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ȺɡɢŬɟɘůŰɑŮɠ 

ȼ ˊŬɟɞɨůŬ ȹɘˊɚɤɛŬŰɘəɐ ŮɟɔŬůɑŬ ŮəˊɞɜɐɗɖəŮ ůŰŬ ˊɚŬɑůɘŬ Űɞɡ ɀŮŰŬˊŰɡɢɘŬəɞɨ 

ɄɟɞɔɟɎɛɛŬŰɞɠ Ɇˊɞɡŭɩɜ ÌȺűŬɟɛɞůɛɏɜɖ ɀɖɢŬɜɘəɐÌ, Űɞɡ ŰɞɛɏŬ ɀɖɢŬɜɘəɐɠ, Űɞɡ 

Ⱥɗɜɘəɞɨ ɀŮŰůɧɓɘɞɡ ɄɞɚɡŰŮɢɜŮɑɞɡ (ȺɀɄ), ɡˊɧ Űɖɜ ŮˊɑɓɚŮɣɖ Űɞɡ ȾŬɗɖɔɖŰɐ ə. 

ũɘŬɜɜŬəɧˊɞɡɚɞɡ ȷɜŰɩɜɘɞɡ.  

Ʉɟɘɜ Ŭˊɧ Űɖɜ ˊŬɟɞɡůɑŬůɖ Űɖɠ ȹɘˊɚɤɛŬŰɘəɐɠ ɛɞɡ ŮɟɔŬůɑŬɠ, ŬɘůɗɎɜɞɛŬɘ Űɖɜ 

ɡˊɞɢɟɏɤůɖ ɜŬ ŮɡɢŬɟɘůŰɐůɤ ɞɟɘůɛɏɜɞɡɠ Ŭˊɧ Űɞɡɠ Ŭɜɗɟɩˊɞɡɠ ˊɞɡ ɔɜɩɟɘůŬ, 

ůɡɜŮɟɔɎůŰɖəŬ ɛŬɕɑ Űɞɡɠ əŬɘ ɏˊŬɘɝŬɜ ůɖɛŬɜŰɘəɧ ɟɧɚɞ ůŰɖɜ ˊɟŬɔɛŬŰɞˊɞɑɖůɐ Űɖɠ. 

ɄɟɩŰŬ Ŭˊɧ ɧɚɞɡɠ, ɗŬ ɐɗŮɚŬ ɜŬ ŮɡɢŬɟɘůŰɐůɤ Űɞɜ ŮˊɘɓɚɏˊɞɜŰŬ əŬɗɖɔɖŰɐ Űɖɠ 

ȹɘˊɚɤɛŬŰɘəɐɠ ŮɟɔŬůɑŬɠ, ə. ũɘŬɜɜŬəɧˊɞɡɚɞɡ ȷɜŰɩɜɘɞ ɔɘŬ Űɖɜ ŮɡəŬɘɟɑŬ ˊɞɡ ɛɞɡ 

ɏŭɤůŮ ɜŬ Ŭůɢɞɚɖɗɩ ɛŮ ɏɜŬ Űɧůɞ ŮɜŭɘŬűɏɟɞɜ ŬɜŰɘəŮɑɛŮɜɞ, ˊɞɡ ŬɜŰŬˊɞəɟɑɜŮŰŬɘ ůŰɞ 

ɏˊŬəɟɞ ůŰŬ ŮˊɘůŰɖɛɞɜɘəɎ ɛɞɡ ŮɜŭɘŬűɏɟɞɜŰŬ, ŬɚɚɎ əŬɘ Űɖɜ ŮɛˊɘůŰɞůɨɜɖ, Űɖɜ 

ŬɛɏɟɘůŰɖ ůɡɛˊŬɟɎůŰŬůɖ əŬɘ ŮəŰɑɛɖůɖ əŬɗɧɚɖ Űɖɜ ŭɘɎɟəŮɘŬ Űɖɠ Ůəˊɧɜɖůɖɠ Űɖɠ 

ŮɟɔŬůɑŬɠ. 

Ⱥɜ ůɡɜŮɢŮɑŬ, ɗŬ ɐɗŮɚŬ ɜŬ ŬˊɞɜŮɑɛɤ ɘŭɘŬɑŰŮɟŮɠ ŮɡɢŬɟɘůŰɑŮɠ ůŰɞ ə. ȹɟ. ȸŬɟɘɎ ȷɜŭɟɏŬ 

ˊɞɡ Ůɜ ɛɏůɤ Űɞɡ ȾŬɗɖɔɖŰɐ ɛɞɡ ə. ũɘŬɜɜŬəɧˊɞɡɚɞ ȷɜŰɩɜɘɞ, ɛɞɡ ŮɛˊɘůŰŮɨɗɖəŮ Űɞ 

ŬɜŰɘəŮɑɛŮɜɞ Űɖɠ ˊŬɟɞɨůŬɠ ɛŮɚɏŰɖɠ əŬɘ Űɖɜ Ůˊɑɚɡůɖ Ůɜɧɠ Űɧůɞɡ ůɖɛŬɜŰɘəɞɨ ɗɏɛŬŰɞɠ 

Űɖɠ ȹɖɛɧůɘŬɠ ȺˊɘɢŮɑɟɖůɖɠ ȼɚŮəŰɟɘůɛɞɨ (ȹ.Ⱥ.ȼ.). 

Ⱥˊɑůɖɠ, ŮɡɢŬɟɘůŰɩ ŰŬ ɡˊɧɚɞɘˊŬ ɛɏɚɖ Űɖɠ ɇɟɘɛŮɚɞɨɠ ŮˊɘŰɟɞˊɐɠ, Űɞɡɠ əɡɟɑɞɡɠ 

ɇůɧˊŮɚŬ ɄŬɜŬɔɘɩŰɖ, ȷɜŬˊɚɖɟɤŰɐ əŬɗɖɔɖŰɐ Űɞɡ ŰɞɛɏŬ ɀɖɢŬɜɘəɐɠ əŬɘ Űɞɜ Ȼɐůɖ 

ȷɗŬɜɎůɘɞ, Ⱥˊɑəɞɡɟɞ ȾŬɗɖɔɖŰɐ Űɞɡ ŰɞɛɏŬ ɀɖɢŬɜɘəɐɠ, ɔɘŬ Űɖɜ ŬˊɞŰŮɚŮůɛŬŰɘəɐ 

ůɡɜŮɟɔŬůɑŬ əŬɘ ůɡɛɓɞɚɐ Űɞɡɠ ůŰɖɜ ŰŮɚɘəɐ ɛɞɟűɐ Űɖɠ ŮɟɔŬůɑŬɠ. ɇɘɠ ŮɡɢŬɟɘůŰɑŮɠ ɛɞɡ, 

Ŭəɧɛɖ, ŮəűɟɎɕɤ əŬɘ ůŰɖɜ ɡˊɞɣɐűɘŬ ȹɘŭɎəŰɤɟ Űɞɡ ŰɛɐɛŬŰɞɠ ȺűŬɟɛɞůɛɏɜɤɜ 

ɀŬɗɖɛŬŰɘəɩɜ əŬɘ ūɡůɘəɩɜ ȺˊɘůŰɖɛɩɜ (Ɇ.Ⱥ.ɀ.ū.Ⱥ) ɄŬˊŬɗŬɜŬůɑɞɡ ɆˊɡɟɘŭɞɨɚŬ ˊɞɡ 

ɛŮ ŰŬ ˊɜŮɡɛŬŰɘəɎ Űɖɠ ˊɟɞůɧɜŰŬ əŬɘ Űɞ ɐɗɞɠ Űɖɠ ůɡɜɏɓŬɚŮ ɞɡůɘŬůŰɘəɎ ůŰɖɜ 

ɞɚɞəɚɐɟɤůɖ Űɖɠ ɀŮŰŬˊŰɡɢɘŬəɐɠ ɛɞɡ ŮɟɔŬůɑŬɠ. 

ɇɏɚɞɠ, ɗɏɚɤ ɜŬ ŮɡɢŬɟɘůŰɐůɤ ɗŮɟɛɎ Űɞɡɠ ɔɞɜŮɑɠ ɛɞɡ ȹɖɛɞůɗɏɜɖ əŬɘ Ⱥɚɏɜɖ, əŬɗɩɠ 

əŬɘ Űɞɜ ŬŭŮɟűɧ ɛɞɡ ȹɖɛɐŰɟɖ, ˊɞɡ ɛŮ ɡˊɞɛɞɜɐ əŬɘ əɞɡɟɎɔɘɞ ɛɞɡ ˊɟɞůɏűŮɟŬɜ Űɖɜ 

ŭɘŬɢɟɞɜɘəɐ ɖɗɘəɐ əŬɘ ɡɚɘəɐ ůɡɛˊŬɟɎůŰŬůɖ əŬɘ ůŰɐɟɘɝɖ Űɤɜ Ůˊɘɚɞɔɩɜ ɛɞɡ.  
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ɄŮɟɑɚɖɣɖ 

ȼ ˊŬɟɞɨůŬ ŮɟɔŬůɑŬ ŬűɞɟɎ ɏɜŬ ˊɟŬɔɛŬŰɘəɧ ˊɟɧɓɚɖɛŬ ůɢŮŭɘŬůɛɞɨ, ůŰɖɜ əŬŰŬůəŮɡɐ 

Ůɜɧɠ ŬŰɛɞˊŬɟŬɔɤɔɞɨ. Ʉɘɞ ůɡɔəŮəɟɘɛɏɜŬ ˊɟɧəŮŰŬɘ ɜŬ ůɡɔəɞɚɚɖɗɞɨɜ ɛŮ 

ˊŮɟŮɘűŮɟŮɘŬəɐ ɟŬűɐ, ŭɨɞ Ŭɡɚɞɑ ŬŰɛɞɨ, əŬŰŬůəŮɡŬůɛɏɜɞɘ Ŭˊɧ əɟɎɛŬŰŬ ŭɘŬűɞɟŮŰɘəɞɨ 

ůɡɜŰŮɚŮůŰɐ ɗŮɟɛɘəɐɠ ŭɘŬůŰɞɚɐɠ əŬɘ ŭɘŬűɞɟŮŰɘəɎ ɛɏŰɟŬ ŮɚŬůŰɘəɧŰɖŰŬɠ. ũɑɜŮŰŬɘ, 

ɚɞɘˊɧɜ, ɛɘŬ ˊɟɞůˊɎɗŮɘŬ ŮɨɟŮůɖɠ Űɤɜ ɗŮɟɛɘəɩɜ ŰɎůŮɤɜ ˊɞɡ ŬɜŬˊŰɨůůɞɜŰŬɘ ůŰɘɠ 

ůɤɚɐɜŮɠ, ŬɚɚɎ əŬɘ ɛɘŬ ŮəŰɑɛɖůɖ ŬɜɎˊŰɡɝɖɠ ɟɤɔɛɩɜ.   

ȹɑŭŮŰŬɘ ɛɑŬ ŬɜŬɚɡŰɘəɐ ɚɨůɖ ɔɘŬ Űɖɜ ŬɜɎˊŰɡɝɖ Űɤɜ ŰɎůŮɤɜ, ɓŬůɘɕɧɛŮɜɖ ůŰɖɜ ɗŮɤɟɑŬ 

ɔɘŬ ɚŮˊŰɎ əŮɚɨűɖ (thin shells theory). ȷɟɢɘəɎ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ Ŭɝɞɜɘəɏɠ əŬɘ ɞɘ 

ˊŮɟŮɘűŮɟŮɘŬəɏɠ ŰɎůŮɘɠ ˊɞɡ ŬɜŬˊŰɨůůɞɜŰŬɘ ůŰɘɠ ůɤɚɐɜŮɠ, ůŮ ŰɟɑŬ ŭɘŬűɞɟŮŰɘəɎ Ůɑŭɖ 

ŭɘŬŰɞɛɩɜ. ɇɞ ˊɟɩŰɞ Ůɑŭɞɠ ŮɑɜŬɘ ɞɘ ŬɜɞɘɢŰɏɠ ŭɘŬŰɞɛɏɠ, ɞɘ ɞˊɞɑŮɠ ɛˊɞɟɞɨɜ ɜŬ 

ŭɘŬůŰŬɚɚɞɨɜ ɐ ɜŬ ůɡůŰŬɚɞɨɜ Ůˊɑ Űɖɠ ɞɡůɑŬɠ ŮɚŮɡɗɏɟŬ. ɇɞ ŭŮɨŰŮɟɞ Ůɑŭɞɠ ŭɘŬŰɞɛɐɠ 

ŮɑɜŬɘ ɞɘ ˊŬəŰɤɛɏɜŮɠ ŭɘŬŰɞɛɏɠ, ɞɘ ɞˊɞɑŮɠ ɏɢɞɡɜ ˊŬəŰɤɗŮɑ ůŰɘɠ ɎəɟŮɠ Űɞɡɠ əŬɘ ŭŮɜ 

ɛˊɞɟɞɨɜ ɜŬ əɘɜɖɗɞɨɜ ˊŬɟŬˊɎɜɤ Ŭˊɧ Űɞ Ŭɟɢɘəɧ Űɞɡɠ ɛɐəɞɠ. ɆŰɞ ŰɟɑŰɞ Ůɑŭɞɠ ŭɘŬŰɞɛɐɠ 

ɓɟɑůəɞɜŰŬɘ ɞɘ əɚŮɘůŰɏɠ ŭɘŬŰɞɛɏɠ, ůɨɛűɤɜŬ ɛŮ Űɘɠ ɞˊɞɑŮɠ ɞɘ ůɤɚɐɜŮɠ ŭɏɢɞɜŰŬɘ ɛɘŬ 

ŮűŮɚəɡůŰɘəɐ, Ŭɝɞɜɘəɐ ˊɑŮůɖ ůŰŬ ɎəɟŬ Űɞɡɠ.  ȰˊŮɘŰŬ, ŬɜŬɚɨɞɜŰŬɘ ɔɘŬ Űɘɠ ˊŬɟŬˊɎɜɤ 

ŭɘŬŰɞɛɏɠ ɞɘ ůɡɜɗɐəŮɠ űɧɟŰɘůɖɠ. ɄɟɩŰŬ, ɛŮɚŮŰɎŰŬɘ ɖ ɞɛɞɑɞɛɞɟűɖ ˊɑŮůɖ ˊɞɡ 

ŬɜŬˊŰɨůůŮŰŬɘ ůŰɞ ŮůɤŰŮɟɘəɧ Űɤɜ ůɤɚɐɜɤɜ əŬɘ ɛŮŰɎ ɖ ŭɘŬűɞɟɎ ɗŮɟɛɞəɟŬůɑŬɠ ɏŰůɘ 

ɧˊɤɠ Ŭəɟɘɓɩɠ ŭɑŭŮŰŬɘ ůŰŬ ˊɟŬɔɛŬŰɘəɎ ůŰɞɘɢŮɑŬ. Ⱥˊɘˊɚɏɞɜ, ɔɑɜŮŰŬɘ ɡˊɏɟɗŮůɖ Űɤɜ ŭɨɞ 

ŬɡŰɩɜ Ůɘŭɩɜ űɧɟŰɘůɖɠ, əŬɗɩɠ ɖ ŬɜɎɚɡůɖ ˊɞɡ ˊŬɟɑůŰŬŰŬɘ ŮɑɜŬɘ ŮɚŬůŰɘəɐ. 

ɄɟɞůŭɘɞɟɑɕɞɜŰŬɘ ɞɘ ɛɖɢŬɜɘəɏɠ Űɟɞˊɏɠ ˊɞɡ ŬɜŬˊŰɨůůɞɜŰŬɘ ůŰɞɡɠ ŰɟŮɘɠ ɎɝɞɜŮɠ (x,r,ɗ) 

ůɨɛűɤɜŬ ɛŮ Űɞ ɜɧɛɞ Űɞɡ Hooke, ŬɚɚɎ əŬɘ ɖ ŬəŰɘɜɘəɐəŬɘ ɖ Ŭɝɞɜɘəɐ ɛŮŰŬŰɧˊɘůɖ Űɞɡ 

əŮɚɨűɞɡɠ. Ƀɘ ŬəŰɑɜŮɠ əŬɘ ŰŬ ˊɎɢɖ Űɤɜ ŭɨɞ ůɤɚɐɜɤɜ, ɚɧɔɤ Űɤɜ ŭɘŬűɞɟŮŰɘəɩɜ 

ŮɚŬůŰɘəɞŰɐŰɤɜ, ɏɢɞɡɜ ŭɘŬűɞɟŮŰɘəɏɠ Űɘɛɏɠ. ȼ ůɡɔəɧɚɚɖůɖ, ɧɛɤɠ, ɡˊɞɢɟŮɩɜŮɘ Űɘɠ ŭɨɞ 

ůɤɚɐɜŮɠ ɜŬ ŬˊɞəŰɐůɞɡɜ Űɖɜ ɑŭɘŬ ŬəŰɑɜŬ əŬɘ əɞɘɜɐ ŮűŬˊŰɞɛɏɜɖ. ɇɞ ůɡɛɓɘɓŬůŰɧ Űɤɜ 

ɛŮŰŬŰɞˊɑůŮɤɜ, ɔɘŬ Űɘɠ ŮˊɘűŬɜŮɘŬəɏɠ ˊŬɟŬɛɞɟűɩůŮɘɠ əŬɘ Űɖɜ əɚɑůɖ ŬɡŰɩɜ, ŬɚɚɎ əŬɘ ɖ 

Ůɝɑůɤůɖ ɘůůɞɟɞˊɑŬɠ ŭɑɜɞɡɜ Űɘɠ ŮˊɘɗɡɛɖŰɏɠ Űɘɛɏɠ.   

Ⱥɜ ůɡɜŮɢŮɑŬ, Űɞ ˊɟɧɔɟŬɛɛŬ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ Abaqus, ɛŬɠ ɓɞɖɗɎŮɘ ůŰɖɜ 

ŬɜɎɚɡůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŬɡŰɞɨ əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŰɖɜ ŮɨɟŮůɖ Űɤɜ ŰɎůŮɤɜ. 

ɀŮɚŮŰɎŰŬɘ ɤɠ ŬɝɞɜɞůɡɛɛŮŰɟɘəɧ ˊɟɧɓɚɖɛŬ əŬɘ ůŰŬ ŰɟɑŬ Ůɑŭɖ ŭɘŬŰɞɛɩɜ əŬɘ ůŰŬ ŭɨɞ 

Ůɑŭɖ űɞɟŰɑůŮɤɜ. ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ŮɝɎɔɞɜŰŬɘ ɤɠ ˊɟɞɠ Űɘɠ ŰɎůŮɘɠ ůɡɔəɟɑɜɞɜŰŬɘ ɛŮ 

ŬɡŰɎ Űɖɠ ŬɜŬɚɡŰɘəɐɠ ɚɨůɖɠ. 

ɇɏɚɞɠ, ɛŮɚŮŰɎŰŬɘ ɖ  ɏɜŬɟɝɖ ˊɚŬůŰɘəɞˊɞɑɖůɖɠ əŬɘ ɟɖɔɛɎŰɤůɖɠ. ɇɞˊɘəɐ 

ˊɚŬůŰɘəɞˊɞɑɖůɖ ůɡɛɓŬɑɜŮɘ Ůűɧůɞɜ ɖ Mises ŰɎůɖ ɡˊŮɟɓŮɑ Űɞ ɧɟɘɞ ŭɘŬɟɟɞɐɠ, ůŰɖɜ 

ɡɣɖɚɧŰŮɟɖ ɗŮɟɛɞəɟŬůɑŬ ɚŮɘŰɞɡɟɔɑŬɠ Űɞɡ ŭɞəɘɛɑɞɡ ɐ əŬɘ ůŰɖɜ ɢŬɛɖɚɧŰŮɟɖ. ȼ 

ŮɜŬɚɚŬəŰɘəɐ ɛɞɟűɐ ŬůŰɞɢɑŬɠ ŮɜŭɏɢŮŰŬɘ ɜŬ ŮɛűŬɜɘůŰŮɑ ɚɧɔɤ ɟɖɔɛɎŰɤůɖɠ Űɞɡ ɡɚɘəɞɨ. 

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ŬɡŰɐ, ŮɝŮŰɎɕɞɡɛŮ Űɘɠ ɞɟɗɏɠ ŰɎůŮɘɠ əŬɘ Ůűɧůɞɜ ŬɡŰɏɠ ŮɑɜŬɘ ɘůɢɡɟɎ 

ŮűŮɚəɡůŰɘəɏɠ ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ əɟɑůɘɛŬ ůɖɛŮɑŬ. Ƀɘ ŭɘŬŰɛɖŰɘəɏɠ ŰɎůŮɘɠ ŮɑɜŬɘ 

ůɖɛŬɜŰɘəɏɠ ɔɘŬ Űɘɠ ŭɘŮˊɘűɎɜŮɘŮɠ Űɤɜ ɡɚɘəɩɜ ɔɘŬŰɑ ŰɧŰŮ ŮɑɜŬɘ ˊɘɗŬɜɧ ɜŬ ŬɜŬˊŰɡɢɗŮɑ 

ɟɤɔɛɐ.  ɄɟɞűŬɜɩɠ  ůŮ ˊŮɟɑˊŰɤůɖ ˊɞɡ ŭŮɜ ɡˊɎɟɢɞɡɜ ŬɟɢɘəɎ ɟɤɔɛɏɠ, ɛŮ ŮɝŬɑɟŮůɖ Űɘɠ 

ŭɘŮˊɘűɎɜŮɘŮɠ, ɞ ůɢŮŭɘŬůɛɧɠ ɛŬɠ ŮɜŰɞˊɑɕŮŰŬɘ ůŰɖɜ ŮɨɟŮůɖ əɨəɚɤɜ űɧɟŰɘůɖɠ ˊɞɡ 
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ɞŭɖɔŮɑ ůŮ ŬɜɎˊŰɡɝɖ ɛɘəɟɞɟɤɔɛɩɜ. ɇɞ űŬɘɜɧɛŮɜɞ ŬɡŰɧ ůɡɜɘůŰɎ Űɖɜ əɧˊɤůɖ Űɞɡ 

ɡɚɘəɞɨ (fatigue) əŬɘ ɛɎɚɘůŰŬ Űɞ ˊɟɩɘɛɞ ůŰɎŭɘɧ Űɖɠ. ȷɡŰɧ, ɚɞɘˊɧɜ, ˊɞɡ Ŭˊɧ űɡůɘəɐɠ 

ˊɚŮɡɟɎɠ ŮɟŮɡɜɎŰŬɘ ŮɑɜŬɘ ŮɎɜ ɞɘ Ŭɟɢɘəɏɠ əɟɡůŰŬɚɚɘəɏɠ ŬŰɏɚŮɘŮɠ Űɞɡ ɡɚɘəɞɨ, ˊŬɟɧɚɞ 

ˊɞɡ ŭŮɜ ŭɖɛɘɞɡɟɔɞɨɜ ɛŬəɟɞůəɞˊɘəɎ ˊɚŬůŰɘəɧŰɖŰŬ, ŬɜŬŭɘŬŰɎůůɞɜŰŬɘ, 

ˊɞɚɚŬˊɚŬůɘɎɕɞɜŰŬɘ əŬɘ ŭɖɛɘɞɡɟɔɞɨɜ ˊŮɟɘɞɢɏɠ əɡəɚɘəɐɠ ɞɚɑůɗɖůɖɠ, ůŮ ˊɞɚɨ ɛɘəɟɏɠ 

əɚɑɛŬəŮɠ Ⱥˊɞɛɏɜɤɠ, ɢɟŮɘŬɕɧɛŬůŰŮ űŬɘɜɞɛŮɜɞɚɞɔɘəɞɨɠ ɜɧɛɞɡɠ ˊɞɡ ɜŬ ůɡɜŭɏɞɡɜ Űɘɠ 

ŰɎůŮɘɠ ɛŮ Űɞɜ Ŭɟɘɗɛɧ əɨəɚɤɜ űɧɟŰɘůɖɠ-ŬˊɞűɧɟŰɘůɖɠ.  
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Abstract 

This thesis deals with a real design problem in the construction of a steam generator. 

More specifically, it is to be welded with a regional seam, two steam vessels, made of 

alloys of different coefficient of thermal expansion and different modulus of 

elasticity. There is, therefore, an attempt to find the thermal stresses, developing in the 

pipes, as well as a crack growth estimate. 

An analytical solution for the development of stresses  is given, based on the theory of 

thin shells. Initially, the axial and hoop stresses, occurring in the pipes, are calculated, 

in three different types of cross sections. The first type is open cross sections, which 

can expand or contractile on the free. The second type of cross-section is the fixed  

sections, which have been stamped at their edges and can not move beyond their 

original length. In the third cross section there are the closed sections, according to 

which the pipes receive a tensile axial pressure at their ends. Then, the loading 

conditions are analyzed for the above cross sections. First, the uniform pressure 

developing inside the pipes and then the temperature difference as in the actual data 

be given. In addition, these two types of loading are superimposed, as the analysis is 

presented is elastic. The strains developed in the three axes (x,r,ɗ) according to 

Hooke's law, as well as the radial and axial displacement of the shell, are determined. 

The radius and thicknesses of the two pipes, due to different elasticities, have 

different values. Welding, however, forces the two pipes to acquire the same radius 

and common tangent. The symmetry of the displacements, for the surface distortions 

and their slope, as well as the equilibrium equation give the desired values. 

The Abaqus finite element program then, helps us to analyze this problem and find 

the developing stresses. It is studied as an axisymmetric problem in all three types of 

cross sections in both types of charges. The results obtained in terms of trends are 

compared with those of the analytical solution. 

Finally, the beginning of plasticity and cracking are studied. Local plasticity occurs if 

the Mises value exceeds the yield  stress, at the highest operating temperature or at the 

lowest. The alternative form of failure may occur due to cracking of the material. In 

this case, we are looking the normal stresses and if these are strong tensile, critical 

points are created. Shear stresses are important for the material interfaces because 

then a crack is likely to develop. Obviously, if there are no initial cracks, except for 

the interfaces, our design is located in finding load cycles that lead to microcracking. 

This phenomenon is the fatigue, the early stage. What is physically explored is, 

therefore, that the original crystalline defects of the material, even though they do not 

create macroscopic plasticity, are rearranged, multiplied and create circular glide 

areas, on very small scales. Therefore, we need phenomenological laws linking trends 

to number of charge-discharge cycles.  
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ȾŮűɎɚŬɘɞ 1.  ȺɘůŬɔɤɔɐ əŬɘ ɄŮɟɘɔɟŬűɐ ˊɟɞɓɚɐɛŬŰɞɠ 

 

ũɘŬ Űɖɜ ɓɘɞɛɖɢŬɜɘəɐ əŬŰŬůəŮɡɐ, ɖ ŭɘŬŭɘəŬůɑŬ Űɖɠ ůɡɔəɧɚɚɖůɖɠ əŬɘ Űɖɠ əɞˊɐɠ Űɤɜ 

ɡɚɘəɩɜ ɏɢɞɡɜ ɗŮɛŮɚɘɩŭɖ ůɖɛŬůɑŬ.  

1.1.ȾŬŰŬɜɞɛɏɠ ɗŮɟɛɞəɟŬůɑŬɠ  

 

Ƀɘ ůɡɜɗɐəŮɠ ɖɚŮəŰɟɘəɐɠ ůɡɔəɧɚɚɖůɖɠ ŮˊɖɟŮɎɕɞɡɜ ůɖɛŬɜŰɘəɎ ŮˊŬəɧɚɞɡɗŬ 

űŬɘɜɧɛŮɜŬ, ɧˊɤɠ ɞɘ ˊŬɟŬɛɏɜɞɡůŮɠ ŰɎůŮɘɠ, ɖ ůɡɟɟɑəɜɤůɖ əŬɘ ɞɘ ɛŮŰŬɚɚɞɡɟɔɘəɏɠ əŬɘ 

űɡůɘəɞ-ɢɖɛɘəɏɠ ŬɚɚŬɔɏɠ, ɧˊɤɠ ɖ ŮɛűɎɜɘůɖ ɛŬɟŰŮɜůɑŰɖ əŬŰɎ Űɖɜ ɣɨɝɖ Űɖɠ 

ůɡɔəɧɚɚɖůɖɠ (Rosenthal, 1941). To ɖɚŮəŰɟɘəɧ Űɧɝɞ Űɖɠ ůɡɔəɧɚɚɖůɖɠ ŭɘɞɢŮŰŮɨŮɘ 

ɗŮɟɛɧŰɖŰŬ ˊɎɜɤ ůŰɖ ɟŬűɐ, ɖ ɞˊɞɑŬ ůŰɖɜ ůɡɜɏɢŮɘŬ ɞŭɖɔŮɑ ůŮ ɛŮɔɎɚɖ Űɞˊɘəɐ Ŭɨɝɖůɖ 

Űɖɠ ɗŮɟɛɞəɟŬůɑŬɠ (>1500ÁC), ˊɞɡ ˊɟɞəŬɚŮɑ ŰɞˊɘəɎ Űɐɝɖ Űɤɜ ůɡɜŭŮɧɛŮɜɤɜ 

ɛŮŰŬɚɚɘəɩɜ ŰɛɖɛɎŰɤɜ. ɆŰɖ ůɡɜɏɢŮɘŬ, ɖ ɗŮɟɛɘəɐ ŬɔɤɔɘɛɧŰɖŰŬ ŭɘŬɢɏŮɘ ŬɡŰɐɜ Űɖɜ 

ɡɣɖɚɐ ɗŮɟɛɞəɟŬůɑŬ ůŮ ɛɘŬ ˊŮɟɘɞɢɐ ɔɨɟɤ Ŭˊɧ Űɖɜ ŭɘɏɚŮɡůɖ Űɞɡ Űɧɝɞɡ ůɡɔəɧɚɚɖůɖɠ. 

ɇɞ ɡɚɘəɧ Űɞɡ ɖɚŮəŰɟɞŭɑɞɡ ɚɘɩɜŮɘ əŬɘ əŬŰŬɜŬɚɩɜŮŰŬɘ ɛŮ ŰŬɢɨŰɖŰŬ ůɨɜŰɖɝɖɠ u( ╔ 0.3-

1.0cm/s) ˊɞɡ ŮɑɜŬɘ ŬɜɎɚɞɔɖ Űɖɠ ˊɡəɜɧŰɖŰŬɠ ɟŮɨɛŬŰɞɠ i( ╔ 1000-2500 ȷ/ὧά). H ɞɚɘəɐ 

ˊŬɟŮɢɧɛŮɜɖ ɘůɢɨɠ  ὗ ὠὍ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ ŭɘŬűɞɟɎ ɖɚŮəŰɟɘəɐɠ ŰɎůŮɤɠ V( ╔ 20-

30V), Űɞ ɖɚŮəŰɟɧŭɘɞ ůɡɜɐɗɤɠ ŬˊɞɟɟɞűɎ 14-17% Űɖɠ ˊŬɟŮɢɧɛŮɜɖɠ ɘůɢɨɞɠ əŬɘ ŰŬ 

ůɡɔəɞɚɚɞɨɛŮɜŬ ŰɛɐɛŬŰŬ Űɞ ɡˊɧɚɞɘˊɞ (ὗ πȢψ ὗ Ȣ 

H əŬŰŬɜɞɛɐ Űɖɠ ɗŮɟɛɞəɟŬůɑŬɠ ɚɧɔɤ ŭɟɎůŮɤɜ Űɞɡ ɖɚŮəŰɟɘəɞɨ Űɧɝɞɡ ŮɑɜŬɘ ɕɐŰɖɛŬ, 

ŬɜŰɘəŮɑɛŮɜɞ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ŬɜɎɚɡůɖɠ, ɘŭɘŬɑŰŮɟŬ ůŮ əŬŰŬůŰɎůŮɘɠ ˊŮɟɘűŮɟŮɘŬəɐɠ 

ɟŬűɐɠ, ɛŮŰŬɝɨ ŭɨɞ ůɤɚɐɜɤɜ Ŭˊɧ Ůɘŭɘəɞɨɠ ɢɎɚɡɓŮɠ. ȷɡŰɧ ɡˊɞɗɏŰŮɘ ɛɘŬ ŰɟɘůŭɘɎůŰŬŰɖ 

ŬɜɎɚɡůɖ Űɖɠ Ůɝɑůɤůɖɠ ŭɘɎɢɡůɖɠ ɗŮɟɛɧŰɖŰŬɠ ůŮ əɡɚɘɜŭɟɘəɏɠ ůɡɜŰŮŰŬɔɛɏɜŮɠ, ɩůŰŮ ɜŬ 

ŮɝŮŰŬůŰŮɑ Űɞ əɏɚɡűɞɠ Űɤɜ ůɤɚɐɜɤɜ. ɇɞ ɐɛɘůɡ Űɞɡ ůɤɚɐɜŬ ɗŬ ŮɝŮŰŬůŰŮɑ, ŭɘɧŰɘ ɞɘ 

ůɤɚɐɜŮɠ ɛˊɞɟŮɑ ɜŬ ɏɢɞɡɜ ŭɘŬűɞɟŮŰɘəɐ ɗŮɟɛɘəɐ ŭɘɎɢɡůɖ, ɗŮɟɛɘəɐ ŬɔɤɔɘɛɧŰɖŰŬ K əŬɘ 

Ůɘŭɘəɐ ɗŮɟɛɧŰɖŰŬ C. ɆɡɜŮˊɩɠ ɖ ɗŮɟɛɘəɐ ɘůɢɨɠ Űɞɡ əɎɗŮ ůɤɚɐɜŬ ɗŬ ŮɑɜŬɘ ŬɜɎɚɞɔɖ Űɞɡ 

C Űɞɡ əɎɗŮ ůɤɚɐɜŬ. ɆŮ ɛɘŬ ŬˊɚɞɨůŰŮɟɖ ɛɞɟűɐ ɖ əŬŰŬɜɞɛɐ Űɖɠ ɗŮɟɛɞəɟŬůɑŬɠ ɗŬ 

ɛɞɜŰŮɚɞˊɞɘɖɗŮɑ ůŬɜ ŬɝɞɜɞůɡɛɛŮŰɟɘəɐ, ɤɠ ˊɟɞɠ Űɞɜ ɎɝɞɜŬ Űɤɜ ůɤɚɐɜɤɜ əŬ ɖ 

ŰŬɢɨŰɖŰŬ Űɞɡ Űɧɝɞɡ Űɖɠ ůɡɔəɧɚɚɖůɖɠ ɗŬ ŬɔɜɞɖɗŮɑ. ȺɜŬɚɚŬəŰɘəɎ, ɛŮ Űɖɜ ɓɞɐɗŮɘŬ Űɤɜ 

ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ, ɖ ˊŬɟɞɢɐ ɗŮɟɛɧŰɖŰŬɠ ɗŬ ŮűŬɟɛɞůŰŮɑ ůŮ ɛɑŬ ˊŮɟɘɞɢɐ 

ŭɘŬɛɏŰɟɞɡ ɑůɖɠ ɛŮ Űɖɜ ŭɘɎɛŮŰɟɞ Űɞɡ ɖɚŮəŰɟɞŭɑɞɡ ůŰɖɜ ŮɝɤŰŮɟɘəɐ ŮˊɘűɎɜŮɘŬ Űɤɜ 

ůɤɚɐɜɤɜ. 

ɇɞ ŭŮɨŰŮɟɞ ůɖɛŬɜŰɘəɧ ɕɐŰɖɛŬ ŮɑɜŬɘ ɞ ɟɡɗɛɧɠ ɣɨɝŮɤɠ Űɖɠ ůɡɔəɧɚɚɖůɖɠ. ɀɑŬ ˊɟɩŰɖ 

ˊɟɞůɏɔɔɘůɖ ɗŮɤɟŮɑ ɧŰɘ ɞ ɟɡɗɛɧɠ ɣɨɝŮɤɠ   ŮɑɜŬɘ ŬɜɎɚɞɔɞɠ Űɞɡ ŰŮŰɟŬɔɩɜɞɡ Űɖɠ 

ɗŮɟɛɞəɟŬůɘŬəɐɠ ŭɘŬűɞɟɎɠ  ς“‖ό    Ⱦὗ. ȷɡŰɧɠ ɞ ɟɡɗɛɧɠ ɣɨɝŮɤɠ 

ŬɚɚɎɕŮɘ, ɧɛɤɠ əŬɘ Űɖɜ ˊɚŬůŰɘəɐ ůɡɛˊŮɟɘűɞɟɎ Űɞɡ ɡɚɘəɞɨ ůɡɔəɧɚɚɖůɖɠ, ˊɟɎɔɛŬ ˊɞɡ 

ˊɟɏˊŮɘ ɜŬ ɚɖűɗŮɑ ɡˊɧɣɖ ůŰɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɞɜŰŮɚɞˊɞɑɖůɖ əŬɘ ŮɑɜŬɘ ɛɖ-ɔɟŬɛɛɘəɧ 

űŬɘɜɧɛŮɜɞ. ũŮɜɘəɎ, Ŭɨɝɖůɖ Űɞɡ ɟɡɗɛɞɨ ɣɨɝŮɤɠ ɞŭɖɔŮɑ ůŮ Ŭɨɝɖůɖ Űɖɠ əɘɜɖɛŬŰɘəɐɠ 
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əɟɎŰɡɜůɖɠ
*
 Űɞɡ ɡɚɘəɞɨ, ɧˊɤɠ ŬɡŰɧ ɛˊɞɟŮɑ ɜŬ ŬˊɞŰɡˊɤɗŮɑ əŬɘ Ŭˊɧ ˊŮɘɟɎɛŬŰŬ 

ůəɚɖɟɧŰɖŰŬɠ ( Brinell and Vickers) ˊɞɡ, Ůˊɑůɖɠ, ˊɟɞŰŮɑɜɞɜŰŬɘ ůŰɖɜ ˊŬɟɞɨůŬ 

ˊɟɧŰŬůɖ.  

 

1.2.ɄŬɟŬɛɏɜɞɡůŮɠ ŰɎůŮɘɠ ɚɧɔɤ ůɡɔəɧɚɚɖůɖɠ  

 

ȼ ɛɞɜŰŮɚɞˊɞɑɖůɖ Űɤɜ ˊŬɟŬɛɏɜɞɡůɤɜ ŰɎůŮɤɜ ɚɧɔɤ ůɡɔəɧɚɚɖůɖɠ ˊŬɟɞɡůɘɎɕŮɘ 

ɛŮɔɎɚɖ ŮɡŬɘůɗɖůɑŬ. Ⱦɡɟɑɤɠ, ůŰɘɠ ˊŬɟŬɛɏŰɟɞɡɠ ˊɞɡ ŮˊɘɚɏɔɞɜŰŬɘ ɔɘŬ ɜŬ ˊŮɟɘɔɟɎɣɞɡɜ 

Űɞɡɠ ˊɘɗŬɜɞɨɠ ɛŬɟŰŮɜůɘŰɘəɞɨɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨɠ, əŬŰɎ Űɖɜ ɣɨɝɖ Ůɜɧɠ ɗŮɟɛɘəɞɨ 

əɨəɚɞɡ ůɡɔəɧɚɚɖůɖɠ əŬɘ Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ Űɖɠ əɘɜɖɛŬŰɘəɐɠ ůəɚɐɟɡɜůɖɠ əŬŰɎ Űɖɜ 

ŮɚŬůŰɞˊɚŬůŰɘəɐ ůɡɛˊŮɟɘűɞɟɎ Űɤɜ ůɡɛɛŮŰŮɢɧɜŰɤɜ ɡɚɘəɩɜ ůŮ ɏɜŬ ɛŮɔɎɚɞ Ůɨɟɞɠ 

ɗŮɟɛɞəɟŬůɘɩɜ, (ȷbdel-Tawab and Noor,1999). ɈˊɎɟɢŮɘ ˊɚɐɟɖ ɏɚɚŮɘɣɖ ɐ 

ˊŮɟɘɞɟɘůɛɏɜɖ ɔɜɩůɖ Űɤɜ ˊŬɟŬɛɏŰɟɤɜ ˊɞɡ ˊŮɟɘɔɟɎűɞɡɜ Űɞ ɛŬɟŰŮɜůɘŰɘəɧ 

ɛŮŰŬůɢɖɛŬŰɘůɛɧ ɔɘŬ ŰŬ ɜɏŬ ɡɚɘəɎ ˊɞɡ ˊɟɞŰɑɗŮɜŰŬɘ ɜŬ ɛŮɚŮŰɖɗɞɨɜ. ɆŮ ɛŮɟɘəɏɠ 

ˊŮɟɘˊŰɩůŮɘɠ, ɛˊɞɟɞɨɜ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗɞɨɜ ˊŬɟɎɛŮŰɟɞɘ Ŭˊɧ ůɡɜŬűŮɑɠ ˊŮɟɘˊŰɩůŮɘɠ, 

(Taljatet  al, 1998). Eˊɞɛɏɜɤɠ, ŬɜŬɛɏɜŮŰŬɘ ŬɓŮɓŬɘɧŰɖŰŬ ůŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ɤɠ ˊɟɞɠ 

Űɘɠ ˊŬɟŬɛɏɜɞɡůŮɠ ŰɎůŮɘɠ. ȷɡŰɐ ɖ ŬɓŮɓŬɘɧŰɖŰŬ ɗŬ ŮˊɘɢŮɘɟɖɗŮɑ ɜŬ ɛɘəɟɨɜŮɘ Ŭˊɧ 

ˊŮɘɟŬɛŬŰɘəɏɠ ɛŮŰɟɐůŮɘɠ Űɤɜ ˊŬɟŬɛɏɜɞɡůɤɜ ŰɎůŮɤɜ əŬɘ Ŭˊɧ ɛŮŰɟɐůŮɘɠ Űɤɜ 

ŮɚŬůŰɞˊɚŬůŰɘəɩɜ ɘŭɘɞŰɐŰɤɜ, ˊɞɡ, ɧɛɤɠ, ɛˊɞɟɞɨɜ ɜŬ ɚɎɓɞɡɜ ɢɩɟŬ ɛɧɜɞ ˊɟɘɜ əŬɘ 

ɛŮŰɎ Űɖɜ ŭɘŬŭɘəŬůɑŬ ůɡɔəɧɚɚɖůɖɠ. ɄɟɞűŬɜɩɠ, ŰŬ ˊŮˊŮɟŬůɛɏɜŬ ůŰɞɘɢŮɑŬ ˊɟɏˊŮɘ ɜŬ 

ŮɑɜŬɘ ŰɟɘůŭɘɎůŰŬŰŬ ɐ ŬɝɞɜɞůɡɛɛŮŰɟɘəɎ əŬɘ ɛˊɞɟɞɨɜ ɜŬ ŭɩůɞɡɜ ůɨɜŰɞɛŬ əŬɘ 

ŬˊɞŰŮɚŮůɛŬŰɘəɎ ˊɞɚɚɎ ˊɘɗŬɜɎ ůŮɜɎɟɘŬ. Ⱥɜɩ, ɛˊɞɟɞɨɜ ɜŬ ɓɞɖɗɐůɞɡɜ ůɖɛŬɜŰɘəɎ 

ůŰɖɜ ɓŬɗɨŰŮɟɖ əŬŰŬɜɧɖůɖ Űɤɜ űɡůɘəɩɜ ɛŮŰŬɚɚɞɡɟɔɘəɩɜ űŬɘɜɞɛɏɜɤɜ əŬɘ 

ŰɞɡɚɎɢɘůŰɞɜ ɜŬ əŬɗɞɟɑůɞɡɜ ˊɘɗŬɜɎ Ůɨɟɖ Űɤɜ ůɢŮŰɘəɩɜ ˊŬɟŬɛɏŰɟɤɜ. Ⱥˊɘˊɚɏɞɜ, ɖ 

ˊŬɟŬɛŮŰɟɘəɐ ŬɜɎɚɡůɖ ɛˊɞɟŮɑ ɜŬ ɞŭɖɔɐůŮɘ əŬɘ ůŮ ɓŮɚŰɘůŰɞˊɞɑɖůɖ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ 

Űɖɠ ůɡɔəɧɚɚɖůɖɠ əŬɘ Űɞɡ əɧůŰɞɡɠ Űɖɠ (ŬɜɎɚɞɔŬ ɛŮ Űɖɜ ŰŬɢɨŰɖŰŬ ůɡɔəɧɚɚɖůɖɠ əŬɘ 

Űɘɛɐɠ ɟŮɨɛŬŰɞɠ ŬɜɎ kwh). ɇɟŮɘɠ ɞɛɎŭŮɠ ˊŬɟŬɛɏŰɟɤɜ Űɤɜ ɡɚɘəɩɜ ŬˊŬɘŰɞɨɜŰŬɘ ůŰŬ 

ŮɚɎɢɘůŰŬ ŭŮŭɞɛɏɜŬ ɔɘŬ ɏɜŬ ɛɞɜŰɏɚɞ ůɡɔəɧɚɚɖůɖɠ: 

a) ɄŬɟɎɛŮŰɟɞɘ ɛŮŰŬɚɚɞɡɟɔɘəɩɜ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ: ɗŮɟɛɞəɟŬůɑŮɠ ɏɜŬɟɝɖɠ əŬɘ 

ɚɐɝɖɠ ɤůŰŮɜɞˊɞɑɖůɖɠ, ɗŮɟɛɞəɟŬůɑŮɠ ůŰŮɟŮɎɠ əŬɘ ɟŮɡůŰɐɠ əŬŰɎůŰŬůɖɠ, 

ˊŬɟɎɛŮŰɟɞɠ ůɢɖɛŬŰɘůɛɞɨ ɤůŰŮɜɑŰɖ əŬŰɎ Űɖɜ ɣɨɝɖ ůŰŮɟŮɞˊɞɑɖůɖɠ, ɗŮɟɛɞəɟŬůɑŬ 

ɏɜŬɟɝɖɠ ɛŬɟŰŮɜůɑŰɖ (ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ ŰɎůɖ) əŬɘ əɘɜɖŰɘəɐ ˊŬɟɎɛŮŰɟɞɠ 

ɛŮŰŬɓɞɚɐɠ ɤůŰŮɜɑŰɖ (ůɢɏůɖ Koistenin-Marburger). ȼ ɢɟɐůɖ Űɤɜ ŬɜɤŰɏɟɤ 

ˊŬɟŬɛɏŰɟɤɜ ɞŭɖɔŮɑ ůŰŬ əŬŰôɧɔəɞ ˊɞůɞůŰɎ ɤůŰŮɜɑŰɖ, ɛŬɟŰŮɜůɑŰɖ əŬɘ ɟŮɡůŰɐɠ 

űɎůɖɠ əŬɘ ŮɝŬɟŰɩɜŰŬɘ Ŭˊɧ Űɖ ɗŮɟɛɞəɟŬůɑŬ əŬɘ Űɞɜ ɟɡɗɛɧ ɣɨɝŮɤɠ.  

b) ɄŬɟɎɛŮŰɟɞɘ ɛɞɜŰɏɚɞɡ ɗŮɟɛɘəɐɠ ŭɘɎɢɡůɖɠ: ˊɡəɜɧŰɖŰŬ ɛɎɕŬɠ, Ůɘŭɘəɐ ɗŮɟɛɧŰɖŰŬ 

(ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ ɗŮɟɛɞəɟŬůɑŬ), ɗŮɟɛɘəɐ ŬɔɤɔɘɛɧŰɖŰŬ (ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ 

                                                 
*
 ɄŬɟŬŰɖɟŮɑŰŬɘ ɧŰɘ Ŭɜ ˊɚŬůŰɘəɞˊɞɘɖɗŮɑ ɏɜŬ ůŰŮɟŮɧ, ůŰɖ ůɡɜɏɢŮɘŬ Űɞ ŬˊɞűɞɟŰɑůɞɡɛŮ əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ 

ˊɟɞůˊŬɗɞɨɛŮ ɜŬ Űɞ ɝŬɜŬűɞɟŰɑůɞɡɛŮ, ɏŰůɘ ɩůŰŮ ɜŬ ˊɟɞəɚɖɗŮɑ ˊŮɟŬɘŰɏɟɤ ˊɚŬůŰɘəɐ ɟɞɐ, ɖ ŬɜŰɞɢɐ Űɞɡ 

ůŮ ˊɚŬůŰɘəɐ ɟɞɐ ɗŬ ɏɢŮɘ ŬɡɝɖɗŮɑ, ŭɖɚ. (ɖ ˊɚŬůŰɘəɐ ɟɞɐ ŬɟɢɑɕŮɘ ůŮ ɡɣɖɚɧŰŮɟɖ ŰɎůɖ ůŮ ůɢɏůɖ ɛŮ Űɞɜ 

ˊɟɞɖɔɞɨɛŮɜɞ əɨəɚɞ - ɏŰůɘ ɚɏɛŮ ɧŰɘ ɖ ŬɜŰɞɢɐ ůŰɖɜ ˊɚŬůŰɘəɐ ɟɞɐ ŬɡɝɎɜŮŰŬɘ).ɇɞ űŬɘɜɧɛŮɜɞ ŬɡŰɧ ŮɑɜŬɘ 

ɔɜɤůŰɧ ůŬɜ ůəɚɐɟɡɜůɖ.(ȸɚ.ɄŬɟɎɟŰɖɛŬ ȷ.8) 
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ɗŮɟɛɞəɟŬůɑŬ), ɖ ŮɜɗŬɚˊɑŬ ɟŮɡůŰɞˊɞɑɖůɖɠ /ůŰŮɟŮɞˊɞɑɖůɖɠ əŬɘ ɖ ŮɜɗŬɚˊɑŬ 

ɛŬɟŰŮɜůɘŰɘəɞɨ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ. ȼ ɟɞɐ ɗŮɟɛɧŰɖŰŬɠ ɚɧɔɤ Űɞɡ ɖɚŮəŰɟɘəɞɨ Űɧɝɞɡ 

ůɡɔəɧɚɚɖůɖɠ ŬˊŬɘŰŮɑ Űɖɜ ɖɚŮəŰɟɘəɐ ɘůɢɨ, Űɖɜ ŬəŰɑɜŬ Űɞɡ ɖɚŮəŰɟɘəɞɨ Űɧɝɞɡ 

ˊɟɞůɓɞɚɐɠ, Űɖɜ ŮɜɏɟɔŮɘŬ ˊɞɡ ŬˊɞɟɟɞűɎ Űɞ ɖɚŮəŰɟɧŭɘɞ əŬɘ Űɞɜ ůɡɜŰŮɚŮůŰɐ 

Ŭˊɧŭɞůɖɠ ɚɧɔɤ ŬəŰɘɜɞɓɞɚɘɩɜ ə.ɚˊ. ȼ ɢɟɐůɖ Űɤɜ ŬɜɤŰɏɟɤ ˊŬɟŬɛɏŰɟɤɜ ɞŭɖɔŮɑ 

ůŰɞ ˊŮŭɑɞ ɗŮɟɛɞəɟŬůɘɩɜ ˊɞɡ ŬɜŬˊŰɨůůɞɜŰŬɘ ůŰɖɜ ůɡɔəɧɚɚɖůɖ əŬɘ ůŰɘɠ 

ůɡɔəɞɚɚɞɨɛŮɜŮɠ ůɤɚɖɜɩůŮɘɠ. ŪŮɟɛɘəɏɠ ŬˊɩɚŮɘŮɠ ůŰɘɠ ɎɚɚŮɠ ŮˊɘűɎɜŮɘŮɠ, ɚɧɔɤ 

ŬəŰɘɜɞɓɞɚɑŬɠ, ɛˊɞɟɞɨɜ ɜŬ ɛɞɜŰŮɚɞˊɞɘɖɗɞɨɜ ɛŮ Űɖɜ ůŰŬɗŮɟɎ Stefan-Boltman 

(ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ ɗŮɟɛɞəɟŬůɑŬ) əŬɘ Űɖɜ ůŰŬɗŮɟɎ ɛŮŰŬűɞɟɎɠ ɗŮɟɛɧŰɖŰŬɠ ůŰɞɜ 

ŬɏɟŬ, (ɇekriwal and Mazumber, 1988).  

c) ɄŬɟɎɛŮŰɟɞɘ ˊɞɡ Ŭűɞɟɞɨɜ Űɖɜ ɗŮɟɛɞ-ŮɚŬůŰɞ-ˊɚŬůŰɘəɐ ůɡɛˊŮɟɘűɞɟɎ: ɛɏŰɟɞ 

ŮɚŬůŰɘəɧŰɖŰŬɠ, ůɡɜŰŮɚŮůŰɐɠ Poisson, ůɡɜŰŮɚŮůŰɐɠ ɗŮɟɛɘəɐɠ ŭɘŬůŰɞɚɐɠ, 

əɘɜɖɛŬŰɘəɐ ůɡɜɎɟŰɖůɖ əɟɎŰɡɜůɖɠ, ɧɟɘɞ ŭɘŬɟɟɞɐɠ, ɖ ɛɏɔɘůŰɖ ɛŮŰŬɓɞɚɐ ɧɔəɞɡ 

ɤůŰŮɜɑŰɖ əŬɘ ɛŬɟŰŮɜůɑŰɖ, ɖ ˊŬɟɎɛŮŰɟɞɠ ŭɘɎŰɛɖůɖɠ ɛŬɟŰŮɜůɑŰɖ (ɧɚŬ ŮɑɜŬɘ 

ůɡɜŬɟŰɐůŮɘɠ Űɖɠ ɗŮɟɛɞəɟŬůɑŬɠ əŬɘ Űɤɜ ˊɞůɞůŰɩɜ ɛŬɟŰŮɜůɑŰɖ, ɤůŰŮɜɑŰɖ əŬɘ 

ɟŮɡůŰɞɨ). ȼ ŬɜɎɚɡůɖ ŬɟəŮɑ ůŰɞ ɛɖ ůɡɕŮɡɔɛɏɜɞ ɗŮɟɛɘəɧ əŬɘ ŮɚŬůŰɞˊɚŬůŰɘəɧ 

ɛɏɟɞɠ əŬɘ űŬɘɜɧɛŮɜŬ ɓɘůəɞˊɚŬůŰɘəɎ ɛˊɞɟɞɨɜ ɜŬ Ŭɔɜɞɖɗɞɨɜ əŬŰôŬɟɢɐɜ. ȼ ɢɟɐůɖ 

Űɤɜ ŬɜɤŰɏɟɤ ˊŬɟŬɛɏŰɟɤɜ ɞŭɖɔŮɑ  ůŰɘɠ ˊŬɟŬɛɏɜɞɡůŮɠ ŰɎůŮɘɠ əŬɘ ůŰɖɜ 

ůɡůůɩɟŮɡůɖ ˊɚŬůŰɘəɩɜ Űɟɞˊɩɜ ůŰɖɜ ˊŮɟɘɞɢɐ Űɖɠ ůɨɜŰɖɝɖɠ əŬɘ ůŰɖɜ ŮɡɟɨŰŮɟɖ 

ɗŮɟɛɘəɎ ŮˊɖɟŮŬɕɧɛŮɜɖ ˊŮɟɘɞɢɐ Űɖɠ ůɡɔəɧɚɚɖůɖɠ. ɇŬ ɛŮɔɏɗɖ ŬɡŰɎ ɗŬ 

ɢɟɖůɘɛɞˊɞɘɖɗɞɨɜ ůŰɖɜ ůɡɜɏɢŮɘŬ ɔɘŬ Űɖɜ ɛɞɜŰŮɚɞˊɞɑɖůɖ ůŮɜŬɟɑɤɜ ɟɖɔɛɎŰɤůɖɠ 

əŬɘ əɧˊɤůɖɠ. 

 

ȼ ŬɜɤŰɏɟɤ ɛɞɜŰŮɚɞˊɞɑɖůɖ ɗŬ ɔɑɜŮɘ ůŰɖɜ ˊɚŬŰűɧɟɛŬ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ 

Abaqus. ɀɘŬ ˊɘɞ ɚŮˊŰɞɛŮɟɐɠ ŭɘɎůˊŬůɖ Űɞɡ ɤůŰŮɜɑŰɖ ůŮ űŮɟɟɑŰɖ, ˊŮɟɕɑŰɖ əŬɘ ɛˊŮɜɑŰɖ 

əŬŰɎ Űɖɜ ɣɨɝɖ ɗŬ ŮɝŬɟŰɖɗŮɑ Ŭˊɧ Ŭɜ ɡˊɎɟɢɞɡɜ ŭɘŬɗɏůɘɛŬ ŭɘŬɔɟɎɛɛŬŰŬ ɇɇɇ(ɇime-

Temperature-Transformation) əŬɘ CCT (Continious-Cooling-Transformation), (Wang 

and Inoye,1985). ȼ ůŰŬŭɘŬəɐ ŮɛűɎɜɘůɖ Űɞɡ ɡɚɘəɞɨ əŬŰɎ Űɖɜ ůɨɜŰɖɝɖ ɛŮ Űɞ 

ɖɚŮəŰɟɧŭɘɞ ɗŬ ˊɟɏˊŮɘ ɜŬ ŬɜŰɘɛŮŰɤˊɘůŰŮɑ ŬɟɘɗɛɖŰɘəɎ (ˊŮˊŮɟŬůɛɏɜŬ ůŰɞɘɢŮɑŬ), ŬɚɚɎ 

əŬɘ ɗŮɤɟɖŰɘəɎ ŭɘɧŰɘ ɞɡůɘŬůŰɘəɎ ŭŮɜ ɘůɢɨŮɘ ɖ ŭɘŬŰɐɟɖůɖ Űɖɠ ɛɎɕŬɠ, ˊɟɎɔɛŬ ˊɞɡ 

űɏɟɜŮɘ ŬɟəŮŰɏɠ ŬɚɚŬɔɏɠ ůŰɖɜ ɀɖɢŬɜɘəɞɨ ɆɡɜŮɢɞɨɠ ɀɏůɞɡ, ŮɘŭɘəɎ ŮɎɜ ɖ ůɡɔəɧɚɚɖůɖ 

ɔɑɜŮŰŬɘ ůŮ ˊɞɚɚŬˊɚɏɠ ůŰɟɩůŮɘɠ. ɇɏɚɞɠ, ɗŬ ˊɟɏˊŮɘ ɜŬ ůɖɛŮɘɤɗŮɑ ɧŰɘ ˊɞɚɨ ɛŮɔɎɚŮɠ 

ɢɤɟɘəɏɠ ɛŮŰŬɓɞɚɏɠ ŰɎůŮɤɜ ůŮ Űɞˊɘəɧ ŮˊɑˊŮŭɞ, ŬɜŬˊɧűŮɡəŰŬ ɞŭɖɔɞɨɜ ůŮ ŭɘŮɟŮɨɜɖůɖ 

ɛŮ ɗŮɤɟɑŮɠ əɚɑɛŬəŬɠ, ɧˊɞɡ Űɞ ɛɏɔŮɗɞɠ Űɞɡ ɤůŰŮɜɘəɞɨ əɧəəɞɡ ˊŬɑɕŮɘ ůɖɛŬɜŰɘəɧ ɟɧɚɞ, 

(Lebland and Devaus, 1984). 

 

1.3.H ůəɚɖɟɞɛɏŰɟɖůɖ ůŬɜ ɛɏɗɞŭɞɠ ŭɘŮɟŮɨɜɖůɖɠ ůɡɔəɞɚɚɐůŮɤɜ 

 

ȼ ˊŮɟɘɞɢɐ Űɖɠ ůɡɔəɧɚɚɖůɖɠ ɢŬɟŬəŰɖɟɑɕŮŰŬɘ Ŭˊɧ Űɖɜ ɕɩɜɖ ůɨɜŰɖɝɖɠ əŬɘ Ŭˊɧ Űɖɜ 

ŮɡɟɨŰŮɟɖ ɗŮɟɛɘəɐ ŮˊɖɟŮŬɕɧɛŮɜɖ ɕɩɜɖ. ɆŰɘɠ ˊŮɟɘɞɢɏɠ ŬɡŰɏɠ ɞɘ ŮɚŬůŰɞˊɚŬůŰɘəɏɠ əŬɘ 

əɡɟɑɤɠ ɞɘ ˊɚŬůŰɘəɏɠ ɘŭɘɧŰɖŰŮɠ Űɞɡ ɡɚɘəɞɨ ŭŮɜ ŮɑɜŬɘ ɔɜɤůŰɏɠ. ȼ ˊɟɞŰŮɘɜɧɛŮɜɖ 

ɛŮɗɞŭɞɚɞɔɑŬ ŮɑɜŬɘ ɖ ůəɚɖɟɞɛɏŰɟɖůɖ əŬŰɎ Vickers (ȸɚ.ɄŬɟɎɟŰɖɛŬ ȷ.9.), ɖ ɞˊɞɑŬ 

ɛˊɞɟŮɑ ɜŬ ŭɩůŮɘ ůɢŮŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ. ȳɛɤɠ, ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ŬɡŰɎ ŮɛˊŮɟɘɏɢɞɡɜ 

əŬɘ Űɖɜ ŮˊɑŭɟŬůɖ Űɤɜ ˊŬɟŬɛŮɜɞɡůɩɜ ŰɎůŮɤɜ ˊɞɡ ˊɟɏˊŮɘ ɜŬ Ŭˊɞɛɞɜɤɗɞɨɜ 

(Giannakopoulos and  Giannakopoulos et al). ȼ ůəɚɖɟɞɛɏŰɟɖůɖ əŬŰɎ Vickers 
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ŮˊɖɟŮɎɕŮɘ ɛɘəɟɐ ŮˊɘűŬɜŮɘŬəɐ ˊŮɟɘɞɢɐ əŬɘ ɛˊɞɟŮɑ ɜŬ ŮəŰŮɚŮůŰŮɑ ůŮ ɛŮɔɎɚɖ ˊŮɟɘɞɢɐ 

ˊŮɟɘɛŮŰɟɘəɎ Űɖɠ ůɡɔəɧɚɚɖůɖɠ ɢɤɟɑɠ əŬɘ ɛŮŰɎ Ŭˊɧ Űɞɛɏɠ. ũŮɜɘəɎ, Ŭɨɝɖůɖ Űɖɠ 

ůəɚɖɟɧŰɖŰŬɠ  ůɖɛŬɑɜŮɘ ůɖɛŬɜŰɘəɐ ˊɞůɧŰɖŰŬ ɛŬɟŰŮɜůɑŰɖ.  

ȰɜŬ ˊɟɧɔɟŬɛɛŬ ůəɚɖɟɞɛɏŰɟɖůɖɠ ɗŬ ŭɩůŮɘ ůɖɛŬɜŰɘəɏɠ ˊɚɖɟɞűɞɟɑŮɠ ɤɠ ˊɟɞɠ Űɘɠ 

ˊɚŬůŰɘəɏɠ ɘŭɘɧŰɖŰŮɠ Űɞɡ ɡɚɘəɞɨ Űɤɜ ůɡɔəɞɚɚɐůŮɤɜ. ŪŮɤɟɖŰɘəɧ ŮɜŭɘŬűɏɟɞɜ 

ˊŬɟɞɡůɘɎɕŮɘ ɖ ůəɚɖɟɞɛɏŰɟɖůɖ əɞɜŰɎ ůŰɞ ůɨɜɞɟɞ ɛŮŰŬɝɨ Űɞɡ ɡɚɘəɞɨ ůɡɔəɧɚɚɖůɖɠ 

əŬɘ Űɞɡ ɓŬůɘəɞɨ ɛŮŰɎɚɚɞɡ. Ʉɟɞɠ Űɖɜ əŬŰŮɨɗɡɜůɖ ŬɡŰɐ ɗŬ ɔɑɜŮɘ ɗŮɤɟɖŰɘəɐ ŬɜɎɚɡůɖ 

əŬɘ ɡˊɞɚɞɔɘůɛɧɠ ɛŮ ˊŮˊŮɟŬůɛɏɜŬ ůŰɞɘɢŮɑŬ.  

ɄɟɞűŬɜɩɠ ɖ ůəɚɖɟɞɛɏŰɟɖůɖ ɗŬ ˊɟɏˊŮɘ ɜŬ ůɡɜŭɡŬůŰŮɑ əŬɘ ɛŮ ɎɚɚŮɠ ˊŮɘɟŬɛŬŰɘəɏɠ 

ɛŮɗɧŭɞɡɠ, ɧˊɤɠ ɖ ůəɏŭŬůɖ ɜŮŰɟɞɜɑɤɜ ˊɞɡ ɛŮŰɟɎ Űɘɠ ŬɚɚŬɔɏɠ ůŰɞ əɟɡůŰŬɚɚɘəɧ 

ˊɚɏɔɛŬ, (WiKander et al, 1994).  

ɇɏɚɞɠ, ɗŬ ˊɟɏˊŮɘ ɜŬ ŮɝŮŰŬůŰŮɑ əŬŰɎ ˊɧůɞ ŬɝɞɜɞůɡɛɛŮŰɟɘəɏɠ ŮɑɜŬɘ ɞɘ ˊŬɟŬɛɏɜɞɡůŮɠ 

ŰɎůŮɘɠ. ȷəɧɛɖ ɢŮɘɟɧŰŮɟɞ, Ŭɜ ŬɜŬˊŰɨůůŮŰŬɘ ɔɤɜɑŬ ɛŮŰŬɝɨ Űɤɜ Ŭɝɧɜɤɜ Űɤɜ 

ůɡɔəɞɚɚɞɨɛŮɜɤɜ ůɤɚɐɜɤɜ, ( Ravichandran et al, 1997). ɆŰɖɜ ŰŮɚŮɡŰŬɑŬ ˊŮɟɑˊŰɤůɖ 

ɗŬ ŬˊŬɘŰɖɗŮɑ ˊɚɐɟɖɠ ŰɟɘůŭɘɎůŰŬŰɖ ŬɜɎɚɡůɖ. 

 

1.4.ɆɨɜŭŮůɖ ɛɘəɟɞŭɞɛɐɠ ɛŮ Űɖɜ ŬɜɎˊŰɡɝɖ ŰɎůŮɤɜ 

 

ȼ ɗŮɟɛɞəɟŬůɑŬ ɏɜŬɟɝɖɠ ůɢɖɛŬŰɘůɛɞɨ ɛŬɟŰŮɜůɑŰɖ ɀs əŬŰɎ Űɖɜ ɣɨɝɖ əɟŬɛɎŰɤɜ 

ɢɎɚɡɓŬ ŬɡɝɎɜŮɘ ɛŮ ŮűŮɚəɡůŰɘəɏɠ ŰɎůŮɘɠ, əɎŰɤ Ŭˊɧ Űɞ ɧɟɘɞ ŭɘŬɟɟɞɐɠ. ɀɑŬ ůɢɏůɖ 

Clausius-Clapeyron  ɛˊɞɟŮɑ ɜŬ ɔɟŬűŮɑ ɔɘŬ Űɖ ůɢɏůɖ Ms əŬɘ ɡŭɟɞůŰŬŰɘəɐɠ ˊɑŮůɖɠ 

(ɗɚɘˊŰɘəɐ ˊɑŮůɖ ɞŭɖɔŮɑ ůŮ ɛŮɑɤůɖ Űɞɡ Ms) , (Denis et al,1985). ȼ ŮűŮɚəɡůŰɘəɐ ŰɎůɖ 

ŬɡɝɎɜŮɘ ůɢŮŭɧɜ ɔɟŬɛɛɘəɎ Űɖɜ ɛɏɔɘůŰɖ ˊɚŬůŰɘəɐ ˊŬɟŬɛɧɟűɤůɖ ɛŬɟŰŮɜůɘŰɘəɞɨ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ (ɛɞɜŰɏɚɞ Greenwood and Johnson). 

 

ŪŬ ɛɞɜŰŮɚɞˊɞɘɖɗŮɑ ɖ ůɨɕŮɡɝɖ ɛŮŰŬɝɨ ɛŮŰŬɓɞɚɩɜ ɛɘəɟɞŭɞɛɐɠ, ɗŮɟɛɞəɟŬůɘŬəɩɜ 

ˊŮŭɑɤɜ əŬɘ ŰŬůɘəɩɜ ˊŮŭɑɤɜ ɧˊɤɠ ŭŮɑɢɜɞɡɜ ůɖɛŬɜŰɘəɎ ɞɘ Bºrjesson  and Lindgren, 

2001:  

 

 

 

 

 

ȼ ŮˊɑŭɟŬůɖ Űɞɡ ŰŬůɘəɞɨ ˊŮŭɑɞɡ ůŰɞ ɗŮɟɛɞəɟŬůɘŬəɧ ˊŮŭɑɞ ŬɔɜɞŮɑŰŬɘ ɚɧɔɤ Űɤɜ 

ɛɘəɟɩɜ ŰŬɢɡŰɐŰɤɜ ˊɞɡ ɚŬɛɓɎɜɞɡɜ ɢɩɟŬ ŰŬ űŬɘɜɧɛŮɜŬ. ũɘŬ Űɞɜ ɑŭɘɞ ɚɧɔɞ ŬɔɜɞɞɨɜŰŬɘ 

əŬɘ ɧɚŮɠ ɞɘ ŬŭɟŬɜŮɘŬəɏɠ ŭɡɜɎɛŮɘɠ (ŮˊɘŰɎɢɡɜůɖ, ɓŬɟɨŰɖŰŬ ə.ɚˊ.). 

ɀŮŰŬɓɞɚɐ ɀɘəɟɞŭɞɛɐɠ  

ɐ 

ɛɘəɟɞŭɞɛɐɠ ŪŮɟɛɞəɟŬůɘŬəɧ ˊŮŭɑɞ ɇŬůɘəɧ ˊŮŭɑɞ 
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ȼ ŬɜɎɚɡůɖ ɝŮəɘɜɎ ɛŮ ŭɘŬŭɞɢɘəɎ ɓɐɛŬŰŬ (ŭɘɧŰɘ ɧɚŮɠ ɞɘ ˊŬɟɎɛŮŰɟɞɘ ŮɝŬɟŰɩɜŰŬɘ Ŭˊɧ 

Űɖɜ ɗŮɟɛɞəɟŬůɑŬ), ɚɨɜɞɜŰŬɠ ˊɟɩŰŬ Űɞ ɗŮɟɛɞəɟŬůɘŬəɧ ˊŮŭɑɞ. ȽůɞŰɟɞˊɑŬ əŬɘ ɛɘəɟɏɠ 

ˊŬɟŬɛɞɟűɩůŮɘɠ ɡˊɞŰɑɗŮɜŰŬɘ.  ɇɞ ɗŮɟɛɞəɟŬůɘŬəɧ ˊŮŭɑɞ ŮˊɖɟŮɎɕŮɘ ɎɛŮůŬ Űɞ ŰŬůɘəɧ 

ˊŮŭɑɞ, ɚɧɔɤ Űɤɜ ˊŬɟŬɛɞɟűɩůŮɤɜ 1.ɗŮɟɛɘəɐɠ ŭɘŬůŰɞɚɐɠ. Ⱥˊɑůɖɠ, Űɞ ɗŮɟɛɞəɟŬůɘŬəɧ 

ˊŮŭɑɞ, ŮˊɖɟŮɎɕŮɘ ɎɛŮůŬ əŬɘ Űɖɜ ɛɘəɟɞŭɞɛɐ ɛɏůɤ Űɖɠ ɗŮɟɛɞəɟŬůɘŬəɐɠ ɘůŰɞɟɑŬɠ 

(2.ɗɏɟɛŬɜůɖ əŬɘ ɣɨɝɖ). ȷɡŰɧ ɞŭɖɔŮɑ ůŮ ɛɘəɟɞŭɞɛɐ ɛŮ ˊɞɚɚɏɠ űɎůŮɘɠ  ˊɞɡ 

ŮˊɖɟŮɎɕɞɡɜ Űɘɠ ůɡɜɞɚɘəɏɠ ɛɖɢŬɜɘəɏɠ ɘŭɘɧŰɖŰŮɠ əŬɘ ɘŭɘŬɑŰŮɟŬ Űɞ ɛɏŰɟɞ ŮɚŬůŰɘəɧŰɖŰŬɠ, 

Űɞ ɧɟɘɞ ŭɘŬɟɟɞɐɠ əŬɘ Űɖɜ əɟɎŰɡɜůɖ, ŮɘůɎɔŮɘ ŭŮ əŬɘ ˊɚŬůŰɘəɏɠ ˊŬɟŬɛɞɟűɩůŮɘɠ ɚɧɔɤ 

ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ ůŰŮɟŮɩɜ űɎůŮɤɜ. ȰŰůɘ, Űɞ ŰŬůɘəɧ ˊŮŭɑɞ ŬɜŰɘɚŬɛɓɎɜŮŰŬɘ Űɘɠ 

3.ɛŮŰŬɓɞɚɏɠ Űɖɠ ɛɘəɟɞŭɞɛɐɠ. ȼ ɛŮŰŬɓɞɚɐ Űɖɠ ɛɘəɟɞŭɞɛɐɠ ŮˊɖɟŮɎɕŮŰŬɘ Ůə ɜɏɞɡ Ŭˊɧ 

Űɘɠ ŰɎůŮɘɠ ŭɘɧŰɘ ɞɟɘůɛɏɜŮɠ ɢŬɟŬəŰɖɟɘůŰɘəɏɠ ɗŮɟɛɞəɟŬůɑŮɠ űɎůŮɤɜ ɛŮŰŬɓɎɚɚɞɜŰŬɘ Ŭˊɧ 

Űɞ 4.ŰŬůɘəɧ ˊŮŭɑɞ. ɇɏɚɞɠ, ɖ ɛŮŰŬɓɞɚɐ Űɖɠ ɛɘəɟɞŭɞɛɐɠ ŮˊŬɜŬˊɟɞůŭɘɞɟɑɕŮɘ Űɘɠ 

ɗŮɟɛɘəɏɠ ůŰŬɗŮɟɏɠ ɧˊɤɠ ɞ ůɡɜŰŮɚŮůŰɐɠ ɗŮɟɛɘəɐɠ ŬɔɤɔɘɛɧŰɖŰŬɠ əŬɘ ɖ Ůɘŭɘəɐ 

ɗŮɟɛɧŰɖŰŬ, ɞɘ ɞˊɞɑŮɠ ŮɝŬɟŰɩɜŰŬɘ Ŭˊɧ Űɞ 5.ˊɞůɞůŰɧ Űɤɜ űɎůŮɤɜ. Ƀ ŬɜɤŰɏɟɤ əɨəɚɞɠ 

ŮˊŬɜŬɚŬɛɓɎɜŮŰŬɘ ɔɘŬ Űɞ ŮˊɧɛŮɜɞ ɗŮɟɛɘəɧ ɓɐɛŬ. ɆŰɖɜ ɧɚɖ ŭɘŬŭɘəŬůɑŬ ŮɛűŬɜɑɕŮŰŬɘ 

ɜɏŬ ɛɎɕŬ, ˊɞɡ ŮɑɜŬɘ Űɞ ɡɚɘəɧ ˊɞɡ ˊɚɖɟɩɜŮɘ Űɞ əŮɜɧ Űɖɠ ůɡɔəɧɚɚɖůɖɠ əŬɘ ˊɟɏˊŮɘ ɜŬ 

ɛɞɜŰŮɚɞˊɞɘɖɗŮɑ Ůˊɑůɖɠ (əŬɘ Ůŭɩ ɡˊɎɟɢɞɡɜ ɞɘ ɛŮɔŬɚɨŰŮɟŮɠ ŬůɎűŮɘŮɠ). ɀɘŬ ůɢŮŰɘəɎ 

ˊɚɐɟɖɠ ˊŮɟɘɔɟŬűɐ Űɖɠ ɛŮŰŬɓɞɚɐɠ Űɖɠ ɛɘəɟɞŭɞɛɐɠ ŬˊŬɘŰŮɑ ŰŬ ŭɘŬɔɟɎɛɛŬŰŬ ɇɇɇ 

(ɧˊɤɠ ɞɘ Murty et al (1966)) əŬɘ ɏɚŮɔɢɞ ɛŮ Űɘɠ əŬɛˊɨɚŮɠ CCT (ɧˊɤɠ ɞɘ Papazoglou 

and Masubuchi (1982)). ɆŰɖɜ ñŬˊɚɐò ˊŮɟɘɔɟŬűɐ ŬɡŰɩɜ Űɤɜ ɛŮŰŬɓɞɚɩɜ ɢɟŮɘɎɕɞɜŰŬɘ 

12 ůŰŬɗŮɟɏɠ, Oddy et al (1996), ˊɟɎɔɛŬ ˊɞɡ ůˊŬɜɑɤɠ ɏɢɞɡɛŮ ɔɘŬ ɧɚŬ ŰŬ ɡɚɘəɎ. 

ȼ ŬɜɎɚɡůɖ ɢɤɟɑɕŮŰŬɘ ůŮ ŭɨɞ ɛŮɔɎɚŬ ɛɏɟɖ: (a) ůɡɔəɧɚɚɖůɖ, (b) űɧɟŰɘůɖ Űɖɠ 

ůɡɔəɞɚɚɖɛɏɜɖɠ əŬŰŬůəŮɡɐɠ. 

ɋɠ ˊɟɞɠ Űɖ ůɡɔəɧɚɚɖůɖ, ŮɑɜŬɘ űŬɜŮɟɧ ɧŰɘ ůɖɛŬɜŰɘəɧ ɟɧɚɞ ˊŬɑɕɞɡɜ ɞɘ ůɡɜɗɐəŮɠ 

ɗɏɟɛŬɜůɖɠ əŬɘ ɞɘ ůɡɜɗɐəŮɠ ɣɨɝɖɠ. Ƀɘ ůɡɜɗɐəŮɠ ɗɏɟɛŬɜůɖɠ ŮɝŬɟŰɩɜŰŬɘ Ŭˊɧ Űɖɜ 

ɛɞɟűɐ ˊɞɡ ŮˊɘɚɏɔɞɡɛŮ ɔɘŬ ɜŬ ɛɞɜŰŮɚɞˊɞɘɐůɞɡɛŮ Űɞ Űɧɝɞ ůɡɔəɧɚɚɖůɖɠ ɛŮ ɛɑŬ 

ůɡɜɗɐəɖ ɟɞɐɠ ɗŮɟɛɧŰɖŰŬɠ. ɈˊɎɟɢɞɡɜ ŰɞɡɚɎɢɘůŰɞɜ 3 Űɟɧˊɞɘ : ɖ ɘŭɘɧɛɞɟűɖ (ŭɏɚŰŬ) 

əŬŰŬɜɞɛɐ Űɞɡ Rosenthal (1941), ɖ Gauss  əŬŰŬɜɞɛɐ Űɞɡ Fiedmann (1975) əŬɘ ɖ 

ŮɚɚŮɘɣɞŮɘŭɐɠ əŬŰŬɜɞɛɐ Űɞɡ Goldak et al (1986). ȼ ŰŮɚŮɡŰŬɑŬ ŮɑɜŬɘ ŮɨɢɟɖůŰɖ ůŰɖɜ 

ŬɟɘɗɛɖŰɘəɐ ˊɟɞůɞɛɞɑɤůɖ, Ůɜɩ ɖ ˊɟɩŰɖ ŮɜŭŮɑəɜɡŰŬɘ ɔɘŬ ŬɜŬɚɡŰɘəɏɠ ˊɟɞůŮɔɔɑůŮɘɠ. ɋɠ 

ˊɟɞɠ Űɘɠ ůɡɜɗɐəŮɠ ɣɨɝɖɠ, əɡɟɘŬɟɢŮɑ ɖ ŬəŰɘɜɞɓɞɚɑŬ, Hibbit and Marcal (1973), ɛŮ Űɞɜ 

ɜɧɛɞ Stefan-Boltzmann ɐ ɖ ŮˊŬɔɤɔɘəɐ ɣɨɝɖ ɛŮ Űɞɜ ɜɧɛɞ Űɞɡ Newton, Sheng and 

Chen (1992). ȷˊɞɡůɑŬ ŭŮŭɞɛɏɜɤɜ ɛˊɞɟŮɑ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗŮɑ ɖ ɗŮɟɛɞəɟŬůɑŬ 

ɟŮɡůŰɞˊɞɑɖůɖɠ ůŰɞ ůɨɜɞɟɞ Űɖɠ ůɡɔəɧɚɚɖůɖɠ, Jones et al (1993). ɄɚŬůŰɘəɧŰɖŰŬ ɚɧɔɤ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ (TRIP: transformation induced plasticity) ˊɟɏˊŮɘ ɜŬ ŮɘůŬɢɗŮɑ, 

Fischer et al (2000). ȼ ɨˊŬɟɝɖ ɛɘəɟɞŭɞɛɐɠ ɚɧɔɤ ůŰŮɟŮɞˊɞɑɖůɖɠ ŮɑɜŬɘ ɏɜŬɠ Ŭəɧɛɖ 

ɚɧɔɞɠ ɜŬ ŮɘůŬɢɗŮɑ ɗŮɤɟɑŬ əɚɑůŮɤɠ ůŰɖɜ ŮɚŬůŰɞˊɚŬůŰɘəɐ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ 

ůɡɔəɧɚɚɖůɖɠ, Machin et al (1991). 

ȰɜŬ ůɖɛŬɜŰɘəɧ ɕɐŰɖɛŬ ŮɑɜŬɘ ɞ Űɟɧˊɞɠ ŮɘůŬɔɤɔɐɠ ɜɏɞɡ ɡɚɘəɞɨ ůŰɞ əŮɜɧ Űɖɠ 

ůɡɔəɧɚɚɖůɖɠ. ũŮɜɘəɎ ɡˊɎɟɢɞɡɜ ŭɨɞ Űɟɧˊɞɘ ŬɜŰɘɛŮŰɩˊɘůɖɠ ɛŮ ˊŮˊŮɟŬůɛɏɜŬ ůŰɞɘɢŮɑŬ, 

Lindgren et al (1999). Ƀ ˊɟɩŰɞɠ Űɟɧˊɞɠ, ˊɞɡ ɗŬ ɢɟɖůɘɛɞˊɞɘɖɗŮɑ ůŰɖɜ ˊŬɟɞɨůŬ 

ɛŮɚɏŰɖ, ŮɑɜŬɘ ŰŬ ñɐůɡɢŬò ůŰɞɘɢŮɑŬ ˊɞɡ ˊɟɞɦˊɎɟɢɞɡɜ ůŰɞ ŬɟɘɗɛɖŰɘəɧ ɛɞɜŰɏɚɞ, ŬɚɚɎ 
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ɏɢɞɡɜ ɘŭɘɧŰɖŰŮɠ ˊɞɡ ŭŮɜ ŭɘŬŰŬɟɎɕɞɡɜ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɟɘɜ ŮɛűŬɜɘůŰɞɨɜ (ɏɢɞɡɜ 

ŬůɐɛŬɜŰɖ ŬəŬɛɣɑŬ). ɇŬ ůŰɞɘɢŮɑŬ ŬɡŰɎ, ɧɛɤɠ, ˊɟɏˊŮɘ ɜŬ ŮɔəɘɓɤŰɘůŰɞɨɜ Ŭˊɧ 

ŮˊɘűɎɜŮɘŮɠ ˊɞɡ ŮˊɘŰɟɏˊɞɡɜ Űɖɜ ɗŮɟɛɘəɐ ŬɔɤɔɘɛɧŰɖŰŬ ɩůŰŮ ɜŬ ŬɜŰɘɚɖűɗɞɨɜ Űɖɜ ɜɏŬ 

ɟɞɐ ɗŮɟɛɧŰɖŰŬɠ Ŭˊɧ Űɞ ɖɚŮəŰɟɘəɧ Űɧɝɞ. ȺɜŬɚɚŬəŰɘəɎ, ɛˊɞɟɞɨɜ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗɞɨɜ 

ŰŬ ñŬŭɟŬɜɐò ůŰɞɘɢŮɑŬ ˊɞɡ ŮɛűŬɜɑɕɞɜŰŬɘ əŬŰɎ Űɖɜ ŭɘɎɟəŮɘŬ Űɖɠ ŮɜŬˊɧɗŮůɖɠ ɡɚɘəɞɨ, 

ˊɟɞɗŮɟɛŬɑɜɞɜŰŬɘ əŬɘ ŮɘůɎɔɞɜŰŬɘ ůŰɖɜ ˊŮɟɘɞɢɐ Űɖɠ ůɡɔəɧɚɚɖůɖɠ, Hong et al (1998). 

ɇɞ ˊɟɧɓɚɖɛŬ ŭɘɎɢɡůɖɠ ɗŮɟɛɧŰɖŰŬɠ ŬəɞɚɞɡɗŮɑ Űɞɜ ɜɧɛɞ Fourier, ŬɚɚɎ ůŰɖ 

ɗŮɟɛɞəɟŬůɑŬ ŰɐɝŮɤɠ ɖ ˊŬɟɞɢɐ ɗŮɟɛɧŰɖŰŬɠ ŬˊɞɟɟɞűɎŰŬɘ Ŭˊɧ Űɖɜ ŬɚɚŬɔɐ űɎůŮɤɠ 

ůŰŮɟŮɞɨ ůŮ ɟŮɡůŰɧ. ȷɡŰɐ ɖ Ůˊɘˊɚɏɞɜ ɗŮɟɛɧŰɖŰŬ ŭɖɛɘɞɡɟɔŮɑ ŬɟɘɗɛɖŰɘəɎ ˊɟɞɓɚɐɛŬŰŬ 

əɎɜɞɜŰŬɠ ñɎəŬɛˊŰŮɠò Űɖɠ ŮɝɘůɩůŮɘɠ ŭɘɎɢɡůɖɠ. ɀɑŬ ɛɏɗɞŭɞɠ ɓŮɚŰɑɤůɖɠ ŮɑɜŬɘ ɖ 

ɛɏɗɞŭɞɠ ŮɜɗŬɚˊɑŬɠ, ɧˊɞɡ ɖ Ůɘŭɘəɐ ɗŮɟɛɧŰɖŰŬ ɞɚɞəɚɖɟɩɜŮŰŬɘ ůŰɞ Ůɨɟɞɠ Űɖɠ 

ɗŮɟɛɞəɟŬůɑŬɠ. ɆŰɖɜ ˊŬɟɞɨůŬ ŮɟɔŬůɑŬ ˊɟɞŰŮɑɜŮŰŬɘ ɛɘŬ ŭɘŬŭɘəŬůɑŬ ŮɘůŬɔɤɔɐɠ ˊɟɩŰɖɠ 

ˊŬɟŬɔɩɔɞɡ Űɖɠ Ůɘŭɘəɐɠ ɗŮɟɛɧŰɖŰŬɠ. Ⱥˊɑůɖɠ, ɖ ɟŮɡůŰɞˊɞɑɖůɖ Űɞɡ ɡɚɘəɞɨ ůɖɛŬɑɜŮɘ 

Ŭɨɝɖůɖ Űɖɠ ŬɔɤɔɘɛɧŰɖŰŬɠ, ɚɧɔɞ ŮˊŬɔɤɔɘəɐɠ ŬɔɤɔɘɛɧŰɖŰŬɠ, Michaleru and DeBiccari 

(1997). 

Ƀɘ ˊŬɟŬɛɏɜɞɡůŮɠ ŰɎůŮɘɠ əŬɘ ɞɘ ˊŬɟŬɛɞɟűɩůŮɘɠ ɚɧɔɤ Űɖɠ ůɡɔəɧɚɚɖůɖɠ Űɧɝɞɡ 

ŬɜŬɚɨɞɜŰŬɘ əŬɘ ˊɟɞůŭɘɞɟɑɕɞɜŰŬɘ əŬŰɎ Űɖɜ ŭɘŬŭɘəŬůɑŬ ůɡɔəɧɚɚɖůɖɠ  ɢŬɚɨɓŭɘɜɤɜ 

ůɤɚɐɜɤɜ ŭɘŬűɞɟŮŰɘəɩɜ ɡɚɘəɩɜ. ȼ ɗŮɟɛɞɛɖɢŬɜɘəɐ ůɡɛˊŮɟɘűɞɟɎ Ŭˊɧəɟɘůɖɠ 

ɡˊɞɚɞɔɑɕŮŰŬɘ ůŮ 3 ůŰɎŭɘŬ, (i) ŬɜɎɚɡůɖ ɟɞɐɠ ɗŮɟɛɧŰɖŰŬɠ ůŰɞɡɠ ŭɨɞ ůɤɚɐɜŮɠ, ɚɧɔɤ 

Űɖɠ əɑɜɖůɖɠ Űɞɡ ɖɚŮəŰɟɞŭɑɞɡ ˊŮɟɘɛŮŰɟɘəɎ ůŮ ŬɡŰɞɨɠ, (ii) əŬŰŬɜɞɛɐ Űɖɠ ˊɑŮůɖɠ 

ŮůɤŰŮɟɘəɎ Űɤɜ ůɤɚɐɜɤɜ əŬɘ (iii ) Űɞ ŬˊɞŰɏɚŮůɛŬ əŬɘ Űɤɜ ŭɨɞ ˊɟɞɖɔɞɨɛŮɜɤɜ 

ůŰŬŭɑɤɜ, ŰŬɡŰɧɢɟɞɜŬ. ȼ ůŰŬŭɘŬəɐ ůŰɟŬŰɖɔɘəɐ ɞŭɖɔŮɑ ůŮ ɛɘŬ ˊɘɞ ɞɚɞəɚɖɟɤɛɏɜɖ 

ˊɟɞůɏɔɔɘůɖ Űɖɠ ɗŮɟɛɘəɐɠ əŬɘ ɛɖɢŬɜɘəɐɠ ɚɨůɖɠ. ȼ ɓŬɗɛɤŰɐ ɚɨůɖ Űɖɠ 

ɗŮɟɛɞŮɚŬůŰɘəɐɠ-ɘɝɤŭɞˊɚŬůŰɘəɐɠ ŭɘŮɟɔŬůɑŬɠ ŬˊŮɘəɞɜɑɕŮŰŬɘ ɛŮ Űɖ ůɡɔəɧɚɚɖůɖ Űɧɝɞɡ 

ůŰɞɡɠ ŭɨɞ ɢŬɚɨɓŭɘɜɞɡɠ ůɤɚɐɜŮɠ, ɔɘŬ Űɞɡɠ ɞˊɞɑɞɡɠ ɡˊɎɟɢɞɡɜ ˊŮɟɘɞɟɘůɛɏɜŬ 

ˊŮɘɟŬɛŬŰɘəɎ ŭŮŭɞɛɏɜŬ. 
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ȾŮűɎɚŬɘɞ 2.  ɀŮɗɞŭɞɚɞɔɑŬ ȷɜɎɚɡůɖɠ ɇɎůŮɤɜ-ɄŬɟŬɛɞɟűɩůŮɤɜ ɛŮ 

ŮɚŬůŰɘəɧŰɖŰŬ 

 

2.1.Ʉɟɞůɏɔɔɘůɖ ɛŮ ŪŮɤɟɑŬ ȾŮɚɡűɩɜ (shell approach) 

 

ũɘŬ əŬɚɨŰŮɟɖ əŬŰŬɜɧɖůɖ ɗŮɤɟɞɨɛŮ Űɞɡɠ ɢŬɚɨɓŭɘɜɞɡɠ ůɤɚɐɜŮɠ ɤɠ ɚŮˊŰɧŰɞɘɢŬ 

əɡɚɘɜŭɟɘəɎ əŮɚɨűɖ ɡˊɧ ŮůɤŰŮɟɘəɐ ˊɑŮůɖ p. ɇŬ əŮɚɨűɖ ɏɢɞɡɜ Ŭɝɞɜɘəɐ ůɡɛɛŮŰɟɑŬ əŬɘ 

əŬɚɞɨɜŰŬɘ əŮɚɨűɖ Ůə ˊŮɟɘůŰɟɞűɐɠ. ɇɞɛɏɠ ůŰɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ əŮɚɨűɞɡɠ, ɞɘ ɞˊɞɑŮɠ 

ŮɛˊŮɟɘɏɢɞɡɜ Űɞɜ ɎɝɞɜŬ ůɡɛɛŮŰɟɑŬɠ əŬɚɞɨɜŰŬɘ ɛŮůɖɛɓɟɘɜɏɠ Űɞɛɏɠ, Ůɜɩ Űɞɛɏɠ ˊɞɡ 

ŮɑɜŬɘ əɎɗŮŰŮɠ ůŰɞɜ ɎɝɞɜŬ ůɡɛɛŮŰɟɑŬɠ  ɞɜɞɛɎɕɞɜŰŬɘ ˊŬɟɎɚɚɖɚŮɠ Űɞɛɏɠ. ȿɧɔɤ 

ůɡɛɛŮŰɟɑŬɠ əŬɘ ůŰɖɜ ɔŮɤɛŮŰɟɑŬ Űɤɜ əŮɚɡűɩɜ, ŬɚɚɎ əŬɘ ůŰɖ űɧɟŰɘůɖ ůŰɘɠ 

ɛŮůɖɛɓɟɘɜɏɠ əŬɘ ůŰɘɠ ˊŬɟɎɚɚɖɚŮɠ Űɞɛɏɠ ŭŮɜ ŬɜŬˊŰɨůůɞɜŰŬɘ ŭɘŬŰɛɖŰɘəɏɠ ŰɎůŮɘɠ, ˊŬɟɎ 

ɛɧɜɞ ɞɟɗɏɠ. 

 

             

Figure 2.1 Representation of steel pipes as thin cylindrical shells 

ȳˊɞɡ Ὑ , Ὑ  ŮɑɜŬɘ ɖ ŬəŰɑɜŬ Űɞɡ əɎɗŮ ůɤɚɐɜŬ. ȾɎɜɞɜŰŬɠ ŭɨɞ ˊŬɟɎɚɚɖɚŮɠ Űɞɛɏɠ ůŮ 

ŬˊŮɘɟɞůŰɐ ŬˊɧůŰŬůɖ ŭL əŬɘ ɛɘŬ ɛŮůɖɛɓɟɘɜɐ ŬˊɞɛɞɜɩɜɞɡɛŮ Űɞ əɞɛɛɎŰɘ Ŭˊɧ əɎɗŮ 

ůɤɚɐɜŬ, ˊɞɡ űŬɑɜŮŰŬɘ ůŰŬ ˊŬɟŬəɎŰɤ ůɢɐɛŬŰŬ (a) əŬɘ (b). ȺəŮɑ ˊŬɟɘůŰɎɜɞɜŰŬɘ ɞɘ 

ˊŮɟɘűŮɟŮɘŬəɏɠ ŰɎůŮɘɠ „  ȟ„ , ŬɚɚɎ əŬɘ ɞɘ Ŭɝɞɜɘəɏɠ ɐ ŭɘŬɛɐəŮɘɠ ŰɎůŮɘɠ „ ȟ„ . 

ȳˊɞɡ ὴ ȟὴ  ŮɑɜŬɘ ɖ ɞɛɞɘɧɛɞɟűɖ ˊɑŮůɖ ˊɞɡ ŬůəŮɑŰŬɘ ŮɜŰɧɠ Űɞɡ əɎɗŮ ůɤɚɐɜŬ. Ⱥɜ 
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ůɡɜŮɢŮɑŬ, ɔɑɜŮŰŬɘ ɛɑŬ ŮɔəɎɟůɘŬ Űɞɛɐ ůŮ əɎɗŮ ůɤɚɐɜŬ əŬɘ ŮɝɎɔɞɜŰŬɘ ŰŬ ˊŬɟŬəɎŰɤ 

ůɢɐɛŬŰŬ (c) əŬɘ (d). ɁŬ ůɖɛŮɘɤɗŮɑ ˊɤɠ Ůűɧůɞɜ ɖ ˊɑŮůɖ ŮɑɜŬɘ ɗɚɘˊŰɘəɐ ůŰɖɜ 

ŮůɤŰŮɟɘəɐ ŮˊɘűɎɜŮɘŬ Űɞɡ əɎɗŮ ůɤɚɐɜŬ, ɞɘ Ŭɝɞɜɘəɏɠ ŰɎůŮɘɠ ůŰɖɜ Űɞɛɐ ɗŬ ŮɑɜŬɘ 

ŮűŮɚəɡůŰɘəɏɠ, ɚɧɔɤ ɘůɞɟɟɞˊɑŬɠ. ȺɜŭɘŬűɏɟɞɡůŬ ˊŬɟŬŰɐɟɖůɖ ŬˊɞŰŮɚŮɑ Űɞ ɔŮɔɞɜɧɠ 

(ɧˊɤɠ ŬˊɞəŬɚɨˊŰŮŰŬɘ ˊŬɟŬəɎŰɤ) ˊɤɠ ůŰŬ əɡɚɘɜŭɟɘəɎ əŮɚɨűɖ ɖ Ŭɝɞɜɘəɐ ŰɎůɖ ŮɑɜŬɘ 

ɑůɖ ɛŮ Űɞ ɛɘůɧ Űɖɠ ˊŮɟɘűŮɟŮɘŬəɐɠ ŰɎůɖɠ.  
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Figure 2.2 „ ȟ„ ȡ ὥxial stresses due to pressure, respectively in pipe (1) and (2) 

„  ȟ„ ȡ   hoop stresses, respectively in pipe (1) and (2)            

ɆŰɞ ˊŬɟŬəɎŰɤ ůɢɐɛŬ ˊŬɟɘůŰɎɜɞɜŰŬɘ ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ůŰŬ ŰɟɑŬ Ůɑŭɖ 

ŭɘŬŰɞɛɩɜ. Ƀɘ ŭɘŬŰɞɛɏɠ ŬɡŰɏɠ, əŬŰɎ ůŮɘɟɎ, ŮɑɜŬɘ: (a) ɞɘ ŬɜɞɘɢŰɏɠ, (b) ɞɘ ˊŬəŰɤɛɏɜŮɠ əŬɘ 

(c) ɞɘ əɚŮɘůŰɏɠ. Ⱥˊɑůɖɠ, ůŰɞ ůɢɐɛŬ (2.4) ˊŬɟɘůŰɎɜɞɜŰŬɘ ɞɘ ůɡɜɗɐəŮɠ űɧɟŰɘůɖɠ, ɔɘŬ 

əɎɗŮ ɛɘŬ Ŭˊɧ Űɘɠ ˊŬɟŬˊɎɜɤ ŭɘŬŰɞɛɏɠ, ˊɞɡ ŮɑɜŬɘ ɖ ɞɛɞɘɧɛɞɟűɖ ˊɑŮůɖ, ɖ ɗŮɟɛɞəɟŬůɑŬ 

əŬɘ ɖ ůɡɜŭɡŬůɛɏɜɖ űɧɟŰɘůɖ ˊɑŮůɖɠ əŬɘ ɗŮɟɛɞəɟŬůɑŬɠ.    
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ɆɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ: 

 

                (a)                                              (b)                                               (c) 

Figure 2.3 Boundary conditions considered are: (a) hinge support in the interface of the two 

pipes (b) fixed support for the two pipes (c) roller support  

ɆɡɜɗɐəŮɠ űɧɟŰɘůɖɠ: 

 

                (a)                                              (b)                                               (c) 

Figure 2.4 Loading conditions considered are a combination of pressure and temperature 

difference between in and out of the pipes  

To ˊŬɟŬəɎŰɤ ůɢŮŭɘɎɔɟŬɛɛŬ ŬˊŮɘəɞɜɑɕŮɘ Űɖ ŭɘŬŭɘəŬůɑŬ ˊɞɡ ŬəɞɚɞɡɗŮɑŰŬɘ ɔɘŬ Űɖɜ 

ˊɟɞůɏɔɔɘůɖ Űɤɜ ŰɎůŮɤɜ. ɃɡůɘŬůŰɘəɎ ɛŮɚŮŰɎŰŬɘ ɝŮɢɤɟɘůŰɎ ɖ ŭɘŬűɞɟɎ ɗŮɟɛɞəɟŬůɑŬɠ, 

ɏˊŮɘŰŬ ɖ Ůˊɘɓɞɚɐ Űɖɠ ˊɑŮůɖɠ, Űɞ ůɡɛɓɘɓŬůŰɧ Űɤɜ ɛŮŰŬŰɞˊɑůŮɤɜ əŬɘ ˊŬɟɎɚɚɖɚŬ ˊɤɠ 

ɛŮŰŬɓɎɚɚɞɜŰŬɘ ɛɏůɤ ŬɡŰɩɜ Űɤɜ űɞɟŰɑůŮɤɜ, ŰŬ Ůˊɘɛɏɟɞɡɠ ɔŮɤɛŮŰɟɘəɎ 

ɢŬɟŬəŰɖɟɘůŰɘəɎ Űɤɜ əŮɚɡűɩɜ, ŭɖɚŬŭɐ Űɞ ˊɎɢɞɠ Űɤɜ ůɤɚɐɜɤɜ əŬɘ ɖ ŬəŰɑɜŬ ŬɡŰɩɜ.  

 

Figure 2.5 The depiction of the process for the estimation of the stresses 
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2.1.1. ŪŮɟɛɘəɐ ɛŮŰŬɓɞɚɐ 

 

ȾŬŰɎ Űɖɜ ŭɘŬŭɘəŬůɑŬ Űɖɠ ůɡɔəɧɚɚɖůɖɠ, ɖ ɗŮɟɛɞəɟŬůɑŬ ŬɡɝɎɜŮŰŬɘ, ɛŮ ŬˊɞŰɏɚŮůɛŬ 

ŮɑŰŮ Űɖɜ ŬɚɚŬɔɐ ɛɐəɞɡɠ Űɤɜ ŭɨɞ ůɤɚɐɜɤɜ ˊɞɡ ůɡɔəɞɚɚɞɨɜŰŬɘ, ŮɑŰŮ Űɖɜ ŬɚɚŬɔɐ 

ɧɔəɞɡ ŬɡŰɩɜ, ŮɑŰŮ əŬɘ ŰŬ ŭɨɞ ŰŬɡŰɧɢɟɞɜŬ, ŬɚɚɎ əŬɘ ŬɚɚŬɔɐ ůŰɞ ˊɎɢɞɠ ŬɡŰɩɜ.  ɆŰɞ 

ˊŬɟŬəɎŰɤ ůɢɐɛŬ ˊŬɟɘůŰɎɜŮŰŬɘ ɏɜŬ ŭŮɑɔɛŬ Ŭˊɧ əɎɗŮ ɢŬɚɨɓŭɘɜɞ ůɤɚɐɜŬ, ɚɑɔɞ ɛŮŰɎ 

Űɖɜ ůɡɔəɧɚɚɖůɐ Űɞɡɠ. ȳˊɞɡ Ὑ , Ὑ  ŮɑɜŬɘ ɖ ŬəŰɑɜŬ Űɞɡ əɎɗŮ ůɤɚɐɜŬ əŬɘ 

 Ὄ ȟ   Ὄ   Űɞ ˊɎɢɞɠ Űɞɡ ůɤɚɐɜŬ (1) əŬɘ (2), ŬɜŰɑůŰɞɘɢŬ, ɏˊŮɘŰŬ Ŭˊɧ Űɖɜ ɗŮɟɛɘəɐ 

ɛŮŰŬɓɞɚɐ ˊɞɡ ɡˊɏůŰɖůŬɜ. 

 

  

Figure 2.6 The two pipes of steel with radius Ὑ , Ὑ  and thickness Ὄ  ȟὌ  , respectively, 

after the thermal expansion (in an exaggerate shape)  

 

2.1.2. ɀŮŰŬɓɞɚɐ ũŮɤɛŮŰɟɘəɩɜ ɉŬɟŬəŰɖɟɘůŰɘəɩɜ ɚɧɔɤ ɗŮɟɛɘəɐɠ ɛŮŰŬɓɞɚɐɠ 

 

ȷɜ ȹɇ ɞɟɑůɞɡɛŮ Űɖɜ ɗŮɟɛɞəɟŬůɘŬəɐ ɛŮŰŬɓɞɚɐ, ŰɧŰŮ ŬɝɑɕŮɘ ɜŬ ůɖɛŮɘɤɗŮɑ ɧŰɘ: 

ȹɇ>0, ɔɘŬ ɗŮɟɛɞɖɚŮəŰɟɘəɏɠ ɛɖɢŬɜɏɠ, ˊɡɟəŬɔɘɎ Ůɜɩ  

ȹɇ<0, ɔɘŬ ɣɡəŰɘəɏɠ ɛɖɢŬɜɏɠ, ůɡɜɗɐəŮɠ ŬɟɜɖŰɘəɏɠ 

H ˊɟɩŰɖ ŬˊŮɘəɧɜɘůɖ, ɛŮ Űɖɜ ŬɚɚŬɔɐ Űɖɠ ŬəŰɑɜŬɠ əŬɘ Űɞɡ ˊɎɢɞɡɠ, ůŮ əɎɗŮ ɛɑŬ Ŭˊɧ Űɘɠ 

ůɤɚɐɜŮɠ, ŬˊŮɘəɞɜɑɕŮŰŬɘ ˊŬɟŬəɎŰɤ:  

 ╡▬ ᴼὙ ρ ‌ ῳ  ╡
▬

 

╡▬ ᴼὙ ρ ‌ ῳ  ╡
▬

 

 

 

 

(2.1) 
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2.1.3. ȷɝɞɜɘəɏɠ ŰɎůŮɘɠ ɚɧɔɤ ˊɑŮůɖɠ 

 

ȷ) ũɘŬ əɚŮɘůŰɏɠ ŭɘŬŰɞɛɏɠ, ɧˊɤɠ ůŰɞ ůɢɐɛŬ 2.1 (b), ɏɢɞɡɛŮ Űɘɠ Ůɝɐɠ Ŭɝɞɜɘəɏɠ ŰɎůŮɘɠ: 

O ˊŬɟŬəɎŰɤ Űɨˊɞɠ ůɡɜŭɏŮɘ Űɘɠ Ŭɝɞɜɘəɏɠ ŰɎůŮɘɠ ɚɧɔɤ ˊɑŮůɖɠ ɛŮ Űɞ ˊɎɢɞɠ əŬɘ Űɖɜ 

ŬəŰɑɜŬ Űɖɜ ŬəŰɑɜŬ Űɤɜ ůɤɚɐɜɤɜ (1) əŬɘ (2), ɚŬɛɓɎɜɞɜŰŬɠ ɡˊɧɣɖ Űɖɜ ŬɚɚŬɔɐ Űɤɜ 

ɛŮɔŮɗɩɜ ɚɧɔɤ ɗŮɟɛɘəɐɠ ŭɘŬůŰɞɚɐɠ: 

 

Ⱥɜɩ, ɔɘŬ Űɖ ŭŮɨŰŮɟɖ ůɤɚɐɜŬ: 

 

ȸ) ũɘŬ ŬɜɞɘɢŰɏɠ ŭɘŬŰɞɛɏɠ, ɧˊɤɠ ůŰɞ ůɢɐɛŬ 2.1 (a), ŭŮɜ ɏɢɞɡɛŮ Ŭɝɞɜɘəɏɠ ŰɎůŮɘɠ ɚɧɔɤ 

ˊɑŮůɖɠ, ŭɖɚŬŭɐ: 

 

ũ) ũɘŬ Űɖɜ ˊŬəŰɤɛɏɜɖ ˊŮɟɑˊŰɤůɖ, ɧˊɤɠ ŬɡŰɐ Űɞɡ ůɢɐɛŬŰɞɠ 2.1 (c), ɏɢɞɡɛŮ: 

 ╗▬ ᴼὌ ρ ‌ ῳ  ╗
▬

 

╗▬ ᴼὌ ρ ‌ ῳ  ╗
▬

 
(2.2) 

 

„
Ὑ ὴ

ςὌ
 

ȢȟȢ
„

Ὑ ρ ‌ ῳ  ὴ

ςὌ ρ ‌ ῳ 
 

 
ᵼ„

Ὑ ὴ

ςὌ 

 

 

 

 

 

 

 

(2.3) 

 

„
Ὑ ὴ

ςὌ
 

ȢȟȢ
„

Ὑ ρ ‌ ῳ  ὴ

ςὌ ρ ‌ ῳ 
 

 
ᵼ„

Ὑ ὴ

ςὌ 

 

 

 

 

 

 

 

(2.4) 

 
„ „ π 

 

(2.5) 
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Ⱥɜɩ, ɔɘŬ Űɖ ŭŮɨŰŮɟɖ ůɤɚɐɜŬ: 

 

2.1.4. ȷɝɞɜɘəɏɠ ŰɎůŮɘɠ ɚɧɔɤ ɗŮɟɛɞəɟŬůɘŬəɐɠ ɛŮŰŬɓɞɚɐɠ 

 

ȷ) ũɘŬ əɚŮɘůŰɏɠ ŭɘŬŰɞɛɏɠ, ɧˊɤɠ ůŰɞ ůɢɐɛŬ 2.1 (b), ɏɢɞɡɛŮ Űɘɠ Ůɝɐɠ Ŭɝɞɜɘəɏɠ ŰɎůŮɘɠ: 

 

ȸ) ũɘŬ ŬɜɞɘɢŰɏɠ ŭɘŬŰɞɛɏɠ, ɧˊɤɠ ůŰɞ ůɢɐɛŬ 2.1 (a), ŭŮɜ ɏɢɞɡɛŮ Ŭɝɞɜɘəɏɠ ŰɎůŮɘɠ, 

ŭɖɚŬŭɐ: 

 

ũ) ũɘŬ Űɖɜ ˊŬəŰɤɛɏɜɖ ˊŮɟɑˊŰɤůɖ, ɧˊɤɠ ŬɡŰɐ Űɞɡ ůɢɐɛŬŰɞɠ 2.1 (c), ɏɢɞɡɛŮ: 

 

2.1.5. ɄŮɟɘűŮɟŮɘŬəɏɠ ŰɎůŮɘɠ (hoop stresses): 

 

ȳˊɤɠ űŬɑɜŮŰŬɘ əŬɘ ˊŬɟŬəɎŰɤ, ɞɘ ˊŮɟɘűŮɟŮɘŬəɏɠ ŰɎůŮɘɠ ŭŮɜ ŬɚɚɎɕɞɡɜ ůŮ əɚŮɘůŰɏɠ, 

ŬɜɞɘɢŰɏɠ ɐ ˊŬəŰɤɛɏɜŮɠ ŭɘŬŰɞɛɏɠ, ɞˊɧŰŮ əŬɘ ɔɘŬ Űɘɠ ŰɟŮɘɠ ˊɟɞŬɜŬűŮɟɗŮɑůŮɠ 

 

„ ῴ ‌ ῳ  ὺ
Ὑ ὴ

Ὄ
 

ῴ ‌ ῳ  ὺ
Ὑ ρ ‌ ῳ  ὴ

Ὄ ρ ‌ ῳ 
 

ῴ ‌ ῳ  ὺ
Ὑ ὴ

Ὄ
 

 

 

 

 

 

 

(2.6) 

 
„ ῴ ‌ ῳ  ὺ

Ὑ ὴ

Ὄ
 

 

(2.7) 

  

 
ᵼ„

Ὑ ὴ

ςὌ 

 

 

(2.8) 

 
„ „ π 

 

(2.9) 

 „ ῴ ‌ ῳ   (2.10) 
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ˊŮɟɘˊŰɩůŮɘɠ ɘůɢɨŮɘ ɞ ɑŭɘɞɠ Űɨˊɞɠ, ˊɞɡ ůɡɜŭɏŮɘ Űɘɠ ˊŮɟɘűŮɟŮɘŬəɏɠ ŰɎůŮɘɠ ɛŮ Űɞ ˊɎɢɞɠ 

əŬɘ Űɖɜ ŬəŰɑɜŬ Űɤɜ ůɤɚɐɜɤɜ, ɛŮŰɎ Ŭˊɧ Űɖɜ ŬɚɚŬɔɐ ŬɡŰɩɜ ɚɧɔɤ ˊɑŮůɖɠ: 

ɋůŰɧůɞ, ɞɘ ˊŮɟɘűŮɟŮɘŬəɏɠ ŰɎůŮɘɠ ɚɧɔɤ ɗŮɟɛɞəɟŬůɘŬəɐɠ ɛŮŰŬɓɞɚɐɠ ŮɑɜŬɘ 0. 

ŪŮɤɟŮɑŰŬɘ ɧŰɘ ɖ ɛŮŰŬɓɞɚɐ Űɖɠ ɗŮɟɛɞəɟŬůɑŬɠ ůŮ ɧɚɞ Űɞ ˊɎɢɞɠ Űɤɜ ůɤɚɐɜɤɜ ŮɑɜŬɘ 

ɔɟŬɛɛɘəɐ. ȷˊɧ ŰŬ ˊŬɟŬˊɎɜɤ ˊɟɞəɨˊŰŮɘ ɧŰɘ ůŰɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ əŮɚɨűɞɡɠ ɡˊɎɟɢŮɘ ɛɘŬ 

əŬŰɎůŰŬůɖ ŮˊɑˊŮŭɖɠ ŰɎůɖɠ ɛŮ əɨɟɘŮɠ ŰɎůŮɘɠ: 

 

 

 

Figure 2.7 Sample of the pipe 

  

 

 

„
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Ὄ
 

ȢȟȢ
„

Ὑ ρ ‌ ῳ  ὴ

Ὄ ρ ‌ ῳ 
 

 
ᵼ„

Ὑ ὴ

Ὄ 

 

 

 

 

 

 

 

(2.11) 
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2.1.6. ɀɖɢŬɜɘəɏɠ Űɟɞˊɏɠ ɚɧɔɤ Ŭɝɞɜɘəɩɜ əŬɘ ˊŮɟɘűŮɟŮɘŬəɩɜ ŰɎůŮɤɜ ůŰŬ ŰɟɑŬ           

Ůɑŭɖ ŭɘŬŰɞɛɩɜ  

 

ũɘŬ ɞɛɞɔŮɜɏɠ əŬɘ ɘůɧŰɟɞˊɞ ɡɚɘəɧ ɞɘ əɨɟɘŮɠ ŰɎůŮɘɠ ŭɑɜɞɡɜ əŬɘ Űɘɠ Ůɝɐɠ əɨɟɘŮɠ Űɟɞˊɏɠ: 

 

ȷ) ũɘŬ Űɘɠ əɚŮɘůŰɏɠ ŭɘŬŰɞɛɏɠ ɏɢɞɡɛŮ Űɘɠ Ůɝɐɠ Űɟɞˊɏɠ: 

ȷˊɧ Űɞɜ ɜɧɛɞ Űɞɡ Hooke əŬɘ ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.6),(2.7) əŬɘ (2.11), ɔɘŬ Űɘɠ 

Űɟɞˊɏɠ əŬŰɎ Űɖɜ x ŭɘŮɨɗɡɜůɖ: 

‐
ρ

ῴ
„ ’ „           

ρ

ῴ

Ὑ ὴ

ςὌ 

’ 
Ὑ ὴ

Ὄ 

 

 

ȳˊɞɡ i=1,2 ɔɘŬ əɎɗŮ ɛɑŬ ůɤɚɐɜŬ. 

Ⱥɜɩ, ɞɘ Űɟɞˊɏɠ əŬŰɎ Űɖɜ ɗ ŭɘŮɨɗɡɜůɖ: 

  ‐
ρ

ῴ
„ ’ „  

        
ρ

ῴ

Ὑ ὴ

Ὄ 

’ 
Ὑ ὴ

ςὌ 

 

 

ȳˊɞɡ i=1,2 ɔɘŬ əɎɗŮ ɛɑŬ ůɤɚɐɜŬ. 

B) ũɘŬ Űɘɠ ŬɜɞɘɢŰɏɠ ŭɘŬŰɞɛɏɠ ɏɢɞɡɛŮ Űɘɠ Ůɝɐɠ Űɟɞˊɏɠ: 

ɇɘɠ Űɟɞˊɏɠ əŬŰɎ Űɖɜ x ŭɘŮɨɗɡɜůɖ, ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.8) əŬɘ (2.11): 

 ‐ ‐  

‐ ‐  
(2.13) 

 ρ

ῴ

Ὑ ὴ

Ὄ  

ρ

ς
’  (2.14) 

  
         

ρ

ῴ

Ὑ ὴ

Ὄ 

ρ
’ 

ς
 (2.15) 
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‐
ρ

ῴ
„ ’ „  

ρ

ῴ
π ’ 

Ὑ ὴ

Ὄ 

 

ȾŬɘ Űɘɠ Űɟɞˊɏɠ əŬŰɎ Űɖɜ ɗ ŭɘŮɨɗɡɜůɖ: 

‐
ρ

ῴ
„ ’ „  

ρ

ῴ

Ὑ ὴ

Ὄ 

’ π 

 

ũ) ũɘŬ Űɖɜ ˊŬəŰɤɛɏɜɖ ˊŮɟɑˊŰɤůɖ ɏɢɞɡɛŮ Űɘɠ Ůɝɐɠ Űɟɞˊɏɠ: 

ɇɘɠ Űɟɞˊɏɠ əŬŰɎ Űɖɜ x ŭɘŮɨɗɡɜůɖ, ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.9), (2.10) əŬɘ (2.11): 

‐
ρ

ῴ
„ ’„  

ρ

ῴ
ῴ ‌ ῳ  ’

Ὑ ὴ

Ὄ
’
Ὑ ὴ

Ὄ 

 

ȾŬɗɩɠ əŬɘ Űɘɠ Űɟɞˊɏɠ əŬŰɎ Űɖɜ ɗ ŭɘŮɨɗɡɜůɖ: 

‐
ρ

ῴ
„ ’„  

 

ȳˊɞɡ i=1,2 ɔɘŬ əɎɗŮ ɛɑŬ ůɤɚɐɜŬ. 

 ρ

ῴ

Ὑ ὴ

Ὄ 

’  (2.16) 

 ρ

ῴ

Ὑ ὴ

Ὄ 

 (2.17) 

 
‌ ῳ   (2.18) 

 ρ

ῴ

Ὑ ὴ

Ὄ 

’ ῴ ‌ ῳ  ὺ
Ὑ ὴ

Ὄ
 (2.19) 
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2.1.7. ȺɨɟŮůɖ Űɖɠ ŬəŰɘɜɘəɐɠ ɛŮŰŬŰɧˊɘůɖɠ Űɞɡ əŮɚɨűɞɡɠ w əŬɘ Űɖɠ Ŭɝɞɜɘəɐɠ  

ɛŮŰŬŰɧˊɘůɖɠ u 

 

ȰˊŮɘŰŬ Ŭˊɧ Űɘɠ ɗŮɟɛɘəɏɠ ɛŮŰŬŰɞˊɑůŮɘɠ ɡˊɎɟɢɞɡɜ əŬɘ ɞɘ Ůˊɘˊɚɏɞɜ ɛŮŰŬŰɞˊɑůŮɘɠ ɚɧɔɤ 

Űɖɠ ŮˊɘɓŬɚɚɧɛŮɜɖɠ ˊɑŮůɖɠ: 

 

ȳˊɞɡ ύ : ɖ ŬəŰɘɜɘəɐ ɛŮŰŬŰɧˊɘůɖ Űɞɡ əŮɚɨűɞɡɠ, Ůɜɩ ό : ɞɘ Ůˊɘˊɚɏɞɜ ɛŮŰŬŰɞˊɑůŮɘɠ, 

i=1,2. 

ȺˊɘůɖɛŬɑɜŮŰŬɘ ɧŰɘ ɞ ɎɝɞɜŬɠ ůɡɜŰŮŰŬɔɛɏɜɤɜ x ŮɑɜŬɘ ŰɞˊɞɗŮŰɖɛɏɜɞɠ ůŰɖ ɛɏůɖ ɔɟŬɛɛɐ 

ůɡɔəɧɚɚɖůɖɠ, ɞˊɧŰŮ ɔɘŬ ὼ π , όὼ
ρ π   ‖‌―   όὼ

ς π, ɖ əɘɜɖɛŬŰɘəɐ ůɡɜɞɟɘŬəɐ 

ůɡɜɗɐəɖ.  

 

ȷ) ũɘŬ Űɘɠ əɚŮɘůŰɏɠ ŭɘŬŰɞɛɏɠ, Ŭˊɧ Űɘɠ ɔŮɤɛŮŰɟɘəɏɠ ůɢɏůŮɘɠ əŬɘ ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ 

(2.1) əŬɘ (2.15) ɏɢɞɡɛŮ: 

‐
ύ

Ὑ
     

 
ᵼ
ρ

ῴ

Ὑ ὴ

Ὄ 

ρ
’

ς

ύ

Ὑ
 

 
ᵼ

ρ

ῴ

Ὑ ὴ

Ὄ 

ρ
’

ς

ύ

Ὑ ρ ‌ ῳ 
 

 

ȳˊɞɡ i=1,2 ɔɘŬ əɎɗŮ ɛɑŬ ůɤɚɐɜŬ. 

ȽůɢɨŮɘ ɧŰɘ: 

 ύ       ύ  

ό        ό   
 (2.20) 

 

 
 
ᵼύ ὴ

ρ

ῴ

Ὑ 

Ὄ 

ρ
’

ς
ρ ‌ ῳ   (2.21) 

 

       ‐
‬ό

‬ὼ
        ‖‌―       ‐

‬ό

‬ὼ
 (2.22) 
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ȺɎɜ ůŰɞ ὼ π , όὼ
ρ π   ‖‌―   όὼ

ς π   ɞɘ Ŭɟɢɘəɏɠ Űɘɛɏɠ, ŰɧŰŮ ɞɚɞəɚɖɟɩɜɞɜŰŬɠ Űɖɜ 

ůɢɏůɖ (2.22) ɔɘŬ əɎɗŮ ɛɑŬ Ŭˊɧ Űɘɠ ŭɨɞ ůɤɚɐɜŮɠ əŬɘ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ Űɖɜ (2.14), 

ŬɜŰɑůŰɞɘɢŬ, ˊŬɑɟɜɞɡɛŮ: 

 

B) ũɘŬ Űɘɠ ŬɜɞɘɢŰɏɠ ŭɘŬŰɞɛɏɠ, Ŭˊɧ Űɘɠ ɔŮɤɛŮŰɟɘəɏɠ ůɢɏůŮɘɠ əŬɘ ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ 

(2.1) əŬɘ (2.17) ɏɢɞɡɛŮ: 

‐
ύ

Ὑ
 

 
ᵼ
ρ

ῴ

Ὑ ὴ

Ὄ 

ύ

Ὑ
 

 
ᵼ
ρ

ῴ

Ὑ ὴ

Ὄ 

ύ

Ὑ ρ ‌ ῳ 
 

 

ȳˊɞɡ i=1,2 ɔɘŬ əɎɗŮ ɛɑŬ ůɤɚɐɜŬ. 

ȺɎɜ ůŰɞ ὼ π , όὼ
ρ π   ‖‌―   όὼ

ς π   ɞɘ Ŭɟɢɘəɏɠ Űɘɛɏɠ, ŰɧŰŮ ɞɚɞəɚɖɟɩɜɞɜŰŬɠ Űɖɜ 

ůɢɏůɖ (2.25) ɔɘŬ əɎɗŮ ɛɑŬ Ŭˊɧ Űɘɠ ŭɨɞ ůɤɚɐɜŮɠ əŬɘ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ Űɖɜ (2.16), 

ŬɜŰɑůŰɞɘɢŬ, ˊŬɑɟɜɞɡɛŮ: 

 

ũ) ũɘŬ Űɘɠ ˊŬəŰɤɛɏɜŮɠ ŭɘŬŰɞɛɏɠ, Ŭˊɧ Űɘɠ ɔŮɤɛŮŰɟɘəɏɠ ůɢɏůŮɘɠ əŬɘ ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ 

Űɤɜ (2.1) əŬɘ (2.19) ɏɢɞɡɛŮ: 

 
όὼ
ρ ρ

ῴρ
Ὑὴ 
ρὴρ

Ὄὴ  
ρ

ρ

ς
’ὼ (2.23) 

 
όὼ
ς ρ

ῴς
Ὑὴ 
ςὴς

Ὄὴ 
ς

ρ

ς
’ὼ (2.24) 
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ρ

ῴ
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Ὄ 

ρ ‌ ῳ   (2.25) 

 
όὼ
ρ ρ

ῴρ
Ὑὴ 
ρὴρ

Ὄὴ 
ρ
’ρὼ (2.26) 

 
όὼ
ς ρ

ῴς
Ὑὴ 
ςὴς

Ὄὴ 
ς
’ςὼ (2.27) 
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‐
ύ

Ὑ
 

 
ᵼ
ρ

ῴ

Ὑ ὴ

Ὄ 

’ ῴ ‌ ῳ  ’
Ὑ ὴ

Ὄ

ύ

Ὑ
 

 
ᵼ
ρ

ῴ

Ὑ ὴ
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’ ῴ ‌ ῳ  ’
Ὑ ὴ

Ὄ

ύ

Ὑ ρ ‌ ῳ 
 

 

ȳˊɞɡ i=1,2 ɔɘŬ əɎɗŮ ɛɑŬ ůɤɚɐɜŬ. 

ȺɎɜ ůŰɞ ὼ π , όὼ
ρ π   ‖‌―   όὼ

ς π , ŰɧŰŮ ɞɚɞəɚɖɟɩɜɞɜŰŬɠ Űɖɜ ůɢɏůɖ (2.28) ɔɘŬ 

əɎɗŮ ɛɑŬ Ŭˊɧ Űɘɠ ŭɨɞ ůɤɚɐɜŮɠ əŬɘ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ Űɘɠ (2.18), ŬɜŰɑůŰɞɘɢŬ, ˊŬɑɟɜɞɡɛŮ: 

ɇŬ Ὑ  əŬɘ Ὑ  ŭŮɜ ŮɑɜŬɘ ůɡɛɓɘɓŬůŰɎ. ɈˊɎɟɢŮɘ Űɞ ɗɏɛŬ Űɞɡ ŬůɡɛɓɑɓŬůŰɞɡ ůŰɘɠ ŭɨɞ 

ůɤɚɐɜŮɠ, əɡɟɑɤɠ ɚɧɔɤ ŭɘŬűɞɟŮŰɘəɩɜ ůɡɜŰŮɚŮůŰɩɜ ɗŮɟɛɘəɐɠ ŬɔɤɔɘɛɧŰɖŰŬɠ. 

ɈˊɞɗɏŰɞɡɛŮ ɧŰɘ ɖ ɗŮɟɛɘəɐ ŭɘŬůŰɞɚɐ ŮɑɜŬɘ ɘůɧŰɟɞˊɖ. ɃˊɧŰŮ, ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɤɜ 

əɚŮɘůŰɩɜ əŬɘ ŬɜɞɘɢŰɩɜ ŭɘŬŰɞɛɩɜ ȷ) əŬɘ ȸ), ɏɢɞɡɛŮ:  

 

Ⱥɜɩ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ˊŬəŰɩůŮɤɠ ũ):  

 

 
 
 
ᵼύ

ρ

ῴ
Ὑ ρ ‌ ῳ 

Ὑ ὴ

Ὄ

’ ῴ ‌ ῳ  ’
Ὑ ὴ

Ὄ
 

 

 

 

(2.28) 

 
όὼ
ρ ‌ρῳ ρὼ (2.29) 

 
όὼ
ς ‌ςῳ ςὼ (2.30) 

  ό ‌ ῳ  ὼ 

ό ‌ ῳ  ὼ 
(2.31) 

  ό π 

ό π 

 

(2.32) 
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Figure 2.8 Cross-section of the pipe (1) and (2), with E: Youngôs modulus, v: Poissonôs ratio, Ŭ: 

linear expansion coefficient   

 

2.1.8. Ⱥˊɘɟɟɞɐ ȺůɤŰŮɟɘəɐɠ ɄɑŮůɖɠ 

 

H ŭŮɨŰŮɟɖ ŬˊŮɘəɧɜɘůɖ, ɛŮ Űɖɜ ŬɚɚŬɔɐ Űɖɠ ŬəŰɑɜŬɠ əŬɘ Űɞɡ ˊɎɢɞɡɠ, ůŮ əɎɗŮ ɛɑŬ Ŭˊɧ 

Űɘɠ ůɤɚɐɜŮɠ, ŬˊŮɘəɞɜɑɕŮŰŬɘ ˊŬɟŬəɎŰɤ:  

ȷ) ũɘŬ Űɘɠ əɚŮɘůŰɏɠ ŭɘŬŰɞɛɏɠ, ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.1), (2.21): 

 

 Ὑ Ὑ ύ  

        Ὑ ρ ‌ ῳ 
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ς
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Ὑ ρ ‌ ῳ  ρ
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ρ
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(2.33) 
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’

ς
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ρ
’
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(2.34) 
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ȷɡŰɧ ˊɞɡ ɡˊɞɢɟŮɞɨɛŬůŰŮ ɜŬ ɡˊɞɚɞɔɑůɞɡɛŮ Ůˊɘˊɚɏɞɜ ŮɑɜŬɘ ɞɘ Űɟɞˊɏɠ ˊɞɡ 

ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ əŬŰɎ Űɖɜ r ŭɘŮɨɗɡɜůɖ. ȷɝɑɕŮɘ ɜŬ ůɖɛŮɘɤɗŮɑ ˊɤɠ ɛˊɞɟŮɑ ɜŬ ɛɖɜ 

ɡˊɎɟɢɞɡɜ ŰɎůŮɘɠ əŬŰɎ Űɖɜ r ŭɘŮɨɗɡɜůɖ, ŬɚɚɎ ɞɘ Űɟɞˊɏɠ ˊɞɡ ŬɜŬˊŰɨůůɞɜŰŬɘ ŭŮɜ 

ɛˊɞɟɞɨɜ ɜŬ Ŭɔɜɞɖɗɞɨɜ. ɀŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.6), (2.7) əŬɘ (2.11), ɘůɢɨŮɘ: 

‐ὶὶ
ὴρ ρ

ῴρ
„ὶὶ
ὴρ ’ „ὼὼ

ὴρ „——
ὴρ

 

ρ

ῴ
π ’ 

Ὑ ὴ

ςὌ 

Ὑ ὴ

Ὄ 

 

 

ȷɜŰɑůŰɞɘɢŬ,  

 

ɃˊɧŰŮ, ɡˊɞɚɞɔɑɕɞɜŰŬɠ ŰɩɟŬ Űɞ ɜɏɞ ˊɎɢɞɠ, ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.2),(2.35) əŬɘ 

(2.36) ɏɢɞɡɛŮ: 

ῷ ῷ ρ ‐  

 

ῷ ῷ ρ ‐  

 

B) ũɘŬ Űɘɠ ŬɜɞɘɢŰɏɠ ŭɘŬŰɞɛɏɠ, ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.1) əŬɘ (2.25): 

Ὑ Ὑ ύ  

Ὑ ρ ‌ ῳ  ὴ
ρ

ῴ

Ὑ 

Ὄ 

ρ ‌ ῳ   

 ’ 

ῴ

σὙ ὴ

ςὌ 

 
    

(2.35) 

 
‐ὶὶ
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ῴς
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ςὴς
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ς

 
    

(2.36) 
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’

ῴ

σὙ ὴ

ςὌ 

 
    

(2.37) 

 
ῷ ρ ‌ ῳ  ρ

’

ῴ

σὙ ὴ

ςὌ 

 
    

(2.38) 
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Ƀɘ Űɟɞˊɏɠ ˊɞɡ ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ əŬŰɎ Űɖɜ r ŭɘŮɨɗɡɜůɖ, ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.8) əŬɘ 

(2.11), ŮɑɜŬɘ: 

‐ὶὶ
ὴρ ρ

ῴρ
„ὶὶ
ὴρ ’ρ „ὼὼ

ὴρ „——
ὴρ

 

ρ

ῴρ
π ’ρ π

Ὑὴ 
ρὴρ

Ὄὴ 
ρ

 

Ⱥɜɩ, ɔɘŬ Űɖɜ ŭŮɨŰŮɟɖ ůɤɚɐɜŬ, 

 

 

ɃˊɧŰŮ, ɡˊɞɚɞɔɑɕɞɜŰŬɠ ŰɩɟŬ Űɞ ɜɏɞ ˊɎɢɞɠ, ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.2),(2.41) əŬɘ 

(2.42) ɏɢɞɡɛŮ: 

ῷ ῷ ρ ‐  

 

 

ũ) ũɘŬ Űɘɠ ˊŬəŰɤɛɏɜŮɠ ŭɘŬŰɞɛɏɠ, ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.1) əŬɘ (2.28): 
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Ƀɘ Űɟɞˊɏɠ ˊɞɡ ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ əŬŰɎ Űɖɜ r ŭɘŮɨɗɡɜůɖ, ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.9), 

(2.10) əŬɘ (2.11), ŮɑɜŬɘ: 
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Ⱥɜɩ, ɔɘŬ Űɖɜ ŭŮɨŰŮɟɖ ůɤɚɐɜŬ, 

 

ɃˊɧŰŮ, ɡˊɞɚɞɔɑɕɞɜŰŬɠ ŰɩɟŬ Űɞ ɜɏɞ ˊɎɢɞɠ, ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.2),(2.47) əŬɘ 

(2.48) ɏɢɞɡɛŮ: 
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2.1.9. ɄŮɟɘɞɢɐ ůɡɔəɧɚɚɖůɖɠ 

 

ɄŬɟŬŰɖɟŮɑŰŬɘ ɧŰɘ Ŭˊɧ Űɞɡɠ ˊɟɞɖɔɞɨɛŮɜɞɡɠ ɡˊɞɚɞɔɘůɛɞɨɠ ˊɟɞɏəɡɣŬɜ 2 ŭɘŬűɞɟŮŰɘəɏɠ 

ŬəŰɑɜŮɠ ɔɘŬ əɎɗŮ ůɡɔəɧɚɚɖůɖ, Ὑ  ‖‌― Ὑ  , ɚɧɔɤ ŭɘŬűɞɟŮŰɘəɩɜ ůɡɜŰŮɚŮůŰɩɜ 

ɗŮɟɛɘəɐɠ ŬɔɤɔɘɛɧŰɖŰŬɠ əŬɘ ɛɏŰɟɤɜ ŮɚŬůŰɘəɧŰɖŰŬɠ ( ‌ ‌ ȟῴ ῴ  . ȼ 

ůɡɔəɧɚɚɖůɖ, ɧɛɤɠ, ɡˊɞɢɟŮɩɜŮɘ Űɘɠ 2 ůɤɚɐɜŮɠ ɜŬ ŬˊɞəŰɐůɞɡɜ Űɖɜ ɑŭɘŬ ŬəŰɑɜŬ əŬɘ 

əɞɘɜɐ ŮűŬˊŰɞɛɏɜɖ. 
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Figure 2.9 Welding area of the 2 pipes, (1) and (2), respectively  

 

ũɘŬ ɜŬ ůɡɛɓŮɑ ŬɡŰɧ ŬˊŬɘŰɞɨɜŰŬɘ ɞɘ ɟɞˊɏɠ əŬɘ ɞɘ ŭɘŬŰɛɖŰɘəɏɠ ŭɡɜɎɛŮɘɠ, ɧˊɤɠ űŬɑɜŮŰŬɘ 

ůŰɞ ˊŬɟŬəɎŰɤ ůɢɐɛŬ, ɧˊɞɡ Q0 [N/m] əŬɘ ɀ0 [Nm/m]: 
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Figure 2.10 The forces one pipe exerts on the other during the welding 
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ȷɡŰɞɥůɞɟɟɞˊɞɨɛŮɜɞ: 

                                            (a)                                                                    (b) 

Qo
Mo

 

Figure 2.11 (a) Uniform distribution of torque  (b) Uniform distribution of shear force, across the 

cross-section of each tube  

ɇɧŰŮ, ɖ Ůɝɑůɤůɖ ɘůɞɟɟɞˊɑŬɠ, əŬŰɎ Űɖɜ ŬəŰɘɜɘəɐ əŬŰŮɨɗɡɜůɖ, ˊŬɑɟɜŮɘ Űɖɜ ɛɞɟűɐ: 

  

   

ȳˊɞɡ, 

 

ɖ əŬɛˊŰɘəɐ ŬəŬɛɣɑŬ Űɞɡ ůɤɚɐɜŬ, ɛŮ i=1,2 ɔɘŬ əɎɗŮ ůɤɚɐɜŬ, ŬɜŰɑůŰɞɘɢŬ. ȼ ɔŮɜɘəɐ 

ɚɨůɖ Űɖɠ (2.51) ŭɑɜŮŰŬɘ Ŭˊɧ Űɞɜ Timoshenko, Theory of Plates and Shells,1989 əŬɘ 

ůɡɜɞɣɑɕŮŰŬɘ ůŰɞ ɄŬɟɎɟŰɖɛŬ ȷ.1. ˊɞɡ ˊŬɟŬŰɑɗŮŰŬɘ ůŰɞ Űɏɚɞɠ. ũɘŬ Űɖɜ ɔŮɜɘəɐ ɚɨůɖ 

ɢɟŮɘŬɕɧɛŬůŰŮ Űɖɜ ůŰŬɗŮɟɎ ‍ , ɧˊɞɡ: 

 

ȷ) ũɘŬ Űɘɠ əɚŮɘůŰɏɠ ŭɘŬŰɞɛɏɠ, ɖ Ůɝɑůɤůɖ ɘůɞɟɟɞˊɑŬɠ, ɖ əŬɛˊŰɘəɐ ŬəŬɛɣɑŬ Űɞɡ əɎɗŮ 

ůɤɚɐɜŬ əŬɘ ɖ ůŰŬɗŮɟɎ ‍   ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.33), (2.34) əŬɘ (2.37), (2.38), 

ˊɟɞəɨˊŰɞɡɜ ɤɠ: 

    

                         Ὀ
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Ὠὼ

Ὁ Ὄ

Ὑ
ὲ

ʝ ʚ ʞ

π 

 

(2.51) 
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ȸ) ũɘŬ Űɘɠ ŬɜɞɘɢŰɏɠ ŭɘŬŰɞɛɏɠ, ɖ Ůɝɑůɤůɖ ɘůɞɟɟɞˊɑŬɠ, ɖ əŬɛˊŰɘəɐ ŬəŬɛɣɑŬ Űɞɡ əɎɗŮ 

ůɤɚɐɜŬ əŬɘ ɖ ůŰŬɗŮɟɎ ‍   ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.39), (2.40) əŬɘ (2.43), (2.44), 

ˊɟɞəɨˊŰɞɡɜ ɤɠ: 
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ũ) ũɘŬ Űɘɠ ˊŬəŰɤɛɏɜŮɠ ŭɘŬŰɞɛɏɠ, ɖ Ůɝɑůɤůɖ ɘůɞɟɟɞˊɑŬɠ, ɖ əŬɛˊŰɘəɐ ŬəŬɛɣɑŬ Űɞɡ 

əɎɗŮ ůɤɚɐɜŬ əŬɘ ɖ ůŰŬɗŮɟɎ ‍   ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.45), (2.46) əŬɘ (2.49), 

(2.50), ˊɟɞəɨˊŰɞɡɜ ɤɠ: 
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ȼ ˊɟɩŰɖ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ, ůŰɞ ůɨɜɞɟɞ x=0, ɧˊɤɠ ŮɝɎɔŮŰŬɘ əŬɘ ůŰɞ ˊŬɟɎɟŰɖɛŬ 

A.1., ɛŬɠ ŭɑɜŮɘ Űɖɜ ŮˊɘűŬɜŮɘŬəɐ ˊŬɟŬɛɧɟűɤůɖ, ɖ ɞˊɞɑŬ ŮɑɜŬɘ: 

əŬɘ ɖ ŭŮɨŰŮɟɖ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ (ɓɚ. ɄŬɟɎɟŰɖɛŬ ȷ.1.), ɛŬɠ ŭɑɜŮɘ Űɖɜ əɚɑůɖ Űɤɜ 

ŮˊɘűŬɜŮɘŬəɩɜ ˊŬɟŬɛɞɟűɩůŮɤɜ: 

 

ȳˊɞɡ i=1,2 ɔɘŬ əɎɗŮ ɛɑŬ Ŭˊɧ Űɘɠ ůɤɚɐɜŮɠ (1) əŬɘ (2). 

ɁŬ ůɖɛŮɘɤɗŮɑ ɧŰɘ ůŰɘɠ ŬɜɤŰɏɟɤ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ŭŮɜ ŮɑɜŬɘ ɔɜɤůŰɎ ŰŬ ὓ ‖‌― ὗ . 

ɄɟɞűŬɜɩɠ ˊɟɏˊŮɘ ɜŬ ɡˊɞɚɞɔɘůŰɞɨɜ. ȷɡŰɧ ůɖɛŬɑɜŮɘ ɧŰɘ ŬˊŬɘŰŮɑŰŬɘ ɖ ɢɟɐůɖ Űɤɜ  

ůɡɜɗɖəɩɜ ůɡɛɓɘɓŬůŰɞɨ ɐ əŬɘ Ɏɚɚɤɜ űɡůɘəɩɜ ˊŬɟŬɛɏŰɟɤɜ. 

ɇŬ ŬɜɤŰɏɟɤ ɛŬɠ ɞŭɖɔɞɨɜ ůŰɖɜ ŰɟɑŰɖ ŬˊŮɘəɧɜɘůɖ ˊŬɟŬɛɞɟűɩůŮɤɜ Űɖɠ ɛɞɟűɐɠ: 

 

H ŬɜŰɑůŰɞɘɢɖ ˊŬɟŬɛɧɟűɤůɖ Űɞɡ ˊɎɢɞɡɠ ῷ  ŭŮɜ ɚŬɛɓɎɜŮŰŬɘ ˊɚɏɞɜ ɡˊɧɣɖ, ŭɘɧŰɘ 

ŮɑɜŬɘ ŬɛŮɚɖŰɏŬ.  

H ˊɟɩŰɖ ůɡɜɗɐəɖ ůɡɛɓɘɓŬůŰɞɨ Űɤɜ ɛŮŰŬŰɞˊɑůŮɤɜ ŰɩɟŬ ŭɑɜŮɘ: 

ȷɡŰɐ ɖ ůɡɜɗɐəɖ ˊɟɏˊŮɘ ɜŬ ɘůɢɨŮɘ ɔŮɜɘəɎ. 

ȼ ŭŮɨŰŮɟɖ ůɡɜɗɐəɖ ůɡɛɓɘɓŬůŰɞɨ ɏɢŮɘ ɎɛŮůɖ ŮɝɎɟŰɖůɖ Ŭˊɧ Űɖɜ ˊɞɘɧŰɖŰŬ Űɖɠ 

ůɡɔəɧɚɚɖůɖɠ. 
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ȷ) ũɘŬ Űɘɠ əɚŮɘůŰɏɠ ŭɘŬŰɞɛɏɠ, ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.33), (2.34) əŬɘ (2.63) ůŰɖɜ 

(2.66) ɏɢɞɡɛŮ: 

Ὑ ὲ π Ὑ ὲ π   

 

ȳˊɞɡ Ὀ   əŬɘ ‍ , ɛŮ i=1,2, ŮɑɜŬɘ ɞɘ Űɘɛɏɠ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ (2.55) əŬɘ (2.56), 

ŬɜŰɑůŰɞɘɢŬ.  

ȹɘŬəɟɑɜɞɡɛŮ ŰɏůůŮɟɘɠ ˊŮɟɘˊŰɩůŮɘɠ ůɢŮŰɘəɎ ɛŮ Űɖɜ ŬɜŰɞɢɐ Űɖɠ ůɡɔəɧɚɚɖůɖɠ: 

a) ɆŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ˊɚɐɟɤɠ ɟɖɔɛŬŰɤɛɏɜɖɠ ůɡɔəɧɚɚɖůɖɠ, ɏɢŮɘ ŮˊɏɚɗŮɘ ɗɟŬɨůɖ 

əŬɘ ŭŮɜ ɡˊɎɟɢŮɘ ŬɜŰɑůŰŬůɖ ɟɞˊɐɠ, ŭɖɚŬŭɐ    

ɇɧŰŮ Ŭˊɧ Űɖɜ (2.67) ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɖɠ (2.68):  
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ȳˊɤɠ ˊɟɞŬɜŬűɏɟɗɖəŮ ŰŬ Ὀ  əŬɘ ‍ , ɛŮ i=1,2, ŮɑɜŬɘ ɞɘ Űɘɛɏɠ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ (2.55) 

əŬɘ (2.56), ŬɜŰɑůŰɞɘɢŬ.  

b) i) ȺɜŬɚɚŬəŰɘəɎ ɗŬ ɛˊɞɟɞɨůŮ ɖ ŭɘŬŰɞɛɐ ɜŬ ɏɢŮɘ ˊɚŬůŰɘəɞˊɞɘɖɗŮɑ, ŭɖɚŬŭɐ: 
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To ŭɘˊɚɧ ˊɟɧůɖɛɞ ɚŬɛɓɎɜŮɘ ɡˊɧɣɖ ɛɘŬ ɡˊɞŰɘɗɏɛŮɜɖ ŬɚɚŬɔɐ ůŰɟɞűɐɠ. ȳˊɞɡ ɖ ὓ  

ŮɑɜŬɘ ɖ ɞɟɘŬəɐ ɟɞˊɐ ŭɘŬɟɟɞɐɠ, ˊɞɡ ůɡɜŭɏŮŰŬɘ ɛŮ Űɖɜ ŰɎůɖ ŬɜŰɞɢɐɠ (ŭɘŬɟɟɞɐɠ) Űɖɠ 

ůɡɔəɧɚɚɖůɖɠ, „ , ɎɟŬ: 

ȺˊŮɘŭɐ, ɧɛɤɠ, ɗŬ ɏɢɞɡɛŮ ŭɘŬűɞɟŮŰɘəɧ ˊɎɢɞɠ Ŭˊɧ Űɖɜ ůɤɚɐɜŬ (1) əŬɘ ŭɘŬűɞɟŮŰɘəɧ 

ˊɎɢɞɠ Ŭˊɧ Űɖɜ ůɤɚɐɜŬ (2), ɗŬ ˊɟɏˊŮɘ ɜŬ ˊɎɟɞɡɛŮ ɏɜŬ ɛɏůɞ ˊɎɢɞɠ, ῷ  , ɧˊɞɡ: 

 

ȰŰůɘ, 

ȾŬɘ  

ȾɎˊɤɠ ɏŰůɘ əŬɘ ˊŬɟɧŰɘ ɓɟɘůəɧɛŬůŰŮ ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɤɜ əɚŮɘůŰɩɜ ŭɘŬŰɞɛɩɜ, 

Ůűɧůɞɜ ɖ ŭɘŬŰɞɛɐ ɛɞɡ ɏɢŮɘ ˊɚŬůŰɘəɞˊɞɘɖɗŮɑ əŬɘ ɚɧɔɤ Űɖɠ (2.74), ŬɜŬɔɧɛŬůŰŮ ůŰɖɜ 

ˊŮɟɑˊŰɤůɖ ȸ) Űɤɜ ŬɜɞɘɢŰɩɜ ŭɘŬŰɞɛɩɜ. ɄŬɑɟɜɞɡɛŮ, ɚɞɘˊɧɜ, Űɖɜ Ůɝɑůɤůɖ (2.66) əŬɘ 

ŬɜŰɘəŬɗɘůŰɞɨɛŮ, ɔɘŬ ŬɜɞɘɢŰɐ ŭɘŬŰɞɛɐ ŬɡŰɐɜ Űɖɜ űɞɟɎ, ɤɠ Ŭˊɧ Űɘɠ (2.58), (2.59) ŬɚɚɎ 

əŬɘ (2.63): 
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ὓ ὓ  (2.70) 
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ȳˊɞɡ Űɞ ὓ  ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖɜ (2.73), Ůɜɩ ŰŬ ‍ ȟ‍  əŬɘ Ὀ ȟὈ   

ɡˊɞɚɞɔɑɕɞɜŰŬɘ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ (2.58), (2.59) ɔɘŬ i=1,2. 

ii ) ȷɜ ὓ π ŰɧŰŮ ɏɢɞɡɛŮ Űɖɜ (a) ˊŮɟɑˊŰɤůɖ. 

c) ɄɚŬůŰɘəɞˊɞɑɖůɖ ɚɧɔɤ ŰɏɛɜɞɡůŬɠ:  

ɀɑŬ Ŭəɧɛɖ ˊŮɟɑˊŰɤůɖ ŬˊɩɚŮɘŬɠ ŬɜŰɞɢɐɠ ůŰɖɜ ůɡɔəɧɚɚɖůɖ ŮɑɜŬɘ ɜŬ ɡˊɎɟɝŮɘ ŭɘŬɟɟɞɐ 

Űɞɡ ɡɚɘəɞɨ ɚɧɔɤ ŰɏɛɜɞɡůŬɠ, ɧˊɞɡ ŰɧŰŮ: 

ȳˊɞɡ ὗ  ŮɑɜŬɘ ɖ ŰɏɛɜɞɡůŬ ŭɘŬɟɟɞɐɠ ˊɞɡ ůɡɜŭɏŮŰŬɘ ɛŮ Űɖ ŭɘŬŰɛɖŰɘəɐ ŰɎůɖ ŬɜŰɞɢɐɠ: 

 

ɇɧŰŮ, ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɖɜ: 

ȳ́ ɞɡ ὗ ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖɜ (2.77) əŬɘ ‍ ȟ‍  əŬɘ Ὀ ȟὈ   ɡˊɞɚɞɔɑɕɞɜŰŬɘ Ŭˊɧ 

Űɘɠ ůɢɏůŮɘɠ (2.55), (2.56) ɔɘŬ i=1,2. 

d) Ƚůɢɡɟɐ ůɡɔəɧɚɚɖůɖ ȿῼȿ ῼ  
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(2.75) 

 
ὗ ὗ  (2.76) 
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ɆŰɖɜ ˊŮɟɑˊŰɤůɖ, ɧɛɤɠ ˊɞɡ ɖ ůɡɔəɧɚɚɖůɖ ŮɑɜŬɘ ɘůɢɡɟɐ ŰɧŰŮ ɗŬ ˊɟɏˊŮɘ ɜŬ ɡˊɎɟɢŮɘ 

ůɡɛɓɘɓŬůŰɧ əŬɘ ɤɠ ˊɟɞɠ Űɖɜ əɚɑůɖ Űɞɡ əŮɚɨűɞɡɠ. ȹɖɚŬŭɐ: 

ɀŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɖɠ (2.64): 
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ȷɜ ɗɏůɤ ˊɑůɤ Űɞɡɠ ɧɟɞɡɠ Ὑ  əŬɘ  Ὑ , ɢɎɟɘɜ ůɡɜŰɞɛɑŬɠ, Ŭˊɧ Űɖɜ (2.67) ˊɟɞəɨˊŰŮɘ: 

Ὑ
ρ

ς‍ρ
σ
Ὀρ

‍ρὓπ ὗπ Ὑ
ρ

ς‍ς
σ
Ὀς

‍ςὓπ ὗπ       

ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɖɠ (2.82): 

 

ȳˊɞɡ ŰŬ əŬɘ ‍ ȟ‍ , Ὀ ȟὈ  əŬɘ Ὑ ȟὙ  ɡˊɞɚɞɔɑɕɞɜŰŬɘ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ (2.55), 

(2.56) ɔɘŬ i=1,2 əŬɘ (2.33), (2.34), ŬɜŰɑůŰɞɘɢŬ. 

 

B) ũɘŬ Űɘɠ ŬɜɞɘɢŰɏɠ ŭɘŬŰɞɛɏɠ, ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.46), (2.47) əŬɘ (2.63) ůŰɖɜ 

(2.66) ɏɢɞɡɛŮ: 
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(2.83) 
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Ὑ ὲ π Ὑ ὲ π
 
ᵼ   

 

ȳˊɞɡ ŰŬ əŬɘ ‍ ȟ‍ , Ὀ ȟὈ  əŬɘ Ὑ ȟὙ  ɡˊɞɚɞɔɑɕɞɜŰŬɘ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ (2.58), 

(2.59) ɔɘŬ i=1,2. 

ȹɘŬəɟɑɜɞɡɛŮ, ůŮ ŬɜŰɘůŰɞɘɢɑŬ ɛŮ ˊɟɘɜ, ŰɏůůŮɟɘɠ ˊŮɟɘˊŰɩůŮɘɠ ůɢŮŰɘəɎ ɛŮ Űɖɜ ŬɜŰɞɢɐ Űɖɠ 

ůɡɔəɧɚɚɖůɖɠ: 

 

a) ɆŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ˊɚɐɟɤɠ ɟɖɔɛŬŰɤɛɏɜɖɠ ůɡɔəɧɚɚɖůɖɠ, ɏɢŮɘ ŮˊɏɚɗŮɘ ɗɟŬɨůɖ 

əŬɘ ŭŮɜ ɡˊɎɟɢŮɘ ŬɜŰɑůŰŬůɖ ɟɞˊɐɠ, ŭɖɚŬŭɐ, ὓ πȢ ɇɧŰŮ Ŭˊɧ Űɖɜ (2.84) ɛŮ 

ŬɜŰɘəŬŰɎůŰŬůɖ ŬɡŰɐɠ Űɖɠ ůɢɏůɖɠ ɏɢɞɡɛŮ:   
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ȳˊɞɡ ŰŬ Ὀ   əŬɘ ‍ , ɛŮ i=1,2, ŮɑɜŬɘ ɞɘ Űɘɛɏɠ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ (2.58) əŬɘ (2.59), 

ŬɜŰɑůŰɞɘɢŬ.  

b) i) ȺɜŬɚɚŬəŰɘəɎ ɗŬ ɛˊɞɟɞɨůŮ ɖ ŭɘŬŰɞɛɐ ɜŬ ɏɢŮɘ ˊɚŬůŰɘəɞˊɞɘɖɗŮɑ, ŭɖɚŬŭɐ: 
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(2.84) 
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To ŭɘˊɚɧ ˊɟɧůɖɛɞ ɚŬɛɓɎɜŮɘ ɡˊɧɣɖ ɛɘŬ ɡˊɞŰɘɗɏɛŮɜɖ ŬɚɚŬɔɐ ůŰɟɞűɐɠ. ȳˊɞɡ ɖ ὓ  

ŮɑɜŬɘ ɖ ɞɟɘŬəɐ ɟɞˊɐ ŭɘŬɟɟɞɐɠ, ˊɞɡ ůɡɜŭɏŮŰŬɘ ɛŮ Űɖɜ ŰɎůɖ ŬɜŰɞɢɐɠ (ŭɘŬɟɟɞɐɠ) Űɖɠ 

ůɡɔəɧɚɚɖůɖɠ, „ , ɎɟŬ: 

ȺˊŮɘŭɐ, ɧɛɤɠ, ɗŬ ɏɢɞɡɛŮ ŭɘŬűɞɟŮŰɘəɧ ˊɎɢɞɠ Ŭˊɧ Űɖɜ ůɤɚɐɜŬ (1) əŬɘ ŭɘŬűɞɟŮŰɘəɧ 

ˊɎɢɞɠ Ŭˊɧ Űɖɜ ůɤɚɐɜŬ (2), ɗŬ ˊɟɏˊŮɘ ɜŬ ˊɎɟɞɡɛŮ ɏɜŬ ɛɏůɞ ˊɎɢɞɠ, ῷ  , ɧˊɞɡ: 

ȰŰůɘ, 

ȾŬɘ  

ȷˊɧ Űɖɜ (2.85) ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ ˊŬɟŬˊɎɜɤ ůɢɏůŮɤɜ ɏɢɞɡɛŮ: 

 

ȳˊɤɠ ɐŰŬɜ ŬɜŬɛŮɜɧɛŮɜɞ ɖ ůɢɏůɖ ŬɡŰɐ ŮɑɜŬɘ Ŭəɟɘɓɩɠ ɖ ůɢɏůɖ (2.75). ȳˊɞɡ Űɞ ὓ  

ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖɜ (2.89), Ůɜɩ ŰŬ ‍ ȟ‍  əŬɘ Ὀ ȟὈ   ɡˊɞɚɞɔɑɕɞɜŰŬɘ Ŭˊɧ Űɘɠ 

ůɢɏůŮɘɠ (2.58), (2.59) ɔɘŬ i=1,2. 

ii ) ȷɜ ὓ π ŰɧŰŮ ɏɢɞɡɛŮ Űɖɜ (a) ˊŮɟɑˊŰɤůɖ. 

c) ɄɚŬůŰɘəɞˊɞɑɖůɖ ɚɧɔɤ ŰɏɛɜɞɡůŬɠ:  
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(2.91) 
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ɀɑŬ Ŭəɧɛɖ ˊŮɟɑˊŰɤůɖ ŬˊɩɚŮɘŬɠ ŬɜŰɞɢɐɠ ůŰɖɜ ůɡɔəɧɚɚɖůɖ ŮɑɜŬɘ ɜŬ ɡˊɎɟɝŮɘ ŭɘŬɟɟɞɐ 

Űɞɡ ɡɚɘəɞɨ ɚɧɔɤ ŰɏɛɜɞɡůŬɠ, ɧˊɞɡ ŰɧŰŮ: 

ȳˊɞɡ ὗ  ŮɑɜŬɘ ɖ ŰɏɛɜɞɡůŬ ŭɘŬɟɟɞɐɠ ˊɞɡ ůɡɜŭɏŮŰŬɘ ɛŮ Űɖ ŭɘŬŰɛɖŰɘəɐ ŰɎůɖ ŬɜŰɞɢɐɠ: 

TɧŰŮ, ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɖɜ: 

ȳˊɞɡ ὗ  ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖɜ (2.93) əŬɘ ‍ ȟ‍  əŬɘ Ὀ ȟὈ   ɡˊɞɚɞɔɑɕɞɜŰŬɘ Ŭˊɧ 

Űɘɠ ůɢɏůŮɘɠ (2.58), (2.59) ɔɘŬ i=1,2. 

d) Ƚůɢɡɟɐ ůɡɔəɧɚɚɖůɖ ȿῼȿ ῼ  

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ, ɧɛɤɠ ˊɞɡ ɖ ůɡɔəɧɚɚɖůɖ ŮɑɜŬɘ ɘůɢɡɟɐ ŰɧŰŮ ɗŬ ˊɟɏˊŮɘ ɜŬ ɡˊɎɟɢŮɘ 

ůɡɛɓɘɓŬůŰɧ əŬɘ ɤɠ ˊɟɞɠ Űɖɜ əɚɑůɖ Űɞɡ əŮɚɨűɞɡɠ. ȹɖɚŬŭɐ: 

ɀŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɖɠ (2.63), ɧˊɤɠ əŬɘ ˊɟɘɜ ˊɟɞəɨˊŰŮɘ: 

 

ȳˊɞɡ Ŭɜ ɗɏůɤ ˊɑůɤ Űɞɡɠ ɧɟɞɡɠ Ὑ   əŬɘ Ὑ , ɢɎɟɘɜ ůɡɜŰɞɛɑŬɠ, Ŭˊɧ Űɖɜ (2.84) 

ɟ́ɞəɨˊŰŮɘ: 
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ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɖɠ (2.97): 

 

ὗ †
ῷ
ὴᴂᴂ
ρ
ῷ
ὴᴂᴂ
ς

ς
 (2.93) 

 
†

„

ς
 (2.94) 

 
(2.84)

 
ᵼ╜

ρ

ς‍ρ
ς
Ὀρ

ρ

ς‍ς
ς
Ὀς

Ὑ ρ ‌ ῳ  ρ

 

 
Ὑ ρ ‌ ῳ  ρ

 

 
╠◐

ρ

ς‍ς
σ
Ὀς

ρ

ς‍ρ
σ
Ὀρ

 

 

 

(2.95) 

 
 ὲ π ὲ π 

    

(2.96) 

 
╠ ς

‍ ‍ ‍ Ὀ ‍ Ὀ

‍ Ὀ ‍ Ὀ
╜  (2.97) 



41                      ȷɜɎɚɡůɖ ŰɎůŮɤɜ-ˊŬɟŬɛɞɟűɩůŮɤɜ ůɡɔəɧɚɚɖůɖɠ 

 

 

ȳˊɞɡ ŰŬ əŬɘ ‍ ȟ‍ , Ὀ ȟὈ  əŬɘ Ὑ , Ὑ  ɡˊɞɚɞɔɑɕɞɜŰŬɘ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ (2.65), 

(2.66) ɔɘŬ i=1,2 əŬɘ (2.58),(2.59), ŬɜŰɑůŰɞɘɢŬ. 

ũ) ũɘŬ Űɘɠ ˊŬəŰɤɛɏɜŮɠ ŭɘŬŰɞɛɏɠ, ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɖɠ (2.63) ůŰɖɜ (2.66) ɏɢɞɡɛŮ: 

 

ȳˊɞɡ Ὀ  ‖‌―  ‍ , ɛŮ i=1,2, ŮɑɜŬɘ ɞɘ Űɘɛɏɠ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ (2.61) əŬɘ (2.62), 

ŬɜŰɑůŰɞɘɢŬ, Ůɜɩ ŰŬ Ὑ , Ὑ  ˊɟɞəɨˊŰɞɡɜ ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (2.45), (2.46). 

ȹɘŬəɟɑɜɞɡɛŮ, ůŮ ŬɜŰɘůŰɞɘɢɑŬ ɛŮ ˊɟɘɜ, ŰɏůůŮɟɘɠ ˊŮɟɘˊŰɩůŮɘɠ ůɢŮŰɘəɎ ɛŮ Űɖɜ ŬɜŰɞɢɐ Űɖɠ 

ůɡɔəɧɚɚɖůɖɠ: 

a) ɆŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ˊɚɐɟɤɠ ɟɖɔɛŬŰɤɛɏɜɖɠ ůɡɔəɧɚɚɖůɖɠ, ɏɢŮɘ ŮˊɏɚɗŮɘ ɗɟŬɨůɖ 

əŬɘ ŭŮɜ ɡˊɎɟɢŮɘ ŬɜŰɑůŰŬůɖ ɟɞˊɐɠ, ŭɖɚŬŭɐ, ὓ πȢ ɇɧŰŮ Ŭˊɧ Űɖɜ (2.99) ɛŮ 

ŬɜŰɘəŬŰɎůŰŬůɖ ŬɡŰɐɠ Űɖɠ ůɢɏůɖɠ ɏɢɞɡɛŮ:   
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ȳˊɞɡ ŰŬ Ὀ  ‖‌―  ‍ , ɛŮ i=1,2 əŬɘ Ὑ , Ὑ  ŮɑɜŬɘ ɞɘ Űɘɛɏɠ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ (2.61) əŬɘ 

(2.62), ŬɜŰɑůŰɞɘɢŬ əŬɘ (2.45), (2.46). 

b) i) ȺɜŬɚɚŬəŰɘəɎ ɗŬ ɛˊɞɟɞɨůŮ ɖ ŭɘŬŰɞɛɐ ɜŬ ɏɢŮɘ ˊɚŬůŰɘəɞˊɞɘɖɗŮɑ, ŭɖɚŬŭɐ: 
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To ŭɘˊɚɧ ˊɟɧůɖɛɞ ɚŬɛɓɎɜŮɘ ɡˊɧɣɖ ɛɘŬ ɡˊɞŰɘɗɏɛŮɜɖ ŬɚɚŬɔɐ ůŰɟɞűɐɠ. ȳˊɞɡ ɖ ὓ  

ŮɑɜŬɘ ɖ ɞɟɘŬəɐ ɟɞˊɐ ŭɘŬɟɟɞɐɠ, ˊɞɡ ůɡɜŭɏŮŰŬɘ ɛŮ Űɖɜ ŰɎůɖ ŬɜŰɞɢɐɠ (ŭɘŬɟɟɞɐɠ) Űɖɠ 

ůɡɔəɧɚɚɖůɖɠ, „ , ɎɟŬ: 

ȺˊŮɘŭɐ, ɧɛɤɠ, ɗŬ ɏɢɞɡɛŮ ŭɘŬűɞɟŮŰɘəɧ ˊɎɢɞɠ Ŭˊɧ Űɖɜ ůɤɚɐɜŬ (1) əŬɘ ŭɘŬűɞɟŮŰɘəɧ 

ˊɎɢɞɠ Ŭˊɧ Űɖɜ ůɤɚɐɜŬ (2), ɗŬ ˊɟɏˊŮɘ ɜŬ ˊɎɟɞɡɛŮ ɏɜŬ ɛɏůɞ ˊɎɢɞɠ, ῷ  , ɧˊɞɡ: 

ȰŰůɘ, 

ȾŬɘ  

ȾɎˊɤɠ ɏŰůɘ əŬɘ ˊŬɟɧŰɘ ɓɟɘůəɧɛŬůŰŮ ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɤɜ ˊŬəŰɤɛɏɜɤɜ ŭɘŬŰɞɛɩɜ, 

Ůűɧůɞɜ ɖ ŭɘŬŰɞɛɐ ɛɞɡ ɏɢŮɘ ˊɚŬůŰɘəɞˊɞɘɖɗŮɑ əŬɘ ɚɧɔɤ Űɖɠ (2.105), ŬɜŬɔɧɛŬůŰŮ ůŰɖɜ 

ˊŮɟɑˊŰɤůɖ ȸ) Űɤɜ ŬɜɞɘɢŰɩɜ ŭɘŬŰɞɛɩɜ. ɄŬɑɟɜɞɡɛŮ, ɚɞɘˊɧɜ, Űɖɜ Ůɝɑůɤůɖ (2.66) əŬɘ 

ŬɜŰɘəŬɗɘůŰɞɨɛŮ, ɔɘŬ ŬɜɞɘɢŰɐ ŭɘŬŰɞɛɐ ŬɡŰɐɜ Űɖɜ űɞɟɎ, ɤɠ Ŭˊɧ Űɘɠ (2.39), (2.40) ŬɚɚɎ 

əŬɘ (2.63): 

 

ȳˊɤɠ ɐŰŬɜ ŬɜŬɛŮɜɧɛŮɜɞ ɖ ůɢɏůɖ ŬɡŰɐ ŮɑɜŬɘ Ŭəɟɘɓɩɠ ɖ ůɢɏůɖ (2.75). ȳˊɞɡ Űɞ ὓ  

ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖɜ (2.104), Ůɜɩ ŰŬ ‍ ȟ‍  əŬɘ Ὀ ȟὈ   ɡˊɞɚɞɔɑɕɞɜŰŬɘ Ŭˊɧ Űɘɠ 

ůɢɏůŮɘɠ (2.58), (2.59) ɔɘŬ i=1,2. 

ii ) ȷɜ ὓ π ŰɧŰŮ ɏɢɞɡɛŮ Űɖɜ (a) ˊŮɟɑˊŰɤůɖ. 
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c) ɄɚŬůŰɘəɞˊɞɑɖůɖ ɚɧɔɤ ŰɏɛɜɞɡůŬɠ:  

ɀɑŬ Ŭəɧɛɖ ˊŮɟɑˊŰɤůɖ ŬˊɩɚŮɘŬɠ ŬɜŰɞɢɐɠ ůŰɖɜ ůɡɔəɧɚɚɖůɖ ŮɑɜŬɘ ɜŬ ɡˊɎɟɝŮɘ ŭɘŬɟɟɞɐ 

Űɞɡ ɡɚɘəɞɨ ɚɧɔɤ ŰɏɛɜɞɡůŬɠ, ɧˊɞɡ ŰɧŰŮ: 

ȳˊɞɡ ὗ  ŮɑɜŬɘ ɖ ŰɏɛɜɞɡůŬ ŭɘŬɟɟɞɐɠ ˊɞɡ ůɡɜŭɏŮŰŬɘ ɛŮ Űɖ ŭɘŬŰɛɖŰɘəɐ ŰɎůɖ ŬɜŰɞɢɐɠ: 

TɧŰŮ, ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɖɜ: 

ȳˊɞɡ ὗ  ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖɜ (2.108) əŬɘ ‍ ȟ‍  ,Ὀ ȟὈ   əŬɘ Ὑ , Ὑ  

ɡˊɞɚɞɔɑɕɞɜŰŬɘ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ (2.61), (2.62) ɔɘŬ i=1,2 əŬɘ (2.45), (2.46). 

d) Ƚůɢɡɟɐ ůɡɔəɧɚɚɖůɖ ȿῼȿ ῼ  

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ, ɧɛɤɠ ˊɞɡ ɖ ůɡɔəɧɚɚɖůɖ ŮɑɜŬɘ ɘůɢɡɟɐ ŰɧŰŮ ɗŬ ˊɟɏˊŮɘ ɜŬ ɡˊɎɟɢŮɘ 

ůɡɛɓɘɓŬůŰɧ əŬɘ ɤɠ ˊɟɞɠ Űɖɜ əɚɑůɖ Űɞɡ əŮɚɨűɞɡɠ. ȹɖɚŬŭɐ: 

ɀŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɖɠ (2.64), ɧˊɤɠ əŬɘ ˊɟɘɜ ˊɟɞəɨˊŰŮɘ: 

 

ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɖɠ (2.112): 
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ȳˊɞɡ ŰŬ əŬɘ ‍ ȟ‍ , Ὀ ȟὈ  əŬɘ Ὑ , Ὑ  ɡˊɞɚɞɔɑɕɞɜŰŬɘ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ (2.61), 

(2.62) ɔɘŬ i=1,2 əŬɘ (2.45),(2.46), ŬɜŰɑůŰɞɘɢŬ. 

 

2.1.10. ȹɘŬŰɛɖŰɘəɏɠ ŰɎůŮɘɠ  

 

Ƀɘ ŭɘŬŰɛɖŰɘəɏɠ ŰɎůŮɘɠ, „  , ˊɞɡ ŬɜŬˊŰɨůůɞɜŰŬɘ, ɗŮɤɟɞɨɛŮ ɧŰɘ Ŭəɞɚɞɡɗɞɨɜ 

ˊŬɟŬɓɞɚɘəɐ əŬŰŬɜɞɛɐ.  ȰŰůɘ, ɞɘ ɛɏɔɘůŰɖ ŭɘŬŰɛɖŰɘəɐ ŰɎůɖ ŮɛűŬɜɑɕŮŰŬɘ ůŰɞ əɏɜŰɟɞ 

Űɤɜ ŭɨɞ ůɤɚɐɜɤɜ əŬɘ ˊɘɞ ůɡɔəŮəɟɘɛɏɜŬ ůŰɞ ůɖɛŮɑɞ C, ɧˊɞɡ:  

 

Ⱥɜɩ, ɞɘ əɨɟɘŮɠ ŰɎůŮɘɠ ˊɞɡ ŬɜŬˊŰɨůůɞɜŰŬɘ Ŭəɞɚɞɡɗɞɨɜ Űɞɜ ˊŬɟŬəɎŰɤ Űɨˊɞ: 
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Figure 2.12 Depiction of bending and shear stresses 

 

2.1.11. ɇɎůŮɘɠ von Mises 

 

Ƀɘ ŰɎůŮɘɠ von Mises ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůɡɢɜɎ ɔɘŬ ɜŬ ˊɟɞůŭɘɞɟɑůɞɡɜ ˊɧŰŮ ɏɜŬ 

ɘůɧŰɟɞˊɞ əŬɘ ɧɚəɘɛɞ ɡɚɘəɧ ŬɟɢɑɕŮɘ əŬɘ ˊŬɟŬɛɞɟűɩɜŮŰŬɘ ˊɚɎůŰɘɛŬ əŬɘ ɞɡůɘŬůŰɘəɎ 

ˊɧŰŮ ŭɘŬɟɟɏŮɘ ɧŰŬɜ ɡˊɧəŮɘŰŬɘ ůŮ ɛɘŬ ˊŮɟɑˊɚɞəɖ ˊŮɟɑˊŰɤůɖ űɧɟŰɘůɖɠ. ȷɡŰɧ 

ŮˊɘŰɡɔɢɎɜŮŰŬɘ ɛŮ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ ŰɎůŮɤɜ von Mises əŬɘ Űɖɜ ůɨɔəɟɘůɖ ŬɡŰɩɜ ɛŮ 

Űɖɜ ŰɎůɖ ŭɘŬɟɟɞɐɠ Űɞɡ ɡɚɘəɞɨ. ɆŰɞɜ ˊŬɟŬəɎŰɤ Űɨˊɞ űŬɑɜŮŰŬɘ ɞ Űɨˊɞɠ ɡˊɞɚɞɔɘůɛɞɨ 

Űɤɜ ŰɎůŮɤɜ ŬɡŰɩɜ, ɧˊɞɡ:  

 

ɀŮ Űɖɜ ŮɨɟŮůɖ ŰɩɟŬ Űɤɜ ɟɞˊɩɜ ὓ  əŬɘ Űɤɜ ŭɘŬŰɛɖŰɘəɩɜ ŭɡɜɎɛŮɤɜ ὗ  ɛˊɞɟɞɨɛŮ ɜŬ 

ɓɟɞɨɛŮ Űɘɠ ŭɘŬŰɛɖŰɘəɏɠ ŰɎůŮɘɠ əŬɘ Űɘɠ əŬɛˊŰɘəɏɠ ŰɎůŮɘɠ ˊɞɡ ŬɜŬˊŰɨůůɞɜŰŬɘ ɚɧɔɤ  ὓ  

əŬɘ ὗ , ɧˊɤɠ űŬɑɜŮŰŬɘ əŬɘ ůŰɞ ˊŬɟŬˊɎɜɤ ůɢɐɛŬ. Ⱥˊɞɛɏɜɤɠ, ɞɘ əŬɛˊŰɘəɏɠ ŰɎůŮɘɠ 

ŮɝɎɔɞɜŰŬɘ ɤɠ: 

 

„
ρ

ς
„ὼὼ
ὴὭ

„ὶὶ
ὴὭ

„ὶὶ
ὴὭ

„——
ὴὭ

„——
ὴὭ

„ὼὼ
ὴὭ

σ„ὼὶ
 Ὥ
ς
 

 

(2.116) 

 
„ φ

ὓ

Ὄ
 

 

(2.117) 

 
„ φ

ὓ

Ὄ
 

 

 

(2.118) 



46                      ȷɜɎɚɡůɖ ŰɎůŮɤɜ-ˊŬɟŬɛɞɟűɩůŮɤɜ ůɡɔəɧɚɚɖůɖɠ 

 

ȾŬɘ ɞɘ ŭɘŬŰɛɖŰɘəɏɠ ŰɎůŮɘɠ: 

 

NŬ ůɖɛŮɘɤɗŮɑ ɧŰɘ ˊŬɟŬŰɖɟŮɑŰŬɘ ŮɎɜ Űɞ ὓ >0 ŰɧŰŮ ŮˊɘɓŬɟɨɜŮŰŬɘ ɖ ŮůɤŰŮɟɘəɐ ˊɚŮɡɟɎ 

Űɤɜ ůɤɚɐɜɤɜ, Ůɜɩ Űɞ ŬɜŰɑɗŮŰɞ ůɡɛɓŬɑɜŮɘ ɔɘŬ ὓ π. ɆŰɖɜ ˊɟɩŰɖ ˊŮɟɑˊŰɤůɖ, ɚɞɘˊɧɜ 

ŬɟɢɑɕŮɘ əŬɘ ŭɡůɢŬɘɟɏɜŮɘ ɖ əŬŰɎůŰŬůɖ, Ŭűɞɨ ɖ ŭɖɛɘɞɡɟɔɑŬ ɛɘəɟɞɟɤɔɛɩɜ ůɡɛɓŬɑɜŮɘ 

ůŰɖɜ ŮůɤŰŮɟɘəɐ ˊɚŮɡɟɎ əŬɘ əŬɗɘůŰɎ Űɖɜ ŮˊɘɗŮɩɟɖůɖ əŬɘ Űɖɜ ˊɘɗŬɜɐ Ůˊɘŭɘɧɟɗɤůɖ 

ˊɞɚɨ ˊɘɞ ŭɨůəɞɚŮɠ, ůŬɜ ŭɘŮɟɔŬůɑŮɠ.  
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ȾŮűɎɚŬɘɞ 3. ȷɟɘɗɛɖŰɘəɐ ɀɞɜŰŮɚɞˊɞɑɖůɖ  

 

3.1. ȷɝɞɜɞůɡɛɛŮŰɟɘəɧ ɛɞɜŰɏɚɞ əɡɚɘɜŭɟɘəɩɜ ůɤɚɐɜɤɜ 

 

ȹɖɛɘɞɡɟɔɐɗɖəŮ, ŮɝŬɟɢɐɠ ɏɜŬ ŬɝɞɜɞůɡɛɛŮŰɟɘəɧ ɛɞɜŰɏɚɞ, Ŭűɞɨ ɧɚŬ ŰŬ űɞɟŰɑŬ əŬɘ 

əŬŰô ŮˊɏəŰŬůɖ ɧɚŮɠ ɞɘ ŬɜŬˊŰɡůůɧɛŮɜŮɠ ŰɎůŮɘɠ ůɡɛɓŬɑɜɞɡɜ ŬɝɞɜɞůɡɛɛŮŰɟɘəɎ ůŰɞɡɠ 

ůɡɔəɞɚɚɖɛɏɜɞɡɠ əɡɚɑɜŭɟɞɡɠ. 

ȰŰůɘ, ŬɟɢɘəɎ ŭɖɛɘɞɡɟɔɐɗɖəŬɜ ɔŮɤɛŮŰɟɘəɎ ŰŬ ɛɞɜŰɏɚŬ Űɤɜ ŭɨɞ ůɤɚɐɜɤɜ ɛŮ Űɖɜ 

ůɡɔəɧɚɚɖůɐ Űɞɡɠ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ ˊŬɟŬəɎŰɤ ůɢɐɛŬ: 

 

 

ȹɖɛɘɞɡɟɔɐɗɖəŬɜ ůɡɜɞɚɘəɎ 18 ɛɞɜŰɏɚŬ. ɇŬ ˊɟɩŰŬ 9 Ŭűɞɟɞɨɜ Űɖ ůɨɜɗŮůɖ ɡɚɘəɩɜ 

RH2, Ůɜɩ ŰŬ ɎɚɚŬ 9 Űɖ ůɨɜɗŮůɖ SH2. ȾŬɗɏɜŬ Ŭˊɧ ŬɡŰɎ ŰŬ 9 ɛɞɜŰɏɚŬ ŬˊŬɟŰɑɕŮŰŬɘ 

Ŭˊɧ Űɘɠ 3 ůɡɜɗɐəŮɠ ůŰɐɟɘɝɖɠ, ɞɘ ɞˊɞɑŮɠ ŭɖɛɘɞɡɟɔɞɨɜ Űɘɠ ŬɜɞɘɢŰɏɠ, əɚŮɘůŰɏɠ əŬɘ 

ˊŬəŰɤɛɏɜŮɠ ŭɘŬŰɞɛɏɠ ɧˊɤɠ ŬɜŬűɏɟɗɖəŮ ˊŬɟŬˊɎɜɤ. ɆŮ əɎɗŮ ɛɘŬ Ŭˊɧ Űɘɠ ˊŮɟɘˊŰɩůŮɘɠ 

ůŰɐɟɘɝɖɠ, ŭɖɛɘɞɡɟɔɐɗɖəŬɜ 3 ůɡɜɗɐəŮɠ űɧɟŰɘůɖɠ. ȼ ˊɟɩŰɖ ŬűɞɟɎ Űɖɜ ŮűŬɟɛɞɔɐ 

ɛɧɜɞ Űɖɠ ˊɑŮůɖɠ p. ȼ ŭŮɨŰŮɟɖ Űɖɜ ŮűŬɟɛɞɔɐ ɛɧɜɞ Űɖɠ ŭɘŬűɞɟɎɠ ɗŮɟɛɞəɟŬůɑŬɠ ȹɇ. 

Ⱥɜɩ ɖ ŰɟɑŰɖ Űɖɜ ŮˊŬɚɚɖɚɑŬ ŬɡŰɩɜ, (ŭɖɚŬŭɐ p+ȹɇ). ȷɠ ŮɝŮŰŬůŰɞɨɜ, ɧɛɤɠ, ŬɜŬɚɡŰɘəɎ 

ŰŬ ɛɞɜŰɏɚŬ ůŮ əɎɗŮ ˊŮɟɑˊŰɤůɖ. ũɘŬ ˊɘɞ Ůɨəɞɚɖ əŬŰŬɜɧɖůɖ ɏɔɘɜŮ ɖ ůɨɛɓŬůɖ 

Ŭɟɑɗɛɖůɖɠ ɧŰɘ ɞ ˊɟɩŰɞɠ Ŭɟɘɗɛɧɠ ŬɜŬűɏɟŮŰŬɘ ůŰɞ ůɡɜŭɡŬůɛɧ ɡɚɘəɩɜ (ɓɚ. ɄŬɟɎɟŰɖɛŬ 

ȷ.6.), ŭɖɚŬŭɐ 1 ɔɘŬ Űɞ RH2 əŬɘ 2 ɔɘŬ Űɞɜ ůɡɜŭɡŬůɛɧ SH2, ɞ ŭŮɨŰŮɟɞɠ Ŭɟɘɗɛɧɠ 

ŬɜŬűɏɟŮŰŬɘ ůŰɞ Ůɑŭɞɠ Űɖɠ ŭɘŬŰɞɛɐɠ, ŭɖɚɎŭɖ ɔɘŬ ŬɜɞɘɢŰɏɠ ŭɘŬŰɞɛɏɠ Űɞ 1, ɔɘŬ 

ˊŬəŰɤɛɏɜŮɠ ŭɘŬŰɞɛɏɠ Űɞ 2, Ůɜɩ ɔɘŬ əɚŮɘůŰɏɠ ŭɘŬŰɞɛɏɠ Űɞ 3. Ƀ ŰɟɑŰɞɠ Ŭɟɘɗɛɧɠ 

ŬɜŬűɏɟŮŰŬɘ ůŰɘɠ ůɡɜɗɐəŮɠ űɧɟŰɘůɖɠ, ŭɖɚŬŭɐ ɔɘŬ Ůˊɘɓɞɚɐ ɛɧɜɞ ˊɑŮůɖɠ Űɞ 1, ɔɘŬ 

ɗŮɟɛɞəɟŬůɑŬ Űɞ 2, Ůɜɩ ɔɘŬ ůɡɜŭɡŬůɛɧ əŬɘ Űɤɜ ŭɨɞ ɛŬɕɑ Űɞ 3. ɄŬɟŬŭŮɑɔɛŬŰɞɠ ɢɎɟɖ ɖ 

ŭɘŬŰɞɛɐ 2.1.3. ŬɜŬűɏɟŮŰŬɘ ůŰɞɜ ůɡɜŭɡŬůɛɧ ɡɚɘəɩɜ SH2, ůŰɘɠ ŬɜɞɘəŰɏɠ ŭɘŬŰɞɛɏɠ, ɔɘŬ 

ɞɛɞɘɧɛɞɟűɖ ˊɑŮůɖ əŬɘ ɗŮɟɛɞəɟŬůɑŬ. 



48                      ȷɜɎɚɡůɖ ŰɎůŮɤɜ-ˊŬɟŬɛɞɟűɩůŮɤɜ ůɡɔəɧɚɚɖůɖɠ 

 

3.2.    ɆɡɜŭɡŬůɛɧɠ ɡɚɘəɩɜ RH2 

 

Figure 3.1 The internal radius and the thickness of the combination RH2 

 

ȷɟɘɗɛɧɠ ůŰɞɘɢŮɑɤɜ: 4800        ȷɟɘɗɛɧɠ əɧɛɓɤɜ: 5061 

ɀɏɔɘůŰɞ ůŰɞɘɢŮɑɞ: 

ȺɚɎɢɘůŰɞ ůŰɞɘɢŮɑɞ: 

Max total Cache size:0.5 Minimize the Mesh transition 

Element type: Axisymmetric stress 

Element shape: Quad, technique: structural 

Length ratio: 0.1, approximate global size:5  

CAX4R: a 4-node bilinear axisymmetric quadrilateral, reduced 

integration, hourglass control, Results Options ïü75% 

Curvature controls; max deviation factor: 0<h/L<1: 0.1 

Hoop stresses: ȺɑɜŬɘ ɖ ŰɎůɖ ˊɞɡ ŭɖɛɘɞɡɟɔŮɑŰŬɘ ɔɘŬ ɜŬ 

ŬɜŰɘůŰŬɗŮɑ ůŰɖɜ ŮˊɑŭɟŬůɖ Űɖɠ ŮűŬɟɛɞɕɧɛŮɜɖɠ ŮůɤŰŮɟɘəɐɠ 

ˊɑŮůɖɠ əŬɘ ŬůəŮɑŰŬɘ ˊŮɟŮɘűŮɟŮɘŬəɎ, ɩůŰŮ ɜŬ ŮɑɜŬɘ əɎɗŮŰɖ Űɧůɞ 

ůŰɞɜ ɎɝɞɜŬ x, ɧůɞ əŬɘ ůŰɖɜ ŬəŰɑɜɘəɐ ŭɘŮɨɗɡɜůɖ.   

Longitudinal  (Axial ) stresses: ɔɘŬ ɏɜŬɜ əɚŮɘůŰɧ əɨɚɘɜŭɟɞ əŬɘ ůŰŬ 2 ɎəɟŬ, ɖ 

ŮůɤŰŮɟɘəɐ ˊɑŮůɖ ŭɖɛɘɞɡɟɔŮɑ ɛɘŬ ŭɨɜŬɛɖ əŬŰɎ ɛɐəɞɠ Űɞɡ ɎɝɞɜŬ x.  

x=26.55mm x=3.6mm 
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1.1.1. ɀɞɜŰɏɚɞ RH2 ůŮ ŬɜɞɘɢŰɏɠ ŭɘŬŰɞɛɏɠ, ɛŮ Ɏɟɗɟɤůɖ ůŰɖ ůɡɔəɧɚɚɖůɖ əŬɘ 

ɞɛɞɘɧɛɞɟűɖ ˊɑŮůɖ ůŰɞ ɛɐəɞɠ Űɤɜ ůɤɚɐɜɤɜ.  ȽŭɘɧŰɖŰŮɠ: 

do(mm) 60.3 
                     ˄ 0.3 Ri(mm) Hi(mm) pi(N/mm^2) ɲʆόϲ/ύ ŀώϲ/ϣό-1)] 9ώɾǇŀϐ 

RH2 
1 

28.35 3.6 5.23 0 
1.23E-05 179200 

2 1.81E-05 148500 

 Properties for the combination of materials RH2 where, Ri: middle radius, Hi: Table 3.1.

thickness, pi: internal pressure, ȹɇ: temperature difference, E: Youngôs modulus, v: Poissonôs 

ratio, Ŭ: linear expansion coefficient  and some properties from Abaqus discrimination 

 Maximum and minimum values for Mises Stresses, exported  from Abaqus Table 3.2.

 Max value (MPa) Min value (MPa) 

Mises stresses 47.161 33.871 

 

            

            

Figure 3.2 Fluctuation colored curve for Mises stresses in three paths, A-B, C-D, E-F 
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 Mises Stresses along the thickness with units in (MPa), for the three paths from Table 3.3.

Abaqus and the Analytical solution 

  Abaqus 
Analytical 

Mises(central) Mises(1) Mises(2) 

0 43.8138 0 47.0976 0 40.5067 0 45.2681 
0 43.8723 0.37751 46.5743 0.376341 40.0784 0.376341 44.57842 

0.359956 43.3985 0.377525 46.5743 0.752686 39.2462 0.752686 43.88874 
0.719918 42.4726 0.755028 45.5435 1.12903 38.4521 1.12903 43.19906 
1.07988 41.5888 0.755052 45.5434 1.50538 37.6861 1.50538 42.50938 
1.43985 40.7435 1.13255 44.5543 1.88173 36.9469 1.88173 41.8197 
1.79982 39.9338 1.13258 44.5542 2.25807 36.2318 2.25807 41.13002 
2.15979 39.1578 1.51008 43.6137 2.63442 35.5394 2.63442 40.44034 
2.1598 39.0798 1.51011 43.6136 3.01078 34.8677 3.01078 39.75066 

2.51977 38.414 1.88761 42.7194 3.38713 34.2164 3.38713 39.06098 
2.51978 38.3369 1.88764 42.7193 3.76348 33.8961 3.76348 38.3713 

2.87975 37.6264 2.26515 41.871 
    2.87975 37.7016 2.26518 41.871 
    3.23973 37.0199 2.64269 41.0682 
    3.23973 36.948 2.64272 41.0681 
    3.59971 36.6167 3.02024 40.3112 
    3.59971 36.6867 3.02026 40.3112 
    

  
3.39779 39.6027 

    
  

3.77534 39.2614 
     

ɄŬɟŬŰɖɟŮɑŰŬɘ ŬůɡɜɏɢŮɘŬ ůŰɘɠ ɢɟɤɛŬŰɘəɏɠ əŬɛˊɨɚŮɠ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰŬ ˊŬɟŬˊɎɜɤ 

ůɢɐɛŬŰŬ, ˊɞɡ ɞűŮɑɚɞɜŰŬɘ ůŰɖɜ ŬůɡɜɏɢŮɘŬ Űɤɜ ŰɎůŮɤɜ. 

 Maximum and minimum values for Radial Stresses, exported  from Abaqus  Table 3.4.

 Max value (MPa) Min value (MPa) 

Stresses in 11 direction  -0.204 -5.044 
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Figure 3.3 Fluctuation colored curve for Radial stresses in three paths, A-B, C-D, E-F 

 

 Radial Stresses along the thickness with units in (MPa), for the three paths from Table 3.5.

Abaqus and the Analytical solution 

Abaqus Analytical 

S11(central) S11(1) S11(2) thin shells thick shells 

0.000 -4.9051 0.000 -4.9478 0.000 -4.8899 0.000 0.0000 0.000 -4.7326 

0.000 -4.9040 0.378 -4.6613 0.376 -4.5728 0.360 0.0000 0.360 -4.2096 

0.360 -4.6003 0.378 -4.6613 0.753 -3.9696 0.720 0.0000 0.720 -3.6866 

0.720 -4.0051 0.755 -4.0814 1.129 -3.4078 1.080 0.0000 1.080 -3.1636 

1.080 -3.4355 0.755 -4.0813 1.505 -2.8648 1.440 0.0000 1.440 -2.6406 

1.440 -2.8892 1.133 -3.5041 1.882 -2.3390 1.800 0.0000 1.800 -2.1176 

1.800 -2.3631 1.133 -3.5041 2.258 -1.8304 2.160 0.0000 2.160 -1.5946 

2.160 -1.8561 1.510 -2.9485 2.634 -1.3398 2.520 0.0000 2.520 -1.0716 

2.520 -1.3668 1.510 -2.9485 3.011 -0.8689 2.880 0.0000 2.880 -0.5486 

2.520 -1.3593 1.888 -2.4147 3.387 -0.4229 3.240 0.0000 3.240 -0.0256 

2.880 -0.8899 1.888 -2.4146 3.763 -0.2075 3.600 0.0000 3.600 0.0000 

A 

A 

B

  A 

S11(1) 

A 
S11 (2) 

A 
D

  A 

C

  A 

S11 (central) 

E F

  A 
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2.880 -0.8948 2.265 -1.9007 
      3.240 -0.4389 2.643 -1.4039 
      3.240 -0.4367 3.020 -0.9216 
      3.600 -0.2140 3.398 -0.4539 
      3.600 -0.2149 3.775 -0.2237 
       

 Maximum and minimum values for Axial Stresses, exported  from Abaqus  Table 3.6.

 Max value (MPa) Min value (MPa) 

Stresses in 22 direction  2.052 -1.940 
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Figure 3.4 Fluctuation colored curve for Axial stresses in three paths, A-B, C-D, E-F 

 

 Axial Stresses along the thickness with units in (MPa), for the three paths from Table 3.7.

Abaqus and the Analytical solution 

Abaqus thin shells 

S22(central) S22(1) S22(2) Analytical 

0.000 0.3002 0 0.9170 0 -0.3564 0.000 0 

0.000 0.2561 0.37751 0.8007 0.376341 -0.3233 0.000 0 

0.360 0.2211 0.377525 0.8007 0.752686 -0.2672 0.360 0 

0.720 0.1550 0.755028 0.5988 1.12903 -0.1973 0.720 0 

1.080 0.0974 0.755052 0.5987 1.50538 -0.1023 1.080 0 

1.440 0.0466 1.13255 0.4089 1.88173 0.0077 1.440 0 

1.800 -0.0003 1.13258 0.4089 2.25807 0.1392 1.800 0 

2.160 -0.0455 1.51008 0.2032 2.63442 0.2919 2.160 0 

2.160 -0.0621 1.51011 0.2032 3.01078 0.4721 2.160 0 

2.520 -0.0900 1.88761 -0.0117 3.38713 0.6810 2.520 0 

2.520 -0.1273 1.88764 -0.0118 3.76348 0.7927 2.520 0 

B

  A 

A 

A 

S22(1) 

A 

S22 (2) 

A 

E F

  A 

S22 (central) 

C

  A D

  A 
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2.880 -0.1947 2.26515 -0.2450 
  

2.880 0 

2.880 -0.1342 2.26518 -0.2451 
  

2.880 0 

3.240 -0.1782 2.64269 -0.4995 
  

3.240 0 

3.240 -0.2654 2.64272 -0.4995 
  

3.240 0 

3.600 -0.3018 3.02024 -0.7807 
  

3.600 0 

3.600 -0.2002 3.02026 -0.7808 
  

3.600 0 

  
3.39779 -1.0981 

    

  
3.77534 -1.2688 

     

 Maximum and minimum values for Hoop Stresses, exported  from Abaqus  Table 3.8.

 Max value (MPa) Min value (MPa) 

Stresses in 33 direction  44.818 34.137 
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Figure 3.5 Fluctuation colored curve for Hoop stresses in three paths, A-B, C-D, E-F 

 

 Hoop Stresses along the thickness with units in (MPa), for the three paths from Table 3.9.

Abaqus and the Analytical solution 

Abaqus Analytical  

S33(central) S33(1) S33(2) thin shells 

0.000 41.2786 0 44.8067 0 37.6918 0.000 41.186 

0 41.3199 0.37751 44.3998 0.376341 37.4576 0 41.186 

0.359956 41.0058 0.377525 44.3998 0.752686 36.9902 0.359956 41.186 

0.719918 40.3907 0.755028 43.6157 1.12903 36.5403 0.719918 41.186 

1.07988 39.8006 0.755052 43.6156 1.50538 36.1167 1.07988 41.186 

1.43985 39.2342 1.13255 42.8699 1.88173 35.7155 1.43985 41.186 

1.79982 38.6901 1.13258 42.8699 2.25807 35.3374 1.79982 41.186 

2.15979 38.1666 1.51008 42.1469 2.63442 34.9809 2.15979 41.186 

2.1598 38.0863 1.51011 42.1468 3.01078 34.6461 2.1598 41.186 

2.51977 37.6626 1.88761 41.4468 3.38713 34.3307 2.51977 41.186 

2.51978 37.5717 1.88764 41.4467 3.76348 34.1773 2.51978 41.186 

2.87975 37.0748 2.26515 40.766     2.87975 41.186 

S33 (1) 

A 

B 

S33 (2) 
D 

C 

S33 

(central) 

E F 
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2.87975 37.1769 2.26518 40.7659     2.87975 41.186 

3.23973 36.7087 2.64269 40.103     3.23973 41.186 

3.23973 36.5945 2.64272 40.1029     3.23973 41.186 

3.59971 36.3585 3.02024 39.4558     3.59971 41.186 

3.59971 36.4788 3.02026 39.4557   
 

3.59971 41.186 

 
  3.39779 38.8203   

   

 
  3.77534 38.5045   

    

 Maximum and minimum values for Shear Stresses, exported  from Abaqus  Table 3.10.

 Max value (MPa) Min value (MPa) 

Stresses in 12 direction  0.157 -0.498 
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Figure 3.6 Fluctuation colored curve for shear stresses in three paths, A-B, C-D, E-F 

 

 Shear Stresses along the thickness with units in (MPa), for the three paths from Table 3.11.

Abaqus and the Analytical solution 

Abaqus Anal(1)-(2) 

S12(central) S12(1) S12(2) thin shells 

0 -0.0795 0 -0.1560 0 -0.1593 0 1.6038 

0 -0.0793 0.3775 -0.2512 0.3763 -0.2559 0 1.6038 

0.3600 -0.1526 0.3775 -0.2512 0.7527 -0.3907 0.35996 1.38996 

0.7199 -0.2899 0.7550 -0.3832 1.1290 -0.4555 0.71992 1.17612 

1.0799 -0.3990 0.7551 -0.3832 1.5054 -0.4874 1.07988 0.96228 

1.4399 -0.4657 1.1326 -0.4438 1.8817 -0.4835 1.43985 0.74844 

1.7998 -0.4871 1.1326 -0.4438 2.2581 -0.4482 1.79982 0.5346 

2.1598 -0.4657 1.5101 -0.4712 2.6344 -0.3817 2.15979 0.32076 

2.1598 -0.4638 1.5101 -0.4712 3.0108 -0.2847 2.1598 0.10692 

2.5198 -0.4046 1.8876 -0.4636 3.3871 -0.1554 2.51977 -0.10692 

2.5198 -0.4029 1.8876 -0.4636 3.7635 -0.0825 2.51978 -0.32076 

S12 (1) 

A 

A 

B 

S12 (2) 

C 
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F E 
S12 

(central) 
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2.8798 -0.3036 2.2652 -0.4259   
 

2.87975 -0.5346 

2.8798 -0.3050 2.2652 -0.4259   
 

2.87975 -0.74844 

3.2397 -0.1661 2.6427 -0.3590   
 

3.23973 -0.96228 

3.2397 -0.1653 2.6427 -0.3590   
 

3.23973 -1.17612 

3.5997 -0.0863 3.0202 -0.2656   
 

3.59971 -1.38996 

3.5997 -0.0867 3.0203 -0.2656   
 

3.59971 -1.6038 

 
  3.3978 -0.1440   

   

  
3.7753 -0.0757   
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1.1.2. ɀɞɜŰɏɚɞ RH2 ůŮ ŬɜɞɘɢŰɏɠ ŭɘŬŰɞɛɏɠ, ɛŮ Ɏɟɗɟɤůɖ ůŰɖ ůɡɔəɧɚɚɖůɖ, Ůɜɩ 

506ÁC ŬɜŬˊŰɨůůɞɜŰŬɘ ůŮ ɧɚɖ Űɖ ˊŬɟŮɘɎ Űɞɡ ůɤɚɐɜŬ əŬɘ ɗŮɤɟŮɑŰŬɘ ɧŰɘ ɝŮəɘɜɎŮɘ 

Ŭˊɧ ɗŮɟɛɞəɟŬůɑŬ 20ÁC. 

do(mm) 60.3 
      
               ˄ 0.3 Ri(mm) Hi(mm) pi(N/mm^2) ɲʆόϲ/ύ ŀώϲ/ϣό-1)] 9ώɾǇŀϐ 

RH2 
1 

28.35 3.6 0 506 
1.23E-05 179200 

2 1.81E-05 148500 

 

 Maximum and minimum values for Mises Stresses, exported  from Abaqus  Table 3.12.

 Max value (MPa) Min value (MPa) 

Stresses Mises  295.015 0.060 
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Figure 3.7 Fluctuation colored curve for Mises stresses in three paths, A-B, C-D, E-F 

 

 Mises Stresses along the thickness with units in (MPa), for the three paths from Table 3.13.

Abaqus and the Analytical solution 

Abaqus 
Analytical 

Mises(central) Mises(1) Mises(2) 

0 42.2086 0 216.776 0 194.507 0 184.8228 

0 46.4346 0.379852 216.88 0.379632 195.581 0.360 184.8228 

0.362647 66.4739 0.759836 205.777 0.759127 186.925 0.720 184.8228 

0.725296 86.0399 1.13975 189.572 1.13869 172.792 1.080 184.8228 

1.08795 77.853 1.5197 184.476 1.51823 167.934 1.440 184.8228 

1.4506 62.0481 1.8996 187.6 1.89781 169.915 1.800 184.8228 

1.81326 45.5217 2.27955 194.556 2.27736 174.923 2.160 184.8228 

Mises (2) 

A 

A 

B 

Mises (1) 

C 

D 

F E 

Mises  

(central) 
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2.17592 28.205 2.65944 210.604 2.65697 187.209 2.520 184.8228 

2.53858 14.7771 3.03937 222.15 3.03655 196.008 2.880 184.8228 

2.90124 13.5662 3.41918 248.233 3.41625 213.919 3.240 184.8228 

3.26391 15.3892 3.7988 275.087 3.79618 232.727 3.600 184.8228 

3.62658 13.8749 
      3.62658 13.7736 
       

 Maximum and minimum values for Radial Stresses, exported  from Abaqus  Table 3.14.

 Max value (MPa) Min value (MPa) 
Strains  in 11 direction  167.178 -172.261 

 

 

S11 (1) 

A 

A 

A 

B

  A 
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Figure 3.8 Fluctuation colored curve for Radial stresses in three paths, A-B, C-D, E-F 

 

 Radial Stresses along the thickness with units in (MPa), for the three paths from Table 3.15.

Abaqus and the Analytical solution 

Abaqus Analytical 

S11(central) S11(1) S11(2) thin shells thick shells 

0.000 -0.1518 0.000 -104.5900 0.000 -54.4334 0.000 0.0000 0.000 -4.7326 

0.000 0.3199 0.000 60.6415 0.000 97.1901 0.360 0.0000 0.360 -4.2096 

0.363 -0.3049 0.380 88.1384 0.379 129.0330 0.720 0.0000 0.720 -3.6866 

0.725 -1.5392 0.760 116.1810 0.379 129.4710 1.080 0.0000 1.080 -3.1636 

1.088 -3.3302 1.140 123.6560 0.759 154.2960 1.440 0.0000 1.440 -2.6406 

1.451 -4.9064 1.520 133.9250 1.138 149.2500 1.800 0.0000 1.800 -2.1176 

1.813 -5.1098 1.900 141.5690 1.518 146.6540 2.160 0.0000 2.160 -1.5946 

2.176 -4.4381 2.281 150.5750 1.897 138.5240 2.520 0.0000 2.520 -1.0716 

2.539 -2.8573 2.661 155.0830 2.277 130.3380 2.880 0.0000 2.880 -0.5486 

2.901 -1.5312 3.041 160.9980 2.657 118.5730 3.240 0.0000 3.240 -0.0256 

3.264 -0.4071 3.421 129.7150 3.036 107.5420 3.600 0.0000 3.600 0.0000 

3.627 0.4900 3.421 129.3100 3.416 77.3779 
    3.627 -0.3993 3.800 91.8471 3.796 51.0539 
    

  
3.800 -52.0682 3.796 -81.1662 

     

 Maximum and minimum values for Axial Stresses, exported  from Abaqus  Table 3.16.

 Max value (MPa) Min value (MPa) 
Strains  in 22 direction  133.611 -171.936 

 

C

  A D

  A 

S11 (2) 

A 

E F

  A 

S11 (central) 
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Figure 3.9 Fluctuation colored curve for Axial stresses in 3 paths, A-B, C-D, E-F 

 

 Axial Stresses along the thickness with units in (MPa), for the three paths from Table 3.17.

Abaqus and the Analytical solution 

Abaqus thin shells 

S22(central) S22(1) S22(2) Analytical 

0.000 7.0150 0 66.7907 0 -44.0752 0.000 0 
0.000 20.1426 0.379852 74.0265 0.379632 -49.4346 0.000 0 
0.363 15.6086 0.759836 68.2537 0.759127 -45.8807 0.360 0 
0.725 7.9475 1.13975 52.6533 1.13869 -36.7544 0.720 0 
1.088 3.2000 1.5197 41.5048 1.51823 -30.8367 1.080 0 

S22 (central) 
E F

  A 

S22 (1) 

A 

A 

A 

B

  A 

S22 (2) 
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C

  A D

  A 

S22 (central) 

A
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1.451 0.1572 1.8996 24.3342 1.89781 -19.4426 1.440 0 
1.813 -2.5858 2.27955 7.7901 2.27736 -8.2540 1.800 0 
2.176 -5.4260 2.65944 -16.7718 2.65697 9.9302 2.160 0 
2.539 -7.9488 3.03937 -35.3118 3.03655 22.7223 2.160 0 
2.901 -9.2372 3.41918 -103.9630 3.41625 76.4487 2.520 0 
3.264 -8.6922 3.7988 -170.6060 3.79618 130.1840 2.520 0 

3.627 -7.8676 
    

2.880 0 
3.627 -13.1459 

    
2.880 0 

      
3.240 0 

      
3.240 0 

      
3.600 0 

      
3.600 0 

 

 Maximum and minimum values for Hoop Stresses, exported  from Abaqus  Table 3.18.

 Max value (MPa) Min value (MPa) 
Strains  in 33 direction  266.757 -232.057 
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Figure 3.10 Fluctuation colored curve for Hoop stresses in 3 paths, A-B, C-D, E-F 

 

 Hoop Stresses along the thickness with units in (MPa), for the three paths from Table 3.19.

Abaqus and the Analytical solution 

Abaqus thin shells 

S33(central) S33(1) S33(2) Analytical 
0.000 -3.6921 0 247.549 0 -215.233 0.000 0 

0 -2.4588 0.379852 254.72 0.379632 -221.771 0 0 
0.362647 -4.1399 0.759836 257.675 0.759127 -225.644 0.359956 0 
0.725296 -7.0612 1.13975 251.792 1.13869 -222.48 0.719918 0 
1.08795 -9.2549 1.5197 246.272 1.51823 -219.366 1.07988 0 
1.4506 -10.868 1.8996 238.656 1.89781 -214.218 1.43985 0 

1.81326 -11.969 2.27955 230.49 2.27736 -208.431 1.79982 0 
2.17592 -12.816 2.65944 219.224 2.65697 -199.81 2.15979 0 
2.53858 -13.264 3.03937 206.97 3.03655 -190.332 2.1598 0 
2.90124 -13.389 3.41918 167.331 3.41625 -157.616 2.51977 0 
3.26391 -13.004 3.7988 133.105 3.79618 -128.953 2.51978 0 

3.62658 -12.542   
  

  2.87975 0 
3.62658 -8.9666   

  
  2.87975 0 

     
  3.23973 0 
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S33 (1) 
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S33 (2) 
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D
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S33 (central) 
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  3.23973 0 

     
  3.59971 0 

      
3.59971 0 

 

 Maximum and minimum values for Shear Stresses, exported  from Abaqus  Table 3.20.

 Max value (MPa) Min value (MPa) 
Stresses  in 12 direction  77.698 -104.803 
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Figure 3.11 Fluctuation colored curve for Shear stresses in three paths, A-B, C-D, E-F 

 

 Shear Stresses along the thickness with units in (MPa), for the three paths from Table 3.21.

Abaqus and the Analytical solution 

Abaqus Anal(1)-(2) 

S12(central) S12(1) S12(2) thin shells 

0 -23.7508 0 47.4200 0 43.0085 0 63.0808 
0 -23.8078 0.3799 58.8710 0.3796 52.6897 0 55.1957 

0.3626 -36.4963 0.7598 57.4729 0.7591 49.9501 0.35996 47.3106 
0.7253 -49.0748 1.1398 37.3813 1.1387 31.0435 0.71992 39.4255 
1.0880 -44.5135 1.5197 23.6722 1.5182 18.2711 1.07988 31.5404 
1.4506 -35.3914 1.8996 10.4047 1.8978 6.0064 1.43985 23.6553 
1.8133 -25.8104 2.2796 -1.0538 2.2774 -4.5778 1.79982 15.7702 
2.1759 -15.5033 2.6594 -12.6152 2.6570 -15.1781 2.15979 7.8851 
2.5386 -4.5941 3.0394 -26.3843 3.0366 -27.9112 2.1598 0.0000 
2.9012 4.2250 3.4192 -23.5002 3.4163 -25.6163 2.51977 -7.8851 
3.2639 6.0343 3.7988 -13.7390 3.7962 -16.5948 2.51978 -15.7702 

3.6266 4.5368   
   

2.87975 -23.6553 
3.6266 4.5842   

   
2.87975 -31.5404 

S12 (1) 

 

A 
B 

S12 (2) C 

D 

F E 
S12 

(central) 
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3.23973 -39.4255 

      
3.23973 -47.3106 

      
3.59971 -55.1957 

      
3.59971 -63.0808 

 

1.1.3. ɀɞɜŰɏɚɞ RH2 ůŮ ŬɜɞɘɢŰɏɠ ŭɘŬŰɞɛɏɠ, ɛŮ Ɏɟɗɟɤůɖ ůŰɖ ůɡɔəɧɚɚɖůɖ əŬɘ 506ÁC 

ŬɜŬˊŰɨůůɞɜŰŬɘ ůŮ ɧɚɖ Űɖ ˊŬɟŮɘɎ Űɞɡ ůɤɚɐɜŬ, Ůɜɩ ɗŮɤɟɞɨɛŮ ɧŰɘ ɝŮəɘɜɎŮɘ Ŭˊɧ 

ɗŮɟɛɞəɟŬůɑŬ 20ÁC. ȷəɧɛɖ, ɗŮɤɟŮɑŰŬɘ əŬɘ ɞɛɞɘɧɛɞɟűɖ ˊɑŮůɖ əŬŰɎ ɛɐəɞɠ Űɤɜ 

ůɤɚɐɜɤɜ. 

do(mm) 60.3 
      
               ˄ 0.3 Ri(mm) Hi(mm) pi(N/mm^2) ɲʆόϲ/ύ ŀώϲ/ϣό-1)] 9ώɾǇŀϐ 

RH2 
1 

28.35 3.6 5.23 506 
1.23E-05 179200 

2 1.81E-05 148500 

 

 Maximum and minimum values for Mises Stresses, exported  from Abaqus  Table 3.22.

  Max value (MPa) Min value (MPa) 
Mises Stress  322.210 6.792 
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Figure 3.12 Fluctuation colored curve for Mises stresses in three paths, A-B, C-D, E-F 

 

 Mises Stresses along the thickness with units in (MPa), for the three paths from Table 3.23.

Abaqus and the Analytical solution 

Abaqus 
Analytical 

Mises(central) Mises(1) Mises(2) 

0 56.374 0 260.502 0 158.273 0 221.9182 

0 56.2131 0.379809 258.06 0.379595 162.009 0.376341 225.7421 

0.362608 74.3821 0.759754 245.167 0.759052 155.193 0.752686 229.5659 

0.725219 92.2255 1.13963 229.518 1.13858 140.41 1.12903 233.3898 

1.08784 84.8431 1.51954 223.458 1.51808 136.547 1.50538 237.2137 

1.45046 70.5034 1.89942 224.65 1.89763 140.637 1.88173 241.0375 

1.81308 56.0339 2.27933 229.417 2.27714 147.938 2.25807 244.8614 

2.17571 42.5123 2.6592 242.741 2.65672 162.883 2.63442 248.6853 

2.53834 33.4809 3.03909 252.553 3.03628 173.32 3.01078 252.5091 

2.90098 31.784 3.41888 278.292 3.41595 190.906 3.38713 256.333 

3.26362 31.3855 3.79848 304.83 3.79585 209.399 3.76348 260.1569 

3.62626 29.9864 
      

Mises (1) 
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B

  A A 
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Mises (2) 

A 

E F
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Mises  

(central) 

C

  A D
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3.62626 37.2997 
       

 Maximum and minimum values for Radial Stresses, exported  from Abaqus  Table 3.24.

 Max value (MPa) Min value (MPa) 
Strains  in 11 direction  166.516 -176.393 

 

      

            

Figure 3.13 Fluctuation colored curve for Radial stresses in three paths, A-B, C-D, E-F 

 

 Radial Stresses along the thickness with units in (MPa), for the three paths from Table 3.25.

Abaqus and the Analytical solution 

Abaqus Analytical 

S11 (central) 

F

  A 

E 

S11 (2) 

A 

S11 (1) 
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D
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A
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C

  A 
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S11(central) S11(1) S11(2) thin shells thick shells 

0.000 -5.0720 0.000 33.5929 0.000 -39.7799 0.000 0.0000 0.000 -4.7326 

0.000 -4.6006 0.380 59.7793 0.380 -63.0354 0.360 0.0000 0.360 -4.2096 

0.363 -4.9174 0.760 94.2191 0.759 -93.0351 0.720 0.0000 0.720 -3.6866 

0.725 -5.5498 1.140 108.6960 1.139 -104.9720 1.080 0.0000 1.080 -3.1636 

1.088 -6.7651 1.520 119.6270 1.518 -113.7400 1.440 0.0000 1.440 -2.6406 

1.450 -7.7902 1.899 129.1860 1.898 -121.0220 1.800 0.0000 1.800 -2.1176 

1.813 -7.4658 2.279 135.9230 2.277 -125.7890 2.160 0.0000 2.160 -1.5946 

2.176 -6.2873 2.659 140.0540 2.657 -128.0200 2.520 0.0000 2.520 -1.0716 

2.538 -4.2190 3.039 135.0290 3.036 -122.2630 2.880 0.0000 2.880 -0.5486 

2.901 -2.4228 3.419 89.5686 3.416 -148.7810 3.240 0.0000 3.240 -0.0256 

3.264 -0.8444 3.419 11.9610 3.416 -81.5039 3.600 0.0000 3.600 0.0000 

3.626 0.2763 3.798 51.7629 3.796 -46.629 
    3.626 -0.6147 

         

 Maximum and minimum values for Axial Stresses, exported  from Abaqus  Table 3.26.

 Max value (MPa) Min value (MPa) 
Stresses  in 22 direction  134.487 -173.309 
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Figure 3.14 Fluctuation colored curve for Axial stresses in three paths, A-B, C-D, E-F 

 

 Axial Stresses along the thickness with units in (MPa), for the three paths from Table 3.27.

Abaqus and the Analytical solution 

Abaqus thin shells 

S22(central) S22(1) S22(2) Analytical 

0.000 7.3019 0 67.7569 0 -44.4058 0.000 0 
0.000 20.4758 0.379809 74.8744 0.379595 -49.7348 0.000 0 
0.363 15.9039 0.759754 68.8903 0.759052 -46.1305 0.360 0 
0.725 8.1680 1.13963 53.0900 1.13858 -36.9396 0.720 0 
1.088 3.3471 1.51954 41.7276 1.51808 -30.9314 1.080 0 
1.450 0.2330 1.89942 24.3335 1.89763 -19.4308 1.440 0 
1.813 -2.5795 2.27933 7.5484 2.27714 -8.1138 1.800 0 
2.176 -5.4883 2.6592 -17.2768 2.65672 10.2213 2.160 0 
2.538 -8.0803 3.03909 -36.1056 3.03628 23.1910 2.160 0 
2.901 -9.4401 3.41888 -105.0870 3.41595 77.1303 2.520 0 
3.264 -8.9699 3.79848 -171.9110 3.79585 130.9840 2.520 0 

3.626 -8.1838 
    

2.880 0 
3.626 -13.3605 

    
2.880 0 

A 
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C 
D 

E F 

S22 

(central) 

S22 (1) 
S22 (2) 
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3.240 0 

      
3.240 0 

      
3.600 0 

      
3.600 0 

 

 Maximum and minimum values for Hoop Stresses, exported  from Abaqus  Table 3.28.

 Max value (MPa) Min value (MPa) 
Stresses  in 33 direction  311.535 -194.317 

       

     

Figure 3.15 Fluctuation colored curve for Hoop stresses in three paths, A-B, C-D, E-F 
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 Hoop Stresses along the thickness with units in (MPa), for the three paths from Table 3.29.

Abaqus and the Analytical solution 

Abaqus thin shells 

S33(central) S33(1) S33(2) Analytical 

0.000 37.9603 0 292.717 0 -177.239 0.000 41.563 
0 39.1529 0.379809 299.478 0.379595 -184.016 0 41.563 

0.362608 37.152 0.759754 301.641 0.759052 -188.365 0.359956 41.563 
0.725219 33.603 1.13963 295.004 1.13858 -185.658 0.719918 41.563 
1.08784 30.8048 1.51954 288.753 1.51808 -182.975 1.07988 41.563 
1.45046 28.6098 1.89942 280.43 1.89763 -178.235 1.43985 41.563 
1.81308 26.9479 2.27933 271.575 2.27714 -172.833 1.79982 41.563 
2.17571 25.56 2.6592 259.639 2.65672 -164.574 2.15979 41.563 
2.53834 24.5904 3.03909 246.731 3.03628 -155.437 2.1598 41.563 
2.90098 23.9621 3.41888 206.446 3.41595 -123.039 2.51977 41.563 
3.26362 23.8601 3.79848 171.896 3.79585 -94.5282 2.51978 41.563 

3.62626 24.0833   
  

  2.87975 41.563 
3.62626 27.7793   

  
  2.87975 41.563 

     
  3.23973 41.563 

     
  3.23973 41.563 

     
  3.59971 41.563 

      
3.59971 41.563 

                
 Maximum and minimum values for Shear Stresses, exported  from Abaqus  Table 3.30.

 Max value (MPa) Min value (MPa) 
Stresses  in 12 direction  133.611 -172.936 
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Figure 3.16 Fluctuation colored curve for Shear stresses in three paths, A-B, C-D, E-F 

 

 Shear Stresses along the thickness with units in (MPa), for the three paths from Table 3.31.

Abaqus and the Analytical solution 

Abaqus Anal(1)-(2) 

S12(central) S12(1) S12(2) thin shells 

0 -23.8441 0 47.2555 0 42.8442 0 63.0339 
0 -23.9019 0.3798 58.6126 0.3796 52.4268 0 55.1546 

0.3626 -36.6644 0.7598 57.0832 0.7591 49.5488 0.35996 47.2754 
0.7252 -49.3811 1.1396 36.9311 1.1386 30.5748 0.71992 39.3962 
1.0878 -44.9281 1.5195 23.1955 1.5181 17.7688 1.07988 31.5169 
1.4505 -35.8709 1.8994 9.9368 1.8976 5.5067 1.43985 23.6377 
1.8131 -26.3088 2.2793 -1.4823 2.2771 -5.0427 1.79982 15.7584 
2.1757 -15.9775 2.6592 -12.9744 2.6567 -15.5766 2.15979 7.8792 
2.5383 -5.0043 3.0391 -26.6485 3.0363 -28.2119 2.1598 0.0000 
2.9010 3.9174 3.4189 -23.6386 3.4160 -25.7858 2.51977 -7.8793 
3.2636 5.8678 3.7985 -13.8049 3.7959 -16.6901 2.51978 -15.7585 

3.6263 4.4507   
   

2.87975 -23.6377 
3.6263 4.4975   

   
2.87975 -31.5170 
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E F 
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3.23973 -39.3962 

      
3.23973 -47.2755 

      
3.59971 -55.1547 

      
3.59971 -63.0339 

 

1.2.1. ɀɞɜŰɏɚɞ RH2 ůŮ ˊŬəŰɤɛɏɜŮɠ ŭɘŬŰɞɛɏɠ ůŰɘɠ ɎəɟŮɠ Űɤɜ ůɤɚɐɜɤɜ əŬɘ 

ɞɛɞɘɧɛɞɟűɖ ˊɑŮůɖ ůŰɞ ɛɐəɞɠ Űɤɜ ůɤɚɐɜɤɜ.   

do(mm) 60.3 
      
               ˄ 0.3 Ri(mm) Hi(mm) pi(N/mm^2) ɲʆόϲ/ύ ŀώϲ/ϣό-1)] 9ώɾǇŀϐ 

RH2 
1 

28.35 3.6 5.23 0 
1.23E-05 179200 

2 1.81E-05 148500 

 

 Maximum and minimum values for Mises Stresses, exported  from Abaqus  Table 3.32.

 Max value (MPa) Min value (MPa) 

Mises stresses 44.151 14.023 
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Figure 3.17 Fluctuation colored curve for Mises stresses in three paths, A-B, C-D, E-F 

 

 Mises Stresses along the thickness with units in (MPa), for the three paths from Table 3.33.

Abaqus and the Analytical solution 

Abaqus 
Analytical 

Mises(central) Mises(1) Mises(2) 

0 41.0226 0 44.112 0 37.8876 0 38.57327 

0 41.044 0.188765 43.8368 0.18818 37.6314 0.360 38.2907 

0.179974 40.7784 0.377532 43.278 0.376363 37.1386 0.720 38.00814 

0.35995 40.253 0.377548 43.278 0.564543 36.676 1.080 37.72557 

0.539926 39.7393 0.566303 42.7123 0.752726 36.2277 1.440 37.44301 

0.719904 39.2373 0.566323 42.7122 0.940908 35.789 1.800 37.16045 

0.719914 39.2373 0.755072 42.1539 1.12909 35.3597 2.160 36.87788 

0.899883 38.7464 0.755098 42.1538 1.31727 34.9383 2.520 36.59532 

Mises (1) 

A 

A 

 

B 

Mises (2) 
C 

D 

Mises  

(central) 

F E 
















































































































































































































































































