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2 PERIEQ�OMENA



Kef�laio 1

Eisagwg 

O stìqoc aut c thc ergasÐac eÐnai h melèth Hmigrammik¸n Merik¸n Di-
aforik¸n Exis¸sewn (MDE) pou perigr�fontai apì thn p-Laplacian sto
kÔrio mèroc, kai mia sun�rthsh pou den diathreÐ prìshmo, se mh fragmè-
na qwrÐa (kai sugkekrimèna se ìlo ton RN). H p-Laplacian emfanÐzetai
se probl mata Jewrhtik¸n Majhmatik¸n ìpwc hmikanonikèc   hmisÔmmorfec
apeikonÐseic (bl.[26] kai anaforèc) kaj¸c kai se probl mata Efarmosmènwn
Majhmatik¸n ìpwc probl mata melèthc mh Neut¸neiwn ugr¸n, exis¸seic an-
tÐdrashc - di�qushc, ro  diamèsou por¸dwn ulik¸n, mh grammik  elastikìthta,
glaseologÐa, k.�.
(Gia p = 2 h 2-Laplacian eÐnai o sunhjismènoc telest c tou Laplace ).
Sthn ergasÐa aut  ja melet soume to prìblhma

−div(| ∇u |p−2 ∇u) = λg(x) | u |p−2 u

san prìblhma idiotim¸n.Qrhsimopoi¸ntac mia genÐkeush (JewrÐa Ljusternik-
Schnirelman) thc JewrÐac Idiotim¸n gia tetragwnikèc morfèc tou R.Courant,
ja deÐxoume, sto Kef�laio 2, ìti up�rqei �peirh akoloujÐa jetik¸n idiotim¸n,
pou dÐnontai san krÐsima shmeÐa enìc kat�llhlou sunarthsiakoÔ se ènan o-
moiìmorfa kurtì q¸ro Banach me b�roc. Sth sunèqeia, diereunoÔme idiìtht-
ec thc pr¸thc idiotim c kai thc antÐstoiqhc idiosun�rthshc.Sto Kef�laio 3,
basizìmenoi sta apotelèsmata aut�, melet�me to prìblhma diakl�dwshc pou
sumbaÐnei sthn pr¸th idiotim  gia to << mh omogenèc >> prìblhma. To prìblhma
idiotim¸n gia thn p-Laplacian se fragmèna qwrÐa èqei melethjeÐ ektetammè-
na. Anafèroume gia par�deigma tic ergasÐec twn [6], [8] , [36] kai [51] kai tic
anaforèc touc. Gia probl mata idiotim¸n me aìristo b�roc se fragmèna qwrÐa
anafèroume tic ergasÐec [41], [28].Qr sima apotelèsmata kai gia thn perÐptwsh
p = 2 mporoÔn na anazhthjoÔn sta [2] , [12].Gia to prìblhma idiotim¸n se mh
fragmèna qwrÐa anafèroume sta [20],[29], [3],[26]. To prìblhma gÐnetai endi-
afèron giatÐ se aut  thn perÐptwsh prokÔptoun mh sumpageÐc telestèc all�
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4 KEF�ALAIO 1. EISAGWG�H

kai epeid  den isqÔoun ta klasik� jewr mata emfuteÔsewn pou èqoume se k-
lasikoÔc q¸rouc Sobolev se fragmèna, arkoÔntwc leÐa qwrÐa. Gia to lìgo
autì, ìpwc ja doÔme, katafeÔgoume se q¸rouc me b�rh oi opoÐoi lÔnoun poll�
apì ta probl mata pou prokÔptoun lìgw tou mh fragmènou qwrÐou.
Mia shmantik  sunist¸sa sth melèth aut¸n twn problhm�twn eÐnai se poio
q¸ro gÐnetai h melèth,kaj¸c autoÐ den eÐnai gnwstoÐ ek twn protèrwn. 'Eqoun
deiqjeÐ apotelèsmata stouc klasikoÔc q¸rouc Sobolev W 1,p, pq [29] kaj¸c
kai se q¸rouc Sobolev me b�rh, pq [24]. Oi teleutaÐoi ja eÐnai kai to dikì mac
sunarthsiakì plaÐsio.Touc orÐzoume san to kleÐsimo tou C∞0 (RN) wc proc
kat�llhla epilegmènh nìrma.
Gia to prìblhma diakl�dwshc se fragmèna qwrÐa anafèroume sta [9],[18],[19],[21].
Gia mh fragmèna qwrÐa anafèroume sta [30],[31],[34],[35],[46],[55].Stic peris-
sìterec apì tic teleutaÐec anaforèc gÐnetai qr sh metabolik¸n mejìdwn oi
opoÐec ìmwc douleÔoun mìno -ek twn pragm�twn- g(x) < 0, λ > 0 kai oi mè-
jodoÐ touc apotugq�noun an h sun�rthsh g(x) all�zei prìshmo.

S' aut n thn ergasÐa ja qrhsimopoi soume jewrÐa topologikoÔ bajmoÔ
kai ja deÐxoume ìti -k�tw apì kat�llhlec proôpojèseic oloklhrwsimìthtac
gia th sun�rthsh g - up�rqoun dÔo shmeÐa diakl�dwshc.Epiplèon, ja melet -
soume thn omalìthta kai thn asumptwtik  sumperifor� twn lÔsewn kai ja
d¸soume plhroforÐec gia to prìshmo twn lÔsewn stouc kl�douc diakl�dw-
shc.
Sto upìloipo autoÔ tou kefalaÐou anafèroume k�poia aparaÐthta jewr mata
kai orismoÔc ta opoÐa ja qrhsimeÔsoun sta probl mata pou ja antimetw-
pÐsoume.

Jèlw na euqarist sw ton Kajhght  thc SEMFE Nikìlao Staurak�kh
gia thn kajod ghs  tou kai tic qr simec bibliografikèc upodeÐxeic tou kai
genikìtera gia thn polÔ kal  sunergasÐa sthn ekpìnhsh thc paroÔsac er-
gasÐac.
EpÐshc, na euqarist sw ta mèlh thc trimeloÔc epitrop c, ton Kajhght  B.
Papanikol�ou kai ton EpÐkouro Kajhght  N. Giannak�kh pou dèqthkan na
apotelèsoun kritèc aut c thc ergasÐac.
Aisj�nomai epÐshc thn an�gkh na euqarist sw touc kajhghtèc thc SEMFE,
N. Giannak�kh, S.Karan�sio, D. KrabbarÐth, N. Staurak�kh kai I.Tsini� gia
th genikìterh kajod ghsh kai sumpar�stas  touc ta teleutaÐa dÔo qrìnia,
thn empistosÔnh pou èdeixan sto prìswpì mou kai tic gn¸seic pou mou metèd-
wsan mèsa apì ta maj mat� touc, pou apotèlesan ton kÔrio par�gonta ston
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kajorismì twn ereunhtik¸n mou endiafèrontwn kai èbalan tic b�seic gia tic
peraitèrw spoudèc mou.
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1.1 Q¸roi Sobolev me b�rh

1.1.1 KlasikoÐ q¸roi Sobolev

Se ì,ti akoloujeÐ parak�tw, ja jewr soume gnwst  th jewrÐa twn klasik¸n
q¸rwn Sobolev (bl. [1]).
Gia lìgouc gr gorhc anafor�c ja d¸soume mìno k�poiouc sumbolismoÔc kai
èna qr simo apotèlesma pou ja qrhsimopoioÔme epaneilhmènwc sth sunèqeia.
Sta epìmena me p′ = N

N−p ja sumbolÐzoume to suzug  ekjèth Sobolev en¸ me

p∗ = Np
N−p ton krÐsimo ekjèth Sobolev.

H akìloujh anisìthta Sobolev ja qrhsimopoieÐtai sunèqeia sto upìloipo
keÐmeno:

Anisìthta Sobolev

(

∫
RN
| u(x) |p∗ dx)

1
p∗ ≤ c(

∫
RN
| ∇u(x) |p dx)

1
p . (1.1)

1.1.2 Q¸roi Sobolev me b�rh

Oi q¸roi autoÐ den eÐnai par� mia mikr  tropopoÐhsh twn klasik¸n q¸rwn
Sobolev W k,p(Ω) all� oi idiìthtèc touc (kurÐwc oi emfuteÔseic) eÐnai arket�
pio polÔplokec kai ligìtero emfaneÐc. Sthn upoenìthta aut  ja arkestoÔme
stouc basikoÔc orismoÔc, kai ì,ti �llo qreiazìmaste sth sunèqeia ja to
anafèroume kat� perÐptwsh. Gia perissìterec leptomèreiec parapèmpoume sta
[24] kai [13].
'Estw k ∈ N kai 1 ≤ p < ∞. 'Estw epÐshc, w mia dedomènh oikogèneia apì
sunart seic b�rouc wα, | α |≤ k :

w = {wα(x), x ∈ Ω, | α |≤ k}.

Me
W k,p(Ω, w)

orÐzoume to sÔnolo ìlwn twn sunart sewn u ∈ Lp(Ω, wθ) (θ eÐnai o mhdenikìc
poludeÐkthc θ = (0, 0, ..., 0)) gia tic opoÐec oi asjeneÐc par�gwgoi Dαu, | α |≤
k an koun ston Lp(Ω, wα).
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Oi q¸roi Sobolev me b�roc W k,p(Ω, w) eÐnai grammikoÐ q¸roi me nìrma an
efodiastoÔn me th nìrma

‖ u ‖k,p,w= (
∑
|α|≤k

‖ Dαu ‖pp,wα)
1
p .

IsqÔei to akìloujo shmantikì je¸rhma

Je¸rhma 1.1.1 'Estw 1 < p < ∞ kai ac upojèsoume ìti oi sunart seic -
b�rh wα ikanopoioÔn

w
− 1
p−1

α ∈ L1
loc(Ω), | α |≤ k.

Tìte, o W k,p(Ω, w) eÐnai omoiìmorfa kurtìc (kai �ra anaklastikìc) q¸roc
Banach.
An epiplèon upojèsoume ìti

wα ∈ L1
loc(Ω), | α |≤ k,

tìte o C∞0 (Ω) eÐnai uposÔnolo tou W k,p(Ω, w) kai mporoÔme na orÐsoume to
q¸ro

W k,p
0 (Ω, w)

wc to kleÐsimo tou C∞0 (Ω) wc proc th nìrma ‖ · ‖k,p,w .
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1.2 JewrÐa TopologikoÔ BajmoÔ gia

Monìtonouc Telestèc

S' aut  thn enìthta ja d¸soume k�poia qr sima apotelèsmata apì th jewrÐa
topologikoÔ bajmoÔ ( topological degree theory ) gia genikeumènouc monìtonouc
telestèc. Ja ta qreiastoÔme ìtan ja antimetwpÐsoume to prìblhma thc diak-
l�dwshc.
H eisagwg  thc ènnoiac tou topologikoÔ bajmoÔ ègine san prosp�jeia na
genikeuteÐ o arijmìc peristrof¸n miac kampÔlhc gÔrw apì shmeÐo, apì th
Migadik  An�lush. Sundèetai sten� me th JewrÐa StajeroÔ ShmeÐou kai
mporeÐ na axiopoihjeÐ gia thn ektÐmhsh tou pl jouc twn lÔsewn miac exÐsw-
shc. An mporoÔme na broÔme mia tetrimmènh lÔsh thc exÐswshc, me th qr sh
tou TopologikoÔ BajmoÔ endèqetai na mporoÔme na deÐxoume ìti up�rqei kai
deÔterh, mh tetrimmènh lÔsh. An�loga me to eÐdoc twn apeikonÐsewn, orÐzontai
kai diaforetikoÐ bajmoÐ, pq gia apeikonÐseic metaxÔ q¸rwn Banach orÐzetai o
bajmìc tou Brouwer ston RN , gia sumpageÐc apeikonÐseic se q¸rouc me nìrma
o Leray-Schauder bajmìc, o coincidence bajmìc, k.�. 'Eqei epÐshc oristeÐ
bajmìc gia suneqeÐc apeikonÐseic metaxÔ pollaplot twn.

Orismìc 1.2.1 'Estw X ènac anaklastikìc q¸roc Banach kai X∗ o duikìc
tou. O telest c T : X → X∗ lème ìti ikanopoieÐ th sunj kh a(X) (  S+ )

an oi upojèseic un
w→u0 sto X kai

lim
n→∞

sup < Tun, un − u0 >≤ 0,

sunep�gontai ìti un → u0 sto X.

Tìte (bl. [24],[11],[48])èqoume ìti h ènnoia tou topologikoÔ bajmoÔ mporeÐ
na oristeÐ gia mia kl�sh apeikonÐsewn apì ton X sto X∗.
Sugkekrimèna, isqÔei to akìloujo je¸rhma:

Je¸rhma 1.2.1 'Estw T : X → X∗ fragmènoc kai hmisuneq c1 telest c
pou ikanopoieÐ th sunj kh a(X). 'Estw D ⊂ X èna anoiqtì,fragmèno kai mh
kenì sÔnolo me sÔnoro ∂D tètoio ¸ste Tu 6= 0, gia u ∈ ∂D.
Tìte,up�rqei akèraioc Deg[T ;D, 0] (pou onom�zetai bajmìc thc apeikìnishc T
wc proc to sÔnolo D kai to 0), tètoioc ¸ste:

1
αν un → u, τότε Tun

w→Tu
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1. Deg[T ;D, 0] 6= 0, sunep�getai ìti up�rqei èna stoiqeÐo u0 ∈ D tètoio
¸ste

Tu0 = 0

2. An to sÔnolo D eÐnai summetrikì wc proc to 0 kai T eÐnai mia peritt 
apeikìnish tìte Deg[T ;D, 0] eÐnai perittìc

3. (AnalloÐwto me anafor� sthn OmotopÐa)
'Estw Tλ oikogèneia apeikonÐsewn pou exart¸ntai suneq¸c apì mia prag-
matik  par�metro λ ∈ [0, 1] kai Tλu 6= 0, gia k�je u ∈ ∂D kai λ ∈ [0, 1]
(H apeikìnish (λ, u) 7→ Tλu apì R×X ston X∗ kaleÐtai mia prosdekt 
omotopÐa (admissible homotopy) wc proc to sÔnolo D kai to 0 ).
Tìte to Deg[Tλ;D, 0] eÐnai stajerì wc proc to λ ∈ [0, 1] kai èqoume

Deg[T0;D, 0] = Deg[T1;D, 0]

De ja d¸soume thn apìdeixh ed¸ (bl.[7]) gia thn apìdeixh kai thn kataskeu 
tou topologikoÔ bajmoÔ).Na shmei¸soume mìno ìti h idèa eÐnai mia kat�llhlh
prosèggish tou T apì telestèc peperasmènhc t�xhc.

ShmeÐwsh: ParathroÔme tic omoiìthtec me to Leray − Schauder bajmì.

To epìmeno L mma eÐnai �mesh sunèpeia tou OrismoÔ 1.2.1 kai twn id-
iot twn twn sumpag¸n telest¸n (pou apeikonÐzoun asjen¸c sugklÐnousec
akoloujÐec tou X se isqur¸c sugklÐnousec sto X∗).

L mma 1.2.1 'Estw ìti o T : X → X∗ telest c pou ikanopoieÐ th sunj kh
a(X) kai ìti K : X → X∗ ènac sumpag c telest c.
Tìte to �jroisma T +K : X → X∗ ikanopoieÐ th sunj kh a(X).

To epìmeno apotèlesma mazÐ me to (1) tou prohgoÔmenou Jewr matoc
sunistoÔn èna isqurì apodeiktikì ergaleÐo gia apotelèsmata Ôparxhc lÔshc.

Je¸rhma 1.2.2 'Estw T : X → X∗ ènac fragmènoc,hmisuneq c telest c
pou ikanopoieÐ th sunj kh a(X),
0 ∈ D̄ \ ∂D, Tu 6= 0 gia u ∈ ∂D (me D ìpwc sto prohgoÔmeno Je¸rhma) kai
èstw ìti gia u ∈ ∂D isqÔei < Tu, u >≥ 0.
Tìte,

Deg[T ;D, 0] = 1
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Orismìc 1.2.2 'Estw u0 ∈ X kai T : X → X∗.
An Tu0 = 0, to u0 kaleÐtai krÐsimo shmeÐo thc apeikìnishc T .'Ena shmeÐo u0

kaleÐtai apomonwmèno krÐsimo shmeÐo thc T an up�rqei mp�la Br(u0) = {u ∈
X; ‖ u − u0 ‖< r} pou den perièqei �llo krÐsimo shmeÐo thc T ektìc apì to
u0.
An F : X → R èna sunarthsiakì me Fréchet par�gwgo F ′ = T , tìte to
(apomonwmèno) krÐsimo shmeÐo u0 thc T kaleÐtai (apomonwmèno) krÐsimo shmeÐo
tou sunarthsiakoÔ F .

Orismìc 1.2.3 O arijmìc

lim
r→0

Deg[T ;Br(u0), 0]

ja kaleÐtai o deÐkthc tou apomonwmènou krÐsimou shmeÐou u0 thc apeikìnishc
T kai ja sumbolÐzetai me Ind(T, uo).

Je¸rhma 1.2.3 (Ajroistik  Idiìthta tou topologikoÔ bajmoÔ)
Upojètoume ìti o telest c T : X → X∗ eÐnai fragmènoc,hmisuneq c kai
ikanopoieÐ th sunj kh a(X).
'Estw epÐshc ìti o telest c T èqei mìno apomonwmèna krÐsima shmeÐa sto D
(to D ìpwc parap�nw) kai Tu 6= 0 gia u ∈ ∂D. Tìte,up�rqei peperasmèno
mìno pl joc krÐsimwn shmeÐwn ui sto D, i = 1, ..., n, kai isqÔei epÐshc

Deg[T ;D, 0] =
n∑
i=1

Ind(T, ui)

Je¸rhma 1.2.4 Upojètoume ìti to sunarthsiakì F : X → R èqei topikì
el�qisto sto uo ∈ X kai h Fréchet par�gwgoc F ′ : X → X∗ eÐnai frag-
mènh,hmisuneq c kai ikanopoieÐ th sunj kh a(X) kai èstw epiplèon u0 èna
apomonwmèno krÐsimo shmeÐo thc F ′.
Tìte,

Ind(F ′, u0) = 1
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1.3 Qr sima teqnik� apotelèsmata

S' aut  thn enìthta ja d¸soume k�poia qr sima apotelèsmata sta opoÐa ja
qreiasteÐ na anatrèxoume sta epìmena kef�laia. Gia lìgouc aplìthtac, autì
ja to k�noume gia aploÔsterec exis¸seic pou kalÔptoun ìmwc tic peript¸-
seic pou melet�me. Na tonÐsoume ed¸ ìti ta apotelèsmata aut� eÐnai arket�
teqnik� kai oi apodeÐxeic kaj¸c kai h akrib c shmasÐa twn stajer¸n pou em-
fanÐzontai ja prèpei na anazhthjoÔn sthn arqik  bibliografÐa.

JewroÔme thn exÐswsh

−div(| ∇u |p−2 ∇u) = h(x, u) (1.2)

se èna qwrÐo Ω ⊂ RN (kai pijan� Ω = RN), p > 1 kai gia th sun�rthsh h
isqÔoun :
. h ∈ CAR kai gia k�je M > 0, up�rqei mia stajer� cM > 0 tètoia ¸ste

| h(x, s) |≤ cM | s |p−1

gia sqedìn ìla ta x ∈ Ω kai gia ìla ta s ∈ (−M,M).

H sun�rthsh u ∈ W 1,p
loc (Ω) ja kaleÐtai asjen c lÔsh thc (1.2) sto Ω an∫

Ω

| ∇u |p−2 ∇u∇vdx =

∫
Ω

h(x, u)vdx,∀v ∈ C∞0 (Ω).

Me K = K(ρ) ja orÐzoume ton kÔbo me m koc akm c ρ > 0. To epìmeno
apotèlesma èpetai apì to pio genikì Je¸rhma 1.1 sthn ergasÐa [54] tou
N.S.Trudinger.

Je¸rhma 1.3.1 'Estw u = u(x) mia asjen c lÔsh thc (1.2) ston kÔbo
K = K(3ρ) ⊂ Ω me 0 ≤ u < M ston K. Tìte h akìloujh anisìthta tÔpou
Harnack isqÔei :

max
x∈K(3ρ)

u(x) ≤ C min
x∈K(ρ)

u(x),

ìpou C = C(p,N, h, ρ, cM) kai ta kèntra twn K(ρ) kai K(3ρ) sumpÐptoun.

Parat rhsh 1.3.1 An h asjen c lÔsh u 6≡ 0 thc (1.2) ikanopoieÐ k�poio
apriori L∞ fr�gma, kai u ≥ 0,Ω, tìte apì to prohgoÔmeno Je¸rhma èpetai
ìti h u eÐnai austhr� jetik  sto Ω.
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To epìmeno je¸rhma eÐnai sunèpeia tou genikìterou Jewr matoc 1 sthn er-
gasÐa [47] tou J.Serrin.

Je¸rhma 1.3.2 Me tic Ðdiec me to prohgoÔmeno Je¸rhma upojèseic kai gia
1 < p < N , èstw ìti h asjen c lÔsh tou (1.2) eÐnai fragmènh ston L∞(Ω).
Epiplèon, upojètoume ìti h h(x, u) ∈ Lγ1(Ω), gia k�poio γ1 >

N
p
. Tìte, gia

k�je x ∈ Ω èqoume ìti

‖ u ‖L∞(B1(x))≤ (‖ u ‖Lp∗ (B2(x)) + ‖ h(x, u) ‖Lγ1 (B2(x))),

ìpou c = c(p,N, γ1) > 0 kai B1(x) ⊂ B2(x) ⊂ Ω.

Parat rhsh 1.3.2 An isqÔoun

lim
|x|→∞

‖ u ‖Lp∗ (B2(x))= 0, lim
|x|→∞

‖ h(x, u) ‖Lγ1 (B2(x)) = 0

Tìte apì to Je¸rhma sunep�getai h apìsbesh thc u = u(x) kaj¸c | x |→ ∞.

Akìma, apì to Je¸rhma 1 apì thn ergasÐa [53] èqoume to akìloujo apotè-
lesma omalìthtac

Je¸rhma 1.3.3 Me tic prohgoÔmenec p�nta upojèseic kai me thn epiplèon
ìti h asjen c lÔsh tou (1.2) ikanopoieÐ u ∈ L∞ isqÔei ìti
h u an kei topik� ston C1,α(Ω) me α ∈ (0, 1).
Pio sugkekrimèna, gia dosmèna x0 ∈ Ω kai B3r(x0) ⊂ Ω, up�rqei α ∈ (0, 1),

tètoio ¸ste u ∈ C1,α(Br(x0)).

To epìmeno genikì Je¸rhma ofeÐletai ston J.L.Lions [38] kai eÐnai èna
apotèlesma parembol c.

Je¸rhma 1.3.4 'Estw X, Y, Z q¸roi Banach pou ikanopoioÔn tic emfuteÔ-
seic

Q ↪→↪→ Y ↪→ Z.

Tìte, gia k�je ε > 0, up�rqei mia jetik  stajer� c(ε) tètoia ¸ste gia k�je
u ∈ X,

‖ u ‖Y≤ ε ‖ u ‖X +c(ε) ‖ u ‖Z .
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Gia na apodeÐxoume argìtera ìti h kurÐarqh idiotim  tou probl matoc
−∆pu = λg(x) | u |p−2 u eÐnai apl  ja qrhsimopoi soume mia genÐkeush
thc akìloujhc tautìthtac tou Picone :

| ∇u |2 +
u2

v2
| ∇v |2 −u

v
∇u∇v =| ∇u |2 −∇(

u2

v
)∇v ≥ 0.

H sugkekrimènh tautìthta èqei apodeiqjeÐ polÔ qr simh sthn poiotik  melèth
elleiptik¸n exis¸sewn deÔterhc t�xhc kaj¸c, ektìc tou ìti dÐnei th dunatìth-
ta gia el�qista teqnikèc apodeÐxeic, gia thn efarmog  thc de qrei�zetai na
k�noume upojèseic omalìthtac gia th sun�rthsh sto sÔnoro tou upì melèth
probl matoc. 'Etsi, h antimet¸pish gia fragmèna kai mh fragmèna qwrÐa eÐnai
h Ðdia. Sta epìmena ja qrhsimopoi soume thn akìloujh genÐkeus  thc gia thn
p-Laplacian :

Je¸rhma 1.3.5 (Genikeumènh tautìthta Picone)
'Estw v > 0, u ≥ 0 diaforÐsimec sunart seic sto Ω (fragmèno   mh qwrÐo tou
RN). OrÐzoume ta parak�tw

L(u, v) =| ∇u |p +(p− 1)
up

vp
| ∇v |p −pu

p−1

vp−1
∇u | ∇v |p−2 ∇v,

R(u, v) =| ∇u |p −v(
up

vp−1
) | ∇v |p−2 ∇v.

Tìte, L(u, v) = R(u, v) ≥ 0. Epiplèon L(u, v) = 0 sqedìn gia k�je x ∈ Ω, an
kai mìno an, ∇(u

v
) = 0 sqedìn pantoÔ sto Ω, dhlad  ìtan u = kv gia k�poia

stajer� k se k�je sunist¸sa tou Ω (kaj¸c to qwrÐo eÐnai aujaÐreto, eÐnai
pijanì na mhn eÐnai sunektikì)

H apìdeixh mporeÐ na anazhthjeÐ sto [4].

Tèloc, gia dieukìlunsh tou anagn¸sth, na jumÐsoume to gnwstì Je¸rhma
Egorov apì th JewrÐa Olokl rwshc (pq bl. [10])

Je¸rhma 1.3.6 (Egorov)
Upojètoume ìti µ(Ω) < ∞. 'Estw (fn) mia akoloujÐa metr simwn sunart -
sewn apì to Ω sto R tètoia ¸ste fn(x) → f(x) sqedìn pantoÔ sto Ω (me
‖fn(x)‖ <∞, | f(x) |<∞ sqedìn pantoÔ)
Tìte,gia k�je ε > 0,
up�rqei èna A ⊂ Ω metr simo, tètoio ¸ste µ(Ω \ A) < ε kai fn → f omoiì-
morfa sto A.
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Kef�laio 2

Prìblhma Idiotim¸n

2.1 Eisagwg 

S' autì to kef�laio ja exet�soume to prìblhma idiotim¸n

−div(| ∇u |p−2 ∇u) = λg(x) | u |p−2 u, x ∈ RN . (2.1)

KÔrioc stìqoc mac ed¸ eÐnai na deÐxoume ìti up�rqei �peirh akoloujÐa idiotim¸n
kai o qarakthrismìc thc pr¸thc idiotim c kai thc antÐstoiqhc idiosun�rthshc.
Sthn enìthta (2.2), ja d¸soume to kÐnhtro pou od ghse sth mèjodo pou ja
akolouj soume exet�zontac to metabolikì qarakt rismì idiotim¸n gia tetrag-
wnikèc morfèc. Sth sunèqeia, sthn enìthta (2.3), ja d¸soume to genikì
plaÐsio thc metabolik c mac mejìdou, ìpwc dÐnetai apì th JewrÐa Ljusternik-
Schnirelman. Sthn enìthta (2.4), ja efarmìsoume aut  th mèjodo gia to
prìblhma mac kai ja deÐxoume ìti ìntwc up�rqei �peirh akoloujÐa idiotim¸n.
Sthn teleutaÐa enìthta tou kefalaÐou, ja apodeÐxoume k�poiec idiìthtec thc
pr¸thc idiotim c kai thc antÐstoiqhc idiosun�rthshc.

Na shmei¸soume, ìti se aut  thn efarmog  -ìpwc kai se poll� �lla
probl mata thc Mh Grammik c An�lushc - h ènnoia thc klassik c lÔshc den
eÐnai kat�llhlh gia thn efarmog  poll¸n mejìdwn. Gia par�deigma, k�poia
meionekt mata eÐnai ìti

. oi q¸roi twnHölder-suneq¸n sunart sewn den eÐnai anaklastikoÐ. 'Omwc
tìte den eÐmaste se jèsh na doulèyoume me metabolikèc mejìdouc, oi opoÐec
exart¸ntai isqur� apì thn epilog  asjen¸c sugklinous¸n akolouji¸n apì
fragmènec (k�ti pou sun jwc mac to exasfalÐzei h anaklastikìthta)

. gia na deÐxoume ìti o telest c Nemytskii metaxÔHölder q¸rwn ikanopoieÐ

15
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k�poiec kalèc idiìthtec (pq eÐnai suneq c) ja apaitoÔse apaiteÐ idiaÐtera austhrèc
sunj kec gia th mh grammikìthta.

'Etsi, sto upìloipo aut c thc ergasÐac ja orÐsoume kat�llhla kai ja
ergastoÔme mìno me asjeneÐc lÔseic gia to parap�nw prìblhma.
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2.2 KÐnhtro-Metabolikìc Qarakthrismìc Id-

iotim¸n

Gia na d¸soume èna kÐnhtro gia to ti ja k�noume sth sunèqeia, se aut  thn
enìthta ja asqolhjoÔme me th jewrÐa idiotim¸n gia tetragwnikèc morfèc, pou
anaptÔqjhke apì ton R.Courant.

Ja xekin soume upenjumÐzontac to metabolikì (  min-max) qarakthris-
mì twn idiotim¸n enìc sumpagoÔc,autosuzug  telest . Upojètoume ìti o H
eÐnai eÐnai ènac diaqwrÐsimoc q¸roc Hilbert.
'Estw A ∈ Lc(H) ènac autosuzug c telest c (dhlad  o A eÐnai grammikìc,
suzug c kai autosuzug c) kai èstw F (x) = (Ax, x), F : X → R sunarthsi-
akì. Apì to Fasmatikì Je¸rhma gnwrÐzoume ìti to f�sma tou A apoteleÐtai
apì to polÔ arijm simo to pl joc pragmatikèc idiotimèc {λk}k≥1 me monadikì
oriakì shmeÐo to λ = 0. Epiplèon h pollaplìthta twn λk eÐnai Ðsh me

dim(A− λkidH) < +∞

kai

Ax =
∞∑
k=1

λk(x, xk)Hxk, (2.2)

ìpou {xk}k≥1 eÐnai mia orjokanonik  akoloujÐa idiodianusm�twn kai h λk
epanalamb�netai dim(A− λkidH) - forèc.

Oi idiotimèc tou A mporoÔn na qarakthristoÔn apì min-max arqèc. Sug-
kekrimèna, an oi jetikèc idiotimèc λ+

k taxinomhjoÔn se fjÐnousa seir� (me tic
pollaplìthtec na epanalamb�nontai), tìte

λ+
k = sup

Sm∈Lc
min
x∈Sm

(Ax, x)H . (2.3)

Ed¸ h Sm dhl¸nei to sÔnoro mia aujaÐrethc m-di�stathc monadiaÐac mp�lac
ston H,dhlad 

Sm := S ∩Hm, S := ∂B1(0) = x ∈ H :‖ x ‖H= 1 ìpou Hm ènac aujaÐretoc
m-di�statoc upìqwroc tou H kai Lc eÐnai to sÔnolo ìlwn twn Sm me m ≥ k.

Fusik�, mporoÔme na deÐxoume tètoiou eÐdouc apotelèsmata me asjenèsterec
upojèseic gia ton A (ìso èqoume thn (2.2) ), pq [17], all� autì pou mac en-
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diafèrei eÐnai ìti paÐrnoume tic idiotimèc koit¸ntac ta akrìtata tou sunarth-
siakoÔ F p�nw se mia oikogèneia sunìlwn tou

M = {x ∈ H : Ψ(x) = 0},

ìpou Ψ(x) = |x|2−1. Opìte, to prìblhma idiotim¸n gia ton A eÐnai ousiastik�
to prìblhma eÔreshc tètoiwn λ ∈ R kai x ∈ M ¸ste F ′(x) = Ψ′(x)  , me
�lla lìgia, h eÔresh twn riz¸n (sto M) thc par�stashc

F ′(x)− (x, F ′(x))

(x,Ψ′(x))
Ψ′(x).

O stìqoc mac eÐnai na broÔme krÐsima shmeÐa gia pio genik� sunarthsiak� F
se pio genik� sÔnola M , melet¸ntac arijmoÔc thc morf c

mF = inf
F

sup
S
F (x)

ìpou F eÐnai mia kat�llhlh oikogèneia uposunìlwn tou M kai x ∈ M ta
krÐsima shmeÐa sta opoÐa aut� oi arijmoÐ epitugq�nontai.
Me autìn ton trìpo epitugq�nontai apotelèsmata, pq gia Ôparxh kai pol-
laplìthta lÔsewn, gia mh grammik� probl mata idiotim¸n F ′(x) = Ψ′(x) me
sunarthsiak� F,Ψ pio genik� apì ta apl� tetragwnik� pou eÐdame nwrÐtera.
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2.3 JewrÐa Ljusternik-Schnirelman

S' aut  thn enìthta ja d¸soume to basikì apotèlesma thc JewrÐac Ljusternik-
Schnirelman kai mìno touc aparaÐthtouc orismoÔc gia na to katano soume.
Gia perissìterec leptomèreiec parapèmpoume sta [42],[43],[50],[17].
Stic arqèc thc dekaetÐac tou '30 oi Ljusternik and Schnirelman anèptuxan

mia jewrÐa krÐsimwn shmeÐwn gia diaforÐsimec sunart seic p�nw se peperas-
mènhc - di�stashc pollaplìthtec Riemann. To basikì ergaleÐo gia entopismì
sagmatik¸n shmeÐwn eÐnai deformations thc pollaplìthtac kat� m koc gradi-
ent gramm¸n, dhlad  oloklhrwtik¸n gramm¸n gia èna pseudogradient dianus-
matikì pedÐo (ìpwc kai sth jewrÐa Morse).
GenikeÔseic se apeirodi�statec pollaplìthtec: O Schwartz genikeÔei th jew-
rÐa gia apeirodi�statec pollaplìthtec Riemmanian p�nw se q¸rouc Hilbert
kai argìtera o Palais gia Finsler pollaplìthtec se genikoÔc Banach q¸rouc.
Sthn efarmog  thc genik c apeirodi�stathc jewrÐac, dÔo teqnikèc duskolÐec
parousi�zontai:

• ti upojèseic prèpei na epib�lloume stouc telestèc pou emplèkontai ¸ste
na isqÔei h sunj kh Palais-Smale kai

• ti upojèseic omalìthtac prèpei na epib�loume sth nìrma tou q¸rou Ba-
nach (jèloume topik� Lipschitz parag¸go gia monadikìthta tou pseu-
dogradient)

Gia na antimetwpÐsei tètoiou eÐdouc duskolèc o Browder proteÐnei mia mèjo-
do prosèggishc Galerking (de qrhsimopoieÐ kajìlou jewrÐa apeirodi�statwn
pollaplot twn) all� anagk�zetai na perioristeÐ se potential telestèc gia
touc opoÐouc isqÔei mia sunj kh tou stul ‖ < G(u), u > ‖ > 0, u 6= 0

O Amann (1972) k�nei tic ex c basikèc parathr seic:

• oi pollaplìthtec sth genÐkeush tou Palais mporoÔme na parathr soume
ìti mporoÔme omoiomorfik� na tic prob�lloume sth monadiaÐa sfaÐra tou
V me thn apeikìnish aktinik c probol c. All� se aut  thn perÐptwsh
gnwrÐzoume p¸c na kataskeu�soume troqièc pou proseggÐzoun tic gra-
dient grammèc qwrÐc na qreiasteÐ na oloklhr¸soume k�poia diaforik 
exÐswsh. Sunep¸c h dom  Finsler pou eÐqe upojèsei o Palais apl� de
qrei�zetai!

• h duskolÐa sthn apìdeixh thc isqÔoc thc sunj khc Palais-Smale ègkeitai
sto ex c: mia asjen¸c sugklÐsousa akoloujÐa kanonikopoihmènwn s-
toiqeÐwn mporeÐ na sugklÐnei sto mhdèn. All�, parathreÐ, mporoÔme apì
prin na apokleÐsoume aut n thn pijanìthta an h akoloujÐa {I(un)} eÐ-
nai fragmènh makri� apì to mhdèn kai autì mìno telik� arkeÐ gia thn
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apìdeixh thc Ôparxhc �peirwn idiozeug¸n! den deÐqnoume "olik�� thn
isqÔ thc Palais-Smale ' mìno gia akoloujÐec aut c thc morf c (polÔ eu-
kolìtero), �ra asjenèsterec sunj kec stouc telestèc (m�lista,èdeixe
ìti eÐnai kai anagkaÐec)

Sto prìblhm� mac akoloujoÔme autèc tic idèec. Telik�, to mìno pou ja meÐnei
na deÐxoume eÐnai h isqÔc thcPalais-Smale se aut  th morf 

Lìgw tou ìti sto prìblhma mac h p-Laplacian eÐnai mh grammikìc,mh auto-
suzug c telest c, den mporoÔme �mesa na efarmìsoume thn prosèggish thc
prohgoÔmenhc enìthtac gia ton entopismì twn idiotim¸n.MporoÔme ìmwc na
genikeÔsoume th jewrÐa thc prohgoÔmenhc enìthtac gia pio genik�, arkoÔn-
twc leÐa sunarthsiak� F brÐskontac <<topologik�>> an�loga gia ta sÔnola
S ∩Hm kai tic oikogèneiec {S ∩Hm : Hm ∈ Lc}.
Autìc eÐnai kai o stìqoc thc jewrÐac Ljusternik-Schnirelman ([39]) pou mporeÐ
sth sunèqeia na efarmosteÐ se mh grammik� probl mata idiotim¸n. 'Ena krÐsi-
mo shmeÐo se aut  thn epèktash eÐnai h eÔresh sugkekrimènwn mh tetrimmènwn
sunart sewn x pou orÐzontai se kat�llhla kleist� sÔnola tou Banach q¸rou
Q, pou onom�zontai topologikoÐ deÐktec. H kataskeu  touc xefeÔgei apì touc
skopoÔc aut c thc ergasÐac (sta epìmena, apì aut� ja doÔme mìno to gènoc
Krasnoselskii).
Gia ta epìmena ja qreiastoÔme tic ènnoiec thc Ljusternik-Schnirelman kath-
gorÐac kai gènouc.
'Estw loipìn, ènac topologikìc q¸rocM . 'Ena sÔnolo A lègetai kathgorÐac-
k ston M (sumbolÐzoume catM(A) = k) an mporeÐ na kalufjeÐ apì k (all�
ìqi k− 1 kleist� sÔnola pou eÐnai sustalt� (contractible) se èna shmeÐo sto
M . An tètoio k den up�rqei, catM(A) = +∞.
'Estw X ènac pragmatikìc q¸roc Banach kai S h oikogèneia ìlwn twn sum-
metrik¸n uposunìlwn touX\0 pou eÐnai kleist� stoX (to A eÐnai summetrikì
an A = −A).
'Ena mh kenì sÔnolo A lème ìti eÐnai gènouc-k (sumbolismìc g(A) = k) an
k eÐnai o mikrìteroc akèraioc me thn idiìthta ìti up�rqei mia peritt  suneq c
apeikìnish apì to A sto Rk \ {0}.
An den up�rqei tètoioc k, g(A) = +∞ kai an A = ∅, g(A) = 0 (suqn� to
sunantoÔme kai wc <<gènoc Krasnoselskii>>).
H ènnoia tou gènouc genikeÔei thn ènnoia thc di�stashc enìc grammikoÔ q¸rou.

Prìtash 2.3.1 An X eÐnai ènac q¸roc Banach kai U mia fragmènh sum-
metrik  perioq  tou 0X , tìte g(∂U) = dimX.

AkoloujeÐ mia qr simh idiìthta tou gènouc pou ja axiopoi soume sth sunè-
qeia:
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Prìtash 2.3.2 An X0 eÐnai ènac upìqwroc tou Banach q¸rou X sundi�s-
tashc k kai an g(A) > k, tìte A ∩X0 6= ∅.

To basikì je¸rhma pou mac endiafèrei eÐnai �mesh efarmog  thc jewrÐac
Ljusternik-Schnirelman kai eÐnai autì pou akoloujeÐ ton epìmeno orismì:

Orismìc 2.3.1 1. Sk = {A ∈ S : γ(A) ≥ k}, ìpou A ìpwc prin (k-
leistì,summetrikì, ∈ X \ {0}.

2. ck = infA∈Sk supx∈A φ(x), an Sk 6= ∅

Je¸rhma 2.3.1 'Estw Q q¸roc Banach, Sk 6= ∅ gia k�je k ≥ 1, to
sunarthsiakì φ ∈ C1(X) eÐnai �rtio, k�tw fragmèno kai ikanopoieÐ th sunj kh
Palais-Smale (PS).Tìte:

1. To ck eÐnai peperasmèno, epitugq�netai kai eÐnai krÐsimo shmeÐo tou f.

2. An ck = ck+1 = c ≤ +∞, tìte card(Kc) = +∞, ìpou Kc eÐnai to sÔnolo
twn krÐsimwn shmeÐwn sth st�jmh c, dhlad  Kc = {x ∈ X : φ′(x) = 0
kai φ(x) = c. }

3. An ck = ck+1 = ... = ck+m = c ≤ +∞, then γ(Kc) ≥ m+ 1.

4. An ck = +∞ gia k�poio k ≥ 1, tìte supK φ(x) = +∞, ìpou
K = {x ∈ X : φ′(x) = 0}.

Gia thn apìdeixh parapèmpoume sta [43],[50].
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2.4 'Uparxh AkouloujÐac Idiotim¸n

S' aut  thn enìthta, ja apodeÐxoume thn Ôparxh miac �peirhc akoloujÐac
idiotim¸n gia to akìloujo mh grammikì prìblhma idiotim¸n:

div(| ∇u(x) |p−2 ∇u(x)) = λg(x) | u |p−2

λ ∈ R, x ∈ RN , 1 < p < N kai u ∈ V , ìpou V eÐnai ènac q¸roc Banach pou
ja prosdioristeÐ sth sunèqeia. To prìblhma gÐnetai idiaitèrwc endiafèron
giatÐ ektìc apì thn �gnwsth par�metro l, to melet�me se olìklhro ton RN

-kai anafèrame sthn Eisagwg  k�poia probl mata pou autì prokaleÐ- all�
kai to ìti epitrèpoume sth sun�rthsh g na all�zei prìshmo. Sta epìmena ja
k�noume tic akìloujec upojèseic gia th g:

• (g1) g ∈ L∞(RN)

• (g2) g± = max(±g, 0)(6≡ 0) (g± ≥ 0)

• (g3) up�rqei K > 0 kai R′ > 0 ètsi ¸ste g(x) ≤ −K, | x |≥ R′

• (g4) g+ ∈ L∞(RN) ∩ LN/p(RN)

Parat rhsh 2.4.1 H sunj kh g3 èqei apodeiqjeÐ idiaÐtera qr simh sth
melèth mh fragmènwn qwrÐwn kaj¸c mac epitrèpei ton omoiìmorfo qeirismì
thc sun�rthshc g èxw apì mia arkoÔntwc meg�lh mp�la .

Autì pou mac endiafèrei ousiastik�, eÐnai h melèth tou probl matoc Ô-
parxhc mh tetrimmènwn, asjen¸n lÔsewn gia to parap�nw prìblhma, dhlad 

Orismìc 2.4.1 Ja lème ìti (l,u) ∈ R × V \ {0} eÐnai mh tetrimmènh as-
jen c lÔsh tou probl matoc (2.1) an∫
RN
| ∇u(x) |p−2 ∇u(x)∇φ(x)dx = λ

∫
RN

g(x) | u(x) |p−2 u(x)φ(x)dx,

gia k�je φ ∈ C∞0 (RN)

ShmeÐwsh: apì ed¸ kai pèra ja paraleÐpoume gia suntomÐa - ìpou eukìl-
wc ennooÔntai- ta orÐsmata stic sunart seic mèsa sta olokl rwmata, kaj¸c
kai ta �kra twn oloklhrwm�twn (opìte kai ja ennooÔme ìti èqoume p�rei to
olokl rwma se ìlo ton RN).

Ed¸ ja melet soume to parap�nw prìblhma san prìblhma idiotim¸n qrhsi-
mopoi¸ntac metabolikèc mejìdouc kai th jewrÐa Ljusternik-Schnirelman.
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OrÐzoume th sun�rthsh b�rouc ω(x) = 1
(1+|x|)p , x ∈ RN kai thn

w(x) = max{g−(x), ω(x)} > 0, x ∈ RN

ShmeÐwsh: H sun�rthsh ω(x) eÐnai akrib¸c h sun�rthsh b�rouc sthn
akìloujh anisìthta Hardy :∫

RN

| u |p

(1+ | x |)p
dx ≤ (

p

N − p
)p
∫
RN
| ∇u |p dx

(bl. [24])
OrÐzoume to q¸ro V san to kleÐsimo tou C∞0 (RN) wc proc th nìrma ‖ · ‖V ,

ìpou ‖ u ‖V = (
∫
RN | ∇u |

p dx +
∫
RN w(x) | u |p dx)

1
p . Me aut  thn epilog 

apodeiknÔetai ìti o V eÐnai omoiìmorfa kurtìc (�ra kai anaklastikìc) kai
diaqwrÐsimoc q¸roc Banach. Ja sumbolÐzoume me V ∗ to duðkì tou q¸ro kai
me (·, ·)V th duðkìthta V, V ∗.

OrÐzoume ta parak�tw sÔnola:

G+ = {u ∈ V (RN) : pΨ(u) :=
∫
g | u |p dx = 1}

kai

Γk = {A ⊂ G+ : A summetrikì, sumpagèc me γ(A) = k}, ìpou g to gènoc
tou Krasnoselskii.

EÐmaste t¸ra se jèsh na diatup¸soume kai na apodeÐxoume to akìloujo
je¸rhma:

Je¸rhma 2.4.1 'Estw 1 < p < N . Upojètoume

g+ ∈ L∞(RN) ∩ LN/p(RN), g+ 6≡ 0.

Tìte to (2.1) èqei mia akoloujÐa lÔsewn (λk, uk) me
∫
g | u |p= 1,

0 < λ1 ≤ λ2 ≤ λ3 ≤ ... ≤ λk

k→∞
−→ ∞

ShmeÐwsh : ed¸ epitrèpoume kai thn perÐptwsh g− ≡ 0.

'Opwc èqoume  dh anafèrei h mèjodoc mac ja entopÐsei tic lÔseic san krÐsi-
ma shmeÐa enìc kat�llhla orismènou sunarthsiakoÔ I mèsa se sugkekrimèna
sÔnola (ed¸ sto G+).
OrÐzoume loipìn to sunarthsiakì I sto q¸ro V wc ex c:
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I(u) =
1

p

∫
| ∇u |p dx =

1

p
‖ ∇u ‖p

Lp(RN )

ParathroÔme �mesa ìti to I eÐnai �rtio kai ìti ta krÐsima shmeÐa tou sto
G+ eÐnai ìntwc asjeneÐc lÔseic tou (2.1) gia kat�llhlouc pollaplasiastèc
Lagrange.
EpÐshc �meso eÐnai to gegonìc ìti eÐnai kal� orismèno ston V :

I(u) =
1

p
‖ ∇u ‖pp=

1

p
{‖ u ‖pV −

∫
w | u |p dx} ≤ 1

p
‖ u ‖pV< +∞

.

Gia na apodeÐxoume to je¸rhma, ja qrhsimopoi soume th jewrÐa Ljusternik-
Schnirelman.

Apìdeixh 2.4.1 SÔmfwna me ta parap�nw, gia na efarmìsoume �mesa to
apotèlesma thc jewrÐac Ljusternik-Schnirelman, mènei na deÐxoume ìti to I :

1. eÐnai k�tw fragmèno sto G+

Pr�gmati, I(u) = 1
p

∫
| ∇u |p dx = 1

p
{‖ u ‖pV −

∫
w | u |p dx}.

DiakrÐnoume t¸ra tic ex c dÔo peript¸seic:

(aþ) g−(x) > ω(x) : tìte

I(u) =
1

p
{‖ u ‖pV −

∫
g− | u |p dx}

g≥g−
≥ 1

p
{‖ u ‖pV −

∫
g | u |p dx} =

u∈G+

= 1
p
{‖ u ‖pV −1} = stajerì

(bþ) ω(x) ≥ g−(x) :tìte

I(u) =
1

p
{‖ u ‖pV −

∫
1

(1+ | x |)p
| u |p dx} ≥ −1

p

∫
| u |p dx ≥ −1

p

∫
| u |p∗≥

≥ − c
p
‖ ∇u ‖pp dx,

�ra k�tw fragmèno
(qrhsimopoi same ìti u ∈ V kai thn anisìthta (1.1) ).
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'Ara, ìntwc to I eÐnai k�tw fragmèno sto G+.

2. ikanopoieÐ th sunj kh (PS) sto G+,

dhlad  gia {un}n ⊆ G+ an I(un) eÐnai fragmèno kai I ′(un)−anΨ′(un)
n→∞−→ 0,

tìte h {un}n èqei sugklÐnousa upakoloujÐa. (shm.: an = <I′(un),un>
<Ψ′(un),un>

=∫
| ∇un |p dx kai fragmèno).

Pr�gmati, èstw {un} ∈ G+ mia tètoia upakoloujÐa. 'Eqoume (apì anisìth-
ta Hölder):∫

g+ | un |p dx ≤‖ g+ ‖N/p (

∫
| un |p

N
N−p dx)

N−p
N =

=‖ g+ ‖N/p (

∫
| un |p

∗ N
N−p dx)

N−p
N =‖ g+ ‖N/p (

∫
| un |p

∗ N
N−p dx)

1
p∗ ≤

≤ c ‖ g+ ‖N/p‖ ∇u ‖pp

(to teleutaÐo b ma eÐnai apì thn anisìthta (1.1) ).

'Omwc, apì upìjesh, I(un) eÐnai fragmèno kai �ra ‖ ∇u ‖pp fragmèno '
sunep¸c, ∫

g+ | un |p dx (2.4)

eÐnai fragmèno.
All� tìte

∫
g− | un |p dx =

∫
g+ | un |p dx− 1, �ra fragmèno.

Epeid  ‖ un ‖V =
∫
| ∇un |p dx +

∫
max{g−(x), ω(x)} | un |p dx)

1
p ,

diakrÐnoume xan� tic ex c dÔo peript¸seic:

(aþ) g−(x) > ω(x),x ∈ RN :

Tìte ‖ un ‖V =
∫
| ∇un |p dx+

∫
g− | un |p dx)

1
p = fragmèno (apì

th 2.4)

(bþ) ω(x) ≥ g−(x),x ∈ RN :
Tìte

‖ un ‖V =

∫
| ∇un |p dx+

∫
1

(1+ | x |)p
| un |p dx.
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'Omwc, apì thn anisìthta Hardy :∫
| un |p

(1+ | x |)p
dx ≤ (

p

N − p
)p ‖ ∇un ‖pp ,

�ra (epeid  I(un) fragmènh)

h ‖ un ‖V eÐnai fragmènh.

SumperaÐnoume loipìn, ìti h {un}n eÐnai fragmènh ston V .

H {un}n eÐnai fragmènh ston V , o opoÐoc ìmwc eÐnai anaklastikìc
q¸roc Banach. 'Ara ja up�rqei upakoloujÐa {unk}k∈N (pou gia suntomÐa

ja sumbolÐsoume p�li me {un}n) kai u0 ∈ V ¸ste un
w−→u0, ston V kai

epÐshc se k�je fragmèno qwrÐo W isqÔei∫
Ω

g | u0 |p dx = lim
n→+∞

∫
Ω

g | un |p dx. (2.5)

Isqurizìmaste t¸ra ìti u0 6≡ 0. Pr�gmati, an u0 ≡ 0, tìte se k�je
fragmèno qwrÐo W apì th (2.1) èqoume

∫
W
g+ | un |p→ 0.

'Estw Ω̃ èna fragmèno qwrÐo ¸ste gia arket� meg�la n,

c· ‖ g+ ‖N/p,RN\Ω̃ · ‖ ∇un ‖
p
p<

1

4
,

gia dedomèno c. Epiplèon, mporoÔme na epilèxoume n arket� meg�lo ¸ste∫
RN
g+ | un |p=

∫
Ω̃

g+ | un |p +

∫
RN\Ω̃

g+ | un |p≤

≤
∫

Ω̃

g+ | un |p +c· ‖ g+ ‖N/p,RN\Ω̃ · ‖ ∇un ‖
p
p<

1

2
.

Sunep¸c,
∫
g− | un |p=

∫
g+ | un |p −1 < −1

2
, �topo (giatÐ to olok-

l rwma eÐnai jetikì). 'Ara u0 6≡ 0. Apì tic upojèseic gia thn akoloujÐa
(PS) èqoume ìti gia k�je φ ∈ C∞0 (RN),∫

| ∇un |p−2 ∇un∇φdx = an

∫
g | un |p−2 unφdx+ o(1). (2.6)
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Afair¸ntac kat� mèlh tic (2.6) grammènec gia n kai m kai epilègontac
φ = un− um (apì diag¸nia epiqeir mata an eÐnai aparaÐthto) paÐrnoume:∫

(| ∇un(x) |p−2 ∇un− | ∇um(x) |p−2 ∇um)∇(un − um)dx ≤

≤
∫
g(an | un |p−2 un − am | um |p−2 um)(un − um)dx+ o(1) =

=

∫
Ω

gan(| un |p−2 un− | um |p−2 um)(un − um)dx+

+

∫
RN\Ω

gan(| un |p−2 un− | um |p−2 um)(un − um)dx+

+(an − am)

∫
RN
g(| um |p−2 um(un − um)dx+ o(1)

(ìpou prosjafairèsame
∫
RN gan(| um |p−2 um(un − um)dx kai W au-

jaÐreto fragmèno qwrÐo)
ParathroÔme ìti apì thn anisìthtaHölder kai th monotonÐa thc sun�rthshc
| t |p−2 t èqoume ìti∫

RN\Ω
gan(| un |p−2 un− | um |p−2 um)(un − um)dx ≤

g≤g+
≤

∫
RN\Ω

g+an(| un |p−2 un− | um |p−2 um)(un − um)dx ≤

≤ c · an ‖ g+ ‖N/p,RN\Ω (‖ ∇un ‖pp + ‖ ∇um ‖pp)
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to opoÐo teÐnei sto 0 kaj¸c Ω→ RN (anexart twc apì ta m,n).
EpÐshc gia k�je fragmèno W, to∫

Ω

gan(| un |p−2 un− | um |p−2 um)(un − um)dx→ 0

kaj¸c h (  mia upakoloujÐa thc) un sugklÐnei sto u0 ston Lp(Ω).

Epiplèon apì thn anisìthtaHölder prokÔptei ìti
∫
g(| um |p−2 um(un−

um)dx eÐnai fragmèno, opìte epilègontac mia upakoloujÐa thc an ¸ste

an − am
n,m→∞→ 0, prokÔptei ìti to dexÐ mèloc thc (2.6) teÐnei sto 0 gia

n,m→∞.
T¸ra, gia to aristerì mèloc:
èqoume thn algebrik  anisìthta

| a− b |p≤ c · {| a |p−2 a− | b |p−2 b) · (a− b)}s/2 · (| a |p + | b |p)1−s/2,

ìpou s = p,an p ∈ (1, 2) kai s = 2 an p ≥ 2.

Apì autì èqoume ìti

| ∇un−∇um |p≤ c·{| ∇un |p−2 ∇un− | ∇um |p−2 ∇um)·∇(un−um)}s/2·

·(| ∇un |p + | ∇um |p)1−s/2.

Oloklhr¸ntac t¸ra kai efarmìzontac thn anisìthta Hölder sthn pro-
hgoÔmenh sqèsh paÐrnoume ìti∫
| ∇un−∇um |p≤ c·{

∫
(| ∇un |p−2 ∇un− | ∇um |p−2 ∇um)·∇(un−um)}s/2·

·(
∫
| ∇un |p +

∫
| ∇um |p)1−s/2.

All� to pr¸to olokl rwma eÐnai to aristerì mèloc thc (2.6) kai teÐnei
sto 0, en¸ o deÔteroc par�gontac eÐnai fragmènoc.
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'Ara ∇un → ∇u0 ston Lp(RN). EpÐshc apì thn prohgoÔmenh, qrhsi-
mopoi¸ntac thn arqik  exÐswsh me φ := un,0 paÐrnoume �mesa ìti∫
gi | un |p dx =

∫
gi | u0 |p dx, i = 1, 2 (antÐstoiqa gia g±).

'Omwc diakrÐnontac p�li tic gnwstèc peript¸seic gia th ‖ u ‖V èqoume :

(aþ) g−(x) > ω(x) :
‖ un ‖V =‖ ∇un ‖pp +

∫
g− | un |p dx −→‖ u0 ‖V

(bþ) ω(x) ≥ g−(x) :
‖ un ‖V =‖ ∇un ‖pp +

∫
(1+ | x |)p | un |p dx −→‖ u0 ‖V kai me

qr sh thc anisìthtac Hardy paÐrnoume p�li ìti

‖ un ‖V→‖ u0 ‖V .

'Ara1 un → u0, V kai h apìdeixh oloklhr¸jhke (afoÔ deÐxame ìti h
{un}(PS) èqei sugklÐnousa upakoloujÐa).

Mènei na deÐxoume ìti λk → +∞.

AfoÔ o V eÐnai diaqwrÐsimoc, up�rqei èna diorjog¸nio sÔsthma (em, e
∗
n)m,n∈N

ètsi ¸ste em ∈ V, e∗n ∈ V ∗. Ta em eÐnai grammik¸c pukn�(linearly
dense) sto V kai ta e∗n eÐnai pl rh2 gia to V .Na shmei¸soume ìti m-
poroÔme na epilèxoume ta (em)m∈N ¸ste na eÐnai mia b�sh Schauder gia
ton V (h opoÐa up�rqei, (bl. par.4.9.4, [51]) kai sth sunèqeia na broÔme
diorjog¸nia sunarthsiak� e∗n.

OrÐzoume Vm = span{e1, ..., em}, V ⊥m = span{em+1, em+2, ...}
Apì thn Prìtash 2.2.2 èqoume ìti A ∩ V ⊥j−1 6= ∅ gia k�je A ∈ Γj.

Isqurizìmaste t¸ra ìti

µj := inf
A∈Γj

sup
A∩V ⊥j−1

pI(u)→∞,

kaj¸c j →∞.
Pr�gmati, an den isqÔei, tìte gia meg�la j , up�rqei èna uj ∈ V ⊥j−1 me

∫
g |

1
με χρήση της ιδιότητας Kadec-Klee : αν un

w→u0 και ‖ un ‖V→‖ u0 ‖V στον ανακλαστικό
χώρο Banach V, τότε un → u0, V

2span{e∗n} είναι πυκνό στον V ([37])
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uj |p= 1 tètoio ¸ste µj ≤ pI(u) ≤ M gia k�poio M anex�rthto apì to j.
'Etsi,∫
| ∇uj |p dx(= pI(uj)) eÐnai fragmèno. All� apì thn epilog  tou V ⊥j−1

èqoume ìti uj
w→0, V to opoÐo ìmwc eÐnai �topo, afoÔ

∫
g | uj |p= 1.

Sunep¸c, afoÔ λj ≥ µj, èqoume to zhtoÔmeno. ♦
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2.5 Idiìthtec KurÐarqhc Idiotim c - antÐs-

toiqhc Idiosun�rthshc

Je¸rhma 2.5.1 To prìblhma idiotim¸n

−div(| ∇u |p−2 ∇u) = λg(x) | u |p−2 u, x ∈ RN

èqei to zeug�ri (λ1, u1) apì mia kurÐarqh idiotim  λ1 kai thn antÐstoiqh idio-
sun�rthsh u1, me :

1. λ1 > 0

2. 0 < u1 ∈ V ∩ L∞(RN)

3. h λ1 eÐnai apl 

4. h u1 fjÐnei omoiìmorfa kaj¸c | x |→ ∞.

ShmeÐwsh : Prin proqwr soume sthn apìdeixh autoÔ tou jewr matoc, na

parathr soume ìti an upojèsoume g− 6≡ 0 kai g± ∈ L∞(RN) ∩ L
N
p (RN),

apì summetrÐa èqoume gia to prìblhma

−div(| ∇u |p−2 ∇u) = λg(x) | u |p−2 u, x ∈ RN

ìti up�rqei epÐshc �llo èna kurÐarqo idiozeÔgoc (λ∗1, u
∗
1) me λ∗1 < 0, kai

0 < u∗1 ∈ V me tic Ðdiec idiìthtec pou ja apodeÐxoume gia to zeÔgoc (λ1, u1).
Autìc eÐnai kai o lìgoc pou qrhsimopoioÔme ton ìro kurÐarqh antÐ el�qisth
idiotim . EmeÐc ja epikentrwjoÔme stic idiìthtec thc λ1, kai oi antÐstoiqec
idiìthtec thc λ∗1 prokÔptoun antÐstoiqa.

Apìdeixh 2.5.1 Ja xekin soume thn apìdeixh k�nontac pr¸ta dÔo qr -
simec parathr seic.

Pr¸ta, gia vn
w→v1, V èqoume ìti

gia k�je K > 0, apì thn anisìthta Hölder :∫
|x|≥K

g+ | vn |p dx ≤ (

∫
midx|≥K

(g+)
N
p dx)

p
N · (int|x|≥K | vn |p

∗
)
p
p∗ → 0
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gia K →∞ (afoÔ ‖ vn ‖V fragmènh) .
EpÐshc, gia to fragmèno sÔnolo | x |< K), apì thn anisìthta (1.1) èqoume ìti∫

|x|<K
g+ | vn |p dx→

∫
|x|<K

g+ | v1 |p dx

Sundu�zontac aut� ta dÔo apotelèsmata èqoume telik� ìti gia vn
w→v1, V,∫

RN
g+ | vn |p dx→

∫
RN

g+ | v1 |p dx

H deÔterh parat rhsh eÐnai ìti oi apeikonÐseic

u 7→
∫
RN
| ∇u |p dx, u 7→

∫
RN

g− | u |p dx.

eÐnai asjen¸c k�tw hmisuneq  sunarthsiak� sto V . Autì eÐnai apotèlesma
thc kurtìthtac kai thc sunèqeiac thc nìrmac.
OrÐzoume, kat� ta gnwst� apì ta prohgoÔmena,

λ1 := inf

∫
RN
| ∇v |p dx : v ∈ V,

∫
RN

g+ | v |p dx = 1. (2.7)

H èkfrash (2.7) ja anafèretai san o metabolikìc qarakthrismìc thc λ1.

Ja deÐxoume pr¸ta ìti h λ1 eÐnai h kurÐarqh idiotim  tou probl matoc

−div(| ∇u |p−2 ∇u) = λg(x) | u |p−2 u.

Profan¸c λ1 ≥ 0. 'Estw t¸ra {vn}∞n=1 ⊂ V h elaqistopoihtik  (minimiz-
ing) akoloujÐa gia th λ1, dhlad ∫

RN
g | vn |p dx = 1,

∫
RN
| ∇vn |p dx = λ1 + δn (2.8)

me δn → 0+, n→∞. Apì ton orismì thc nìrmac ‖ · ‖V , paÐrnontac peript¸-
seic gia to w(x) kat� ta gnwst�, kai me qr sh thc anisìthtac Hardy kai thn
parap�nw (2.8) èpetai ìti h ‖ vn ‖V eÐnai fragmènh. 'Ara up�rqei upakoloujÐa
(ja th sumbolÐzoume ki aut  me vn) pou sugklÐnei asjen¸c ston V , èstw se
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k�poio u1 ∈ V.
Apì tic prohgoÔmenec parathr seic kai th (2.7) èpontai∫

RN
| ∇u1 |p dx = λ1

(afoÔ eÐnai asjen¸c k�tw hmisuneq c kai �ra pi�nei to infimum) kai∫
RN
g | u1 |p dx ≥ 1.

'Omwc, h austhr  anisìthta sthn parap�nw apokleÐetai lìgw tou metabo-
likoÔ qarakthrismoÔ tou λ. Epiplèon, an u eÐnai mia idiosun�rthsh pou antis-
toiqeÐ sth λ1, tìte kai h | u | eÐnai epÐshc antÐstoiqh idiosun�rths  thc opìte
mporoÔme na upojèsoume ìti u1 ≥ 0 sqedìn pantoÔ sto Ω.
Apì autì to gegonìc, to metabolikì qarakthrismì thc λ1 kai thn∫
RN | ∇u1 |p dx = λ1 (pou deÐxame nwrÐtera) èpetai ìti u1 6≡ 0, λ1 > 0 kai u1

eÐnai h idiosun�rthsh tou∫
| ∇u |p−2 ∇u∇vdx = λ

∫
g(x) | u |p−2 uvdx

pou antistoiqeÐ sthn kurÐarqh idiotim  λ1, dhlad ∫
| ∇u1 |p−2 ∇u1∇vdx = λ1

∫
g(x) | u1 |p−2 u1vdx,

gia k�je v ∈ V.
Ja deÐxoume t¸ra ìti h u1 ∈ V ∩ L∞. Epilègoume v = vκp+1

M (κ > 0) san
sun�rthsh dokim c sthn parap�nw, ìpou vM = min{u1(x),M} me thn Ðdia
diadikasÐa ìpwc sthn apìdeixh tou Jewr matoc 3.5.1 thc paroÔsac ergasÐac
(  thn apìdeixh tou L mmatoc 3.2 sto [24]) apì thn epagwg  prokÔptei ìti
‖ u1 ‖rn≤ c ‖ u1 ‖p∗ . Af nontac to rn →∞ paÐrnoume

‖ u1 ‖∞≤ c ‖ u1 ‖p∗ .
'Amesa t¸ra mporoÔme na deÐxoume ìti u1 > 0 qrhsimopoi¸ntac thn

anisìthta tÔpou Harnack (Je¸rhma 1.3.1).
Pr�gmati, èstw ìti to zhtoÔmeno den isqÔei. AfoÔ h u1 eÐnai mh arnhtik  kai
mh tetrimmènh, ja prèpei na up�rqei shmeÐo x0 ∈ RN tètoio ¸ste u(x0) = 0
kai u(x) > 0 gia x aujaÐreta kont� sto x0. 'Omwc autì antibaÐnei sto Je¸rhma
(1.3.1) kai to zhtoÔmeno apodeÐqjhke.

Gia na deÐxoume ìti h λ1 eÐnai apl , ja qrhsimopoi soume th genikeumènh
tautìthta Picone (bl.Je¸rhma 1.3.5).
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Sugkekrimèna, ja deÐxoume to akìloujo : Upojètoume ìti h v ∈ C1 ikanopoieÐ
−∆pv ≥ λgvp−1 kai v > 0, x ∈ Ω gia k�poio λ > 0. Tìte, gia u ≥ 0, u ∈ V
èqoume ∫

Ω

| ∇u |p dx ≥ λ

∫
Ω

g | u |p dx, λ ≤ λ+
1 . (2.9)

H isìthta sthn parap�nw isqÔei, an kai mìno an, λ = λ+
1 , u = kv, v = cu1, gia

k�je sunist¸sa tou Ω an den eÐnai sunektikì, gia k�poiec stajerèc k, c(p�nta
u1 h antÐstoiqh kurÐarqh idiosun�rthsh). An to Ω eÐnai sunektikì, h kurÐar-
qh idiotim  eÐnai apl .

Pr�gmati,

èstw Ω0 ⊂ Ω sumpag¸c. Epilègoume φ ∈ C∞0 (Ω), φ ≥ 0. Tìte, èqoume

0 ≤
∫

Ω0

L(φ, v)dx ≤
∫

Ω

L(φ, v)dx =

∫
Ω

R(φ, v)dx =

∫
Ω

| ∇φ |p dx−

−
∫

Ω

∇(
φp

vp−1
) | ∇v |p−2 ∇vdx =

=

∫
Ω

| ∇φ |p dx+

∫
Ω

(
φp

vp−1
)∆pvdx ≤

∫
Ω

| ∇φ |p dx− λ
∫

Ω

gφpdx

H sun�rthsh φp

vp−1 eÐnai apodekt  san sun�rthsh dokim c (φ ∈ C∞0 anex�rth-
ta apì to mègejoc   to sq ma tou ∂Ω. Af nontac t¸ra φ → u, V paÐrnoume
th (2.9).
Ac upojèsoume t¸ra ìti gia k�poio 0 ≤ u0 ∈ V∫

Ω
| ∇u0 |p dx = λ

∫
Ω
g | u0 |p dx.

Apì th sunèqeia twn
∫

Ω
| ∇φ |p dx,

∫
Ω
gφpdx sumperaÐnoume apì thn parap�nw

ìti
∫

Ω0
L(u0, v)dx = 0, �ra u0 = kv,Ω gia k�poia stajer� k. AfoÔ ìmwc to

Ω0 eÐnai aujaÐreto, sumperaÐnoume ìti u0 = kv, se k�je sunist¸sa tou Ω. An
to Ω eÐnai sunektikì, tìte an h u0 eÐnai mh tetrimènh, sunep�getai ìti k > 0
kai �ra v ∈ V kai u0 > 0.
Tèloc, deÐqnoume ìti an to Ω eÐnai sunektikì, èqoume kai ìti v = cu1.
Pr�gmati, h (2.9) sunep�getai (epilègontac u = u1) ìti λ

+
1 ≥ λ. AfoÔ v ∈ v

mporoÔme na epanal�boume ta prohgoÔmena epiqeÐrhmata me v sth jèsh tou u
kai u1 sth jèsh tou v.
Katal xame ìti v = ku1 kai �ra èpetai ìti h λ+

1 eÐnai apl . Tèloc,

Mènei na deÐxoume thn apìsbesh thc u1(x) kaj¸c | x |→ ∞.
ParathroÔme ìti to γ1 >

N
p
mporeÐ na epileqjeÐ aujaÐreta sthn ektÐmhsh

‖ u1 ‖L∞(B1(x))≤ c(‖ u1 ‖Lp∗ (B2(x)) + ‖ g | u1 |p−2 u1 ‖Lγ1 (B2(x)))
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lìgw twn upojèsewn gia th g kai to omoiìmorfo fr�gma sto opoÐo katal x-
ame sthn apìdeixh tou 2. Tìte, apì to je¸rhma kai thn Parat rhsh 1.3.2 ,
af nontac | x |→ ∞, èpetai to zhtoÔmeno.

L mma 2.5.1 (i) K�je idiosun�rthsh pou antistoiqeÐ se idiotim  0 < λ0 6=
λ+

1 all�zei prìshmo ston RN .
(ii) H kurÐarqh idiotim  λ+

1 > 0 eÐnai apomonwmènh.

Apìdeixh 2.5.2 (i)Upojètoume katarq�c ìti h u0 > 0 eÐnai h idiosun�rthsh
pou antistoiqeÐ sth λ0 tou (2.1) me 0 < λ0 6= λ+

1 . Tìte λ0 > λ+
1 , apì to

metabolikì qarakthrismì thc kurÐarqhc idiotim c λ+
1 > 0. Tìte apì th (2.1)

0 ≥ (λ0 − λ+
1 )

∫
g(up0 − u+

1
p
)dx.

Kanonikopoi¸ntac th u0 ¸ste to teleutaÐo olokl rwma na eÐnai arnhtikì
ft�noume se �topo. 'Ara h u0 prèpei na na all�zei prìshmo.

(ii) 'Estw (λ0, u0) ìpwc sto (i) kai ìti h λ0 an kei se k�poia geitoni� thc
λ1.
OrÐzoume Ω−0 = {x ∈ RN : u0(x) < 0}.
Tìte apì th (2.1) ( λ = λ0 kai u = u0) paÐrnoume ìti∫

| ∇u−0 |p dx+ λ0

∫
g− | u−0 |p dx = λ0

∫
g+ | u−0 |p dx.

Apì tic anisìthtec Hardy kai Hölder, ton orismì thc nìrmac tou V kai thn
upìjesh gia th g+ èpetai ìti

c ‖ u−0 ‖
p
V≤ (

∫
Ω−0

g+N/pdx)p/N ‖ u−0 ‖
p
Lp∗(RN )

.

Sunep¸c, apì thn anisìthta Sobolev èpetai ìti

(

∫
Ω−0

g+N/pdx)p/N ≥ C2 > 0.

(anex�rthta apì ta λ0, u0).
Apì thn teleutaÐa, paÐrnontac K0 > 0 arket� meg�lo èqoume

µ(Ω−0 ∩BK(0)) ≥ c3,



36 KEF�ALAIO 2. PR�OBLHMA IDIOTIM�WN

gia k�je K ≥ K0 (me th c3 p�li anex�rthth apì ta λ0, u0).
Upojètoume t¸ra ìti up�rqei mia akoloujÐa idiotim¸n (λn, un) thc (2.1) me
λn → λ+

1 . Tìte λn > λ+
1 kai, qwrÐc bl�bh thc genikìthtac, upojètoume ìti

‖ un ‖V = 1 kai (fragmènh) un
w→ũ, V gia k�poio ũ ∈ V.

Apì thn asjen  sÔgklish kai to ìti h λ+
1 eÐnai apl  èpetai apì th (2.1) ìti

eÐte ũ = u+
1   ũ = −u+

1

Upojètoume epiplèon un
w→u+

1 > 0, V. P�li apì th (2.1) èqoume ìti∫
(| ∇un |p−2 ∇un− | ∇um |p−2 ∇um)(∇un −∇um)dx =

=

∫
λng(x) | un |p−2 un− | um |p−2 um)(un − um)dx+

+(λn − λm)

∫
g(x) | un |p−2 un− | um |p−2 um)(un − um)dx.

Apì autì paÐrnoume∫
(| ∇un |p−2 ∇un− | ∇um |p−2 ∇um)(∇un −∇um)dx ≤

≤
∫
|x|≤K

λng
+(| un |p−2 un− | um |p−2 um)(un − um)dx+

+

∫
|x|>K

λng
+(| un |p−2 un− | um |p−2 um)(un − um)dx+

c | λn − λm | (‖ un ‖pV + ‖ um ‖pV )→ 0.

'Omwc, parathroÔme ìti gia k�je w, v ∈ Lp(RN) isqÔei ìti∫
(| w |p−2 w− | v |p−2 v)(w−v)dx =

∫
(| w |p + | v |p − | w |p−2 wv− | v |p−2 vw)dx ≥

∫
(| w |p + | v |p)dx−(

∫
| w |p dx)1/p′·(

∫
| v |p dx)1/p−(

∫
| w |p dx)1/p·(

∫
| v |p dx)1/p′ =
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= [(

∫
| w |p dx)p−1/p−(

∫
| v |p dx)p−1/p]·[(

∫
| w |p dx)1/p−(

∫
| v |p dx)1/p] ≥ 0.

Apì thn prohgoÔmenh kai thn parat rhsh pou k�name sthn arq  thc apìdeixhc,
èpetai �mesa ìti

∫
| ∇un |p dx→

∫
| ∇u+

1 |p dx �ra kai ∇un → ∇u+
1 isqur¸c

ston Lp(RN).
Apì th (2.1) kai thn anisìthtaHardy èqoume un → u+

1 isqur¸c ston Lp(w,RN)
kai �ra apì thn idiìthta Kadec−Klee

un → u+
1 ,

isqur¸c ston V.
StajeropoioÔmeK ≥ K0. Tìte, èqoume un → u+

1 isqur¸c kai stonW 1,p(BK(0)).
Opìte apì to Je¸rhma tou Egorov (J. 1.3.6), h un → u+

1 omoiìmorfa sthn
BK(0), ektìc apì sÔnola aujaÐretou mikroÔ mètrou.
Autì ìmwc antÐkeitai sthn

µ(Ω−0 ∩BK(0)) ≥ c,

opìte h λ+
1 eÐnai apomonwmènh kai to L mma èqei apodeiqjeÐ. ♦
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2.6 Sqetik� Apotelèsmata - Prot�seic gia

Peraitèrw Melèth

Se aut  thn enìthta, ja d¸soume bibliografÐa gia k�poia suggenik� probl -
mata pou parousi�zoun endiafèron kai ja kleÐsoume anafèrontac èna anoiqtì
prìblhma pou afor� sthn akoloujÐa Ljusternik-Schnirelman.

Sthn ergasÐa ([44]) gÐnetai melèth tou probl matoc

−div(| ∇u |p−2 ∇u) = λg(x) | u |p−2 u, lim
|x|→+∞

= 0.

ApodeiknÔetai pr¸ta ìti o q¸roc me b�roc Vg eÐnai telik� anex�rthtoc apì to
b�roc g kai h melèth metafèretai stouc klasikoÔc q¸rouc Sobolev W 1,p(RN).
Me qr sh thc upìjeshc (H)∗ : up�rqei R > 0 ¸ste g(x) < 0 gia | x |> R,
apodeiknÔetai me qr sh thc jewrÐac Ljusternik-Schnirelman h Ôparxh miac
�peirhc akoloujÐac idiotim¸n. Sth sunèqeia h melèth epikentr¸netai stic
idiìthtec thc kurÐarqhc idiotim c kai thc antÐstoiqhc idiosun�rthshc kat� ta
gnwst�.
Me qr sh thc tautìthtac tou Picone apodeiknÔetai ìti h pr¸th idiotim  eÐnai
apl , kai sth sunèqeia ìti eÐnai kai apomonwmènh, kai dÐnontai apotelèsmata
omalìthtac kai apìsbeshc thc lÔshc.

To prìblhma

−div(a(x) | ∇u |p−2 ∇u) = λf(x, u),RN

u > 0,RN , lim|x|→∞u(x) = 0

me 1 < p < N, λ > 0 kai sunart seic a = a(x), f = f(x, s) pou ikanopoioÔn
tic akìloujec sunj kec :

1. (a) a ∈ L∞(RN) kai up�rqei stajer� a0 > 0 tètoia ¸ste

a(x) ≥ a0

sqedìn gia ìla ta x ∈ RN

2. (f1) f(x, s) : RN × [0,∞)→ [0,∞), f ∈ CAR
3. (f2) up�rqoun èna anoiqtì sÔnolo Ω sto RN kai stajer� δ0 > 0 tètoia

¸ste f(x, δ0) > 0 sqedìn gia ìla ta x ∈ Ω.
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4. (f3) up�rqoun mia mh arnhtik  sun�rthsh ρ = ρ(x) kai stajer� δ, 0 <
δ <∞ tètoia ¸ste

0 ≤ f(x, s) < ρ(x)sγ

gia sqedìn ìla ta x ∈ RN kai gia k�je s ∈ [0,+∞), ìpou p < γ +
1 < p∗ = Np

N−p kai ρ ∈ Lγ1)(RN) ∩ Lγ1+δ)(RN), ìpou γ1 = p∗

p∗−(γ+1)
=

Np
Np−(γ+1)(N−p) .

melet jhke sto [20] apì ton Drabek kai epÐshc apì touc Allegretto-Huang
sto [3].
En¸ oi deÔteroi doÔleyan ston Ðdio q¸ro V me thc paroÔsac ergasÐac, o
pr¸toc doÔleye ston omogen  q¸ro Sobolev

X = {u ∈ Lp∗(RN) :| ∇u |∈ Lp(RN)

efodiasmèno me th nìrma

‖ u ‖X= (

∫
RN
a(x) | ∇ |p dx)

1
p

pou ton kajist� omoiìmorfa kurtì q¸ro Banach.

Parat rhsh 2.6.1 Me thn upìjesh ìti h a(x) eÐnai C1(RN) mporoÔme na
deÐxoume ìti h asjen c lÔsh u eÐnai jetik  kai m�lista u ∈ C1,α(BR(0)) gia
k�je R > 0 kai α ∈ (0, 1). (bl.[20])

'Ena �llo endiafèron prìblhma eÐnai to ti gÐnetai sthn perÐptwsh p ≥ N.

Gi aut  thn perÐptwsh anafèroume ton anagn¸sth sta [29],[3]. Upojèton-
tac thn isqÔ thc sunj khc (H)∗, sto [29] apodeiknÔetai ìti den up�rqei jetik 
lÔsh tou probl matoc idiotim¸n ston W 1,p(RN) gia λ > 0.
SuneqÐzontac th melèth aut c thc perÐptwshc, sto [3], oi suggrafeÐc up-
ojètoun (qwrÐzontac th g se jetikì ki arnhtikì mèroc g+, g− antÐstoiqa):

g+ 6≡ 0, g+ ∈ L∞(RN) ∩ L
N
p (RN) kai up�rqei ε > 0 ¸ste g− ≥ ε > 0, ìpou

o akèraioc N0 > p. Me autèc tic upojèseic, apodeiknÔoun ìti ta Jewr mata
2.4.1 kai 2.5.1 isqÔoun (Ôparxh �peirhc akoloujÐac idiotim¸n, pr¸th idiotim 
monadik  kai apl , antÐstoiqh idiosun�rthsh jetik ) sto q¸ro V.

Parat rhsh 2.6.2 : Me thn upìjesh ìti g− ≥ ε > 0, apodeiknÔetai sthn
Ðdia dhmosÐeush ìti den up�rqei h λ∗1 < 0.
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Tèloc, na shmei¸soume ìti den eÐnai akìma gnwstì (se antÐjesh me thn
perÐptwsh thc Laplacian) an h akoloujÐa twn krÐsimwn shmeÐwn pou par�getai
me thn efarmog  thc JewrÐac Ljusternik-Schnirelman exantleÐ tic idiotimèc
tou telest .



Kef�laio 3

Prìblhma Diakl�dwshc

S' autì to kef�laio exet�zoume to akìloujo prìblhma se ìlo ton RN :

−div(| ∇u |p−2 ∇u) = λg(x) | u |p−2 u+ f(λ, x, u) (3.1)

p > 1,λ ∈ R, epitrèpontac stic g, f na all�zoun prìshmo. Mac endiafèrei
kurÐwc h Ôparxh jetik¸n lÔsewn gia to prìblhma (3.1) gia k�poia l. 'Opwc
deÐxame sto prohgoÔmeno kef�laio to prìblhma idiotim¸n

−div(| ∇u |p−2 ∇u) = λg(x) | u |p−2 u

èqei jetik  idiotim  λ1 me antÐstoiqh jetik  idiosun�rthsh u1. Sunep¸c, m-
poroÔme na melet soume to prìblhma diakl�dwshc ìtan to l eÐnai kont� sto
λ1.
Qrhsimopoi¸ntac jewrÐa TopologikoÔ BajmoÔ, ja deÐxoume ìti h λ1 eÐnai
shmeÐo diakl�dwshc gia to (3.1). M�lista, k�tw apì k�poiec upojèseic gi-
a th g (tic Ðdiec me to prohgoÔmeno kef�laio), deÐqnoume ìti up�rqoun dÔo
shmeÐa diakl�dwshc.
Epiplèon, k�tw apì kat�llhlec proôpojèseic, melet�me thn omalìthta kai
thn asumptwtik  sumperifor� twn lÔsewn kai parèqoume plhroforÐec gia to
prìshmo twn lÔsewn stouc kl�douc diakl�dwshc.
To kef�laio eÐnai organwmèno wc ex c:
Met� apì mia sÔntomh aparaÐthth eisagwg  sthn opoÐa exhgoÔme th fÔsh tou
probl matoc mac, sthn enìthta (3.2) ja eis�goume tic upojèseic me tic opoÐec
ja doulèyoume kai ja apodeÐxoume k�poia teqnik� prokatarktik� apotelèsmata.
Sthn epìmenh enìthta, ja deÐxoume ìti o topologikìc bajmìc eÐnai kal� oris-
mènoc gia touc telestèc mac. Sthn enìthta (3.4) apodeiknÔoume to je¸rhma
diakl�dwshc deÐqnontac ìti o topologikìc bajmìc <<k�nei �lma>> ìtan to l per�-
sei apì to λ1. Sthn enìthta (3.5) , ja d¸soume apotelèsmata omalìthtac kai

41
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apìsbeshc thc lÔshc kaj¸c kai plhroforÐec gia to prìshmì touc p�nw stouc
kl�douc diakl�dwshc. Tèloc, ja kleÐsoume me dÔo paradeÐgmata pou ekjètoun
ta apotelèsmat� mac.
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3.1 Eisagwg : to prìblhma thc JewrÐac

Diakl�dwshc

S' aut  th sÔntomh eisagwgik  enìthta ja exhg soume th fÔsh tou probl -
matoc thc melèthc thc diakl�dwshc. To fainìmena diakl�dwshc emfanÐzontai
se pollèc ptuqèc thc Majhmatik c Fusik c kai h katanìhsh touc èqei tìso
praktik  (pq melèth eust�jeiac) ìso kai jewrhtik  shmasÐa. Sta epìmena,
ja anaferìmaste sth jewrÐa diakl�dwshc apì apl  idiotim  (ìpwc deÐxame
ìti isqÔei kai gia to prìblhm� mac). 'Estw loipìn, dÔo pragmatikoÐ q¸roi
Banach, E kai Y , Ω èna anoiqtì uposÔnolo tou E kai G : Ω→ Y mia suneq c
apeikìnish. Ac upojèsoume ìti up�rqei mia apl  kampÔlh C sto Ω, pou dÐnetai
wc C = {w(t) : t ∈ I}, I di�sthma, tètoia ¸ste G(w) = 0, w ∈ C.
An up�rqei arijmìc τ ∈ I ¸ste k�je geitoni� tou w(τ) perièqei rÐzec thc G
pou den an koun sth C, tìte to w(τ) onom�zetai shmeÐo diakl�dwshc gia thn
exÐswsh G(w) = 0 wc proc thn kampÔlh C.
Se pollèc peript¸seic o E eÐnai thc morf c R× V, ìpou V ènac pragmatikìc
q¸roc Banach, kai C = {(λ, 0) : λ ∈ R, 0 ∈ V }.
To basikì prìblhma thc jewrÐac diakl�dwshc, sunÐstatai sthn eÔresh twn
shmeÐwn diakl�dwshc gia G = 0 (me anafor� sth C) kai sth melèth thc
dom c tou sunìlou G−1{0} kont� s' aut� ta shmeÐa. Gia thn eidik  perÐptwsh
pou E = R× V, eÐnai eÔkolo na deiqjeÐ ìti an Gx(λ, 0), h Frèchet par�gwgoc
thc apeikìnishc x→ G(λ, x) sto shmeÐo (λ, 0), eÐnai isomorfismìc apì ton V
ston Y , tìte to (λ, 0) den eÐnai shmeÐo diakl�dwshc. An epib�loume epiplèon
periorismoÔc, pq Y = V,

G(λ, x) = Bx− λx+H(x) +R(λ, x),

me B grammikì, H omogen  k�poiac t�xhc kai R èna mikrì upìloipo, tìte h

Gx(λ0, 0) = B − λ0 · I
èqei apl  idiotim  to 0 , to sÔnolo tim¸n tou telest  B−λ0 · I eÐnai sundi�s-
tashc 1 kai me k�poia upìjesh pou apokleÐei ekfulismènec peript¸seic, eÐnai
gnwstì (bl. [15] kai anaforèc) ìti to (λ0, 0) eÐnai shmeÐo diakl�dwshc kai
ektìc apì thn kampÔlh C, oi rÐzec thc G kont� sto (λ0, 0) apoteloÔn kai apì
mia suneq  kampÔlh pou dièrqetai apì to (λ0, 0).
To epìmeno b ma eÐnai na anarwthjoÔme an aut  kampÔlh mporeÐ na epektajeÐ
kai an up�rqoun kai epiplèon (onom�zontai << deuterogeneÐc >>) diaklad¸seic wc
proc aut .
M�lista, upì k�poiec sunj kec sump�geiac gia th G, aut� ta fainìmena di-
akl�dwshc eÐnai upì k�poia ènnoia kajolik� kai ìqi mìno topik�, bl.[45]
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Gia perissìterec leptomèreiec parapèmpoume sta [33],[15],[45],[5],[32],[14],[40]
kai [56].

Na shmei¸soume mìno, ìti se antÐjesh me aut� ta klasik� apotèlesmata,
sto prìblhm� mac h G den èqei aut  thn <<kal >> morf  lìgw thc fÔshc tou
telest  thc p− Laplacian, ìti douleÔoume se ìlo ton RN kai lìgw tou ìti h
sun�rthsh g(x) pou emfanÐzetai de diathreÐ stajerì prìshmo.
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3.2 Prokatarktik� apotelèsmata

Diathr¸ntac touc Ðdiouc sumbolismoÔc me to prohgoÔmeno kef�laio, krat¸n-
tac tic upojèseic gia to g kai suneqÐzontac th melèth ston Ðdio q¸ro V , ja
prosjèsoume epiplèon upojèseic gi aut  thn enìthta pou anafèrontai sth
sun�rthsh f . Sugkekrimèna, upojètoume ta akìlouja:

1. (f1) H f eÐnai sun�rthsh Karajeodwr , dhlad  f(·, x, ·) eÐnai suneq c
gia sqedìn ìla ta x ∈ RN kai f(λ, ·, u) eÐnai metr simh gia k�je (λ, u) ∈
R2,

2. (f2) | f(λ, x, u) |≤ c(λ)(σ(x) + ρ(x) | u |γ gia sqedìn ìla ta x ∈ RN ,
u ∈ R, ìpou c(λ) eÐnai mh arnhtik  kai suneq c sto R kai eÐnai fragmènh
se fragmèna uposÔnola tou R, p−1 < γ < p∗−1, 0 ≤ ρ(x) ∈ Lγ1(RN) me
γ1 = p∗/(p∗−(γ+1)), 0 ≤ σ(x) ∈ LN/p(wN/p,RN), ìpou LN/p(wN/p,RN)
eÐnai o LN/p(RN) me to b�roc wN/p(x) kai isqÔei èna apì ta parak�tw:

(aþ) σ(x) ∈ L(p∗)′(RN), (p∗)′ = Np/(Np− (N − p))  
(bþ) σ(x) ∈ Lp′(w1/(1−p),RN)

3. (f3) To epìmeno ìrio up�rqei:

lim
u→0

f(λ, x, u)

w(x) | u |p−2 u
= 0,

omoiìmorfa gia sqedìn ìla ta x ∈ RN kai l se èna fragmèno di�sthma.

Kat� ta gnwst� èqoume thn asjen  diatÔpwsh tou (3.1):

∫
| ∇u(x) |p−2 ∇u(x)∇φ(x)dx = λ

∫
g(x) | u(x) |p−2 u(x)φ(x)dx+

∫
f(λ, x, u)φdx

OrÐzoume touc akìloujouc telestèc J,G, F (λ, ·) : V → V ∗ wc ex c : gia
u, φ ∈ V ,

(J(u), φ)V =

∫
| ∇u(x) |p−2 ∇u(x)∇φ(x)dx,

(G(u), φ)V =

∫
g(x) | u(x) |p−2 u(x)φ(x)dx,
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(F (λ, u), φ)V =

∫
f(λ, x, u)φdx.

K�poiec forèc ja qreiasteÐ na qwrÐsoume ton telest  G wc ex c : G =
G1 −G2, ìpou

(Gi(u), φ)V =

∫
gi(x) | u(x) |p−2 u(x)φ(x)dx, i = 1, 2

(ta i antistoiqoÔn kat� ta gnwst� sta g±)

Orismìc 3.2.1 Ja lème ìti to zeÔgoc (λ, u) eÐnai asjen c lÔsh tou prob-
l matoc (3.1), an

J(u)− λG(u)− Fλ(u) = 0, V ∗.

Sta L mmata pou akoloujoÔn, apodeiknÔoume k�poiec idiìthtec gi autoÔc
touc telestèc, tic opoÐec ja qreiastoÔme argìtera.

L mma 3.2.1 Oi telestèc J,G, F eÐnai kal� orismènoi, o J eÐnai suneq c
kai o F ikanopoieÐ :

lim
‖u‖V→0

‖ F (λ, u) ‖∗V
‖ u ‖p−1

V

= 0,

omoiìmorfa gia l se èna fragmèno uposÔnolo tou R.

Apìdeixh 3.2.1 1. H sunèqeia tou J eÐnai �mesh sunèpeia thc sunèqeiac
tou telest  Nemytskii1 apì ton Lp(RN) ston Lp

′
(RN)

2. Me qr sh thc anisìthtac Hölder paÐrnoume2:

| (J(u), φ)V |=|
∫
| ∇u |p−2 ∇u∇φdx |≤ (

∫
| ∇u |p)1/p′(

∫
| ∇u |p)1/p <∞.

'Ara o J eÐnai kal� orismènoc.

1
βλ. [24]

2p′ = p/p− 1
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3. 'Eqoume :

| (G(u), φ)V |=|
∫
g1/p′ | u |p−2 ug1/pφdx |

(apl�, gr�yame 1 = 1/p′ + 1/p) kai p�li apì thn anisìthta Hölder :

| (G(u), φ)V |≤ (

∫
| g || u |p)1/p′(

∫
| g || φ |p)1/p.

Apì ton orismì thc nìrmac tou V kai ìti u ∈ V, èqoume ìti∫
g− | u |p dx <∞.

EpÐshc, apì thn anisìthta Hölder, th (g4), kai thn anisìthta (1.1), è-
qoume∫

g+ | u |p dx ≤ (

∫
(g+)N/pdx)p/N · (

∫
| u |p∗ dx)p/p∗ <∞.

'Ara o G eÐnai kal� orismènoc.

4. Gia ton F èqoume:

| (F (u), φ), φ)V |=|
∫
f(λ, x, u)φdx |

(f2)

≤ c(λ)(

∫
σ | φ | dx+

∫
ρ | u |γ| φ | dx).

P�li apì thn (f2) èqoume èna apì ta parak�tw :

(aþ) eÐte ∫
σ | φ | dx ≤ (

∫
σ(p∗)′dx)1/(p∗)′(

∫
| φ |p∗ dx)1/p∗ <∞

(bþ) eÐte ∫
σ | φ | dx ≤ (

∫
w1/(1−p)σp

′
dx)1/p′(

∫
w | φ |p dx)1/p <∞

kai∫
ρ | u |γ| φ | dx ≤ (

∫
| φ |p∗ dx)γ/p

∗·(
∫
ρp
∗/(p∗−γ) | φ |p∗/(p∗−γ))(p∗−γ)/p∗ ≤
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Hölder

≤ c1(

∫
| u |p∗ dx)γ/p

∗ · (
∫
| φ |p∗ dx)1/p∗ · (

∫
ργ1)1/γ1 ≤

≤‖ φ ‖V · ‖ u ‖γV<∞ (3.2)

kai �ra o F eÐnai kal� orismènoc.

5. ExorismoÔ

lim
‖u‖V→0

‖ F (λ, u) ‖∗V
‖ u ‖p−1

V

= lim
‖u‖V→0

sup
‖φ‖V ≤1

1

‖ u ‖p−1
V

|
∫
f(λ, x, u)φ |≤

≤ lim
‖u‖V→0

sup‖φ‖V ≤1

∫
| f(λ, x, u) |
w | u |p−1

| ũ |p−1| φ | wdx, (3.3)

ìpou ũ = u/ ‖ u ‖V (shm.: pollaplasi�same kai diairèsame me thn Ðdia
par�stash sthn teleutaÐa anÐswsh) .
Sth sunèqeia, ja ektim soume to teleutaÐo olokl rwma.
Kat�rq�c, orÐzoume gia δ > 0,

Ωδ(u) = {x ∈ RN : w(x) | u(x) |p−1≥ δ}.

Isqurizìmaste ìti µ(Ωδ(u))→ 0, kaj¸c ‖ u ‖V→ 0 (ìpou µ(·) to mètro
Lebesque). 'Estw gia �topo ìti µ(Ωδ(u)) ≥ c > 0.
'Estw ΩK = Ωδ(u) ∩ BK(0), K > 0. 'Ara gia arkoÔntwc meg�lo K,
µ(ΩK) ≥ 1

2
c3. Sunep¸c apì ton orismì tou ΩK

0 < δ·µ(ΩK) ≤
∫

ΩK

w | u |p−1 dx
Hölder

≤ (

∫
ΩK

w | u |p dx)1/p′ ·(
∫

ΩK

w(x)dx)1/p ≤

‖u‖V
≤ (

∫
ΩK

w(x)dx)1/p· ‖ u ‖p−1
V ≤ cµ(ΩK)1/p· ‖ u ‖p−1

V .

Opìte,

0 < δ(
c3

2
)1/p′ < δµ(ΩK)1/p′ ≤ c ‖ u ‖p−1

V ,

�topo.



3.2. PROKATARKTIK�A APOTEL�ESMATA 49

T¸ra gia k�je dedomèno ε > 0, apì thn (f3), up�rqei δ > 0 ¸ste

| f(λ, x, u) |
w | u |p−1

≤ ε,

omoiìmorfa gia w | u |p−1< δ.
QwrÐzoume t¸ra to olokl rwma thc (3.3) se oloklhr¸mata p�nw sta
RN \ Ωδ(u) kai Ωδ(u) antÐstoiqa.
Gia to pr¸to olokl rwma èqoume:∫
RN\Ωδ(u)

| f(λ, x, u) |
w | u |p−1

| ũ |p−1| φ | wdx ≤ ε

∫
RN\Ωδ(u)

| ũ |p−1| φ | wdx
(∗)
≤cε

( (∗) apì thn anisìthta Hölder kai ton orismì thc nìrmac ‖ · ‖V gia
u, φ ∈ V èqoume ìti:∫

| ũ |p−1| φ | wdx ≤ (

∫
w | ũ |p dx)1/p′ · (

∫
w | φ |p dx)1/p <∞.)

Apì thn (f2), gia to deÔtero olokl rwma èqoume:∫
Ωδ(u)

| f(λ, x, u) |
w | u |p−1

| ũ |p−1| φ | wdx ≤
∫

Ωδ(u)

c(λ)σ(x)

w | u |p−1
| ũ |p−1| φ | wdx+

+
c(λ)

‖ u ‖p−1
V

∫
Ωδ(u)

ρ(x) | u |γ| φ | dx := c(λ)(I1 + I2).

Gia ta I1, I2 parathroÔme ta ex c :

I1 ≤
1

δ

∫
Ωδ(u)

σ(x)w(x) | ũ |p−1| φ | dx ≤

≤ 1

δ
(

∫
Ωδ(u)

| ũ |p∗)(p−1)/p∗ ·(
∫

Ωδ(u)

(σ(x)w(x) | φ |)p∗/(p∗−(p−1))dx)(p∗−(p−1))/p∗ ≤

Hölder

≤ 1

δ
(

∫
Ωδ(u)

| ũ |p∗)(p−1)/p∗·(
∫

Ωδ(u)

(σ(x)w(x))p
∗/(p∗−p)dx)(p∗−p)/p∗·(

∫
Ωδ

| φ |p∗ dx)1/p∗ ≤
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≤ c6(

∫
Ωδ(u)

(σ(x)w(x))N/p)p/N ‖ ũ ‖p−1
V ‖ φ ‖V→ 0,

afoÔ µ(Ωδ(u))→ 0 kai σ ∈ LN/p(wN/p,RN). Apì thn (3.2) sunep�getai:

I2 ≤ c ‖ u ‖γ−p+1
V ‖ φ ‖V→ 0

kai to l mma èqei apodeiqjeÐ. ♦

L mma 3.2.2 1. O telest c G2 eÐnai suneq c.

2. Oi telestèc G1 kai F eÐnai sumpageÐc.

Apìdeixh 3.2.2 1. H sunèqeia tou G2 èpetai �mesa apì th sunèqeia tou
telest  Nemytskii apì to q¸ro Lp(w,RN) ston Lp

′
(w,RN) (me b�rh).

2. (aþ) Gia th sump�geia tou G1 :

Isqurismìc : gia k�je ε > 0 kai φ ∈ V up�rqei K > 0, tètoia
¸ste

sup
‖v‖V ≤1

∫
|x|>K

g+ | φ |p−1| v | dx ≤ ε ‖ φ ‖p−1
V .

Pr�gmati, apì thn anisìthta Hölder,

sup
‖v‖V ≤1

∫
|x|>K

g+ | φ |p−1| v | dx ≤

≤ sup
‖v‖V ≤1

(

∫
|x|>K

g+ | φ |p dx)1/p′ · (
∫
|x|>K

g+ | v |p dx)1/p ≤

≤ sup
‖v‖V ≤1

(

∫
|x|>K

g+N/pdx)(p−1)/N · (
∫
|x|>K

| φ |p∗ dx)(p−1)/p∗·

·(
∫
|x|>K

g+N/pdx)1/N · (
∫
|x|>K

| φ |p∗ dx)1/p∗ ≤
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≤ c sup
‖v‖V ≤1

(

∫
|x|>K

g+N/pdx)p/N · (
∫
|x|>K

| φ |p∗ dx)1/p∗ ‖ v ‖V≤

≤ ε ‖ φ ‖p−1
V .

kaj¸c g+ ∈ LN/p(RN).

O isqurismìc èqei apodeiqjeÐ.

Upojètoume t¸ra ìti un
w→u0 ston V. 'Eqoume :

‖ G1(un)−G1(u0) ‖V ∗= sup
‖v‖V ≤1

| (G1(un)−G1(u0), v)V |=

= sup
‖v‖V ≤1

|
∫
g+(x)(| un |p−2 un− | u0 |p−2 u0)vdx |≤

≤ sup
‖v‖V ≤1

|
∫
|x|≤K

g+(x)(| un |p−2 un− | u0 |p−2 u0)vdx | +

+ sup
‖v‖V ≤1

|
∫
|x|>K

g+(x)(| un |p−2 un− | u0 |p−2 u0)vdx | .

Apì thn parap�nw ektÐmhsh, kai ton isqurismì (kai thn idiìthta
|
∫
· |≤

∫
| · |) èpetai ìti G1(un) → G1(u0) isqur� ston V ∗, �ra o

G1 eÐnai sumpag c. Pr�gmati, gia k�je ε > 0, mporoÔme na epilèx-
oume tètoio K > 0 ¸ste to olokl rwma p�nw sto sÔnolo | x |> K
na eÐnai mikrìtero apì ε

2
gia ìla ta n, kai gi autì to sugkekrimèno

K, apì thn isqur  sÔgklish un → u0 ston Lp (apì th sumpag  em-
fÔteush tou V ston Lp, gia fragmèno qwrÐo), to olokl rwma p�nw
sto sÔnolo | x |≤ K eÐnai mikrìtero apì ε

2
gia meg�la n.

(bþ) Gia th sump�geia tou F :

'Estw p�li un
w→u0 ston V . 'Eqoume :

‖ F (λ, un)− F (λ, u0) ‖V ∗= sup
‖v‖V ≤1

| (F (λ, un)− F (λ, u0), v)V |=
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= sup
‖v‖V ≤1

|
∫

(f(λ, x, un)− f(λ, x, u0))vdx ≤

≤ sup
‖v‖V ≤1

|
∫
|x|≤K

(f(λ, x, un)− f(λ, x, u0))vdx | +

+ sup
‖v‖V ≤1

|
∫
|x|>K

(f(λ, x, un)− f(λ, x, u0))vdx | .

Apì th sunèqeia tou telest  Nemytskii F : Lp → Lp′ èqoume �me-
sa ìti to olokl rwma p�nw sto sÔnolo | x |≤ K teÐnei sto 0 gia
n→∞.
Gia to olokl rwma p�nw sto | x |> K èqoume apì thn (f2)

sup
‖v‖V ≤1

|
∫
|x|>K

| f(λ, x, φ)v |≤ (

∫
c(λ)σ | v | dx+

∫
c(λ)ρ | φ |γ vdx.

Gia ton pr¸to ìro èqoume ìti eÐnai ≤ c(
∫
|x|>K σ

(p∗)′dx)1/(p∗)′   ≤
c(
∫
|x|>K w

1/(1−p)σp
′
dx)1/p′

kai gia to deÔtero ìti eÐnai

≤ c(

∫
|x|>K

| φ |p∗ dx)γ/p
∗ · (

∫
|x|>K

| v |p∗ dx)1/p∗ · (
∫
|x|>K

ργ1)1/γ1 ,

(ìpwc sthn apìdeixh tou (4) tou L mmatoc (3.1.1).
T¸ra, ìpwc kai sthn apìdeixh tou isqurismoÔ tou L mmatoc (3.1.2,2a),
èqoume mia anisìthta apì thn opoÐa �mesa ep�getai ìti kai to olok-
l rwma p�nw sto sÔnolo | x |> K teÐnei sto 0. 'Ara o F eÐnai
sumpag c.
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3.3 Topologikìc Bajmìc

OrÐzoume Aλ := J − λG − F (λ, ·). S' aut  thn enìthta ja deÐxoume ìti
o topologikìc bajmìc ìntwc orÐzetai gia ton telest  Aλ. Apì ta L mmata
(3.1.1),(3.1.2) kai (1.2.1) blèpoume ìti arkeÐ na deÐxoume mìno to akìloujo
L mma :

L mma 3.3.1 O telest c J + λG2 : V → V ∗ ikanopoieÐ th sunj kh a(V )
gia λ > 0.

Apìdeixh 3.3.1 Upojètoume ìti un
w→u0 ston V kai

lim sup
n→∞

(J(un) + λG2(un), un − u0)V ≤ 0.

Tìte, èqoume

0 ≥ lim sup
n→∞

((J(un)− J(u0), un − u0)V + λ(G2(un)−G2(u0), un − u0)V ) =

= lim sup
n→∞
{
∫

(| ∇un |p−2 ∇un− | ∇u0 |p−2 ∇u0)(∇un −∇u0)dx+

+λ

∫
g−(| un |p−2 un− | u0 |p−2 u0)(un − u0)dx}. (3.4)

Apì thn (3.2) kai thn∫
(| ∇un | ∇un− | ∇um | ∇um)∇un −∇um)dx

(bl.Apìdeixh L mmatoc 2.5.1) èqoume ìti∫
| ∇un |p dx→

∫
| ∇u0 |p dx,

∫
g−(x) | un |p→

∫
g−(x) | u0 |p .

Apì thn anisìthta Hardy èqoume ìti∫
| un − u0 |p

(1+ | x |)p
dx ≤ (

p

N − p
)p
∫
| ∇un −∇u0 |p dx→ 0

kai �ra apì thn idiìthta Kadec-Klee èqoume ìti un → u0 ston V. ♦
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Apì to L mma autì t¸ra, èqoume ìti o Deg[J − λG − F (λ, ·);D, 0] eÐnai
kal� orismènoc gia k�je l > 0
(to D eÐnai, kat� ta gnwst�, fragmèno anoiqtì uposÔnolo tou V tètoio ¸ste
Aλ(u) 6= 0, gia k�je u ∈ ∂D).

Parat rhsh 3.3.1 An g ∈ L∞(RN) ∩ LN/p(RN), tìte kat� thn apìdeixh
tou L mmatoc 3.1.2 (gia th sump�geia tou G1) prokÔptei ìti kai o G eÐnai
sumpag c, tìte, o topologikìc bajmìc mporeÐ na oristeÐ kai gia λ ≤ 0.



3.4. DIAKL�ADWSH AP�O TH λ1 55

3.4 Diakl�dwsh apì th λ1

'Estw E = R× V efodiasmènoc me th nìrma

‖ (λ, u) ‖E= (| λ |2 + ‖ u ‖2
V )1/2, (λ, u) ∈ E. (3.5)

Ja lème ìti to

C = { (λ, u) ∈ E : (λ, u) lÔnei to (3.1), u 6= 0} (3.6)

eÐnai èna suneqèc mh tetrimmènwn lÔsewn tou (3.1) an eÐnai sunektikì sÔnolo
ston E wc proc thn topologÐa pou orÐzei h nìrma (3.5).

Ja lème ìti to λ0 ∈ R eÐnai shmeÐo diakl�dwshc tou (3.1) (upì thn ènnoia
tou Rabinowitz) an up�rqei èna suneqèc mh tetrimmènwn lÔsewn C tou (3.1)
tètoio ¸ste (λ, 0) ∈ C̄ kai eÐte

[i.]to C eÐnai mh fragmèno sto E eÐte

up�rqei mia idiotim  λ̂ 6= λ0 ¸ste (λ̂, 0) ∈ C̄ .

1.2. Je¸rhma 3.4.1 'Estw 1 < p < N . Me tic upojèseic (f1) − (f3) kai gia
g+ ∈ L∞(RN) ∩ LN/p(RN), g+ 6≡ 0
Tìte, h kurÐarqh idiotim  λ+

1 > 0 tou probl matoc

−∆p(| ∇u |p−2 ∇u) = λg | u |p−2 u, x ∈ RN ,

∫
g | u |p dx > 0

eÐnai shmeÐo diakl�dwshc gia to (3.1).

Gia thn apìdeixh tou parap�nw Jewr matoc ja qrhsimopoi soume to parak�tw
L mma apì to [45].

L mma 3.4.1 'Estw F to kleÐsimo tou sunìlou twn mh tetrimmènwn lÔsewn
tou (3.1) kai r(A) to sÔnolo twn idiotim¸n. An to λ0 den eÐnai shmeÐo diak-
l�dwshc, tìte up�rqei èna anoiqtì, fragmèno sÔnolo O ⊂ E tètoio ¸ste
(λ0, 0) ∈ O, ∂O ∩ F = kai to O den perièqei �llec tetrimmènec lÔseic ektìc
apì autèc sth Bε, ìpou 0 < ε < ε0, kai ε0 h apìstash tou λ0 apì to r(A)−λ0.

(H apìdeixh paraleÐpetai.)
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Apìdeixh 3.4.1 H apìdeixh ja oloklhrwjeÐ se trÐa b mata.
'Estw o telest c Ãλ(u) = J(u) − λG(u). Apì to metabolikì qarakthrismì
thc λ+

1 èqoume ìti gia λ ∈ (0, λ+
1 ) kai u ∈ V (me ‖ u ‖V 6= 0),

(Ãλ(u), u)V > 0.

Tìte, o topologikìc bajmìc

Deg[Ãλ;Br(0), 0]

eÐnai kal� orismènoc gia k�je λ ∈ (0, λ+
1 ) kai k�je mp�la Br(0) ⊂ V.

Me efarmog  tou Jewr matoc 1.2.2 èpetai ìti

Deg[Ãλ;Br(0), 0] = 1, λ ∈ (0, λ+
1 ).

SÔmfwna me to L mma (2.5.1), up�rqei èna δ > 0 ¸ste to di�sthma (λ+
1 , λ

+
1 +δ)

na mhn perièqei kami� idiotim  tou probl matoc (3.1), sunep¸c o topologikìc
bajmìc eÐnai kal� orismènoc kai gia λ ∈ (λ+

1 , λ
+
1 + δ).

S' autì to b ma ja upologÐsoume to Ðqnoc Ind(Ãλ, 0) gia λ ∈ (λ+
1 , λ

+
1 + δ).

StajeropoioÔme èna K > 0 kai orÐzoume mia sun�rthsh ψ : R→ R wc ex c

ψ(t) =

{
0 t ≤ K
2δ
λ+1

t ≥ 3K

H ψ(t) eÐnai jetik  kai kurt  sto (K, 3K).
OrÐzoume t¸ra to sunarthsiakì

Ψλ(u) =
1

p
(J(u), u)V −

λ

p
(G(u), u)V + ψ(

1

p
(J(u), u)V ).

To Ψλ eÐnai suneq¸c Fréchet diaforÐsimo kai to krÐsimo shmeÐo tou u0 ∈ V
(dhl.,Ψ

′

λ(u0)) = 0 antistoiqeÐ sth lÔsh thc exÐswshc

J(u0)− λ

1 + ψ′(1
p
(J(u0), u0)V )

G(u0) = 0.

'Omwc, kaj¸c λ ∈ (λ+
1 , λ

+
1 + δ), ta mìna mh tetrimmèna krÐsima shmeÐa tou

Ψ
′

λ sumbaÐnoun ìtan

ψ′(
1

p
(J(u0), u0)V ) =

λ

λ+
1

− 1,
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kai �ra prèpei

1

p
(J(u0), u0)V ∈ (K, 3K).

(apì ton orismì thc ψ(t)). S' aut  thn perÐptwsh eÐte u0 = −u+
1 eÐte u0 = u+

1 ,
ìpou u+

1 > 0 eÐnai h kurÐarqh idiosun�rthsh.
'Ara, gia λ ∈ (λ+

1 , λ
+
1 +δ) h Ψ

′

λ èqei akrib¸c trÐa apomonwmèna krÐsima shmeÐa,
−u+

1 , 0, u
+
1 .

To sunarthsiakì Ψλ eÐnai asjen¸c k�tw hmisuneqèc. Pr�gmati, èstw un
w→u0, V .

Tìte

(G1(un), un)V → (G1(u0), u0)V

( lìgw thc sump�geiac tou G1 apì to L mma (3.1.2) ) kai

lim inf
n→∞

((
1

p
(J(un), un)V +

λ

p
(G2(un), un)V + ψ(

1

p
(J(un), un)V )) ≥

≥ 1

p
(J(u0), u0)V +

λ

p
(G2(u0), u0)V + ψ(

1

p
(J(u0), u0)V )

kaj¸c h ψ eÐnai mh fjÐnousa kai thn asjen  k�tw hmisunèqeia twn norm¸n
tou Lp kai V
(dhl. lim inf ‖ un ‖V≥‖ u0 ‖V ,lim inf ‖ ∇un ‖Lp(RN )≥‖ ∇u0 ‖Lp(RN ) )

Opìte, telik�

lim inf
n→∞

Ψλ(un) ≥ Ψλ(u0).

To Ψλ eÐnai epÐshc piestikì, dhlad 

lim
‖u‖V→∞

Ψλ(u) =∞.

Gia na to doÔme autì, exet�zoume tic akìloujec dÔo peript¸seic gia
‖ u ‖V→∞ :
(i) (J(u), u)V eÐnai fragmèno. Se aut  thn perÐptwsh, ìpwc k�name kai sto
L mma 3.1.1, apì thn anisìthta (1.1) kai �ra o (G1(u), u)V eÐnai epÐshc frag-
mènoc all� o (G2(u), u)V →∞ opìte profan¸c Ψλ(u)→∞.
(ii) (J(u), u)V →∞. Se aut  thn perÐptwsh èqoume



58 KEF�ALAIO 3. PR�OBLHMA DIAKL�ADWSHS

Ψλ(u) =
1

p
(J(u), u)V −

λ+
1

p
(G(u), u)V +

λ+
1 − λ
p

(G(u), u)V +ψ(
1

p
(J(u), u)V ) ≥

≥ λ+
1 − λ
p

(G(u), u)V + ψ(
1

p
(J(u), u)V )

(giatÐ apì to metabolikì qarakthrismì tou λ+
1 eÐnai

1

p
(J(u), u)V −

λ+
1

p
(G(u), u)V ≥ 0).

'Ara (xan� apì to metabolikì qarakthrismì :)

Ψλ(u) ≥ λ+
1 − λ
pλ+

1

(J(u), u)V + ψ(
1

p
(J(u), u)V ) ≥

≥ − δ

pλ+
1

(J(u), u)V +
2δ

λ+
1

[
1

p
(J(u), u)V − 2K]

‖u‖V→∞−→ ∞.

(apì ton orismì tou ψ(t)).
To Ψλ eÐnai �rtio sunep¸c to el�qisto epitugq�netai se dÔo shmeÐa, −u+

1 , u
+
1 .

To 0 eÐnai profan¸c èna apomonwmèno krÐsimo shmeÐo, tÔpou s�gmatoc.
'Ara apì to Je¸rhma 1.2.4 èqoume ìti

Ind(Ψ
′

λ,−u+
1 ) = Ind(Ψ

′

λ, u
+
1 ) = 1. (3.7)

Tautìqrona, gia ‖ u ‖V = κ, κ > 0 arkoÔntwc meg�lo, èqoume ìti
(Ψ
′

λ(u), u)V > 0).
'Opwc kai gia thn piestikìthta, gia thn apìdeixh ja jewr soume tic Ðdiec dÔo
peript¸seic :
Gia thn perÐptwsh (i) ìpwc prin, eÐnai �meso ìti Ψ

′

λ(u), u)V →∞.
Gia thn perÐptwsh (ii), p�li apì to metabolikì qarakthrismì tou λ+

1 kai ton
orismì tou ψ(t) èqoume ìti

Ψ
′

λ(u), u)V = (J(u), u)V − λ(G(u), u)V + ψ′(
1

p
(J(u), u)V )((J(u), u)V ) =

(J(u), u)V − λ+
1 (G(u), u)V +
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+ψ′(
1

p
(J(u), u)V )[(J(u), u)V )− λ+

1 − λ
ψ′(1

p
(J(u), u)V )

(G(u), u)V ] ≥

≥ 2δ

λ+
1

[(J(u), u)V )− 2K] · [(J(u), u)V )− λ+
1

2
]G(u), u)V →∞

(gia ‖ u ‖V→∞).
Opìte apì to Je¸rhma 1.2.1 èpetai ìti

Deg[Ψ
′

λ;Bκ(0), 0] = 1. (3.8)

Epilègoume κ arket� meg�lo ¸ste ±u+
1 ∈ Bκ(0).

T¸ra, apì thn prosjetikìthta tou topologikoÔ bajmoÔ (bl.Kef.1, Jewr.
1.2.3) kai tic (3.7),(3.8) èqoume ìti

Ind(Ψ
′

λ, 0) = −1

Epiplèon, apì ton orismì tou ψ èqoume ìti

Deg[Ãλ;Br(0), 0] = Ind(Ψ
′

λ, 0), (3.9)

gia r arket� mikrì.
Apì tic (3.8),(3.9) kai ìti Deg[Ãλ;Br(0), 0] = 1, λ ∈ (0, λ+

1 ) (pou eÐdame n-
wrÐtera) prokÔptei ìti

Ind(Ãλ, 0) = 1, λ ∈ (0, λ+
1 ),

Ind(Ãλ, 0) = −1, λ ∈ (λ+
1 , λ

+
1 + δ) (3.10)

Apì to analloÐwto thc omotopÐac gia ton topologikì bajmì (bl.Kef.1,
Jewr. 1.2.1), èpetai ìti gia r arket� mikrì,

Deg[Aλ;Br(0), 0] = Deg[Ãλ;Br(0), 0]

gia λ ∈ (0, λ+
1 + δ). 'Ara, apì thn (3.10) eÐnai

Ind(Aλ, 0) = 1, λ ∈ (0, λ+
1 ),
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Ind(Aλ, 0) = −1, λ ∈ (λ+
1 , λ

+
1 + δ).

Gia �topo, èstw ìti to λ+
1 den eÐnai shmeÐo diakl�dwshc.

Tìte, apì to L mma 3.3.1, up�rqoun tètoia O kai d ìpwc sto L mma, ¸ste

Oλ = {u ∈ V : (λ, u) ∈ O}

gia 0 <| λ− λ+
1 |≤ δ kai (λ, 0) apomonwmènh lÔsh tou (3.1).

Sunep¸c, up�rqei ρ(λ) > 0 tètoio ¸ste h (λ, 0) na eÐnai h monadik  lÔsh tou
(3.1) sto {λ} × B̄ρ(λ.
'Estw

ρ(λ) =

{
ρ(λ+

1 + δ), λ ≥ λ+
1 + δ

ρ(λ+
1 − δ), λ ≤ λ+

1 − δ

Epilègontac to ρ(λ+
1 ± δ) kat�llhla mikrì, mporoÔme na upojèsoume ìti gia

| λ− λ+
1 |≥ δ,

B̄ρ(λ) ∩ O = ∅.

Gia λ 6= λ+
1 , den up�rqoun lÔseic tou (3.1) sto {λ} × ∂(Oλ − B̄ρ(λ)) kai �ra o

topologikìc bajmìc Deg[Aλ,Oλ − B̄ρ(λ)] eÐnai kal� orismènoc.

H diadikasÐa pou ja akolouj soume eÐnai h akìloujh :
Ja deÐxoume ìti Deg[Aλ,Oλ − B̄ρ(λ)] = 0, λ 6= λ+

1 .
Ja deÐxoume ìti gia k�je l kont� sto λ+

1 , (all� p�nta λ 6= λ+
1 ) Deg[Aλ,Oλ−

B̄ρ(λ)] 6= 0 pou ìmwc antÐkeitai sto A, �ra den up�rqei tètoio O �ra to λ+
1 eÐnai

shmeÐo diakl�dwshc.
Ja diakrÐnoume tic peript¸seic λ > λ+

1 kai λ < λ+
1 . Ja apodeÐxoume to A gia

thn pr¸th perÐptwsh kai h deÔterh èpetai an�loga.
Epilègoume loipìn λ∗ > λ tìso meg�lo ¸ste (ν, u ∈ O sunep�getai ìti
ν < λ∗).
'Estw ρ = inf{ρ(θ) : λ ≤ θ ≤ λ∗} > 0.

Tìte,

1. to U = O−[λ, λ∗] eÐnai èna anoiqtì, fragmèno sÔnolo ston Ê = [λ, λ∗]×E
kai
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2. A(θ, λ) 6= 0, (θ, λ) ∈ ∂U
Tìte, apì to analloÐwto thc omotopÐac gia ton topologikì bajmì èpetai ìti

Deg[A(θ),Oθ − B̄ρ] = c, θ ∈ [λ, λ∗] (3.11)

All� Oλ∗ − B̄ρ = ∅, opìte

Deg[A(λ∗),Oλ∗ − B̄ρ] = 0 (3.12)

kai �ra apì tic (3.11) kai (3.12) paÐrnoume ìti

Deg[A(λ),Oλ − B̄ρ] = 0 (3.13)

Apì thn (3.13), thn prosjetikìthta tou topologikoÔ bajmoÔ kai to ìti o A(l)
den èqei rÐzec sto {λ} × (Bρ − B̄ρ(λ))
paÐrnoume telik� ìti

Deg[A(λ),Oλ − B̄ρ(λ)] = 0, λ > λ+
1 .

P�li apì to analloÐwto thc omotopÐac gia ton topologikì bajmì èqoume ìti

Deg[A(λ),Oλ] ≡ c, | λ− λ+
1 |< ε (3.14)

'Estw λ+
1 −ε < λ < λ+

1 < λ̄ < λ+
1 +ε. Apì thn prosjetikìthta tou topologikoÔ

bajmoÔ kai to ìti h (λ, 0) eÐnai apomonwmèno mhdenikì tou A(l) :

Deg[A(λ),Oλ] = Ind[A(λ), (λ, 0)] +Deg[A(λ),Oλ − B̄ρ(λ)]

Deg[A(λ̄),Oλ̄] = Ind[A(λ̄), (λ̄, 0)] +Deg[A(λ̄),Oλ̄ − B̄ρ(λ̄)] (3.15)

Apì to A kai tic (3.15) paÐrnoume :

Deg[A(λ),Oλ] = Ind[A(λ), (λ, 0)]

Deg[A(λ̄),Oλ̄] = Ind[A(λ̄), (λ̄, 0)].
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Apì thn (3.14) tìte :

Ind[A(λ), (λ, 0)] = Ind[A(λ̄), (λ̄, 0)]

All� apì ton upologismì tou B matoc 2 :

Ind[A(λ), (λ, 0)] = −Ind[A(λ̄), (λ̄, 0)] 6= 0

�ra katal xame se �topo, kai �ra to λ+
1 eÐnai shmeÐo diakl�dwshc gia to (3.1).

Je¸rhma 3.4.2 Me tic upojèseic (f1)− (f3), g ∈ L∞(RN) ∩ LN/p(RN),
g± 6≡ 0, to parap�nw apotèlesma isqÔei.
Epiplèon, h λ−1 tou probl matoc

−div(| ∇u |p−2 ∇u) = λg | u |p−2 u,RN ,

∫
g | u |p dx < 0

eÐnai shmeÐo diakl�dwshc gia to (3.1).

Apìdeixh 3.4.2 Me autèc tic upojèseic, o telest cG2 eÐnai ki autìc sumpag c.Opìte
me thn antikat�stash g → −g sto (3.1), efarmìzetai �mesa to Je¸rhma 3.3.1.

Parat rhsh 3.4.1 Upojètwntac

limu→0
f(λ, x, u)

w(x) | u |p−2 u
= 0,

mporoÔme na mil soume gia diakl�dwsh apì to �peiro.Pr�gmati,

èstw v = u· ‖ u ‖−p/(p−1)
V . Tìte u = v· ‖ v ‖−pV . Pollaplasi�zontac thn (3.1)

me ‖ u ‖−pV paÐrnoume

−∆pv = λg(x) | v |p−2 v+ ‖ v ‖−p/(p−1)
V f(λ, x, ‖ v ‖−pV v). (3.16)

'Omwc

‖ v ‖−p/(p−1)
V f(λ, x, ‖ v ‖−pV v)

w(x) | v |p−2 v
=

f(λ, x, u)

w(x) | u |p−2 u

v→0→ 0

Sunep¸c, h (f3) ikanopoieÐtai gia thn (3.11).

OrÐzoume t¸ra èna nèo telest  Âλ wc ex c :

Âλ(v) =
Aλ(u)

‖ u ‖pV
= J(v)− λG(v)− ‖ v ‖p/(p−1)

V F (λ, ‖ v ‖−pV v).
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ParathroÔme ìti h apìdeixh tou Jewr matoc 3.3.1 mporeÐ �mesa na efarmosteÐ
kai gia aut  thn perÐptwsh kai �ra to (λ+

1 , 0) eÐnai shmeÐo diakl�dwshc gia to

prìblhma pou antistoiqeÐ ston Âλ. Epomènwc to (λ+
1 ,∞) eÐnai ìntwc shmeÐo

diakl�dwshc gia to (3.1).
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3.5 Idiìthtec thc lÔshc

Gia mia oloklhrwmènh eikìna tou apotelèsmatoc diakl�dwshc, se aut  thn
enìthta ja exet�soume thn omalìthta kai thn apìsbesh thc lÔshc kai ja
d¸soume plhroforÐec gia to prìshmo thc lÔshc p�nw stouc kl�douc thc di-
akl�dwshc. Ed¸ antÐ gia thn upìjesh (f2) ja upojèsoume thn
(f2)′ Up�rqei mia mh arnhtik  ρ̃(x) ∈ L∞(RN) ∩ Lγ1(RN) tètoia ¸ste

| f(λ, x, u) |≤ c(λ)ρ̃(x) | u |γ1

gia k�je λ, u ∈ R kai sqedìn gia ìla ta x ∈ RN .
Tìte, èqoume to akìloujo apotèlesma :

Je¸rhma 3.5.1 'Estw 1 < p < N kai ìti isqÔoun oi gnwstèc upojèseic
(t¸ra me thn (f2)′ ).Tìte gia k�je asjen  lÔsh tou (3.1) me λ ≥ 0 èqoume :

1. u ∈ Lr(RN), p∗ ≤ r ≤ ∞,

2. h u(x) fjÐnei omoiìmorfa kaj¸c | x |→ ∞. Epiplèon,

3. gia k�je K > 0, u ∈ C1,α gia k�poio α = α(K) ∈ (0, 1)

Apìdeixh 3.5.1 'Estw u mia asjen c lÔsh tou (3.1). Gia u+(x) = max{u(x), 0}
kai M > 0, orÐzoume

vM(x) = min{u+(x),M}

.
Epilègoume φ = vκp+1

M , κ > 0 san sun�rthsh dokim c sthn asjen  diatÔpwsh
tou (3.1) :

(κp+ 1)

∫
vκpM | ∇vM |

p dx+ λ

∫
g−(x) | u+ |p−2 u+vκp+1

M dx =

λ

∫
g+(x) | u+ |p−2 u+vκp+1

M dx+

∫
f(λ, x, u+)u+vκp+1

M dx (3.17)

Gia to aristerì mèloc thc (3.12) èqoume (apì thn 1.1)

(κp+ 1)

∫
vκpM | ∇vM |

p dx =
κp+ 1

κ+ 1

p ∫
| ∇(vM)κ+1 |p dx ≥

≥ κp+ 1

κ+ 1

p

(

∫
v

(κ+1)p∗

M dx)
p
p∗ .
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Gia to dexÐ mèloc, apì q ∈ (p, p∗), th (g1) kai lìgw N
p
< q

q−p , mporeÐ na ek-
timhjeÐ wc ex c :

λ·(
∫
g+

q
q−pdx)

q−p
p ·c(λ)(

∫
ρ̃(x)γ1+δdx)

1
γ1+δ ·(

∫
u+(x)p

∗
dx)

q−p(γ1+δ)
′

q(γ1+δ)
′ ·(

∫
u+(x)(κ+1)qdx)

p
q

Apì thn (1.1), thn (f2)′ prokÔptei ìti h parap�nw par�stash eÐnai peperas-
mènh kai up�rqei mia stajer� c = c(λ) > 0 tètoia ¸ste

‖ uM ‖(κ+1)p∗≤ (
κ+ 1

(κp+ 1)
1
p

)
1

κ+1 ‖ u+ ‖(κ+1)q .

Epagwgik�, me κn + 1 = p∗s
q

n
(bl.sel 115, [24]) katal goume ìti

‖ uM ‖(κn+1)p∗≤ c ‖ u ‖p∗ (3.18)

kai gia κn →∞ apì thn (1.1) kai thn asjen  sÔgklish un
w→u,X (�ra frag-

mènh ston X) èpetai ìti

‖ u ‖rn≤ C

gia rn = (κn + 1)p∗ →∞, me k�poio C > 0.

Ja deixoume pr¸ta ìti uM ∈ L∞.Pr�gmati, èstw ìti ‖ uM ‖∞> c ‖
uM ‖p∗ . Tìte, up�rqei èna η > 0 kai sÔnolo (A) jetikoÔ mètrou ston RN

¸ste uM(x) ≥ c ‖ uM ‖p∗ +η, gia x ∈ (A). Tìte èpetai ìti

lim inf
rn→∞

(

∫
| uM |rn dx)

1
rn ≥ lim inf

rn→∞
(

∫
(A)

| uM |rn dx)
1
rn ≥

≥ lim inf
rn→∞

(c ‖ uM ‖p∗ +η) | (A) |
1
rn = c ‖ uM ‖p∗ +η

pou antif�skei me thn (3.13). 'Ara

‖ uM ‖∞≤ c ‖ uM ‖p∗ (<∞)

opìte

uM ∈ L∞. (3.19)
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Telik�, apì tic (3.13, 3.14) paÐrnoume ìti uM ∈ Lr(RN), p∗ ≤ r ≤ ∞ kai
èqoume èna omoiìmorfo ìrio gia tic antÐstoiqec nìrmec (anex�rthto tou r). Kai
�ra u+ ∈ Lr(RN), p∗ ≤ r ≤ ∞ (bl.orismì tou uM) kai me thn Ðdia diadikasÐa
èqoume ìti kai to u− ∈ Lr(RN).
Tèloc, �mesa apì ta Jewr mata 1.3.2 kai 1.3.3 èqoume ton isqurismì gia thn
apìsbesh thc u ìtan | x |→ ∞ kai thn omalìthta antÐstoiqa.

'Estw t¸ra φ∗ ∈ V ∗ stajeropoihmèno kai

(φ∗, u+
1 )V = 1,

kai gia τ ∈ (0, 1) orÐzoume ta sÔnola

K+
τ = {(λ, u) ∈ E : (φ∗, u+

1 )V > τ ‖ u ‖V },

K−τ = {(λ, u) ∈ E : (φ∗, u+
1 )V < −τ ‖ u ‖V }.

Oi K±τ eÐnai k¸noi me koruf  sto 0 pou perièqoun ta (λ, u1), (λ,−u1) an-
tÐstoiqa, kai τ eÐnai èna mètro tou << anoÐgmatoc >> aut¸n twn k¸nwn.
Epiplèon, èstw Bη(λ

+
1 , 0) h mp�la sto E me kèntro to shmeÐo (λ+

1 , 0) kai
aktÐna η.

Je¸rhma 3.5.2 Me tic upojèseic tou Jewr matoc 3.4.1, èstw epiplèon
δ > 0 ¸ste h

J(u) = λ+
1 G(u) + F (λ+

1 , u)

na mhn èqei mh mhdenik  lÔsh u ∈ V, 0 <‖ u ‖V< δ. Tìte up�rqoun megistik�
(upì thn ènnoia tou egkleismoÔ) sunektik� sÔnola C+, C− tou { (λ, u) ∈ E :
lÔnei to (3.1) asjen¸c, me u 6= 0 } pou perièqoun to (λ+

1 , 0) sto kleÐsimì touc,

C± ∩Bη(λ1+, 0) ⊂ K±τ (3.20)

(η = η(τ)→ 0, gia τ → 1), kai ¸ste C± eÐnai mh fragmèna sto E.
Epiplèon,λ > λ+

1 gia k�je (λ, u) ∈ C± kai u > 0, (λ, u) ∈ C+ kai
u < 0, (λ, u) ∈ C−.
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Je¸rhma 3.5.3 Apì to Je¸rhma 2 sto [16] paÐrnoume thn Ôparxh megis-
tik¸n sunektik¸n sunìlwn C± tou
{ (λ, u) ∈ E : lÔnei to (3.1) asjen¸c, u 6= 0 } pou perièqoun to (λ+

1 , 0) s-
to kleÐsimì touc, pou ikanopoioÔn thn (3.15) kai eÐte eÐnai mh fragmèna sto
E   perièqoun sto kleÐsimì touc èna koinì shmeÐo tou E diaforetikì apì to
(λ+

1 , 0) ∈ E. Ja deÐxoume t¸ra ìti to teleutaÐo den mporeÐ na isqÔei.
(Na shmei¸soume ìti λ > λ+

1 gia k�je (λ, u) ∈ C± apì to gegonìc ìti
J(u) = λ+

1 G(u) + F (λ+
1 , u) èqei mh mhdenik  lÔsh gia λ = λ1.)

Apìdeixh 3.5.2 'Estw (λn, un) ∈ C+ mia akoloujÐa tètoia ¸ste λn → λ1

kai ‖ un ‖V→ 0, ‖ un ‖V 6= 0.
OrÐzontac ũ = un

‖un‖V
, lìgw tou ìti h λ1 eÐnai apl  kai tic (f2)′, (f3) mporoÔme

na upojèsoume ìti ũn
w→u1, V.

Apì to L mma 3.1.1 kai qrhsimopoi¸ntac to Ðdio epiqeÐrhma ìpwc sthn apìdeixh
tou L mmatoc (2.5.1) èpetai ìti ũn → u1.
T¸ra, ja deÐxoume ìti un > 0 gia arkoÔntwc meg�lo n.
OrÐzoume Ω−n = {x ∈ RN : un < 0}. Tìte apì thn∫
| ∇u−n |p dx+λn

∫
g− | u−n |p dx = λn

∫
g+ | u−n |p dx−

∫
f(λn, x, un)u−n dx

kai apì tic anisìthtec Hardy, Sobolev kai Hölder, kai tic upojèseic gia th g
kai thn (f2)′, èpetai ìti

C1 ≤ C2(

∫
Ωn−

g+
N
p dx)

p
N + C3(

∫
Ωn−

ρ̃γ1dx)
1
γ1 ‖ u−n ‖

γ+1−p
X .

All� gia ‖ un ‖X→ 0, g+ ∈ L
N
p (RN), ρ̃ ∈ Lγ1(RN) kai apì to ìti oi stajerèc

sthn prohgoÔmenh eÐnai anex�rthtec apì to un èqoume ìti gia K0 > 0 arket�
meg�lo

µ(Ω−n ∩BK(0)) ≥ c

gia k�je K > K0, ìpou kai h teleutaÐa stajer� eÐnai anex�rthth apì ta λn, un.
Qrhsimopoi¸ntac (xan� apì to L mma 2.5.1) to Ðdio epiqeÐrhma pou basÐzetai
sto Je¸rhma tou Egorov (Jewr. 1.3.6), èpetai ìti ũn ( kai �ra h un ) eÐ-
nai mh arnhtik  ston RN gia n arket� meg�lo. Sunep¸c u ≥ 0 gia k�je
(λ, u) ∈ C+ ∩Bη(λ1, 0) gia arket� mikrì η.
Upojètontac t¸ra ìti up�rqei (λ∗, v∗) ∈ C+ tètoio ¸ste v∗ 6≡ 0, èqoume ìti
v∗ ≥ 0 kai v∗(x0) = 0 gia k�poio x0 ∈ RN .
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'Omwc, autì antÐkeitai sthn anisìthta Harnack (Jewr. 1.3.1) . Opìte u > 0
gia k�je (λ, u) ∈ C+ afoÔ to C+ eÐnai sunektikì ston E.
OmoÐwc u < 0, λ > λ− 1, gia k�je (λ, u) ∈ C−.
Autì apokleÐei th deÔterh pijanìthta kai �ra oi kl�doi C± ja eÐnai mh frag-
mènoi ston E.

Parat rhsh 3.5.1 Gia 1 < p < N , an isqÔoun oi (f1), (f2)′, (f3) kai g±

6≡ 0, g ∈ L∞(RN) ∩ L
N
p (RN) paÐrnoume ta Ðdia apotelèsmata kai gia λ∗1 < 0.

Par�deigma 3.5.1 'Estw h exÐswsh

−div(| ∇u |p ∇u) = λg(x) | u |p−2 u− c(λ)ρ̃(x) | u |γ−1 u, x ∈ RN ,

h g ikanopoieÐ tic (g2), (g4) kai γ, ρ̃(x) > 0 ìpwc sth sunj kh (f2)′ kai
c(λ) > 0 eÐnai mia suneq c sun�rthsh orismènh sto R.
Tìte, oi upojèseic tou Jewr matoc 3.4.1 ikanopoioÔntai. Pr�gmati, apì to
metabolikì qarakthrismì thc λ1 èqoume ìti∫

| ∇u |p dx− λ
∫
g | u |p dx > 0

kai ∫
f(λ, x, u)udx = −c(λ)

∫
ρ̃ | u |γ+1 dx < 0,

gia k�je λ ∈ [λ1 − δ, λ1) kai u ∈ V me u 6≡ 0 kai k�poio δ > 0.
Se aut  thn perÐptwsh èqoume (λ, u) ∈ C+ an kai mìno an (λ,−u) ∈ C−

(summetrikoÐ kl�doi)
'Estw ìti c(λ0) = 0 se k�poio shmeÐo λ0 > λ1. Tìte, apì to Je¸rhma 3.4.1, to
sÔnolo C+(kai to Ðdio kai to C−) ekr gnuntai (ston �xona ‖ u ‖V ,bl.sq ma).
'Ara, afoÔ h

−div(| ∇u |p ∇u) = λ0g(x) | u |p−2 u

den mporeÐ na èqei jetik  lÔsh ston RN(afoÔ h idiosun�rthsh pou antistoiqeÐ
se k�je idiotim  λ0 > λ1 all�zei prìshmo, ìpwc èqoume deÐxei), h par�metroc
l den mporeÐ na per�sei thn tim  λ0 kai sunep¸c h ‖ u ‖V eÐnai mh fragmènh
kat� m koc twn kl�dwn C±.
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Par�deigma 3.5.2 'Estw

g(x) = sin(| x |)(1+ | x |)−α, f(x, u) = (1+ | x |)−a | u |b−2 u,

ìpou

1 < p < N,α > p, p < b <
Np

N − p
, a >

N − (N − p)b
p

.

Tìte to prìblhma

−div(| ∇u |p−2 ∇u) = λg(x) | u |p−2 u+ f(x, u), x ∈ RN (3.21)

èqei dÔo jetikoÔc kl�douc lÔsewn pou perilamb�noun sto kleÐsimì touc ta
(λ+

1 , 0), (λ−1 , 0) antÐstoiqa, ìpou λ+
1 > 0, λ−1 < 0 kai λ±1 eÐnai h kurÐarqh idio-

tim  tou probl matoc idiotim¸n
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−div(| ∇u |p−2 ∇u) = λg(x) | u |p−2 u, x ∈ RN

me
∫

(±g) | u |p dx > 0.
Epiplèon, k�je lÔsh u tou (3.21) an kei ston Lq(RN),
Np
N−p ≤ q ≤ ∞ kai to u exasjeneÐ omoiìmorfa kaj¸c to | x |→ ∞.
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3.6 Sqetik� Apotelèsmata - Prot�seic gia

Peraitèrw Melèth

Gia to prìblhma thc diakl�dwshc, sto [24] melet�tai to Ðdio prìblhma me
ton ìro a(x) sto kÔrio mèroc thc MDE, o opoÐoc ikanopoieÐ tic upojèseic (a)
thc enìthtac 2.6 kai apodeiknÔetai ìti kai se aut  thn perÐptwsh h kurÐarqh
idiotim  λ+

1 eÐnai olikì shmeÐo diakl�dwshc gia to prìblhma idiotim¸n. Me tic

epiplèon upojèseic g± 6≡ 0, g− ∈ L∞(RN)∩ L
N
p (RN), deÐqnetai ìti kai to λ∗1 < 0

eÐnai olikì shmeÐo diakl�dwshc. Sthn Ðdia ergasÐa, p�li me thn upìjesh ìti
up�rqei ε > 0 : g− ≥ ε > 0, deÐqnetai ìti ta parap�nw apotelèsmata isqÔoun
kai gia p ≥ N. Se aut  thn perÐptwsh, h lÔsh u(x) an kei ston L∞(RN) gia
p > N, kai gia thn perÐptwsh p = N, prokÔptei apì thn emfÔteush Sobolev,
ìti h lÔsh u(x) an kei ston Lr(RN), r ≥ N.
Parìmoia apotelèsmata, stouc omogeneÐc q¸rouc Sobolev

D1,p(RN) = {u ∈ L
Np
N−p (RN) : ∇u ∈ (Lp(RN))N , dÐnontai sthn ergasÐa [26],

ìpou parousi�zetai h pr¸th oloklhrwmènh apìdeixh gia thn aplìthta thc
pr¸thc idiotim c, qwrÐc th qr sh thc tautìthtac tou Picone. Basizìmenoi
sta apotelèsmata gia thn exÐswsh, oi suggrafeÐc apodeiknÔoun ta an�loga
kai gia sust mata thc morf c:

−∆pu = λa(x) | u |p−2 u+ λb(x) | u |α−1 u | v |β+1

−∆qu = λb(x) | u |α+1| v |β−1 v + λd(x) | v |q−2 v,

u, v > 0, lim
|x|→+∞

u(x) = lim
|x|→+∞

v(x) = 0.

Sthn ergasÐa [22] twn Drabek-Huang gÐnetai melèth thc akìloujhc
diataragmènhc ekdoq c tou gnwstoÔ probl matoc. Sugkekrimèna, oi sug-
grafeÐc meletoÔn to prìblhma diakl�dwshc gia thn

−div(a(x, u) | ∇u |p−2 ∇u) = λg(x) | u |p−2 u+ f(λ, x, u), x ∈ RN .

Na shmei¸soume ìti aut  h perÐptwsh pou melet jhke, lìgw thc morf c
thc sun�rthshc a(x, u), epitrèpei kai peript¸seic me ekfulismoÔc kai idi�-
zonta shmeÐa, kai fusik� èqei epiplèon duskolÐec. Telik�, apodeiknÔontai ta
parak�tw apotelèsmata sto q¸ro X pou orÐzetai wc to kleÐsimo tou C∞0 (RN)
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wc proc th nìrma

‖ u ‖X= (

∫
RN
v(x) | ∇u |p dx+

∫
RN
ω(x) | u |p dx)

1
p
,

ìpou v(x) = 1
1+|x|)β , ω(x) = 1

1+|x|)α . ApodeiknÔetai ìti :

1. To prìblhma èqei èna zeÔgoc (λ1, u1) apì mia kurÐarqh idiotim  kai thn
antÐstoiqh idiosun�rthsh, me λ1 > 0, 0 < u1 ∈ X ∩ L∞(RN).

2. H λ1 eÐnai monadik  kai apl . Me k�poiec upojèseic gia to g− apodeiknÔ-
oun èna an�logo apotèlesma kai gia λ∗1 < 0.

3. K�je idiosun�rthsh pou antistoiqeÐ se idiotim  λ0 : 0 < λ0 6= λ1, all�zei
prìshmo ston RN . (OmoÐwc kai gia 0 > λ0 6= λ∗1.)

4. H kurÐarqh idiotim  λ1 > 0 (λ∗1 < 0) eÐnai apomonwmènh.

5. H kurÐarqh idiotim  λ1 > 0 eÐnai èna topikì shmeÐo diakl�dwshc. (an�l-
ogo apotèlesma kai gia th λ∗1 < 0)

6. Upojètwntac ìti α ∈ C1(RN+1), oi lÔseic p�nw stouc kl�douc diakl�dw-
shc pou an koun se arkoÔntwc mikrèc geitonièc tou (λ1, 0) ∈ E diathroÔn
prìshmo ston RN . Epiplèon,k�je tètoia lÔsh ikanopoieÐ u ∈ C1,α gia k�-
je K > 0, me k�poio α = α(K) ∈ (0, 1).

IdiaÐtero endiafèron epÐshc, parousi�zei to er¸thma an mporoÔme na genikeÔ-
soume ta parap�nw apotelèsmata gia to prìblhma

−∆pu(x) = λg(x)f(u)

me f(u) ìso to dunatìn pio genik  sun�rthsh.
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