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PerÐlhyh

Sthn diplwmatik  aut  ergasÐa anaptÔssontai stoqastikoÐ ektimhtèc tou

Ðqnouc sunart sewn pin�kwn, pou sumbolÐzetai wc Tr(f(A)), gia kat�llhlh

sun�rthsh f kai summetrikì pÐnaka A, ¸ste na apofeÔgetai o ap' eujeÐac

upologismìc tou pÐnaka f(A).

Up�rqoun pollèc efarmogèc stic opoÐec apaiteÐtai h ektÐmhsh tou Ðqnouc

miac sun�rthshc pÐnaka, ìpwc h fusik , h statistik , h an�lush diktÔwn k.a.

O upologismìc tou pÐnaka f(A) mporeÐ na èqei uyhlì upologistikì kìstoc,

idiaÐtera se meg�louc pÐnakec pou apaitoÔntai stic efarmogèc. Epomènwc,

krÐnetai anagkaÐa h Ôparxh ektimht¸n. Oi stoqastikoÐ ektimhtèc pou ana-

ptÔssontai sthrÐzontai ston upologismì thc posìthtac 1
N

∑N
1 x

T
i f(A)xi gia

diaforetik� dianÔsmata xi, ìpou N eÐnai to mègejoc tou deÐgmatoc (to pl -

joc twn dianusm�twn). ApodeiknÔetai ìti h anamenìmenh tim  thc posìthtac

xTf(A)x, gia kat�llhlo di�nusma x kai summetrikì pÐnaka A, isoÔtai me to

Ðqnoc tou pÐnaka f(A).

Epipleìn, kaj¸c oi ektimhtèc pou par�gontai eÐnai statistik c fÔshc,

eÐnai anamenìmeno ìti h melèth kai h efarmog  statistik¸n sqediasm¸n mpo-

reÐ na belti¸sei thn poiìthta kai thn apìdosh touc sthn prosèggish tou

Ðqnouc Tr(f(A)). DiaforetikoÐ statistikoÐ sqediasmoÐ ja sugkrijoÔn kai

arijmhtik� paradeÐgmata apì pragmatikèc efarmogèc ja suzhthjoÔn.

Lèxeic Kleidi�: stoqastikìc ektimht c, Ðqnoc, sun�rthsh pÐnaka





Abstract

In this postgraduate work, stochastic estimates for the trace of functions

of matrices, denoted as Tr(f(A)), are developed, where f is a suitable

function and A a symmetric matrix. This aims to the avoidance of the

explicit computation of the matrix f(A).

The trace of a matrix function arises in many disciplines such as in phy-

sics, in statistics, in network analysis, etc. The computation of a function

of the matrix A can have a high computational cost, especially for large

matrices that are required in applications. Therefore, it is necessary to e-

stimate the trace of f(A). Stochastic estimates have been proposed, which

are based on the computation of the quantity 1
N

∑N
1 x

T
i f(A)xi for different

sample vectors xi, where N is the sample size (the number of the sample

vectors). It can be proved that the expected value of the quantity xTf(A)x,

for suitable vector x and symmetric matrix A, equals to the Tr(f(A)).

Moreover, since the proposed estimates are of a statistical nature, it is

natural to expect that the application of some statistical designs may im-

prove their quality and their effectiveness in estimating the trace Tr(f(A)).

Various statistical designs will be compared and numerical examples stem-

ming from real applications will be discussed.

keywords: stochastic estimator, trace, matrix function
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Eisagwg 

Sto eisagwgikì autì kef�laio, ja parajèsoume k�poiec basikèc ènnoiec kai

idiìthtec oi opoÐec ja qreiastoÔn sta epìmena kef�laia.

Fasmatik  An�lush

To epìmeno je¸rhma perigr�fei th fasmatik  an�lush tou A se perÐptwsh

pou o A eÐnai summetrikìc pÐnakac (bl. [22], [6]).

Je¸rhma 1. Fasmatikì Je¸rhma (Spectral Theorem)

'Estw A ∈ Rp×p summetrikìc pÐnakac. Up�rqei orjokanonikìc pÐnakac V

tou opoÐou oi st lec vk eÐnai ta kanonikopoihmèna idiodianÔsmata tou A kai

ènac diag¸nioc pÐnakac Λ tou opoÐou ta diag¸nia stoiqeÐa eÐnai oi idiotimèc λk

tou A tètoioi ¸ste

(1) A = V ΛV T

me V V T = Ip, Λ = diag(λ1, . . . , λp) kai λ1 ≥ · · · ≥ λp.

Orismìc 1.

MÐa sun�rthsh f lème ìti orÐzetai sto f�sma tou summetrikoÔ pÐnaka A ∈
Rp×p an up�rqoun oi timèc f(λi), i = 1, . . . , p [35].

Orismìc 2.

'Estw f mÐa sun�rthsh pou orÐzetai sto f�sma tou summetrikoÔ pÐnaka

A ∈ Rp×p kai èqei th fasmatik  an�lush (1). Tìte f(A) = V f(Λ)V T .
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Epomènwc, gia summetrikoÔc pÐnakec, o f(A) èqei ta Ðdia idiodianÔsmata me

ton pÐnaka A kai oi idiotimèc tou dÐnontai efarmìzontac thn f stic idiotimèc

tou pÐnaka A [38], [66].

Pìrisma 1.

An o pÐnakac A eÐnai summetrikìc tìte kai pÐnakac f(A) eÐnai summetrikìc.

Apìdeixh

ProkÔptei �mesa an l�boume upìyin mac thn fasmatik  an�lush tou pÐnaka

f(A) = V f(Λ)V T . ParathroÔme ìti f(A)T = (V f(Λ)V T )T = V f(Λ)TV T =

V f(Λ)V T = f(A).

'Estw x èna tuqaÐo, mh mhdenikì di�nusma sto Rp kai V = [v1, . . . , vp]

Apì thn fasmatik  an�lush tou pÐnaka A prokÔptei ìti,

Ax =

p∑
k=1

λk(vk, x)vk

kai

f(A)x =

p∑
k=1

f(λk)(vk, x)vk.

Epomènwc,

xTf(A)x =

p∑
k=1

f(λk)(vk, x)
2.

Orismìc 3.

'Estw A ènac pragmatikìc tetragwnikìc pÐnakac di�stashc p (A ∈ Rp×p).

OrÐzetai Ðqnoc (trace) tou pÐnaka A to �jroisma twn diag¸niwn stoiqeÐwn

tou, dhlad ,

Tr(A) = a11 + a22 + · · ·+ app =

p∑
i=1

aii,

ìpou aii eÐnai h eÐsodoc pou brÐsketai sthn i-ost  gramm  kai sthn i-ost 

st lh tou A.
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L mma 1.

To Ðqnoc enìc pÐnaka eÐnai to �jroisma ìlwn twn idiotim¸n tou.

Apìdeixh

Gia to qarakthristikì polu¸numo tou pÐnaka A èqoume

ξA(x) = (a11 − x)(a22 − x) . . . (app − x) + δ(x),

ìpou δ(x) eÐnai èna polu¸numo bajmoÔ to polÔ p − 2. O suntelest c tou

xp−1 sto dexÐ mèloc eÐnai (−1)p−1(a11 + a22 + · · ·+ app) = (−1)p−1Tr(A).

To ξA(x) èqei p rÐzec, pou eÐnai oi idiotimèc tou pÐnaka A, èstw λ1, . . . , λp.

Epomènwc, ja èqoume

ξA(x) = (−1)p(x− λ1)(x− λ2) . . . (x− λp).

Se aut n thn èkfrash tou qarakthristikoÔ poluwnÔmou, o suntelest c tou

xp−1 sto dexÐ mèloc eÐnai (−1)p−1(λ1 + · · ·+ λp).

Epomènwc, �mesa prokÔptei ìti Tr(A) = λ1 + · · ·+ λp.

Gia to Ðqnoc tou pÐnaka f(A) isqÔei

Tr(f(A)) =

p∑
k=1

f(λk).

L mma 2. (Idiìthtec tou Ðqnouc)

'Estw A, B ∈ Rp×p kai stajer� c ∈ R. IsqÔoun oi akìloujec idiìthtec

gia to Ðqnoc.

• EÐnai grammik  sun�rthsh.

Tr(A+B) = Tr(A) + Tr(B),

Tr(cA) = cTr(A).
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• Tr(AB) = Tr(BA) (akìma kai an AB ̸= BA)

• Tr(A) = Tr(AT )

Se pollèc efarmogèc apaiteÐtai to Ðqnoc sun�rthshc enìc pÐnaka A, epomè-

nwc kajÐstatai anagkaÐa h an�ptuxh tètoiwn ektimht¸n, kaj¸c se ènac tè-

toioc upologismìc mporeÐ na èqei uyhlì upologistikì kìstoc, idiaÐtera gia

meg�louc pÐnakec pou apaitoÔntai se pragmatikèc efarmogèc. Oi stoqasti-

koÐ ektimhtèc basÐzontai ston upologismì thc posìthtac 1
N

∑N
i=1 x

T
i f(A)xi

gia sugkekrimèna dianÔsmata xi, ìpou N eÐnai to mègejoc tou deÐgmatoc

(to pl joc twn dianusm�twn). H anamenìmenh tim  thc posìthtac xTf(A)x

isoÔtai me to Ðqnoc tou pÐnaka f(A).

EÐnai epÐshc shmantik  h an�ptuxh mejìdwn ¸ste na apofeuqjeÐ o ap' eujeÐac

upologismìc twn posot twn xTf(A)x, pou qrei�zontai ston upologismì twn

ektimht¸n tou Ðqnouc tou antistrìfou pÐnaka f(A), 1
N

∑N
i=1 x

T
i f(A)xi.

Gia thn sun�rthsh f(A) = Ar, r ∈ R+, h tetragwnik  morf  mporeÐ na

upologisteÐ mèsw diadoqik¸n ginomènwn pÐnaka me di�nusma. Gia opoiad -

pote �llh sun�thsh, gia pÐnakec mikr c di�stashc, h posìthta xTf(A)x

mporeÐ na upologisteÐ ap' eujeÐac qrhsimopoi¸ntac klasikèc upologistikèc

mejìdouc. Tètoioi algìrijmoi pou sthrÐzontai se autèc tic teqnikèc èqoun

kìstoc toul�qiston O(p3) pr�xewn, gia puknoÔc pÐnakec. Stic efarmogèc,

kaj¸c h di�stash p twn apaitoÔmenwn pin�kwn aux�nei, eÐnai polÔ shmantik 

h an�ptuxh apotelesmatik¸n mejìdwn pou mei¸noun thn t�xh thc apaitoÔ-

menhc poluplokìthtac. Oi ektim seic twn tetragwnik¸n morf¸n xTf(A)x

pou ja qrhsimopoi soume gia ton upologismì twn ektimht¸n tou Ðqnouc sth-

rÐzontai sth mèjodo thc parekbol c (extrapolation) twn rop¸n tou pÐnaka

A, ìpwc parousi�zetai sthn ergasÐa [28]. H mèjodoc thc parekbol c twn

rop¸n enìc pÐnaka A èqei ekten¸c melethjeÐ stic ergasÐec [15], [17], [16],

[19], [20], [29]. Fr�gmata gia tic ropèc enìc pÐnaka A dÐnontai sthn ergasÐa

[18].
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'Allec mèjodoi pou èqoun anaptuqjeÐ sthn bibliografÐa parousi�zoun diadi-

kasÐec ektÐmhshc tou Tr(f(A)) gia summetrikoÔc, jetik� orismènouc pÐnakec

qrhsimopoi¸ntac kanìnec arijmhtik c olokl rwshc ( tÔpoi Gauss, Gauss

Lobatto, Gauss Radau) (bl. [5], [32]), modified moments (bl. [32], [46]),

kai teqnikèc Monte Carlo (bl. [3]). H kÔria idèa aut¸n twn mejìdwn eÐnai

na metatrèyoun thn tetragwnik  morf  xTf(A)x se èna Riemann-Stieltjes

olokl rwma kai sth sunèqeia na qrhsimopoi soun kanìnec olokl rwshc gia

na proseggÐsoun to olokl rwma, mèsw thc jewrÐac twn orjogwnÐwn poluw-

nÔmwn kai thc mejìdou Lanczos. H apaitoÔmenh poluplokìthta aut¸n twn

mejìdwn eÐnai O(jp2) gia puknoÔc pÐnakec, ìpou j eÐnai to pl joc twn e-

panal yewn thc mejìdou Lanczos. Gia f(A) = A−1, mèjodoi prosèggishc

tou xTA−1x dÐnontai epÐshc sthn ergasÐa [58], gia k�je mh idi�zonta miga-

dikì pÐnaka A kai migadikì di�nusma x. Autèc oi mèjodoi basÐzontai sthn

ektÐmhsh thc posìthtac xTy, ìpou to y eÐnai h lÔsh tou grammikoÔ sust -

matoc Ay = x, mèsw mÐac apotelesmatik c prosèggishc, qrhsimopoi¸ntac

epanal yeic thc mejìdou biconjugate gradient. Gia f(A) = A−1, mÐa �llh

prosèggish anaptÔqjhke epÐshc sthn ergasÐa [64].

H ektÐmhsh tou Ðqnouc sun�rthshc pÐnaka èqei pollèc efarmogèc gi' autì

kai èqei melethjeÐ ekten¸c (bl. [32] kai oi bibliografikèc anaforèc pou

paratÐjentai ekeÐ). Parak�tw, ja doÔme k�poiec efarmogèc tou upologismoÔ

tou Ðqnouc Tr(f(A)) se perioqèc twn majhmatik¸n, thc statistik c kai thc

fusik c (bl. epÐshc [55]).

� Efarmogèc tou Tr(f(A))

H ektÐmhsh tou Ðqnouc sunart sewn pin�kwn emfanÐzetai se tomeÐc ìpwc oi

ex c.

• Fusik -kbantik  qhmeÐa: gia thn ektÐmhsh thc puknìthtac density of

states (bl. [53]).

• An�lush diktÔwn: Gia ènan pÐnaka geitnÐashc A, o “Estrada index”
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orÐzetai wc to Ðqnoc Tr(exp(A)) (bl. [24], [26]).

• OrÐzousa tou pÐnaka A: O upologismìc thc orÐzousac enìc pÐnaka A

qrei�zetai sthn lattice kbantik  qrwmodunamik  kai se �llec perioqèc.

Ektim seic gia thn orÐzousa enìc pÐnaka (det(A)) dÐnontai ektim¸ntac

to Ðqnoc Tr(log(A)) (bl. [32], [41]).

• Merikì �jroisma idiotim¸n: Sth fusik  stere�c kat�stashc (solid

state physics) o upologismìc thc sunolik c enèrgeiac thc hlektroni-

k c dom c apaiteÐ ton upologismì twn ajroism�twn merik¸n idiotim¸n.

Gia kat�llhlh epilog  thc sun�rthshc f , h ektÐmhsh tou Tr(f(A))

odhgeÐ sthn ektÐmhsh tou merikoÔ ajroÐsmatoc twn idiotim¸n enìc pÐ-

naka A (bl. [4]).

• Mhqanik  m�jhsh: To prìblhma beltistopoÐhshc pou prokÔptei kat�

thn ekpaÐdeush mÐac Gaussian diadikasÐac apaiteÐ ton upologismì tou

Tr(T−1S), gia kat�llhlouc pÐnakec T, S (bl. [12]).

Pio sugkekrimèna, to Ðqnoc Tr(Ar), r ∈ R, èqei l�bei idiaÐterh prosoq , lì-
gw twn poll¸n efarmog¸n stic opoÐec emfanÐzetai. Parak�tw, anafèrontai

sugkekrimènec efarmogèc, me idiaÐterh èmfash sto Tr(A−1).

� Efarmogèc tou Tr(Ar), r ∈ R

H ektÐmhsh tou Ðqnouc dun�mewn pin�kwn qrei�zetai se di�forouc tomeÐc twn

majhmatik¸n. Pio sugkekrimèna

• An�lush DiktÔwn: katamètrhsh trig¸nwn se èna gr�fhma

Kat� thn an�lush èna polÔplokou dÐktuou, èna shmantikì prìblhma

eÐnai na upologisteÐ o sunolikìc arijmìc twn trig¸nwn (dhlad  twn

sundedemènwn koruf¸n an� tri�dec) enìc sundedemènou aploÔ graf -

matoc. Autìc o arijmìc eÐnai Ðsoc me to Tr(A3)/6, ìpou A eÐnai o
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pÐnakac geitnÐashc (adjacency matrix) tou gr�fou [1]. Gia poll� dÐ-

ktua, akìmh kai an o pÐnakac A eÐnai araiìc, o pÐnakac A3 mporeÐ na

eÐnai arket� puknìc kai, wc ek toÔtou, den eÐnai dunatìn na upologisteÐ

�mesa autì to Ðqnoc.

Mèsw grafhm�twn epitugq�netai h montelopoÐhsh poll¸n fainomènwn

(pq WorldWideWeb, koinwnik� dÐktua, dÐktua allhlepÐdrashc prwte-

ðn¸n). H katamètrhsh trig¸nwn sto gr�fhma èqei pollèc efarmogèc

ìpwc gia thn anÐqneush thc anepijÔmhthc allhlografÐac (spam dete-

ction). EpÐshc, sto plaÐsio thc koinwnik c diktÔwshc, kaj¸c oi fÐloi

twn fÐlwn teÐnoun na gÐnontai kai fÐloi metaxÔ touc, o arijmìc autìc

mporeÐ na qrhsimopoihjeÐ sth sÔstash sundèsmou   gia prìtash filÐac

sta mèsa koinwnik c diktÔwshc. H ektÐmhsh tou sunolikoÔ arijmoÔ

twn trig¸nwn se èna gr�fhma eÐnai polÔ shmantik  kaj¸c h katamè-

trhsh trig¸nwn se meg�la graf mata pou sun jwc sunantoÔntai se

pragmatikèc efarmogèc (pq WorldWideWeb, Facebook, Email) eÐnai

upologistik� akrib .

• JewrÐa Arijm¸n kai Sunduastik : Euler congruence.

To Ðqnoc dun�mewn pin�kwn sundèetai me thn Euler congruence [65],

èna shmantikì fainìmeno sta majhmatik�, pou dhl¸nei ìti Tr(Apr) ≡
Tr(Apr−1

) (mod pr), gia k�je pÐnaka A, k�je pr¸to arijmì p, kai gia

k�je r ∈ N.

H poikilomorfÐa twn apodeÐxewn pou up�rqoun gia thn Euler congrue-

nce deÐqnei thn kajolikìtht� thc kai to rìlo thc se di�forouc kl�douc

twn majhmatik¸n.

• Statistik : Prosdiorismìc tou klasikoÔ krithrÐou beltistopoÐhshc

(specification of classical optimality criteria).

Ston bèltisto sqediasmì peiram�twn (bl. [51]) o telikìc stìqoc k�je

bèltistou krithrÐou eÐnai na metr sei thn epÐdrash enìc jetik� hmio-
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rismènou pÐnaka C di�stashc s. 'Ena apì ta pio shmantik� krit ria

eÐnai to krit rio thc mèshc diaspor�c Φ−1(C) = (Tr(C−1)/s)−1, an o

pÐnakac C eÐnai jetik� orismènoc.

Krit ria pou eÐnai analloÐwta k�tw apì anaparametropoÐhsh q�noun

to endiafèron touc e�n oi par�metroi pou mac endiafèroun èqoun mia

saf  fusik  shmasÐa. To parap�nw krit rio mèshc diakÔmanshc parè-

qei mia eÔlogh enallaktik  lÔsh. Genikìtera, gia jetik� orismènouc

pÐnakec C, o pÐnakac Φp mporeÐ na oristeÐ gia k�je pragmatik  par�-

metro p apì th sqèsh Φp(C) = (Tr(Cp)/s)1/p, gia p ̸= 0,±∞.

• Dunamik� sust mata: prosdiorismìc twn analloÐwtwn (determination

of their invariants).

Oi analloÐwtec twn dunamik¸n susthm�twn perigr�fontai qrhsimo-

poi¸ntac to Ðqnoc dun�mewn pin�kwn (gia par�deigma sth melèth touc

arijmoÔc Lefschetz) [65].

• p�adik  an�lush: kajorismìc tou dianÔsmatoc Witt.

Gia opoiond pote pÐnaka M kai k�je pr¸to arijmì p oi eÐsodoi tou

monadikoÔ dianÔsmatoc Witt pou apoteleÐtai apì p�adikoÔc akèraiouc

arijmoÔc ekfr�zontai apì ta Ðqnh dun�mewn pin�kwn M [65].

• JewrÐa Pin�kwn: akraÐec idiotimèc.

Up�rqoun pollèc efarmogèc sth jewrÐa pin�kwn kai sth arijmhtik 

grammik  �lgebra. Gia par�deigma, gia thn prosègish thc el�qisthc

kai thc mègisthc idiotim c enìc summetrikoÔ pÐnaka A, mèsw miac dia-

dikasÐac pou basÐzetai sthn ektÐmhsh tou Ðqnoustwn pin�kwn An kai

A−n, n ∈ N, pou proteÐnetai sthn ergasÐa [49].

• Diaforikèc exis¸seic: epÐlush thc exÐswshc pÐnaka Lyapunov.

Autèc oi exis¸seic mporoÔn na lujoÔn me th qr sh poluwnÔmwn pin�-

kwn kai twn qarakthristik¸n poluwnÔmwn ìpou apaiteÐtai o upologi-
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smìc tou Ðqnouc dun�mewn pin�kwn [22].

� Efarmogèc tou Tr(A−1)

Ektim seic tou Tr(A−1) [7] èqoun efarmogèc se tomeÐc ìpwc oi parak�tw.

• Statistik : probl mata sqediasmoÔ st�jmishc (weighing design pro-

blems.)

Stouc sqediasmoÔc st�jmishc, o pÐnakac sqediasmoÔ X̃, kajorÐzetai

elaqistopoi¸ntac to Ðqnoc tou antistrìfou tou summetrikoÔ kai jeti-

k� orismènou pÐnaka X̃T X̃ (A–optimality criterion). Mèjodoi gia thn

kataskeu  tètoiwn sqediasm¸n st�jmishc bèltisthc qhmik c isorro-

pÐac perigr�fontai, gia par�deigma, stic ergasÐec [62], [21].

• Statistik : Prosdiorismìc tou klasikoÔ krithrÐou beltistopoÐhshc.

(specification of classical optimality criteria.)

Ston bèltisto sqediasmì peiram�twn (bl. [51]) o telikìc stìqoc k�je

bèltistou krithrÐou eÐnai na metr sei thn epÐdrash enìc jetik� hmio-

rismènou pÐnaka C di�stashc s. 'Ena apì ta pio shmantik� krit ria

eÐnai to krit rio thc mèshc diaspor�c Φ−1(C) = (Tr(C−1)/s)−1, an o

pÐnakac C eÐnai jetik� orismènoc.

Krit ria pou eÐnai analloÐwta k�tw apì anaparametropoÐhsh q�noun

to endiafèron touc e�n oi par�metroi pou mac endiafèroun èqoun mia

saf  fusik  shmasÐa. To parap�nw mèso krit rio diakÔmanshc parè-

qei mia eÔlogh enallaktik  lÔsh. Genikìtera, gia jetik� orismènouc

pÐnakec C, o pÐnakac Φp mporeÐ na oristeÐ gia k�je pragmatik  par�-

metro p apì th sqèsh Φp(C) = (Tr(Cp)/s)1/p, gia p ̸= 0,±∞.

• Fusik : Upologismìc twn quark brìqwn sto plègma kbantik c qrw-

modunamik c (qcd).

Poll� fusik� sust mata, klasik�   mhqanik�, apaitoÔn ton upologi-

smì tou Ðqnouc enìc pÐnaka M−1, ìtan h di�stash tou M aux�netai
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gr gora me tic fusikèc metablhtèc tou probl matoc (bl. [23]). O

pÐnakac quark sto plègma upologism¸n thc kbantik c qrwmodunami-

k c (qcd) empÐptei se aut  thn kathgorÐa. Se autèc tic peript¸seic,

apaiteÐtai idiaÐtera h ektÐmhsh tou Ðqnouc twn pin�kwn twn opoÐwn oi

antÐstrofoi kuriarqoÔntai apì th diag¸nio kai ta stoiqeÐa pou eÐnai

kont� sth diag¸nio.

• KrÔstalloi: selection of measurement directions in elastic strain de-

termination of single crystals.

Oi posìthtec Tr(P−1), ìpou P ènac kat�llhla kataskeuasmènoc, sum-

metrikìc kai jetik� orismènoc pÐnakac, eÐnai kat�llhla ergaleÐa gia na

apofasisteÐ e�n oi, ìpwc apokaloÔntai,measurement directions èqoun

epilegeÐ swst� (bl. [48]).

• An�lush diktÔwn kai h jewrÐa grafhm�twn: Upologismìc thc posì-

thtac resolvent Estrada index h opoÐa orÐzetai wc to Ðqnoc Tr((Ip −
aA)−1) (bl. [24], [10], [11]).

• An�lush KindÔnou (risk analysis): H posotikopoÐhsh thc abebaiì-

thtac (uncertainty quantification) sthn an�lush kindÔnou apaiteÐ to

Ðqnoc tou antistrìfou kat�llhlwn pin�kwn sundiaspor�c (inverse co-

variance matrices) gia ton upologismì tou bajmoÔ empistosÔnhc sthn

poiìthta twn dedomènwn (bl. [8], [9], [42], [59]).

• Gia perissìterec efarmogèc sqetik� me to Ðqnoc Tr(A−1),   en gènei

Tr(Ar), r ∈ R, o anagn¸sthc mporeÐ na anatrèxei stic ergasÐec [32],

[3], [54], [57], [43].

Parak�tw, ja parousiasjoÔn oi ektimhtèc tou Ðqnouc sun�rthshc tou pÐnaka

A.

Sugkekrimèna, sto Kef�laio 1 ja parousiasteÐ to Je¸rhma tou Hutchin-

son, èna stoqastikì apotèlesma ìpou basÐzontai oi stoqastikoÐ ektimhtèc
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tou Ðqnouc, kaj¸c epÐshc kai sqetikèc anisìthtec. EpÐshc anaptÔssontai oi

stoqastikoÐ ektimhtèc tou Ðqnouc, oi opoÐoi sugkrÐnontai wc proc tic idiìth-

tèc touc. Tèloc, parousi�zontai diast mata empistosÔnhc.

Sto Kef�laio 2 gÐnetai melèth tou sf�lmatoc twn stoqastik¸n ektimht¸n

Hutchinson kaj¸c kai an�lush statistik¸n sqediasm¸n me skopì thn bel-

tÐwsh thc poiìthtac touc.

Sto Kef�laio 3 parousi�zontai poikÐla paradeÐgmata kai efarmogèc twn

statistik¸n mejìdwn stouc ektimhtèc gia thn prosèggishc tou Ðqnouc dia-

fìrwn sunart sewn pin�kwn pou apaitoÔntai se pragmatikèc efarmogèc.

Ston parìn kef�laio thc ergasÐac kai se ìla ta epìmena, to ∥x∥ sumbolÐzei

thn EukleÐdeia nìrma enìc dianÔsmatoc x, h ∥A∥ eÐnai h fasmatik  nìrma enìc
pÐnaka A, (·, ·) sumbolÐzei to eswterikì ginìmeno, o ekjèthc T sumbolÐzei

ton an�strofo pÐnaka kai to sÔmbolo ≃ shmaÐnei “perÐpou Ðso me” kai to

N antiproswpeÔei to pl joe twn dianusm�twn sto deÐgma (sample vectors)

¸ste na upologistoÔn oi stoqastikoÐ ektimhtèc. 'Opwc eÐdame, h mègisth kai

h el�qisth idiotim  enìc pÐnaka sumbolÐzontai me λ1 kai λp, antÐstoiqa.





Kef�laio 1

StoqastikoÐ ektimhtèc tou

Ðqnouc

Parousi�zoume sth sunèqeia èna qr simo Je¸rhma pou èqei anaptuqjeÐ sthn

ergasÐa [40], sto opoÐo èqoun sthriqjeÐ oi up�rqousec mèjodoiMonte Carlo

gia thn ektÐmhsh tou Ðqnouc pin�kwn (bl. [3], [9], [16], [17], [32], [46]).

1.1 To je¸rhma tou Hutchinson

Gia ènan pÐnaka A ∈ Rp×p, h akrib c tim  tou Ðqnouc tou f(A) tou dÐnetai

apì to �jroisma

Tr(f(A)) =

p∑
i=1

eTi f(A)ei,

ìpou ei, i = 1, . . . , p, eÐnai oi p grammik� anex�rthtec st lec tou p×p tautoti-
koÔ pÐnaka. H teleutaÐa sqèsh mac odhgeÐ ¸ste na jewr soume stoqastikì

ektimht  tou Ðqnouc tou pÐnaka f(A), o opoÐoc na dÐnetai antikajist¸ntac

aut� ta p grammik� anex�rthta dianÔsmata apì èna di�nusma me stoqastik�

anex�rthtec eisìdouc.

'Enac stoqastikìc ektimht c tou Ðqnouc Tr(I − A) dìjhke arqik� apì ton

Girard (bl. [30]). Autìc o ektimht c eÐnai amerìlhptoc, kai èqei sqeti-
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kì sf�lma pou fr�ssetai apì thn posìthta (2/p)1/2, epomènwc apoteleÐ

“efikt ” enallaktik  tou akriboÔc upologismoÔ tou Ðqnouc Tr(I − A).

Parak�tw, ja doÔme ènan ektimht  tou Ðqnouc tou pÐnaka A (bl. [40]) pou

upologÐzetai sqhmatÐzontac to ginìmeno xTAx, ìpou x eÐnai èna di�nusma

me stoiqeÐa p anex�rthta deÐgmata apì mÐa diakrit  tuqaÐa metablht  pou

paÐrnei tic timèc 1 kai −1 me Ðsh pijanìthta 1/2.

L mma 3.

'Estw A ∈ Rp×p summetrikìc pÐnakac kai èstw x = (x1, . . . , xn)
T èna di�nu-

sma me eisìdouc p anex�rthta deÐgmata (E(xixj) = E(xi)E(xj)) apì mÐa tu-

qaÐa metablht X me mèso mhdèn (E(xi) = 0) kai diaspor� σ2 (E(x2i ) = σ2).

Tìte

E((x,Ax)) = σ2Tr(A),

kai

V ar((x,Ax)) = 2σ4
∑
i̸=j

(A)2ij + [E(X4)− σ4](
∑
i

(A)2ii),

ìpou E(·) kai V ar(·) eÐnai h mèsh tim  kai h diaspor� antÐstoiqa.

Apìdeixh

Gia thn tetragwnik  morf  xTAx èqoume

(x,Ax) =
∑
i,j

aijxixj.

Epomènwc,

E((x,Ax)) = E(
∑
i,j

aijxixj) =
∑
i,j

aijE(xixj) =

=
∑
i

aiiE(x
2
i ) + 2

∑
i<j

aijE(xixj),
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kaj¸c o A eÐnai summetrikìc kai epomènwc aij = aji.

'Omwc, efìson to di�nusma x = (x1, . . . , xn)
T èqei stoiqeÐa anex�rthta

deÐgmata apì thn tuqaÐa metablht  X, dhl�d  ta xi, xj, i, j = 1, . . . , p eÐnai

anex�rthta metaxÔ touc ja èqoume E(xixj) = E(xi)E(xj).

Epiplèon, aut� ta deÐgmata èqoun mèso mhdèn, dhlad  E(xi) = 0 kai

diaspor� σ2, dhlad  E(x2i ) = σ2.

Epomènwc E(xixj) = E(xi)E(xj) = 0.

Qrhsimopoi¸ntac tic dÔo teleutaÐec sqèseic sto parap�nw �jroisma è-

qoume

E((x,Ax)) =
∑
i

aiiE(x
2
i ) + 2

∑
i<j

aijE(xixj) =

=
∑
i

aiiσ
2 + 0 = σ2

∑
i

aii = σ2Tr(A).

Kat' arq n isqÔei gia thn diaspor� ìti

V ar((x,Ax)) = E((x,Ax)2)− (E((x,Ax)))2.

Ja èqoume

E((x,Ax)2) = E((
∑
i,j

aijxixj)(
∑
i,j

aijxixj)) = E(
∑
i,j

∑
r,s

aijarsxixjxrxs).

ParathroÔme ìti k�je ìroc tou ajroÐsmatoc me to opoÐo ekfr�zetai to c21(x)

èqei th morf  Cxn1
1 · · · xnk

k , me xi ̸= xj gia i ̸= j, n1+ · · ·+nk = 4, kai ìpou

C eÐnai ènac suntelest c o opoÐoc eÐnai ginìmeno 2 stoiqeÐwn tou pÐnaka A.

Tìte, to E(c21(x)) upologÐzetai lamb�nontac up' ìyin ìti, afoÔ ta xi eÐnai

anex�rthtec tuqaÐec metablhtèc, h anamenìmenh tim  enìc ginomènou aut¸n

isoÔtai me to ginìmeno twn anamenìmenwn tim¸n, kai ìti, gia k�je i, E(xmi )

isoÔtai me σ2 an to m eÐnai �rtioc arijmìc, kai me 0 an to m eÐnai perittìc

arijmìc.
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Epomènwc, ja èqoume

E((x,Ax)2) = E(
∑
i,j

∑
r,s

aijarsxixjxrxs) =

= 2
∑
i̸=j

a2ijE(x
2
ix

2
j) +

∑
i ̸=j

aiiajjE(x
2
ix

2
j) +

∑
i

a2iiE(x
4
i ) + 0 =

= 2σ4
∑
i ̸=j

a2ij + σ4
∑
i̸=j

aiiajj + E(X4)
∑
i

a2ii.

EpÐshc, èqoume ìti

(E((x,Ax)))2 = (σ2
∑
i

aii)
2 = σ4

∑
i,j

aiiajj.

Apì tic dÔo teleutaÐec sqèseic prokÔptei gia thn diaspor�

V ar((x,Ax)) = E((x,Ax)2)− (E((x,Ax)))2 =

= 2σ4
∑
i̸=j

a2ij + σ4
∑
i ̸=j

aiiajj + E(X4)
∑
i

a2ii − σ4
∑
i,j

aiiajj =

= 2σ4
∑
i̸=j

a2ij − σ4
∑
i

a2ii + E(X4)
∑
i

a2ii

= 2σ4
∑
i̸=j

a2ij + (E(X4)− σ4)
∑
i

a2ii,

kaj¸c σ4
∑

i ̸=j aiiajj − σ4
∑

i,j aiiajj = −σ4
∑

i a
2
ii.

Apì thn pr¸th sqèsh sto L mma 5 blèpoume ìti h tetragwnik  morf 

xTAx eÐnai ènac amerìlhptoc ektimht c tou Ðqnouc Tr(A) an σ2 = 1 kai

apì th deÔterh sqèsh blèpoume ìti to xTAx èqei thn el�qisth diaspor�

an elaqistopoieÐtai h posìthta E(X4)− σ4. 'Omwc h posìthta V ar(X2) =

E(X2 − σ2)2 = E(X4)− σ4 eÐnai mh arnhtik , me el�qisth tim  to mhden an

h mèsh tim  tou X2 eÐnai σ2. Autì mac odhgeÐ sto epìmeno Je¸rhma.
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Je¸rhma 2.

'Estw A = (aij) ∈ Rp×p summetrikìc pÐnakac me Tr(A) ̸= 0. 'Estw X mÐa

diakrit  tuqaÐa metablht  me timèc 1 kai −1 me Ðsh pijanìthta 0.5, kai

èstw x èna tuqaÐo di�nusma me eisìdouc p anex�rthta deÐgmata apì th X

(sto ex c ja lème x ∈ Xp). Tìte h posìthta (x,Ax) eÐnai amerìlhptoc

ektimht c tou Ðqnouc tou pÐnaka A, dhlad ,

E((x,Ax)) = Tr(A),

kai

V ar((x,Ax)) = 2
∑
i̸=j

a2ij,

ìpou E(·) kai V ar(·) eÐnai h mèsh tim  kai h diaspor� antÐstoiqa.

Epiplèon, h X eÐnai h monadik  tuqaÐa metablht  an�mesa stic tuqaÐec meta-

blhtèc me mèso mhdèn gia thn opoÐa h posìthta xTAx eÐnai ènac amerìlhptoc

ektimht c tou Ðqnouc Tr(A) me el�qisth diaspor�.

Parat rhsh 1.

EÐdame ìti to di�nusma x èqei stoiqeÐa anex�rthtec kai omoiìmorfa katane-

mhmènec (i.i.d.) tuqaÐec metablhtèc thc katanom c Rademacher (dhlad 

èqei eisìdouc 1   −1 me Ðsh pijanìthta 1/2 - Pr(x(i) = ±1) = 1/2). H ka-

tanom  Rademacher prokÔptei apì thn katanom  Bernoulli me ton grammikì

metasqhmatismì x = 2y − 1, ìpou to x èqei katanom  Rademacher kai to y

katanom  Bernoulli.

Parat rhsh 2. Exet�zontac th diaspor� tou ektimht  V ar((x,Ax)) blè-

poume ìti diaisjhtik� metr�ei pìsh apì thn “enèrgeia” tou pÐnaka (dhlad 

thn Frobenius nìrma) eÐnai p�nw sth diag¸nio. Blèpoume epÐshc ìti gia ge-

nikì pÐnaka, h mèjodoc tou Hutchinson mporeÐ na mhn eÐnai apotelesmatik 

kaj¸c h apìklish V ar((x,Ax)) exart�tai apì ta stoiqeÐa tou pÐnaka (ektìc

apì aut� pou brÐskontai sthn kÔria diag¸nio). Epomènwc, up�rqoun pÐnakec
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gia touc opoÐouc h apìklish eÐnai meg�lh, kai epomènwc h mèjodoc kajÐsta-

tai anapotelesmatik  gi' autoÔc. Gia par�deigma, h apìklish V ar((x,Ax))

gia ton pÐnaka A me ìla ta stoiqeÐa tou 1, o opoÐoc eÐnai summetrikìc jetik�

hmiorismènoc, eÐnai 2(p2 − p), en¸ to Ðqnoc Tr(A) eÐnai mìno p.

ApodeiknÔontai ta ex c �nw fr�gmata gia thn diaspor�.

Pìrisma 2.

'Estw o pÐnakac A ∈ Rp×p summetrikìc me Tr(A) ̸= 0, h diakrit  tuqaÐa

metablht  X kai to di�nusma x ìpwc sto Je¸rhma 2. Tìte

V ar(xTAx) ≤ 2[Tr(A2)− (Tr(A))2

p
].

Apìdeixh

ParathroÔme ìti

∑
i

a2ii −
(Tr(A))2

p
=
∑
i

(aii −
Tr(A)

p
)2 ≥ 0

afoÔ

∑
i

(aii −
Tr(A)

p
)2 =

∑
i

(a2ii +
(Tr(A))2

p2
− 2aiiTr(A)

p
) =

=
∑
i

a2ii + p
(Tr(A))2

p2
− 2Tr(A)

p

∑
i

aii =
∑
i

a2ii −
(Tr(A))2

p
.

Epomènwc,

V ar(xTAx) = 2
∑
i̸=j

a2ij = 2[
∑
i,j

a2ij −
∑
i

a2ii] ≤ 2[Tr(A2)− (Tr(A))2

p
].
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Pìrisma 3.

'Estw h metablht  X kai to di�nusma x ìpwc sto Je¸rhma 2 kai èstw

o A ∈ Rp×p summetrikìc kai jetik� hmiorismènoc pÐnakac me idiotimèc pou

brÐskontai metaxÔ 0 kai 1. Tìte

V ar(xTAx) ≤ 2

p
Tr(A)Tr(Ip − A).

Apìdeixh

Jètoume A = QTDQ, ìpou o Q eÐnai orjog¸nioc pÐnakac kai o D eÐnai

diag¸nioc me eisìdouc metaxÔ 0 kai 1 (bl. [39]). 'Epetai ìti

Tr(A2) = Tr(D2) ≤ Tr(D) = Tr(A).

Apì to Pìrisma 2 èqoume

V ar(xTAx) ≤ 2[Tr(A2)− (Tr(A))2

p
] ≤

≤ 2[Tr(A)− (Tr(A))2

p
] =

2

p
Tr(A)(p− Tr(A)) =

=
2

p
Tr(A)(Tr(Ip)− Tr(A)) =

2

p
Tr(A)Tr(Ip − A),

lìgw thc grammikìthtac thc sun�rthshc tou Ðqnouc.

Pìrisma 4.

'Estw o A ∈ Rp×p summetrikìc, jetik� hmiorismènoc pÐnakac me idiotimèc

pou brÐskontai metaxÔ 0 kai 1. 'Estw h metablht  X kai to di�nusma x

ìpwc sto Je¸rhma 2 kai upojètoume epiplèon ìti Tr(A) ≤ ϵp gia ϵ < 1.

Tìte

V ar(xT (Ip − A)x)

(Tr(Ip − A))2
≤ 2ϵ

(1− ϵ)p
.

Sugkekrimèna gia ϵ = 0.5 to sqetikì tupikì sf�lma thc posìthtac xT (Ip−
A)x ektim¸ntac to Tr(Ip − A) fr�ssetai apì thn posìthta (2/p)1/2.
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Apìdeixh

ProkÔptei �mesa apì to Pìrisma 3 an jewr soume antÐ gia ton pÐnaka

A, ton pÐnaka Ip−A.

1.2 Hutchinson ektimht c tou Ðqnouc Tr(f(A))

EÐdame sto eisagwgikì kef�laio pwc an o A eÐnai summetrikìc, tìte kai o

pÐnakac f(A) eÐnai epÐshc summetrikìc (bl. [35]).

Apo to Je¸rhma tou Hutchinson, afoÔ o f(A) eÐnai summetrikìc, èpetai ìti

Tr(f(A)) = E((x, f(A)x))

gia x ∈ Xp, kai

V ar((x, f(A)x)) = 2
∑
i̸=j

(f(A))2ij.

Epomènwc, ektim seic tou Tr(f(A)) mporoÔn na paraqjoÔn akolouj¸ntac

thn parak�tw diadikasÐa. Arqik� pragmatopoioÔme arket� peir�mata qrh-

simopoi¸ntac ektim seic gia thn tetragwnik  morf  (x, f(A)x) mèsw thc

mejìdou thc parekbol c twn rop¸n pou anaptÔssetai sthn ergasÐa [28] gia

ermitianoÔc pÐnakec A. Sto ex c, autèc oi ektim seic ja sumbolÐzontai me

ef (x), dhlad 

ef (x) ≃ (x, f(A)x).

Sth sunèqeia, upologÐzoume thn anamenìmenh tim  E(ef (x)) tou ef (x) gia

x ∈ Xp.

Sthn pr�xh, mporoÔme, loipìn, na èqoume ektimhtèc tou Tr(f(A)) u-

pologÐzontac N ektim seic ef (xi) thc rop c (xTi f(A)xi), gia diaforetik�

dianÔsmata xi ∈ Xp ta opoÐa antloÔntai apì èna sÔnolo 2p dianusm�twn,

kai sth sunèqeia brÐskontac thn mèsh tim  aut¸n twn N posot twn.

'Eqoume ton parak�tw ektimht  tou Ðqnouc.
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Orismìc 4.

O ektimht c tou Ðqnouc Hutchinson gia ton summetrikì pÐnaka f(A) orÐzetai

wc

(1.1) HN =
1

N

N∑
i=1

ef (xi),

ìpou ta xi ∈ Xp, eÐnai N anex�rthta tuqaÐa dianÔsmata me eisìdouc i.i.d.

Rademacher tuqaÐec metablhtèc.

EÐnai fusikì na perimènoume ìti me èna kat�llhlo mègejoc dèÐgmatoc N, h

mèsh tim  twn posot twn ef (xi) eÐnai mÐa kal  ektÐmhsh tou Ðqnouc Tr(f(A)).

ParomoÐwc, ektim seic gia thn diaspor� tou ektimht  dÐnontai apì th sqèsh

(1.2) vf =

∑N
i=1(ef (xi)−HN)

2

N − 1
.

Par�ola aut�, eÐdame ìti h mèjodoc tou Hutchinson mporeÐ na mhn eÐnai

apotelesmatik  se orismènouc pÐnakec, lìgw thc diaspor�c tou ektimht  pou

exart�tai apì ta stoiqeÐa tou pÐnaka f(A). Gi' autìn ton lìgw apodeÐqjhkan

ta �nw fr�gmata gia thn diaspor� pou dÐnontai sta PorÐsmata 2- 4. Sth

sunèqeia, ja doÔme �llouc stoqastikoÔc ektimhtèc, oi opoÐoi ja sugkrijoÔn

me ton Hutchinson ektimht  tou Ðqnouc wc proc thn diaspor� kai wc proc

�llec idiìthtec.

1.3 'Alloi stoqastikoÐ ektimhtèc

Enallaktik�, mporoÔme na upologÐsoume stoqastikoÔc ektimhtèc jewr¸n-

tac ta dianÔsmata xi apì diaforetikèc katanomèc. Stic ergasÐec [1], [2]

parousi�zontai dÔo epiplèon stoqastikoÐ ektimhtèc.
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Prìtash 1.

'Estw A = (aij) ∈ Rp×p summetrikìc pÐnakac. 'Estw x èna tuqaÐo di�nusma

me eisìdouc pou eÐnai anex�rthtec kai omoiìmorfa katanemhmènec (i.i.d.) me-

tablhtèc thc tupik c kanonik c katanom c. Tìte h posìthta (x,Ax) eÐnai

amerìlhptoc ektimht c tou Ðqnouc tou pÐnaka A, dhlad ,

E((x,Ax)) = Tr(A),

kai

V ar((x,Ax)) = 2∥A∥2F ,

ìpou ∥∥̇F eÐnai h Frobenius nìrma.

Epomènwc, èqoume ton akìloujo ektimht  tou Ðqnouc tou pÐnaka f(A).

Orismìc 5.

O Gaussian ektimht c tou Ðqnouc gia ton summetrikì pÐnaka f(A) ∈ Rp×p

orÐzetai wc

(1.3) GN =
1

N

N∑
i=1

ef (xi),

ìpou ta xi, eÐnai N anex�rthta tuqaÐa dianÔsmata me eisìdouc pou eÐnai i.i.d.

metablhtèc thc tupik c kanonik c katanom c N(0, 1).

ParathroÔme ìti h apìklish tou Gaussian ektimht  eÐnai megalÔterh apì

aut n gia ton ektimht  Hutchinson. 'Omwc o Gaussian ektimht c èqei to

pleonèkthma ìti epitugq�nei kalÔtero �nw fr�gma tou megèjouc tou deÐg-

matoc pou apaiteÐtai gia na exasfalisteÐ h sÔgklish [2]. Na shmeiwjeÐ epÐ-

shc ìti upologistik� eÐnai pio akrib  h kataskeu  deÐgmatoc apì thn tupik 

kanonik  katanom  se sqèsh me thn katanom  Rademacher.

O trÐtoc ektimht c sqedi�sthke gia na mei¸nei thn tuqaiìthta ston algìrij-

mo kataskeu c ìpwc gia par�deigma ìso afor� thn epilog  twn dianusm�twn,
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kaj¸c h tuqaiìthta ston algìrijmo ephre�zei thn par�llhlh epexergasÐ-

a tou. Sugkrinìmenoc me touc dÔo prohgoÔmenouc ektimhtèc, o ektimht c

Hutchinson èqei ligìterh tuqaiìthta apì ton Gaussian ektimht  kai apaiteÐ

mìno prosjèseic, afairèseic kai ìqi pollaplasiasmoÔc.

Prìtash 2.

'Estw A = (aij) ∈ Rp×p summetrikìc pÐnakac. 'Estw j tuqaÐoc akèraioc

metaxÔ tou 1 kai tou p, kai èstw x = δj to j-ostì monadiaÐo di�nusma (dhlad 

h j-ost  st lh tou tautotikoÔ pÐnaka di�stashc p, Ip). Tìte h posìthta

p(x,Ax) eÐnai amerìlhptoc ektimht c tou Ðqnouc tou pÐnaka A, dhlad ,

E(p(x,Ax)) = Tr(A),

kai

V ar(p(x,Ax)) = 2

p∑
i=1

A2
i,i − (Tr(A))2, .

Epomènwc, èqoume ton akìloujo ektimht  tou Ðqnouc tou pÐnaka f(A).

Orismìc 6.

O MonadiaÐoc dianusmatikìc Unit vector ektimht c tou Ðqnouc gia ton sum-

metrikì, jetik� orismèno pÐnaka f(A) ∈ Rp×p orÐzetai wc

(1.4) UN =
p

N

N∑
i=1

ef (xi),

ìpou ta xi, eÐnai N anex�rthta omoiìmorfa tuqaÐa dianÔsmata apì th b�sh

δ1, δ2, . . . , δp.

Parat rhsh 3. Oi tetragwnikèc morfèc δTj f(A)δj eÐnai apl� ta diag¸-

nia stoiqeÐa (f(A))j,j, ki epomènwc h anamenìmenh tim  tou δTj f(A)δj eÐnai

akrib¸c h posìthta Tr(A)/p. Se antÐjesh me tic metablhtèc apì tic proh-

goÔmenec katanomèc, autèc oi tetragwnikèc morfèc den exart¸ntai kajìlou
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apì ta stoiqeÐa tou pÐnaka f(A) pou den eÐnai p�nw sthn kÔria diag¸niì tou,

par� mìno apì ta diag¸nia stoiqeÐa tou. Epomènwc h sÔgklish tou ektimht 

tou Ðqnouc UN den exart�tai apì ta upìloipa stoiqeÐa tou pÐnaka.

1.4 Upologistik  poluplokìthta - sumper�sma-

ta

En katakleÐdi, ìloi oi stoqastikoÐ ektimhtèc tou Tr(f(A)) akoloujoÔn to

Ðdio motÐbo. Kat�rq�c epilègetai tuqaÐa èna di�nusma x apì mÐa dedomènh ka-

tanom  kai upologÐzetai h posìthta xTf(A)x. Aut  h diadikasÐa epanalam-

b�netai N forèc qrhsimopoi¸ntac i.i.d. deÐgmata, kai katìpin upologÐzetai

o mèsoc ìroc twn N posot twn.

Kat� thn ektèlesh tou algorÐjmou oi ektim seic ef twn tetragwnik¸n mor-

f¸n xTf(A)x upologÐzontai mèsw ginomènwn pÐnaka me di�nusma kai di�nu-

sma me di�nusma ¸ste na apofeÔgetai o apeujeÐac upologismìc tou pÐnaka

f(A), k�ti pou ja anèbaze shmantik� thn poluplokìthta se toul�qiston

kubik .

Epomènwc oi ektimhtèc tou Ðqnouc apaitoÔn ton upologismì merik¸n eswte-

rik¸n ginomènwn kai ginomènwn pÐnaka me di�nusma. An N eÐnai to mègejoc

tou deÐgmatoc, tìte h poluplokìthta gia ton upologismì twn stoqastik¸n

ektimht¸n tou Tr(f(A)) eÐnai thc t�xhc tou O(Np2).

Sumperasmatik�, sugkrÐnontac touc stoqastikoÔc ektimhtèc pou parousi�-

sthkan, parathroÔme ta ex c. Kat�rq�c h diaspor� tou Gaussian ektimht 

eÐnai megalÔterh apì th diaspor� tou Hutchinson ektimht . Genik�, o Hu-

tchinson ektimht c èqei thn mikrìterh diaspor� se sqèsh me touc stoqasti-

koÔc ektimhtèc pou parousi�sthkan. 'Omwc, o Gaussian ektimht c èqei to

pleonèkthma ìti èqei kalÔtero �nw fr�gma gia to apaitoÔmeno mègejoc deÐg-

matoc N pou apaiteÐtai gia na exasfalisteÐ h sÔgklish, dhlad  mporoÔme na
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èqoume sÔgklish qrhsimopoi¸ntac mikrìtero deÐgma ap�oti ja qreiazìtan o

Hutchinson   o Unit vector ektimht c. Na shmeiwjeÐ ìti upologistik� eÐnai

pio akrib  h kataskeu  deÐgmatoc apì thn tupik  kanonik  katanom  N(0, 1)

se sqèsh me thn katanom  Rademacher. O Unit vector ektimht c apì thn

�llh meri� sqedi�sthke gia na mei¸nei thn tuqaiìthta ston algìrijmo ka-

taskeu c, dhlad  ìson afor� thn epilog  twn dianusm�twn, kaj¸c oi dÔo

pr¸toi ektimhtèc qrhsimopoioÔn polÔ meg�louc deigmatikoÔc q¸rouc me ton

Hutchinson ektimht  na èqei ligìterh tuqaiìthta apì ton Gaussian. Sug-

kekrimèna, o Gaussian ektimht c qrhsimopoieÐ suneqeÐc tuqaÐec metablhtèc

apì thn tupik  kanonik  katanom , epomènwc antleÐ ta dianÔsmata apì èna

sÔnolo me jewrhtik� �peiro pl joc dianusm�twn. O Hutchinson ektimht c

antleÐ ta dianÔsmata apì èna sÔnolo me 2p dianÔsmata, efìson aut� eÐnai

m kouc p (p jèseic) pou èqoun tim  1   −1. Tèloc, o Unit vector ektimh-

t c antleÐ ta dianÔsmat� tou apì tic st lec tou pÐnaka A, dhlad  apì èna

sÔnolo me p dianusm�twn. EpÐshc, axÐzei na shmeiwjeÐ ìti o Hutchinson

ektimht c apaiteÐ mìno prosjèseic, afairèseic kai ìqi pollaplasiasmoÔc,

en¸ h sÔgklish tou Unit vector ektimht  exart�tai mìno apì ta diag¸nia

stoiqeÐa tou pÐnaka A.

1.5 Diast mata EmpistosÔnhc

H parak�tw Prìtash mac dÐnei to di�sthma empistosÔnhc gia touc ektimhtèc

Tf tou Ðqnouc tou sun�rthshc summetrikoÔ pÐnaka (ìpou Tf mporeÐ na eÐnai

ènac opoiosd pote ektimht c apì touc HN , GN).

To posostì thc marturÐac pou apaiteÐtai gia na deqjoÔme ìti èna gegonìc

eÐnai apÐjano na sumbeÐ kat� tÔqh lègetai epÐpedo shmantikìthtac. 'Oso pio

qamhlì eÐnai to epÐpedo shmantikìthtac, tìso pio isqur  eÐnai h marturÐa.

H epilog  tou epipèdou shmantikìthtac eÐnai aujaÐreth (tuqaÐa).

'Estw Za/2 na eÐnai to a/2 posostiaÐo shmeÐo thc kanonik c katanom c
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N (0, 1), dhlad  h tim  thc tupik c kanonik c katanom c ep�nw apì thn

opoÐa h pijanìthta na èqoume k�poia parat rhsh eÐnai a/2.

To akìloujo apotèlesma eÐnai to klassikì di�sthma empistosÔnhc sqetikì

me thn pijanìthta na èqoume kalì ektimht  (bl. [16]).

Prìtash 3.

Pr

(∣∣∣∣∣ Tf − Tr(f(A))√
Var((x, f(A)x))/N

∣∣∣∣∣ < Za/2

)
= 1− a,

ìpou N eÐnai to pl joc twn dokim¸n, a eÐnai to epÐpedo shmantikìthtac, kai

Za/2 eÐnai h critical value thc tupik c kanonik c katanom c pou orÐsthke

parap�nw.

Gia epÐpedo shmantikìthtac a = 0.01, èqoume Za/2 = 2.58, kai h Prìtash

3 mac dÐnei di�sthma empistosÔnhc gia to Tr(f(A)) me pijanìthta 100(1 −
a)% = 99%.

'Eqoume,

Tf −
√
V ar((x, f(A)x))√

N
Za/2 < Tr(f(A)) < tf +

√
V ar((x, f(A)x))√

N
Za/2.

EpÐshc, perimènoume, gia k�je mègejoc deÐgmatoc, o ektimht c tou Ðqnouc Tf

na brÐsketai sto di�sthma

Tr(f(A))−
√
V ar((x, f(A)x))√

N
Za/2 < Tf < Tr(f(A))+

√
V ar((x, f(A)x))√

N
Za/2

me pijanìthta 99%.

E�n, sthn Prìtash 3, to Var((x, f(A)x)) antikatastajeÐ me to vf pou dÐ-

netai apì th sqèsh (1.2), tìte paÐrnoume mÐa prosèggish tou diast matoc

empistosÔnhc.
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Gia na upologÐsoume ton ektimht  Hutchinson, mporoÔme na mhn jewr sou-

me tuqaÐa dianÔsmata me eisìdouc i.i.d Rademacher metablhtèc, all� tic

st lec enìc pÐnaka Hadamard [9], [27]. Aut� ta dianÔsmata ikanopoioÔn to

Je¸rhma tou Hutchinson kai epiplèon eÐnai metaxÔ touc orjog¸nia.

'Enac p× p pÐnakac H eÐnai pÐnakac Hadamard ean ta stoiqeÐa tou eÐnai +1

  −1 kai HTH = HHT = pIp, ìpou Ip eÐnai o p× p tautotikìc pÐnakac. Oi

st lec kai oi grammèc tou pÐnaka H eÐnai ana dÔo orjog¸niec.

Oi idiìthtec autoÔ tou pÐnaka, me kÔria thn orjogwniìthta, bohjoÔn sthn

meÐwsh tou sqetikoÔ sf�lmatoc ektÐmhshc kai sunep¸c sthn beltÐwsh tou

ektimht , ìpwc ja doÔme analutik� sto epìmeno Kef�laio.





Kef�laio 2

StoqastikoÐ ektimhtèc tou

Ðqnouc mèsw pin�kwn

Hadamard

Sto prohgoÔmeno Kef�laio anaptÔqjhkan ektimhtèc tou Ðqnouc sun�rthshc

tou pÐnaka A upologÐzontac th mèsh tim  twn posot twn xTi f(A)xi, ìpou

xi eÐnai kat�llhla dianÔsmata (sample vectors) pou sqhmatÐzoun tic st lec

enìc pÐnaka X (sample matrix). Ston parìn Kef�laio (bl. [27]), h epilog 

twn dianusm�twn xi apì tic st lec enìc pÐnaka Hadamard, kaj¸c epÐshc kai

h qr sh pin�kwn Hadamard gia thn kataskeu  tou sample matrix X mele-

t¸ntai kai exet�zontai mèsw di�forwn paradeigm�twn. Epiplèon, eis�getai

o sunduasmìc twn pin�kwn Hadamard me ènan statistikì sqediasmì ìpwc

to central-composite design (CCD) gia thn kataskeu  tou sample matrix

X.

'Estw A ∈ Rp×p ènac summetrikìc pÐnakac kai f mÐa suneq¸c diaforÐsi-

mh sun�rthsh pou orÐzetai sto f�sma tou pÐnaka A. EÐdame ìti se pollèc

efarmogèc apaiteÐtai h gn¸sh tou Ðqnouc tou pÐnaka f(A).

H ektÐmhsh tou Ðqnouc mÐac sun�rthshc pÐnaka qrei�zetai se polloÔc tomeÐc



42 · Stoqastikoi ektimhtec tou iqnouc mesw pinakwn Hadamard

ìpwc h Fusik , ìpou emfanÐzetai sthn kbantik  qhmeÐa gia thn ektÐmhsh gia

thn ektÐmhsh thc puknìthtac density of states [53]. EpÐshc, sthn an�lush

diktÔwn, o deÐkthc Estrada orÐzetai wc to Ðqnoc Tr(exp(A)), gia pÐnaka

geitnÐashc A (bl. [24], [25]).

H ektÐmhshc epÐshc tou Ðqnouc Tr(A−1) èqei melethjeÐ idiaÐtera sthn biblio-

grafÐa (bl. [32], [5], [17] kai tic anaforèc pou paratÐjentai ekeÐ). To Ðqnoc

tou antistrìfou enìc summetrikoÔ pÐnaka apaiteÐtai se pollèc efarmogèc se

di�forouc tomeÐc ìpwc h statistik , ta fractals, to plègma kbantik c qrw-

modunamik c (lattice quantum chromodynamics), oi krÔstalloi, h an�lush

diktÔwn kai h jewrÐa grafhm�twn. EpÐshc, sthn an�lush diktÔwn, o deÐkthc

resolvent Estrada orÐzetai wc to Ðqnoc Tr((Ip − aA)−1), ìpou to a eÐnai mÐa

kat�llhlh par�metroc, ìpou epilètai sun jwc a = 0.85/λ1 (bl. [24]) kai

Ip o tautotikìc pÐnakac di�stashc p. Tèloc, sth mhqanik  m�jhsh, to prì-

blhma beltistopoÐhshc pou prokÔptei kat� thn ekpaÐdeush miac Gaussian

diadikasÐac apaiteÐ ton upologismì tou Ðqnouc Tr(T−1S), gia kat�llhlouc

pÐnakec T, S (bl. [12]).

Epiplèon, to Ðqnoc Tr(f(A)) gia kat�llhlh epilog  thc sun�rthshc f, mpo-

reÐ na mac d¸sei ektim seic gia �llec qr simec posìthtec ìpwc to merikì

�jroisma twn idiotim¸n enìc pÐnaka A, poe emfanÐzetai sthn fusik  stere�c

kat�stashc (solid state physics) gia ton upologismì thc olik  enèrgeiac

miac hlektronik c dom c (bl. [4].)

EpÐshc, h ektÐmhsh tou Ðqnouc Tr(f(A)) mporeÐ na odhg sei sthn ektÐmhsh

thc orÐzousac enìc pÐnaka A, pou sumbolÐzetai wc det(A), kaj¸c isqÔei

ìti Tr(log(A)) = log(det(A)) gia ènan summetrikì jetik� orismèno pÐnaka

A (bl. [32]). Wc sunèpeia, h ektÐmhsh tou Ðqnouc Tr(log(A)) odhgeÐ sthn

ektÐmhsh thc orÐzousac det(A) pou emfanÐzetai se pollèc efarmogèc ìpwc ta

fractals, oi krÔstalloi, to plègma kbantik c qrwmodunamik c, h genikeumènh

cross-validation kai oi efarmogèc touc (bl. [13].)

'Eqoun protajeÐ stoqastikoÐ ektimhtèc gia to Tr(f(A)), pou basÐzontai ston

upologismì thc posìthtac
∑N

i=1 x
T
i f(A)xi/N gia diaforetik� sample ve-



2.1 Ektimhtec mesw thc mejodou tou Hutchinson · 43

ctors xi, ìpou N eÐnai to mègejoc tou deÐgmatoc. H anamenìmenh tim  thc

parap�nw posìthtac isoÔtai me to Tr(f(A)).

Sth sunèqeia, epikentrwnìmaste sthn kat�llhlh epilog  tou sample matrix

X = [x1, . . . , xN ], ìpou xi, i = 1, . . . , N eÐnai ta sample vectors. Oi sto-

qastikoÐ ektimhtèc kai h epilog  sthl¸n apì pÐnakec Hadamard wc sample

vectors suzht¸ntai stic Enìthtec 2.1 kai 2.2. Sthn Enìthta 2.4 eis�getai h

qrhsimopoÐhsh twn pin�kwn Hadamard se ènan central-composite sqediasmì

gia thn kataskeu  tou sample matrix X.

2.1 Ektimhtèc mèsw thc mejìdou tou Hutchinson

'Estw A ∈ Rp×p ènac summetrikìc pÐnakac. 'Opwc eÐdame sto eisagwgikì

kef�laio, o pÐnakac f(A) eÐnai epÐshc summetrikìc [35]. Ektim seic gia to

Ðqnoc tou, Tr(f(A)), mporoÔn na paraqjoÔn efarmìzontac to apotèlesma

tou Hutchinson pou eis qjh sthn ergasÐa [40] (kai parousi�zetai sto proh-

goÔmeno kef�laio kai dÐnetai kai sthn epìmenh Prìtash), sto opoÐo dÐnetai

ènac el�qisthc diaspor�c ektimht c tou Ðqnouc enìc summetrikoÔ pÐnaka A.

Prìtash 4.

'Estw A ∈ Rp×p ènac summetrikìc pÐnakac me Tr(f(A)) ̸= 0. 'Estw x ∈ Rp

èna di�nusma tou opoÐou ta stoiqeÐa paÐrnoun tic timèc 1 kai −1 me Ðsh

pijanìthta 0.5. Tìte to (x, f(A)x) eÐnai ènac amerìlhptoc ektimht c gia to

Tr(f(A)). IsqÔei

E((x, f(A)x)) = Tr(f(A)) kai V ar((x, f(A)x)) = 2
∑
i̸=j

(f(A))2ij,

ìpou E(·) kai V ar(·) sumbolÐzoun thn anamenìmenh tim  kai th diaspor�

antÐstoiqa.

Epomènwc, ektimhtèc gia to Tr(f(A)) dÐnontai upologÐzontac th mèsh ti-

m  twn posot twn (xi, f(A)xi) gia N dianÔsmata ìpwc perigr�fontai sthn

Prìtash 4. Epomènwc, gia mègejoc deÐgmatoc N, èqoume
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(2.1) Tr(f(A)) ≃ 1

N

N∑
i=1

xTi f(A)xi.

Gia ton upologismì tou (2.1) ta akìlouja dÔo probl mata prèpei na anti-

metwpistoÔn.

(i) Apotelesmatikìc upologismìc twn tetragwnik¸n morf¸n xTi f(A)xi.

EÐnai polÔ shmantikì na apofeÔgetai o apeujeÐac upologismìc tou pÐnaka

f(A) stic tetragwnikèc morfèc xTi f(A)xi. Mèjodoi pou proteÐnontai gia

autì èqoun anaptuqjeÐ sto [32] kai basÐzontai se kanìnec arijmhtik c o-

lokl rwshc Gauss (bl. epÐshc [33], [44], [46]). MÐa epiplèon mèjodoc pou

sthrÐzetai sthn parekbol  èqei anaptuqjeÐ stic ergasÐec [17],[29], [16] gia

thn ektÐmhsh thc tetragwnik c morf c xTA−1x, kai genikìtera thc xTAqx,

q ∈ Q. Qrhsimopoi¸ntac thn Ðdia mèjodo, ektim seic gia to xTf(A)x dÐnontai
sthn ergasÐa [28]. EÐte h mèjodoc thc parekbol c, eÐte oi kanìnec olokl -

rwshc Gauss mporoÔn na epilegoÔn gia thn apotelesmatik  prosèggish twn

tetragwnik¸n morf¸n xTi f(A)xi.

(ii) Kat�llhlh epilog  tou sample matrix X.

H kat�llhlh epilog  twn sthl¸n tou sample matrix X ephre�zoun tic

stoqastikèc ektim seic. 'Ewc t¸ra, stic perissìterec mejìdouc, tuqaÐa

dianÔsmata x qrhsimopoioÔntan san deÐgma, me anex�rthtec kai omoiìmor-

fa katanemhmènec (i.i.d.) Rademacher tuqaÐec metablhtèc san eisìdouc

(Pr(x(i) = ±1) = 1/2) [36], ìpwc perigr�fetai sthn Prìtash 4. Kata-

skeu�zontai qrhsimopoi¸ntac thn katanom  Bernoulli me ton grammikì me-

tasqhmatismì χ = 2ψ− 1, ìpou to χ èqei thn katanom  Rademacher kai to

ψ èqei thn katanom  Bernoulli.

Sth sunèqeia, melet�me pwc mÐa sugkekrimènh epilog  twn sample vectors

mporeÐ na belti¸sei thn poiìthta twn ektimht¸n tou Tr(f(A)). Ac jewr -

soume ènan sample matrix X ∈ Rp×N tou opoÐou oi st lec eÐnai ta sample
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vectors xi. To parak�tw L mma prosdiorÐzei to sf�lma sthn ektÐmhsh tou

Tr(f(A)) [63].

L mma 4.

'Estw A ∈ Rp×p ènac summetrikìc pÐnakac kai X = [x1, . . . , xN ] ∈ Rp×N o

sample matrix, ìpou xi, i = 1, . . . , N ìpwc perigr�fontai sthn Prìtash 4.

(i) Tr(f(A)) ≃ 1
N

∑N
i=1 x

T
i f(A)xi = Tr(XTf(A)X)/N.

(ii) To apìluto sf�lma thc prosèggishc pou perigr�fetai sto (i) eÐnai

Err = |Tr(f(A)(Ip − S))|, ìpou S = XXT/N.

Apìdeixh

(i) 'Epetai �mesa apì thn Prìtash 4.

(ii) Err = |Tr(f(A))−Tr(XTf(A)X)

N
| =

= |Tr(f(A))− Tr(f(A)XXT )

N
| = |Tr(f(A)(Ip − S))|, S =

XXT

N
.

'Oso o pÐnakac S plhsi�zei ton tautotikì Ip, to sf�lma mei¸netai. Ka-

j¸c to mègejoc tou deÐgmatoc N prèpei na eÐnai arket� mikrìtero apì p

(N << p), prokeimènou na èqoume ènan apotelesmatikì stoqastikì ekti-

mht , h perÐptwsh na sumpÐptei o pÐnakac S me ton tautotikì pÐnaka Ip den

mporeÐ na jewrhjeÐ. Epomènwc, endiaferìmaste gia sample vectors xi tètoia

¸ste XXT ≃ NIp. Sth sunèqeia, ja doÔme p¸c mporeÐ na kataskeuasteÐ o

sample matrix X qrhsimopoi¸ntac pÐnakec Hadamard kat� tètoion trìpo

¸ste XXT ≃ NIp.

Orismìc 7.

'Enac pÐnakac Hadamard H ∈ Rp×p eÐnai ènac pÐnakac me stoiqeÐa 1   −1,

pou ikanopoieÐ th sqèsh orjogwniìthtac HTH = HHT = pIp.
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Apì autìn ton orismì èpetai ìti an� dÔo diaforetikèc grammèc   st lec

enìc pÐnaka Hadamard eÐnai orjog¸niec, dhlad  to eswterikì touc ginìmeno

eÐnai mhdèn. MporeÐ na apodeiqjeÐ ìti an o H eÐnai ènac pÐnakac Hadamard

di�stashc p, tìte p = 1, 2   p = 0mod(4). Gia perissìterec plhroforÐec

sqetik� me pÐnakec Hadamard, o anagn¸sthc mporeÐ na sumbouleÔetai to

[37]. 'Enac pÐnakac Hadamard lègetai ìti eÐnai kanonikopoihmènoc, an èqei

sthn pr¸th gramm  kai sthn pr¸th st lh tou ìla mon�dec.

Mia eidik  kathgorÐa Hadamard pin�kwn, oi opoÐoi lègontai Sylvester Hada-

mard pÐnakec, mporoÔn eÔkola na kataskeuastoÔn me th qr sh tou motÐbou

Hk+1 =

(
Hk Hk

Hk −Hk

)
ìpou Hk eÐnai pÐnakac Hadamard di�stashc 2k gia

k�je mh arnhtikì akèraio arijmì k. H0 =
(

1
)
kai H1 =

(
1 1

1 −1

)
eÐnai

oi tetrimmènec peript¸seic. Aut  h kataskeu  eÐnai isodÔnamh me to ginìmeno

Kronecker H1

⊗
Hk.

Sth sunèqeia, ja melet soume thn perÐptwsh tou na jèsoume wc st lec tou

sample matrix X, st lec (  mèroc twn sthl¸n) pin�kwn Hadamard. E�n

jewr soume wc sample matrix X ènan pÐnaka Hadamard di�stashc p (X ≡
H), tìte XXT = pIp kai epomènwc h stoqastik  ektÐmhsh ja gÐnei akrib c.

'Omwc, kaj¸c qreiazìmaste N << p, melet�me thn apotelesmatikìthta thc

qr shc orismènwn sthl¸n tou pÐnaka H.

2.2 DeigmatolhyÐa apì Sylvester Hadamard pÐna-

kec

Oi pÐnakec Hadamard eÐqan epÐshc qrhsimopoihjeÐ sthn ergasÐa [63] gia thn

ektÐmhsh tou Tr(f(A)) sthn kataskeu  tou sample matrix X, se sunduasmì

me �llouc pÐnakec (bl. epÐshc [62]). Epiplèon, sthn ergasÐa [1], oi pÐnakec

Hadamard prot�jhkan gia na peristrèyoun ta orjokanonik� dianÔsmata
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se ènan ektimht  tou Ðqnouc, kai, pio prìsfata, ta ofèlh apì tic st lec

pin�kwn Hadamard suzht jhkan sthn ergasÐa [56] gia thn ektÐmhsh tou

Ðqnouc tou antistrìfou pin�kwn eidik c dom c (special structured matrices).

Tèloc, sthn ergasÐa [9] oi st lec twn pin�kwn Hadamard qrhsimopoi jhkan

ston sample matrix X, antÐ twn dianusm�twn Rademacher gia thn ektÐmhsh

thc diagwnÐou enìc pÐnaka. Se aut n thn ergasÐa melet jhkan oi idiìthtec

tou pÐnaka XXT kai dìjhke mia “eikìna” sqetik� me th qr sh deigm�twn

megèjouc pou eÐnai dÔnamh tou dÔo. Sthn ergasÐa [27], ìpwc anaptÔssetai

kai sto parìn Kef�laio, apodeiknÔetai h qr sh megèjouc deÐgmatoc pou eÐnai

dÔnamh tou dÔo.

Ac jewr soume ìti o sample matrix X eÐnai o p×N kÔrioc upopÐnakac enìc

Sylvester Hadamard pÐnaka, ìpou p > N = 2i, i ∈ N. To akìloujo L mma

deÐqnei ìti o pÐnakac X mporeÐ na diaqwristeÐ se blocks.

L mma 5.

'Estw Hk ènac Sylvester Hadamard pÐnakac di�stashc 2k kai èstw X o p×2i

kÔrioc upopÐnak�c tou, ìpou i ∈ N tètoio ¸ste 2i < p.

(i) An p = 2k, tìte o pÐnakac X apoteleÐtai apì 2k−i blocks di�stashc 2i×2i.

K�je block eÐnai ènac Sylvester Hadamard pÐnakac Hi di�stashc 2i.

(ii) an p ̸= 2k, tìte p ≡ r(mod2i) gia r ∈ N, 0 ≤ r < 2i. Se aut n thn

perÐptwsh, o pÐnakac X apoteleÐtai apì 2i × 2i Sylvester Hadamard pÐnakec

Hi epauxhmènoi me tic pr¸tec r grammèc tou pÐnaka Hi.

Apìdeixh

(i) MporeÐ na apodeiqjeÐ me epagwg  kai apì thn kataskeu  twn Sylve-

ster Hadamard pin�kwn, kaj¸c p = 2k ≡ 0(mod2i) gia opoiod pote i =

1, ..., k. Gia k = 1 èqoume ton 2 × 2 Sylvester Hadamard pÐnaka H1 =(
1 1

1 −1

)
kai kataskeu�zoume ton 22 × 22 Sylvester Hadamard pÐnaka
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H2 =


1 1 1 1

1 −1 1 −1

1 1 −1 −1

1 −1 −1 1

 . Sth sunèqeia, ja èqoume ton 23 × 23 Sylve-

ster Hadamard pÐnaka H3 =


1 1 1 1 | 1 1 1 1

1 −1 1 −1 | 1 −1 1 −1

1 1 −1 −1 | 1 1 −1 −1

1 −1 −1 1 | 1 −1 −1 1

−− −− −− −− | −− −− −− −−
1 1 1 1 | −1 −1 −1 −1

1 −1 1 −1 | −1 1 −1 1

1 1 −1 −1 | −1 −1 1 1

1 −1 −1 1 | −1 1 1 −1

 .

Se autìn ton 23×23 pÐnaka, k�je 2i×2i, i = 1, 2 block eÐnai ènac Sylvester

Hadamard pÐnakac Hi di�stashc 2i. Ac upojèsoume ìti isqÔei gia k = n ∈
N. epomènwc, ja èqoume ènan 2n × 2n pÐnaka Hn tou opoÐou k�je 2i × 2i

gia i = 1, 2, . . . , n block eÐnai ènac Sylvester Hadamard pÐnakac Hi. Tìte,

o 2n+1 × 2n+1 pÐnakac Hn+1 =

(
Hn Hn

Hn −Hn

)
mporeÐ na kataskeuasteÐ,

o opoÐoc perièqei touc 2i × 2i gia i = 1, 2, . . . , n + 1 Sylvester Hadamard

pÐnakec Hi wc blocks.

(ii) Kaj¸c p ≡ r(mod2i) gia r ∈ N, 0 ≤ r < 2i, èqoume ìti p = t2i + r,

gia mÐa stajer� t ∈ N. Lamb�nontac upìyin thn proanaferjeÐsa an�lush

gia ton t2i × 2i kÔrio upopÐnaka tou pÐnaka Hk, èpetai ìti o p × 2i kÔrioc

upopÐnakac tou pÐnaka Hk apoteleÐtai apì t Sylvester Hadamard pÐnakec Hi

epauxhmènoc me tic pr¸tec r grammèc tou pÐnaka Hi.

Sth sunèqeia, sto Je¸rhma 3 dÐnoume mÐa apìdeixh sqetik� me thn apotele-

smatikìthta thc qr shc megèjouc deÐgmatoc di�stashc pou eÐnai dÔnamh tou

dÔo.

Je¸rhma 3.

'Estw A ∈ Rp×p ènac summetrikìc pÐnakac. An jewr soume wc sample

matrix X ton p × N kÔrio upopÐnaka tou Sylvester Hadamard pÐnaka Hk

di�stashc 2k, gia N = 2i, i < k, tìte o pÐnakac S = XXT/N eÐnai araiìc me

mon�dec sthn kÔria diag¸nio kai se k�je κ2i uper kai upodiag¸nio, ∀κ ∈ N



2.2 Deigmatolhyia apo Sylvester Hadamard pinakec · 49

tètoio ¸ste κ2i ≤ p . Eidikìtera,

(i) an p = 2k tìte o pÐnakac XXT

N
eÐnai Îp =


IN IN · · · IN

IN IN · · · IN
...

...
. . .

...

IN IN · · · IN

 .

(ii) an p ̸= 2k, tìte up�rqei r ∈ N, 0 ≤ r < 2i, tètoio ¸ste p ≡ r(mod2i).

Tìte, o pÐnakac XXT

N
eÐnai

[
Îp−r Îp−r(:, 1 : r)

Îp−r(1 : r, :) Ir

]
, ìpou ta Îp−r(:, 1 :

r) kai Îp−r(1 : r, :) antiproswpeÔoun touc pÐnakec me tic r pr¸tec st lec kai

tic r pr¸tec grammèc tou pÐnaka Îp−r, antÐstoiqa.

Apìdeixh

(i) Ac jewr soume ìti p = 2k. An N = 2i, i < k, apì to L mma 5 èqoume ìti

k�je 2i×2i block tou p×2i pÐnaka X eÐnai ènac Sylvester Hadamard pÐnakac

Hi. Epomènwc, oi grammèc tou k�je block eÐnai grammik� anex�rthtec dhlad 

to eswterikì touc ginìmeno eÐnai Ðso me mhdèn, kai epomènwc to antÐstoiqo

stoiqeÐo tou pÐnaka XXT sto kat�llhlo tou 2i × 2i block eÐnai mhdèn.

To eswterikì ginìmeno dÔo Ðdiwn gramm¸n eÐnai Ðso me N. Epomènwc ta

diag¸nia stoiqeÐa sto kat�llhlo 2i × 2i block tou pÐnaka S = XXT

N
eÐnai

ìla mon�dec. Epomènwc, o pÐnakac XXT apoteleÐtai apì 2i × 2i blocks me

diag¸niec eisìdouc ìla mon�dec, dhlad  eÐnai thc morf c Îp.

(ii) Sthn perÐptwsh pou p ̸= 2k, tìte p ≡ r(mod2i), r ∈ N, 0 ≤ r < 2i.

Epomènwc, apì to L mma 5 èpetai �mesa ìti o pÐnakac S eÐnai thc morf c

Îp−r epauxhmènoc me tic pr¸tec r st lec tou sta dexi� kai tic pr¸tec r

grammèc tou apì k�tw, èqontac th morf 

[
Îp−r Îp−r(:, 1 : r)

Îp−r(1 : r, :) Ir

]
.

ParathroÔme ìti, san apotèlesma aut c thc epilog c tou N, “exafanÐzon-

tai” poll� mh diag¸nia stoiqeÐa tou S. Oi uper kai upodiag¸nioi tou pÐnaka

S = XXT

N
ephre�zoun to sf�lma thc ektÐmhshc. Sthn ergasÐa [9], epish-
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maÐnetai ìti ìso to pl joc twn sthl¸n enìc Sylvester Hadamard pÐnaka

aux�nei, ligìterec mh epijumhtèc diag¸nioi emfanÐzontai ston pÐnaka S.

Pìrisma 5.

'Estw A ∈ Rp×p ènac summetrikìc pÐnakac, f mÐa kat�llhlh leÐa sun�rthsh

pou orÐzetai sto f�sma tou pÐnaka A kai B = f(A). An jewr soume wc

sample matrix X ton p×N kÔrio upopÐnaka tou Sylvester Hadamard pÐnaka

Hk, gia N = 2i, i < k, tìte to sf�lma sthn ektÐmhsh tou Tr(B) ephre�zetai

mìno apì ta mh diag¸nia stoiqeÐa tou pÐnaka B.

Apìdeixh

(i) Ac jewr soume kat' arq�c thn perÐptwsh ìpou p = 2k. 'Eqoume Tr(B) ≃
Tr(XTBX)/N. Apì to L mma 5 o sample matrix X apoteleÐtai apì 2k−i

Sylvester Hadamard pÐnakec di�stashc 2i, dhlad  X = [Hi, Hi, · · · , Hi]
T .

'Estw Blj, l, j = 1, · · · , 2k−i to lj tetragwnikì block di�stashc N tou

pÐnaka B. 'Eqoume

Tr(XTBX) =
2k−i∑
l,j=1

Tr(HT
i BljHi) =

2k−i∑
l,j=1

Tr(BljHiH
T
i ) =

= N

2k−i∑
l,j=1

Tr(Blj) = NTr(B) +N

2k−i∑
l,j=1, l ̸=j

Tr(Blj).

Epomènwc, qrhsimopoi¸ntac thn summetrÐa tou pÐnaka B èqoume

1

N
Tr(XTBX) = Tr(B) + 2

2k−i∑
l,j=1, l<j

Tr(Blj)

kai epomènwc to sf�lma thc ektÐmhshc isoÔtai me 2
∑2k−i

l,j=1, l<j Tr(Blj).

(ii) An p ̸= 2k, kaj¸c p ≡ r(mod2i), r ∈ N, 0 ≤ r < 2i, tìte up�rqei mÐa

stajer� t ∈ N tètoia ¸ste p = t2i + r. Epomènwc, apì to L mma 5 èqoume

ìti X = [Hi, Hi, · · · , Hi, Ri]
T , ìpou Ri = Hi(1 : r, :) eÐnai o upopÐnakac tou
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Hi pou perièqei mìno tic pr¸tec r grammèc tou. Ston sample matrix X

up�rqoun Nt pÐnakec Hi. 'Estw

B =



B1,1 · · · B1,Nt B̃T
1

B2,1 · · · B2,Nt B̃T
2

...
...

...
...

BNt,1 · · · BNt,Nt B̃T
Nt

B̃1 · · · B̃Nt B̂r


,

ìpou ta Blj, l, j = 1, . . . , Nt eÐnai N ×N blocks, ta B̃j, j = 1, . . . , Nt eÐnai

r ×N blocks kai to B̂r eÐnai èna r × r block tou pÐnaka B. 'Eqoume

Tr(XTBX) =
Nt∑

l,j=1

Tr(HT
i BljHi)+

Nt∑
j=1

Tr(RT
i B̃jHi)+

Nt∑
j=1

Tr(HT
i B̃

T
j Ri)+Tr(RT

i B̂rRi) =

=
Nt∑

l,j=1

Tr(BljHiH
T
i )+

Nt∑
j=1

Tr(B̃jHiR
T
i )+

Nt∑
j=1

Tr(B̃T
j RiH

T
i )+Tr(B̂rRiR

T
i ) =

= N
Nt∑

l,j=1

Tr(Blj) + 2N
Nt∑
j=1

Tr(B̃j(1 : r, 1 : r)) +NTr(B̂r) =

= NTr(B) + 2N
Nt∑

l,j=1, l<j

Tr(Blj) + 2N
Nt∑
j=1

Tr(B̃j(1 : r, 1 : r)).

Epomènwc

1

N
Tr(XTBX) = Tr(B) + 2

Nt∑
l,j=1, l<j

Tr(Blj) + 2
Nt∑
j=1

Tr(B̃j(1 : r, 1 : r))

kai �ra to sf�lma thc ektÐmhshc isoÔtai me

2
Nt∑

l,j=1, l<j

Tr(Blj) + 2
Nt∑
j=1

Tr(B̃j(1 : r, 1 : r)),

ìpou B̃j(1 : r, 1 : r) antiproswpeÔei ton kÔrio r × r upopÐnaka tou pÐnaka

B̃j.
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Parat rhsh 4. Lamb�nontac upìyin ton sumbolismì pou qrhsimopoi -

jhke sta parap�nw apotelèsmata aut c thc enìthtac, apì to L mma 5 kai to

Je¸rhma 3 èpetai ìti mporoÔme na apofÔgoume thn apoj keush enìc meg�-

lou Sylvester Hadamard pÐnaka Hk. H epan�lhyh twn Sylvester Hadamard

pin�kwn Hi, i < k ston sample matrix X upodeiknÔei ìti qrei�zetai na apo-

jhkeuteÐ mìno autìc o pÐnakac. Autì epitugq�netai epeid  qrhsimopoioÔme

ton kÔrio p × N upopÐnaka tou pÐnaka Hk, dhlad  tic pr¸tec N diadoqikèc

st lec tou.

2.3 DeigmatolhyÐa apì Hadamard pÐnakec mèsw

doubling construction

EÐdame ìti oi pÐnakec Sylvester Hadamard kataskeu�zontai sÔmfwna me to

motÐbo

Hk+1 =

(
Hk Hk

Hk −Hk

)
qrhsimopoi¸ntac san arqikì pÐnaka (  alli¸c seed matrix) ton 2× 2 pÐnaka

H1 =

(
1 1

1 −1

)
, ìpwc perigr�fetai kai sthn enìthta 2.1. Apì aut n

thn kataskeu  paÐrnoume pÐnakec Hadamard twn opoÐwn h di�stash eÐnai

p�nta dÔnamh tou dÔo. MporoÔme epÐshc na p�roume pÐnakec Hadamard

diaforetik¸n diast�sewn, h opoÐa eÐnai p�nta pollapl�sio tou tèssera.

Autì epitugq�netai mèsw doubling construction, dhlad  qrhsimopoi¸ntac

san arqikì pÐnaka sto parap�nw motÐbo ènan pÐnaka Hadamard di�stashc

diaforetik c tou 2. EÐnai fanerì ìti oi pÐnakec Sylvester Hadamard eÐnai

mia eidik  perÐptwsh tou doubling construction. To parak�tw Je¸rhma

genikeÔei to Je¸rhma 3 kai mporeÐ na apodeiqjeÐ me parìmoio trìpo.

Je¸rhma 4.

'Estw A ∈ Rp×p ènac summetrikìc pÐnakac, hs h di�stash enìc seed Ha-
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damard pÐnaka pou upojètoume ìti up�rqei kai k ∈ N. An jewr soume wc

sample matrix X ton p×N kÔrio upopÐnaka tou pÐnaka Hadamard di�stashc

2khs, ìpou N = 2ihs, i < k, tìte o pÐnakac XXT eÐnai araiìc me mon�dec

sthn kÔria diag¸nio kai se k�je κ2i uper kai upodiag¸nio, ∀κ ∈ N tètoio

¸ste κ2i ≤ p .

2.4 Ektim seic qrhsimopoi¸ntac �llouc sqedia-

smoÔc

To Pìrisma 5 dhl¸nei ìti to sf�lma thc ektÐmhshc ephre�zetai mìno apì

ta mh diag¸nia stoiqeÐa tou pÐnaka A. Epomènwc, mporoÔme enallaktik� na

qrhsimopoi soume �llouc sqediasmoÔc X oi opoÐoi na elaqistopoioÔn to

pl joc twn mh mhdenik¸n stoiqeÐwn ektìc thc kÔria diagwnÐou tou pÐnaka

S. Sth sunèqeia, epekteÐnoume to apotèlesma thc Prìtashc 4 gia deÐgmata

pou apoteloÔntai apì dianÔsmata me stoiqeÐa 0, 1 kai −1.

Prìtash 5.

'Estw f(A) ∈ Rp×p ènac summetrikìc pÐnakac me Tr(f(A)) ̸= 0. 'Estw x ∈
Rp èna di�nusma tou opoÐou ta stoiqeÐa paÐrnoun tic timèc 0, me pijanìthta

ρ, kai 1, −1 me Ðsh pijanìthta (èstw X mÐa diakrit  tuqaÐa metablht  pou

paÐrnei timèc 1 kai −1 me Ðsh pijanìthta kai 0 me pijanìthta ρ kai èstw x

èna di�nusma me p anex�rthta deÐgmata apì thn X). Tìte

E((x, f(A)x)) = (1− ρ)Tr(f(A)).

Apìdeixh

'Estw x = (x1, . . . , xn)
T èna di�nusma me p anex�rthta deÐgmata apì thn X.

Tìte, isqÔei

E(xixj) = E(xi)E(xj) kai E(xi) = 0, i, j = 1, . . . , p
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kai epomènwc E(xixj) = E(xi)E(xj) = 0. EpÐshc isqÔei ìti E(x2i ) = 1− ρ.

'Eqoume (x, f(A)x) =
∑

i,j(f(A))ijxixj pou sunep�getai

E(x, f(A)x) = E(
∑
i,j

(f(A))ijxixj) =
∑
i,j

(f(A))ijE(xixj)

dhlad 

E(x, f(A)x) =
∑
i

(f(A))iiE(x
2
i ) + 2

∑
i<j

(f(A))ijE(xixj),

kaj¸c (f(A))ij = (f(A))ji afoÔ o pÐnakac f(A) eÐnai summetrikìc. Epomè-

nwc,

E(x, f(A)x) =
∑
i

(f(A))ii(1−ρ)+0 = (1−ρ)
∑
i

(f(A))ii = (1−ρ)Tr(f(A)).

L mma 6.

'Estw A ∈ Rp×p ènac summetrikìc pÐnakac kai èstw X = [x1, . . . , xN ] ∈
Rp×N o sample matrix, ìpou jewroÔme ta dianÔsmata xi, i = 1, . . . , N ìpwc

perigr�fontai sthn Prìtash 5.

(i) Tr(f(A)) ≃ 1
(1−ρ)N

∑N
i=1 x

T
i f(A)xi = Tr(XTf(A)X)/(N(1−ρ)).

(ii) To apìluto sf�lma thc prosèggishc pou perigr�fetai sto (i) eÐnai

Err = |Tr(f(A)(Ip − S))|, ìpou S = XXT/(N(1− ρ)).

Apìdeixh

(i) 'Epetai �mesa apì thn Prìtash 5 kaj¸c

(
N∑
i=1

xTi f(A)xi)/N ≃ (1− ρ)Tr(f(A)).

(ii) Err = |Tr(f(A))− Tr(XTf(A)X)

(1− ρ)N
| = |Tr(f(A))− Tr(f(A)XXT )

(1− ρ)N
| =
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= |Tr(f(A)(Ip − S))|, S =
XXT

(1− ρ)N
.

MporoÔme na kataskeu�soume ènan sample matrix X di�stashc p×N, ìpou
N << p, kat� trìpo parìmoio ìpwc kataskeu�zetai èna sqediasmìc CCD,

(central composite design) (bl. [45]). Autìc o sqediasmìc apoteleÐtai apì

trÐa mèrh:

• Arqik�, qrhsimopoieÐtai ènac pÐnakac Hadamard,   mèroc enìc pÐnaka

Hadamard, pou onom�zetai wc to factorial part tou CCD.

• Sthn sunèqeia prostÐjetai èna set kentrik¸n shmeÐwn (central points),

pou eÐnai mhdenik� dianÔsmata-grammèc m kouc N .

• Tèloc, jewroÔme èna set apì axonik� shmeÐa (axial points), pou eÐnai

oi grammèc tou pÐnaka E2N di�stashc 2N ×N, ìpou

E2N =



α 0 0 . . . . . . 0

−α 0 0 . . . . . . 0

0 α 0 . . . . . . 0

0 −α 0 . . . . . . 0

. . . . . .

0 0 0 0 . . . α

0 0 0 0 . . . −α


.

H tim  thc paramètrou α kajorÐzetai apì ton sqediast . 'Omwc, k�poiec

sugkekrimènec timèc aut sthc paramètrou mporoÔn na dìsoun epijumhtèc

idiìthtec ston sqediasmì (bl. [45]).

'Enac p × N sample matrix X mporeÐ na kataskeuasteÐ qrhsimopoi¸ntac

ta proanaferjènta peiramatik� set, opou N = 2i, gia mÐa stajer� i ∈ N.
O pÐnakac X mporeÐ na apoteleÐtai apì ènan   parap�nw pÐnakec Hadamard

di�stashc N, k�poia kentrik� shmeÐa kai/  k�poia axonik� shmeÐa gia α = 1.
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QrhsimopoioÔme p�li mègejoc deÐgmatoc pou eÐnai dÔnamh tou 2, ¸ste na

epwfelhjoÔme thc orjogwniìthtac twn gramm¸n twn pin�kwn Hadamard

ston sample matrix X. H sumperifor� twn pin�kwn Hadamard melet jhke

sthn Enìthta 2.2. EÐdame ìti ta mh mhdenik� stoiqeÐa ektìc thc kurÐac

diagwnÐou ston pÐnaka XXT ephre�zoun to sf�lma thc ektÐmhshc.

An qrhsimopoi soume ton N × tN kÔrio upopÐnaka enìc Hadamard pÐnaka,

ìpou t ∈ N, tN < p, kai ton epaux soume me p − tN mhdenik� dianÔsmata-

grammèc m kouc N, kataskeu�zontac kat' autìn ton trìpo ènan sample ma-

trix X, parathroÔme ìti èqoume ligìtera mh mhdenik� stoiqeÐa ektìc thc

diagwnÐou ston pÐnaka XXT . Autì sunep�getai epÐshc ìti p− tN diag¸nia

stoiqeÐa tou pÐnaka XXT gÐnontai Ðsa me mhdèn.

An to p eÐnai dÔnamh tou dÔo, tìte to pl joc twn kentrik¸n shmeÐwn ston

sample matrix X ja prèpei na eÐnai epÐshc mÐa dÔnamh tou dÔo gia mÐa apote-

lesmatik  ektÐmhsh. ParathroÔme ìti ean N = p/2, qrhsimopoi¸ntac ènan

sample matrix X pou apoteleÐtai apì ènan pÐnaka Hadamard di�stashc N

kai apì N kentrik� shmeÐa, tìte den up�rqoun mh mhdenik� stoiqeÐa ektìc

thc diagwnÐou ston pÐnakaXXT . Autì mporeÐ na mei¸sei shmantik� to sf�l-

ma thc ektÐmhshc, analìgwc bèbaia kai ton pÐnaka A. Gia par�deigma autìc o

sqediasmìc douleÔei kal� se pÐnakec twn opoÐwn ta diag¸nia stoiqeÐa eÐnai

thc Ðdiac t�xhc   oi timèc touc eÐnai polÔ kont� h mÐa sthn �llh.

Epi prosjètwc, k�poiec grammèc tou pÐnaka E2N (axonik� shmeÐa) mporoÔn

na qrhsimopoihjoÔn gia α = 1, se sunduasmì me touc pÐnakec Hadamard

kai ta kentrik� shmeÐa. Se aut n thn perÐptwsh, oi st lec tou pÐnaka E2N

eÐnai akìma grammik� anex�rthtec. Qrhsimopoi¸ntac aut� ta axonik� sh-

meÐa ston sample matrix X, sunep�getai ìti k�poia diag¸nia stoiqeÐa tou

XXT paÐrnoun tim  Ðsh me 1 antÐ gia N. Epiplèon, èqoume perissìtera mh

mhdenik� stoiqeÐa ektìc thc diagwnÐou ston pÐnaka XXT , sugkritik� me ton

sample matrix pou perièqei mìno touc pÐnakec Hadamard kai k�poia kentri-

k� shmeÐa. Par�ola aut�, autèc oi timèc eÐnai Ðsec me 1   −1, pou shmaÐnei
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ìti h antÐstoiqh eÐsodoc tou pÐnaka A èqei mikr  epÐdrash sto sf�lma thc

ektÐmhshc.

'Alloi sqediasmoÐ, basismènoi sta BBDs, (Box-Behnken designs) (bl. [14])

mporoÔn epÐshc na melethjoÔn kai na efarmostoÔn kat� antÐstoiqo trìpo

ìpwc ta CCDs, (central composite designs).





Kef�laio 3

Arijmhtik� paradeÐgmata

Sth sunèqeia, exet�zoume touc stoqastikoÔc ektimhtèc gia thn ektÐmhsh

tou Ðqnouc sunart sewn pin�kwn, gia di�forec sunart seic pin�kwn, qrh-

simopoi¸ntac wc sample matrix X èna mèroc enìc pÐnaka Hadamard, antÐ

gia dianÔsmata me eisìdouc i.i.d. Rademacher tuqaÐec metablhtèc. Ja a-

naferìmaste se aut n thn mèjodo wc Hadamard sampling. Sta parak�tw

paradeÐgmata, aut  h mèjodoc sugkrÐnetai me thn deigmatolhyÐa Rademacher

(Rademacher sampling).

EpÐshc, exet�zoume thn sumperifor� twn stoqastik¸n ektimht¸n pou upo-

logÐzontai qrhsimopoi¸ntac �llouc sample matrices X oi opoÐoi èqoun timèc

0, 1 kai −1.

Gia ta apotelèsmata pou parousi�zontai se autì to Kef�laio, qrhsimopoi -

same•thn mèjodo thc parekbol c kai tic ektim seic pou parousi�zontai stic

ergasÐec [28], [29], [17], [16] gia thn ektÐmhsh twn tetragwnik¸n morf¸n

xTi f(A)xi.

Gia thn kataskeu  twn apaitoÔmenwn dianusm�twn xi sthn mèjodo Rade-

macher sampling, qrhsimopoi same ton uniform generator tuqaÐwn arijm¸n

metaxÔ 0 kai 1 tou matlab. An o tuqaÐoc arijmìc pou paÐrname  tan mikrì-

teroc   Ðsoc tou 0.5, h antÐstoiqh eÐsodoc tou xi èpairne thn tim  −1 en¸
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an  tan megalÔteroc tou 0.5 kai mikrìteroc   Ðsoc tou 1, tìte h antÐstoiqh

eÐsodoc tou xi ginìtan Ðsh me +1.

To sqetikì sf�lma orÐzetai wc to phlÐko thc apìluthc tim c thc diafor�c

thc akriboÔc tim c tou Ðqnouc apì ton ektimht  thc, proc thn apìluth tim 

thc akriboÔc tim c tou Ðqnouc. Genik� eÐnai to phlÐko thc apìluthc tim c thc

diafor�c thc jewrhtik c tim c miac posìthtac apì ton ektimht  thc, proc

thn apìluth tim  thc jewrhtik c aut c tim c. Sthn ergasÐa [56], proteÐnetai

h diaspor� wc mètro sÔgklishc sthn akrib  tim  tou Ðqnouc.

'Oloi oi upologismoÐ ektelèsthkan stomatlab (R2011b), 64-bit, se ènan

Intel Core i7 upologist , me 8 Gb RAM.

Par�deigma 1

Exet�same ton kal c kat�stashc pÐnaka Kms me par�metro w = 0.2 kai

ton araiì, kak c kat�stashc pÐnaka Poisson, pou dÐnontai qrhsimopoi¸ntac

thn eswterik  sun�rthsh gallery tou matlab. EpÐshc, exet�same ènan

yeudoaraiì pÐnaka Q me eisìdouc qij = e−2|i−j|.

Stouc PÐnakec 3.1, 3.2, 3.3 kai 3.4 sugkrÐnoume thn sumperifor� twn me-

jìdwn Hadamard kai Rademacher sampling sthn ektÐmhsh twn posot twn

Tr(Ar), Tr(
√
A), Tr(logA) kai Tr(expA), qrhsimopoi¸ntac deÐgma megèjouc

N = 32. AxÐzei na shmeiwjeÐ ìti an qrhsimopoi soume pl joc sthl¸n e-

nìc pÐnaka Hadamard, san deÐgma, pou den eÐnai dÔnamh tou dÔo, tìte den

epwfeloÔmaste twn idiot twn twn pin�kwn Hadamard.

H di�stash twn pin�kwn Kms kai Q eÐnai 1024, en¸ tou pÐnaka Poisson eÐnai

625, ektìc kai an mÐa diaforetik  di�stash anagr�fetai entìc thc parenjè-

sewc dÐpla sto ìnoma tou pÐnaka.

H mèjodoc Hadamard sampling exart�tai apì thn dom  tou pÐnaka. Ta

megalÔtera se mègejoc stoiqeÐa twn parap�nw pin�kwn pou exet�sthkan

susswreÔontai kont� sthn diag¸nio. Se pÐnakec me aut n thn eidik  dom ,

oi mh epijumhtèc uper kai upodiag¸nioi tou pÐnakaXXT ephre�zoun ligìtero
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Matrix r Hadamard Radem

Kms 5 2.2262e-3 1.8437e-2

Kms 3 1.6599e-13 5.6381e-4

Kms -1 6.8386e-4 1.7821e-3

Kms (1000) -1 6.8390e-4 4.0573e-3

Q 5 5.8103e-4 4.6548e-3

Q 3 2.2226e-13 1.1568e-3

Q -1 1.4342e-4 2.0664e-3

Q (1000) -1 1.4343e-4 2.3528e-3

PÐnakac 3.1: Sqetik� sf�lmata ektim¸ntac to Tr(Ar).

Matrix Hadamard Radem

Kms 2.9004e-5 2.7576e-4

Kms (1000) 2.9006e-5 6.7120e-4

Poisson 1.8306e-4 5.4810e-3

Q 5.8258e-6 1.7984e-4

Q (1000) 5.8262e-6 4.0502e-4

PÐnakac 3.2: Sqetik� sf�lmata ektim¸ntac to Tr(
√
A).

Matrix Hadamard Radem

KMS 4.4986e-3 4.0812e-2

KMS (1000) 4.4990e-3 1.8449e-2

Poisson 5.9182e-3 5.8153e-2

Q 2.0072e-3 5.0351e-2

Q (1000) 2.0074e-3 1.3521e-2

PÐnakac 3.3: Sqetik� sf�lmata ektim¸ntac to Tr(logA).
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Matrix Hadamard Radem

KMS 3.5899e-5 1.3588e-3

KMS (1000) 9.7030e-5 1.4421e-3

Poisson 1.6063e-4 1.3218e-2

Q 6.7043e-6 2.3351e-4

Q (1000) 1.9173e-5 2.7839e-3

PÐnakac 3.4: Sqetik� sf�lmata ektim¸ntac to Tr(expA).

to sf�lma thc ektÐmhshc kai epomènwc h Hadamard sampling belti¸nei ta

apotelèsmata. 'Opwc eÐdame, mporoÔme na epitÔqoume kalÔterec ektim seic

an to pl joc twn sthl¸n pou ja qrhsimopoi soume sto deÐgma eÐnai dÔnamh

tou dÔo. Gia par�deigma, qrhsimopoi same 33 st lec kai parathr same ìti

to sqetikì sf�lma eÐnai qeirìtero ap' ìti an qrhsimopoi soume 32 st lec

sthn Hadamard sampling, en¸ eÐnai sugkrÐsimo   qeirìtero me ekeÐno pou

paÐrnoume qrhsimopoi¸ntac thn Rademacher sampling.

Sth sunèqeia, sta Graf mata 3.1 kai 3.2, blèpoume to sqetikì sf�lma pou

prokÔptei ektim¸ntac to Ðqnoc Tr(A3) tou pÐnaka kms (p�nw) kai tou pÐnaka

Q (k�tw), ìso to pl joc N twn dianusm�twn tou deÐgmatoc aux�netai, qrh-

simopoi¸ntac eÐte Rademacher tuqaÐa dianÔsmata (Gr�fhma 3.1) eÐte st lec

enìc pÐnaka Hadamard (Gr�fhma 3.2).

Sto Gr�fhma 3.2 parathroÔme ìti to sqetikì sf�lma stadiak� mei¸netai

ìso to mègejoc tou deÐgmatoc aux�netai sthn Hadamard sampling. Apì

thn �llh meri�, sto Gr�fhma 3.1 parathroÔme ìti h Rademacher sampling

den èqei thn Ðdia stajer  sumperifor�.

Par�deigma 2

Sth sunèqeia, parousi�zontai dÔo pragmatikèc efarmogèc pou qrei�zontai

ton upologismì tou Ðqnouc Tr(f(A)), kai proèrqontai apì thn an�lush di-

ktÔwn kai thn fusik  stere�c kat�stashc (solid state physics).
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Sthn an�lush diktÔwn, o deÐkthc Estrada (bl. [24]) orÐzetai wc to Ðqnoc

Tr(exp(A)), gia ènan pÐnaka geitnÐashc A. JewroÔme ton pÐnaka geitnÐashc

erdrey di�stashc p, o opoÐoc antiproswpeÔei apl� sundedemèna graf mata

kai proèrqetai apì to toolbox CONTEST tou matlab (bl. [60]).

Ston PÐnaka 3.5 sugkrÐnoume to sqetikì sf�lma gia thn ektÐmhsh ton deÐ-

kth Estrada tou pÐnaka erdrey gia di�forec diast�seic p, qrhsimopoi¸ntac

Hadamard kai Rademacher sampling.

p Hadamard Radem

500 3.5848e-2 1.3520e-1

1000 1.5316e-2 1.2827e-1

2000 6.8972e-3 1.4541e-1

PÐnakac 3.5: Sqetik� sf�lmata ektim¸ntac ton deÐkth Estrada.

Sth fusik  stere�c kat�stashc (solid state physics) o upologismìc thc

sunolik c enèrgeiac thc hlektronik c dom c apaiteÐ ton upologismì twn

ajroism�twn merik¸n idiotim¸n
∑m

k=1 λk, m < p.. 'Estw A ∈ Rp×p ènac

summetrikìc pÐnakac di�stashc p kai λ1, λ2, . . . , λp ∈ R oi idiotimèc tou.

'Estw µ mÐa pragmatik  metablht  tètoia ¸ste λ1 ≤ λ2 ≤ . . . ≤ λm ≤ µ ≤
λm+1 ≤ . . . ≤ λp. IsqÔei

∑m
k=1 λk ≃ Tr(f(A)) gia f(z) = z/(1 + exp((z −

µ)/c)), c mÐa stajer� (bl. [4]).

Ston PÐnaka 3.6, exet�same ton pÐnaka Poisson di�stashc p, qrhsimopoi¸n-

tac Hadamard kai Rademacher sampling.

Stouc PÐnakec 3.5 kai 3.6 jewr same dÔo peript¸seic stic opoÐec h ektÐmhsh

pou dokim�sthke gia thn posìthta xTi f(A)xi den èqei polÔ kal  sumperi-

for� qrhsimopoi¸ntac thn Rademacher sampling. ParathroÔme ìmwc ìti

h Hadamard sampling mporeÐ na d¸sei kalÔterh prosèggish se autèc tic

peript¸seic.
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p Hadamard Radem

625 4.5106e-2 1.1132e-1

1225 7.1315e-3 1.2817e-1

2704 3.9283e-2 1.3245e-1

PÐnakac 3.6: Sqetik� sf�lmata ektim¸ntac to merikì �jroisma twn idiotim¸n

(c = 1, µ = 5).

Par�deigma 3

JewroÔme ton nearly orthogonal Chebyshev–Vandermonde–like orthog pÐ-

naka A tou opoÐou ta stoiqeÐaeÐnai aij = cos((i − 1)(j − 1)π/(n − 1)).

JewroÔme ton pÐnaka G = AAT . Oi pÐnakec G eÐnai kal c kat�stashc kai

summetrikoÐ, jetik� orismènoi. EpÐshc jewroÔme ton mh summetrikì pÐnaka

Parter B tou opoÐou ta stoiqeÐa eÐnai bij = 1/(i−j+0.5). O B eÐnai Cauchy

kai Toeplitz pÐnakac. Jètoume T = BTB ¸ste o T na eÐnai summetrikìc.

JewroÔme ton Prolate pÐnaka P o opoÐoc eÐnai summetrikìc kai Toeplitz me

y = 0.9. JewroÔme epÐshc ton pÐnaka Kms K me par�metro w = 0.2. Oi

parap�nw pinakec proèrqontai kal¸ntac thn eswterik  sun�rthsh gallery

tou matlab. Epiplèon, exet�zoume èna par�deigma pou proteÐnetai apì ton

Strakoš sthn ergasÐa [57], to opoÐo exet�zetai epÐshc sto [32]. 'Estw Λ ènac

diag¸nioc pÐnakac me stoiqeÐa λii = λ1 + ( i−1
p−1

)(λp − λ1)d
p−i, i = 1, . . . , p,

kai èstw V ènac orjog¸nioc pÐnakac twn idiodianusm�twn tou tridiag¸niou

pÐnaka (-1,2,-1). JewroÔme ton pÐnaka S = V TΛV. Exet�same autìn ton

pÐnaka gia λ1 = 0.1, λp = 100 kai d = 0.9. Tèloc, jewroÔme ènan tuqaÐo

pÐnaka R1, pou dÐnetai qrhsimopoi¸ntac th sun�rthsh rand tou matlab kai

jètoume R = R1R
T
1 .

Exet�same touc parap�nw pÐnakec di�stashc 64, qrhsimopoi¸ntac deÐgma me-

gèjoucN = 32. Ston PÐnaka 3.7 sugkrÐnoume to sqetikì sf�lma ektim¸ntac

to Tr(A3) qrhsimopoi¸ntac Rademacher tuqaÐec metablhtèc, tic pr¸tec 32
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st lec tou Sylvester Hadamard pÐnaka di�stashc 64 kai ènan sqediasmì

X = [H5;Z32], ìpou H5 eÐnai o Sylvester Hadamard pÐnakac di�stashc 32

kai Z32 eÐnai ènac 32× 32 pÐnakac me ìlec tou tic eisìdouc Ðsec me mhdèn.

Matrix Hadamard Radem X

G 1.6195e-1 1.0635e-1 1.5994e-16

P 1.0921e-2 2.6957e-2 0

K 1.5734e-14 1.2056e-2 1.7679e-16

T 1.0935e-2 1.3388e-2 7.9862e-3

S 2.1685e-3 1.5096e-1 2.8508e-16

R 9.9573e-1 9.9601e-1 5.8170e-3

PÐnakac 3.7: Sqetik� sf�lmata ektim¸ntac to Tr(A3).

Exet�zoume ènan tuqaÐo pÐnaka R2 di�stashc 128, pou dÐnetai apì th su-

n�rthsh rand tou matlab, kai jètoume Rn = RT
2R2. Ston PÐnaka 3.8

sugkrÐnoume to sqetikì sf�lma ektim¸ntac to Tr(A3) qrhsimopoi¸ntac 32

dianÔsmata Rademacher, tic pr¸tec 32 st lec tou Sylvester Hadamard pÐ-

naka di�stashc 128 kai ènan sqediasmì X = [H5;E64;Z32], ìpou H5 eÐnai o

Sylvester Hadamard pÐnakac di�stashc 32, E64 eÐnai o pÐnakac me ta axonik�

shmeÐa kai Z32 eÐnai ènac 32 × 32 pÐnakac me ìla tou ta stoiqeÐa mhdenik�.

ParathroÔme ìti autìc o pÐnakac èqei kak  sumperifor�, akìma kai an qrh-

simopoi soume Hadamard sampling. Par�ola aut�, h qr sh twn axonik¸n

shmeÐwn kai k�poiwn kentrik¸n shmeÐwn ston sample matrix X mporeÐ na

odhg sei se mia kal  ektÐmhsh tou Tr(A3).

Matrix Hadamard Radem X

Rn 2.9932e0 9.9672e-1 6.0443e-2

PÐnakac 3.8: Sqetik� sf�lmata ektim¸ntac to Tr(A3).



66 · Arijmhtika paradeigmata

0 200 400 600 800 1000

10
−3

10
−2

sample

re
la

tiv
e 

er
ro

r

0 200 400 600 800 1000

10
−4

10
−3

10
−2

sample

re
la

tiv
e 

er
ro

r

Sq ma 3.1: Sqetikì sf�lma ektim¸ntac to Tr(A3), ìso aux�netai to pl joc

twn tuqaÐwn Rademacher dianusm�twn sto deÐgma.
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Sq ma 3.2: Sqetikì sf�lma ektim¸ntac to Tr(A3), ìso aux�netai to pl joc

twn sthl¸n tou pÐnaka Hadamard sto deÐgma.
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