ν = i = 1, 2, 3 :

• R0i =Γβ0i,β − Γβ0β,i + Γα0iΓ
β
αβ − Γα0βΓβαi

=Γ0
0i,0 − Γ0

00,i + Γα0iΓ
0
α0 − Γα00Γ0

αi+

Γ1
0i,1 − Γ1

01,i + Γα0iΓ
1
α1 − Γα01Γ1

αi+

Γ2
0i,2 − Γ2

02,i + Γα0iΓ
2
α2 − Γα02Γ2

αi+

Γ3
0i,3 − Γ3

03,i + Γα0iΓ
3
α3 − Γα03Γ3

αi

=0− 0 + 0− Γα00Γ0
αi+

0− 0 + 0− 0+

0− 0 + 0− 0+

0− 0 + 0− 0

=0

i 6= j , i, j = 1, 2, 3 :

• Rij =Γβij,β − Γβiβ,j + ΓαijΓ
β
αβ − ΓαiβΓβαj

=Γ0
ij,0 − Γ0

i0,j + ΓαijΓ
0
α0 − Γαi0Γ0

αj+

Γ1
ij,1 − Γ1

i1,j + ΓαijΓ
1
α1 − Γαi1Γ1

αj+

Γ2
ij,2 − Γ2

i2,j + ΓαijΓ
2
α2 − Γαi2Γ2

αj+

Γ3
ij,3 − Γ3

i3,j + ΓαijΓ
3
α3 − Γαi3Γ3

αj

=0− 0 + 0− 0+

0− 0 + 0− 0+

Γ2
12,2 − 0 + 0− 0+

0− 0 + ΓαijΓ
3
α3 − Γαi3Γ3

αj

=
∑
α

ΓαijΓ
3
α3 − Γαi3Γ3

αj

=Γ2
ijΓ

3
23 − Γ3

i3Γ3
3j

Ta parap�nw Christoffel up�rqoun mìno gia i = 1, j = 2   i = 2, j = 1. O
tanust c Ricci ìmwc, eÐnai summetrikìc , epomènwc , ìpoio zeÔgoc tim¸n kai na
dialèxoume , ja d¸sei Ðdio apotèlesma.

R12 = Γ3
13Γ3

32 − Γ2
12Γ3

23 =
1

r

cos θ

sin θ
− 1

r

cos θ

sin θ
= 0 = R21
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Opìte Rij(i 6=j) = 0 ∀ i, j = 1, 2, 3

2. Rµν ∀ µ = ν :

µ = ν = 0 :

• R00 =Γβ00,β − Γβ0β,0 + Γα00Γβαβ − Γα0βΓβα0

=Γ0
00,0 − Γ0

00,0 + Γα00Γ0
α0 − Γα00Γ0

α0+

Γ1
00,1 − Γ1

01,0 + Γα00Γ1
α1 − Γα01Γ1

α0+

Γ2
00,2 − Γ2

02,0 + Γα00Γ2
α2 − Γα02Γ2

α0+

Γ3
00,3 − Γ3

03,0 + Γα00Γ3
α3 − Γα03Γ3

α0

=0 + Γ1
00,1 − Γα01Γ1

α0 + Γα00Γ1
α1+

0− 0 + Γα00Γ2
α2 − 0+

0− 0 + Γα00Γ3
α3 − 0

=Γ1
00,1 − Γ0

01Γ1
00 + Γ1

00Γ1
11 + Γ1

00Γ2
12 + Γ1

00Γ3
13

=∂r

(
1

2V (r)
∂rU(r)

)
−
(

1

2U
∂rU

)(
1

2V
∂rU

)
+

(
1

2V
∂rU

)(
1

2V
∂rV

)
+

(
1

2V
∂rU

)
1

r
+

(
1

2V
∂rU

)
1

r

=
U ′′

2V
− U ′V ′

2V 2
− U ′

2V

(
U ′

2U
+
V ′

2V

)
+
U ′

rV
=
U ′′

2V
− U ′V ′

2V 2
− (U ′)2

4UV
+
U ′V ′

4V 2
+
U ′

rV

'Ara R00 = U ′′

2V −
U ′V ′

2V 2 − (U ′)2

4UV + U ′V ′

4V 2 + U ′

rV ìpou U ′ = ∂rU

µ = ν = 1 :

• R11 =Γβ11,β − Γβ1β,1 + Γα11Γβαβ − Γα1βΓβα1

=Γ0
11,0 − Γ0

10,1 + Γα11Γ0
α0 − Γα10Γ0

α1+

Γ1
11,1 − Γ1

11,1 + Γα11Γ1
α1 − Γα11Γ1

α1+

Γ2
11,2 − Γ2

12,1 + Γα11Γ2
α2 − Γα12Γ2

α1+

Γ3
11,3 − Γ3

13,1 + Γα11Γ3
α3 − Γα13Γ3

α1
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=0− Γ0
10,1 + Γα11Γ0

α0 − Γα10Γ0
α1+

0− Γ2
12,1 + Γα11Γ2

α2 − Γα12Γ2
α1+

0− Γ3
13,1 + Γα11Γ3

13 − Γα13Γ3
α1

=− ∂r
(

1

2U
∂rU

)
−
(

1

2U
∂rU

)2

+

(
1

2V
∂rV

)(
1

2U
∂rU

)
− ∂r

(
1

r

)
−
(

1

r

)2

+

(
1

2V
∂rV

)
1

r
− ∂r

(
1

r

)
−
(

1

r

)2

+

(
1

2V
∂rV

)
1

r

=− U ′′

2U
+

(U ′)2

4U2
+
U ′V ′

4UV
+
V ′

rV

'Opote R11 = −U ′′

2U + (U ′)2

4U2 + U ′V ′

4UV + V ′

rV

µ = ν = 2 :

• R22 =Γβ22,β − Γβ2β,2 + Γα22Γβαβ − Γα2βΓβα2

=Γ0
22,0 − Γ0

20,2 + Γα22Γ0
α0 − Γα20Γ0

α2+

Γ1
22,1 − Γ1

21,2 + Γα22Γ1
α1 − Γα21Γ1

α2+

Γ2
22,2 − Γ2

22,2 + Γα22Γ2
α2 − Γα22Γ2

α2+

Γ3
22,3 − Γ3

23,2 + Γα22Γ3
α3 − Γα23Γ3

α2

=0− 0 + Γα22Γ0
α0 − 0+

Γ1
22,1 − 0 + Γα22Γ1

α1 − Γα21Γ1
α2+

0− 0 + Γα22Γ2
α2 − Γα22Γ2

α2+

0− Γ3
23,2 + Γα22Γ3

α3 − Γα23Γ3
α2

=0− 0 + Γ1
22Γ0

10 − 0

Γ1
22,1 − 0 + Γ1

22Γ1
11 − Γ2

21Γ1
22+

0− 0 + Γ1
22Γ2

12 − Γ1
22Γ2

12+

0− Γ3
23,2 + Γ1

22Γ3
13 − Γ3

23Γ3
32
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= Γ1
22Γ0

10 + Γ1
22,1 − Γ2

21Γ1
22 + Γ1

22Γ1
11 − Γ1

22Γ2
12 + Γ1

22Γ2
12 − Γ3

23,2 − Γ3
23Γ3

32 + Γ1
22Γ3

13

=

(
−r
V

)(
U ′

2V

)
+ ∂r

(
−r
V

)
−
(
−r
V

)
1

r
+

(
−r
V

)(
V ′

2V

)
−
(
−r
V

)
1

r
+

(
−r
V

)
1

r

− ∂θ
(

cos θ

sin θ

)
−
(

cos θ

sin θ

)2

+

(
V ′

2V

)
1

r

= − rU ′

2UV
− 1

V
+
rV ′

2V 2
+ 1

'Ara br kame ìti R22 = − rU ′

2UV −
1
V + rV ′

2V 2 + 1

µ = ν = 3 :

• R33 =Γβ33,β − Γβ3β,3 + Γα33Γβαβ − Γα3βΓβα3

=Γ0
33,0 − Γ0

30,3 + Γα33Γ0
α0 − Γα30Γ0

α3+

Γ1
33,1 − Γ1

31,3 + Γα33Γ1
α1 − Γα31Γ1

α3+

Γ2
33,2 − Γ2

32,3 + Γα33Γ2
α2 − Γα32Γ2

α3+

Γ3
33,3 − Γ3

33,3 + Γα33Γ3
α3 − Γα33Γ3

α3

=0− 0 + Γα33Γ0
α0 − 0+

Γ1
33,1 − 0 + Γα33Γ1

α1 − Γα31Γ1
α3+

Γ2
33,2 − 0 + Γα33Γ3

α3 − Γα32Γ2
α3

=0− 0 + Γ1
33Γ0

10 − 0+

Γ1
33,1 − 0 + Γ1

33Γ1
11 − Γ3

31Γ1
33+

Γ2
33,2 − 0 + Γ1

33Γ3
13 − Γ3

32Γ2
33

= Γ1
33Γ0

10 + Γ1
33,1 − Γ3

31Γ1
33 + Γ1

33Γ1
11 + Γ2

33,2 − Γ3
32Γ2

33 + Γ1
33Γ3

13

=

(
r sin2 θ

V

)(
U ′

2U

)
+ ∂r

(
−r sin2 θ

V

)
− 1

r

(
−r sin2 θ

V

)
+

(
−r sin2 θ

V

)(
V ′

2V

)
+ ∂θ (− sin θ cos θ) +

(
cos θ

sin θ

)
(− sin θ cos θ) +

(
−r sin2 θ

V

)
1

r

=

{
− rU ′

2UV
− 1

V
+
rV ′

2V 2
+ 1

}
sin2 θ
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Dhlad  , R33 =
{
− rU ′

2UV −
1
V + rV ′

2V 2 + 1
}

sin2 θ = R22 sin2 θ

SÔnoyh apotelesm�twn , tanust  Ricci :

R00 = U ′′

2V −
U ′V ′

2V 2 − (U ′)2

4UV + U ′V ′

4V 2 + U ′

rV

R11 = −U ′′

2U + (U ′)2

4U2 + U ′V ′

4UV + V ′

rV

R22 = − rU ′

2UV −
1
V + rV ′

2V 2 + 1

R33 =
{
− rU ′

2UV −
1
V + rV ′

2V 2 + 1
}

sin2 θ = R22 sin2 θ

Ricci Scalar

R = gµνRµν = Rµµ = Rνν (4.10)

AjroÐzoume sta µ kai ν

R = gµνRµν =g00R00 + g01R01 + g02R02 + . . .+ g10R10 + g11R11 + . . .+ g32R32 + g33R33

=g00R00 + g11R11 + g22R22 + g33R33

=
1

U

(
U ′′

2V
− U ′V ′

2V 2
− (U ′)2

4UV
+
U ′V ′

4V 2
+
U ′

rV

)
− 1

V

(
−U

′′

2U
+

(U ′)2

4U2
+
U ′V ′

4UV
+
V ′

rV

)
− 1

r2

(
− rU ′

2UV
− 1

V
+
rV ′

2V 2
+ 1

)
− 1

r2 sin2 θ

(
− rU ′

2UV
− 1

V
+
rV ′

2V 2
+ 1

)
sin2 θ

=
U ′′

2UV
− U ′V ′

4UV 2
− (U ′)2

4U2V
+

U ′

rUV
+

U ′′

2UV
− (U ′)2

4U2V
− U ′V ′

4UV 2
− V ′

rV 2
+

U ′

2rUV

− V ′

2rV 2
+

1

r2V
− 1

r2
+

U ′

2rUV
− V ′

2rV 2
+

1

r2V
− 1

r2

R =
U ′′

UV
− U ′V ′

2UV 2
− (U ′)2

2U2V
+

2U ′

rUV
− 2V ′

rV 2
− 2

r2

(
1− 1

V

)

T¸ra , eÐmaste se jèsh na lÔsoume thn exÐswsh Einstein, h opoÐa , ìpwc anafèrame kai
sthn arq  , sto kenì gr�fetai:

Rµν −
1

2
gµνR = 0
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Ja lÔsoume thn exÐswsh mìno gia µ = ν = 0, 1, 2, 3 , afoÔ gia µ 6= ν tìte gµν = 0,
epomènwc kai Rµν = 0.

µ = ν = 0 :

• R00 −
1

2
g00R = 0 =⇒

− U ′′

2V
+
U ′V ′

2V 2
+

(U ′)2

4UV
− U ′V ′

4V 2
− U ′

rV

− U

2

[
− U

′′

UV
+

U ′V ′

2UV 2
+

(U ′)2

2U2V
− 2U ′

rUV
+

2V ′

rV 2
+

2

r2

(
1− 1

V

)]
= 0 =⇒

− U

r2V
+
U

r2
+
V ′U

rV 2
= 0 =⇒ U

(
−1

r2V
+

1

r2
+

V ′

rV 2

)
= 0 =⇒ − 1

r2

(
1

V
− 1

)
+

V ′

rV 2
= 0 =⇒

1

r2

(
1− 1

V

)
+

V ′

rV 2
= 0 (4.11)

µ = ν = 1 :

• R11 −
1

2
g11R = 0 =⇒

U ′′

2U
− (U ′)2

4U2
− U ′V ′

4UV
− V ′

rV

+
V

2

[
− U

′′

UV
+

U ′V ′

2UV 2
+

(U ′)2

2U2V
− 2U ′

rUV
+

2V ′

rV 2
+

2

r2

(
1− 1

V

)]
= 0 =⇒

− U ′

rUV
+

1

r2

(
1− 1

V

)
= 0 (4.12)

µ = ν = 2 :

• R22 −
1

2
g22R = 0 =⇒

rU ′

2UV
+

1

V
− rV ′

2V 2
− 1

+
r2

2

[
− U

′′

UV
+

U ′V ′

2UV 2
+

(U ′)2

2U2V
− 2U ′

rUV
+

2V ′

rV 2
+

2

r2

(
1− 1

V

)]
= 0 =⇒

−U
′

U
+
V ′

V
− rU ′′

U
+
rU ′V ′

2UV
+
r(U ′)2

2U2
= 0 (4.13)

µ = ν = 3 :

• R33 −
1

2
g33R = 0 =⇒ R22 +

r2

2
R = 0
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H teleutaÐa exÐswsh exart�tai apì thn (4.13).LÔnoume pr¸ta thn exÐswsh (4.11), pou eÐnai
mÐa diaforik  tou V (r) pr¸tou bajmoÔ wc proc to r kai èqoume:

1

r2

(
1− 1

V

)
+

V ′

rV 2
= 0 −→ 1

r

[
V ′

V 2
+

1

r

(
V − 1

V

)]
= 0 −→

1

rV

[
V ′

V
+

1

r
(V − 1)

]
= 0 −→ V ′

V
= −1

r
(V − 1) −→ V ′

V (1− V )
= −1

r
−→

1

V (V − 1)

dV

dr
= −1

r
−→ dV

−V + V 2
= −dr

r
(4.14)

Kai qrhsimopoiìntac thn idiìthta
∫

dx
ax+bx2

= − 1
a ln

(
a+bx
x

)
ln

(
−1 + V

V

)
= − ln r + C −→ ln

(
V − 1

V

)
= ln

1

r
+ C −→ V − 1

V
=

1

r
eC

eC=Ĉ−→

V − 1

V
=
Ĉ

r
−→ 1

V
= 1− Ĉ

r
−→ V (r) =

1

1− Ĉ
r

(4.15)

Kai t¸ra antikajistoÔme to , gnwstì plèon V (r), sthn exÐswsh (4.12)

− U ′

rUV
+

1

r2

(
1− 1

V

)
= 0 −→ − U

′

Ur

(
Ĉ

r

)
+

1

r2

(
1− 1 +

Ĉ

r

)
= 0 −→

− U
′

rU

(
r − Ĉ
r

)
+
Ĉ

r3
= 0 −→ 1

r2

[
−U

′

U
(r − Ĉ) +

Ĉ

r

]
= 0 −→ −U

′

U
(r − Ĉ) +

Ĉ

r
= 0 −→

U ′

U
=

Ĉ

r(r − Ĉ)
−→ 1

U

dU

dr
=

Ĉ

r2 − rĈ
−→

∫
dU

U
=

∫
Ĉdr

−rĈ + r2
−→

lnU = Ĉ

[
1

Ĉ
ln

(
−Ĉ + r

r

)]
−→ U =

−Ĉ + r

r
−→ U(r) = 1− Ĉ

r
(4.16)

AfoÔ br kame ta U(r) kai V (r) , ta antikajistoÔme sthn metrik  mac kai to nèo stoiqeÐo
m kouc ja eÐnai:

ds2 = gµνdx
µdxν (4.17)

= U(r)dt2 − V (r)dr2 − r2dθ2 − r2 sin2 θdφ2 (4.18)

ds2 =

(
1− Ĉ

r

)
dt2 −

(
1

1− Ĉ
r

)
dr2 − r2dθ2 − r2 sin2 θdφ2 (4.19)

Se autì to shmeÐo prèpei na prosdiorÐsoume thn stajer� Ĉ sunart sei k�poiac fusik c
posìthtac. Autì mporeÐ na gÐnei apì tic oriakèc sunj kec. Sthn sugkekrimènh perÐptwsh
gia r →∞ ja prèpei h lÔsh na an�getai sthn Neut¸neia h opoÐa leèi ìti

g00 = 1 +
2Φ

c2
(4.20)
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'Opou Φ = −GM
r eÐnai to Neut¸neio dunamikì gia thn perÐptwsh thc sfairik c summetrÐac.

Epomènwc ja prèpei na isqÔei ìti

1− Ĉ

r
= 1 +

2Φ

c2
→ 1− Ĉ

r
= 1− 2GM

rc2

H parap�nw sqèsh ikanopoieÐtai gia

Ĉ =
2GM

c2
(4.21)

Kai h telik  morf  tou tou stoiqeÐou m kouc ja eÐnai

ds2 =

(
1− 2GM

rc2

)
c2dt2 −

(
1

1− 2GM
rc2

)
dr2 − r2dθ2 − r2 sin2 θdφ2 (4.22)

Aut  h lÔsh onom�zetai metrik  Schwarschild. O antÐstoiqoc pÐnakac thc metrik c
eÐnai

gµν =


(
1− 2GM

rc2

)
0 0 0

0 −
(
1− 2GM

rc2

)−1
0 0

0 0 −r2 0
0 0 0 r2 sin2 θ

 (4.23)

H posìthta 2GM
rc2

deÐqnei ton bajmì apìklishc thc gewmetrÐac apì aut  tou Minkowski.

Gia ton 'Hlio ìpou M⊙ ≈ 2× 1033gr kai R⊙ = 696× 103km èqoume 2GM
rc2
≈ 4× 10−6 ,

�ra oi sqetikistikèc diorj¸seic eÐnai mikrèc akìmh kai gÔrw apì thn epif�neia tou 'Hliou.
Gia s¸mata ìpwc oi astèrec netronÐwn oi diorj¸seic autèc eÐnai thc t�xhc tou ∼ 0.3−0.5.
Genik� ìtan o lìgoc 2GM

rc2
≈ 1 tìte oi sqetikistikèc diorj¸seic gÐnontai shmantikèc.

H parap�nw metrik  perigr�fei th gewmetrÐa tou qwroqrìnou sto kenì gia k�je sfairi-
k  barutik  phg . De qrei�zetai aparaÐthta na einai statik . Ja mporoÔse na anafèretai
kai se èna astèri pou katarrèei summetrik�. To gegonìc ìti h metrik  Schwarschild eÐnai
h monadik , sfairik� summetrik , lÔsh twn exis¸sewn Einstein sto kenì eÐnai gnwstì wc
je¸rhma Birkhoff.

EpÐshc parathroÔme pwc gia M → 0 o q¸roc gÐnetai Minkowski. 'Oso pio mikr  m�za
tìso pio mikr  kampÔlwsh. 'Allh mia perÐptwsh pou h metrik  gÐnetai Minkowski eÐnai
ìtan r →∞. Q¸roi me aut  thn idiìthta onom�zontai asumptwtik� epÐpedoi.

To shmantikì sthn exÐswsh (4.22) eÐnai na doÔme ti sumbaÐnei gia r = 0 kai r =
2GM ìpou apeirÐzontai oi suntelestèc tou qronikoÔ kai aktinikoÔ ìrou. 'Enac trìpoc gia
na exet�soume thn gewmetrÐa eÐnai mèsw twn aitiak¸n sqèsewn twn shmeÐwn ìpwc autèc
kajorÐzontai apì touc k¸nouc fwtìc. Gia na doÔme pwc sumperifèretai ènac k¸noc fwtìc,
sunart sei thc apìstashc apì thn m�za M , kai gia mia sugkekrimènh gwnÐa1, jètoume

1 'Etsi ki alli¸c lìgw sfairik c summetrÐac, h kampulìthta kai morf  twn k¸nwn fwtìc den ja
exart�tai apì tic gwnÐec.
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ds2 = 0 kai jewroÔme ta θ kai φ stajerèc. 'Etsi èqoume

ds2 = 0 =

(
1− 2GM

rc2

)
c2dt2 −

(
1− 2GM

rc2

)−1

dr2 −→ dt

dr
= ±

(
1− 2GM

rc2

)−1

H teleutaÐa sqèsh deÐqnei thn kl sh twn k¸nwn sto epÐpedo (t, r). Gia meg�la r èqoume
dt
dr = ±1, en¸ gia r → 2GM h klÐsh gÐnetai dt

dr → ±∞ kai oi k¸noi ��steneÔoun�� ìpwc
faÐnetai sthn parak�tw eikìna.2 Dhlad  mia aktÐna fwtìc teÐnei asumptwtik� proc to

r = 2GM all� deÐqnei na mh ft�nei potè ekeÐ. 'Opwc ja doÔme parak�tw aut  eÐnai mia
l�joc ermhneÐa h opoÐa ofeÐletai sto sÔsthma anafor�c pou èqoume epilèxei. Epeid  oi
suntelestèc thc metrik c exart¸ntai apì to sÔsthma suntetagmènwn pou epilègoume, eÐnai
pijanì na mporoÔme na apofÔgoume touc apeirismoÔc apl� all�zontac sÔsthma anafor�c
ìpwc ja doÔme sth sunèqeia.

Gia r < 2GM ta prìshma tou qronikoÔ kai aktinikoÔ ìrou sthn exÐswsh (4.22) al-
l�zoun kai mazÐ touc kai h shmasÐa twn suntetagmènwn. H t suntetagmènh gÐnetai qwroei-
d c kai h r qronoeid c. Lìgw autoÔ o k¸noc fwtìc ja uposteÐ mia anastrof  kat� k�poio
trìpo, ìpwc faÐnetai sthn parak�tw eikìna, kai ìla ta swmatÐdia se aut  th perioq  ja
kinhjoÔn proc to r = 0. Prokeimènou na xeperasteÐ h perÐergh sumperifor� tou k¸nou,
ja mproÔsame na all�xoume thn suntetagmènh tou qrìnou ètsi ¸ste na ��akoloujeÐ tic
fwtoeideÐc gewdaitikèc��. Gia tic fwtoeideÐc gewdaitikèc isqÔei ìti

ds2 = 0→ dt2 =

(
1− 2GM

rc2

)−2

dr2 (4.24)

Jètoume

dr̃2 =

(
1− 2GM

rc2

)−2

dr2 (4.25)

'Etsi ¸ste oi fwtoeid c na upakoÔn thn apl  sqèsh

dt2 = dr̃2 → dt

dr̃
= ±1

2Gia r = 2GM oi k¸noi èqoun stenèyei tìso pou praktik� èqoun gÐnei grammèc, dhlad  oi genèteirec
twn k¸nwn (eujeÐec gia tic opoÐec isqÔei ds2 = 0, kajorÐzoun ta ìria tou k¸nou) èqoun tautisteÐ kai
epomènwc opoiod pote fwteinì s ma den mporeÐ na diafÔgei all� mènei st�simo sthn epif�neia r = 2GM .
'Ara mporoÔme na jewr soume thn sfairik  epif�neia r = 2GM wc mia fwtoeid  epif�neia.

32



. LÔnontac thn parap�nw sqèsh kai apait¸ntac ta r̃ kai r na eÐnai an�loga brÐskoume

r̃ = r +
2GM

c2
ln

∣∣∣∣ rc2

2GM
− 1

∣∣∣∣ (4.26)

Apì ta prohgoÔmena blèpoume ìti gia tic fwtoeideÐc gewdaitikèc pou exèrqontai ja isqÔei

dt2 = dr̃2 → t = r̃ + c→ t− r̃ = c1 (4.27)

kai gia tic eiserqìmenec

dt2 = dr̃2 → t = −r̃ + c→ t+ r̃ = c2 (4.28)

ìpou c1, c2 stajerèc. Jètoume loipìn

u = t− r̃
v = t+ r̃

Oi suntetagmènec Eddington-Finkelstein sundèontai me tic sfairikèc mèsw twn sqèsewn

r̃ = r +
2GM

c2
ln

∣∣∣∣ rc2

2GM
− 1

∣∣∣∣ (4.29)

t = t̃, θ = θ̃, φ = φ̃

u = t− r̃, v = t+ r̃

'Etsi èqoume

dr̃

dr
=

(
1− 2GM

rc2

)−1

(4.30)

kai

du = dt− dr̃ → dt = dr̃ + du =
dr(

1− 2GM
rc2

) + du (4.31)

kai h metrik  paÐrnei thn morf 

ds2 = −
(

1− 2GM

rc2

)
du2 − 2dudr + r2dΩ2 (4.32)

X�na qrhsimopoi¸ntac th sqèsh (4.30) èqoume

dv = dt+ dr̃ → dt = dv − dr(
1− 2GM

rc2

) (4.33)

epomènwc se autèc tic suntetagmènec h metrik  gr�fetai

ds2 = −
(

1− 2GM

rc2

)
dv2 + 2dvdr + r2dΩ2 (4.34)
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Ousiastik� oi dÔo parap�nw metrikèc eÐnai orismènec antÐstoiqa stic perioqèc
0 < r < 2GM kai r > 2GM lìgw tou orismoÔ tou r̃. MporoÔme ìmwc na broÔme mia koin 
morf  thc se ìlo to q¸ro. Xekin�me apì th sqèsh

v = r̃ + t→ t = v − r̃ → dt2 − dr̃2 = dv2 − 2dvdr̃ = dv2 − 2dvdr̃
dr

dr
→

dt2 − dr̃2 = dv2 − 2dvdr

(
1− 2GM

rc2

)−1

→

−
(

1− 2GM

rc2

)(
dt2 − dr̃2

)
= −

(
1− 2GM

rc2

)
dv2 + 2dvdr (4.35)

AntÐstoiqa t¸ra paÐrnoume thn exÐswsh

u = t− r̃ → dt2 − dr̃2 = du2 + 2dudr̃ → dt2 − dr̃2 = du2 + 2dudr

(
1− 2GM

rc2

)−1

→

−
(

1− 2GM

rc2

)(
dt2 − dr̃2

)
= −

(
1− 2GM

rc2

)
du2 − 2dudr (4.36)

Apì tic sqèseic (4.36) kai (4.35) h metrik  Schwarzschild mporeÐ na grafeÐ kai gia tic dÔo
perioqèc r < 2M kai r > 2M wc

ds2 = −
(

1− 2GM

rc2

)
dv2 + 2dvdr + r2dΩ2 (4.37)

Blèpoume ìti an kai gvv = 0 gia r = 2GM den up�rqei anwmalÐa sto sÔsthma suntetag-
mènwn epeid  det(gµν) = −r4 sin2 θ 6= 0 3 sto r = 2GM kai gi�utì perimènoume oi k¸noi
fwtìc na metab�llontai omal�.

Gia tic fwtoeideÐc gewdaitikèc èqoume thn exÐswsh

ds2 = 0 =⇒ −
(

1− 2GM

rc2

)
dv2 + 2dvdr = 0 (4.38)

h opoÐa èqei tic dÔo lÔseic

dv = 0→ v = constant (4.39)

dv

dr
= 2

(
1− 2GM

rc2

)−1

(4.40)

H pr¸th anafèretai se fwteinèc aktÐnec kinoÔmenec aktinik� proc to kèntro [1], afoÔ
kaj¸c to t aux�nei to r ja mei¸netai ètsi ¸ste to v na mènei stajerì. H deÔterh exÐswsh
mporeÐ na grafeÐ wc

dv = 2

(
1− 2GM

rc2

)−1

dr → dv = 2dr̃ → v = 2r̃ + c→ (4.41)

v − 2

(
r +

2GM

c2
ln

∣∣∣∣ rc2

2GM
− 1

∣∣∣∣) = constant (4.42)

3Kai sto prohgoÔmeno sÔsthma suntagmènwn h orÐzousa eÐnai −r4 sin2 θ all� orÐzetai pantoÔ ektìc
apì to r = 2GM
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To apotèlesma eÐnai mia exÐswsh kampÔlhc p�nw sthn opoÐa kinoÔntai oi fwteinèc aktÐnec.
Gia meg�la r h sqèsh (4.41) gÐnetai

v − r̃ = r̃ + c→ t = r̃ + c→ t ≈ r + c (4.43)

opìte oi fwteinèc aktÐnec makrÐa thc melan c op c ja kinoÔntai aktinik� proc ta èxw.
AntÐstoiqa gia r < 2GM to r ellat¸netai me aÔxhsh tou v, �ra kai tou t.

Mia akìma lÔsh thc (4.38) eÐnai h kampÔlh r = 2GM . EÐnai statik  lÔsh kai perigr�fei
aktÐnec pagideumènec sthn epif�neia r = 2GM .

Opìte, parìlo pou oi k¸noi fwtìc de steneÔoun ìpwc prin, deÐqnoun na gèrnoun proc
to kèntro thc maÔrhc trÔpac kaj¸c to r mei¸netai ètsi ¸ste gia r < 2GM ìla ta mello-
ntik� gegonìta eÐnai sthn kateÔjunsh ìpou to r mei¸netai. Dhlad  ìtid pote per�sei thn
epif�neia r = 2GM den mporeÐ na thn xanadiasqÔsei kai na bgeÐ èxw. EÐnai anagkasmèno
na kinhjeÐ proc to r = 0. 'Enac apomakrusmènoc parathrht c den ja dei èna antikeÐmeno na
pèftei mèsa sthn op  all� antÐjeta, h eikìna tou antikeimènou ja ��pag¸sei�� ston orÐzo-
nta twn gegonìtwn kai ja sb sei stadiak�. 'Ola aÔta fti�qnoun to parak�tw di�gramma

Parìla aut� parathroÔme pwc gia r = 0 to prìblhma paramènei, opìte èqoume èna lìgo
parap�nw na pisteÔoume pwc up�rqei qwroqronik  anwmalÐa(singularity) sto r = 0. Ja
mporoÔsame na y�qnoume sust mata suntetagmènwn mèqri na broÔme èna pou ja mac aÐrei
thn anwmalÐa(an up�rqei) all� up�rqei pio gr goroc trìpoc na m�joume ti sumbaÐnei.

An up�rqei ìntwc anwmalÐa sto r = 0 tìte h kampulìthta ja prèpei na apeirÐzetai ekeÐ.
All� h kampulìthta metr�tai mèsw tou tanust  Riemann kai ed¸ up�rqei èna prìblhma.
Anafèrame parap�nw ìti oi suntelestèc thc metrik c exartìntai apì to sÔsthma anafor�c
pou èqoume epilèxei kai autì isqÔei gia tic sunist¸sec opoioud pote tanust . Opìte eÐnai
dÔskolo na katal�boume pìte apeirÐzontai qwrÐc na ftaÐei to sÔsthma anafor�c. All�
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mporoÔme mèsw tou tanust  kampulìthtac na fti�xoume bajmwtèc posìthtec oi opoÐec
eÐnai anex�rthtec twn suntetagmènwn kai ètsi na èqei nìhma na doÔme to an apeirÐzontai  
ìqi. H pio apl  tètoia posìthta eÐnai to Ricci scalar R = gµνRµν . MpopoÔme profan¸c na
fti�xoume kai �llec bajmwtèc posìthtec apì tanustèc an¸terhc t�xhc ìpwc RµνρσRµνρσ.
An k�poia apì autèc tic posìthtec(ìqi aparaÐthta ìlec touc) teÐnei sto �peiro kaj¸c
prosseggÐzoume èna shmeÐo, tìte ja jewroÔme autì to shmeÐo wc qwroqronik  anwmalÐa
lìgw thc �peirhc kampulìthtac. Sthn sugkekrimènh perÐptwsh upologÐzoume

RµνρσRµνρσ =
12G2M2

r6
(4.44)

kai to apotèlesma autì eÐnai arketì gia na peistoÔme ìti ìntwc sto shmeÐo r = 0 èqoume
singularity en¸ par�llhla epalhjeÔei kai to ìti gia r = 2GM den èqoume.

'Ena �llo gnwstì sÔsthma suntetagmènwn eÐnai oi Kruskal-Szekerz (U, V, θ, φ) oi
opoÐec sundèontai me tic arqikèc apì touc metasqhmatismoÔc

V = ev/4M , U = −eu/4M (4.45)

ìpou jèsame c = G = 1. Ta v kai u orÐzontai opwc stic (4.29) . To stoiqeÐo m kouc
(4.22) se autì to sÔsthma gr�fetai

ds2 = −32M3

r
e−r/2MdUdV + r2dΩ (4.46)

to opoÐo gia r = 2M den parousi�zei apeirismoÔc pou eÐnai akìmh mia apìdeixh pwc h
arqik  anwmalÐa wfeilìtan sthn epilog  tou sust matoc anafor�c.

4.2 LÔsh Reissner-Nördstrom

'Opwc kai sto prohgoÔmeno kef�laio anazhtoÔme th gewmetrÐa tou qwroqrìnou, èxw apì
èna mh peristrefìmeno, sfairik� summetrikì s¸ma, aktÐnac R, m�zac M kai sunolikoÔ
hlektrikoÔ fortÐou Q . Gia ton epÐpedo qwroqrìno, h metrik  se sfairikèc suntetagmènec
eÐnai

ds2 =
∑
µ

∑
ν

gµνdx
µdxν ≡ gµνdxµdxν = −dt2 + dr2 + r2dθ2 + r2 sin2 θdφ2 (4.47)

'Opwc eÐdame kai me th metrik  Schwarzschild , lìgw sfairik c summetrÐac, h genik  morf 
thc metrik c se kampulwmèno qwroqrìno eÐnai:

ds2 = −e2a(r,t)dt2 + e2b(r,t)dr2 + r2dθ2 + r2 sin2 θdφ2 (4.48)

H mình diafor� eÐnai ìti qrhsimopoi same ta ekjetik� , gia thn genik  morf  twn sunte-
lest¸n pou jèloume na prosdoiorÐsoume4.

4Qrhsimopoi jhkan ta U(r, t) kai V (r, t).Par' ìla aut� , ja mporoÔsame na lÔsoume thn exÐswsh kai
me qr sh ekjetik¸n.
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'Opwc kai prohgoumènwc, prèpei na lÔsoume thn exÐswsh tou Einstein :

Rµν −
1

2
gµνR =

8πG

c4
Tµν (4.49)

'Omwc t¸ra , lìgw thc parousÐac tou fortÐou, ja qrhsimopoi soume ton tanust  orm c-
enèrgeiac tou hlektromagnhtismoÔ

Tµν = FµρF
ρ
ν −

1

4
gµνFρσF

ρσ (4.50)

MporeÐ na mhn up�rqei Ôlh, all� up�rqei enèrgeia , sth perioq  gÔro apì th maÔrh trÔpa
, gia thn opoÐa lÔnoume thn exÐswsh. To Fµν eÐnai o tanust c èntashc tou hlektromagnh-
tikoÔ pedÐou kai dÐnetai apì ton, gnwstì, tÔpo:

Fµν = ∂µAν − ∂νAµ (4.51)

Ta pedÐa , sundèontai me tic sunist¸sec tou tanust  mèsw twn parak�tw sqèsewn:

Ei = cF0i , Bi = ∂jAk − ∂kAj (4.52)

Akoloujìntac thn Ðdia nootropÐa me thn metrik  Schwarzschild , gia na lÔsoume thn e-
xÐswsh Einstein , prèpei na broÔme ta sÔmbola Christoffel kai mèsw aut¸n ta Rµν kai R.
Sth sunèqeia , na upologÐsoume ton tanust  Tµν me th bo jeia tou Fµν .

SÔmbola Christoffel

H exÐswsh twn sumbìlwn Christoffel sunart sei thc metrik c eÐnai:

Γµνσ =
1

2
gµλ (gλν,σ + gλσ,ν − gνσ,λ) (4.53)

ìpou qrhsimopoieÐtai o sumbolismìc gµλ,σ ≡
∂gµλ
∂xσ

1. Gia µ = 0 èqoume:

Γ0
νσ =

1

2
g0λ (gλν,σ + gλσ,ν − gνσ,λ)

λ=0
=

1

2
g00 (g0ν,σ + g0σ,ν − gνσ,0) (4.54)

� Γ0
00 = 1

2g
00 (g00,0 + g00,0 − g00,0) = 1

2g
00g00,0 = 1

2
−1

e2a(r,t)
d
dt

(
−e2a(r,t)

)
= da(r,t)

dt

� Γ0
0i = 1

2g
00 (g00,i + g0i,0 − g0i,0) = 1

2g
00g00,i , i = 1, 2, 3

−Γ0
01 = 1

2g
00g00,1 = 1

2
−1
e2a

d
dr

(
−e2a

)
= da(r,t)

dr

−Γ0
02 = 1

2g
00g00,2 = 0

−Γ0
03 = 1

2g
00g00,3 = 0
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JumÐzoume pwc ta Γabc eÐnai summetrik� wc proc touc k�tw deÐktec , opìte t¸ra
, èqoume upologÐsei kai ta Γ0

10,Γ
0
20,Γ

0
30

� Γ0
ij = 1

2g
00 (g0i,j + g0j,i − gij,0) , i, j = 1, 2, 3

−Γ0
11 = 1

2g
00 (g01,1 + g01,1 − g11,0) = −1

2g
00g11,0 = −1

2
−1
e2a

d
dt

(
e2b(r,t)

)
= e2(b−a) db(r,t)

dt

−Γ0
12 = 1

2g
00 (g01,2 + g02,1 − g12,0) = 0

−Γ0
13 = 1

2g
00 (g01,3 + g03,1 − g13,0) = 0

−Γ0
21 = Γ0

12

−Γ0
22 = 1

2g
00 (g02,2 + g02,2 − g22,0) = −1

2g
00g22,0 = 1

2

(−1
e2a

) (
−d(r2)

dt

)
= 0

−Γ0
23 = 1

2g
00 (g02,3 + g03,2 − g23,0) = 0

−Γ0
31 = 1

2g
00 (g03,1 + g01,3 − g31,0) = 0

−Γ0
32 = Γ0

23

−Γ0
33 = 1

2g
00 (g03,3 + g03,3 − g33,0) = −1

2g
00g33,0 = 0

2. Gia µ = 1 èqoume:

Γ1
νσ =

1

2
g1λ (gλν,σ + gλσ,ν − gνσ,λ)

λ=1
=

1

2
g11 (g1ν,σ + g1σ,ν − gνσ,1) (4.55)

� Γ1
00 = 1

2g
11 (g10,0 + g10,0 − g00,1) = −1

2g
11g00,1 = −1

2
1
e2b

d
dr

(
−e2a

)
= e2(a−b) da(r,t)

dr

� Γ1
0i = 1

2g
11 (g10,i + g1i,0 − g0i,1) = 1

2g
11g1i,0

−Γ1
01 = 1

2g
11 (g10,1 + g11,0 − g01,1) = 1

2g
11g11,0 = 1

2
1
e2b

d
dt

(
e2b
)

= db(r,t)
dt

−Γ1
02 = 1

2g
11 (g10,2 + g12,0 − g02,1) = 0

−Γ1
03 = 1

2g
11 (g10,3 + g13,0 − g03,1) = 0

� Γ1
ij = 1

2g
11 (g1i,j + g1j,i − gij,1) , i, j = 1, 2, 3

−Γ1
11 = 1

2g
11 (g11,1 + g11,1 − g11,1) = 1

2g
11g11,1 = 1

2
1
e2b

d
dr

(
e2b
)

= db(r,t)
dr

−Γ1
12 = 1

2g
11 (g11,2 + g12,1 − g12,1) = 1

2g
11g11,2 = 0

−Γ1
13 = 1

2g
11 (g11,3 + g13,1 − g13,1) = 1

2g
11g11,3 = 0

−Γ1
21 = Γ1

12

−Γ1
22 = 1

2g
11 (g12,2 + g12,2 − g22,1) = −1

2g
11g22,1 = −1

2
1
e2b

d
dr

(
r2
)

= − r
e2b

−Γ1
23 = 1

2g
11 (g12,3 + g13,2 − g23,1) = 0

−Γ1
31 = Γ1

13

−Γ1
32 = Γ1

23
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−Γ1
33 = 1

2g
11 (g13,3 + g13,3 − g33,1) = 1

2
1
e2b

d
dr

(
r2 sin2 θ

)
= − r sin2 θ

e2b

3. Gia µ = 2 èqoume:

Γ2
νσ =

1

2
g2λ (gλν,σ + gλσ,ν − gνσ,λ)

λ=2
=

1

2
g22 (g2ν,σ + g2σ,ν − gνσ,2) (4.56)

� Γ2
00 = 1

2g
22 (g20,0 + g20,0 − g00,2) = −1

2g
22g00,2 = − 1

2r2
d
dθ

(
e2a(r,t)

)
= 0

� Γ2
0i = 1

2g
22 (g20,i + g2i,0 − g0i,2)

−Γ2
01 = 1

2g
22 (g20,1 + g21,0 − g01,2) = 0

−Γ2
02 = 1

2g
22 (g20,2 + g22,0 − g02,2) = 1

2g
22g22,0 = 1

2r2
dr2

dt = 0

−Γ2
03 = 1

2g
22 (g20,3 + g23,0 − g03,2) = 0

� Γ2
ij = 1

2g
22 (g2i,j + g2j,i − gij,2) , i, j = 1, 2, 3

−Γ2
11 = 1

2g
22 (g21,1 + g21,1 − g11,2) = −1

2g
22g11,2 = 0

−Γ2
12 = 1

2g
22 (g21,2 + g22,1 − g12,2) = 1

2g
22g22,1 = 1

r2
d(r2)
dr = 1

r

−Γ2
13 = 1

2g
22 (g21,3 + g23,1 − g13,2) = 0

−Γ2
21 = Γ2

12 = 1
r

−Γ2
22 = 1

2g
22 (g22,2 + g22,2 − g22,2) = 1

2g
22g22,2 = 0

−Γ2
23 = 1

2g
22 (g22,3 + g23,2 − g23,2) = 1

2g
22g22,3 = 0

−Γ2
31 = Γ2

13

−Γ2
32 = Γ2

23

−Γ2
33 = 1

2g
22 (g23,3 + g23,3 − g33,2) = 1

2r2
∂θ
(
r2 sin2 θ

)
= − sin θ cos θ

4. Gia µ = 3 èqoume:

Γ3
νσ =

1

2
g3λ (gλν,σ + gλσ,ν − gνσ,λ)

λ=3
=

1

2
g33 (g3ν,σ + g3σ,ν − gνσ,3) (4.57)

� Γ3
00 = 1

2g
33 (g30,0 + g30,0 − g00,3) = 0

� Γ3
0i = 1

2g
33 (g30,i + g3i,0 − g0i,3)

−Γ3
01 = 1

2g
33 (g30,1 + g31,0 − g01,3) = 0

−Γ3
02 = 1

2g
33 (g30,2 + g32,0 − g02,3) = 0

−Γ3
03 = 1

2g
33 (g30,3 + g33,0 − g03,3) = 1

2g
33g33,0 = 0
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� Γ3
ij = 1

2g
33 (g3i,j + g3j,i − gij,3) , i, j = 1, 2, 3

−Γ3
11 = 1

2g
33 (g31,1 + g31,1 − g11,3) = 1

2g
33g11,3 = 0

−Γ3
12 = 1

2g
33 (g31,2 + g32,1 − g12,3) = 0

−Γ3
13 = 1

2g
33 (g31,3 + g33,1 − g13,3) = 1

2g
33g33,1 = 1

2
1

r2 sin2 θ
∂r
(
r2 sin2 θ

)
= 1

r

−Γ3
21 = Γ3

12

−Γ3
22 = 1

2g
33 (g32,2 + g32,2 − g22,3) = −1

2g
33g22,3 = 0

−Γ3
23 = 1

2g
33 (g32,3 + g33,2 − g23,3) = 1

2g
33g33,2 = 1

2
1

r2 sin2 θ
∂θ
(
r2 sin2 θ

)
= sin θ

cos θ = cot θ

−Γ3
31 = Γ3

13 = 1
r

−Γ3
32 = Γ3

23 = cot θ

−Γ3
33 = 1

2g
33g33,3 = 0

SÔnoyh apotelesm�twn, sumbìlwn Christoffel:

Γ0
νσ : Γ0

00 = ∂ta(r, t) Γ0
01 = Γ0

10 = ∂ra(r, t) Γ0
11 = e2(b−a)∂tb(r, t)

Γ1
νσ : Γ1

00 = e2(a−b)∂ra(r, t) Γ1
01 = ∂tb(r, t) Γ1

11 = ∂rb(r, t) Γ1
22 = −re−2b

Γ1
33 = −re−2b sin2 θ

Γ2
νσ : Γ2

12 = Γ2
21 = 1

r Γ2
33 = − sin θ cos θ

Γ3
νσ : Γ3

13 = Γ3
31 = 1

r Γ3
23 = Γ3

32 = cot θ

Tanust c Ricci

Kampulìthta Riemann: Rβνρσ = Γβνσ,ρ − Γβνρ,σ + ΓανσΓβαρ − ΓανρΓ
β
ασ

Tanust c Ricci: Rµν ≡ Rβµβν = Γβµν,β − Γβµβ,ν + ΓαµνΓβαβ − ΓαµβΓβαν
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Rµν ∀ µ 6= ν :

• Rµν =Γβµν,β − Γβµβ,ν + ΓαµνΓβαβ − ΓαµβΓβαν

=Γ0
µν,0 − Γ0

µ0,ν + ΓαµνΓ0
α0 − Γαµ0Γ0

αν+

Γ1
µν,1 − Γ1

µ1,ν + ΓαµνΓ1
α1 − Γαµ1Γ1

αν+

Γ2
µν,2 − Γ2

µ2,ν + ΓαµνΓ2
α2 − Γαµ2Γ2

αν+

Γ3
µν,3 − Γ3

µ3,ν + ΓαµνΓ3
α3 − Γαµ3Γ3

αν

µ = 0, ν = i = 1, 2, 3

• R0i =Γβ0i,β − Γβ0β,i + Γα0iΓ
β
αβ − Γα0βΓβαi

=Γ0
0i,0 − Γ0

00,i + Γα0iΓ
0
α0 − Γα00Γ0

αi+

Γ1
0i,1 − Γ1

01,i + Γα0iΓ
1
α1 − Γα01Γ1

αi+

Γ2
0i,2 − Γ2

02,i + Γα0iΓ
2
α2 − Γα02Γ2

αi+

Γ3
0i,3 − Γ3

03,i + Γα0iΓ
3
α3 − Γα03Γ3

αi

=Γ0
0i,0 − Γ0

00,i + Γα0iΓ
0
α0 − Γα00Γ0

αi

Γ1
0i,1 − Γ1

01,i + Γα0iΓ
1
α1 − Γα01Γ1

αi

Γα0iΓ
3
α3 + Γα0iΓ

3
α3

i = 1

• R01 =Γβ01,β − Γβ0β,1 + Γα01Γβαβ − Γα0βΓβα1

=Γ0
01,0 − Γ0

00,1 + Γα01Γ0
α0 − Γα00Γ0

α1+

Γ1
01,1 − Γ1

01,1 + Γα01Γ1
α1 − Γα01Γ1

α1+

Γ2
01,2 − Γ2

02,1 + Γα01Γ2
α2 − Γα02Γ2

α1+

Γ3
01,3 − Γ3

03,1 + Γα01Γ3
α3 − Γα03Γ3

α1
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=Γ0
01,0 − Γ0

00,1 + Γα01Γ0
α0 − Γα00Γ0

α1

Γ1
01,1 − Γ1

01,1 + Γα01Γ1
α1 − Γα01Γ1

α1

Γα01Γ3
α3 + Γα01Γ3

α3

=Γ0
01,0 − Γ0

00,1 + (Γ0
01Γ0

00 + Γ1
01Γ0

10)− (Γ0
00Γ0

01 + Γ1
00Γ0

11)+

Γ1
01,1 − Γ1

01,1 + (Γ0
01Γ1

01 + Γ1
01Γ1

11)− (Γ0
01Γ1

01 + Γ1
01Γ1

11)+

Γ1
01Γ2

12 + Γ1
01Γ3

13

=Γ1
01,0 − Γ0

00,1 + Γ1
01Γ0

10 − Γ1
00Γ0

11 + Γ1
01Γ2

12 + Γ1
01Γ3

13

=∂t∂ra− ∂r∂ta+ ∂tb∂ra− e2(a−b)∂rae
2(b−a)∂tb+ ∂tb

1

r
+ ∂tb

1

r

=
2

r
∂tb(r, t)

R01 = 2
r∂tb(r, t)

i = 2

• R02 =Γβ02,β − Γβ0β,2 + Γα02Γβαβ − Γα0βΓβα2

=Γ0
02,0 − Γ0

00,2 + Γα02Γ0
α0 − Γα00Γ0

α2+

Γ1
02,1 − Γ1

01,2 + Γα02Γ1
α1 − Γα01Γ1

α2+

Γ2
02,2 − Γ2

02,2 + Γα02Γ2
α2 − Γα02Γ2

α2+

Γ3
02,3 − Γ3

03,2 + Γα02Γ3
α3 − Γα03Γ3

α2

=Γ0
02,0 − Γ0

00,2 + Γα02Γ0
α0 − Γα00Γ0

α2

Γ1
02,1 − Γ1

01,2 + Γα02Γ1
α1 − Γα01Γ1

α2

Γα02Γ3
α3 + Γα02Γ3

α3

=Γ0
02,0 − Γ0

00,2 + (Γ0
02Γ0

00 + Γ1
02Γ0

10)− (Γ0
00Γ0

02 + Γ1
00Γ0

12)

Γ1
02,1 − Γ1

01,2 + (Γ0
02Γ1

01 + Γ1
02Γ1

11)− (Γ1
01Γ1

02 + Γ1
01Γ1

12)+

Γ1
02Γ2

12 + Γ1
02Γ3

13 = 0
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i = 3

• R03 =Γβ03,β − Γβ0β,3 + Γα03Γβαβ − Γα0βΓβα3

=Γ0
03,0 − Γ0

00,3 + Γα03Γ0
α0 − Γα00Γ0

α3+

Γ1
03,1 − Γ1

01,3 + Γα03Γ1
α1 − Γα01Γ1

α3+

Γ2
03,2 − Γ2

02,3 + Γα03Γ2
α2 − Γα02Γ2

α3+

Γ3
03,3 − Γ3

03,3 + Γα03Γ3
α3 − Γα03Γ3

α3

=Γ0
03,0 − Γ0

00,3 + Γα03Γ0
α0 − Γα00Γ0

α3

Γ1
03,1 − Γ1

01,3 + Γα03Γ1
α1 − Γα01Γ1

α3

Γα03Γ3
α3 + Γα03Γ3

α3

=Γ0
03,0 − Γ0

00,3 + (Γ0
03Γ0

00 + Γ1
03Γ0

10)− (Γ0
00Γ0

03 + Γ1
00Γ0

13)+

Γ1
03,1 − Γ1

01,3 + (Γ0
03Γ1

01 + Γ1
03Γ1

11)− (Γ0
01Γ1

03 + Γ1
01Γ1

13)+

Γ1
03Γ3

13 + Γ1
03Γ2

12 = 0

µ = 1, ν = i = 2, 3 :

To ν paÐrnei autèc tic timèc , afenìc epeid  t¸ra exet�zoume thn perÐptwsh
ìpou µ 6= ν kai afetèrou , giatÐ o tanust c Ricci eÐnai summetrikìc, opìte
R10 = R01.

i = 2

• R12 =Γβ12,β − Γβ1β,2 + Γα12Γβαβ − Γα1βΓβα2

=Γ0
12,0 − Γ0

10,2 + Γα12Γ0
α0 − Γα10Γ0

α2+

Γ1
12,1 − Γ1

11,2 + Γα12Γ1
α1 − Γα11Γ1

α2+

Γ2
12,2 − Γ2

12,2 + Γα12Γ2
α2 − Γα12Γ2

α2+

Γ3
12,3 − Γ3

13,2 + Γα12Γ3
α3 − Γα13Γ3

α2
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=0− 0 + Γα12Γ0
α0 − 0+

0− 0 + Γα12Γ1
α1 − Γα11Γ1

α2+

0− 0 + 0− 0+

0− 0 + Γα12Γ3
α3 − Γα13Γ3

α2

=0− 0 + 0− 0+

0− 0 + 0− 0+

0− 0 + 0− 0+

0− 0 + (Γ2
12Γ3

23)− (Γ3
13Γ3

23)

=
cot θ

r
− cot θ

r
= 0

i = 3

• R13 =Γβ13,β − Γβ1β,3 + Γα13Γβαβ − Γα1βΓβα3

=Γ0
13,0 − Γ0

10,3 + Γα13Γ0
α0 − Γα10Γ0

α3+

Γ1
13,1 − Γ1

11,3 + Γα13Γ1
α1 − Γα11Γ1

α3+

Γ2
13,2 − Γ2

12,3 + Γα13Γ2
α2 − Γα12Γ2

α3+

Γ3
13,3 − Γ3

13,3 + Γα13Γ3
α3 − Γα13Γ3

α3

=0− 0 + 0− 0+

0− 0 + 0− 0+

0− 0 + 0− 0+

0− 0 + 0− 0 = 0

µ = 2, ν = i = 3 :

• R23 =Γβ23,β − Γβ2β,3 + Γα23Γβαβ − Γα2βΓβα3

=Γ0
23,0 − Γ0

20,3 + Γα23Γ0
α0 − Γα20Γ0

α3+

Γ1
23,1 − Γ1

21,3 + Γα23Γ1
α1 − Γα21Γ1

α3+

Γ2
23,2 − Γ2

22,3 + Γα23Γ2
α2 − Γα22Γ2

α3+

Γ3
23,3 − Γ3

23,3 + Γα23Γ3
α3 − Γα23Γ3

α3

=0− 0 + 0− 0+

0− 0 + 0− 0+

0− 0 + 0− 0+

0− 0 + 0− 0 = 0
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i = 3

R31 = R13 = 0 , R32 = R23 = 0

Rµν ∀ µ = ν :

• Rii =Γβii,β − Γβiβ,i + ΓαiiΓ
β
αβ − ΓαiβΓβαi

=Γ0
ii,0 − Γ0

i0,i + ΓαiiΓ
0
α0 − Γαi0Γ0

αi+

Γ1
ii,1 − Γ1

i1,i + ΓαiiΓ
1
α1 − Γαi1Γ1

αi+

Γ2
ii,2 − Γ2

i2,i + ΓαiiΓ
2
α2 − Γαi2Γ2

αi+

Γ3
ii,3 − Γ3

i3,i + ΓαiiΓ
3
α3 − Γαi3Γ3

αi

i = 0

• R00 =Γβ00,β − Γβ0β,0 + Γα00Γβαβ − Γα0βΓβα0

=Γ0
00,0 − Γ0

00,0 + Γα00Γ0
α0 − Γα00Γ0

α0+

Γ1
00,1 − Γ1

01,0 + Γα00Γ1
α1 − Γα01Γ1

α0+

Γ2
00,2 − Γ2

02,0 + Γα00Γ2
α2 − Γα02Γ2

α0+

Γ3
00,3 − Γ3

03,0 + Γα00Γ3
α3 − Γα03Γ3

α0

=Γ1
00,1 − Γ1

01,0 + (Γ0
00Γ1

01 + Γ1
00Γ1

11)− (Γ0
01Γ1

00 + Γ1
01Γ1

10)+

0− 0 + Γ1
00Γ2

12 − 0+

0− 0 + Γ1
00Γ3

13 − 0

=∂r

[
e2(a−b)∂ra

]
− ∂2

t b+ ∂tb ∂ta+ ∂rb e
2(a−b)∂ra− e2(a−b) (∂ra)2 − (∂tb)

2 + 2
∂ra

r
e2(a−b)

=e2(a−b)
[
(∂ra)2 + (∂ra)2 ∂ra ∂rb+

∂ra

r
+
∂ra

r

]
− ∂2

t b− (∂tb)
2 + ∂tb∂ta

R00 =e2(a−b)
[
(∂ra)2 + (∂ra)2 − ∂ra ∂rb+

∂ra

r
+
∂ra

r

]
− ∂2

t b− (∂tb)
2

+ ∂tb∂ta
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i = 1

• R11 =Γβ11,β − Γβ1β,1 + Γα11Γβαβ − Γα1βΓβα1

=Γ0
11,0 − Γ0

10,1 + Γα11Γ0
α0 − Γα10Γ0

α1+

Γ1
11,1 − Γ1

11,1 + Γα11Γ1
α1 − Γα11Γ1

α1+

Γ2
11,2 − Γ2

12,1 + Γα11Γ2
α2 − Γα12Γ2

α1+

Γ3
11,3 − Γ3

13,1 + Γα11Γ3
α3 − Γα13Γ3

α1

=Γ0
11,0 − Γ0

01,1 + Γα11Γ0
α0 − Γα10Γ0

α1+

0− Γ2
12,1 + Γα11Γ2

α2 − Γα12Γ2
α1+

0− Γ3
13,1 + Γα11Γ3

α3 − Γα13Γ3
α1

=Γ0
11,0 − Γ0

01,1 + (Γ0
11Γ0

00 + Γ1
11Γ0

10)− (Γ0
10Γ0

01 + Γ1
10Γ0

11)+

0− Γ2
12,1 + Γ1

11Γ2
12 − Γ2

12Γ2
21+

0− Γ3
13,1 + Γ1

11Γ3
13 − Γ3

13Γ3
31

=∂t

[
e2(b−a)∂tb

]
− ∂2

ra+ ∂ta e
2(b−a) ∂tb+ ∂ra ∂rb−

[
(∂ra)2 − e2(b−a) (∂tb)

2
]

− ∂r
(

1

r

)
+
∂rb

r
−
(

1

r

)2

− ∂r
(

1

r

)
+
∂rb

r
−
(

1

r

)2

=e2(b−a)∂2
r b+ e2(b−a)2 (∂tb)

2 − e2(b−a)2(∂ta)(∂tb)− ∂2
ra+ e2(b−a)(∂ta)(∂tb)+

∂ra∂rb− (∂ra)2 − e2(b−a)(∂tb)
2 +

2

r2
− 2

r2
+

2

r
∂rb

=e2(b−a)
[
∂2
t b+ (∂tb)

2 − ∂ta∂tb
]
−
[
∂2
ra+ (∂ra)2 − ∂ra∂rb−

2

r
∂rb

]

R11 = e2(b−a)
[
∂2
t b+ (∂tb)

2 − ∂ta∂tb
]
−
[
∂2
ra+ (∂ra)2 − ∂ra∂rb− 2

r∂rb
]

i = 2

• R22 =Γβ22,β − Γβ2β,2 + Γα22Γβαβ − Γα2βΓβα2

=Γ0
22,0 − Γ0

20,2 + Γα22Γ0
α0 − Γα20Γ0

α2+

Γ1
22,1 − Γ1

21,2 + Γα22Γ1
α1 − Γα21Γ1

α2+

Γ2
22,2 − Γ2

22,2 + Γα22Γ2
α2 − Γα22Γ2

α2+

Γ3
22,3 − Γ3

23,2 + Γα22Γ3
α3 − Γα23Γ3

α2
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=0− 0 + Γα22Γ0
α0 − 0+

Γ1
22,1 − 0 + Γα22Γ1

α1 − Γα21Γ1
α2+

0− Γ3
23,2 + Γα22Γ3

α3 − Γα23Γ3
α2

=(Γ1
22Γ0

10) + Γ1
22,1 + (Γ1

22Γ1
11)− (Γ2

21Γ1
22)− Γ3

23,2 + (Γ1
22Γ3

13)− (Γ3
23Γ3

32)

=(∂ra)
(
−re−2b

)
+ ∂r

(
−re−2b

)
+ (∂rb)

(
−re−2b

)
−
(
−re−2b

)(1

r

)
− ∂θ cot θ+

1

r

(
−re−2b

)
− (cot θ)2

=− re−2b∂ra+ re−2b∂rb− e−2b − ∂θ
(

cos θ

sin θ

)
− cot2 θ

=e−2b [r (∂rb− ∂ra)− 1]−
(
− sin2 θ − cos2 θ

sin2 θ

)
−
(

cos θ

sin θ

)2

=e−2b [r (∂rb− ∂ra)− 1] +
1− cos2 θ

sin2 θ

=e−2b [r (∂rb− ∂ra)− 1] + 1

R22 = e−2b [r (∂rb− ∂ra)− 1] + 1

i = 3

• R33 =Γβ33,β − Γβ3β,3 + Γα33Γβαβ − Γα3βΓβα3

=Γ0
33,0 − Γ0

30,3 + Γα33Γ0
α0 − Γα30Γ0

α3+

Γ1
33,1 − Γ1

31,3 + Γα33Γ1
α1 − Γα31Γ1

α3+

Γ2
33,2 − Γ2

32,3 + Γα33Γ2
α2 − Γα32Γ2

α3+

Γ3
33,3 − Γ3

33,3 + Γα33Γ3
α3 − Γα33Γ3

α3

=0− 0 + Γα33Γ0
α0 − 0+

Γ1
33,1 − 0 + Γα33Γ1

α1 − Γα31Γ1
α3+

Γ2
33,2 − 0 + Γα33Γ2

α2 − Γα32Γ2
α3

=Γ1
33Γ0

10 + Γ1
33,1 + Γ1

33Γ1
11 − Γ3

31Γ1
33 + Γ2

33,2 + Γ1
33Γ2

12 − Γ3
32Γ2

33

=− re−2b sin2 θ(∂ra) + ∂r

(
−re−2b sin2 θ

)
− re−2b sin2 θ(∂rb) + re−2b sin2 θ

(
1

r

)
∂θ (− sin θ cos θ) +

1

r
(−re−2b sin2 θ)− (− sin θ cos θ) cot θ
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=− re−2b sin2 θ (∂ra+ ∂rb)− e−2b sin2 θ + 2re−2b sin2 θ(∂rb)+

sin2 θ − cos2 θ + sin θ cos θ
cos θ

sin θ

=e−2b [r (∂rb− ∂ra)− 1] sin2 θ + (1− cos2 θ) = {e−2b [r (∂rb− ∂ra)− 1] + 1} sin2 θ

=R22 sin2 θ

R33 = R22 sin2 θ

SÔnoyh apotelesm�twn, tanust  Ricci:

R01 = R10 = 2
r∂rb

R00 = e2(a−b)
[
(∂ra)2 + (∂ra)2 ∂ra ∂rb+ ∂ra

r + ∂ra
r

]
− ∂2

t b− (∂tb)
2 + ∂tb∂ta

R11 = e2(b−a)
[
∂2
t b+ (∂tb)

2 − ∂ta∂tb
]
−
[
∂2
ra+ (∂ra)2 − ∂ra∂rb− 2

r∂rb
]

R22 = e−2b [r (∂rb− ∂ra)− 1] + 1

R33 = {e−2b [r (∂rb− ∂ra)− 1] + 1} sin2 θ = R22 sin2 θ

S�utì to shmeÐo eÐmaste ètoimoi na upologÐsoume to Ricci scalar. Par'ìla aut�, mporoÔme
na dèixoume pwc eÐnai Ðso me mhdèn , qwrÐc na k�noume ìlouc touc upologismoÔc "qeirokÐnh-
ta", qrhsimopoi¸ntac dhlad  ta Rµν .
Xekin�me apì thn exÐswsh Einstein

Rµν −
1

2
gµνR = 8πGTµν

·gµν−→ gµνRµν −
1

2
gµνgµνR = 8πGgµνTµν −→

R− 1

2
gµνgµνR = 8πGgµν

(
FµρF

ρ
ν −

1

4
gµνFρσF

ρσ

)
−→

R− 1

2
gµνgµνR = 8πG

(
FµρF

µρ − 1

4
gµνgµνFρσF

ρσ

)
−→

R

(
1− 1

2
gµνgµν

)
= FµρF

µρ − FρσF ρσ −→

R

(
1− 4

2

)
= FµρF

µρ − FρσF ρσ −→ −R = 0 −→ R = 0

'Ara kai h exÐswsh Einstein ja gÐnei:

Rµν = 8πGTµν (4.58)
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Autì pou mènei t¸ra, eÐnai na upologÐsoume tic sunist¸sec Tµν . Gia na gÐnei ìmwc autì,
prèpei pr¸ta na brìume mÐa genik  morf  gia to Fµν . 'Opwc anafèrame kai sthn arq , ta
pedÐa sundèontai me to Fµν mèsw twn exis¸sewn (6). Epeid  y�qnoume sfairik� summetri-
kèc lÔseic, ja prèpei ta paidÐa mac na eÐnai aktinik�, dhlad 
Et = Eθ = Eφ = 0 kai E1 ≡ Er = Ftr ≡ F01 = f(r, t) 6= 0. H genik  morf  tou Fµν ja
eÐnai:

Fµν =


0 f(r, t) 0 0

−f(r, t) 0 0 0
0 0 0 0
0 0 0 0

 (4.59)

Tanust c orm c-enèrgeiac

Tµν = FµρF
ρ
ν −

1

4
gµνFρσF

ρσ = Fµρg
κρFνκ −

1

4
gµνFρσg

αρFαβg
βσ (4.60)

'Opou , mporoÔme na deÐxoume ìti:

F ρσ =gαρFαβg
βσ =

(
g0ρF0β + g1ρF1β + g2ρF2β + g3ρF3β

)
gβσ

=g0ρF00g
0σ + g0ρF10g

1σ + g0ρF20g
2σ + g0ρF30g

3σ+

g1ρF01g
0σ + g1ρF11g

1σ + g1ρF12g
2σ + g1ρF13g

3σ+

g2ρF02g
0σ + g2ρF21g

1σ + g2ρF22g
2σ + g2ρF32g

3σ+

g3ρF03g
0σ + g3ρF31g

1σ + g3ρF32g
2σ + g3ρF33g

3σ

=F01

(
g0ρg1σ − g1ρg0σ

)
(4.61)
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µ = ν = 0 :

T00 =F0ρg
κρF0κ −

1

4
g00FρσF01

(
g0ρg1σ − g1ρg0σ

)
=
(
F00g

κ0F0κ + F01g
κ1F0κ + F02g

κ2F0κ + F03g
κ3F0κ

)
−

1

4
g00F01{F0σ

(
g00g1σ − g10g0σ

)
+ F1σ

(
g01g1σ − g11g0σ

)
+

F2σ

(
g02g1σ − g12g0σ

)
+ F3σ

(
g03g1σ − g13g0σ

)
}

=F01g
κ1F0κ −

1

4
g00F01

(
F0σg

00g1σ − F1σg
11g0σ

)
=F01g

11F01 −
1

4
g00F01

(
F01g

00g11 − F10g
11g00

)
=g11 (F01)2 − 1

4
g00 (F01)2 g00g11 − 1

4
g00 (F01)2 g11g00 =

1

2
g11 (F01)2

=
f (r, t)

2
e−2b(r,t)

µ = 0, ν = 1 :

T01 =F0ρg
κρF1κ −

1

4
g01FρσF01

(
g0ρg1σ − g1ρg0σ

)
= F0ρg

κρF1κ

=F01g
κ1F1κ = F01

(
g01F10 + g11F11 + g21F12 + g31F13

)
= 0

µ = ν = 1 :

T11 =F1ρg
κρF1κ −

1

4
g11FρσF01

(
g0ρg1σ − g1ρg0σ

)
=F1ρg

κρF1κ −
1

4
g11F01

(
Fρσg

0ρg1σ − Fρσg1ρg0σ
)

=F10g
00F10 −

1

4
g11F01

(
F01g

00g11 − F01g
11g00

)
=g00 (F10)2 − 2

4
g11 (F01)2 g00g11 =

1

2
g00 (F01)2 = −f

2(r, t)

2
e−2a(r,t)

µ = ν = 2 :

T22 =F2ρg
κρF2κ −

1

4
g22FρσF01

(
g0ρg1σ − g1ρg0σ

)
= −1

4
g22FρσF01

(
g0ρg1σ − g1ρg0σ

)
=− 1

4
g22F01

[
F01

(
g00g11 − g10g01

)
+ F10

(
g01g10 − g11g00

)]
=− 1

2
g22(F01)2g00g11 =

f2(r, t)r2

2
e−2(a+b)
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µ = ν = 3 :

T33 =F3ρg
κρF3κ −

1

4
g33FρσF01

(
g0ρg1σ − g1ρg0σ

)
= −1

4
g33FρσF01

(
g0ρg1σ − g1ρg0σ

)
=− 1

4
g33F01

[
F01

(
g00g11 − g10g01

)
+ F10

(
g01g10 − g11g00

)]
= −1

2
g33(F01)2g00g11

=

[
f2(r, t)r2

2
e−2(a+b)

]
sin2 θ = T22 sin2 θ

SÔnoyh apotelesm�twn, tanust  orm c-enèrgeiac:

T00 = f (r,t)
2 e−2b(r,t)

T01 = 0

T11 = −f2(r,t)
2 e−2a(r,t)

T22 = f2(r,t)r2

2 e−2(a+b)

T33 =
[
f2(r,t)r2

2 e−2(a+b)
]

sin2 θ = T22 sin2 θ

AntikajistoÔme aut� pou br kame kai lÔnoume thn exÐswsh Einstein gia tic di�forec, mh
mhdenikèc sunist¸sec.

µ = 0, ν = 1 :

R01 = 8πGT01 −→ R01 = 0 −→ 2

r
∂tb(r, t) = 0 −→ b(r, t) = b(r)

µ = ν = 1 :

R11 = 8πGT11
·e2a−→ R11e

2a = 8πGT11e
2a (4.62)

µ = ν = 0 :

R00 = 8πGT00
·e2b−→ R00e

2b = 8πGT00e
2b (4.63)

(4.64)
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Prosjètoume tic exis¸seic (4.63) kai (4.62) .

e2aR11 + e2bR00 = 8πG
(
e2aT11 + e2bT00

)
−→ e2aR11 + e2bR00 = −f

2(r, t)

2
+
f2(r, t)

2
= 0

e2aR11 + e2bR00 =

e2a

{
e2(b−a)

[
∂2
t b+ (∂tb)

2 − ∂ta∂tb
]
−
[
∂2
ra+ (∂ra)2 − ∂ra∂rb−

2

r
∂rb

]}
+

e2b

{
e2(a−b)

[
∂2
ra+ (∂ra)2 − ∂ra ∂rb+

∂ra

r
+
∂ra

r

]
− ∂2

t b− (∂tb)
2 + ∂tb∂ta

}
∂tb=0−→

− e2a

[
∂2
ra+ (∂ra)2 − ∂ra∂rb−

2

r
∂rb

]
+ e2a

[
∂2
ra+ (∂ra)2 − ∂ra∂rb+

2

r
∂ra

]
= 0 −→

e2a 2

r
(∂rb+ ∂ra) = 0 −→ ∂r (a+ b) = 0 −→ a(r, t) + b(r) = K (stajer�)

T¸ra, mporoÔme na p�me sthn exÐswsh (4.48) kai na epanaprosdiorÐsoume to dt se eKdt =
e(a+b)dt, opìte gia na meÐnei to stoiqei¸dec m koc, analloÐwto prèpei

e2ae2(a+b)dt2 = e2adt2 −→ e2(a+b) = 1 −→ a+ b = 0 −→ a(r, t) = −b(r)
−→ a(r, t) = a(r) = −b(r) (4.65)

AfoÔ susqetÐsame ta a kai b , to mìno pou qreiazìmaste, eÐnai na broÔme kai mÐa akrib 
morf  tou f(r, t). Autì ja gÐnei, qrhsimopoi¸ntac tic exis¸seic Maxwell oi opoÐec se
sunalloÐwth morf , gr�fontai:

gµν∇µFνσ = 0 (4.66)

∇[µFνσ] = 0 (4.67)

AntikajistoÔme sthn exÐswsh (4.66), σ = r ≡ 1

gµν∇µFν1 = 0 −→ g0ν∇0Fν1 + g1ν∇1Fν1 + g2ν∇2Fν1 + g3ν∇3Fν1 = 0 −→

g00∇0F01 = 0 −→ g00 (∂0F01 − Γα00Fα1 − Γα01F0α) = 0 −→ ∂0F01 − Γ0
00F01 − Γ1

01F01 = 0

∂0F01 − F01

(
Γ0

00 + Γ1
01

)
= 0 −→ ∂tf(r, t)− f(r, t) (∂tb+ ∂ta) = 0 −→
∂f (r, t) = 0 −→ f(r, t) = f(r) −→ F01 = f(r)

Prokeimènou na broÔme thn akrib  morf  tou, f(r) plèon, prèpei na qrhsimopoi soume xan�
thn exÐswsh (4.65) se sunduasmì me mÐa idiìthta gia antisummetrikoÔc tanustèc (t�xhc 2)
h opoÐa mac lèei ìti:

∇µFµν =
1√
|g|
∂µ

(√
|g|Fµν

)
(4.68)

52



P�me loipìn sthn exÐswsh (4.66)

gµν∇µFνσ = 0 −→ ∇µ (gµνFνσ)− Fνσ∇µgµν = 0 −→ ∇µ (gµνFνσ) = 0 −→ ∇µ (Fµσ ) = 0 −→

∇µ (gσνF
µν) −→ gσν∇µFµν + Fµν∇µgσν = 0 −→ gσν∇µFµν = 0

(4.68)−→

gσν

[
1√
|g|
∂µ

(√
|g|Fµν

)]
= 0

Gia σ = 0 èqoume:

g0ν

[
1√
|g|
∂µ

(√
|g|Fµν

)]
= 0

ν=0−→ g00

[
1√
|g|
∂µ

(√
|g|Fµ0

)]
= 0

µ=1−→

g00

[
1√
|g|
∂1

(√
|g|F 10

)]
= 0 −→ 1

r2 sin θ
∂r
(
r2 sin θF 10

)
= 0 −→

1

r2
∂r
(
r2F 10

)
= 0 −→ ∂r(r

2F 10) = 0
(4.61)−→ ∂r

(
r2g00g11F10

)
= 0

(4.65)−→ ∂r
(
r2f(r)

)
= 0 −→

f(r) =
constant

r2

'Opou , ap'to je¸rhma tou Gauss brÐskoume pwc h stajer� aut , isoÔtai me Q√
4π
,ìpou Q

to sunolikì fortÐo thc maÔrhc trÔpac. 'Ara,

f(r) =
Q

r2
√

4π
(4.69)

Xèrontac thn akrib  morf  tou f(r), eÐmaste ètoimoi plèon na broÔme ta a(r) kai b(r).
LÔnoume thn exÐswsh Einstein gia µ = ν = 2.

R22 = 8πGT22 −→

e−2b [r (∂rb− ∂ra)− 1] + 1 = 8πG
f2(r, t)r2

2
e−2(a+b) −→ ∂r

(
re2a

)
= 1−GQ

2

r2
−→

re2a = r +
GQ2

r2
+ C −→ e2a(r) = 1 +

C

r
+
GQ2

r2

Gia mhdenikì fortÐo, h lÔsh mac prèpei na tautÐzetai me thn Schwarzschild, epomènwc gia
th stajer� C prèpei na isqÔei C = −2GM . 'Etsi, katal goume sthn telik  morf  thn
metrik c mac

ds2 =−Υdt2 + Υ−1dr2 + r2dθ2 + r2 sin2 θdφ2 (4.70)

=−Υdt2 + Υ−1dr2 + r2dΩ2 (4.71)

Υ(r) =1− 2GM

r
+
GQ2

r2
(4.72)
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Epomènwc

ds2 = −
(

1− 2GM

r
+
GQ2

r2

)
dt2 +

(
1− 2GM

r
+
GQ2

r2

)−1

dr2 + r2dΩ25 (4.74)

ìpou M h m�za thc maÔrhc trÔpac kai Q to sunolikì thc fortÐo. Sthn pragmatikìth-
ta mia hlektrik� fortismènh maÔrh trÔpa ja exoudeterwnìtan polÔ gr gora lìgw twn
allhlepidr�sewn me ta trigÔrw swmatidÐa.

O epiplèon ìroc sto Υ(r) periplèkei lÐgo ta pr�gmata. MporoÔme na epibebai¸soume
ìti sto kèntro thc trÔpac r = 0 èqoume ìntwc anwmalÐa apì ton upologismì

RµνρσRµνρσ =
48M2r2 − 96MQ2r + 56Q2

r8

ìpwc k�name kai sthn Schwarzschild. H antÐstoiqh perÐptwsh me thn r = 2GM gia thn
Schwarzschild ja eÐnai aut  pou ja mhdenÐzei to g00 = Υ(r) kai prokÔptei gia

r± = GM ±
√
G2M2 −GQ2 = GM ±

√
G (GM2 −Q2) (4.75)

Oi lÔseic thc parap�nw exÐswshc exart¸ntai apì tic timèc twn G,M2 kai Q2. Melet�me
k�je perÐptwsh xeqwrist�.

GM2 < Q2 : Se aut  th perÐptwsh, to Υ(r) paramènei p�nta jetikì kai h metrik  den parousi�zei
idiomorfÐa wc proc tic suntetagmènec (t, r, θ, φ) mèqri na ft�soume sto r = 0. Oi
suntetagmènec r paramènoun q¸roeideÐc kai oi suntetagmènec t qronoeideÐc, afoÔ
den all�zoun ta prìshma twn g00 kai g11. Autì shmaÐnei ìti up�rqei mìno h anw-
malÐa sto r = 0 kai den kalÔptetai apì k�poion orÐzonta gegonìtwn. Autèc tic
onom�zoume gumnèc anwmalÐec(naked singularities). AfoÔ den up�rqei orÐzo-
ntac gegonìtwn, ènac parathrht c mporeÐ na ft�sei mèqri to r = 0 kai na gurÐsei
pÐsw. Dhlad  den up�rqei autì to ìrio pou up rqe sthn Schwarzschild pèra apì to
opoÐo h plhroforÐa q�netai. An ìmwc analÔsei kaneÐc tic gewdaisiakèc ja dei ìti oi
qronoeideÐc den ft�noun thn anwmalÐa, antÐjeta plhsi�zoun mèqri enìc shmeÐou kai
met� apomakrÔnontai6.

Genik� den perimènoume na parathr soume mia maÔrh trÔpa pou pro lje apì barutik 
kat�rreush kai gia thn opoÐa isqÔei ìti GM2 < Q2. Aut  h sunj kh upodhl¸nei
pwc h sunolik  enèrgeia thc trÔpac eÐnai mikrìterh apì thn enèrgeia pou ja eÐqe
lìgw thc suneisfor�c mìno apì to hlektromagnhtikì pedÐo [5]. Dhlad  san na lèei
pwc h suneisfor� thc m�zac sthn enèrgeia eÐnai arnhtik . Opìte jewroÔme pwc h
sugkekrimènh lÔsh den èqei fusikì nìhma. Tètoiou eÐdouc lÔseic apokleÐontai kai

5Se aut  thn èkfrash èqoume upono sei ìti c = 1. H pl rhc morf  thc metrik c eÐnai

ds2 = −
(

1− 2GM

rc2
+
GQ2

r2c4

)
dt2 +

(
1− 2GM

rc2
+
GQ2

r2c4

)−1

dr2 + r2dΩ2 (4.74)

6Mìno oi fwtoeideÐc gewdaitikèc ft�noun sto r = 0.
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apì thn ��cosmic censorship conjecture �� h opoÐa se genikèc grammèc, dhl¸nei
ìti

den mporeÐ na dhmiourghjeÐ qwroqronik  anwmalÐa apì barutik  kat�rreush qwrÐc
na kalÔptetai apì orÐzonta gegonìtwn

GM2 > Q2 : Aut  h perÐptwsh eÐnai perissìtero realistik  lÔsh miac kai h enèrgeia tou hle-
ktromagnhtikoÔ pedÐou eÐnai ligìterh apì th sunolik  enèrgeia thc trÔpac. Ed¸
oi suntelestèc thc metrik c (4.73) eÐnai jetikoÐ gia meg�la kai mikr� r all� gÐno-
ntai arnhtikoÐ sto di�sthma an�mesa stic timèc r± = GM ±

√
G2M2 −GQ2 =

GM ±
√
G (GM2 −Q2). Xèrontac ìti mhdenÐzontai gia r+ kai r− katalabaÐnoume

ìti up�rqoun anwmalÐec sta shmeÐa aut�, eÐte pragmatikèc qwroqronikèc anwmalÐec
eÐte anwmalÐec lìgw tou sust matoc suntetagmènwn pou qrhsimopoioÔme. Me mia
allag  stic suntetagmènec ìpwc k�name sthn perÐptwsh thc Schwarzschild mporoÔme
na doÔme ìti apaleÐfontai oi anwmalÐec kai gia tic duo timèc tou r, opìte ofeÐlontan
sthn epilog  tou sust matoc anafor�c.

H anwmalÐa sto r = 0 eÐnai mia qronoeid c gramm  kai ìqi qwroeid c ìpwc sthn
perÐptwsh thc Schwarzschild. Kaj¸c ènac parathrht c kineÐtai apì makri� proc to
kèntro thc maÔrhc trÔpac, h epif�neia r = r+ paÐzei ton Ðdio rìlo pou èpaize h tim 
r = 2GM gia thn Schwarzschild. H aktinik , qwrik  suntetagmènh gÐnetai qronik 
kai h qronik  aktinik . O k¸noc fwtìc antistrèfetai kai o parathrht c kineÐtai
anagkastik� proc to r−. Aut  h anagkastik  pt¸sh stamat�ei ìtan ft�sei sto r−
giatÐ ta prìshma sth metrik  xanall�zoun kai h suntetagmènh r gÐnetai p�li q¸rikh
kai h t qronik . Gia th akrÐbeia, o parathrht c mporeÐ na epilèxei an ja kineijeÐ proc
to r = 0   an ja p�ei pÐsw proc to r+ pern¸ntac mèsa apì thn epif�neia r = r−.
Sth deÔterh perÐptwsh, kaj¸c pern�ei apì to r = r− kinoÔmenoc proc ta èxw, to
r ja xanagÐnei qronoeid c suntetagmènh all� me antÐjeth kateÔjunsh. Dhlad  o
parathrht c kineÐtai, anagkastik� p�li, sthn kateÔjunsh ìpou to r aux�netai mèqri
na ft�sei sto r+ kai en tèlei na bgei exwterik� thc trÔpac.

All�zontac sÔsthma anafor�c kai jètontac

k± =
r± − r∓

2r2
±

, dr̃ =
dr

Υ(r)
(4.76)

mporoÔme na all�xoume tic (t, r, θ, φ) se (U±, V ±, θ, phi) oi opoÐec orÐzontai wc

U± = −e−k±(t−r̃) , V ± = ek±(t+r̃) (4.77)

kai to stoiqeÐo m kouc (4.73) paÐrnei th morf 

ds2 = −r+r−e
−2k+r

r2k2
+

(
r−

r − r−

) k+
k−
−1

dU+dV + + r2dΩ2 (r > r−) (4.78)

ds2 = −r+r−e
−2k−r

r2k2
−

(
r+

r+ − r

) k−
k+
−1

dU−dV − + r2dΩ2 (r ≤ r−) (4.79)
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GM2 = Q2 : Aut  h perÐptwsh eÐnai gnwst  wc akraÐa Reissner-Nordstrom lÔsh(extreme Reissner-
Nordstrom solution) kai thn meletoÔn suqn� ìsoi asqoloÔntai me kbantik  barÔth-
ta kai to par�doxo thc ap¸leiac plhroforÐac(information lost paradox). O ìroc

Υ(r) = 1− 2GM
r + GQ2

r2
mhdenÐzetai mìno gia r = GM . Autì deÐqnei pwc h epif�neia

r = GM eÐnai orÐzontac gegonìtwn all� h suntetagmènh r den gÐnetai se kamÐa
perioq  qronik  ìpwc stic prohgoÔmenec peript¸seic. Oi dÔo orÐzontec pou eÐqame
sthn prohgoÔmenh perÐptwsh, sugklÐnoun sto r = GM kaj¸c GM2 → Q2.

56



Kef�laio 5

Melanèc opèc suzeugmènec me
bajmwt� pedÐa

5.1 LÔsh MTZ

Xekin�me apì thn dr�sh MTZ h opoÐa perigr�fei mia tropopoihmènh 4-di�stath barÔthta me
arnhtik  kosmologik  stajer� Λ. H tropopoÐhsh gÐnetai me thn eisagwg  enìc bajmwtoÔ
pedÐou.

I[gµν , φ, ∂µφ] =

∫
d4x
√
−g
[
R− 2Λ

16πG
− 1

2
gµν∂µφ∂νφ− V (φ)

]
(5.1)

'Opou

V (φ) = − 3

4πG`2
sinh2

√
4πG

3
φ , Λ = −3`2 , g ≡ det(gµν) (5.2)

me ` na eÐnai h aktÐna tou q¸rou Anti-de Sitter(AdS). Oi pr¸toi dÔo ìroi eÐnai h dr�sh
Einstein-Hilbert, pou dÐnei thn klassik  jewrÐa barÔthtac, thn Genik  Sqetikìthta, en¸ oi
dÔo teleutaÐoi eÐnai o kinhtikìc kai o dunamikìc ìroc thc dr�shc Klein-Gordon, miac kai to
pedÐo mac eÐnai bajmwtì. Oi par�gwgoi den eÐnai sunalloÐwtec epeid  gia ta bajmwt� pedÐa
tautÐzontai me tic kanonikèc. EpÐshc, parathroÔme pwc den up�rqei �mmesh sÔzeuxh tou
bajmwtoÔ pedÐou me thn kampulìthta, all� mìno èmmesh, mèsw tou pedÐou thc metrik c.
Epomènwc, h dr�sh pou epilèxame, eÐnai thc morf c:

I[gµν , φ, ∂µφ] = IE−H [gµν ] + IK−G[gµν , φ, ∂µφ]

Gia mikrèc metabolèc tou bajmwtoÔ pedÐou (φ→ φ+δφ), oi metabolèc sth sunolik  dr�sh
ja eÐnai:

φ→ φ+ δφ =⇒ δI[gµν , φ, ∂µφ] = Igravity + δIK−G
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'Opou

δIK−G =

∫
d4x

[
∂Lm
∂φ

δφ+
∂Lm
∂µ(δφ)

δ(∂µφ)

]
= . . . =

=

∫
d4x

[
∂Lm
∂φ
− ∂µ

(
∂Lm
∂(∂µφ)

)]
δφ

Gia na eÐnai st�simh h dr�sh, prèpei h metabol  na gÐnei mhdèn kai o mìnìc trìpoc eÐnai na
ikanopoioÔntai oi exis¸seic Euler − Lagrange1 gia to pedÐo φ, epomènwc:

∂Lm
∂φ
− ∂µ

(
∂Lm
∂(∂µφ)

)
= 0 −→

√
−g
(
−dV

dφ
+ ∂µ∂

µφ

)
= 0

gµν∂µ∂νφ−
dV

dφ
= 0 −→ �φ− dV

dφ
= 0 (5.5)

'Opou h teleutaÐa sqèsh eÐnai profan¸c h exÐswsh Klein-Gordon sto plaÐsio thc genik c
sqetikìthtac, dhlad  se kampulomèno qwroqrìno. Opìte, gia mikrèc metabolèc wc proc
to pedÐo φ br kame tic exis¸seic kÐnhs c tou. Na shmei¸soume ed¸, pwc gia na bg�loume
tic exis¸seic Euler−Lagrange kai na isqÔei h parap�nw an�lush ,prèpei na jewr soume
pwc oi metabolèc tou pedÐou , mhdenÐzontai sto sÔnoro,   fjÐnoun asumptwtik� proc to
�peiro, an oloklhr¸noume s'ìlo ton q¸ro.

Ja akolouj soume thn Ðdia diadikasÐa kai gia thn metrik . K�nontac mikrèc metabolèc
wc proc to gµν ja broÔme tic exis¸seic kÐnhs c tou, pou ja eÐnai oi ex.Einstein. Pa-
rathreÐste epÐshc, pwc sthn metabol  thc dr�shc gia to bajmwtì pedÐo (δImatter), gia
na mporèsoume na bg�loume tic exis¸seic Euler − Lagrange, èprepe na bg�loume sto
olokl rwma, èna koinì par�gonta δφ. Me thn Ðdia logik , t¸ra ja prospaj soume na
bg�loume koinì paragont� to δgµν .

Opìte gia gµν → gµν + δgµν èqoume:

gµν → gµν + δgµν =⇒ δI[gµν , φ, ∂µφ] = δIgravity + δImatter

1H exagwg  twn exis¸sewn gÐnetai qrhsimopoiìntac to parak�tw

Je¸rhma 1 (Fundamental Lemma of Calculus). An∫ x2

x1

φ(x)n(x)dx = 0 (5.3)

ìpou φ(x) suneq c kai n(x) 2-forèc paragwgÐsimh kai epiplèon n(x1) = n(x2) = 0 (mhdenismìc sta ìria)
tìte

φ(x) = 0 sto [x1, x2] (5.4)
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δI =

∫
d4x

{ 1

16πG

[
δ
(√
−ggµνRµν

)
− 2Λδ

(√
−g
)]
− 1

2
∂µφ∂νφδ

(√
−ggµν

)
− V (φ) δ

(√
−g
) }

=

∫
d4x

{ 1

16πG

[
δ
(√
−g
)
gµνRµν +

√
−gδ (gµν)Rµν +

√
−ggµνδ (Rµν)− 2Λδ

(√
−g
)]

− 1

2
∂µφ∂νφ

[
δ
(√
−g
)
gµν +

√
−gδ (gµν)

]
− V (φ) δ

(√
−g
) }

(5.6)

Ja ekfr�soume ta δRµν kai δ
√
−g sunart sei tou δgµν .

δ (Rµν) =δ
(
Rβµβν

)
=∂β

(
δΓβµν

)
− ∂ν

(
δΓβµβ

)
+
(
δΓββλ

)
Γλµν+

Γββλ

(
δΓλµν

)
−
(
δΓβνλ

)
Γλµβ − Γβνλ

(
δΓλµβ

)
Gr�foume ton pr¸to,tètarto,pèmpto kai èkto ìro mazÐ sthn arq  kai sto tèloc prosja-

fairoÔme ton ìro Γβνλ

(
δΓλµβ

)
kai èqoume:

=∂β

(
δΓβµν

)
+ Γββλ

(
δΓλµν

)
−
(
δΓβνλ

)
Γλµβ − Γβνλ

(
δΓλµβ

)
− ∂ν

(
δΓβµβ

)
+
(
δΓββλ

)
Γλµν + Γβνλ

(
δΓλµβ

)
− Γβνλ

(
δΓλµβ

)
Enall�sw metaxÔ touc, ta β kai λ ston tètarto kai ton teleutaio ìro.

=
(
∂βδΓ

β
µν + ΓββλδΓ

λ
µν − δΓ

β
νλΓλµβ − ΓλνβδΓ

β
µλ

)
−
(
∂νδΓ

β
µβ − δΓ

β
βλΓλµν − ΓβνλδΓ

λ
µβ + ΓλνβδΓ

β
µλ

)
=∇βδΓβµν −∇νδΓ

β
µβ

'Opou qrhsimopoi same thn sqèsh

∇νΓβµβ = ∂νΓβµβ + ΓλνβΓβµλ − ΓλµνΓβλβ − ΓβνλΓλµβ

Epomènwc, deÐxame ìti

δ (Rµν) = δ
(
Rβµβν

)
= ∇βδΓβµν −∇νδΓ

β
µβ (5.7)

AntikajistoÔme autì pou br kame sthn sqèsh (5.6), thc opoÐac o trÐtoc ìroc, gÐnetai:

√
−ggµνδ (Rµν) =

√
−ggµν

[
∇βδΓβµν −∇νδΓ

β
µβ

]
=
√
−g
[
gµν∇βδΓβµν − gµν∇νδΓ

β
µβ

]
=
√
−g
[
∇β
(
gµνδΓβµν

)
−∇ν

(
gµνδΓβµβ

)
− δΓβµν∇βgµν + δΓβµβ∇νg

µν
]

=
√
−g
[
∇β
(
gµνδΓβµν

)
−∇ν

(
gµνδΓβµβ

)]
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Enall�soume ta ν kai β ston teleutaÐo ìro

=
√
−g
[
∇β
(
gµνδΓβµν

)
−∇β

(
gµβδΓνµν

)]
=
√
−g∇β

(
gµνδΓβµν − gµβδΓνµν

)
An jumhjoÔme t¸ra, pwc autìc o ìroc oloklhr¸netai se ènan tetra-ìgko, h parousÐa tou
∇β mac epitrèpei na qrhsimopoi soume to je¸rhma tou Stokes gia dianusmatik� pedÐa kai na
per�soume to olokl rwma sto sÔnoro. 'Omwc, sto sÔnoro ìlec oi metabolèc mhdenÐzontai,
dhlad :

δΓβµν → 0 =⇒
√
−ggµνδ (Rµν) = 0 (5.8)

'Ara o trÐtoc ìroc sthn exÐswsh (5.6) mhdenÐzetai. P�me t¸ra na ekfr�soume to δ (
√
−g)

sunart sei tou gµν . MporoÔme na gr�youme th metrik  san an�ptugma sumparagìntwn (
cofactors).

det gµν ≡ g = gµ1Cµ1 + . . .+ gµνCµν (5.9)

'Opou o sumpar�gontac tou stoiqeÐou gµν orÐzetai wc

Cµν = (−1)µ+νMµν (5.10)

Kai to Mµν eÐnai h orÐzousa tou gµν an afairèsw thn µ-gramm  kai thn ν-st lh(ell�son
orÐzousa,minor). Apì tic dÔo parap�nw sqèseic mporoÔme na gr�youme

g =
∑
ν

gµνCµν =
∑
ν

gµνMµν (−1)µ+ν (5.11)

Sthn parap�nw sqèsh, mporeÐ na èqoume �jroish, ìmwc gia k�je ν xeqwrist� isqÔei ìti:

∂g

∂gµν
= (−1)µ+νMµν −→ ∂g = (−1)µ+νMµν∂gµν −→

1

∂g
=

1

(−1)µ+νMµν

∂gµν

∂gµν =
1

∂g
(−1)µ+νMµν −→ gµν =

1

g
(−1)µ+νMµν =

1

g

∂g

∂gµν
−→

δg = ggµνδgµν (5.12)

Kai t¸ra ja sundèsoume metaxÔ touc ta δgµν kai δgµν . Xekin�me apì thn gnwst  sqèsh:

gµσg
σν = δνµ −→ δ (gµσg

σν) = δ
(
δνµ
)
−→ δgµσ g

σν + gµσ δg
νσ = 0

·gνα−−→ δgµσ g
σνgνα + gµσ gναδg

νσ = 0 −→ δgµα = −gµσgναδgσν

−→ δgµν = −gµσgναδgσα (5.13)

Apì tic sqèseic (5.12) kai (5.13) èqoume:

δg = −ggµνgµσgνσδgσα −→ δg = −gδνσgναδgσα −→

δg = −ggναδgνα −→ δg = −ggµνδgµν (5.14)
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Epomènwc t¸ra mporoÔme na upologÐsoume δ (
√
−g)

δ
(√
−g
)

=
−1

2
√
−g

δg
(5.14)−−−→ δ

(√
−g
)

=
−1

2
√
−g

ggµνδg
µν

=
1

2

(√
−g
−g

)
ggµνδg

µν

δ
(√

−g
)

= −1

2

√
−ggµνδgµν (5.15)

Pèra apì to δgµν jèlame kai to
√
−g gia na mporeÐ na bgeÐ kai autì koinìc par�gontac ètsi

¸ste na eÐnai bajmwt  posìthta olìklhrh h Lagkranzian  mac. 'Otan k�noume metabolèc
wc proc thn metrik , to stoiqei¸dec komm�ti ìgkou pou oloklhr¸noume, ephre�zetai apì
autèc tic metabolèc [2]. Opìte, to

√
−g k�nei thn Lagkranzian  mac bajmwt  posìthta �ra

kai anex�rthth apì to stoiqei¸dh ìgko. Sthn ousÐa thn metatrèpoume se Lagkranzian 
puknìthta. S�utì to shmeÐo, mporoÔme na p�me kai na antikatast soume ìti br kame sthn
exÐswsh (5.6), dhlad  tic sqèseic (5.15) kai (5.13).

δI =

∫
d4x

{ 1

16πG

[
δ
(√
−ggµνRµν

)
− 2Λδ

(√
−g
)]

(5.16)

−1

2
∂µφ∂νφδ

(√
−ggµν

)
− V (φ) δ

(√
−g
) }

=

∫
d4x

{ 1

16πG

[
δ
(√
−g
)
gµνRµν +

√
−gδ (gµν)Rµν +

√
−ggµνδ (Rµν)− 2Λδ

(√
−g
)]

− 1

2
∂µφ∂νφ

[
δ
(√
−g
)
gµν +

√
−gδ (gµν)

]
− V (φ) δ

(√
−g
) }

=

∫
d4x

{
1

16πG

[
−1

2

√
−ggαβδgαβgµνRµν +

√
−gRµνδgµν +

√
−ggαβδgαβΛ

]

− 1

2
∂µφ∂νφ

[
−1

2

√
−ggαβδgαβgµν +

√
−gδgµν

]
+

1

2

√
−ggαβδgαβV (φ)

}

=

∫
d4x

{√
−g

16πG

(
−1

2
Rgαβδg

αβ +Rαβδg
αβ + Λgαβδg

αβ

)

+
1

4

√
−g∂µφ∂νφgαβδgαβgµν −

1

2

√
−g∂αφ∂βφδgαβ +

1

2

√
−ggαβδgαβV (φ)

}
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Bg�zoume apì èxw to δgαβ

δI =

∫
d4x
√
−g

{
1

16πG

(
−1

2
Rgαβ +Rαβ + Λgαβ

)

+
1

4
∂µφ∂νφgαβg

µν − 1

2
∂αφ∂βφ+

1

2
gαβV (φ)

}
δgαβ

Gia na isoÔtai to prap�nw olokl rwma me mhdèn, prèpei h par�stash mèsa stic agkÔlec
na mhdenÐzetai, sÔmfwna me to je¸rhma pou qrhsimopoi same kai prohgoumènwc. Autèc
eÐnai kai oi exis¸seic kÐnhshc pou y�qname.

1

16πG

(
−1

2
Rgαβ +Rαβ + Λgαβ

)
+

1

4
∂µφ∂νφgαβg

µν − 1

2
∂αφ∂βφ+

1

2
gαβV (φ) = 0→

− 1

2
Rgαβ +Rαβ + Λgαβ = 16πG

(
−1

4
∂µφ∂νφgαβg

µν +
1

2
∂αφ∂βφ−

1

2
gαβV (φ)

)
→

Gαβ + Λgαβ = 8πG

(
−1

2
gαβg

µν∂µφ∂νφ+ ∂αφ∂βφ− gαβV (φ)

)
Gαβ + Λgαβ = 8πGTαβ (5.17)

Tαβ = ∂αφ∂βφ−
1

2
gαβg

µν∂µφ∂νφ− gαβV (φ) (5.18)

Opìte ìlec mazÐ, oi exis¸seic kÐnhshc, thc metrik c kai tou bajmwtoÔ pedÐou, gia thn
sugkekrimènh dr�sh eÐnai:

Gαβ + Λgαβ = 8πGTαβ (5.19)

Tαβ = ∂αφ∂βφ−
1

2
gαβg

µν∂µφ∂νφ− gαβV (φ) (5.20)

gµν∂µ∂νφ−
dV

dφ
= 0 (5.21)

Oi parap�nw exis¸seic ikanopoioÔntai apì thn statik  lÔsh

ds2 =
r (r + 2Gµ)

(r +Gµ)2

−(r2

`2
−
(

1 +
Gµ

r

)2
)
dt2 +

(
r2

`2
−
(

1 +
Gµ

r

)2
)−1

dr2 + r2dσ2


(5.22)

me topologÐa R2 × Σ, ìpou to Σ eÐnai mia disdi�stath pollaplìthta me arnhtik  stajer 
kampulìthta kai dσ2 eÐnai h metrik  thc. To bajmwtì pedÐo dÐnetai apì th sqèsh

φ =

√
3

4πG
tanh−1 Gµ

r +Gµ
(5.23)
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Me

µ =
4πM

σ

ìpou M eÐnai h m�za thc maÔrhc trÔpac kai σ to embadìn thc pollaplìthtac Σ. H sqèsh
(5.23) sundèei to bajmwtì pedÐo me to µ pou eÐnai par�metroc pou kajorÐzei th lÔsh mac.
Epomènwc katalabaÐnoume ìti kai to pedÐo φ ephre�zei th lÔsh mac, èstw kai deuteroge-
n¸c. H Ôparxh miac epiplèon paramètrou (sthn perÐptws  mac h φ) h opoÐa ephre�zei thn
gewmetrÐa èrqetai se antÐjesh me thn upìjesh ex�leiyhc iqn¸n(no-hair conjecture)
h opoÐa dhl¸nei ìti

ìlec oi st�simec, asumptwtik� epÐpedec, tetradi�statec lÔseic melan¸n op¸n pou eÐnai
lÔseic twn ex.Einstein sto kenì   me hlektromagnhtikì pedÐo, qarakthrÐzontai apì th
m�za, to fortÐo(hlektrikì   magnhtikì) kai thn stroform .

SÔmfwna loipìn me thn parap�nw upìjesh, h kat�stash miac melan c op c qarakth-
rÐzetai mìno apì treic posìthtec: m�za, fortÐo kai stroform . Oi posìthtec autèc eÐnai
diathr sima megèjh pou mporoÔn na metrhjoÔn sto �peiro mèsa apì to nìmo tou Gauss .
H logik  pÐsw apì aÔth thn upìjesh eÐnai pwc meg�lo mèroc thc plhroforÐac q�netai apì
th stigm  pou sqhmatÐzetai mia melan  op . MporeÐ prohgoumènwc na  tan èna �stro to
opoÐo qarakthrizìtan apì pollèc paramètrouc all� kat� th di�rkeia thc kat�rreÔshc ja
èqoume kai ap¸leia plhroforÐac opìte ìtan isorropÐssei to sÔsthma se maÔrh trÔpa ja
perigr�fetai mìno apì èna mikrì arijmì paramètrwn. AntÐstoiqa ìtan èna s¸ma per�sei
ton orÐzonta gegonìtwn h mình diafor� metaxÔ arqik c kai telik c kat�stashc ja eÐnai
diafor� sth m�za, th stroform  kai to fortÐo.

Stic peript¸seic Schwarzschild kai Reissner-Nördstrom h upìjesh aut  ikanopoioÔtan.
Oi mìnec par�metroi stic lÔseic  tan h m�za M kai to fortÐo Q. Stroform  den Ôphrqe
giatÐ eÐqame jewr sei statikèc lÔseic exarq c.
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Kef�laio 6

Melanèc ìpèc Brans-Dicke

6.1 Arq  tou Mach

'Ena apì ta anap�nthta erwt mata, pou apasqoleÐ mèqri kai s mera thn episthmonik  kai
filosofik  koinìthta eÐnai to poi� eÐnai h akrib c fÔsh tou qwroqrìnou. MporeÐ san
er¸thsh na deÐqnei ìti an kei sto plaÐsio thc filosofÐac kajar�, all� h ap�nths  thc
èqei kajoristikì rìlo gia tic fusikèc epist mec. Apì thn epoq  tou Kartèsiou kai tou
NeÔtwna mèqri t¸ra èqoun epikrat sei dÔo kÔriec apìyeic.

H pr¸th, anagnwrÐzei to qwroqrìno san mÐa aujaÐreth, anex�rthth ontìthta, h opoÐa
èqei endogeneÐc idiìthtec kai up�rqei anex�rthta apì ta fusik� thc perieqìmena. Me lÐga
lìgia jewreÐ ènan apìluto q¸ro kai ènan apìluto qrìno.

H deÔterh, uposthrÐzei ìti o qwroc kai o qrìnoc eÐnai sust mata sqèsewn metaxÔ
ulik¸n swm�twn kai ulik¸n sumb�ntwn �ra de gÐnetai na up�rqoun qwrÐc aut�. Dhlad  ìti
qwroqrìnoc kai Ôlh eÐnai �rrhkta sundedemèna metaxÔ touc kai apoktoÔn tic idiìthtèc touc
to èna mèsa apì to �llo. Jermìc uposthrikt c aut c thc aut c thc jèshc  tan o fusikìc
kai filìsofoc Ernst Mach o opoÐoc �skhse kritik  sth prosèggish tou NeÔtwna perÐ
q¸rou kai qrìnou. PÐsteue ìti oi gewmetrikèc kai adraneiakèc idiìthtec enìc q¸rou den
èqoun kanèna nìhma an o q¸roc eÐnai �deioc. Q�noun thn praktik  kai episthmonik  touc
axÐa. JewroÔse ìti kajorÐzontai mìno ìtan sto q¸ro up�rqei kai Ôlh kai pwc h kÐnhsh
enìc s¸matoc èqei nìhma mìno se sqèsh me k�poio �llo. H parap�nw filosofik  antÐlhyh
èmeine gnwst  san arq  tou Mach. 'Hjele na deÐxei ìti oi adraneiakèc dun�meic pou
emfanÐzontai se èna s¸ma èqoun thn rÐza touc sthn katanom  thc m�zac sto upìloipo
sÔmpan gÔro apì autì kai ìqi sth sqetik  tou kÐnhsh wc proc k�poion apìluto q¸ro.

Ac fantastoÔme ìti èqoume èna s¸ma m�zac m to opoÐo brÐsketai mìno tou mèsa sto
sÔmpan. An den tou ask tai kamÐa exwterik  dÔnamh tìte o deÔteroc nìmoc tou Nèutwna
mac lèei ìti

m~a = 0 (6.1)

SÔmfwna me to NeÔtwna, h parap�nw exÐswsh uponoeÐ ìti ~a = 0 dhlad  ìti to s¸ma kineÐtai
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omal�, me stajer  taqÔthta. 'Omwc gia ton Mach h parap�nw prìtash den èqei kanèna
nìhma giatÐ den èqoume jewr sei k�poio sÔsthma anafor�c wc proc to opoÐo metr�me
thn taqÔthta kai o q¸roc o Ðdioc den je¸reÐtai tètoio sÔsthma. Epomènwc upì autì to
prÐsma h exÐswsh ~a = 0 den èqei kamÐa fusik  shmasÐa kai h taqÔthta   h epit�qunsh eÐnai
akajìrista megèjh. 'Ara me b�sh thn exÐswsh (6.1) èqoume ìti

m = 0 (6.2)

Dhlad  ìti h adr�neia enìc s¸matoc den eÐnai endogen c idiìthta pou thn èqei apì mìno
tou all� exart�tai apì thn an up�rqei ki �llh m�za mèsa sto sÔmpan, me tètoio trìpo
ìpou an den up�rqei epiplèon m�za, h adr�neia tou s¸matoc mhdenÐzetai.

Oi idèec touMach ephrèasan kai Ðswc na enèpneusan ton Einstein sto na brei mia
jewrÐa sqetikìthtac, all� parìla aut� h G.J.S. den eÐnai sumbat  ex'ìlokl rou me thn
arq  tou Mach. Oi gewmetrikèc idiìthtec tou qwroqrìnou ephre�zontai apì thn katanom 
thc m�zac, all� den kajorÐzontai pl rwc kai monadik� apì aut n.

6.2 H arq  tou Mach stic Brans-Dicke jewrÐec

Oi Brans kai Dicke to 1961 dhmosÐeusan èna �rjro sto opoÐo prìteinan mia nèa jewrÐa
barÔthtac h opoÐa  tan sumbat  me thn arqh tou Mach. Ousiastik� jèlane na fti�xoun
mia kat�llhlh jewrÐa pedÐou me arqikèc kai sunoriakèc sunj kec ètsi ¸ste h gewmetrÐa
tou qwroqrìnou na kajorÐzetai monadik� apì thn katanom  thc m�zac. Qrhsimopoi¸ntac
diastatik� epiqeir mata kai me dedomèno ìti h arq  tou Mach eÐnai swst , èqei apodeÐqjei
ìti h sqèsh pou sundèei th stajer� thc pagkìsmiac èlxhc me thn katanom  thc m�zac se
èna omoiìmorfa diastellìmeno sÔmpan eÐnai

GM

Rc2
∝ 1 (6.3)

ìpou M eÐnai h peperasmènh m�za tou ìratou(aitiak� sundèsimou) sÔmpantoc gÔro apì to
en lìgo shmeÐo kai R h aktÐna tou. Jewr¸ntac ìti M =

∑
imi ìpou mi to stoiqei¸dec

komm�ti m�zac pou apèqei apìstash ri apì to shmeÐo pou exet�zoume, h prohgoÔmenh sqèsh
paÐrnei th morf 

1

G
∝
∑
i

(
mi

ric2

)
(6.4)

kai parametrÐzontac th m�za me èna bajmwtì pedÐo φ paÐrnoume

1

G
∝
∑
i

(
mi

ric2

)
∝ φ (6.5)

Epomènwc h stajer� thc pagkìsmiac èlxhc G plèon den eÐnai stajer� all� mÐa bajmwt 
sun�rthsh G(φ) h opoÐa paÐrnei mia sugkekrimènh arijmhtik  tim  gia k�je shmeÐo tou
q¸rou kai exart�tai apì thn katanìmh thc m�zac sto aitiak� sundèsimo, me to exetazìmeno
shmeÐo, sÔmpan.
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6.3 Brans-Dicke melanèc opèc sto kenì

6.3.1 Afìrtistec melanèc opèc

Xekin�me apì th dr�sh twn Brans-Dicke stic D(≥ 4) diast�seic

I =
1

16π

∫
dDx
√
−g
[
φR− ω

φ
gµν∇µφ∇νφ

]
(6.6)

JewroÔme pwc sthn perigraf  thc barÔthtac suneisfèrei kai to pedÐo φ ektìc thc metri-
k c. H kampulìthta R eÐnai kai aut  komm�ti thc barÔthtac afoÔ eÐnai sun�rthsh twn
parag¸gwn thc metrik c. K�nontac metabolèc wc th metrik  kai to bajmwtì pedÐo dÐnei
tic exis¸seic kÐnhshc

φGµν ≡ φ
(
Rµν −

1

2
gµνR

)
=
ω

φ

[
∇µφ∇νφ−

1

2
gµν (∇φ)2

]
+∇µ∇νφ , (6.7)

∇2φ = 0 (6.8)

Oi deÔterec par�gwgoi tou bajmwtoÔ pedÐou k�noun thn epÐlush tw exis¸sewn arket�
dÔskolh kai gi'autì ja efarmìsoume èna sÔmmorfo metasqhmatismì (conformal transfor-
mation):

gµν = Ω2ḡµν , (6.9)

'Opou

Ω−(d+1) = φ , φ̄ =
√

2α

∫
dφ

φ
=
√

2α lnφ , a =
d+ 2

d+ 1
+ ω (6.10)

o opoÐoc mac odhgeÐ sto sÔsthma Einstein1 ìpou h dr�sh plèon gr�fetai

Ī =
1

16π

∫
dDx
√
−ḡ
[
R̄− 1

2

(
∇̄φ̄
)2]

(6.11)

Ta R̄ kai ∇̄ eÐnai h bajmwt  kampulìthta kai h sunalloÐwth par�gwgoc, wc proc thn
nèa metrik  ḡµν . Jewr¸ntac apeirostèc metabolèc sth �nèa� dr�sh (6.11), paÐrnoume tic
exis¸seic kÐnhshc

Ḡµν ≡ R̄µν −
1

2
ḡµνR̄ =

1

2
∇̄µφ̄∇̄ν φ̄−

1

4
ḡµν

(
∇̄φ̄
)2
, (6.12)

∇̄2φ̄ = 0 (6.13)

1Ousiastik�, mèsw tou sÔmmorfou metasqhmatismoÔ, p game se èna nèo, majhmatik� isodÔnamo sÔsth-
ma anafor�c to opoÐo apokaloÔme sÔsthma Einstein, epeid  oi exis¸seic kÐnhshc thc nèac metrik c ¯gµν
èqoun thn Ðdia morf  me tic ex.Einstein thc G.J.S. ìpwc faÐnetai kai sth sqèsh (6.12)
Autì sumbaÐnei epeid  sto nèo sÔsthma apaleÐyame thn sÔzeuxh bajmwtoÔ pedÐou kai kampulìthtac.
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SugkrÐnontac tic nèec me tic palÐec exis¸seic kÐnhshc, kai upojètontac pwc ta (ḡµν , φ̄, F̄µν)
eÐnai lÔseic twn nèwn, tìte ta

(gµν , φ) =

(
e
− 2

(d+1)
√
2α
φ̄
ḡµν , e

1√
2α
φ̄
,

)
(6.14)

ja eÐnai lÔseic twn arqik¸n. Oi exis¸seic (6.12),(6.13) èqoun lÔsh

ds̄2 = −e−fdt2 + e−h
(
dr2 + r2dΩ2

d+1

)
, (6.15)

φ̄ =

[
2 (d+ 1)

d
(1− γ2)

]1/2

ln
rd − rdo
rd + rdo

(6.16)

'Opou

ef =

[
rd − rdo
rd + rdo

]2γ

, (6.17)

e−h =

[
1− r2d

o

r2d

] [
rd − rdo
rd + rdo

]−2γ/d

, (6.18)

me γ kai ro stajerèc olokl rwshc. ParathroÔme ìti

� Gia r → ∞ tìte f → 0, h → 0 kai φ̄ → 0. Epomènwc, h metrik  (6.15) perigr�fei
asumptwtik� epÐpedo qwroqrìno.

� Apì to tÔpo (6.16) sumperaÐnoume ìti 0 ≤ γ2 ≤ 1. Gia γ = −1 h lÔsh eÐnai mÐa
D-di�stath lÔsh Schwarzschild me arnhtik  m�za, h opoÐa perigr�fei mÐa �gumn �
anwmalÐa(naked singularity) tou qwroqrìnou, dhlad  den kalÔptetai apì k�poion
orÐzonta gegonìtwn.

� Gia na èqei fusikì nìhma h lÔsh mac, prèpei γ ∈ [0, 1] . Sthn eidik  perÐptwsh
ìpou γ = 1 to bajmwtì pedÐo mhdenÐzetai. H sqèsh (6.15) perigr�fei mÐa D-di�stath
gewmetrÐa Schwarzschild me m�za M = 2rdo

� Se �llec peript¸seic, h (6.15) perigr�fei qwroqrìno me gumn  anwmalÐa ìpou to
idi�zon shmeÐo eÐnai to r = ro. Gia na to doÔme autì leptomer¸c, upologÐzoume th
bajmwt  kampulìthta (Ricci scalar) aut c thc metrik c.

R̄ =
4d(d+ 1)r2d

o (1− γ2)r2(d+1)

(rd + rdo)
2(d+1+γ)/d(rd − rdo)2(d+1−γ)/d

(6.19)

Apì thn parap�nw sqèsh, katalabaÐnoume pwc gia γ 6= 1, o qwroqrìnoc (6.15) èqei
mÐa gumn , bajmwt  anwmalÐa gia r = ro h opoÐa den mporeÐ na apaleifjeÐ k�nontac
metasqhmatismoÔc suntetagmènwn.
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Epomènwc, sthn sugkekrimènh jewrÐa, stic (D ≥ 4) ìpou eÐnai mia jewrÐa Einstein me

èna el�qista suzeugmèno, �mazo, bajmwtì pedÐo h monadik  lÔsh eÐnai

h D-di�stath lÔsh Schwarzschild.

DouleÔoume t¸ra antÐstrofa, kai gnwrÐzontac tic lÔseic sto sÔsthma Eisntein ja
exet�soume ta qarakthristik� twn lÔsewn sto arqikì Brans-Dicke sÔsthma. Apì tic
exis¸seic (6.14) brÐskei kaneÐc ìti

ds2 = Ω2ds̄2 = φ
− 2

(d+1)ds̄2 =

(
rd + rdo
rd − rdo

) 2
d+1

[
(d+1)(1−γ2)

ad

]1/2
ds̄2 , (6.20)

φ =

(
rd − rdo
rd + rdo

)[ (d+1)(1−γ2)
ad

]1/2
, (6.21)

'Opou to ds̄2 dÐnetai apì thn (6.15).

� Gia r → ∞ èqoume Ω2 → 1 epomènwc ds2 → ds̄2 ìpou deÐxame prohgoumènwc ìti
sto �peiro o q¸roc gÐnetai Minkowski. 'Ara kai ed¸ èqoume asumptwtik� epÐpedh
sumperifor�.

� MporeÐ kaneÐc na brei ìti gia r = ro èqoume p�li an¸malo shmeÐo upologÐzontac thn
bajmwt  kampulìthta gia th nèa metrik  h opoÐa dÐnetai apì th sqèsh

R = Ω−2R̄− 2(d+ 2)Ω−3ḡµν∇̄µ∇̄νΩ

− (d+ 2)(d− 1)Ω−4ḡµν∇̄µΩ∇̄νΩ . (6.22)

� Gia γ = 1 upologÐzoume ìti ds2 = ds̄2 kai φ = 1 epomènwc h lÔsh eÐnai p�li mia
D-di�stath lÔsh Schwarzschild me èna stajerì bajmwtì pedÐo. Ed¸ h arqik  mac
Brans-Dicke jewrÐa katal gei sthn klassik  Einstein jewrÐa.

� Apì thn sqèsh (6.16) kai epeid  ro ≥ 0 blèpoume pwc φ̄ ≤ 0 �ra apì th sqèsh (6.14)

φ = e
1√
2a
φ̄ ∈ (0, 1] (6.23)

Epeid  ìmwc h dr�sh (6.11)kai oi antÐstoiqec exis¸seic kÐnhshc eÐnai analloÐwta
k�tw apì metasqhmatismoÔc φ̄→ −φ̄ dhlad  Ī(φ) = Ī(−φ), h sqèsh pou sundèei ta
φ me ta φ̄ ja sundèei kai ta φ me ta −φ dhlad  ja isqÔei ìti

φ = e
− 1√

2a
φ̄ ∈ [1,∞) (6.24)

�ra up�rqei akìmh mia lÔsh sto Brans-Dicke sÔsthma ìpou

ds2 =

(
rd − rdo
rd + rdo

) 2
d+1

[
(d+1)(1−γ2)

ad

]1/2
ds̄2 , (6.25)

φ =

(
rd + rdo
rd − rdo

)[ (d+1)(1−γ2)
ad

]1/2
, (6.26)
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O qwroqrìnoc (6.25) eÐnai p�li asumptwtik� epÐpedoc kai to shmeÐo r = ro perigr�fei
qwroqronik  anwmalÐa ektìc apì thn perÐptwsh ìpou γ = 1. Gia γ = 1 èqoume φ = 1
kai h metrik  katal gei se D-di�stath lÔsh Schwarzschild me stajerì bajmwtì
pedÐo.

'Ara, stic (D ≥ 4) diast�seic h jewrÐa Brans-Dicke sto kenì dÐnei mÐa D-
di�stath lÔsh Schwarzschild me stajerì bajmwtì pedÐo.

6.4 Fortismènec melanèc opèc

H dr�sh Brans - Dicke - Maxwell stic D diast�seic dÐnetai apì thn sqèsh

I =
1

16π

∫
dDx
√
−g
[
φR− ω

φ
gµν∇µφ∇νφ− FµνFµν

]
(6.27)

S�utì to sÔsthma anafor�c (Jordan   Brans-Dicke ) ta swmatÐdia èqoun stajer  m�za
hremÐac kai kinoÔntai kat� m koc twn geodaisiak¸n gramm¸n. Autì sumbaÐnei, epeid  ta
pedÐa pou aforoÔn ta swmatÐdia Ôlhc, èqoun sÔzeuxh me thn barÔthta mìno mèsw thc
metrik c

√
−g, kai ìqi me to bajmwtì pedÐo φ. Sthn sugkekrimènh dr�sh to rìlo tou

pedÐou Ôlhc ton èqei to Fµν pou gnwrÐzoume apì ton hlektromagnhtismì. 'Opwc blèpoume,
up�rqei mìno kinhtikìc ìroc.

Jewr¸ntac mikrèc metabolèc wc proc thn metrik    to pedÐo φ, brÐskontai oi exis¸seic
kÐnhs c touc, oi opoÐec eÐnai:

φGµν ≡ φ
(
Rµν −

1

2
gµνR

)
=
ω

φ

[
∇µφ∇νφ−

1

2
gµν (∇φ)2

]
(6.28)

+ 2

(
F λµFνλ −

1

4
gµνF

2

)
+∇µ∇νφ− gµν∇2φ (6.29)

∇µFµν = 0 (6.30)

∇2φ = − d− 1

2 [(d+ 1)ω + (d+ 2)]
F 2 (6.31)

'Opou d = D − 3. H epÐlush tw parap�nw exis¸sewn den eÐnai eÔkolh, lìgw thc Ôparxhc
twn deutèrwn parag¸gwn tou bajmwtoÔ pedÐou. H duskolÐa mporeÐ na apofeuqjeÐ ìpwc
kai prohgoumènwc, k�nontac sÔmmorfo metasqhmatismì :

gµν = Ω2ḡµν , (6.32)

'Opou

Ω−(d+1) = φ , φ̄ =
√

2α

∫
dφ

φ
=
√

2α lnφ , a =
d+ 2

d+ 1
+ ω (6.33)

O metasqhmatismìc autìc, odhgeÐ se èna nèo, sÔmmorfo sÔsthma anafor�c , sto opoÐo
h palÐa mac jewrÐa Brans - Dicke - Maxwell (6.27) èqei all�xei se Einstein - Maxwell
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jewrÐa, me èna asjen¸c suzeugmèno bajmwtì pedÐo φ̄.

Ī =
1

16π

∫
dDx
√
−ḡ
[
R̄− 1

2

(
∇̄φ̄
)2 − e−bφ̄F̄ 2

]
(6.34)

'Opou

b =
d− 1

d+ 1

1√
2α
, (6.35)

S�utì to shmeÐo mporoÔme na doÔme ìti:

� H sqèseic (6.33) sunep�gontai ìti α > 0 (ω > −d+2
d+1) kai ètsi to φ̄ mhdenÐzetai se

mÐa qwroeid¸c �peirh apìstash.

� H dr�sh mènei analloÐwth upì ton sÔmmorfo metasqhmatismì

� H jewrÐa (6.27) eÐnai majhmatik¸c isodÔnamh me thn jewrÐa (6.34). Sto nèo sÔsthma
anafor�c(Eistein frame) ta swmatÐdia èqoun metab tèc m�zec, wc proc ton qwro-
qrìno kai epÐshc den kinoÔntai plèon p�nw stic gewdesiakèc grammèc.

� Up�rqei sÔzeuxh metaxÔ twn F̄µν kai φ̄. Lìgw autoÔ, mporoÔme na jewr soume
to pedÐo Maxwell Fµν san phg  tou bajmwtoÔ φ. ParathreÐtai akìmh , pwc gia
tetradi�stato qwroqrìno(D = 4) tìte b = 0 opìte up�rqei aposÔzeuxh twn dÔo
pedÐwn kai sto nèo summorfo sÔst ma. Sto palÐo sÔsthma(BD) den up rqe ètsi
ki alli¸c. Opìte, afoÔ oi dÔo jewrÐec eÐnai isodÔnamec kai gia D = 4 èqoume mÐa
eidik  perÐptwsh thc jewrÐac Einstein - Maxwell, eÐnai logikì na upojèsoume pwc
gia D = 4 ja l�boume mÐa exÐsou eidik  perÐptwsh gia thn jewrÐa Brans - Dicke -
Maxwell.

Jewr¸ntac apeirostèc metabolèc sth �nèa� dr�sh (6.34), paÐrnoume tic exis¸seic kÐnhshc

Ḡµν ≡ R̄µν −
1

2
ḡµνR̄

=
1

2
∇̄µφ̄∇̄ν φ̄−

1

4
ḡµν

(
∇̄φ̄
)2

+ 2e−bφ̄
(
F̄ λµ F̄νλ −

1

2
ḡµνF̄

2

)
, (6.36)

∇̄2φ̄ = −be−bφ̄F̄ 2 , (6.37)

∇̄µ
(
e−bφ̄F̄µν

)
= 0 . (6.38)

SugkrÐnontac tic nèec me tic palÐec exis¸seic kÐnhshc, kai upojètontac pwc ta (ḡµν , φ̄, F̄µν)
eÐnai lÔseic twn nèwn, tìte ta

(gµν , φ, Fµν) =

(
e
− 2

(d+1)
√
2α
φ̄
ḡµν , e

1√
2α
φ̄
, F̄µν

)
(6.39)
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ja eÐnai lÔseic twn arqik¸n exis¸sewn. Oi lÔseic twn (6.36)-(6.38) eÐnai

ds̄2 = −A2dt2 +B2dr2 + C2dΩ2
d+1 , (6.40)

ebφ̄ =

[
1−

(r−
r

)d]αd
, (6.41)

F̄tr =
Q

rd+1
, (6.42)

ìpou

A2(r) =

[
1−

(r+

r

)d] [
1−

(r−
r

)d]1−αd
,

B2(r) =

[
1−

(r+

r

)d]−1 [
1−

(r−
r

)d]α−1

(6.43)

C2(r) = r2

[
1−

(r−
r

)d]α
,

α =
2b2(d+ 1)

d(2d+ b2(d+ 1))
.

ìpou Q, r+ kai r− eÐnai stajerèc olokl rwshc. Apì to nìmo tou Gauss gia to fortÐo
èqoume

q =
1

4π

∫
r→∞

F̄tr
√
−ḡdd+1x =

Vd+1

4π
Q , (6.44)

ìpou Vd+1 eÐnai o ìgkoc thc d+1-di�stathc sfaÐrac. H stajer� Q sundèetai me ta r+ kai
r− me th sqèsh

Q2 =
αd3(r+r−)d

2b2
. (6.45)

ParathroÔme ìti:

� To bajmwtì pedÐo eÐnai pantoÔ peperasmèno ektìc apì to r = 0

� Gia α = 0 h lÔsh gÐnetai mia D-di�stath lÔsh Reissner-Nordström, ìpote mporoÔme
na ermhneÔsoume ta r+ kai r− wc touc dÔo orÐzontec.

� Gia α 6= 0 to r− sumperifète san qwroqronik  anwmalÐa ìpwc faÐnetai apì thn
bajmwt  kampulìthta

R̄ =
α2d4r2d

−
2b2r2d+2

[
1−

(r+

r

)d] [
1−

(r−
r

)d]−(α+1)

− 4Q2

r2d+2

[
1−

(r−
r

)d]−α
, (6.46)

h opoÐa apeirÐzetai ektìc an α = 0.
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Apì tic (6.39) brÐskoume thn lÔsh thc hlektrik� fortismènhc maÔrhc trÔpac gia thn jewrÐa
Brans-Dicke-Maxwell.

ds2 = Ω2ds̄2 =

[
1−

(r−
r

)d]−2αd/(d−1)

ds̄2 , (6.47)

φ = e
1√
2a
φ̄

=

[
1−

(r−
r

)d]αd(d+1)/(d−1)

, (6.48)

Ftr = F̄tr =
Q

rd+1
, (6.49)

ìpou xan� to ds̄2 dÐnetai apì th sqèsh (6.15).

� H lÔsh perigr�fei asumptwtik� epÐpedo qwroqrìno

� To bajmwtì pedÐo mhdenÐzetai sto r = r− kai φ→ 1 gia r →∞

� Gia D = 4 èqoume b = 0 apì thn (6.35) kai en suneqeÐa α = 0 apì thn (6.43) opìte
to bajmwtì pedÐo sto sÔsthma Einstein mhdenÐzetai(φ = 0) kai ètsi apì tic (6.48)
èqoume èna stajerì pedÐo φ = 1.

� Stic parap�nw diast�seic ìpou b 6= 0 blèpoume apo th sqèsh (6.31) pwc to bajmwtì
pedÐo den eÐnai tetrimmèno kai to pedÐo Maxwell leitourgeÐ wc phg  tou.

Apì th stigm  pou kai to pedÐo Maxwell epitrèpetai apì to je¸rhma ex�leiyhc iqn¸n
sumperaÐnoume ìti to pedÐo Maxwell leitourgeÐ wc phg  gia to bajmwtì

kai uposthrÐzei thn Ôparxh mh tetrimmènwn bajmwt¸n pedÐwn .
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Kef�laio 7
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