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Jewr–ec Kaluza-Klein

March 14, 2016

Abstract

O svkopÏc thc ergasv–ac e–nai h perigraf† kai anàlusvh twn jewri∏n Kaluza-Klein. Xekin∏n-

tac apÏ Ëna aplÏ paràdeigma miac jewr–ac me Ëna bajmwtÏ ped–o svtic pËnte diasvtàsveic exetà-

zontai diàfora qarakthrisvtikà twn jewri∏n aut∏n. Sth svunËqeia h klasvik† jewr–a Kaluza-

Klein parousviazetai analutikà. Genike‘sveic tic jewr–ac aut†c, katà tic opo–ec prok‘ptoun mh

abelianËc omàdec bajm–dac, perigràfontai svunoptikà kaj∏c kai oi asvunËpeiec pou prok‘ptoun

an g–nei apaloif† twn massive modes. TËloc exetàzontai trÏpoi me touc opo–ouc mporo‘n na

prok‘youn realisvtikËc tetradiàsvtatec jewr–ec. Gia to lÏgo autÏ anal‘etai to z†thma twn

chiral fermion–wn kai parousviàzetai h diasvtasviak† ellàtwsvh sve q∏rouc phl–kou.

LËxeic Kleidià: Kaluza-Klein, Q∏roi Phl–kou, Jewr–ec Bajm–dac, Chiral FermiÏnia
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Abstract

The scope of this thesis is the description and analysis of Kaluza-Klein theories. Starting

from a toy model of a five dimensional scalar field theory, various characteristics of these

theories are examined. Next the classic Kaluza-Klein theory is described analytically. A

summary of generalizations of this theory, where non abelian gauge group theories arise, are

given as well as the consequences of massive modes truncation. Finally methods that result

in realistic theories are examined. For that reason the chiral fermion issue is examined and

the CSDR framework is presented.

Keywords: Kaluza-Klein, Coset Spaces, Gauge Theories, Chiral Fermions
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1 Eisvagwg†

H klasvik† jewr–a Kaluza-Klein (Kaluza 1921, Klein 1926) apotele– thn pr∏th prosvpàjeia na

enopoihje– h bar‘thta me ton hlektromagnhtisvmÏ epekte–nontac ton tetradiàsvtato qwroqrÏno katà

m–a epipleÏn qwrik† diàsvtasvh. OKaluza, svthn arqik† tou prosvËggisvh, je∏rhsve Ïti ta fusvikà megËjh

den Ëqoun exàrthsvh apo thn pËmpth diàsvtasvh (kulindrik† svunj†kh). H svuneisvforà tou Klein †tan

na d∏svei mia fusvik† ex†ghsvh gia thn pËmpth diàsvtasvh jewr∏ntac Ïti h gewmetr–a aut†c thc epi-

plËon diàsvtasvhc perigràfetai apo Ënan k‘klo S1 o opo–oc Ëqei pol‘ mikr† akt–na (svumpagopo–hsvh

thc pËmpthc diàsvtasvhc). EpiplËon ta ped–a Ëqoun mia periodik† exàrthsvh apo aut† thn diàsvtasvh

kai Ëtsvi mporo‘n na anaptuqjo‘n katà Fourier. To gegonÏc Ïti h akt–na e–nai pol‘ mikr† Ëqei wc

svunËpeia oi enËrgeiec Ïlwn twn Fourier Ïrwn, ektÏc tou jemeli∏douc Ïrou, na e–nai tÏsvo uyhlËc

Ëtsvi ∏svte na mhn e–nai efikt† h parat†rhsv† touc. Genike‘sveic aut†c thc jewr–ac oi opo–ec svumper-

ilambànoun thn asvjen† kai isvqur† allhlep–drasvh prwtoemfan–svthkan thn dekat–a tou 60 (DeWitt

1964, Kerner 1968) en∏ sve jewr–ec uperbar‘thtac (Cremmer kai Julia 1978) kai qord∏n (Scherk kai

Schwarz 1975) uiojet†jhke h upÏjesvh Ïti oi epiplËon diasvtàsveic e–nai svumpage–c. Arqikà oi jewr–ec

uperbar‘thtac †tan tetradiàsvtec allà gr†gora emfan–svthkan megalodiàsvtec uperbarutikËc jewr–ec

svtic 11 diasvtàsveic. O basvikÏc lÏgoc gia autÏ †tan Ïti 11 diasvtàsveic apotelo‘n ton mËgisvto arijmÏ

diasvtàsvewn gia mia svunep† jewr–a me Ëna mÏno barutÏnio (Nahm 1978) kaj∏c kai àlloi lÏgoi oi

opo–oi svqet–zontai me thn apa–thsvh ta apotelËsvmata thc jewr–ac na e–nai svumbatà me to kajierwmËno

prÏtupo kai thn upersvummetr–a (Witten 1981 kai Cremmer 1978). Telikà kàti tËtoio den e–nai

5



efiktÏ svta pla–svia twn uperbarutik∏n jewri∏n kai arqik† idËa tou Kaluza gia mia ennopoihmËnh

ex†ghsvh twn allhlepidràsvewn me kajarà gewmetriko‘c Ïrouc egkataleifjhke.
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2 'Ena aplÏ paràdeigma svumpagopo–hsvhc

2.1 H dràsvh thc pentadiàsvtathc jewr–ac

Oi jewr–ec me epiplËon svumpage–c diasvtàsveic mporo‘n na odhg†svoun sve svun†jeic tetradiàsvtatec

jewr–ec. Upàrqoun diàforoi trÏpoi kai diàfora montËla svta opo–a mpore– na g–nei autÏ. Wc Ëna

aplÏ paràdeigma ja jewr†svoume mia pentadiàsvth jewr–a sve q∏ro M4 ⇥ S1 h opo–a perigràfei Ëna

migadikÏ bajmwtÏ ped–o f Ïpou M4 o q∏roc Minkowski kai S1 Ënac k‘kloc akt–nac R. H dràsvh ja

d–netai apo th svqËsvh

S =

ˆ
d4xdzh

MN

@Mf?@Nf (1)

Ïpou h
MN

= diag(1,�1,�1,�1,�1) oi svunisvt∏svec thc metrik†c tou q∏rou M4xS1. Oi timËc twn

deikt∏n M,N, ... e–nai M,N, ... = 0, 1, 2, 3, 4 en∏ gia touc svun†jeic qwroqroniko‘c de–ktec m,n,...

Ëqoume m,n,...=0,1,2,3.

2.2 Anàptugma Fourier kai h tetradiasvtath jewr–a

To ped–o f e–nai periodik† svunàrthsvh wc proc thn svuntetagmËnh z tou q∏rou S1 me per–odo 2pR kai

svunep∏c mpore– na anaptuqje– katà Fourier wc

f(x, z)=
1p
2pR

+1
X

k=�1

fk (x) e
ikz/R (2)
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Antikajisvt∏ntac to anàptugma (2) svthn ex–svwsvh (1) kai oloklhr∏nontac wc proc th metablht† z

Ëqoume Ïti

S =
+1
X

k=-1

ˆ
d4x



h
mn

@mf?k@
nfk �

k2

R2
f?kfk

�

(3)

H svqËsvh (3) mpore– na grafte– wc S = Sz + Skk Ïpou

Sz =

ˆ
d4x

h

h
mn

@mf?0@
nf0

i

h dràsvh h opo–a perigràfei Ëna tetradiàsvtato ped–o me mhdenik† màza (zero mode) kai

Skk =
X

k 6=0

ˆ
d4x



h
mn

@mf?k@
nfk �

k2

R2
f?kfk

�

h dràsvh h opo–a perigràfei Ëna àpeiro àjroisvma apo tetradiàsvtata ped–a me màza mk =
k
R (Kaluza-

Klein modes). Gia enËrgeiec mikrÏterec apo 1/R ta KK modes mporo‘n na apaleifjo‘n kai h jewr–a

mËnei me thn tetradiàsvtath dràsvh tou bajmwto‘ migadiko‘ ped–ou f0 to opo–o Ëqei mhdenik† màza.
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3 H klasvik† jewr–a Kaluza-Klein

3.1 H dràsvh thc pentadiàsvtathc jewr–ac

Ja jewr†svoume thn pentadiàsvtath jewr–a bar‘thtac tou Einstein me dràsvh

S =

ˆ
d4xdz

p

�detĝR̂ (4)

Ïpou R̂ e–nai h bajmwt† posvÏthta Ricci kai detĝ h diakr–nousva tou pentadiàsvtatou metriko‘ tanusvt†.

Qrhsvimopoio‘me to sv‘mbolo “^” pànw apo ta pentadiàsvtata megËjh.

3.2 Anàptugma Fourier kai svumpagopo–hsvh

Katà analog–a me to prohgo‘meno montËlo jewro‘me Ïti h pËmpth diàsvtasvh “svumpagopoie–tai” sve

Ënan k‘klo S1 kai svunep∏c mporo‘me na anapt‘xoume ton metrikÏ tanusvt† katà Fourier wc proc th

diàsvtasvh aut†. 'Eqoume Ïti

ĝMN (x, z) =
+1
X

k=�1

gkMN (x) eikz

9



3.3 Apaloif† twn KK modes

Sto edàfio 2 e–dame Ïti ta KK modes mporo‘n na apaleifjo‘n (truncation) Ïtan oi enËrgeiec e–nai

mikrÏterec apo thn kl–maka svumpagopo–hsvhc h opo–a jewro‘me Ïti e–nai thc tàxhc thc màzac tou

Planck. Dhlad† jewro‘me Ïti ĝMN (x, z) = ĝMN (x) kai svunep∏c ta ped–a den Ëqoun exàrthsvh apo

thn svuntetagmËnh z tou esvwteriko‘ q∏rou S1 (Kaluza-Klein reduction ansatz). Mia tËtoia prosvËg-

gisvh ja mporo‘sve na odhg†svei sve asvumbatÏthtec svth jewr–a mac upo thn Ënnoia Ïti oi exisv∏sveic

k–nhsvhc svthn pentadiàsvtath jewr–a den epitrËpoun thn perikop† twn KK modes. Sthn periptwsv† mac

h perikop† aut† den parousviazei prÏblhma gia ton ex†c lÏgo: Sto anàptugma Fourier tou metriko‘

tanusvt† oi svunart†sveic eikz mporoun na jewrhjo‘n wc anaparasvtàsveic thc omàdac U (1) t S1. Gia

k=0 Ëqoume thn singlet anaparàsvtasvh. Opoiod†pote ginÏmeno singlet anaparasvtàewn thc omàdac

U(1) den mpore– na dhmiourg†svei àllec anaparasvtàsveic ektÏc apÏ singlets kai svunep∏c apale–-

fontac Ïla ta KK massive modes exasvfal–zoume Ïti h prosvËggisv† mac e–nai autosvunep†c. Aut† h

parat†rhsvh den isvq‘ei svthn genik† per–ptwsvh katà thn opo–a ant– gia ton q∏ro S1 Ëqoume kàpoia

àllh pollaplÏthta. Ep–svhc parakàtw ja do‘me Ïti h apaloif† tou bajmwto‘ ped–ou to opo–o em-

fan–zetai svthn tetradiàsvtath jewr–a den e–nai svumbat† me tic exisv∏sveic k–nhsvhc svtic pËnte diasvtàsveic.
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3.4 UpologisvmÏc thc tetradiàsvtathc dràsvhc

Sto svhme–o autÏ ja mporo‘svame na taut–svoume ta ĝ
mn

, ĝ
mz kai ĝzz me ton tetradiàsvtato metrikÏ

tanusvt† g
mn

, Ëna dianusvmatikÏ ped–o A
m

kai Ëna bajmwtÏ ped–o f ant–svtoiqa. Kàti tËtoio e–nai

apol‘twc svwsvtÏ allà an to kànoume tÏte ja qreiasvte– na epanaor–svoume ta ped–a Ëtsvi ∏svte oi

exisv∏sveic kinhsvhc na Ëqoun thn anamenÏmenh morf†. Protimàme loipÏn thn parametropo–hsvh gia ton

pentadiàsvtato metrikÏ tanusvt†

ĝ = e2afg + e2bf(dz + A)2 (5)

Ïpou a, b svtajerËc me b 6= 0 tic opo–ec ja prosvdior–svoume svth svunËqeia. Ta ped–a svto dex– mËloc e–nai

anexàrthta thc pËmpthc diàsvtasvhc z en∏ sve svqËsvh me tic svunisvt∏svec touc svthn bàsvh svuntetagmËnwn

Ëqoume Ïti

ĝ = gMNdx
M ⌦ dxN , g = g

mn

dxm ⌦ dxn, A = A
m

dxm (6)

Oi de–ktec M,N,... pa–rnoun timËc M,N,...=0,1,2,3,4 kai oi de–ktec m,n,... pa–rnoun timËc m,n,...=0,1,2,3.

Ep–svhc or–zoume x4 = z. Sunep∏c antikajisvt∏ntac svth svqËsvh (5) tic svqËsveic (6) Ëqoume gia tic

svunisvt∏svec tou pentadiàsvtatou metriko‘ tanusvt† Ïti

ĝMN =

0

B

B

@

e2afg
mn

+ e2bfA
m

A
n

e2bfA
m

e2bfA
n

e2bf

1

C

C

A

(7)
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ApÏ th svqËsvh (7) mporo‘me na upolog–svoume thn or–zousva tou pentadiàsvtatou metriko‘ tanusvt† sve

svqËsvh me thn or–zousva tou tetradiàsvtatou metriko‘ tanusvt†. 'Eqoume Ïti

detĝ = det

0

B

B

@

e2afg
mn

+ e2bfA
m

A
n

e2bfA
m

e2bfA
n

e2bf

1

C

C

A

= e2bf+8afdetg (8)

Gia na dieukol‘noume touc upologisvmo‘c sve svqËsvh me to R̂ ja kànoume mia allag† bàsvhc. 'Esvtw ea

ta vielbeins tou tetradiàsvtatou q∏rou. O pentadiàsvtatoc metrikÏc tanusvt†c ĝ gràfetai svthn bàsvh

twn pentadiàsvtatwn vielbeins êA wc

ĝ = ĥAB ê
A ⌦ êB (9)

Ïpou ĥAB = diag(�1, 1, 1, 1, 1) oi svunisvt∏svec thc metrik†c sve aut† thn bàsvh. Sugkr–nontac thn

svqËsvh (5) me thn svqËsvh (9) mporo‘me na epilËxoume ta pentadiàsvtata vielbeins

êa = eafea, êz = ebf (dz + A) (10)

Ja upolog–svoume thn exwterik† paràgwgo d̂êA twn pentadiàsvtatwn vielbeins h opo–a wc 2-form

mpore– na anaptuqte– svthn bàsvh êA ^ êB wc

d̂êA = �1

2
C A

BC êB ^ êC (11)
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Ïpou C A
BC antisvummetrikËc wc proc B kai C svtajerËc tic opo–ec ja prosvdior–svoume. Ep–svhc jew-

ro‘me Ïti h torsion tou q∏rou e–nai mhdenik† T̂A = 0 kai Ïti h metrik† e–nai svtajer† wc proc

thn Lorentz svunallo–wth paràgwgisvh kai svunep∏c ŵAB = �ŵBA Ïpou ŵAB to pentadiàsvtato spin

connection. Apo thn svqËsvh (10) pa–rnoume

d̂êa = e�af
�

a @bf hac + w
a
bc

�

êb ^ êc (12)

d̂êz = be�af@bf êb ^ êz +
1

2
e(b-2a)fFbcê

b ^ êc (13)

Ïpou wab to tetradiàsvtato spin connection kai F = dA to tetradiàsvtato field strength. Apo tic

svqËsveic (12), (13) kai thn svqËsvh (11) upolog–zoume tic svtajerec C A
BC kai svth svunËqeia upolog–-

zoume to pentadiàsvto spin connection apo thn svqËsvh

ŵAB =
1

2
(CABC + CACB � CBCA) ê

C

Telikà Ëqoume

ŵab = wab + ae�af
�

@bfêa � @afêb
�

� 1

2
F abe(b-2a)fêz (14)

ŵaz = �ŵza = �be�af@af êz � 1

2
F a

be
(b-2a)fêb (15)
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Sth svunËqeia upolog–zoume thn kampulÏthta 2-form apÏ thn svqËsvh

Ĵ
A

B = d̂ŵAB + ŵAC ^ ŵCB (16)

Oi svtajerËc a kai b ja prosvdiorisvto‘n apo thn apa–thsvh oi Ïroi thc tetradiàsvtathc Lagrangian

na Ëqoun thn svun†jh morf†. Apo tic svqËsveic (14),(15) kai (16), to gegonÏc Ïti wc 2-form h

kampulÏthta mpore– na anaptuqje– wc Ĵ
A

B = 1
2R̂

A
BCDê

C ^ êD, ton orisvmÏ gia ton tanusvt† Ricci

R̂AB = R̂C
ACB kai gia tic timËc (oi opo–ec Ëqoun epileqje– Ëtsvi ∏svte h tetradiàsvtath Langrangian

na Ëqei Ïrouc svthn svun†jh morf† wc proc to bajmwtÏ ped–o f kai to bajmwtÏ Ricci R)

a =

p
3

6
, b=-

p
3

3

br–svkoume ta ex†c:

R̂ab = e�2af

✓

Rab �
1

2
@af @bf-a hab⇤f

◆

� 1

2
e�8afF c

a Fbc (17)

R̂zz = 2ae�2af⇤f+ 1

4
e�8afF 2 (18)

Sunep∏c, me qr†svh twn svqËsvewn (17) kai (18), to bajmwtÏ Ricci R̂ = ĥABR̂AB = habR̂ab+ R̂zz e–nai

R̂ = e�2af

✓

R� 1

2
(@f)2 � ↵⇤f

◆

� 1

4
e�8afF 2 (19)
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Sunduàzontac tic svqËsveic (8), (19) kaj∏c kai tic timËc twn svtajer∏n a, b br–svkoume Ïti metà apo

olokl†rwsvh wc proc th pËmpth diàsvtasvh z (kai aporrÏfhsvh thc pollaplasviasvtik†c svtajeràc 2pR)

Ïti h dràsvh g–netai

S =

ˆ
d4x

p

�detg

✓

R� 1

2
(@f)2 � 1

4
e�6afF 2

◆

(20)

Sunep∏c xekin∏ntac apo thn pentadiàsvtath bar‘thta katal†xame sve mia tetradiàsvtath jewr–a h

opo–a perigràfei thn bar‘thta, ton hlektromagnhtisvmÏ kai Ëna bajmwtÏ ped–o.

3.5 Apaloif† tou bajmwto‘ ped–ou

ApÏ thn svqËsvh (20) kai tic exisv∏sveic Lagrange gia to ped–o f

@
m

@L
@ (@

m

f)
=
@L
@f

e‘kola prok‘ptei Ïti

⇤f=3

2
ae�6afF 2

'Ara h apaloif† tou bajmwto‘ ped–ou f, Ëtsvi ∏svte h tetradiàsvtath jewr–a na perigràfei thn klasvik†

bar‘thta kai ton hlektromagnhtisvmÏ den e–nai dunat† exait–ac thc parousv–ac enÏc Ïrou phg†c svto

dex– mËloc. Me àlla lÏgia h ‘parxh allhlepidràsvewn anàmesva svta ped–a den epitrËpei kàti tËtoio.
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3.6 Summetr–a bajm–dac kai omàda isvometr–ac

H arqik† pentadiàsvtath jewr–a e–nai anallo–wth kàtw apo geniko‘c metasvqhmatisvmo‘c svuntetag-

mËnwn. H dràsvh twn metasvqhmatisvm∏n aut∏n svton pentadiàsvtato metrikÏ tanusvt† e–nai

⇣

L
x̂

ĝ
⌘

MN
= x̂

K
@K ĝMN + ĝKN@M x̂

K
+ ĝMK@N x̂

K
(21)

Ïpou L
x̂

ĝ h paràgwgoc Lie tou pentadiàsvtatou metriko‘ tanusvth wc proc to dianusvmatikÏ ped–o x̂

to opo–o e–nai –svo me ton apeirosvtÏ genikÏ metasvqhmatisvmÏ twn svuntetagmËnwn dx̂M = x̂
M

. Sunep∏c

svth genik† per–ptwsvh oi metasvqhmatisvmo– tic svqËsvhc (21) den diathro‘n thn morf† thc metrik†c

thc svqËsvhc (7) kaj∏c ta diàfora blocks tou p–naka anameign‘ontai metax‘ touc. ProkeimËnou na

diathrhje– h morf† ja yàxoume na bro‘me ta dianusvmatikà ped–a x̂ gia ta opo–a isvq‘ei

⇣

L
x̂

ĝ
⌘

MN
= L

x̂

ĝMN (22)

gia kàje tim† twn M kai N. Oi svqËsveic (7), (21) kai (22) gia M = N = z d–noun Ïti

x̂
m

= xm (x) , x̂
z
= l(x) (23)

16



kai Ïti to ped–o f metasvqhmat–zetai wc

df ⌘ L
x̂

f=xm@
m

f

Omo–wc pa–rnontac tic upÏloipec timËc twn M kai N thc svqËsvhc (21) kaj∏c kai thn svqËsvh (23)

e‘kola prok‘ptei Ïti

dA
m

⌘
⇣

L
x̂

A
⌘

m

= xn@
n

A
m

+ A
n

@
m

xn + @
m

l

dg
mn

⌘
⇣

L
x̂

g
⌘

mn

= xk@
k

g
mn

+ g
kn

@
m

xk + g
mk

@
n

xk
(24)

Sunep∏c apo tic parapànw svqËsveic prok‘ptei Ïti ta f, A
m

kai g
mn

parisvtànoun ant–svtoiqa Ëna ba-

jmwtÏ ped–o, Ëna dianusvmatikÏ ped–o kai thn metrik† svtic tËsvsveric diasvtàsveic afo‘ Ëqoun ton ana-

menÏmeno metasvqhmatisvmÏ wc proc ton genikÏ metasvqhmatisvmÏ svuntetagmËnwn xm.

O metasvqhmatimÏc x̂
z
= l(x) epidrà mÏno svto ped–o A

m

kai antisvtoiqe– svton svun†jh metasvqhmatisvmÏ

bajm–dac enÏc U (1) ped–ou bajm–dac. To dianusvmatikÏ ped–o x̂
z @
@z e–nai ped–o Killing tou q∏rou S1

kai apotele– ton gennhtora thc omàdac isvometriac U (1) tou q∏rou S1. 'Ara h omàda isvometr–ac tou

S1 apotele– kai thn omàda bajm–dac thc tetradiàsvtathc jewr–ac.
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4 Gen–keusvh thc klasvik†c jewr–ac Kaluza-Klein

4.1 Epilog† tou esvwteriko‘ q∏rou

Genike‘ontac thn klasvik† jewr–a Kaluza-Klein mporo‘me na epilËxoume wc esvwterikÏ q∏ro mia

svumpag† pollaplÏthta M. 'Opwc ja do‘me svth svunËqeia h omàda isvometr–ac tou esvwteriko‘ q∏rou

taut–zetai me thn omàda bajm–dac thc tetradiàsvtathc jewr–ac. Upàrqoun diàforec epilogËc gia to

M:

• M=G mia svumpag†c omàda-pollaplÏthta Ïpwc ta SO(n), SU(n) ktl. 'Esvtw U 2 G. H dràsvh

tou G svton eautÏ tou e–nai metabatikh apo arisvterà kai apo dexià. Sunep∏c an jewr†svoume Ëna

àllo svtoiqe–o U 0 2 G tÏte upàrqoun svtoiqe–a A,B 2 G tËtoia ∏svte U 0 = AUB. Or–zontac

svto G to metrikÏ tanusvt† g = tr (dU U�1)2 parathro‘me Ïti h metrik† aut† e–nai anallo–wth

wc proc touc metasvqhmatisvmo‘c U ! U 0 = AUB. 'Ara h omàda isvometr–ac thc parapànw

metrik†c e–nai h G⇥G. Ep–svhc h omàda-pollaplÏthta G e–nai omogen†c.

• To M e–nai q∏roc phl–kou thc morf†c G/H Ïpwc ta SO (n+ 1) /SO (n), SU (n+ 1) /SU (n)

ktl. TÏte h omàda isvometr–ac e–nai h G, h dràsvh thc svton esvwterikÏ q∏ro e–nai metabatik†

kai svunep∏c o q∏roc e–nai omogen†c.

• ToM e–nai mia svumpag†c pollaplÏthta me omàda isvometr–ac G h opo–a Ïmwc den Ëqei metabatik†

dràsvh. Sthn per–ptwsvh aut† o q∏roc den e–nai omogen†c.
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ApÏ Ïlec tic parapànw peript∏sveic h plËon oikonomik† e–nai h epilog† enÏc q∏rou phl–kou G/H

upo thn Ënnoia Ïti h diàsvtasv† tou e–nai h mikrÏterh gia kàpoia dedomenh omàda bajm–dac G.

4.2 H dràsvh thc D-diàsvtathc jewr–ac

Ja jewr†svoume thn d-diàsvtath jewr–a bar‘thtac tou Einstein me dràsvh

S =

ˆ
d4xddy

p

�detĝR̂ (25)

Ïpou d e–nai h diàsvtasvh tou esvwteriko‘ q∏rou M en∏ ta upÏloipa megËjh e–nai genike‘sveic tou

edaf–ou 3.

4.3 Anàptugma thc metrik†c

Katà analog–a me to prohgo‘meno montËlo jewro‘me Ïti oi epiplËon diasvtàsveic tou metriko‘ tanusvt†

mporo‘n na anapt‘qjo‘n Ëqontac wc bàsvh Ëna pl†rec sv‘nolo idiosvunart†svewn tou esvwteriko‘

q∏rou. Dhlad†

ĝMN (x, y) =
+1
X

k=0

gkMN (x)P k
MN (y) (26)

Ïpou P k
MN (y) oi idiosvunart†sveic thc Laplasvian†c svton esvwterikÏ q∏ro. 'Opwc svto klasvikÏ Kaluza-

Klein apo th svqËsvh (26) ja apale–youme ta KK modes krat∏ntac mÏno ton Ïro k = 0. EpiplËon
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gia na dieukol‘noume touc upologisvmo‘c ja apale–youme kai ta bajmwtà ped–a thc tetradiàsvthc

jewr–ac. Sunep∏c jewro‘me to ansatz

ĝ = g + gmn(dy
m + xmIAI)⌦

�

dyn + xnIAI
�

(27)

Ïpou xmI (y) ta dianusvmatikà ped–a Killing thc metrik†c gmn (y) tou esvwteriko‘ q∏rou M kai AI (x)

ta mpozÏnia bajm–dac thc tetradiàsvtathc jewr–ac. Sunep∏c Ëqoume gia tic svunisvt∏svec tou metriko‘

tanusvt† Ïti

ĝMN =

0

B

B

@

g
mn

+ xmIxJmA
I
m

AJ
n

xImA
I
m

xInA
I
n

gmn

1

C

C

A

(28)

4.4 Omàda bajm–dac thc tetradiàsvtathc jewr–ac

H arqik† megalodiàsvtath jewr–a e–nai anallo–wth kàtw apo geniko‘c metasvqhmatisvmo‘c svuntetag-

mËnwn. H dràsvh twn metasvqhmatisvm∏n aut∏n svton pentadiàsvtato metrikÏ tanusvt† e–nai

(L
X̂

ĝ)MN = X̂
K
@K ĝMN + ĝKN@M X̂

K
+ ĝMK@N X̂

K
(29)

Ïpou L
X̂

ĝ h paràgwgoc Lie tou pentadiàsvtatou metriko‘ tanusvth wc proc to dianusvmatikÏ ped–o

X̂ to opo–o e–nai –svo me ton apeirosvtÏ genikÏ metasvqhmatisvmÏ twn svuntetagmËnwn dx̂M = X̂
M

. Ja
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jewr†svoume metasvqhmatisvmo‘c thc morf†c

X̂
m

= 0, X̂
m
= xmIlI (x) (30)

ApÏ tic svqËsveic (29) kai (30) gia M=m kai N=m Ëqoume Ïti

(L
X̂

ĝ)
mm = xIm

�

@
m

lI + fJKIlJAK
m

�

(31)

Ïpou f IJK oi svtajerËc dom†c thc àlgebrac Lie twn dianusvmatik∏n ped–wn Killing

⇥

xI , xJ
⇤

= f IJKxK (32)

ApÏ th svqËsvh (31) bgàzoume to svumpËrasvma Ïti

dAI
m

= @
m

lI + fJKIlJAK
m

(33)

to opo–o e–nai oi apeirosvto– Yang-Mills metasvqhmatisvmo– bajm–dac me omàda svummetr–ac thn omàda

isvometr–ac G tou esvwteriko‘ q∏rou M.
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4.5 Apaloif† twn KK modes

Gia na dieukol‘noume touc upologisvmo‘c sve svqËsvh me tic svunisvt∏svec tou tanusvt† Ricci ja kà-

noume mia allag† bàsvhc. 'Esvtw ea, ea0 ta vielbeins tou tetradiàsvtatou kai tou esvwteriko‘ q∏rou

ant–svtoiqa. O metrikÏc tanusvt†c ĝ gràfetai svthn bàsvh twn pentadiàsvtatwn vielbeins êA wc

ĝ = ĥAB ê
A ⌦ êB (34)

Ïpou ĥAB = diag
�

hab, ha0b0
�

oi svunisvt∏svec thc metrik†c sve aut† thn bàsvh. Sugkr–nontac thn svqËsvh

(27) me thn svqËsvh (34) mporo‘me na epilËxoume ta vielbeins

êa = ea, êa0 = ea0 + xa
0IAI (35)

Akoulouj∏ntac anàlogh mejodolog–a me to prohgo‘meno edàfio telikà upolog–zoume tic svunisvt∏svec

tou tanusvt† Ricci svthn bàsvh twn vielbeins

R̂ab = Rab �
1

2
xa

0IxJa0F
I
acF

cJ
b (36)

R̂aa0 =
1

2
xIa0DbF

bI
a (37)

R̂a0b0 = Ra0b0 +
1

4
xIa’x

J
b0F

I
abF

abJ (38)
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Ïpou D
n

e–nai h Yang-Mills svunallo–wth paràgwgoc.

Oi exisv∏sveic k–nhsvhc oi opo–ec prok‘ptoun apo thn pentadiàsvtath dràsvh e–nai oi exisv∏sveic ped–ou

tou Einstein svto kenÏ R̂AB = 0. Gia diàforec timËc twn A,B kai tic svqËsveic (36), (37) Ëqoume Ïti

DaF aI
b = 0

Ra0b0 +
1
4x

I
a0x

J
b0F

I
abF

abJ = 0

H pr∏th apo autËc tic svqËsveic d–nei tic tetradiàsvtec Yang-Mills exisv∏sveic. H de‘terh svqËsvh den

Ëqei fusvikh ermhne–a pràgma to opo–o ofe–letai svthn apaloif† twn bajmwt∏n ped–wn apo thn jewr–a

mËsva apo to anszat (27) tou metriko‘ tanusvt†. To prÏblhma mpore– na luje– an svumperilàboume ta

bajmwtà ped–a svthn megalodiàsvtath jewr–a.

H svqËsvh R̂AB = 0 mpore– na grafte– svthn isvod‘namh morf†

R̂AB � ĥABR̂ = 0

kai svunep∏c gia A=a kai B=b Ëqoume Ïti

Rab �
1

2
Rhab =

1

2
xa

0IxJa0

✓

F I
acF

cJ
b � 1

4
F I

cdF
cdJhab

◆

(39)
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An or–svoume ton p–naka Y IJ ⌘ xa0IxJa0 kai upojËsvoume Ïti

Y IJ = cdIJ (40)

tÏte h svqËsvh (38) mac d–nei tic tetradiàsvtatec exisv∏sveic ped–ou tou Einstein me ta ped–a Yang-

Mills na droun wc phg†. 'Omwc h svqËsvh (39) den g–netai na isvq‘ei svth genik† per–ptwsvh giat–

an dimG > dimM tÏte o p–nakac YIJ Ëqei mhdenik† or–zousva. Ep–svhc to arisvterÏ mËloc thc

svqËsvhc (38) e–nai svunàrthsvh twn svuntetagmËnwn xm en∏ to dex– mËloc, lÏgw thc parousv–ac twn

dianusvmatik∏n ped–wn Killing xI tou esvwteriko‘ q∏rou, e–nai svunàrthsvh kai twn svuntetagmËnwn ym.

Sth genik† per–ptwsvh kai ta d‘o autà probl†mata den g–netai na epilujo‘n me thn eisvagwg† twn

bajmwt∏n ped–wn kai ofe–lontai svthn apaloif† twn KK modes.
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5 FermiÏnia kai ped–a bajm–dac upobàjrou

5.1 Genikà

Gia thn dhmiourg–a miac realisvtik†c jewr–ac ja prËpei kai fermiÏnia na emfanisvto‘n svthn tetradiàsv-

tath jewr–a. Ta fermiÏnia den prok‘ptoun apo thn metrik† kai svunep∏c prËpei na svumperilhfjo‘n

svthn arqik† megalodiàsvtath dràsvh. Ep–svhc e–nai apara–thto na svumperilhfjo‘n kai ped–a bajm–dac

ektÏc apo eke–na ta opo–a prok‘ptoun apo thn omàda isvometr–ac G tou esvwteriko‘ q∏rou Ëtsvi ∏svte,

ËktÏc twn àllwn, na pàroume chiral fermiÏnia svthn tetradiàsvth jewr–a.

5.2 Anàlusvh svpinÏrwn kai p–nakwn Dirac svtic megàlec diasvtàsveic

'Ena svp–norac ŷ (x, y) svtic megàlec diasvtàsveic mpore– na analuje– kàtw apo to tanusvtikÏ ginÏmeno

enÏc svp–nora y (x) svtic tËsvsveric diasvtàsveic kai enÏc svp–nora h(y) svton esvwterikÏ q∏ro. Dhlad†

ŷ (x, y) =
X

k

yk (x)⌦ hk (y) (41)

Sthn tetradiàsvtath jewr–a jËloume ta fermiÏnia na e–nai chiral (àra na Ëqoun mhdenik† màza prin

to svpàsvimo thc svummetr–ac bajm–dac) kai oi màzec touc na br–svkontai svthn hlektrasvjen† kl–maka.

Sunep∏c apo to anàptugma autÏ ja krat†svoume touc Ïrouc oi opo–oi antisvtoiqo‘n sve mhdenik† màza

(zero modes).
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Oi p–nakec Dirac ĜA svtic megàlec diasvtàsveic mporo‘n na anaparasvtajo‘n wc to tanusvtikÏ ginÏmeno

twn pinakwn Dirac svtic tËsvsveric kai svtic d diasvtàsveic. H anaparàsvtasvh aut† exartàtai apo to ean

h diàsvtasvh d tou esvwteriko‘ q∏rou M e–nai peritt† † àrtia. 'Eqoume svunoptikà:

• D = 2N + 1 : Ĝa = ga ⌦ I , Ĝa0 = g5 ⌦ Ga0

• D = 2N : Ĝa = ga ⌦ G, Ĝa0 = I⌦ Ga0

Ïpou g5, G oi p–nakec chirality svtic tËsvsveric kai d diasvtàsveic ant–svtoiqa. Kai svtic d‘o peript∏sveic

oi p–nakec gàmma ikanopoio‘n thn àlgebra Clifford

�

ga, gb
 

= 2hab, {Ga0 ,Gb0} = 2ha0b0 ,
n

Ĝ
A

, Ĝ
B

o

= 2ĥAB (42)

5.3 H dràsvh twn fermion–wn

To tm†ma thc dràsvhc thc megalodiàsvtathc jewr–ac gia ta fermiÏnia e–nai

SF =

ˆ
d4xddy

p

�detĝ ¯̂y
⇣

igm@
m

+ iGa
0
ema0rm

⌘

ŷ (43)
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Ïpou ŷ o svp–norac svtic megàlec diasvtàsveic o opo–oc sv‘mfwna me thn svqËsvh () anal‘etai wc ŷ (x, y) =

P

k y
k (x)⌦ hk (y) . H svunallo–wth paràgwgoc drà svton svp–nora h(y) kai Ëqei morf†

rmh =
✓

@m � 1

2
iwa

0b0

mMa0b0

◆

h (44)

Ïpou Ma0b0 = 1
4i [Ga0 ,Gb0 ] h spinor anaparàsvtasvh thc SO(d) omàdac metasvqhmatisvm∏n tou efap-

tomeniko‘ q∏rou tou esvwteriko‘ q∏rou M. Ta upÏloipa megËjh kai oi svumbàsveic twn deikt∏n

or–zontai Ïpwc akrib∏c svta prohgo‘mena edàfia.

5.4 Màzec twn fermion–wn svtic tËsvsveric diasvtàsveic

Apo thn svqËsvh (43) prok‘ptei Ïti oi idiotimËc tou telesvt†

M = �iGmrm (45)

d–noun tic màzec twn fermion–wn svthn tetradiàsvtath jewr–a. Sunep∏c Ëqoume

�M2h = GmrmGnrnh =
✓

1

2
{Gm,Gn}+ 1

2
[Gm,Gn]

◆

rmrnh
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Ïpou qrhsvimopoi†svame thn svqËsvh [rm,Gn]rnh=0. Suneq–zontac Ëqoume

�M2h = gmnrmrnh+
1

4
[Gm,Gn] [rm,rn] h = rmrmh-

1

4
Rh (46)

Ïpou h svqËsvh [rm,rn] h=-12iM
abRabmnh qrhsvimopoi†jhke. O Ïroc rmrmh e–nai arnhtikÏc † mhdËn

afo‘ ˆ
dDy

p

�detg h†gmnrmrnh = �
ˆ

dDy
p

�detg
�

rmh†
�

gmn (rnh)

Ep–svhc h bajmwt† kampulÏthta e–nai jetik† gia (kleisvto‘c) svumpag†c q∏rouc. 'Ara o telesvt†c

M2 Ëqei mÏno jetikËc idiotimËc thc tàxhc R�2 Ïpou R h qarakthrisvtik† kl–maka tou svumpago‘c

esvwteriko‘ q∏rouM (Je∏rhma Lichnerowitz). 'Opwc exhg†svame prohgoumËnwc kàti tËtoio apotele–

prÏblhma gia thn dhmiourg–a miac realisvtik†c jewr–ac kai ja jËlame ta fermiÏnia na e–nai zero modes

tou telesvt† Dirac.

To parapànw prÏblhma mpore– na antimetwpisvte– me diàforouc trÏpouc. M–a l‘svh e–nai h eisvagwg†

torsion svton esvwterikÏ q∏ro M h opo–a tropopoie– ton telesvt† M2 wc

�M2h =
✓

rmrm � 1

2
MmnMabRabmn + iMmnT k

mnrk

◆

h

Ëtsvi ∏svte na upàrqei h dunatÏthta na pàroume zero modes.
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5.5 Chiral fermiÏnia

Sth prohgo‘menh per–ptwsvh, akÏma kai an katafËroume na pàroume zero modes eisvàgontac mh mh-

denik† torsion, emfan–zetai Ëna nËo prÏblhma. Oi anaparasvtàsveic twn fermion–wn svthn tetradiàsvtath

jewr–a e–nai tËtoiec Ëtsvi ∏svte ta arisvterÏsvtrofa kai ta dexiÏsvtrofa fermiÏnia na metasvqhmat–zon-

tai me ton –dio trÏpo dhlad† den pa–rnoume chiral fermiÏnia. Sumbol–zoume me sv4+d, svd tic spinor

anaparasvtàsveic twn omàdwn SO(1,3+d) ⇠= SUL (2) ⌦ SUR (2) ⌦ SO (d) kai SO (d) kàtw apo tic

opo–ec metasvqhmat–zontai oi svp–norec ŷ, h ant–svtoiqa thc svqËsvhc (41). Exetàzoume tic diàforec

peript∏sveic:

• Gia peritt† tim† thc diàsvtasvhc d = 2N + 1 tou esvwteriko‘ q∏rou M den mpore– na orisvte–

chirality telesvt†c svton esvwterikÏ q∏ro (o telesvt†c autÏc ja e–nai o monadia–oc). Sunep∏c

kàje anaparàsvtasvh sv4+d tou megalodiàsvtatou svp–nora ŷ kàtw apo to SO (1, 3 + d) anal‘etai

sv‘mfwna me thn svqËsvh (41) wc ginÏmeno svpinoriak∏n anaparasvtàsvewn kàtw apo to SO (1, 3) ⇠=

SUL (2)⌦ SUR (2) kai miac monadik†c anaparàsvtasvhc kàtw apo to SO (d). Dhlad†

sv4+d = (2, 1; svd) + (1, 2; svd)

kai Ëtsvi ta arisvterÏsvtrofa kai ta dexiÏsvtrofa fermiÏnia svtic tËsvsveric diasvtàsveic ja metasvqh-

mat–zontai me ton –dio trÏpo.
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• Gia àrtia tim† thc diàsvtasvhc d = 2N tou esvwteriko‘ q∏rou M or–zoume ton chirality telesvt†

Ĝ = iĜ0 . . . Ĝd+3 (47)

Apo thn svqËsvh (47) e‘kola prok‘ptei Ïti

Ĝ = �i g5 ⌦ G (48)

kai Ëtsvi Ĝ
2
= (�1)N+1. Ep–svhc isvq‘ei Ïti

n

Ĝ, Ĝ
A

o

= 0 kai àra
h

Ĝ, M̂
AB

i

= 0 Ïpou M̂AB oi gen-

n†torec thc spinor anaparàsvtasvhc thc SO (1, 3 + d). Sunep∏c mporo‘me na qrhsvimopoi†svoume

tic idiotimËc tou Ĝ Ëtsvi ∏svte na diakr–noume mh isvod‘namec svpinoriakËc anaparasvtàsveic tic

opo–ec svumbol–zoume wc sv4+d kai sv
0
4+d. Oi anaparasvtàsveic autËc, Ïpwc prok‘ptei apo thn

svqËsvh (48), gia dedomËnh idiotim† tou Ĝ Ëqoun chirality gia ton tetradiàsvtato q∏ro h opo–a

svqet–zetai me thn chirality svtwn esvwterikÏ q∏ro. Se autÏ to svhme–o mporo‘me na jewr†svoume

d‘o peript∏sveic:

• N=2K , d=4K. TÏte oi idiotimËc tou p–naka Ĝ e–nai ±i en∏ gia tic idiotimËc thc chirality
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svton tetradiàsvtato kai svton esvwterikÏ q∏ro Ëqoume ta ex†c:

Ĝ = +i )

8

>

>

<

>

>

:

g5 = +i G = +i

g5 = �i G= � i

9

>

>

=

>

>

;

Ĝ = �i )

8

>

>

<

>

>

:

g5 = +i G= � i

g5 = �i G= + i

9

>

>

=

>

>

;

(49)

† isvod‘nama

sv4+d = (2, 1; svd) +
⇣

1, 2; sv
0

d

⌘

sv
0

4+d =
⇣

2, 1; sv
0

d

⌘

+ (1, 2; svd)

Sto SO (1, 3) ⇠= SUL (2) ⌦ SUR (2) o migadikÏc svuzug†c enÏc svp–nora me g5 = +1 e–nai Ënac

svp–norac me g5 = �1 en∏ svto SO(2N) (gia N àrtio) oi anaparasvtàsveic tou svp–nora me G=+i

e–nai autosvuzuge–c dhlad† s̄vd = svd. Omoi∏c gia tic anaparasvtàsveic tou svp–nora me G=�i. 'Ara

apo thn svqËsvh (49) prok‘ptei Ïti svto SO (1, 3 + d) oi svp–norec me Ĝ=+i e–nai isvod‘namoi me ton

svuzug† twn svpinÏrwn me Ĝ=�i kai svunep∏c, gia Ëna dedomËno chirality G svton esvwterikÏ q∏ro,

ta arisvterÏsvtrofa kai oi dexiÏsvtrofa fermiÏnia svtic tËsvsveric diasvtàsveic metasvqhmat–zontai

me ton –dio trÏpo.

• N=2K+1 , d=4K+2. TÏte oi idiotimËc tou p–naka Ĝ e–nai ±1 en∏ gia tic idiotimËc thc
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chirality svton tetradiàsvtato kai svton esvwterikÏ q∏ro Ëqoume ta ex†c:

Ĝ = +1 )

8

>

>

<

>

>

:

g5 = +i G = +1

g5 = �i G= � 1

9

>

>

=

>

>

;

Ĝ = �1 )

8

>

>

<

>

>

:

g5 = +i G= � 1

g5 = �i G= + 1

9

>

>

=

>

>

;

(50)

† isvod‘nama

sv4+d = (2, 1; svd) +
⇣

1, 2; sv
0

d

⌘

sv
0

4+d =
⇣

2, 1; sv
0

d

⌘

+ (1, 2; svd)

'Opwc anafËrame parapànw svto SO (1, 3) ⇠= SUL (2) ⌦ SUR (2) o migadikÏc svuzug†c enÏc

svp–nora me g5 = +1 e–nai Ënac svp–norac me g5 = �1 en∏ svto SO(2N) (gia N perittÏ) oi

svuzuge–c anaparasvtàsveic tou svp–nora me G=+1 e–nai isvod‘namec me tic anaparasvtàsveic tou

svp–nora me G= � 1 dhladh s̄vd = sv
0
d. 'Ara apo thn svqËsvh (50) prok‘ptei Ïti svto SO (1, 3 + d)

oi svp–norec me Ĝ=+1 Ëqoun thn idiÏthta anàloga me thn chirality tou esvwteriko‘ q∏rou na

perigràfoun Ëna arisvterÏsvtrofo † dexiÏsvtrofo fermiÏnio svtic tËsvsveric diasvtàsveic. Ant–svtoiqa

gia touc svp–norec me Ĝ=-1. Sunep∏c oi jewr–ec me diasvtàsveic 4K+2 Ëqoun thn dunatÏthta na

svumperilàboun chiral fermiÏnia.
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5.6 Ped–a bajm–dac upobàjrou

Sto prohgo‘meno edàfio e–dame Ïti oi jewr–ec me 4K+2 diasvtàsveic e–nai upoy†fiec gia na perigràyoun

chiral fermiÏnia svtic tËsvsveric diasvtàsveic. Gia na pàroume Ïmwc mia chiral jewr–a autÏ den e–nai

apÏ mÏno tou arketÏ kai prËpei na exasvfal–svoume Ïti ta G=+1 zero modes metasvqhmat–zontai sve

diaforetikËc anaparasvtàsveic apo ta G=-1 zero modes. Qwr–c na epektajo‘me sve leptomËreiec mia

svunËpeia tou jewr†matoc Atiyah kai Hirzebruch (1970) e–nai Ïti kàti tËtoio den e–nai efiktÏ paramÏno

an eisvàgoume ped–a bajm–dac svthn arqik† megalodiàsvtath jewr–a (background gauge fields). TÏte

h svunallo–wth paràgwgoc Ëqei thn morf†

rmh =
✓

@m � 1

2
iwa

0b0

mMa0b0 � igAm

◆

h

kai svunep∏c mporo‘me na Ëqoume chiral zero modes me katàllhlh epilog† twn ped–wn bajm–dac.
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6 Diasvtasviak† ellàtwsvh sve q∏rouc phl–kou

6.1 Eisvagwg†

H ennopo–hsvh twn allhlepidràsvewn kàtw apo mia koin† jewr–a apotele– Ëna anoiktÏ prÏblhma.

Sthn per–ptwsvh tou hlektromagnhtisvmo‘ kai thc asvjeno‘c allhlep–drasvhc kàti tËtoio e–nai efiktÏ

me thn qr†svh thc omàdac bajm–dac SU(2) ⇥ U(1) h opo–a svth svunËqeia svpàei aujÏrmhta svthn

omàda bajm–dac U(1)em. To prohgo‘meno svpàsvimo svumba–nei svthn energeiak† kl–maka thc tàxhc

twn 102GeV kai proupojËtei thn ‘parxh enÏc bajmwto‘ ped–ou to opo–o onomàzetai bajmwtÏ ped–o

Higgs. H ennopo–hsvh thc isvqur†c kai thc hlektrasvjeno‘c allhlep–drasvhc perigràfetai svto pla–svio

twn megàlwn ennopoihmËnwn jewri∏n (GUTs) oi opo–ec qrhsvimopoio‘n omàdec bajm–dac Ïpwc SU(5)

† SU(10). Stic GUTs eisvàgetai mia epiplËon energeiak† kl–maka thc tàxhc twn 1015GeV h opo–a

svqet–zetai me to aujÏrmhto svpàsvimo thc isvqur†c-hlektrasvjeno‘c svummetr–ac. EpiprÏsvjeta o tomËac

twn bajmwt∏n ped–wn prËpei na epektaje– me thn eisvagwg† katàllhlwn ped–wn. H eisvagwg† aut†c

thc nËac energeiak†c kl–makac kai eidikÏtera h megàlh diaforà thc apo thn energeiak† kl–maka thc

hlektrasvjeno‘c allhlep–drasvhc Ëqei wc apotËlesvma thn emfànisvh tou probl†matoc thc ierarq–ac

(hierarchy problem).

Parà to gegonÏc Ïti h energeiak† kl–maka twn megàlwn ennopoihmËnwn jewri∏n de br–svketai pol‘

makrià apo thn energeikà kl–maka Planck (1019GeV ), h barutik† allhlep–drasvh den svumperilam-

bànetai svta GUTs. Apo thn àllh h klasvik† Kaluza-Klein jewr–a arq–zei me thn pentadiàsvtath
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dràsvh thc bar‘thtac kai metà thn ellàtwsvh thc jewr–ac svtic tËsvsveric diasvtàsveic autÏ pou mËnei

e–nai mia U(1) jewr–a bajm–dac h opo–a perigràfei to hlektromagnhtikÏ ped–o kaj∏c kai to barutikÏ

ped–o. 'Opwc exhg†jhke svta prohgo‘mena edàfia h gen–keusvh thc klasvik†c Kaluza-Klein jewr–ac

epitugqànetai me katàllhlh epilog† tou esvwteriko‘ q∏rou: H omàda isvometr–ac tou esvwteriko‘

q∏rou taut–zetai me thn omàda bajm–dac thc tetradiàsvtathc jewr–ac kai svunep∏c mh abelianËc omàdec

bajm–dac mporo‘n na prok‘youn gia thn tetradiàsvtath jewr–a. To pleonËkthma thc prosvËggisvhc

twn Kaluza-Klein e–nai Ïti epitugqànetai mia gewmetrik† ennopo–hsvh thc bar‘thtac me tic upÏloipec

allhlepidràsveic kaj∏c kai mia ex†ghsvh twn svummetri∏n bajm–dac. To basvikÏ meionËkthma e–nai Ïti

den prok‘ptoun chiral fermiÏnia svtic tËsvsveric diasvtàsveic. To prÏblhma autÏ antimetwp–zetai me

thn eisvagwg† ped–wn bajm–dac upobàjrou (background gauge fields) svthn arqik† megalodiàsvtath

jewr–a. Ep–svhc to gegonÏc Ïti sve qamhlËc enËrgeiec h barutik† allhlep–drasvh mpore– na agnohje–

mac odhge– svthn ex†c prosvsvËgisvh: UpojËtoume Ïti o q∏roc Ëqei thn morf† MD = M4⇥M Ïpou M

Ënac svumpag†c Riemannian esvwterikÏc q∏roc kai jewro‘me Ïti h dràsvh perigràfei mia megalodiàsv-

tath Yang-Mills jewr–a. Metà thn diasvtasviak† ellàtwsvh prok‘ptei mia Yang-Mills-Higgs jewr–a

svtic tËsvsveric diasvtàsveic. Aut† h je∏rhsvh parËqei mia ennopoihmËnh jewr–a twn allhlepidràsvewn

sve qamhlËc enËrgeiec kaj∏c kai twn ped–wn bajm–dac me ta ped–a Higgs. 'Opwc parousviàsvthke svta

prohgo‘mena edàfia Ënac aplÏc trÏpoc gia na g–nei h diasvtasviak† ellàtwsvh e–nai na jewr†svoume

Ïti Ïla ta ped–a e–na anexàrthta apo tic svuntetagmËnec tou esvwteriko‘ q∏rou M . Mia diaforetik†

prosvsvËgisvh e–nai na jewr†svoume Ïti upàrqei exàrthsvh apo tic svuntetagmËnec tou esvwteriko‘ q∏rou
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allà epipleÏn na epibàlloume thn svunj†kh Ïti Ënac metasvqhmatisvmÏc o opo–oc an†kei svthn omàda

isvometr–ac tou M antisvtajm–zetai apÏ Ënan metasvqhmatisvmÏ bajm–dac. TÏte h Lagrangian ja e–nai

anexàrthth apo tic svuntetagmËnec tou M epeid† e–nai analo–wth kàtw apo metasvqhmatimo‘c bajm–-

dac. H diasvtasviak† ellàtwsvh sve q∏rouc phl–kou (Coset Space Dimensional Reduction) basv–zetai

sve aut†n thn idËa. Pio svugkekrimËna h arqik† megalodiàsvtath dràsvh perilambànei bajmwtà ped–a

sve sv‘zeuxh me fermionikà ped–a. H omàda bajm–dac thc jewr–ac e–nai to G en∏ o esvwterikÏc q∏roc

pa–rnei thn morf† M = S/R Ïpou S e–nai mia omàda Lie kai R e–nai mia upoomàda Lie thc S. Gia

dedomËna G kai S/R h tetradiàsvtath jewr–a mpore– na prosvdiorisvje– pl†rwc wc proc to perieqÏ-

meno twn svwmatid–wn kai thc svtajerËc sv‘zeuxhc. Sto pla–svio aut†c thc jewr–ac ta ped–a Higgs

prok‘ptoun me fusvikÏ trÏpo wc apotËlesvma thc gewmetrik†c ennopoi†svhc twn ped–wn bajm–dac kai

twn ped–wn Higgs. EidikÏtera to bajmwtÏ dunamikÏ thc tetradiàsvtathc jewr–ac, to opo–o prok‘ptei

apo thn diasvtasviak† ellàtwsvh thc megalodiàsvtathc jewr–ac, Ëqei tËtoia morf† ∏svte h svummetr–a

bajm–dac svpàei aujÏrmhta. Dhlad† h arqik† omàda bajm–dac G tou q∏rouMD = M4⇥M svpàei svthn

omàda bajm–dac H tou tetradiàsvtatou q∏rou M4 kai aut† me th sveirà thc svpàei exait–ac twn ped–wn

Higgs. Gia na prok‘youn realisvtikËc jewr–ec Ënac epiplËon mhqanisvmÏc, o mhqanisvmÏc Hosotani,

prËpei na qrhsvimopoihje– o opo–oc basv–zetai svth qr†svh twn diakrit∏n svummetri∏n tou esvwteriko‘

q∏rou S/R.
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6.2 Gewmetr–a twn q∏rwn phl–kou

Jewro‘me q∏rouc phl–kou thc morf†c S/R Ïpou S e–nai mia svumpag†c omàda Lie kai R e–nai mia

svumpag†c upoomàda Lie thc S. Ta svtoiqe–a thc tou q∏rou S/R e–nai e–te klàsveic isvodunam–ac thc

morf†c sR (arisvterÏ sv‘mploko) † thc morf†c Rs (dexiÏ sv‘mploko). Ta arisvterà kai dexià sv‘mploka

e–nai isvod‘nama mÏno svthn per–ptwsvh katà thn opo–a h omàda Lie R e–nai anallo–wth upoomàda thc S.

Sthn paro‘sva ergasv–a me ton Ïro sv‘mploko ja ennoo‘me ta dexià sv‘mploka. H dràsvh thc omàdac S

svton q∏ro S/R or–zetai wc (Rs)s
0
= R(ss

0
). H dràsvh aut† e–nai metabatik† dhlad† gia opoiad†pote

d‘o svtoiqe–a tou q∏rou S/R upàrqei Ënac S metasvqhmatisvmÏc o opo–oc ta svundËei. To uposv‘nolo

thc S to opo–o af†nei anallo–wta Ïla ta svtoiqe–a enoc sv‘mplokou apotele– thn isvotropik† tou

omàda.

Sumbol–zoume wc Ralg, Salg tic Lie àlgebrec twn omàdwn R kai S ant–svtoiqa. H Ralg e–nai upoàlgebra

thc Salg kai svunep∏c h Salg mpore– na analuje– svto euj‘ àjroisvma Salg = Ralg � Kalg. Sunep∏c

oi genn†torec thc S mporo‘n na qwrisvto‘n sve d‘o sv‘nola: Qi, i = 1, ..., dimR e–nai oi genn†torec

thc Ralg kai Qa, a = dimR + 1, ..., dimS e–nai oi genn†torec thc Kalg me dimK = dim(S/R) =

dimS � dimR = d. Oi svqËsveic metàjesvhc twn gennhtÏrwn e–nai oi ex†c:
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[Qi, Qj] = fk
ijQk

[Qi, Qa] = f b
iaQb

[Qa, Qb] = f i
abQi + f c

abQc

Sunep∏c upojËtoume Ïti to S/R e–nai anagwgikÏc allà svthn genik† per–ptwsvh mh svummetrikÏc

q∏roc phl–kou. Sthn per–ptwsvh pou e–nai svummetrikÏc oi svtajerËc dom†c f c
ab e–nai tautotikà –svec me

to mhdËn. To parapànw euj‘ àjroisvma qarakthr–zetai apo thn

adjSalg = adjRalg + v (51)

anàlusvh thc svuzugo‘c anaparàsvtasvhc thc àlgebrac Salg kàtw apo thn àlgebra Ralg Ïpou v antisv-

toiqo‘n svtouc genn†torec thc àlgebrac Kalg.

Ta efaptÏmena dian‘svmata tou q∏rou S/R metasvqhmat–zontai kàtw apo thn perisvtrofik† omàda

SO(d). Eidikotera oi genn†torec Qa wc diànusvma tou efaptÏmenou q∏rou tou S/R metasvqhmat–-

zontai svthn dianusvmatik† anaparàsvtasvh d thc SO(d). 'Ara apo thn svqËsvh (51) prok‘ptei Ïti upàrqei

m–a embàptisvh thc Ralg svthn SO(d) tËtoia ∏svte v = d. H embàptisvh aut† ja kajorisvte– apo thn

embàptisvh thc S svthn R. Jewro‘me tic svqËsveic metàjesvhc thc omàdac SO(d):
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⇥

Sab,Scd
⇤

= �gacSbd + gadSad � gbdSac

Ïpou ⌃ab oi gen†torec thc omàdac SO(d) kai gab h metrik† tou efaptÏmenou q∏rou. H parapànw

embàptisvh mpore– na kajorisvtei apo th svqËsvh

Ti = �1

2
fiabSab (52)

kaj∏c mpore– na deiqte– Ïti ta Ti svqhmat–zoun mia upoàlgebra thc Ralg.

'Opwc anafËrjhke parapànw ta svtoiqe–a tou S/R e–nai sv‘mploka thc morf†c Rs. 'Esvtw L(y)

Ëna antiprosvwpeutikÏ svtoiqe–o tou svumplÏkou. H dràsvh enÏc S-metasvqhmatisvmo‘ svto L(y) ja

d∏svei Ëna àllo svtoiqe–o tou S to opo–o genikà an†kei sve Ëna diaforetiko sv‘mploko apo to arqikÏ

kai tou opo–ou to antiprosvwpeutikÏ svtoiqe–o svumbol–zoume me L(y
0
). 'Ara me kàpoion epiplËon

metasvqhmatisvmÏ r(y, s) to L(y
0
) svnudËetai me to metasvqhmatisvmËno L(y) mËsva apo thn svqËsvh

L(y)s=r(y,s)L(y0) (53)

To antiprosvwpeutikÏ svtoiqe–o L(y) mpore– na grafte– wc
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L(y) = exp(y↵�↵aQ↵)

Ant–svtoiqa ta svtoiqe–a r kai s mporo‘n na grafto‘n wc ex†c:

s = exp(!iQi + !↵�a↵Qa)

r = exp('iQi)

An jewr†svoume Ïti o prohgo‘menoc S-metasvqhmatisvmÏc e–nai Ënac apeirosvtÏc metasvqhmatisvmÏc svthn

geitonià tou tautotiko‘ metasvqhmatisvmo‘ tÏte Ëqoume Ïti

�y↵ = y�↵ � y↵ = !��a�⇠
a
a + !i⇠↵i (54)

Ant–svtoiqa Ënac apeirosvtÏc R-metasvqhmatisvmÏc mpore– na grafte– wc:

'i = !��a�W
i
↵ + !jWi

j (55)

Ïpou ta Wi
↵ kai W

j
i onomàzontai R-antisvtajmisvtËc.
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Eisvàgontac tic svqËsveic (54) kai (55) svthn svqËsvh (53) br–svkoume Ïti ta dianusvmatikà ped–a ⇠↵a kai ⇠↵i

ikanopoio‘n thn àlgebra

⇠�A@�⇠
↵
B � ⇠�B@�⇠

↵
A = fAB⇠

↵
C

kai svunep∏c e–nai ta Killing dianusvmatikà ped–a tou q∏rou phl–kou S/R.

6.3 Summetrikà ped–a

Jewro‘me Ïti q∏roc thc megalodiàsvtathc jewr–ac perigràfetai apo mia pollaplÏthta thc morf†c

MD = M4 ⇥ S/R en∏ h omàda svummetr–ac twn ped–∏n bajm–dac e–nai h G. Sumbol–zoume tic svun-

tetagmËnec tou q∏rou MD = M4 ⇥ S/R wc xM = (xµ, y↵). Jewro‘me Ïti h dràsvh thc omàdac S

svton q∏ro M4 e–nai tetrimËnh kai svunep∏c drà mÏno svta svtoiqe–a tou S/R Ïpwc exhg†jhke svto

prohgo‘meno edàfio. Or–zoume wc svummetrikÏ ped–o V kàje ped–o to opo–o ikanopoie– thn svqËsvh

V (s(x)) = D(W (y, s))W(y, s)V (x)

Ïpou W(y,s) e–nai mia svtrof† svton efaptomenikÏ q∏ro tou S/R h opo–a exartàtai apo thn ana-

paràsvtasvh thc SO(d) tou ped–ou V (x), s Ënac metasvqhmatisvmÏc thc omàdac S kai D(W(y,s)) e–nai
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o katàllhloc metasvqhmatisvmÏc bajm–dac gia thn anaparàsvtasvh tou V (x). 'Ara Ëna ped–o e–nai svum-

metrikÏ Ïtan Ënac S-metasvqhmatisvmÏc, antisvtajmizÏmenoc apo Ënan metasvqhmatisvmÏ bajm–dac, af†nei

to ped–o anallo–wto. Sthn per–ptwsvh pou oi parapànw metasvqhmatisvmo– jewrhjo‘n apeirosvto– kai

efarmosvto‘n gia Ëna bajmwtÏ ped–o ', Ëna dianusvmatikÏ ped–o A↵ kai Ëna svpinoriakÏ ped–o  svton

q∏ro S/R Ëqoume tic ex†c svqËsveic:

L
A

' = ⇠↵A@↵' = D(WA)'

LAA↵ = ⇠�A@�A↵ + @↵⇠
�
AA� = @WA � [WA, A↵]

LA = ⇠↵A@ � 1
2GAbcSbc = D(WA) 

(56)

Ïpou Ga
Ab = �Wi

Af
a
ib, LA e–nai h paràgwgoc Lie en∏ ta WA parousviàzoun exàrthsvh mÏno apo

tic svuntetagmËnec y tou esvwteriko‘ q∏rou S/R. Ep–svhc h paràgwgoc Lie ikanopoie– tic svqËsveic

metàjesvhc [LA, LB] = fC
ABLC kai svunep∏c o metasvqhmatisvmÏc bajm–dac WA ikanopoie– thn ex†c

svqËsvh:

⇠↵A@↵WB � ⇠↵B@↵WA � [WA,WB] = fC
ABWC (57)

Jewr∏ntac Ënan metasvqhmatisvmÏ bajm–dac tou bajmwto‘ ped–ou '� = D(g)' Ëqoume Ïti ta WA ta

opo–a ja antisvtajm–svoun Ënan S-metasvqhmatisvmÏ o opo–oc drà svto ped–o '� ikanopoio‘n thn svqËsvh
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W �
A = gWAg

�1 + ⇠↵A(@↵g)g
�1

Gia na aplopoi†svoume touc epÏmenouc upologisvmo‘c mporo‘me na ekmetaleuto‘me thn eleujer–a pou

mac parËqoun oi prohgo‘menoi metasvqhmatisvmo– bajm–dac kai na jewr†svoume Ïti W↵(y↵ = 0) = 0.

TÏte h svqËsvh (57) mpore– na grafte– wc ex†c:

@aWb � @bWa = f i
abWi

@aWi = 0

[Wi,Wj] = �fk
ijWk

(58)

'Ara oi svunisvt∏svtec Wi e–nai svtajerËc svton q∏ro phl–kou S/R en∏ an or–svoume wc Ji = �Wi

ta Ji svqhmat–zoun thn àlgebra thc omàdac R. 'Omwc ta W apotelo‘n svtoiqe–a thc Lie àlgebrac

tou ped–ou bajm–dac G kai svunep∏c h omàda R e–nai embaptisvmËnh svthn omàda bajm–dac G me touc

genn†torec Ji na svqhmat–zoun thn upoomàda RG thc G.

'Ena bajmwtÏ ped–o AM tou q∏rou M4 ⇥ S/R Ëqei thn morf† AM = (Aµ, A↵). Kàtw apo S-

metasvqhmatisvmo‘c h svunisvt∏sva Aµ metasvqhmat–zetai wc bajmwtÏ ped–o kai sv‘mfwna me tic svqËsveic

(56), svthn arq† tou svusvt†matoc svuntetagmËnwn y = 0 Ëqoume Ïti
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@aAµ = 0

[Ji, Aµ] = 0

(59)

'Ara to tetradiàsvtato ped–o bajm–dac Aµ e–nai anexàrthto apo tic svuntetagmËnec tou esvwteriko‘

q∏rou S/R kai epiplËon h tetradiàsvtath svummetr–a bajm–dac H e–nai h upoomàda thc G thc opo–ac

kàje svtoiqe–o metat–jentai me kàje svtoiqe–o thc R. Dhlad† H = CG(RG) Ïpou wc CG(.) svumbol–-

zoume ton kentropoiht† miac upoomàdac svthn omàda G.

Oi upÏloipec svunisvt∏svec A↵ tou megalodiàsvtatou bajmwto‘ ped–ou AM metasvqhmat–zontai wc di-

an‘svmata kàtw apÏ S-metasvqhmatisvmo‘c tou esvwteriko‘ q∏rou. An or–svoume wc Fa = e↵aA↵ apo

tic svqËsveic (56) Ëqoume Ïti

@aFb � @bWa =
1
2f

c
abFc

[Ji,Fa] = f c
iaFc

Qrhsvimopoi∏ntac autËc tic svqËsveic svumpera–noume Ïti oi anaparasvtàsveic twn bajmwt∏n ped–wn ta

opo–a epizo‘n svthn tetradiàsvtath jewr–a prok‘ptoun apo thn anàlusvh thc G kàtw apo thn RG⇥H

kai thn anàlusvh thc S kàtw apo thn R. Pio svugkekrimËna
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adjG = (adjR, 1) + (1, adjH) +
P

(ri, hi)

adjS = adjR +
P

si

kai gia kàje zeugàri si, ri Ïpou ta si kai ri taut–zontai, metà thn diasvtasviak† ellàtwsvh epize– svthn

tetradiàsvth jewr–a Ëna ped–o Higgs to opo–o metasvqhmat–zetai svthn anaparàsvtasvh hi.

Gia ta fermionikà ped–a, katà antisvtoiq–a me thn prohgo‘menh per–ptwsvh, odhgo‘masvte svthn ex†c

anàlusvh:

F =
P

(ri, hi)

� =
P

�j

Ïpou F e–nai h anaparàsvtasvh twn fermion–wn svthn megalodiàsvtath omàda G h opo–a anal‘etai kàtw

apo thn RG ⇥H kai � e–nai h svpinoriak† anaparàsvtasvh thc SO(d) h opo–a anal‘etai kàtw apo thn

R. TÏte gia kàje zeugàri ri, �i Ïpou ri kai �i taut–zontai emfan–zetai mia anaparàsvtasvh hi gia ta

svpinoriakà ped–a thc tetradiàsvtathc jewr–ac.
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6.4 Diasvtasviak† ellàtwsvh sve q∏rouc phl–kou kai realisvtikËc jew-

r–ec

To CSDR epitugqànei thn ennopo–hsvh twn ped–wn bajm–dac kai twn ped–wn Higgs. Ep–svhc h prosvj†kh

fermion–wn svth megalodiàsvtath jewr–a odhge– svton prosvdiorisvmÏ twn Yukawa svtajer∏n sv‘zeuxhc.

EpiplËon me katàllhlh epilog† thc megalodiàsvtathc jewr–ac Ïpwc exhg†jhke svto prohgo‘meno edà-

fio e–nai efiktÏ metà thn diasvtasviak† ellàtwsvh na prok‘youn chiral fermiÏnia, en∏ an jewr†svoume

Ïti ta ped–a bajm–dac kai ta fermionikà ped–a an†koun svthn –dia dianusvmatik† supermultiplet tÏte,

svthn per–ptwsvh twn mh svummetrik∏n esvwterik∏n q∏rwn phlikou, prok‘ptoun softly broken up-

ersvummetrikËc jewr–ec me pl†rwc prosvdiorisvmËnec paramËtrouc sve klasvikÏ ep–pedo. H teleuta–a

idiÏthta e–nai pol‘ svhmantik† kaj∏c svtic svun†jeic upersvummetrikËc epektàsveic tou kajierwmËnou

montËlou apaite–tai Ënac pol‘ megàloc arijmÏc apo ele‘jerec paramËtrouc gia na prosvdiorisvte– o

upersvummetrikÏc soft breaking tomËac.

Mià anàlogh, me to prohgo‘meno edàfio, anàlusvh thc diasvtasviak†c ellàtwsvhc prosvdior–zei to

dunamiko‘ twn bajmwt∏n ped–wn thc tetradiàsvtathc jewr–ac kaj∏c kai thn anaparasvtàsvh pou autà

metasvqhmat–zontai. H anaparàsvtasvh aut† twn bajmwt∏n ped–wn kàtw apo thn tetradiàsvtath omàdac

bajm–dac H e–nai h jemeli∏dhc. H jemeli∏dhc anaparàsvtasvh svtic megàlec ennopoihmËnec jewr–ec

(GUT) den e–nai h katàllhlh anaparàsvtasvh twn bajmwt∏n ped–wn gia na pàroume wc telik† jewr–a

to kajierwmËno prÏtupo. Mia l‘svh gia autÏ to prÏblhma e–nai na ekemetaleuto‘me thc topologikËc
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idiÏthtec tou esvwteriko‘ q∏rou efarmÏzontac twn mhqanisvmÏ Hosotani kai na svpàsvoume thn omàda

bajm–dac qwr–c arqikà na qrhsvimopoi†svoume ta bajmwtà ped–a.
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7 Sumperàsvmata

Exetàsvthkan diàfora qarakthrisvtikà twn jewri∏nKaluza-Klein xekin∏ntac apÏ Ëna aplÏ paràdeigma

miac jewr–ac me Ëna bajmwtÏ ped–o svtic pËnte diasvtàsveic. H klasvik† jewr–aKaluza-Klein parousviàsvthke

analutikà kai de–xame Ïti e–nai dunat† h apaloif† twn massive modes allà Ïqi tou bajmwto‘ ped–ou.

Sth svunËqeia perigràfontai genike‘sveic tic jewr–ac aut†c, katà tic opo–ec prok‘ptoun mh abelianËc

omàdec bajm–dac, kaj∏c kai oi asvunËpeiec pou prok‘ptoun an g–nei apaloif† twn massive modes.

Exetàzontai trÏpoi me touc opo–ouc mporo‘n na prok‘youn realisvtikËc tetradiàsvtatec jewr–ec. Gia

to lÏgo autÏ exhgo‘me ton mhqanisvmÏ me ton opo–o eisvàgontai ta fermiÏnia svthn megalodiàsvtath

dràsvh, pwc prok‘ptoun oi màzec touc kaj∏c to z†thma twn chiral fermion–wn. TËloc g–netai mia

parousv–asvh thc disvtasviak†c ellàtwsvhc sve q∏rouc phl–kou (CSDR) kai perigràfontai oi basvikËc

kateuj‘nsveic Ëtsvi ∏svte na prok‘youn realisvtikËc tetradiàsvtatec jewr–ec.
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