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ITPOAOI'OX

To mapdv 1e0yoc amotelel v Aumiopotiky Epyocio mov
exkmovnOnke oto Tuquoa Moabnuatikeov tov Efvikod Metcofiov
[ToAvteyveiov ABnvodv kol avagépetal oty UEAETN TPoPAnuUdTOv
OPYIKOV KOl CLVOPLIKAOV TILAOV TNG BaBHoEAacTIKOTNTOS.

Yxomdg ¢ mapovcag epyaciog ivor 1 LEAETN TV TPOPANUAT®OV
avTAV, KoOOG 1 KAOCIKN €ANCTIKOTNTO Oev €Yl TN OLVUTOTNTA VO
TEPLYPAYEL AETTOUEPDS TN CLUTEPLPOPE VAIKDOV UE WKPOSOUR, OTOV
EMAV® TOVG AOKOVVTAL SUVAUELC.

O Bewpieg ™ PabULOEANCTIKOTNTAC OMOTELOVV TPOEKTAGELS TMV
KAMGIKOV E1I0MGEMV EAAGTIKOTNTAG, GTIS OTTO1EG £Y0VV TPOoTEDEl YMPIKEC
Topdywyor avatepng TaENC ot omoiec agopovv Tdom, mieon Kot
EMTAYLVOT).

To emBountd Aowtdv givat, o1 eElom®oelc ¢ PabpoelacTikOTNTOC
va glvor 1660 moldmhokec poévo, 660 oamortel 1 emaAnbevon TV
TEPOUATIKOV TAPOUTIPTCEDV.

H mapovoa epyacio mpoteivel éva mpmTOTLIIO TPOTO AVONG MLOG
HEPIKNG dtapopikng e&lomong tetaptng TdENG mov potdlel dSVGKOAO va
dwyeprotel apywd. Me m Ponbeia oumg g Oewpiag ko kdmolwv
ueBodoAOYIY  TTOL  AVOPEPOVTIOL  OVOAVTIKA HEGO OV €pyOsia,
katapépvoupe KateBdlovroc tnv tdén e MLAE. va gtdoovue og o

emBountn Avon.

Evyopiotd Oepud tov emPrémovia xabnynt) Xaporopmdmovio
Avtovio, yioo v woAvTiun Pondeia Kol kabodnynon kabmg Kot yio Tic

10£€C OV OV TTapEiYE KATE TNV EKTOHVNOT TNG.






HEPIAHYH

H moapovca dimhopatikn eival opyavopévn oe ke@dioio Omms avalveToL
TOPAKATE.

Ba 0GOLUE PIKt GUVTOUN TEPLYPOPT] Y10 TO TEPIEXOUEVO TOV KEPAAOI®V
QVTAOV.

210 TPMOTO KEPAANIO KOVOLUE O EIG0YMYN O GOyYpov
TEXYVOAOYIO TV VAIK®V, TNV adLVOUiN TNG KAAGTKNG EANCTIKOTNTOS VO TO
TEPLYPAYEL KOL TNV AVAYKT Yio TNV €EEMEN TG,

210 0e0TEPO KEPAAOMO TEPLYPAPOVUE TG €YEL OEIGOVGEL M
BabuoelaoTikOTNTO LECH TOV LVAIKGOV 61N {on Hags.

210 TPiTo KEPAAOLO YIVETOL U1l GOVTOUT IGTOPIKT avadpour).

210 TETOPTO KEPAAOLO YIVETOL L0, GOVTOUT TTEPLYPOPT) TOV PACIKOV
evvolmv MG Bewploc ehaotikdtnTag TIC omoiec Oa yperootodue Kot
LETETELTA.

To méunto kepdroto avapépetan otny Bewpio tov Mindlin n onoia
Oeuelioverl v e€icmon g PaBLoEAaoTIKOTNTOG,

210 €KT0 KEQAAOO YiveTal avo@opd otn Bempia. cLVAPTNGLOKNG
avdivong, mn omoia Ba poc Pondnoer voa oamodeiEovpe Vmapin kot
povadikotnto TV Abcemv ¢ eElcmonc ¢ faduociactikdTnTos.

Téhoc, oto €Bdopo kepdiaio yiveron n perétn g e&icwong g
BabuoclaotikOTNTOC Kol wOpATiOEVTOL  KOTO  OVTUTPOGMOTEVLTIKA
aplOUNTIKE OTOTEAECUATO TTOL OLPOPOVY TPOPANLOTO 1OI0TAAAVIDGEMYV,
MOOTE EVOEIKTIKA VO OVOOELYTEL 1] O1ALPOPETIKOTNTA LLE TNV KAOGIKN Oewpia
EAOCTIKOTNTOC.
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1. Eicaywyn

O KAao1kég Bempleg UNYOVIKNG TOL GLVEYOVG, OTTMG 1 YPOLLKT] Kol
U1 YPOUUIKY) EAACTIKOTNTO KOl TAOGTIKOTITA, YPNCULOTOmONKOY GE Lo
evpeila yKapo OepeMmo®v TPOPANUATOV Kol EQAPUOYDV GTN] UNYOVIKTY,
TOV NAEKTPIGUO, TN ¥NMUELD, TN QLGIKT, TN YEOAOYIO, TN UNYOVIKT DVAIKOV,
KaBmG Kot 6€ d1apopa TEdIN TOV PLGIKMOV ETICTNUOV.

Apykd o1 KAMpokeG yo TIg omoieg oyxedtdotnkay avtég ol fempieg
glyav €0pog amd UHEPIKE YIAMOGTA £mG €va PETPO, OGTE VO TEPLYPAYOLV
QOVOUEVE TAPAUOPPMOONG Kol dlepyacie ol omoiec eivar opatég oo
YOUVOU  0@OOAROD. ATO TOV  MEPACUEVO  oudVO,  ApYIoOV V.
YPNOYLOTO10VVTOL EMIONG KOl Y10 pOVOUEVH TOL 0Ttoia Aapfdvouy ydpa oe
atopko emimedo (ehootikn Oewpio eEapbpdoemv), oAAA Kol o€
ueyaAvtepec KAlpoKkeS (oceiopoloyia, actpovouia).

H paydaio e£EMEN g teyvoroyiag Ta teAevTain YpoOvia £YEl ®G
omotélecpa TV avtiotoyn eEEMEN ota péca  TOPATHPNONG OV
YPNOWOTOOVVTOL OO TOVG EMIGTNUOVEG YL TNV  KOTAYPOPT] TOV
TEPOLATIKOV ATOTEAEGUATOV.

Televtoio N Khoown Oewpio unyovikng Tov GuveoLS UEGOV
YPNCOTOMONKE V1o Vo TEPLYPAYEL TETOIEG TOAPATNPTGELS OTTO OTTTIKAL KL
NAEKTPOVIKE LKPOGKOTIOL KOOMG Ko QAVOLEVO, TTOPAUOPPMOONE GE VAVO
KApoka (Vivo coANVEC).

Zynqua 1. Avw@opég 6TV KAMpoKao Tapatipnong



Ta oatopkd pKpookOMmO, €lvol  KPOGKOTIOL TOAD  LYNANG

avéAlvong, e TaEne vavouetpov. Aniaon €wg kot 1000 popég kalvtepn
oamd TNV KMUOKO TOV OTTIKOV.

S

™
-+———— |laser beam
: «— fOorce between
. surface and tip
Atomic Force surface of sample
Microscope (AFM)
_

Zyfuo 2. Mikpookomio atoptkig ovvauns. O péiog Tov otn pedétn ™G VANG 6T

VOVOKMPOKO gival EEQPETIKA ONUAVTIKOG

XPNGIOTOIDVTOS WMKPOCKOMTIO OTOUIKNG KAILOKOS UTOPOVLE VoL

dtakpivovpe AETTOUEPELES GTT UIKPOOOLUT] VO VAKOV. [ Tapddetypa va
avVOyvVOPIoToUV Ta dTopa HETAED TOVG, 1 OAANAETIOPAOT] LLE T YEITOVIKA
dropo, KaBdg kot 1 01evBETNON TOVG GTO YDPO.

10



Control voltages for piezotube

Tunneling Distance control
current amplifier  and scanning unit

with electrodes

Piezoelectric tube

{Sample

Tunneling
voltage

Data processing
and display

2ynua 3. Hiektpoviké Mikpookémio Xapwong (STM)

Avt 1 payodaio eEEMEN otV akpifela TOV TOPATNPCEDV KO TOV
TEPOUATIKOV ATOTEAEGUATOV, EIYE OC ATOTEALEGUA VA YIVEL POVEPO OTL OL
KAoIKEG Dempieg eELaGTIKOTNTOC OEV NTOV EMOPKELS Y100 VO TEPLYPAYOLV
Le akpifeta Ko AETTOUEPDS TI CLUTEPIPOPE YPUUUIKA EAACTIKAOV DAKOV,
o omoiot  wOPoLGIAloOVY  GUYKEKPWEVO TOMO UMKpPodouns. Yypot
KPOOTOALOL, TTOPMOON VAIKE, TOAVLUEPYT, HOPLOKEC WETOTOMIGELS, £ivor
TEPUITOCELS Yo TIG omoiec ot Bewpieg tov HKpPO cuveyolLg eivar
amopoiTNTES Y10 Vo TAPOVUE TKAVOTONTIKEG AVGELC.

ITio ovykekpiuéva, ot emdpacels tov peyéhoug dev pmopohv va
anotut®OoVV 611 KAACIKEG Bempieg EAACTIKOTNTOG KO TAOGTIKOTNTOG,
TapOA0 TOV OGO HEDVETOL TO PEYEDOG, AVTEC Ol EMOPACELS KUPLAPYOVV.

Eniong povadikdétteg, Omwg ovtég MOv  Eival  amOTEAECUO
ONUEWK®OV QOPTI®V, 1| YPUUUDV UETATOTIONG, 1] CTACIUATOV, EXIONG OV
UTOPOVV VA EKPPOGTOVV.

‘Eva dAAo €ldo¢ mpoPAnudtmv mov dev umopel va meprypa@et, eival
Y10 TOPAOELY O, OTOAV 1) OLOYEVIG KOUTUAT TAGNG — TEoNG £XEL APVNTIKN
KMon, 0tav onAaodn N taom pewwvetot. Avtd cvuPaivel dtav vIapy oLV
EMOOTIKEG KOl TAOCTIKES aoTABEEG. AVTO TTOV AgimeL amd TNV KAOGIKY|
Bewpio Aowmdév dote v givol KOV Vo TEPLYPAYEL TO TOPOTAVED
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QOVOLEVO, OAAG KOl O1APOP GALN, €IVl 1 ATIOAEWD EVOC GUVTEAECTN O
omoiog va, glvol eEapTOUEVOS amd T0 €0mTEPIKO pEYebog, To omoio givar
YOPOUKTNPIOTIKO TNG UIKPOOOUNG TOV EKACTOTE VAIKOV Kol TPOKVTTEL Ao
TIC KOTAOTATIKEG EEIGAOGELC.

12



2. Epapuoyéc tnc fabuocioactikotnras

Navoteyvoloyia kar I papévio

Ta @OAa ypageviov o Tedevtaio ypdvia £(OVV TPOCEAKVCEL TO
EVIOVO EVOLAPEPOV TOAADV EPELVNTIKMOV OUAOMV KOl ETCTNUOVEOV YEpN
OTIC MOVOOIKEG UNYOVIKES, MAEKTPIKES, OEPLUIKES KO OTTIKES 1010TNTEC
TOVG, TOV TO KAVOLV EEQUPETIKA YPNGULOL GE TAPO, TOALES EQUPUOYEC.

H avénuévn ovvendg (non tov LAIKOV ouTdvV 00NyNce oTnv
avATTLEY J1UPOPETIKAOV UEBOS®V TPOGOUOIMGNG TN CLUTEPLPOPES TOVG.

[TapaBétovpe TapaKAT® SIOPOPETIKES LOPPOAOYIEG TV VOVOOOUDOV
mov PBaciloviar 6to Ypagévio (ayrua 4), cOUPOVO Kol HE UEAETEC TTOL
EYOLV YIVEL, Y1 TIC OOUES TOHTTOL YPOPEVIOV.

2-D 3-D

Zynua 4. Navoooun ypo@éviov

Oocov apopd otV 16Top1KT| €£EMEN TG Navoteyvoroyiag, | amapyn
™G umopel va tomoBetnBel o o 16TopIKN OopAMa Tov pEYdAOL Kot
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dropoatikoV voumeliota guotkov Richard P. Feynman, v omoia édmoe
o115 29 Aekepfpiov 1959 o1o etio10 cLVESPLO TG Apepikavikng Evoong
dvowkov mov deEnydn oto Teyvoroywod Ivetitovto e Kaipdpvia, pe
Titho Ymdpyer molic ywpog orov mobuéva (There's Plenty of Room at the
Bottom). Ztnv opdio avty o Feynman eéetdlel Tic emmthoelg mov Oa eiye
0 evOeyOUEVOC EAeYYOC TNG VANG otV oTtopuky] KApoka, tpocoPAénel o
KOADTEPA MAEKTPOVIKA HKPOCKOMIO, KOl TPOYLOTEVETOL UEPIKEG TOAD
TPOTOTLTEG 10EEC TOV TPOKAAESAY aicOnomn exelv TV EmoyN.

Navodounuéva vAMKA ivort To, VAIKEA LE YOpaKTNPIOTIKY LIKPOSOUN
ueyébovg vovoxiipoaxog. H puxpodoun aeopd tn ymukn oovvleor,
dataEn TV atop®V (aTopikn doun), kot to puéyebog evdg otepeol e pia,
dvo, N 1pelg dwotacels. Ov mbavol mapdyovieg mov emnpedlovy TIC
WOTNTEG TOV  VOVOOOUNUEVAOV VAIKOV A@OPOVV EMEVEPYEIEC AOY®
peyéBovg (0mov M kpioun kAipoko peyEO0OVE TOV PLGIKMOV EOVOUEV®V
glvol cuykpioun He 10 YapoakTNPIGTIKO PEYEDOC TV dOK®OV GToLXElDV
NG WIKPOOOUNG), OAAAYEC TOV SIOGTAGE®Y TOV GLUGTNUOTOG, AAAAYES TG
OTOUKNG OOUNG, KAOMC Kot OAAAYES TNG YNUIKNG GVGTACTC.

H Navoteyvoroyia oyetiCeton pe tnv Katovonon Kot Tov EAEYY0 NG
VANG o€ dwotdoelg 1 €og 100 Nnm, 6mov PLOIKE EAVOUEVO. ETLTPETOVV
TPOTOTLTEG EPAPLOYES. AV KOl OKOVYETAL TEPIGGOTEPO MG TEXVIKOS OPOC,
EVTONTOLS €Yl EMKpaToEL va tepthapfPdvel tnv Emomun, ™ Mnyoavum
ko v Teyvoloyio g NoavokAipokoc Kol EUTAEKEL TN QOvVTOGi, TN
UETPNON, TNV TPOCOUOIMGCN KOl TOV YEPIOUO TNG VANG O aLTEC TIS
OlOOTACELS. XTN VOVOKMUOKO, Ol QUOIKEC, YNWKEC Kol PBloAoyikéc
010TNTEG TOV DMKOV O0PEPOVY EKTANKTIKA LLE TN GLUTEPIPOPE TNG VANG
GTOV HOKPOKOGUO, 0TS ONAadT| Exovpe pdbet va v avtikapPovopacte
HE T auohnoelg poc.

210YEVEL AOUTOV, OKPIPADC GTNV KATOVONGT] ALTOV TOV 1010THTMV Kol
ot onuovpyio VEwv, BEATIOUEVOV VAIKAOV, GUCKELMV KOl GLUGTNUATMOV
EXOVTOG MG YVMOUOVO OVTEG.

‘Evog amd tovg onuovtikdtepovg AGYOLS YlO. TOLG OTOIOLE M
Noavoteyvoroyia &xel Ppebdel oto emikevipo ToV EVOLPEPOVTOC Elval OTL
poc Bonda vo kKaAvyoovpe Evo PEYIAO KEVO TOVL £XOVLE GTNV KOTOVONGN
™G VANG. Méypt tdpa, yvopilovpe apkeTd mpary Lot Yio T0 VITOUTOUKA
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ocopoTiow aAAE Kol T GUUTEPIPOPE LELOVOUEVOV OTOLMVY KOl LopimV LE
™ ovpPoAin g Puong kot g Xnueiag. Emiong £xovpe pdbet morrd yio
TN GLUTEPIPOPE TNG VANG OTOV LOKPOKOGHO. QGTOCO 1) YVMOOT oG TV
HIKPN YO0 TN GLUTEPLPOPE GLOTNUATOV OoTOM®V 1 Kol popiov. H
Navoteyvoroyia pag enétpeye va euPabivovpe 6e oTEG TIG SLOUGTAGELS.

‘Evag aAlog Aoyog, e€icov onuavtikoc, ivot OTL To OIVOUEVA TNG
VOVOKAILOKOG — «yevvoOv»y  HeyaAeC mpoodokieg vy 1dwoitepov
eVOLLPEPOVTOC epapuoyéC. Ta mapddetyua etvon duvatn 1 APYITEKTOVIKN
eeldikevpévav Hopimv dtopo mpog dropo.

Zynuo 6. TIpoidy TPL6OLEOTATNGS EKTVTMGNG
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3. Iotopiky  ovadpouny ™S  Oewpios ™S
fabBuociooctikoTyrag

H PaBpoglooctikdtnto ¥pnoYLOTOIEITOL Yoo TNV TEPLYPOPN TNG
HUNYOVIKNG CUUTEPLPOPAS VAKDV, €00 KO EVAUICT] OLDVO TEPITOV.

YmpEav kdmoleg pepovouéveg mpoondbeieg to 19° awwva va
EUTAOVTIGTOVV Ol KAOGIKEC EEIGMOEIS EAQCTIKOTNTOG LE TAPOYDYOVS
aAvVOTEPNG TAENG, OGTE VA ATOTLTM®OOVY 01 EMIATMOGELS TNG LKPOIOUNG OTN
GUUTEPLPOPA.

To 1851 o Cauchy eionyaye yopikéc mapaydyove avatepng Taéng
oT1G EEI0MOELS, DGTE VO TPOGEYYIGTEL 1] GUUTEPIPOPA SOKPITAOV LOVIEADV
TAEYLATOC UE TePlocOTeEPN okpifela, evad to UEYEBOC TOL TAEYLATOC
eUEAVILOTOV MG O ETTAEOV EVCOUOTOUEVT] TOPAUETPOS. AVTEC Ol
TPADTEG TPOCSTADELEG OEV NTOV LAONUATIKA GPTIEC, ATAQ TPOGTAOOVGAY VL
OTOTVTTMCOVY TO CLUYKEKPUEVO QUGIKA Qowvopeva. Htav mepiocdtepo
SLEPELVTIKOV YOPUKTIPA.

Aiyo opyodtepa (1887), o Voight avémtvée pio olokAnpmpévn
TEPLYPUPT TNG KIVNUOATIKNG, TOV OPYDV OTNPNONG KOl TOV OEUEA®ODV
TOPAUETPOV TOV OEMOVY UEUOVOUEVA LOVTELD KpuoTdAAwy. Tleptéhafe
HOPLOKES TEPIOTPOPES, LETATOTIGELS, KAOMG Kol T1g LETAED TOVE OLVALELC.
[Tapora avtd, ot dopopikés e£IGADGES TOL TPOEKLYAY, NTaV POPePA
TEPITAOKEG KOL Ol AVGES GE TPOPANUOTO LE CLVOPLOKEG CLVONKEC
OTOLTOVCAY EMTALOV TOPASOYES Y10 VAL EMOEXOVTOL ADGT).

X116 apyég tov 20°° owwva to medio emexktalnke péco amnd v
dovAeld Tov adepemv Cosserat, ol omoiol €10 yAyaV OTIS TPIGOIAGTOTES
eEIOMOEIS TOV GLVEYOVE TPEIS GLUVIOTMOEG UETATOMIONG, TPELS UIKPO-
TEPIGTPOPES KOOGS KoL TIG TEGELS EKEIVES, O1 0Toleg Elval cLLEVYUEVES pe
TIG LIKPO-TIEPIOTPOPES OTIC EEICMGELS Kivnomg.

H peydin e&éMmén opwg npbe petd to 1960, Tavtdypova 6yedov amod
avatol kol ovor. Baowég epyociec tn cofleTikng oyoAng eivail ot
Kuvshinskii(1961), Palmov(1964), Kunin(1966), Levin(1971). Ané v
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Avtiki] ooA1, kaboploTikd poro Emaav ot epyacieg tov Toupin(1964),
Kroner(1963,1967), Green(1964) kot o@vowda tov  Mindlin
(1962,1964,1965,1968). Apyikd 0 GTOYOC TOVG TV VO, ETEKTEIVOVV KoL VO,
BeAtidoovv 1 Bempio tov Cosserat. Xt cvvéyela Opmg eEehiyOnkov Kot
KatéAnEav oe TANpn Bewpia fabuosioctikdTnToC.

Ot tedevtaieg peréteg ivor padnuatikd aptieg kot tepthapfBdvouv
OLEC TIG AVAOTEPNG TAENS TOPAYDYOVE TOV OTTOLTOVVTOL Y10, VO TEPLYPOPOVV
TANPOG TO, AVTIGTOL( O PLOIKE PUVOLEVQL.

SVYKPIVOUEVEC OUMG UE TIC TaldTtepeg Bewpiec, ol véeg etvon TOAD
T amAéc 00Tl TTEPLEYOVY MYOTEPOVS avATEPNS TAENG Opovs. Avtd
ovuPaivel emedn &xetl peiwbel TAéov onuavtikd o aplBuds twv otabepnv
o1 omoieg ypetdlovror mepapatikn enPefainon.

Erniong, ypnowomotodvtor pévo ot 6pot avotepns TAENng mov
amoLTOVVIOL Yoo vo. avaroapoctadel 10 ekdotote LoKO TPOPAnua. H
aOEN oM TG VITOAOYICTIKNG 1oYVOG £XEL TOUEEL EMIOTC GNUAVTIKO POAO GTNV
AVATTUEN TOV GUYKEKPIUEVOL TOUED.

H emotmun ™mg punyavikng omottet n nepapatikny enPefaioon va
ocvpPadier pe ™ Bewpntky mpoodo. To embBountd Aowmodv eivar, ot
eElomoelg g PabpoclactikdOTNTos Vo €ivol T060 TOADTAOKES LOVO, OGO
ATOLTEL 1] EMOATOEVON TOV TEPAUATIKAOV TOPUTIPT|CEDV.

Ov Bewpieg PabUoeAooTIKOTNTOC OTOTEAOVV TPOEKTAGELS TMV
KAMGIKOV E1I0MGEMV EAAGTIKOTNTAG, GTIS OTTO1EG £Y0VV TPOoTEDEL YMPIKEC
Topdywyor avatepng TaENC o1 omoiec agopovv TdoT, mieon Ko
EMTAYLVOT).

Eniong mpémer va mepi€yovv €yyevig mApAUETPOVS, Ol OTOLEG
ovoyeTiovy TN Hakpo pe T Ukpd doun.

H peyodvtepn mpdkinon oty  dwrtvmmwon wog  Besmpiog
BabuochaotikdOtnTag, civor va kpatnbel o apOudc towv kaboploTikmdv
TAPAUETP®V GE £VOL IKOVOTOMTIKO EAAYLOTO.

Ouwmg mpotov TEPACOVUE GTN CLYYPOVN €TOYN, B KAvovpEe Lo
avaQopa oTig Pactkég EVVoleg TG KAOGIKNG Bempiog eAaoTIKOTNTOS.
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4. Baocikés  évvoies tms  Klaoikns  Oswpiag
ELAOTIKOTNTAS

Onwg eivar yYvowotd, 6e OAa T GTEPEG VAKA TTOV KOTATOVOVVTAL OTTO
e€OTEPIKE  QOPTIOL OVOTTOGGOVTOL ECMTEPIKEG OVLVAUEIS, Ol OTOieg
KOTOVEUNUEVEG OTNV EMUPAVELD TNG OLATOUNG TOV GMUATOS 001 YOV OTNV
avATTVEN 0pODOV KOl OTUNTIKOV TAGE®MY. AVTEG Ol TAGEIS UE TN GEPA
TOVG TPOKOAODY TNV TAPAUOPP®GT] TOL GTEPEOD GAOUOTOS, ONANOT TNV
LETAPOAT T®V S1OGTACEDV KOUT| TOL GYNUATOC TOL.

0Ooco o1 TWES TG TOPAUOPPMONEC TOV CMUATOS OUTPOVVTOL GE
younAd emineda, TOTE M GVOT TOVC £ival avtiotpenty (reversible). Avto
onuaiver O6tL edv eEohepBel m autio mov TPOKAAEL AVTEG TIG LKPEC
TOPALOPPOGELS (dNAadN 01 TACELS), TOTE O1 TAPAUOPPOGELS UndeviCovon
KOl TO GOUO OVOKTA TIG OPYIKES TOV O0GTACELS Kl GYNHa. Avtod TOv
€100VG M AVTIGTPETTH] TOPAUOPPNOGCT) OVOUALETAL EAAGTIKI TTOPAUOPPDCH
(elastic deformation). Olo to oteped LAKG (UETOAAD, KEPOUIKA,
noAlvpepn) eupoaviCouv glaotikn ocvumepreopd (elastic behavior) oeg
UIKpOTEPO N pEYOADTEPO PaBud.

H péxpt topa ocvlnmon HoC OYETIKA UE TIC TAGES KOl TIG
TOPUUOPPDOCELS EIVOL OTTOAVTMOC YEVIKT KO EQAPUOGIUT G OAN TO GTEPEQ
vMKa. Edv, Ouwg, 0éAovpe va 6uGYETICOVE TIG TACELS TOV OVOTTUCCOVTOL
o€ £VO GO LE TIG TOPAUOPPDCELS TOV TPOKAAOVV GE OVTO, TOTE TPEMEL
amopaitnto va glodyovue Tig 1010t TeC (Properties) tov ekdotote VAIKOD.

Moabnuotikég 6YEGELS VTS TG LOPPNC, TOL GLOYETILOVY ONAUON
TIG TAGELS UE TIS TOPAUOPPDCELS GE EVO COUN UECH TOV 1O10THTOV TOL
VAKOD TOV 6MUATOG, ovopalovial kataoctatikés eélomaergs (constitutive
equations).

Xe VMKA Tov gUeOviovy YPOUIKY] EAACTIKOTNTO, OT®G Elval ta
UETOALD KOl TOL KPALOTO TOVG, TOV LG OTAGYOAOVV KOl TEPIGTOTEPO, Ol
TOPULOPPDOCELS KO Ol TAGELS GTNV EAAGTIKT TEPLOYN GLVOEOVTOL LETAED
TOVG UE YPOUUKO TPOTO.

Ag Oewpnoovue 10 OmMAO  ToPAOEYHO TOV  UOVOAEOVIKOD
gpelkvopov (| OAlyng) piag paPdov, pe apykd punikog Ly o Kow opyikn
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owatopn Ly g *L, o , otnv onola epapudletar £va alovikd £QeAKLOTIKO
eoprtio P,

2ynua 1. Eeehkoonog papoov

H enevépyeia ¢ epelkvotikng dovaung P Ba £xel cav amotédeoua
TV ovATTLEN WG OUOOUOPPNC OpONG TAoMG 0, Ge KAOE daTOoUr| TNG
papoov. Enione, Aoywm g epeAkvotiking 0vvaung P, to unkog g papfoov
Oa petaPAnOel omd Ly g o€ Ly o + ux , 6mov ux n empnxoven mg papoov
Kkatd Tov dEova x. Emmpdcebeta, ) emunkouvon g papoov katd tov dEova
x Ba €yel cav ocvvémewn v peiwon (Aémtvvon) e owTtopns. Avtd
onuaiver 0Tt o1 gykapoleg Oaotdoelg g papfoov Ba petafinbovv and
Ly o0¢ Ly o—uy konand L, o o€ L, o —uz , 6mov uy Ko uz n emfpayvvon
™G PaPoov Katd ToVg AEOVEC Y KAl Z , OVTIGTOLYOL.

Edv n opbn| tdon o, €ivon pikpotepn amd 1o 6pro avaroyiog (1 To
Oplo €AACTIKOTNTOG) TOV DAMKOV NG papoov, t0te 1 pdPdog Aettovpyel
eEVIOC NG YPOUMIKNG EAOOCTIKNG TEPLOYNG KOl KOTE GLVETEWD Ol
TOPALOPPDOGELS TOV VOIoTATOL EIval ELACTIKES. Ag 00VLE TOPA TOOT Eivar
n opn téon o, mov avantocceTal ot pafoo. Eqv ekppdoovpe v ophn
1401 0, GOV OVOHOOTIKY] TAoT (ONANOY GE OVOUACTIKEG TIHES), TOTE Oal
EXOVLE:
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P

O-TL.X
Ly,O ) Lz,O

Edv Vv ekppdcovpe cav mpaypoatiky tdon (dnAadr), G€ TPOYLOTIKEG
TIéG) ToTE Elvat:

P

B (Ly,O - uy) ) (LZ,O - uz)
_ P
Ly’o - LZ,O - Ly‘o ' uz - LZ,O - uy - uy b uz

Ox

To epotmuo topa vl g ocvoyetiletar mn tdon pe NV
TopapOPP®Oo, 6tav 10 VAKSO BpiokeTon vtOC TS YPOUMKNG EAAGTIKNG
neploync. H ovoyétion avty yivetaw péow tov vouov tov Hooke, mov
YEVIKOTEPQ €lVOL YVOGTOG Gav VOUOG YPOUMKNG elaoTikotntas. Etot,
EMOTPEPOVTOG GTO TAPASELYLO TOV GYNUOTOC, | 0pON TAOT T, cLVIEETAL
Le TV 0pON TapapudpP®on & LEGM NG YPOUUIKNC GYECTG:

E,=¢o,

H otaBepd avaroyiag, E, eivar pia amd 11g Pacikdtepeg Unyovikég
1010TNTES TOV VAKOV Kot ovopaleton uétpo Young (Young’s modulus) 1
uétpo elactikornyrag (elasticity modulus) oe epelkvoud xar OAiym. To
UETPO EADCTIKOTNTOC €VOG DAMKOV, GOV QUOIKN £vvold, ek@palel Tnv
avTioTaon mov TPOPAAAEL TO VAKO ©E EAOGTIKY TOPOUOPPMOOT Kol
e€aptdtal AUESH OO TNV 10V TOV YNIKOV OECUDV UETOED TOV ATOUMV
TOL VAMKOV.

'Eto1, vAikd mov oympatiouy 16vpois ynutkods 0GOS, OTms Ta,
pétoAdo  (petoAlkol Oecpol) Kol To KEPOUUKA (OHOLOTOAIKOL 1)
€TEPOTOALKOL dea0l), YapakTnpilovrot amd VYNAO HETPO EAAGTIKOTNTOLC.
AvTtd onuoaivel OTL AmOLTOVVTOL GYETIKA HEYAAEC TAGELS Yo Vo TtoporyOel
OYETIKOL KPY EAOOTIKY] Tapopopemon. Avtifeta, vAkd Onwg ta
TOAVUEPT] KOl TO EAOGTOUEPY, TAOV OMOI®WV Ol HOPLIKEG OALGIOEG
ovykpoaTovvTon HeTo&d Toug pe acbeveig ynuikove decpotc (m.y. Van der
Waals), yopaxtmpiloviot amd yapunAd HETPO ELUGTIKOTNTOG, TOV CTLOLVEL
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OTL OYETIKA WIKPES TAGES PWITOPOVV VO TTPOKOAEGOVY UEYOAEC EAUCTUCES
TOPAUOPPOGELS. To HETPO EAAGTIKOTNTAG EVOC DAIKOV €E0PTATOL EMIONC
and v Bepuokpacio. Eneidn 66o avéavetaln Oeppoxpascio Ta dropa Tov
VMKOV YIVOVTOL T KIVNTIKE, 0VTO €YEL OOV GLUVETELD TNV YOACLPDCT TN
16Y00C TOV YNUIK®OV OECUMY TTOL TO, CLYKPATOOV OTIS BEGES 100ppoTiog
TOVG, UE OTTOTEAEGLLOL VOL LELDVETOL KO TO LETPO EAAGTIKOTNTAG TOV VAIKOD.

Amo gumepio Exel mopatnpndel 011 n 0pHN TAPAUOPPE®ON GTOLG
eykdpoilovg acoveg (NAadn oty mepintwon g pdfoov tov Xy. 1 ,01
0pBEC TOPAUOPPMGELS &), KAl E;) 1000TOL PE Eva 6TAOEPO TOGOGTO TNG
opnc mopapdpemong kotd tov emunkn dEova (NAadn g & ). To
1060010 avtd ovoualetar Aoyog Poisson (Poisson’s ratio) Kol
cupPoAileTon pe TO YPAUUD V -

V.O-x
E

&

y:gZ:—V-gx:—

O Aoyog Poisson yia évo télelo 160TPoTo 6TEPEd LAMKO 160VTOL
Oeopnticd pe 0.25. Qotdc0, 6NV TPAYUATIKOTNTO OTO TEPLGGOTEPQL
UETOALD, €mEON Oev glvar TéAELN 160TPOTO, Ol TIHEG Tov Adyov Poisson
Bpickovtot o kovtd oto 0.33.

[Tponyovuévae, eidaue to vopo tov Hooke, 1 vouo g ypoppkng
EAOGTIKOTNTOC OTNV OAN TEPITTMOON TOL HOVOOUEOVIKOU EPEAKLGLOD (1)
OAlymg). Xmdvia, Opme, otV TPAEN Ol EVTOTIKEG KOTOOCTAGELS TOV
veiotatol Eva copa gival 1060 anAiés. 261060, 0 VOUOS TNG YPOLUIKNG
EAOGTIKOTNTOG 1OYVEL KOL GE O TEPITAOKEC EVIUTIKEG KOTAGTAGELS, OTAL
YPEWLETOL TNV KATAAANAN LOONUATIKY S1OTOTOG.

H mAéov mepimhoxn evtatikn Katdotoomn &ivalr 1 yevikevuévn
TPLGOLAGTOTY], OOV VILAPYOVV 0pBEC Kol SIUTUNTIKES TAGELS KOl TPOC TIC
TPELS OLOGTAGELS TOL YOPOL. Mia TETO0 YEVIKEVUEVT EVTOTIKN KOTAGTOO)
eaivetan 6to Xy. 7, ko Oetyvel évav oTolyeldon k0po pe povadioio unkog
OKUNG, OTIG £3pEG TOV OTOiov avarTdoooVTAL 01 0pBEG TAGELS Oy, 0y, , Ty

KOLL O1 SOTUNTIKEG TUCEIG Toy= Tyx, Tyz= Ty KOL Ty = Ty
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2ynua 8. EQappoyn taoemv o€ Koo

Emne1om cvlntdpe mdvtote ylo tnv EAOGTIKT TEPLOYN, OOV TOL LLEYEO
TOV TAGEMV KOl TOV TOPAUOPPOCEDV &ival Hkpd (TOvAdylotov ota
UETOUAMKA DAIKA TOV LOG EVOLAPEPOVY TTEPLGGOTEPO) KOl EMELON TO VAKO
uoc Oewpeiton 16oTpomo, PTOpovUE YOPIS VO EIGAYOVUE GOEAALN GTOVC
VTOAOYIGLOVG VO OeXTOVUE OTL o1 0pBEC TAGES TPOKAAOVY UOVO 0pBEg
TOPALOPPDOCELS (Ol OU®MG OATUNTIKEG) Kol OTL Ol OTUNTIKEG TAGELS
TPOKOAODV HOVO O TUNTIKEG TOPAUOPPOCELS (01 Opmg 0pBEC). Me Baon
vt TNV TOPadoyn, Wropovue va eEeTAcovue EeYmPIoTA TNV GYEoN
peta&d opfmv tdoewv - 0pHOV TOPALOPPDOGEDV KO OATUNTIKOV TAGEDV
— SLOTUNTIKADV TOPAUOPPDCEDY GTNV EAACTIKT TEPLOYN.

Ag Eexvnoovpe amd TG opBEG TacELS Ko TIC 0pBEC TAPAUOPPDCELS,
(Zx.8). H opbn tdon o, , ovppwvo pe ta 6ca avagipbnkov otnv
TPONYOVUEVT EVOTNTO, TPOKOAEL pia opON Tapapdpemon kotd Tov aSova
x, Onhadn v &, . Exedn 1o unkog g £dpag tov kuPov avéavetal Kol
Tov dEova, X , avTOHOTO oNUaivel OTL TO UNKOG TV €0PAOV KOTE TOVC
GEoveg y Kot z perdveton (EYKAPOIEC TAPOUUOPPDCELS).

[Toon etvan n opN Tapapdpewon mov tpokaiel n opon Taon o, €
Ké0e dova; Zopewva pe 6ca avaeéponioy Tapoarndve givar:

23



V- Oy

& =——%
V- Oy

g e —

z E

2ynua 9. E@appoyi op0dv tacemv

O1 0pBE¢ TaPALOPPDOGELS OQEIAOVTOL TNV EXEVEPYELN LOVO TNG Ty
Ag unv Eexvape, OU®S, 0TL oToV KOPO nevePYOVV Kol 01 AAAEG OVO 0pOEC
T00e1g, Ol 0y, Kot 0, . Kabe pio amd avtég mpoxarel avtictoreg opOéc
TOPUUOPPDOCELS UE TNV T, , ONAOON:

;7 _O-x _ V'O-y _ V'O'y
H opbn tdon o, — Ex=F v &= T &= T
L, _ 0z _ Vo _ Vo,
H opbn tdon o, — &, = - ST T &y = -
— Ox = Yo — V%
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Enopévmg, yio va Bpodpe cuvolikd tv opbn mapapdpemor Tov
KOPov g mpog kébe ACova, MPEMEL VO EPAPUOGOVUE TNV OpY NG
vépBeonc ko va AdBovue vToOYN TN GLVEIGPOPA KAOE piag amd TiIc opHig
tdoelc ommv opbn moapapdpewon v Kabe dcova. Apo, ot opbéc
TOPAUOPPOGELS Yo KAOE dEova Exovv G EENG:

oy VO Vo 1
ex_Ex_Ty_ 7 = ngE[Ux_V'(ay+GZ)]

Oy  Vox Voy .
& =3 "F 5 = &=gloy-v-(ota,)]

o Vo Vo 1
EZZEZ_TJC_ Ey = SZZE[O-Z_VI(O-X-FO-Y)]

Ot ovoTépm eE1IGADGELS, EIVAL YVOOTES O 0 YEVIKEDUEVOS VOUOS TOD
Hooke otic Tpelc S100TAGELS KOl HOG EMITPEMOVY VO GUCYETIGOVUE TIG
opBéc mapapopP®oelS Kot TIG 0pbEC TAGES GTNV YPOUUKY] EAACTIKN
TEPLOYN EVOG VAKOV, YPNOUOTOUDVIAG Y10 TO GKOTO avtO TO WETPO
EAOOTIKOTNTOG Kot To Adyo P0oisson tov viikoo.

X péypt T@pa avaALoT] pog dgv avaeepOnkape KabBorov oTig
oYEGEC HETOED OOTUNTIKAOV TAGEMV Kl SOTUNTIKAOV TOPAUOPPDCEDY
otV ehaoTik] mepoyn. To udévo mov mapadeyOnkape Mrav OtL Ol
STUNTIKEG TAGELS OEV TTPOKOAOVV 0pBEC TOPAUOPPDOGELS, OTME KOl TO
avTioTpoo, 6Tt OMAad” ot 0pbBéc Tdoelg 0ev TPOKUAOVV SLUTUNTIKES
TopapopP®cels. Emopévac, pmopote topa vo eEeTdcovue EExmPLOTA TN
OY£0N OVALEGO GE OATUNTIKEG TACELS KO TAPOLOPPDGELS.
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2ynua 10. EQappoyn S0 TunTIKAOV TAGEOV

‘Eoto avtiotouyog kOBog, 6Tov 0moio yio amhoTtnTa £X0VLE KPOUTNOEL
HOVO TIG TAGELG Tyy= Ty, Ol OLUTUNTIKEG TAGELG OEV TPOKOAOVV HETABOAN
TOV YPOUUKOV dl0oTAce®V (ONA0dN UNKOLS), OAAL TOL GYNUOTOC
(OnAadn yoviov). Ag BounBovpe, eriong, 6Tt iyoie opicel cav S1OTUNTIKN
TOPAUOPP®OT TN HETOPOAN TNG YOViag exkppacuévn o€ rad. XTn YPOopUKY
EMUGTIKT] TEPLOYN | CLOYETIOT HETAED SOTUNTIKNG TAOTC KO OLALTUNTIKTG
napoudpemong eivor emiong ypouukry. O vouog tov Hooke yia Tig
SUTUNTIKES TAGELS KOl TOPALOPPDGELS EXEL TN LOPPN:

Tyy = G "VYxy

H otabepd avaroyioag G oty EE.(15) elvor 13100 TOL VAIKOV KOl
ovoudleton uérpo owarunens (modulus of shear). Zav puowd uéyeboc
exppdalel v avtiotaon evog LAIKOD o€ €AOCTIKN dtdtunon Kot givot
ATOAVTMG OVAAOYO TOL LETPOV EANGTIKOTNTOS OV AVOPEPETAL GE OPOES
TACELS KOl TAPAUOPPDOGELS GTNV EAAGTIKN Tteployn. To pérpo ddtunong
kabopileton emiong amd TV 1YL TOV YNUIKOV OEGUOV AVAUEGO GTO ATOLO
Kot e€aptdror pe Tov 1010 TpdTO amd TV Beprokpacio OTMG KAl TO HETPO
ehaotikotTToc. O TEPAUOTIKOS KABOPIGUAC TOV HETPOL SLUTUNCTG TOV
VMK®V yiveton pe pio pETpNon mov ovoudleTol oK GTPEYNG.
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‘Eva 1deatd vAko pe v = 0 Ba pmopovse va emunkiveTon Tpog piol
Katevbuvon, Yopic va cvuppikvdvVoVIol Ol SGTACEIS TOL TPOC TIC
eykapoleg kotevbovoelc. Tétoo vAkO @uokd dev vEapyel otV
TPAYUOTIKOTITA.

A®O TV AAAN pepud, Eva 1de0td vAKSO pe v = 0,5 Ba €dve K = oo,
dNiadn To vAkd Ba ftav tedeing acvurieoto. OVTE T£T010 LAIKO VILAPYEL
otV mpayuotikdtnTo. AAwote, OmwG &ldape, OTO  TEPLCCOTEPO
uetaAlkd vikd o Adyog Poisson maipver tipég kovtd oto 0,33, dniadn
nepimov 610 PEco tov dwotpatog 0 — 0,5.

Téloc, a&ilel va mapatnprioovpe 10 €ENG: €POCOV GTNV EANGTIKY|
neployN 0 Adyog P0isSsoN tov mpaylatik®y VAIK®V givat Onm¢ idope v <
Y, autd onuaiver 01t 0tav vroPfdilovpe €va VMKO GE HOVOOEOVIKO
eperkvopo (oy >0, g,= 0, =0), 016 AV > 0.

Emopévag, omv €laotikn meployn o OYKOg €vOC VAMKOL Ogv
dratnpeiton otabepoc. Avtibeta, Oa dovue 6TL OTAV TO LAIKO TEPAGEL GTNV
TAOCTIKY] TEPLOYN, ONAadn Otov veictotal TAEOV UOVIUN TACCTIKN
TOPAUOPP®OT), TOTE 0 GYKOC TOL dlaTnpeital oTabfepdc.
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5. H Oswpia oo Mindlin

O Mindlin otV gpyacio tov (1964), Tapovoioce pio yevikn Oempio,
EMUOTIKOTNTOC, T OTolo TEPLYPAPEL TNV GCUUTEPLPOPE 1GOTPOTIKDOV
EMOOTIKOV VAIKOV pe pikpodour). Eved ftav moAd olokAnpopévn, to
YeYOVOG OTL lonyaye 18 véeg aveEAPTNTEG TAPAUETPOVS TOV AUPOPOVGAV
TO VAIKO Kot QUOIKE NTov TOAD dVOKOAO va, kaBopioTovy Bempntikd 1
TEPOUOTIKA, TNV KaB16TOVGE TOAD TEPITAOKN Omd QUOIKNG GAAL Kol

OO UOTIKAC Aroync.

[Ipokeévov va kataotnoel avty tov 1 Beswpio amlovotepn,
TPOTEWVE OTNV 10100 EpYacion 3 ATAOTOMUEVES LOPPES, YVIOOTEG G UOPPEC
I,II xou II.

X popon I, n evepyslokn mokvotnta AOY® tdocwv, Bempeital
TETOPTNG TAENG ™G TTPOG TIG TAGELS Kal OELTEPOL PaBoD Tapdywyos g
petatomone. H mapdymyog e HIKPOGKOTIKNG TOPAUOPP®CNG €00,
opiletar ®¢ M 0£0TEPN TOPAYDYOS TNG LOKPOGKOTIKNG LETATOTIONC.

> popeny IO , mn devtepn MOPAY®YOS NG  UETATOMIONG
aviikabiotaton omd TV mopdymyo tov Ttdocwv. H mapdywyoc g
UIKPOGKOTIKNG TOPAUOPPmONG Bewpeiton @G N TPOTN TOPAY®YOS TNG
HOKPOGKOTIKNG TAONC. AVTN 1| LOPPT], YVAOGTY) KOl ®G EAAGTIKY] Oempio TG
TOPAYDYOL TAONG €ival avtny oL B HAG OTOGYOANGEL GTNV TOPOVGO
gpyacia.

Xt popen I, M HUIKPOOKOTIKY) TOPAUOPPMOGCT), YPAPETOL ®G
dBpotoua 2 mapayoviwv. Tne Pabuidoc e LOKPOCKOMIKNG TEPIGTPOPNS
KOl TOL OCUUUETPIKOD  UEPOVLS TNG OEVTEPNG TAENG TOPAYDYOV TG
LOKPOGKOTIKTG LETATOTIOTC.

[Tapdreg Tig BewpnTikég O10pOPES, O EEICMOELG KIVIONG TOV TPLOV
HOPQ®V €lvol OUOLEC, €1TE EKOPOCGTOVV HE OPOVS LETATOTIONG, €iTE UE
OpOVC TAGEMV.
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O Mindlin otv epyoacio tov (1964) amédeite O6TL M TLKVOTNTO,
SUVOUIKNG EVEPYELNG EVOG EANCTIKOD DAIKOV UE HKPOOOUT, TEPLYPAPETAL
omd pa opoyevn e€icwon 6e0tepNg TAENG 42 UETAPANTOV &, Vi, Kijk -

2NV TEPIMTOGT] TOL TO LMKO €lval Kol 160TPOTIKO, O aplOUOS TV
aveCapTTOV HETAPANTOV LEIOVETAL OPOUOTIKA ETEWN ATOAEIPOVTOL OL
wotpomikoi tavvotég mepittov  Pabuov. ‘Etor ot evomopeivavteg
HETAPANTEG Elval OPOYEVELS YPAUIKES GLVOPTNHOELS TOL d Tov Kronecker.
‘Etol kataAnyetl og 18 aveEdptnreg petafAntéc.

Onwg avagépape kot mo ndvo, ot 18 avedptnteg mopdpeTpot sivar
oAV 0VoKoA0 va kaBopioTtobv Bempntikd N TepapaTikd. Avtd kaboTd
T1¢ eEl0MoElS 1010iTtepa TEPITAOKES Ad PLGIKNG KOl LOOMUATIKNG ATOWNC.
ATO TIG TPEIC LOPPES TOV OVOADGALE VOPITEPO KOl O1 0TTO1EG OKOTH £Y0UVV
va Eemepdoovy avTéC TIG dvokoAieg, Ba acyoinbovue pe ) 0ebTEPT, 1M
omoia givon kol yvoot o¢ "Oswpia fabuosiactikotyras” (strain gradient
elastic theory).

ITapovoidler peydro evolapépov 00Tt mepthapuPdver uovo pio
TOPAUETPO OGOV APOPA TNV KMUOKA TOV E0MTEPIKOD UNKOVG, TI VO
Khooowkég otabepég Lame kor emiong ot TAGES Kol Ol TECES TTOL
TOPOVGLALOVTAL EIVOL GUUUETPIKEG OTTMG KO GTNV TEPIMTOCT] TNG KAUGIKTNG
EAOCTIKOTNTOC.

To televtaia 40 ypovia, €xer onuooievBel  peydioc aplOuog
EPYOCIDOV LE AVOAVTIKEG AVGELS TN e€lomong PadpoglactikOTnTog GE Hia
dldoToon.

Ye meplocoTepeg dnotacelg 1 eEicmon yivetar wOAD mepimAokn
aKOpo Koy Ty anAn Babposhactikotnra.

Ymv popen I Bewpodpe OTL M TOKVOTNTO SVVAUIKNG EVEPYELNG
EVOG EAOGTIKOD CAOUOTOC UE LKpodoun ivar de0Tepng TENC WG TPOG TIS
tdoelg Kat T1g fabuideg tov tdcemv. Kdvovtag emumAéov v mapadoyr 0Tl
01 01O TOATIKESG KOl SLULTUNTIKES TOPAUOPPDCELS EXOVV TIG 101EC EMOPACELS
GT1 WIKPOOOUN, 1| TUKVOTNTO OLVOLLKTG EVEPYELNG diveTarl amd Tov TOHTO

1 1 ..
U= Ag;g)j + pgije;; +Elgzkijj’cikk +ugiigrrge » 1,j=12 (1)
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omov A, u ot otadepéc Lame xou g® n mopduetpog g KAiponcac tov
E0MTEPIKOV UNKOVC 1 07010, GLVOEEL T WKPOOOUT LE TN LOKPOOOUN Ko
€XEl LOVAOEC IKOVG GTO TETPAYMVO.

Ot 1éoeig €5 elvan duikég wg mpog Tig katd Cauchy miéoeig Kot ot
Babuidec TV TacEWV Kij) G TPOG TG SIMAEG TESELS avTioToy o 68 O,TL

a@opd oTnVv evépyela Kol opilovan

Y& KOPTESLOVO GVOTNUO, GCUVTIETOYUEVOV X4, X, , OL KaTd Cauchy kot
01 OUTAEG TEGELG TEPLYPAPOVTOL OVTIGTOLYOL.

T11 = (A + Zﬂ)alul + }{.azuz

Ty = (A + 2[.1)62U2 + Aalul

T1p = Tp1 = U(02u; + 01uy)

/,1121 :/'[112

>

N

X =
. ! ‘ 2 My = My

2 _
Horp = Mo X _
1A 1A 1a Hoo1 = Honn
\SIAERA - + <
_); - 5+
v

Lt = v Ay =
— 4

LA |4

LA

>
> X » X

2ynqua 11. Avorapdotacn OmhoOv MECEMV
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1 = (A + 2w g*0fuy + 1g%0,0,u,
Hoz2 = (A + 2w g*05u, + 1g%0,0,u,
i1z = Piz1 = Hg*(07up + 010,uy)
a2 = (A +2p)g*d1u, + Ag?0fu,
Ho11 = (A +2p)g%010,uy + Ag*05u,

U212 = U221 = #gz(azzu1 + 0,0,u;)

| :+‘{:35 oy,
h ‘

a1 !
/ - Ay, Hiy
A e

X, X5
#21 1 4‘. ‘u.‘:I :“:x: > ,U:l:=,ll::l
Sasaba. ey
/ ::'u“-' =Hy f» My = Hyp

—f—Q—-—D— x| -

1

2ynqua 12. Avomapdotacn OimhoOv mEcE®V

Onov d; ka1 d, SNAOVOVV SPOPICT] O TPOS X1, Xy OVTIGTOLYO.
Onwg aivetal ko amd To GYNUOTO O TPMTOG OEIKTNG TOV STADYV TEGEWV,
delyvel T Qopd TOL OLVOCUOTOS TNG EMPAVELNG GTNV OTOio Ol OUTALC
tdoelc avapépoviat. O devTepOg OEIKTNG dEiYVEL TOV TPOGAVAUTOAIGUO TN
POTNG avAUeESa oTIG OMAEG Thoelc. O Tpitog delkTng dOeiyvel T Popa TV
STADV OLVALEWV.

Ot dvvapuelg Kot 0 TPOTOC TOL EXEVEPYOVV (POIVOVTOL AVOAVTIKA GTO,
TOPOKATO GYTLOTO.
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2ynua 14. Avamoapdotacn Omiov mEcE®V

H mapordve eéicmon (1) mokvotntog duvapkng evépyetag tov Mindlin
Omm¢ ek@paletal LECH TOV TOPAdOYDOV NG ROPPNS I, KataAyel 6NV
TOPOKAT® Spopikn e&icmwon ooppomiog, pe v omoio kot Ha
acyoAnfovpe.

(A+2w)(A = EFAV(V-w) — u(1 = EEM)V X (VX u)

= —f+pw(u—hfv(v-u)+hﬁvx(qu))

omov ot ovvteheotéc &, &2 wou hZ , h3 sivor Oetikéc mOGOTNTEC,
TOPLOTAVOLV 1010TNTEG TNG KMUaKAG Hey€00ue Tov LAIKOV Kal e€aptdvTon
amd Tovg AOYOVS akapyiog Kot TukvOTNTOS, KOOGS Kot amd To uéyehoc tov
povadloiov KeA100.

Avéloyo Tov AOY®V TUKVOTNTOG Ko okapyiog pumopel va Exovpe gite Ta
&2, &2 neyolvtepa and ta hi, hi, eite aviiotpoga.
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6. Aroutoduevny Oswpio cVVapTNGIOKNGS AVILVOYS

Opiouos . H nmuypapuky popon a(+,) tov yopov Hilbert V,
KoAeitol V — meatikog , edv vrdpyet évo ¢ > 0 1£T010 OOTE

la(v, V)| Z cllvllj , veV. (1.1)

Ocaopnua 1

Oeopovpe éva a(-,) vo eivor po V —mieatikn) , ovveyng Kot
nuypapptkyy popen. Tote yua kabe fe V', vmapyer o povadik Adon
ue V yu v omoia ikovomoteiton n €ENG 1odTNTAL

a(u,v) =f(w), veV.

KOl .OYVEL AKOULOL

lelly < Olflly, -

Anrdoeién
Ta a kol f eivon "1-17 ko amd ovTtd 001 YOV UAGTE GTO EENG CLUTEPAGLLOL

la@)lly = cllully, ueV.

H extipnon avt) cvvendystor 60T1 T0 €0pog TOV @ givan KAELGTO.
Ouwg o B eivar ovluyngtov a oto V', 161 dote 10 gvpog tov @ (Rg(a)),
va ikovorotel T ouvdnkn opOoyovidtntac Rg(a)t = K(B) = {0} .

Yvvendg, 10 Rg(a) eivar mukvd vmoohvorlo Ttov V' kar ocav
amotédecpo, owtd éxel 60Tt Rg(a) = V. Epdcov howmov to J dwatnpel ™
VOPLOQ, TO TTOPOTAVE® STUTUTMOUEVO, ATOTEAEGLOTO ETOVTOL EDKOAQL.

35



["a va Tpocdlopicovpe T a , f Kot J IOV aVOPEPOLLE TTLO TAV® £TOL
(MOOTE VO KOTOVON)COVE TO, OMOTEAEGLOTO TTOL TPOEKVLYOV, TPEMEL VAL
AVOPEPOVUE TNV YeEViKEVOT ToL acBevovg mpoPAnuatog Dirichlet kot Tov
acBevoig mpofAnuatog Neumann.

T'evikevon

Aocpévov evoc ydpov Hilbert V, poc cvveyode, nuypoppikng popeng
a(-,") otov V ko o fe V', Bpeite ue V 1é€to10 dote

a(u,v) =fw), vel. (1.2)

Avm n nuypappiky popen a(:,) , opiler éva Cevydpt telectddv
a, B e L(V) mov iKavomolovy Tig TouTOTNTES

a(u,v) = (a@),v)y = W By, wveV.  (L3)

Kavovtog o avogopd o©t10 mapokdto Oedpnuo t0  0moio

YPElONAOTE Yoo Vo Onovpyncovpe Tic popeés al(s,) ko B(-,0)
kaBopiletan omd ta a ) B péow g (1.3) .

Eniong opiler 10 Bevpnua avtd ko v “1-17 xou “eni” amewdvion
Je LV, V), yia TV omoia. 1oy0eL

f@) =0 vy, feV' veV.

ITo cvuykekpiuéva, o J eivar o avtioTpo@oc Tov Ry. Akopan u givot
M Aomn tov “acBevovg” mpoPAnquatoc mov oyetileton pe v (1.2) edv Ko
uovo gav a(u) = J(f) . Ep’6cov 1o J givan "1-17 kou “enti” amewovion , n
eveMélo g Avong ¢ eficwong otov yopo V efoptdtor amd v
OVTIGTPEYILOTNTO TOV TEAEGTN @. Mo ypnoun Kot tkovyy cuvOnkn yia vo
givorto a "1-17 kat "eni” lvan 0 opiopdc tov V — mieatikoV o omoiog £xet
d00el vopitepa kot cvoyetilopevo pe 10 “acBevéc” mpdPfinua to omoio
delyvoupe Katd GUVETELD TMG EIVOL KAANDS OPIGUEVO.
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Ocopnuao 2

‘Eotw ydpog Hilbert H , ko o fe H' . Tote vadpyet vo kot pLovodiko
ototyeio xe H , yuo to omoio woyvet

fO)=(xy),yeH.

YvveyiCovpe TOPO YOO VO, KOTOCKELAGOVUE TEAEGTEG Ol OMOiOl
TEPLYPAPOLV TIC AVGELS TOV TPOPALATOG, Gav ADGELS TV TPOPANUATOV
GLUVOPLIKADV TILADV Y10, CLYKEKPIUEVT emAoyN TV a(:,) Ko V.

Apyikd opilovpe Ae LV, V") wg:

a(u,v) =Au(v) , u,velV. (1.4)

Yrapyer “1-1"avtiotoyio avipeco PeETAEd TOV CUVEXDV MULYPOLUUIKOV
LOPOOV GTOV X®Po V Kol TOV YPOUKOV TeElectdv omd tov V otov V' .
Avt 1 avtiotoyia divetan amd ™ oxéon (1.4) .

I[Tio ovykekpyéva, m u eivor poe Adon 1oL “acBevois”
npofAnuatog, av kot povo ov, uelV , kv Au = f , €161 OOTE TO
npoPAnua va kabopileton omd to A dtovn fe V' Osopeitan dedopévo.

And  mopamdve wotta Au = f , emdyeton OTL 1| U IKOVOTOlEl pio
uepkn oapopikn e&icwon.

Agv Oa givon duvotd og OAa To Tapadeiypoto vo tpocdiopicovue 1o V' oe
EVOL YDPO KATOVOU®DV 6TO TEdi0 optopod G otov R™.

IMao mapaderypa, Eva TpoPAnua wov avrpetowrilovpe eivor:

Tkeeropocte nwg 10 V = HY(G) oto mpoéPinua Neumann. H
dvuokoAio Oum¢ oL avadvetal eivor 6Tt 0 xdpog Cy° (G) dev givor TUKVOC
octov V.
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[Tavw og avt Aoudvy ™) "dVOKOMO™ TOL TPETEL VO EPYAGTOVLE KO
VILAPYOLY 6VO TPOTOL VO, VTILETOTICTEL.

Apywcd Bewpovpe éva yopo Hilbert H tétoi0 mote o V va givat
TOKVOC Kol cuveymg evopnvouévog otov H (H' € V'), éto1 wote o H va
kobopileton amd tov H' péom g aneikoviong Riesz.

‘Eto1 mpokdntouy o1 mapakdtom eykieicuol:
VoH=H oV
Kot n tavtotra:

f@)=(f, ), feH, veV. (15)

Kolodue howmdv to H yopo dEovo meprotpopnc (pivot space) , otnv
nepintoon mov &yovpe H = H' 6mw¢ 1o navo.

Y10 mopdderypd pog, opiCoope D = {ue V : Aue H} .’Exovue cav
dedopévo 01t Au = f xorue D, and 10 omoio TpokOTTEL OTL U0 LEPTKN
JaPoptkn Uropel va tkovomoteitat, epdcov o ydpog Cy° (G) givar Tukvoc
otov H.

Etvatl onpovtikd vo onpeudocovpe 6to onpeio avto 0t ue D, av kot
uovo av, ue V xar vrdpyet éva K > 0 1éto10 wote

la(u, V)| < Kl[vlly, veV.
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6.1 E&icwoeis eEéliéns npaotns taéns

Oewpodue &va opyIKO TPOPANUE GLVOPLOK®V TIUOV YL TNV
eElomon BepuoTroc-oidyyvonc.
Avalntooue Aowmdv pa svvéptnon U : [0,7] x [0,00] — R, mov kavomotel
TNV HEPIKT| Olapopikn eElowon

Up = Uy, O<x<m, t>0 (2.1)
LE GLVOPLOKEG GLVOTKEG!
u(o,t) =0, u(z,t)=0,t>0 (2.2)

KoL apy K] cuvOnkn:

u(x,0) = uy(x) , O<x<rm (2.3)

H teyvikn pe v omoila Ba wpoceyyicovpe avtod tov €idovg Tal
wpofAnuota eivarl yvoot og ué6odos Tov ywpiouod twv ustaffintov.
EeKVAUE YAyvovTog ol U undevikn Avon g (2.1) mov Ba emdéyeton
AMOGEG TG LOPPNG:

u(x,t) =X(x) T(t) (2.4)

Eivaw mpopavég 011, 1 tuyaion cuvaptnon o600 UETAPANTOV OV
Umopel va YpopTel ®g YIVOUEVO dVO GUVOPTAGEMY, KOO oo TIG 0Toleg
eCaptatal povo and ™ pio and 11§ SO aveEApTNTES LETAPANTES. Apa M
(2.4) eivon kaBapd pia vrdbeon epyaciog i ansatz (yeppoavikdg 6pog) mov
&xel kabepwbet d1EBvacC.

21 ovvéyel AoV, oo £YOVUE OPICEL TNV YEVIKN LOPON NG
AOoNG OV TEPIUEVOVE, EMOTPEPOLUE GTNV apyIkn docuévr MLAE kot
avtikadiotovue pe Baon v (2.4).

Ot ovvaptioelg X(X) kot T(t) dev umopei vo elvar undevikég ce
avolyTa SlooTNHOTO TOV X Kot t, Yol Tote Oa Edtvay TV TETPUUEVT ADoN
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u(x,t) = 0 , mov dev €xel KovéVa EVOOPEPOV. AVTO HOC EMITPETEL VO
dwapéoovpe kot ta Svo pEAN pue X(X) T(t) kot £€to1 eTdvovue 6T HLOPET
m¢ &&lomong mov 10 aplotePd TG WEAOG eivon o cuvéptnon
OTOKAEICTIKA TOV X, VD TO 0L LEAOC efvan oL GLVAPTNOT) ATOKAEIGTIK(
Tov ¢t.

Oumg apob ot petafAntég X ko t eivan ave&aptnreg, 1 wwotnTo

F(x) = G(t) umopel va 1oyvet av Kot Ldvo av 0l GLVOPTHOELS

F(X) ka1 G(t) eivan otabepéc.

2VVEnMC KataAnyovue oe &va (evydpt cuvibmV S10QOopPIKOV EEICMOCEDV
(Z£.A.E) ™g popeng:

X"(x) = A X(x)
T'(t) = A T(1)
Ao T1¢ AWoelg Aomdv g MLALE pag evolapépovy LOVO avTEC IOV
céPovtan Tic doouéveg amd TNV VTOBEST GLVOPLUKES GLVONKEC.
‘Etot, emedn o undeviopdg tov T(t) yio omorodnmote t = 0 dev eivan
AmOOEKTOG, EXOVLE:
X(0) = X(x) = 0.

Avto Aowmov givar éva TpdPAnuo Wotmy kot yroo t X(X) kot ot AVoelg
dtvovtor amd v X, (X) = sin(nx) , pe avticToryeg 1010TIUES Yia TO A:
A, =n? ,yuan > 1 aképarovg aptdpong.
H 6e0tepn amd 115 e€iomaoetg Tov Levyoug, Ba £xer v €€ng Adon:

Tp(t)=e™"

Kot cvvenmg eEacparilovpe Eva aptBunoilo GHVOLO GUVOPTHCEDY TOV
Kovorolovv Tig (2.1) ko (2.2).

H Mon mov wavomolel tig dvo mponyodueveg ardd kot v (2.3)
eCaocpaiileTon amd TIC GEPES:

u(x,t) = X%, ule "t sin(nx) (2.5)
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omov o {ug } eival cuvteheotng Fourier tétol0¢ dote:

ul = % fonuo (x) sin(nx) dx ,ywa n =1,
Y10, TV OPYIKT cuvaptnon Uy (x).
Mmnopovpue vo Bewpricovpe v Avon (2.4) cav uia cvvaptnon t— S(t)
Amd tovg pn apvnrikovg mpayuotikode RE , otovg @poypévoug
ypoupukodg teleotég oto L2[0,x].
Opilovpue mg S(t) va givar o Tehestng TOL diveTan amd Tov e€Ng THMO:

S(t) ug(x) = u(x,t),

'Etot 10 S(t) anodidet og kaOe cuvdptnon u, € L*[0,x], 611 | cuvépnon

u(-,t) € L?[0,n] mov divetan amd tnv (2.4).
Edv t;,t, € Ry , 161€ éyovpe 1o k40 uy € L2[0,n] , 11 166TNTEG:

S(t) up(x) = X2, (ul e ™ 1) sin(nx)
S(ty) S(t) up(x) = X2, (ulte ™ 1) sin(nx) e ™'tz
= Y ul sin(nx) e tatta)
= S(t1+ t2) uo(x)
= S(t;) S(t;) =S(t;+ t,) , pety, t, =0
Y owO0ipETO Uy.

Avt givon n) tawtdTTo SEMigroup.

Mmopodue va dgiovue otn cvvéyeta o6tt S(0) = I, Tov TavtoTIKd
TELEGTH], KO TG Y10 KGO Uy , S(t) Uy — ug oto L2[0,n], kabmgt —0*t.
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Tehkd, Bpiokovpe 6TL k&GO S(t) &xer vopuo < et oto L(L?[0,n]).

Ot 1010tteg Tov {S(t) : t= 0} mov érovue GLYKEVIPHOOEL EOM ,
001y0VV 6TOV 0ploud TV Semigroup cvctoing ( contraction semigroups).

>t ovvéyela mpénel va deifovpe 0TL kGBe contraction semigroup
yopakmpiletor omd o avomapdotoon AVoNG  €VOG  AVTIIGTOL(OV
npoPAnuartog Cauchy.
Agtyvooue dnhadny, To cvykekpipéva, tmg to semigroup {S(t) :t > 0}
oonyel e po Topovciaon AVONG LG UN-OUOYEVODS LEPTKNG OLOPOPIKNG

eElomong:

Ur = Uy TTXE) , O<x< 7 , t>0 (2.6)

Me T1¢ cvuvoplakég cuvOnieg (2.2) kat v apykn cvvonkn (2.3).
Yro0étovpe 6ty kae t > 0, f(-,t) € L2[0,x].
Q¢ €K TOOTOV, £YOVUE TNV 1O10GLVAPTNOT] EMEKTACTC:
F(xt) = Xnza fr (O)sin(nx)
2 (m :
fO=2[TfEOsinmedE  (@27)
Avalntaue Aoon g popong  ulx, t) = Yo uy(t)sin(nx)  xou

Bpickovue and tic mapoamdve oyéoels (2.6) kot (2.3) 6Tl 01 GUVTEAEGTEG
TPETEL VO IKAVOTTOLOVV TIG GUVONKEG:

{um) +nfu,(6) = f,(t) ,t=0
u, (0) = uy n=>1
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YUVETMC £YOVLLE:

t
w,(t) = ule ™t +J e D f (7)dr
0

Ko gv téler 1 Aoon pog ypdoetatl og e€Ng:

u(x, t) =
= SOuo(®) + fi [T 5% e sin(nx) sin(nd)} £ (€, 7) déde

Ouwmg amd v (1.6) owtd mov TPOKLTTEL ElvOLL:

u(,t) = S(Ou() + [ St — Df (. 7)de (2.8)

"o ™ Ao tev (2.6) , (2.2), (2.3).

To npofinua Cauchy

Ag Bewpnoovpe éva yopo Hilbert H , D(A) évav vmoympo tov H xat
A e L(D(A),H). ®swpovue akduo v eicmon eEEMENG:

uw(t)+Au(t) =0 (2.9)

To mpoPAnua Cauchy éykertoanw oto va Ppebel pia cvvaptnon

u e C([0,00],H) N C1((0, ), H) tétowa dote yw t > 0, u(t) € D(A) xan
N (2.9) va woyvel kar u(0) = uy, 6mov N apykn TN Uy € H opietat.
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Oempovue 011 Yo kéOe uy € D(A), vEapyel pa Lovadikn AHGT ToV
npoPAnuartog Cauchy.

OpiCovpe S(Hug = u(t) ,yiot =0, uge D(A), 6mov u(-) n Avon g
(2.9) pe apykn cuvonkn u(0) = u,.

Eav uy, vy € D(A) kot €av a, b €R , t6te 1| cLVEPTNON
t — aS(t)uy + bS(t)v,

elvan o Avon e (2.9), ep’6cov o A glvort YpoppKogs, Kot 1 HovodikoTnTo
TOV ACEWV TOTE EMPAAEL:

S(t)(auy + bvy) = aS(t)uy + bS(t)vy .
Yvvenwe, S(t) € L(D(A)) ywo 6Aa tat = 0. Eav uy e D(A) xar t =0,
101E 1| ovvaptnon t — aS(t + 1)u, wavonoiei v (2.9) ko Taipvel Tnv
apykn tun S(T)u,.
H povadikdtnta e Aong emttdoocet 10 ENC:

S(t+1uy =St)S(t)uy ,uy e D(A).

Yapmg 1oyvel 6tt, S(0) = 1.
Opilovpue otn ovvéyeto Tov teleot A va sivon avéntikdg (accretive) eav

Re(Ax,x)y =0 ,xe D(A).

Edv Aowmov o A eivor avéntikdg ko edv u eivor piot AVoT Tov TpoBALaTOC
Cauchy ¢ (2.9), tote

D (llu(®)1I*) = 2 Re(w' (1), u(t) )H
= -2 Re(Au(t),u(t))H <0 ,t>0

"Etot akorovBei 1o e€ng: |[u(t)|] < |[u(0)]] , t=0

44



To onoio cvverdyetor: ||S(t) upll < ||ugll ,ug e D(A),t =0
‘Etot ®ote 10 S(t) va eivar o GLGTOAN 6TOV YMPO Le vopuo H Kot o¢ ek
TOUTOV KOl o LOVOdIKY enéktaotn otny kKiewototnta tov D (A). Otav 1o

D (A) givormokvo, pmopodue va OempiGovUE Lo, GLGTOAN SEMIgroup GTov
H.

Opiouog . Mo cuoToln Semigroup otov H givatl évo chvoro
{S(t) : t = 0} and ypapkode teAeoTtég 6TOV Ydpo H OV gival GLGTOAEC
KOl IKOVOTTOLOVV:

Sit+1)=St)-S(t) , S0) =1, t,t=0 (2.10)
S()xeC(]0,»),H) ,X € H. (2.11)
O yevvitopag ¢ cvotoinc semigroup {S(t) : t = 0} eivar o teAeothg pe
nedio opiopov:

D(B) = {xeH : hlir%1+ h=1(S(h) — I),, = D*(5(0),) vrdpyet otov H}

KO TN

Bx = lim, h™'(S(h) — D), = D*(S(0),).

OOV va oNUEIOGOVUE TG TO Bx givonn de€1d mapdymyoc oto 0 e S(t)x.
H wwomta (2.10) givor | tavtomTa semigroup. O optopdg g Avong Tov
npoPinuatog Cauchy deiyver 6Tt n (2.11) 1oyvel yia xe D(A) ko éva
OTOLEUDMOES EMLYEIPTLLOL TV OUOIOLOPPO PPAYUEVOV TEAEGTMOV (GLUGTOAN)

{S(t) : t = 0} deiyver 611 n (2.11) 1oyvet Yo OAo. TaL x € H.

H 1510mrta (2.11) givan ) toyvpn ovvéyeta tov semigroup.
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Ocaopnua 3

Ac¢ Oempnoovue A € L(D(A), H) owéntikd tedeot, ue D(A) mokvd oto H.
YnoBétovpe Ot i kdbe uy € D(A) vmdpyet o povadiky Avon
ueC((0,0),H) g (2.9) pe u(0) =uy. Téte M owoyéveld TmV
telectv {S(t) : t = 0} mov €xel oplotel mapamdve €ivar Hio GLGTOAN
semigroup ctov H , Tn¢ omoiag 0 YEVVATOPOC Eival Lo ETEKTOOT) TOV —A.

Anrdoein

H povadikdmta tov AMcewv Enetot and 1o yeyovog 0t o tedectng A givan
avENTIKOG , Ko £T61 To Semigroup opiletan Ommg avapépaue vopitepa. To
uovo mov ypedletor givor va emaAndedoovue O0t1 0 -A egivan évag
TEPLOPIGLAG TOV YEVVITOPO.

Ag Bemprioovpe 10 B g tov yevvitopa tov {S(t) : t = 0} kot u, € D(A).

E@ocov 1 avtictoymn Aon u(t) = S(t)u, sivar de&id-drapopioun oto 0,
EYOLLE !

h h

u'(t)dt = —j Au(t)dt ,h > 0.
0

S(huy —uy = f

0
Yovendc , DY (S(0)uy) = —Auyg , kou étot uygeD(B) kaw Bug = —Auy.

> ovvéyeo Ba dovpe 0Tl edv To — A €ival 0 YEVVIATOPOS LIOG GUGTOANG
semigroup , tote o A givar awéntikdc, to D(A) sivar mokvd kot yio. kbOe
Uy € D(A) vrdpyer po povadiky Avon u € C1((0,0),H) g (2.9) e
u(0) = uy. [pdto an’oho dpws Oa dodue Eva amdd mapdderyua.

Ocopnuo 4

o «édbe Be L(H), ol oepég Z;‘;O(i—?:) ovykAivoov oto L(H) ,

dnAwvovtag £tot to GOpoicud Tovg HéEcm tov exp(B).
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H ocvvapmon t +— exp(tB) : R — L(H) &ivol angipmg dopopicipo kot
IKOVOTOLEL TO TOPOKATE:

Dlexp(tB)] = B - exp(tB) = exp(tB) - B ,teR. (2.12)
Edv B, B, € L(H) xonebv By - B, = B, - B; , t01¢:

exp(B; + B,) =exp(B,) exp(B,). (2.13)

Anrdoein

H obdykhon tov cepdv oto L(H) tpokimtel and to ENG:

Eh=ollB Il
= = exp(IBI)

oto R.

[Ma va emoainBedoovue ™ dwpopiowotnta e exp(tB) oot =0 ,
OTNUEUDVOLUE OTL:

[(exp(tB) — )/t] - B = (1/0) z;(w)"/"! |

t+0

Kot avt6 pog diver v extipmon:

1
I1Cexp(¢B) — /¢ = Bl < (7) [expClel 1B = 1 = |ellB ] ]

Egocov 1o t — exp(t||B|]) eivon (de€1d) drapopioipo oto 0 , pe (de€idr)
napdywyo ||B|| , cuverdyetar 6tim (2.12) woyvet yio t = 0.

H 1516t ta semigroup tehikd pog dsiyvel 0t (2.12) woydet yioo kabe teR.
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O o16y0¢ pog €dm eivar voo TPOGO0PICOVE AVTOVS TOVG TEAECTEG
TOV TOPAYOLV GLGTOALKA SEMigroups.

Apycd B opicovpe TIc amapaitnteg cuvOnkeg, vroBEtovpe Ot
B : D(B) — H ¢&ival 0 yevwiTopag TOL GUGTOAIKOV Semigroup
{S(t):t =0}. Eav:t = 0«xoux € D(B), to6t€ 0 TEAEVLTOIOC OPOC OTNV

TAVTOTNTO

h=L(S(t + R)x — S(O)x) = h"1(S(h) — DS(t)x =
= 1S (S(h)x — x) Jh>0

"BExe10p1o 6to h — 0%, kot emopévmg 1o 1810 1oyvet kat yio kade GAro dpo.
‘Eyovpe Aowmdv
D*S(t)x = BS(t)x =S(t)Bx , xe D(B) ,t=0.

Opoimg, YPNOOTOIOVTIOG TNV OUOIOUOPPT Ppayn Tov Semigroup, Oao,
UTOPOVCOUE VO TApovuE TO Gp1o va teivelt h — 01 dnwg oty tawtd Tl

h~1(S(t)x — S(t—h)x) =St —hh1(Sh)x—x) 0<h<t
Kot va égovue to €€ng:
D~S(t)x = S(t)Bx xe D(B) xan t = 0.
Kavovtog topa g avaokoémnon oe OAQ To, TAPATAVE, KOUTAATYOVUE GTO
egng:
Atjppa

Mo k40e xe D(B), S(-)x e CY(RE, H), S(t)x € D(B) xon
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St)x —x = JtBS(s)de
0

t
=JS(S)Bxdx ,t=>0. (2.14)
0

Ilopioua . To B glval kAe1610.

Anrodein
Oempovue pa akorovdia x,€ D(B) , ue x,, — x kot Bx,, — y otov H.

[Na kaBe h > 0 &yovue amd v (2.14)
h
h=1(S(h)x, — x,) = h‘lj S(s)Bx,ds ,n=>1.
0

‘Eyovtag n— o kot h — 0 | énetan 6t DTS(0)x =y, cvvendg
Bx = y.

Anppo

"Exovpe to D(B) mokvd vmochvoro tov H.

Mo kéOe t > 0 ko xeH | fOtS(s)xds e D(B) xa

t

S(t)x —x =Bj5(s)xds ,Xx €H,t>0. (2.15)

0
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Anrodeién

Opilovpe x; = [ OtS (s)xds. Téte yia h > 0 éyovpe

t t

h=1(S(h)x; — x,) = h™1 JS(h + s)xds — J S(s)xds

0 0
t+h t

= h! f S(s)xds—fS(s)xds
h 0

[pocHapaipdviag Tdpa Tov 6po | th S(s)xds , mpoximTEL ) 1IGOTNTOL

t+h h

h=1(S(h)x, —x,) = h™?! j S(s)xds — h? j S(s)xds
t 0

Kk yio h — 0, &yovue 6tLx; € D(B) xou Bx; = S(t)x — x.

Tehkd, t™1x, — x , kaObdc t — 07, énerar 611 10 D(B) eivor mokvod
VTOGVVOAO Tov H.

Oewpovue A > 0. Tote elval e0koAo va erainBevcovue 4ti T0

{e=*S(t): t = 0} eivor po GVGTOAY SEMIGroup, TG OTOi0G O YEVVATOPOS
givar 10 B — A pe medio opiopov to D(B). Av epapuocovpe tic (2.14) ko
(2.15) o€ avtod to semigroup, o kataAn&ovue 6to ENG:

e MS(x —x = f e 5(s)(B — )xds ,xe D(B)
0

t
e MS(t)yy—y=(B—2) f e *S5(s)yds ,yeH,t > 0.
0
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Mg t — oo (ko cOpeova pe to yeyovog 0t o B givan khetotdg yio vo
EKTIUNGOVUE TO OP1O TOL TEAELTAIOV OPOV) £yovpe TO EENG:

(0]

x = J e *S(s)(A—B)xds ,xe D(B)

0
y=(1- B)f e *5(s)yds ,yeH
0

Avtéc o1 TowtdtTTe pog dsiyvouy 61t 0 0pog (A — B) givan “1-1" kou “emi”
avtictoryo, U

0

1A =Byl < f e~®ds |lyll=A""llyll , yeH
0

KOLU OVTO OTOOEIKVOEL TNV OVOYyKoOTNTO TOL 0aKkOAovBoL BeueMdOoVC
ATOTELEGLOTOG.
Ocaopnua 5

Ikavég ko avaykaieg cvvOnkeg yio va gtvon o teeomg B : D(B) — H
YEVVITOPOC LIOC GLGTOANG Semigroup otov H, giva :

(a) D(B) mokvo vosvuvoro Tov H
(b))A—B: D(B) — H va givan "1-1" xon "eni”
pe [[A(A = B) Iz < 1106k ta A > 0.
Amrodeién
Ed® vroieimeTon va dei&ovpe 6TL 01 GuVONKEG TOL VITOdEIKVVOVTAL GTOV B

OMUOIVEL OTL EIVOIL YEVVITOPOC EVOC SEMIgroup. AvTo Tov EUEIC GTOXEVOVLE
va deiEovpe gtvar:
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(a) Katd mpocéyyion tov B HéGm TV @payuévey TEAECTMV, B)
(b) Na Bpovue ta avtiotorye semigroups {S;(t) : t = 0} ekBétovtag ta

B,.

(¢) Na dgi&ovue v vmapén Tov opiov S(t) = Alim S;(t) xou givor to

emBounto semigroup.
Epdoov égovpe 6T1A — B : D(B) — H va givar "1-1" ko "eni” yia OAa
ta A > 0, umopodpe va opicovpie 1o ENG:

B, =AB(A—B)™! ,A>0.

Anupa
INoakabe A >0, By € L(H) Kol 1KOVOTOLEL:
By=-A+A1-B)1. (2.16)

T xe D(B) , [|B1()|| < ||Bx]|| xou /_llim B,(x) = Bx.

Anrodeién
H 1c6tnto (2.16) mov énetan g (By + A) (A — B)x = A%x, xe D(B).

H extiunon Aapféveton and to By, = A(A — B) 1B kot 1o yeyovog 611 10
A(A — B)™! Eivar pia sustol]. Ev téhet, Adym g (2.16) &xovpe:

1442 = B) *x — x|l = |47 Byx|l < A7*||Bx|| , 2> 0,xe D(B)
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Kot og ek todtov &povpe 61t A(A — B) " 1x +— x y10. 6ho to xe D(B).

Opwc 10 D(B) givon mokvd ko 10 { A(A— B)™1} eivar opordpopea
Ppaypévo Kar ovvendyetar omd ovtd 6t A(A — B) lx — x ,yu 6l
ta xeH , xou ot cvvéyeta Exovpe Byx = A(A — B)™! Bx — Bx ,yw )\
1o x€ D(B).

E@’6c0v 10 B givan @payuévo v kdbe A > 0, Ba umopovcape vo to
opicovpe Tpa amd T0 Gewpnuo. 4-

S;(t) = exp(tBy) ,A>0,t=>0.

Anupa

[No kabe A > 0, {S;(t) : t = 0} eivor o GucToAr] Semigroup otov H pe
yevwnropa tov By. o kabe xe D(B), {S,(t)x} ovykhiverotov H pe 4 —
00 , Kot £YOVUE OHO1OUOpPN cVYKAon ywo t € [0, t] > 0.

Anrodeién

To mpadto oTOLYElO EMETANL OO
ISl = e *|lexp(A*(A — B)'t]| S e~ Met =1
ko6t D(S,) = B3 S, (¢).

Emn)éov,

t

S () — S, (t) = f DS, (t — 5)S3(s)ds

0
t

_ jsﬂ(t—s)SA(s)(B,l —Byds ,  wA>0

0
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otov y®po L(H), GUVETNDC KATAANYOVUE GTNV TAPUKAT® aVIGOTNTO
|S:(®)x — S, (©s]| < ¢t||Bax — Bux|| , A4n>0,t>0,xeD(B).

Amo avtd @aivetal g to {S;(t)x} eivar opodpopea Cauchy ya t ota
QPOYLEVA OLOCTAUOTO KO £TGL EMETOL TO ARuuo.

Epocov kabe S;(t) sivar pia ovotodn kot o D(B) eivor mokvog
YOPOG, TO TPOPAEmOUEVO Oplo 1oyveL Yoo OAo to. xeH , Kol eivar
OLOLOHOPPO GTOL PPOYUEVE LG TN LLOLTAL.

Opilovue S(t)x = }im S;()x , xeH, ,t = 0 ko givon Egxdbapo

TAEov OTL KGOe S(t) eivor Hior YPOLLULKT) GUGTOAN.

H opotdpopen chykhon ce ppayuévo, S1oGTAUOTO GUVETAYETOL TO
t — S(t)x eivon ovveyng v kdbe xeH, ko n TtowtdTTO. Semigroup
umopei ebxora va emainOevtet.

Q¢ cvvémeia avtov, Eyovue OtL 10 {S(t): t = 0} gival pa cVeTOAN
semigroup ctov H.

Eav xeD(B), ot ocvvaptioelc S;(1)Byx cvykiivouv opotdpopeo. oto
S(*)B, ka1 cvvenag yio h > 0 o umopovcape vo Tapove T0 Oplo TNV
TOVTOTNTO

h
Sl(h)x — X = J S)L(t)B)Lth

0
v va kotaAnEovue oto eENG:

h
S(h)x—xsz(t)Bxdt ) xeH ,h > 0.

0

Avtd cvverdyetar 6t DT (S(0),) = Bx , yio. xeD(B). Eav 1o C dnkaovel
10 yevviropa tov {S(t): t = 0}, Oa &yovue deier 6t1 D(B) € D(C) xon
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B, = C, yw. 6Aa ta xeD(B). Avtd onuaivet 61t to € givar pio ETEKTOON
tov B. Opwg, 10 I — B givon “ent” wou I — C givan "1-17 , €101 oote va
énetoan D(B) = D(C).

Ilopioua.

Edv 10 —A givon 0 yevvitopag pidg cuetoAng semigroup, tote yuo KaOe
ugeD (A) vrapyer pio kot povadikny Aon ueCl([0, ), H) mg (2.1) pe
apyikn ovvOnkn u(0) = u,.

Ardoeién

[Mpoxvmtet dpeca and v (2.14)

Ocaopnua 6

Edv 1o —A givon 0 yevvitopag pidg cuetoAng semigroup, tote yio KaOe
ugeD (A) xon yo k4O feC([0, ), H) vmdpysr pia kor povadier] Avon
ueC1([0, ), H), tétowa dote u(0) = uy, u(t)eD(A), yio t = 0, ko

u'(t) + Au(t) = f(t), t > 0. (2.17)

Anrodeién

Apxkel va deiEovpe Ot M cvvdptnon
t
gt) = fS(t —7)f(t)dt, t=0,

0
wkavorotel v (2.17) kot onueidvovpe 6t g(0) = 0.

Ocwpodue 0TL  Zz =t — T, Kl EYOVLUE:
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glt+h) —g(®) _
- =

t

= fS(z)(f(t +h—2z)—f(t—2z)h ldz

0
t+h

+h?t J S(2)f(t+h—2)dz

t
®¢ €K TOVTOV TpokHITeL N VapéEn ¢ g’ (t) ko

t

g = j S@f'(¢ - 2)dz + S(OF(0).

0

Emm\éov Eyovpe:

t+h t

g(t+h})l—9(t) _ h_l{j S(t+h—r)f(r)dr—jS(t—T)f(T)dT}
0 0

t+h

= (S(h)—l)h‘ljS(t—r)f(r)dr+h‘1f St+h—1)f(r)dr
0 t

(2.18)

Epocov 1 g'(t) vrapyet kon o tekevtaiog dpog e (2.18) éxet Op1o kabmg
10 h - 0%, mpoxvnter and v (2.18) 611

t

jS(t —1)f(1)dt € D(A)

0

Kat owtd 10 g wavomotei myv (2.17).
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6.2 Eliowces eEEMENS e memAsyusvy uopon
(Implicit)

e mepintmon mov 1 e€lomon e€EMENG Exel TN YEVIKOTEPT LOPOT:

Mu'(t) + Lu(t) = f(b), t>0

Kot pe apykip oovOnkn: u(0) = u,, umopovue vo. tn ADGOLUE
vrofipalovtdg v oto mpoéPinuo Cauchy mov avoidoape otnv
TPONYOVUEVT] EVOTNTOL.

Anhadn,

u'(t) + Au(t) = 0, t>0

IMo mapdderypo, ce TpofANUOTA TOV TEPLEYOLY TNV YELOOTOPULOAKN
g€lomon g HopeNG:

oeu(x,t) — a 020.u(x,t) — oZu(x,t) = f(x,t) (3.1

OTov a un apvntikn otadepd,
N omoia 6g KaTdAANAO y®po pmopet va avaydel ot popen:

u'(t) + Au(t) = f ()

emedn o teheotic (I — ad?), o omoiog Spa méve oto d.U(X,t) pumopsi va
OVTIGTPAPEL.
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‘Etor 1 (3.1) elvon éva mapdostypa kavovikng e&iocwong mov Oa
LLEAETCOVLE GTT] GUVEXELL.

Kavovikég eCiomoeic
‘Ecto V, évag yopog Hilbert pe ecotepikd ywouevo (), O
omoio¢ mpoodopilel v avtictoyn omewdvion Riesz and tov 1, otov

ko V), uéom tov M.

‘Etot éyovpe,
Mx(y) = (% Y)m X,y €V

‘Eoto tdpa D évag vroywpog tov V,, kau L:D — V, o ypoppukn
ATEKOVION).

Eav yvopilovue 6t uge V,, ko fe C((0,00), V), to1e Oempodue to
npoOPAnua ebpeong g U € C([0,00),V,,,) N C1((0, ),V,,,) této10 hote

Mu'(t) + Lu(t) = f(t), t>0 (3.2)
katu(0) = u,.

210 onpueio avto va onueiwoovpe 6tin (3.2) elvon pia yevikevon g
eEiocmong e€éMEng u'(t) + Au(t) = 0. (¥)

Edav avtiotoyyicovue tov V,, ue tov V,, uéow g amncikoviong Riesz M
(raipvovioc M = 1), tote 1 (3.2) avaydyetar 6T LOPON QOTH.

Ye éva yevikOtepo mAaiclo, Oo émpeme vo. Avcovue Vv (3.2)
vroPipalovtdc v oe Eva mpdPAnua Cauchy wsodvvapo pe to (*).

Apyikd mopaBETovpe o K TOV TPOTEPOV EKTIUNGN Yo Tr AVOM
u(.) mc (3.2), ue =0 ywo va yivel To TpoPANua 1o amdod.

[Ma po tétota Aom Exove:

58



Dy (u(t), u(t))m = —2ReLu(t)(u(t))

Kol 0VTO TPOTEIVEL TNV £EETOGT OLTMOV TOV KOAOLOOVV TAPAKAT®.

O avoOTép® VIOAOYIGUOG LOG, POVEPMDVEL TO YEYOVOS TMC VITAPYEL
wo to ToAD Avor tov mpoPAnuatog Cauchy yio v (3.2) 6mote L eivan
novotovy™. Xovenms, Adym avtov, mpoPAénetol 6t o xdpog Vy, sivan o
omGTOG Y10, Vo, avalnToOoVUE KOADS 0plopéveg Aoelg Yo v (3.2).

Ia va emtoyovpe por adpiot e€icmon e&éMEnc otov V,, mov Ba eivon
eodvvaun g (3.2), To uévo mov ypealopoote eivar vo enevepyel Tovo
ot (3.2) 0 avtioTPoPOg IGOHOPPIoUOS TOL M Kot avTd Oa Log ODCEL TNV
TOPOKATO 160TNTA.

u't)+ M Lo Lu(t) =M1 f(¢t), t > 0. (3.3)

Avtd pog mpotpémel vo. opicovpe va A=M1o L pe nedio opiopov
D(A) = D, étor dote 1 (3.3) va eivan 1oodvvaun pe v IV(3.2).
Emumiéov, epocov 10 M eivan 1 omewkovion Riesz mov kabopiletar ko
Tpocdlopiletal amd T0 EGOTEPIKO YVOUEVO (%)), EXOVLUE!

(Ax,Y)m =Lx(y) , xeD , yeV, (3.4)
Amd avt0 ocvurepaivoope mTwg o L givar povotovog, edv Kot Lovo
edv, 0 A elvar avEovTag. XN cvvEYELD, TPOKVTTEL Amd TO Oepnuo IOV AEEL

otL 0 —A mapdyst pio cueToA semigroup otov 1, av kot povo av, to L
etvar povotovo ko o (I + A) givon «emin.

Epocov woyvet 6t M=+ A) M + L , KOTOAYOVUE GTO TOPUKATMD
ATOTEAEGLO LEG® TOV Bewpruatog 6.
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Oczopnuo 1

‘Eoto M po onewkdévion Riesz evog yopov Hilbert 1, , pe ecotepucod
ywouevo (., . ), kat éotm L ypaupikoc teheotg L: D < V,,—V,,.
Ocwpovpue 611 0 L givon povotovog kou M + L: D—V',, givan “eni”.

Tote, Y10 k60e f€ C1([0,00), V',,,) xar uge D, vdpyst po. povadikr) Aoon
u(.) mc e€lomong : Mu'(t) + Lu(t) = f(t),t>0 pe u(0) = u,.

[Tpoxeévov va Anedel o Avon avaroyn g mTEPIMTOONS NG
wponyoduevnc evotntag, Bempovpe tov L dedopévo amd poe cvveyn
NHLYPOLULKT) HOPOT).

[Tio cvykekpiuéva, Eva yopo Hilbert V, o onoiog eivan évog mokvog
VoYwpog tov V,, kar 1 eveervoon (injection) eivar cuvveyng, omote
umwopovue vo movpe to e€nc: V,, < V',

Oewpovpe Tdpa 6TL 10 £(+,7) elvar cuvey g Kot Nuypoppkd mwive oto V.

"Etot opiCovue v avtictoym ypoupkn omewkovion L:V — V' péow
TOV:

Lx(y) = 2(x,y) ,x,y€V.
Opilovpe:
D ={xeV:LxeV,, } xar L = L|p.
Toéte 1 (3.4) pog deiyvet to OTL
2(x,y) = (Ax,V)m, x€D, yeV
Kot €101 mpoxdntel 6t 0 A gival évag 1eAectC TPOGO10pIoUEVOS Omtd TO
{£Co), V. U}

YVVENMOC TPOKVTTOVV TO TOPAUKATM.
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Ocopnua 8

‘Eoto M po onewkdvion Riesz evog yopov Hilbert 1V, , ue ecotepikod
ywouevo (.,.)m - Eoto £(.,.) elvar g ocvveyng, MUypOLLIKY Kot
eAemTik] popen mhve oto ywpo Hilbert V, tov omoio Bempodpe mokvod
KOl GUVEX(DG EVOOUVOUEVO GTO V.

AnAwvovpe Tov avtictolyo weopopeiocpd L tétolo wote L1 V-V

Tote kabe Holder-cuveyfic f:[0.00) - V', kot uge Vy,, vmapyel o

povadikn Avon u € C([0,00), V,,)N C1([0,00), V) , Tét010 DoTE
u(0) = uy kaw Lu(t) e V', ,yia t>0 ko

Mu'(t) + Lu(t) = f(t), t>0. (3.5)

X ovvéyeln Bo dwcovue 4 GTOWEIDMON TAPAdEyUOTA YL VOl
TOPOVGLAGOVE TOVG TUTTOVS TOV TPOPANUATOV OPYIKOV KOl GUVOPLOKDV
Tiuov (ITAZXT), ota omoio uTopovV va EQapUOGTOVY OGO avapEPON KLY TLO
YOR

Tt tpia mpdTo mapadeiypota, Oswpodue tov V, = H3(0,1) , ue 10
ECMTEPIKO YIVOUEVO

1
(W, v)y, = f (uv + adudv), ue a > 0.
0

Hapdadocyua 1

Aeswpovpe D = {ueH?*(0,1) N H3(0,1):u'(0) = cu'(1)}, |c| <1
Kot opifovpe LU = —0d3u.

Tote Ba Eyovpe:
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Lu(p) = (0%u, 0¢), ywo. peH(0,1)

Kol OTLOC GTO TPOTNYOVLEVO KEPAANLO
2ReLu(u) = [u' (D2 = |[u'(0)|>=>0,  ueD.

KoatoAyovrag Aowmov, PAEnovue nwg to Gewpnuo 7 detyver 6tL to ITAXT

(0, —ad20)U(x,t) —93U(x,t) =0, 0<x<1, t=0
uo,t)=U0(1,t) =0
2,U(0,t) =co, U(L,t), t=0
U(x,0) = Uy(x)

‘Eyer pio ko povadikny Avon yio UyeD.

Hapaoeryua 2

Oewpovue V = HZ(0,1) xar opilovpue
1
2(u,v) =j 0%u-0%v  ,u,veV.

0
Tote Ba Eyovpe:

D = HZ(0,1) nH3(0,1) wou Lu = d*u ,ueD.

To Gecopnuo 8 eitvorvmedbOvvo yio v dmapén Kot LovadtkOTN T, TNG AVCTC
TOL TPOPANUATOG

(0, —ad20)U(x,t) + 02U(x,t) =0, 0<x <1, t>0
u,t)=U0(,t)=0,U(0,t)=0,U(1,t) =0, t>0
Ux,0)=Uy(x) , 0<x<1

110 k60 UyeHS(0,1).
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Hapaoetyuo 3

Oewpovpe tov xdpo V = H3(0,1) kot opilovpe

1

f(u,v)=J ouov ,u,vev.
0

Tote D=V =V, koo Lu=—0%u ,ueD.

Amo ta Oewpnuato 7 18 KATOYLPMOVOLLE TNV DIOPEN Kol LOVAITKOTNTA
™G AOong Yo To TPOPANU
(0, — ad20.)U(x,t) —02U(x,t) =0, 0<x <1, t>0
uo,t)=U0(1,t)=0 , t>0
U, 0)=Uy(x) , 0<x<1

v UgeD = Vp,.

Hapdadociyuo 4

o 1o tehevtaio pag mapdaderypo, Bo Bewpricovpe tov V,, ¢ to
ocvoumAnpope tov C° (G) pe E6MTEPIKO YIVOUEVO

(u,v), = jm(x)u(x)mdx.
G

YnoBétovpe 6tL 10 G givat £va avorytd vmosvvoro tov R™ ko meL® (G)
ue m(x) > 0 yw xeG.

Xoupmva pe ovtd, 1o V;, elval to chHvoro tov LETPNGIU®V GUVOPTHGEDY U
610 G, yi0. 70 omoio wyver mY/2u eLl?(G).

Aewpovpe V = H (G) xon opilovpe
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1
i’(u,v)=f Vu-Vv  u,vev.
0

101€ 10 Oewpnuo. 8 €ivor 0VTO TOL LOG KATOYLP®VEL TNV VIapén Ko Ko
TN HOVadIKOTNTA TNG AVGNE TOL TPOPANLOTOG

m(x)d.U(x,t) — A, U(x,t) =0 , xeG,t >0
U(s,t) =0 , sedG ,t >0
U(x,0) =Uy(x) , xeG

Mmopolpe va TapatnpGOVUE 6TO GNUEID OVTO TME O APYIKEC CLVONKEC
&xovv wavomondet , pe v €vvola Ot

tlirg1+Jm(x)|U(x, t) — Uy(x)|? dx = 0.
—Y Jg

Ev xotaxieidl, oto 000 mpodTa mopodsiypato £Qapuocape to
Oscwpnuozo 7 ko 8 , 6tav ta. M ko L givor 000 dapopikoi teAeoTéc, e
™V 14éN tov L va givar avoetnpd peyaivtepn g 1déng tov M.

H 1commra ¢ (3.3) ovoudaleton uetamopaforixy Kol epeavileton oe
€101KA LOVTEAD d1AYLONG 1 PONG PEVGTOV.

H woémra mc (3.4) eppoavifeton opoiwg pe TV TPONyoOUEVN] Kot
ovopdletal wevoomapoflolikn.

[Mapokdtom Bo avardcovpe avtov ToV €100VG TO TPOPAT AT,
To televtaio mopddstypo mepEyel o acbevy eKQUAMGUEV

opafoAitkn e&icwon, Opuwg avtod Tov €idovg ol TPoPAUaTe dev B
avaAvBovv otV Tapovca epyacia.
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Yevoomapafoiikés eélemoels

Oa e&etdoovpe kamoleg eEloMoelg EEEMENC 01 0TTOlEg YEVIKEDOVY TO
wapdostypo 3.

Oa avaidcovpe 600 £0®V amoteAéspota Kat Oa deiEovpe TS avTd
0. 000 JPEPOLY OLCLICTIKA OO TIC CLVOPLOKEG GLVONKES TOL
KOVOTTOL0UV.

Ocopnuo 9

Oewpovue V éva yopo Hilbert kot ta m(-,-) ko £(-,-) va givar cvveyeic

NUWYPOUUIKES LOPPEC oTOV V.,
YvuporiCovpe pe M kat L tovg avtiotoyovg tedectég otov L(V, V),
Exovpe OMA0ON

Mx(y) = m(x,y)
Lx(y) =4(x7y), v x, yev.

Ynobétovue 6tL T0 M(+,-) givor V — mieatiko.
Tote, Yo k4Oe ugeV xar feC(R, V"), vrnapyer wa povadcr ueCL(R, V)
vy v omoia 1 (3.5) woyvet yio OAa ta teR kot u(0) = u,.
Anrodeién
H vnébeon g mieotkotrag tov V odelyver 611 10 M elvar évog
wopopeopdc tov V oto V', étor dote 0 teheotic A = M1 o L aviiket
oto L(V).
Mmnopovpe va opicovpe 10

—tA

e e L(V) omwg oto Gewpnuo 3 ko otn cuvéyela opilovue
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u(t) =e - uy+ fote(A(T‘t))°M_1f(T) dt, t>0 (3.6)

E@dcov 1o ohokAnpoua eival GLVEYES Kol KATAAANAO GPOyUEVO, ETAYETOL
ot (3.6) eivan pa Avon g (3.3) , 0nwg mpokvmtel amod ™ (3.2).

Ovoudlovpe t Avon u(-) mov divetor and 1o Pecopnua 3 o acbeviy Abon
™G (3.2). vmobétovpe 6T pag divetan évag ympog Hilbert H, otov omoio o
V' etvan éva mokvo vrocHvoro, cuveymg evtayuévo. Eyoope Aouov 611 HC
V' xan opilovpe to €EAC:

D(M) = {veV: MveH}
D(L) = {veV: LveH}

ue avtiotoyovg tehectéq: M = M| pyy kKot L = L]p () otov H.

M Aom u(+) g (3.2) v v omoio kdbe dpog ¢ (3.2) avikel 610
C(R, H) [avtiyiato C(R, V"], ovoudleton ioyvpr Avon.

Mua tétoto Aoutdv AOHGN 1KOVOTTOLEL TNV TopaKAT® 160TN T
Mu'(t) + Lu(t) = f(t), teR. (3.7)

Ocaopnua 10

Ocwpovpue tov ympo Hilbert V kot toug teheotéc M ko L € L(V, V) .
Oewpovue akdpo tov yopo Hilbert H, mov diveton 0mm¢ mopoamdve Kot
opiCovpe to medion opropov D(M),D(L) kou tovg teEhectéc M, L dmmg
TPLV.

Ynobétovoue 61t D(M) < D(L).

Tote, yia k4O ugeD (M) xou fe C(R,H), vndpyet o povadikn 1oyvpn
Mon u(-) mg (3.2) pe a.o. u(0) = uy .
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Anrodeién

Kévovtog v aAhayq tov petafintadv v(t) = e *u(t) yo kémoto 1>0
EMOPKAOC peYdro, Ba pmopovcape vo vrmobBécovue, yopic PAAPN ™C
yevikotntog, 6tt D(M) = D(L) xou 6t £(+,+) elvan V — mieatiko.

Tote to L givon "1-1"xon “eni” wdveo oto H, emopévog pmopovdue va
opicovpue po vopua, otov D (L) tétoto doTe:

||V||D(L) = Lvy,ve D(L)

n omoia kabiotd tov D(L) éva ydpo Banach. (capmc, o D(L) givan ko
yopog Hilbert).

Epocov yvopilovpe 60tio £(:,-) eivon V — mieotikdg, EmETOL TOS 1GYVEL TO
e&€NG v kamoto ¢ >0 :

cllvily < ILvllgllvily, ve D(L)

Kot n ovvéyela e evepnvoone V < H, pog pavepdvel Tote Ot 11 GAAN
evopnivoon D(L) © V eivon emiong ocvuveyne.

O tekeotic A = M 1L e L(V) apivel apetafinto tov vrdyopo D(L).
Avtd ovvendyeton o yeyovog Ot o meptopiopdc tov A oto D (L) sivar évag

KAE16TOG TEAEOTNG Héoa ot vopua —D(L).

Mo va dovue ko oty mpdén o6ca avaeépope HOALS, vrobétovpe OTL
vpe D(L) xou ot |[u, — uO”D(L) —0 , | Au, — uO”D(L) — 0

Torte:

lug — Auglly < llug — Auylly +  [ACu, —up)lly
< lug —Auplly + NAllzey lun —uolly

‘Eto1 n ovvéyela tov D(L) © V ovverdyetar 6T1 KabBévag amd toug 6povg
GUYKAIVEL GTO UNdEv.

Onote, vy = Auy.
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E@ocov o A|p() elvon kherotdg xon opiletar mavrod otov D(L),

émetal amd 10 Oeapnua OTL givor ovveyng oto D(L) . Emouévamg, ot

tA

TEPLOPIGUOL TOV TELEGTOV €~ ,teR , givar cvveyeic oto D(L)

Kot o tomog oty (3.1) oto D(L) divel o woyvpn Adon Onmc fTov 1o
embouno.

Hlopioua.

Ymv mepintwon tov Gewpnuotos 9, n acBevig Avon u(-) , elvor po
oyvpn Ao, av kot uovo av, ugeD (M).

Hapaoeryua 5

Oewpovue &va wevoomopoaforiko TPOPANUA CPYIKOV KOl GLVOPLUKDOV
TILDV.

Oewpovpe € > 0 ko opiCovpe
m(u, v) = (u, v)H + Sa(u) v)

f(u,v) =alu,v) ,uvel.

‘Etot éyoopue D(M) = D(L) = D(A).

Oswpovue axoua feC(R, H).

Edvn u(:) sivoun o ioyvpn Avon g (3.2), tote Ba Exovpe
u'(t) + eAu'(t) + Au(t) = f(t)
u(t)ev (3.8)

du(t) + Azy(u(t)) =0 ,teR

Avtiyuo ovtd dowdv vrobétovpe 611 FeC (R, H) xor geC(R, B").
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Av opicovpe:

fFOW) = FQ®),v)y +9@®)(y@)),veV, teR.

Tote o acbevig Avon u(-) g (3.2) umopet va PBpedei kot va, ikovomorel

u'(t) + eAu'(t) + Aju(t) = F(t)
u(t)ev (3.9)
al(eu’(t) + u(t)) + A,(y(eu'(t) +u(t))) = g(t) ,teR

Noa onueiwcovpe twg 1 (3.3) ocvvendyetoar 10 g = 0 meplocOTEPO
and v (3.4). Kavovtog Tic KatdAANAES ETAOYEC TEAEGTOV TOPATAV®,
UTOPOVUE VO OVAPEPOVUE TOPOOELYHATA TPOPANUATOV apyIK®OV Kot
ouvoplak®v cuvinkov tov (3.3) kat (3.4).

Hapdostyua 6

Io to debtepo mapaderyud pog topa, Bewpodue tov G, éva avoryto
vrocvvoro Tov R™ (G € R™).

AwAiéyovpe éva V t€t010 MoTE:

V ={veH*(G):v(s) =0 ,sel'} ,6mov 10 I' eivan kAEIGTO LILOGHVOLO
TOV oLVOpPOL JG.

Opilovpue TOpa:

m(u,v) = jVu(x) - Vu(x) dx,u, ve V
G

Kat vroBétovue 6t to m(:,-) givon V — eddetmtiko.

(emopxeic ovvOnkeg Yo v mepintwon avty Exovv dobel oto Ilopioua
111.5.4)

Eniéyon, H = L2(G) xar V, = H} (G)

O avtioTtolyog pepkdg dapopikds teheotig M: V — Vg < D*(G) pog,
2vvendyeton Ot
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D(M) = {ueV: Auel?(G),0u =0}, 6mov 10 @ &ivor 1 KAVOVIKY|
TapAymYos 0, Tiv® 610 cOvopo dG~I" , 6Ta, onEiol 6OV TO GVVOPO Eival
EMOPKOG A€i0.

Opiovpe topa pa devtepn popen otov V:

L(u,v) = j-a(x)anu(x)mdx , u,veV
G

Ko yovpe 6t L = L:V — H < V' mov diverar and Lu = a(x) (:Tun)’
omov a(-)eL®(G).

Ynobétovpe ot Yo k60e teR |, Stveton o F(-,t)e L2(G) war 611 1
amewkovion t — F(-,t): R — L2(G) eivor cvveyng.

Aeswpovpe oxdpo togn g(-, t)eL?(0G) pog Stvetar opoing kot opilet v
feC(R, V") wc:

Fow = |

F(x,t)mdx+J g(s,)v(s)ds ,teR,veV.
G

aG
Edv uyeV |, tote 1o Bedpnua 8 divel o povadikn acBeviy Avon u(-) g

(2.4) pe apyxn covonkn u(0) = u, .
"Enetanl Aowdv ot

m(u'(t),v) + £(u(t),v) = f(t)(v) ,veV,teR
Kot avto gtvar 1codvvapo pe 1o eEng:

Mu'(t) + Lu(t) = F(-,t) , teR
u(t)ev, at(au(t)) =g(,t)

Odnyovpaocte €161 oe o yevikeopévn Avon U(:,r) tov mpoPAnuatog
APYIKOV GLVOPLOKDOV TILDV
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(—A,0.U(x,t) + a(x)d,,U(x,t) = F(x,t) ,xeG,teR
U(s,t) =0 , sel
) U(x,0) = Uy(x) , xeG

t
\ d,U(s,t) = d,Uy(s) +J g(s,t)dt , sedG~T
0

Ev xotaxhieion, éxovue 6t feC(R, H) €dv kot povo ebv g = 0, kot tote
0,U(s, t) = 3,Uy(s) yioto sedG~T, teR.
‘EtorU(:,t)e D(M) €bv kau poévo gav Uy € D(M)
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6.3 E&iownoeis e&édiéng Aevtepns taéng

[Mopaxdatw Ba avaeepbovue otn Bewpia mov omatteiton M®OTE Vo
ABovv koA optopéva mpoPAnuata eflochoewv eEEMENG, Ol omoieg
TEPLEYOVV OEVTEPNC TAENS XPOVIKT TAPBEY®YO TNG GLVAPTNOTG.

‘Eva. mopaderypo. givon n emilvon evog mpoPAnuatog Cauchy ywo v
KopaTikn e&lcmon:

0Zu(x, t) — Au(x, t) = F(x,t) (4.1)

To apoapetikd TPOPANLA TOV AVTICTOLEL OTO AVOTEP®, LG 00T YEL
o€ Lo dEVTEPOC TAENS eEEAKTIKN EICMOT TNG LOPPNG:

u"(t) + Au(t) = (1) (4.2)
omov A givan £vog TehecTng TOV TTEPIEYEL TO (—A,,) KaTd Hia Evvola.

Eniong edv mpocBécovpe oamdcPeon M Tpéc otV KLUOTIKY
eElomon, TpokHNTEL N TOPAKAT® LOPPT:

0fu(x, t) + R-ou(x,t) — Au(x,t) = F(x,t)

Y& auth TV TEpinTmon npénet vo tpocbécovue tov dpo Bu'(t).
‘Eto1 Ba £yovpe v e&icmon:

W'(t) + Bu'(t) +Au(t) = f(©) (4.3)

AKONO, CLYKEKPIUEVO, LOVTEAD, UNYAVIKNG TOV PELGTMOV 001 YOVV GE
eE1I0MOELG OTMG Yo TOPAdELY L 1] TopaKATm e€locmon):

02 (A u(x, t)) + 02u(x,t) = 0 , (4.4)

Yo x = (Xq,...,%,)
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1N omoia TEPIEXEL YOPIKEG TOPAYADYOVS, GE GLVOLAGHO UE dEVTEPNG TAENG
YPOVIKEG.

Avta pog dtvouv to kivntpo va acyoAnBovpue pe eElomoelg eEEMENG
01 OTOLEG £YOVV T1 YEVIKOTEPT LOPON:

Cu'(t) + BU () + Au(t) = f(t) , t>0 (4.5)

Ocov agopd 11 meputdoelg o6mov o tedeomng C  etvan
avTIGTPEYHOG, ypnotponowdviag T Oewploe mwov Ba  avagépovpe
TOPOKAT®, propovue vo vrofiacove v avetépm OeLTEPNG TAENC
eElomon eEEMENG oe TPpOTNG TAENS KavovikY e&icmon TS LopeNG:

Mw'(t) + Lw(t) = [0,f(t)] , t>0.

Avt elvar n e&lomwon mov meprypdyope TopATaAve. Avtd OV
YPEWLONOoTE AOUTOV €lval VoL OpiGOVLE TIG TPOVTOOECELS BTNV AVOTEP®
yevikevuévn e€lomon eEéMEng 2 tdénc.

Kovovikég Eéiocaoeic

Oewpovpue tovg yopovg Hilbert V, W ue tov V mokvo vdywpo tov
W otov omoio n epueitevomn glvor GuveyNc.

Adyo dvikdtnTog Epovpe Ot W' < V',

‘Eotw Ae LV, V") xkau C € (W, W") doopévol telecTtéc.
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YrnoBétoope 61t D(B) < Vo B: D(B) — V'elvan ypoppkoc.

AvuygeV ,ue Wxa f e C((0,0), W) yvootd, Oswpodue 10
TpOPANUa eOpeoNC LG AoNG:

ue€ C([0,),V) n C'((0,),V) n C*([0,00),W) n C*((0,00), W),

tétotog ®ote u(0) = uy ko u'(0) = u, Ko emmAéov
Cu'(t) + Bu'(t) + Au(t) = f(v), (4.6)
yio Oha ToL t OeTIKA.

[Tapoatnpovue 611 Yo kdBe Abom ¢ avatépm e&lomaong, 1oyveL 0T
u'(t) e D(B) xau [ Bu'(t) + Au(t) ] e W', yia dho ta t OeTikd.

IMa va AMoovpe v avetépo eEicmon eEEMENG devtepnc TAENGS, Oa
v voPidoovue og TpdTNC TAENC o€ Eva. ympo Hilbert (xdpo yivopuevo).
H 18¢a givar va ypdyoope ) (4.6) ot popon:

(0 &) (G 3) (= ()

Opilovue wg V,,, =V x W, tov yopo ywvouevo tov yopwv Hilbert V
kot W, pe ecmtepkd yvouevo mov divetor omd tov TOmo:

([x1, %21, 1, ¥21) Vin — (X, Yy vt Y2)dw,  [x1,x2) [y, y2] € VW

Ondte &povpe V), = V' x W', ko opilovoue M € £ (V;,, Vi) wg:

M([x1, x2]) = [Axq, Cx,], [x1,x2] € Vi
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Eniong, tov ydpo D = { [x1,x,] € VX D(B): Ax;+ Bx, € W'} ko tov
teheot L € L (D, V) wg:

L([x1, x21) = [-Axy, Ax; +Bx,], [x1,x2] € D

Av u(-) givon Aon g (4.6) t0TE 1 CLVAPTNON OV OpilETON WG
w(t) = [u(t),u'(t)],t = 0 wavoroiei ta axdlovda:

w e C([0,00),V,,) N C'((0,0),V,),w(0) = [ug,u;] €V, xon

Mw'(t) + Lw(t) = [0,f(t)], t>0.

Avt| Aowmdv elvor 1 popen mov €yovpe oto 6.2 KEQPAANO Kol
ypewlopaote va fpodpe Tic cuvOnkec yio ta d0edouéva, pog oty e€icwon
(4.6), étor dote 100 Gewpruore 7 ko 8 tov Kepoiaiov 6.2 vo givol
EQUPUOGILLAL.

Avtd poc 0dnyovv 6to akodAovbo Becopnuo:

Ocopnua 11

‘Eocto V,W yopot Hilbert, pe tov V mokvd kot cuvey®dg evepUVmUEVO
otov W. ®cwpovue A € LV, V") kan C € L(W,W') eivan o1 ameikovicelg
Riesz tov V ka1 tov W avtictouyo.

‘Eoto B ypaupikoc teheotg, 6nov B: D(B)> V — V!

Bewpovpe 0t 0 B givar povotovog kot 0t 1 angikovion

A+ B+ C:D(B) —» V'eivaueni. Tote, Yo ké0e f € C*([0,0), W),
Uy €V xaru, € D(B), ue Aug + Bu, € W', vndpyet pio kot povodikn
Mon u(t) g eiowong Cu"(t) + Bu'(t) + Au(t) = f(t), t =0,
ue apykég ouvonkeg u(0) = uy kor u'(0) = u,.
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Anrodeién

Enedn ot teheotég A ko C etvan o1 amewkovicelg Riesz towv avtictotywv
YDPWOV TOVG, EYOVUE OTL:

M([x1,x2]) ([V1.¥2]) = Ax1(y1) + Cx2(y2)
= (X, y)v + (2, y2)w
= ([x1, %21, [Y1, Y2 Dv,po [21, %2], [V1, V2] € Vi

Apa o tedleotnc M eivau 1 ameikovion Riesz tov ydpov ywvouevo V.

Axopo Eyooue Yo [x4,x,] € D :

L([x1x2]) (ve,y2]) = - Axa(v1) + (Axy + Bx3)(Y2), [V1, V2] € Vi

YVVETMC:

L([x1.x2]) ([xq, x2]) = - Axq (xz) + Axq(x2) + Bxy(x3)

a@ov 0 TeEleoTNC A elval GUUUETPIKOC.

Ao avto metal Ot

Re L([x1,x2]) ([x1,x2]) = Re Bx,(x3), [x1,x,] € D,

Apa av o B givar povotovog, émetar 6t kat o L givon povotovoe.

Tehkd av €govpe dvo GLVOPTNCWOKE f; Kol f, TOL OVAKOLV GTOLG
ydpovg V' ko W' avtictoyyo, tote pmopovue va Bpodue Eva
x, € D(B) té1010 oTE!

(A+B+C)x, = f5-f1.
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@étovtog x; = x, + AL f; €V, éyovue éva (evydpt [x4,X,] € D yia 10
omoto (M + L) [x1,x,] = [f1, f2]-

[Mapatnpodue 611 Axy + Bx, = f, - Cx, € W' 6nwg amotteitor.
Omnote n anewdvion (M + L) and tov D otov V;;, eivan emi.

Yvvenmg to Bedpnua 10 amodetkviel v vmapén Avong W(t) = [u(t),v(t)]
me  Mw'(t) + Lw(t) = [0,f(t)], t>0.

A@ov o tedkeotng A elval 1oopoppiopds, o omoiog dwutnpel T vopua,
Eyovpe 6TLv(t) = U'(t) To omoio olokANp®VEL TNV OTOSEIEN.

Muw €dwn mepintowon tov Oe@pUOTOS TOV GLUVAVIATOL GUYVA GTIC
epappoyés, exovue 0tav D(B) =V kan B=B e L (V,V'). Tote yperaletal
va eEaxpipocovpe 6tL 0 B givon povdtovog, 10 omoio cuvendyetot OTL 0
(A+ B+ C) eivar V- meotikdg kot dpo Kot ni. Xe TtV TNV TEPITTOON
unopovpe va opicovue L € L (Vo V) xan V, =V x V, pe

L ([x1,%2]) (y1.52]) = - Axz (1) + (Axy + Bx3)(y2),

e [x1,%2][y1, ¥21 € Ve

Apa 10 Ocaopnua 7 epapudleton apket vo dgiovpe 6tL L(¢)(¢) lvar
V, - eMemticdg. Anhadn apkel va dsi&ovpe 0T 0 TEAEGTNG
(AM + L) ()() sivon V, - elhemtikdg, yo. kbmoro A>0, to omoio pag
odnyel 6to emdUEVO Bedpnpa.

Ocaopnua 12

‘Ectm A kot C ot aewkovioeic Riesz tov yopwv Hilbert ¥V, W avtiotoyo,
omov V' mokvdg Kot cuveymg evepuvmpévog otov W.

‘Eoto Be L(V,V'). Oswpodue (B+A-C) egivar V-eAlemtikoc, yio KOmTO10
2>0. Tote ywo ke Holder-cuveyn f:[0,00) — W', ue uye V ko

u; € W, vdpyet povadikn Advon u(t) e e&icwonc:

Cu"(t)+Bu'(t)+Au()=f(t),

vt >0, e apykég ocvvonkeg U(0)=uy ko u'(0)=u;.

78



Opiouos . O ypapukdc tekeomc L:D—V,, ue D <V, xokeiton
LovaTovog (Un apvntikog), edv Relx(x) > 0, xeD kot avtictorya koAeitol
avoPd povotovog (Betikdg), edv Relx(x) > 0, xeD, x+0.

To Oeawpnuoa 11 epappoletor oty e&icmon eEEMENC devTepNg
TdENG, N omoia ivou TapafoAikr), ONAAdN C€ AVTES Y1 TIC OTOIES £YOVE
ADGELS YO TTO YEVIKA OEOOUEVD Uy, Uy, T(+) Kot YU awTég TOV £yovue To
oTp®TN Avon yia >0,

Térown TpoPAnpota TpokHLITTOLY OTOV 1 EVEPYELD OlaYEETOL EVTOVO,
Yo To ortoiol B OGOV UE TAPAOELY O TOPUKATO.

Tnv mepintoon oty omoia 1 evépyela datnpeitan, TEPLYPAPETAL
OTO EMOUEVO QTTOTEAECLLOL.

Ocopnua 13

EmnpocOeta otnv vmd0eom tov Bewpnpartog 10, Oewpodpe 611
ReBx(x) = 0 yio 6Aa o X € D(B) kabd¢ kat ot 600 TEAECTEC
A+B+ CxotA - B+ Cegivau enti a6 1o D(B) oto V.

Tote o k60e f e CL(R ,W') xaw uy € V, u; € D(B) pe

Auy+tBu, € W', 10te vrdpyetl o povadikny Avon g (2.1) otov R
ue apykés ocvvonkeg U(0)=uy ko u'(0)=u;.

Ooa mpémer vo meprypayovue mwg to Bewpnuota 10 ko 12
epapuolovrat og pio opnpnuévn Kopatikn eicoon. [opakdtw Oo d000Hv
TapadElypoTa.

YmoOétovpe 6tL pag divovror ydpor Hilbert V<H kot B kot pua
YPOUUKN amewovion «end» y: V — B ue mopnva V, 1€t010 dote o1
Tapdyovteg tov Y vo. givar o éva oopopeioud VIV, tov B kol 1
EUEUTELON:
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V & H va givan cuveyng, pe Vy mokvo otov H xou n H mpocdiopiletan pe
TOV dVIKO NG Do, Tov H', péow ¢ anekoviong Riesz.

Qg ek ToOTOL, OTOKTOVLE GLVEXElS epputevcel Vy © H © V' kot

Vo HSV.

Oewpovpe: ViV — 0 ko
a,: BxB — g GUVEXEIG, CUUUETPIKEG, MULYPOUUIKES LOPPES KOl
opilovpe:

a:VxV - o

a(u,v) = a;(u,Vv) + ay(y(w),y(v)), neu,ve V 4.7)

Oewpovpue af-,*) elvar V-ghheuntikog. Tote 1o a(-,*) elvarl ecotepikod
ywéuevo otov V, 10 omoio pog divet pa isodvvaun vopua otov V. Epeéng
Bempovpe 10 V Gav avtd T0 ECOTEPIKO YIVOUEVO.

Mapdaderypo: (w, v) y = a(u,v), yiw u, v € V.

'Etot opilo:
AV -V, oc
Au(v) = a;(uv)ueu e Vxorve Vo xkar Dy ={ueV:AueH}

Tote £povue Tov apnpnuévo epayuévo tereotn d,€ L(Dy,B") yio 0
omoio:

a (V) — (Au, v)y = 0u(yv), v e V, U €D,

Opilovue axopo D={u e V: Au eH} ,6mov 0 A eivar aneikovion
Riesz tov V, docuévo amnd: Au(v) = a(u,v) pe u,v e V
kot AR0(y) = az(p.w) ne o,y € B.
Tote, 1oyveL 6t U € D, av kot povo av,
U €Dy ko dqu + A,(yu) =0.

Oecwpovpe (+,°)y €va ecmTeEPIKO Yvouevo otov H, tov omoiov 1
vopua gtvar 16odvvoun avtig Tov (¢,0) g EGOTEPTKOD YIVOUEVOU.
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Ocwpovpe akopa 6tL o W etvar o ydpog Hilbert mov amoteleiton
a6 tov H pe esmtepucod ywvopevo (-, )
Tote 1 amewcdvion Riesz C tov W kavomotei 6t CeL(H)
(kon C~te L(H)).

Ynobétovtag moc pag €xet 600st akdpo Evag teheotig BeL(V, H)
mov eivon povotovog (apod H < V') .

Ocopnyua 14

Ynobétovue 6T pag divovtar ot €€ng ywpot Hilbert V, H, B, V,, W ka1 ot
YPOULKOL TEAECTES 7, 01, Ay, A, A, B ka1 C OTwg TOLG EYOVUE aVAPEPEL
uéypt topo. Tote Yo kade cuvaptmon feCl([0,0),H) , uge D ka1 u e V,
VIAPYEL pHio Ko povadikn Avon U(+) e (4.6) n omoia 1kovomote:

Cu"(t) + Bu'(t) + Au(t) = (1), t=0
u(t) e V, o u(t) + A,y(u(t)) =0, t=0 (4.8)
u(0)=uo, u'(0)=1

Anrodeién

Egocov yvopilovpe 611 A + B + C eL(V,V') elvan V-ghdemtikog, sivot Kot
«emi», ovvenwg to Pewpnuo 10 (ue B = B) emPeParwdvel v dapén wog
novodikng Avong. Emmiéov, epdcov o kabévag amd tovg dpovg Cu”(t) ,
BuU'(t) ko f(t) TG 106t TOC avrkovy oty H, émeton OtL

AU(t) € H xar u(t) € D. Avtd pag divel ) devtepn e€icwon e (4.8).

[Mapokdto Bo dmdoovpe pepikd mapadeiypota oto omoio 1 TPOT
eElomon ¢ (4.8) ocvvendyetar o Kopoatikn e&icmon, mbavotato pe
andcPeon, evod 1 0evtepn e&icmwon g (4.8) cuvoplakég cuvOnkec.
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Hapaoeryua

'Eoto G éva avorytd vrosivoro tov R™ kat Ocopd H = L2(G).

‘Eoto akoépa p € L*(G), n ool wavomotei tnv p(X) = ¢ > 0 yia X € G ko
opiCoope : (U, v)y = pr(x)u(x)m dx, u, v € H.

Téte 10 C Oa elvar moAlomlaciacuds pe 1o p(°).

YrnoOétovpe emmiéov otL t0 0G eivar Cl-molomhd kar to I’ KAelotd
VTOGUVOAO TOL 0G.

OpiCovpe V ={v e HY(G): yo(v)(s) =0,s € T}, y = yolv, Vo = Ho(G)
kot B glvat to pdopo tov .
No onuewwcovpe 610 onpeio avtd 61t B © L2(0G~T) © B
Topa opilovpe:

a(uyv) = f c Vu - Vo dx, u,v € V kot omd €0 cuvendyetan OTL:
A =- A, ka1 6t 10 J; €lvol 11 KOVOVIKT TOpAywyog

ou

Pl Vu-v navo oto 9G.

Oewpovue 6Tt aeL®(dG) mov wovomotei Tnv avicotnta a(S)=0, SedG
Kot opiovpe az(p.p) = [, a($)p(s)Y(s) ds, pe p,pe.

Tote 10 A, eivar molamAdolo Tov af-).

AopBavovtog v oyt dti o kéOe te[0,T] pog diveron o F (-, t) € L*(G).
H pepuen mapdymyog e F o¢ mpog t etvar cuveyng yuo oyedov Kabe XeG.
EmimAéov woyvel ot

|0, F(x,t)]| < g(X), y1o. kémowo g € L?(G).

And avtd emdyetar 6Tt 1 omewdvion t — F(-,t) = f(t) avikel oto
C1([0,T], L*(G)).

Telkd Oewpodue 6tL Uy(+)eD xabag kar U, (-)eV onwg Ba dovpue
Kol TapokdTe. E1ot ot cuvéyeia ebv to U(-) £xel T Avon tov Oewpruatog
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13, pmopovUE VO KOTAGKELAGOVUE o, cvvaptnon Uel?(G x [0,T])

této0 dote U(-t) = u(t) oto L?(G), Y k&0 te[0,T] xou avtfy n

OLYKEKPIUEVT GUVAPTNOT IKOVOTOLEL TN HePIKN dtapopikn e&icmon:
p(x)02 U(x,t) — A, U(x,t) =F(x,t) (4.9)

pe xeG,0<t <T

KOl LLE 0PYIKES GLVOTKEC: U(x,0) = Uy(x)
d; U(x,0) = U,(X), xeG

Kot xotaAnyovue mog U(t) €D kot o1 suvoprokég cuvOnkeg yia t=0 etva:

U(st) =0 (4.10)
UGED 4 o(s) U(s,)=0, sedG~T

v

H wnpot Aowov e&icowon g (4.10) eivar cvvoplokn cuvOnkn
TPMTOV TVTOL, EVM 1| deVTEPT Elvar dgvTEPOL TOTOL, dmov a(S) = 0, kai
tpitov tOmov €yovue Y a(s) > 0. (Enuewwvovue €dd o6t t0 U
VIOYPEMTIKA 1Kavomolel Tig cuvOnkeg (4.10) pe t=0 ko o U; kavomotet
™mv Tp®TH cLVONKN Tov (4.10).

Edvn F (-, t) dwvotay 6mwg mo ndve, oAl ylo kéOe te[—T,T] , to1e
10 Geavpnua 13 Ba £dwve po Adon tov tomov (4.9) oto G X [T, T1.

Hapaoeryua

EmnAéov 6e OAeg T1G TapamTAVED TANPOPOPIES, LTOPOVLLE VO TPOGHEGOLLLE
v €€Ng vdOeon.

‘Eotm 011 pog diveton pia R(+)eL™(G) ko va dtavvouatikd nedio
1(x) = (pa (), p200), 3 (X, i (X)), X€G
pe k6Oe p;eC*(G).

Opiovue BeL(V,H) (6mov V< HY(G) xan H = L?(G)) tét010 OOTE:
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Bu(v) = [, (RG)u(x) + ““‘)) v(x) dx (4.11)

H katevBuvdpevn mapdymyog mov gvdsikvotatl edd, pag divetal oc:

6u(x)

Z dju(x) Hj (x) .

A6 10 Bewpnuo. Amoxiions coUTEPAIVOLUE OTL:

)
2Ref, Z2uC) dx + [ (Z7-1dj () lu(o)2dx =
Joe (V) [u(x)|?ds
Omov w-v = Y uj(s)vi(s) eivmr 1o mpoPrendpevo evrieidio

ECMTEPIKO YIVOUEVO.

To B houtdv mov opicaple mo mhvew, stvorl Lovotovo av:

— 2 (Z1d () + Re{R(O} 20, xeG
u(s)-v(s)=0 , SedG~T

H mpoht e€iomwon avimpoownevel v i 1 ™ Sdyvon g
EVEPYELOG TTOV SOVEUETAL GE OAO TO G, EVD M dEVTEPT] AVTITPOCMOTEVEL TNV

PPN Thvew 610 GVVopo AG.

210 onueio avtd va TapaTnpNoovUE OTL aVTd kaBopilovion amd TV

amOKALOT] TOV 1 KOL TO QUOTKO LEPOG TOV i OVTIGTOLY.

Eav topa éxovpe o u(+) mov eivan Avon g (4.8) kot o avrtictoyo U(+)

TPOKVATEL OIS TPV, AOY® TOV avtictolyov Hewpruatos , téte 0 U(+)
elvor m yevikn A0 TOL TPOPANUATOS OPYIKDOV KOl GUVOPLOKDOV TULOV

(TIAZT):
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(p(x)32 U(x, t) + R(x)3,U(x, t) + 0, "’”;Z'”

U(s,t) =0 ,sel
U(x,0) = Up(x), 0:U(x,0) = U;(x)

\ aU;jt) +a(s)U(s,t) =0 ,sedG~TI

— A U(x,t) = F(x,t), xeG,t =0

Topa Ba meprypdyovpe o to Gewpnuo 12 spapuoletor oe pio Toyaio
e&lomon Emdovg elacTtikotnTOg (Viscoelasticity).

Ocaopnua 15

Ynobétovue 611 pog divovrar ot yopor Hilbert V, H, B, V,, W kot ot
YPOULKOL TEAECTES Y, 01, Ay, A, A, B xo1 C 0nwg 010 Oewpnuo 14

Tote yia ke f :[0,00) — H n omoia eivar Holder-coveyrg, pe UyeV kan
U €eH, vmapyet pio. povadikn Avon u(t) me (4.6) pue B = B +eA ko 0.
AvT) 1 Ao 1IKOVOTOEL TOL TOPAKATM:

Cu" () + (B+eAu'(t) +Au(®) =f() , t>0
u()eV, t=0 ,u(0) = uy kat u'(0) =u, (4.12)
01 (e’ (©) + u(®) + Azy(ew'(®) +u(®)) =0 ,t>0

Anrdodeién
[Ipoxvmtet dpeca amd to €ENG:

ReBx(X) = eAxX(X) = g||x||Z, xeV

(61611 T0 B glvar povotovo) kot agov mopatnpd o6t eU'(t) + u(t) € D yu
t>0.
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Hapaoeryua

AwAéyovpe GAOVG TOLG YOPOVS KOl TOVG TEAEGTEC OO TAPATAVE GTO
TPAOTO TAPCOELYUAL.

YrnoBétovpe 011 UyeV, U;eH ko

f(t) = F(t;),t = 0, 6mov F(+,-) TOTE TPOKVTTEL PIL YEVIKELUEVT] ADOT
TOL TPOPANUATOC APy KDY cuvoplok®dV TGV (ITAXT):

( p(x)02 U(x,t) —ed,AU(x,t) — A U(x,t) = F(x,t), xeG,t >0
U(s,t) =0 ,sel,t=0
$ U(x,0) =Uy(x), 0,U(x,0) = U;(x),xeG

0
v (€0,U(s,t) + U(s, ) + a(s)(e0,U(s,t) + U(s,t)) = 0 ,s€dG~T ,t >0

€ OPIOUEVES EQUPLOYEC O GLVTEAESTNG € >0 avTioTolyEl 6TO 1EMOEC
TOL HLOVTEAOL KO SLOKPIVEL TO TPONYOUUEVO TTOPABOATKO TPOPAN LA 0O TO
aviiotoyo vrepPfolkd mapAdEypo. mov  wopatédnke WO TAVO
wpofAnuota pe aroteAéopato 1EMO0OVE UE TOAD UEYOAN omOGPECT OTIC
Mooets.

Ocov apopd TNV anaywyn 6€ KatOtepn TaEN Onwg 610  pmopel
gvKoAn vo TpooTeEDEl 6TO OVOTEP® GVGTNIA KOL VO TPOKVYOLV Kol AALOL
TOTOL GLVOPLOKAOV GLVONKOV.
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7. lleprypagpny  kor  ueiétny s &lowong
fabBuociooctikoTyrag

To mpdfAnua pe to omoio Ba acyoAnbode Tapakdt®, TEPTYPAPEL
TNV €YKAPO10, TOAAVTWOON HAG TEMEPACUEVNG YOPONG HE dedoév BEom
W(x,0) xou tayomra W;(x,0) om ypovikn otiyu] t =0, otav n
eEaokobuevn eEmTePIKT dVVOUN GTO GNUELO X, TN YPOVIKN oTLYuUN| t ivan

f(x,t). O un oupoyevig 6poc avtdc f(x,t), avapépetar ©C 0pog
eavayKaocuov.

‘Exovue ™ yevixny eéicwon:

A+2) (A =NV - u) — pu(1 = EEAV x (VX u)
2

9
= —f +p55 W —hV(V-u) + h3V X (V x w))

OOV £YOVUE TOLG OPOVG:
V(V - u): dtounkn kduoto
V X (V X u) : gykdpoto kopoto
A, u : otaBepéc Lame

Y€ TEPIMTMOT TOV OV EYOVUE LIKPOJOUN, ATAOTOIOVVTAL Ol ETTAEOV OPOL
& =&, =0 = hy = h, xarmpoxdnTEL 1] KAOGIKN ££I6MHON EALAGTIKOTNTOGC

d0%u
(A+2u)V(V-g)—uVX(VXg)=—f+pa—t;

2 A+ 2mV(V - u) — V(Y- u) — Au] = —f+PZT%

87



0%u
= yAu+(/1+u)V(V-g) = —f+pﬁ

0%u
= ulAu = —f+pw

oot (A + p) = 0, yuo pevoTo.

(**): VX (Vxu)=V(V-u)— Au (1oydel yevikd)

Hepintwon 1'¢ didotaong

y _ microstructure

u(x,t)y ()

3 'E}A & |
‘ B s fi‘.-* x

‘Eyovpe pundevikn KAion kot 10 VMKO OVTIGTEKETAL GTNV TOPAUOPPDOT).

Eykdpoo taddvioon yopdng oe Afova, Ue TEMEPACUEVO UNKOG KoL
TOKTOUEVEG AKPEC.

H dapopikn e&icwon €00 yivetai:

2 2 2 2
u(1—52 i )a uxt) _ —f(x,t)+p%<1—h2%)u(x,t>

[Mopaxdatw Bo meptypyovpe TIG apykéG Kol GUVOPLOKES GLVOTKES TOV
IKOVOTTOIOVVTAL GTNV TEPITTMGT QVTY.
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(Z.2) u(0,t) =u(l,t) = 0-2ZvvOrxeg Dirichlet-
u,(0,t) =u,([,t) =0
(AX) u(x,0) = f (x)
ur(x,0) = g (x)

> ocvvéxewa 1 dtapopikn e€iocwon yivetar:

2 2 2
f(}gt):p%(l_hZaa )u(x t) — H( _52 0* )au(x t)

dx?2 dx?2

0’ 0 GE 02u(x, t)
f(x,t) —pa Z(I—hza )u(x t)+,u(€2——1>—=>

dx2

0% (20" B0 \0%ulx )
flx,t) = < —h o )u(xt)+p<€ Fpe i )T:;

Foot) =(1-h2— G AN 56—2—1 O7u(x )
’ dx2 ) 9c? p 0x2 0x2

Avtn givar 1 popeny: Cu''(t) + Au(t) = 0 mov Béhaue vo Epovpe T

L.0.€ Lo,
62
1— 2
c= ( h ax2>
02 02
A=E 2 ——1|—
p dx? 0x?

Axopa, poc evOlopépEL 1010UTEPO VO TPOGIOPIGOVE TOVS YDPOLS GTOVG
07t010VG OPOLVV 01 TEAEGTEG OVTOL.

OTov:
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‘Etol €govpe apykd:
u(t) =u(,t) € C*((0,0),V) n C([0, ), H)

f(&) = f(,t) e C((0,00),V)

Kot emmAéov:

2

0
C=(1—hzﬁ>:D(C)cH—>H

A a 262 1 0 D(AYc H—->H
= — —_— —_— —_
¢ 3% (A)

omov V ,H eivon watddiniolr ympot Sobolev mov eléyyoov v
CLUTEPLPOPA TOV X KOl EVOMUATOVOVY OTIS €E16MGELS, KATOEG Omd TIC
OLVOPLOKES CLVONKEC.

¥10 onueio avtd, KAVOVTOC ML OVOOPOUT] GTO TTPONYOVUEVO
KEQPAAOLO 7OV OMOCOUE OVOAVTIKA OAN TNV oamoitovuevn Bewpio tov
Showalter yio tn peAétn Kot Abon Tov TPOoPANUATOS LOC, KOTAUAYOVUE GTA,
eENc ovumepdouata LECH TV BE@PNUATOV KO TV OPICUAV OVTIGTOLYOL.

X710 7eVIKOTEPO TAOIG10 TOL TPOPANUOTOG, BE®POVLE TOVG YDPOLG
Hilbert V, W e V va givon évo mokvo vrosuvoro tov W ko 1 epedtevon
givar cvveync. 'Etot éyovpe 61t W' < V',

Ocwpovpe 6t A € LIV, V') kau C € LW, W"). Edvuy € V, uje W
ko f e C((0,00), W") , Bempodue to TpdPAnua e0peonc Te:

u e C([0,),V) N CL((0,0),V) N CL([0,0), W) N C2((0,), W)
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1¢1010 ®ote u(0) = uy, u'(0) = uy ko
Cu'"(t)+Aut) =f(), t>0

[Mpoxdntel howwov ot Au(t) e W, yio 6o ta t > 0.

microstructure

u(x,0 =< )

—_— - e

Zero slope...the material resists to be bent

‘Exovtag 0Gel 6TV 0py1] TIG GLVOPLUKES GLVONKEC, TPOKVTTEL TG
0 yopog V kodeiton vo eivar o HZ(0,1) éto1 dote vo avtomokpivetal oe
QVTEC KO VOL LTTOPEL VOL TIC EVEOUUTMOOEL LEGH GTO TPOPANLLOL.

dedouévov 6t M mapduetpog & #= 0

1. T h # 0. Oswpodue V := HZ(0,1) xou W = H}(0,1)
(etvarwpoaveg 60T T0 V glval mukvo Kal GuveEYMS EVOOEUVOUEVO GTO
W xon o1 dvikoi Tovg ydPot VTaKOVLOVY 6To €ENG H™1(0,]) <
H™2(0,1).

Tote o xae f e C1([0,00),H"1(0,1) ) , uy € H3(0,1) wo
ug € H3(0,1) pe Auge H71(0,1) * , vmépyer pio xor povodikn
Mon u e C([0,0), HZ(0,1)) n C1((0,), H3(0,D)) N
C1([0,), H}(0,1) N C%((0,0), H3(0,1)) této10 DOOTE

u(0) =ug,u' () =uy ku Cu'"(t) + Au(t) = f(t) , t>0
(mpoxvmtel dpeso mog Au(t) € H71(0,1) yo dha ta t > 0, dniady
(,t) eH3(0,) n HE(O,1).

2. Twh = 0.0cwpooue W := L?(0,1) avtiyia H}(0,1) .

* : owtd onuoivel ot (EZ——l) ~uy € H1(0,1) 0 o
uy € H3(0,0) n HZ(0,1).
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Anrodein

I'paopovtag v e€lomon oy TapokdTo Lopen

(6 &) G+ (G 3G = (reo) (@)

Opilovpe o V,, =V x W , 10V y®po ywvouevo tov yopwv Hilbert V kot
W, ue ecmtepikd yvouevo mov divetal amd tov TOO:

([x1, %21, [Y1, ¥21) Vin = L,y v+, y2)w,  [x1,x2], [V, y2] €V xW

Eda dnAadn €yxovpe:

1
U _ _
(X1, Y1)y = ;J (0x,09, + £20%°x,0%y,) ,
0
1
(X2, Y2)w = j (%2, V5 + h?0%x,0 ¥,)
0

Tote, V,, =V x W' , kou opiCovoue M € £ (V;,, Vi) WG
M([x1, x,]) = [Axq, Cx,], [%1, %3] € Vi

Eniong tov yopo D = { [x1,x,] € V X : Ax; € W'} ko tov tedleoctq L € L
(D, V) ws:

L([x1, x2]) = [-Axz, Ax4], [x1,x,] €D
Téte to mpofAnua () sivat .loodvvauo e To

Mw'(t) + Lw(t) = [0,f(V)], t>0
omov w(t) = [u(t),u’(v)],t = 0.
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Axopa, Adym tov 0T 0 L glval HovoTtovoc, TpoKOMTEL OTL:

RL(ey, %)) ([x1,%2])) = R (=A%, () + Ax, (1)) = 0.

A + C: givar «emi»

Tote, eqv f; € V' xon f, € W', vrpyer x, € V, 161010 doTE:

A+CO)x,=f,—f1.

@étoviag x; = x, + A71f, €V, &ovue éva Cevydpt [x4, x,] € D yio 10
omoio (M + L)[xq, x,] = [f1, f2]-

Tote 1o (M + L) givon «emi» otov D wéve otov V.
Na onueidoovpe edd ot Axy = f, — Cxy e W',

Yvvendc, vapyet pia povadikn Avon w(t) = [u(t), v(t)], ko epodcov o
TeEAEOTNG A givor €vog 160UopPIGHOS TToV dtatnpel T vopua, tote v(t) =

u'(t).
Ilepintwon § = 0

Avt elvor n wepintoon ¢ yevdomapaPoilkne popene eéicwong M
e€iomon Sobolev, v omoia kol aVTH EYovUE TEPLYPAYEL OVOAVTIKA GTO
TPONYOVUEVO KEPAAALO.

H dwapopikn e&icwon maipvel mn popen:

I 0%\ 02 . uou(x,t)
f(x, )_ axz atz u(xr ) p axz

ue x € (0,0) xon t > 0.
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'Etot o1 tehectéc A, C givar g id10g téénc (C 1A eivan gpaypévoq) , evd
Ol NULYPOUIKES LOPPES AT TIG OTOLEG TPOEPYOVTIOL EIVOL PPAYUEVES OTTO
Kétw 6tov 1810 yopo V =W = H3(0,1) (0 C givon V — eAdemtikdg).

Aewpavtog Tdpa toc H = L2(0,1) kor epapuodloviog Ti¢ mopadoyés g
nepintoong ¢ yevdomopafolkne  eSlowong, KOTOANYOLUE  OTO
TOPOKAT® CLUTEPAGHO Yoo TV VIapén pog acfevolc kot pog 1oyvpng
AMoong (0mwg éyovue mEPLYPAYEL KOL OVOALTIKE GTO TPOTYOLLEVO
KEQAAOLDL).

[Mapokdto mapabétovpe ev cuvTopio T0 GUUTEPACLLOL.

Ocopnua

1. T kaOe Cevyog ug, uy € V xon f € C(R, V') , vmapyet o povadikn
Mon ue C*R,V) , tétolo wote u(0) =uy , u'(0) =u; ko
(acOevijc Aven)

Cu'(t)+Au(t) =f(t), teR

2. T k6O Cedyoc uy, u; € H*(0,10) xou f € C(R,H) , vrdpyet
povadikn Avon u € C*(R, H?(0,1) ) , 161010 GOTE
u(0) = uy , u'(0) = uy xou (1oyvpij Abon)

Cu'(t)+Au(t) =f(), teR
y A - microstructure
: u(x,t)y "
== 2 f(x)t)
|" - . X

0 P ;

IMvpvape A ticow 6to TPOPANUE Hag, LE TIG GLVONKES TOL £XOVE OMOEL,
KOTOANYOVTAG TG Y10 Y DPpo¢ V mpémel va emdeyel o

H?(0,01) n H}(0,1) y10. vo. icavomotohviol pEGa GE aUTOV Ol dESOUEVEG
cLVOTKEG TNG VTOBECTC KOl 1] OTTOTOVUEVT EK TMV TPOTEPOV KOVOVIKOTNTA

NG NULYPOUUKN G LOPPNE TOV GYETICETON [E TOV TEAEaTN A.

‘Exovpe Non avapépet 0L A + C : givar «emi»
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((Cu" + Hu)(w) = f(v), Vv e HE(O, D)
ueD:=H30,)nV =H3(0,1) n H}(0,D)

"Exovue Aowmdv ot eE.(p)

(C@WM)w) + (A(u))(V)

f(u”v) + h*ou' ov) — f(fza3u — 0u)ov

Aovrevovtog topa pe éva v e V = H2(0,1) N H3(0,1), n oxéon
((cu" + ADu) (W) = f(v) yiveton

1. (amo tov opiouo ¢ ancikoviong Riesz arov V)
l l

f(u”v) + h?ou’' 0v) + — J(auav + £20%ud?v) = f(v)

0 0

2. Evoopatovovtag v €£.(f) xatd uéin
j(u”ﬁ) + h%0u'" ov)
K = 222,922y _ P raraz, a1
+;j(6u6v+€ d°ud“v) —;5 [0°udv];
0
=f)

2T0 TOPOUKATO CYHLO EXOVUE UNOEVIKT KAUTVLAOTNTO TTOV ival 16000V
HE TNV EAAEWYT ACKOVUEVT|G dVVAUNG Kol 6TOL dVO AKPOL.
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microstructure

J(x,0)

u(x,t)y

=

Emotpépoviag Aowmdv otov apyikd pog otdyo, vo AOGOovUE TN dEOOUEVN
n.0.€, B epyacTovUE HE TOV YVOOTO TPOTO AVCNC UEPIKAOV SLOPOPIKMDV
e€10DGE®V, OVTO TOV YWPISOUEVOY UETAPIANTOV.

Onwg ko kamoa and to mpooavapepfivta onueia, £TGL KOl OVTOV TOV
TPOTO €MIALGTG, TOV £XOVLE NOT AVOPEPEL KO AVOADGEL GTO TTPOTYOVLLEVA
KEQAAOLOL TNG €PYACiag LG, CUVERHOC TOpa Ba mapabdécovpe Lovo v
EQOPLOYN OVTOV TAV® GTNV €EICMOT oG,

EEKWVALLE YAYVOVTOG UL U UNoeViKn Avon ¢ e&icmwong pog mov Ha
emoE eTOL ADGELS TNG LOPPNG:

u(x,t) =X(x) T(t) 1)

aviikafiot® Aowmov oty e€icwon v (1) ko ko f = 0 (eEwtepkn
undevikn dvvaun) Eym:

p(X(x) = R2X"())T"(8) + n(E2X @ (x) — X" ()T () = 0 =

pTUO __EXD X
AT X - mXGy (omebent)

To @épape Aoudv ot popen F(t) = G(x) = —A , dnwg axpifng OEAapE.

YVVENMG UOG TPOKLATOVY TAPA OVO GLVNOEIS d1POPIKES EEIGAOCELS Ol
omoieg gtvat:
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F(t) =-2
BT”(t) _
u T(t)

T'(0) + %/1 T(t) = 0

G(x)=-41

E2XW(x) — X" (x) _ 1
O X(x) - h2X"(x)

E2XM(x) = (1 -2DX"(x) —21X(x) =0

Amo T Aoelg Aomdv g MLAE pog evolagpépovv pudévo avtég mov
céPovton TIg 00GUEVEG At TNV LITOOEST APYIKES KOl GLVOPLUKEG GLVONKEC.
Edd o1 apykéc pag cuvnkeg etvar o1 e€ng:

X(0) = X'(0) = X() = X'(1) = 0

YuvakoiovOa, ekeivo TOV HOG EVOLAPEPEL OEV €IVl 1 YEVIKT] AVoM
™G Z.A.E mov pog mpoékvye, aArd ot €101kEC ADGELS VTG OV GEPoVTOL
TIG GLVOPLUKES GUVOT|KEC.

Topa, otn ELOKN gpPapuoyn, N cvvaptnon U(X,t) maipver udévo
POy uaTikeS TIREC. To 1610 Aowmdv mpémet va. 1oyvet kot Yo, Tig X(X) ko T(t).
Apo, o€ TETOLEG MEPIMTMOELS 1 TOUPAUETPOS SLOYMPIGUOD AVOYKACTIKA
neplopileton  ommv  mpayuatikny evbeio. ‘Etor Ba  umopovoope v
Tpoywpnoovue oty enidvon e Z.A.E pe tig £.X, vrobétovtac ot A€R.
QGT060 YL VO KOADWOVUE TNV YEVIKOTEPT, OO LOONUOTIKNG Amoync,
nepintwon, o mpotiunoovpe vo agnoovue to 10 10 podnuoTiKG
TPOPANUO Vo poG 0OMYNGEL GTOVG TVYXOV TEPLOPIGLOVG TTOL TPEMEL VO,
emPBAnOovV o6TI TIHES TN TOPAUETPOV A.
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Ilepinrwon A = 0

T"(t) =0
OV £YEL MG YEVIKT ADON TIG GLVOPTNOCELS:
T(t) =c1x+ ¢y

LE Cq, €y TUYOUEG UIYOOIKEC GTOOEPEC.

Hepintwon A + 0

EX®(x) — (1 —2Ah*)X"(x) —AX(x) =0

Oa &yovpe AGELS TNG LOPONG:
es* | &8t — (1 -21h?)S*— 1.

Oa mépovpe TN OlaKpivovsa TG TapaKaT® devtepofaduioc eicmong

£2(52)2 — (1 — AhD)S% — A =0
E2W2 (1 - AW — 1 =0
pe W =52

Exovpe

_1—2R* £ (1 — 2h?)? + 428

W =S2
282
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i\/l — Ah? + /(1 — Ah?)2 + 4782
51,2,3,4 = \/Ef

‘Exovpe Aowmdv 4 hboelg

\/1 — Ah? 4+ /(1 — Ah2)2 + 4282

S, = N

—\/1 — Ah? + /(1 — Ah2)2 + 422

S, = NoT: -5
J—(1 — Ah?) + /(1 — Ah2)2 + 42>
S;3=1 NGT: =la
\/1 — Ah?2 — /(1 — 21h2)2 + 422
Sy =—S;=—ia=

V2§

Onote N yevikn Adon eivon Taipvel T Lopen:

X(x) = Ae51* + BeS2* 4 CeS3* + DeS+*

= AeS1* + Be 51X 4 CeS3* 4+ De ™53
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= AeS1* 4+ BeS2¥ 4 (Cel@* 4 De~lax

= Ae51* 4+ BeS2¥ 4 CeS3* 4 DS =

X(x) = A cosh(Bx) + B sinh(Bx) + C cos(ax) + D sin(ax)

AVOADOVTOG TOPA TIG OPYIKES LG CLVONKES EYOVLLE:

1. TiaX(0)=0 : A+C=0 «emb

2. TwX'(0)=0 : BB+Da=0

3. TwX() =0 : Acosh(Bl) + Bsinh(Bl) + C cos(al) +
+ Dsin(al) = 0

4. TwX'() =0 : AL cosh(Bl) + BB sinh(Bl) — Ca cos(al) +
+ Dasin(al) =0

dridyvovue v e€icmon og mivoka Kot 6T cuvEyEln Bpickovue
T1G TIEG TG 0pilovcag Tov pag 61vouV TIC IOTOTILES.

1 0 1 0 A

0 p 0 a B
cosh(fl)  sinh(Bl) cos(al) sin(al) ||cC
B sinh(Bl) B cosh(Bl) —asin(aAl) acos(al)l LD
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S x>

0
_ 10 .
=10 , A avtioTpeYuog
0

Ko maipvovtag v e&icwon detA =0 = 1;,3
yo n=123,..

nm_,
= A = ()
Tote 01 10106VYVOTNTEG Elvar

_ |unm
W, = P

Kot télog ot avtictotyeg 10106LVVOPTNCELS

n
sin(\//l_nx) cos(\/%Tn t+vn)

A@ob oAOKANpOGOUE TNV OWOIKOCIO Yoo TNV KAOOGIKNH
elaotikotnTo, Topo Oa meptypdyovpe 1 cvpPaivel pe 1
BabuogrlactikdOTNTO.

Ed o yopiopog tov petafAnTdv Hog 0OMYEL GTNV TOPOUKAT®
eElomon 110TIUGV

2\/A_n — \/A_n cosh(f,1) cos(\é?l

+ —1 _;nh sin(gl

)

)sinh(B,0) =0

v neN

ue
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\/ 1= A,h% + /(1 — 1,h?)? + 41, &2
V2§

Bn =

K0l Ol 1010GVVAPTHOELS YivovTat

U,(x,t) = ®,(x) cos(J%nTnt + v,)

Onov 10 yopd pEPOG ivar

An An
D, (x) = sin(\!ﬁ_ xX) — \f/’g_zsmh(ﬁnx)
sin <% l) - % sinh(B,,1)
+ \/nl— - (cosh(B,x)
cos <ﬁf l) — cosh(B,1)
— COS (% l>)
ywan =123, ..

serialno: | \p for e =103 h=10"2 | Ay for =102 h=10"3
h=1 1.001175 1.012955
N=2 4.003511 4.053027
n=3 9.003443 9.123833
n=4 15.995039 16.23140
n=5 24.970023 25.384168
n=6 35.917792 36.592985
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serial no:

Eigenvalue (\,) for Clas. Elast.

Eigenvalue (\,) for Gradient Elast.

n=1 12 =1 1.000027
n=2 22 — 4 3.998909
n=3 32-9 8.993053
n=4 42 = 16 15.976476
n=5 52 — 25 24.940833
n=6 62 = 36 35.875437

2ynua 15. IIivaKeg 1WO10TINAV TNGS KOPONS

10 nl /—\
08f _’/‘f"
. ’}",/ \\
06} // \\
/ / ' \
_ / \
04k // \
B } / \\
/ f/ \'\
o2t // \\
{/ \
.",_/ \
AR 1 P | L P S SR R N TSP R S l. .
0.5 1.0 1.5 2.0 2.5 3.0

2yua 16. H wdwovvdptnon @i(x) o€ 6xéon pe TNV KAUGIKN Aon.

103



0.10F
008
0.06 -
'CC'4 T~ ,‘//
0.02f |
L -/-_f-
A —-—’-l——‘.-—'." N 1 1 1 N 1 N 1 N 1
0.02 0.04 0.06 0.08 0.10

2ynqua 17. Ol Kol TOTIKT 6OYKPLon TS @1()) Kot TG KAUGIKNS AVonG.

10 P
/7 N
//
ns V44
// 3
//
7/
R T e NGy -
0.3 10 1.5\ 20 25 3./
//'
4/
o 4 '/
TR A Y //,:" ,
Ny //
W 'y
/.
-10 SS—

Zynua 18. Ol Kot TomK 60YKpLon NS @1()) Kot TG KAUGIKNG AVong.
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