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EuqaristÐec

Ja  jela na euqarist sw ton epiblèponta kajhght  thc diplw-
matik c mou ergasÐac k. Drìso GkintÐdh, gia thn kajod ghsh kai
thn polÔtimh sumbol  tou se k�je f�sh thc dhmiourgÐac thc. Ja
prèpei par�llhla na euqarist sw ta mèlh thc epitrop c thn ka-
jhg tria ka. Kuriak  Kuri�kh, kai ton kajhght  k. Ant¸nio
Qaralampìpoulo, gia tic upodeÐxeic kai parathr seic touc sthn
ekpìnhsh thc ergasÐac. EpÐshc ja  jela na euqarist sw ìlouc
touc anjr¸pouc pou st�jhkan dÐpla mou se ìlh th di�rkeia twn
metaptuqiak¸n mou spoud¸n. Tèloc ja  jela na ekfr�sw thn
eugnwmosÔnh mou sthn oikogèneia mou, pou ìla aut� ta qrìnia
mou sumparastèkontai hjik� kai oikonomik� kai diamorf¸noun to
kat�llhlo perib�llon mèsa sto opoÐo mpor¸ na ergast¸ kai na
epekteÐnw tic gn¸seic mou.
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PerÐlhyh

Stìqoc aut c thc ergasÐac eÐnai h prosèggish twn oloklhrwtik¸n telest¸n
1oυ eÐdouc me di�forec mejìdouc ìpwc thc mejìdou omalopoÐhshc Tikhonov
kai h upologistik  epÐlush problhm�twn thc JewrÐac DunamikoÔ.

Sto pr¸to kef�laio, melet�me ta probl mata Dirichlet kai Neumann gia tic
oloklhrwtikèc exis¸seic. Sth sunèqeia anaptÔssoume th JewrÐa DunamikoÔ
gia tic oloklhrwtikèc exis¸seic 1oυ kai 2oυ eÐdouc.

Sto deÔtero kef�laio, epikentrwnìmaste stic oloklhrwtikèc exis¸seic thc
morf c Aϕ = f . Melet�me th sÔgklish twn telest¸n aut¸n mèsw k�poiwn
jewrhm�twn ìpwc thc Arq c Omoiìmorfou Fr�gmatoc. Sto tèloc tou kefa-
laÐou exet�zoume me th sÔgklish sumpag¸n telest¸n.

Sto trÐto kef�laio, melet�me ta eÐdh twn mejìdwn parembol c gia ekfuli-
smènouc telestèc. Sth sunèqeia melet�me thn prosèggish qrhsimopoi¸ntac
th mèjodo Nÿstrom.

Sto tètarto kef�laio, arqik� orÐzoume touc sumpageÐc autosuzugeÐc tele-
stèc. EpÐshc, orÐzoume th mèjodo Tikhonov kai omalopoioÔme asjen  pro-
bl mata qrhsimopoi¸ntac thn mèjodo aut .

Sto pèmpto kef�laio, diatup¸noume thn lÔsh tou probl matoc Dirichlet me
th mèjodo anapar�stashc thc lÔshc me dunamikì diploÔ str¸matoc. EpÐshc
proseggÐzoume th lÔsh thc oloklhrwtik c exÐswshc 1oυ eÐdouc qrhsimopoi-
¸ntac th mejìdou Tikhonov gia na parathr soume thn t�xh tou sf�lmatoc.

Tèloc, sto èkto kef�laio melet�me arijmhtik�, probl mata Dirichlet gia a-
steroeid  qwrÐa qrhsimopoi¸ntac thn mèjodo omalopoÐhshc Tikhonov kai thn
mèjodo Nÿstrom.
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Abstract

The aim of this work is to approximate first kind integral operators by various

methods such as the Tikhonov regularization method and the computational

solution problems of the Potential Theory.

In the first chapter, we study the Dirichlet and Neumann problems for i-

ntegral equations. We also develop the Potential Theory which we will use

to study the integral equations first and second kind.

In the second chapter, we focus on the integral equations of Aϕ = f . We

study the convergence of these operators through some theorems such as the

Uniform Boundedness Theory. In the end of this chapter, we examine the

convergence of compact operators.

In the third chapter, we study the types of interpolation methods for de-

generate operators. Then we examine approximation using Nÿstrommethod.

In the fourth chapter, we present compact, self-adjoint operators. Also, we

define the Tikhonov method and we regularize ill-posed problems using this

method.

In chapter five, we formulate the solution of the Dirichlet problem with the

method of representing the solution as a double layer potential. We also

approximate the solution of the corresponding first kind integral equation,

using Tikhonov method and investigate the order of the error.

Finally, in the sixth chapter, we investigate numerically examples of Dirichlet

problems for specific star-shaped domains using the Tikhonov regularization

and the Nÿstrom method.
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Kef�laio 1

JewrÐa DunamikoÔ

1.1 Eisagwg 

Orismìc 1.1Mia duo forèc suneq c kai diaforÐsimh pragmatik 
sun�rthsh u, orismènh sto pedÐo orismoÔ D ⊂ Rm, m = 2, 3
onom�zetai armonik  an ikanopoieÐ thn exÐswsh Laplace

∆u = 0 ston D

ìpou

∆u =
n∑
i=1

∂2u

∂xj2

Je¸rhma 1.2 H sun�rthsh

Φ(x, y) =


1

2π ln 1
|x−y| , m = 2

1
4π

1
|x−y| , m = 3

onom�zetai jemeli¸dh lÔsh thc exÐswshc Laplace. Gia fi-
xarismèno y ∈ Rm eÐnai armonik  ston Rm�{y}. Gia n ∈ N, me
Cn(D) orÐzoume ton grammikì q¸ro twn pragmatik¸n sunart se-
wn, oi opoÐec orÐzontai ston q¸ro D, pou eÐnai n forèc suneq¸c
diaforÐsimoc.
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Me Cn(D̄) orÐzoume ton upìqwro twn sunart sewn tou Cn(D)
ìpou oi par�gwgoi mèqri bajmoÔ n mporoÔn na epektajoÔn suneq¸c
apì ton D ston D̄.

'Ena apì ta basik� ergaleÐa pou meletoÔntai stic armonikèc su-
nart seic eÐnai ta oloklhrwtik� jewr mata tou Green.

Je¸rhma 1.3 (Je¸rhma Green)
'Estw D èna fragmèno qwrÐo kl�shc C1 kai me ν orÐzoume to mo-
nadiaÐo k�jeto di�nusma sto sÔnoro ∂D to opoÐo kateujÔnetai
exwterik� tou D. Tìte, gia u ∈ C1(D̄) kai υ ∈ C2(D̄) èqoume to
pr¸to je¸rhma tou Green

∫
D

{u∆υ + gradu · gradυ}dx =

∫
∂D

u
∂υ

∂ν
ds (1.1.1)

kai gia u, υ ∈ C2(D̄) èqoume to deÔtero je¸rhma Green

∫
D

(u∆υ − υ∆u)dx =

∫
∂D

(u
∂υ

∂ν
− υ∂u

∂ν
)ds (1.1.2)

Apìdeixh Efarmìzoume ton parak�tw tÔpo∫
D

divAdx =

∫
∂D

ν · Ads

sto dianusmatikì pedÐo A ∈ C1(D̄) orismèno apì A := ugradv kai
qrhsimopoi¸ntac ton tÔpo

div(u · gradv) = gradu · gradv + udivgradv

gia na apodeÐxoume thn (1.1.1). Gia na deÐxw thn sqèsh (1.1.2)
antikajist¸ ìpou u me v.
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Pìrisma 1.4 'Estw u ∈ C2(D̄) armonik  ston D. Tìte

∫
∂D

∂v

∂ν
= 0 (1.1.3)

Apìdeixh
B�zw sth sqèsh (1.1.1), u = 1 kai prokÔptei to parap�nw pìrisma.

Je¸rhma 1.5(TÔpoc Green)
'Estw D èna sÔnolo ìpwc orÐzetai sto je¸rhma (1.3) kai upo-
jètoume ìti u ∈ C2(D̄) eÐnai armonik  ston D. Tìte

u(x) =

∫
∂D

∂u

∂ν
Φ(x, y)− u(y)

∂Φ(x, y)

∂ν(y)
ds(y), x ∈ D (1.1.4)

Apìdeix 
Gia x ∈ D epilègoume mia sfaÐra Ω(x, r) := {y ∈ Rn : |y − x| = r}
aktÐnac r tètoia ¸ste Ω(x, r) ⊂ D . Me ν sumbolÐzoume to mona-
diaÐo di�nusma pou kateujÔnetai exwterik� thc sfaÐrac. Sth su-
nèqeia efarmìzoume to deÔtero je¸rhma Green (1.1.2) gia tic ar-
monikèc sunart seic u kai Φ(x, ·) sto qwrÐo {y ∈ D : |y − x| > r}
kai èqw

∫
∂D∪Ω(x,r

{u(y)
∂Φ(x, y)

∂ν(y)
− ∂u(y)

∂ν(y)
Φ(x, y)}∂s(y) = 0

'Ara ston Ω(x, r) èqoume

gradyΦ(x, y) =
ν(y)

ωm · rm−1
(1.1.5)

ìpou ω2 = 2π, ω3 = 3π.
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Qrhsimopoi¸ntac to Je¸rhma Mèshc Tim c kai thn sqèsh (1.1.3)
prokÔptei ìti

limr→0

∫
Ω(x,r)

{u(y)
∂Φ(x, y)

∂ν(y)
− ∂u

∂ν(y)
Φ(x, y)}∂s(y) = u(x)

'Ara prokÔptei h (1.1.4).

Je¸rhma 1.6 Oi armonikèc sunart seic eÐnai analutikèc.

Apìdeixh AfoÔ h u eÐnai armonik  apì to je¸rhma (1.5) h u
gr�fetai sth morf 

u(x) =

∫
∂D

{∂u(y)

∂ν(y)
Φ(x, y)− u(y)

∂Φ(x, y)

∂ν(y)
}∂s(y), x ∈ D

Ja qrhsimopoi soume to gegonìc ìti k�je olìmorfh sun�rthsh mi-
gadik¸n metablht¸n(dhlad  mia sun�rthsh pou ikanopoieÐ th sun-
j kh Cauchy − Riemann me b�sh k�je migadik  metablht  eÐnai
analutik ). Sunep¸c èqei mia topik  dunamoseir�. ParathroÔme
ìti h Φ(x, y) eÐnai analutik  sun�rthsh kartesian¸n suntetag-
mènwn xi, i = 1, ...,m kai ìti ta stoiqeÐa mèsa sto olokl rwma
thc (1.1.4) kai ta par�gwga wc proc to x eÐnai suneq  wc proc to
y an to x perièqetai se èna sumpagèc uposÔnolo tou D. Epomènwc
oi Cauchy − Riemann exis¸seic gia to u mporoÔn na epalhjeu-
toÔn paragwgÐzontac wc proc x.

Je¸rhma Mèshc Tim c
'Estw u mia armonik  sun�rthsh se mia anoiqt  mp�la B(x, r) =
{y ∈ Rm : |y − x| < r} me sÔnoro Ω(x, r) kai suneq c sto kleistì
B[x, r]. Tìte

u(x) =
m

ωmrm

∫
B[x,r]

u(y)∂y =
1

ωmrm−1

∫
Ω(x,r)

u(y)∂s(y) (1.1.6)
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dhlad  h tim  tou u sto kèntro thc mp�lac isoÔtai me thn oloklh-
r¸simh mèsh tim  sth mp�la kai sth fragmènh tou epif�neia(ω2 =
2π, ω3 = 4π).

Apìdeixh Gia k�je 0 < ρ < r èqoume u ∈ C2(B[x, ρ]) kai
qrhsimopoi¸ntac tic sqèseic (1.1.3) kai (1.1.4) èqoume :

u(x) =
1

ωmρm−1

∫
|y−x|=ρ

u(y)∂s(y) (1.1.7)

ìpou to deÔtero skèloc thc (1.1.6) prokÔptei b�zontac sthn sqèsh
(1.1.7) ìrio me ρ→ r. Pollaplasi�zontac thn (1.1.7) me ρm−1 kai
oloklhr¸nontac wc proc ρ me ìria 0 kai r prokÔptei to pr¸to
skèloc thc (1.1.6).

Je¸rhma 1.7 (Arq  megÐstou-elaqÐstou)Mia armonik 
sun�rthsh se èna pedÐo orismoÔ de mporeÐ na ft�sei to el�qisto  
to mègisto ektìc an eÐnai stajer .

Apìdeixh Ja apodeÐxoume thn perÐptwsh tou megÐstou. 'Estw
u mia armonik  sun�rthsh me pedÐo orismoÔ D kai jewroÔme ìti to
mègisto thc u brÐsketai stoD, dhlad DM = {x ∈ D : u(x) = M},
ìpou M := supx∈Du(x). 'Ara to sÔnolo autì den eÐnai kenì. A-
foÔ h u eÐnai suneq c, to DM eÐnai kleistì se sqèsh me to D.
'Estw x èna tuqaÐo shmeÐo tou DM kai efarmìzontac to Je¸rhma
Mèshc Tim c sthn armonik  sun�rthshM −u sthn mp�la B(x, r)
me B[x, r] ⊂ D èqoume

0 = M − u(x) =
m

ωm · rm

∫
B[x,r]

M − u(y)dy (1.1.8)

Sunep¸c u = M ston B(x, r). Sunep¸c DM eÐnai anoiqt  se
sqèsh me ton D. Epomènwc D = DM , �ra h u eÐnai stajer .

Orismìc 'Ena sÔnolo G ⊂ Rm onom�zetai Jordan metr si-
mo an h qarakthristik  sun�rthsh χG h opoÐa orÐzetai, χG = 1
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an x ∈ G kai χG(x) = 0 an x 6= G eÐnai Riemann oloklhr¸simh.

Basikì Je¸rhma 'EstwG ⊂ Rm eÐnai ènac mh kenìc sumpag c
kai Jordan metr simo sÔnolo to opoÐo sumpÐptei me thn kleistìth-
ta tou eswterikoÔ tou. 'Estw K : G × G → C eÐnai mia suneq c
sun�rthsh. Tìte o grammikìc telest c A : C(G)→ C(G) orÐze-
tai apì ton tÔpo

(Aϕ)(x) :=

∫
G

K(x, y)ϕ(y)dy, x ∈ G

O telest c autìc onom�zetai oloklhrwtikìc telest c me
suneq  pur na K.
To fr�gma tou telest  gr�fetai wc ex c:

||A||∞ = max
x∈G

∫
G

|K(x, y)|dy

1.2 Dunamikì Epif�neiac

Orismìc 1.8 Jewr¸ntac th sun�rthsh ϕ ∈ C(∂D), oi sunar-
t seic

u(x) =

∫
∂D

ϕ(y)Φ(x, y)ds(y), x ∈ Rm�∂D (1.2.1)

kai

v(x) =

∫
∂D

ϕ(y)
∂Φ(x, y)

∂ν(y)
ds(y), x ∈ Rm�∂D (1.2.2)

onom�zontai, antÐstoiqa aplì h diplì dunamikì me sun�rth-
sh b�rouc ϕ.

Gia fixarismèno y ∈ Rm h jemeli¸dhc lÔsh u = Φ(·, y) upodh-
l¸nei to dunamikì se èna shmeiakì monadiaÐo shmeÐo pou brÐsketai
sto shmeÐo y dhlad , gradxΦ(x, y) dÐnei to dunamikì pedÐo se autì
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to shmeÐo dr¸ntac sto shmeÐo x.

Gia h > 0, qrhsimopoi¸ntac to je¸rhma mèshc tim c èqoume

Φ(x, y + hν(y))− Φ(x, y − hν(y)) = 2hν(y) · gradΦ(x, y + θhν(y))

gia θ = θ(y) ∈ [−1.1]

Je¸rhma 1.9 'Estw ∂D t�xhc C2 kai ϕ ∈ C(∂D) tìte to
aplì dunamikì me sun�rthsh b�roc ϕ eÐnai suneq c ston Rm. Sto
sÔnoro èqoume

u(x) =

∫
∂D

ϕ(y)Φ(x, y)ds(y), x ∈ ∂D (1.2.3)

L mma 1.10 'Estw ∂D eÐnai t�xhc C2. Tìte up�rqei mia jetik 
stajer� L tètoia ¸ste

|ν(x) · {x− y}| 6 L|x− y|2 (1.2.4)

kai

ν(x)− ν(y)| 6 L|x− y| (1.2.5)

gia k�je x, y ∈ ∂D

Je¸rhma 1.11 Gia ∂D t�xhc C2 to diplì dunamikì v me su-
neq c sun�rthsh b�rouc ϕ epekteÐnetai suneq¸c apì to sÔnolo D
sto D̄ kai apì ton Rm�D̄ ston Rm�D me ìria

v± =

∫
∂D

ϕ(y)
∂Φ(x, y)

∂ν(y)
ds(y)± 1

2
ϕ(x), x ∈ ∂D (1.2.6)

ìpou

v ± (x) := lim
h→+0

v(x± hν(x))
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kai to olokl rwma autì eÐnai genikeumèno.

Sth sunèqeia orÐzoume dÔo oloklhrwtikoÔc telestèc:

K,K ′ : C(∂D)→ C(∂D) pou èqoun thn parak�tw morf :

(Kϕ)(x) := 2

∫
∂D

ϕ(y)
∂Φ(x, y)

∂ν(y)
ds(y), x ∈ ∂D (1.2.7)

kai

(K ′ψ)(x) := 2

∫
∂D

ψ(y)
Φ(x, y)

ν(y)
ds(y) x ∈ ∂D (1.2.8)

Eswterikì Prìblhma Dirichlet
BrÐskoume mia armonik  sun�rthsh u sto D h opoÐa eÐnai suneq c
sto D̄ kai ikanopoieÐ th sunj kh

u = f στo ∂D,

ìpou f mia suneq c sun�rthsh.

Eswterikì Prìblhma Neumann
BrÐskw mia sun�rthsh u h opoÐa eÐnai armonik  sto D kai suneq c
sto D̄ kai ikanopoieÐ th sunoriak  sunj kh

∂u

∂ν
= g στo ∂D

dhlad 

lim
h→+0

v(x) · gradu(x− h(ν(x)) = g(x), x ∈ ∂D

ìpou g eÐnai mia suneq c sun�rthsh.
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Exwterikì Prìblhma Dirichlet
BrÐskw mia sun�rthsh u h opoÐa eÐnai armonik  sto Rm�D̄ kai
suneq c sto Rm�D kai ikanopoieÐ th sunoriak  sunj kh:

u = f στo ∂D,

ìpou f mia suneq c sun�rthsh. An |x| → ∞ tìte prèpei

u(x) = O(1), m = 2 u(x) = o(1), m = 2

Exwterikì Prìblhma Neumann
BrÐskw mia sun�rthsh u h opoÐa eÐnai armonik  sto Rm�D̄ kai
suneq c sto R�D kai ikanopoieÐ th sunoriak  sunj kh

∂u

∂ν
= g στo ∂D

me thn ènnoia thc omoiìmorfhc sÔgklishc sto ∂D, me g mia suneq c
sun�rthsh. An |x| → ∞ tìte prèpei u(x) = o(1) omoiìmorfa gia
ìlec tic kateujÔnseic.
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Kef�laio 2

Prosèggish Oloklhrwtik¸n
Telest¸n

2.1 Prosèggish mèsw nìrmac

Se autì to kef�laio ja asqolhjoÔme me to prìblhma thc morf c:

Aϕ = f

Je¸rhma 2.1 An o A èqei fragmèno antÐstrofo A−1 me A−1 :
Y → X, ìpou X,Υ q¸roi Banach tìte up�rqei n0 ∈ N tètoio
¸ste ||A−1(An − A)|| ≤ 1, ∀n ≥ n0. EpÐshc jewroÔme ìti h a-
koloujÐa An : X → Y fragmènwn, grammik¸n telest¸n sugklÐnei
wc proc th nìrma,dhlad  ||An − A|| → 0, n→∞.

Tìte:
a) Oi A−1

n : Y → X up�rqoun ∀n ≥ n0 kai eÐnai fragmènoi omoi-
ìmorfa:

||A−1
n || ≤

1

1− ||A−1(An − A)
||A−1|| (2.1.1)

b)

||ϕn − ϕ|| ≤
||A−1|| · {||(An − A)ϕ||+ ||fn − f ||}

1− ||A−1(An − A)||
(2.1.2)
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Apìdeixh An ||A−1(An−A)|| < 1 tìte apì th seir� Neumann
up�rqei antÐstrofoc [I−A−1(A−An)]

−1 tou I−A−1(A−An) =
A−1An kai fr�ssetai apì:

||(I − A−1(A− An))
−1|| ≤ 1

1− ||A−1(An − A)||
EpÐshc parathroÔme ìti

An[(I − A−1(A− An))
−1A−1] = An[A(I − A−1(A− An)]

−1

= An[A− AA−1(A− An)]
−1 = An(A+ An − A)−1 = I.

Sunep¸c isqÔei h anisìthta tou erwt matoc a) kai èqoume omoi-
ìmorfh sÔgklish.

b) 'Estw Aϕ = f kai Anϕn = fn. Tìte:

An(ϕn − ϕ) = (Anϕn − Aϕ) + (Aϕ− Anϕ)⇒

ϕn − ϕ = A−1
n [(Anϕn − Aϕ) + (Aϕ− Anϕ)]⇒

||ϕn − ϕ|| ≤ ||A−1
n ||[(||fn − f ||) + ||(A− An · ϕ||)]

kai qrhsimopoi¸ntac to er¸thma a) èqoume

||ϕn − ϕ|| ≤
||A−1||

1− ||A−1(An − A)||
{||(An − A)ϕ||+ ||fn − f ||}

Je¸rhma 2.2
'Estw ìti up�rqei k�poio n0 ∈ N tètoio ¸ste gia k�je n ≥ n0 o
antÐstrofoc telest c A−1

n : Y → X up�rqei kai eÐnai omoiìmorfa
fragmènoc. Tìte o A−1 : X → Y up�rqei kai eÐnai fragmènoc apì:

||A−1|| ≤ 1

1− ||A−1
n (An − A)||

· ||A−1
n || (2.1.3)
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2.2 Prosèggish mèsw shmeiak c sÔgkli-

shc

Arq  Omoiìmorfou Fr�gmatoc 'Estw An : X → Y , X
q¸roc Banach Y q¸roc me nìrma kai An akoloujÐa fragmènwn,
grammik¸n telest¸n. EpÐshc h An eÐnai shmeiak� fragmènh dhlad 
gia k�je ϕ ∈ X, ∃Cϕ ≥ 0 : ||Anϕ|| ≤ Cϕ, ∀n ∈ N.
Tìte h (An)n eÐnai omoiìmorfa fragmènh dhlad  ∃c > 0 : ||An|| ≤
c, ∀n ∈ N.

Pìrisma 2.3 'Estw Q q¸roc Banach, Y q¸roc me nìrma kai
An : X → Y fragmènoc grammikìc telest c me Anϕ→ Aϕ, ∀ϕ ∈
X, A : X → Y. Tìte h sÔgklish eÐnai omoiìmorfh ∀U ⊂ X, U
sumpagèc dhlad 

sup
ϕ∈U
||Anϕ− Aϕ|| → 0, n→∞

Apìdeixh Gia ε > 0 jewroÔme thn anoiqt  sfaÐra B(ϕ, r) =
{ψ ∈ X : ||ψ − ϕ|| < r} me kèntro ϕ kai aktÐna r = ε/3C, ìpou
C to �nw fr�gma thc akoloujÐac telest  An. AfoÔ to sÔnolo
U eÐnai sumpagèc kai U ⊂ ∪ϕ∈UB(ϕ, r), to U èqei peperasmèno
upok�lumma. 'Ara isqÔei:

U ⊂ ∪mj=1B(ϕj, r)

Lìgw shmeiak c sÔgklishc thc (An) up�rqei n0(ε) tètoio ¸ste gia
n ≥ n0 kai gia j = 1, ...,m prokÔptei ìti

||Anϕj − Aϕj|| <
ε

3

Sth sunèqeia paÐrnoume tuqaÐo f to opoÐo perièqetai sth sfaÐra
B(ϕj, r). Tìte gia n ≥ n0(ε) èqoume

||Anϕ−Aϕ|| ≤ ||Anϕ−Anϕj||+ ||Anϕj −Aϕj||+ ||Aϕj −Aϕ||
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≤ ||An|| · ||ϕ− ϕj||+
ε

3
+ ||A|| · ||ϕj − ϕ|| ≤ 2Cr +

ε

3
= ε.

Epomènwc h sÔgklish eÐnai omoiìmorfh.

Orismìc 2.4 'Ena sÔnolo telest¸n A = {A : X → Y }, ìpou
A grammikìc telest c kai X, Y q¸roi me nìrma, onom�zetai sul-
logik� sumpag c(collective compact) ìtan ∀U ⊂ X,U frag-
mèno, isqÔei A(U) = {Aϕ : ϕ ∈ U, A ∈ A} eÐnai sqetik� sumpa-
gèc(to sÔnolo twn oriak¸n shmeÐwn tou sunìlou autoÔ eÐnai su-
mpagèc).

Je¸rhma 2.5 'EstwX,Z q¸roi me nìrma kai Y q¸roc Banach.
EpÐshc A = {A : X → Y } eÐnai sullogik� sumpagèc kai me Ln :
Y → Z sumbolÐzoume mia shmeiak� sugklÐnousa akoloujÐa me ìrio
L : Y → Z. Tìte

||(Ln − L)A|| → 0, n→∞

Apìdeixh Jètw U = {Aϕ : ||ϕ|| ≤ 1, A ∈ A} eÐnai sqetik� su-
mpagèc. AfoÔ h Ln sugklÐnei shmeiak� tìte ikanopoieÐ tic upo-
jèseic tou PorÐsmatoc (2.3) kai �ra èqoume omoiìmorfh sÔgklish,
dhlad  Lnψ → Lψ, ∀ψ ∈ U .

Tìte ∀ε > 0, ∃n0(ε) > 0

||(Ln − L)Aϕ|| < ε

gia k�je n ≥ N(ε) kai ϕ ∈ X me ||ϕ|| ≤ 1 kai A ∈ A.
Epomènwc

||(Ln − L)A|| ≤ ε, ∀n ≥ n0(ε), A ∈ A

Pìrisma 2.6 'Estw (An) mia akoloujÐa telest¸n me An : X →
X, X q¸roc Banach, (An) sullogik� sumpag c kai An grammikoÐ
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kai fragmènoi. An h akoloujÐa (An) sugklÐnei shmeiak� dhlad 
Anϕ→ Aϕ ∀ϕ ∈ X, tìte

||(An − A)A|| → 0, ||(An − A)An|| → 0

Je¸rhma 2.7 (Neumann) 'Estw X q¸roc Banach kai A
grammikìc kai fragmènoc telest c. An ||A|| < 1 tìte o telest c
I − A eÐnai antistrèyimoc kai isqÔei:
a)

(I − A)−1 =
∞∑
n=0

An, (A0 = I)

b)

||(I − A)−1|| ≤ 1

1− ||A||

Je¸rhma 2.8 'Estw I−A antistrèyimoc telest c kai (An) sul-
logik� sumpag c akoloujÐa. Tìte ∀n me ||(I−A)−1(An−A)An|| <
1, oi (I −An) antistrèfontai kai eÐnai omoiìmorfa fragmènoi ètsi
¸ste:
a)

||(I − An)
−1|| ≤ 1 + ||(I − A)−1(An)||

1− ||(I − A)−1(An − A)An||

b) ||ϕn − ϕ|| ≤ ||(I − A)−1|| 1

1− ||(I − A)−1(An − A)An||
·

{||(An − A)ϕ||+ ||(An − A)Anϕ||}

Apìdeixh
a)AfoÔ (I − A)−1 · (I − A) = I sunep�getai ìti: (I − A)−1 =
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I + (I − A)−1 · A.
Jètw Bn := I + (I − A)−1 · An

Tìte prokÔptei ìti: Bn(I − An) = I − (I − A)−1(An − A)An

Jètw Sn = (I − A)−1(An − A)An Tìte ||Sn|| ≤ ||(I − A)−1|| ·
||(An − A)An|| → 0(apì Pìrisma 2.6).
Sunep¸c apì to je¸rhma Neumann, ∃(I − Sn)

−1 gia to opoÐo
prokÔptei ìti:

||(I − Sn)−1|| ≤ 1

1− ||Sn||
, ∀n ≥ n0

EpÐshc gnwrÐzoume ìti ||(I − An)
−1|| ≤ ||(I − Sn)−1|| · ||Bn|| kai

k�nontac antikat�stash èqoume

||(I − An)
−1|| ≤ 1 + ||(I − A)−1(An)||

1− ||(I − A)−1(An − A)An||

b)'Eqoume ìti:

(I − A)ϕ = f ⇔ ϕ = (I − A)−1f

(I − An)ϕn = fn ⇔ ϕn = (I − An)
−1fn

Epomènwc, lamb�nontac upìyin th sqèsh:

(I − An)(ϕn − ϕ) = fn − f + (An − A)ϕ

kai to er¸thma a) apodeiknÔetai ìti:

||ϕn − ϕ|| ≤ ||(I − A)−1|| 1

1− ||(I − A)−1(An − A)An||
·

{||(An − A)ϕ||+ ||(An − A)Anϕ||}
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Kef�laio 3

Mèjodoi EpÐlushc Grammik¸n
Oloklhrwtik¸n Exis¸sewn

3.1 Ekfulismènoi Telestèc

'Estw < X,X > èna duikì sÔsthma kai èstw An : X → X ènac
fragmènoc grammikìc telest c thc morf c:

Anϕ =
n∑
j=1

< ϕ, bj > aj (3.1.1)

ìpou a1, ..., an kai b1, ..., bn eÐnai stoiqeÐa tou X, ètsi ¸ste ta
a1, ...an eÐnai grammik¸c anex�rthta.

Ja asqolhjoÔme me thn perÐptwsh ìpou o deÐkthc n tou telest 
An sumpÐptei me ton arijmì me ton arijmì twn stoiqeÐwn a1, ..., an
kai b1, ..., bn. H lÔsh thc exÐswshc deÔterou eÐdouc me ekfulismèno
pur na mei¸nei thn epilushmìthta tou grammikoÔ sust matoc pe-
perasmènhc di�stashc to opoÐo diatup¸netai sto epìmeno je¸rhma.

Je¸rhma 3.1 K�je lÔsh thc exÐswshc

ϕn −
n∑
j=1

< ϕn, bj > aj = f (3.1.2)
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èqei th morf 

ϕn = f +
n∑
i=1

γiai (3.1.3)

me touc suntelestèc γ1, γ2, ..., γn na ikanopoioÔn to grammikì sÔsth-
ma

γj −
n∑
i=1

< ai, bj > γi =< f, bj >, , j = 1, ..., n (3.1.4)

EpÐshc, gia k�je lÔsh γ1, ...γn tou grammikoÔ sust matoc (3.1.4)
up�rqei h antÐstoiqh lÔsh ϕn thc sqèshc (3.1.1) pou orÐzetai apì
thn (3.1.2).

Apìdeixh Jètoume γk :=< ϕn, bk > gia k = 1, .., n kai ϕn e-
Ðnai h lÔsh thc sqèshc (3.1.2). Xekin¸ntac apì th sqèsh (3.1.2)
kai thn epilÔoume qrhsimopoi¸ntac thn (3.1.3). Tìte èqoume:

ϕn−
n∑
j=1

< ϕn, bj > aj = f+
n∑
j=1

γjaj−
n∑
j=1

< f +
n∑
k=1

γkak, bj > aj

= f +
n∑
j=1

{γj −
n∑
k=1

< ak, bj > γk− < f, bj >}aj = f

Sunep¸c prokÔptei to zhtoÔmeno.

3.2 Mèjodoc Parembol c

Mia shmantik  mèjodoc gia na mporèsoume na broÔme proseggisti-
k  lÔsh eÐnai h mèjodoc parembol c. Sth sunèqeia ja diatup¸sou-
me èna shmantikì je¸rhma to opoÐo eÐnai basikì gia th qr sh thc
mejìdou.

Je¸rhma 3.2 'Estw Un ⊂ C(G) eÐnai ènac n-di�statoc upìqw-
roc kai èstw x1, ..., xn eÐnai n shmeÐa tou G sta opoÐa k�je su-
n�rthsh apì ton Un pou mhdenÐzetai sta xi, i = 1, ..., n mhdenÐzetai
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tautotik�. Tìte up�rqei mia monadik  sun�rthsh u ∈ Un me thn
idiìthta parembol c:

u(xi) = gi, , i = 1, ..., n

me gi = g(xi), i = 1, ..., n eÐnai mia sun�rthsh pou an kei ston
q¸ro C(G) kai dÐnontai oi timèc thc sun�rthshc aut c sta xi, i =
1, ..., n. H apeikìnish g → u orÐzei ènan fragmèno grammikì te-
lest  Pn : C(G) → Un o opoÐoc onom�zetai parembolikìc
telest c.

Apìdeixh 'Estw Un = span{u1, ..., un}. Tìte h lÔsh tou pro-
bl matoc parembol c dÐnetai apì th sqèsh

u =
n∑
i=1

γiui

me touc suntelestèc γ1, ..., γn dÐnontai apì to parak�tw grammikì
sÔsthma

n∑
k=1

γkuk(xj) = gj, j = 1, ...n

'Estw me L1, ..., Ln orÐzoume th b�sh Lagrange gia ton q¸ro Un
to opoÐo sunep�getai ìti èqoume thn idiìthta parembol c

Lk(xj) = δjk, j, k = 1, ..., n

me δjk = 1 an j = k kai δjk = 0 an j 6= k.
Sth sunèqeia parathroÔme ìti

Png =
n∑
k=1

g(xk)Lk (3.2.1)

ìpou o telest c Pn eÐnai grammikìc kai fragmènoc.
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Pìrisma 3.3
H nìrma tou parap�nw telest  orÐzetai apì th sqèsh

||Pn|| = max
x∈G

n∑
k=1

|Lk(x)| (3.2.2)

Apìdeixh Apì th sqèsh (3.2.1) èqoume

||Pn||∞ ≤ max
x∈G

n∑
k=1

|Lk(x)|

Sth sunèqeia epilègoume z ∈ G tètoio ¸ste

n∑
i=1

|Li(z)| = max
x∈G

n∑
i=1

Li(x)

kai mia sun�rthsh f ∈ C(G) me ||f ||∞ = 1 kai

n∑
k=1

f(xk)Lk(z) =
n∑
k=1

|Lk(z)|

Apì tic parap�nw sqèseic prokÔptei ìti

||Pn||∞ ≥ ||Pnf ||∞ ≥ |(Pnf)(z)| = max
x∈G

n∑
k=1

|Lk(x)|

Epomènwc èqoume thn nìrma:

||Pn|| = max
x∈G

n∑
k=1

|Lk(x)|

Par�deigma 'Estw èna di�sthma [a, b] ⊂ R me a < b. Sth
sunèqeia jewroÔme grammik� splines dhlad  tmhmatik� grammikèc
suneqeÐc sunart seic kai mia diamèrish tou diast matoc [a, b] pou
èqei th morf  xj = a+ jh, j = 0, ..., n me b ma h = (b− a)/n. Me
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Un sumbolÐzoume ton q¸ro twn suneq¸n sunart sewn sto di�sth-
ma [α, b] me ton periorismì oi sunart seic autèc na eÐnai grammikèc
sta upodiast mata [xj−1, xj], j = 1, ..., n na eÐnai grammikèc. H
Ôparxh kai h monadikìthta sta grammik� splines eÐnai profan c.
H b�sh Lagrange èqei thn ex c morf :

Lj(x) =


1
h(x− xj−1), x ∈ [xj−1, xj], j ≥ 1
1
h(xj+1 − x), x ∈ [xj, xj+1], j ≤ n− 1

0, , se k�je �llh perÐptwsh

Apì thn parap�nw morf  parathroÔme ìti ta Lj eÐnai mh arnhtik�

kai
n∑
j=0

|Lj(x)| =
n∑
j=0

Lj(x) = 1.

Tèloc sumperaÐnoume ìti ||Pn||∞ = 1 gia tmhmatik� grammik  pa-
rembol . Sthn perÐptwsh thc parembol c gia dÔo forèc suneq¸c
diaforÐsimec sunart seic g èqoume to akìloujo sf�lma:

Je¸rhma 3.4 'Estw g ∈ C2[a, b]. Tìte to sf�lma sthn tmhma-
tik� grammik  parembol  èqei thn morf :

||Png − g||∞ ≤
1

8
h2||g||′′∞ (3.2.3)

ApìdeixhParathr¸ ìti h diafor� |Png−g| sto di�sthma [xj, xj+1]
megistopoieÐtai se èna eswterikì shmeÐo x me g′(ξ) = (Png)′(ξ) =
{g(xj+1) − g(xj)}/h. Sth sunèqeia jètoume ξ − xj ≤ h/2 kai
qrhsimopoi¸ntac th seir� Taylor prokÔptei:

(Pn)(ξ)− g(ξ) = g(xj) + (Png)′(ξ)(ξ − xj)− g(ξ)

= g(xj)− g(ξ)− (xj − ξ)g′(ξ)

= 1/2(xj − ξ)2g′′(η), me n ∈ (xj, ξ).
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Sunep¸c

maxxj≤x≤xj+1
|(Png)(x)− g(x)| ≤ 1

8
h2||g”||∞

Epomènwc prokÔptei h sqèsh pou jèloume.

3.3 Parembol  se Ekfulismènouc Pur nec

Qrhsimopoi¸ntac thn oloklhrwtik  exÐswsh deÔterou eÐdouc:

ϕ(x)−
∫ b

a

K(x, y)ϕ(y)dy = f(x), a ≤ x ≤ b

kai to je¸rhma parembol c (3.2), proseggÐzoume ènan suneq  te-
lest  K me ton Kn paremb�llontac ton K wc proc x dhlad 
Kn(·, y) ∈ Un kai

Kn(xj, y) = K(xj, y), j = 1, ..., n

gia k�je y ∈ [a, b]. O telest c Kn gr�fetai sth morf :

Kn(x, y) =
n∑
j=1

Lj(x)K(xj, y).

Epomènwc, o Kn eÐnai ekfulismènoc telest c me αj = Lj kai bj =
K(xj, ·). 'Ara to sÔsthma (3.1.4) gr�fetai sth morf :

γj −
n∑
k=1

γκ

∫ b

a

K(xj, y)Lk(y)dy =

∫ b

a

K(xj, y)f(y)dy (3.3.1)

me j = 1, ..., n kai h lÔsh thc exÐswshc (3.1.4) gr�fetai

ϕn = f +
n∑
k=1

γkLk
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To sf�lma pou prokÔptei mèsw spline grammik c parembol c eÐnai:

||An − A||∞ ≤
1

8
h2(b− a)||∂

2K

∂x2
||∞ (3.3.2)

Sth sunèqeia ja antikatast soume ton K(xj, ·) me thn grammik 
spline parembol , dhlad ∫ b

a

K(xj, y)Lk(y)dy =
n∑

m=0

K(xj, xm)

∫ b

a

Lm(y)Lk(y)dy (3.3.3)

gia j, k = 0, ..., n. Me upologismoÔc prokÔptei o tridiag¸nioc
pÐnakac:

W =



2 1
1 4 1

1 4 1
· · · · · ·
· 1 4 1

1 2


me b�rh wmk =

∫ b
a Lm(y)Lk(y)dy. Sthn sqèsh (3.3.1) antika-

jistoÔme to f kai K(xj, ·) me tic spline parembolèc. 'Ara pro-
kÔptoun oi proseggÐseic:∫ b

a

K(xj, y)f(y)dy ≈
n∑

k,m=0

K(xj, xm)f(xk)

∫ b

a

wmkdy (3.3.4)

gia j = 0, ..., n. Sth sunèqeia ja melet soume thn epirro  aut¸n
twn proseggÐsewn sta sf�lmata. Ja melet soume th lÔsh tou
sust matoc (3.3.1) me proseggistikèc timèc gia touc suntelestèc
kai ϕn h proseggistik  lÔsh t c exÐswshc ϕ̃n−Ãnϕ̃n = f̃n h opoÐa
gr�fetai sth morf :

ϕ̃n(x)−
∫ b

a

K̃n(x, y)ϕ̃n(y)dy = f̄n(x), a ≤ x ≤ b
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ìpou K̃n(x, y) :=
n∑

j,m=0

K(xj, xm)Lj(x)Lm(y) kai

˜fn(x) :=
n∑

m=0

f(xm)Lm(x)

GnwrÐzontac ìti o pur nac K eÐnai dÔo forèc suneq¸c diaforÐsi-
moc, èqoume:

K(x, y)− K̃n(x, y) = K(x, y)− [Pn(K(·, y)](x)

+[Pn[K(·, y)− PnK(·, ·)(y)](x)

Apì to je¸rhma (3.4) kai th sqèsh ||Pn||∞ = 1 èqoume

|K(x, y)− K̃n(x, y)| ≤ 1

8
h2{‖∂

2K

∂x2
‖∞ + ‖∂

2K

∂y2
‖∞}

gia k�je a ≤ x, y ≤ b. Epomènwc gia ton oloklhrwtikì telest 
Ãn me pur na K̃n prokÔptei ìti ||Ãn − A||∞ = O(h2).

EpÐshc ìtan h f eÐnai dÔo forèc suneq¸c diaforÐsimh tìte ||f̃n −
f ||∞ = O(h2). Tèloc apì to Je¸rhma (2.1) prokÔptei ìti ||ϕn −
ϕ||∞ = O(h2).

Apì thn parap�nw an�lush prokÔptei to epìmeno basikì je¸rhma:

Je¸rhma 3.5 H prosèggish tou ekfulismènou pur na me isa-
pèqousa diamèrish grammik c parembol c me eÐsodo pÐnaka kai a-
ntikajist¸ntac to dexÐ mèroc tou grammikoÔ sust matoc (3.3.1) me
tic sqèseic (3.3.3) kai (3.3.4) proseggÐzei thn lÔsh thc oloklhrw-
tik c exÐswshc me bajmì O(h2) an o pur nac K kai to dexÐ mèroc
f eÐnai dÔo forèc suneq¸c diaforÐsimh.

Par�deigma JewroÔme thn oloklhrwtik  exÐswsh

ϕ(x)− 1

2

∫ 1

0

(x+ 1)e−xyϕ(y)dy = e−x − 1

2
+

1

2
e−(x+1) (3.3.5)
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me 0 ≤ x ≤ 1.

H lÔsh thc parap�nw exÐswshc ϕ(x) = e−x kai gia ton pur na
isqÔei:

max0≤x≤1

∫ 1

0 |K(x, y)|dy = sup
0<x≤1

x+ 1

2x
(1− e−x) < 1

Lamb�nontac upìyin thn parap�nw sqèsh dhlad  to mègisto tou
pur na eÐnai mikrìtero tou èna, isqÔei ìti h lÔsh thc oloklhrwti-
k c eÐnai monadik .

Sth sunèqeia ja gr�youme ènan kwdik� se Matlab o opoÐoc mac
dÐnei to sf�lma an�mesa sthn pragmatik  kai proseggistik  lÔsh
me thn mèjodo probol¸n.

Parat rhsh
Ston algìrijmo qwrÐzoume to sÔnolo se 5 shmeÐa kai elègqoume to
sf�lma pou dhmiourgeÐtai se aut� ta pènte shmeÐa. O algìrijmoc
autìc ja trèxei gia 4,8,16 kai 32 shmeÐa all� o èlegqoc tou sf�l-
matoc ja gÐnei sta shmeÐa x = 0, 0.25, 0.5, 0.75, 1 gia na doÔme pwc
sumperifèretai h proseggistik  mac lÔsh an all�zoume suneq¸c
to n.
Autì faÐnetai ston parak�tw pÐnaka:

n x = 0 x = 0.25 x = 0.5 x = 0.75 x = 1

4 0.004808 0.005430 0.006178 0.007128 0.008331
8 0.001199 0.001354 0.001541 0.001778 0.002078
16 0.000300 0.000338 0.000385 0.000444 0.000519
32 0.000075 0.000085 0.000096 0.000111 0.000130

Sto parak�tw sq ma èqoume trèxei ton k¸dika gia n = 4 shme-
Ða kai blèpoume grafik� thn diafor� metaxÔ thc pragmatik c kai
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proseggistik c lÔshc:

Sq ma 3.1: Diafor� metaxÔ pragmatik c kai proseggistik c lÔshc

Sthn parap�nw grafik  par�stash h suneq c kampÔlh eÐnai h a-
krib c lÔsh kai ta shmeÐa me kÔklo eÐnai thc proseggistik c lÔshc.

3.4 Mèjodoi Arijmhtik c Olokl rwshc

Se aut  th par�grafo ja analÔsoume di�forec mejìdouc tetra-
gwnismoÔ oi opoÐec diafèroun wc proc to sf�lma touc. Sthn arq 
ìmwc ja orÐsoume touc kanìnec arijmhtik c olokl rwshc. 'Enac
tÔpoc arijmhtik c olokl rwshc genik� eÐnai arijmhtik  mèjodoc
proseggÐzontac èna olokl rwma thc morf c

Q(g) :=

∫
G

w(x)g(x)dx
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me w mia sun�rthsh b�rouc. To sÔnolo G ⊂ Rm ja eÐnai sumpagèc
kai Jordan metr simo. EpÐshc oi kanìnec arijmhtik c olokl rw-
shc isqÔoun gia ton tÔpo:

Qn(g) :=
n∑
j=1

a
(n)
j g(xj

(n))

me shmeÐa x(n)
1 , ..., x

(n)
n ta opoÐa perièqontai ston G kai pragmatik�

b�rh a(n)
1 , ..., a

(n)
n . Se autì to kef�laio ja asqolhjoÔme me thn

perÐptwsh ìpou o bajmìc n tou kanìna arijmhtik c olokl rwshc
ja sumpÐptei me ton arijmì twn shmeÐwn. Sth sunèqeia antÐ gia

x
(n)
1 , ..., x

(n)
n kai a(n)

1 , ..., a
(n)
n ja gr�youme x1, ..., xn kai a1, ..., an

antÐstoiqa. H basik  arijmhtik  olokl rwsh eÐnai parembol  a-
rijmhtik c olokl rwshc. Autì mporeÐ na gÐnei paremb�llontac thn
g wc proc ta shmeÐa x1, ..., xn, sun jwc mèsw enìc poluwnÔmou  
spline kai oloklhr¸noume thn sun�rthsh parembol c analutik�.
Gia lìgouc sÔgklishc ja qrhsimopoi soume sÔnjetouc kanìnec
arijmhtik c olokl rwshc dhlad  upodiair¸ntac to di�sthma thc
olokl rwshc kai efarmìzoume parembol  qamhl c t�xhc se k�je
olokl rwma. Oi pio suqnoÐ kanìnec arijmhtik c olokl rwshc eÐnai
tou Simpson kai tou trapezoeid . 'Estw xj = a+ jh, j = 0, ..., n
eÐnai mia isapèqousa diamèrish me b ma h = (b− a)/n. To sf�lma
thc mejìdou aut c diatup¸netai me to epìmeno je¸rhma.

Je¸rhma 3.6 'Estw G ∈ C2[a, b]. Tìte to upìloipo

RT (g) :=

∫ b

a

g(x)dx− h[
1

2
g(x0) + g(x1) + ...+ g(xn−1) +

1

2
g(xn)]

gia ton sÔnjeto trapezoeid  kanìna upologÐzetai me ton tÔpo

|RT (g)| ≤ 1

12
h2(b− a)||g′′||∞||
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Apìdeixh OrÐzontac ton pur na Peano gia ton trapezoeid  ka-
nìna èqoume

KT (x) :=
1

2
(x− xj−1)(xj − x), xj−1 ≤ x ≤ xj

gia j = 1, ..., n. Sth sunèqeia oloklhr¸nontac thn parap�nw
sqèsh èqoume ∫ b

a

KT (x)g′′(x)dx = −RT (g)

Sth sunèqeia apì thn ektÐmhsh èqoume∫ b

a

Kt(x)dx =
h2

12
(b− a)

kai to apotèlesma prokÔptei apì to gegonìc ìti o pur nac KT

eÐnai mh arnhtikìc sto [a, b].

Je¸rhma 3.7 'Estw g ∈ C4[a, b] kai èstw n �rtioc arijmìc.
Tìte to upìloipo pou prokÔptei èqei th morf :

Rs(g) :=
∫ b
a g(x)dx− h

3
[g(x0)+4g(x1)+2g(x2)+4g(x3)+2g(x4)

+ ...+ 2g(xn−2) + 4g(xn−1) + g(xn)]

kai gia ton sÔnjeto kanìna tou Simpson upologÐzetai

|RS(g)| ≤ 1

180
h4(b− a)||g(4)||∞

Apìdeixh O pur nac Peano gia ton kanìna Simpson dÐnetai

KS(x) =


h
18(x− x2j−2)

3 − 1

24
(x− x2j−2)

4 x2j−2 ≤ x ≤ x2j−1

h
18(x2j − x)3 − 1

24
(x2j − x)4, x2j−1 ≤ x ≤ x2j
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gia j = 1, ..., n/2 me∫ b

a

KS(x)g(4)(x) = −RS(g)

Sth sunèqeia h apìdeixh eÐnai an�logh me th tou Jewr matoc (3.6).

Orismìc 3.8 Mia akoloujÐa (Qn) tou kanìna arijmhtik c o-
lokl rwshc lègetai sugklÐnousa an Qn(g) → Q(g), gia ìla
ta g ∈ C(G).

Je¸rhma 3.9 (Szegö) O tÔpoc arijmhtik c olokl rwshc (Qn)
sugklÐnei an kai mìno an Qn(g) → Q(g), n → ∞ gia ìla ta g
sto puknì uposÔnolo U ⊂ C(G) kai

sup
n∈N

n∑
j=1

|a(n)
j | <∞

Pìrisma 3.10 (Steklov) 'Estw ìti Qn(1) → Q(1), n → ∞
kai ta b�rh arijmhtik c olokl rwshc eÐnai mh arnhtik�. Tìte o
kanìnac arijmhtik c olokl rwshc (Qn) sugklÐnei an kai mìno an
Qn(g) → Q(g), n → ∞ gia ìla ta g se èna puknì uposÔnolo
U ⊂ C(G).

Je¸rhma 3.11 'Estw g : R → R analutik  kai 2p-periodik .
Tìte to sf�lma dÐnetai apì ton tÔpo:

RT (g) :=
1

2π

∫ 2π

0

g(t)dt− 1

2n

2n−1∑
j=0

g(
jπ

n
)

Gia ton trapezoeid  kanìna to sf�lma ikanopoieÐ th sqèsh

|RT (g)| ≤M(coth(ns)− 1)
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3.4.1 Mèjodoc Nÿstrom

Se aut  th par�grafo ja proseggÐsoume ton oloklhrwtikì tele-
st 

(Aϕ)(x) :=

∫
G

K(x, y)ϕ(y)dy, x ∈ G (3.4.1)

epilègontac mia sugklÐnousa akoloujÐa (Qn) gia to olokl rwma
Q(g) =

∫
G g(x)dx.

O pur nacK eÐnai suneq c kai h prosèggish tou parap�nw telest 
dÐnetai apì ton tÔpo

(Anϕ)(x) :=
n∑
k=1

ak
(n)K(x, x

(n)
k )ϕ(x

(n)
k ), x ∈ G (3.4.2)

Sunep¸c h lÔsh thc oloklhrwtik c exÐswshc deÔterou eÐdouc

ϕ− Aϕ = f

proseggÐzetai apì th lÔsh thc exÐswshc

ϕn − Anϕn = f

Sthn ousÐa epilÔoume èna peperasmènhc di�stashc grammikì prìblh-
ma.

Je¸rhma 3.12 'Estw ϕn mia thc lÔsh thc exÐswshc

ϕn(x)−
n∑
k=1

akK(x, xk)ϕn(xk) = f(x), x ∈ G (3.4.3)

Sunep¸c h tim  ϕ(n)
j = ϕn(xj), j = 1, ..., n sta shmeÐa arijmhtik c

olokl rwshc ikanopoieÐ to grammikì sÔsthma

ϕ
(n)
j −

n∑
k=1

akK(xj, xk)ϕ
(n)
k = f(xj), j = 1, ..., n (3.4.4)
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Antistrìfwc, èstw ϕ
(n)
j , eÐnai mia lÔsh tou parap�nw sust ma-

toc. Tìte h ϕn orÐzetai

ϕn(x) :=
n∑
k=1

akK(x, xk)ϕn(xk) + f(x), x ∈ G (3.4.5)

h opoÐa epilÔei thn (3.4.3).

Je¸rhma 3.13 JewroÔme ton tÔpo arijmhtik c olokl rwshc
(Qn) pou sugklÐnei. Tìte h akoloujÐa (An) eÐnai sullogik� su-
mpag c kai sugklÐnei shmeiak�.

3.4.2 Efarmogèc

JewroÔme thn oloklhrwtik  exÐswsh

ϕ(x)− 1

2

∫ 1

0

(x+ 1)e−xyϕ(y)dy = e−x − 1

2
+

1

2
e−(x+1), 0 ≤ x ≤ 1

H exÐswsh aut  eÐnai deÔterou eÐdouc kai mèsw tou Matlab ja bro-
Ôme thn proseggistik  lÔsh pr¸ta gia th mèjodo tou trapezoeid 
kanìna kai met� gia th mèjodo Simpson.
Ta sf�lmata thc mejìdou tou trapezoeid  kanìna gr�fontai ston
parak�tw pÐnaka:

n x = 0 x = 0.25 x = 0.5 x = 0.75 x = 1

4 0.007146 0.008878 0.010816 0.007128 0.013007
8 0.001788 0.002224 0.002711 0.003261 0.003882
16 0.000447 0.000556 0.000678 0.000816 0.000971
32 0.000112 0.000139 0.000170 0.000204 0.000243

ParathroÔme ìti ìso megal¸noume ton arijmì twn shmeÐwn h
mèjodoc sugklÐnei kalÔtera kai sta sugkekrimèna shmeÐa h mèjo-
doc sugklÐnei polÔ kal�. Autì mporoÔme na to parathr soume kai
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mèsw thc parak�tw grafik c par�stashc ìpou o arijmìc twn sh-
meÐwn eÐnai 32.

EpÐshc o trìpoc eÔreshc tou sf�lmatoc me aut  th mèjodo ja
gÐnei me qr sh tou Jewr matoc (3.6). Dhlad  ja qrhsimopoi sou-
me touc suntelestèc pou dÐnontai sthn programmatistik  diadika-
sÐa.

Sq ma 3.2: Sf�lmata me th mèjodo tou trapezoeid  kanìna

Sthn parap�nw grafik  par�stash h suneq c kampÔlh eÐnai h a-
krib c lÔsh tou probl matoc kai ta shmeÐa me tic teleÐec eÐnai
h proseggistik  lÔsh h opoÐa eÐnai gia 32 shmeÐa. Tèloc k�ti
antÐstoiqo ja gÐnei kai me th mèjodo Simpson qrhsimopoi¸ntac
bèbaia touc suntelestèc tou Jewr matoc (3.7).

Sth sunèqeia qrhsimopoi¸ntac th mèjodo Simpson sf�lmata pou
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prokÔptoun apì thn mèjodo aut , brÐskontai ston parak�tw pÐna-
ka:

n x = 0 x = 0.25 x = 0.5 x = 0.75 x = 1

4 0.00006652 0.00008311 0.00010905 0.00015046 0.00021416
8 0.00000422 0.00000527 0.00000692 0.00000956 0.00001366
16 0.00000026 0.00000033 0.00000043 0.00000060 0.00000086

Sq ma 3.3: Sf�lmata me th mèjodo Simpson

H suneq c kampÔlh eÐnai h akrib c lÔsh kai oi teleÐec h pro-
seggistik  mac lÔsh. Parathr¸ ìti h mèjodoc aut  sugklÐnei
kalÔtera apì th mèjodo tou trapezoeid  kanìna kai autì faÐnetai
apì ta sf�lmata me ta Ðdia shmeÐa diamèrishc.
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3.5 Trigwnometrik  Parembol 

EpÐshc èna �llo eÐdoc parembol c pou axÐzei na asqolhjoÔme eÐnai
h trigwnometrik  parembol . 'Estw ìti tj = jπ/n, j = 0, 1, ..., 2n−
1 eÐnai mia isapèqousa upodiaÐresh tou diast matoc [0, 2π] me monì
arijmì shmeÐwn tou plègmatoc. An g0, ..., g2n−1 eÐnai dosmènec ti-
mèc, tìte up�rqei èna monadikì trigwnometrikì polu¸numo to opoÐo
èqei morf :

u(t) =
α0

2
+

n−1∑
k=1

[αk · cos(kt) + βksin(kt)] +
an
2
cos(nt) (3.5.1)

me thn idiìthta parembol c u(tj) = gj, j = 0, ..., 2n− 1.

Oi suntelestèc dÐnontai apì touc tÔpouc:

ak =
1

n

2n−1∑
j=0

gjcosktj, k = 0, ..., n

kai

βk =
1

n

2n−1∑
j=0

gjsinktj, k = 1, ..., n− 1

Epomènwc h b�sh Lagrange gia thn trigwnometrik  parembol 
gr�fetai sh morf :

Lj(t) =
1

2n
{1 + 2

n−1∑
k=1

cosk(t− tj) + cosn(t− tj)} (3.5.2)

me t ∈ [0, 2π] kai j = 0, ..., 2n− 1.

Sth sunèqeia ja diatup¸soume k�poia jewr mata ta opoÐa afo-
roÔn touc telestèc trigwnometrik c parembol c.
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Je¸rhma 3.14 Gia n ≥ 2, o trigwnometrikìc telest c pa-
rembol c me 2n isapèqonta shmeÐa parembol c èqei th morf 

||Pn||∞ ≤ 3 +
2

π
ln(2n) (3.5.3)

Apìdeixh H sun�rthsh λ : [0, π]→ R orÐzetai

λ(t) :=
2n−1∑
j=0

|Lj(t)|

kai èqei perÐodo π/n. Afou ||Pn||∞ = max
x∈G

n∑
k=1

|Lk(x)| tìte su-

mperaÐnoume ìti

||Pn||∞ = max
0≤t≤π/2n

λ(t)

Gia 0 ≤ t ≤ π/2n qrhsimopoi¸ntac thn sqèsh (3.5.2) prokÔptei
ìti

λ(t) ≤ 3 +
1

2n

2n−2∑
j=2

|cott− tj
2
|

AfoÔ h sun�rthsh cot : s → cot(s/2) eÐnai jetik  kai monìtona
fjÐnousa sto di�sthma (0, π] gia 0 ≤ t ≤ π/2n kai t1 − t ≥ π/2n
upologÐzoume ìti

1

2n

n∑
j=2

|cott− tj
2
| < 1

2π

∫ tn

t1

cot
s− t

2
ds < −1

π
lnsin

π

4n

ParomoÐwc, èqoume

1

2n

2n−2∑
j=n+1

|cott− tj
2
| < 1

2π

∫ t2n−1

tn+1

cot
t− s

2
ds < −1

π
lnsin

π

4n
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kai qrhsimopoi¸ntac thn anisìthta sin
π

4n
>

1

2n
prokÔptei to zh-

toÔmeno.

L mma 3.15 O trigwnometrikìc telest c parembol c ikanopoieÐ
th sunj kh

||Png||2 ≤
√

3π||g||∞ (3.5.4)

gia ìla ta n ∈ N kai gia ìlec tic 2p-periodikèc kai suneqeÐc su-
nart seic g.

Apìdeixh Qrhsimopoi¸ntac th sqèsh (3.5.2) prokÔptei to ex c:∫ 2π

0

Lj(t)Lk(t)dt =
π

n
δjk − (−1)j−k

π

4n2
(3.5.5)

gia j, k = 0, ..., 2n− 1. Epomènwc qrhsimopoi¸ntac thn anisìthta
Cauchy-Schwarz prokÔptei to akìloujo apotèlesma:

||Png||22 ≤ ||g||2∞
2n−1∑
j,k=0

|Lj(t)Lk(t)dt| ≤ 3π||g||2∞

Sunep¸c h anisìthta (3.5.4) èqei apodeiqjeÐ.

Sth sunèqeia to akìloujo je¸rhma upologÐzetai to omoiìmorfo
fr�gma to opoÐo sunep�getai omoiìmorfh sÔgklish, trigwnometri-
k¸n parembol¸n, twn Hölder suneq¸n sunart sewn.

Je¸rhma 3.16 'Estw m ∈ N ∪ {0} kai 0 < α ≤ 1. Tìte
gia thn trigwnometrik  parembol  èqoume

||Png − g||∞ ≤ C
lnn

nm+α
||g||m,α (3.5.6)

gia g ∈ Cm,α
2π kai gia tuqaÐa stajer� C h opoÐa exart�tai apì to

m kai to a.
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Je¸rhma 3.17 'Estw g : R → R eÐnai analÔtik  kai 2p-
periodik . Tìte up�rqei mia lwrÐda D = R× (−s, s) ⊂ C me s > 0
ìpou h g mporeÐ na epektajeÐ se mia olìmorfh kai 2p-periodik 
fragmènh sun�rthsh g : D → C. To sf�lma thc trigwnometrik c
parembol c upologÐzetai apì ton tÔpo:

||Png − g||∞ ≤M
coth

s

2
sinhns

(3.5.7)

me M na upodhl¸nei to fr�gma gia mia olìmorfh sun�rthsh g sto
qwrÐo D.
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Kef�laio 4

Oloklhrwtikèc Exis¸seic 1ou
eÐdouc

4.1 Probl mata

Se auto to kef�laio ja asqolhjoÔme me kal� topojethmèna pro-
bl mata oloklhrwtik¸n exis¸sewn pr¸tou eÐdouc, ìmwc arqik� ja
d¸soume ton orismì.

Orismìc 4.1 'Ena problhma merik¸n diaforik¸n exis¸sewn me
arqik    sunoriak  sunj kh lègetai kal� topojethmèno an
ikanopoieÐ treic akìloujec sunj kec:

(1) 'Uparxh lÔshc
(2) Monadikìthta
(3) Suneq c ex�rthsh thc lÔshc apì ta dedomèna tou probl matoc

Apì thn teleutaÐa sunj kh katalabaÐnoume ìti to mikrì sf�lma
sta dedomèna mac dÐnei mikrì sf�lma sth lÔsh tou probl matoc
pou melet�me.

Orismìc 4.2 'Estw A : U → V eÐnai ènac telest c me pedÐo
orismoÔ to U ⊂ X kai V ⊂ Y ìpou X, Y q¸roi me nìrma.
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Tìte h exÐswsh

Aϕ = f (4.1.1)

eÐnai kal� topojethmènh an o telest c A "1-1", epÐ kai o telest c
A−1 : V → U eÐnai suneq c. Se k�je �llh perÐptwsh h parap�nw
exÐswsh eÐnai mh kal� topojethmènh.

Parat rhsh
Sthn perÐptwsh pou o antÐstrofoc telest c eÐnai mh suneq c

sunep�getai ìti h lÔsh f den exart�tai suneq¸c apì thn dosmènh
sun�rthsh f . ParadeÐgmatoc q�rin, an A : X → Y eÐnai ènac
fragmènoc, grammikìc telest c apeikonÐzontac "1-1� kai epÐ ènan
q¸ro Banach X se ènan q¸ro Banach Y tìte apì to je¸rhma
antÐstrofhc apeikìnishc o telest c A−1 eÐnai fragmènoc kai su-
nep¸c suneq c.
H kal  topojèthsh tou probl matoc eÐnai mia idiìthta tou telest 
A mazÐ me th lÔsh ston q¸ro me nìrma X kai ta dedomèna ston
q¸ro me nìrma Y . Epomènwc an h exÐswsh eÐnai mh kal� topojeth-
mènh, tìte mporeÐ na gÐnei allag  stouc q¸rouc X kai Y mazÐ me
tic nìrmec touc. Gia na gÐnei ìmwc autì prèpei o q¸roc Y mazÐ me
th nìrma tou na eÐnai kat�llhloc gia thn perigraf  twn dedomènwn
pou mac dÐnontai all� kai twn sfalm�twn pou ja mac prokÔyoun.

Par�deigma 4.3 'Ena klassikì par�deigma enìc mh kal� pro-
bl matoc,eÐnai to prìblhma arqik¸n tim¸n thc exÐswshc Laplace:

EÔresh miac armonik c sun�rthshc u ston q¸ro R× [0,∞] ikano-
poi¸ntac tc arqikèc sunj kec:

u(·, 0) = 0,
∂

∂y
u(·, 0) = f.

ìpou f mia suneq c sun�rthsh. An epilèxoume

fn(x) =
1

n
sin(nx), x ∈ R
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gia n ∈ N tìte h lÔsh pou ja prokÔyei eÐnai

un(x, y) =
1

n2
sin(nx)sinh(ny), (x, y) ∈ R× [0,∞)

Parathr¸ ìti h akoloujÐa fn sugklÐnei omoiìmorfa sto mhdèn, al-
l� h lÔsh un den sugklÐnei wc proc kamÐa nìrma. Epomènwc h
lÔsh gia to prìblhma arqik¸n tim¸n armonik¸n sunart sewn eÐnai
asjen c.

Je¸rhma 4.4 'Estw X, Y eÐnai q¸roi me nìrma kai èstw A :
X → Y eÐnai ènac sumpag c grammikìc telest c. Tìte h exÐswsh
pr¸tou eÐdouc Aϕ = f eÐnai mh kal� topojethmènh an o q¸roc X
eÐnai �peirhc di�stashc.

4.2 OmalopoÐhsh Asjen¸n Problhm�twn

Se aut  th par�grafo, jewroÔme ìti o grammikìc telest c eÐnai
"1-1". QwrÐc bl�bh thc genikìthtac, h monadikìthta miac grammik c
exÐswshc mporeÐ na epiteuqjeÐ me kat�llhlec allagèc ston q¸ro
lÔshc X. Sth sunèqeia ja proseggÐsoume th lÔsh f thc exÐswshc
Aϕ = f èqontac wc dedomèno thn diataragmènh dexi� pleur� thc
parap�nw exÐswshc f δ me sf�lma

||f δ − f || ≤ δ (4.2.1)

H sun�rthsh f an kei sto sÔnolo A(X), ìpou up�rqei mia mo-
nadik  lÔsh f thc exÐswshc Aϕ = f . Gia to diataragmèno dexÐ
mèloc de xèroume an f δ ∈ A(X). Qrhsimopoi¸ntac thn sun�rth-
sh f δ jèloume na broÔme mia prosèggish ϕδ thc akrib c lÔshc f
thc exÐswshc Aϕ = f . H proseggistik  lÔsh prèpei ϕδ prèpei na
exart�tai suneq¸c apì th dedomènh proseggistik  sun�rthsh f δ.
Epomènwc, apaiteÐtai na broÔme mia prosèggish tou mh fragmènou
antÐstrofou telest  A−1 : A(X)→ X me ènan fragmèno grammi-
kì telest  R : Y → X.
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Orismìc 4.5 'Estw X kai Y q¸roi me nìrma kai èstw A : X →
Y eÐnai ènac "1-1� fragmènoc, grammikìc telest c. Tìte h oiko-
gèneia twn fragmènwn grammik¸n telest¸n Ra : Y → Y, α > 0 me
thn idiìthta thc shmeiak c sÔgklishc

lim
α→∞

RαAϕ = ϕ, ϕ ∈ X (4.2.2)

onom�zetai omalopoihmèno sq ma gia ton telest  A.H pa-
r�metroc a onom�zetai par�metroc omalopoÐhshc.

Sth sunèqeia ja diatup¸soume èna je¸rhma to opoÐo perièqei i-
diìthtec pou den plhroÔntai apì to omalopoihmèno sq ma gia touc
sumpageÐc telestèc.

Je¸rhma 4.6 'Estw X, Y q¸roi me nìrma, A : X → Y eÐnai
ènac sumpag c grammikìc telest c kai dimX = ∞. Tìte apì to
omalopoihmèno sq ma oi telestèc Ra den fr�zontai omoiìmorfa wc
proc to a, kai o telest c RaA den sugklÐnei kat� nìrma me α→ 0.

Apìdeixh Arqik� jewroÔme ìti ||Ra|| ≤ C me a > 0 kai k�poia
stajer� C. Tìte afoÔ Raf → A−1f, a → 0 gia ìla ta f ∈
A(X) kai sumperaÐnoume ìti ||A−1f || ≤ C||f ||. Dhlad  o tele-
st c A−1 : A(X)→ X eÐnai fragmènoc.
Qrhsimopoi¸ntac to je¸rhma (4.4) autì eÐnai antÐjeto me th sqèsh
dimX =∞. Gia na apodeÐxoume to deÔtero komm�ti tou jewr ma-
toc, jewroÔme ìti èqoume sÔgklish kat� nìrma. Tìte up�rqei

a > 0 tètoio ¸ste ||RaA− I|| <
1

2
.

Sth sunèqeia, gia k�je f ∈ A(X) èqoume:

||A−1f || ≤ ||A−1f −RaAA
−1f ||+ ||Raf || ≤

1

2
||A−1f ||+ ||Ra|| · ||f ||
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Sunep¸c ||A−1f || ≤ 2||Ra|| · ||f ||. Tèloc sumperaÐnoume ìti A−1 :
A(X)→ X eÐnai fragmènoc to opoÐo eÐnai �topo. 'Ara den up�rqei
sÔgklish kat� nìrma.

Gia na mporèsoume na broÔme thn lÔsh thc exÐswshc Aϕ = f me to
sq ma omalopoÐhshc ja qrhsimopoi soume thn proseggistik  thc
lÔsh

ϕδa := Raf
δ (4.2.3)

To sf�lma pou prokÔptei an�mesa sth pragmatik  kai proseggi-
stik  lÔsh eÐnai:

ϕδα − ϕ = Raf
δ −Raf +RaAϕ− ϕ

kai qrhsimopoi¸ntac thn trigwnik  anisìthta prokÔptei

||ϕδα − ϕ|| ≤ δ||Ra||+ ||RaAϕ− ϕ|| (4.2.4)

Orismìc 4.7 trìpoc epilog c thc paramètrou α = α(δ) tou
omalopoihmènou sq matoc Ra, a > 0 pou exart�tai apì to d kai
pijanìn apì to f δ onom�zetai kanonikì an gia ìla ta f ∈ A(X)
kai ìla ta f δ ∈ Y me ||f δ − f || ≤ δ prokÔptei

Ra(δ)f
δ → A−1f, δ → 0

4.3 SumpageÐc AutosuzugeÐc Telestèc

Se aut  th par�grafo jewroÔme ìti oi q¸roi X, Y eÐnai q¸roi H-
ilbert. Sth sunèqeia ja diatup¸soume ton orismì tou suzugoÔc
telest  A∗ tou A, A∗ : Y → X

Orismìc 4.8 'Enac telest c A : X → Y onom�zetai suzu-
g c an gia ton telest  A∗ : Y → Y isqÔei

(Ax, y) = (y, A∗x)
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gia ìla ta x ∈ X kai y ∈ Y . EpÐshc gia thn nìrma twn dÔo tele-
st¸n isqÔei ìti ||A|| = ||A∗||.

Je¸rhma 4.9 Gia ènan fragmèno grammikì telest  isqÔei

A(X)⊥ = N(A∗) και N(A⊥) = A(X)

Apìdeixh 'Estw g ∈ A(X)⊥ to opoÐo shmaÐnei ìti (Aϕ, g) = 0
gia k�je ϕ ∈ X. Autì shmaÐnei ìti (ϕ,A∗g) = 0 gia k�je ϕ ∈ X
to opoÐo sunep�getai ìti A∗g = 0 ⇒ g ∈ N(A∗). Sunep¸c afoÔ
N(A∗) ⊂ A(X)⊥ tìte A(X)⊥ = N(A∗).

Sth sunèqeia, jètoume U = A(X) kai èqoume ìti U ⊂ (U⊥)⊥.
Me P : Y → U sumbolÐzoume thn orjog¸nio telest . Gia tuqaÐo
ϕ ∈ (U⊥)⊥ prokÔptei h orjogwniìthta Pϕ − ϕ⊥U to opoÐo su-
nep�getai ìti Pϕ−ϕ⊥U⊥ to opoÐo prokÔptei apì to gegonìc ìti
U ⊂ (U⊥)⊥. Tèloc prokÔptei ìti ϕ = Pϕ ∈ U �ra U = (U⊥)⊥

sunep¸c prokÔptei to zhtoÔmeno.

Orismìc 4.10 'Enac telest c A : X → X ìpou X q¸roc
Hilbert onom�zetai autosuzug c an A = A∗ to opoÐo eÐnai iso-
dÔnamo me thn parak�tw sqèsh

(Aϕ,ψ) = (ϕ,Aψ)

gia k�je ϕ, ψ ∈ X.

Je¸rhma 4.11 Gia ènan fragmèno autosuzug  telest  èqoume

||A|| = sup
||ϕ||=1

|(Aϕ,ϕ)| (4.3.1)

Je¸rhma 4.12 'Olec oi idiotimèc enìc autosuzug  telest  eÐnai
pragmatikèc kai ta idiodianÔsmata diaforetik¸n idiotim¸n eÐnai or-
jog¸nia metaxÔ touc.
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Apìdeixh 'Estw Aϕ = λϕ kai ϕ 6= 0 tìte λ(ϕ, ϕ) = (Aϕ,ϕ) ∈
R me λ ∈ R. 'Estw Aϕ = λϕ kai Aψ = µψ me λ 6= µ. Sth
sunèqeia prokÔptei

(λ− µ)(ϕ, ψ) = (Aϕ,ψ)− (ϕ,Aψ) = 0

to opoÐo shmaÐnei ìti (ϕ, ψ) = 0

Je¸rhma 4.13 H fasmatik  aktÐna enìc fragmènou autosuzug 
telest  A ikanopoieÐ thn sunj kh

r(A) = ||A|| (4.3.2)

An o A eÐnai sumpag c tìte up�rqei toul�qiston mia idiotim  me
|λ| = ||A||.

Je¸rhma 4.14 'Estw X ènac q¸roc Hilbert kai èstw A : X →
X eÐnai ènac autosuzug c sumpag c telest c. Tìte ìlec oi idio-
timèc tou A eÐnai pragmatikèc. O telest c A èqei toul�qiston
mia idiotim  diaforetik  tou mhdenìc kai to polÔ èna arijm simo
sÔnolo idiotim¸n oi opoÐec brÐskontai gÔrw apì to mhdèn. Oi idi-
ìqwroi N(λI −A) gia mh mhdenikèc idiotimèc l èqoun peperasmènh
di�stash kai oi idiìqwroi diaforetik¸n idiotim¸n eÐnai orjog¸nioi.
Jewr¸ntac thn akoloujÐa twn mh mhdenik¸n idiotim¸n (λn) oi o-
poÐec èqoun aÔxousa seir� dhlad 

|λ1| ≥ |λ2| ≥ |λ3| ≥ ...

kai me Pn sumbolÐzoume ton telest  orjog¸niac probol c Pn :
X → N(λnI − A) me idiotimèc λn. Tìte

A =
∞∑
n=1

λnPn (4.3.3)

ìpou h seir� aut  sugklÐnei wc proc th nìrma. Sth sunèqeia èstw
Q : X → N(A) eÐnai o orjog¸nioc probolikìc telest c ston

49



pur na tou A, N(A). Tìte

ϕ =
∞∑
n=1

Pnϕ+Qϕ (4.3.4)

gia ìla ta ϕ ∈ X.
Sth sunèqeia ja asqolhjoÔme me tic idiìthtec twn idiotim¸n se
sumpageÐc autosuzhgeÐc telestèc oi opoÐoi eÐnai mh arnhtikoÐ. Autì
shmaÐnei ìti gia ènan autosuzug  telest  A : x→ X isqÔei

(Aϕ,ϕ) ≥ 0 ϕ ∈ X

Prèpei epÐshc na tonÐsoume ìti oi mh arnhtikoÐ telestèc èqoun mìno
mh arnhtikèc idiotimèc.

Parat rhsh 'Estw U ènac peperasmènhc di�stashc upìqwroc
tou Q kai èstw ϕ1, ..., ϕm eÐnai mia orjokanonik  b�sh. Tìte o
orjog¸nioc probolikìc telest c P : X → U èqei th morf 

Pϕ =
m∑
n=1

(ϕ, ϕn)ϕn

Autì sunep�getai ìti mporoÔme na xanagr�youme tic sqèseic (4.3.3)
kai (4.3.4) me pio sugkekrimènh morf . SumbolÐzoume me (ϕn) thn
akoloujÐa twn orjokanonik¸n idiodianusm�twn me antÐstoiqec idio-
timèc lamb�nontac upìyin kai thn pollaplìthta touc me antÐstoiqo
idiìqwro N(λnI − A). Epomènwc gia k�je ϕ ∈ X èqoume

Aϕ =
∞∑
n=1

λn(ϕ, ϕn)ϕn (4.3.5)

kai

ϕ =
∞∑
n=1

(ϕ, ϕn)ϕn +Qϕ (4.3.6)
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Je¸rhma 4.15(Courant) 'Estw X ènac q¸roc Hilbert, A :
X → X eÐnai ènac mh arnhtikìc autosuzug c sumpag c telest c,
kai λn eÐnai mia mh aÔxousa akoloujÐa mh arnhtik¸n idiotim¸n me
pollaplìthta. Tìte

λ1 = ||A|| = sup
||ϕ||=1

(Aϕ,ϕ) (4.3.7)

kai

λn+1 = inf
ψ1,...,ψn∈X

sup
ϕ⊥ψ1,ψ2,...ψn

(Aϕ,ϕ), ||ϕ|| = 1, n = 1, 2, ...

(4.3.8)

Apìdeixh ArkeÐ na apodeÐxoume mìno th sqèsh (4.3.8). Ono-
m�zoume to dexÐ mèroc tou (4.3.8) me µn+1. Jètoume ψ1 = ϕ1, ..., ψn =
ϕn, tìte gia ìla ta ϕ⊥ψ1, ..., ψn lamb�nontac upìyin tic sqèseic
(4.3.5) kai (4.3.6) prokÔptei ìti

(Aϕ,ϕ) =
∞∑

k=n+1

λk|(ϕ, ϕk)|2 ≤ λn+1

∞∑
k=n+1

|(ϕ, ϕk)|2 ≤ λn+1||ϕ||2

ìpou h isìthta isqÔei gia ϕ = ϕn+1 Sth sunèqeia epilègoume
ψ1, ψ2, ..., ψn ∈ X ìpou ϕ ∈ span{ϕ1, ..., ϕn+1} me ||ϕ|| = 1 kai
ϕ⊥ψ1, ..., ψn.

Autì mporeÐ na diapistwjeÐ gr�fontac ϕ =
n+1∑
k=1

γkϕk kai lÔnontac

to grammikì sÔsthma n exis¸sewn

n+1∑
k=1

γk(ϕk, ψj) = 0, j = 1, ..., n

me n + 1 agn¸stouc γ1, ..., γn+1. Sto sÔsthma autì p�nta up�r-
qei mia lÔsh h opoÐa mporeÐ na omalopoihjeÐ tètoia ¸ste ||ϕ||2 =
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n+1∑
k=1

|γk|2 = 1. Tìte apì tic sqèseic (4.3.5) kai (4.3.6) prokÔptei

to ex c

(Aϕ,ϕ) =
n+1∑
k=1

λk|(ϕ, ϕk)|2 ≥ λn+1

n+1∑
k=1

|(ϕ, ϕk)|2 = λn+1||ϕ||2 = λn+1

'Ara µn+1 ≥ λn+1. Sunep¸c prokÔptei to zhtoÔmeno.

4.4 OmalopoÐhsh Tikhonov

Se aut n thn enìthta ja asqolhjoÔme me thn omalopoÐhsh Tikho-
nov, ìmwc pr¸ta ja diatup¸soume k�poiouc basikoÔc orismoÔc gia
thn an�lush thc omalopoÐhshc aut c.

Orismìc 4.16 'Estw X, Y q¸roi Hilbert, A : X → Y ènac su-
mpag c grammikìc telest c kai A∗ o suzug c tou me A∗ : X → Y .
Tìte oi mh arnhtikèc rÐzec twn idiotim¸n enìc autosuzug  sumpa-
g  mh arnhtikì telest  A∗A : X → X onom�zontai idi�zousec
timèc tou A.

Je¸rhma 4.17 'Estw µn mia akoloujÐa mh mhdenik¸n idiazou-
s¸n idiotim¸n enìc sumpag  grammikoÔ telest  A ìpou h di�stash
eÐnai Ðdia me ton mhdenìqwro N(µ2

n−A∗A). Tìte up�rqei mia ako-
loujÐa (ϕn) ston q¸ro Q kai gn ston q¸ro Υ ètsi ¸ste

Aϕn = µngn, A∗gn = µnϕn (4.4.1)

gia ìla ta n ∈ N. EpÐshc gia k�je ϕ ∈ X èqoume thn parak�tw
an�lush

ϕ =
∞∑
n=1

(ϕ, ϕn)ϕn +Qϕ (4.4.2)
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ìpou Q eÐnai orjog¸nioc probolikìc telest c Q : X → N(A) kai

Aϕ =
∞∑
n=1

µn(ϕ, ϕn)gn (4.4.3)

Sth sunèqeia k�je sÔsthma (µn, ϕn, gn), n ∈ N me autèc tic idi-
ìthtec onom�zetai idi�zwn sÔsthma tou A. Sthn perÐptwsh
pou up�rqoun mìno peperasmènec idi�zousec timèc, oi seirèc (4.4.2)
kai (4.4.3) ekfulÐzontai se peperasmèna ajroÐsmata.

Parat rhsh Gia ènan telest  A o opoÐoc eÐnai "1-1", to or-
jokanonikì sÔsthma ϕn : n ∈ N to opoÐo brÐsketai sto idi�zwn
sÔsthma eÐnai pl rec sto Q.

Apìdeixh 'Estw (ϕn) eÐnai mia orjokanonik  akoloujÐa idiodia-
nusm�twn tou telest  A∗A, dhlad  A∗Aϕn = µn

2ϕn kai sth su-
nèqeia orÐzoume mia deÔterh orjokanonik  akoloujÐa

gn :=
1

µn
Aϕn

K�nontac tic pr�xeic parathroÔme ìti to sÔsthma ikanopoieÐ thn
sqèsh (4.4.1). EpÐshc efarmìzontac thn sqèsh (4.3.6) se ènan
sutosuzug  sumpag  telest  A∗A prokÔptei

ϕ =
∞∑
n=1

(ϕ, ϕn)ϕn +Qϕ, ϕ ∈ X

ìpou Q eÐnai ènac orjog¸nioc probolikìc telest c apì ton Q ston
q¸ro N(A∗A). An ψ ∈ N(A∗A) tìte (Aψ,Aψ) = (ψ,A∗Aψ) = 0
to opoÐo shmaÐnei ìti N(A∗A) = N(A). Epomènwc apodeiknÔetai
h (4.4.2) kai apì th sqèsh aut  prokÔptei kai h (4.4.3).
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Parat rhsh AnalÔontac tic sqèseic (4.4.2) kai (4.4.3) gia ìla
ta ϕ ∈ X èqoume:

||ϕ||2 =
∞∑
n=1

|(ϕ, ϕn)|2 + ||Qϕ||2 (4.4.4)

kai

||Aϕ||2 =
∞∑
n=1

µ2
n|(ϕ, ϕn)|2 (4.4.5)

Je¸rhma 4.18 'Estw A,B : X → Y eÐnai sumpageÐc grammikoÐ
telestèc. Tìte gia thn akoloujÐa twn idiazous¸n tim¸n èqoume

µ1(A) = ||A|| = sup
||ϕ||=1

||Aϕ|| (4.4.6)

kai

µn+1(A) = inf
ψ1,...,ψn∈X

sup
ϕ⊥ψ1,...,ψn

||Aϕ||, ||ϕ|| = 1, n = 1, 2, ...

(4.4.7)

Epiplèon, isqÔei

µn+m+1(A+B) ≤ µn+1(A) + µm+1(B), n,m = 0, 1, 2, ...
(4.4.8)

Sth sunèqeia ja diatup¸soume èna polÔ basikì je¸rhma to o-
poÐo afor� thn epilushmìthta miac exÐswshc pr¸tou eÐdouc upì
k�poiec proôpojèseic to opoÐo lègetai je¸rhma tou Picard.

Je¸rhma 4.19 (Picard) 'Estw A : X → Y ènac sumpag c
grammikìc telest c me idi�zwn sq ma (µn, ϕn, gn). H sun�rthsh
pr¸tou eÐdouc

Aϕ = f (4.4.9)
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eÐnai epilÔsimh an kai mìno an h f an kei sto sÔnolo N(A∗)⊥ kai
ikanopoieÐ th sqèsh

∞∑
n=1

1

µ2
n

|(f, gn)|2ϕn <∞ (4.4.10)

Se aut  th perÐptwsh h lÔsh eÐnai thc morf c

ϕ =
∞∑
n=1

1

µn
(f, gn)ϕn (4.4.11)

Apìdeixh Apì prohgoÔmeno je¸rhma gnwrÐzoume ìti gia ènan
sumpag  grammikì telest  A isqÔei N(A∗)⊥ = A(X). AfoÔ h
f ∈ A(X) tìte f ∈ N(A∗)⊥. An h f eÐnai lÔsh thc exÐswshc
pr¸tou eÐdouc tìte èqoume

µn(ϕ, ϕn) = (ϕ,A∗gn) = (Aϕ, gn) = (f, gn)

Apì th sqèsh (4.4.4) prokÔptei h sqèsh
∞∑
n=1

1

µ2
n

|(f, gn)|2 =
∞∑
n=1

|(ϕ, ϕn)|2 ≤ ||ϕ||2

h opoÐa ikanopoieÐ th sqèsh (4.4.10). Antistrìfwc, èstw ìti
f⊥N(A∗) kai ikanopoieÐtai h sqèsh (4.4.10). Apì thn teleuta-
Ða sqèsh prokÔptei apì prohgoÔmena jewr mata ìti h sÔgklish
thc seir�c (4.4.10) sto R upodhl¸nei th sÔgklish thc sqèshc
(4.4.11) ston q¸ro Hilbert Q. Sth sunèqeia efarmìzoume ton te-
lest  A sthn sqèsh (4.4.11) qrhsimopoi¸ntac thn (4.4.2) me idi-
�zwn sÔsthma (µn, gn, ϕn) tou telest  A∗ kai lamb�nontac upìyin

ìti f ∈ N(A∗)⊥ prokÔptei ìti Aϕ =
∞∑
n=1

(f, gn)gn = f

Prèpei na shmei¸soume ìti to je¸rhma Picard h asjen c topo-
jèthsh miac exÐswshc pr¸tou eÐdouc me ènan sumpag  telest  pro-
kÔptei apì to gegonìc ìti µn → 0 kaj¸c n → ∞. Autì shmaÐnei
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ìti prèpei na omalopoi soume thn exÐswsh mei¸nontac thn epirro 

tou kl�smatoc
1

µn
sthn lÔsh thc exÐswshc.

Je¸rhma 4.20 'Estw A : X → Y eÐnai ènac sumpag c, "1-
1", grammikìc telest c me idi�zwn sÔsthma (µn, ϕn, gn), n ∈ N
kai èstw q : (0,∞)× (0, ||A||]→ R eÐnai mia fragmènh sun�rthsh
tètoia ¸ste gia k�je α > 0 up�rqei mia jetik  stajer� c(a) me

|q(α, µ)| ≤ c(α)µ, 0 < µ ≤ ||A|| (4.4.12)

kai

lim
α→0

q(α, µ) = 1, 0 < µ ≤ ||A|| (4.4.13)

Tìte oi fragmènoi grammikoÐ telestècRα : Y → X, α > 0,orÐzetai
apì th sqèsh

Rαf :=
∞∑
n=1

1

µn
q(α, µn)(f, gn)ϕn, f ∈ Y (4.4.14)

kai perigr�fei èna sq ma omalopoÐhshc to opoÐo fr�zetai

||Rα|| ≤ c(α) (4.4.15)

Sth sunèqeia ja perigr�youme k�poiec klassik� sq mata omalo-
poÐhshc epilègontac kat�llhla thn sun�rthsh q.

Je¸rhma 4.21 'Estw A : X → Y eÐnai ènac sumpag c grammi-
kìc telest c. Tìte gia k�je α > 0 o telest c αI+A∗A : X → X

èqei fragmèno antÐstrofo. EpÐshc, an o telest c A eÐnai "1-1� tìte

Rα := (αI + A∗A)−1A∗

perigr�fei èna sq ma omalopoÐhshc me ||Rα|| ≤ 1/2
√
α
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To parap�nw je¸rhma pou perigr�fei omalopoÐhsh lègetai oma-
lopoÐhsh Tikhonov.

Je¸rhma 4.22 'Estw A : X → Y eÐnai ènac èna proc èna, su-
mpag c grammikìc telest c me idi�zwn sÔsthma (µn, ϕn, gn), n ∈
N. Tìte to f�sma dÐnetai apì th sqèsh:

Rmf :=
∑
µn≥µm

1

µn
(f, gn)ϕn (4.4.16)

to opoÐo perigr�fei èna sq ma omalopoÐhshc me ||Rm|| =
1

µm
Mem

sumbolÐzoume twn ìrwn tou ajroÐsmatoc. H akrÐbeia thc prosèg-
gishc apaiteÐ o arijmìc autìc na eÐnai meg�loc kai h stajerìthta
apaiteÐ o arijmìc na eÐnai mikrìc.

Sth sunèqeia ja asqolhjoÔme me mia �llh omalopoÐhsh thn o-
malopoÐhsh Tikhonov.

Je¸rhma 4.23 'Estw A : X → Y eÐnai ènac fragmènoc gram-
mikìc telest c kai èstw α > 0. Tìte gia k�je f ∈ Y up�rqei mia
monadik  ϕα ∈ X tètoio ¸ste

||Aϕα − f ||2 + α||ϕα||2 = inf
ϕ∈X
{||Aϕ− f ||2 + α||ϕ||2} (4.4.17)

H el�qisth tim  ϕα dÐnetai apì th monadik  tim  thc exÐswshc

αϕα + A∗Aϕα = A∗f (4.4.18)

Apìdeixh Qrhsimopoi¸ntac thn exÐswsh
||Aϕ− f ||2 + α||ϕ||2 = ||Aϕα − f ||2 + α||ϕα||2

+ 2Re(ϕ− ϕα, αϕα +A∗(Aϕα − f) + ||A(ϕ− ϕα)||2 +
+α||ϕ− ϕα||2
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h opoÐa isqÔei gia k�je ϕ ∈ X, tìte sumperaÐnoume ìti h sqèsh
(4.4.18) eÐnai aparaÐthth gia thn ϕα na elaqistopoieÐ to sunar-
thsiakì Tikhonov to opoÐo orÐzetai apì th sqèsh (4.4.17). Sth
sunèqeia jewroÔme ènan telest  T : X → X o opoÐoc orÐzetai
sth morf  T := αI + A∗A. AfoÔ

α||ϕ||2 ≤ α||ϕ||2 + ||Aϕ||2 = Re(Tϕ, ϕ), ϕ ∈ X (4.4.19)

o telest c autìc eÐnai sunektikìc kai apì to je¸rhma Lax-Milgram
èqei fragmèno antÐstrofo.

Orismìc 4.24 Mia akoloujÐa (ϕn) h opoÐa an kei se ènan q¸ro
Hilbert Q onom�zetai asjen¸c sugklÐnousa se èna stoiqeÐo
ϕ ∈ X na isqÔei

lim
n→∞

(ψ, ϕn) = (ψ, ϕ)

gia ìla ta ψ ∈ X.

Parat rhsh Shmei¸noume ìti h norm-sÔgklish p�nta upodh-
l¸nei asjen c sÔgklish, to antÐstrofo ìmwc den isqÔei.

Je¸rhma 4.25 Mia asjen¸c sugklÐnousa akoloujÐa se ènan
q¸ro Hilbert eÐnai fragmènh.

Apìdeixh 'Estw (ϕn) eÐnai mia asjen¸c sugklÐnousa akoloujÐa.
Sth sunèqeia orÐzoume mia akoloujÐa fragmènwn grammik¸n su-
narthsiak¸n Fn : X → C h opoÐa orÐzetai apì ton tÔpo Fn(ψ) :=
(ψ, ϕn). Epomènwc apì thn arq  tou omoiìmorfou fr�gmatoc, h
Fn eÐnai omoiìmorfa fragmènh. 'Ara isqÔei ||ϕn||2 = Fn(ϕn) ≤
||Fn|| · ||ϕn|| ≤ C||ϕn|| to opoÐo sunep�getai ìti ||ϕn|| ≤ C gia
ìla ta n ∈ N.

Je¸rhma 4.26 K�je fragmènh akoloujÐa se ènan q¸ro Hil-
bert perièqei mia asjen c sugklÐnousa upakoloujÐa.
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Sth sunèqeia ja prospaj soume antÐ na lÔsoume thn exÐswsh
Aϕ = f , ja elaqistopoi soume to upìloipo.

Orismìc 4.27 'Estw A : X → Y eÐnai ènac fragmènoc ,èna
proc èna, grammikìc telest c kai ρ > 0. Gia dosmènh f ∈ Y , èna
stoiqeÐo ϕ0 ∈ X onom�zetai quasi-lÔsh thc exÐswshc Aϕ = f
me periorismì r an ||ϕ0|| ≤ ρ kai

||Aϕ0 − f || = inf
||ϕ||≤ρ

||Aϕ− f ||

IsodÔnama, mporoÔme na poÔme ìti ϕ0 eÐnai quasi-lÔsh thc e-
xÐswshc Aϕ = f an kai mìno an Aϕ0 eÐnai h kalÔterh prosèggish
thc f wc proc to sÔnolo V := A(B[0, ρ]). H idiìthta tou èna
proc èna ston telest  A eÐnai aparaÐthto gia thn monadikìthta
thc quasi-lÔshc to opoÐo diatup¸netai sto epìmeno je¸rhma.

Je¸rhma 4.28 'Estw A : X → Y eÐnai ènac fragmènoc,èna
proc èna grammikìc telest c me puknì sÔnolo kai èstw ρ > 0.
Tìte gia k�je f ∈ Y up�rqei mia monadik  quasi-lÔsh thc Aϕ = f

me periorismì r.

Sth sunèqeia ènac trìpoc eÔreshc lÔshc eÐnai na elaqistopoi-
 soume to upìloipo ||Aϕ − f || se sqèsh me to sf�lma sthn f .
Dhlad  y�qnoume gia stoiqeÐa f pou ikanopoioÔn thn sunj kh
||Aϕ− f || ≤ δ kai stajeropoieÐtai k�nontac th nìrma ||ϕ|| mikr .

Orismìc 4.29 'Estw A : X → Y eÐnai ènac fragmènoc, grammi-
kìc telest c kai èstw δ > 0. Gia mia dosmènh sun�rthsh f ∈ Y
èna stoiqeÐo ϕ0 ∈ X onom�zetai el�qisth wc proc th nìr-
ma lÔsh thc exÐswshc Aϕ = f me apìklish d an ||Aϕ0− f || ≤ δ
kai

||ϕ0|| = inf
||Aϕ−f ||≤d

||ϕ||
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IsodÔnama, mporoÔme na poÔme ìti h ϕ0 eÐnai el�qisth lÔsh wc
proc th nìrma thc Aϕ = f me apìklish d an kai mìno an h ϕ0

eÐnai h bèltisth prosèggish sto mhdenikì stoiqeÐo tou q¸rou X
wc proc to sÔnolo Uf := ϕ ∈ X : ||Aϕ− f || ≤ δ. Sth sunèqeia
ja diatup¸soume to epìmeno je¸rhma mìno sthn perÐptwsh twn
pukn¸n sunìlwn.

Je¸rhma 4.30 'Estw A : X → Y eÐnai ènac fragmènoc gram-
mikìc telest c me puknì sÔnolo kai δ > 0. Tìte gia k�je f ∈ Y
up�rqei monadik  el�qisth lÔsh wc proc th nìrma thc exÐswshc
Aϕ = f me apìklish d.
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Kef�laio 5

Mh kal� topojethmèna
probl mata sth JewrÐa
DunamikoÔ

5.1 Qr sh OmalopoÐhshc Tikhnov se mh ka-

l� Topojethmèna Probl mata pr¸tou

eÐdouc

Se autì to kef�laio ja doÔme thn qr sh twn mh-kal� topoje-
thmènwn exis¸sewn pr¸tou eÐdouc sthn epÐlush fragmènwn pro-
blhm�twn me dunamikì. Arqik� jewroÔme èna fragmèno sÔnolo
D ⊂ R2 me sunektikì fr�gma t�xhc C2.

Arqik� jewroÔme to prìblhma Dirichlet me lÔsh u ∈ C2(D) ∩
C(D) thc exÐswshc Laplace

∆u = 0 D (5.1.1)

me sunoriak  sunj kh

u = f ston q¸ro ∂D (5.1.2)

me f mia dosmènh suneq c sun�rthsh. Epilègoume mia kleist 
kampÔlh D t�xhc C2, h opoÐa perièqetai sto eswterikì thc G kai
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ν to di�nusma pou brÐsketai sthn kampÔlh D kai èqei for� proc
ta èxw. H lÔsh tou probl matoc Dirichlet pou y�qnoume èqei th
morf  diploÔ dunamikoÔ kai gr�fetai

u(x) =

∫
Γ

ϕ(y)
∂Φ(x, y)

∂ν(x, y)
ds(y), x ∈ D (5.1.3)

H jemeli¸dhc lÔsh thc exÐswshc Laplace gr�fetai sth morf 

Φ(x, y) :=
1

2π
ln

1

|x− y|
, x 6= y

h opoÐa brÐsketai ston R2 kai ϕ ∈ L2(Γ) eÐnai mia �gnwsth po-
sìthta. H armonik  sun�rthsh u epilÔei to prìblhma Dirichlet
kai f eÐnai h lÔsh thc oloklhrwtik c exÐswshc pr¸tou eÐdouc:

∫
Γ

ϕ(y)
∂Φ(x, y)

∂ν(y)
ds(y) = f(x), x ∈ ∂D. (5.1.4)

Sth sunèqeia eis�goume ton telest  A : L2(Γ) → L2(Γ) sth
morf 

Aϕ(x) :=

∫
Γ

ϕ(y)
∂Φ(x, y)

∂ν(y)
ds(y), x ∈ ∂D (5.1.5)

'Ara mporoÔme na xanagr�youme th teleutaÐa sqèsh sth morf 
Aϕ = f . AfoÔ o telest c A èqei suneq  pur na kai eÐnai sumpa-
g c, tìte h exÐswsh Aϕ = f eÐnai mh kal� topojethmènh.

Sth sunèqeia ja diatup¸soume k�poia jewr mata pou aforoÔn te-
lestèc thc morf c (5.1.5).

Je¸rhma 5.1 O sumpag c telest c A : L2(Γ) → L2(∂D),
o opoÐoc èqei th morf  tou tÔpou (5.1.5), eÐnai èna proc èna kai
èqei puknì sÔnolo tim¸n.
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Sth sunèqeia ja efarmìsoume thn omalopoÐhsh Tikhonov, dhlad 
ja proseggÐsoume thn (5.1.5) me thn sqèsh

αϕα + A∗Aϕα = A∗f (5.1.6)

me par�metro omalopoÐhshc a. Prèpei na shmei¸soume ìti h ϕα pou
ikanopoieÐ th parap�nw sqèsh sunep�getai ìti ϕα ∈ C(Γ) epeid 
gia ton telest  A∗ isqÔei A∗ : L2(∂D)→ C(Γ). Sthn perÐptwsh
thc omalopoÐhshc Tikhonov èqoume sÔgklish thc ϕα h opoÐa eÐnai
lÔsh thc (5.1.6) kaj¸c α → 0 mìno ìtan h exÐswsh (5.1.4) èqei
lÔsh.

Parat rhsh 'Estw ìti ϕα → ϕ ∈ L2(Γ) gia α→ 0. Tìte afo-
Ô A kai A∗ eÐnai suneqeÐc, tìte sunep�getai ìti A∗(Aϕ − f) = 0.
Autì shmaÐnei ìti Aϕ = f diìti A∗ eÐnai èna proc èna. Sthn pe-
rÐptwsh mac, gia na broÔme mia proseggistik  lÔsh sto sunoriakì
prìblhma me thn sun�rthsh

uα(x) :=

∫
Γ

ϕα(y)
∂Φ(x, y)

∂v(y)
ds(y), x ∈ D

ìpou den mac eÐnai qr simh h sÔgklish thc ϕα. Sthn pragmati-
kìthta qreiazìmaste sÔgklish Aϕα → f kaj¸c α→ 0 sto ∂D h
opoÐa ikanopoieÐ thn sunoriak  sunj kh proseggistik�. Sunep¸c
afoÔ to prìblhma Dirichlet eÐnai kal� topojethmèno, oi diaforèc
uα− f sto sÔnoro dÐnoun mikrèc diaforèc ua− u sth lÔsh se ìlo
to D.

Prìtash 5.2 Gia k�je sumpagèc sÔnolo W ⊂ D up�rqei mia
stajer� C(D,W ) tètoia ¸ste

||u||C(W ) ≤ ||u||L2(∂D)

gia ìlec tic armonikèc sunart seic u ∈ C(D).
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Apìdeixh Arqik� orÐzoume ton telest  me diplì dunamikì V :
C(∂D)→ C(D) me

(V ψ)(x) :=

∫
∂D

ψ(y)
∂Φ(x, y)

∂ν(y)
ds(y), x ∈ D

Tìte apì gnwstì je¸rhma prokÔptei

u = −2V (I −K)−1u|∂D

me oloklhrwtikì telest  K gia to sÔnoro ∂D. Qrhsimopoi¸ntac
thn anisìthta Cauchy-Schwartz up�rqei mia stajer� c h opoÐa
exart�tai apì to D kai to W tètoia ¸ste

||V ψ||C(W ) ≤ c||ψ||L2(∂D)

gia ìla ta ψ ∈ C(∂D).
AfoÔ o K èqei suneq  pur na prokÔptei ìti o (I − K)−1 eÐnai
fragmènoc wc proc thn L2-nìrma.

Sth sunèqeia ja asqolhjoÔme me thn sÔgklish sto fr�gma gia
èna proc èna sumpageÐc telestèc me puknì sÔnolo tim¸n.

Je¸rhma 5.3 Gia thn monadik  lÔsh ϕα thc sqèshc (5.1.6),
èqoume th sÔgklish ||Aϕα − f || → 0, α→ 0.

Je¸rhma 5.4 'Estw ìti f ∈ A(L2(Γ)). Tìte ||Aϕα − f || =
o(
√
α), a→ 0.

Apìdeixh Arqik� gr�foume Aϕ = f kai apì gnwstì je¸rhma
èqoume ìti ϕα → ϕ, α→ 0. Epomènwc èqoume

||Aϕα − f ||2 = (ϕα − ϕ,A∗[Aϕα − f ]) = α(ϕ− ϕα, ϕα)

to opoÐo upodhl¸nei ìti ||Aϕα − f ||2 = o(α).
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Je¸rhma 5.5 H sunj kh f ∈ AA∗(L2(∂D)) eÐnai aparaÐthth
kai anagkaÐa sunj kh gia thn sqèsh ||Aϕα−f || = O(α), α→ 0.

Apìdeix  'Estw (µn, ϕn, gn), n = 1, 2, ... eÐnai èna idi�zwn sÔsth-
ma gia ton telest  A. AfoÔ o telest c A∗ eÐnai èna proc èna,
apì prohgoÔmeno je¸rhma to sÔnolo gn : n ∈ N eÐnai èna pl rec
orjokanonikì sÔsthma ston L2(∂D) dhlad  mporoÔme na epekte-

Ðnoume thn f , f =
∞∑
n=1

(f, gn)gn. Me qr sh tou Jewr matoc (4.20)

gr�foume thn ϕα sth morf 

ϕα =
∞∑
n=1

µn
α + µn2

(f, gn)ϕn

Qrhsimopoi¸ntac tic epekt�seic twn sunart sewn f kai ϕα pro-
kÔptei ìti

||Aϕα − f ||2 =
∞∑
n=1

α2

(α + µ2
n)

2
|(f, gn)|2 (5.1.7)

Sth sunèqeia, jètoume f = AA∗g gia k�poio g ∈ L2(∂D) kai
èqoume

(f, gn) = (AA∗g, gn) = (g, AA∗gn) = µ2
n(g, gn)

kai apì thn (5.1.7) sunep�getai

||Aϕα − f ||2 =
∞∑
n=1

α2µ4
n

(α + µ2
n)

2
|(g, gn)|2 ≤ α2

∞∑
n=1

|(g, gn)|2 = α2||g||2

Antistrìfwc, jewroÔme ìti ||Aϕα − f || = O(α), α → 0. Tìte
apì th sqèsh (5.1.7) parathroÔme ìti up�rqei mia stajer� M > 0
tètoia ¸ste

∞∑
n=1

|(f, gn)|2

(α + µ2
n)

2
≤M
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gia ìla ta α > 0. B�zontac ìrio sthn parap�nw sqèsh me α→ 0,
prokÔptei ìti

∞∑
n=1

1

µ4
n

(f, gn)gn ≤M

Epomènwc orÐzoume th g sthn parak�tw morf 

g :=
∞∑
n=1

1

µ2
n

(f, gn)gn

h opoÐa eÐnai kal� orismènh kai isqÔei AA∗g = f .

5.2 Efarmog 

'EstwD eÐnai ènac monadiaÐoc dÐskoc kai G ènac omìkentroc kÔkloc
me aktÐna R > 1. OrÐzoume èna x ∈ ∂D kai to parametropoioÔme
sth morf 

x(t) = (cost, sint), 0 ≤ t ≤ 2π

kai y ∈ Γ

y(t) = (Rcost, Rsint), 0 ≤ t ≤ 2π

Sth sunèqeia orÐzoume ψ(t) := ϕ(x(t)) kai g(t) := f(x(t)) kai
gr�foume thn (5.1.4) sth morf 

R

2π

∫ 2π

0

cos(t− τ)−R
1− 2Rcos(t− τ) +R2

ψ(τ)dτ = g(t) (5.2.1)

me 0 ≤ t ≤ 2π
Oi dÐskoi autoÐ perigr�fontai sto parak�tw sq ma.
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Sq ma 5.1: Melèth tou dÐskou D mèsw tou dÐskou G

Dhlad  melet�me to qwrÐo D dhmiourg¸ntac ènan exwterikì dÐsko
G ìpou h aktÐna ja eÐnai p�nta megalÔterh apì ton dÐsko D.
Gia apeikonÐsoume ta apotelèsmata mac arijmhtik� jewroÔme th
sunoriak  sunj kh

f(x) = ln|x− x0|, ìpou x0 = (q, 0) me q > 1

H lÔsh tou fragmènou sunoriakoÔ probl matoc epitrèpei mia ar-

monik  sunèqeia se ènan anoiqtì dÐsko aktÐnac q.

To sf�lma ||Aϕα− f || an�mesa sthn akrib  lÔsh kai sthn omalo-
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poÐhsh Tikhonov, sthn opoÐa qrhsimopoioÔme trapezoeid  kanìna

h opoÐa proseggÐzetai me th mèjodo Nystrom me 32 shmeÐa.

Epilègoume gia aktÐna tou dÐskou G na eÐnai R = 2. H ex�rth-

sh tou sf�lmatoc apì tic paramètrouc a kai q epibebai¸nontai apì

thn sumperifor� thc sÔgklishc h opoÐa problèpetai apì ta jew-

rhtik� mac apotelèsmata.

Gr�fontac ton algìrijmo prokÔptoun ta sf�lmata gia 32 shme-

Ða diamèrishc ta opoÐa dÐnontai ston parak�tw pÐnaka.

logα q = 10 q = 4 q = 3 q = 2 q = 1.5

-5 0.00006 0.00009 0.0001 0.001 0.01

-4 0.00060 0.00091 0.0014 0.006 0.02

-3 0.00642 0.00873 0.01258 0.030 0.08

-2 0.06255 0.07370 0.0955 0.162 0.27

Stic parak�tw grafikèc parast�seic h akrib  mac lÔsh eÐnai
h suneq c anapar�stash kai ta "kukl�kia� eÐnai h proseggisti-
k  lÔsh. ParathroÔme h ìti h prosèggish mac eÐnai arket� kal 
afoÔ ta "kukl�kia� pou apeikonÐzoun thn prosèggish me thn oma-
lopoÐhsh Tikhonov "sqedìn� tautÐzontai me th pragmatik  lÔsh.
Parìmoiec grafikèc prokÔptoun kai se k�je �llh perÐptwsh lam-
b�nontac upìyin kai apì ton parap�nw pÐnaka ìti h prosèggish pou
apeikonÐzoume eÐnai h bèltisth. Tèloc parathroÔme ìti ìso pio a-
pomakrusmèno eÐnai to shmeÐo pou epilègoume gia na melet soume
to prìblhma tìso pio kal  ja bgei h prosèggish.
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Sq ma 5.2: Sf�lmata me th mèjodo Tikhonov me q = 10 kai α = 10−5

Sq ma 5.3: Sf�lmata me th mèjodo Tikhonovme q = 2 kai α = 10−2
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Kef�laio 6

Upologistikèc Efarmogèc gia
Asteroeid  QwrÐa

Se autì to kef�laio ja qrhsimopoi soume thn omalopoÐhsh Tikho-
nov gia thn melèth problhm�twn Dirichlet se asteroeid  qwrÐa.

6.1 Prìblhma 1

Arqik� ja xekin soume me thn perÐptwsh ìpou to D eÐnai o mona-
diaÐoc dÐskoc kai to qwrÐo G eÐnai tuqaÐo.

Gia to sÔnoro tou D, ∂D h parametropoÐhsh eÐnai h ex c:

x(t) = (cost, sint), 0 ≤ t ≤ 2π

kai gia to qwrÐo G èqoume:

y(t) = (R(t)cost, R(t)sint), 0 ≤ t ≤ 2π

me R(t) = 2 + 0.1cost

To sq ma perigr�fei ènan monadiaÐo kÔklo aktÐnac r = 1 o opoÐoc
perikleÐetai apì èna tuqaÐo qwrÐo, ìpou to sÔnoro tou den su-
mpÐptei me to sÔnoro tou monadiaÐou kÔklou. Autì pou ja k�noume
eÐnai ìti ja melet soume ton monadiaÐo kÔklo mèsw tou tuqaÐou
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qwrÐou qrhsimopoi¸ntac mia sunoriak  sunj kh h opoÐa all�zei
mèsw tou arqikoÔ shmeÐou x0. EpÐshc qrhsimopoioÔme thn suno-
riak  sunj kh

f(x) = ln|x− x0|, ìpou x0 = (q, 0) me q > 1

K�nontac tic pr�xeic prokÔptei ìti o pur nac thc oloklhrwti-

k c exÐswshc (5.1.4) ja èqei th morf :

∂Φ(x, y)

∂ν(y)
=
n̂(y)(x− y)

2π|x− y|2
=

1

y′(t)
· (y

′
2(τ),−y′1(τ)) · (x1(t)− y1(τ), x2(t)− y2(τ))

(x1(t)− y1(τ))2 + (x2(t)− y2(τ))2

EpÐshc dSy = |y′(τ)|dτ

K�nontac pr�xeic kai gr�fontac ton algìrijmo se Matlab pro-

kÔptei o pÐnakac sfalm�twn ||Aϕα − f ||:

logα q = 10 q = 4 q = 3

-5 0.0019 0.0024 0.0041

-4 0.0075 0.0079 0.0128

-3 0.0317 0.0283 0.0402

-2 0.1242 0.0897 0.1057

To q ja eÐnai p�nta megalÔtero apì dÔo diìti èqoume idiìmorfia
ston monadiaÐo kÔklo. Sthn sunèqeia blèpoume mèsw grafik c pa-
r�stashc, ìpou h suneq c grafik  par�stash eÐnai h akrib  lÔsh

71



tou probl matoc, ta sf�lmata pou prokÔptoun apì th mèjodo pou
akolouj same.

Sq ma 6.1: Sf�lmata me th mèjodo Tikhonov gia 32 shmeÐa

Parathr¸ ìti gia 32 shmeÐa to sf�lma eÐnai arket� kalì kai pa-
rathroÔme ìti ìso pio meg�lo eÐnai to q tìso pio kalÔterh eÐnai h
prosèggish mac.

6.2 Prìblhma 2

Se autì to prìblhma melet�me èna tuqaÐo qwrÐo D mèsw enìc
dÐskou aktÐnac R = 2. ParametropoioÔme to qwrÐo D wc ex c:

x(t) = (r(t)cos(t), r(t)sin(t))

me r(t) = 1 + 0.1sin(t)
kai to qwrÐo Γ parametropoieÐtai wc ex c:

y(τ) = (Rcos(τ), Rsin(τ)) R = 2
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DouleÔoume paromoÐwc ìpwc sto prohgoÔmeno prìblhma kai pro-
kÔptei o pur nac thc oloklhrwtik c:

1

2π

r(t) ·Rcos(τ)cos(t)−R2 +R · r(t) · sinτ · sin(t)

(r(t)cos(t)−Rcos(τ))2 + (r(t)sin(t)−Rsinτ)2

kai epilÔontac th sqèsh (5.1.4) me th mèjodo Tikhonov prokÔptoun
ta parak�tw sf�lmata:

logα q = 10 q = 4 q = 3 q = 2 q = 1.5

-5 5.88 · 10−5 3.93 · 10−4 4.72 · 10−4 0.0019 0.0111
-4 0.0037 0.0025 0.0028 0.0770 0.0288
-3 0.0218 0.0145 0.0156 0.0319 0.0801
-2 0.1096 0.0738 0.0761 0.1238 0.2299

Sto q = 1 apeirÐzetai diìti to arqikì shmeÐo sumpÐptei   pèftei
mèsa sto eswterikì D.

Sq ma 6.2: Sf�lmata me th mèjodo Tikhonov

Me th suneq  gramm  anaparÐstatai h akrib c lÔsh kai me touc
kÔklouc h proseggistik  lÔsh h opoÐa parathroÔme eÐnai arket�
kont� me thn akrib c lÔsh.
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6.3 Dipl� Sunektik� QwrÐa

Se aut  th par�grafo ja asqolhjoÔme me thn melèth enìc kukli-
koÔ dÐskou aktÐnac r = 2 o opoÐoc èqei kenì se tuqaÐo sq ma. H
melèth aut  gÐnetai mèsw kuklikoÔ dÐskou aktÐnac R = 3.

Sq ma 6.3: Melèth skiagrafhmènou kommatioÔ D me kenì sth mèsh

Sth sunèqeia prèpei na parametropoi sw ta qwrÐa D1 kai D2. H
parametropoÐhsh gia to dÐsko D1 eÐnai:

x1(t) = (2cost, 2sint)

kai gia to qwrÐo D2 eÐnai:

x2(t) = (r(t)cost, r(t)sint)
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me r(t) = 1 + 0.1sint
Gia to sÔnoro tou qwrÐou D1 èqoume:

∂D1 : Dϕ(x) = f1(x)

me

f1(x) = log|x1 − x0|
AntÐstoiqa gia to sÔnoro tou qwrÐou D2 èqoume:

∂D2 : Dϕ(x) = f2(x)

me

f2(x) = log|x2 − x0|

Epeid  èqoume 2 qwrÐa pou melet�me ja qwrÐsoume ton pur na se
2 epimèrouc, ènan gia to qwrÐo D1 kai ènan gia to qwrÐo D2. O
pur nac tou qwrÐou D1 èqei th morf :

∂Φ(x1, y)

∂ν(y)
=
n̂(y)(x1 − y)

2π|x1 − y|2

me n(y) = (y′2(t),−y′1(t)) kai y(τ) = (3cosτ, 3sinτ) Shmei¸noume
ìti me y(τ) orÐzoume thn parametropoÐhsh thc kampÔlhc G.

K�nontac pr�xeic o pur nac thc oloklhrwtik c exÐswshc gia to
qwrÐo D1 eÐnai o ex c:

1

2π
· 6cosτcost+ 6sinτsint− 9

(2cost− 3cosτ)2 + (2sint− 3sinτ)2

Gia to qwrÐo D2 èqei th morf :

∂Φ(x2, y)

∂ν(y)
=
n̂(y)(x2 − y)

2π|x2 − y|2

me x2(t) = (r(t)cost, r(t)sint), r(t) = 1 + 0.1sint kai y(τ) =
(3cosτ, 3sinτ)
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K�nontac pr�xeic o pur nac thc oloklhrwtik c exÐswshc gia
to qwrÐo D2 eÐnai o ex c:

3r(t)cosτcost+ 3r(t)sinτsint− 9

2π{(r(t)cost− 3cost)2 + (r(t)sint− 3sinτ)2}

Gr�fontac ton algìrijmì se Matlab prokÔptoun ta sf�lmata pou
gr�fontai ston parak�tw pÐnaka:

logα q = 10 q = 4 q = 3 q = 2 q = 1.5

-5 1.21 · 10−4 6.07 · 10−4 0.0021 - 0.05
-4 0.012 0.0038 0.0092 - 0.0965
-3 0.017 0.0259 0.0456 - 0.2055
-2 0.1041 0.16 0.2397 - 0.5302

Sq ma 6.4: Sf�lmata me th mèjodo Tikhonov gia to qwrÐo D1
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Sq ma 6.5: Sf�lmata me th mèjodo Tikhonov gia to qwrÐo D2

Ta parap�nw sq mata perigr�fei th sumperifor� twn dÔo lÔsewn
h opoÐa eÐnai parìmoia kai stic dÔo peript¸seic. H suneq c grafi-
k  par�stash eÐnai h akrib c lÔsh en¸ h grafik  par�stash me tic
teleÐec eÐnai h proseggistik . To sf�lma parathroÔme mèsw twn
grafik¸n parast�sewn eÐnai arket� mikrì pr�gma to opoÐo shma-
Ðnei ìti h mèjodoc Tikhonov me qr sh Nÿstrom eÐnai arket� kal 
gia thn melèth tou sugkekrimènou probl matoc.

ShmeÐwsh Gia thn epÐlush tou probl matoc qrei�sthke na bro-
Ôme 2 pur nec afoÔ eÐqame dÔo qwrÐa mèsw enìc kuklikoÔ dÐskou
G aktÐnac trÐa. O arijmìc thc aktÐnac pou qrhsimopoi same eÐnai
endeiktikìc, ja mporoÔsame �llwste na p�roume aktÐna p�nta me-
galÔterh apì 2. EpÐshc na shmei¸soume ìti ston parap�nw pÐnaka
sth st lh ìpou q = 2 èqoume kenì. Autì sumbaÐnei diìti to arqikì
shmeÐo pèftei p�nw sto sÔnoro tou qwrÐou D1.
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6.4 TuqaÐo Eswterikì QwrÐo

Se aut  th par�grafo ja asqolhjoÔme me to tuqaÐo eswterikì
qwrÐo D to opoÐo èqei parametropoÐhsh:

x(t) := (cost+ 0.65cos2t− 0.65, 1.5sint)

H melèth tou qwrÐou autoÔ ja gÐnei mèsw tou kuklikoÔ dÐskou G
to opoÐo èqei parametropoÐhsh:

y(τ) := (Rcosτ,Rsinτ), R = 2

H oloklhrwtik  exÐswsh èqei th morf :∫
Γ

ϕ(y)
∂Φ(x, y)

∂ν(y)
ds(y) = f(x), x ∈ D

H sun�rthsh f(x) èqei th morf :

f(x) := log
√
|x− x0|, x0 = (q, 0)

To sq ma tou qwrÐou pou melet�me èqei th morf :

Sq ma 6.6: Melèth tuqaÐou qwrÐou D
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K�nontac pr�xeic o pur nac thc oloklhrwtik c exÐswshc èqei
th morf :

∂Φ(x, y)

∂n(y)
=

ˆn(y)(x− y)

2π|x− y|2

me monadiaÐo k�jeto di�nusma:

n(y) = (y′2(τ),−y′1(τ))

me 0 ≤ t, τ ≤ 2π

EpilÔontac ton algìrijmì mèsw Matlab prokÔptoun ta sf�lma-

ta:

logα q = 10 q = 4 q = 3 q = 2 q = 1.5

-5 0.0019 0.0023 0.0039 0.0118 0.0353

-4 0.0079 0.0043 0.005 0.0175 0.0556

-3 0.021 0.0101 0.0095 0.0330 0.0940

-2 0.043 0.0194 0.0219 0.0707 0.1679

Apì ton parap�nw pÐnaka parathroÔme ìti ìso pio kont� brÐske-
tai to arqikì shmeÐo sto qwrio D tìso pio polÔ to sf�lma mega-
l¸nei.
Genikì Sumpèrasma To sumpèrasma autì faÐnetai kai apì tic
parak�tw grafikèc parast�seic all�zontac to q kai thn par�me-
tro omalopoÐhshc a. Megal¸nontac tic 2 autèc paramètrouc to
sf�lma mikraÐnei ìlo kai pio polÔ. Autì sumbaÐnei diìti ìso pio
makri� brÐsketai to arqikì shmeÐo q tìso makri� apì to mhdèn eÐnai
h sunoriak  sunj kh f . Sunep¸c h prosèggish ja eÐnai kalÔterh.
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H grafik  par�stash twn sfalm�twn eÐnai h ex c:

Sq ma 6.7: Sf�lmata me th mèjodo Tikhonov gia tuqaÐo qwrÐo D me q = 1.5
kai α = −2

Sq ma 6.8: Sf�lmata me th mèjodo Tikhonovgia tuqaÐo qwrÐo D me q = 10
kai α = −5
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