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≥



 

𝑞 = 𝑓(𝑝, 𝑥, 𝜀)

o 

o 

𝑞𝑗𝑚 = 𝑄𝑚 ∙ 𝑀𝑆𝑗𝑚





𝑈𝑖𝑗 = 𝑥𝑗𝛽 − 𝛼𝑝𝑗 + 𝜉𝑗 + 𝜀𝑖𝑗

𝑒𝑥𝑝 (−∑ (∑ 𝑒− 𝑖𝑗/𝜆𝑘

𝑗∈𝐵𝑘

)

𝜆𝑘𝐾

𝑘=1
)



𝑙𝑛𝑀𝑆𝑗 − 𝑙𝑛𝑀𝑆0 = 𝑥𝑗𝛽 − 𝛼𝑝𝑗 + (1 − 𝜆) ∙ 𝑙𝑛𝑀𝑆𝑗/𝑔 + 𝜉𝑗

𝑙𝑛𝑀𝑆𝑗 − 𝑙𝑛𝑀𝑆0

 





𝜋𝑓 = ∑(𝑝𝑗 ∙ 𝑀 ∙ 𝑀𝑆𝑗 − 𝑐𝑗 ∙ 𝑀 ∙ 𝑀𝑆𝑗)

𝑗∈𝐽𝑓

− 𝐹𝐶𝑓 ⇒

𝜋𝑓 = ∑(𝑝𝑗 − 𝑐𝑗) ∙ 𝑀 ∙ 𝑀𝑆𝑗
𝑗∈𝐽𝑓

− 𝐹𝐶𝑓

fπ

𝜕𝜋𝑓
𝜕𝑝𝑗

= 0 ⇒ ∑ (
𝜕𝑝𝑘
𝜕𝑝𝑗

∙ 𝑀 ∙ 𝑀𝑆𝑘 + 𝑝𝑘 ∙ 𝑀 ∙
𝜕𝑀𝑆𝑘
𝜕𝑝𝑗

− 𝑐𝑘 ∙ 𝑀 ∙
𝜕𝑀𝑆𝑘
𝜕𝑝𝑗

) +
𝜕𝐹𝐶𝑓
𝜕𝑝𝑗

= 0 ⇒

𝑘∈𝐽𝑓

 

𝑝𝑓 = (−𝐷𝑀𝑆𝑓,𝑝𝑓
−1 ∙ 𝑀𝑆𝑓⏟          

𝜋 𝜌𝜄𝜃ώ𝜌𝜄𝜊 𝜅έ𝜌𝛿𝜊𝜐𝜍

)+ 𝑐𝑓⏟
𝜊𝜌𝜄𝛼𝜅ό 𝜅ό𝜎𝜏𝜊𝜍

 

𝐷𝑀𝑆𝑓,𝑝𝑓

𝐷𝑀𝑆𝑓,𝑝𝑓 =

[
 
 
 
 
 
𝜕𝑀𝑆1
𝜕𝑝1

⋯
𝜕𝑀𝑆𝐽
𝜕𝑝1

⋮ ⋱ ⋮
𝜕𝑀𝑆1
𝜕𝑝𝐽

⋯
𝜕𝑀𝑆𝐽
𝜕𝑝𝐽 ]

 
 
 
 
 



cj = wj·γ + ωj

𝑝𝑗 = (−𝐷𝑀𝑆𝑓,𝑝𝑓
−1 ∙ 𝑀𝑆𝑗⏟        

𝜋 𝜌𝜄𝜃ώ𝜌𝜄𝜊 𝜅έ𝜌𝛿𝜊𝜐𝜍

)+ 𝑤𝑗 ∙ 𝛾 + 𝜔𝑗⏟      
𝜊𝜌𝜄𝛼𝜅ό 𝜅ό𝜎𝜏𝜊𝜍

 



o 

𝐷𝑀𝑆𝑓,𝑝𝑓

o 𝐷𝑀𝑆𝑓,𝑝𝑓

o 



𝑚(𝜃�̂� , �̂�) = 𝐸 [
𝑧1′𝜉

𝑧2′𝜔
] = 0

𝜃𝑑



𝐽(𝜃𝑑 , �̂�) = 𝑚(𝜃𝑑 , �̂�)
′
𝑊𝑜𝑝𝑡𝑚(𝜃𝑑 , �̂�)

= 𝑢′𝑧𝑊𝑜𝑝𝑡𝑧′𝑢

𝑢 = [
𝜉
𝜔
]

min
�̂�𝑑
̂,�̂�

[𝑚(𝜃𝑑, �̂�)
′

⏟      
1×𝑘

𝑊𝑜𝑝𝑡⏟
𝑘×𝑘

𝑚(𝜃𝑑 , �̂�)⏟      
𝑘×1

]

𝑢 = [
𝜉
𝜔
] = [

𝑙𝑛𝑀𝑆𝑗 − 𝑙𝑛𝑀𝑆0 − 𝑥𝑗�̂� + �̂�𝑝𝑗 − (1 − �̂�) ∙ 𝑀𝑆𝑗/𝑔

𝑝𝑗 −𝑤𝑗 ∙ �̂� + 𝐷𝑀𝑆𝑓,𝑝𝑓
−1 ∙ 𝑀𝑆𝑗

]

𝑊 = (𝑧′𝑧)−1

𝜃𝑑,1𝑠𝑡𝑒𝑝  �̂�1𝑠𝑡𝑒𝑝

�̂�1
2, … , �̂�𝑗

2, … �̂�2𝑛
2

𝑊𝑜𝑝𝑡 = (𝑧′�̂�𝑧)
−1

�̂� = 𝑑𝑖𝑎𝑔(�̂�1
2, … , �̂�𝑗

2, … �̂�2𝑛
2 )

𝜃𝑑,2𝑠𝑡𝑒𝑝
 �̂�2𝑠𝑡𝑒𝑝

 

𝑐𝑗,𝑝𝑜𝑠𝑡 = 𝑐𝑗,𝑝𝑟𝑒 + 𝐹 ∙∑
𝐸𝑠,𝑗

𝐿𝐹𝑠,𝑗 ∙ 𝑆𝐸𝐴𝑇𝑠,𝑗
, 𝑤ℎ𝑒𝑟𝑒 𝑆 = {2,3,4} , 𝑗 ∈ 𝐽

𝑆

𝑠=2



∙

 



o 

o 



o 

o 

o 

o 

o 

o 

o 



o 

o 

o 
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≅ km ≅ km

μίλια ≅ και μεγαλύτερη από μίλια ≅
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≥



 

 



𝐸𝐶𝑂2,𝐿𝑇𝑂 =

{
 
 

 
 10−3 ∙ 𝐸𝐼𝐶𝑂2 ∙ 𝑛𝑒,𝑎 ∙ ∑ 𝑓𝑓𝐿𝑇𝑂,𝑒,𝑝 ∙ 𝑡𝑝       𝑓𝑜𝑟 𝑗𝑒𝑡𝑠 

5

𝑝=1

10−3 ∙ 𝐸𝐼𝐶𝑂2 ∙ ∑ 𝑓𝑐𝐿𝑇𝑂,𝑑,𝑎,𝑝

5

𝑝=1

      𝑓𝑜𝑟 𝑡𝑢𝑟𝑏𝑜𝑝𝑟𝑜𝑝𝑠



 





 

 

 



 





≈



 



 



 

 



 

 



 

 



 



- 

- 

o 

o 

o 

- 

∈



 

 

 

𝑤𝑖
−1(𝑡) 𝑤𝑖

−1(𝑤𝑖(𝑡)) = 𝑡

𝑤𝑖
−1(𝑡)

�̃�𝑖(𝑡) �̃�𝑖(𝑡) =

𝑥𝑖(𝑤𝑖(𝑡)) 𝑤𝑖
−1(𝑡)

�̃�𝑖(𝑡)

∈

�̃�(𝑡)



 

(𝑇ℎ𝑟 − 𝐷) ∙ 𝑉𝑇𝐴𝑆 = 𝑚 ∙ 𝑔0 ∙
𝑑ℎ

𝑑𝑡
+ 𝑚 ∙ 𝑉𝑇𝐴𝑆 ∙

𝑑𝑉𝑇𝐴𝑆
𝑑𝑡

𝑑ℎ

𝑑𝑡
=
(𝑇ℎ𝑟 − 𝐷) ∙ 𝑉𝑇𝐴𝑆

𝑚 ∙ 𝑔0
∙ [1 + (

𝑉𝑇𝐴𝑆
𝑔0
) ∙ (

𝑑𝑉𝑇𝐴𝑆
𝑑ℎ

)]

−1

⏟                
𝑓{𝑀}







- 

- 

- 



𝑚𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 𝑚𝑂𝐸 +𝑚𝑝𝑎𝑦𝑙𝑜𝑎𝑑 +𝑚𝑓𝑢𝑒𝑙



𝑚𝑓𝑢𝑒𝑙 ≡ 𝑚𝑓𝑢𝑒𝑙
1

|𝑚𝑖𝑛𝑖𝑡𝑖𝑎𝑙
𝑗+1

−𝑚𝑖𝑛𝑖𝑡𝑖𝑎𝑙
𝑗

| ≤ 0.001

 



𝐸𝐶𝑂2,𝐶𝐶𝐷 = 10
−3 ∙ 𝐸𝐼𝐶𝑂2 ∙∑𝑑𝑡𝑠 ∙ 𝑓𝑓𝑠

𝑆

𝑠=1

= 

= 10−3 ∙ 𝐸𝐼𝐶𝑂2 ∙

{
 
 

 
 ∑𝑑𝑡𝑠 ∙ 𝜂𝑠 ∙ 𝑇ℎ𝑟𝑠 ∙ 𝐶𝑓𝑐𝑟 

𝑆

𝑠=1

     𝑓𝑜𝑟 𝐶𝑟𝑢𝑖𝑠𝑒

∑𝑑𝑡𝑠 ∙ 𝜂𝑠 ∙ 𝑇ℎ𝑟𝑠

𝑆

𝑠=1

          𝑓𝑜𝑟 𝐶𝑙𝑖𝑚𝑏/𝐷𝑒𝑠𝑐𝑒𝑛𝑡

𝜂 =

{
 
 

 
 𝐶𝑓1 ∙ (1 +

𝑉𝑇𝐴𝑆
𝐶𝑓2

)                         𝑓𝑜𝑟 𝑗𝑒𝑡

𝐶𝑓1 ∙ (1 −
𝑉𝑇𝐴𝑆
𝐶𝑓2

) ∙ (
𝑉𝑇𝐴𝑆
1000

)       𝑓𝑜𝑟 𝑡𝑢𝑟𝑏𝑜𝑝𝑟𝑜𝑝

 

 



 

 

 

 

 

 



𝐸𝐶𝑂2,𝐶𝐶𝐷 = 10
−3 ∙ 𝐸𝐼𝐶𝑂2 ∙ 𝑓𝑐𝐶𝐶𝐷,𝑑,𝑎

 

 

𝑀𝐴𝑃𝐸[%] =
100%

𝑛
∙∑|

𝑋𝑜𝑏𝑠,𝑖 − 𝑋𝑚𝑜𝑑𝑒𝑙,𝑖
𝑋𝑜𝑏𝑠,𝑖

|

𝑛

𝑖=1

𝑅𝑀𝑆𝐸 = √
∑ (𝑋𝑜𝑏𝑠,𝑖 − 𝑋𝑚𝑜𝑑𝑒𝑙,𝑖)
𝑛
𝑖=1

𝑛









 

 





 



 







 

 

𝑞 = 𝑓(𝑝, 𝑥, 𝜀)



 

 

 

 

𝑞𝑗𝑚 = 𝑄𝑚 ∙ 𝑀𝑆𝑗𝑚



 

o 

o 

o 

𝑈𝑖𝑗 > 𝑈𝑖𝑘  , ∀𝑗 ≠ 𝑘



𝑃𝑖𝑗 = 𝑃𝑟𝑜𝑏(𝑈𝑖𝑗 > 𝑈𝑖𝑘  ∀𝑗 ≠ 𝑘)

= 𝑃𝑟𝑜𝑏(𝑉𝑖𝑗 + 𝜀𝑖𝑗 > 𝑉𝑖𝑘 + 𝜀𝑖𝑘    ∀𝑗 ≠ 𝑘)

= 𝑃𝑟𝑜𝑏(𝜀𝑖𝑘 − 𝜀𝑖𝑗 < 𝑉𝑖𝑗 − 𝑉𝑖𝑘    ∀𝑗 ≠ 𝑘)

𝑃𝑖𝑗 = ∫ 𝐼( 𝜀𝑖𝑘 − 𝜀𝑖𝑗 < 𝑉𝑖𝑗 − 𝑉𝑖𝑘    ∀𝑗 ≠ 𝑘)𝑓(𝜀𝑖)𝑑𝜀𝑖



o 

o 



 

𝑈𝑖𝑗 = 𝑥𝑗𝛽 − 𝛼𝑝𝑗 + 𝜉𝑗 + 𝜀𝑖𝑗

𝑥𝑗𝛽 − 𝛼𝑝𝑗 + 𝜉𝑗



𝑒𝑥𝑝 (−∑ (∑ 𝑒− 𝑖𝑗/𝜆𝑘

𝑗∈𝐵𝑘

)

𝜆𝑘𝐾

𝑘=1
)

𝑗 ∈ 𝐽𝑔

𝑀𝑆𝑗 =
𝑒(𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗)/𝜆 (∑ 𝑒(𝑥𝑛𝛽−𝛼𝑝𝑛+𝜉𝑛)/𝜆𝑛∈𝐽𝑔 )

𝜆−1

∑ (∑ 𝑒(𝑥𝑛𝛽−𝛼𝑝𝑛+𝜉𝑛)/𝜆𝑛∈𝐽𝑔 )
𝜆𝑙𝐾

𝑙=1

𝑥𝑗𝛽 − 𝛼𝑝𝑗 + 𝜉𝑗

𝐷𝑔 = ∑ 𝑒(𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗)/𝜆𝑗∈𝐽𝑔

𝑀𝑆𝑗 =
𝑒(𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗)/𝜆

𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔

𝑀𝑆𝑗 = 𝑀𝑆𝑔 ∙ 𝑀𝑆𝑗/𝑔



𝑀𝑆𝑗/𝑔 =
𝑒(𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗)/𝜆

∑ 𝑒(𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗)/𝜆𝑗∈𝐽𝑔

𝑀𝑆𝑗 = 𝑀𝑆𝑗̂ (𝑥, 𝑝, 𝜉, 𝑎, 𝛽, 𝜆) 𝑀𝑆𝑗̂

𝑀𝑆0 = 𝑀𝑆0̂ (𝑉0, … , 𝑉𝐽) 𝑀𝑆1 = 𝑀𝑆1̂ (𝑉0, … , 𝑉𝐽) 𝑀𝑆𝐽 = 𝑀𝑆𝐽̂ (𝑉0, … , 𝑉𝐽)

1 = ∑ 𝑀𝑆𝑗
𝐽
𝑗=0

𝐷0 =

𝑒𝑉0/𝜆 = 𝑒0 = 1

𝑀𝑆0 =
1

∑ (𝐷𝑔)
𝜆

𝑔

𝑙𝑛𝑀𝑆𝑗 − 𝑙𝑛𝑀𝑆0 = 𝑥𝑗𝛽 − 𝛼𝑝𝑗 + (1 − 𝜆) ∙ 𝑙𝑛𝑀𝑆𝑗/𝑔 + 𝜉𝑗



𝑙𝑛𝑀𝑆𝑗 − 𝑙𝑛𝑀𝑆0 = 𝑥𝑗𝛽 − 𝛼𝑝𝑗 + 𝜉𝑗

 

1 − ∑ 𝑀𝑆𝑗
𝐽
𝑗=1  

𝑄𝑚 = √𝑃𝑂𝑃𝑂 ∙ 𝑃𝑂𝑃𝐷

 



o 

- 

- 

- 

 

 

 

 



o 

o 

o 



o 

o 



√𝑎𝑟𝑟. 𝑑𝑒𝑙𝑜𝑢𝑡 ∙ 𝑎𝑟𝑟. 𝑑𝑒𝑙𝑟𝑒𝑡



o 

o 



 

 



  

 





o 







 

 

 

 



 



 

 

 



 

• 

𝜋𝑓 = ∑(𝑝𝑗 ∙ 𝑀 ∙ 𝑀𝑆𝑗 − 𝑐𝑗 ∙ 𝑀 ∙ 𝑀𝑆𝑗)

𝑗∈𝐽𝑓

− 𝐹𝐶𝑓 ⇒

𝜋𝑓 = ∑(𝑝𝑗 − 𝑐𝑗) ∙ 𝑀 ∙ 𝑀𝑆𝑗
𝑗∈𝐽𝑓

− 𝐹𝐶𝑓

 



 

 

 

 



𝜕𝜋𝑓
𝜕𝑝𝑗

= 0 ⇒ ∑ (
𝜕𝑝𝑘
𝜕𝑝𝑗

∙ 𝑀 ∙ 𝑀𝑆𝑘 + 𝑝𝑘 ∙ 𝑀 ∙
𝜕𝑀𝑆𝑘
𝜕𝑝𝑗

− 𝑐𝑘 ∙ 𝑀 ∙
𝜕𝑀𝑆𝑘
𝜕𝑝𝑗

) +
𝜕𝐹𝐶𝑓
𝜕𝑝𝑗

= 0 ⇒

𝑘∈𝐽𝑓

∑ ((𝑝𝑘 − 𝑐𝑘) ∙
𝜕𝑀𝑆𝑘
𝜕𝑝𝑗

+𝑀𝑆𝑘) = 0

𝑘∈𝐽𝑓

 

𝐷𝑀𝑆𝑓,𝑝𝑓

𝐷𝑀𝑆𝑓,𝑝𝑓 =

[
 
 
 
 
 
𝜕𝑀𝑆1
𝜕𝑝1

⋯
𝜕𝑀𝑆𝐽
𝜕𝑝1

⋮ ⋱ ⋮
𝜕𝑀𝑆1
𝜕𝑝𝐽

⋯
𝜕𝑀𝑆𝐽
𝜕𝑝𝐽 ]

 
 
 
 
 

 𝜕𝑀𝑆𝑘/𝜕𝑝𝑗

𝑝𝑓 = (−𝐷𝑀𝑆𝑓,𝑝𝑓
−1 ∙ 𝑀𝑆𝑓⏟          
𝑚𝑎𝑟𝑘𝑢𝑝

)+ 𝑐𝑓⏟
𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑐𝑜𝑠𝑡



𝑝𝑓 = [𝑝1, … , 𝑝𝐽𝑓]
′
𝑀𝑆𝑓 = [𝑀𝑆1, … ,𝑀𝑆𝐽𝑓]

′
𝑐𝑓 = [𝑐1, … , 𝑐𝐽𝑓]

′

𝐷𝑀𝑆𝑓,𝑝𝑓

𝐷 = {

−𝑎

𝜆
∙ 𝑀𝑆𝑗 ∙ (1 − (1 − 𝜆) ∙ 𝑀𝑆𝑗/𝑔 − 𝜆𝑀𝑆𝑗) ,   𝑖𝑓 𝑗 = 𝑘

𝑎

𝜆
∙ 𝑀𝑆𝑘 ∙ ((1 − 𝜆) ∙ 𝑀𝑆𝑗/𝑔 + 𝜆 ∙ 𝑀𝑆𝑗),         𝑖𝑓 𝑗 ≠ 𝑘

 

 



cj = wj·γ + ωj

𝑝𝑗 = (−𝐷𝑀𝑆𝑓,𝑝𝑓
−1 ∙ 𝑀𝑆𝑗⏟        
𝑚𝑎𝑟𝑘−𝑢𝑝

)+ 𝑤𝑗 ∙ 𝛾 + 𝜔𝑗⏟      
𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑐𝑜𝑠𝑡

𝜔𝑗

𝜔𝑗

𝑀𝑆𝑗

 



o 

o 





o 

o 





 

 

𝑙𝑛𝑀𝑆𝑗 − 𝑙𝑛𝑀𝑆0 = 𝑥𝑗𝛽 − 𝛼𝑝𝑗 + (1 − 𝜆) ∙ 𝑙𝑛𝑀𝑆𝑗/𝑔 + 𝜉𝑗

𝑙𝑛𝑀𝑆𝑗 − 𝑙𝑛𝑀𝑆0 = 𝑥𝑗𝛽 − 𝛼𝑝𝑗 + 𝜉𝑗

𝑝𝑗 = −𝐷𝑀𝑆𝑓,𝑝𝑓
−1 ∙ 𝑀𝑆𝑗 +𝑤𝑗 ∙ 𝛾 + 𝜔𝑗

o 

o 𝐷𝑀𝑆𝑓,𝑝𝑓



o 

 

 

𝐸[𝜀|𝛸𝑗] ≠ 0



𝜔𝑗

𝜔𝑗 𝑀𝑆𝑗

 





 

 

 

 

 

 



 



 

 

 

 

 

 

 

 

 𝑢 = [
𝜉
𝜔
]

 𝑧 = [
𝑧1 0
0 𝑧2

]

 𝜃 = [𝜃𝑑 𝛾]

𝑚𝑑 = 𝛦[𝑧1𝜉] = 0



𝑚𝑠 = 𝛦[𝑧2𝜔] = 0

𝑚(𝜃�̂� , �̂�) = [
𝑚𝑑
𝑚𝑠
] = 𝐸 [

𝑧1′𝜉

𝑧2′𝜔
] = 0

𝜃𝑑 �̂�

𝐽(𝜃𝑑 , �̂�) = 𝑚(𝜃𝑑 , �̂�)
′
𝑊𝑜𝑝𝑡𝑚(𝜃𝑑 , �̂�)

= 𝑢′𝑧𝑊𝑜𝑝𝑡𝑧′𝑢

min
�̂�𝑑
̂,�̂�

[𝑚(𝜃𝑑, �̂�)
′

⏟      
1×𝑘

𝑊𝑜𝑝𝑡⏟
𝑘×𝑘

𝑚(𝜃𝑑 , �̂�)⏟      
𝑘×1

]

𝜃𝑑,1𝑠𝑡𝑒𝑝  �̂�1𝑠𝑡𝑒𝑝

𝜃𝑑,2𝑠𝑡𝑒𝑝  �̂�2𝑠𝑡𝑒𝑝



 

𝑢 = [
𝜉
𝜔
] = [

𝑙𝑛𝑀𝑆𝑗 − 𝑙𝑛𝑀𝑆0 − 𝑥𝑗�̂� + �̂�𝑝𝑗 − (1 − �̂�) ∙ 𝑀𝑆𝑗/𝑔

𝑝𝑗 −𝑤𝑗 ∙ �̂� + 𝐷𝑀𝑆𝑓,𝑝𝑓
−1 ∙ 𝑀𝑆𝑗

]

𝐷𝑀𝑆𝑓,𝑝𝑓

 

𝜃𝑑,2𝑠𝑡𝑒𝑝  �̂�2𝑠𝑡𝑒𝑝

𝜃𝑑,1𝑠𝑡𝑒𝑝  �̂�1𝑠𝑡𝑒𝑝

𝑊 = (𝑧′𝑧)−1

𝑊𝑜𝑝𝑡 = 𝑆
−1 = (𝑧′�̂�𝑧)

−1

𝜃𝑑,2𝑠𝑡𝑒𝑝  �̂�2𝑠𝑡𝑒𝑝

𝑊 = (𝑧′𝑧)−1

𝜃𝑑,1𝑠𝑡𝑒𝑝  �̂�1𝑠𝑡𝑒𝑝

�̂� = [𝜉
�̂�
]



�̂� = [𝜉
�̂�
]

�̂�

�̂� = 𝑑𝑖𝑎𝑔(�̂�1
2, … , �̂�𝑗

2, … �̂�2𝑛
2 )

𝑊𝑜𝑝𝑡 = (𝑧′�̂�𝑧)
−1

𝜃2𝑠𝑡𝑒𝑝 = [�̂�𝑑,2𝑠𝑡𝑒𝑝, �̂�2𝑠𝑡𝑒𝑝]

𝑉(𝜃2𝑠𝑡𝑒𝑝) = {𝑋′𝑧(𝑧′�̂�𝑧)
−1
𝑧′𝑋}

−1

𝑆𝐸 =

√𝑑𝑖𝑎𝑔 (𝑉�̂�2𝑠𝑡𝑒𝑝) 𝑡𝜃𝑖 = 𝜃𝑖 𝑆𝐸𝜃𝑖⁄

 

 





 

𝑐𝑗,𝑝𝑜𝑠𝑡 = 𝑐𝑗,𝑝𝑟𝑒 + 𝐹 ∙∑
𝐸𝑠,𝑗

𝐿𝐹𝑠,𝑗 ∙ 𝑆𝐸𝐴𝑇𝑠,𝑗
, 𝑤ℎ𝑒𝑟𝑒 𝑆 = {2,3,4} , 𝑗 ∈ 𝐽

𝑆

𝑠=2

∙
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CO2 Allowance EU ETS

EU ETS (average annual price)

California

California (average annual price)

Chicago

RGGI

Shanghai ETS

Price ($/tn)

$32.7 (2008)

$18.3 (2009)
$19.0 (2010)

$18.0 (2011)

$9.4 (2012)

$5.9 (2013)

$8.5 (2015)

$13.6 (2013) $12.0 (2014)

$12.8 (2015)

http://www.usforex.com/forex-tools/historical-rate-tools/historical-exchange-rates
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𝑃𝑇𝑅 [%] =
𝛥𝑝

𝐶𝑂2𝑐𝑜𝑠𝑡
∙ 100





 

 







 











http://www.rita.dot.gov/bts/sites/rita.dot.gov.bts/files/publications/national_transportation_statistics/html/table_01_40.html
http://www.rita.dot.gov/bts/sites/rita.dot.gov.bts/files/publications/national_transportation_statistics/html/table_01_40.html
http://www.rita.dot.gov/bts/acts/customized/table?adfy=2012&adfm=1&adty=2012&adtm=12&aos=1&artd=1&arti&arts&asts=1&astns&astt&ascc&ascp=1
http://www.rita.dot.gov/bts/acts/customized/table?adfy=2012&adfm=1&adty=2012&adtm=12&aos=1&artd=1&arti&arts&asts=1&astns&astt&ascc&ascp=1
http://calcarbondash.org/
http://www.koeln-bonn-airport.de/uploads/tx_download/Entgeltordnung_Englisch_01072016.pdf
http://www.koeln-bonn-airport.de/uploads/tx_download/Entgeltordnung_Englisch_01072016.pdf


https://www.dus.com/~/media/fdg/dus_com/businesspartner/aviation/entgelte/tariff_regulations_2015_02-02-2015.pdf
https://www.dus.com/~/media/fdg/dus_com/businesspartner/aviation/entgelte/tariff_regulations_2015_02-02-2015.pdf


https://www.faa.gov/news/updates/?newsId=85309
https://www.bazl.admin.ch/bazl/en/home/specialists/aircraft/emissions-landing-charges.html
https://www.bazl.admin.ch/bazl/en/home/specialists/aircraft/emissions-landing-charges.html
https://flightaware.com/live/findflight/
https://www.hamburg-airport.de/media/Airport_Charges_Part_I_15-01-2015.pdf
https://www.hamburg-airport.de/media/Airport_Charges_Part_I_15-01-2015.pdf


-

http://www.sciencedirect.com/science/journal/13619209
http://www.sciencedirect.com/science/journal/13619209


http://hex.net.cn/en/data.asp?cid=56&cid1=125
http://www.iata.org/pressroom/facts_figures/fact_sheets/pages/alt-fuels.aspx
http://www.iata.org/pressroom/facts_figures/fact_sheets/pages/carbon-offsets.aspx


http://www.iata.org/policy/infrastructure/slots/Documents/wsg-7.pdf
https://www.theice.com/ccx
http://www.icao.int/environmental-protection/Documents/ActionPlan/Norway_AP_En.pdf
http://www.icao.int/environmental-protection/Documents/ActionPlan/Norway_AP_En.pdf
https://icapcarbonaction.com/en/?option=com_etsmap&task=export&format=pdf&layout=list&systems%5B%5D=47
https://icapcarbonaction.com/en/?option=com_etsmap&task=export&format=pdf&layout=list&systems%5B%5D=47
https://icapcarbonaction.com/en/?option=com_etsmap&task=export&format=pdf&layout=list&systems%5B%5D=62
https://icapcarbonaction.com/en/?option=com_etsmap&task=export&format=pdf&layout=list&systems%5B%5D=62
https://www.iea.org/publications/freepublications/publication/CO2EmissionsFromFuelCombustionHighlights2015.pdf


 

2015 GHG 

 

https://www.iea.org/publications/freepublications/publication/CO2EmissionsFromFuelCombustionHighlights2015.pdf
http://www.ieta.org/ghgmarket2015
https://www.cph.dk/globalassets/om-cph/b2b/charges-regulations-cph-etd-uk.pdf
https://www.cph.dk/globalassets/om-cph/b2b/charges-regulations-cph-etd-uk.pdf


‐
‐



http://web.mit.edu/airlinedata/www/Traffic&Capacity.html
http://web.mit.edu/airlinedata/www/Expenses&Related.html
http://www.munich-airport.de/media/download/bereiche/aviation/charges2016.pdf
http://www.econ.mq.edu.au/Econ_docs/research_papers2/2002_research_papers/8-2002Olive.PDF
http://www.econ.mq.edu.au/Econ_docs/research_papers2/2002_research_papers/8-2002Olive.PDF


https://www.thepmr.org/system/files/documents/China%20Carbon%20Market%20Monitor-No%202-final%20(EN)_0.pdf
https://www.thepmr.org/system/files/documents/China%20Carbon%20Market%20Monitor-No%202-final%20(EN)_0.pdf
http://www.rggi.org/market/co2_auctions/results


http://www.sendeco2.com/es/precios-co2


.

https://www.swedavia.se/Global/Swedavia/Flygmarknad/Prislista_exceeding5700kg_150401.pdf
https://www.swedavia.se/Global/Swedavia/Flygmarknad/Prislista_exceeding5700kg_150401.pdf
http://www.census.gov/popest/data/historical/2010s/vintage_2012/metro.html


http://www.zurich-airport.com/~/media/FlughafenZH/Dokumente/Das_Unternehmen/Laerm_Politik_und_Umwelt/Luft/Emission_Charges_2010.pdf
http://www.zurich-airport.com/~/media/FlughafenZH/Dokumente/Das_Unternehmen/Laerm_Politik_und_Umwelt/Luft/Emission_Charges_2010.pdf
http://www.zurich-airport.com/~/media/FlughafenZH/Dokumente/Das_Unternehmen/Laerm_Politik_und_Umwelt/Luft/Emission_Charges_2010.pdf




𝑀𝑆𝑗 =
𝑒
𝑉𝑗/𝜆

𝐷𝑔
1−𝜆∙∑ (𝐷𝑔)

𝜆
𝑔

𝐷𝑔 = ∑ 𝑒𝑉𝑗/𝜆𝑗∈𝐽𝑔 𝑀𝑆0 =
1

∑ (𝐷𝑔)
𝜆

𝑔

𝑀𝑆𝑗/𝑔 =
𝑒
𝑉𝑗/𝜆

∑ 𝑒
𝑉𝑗/𝜆

𝑗∈𝐽𝑔

𝑀𝑆𝑗

𝑀𝑆0
=

𝑒
𝑉𝑗/𝜆

𝐷𝑔
1−𝜆∙∑ (𝐷𝑔)

𝜆
𝑔

1

∑ (𝐷𝑔)
𝜆

𝑔

=
𝑒𝑉𝑗/𝜆

𝐷𝑔
1−𝜆

𝑙𝑛𝑀𝑆𝑗 − 𝑙𝑛𝑀𝑆0 = 𝑙𝑛 (𝑒
𝑉𝑗

𝜆 ) − 𝑙𝑛(𝐷𝑔
1−𝜆)

=
𝑉𝑗

𝜆
− (1 − 𝜆) ∙ 𝑙𝑛(𝐷𝑔 )

𝑀𝑆𝑗/𝑔
𝑙𝑛𝑀𝑆𝑗/𝑔 = 𝑙𝑛 (

𝑒𝑉𝑗/𝜆

∑ 𝑒𝑉𝑗/𝜆𝑗∈𝐽𝑔

) = 𝑙𝑛(𝑒𝑉𝑗/𝜆) − 𝑙𝑛(𝐷𝑔) ⇒

𝑙𝑛(𝐷𝑔) =
𝑉𝑗
𝜆
− 𝑙𝑛𝑀𝑆𝑗/𝑔

(A. 2)
(A.3)
→  𝑙𝑛𝑀𝑆𝑗 − 𝑙𝑛𝑀𝑆0 =

𝑉𝑗
𝜆
− (1 − 𝜆) ∙ (

𝑉𝑗
𝜆
− 𝑙𝑛𝑀𝑆𝑗/𝑔)

 =
𝑉𝑗

𝜆
− (1 − 𝜆) ∙ (

𝑉𝑗

𝜆
− 𝑙𝑛𝑀𝑆𝑗/𝑔)

 =
𝑉𝑗

𝜆
−
𝑉𝑗

𝜆
+ 𝑙𝑛𝑀𝑆𝑗/𝑔 + 𝜆 ∙

𝑉𝑗

𝜆
− 𝜆 ∙ 𝑙𝑛𝑀𝑆𝑗/𝑔

𝑙𝑛𝑀𝑆𝑗 − 𝑙𝑛𝑀𝑆0 = 𝑥𝑗𝛽 − 𝛼𝑝𝑗 + (1 − 𝜆) ∙ 𝑙𝑛𝑀𝑆𝑗/𝑔 + 𝜉𝑗



𝑈𝑖𝑗 = 𝑥𝑗𝛽 − 𝛼𝑝𝑗 + 𝜉𝑗 + 𝜀𝑖𝑗

𝑥𝑗𝛽 − 𝛼𝑝𝑗 + 𝜉𝑗 = 𝑉𝑗

𝜀𝑖𝑗

𝑀𝑆𝑗

𝑀𝑆𝑗 =
𝑒
𝑉𝑗

∑ 𝑒
𝑉𝑗𝐽

𝑗=0

=
𝑒
𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗

∑ 𝑒
𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽

𝑗=0

𝑀𝑆0 =
𝑒0

∑ 𝑒𝑉𝑗𝐽
𝑗=0

=
1

∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽
𝑗=0

𝑀𝑆𝑗

𝑀𝑆0
=

𝑒
𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗

∑ 𝑒
𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽

𝑗=0

1

∑ 𝑒
𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽

𝑗=0

= 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗  

𝑙𝑛𝑀𝑆𝑗 − 𝑙𝑛𝑀𝑆0 = 𝑙𝑛(𝑒
𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗  ) = 𝑥𝑗𝛽 − 𝛼𝑝𝑗 + 𝜉𝑗

𝑙𝑛𝑀𝑆𝑗 − 𝑙𝑛𝑀𝑆0 = 𝑥𝑗𝛽 − 𝛼𝑝𝑗 + 𝜉𝑗

𝜕𝑀𝑆𝑗/𝜕𝑝𝑗 𝜕𝑀𝑆𝑘/𝜕𝑝𝑗

𝐷 =

[
 
 
 
 
 
𝜕𝑀𝑆1
𝜕𝑝1

⋯
𝜕𝑀𝑆𝐽
𝜕𝑝1

⋮ ⋱ ⋮
𝜕𝑀𝑆1
𝜕𝑝𝐽

⋯
𝜕𝑀𝑆𝐽
𝜕𝑝𝐽 ]

 
 
 
 
 

𝑀𝑆𝑗 =
𝑒
𝑉𝑗/𝜆

𝐷𝑔
1−𝜆∙∑ (𝐷𝑔)

𝜆
𝑔

𝐷𝑔 = ∑ 𝑒𝑉𝑗/𝜆𝑗∈𝐽𝑔 𝑀𝑆𝑗/𝑔 =
𝑒
𝑉𝑗/𝜆

∑ 𝑒
𝑉𝑗/𝜆

𝑗∈𝐽𝑔

𝜕𝑀𝑆𝑗

𝜕𝑝𝑗
=
(𝑒

𝑉𝑗

𝜆 )
′

∙ 𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔 − 𝑒

𝑉𝑗

𝜆 ∙ (𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔 ) ′

(𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔 )

2



(𝑒𝑉𝑗/𝜆)
′
= (𝑒(𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗)/𝜆)′ =

−𝑎

𝜆
∙ 𝑒(𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗)/𝜆 =

−𝑎

𝜆
∙ 𝑒𝑉𝑗/𝜆

(𝐷𝑔)
′
= (∑ 𝑒𝑉𝑗/𝜆

𝑗∈𝐽𝑔

  ) ′ =
−𝑎

𝜆
∙ 𝑒𝑉𝑗/𝜆

(∑ (𝐷𝑔)
𝜆

𝑔
) ′ = 𝜆 ∙ 𝐷𝑔

𝜆−1 ∙ 𝐷𝑔
′ = 𝜆 ∙ 𝐷𝑔

𝜆−1 ∙
−𝑎

𝜆
∙ 𝑒𝑉𝑗/𝜆 = −𝑎 ∙ 𝑒𝑉𝑗/𝜆 ∙ 𝐷𝑔

𝜆−1

(𝐷𝑔
1−𝜆 ∙∑ (𝐷𝑔)

𝜆

𝑔
)

′

= (𝐷𝑔
1−𝜆)

′
∙∑ (𝐷𝑔)

𝜆

𝑔
+ 𝐷𝑔

1−𝜆 ∙ (∑ (𝐷𝑔)
𝜆

𝑔
) ′

= (1 − 𝜆) ∙ 𝐷𝑔
−𝜆 ∙ (𝐷𝑔)′ ∙∑ (𝐷𝑔)

𝜆

𝑔
+ 𝐷𝑔

1−𝜆 ∙ (𝜆 ∙ 𝐷𝑔
𝜆−1 ∙ (𝐷𝑔)′)

= (1 − 𝜆) ∙ 𝐷𝑔
−𝜆 ∙

−𝑎

𝜆
∙ 𝑒𝑉𝑗/𝜆 ∙∑ (𝐷𝑔)

𝜆

𝑔
+ 𝜆 ∙

−𝑎

𝜆
∙ 𝑒𝑉𝑗/𝜆

= −𝛼 ∙ 𝑒𝑉𝑗/𝜆 ∙ (
1 − 𝜆

𝜆
∙ 𝐷𝑔

−𝜆 ∙∑ (𝐷𝑔)
𝜆

𝑔
+ 1)

(A. 7) →

−𝑎

𝜆
∙ 𝑒𝑉𝑗/𝜆 ∙ 𝐷𝑔

1−𝜆 ∙ ∑ (𝐷𝑔)
𝜆

𝑔 − 𝑒𝑉𝑗/𝜆 ∙ (−𝛼 ∙ 𝑒𝑉𝑗/𝜆 ∙ (
1−𝜆

𝜆
∙ 𝐷𝑔

−𝜆 ∙ ∑ (𝐷𝑔)
𝜆

𝑔 + 1))

(𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔 )

2

=

−𝑎

𝜆
∙ 𝑒𝑉𝑗/𝜆 ∙ 𝐷𝑔

1−𝜆 ∙ ∑ (𝐷𝑔)
𝜆

𝑔

(𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔 )

2 −
𝑒𝑉𝑗/𝜆 ∙ (−𝛼 ∙ 𝑒𝑉𝑗/𝜆 ∙ (

1−𝜆

𝜆
∙ 𝐷𝑔

−𝜆 ∙ ∑ (𝐷𝑔)
𝜆

𝑔 + 1))

(𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔 )

2

=

−𝑎

𝜆
∙ 𝑒𝑉𝑗/𝜆

𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔

−
−𝛼 ∙ 𝑒𝑉𝑗/𝜆 ∙ (𝑒𝑉𝑗/𝜆 ∙

1−𝜆

𝜆
∙ 𝐷𝑔

−𝜆 ∙ ∑ (𝐷𝑔)
𝜆

𝑔 + 𝑒𝑉𝑗/𝜆)

(𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔 )

2

=
−𝑎

𝜆
∙ 𝑀𝑆𝑗 −

−𝛼 ∙ 𝑒𝑉𝑗/𝜆

𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔

∙ (
𝑒𝑉𝑗/𝜆 ∙

1−𝜆

𝜆
∙ 𝐷𝑔

−𝜆 ∙ ∑ (𝐷𝑔)
𝜆

𝑔

𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔

+
𝑒𝑉𝑗/𝜆

𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔

)

=
−𝑎

𝜆
∙ 𝑀𝑆𝑗 + 𝑎 ∙ 𝑀𝑆𝑗 ∙ (

(1 − 𝜆) ∙ 𝑒𝑉𝑗/𝜆

𝜆 ∙ 𝐷𝑔
+𝑀𝑆𝑗)

=
−𝑎

𝜆
∙ 𝑀𝑆𝑗 + 𝑎 ∙ 𝑀𝑆𝑗 ∙ (

1 − 𝜆

𝜆
∙ 𝑀𝑆𝑗/𝑔 +𝑀𝑆𝑗) ⇒

𝜕𝑀𝑆𝑗

𝜕𝑝𝑗
=
−𝑎

𝜆
∙ 𝑀𝑆𝑗 ∙ (1 − (1 − 𝜆) ∙ 𝑀𝑆𝑗/𝑔 − 𝜆𝑀𝑆𝑗)



𝜕𝑀𝑆𝑘/𝜕𝑝𝑗

𝜕𝑀𝑆𝑘
𝜕𝑝𝑗

=

𝜕

𝜕𝑝𝑗
(𝑒𝑉𝑘/𝜆) ∙ 𝐷𝑔

1−𝜆 ∙ ∑ (𝐷𝑔)
𝜆

𝑔 − 𝑒𝑉𝑘/𝜆 ∙
𝜕

𝜕𝑝𝑗
(𝐷𝑔

1−𝜆 ∙ ∑ (𝐷𝑔)
𝜆

𝑔 )

(𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔 )

2

𝜕(𝑒𝑉𝑘/𝜆)

𝜕𝑝𝑗
= 0

𝜕𝑀𝑆𝑘
𝜕𝑝𝑗

=
−𝑒𝑉𝑘/𝜆 ∙ (−𝛼 ∙ 𝑒𝑉𝑗/𝜆 ∙ (

1−𝜆

𝜆
∙ 𝐷𝑔

−𝜆 ∙ ∑ (𝐷𝑔)
𝜆

𝑔 + 1))

(𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔 )

2

=
−𝑒𝑉𝑘/𝜆

𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔

∙ (
−𝛼 ∙ 𝑒𝑉𝑗/𝜆 ∙

1−𝜆

𝜆
∙ 𝐷𝑔

−𝜆 ∙ ∑ (𝐷𝑔)
𝜆

𝑔

𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔

+
−𝛼 ∙ 𝑒𝑉𝑗/𝜆

𝐷𝑔
1−𝜆 ∙ ∑ (𝐷𝑔)

𝜆
𝑔

)

= −𝑀𝑆𝑘 ∙ (
−𝛼 ∙ (1 − 𝜆)

𝜆
∙
𝑒𝑉𝑗/𝜆

𝐷𝑔
− 𝛼 ∙ 𝑀𝑆𝑗)

= −𝑀𝑆𝑘 ∙ (
−𝛼 ∙ (1 − 𝜆)

𝜆
∙ 𝑀𝑆𝑗/𝑔 − 𝛼 ∙ 𝑀𝑆𝑗) ⇒

𝜕𝑀𝑆𝑘
𝜕𝑝𝑗

=
𝑎

𝜆
∙ 𝑀𝑆𝑘 ∙ ((1 − 𝜆) ∙ 𝑀𝑆𝑗/𝑔 + 𝜆 ∙ 𝑀𝑆𝑗)

𝐷 = {

−𝑎

𝜆
∙ 𝑀𝑆𝑗 ∙ (1 − (1 − 𝜆) ∙ 𝑀𝑆𝑗/𝑔 − 𝜆𝑀𝑆𝑗) ,   𝑖𝑓 𝑗 = 𝑘

𝑎

𝜆
∙ 𝑀𝑆𝑘 ∙ ((1 − 𝜆) ∙ 𝑀𝑆𝑗/𝑔 + 𝜆 ∙ 𝑀𝑆𝑗),         𝑖𝑓 𝑗 ≠ 𝑘

≠

𝜂𝑗,𝑝 = {

𝑎

𝜆
∙ 𝑝𝑗 ∙ (1 − (1 − 𝜆)𝑀𝑆𝑗/𝑔 − 𝜆𝑀𝑆𝑗) ,   𝑖𝑓 𝑗 = 𝑘

𝑎

𝜆
∙ 𝑝𝑗 ∙ ((1 − 𝜆) ∙ 𝑀𝑆𝑗/𝑔 + 𝜆 ∙ 𝑀𝑆𝑘),     𝑖𝑓 𝑗 ≠ 𝑘

𝑀𝑆𝑗 =
𝑒
𝑉𝑗

∑ 𝑒
𝑉𝑗𝐽

𝑗=0

=
𝑒
𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗

∑ 𝑒
𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽

𝑗=0

𝜕𝑀𝑆𝑗/𝜕𝑝𝑗

𝜕𝑀𝑆𝑗

𝜕𝑝𝑗
=
(𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗)

′
∙ ∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽

𝑗=0 − 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗 ∙ (∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽
𝑗=0 )′

(∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽
𝑗=0 )

2

(𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗)
′
= −𝑎 ∙ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗



(∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗
𝐽
𝑗=0 )

′
= −𝑎 ∙ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗

𝜕𝑀𝑆𝑗

𝜕𝑝𝑗
=
−𝑎 ∙ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗 ∙ ∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗

𝐽
𝑗=0

(∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗
𝐽
𝑗=0 )

2 +
𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗 ∙ 𝑎 ∙ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗

(∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗
𝐽
𝑗=0 )

2

=
−𝑎 ∙ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗

∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗
𝐽
𝑗=0

+ 𝑎 ∙
𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗

∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗
𝐽
𝑗=0

∙
𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗

∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗
𝐽
𝑗=0

= −𝑎 ∙ 𝑀𝑆𝑗 + 𝑎 ∙ 𝑀𝑆𝑗 ∙ 𝑀𝑆𝑗 ⇒

𝜕𝑀𝑆𝑗

𝜕𝑝𝑗
= −𝑎 ∙ 𝑀𝑆𝑗 ∙ (1 − 𝑀𝑆𝑗)

𝜕𝑀𝑆𝑘/𝜕𝑝𝑗

𝑀𝑆𝑘 =
𝑒𝑥𝑘𝛽−𝛼𝑝𝑘+𝜉𝑘

∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽
𝑗=0

𝜕𝑀𝑆𝑘
𝜕𝑝𝑗

=
(𝑒𝑥𝑘𝛽−𝛼𝑝𝑘+𝜉𝑗)

′
∙ ∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽

𝑗=0 − 𝑒𝑥𝑘𝛽−𝛼𝑝𝑘+𝜉𝑘 ∙ (∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽
𝑗=0 )′

(∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽
𝑗=0 )

2

=
0 ∙ ∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽

𝑗=0 − 𝑒𝑥𝑘𝛽−𝛼𝑝𝑘+𝜉𝑘 ∙ (−𝑎 ∙ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗)

(∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽
𝑗=0 )

2

= 𝑎 ∙
𝑒𝑥𝑘𝛽−𝛼𝑝𝑘+𝜉𝑘

∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽
𝑗=0

∙
𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗

∑ 𝑒𝑥𝑗𝛽−𝛼𝑝𝑗+𝜉𝑗𝐽
𝑗=0

⇒

𝜕𝑀𝑆𝑘
𝜕𝑝𝑗

= 𝑎 ∙ 𝑀𝑆𝑘 ∙ 𝑀𝑆𝑗

𝐷 = {
−𝑎 ∙ 𝑀𝑆𝑗 ∙ (1 −𝑀𝑆𝑗) , 𝑖𝑓 𝑗 = 𝑘

𝑎 ∙ 𝑀𝑆𝑘 ∙ 𝑀𝑆𝑗 ,       𝑖𝑓 𝑗 ≠ 𝑘

≠

𝜂𝑗,𝑝 = {
−𝑎 ∙ 𝑝𝑗 ∙ (1 − 𝑀𝑆𝑗) ,   𝑖𝑓 𝑗 = 𝑘

𝑎 ∙ 𝑝𝑗 ∙ 𝑀𝑆𝑗 ,     𝑖𝑓 𝑗 ≠ 𝑘
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