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EuqaristÐec

H paroÔsa ergasÐa ulopoi jhke sth sqol  Efarmosmènwn Majhmatik¸n kai
Fusik¸n Episthm¸n tou E.M.P ston tomèa thc fusik c, upì thn epÐbleyh tou
Kajhght  k. Eleujèriou Papantwnìpoulou.
Arqik� jèlw na euqarist sw jerm� ton k. E. Papantwnìpoulo gia thn epÐbley 
thc ergasÐac, kaj¸c kai gia th suneq  kai polÔtimh bo jeia tou. EpÐshc, ja
 jela na euqarist sw touc KwnstantÐno Ntrèkh kai Stèllac KiorpelÐdh gia thn
amèristh bo jeia touc sthn ergasÐa mou, kai to Gi¸rgo FÐlio gia thn ekm�jhsh
tou LATEX .
Tèloc ja  jela na euqarist sw touc gìneÐc mou, gia th st rixh touc stic spoudèc
mou kai th stadiodromÐa mou, kai to fÐlo mou, Gi¸rgo Qalkiad�kh, pou mou
prìsfere ìpoia bo jeia mporoÔse ìlo autì ton kairì.
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Kef�laio 1

Majhmatik� ErgaleÐa

1.1 Kajorismìc GewmetrÐac

Stic arqèc tou 19oυ ai¸na o Karl FrÐntriq Gk�ouc kai o Germanìc kajhght c
thc Fèrntinant Karl Sb�ikart eÐqan tic prwtogen c idèec thc mh EukleÐdeiac
gewmetrÐac, all� kanènac apì touc dÔo den dhmosÐeuse kanèna apotèlesma. Sth
sunèqeia, gÔrw sto 1830, o OÔggroc majhmatikìc Gi�noc Mpoli�i kai o R¸ssoc
majhmatikìc Nikol�i Ib�nobitc Lompatsèfski dhmosieÔoun qwrist� pragmateÐec
gia thn uperbolik  gewmetrÐa. Wc ek toÔtou,h uperbolik  gewmetrÐa ja ono-
masteÐ Bolyai− Lobachevskian gewmetrÐa, en¸ oi dÔo majhmatikoÐ, anex�rthta
metaxÔ touc, gÐnontai oi basikoÐ sunt�ktec thc mh EukleÐdeiac gewmetrÐac. O
Mpoli�i telei¸nei to èrgo tou, anafèrontac ìti den eÐnai dunatìn na apofasÐsei,
sÔmfwna me th majhmatik  logik  kai mìno, an h gewmetrÐa tou fusikoÔ sÔm-
pantoc eÐnai EukleÐdeia   mh EukleÐdeia, dÐnontac ètsi mìnoc tou thn ap�nthsh
ìti autì eÐnai armodiìthta twn fusik¸n episthm¸n. O Mpèrnarnt RÐman, se mia
di�shmh di�lexh tou to 1854, Ðdruse to pedÐo GewmetrÐa Riemann, kataskeÔase
mia �peirh oikogèneia apì gewmetrÐec pou den eÐnai EukleÐdeiec me thn aploÔsterh
apì autèc thn elleiptik  gewmetrÐa. H idèa twn diaforetik¸n gewmetri¸n mporeÐ
na perigrafeÐ eÔkola stic dÔo diast�seic. Gia par�deigma eÐnai gnwstì ìti ston
epÐpedo q¸ro gia tic eswterikèc gwnièc tou trig¸nou isqÔei:∑

(tringle angles) = π (1.1)

Sthn epif�neia miac sfaÐrac ìmwc tètoiou eÐdouc sumper�smata thc epÐpedhc gew-
metrÐac antikajÐstantai apì diaforetik� jewr mata. Oi eujeÐec grammèc mporoÔn
na oristoÔn wc h mikrìterh apìstash metaxÔ dÔo shmeÐwn, dhlad  wc kuklik�
tm mata twn exwterik¸n kÔklwn. Gia èna sfairikì trÐgwno embadoÔ A isqÔei:∑

(tringle angles) = π +
A

α2
(1.2)

ìpou α eÐnai h aktÐna thc sfaÐrac. Aut  h exÐswsh deÐqnei ìti to �jroima twn
eswterik¸n gwni¸n enìc sfairikoÔ trig¸nou eÐnai p�ntote megaÔtero tou π. Gia
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trÐgwna me mikrì embadì (
A

α2
� 1) to apotèlesma proseggÐzetai apì autì tou

epÐpedou q¸rou. Gia mia genik  perigraf  thc gewmetrÐac qrhsimopoioÔme diafo-
rikì kai oloklhrwtikì logismì, ¸ste ìlh h gewmetrÐa na an�getai sto kajorismì
apost�sewn metaxÔ zeug¸n geitonik¸n shmeÐwn.

Sq ma 1.1: Sfairikì trÐgwno ABG. To trÐgwno apoteleÐtai apì tm mata dÔo
meshmbrin¸n, apì to Bìreio Pìlo e¸c ton Ishmerinì kai to tm ma tou IshmerinoÔ
an�mes� touc. Kai ta trÐa antistoiqoÔ se tm mata megÐstwn kÔklwn kai sunep¸c
se eujeÐec grammèc sth gewmetrÐa thc sfaÐrac.

1.2 Metrik 

Mia gewµetrik  posìthta pou qarakthrÐzei èna q¸ro eÐnai h apìstash dÔo
shµeÐwn kai oi q¸roi stouc opoÐouc èqei kajorisjeÐ ènac trìpoc µètrhshc a-
post�sewn lègontai µetrikoÐ q¸roi.
Ston trisdi�stato EukleÐdio q¸ro h apeirost  apìstash dÔo shmeÐwn, se kar-
tesianèc suntetagmènec dÐdetai apì to Pujagìreio je¸rhma:

ds2 = dx2 + dy2 + dz2 (1.3)

Autì mporeÐ na grafteÐ wc:

ds2 = gµνdx
µdxν (1.4)
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ìpou gµν eÐnai ènac summetrikìc tanust c kai onom�zetai metrik  , pou ston
EukleÐdio q¸ro eÐnai h:

gµν =

1 0 0
0 1 0
0 0 1

 (1.5)

Mia �llh perÐptwsh metrikoÔ q¸rou eÐnai o tetradi�statoc q¸rocMinkowski
(epÐpedoc qwrìqronoc).

ds2 = −(cdt)2 + dx2 + dy2 + dz2 (1.6)

H gewmetrÐa pou ton kajorÐzei eÐnai mh EukleÐdia all� eÐnai epÐpedh. H metrik 
Minkowski

gµν = hµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (1.7)

EpÐshc mporoÔme na orÐsoume antÐstrofh metrik  gµν ètsi ¸ste na paramènei
analoÐwto to stoiqei¸shc m koc:

gµρgρν = δµν (1.8)

ìpou d eÐnai to dèlta tou Kronecker.

1.3 ApeikonÐseic

'Estw dÔo sÔnola Q, U. Apeikìnish eÐnai o kanìnc me ton opoÐo anajètoume to
ψ ∈ Y ∀x ∈ X kai gr�foume:

f : X 7→ Y (1.9)

E�n h f orÐzetai apì èna sugkekrimèno tÔpo tìte:

f : x 7→ f(x) (1.10)

MporoÔn na up�rqoun dÔo   perissìtera q pou na antistoiqoÔn sto Ðdio ψ ∈ Y .
'Ena uposÔnolo tou Q tou opoÐou ta stoiqeÐa apeikonÐzontai sto ψ ∈ Y k�tw
apì thn f kaleÐtai antÐstrofh eikìna tou ψ kai sumbolÐzetai me f−1(ψ) = {x ∈
X | f(x) = y}. To sÔnolo Q kaleÐtai pedÐo orismoÔ thc apeikìnishc en¸ to U
kaleÐtai sÔnolo tim¸n thc apeikìnishc. H eikìna thc apeikìnishc eÐnai f(X) =
{ψ ∈ Y | ψ = f(x) gia k�poia x ∈ X} ⊂ Y . E�n mia apeikìnish ikanopoieÐ mÐa
sugkekrimènh sunj kh tìte:

• f : X 7→ Y kaleÐtai injective an x 6= x′ ⇒ f(x) 6= f(x′)

• f : X 7→ Y kaleÐtai surjective an ∀ψ ∈ Y ∃x : f(x) = ψ

• f : X 7→ Y kaleÐtai bijective an isqÔoun ta dÔo prohgoÔmena.

An upojèsoume ìti mia algebrik  dom  (pollaplasiasmìc   prìsjesh) eÐnai
dosmènh se sÔnola Q,U tìte an f : X 7→ Y diathreÐ tic algebrikèc domèc tìte
h f lègetai omomorfismìc. An o omomorfismìc f eÐnai bijective h f lègetai
isomorfismìc.
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1.4 Pollaplìthta

To gewµetrikì upìbajro p�nw sto opoÐo sthrÐzetai h Genik  JewrÐa thc Sqe-
tikìthtac eÐnai h 4-di�stath pollaplìthta. Sta majhmatik� mia pollaplìthta
eÐnai ènac Topologikìc q¸roc pou topik� moi�zei me EukleÐdeio q¸ro. Pio sug-
kekrimèna, k�je shmeÐo enìc n−di�statwn pollaplot twn èqei mia GeitonÐa pou
eÐnai ènac omoiomorfismìc ston EukleÐdeio q¸ro di�stashc n.
Pollaplìthta M eÐnai µia n−di�stath diaforÐsiµh pollaplìthta ìtan ikano-
poieÐ tic parak�tw idiìthtec:

• OM eÐnai ènac topologikìc q¸roc.

• Parèqetai sth M mia oikogèneia apì zeug�ria {(Ui, φi)}.

• To sÔnolo {Ui} eÐnai mia oikogèneia apì anoikt� sÔnola pou kalÔptoun
thn M: ∪iUi = M. Ta φi eÐnai omoiomorfismoÐ apì ta Ui sto anoiktì
uposÔnolo tou Rn.

• Dojèntwn twn Uα ,Uβ :Uα∩Uβ 6= � h bitjective apeikìnish ψαβ = φαφ
−α
β :φβ(Uα∩

Uβ)→ φα(Uα ∩ Uβ) eÐnai apeirost� diaforÐsimh.

Sq ma 1.2: DiaforÐsimh Pollaplìthta

Ta (Ui, φi) kaloÔntai q�rthc   sÔnolo suntetagmènwn en¸ to sÔnolo {(Ui, φi)}
kaleÐtai 'Atlantac. To uposÔnolo Ui kaleÐtai geitoni� suntetagmènwn en¸ h
φi kaleÐtai sun�rthsh suntetegmènwn. H φi anaparist�tai apì n sunart seic
{x1(p), ..., xn(p)}. To shmeÐo p touM ufÐstatai anexart twc suntetagmènwn.

1.4.1 Logismìc p�nw se pollaplìthtec

Orismìc 'Estw f :M 7→ N , meM m−pollaplìthta kai N n-pollaplìthta.
Tìte apeikonÐzetai èna shmeÐo p ∈ M se èna shmeÐo f(p) ∈ N me f : p 7→ f(p).
Dialègontac èna q�rth (U, φ) stonM kai (V, ψ) ston N kai p ∈ U , f(p) ∈ V .
Tìte isqÔei:

ψfφ−1 : Rm 7→ Rn (1.11)

Tìte lème ìti hM eÐnai diaforomorfikìc tou N
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1.4.2 DianÔsmata se pollaplìthta

Orismìc: 'Estw h par�gwgoc kateÔjunshc miac sun�rthshc f(γ(t)) kat�
m koc thc kampÔlhc γ(t) sto t = 0 (tuqaÐo shmeÐo p) se topikì sÔsthma sÔsthma
suntetagmènwn wc:

df(γ(t))

dt
|t=0=

∂f(γ(t))

∂xµ
|t=0

dxµ(γ(t))

dt
|t=0 (1.12)

Dhlad  antistoiqoÔme thn
d

dt
se èna diaforikì telest  Q:

X = Xµ(
∂

∂xµ
), µε Xµ =

dxµ(γ(t))

dt
|t=0 (1.13)

pou dra p�nw sthn f .

'Etsi ìla ta efaptomenik� dianÔsmata pou antistoiqoÔn se ìlec tc diaforeti-
kèc kampÔlec pou pern�ne apì to shmeÐo p apoteloÔn ton efaptomenikì q¸ro
kai sumbolÐzetai wc TpM. Wc di�nusma b�shc jewroÔme to sÔnolo twn merik¸n

parag¸gwn
{ ∂

∂xµ
}

= {∂µ}. Wc gewmetrikì antkeÐmeno pou eÐnai èna di�nusma ja

prèpei na paramènei analloÐwto k�tw apì metasqhmatismoÔc Poincare dhlad  to
sÔnolo peristrof¸n, prowj sewn (strofèc q¸rou-qrìnou) kai metatopÐsewn.
'Etsi mporoÔme na metasqhmatÐsoume apì to èna sÔsthma anafor�c sto �llo me
apl  diadikasÐa:

X = Xµ ∂

∂xµ
= X̃ν ∂

∂x̃µ
(1.14)

kai o metasqhmatismìc eÐnai:

Xµ =
∂xµ

∂x̃ν
X̃ν (1.15)

1.4.3 Duadik� DianÔsmata se pollaplìthta

Jewr¸ntac ton efaptomenikì q¸ro TpM mporoÔme na orÐsoume ton duadikì efa-
ptìmeno q¸ro T ∗pM pou perièqei ta duðadik� dianÔsmata ω : TpM 7→ R ta opoÐa
lègontai kai 1-morfèc.
'Ena apì par�deigma eÐnai to diaforikì df miac sun�rthshc f ∈ F (M), ìpou
F (M) o q¸roc twn sunart sewn p�nw sta shmeÐa thc pollaplìthtac pou dra
p�nw se èna di�nusma V :

〈df, V 〉 = V [f ] = V µ
∂f

∂xµ
∈ R (1.16)

AfoÔ df =
∂f

∂xµ
dxµ, orÐzoume th b�sh twn 1-morfwn wc {dxµ} kai tìte:

〈dxµ, ∂

∂xµ
〉 =

∂xµ

∂xν
= δµν (1.17)
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'Etsi mia aujaÐreth 1-morf  gr�fetai:

ω = ωµdx
µ or ω̃νdx̃

ν (1.18)

me ton metasqhmatismì:

ωµ = ω̃ν
∂x̃ν

∂xµ
(1.19)

1.5 Tanustèc

Ta bajµwt� megèjh kai ta dianÔsµata (sunalloÐwta kai antalloÐwta) eÐnai duo
eidikèc peript¸seic µiac pio genik c ènnoiac, pou onoµ�zetai tanust c t�xewc
n, tou opoÐou o prosdiorisµìc se opoiod pote sÔsthµa suntetagµènwn tri¸n
diast�sewn apaiteÐ 3n arijµoÔc, pou onoµ�zontai sunist¸sec tou tanust . Ta
bajµwt� µegèjh eÐnai tanustèc mhdenik c t�xewc µe mia sunist¸sa(orÐzontai
pl rwc ìtan dojeÐ to mètro), ta dianÔsµata eÐnai tanustèc pr¸thc t�xewc µe 3
sunist¸sec(orÐzetai pl rwc ìtan dojeÐ to mètro, h kateÔjuns  tou) kai oi t�seic
eÐnai tanustèc deÔterhc t�xhc me ennèa sunist¸sec.
An jewrhsoume µia kaµpÔlh pou dièrqetai apì k�poio shµeÐo A se èna q¸ro (µia
pollaplìthta) n diast�sewn. H kaµpÔlh aut  ja kajorÐzetai apì n sunart seic
µiac bajµwt c posìthtac λ thc µorf c:

xµ = zµ(λ) (1.20)

An sto shµeÐo A antistoiqeÐ h tiµ  thc paraµètrou λ tìte se èna diplanì shµeÐo
A′ h tiµ  thc paraµètrou ja eÐnai λ + dλ. MporoÔµe t¸ra na orÐsouµe wc
efaptìµeno di�nusµa uµ sto shµeÐo A to:

uµ =
dxµ

dλ
(1.21)

To efatìmeno di�nusma pou orÐzetai apì aut  th sqèsh lègetai antalloÐwto di-
�nusma.
'Enac metasqhmatismìc apì to xµ se èna �llo sÔsthma suntetagmènwn x̃µ orÐze-
tai apì tic ν exis¸seic:

x̃µ = fµ(xν) µ, ν = 0, 1, . . . , n− 1 (1.22)

kai o antÐstrofìc tou eÐnai:

xµ = gµ(x̃ν) µ, ν = 0, 1, . . . , n− 1 (1.23)

'Ena apeirostì di�nusma dxν pou orÐzetai se èna sÔsthma xµ ja metasqhmatÐzetai
se èna �llo sÔsthma x̃µ wc:

dx̃µ =
∑ ∂x̃µ

∂xν
dxν =

∑ ∂fµ

∂xν
dxν για ν = 0, 1, . . . , n− 1 (1.24)
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'Estw to antalloÐwto di�nusma υµ èqei oristeÐ se èna sÔsthma suntetagmènwn
xµ, tìte oi sunist¸sec tou se èna �llo sÔsthma suntetagmènwn (x̃µ), ja dÐnontai
apì metasqhmatismoÔc thc morf c:

υ̃µ =
dx̃µ

dλ
=
∑
ν

∂x̃µ

∂xnu

dxν

dλ
=
∑
ν

∂x̃µ

∂xν
υν (1.25)

'Estw mia bajmwt  sun�rthsh φ(x) se èna sÔsthma suntetagmènwn xµ tìte oi n

merikoÐ parag¸goi
∂φ

∂xµ
metasqhmatÐzontai sto nèo sÔsthma suntetagmènwn wc:

∂φ

∂x̃µ
=
∑
ν

∂φ

∂xν
∂xν

∂x̃µ
(1.26)

Mia n−�da posot twn bµ = {b0.b1, . . . , bn−1} pou metasqhmatÐzetai ìpwc oi
merikoÐ parag¸goi miac bajmwt c sun�rthshc onom�zetai sunalloÐwto di�nusma.
Oi sqèseic metasqhmatismoÔ eÐnai:

bµ =
∑
ν

∂xν

∂x̃µ
b̃ν (1.27)

1.5.1 Tanustèc se Pollaplìthta

'Opwc kai ston epÐpedo q¸ro (Rν) mporoÔme na orÐsoume èna (k, l) san mia polu-
grammik  apeikìnish apì mia sullog  k duadik¸n dianusm�twn kai l dianusm�twn
sto R me sunist¸sec:

Tµ1...µk
ν1...νl

= T (dxµ1 , . . . , dxµk ; ∂ν1 , . . . , ∂νl) (1.28)

pou eÐnai isodÔnamo me thn èkfrash:

T = Tµ1...µk
ν1...νl

∂µ1
⊗ . . . ∂µk

⊗ dxν1 ⊗ . . .⊗ dxνl (1.29)

Oi tanustèc autoÐ µetasqhµatÐzoun touc p�nw deÐktec san ton µetasqhµatisµì
twn dianusµ�twn kai touc k�tw deÐktec san autìn twn duadik¸n dianusµ�twn,
epoµènwc gr�fouµe:

Tµ1′...µk′
ν1′...νl′ =

∂xµ1′

∂xµ1
. . .

∂xµk′

∂xµk

∂xν1

∂xν1′
. . .

∂xνl

∂xνl′
Tµ1...µk
ν1...νl

(1.30)

Merikèc apì tic idiìthtec twn tanust¸n eÐnai oi parak�tw:

• Sustol , T abbc = T ac (jewroÔme �jroish wc proc to deÐkth b)

• Tσ(µ1...µn)ρ
=

1

n!
(Tσµ1...µnρ+�jroisma metajèsewn twn deikt¸n µ1 . . . µn)

• Tσ[µ1...µn]ρ
=

1

n!
(Tσµ1...µnρ− �jroisma enallag c pros mou twn metajèsewn

twn deikt¸n µ1 . . . µn)
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1.6 SunalloÐwth Par�gwgoc

H merik  par�gwgoc enìc bajmwtoÔ pedÐou (tanust c mhdeni c t�xhc) φ = ψ(xα)
odhgeÐ se di�nusma(tanust  pr¸thc t�xhc)

∂φ

∂xα
=
∂x̃λ

∂xα
∂φ

∂x̃λ
(1.31)

JewroÔme t¸ra th merik  par�gwgo enìc antalloÐwtou dianusmatikoÔ pedÐou
(Aλ(xµ)), kai sumbolÐzoume th merik  par�gwgo tou wc:

∂Aλ

∂xκ
≡ Aλ; κ (1.32)

tìte o metasqhmatismìc tou Aλ;κ se èna nèo sÔsthma suntetagmènwn x̃κ odhgeÐ
sth sqèsh:

Aµ;α ≡ ∂Aµ

∂xα
=

∂

∂xα

(
∂xµ

∂x̃ν
Ãν
)

=
∂x̃ρ

∂xα
∂

∂x̃ρ

(
∂xµ

∂x̃ν
Ãν
)

(1.33)

=
∂2xµ

∂x̃ν∂x̃ρ
∂x̃ρ

∂xα
Ãν +

∂xµ

∂x̃ν
∂x̃ρ

∂xα
∂Ãν

∂x̃ρ
(1.34)

'Ara h merk  par�gwgoc enìc tanust  den eÐnai kalìc tanust c.An o pr¸toc
ìroc thc parap�nw exÐswshc  tan mhdèn tìte ja mporoÔsame na poÔme ìti h
merik  par�gwgoc enìc dianÔsmatoc odhgeÐ se tanust  deÔterhc t�xhc. Epomènwc
qreiazìmaste mÐa par�gwgo h opoÐa ja mac dÐnei kaloÔc tanustèc. Aut  eÐnai h
sunalloÐwth par�gwgoc kai sumbolÐzetai 5µ.
H sunalloÐwth par�gwgoc orÐzetai p�nw se mÐa pollaplìthta wc o telest c
pou phgaÐnei èna tanust  tÔpou (k, l) se èna tÔpou (k, l + 1) kai apait¸ntac na
ikanopoieÐ tic ex c idiìthtec:

• ∇(T + S) = ∇T +∇S

• ∇(T ⊗ S) = (∇T )⊗ S + T ⊗ (∇S)

• ∇µ(Tλλρ) = (∇T )λµ λρ

• ∇µφ = ∂µφ

me ta T kai S na eÐnai tanustèc en¸ to φ bajmwtì(tanust c mhdenik c t�xhc).

Kanìnec Parag¸gishc

• H sunalloÐwth par�gwgoc dianÔsmatoc eÐnai:

∇µV ν = ∂µV
ν + Γνµλων (1.35)

• H sunalloÐwth par�gwgoc duadikoÔ dianÔsmatoc eÐnai:

∇µων = ∂µων − Γλµνωλ (1.36)

11



• H sunalloÐwth par�gwgoc tanust  eÐnai:

∇σTµ1...µk
ν1...νk

= ∂σT
µ1...µk
ν1...νl

+ Γµ1

σλT
λµ2...µk
ν1...νl

+ . . .+ Γµk

σλT
µ1...λ
ν1...νl

−Γλσν1T
µ1...µk

λ...νl
− . . .− ΓλσνlT

µ1...µk

ν1...λ
(1.37)

Apì th apaÐthsh to ∇µV ν na metasqhmtÐzetai san tanust c èqoume:

∇µ′V ν
′

=
∂xµ

∂xµ′
∂xν

∂xν′
∇µV ν (1.38)

To aristerì mèloc gr�fetai:

∇µ′V ν
′

=
∂xµ

∂xµ′
(
∂µ
∂xν

′

∂xν
)
V ν +

∂xµ

∂xµ′
∂xν

′

∂xν
(∂µV

ν) + Γν
′

µ′λ′
∂xλ

′

∂xλ
V λ
′

(1.39)

Kai to dexÐ mèloc:

∂xµ

∂xµ′
∂xν

′

∂xν
∇µV ν =

∂xµ

∂xµ′
∂xν

′

∂xν
∂µV

ν +
∂xµ

∂xµ′
∂xν

′

∂xν
ΓνµλV

λ (1.40)

Exis¸nontac tic dÔo teleutaÐec èqoume:

Γν
′

µ′λ′
∂xλ

′

∂xλ
V λ
′
+
(
∂µ
∂xν

′

∂xν
)
V ν =

∂xµ

∂xµ′
xν
′

∂xν
ΓνµλV

λ (1.41)

'Omwc o deÐkthc ν mporeÐ na gÐnetai λ afoÔ eÐnai ìroc �jroÐsmatoc, �ra oi suni-
st¸sec tou dianÔsmatoc gÐnontai:

Γν
′

µ′λ′ =
∂xλ

∂xλ′
∂xµ

∂xµ′
∂xν

′

∂xν
Γνµλ −

∂xλ
′

∂xλ
∂xµ

∂xµ′
(
∂µ
∂xν

′

∂xν
)

(1.42)

Oi posìthtec Γνµλ onom�zontai sundèseic. H parap�nw sqèsh odhgeÐ sto suµpèrasµa
ìti oi sundèseic den eÐnai tanustèc, all� posìthtec pou orÐzontai se k�je shµeÐo
tou q¸rou kai µèsw aut¸n gÐnetai dunatìc o orisµìc µiac analloÐwthc µorf c
parag¸gishc.

1.7 Par�llhlh Metafor�

`Estw èna dianusµatikì pedÐo αµ, ja suµbolÐsouµe µe αµ(P ) to di�nusµa sth
jèsh P kai µe αµ(P ′) autì pou brÐsketai sth jèsh P ′. Ta P kai P ′ apèqoun
kat� dxµ. Tìte µporoÔµe na orÐsouµe thn posìthta:

δ(1)αµ(P ′)− αµ(P ) = αµ(P ) + αµ,νdx
ν − αµ(P ) = αµ,νdx

ν (1.43)

h opoÐa ìmwc den eÐnai di�nusma (  tanust c).
Jèloume loipìn na kataskeu�soume èna di�nusma sto shmeÐo P ′ pou na mporeÐ na
jewrhjeÐ isodÔnamo me to di�nusma αµ(P ). Gi autì ja qrhsiµopoi souµe th sÔn-
desh ¸ste na dhµiourg souµe µia µèjodo eÔreshc tou isodun�µou dianÔsµatoc
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tou αµ(P ) se èna geitonikì shµeÐo P ′. Me autì ton trìpo ja gÐnei duna-
tìn tanustikèc exis¸seic pou orÐzontai se k�poio shµeÐo P na isqÔoun kai
se èna kontinì shµeÐo P ′. 'Estw loipìn ìti to zhtoÔmeno di�nusma eÐnai to
Aµ(P ′) = αµ(P ) + δαµ tìte ja èqoume:

αµ(P ′)−Aµ(P ′) = αµ + δ(1)αµ − (αµ + δαµ)

= δ(1)αµ − δαµ = αµ,νdx
ν − δαµ (1.44)

'Ara h posìthta δαµ eÐnai an�logh tou dxν kai tou arqikoÔ dianÔsmatoc αµ(P ).

δαµ = Cλµναλdx
ν (1.45)

ìpou h posìthta Cλµν den eÐnai upoqrewtik� tanust c. AntikatastoÔme t¸ra thn
parap�nw morf  tou δαµ sthn (1.44) kai katal goume sth sqèsh:

αµ,νdx
ν − δαµ = (αµ,ν − Cλµναλ)dxν (1.46)

To aristerì mèloc thc exÐswshc eÐnai di�nusma , �ra ja prèpei kai to dexÐo
mèloc na eÐnai di�nusma (  tanust c). Gia na sumbaÐnei autì prèpei ta Cλµν na

isoÔntai me Γλµν , dhlad  na eÐnai sundèseic tou q¸rou. 'Etsi oi posìthta entìc thc
parènjeshc eÐnai h sunaloÐwth par�gwgoc tou dianÔsmatoc αµ kai eÐnai tanust c.
'Ara an èna di�nusma pou orÐzetai sto shmeÐo R to metafèrw par�llhla se èna
kontinì shmeÐo P ′ h metabol  pou ja uposteÐ upologÐzetai apì thn sqèsh:

δαµ = Γλµναλdx
ν (1.47)

Kat� an�logo trìpo apodeiknÔetai ìti h metabol  pou ja uposteÐ èna antaloÐwto
di�nsma eÐnai:

δαµ = −Γλµναλdx
ν (1.48)

1.7.1 Ta sÔmbola Christoffel

Oi sundèseic se èna tuqaÐo q¸ro (mia pollaplìthta) ston opoÐo den èqei oristeÐ
akìma metrikìc tanust c, qrhsimopoi jhkan gia na orÐsoume th par�llhlh me-
tafor� enìc dianÔsmatoc. H par�llhlh metafor� exasf�lize ìti to mètro enìc
tuqaÐou dianÔsmatoc paramènei stajerì kat� th metafor� tou apì èna shmeÐo R
se èna shmeÐo P ′. Dhlad :

| αµ(P ) |= | αµ(P ′) |
gµνα

µ(P )αν(P ) = gµνα
µ(P ′)αν(P ′) (1.49)

All� epeid  ta R kai P ′ apèqoun metaxÔ touc dxρ proseggistik� ja isqÔei:

gµν(P ′) ≈ gµν(P ) + gµν,ρ(P )dxρ (1.50)

αµ(P ′) ≈ αµ(P )− Γµσρ(P )ασ(P )dxρ (1.51)

Antikajist¸ntac aut� sthn (1.49) èqoume:(
gµν,ρ − gµσΓσνρ − gσνΓσµρ

)
αµανdxρ = 0 (1.52)
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epeÐd  ìmwc oi metatopÐseic kai to di�nusma eÐnai tuqaÐa, gia na isqÔei aut  h
exÐswsh prèpei:

gµν,ρ − gµσΓσνρ − gσνΓσµρ = 0 (1.53)

H sqèsh aut  tauÐzetai me th sunalloÐwth par�gwgo tou metrikoÔ tanust  opìte
èqoume:

gµν,ρ = 0 (1.54)

dhlad , h sunalloÐwth par�gwgoc tou µetrikoÔ tanust  eÐnai µhdèn(L µµa
Ricci).
Epiplèon, apì thn exÐswsh (1.53) µporoÔn na upologistoÔn oi sunist¸sec twn
sundèsewn Γσνρ an dojeÐ o metrikoc tanust c gµν . Gia ton pl rh kajorisµì twn
sunistws¸n thc sÔndeshc se èna n−di�stato q¸ro apaitoÔntai n3 exis¸seic. H
exÐswsh (1.53) dÐnei th dunatìthta gia nn(n + 1)/2 graµµik� anex�rthtec exi-
s¸seic epeid  eÐnai suµµetrik  wc proc touc deÐktec mu kai ν, pou shµaÐnei ìti
gia na upologÐsouµe µe µonadikì trìpo tic sunist¸sec twn sundèsewn autèc ja
prèpei na eÐnai suµµetrikèc. ∆hlad , oi sundèseic stouc q¸rouc Riemann eÐnai
suµµetrikèc.
An sth sqèsh (1.53) enall�xoume touc deÐktec èqoume:

gνρ,µ − gνσΓσρµ − gσρΓσνµ = 0 (1.55)

kai suneqÐzontac thn enallag  èqoume:

gρµ,ν − gρσΓσµν − gσµΓσρµ = 0 (1.56)

Prosjètontac t¸ra tic (1.53) kai (1.55), kai afair¸ntac thn (1.56) katal goume
sth sqèsh:

Γαµρ =
1

2
gαν(gµν,ρ + gνρ,µ − gρµ,ν) (1.57)

H parap�nw sqèsh kajorÐzei µe µonadikì trìpo tic sundèseic tou q¸rouRiemann
kai onoµ�zontai sÔµbola Christoffel.

1.8 Gewdaisiakèc KampÔlec

Gewdaisiak  eÐnai h kampÔlh el�qistou m kouc pou sundèei dÔo shmeÐa tou qwro-
qrìnou. EÐnai h genÐkeush thc eujeÐac gramm c se KampÔlouc Q¸rouc. SÔmfwna
me thn Genik  JewrÐa thc Sqetikìthtac, ta s¸mata (tìso ta ulik� ìso kai to
fwc) ìtan kinoÔntai eleÔjera, dhlad  mìnon upì thn epÐdrash tou barutikoÔ pe-
dÐou sto opoÐo brÐskontai, den akoloujoÔn opoiesd pote kampÔlec troqièc, all�
tic gewdaisiakèc diadromèc tou tetradi�statou qwroqrìnou. 'Estw ìti to m koc
mia kampÔlhc xµ(s) pou en¸nei dÔo shmeÐa A ka B eÐnai S kai dÐnetai apì mia
sqèsh thc morf c:

S =

∫ B

A

ds =

∫ B

A

[
gµν(xα)

dxµ

ds

dxν

ds

]1/2
ds (1.58)
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Mia geitonik  kampÔlh ψµ(s) pou sundèei ta Ðdia shmeÐa ja perigr�fetai apì thn
exÐswsh:

ψµ = xµ + εξµ (1.59)

me ξµ = 0 sta �kra A kai B. To m koc thc nèac kampÔlhc eÐnai:

S̃ =

∫ B

A

[
gµν(ψα)

dψµ

ds

dψν

ds

]1/2
ds (1.60)

Gia aplìthta antikajistoÔme:

uµ =
dxµ

ds
και vµ =

dψµ

ds
=
dxµ

ds
+ ε

dξµ

ds

epÐshc

f(xα, uα) = [gµν(xα)uµuν ]1/2 (1.61)

f̃(ψα, vα) = [gµν(ψα)vµvν ]1/2 = f(xα, uα) + ε(ξα
∂f

∂xα
+
ξα

ds

∂f

∂uα
) +O(ε2)

(1.62)

Mpor¸ na orÐsw thn diafor� δS = S̃ − S, h opoÐa prèpei a mhdenÐzeta afoÔ to
m koc S jèlw na eÐnai akrìtato, dhlad  h apìstash twn shmeÐwn A kai B na
eÐnai el�qisth. Opìte:

δS =

∫ B

A

δfds =

∫ B

A

(f̃ − f)ds

= ε

∫ B

A

[
∂f

∂xα
− d

ds

( ∂f
∂uα

)]
ξαds+ ε

∫ B

A

d

ds

( ∂f
∂uα

ξα
)
ds (1.63)

O deÔteroc ìroc eÐnai profan¸c mhdèn afoÔ sta �kra tou diast matoc ξα = 0.
'Ara to m koc ja gÐnei akrìtato an:

δS = ε

∫ B

A

[
∂f

∂xα
− d

ds

( ∂f
∂uα

)]
ds = 0 (1.64)

'Omwc to di�nusma ξα eÐnai tuqaÐo gi' autì h sunj kh tou akrìtatou eÐnai:

d

ds

( ∂f
∂uµ

)
− ∂f

∂xµ
= 0 (1.65)

H Lagkrazian  gia èna eleÔjero swmatÐdio eÐnai:

L = gµνu
µuν ≡ f2 (1.66)

Opìte èqoume:

∂f

∂uα
=

1

2

∂L

∂uα
L−1/2 (1.67)

∂f

∂xα
=

1

2

∂L

∂xα
L−1/2 (1.68)
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Opìte antikajist¸ntac sth (1.65) katal goume sth sunj kh akrìtatou m kouc
Euler − Lagrange:

d

ds

( ∂L
∂uµ

)
− ∂L

∂xµ
= 0 (1.69)

Gia na broÔme th sqèsh pou dÐnei tic gewdaitikèc exis¸seic antikajistoÔme thn
Lagkrazian  sth pio p�nw sqèsh.

∂L

∂uα
= gµν

∂uµ

∂uα
uν + gµνu

µ ∂u
ν

∂uα
= gµν(δµαu

ν + uµδνα) = 2gµαu
µ (1.70)

∂L

∂xα
= gµν,αu

µuν (1.71)

Epomènwc

d

ds
(2gµαu

µ)− gµν,αuµuν = 0

2
dgµα
ds

uµ + 2gµα
duµ

ds
− gµν,αuµuν = 0

2gµα,νu
νuµ + 2gµα

duµ

ds
− gµν,αuµuν = 0

gµα,νu
νuµ + gνα,µu

µuν + 2gµα
duµ

ds
− gµν,αuµuν = 0

gµα
duµ

ds
+

1

2
[gµα,ν + gαµ,ν − gµν,α]uµuν = 0 (1.72)

Pollaplasi�zontac t¸ra aut  me gρα katal goume sthn exÐswsh twn gewdaisia-
k¸n

duρ

ds
+ Γρµνu

µuν = 0 (1.73)

Suqnìtera h genik  morf  twn gewdaitik¸n se èna aujaÐreta kampulwmèno qw-
rìqrono sunant�tai sth morf 

d2xρ

ds2
= −Γρµν

dxµ

ds

dxν

ds
(1.74)

Prìkeitai gia tèsseric exis¸seic, mia gia k�je tim  tou anex�rthtou deÐkth ρ. To
sÔnolo aut¸n twn exis¸sewn onom�zetai gewdaisiak  exÐswsh kai apoteleÐ th
basik  exÐswsh kÐnhshc dokimasti¸n swmatidÐwn ston kampulomèno qwrìqrono.
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1.9 GewmetrÐa Riemann

1.9.1 Tanust c Riemann

O tanust c Riemann apotelèi jemelei¸dec mègejoc thc gewmetrÐac Riemann
epeid  kajorÐzei me monadikì trìpo th kampulìthta tou qwrìqronou. H par�llh-
lh metafor� enìc dianÔsmatoc kat� m koc miac kleist c kampÔlhc se èna kampÔlo
qwrìqrono metab�lei to di�nusma kat� mia posìthta pou eÐnai an�logh enìc ta-
nust  4−hc t�xhc, ton tanust  kampulìthtac   tanust  Riemann. O tanust c
Riemann eÐnai sun�rthsh twn sÔmbolwn Christoffel kai twn parag¸gwn touc:

Rαβγδ =
∂Γαβγ
∂xγ

−
∂Γαβγ
∂xδ

+ ΓαγεΓ
ε
βδ − ΓαδεΓ

ε
βγ (1.75)

O mhdenismìc tou tanust  Riemann odhgeÐ ston epÐpedo qwrìqrono.

1.9.2 Idiìthtec

H melèth twn summetri¸n tou tanust  Riemann dieukolÐnetai an jewr soume
thn olik� sunalloÐwth morf  tou:

Rαβγδ =
1

2

(
∂2gαδ
∂xβ∂xγ

− ∂2gαγ
∂xβ∂xδ

− ∂2gβδ
∂xα∂xγ

+
∂2gβγ
∂xα∂xδ

)
(1.76)

H kampulìthta Riemann diajètei èna pl joc summetri¸n pou isqÔoun en gènei
all� apodeiknÔontai kai apeujeÐac apì thn (1.76):

Rαβγδ = −Rβαγδ (1.77)

Rαβγδ = −Rαβδγ (1.78)

Rαβγδ = Rγδαβ (1.79)

Rαβγδ +Rαδβγ +Rαγδβ = 0 (1.80)

SÔmfwna me autèc tic summetrÐec oi 44 = 256 sunist¸sec thc kampulìthtac
Riemann den eÐnai anex�rthtec metaxÔ touc. Sth pragmatikìthta sto tetradi-

�stato qwrìqrono lamb�noume
N2(N2 − 1)

12
= 20 anex�rthtec sunist¸sec.

1.9.3 Tanust c Ricci

H sustol  tou tanust  Riemann odhgeÐ se èna tanust  deÔterhc t�xhc, ton
tanust  Ricci.

Rαβ = Rλαλβ = gλδRλαδβ (1.81)

H kampulìthta Ricci mporeÐ na ekfrasteÐ apeujeÐac se sqèsh me ta sÔmbola
Christoffel mèsw thc:

Rαβ =
∂Γλαβ
∂xλ

− ∂Γλαλ
∂xβ

+ ΓλαβΓδλδ − ΓλαδΓ
δ
βλ (1.82)
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Peraitèrw sustol  tou tanut  Ricci odhgeÐ sth dhmiourgÐa bajmwt c kampu-
lìthtac Ricci:

R = Rαα = gαβRαβ = gαβgλδRλαδβ (1.83)

Stic 4 diast�seic o tanust c Ricci èqei
4(4 + 1)

2
= 10 anex�rthtec sunist¸sec,

en¸ o tanust c Riemann èqei 20. Sunep¸c o mhdenismìc tou tanust  Ricci
den sunep�getai ton mhdenismì tou tanust  Riemann. Dhlad  gia Rαβ = 0
den shmaÐnei ìti o q¸roc eÐnai epÐpedoc, ìmwc shmaÐnei ìti o q¸roc eÐnai kenìc
Ôlhc-enèrgeiac.

1.9.4 Tanust c Einstein

'Enac apì touc shmantikìterouc tanustèc sth melèth thc barÔthtac eÐnai o ta-
nust c Einstein. Mèsw thc tautìthtac Bianchi mporoÔme na orÐsoume ton
tanust  kamulìthtac Einstein.

Rµνκλ;σ +Rµνλσ;κ +Rµνσκ;λ = 0 (Tautìthta Bianchi)

Pollaplasi�zontac kai ta dÔo mèlh me gµκgνλ èqoume:

gµκgνλRµνκλ;σ + gµκgνλRµνλσ;κ + gµκgνλRµνσκ;λ = 0 (1.84)

kai epeid  ∇sgαβ = 0 mporoÔme na gr�youme:

(gµκgνλRµνκλ);σ + (gµκgνλRµνλσ);κ + (gµκgνλRµνσκ);λ = 0

⇒ R;σ − (gµκRµσ);κ − (gνλRνσ);λ = 0 (1.85)

K�nontac t¸ra allag  touc deÐktec ν ↔ µ kai λ↔ κ sto teleutaÐo ìro èqoume:

R;σ − 2(gµκRµσ);κ = 0 (1.86)

ìmwc R;σ = δκσ = gµκgµσR;κ = (gµκgµσR);κ.'Etsi katal goume sth sqèsh:

(gµκgµσR− 2gµκRµσ);κ = 0

⇒ −1

2
gµκ∇κ(Rµσ −

1

2
gµσR) = 0 (1.87)

OrÐzoume t¸ra ton tanust  Einstein, Gµν , wc:

Gµν = Rµν −
1

2
gµνR (1.88)

Gia ton opìio eÔkola mporoÔme na deÐxoume ìti:

−1

2
gµκ∇κGµσ = 0

⇒ gµκ∇κGµσ = 0

⇒ ∇µGµσ = 0 (1.89)

O tanust c Einstein upakoÔei p�nta se aut  th diaforik  exÐswsh se k�je
gewmetrÐa.
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1.10 SummetrÐec kai DianÔsmata Killing

Sth fÔsh eÐnai dÔskolo na perigr�youme akrib¸c èna sÔsthma kaj¸c perièqei
polÔplokouc upologismoÔc. Me thn eÔresh, ìmwc, twn summetri¸n mporoÔme na
aplopoi soume touc upologismoÔc kai na perigr�youme to sÔsthma me mÐa kal 
prosèggish. Gia par�deigµa sto di�sthµa èna �stro kat� prosèggish µporeÐ
na jewrhjeÐ wc µia suµµetrik  sfaÐra an kai sthn pragµatikìthta sthn epi-
f�neia tou gÐnontai suqn� ekr xeic pou to k�noun na q�nei aut n thn suµµetrÐa.
Sthn Genik  JewrÐa thc Sqetikìthtac èqouµe µegalÔterh an�gkh aut¸n twn
suµµetri¸n, giatÐ h fÔsh twn µh graµµik¸n exis¸sewn Einstein eÐnai dÔskolo
na lujoÔn epakrib¸c.
JewroÔµe loipìn ìti µia pollaplìthta diakatèqetai apì suµµetrÐa ìtan h µetrik 
thc paraµènei analloÐwth k�tw apì k�poion µetasqhµatisµì pou apeikonÐzei
thn pollaplìthta ston eautì thc: H µetrik  eÐnai Ðdia apì to èna shµeÐo thc
pollaplìthtac se �llo. EpÐshc µporeÐ diaforetikoÐ tanustèc na èqoun dia-
foretikèc suµµetrÐec. Oi suµµetrÐec thc µetrik c lègontai isoµetrÐec. Mia
µetrik  loipìn èqei isoµetrÐa k�tw apo µia suntetagµènh (xσ∗) , ìtan h µetrik 
eÐnai anex�rthth apì thn sun�rthsh thc suntetagµènhc, giatÐ tìte sunep�getai
suµµetrÐa thc µetrik c k�tw apì opoiad pote µet�jesh µe µia stajer� thc en
lìgw suntetagµènhc:

∂σ∗gµν = 0 ⇒ xσ∗ → xσ∗ + ασ∗ : ισoµετρια (1.90)

Jewr¸ntac thn gewdaisiak  p�nw se mia pollaplìthta kai jewrìntac thn ge-

nÐkeush thc taqÔthtac Uµ =
dxµ

dτ
kai thc orm c pµ = mUµ k�noume ton parak�tw

sullogismì:

d2xµ

dτ2
+ Γµνλ

dxν

dτ

dxµ

dτ
= 0

⇔ dxν

dτ
∂ν
dxµ

dτ
+
dxν

dτ
Γµνλ

dxλ

dτ
= 0

⇔ m
dxν

dτ
∂νm

dxµ

dτ
+m

dxν

dτ
Γµνλm

dxλ

dτ
= 0

⇔ m
dxν

dτ

(
∂νm

dxµ

dτ
+ Γµνλm

dxλ

dτ

)
= 0

⇔ pν(∂νp
µ + Γµνλp

λ) = 0

⇔ pν∇νpµ = 0 (1.91)

H prohgoÔmenh sqèsh eÐnai h gewdaisiak  ekfrasmènh sth morf  genikeumènhc
orm c. Apì thn prohgoÔmenh mporoÔme na bg�loume ta ex c sumper�smata:

pν(∂νpµ + Γλνµp
λ) = 0 ⇔ pν∂νpµ − pνΓλνµpλ = 0 (1.92)

'Oµwc oi dÔo ìroi xeqwrist� eÐnai:

pν∂νpµ = 0 (1.93)
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kai

Γλνµpλpν = 1
2g
λσ(∂νgσµ + ∂µgσν − ∂σgνµ)pλpν

= 1
2g
λσ(∂νgσµ + ∂µgσν − ∂σgνµ)pσpν

= 1
2 (∂µgσν)pσpν (1.94)

Tìte

m
dpµ
dτ

=
1

2
(∂µgσν)pσpν (1.95)

'Etsi ìtan èqouµe µia isoµetrÐa sthn kateÔjunsh xσ∗ tìte èqouµe thn parak�tw
sqèsh:

∂σ∗gµν = 0 ⇒ dpσ∗
dτ

= 0 (1.96)

MporoÔµe t¸ra na eis�gouµe to di�nusµaKilling sthn kateÔjunsh xσ∗ to opoÐo
antistoiqeÐ se µia isoµetrÐa wc ex c:

K = ∂σ∗ ⇔ Kµ = (∂σ∗)
µ = δµσ∗ (1.97)

Tìte
pσ∗ = Kνpν = Kνp

ν (1.98)

ètsi µporoÔµe na gr�youµe µia isoµetrÐa sthn µorf :

dpσ∗
dt

= 0 ⇒ pµ∇µ(Kνp
ν) = 0 (1.99)

ìmwc

pµ∇µ(Kνp
ν) = pµ(∇µKν)pν + pµKν(∇µpν)

= pµpν∇µKν

= pµpν∇(µKν) (1.100)

'Etsi h exÐswsh Killing gr�fetai:

∇(µKν) = 0 (1.101)
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Kef�laio 2

Exis¸seic KÐnhshc NLH

Se autì kef�laio ja µelet souµe thn klasik  jewrÐa pou perigr�fei thn fÔsh
kai kurÐwc tic kin seic twn swµatidÐwn µèsa se aut n. Ta probl µata pou dÐnei
h fÔsh eÐnai probl µata dunaµik c kai gia thn perigraf  aut¸n qreiazìµaste
exis¸seic oi opoÐec na apodÐdoun ìla ta fusik� qarakthristik� tou sust µatoc.
Tètoiec exis¸seic eÐnai oi exis¸seic Newton (diaforikèc exis¸seic 2−bajµoÔ
wc proc thn par�µetro tou qrìnou). Ωstìso µia diaforetik  prosèggish twn
exis¸sewn aut¸n apoteloÔn oi exis¸seic Lagrange kai Hamilton, oi opoÐec eÐnai
genÐkeush twn exis¸sewn tou NeÔtwna kai µac apodÐdoun µia eikìna µìno twn
eleÔjerwn bajµ¸n eleujerÐac tou probl µatoc µe thn bo jeia twn exis¸sewn
periorisµ¸n thc kÐnhshc.

2.1 Exis¸seic Newton

Pr¸toc Nìmoc tou NeÔtwna: SÔmfwna me ton pr¸to nìmo tou NeÔtwna
k�je s¸ma, pou brÐsketai mèsa se èna adraneiakì sÔsthma, diathreÐ thn kat�sta-
sh hremÐac,   eujÔgrammhc kai h omal c kÐnhs c tou, efìson kamÐa exwterik 
dÔnamh den epidr� gia th metabol  thc   h sunistamènh twn dun�mewn isoÔtai me
0. ∑

~F = 0⇔ d

dt

d~x

dt
= 0⇔ d~x

dt
= ~v = constant (2.1)

An se èna sÔsthma anafor�c isqÔei o nìmoc autìc tìte to sÔsthma kaleÐtai
Adraneiakì sÔsthma anafor�c.
DeÔteroc Nìmoc tou NeÔtwna: O 2oς nìmoc tou NeÔtwna mac lèei ìti
h sunistamènh twn dun�mewn pou askoÔntai se èna s¸ma, isoÔtai me to rujmì
metabol c thc orm c tou s¸matoc.∑

~F =
dp

dt
=
d(m~v)

dt
=

d

dt
m
d~x

dt
(2.2)

O nìmoc autìc onom�zetai kai "Jemeli¸dhc nìmoc thc mhqanik c� kai prìkeitai
gia peiramatikì nìmo. Se perÐptwsh stajer c m�zac paÐrnei thn aplopoihmènh
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morf : ∑
~F = m~α = m

d2~x

dt2
(2.3)

To èrgo (W ) pou prokaleÐ mia dÔnamh kai orÐzetai wc to olokl rwma thc dÔnamhc
p�nw se mia kampÔlh C(a,b) (me a,b ennooÔme ta �kra thc kampÔlhc):

W =

∫
C

~Fdx =

∫
C

m
d2~x

dt2
dx

dt
dt =

∫ β

α

m
d

dt

[1
2

(d~x
dt

)2]
= m

(d~x(α)

dt

)2−m(d~x(β)

dt

)2
(2.4)

Se perÐptwsh pou to olokl rwma autì eÐnai mhdèn gia k�poia kampÔlh tìte lème
ìti h dÔnamh aut  kaleÐtai sunthrhtik  p�nw se aut n thn kampÔlh. Apì to
je¸rhma Stokes ìpou gia mia epif�neia S pou èqei wc ìrio thn kampÔlh C èqoume
ìti:

W =

∫
C

~Fdx =

∫
S

(∇× ~F )dS = 0⇒ ∇× ~F = 0 (2.5)

'Ara
~F = −∇V (2.6)

TrÐtoc Nìmoc tou NeÔtwna: Oi dun�meic pou exaskoÔntai apì thn allh-
lepÐdrash dÔo swm�twn (1 kai 2) eÐnai p�nta Ðsec kat� to mètro kai antÐjetec
kat� th for�. Oi dÔo dun�meic dr�sh-antÐdrash askoÔntai p�ntote se Ôo diafo-
retik� s¸mata. Majhmatik� autì shmaÐnei ìti an F12 eÐnai h dÔnamh pou askeÐ to
s¸ma 1 sto s¸ma 2 kai F21 h antÐstoiqh dÔnamh pou askeÐ to s¸ma 2 sto s¸ma
1, tìte:

~F12 = −~F21 (2.7)

O nìmoc autìc, pou eÐnai apìrroia thc "arq c diat rhshc thc orm c", lègetai kai
"Nìmoc dr�shc-antÐdrashc". Aut  h onomasÐa prokÔptei apì ton orismì: "Gia
k�je dr�sh miac dÔnamhc, up�rqei mia antÐjeth dÔnamh antÐdrashc".

2.2 Lagkrazianìc Formalismìc

Oi exis¸seic kÐnhshc enìc mhqanikoÔ sust matoc prokÔptoun apì thn erq  el�qi-
sthc dr�shc tou Q�milton, h opoÐa katal gei stic exis¸seic Euler−Langrange
stic opoÐec upisèrqetai h Lagkrazian .
H Lagkrazian  enìc mhqanikoÔ sust matoc eÐnai sunart sh twn genikeumènwn
suntetagmènwn, twn opoÐwn h qronik  exèlixh mac kajorÐzei th troqi� enìc s¸ma-
toc pou kineÐtai upì thn epÐdrash dedomènou dunamikoÔ. An T eÐnai h kinhtik 
enèrfeia kai V to dunamikìtìte h Lagkrazian  isoÔte me L = T − V .
SÔmfwna me thn arq  el�qisthc dr�shc tou Q�milton h troqi� enìc sust matoc
N bajm¸n eleujerÐac kajorÐzetai apì thn elaqistopoi sh thc dr�shc S.

S =

∫ t2

t1

L
(
q(t), q̇(t)

)
dt (2.8)
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JewroÔme mikr  metabol  dq(t) sth troqi� apì q(t1) e¸c q(t2).

δS =

∫ t2

t1

[ ∂L
∂q(t)

δq(t) +
∂L

∂q̇(t))
δq̇(t)

]
dt (2.9)

Epeid  δq̇(t) =
d(q(t))

dt
kai oloklhr¸nontac ton deÔtero oro kat� par�gontec

èqoume:

δS =

∫ t2

t1

δq(t)
( ∂L

∂q(t)
− d

dt
(
∂L

∂q̇(t)
)
)
dt+

[ ∂L
∂q̇(t)

δq(t)
]t2
t1

(2.10)

'Omwc epeid  oi pijanèc troqièc xekinoÔn apì to t1 kai telei¸noun sto t2 o
teleuteÐoc ìroc mhdenÐzetai (δq(t1) = δq(t2) = 0). EpÐshc aut  h metabo-
l  thc dr�shc prèpei na isqÔei gia k�je δq(t), opìte katal goume sth sqèsh
Euler − Langrange.

d

dt

∂L

∂q̇i(t)
− ∂L

∂qi(t)
= 0 (2.11)

Merikèc forèc oi exis¸seic E − L µac prosfèroun µia stajer� thc kÐnhshc µe
ènan aplì trìpo. An µia apì tic genikeuµènec suntetagµènec den parousi�zetai
sthn Lagkranzian  tou probl µatoc tìte:

∂L

∂qb
= 0 ⇔ d

dt

∂L

∂q̇b
= 0 ⇔ pb =

∂L

∂q̇b
(2.12)

H teleutaÐa posìthta apoteleÐ thn Genikeuµènh Suzug  Orµ . ∆hlad  an µia
genikeuµènh µetablht  eÐnai as µanth tìte h suzug c thc µetablht  µac dÐnei
èna sÔnolo apì analloÐwtec upopollaplìthtec. ∆hlad  an h arqik  f�sh e-
nìc shµeÐou brÐsketai p�nw se µia upopollaplìthta thc opoÐac h exÐswsh eÐnai
pb =stajerì tìte h kÐnhsh paraµènei p�nw sthn upopollaplìthta.

2.3 Formalismìc Hamilton

MporoÔme th Lagkrazian  tou sust matoc na th gr�youme se morf  L̂(q, p; t) =
L(q, q̇, t), tìte èqoume dÔo metablhtèc gia parag¸gish q, p:

∂L̂

∂qα
=

∂L

∂qα
+
∂L

∂q̇b

∂q̇b

∂qα
=

∂L

∂qα
+ pb

∂q̇b

∂qα

⇔ ∂L̂

∂qα
− pb

∂q̇b

∂qα
=

∂L

∂qα

⇔ ∂

∂qα
(L̂− pbq̇b) =

∂L

∂qα
(2.13)

OmoÐwc gia th metablht  p katal goume:

∂L̂

∂pα
=
∂L

∂q̇b
∂q̇b

∂pα
= pb

∂q̇b

∂pα
(pbq̇

b)− ∂qb
∂pα

q̇b

∂

∂pα
(L̂− pbq̇b) = −q̇α (2.14)
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Jètoume H(q, p; t) = pbq̇
b − L̂(q, p; t)) thn Qamiltonian  tou sust matoc kai

orÐzoume tic Kanonikèc Exis¸seic Q�milton wc:

∂H(q, p; t)

∂qα
= −∂L(p, q; t)

∂qα
= − d

dt

∂L(q, p; t)

∂q̇α
= − d

dt
pα = ṗα (2.15)

∂H(q, p; t)

∂pα
=

∂

∂pα
(
pbq̇

b − L̂(q, p; t)
)

(2.16)

∂H(q, p; t)

∂t
= −∂L(q, p; t)

∂t
(2.17)

2.4 SÔsthma me suneqèc pl joc bajm¸n e-

leujerÐac

H prosèggish twn Langrange kai Hamilton proteÐnei ìti oi genikeumènec su-
nart seic q(t) prèpei na antikajeÐstontai apì tic pediakèc sunart seic φ(x, t).

r → x qi(t) = q(r, t)→ φ(x, t) (2.18)

Dedomènou ìti to φ eÐnai suneqeÐc sun�rthsh tou x , mporoÔme na epekteÐnoume
to formalismì apì to diakritì sÔsthma me suntetagmènec qi(t) se sÔsthma me
suneqeÐc suntetagmènec φ(x, t):

L(qi, q̇i, t)→ L(φ,
∂φ

∂xµ
, xµ) (2.19)

ìpou L eÐnai h Lagkrazian  puknìthta. Opìte oi exis¸seic pedÐou Euler −
Langrange gÐnontai:

∂

∂xµ

( ∂L
∂(∂φ/∂xµ)

)
− ∂L
∂φ

= 0 (2.20)

2.5 Je¸rhma Noether

H sÔndesh twn summetri¸n me touc nìmouc diat rhshc apoteleÐ to je¸rhma
Noether.An jewr soume sÔsthma pou perigr�fetai apì th Lagkrazian :

L =

∫
Ld3x (2.21)

kai èqei exÐswsh kÐnhshc thn Euler − Langrange , tìte k�je suneqeÐc meta-
sqhmatismìc pou af nei analloÐwth th dr�sh S =

∫
Ldt sunep�getai Ôparxh

diathroÔmenou reÔmatoc:
∂µJµ = 0 (2.22)

Me �lla lìgia to je¸rhma lèei ìti k�je summetrÐa thc fÔshc sunep�getai èna
nìmo diat rhshc kai antÐstrofa. Gia par�deigma an h Lagkrazian  tou sust ma-
toc eÐnai anex�rthth apì th jèsh thc arq c twn axìnwn tìte to sÔsthma diathreÐ
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thn orm  tou me thn p�rodo tou qrìnou,   an eÐnai anex�rthth apì th gwnÐa mètrh-
shc tìte to diathroÔmeno mègejoc eÐnai h stroform .
Apìdeixh
'Estw ìti h L eÐnai analloÐwth k�tw apì k�poia om�da summetrÐac G , dhlad 
k�tw apì apeirostoÔc metasqhmatismoÔc:

φ(x)→ φ′(x) = φ(x) + δφ(x) (2.23)

ìpou
δφ(x) = εH(φ(x)) (2.24)

ìpou ε eÐnai qwroqronik� anex�rthtec mikrèc par�metroi kai H(φ(x)) eÐnai mia
sun�rthsh pou kajorÐzetai apì to eÐdoc thc metabol c pou epib�loume. H dr�sh
prèpei na paramènei analloÐwth k�tw apì autì to metasqhmatismì kai h antÐstoi-
qh allag  sth Lagkrazian  ja eÐnai:

δL =
∂L
∂φ

δφ+
∂L

∂(∂µφ)
δ(∂µφ) (2.25)

kai epeid  δ(∂µφ) ≡ ∂µφ′−∂µφ = ∂µ(δφ) antikatastìntac sthn Euler−Langrange
èqoume:

δL = ∂µ
∂L

∂(∂µφ)
δφ+

∂L
∂(∂µφ)

∂µ(δφ)

= ∂µ
[ ∂L
∂(∂µφ)

δφ
]

= ε∂µ
[ ∂L
∂(∂µφ)

H(φ(x))
]

(2.26)

Sunep¸c an δL = 0:
∂µJµ = 0 (2.27)

H posìthta Jµ eÐnai h diathroÔmenh posìthta kai isoÔte me:

Jµ =
∂L

∂(∂µφ)
H(φ(x)) (2.28)
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Kef�laio 3

Fusik  twn KampÔlwn
Q¸rwn

Sto kef�laio autì ja melet soume merik� stoiqeÐa thc Genik c JewrÐac thc
Sqetikìthtac. SÔmfwna me aut n h k�je eÐdouc m�za prokaleÐ kampÔlwsh tou
qwrìqronou gÔrw thc. Epomènwc prèpei na melet soume thn fusik  gÔrw apì
tètoia antikeÐmena pou prokaloÔn kampÔlwsh ston qwrìqrono. H Genik  Sqeti-
kìthta eÐnai h genÐkeush thc Neut¸neiac JewrÐac gia thn BarÔthta.

3.1 Neut¸neia BarÔthta

3.1.1 Nìmoc thc Pagkìsmiac 'Elxhc

O nìmoc thc barÔthtac tou NeÔtwna kajorÐzei th barutik  dÔnamh ~F pou askeÐ
mia shmeiak  m�za M se mia �llh shmeiak  m�za m se apìstash r. H dÔnamh
eÐnai elktik , me dieÔjunsh thn eujeÐa metaxÔ twn dÔo maz¸n kai antistrìfwc
an�logh tou r2.

~F = −GmM
r2

~er (3.1)

ìpou ~er eÐnai to monadiaÐo di�nusma me kateÔjunsh apì th m�za M sth m, kai
G eÐnai h barutik  stajer� tou NeÔtwna. H barutik  dÔnamh sth m mporeÐ na
grafteÐ se morf  bajmÐdac k�poiou dunamikoÔ Φ:

~F = −m~∇Φ (3.2)

Tìte to brutikì dunamikì eÐnai thc morf c:

Φ = G
M

r
(3.3)
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3.1.2 Arq  thc IsodunamÐac

Eis�gontac to nìmo thc barutik c dÔnamhc sto nìmo kÐnhshc tou NeÔtwna ~F =
m~α, paÐrnoume:

~α = −~∇Φ (3.4)

Aut  h sqèsh perigr�fei th prìtash ìti ìla ta s¸mata pèftoun sto barutikì
pedÐo me thn Ðdia epit�qunsh anexart twc thc m�zac   thc sÔstashc touc. H m�za
sto dèutero mèloc thc exÐswshc dièpei tic adraneiakèc idiìthtec tou s¸matoc kai
apokaleÐtai adraneiak  m�za, mI , tou s¸matoc. H m�za sto pr¸to mèloc thc
exÐswshc apoteleÐ èna mètro tc dÔnamhc thc barutik c èlxhc metaxÔ twn swm�twn
kai onom�zetai barutik  m�za, mG, tou s¸matoc. Ta peir�mata deÐqnoun ìti ìla
ta s¸ata pèftoun me thn Ðdia epit�qunsh se èna barutikì pedÐo. Epomènwc,
h adraneiak  kai h barutik  m�za ja prèpei na eÐnai an�logec me mÐa stajer�
analogÐac ìmoia gia ìla ta s¸mata. H barutik  m�za mporeÐ na oristeÐ na eÐnai
Ðsh me thn adraneiak  m�za enìc s¸matoc.

mI = mG (3.5)

Stic µèrec µac up�rqoun poll� peir�µata pou epibebai¸noun µe µeg�lh akrÐbeia
thn parap�nw arq . O GalilaÐoc pr¸toc to 1610 epibebaÐwse peiraµatik� µe
ekkreµ  sta opoÐa eÐqe anart sei µ�zec apì diaforetikì ulikì ìti o lìgoc
mG −mI

mG
eÐnai µikrìteroc tou 2 × 10−3. O NeÔtwnac to 1680 beltÐwse akìµh

perissìtero thn akrÐbeia tou peir�µatoc tou GalilaÐou jètwntac to ìrio 10−3.
Stic arqèc tou 19ou aÐwna o Bessel beltÐwse kat� sqedìn dÔo t�xeic µegèjouc
thn akrÐbeia tou parap�nw peir�µatoc jètwntac to ìrio sto 2 × 10−5. Sth
sunèqeia o Eötvös (1890 kai 1908), qrhsiµopoi¸ntac ekkreµèc strèyhc beltÐw-
se thn akrÐbeia sto 3 × 10−9 en¸ diadoqik� peir�µata apì touc Dicke (1964)
3× 10−11 , Braginsky (1971) 9× 10−13 , Kuroda and Mio (1989) 8× 10−10 ,
Adelberger(1990) 1×10−11 beltÐwsan thn akrÐbeia twn prohgoÔµenwn µetr sewn.

3.1.3 ExÐs¸sh NeÔtwna gia to Barutikì PedÐo

Sth genik  perÐptwsh pou h m�za m èlktetai apì perissìterec m�zec,   akìma
kalÔtera mia katanom  maz¸n se di�forec jèseic, tìte to barutikì dunamikì eÐnai
to olokl rwma twn barutik¸n dunamik¸n sto stoiqei¸dh ìgko d3r:

Φ = −
∫

Gρµ(r′)

| r − r′ |
d3r′ (3.6)

Tìte to barutikì pedÐo orÐzetai apì èna bajmwtì dunamikì kai isqÔei h sqesh:

∇2Φ = 4πGρµ(r) (3.7)

ìpou ∇2 eÐnai h Laplasian  ∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2. Aut  h exÐswsh, pou
antistoiqeÐ sthn exÐswsh Poisson gia thn hlektrostatik , eÐnai h exÐswsh pedÐou
gia th Neut¸neia barÔthta.
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3.2 Genik  JewrÐa thc Sqetikìthtac

H genik  jewrÐa thc sqetikìthtac   genik  sqetikìthta eÐnai h jewrÐa barÔthtac
pou prot�jhke apì ton 'Almpert Aðnst�in, kai h opoÐa perigr�fei th barutik 
dÔnamh mèsw twn kampul¸sewn tou qwroqrìnou parousÐa m�zac.

3.2.1 Arqèc Genik c JewrÐac thc Sqetikìthtac

H Genik  JewrÐa thc Sqetikìthtac dièpetai apì tic ex c arqèc isodunamÐac:

1. Asjen c Arq  thc IsodunamÐac: H adraneiak  kai h barutik  m�za eÐnai
Ðsec.

2. Arq  IsodunamÐac Einstein: Topik� ston qwrìqrono oi nìmoi thc fusik c
elatt¸nontai se ekeÐnouc thc Eidik c JewrÐac thc Sqetikìthtac ìpou h
barÔthta jewreÐtai amelhtèa.

3. Isqur  Arq  IsodunamÐac: To apotèlesma enìc topikoÔ peir�matoc (baru-
tikì   ìqi) se èna freely falling ergast rio eÐnai anex�rthto thc taqÔthtac
kai thc jèshc tou ergasthrÐou ston qwrìqrono.

SÔµfwna µe thn Arq  IsodunaµÐac tou Einstein topik� ja µporoÔµe na èqouµe
µetrik  tou q¸rou touMinkowski en¸ oi apoklÐseic apì aut n ja eÐnai µhdaµinèc:

gµν = ηµν , ∂ρgµν = 0 (3.8)

Epoµènwc h gewµetrÐa qarakthrÐzetai apì k�poia pollaplìthta pou topik� ja
µoi�zei µe ton qwrìqrono pou perigr�fei o q¸roc Minkowski. 'Olh aut n thn
filosofÐa µporoÔµe na thn suµµazèyouµe se µia suntag  gnwst  wc Arq 
El�qisthc ZeÔxhc:

1. P�re ènan nìµo tou epÐpedou qwrìqronou

2. Gr�ye ton se analloÐwth apì suntetagmènec morf  (tanustik  morf )

3. IsqurÐsou ìti o prokÔpton nìmoc isqÔei se kampÔlo qwrìqrono.

Epoµènwc paÐrnouµe thn exÐswsh eujeÐac:

d2xµ

dl2
= 0⇔ dxν

dl
∂ν
∂xµ

dl
= 0⇒ dxν

dl
∇ν

∂xµ

dl
= 0 (3.9)

H opoÐa apoteleÐ thn gewdaisiak  kampÔlh! 'Etsi kai gia thn barÔthta ja prèpei
na p�roume thn troqi� tou swmatidÐou se èna barutikì pedÐo sÔmfwna me ton
NeÔtwna kai na ex�goume mia exÐswsh ,thn exÐswsh tou Einstein gia thn barÔth-
ta, pou ja èqei wc ìrio tic exis¸seic tou NeÔtwna.
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3.3 Tanust c Enèrgeiac - Orm c

O tanust c enèrgeiac-orm c (Tµν) apoteleÐ basikì stoiqeÐo k�je jewrÐac gia
th barÔthta. Sth GJS ja prèpei na anaferìmaste, ektìc apì th puknìthta
Ôlhc, kai sth puknìthta enèrgeiac. Gia th puknìthta enèrgeiac se èna sÔsthma
anafor�c gÐnete sunduasmìc puknìthtac enèrgeiac, puknìthtac ro c enèrgeiac
kai puknìthtac ro c orm c. SumperaÐnoume loipìn, ìti phg  thc barÔthtac kai
kat� sunèpeia h aitÐa Ôparxhc thc kampulìthtac tou qwrìqronou eÐnai o tanust c
enèrgeiac-orm c Tµν .

Tµν =


T00 T01 T02 T03
T10 T11 T12 T13
T20 T21 T22 T23
T30 T31 T32 T33

 (3.10)

Ta stoiqeÐa tou pÐnaka emhneÔontai wc:

• T00 = ε puknìthta enèrgeiac

• Ti0 = πi puknìthta orm c sth kateÔjunsh i

• T0i =
∆pi

∆A∆t
energeiak  ro  sth kateÔjunsh i

• ta upìloipa stoiqeÐa eÐnai o tanust c t�sewn Cauchy stic 3 diast�seic, me
ton èna deÐkth na deÐqnei thn epif�neia �skhshc thc t�shc kai ton �llo na
deÐqnei thn kateÔjunsh.

'Enac aplìc trìpoc apeikìnishc tou tanust  t�shc-enèrgeiac epitugq�ntai me
th bo jeia tou kinoÔmenou koutioÔ swmatidÐwn. 'Estw ìti ta swmatÐdia sto
eswterikì tou koutioÔ brÐskontai se hremÐa wc proc to koutÐ kai èqoun m�za
hremÐacm. Sto adraneiakì sÔsthma anafor�c, ìpou to koutÐ kineÐtai me taqÔthta
V , h enèrgeia tou k�je swmatidÐou eÐnai mγ, ìpou γ = (1−V )−1/2. H puknìthta
enèrgeiac isoÔte me:

ε ≡ T 00 = mnγ2 = mnutut (3.11)

kai h puknìthta orm c:

πi = T i0 = mnγ2V i = mnuiut (3.12)

Apì tic parap�nw exis¸seic mporoÔme na doÔme ìti gia ton tanust  t�shc-
enèrgeiac twn swmatidÐwn sto eswterikì tou koutioÔ èqoume:

Tαβ = mnuαuβ = µuαuβ (3.13)

ìpou uα = (γ, γ~V ) eÐnai h tetrataqÔthta tou koutioÔ kai µ ≡ mn h puknìthta
m�zac hremÐac.
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3.3.1 Idanikì Reustì

H pÐesh enìc reustoÔ sunist� to aploÔstero par�deigma t�shc. Se èna reustì
se hremÐa, h dÔnamh pou askeÐtai p�nw se mia epif�neia eÐnai p�nta k�jeth sthn
teleutaÐa kai Ðdia gia ìlec tic dieujÔnseic. O tanust c t�shc eÐnai epomènwc
diag¸nioc, me ìlec tic timèc thc kÔriac diagwnÐou na isountai me p:

T ij = pδij (3.14)

Se èna adraneiakì sÔsthma anafor�c, ìpou to reustì brÐsketai se hremia, qa-
rakthrÐzetai apì th puknìthta enèrgeiac tou ρ, thn pÐesh p kai th t�sh-enèrgeia
tou pou eÐnai:

Tαβ = diag(ρ, p, p, p) (3.15)

'Omwc èna reustì sun jwc den hremeÐ, all� antÐjeta kineÐte me mia tetrataqÔthta
u(x) diaforetik  apì shmeÐo se shmeÐo. O tanust c t�shc-enèrgeiac, epomènwc
exart�tai apì th u(x), kaj¸c kai ta ρ(x) kai p(x). H pio genik  morf  pou mporeÐ
na sqhmatisteÐ me thn u kai th metrik  ηαβ , qwrÐc th qr sh parag¸gwn, eÐnai h
Tαβ = Auαuβ +Bηαβ , ìpou uα = 1,~0. Oi suntelestèc A kai B prosdiorÐzontai
mèsw thc apaÐthshc, h t�sh-enèrgeia na aplopoieÐtai sthn (3.15) sto sÔsthma
anafor�c enìc parathrht  se hremÐa wc proc to reustì. Sunep¸c katal goume
sth:

Tαβ = (ρ+ p)uαuβ + ηαβp (3.16)

H t�sh-enèrgeia tou idanikoÔ reustoÔ qrhsimopoieÐtai suqn� gia th montelopoi-
 sh thc Ôlhc se di�forec peript¸seic ìpwc to eswterikì twn �strwn netronÐwn,
stic phgèc barutik c aktinobolÐac, sto aèrio twn galaxi¸n, sthn aktinobolÐa ko-
smikoÔ upob�jrou kai sthn enèrgeia tou kenoÔ. H t�sh-enèrgeia (3.13) apoteleÐ
par�deigma enìc idanikoÔ reustoÔ, ìpou h pÐesh apokt� mhdenik  tim , to opoÐo
sÔmfwna me thn orologÐa thc genik c sqetikìthtac , onom�zetai skình.

3.3.2 Topik  Diat rhsh thc Enèrgeiac-Orm c ston
Kampulwmèno Qwrìqrono

H prohgoÔmenh an�lush sqetik� me th t�sh-enèrgeia ègine sta plaÐsia thc eidik c
sqetikìthtac. 'Omwc o rìloc thc t�shc-enèrgeiac eÐnai na apotelèsei mia phg 
qwroqronik c kampulìthtac sthn exÐswsh Einstein. H profan c genÐkeush thc
(3.16) eÐnai:

Tαβ = (ρ+ p)uαuβ + gαβp (3.17)

Ston epÐpedo qwrìqrono, h enèrgeia kai h orm  thc Ôlhc diathroÔntai. Oi nìmoi
diat thshc mporoÔn na ekfrastoÔn se sun�rthsh me tic sunist¸sec thc t�shc-
enèrgeiac. Epeid  olec oi sunist¸sec tou tetranÔsmatoc thc enèrgeiac-rm c pa-
ramènoun analloÐwtec, oi nìmoi diat rhshc gic thn enèrgeia kai thn orm  paÐrnoun
th morf :

∂Tαβ

∂xβ
= 0 (3.18)
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H exÐswsh aut  den ikanopoièitai plèon sth genikeumènh morf  t�shc-enèrgeiac.
H fusik  genÐkeush thc ìmwc ston kampulwmèno qwrìqrono ik�nopoièitai:

∇βTαβ = 0 (3.19)

ìpou ∇β eÐnai h sunalloÐwth par�gwgoc. H sqèsh aut  qarakthrÐzetai wc topi-
k  diat rhsh thc enèrgeiac-orm c. Wstìso, den apoteleÐ nomo diat rhshc ìpwc
h (3.18). H enèrgeia thc Ôlhc parousÐa dunamik c qwroqronik c kampulìthtac
den diathreÐtai, all� metab�lletai se antÐdrash wc proc aut . To pio qarakth-
ristikì par�deigma eÐnai h aktinobolÐa mikrookumatikoÔ upob�jrou. Kaj¸c to
di�sthma diastèlletai, h puknìthta enèrgeiac kai h jermokrasÐa aktinobolÐac
elatt¸nontai.

3.4 ExÐswsh Einstein

H exÐswsh Einstein pou susqetÐzei th kampulìthta me th puknìthta enèrgeiac
eÐnai mia jemelei¸dhc exÐswsh thc klasik c fusik c. Me b�sh ta parap�nw
èqoume ìti to mètro thc puknìthtac Ôlhc enèrgeiac, dhlad  to Tαβ eÐnai an�logo
me to mètro kampulìthtac. 'Ena tètoio mètro apotelèi h kampulìthta Ricci, Rαβ
kai oi sustolèc tou, R(bajmwt  kampulìthta Ricci). Sunep¸c katal goume
mporeÐ na prokÔyei h sqèsh:

Rαβ + λgαβR = κTαβ (3.20)

gia k�poiec stajerèc κ kai λ pou prèpei na prosdioristoÔn. Efarmìzontac ton
telest  ∇β kai sta dÔo mèlh th exÐswshc (3.20), brÐskoume to sundiasmì twn
Rαβ kai gαβR gia na ikanopoieÐtai h exÐswsh topik c diat rhshc (3.19). Eidi-
kìtera, o sundiasmìc autìc prokÔptei apì thn tautìthta Bianchi:

∇β
(
Rαβ − 1

2
gαβR

)
= 0 (3.21)

'Ara h mình tim  pou mporeÐ na p�rei to λ ¸ste na epalhjeÔetai h sqèth topik c
diat rhshc eÐnai λ = − 1

2 . Autì pou apomènei dhlad  eÐnia na prosdiorÐsoume th
tim  gia to κ. To κ prèpei na eÐnai an�logh thc stajer�c barutik c sÔzeuxhc G.
H akrib c tim , ìpwc ja doÔme parak�tw, kajorÐzetai apì to Neut¸nio ìrio wc
8πG (se mon�dec c = 1). H exÐswsh Einstein paÐrnei th morf :

Rαβ −
1

2
gαβR = 8πGTαβ (3.22)

Se mon�dec c 6= 1 to κ paÐrnei th tim  κ = 8πG/c4.
'Opwc eÐdame to aristerì mèloc thc exÐswshc Einstein isoÔtai me to tanust 
kampulìthtac Eisntein kai h exÐswsh mporeÐ na grafteÐ se pio sumpag  morf 
wc:

Gαβ = 8πGTαβ (3.23)
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3.5 To Neut¸neio 'Orio

H genik  sqetikìthta ofeÐlei na anapar�gei to nìmo antÐstrofou tetrag¸nou
thc Neut¸neiac barÔthtac sto ìrio thc mikr c qwroqronik c kampulìthtac. Sto
Neut¸neio ìrio ta swmatÐdia ja prèpei na kinoÔntai me taqÔthtec arket� mi-
krìterec apì thn taqÔthta tou fwtìc kai to barutikì pedÐo na eÐnai asjenèc kai
statikì. Gia th perÐptwsh statik c metrik c asjenoÔc pedÐou èqoume:

ds2 = −(1 + 2Φ)dt2 + (1− 2Φ)(dx2 + dy2 + dz2) (3.24)

Se èna sÔsthma anfor�c opou h Ôlh kineÐte me taqÔthtec, V , mikrèc sugkritik�
me th taqÔthta tou fwtìc, h kurÐarqh morf  enèrgeiac eÐnai h enèrgeia hremÐac.
Upojètoume ìti h puknìthta enèrgeiac hremÐac, m, eÐnai arket� mikr  ¸ste na
par�gei mia mikr  qwroqronik  kampulìthta gia mikrì Φ. EpÐshc h kinhtik 
enèrgeia (∝ µV 2), kai h dunamik  enèrgeia (∝ µΦ) eÐnai mikrìterec kai amelhtèec.
'Etsi to Tαβ me uα = (1,~0) apoteleÐ mia kal  pr¸th prosèggish thc t�shc-
enèrgeiac thc mh sqetikistik c Ôlhc. H mình mh amelhtèa posìthta tou Tαβ
eÐnai:

T tt = µ (3.25)

'Olec oi upìloipec sunist¸ec tou Tαβ eÐnai to polÔ thc t�xhc tou µV 2.
O tanust c Einstein Gαβ mporeÐ na upologisteÐ gia th Neut¸neia metrik , se
pr¸th prosèggish twn mikr¸n tim¸n tou Φ wc:

Gtt = 2∇2Φ (3.26)

kai oi upìloipec sunist¸sec tou Gαβ eÐnai thc t�xhc tou Φ2.
Antikajist¸ntac aut� sthn exÐswsh (3.20), gia λ = −1/2, èqoume:

2∇2Φ = κµ

⇒ ∇2Φ =
κ

2
µ (3.27)

kai antistoiq¸ntac aut  me thn Neut¸neia exÐswsh pedÐou (3.7), mporoÔme na
exis¸soume to κ = 8πG.
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Kef�laio 4

LÔseic twn Exis¸sewn
PedÐou tou Einstein

Oi exis¸seic tou Einstein eÐnai µh graµµikèc diaforikèc exis¸seic µe µerikèc
parag¸gouc kai oi µajhµatikèc µac gn¸seic den epitrèpoun thn genik  epÐlush
touc. En toÔtoic, an jewr souµe ìti h zhtoÔµenh lÔsh èqei µerikèc suµµetrÐec,
proerqìµenec apì sugkekriµènec fusikèc paradoqèc tìte eÐnai dunat  h exeÔresh
lÔsewn pou µporoÔn na anaparastoÔn to qwrìqrono ektìc kai entìc astrik¸n
antikeiµènwn pou parathroÔµe. Tètoiec paradoqèc eÐnai gia par�deigµa ìti h
phg  tou pedÐou eÐnai sfairik� suµµetrik    axonik� suµµetrik , eÐte ìti o qw-
rìqronoc µakru� apì thn phg  eÐnai epÐpedoc. Sto kef�laio autì ja µelet souµe
µerikèc apì tic plèon shµantikèc lÔseic twn exis¸sewn Einstein, ìmwc h µình
lÔsh pou ja µelethjeÐ leptoµer¸c eÐnai h aploÔsterh sfairik� suµµetrik  kai
statik  lÔsh Schwarzschild.

4.1 LÔsh Schwarchild

4.1.1 Metrik  Schwarchild

H pio profan c efarmog  thc jewrÐac thc barÔthtac eÐnai sto sfairik� sum-
metrikì barutikì pedÐo. Sth Genik  Sqetikìthta h monadik  lÔsh sfairik c
summetrÐac sto kenì eÐnai h metrik  Schwarchild. Se sfairikèc suntetagmènec
{t,r,θ, φ} h metrik  dÐnetai apì:

ds2 = −(1− 2GM

r
)dt2 + (1− 2GM

r
)−1dr2 + r2Ω (4.1)

ìpou
dΩ = dθ + sin2θ + dφ2 (4.2)

AfoÔ endiaferìmaste gia thn lÔsh èxw apì to sfairikì s¸ma, jèloume thn
exÐswsh Einstein sto kenì

Rµν = 0 (4.3)
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'Eqoume upojèsei ìti h phg  mac eÐnai statik  kai sfairik� summetrik , �ra
jèloume kai oi lÔseic na èqoun tic Ðdiec idiìthtec. AfoÔ h phg  eÐnai statik  tìte
èqoume 2 sÔnj kec: oi sunist¸sec thc metrik c eÐnai anex�rthtec tou qrìnou,
kai den up�rqei sÔndesh q¸rou-qrìnou (dtdxi + dxidt).
H lÔsh prèpei na gÐnetai metrik  Minkoswki se k�poio ìrio(r → ∞). 'Ara
xekin�me me th metrik  Minkowski se polikèc suntetagmènec, xµ = (t, r, θ, φ).

ds2Minkowski = −dt2 + dr2 + r2dΩ2 (4.4)

MporoÔme na pollaplasi�soume touc ìrouc thc metrik c me diaforetikoÔc sun-
telestèc arkeÐ na eÐnai sunart seic mìno tou r. Dialèxame morf  ekjetik¸n gia
na mhn all�zei h morf  twn pros mwn.

ds2 = −e2α(r)dt2 + e2β(r) + e2γ(r)r2dΩ2 (4.5)

Gia aplopoi sh se statik , sfairik� summetrik  metrik  mporoÔme na orÐsoume
nèa suntetagmènh r:

r = eγ(r)r (4.6)

kai ètsi èqoume:

dr = eγ(r)dr + eγ(r)rdγ(r) = eγ(r)dr(1 + r
dγ(r)

dr
) (4.7)

opìte h metrik  paÐrnei th morf :

ds2 = e−2α(r)dt2 + (1 + r
dγ(r)

dr
)−2e2β(r)−2γ(r)dr2 + r2dΩ2 (4.8)

Jètontac

r → r

(1 + r
dγ(r)

dr
)e2β(r)−2γ(r) → e2β(r)

H metrik  (4.8) gÐnetai:

ds2 = −e2α(r)dt2 + e2β(r)dr2 + r2dΩ2 (4.9)

PaÐrnontac aut  th metrik  kai qrhsimopoi¸ntac thn exÐswsh Einstein sto kenì
(Rµν = 0) lÔnoume gia tic sunart seic α(r) kai β(r). BrÐskoume ta sÔmbola
Christoffel apì thn:

Γλµν =
1

2
gλσ(∂µgσν + ∂νgσµ − ∂σgµν) (4.10)

ìpou gµν o tanust c:

gµν =


−e2α(r) 0 0 0

0 e2β(r) 0 0
0 0 r2 0
0 0 0 r2sin2θ
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'Etsi ja p�roume ta parak�tw sÔmbola Christoffel:

Γttr = ∂ra Γrtt = e2(α−β)∂ra Γrφφ = −re−2βsin2θ

Γθrθ =
1

r
Γrθθ = −re−2β Γφθφ =

1

r

Γrrr = ∂rβ Γθφφ = −sinθcosθ Γφθφ =
cosθ

sinθ

Apì ta sÔmbola Christoffel brÐskoume ton tanust  Riemann apì th sqèsh:

Rαβγδ =
∂Γαβδ
∂xγ

−
∂Γαβδ
∂xδ

+ ΓαγεΓ
ε
βδ − ΓαδεΓ

ε
βγ (4.11)

Kai ètsi èqoume ta ex c:

Rtrtr = ∂rα∂rβ − ∂2rα− (∂rα)2

Rtθtθ = −re−2β∂rα
Rtφtφ = −re−2βsin2θ∂rα
Rrθrθ = re−eβ∂rβ

Rrφrφ = re−2βsin2θ∂rβ

Rθφθφ = (1− e−2β)sin2θ

Kai o tanust c Ricci:

Rtt = e2(α−β)
(
∂2rα+ (∂rα)2 − ∂rα∂rβ +

2

r
∂rα

)
Rrr = −∂2rα− (∂rα)2 + ∂rα∂rβ +

2

r
∂rβ

Rθθ = e−2β
(
r(∂rβ − ∂rα)− 1

)
+ 1

Rφφ = sin2θRθθ

H bajmwth kampulìthta Ricci ekfr�zetai apì th sqèsh:

R = gµνRµν = e−2β
(
∂2rα+ (∂rα)2 − ∂rα∂rβ +

2

r
(∂rα− ∂rβ) +

1

r2
(1− e2β)

)
(4.12)

O tanust c Ricci jèloume na isoÔte me mhdèn. AfoÔ ta Rtt kai Rrr ja prèpei na
exafanÐzontai anex�rthta to èna apì to �llo èqoume:

0 = e2(β−α)Rtt +Rrr

=
2

r
(∂rα+ ∂rβ) (4.13)
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To opoÐo eÐnai α = −β + c ìpou to c eÐnai stajer�. Jètoume to c Ðso me mhdèn
gia t→ e−ct kai èqoume α = −β.
'Epeita paÐrnoume to Rθθ = 0:

e−2β
(
r(∂rβ − ∂rα)− 1

)
+ 1 = 0

⇒ e2α
(
− r(2∂rα)− 1

)
= −1

⇒ 2re2α∂rα+ e(2α) = 1

⇒ ∂r(re
2α) = 1 (4.14)

LÔnontac th diaforik  paÐrnoume:

e2α = 1− Rs
r

(4.15)

opou Rs eÐnai h aktÐna Schwarchild.
Apì tic α = −β kai (1.15) prokeÐptei ìti h metrik  gÐnetai:

ds2 = −(1− Rs
r

)dt2 + (1− Rs
r

)−1dr2 + r2dΩ2 (4.16)

'Etsi mènei mìno to Rs san bajmìc eleujerÐac. Gia na ermhneÔsoume to Rs
se ìrouc me fusikèc paramètrouc blèpoume ìti sthn (4.1) h sunist¸sa tt thc
metrik c eÐnai:

gtt = −
(

1− 2GM

r

)
(4.17)

opìte an antikatast soume toRs = 2GM katal goume sth metrik  Schwarchild.
Me autì to stoiqei¸dec m koc eÐnai dunatì na perigr�youme di�forec metrÐsimec
posìthtec (ìpwc oi troqièc , enèrgeia , stroform  k.l.p.) swmatÐwn pou kino-
Ôntai gÔrw apì sfairik� barutik� s¸mata. To prìblhma ìmwc pou parousi�zei
autì to stoiqei¸dec m koc eÐnai ìti den perigr�fei swst� thn gewmetrÐa ìtan h
aktinik  apìstash gÐnetai 0 h 2GM . Kai apokaloÔme ìti h metrik  parousi�zei
aprosdioristÐa se aut� ta shmeÐa. 'Omwc h aktÐna 2GM den eÐnai par� mia “yeu-
daÐsjhsh“ kai me ènan metasqhmatismì mporeÐ to stoiqeÐo m kouc na perigr�yei
se tètoiec apost�seic thn gewmetrÐa. Parìla aut� emeÐc jèloume na perigr�you-
me th gewmetrÐa gÔrw apì tètoia barutik� s¸mata makru� apì thn aktÐna 2GM
epomènwc h metrik  aut  eÐnai ikanopoihtik .

4.1.2 Gewdaisiakèc thc LÔshc Schwarchild

Gia na katal�boume th metrik  Schwarchild prèpei na doÔme th sumperifor� thc
gewdaisiak c. Ta mh mhdenik� sÔmbola Christoffel eÐnai:

Γrtt =
GM

r3
(r − 2GM) Γrrr = − GM

r(r − 2GM)
Γttr =

GM

r(r − 2GM)

Γθrθ =
1

r
Γrθθ = −(r − 2GM) Γφrφ =

1

r

Γrφφ = −(r − 2GM)sin2θ Γθφφ = −sinθcosθ Γφθφ =
cosθ

sinθ
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BrÐskoume tic exis¸seic thc gewdaisiak c apì th sqèsh:

d2x

dt2
+ Γλµν

dxµ

dt

dxν

dt
= 0 (4.18)

H gewdaisiak  metatrèpetai stic parak�tw tèsseric exis¸seic:

d2t

dλ2
+

2GM

r(r − 2GM)

dr

dλ

dt

dλ
= 0 (4.19)

d2r

dλ2
+
GM

r3
(r − 2GM)

( dt
dλ

)2 − GM

r(r − 2GM)

( dr
dλ

)2
−(r − 2GM)

(( dθ
dλ

)2
+ sin2dθ

(dφ
dλ

)2)
= 0 (4.20)

d2θ

dλ2
+

2

r

dθ

dλ

dr

dλ
− sinθcosθ

( dθ
dλ

)2
= 0 (4.21)

d2φ

dλ2
+

2

r

dφ

dλ

dr

dλ
+ 2

cosθ

sinθ

dθ

dλ

dφ

dλ
= 0 (4.22)

Autèc oi tèsseric exis¸seic apoteloÔn tic Gewdaisiakèc Exis¸seic thc metrik 
Schwarzchild.AntÐ na epilÔsoume autèc tic exis¸seic pou h duskolÐa eÐnai arket�
meg�lh, mporoÔme na aplopoi soume ta pr�gmata douleÔontac me tic summetrÐec
thc metrik  Schwarzchild. 'Opwc xèroume h metrik  eÐnai sfairik� summetrik ,
gi�utì èqoume tèssera Killling vectors: 3 gia th sfairik  summetrÐa kai 1 gia th
metatrop  tou qrìnou. K�je èna apì aut� odhgeÐ se stajer� gia th kÐnhsh tou
eleÔjerou swmatidÐou. Dhlad :

Kµ
dxµ

dλ
= constant (4.23)

EpÐshc h posìthta thc kÐnhshc thc gewdaisiak c, ε, eÐnai stajer  se ìlh th
diadrom .

ε = −gµν
dxµ

dλ

dxν

dλ
(4.24)

Gia ta swmatÐdia qwrÐc maza to ε isoÔte me mhdèn (ε = 0), en¸ gia ta bari�
swmatÐdia me m�za λ = τ kai ε = −gµνUµUν = 1. AnaptÔsontac aut  th sqèsh
prokeÐptei ìti:

−ε = −
(
1− 2GM

r

)( dt
dλ

)2
+ (1− 2GM

r

)−1( dr
dλ

)2
+ r2

(dφ
dλ

)2
(4.25)

Pollaplasi�zontac ta dÔo mèlh me (1− 2GM
r ):

−E2 +
( dr
dλ

)2
+
(
1− 2GM

r

)(L2

r2
+ ε
)

= 0 (4.26)

ìpou gia �maza swmatÐdia to E kai L eÐnai h enèrgeia kai h stroform , en¸ gia
swmatÐdia me m�za E eÐnai h enèrgeia kai L h stroform  an� mon�da m�zac.

E =
(
1− 2GM

r

) dt
dλ

= Kµ
dxµ

dλ
(4.27)

και L = r2
dφ

dλ
= Rµ

dxµ

dλ
(4.28)

37



H (4.26) mporeÐ na grafeÐ wc h exÐswsh swmatidÐou monadiaÐac m�zac kai enèrgeiac
E pou kineÐtai se mia di�stash:

E =
1

2

(
dr

dλ

)2

+ Veff (r) (4.29)

ìpou

E =
E2

2
(4.30)

Veff (r) =
ε

2
− εGM

r
+
L2

2r2
− GML2

r3
(4.31)

H opoÐa eÐnai mia exÐswsh enìc klassikoÔ swmatÐou me monadiaÐa m�za kai enèr-
geia E pou kineÐtai se èna monodi�stato sunamikì Veff . Me autìn ton trìpo
perigr�foume tic troqièc swmatÐwn gÔrw apì barutik� s¸mata makru� apì thn
aktÐna 2GM pou prokaleÐ kat�rreush thc metrik c.
Genik� h sumperifor� tou swmatidÐou eÐnai na kineÐtai sto dunamikì mèqri na su-
nanthsei to turning point sto shmeÐo V = E kai tìte xekin� na kineÐtai se �llec
kateujÔnseic. Up�rqoun peript¸seic pou to turning point den up�rqei kai ètsi
to swmatÐdio suneqÐzei na kineÐtai sthn Ðdia kateÔjunsh, kai �llec forèc, ìtan
to dunamiko eÐnai stajerì dV

dr = 0 to swmatÐdio kineÐtai se kÔklouc me aktina rc
stajer .

V ′(r) =
εGM

r2
− L2

r3
− 3GML2

r4
γ = 0 (4.32)

Opìte gia th Neut¸nia barÔthta, to γ = 0, gia stajerì dunamikì to swmatÐdio
ja kineÐtai se kÔklo me aktÐna

rc =
L2

εGM
(4.33)

Sth Genik  Sqetikìthta to dunamikì diafèrei apì ìti sth Neut¸nia kat� ton ìro
GML2

r3 , afoÔ t¸ra γ = 1. 'Ara gia bari� swmatÐdia:

rc =
L2 ±

√
L4 − 12G2M2L2

2GM
(4.34)

Gia meg�la L, uparqoun dÔo kuklikèc troqièc, mia stajer  kai mia astaj c.

rc =


L2

GM (unstable)

3GM (stable)

(4.35)

Autèc oi dÔo troqièc apèqoun kat� polÔ h mÐa apì thn �llh. 'Oso mikraÐnei to L
oi dÔo troqièc plhsi�zoun, kai tautÐzontai ìtan mhdenisteÐ h diakrÐnousa. Gia

L =
√

12GM (4.36)
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èqoume
rc = 6GM (4.37)

H aktÐna rc = 6GM eÐnai h mikrìterh aktÐna pou emfanÐzontai stajerèc kukli-
kèc troqièc sth metrik  Schwarchild. Dhlad  oi lÔseic Schwarchild dÐnoun
stajerèc kuklikèc troqièc gia r > 6GM kai astajeÐc gia 3GM < r < 6GM .

4.2 H lÔsh twn Tolman-Oppenheimer-Volkov

H pio genik  èkfrash gia to grammikì stoiqeÐwdec m koc se sfairik  summetrÐa
eÐnai:

ds2 = eν(r)dt2 − eλ(r)dr2 − r2(dθ2 + sin2θdφ2) (4.38)

An h Ôlh de parousi�zei egk�rsiec katapon seic kai kÐnhsh thc m�zac tìte o
tanust c enèrgeiac orm c eÐnai:

Tµν = diag(ρ,−p,−p,−p) (4.39)

ìpou p kai r eÐnai h pÐesh kai h puknìthta enèrgeiac antÐstoiqa. Apì to nìmo
diat rhshc enèrgeiac orm c prokÔptei h parak�tw sqèsh:

Tµνν =
∂p

∂r
+ (p+ ρ)Γµttu

tut = 0 (4.40)

ìpou to Γµtt = − 1
2g
µνgtt,ν = − 1

2e
νν′. Opìte pollaplasi�zontac thn parap�nw

sqèsh me gµλ lamb�noume:
dp

dr
= −p+ ρ

2
ν′ (4.41)

pou eÐnai h sqetikistik  µorf  thc exÐswshc udrostatik c isoropÐac. Sth su-
nèqeia ja qrhsimopoi soume tic exis¸seic Einstein sth morf :

Rµν = −8πG
(
Tµν −

1

2
gµνT

)
(4.42)

gia na broÔme dÔo akìma exis¸seic pou apaitoÔntai gia ton upologÐsmì thc ka-
tanom c thc Ôlhc. Oi ìroi tou dexioÔ mèrouc thc parap�nw exÐswshc dÐnoun:

Ttt −
1

2
gttT =

eν

2
(3p+ ρ) (4.43)

Trr −
1

2
grrT =

eλ

2
(ρ− p) (4.44)

Tθθ −
1

2
gθθT =

r2

2
(ρ− p) (4.45)

Tφφ −
1

2
gφφT =

r2sin2θ

2
(ρ− p) (4.46)
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Gia tic sunist¸sec tou tanust  Riemann èqoume:

tt :
ν′′

2
+
ν′

4
− ν′λ′

4
+
ν′

r
= −4πGeλ(3ρ+ p) (4.47)

rr :
ν′′

2
+
ν′

4
− ν′λ′

4
− λ′

r
= 4πGeλ(ρ− p) (4.48)

θθ : 1− e−λ
(
1 +

r2

2
(ν′ − λ′)

)
= −4πG(ρ− p) (4.49)

Sundi�zontac kat�llhla tic parap�nw kai thn kosmologik  stajer� L Ðsh me to
mhdèn paÐrnoume:

8πp = e−λ
(
ν′

r
+

1

r2

)
− 1

r2
(4.50)

8πρ = e−λ
(
λ′

r
− 1

r2

)
+

1

r2
(4.51)

Autèc oi dÔo exis¸seic mazÐ me thn (4.41) apoteloÔn tic exis¸seic pedÐou tou
Einstein kai mazÐ me thn ρ = ρ(p) kajorÐzoun thn mhqanik  isorropÐa thc kata-
nom c thc Ôlhc kaj¸c kai thn ex�rthsh thc metrik c apì to r.
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Kef�laio 5

Melanèc Opèc kai
Fainìmeno Superradiance

5.1 Melanèc Opèc

Oi Melanèc Opèc   alli¸c MaÔrec TrÔpec apoteloÔn thn kat�lhxh miac aka-
t�sqethc barutik c kat�rreushc. H zw  enìc �strou qarakthrÐzetai apì th
diarkh sÔgkroush metaxÔ dÔo dun�mewn, thc barutik c dÔnamhc sumpÐeshc kai
twn dun�mewn diìgkoshc jermainìmenwn aerÐwn. H gènnhsh enìc �strou xekin�
me th barutik  kat�reush enìc nèfouc astrik¸n aerÐwn apoteloÔmenou kurÐwc
apì udrogìno kai  lio. H jèrmansh, lìgw thc sumpÐeshc, aux�nei th jermokrasÐa
tou sqhmatizìmenou astrikoÔ pur na se tètoio bajmì pou arqÐzoun oi jermopu-
rhnikèc antidr�seic, stic opoÐec gÐnetai kaÔsh udrogìnou gia th paragwg  hlÐou
kai th tautìqronh èklush enèrgeiac. 'Epeita to �stro pern� se mia eustaj  ka-
t�stash kat� thn opoÐa q�nei enèrgeia mèsw aktinoboÐac kai autì antistajmÐzei
thn enèrgeia pou par�getai apì tic jermopurhnikèc antidr�seic. 'Afou exantlhjeÐ
to udrogìno ston astrikì pur na xekin� mia nèa f�sh barutik c sustol c. Lìgw
thc sumpÐeshc prokaleÐtai aÔxhsh thc jermokrasÐac mèqri tou shmeÐou pou ener-
gopoioÔntai oi antidr�seic kaÔshc hlÐou kai h paragwg  barÔterwn stoiqeÐwn.
Aut  h diadikasÐa suneqÐzetai mèqri to soiqeÐo 56Fe epeid  èqei thn uyhlìterh
enèrgeia sÔndeshc an� noukleìnio.

'Otan telik� exantlhjoÔn ta jermopurhnik� kaÔsima enìc �strou up�rqoun
dÔo pijan� endeqìmena. EÐte to �stro na katal xei se isorropÐa, dhlad  na sun-
threÐtai exisorrop¸ntac th dÔnamh thc barÔthtac apì k�poia me jermik  pÐeshc,
eÐte den katal gei se isorropÐa kai odhgeÐtai telik� sth barutik  kat�rreush
kai telik� sto sqhmatismo miac melan c op c. 'Ara eÐnai gig�ntia s¸µata thc
t�xewc twn astèrwn kai perigr�fontai apì shµantik  sugkèntrwsh µ�zac se
µia polÔ µikr  perioq  tou q¸rou (singularity) , ¸ste h dÔnaµh thc barÔthtac
na µhn epitrèpei se otid pote na xefÔgei apì aut n, par� µìno µèsw kbantik c
suµperifor�c.
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Sq ma 5.1: Sto di�gramma dÐnetai h enèrgeia sÔndeshc an� noukleìnio pur na
A wc sun�rthsh tou sunolikoÔ arijmoÔ noukleonÐwn tou.

'Opwc problèpetai apì thn Genik  Sqetikìthta, h parousÐa µeg�lhc µ�zac
paraµorf¸nei ton qwrìqrono kat� tètoio trìpo ¸ste ta µonop�tia pou laµb�no-
ntai apì ta swµatÐdia na strèfontai proc thn µ�za. Efìson oi µaÔrec trÔpec
den µporoÔn na ekpèmyoun kanenìc eÐdouc fwc   �llo stoiqeÐo, h µelèth touc
basÐzetai sthn µelèth thc kÐnhshc swµatidÐwn èxw apì aut n, par� sto apro-
spèlasto eswterikì touc.

5.1.1 Oi Nìmoi twn Melan¸n Op¸n

Oi nìmoi thc Jermodnamik c antistoiqoÔn se èna nìmouc mhqanik c pou upakoÔei
mia melan  op .'Ena sÔsthµa se jerµik  isorropÐa s µainei oti èqei apokata-
stajeÐ se µia stajer  kat�stash, h opoÐa antistoiqÐzetai se µia stajer  µaÔrh
trÔpa.

1. 'Otan èna sÔsthµa brÐsketai se jerµik  isorropÐa h jerµokrasÐa paraµènei
stajer . O an�logoc nìµoc thc µhqanik c µiac µaÔrhc trÔpac eÐnai ìti
µia stajer  µaÔrh trÔpa èqei stajer  epifaneiak  barÔthta ston orÐzonta

2.
dE = TdS − pdV (5.1)

AntistoiqÐzontac tic posìthtec E ↔M , S ↔ AH/4G kai T ↔ k/2π ìpou
M eÐnai h µ�za thc µaur c trÔpac, AH eÐnai h epif�neia tou orÐzonta kai
k = 2πTH orÐzetai wc h epifaneiak  barÔthta thc µaÔrhc trÔpac.'Etsi h
antÐstoiqh sqèsh pou ja ikanopoioÔn oi diakuµ�nseic aut¸n twn posot twn
se µia µaÔrh trÔpa eÐnai:

δM =
k

8π
δA+ ΩHδJ + ΦHδQ (5.2)

3. H entropÐa enìc apoµonwµènou sust µatoc den µei¸netai potè. AntÐstoiqa
gia µia µaÔrh trÔpa isqÔei ìti h epif�neia tou orÐzonta den µei¸netai potè.
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5.2 Fainìmeno Superradiance

EÔloga, µporeÐ na prokÔyei to er¸thµa an h barutik  dÔnaµh den epitrèpei sta
swµatÐdia na diafÔgoun apì aut n tìte pwc µporoÔn na aktinobolhjoÔn sto
�peiro?
∆iadikasÐec enÐsqushc aktinobolÐac èqoun µia µakr�n istorÐa, xekin¸ntac apì tic
aparqèc thc Kbantoµhqanik c,ìtan o Klein èdeixe ìti h exÐswsh Dirac epitrèpei
sta hlektrìnia na µetadÐdontai akìµa kai se klassik� apagoreuµènec perioqèc.
To 1954, o Dicke eis gage thn ènnoia Superradiance, stekìµenoc se µia sul-
log  fainoµènwn kat� ta opoÐa h aktinobolÐa enisqÔetai µet� apì µia allhlouqÐa
ekpoµp¸n. To 1971, o Zel′ dovich èdeixe ìti, k�tw apì sugkekriµènec sunj kec,
h skèdash aktinobolÐac apì peristrefìµenec aporrofhtikèc epif�neiec èqei wc
apotèlesµa kÔµata µe µegalÔtero pl�toc. To fainìµeno autì eÐnai plèon eu-
rèwc gnwstì wc Superradiance kai apaiteÐ µia arqik  aktinobolÐa, jewr¸ntac
thn µonoqrwµatik  µe suqnìthta ω, na ikanopoieÐ thn sqèsh:

ω < mΩ (5.3)

ìpou m eÐnai o aziµoujiakìc arijµìc se sqèsh µe ton �xona peristrof c kai Ω
eÐnai h gwniak  taqÔthta tou s¸µatoc.

5.3 DiadikasÐa Penrose

H diadikasÐa Penrose gia exagwg  enèrgeiac apì mÐa peristrefìmenh melan  op ,
anafèretai ston ex c mhqanismì: An èna swm�tio staleÐ sthn ergìsfaira miac
maÔrhc trÔpac mporoÔme na to diasp�soume se dÔo komm�tia, ètsi ¸ste èna apì
aut� na exèljei me megalÔterh enèrgeia apì to eiserqìmeno swm�tio. To �llo
swm�tio ja fèrei arnhtik  enèrgeia kai ja eisèljei sth melan  op .

Sq ma 5.2: Penrose Process

ApodeiknÔetai epÐshc, ìti up�rqei èna kumatikì an�logo tou mhqanismoÔ tou
Penrose. An èna kÔma staleÐ proc mÐa melan  op , èna mèroc tou ja aporrofhjeÐ
apì aut n, all� to upìloipo ja thn apofÔgei kai ja suneqÐsei na diadÐdetai. Stic
perissìterec peript¸seic to exerqìmeno kÔma ja èqei qamhlìterh èntash apì to
eiserqìmeno. Wstìso, an h suqnìthta kai h qwrik  sumperifor� tou kÔmatoc
epileqjoÔn m� èna sugkekrimèno trìpo kai to kÔma staleÐ proc thn ergìsfaira
miac peristrefìmenhc maÔrhc op c, to mèroc tou kÔmatoc pou ja aporrofhjeÐ apì
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th melan  op  ja èqei arnhtik  enèrgeia. Autì shmaÐnei ìti to exerqìmeno kÔma
ja èqei megalÔterh enèrgeia apì to eiserqìmeno, �ra kai megalÔterh èntash apì
to eiserqìmeno. Autì to fainìmeno (to opoÐo prot�jhke anex�rthta apì touc
Zel′ dovich kai Misner) kaleÐtai superradiance scatter.

5.4 Fainìmeno Superradiance se Melanèc O-

pèc

JewroÔµe èna qwrìqrono statikì kai axonosuµµetrikì. S' aut n thn perÐptwsh,
oi diataraqèc, pou diadÐdontai se µia kajorisµènh µetrik , µporoÔn na ekfra-
stoÔn se ìrouc µiac kuµatosun�rthshc Y. H teleutaÐa ikanopoieÐ µia exÐswsh
Schrodinger:

d2Ψ

dr2∗
+ VeffΨ = 0 (5.4)

To Veff perièqei ìlh thn plhroforÐa gia thn kaµpulìthta tou qwrìqronou kaj¸c
kai gia tic idiìthtec tou pedÐou. To r∗ ∈ (−∞,+∞) kaleÐtai suntetagmènh
�tortoise� kai antistoiqeÐ sth perioq  r ∈ [r+,∞). Enac trìpoc gia na k�nouµe
xek�jaro ìti to kÔµa den µporeÐ na fÔgei sto �peiro upojètouµe asuµptwtik 
epipedìthta kai ìti to dunaµikì eÐnai stajerì sta ìria(phg�di dunaµikoÔ), tìte
prokÔptei h asuµptwtik  suµperifor�.

Ψ =

{
Te−ikHr∗ +OeikHr∗ for r∗ → −∞
Re−ik∞r∗ + Ieik∞r∗ for r∗ → +∞

(5.5)

ìpou r+ eÐnai h aktÐna ston orÐzonta kai k2H = Veff (r → r+), k2∞ = Veff (r →
∞). Autèc oi sunoriakèc sunj kec antistoiqoÔn se èna arqikì kÔµa pl�touc
I, se èn aanakl¸µeno kÔµa pl�touc R kai se èna diadidìµeno pl�touc T ston
orÐzonta. O ìroc O perigr�fei µia upojetik  exerqìµenh ro  kata µ koc thc
epif�neiac r = r+ pou sthn perÐptwsh pou èqouµe orÐzonta µhdenÐzetai. An
jewr souµe ìti to dunaµikì eÐnai pragµatikì, tìte, efìson o qwrìqronoc eÐnai
statikìc, oi exis¸seic twn pedÐwn ja eÐnai analoÐwtec k�tw apo touc µetasqhµatisµoÔc
oÔc t→ −t kai ω → −ω. Tìte up�rqei µia �llh lÔsh Ψ̄ h opoÐa ja ikanopoieÐ tic
suzhg c sunoriakèc sunj kec. Oi lÔseic Ψ kai Ψ̄ eÐnai graµµik¸c anex�rthtec
kai ètsi gia thn k�je µia h Wronskian eÐnai anex�rthth thc r∗. Epoµènwc h
Wronskian upologisµènh ston orÐzonta, W = 2ikH(|T |2 − |O|2), ja prèpei na
eÐnai Ðsh µe aut n sto �peiro W = −2ik∞(|R|2 − |I|2). Exis¸nontac loipìn tic
dÔo Wronskian, èqoume:

|R|2 = |I|2 − kH
k∞

(|T |2 − |O|2) (5.6)

ParathroÔµe ìti ìtan kH/k∞ < 0 tìte to kÔµa enisqÔetai, afoÔ |R|2 > |I|2.
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Kef�laio 6

Stajerìthta Superradiant
sth Melan  Op 
Hordenski

6.1 To Fusikì SÔsthma

H metrik  thc Horndeski black hole m�zac M , me fortÐo Q eÐnai:

ds2 = −F (r)dt2 +
15[4κr2(2− Λr2)−Q2]2

r4
dr2

F (r)
+ r2dΩ2 (6.1)

ìpou

F (r) = 48κ2Λ2r4 − 320κ2Λr2 + 120κ(8κ+ ΛQ2)− M

r
+ 240κ

Q2

r2
− 5

Q4

r4
(6.2)

kai

X =
15[4κr2(2− Λr2)−Q2]2

r4
(6.3)

'Ena fortismèno bajmwtì pedÐo pou perigr�fetai apì thn exÐswshKlein−Gordon
suzeÔgnutai me th Hordenski black hole

[(∇ν − iqAν)(∇ν − iqAν)− µ2]Ψ = 0 (6.4)

ed¸ ta q kai m eÐnai to fortÐo kai h m�za tou pedÐou kai A eÐnai to hlektromagnh-
tikì dunamikì thc m�urhc trÔpac

A0(r) =
√

15(
Q3

3r3
− 8κQ

r
− 4κΛrQ) (6.5)

AnalÔoume to pedÐo wc Ψ = Ψlm(t, r, θ, φ)

Ψlm = eimφS(θ)R(r)e−iωt (6.6)
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ìpou l eÐnai o deÐkthc sfairik c armonik c kaim o deÐkthc azimoujiak c armonik c
(−l < m < l) kai w h suqnìthta. Sth pio p�nw exÐswsh to R eÐnai to aktinikì
mèroc kai S to gwniakì. K�noume tic pr�xeic analutik� sthn K −G:

[(∇ν − iqAν)(∇ν − iqAν)− µ2]Ψ = 0

∇ν∇νΨ− iq∇ν(AνΨ)− iqAν∇νΨ− q2AνAνΨ− µ2Ψ = 0

∂ν∂νΨ− Γµνν ∂µΨ− iq∇ν(Aν)Ψ− iqAν∇Ψ− iqAν∇νΨ− q2AνAνΨ− µ2Ψ = 0

gνµ∂ν∂µΨ− Γµνν ∂µΨ− iq(∂νAν + ΓννσA
σ)Ψ− 2iqgνµAµ∂νΨ− q2gνµAνAµΨ− µ2Ψ = 0

(6.7)

ìpou

gνµ =


−F (r) 0 0 0]

0
X

F (r)
0 0

0 0 r2 0
0 0 0 r2sin2θ

 (6.8)

Ta mh mhdenik� sÔmbola Christoffel eÐnai:

Γttr =
1

2
gtt∂rgtt =

1

2F

dF

dr

Γrrr =
1

2
grr∂rgrr =

F

2X

d(XF )

dr

Γθθr =
1

2
gθθ∂rgθθ = −1

r

Γφφr =
1

2
gφφ∂rgφφ =

1

r

Γφφθ =
1

2
gφφ∂θgφφ =

cosθ

sinθ
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EpÐshc

Γrtt =
1

2
gttg

rr∂rg
tt = − 1

2X

dF

dr

Γrrr =
1

2
grrg

rr∂rg
rr =

1

2

d( FX )

dr

Γrθθ =
1

2
gθθg

rr∂rg
θθ = − F

Xr

Γrφφ =
1

2
gφφg

rr∂rg
φφ = − F

Xr

Γθφφ =
1

2
gφφg

θθ∂θgφφ = − 1

r2
cos θ

sin θ

UpologÐzoume xeqwrist� ton k�je ìro thc (6.7):

•

gνµ∂ν∂µΨ = gtt
∂2Ψ

∂t2
+ grr

∂2Ψ

∂r2
+ gθθ

∂2Ψ

∂θ2
+ gφφ

∂2Ψ

∂φ2

=
ω2Ψ

F
+
F

X

d2R

dr2
Seimφe−iωt +

1

r2
∂2Ψ

∂θ2
+

1

r2 sin2 θ

∂2Ψ

∂φ2

•

−Γµνν ∂µΨ = −
(
Γrtt ∂rΨ + Γrrr ∂rΨ + Γrθθ ∂rΨ + Γrφφ ∂rΨ + Γθφφ ∂φΨ

)
=

1

2X

dF

dr

∂Ψ

∂r
− 1

2

d(F/X)

dr

∂Ψ

∂r
+

2F

rX

∂Ψ

∂r
+

1

r2
cos θ

sin θ

∂Ψ

∂θ

•

∂νA
ν = ∂tA

t = 0

•

ΓννσA
σ = 0

•

−2iqgνµAµ∂νΨ = −2qω
A

F
Ψ

•

−q2gνµAνAµΨ = q2
A2

F
Ψ
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'Etsi h K −G paÐrnei th parak�tw morf :

ω2Ψ

F
+
F

X

d2R

dr2
Seimφe−iωt +

1

r2
∂2Ψ

∂θ2
+

1

r2 sin2 θ

∂2Ψ

∂φ2

+
1

2X

dF

dr

∂Ψ

∂r
− 1

2

d(F/X)

dr

∂Ψ

∂r
+

2F

rX

∂Ψ

∂r
+

1

r2
cos θ

sin θ

∂Ψ

∂θ

−2qω
A

F
Ψ + q2

A2

F
Ψ− µ2Ψ = 0 (6.9)

Oi ìroi
1

r2
∂2Ψ

∂θ2
+

1

r2 sin2 θ

∂2Ψ

∂φ2
+

1

r2
cos θ

sin θ

∂Ψ

∂θ
parist�noun to telest  thc stro-

form c L.

L̂ =
∂2

∂θ2
+

1

sin2 θ

∂2

∂φ2
+

cos θ

sin θ

∂

∂θ
(6.10)

'Otan o telest c thc stroform c dr�sei sthn kummatosun�rthsh Ψ mac dÐnei
idiotimèc −l(l+1). Antikatast¸ntac loipìn sthn (6.9) thn idiotim  thc strofor-
m c kai th kummatosun�rthsh Ψ = eimφSRe−iωt kai apaloÐfontac ta eimφSe−iωt

paÐrnoume:

ω2

F
R+

F

X

d2R

dr2
+

1

2X

dF

dr

dR

dr
− 1

2

d(F/X)

dr

dR

dr
+

2F

rX

dR

dr

−2qω
A

F
R+ q2

A2

F
R− l(l + 1)

r2
R− µ2R = 0

F

X

d2R

dr2
+

(
1

2X

dF

dr
+

1

2

( dF
dr X − F

dX
dr

X2

)
+

2F

rX

)
dR

dr
+

(ω2

F
− 2qω

A

F
+ q2

A2

F
− l(l + 1)

r2
− µ2

)
R = 0 (6.11)

Se autì to shmeÐo mporoÔme na orÐsoume:

∆ =
Fr2√
X

(6.12)

kai
U =

(
ωr2 − qAr2

)2 −∆
(√
Xl(l + 1) + µ2

√
Xr2

)
(6.13)

Opìte h exÐswsh (6.11) paÐrnei th morf :

∆

(
d

dr
∆
dR

dr

)
+ UR = 0 (6.14)

K�nontac allag  metablht c

ψ = ∆
1
2R (6.15)
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h exÐswsh kÐnhshc tou pedÐou paÐrnei th morf :

∆
d

dr

(
∆
d

dr

(
ψ∆−1/2

))
+ Uψ∆−1/2 = 0

∆
d

dr

(
∆1/2 dψ

dr
− 1

2
∆−1/2

d∆

dr
ψ

)
+ Uψ∆−1/2 = 0

∆3/2 d
2ψ

dr2
+

1

4
∆−1/2

(
d∆

dr

)2

ψ − 1

2
∆1/2 d

2∆

dr2
ψ + Uψ∆−1/2 = 0

d2ψ

dr2
+

1

4∆2

((d∆

dr

)2 − 2∆
d2∆

dr2
+ 4U

)
ψ = 0 (6.16)

h exÐswsh (6.16) mporeÐ t¸ra na grafteÐ san exÐswsh Schrondinger

dψ2

dr2
+ V ψ = 0 (6.17)

ìpou

V =
1

4∆2

((d∆

dr

)2 − 2∆
d2∆

dr2
+ 4U

)
(6.18)

6.2 Sunoriakèc Sunj kec

H exÐswsh (6.18) eÐnai like Schrondinger afoÔ to r orÐzetai sth perioq  r ∈
[r+,∞). H suntetagmènh ”tortoise”, r∗, antistoiqÐzei aut  th perioq  se o-
lìklhro ton �xona, r∗ ∈ (−∞,+∞). Jewr¸ntac t¸ra ton metasqhmatismì

dr =
F (r)√
X(r)

dr∗ kai efarmìzontac ton sth (6.14) katal goume sthn exÐswsh

Schrondinger. 'Eqoume loipìn touc metasqhmatismoÔc:

d

dr
=

√
X(r)

F (r)

d

dr∗

d2

dr2
=

(
1

2

dX(r)

dr

1√
X(r)F (r)

− dF (r)

dr

√
X(r)

F 2(r)

)
d

dr∗
+
X(r)

F 2(r)

d2

dr∗2

kai efarmìzontac touc sthn (6.14) katal goume sthn exÐswsh:

d2R(r∗)

dr∗2
+

2F (r)

r
√
X(r)

dR(r∗)

dr∗
+
r2 (ω − qA0(r))

2 − F (r)
(
l(l + 1) + r2µ2

)
r2

R(r∗) = 0

(6.19)
MporoÔme na apalagoÔme apì ton ìro thc pr¸thc parag¸gou tou R(r∗). Autì
gÐnetai genik� gia mia exÐswsh thc morf c x′′(t)+A(t)x′(t)+B(t)x(t) = 0, mèsw
tou metasqhmatismoÔ x(t) = g(t)h(t). BrÐskoume tìte mia kainoÔria exÐswsh
kai h apaÐthsh na exaleÐfetai h pr¸th par�gwgoc odhgeÐ ston prosdiorismì thc
sun�rthshc g(t):

g(t) = e
−

1

2
∫
A(t)dt
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H exÐswsh gia to h(t) ja eÐnai tìte thc morf c:

h′′(t) +

[
B(t)− A′(t)

2
− A2(t)

4

]
h(t)) = 0

Gia thn exÐswsh (6.19) blèpoume eÔkola ìti paÐrnei thn morf :

d2R

dr2∗
+
U

r4
R = 0 (6.20)

EmeÐc endiaferìmaste gia tic lÔseic ekeÐnec pou dÐnoun eiserqìmeno kÔma ston
orÐzonta, r+, kai dèsmia kat�stash sto �peiro. UpologÐzoume tic suqnìthtec:

k2H = Veff (r → r+) = (ω − qA(rH))2 (6.21)

k2∞ = Veff (r →∞) =∞ (6.22)

H lÔsh gia èna eiserqìmeno kÔma ston orÐzonta gegonìtwn eÐnai:

R ∼ exp
{
−i
(
ω − qA(r+)

)
r∗
}
, r → r+ (r∗ → −∞) (6.23)

ìmwc den up�rqei lÔsh gia èna dèsmio ekpempìmeno kÔma sto �peiro.

6.3 L=0

Gia th perÐptwsh pou h kosmologik  stajer� L isoÔte me to mhden èqoume th
metrik :

ds2 = −F (r)dt2 +
3(8κr2 −Q2)2

r4
dr2

F (r)
+ r2dΩ2 (6.24)

me ta F (r) kai X(r) t¸ra na eÐnai:

F (r) = 192κ2 − M

r
+ 48κ

Q2

r2
− Q4

r4
(6.25)

X(r) =
3(8κr2 −Q2)2

r4
(6.26)

To hlektromagnhtikì dunamikì thc maÔrhc trÔpac eÐnai:

A0(r) =
√

15
(Q3

3r3
− 8κ

Q

r

)
(6.27)

kai eÐnai profan c ìti sto �peiro mhdenÐzetai. Akolouj¸ntac th Ðdia diadikasÐa
me ta parap�nw, all� gia ta nèa X, F , kai A, katal goume stic lÔseic gia th
perÐptwsh pou to Λ = 0. UpologÐzoume tic suqnìthtec:

k2H = Veff (r → r+) = lim
r→r+

[(
ωr2 − qr2A(r → r+)

r2

)2

− F

r2
(
l(l + 1) + µ2r2

)]
= (ω − qA(rH))2 (6.28)

k2∞ = Veff (r →∞) = lim
r→∞

[(
ωr2 − qr2A(r →∞)

r2

)2

− F

r2
(
l(l + 1) + µ2r2

)]
= ω2 − 192κ2µ2 (6.29)
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Opìte h lÔsh gia èna eiserqìmeno kÔma ston orÐzonta gegonìtwn eÐnai:

R ∼ exp
{
−i
(
ω − qA(r+)

)
r∗
}
, r → r+ (r∗ → −∞) (6.30)

kai h lÔsh gia èna dèsmio ekpempìmeno kÔma sto �peiro eÐnai:

R ∼ exp

{
− i
√
ω2 − 192κ2µ2r∗

}
, r →∞ (r∗ →∞) (6.31)

Katal goume loipìn sthn exÐswsh:

|R|2 = |I|2 − ω − qA(r+)√
ω2 − 192κ2µ2

(|T |2 − |O|2) (6.32)

Opìte gia na èqoume enÔsqish tou skedazìmenou kÔmatoc prèpei na isqÔei:

ω < qA(r+) (6.33)

'Ara

ω < q

(√
15
( Q3

3r3H
− 8κQ

rH

))
(6.34)

6.3.1 To Dunamikì

An gurÐsouµe t¸ra sto dunaµikì thc exÐswshc kÐnhshc tou pedÐou stic kanonikèc
suntetagµènec èqoume:

V =
1

4∆2

[(d∆

dr

)2 − 2∆
d2∆

dr2
+ 4U

]
=

1

4∆2

(d∆

dr

)2 − 1

2∆

d2∆

dr2
+

U

∆2

=

[
1

2F

dF

dr
+

1

r
− 1

4X

dX

dr

]2
+

1

2F

d2F

dr2
+

2

r

dF

dr
− 1

2FX

dX

dr

dF

dr
+

1

r2

− 2

2Xr

dX

dr
− 1

4X

d2X

dr2
+

3

8X2

(dX
dr

)2
+

XU

F 2r4
(6.35)
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Opìte antikajeist¸ntac tic sunart seic F (r), X(r) kai U(r) kai k�nontac tic
pr�xeic katal goume sto dunamikì:

V =
1

r2
+

6Q4

(Q2r − 8κr3)2
+
−5Q4 + 24κQ2r2

(Q2r − 8κr3)2
+

2(4Q4 − 96κQ2r2 +Mr3)

r6

+
4Q2

Q2r2 − 8κr4
+

10Q4 − 144κQ2r2 +Mr3

r2
(
Q4 − 48κQ2r2 + r3(M − 192κ2r)

)
− 2Q2(4Q4 − 96κQ2r2 +Mr3)

r2(Q2 − 8κr2)
(
Q4 − 48κQ2r2 + r3(M − 192κ2r)

) +

(
1

r
+

Q2

8κr3 −Q2r

−
(
4Q4 − 96κQ2r2 +Mr3

) (
Q4 − 48κQ2r2 + r3(M − 192κ2r)

)
2r9

)2

+
(Q2 − 8κr2)2

3r2
(
Q4 − 48κQ2r2 + r3(M − 192κ2r)

)2(9(Q4 − 48κQ2r2

+ r3(M − 192κ2r))
(
l(l + 1) + r2µ2

)
+ (
√

15qQ(Q2 − 24κr2)− 3r3ω)2
)

(6.36)

6.4 Sumper�smata

Gia na èqoume ast�jeia lìgw superradiance apaiteÐtai:

(a) ta skedazìmena pedÐa na enisqÔontai

(b) h Ôparxh phgadioÔ dunamikoÔ èxw apì th maÔrh trÔpa

'Opwc eÐdame, gia th perÐptwsh pou h kosmologik  stajer� eÐnai �nish tou mh-
denìc den mporoÔme na katal xoume se k�poia sunj kh gia thn Ôparxh tou fai-
nomènou superradiance. Sth perÐptwsh ìmwc pou h kosmologik  stajer� eÐnai
mhdèn, Λ = 0, brÐskoume th sunj kh gia th skèdash superradiance.

ω < q

(√
15
( Q3

3r3H
− 8κQ

rH

))
Br kame to dunamikì gia th deÔterh perÐptwsh kai me thn peraitèrw melèth tou,
mporoÔme na doÔme an up�rqei phg�di èxw apì th melan  op , ¸ste to swµatÐdio
na µporeÐ na pragµatopoi sei allep�llhlec sked�seic kai na sumpairènoume an
h melan  op  eÐnai stajer    ìqi!
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