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Abstract

Online ad auctions are internet auctions which usually sell advertising
space placed nearby the results of a search query. The rapidly increasing
market of these auctions led the scientific community to study their proper-
ties. A major problem in this type of auctions is to inference the valuation
of a bidder, that is the particular value that each bidder has per amount of
space he gets. Classical work to face the problem of valuation inferencing
rely on the assumption that the players somehow reached an mixed nash
equilibrium. However in dynamic settings this is not always the case.

In this thesis we experimentally analyse the new valuation inference method
proposed by Syrgkanis, Nekipelov and Tardos which assumes that the play-
ers are learning agents. Furthermore we constructed an implementable sim-
ulation system whose purpose is to provide a basis for the further study of
these types of auctions because of the public data’s lack.

In the second chapter we introduce the reader to some basic mechanism
design concepts. In the third chapter we analyse the properties of the par-
ticular auction format usually used in online ad auctions, the Generalised
Second Price auction. In the fourth chapter we introduce basic concepts
and algorithms used by players in online decision settings which will consti-
tute our basic assumption about how a bidder should behave in an online
ad auctions context. In the fifth chapter we describe the new valuation in-
ference method proposed by Nekipelov, Syrgkanis and Tardos , we describe
the simulation system constructed and we present our experimental results
with new robustness evidences of the evaluation method.

Keywords: algorithmic game theory, mechanism design, sponsored search
auctions, GSP, online convex optimization, bandit convex optimization, on-
line learning, valuation inference
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Chapter 1

Introduction

The impact of the Internet on economic growth is undeniable. Specially
marketing is rapidly evolving from traditional advertising methods such as
newspaper or television advertisements to digital online advertisements. A
particular domain of digital marketing called sponsored search advertising
are the advertisements that appear side to the results of a search query in the
widely known search engines Yahoo and Google. The important percentage
of the market that these type of advertisements maintain made the necessi-
tude of their study clear. What is the best way to sell this advertisements?
How can search engines improve their income? How companies should be-
have to buy these advertising places? These are apparently innocuous but
in reality deep questions that need to be answered.
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These advertisements are sold via known online auction formats trying to
face all the problems mentioned above in the best possible way. The most
widely used auction format is the Generalised Second Price(GSP) auction.

In the GSP auction the auctioneer sells advertisement spots that have
different click probability coefficients, let o = (a1, a2, ..., uy,) to be the vec-
tor of these coefficients. These coefficients are positive and non increasing,
this means that the first position has a higher probability of getting clicked
than the second, the second than the third etc. Moreover each bidder is
associated with a click probability coefficient which reflects the proclivity of
a person to click the particular advertisement associated with this bidder,
let v = (71,72, ---,7n) be the vector of these coefficients. Thus when bidder
i gets the jth position, the probability of being clicked is p;; = v;a; . Each
time there is a search query adjacent to the players’ preferences of advertis-
ing, the auctioneer asks the interested bidders to place their bid. Then the
bids are collected and the most valuable spot in terms of click probability
coefficient is given to the player who posted the higher bid, the second most
valuable spot to the player with the second highest bid etc. Every time an
advertisement is clicked the bidder is charged with the minimum bid that
would have permitted him to maintain his position, that is the next lower
bid. As for the bidders, every bidder has a valuation per unit of item he
gets, that is v;, and reflects how much his average income is when his ad-
vertisement is clicked. Therefore if we assume wlog. that the bids are in
decreasing order by > by > ... > by, then bidder 7 who gets the ith position
has an average profit of :

;i (vi — biy1) (1.1)

It turns out that there is not an obvious way for a player to bid in order
to maximize his profit. So to analyse his behaviour is essential to make good
predictions about him in terms of rationality. Moreover in order to predict
this behaviour and test what economic theory suggest us, one major problem
is to understand from the bids made what is the valuation of each player.
This constitutes the major problem analysed throughout this thesis. Thus,
the data available to us are the auction system’s details and the complete
bidding history of a particular keyword auction. Our goal is to estimate the
private valuation that each player has.

A lot of work has been made to propose efficient inference methods at [1] ,
[2] , [3]. However one major flaw in all these methods is the silent assumption
that a mixed nash equilibrium has been reached. In fact all these methods
try to best explain the bidding history of the auction assuming that the
valuations are in concordance with a certain type of equilibrium. This means
that supposing a tuple of valuations vy, vs, ..., v, then the bids observed form
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an equilibrium.In such dynamic settings this is not always the case for many
different reasons. Many bidders appear and disappear changing the possible
equilibria, also as the auction is performed under a non full information
context it is quixotic to assume that the bidders will make it to reach an
equilibrium. Obviously in many cases they make it to reach an equilibrium,
however this assumption do not stand generally and provoke a big valuation
estimation error when it do not hold even approximately.

A newer inference method proposed at [4] assume that bidders are learning
agents, that is, bidding is implemented by algorithms which can learn in a
repeated setting what is the best way to bid. That intuition reflects a
completely different approach to econometrics in general. While often we
analyse an economic system supposing that somehow players reached an
equilibrium, we do not usually assume nothing about how they make it to
reach an equilibrium. The key point of this new inference method is to
assume the way players behave instead of supposing a final steady state.
Proceeding in this line of thought it is important to assume correctly how
players would behave, in fact, what does it mean to be a learning agent.

Online advertisement auctions can be structured as a repeated game. The
player submit a bid to the auctioneer and then accumulate the profit that
this bid created. Therefore the main question for a bidder is how can he bid
optimally throughout the auction to maximize his profit. This task can be
done efficiently using learning algorithms like the Multiplicative Weights Up-
date. This algorithm maintains a probability distribution over the possible
bids and update this probability distribution according to the performance
of the different bids. So this procedure consists in a high level three steps
approach

e submit a bid b according to a probability distribution
e suffer the loss or profit of this particular bid

e modify the probability distribution by observing the various bids per-
formance

This particular algorithm can be slightly modified to work also in non full
information contexts [2I] . In fact in these type of contexts the bidder only
receives the profit provoked by his bid and he does not know how other
bids would have behave. The performance in such competitive and dynamic
settings is evaluated using the notion of regret. Let Alg be the learning
algorithm applied to bid optimally, then we define as the regret of Alg the
difference between the profit produced by Alg and the profit that the best
fixed bid would have produced. It can be proven that in general setting
there do not exist an algorithm that achieves a Regret of Q(v/T) where T

13



is the number of iterations. However there are simple algorithm that meet
up to a constant term this error bound. The simplicity in addition with
the optimal performance of these algorithms enforce the assumption that
bidders would and should make use of it.

So the key point of this method assuming that bidders are learning agents
is to inference their valuations supposing that their average regret vanishes
over time. This property is called no-regret assumption. In fact following
the assumption that bidders are learning agents and they achieve a regret
of /T it follows immediately that g —0

Although this method has been proposed in the context of online auctions
it is possible to consist a way more general approach to study economics.
As an advantage of this method we can consider the fact that they capture
the dynamic evolution of the system rather than only considering the final
outcome.

Contribution

In this thesis we constructed a general auction simulation system. The
purpose of this simulation system is to became a free tool available to ev-
eryone who wish to implement auctions’ variations and test the predictions
of the theory in dynamic environments. This tool aims to fill the gap cre-
ated by the lack of free offered data in the context of online auctions and
permit the study of problems related to auctions independently of indus-
try societies. Moreover we implemented some econometric and statistical
libraries. The econometric library provides useful functions to test the no
regret assumption in the context of online auctions and aims to develop in
a more general library whose purpose is to study no-regret economics. The
statistical library offers functions that create statistical metrics with respect
of online ad auctions

In addition to that we evaluated the new valuation inference method pro-
posed by Nekipelov, Syrgkanis and Tardos at [4]. Apart from the general
evaluation , we propose some critic which we hope will be the base for a
further development of this brilliant idea. Furthermore we evaluate its ro-
bustness in settings when the auction implemented is not fair with respect
to the bidders [5]. In fact Parkes et al. proposed a model under which the
payments in the GSP auction are calculated with erroneous parameters and
are not in concordance with the incomes, they proved that the GSP auction
is in a sense of truthfulness of the outcome (higher valuation players should
achieve a better placement) particularly robust. This robustness suggests a
good behaviour when the inference valuation method is applied to non fair

14



auctions which is experimentally confirmed

Structure

In the second chapter we introduce the reader to the basic concepts
of mechanism design, the domain of algorithmic game theory which con-
centrates its study to the analysis and study of auctions’ mechanisms. We
present some properties of auctions which are demanded by the classical
theory and we critic their meaning.

In the third chapter we concentrate our analysis to the study of the
auctions’ format used in the online advertising context. We explain why
these auctions deviate from the classical economic theory and why notwith-
standing this fact they are used.

The fourth chapter explains how a learning agent should behave in
dynamic environments. Although the main purpose of the chapter is to
explain how a bidder should bid in online auctions in order to maximize
his profit, the context of learning algorithms is way more general. In the
first part of the chapter we present a discrete model and its optimization
algorithms for dynamic repeated games. We then proceed by switching our
analysis to continuous domains. Finally we present a swift of the classical
analysis of learning agents to models where the player has not only to face the
dynamic aspect of the environment but also a non full information context.

In the final chapter we describe our simulation system. Its properties
and its possible further development. In addition to that we explain exactly
how a bidder should use the algorithms presented in the precedent chapter
to maximize his profit. Moreover we evaluate the newest proposed inference
valuation method with an extended critic of his weaknesses and strengths.
Finally we present some additional evidence about the robustness of the
valuations inference method under nontruthful mechanisms and we enlighten
the further work’s possibilities.
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Chapter 2

Game Theory and
Mechanism Design Warm up

2.1 Introductory Examples

Mechanism design is a science that lies in the intersection between game
theory, economy and computer science. His main purpose is to design mech-
anisms that guarantee good performance even where they are used by strate-
gic players. The importance of good mechanisms is revealed by observing
the failures of bad mechanisms.

Incentive Example: 2012 Olympic Games women’s badminton
tournament

The tournament has two phases, In the first phase there are four groups
A.,B,C,D with four teams each. The first two teams of each group advance
to the second phase after a round robin series of matches. The second
phase is composed by three direct elimination rounds where a team is either
eliminated or advances, until one only team remains. In the first elimination
round of the second face a team that ends second in the first phase faces a
team that ended first in his group.

Now that we know the template, let’s describe what happened. In the
group D there was the best team of the tournament, the Chinese team of
Qing and Wunlei. In their last match of the first phase they got beaten
by the Danish team ending in such a way second. As a result the first
of the group A would face the Chinese team. However in the last match
of the A group two teams with a score of 2-0 each were playing against
each other. For each of the two teams a win would have meant the first
place and in the next round a match with the top Chinese team. So that’s
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what happened, they tried both to lose intentionally the match https:
//www.youtube.com/watch?v=7TmgliogqiWEo

There is no doubt that this is a scandal. But to understand more deeply
what happened we should find what are the incentives of the players. What
does a player want? Obviously to proceed as much as he can in the tourna-
ment. What the designer of the tournament template wanted? That each
player tried as much as he could to win every match. So our paradigm
shows that in the rules context of this tournament the incentives of the par-
ticipants are not always aligned with the incentives of the organizers. For a
more profound analysis we recommend Kleinberg’s article at https://agtb.
wordpress.com/2012/08/01/olympic-badminton-is-not-incentive-compatible-6/

This example shows how important is the design of good rules. The out-
comes when the rules are not selected appropriately could be very curious.

So mechanism design is used to design rules that guarantee in a sense
”good” outcomes.

2.2 First Price and Second Price Auction

The best way to start analysing mechanism design is by introducing some
models for single item auctions. In this section we will present some basic
auction formats and we will prove the first useful lemmas.

Single Item Auction: First of all let’s see what is a simple single item
auction. Suppose a seller has an item he wants to sold and there are n byers
that are disposed to give money for this item. Each buyer has a private
parameter called valuation, that represents how much the buyer wants the
item and how much is disposed to pay for it. Then the auction starts and
each buyer (we will start calling them players) bid. The seller decides based
on the bids who gets the item and how much he has to pay for it. Now it
remains to see what is the utility of a player and the utility of the seller.
As for the utility of the seller we will see that is no such an obvious answer,
the seller can be the government so that his purpose is (or it should be) to
maximize the commonwealth of the society or it could be a private society
whose purpose is to maximize revenues. As for the players we will use,
throughout this theses, the quasilinear model of utility. The quasilinear
model is as follows: If a player doesn’t get the item then his utility is zero,
on the contrary if it gets the item at a price p and his private valuation is
v; then his utility is equal to v; — p.
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Sealed-Bid Auctions: The auction format under which all the different
auctions will be is the sealed bid auction format:

1. Each player i tells privately his bid b; to the auctioneer (so the other
bidders don’t know his bid).

2. The auctioneer decides who gets the item (it can be no one)

3. The auctioneer decides the selling price

Now, we should start thinking how to implement steps 2 and 3. Step 2 is
simple, just give the item at the bidder with the highest bid. This decision
seems obvious, but as we will see later, when our main purpose is revenue
maximization it is not always the correct choice. Step 3 is more difficult to
think about, one simple idea, if for example our goal is to give the item at
who wants it more without caring about revenue, is to give it for free. This
is a bad idea, because the players are strategic and the auction will develop
into a game of who announces the biggest number.

First Price Auctions: When the winning bidder pays his bid the auction
is called First Price Auction. Although this auction seems simple, from the
bidder’s perspective is not so simple. To understand why just think the
following experiment: there are two players, the first player is controlled
by us, with valuation v; € [0,1] and the second player has a valuation X
wich is a uniform random variable at [0, 1]. How we should bid to maximize
our utility. If the other player just bids his valuation the answer is simple,
we find our bid by maximizing the function (v — b)(1 — b), but if the other
player play in a different way (which is obvious because for him bidding
every time his value will give him zero utility) how we should bid? This
simple example shows that maybe this auction format is not so good. It is
difficult for the auctioneer to make assumptions about how the bidders will
behave and therefore to predict the outcome of the auction.

Second Price Auctions: An other very common in practice auction for-
mat is the second price auction first suggested by Vickrey at [6]. In the
second price auction the highest bidder gets the item and pays the bid of
the second highest bidder (plus a negligible €). The intuition behind this
auction format is simple, the winner has not to pay his bid, but just the
least possible bid that would gave to him the win anyway.We will proceed
by proving two very important theorems that makes this auction format so
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widely used.

Theorem 2.2.1. In a single item second price auction every bidder with
valuation v; has a dominant bid strategy, setting his bid b; equal to his private
valuation.

This property is very important. Gives us a strong clue about bidders
behaviour. If we have a system of rational players that we want to examine
and a player has a dominant strategy, the assumption that this particular
player will play according to this action is the weakest possible assumption
in this type of setting.

Proof. Fix an arbitrary player ¢ with valuation v; and the vector of bids
made by the other players b_;.

Now we have to prove that no matter what the vector b_; is, the utility of
player ¢ is maximized by setting b; = v;.

Let the maximum bid of the other players to be B = max;x;b;. Then
we identify the cases:

1. If b; > B then utility; =v; — B
2. If b; < B then utility; =0

So the best we can hope is to make a bid b; that in every situation assures

as utility; = max{v; — B,0}.
If v; = b; then:

1. If b; > B = v; > B then utility; = v; — B = max{v; — B,0}

2. If b; < B = v; < B then utility; = 0 = max{v; — B,0}
O]

Theorem 2.2.2. In a single item second price auction, every bidder who
bids his valuation is guaranteed to have non-negative utility.

Before proceeding to the proof of the previous theorem. It is important
to highlight his meaning. Imagine an auction that a player has a dominant
strategy but his pay off is negative. What we would do if we were in his
shoes? Of course leave the auction.So an important property of an auction
is the ability to maintain his players. This property among other things,
surely requires that players have a non-negative utility.

Proof. Recall from the previous theorem that bidding his valuation assures
to every player utility; = maxz{v; — B,0} > 0. O
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2.3 Myerson’s lemma

Myerson’s lemma constituted the basic tool upon which auctions were
designed for many years. Myerson’s at [7] provided a simple design approach
to create DSIC auctions in more general settings than the one of the single
item auction.

Before presenting it, let’s generalize our auction model beyond single item
auctions.

Single-parameter environment

1. The auction has a constant number n of bidders

2. Each bidder has a constant private valuation v; that represents the
value per unit of good that a bidder gets

3. X is the feasible set of n-vectors of good allocations (z1, za,...,x,)

To spot the descriptive ability of this model let’s give some examples.

1. In a single item auction X = {(z1,z2,...,2y) |z; € {0,1},>0 2 <

1}

2. If the auction sells k identical goods then X = {(x1,z2,...,2y)|z; €

{07 1}7 Z?:l Lg S k}

Sealed bid auction template: A mechanism designer in a sealed bid
auction must implement two basic functions. Firstly the allocation rule
function who takes as input the vector of bids and outputs the allocation ,of
goods, vector. Secondly the payment rule function who takes as input the
vector of bids and outputs the payments vector.Formally the sealed bid auc-
tion who is based on a particular single parameter environment is described
by three steps:

1. collect the vector of bids b = (b1, be, ..., by)
2. choose a feasible allocation using a function x : Re™ — X

3. get the payment of each player using a function p : Re"” — Re"
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The sealed bid auction format is important to preserve the anonymity of
the bidders. In real world situations where the environment is competing,
bidders have a bounded budget and multiple single item are sold continu-
ously a good tactic for the second highest bidder, even if the auction imple-
mented is the second price auction is to overbid his true valuation. By this,
he will inflict a bigger acquisition price for the first bidder leading him to
finish his budget faster. In addition to that, even in other auction formats,
bidding reflects a marketing tactic to which enterprises are very attentive to
reveal.

For the player’s utility we will use as always the quasilinear utility model.
If an auction has an allocation rule x and a payment rule p, then the utility
of player ¢ under the bid profile b is: utility; = v;z;(b) — p;(b)

We will restrict ourselves to payments rules that satisfy the following equa-
tion: 0 < p;(b) < bjz;(b)

On the one hand the LHS of the inequality restrict our study to mechanisms
where the seller doesn’t pay the bidders. On the other hand the RHS en-
sures that always a truthtelling bidder have a non-negative utility (so we
restrict ourselves directly to incentive compatible mechanisms).

Now we are almost ready to present Myerson’s lemma. Although we
should present two auxiliary definitions.

Definition 2.3.1. An allocation rule x for a single parameter environment
is implementable if there is a payment rule p such that the sealed bid auction
(x,p) is DSIC.

Just to explain further the definition, it is important to notice that if we
project the space of DSIC mechanisms onto their allocation rules, we get the
space of implementable allocation rules. So if our purpose is to design DSIC
mechanisms we are obliged to restrict ourselves to allocation rules that are
implementable.

Definition 2.3.2. An allocation rule x for a single parameter environment
18 monotone if for every bidder i and other players bids b_;, the function
x;(z,b_;) is non decreasing in z.

So if x is a monotone allocation rule, this means that bidding more can
only give more stuff to the player that is bidding. Imagine for just a moment
an allocation rule that is non monotone, like the second highest bidder wins.
Intuitively is very strange, in fact it is not only intuitively a strange choice,
also form the mechanism design perspective it is a bad choice as we will
prove that if an allocation rule is not monotone then we are sure that is
neither implementable.
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Theorem 2.3.3. Fiz a single parameter environment

1. An allocation rule x is implementable if and only if it is monotone

2. If x is monotone, then there is a unique function p such that the sealed
bid auction (z,p) is DSIC

3. The payment rule of DSIC mechanisms with an allocation function x
s given by a precise formula

Myerson’s lemma is the foundation of mechanism design. Before proceed-
ing to the proof, let’s understand what it says. It says that if you want
to create a DISC auction, the first step is to find an allocation rule that
is monotone. Then you have not to think for a payment rule at all. It is
unique and a precise formula exists for it.

Proof. DSIC condition states that for every bidder ¢ and b_;. The utility of
bidder i have to be maximum when he bids his true valuation v;.

Let (z,p) be a DSIC mechanism. Fix a particular bidder ¢ and bids b_;, as
a shortcut let x;(z,b_;) be z(z) and p;(z,b_;) be p(z).

Let 0 <y <2

Suppose now that bidder ¢ has valuation y and bids z, then by the DSIC
property we have that:

ya(y) —p(y) = ya(z) —p(2) = y(a(y) —x(2)) 2 p(y) —p(z)  (2.1)
Suppose now that bidder ¢ has valuation z and bids y, then by the DSIC

property we have that:

zx(2) — p(2) > z2(y) — p(y) = p(y) — p(2) > 2(2(y) — 2(2)) (2.2)

Combining the two above inequalities we get that:

y(z(y) —z(2)) > p(y) —p(2) > 2(z(y) —2(2)) Vy,z 0<y<z (2.3)

Since the above inequality stands Vy,z 0 <y < z then the function x
must be non decreasing. Indeed suppose that Jz1, zo with 0 < 27 < 29 and
x(z1) > x(2z2).Then is must hold that:
z1(x(z1) — x(22)) > z2(x(21) — x(22)) = 21 > 29 that is a contradiction.

So, since now we have prove that (z,p) DSIC = x monotone.

Now we have to figure out how the payment rule must be. Suppose
that x is differentiable. Then dividing by y — z and taking the limit of z
approaching y. We get p'(z) = zz' (2)

So:
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Then by noticing that p(0) = 0 since the auction is incentive compatible
even for a bidder with a valuation of zero and to assure that bidding truth-
fully has not negative utility his payment must be zero.

p(bi) = [y za'(2)

This is an exact formula for the payment rule. The only possible formula
that provided (z, p) is DSIC, works.

Of course the idea of Myerson’s doesn’t require the function x to be differen-
tiable. Indeed if it is stepwise constant and we redefine the derivative of such
a function as the jump in the position of discontinuity the formula works
in the same way. The simplified equation for stepwise constant functions is
the following:

pi(bibi) = 30y a2, o) — wi(z1,0-4))

where the points 21, 29, ..., 2; are the point of discontinuity of the allocation
function x;(z,b_;) from zero to b;.

Now it rests to prove that if x is a monotone allocation rule then it is imple-
mentable. Let’s suppose that x is monotone and differentiable.We will prove
that the sealed bid auction with a payment rule p;(b;,b_;) = fobi 2 (2, b_)
for every bidder 7 is DSIC.

Let’s see what is the utility of bidder ¢ (we will follow the previous notation).
utility;(b) = viz;(b) — pi(b) = viz;(b) — fé’i 2z (2)

Taking the partial derivative we get:

Outility; __ Oz, !
Tt = vt — b (b)

And, we get the maximum of the utility by taking his derivative equal to

ZEero
Outility;

T:0:>b:Uz

So we just proved that playing his valuation is a dominant strategy for
the player. Now to conclude the proof we will prove that being truthful
never leads to a negative utility. Or equivalently we will prove that:

vizi(vi) > [ 2z (2) =
vixi(v;) > Ovi(zx(z))/ - I Za(z) =
0 w(z) >0
which holds since z(z) is obviously non negative.
Equivalent arguments hold even when the function = is not differentiable
but only stepwise constant.

O]
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2.4 Hierarchy of Equilibrium Concepts

In this section we will present and compare the different notions of equi-
libria in games more in detail discussed at [8]. Since now we focused our
attention to auctions in which the players had a dominant strategy action.
This is not always the case, as in many games there is not a dominant strat-
egy action. We will enlarge the set of ”logical” outcomes by permitting the
players to converge in different types of equilibria.

In the auction setting we will see that these equilibria are quite useful.
First of all because the notions allow us to interpret the outcome in different
ways and conclude different things. Secondly because the dynamic nature of
auctions does not allow us to conclude in different settings which equilibrium
convergence is more ”logical”.

Before proceeding to the analysis of the different equilibrium concepts we
will present the game setting in which we will define them.

Cost Minimization Game
1. a finite number k of players
2. a finite strategy S; for each player
3. a cost function Cj; : S1 X SaX, ..., xS — R for each player
By s we will denote an outcome of the game (i.e. s € S; x Sox, ..., xSk)

and for every player ¢ we will denote a particular action that he took by s;
and the other players action by s_;

Now we are ready to present the equilibrium concepts. Obviously the first
equilibrium concept is due to Nash at [9]

Definition 2.4.1. Pure Nash Equilibrium
A strategy profile s of a cost minimization game is a pure Nash equilibrium

if for every player i and every unilateral deviation s; € S;:
Ci(s) < Ci(s;, 5-4)
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The above definition states in simple word that an outcome s is a pure
nash equilibrium if no player wants to change his action, assuming the other
players will do the same. Although this is a very basic definition it turns
out it does not always exist. So now we are obliged to extent our definition
by permitting randomization over actions.

Definition 2.4.2. Mixed Nash Equilibrium

Distributions o1, 09, ..., 0k over strategy sets S1, S, ..., Sy of a cost minimiza-
tion game constitute a mized Nash equilibrium if for every player i and every
unilateral deviation s; € S;:

By [Ci(3)] < Baer [Cils}y5-4)]

where o is the product distribution o1 X 09 X X... X o,

This definition is the same as the definition of a pure nash equilibrium
except from the fact that it permits to have a distribution over the actions
and play according to this distribution. The good news are that in cost
minimization games as we defined them previously such an equilibria always
exist. However it turns out that calculate an equilibria of this type can be
computationally hard. How we can suppose that player will reach such an
equilibrium if we are not capable even to calculate one. This problem is
faced ,as always, by enlarging the set of possible equilibria and hoping that
this new set will be computationally easier to find.

Definition 2.4.3. Correlated Equilibrium

A distribution o over the set of outcomes S1 X Sy X ... X Sk of a cost mini-
mization game constitute a correlated equilibrium if for every player i , every
strategy s; and every unilateral deviation s; €95;:

B [Ci(8))51] < Bono |Cils}y 5-0)lsi

Note that in the last definition the distribution o needs not to be a product
distribution. In addition to that the expectations are conditional to the
action s;.

The intuition behind this weird definition is very simple. Suppose you
know a common distribution ¢ and a trusted third party suggests you the
action you might take according to this distribution, then if o is a correlated
equilibria you must follow the advice.

To make it even more clear just think at the traffic light. We know that
the distribution from which the traffic light picks his proposals gives green
to the one road and red to the other. Now, minimizing our loss is achieved
by following the advice of the traffic light.The traffic light distribution to
the green red signs is a perfect example of what a correlated equilibria is.
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This new type of equilibria is tractable is the sense that exists and can be
calculated efficiently. We will introduce the last type of equilibria which is
a further generalisation of the equilibrium concept.

Definition 2.4.4. Coarse Correlated Equilibrium

A distribution o over the set of outcomes S1 X Sy X ... X S of a cost mini-
mization game constitute a coarse correlated equilibrium if for every player
i and every unilateral deviation s; € S;:

By [Ci(3)] < Bamer [Cils}y5-4)]

Note that this equilibria is a generalization of the previous one, in the
sense that it does not requires protection when the suggested outcome is
known. The only thing that the agent knows here is the distribution from
which the outcomes are picked.It turns out that also this equilibria can
be explained by the example of a traffic light. However now imagine that
we must decide before the advice of the traffic light if we will follow his
distribution. This is quite different. In the previous equilibrium concept
the traffic light tell us what we should do and it turns out that the best
thing we can do knowing what the outcome was is to follow his advice.
However in this type of equilibrium we should decide before the outcome of
the distribution of we will follow what the traffic light we will tell us.

To conclude this section we present an example constructed by Tim Rough-
garden at [8] that illustrates all the equilibrium concepts together and en-
lighten their relation as a strictly increasing series of sets.

Example Suppose we have a graph with two nodes one source s and one
destination t.The graph has 6 parallel edges. There are 4 players that choose
an edge to "travel” form s to t. The cost is proportional to how many other
players are using the same edge to travel. For example when 3 out of 4
players choose the same edge then each of them will suffer a cost equal of 3.
When a player is the only one who uses a particular edge then he suffers a
cost of 1 etc.Let’s present an equilibrium of each type into this setting.

1. The (i) outcomes in which every player chooses a different edge to
travel constitutes obviously a nash equilibrium

2. If each player selects uniformly and independently an edge then it suf-
fers an expected loss of % The product of these uniform distributions
is a mixed nash equilibrium because no player has any incentive to
deviate in an other distribution.

3. Suppose now that the distribution over the outcomes is uniform over
the following set: one edge with two players and two edges with one
player each. Then playing according to the distribution knowing what
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our outcome is makes us suffer an expected loss of % Playing an
other action continues to give us the same expected cost. Thus this
correlated distribution constitutes a correlated equilibria

4. The uniform distribution over the subset of the previous outcomes in
which the edges are chosen either by the set {0,1,2} or by the set
{3,4,5} is a coarse correlated equilibria making each player suffer a
cost of % Note that this is not a correlated equilibria since knowing
our outcome will lead us to change our decision to an arbitrary edge
of the other set and suffer a loss of 1.

The previous example underlines that the sets of equilibria form a se-
ries of strictly increasing sets. Moreover ,in making an assumption about
where the players will converge, we must be careful about two parameters,
the tractability to reach an equilibrium and how simple it is to implement
distributed algorithms that reach this equilibrium.
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Chapter 3

Online Ad Auctions

In this chapter we will present the principal used model for online adver-
tising auctions. Subsequently we will compare under a truthfulness point of
view what Myerson’s lemma suggest and what is actually implemented.

3.1 Introduction

Online ad auctions are auctions that are used to sell space from an internet
search query to a company which uses it for publicity. In order to ensure the
reader for the importance of the study of these mechanisms, it is important
to mention that a large part of Yahoo’s and Google’s revenues are created by
these auctions. Just to give some numbers, Google’s 2005 total revenue was
about 6.14 billion of dollars. Over the 98 percent of this sum was created by
online ad auctions. On the other hand Yahoo’s revenue in 2005 was about
5.26 billions of dollars and it is believed that over the half of these revenues
were highly connected with this type of advertising. [10]

In addition to that, the last years, this market exploded as the global on-
line advertising market is continuously increasing http://www.wordstream.
com/articles/google-earnings.

Before proceeding to the formal definition of the model we will give a high
level description of how this system works. Each time an internet user enters
a search query an online auction runs in real time. Along with the results of
the search query, some advertisements are displayed. Behind each of these
advertisements there is a company who bids on this particular search query
to obtain the possibility to display his advertisement on the result page of
the user. The bid made by the company reflects his maximum willingness to
pay if his advertisement is clicked. So every time a user clicks a particular
advertisement, the company that made the advertisement is charged by
a quantity less or equal to the bid submitted. Hence the company bids
his maximum payment per click. Obviously more than one places on the
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result page are sold each time. As expected, the highest an advertisement
is displayed, the more probable is that the ad displayed in this position will
be clicked. The mechanism has then to choose two different things. Firstly
the allocation rule and secondly the payments rule.

Let’s give a particular example of this situation. Imagine a company who
sells flowers. Each time a user type to the search engine the phrase ”buy
flowers” the company submit a bid. Then the mechanism decides in which
position to display the advertisement of the flower’s company. If the user
clicks this advertisement then the company is charged.

3.2 Model Description

Each bidder is associated with a click probability 7;. Each position has a
click probability «;. So, the probability of bidder i who is displayed in the j
position to be clicked is denoted by p;; and equals the product a;v;.The bid-
ders are asked by the system to submit a bid b;. Then the bids are collected
and the mechanism decides the assignment of positions to the bidders using
a particular allocation rule. Each time a particular advertisement is clicked

the system charges the bidder a quantity less or equal to his bid using a
payments function.

Thus we denote by:

1. m the number of positions sold each time
2. n the number of bidders
3. wu; is the valuation of bidder ¢ per click

4. o = (a1, a9, ..., ap,) the vector of position’s coefficients, wlog we will
assume that a1 > a9 > ... > ay,

5. v = (v1,72, ---, Yn) the vector of bidder’s coefficients

6. pij = «;7y; the probability of being clicked of bidder ¢ when placed to
position j

7. r is the reserve price of the auction

8. b= (b1, ba,...,by,) is the vector of bids submitted by the players
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Following the previous notation we introduce some additional symbols.
Let 0;(b) to be the position where player i is allocated under the bid profile
b. Also denote by 7(7,b) the index of the bidder placed in position j under a
particular bid profile b .In addition to that let ¢;;(b) to be the cost per click
of bidder ¢ when placed to position j.

The expected cost of player ¢ under the profile bid b is then:

Ci(b) = Qo) YiCio,s () (D) (3.1)

Furthermore the click probability as a function of the bid profile b is:

Pi(b) = ag,myvi (3.2)

For the player’s utility we will use as always the quasilinear model, so the
expected utility of player i under bid profile b is denoted by U;(b) and is
given by the equation:

Ui(b) = u; P;(b) — C;(b) (3.3)

3.3 Myerson’s lemma versus GSP

In this section we will present the two basic implementations of the online
ad auctions model. The implementation which uses Myerson’s lemma [2.2] to
calculate the payments function and the most widely used mechanism, the
Generalised Second Price auction. As always the functions that needs to be
implemented are the allocation and the payments function.

Allocation The allocation function used in common by the two mecha-
nism is the most obvious possible. Give the positions from the most valuable
(a1) to the less valuable (o, ) to the m biggest bidders respectively assum-
ing that at least m bidders submitted a bid higher of the reserve price r.
Otherwise give the k < m first positions to the k bidders who bid more than
the reserve price and do not allocate the rest of the positions. Note that
this allocation function is increasing for each player ¢. Thus from Myerson’s
lemma we know that it can be implemented to a DSIC mechanism.

Myerson’s derived auction For notation simplicity we will assume that
in the bids vector b the bids are non increasing (i.e. by > by > ... > by),
thus, using Myerson’s lemma we can derive the payment per click function
which is:
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min(m,biddersallocated)

v a
Cioy) (D) = > STty (3.4)

— a;
j=i

Note that the payment function derived by Myerson’s lemma suggests that
the i-th bidder should pay each time is clicked, a suitable convex combina-
tion of the smaller bids. This auction is obviously DSIC as the allocation
function is non-decreasing for every bidder and the payments function is the
one provided by Myerson’s lemma.

From the last equation we can easily deduce that the average cost of bidder
i under the profile bid b (continue assuming bids are in a non increasing
order) is:

min(m,biddersallocated)

Ci(b) = > Yila; — aj1)bjt1 (3.5)

j=i

GSP The GSP auction is the most widely used model for online adver-
tising auctions. The main reason why is used instead of the optimal (in a
DSIC sense) Myerson’s derived auction is its simplicity. Furthermore other
good properties of this mechanism make it extremely useful.Before proceed-
ing to the comparison of the two mechanisms we shall describe the GSP
implementation. As the name suggests it generalizes the second price idea
of Vickrey [6] in such a way that if a bidder is placed in the j-th position
then when is clicked he has to pay the minimum amount of money he should
have bided to maintain his position, thus the next smaller bid. The cost per
click function is then (here the formulas are way simpler and we do not need
to suppose that the vector of bids is non-increasing):

cij(b) = maz{by, ,,r}1{b; > 1} (3.6)

Thus the expected cost of bidder i is:

Ci(b) = ag,pyvimaz{bn,  , r}1{bi = r} (3.7)
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However it seems counterintuitive that the GSP payments function does
not form a DSIC mechanism, this is the sad reality. We know that the pay-
ments function given by Myerson’s lemma is the only one which creates a
DSIC mechanism. As an example, suppose there are three bidders with val-
uations v; = 10, vo = 8,v7 = 3 and there are two positions available, the first
one with @3 = 1 and the second one with g = 0.99 (v are omitted). Then
if every bidder bids truthfully, the first bidder’s utility is 1(10 — 8) = 2. By
deviating to a bid of 4 his utility would increase as 0.99(10 — 3) = 6.93 > 2.
So being sincere is not a dominant strategy for the first bidder and conse-
quently the auction is not DSIC.

An interesting question arises here. If the vector of bids stabilizes in a
particular vector b. Then what properties should this vector have? This
question was answered by Ostrovsky et al. at [10] and by Variant at [2].
Obviously the first condition that it has to fulfil is the nash equilibrium
requirement. This means that every bidder is best responding to the other
bids. Assuming once again for notation simplicity that the vector of bids is
non-increasing and wlog that all the bids are bigger than the reserve price
we get that a bid profile b constitute a nash equilibrium (a; = 0 for k > m)
iff Vi:

@;%i(vi — biv1) > avi(vi — bj1)  j > (3.8)

@ii(vi = bit1) > ajvi(vi —bj)  j <i (3.9)

Presenting an example will give us more clue about how an equilibrium
vector should look like. Imagine there are two bidders bidding for one object.
The first bidder has a valuation of 100 and the second one a valuation of
40. The bid vector (30,120) constitutes a nash equilibrium for the one shot
game, however in a repeated game is quite irrational to assume that the bids
vectors will stabilize to this instance as the first bidder can increase his bid
and oblige the second bidder to abandon the auction. Following this idea
we will restrict ourselves to a more specific case of equilibria called locally
envy-free equilibria. The equilibria of this type are characterised by the
following relation.

Vi
@ii(vi — bit1) > ajvi(vi — bjt1) (3.10)

We have strengthen the second inequality of the general nash equilibria.

This relation does not give us the exact characterization of the equilibrium
that players will reach as there are multiple bid profiles that satisfy the
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equation. Although if the bid profile stabilizes somewhere then we must
have reached an locally envy-free equilibrium.

Under the assumption that the players will reach a locally envy-free equi-
librium the gsp auction enjoy some interesting properties. We present maybe
the most important one.

Theorem 3.3.1.

If the number of advertisers is greater than the number of positions available
then the auction revenue of any locally envy-free equilibrium under the GSP
auction is at least the revenue of the Myerson’s derived auction under the
assumption that bidders are truthful

The proof of the previous theorem was made by Ostrovsky et al. at [10].

What does the previous paragraph tells us? Simple, when you are the
auctioneer and you want to increase your incomes then you should better
use the GSP auction rather than the Myerson’s derived auction.

It is obvious that this is an appealing property for an auction designer.
As well as this property, the GSP auction is preferred for some additional
robustness properties that we will spot later. In addition to that, observe
that from a bidder point of view in some sense the GSP auction preserves
its privacy by not revealing directly to the auctioneer his private valuation.
Hence among other reasons, GSP achieves at the same time three important
goals, it preserves bidder’s privacy, it achieves greater revenue and it is
extremely simple.

However GSP payments function is different from the unique function
that suggests Myerson’s lemma to obtain a DSIC mechanism. Therefore for
bidders there is not an obvious way to bid. The question to how bidders
should bid is extremely interesting and will be examined through an entire
chapter.
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Chapter 4

Online Learning

In the previous chapter we presented the GSP auction which constitutes
the most used online ad auction format. This auction is not DSIC and does
not provide bidders with any obvious bid tactic. Therefore the main aim of
this chapter is to resolute the question of how these bidders should bid.

In the first part of the chapter we will present the Multiplicative Weights
Update template proposed by Arora et al. at [I1]. The idea of the multi-
plicative weights update algorithm has been discovered and proposed many
times in different sectors.In the first studies of the Weight Update idea an
additive update rule has been proposed at [I2] and the FTL (follow the
leader algorithm) at [13].Furthermore in the machine learning bibliography
Freud and Schapire proposed the well known Adaboost algorithm at [14].
The very first ideas were developed in the game theory community. So, the
first implementation of this idea in economics were presented at [I5] and
later were reintroduced at [16].

In the second part of the chapter, we introduce the general Online Convex
Optimization framework and the analysis of its basic algorithms. Moreover,
finally we introduce describe the basic algorithms which generalize the Mul-
tiplicative Weight Update idea in non full information settings.

The application of these algorithms in our framework is straightforward.
We state that the main problem is how bidders should bid in non-DSIC
mechanisms. These algorithms step by step learn what is the best tactic for
each bidder.
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4.1 Introductory Algorithms

4.1.1 Multiplicative Weights Updates

The Multiplicative Weights Updates Algorithm is more than an algo-
rithm, it constitutes a general method of solving problems.The idea behind
the Multiplicative Weights Updates algorithm is that whenever i have a set
of different possible actions, maintaining a distribution over the actions per-
mits me ,in the future, to choose an action accordingly to the accumulated
experience.

In a sense this is what humans do. When there is a problem, everyone
of us evaluates the different actions that can take, the evaluation of these
actions is based on some accumulated experience of how these actions per-
formed in the past. Of course actions that performed well in the past, are
at least in our minds more likely to perform well in the future.

We will follow the general template proposed by Arora et al. in at [I1]
Let’s define some useful quantities:

1. A ={1,..n} is the set of possible actions

2. P is the set of possible outcomes

3. M is the cost matrix, such that M(i,j) represents the cost of taking
the action i when the outcome is j.

4. Vi e A)Vj € P M(i,5) € [-1,r,] ,where l <r

5. w! Vi € A is the weight assigned to action i at time t

6. p! ,Vi € A is the selection probability assigned to action i at time t

7. Dt = {pl,ph, .., pl} is the distribution over actions at time t
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Algorithm 1 MWU algorithm

1: Initialize w} =1, Vie A
2: fort=1 to 7T do

3: pick an action i; ~ D?
4: suffer the outcome j' € P
5: fori=1 to ndo > weigths update
6: if M(i,7) > 0 then

M (i,5%)
7: with = wi(l - E)TJ
8: else if M(i,j) < 0 then

M (i,51)
9: wf*l wi(l4e)~" 7
10: P+l — Z wt+1
11: for i = 1 t? ,ndo > normalize to create a distribution
41w
12: Py = T
1 1

13 D= {pth oyt Ll

Intuitive Explanation Before proceding to the analysis of the algorithm,
it is worth giving an explanation to the weights update rule.

M (i,5') > 0 means that in this particular time t the outcome of nature
is j¢ and our action i suffers a loss of magnitude M (i, j').So what we should
do? Of course diminishing the probability of choosing the action i to the
next iteration. Selecting e € (0,1) does what we want.

Following the same reasoning we should augment the probability given
to an action who suffers a negative loss M (i, j*) (i.e it has a positive payoff).
The update rule does what we expect.

Since the MWU algorithm is probabilistic, the framework with which we
will compare the performance is the expected penalty.So let’s denote as

n

M(D',j%) = 3 ptM(i,5%) the expected penalty for the outcome j* € P of
i=1

the probability distribution D! of our algorithm at time t.

Theorem 4.1.1. if e < 1 then Vi € A:
S M(D, jt) < rinn) +<1+e> > MG +(1-e X M5
t

£:M (4,54)>0 t:M (4,5) <0
Proof.
we will use three basic inequalities
1. A—e)*<(1—ex) z€]0,1]

2. 14+e) "< (1l—ex),zel0,]1]
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3.e*>xz+1,Vr€Re

from ¢; definition we have

n M (i 1) M5t
bri1 = Ywitt = S wi(l —e) CEE S w14 ¢€)” -
i=1 i:M(i,j1)>0 i:M(i,j1)<0
<
= . .
< Y wi(a- MBS (1 - M) =
i:M(i,j4)>0 i:M(i,j4)<0
n M(ijt n n M(ijt chr ¢ o
= R of(l - M) = S ul- e 3wl = g 2 3 MG =
1= 1= 1= 1=

n
o= D DIM (i) = e DM(D'j') = ¢ (1— £M(D', 1) <
=1

S Qste_%M(Dtvjt)
by induction on the number of iterations and from the fact that ¢ = n we
easily get that

¢r < ne "i=1 (4.1)

In addition to that, since the weights remain positives during the entire al-
gorithm, we have that:

b > wiT — (1 _ 6)t:1w(i,jt)>0 " (1 + 6)t:M(z‘,jt)<0 " Vie A (4_2)

M(,5Y) > M (gt

combining the two inequalities we get

M(i,5t) M(i,j%)

T-1
—£ M(Dt,jt P T
mMT S g T (g vieAd  (43)

ne
now using the inequalities:

Lin(2) <e+e® Vee (0,3)

2. In(l+€)>e—€> Vee (0,1)

we easily conclude the proof
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Corollary 4.1.1.1. For T > 2In(n) and € = lr;(;) we have that :
> M(D*,5%) . DM@
Proof.

We first observe that

(I+e > M@j)< > M3Gj)+eT

M (i,7t)>0 #:M(i,7t)>0
(1-¢ >  M@j)< >  M3Gj)+dl
t:M(4,Jt)<0 t:M(2,Jt)>0

[<r

so from the previous theorem we get that

SSM(DY,jt) < ™) 4 oogeT ST M (i, Vie A
t t

€

Finally by substituting € we get the desired expression

Remarks: First of all we should notice that the theorems above make
no assumptions about the knowledge an adversary could have. It is pos-
sible that the adversary knows our distribution over the actions and picks
an event according to this. This property is very important particularly in
repeated games like auctions. It is lucid that after many iterations our bids
provide private information to our adversaries. Therefore the algorithm pro-
tect us against even the most powerful adversaries which knows everything
about us. Secondly, the initial uniform distribution over the actions reflect
our starting ignorance.Finally maybe the most interesting result is that the
average difference between the losses of our actions and the losses of a fixed

action vanishes as O(\/%f) .

4.1.2 Hedge Algorithm

The Hedge algorithm constitutes a slightly different version of the Weights
Updates Algorithm by differentiating the update rule.Was first proposed by
Freud and Schapire in [I7]. Although it is not as general, the performance
achieved for particular instances is similar,despite the fact that the analysis
is simpler.
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We first present the algorithm and then we proceed to the technical anal-
ysis. The framework remains the same despite the fact that the losses are
now bounded in the [0, 00) range. So:

M(i,j) € [0,00) Vie A,jeP

Algorithm 2 Hedge algorithm

1: Initialize w! =1, Vie A
2. fort=1 to T do

3: pick an action i; ~ D?

4 suffer the outcome j* € P

5: fori=1 to ndo > weigths update
6 wt+1 wte’M(i’jt)

7. P+l — E wt+1

for i = 1 t?+ . do > normalize to create a distribution
t+1 _ w;
9: p; q>t+1
t+1 _ fot+l  t+1 41
10 DY ={pi",py, Pkt

Theorem 4.1.2. Let M (D!, %)% = Z ptM (i, j*)? and as before M (DY, jt) =

n
leﬁM(i,jt)-
1=

Then Vi* € A :

S M(Djt) — 3 M(i*, 1) < €3 M(D?, jt)? 4 i)
t

t t

Proof.

We will use two basic inequalities:

1. e >x+1 VxeRe

2. e <1—x—22 Vrecl0 o0)

From the definition of ¢¢ we have that:

Pr+1 = Zwt MG ¢tZPt€_EM(” <¢t2p(1 eM (i, j*)—€* M (i, j*)?)
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= ¢(1 — eM(D*, j1) — 2M(D?, j1)2) < e M(D"5") =M (D" 5')?

By induction it follows that after T iterations:
e M(D - 3 M(Dtt)?
¢T+1 S ne t=1 t=1

In addition to that, since the weights remain positive through the entire
algorithm, we have that:

T
¢ri1 > wlt =e 4 Vit € A
combining the two last inequalities we get the desired result. ]

Remarks: An attentive reader will notice that following the same reason-
ing as we did in the Multiplicative Weights Updates algorithm and noticing

T
that > M(D?,j1)? < T. We get the same asymptotic behaviour by select-
=1

ing € = 4/ ln:(rn). In addition to that, before we define formally the quantity
that we are obsessively bounding let’s give some intuition. The quantity

ST M(D, 5t — ST M (i*, 5%) quantifies the performance of our algorithm by
¢ ¢

comparing it to the best constant action that we could have taken in hind-
sight. This value is the regret of our online algorithm and we will understand
its importance later on.

To conclude it is important to understand that our framework is equivalent
to an adversary that after each iteration selects a function l; which gives a
cost to each of our possible actions, the equivalence comes from the manner
we have defined our outcome set P (i.e without restrictions), so by selecting
M (i,1t) = I*(), the equivalence becomes clear.

4.2 Offline Convex Optimization and Gradient De-
scent
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Before proceeding to the online framework it is useful to present some ba-
sic background of offline convex optimization and it’s most basic algorithm.

Our Goal: Minimize a continuous and convex function over a convex sub-
set of the Euclidean Space.

Basic definitions and properties:
e A set K is convex iff Vo,y € K , then ax + (1 —a)y € K Va € [0,1]

e A function f over a convex set K is convex iff Vz,y € K , then
flaz+ (1= a)y) < af(x)+ (1 —a)f(y) Va € [0,1]

o if f is differentiable and V f exists Vo € K then is convex iff Va,y € K
fly) = f(2) + V(@) (y - 2)

e We denote by D an upper bound on the diameter of K:
Ve,ye K |z —y|| <D

e We denote by G an upper bound to the norm of the gradient:
V@) <G VzekK

e projection onto a convex set (i.e the closest point into the convex set
of a given point):
Ik (y) = argmingex||lz — y

Now before proceeding in the presentation of the gradient descent algorithm
it will be useful to highlight two important theorems.

Theorem 4.2.1 (Pythagora’s Theorem). Let K C Re? be a conver set,
y € Re? and x =TIk (y), then
Vze K ly—zl =z -z

Theorem 4.2.2 (Karush-Kuhn-Tucker). Let K C Re? be a convex set and
x* € argmingex f(x)  then Vy € K:
Vi) (y—a*) >0

Now we proceed to the presentation of the gradient descent algorithm.
The idea behind the simplest algorithm in optimization is that whenever 1
want to minimize some function f, a good idea is to take a step towards the
direction of the steepest descent of his value. Obviously the magnitude of
the step must be carefully selected to permit a good convergence. We will
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focus also on these details later.

Algorithm 3 gradient descent algorithm

1: Input f, T, initial point =7 € K, {n:}
2 fort=1 to T do
3: Yer1 = ¢ — 0V f(24)
4: rer1 = Mg (yeq1)
> @
5 return Loy = S
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Theorem 4.2.3. Convergence of gradient descent Let f be a convex func-
tion on a convex set K.If D is an upper bound on the diameter of K and
G an upper bound of the norm of the gradient of f on K. Then by selecting

n = %% We have that after T iterations:

f(xavg) argmzn:ver( ) > gD\fG

Proof.

Let x* € argmingeck f(x)
From jensen inequality we have that:

T
f(zavg) — Z

t=1

ﬂ\ﬁ

T *
t=1

Let hy = f(z¢) — f(2")
From the convexity of the function we have that:

ht S Vf(CCt)T(LEt - CC*) (45)
We know proceed by bounding the RHS of the last equation:

e —a*|* < llae = me — 2 = |l — 2 P40 |V f () P20V f (20) (20 — 2%) =

= 2Vl — ) < loma Ploen ="l g |17 7 (2] =

D

9 E hy < Z {lai=s | *||96t+1 z*||? el V)2 =/

%,

T 2 I
_ —x* 2
DWIESHESS S e NGRS W R R I

t=1

N

)+G2277 —D21 +G2Z77t

M’ﬂ

T
Z |V f ()% < D?

(1
{ Tt Nt—1

= DGVT + DG Z - < 3DGVT
from equatlons @ and [£.5] we get that:

1

f(l'avg) - f(l‘*) < %
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4.3 Online Convex Optimization

4.3.1 The Online Convex Optimization model

The OCO (Online Convex Optimization) model tries to face the problem
of optimizing a sequence of choices rather than find a single best choice.
Intuitively, for non static problems, when new information is revealed as the
process goes on, this is what we need. Classic methods of algorithmic game
theory and mathematical optimization are not robust to the uncertainty of
the environment. Therefore we need algorithms that gain experience from
the past and perform well under each circumstance of the future.

In contrast with the Multiplicative Weights Update algorithm the main
difference is that the algorithms proposed in these section does not maintain
a distribution over a limited space of actions but work in a convex set and
therefore in continuous space.

The OCO framework ,as proposed at [I8], can be structured as a repeated
game.

Let K be the convex set of actions available to the online player and F
be a bounded (or somehow structured) set of cost functions available to the
adversary.

at each iteration t:

1. the online player choose to perform an action x; € K
2. a convex function f; € F': K — Re is revealed

3. the online player suffers a cost of f;(x¢)

After defining the general framework, we must define quantities to eval-
uate the performance of an algorithm that selects the actions of the step
(1) of our framework. It comes up that the appropriate performance metric
is called regret and it is the difference between the cost that our algorithm
suffers and the cost that we would have suffered if we had play the best fixed
action throughout the game.
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Let’s define formally the regret metric.

Definition 4.3.1. Let Alg be the algorithm for our OCO model, which maps
a particular game history to an action. The regret of Alg after T iterations

1s defined as:
T

T
regretr(Alg) = SUp{fl,fg,...,fT}gF{tzl fe(we) — mingek tzl fi(z)}

It is important to underline the width of problems that the OCO frame-
work covers. Recall the Multiplicative Weights Updates algorithm. By
defining K as the n-dimensional simplex and f;(z;) = M (x4, fi) it is clear
that the problem it solves is just a special case of the general OCO model.
In addition to that, going back to the [4.1.1.1] it is clear that the regret
achieved by the Multiplicative Weights Updates algorithm is bounded by
VT.

4.3.2 Online Gradient Descent

As the name suggests, the simplest algorithm in the OCO framework is
the online version of the standard gradient descent. It obviously follows
the idea of the simple offline gradient descent and it was first proposed by
Zinkevich at [19]

In the offline version each new point was updated following the direction of
the negative gradient of the function at the previous point. A generalization
of this idea implies that our new point should follow the negative gradient
of the cost function revealed at iteration t at the previous selected point.

The surprising thing is that however the functions may be completely
different from time to time (so it makes no sense to follow the negative
gradient of the previous function), the regret achieved is O(v/T).

Let’s present the Online Gradient Descent algorithm:

Algorithm 4 online gradient descent algorithm (OGD)

1: Input: a convex set K, T, initial point x; € K, {n}
2: fort=1 to T do

3 Y1 =2 — iV fi(xt)

4 Ty = g (yer1)

Theorem 4.3.2. Regret of online gradient descent algorithm If D is an up-
per bound on the diameter of K and G an upper bound of the norm of the
gradients of evry function in F. Then by selecting n: = g% We have that
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after T iterations:
regretr(OGD) < %DG\/T

Proof. The proof is almost identical to the proof of the convergence of the
simple gradient descent algorithm. Nevertheless we present it for complete-
ness.

Let fi1, fo,..., fr € F be the cost functions that by selecting them our ad-
versary , creates our biggest regret.

T

Let x* € argmingex Y, fi(x)
i=1

(fe(zt) — fe(z¥))

M=

regretr(OGD) =

t=1

Let hy = fi(x) — fi(x™)

From the convexity of the functions in F we have that:

he <V fi(z) ' (2 — 2¥) (4.6)

We know proceed by bounding the RHS of the last equation:

|1 = 2*|* < e = = 27|* = |l — & |P+02 |V felwo) 1P =200V fulw) T (2 — %) =

= 2V fi(wy) (2 — o) < Lzemet P olmen =t +nNVﬁ<>%w$

Ui
D

:22m<gxw”wjﬁ“ﬁ”+MNanu =

770

2 z ht < Z {H:Et x*“ *th+1 x* +77t‘|vft(xt) H} < z th _$*“ (m

Nt— l)+

!

+G2277 —D21 +G22m

Z 77tHVft($t) ” < D?
t t= =1

l(ﬂt Nt— 1)

= DGVT + DG z - < 3DGVT
finally from equatlon we get that:

regretp(OGD) < %
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Now it is useful to underline how this algorithm should be used by a
bidder. In contrast with the Multiplicative Weights Update algorithm the
above algorithm achieves something greater. It minimizes regret in a con-
tinuous space. A bidder who wish to create a bidding algorithm when using
the MWU algorithms should first divide its bidding space and then running
the MWU algorithm with the selected actions (i.e. bid).

In contrast, when using the OGD algorithm two different approaches are
possible. The first one is to divide the bidding space in n actions and then
run the algorithm on the n-dimensional simplex. Although this is a good
tactic it is pellucid that the algorithm evolution mimics the MWU idea by
maintaining a probability distribution over a set of actions and continuously
moving into the simplex to guarantee a better performance. The other
option is to run the OGD in the support of the bidding space. Of course this
is just a one dimensional line and it is convex. However the problem here is
that the gradients are unbounded and a direct implementation is infeasible.
An idea to use this approach would be to create a smooth version of the
Utility function and by this provide the algorithm with a bounded family
of gradients. An other possibility would be to update our bidding not in
every iteration but less frequently. This will create Utilitity functions that
are possibly continuous and differentiable.

4.3.3 Lower Bounds in the OCO model

After presenting the basic algorithm for online convex optimization we
proved a bound of O(v/T) on regret. So here an interesting question arise.
In the general case, what is the best we can hope for? The next theorem
proves that in fact O(v/T) is a lower bound on the best possible achieved
regret in the most general setting of any OCO algorithm.

Theorem 4.3.3. Any algorithm in the OCO model suffers in the general
case a regret of Q(DGV/T)

Proof.

Let K be the n-dimensional hypercube, K = {x € Re", ||z||,, < 1}

Let f,(x) = vTx be the form of the 2" linear cost functions, one for each
vertex of K.

Firstly, notice that D and G are bounded:

D=/Y",22=2yn, G=+/>1",12=yn
Let the adversary choose at each iteration a cost function uniformly at
random from the 2" available.
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By independence, at each iteration we have that:

Ey, [fe(xt)] = Ey, [vrad] =0

Now, let 2* be the best fixed action for a particular sequence of func-
tions, we have that:

M=

Z ft(x*):| - Evl,vg,...,vt |:
n T

&mﬁﬂﬂzzmﬂzaﬂwr
i=1t=1 t

32 0 )] = B |

wquzﬂMWﬂ

3 " Y (i) =

=1

)

~~
Il

1 1

~+

M=

1

The last equality comes from the fact that the sum involved represents
the point of a random walk after T steps.
O

Remarks: At this point it is important to underline two important facts.
First the simple online gradient descent algorithm achieves the best possible
regret in the general setting. Secondly in the last proof there is a paradox.
If we had to prove the lower bound from scratch maybe the adversary we
would have constructed would not be a stationary distribution. How is
possible that a stationary distribution obtains the worst regret possible. The
response to this question comes form the difference between the quantity of
regret and the loss that our algorithm suffers. It is obvious that an adversary
who uses prior knowledge would impose more loss to our algorithm, however
in the same time the performance of the best fixed action would be bad, here
is explained the paradox.

Now we know that the best possible tactic for a bidder is to use no re-
gret algorithms as in a general setting they assure almost an optimal regret
bound.

4.4 Bandit Convex Optimization

4.4.1 The Bandit Convex Optimization Model

Since now, we have presented the Multiplicative Weights Updates and
the Hedge algorithm. Then by generalizing the setting we have derived the
online gradient descent algorithm. All these algorithms have one common
characteristic, they require a full information model. In fact the Multiplica-
tive Weights Updates and the Hedge algorithm perform a weights updates
procedure that requires the knowledge of the loss function in the entire action
space. The online gradient descent requires the knowledge of the gradient
of the loss function which is also a strong requirement to fulfil .
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In many scenarios this is quite unrealistic. Imagine for example the rout-
ing problem in an unknown network, we select a path and then we suffer the
time that our data needs to arrive in the desired destination, nobody tells
us what we would had suffered if we had selected a different path. The only
feedback available to us, is the loss we suffered from the particular action
that we chose.

In our problem (i.e. the GSP auction) the bidders do not know neither the
allocation function nor the particular position coefficients of the particular
GSP auction they are participating. In this setting the bidders place a bid
and then they get the pay off of their bid. However they do not know how
much the pay off would have been if they had placed an other bid. Obviously
not knowing the performance of its different bid does not permit the classic
implementation of the MWU algorithm.

In order to cover these types of settings we introduce the Bandit Convex
Optimization Model.

The BCO framework ,as proposed at [? | , can be structured as a re-
peated game.

Let K be the convex set of actions available to the online player and F

be a bounded (or somehow structured) set of cost functions available to the
adversary.

at each iteration t:

1. the online player choose to perform an action x; € K

2. the online player suffers a cost of fi(x;)

As an attentive reader may notice, the framework is similar to the one in
the OCO model. However the adversary doesn’t reveal the cost function to
the player. By doing this the only feedback available is the loss suffered by
the online player.
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The quantity which will help us to evaluate the performance of our algo-
rithms is as always the regret:

Definition 4.4.1. Let Alg be the algorithm for our BCO model, which maps
a particular game history to an action. The regret of Alg after T iterations
is defined as:

T T
regretr(Alg) = Sup{fl,fQ,...,fT}gF{Zl fi(zy) — mingex 21 fi(z)}
t= t=

Remark: However the problems modelled become apparently more diffi-
cult. The regret follows the same definition.

4.4.2 Multi Armed Bandit (MAB) model

In this section we will introduce the most simple model of bandit opti-
mization. Which is just a subcategory of the more general BCO model. This
model has been introduced by Robbins at [20]

Let’s describe the MAB model. As always here we are with the repeated
game:
at each iteration t:

1. the online player choose to perform an action i; € {1,2,...n}

2. the online player suffers a cost of I;(i;) € [0, 1]

This simple repeated game, remember us the problem that the Multiplica-
tive Weight Updates solves. Actually it is just the bandit analogue of this
problem. Notice that here any algorithm which try to figure out what action
should choose in the next iteration doesn’t know the previous loss functions,
but only their values.

The problems modelled are just specific problems of the more general
BCO model. To understand this we will transform the MAB model into a
BCO problem.

1. Take the action set from {1,2,...,n} to be the set of distributions over
these n actions. So K = A" is the n-dimensional simplex.
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n

2. Take the loss functions to be fi(z;) = > l;(i)x¢(i) (i.e the expected
i=1
loss of our distribution)

And the equivalence follows easily.

4.4.3 MAB algorithms

In this section we will introduce two basics algorithms that achieve low
regret in the MAB model

First of all, let’s discuss what properties an algorithm should have in order
to tackle with these types of problems. Here, every time we pick an action,
we suffer it’s loss, so we have no clues about the performance of the other
actions in this particular iteration. Here comes the first property that a
MAB algorithm should have. It has to efficiently explore the action space,
meaning that it should try different possible actions in order to get a clue
about how they perform on average.

Secondly, since the MAB algorithm is basically a prediction algorithm it
has from the accumulated experience to give us a prediction about which
action will perform well in the next iteration. This is the exploitation step.

To summarize, MAB algorithms must do two things. Explore the action
space and from their exploration predict good action in the future.

Now we will present the simplest MAB algorithm template as proposed
by Hazan at [I8]. It separates completely the exploration step with the
exploitation step. So at each iteration with some probability explores the
actions space, meaning that it wastes some loss to acquire useful informa-
tion and with the rest of the probability performs the exploitation step that
consists on predicting a good action.
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Algorithm 5 simple MAB algorithm

1: Input: OCO algorithm A, parameter §

2: fort=1 to T do

3: Let by be a Bernoulli variable,with P(by = 1) =§
4 if b, =1 then

5: choose i; ~ uniformly at random from {1,2,...n}
6: play i,
7
8
9

for } =1 to ndo
I1(i) = 5l(i)1{i = it}

~

: Let fi(z) = ltfl' .
10: wep1 = A(f1, f2, 00 ft)

11: else if by = 0 then

12: choose 7y ~ x4

13: play

14: fiy=0
15: zip1 = A(f1, f2, 00 ft)

Theorlem 4.4.2. Let A be the online gradient descent algorithm and § =
VT ™1 then,

T T 5
Ebymg—mmg%@[gmw¢m

Proof.
Before proceeding to more technical details, notice that:

1. for a constant action i € {1,2,...,n}, we have that:
B [i:)] = Pr (b =1 Prlic = ilbe = 1] 30(0) = 14(3)
so the estimation of the loss vector is unbiased

~ 2 n
2. Il < %
3. for a constant distribution over actions, we have that:
B [i0)] = 8 | S ireli)| = £ o) [i0)] = £ aliditi) = i)

Now we are ready to proceed to the main part of the proof
Let St C [T] be those iterations in which our algorithm explores the action
space (i.e. by = 1), then:
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T T
B [regret] = = b}MMmmwwgﬁ@>=
=1 =1

let 7* achieve the minimum

=FE|( Lie) — D2 L) + (22 L(ie) — > lt(Z*))] <

L tZ S t&Sr teStr teSr

SE| X U(i) — X2 L@+ X 1] =

_tQST thT tGST

1* is independent from t

=E| X (i) — > L)+ 21

| t¢Sr t&St teSr |

IN

li(iy) < lp(iy) Wt

SE| Y h(i)— 3 b+ 2 1| <
| tZST tZSt tesSt |
Since A is the online gradient descent algorithm we have that, it achieves a
regret of O(%GD\/T)

< 3GDVT + 6T <

< 4T v/n, which concludes the proof O

Remarks: Although this is a very simple algorithm, his main idea is very
powerful. The idea is to create unbiased estimators of the loss functions
while interchanging between exploration and exploitation steps. It turns
out that using this idea it is possible to create a general method to turn
OCO algorithms into BCO algorithms. In addition to that it is important
to point an other property of this simple algorithm. It achieves sublinear
regret, so the average regret vanishes as O(%), a property will be useful
throughout this thesis.
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Now we will proceed by presenting an other MAB algorithm. The algo-
rithm is called EXP3 algorithm and was designed by Cesa-Bianchi et al at
[21] . EXP3 stands for Exponential-weight algorithm for Exploration and
Exploitation. His main difference with the simple MAB algorithm is that
it combines the two steps (exploration and exploitation) achieving in this
manner better regret bounds.

It is remarkable how such a simple algorithm achieves near optimal regret
bounds. It’s time to present it:

Algorithm 6 EXP3 algorihtm

1: Input: learning parameter e
2: $1:%1

3: fort=1 to T do

4: 1y ~ Ty

5 play ;

6: fori=1 to ndo

7 l(6) = L0105 = 4}

Tt (Zt)

8: Yer1 (i) = zy(i)e 0
9: Tip1 = IIyy::H > Normalize to create a distribution
1

Theorem 4.4.3. EXP3 algorithm with losses in the [0,1] range and € =
in(n)
Tn

T T
E [Z (i) — ming Y 1i(7) [ < 24/Tnin(n)
t=1 t=1

guarantees the following regret upper bound:

Proof.
First of all, let’s notice that:

1. for a constant action ¢ € {1,2,...,n}, we have that:
A ) LG )
E[i(i)| = Priic = i 24 = ()
so the estimation of the loss vector is unbiased

2 B [alif] =

(2

.l't(i)zlt(i)z S n
1

n
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3. so as before, for a constant distribution over actions, we have that:

B [0)] = 8 | S iiseli)| = £ o) [i40)] = £ aliiti) = i)

i=1 =1

Before proceeding to the technical part of the proof, let’s underline an
important correlation. The update rule of the EXP3 algorithm is identical
with the update rule of the Hedge algorithm. In fact, EXP3 is just the appli-
cation of the Hedge algorithms to the sequence of loss functions I3, I, ..., Iy,
that represents an unbiased estimation of the true loss functions [y, lo, ..., ;.
So from the Hedge algorithm theorem we have an important relation:

vi* € {1,2,..n}

E Lé li(i) —é ;(i*)} <E [e S S 0P + m(n)}

t=1 t=1

E [regretr] = = [ZTj L (i) — min, fj lt(i)] =

let 7* achieve the minimum

1* is independent from t

(i) < (i) Wt

From the Hedge theorem regret bound

finally, by substituting € we get the desired bound
O
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Chapter 5

Valuation Inference in Online
Ad Auctions

In this chapter we will study and evaluate the new valuation inference
method proposed lately by Eva Tardos, Vasilis Syrgkanis and Denis Nekipelov
at [4] in the context of GSP auctions. Moreover we will describe the simu-
lation system constructed to evaluate these methods, its advantages and its
future development possibilities.

In addition to that, we will study the robustness of their valuation model
under Non-Truthful mechanisms as a continuation of the robustness study
of Dutting, Parkes and Fischer at [5].

5.1 Problem Statement

The problem of inferencing the players valuations in auctions is very im-
portant because knowing players valuations permits an accurate study of
their bidding behaviour and consequently the evaluation of the predictions
made by theory. In our setting the inferencer is provided by the following;:

e the number of items sold

e the maximum number of players in every iteration
e the players importance coefficients

e the value of every item sold

e the reserve price

e the complete auction’s bidding history

e the type of auction implemented
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The goal is to conclude the private valuation per unit of item that each
player has.

We will concentrate our study to the GSP auction implementation. Thus
the item sold are the advertising positions, their value are the respective po-
sition coefficients, the importance of each player is the click coefficients etc.
Obviously the allocation and cost functions are the one described previously
in )

Before proceeding to the technicalities it is useful to describe the idea
behind this model. The standard econometric approach to deal with envi-
ronments when strategic agents interact is to assume that somehow players
have reached a mixed nash equilibrium, thus they are best responding to the
distribution they are facing [3]. Other methods rely on the assumption that
players will reach a particular equilibrium characterized by bidding functions
of their valuations. Through an approximation of the bidding distribution is
possible to inverse the particular functions and conclude the valuation dis-
tribution [I]. Also methods conclude a particular tuple of valuations which
best explain the approximate equilibrium reached [2]. A different approach
which is pervasive to the auction is described at [22] .

The new method’s objective is to describe rapidly changing environments
as the one of online auctions in a more accurate way. Online auctions are
rapidly changing over time as new bidders appear and disappear, thus the
agents try to adequate their behaviour to the adversities faced, constantly.
Furthermore an other flaw of these method relies on the assumption that
bidders make it to reach a mixed nash equilibrium. The problem here is not
so much relevant from a complexity theory point of view (because auctions
are relatively simple interaction mechanisms) as it is for an information the-
oretic aspect. Bidders do not interact under full information environments
and consequently the amount of information needed to reach such an equilib-
rium is maybe too large to assert such an assumption. All these observations
lead us to weaken the assumption about what players achieve.

The new inferencing method suppose that bidders are learning agents in
a constantly changing environment. Thus they use learning algorithms to
decide what is the best strategy they can follow every time. This assumption
makes us suppose that bidders, if they want to maximize their utility over
time have to use no-regret algorithms. There are no-regret algorithms that
obtain the best possible regret bounds and it is logic to assume that bidders
will use such algorithms. Moreover as we previously presented, these algo-
rithms are quite simple to implement, so our assumption is unequivocally
strengthen by this observation.

58



5.2 Inference Method

We will proceed by describing the method in detail.

Each player has a strategy space B;. Thus a bid profile b € By X By X ... X
B,,. Furthermore we will denote by b’ the bid profile at the t-th iteration.
Assuming that each learning player has a regret of ¢; and a valuation of v;
we have that:

T

T
1
W' eB; =) Ui(b',vi) > Z UiV, b, 01) — € (5.1)
t=1

=1

Definition 5.2.1. (Rationalizable set) A pair (€;,v;) of valuation v; and
regret €; is rationalizable if it satisfies the previous equation. The set of such
pairs is called the rationalizable set of player i and is denoted by NR.

Now we will analyse the properties of the rationalizable set NR. We
suppose that B; C Re,. Also from the quasilinear model we have that:

T

1
v € B; T > (wiB(b") - C

t=1 t:l

1
b/ bt - Ci(b,, bt_z)) — €

Mﬂ

(5.2)
By denoting as:

1 T
== > (R, b) = R(bY)) (5:3)
t=1

’ﬂ

The average increase in the click probability if a player chooses to bid con-
stantly b'.

1 T
Z Ci(v',b',) — Cy(bY)) (5.4)

The average increase in the cost that a player suffers if he chooses to bid
constantly b'.

Hence the starting equation turns to be equivalent to the:
vo' € B; ’UiAP(b/) — AC(b,) <€ (5.5)

Lemma 5.2.2. The rationilizable set for each player is a closed convex set

Proof Each inequality is linear in the valuations and the regret. Thus
it divides the space in halfspaces. The intersection of these halfspaces is
obviously a convex set. Moreover the inequalities are not strict. So the set
is closed.
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It can be proven that under additional logical assumptions the rational-
izable has other useful properties that permit to approximately calculate
it efficiently.To mention them briefly we will underline that this particular
convex set is fully determined by the functions AP(-) and AC(-) as they
determine the support function of the convex set.The entire analysis of the
inference method is given by Syrgkanis, Nekipelov and Tardos at [4].

Now the inference method is quite obvious. Our main goal is to find the
valuation of each player that best explains his bids over time.

By best explain we will consider the valuation that is connected with the
minimum possible regret.Obviously we will restrict ourselves to valuations
that are strictly positive.In addition to that we will consider B; to be a
discretized bounded space which is a subset of a set [0, byaz]-

By the previous if we set B; = {0,2e,3e, ...,bpmaz}. Then the inference
method can be described as a linear program:

minimize €+0-v (5.6)

subject to vAPV)—ACWH)<e W eB; '

The results of this inference method described above suffer from a serious

pathology. Smaller additive regrets e tend to be best explained by smaller

valuations than the real ones. It turns out that better inference results

are achieved by assuming that the learning algorithm used by each agent
succeeds in pursuing the smallest possible multiplicative regret.

So now, we slightly modify the initial equation and we get that a multi-
plicative regret of § is achieved under the valuation v if:

T T
1 1
v € B; T E Uz'(bt,’l)z‘) > (1 — 6>T E Ui(b/,bt_i,’l)z‘) (5.7)
t=1 t=1

By defining the average click probability and the average cost that player
1 suffers under his actual bid sequence as Py and Cy we get that:

Vo' € B; vAP®{Y) < ACH) + (vPy — Cp) (5.8)

1-9

Our aim now is to minimize the multiplicative regret §. This modification
drops out the pathologies of the inference method that are due to the fact
that small valuations explain better small additive regrets. Let’s explain
why.
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First notice that a multiplicative regret of § corresponds to an additive

regret of &(UPQ —Cp). Supposing that ¢ lies in the [0, 1] range we have that

the function f(0) = %5 is increasing. So the minimization of J is equivalent

to the minimization of ﬁi(s.ln addition to that notice that m = %.
This means that bigger valuations are now more advantageous than smaller
ones. To sum up due to some pathologies we prefer to use the multiplicative

regret minimization inference method than the additive one.

Now, the only question that remains to be answered is how we should
implement this inference method. First note that if we replace the %5
term with a x then each constraint is a quadratic convex function. So the
intersection of the constraints obviously forms a convex set.Furthermore
since minimizing § is the same as minimizing %{5 we conclude that the
inference method can be written as a convex program. So the minimization
methods that are applicable in general in the convex optimization setting

can obviously be used in this particular problem.

minimize k+0-v

5.9
subject to vAP(@) < ACWY) + k(vPy— Cy) Vb € B; (5.9)

Now, one option is to use convex optimization methods in order to find
the valuation that best explains the minimization of the previous problem.
An other option is to divide the valuation space and solve each program
separately. Obviously now, since the valuation in each instance of the general
convex program is constant the general quadratic convex program turns to
a bunch of linear programs. Then we select the instance of the valuation
that is best explained (i.e best minimizes k). More formally, supposing that
the valuation is bounded in the [0, V4] range. we select 0 = v! < v? <
... < 0" = Upnae to divide equally in I segments the valuation space. Letting
V to be the set of these valuations we formulate the following program for
each v/ € V

minimize K’

. o 5.10
subject to v AP() < ACWY)+ K (v Py—Cy) V' € B; (5.10)

We must note that this is not a general form linear program as it can be
calculated just by looking the intersection of the various inequalities. So,
now we predict that the valuation of the particular bidder is the one that
achieves the best 7.
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5.3 System Description

In order to test the valuation inference method proposed. We construct
a bidding simulation system which continues to be under construction to
enlarge its possibilities. His primary objective is to create an environment
suitable to run experiments. The need of such an environment is obvious, as
the global community lacks of experimental data that will enable students
and researchers to conduct experiments for free without the lenses of a profit
organization. The bidding simulator is written in python using object ori-
ented techniques to be easily modified and studied. The code can be found
at the following link https://github.com/andreasr27

We proceed describing the main classes template:
Auction

m: integer --> the number of available slots

n: integer --> the maximum number of bidders
a: float vector --> the position coefficients

g : float vector --> the players coefficients

r: the reserve rankscore or price of the auction
history : a table of the bids submitted over time

slot(player_id.b) returns the position obtained by
player_id under the bidding profile b

who(pos,b) returns the id of the player who earned
the position "pos” under the bid profile b

cost(player_id,pos,b) returns the cost which
player_id suffers under the bid profile b if he takes
the position "pos” and his advertising is clicked

exp_cost(player_id,b) returns the expected cost
which a player will suffer under the bid profile b

exp_ click(player_id,b) return the expect click
probability of a player under the bid profile b

update_auction_history(b) updates the history
variable to keep track of the submitted bids

display functions:

display_reserve_rankscore()

display_slots{)

display_players()

display_position_clicks_prob()
display_player_clicks_prob()

display_scores()

display_auction() : prints all the auction information
into a general auction format

The general class Auction template provides a general template to be
implemented analogously to which auction we wish to recreate. To elucidate
further this fact we underline how easy it is to implement different auctions
just by changing a minimum amount of code. If we wish to recreate the
GSP auction then the functions should be implemented according to the
model described previously If we want to change our experiment to test

62


https://github.com/andreasr27

some of the properties of the Myerson’s lemma derived auction then the only
thing that it has to change is the cost function according to the equation
B:3]. If we want to change to a First Price auction then also the only thing
to change is the cost function.

Obviously many more features could be studied. As we discuss in the
section of a dynamic reserve price could be used to augment auctioneer
incomes. In fact the history variable of the auction which stores all the bids
which were submitted in addition with the valuation inference method could
be used under this purpose.

We continue presenting the general template proposed for the bidder.
Bidder

name : integer-->the identification number of
this particular bidder

valuation: float--> the valuation per unit of stuff
the bidder's get

next_bid: float, the next bid that the bidder will
place

history: table with the feedback that the bidder’s
got during the auction

bidding_function: the bidding function that the
bidder's will use

change_next_bid() : change the next_bid
parameter according to the bidding function anc
the history accumulated
change_history(feedback) :updates the history
parameter according to the feedback it gets

Now we can vary our study on many aspects. Varying the bidding function
parameter to study the effectiveness of different bidding functions. Obvi-
ously the bidding functions have to be in concordance with the feedback
given to the bidders. By this we can fluctuate between full information and
not full information environments. As the feedback could be only the profit
that the bidder gets but also the entire bidding vector, which obviously will
permit more precise learning algorithms.

An other interesting fact is that the feedback accumulated in the history
parameter permits different implementations of the algorithms that exploit
them. We could use a myopic ,greedy approach bidding only by responding
to the last iterations and thus best responding in a aggressive way or using
smooth approaches. In fact it is possible to implement no regret algorithms
which update their weights above the actions taking into account only the
lasts iterations and omitting the entire auction history.
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When the auction is ran it creates an .auction file which constitutes the
description of the auction that will be available to the inference methods.
In this description the informations that are available are:

e The number of slots

e The maximum number of players
e the position clicks coefficients

e the players click coefficients

e the scores of players (this is a particularity of certain auction which
we omitted in the general description but we implemented it in case
turned useful for future study)

e the reserve price
e the bid profile of the first iteration
e the bid profile of the second iteration

e etc...

The idea behind the auction format is to provide all the informations that
the mechanism will accumulate during the auction and thus study no regret
dynamics as if we were the auctioneer.

In addition to that, we created a first version of a library to test no re-
gret dynamics in auctions. The library’s name is regret.py. The library
is provided with the two basic inference valuation approaches, thus the ad-
ditive regret method and the multiplicative regret method. Furthermore it
provides additional functions that could be used in variations of such al-
gorithms. There are functions that evaluate the accumulated regret of a
bidder, the average probability of a click through the auction, the average
cost etc. The main characteristic and the main objective of the library cre-
ated is to be the first step toward a more generic and reusable library of
functions. We enlighten the fact that the functions created are in concor-
dance with the general auction template created and do not depend on the
particular implementation of the auction. So, they could be used also to
test the no regret approach in first price auctions and generally every type
of repeated dynamic auction.
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Finally we created a library of functions that could be used to visualize
various metrics of the auctions studied. This is the library stats.py. The
library at the time contains functions to visualize the rationalizable sets, the
average position that a bidder gets, the evolution of the average bid of a par-
ticular bidder through the auction, the evolution of the regret of a particular
bidder as the auction proceeds etc. We should underline another time that
these functions are independent to the particular auction implemented and
can be used in many variations.

5.4 Experimental Results

In this section we will describe the system created to evaluate the valuation
inference method described in the previous section and then we will present
the experimental results.

The system created was as close as possible to the real bidding system used
by online ad auctions companies. Especially, the setting of the auction was
the one described previously and the implementation of the allocation
and payment rule was according to the Generalized Second Price auction.

The auction parameters as click probabilities and reserve price are not
known to the bidders. The only thing known to the bidders is the type of
auction ran, that is the GSP. Thus the only feedback available to the bidders
is their profit or loss.

Under this context it is supposed that bidders are learning agents that
taking as feedback their profit, understand as the auction is repeated how
to bid. The main problem here is that bidders do not know in every auction
what the best bid would have been. The only thing that they know is the
actual profit of the bid they have submitted. It is lucid that we are in a
non full information context and only approaches similar to the ones in the
Bandit Convex Optimization framework are likely to succeed.

5.4.0.1 How Bidders Bid

The algorithm chosen to simulate the learning bidders is the EXP3 al-
gorithm [21I]. Firstly because of its simplicity which make it particularly
attractive and secondly because it achieves almost an optimal regret bound.

However some technicalities needs to be clarified. First of all what is the
bidding space for a bidder. As we used the EXP3 algorithm to simulating
the bidding behaviour of learning agents it is obvious that a good tactic for a
bidder is to equally divide his bidding space and find among all these possible
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actions, the sequence that gives him a good regret bound of the profit. In
addition to that the support of the bidding space has to be chosen. For the
experiments the support of the bidder is considered the [0, v;] range, where
v; is his valuation. As we are under the GSP model and we are testing an
inference method creating various learning bidders, it does not make any
sense for a bidder to bid over his valuation as in the majority of cases this
behaviour will result to a negative utility. In contrast if the bidder does not
overbid then it is assured that his utility will be positive due to payment
rule of the GSP auction. In real world scenarios however, this risky tactic
could be profitable, overbidding could lead to a negative utility in a first
phase of the auction but will also discourage other bidders to bid as their
profit will be lesser. Hence it is possible to lead other bidders to leave the
auction and finally gain a type of monopole. Obviously experiments have to
be rational, so these type of irrational situations must be omitted.

Another fact that need to be elucidated is how the bidders use the EXP3
algorithm into a maximization context. Bidding mostly under his valuation
a bidder is assured to have a positive profit. Thus his main objective is to
minimize regret of the negative utility.Formally:

T T
mambzeBi <Z Ui(b',bt_i,vi) — ZUi(bt,Uz’)> (5.11)
t=1

t=1

Is equivalent to:

T T
minbxegi (Z (—Ui(b/, bii, Uz)) — Z (—Ui(bt, Ul))> (5.12)

t=1 t=1

So, as a loss function a bidder should use the negative utility, here two
problems arise. First the losses are negative. Applying the multiplicative
weights updates idea into non full information settings , as the EXP3 algo-
rithm does, lead to bad convergence behaviour. To elucidate this further we
must underline the idea behind the update rule of the MWU algorithm and
the one of the EXP3 algorithm. In the MWU update rule we diminish the
weight of bad performing actions and we increase the weight of the good
ones in each iteration. This is possible because in each moment we know
exactly how all the actions are performing, so we have the possibility when-
ever environment change to adequate to it. In contrast the idea behind the
EXP3 algorithm is a little bit different. EXP3 diminish in every iteration the
weight of the chosen action.This diminution (for equally probable actions) is
bigger when the action has a big loss than when the action has a little loss.
Now imagine a problem when the losses can be negative. We will describe
a though experiment to make clear the point. One bidder is bidding and
has to choose among two possible bids a,b. In the first 100 iterations bid a
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has a loss of -10 and b a loss of 0 and for the rest of the experiment action
a will have a loss of -1 and action b of -2. Obviously, if the auction itera-
tions are more that 10000, for example 100000 we easily see that the best
fixed action is b. However, the sad news are that EXP3 algorithm without
attentively choosing the loss function will stabilize to a and will never come
back. Following the classic update rule of EXP3 the probability vector will
stabilize to a position close to the (1,0) after a dozen of iterations. So, after
these 100 first iterations, in every subsequent iteration a difference of 1 will
be accumulated. The algorithm will not overcome and the desired regret
bound will not be achieved. To overcome to this difficulty we just use a
biased loss to update our algorithm. In fact let w4, be the max possible
utility then our minimization rule can be modified as :

T T
minb/eBi (Z (Umam — Ui(b/, bt_z, ’U@)) — Z (umagc — Ui(bt, ’Uﬁ)) (5.13)

t=1 t=1

The new losses are obviously positive and the minimization problem is
totally equivalent, so we solved our first issue. The second issue is due to
the fact the EXP3 algorithm pretends losses in the [0, 1] range. This issue is
not quite relevant as dividing by a normalizing factor will affect our regrets
bounds only by constant factor equal to the max possible loss.Hence the
asymptotic vanishing property of the average regret will not be affected.

We present an explanatory diagram of the simulation system:
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5.4.0.2 Setting and Results

First of all, we will describe the setting upon which we did our experi-
ments. Although changing the parameters of the experiment does not affect
particularly the inference method and the behaviour of the system, for clar-
ity we will present the specific parameters.

1. number of positions = 5

2. number of players = 6

3. position coefficients a = [1.0,0.9,0.75,0.55, 0.3]

4. players coefficients v = [0.1,0.08,0.07,0.07,0.06, 0.07]
5. reserve bid r = 15

6. players valuations v = [72,61, 53, 46, 39, 33] are supposed to be multi-
ple of a penny

In addition to that we must mention that each bidder had in his bidding
space twenty different possible actions that divide equally the support of

[O, vﬁmm].

As for the inference method, of course we selected the one that mini-
mizes the multiplicative regret, dividing the possible valuation space into 20
different valuations.

An other important observation we should mention before presenting the
diagrams is that the repeated auction ran for a total of T=100,000 iterations.
As T increases the valuation inference method performs better because bid-
ders achieve to minimize regret consistently
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RATIONALIZABLE SETS We present the rationalizable set for each
bidder in our experiment. (Definition of rationalizable set [5.2.1])
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Observations: First note from the definition of the rationalizable set, the
plots concern the additive regret and the valuation of each bidder. Further-
more notice that the left angle of each rationalizable set is very steep. What
does this suggest? It suggests that from a particular value of regret and
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after ,if we want to further minimize regret the only value that we can use
to explain it is way lesser. This pathology as previously noted flies away
when we use as inference method the one of the multiplicative regret. In
fact, using the multiplicative regret we take into account the magnitude of
the valuation in such a way that we calculate the trade-off between regret
minimization and magnitude of valuation.

BID EVOLUTION We continue presenting the average bid evolution as
a percentage of each bidder’s valuation:
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Observations: There are three important observations that need to be
enlighten. The first one is that in every bidder two phases of the bidding
behaviour are clear. The first one is the learning phase. That is the phase
when the bidder has no clue about how he should bid and explores the space.
This phase is characterized by an unstable bid. As the auction proceeds the
bidder learns which are the bids that perform better and try to concentrate
the majority of the probability mass on these bids. This behaviour is clear
from the fact that each bidder’s bid tend to concentrate to a particular
percentage of its valuation. A second important observation is that all the
bidders bid concentrate around 50%-60% of their valuation. Although this
fact is an artefact of our experiment it turns out that occurs also in real world
scenarios https://www.youtube.com/watch?v=X93omDyYjC4. Last but not
least, it is important to notice that although the bid tend to converge on
average, it does not stop fluctuating. These fluctuations are necessary to
permit each bidder to be aware of changes in the environment. As previously
underlined, one major advantage of learning bidders is that they are able to
overcome changes in the environment. Thus, to do so they must continuously
explore it.

POSITION EVOLUTION We will present the evolution as the auction
is repeated of the average position that each bidders get.
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(c) valuations 39 and 33

Observations: In general the same observations made for the bid evolu-
tion diagrams apply also here. This comes from the fact that an increase in
the average bid in the vast majority of cases leads to a better gained aver-
age position. In addition to that an important observation is the correlation
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between the bidders valuation and the average position gained. In fact, the
outcome is efficient. By efficient we mean an outcome where the average
positioning of the bidders is decreasing in their valuation (remember that
al > as > ... > ay,).It is quite interesting the fact that the first bidder,
although it has the best average position, it does not usually get it, as his
average position is around 1.9 .This result comes from the competitiveness
of the environment. Indeed the bidders are more than the positions available
and the rough competition lead to a diminution of each bidder gains.
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INFERENCE RESULTS We continue by presenting the result of the
inference method minimizing the multiplicative regret and the one minimiz-
ing the additive regret

True vs Inferenecd valuations of additive regret method %0 True vs Inferenecd valuations of multiplicative regret method

Valuations

Valu

0 0
bidder 0  bidder 1  bidder2  bidder 3  bidder4  bidder 5 bidder 0  bidder 1  bidder2  bidder 3  bidder 4  bidder 5
rs r

We measured the inference error of the two methods by comparing the
average percentage error with respect to the valuations of each bidder. For-
mally ,defining as 9; the inferred valuation of bidder ¢, the equation used
was:

" Ju; — )
> — (5.14)
i=1 vi

1. additive regret method’s error = 17.2%

2. multiplicative regret method’s error = 11,7%

Observations First, we observe that the additive regret method tends to
underestimate the true valuations in contrast with the multiplicative regret
method that tends to overestimate them. This difference comes from our
previous analysis of the pathologies of the additive method that the multi-
plicative try to overcome. In addition to that, an important observation is
that the error’s magnitude in the valuation’s estimation for each bidder of
the additive method is highly correlated with the magnitude of the gradient
in small regret values. To elucidate this point further, just notice that the
percentage error is lower for low rank bidders for which the rationilizable
set is steepest in the small regret area.
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5.5 Robustness of the multiplicative regret infer-
ence valuation method

Now we will examine the robustness of the multiplicative regret inference
valuation method.

Parkes et al. at [5] examined the robustness of the GSP auction in terms of
how much truthful the outcomes were when the auction was not-truthful by
itself. If the outcome of an auction is truthful then the bidders had received
a position analogue to the magnitude of their valuation (i.e the bidder with
the biggest valuation received the first position, the bidder with the second
highest valuation the second one etc). Obviously we will concentrate to the
properties of outcomes which consist a nash equilibrium. An efficient nash
equilibrium is a nash equilibrium in which the outcome is truthful. This
concept of truthfulness can obviously be extended also to other types of
equilibrium concepts, as for locally envy-free nash equilibria. Imagine that
the mechanism has not the true click probabilities perceived by the bidders.
Then the payment rule will be based on the click probabilities that the
system has. Let these click probabilities be denoted by the position vector
a. Then the profit of the bidders is based on the true position coefficient
vector a in contrast with the payments which are based to the a. This is a
more realistic scenario to investigate than the precedent as particularly in
online advertising the environment is highly evolving and auction designers
are more exposed to faults.So, in general a # a, following the same notation
as in we redefine our cost function according to the supposed by the
auctioneer a and we have that the utility of bidder ¢ under a bid profile of
b is:

Ui(b) = u; P;(b) — Ci(b) (5.15)

We will test our valuation method robustness supposing that the only
information available to us is the wrong vector used by the auctioneer a.
To investigate his robustness, we added an error term to each particular
coefficient probability. The error term was draw by a normal distribution
center to zero. In the following diagram we present the correlation of the
error in the inference method to the variance of the added error term. We
ran about 500 true a and non true a auctions of about 10,000 iterations
each.
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Truth based mechanisms have an average inference error of 19.059% while
non truth based an average error of 17.733%. While the standard deviations
are about 3% and 5%. By this we can deduce that the inference method is
quite robust as a significant variation of the untruthfulness does not change
the average results much. This is a quite interesting result which relies
on the payments rule of the GSP. In fact the payment rule of the GSP is
not additive in the sense of the summation of the errors among particular
coefficient and thus is more stable in confront with the errors accumulation
of other mechanisms.

A paradox fact has to be cleared. How is possible that the inference
method of the non truth based mechanisms has a smaller error than the
error of the truth ones. The main observation which can explain this fact
is that the multiplicative error inference method produce an overestimation
of the valuation. This overestimation is present in particular in the first
(in terms of valuation) bidders estimation, due to the largest upper bound
of valuation for each regret bound. When the untruth diminishes the dif-
ference between a1 and ao then the inference is quite similar. But, when
the difference enlarges then the bigger bidder ”tends to want less the first
position” and bids in a more restricted way. This behaviour creates a biased
lower estimation that adjust the error term in the inference of the untruthful
mechanisms. However we must underline that many times we observe an
untruthful inference outcome (i.e two bidders with valuation v; < v are
inferred inversely) when we deal with untruth mechanism, an outcome that
we do not observe at all in the inference of truth based mechanisms.
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5.6 Under an Equilibrium Prospective

As proved at [§] no regret distributed algorithms converge in an € ap-
proximate CCE equilibrium Therefore we can deduce that inferencing
the valuation of the players in an online ad auction with the [4] method is
equivalent to finding the tuple of valuations that best minimizes the regret of
the agents. Obviously this inference method can be applied to a particular
bidder rather than the entire set of bidders and thus assume that only this
particular bidder uses a no regret algorithm. However when this inference
method is applied to the entire set of bidders then the only difference with
the classic approach of supposing a mixed nash equilibrium is that we en-
large the possible set of equilibria.An interesting question would be if try the
inferencing method under different equilibrium concepts what the outcomes
would be.

5.7 Future Work

Some interesting ideas for future work are discussed at [23]. Combining
the different evaluation methods through machine learning techniques would
be an attractive direction. In addition to that, trying through similarity
metrics between auctions to inference the player’s valuation with classical
learning techniques would be an interesting idea. Furthermore there are
some dynamic aspects that the no regret inference method does not take
into account. For example the evolution of the rationalizable set through
time. How much can a particular valuation explain this evolution is a tough
question. This suggest a tradeoff between the two different explanations.
The one that tries to describe the auction in his entire and the one other
that tries to explain the auction behaviour evolution.

A completely different direction is one that suggests ways for the auction-
eer to maximize his income. Does the starting information provided to the
bidders produce different steady state outcomes? How can we dynamically
set a reserve price to maximize the revenue by changing the equilibrium?
From the bidders perspective, when switched to full information contexts
they implement full information no regret algorithms rather that bandit
ones. Does this difference play a relevant role?

Last but not least, an interesting question would be how can the bidders
maximize their utility beyond the simple assumption of no regret behaviour.
Also our implementation was based on a discrete model for bidding (i.e. the
EXP3 algorithm), does a continues space algorithm like the mab template
implemented with the online gradient descent outperforms the discrete ones?
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Kegpdiaio 1

Eiocoaywyr otnv Oeswpla
ITowyviewy xot To0 XYEOLACUO
Mnyoviouony

1.1 Ewaywywd [Hopadelypota

O Xyediaopoc Mnyoavioumy etvor 1) emio TN Tou Beioxeton TNy Toun HeTall
Ocwplag Haryvienv, Owuovouxny xa Emctiung Troloyiotov. Kiplog oxondg
ToU glvol 0 oyEdLIOUOC Pnyaviou®y Tou eacpolilouy UPMAY anddocn dtav
yenowdonolovvtal and otpatnyxols naixteg. H onupacio oyedaopol xoidov
UMY OVIOUOV UTOREL VoL QAVEL TORATNEMOVTOC TIG AMOTLUYIES TWV XAXWDY UNYOVL-
OUOV.

AwowcInTind IMapdderypa: Mnudvipvtov yuvouxwy ctoug O-
AvpmiaxoVg Aywveg tou 2012

H Bour tou aywviouatog anotekeiton and 600 @doelg. LNy Tt Q4o
oynuotiCovta téooepic ool (A,B,C,D), o xadévoc ex twv onolwy tepthoy-
Bdver téooeplc ouddec. O BV0 TEWTES OUAOES xdUe OUIAOU TEOYWEOUY GTNY
0e0TEPN PAOT), UETA amd o poLVO-polty ahAniouyla aydVwy. 3TN dedTepn
(Ao UTHEYOUY TEELC OVOUETPNOELS GUEOTS amoywenone (vox-dout), 6mou yio
ouddo uropel vor amoxAelo Tel 1) var tepdoel oTov ENOUEVO YORO, UEYPL VoL VOOEL-
yVUel TeAxd 0 vixnthg. Xy Tt Vox-GouT avouétenon tng 0e0tepng gdong,
1 0elTeRN Opdda Tou TEMTOU ouihou avteTwTlel TNV TENOTN TOu GeLTEPOU
ouihou xar avtioTorya 6TOV TElTO XU TETAUPTO OULAO.

Agol nopoucidoaue 0 dour| Tou aywvicuatog, og BoVUE TOPA Tt GUVERT.
Yy oudda D Beioxdtav n xahbtepn, xatd yevixr| opohoyia, oudda, 1 Kiwvélum
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oudda twv Qing - Wunlei. Xty teleutalar avopétenon Toug Yo TNV TEMOT
@don nrTidnxoay and ™ Aavélxn Edvixr oudda, tepuatilovtac pe autd tov
TEOTO OEUTEPEC OTOV OUAG Toug. )¢ AmOTEAEOUN, 1 TEWTN OTNY XATATUEN
oudda tou opthou A Va €npeme vo avouetendel, oty enouevn @dom, Ue TNy
Kwélixn opddo. Qotéco, otov teheutaio aywva tou A ouilou, 500 ouddeg
Tou elyav ¢ tdte onuerdoet 2-0 (2 vixee, 0 Yttec) énonlav petald toue. T
xdde opdda ex Twv 800, 1 vixn Ll0odLVAUOVoE UE TNV TEWTN VECT Tou opllou
xa dpor avaétenon ue TNy moAU duvath Kwvélurn ouddo. Autd mou cuvéfn,
AOLTIOV, HTay OTL TPOGTAINGAY ot OL BUO VoL YUGOUY EGEUUEVD TO UATS. https:
//www . youtube. com/watch?v=7mqliogiWEo

Xwplg augBolla, Aoyw tng avauétenone authc Eéomace PEYOAO oxdvoa-
ho. T vo xatohdBouue ouwe oe peyahitepo Bddog Ti cUVERY, TEEMEL va
avtihngdolue mpota mota ebvan Tor xivntea Twv mouxt@yv. T emupel évag mo-
xtne Ipogavae, vo mpoywed 6co meplocdTeERo unopel oe xdde SlopYdvwan).
T emdupel o dopyavewTic Tou daywviopol No npoctadel xde nalxtng éco
TEPLOCOTERO UTOPEL Vo xepdloel xdde aywva. Emouévee, xodiotoato eugavég
and TO TUPADELYHS UAS OTL (G TPOG TO TEPLEYOUEVO TWV XAVOVWY TOU Olayw-
VIGHOU, T XIVNTEA TWV CUUUETEYOVIWY OeV elvar TévTar VYUY ROUUICUEVOL UE TAL
xivntea TV Slopyavwtov. Lo po avdiuon oe yeyolitepo Badog npoteivouue
To dpvpo tou Kleinberg oto https://agtb.wordpress.com/2012/08/01/
olympic-badminton-is-not-incentive-compatible-6/

To ev Moyw mopddelypa Loyeauilel TOGO GNUAVTIXOS EVOL O GYEBIAOUOC
owoTOV xovovwy. Ta anoteéopata, 6Tay oL xavovee dev €youv emthey Vel
xatdAANAa, elvon mdavoy va elvon WLalTtepar xon aveTd U TOL.

Emopévee, 0 OYEBIIOUOS UNYAVIOU®Y YENOWOTOELTAL Yiol VO GYEDIACOUUE
XAVOVES oL €E0GPIALOLY, xaTd piot EVvvold, “XaAd’ oAmOTEAEGUOTAL.

1.2 Anuornpacia ITowtng xow Asdtepng Twng

O xolOTtepog TROTOC Yia Vo EEXWVACOUUE TNV avdhuon TN oYEdlaong Unya-
VICPOV €lvol €lodYOVTAS OPLOUEVA LOVTEAA YLl ONUOTIPUGIES 6oL LTIdEYEL Wia
povada evog mpotdvtog Yo tdAnon (single item auctions). Xe auth v evotn-
T Yot TpoUGLAGoUUE Xdmoteg Bactxég POpUES BNUOTEACLMY Xou Yol AmodelEOUUE
TOL TEOTOL YOI AUUOTAL.

Arnpornpacia evég npotéovtog (Single Item Auction): Apywxd, oc
dolpe T axpBng elvon uior oamAr) dnuonpacio evog meoidvtog. Ag unodéoouue
OTL Evag TOANTAC EYEL €val avTXelevo Tou VEAEL VoL TOUANOEL X UTLEEYOUY v
umoPriplol ayopasTEC ToU elval SLATEVEWEVOL VoL BOCOLY YERUATO Yo AUTO TO
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avtixelpevo. Kdie ayopaotic €xet pior tbiwtixn mapdueteo mou ovoudletan ol
(ochvartiov), 1 omola avTInPOoKTEVEL TOG0 YENEL O oY OPUC THS TO AVTIXEUEVO Xou
mooa yefuata etvan dtatedeluévog va Thnpwoet Yo auté. Tote, 1 dnuompacia
Eexvd xou x8e aryopaothc (amd €8 xou 6o e€Xc Vol TOUC ATOXUNOUUE X TES)
movtdpet. O mwhntrc emAéyel, Baciopévos ota movtapiopata, tolog Yo mdpet
To avTxeipevo xou méco Yo mEEnel Vo TANe@oEL i autd. Tdpa, amouével va
oolue Toto elvon To %(€pdog xdde malxTn xan To ®E€EBOG TOU TWANTY. e O,TL
apopd T0 %x€EO0C Tou TWANTH, Yo Solue OTL BEV UTHPYEL TEOPAVHG ATAVTNOT,
x00¢ 0 TwhnTrg Yo uropovoe va ebvar 1) KuBépvnon, dea oxondg tng Yo ftay
(f Vo émpene vou elvon) var TEGEEL Yot TO X0 XUAG TNS XOWVWVING PEYIOTOTOL-
OVTAC TO XEPAAALS NG, 1 Vo umopoloe vo efvan o WL T Toupela, oXx0mog
¢ omolag elvor var PEYIOTOTOMoEL Tol x€p0T Tng. ¢ mpog toug maixteg Vo
YENOWOTOLACOUNE, GE OAN AUTH TN BITAWUATIXY EpYATia, TO OYESOV-YEUUUIXO
(yvaot-Awveap) povtého tou xépdouc. To poviého autd hertouvpyel we e€hg:
Edv évag maixtng dev mdpel to avtixeipevo, toTe T0 %€pdog Tou elvar (0o ue To
UNBEV, EVE av TEEEL TO aVTIXEUEVO GE Wit TN p X 1) WL Txr Tou aio etvan
v;, TOTE TO *€pBOC Tou Elvon (60 Ue v; — p.

Anpornpacicc Lgppayicuéveyv Ilpocypopdv ( Sealed-Bid Auctions):
H popen tng dnuonpaciog mou Yo yenoHIOTOGOUUE Yid OAES TIC OLPORETIXES
onuonpacieg etvar 1 axdrouin:

1. Kde naixtng i Méet buwtind to novidpioud tou (BLd) b; otov dnuomedtn
(dote oL urdloinot TaixTES VoL uny EEpOUV TO TOVTAEIOUA TOL).

2. O dnuonpdtne emhéyel totoc Yo mdpet To avtixeipevo (Unopel vo unv to
Tdipet xovelc)

3. O dnuompdtng emAEYEL TNV TWH TOANONG

Thpa mpénel Vo EEXWVACOUUE VO OXEPTOUACTE TS VoL UNOTIOLAGOUUE Tot 3o~
o 2 xou 3. To Brua 2 elvon edxolo, amhd Sivouye o avtixelyevo otov unodrigLo
oYORUG TH TTOU €YEL XAVEL TO PEYAUAUTERO ToVTdptopa. Auth 1 andgoot uotdlet
TEOQAVAS, OUKGS, OTwe Yo SOVUE apYOTER, OTAY 0 XVELOC OXOTOC oG val va
UEYLOTOTIOLACOUVUE Tol €000a, OeV amotelel TdvTa T owoTh emhoyn. Elvou mo
BUOXONO VoL GXEPTOVUE EVay AmAG TEOTO Var LAoToLicouUE To Brjua 3. Muot omhn
1O€aL, oV VLol TORADELY A O GTOYOC oS EfVOL VoL BOCOUPE TO aVTIXELUEVO OE au-
TOV o To VEAEL TUPATAVE Ywpelg Vo EVOLUPEQOUACTE Yial Tor €6000, efval vor To
0OOOLUE BWEEAY. AuTH 1 WEa elvon xoxr, EMESY| oL TalxTeg elvan o TEUTNYLXOL
xou 1 dnuornpacta Yo elehytel oe éva mowyvidL Tou TolO¢ Vol AVAXOWOTEL TO
HEYOUAUTERO apLiuo.
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Anuonpacieg ITpwtng TwnAc: Otav autdg mou xdvel T peyohiTeen
TEOCPOEA TANEWVEL TO TOGO TOL TOVTARloUATOS Tou 1) dnuonpacior ovoudleto
Anuornpacta Todtne Twng. Av xou 1 ouyxexpwévn dnuonpacta poldlel omh,
and TNV omTixt| Tou urodrigiou ayopao Ty dev elvon. T'iot vor xatahdBoupe Ty
outio, ag oxepTodue To e€ng melpoya: UTdEYOLY U0 TAIXTES, EX TWV OTOWY O
TpWTOG elvon eEleyyduevog amd eude, ue ofla v; € [0, 1] xou o devtepog malxTng
éyer oo X ,mou elvor pior opolduopyn tuyoada yetoBinty oto [0,1]. Ilog Yo
EMPETE VoL Tl OUYE YLa VOL UEYLO TOTOLCOVUE TO x€pB0¢ Uac Av 0 dAhog TalxTNg
TovTdpeL anAd Ty aflo Tou, 1 andvtnon eivar anAy, Beloxouue To TovTtdploua
peytotonotvtag TN ouvdptnon (v —>b)(1—b). Av duwe o dAhog Taixtng nadet
e Blopopetind TpémO (TEdyUa Tou efvar TpoouvéS Yot T va TovTdpeL xdie
popd TNy a&io Tou Yo ToU aTOPEREL UNBEVIXG HEEBOC), IS TPETEL VoL TOVTEPOU-
ue” Auté to amho mapddetyuo Sty vel 6Tt lowe T 1) LopPT| SNUOTEAGTAS VoL UnY
elvan 1600 xahy|. Etvor 60ox0A0 yia Tov 0Nponedtn va xdvel UToVECELS OYETIX
ue to g Yo cuuneplpepolv oL uTodHPLOL ayopACTES ot OTOTE Vo TEOPAEEL
T0 anoTtéAeoua NG dnuonpaciog.

Second Price Auctions: Arnuonpocicc Aedtepne Twrc:Muo dhAn mohd
cuvndopévn popy| dnuompaciog elvon 1 Anuompacio Acdtepne Tiung, ™y €v-
vola g omolog elofyaye npddToc o icxped oto [6]. Xtn Snuonpacio dedtepnc
TNS, 0 TAEO00TNG, 1 AAADS O TAXTNG TOU TOVTHPEL To TEPLOCOTERX, TolpVEL
TO QVTIXEIUEVO X0 TANPOVEL TO TOVTAPIOUA TOU GEVTEQOU XAUTA OELRE TAELOOOTY)
(nou évar pxpd € mapamdve). H dialotnon niow and auth tn woper dnuonpaciog
elvon amAt), 0 VT 6V elval avaryXAoUEVOS VoL TANEWOEL TO TOGO TOU TOVTHQL-
o€, ToEd HOVO To eNdy Lo TO TV ToVTdpLoUY TTou Yo TOU EBLVE TN ViXT o€ xdie
nepintwon. Oo cuveyicouue anodewVLOVTAG V0 TOAD GNUAVTIXA VEWEHUATA
oL XhoTOLY aUTY| TN HopPT| dnpoTeaciag TOC0 EVEEWS YETOULOTIOLOUUEVT.

Treopew 1.2.1. Ye pua dnuonpacia €vés mpoidvtos devtepns tiuris ( single
item-second price), kdOe maiktng ue a&ia v; éxear pa Kuplapyn oTpatnyikn
rovzapiopatos, Uétortag to movtdpioud tov b; o€ Tiun ion e TNy 101w TIKn Tou
aéia.

H ouyxexpipévn diotnta etvor moAd onuavtixr. Mag divel éva duvato otolyeio
Y10 TN CUUTIERLPORE TWV ATOUWY TIOL ToVTdEouv. Av €youue éva cUoTNUo amd
AoywoUg Taixteg mou YéAoupE Vo EEETACOUUE X0 XATOLOE TOUXTNG EYEL XuplopyT
oTEUTNYWY, N unddeon OTL 0 cuyxexpwévog maixtng Yo maléel oUWV UE
authv ebvar 1 o adlvoun utddeoT oe auUTY TN SoUH.

Andéoeén. 'Eotw tuyaioc naixtng ¢ ye alo v; xan 10 BLdvucUo TwV TOVTUpL-

OUATWV TV UTOAOLTWY TUXTOV b_;.
Topo meénel vor amodelEoupe 6Tl avelapTHTwe Tne TS Tou dlaviouotog b_;,
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TO x6GTOG TOL TAXTY ¢ peYLoToToLelTon Vé€TovTag by = v;.

‘Eotw 6t 10 péyloto novidploua v UTOAOLTLY TouxToy eivan B = max;4;b;.
Tote Blaxplvouye TEPLTTWOELS:
(Treviupilouye ott utihitd elvan o x€pdog)

1. Av b; > B t6te utility; = v; — B
2. Av b; < B téte utility; =0

"Apa, 10 xoAUTEPO TOU Pmopolue var eATilouue elvon 6Tl Yo xdvouue €val TOV-
Tdpoua b; €tol wote o xdle mepinTtwon vo eaopaiiCovue oL utility; =
max{v; — B,0}.
Av v; = b; toTE:

1. Av b; > B = v; > B t6te utility; = v; — B = maz{v; — B,0}
2. Av b; < B = v; < B t6te utility; = 0 = max{v;, — B,0}

O]

Treopew 1.2.2. Ye pua dnuonpacia €vés mpoidvtos deltepns Tyunis (owyle
1wep-oesord mpige), kdde maikTng mov tovtdper Tny aéia tou elvar ekaopaliouévo
ot1 Ua éxer ofyoupa un-apvntiko képoos.

[Tpotol TpoywEHOOLUE GTNY ATOBEIET TOU TEOTYOUHEVOL Yewpruatog, etval
oNUaVTIXG Vo uToypauuloovde T onuacio Tou. Pavracteite pio dnuompacia
omou évag malxtng €yel xuplapyn oTeaTNYX ahhd To x€pbdog Tou elvan op-
vitixd.  Tu Yo xdvate otn Véon tou Ma guoxd Yo anoywpolcoate and T
onuornpacio. Enouévwe, pio onuovtin woiotnta xdde dnuompactac eivon 1 xo-
votnTa vo dtatnpel Toug malxteg tng. H ev Adyw wbidtnTa olyoupa amartel 6Tt
oL TakxTEC €Y0UV Un aEVNTIXG XEEDOC.

Arnédein. Ouunieite and To mponyoLuevo Yedpenua OTL TO VoL TOVTApEL TNV o&ia
tou e€aopariler o x&e moixtn o6t utility; = max{v; — B,0} > 0. O

1.3 Avjppa tou Myerson

To Mo tou Mepoov anoteroloe o Pacixd epyaieio tdvew oTo omolo oye-
ddlovtay oL dnpompacies yia ToAG ypovie. O Miepoov pe o [7] nopeiye pio
oyedlaoTxd amhr tpocéyylon yua ) dnwovpyior DSIC (Dominant Strategy
Incentive Compatible) Snuonpootdyv oe mo yevixeupéves cuviixes and outée
TV SNUOTEACLOY EVOC avTixeyévou (single item auctions).
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ITpoTtol 10 TAPOUCLAGOUUE, A YEVIXEUGOUUE TO UOVTEAO OTMUOTRUCLOY oG
Tépa omO TIC GVYAE LTeU dnponpacies.

Movornapapeteixd IlegiBdAiov

1. H dnuompacta éxel évay otadepd aptiud Tauxtov n

2. Kdle maixtng éyel otadepn ol v; mou avtimpoownelel Ty ofio ovd
povdda ayordol Tou Tafpvel 0 TalXTNG

3. Z elvon 10 EQPIXTO OET V-DlavUoUATWY XDV Slavoumy (21, X2, . .., Tn)

INo va Bel€oupe TNV avaAuTixn IXVOTNTOL QUTOL TOU HOVTEAOU, 0C OWCOUUE O-
PLOUEVA TIORUOELYUATOL.

1. Ye wo dnponpaocta povadixol tpoidvtog (owvyhe ttep) X = {(x1, 22, ..., 2p) |z; €

{07 1}) Z?:l T < 1}

2. Av ot dnuonpacio twlodvta x tavopotdtuna ayodd, 1ote X = {(z1, 22, . ..

{0,1}, 2505 @i < k}

Mopp7 dnuponpacioc cppaylcwévwy npocpopny ( Sealed bid
auction template): O oyedothc unyovioumy oe pio dnpompacio oppo-
YIOUEVWY TROCHPORMY TEETEL Vo LAOTOLACEL 0o Bacuxéc cuvaptrioelg. llpota
TEETEL VoL UAOTIOLAGEL T1) GUVEETNOT xavova Slavopnc, 1 omola talpvel we elcodo
TO SLAVUCHO TWV TOVTURLOUAT®DY Xt Bivel w¢ €000 To Bidvuoua Tng dtavoung
v oyaddy.  AEUTEPEUOVTWC TRETEL VoL LAOTIOLAoEL TN oLVEETNon (xavdva)
TANewUNG Tou TalpVel ¢ EGOBO TO BLAVUCHATO TWV TOVTURIOUAT®Y ot OiVEL
¢ €£060 TO BLdvucua TV TANewU®y. Tumxd n dnuompacic c@paylouévey
TeoGpopwy Tou Boactletal oe o€ €va CUYXEXPWEVO TERUSAANOY piog TURoUETEOU
TepLypdpeTon and Tela BT

1. culhéyoupe To Bidvuoua TV Tovtaptoldtony b = (b, ba, ..., by)

2. Swhéyoupe plo et Blavour| Yenotwomolnvtag plo cuvdptnon = : Re™ —
X

3. maipvouye v TAnewpr (toduevt) xdde toixtn yenowonotdvTas po ou-
véptnon p : Re” — Re"
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H popgt| dnuonpacioc oQpoyloUévemy TEocPopny Eval GUAVTIXY YLOL VAL TRO-
O TUTEUTEL 1) AVWVUPIO TWV TOUXTOV. 2E TROYUATIXES XATAC TUCELS OOV TO TEPL-
Bdhhov elvon avTay VIO TIXG, Ol TaixTeG €Y0ouV 0plo¥eTnUEVO BUBYET X0t TOAAO-
TN OWVYAE LTEUS TTOAOVUVTOL CUVEYGUEVAL, Uit XOAH ToXTiXN Yt Tov BeUTEPO (OE
nocd movtoplopatog) mabx Ty, axdua xon ov 1 dnponpacio Tou TeaypoTonoLElTAL
elvon 1) dnuompacta dedTepng TN, Eival Vo TOVTAREL TAVE AMd TNV TEAYUATIXN
ol Tou. Me tov Tpomo autd, Vo emBIAel peyohlTERT TWY) AmOXTNONG Yidt
TOV TPWTO (O€ TOCH TOVTUEIOUATOC) TOdXTY, OONYOVTAC TOV GTO VoL EEUVTAHOEL
Yenyopdtepa o budget tou. Eminpdoleta, oxdua xouw o€ dAAL LOVTEAX TOV-
TaplOUATOS, TO TOVTAPLOUA AVTOVOXAG TOXTIXT) MAPXETIVYX TNV OTtolol oL eTaupelc
elvor TOAD Lo TOXTIXES OTO VoL ATtOXOAD(OUV.

INo to %épdog xdde maixtn, o ypnoyono|covye Onws TavIa To GYEBOV-
Yoouuixo povtélo xépdouc. Av ula dnuompacior €yel xovova Sloavounc & xal
XAVOVAL TATPWUNS P, TOTE TO XEEOOC TOU TOUXTY ¢ OTAY UTOC EYEL TOL YOQUXT
ploTixd movtaplopoatoc b eivon: utility; = vizi(b) — pi(b)

Oa TEPLOPIO TOVUE OE XAVOVES TANEWUNE TOU LXAVOTIOLOVUY TNV £€1¢ cLVAETNON:
0 < pi(b) < biz;(b)

To aptotepd oxéNOC TNE AVICOTNTOC TEPLOPICEL TNV EPELVA UOC OE UNYOVICHOUS
omoU 0 TWANTAS Bev TANewveL Toug Talxtee. To 8e&l oxéhog, duwg, dlacpo-
Ml 6t évag ehixpvic madxtng Ya éyetl tévta un-apvnuixd xépdog (emopévec
neptoptlopacte ancudeiac oe incentive compatible pnyoaviopoic).

Twpea, clyacte oyeddv €towol va nopouctdlovye To Afupa Tou  Myerson.
207660, anoyével va Topoucldcouue 800 Bonintixolc oplouols.

Acgwitiov 1.3.1. M ouvdptnon 01avouns x yia JLOvoTapajLeTpIke Tepi-
PdArov elvar vAoroijoiun av vrdpyer kavovas TANPwuUnS p €Totl hote 1) Onjo-
mpacia oppayopévwr tpoopopdy (z,p) va eivar AXT

It vo e€nyriooupe tepantépw ToV 0pLopo, elvor onuavTixd vo oavTingdoiue
oL av TeofdAoupe To YEo Twv DSIC unyoviop®y 6Toug Xavoves SLavoumy
TOUG, Yol TEPOUUE TO YWOEO TV VAOTOLAGULOY XavOvwLY dlavourc. Enopéveg, av
0 oxomog pag elvon va oyedidooupe DSIC unyaviouole, eluacte utoypewuévol
VO TEQLOPLOTOVUE GE XAVOVES DLavVOUY|C IOV EVOL UAOTIOLGLUOL.

Acguitiov 1.3.2. M ouvvdptnon diavouns x yia HovVOTapapUeTPIKG TP
PdAdov eivar povétovn av ya kdle maiktn i ka1 yia otalepod didvvoua movapi-
oudtwr twr vtélomwy taktdr b_;, n ouvvdptnon x;(z,b_;) evar un pdivovoa

WS TPOS Z.
‘Apa, av 1 & ebvar govdTovn cuvdeTnor dlovourc, Enetal OTL TO VoL TOVTYREL

TEPLOCOTERO EVAC TOUXTNG UTOPEL OVO VO TOU AMOQEREL OAO X0l TO TOMAGL oLv-
Tixelyeva. PavtacTelte yior plor GTLYUR ULt GUVEETNOT Olayourc Tou Oev efvan
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povotovr, dnhady| xepdilel o dedtepog xotd oeled TAE00TNG. AtawcnTixd au-
16 elvar ToA) mopdevo. Toautdypova, mépay TOU OTL PG QULVETOL TAEAAOYT
emhoy, Yo GoUUE OTL XoL OO TNV OTTIXT] TOU OYEBLICUOD UNYAVICUMY OVTKS
anoteAel xaxt emAoyn. Oa amodelouye OTL av Wia cUVAETNOT SLlovoung Bev
elvon povétovr, tote elpacte olyoupot OtL dev elvon uToAoyioun.

Tneopew 1.3.3. Eotw povonapapetpixd mepipdAiov

1. Ma ovvdptnon Owvouns x efvar vAoromnoiun av kai uévo av €ivai po-
votovn

2. Av n ouvdptnon x elvar povétovn, Tote vmdpyel povadikn ouvdptnon
p Térowa ote 1 dnuompacia oppaopévwr tpoopopdy (x,p) va €lval
DSIC

3. O kavévag owavouns DSIC unyavioudv ue ya ovvdptnon 61avouns
divetar and akpifn) oxéon

To Mupa tou Myerson anoteiel Tny Yepehwdn Bdorn tng oyediaong wnyavi-
ouwv. Ipotol Tpoywproouue oty anddelly), o xaTaAdBouue Tt axelBmg AEEL.
Ovctaotixd Aéet To av Y€houpe va dnurovpyfiooupe pio DISC dnponpacia, to
T To Brua etvan var Bpolue pla cuvdptnor dlavounc mou eivar povotovr. Tote,
dev ypetdletar Vo oxEPTOUUE XordOAOU Ve GTOV xavova TANewuns. Eivar pyo-
VoOIXOC Xa UTEEYEL axp3iC OyEan Yl AUTOV.

Anédeién. H ocuvixn DSIC amawtel 6t yio xdie molxtn ¢ xan b—;, 10 x€pd0g
TOU TodX TN ¢ TEETEL VoL lvor UEYLOTO OTAY TOVTAREL TNV TRy ortixn) Tou o&io v;.
‘Eotww (z,p) évac DSIC unyoviopdc. "Eote thpo évac ouyxexpylévoc Todxtng
i xou oToEPd BLEVUOUO TOVTUPLOUATLY YLl TOUG UTOAOLTOUC TodXTES b_j, yia
ouvtopio ac oupPolicovye Ty ouvdptnon x;(z, b_;) pe x(z) xou TRV cuvdpTtnom
pi(z,b-i) pe p(z).

Fotw 0 <y <z

Ac unod€oouye OTL 0 maixTng ¢ €yel adlor y xan movTdpel 2, Tote and v DSIC
WBLOTNTA £YOUPE OTL:

yz(y) — p(y) > yx(z) — p(2) = y(z(y) — 2(2)) > py) — p(2) (1.1)

Ac¢ vnoléocouye ot cuvEyel OTL 0 TalxTNG 4 €xel adlor z xou TOVTAEEL Y,
t61e and v DSIC wdtnta éyoupe ot

zx(2) — p(2) > z2(y) — p(y) = p(y) — p(2) > 2(2(y) — 2(2)) (1.2)

Me cuvduooud Twv U0 TOEUTAVG AVICOTATWY TOPVOUUE:
y(a(y) —x(2)) 2 ply) = p(2) = z(x(y) —x(2)) Vy,z 0<y<z (1.3)
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Koo n mapamdve avioodtnta woylet Vy, 2z 0 < y < z T0Te 1) ouvdptnon
TeEnel va elvon un giivouca. Ag unodécouue oume 6Tt 21,29 pe 0 < 21 < 29
xou x(21) > x(22). Tote npéner vo woylel ot
z1(x(z1) — x(22)) > z2(x(21) — x(22)) = 21 > 22 10 onolo givor dromo.
Ernopévog, g thpa €youue amodetel 6t (x,p) DSIC = x  monotone.

Topa Teenet va ocvnkncpﬁo()ye TOC TEETEL VoL EIVAL 0 XAUVOVOC TANEOURAC. A
unolécoupe OTL 1) CLVAETNOT TANEWUNS & Elvor dlapoplon. Tors BLochwvwg
ue y — 2z xou modpvovTag o dpto drav  tebvel b, malpvoupe ot p (2) = 2 (2)
Enopévoc:
p(bi) — p(0) = [y 22’ (2)
amd TN oTiyUh Tou 7 dnuonpacio elvon  incentive compatible ogeilel vor e€o-
opaiilel oxoun xou oe €va Tolx Ty Ue undevixt| o&lo 6Tl 1) elhixplvelar Tou dev Yo
ToL x0otioel. Auto onuaiver 6Tt p(0) = 0 xou dpa 1 TEoNYOVUEVN OYéoT YivETOu:

= fy = (2)

Avutr ebvan o axpifric oyéon Yoo 10 TOC TEETEL VoL €V 0 XOVOVIG TTANE®-
une. Emmiéoy, plog xou to abotnud pag etvon DSIC, eivan 1 pévn Suvat.
Puowd 1 1€ Tou Myerson dev amantel vou ebvon Sapopliowun 1 cuvdetnon .
[Mpdrypatt, av n cuvdptnot pog eivon Bruatixd otadepr|, ToTe opilovtag ex vEéou
NV Toedywyo we wéyedog Tou dApatog oto onucio acuvéyelag, oy Vel 1 (B
oyéorn. H amhomoinuévn elowon yio Prpotind otadepéc cuvaptroelc eivat 1)
e€ne:

pilbibi) = 35y a2 boi) — @iz, b4))

omou T onuela 21, 22, ..., 21 €lvon oL onuela ACUVEYELNC TG CUVEETNONS OLovo-
uhc zi(z,b—;) and to undév oto b;.

Tdpa amouével va anodei&oupe 6Tt av 1 cUVETNOT Slavourc = elvor HoVOTOVN
T0TE elvan unooyiown. Ac unodécouue OTL 1 & elvon wovoTovn xat dapopict-
un. © anodellouye 6TL 1) BNUOTRAGIL CPEUYIOUEVWY TROGPORKOY UE GUVALTNOTN
mAnewunc pi(bi, b—;) = fé” 2 (2, b_;) yio xde modxn i ebvon DSIC.

Ac Solpe moto elvor to ®€pdog Tou TaixTn i (Yo axolovdricoupe To Blo oxenTL-
%06 UE TPOYOUUEVKT).

Utilityl(b) = szz(b) pl(b) = lez fé% ZFL‘/(Z)

[Tdnpvovtag psptxn TOEAY WYO sxoups

Outility; _ Oz
Tt = vy b (b)

[Tafpvouye t0 Y€yioTo ToU XEEOOUC oy VEGOUUE TNV TapdYwY6 ToL (o1 Ue undév
Outility; __ 0=b=u,
ob - ¢

"Apa, amodeloye oM OTt To va mailel Ty o&ia Tou etvon xuplapyn oTEATHYXY
yioe Tov madxtn. Twpa, Yo va ohoxAnewsooupe Ty anddelln Yo anodelEouue Ot
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10 va ototynuatiler o maixtng pe ethixpivetor (bidding truthfully) dev odnyel
ToTé o apvNTXd x€pdoc. Toodlvaua, Yo anodelZovue OTL:

vizi(vi) > [ 2z (2) =
vizi(vi) > [ (z2(2)) = [y 2 w(2) =
Joix(z) >0
10 omolo Wy el ool 1 x(z) elval TEOPUVMS WU CEVATLXT.
[oodUvapa emyEUaTa OTEXOUY axOUd XU OTAY 1) CLVAETNCT X OeV elval Blao-
elown ohhd povo Pruatind otadepr.
O

1.4 ’Evvoieg tng lepapyiog tng loopponiac (Hi-
erarchy of Equilibrium Concepts)

e auth TV Tapdypapo Yo TopoucLdcoupe xou Yo GLYXEIVOUNE TIS Blapope-
TIXEC €VVOLEC TNG LOOPEOTIAS OTal Ty Via, Ol OTOlEC ToEOUCLALOVTOL UE UEYO-
Notepn Aemtopépeta oo [8]. Q¢ thpa emxevtpwdfixaue oe dnuonpasiec 6mou ot
maixteg lyov xuplopyn oteatnyxy. Autd de cuufaivel Tdvta, SLOTL o€ TOMAG
Tadyvior Bev undpyel xuplopyr oteatnyxr. Oo emextelvoupe autd To TAYOC
TV "AOYIXWV' ATOTEAECUATLYV ETUTEETOVINS OTOUC TOUXTEC Vo cuyXAlvouv e
OLUPOPETIXEC HOPPEC LOOPEOTIOC.

O BolpE OTL AUTEC OL HOPYES LoOEEOTLAG EVOL AEXETA YEHOWES OTY| LOPYT
e Onuompaciag. Apyixd, ENEON oL EVVOLEC QUTEC UAC ETUTPETOUY VoL EQUT|VE-
0COUPE TO AMOTEAECUN UE BLAPOPOUS TEOTOUS XAl VoL XU TOAAEOUNE O Blapope-
Tixd ouumepdopata. Aegutépov, eTEDT| 1) duvoxr POOT TV ONUOTEACLOY OE
Hog ETUTEETEL VoL XoTaANEOLUE OE BlaopeTiég cuviixeg 6mou 1 olYXAon o€
1ooppoTia etvor o “hoYXT.

[Tpotol POy wENCOLUE GTNY AVIAUGT) BLIPORETIXWY EVVOLOY looppoTiag, Yo
TUPOUCLIGOVUE TIC TUPAUUETEOUS TOU Ty VIOU OTIC oToleg Vo TiC oplooupeE.

ITaiyvio EAayiotonoinone Kéotoug ( Cost Minimization Game)

1. menepaouévoc aptiuodc k mouxT®v
2. menepacuévn otpatnyny S; Yo xdie molxTn

3. ouvdpTtnon xo6ctoug C; @ S1 X Sax, ..., xS = R vy xde molxtn
Me s Yo cupyPolicovpe o anotéheoya Tou maryviou (dnhadh s € Sp X
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S2X, ...y XSg) xou yror xdde makxtn @ ) oTpoTYX Tou 0TO Ty VIO GUUPO-
ACeton e s; xou 1 oTEATNYIXT OAOV TWV UTOAOITWY Toux TV cuUBoAileTo
uE S—;

Topa elpacte €Tolwot va tapouctdoouye Tig Evvoleg Trng loopporiog. H
TEOTN évvola TNe Looppotiag ewofydnxe and tov Nash oto [J]

Acguwitiov 1.4.1. Ioopporia katd Nash oce Ayvég Yrpa-
tnyikég (Pure Nash Equilibrium)

To oTpatnyiko Tpogid s €vos maryviov ekaxiotonoinons KO6OTouS €lval jia
ayvn wopponia  Nash, av yia kdle maiktn @ ka1 yia kdOe povouepn a-
éihion s; € Si:

Ci(s) < Ci(s;,5-4)

O moapamdve oplogog BNAGYVEL Ye amAd AOYLOL OTL TO AMOTEAECUA S O-
notehel ayvy) woopponion Nash av xovévog malxtng 6 Vérel vor aAAdEel
TN oTEATNYW TOU, UTOVETOVTAS OTL OL UTOAOLTOL TAUXTES Yol XEVOUY TO
Blo. Av xou autdg ebvar évag ToAD Paocndg oplouds, BeV Loy el TaVTAL.
Emouéve, thpa e(acTE UTOYEEWUEVOL VoL ETEXTEIVOUUE TOV 0PLOUO UOG
EMTEETOVTAS TUYOLOTIOMON T8VR OTIC G TRUTNYLXES.

Acgwitiov 1.4.2. ITooppornia katd Nash oe Miktég YTpa-
tnyikég ( Mixed Nash Equilibrium)

Or katavoués oy, 09, ...,0, ota otpatnyikd oet S, S, ..., Sk €vo§ Tar-
yviou elayiotomoinong kéotovg anoteAolv uiktn wopporia katd Nash,
av ya kdde maixTn i ka1 yia kdOe povopepn andihion s; € S;:

Bus [Ci(s)] < B | Cils},5-4)|

OToU 0 €lval 1) KaTavoun-YIvouero o1 X o X X... X O

Autoc o oploudg etvor (BlOg UE TOV OPIOUO TNG AYVAC LOOPEOTIOC Xo-
¢ Nash, extoc and 10 YEYOVOC OTL EMTEETEL VoL £YOUUE XATOVOUY| OTIG
otpatnyéc xou vo mailoupe ougwvo pe auth Ty xatavour. To xa-
A& véa elvon 6Tl o Tabyvior ehayloTonolnong x60TouE, OTKWS Ta oplooue
TEONYOLUEVWS, Wlo TETOl looppoTia umdpyel mévta. 20T600, QaiveTo
OTL 0 UTOAOYLOUOC UIAC TETOLOC LOOPEOTIOC Efval UTOAOYIG TS 8UGXOANOC.
IIog umopolye va unovécouue 6Tl Evag Talxtng Vo QTUcEL GE Wial TETOL,
toopponia, av Oev UmopoUue 00TE xav va Ty utoloyicouue: To mpdBAnua
v TeTWRCETOL, OTWE TAVTAL, UE TN BlEDPUVOT TWV CET TWV TAVMY Loop-
pOTY xai PE To Vo eATtiloupe OTL auTd To VEo oeT Ya elvon To €UX0NO
umohoyioTixd va Peelel.
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Acgpwitiov 1.4.3. Correlated Equilibrium

Mia katavoury o mdvw oto o€t twy anotedeopdtwy S1 X So X ... X Sk
€vos maryviov eayiotonoinons kéotous arotedel correlated equilibrium
av ya kdUe maixtn i , kdOe otpatnyikn s; kai kdle povouepns anékAion
S; €5;:

Boo [Ci(8)]5i] < Bono |Cils}y 5-0)ls

[Topatneiote 6TL 6TOV TEAEUTAO OPIOUO TNG XAUTAVOUNC O OEV YEEL-
aleton auTr) va elvon xatavour-ywouevo. EmnAiéov, ol mpocboxies eivou
eCapTNUEVES amd TNV GTEATNYIXY S;.

H Swicdnon nicw and autd tov nepiepyo oploud etvon okl amh. Y-
no¥éote OTL yvwellete pla xowr xatavour| o xou pio €umoTn Teltn mTnyY
COC TEOTEIVEL TNV GTEATNYLXY TOU TEETEL VoL axohoLINOETE GOUPWVAL UE
QUTH TNV oTEATNYLXY), TOTE av N o cbvar correlated equilibrium, mpénel
VoL axohoLINoETE TN GUUBOUAT.

[oc va yiver oxduor mo cagés, oxe@peite amhd Toug PWTEWVONE GTUATO-
ootec. I'vopiCoupe 6T 1 xaTorvour| and Ty onola oL PWTEWVO! GNUATOBOTES
Todpvouy amoacT) Yo To yewuo tou Yo delfouv Bivel mpdowo oTtov éva
OPOUO XU HOXHIVO GTOV GAAO.

Auth n véa popgr| wooppomiog elvon edxolo v eheyylel, ue v év-
VOLOL OTL UTGRYEL X UTIOREL VoL UTOAOYLOTEL AmodoTiXd. O EL0GYOLUE TNV
TeheuTala Hoppt looppotiag, 1 onola anotelel TEpuTERW YEVIXELOT TNG
€VVOLOC TNG L00PEOTHOG.

Acguwitiov 1.4.4. Coarse Correlated Equilibrium

Mia xatavoun o mdvw oto o€t twr anoteAeopdtwy S1 X S2 X ... X Sy, €vig

rayviov eAay10toToinong k6otous anotedel coarse correlated equilibrium
. /7 V4 z !

av ya kdOe maixktn i ka1 yia kdle povouepr) anékhion s; € S;:

Bor [Ci(8)] < Eong |Cilsiy5-0)|

Ac onuewwdel 6TL auTH 1 UopPt| toopporiog anotekel yevixeuon Tng
TEONYOUUEVNS, UE TNV €vvola 6Tt Bev amautel TpooTacior 6Tay TO TEOTEL-
VOUEVO amoTéAEcUa elval YVnoTo. To uévo mpdyua mou yvwpellet o agent
elvow 1) xotavour| amd Ty onola emhéyovton To anoteAéopata. PaiveTton 6Tt
xan auTh 1 WooppoTio uropel var e€nyniel ue TO TOEADELY U TWV PWTEVGDY
ONUATOBOTWY. {26TOC0, PAVTUGTETE TP OTL TEETEL Vo ATOPAGIGOU-
UE TRV TNV AmOQUCT] TOU QWTEWVO) CNUATO0O0TN, av Yo oxohoLUCOUNE
TNV %aTovour) Tou. AuTté elvon apXETE BLPORETIXG. LTV TEONYOVUUEVT
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€VVOLOL LOOPEOTHOC, O QPWTEWVOS ONUATOdOTNG UaS CUUPOVAEUE Yiot TO TL
TEETEL VAL XAVOUUE Xt QolvETOL OTL 1) XUAVTERT] TROXTIXT] TOU UTOPOUCOE
vor axohovdioouue Yvwellovtog To anoTéAEoua fTay Vo axoAoLIcou-
ue 0 oudBouly) Tou. Q0T6CO, GE AUTO TOV TUTO LGOEEOTING TEEMEL VA
AmOPAUCICOUNE TPV TO AmMOTEAEOUA TNG XUTAVOURC YivEL YVvewo 1o, av Ja
oaxohoulicoue auTd Tou Vo pag cUPBOAE)CEL O PWTEWVOS CNUATOBOTNC.

"ot vor OAOXANPOCOLYE QUTH TNV EVOTNTA, ToEoUCLALOVUE EVaL TORADELY-
wo tou Tim Roughgarden oto [§] nou Belyver heg tic évvoleg toopponiog
woll xon SlapwTilel T oY€omn Toug WS Ao TNEA AUEAVOUEVES CELRES OO
OET.

EZounie  Ac unodéoouye dTL €youue €va Ypdpo ue Vo xouBoug, évay
x6pPo mnyNc s xou Evay mpooplopol t. O ypdpog €xel 6 Tapdhhnies o-
nuéc. Tmdpyouv 4 maixteg mou SlAéyouy i oun yior vor "TodéPouy’
a6 tov s atov t. To x60T0¢ elvon avdhoyo Tou TGOl GANOL TUXTES YeT
owonotoly TNy (Blar onepr yior vor Ta€Ldédouy. o mopdderyuo, dtav 3 and
Toug 4 maixteg emAEyouy TNV Bla axyr], TOTE 0 xadévog and autolg Vo
€yeL x6070¢ (00 ye 3. ‘Otav évag malxtng ebvar 0 uovVog Tou YenoLUoTOoLEl
wlo oLy xEXEWEVT oxur), TOTE Va €xel x60T0¢ 1 xAm. Ag mopoucldcoupe
wa tooppotia Yo xdde TOTO.

(o) To amoteréoparta Tng (g), otnyv omola xde TalxTNG Sloahéyel Blo-
PORETIXY oxpn] Yiar var ToEIOEPEL AMOTEAOLY TROQIVME [ld LGOREOTI

Nash.

(B") Av xdde noixtng emAéZer opoldLoppa xon aveZdpTnTa pio oxpr, 1ote
éyel ovapevéuevo x6ctog oo pe 3. To yvéuevo autdv TV ouot-
OUOPPLY XaTAVOUGY ebval Wiar uxth looppoTiar Nash, enetdn xavévag
ToXTNG OEV EYEL CUUPEROY VoL TTUEEXXAIVEL TPOG Utal GANT) XUTAVOUT).

(v) Ac unodéooupe thHpo 6TL 1) XoTOVOUT T8V oTa anotehéopoTa efvou
OUOLOUOPPN TdVW 010 NG OeT: Wla axpn) Ue 000 maxTeEC xou 500
oepég ue évay ot 1 xdde plo. Tote, mallovtag avdhoyo ye v
xatovour| Yvwellovtag Tolo Vol To AmOTERECUO YOG XAVEL VOL €Y OU-
ue avapevépevo xéotog 5. Hailovtog pe dhhn Toxtixd ouveyilel
VoL pog dtvel To (Bto avapevouevo x6ctoc. OTOTE, 1) GUGYETIOUEVT
(correlated) xatovouy| amotehel pior correlated iooppornia.

(8) H opoiduopen xatavoun méve 6To UTOGUVORO TWY TEOTYOUUEVHY
ATOTEAECUAT®WY, GTO OTOl0 Ol axpéc OlaAéyovTol ElTe and To GET
{0,1,2} ¥ and 1o cet {3,4,5} eivan plo coupoe copperated tooppo-
mlo, TOU xdver (e mabxTn Vo éyel x60T0C 3. LnuelkdoTe 6Tl auTh
oev etvan pio correlated wooppotia, agold 1 YVOGoT Tou anoTEAEOUA-
To¢ Yo Yog 0BNYHOEL OTO Vor OANGEOLUE TVY) amoQacy| pag oc uia
Tuyakor ooeur) Tou dAAOU GET oL VoL £YOUPE x60TOG (G0 pe 1.
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To nponyoluevo mopdderyuo utoypouuilel 6Tl To. GET TG L0opPEOTiG
oynuotiCouy o oelpd and avotned auiavoueva oet. Emmniéov, otov
xdvoupe TNy umddeon v To o0 Vo GUYXAIVOUY Ol TOUXTES, TEETEL Vol
elpaote TpooeEXTIXOl OYETIXG UE BUO TUPUUETEOUS, TNV EUXOALX VoL (PTACEL
por looppotiar xou To TOGo €0X0AO €lvor var LAOTONHOLY XATAVEUTUEVOL
ahyoprduot yio va emtevydel auty| 1 looppoTia.
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Kegpdhawo 2

Online AiwogpnuioTixeg
Anuornpacicg

Ye auTO TO XEPIAAO Vo TUPOUCLIGOUNE TO TEWTAURYIXE YENOWOTOLO-
Upevo povtédo yio online Swupnuiotixég dnuonpaciec. Mt cuvéyela,
Yo ouyrplvoupe TL uToBeXVUEL TO Ajupo Tou Myerson xau Tt LAoTOLElTAL
OTNV TEAYUUTIXOTNTAL

2.1 Ewaywyn

Ou online dwapnuiotixég dnuompacieg elvon dnuonpacieg Tou yenolo-
TOLOVVTAL YL VO TOUAAoOLY Y®po and wa avalhtnorn (search query)
oTo internet oe o etonpeta mou TN yenowonotel yio Swpruion. o va
TeloVEl 0 VoY VOO TNG Yo TN ONUacia TNG UEAETNG TV CUYXEXQUIEVKY
UNYOVIoUGY, €lvon oNpovTind Vo avapépoupe OTL Eval HEYAAO PEPOC TLY
€060wv ¢ Yahoo xat tng Google mopdyeton amd autéc Tig Stopnuicels.
Ye apuiuoig, to 2005 To cuvohxd xépdog tne  Google avepydtav o
6.14 Sic oA gt TIdve amd to 98 Tig exatd Tou Tocol autol TEonhide
omé online Swgpnuicixég dnuonpacieg. And tnv dAAn mhevpd, Ta éc0da
¢ Yahoo to 2005 #tav mepimou 5.26 Oig SOMAGELOL XoU EXTIUATOL OTL
TV omo T Mod amd ouTd Elyay dueEaT) oyéon pe autod Tou eldoug T

Sroupriuion. [10]
Emnpéoieta, ta tedeutaior yedvia, 1 moyxoouor  online Sopnuio Ti-

%1 yopd augdveTtal cUVEYHE NTTT: / /06w . ®0pdoTpeap . cop/opTLCAec/
YOOYAE-EQPVL VYT

ITpotol mpoywehoouue GTov oplold Tou povtélou, Ho meptypddouue
To¢ Boukelel autd 1o clotnua. Kdde @opd mou évag yerotne tou in-
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ternet mhnxtpoloyel pla search query, Sie&dyeton pla online Snuompa-
ola o mpayuatixd ypovo. Iopdhhnia ye to amotehéoyota g search
query, eugavilovtar xdmoteg dragnuioeic. Ilicw and xdde pla and autég
Tic Spnuloeic Beloxetan plo etanpeior TOL TOVTAEEL TAVK OTN CUYXEXQEL-
pévn search query yuo v €yel Tnv miovotnto v del€et T Slopuor| Tng
o1 oehida anoteAeoudTwY Tou Yenotrn. To movtdploua mou yiveton and
NV etoupeior avtovohd To PEYLoTo T006 Tou ebvan TedUuUN Vo TANEOGEL
av natndel auty ) Stapriuion. ‘Apa, xde Yopd TOL 0 YEHOTNG TUTAEL TEVE
O L0 CUYXEXPWEVT) DLapriULoT), 1) eToupelol TOU T1) ONULOVEYNOE YPEWMVETOL
UE €val T0GO UixpOTERO 1) (00 e To TovTdploud tng. Emouévee, n etoupeia
TOVTAEL TN LEYIO TN TANEnUY) avd xAw. Ipogavoe, méve and plo Véoeig
otV cehlda amoteAeoudTOY TwhovvTo xdde @opd. ‘Onwe elvar avaye-
VOUEVO, 660 To Ynhd eugpaviCetar 1 Stapruior, T6co To mdavd ebval 6T
o yehotne VYo xdvel xhx oe auth. O unyoviodds Teénel TOTe Vo SLohéEel
oVo mpdypata. Ilpdtov, Tov xavéva dlavounc xon BedTepoy, ToV xavova

TATPOUYC.

Ac dodooupe €va cuyxexplévo mopddelypa. Poavtaoteite plo etoupela
Tou TOLAdEL AovhoLdta. Kdle qopd mou évag yeriotng mAnxtpohoyel ot
uny vy avalATNong TN gedor “ayopd AoUAOLBLOY, 1 eTalpelor XAvEL Eval
movtdpiopa. Tote, o unyoavioude diakéyel oe mowo Véon Jo oellel v
oo e etoupeiag AoVAOUBLOY. AV 0 ¥ENOTNG XAVEL XAIX OE QUTY
T OlapY|ioT), TOTE YEEWVETAL 1) TonpElaL.

2.2  Ilepvypapry Movtélou

Kde maixtng €yel wa moavotnto vo xdver xix y;. Kdde 9éon Eye
wa mdovoTnTa xhxoplotel (vou v Blodédel o yeRotng) . Apa, 1 mi-
YoavotnTa Tou Tadx Ty 1 mou Peloxeton otn Véor j va matndel diveton amod
T0 pi;j xau ebvon fon ue to ywouevo a;y;. To cbotnua {ntdel and Toug
ToxTEC Vo xdvouv éva tovtdplopa by Tote poledovton tor Tovopioyato
xaL O Unyoviopog emAéyel to mog Yo 8oYolv ol Yéoeic oToug Tl TES
YENOWOTOLOVTOS EVAY CUYXEXPUEVO Xovova dtavouric. Kdde gopd mou
HAXGPETOL LAl CUYXEXQPULEVT] DLUPTULOT), TO CUC TN YPEWVEL OTOV TOUX TN
€vaL T00O UXEOTERO 1| (00 PE TO TOVTURPIOUS TOU, YENOWOTOWWVTUS Uil

CLVIETNOT TANPWUNC.
YupPohilouvye ye:

(o) m Tov apriud Ty Yéoewv mou Twhobvia xdde popd

(B") n tov aprdud TV TaXToOY
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(Y) witny a&io Tou madxTn @ avd xhix

(8) o= (a1, as,...,ay) 10 BEVLOUL TWV GUVTEAEGTWY TG Véong, Y-
elc BAEBN e yevixotntag Yo utodécoupe OTL ap > ap > ... > ayy,

(€) 7= (71,72, s Tn) TO DEVUOUL TOV CUVTEAEGTAOVY TOU ToX TN

() pij = a7y n mdovoTnTa Tou Vo xAxoplo tel o TadxTng @ dtay Tomo-
Yetelton otn Véom j

() r n eldylot T omdxTNONG

(n) b= (b1,ba,...,b,) 10 BLEVLOUA TWV TOVIUPLOUATWY TWV TAXTEV

Axohoud®OVTOC Tol TOEATAV, ELGEYOUUE XATOLOUS ETUTAEOV GUUBOAL-
ouotc. ‘Eotw oi(b) n 9éon 6mou o maixtng @ Stovéueton oUWV YE TO
mpogik movropiopatoc b. Enione ac Véoouye m(j, b) to deixtn tou maixy
nou Pploxeton otn Véon j ue mpogih movtaplouatog b. Emmpdoieta,
€0t ¢i5(b) T0 x60T0C AVE Xhx TOU TaixTY @ Ty Beloxeton ot Véon j.
To avauevéuevo x6GTo¢ ToU Tl TN @ Ue TEoiA Tovtaplopatog b eivou
TOTE:

Ci(b) = o, (6)YiCio, () (D) (2.1)

Emniéov, n mdavotnto Tou xhix ¢ cUVEETNOT| Tou TEOQIA TovTopiouo-
Toc b elvan:

Pi(b) = o, )i (2:2)

Mo T0 %€pdog Tou YEHoTN, Yo YENOWOTOLACOUUE OTWS TEVTA TO OYEDOV-
YOEUUUIXO LOVTENO, OTIOTE TO AVUUEVOUEVO XEEDOC TOL TOUXTY ¢ UE TEOMIA
novtopiopatog b ouuBoiiletan Us(b) xau diveton and v e&iowon:

Ui(b) = u; P;(b) — C;(b) (2.3)

2.3 To Mpupo tou Myerson ce cyEorn Ue
v GSP dnuonpacia (Generalised Second
Price auction)

Y auTy) TNV eVOTNTa, Vol THEOUCLAGOUUE BUO BaCIXES UAOTIOLACELS TOU
HOVTEAOU OVAIVE Blapnuic Ty dnuompaciwy. Trnv vhomoinon mou yern-
owwomolel To AMuua tou  Myerson Yior Vo UTOAOYIOEL T1 CUVEETNOT
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TANEWUNAS XU TOV TO EVEEMS YPNOWOTOLOUUEVO UNYAVIOUO, TN YEVIXEU-
uévn dnuornpacia Acvtepne Twhe (Generalised Second Price auction).
‘Onwg mdvta, oL GUVIPTACEIC Tou TEETEL vor LhoTolnUoly elvon 1 cuvdp-

TNOoM BLAVOUNC XA 1) CUVHETNOT TANPOUNC.

Awavowy, H ouvdptnon diavouric mou yenowonoteiton cuvidwe and
Toug B0 unyaviopolg elvan 1 o mpogavig. AcSouévev Tov YEocwy,
ond Tov YeYahlTERO (r1) 0 TOV UxpdTepo (ayy,) ot o&iot oToug M TAEWO-
00TES 10t LTOVETOVTAS OTL TOUASYLOTOV T TAEXTES EXAVAY EVOL TOVTAELOUA,
HEYOAOTERO amd TNV EAAYLOTY THY| amoxTNoNg 7. AlopopeTind, £0Tw 6Tt
éyouv Tic K < m mpidteg Yéoeig ol k Liddepg Tou ToVTdpouY TEQIOGOTE-
e0 amd TNV EAAYLOTN TN AMOXTNONG X OEV DIUVEUOUUE TIC UTOAOLTEG
Véoeic. Ag onuewwdel 6TL auty 1 cuvdptnon dlavourc elvan adgouca Yo
xdde maixtn 7. Enopévee, and to Mupoa tou Myerson yvwpllovue ot
unopet vor vhomoindel ue évav DSIC unyavioud.

H napayouevn dnponpacio tou Myerson ['o Adyoug anhétn-
TAG OTNY XATAVONoT), Yo UTOVEGOUUE OTL OTO BLAVUGUN TOVTURIGUATWY b,
o tovtaplopoto dev auidvovton (dSnhadh by > by > ... > by), ondre,
YENOWOTOLOVTOS TO Ao Tou  Myerson, UmopoUUe Vo SNULOURY|COUUE
TNV CUVEETNONG TANPWUAC OVa XALx, Tou elvon 1) eEAC:

min(m,biddersallocated)

—
Cirs(by(D) = > R (2.4)

— a;
J=i

A¢ onuewwidel 6TL 1) cLVAETNOYN TANEWUNE TOL TaEAYVNXE omd TO AU
Tou Myerson umodeixviel 6Tl 0 1-00TOC TAUXTNG Vol TEETEL VoL TATPMVEL
%dde Qopd oL EVag XATIAANAOS XUPTOC GUYBUACHOS UXPOTEQWY TOVTA-
ptopdtwy xhixdpeton. Auth n dnuonpacia etvan tpogpavae DSIC, uiag xou
1 ouV3ETNoY dlavounc etvor Un-@divouvoa yior xdde malxTn xon 1 cuVAETN-
o1 TANEWUNS Elvor aUTY TOL TaEdyeToL and To Afuua Tou Myerson.

And v teleutala €ElowWoT), UTOPOUUE EUXOAA VAL GUUTIERAVOUUE OTL TO
wéoo x6oToC TOL T TN @ pe Tpogih moviaployatog b (cuveyilovtag va
unovétoupe 6Tl Tor tovtaplopata ivar oe un adZouca oelpa) eiva:

min(m,biddersallocated)

Ci(b) = Z vilaj — aji1)bjit (2.5)

j=i
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GSP H onuonpacioc GSP anotehel T0 Mo SLadedoUévo UoVTEAD Yidl
ovAve Blagpnuio Txég dnuonpacieg. O xbplog Aéyog mou yenoionoLe(tol
avtl e Bértiotne (xatd DSIC) mopayduevne amd to AMupo tou My-
erson dnuomnpaciag etvar 1 anAotntd Tne. Emmiéov, undpyouy xou dhAeg
HAUAES OLOTNTES QWTOV TOU UNYOVICUOU TIOU TOV XAvouv eEolpeTxd ypnot-
wo. Ipotol mpoywericouye 6tn alYXELoN TwV BVO UNYOVIOUWDY, TEETEL V.
repryedoupe Ty vhomoinon GSP. ‘Onwg unodewviel To dvoud, oauTtodg
o tOnog dnuonpaciog yevixelel Ty wéa Acvtepne Twrhc tou  Vickrey
[6] pe tétowo tpémo oL av évag maixtng tonodetniel oty j-ooth Véon
xal UETE dAxaplo Tel, Vo TEETEL VoL TANPOCEL TO ENSYICTO YENUATIXG TOCO
mou Yo EMPETE VoL TOVTAEEL Yot Vo Slotnerioetl T o Tou, EToUévng To
EMOUEVO xaTd oelpd movTdptopa. H cuvdptnon xdctoug avd xhix elvou
ToTE (€01 oL pop@éc elvon apxeTd amhouoTEUPEVES Xou OE ypetdleTtar Vo
UTOVECOLUE OTL TO BLEVUOHO TWV TOVTUELOUATWY elvar un-adZov):

¢ij(b) = maz{b r1{b; > r} (2.6)

Tj+1

Emouévee, to avayevouevo x6ctog tou maixtn i efvou:

Ci(b) = g,y yimaz{bs, ) ,,,7}1{b; > 1} (2.7)

Av xau T0 yeyovog 6t 1 ouvdptnon mAnewunc e I'XII 8ev anoteie-
t DSIC pnyoviouod gatveton vo avtitideton ot dlabodnoy| yag, anotelel
™ YNPBepr| mpaypatxotnTa. I'vopilouue 6Tl 1 cUVEETNOT TANPEEUNEC TOL
ofvetan amd o Afuuo Tou  Myerson ebvar 1 pévn mou onuovpyel DSIC
unyoviopo. Enl nopadetyportt, ag utodécoupe OTL UTdpyOUY TEELS TOUXTES
ue aglec v1 = 10, v2 = 8,u1 = 3 xau undpyouv dVo Véoelg Slodéoipeg,
N mewtn ve a1 = 1 xou 1 devtepn pe ap = 0.99 (ta v mopadeinovon).
Téte, av xde maixtng movdpel pe ethixpivela, T0 x€pB0S TOU TEMTOL To-
ixtn ebvan 1(10 — 8) = 2. AWhdlovtag to novtdpiopd Tou o€ 4, to x€pdog
Tou Vo awavotay uiog xon 0.99(10 — 3) = 6.93 > 2. Apa, 1 ethixplivela
oev amotehel xuplapy " CTEATNYIXY VLo TOV TEMTO TOUXTY X0k, EXOUEVLC,
n dnpomnpacta dev eivon DSIC.

Ebo onulovpyeitan wia evilagépouoa eptdtnon. Av To dldvuoua Twv
TovTaplopdTwY oTadeponoteiton ot Eva cuyxeEXpYEVO dldvuoua b, ToTE
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moleg WoTNTES Var mpémel va €xel auTto To ddvuopar H epwtnon auty o-
rovthnxe and toug Ostrovsky xou dhhot oto [10] xou and tov Variant
oto [2]. Ilpogavde, N mpdtn cuviixn eivar 6Tt TEénel var ixavontotel Ty
anaitnon yio wooppotia xatd Nash. Autd onuaivel 6TL xdlle malxtng o-
Toxplvetan BEATIoToL 0Tl dAha TovTapioyota. TrodétovTag yior dAAT ol
Qopd YLor AmAOTNTA OTL TO BLAVUCHA TWV TOVIUQICUAT®WY €Vl UN-obEov
xa,ywelc BAIBN tng yevixodtntag, OtL OAa Tol TovTaplopaTo elvor peyo-
NOTeEpaL amd TNV EAAYLO TN TN AmOXTNONS, TOTE TO TEOPIA TOVTURIoUATOG
b anotehel pla wwopponia Nash. (ar = 0 ywo k > m) avv Vi:

ii(vi = bit1) > ajvi(vi —bj11) > (2.8)

@ii(vi — biv1) > ajvi(vi —bj)  j <i (2.9)

H mapovacioor evog napadetyuotog Yo yag dhoel TeplocdTepa oToLyEld
OYETXA UE TO TS TEETEL Vo wotdlet €var didvuoua toopponiog. Povto-
otelte 6Tl uTdEYOLY BUO TAlXTEC TOU TOVTAEOLY Yia Eval avTixeiuevo. O
TeoTog Talxtng €xet o&ia lon pe 100 xou o dedtepog olia lon pe 40. To
didvuopa movtoaptoudtwy (30,120) anotelel wwopponior xatd Nash yio to
one shot nalyvio, woTt600 oE emavahauBovouevo Talyvio Sev elvon AoYLxo
Vo UToY€coupe OTL T BLVOICUOTA TWY TOVTORIoUATwY Yo oTodepomoln-
Yolv og auTh TNV T, xdodg 0 Te®Tog TakxTng elvar mdavo va auérioel
TO TOVTERIOUS TOU %ot VoL ETUBEAEL OTOV BEUTEPO ToUX TN VoL EYXATUAE()EL
™ dnuonpacia. Axohouddvtog auth TNy 1W0éa, Yo teploploTOVUE OE Lot
o e tepintwon wopporiog Tou ovoudletor Tomxd envy-free (ywelc
pO6vo) woppotia. Ot tooppomiec autol tou tonou yapaxtneilovto and
v e&hc oyéon:

Vi
;i (vi — bit1) = oyvi(vi — bjy1) (2.10)

"Eyoupe 1oyuponolfcel Tn 0e0TERT AVICOTNTA TNG YEVIXELUEVNS IGOREO-
mlag xatd Nash. Auth n oyéon 8e pag diver Tov axpiBy) yopoxTnelouo
N¢ LooppoTiag otny onola Yo PTdcouy oL TaixTeg, xadde LTdEYOUV TOA-
A& mpogih movtaplopatog mou xavorooly Ty e&lowor. 201600, av To
TeoQIA TovTaplopatog cTadeponolelton xdmou, TOTE Yo TEENEL VoL £YOUNE
pTdoel uloa Toxd envy-free .ooppomnio.

Me tnv unddeon otL oL nailxteg Yo pTdoovy oe uio Tomxd envy-free
wopporia, . GSP onponpacio €yel xdmoleg evolugpepovoeg wiotnteg. Ilo-
EOUCLICOUPE TNV TILO OTUAVTIXT] TOQOXATE.
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Trneopew. 2.3.1.

Av o apiiuds twv duagnuotikdy e€taipeldy €lval peyalltepos and tov
ap1Oué wwv owdéouwy Jéoewv, tote ta éooda tng dnuompaciag omoiao-
onmote tomkd envy-free dnuonpacias vné GSP onuonpacia elvar tov-
Adyiotoy ioa e Ta éooda TnS Onpompaciag mov mapdynke and tov My-
erson, vno tny vnéleon Otl 01 TalKTeS €ival eINKpIVeLs.

H anédeiln tou nponyoluevou Yewpruotog éyve and toug Ostrovsky
xou dhhot oo [10].

T pag Setyver, Aowmdy, n mponyoluevn nopdypapoc IIoAd amhd, ot
ot eloon dnuompdtng xou Vérel var auoelg Ta €00dd Gou, TOTE ahd Yo
xavelg va yenowonofoelg Tny GSP dnuompacta avtl yia tnv dnuonpacto
mou ebvan moparyduevn amd tov Myerson.

Etvor mpogavég 6t oty lvon plor EAxuo i iotnTaL yia xdde oyedlo-
ot onuponpaciwy. Téco auth 1 wi6TNTa, oo xaw . GSP dnuompacia
TEOTWMOVTOL Yiol EMTEOCVETES WOTNTES EVPMOTIAG OV Vol CNUEWICOL-
ue apyodtepa. Emmiéov, nopatneriote 6Tl and tnv mAsupd Tou modxTy,
1 GSP Snuonpacia mpoQuAdcsoel XaTtd XATOOV TEOTO TNV LW TIXOTATA
TOU, UE TO VO YNV amoxahOnTeL eVTEWS GTOV ONUOTEATN TNY TEOCWTLXT
tou oia. ‘Etot, avdyeoa oe dhha, 1 GSP dnuompocio emtuyydver tpelg
ONUOVTIXOUC GTOYOUS: TPOCTATEVEL TNV LOLWTIXOTNTA Tou xdUe modx Ty,
pépvel YeyalbTepa €000a xou eivon eEonpETIXG oA

Qo7600, 1 ouvdptnon GSP mAnpwumy elvon BlapopeTiny| and TNy Uo-
VB cLVAETNOT TOL LTOBEXVVEL To Afupa Tou Myerson yio vo omo-
xtndel DSIC unyoaviouog. Enouéveg, dev undpyel mpogavic Teémog vo
novtdpouy ol Taixteg. H epddtnon tou o meénel va Tovtdpouy oL ma-
xteg elvon eCoupeTixd evilapépovoa xou Yo eEETACTEL GE EVol OAOXANEO
AEPIANO.
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Kegpdiawo 3

Online MdUnon

Y10 mponyoluevo xe@dhato mopouciacaue TN dnponpacia I'XII, mou
ATOTEAEL TNV THO EUREWS YPNOWOTOWOVUEVY] LORYT] OVALVE DLOUPNULOTIXNG
onuornpacioc. Auty 1 dnuonpacia 6ev elvon DSIC xou 6ev mapéyel otoug
Taixteg mpogovy| ToxTix) TovTaplopatos. Emouévee, o xdplog oxondg
aUTOY Tou XeQohaiou efval Vo AMAYTACEL GTO EPWTNUA TOU TS Yo ENPETE
VO TOVTAPOLY ouUTOL Ol TTalXTeS.

270 TEMOTO TUAUA TOU XEPUANIOL, Yo TUPOUGIACOUUE T1| LORYT] AVOUVEW-
one mohhamhéy Popwyv  (multiplicative weights update algorithm) mou
elofydn and Apopa xou dAhoug oo [II]. H 18éa tou cuyxexpyévou oh-
YoplUoU TOPOUCIAC TNXE TOAES POREC OE BLaPORETIXOUS TOUELS. Apyxd,
évac eTTAEOV xavovag avavénmone tpotddnxe oto [12] xou otn cuvéyela
oto [13]. Emnkéov, otny poacnve learning BiBhoypagpia, oo Freud xou
Schapire npétevay Twv ToA) Yvwotd Adaboost odydprduo oto [14]. O
apyrég 1éeg avamtOyUnxay oty xowotnta e Yewplog mawyviov. H
TEAOTN UAoTolnon authg NS WOENG 0TO TEDIO TWV OLXOVOUIX®Y TAUPOUGH-
dotnxe oto [15] xou petd ewofydn Eavd oto [16].

Y70 0e0TEPO TUAUA TOU XePahaiou, Tapouctdlovue éva yevixd Online
Convex Optimization mhaiclo xou Tnv avdiuon Twv Pacixwy Tou oAyo-
eliuwyv. Téhog, meprypdpouue Toug Paocxols ahyopiduoug Tou yevixe-
bouv v Multiplicative Weight Update 10€a yio vov QUAN wvpopuatiov
TOEOUETEOUC.

H egapuoyr| autodv twv ahyoplduwy oto mhaiolo yog eivon cagrc. Toyu-
ewlopaote 6Tl To xOplo TEOBANnUa elvar To W Vo EMPETE VoL TOVTEEOUY
ol maixteg oe Oyl- DSIC unyaviouoie. Autol ou adyodpriuor yadaivouy
Briua-Lruo motar ebvan 1 BEATIOTN ToTxr| yior xde T,
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3.1 Ewaywywol AAyogtiuol

€00 aAdlouy oA&

3.1.1 Multiplicative Weights Updates

O Multiplicative Weights Updates AAyoprduog dev etvan amhid évog oh-
yopriuog, aAAd amotedel pla yevixr| pédoodo enthuong mpofAnudtwy. H
1€ Tlow amd oUTOV elval OTL, OTOTESNATOTE EYOUUE EVAL OET BLUPORETIXY
VoY TEGEEMY, TO VoL SLUTNEOVUE Uiol XoTavouY) YUEw omd TiC TRAEELS
HoG ETITEETEL 0TO UEANOV Vo ETLAECOUUE Wlal TIRAET CUUPWVOL UE TNV CUO-
CWEEVUEVT euTeLpla.

Kotd pio évvola, €tot dpouv ot dvipmrol. ‘Otay undpyet éva TpdBAnua, o
xadEVag EXTIUA TIC SLOPORETIXES G TEUTNYIXES TIOU UTOEL VoL oxOhOUTTCEL
XL M) EXTUNOY QUTOV TWV 0TRATNYXOVY Pociletal o8 XAmol GUCGHEEL-
UEVN EUTELR(Ol TV ATOTEAECUATWY TOU EPERAY QUTEC OL GTRATNYIXEC GTO
napeAdoy. Puowd, oTputnYéS Tou elyoy XUAY ATOTEAECUATA OTO To-
EENIOV Elval, TOUAAYIGTOV OTO ULOAG pog, To mdavo vo gépouv Eavd
XUAG ATOTEAEGUATO GTO PUEANOV.

Oa axolovdfcouye TN YEVIXY| LOPYY| TOL TEOTAUNXE amd Tov Arora o
d\houc oto [11] Ac oplooupe xdmotec ypriotuec ToodTNTES:

() A ={1,.n} 10 ceT TV TWHAVOV GTRUTNYIXWY

(B") II 1o oet v MbAVOY AMOTENECUSETOVY

(Y) M o rnivoxag x6otoue, tétotog dote o M(1,9) avuinpoonnelet o
%x0GTOG TOU VoL 0xOhOUUHCW Uidt OTEATNYIXN L OTAY TO ATOTEAEGUA
elvon 9.

(d) Vie A,Vje P M(i,j) € [-L,r,] wherel <r
() wt,Vi € Ao Bdpoc e otpatnyeic L ot ypovixh oty T

() pt Vi € A n mdavétnro emhoyAc TS OTEUTNYIXAC L OTN YEOVIXA
oTiyuN T

(€) Dt = {pt,ph,...pL} N xotavopr| TV oTEATAYIXOV OTN YPOVIXN
CTIYUR T
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ANyopirtnu 1 MQYT ohyopitnu

1:
2:
3:

4
5:
6
7
8:
9:

10:

11:

12:
13:

Apywornoinon wi=1, Vie A
wopt=1 to T do
Sudhele plo otpoTnyx| iy ~ D?
uToAGYLoE To anotéheoya j' € P
wopi=1 to mndo > weigths update
vp M(i,j) > 0 tnev
witt = w1 —¢) MO
ehoe v M(i,j) <0 tnev
(i:3")
witt = wi(1 + 6)_M v

n
t+1 t+1
) = E ) w;

1=
wopi=1 to mndo D> XOVOVIXOTOINOE Yl VoL ONLoupyoelg plo

XATOVOUY)
t+1 _ wit!
Py = T

t+1 _ t+1 _t+1 t+1
D+ _{pl 7p2 7"apn+

AvacOIntixn e€fynon Ilpotod npoywerioovue oty avdiucy Tou
ahyoptduou, ofilel va dwooude plor eAYNOT YLoL TOV XAVOVAL AVOVEWOTG
Bopv.

To M(i,j') > 0 onuaiver 6TL 671 CLYXREXEWEV YEOVIXA OTIYPY T, TO
puoxd amotéheopa ebvon § xou 1) ooty o 1 €yl ammAewa ueyédouc
M(i,7%). "Apa, T mpéner va xdvouuer Mo QuOd, Vo PELOGOUPE TNV
mdavotnTa EMAOYAC TS OTEATNYXNSC 1 oTny enduevn enavdindrn. To va
emhéZoupe € € (0,1) xdver autd mou VENouKE.

Axohovdwvtag tnv Blar Aoyixy), Yo mpénel va auérioovue TNy miavotnTa
W0 GTEaTNYAC WE apvnTied| omAetac M (i, j1) (nou éyel dnhadr Yetind
%épboc). O xavovag avavéwong dpa GTeS TEPUEVIUE.

Kododc o MWU orydprduoc etvor miavotinde, to mhaiolo ue to omolo
Yo ouyxplvouue v anddoor elvar To avayevouevo penalty. Apa, og
n

oupforicovue ye M(DY, 5% = 7 ptM (i, j*) to avapevépevo mevahtd
=1
TOU OTOTEAECUATOC jte P N TMIAVOTIXNG HUTAVOUHC Dt tou ohyopiv-

HOU [aC TN YeoVIXr) oTiyur| t.

Tneopep 3.1.1 (Ocdpnua). 1 e < 3 tdte Vi € A:

S M(DLH <™y (14e) Y M@, +(1-e) Y M)
3 t:M(i,51)>0 t:M(i,5%)<0
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Arnédeaén.

Yo YENOULOTOIRCOLUE TEEL Baoté avicOTNTES

() 1—e)*<(1—exr) xel0,1]
B) A+e) ™ <(1—ex), zel0,1]
(v) e* >z +1,Vz € Re

amo TOV ¢y OPLOUO EYOUUE

n M(i,51) _ M(igh
G=dwl= Y wl(l-g 7 + ¥ wilte
i=1 i:M(i,5t)>0 i:M(3,54)<0
<
<y wa-MB)p s - M) -
i:M(i,5t)>0 i:M(i,5t)<0
n M .’ -t n n M ,7 -t e n t L.
= 3 wf(1-e0H) = S wi- e RO — o= 3 MG, ) =
1= 1= 1= i=

n
b= L PIMin ) = g MDY = é(1= SM(D')Y) <
i=1

< (the—EM(Dt,jt)
UE ETOY WY 0TOV apliud TwV eTavakfPewy xoL and To YEYOVOS OTL ¢ = N
Tafpvoupe ebxoha OTL

o1 <me "=t ’ (3.1)

Emnpboieta, wiog xou o Bden mopauévouy YeTind xotd Tn didpxeto 6hou
Tou okyopituou, €youpe OTL:

s MY > _MGgY
o7 > wl (1_6)t:AI(i,jt)>0 (1+6)ttM(th)<0 Vie A (3.2)

S

ouvdLalovtog T 6V0 AVICOTNTES EYOLUE OTL

T—1 .t .t
_g S M(Dt,jt) > NI(:J ) ) _M(?J )
ne =1 > (1 —¢)t>0 (1 + e)t:<0 Vie A (3.3)

TP YPMNOYLOTIOLWVTAS TS AVIOOTNTES
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XATOATYOUUE EUXOA TNV AmOBEE

O
6poNhapdh 3.1.1.1. Ia T > 2in(n) ka1 € = lg(;) éxoupie ot :
> M(D*,5") ) 32 M)
Anéoeién.
[opatneolye TeohTo 6T
(I+e) > M@H< > MG )+eT
£:M (4,J)>0 £:M (4,J)>0
(I—-¢) > M@GjH< ¥ M@ +€dT
t:M(2,Jt)<0 t:M(3,Jt)>0
[ <r
eniong, and To TEONYOUUEVO VEDENUOL EYOUNE OTL
S M(D ) < M) o 43 M (i, jt) Vie A
t t
Tehxd avtixoho VIO To € Tolpvoude TNV emYuUNTY ExPpaon
O

IMopatnenoeig:  Apyixd, Ya mpénet va avtidnglolue Tt Tor Topomdve
Yewpnuato 6ev xdvouv LTOVETEIC Yiar TN YV@OOoT mou Yo elye €vog av-
timoahog. Etvar mdoavd 61t 0 avtinadog yvwpllel TNy XaTovoun Hog oTig
oTpaTNYXéS xou EMAEYeL pla meplotaon olugwva ye autd. Auth n 1oL
ot ebvan TOAD onuovTixn, EWwd oe emovolapBavoueva Talyvior OTws oL
onuornpaciec. Etvon eupoavég oti, uetd and ToAAEC emavahfielc, To Tov-
TaployaTo wag TAREYOoUV ILWTIXES TANEOPORIES TAVL OTOUG AVTLTAAOUG
opg. Emopéve, o ahyopriuoc pag mpoostatedel eVavTiov TV o SUVATOV
AVTITEA®Y, ot omolol Yvwellouv To mévta oYeTd e epdc. AelTtepov, 1
aEYLXY) OUOLOUORYPY) XATAVOUY| TEVE 0TI CTRATNYIXES AVTAUVOXAL TNV dp-
o) pog dyvota. Tehwa, {owg To o evolapépoy amoteheoua elvan 6Tt
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1 UEOT DLaPORd AVIUESH OTIC AMWAEIES TWV CTRATIYIXMY HAS XL TIS O-
, / / ’ , 1
TWOAEIES UG CUYXEXPWEVNS o TeoTnyxNg eapavileton xodde O(\TT) .

3.1.2 AMNyébpwduog Hedge

O ahyopriuoc Hedge amotehel pio ehapeddc SlopopeTixy Loppr Tou
alyopiduou avavénang Bopmy pe to vo taporywyilelr Tov xavovo avavEn-
onec. Ipotddnxe apyxd and touc Freud avd Schapire oto [17]. Av
xa 0ev elvon 1660 YEVIXOG, 1) AMOBOGCT] TOU ETUTUYYAVETOL YOl CUYXEXQL-
uéva mapadetyyota efvon TopouoLd, THEd TO YEYOVOS OTL 1) avaAUGCT] Elvol
amhoLG TERT).

Tlopouctdlovde TEHOTA TOV AYOELIUO XL OTY CUVEYELN TEOYWEUUE
oty teyvixt) avdiuor. To mhalolo mopopéver to (Blo, Tapd To YEYOVOS
OTL oL amAeleg ebvan Tpa ppayuéves ato [0, 00). Apa:

M(i,j) € [0,00) Vie A,jeP

ANyoprtnu 2 Alyoprduoc Hedge

1: Apywonoinon wi =1, Vie A
2: gopt=1 to T %o

3:

10:

Budhele piot otporTnywet| iy ~ Dt
unoAdyLoe To anotéhecyua jt € P
wopi=1 to ndo > avaveéwon Bopmy
wf“ = wfe‘M(i’jt)
i+l — i wit!
i=1
wopi=1 to ndo D> XOVOVIXOTIOINOE YLl VoL ONULOVRYOELS
XATOVOUN
pitt = B
DL = [phtL phtl )

Treopepn 3.1.2. Eotw M(DY, j4)? = Y ptM(i,5%)? kar énws mpw
i=1

n
M(D',j) = - piM (i, j*).
=1
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Tére Vi* € A :
S M(D', ) — S M(i*, ) < €3 M(D, j)2 + )
t T 7

Anéoeén.

Oa yENOWOTOHCOUKE BV0 PaCINES AVIGOTNTES

() e*>x+1 VreRe
B) e ®<1—x—2% Vrel0,o00)

Ané tov oploud tou ¢ Eyoupe OTL:
- -t .o
Pry1 = waefeM(l’J )= Zpﬁe*“‘M(” ) < ¢e - pi(1 — eM(i,j") —
7 7

(2
€M (i, j1)?) =
= ¢(1 — eM (D', j%) — 2M(D?, j1)?) < ¢ye M (D" 3") =M (D" 5')?

Me enoywyn npoxintet 6Tt yetd and T enavarridelc:
T T
—€ 33 M(D',j*)—€® 35 M(D*,5")*
¢T+1 S ne t=1 t=1

Emmiéov, agpol ta Bden mapauévouy Yetixd oe OAN T1 OLdpxEld TOU oh-
yopituou, €youue otL:

T
- X M@5)
OT4+1 > wz;H —=e t=1 Vit e A
ouvdudlovtog Tic 8U0 TeAeuTaieg aVoOTNTEC Tafpvouue To emduunTo -
ToTéAeoua O

IMapatnerosic: 'Evoag npocextindg avoyvootng Yo aviiingdel ot

axolovdovtog TNy Bla Aoy onwe otov Multiplicative Weights Up-
T

dates ahydpriuo xou mopotnpmvTac 6t Y. M(DY, j1)? < T, moipvoupe
t=1

TNV ACUUTTWTIXG (Bl GUUTERLPOES ETAEYOVTOG € = 4/ lnén). Emmiéov,

TPV 0p{COVUE TUTIXE TNV TOCOTNTA TOU PEACOUUE, 0 BOOCOUUE XATOLY

dacdntind otoyeto. H moodtnra Y. M (DY, 5%) — S M (3%, j1) mocoti-

t t

%OTOlEl TNV andBocT| ToU ahyopldUOL YoC UE TO VoL TOV GUYXEIVEL UE TNV
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XAAVTEQRT) OTATIXY) OTEATNYXT TOU Vol UTOPOUCUUE VO £YOUUE AXONOU-
Ofoel. Auth n tocdtnTa ebvan To peypeT Tou online ahyoplduou yog xou
Yo xoTahdBoupe apyOTEQU TN ONUACIA TOU.

"ot var 0hoxhne®ooule, eivol onuavTixd vo xataAdBoude 6Tt 1o ThaloLd
wog etvan LoodUVopo Ue Evay avTimoho Tou PETE amd xde emavdhndn da-
Aével o ouvdptnon Iy mou bivel éva x60T0¢ oE *AE Pla amd TiC mioveg
otpatnyixes pag. H wooduvaplo mpoxintel and tov 1610 pe TOV oTmolo
€youpe oploetl to oeT anotereoudtwy IT (dnhadh ywelc teploplopoic), doa
emhéyovrac M (i, 1Y) = 1'(i), 1 wwoduvaplo yivetow cuprc.

3.2 Offline Kvpt?r BeAtictonoinon xow Gra-
dient Descent

ITpotol mpoywericouue oto online miaicto, elvon yproyo vo Topou-
otdoouye éva Baoixd umoBadpo offline xupTic PeAtioTonoinong xou tov
mo Bacixd tne ohyderduo.

O otéyog pag: No ehoylo TOTOAOOUVUE Ulo GUVEYT| Xo XUETH GUVEIE-
TNoT TV ot €va xUETé LToGUVOAO Tou Euxheldeiou yweovu.

Baouxol opiopol xou d1oTnTES:

e 'Eva oet K elvar xuptéd av Vo,y € K |, wote ax + (1 —a)y € K
Va € [0,1]

e Mio cuvdptnon ¢ oe éva xuptéd oet K elvan xupt| avv Va,y € K |
01T
flaz+ (1= a)y) <af(z)+(1-a)f(y) Va c[0,1]

e av 1 ¢ etvon dapopiown xou V f undpyel Vo € K t6te elvan xupth)
av Vz,y € K

fly) = f(@) + V@) (y — =)
e YuuBoAiloupe pe A éva dve @edypa oTn dloaueteo tou K:
Ve,ye K |lz—y| <D
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o YuuPohriCouue ye I' éva dve Qedyua 0T vopua Tou YEOBIEVT:
V@) <G vee kK

o TEOPBOAT Ve o€ €val xUPTO GUVORO (SNAAdH TO XOVTVOTEPO oTUElo
dedopévou onueiou and to xVpT6d GUVONO):
Ik (y) = argmineer |z — yl|

Tpa, TEOTOU TEOYWENCOUUE GTNY TUEOUGIACT) TOU YEAUOLEVT OEGCEVT oA~
yoplduou, Yo eivia yproo vo unoypouuicouue 800 oNUaVTIXd VewEhuo-
Ta.

Trneopep 3.2.1 (TTudaydpeio Ocdpnua). Fotw K C Re kypté atvo-
Ao, y € Re? avd & = Tk (y), téte
Vze K ly—zl| = [z -z

Trneopep 3.2.2 ( Karush-Kuhn-Tucker). Eotw K C Re? kuptd atvo-
Ao ka1 x* € argmingex f(x) tote Vy € K:
Vi) (y—a*) >0

Topa mpoywedue otny nopouctacn tou gradient descent ahoyplduou.
H 6¢a mlow and tov mo anid aiyderduo otn Bedtiotonoinon elvao o1,
oty VENOUUE Vo EAAYLOTOTOLCOVUE xdmola ouvdptnot f, ulo xohn -
0o elvon var xdvouue éva Briua Teog TNV xatedduvon T o AmOTOUNG
xad6dou  (steepest descent) tne twhc tou. Ilpogovde, to mhdtog Tou
BruaTog TEENEL VoL ETAEYEL TPOCEXTIXE. Yol VoL ETLTEEPEL XOAT) GUYXALON.
Ou emixevtpwiolue enlong o AUTES TIC ASTTOUEQRELES AP YOTEQQL.

Alyopitnu 3 gradient descent ahydpriuoc

: Eloodocg f,T, apywé onuelo z1 € K, {n:}
:popt=1 to T do

Yer1 = 2t — eV f(21)

Tep1 = Uk (ye1)

Tt
ETMOTPEPEL Tang =

i

o
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Trneopew 3.2.3. Yiyrktion tov ypadiert deogert ‘Eotw f kuptn ov-
viptnon oe éva kupto otvodo K. Av D eivar éva dvw gpdypa tngs dwa-
Hérpov tou K ka1 G elvar éva dvew gpdyua tng vépuag tov gradient tng f
oto K. Tote, emAéyovtag ny = %%, éxoupe petd and T enavaAmpers ot

f(Tavg) — argminger f(z) < 358

Arnéoeaén.

Aet z* € argminger f(x)
Ané Ty avicdTnToL jensen €youue OTL:

T
f(xavg Z

t=1

T *
Sz;f(fﬂt);f(x) (3.4)

'ﬂ\iﬁ

‘Eotw hy = f(xg) — f(x¥)

Amo Ty xupTdTNTA TNG CUVEETNOTG €YOUUE OTL:

ht S Vf(l‘t)T($t — .TL‘*) (35)

Tdpa mpoywedue pe o va @pdouue To O8e&l oxéhog Tng Teheutalag -
Clowong:

lzerr = 2% < e = — 2% = [z — 2*P4+0? |V f @) I =200V f (20)" (20 — 2%) =

:2meama—m><:mtm”7f”lf” +nMVf@tﬂF$

L
t= t -
"70

NMWWMH“+mwmwm<zm 7L - L)+

Tt

Qﬂ
I/\
M=

—

t

T
nlV )’ < D 3 (G 5t 1)+G22n - D21 +G22m

Il
—

Mﬂﬂ*

o+
I

T
- G\F+DGZ7 < 3DGVT
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ond Tic eEloMoELS ®ouL éyouye oTL:
3D
f(xavg) - f(ﬁ*) <

Sk
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3.3  Online Convex Optimization

3.3.1 To Online Convex Optimization povtélo

To OCO (Online Convex Optimization) povtého mpoonadel vor ov-
TeTWTIoEL TO TEOBANUA TN BEATIOTOTOMONG ULoG GELRAC ETLAOY®Y VTl
vo tpoonadel vo Beet T povadxr Bértiotn emAoyn. AtonoUnTind, yio un
OTOTIXA TEOPATUATA, oV ATOXOADTTOVTAL VEEC TTANPOPORIES EVE 1) BladL-
xaola ouveyiletar, €youue autd mou ypeewlouaote. Khaoowée pédodol
e aAyoprduxrc Yewplag maryviov xo tng podnuatixhc BeitioTonoln-
ong Oev ebvan ebpwoteg oty ofeBardtnTa Tou TEpBdAAovVTOS. Enouévag,
yeellopaote alyopluouc Tou amoxtoly eunelplor and To TopeAIoV xou
OPOUY XUAL (YTw ATH OTOLAOATOTE TERPIOTAOT TOU PEANOVTOC.

Avtideta ye Tov Multiplicative Weights Update ohyoprduo, ot oh-
yopriuoL Tou TEOTEVOVTAL GE QUTH TNV EVOTNTO BEV BLaTNEOUY TNV XoTa-
VoY) AV GE TEQLOPIOHEVO Y(PO GTRUATNYIXWY, AAAL BoUAEVOUY GE Eval
%xVPTO GOVORO X0l dpal GE GUVEYY| YWEO.

To mhaioo OCO ,6mwe tpotddnxe oto [I8], unopel vo dopndel we
emavaAauPovouevo olyvio.

‘Eotw K xuptd clvoro otpatnyxayv diadéoluo otov ovAve malxtn xou
F éva gpayuévo (i pe xdmoo 1pémo Sounuévo) cOvoho cuVapTACEWY
%x60T0UC oL elvan SLECLUES GTOV aVTITOAO.

oe xdde emavaindn t:

(') o online toixtne dwhéyel otpatnyxh x¢ € K
(B") plo xvpth ouvdptnon fi € F': K — Re anoxolOnteton
(v)) o ovhwve maixtng €yet x60toc fi(w:)

Agol oploovye 10 YeVIxd TAAiCLO, TEETEL Vo 0pICOLUE TOGOTNTES Yid
VoL € LONOYHOOUUE TNV amddoom evog ahyoplduou mou ETAEYEL TIC G TEOTY-
yixée tou Buarog (1) touv mhauotou poc. Paiveton 6Tt 1 XUTEAANA PETEIXN
an6doong ovoudleton regret xou efvon 1 Slapopd UETAEY TOU XOGTOUC TTOU
UTOQEREL O AAYORLIUOC UAC Xol TOU XOGTOUG oL Vol ELYOUE UTOQEREL OV
elyope model ue Y xohiTtEEN otadepn oTEATNYIXY OTO TalyVio.
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Ac oploouye TuTIXG TN HETEXT TOU PEYEET.

Acguwitiov 3.3.1. Eoww Alg o akydpiduos tov OCO povtélov uag,
Tou avtiotolyilel Ty 10Topla €VOS OUYKEKPIULEVOU Tatyviov o€ uia otpa-
k). To regret tov Alg petd ano T emavaAmpes opz{e‘caz wG:

regr@tT(Alg) = SUP{f1,fo,.. 7fT}CF{Z ft(%ﬁ) MiNge K Zl ft( )}
=

Etvor onuavtind vo unoypouicoude Ty €XTaon TV TEOBANUATRY Tou
xaAumtel o OCO mhaicwo. Ouundeite Tov  Multiplicative Weights
Updates ahydprduo. Opilovtac 1o K w¢ v-8idotato ounhed xou fi(x:) =
M (¢, fi), eivon epgovéc 6TL To TEoBANUo AOVEL UOVO i edLX TERITTWON
tou yewxol 00 povtélov. Emnpdodeta, emotpépovioc 670
yivetan @avepd 6L To regret mou emtuyydveton amd tov Multiplicative
Weights Updates ohyéprdpo eivor gporyuévo ané ) v/T.

3.3.2 Online Gradient Descent

‘Onwe Belyvel To dvopa, o amhodotepog ahyderduog oto mhaioio OCO
elvor 1 online yopyn tou tumxol gradient descent. Autd mpopovng
axoroudel T Aoy Tou anhol offline gradient descent xouw mpotdiinxe
Tpoto and tov  Zinkevich oto [19)

Yty offline popyy|, xde véo ornuelo avavemveTtow GOUQLVL U TNV
xatebduvon Tou apvnTxol  gradient Tng ocuvdeTnong 6To TEONYOLUEVO
onueio. Mia yevixeuon autric Tng Wéag utovetel 6Tl T0 VEO oG onuUElo
Yo mpémet var axolovdel To apvnTind gradient tng ocuvdpTtnong x6oToug
Tou QolveTal TNVt emovdAndn Tou meonyoluevou onueiou Tou Eyel
emheyVel.

Auté ou yog exmAooel ebvan OTL, oV ol Ol GUVAPTACELS UTOopEL Var efvou
tehelwe Spopetinée xdde @opd (ondTe 10 var oxoAoUVOUUE TO dEVNTIXG
gradient tng nponyoluevng ouvdptnong de Bydlet vonua), emtuyydveTton
regret (6o ue O(VT).

Ac mapouctdcoupe tov alydprduo Online Gradient Descent:
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AXyoprtnu 4 online gradient descent olyépripoc (OGD)

Eilcodog: 'Eotw xuptd otvoro K, T, apywé onueio z1 € K, {n:}
wopt=1 to T do

Y1 = e — iV fir(a)

Tir1 = g (Yes1)

Trneopey 3.3.2. Regret tov online gradient descent adyopiOuov Av
D etvar éva dvew gpdypa tng dauétpov tov K ka1 to G éva dvw ppdyua
g vépuas twy gradients kdOe ovvdptnong oto F. Tote, emAéyovtag
N = g%, éyovpe ot petd and T emavaAmpeg:

regretr(OGD) < %DGﬁ

Anéoeitn. H anddeln elvon oyedov Bl ye tny anddelln g oLyxAong
Tou amhoU gradient descent ohyoplduou. dotdéc0, TV Topoucidlouue
Yt AOYOUg TANEOTNTOC.

‘Eotw fi, fo,..., fr € F oL cuvapthioelc x6GTOUC Tou av TIC ETAEEEL O
avTimahOg Yog, Hog ONULOUEYOUY To UEYUAUTEQO Tegret.

Eotw z* € argmingcx i Ji(x)
t=1
T
regretr(OGD) = 3 (fi(zt) — fi(z"))

t=1

‘Eotww hy = fi(xe) — fi(z*)

Ano Ty xupTdTNTA TV CLVAETHoEWY oTo F €youue oTu:

ht S Vft($t>T(l't — l‘*) (36)
Yuveyilouvpe gpdlovtag to de&l oxélog Tne teheutalag eglowong:
|zerr — 212 < lloe — e — %[> = lloe — 22402 |V fele) =200V fow) T (20 — 2*) =

> OV () (2 — o) < lommlolren=o" I 4 g g )2 =

Ui
D

$22m<§x““”*m“x”+mwmmnuzé%

-
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S

L lor—a*|P—lzess—a*|)” 9 T -
22 M <) T IV i1} < Xl = @G -

1 t=1

t=
T T
Z) nellV fi (e )H<D221(m ml)+GZZ77—D21+GQZm

t= =1

= DGﬁ+DGz 7 < 3DGVT
t=1

el amd v eilowon €youpe OTL:

3DGVT
regretr(OGD) < S=2v=
O

Twpa elvar ypriowo va ToViCOUUE TG TEETEL VAL YENOLWOTOLEITOL oU-
16¢ 0 ohyopriuog and éva maixtn. Xe avtiveon pe tov Multiplicative
Weights Update ahyoplduo, o napandve ohydptduog emtuyydvel xdtl
euplTEPO xou xaAUTERO. Elayiotornolel to regret oe cuveyy| yopeo. E-
vog makxTtng mou VEREL var Snuiovpyhoel Evay ahyoplduo Yo tovTaplopata,
otav yenotporolel Toug MWU adyopiuoug Yo meénet mpwta vo Slapéoet
TO YWEO TOVTAPLOUATLY xou PETE, Teéyovtag Tov MWU ahyodpriuo pe
TS oUYXEXPLEVES TRdEels (SnhadY| Tovtoplopota).

Avtideta, otav yenowonowiue Tov OGD ahyoprduo, undpyouv dvo
mavée mpooeyyioeic. H mpdtn elvon vo dlanpéoouye to ydpo movtopl-
OUdTWY O N TEAEELS X0t VoL TEEEOUUE UETA TOV AAYOprIU0 GTO N BLdG TOTO
simplex. Av xou autr etvon xohr) Tax T, ebvon eupavég 6T 1) eEEMETN TOU
aryoptiuou wuetton Ty MWU 18 Sratnpcdyvtog v xotavour mdo-
VOTNTOG AV OE VAl GUVOAO GTRATNYIXMOY X0l XIVOUUEVT GUVEY WS TEOS
to simplex yio va e€aopoiioer xohltepn anddoor. H dAkn emhoyy e-
tvan va tpé€oupe Tov OGD unocTneXTiXd GTOV YWEO TOVTUPLOUATMY.
Puowd, auth elvan amAd yior wovodidotaty yeouur xan ebvar xupTh. -
61600, T0 TEOPBANua €8¢ lvon OTL Tor gradient etvon un-georyuévo xon Uial
dueon vhornolnon dev ebvan epixth. Mio 16éa o aut| Ty xatebuvon o
ATV Vo ONULOUEYHCOUPE WUial OPOAT) LORGT| TNS CUVARTNOTG XEEOOUC %ol
€T0L VoL OWOOLUE GTOV GAYOELIUO Wiar PeayHEVY owoyéveln and  gradi-
ents. Mo dAA mdovoTnTo Yar ATV VoL AVAVEDGCOUUE TO TOVTARIOUS UOG
oyt o xdde emavdhngn, odhd Arydtepo cuyvd. Autd Yo Snuioupyroet
CLVIPTACELC X€POOUC ToL elvon Tavd GUVEYELS xa LapoploUIES.

3.3.3 Kdtw gpdypata cto OCO poviéro
Aqgol magoucidooue tov Bacixd ahyderduo Yy online xupty| Pehti-

otonoinom, amodeifoyue éva gpdyua Yo 1o O(VT) tou  regret. EdG
TEOXUTITEL Lol EVOLAPEPOUCU EQWTNOT. 1TN YEVIXY| TERINTWOT), Tolo elval
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70 %ahUTEPO PEdyua Tou Umopolue va emttuyoupe” To emduevo ewpn-
uo amodeneviet 6Tt oty TparypatdtnTe 10 O(VT) ebvon éva %8t plo
07O XAAUTEQO regret TOU UTOPOUUE VO TETUYOUUE O YEVXES GUVITXES
onotouvdrinote OCO ayopituou.

Trneopeu 3.3.3. KdOe alydpiduos oto OCO uovtélo éxer yevikd
regret ioo e Q(DGV/T)

Arnéoeaén.
‘Eotw K n-6udotatog unepxifog, K = {x € Re", ||z||, < 1}

Eotw fo(x) = vlz n popeh v 2" yeopuxdv cuveptioeny x66T0UC,
ulor yia xdde xopugr| Tou K.

Apywd, onuewwote 6Tt ot D xan G ebvan gpaypévec:
=v>i122=2yn, G= /> 12=yn

‘Eotw 611 0 aviinolog emAéyel oe xdde emavaindn ogolouoppo xou Tu-

oo pior cuvdpTnom x6cToUC amd TIg 2™ BLoEoLuES.

e xde enoavdindn éyovue ot

Ey, [fi(xt)] = By, [vize] =0

Topa, éotw ¥ 1 xaAOTERN OTUERT) CTEATNYIXT YO ULoL CUYXEXQWEVT
axohoudia cuvapTAcEWY, Vo €youue OTL:

T T
EUlﬂ)Q,m,vt [Z ft(x*):| Ev1,v2, RO |:Z:

t=1

n T
Eormon [—r >y vt<z’>|] _ g, [ |

(0] = Bup e [$5 5 i 9] =
(D] == ~n2(T)

~

5
T
P

H televtala 1o6tnTar TEOoXUTTEL EMEWST TO GUEOIGUN AUTO AVTLTPOCWTEVEL
éva onuelo oe Tuyaio wovomdtt petd ano T Brjuota.

O]

IMapatnerosig: e auté T0 onueio, €lvor ONUAVTIXG Vo UTOYEU-
uloouvye dVo onuavtixd yeyovota. Ilpdtov, o amidg online gradient
descent ahyopriuog metuyaivel o BéATIoTo TUVO PEYPET OE YEVIXEQ
ouviixeg. Aeltepoy, 1 Tedeutala anddelln anotehel tapddolo. Av énpe-
e var amodel&oupe To xdTw Qedyua and TV oy, owe o aviinahog mou
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Yo elyape xotaoxeudoel 6 Yo ftay otatixr xotavour|. Ilog etvon duvoto
ulor otater) xotavoun) var el To yewdtepo duvatd regret: H omdvinon
olveton amd T Biopopd petol Tng TWrC Tou regret xou tou loss mou
€yel 0 ahyopLiuoc poc. Elvar npogavég 6t évag avtinahog mou yenoylo-
Tolel TpdTEEN YVoor Vo enéPathe peyahitepo loss otov alydpriud pog,
®OTOCO TAVTOY POV 1) anddocT TNE BEATIoTNG oTtadephic oTpatnyhc VYo
Aoy xaxt|. Ag e€nynooupe autd To ToEddoZo:

Tapa yvwpiloupe ot 1 xohltepn mdovi| TaxTixny yio évay modxTn etvor
Vo yenotporolfoel ahyopriuo ywelc regret, xadog o yevixég cuvirixeg
dtaopahiCouv éva oyeddv BEATIOTO Pedyua Yiot To regret.

3.4 Bandit Kupt?¥ BeAktictoroinon (Bandit
Convex Optimization)

3.4.1 To Bandit Convex Optimization pwovtého

Q¢ tpa, mapovctdoaue tov Multiplicative Weights Updates xou tov
Hedge olyoprduo. Metd, yevixebovtog tic cuvinxeg e€rjyaue tov online
gradient descent olydprdpo. ‘Ohot autol oL ahydprduol €youy €va xowo
YOEAXTNELO TIXO, AmoUTOVY EVOL TATRES LOVTEAO TANROQOENONG. X TNV TEaY-
potxotnTe, t6co o Multiplicative Weights Updates 6co xaw o Hedge
oAy OpLIOC TEAYHATOTOLOOY [LoL BLaBIXAGTa AVaVEWTTS Baip®y TOU amonTel
yvéon e loss cuvdptnong Yo OAOXANEO T YHEOo o TEATNYXOV (TEdie-
®v). O online gradient descent amoutel yvoon tou gradient tne loss
cLVdETNOTE, TTou elvan enlong cuvIxn Tou elvon BUGXOAO Vo LxavoTolnUeL.

Y& mOMNG cevdpla, auTo elvan apxeTd Un-peoloTtixd. o mopdderypa
oxe@teite 10 TEOPBANUA SpopohoYNoNe o€ €va dyvwaTo dixtuo. Emiéyou-
UE €VOL LOVOTIATL X0 UETH TEPUUEVOUUE UEYEL TOL DEDOUEVIL LG VO PTACOLY
otov emuuntod mpooploud. Kavele 6e pac Aéelt téco ypdvo Yo mepyuévo-
ue av elyope emAéget éva BlapopeTind wovordtt. To pévo feedback mou
€y OULUE, elvon To loss Tou elyaue amd ULl CUYXEXPWIEVT GTEUTNYIXY TOU
AXONOUICOE.

Yo npdPAnud poc (dnhadh v GSP dnuonpaoia), ol naixtes Oe yvw-
eilouv olte TN ouvdpeTnor Blavoung olTe TIC EWBXéC cuVIoTWoES Véarng
TNC CLUYXEXPWEVNS ONUOoTEaciog OTOU GUUHUETEYOLY. YE QUTEC TIC OUV-
V7xeS, oL malxTeC TOVTAPOLY Xou UETE TalEVOLY TO XEEDOE TOU ToVTupioHo-
16¢ Touc. §26TH00, Be Yvwellouy Tt xépdog Vo elyay av elyoy xdvel SLapo-
eeTin6 movtdplopa. Ilpogavng, 1o va un yvepeilel xdmotog tnv anddoon
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EVOC OLaPOPETIXO) TOVTURIOUNTOS OEV EMITEETEL TNV XAaGOLXY| UAoTolno
tou MWU aryoplduou.

[o vae xahOhoupe autée Tic ouvinxeg, ewodyouye to Bandit Convex
Optimization povtélo.

To BCO mhaioto ,6nwe tpotddnxe oto [5 | , unopel vo vhorondel we
enavVaAAUPovOUEVO Toky Vio.

‘Eotw K 10 %x0pté clvoro twv otpatnyxadyv mou eivon Stodéouues yio
Tov oviwve maixtn xou  F 1o gpayuévo (1) ye xdmowo tpémo Sounuévo)
6UVOAO CLVIPTAGEWY XOGTOUC Tou elvorn Blardéaiueg otov avtinalo.

oe xdde emavaindn t:

(') o online toixtng emhéyel otpatnyxh x; € K

(B") o online noixtng éyet x60t0¢ fi(xt)

‘Evac npocextindg avayvootng Yo avtikngdel 6Tl to mhaicio elvon mo-
popoto pe autd tou OCO povtéhou. oT600, 0 aviinahog dev amo-
XAAUTITEL TN CLVAETNOT X60ToLG oTov TakxTy. 'Etol, to yévo diadéoipo
feedback eivon to loss mou eiye o online malxtng.

To péyedoc mou Yo pag Bondnoel va a€loloynoouue Ty anddooT) Tou
ahyoplduou yag etvor, OTwe mavta, To regret:

Acguwitiov 3.4.1. Fotw Alg o akydpiduog tov BCO povtélov uag,
mou avtiotolyilel THY 10Topla €VO§ OUYKEKPIUEVOU Tatyviov o€ pia otpa-
wnyikn. To regret tov Alg petd ané T emavadippers opiletar wg:

T T
regretr(Alg) = Sup{fl,fg,...,fT}gF{t; Je(x) — minxeKt; fe(z)}

IMapatrenon: o1600, 1o TEOBAAUNTA TOL XUAOTTEL TO LOVTENO YiVOV-
Ton egpaveg o dvoxoha. To regret axohouvdel Tov (Blo oplouo.
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3.4.2  Multi Armed Bandit (MAB) povtélo

Ye auth v evotna, Yo elodyoude 1o anhoUoTERO povtého  bandit
BeATioTonolnong, o omoio anotehel amAd LUTOXATNYORIX TOL TO YEVIXOU
BCO povtéhov. Autd 1o povtého ewofiydn and tov Robbins oto [20]

A¢ meprypddoupe to MAB povtého. ‘Oneg ndvra, €youue emavohouBo-
VOUEVO Ty VIO:

oe xde emavdindn t:

(o) o online naixtne emhéyer otpatnywy| i € {1,2,..n}
(B") o online naixtne éyel xéotog Ui (i) € [0, 1]

Auto 1o anhd enavarauPovouevo maiyvio pog Yuuiler to tpdBinua tou
Aover o Multiplicative Weight Updates ahyopriuoc. Xtnv mporyporti-
%6, elvor amAd to  bandit avdioyo autol tou TEoBAAUaTOC. Lnuel-
OO TE OTL €00 xdie ahydpriuog mou Tpooraldel vo xataAdlel ol oTEATN-
Y vor eMAEEEL GTNY EMOPEVY ETOVEANPT O Yvwpellel Tic Tponyolueveg
loss cuvapThoelg, ahhd poOVO TIC TWES TOUG.

Tao mpofAAuata mou yovielomololvion €8¢ elvan omhd €Wdixéc mepL-
mtwoelg Tou o yevixol BCO povtéhou. T va o xatordfBouue, Vo
uetateédouye to MAB povtého oe BCO npdfBinua.

(o) "Eotw obvoho otpatnyey and {1,2,...,n} vo oynuatilel 1o olvo-
A0 TWV XATOVOUWY TV OE AUTEC TIC V oTpatnyixéc. ‘Apa K = A"
elvar To n-Oidotato simplex.

(B") Eotw 6t ov loss ouvapthoeic eivan fr(z:) = D 1e(1)z:() (dnhadh
i=1

1 ovopevopevn loss tng xoatavourc pog)

Ko 1 oobuvapia mpoximntel ebxoha.

3.4.3 MAB aAyobprdpor

Ye auth) TV evotnTa, Yo elodyoups 800 Paocwols alyopiiuoug mou
ETUTLUY Y AVOUV YouNAO PEYPET oTo Yoviého MAB
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Apynd, oc culnThHooLUE TOlEC IBLOTNTES TRETEL VoL €YEL Evag olyOpLd-
HOC Ylow var avTieTwnioel tétow eldoug mpofhruata. Ed®, xdde popd
TOL OLUAEYOLUE it GTEATNYLXY, UTO(PEPOLUE To avTicTolyo loss, doa dev
€youUEe oTolyElD VIOl TNV AMOBOCT] TWV UTOAOITIWY GTRUTNYIXWY OE QUTY
TN GUYXEXEWEVY ETavaAngn. EBo eiodyeton 1 et WBIOTNTA TOU TEETEL
va €xet évac MAB olydpriupoc. Tlpénetl vo eepeuvd amodoTind To Yweo
CTRUTNYIXWY, ONAAOY TEETEL Vo ETLYELREL DLUPOPETIXEC CTTEAUTNYIXES Yid
VoL TPEL €var OELYUOL TOU TS amodidouY xotd UEGO 6O.

Acitepov, pog xon o MAB ahyopriuog eivon Baoixd alydpriuog mpdBie-
Ine, onelleton 0TV GUGCLEEVUEVT EUTELR{Ol TOL YLOL VoL oG BWoeL TpdBhe-
| oyetixd pe To Tola oTEATAYLX Var EYEL XU AMOBOCY) GTNV ETOUEVT
enavdAndn. Autod ebvar to Briua exyetdihevong.

Yuvontixd, oo MAB ahydprduol npénel vo xdvouv 800 npdypata. No
£EEPELVOUY TO YWPO CTRATNYIXWY XA, AT QUTH TNV EEEPEUVNOT), Vo TIEO-
BAETOLY XOAEC OTEATNYIXES GTO PEANOV.

Tdpa Yo topoucidooupe tov amhodotepo TOno MAB alyopituou mou
mpotdinxe and tov Hazan oto [18]. Awywpiler teleiwe to Brua eZepe-
Vynong amd o Brjua exgetdhhevong. ‘Apa, o xdde emavdindn, e&epeuvd
UE xdmotot TavOTNTO TO YWEO CTEATNYIXWY, ONhadr onatord loss yia
VoL TThREL YPNROWES TANPOQORIEC Xou PE TNV UTOAOLTY TAVOTNTU XAVEL TO
Brua expetdhheuone, mou cuvicTtaton ony TEOBAEDT wag Xk oTeATN-
yoie.
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Alyoprtnu 5 amhog MAB ahyderduog

1. Elcodog:  OCO ahyodpripog A, mopduetpog §
2: gopt=1 to T do
3: ‘Eotw by yetoafinty Bernoulli, ye P(by =1) =6

4: wp by =1 tmev

5: Odhege iy ~ Tuyaio opotdpoppo amd {1,2,..n}
6: Toée it

7 (poeizl to n 8o
9: "Eotw ft(xz :Al;T:L' )
10: Ti41 = A(fl, f2, ceey ft)
11: eloe 1 by = 0 Tnev

12: OLdAeEe i ~ a¢

13: noUée iy

14: felwy=0
15: Tiy1 = A(fl,fz,...,ft)
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Kegpdiaio 4

Extiunon QdPeieiag otig
Online AwagpnuicTtixeg
Anuornpacicg

Ye autd TO XEPIANO Vol UEAETACOUUE X EXTLUOOUPE T1) VEa u€dodo
extiunong weélelag mou mpotdinxe mpdcgata and toug Eva Tardos,
Vasilis Syrgkanis xaw Denis Nekipelov oto [4] oe oyéon ye g GSP
onuornpaciec. Emmiéov, Yo neprypddouue To 0OoTNUA TROGOUOIKGOTE TOU
OYEBLIOTNXE Yol VAL EXTIUNOEL QUTES TIG UEVOBOUE, Tol TAEOVEXTHUATE TOU
xou Tig pehhovtixég mdovotnteg avdnTtugng Tou.

Emniéov, Yo e&etdooupe Ny evpwoTtio Tou Povtéhou adiag Toug uTod
Mn-Ewxpivelc unyaviopole, ©¢ CUVEYELW TNG UEAETNS EUPWOTING TWY
Dutting, Parkes xou Fischer oo [B].

4.1 Kodopiopog IlpoBAruatog

To mpoBinua tng extiunong e adiog Twv TaxTOY o€ dNuoTeacies etvar
TOAD ONUOVTIXO, ETELDT| 1) YVWOT] TV 0LV TV TOUXTWV ETUTEETEL axELBN
UEAETT) TNG CUUTEPLPORES TOUG OTO TOVTUPLOUO X0 GUVETKS TNY EXTIUNO
TV TEoBAEPEWY Tou £ytvay YewpenTixd. 211 pop@r| tou e&etdlouye eUElS,
0 exTNTAC diveton amd Tor e€ng:

® 0 0PLIUOC TV AVTIXEWEVKDY TOU TWARUNXAY
® 0 U€YL0TOC oo ToUXTOVY o€ xdde emavaindn
® Ol CUVIOTWOES ONUICIAG TWVY TOUXTWV

o 1 o&la xdle avtixeluévou mou TwAInxE
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® Ay LOTN TN ATOXTNONG
® 10 MAHPES LoTOPXO TovToplopatog TNne dnuonpaciog

® 1) Yopy TN dnuompaciag Tou LAoTOLETOL

O o1t6)0¢ €lvon Vo OAOXATNEWCOUUE TNV WL TLXY o&la avd Yovado mpo-
i6vtog mou €yel xdie TalxTNg.

Oa emxevipwdolue otny vhonoinon GSP dnuompaciwyv. Emoyévec,
10 avTXelyevo mpog mwinon etvar ot Yéong dragpruong, 1 o&la Toug eivou
oL avtioTolyeg cuvicToeg Yéoewv, N onuacia xdle naixtn i elvar oL ou-
VIO TWOES Tou Tathpotog (xhux) xhm. Ipogovae, ol cuvaptcels Blavounc
%0l XOOTOUG Elvol AUTES IO TERLY PAPNXAY TIEOTYOUUEVHS .

[Tpotol mpoyweYioouue GTIC TEYWIXEG AeTTOUERELES, Elval Yeroo va
Teprypdpouue TN Paownr| Wéa mow and to yovtéro. H tumxr owovo-
U TeocEy Yo yiol Tar TERYBAANOVTA 6TIOU IAANAETLOPOVY G TEUTNYXOL
Taixteg elvon vor UTOVETOVUE OTL XATWS O TUUXTES €Y0UV PTAOEL OE Uil
uxty| wopponio xatd Nash, xou dpo anoxpivovton BEATIGTO TNV XoTo-
vour| mou avtipetwnilovy [3]. ‘Alec uédodol otneilovian otny unddeon
6Tt oL makxteg Yo PTACOUY GE ULal CUYXEXQLIEVT] LOOPEOTIA TTOU Y oROX T
elletar amd cuvapTroelg Tovtopiogatog TV a&lwy Toug. Méoo and uio
TEOCEYYIOTIXN EXTIUNOY NS XAToVOURC TovToplopatog, ivon miavd va
AVTIOTREPOUUE TIC CUYXEXPUEVEC CUVORTHOELC XO VoL XATUAREOUUE OTNY
xatavopny e oliag [I]. Emmiéov, dhhec pédodol xotolfyouv oe uia
oLYXEXPWEYY Budda (tovmAa) oLy ou egnyel BéATIoTO THY TIPOCEY Y-
ot wopponio tou emtedydnxe [2]. Mia Swopopetiny| npocéyyion mou
Sromepvd TV dnuonpaoia teptypdpeton oto [22] .

O oxondg g véag uetddou elvor va Teplypddel Yeryopa UETOBolhOUeva
TepBdAlovTa, OTwe autd Twv online Snuomeaclhy Ue To x| TEOTO.
Ou ovlwve dnuonpasieg alhdlouv yeryopa 660 véor naixteg epgoavilovto
xan e€apovilovton xou ot Taixteg npocTodody Vo TpocapOCGOUY T GUY-
TEELPOPA TOUG OTOUG EXYCTOTE AVTITAAOUC e oTadepd Teomo. Emmiéoy,
Evor oxOUoL ENGTTWHA QUTAS NS Pedodoug elvon 1 utdVeoT OTL oL TaUXTES
umopolV va ptdcouv o uixth woppotia xatd Nash. To mpdBinuo dev
elvol TO00 OYETIXO WC TEOC TNV TOAUTAOXOTNTA, OG0 and YewenTXhg
mhevpds. Ol maixteg dev adknhemdpoLy oe full information mepBdihov-
Ta X €T0L, T0 TARUOC TV TANPOPORLOY ToU YEELdoVTaL Yiol VoL (PTACOLY
ulo Tétola woopponia elvon {owg uepPolnd peydho Yo vor Blacpahicet
plo tétowa umddeon. ‘Oheg auTéC Ol TUPATNEHCELS Pag 00NYOoLY GTO VA
YOUAAPOOCOUYE TNV UTOVEST YLl TO TL EMTUYYEVOLY Ol ToUXTEC.
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H véa pédodoc extiunong unodétel 6Tt ol maixteg podalvouv oe éva
ouveywe UetoBodlouevo mepBdihoy. Emnouévwe, yenoilonowoly olyo-
clduoug pdinone (learning) yio va amogosicouv o eivor 1 BéATio
OTEUTNYLXY TOU TEENEL Vo axoloudricouy xdlde gopd. H unddeon pog
%AveL vor UTOVETOUUE OTL Ol TAUXTES, oy VENOLY VA UEYIGTOTO|COLY TO
%€pd0¢ Toug ot Bddoc yedvou, TEETEL Vol YPNOWOTO COUY VO-pEYRET oh-
yoptiuoug. Trdpyouv mno-regret ahyodprduol mou molpvouy Tar xAALTEQY
dLVATA PEdyuaTa Yo To  regret xou elvon Aoyixd vo umovécouue 6Tl oL
Taixteg Yo yenotwomoljocouy tétoloug akyopliuouc. Emniéov, onwe mo-
POUCLICAUE TEOTYOUUEVKCS, aUTOL Ol ahyopriuol eivan apxetd amAol oty
vhoroino, dea 1 unédeor| pog otnelleton amd aUTH TNV TAPATHENOT).

4.2 MeYodog Extiunonc

Ou TEOYWEHCOUUE TEPLYEAPOVTIS UE AeTTOUEREL UTH TN UEV0DO.

Kdde maixtng €xel éva ywpeo otpatnync B;. ‘Apa éva mpogil movta-
plopatoc b € By X By X ... X By,. Emnhéov, da oupBolicouue pe bt 1o
Tpo@i\ movtopioyatog 6Ty T-00TH enavdindn. Trodétoviag 6Tt xde
Tabxtng €xel peypeT (oo ue € xou o&la v; Eyouue OTL:

1 & 1 d
TZUi(bt, ZUZ 0t ) — € (4.1)
t=1 t=l

Acguwitiov 4.2.1. ( Rationalizable oUvolo) Evas Lebyos (€;, v;) a&lag
v; ka1 regret €; e€lvar rationalizable av 1kavoroiel Tny mponyoluevn e-
Eiowon. To avvoro térowwv Levyapidy ovoudletar rationalizable ovvodo
Tov maiktn i ka1 oupuporiletar pe N R.

Topa, Yo avardoouye Tic WLOTNTEC Tou  rationalizable cuvolou NR.
Trodétovue 6Tt B; C Req. Emnlong and 1o oyeddv ypouuixd YOVTENO
€Y OLUE OTL:

T T
/ /gt / 1t
v € B fz Z (b, b ) —Ci (0, 0E,))—€;
(4.2)
YupPoiilovtag ye:
1
=7 PV, b";) — Pi(b")) (4.3)

t:l
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H péon adinon tne mbovotnrag tou xAix av évog noixtng emAélel vo
Tovtdpel cuveyde b'.

T
AC(H) = 3 (G 1) — C(b) (44)

t=1

H péon ad&nomn tou x6010ug TTou EYEL £Vag ToUXTNS oY EMAEEEL VoL TOVTYREL
ouveyoe b

"Apo 1 apynt) e€lowon elvor 16odLVoUN Ye:
v e B; ’UZ'AP(b,) — AC(b/) <€ (4.5)

Acppa 4.2.2. To rationalizable ovvodo ya kdOe maiktn eivar éva
KA€10TO KUPTO 0UVOAO

Anoden Kdde avicotnta elvan yoouunr otic ofieg xau oto regret.
"Apa, Sloupoly 10 Ywpeo oe untoyweouc. H tour twv unoydeny eivon Tpo-
povidg xVpT6 cbvoho. Emmhéoy, ol avicotnteg v elvon avotneés. Apa,
T0 GUVOLO elvall XAELGTO.

Mropel vo amodetydel 6t uTd xdmoleg axduo hoyixée unodécelg, To
rationalizable cOvolo €yel dAAeg yproWES WOLOTNTEC TOLU ETUTEETOUY Vol
T0 umohoyloouye amodotixd. o va to avagpépouue cuvontixd, Yo uto-
YEOUUICOUUE OTL AUTO TO CUYXEXPWEVO XUPTO GUVOAO elval TAYPwWS Xo-
Yoplopévo and tic ouvaptioeic AP(+) xaw AC(-) xadie xodopilouvy Ty
support ouvdptnomn tou xvptol cuvdrou. H mAeng avdiuorn Tng ye-
Y680uL extiunong €yel dovel amd Toug Syrgkanis, Nekipelov xoau Tardos
oto [4].

Tapa, n uédodog extiunong eivon apxetd mpogavic. O xlplog otdyog
uog ebvon vor Bpodue Ty o&la xdde malxtn mou e€nyel xahbTepa ToL TOVTO-
elopatd tou ot Bdog ypdvou.

[Mo va e€nyriooupe xohOTtepa, og TdEoupEe TNV o&ia Tou CUVOEETAL UE TO
ehdytoto duvatd regret. Ipogavie, Yo teploplotolue ot olieg Tou eivou
avotned Jetixéc. Emmiéov, da Yewpricouye tov B; Olaxpitomolnuévo
Pporyévo Y wpeo Tou eivat UTOGUVORO ToU GLVOAOU [0, bz
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Ané ta nponyot’)peva Vétoupe B; = {0,2e,3e,...,bmaz}. Tote, 1
uédodoc extiunone unopel va neptypapel we ypouuxd npoypocppoz

elaqistopohse €+ 0-v

4.6
subject to vAPWb)—-ACWH)<e VO € B; (4.6)

To anoteréopato Tne PeVdd0L EXTIUNOTC TOL TEPLY PPNV TUPATAVE
€youv éva oofopd mEdPAnua. Mixpdtepa emimpdoieta regrets € tetvouy
Vo e€nyolvton xoh0Tepa amd UXpOTERES aleC amd OTL TaL TEOYUOTIXG Te-
grets. Palvetan 6TL xaAUTERY amoTEAEOUOTA EXTIUNONG EMTUYYAVOVTL
uno¥étovtag 6Tl o learning aiyoprduog mou yenowlonoteitar and xdde
malxTn emTuyydvel To xahiTepo mavé multiplicative regret.

"Apa tpa peTadAAoupe Alyo Ty apyxn e€ioworn xat talpvoupe 6Tl To
multiplicative regret touv § emtuyydveton ud TNV o&lo v ov:

/ 1T t 1T / 1t
Vb € B; j;jizlh(b,1q — )= Y UiV, b, v (4.7)
= t=1

’ﬂ

OpiCovtac ) péon mdavotnta xAxaplopatog xon 10 PO XOGTOS T
€yeL 0 maixTNg 4 UTO TNV TEaypaTXr] ahknhouyia TovtopioudTwy we Py
xan Cpy madpvoupe ot

]

VW € B, vAP(Y) < ACKH) +

(vPy — Cp) (4.8)

O o1oy0¢ pag eivan va ehayiotomolfjoouue to multiplicative regret 4.
Avth n ohhary ) Aovel ol tpoPBAruato Tng pedodou extiunong mou ogethov-
ToL 0TO YEYOVOS OTL Wixpég o&ieg e€nyolv xahltepo pxpd emnpdcieta
regrets. Ac e&nyroouye yorti.

Apywd mapatneriote 6Tt évar multiplicative regret tou § avtioTol-
Y&l oe éva emimpooveTo regret ﬁfé(vPo — Cp). Trodétovrog 6Tt 0 0
Beloxeton oo [0, 1], éyoupe 6Tt 1 cuvdptnon f(6) = ﬁfé elvon ab&ouoa.
"Apa, 1 eharyoTomoincT TOU § Elvor LGOBUYAUT UE TNV EAAYLO TOTONGT) TOL
%6' Emnpéoieta, nopatnenote OTL m = %{5 Autd onuaivel
OTL UEYOAUTERES OEIEC EVOL TOPA TILO TAEOVEXTIXES OO OTL Ol UXPOTEREC.
Yuvodillovtag, Aoyw xAmolwy TEOBANUETGY TEOTWAUE Vo YENOHIOTOL0-
Ope v multiplicative regret minimization extiunon wgéieiag avti yia
NV TeocVeTIX.
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Topa, nuévn epndTnom mou amouével va amoavtniel ebvon to g Yo Empe-
e VoL VAoToticoude auth TN w€dodo extiunone. Apyd mopatneote OTL
oV AVTXATOC THCOUUE TOV % 0p0 UE évVa K, TOTE XAUE TEPLOPIOUOS Elvol
TETEAYWVIXT XUPTT CLVAETNOT. Apd, 1) TOUT TV TEPLOPICUMY TROPAVEG
oynuatiler xupto chvoho. Emmiéov, ool To Vo eAdyio TOTOLCOUYE TO
0 elvar TOUTOONUO UE TO VoL EAAYLO TOTIOLICOUUE TO %, XATOATYOUUE OTL
1 u€vodog extiunong unopel va ypaptel ¢ xUpTO TEdYEauUe. Emimiéoy,
oL u€dodol eAayloTOTOINONC TOL EVOL EPUPUOCUIES YEVIXA OTT GLUVITXN
xVpTr BeATio ToTolnoNg UToEOLY TEOYPAUVMS VA YeNotuoTolnloly e auTo
TO CUYXEXQPUEVO TIEOBANUOL.

elagistopohse k+0-v

4.9
subject to vAPl) < ACWH)+ k(wPy—Cy) WV € B; (4.9)

Topa, o emhoyt elvon va yenowonotioouue pedodoug xuptig Peh-
Tiotonoinong v vo Bpobue v adion mtou e&nyel xohltepa TV eyl
ctonoinon tou mponyoluevou teoPBAfuatoc. Mia dAAN emhoyy| elvon va
Otonp€coupe To Yo adiog xou Vo emthloouUe xdde TEdYEUUO EEYMELOTA.
[Tpogavng e, xadne 1 olla oe xde Topdderyua Tou YEVIXO) XUETO-
U TpOoYEAUUATOS Eivan GTAHUERT, TO YEVIXO TETREAYWVIXO XUETO TEOY QUM
METATEETETOL OE €Val TARVOC YROUULXWY TEOYEAUUUATwY. Metd emhéyoupe
T0 Topdderypa TN a&lug mou egnyeiton xahltepa (SnAadr eloyloTomoLe-
{ Bértiota 10 k). Ihio Tumxd, unodétovtag étL N adia pedooeton 0T0
[0, Vmaz] » emhéyoupe 0 = v! < 02 < ... < V! = Vpap Yio Vo Bloupéooups
e€loou oe | turuota To yopo odlac. Oétouue we V 10 6Uvolo Tov allidyv
AUTGY Tou dNoveYoly To eEAC TpdY o Yl xdde v € V

elagistopohse K’

. o 4.10
subject to vVAPWY) < ACWH)+ k(v Py—Cy) Vb € B; (4-10)

ITpémel vo onuewdcouue 6Tt auTd deV elvol Yo TEOBANUAL YEVIXTHC
HopPNS, XIS UTOREL VoL UTOAOYLOTEL AAS XOLTOVTOG TNV TOUY| SLAPORLY
oavicoThTwy.  Apa, TOpa TeoBiémouye OTL 1 ol EVOC CUYXEXPWEVOU
nodxTn ebvon uUTA TOU EMTUYYAVEL TO XoADTEPOT0 K.

4.3 Ilepirypopr tou YuoTHuatog
Mot var tectdpouye Ty pédodo extiunong a&lag mou TeoTddnxe, xoTa-

oxeVACOUPE €Vl GG TN TTROCOUOIOTE TOVTURPICUAT®WY, TO OO0 ovo-
TTUOOETAL AXOUAL VLol VoL DLEURUVEL Tig duvaToTNTES Tou. O n0plog oTdy0g
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elvor vor dnuovpyndel éva mepBdihov xatdhinho yioo T Sieloywyy| mel-
popdtwy. H avdyxn yia éva tétolo nepiBdilov ebvar mpogavhc, xadng
Aelmouv amd Ty moryxdoua xowodtnto dedopéva Tou Yo emtpédouy o
QOLTNTEC %O EQELUVNTEC VO OLEEdyOUV TELRAUOTA OWEEAY Ywelg VoL EY-
TAEXOVTAL OLXALOUATA XEROOOHOTUXWY 0P YAVIOUWY. O TEOCOUOU T TOV-
toptopdtov ( bidding simulator) ypdgptnxe oe Python pe ypron av-
AEWEVOOTEEPWY TEYVIXWY Yiar Vo SoBdleton xan yehetdton evxora. O
xwOwog unopel va Peedel otov e€ric oOvdeouo mrng://yLTnup. cop/
avdpeaop27

Hpoywedue TeplyedpovTag T Lop®h TV X0pLwY XAACEWY:

Auction

m: integer --> the number of available slots

n: integer --> the maximum number of bidders
a: float vector --> the position coefficients

g : float vector --> the players coefficients

r: the reserve rankscore or price of the auction
history : a table of the bids submitted over time

slot(player_id,b) returns the position obtained by
player_id under the bidding profile b

who(pos,b) returns the id of the player who earned
the position "pos” under the bid profile b

cost{player_id pos,b) returns the cost which
player_id suffers under the bid profile b if he takes
the position "pos” and his advertising is clicked

exp_cost(player_id b} returns the expected cost
which a player will suffer under the bid profile b

exp_ click(player_id,b) return the expect click
probability of a player under the bid profile b

update_auction_history(b) updates the history
variable to keep track of the submitted bids

display functions:

display_reserve_rankscore()

display_slots()

display_players{)

display_position_clicks_prob()
display_player_clicks_prob()

display_scores()

display_auction() : prints all the auction information
into a general auction format

H popgh xhdone  Auction mapéyet éva yevixd teémo mou umopel vo
vhonondel avdhoya ye to ol dnuompacio VEAOUUE Vo AVaTORd Y OUYE.
I va Sieuxpivicoupe mepantépw autd T0 YEYOVOS, LToYEoUploUUE TOCO
£0%0NO €lvValL VoL UAOTIOLAGOUUE BLapopeTIXES BnpoTpacieg anAd aArdlovTog
eNdyioTeg Yoouuée xwdwo.  Av 9éhouue vo avamapdyouue ula  GSP
onuornpacta, TOTE oL cuvaptroelc VYa TEENEL Vo LAoTodoly GUUPOVA UE
T0 YovTéRO Tou TEpLypdpnxe TEtY . Av Béloupe vor aldEoupe To Telpoo
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Y10 VoL TEOTHPOUNE XATOLES LOLOTNTES TNG ONUOTEACING TOU TORAYETAL Ao
T0 AMjppa Tou Miepoov, tote mpénel povo va oANdEouUe T cUVEETNON
%x60T0UC olPQVA Y TNY YVwoTh e&lowan. Av Vélouue va ahAdEouue
oe ula dnuonpacio Ipdtne Tirc, ToTE xou AL apxel Vo GAAGEOUPE TNV
GLVHETNOT XOCTOUG.

[Tpogavng, TOh) TEQIGCOTERA YoUEAXTNEOTIXG Vol UTOPOVCAV VA UE-
retndolv. Omwe avagépoupe oty teheutalor evotnTa , Wlar duvoixy
eNdy1o TN T omoxTNoNg Yo €mpENE VoL yenoylomoLelton yio var auEroet Tol
€000 TWV dNUOTEATAY. LTNV TEAYUATIXOTNTA, 1) TUEAUETEOS LG TOPLXOU
¢ Onuonpaciog, 1 omola xpatdel Gha Tar TOVTUPIoUATA TTOL €Y0UV YIVEL,
xadog xou 1 pédodog extiung tne a&lag Yo umopolcay Vo YenoLoToLn-
Yolv vyl auTd TOV OXOTH.

Yuvey(loupe TapouctdlovTag T YEVIXT Lop§T| Tou TeoTddnx e Yio xdie
T,

Bidder

name : integer-->the identification number of
this particular bidder

valuation: float--> the valuation per unit of stuff
the bidder's get

next_hid: float, the next bid that the bidder will
place

history: table with the feedback that the bidders
got during the auction

bidding_function: the bidding function that the
bidder's will use

change_next_bid{) : change the next_bid
parameter according to the bidding function anc
the history accumulated
change_history(feedback) :updates the history
parameter according to the feedback it gets

Tpa umopolue vo yetadrovue ToAég mopauéteous. MetoBdihouue
TNV TOPAUETEO CGUVIQTNOTG TOVTURIOUITOS YLl VO UEAETHCOUPE TNV O-
TOBOTIXOTNTA BLAPORETIXWY GLVIPTACEWY TovTaplouatog. [lpogavag, ot
cLvopTAoELC TovTopiopatog Teénet va etvon oupfBatéc pe o feedback Twv
mouxtwv. ‘Etol unopodue vo xugovdolue avdpeco o full information
xar non full information mepBdirovta.  Feedback da elvon to xép-
00¢ TOU TakxTN OAAS o TO TANEES BLAVUCUN TOVTOQIOUAT®Y, TO OTolo
Teopovog Yo emitpédet T dnuiovpyio olyopiumy yio mo axen udinon
(precise learning).
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‘Eva dhho evbuagépov ctoyeio etvon 6t 1o feedback mou cuoowpe-
UETOL OTNY TUPAUETEO TOL LOTOPIXOU ETUTEETEL SLOPORETIXES UAOTIOLACELS
TV aAyopliuwy Tou T exUETAAAEDOVTAL. B0 UTOPOUCUUE VoL YETOWO-
notfoouye plor greedy TEOGEYYLON GTO TOVTARIOUA ATAVTOVTOS LOVO OTIG
teheutaieg emavolAPElg xou dpol amayTOVTAS XoAITERH UE ETLIETING TPOTO
1) XPNOWOTOLWVTAS OUOAES TEOCEYYIOES. MTNV TEayUaTXoTnTa eivon Ti-
Yoavd va uhomojooupe  no regret ahyopliduoug mou avavewvouy To Bden
Toug TakpvovTog UTodN Lovo T TeheuTaleg emavah el xan SlorypdpovTog
N Lo TopO NG dnuonpactog.

‘Otav tpéyoupe TNV aucTiov, dnulovpyeitar évar .auction opyelo mou
amoTeAEl TNV TepLypapt| TG dnuonpaciog mou Vo eivan dladéotun oTIC Ue-
Y600ug extiunong. Xe auTh TNV TERPLYPAPY), Ol TANEOQOplEC Tou elvor
dtardéotuec etvou

e O apuiudc twv slots

o O péyiotog apriude mouxtoy

® oL oLUVTEAEOTEC xAwaplopatog Véorng
® Ol GUVTEAEOTEC XAXOPIOUATOS TOUXTOV

o 10 6Xx0p TV Toux TV (o Th efvon pla WoutepdTNTAL Pioig CUYXEXPWWEVNS
onuonpaciog, TNV omolo aPoUEECAUUE OmO TN YEVIXY| TEQLYEAUPY| AAAL
TNV UAOTIOLACOUE OE TERITTWOT) TOL ATOBELXVUOTAV YENOULT YLl UEA-
AovTny| épeuva)

® 1) EAAYIOTY THLY) AMOXTNOTNG
® 10 TPOPIA TOVTUPIOUTOS TNE TEWTNS ETOVAANdNG
e 10 ok Tovtopioyatog TNe deltepng emavdindng

® YAT...

H 18¢a niow amd 0 popyy) tne dnuonpaciog eivol Vo SOCOUUE OAES TIC
Thneogopiec mou Vo GUGCWEEVCEL O UNYAVIOUOEC XATA T1) BNUOTEAGEN Xou
€TOL 1) MEAETT] TV VO PEYPET OUVAULIXWY CAV VoL UACTOY ONUOTEUTES.

Emnpdcieta, dnuiovpyrooue tnv apyixt| wopen uiag BiAodrixme yia
Vo TEOTApOUYE no regret Suvouixy) oe dnuonpaciec. To dvopa ne Pi-
Brovhxung etvon  regret.py. H (iBAodrnn napéyetoun ye dVo Poaocixég
ollec extiunong, dea 1 emnAéov uédodog regret xan v multiplicative
regret. To x0plo yopaxtneic o tng BPBMoI NG authc elvon 1 emvduplo
VO ATOTEAECEL TO TEMOTO BUa TEOg Wi To yevixt| xau Eprotun library
CUVUETACEWY.
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Tehxd onuovpyfooue pio BIBA0INXN Tou Yo umopolce Vo YENCLLO-
motnUel yio vor omTixomolfoet didpopes YeTExES. Auty| etvon 1 BiBAtodrixm
stats.py. H Bihoddxn nepielye cuvaptrioelc ontixonolnong twv ra-
tionalizable cuvohwy, Tnv péon Véon tou xdie malxtn, TNV e€€AEN ToL
HECOU TOVTARIOGUATOS Yio VAL GUYXEXEWEVO ToUX T HECA OTT) ONUOTEO-
olo.

4.4 Tlewpopoatind anoteAéopota

Ye auth) Ty evotnta Yo Teptypddouue To Lo TNUA TO 0Tolo OYEBICUUE
yioe vao uhorotiooupe Ty pédodo extiunong tng ofiog 6mwe ovodeTal
TNV TEONYOUUEVT EVOTNTO %ol UETA VYo TUPOUCIACOUUE T MELRUUOTLIXG,
ATOTEAEGUOTAL.

0 GUGTNUE YOS NTOY 60O THO XOVTIVO YIVOTOY GE TEOYUOTIXG GUCTAUOT
TOVTAPIOUTOS IOV YeNoyloTolovvTon amd oVAVE ad etonpeieg. Eudixd, to
setting tng dnuompacta eivon aUTO TOU TEPLYEAPNHE TEOTYOUUEVS XAl 1)
uhoTmolnarn Tou XAVOVAL BLAVOUTS XAk TOU XOVOVA TANEWUNAS TAY CUUPWVES
ue v GSP dnuomnpactio.

4.4.0.1 IlIwc movtdeouv ol nalxTeg

O ahybpLduog ToU YENCLIOTOLEITOL YId VO TPOCOUTILOCEL To TOVTAURICUo-
o TV Toux TV [21]. Apyind emetdy| n amhdTnTa TOL TOV XdVEL TOND EAXU-
OTXO o BEVTEPOVY ETELDT ETUTUYYAVEL OYEOOV BEATIOTO ppdyUa Tegret.

ITotog etvor 0 yweog movTaptopdtoy yia xdmoto naixtrn Kodog yenotuo-
Tofioope tov EXP3 ahyoprduo yio va TpoGOUOLGOUUE THY GUUTERLPORS
TOVTUPIOUOTOS TWV TOUXT®Y ToL YaOafvouy, elvor Qovepd OTL Ular XY To-
T Yo €voy odxTn elvor VoL uotpdoet {0 TO YKHEO TOVURLOUATWY TOU
xan va Bpel avdueoa oe dheg i midavég mpdelg, Ty aAAniouyio Tou Tou
olvel xah6 gpdypa oto regret Tou xépdouc. EmmAéov, n unootAplén tou
YWEOL TOVTARLOPATOY TEETeL Vo emAeyVel. T'ia tor tepduata, To support
Tou maixtn eivan [0, v;] , 6mov v; ebvon N aia Tou. o Tumxd

T
maXy ecp; ZUl(b,abt—fuvl) - ZUi(bt>vi) (411)

t=1 t=1

Etvou 10080vopo pe:

T T
minyep, | > (Uit 0" v0) = > (~Ui(b', v7)) (4.12)

t=1 t=1
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T T
minb/EBi Z (umax - Ui(b/7 bt_m Uz)) - Z (Umam - Ui(bta Uz))
t=1 t=1
(4.13)

To véa losses elvon mpogavmdg YeTind xat To TeoBANU eEAaytoToToNoNS
elvor Telelwg 10od0vapo, doa Aocoue To TeKTo pog (htnua. To deltepo
oLoTnua elvor AoYw Tou yeyovotog 6Tl o alybderipoc EXP3 npofiénet
losses 7o [0, 1]. Autd to Véua Sev elvon TOAD oyeTind, xadoe ennpedle
uovo xatd évo otadepd mopdyovta (oo e tn péylotn duvaty loss. Apa
7 acLUTTWTIXN vanishing WOt TOL Pécou Tegret e Yo emnpeacTel.

EneZnynuatixd didypopua ToU GUC TAUATOS TROCOUOIWOTC:

Bid submission/collection

Bidder 1
— Bidder 2

Auction

Auction results l

Auction

Biddern

Bidder 1
Bidder 2

feedback

Next bid calculation l
Auction Bidder 2
EXP3

Biddern

Biddern
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4.4.0.2 Puduioesic xou anoTeAécUATA

Apywd, Yo mopoustdoovye Tig puduicels téve oTic omoleg xdvope To
melpaud pag. Av xou 1 odhory ) Twv tapopéteny oTo Telpaa dev ennpedlel
Wiaktepo TNV Y€V0do exTUNoNE XAl TN CUUTEELPOEE TOU CUCTAUATOS, Vo
TOEOVGCLAGOUUE AUTES TG ELOES TTUPAUUETEOUG.

(o

®

(v) ouviotwoeg Yéone a = [1.0,0.9,0.75,0.55, 0.3]
(

) O aprdude v Yoewy = 5
)
)
§') ouviotwoe: maixtn v = [0.1,0.08,0.07,0.07,0.06,0.07]
)
)

O péyotog apriude touxtwy = 6

’

') eldyioTo movtdploua r = 15

(
(") Or adiec twv Touddyv v = [72,61, 53,46, 39, 33]

Emmiéov, mpénet vo onueioouye 6Tt xde nadxtng elye 0To TOVTdpLoud
Tou 20 SapopeTinée Tavég TEEEIC Tou Blopoloay G N BLUCTHUATO TO

[0, v}mm].

It T pédodo extiunong, Teogaves eMAEEAUE AUTTY TOU VoL EAAYLO TO-
molel To multiplicative regret, Sioupwvtag 10 yOpo a&lac o 20 dlapope-
Téc ollec.

[Tpdxerton yia emavahapBovouevn dnponpacio tou €tpeée yia T=100,000
enavorfpeg. ‘Onwg avgdver to T, n uédodog extiunone oliog Souvielel
XAAUTEQRO EMELDY| OL MOUXTEC EMTUYYdvouy minimized regret.
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RATIONALIZABLE XYNOAA Ilopouctdloude 10 paTlovahi-
CoBhe olvolo Yo xde maixtn oTo melpoud Yoc.

rationalizable set of player 0 rationalizable set of player 1

200 140
180
120
160
100
140
§ 120 o
H H
§ 100 .... S 60| o
80 '.-P
40
)
60
20
40
20 [
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
regret regret
’, ’
(o) allec 72 xou 61
100 rationalizable set of player 2 90 rationalizable set of player 3

valuation
valuation
0,

40

30} %
2 20

10

0.2

80
80 70
60
60
of
o
0.4 0.6 0.8 1.0

regret regret

rationalizable set of player 4 rationalizable set of player 5

valuation
.

3 2 3 3

.

valuation

v v o«

8 8 3 3

o
.
° s
30 K
°
° 20
201 %
10 \ 10
0 [
0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 1.0 12
regret regret

(v) a&iec 39 xou 33

IMopatneroesig: E&etdlouye povo 1o npocletind regret xan tnyv olia
xade mabxTn.
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BID EVOLUTION Ilpoywedye napovatdloviag Tny uéon avantuin
TOVTUPLOUGTWY OE Tivoxa percent yio Tnv adio xdde molxtn:
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bid evolution of player 0

0570 0.60
0.565 059
£ 0.560 £ 058
s s
® ®
] ]
3 3
2 2
2 0555 2 057
0.550 056
0.545 055
20 40 60 80 100 20 40 60 80 100
auction iteration percentage auction iteration percentage
’
(o) ahvartiove 72 ovd 61
058 bid evolution of player 2 bid evolution of player 3
0.60
057
059
s §
2 056 2
] ]
2 2
s s
3 3 0.58
3 5
055
057
054
056
0 20 80 100 0 20 80 100
auction iteration percentage auction iteration percentage
’
(B) odvatiove 53 avd 46
057 bid evolution of player 4 0.61 bid evolution of player 5
056 0.60
059
055
058
054
§ §
-1 2 057
] ]
2053 2
S g
3 3 056
2 052 2
055
051
054
0.50 053
0.49 052
20 40 60 80 100 20 20 60 80 100

auction iteration percentage

bid evolution of player 1

(Y) chuotiove 39 avd 33
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EZENEn Oong Ooa napoucidoovue v eEENEN boo 1 dnuonpacia
enavaloufdveton oty péon Véomn mou xdle molxtng modpvet.
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position

position

position

position earned of player 0

position earned of player 1

215 275
210 270
265
2.05
2.60
2.00 <
S
£ 2.55
7
1.95 &
2550
1.90
245
185 240
1.80 235
20 40 60 80 100 20 40 60 80 100
auction iteration percentage auction iteration percentage
’,
(o) ahvartiove 72 ovd 61
235 position earned of player 2 370 position earned of player 3
3.65
330
3.60
325 355
c
s
2350
g
3.20 3.45
3.40
315
335
3.10 330
0 20 80 100 0 20 80 100
auction iteration percentage auction iteration percentage
’
(B) odvatiove 53 avd 46
430 position earned of player 4 470 position earned of player 5
428 4.65
4.26 4.60
c
S
424 5455
G
8
422 450
420 445
X 4.40
418 20 40 60 80 100 20 40 60 80 100

auction iteration percentage

(Y) chuotiove 39 avd 33
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Valuations

AIIOTEAEXMATA EKTIMHXYHY Ilpoywedue tapouctdlov-
TaC TO AmoTEREOUA TS HeVOdou exTiunone ehayloTonownviag To multi-
plicative regret xou avtd mou undévile to adpoioTixd regret.

True vs Inferenecd valuations of additive regret method %0 True vs Inferenecd valuations of multiplicative regret method

80

70

60

w 5
& 15
Valuations
s w
S 3

N
S

10

4
bidder 0  bidder 1  bidder2  bidder 3  bidder 4  bidder 5
Bidders Bidders

0
bidder 0  bidder 1  bidder2  bidder3  bidder4  bidder 5

Metproope t0 Addog extiunong twv dVo pedodwy cuyxplvovtog To
PEoo TOG0CTO GPUAUdTWY e oyéan ue Tic afieg xdde yerotn. Tumxd,
opllovtac ¢ U; TNV eXTGUEVT o&la Tou 4, 1) e&lowon fTay:

— v — 4|
> — (4.14)
- Y

(o) adBitie peypet yetnod’c eppop = 17.2%
(B) purnimhcotie peypeT uetnod’c eppop = 11,7%

4.5 Me tnv ontwxn tnc Iloopponiog

‘Onwe anodelytnxe oto [§] o xatoveunuévor olyopripol  no-regret
ouyxAlvouv e évo no regret distributed adyoprduo mou npoceyyilel éva
e npooeyyiCovtog v CCE woopponio. Apa unopolye vo cuutepdvoupe
OTL To Vo exTipdue Ty ofio Tou maixtn oe wla online SopnuLoTIXY dnuo-
npaota ye ) [4] uédodo wwoduvopel e to va Beedel 1o Leuydor Twv o0&y
mou undevilet xahtepa To regret Twv nouxtwy. Ipogoavoe, auth n uédo-
00¢ exTiUNOoMC UTOREL VoL EQUPUOCTEL OE EVal GUYXEXELIEVO TalX TN avTl Yial
OMO TO GUVONO TWV TAXTOV X0l dpat VoL UTOTEVEL OTL UOVO aUTOG O GUYXE-
xpuévog maixtng yenowonolel évav no regret alyodpriuo. (dotdc0, HTOY
auth 1 pédodog extiunone epopudleton o€ OAO TO GUVOAO TOV TOUXTOV
XL 7 HOVY OLUPORETIXY TEOGEYYIOT amtd TNV xAacixy| lvon pior uixTh -
coppomia xatd Noor,tote auEdvouue to mavd chvolo ooppominy. Mia
evdlapépovoa pwtnon Yo Aoy oV TeooTodoUcUUE Vo SOXHIACOUUE TN
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u€dodo extiunong xdtw amo BLUPOPETIXEC EVVOLES tooppoTiag, mol Vo
ATAY ToL ATOTEAECUATAL

4.6 MeAhovtixn ‘Egeuva

Kdmoleg evdiapépouoes 16éeg yia peAhovTiny €peuva culntiodvial 6To
[23]. O ocuvbuaopds BLapope TV UEVOB0WY OELOAOYNONG HE TEYVIXES
machine learning 9o ¥tav evblagépovoa Wwéa. Emniéov, doxydlovtog
OLAPOPES UETPXES OHOLOTNTAS OVIUESH GTIC ONUOTEACTES, Yial VO EXTUT-
Vel ) olla xdle maixtn e xhaoowés teyvixéc heopvivy Yo ftay eniong
wlar evdlagpépouca tpoomTixt|. Extdc autold, undpoyouv xdmoleg duvopl-
%€ omTixéC Tou xopla extiunon regret 6e Aowfdver umodn. Katd moéco
UTOREL Lot cUYXEXEIEVT a&lor Vo e€nyrioet Ty eEEMEn

"Mio tehelwe drapopeTiny xatebdvorn elvor aUTH TOU TEOTEIVEL TEOTOUG
Y10 TOV ONUOTEATY VoL HEYLO TROTIOLAGEL TO x€pB0¢ Tou. Ot apynég TAnpo-
poplec TOU BOVTNHAY OTOUC TUUXTES TapdyoLY BlaopeTixd steady state
outcomes' Ilwg ymopolue duvauixd va Vécoupe plo ehdylotn Twn o-
TOXTNONG Yl Vo peylotomointoly To x€pdog aAAdlovTag Tny LooppoTio
Ané v onTixr) TV Toux TV, otay tdve oe tept3dihovta full informa-
tion, vhomolov full information no regret ahyoptduouc avti yioo bandit.
Hailer oyetind podro 1 dlapopd:

Téhog, ula evdlagpépovoa epdtnomn Yo HTay TOC Unopolyv oL TUXTES
VO UEYIGTOTIOLAC0UY TO XE€ED0G TOUG TEEAY TNG CUUTERLPORJS no regret.
Ernlong, n vhonoinot pog Bocilotay ot éva Sloxpltd poviého yioo bidding
(onhadn tov EXP ahydperduo).unopel évag ahydprduoc cuveyols yoeou
omwe 1 pop®y) mab vhonownuévog pe gradient descent va Eemepdioet Tov
OLaXELTO;

147



Bibliography

1]

Emmanuel Guerre, Isabelle Perrigne, and Quang Vuong. Optimal
nonparametric estimation of first-price auctions. Fconometrica,
68(3):525-574, 2000. ISSN 00129682, 14680262. URL http://
www. jstor.org/stable/2999600.

Hal R. Varian. Position auctions. International Jour-
nal of Industrial Organization, 25(6):1163-1178, Decem-
ber 2007. URL https://ideas.repec.org/a/eee/indorg/
v25y200716p1163-1178 . html.

Susan Athey and Denis Nekipelov. A structural model of spon-
sored search advertising auctions. In Sixth ad auctions workshop,
May 2010.

Denis v, Vasilis Syrgkanis, and Eva Tardos. Econometrics for
learning agents. In Proceedings of the Sizteenth ACM Confer-
ence on FEconomics and Computation, EC ’15, pages 1-18, New
York, NY, USA, 2015. ACM. ISBN 978-1-4503-3410-5. doi:
10.1145/2764468.2764522. URL http://doi.acm.org/10.1145/
2764468.2764522.

Paul Diitting, Felix A. Fischer, and David C. Parkes. Truth-
ful outcomes from non-truthful position auctions. CoRR,
abs/1602.07593, 2016. URL http://arxiv.org/abs/1602.
07593.

William Vickrey. Counterspeculation, auctions, and com-
petitive sealed tenders. Journal of Finance, 16(1):8-
37, 1961. URL https://EconPapers.repec.org/RePEc:bla:
jfinan:v:16:y:1961:1i:1:p:8-37.

Roger B. Myerson. Optimal auction design. Math. Oper. Res., 6

(1):58-73, February 1981. ISSN 0364-765X. doi: 10.1287/moor.
6.1.58. URL http://dx.doi.org/10.1287/moor.6.1.58.

148


http://www.jstor.org/stable/2999600
http://www.jstor.org/stable/2999600
https://ideas.repec.org/a/eee/indorg/v25y2007i6p1163-1178.html
https://ideas.repec.org/a/eee/indorg/v25y2007i6p1163-1178.html
http://doi.acm.org/10.1145/2764468.2764522
http://doi.acm.org/10.1145/2764468.2764522
http://arxiv.org/abs/1602.07593
http://arxiv.org/abs/1602.07593
https://EconPapers.repec.org/RePEc:bla:jfinan:v:16:y:1961:i:1:p:8-37
https://EconPapers.repec.org/RePEc:bla:jfinan:v:16:y:1961:i:1:p:8-37
http://dx.doi.org/10.1287/moor.6.1.58

8]

[10]

[11]

[12]

[14]

Tim Roughgarden. Twenty Lectures on Algorithmic Game The-
ory. Cambridge University Press, New York, NY, USA, 1st edi-
tion, 2016. ISBN 131662479X, 9781316624791.

John F. Nash. Equilibrium points in n-person games. Proc. of
the National Academy of Sciences, 36:48-49, 1950.

Benjamin Edelman, Michael Ostrovsky, and Michael Schwarz. In-
ternet advertising and the generalized second-price auction: Sell-
ing billions of dollars worth of keywords. American Economic
Review, 97(1):242-259, March 2007. doi: 10.1257/aer.97.1.242.
URL http://www.aeaweb.org/articles?id=10.1257/aer.97.
1.242.

Sanjev Arora, Elad Hazan, and Satyen Kale. The multiplica-
tive weights update method: A meta-algorithm and applications.
Theory of Computing, 8:121 — 164, 2012.

N. Littlestone and M.K. Warmuth. The weighted majority algo-
rithm. Information and Computation, 108(2):212 — 261, 1994.
ISSN 0890-5401. doi: https://doi.org/10.1006 /inco.1994.1009.
URL http://www.sciencedirect.com/science/article/pii/
S0890540184710091.

Adam Kalai and Santosh Vempala. Efficient algorithms for online
decision problems. Journal of Computer and System Sciences,
71(3):291 — 307, 2005. ISSN 0022-0000. doi: https://doi.org/
10.1016/j.jcss.2004.10.016.  URL http://www.sciencedirect.
com/science/article/pii/S0022000004001394. Learning The-
ory 2003.

Yoav Freund and Robert E Schapire. A decision-theoretic gener-
alization of on-line learning and an application to boosting. Jour-
nal of Computer and System Sciences, 55(1):119 — 139, 1997.
ISSN 0022-0000. doi: https://doi.org/10.1006/jcss.1997.1504.
URL http://www.sciencedirect.com/science/article/pii/
S002200009791504X.

J. Robinson. An iterative method of solving a game. The Annals
of Mathematics, 54:296-301, September 1951.

Yoav Freund and Robert E. Schapire. Adaptive game playing us-
ing multiplicative weights. Games and Economic Behavior, 29(1-
2):79-103, 1999. URL https://EconPapers.repec.org/RePEc:
eee:gamebe:v:29:y:1999:1:1-2:p:79-103.

149


http://www.aeaweb.org/articles?id=10.1257/aer.97.1.242
http://www.aeaweb.org/articles?id=10.1257/aer.97.1.242
http://www.sciencedirect.com/science/article/pii/S0890540184710091
http://www.sciencedirect.com/science/article/pii/S0890540184710091
http://www.sciencedirect.com/science/article/pii/S0022000004001394
http://www.sciencedirect.com/science/article/pii/S0022000004001394
http://www.sciencedirect.com/science/article/pii/S002200009791504X
http://www.sciencedirect.com/science/article/pii/S002200009791504X
https://EconPapers.repec.org/RePEc:eee:gamebe:v:29:y:1999:i:1-2:p:79-103
https://EconPapers.repec.org/RePEc:eee:gamebe:v:29:y:1999:i:1-2:p:79-103

[17]

[19]

[20]

[21]

[22]

23]

Yoav Freund and Robert E.Schapire. A decision-theoretic general-
ization of on-line learning and an application to boosting. Journal
of Computer and System Sciences, 55:119 — 139, 1997.

Elad Hazan. Introduction to online convex optimization. Foun-
dations and Trends in Optimization, 2(3-4):157-325, 2016. ISSN
2167-3888. doi: 10.1561/2400000013. URL http://dx.doi.org/
10.1561/2400000013.

Martin Zinkevich. Online convex programming and generalized
infinitesimal gradient ascent. In Proceedings of the Twentieth
International Conference on International Conference on Ma-
chine Learning, ICML’03, pages 928-935. AAAI Press, 2003.
ISBN 1-57735-189-4. URL http://dl.acm.org/citation.cfm?
1d=3041838.3041955.

Herbert Robbins. Some aspects of the sequential design of exper-
iments. Bull. Amer. Math. Soc., 58(5):527-535, 09 1952. URL
https://projecteuclid.org:443/euclid.bams/1183517370.

Peter Auer, Nicolo Cesa-Bianchi, Yoav Freund, and Robert E.
Schapire. The nonstochastic multiarmed bandit problem. SIAM
J. Comput., 32(1):48-77, January 2003. ISSN 0097-5397. doi:
10.1137/S0097539701398375. URL https://doi.org/10.1137/
S0097539701398375.

Avrim Blum, Yishay Mansour, and Jamie Morgenstern. Learn-
ing valuation distributions from partial observation. In Proceed-
ings of the Twenty-Ninth AAAI Conference on Artificial Intel-
ligence, January 25-30, 2015, Austin, Texas, USA., pages 798—
804, 2015. URL http://www.aaai.org/ocs/index.php/AAAT/
AAAT15/paper/view/9550.

Noam Nisan and Gali Noti. An experimental evaluation of
regret-based econometrics. In Proceedings of the 26th Inter-
national Conference on World Wide Web, WWW ’17, pages
73-81, Republic and Canton of Geneva, Switzerland, 2017. In-
ternational World Wide Web Conferences Steering Committee.
ISBN 978-1-4503-4913-0. doi: 10.1145/3038912.3052621. URL
https://doi.org/10.1145/3038912.3052621.

Stephen Boyd and Lieven Vandenberghe. Conver Optimization.

Cambridge University Press, New York, NY, USA, 2004. ISBN
0521833787.

150


http://dx.doi.org/10.1561/2400000013
http://dx.doi.org/10.1561/2400000013
http://dl.acm.org/citation.cfm?id=3041838.3041955
http://dl.acm.org/citation.cfm?id=3041838.3041955
https://projecteuclid.org:443/euclid.bams/1183517370
https://doi.org/10.1137/S0097539701398375
https://doi.org/10.1137/S0097539701398375
http://www.aaai.org/ocs/index.php/AAAI/AAAI15/paper/view/9550
http://www.aaai.org/ocs/index.php/AAAI/AAAI15/paper/view/9550
https://doi.org/10.1145/3038912.3052621

[25]

[26]

Noam Nisan, Tim Roughgarden, Eva Tardos, and Vijay V. Vazi-
rani. Algorithmic Game Theory. Cambridge University Press,
New York, NY, USA, 2007. ISBN 0521872820.

Shai Shalev-Shwartz and Shai Ben-David. Understanding Ma-
chine Learning: From Theory to Algorithms. Cambridge Uni-
versity Press, New York, NY, USA, 2014. ISBN 1107057132,
9781107057135.

Brown. Analysis of Production and Allocation. Wiley, 1951.
Howard Karloff. Linear Programming.

Stone. Optimal global rates of convergence for nonparametric
regression. The Annals of Statistics, pages 1040-1053, 1982.

J. von Neumann. Zur theorie der gesellschaftsspiele. Mathematis-
che Annalen, 100:295-320, 1928. URL http://eudml.org/doc/
159291l

Shuchi Chawla, Jason Hartline, and Denis Nekipelov. A/b test-
ing of actions. In Proceedings of the 2016 ACM Conference
on FEconomics and Computation, EC 16, pages 19-20, New
York, NY, USA, 2016. ACM. ISBN 978-1-4503-3936-0. doi:
10.1145/2940716.2940757. URL http://doi.acm.org/10.1145/
2940716.2940757.

Edward Clarke. Multipart pricing of public goods. Public
Choice, 11(1):17-33, 1971. URL https://EconPapers.repec.
org/RePEc:kap:pubcho:v:11:y:1971:i:1:p:17-33.

Theodore Groves. Incentives in teams. Econometrica, 41(4):617—
31, 1973. URL https://EconPapers.repec.org/RePEc:ecm:
emetrp:v:41:y:1973:1:4:p:617-31l

Sergiu Hart and Andreu Mas-Colell. A simple adaptive proce-
dure leading to correlated equilibrium. Econometrica, 68(5):1127—
1150, 2000. URL https://EconPapers.repec.org/RePEc:ecm:
emetrp:v:68:y:2000:1:5:p:1127-1150.

Avrim Blum and Yishay Mansour. From external to internal
regret. Journal of Machine Learning Research, 8:1307-1324, 2007.
URL http://dl.acm.org/citation.cfm?id=1314543.

Tim Roughgarden, Vasilis Syrgkanis, and Eva Tardos. The price
of anarchy in auctions. CoRR, abs/1607.07684, 2016. URL http:
//arxiv.org/abs/1607.07684.

151


http://eudml.org/doc/159291
http://eudml.org/doc/159291
http://doi.acm.org/10.1145/2940716.2940757
http://doi.acm.org/10.1145/2940716.2940757
https://EconPapers.repec.org/RePEc:kap:pubcho:v:11:y:1971:i:1:p:17-33
https://EconPapers.repec.org/RePEc:kap:pubcho:v:11:y:1971:i:1:p:17-33
https://EconPapers.repec.org/RePEc:ecm:emetrp:v:41:y:1973:i:4:p:617-31
https://EconPapers.repec.org/RePEc:ecm:emetrp:v:41:y:1973:i:4:p:617-31
https://EconPapers.repec.org/RePEc:ecm:emetrp:v:68:y:2000:i:5:p:1127-1150
https://EconPapers.repec.org/RePEc:ecm:emetrp:v:68:y:2000:i:5:p:1127-1150
http://dl.acm.org/citation.cfm?id=1314543
http://arxiv.org/abs/1607.07684
http://arxiv.org/abs/1607.07684

[37]

[38]

Shuchi Chawla, Jason D. Hartline, and Denis Nekipelov. Mecha-
nism design for data science. CoRR, abs/1404.5971, 2014. URL
http://arxiv.org/abs/1404.5971.

Michael Ostrovsky and Michael Schwarz. Reserve prices in in-
ternet advertising auctions: A field experiment. In Proceed-
ings of the 12th ACM Conference on FElectronic Commerce, EC
11, pages 59-60, New York, NY, USA, 2011. ACM. ISBN
978-1-4503-0261-6. doi: 10.1145/1993574.1993585. URL http:
//doi.acm.org/10.1145/1993574 .1993585.

L S. Shapley and Martin Shubik. The assignment game i: The
core. 1:111-130, 12 1971.

Paul Milgrom. Putting Auction Theory to Work. Cambridge
University Press, 2004. URL https://EconPapers.repec.org/
RePEc:cup:cbooks:9780521536721.

Niv Buchbinder, Kamal Jain, and Joseph Seffi Naor. Online
primal-dual algorithms for maximizing ad-auctions revenue. In
Proceedings of the 15th Annual FEuropean Conference on Al-
gorithms, ESA’07, pages 253-264, Berlin, Heidelberg, 2007.
Springer-Verlag. ISBN 3-540-75519-5, 978-3-540-75519-7. URL
http://dl.acm.org/citation.cfm?id=1778580.1778606.

Donald M. Topkis. Minimizing a submodular function on a lattice.
Operations Research, 26(2):305-321, 1978. doi: 10.1287/opre.26.
2.305.

152


http://arxiv.org/abs/1404.5971
http://doi.acm.org/10.1145/1993574.1993585
http://doi.acm.org/10.1145/1993574.1993585
https://EconPapers.repec.org/RePEc:cup:cbooks:9780521536721
https://EconPapers.repec.org/RePEc:cup:cbooks:9780521536721
http://dl.acm.org/citation.cfm?id=1778580.1778606

