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Περίληψη

Ο βασικός στόχος-κίνητρο της παρούσας διπλωματικής εργασίας είναι η μελέτη της
καταλληλότητας του οικονομικού εγκεφαλογράφου Emotiv Epoc, για την υλοποίηση
μιας διεπαφής εγκεφάλου-υπολογιστή (BCI) κάνοντας χρήση των οπτικών προκλη-
τών δυναμικών σταθερής κατάστασης (SSVEP). Πρώτο στάδιο της διεπαφής, είναι η
κατασκευή της συσκευής που παρέχει τις απαραίτητες επαναλαμβανόμενες οπτικές
διεγέρσεις (ΕΟΔ). Κατασκευάζουμε ένα πάνελ αποτελούμενο από 4 LED συστοιχίες,
καθώς και το κύκλωμα οδήγησης τους, το οποίο επιτρέπει την ανεξάρτητη επιλογή
συχνότητας και duty cycle, για κάθε συστοιχία. Στο επόμενο στάδιο, δημιουργούμε
μια εφαρμογή η οποία υλοποιεί το πρωτόκολλο καταγραφής των δεδομένων που σχε-
διάσαμε, ελέγχοντας πλήρως την παραγωγή των οπτικών διεγέρσεων παρέχοντας
παράλληλα στον χρήστη οπτικές και ακουστικές οδηγίες για να εξασφαλιστεί η τή-
ρηση του πρωτοκόλλου. Επιπλέον σχεδιάζουμε μια γραφική διεπαφή χρήστη βασι-
ζόμενη σε open source λογισμικό, για την real-time παρακολούθηση του εγκεφαλο-
γραφήματος, καθώς και του συχνοτικού περιεχομένου για κάθε κανάλι. Στα SSVEP
δεδομένα που συλλέξαμε, πειραματιζόμαστε με διάφορες μεθόδους εξαγωγής χαρα-
κτηριστικών και ταξινόμησης, που χρησιμοποιούνται στην βιβλιογραφία, καθώς και
δικές μας παραλλαγές τους, και επιτυγχάνουμε επιδόσεις έως και 90% ακρίβεια με
ITR 20.58 bits/min, που συμβαδίζουν με τις state of the art επιδόσεις διεπαφών που
κάνουν χρήση αντίστοιχου υλικού. Τέλος, υλοποιούμε το online σκέλος της διεπα-
φής, ένα ασύγχρονο σύστημα πραγματικού χρόνου, στο οποίο οι χρήστες καλούνται
να κατευθύνουν, μέσα σε έναν εικονικό λαβύρινθο, το avatar τους, προς έναν επιθυ-
μητό στόχο.

Λέξεις-Κλειδιά
Διεπαφές Εγκεφάλου - Υπολογιστή, Οπτικά Προκλητά Δυναμικά Σταθερής Κατάστα-
σης, Ανάλυση Κανονικής Συσχέτισης, Ασύγχρονη διεπαφή)
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Abstract

The main purpose of this diploma thesis, is to study whether an inexpensive non-
medical graded EEG headset, like Emotiv Epoc, is suitable for implementing a Brain
Computer Interface (BCI), based on Steady State Visual Evoked Potentials (SSVEP).
First stage of the implementation, is the creation of the device that provides the nec-
essary repeated visual stimuli (RVS). We build, a panel made of four LED arrays, and
its driving circuit, which allows the independent selection of stimulus frequency and
duty cycle, for every RVS. The next stage, consists of the creation of a application
that implements the offline EEG data recording protocol that we designed, which is
able to fully control the RVS, and at the same time, providing all the necessary visual
and audio cues to the user, in order to follow the protocol. Additionally, we design a
Graphical User Interface based in open-source software, for the real-time monitoring
of every channel of the EEG signal, in time and frequency domain. During the offline
processing, we experiment wιth various methods of feature extraction and classifica-
tion, as well as some of our modifications of them, and we achieve perfomance up to
90% accuracy and 20.58 bits/min ITR, results that comfort to the state of the art per-
fomances of BCIs that use similar materials. Finally, we implement the online part of
the BCI, an asynchronous real-time system, where users are asked to navigate their
avatar to a desired target, through a virtual maze.

Keywords
Brain Computer Interfaces (BCIs), Steady State Visual Evoked Potentials (SSVEP),
Canonical Correlation Analysis (CCA), Self-Paced BCI (asynchronous).
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σιας συχνότητας. Εικόνα από [59] . . . . . . . . . . . . . . . . . . . . . 22

3.1 Τα τέσσερα βασικά είδη φίλτρων με βάση τις ζώνες συχνοτήτων που
επιτρέπουν-απορρίπτουν. Αξίζει να σημειωθεί πως οι υποφαινόμενες
αποκρίσεις στο πεδίο της συχνότητας, αναφέρονται σε ιδανικά φίλ-
τρα (brick-wall filters), και πως στα πραγματικά, οι ζώνες αποκοπής
δεν ορίζονται ποτέ από κάθετες γραμμές. . . . . . . . . . . . . . . . . . 23

3.2 Οι τρείς διαφορετικές αποκρίσεις για δύο διαφορετικά φίλτρα 3ης τά-
ξης και του αντίστοιχου ιδανικού. Φαίνεται ξεκάθαρα η διακύμανση
(ripple) στην ζώνη διέλευσης για ένα φίλτρο τύπου Chebyshev, η
οποία δεν υπάρχει στο Butterwoth, καθώς και η μεγάλη απόκλιση
του Butterworth σε σχέση με το ιδανικό, όσον αφορά τις δύο ζώνες
αποκοπής. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.3 Γεωμετρική ερμηνεία της PCA. a) Η αναπαράσταση ενός συνόλου δισ-
διάστατων δειγμάτων στο καρτεσιανό επίπεδο. b) Η PCA βρίσκει τις
κατευθύνσεις μέγιστης μεταβλητότητας-διασποράς. Με το μάτι εύ-
κολα καταλήγουμε πως η μέγιστη κατεύθυνση είναι η u1, ενώ η u2

είναι η αμέσως επόμενη ορθογώνια. c) Η περιστροφή των δεδομένων
ως προς την νέα ορθογώνια βάση (u1; u2). d) Ελάττωση της διάσταση
των δειγμάτων, προβάλλοντας τα στον άξονα μέγιστης διακύμανσης. 26

3.4 Γραφική αναπαράσταση του αλγορίθμου k-NN. Το μπλε αστέρι δη-
λώνει το δείγμα προς ταξινόμηση. Στην περίπτωση όπου K=3, τότε το
δείγμα ταξινομείται στην κλάση 1, καθώς έχουμε δύο κύκλους και ένα
τρίγωνο. Στην περίπτωση όπου K=7, τότε ταξινομείται στην κλάση 2,
καθώς αυτή είναι η κλάση της πλειοψηφίας των γειτόνων. . . . . . . . 30

4.1 Διαγράμματα όπου φαίνονται τα οι επιδόσεις όλων των CCA-variants
μεθόδων, καθώς και η ανωτερότητα της CCA-combined (Combination
Method). Εικόνα από [56]. . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.2 Διάγραμμα με τις καλύτερες επιδόσεις όσον αφορά τον ITR, μέχρι το
2015. Η υψηλότερη επίδοση μέχρι τότε άγγιζε τα 320bits/min (5.33bit-
s/s) [16]. Εικόνα από [16]. . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.3 Η πειραματική διάταξη της εργασίας [42], όπου έδειξαν πως είναι δυ-
νατή η υλοποίηση διεπαφών σχετικά υψηλών επιδόσεων, για χρήση
σε πραγματικές συνθήκες έξω από το εργαστήριο. . . . . . . . . . . . 37

5.1 Ο ασύρματος εγκεφαλογράφος Epoc της εταιρείας Emotiv (a), και οι
θέσεις που καλύπτουν τα 16 ηλεκτρόδια του, σύμφωνα με το σύστημα
10-20 (b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
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�������� �R�v�f�k�`�s�h�i�{ �o�`�p�[�c�d�h�b�k�` �s�f�q �d�u�`�p�k�n�b�]�q �s�n�t �$�$�" �b�h�` �s�f�l �`�l�`�b�l�}�p�h�r�f
�s�f�q �i�j�[�r�f�q �o�n�t �`�l�]�i�d�h �\�l�` �F�Q�P�D�I �	X �
�� �G �s�d�j�h�i�] �`�o�{�u�`�r�f �b�^�l�d�s�`�h �k�d
�s�n �i�p�h�s�]�p�h�n �s�n�t �k�d�b�^�r�s�n�t �o�n�t �o�d�p�h�b�p�[�u�d�s�`�h �`�o�{ �s�f�l �d�m�^�r�x�r�f �	�������
��
�E�h�i�{�l�` �`�o�{ �<���>�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�������� �R�v�f�k�`�s�h�i�{ �o�`�p�[�c�d�h�b�k�` �s�f�q �r�t�l�c�h�`�r�s�h�i�]�q �k�d�g�{�c�n�t �1�$�"���.�-�3���L�/�/�� �G
�k�{�l�f �c�h�`�u�n�p�[ �k�d �s�f�l �k�\�g�n�c�n �o�n�t �`�i�n�j�n�t�g�]�r�`�k�d �d�^�l�`�h �o�x�q �v�p�f�r�h�k�n��
�o�n�h�]�r�`�k�d �s�` �1�4�% �r�]�k�`�s�` �b�h�` �i�[�g�d �F�Q�P�D�I�
 �`�l�s�^ �s�x�l �v�p�n�l�h�i�}�l �r�f�k�[�s�x�l
�o�n�t �u�`�^�l�n�l�s�`�h �r�s�n �r�v�]�k�`�� �E�h�i�{�l�` �`�o�{ �<�����>�� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�������� �B�
 �S�n �b�d�l�h�i�{ �c�h�[�b�p�`�k�k�` �j�d�h�s�n�t�p�b�^�`�q �s�f�q �n�O�M�J�O�F �#�$�* �c�h�d�o�`�u�]�q�
 �C�
 �s�n
�`�o�j�{ �o�`�h�v�l�^�c�h �j�`�a�t�p�^�l�g�n�t �r�s�n �n�o�n�^�n �n �v�p�]�r�s�f�q �\�o�p�d�o�d �l�` �i�`�s�d�t�g�|�l�d�h
�s�n �B�W�B�U�B�S �s�n�t �	�Q�B�D�N�B�O�
 �o�p�P�q �s�n �o�p�[�r�h�l�n �[�r�s�p�n���� �� �� �� �� �� �� �� �� �� �� ������

�������� �B�
 �S�n �c�h�[�b�p�`�k�k�` �j�d�h�s�n�t�p�b�^�`�q �s�x�l �U�I�S�F�B�E�T���B�H�F�O�U�T �o�n�t �`�o�n�s�d�j�n�|�l �s�f�l
�P�O�M�J�O�F �c�h�d�o�`�u�]�
 �i�`�h �C�
 �S�n �c�h�[�b�p�`�k�` �j�d�h�s�n�t�p�b�^�`�q �s�n�t �B�H�F�O�U �$�M�B�T�T�J
W�F�S�	�
�

�i�`�h �f �r�v�\�r�f �s�n�t �k�d �s�f�l �.�F�N�P�S�Z �f �n�o�n�^�` �i�p�`�s�[�d�h �h�r�s�n�p�h�i�{ �s�x�l �o�p�n�f��
�b�n�|�k�d�l�x�l �d�l�s�n�j�}�l�
 �i�`�h �s�n�l �$�P�N�N�B�O�E�F�S�	�
 �o�n�t �o�`�^�p�l�d�h �s�n �`�o�n�s�\�j�d�r�k�`
�s�f�q �s�`�m�h�l�{�k�f�r�f�q �i�`�h �s�n �k�d�s�`�s�p�\�o�d�h �r�d �d�l�s�n�j�]�� �R�t�k�a�n�j�^�e�n�t�k�d �k�dn(�)
�s�n �o�j�]�g�n�q �s�x�l �k�n�l�`�c�h�i�}�l �r�s�n�h�v�d�^�x�l �d�l�{�q �r�t�l�{�j�n�t���� �� �� �� �� �� �� �� �� �� ������

������ �O�h �i�`�k�o�|�j�d�q �o�h�r�s�{�s�f�s�`�q �i�`�h �*�5�3�
 �s�n�t �v�p�]�r�s�f �4���
 �b�h�` �c�h�`�u�n�p�d�s�h�i�\�q
�s�h�k�\�q �v�p�n�l�h�i�n�| �o�`�p�`�g�|�p�n�t�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �O�h �i�`�k�o�|�j�d�q �o�h�r�s�{�s�f�s�`�q �i�`�h �*�5�3�
 �s�n�t �v�p�]�r�s�f �4���
 �b�h�` �c�h�`�u�n�p�d�s�h�i�\�q
�s�h�k�\�q �v�p�n�l�h�i�n�| �o�`�p�`�g�|�p�n�t�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �O�h �k�\�r�d�q �s�h�k�\�qconf idence �s�x�l �d�l�s�n�j�}�l �/�$ �i�`�h �*�$ �b�h�` �i�[�g�d �k�\�g�n�c�n
�i�`�h �i�[�g�d �v�p�]�r�s�f���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �O�h �i�`�k�o�|�j�d�q �o�h�r�s�{�s�f�s�`�q �i�`�h �*�5�3�
 �s�n�t �v�p�]�r�s�f �4�� �
 �b�h�` �c�h�`�u�n�p�d�s�h�i�\�q �s�h��
�k�\�q �v�p�n�l�h�i�n�| �o�`�p�`�g�|�p�n�t�
 �{�o�n�t �\�v�d�h �r�t�k�o�d�p�h�j�f�u�g�d�^ �i�`�h �f �`�l�`�b�l�}�p�h�r�f
�s�f�q �d�l�s�n�j�]�q �/�$���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �O�h �i�`�k�o�|�j�d�q �o�h�r�s�{�s�f�s�`�q �i�`�h �*�5�3�
 �s�n�t �v�p�]�r�s�f �4���
 �b�h�` �c�h�`�u�n�p�d�s�h�i�\�q �s�h��
�k�\�q �v�p�n�l�h�i�n�| �o�`�p�`�g�|�p�n�t�
 �{�o�n�t �\�v�d�h �r�t�k�o�d�p�h�j�f�u�g�d�^ �i�`�h �f �`�l�`�b�l�}�p�h�r�f
�s�f�q �d�l�s�n�j�]�q �/�$���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �L�\�r�f �s�h�k�] �s�f�q �d�l�\�p�b�d�h�`�q �r�s�f�l �e�}�l�f �����������)�[�
 �s�x�l �F�Q�P�D�I �o�n�t �`�l�s�h�r�s�n�h��
�v�n�|�l �r�d �`�l�n�h�v�s�[ �i�`�h �i�j�d�h�r�s�[ �k�[�s�h�`�
 �b�h�` �i�[�g�d �v�p�]�r�s�f �i�`�h �b�h�` �c�h�`�u�n��
�p�d�s�h�i�[ �v�p�n�l�h�i�[ �o�`�p�[�g�t�p�`���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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������ �L�d�s�p�]�r�d�h�q �	�M�V�Y�
 �{�j�x�l �s�x�l �i�`�s�`�r�s�[�r�d�x�l �u�x�s�d�h�l�{�s�f�s�`�q �r�s�n�l �v�}�p�n �i�`��
�s�`�b�p�`�u�]�q �c�d�c�n�k�\�l�x�l���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �R�t�b�i�d�l�s�p�x�s�h�i�[ �`�o�n�s�d�j�\�r�k�`�s�` �o�h�r�s�{�s�f�s�`�qAc �i�`�h �p�t�g�k�n�|ITR (bits/ min )
�i�[�g�d �v�p�]�r�s�f�
 �b�h�` �i�[�g�d �r�t�l�c�t�`�r�k�{ �r�t�v�l�n�s�]�s�x�l �	Flow ; Fmid �
�
 �E�V�U�Z �D�Z��
�D�M�F �	50�� ; 75���
�
 �i�`�h �k�d�g�{�c�x�l �o�n�t �c�n�i�h�k�[�r�s�f�i�`�l�
 �b�h�` �v�p�n�l�h�i�{ �o�`�p�[�g�t�p�n
�U�����T�F�D�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �P�^�l�`�i�`�q �R�|�b�v�t�r�f�q �	�$�P�O�G�V�T�J�P�O �.�B�U�S�J�Y�
 �s�f�q �s�`�m�h�l�{�k�f�r�f�q �*�$ �i�`�h �/�$
�r�f�k�[�s�x�l�
 �b�h�` �s�n�l �v�p�]�r�s�f �4�� �b�h�` �v�p�n�l�h�i�{ �o�`�p�[�g�t�p�n �U�����T�F�D���� �� �� �� �� ������

������ �R�t�b�i�d�l�s�p�x�s�h�i�[ �`�o�n�s�d�j�\�r�k�`�s�` �s�x�l �v�p�{�l�x�l �o�d�p�[�s�x�r�f�q �s�f�q �o�j�n�]�b�f��
�r�f�q �k�\�r�` �r�s�n�l �d�h�i�n�l�h�i�{ �j�`�a�|�p�h�l�g�n�
 �s�x�l �d�l�s�n�j�}�l �`�l�`�^�p�d�r�f�q �	�i�j�d�h�r�s�[
�k�[�s�h�`�
�
 �i�`�g�}�q �i�`�h �s�f�q �a�`�g�k�n�j�{�b�f�r�f�q �s�n�t �r�t�r�s�]�k�`�s�n�q �	�[�p�h�r�s�` �s�n ���
�� ����

�Y�J�Y
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�O �`�l�g�p�}�o�h�l�n�q �d�b�i�\�u�`�j�n�q�
 �d�^�l�`�h �^�r�x�q �f �o�h�n �o�d�p�^�o�j�n�i�f �c�n�k�] �o�n�t �b�l�x�p�^�e�n�t�k�d�� �P�d�p�^�o�n�t
���� �c�h�r�d�i�`�s�n�k�k�|�p�h�` �l�d�t�p�}�l�d�q �<�����> �`�j�j�f�j�d�o�h�c�p�n�|�l �c�t�l�`�k�h�i�[ �k�d�s�`�m�| �s�n�t�q �c�f�k�h�n�t�p�b�}�l��
�s�`�q �s�p�h�r�d�i�`�s�n�k�k�|�p�h�` �r�t�l�[�w�d�h�q�� �O�h �b�l�x�r�h�`�i�\�q �d�o�h�r�s�]�k�d�q �r�t�l�c�t�[�e�n�l�s�`�q �b�l�}�r�f �`�o�{
�s�n�t�q �s�n�k�d�^�q �s�f�q �w�t�v�n�j�n�b�^�`�q �s�f�q �l�d�t�p�n�j�n�b�^�`�q �i�`�g�}�q �i�`�h �k�d �s�f�l �a�n�]�g�d�h�` �t�o�n�j�n�b�h��
�r�s�h�i�}�l �k�d�g�{�c�x�l�
 �o�p�n�r�o�`�g�n�|�l �l�` �o�p�n�r�d�b�b�^�r�n�t�l �s�f�l �o�d�p�^�o�j�n�i�f �j�d�h�s�n�t�p�b�^�` �s�n�t �d�b�i�d��
�u�[�j�n�t�� �:�l�`�q �s�p�{�o�n�q �l�` �d�m�d�p�d�t�l�f�g�n�|�l �n�h �j�d�h�s�n�t�p�b�^�d�q �s�n�t �d�b�i�d�u�[�j�n�t �d�^�l�`�h �k�\�r�x �s�f�q
�`�j�j�f�j�d�o�^�c�p�`�r�f�q �s�n�t �k�d �s�n �d�m�x�s�d�p�h�i�{ �o�d�p�h�a�[�j�j�n�l�
 �t�j�n�o�n�h�}�l�s�`�q�
 �r�t�r�i�d�t�\�q �n�h �n�o�n�^�d�q
�`�l�h�v�l�d�|�n�t�l �s�f�l �d�b�i�d�u�`�j�h�i�] �c�p�`�r�s�f�p�h�{�s�f�s�` �i�`�h �s�f�l �k�d�s�`�u�p�[�e�n�t�l �r�d �k�f�l�|�k�`�s�` �] �d�l��
�s�n�j�\�q�� �L�\�r�x �`�t�s�}�l �s�x�l �r�t�r�i�d�t�}�l�
 �c�^�l�d�s�`�h �f �c�t�l�`�s�{�s�f�s�` �l�` �j�f�u�g�n�|�l �r�t�k�o�d�p�[�r�k�`�s�`
�b�h�` �s�f�l �j�d�h�s�n�t�p�b�^�` �r�t�b�i�d�i�p�h�k�\�l�x�l �o�d�p�h�n�v�}�l �s�n�t �d�b�i�d�u�[�j�n�t�
 �v�x�p�^�q �`�o�`�p�`�^�s�f�s�` �l�`
�b�l�x�p�^�e�n�t�k�d �j�d�o�s�n�k�\�p�d�h�d�q �{�r�n�l �`�u�n�p�[ �s�n�t�q �l�d�t�p�}�l�d�q �i�`�h �s�n �o�x�q �`�j�j�f�j�d�o�h�c�p�n�|�l�� �A�t��
�s�\�q �n�h �r�t�r�i�d�t�\�q �n�l�n�k�[�e�n�l�s�`�h �D�h�d�o�`�u�\�q �E�b�i�d�u�[�j�n�t �T�o�n�j�n�b�h�r�s�] �	�#�S�B�J�O �$�P�N�Q�V�U�F�S �*�O��
�U�F�S�G�B�D�F�T �� �#�$�*�
 �i�`�h �s�` �s�d�j�d�t�s�`�^�` �v�p�{�l�h�` �o�`�p�`�s�f�p�d�^�s�`�h �r�f�k�`�l�s�h�i�] �`�|�m�f�r�f �r�s�h�q �d�p�d�t��
�l�f�s�h�i�\�q �n�k�[�c�d�q �o�n�t �i�[�l�n�t�l �c�f�k�n�r�h�d�|�r�d�h�q �r�d �`�t�s�{�l �s�n�l �s�n�k�\�` �<�����>�� �E�i�s�{�q �{�k�x�q �`�o�{
�s�f�l �v�p�]�r�f �s�n�t�q �b�h�` �s�f�l �d�p�k�f�l�d�^�` �s�f�q �d�b�i�d�u�`�j�h�i�]�q �c�p�`�r�s�f�p�h�{�s�f�s�`�q�
 �r�f�k�`�l�s�h�i�] �d�^��
�l�`�h �f �r�t�l�d�h�r�u�n�p�[ �s�n�t�q �r�d �[�s�n�k�` �k�d �`�l�`�o�f�p�^�d�q�
 �r�s�n�t�q �n�o�n�^�n�t�q �o�p�n�r�u�\�p�d�h �k�h�` �c�^�n�c�n
�d�o�h�i�n�h�l�x�l�^�`�q �k�d �s�n �o�d�p�h�a�[�j�j�n�l�
 �f �n�o�n�^�` �t�o�{ �[�j�j�d�q �r�t�l�g�]�i�d�q �g�` �]�s�`�l �`�c�|�l�`�s�n �l�`
�d�o�h�s�d�t�v�g�d�^�� �S�` �o�`�p�`�c�d�^�b�k�`�s�` �d�^�l�`�h �o�[�p�` �o�n�j�j�[�
 �k�\�r�x �s�x�l �#�$�*�T�
 �[�s�n�k�` �k�d �`�l�`�o�f��
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�r�f�q �s�x�l �r�f�k�[�s�x�l�
 �n�o�n�| �\�b�h�l�d �o�d�h�p�`�k�`�s�h�r�k�{�q �k�d �c�h�[�u�n�p�d�q �k�d�g�{�c�n�t�q�
 �d�l�} �r�s�f�l
�o�n�p�d�^�` �o�`�p�n�t�r�h�[�e�d�s�`�h �i�`�h �f �t�j�n�o�n�^�f�r�f �s�f�q �P�O�M�J�O�F �c�h�d�o�`�u�]�q��

�æ�R�s�n �i�d�u�[�j�`�h�n �� �o�`�p�`�g�\�s�n�l�s�`�h �s�` �`�o�n�s�d�j�\�r�k�`�s�` �b�h�` �i�[�g�d �v�p�]�r�s�f�
 �s�{�r�n �r�s�f�l
�P
Z�J�O�F �i�`�h �P�O�M�J�O�F �c�h�d�o�`�u�j�f �


�æ�R�s�n �i�d�u�[�j�`�h�n �� �i�j�d�^�l�n�t�k�d �`�t�s�] �s�f�l �d�p�b�`�r�^�` �i�[�l�n�l�s�`�q �s�f�l �r�|�l�n�w�f�
 �i�`�h �o�p�n�s�d�^��
�l�n�l�s�`�q �k�d�j�j�n�l�s�h�i�\�q �d�p�d�t�l�f�s�h�i�\�q �i�`�s�d�t�g�|�l�r�d�h�q��
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�S�` �a�h�n�f�j�d�i�s�p�h�i�[ �r�]�k�`�s�` �d�^�l�`�h �s�n �`�o�n�s�\�j�d�r�k�` �s�x�l �f�j�d�i�s�p�n�v�f�k�h�i�}�l �k�d�s�`�a�n�j�}�l �o�n�t
�j�`�k�a�[�l�n�t�l �v�}�p�` �d�l�s�{�q �i�`�h �k�d�s�`�m�| �s�x�l �i�t�s�s�[�p�x�l �s�x�l �l�d�|�p�x�l �i�`�g�}�q �i�`�h �s�x�l �k�t�}�l��
�P�h�n �r�t�b�i�d�i�p�h�k�\�l�`�
 �d�[�l �\�l�` �s�\�s�n�h�n �i�|�s�s�`�p�n �c�d�v�g�d�^ �d�p�\�g�h�r�k�` �h�r�v�t�p�{�s�d�p�n �`�o�{ �\�l�` �i�`��
�s�}�u�j�h �r�t�l�]�g�x�q �k�d�s�`�m�| �������N�7 �i�`�h �������N�7�
 �s�{�s�d �g�` �o�`�p�[�b�d�h �\�l�` �c�t�l�`�k�h�i�{ �c�p�[�r�f�q �s�n
�n�o�n�^�n �g�` �k�d�s�`�c�n�g�d�^ �i�`�h �g�` �c�h�d�b�d�^�p�d�h �b�d�h�s�n�l�h�i�[ �i�|�s�s�`�p�`�� �A�t�s�] �f �n�k�`�c�h�i�] �c�p�`�r�s�f�p�h�{��
�s�f�s�` �s�x�l �i�t�s�s�[�p�x�l �o�`�p�[�b�d�h �f�j�d�i�s�p�h�i�[ �o�d�c�^�` �h�i�`�l�[ �l�` �`�l�h�v�l�d�t�s�n�|�l �k�d �s�f�l �a�n�]�g�d�h�`
�f�j�d�i�s�p�n�c�^�x�l �s�` �n�o�n�^�` �s�n�o�n�g�d�s�n�|�l�s�`�h �r�s�f�l �d�o�h�u�[�l�d�h�` �s�n�t �`�l�s�^�r�s�n�h�v�n�t �n�p�b�[�l�n�t�
 �d�^�s�d
�r�s�f�l �c�d�p�k�`�s�h�i�] �d�o�h�u�[�l�d�h�` �o�[�l�x �`�t�s�{ �s�n �{�p�b�`�l�n�� �=�s�`�l �s�n �e�x�s�h�i�{ �`�t�s�{ �{�p�b�`�l�n �d�^�l�`�h �n
�d�b�i�\�u�`�j�n�q �s�{�s�d �s�n �a�h�n�f�j�d�i�s�p�h�i�{ �r�]�k�` �n�l�n�k�[�e�d�s�`�h �G�j�d�i�s�p�n�d�b�i�d�u�`�j�n�b�p�[�u�f�k�` �	�G�E�C
�× �&�&�(�
 �i�`�h �f �o�p�}�s�f �i�`�s�`�b�p�`�u�] �G�E�C�
 �\�b�h�l�d �s�n �������� �`�o�{ �s�n�l �C�d�p�k�`�l�{ �w�t�v�^�`�s�p�n �)�B�O�T
�#�F�S�H�F�S �<���>��

�G �G�j�d�i�s�p�n�d�b�i�d�u�`�j�n�b�p�`�u�^�`�
 �d�^�l�`�h �f �o�p�}�s�f �k�\�g�n�c�n�q �o�n�t �v�p�f�r�h�k�n�o�n�h�]�g�f�i�d �b�h�` �s�f�l
�`�o�d�h�i�{�l�h�r�f �s�f�q �d�b�i�d�u�`�j�h�i�]�q �c�p�`�r�s�f�p�h�{�s�f�s�`�q�
 �o�p�h�l �s�f�l �d�k�u�[�l�h�r�f �k�d�g�{�c�x�l �{�o�x�q �f
�k�`�b�l�f�s�h�i�] �s�n�k�n�b�p�`�u�^�` �	�.�3�*�
 �i�`�h �s�n�k�n�b�p�`�u�^�` �d�i�o�n�k�o�]�q �o�n�e�h�s�p�n�l�^�x�l �	�1�&�5�
�� �P�`�p�n�t��
�r�h�[�e�d�h �r�f�k�`�l�s�h�i�[ �o�j�d�n�l�d�i�s�]�k�`�s�` �{�o�x�q �s�n �{�s�h �d�^�l�`�h �o�n�j�| �n�h�i�n�l�n�k�h�i�[ �o�p�n�r�h�s�] �k�\�g�n��
�c�n�q�
 �r�t�b�i�p�h�l�{�k�d�l�f �k�d �s�h�q �[�j�j�d�q �o�n�t �`�l�`�u�\�p�g�f�i�`�l�
 �i�`�h �s�n �b�d�b�n�l�{�q �o�x�q �\�v�d�h �o�n�j�| �i�`�j�]
�v�p�n�l�h�i�] �`�l�[�j�t�r�f �	�U�F�N�Q�P�S�B�M �S�F�T�P�M�V�U�J�P�O�
�
 �i�`�g�}�q �n �v�p�{�l�n�q �k�d�s�`�m�| �s�f�q �o�`�p�`�b�x�b�]�q �s�n�t
�l�d�t�p�h�i�n�| �r�]�k�`�s�n�q�
 �i�`�h �s�f�q �o�p�n�i�`�j�n�|�k�d�l�f�q �k�d�s�`�a�n�j�]�q �c�t�l�`�k�h�i�n�| �d�^�l�`�h �o�p�`�i�s�h�i�[ �`�k�d��
�j�f�s�\�n�q�� �X�r�s�{�r�n�
 �{�r�n�l �`�u�n�p�[ �s�f�l �v�x�p�h�i�] �`�l�[�j�t�r�f �	�T�Q�B�U�J�B�M �S�F�T�P�M�V�U�J�P�O�
�
 �c�d�l �h�r�v�|�d�h �i�[�s�h
�`�l�s�^�r�s�n�h�v�n�� �S�` �f�j�d�i�s�p�h�i�[ �r�]�k�`�s�` �`�o�{ �s�f�l �r�s�h�b�k�] �o�n�t �m�d�i�h�l�[�l�d �`�o�{ �s�f�l �o�f�b�] �s�n�t�q�

�k�\�v�p�h �l�` �i�`�s�`�j�]�m�n�t�l �r�s�` �f�j�d�i�s�p�{�c�h�`�
 �c�h�`�r�i�n�p�o�^�e�n�l�s�`�h �i�`�s�[ �s�f�l �c�h�\�j�d�t�r�f �s�n�t�q �`�o�{
�s�n �i�p�`�l�^�n�� �R�t�l�d�o�}�q �s�n �r�]�k�` �o�n�t �`�l�h�v�l�d�|�d�s�`�h �`�o�{ �\�l�` �f�j�d�i�s�p�{�c�h�n �r�d �k�h�` �r�t�b�i�d�i�p�h��
�k�\�l�f �o�d�p�h�n�v�] �c�d�l �o�p�n�\�p�v�d�s�`�h �k�{�l�n �`�o�{ �s�n �r�f�k�d�^�n �s�n�t �d�b�i�d�u�[�j�n�t �o�n�t �i�`�j�|�o�s�d�h�
 �`�j�j�[
�i�`�h �`�o�{ �s�` �b�d�h�s�n�l�h�i�[�� �A�t�s�{ �s�n �o�p�{�a�j�f�k�` �k�o�n�p�d�^ �l�` �`�l�s�h�k�d�s�x�o�h�r�s�d�^ �i�[�l�n�l�s�`�q �v�p�]�r�f
�o�d�p�h�r�r�{�s�d�p�x�l �f�j�d�i�s�p�n�c�^�x�l �o�t�i�l�[ �s�n�o�n�g�d�s�f�k�\�l�x�l�
 �i�`�h �d�u�`�p�k�{�e�n�l�s�`�q �s�d�v�l�h�i�\�q �v�x�p�h��
�i�n�| �u�h�j�s�p�`�p�^�r�k�`�s�n�q�� �:�l�`�q �[�j�j�n�q �s�p�{�o�n�q �d�^�l�`�h �l�` �v�p�f�r�h�k�n�o�n�h�f�g�n�|�l �f�j�d�i�s�p�{�c�h�` �o�n�t
�d�h�r�v�x�p�n�|�l �r�d �k�d�b�`�j�|�s�d�p�n �a�[�g�n�q�
 �o�j�f�r�h�[�e�n�l�s�`�q �s�f�l �o�f�b�] �s�n�t �r�]�k�`�s�n�q�
 �o�p�h�l �`�t�s�{
�`�j�j�n�h�x�g�d�^ �`�o�{ �s�n �i�p�`�l�^�n�
 �o�p�n�r�u�\�p�n�l�s�`�q �o�n�j�| �i�`�j�|�s�d�p�f �v�x�p�h�i�] �`�l�[�j�t�r�f�� �S�n �d�b�i�d��
�u�`�j�n�b�p�[�u�f�k�` �o�n�t �i�[�l�d�h �v�p�]�r�f �s�\�s�n�h�n�t �s�|�o�n�t �f�j�d�i�s�p�{�c�h�`�
 �n�l�n�k�[�e�d�s�`�h �d�o�d�k�a�[�s�h�i�n
�	�J�O�W�B�T�J�W�F �&�&�(�
��
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�G �r�t�r�i�d�t�] �o�n�t �v�p�f�r�h�k�n�o�n�h�d�^�s�`�h �b�h�` �s�f�l �i�`�s�`�b�p�`�u�] �s�n�t �d�b�i�d�u�`�j�n�b�p�`�u�]�k�`�s�n�q�
 �n�l�n��
�k�[�e�d�s�`�h �d�b�i�d�u�`�j�n�b�p�[�u�n�q�
 �i�`�h �d�^�l�`�h �k�h�` �o�n�j�|�o�j�n�i�f �r�t�r�i�d�t�] �k�d �c�h�[�u�n�p�` �t�o�n�r�t�r�s�]��
�k�`�s�`�� �A�o�{ �s�h�q �`�p�v�\�q �s�n�t �����n�t �`�h�}�l�` �o�n�t �c�f�k�h�n�t�p�b�]�g�f�i�d �n �o�p�}�s�n�q �d�b�i�d�u�`�j�n�b�p�[�u�n�q�

�k�\�v�p�h �r�]�k�d�p�`�
 �\�v�n�t�l �t�o�[�p�m�d�h �c�p�`�k�`�s�h�i�\�q �`�j�j�`�b�\�q �r�s�n�l �s�p�{�o�n �t�j�n�o�n�^�f�r�f�q �s�n�t�q�
 �k�d
�o�n�h�n �r�f�k�`�l�s�h�i�] �s�f�l �d�h�r�`�b�x�b�] �s�f�q �w�f�u�h�`�i�]�q �s�d�v�l�n�j�n�b�^�`�q �r�s�f�l �`�j�t�r�^�c�` �d�o�d�m�d�p�b�`��
�r�^�`�q �s�n�t �r�]�k�`�s�n�q�� �S�` �t�o�n�r�t�r�s�]�k�`�s�` �o�n�t �o�`�p�`�g�\�s�n�l�s�`�h �r�s�f�l �r�t�l�\�v�d�h�`�
 �o�d�p�h�\�v�n�l�s�`�h
�r�d �{�j�n�t�q �s�n�t�q �r�|�b�v�p�n�l�n�t�q �d�b�i�d�u�`�j�n�b�p�[�u�n�t�q�
 �v�x�p�^�q �l�` �r�f�k�`�^�l�d�h �o�x�q �c�d�l �t�o�[�p�v�n�t�l
�o�`�p�`�j�j�`�b�\�q �i�`�h �d�o�h�o�j�\�n�l �t�o�n�r�t�r�s�]�k�`�s�` �r�d �[�j�j�n�t�q��
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�	�C�


�R�v�]�k�` ���������E�h�i�{�l�` �	�`�
�
 �G �o�p�}�s�f �r�t�r�i�d�t�] �i�`�s�`�b�p�`�u�]�q �G�E�C �o�n�t �i�`�s�\�b�p�`�u�d �s�f�l �i�t�k�`�s�n�k�n�p�u�]
�r�d �s�`�h�l�^�` �v�`�p�s�h�n�| �<�����
�����>�� �E�h�i�{�l�` �	�a�
�
 �0 �t�o�d�p�r�|�b�v�p�n�l�n�q �d�b�i�d�u�`�j�n�b�p�[�u�n�q �s�f�q �H���U�F�D�
 �k�o�n�p�d�^
�l�` �i�`�s�`�b�p�[�u�d�h �s�`�t�s�{�v�p�n�l�` �c�d�c�n�k�\�l�` �`�o�{ ������ �f�j�d�i�s�p�{�c�h�`�
 �n �d�l�h�r�v�t�s�]�q �`�l�`�j�`�k�a�[�l�d�h �s�f�l
�d�l�^�r�v�t�r�f �i�`�h �w�f�u�h�n�o�n�^�f�r�f �s�x�l �r�f�k�[�s�x�l�
 �s�` �n�o�n�^�` �r�s�\�j�l�n�l�s�`�h �r�s�f�l �k�n�l�[�c�` �d�o�d�m�d�p�b�`�r�^�`�q

�i�`�h �`�o�d�h�i�{�l�h�r�f�q��
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�5�` �f�j�d�i�s�p�{�c�h�` �r�s�f�l �o�p�`�b�k�`�s�h�i�{�s�f�s�`�
 �d�^�l�`�h �k�d�s�`�s�p�n�o�d�^�q�
 �n�h �n�o�n�^�n�h �`�l�h�v�l�d�|�n�t�l �s�f�l
�i�`�s�`�l�n�k�] �s�x�l �h�{�l�s�x�l �r�s�f�l �d�o�h�u�[�l�d�h�` �s�x�l �h�r�s�}�l �o�n�t �i�`�j�|�o�s�n�t�l�
 �k�d�s�`�s�p�\�o�n�l�s�`�q �s�n
�h�n�l�s�h�i�{ �p�d�|�k�` �r�d �p�d�|�k�` �f�j�d�i�s�p�{�l�h�x�l�� �S�` �f�j�d�i�s�p�{�c�h�` �v�x�p�^�e�n�l�s�`�h �r�d �c�|�n �a�`�r�h�i�\�q �i�`��
�s�f�b�n�p�^�d�q�
 �s�` �á�t�b�p�[�á �	�X�F�U�
 �i�`�h �s�` �á�r�s�d�b�l�[�á �	�E�S�Z�
 �i�`�h �i�`�g�\�l�` �`�o�{ �`�t�s�[ �k�o�n�p�d�^ �l�` �d�^�l�`�h
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�d�^�s�d �k�h�`�q �v�p�]�r�f�q�
 �d�^�s�d �d�o�`�l�`�v�p�f�r�h�k�n�o�n�h�n�|�k�d�l�n�� �:�l�` �`�i�{�k�` �i�p�h�s�]�p�h�n �o�n�t �s�` �c�h�`�u�n�p�n��
�o�n�h�d�^ �`�o�n�s�d�j�d�^ �s�n �`�l �d�^�l�`�h �d�l�d�p�b�[ �f �o�`�g�f�s�h�i�[�
 �`�l �c�f�j�`�c�] �i�`�s�`�r�i�d�t�[�e�n�l�s�`�h �k�d �\�l�`�l
�d�l�h�r�v�t�s�] �d�l�r�x�k�`�s�x�k�\�l�n �r�s�n �^�c�h�n �o�`�i�\�s�n �	�d�l�d�p�b�[�
�
 �f �{�v�h �	�o�`�g�f�s�h�i�[�
��

�æ�T�b�p�[ �	�8�F�U�
 �G�j�d�i�s�p�{�c�h�`

�A�t�s�n�| �s�n�t �s�|�o�n�t �s�` �f�j�d�i�s�p�{�c�h�` �d�^�l�`�h �i�`�s�[ �i�|�p�h�n �j�{�b�x �o�`�g�f�s�h�i�[�
 �i�`�h �v�p�f�r�h�k�n��
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�
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�c�f�j�`�c�]P(yj jx i ) i 6= j = 1� P (yi jx i )

N c � 1

�O�h �o�`�p�`�o�[�l�x �o�p�n�z�o�n�g�\�r�d�h�q �\�v�n�t�l �b�p�`�u�g�d�^ �k�d �u�g�^�l�n�t�r�` �r�d�h�p�[ �r�f�k�`�l�s�h�i�{�s�f�s�`�q�� �P�p�n��
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 �P�O�M�J�O�F �c�h�d�o�`�u�]�
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 �i�`�h �\�l�`�l �`�j�b�{�p�h�g�k�n �n �n�o�n�^�n�q �l�` �d�o�h�s�t�b�v�[�l�d�h �o�`�p�{�k�n�h�d�q �d�o�h�c�{��
�r�d�h�q �b�h�` �i�[�g�d �c�h�`�u�n�p�d�s�h�i�] �i�j�[�r�f�
 �s�{�s�d �d�^�k�`�r�s�d �r�d �g�\�r�f �l�` �i�[�l�n�t�k�d �k�h�` �o�n�j�| �i�`�j�]
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�d�^�l�`�h �o�n�j�| �r�o�[�l�h�n �l�` �\�v�n�t�k�d �k�h�` �d�i�s�^�k�f�r�f �s�n�t �r�t�l�n�j�h�i�n�| �B�D�D�V�S�B�D�ZAc �b�h�` �s�n �n�O�M�J�O�F
�r�|�r�s�f�k�`�
 �i�`�g�}�q �`�t�s�{ �o�p�n�z�o�n�g�\�s�d�h �l�` �\�v�n�t�k�d �b�l�}�r�f �s�f�q �o�p�{�g�d�r�f�q �s�n�t �v�p�]�r�s�f �\�s�r�h
�}�r�s�d �l�` �s�f�l �r�t�b�i�p�^�l�n�t�k�d �k�d �s�f�l �\�m�n�c�n �s�n�t �r�t�r�s�]�k�`�s�n�q�� �S�\�j�n�q�
 �d�h�c�h�i�[ �r�s�` �T�F�M�G���Q�B�D�F�E
�r�t�r�s�]�k�`�s�`�
 �d�^�l�`�h �r�v�d�c�{�l �`�c�|�l�`�s�n �l�` �b�l�x�p�^�e�n�t�k�d �s�f�l �k�d�s�`�a�j�f�s�]T�
 �i�`�g�}�q �s�n �c�h�[��
�r�s�f�k�` �k�d�s�`�m�| �k�h�`�q �`�o�{�u�`�r�f�q �s�n�t �v�p�]�r�s�f �i�`�h �s�f�q �`�l�^�v�l�d�t�r�f�q �s�f�q �`�o�{ �s�n �r�|�r�s�f�k�`�

�d�^�l�`�h �r�o�[�l�h�` �r�`�u�\�q�� �X�r�s�{�r�n�
 �t�o�[�p�v�n�t�l �c�f�k�n�r�h�d�|�r�d�h�q�
 �{�o�n�t �t�o�n�j�n�b�^�e�d�s�`�h �n �*�5�3 �i�`�h
�b�h�` �n�O�M�J�O�F �r�t�r�s�]�k�`�s�` �o�n�t �c�d�l �c�h�d�t�i�p�h�l�^�e�d�s�`�h �n �s�|�o�n�q �s�n�t �r�t�r�s�]�k�`�s�n�q�
 �n�|�s�d �j�d�o�s�n��
�k�\�p�d�h�d�q �t�o�n�j�n�b�h�r�k�n�|�� �S�n �j�[�g�n�q �o�n�t �b�^�l�d�s�`�h �d�^�l�`�h �o�x�q �g�d�x�p�n�|�l �{�s�h �s�n �o�n�r�n�r�s�{ �s�`�m�h��
�l�{�k�f�r�f�qAc �o�n�t �o�p�n�i�|�o�s�d�h �`�o�{ �s�f�l �P
Z�J�O�F �`�l�[�j�t�r�f�
 �r�t�k�o�^�o�s�d�h �k�d �`�t�s�{ �s�f�q �P�O�M�J�O�F�

�o�p�[�b�k�` �o�n�t �c�d�l �h�r�v�|�d�h�� �G �d�o�^�c�n�r�f �s�x�l �v�p�f�r�s�}�l �i�`�s�[ �s�h�q �c�n�i�h�k�\�q �s�n�t �P�O�M�J�O�F �r�t�r�s�]��
�k�`�s�n�q �r�t�l�]�g�x�q �d�^�l�`�h �r�f�k�`�l�s�h�i�[ �k�h�i�p�{�s�d�p�f �`�o�{ �`�t�s�]�l �i�`�s�[ �s�f�l �c�h�[�p�i�d�h�` �s�x�l �P
Z�J�O�F
�c�n�i�h�k�}�l�
 �i�`�h �\�l�`�q �r�f�k�`�l�s�h�i�{�q �j�{�b�n�q �o�n�t �r�t�k�a�`�^�l�d�h �`�t�s�{�
 �d�^�l�`�h �c�h�[�r�o�`�r�f �s�f�q �o�p�n��
�r�n�v�]�q �s�n�t �v�p�]�r�s�f �j�{�b�x �s�f�q �`�l�[�c�p�`�r�f�q �s�n�t �r�t�r�s�]�k�`�s�n�q �	�n�g�{�l�f�
 �d�l�c�d�^�m�d�h�q �i���`�
�<�����>
�<�����>��

�:�l�`�q �s�p�{�o�n�q �`�m�h�n�j�{�b�f�r�f�q �s�x�l �P�O�M�J�O�F �r�t�r�s�f�k�[�s�x�l�
 �g�` �]�s�`�l �f �c�f�k�h�n�t�p�b�^�` �r�t�b�i�d�i�p�h��
�k�\�l�x�l �c�n�i�h�k�`�r�h�}�l�
 �{�o�x�q �b�h�` �o�`�p�[�c�d�h�b�k�` �n �r�t�j�j�`�a�h�r�k�{�q �k�h�`�q �j�\�m�f�q�
 �] �f �n�j�n�i�j�]�p�x�r�f
�d�l�{�q �o�`�h�v�l�h�c�h�n�| �	�o���v �o�j�n�]�b�f�r�f �r�d �j�`�a�|�p�h�l�g�n�
�
 �i�`�h �f �k�\�s�p�f�r�f �s�n�t �v�p�{�l�n�t �o�n�t �`�o�`�h��
�s�d�^�s�`�h �b�h�` �s�f�l �n�j�n�i�j�]�p�x�r�] �s�n�t�q�� �L�d �`�t�s�{ �s�n�l �s�p�{�o�n �n�h �c�h�d�o�`�u�\�q �i�p�^�l�n�l�s�`�h �k�{�l�n �d�i
�s�n�t �`�o�n�s�d�j�\�r�k�`�s�n�q�
 �`�l�d�m�[�p�s�f�s�` �`�o�{ �s�f�l �k�\�g�n�c�n �r�s�f�l �n�o�n�^�` �a�`�r�^�e�n�l�s�`�h�
 �i�`�h �`�l�d��
�m�[�p�s�f�s�` �`�o�{ �s�h�q �P
Z�J�O�F �d�o�h�c�{�r�d�h�q �s�n�t�q�� �L�h�` �s�\�s�n�h�` �c�n�i�h�k�`�r�^�` �t�j�n�o�n�h�]�r�`�k�d �i�`�h �r�s�`
�o�j�`�^�r�h�` �`�t�s�]�q �s�f�q �d�p�b�`�r�^�`�q �r�s�n �i�d�u�[�j�`�h�n������
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�R�d �`�t�s�{ �s�n �r�f�k�d�^�n �g�` �`�l�`�u�d�p�g�n�|�k�d �r�d �i�[�o�n�h�` �a�`�r�h�i�[ �d�b�i�d�u�`�j�h�i�[ �r�]�k�`�s�` �o�n�t �o�`��
�p�[�b�n�l�s�`�h �r�s�n�l �d�b�i�\�u�`�j�n�
 �d�^�s�d �`�i�n�|�r�h�` �d�^�s�d �d�i�n�|�r�h�`�
 �i�`�h �s�` �n�o�n�^�` �v�p�f�r�h�k�n�o�n�h�n�|�l�s�`�h
�b�h�` �s�f�l �t�j�n�o�n�^�f�r�f �s�x�l �c�h�`�u�{�p�x�l �s�|�o�x�l �#�$�*�T �o�n�t �`�l�`�u�\�p�g�f�i�`�l �r�s�f�l �d�l�{�s�f�s�`��������
�C�d�l�h�i�[�
 �s�` �&�&�( �r�]�k�`�s�` �s�`�m�h�l�n�k�n�|�l�s�`�h �k�d �i�p�h�s�]�p�h�n �s�f�l �r�t�v�l�{�s�f�s�[�
 �s�n �o�j�[�s�n�q�
 �s�f�l
�k�n�p�u�]�
 �i�`�g�}�q �i�`�h �s�f�l �s�n�o�n�g�d�r�^�` �r�s�n �i�p�`�l�^�n �{�o�n�t �i�`�s�`�b�p�[�u�n�l�s�`�h��

���������� �ó�������#������������ ���"��������

�A�t�s�n�| �s�n�t �d�^�c�n�t�q �s�` �r�]�k�`�s�` �d�k�u�`�l�^�e�n�l�s�`�h �u�t�r�h�n�j�n�b�h�i�[ �r�d �{�j�n�t�q �s�n�t �d�b�i�d�u�[�j�n�t�q�

�s�`�m�h�l�n�k�n�|�l�s�`�h �k�d �i�p�h�s�]�p�h�n �s�f�l �r�t�v�l�{�s�f�s�` �s�n�t�q�
 �i�`�h �f �o�`�p�n�t�r�^�` �s�n�t�q �] �f �`�o�n�t�r�^�`
�s�n�t�q�
 �a�n�f�g�[�d�h �s�f�l �d�m�`�b�x�b�] �r�t�k�o�d�p�`�r�k�[�s�x�l �{�r�n�l �`�u�n�p�[ �s�{�r�n �s�f�l �l�n�f�s�h�i�] �i�`�s�[��
�r�s�`�r�f �s�n�t �v�p�]�r�s�f�
 �{�r�n �i�`�h �s�f�l �|�o�`�p�m�f �i�[�o�n�h�` �l�d�t�p�n�j�n�b�h�i�]�q �`�r�g�\�l�d�h�`�q�� �S�` �r�v�{�j�h�`
�o�n�t �`�i�n�j�n�t�g�n�|�l �b�h�` �i�`�g�\�l�`�l �`�o�{ �s�n�t�q �p�t�g�k�n�|�q �`�t�s�n�|�q �`�u�n�p�n�|�l �t�b�h�]�q �d�l�]�j�h�i�d�q �n�p��
�b�`�l�h�r�k�n�|�q�
 �i�`�g�}�q �r�s�f�l �`�l�s�^�g�d�s�f �o�d�p�^�o�s�x�r�f �t�o�[�p�v�n�t�l �`�p�i�d�s�\�q �c�h�`�u�n�p�n�o�n�h�]�r�d�h�q�
 �s�n
�n�o�n�^�n �r�f�k�`�^�l�d�h �o�x�q �n�h �p�t�g�k�n�^ �`�t�s�n�^ �k�o�n�p�n�|�l �l�` �v�p�f�r�h�k�n�o�n�h�f�g�n�|�l �i�`�h �b�h�` �s�f�l �c�h�[��
�b�l�x�r�f �`�r�g�d�l�d�h�}�l��
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�J�|�k�`�s�` �D�\�j�s�` �n�l�n�k�[�e�n�t�k�d �s�h�q �r�t�v�l�{�s�f�s�d�q �k�d �d�|�p�n�q0:5� 4Hz �i�`�h �d�k�u�`�l�^�e�n�l�s�`�h
�i�t�p�^�x�q �r�d �l�d�n�b�l�[ �i�`�h �d�l�]�j�h�i�d�q �i�`�s�[ �s�f�l �c�h�[�p�i�d�h�` �s�n�t �|�o�l�n�t �	�E�F�F�Q �T�U�B�H�F �� �P�G
�/�3�&�.�
�
 �i�`�h �^�r�x�q �d�k�o�j�\�i�n�l�s�`�h �r�s�f�l �c�h�`�c�h�i�`�r�^�` �r�v�f�k�`�s�h�r�k�n�| �s�f�q �k�l�]�k�f�q �<�����>
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�J�|�k�`�s�` �H�]�s�` �n�l�n�k�[�e�n�l�s�`�h �n�h �i�t�k�`�s�n�k�n�p�u�\�q �k�d �d�|�p�n�q �r�t�v�l�n�s�]�s�x�l4� 8Hz �i�`�h
�r�d �u�t�r�h�n�j�n�b�h�i�n�|�q �d�l�]�j�h�i�d�q �d�k�u�`�l�^�e�n�l�s�`�h �r�d �o�n�j�| �k�h�i�p�] �o�n�r�{�s�f�s�`�
 �i�`�h �r�t�v�l�[
�{�s�`�l �i�[�o�n�h�n�q �a�p�^�r�i�d�s�`�h �r�s�f�l �i�`�s�[�r�s�`�r�f �s�f�q �n�l�d�h�p�n�o�{�j�f�r�f�q �	�E�B�Z�E�S�F�B�N�J�O�H�
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�S�` �i�|�k�`�s�` �8�j�u�`�
 �s�` �n�o�n�^�` �]�s�`�l �s�` �o�p�}�s�` �i�|�k�`�s�` �o�n�t �`�l�h�v�l�d�|�s�f�i�`�l �r�s�n�l �d�b��
�i�\�u�`�j�n �`�o�{ �s�n�l �)�B�O�T �#�F�S�H�F�S �<���>�
 �i�`�h �i�t�k�`�^�l�n�l�s�`�h �k�d�s�`�m�|8 � 13Hz�� �J�t�p�^�x�q
�d�k�u�`�l�^�e�n�l�s�`�h �r�s�n�l �n�o�s�h�i�{ �u�j�n�h�{ �i�`�s�[ �s�f�l �c�h�[�p�i�d�h�` �s�f�q �m�d�i�n�|�p�`�r�f�q �k�d �i�j�d�h�r�s�[
�k�[�s�h�`�
 �{�v�h �{�k�x�q �r�d �i�`�s�[�r�s�`�r�f �|�o�l�n�t�
 �{�o�n�t �s�{�s�d �d�j�`�s�s�}�l�n�l�s�`�h��

�æ�ø�*�����!�� �ð���!��

�S�` �i�|�k�`�s�` �B�]�s�` �`�l�`�i�`�j�|�u�g�f�i�`�l �i�`�h �`�t�s�[ �`�o�{ �s�n�l �)�B�O�T �#�F�S�H�F�S�
 �`�k�\�r�x�q �k�d�s�[
�s�` �8�j�u�`�
 �i�`�h �f �r�t�v�l�{�s�f�s�` �s�n�t�q �i�t�k�`�^�l�d�s�`�h �k�d�s�`�m�|13 � 30Hz�� �E�k�u�`�l�^�e�n�l�s�`�h
�{�s�`�l �s�n �[�s�n�k�n �\�v�d�h �`�l�n�h�v�s�[ �k�[�s�h�`�
 �i�`�h �a�p�^�r�i�d�s�`�h �r�d �i�`�s�[�r�s�`�r�f �r�t�b�i�\�l�s�p�x�r�f�q�

�{�s�`�l �o�p�n�r�o�`�g�d�^ �l�` �j�|�r�d�h �\�l�` �o�p�{�a�j�f�k�` �] �i�`�h �r�d �i�`�s�`�r�s�[�r�d�h�q �[�b�v�n�t�q��

�æ�ø�*�����!�� �ñ�	������

�S�n �d�|�p�n�q �r�t�v�l�n�s�]�s�x�l �s�x�l �i�t�k�[�s�x�l �C�[�k�k�` �d�^�l�`�h �k�d�s�`�m�|30 � 80Hz�
 �i�`�h �{�o�x�q
�i�`�h �s�` �B�]�s�`�
 �d�l�s�n�o�^�e�n�l�s�`�h �r�s�n�l �d�b�i�\�u�`�j�n �r�d �i�`�s�`�r�s�[�r�d�h�q �\�l�s�n�l�f�q �d�b�p�]�b�n�p�r�f�q
�<�����>�� �P�`�p�{�j�`�t�s�` �\�v�n�t�l �i�`�s�`�b�p�`�u�d�^ �i�`�h �i�`�s�[ �s�h�q �u�[�r�d�h�q �s�n�t �3�&�. �|�o�l�n�t�
 �i�`�s�[
�s�f�l �n�o�n�^�` �c�d�l �t�o�[�p�v�d�h �r�t�l�d�^�c�f�r�f �i�`�h �d�b�p�]�b�n�p�r�f �r�s�n �[�s�n�k�n �<�����>��

�R�v�]�k�` ���������C�p�`�u�h�i�] �`�l�`�o�`�p�[�r�s�`�r�f �s�x�l �u�t�r�h�n�j�n�b�h�i�}�l �i�t�k�`�s�n�k�n�p�u�}�l �s�n�t �d�b�i�d�u�[�j�n�t�� �E�h��
�i�{�l�` �`�o�{ �<�����>
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�X�q �o�p�n�i�j�f�s�[ �c�t�l�`�k�h�i�[�
 �n�p�^�e�n�l�s�`�h �n�h �c�h�`�u�n�p�\�q �c�t�l�`�k�h�i�n�| �r�s�n �d�b�i�d�u�`�j�h�i�{ �r�]�k�` �o�n�t
�`�l�h�v�l�d�|�n�l�s�`�h �r�d �r�t�b�i�d�i�p�h�k�\�l�n �v�p�n�l�h�i�{ �c�h�[�r�s�f�k�`�
 �x�q �`�l�s�^�c�p�`�r�f �r�d �\�l�` �d�m�x�s�d�p�h�i�{
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�d�p�\�g�h�r�k�`�� �S�` �c�t�l�`�k�h�i�[ �`�t�s�[ �o�`�p�n�t�r�h�[�e�n�t�l �k�d�b�[�j�n �d�p�d�t�l�f�s�h�i�{ �d�l�c�h�`�u�\�p�n�l �i�`�h �v�p�f��
�r�h�k�n�o�n�h�n�|�l�s�`�h �i�`�s�[ �i�{�p�n�l�
 �s�{�r�n �b�h�` �s�f�l �c�h�[�b�l�x�r�f �`�r�g�d�l�d�h�}�l �s�n�t �d�b�i�d�u�[�j�n�t �i�`�h �s�x�l
�l�d�|�p�x�l�
 �{�r�n �i�`�h �b�h�` �s�f�l �t�j�n�o�n�^�f�r�f �#�$�*�T�� �:�l�`�q �j�{�b�n�q �o�n�t �v�p�f�r�h�k�n�o�n�h�n�|�l�s�`�h �d�t�p�\�x�q
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�<�����>�� �S�` �d�m�x�b�d�l�] �c�t�l�`�k�h�i�[ �r�v�d�s�^�e�n�l�s�`�h �[�k�d�r�` �k�d �s�` �v�`�p�`�i�s�f�p�h�r�s�h�i�[ �s�n�t �d�m�x�s�d�p�h�i�n�|
�d�p�d�g�^�r�k�`�s�n�q �	�o���v �\�l�s�`�r�f�
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 �s�` �d�p�d�g�^�r�k�`�s�` �k�o�n�p�n�|�l �l�` �d�^�l�`�h �c�h�`�u�{�p�x�l
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�� �E�o�h�o�j�\�n�l�
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�c�h�d�o�`�u�}�l �d�b�i�d�u�[�j�n�t �� �t�o�n�j�n�b�h�r�s�]�
 �d�^�l�`�h �o�x�q �f �r�t�v�l�{�s�f�s�` �s�f�q �o�p�n�i�`�j�n�|�k�d�l�f�q �i�t��
�k�`�s�n�k�n�p�u�]�q �r�s�n�l �d�b�i�\�u�`�j�n�
 �r�t�k�o�^�o�s�d�h �k�d �s�f�l �r�t�v�l�{�s�f�s�` �s�f�q �d�o�`�l�`�j�`�k�a�`�l�{�k�d�l�f�q
�n�o�s�h�i�]�q �c�h�\�b�d�p�r�f�q �	�E�O�D�
�� �L�d �`�t�s�{�l �s�n�l �s�p�{�o�n�
 �c�f�k�h�n�t�p�b�}�l�s�`�q �E�O�D �o�n�t �d�i�o�\�k�o�n�t�l
�o�`�j�k�n�|�q �r�d �c�h�`�u�n�p�d�s�h�i�\�q �r�t�v�l�{�s�f�s�d�q�
 �k�o�n�p�n�|�k�d �l�` �`�l�s�h�r�s�n�h�v�^�r�n�t�k�d �i�[�o�n�h�d�q �d�o�h�g�t��
�k�f�s�\�q �d�l�s�n�j�\�q �r�d �i�[�g�d �k�^�` �`�o�{ �`�t�s�\�q�
 �i�`�h �r�t�l�d�o�}�q �k�\�r�x �`�l�[�j�t�r�f�q �s�x�l �o�`�p�`�b�{�k�d�l�x�l
�4�4�7�&�1 �r�f�k�[�s�x�l�
 �l�` �`�l�h�v�l�d�|�d�s�`�h �f �u�x�s�d�h�l�] �o�f�b�] �r�s�f�l �n�o�n�^�` �d�^�l�`�h �r�t�b�i�d�l�s�p�x�k�\�l�n�q
�n �v�p�]�r�s�f�q�
 �c�f�j�`�c�] �f �d�l�s�n�j�] �s�f�l �n�o�n�^�` �g�\�j�d�h �l�` �o�p�`�b�k�`�s�n�o�n�h�]�r�d�h��

�R�v�]�k�` ���������4�4�7�&�1 �r�]�k�`�s�` �o�n�t �o�`�p�[�v�g�f�i�`�l �}�q �`�l�s�^�c�p�`�r�f �r�s�n�l �d�r�s�h�`�r�k�{ �s�x�l �k�`�s�h�}�l �r�d �d�o�`��
�l�`�j�`�k�a�`�l�{�k�d�l�f �n�o�s�h�i�] �c�h�\�b�d�p�r�f �	�E�O�D�
 �r�t�v�l�{�s�f�s�`�q7:5Hz�� �P�`�p�`�s�f�p�n�|�k�d �o�x�q �d�i�s�{�q �`�o�{
�s�f�l �i�|�p�h�` �r�t�l�h�r�s�}�r�`�
 �\�v�n�t�k�d �\�l�s�n�l�d�q �i�n�p�t�u�\�q �i�`�h �r�s�h�q �`�p�k�n�l�h�i�\�q �r�t�v�l�{�s�f�s�d�q�
 �c�f�j�`�c�]15Hz
�i�`�h22:5Hz�� �E�h�i�{�l�` �`�o�n �<�����>

�S�n �r�f�k�d�^�n �s�n�t �d�b�i�d�u�[�j�n�t �o�n�t �o�`�p�[�b�n�l�s�`�h �s�` �4�4�7�&�1 �r�]�k�`�s�` �a�p�^�r�i�d�s�`�h �r�s�n�l �h�l�h�`�i�{
�j�n�a�{ �	�P�D�D�J�Q�J�U�B�M �M�P�C�F�
�
 �s�n �n�o�n�^�n �d�^�l�`�h �j�n�b�h�i�{ �`�l �r�i�d�u�s�n�|�k�d �o�x�q �d�i�d�^ �a�p�^�r�i�d�s�`�h �s�n �i�\�l��
�s�p�n �d�o�d�m�d�p�b�`�r�^�`�q �s�f�q �{�p�`�r�f�q �r�s�n�l �d�b�i�\�u�`�j�n�� �R�s�n �`�o�j�{ �r�|�r�s�f�k�` ���������� �t�o�[�p�v�n�t�l
�k�{�l�n �c�|�n �f�j�d�i�s�p�{�c�h�` �o�n�t �i�`�j�|�o�s�n�t�l �s�n�l �u�j�n�h�{�
 �s�` �O�� �i�`�h �O���
 �d�l�} �r�s�h�q �d�o�`�t�m�f�k�\�l�d�q
�d�i�c�n�v�\�q �s�n�t �r�t�r�s�]�k�`�s�n�q�
 �a�p�^�r�i�n�t�k�d �d�o�h�o�j�\�n�l �i�`�h �s�` �f�j�d�i�s�p�{�c�h�`�
 �0�[ �o�n�t �a�p�^�r�i�d�s�`�h
�`�l�[�k�d�r�` �r�s�` �O�� �i�`�h �O���
 �i�`�g�}�q �i�`�h �s�` �1�0���
 �1�0���
 �1�0�[�
 �1�����
 �1�����
 �o�n�t �i�`�j�|�o�s�n�t�l �s�`
�r�|�l�n�p�` �k�d�s�`�m�| �h�l�h�`�i�n�| �i�`�h �a�p�d�b�k�`�s�h�i�n�| �j�n�a�n�|�� �R�s�h�q �o�d�p�h�r�r�{�s�d�p�d�q �k�d�j�\�s�d�q �v�p�f�r�h��
�k�n�o�n�h�n�|�l�s�`�h �c�h�[�u�n�p�n�h �o�h�g�`�l�n�^ �r�t�l�c�t�`�r�k�n�^ �s�x�l �o�`�p�`�o�[�l�x �f�j�d�i�s�p�n�c�^�x�l�
 �f �i�`�h �{�j�`��
�X�r�s�{�r�n �f �i�`�j�|�s�d�p�f �o�n�h�{�s�f�s�` �4�4�7�&�1 �r�]�k�`�s�n�q�
 �u�`�^�l�d�s�`�h �l�` �d�k�u�`�l�^�e�d�s�`�h �r�s�` �0�� �i�`�h
�0�[ �<�����>��
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�R�v�]�k�` �����������G�j�d�i�s�p�{�c�h�` �o�n�t �i�`�j�|�o�s�n�t�l �s�n�l �h�l�h�`�i�{ �j�n�a�{ �i�`�h �s�f�l �b�|�p�x �o�d�p�h�n�v�]�
 �i�`�h �r�s�`
�n�o�n�^�` �d�k�u�`�l�^�e�n�l�s�`�h �s�` �4�4�7�&�1 �r�]�k�`�s�`��

������������������ �ó������������ ���"�$�����!���!�&�� �!�&�� �ó���������������������)�������&�� �ý���!�����+�� �ò�������
����
� ���&�� �	�ó�ý�ò�


�P�p�n�i�d�h�k�\�l�n�t �l�` �o�p�n�i�j�f�g�n�|�l �4�4�7�&�1�
 �f �r�t�v�l�{�s�f�s�` �s�f�q �c�h�\�b�d�p�r�f�q �o�p�\�o�d�h �l�` �`�l�]�i�d�h
�r�s�n �d�|�p�n�q3:5 � 75Hz�� �R�t�l�]�g�x�q �v�x�p�^�e�n�t�k�d �s�n �d�|�p�n�q �`�t�s�{ �r�d �� �o�d�p�h�n�v�\�q�
 �s�` �d�|�p�f
�s�x�l �n�o�n�^�x�l �{�k�x�q �n�p�^�e�n�l�s�`�h �c�h�`�u�n�p�d�s�h�i�[ �`�o�{ �k�d�j�\�s�f �r�d �k�d�j�\�s�f�� �R�|�k�u�x�l�` �k�d �s�n�l �3�F��
�H�B�O �<�����> �\�v�n�t�k�d�� �V�`�k�f�j�\�q �r�t�v�l�{�s�f�s�d�q1 � 12Hz�
 �L�d�r�`�^�d�q �r�t�v�l�{�s�f�s�d�q12 � 30Hz�

�i�`�h �T�w�f�j�\�q �r�t�v�l�{�s�f�s�d�q30 � 60Hz�� �:�l�` �`�o�{ �s�` �r�f�k�`�l�s�h�i�{�s�d�p�` �d�p�x�s�]�k�`�s�`�
 �d�^�l�`�h
�s�n �o�}�q �k�o�n�p�n�|�k�d �l�` �d�o�h�j�\�m�n�t�k�d �d�i�d�^�l�d�q �s�h�q �r�t�v�l�{�s�f�s�d�q �o�n�t �g�` �`�o�n�u�\�p�n�t�l �k�\�b�h�r�s�f
�`�o�{�c�n�r�f �r�s�n �r�|�r�s�f�k�[ �k�`�q�� �G �k�d�b�[�j�f �o�n�h�i�h�j�^�` �s�x�l �r�t�v�l�n�s�]�s�x�l �o�n�t �v�p�f�r�h�k�n�o�n�h�n�|�l��
�s�`�h �r�s�f�l �a�h�a�j�h�n�b�p�`�u�^�`�
 �d�^�l�`�h �r�f�k�[�c�h �o�x�q �`�t�s�{ �s�n �d�p�}�s�f�k�` �d�^�l�`�h �`�i�{�k�` �`�l�`�o�[�l�s�f�s�n��
�E�l�c�d�h�i�s�h�i�[�
 �r�s�f�l �a�h�a�j�h�n�b�p�`�u�h�i�] �c�f�k�n�r�^�d�t�r�f �<�����>�
 �k�d�j�d�s�]�g�f�i�d �s�n �d�^�c�n�q �s�x�l �E�O�D �o�n�t
�v�p�f�r�h�k�n�o�n�h�]�g�f�i�`�l �r�d ���� �c�h�`�u�n�p�d�s�h�i�\�q �d�p�d�t�l�f�s�h�i�\�q �d�p�b�`�r�^�d�q�
 �{�o�n�t �r�t�l�n�j�h�i�[ �t�o�]�p�m�`�l
���� �c�h�`�u�n�p�d�s�h�i�n�^ �r�t�l�c�t�`�r�k�n�^ �r�t�v�l�n�s�]�s�x�l�� �E�o�h�o�j�\�n�l�
 �r�s�f�l �^�c�h�` �d�p�b�`�r�^�`�
 �`�l�`�u�\�p�d�s�`�h
�o�x�q �r�d ���� �d�p�b�`�r�^�d�q �v�p�f�r�h�k�n�o�n�h�]�g�f�i�`�l �r�t�v�l�{�s�f�s�d�q �o�n�t �[�l�f�i�`�l �r�s�f�l �v�`�k�f�j�] �e�}�l�f��

�G �v�p�]�r�f �v�`�k�f�j�n���k�d�r�`�^�x�l �r�t�v�l�n�s�]�s�x�l �t�o�n�r�s�f�p�^�e�d�s�`�h �`�o�{ �s�n �b�d�b�n�l�{�q �o�x�q �s�` �o�`�p�`��
�b�{�k�d�l�` �4�4�7�&�1 �\�v�n�t�l �i�`�j�{ �r�f�k�`�s�n���g�n�p�t�a�h�i�{ �j�{�b�n �	�4�/�3�
 �i�`�h �k�o�n�p�n�|�l �l�` �o�`�p�`�v�g�n�|�l
�d�|�i�n�j�` �<�����>�� �X�r�s�{�r�n �o�`�p�n�t�r�h�[�e�n�t�l �i�`�h �r�f�k�`�l�s�h�i�[ �k�d�h�n�l�d�i�s�]�k�`�s�`�� �G �d�r�s�^�`�r�f �s�f�q
�o�p�n�r�n�v�]�q �r�d �o�f�b�\�q �u�x�s�{�q �o�n�t �o�[�j�j�n�l�s�`�h �r�d �v�`�k�f�j�\�q �r�t�v�l�{�s�f�s�d�q �k�o�n�p�d�^ �l�` �o�p�n��
�i�`�j�\�r�d�h �i�n�|�p�`�r�f �	�G�B�U�J�H�V�F�
 �s�n�t �k�`�s�h�n�| �<�����>�
 �f�k�h�i�p�`�l�^�d�q�� �<�����>�
 �`�i�{�k�` �i�`�h �d�o�h�j�f�o�s�h�i�\�q
�i�p�^�r�d�h�q �<�����>�� �S�\�j�n�q �\�l�`�q �[�j�j�n�q �r�f�k�`�l�s�h�i�{�q �j�{�b�n�q�
 �d�^�l�`�h �o�x�q �f �o�d�p�h�n�v�] �`�t�s�}�l �s�x�l �r�t��
�v�l�n�s�]�s�x�l �o�d�p�h�j�`�k�a�[�l�d�h �s�h�q �r�t�v�l�{�s�f�s�d�q �{�o�n�t �d�k�u�`�l�^�e�n�l�s�`�h �s�` �i�|�k�`�s�` �8�j�u�`�����������
 �s�`
�n�o�n�^�` �d�^�l�`�h �s�` �o�h�n �r�t�v�l�[ �d�k�u�`�l�h�e�{�k�d�l�` �i�|�k�`�s�` �r�s�n�l �`�l�g�p�}�o�h�l�n �d�b�i�\�u�`�j�n�
 �o�p�n�i�`��
�j�}�l�s�`�q �s�f�l �o�`�p�`�b�x�b�] �o�n�j�j�}�l �G�B�M�T�F �Q�P�T�J�U�J�W�F�
 �c�f�j�`�c�] �s�f�l �`�l�^�v�l�d�t�r�f �4�4�7�&�1 �r�f�k�[�s�x�l�

�v�x�p�^�q �l�` �t�o�[�p�v�n�t�l �o�p�`�b�k�`�s�h�i�[�� �A�l�s�h�g�\�s�x�q �f �v�p�]�r�f �t�w�f�j�}�l �r�t�v�l�n�s�]�s�x�l�
 �o�p�n�i�`�j�d�^
�j�h�b�{�s�d�p�f �i�n�|�p�`�r�f �r�s�n �k�[�s�h�
 �v�x�p�^�q �s�n�l �i�^�l�c�t�l�n �d�o�h�j�f�o�s�h�i�}�l �i�p�^�r�d�x�l �i�`�h �k�d �r�`�u�}�q
�j�h�b�{�s�d�p�` �G�B�M�T�F �Q�P�T�J�U�J�W�F�T�� �S�n �o�j�[�s�n�q �s�x�l �o�`�p�`�b�{�k�d�l�x�l �4�4�7�&�1 �r�f�k�[�s�x�l �d�j�`�s�s�}�l�d�s�`�h
�k�d �s�f�l �`�|�m�f�r�f �s�f�q �r�t�v�l�{�s�f�s�`�q �c�h�\�b�d�p�r�f�q�
 �v�x�p�^�q �{�k�x�q �l�` �d�j�`�s�s�}�l�d�s�`�h �k�d �s�n�l �^�c�h�n
�p�t�g�k�{ �n �4�/�3�
 �i�`�g�}�q �r�s�h�q �t�w�f�j�\�q �r�t�v�l�{�s�f�s�d�q�
 �d�j�`�s�s�}�l�d�s�`�h �i�`�h �n �g�{�p�t�a�n�q �j�{�b�x �k�d�h�x��
�k�\�l�f�q �d�b�i�d�u�`�j�h�i�]�q �c�p�`�r�s�f�p�h�{�s�f�s�`�q �<�����>��
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�A�l�d�m�`�p�s�]�s�x�q �o�n�h�`�q �e�}�l�f�q �r�t�v�l�n�s�]�s�x�l �g�` �d�o�h�j�d�v�g�d�^ �b�h�` �s�f�l �t�j�n�o�n�^�f�r�f �k�h�`�q �s�\�s�n�h�`�q
�c�h�d�o�`�u�]�q�
 �o�p�\�o�d�h �l�` �j�f�u�g�d�^ �h�c�h�`�^�s�d�p�f �o�p�n�r�n�v�] �\�s�r�h �}�r�s�d �i�`�k�^�` �r�t�v�l�{�s�f�s�` �l�` �k�f�l �d�^��
�l�`�h �`�i�\�p�`�h�n �o�n�j�j�`�o�j�[�r�h�n �i�[�o�n�h�`�q �[�j�j�f�q�
 �c�f�j�`�c�] �l�` �k�f�l �d�^�l�`�h �`�p�k�n�l�h�i�] �r�t�v�l�{�s�f�s�`��
�O �j�{�b�n�q �d�^�l�`�h �o�x�q �k�h�` �r�t�b�i�d�i�p�h�k�\�l�f �r�t�v�l�{�s�f�s�` �c�h�\�b�d�p�r�f�q�
 �o�`�p�[�b�d�h �4�4�7�&�1 �r�]�k�`�s�`
�s�{�r�n �r�d �`�t�s�]�l �s�f�l �r�t�v�l�{�s�f�s�` �{�r�n �i�`�h �r�s�h�q �`�p�k�n�l�h�i�\�q �s�h�q�
 �{�o�x�q �u�`�^�l�d�s�`�h �i�`�h �r�s�f�l
�d�h�i�{�l�`�������� �O�o�{�s�d �b�h�` �o�`�p�[�c�d�h�b�k�`�
 �r�s�f�l �o�d�p�^�o�s�x�r�f �c�h�d�o�`�u�]�q �k�d �c�|�n �n�o�s�h�i�\�q �c�h�d�b�\�p��
�r�d�h�q�
 �k�^�` �r�s�`10Hz �i�`�h �k�^�` �r�s�`20Hz�
 �f �`�l�^�v�l�d�t�r�f �s�f�q �r�t�v�l�{�s�f�s�`�q20Hz �r�s�n �4�4�7�&�1
�r�]�k�`�
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�f�g�d�^ �k�d �r�x�r�s�{ �s�p�{�o�n�
 �s�{�s�d�
 �c�d�c�n�k�\�l�x�l �i�[�o�n�h�x�l �r�t�b�i�d�i�p�h�k�\�l�x�l �o�p�n�c�h�`�b�p�`�u�}�l �b�h�`
�\�l�` �u�^�j�s�p�n�
 �k�h�` �*�*�3 �t�j�n�o�n�^�f�r�f �g�` �h�i�`�l�n�o�n�h�]�r�d�h �s�h�q �o�p�n�c�h�`�b�p�`�u�\�q �i�[�l�n�l�s�`�q �v�p�]�r�f
�u�^�j�s�p�n�t �s�[�m�f�q �o�n�j�| �v�`�k�f�j�{�s�d�p�f�q �`�o�{ �s�n �`�l�s�^�r�s�n�h�v�n �'�*�3�
 �s�n �n�o�n�^�n �k�d�s�`�u�p�[�e�d�s�`�h �r�d
�j�h�b�{�s�d�p�d�q �o�p�[�m�d�h�q�
 �[�p�` �i�`�h �r�d �j�h�b�{�s�d�p�n �t�o�n�j�n�b�h�r�s�h�i�{ �v�p�{�l�n��

�:�l�` �`�o�{ �s�` �o�h�n �i�j�`�r�r�h�i�[ �*�*�3 �u�^�j�s�p�` �r�v�d�c�h�[�r�s�f�i�d �s�n �������� �`�o�n �s�n �a�p�d�s�`�l�{ �k�f�v�`�l�h�i�{
�i�`�h �u�t�r�h�i�{ �4�U�F�Q�I�F�O �#�V	R�F�S�X�P�S�U�I�� �B�`�r�h�i�{�q �r�s�{�v�n�q �s�n�t �u�^�j�s�p�n�t �`�t�s�n�| �]�s�`�l �f �d�o�^�s�d�t�m�f
�r�s�`�g�d�p�]�q �`�o�{�i�p�h�r�f�q �r�s�f �o�d�p�h�n�v�] �c�h�\�j�d�t�r�f�q �r�t�v�l�n�s�]�s�x�l�
 �r�d �`�l�s�^�g�d�r�f �k�d �s�` �k�\�v�p�h
�s�{�s�d �u�^�j�s�p�` �s�` �n�o�n�^�` �d�k�u�[�l�h�e�`�l �c�h�`�i�t�k�[�l�r�d�h�q �r�s�f�l �`�o�{�i�p�h�r�] �s�n�t�q �	�S�J�Q�Q�M�F�
�� �S�n �s�^�k�f�k�`
�{�k�x�q �b�h�` �`�t�s�]�l �s�f�l �r�t�k�o�d�p�h�u�n�p�[�
 �d�^�l�`�h �o�x�q �t�o�[�p�v�d�h �r�v�d�s�h�i�[ �k�d�b�[�j�f �`�o�{�i�j�h�r�f �r�s�f�l
�o�d�p�h�n�v�] �s�f�q �r�t�v�l�{�s�f�s�`�q �`�o�n�i�n�o�]�q�
 �r�t�b�i�p�h�s�h�i�[ �k�d �s�f�l �`�o�{�i�p�h�r�f �s�n�t �`�l�s�^�r�s�n�h�v�n�t
�h�c�`�l�h�i�n�| �u�^�j�s�p�n�t��

�R�v�]�k�` ���������O�h �s�p�d�^�q �c�h�`�u�n�p�d�s�h�i�\�q �`�o�n�i�p�^�r�d�h�q �b�h�` �c�|�n �c�h�`�u�n�p�d�s�h�i�[ �u�^�j�s�p�` ���f�q �s�[�m�f�q �i�`�h �s�n�t
�`�l�s�^�r�s�n�h�v�n�t �h�c�`�l�h�i�n�|�� �U�`�^�l�d�s�`�h �m�d�i�[�g�`�p�` �f �c�h�`�i�|�k�`�l�r�f �	�S�J�Q�Q�M�F�
 �r�s�f�l �e�}�l�f �c�h�\�j�d�t�r�f�q �b�h�`
�\�l�` �u�^�j�s�p�n �s�|�o�n�t �$�I�F�C�Z�T�I�F�W�
 �f �n�o�n�^�` �c�d�l �t�o�[�p�v�d�h �r�s�n �#�V	R�F�S�X�P�U�I�
 �i�`�g�}�q �i�`�h �f �k�d�b�[�j�f
�`�o�{�i�j�h�r�f �s�n�t �#�V	R�F�S�X�P�S�U�I �r�d �r�v�\�r�f �k�d �s�n �h�c�`�l�h�i�{�
 �{�r�n�l �`�u�n�p�[ �s�h�q �c�|�n �e�}�l�d�q �`�o�n�i�n�o�]�q��
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������ �ó�������&���� �$���������!������� �!�����+�� �� �ú���$���������� �ú�	����� ��

���������� ����� �����!������ �ï���	���"� �� �÷� �$�*���� �� �1�P�X�F�S �4�Q�F�D�U�S�B�M �%�F�O�T�J�U�Z �	�1�4�%�


�G �u�`�r�k�`�s�h�i�] �`�l�[�j�t�r�f �k�d�j�d�s�[�d�h �s�n �s�p�{�o�n �k�d �s�n�l �n�o�n�^�n�l �f �r�t�l�n�j�h�i�] �d�l�\�p�b�d�h�` �d�l�{�q
�r�]�k�`�s�n�q �i�`�s�`�l�\�k�d�s�`�h �r�d �i�[�g�d �b�h�` �`�o�{ �s�h�q �r�t�v�l�{�s�f�s�d�q �o�n�t �s�n �`�o�n�s�d�j�n�|�l�� �L�h�` �`�o�{
�s�h�q �o�p�}�s�d�q �i�`�h �o�h�n �`�o�j�\�q �k�d�g�{�c�n�t�q �o�p�n�r�\�b�b�h�r�f�q �s�n�t �1�4�% �d�^�l�`�h �s�n �o�d�p�h�n�c�{�b�p�`�k�k�`�
 �s�n
�n�o�n�^�n �k�o�n�p�d�^ �b�h�` �\�l�` �r�t�l�d�v�\�q �r�]�k�`x(t) �n�p�^�e�d�s�`�h �x�q��

Px (f ) =
1
T

�
�
�
�

Z T

0
x(t)e� j 2�f t dt

�
�
�
�

2

�	�������


�D�d�h�b�k�`�s�n�j�f�o�s�}�l�s�`�q �s�n �r�]�k�`x(t) �r�dN �r�f�k�d�^�`�
 �`�l�[Ts�
 �s�{�s�d �o�p�n�i�|�o�s�d�h �s�n �r�]�k�`
�c�h�`�i�p�h�s�n�| �v�p�{�l�n�tx[n] = x(t)

P
n2 Z � (t � nTs)�
 �i�`�h �d�o�n�k�\�l�x�q �f �c�h�`�i�p�h�s�] �o�p�n�r�\�b�b�h�r�f

�s�f�q �d�m�^�r�x�r�f�q �	�������
 �d�^�l�`�h �f �d�m�]�q��

Px (f ) �
1

NTs

�
�
�
�
�

N � 1X

n=0

x[n]e� j 2�fnT s � Ts

�
�
�
�
�

2

=
Ts

N

�
�
�
�
�

N � 1X

n=0

x[n]e� j 2�fnT s

�
�
�
�
�

2
�	�������


�T�o�n�j�n�b�^�e�n�l�s�`�q �s�}�p�` �s�f�l �	�������
�
 �r�d �c�h�`�i�p�h�s�\�q �h�r�`�o�\�v�n�t�r�d�q �r�t�v�l�{�s�f�s�d�qf k = kf s/ K �

k = 0; 1; : : : K � 1�
 �{�o�n�tf s = 1/ Ts�
 �i�`�hK � N �
 �s�{�s�d �o�p�n�i�|�o�s�d�h��

Px

�
kf s

K

�
�

Ts

N

�
�
�
�
�

N � 1X

n=0

x[n]e� j 2�kn / K

�
�
�
�
�

2

=
Ts

N
jX [k]j2 �	�������


�{�o�n�tX [k] �d�^�l�`�h �n �c�h�[�r�s�`�r�f�qK �c�h�`�i�p�h�s�{�q �k�d�s�`�r�v�f�k�`�s�h�r�k�{�q �'�P�V�S�J�F�S �	�%�'�5�
 �s�n�t �r�]�k�`��
�s�n�qx[n]�� �R�s�f�l �o�d�p�^�o�s�x�r�f �{�o�n�tK > N �
 �s�{�s�d �o�p�n�r�s�^�g�n�l�s�`�hK � N �k�f�c�d�l�h�i�[ �r�s�nx[n]
�	�[�F�S�P���Q�B�E�E�J�O�H�
�� �R�s�f�l �o�d�p�^�o�s�x�r�f �{�o�n�t �P �%�'�5 �t�o�n�j�n�b�h�r�s�d�^ �k�{�l�n �`�o�{ �s�f�l �k�h�` �o�j�d�t�p�[
�s�n�t �	�[�g�p�n�h�r�k�` �r�dN /2 �r�s�n�h�v�d�^�` �`�l�s�^ �b�h�`N �
 �s�{�s�d �n �r�t�l�s�d�j�d�r�s�]�qTs/ N �g�` �o�p�\�o�d�h �l�`
�c�h�o�j�`�r�h�`�r�s�d�^��

�S�\�j�n�q�
 �o�n�j�| �r�t�v�l�[ �d�u�`�p�k�{�e�d�s�`�h �\�l�` �o�`�p�[�g�t�p�nw[n] �r�s�n �r�]�k�x̀[n]�
 �o�p�h�l �t�o�n�j�n�b�h��
�r�s�d�^ �n �1�4�%�
 �i�`�h �r�d �`�t�s�] �s�f�l �o�d�p�^�o�s�x�r�f �n �{�p�n�qN �r�s�n�l �r�t�l�s�d�j�d�r�s�] �i�`�l�n�l�h�i�n�o�n�^�f�r�f�q
�`�j�j�[�e�d�h�
 �i�`�h �\�v�n�t�k�d��

Px

�
kf s

K

�
�

Ts

W
jX [k]j2 ; �k�dW =

NX

i =1

w2
i �	�������


�P�`�p�`�s�f�p�n�|�k�d �o�x�q �r�s�f�l �o�d�p�^�o�s�x�r�f �s�d�s�p�`�b�x�l�h�i�n�| �o�`�p�`�g�|�p�n�t�
 �s�{�s�dW = N ��

�G �o�j�f�p�n�u�n�p�^�d�q �o�n�t �k�`�q �o�`�p�\�v�d�h �f �u�`�r�k�`�s�h�i�] �`�l�[�j�t�r�f �d�l�{�q �r�]�k�`�s�n�q �d�^�l�`�h �i�`�g�n��
�p�h�r�s�h�i�]�q �r�f�k�`�r�^�`�q�� �G �b�l�}�r�f �s�x�l �d�o�h�i�p�`�s�\�r�s�d�p�x�l �r�t�v�l�n�s�]�s�x�l �o�n�t �`�o�n�s�d�j�n�|�l �s�n
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�r�]�k�`�
 �k�`�q �c�^�l�d�h �s�f�l �c�t�l�`�s�{�s�f�s�` �l�` �i�`�s�`�r�i�d�t�[�r�n�t�k�d �`�p�i�d�s�[ �`�l�s�h�o�p�n�r�x�o�d�t�s�h�i�{ �r�|��
�l�n�j�n �v�`�p�`�i�s�f�p�h�r�s�h�i�}�l �b�h�` �`�t�s�{�
 �i�`�h �o�`�p�{�s�h �n�h �k�\�g�n�c�n�h �o�n�t �a�`�r�^�e�n�l�s�`�h �r�s�n�l �k�d�s�`��
�r�v�f�k�`�s�h�r�k�{ �'�P�V�S�J�F�S �d�^�l�`�h �d�o�h�p�p�d�o�]�q �r�s�f�l �j�[�g�n�q �`�l�^�v�l�d�t�r�f �r�t�v�l�n�s�]�s�x�l�
 �o�`�p�n�t�r�^�`
�g�n�p�|�a�n�t �r�s�n �r�]�k�`�
 �g�` �c�n�|�k�d �o�x�q �r�d �r�t�l�c�t�`�r�k�{ �k�d �[�j�j�d�q �k�d�g�{�c�n�t�q �i�`�h �s�d�v�l�h�i�\�q�
 �c�^��
�l�n�t�l �o�n�j�| �i�`�j�[ �`�o�n�s�d�j�\�r�k�`�s�`��

���������� �ï���	���"� �� �ø�*�����&�� ���"����� �!�&� �+�� �� �1�S�J�O�D�J�Q�B�M �$�P�N�Q�P�O�F�O�U �"�O�B�M�Z�T�J�T �	�1�$�"�


�G �A�l�[�j�t�r�f �J�t�p�^�x�l �R�t�l�h�r�s�x�r�}�l �d�^�l�`�h �k�h�` �r�s�`�s�h�r�s�h�i�] �k�\�g�n�c�n�q�
 �o�n�t �r�s�n �s�n�k�\�` �s�f�q
�k�f�v�`�l�h�i�]�q �k�[�g�f�r�f�q �v�p�f�r�h�k�n�o�n�h�d�^�s�`�h �o�n�j�| �r�t�v�l�[ �b�h�` �s�f�l �d�j�[�s�s�x�r�f �s�x�l �v�`�p�`�i�s�f��
�p�h�r�s�h�i�}�l �	�G�F�B�U�V�S�F�T�
 �s�x�l �c�d�h�b�k�[�s�x�l �d�l�{�q �r�t�l�{�j�n�t�
 �d�o�h�j�\�b�n�l�s�`�q �k�{�l�n �d�i�d�^�l�` �s�` �v�`�p�`��
�i�s�f�p�h�r�s�h�i�[ �s�` �n�o�n�^�` �r�t�l�d�h�r�u�\�p�n�t�l �r�s�f�l �c�h�`�s�]�p�f�r�f �s�n�t �k�d�b�`�j�|�s�d�p�n�t �o�n�r�n�r�s�n�| �s�f�q
�k�d�s�`�a�j�f�s�{�s�f�s�`�q �	�W�B�S�J�B�O�D�F�
 �s�n�t �r�t�l�{�j�n�t�� �L�h�` �b�d�x�k�d�s�p�h�i�] �d�p�k�f�l�d�^�` �s�f�q �o�`�p�`�o�[�l�x
�c�h�`�c�h�i�`�r�^�`�q�
 �d�^�l�`�h �f �o�p�n�r�o�[�g�d�h�` �d�|�p�d�r�f�q �s�x�l �i�`�s�d�t�g�|�l�r�d�x�l �� �`�m�{�l�x�l �k�\�b�h�r�s�f�q �k�d��
�s�`�a�j�f�s�{�s�f�s�`�q �s�x�l �c�d�c�n�k�\�l�x�l�
 �i�`�h �f �o�p�n�a�n�j�] �s�n�t�q �r�d �i�[�o�n�h�n�t�q �`�o�{ �`�t�s�n�|�q �s�n�t�q
�[�m�n�l�d�q��

�	�B�
 �	�C�


�	�D�
 �	�E�


�R�v�]�k�` ���������C�d�x�k�d�s�p�h�i�] �d�p�k�f�l�d�^�` �s�f�q �1�$�"�� �B�
 �G �`�l�`�o�`�p�[�r�s�`�r�f �d�l�{�q �r�t�l�{�j�n�t �c�h�r�c�h�[�r�s�`�s�x�l
�c�d�h�b�k�[�s�x�l �r�s�n �i�`�p�s�d�r�h�`�l�{ �d�o�^�o�d�c�n�� �C�
 �G �1�$�" �a�p�^�r�i�d�h �s�h�q �i�`�s�d�t�g�|�l�r�d�h�q �k�\�b�h�r�s�f�q �k�d�s�`�a�j�f��
�s�{�s�f�s�`�q���c�h�`�r�o�n�p�[�q�� �L�d �s�n �k�[�s�h �d�|�i�n�j�` �i�`�s�`�j�]�b�n�t�k�d �o�x�q �f �k�\�b�h�r�s�f �i�`�s�d�|�g�t�l�r�f �d�^�l�`�h �fu1�

�d�l�} �fu2 �d�^�l�`�h �f �`�k�\�r�x�q �d�o�{�k�d�l�f �n�p�g�n�b�}�l�h�`�� �D�
 �G �o�d�p�h�r�s�p�n�u�] �s�x�l �c�d�c�n�k�\�l�x�l �x�q �o�p�n�q �s�f�l
�l�\�` �n�p�g�n�b�}�l�h�` �a�[�r�f(u1; u2)�� �E�
 �E�j�[�s�s�x�r�f �s�f�q �c�h�[�r�s�`�r�f �s�x�l �c�d�h�b�k�[�s�x�l�
 �o�p�n�a�[�j�j�n�l�s�`�q �s�`

�r�s�n�l �[�m�n�l�` �k�\�b�h�r�s�f�q �c�h�`�i�|�k�`�l�r�f�q��
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�G �v�p�f�r�h�k�{�s�f�s�` �s�f�q �k�d�g�{�c�n�t �`�t�s�]�q �d�^�l�`�h �d�k�u�`�l�]�q �{�s�`�l �\�v�n�t�k�d �o�n�j�t�c�h�[�r�s�`�s�` �c�d�^�b��
�k�`�s�`�
 �{�o�x�q �b�h�` �o�`�p�[�c�d�h�b�k�` �d�h�i�{�l�d�q �k�d�b�\�g�n�t�q �����Y�����
 �c�f�j�`�c�] �c�t�`�l�|�r�k�`�s�` �v�`�p�`�i�s�f��
�p�h�r�s�h�i�}�l �o�n�t �`�l�]�i�n�t�l �r�s�nR256�� �G �v�p�]�r�f �{�j�x�l �`�t�s�}�l �s�x�l �v�`�p�`�i�s�f�p�h�r�s�h�i�}�l �r�d �\�l�`�l
�`�i�p�h�a�[ �t�o�n�j�n�b�h�r�s�h�i�{ �`�j�b�{�p�h�g�k�n �k�f�v�`�l�h�i�]�q �k�[�g�f�r�f�q�
 �{�o�x�q �n �L���/�/�
 �g�` �d�o�h�a�[�p�t�l�d
�r�f�k�`�l�s�h�i�[ �s�f�l �c�h�`�c�h�i�`�r�^�` �`�o�{�u�`�r�f�q�
 �s�{�r�n �t�o�n�j�n�b�h�r�s�h�i�[ �{�r�n �i�`�h �v�p�n�l�h�i�[�� �L�d �s�f�l
�v�p�]�r�f �s�f�q �1�$�" �{�k�x�q�
 �d�^�l�`�h �c�t�l�`�s�{ �l�` �d�o�h�j�d�v�g�d�^ �\�l�`�q �`�p�h�g�k�{�q �v�`�p�`�i�s�f�p�h�r�s�h�i�}�l �	�o���v
�����������
�
 �s�` �n�o�n�^�` �l�` �c�h�`�s�f�p�n�|�l �s�f�l �o�h�n �r�f�k�`�l�s�h�i�] �r�s�`�s�h�r�s�h�i�] �o�j�f�p�n�u�n�p�^�` �s�n�t �r�t��
�l�{�j�n�t �s�x�l �d�h�i�{�l�x�l�
 �k�d �`�o�n�s�\�j�d�r�k�` �l�` �d�j�`�s�s�}�l�n�l�s�`�h �r�f�k�`�l�s�h�i�[ �n�h �o�{�p�n�h �o�n�t �v�p�d�^�`��
�e�n�l�s�`�h �b�h�` �s�f�l �s�`�m�h�l�{�k�f�r�f �s�n�t�q�
 �v�x�p�^�q �s�f�l �d�h�r�`�b�x�b�] �r�f�k�`�l�s�h�i�n�| �r�u�[�j�k�`�s�n�q �s�`�m�h�l�{��
�k�f�r�f�q�� �S�\�j�n�q�
 �\�l�` �d�o�h�o�j�\�n�l �o�j�d�n�l�\�i�s�f�k�`�
 �d�^�l�`�h �o�x�q �r�d �o�n�j�j�\�q �o�d�p�h�o�s�}�r�d�h�q�
 �f �1�$�"�

�a�n�f�g�[�d�h �r�s�f�l �`�o�n�u�t�b�] �s�n�t �P�W�F�S
W	R�J�O�H��

�=�r�n�l �`�u�n�p�[ �s�n�l �s�p�{�o�n �t�o�n�j�n�b�h�r�k�n�| �s�x�l �i�|�p�h�x�l �r�t�l�h�r�s�x�r�}�l�
 �g�` �c�}�r�n�t�k�d �\�l�` �o�`��
�p�[�c�d�h�b�k�` �	�d�h�i�{�l�`�������
�
 �b�h�` �\�l�` �r�|�l�n�j�n �c�d�h�b�k�[�s�x�lX �{�o�n�t �s�n �i�`�g�\�l�` �\�v�d�h �c�|�n �v�`�p�`�i�s�f��
�p�h�r�s�h�i�[�
 �c�f�j�`�c�]X i �R 2�
 �{�o�n�t �n �r�i�n�o�{�q �k�`�q �d�^�l�`�h �l�` �s�n�t �d�j�`�s�s�}�r�n�t�k�d �s�f�l �c�h�[�r�s�`�r�f
�i�`�s�[ �\�l�`�� �A�p�v�h�i�[ �t�o�n�j�n�b�^�e�n�t�k�d �s�n�l �o�^�l�`�i�`

� =
1
m

i = mX

i =1

X i (X i )T �	�������


�T�o�n�g�\�s�n�l�s�`�q �o�x�q �s�` �c�d�c�n�k�\�l�` �k�`�q �d�^�l�`�h �i�`�l�n�l�h�i�n�o�n�h�f�k�\�l�` �\�s�r�h �}�r�s�dE[X i ] = 0
�s�{�s�d �f �d�m�^�r�x�r�f �	�������
 �n�p�^�e�d�h �s�n�l �o�^�l�`�i�` �r�t�l�c�h�`�r�o�n�p�[�q �s�n�t �r�t�l�{�j�n�tX �� �A�o�n�c�d�h�i�l�|�d�s�`�h
�o�x�q �f �i�`�s�d�|�g�t�l�r�f �k�\�b�h�r�s�f�q �k�d�s�`�a�j�f�s�{�s�f�s�`�qu1 �	�d�h�i�{�l�`�������
 �`�l�s�h�r�s�n�h�v�d�^ �r�s�n �h�c�h�n��
�c�h�[�l�t�r�k�` �o�n�t �o�p�n�i�|�o�s�d�h �`�o�{ �s�f�l �k�d�b�`�j�|�s�d�p�f �h�c�h�n�s�h�k�] �s�n�t �o�^�l�`�i�`� �� �A�l�s�^�r�s�n�h�v�` �f
�`�k�\�r�x�q �d�o�{�k�d�l�f �i�`�s�d�|�g�t�l�r�f �k�\�b�h�r�s�f�q �k�d�s�`�a�j�f�s�{�s�f�s�`�qu2�
 �`�l�s�h�r�s�n�h�v�d�^ �r�s�n �h�c�h�n�c�h�[��
�l�t�r�k�` �o�n�t �o�p�n�i�|�o�s�d�h �`�o�{ �s�f�l �`�k�\�r�x�q �k�h�i�p�{�s�d�p�f �h�c�h�n�s�h�k�]�� �C�d�l�h�i�d�|�n�l�s�`�q �s�}�p�` �s�f�l
�o�`�p�`�o�[�l�x �o�p�{�s�`�r�f�
 �`�l �s�` �c�d�c�n�k�\�l�` �k�`�qX i �R n �
 �i�`�h �g�\�j�n�t�k�d �l�` �s�` �o�p�n�a�[�j�n�t�k�d �r�d
�\�l�`�l �t�o�n�v�}�p�n �c�h�[�r�s�`�r�f�qRk �
k < n �
 �s�{�s�d �o�p�\�o�d�h �l�` �c�h�`�j�\�m�n�t�k�d �s�`u1; :::; uk �l�` �d�^�l�`�h
�s�` �h�c�h�n�c�h�`�l�|�r�k�`�s�` �o�n�t �o�p�n�i�|�o�s�n�t�l �`�o�{ �s�h�qk �k�d�b�`�j�|�s�d�p�d�q �h�c�h�n�s�h�k�\�q �s�n�t �o�^�l�`�i�`� �

�n �n�o�n�^�n�q �d�o�d�h�c�] �d�^�l�`�h �r�t�k�k�d�s�p�h�i�{�q�
 �s�{�s�d �s�`ui �
 �k�o�n�p�n�|�l �o�[�l�s�` �l�` �d�o�h�j�\�b�n�l�s�`�h �\�s�r�h
�}�r�s�d �l�` �r�v�f�k�`�s�^�e�n�t�l �k�h�` �l�\�` �n�p�g�n�b�}�l�h�` �a�[�r�f �b�h�` �s�` �c�d�c�n�k�\�l�`��

�R�s�f�l �r�t�l�\�v�d�h�` �s�n�t �o�`�p�`�c�d�^�b�k�`�s�n�q �k�`�q �s�}�p�`�
 �`�u�n�| �t�o�n�j�n�b�^�r�n�t�k�d �s�` �c�|�n �h�c�h�n�c�h�`�l�|��
�r�k�`�s�ù1 �i�`�hu2 �s�{�s�d �k�o�n�p�n�|�k�d �l�` �`�l�`�o�`�p�`�r�s�]�r�n�t�k�d �s�n�l �o�^�l�`�i�` �c�d�c�n�k�\�l�x�lX �
 �x�q
�o�p�n�q �s�f�l �n�p�g�n�b�}�l�h�` �a�[�r�f(u1; u2)

X rot = UT X =

"
uT

1

uT
2

#

X =

"
uT

1 X
uT

2 X

#

�	�������


�V�p�f�r�h�k�n�o�n�h�]�g�f�i�d �n �c�d�^�i�s�f�q �S�P�U �b�h�` �s�` �k�d�s�`�r�v�f�k�`�s�h�r�k�\�l�` �c�d�c�n�k�\�l�`�
 �i�`�g�}�q �n �o�n�j��
�j�`�o�j�`�r�h�`�r�k�{�q �s�n�tX �k�d �s�n�l �n�p�g�n�b�}�l�h�n �o�^�l�`�i�`U�
 �t�o�n�c�f�j�}�l�d�h �s�f�l �o�d�p�h�r�s�p�n�u�] �s�n�t
X ��

�P�p�n�i�d�h�k�\�l�n�t �s�}�p�` �l�` �d�j�`�s�s�}�r�n�t�k�d �s�f�l �c�h�[�r�s�`�r�f �s�x�l �c�d�c�n�k�\�l�x�l�
 �g�` �i�p�`�s�]�r�n�t�k�d
�k�{�l�n �s�n �k�\�p�n�q �s�n�tX rot �o�n�t �o�p�n�\�p�v�d�s�`�h �`�o�{ �s�f�l �i�|�p�h�` �r�t�l�h�r�s�}�r�`�
 �c�f�j�`�c�] �s�n �h�c�h�n��
�c�h�[�l�t�r�k�`ui �� �R�t�l�d�o�}�q �f �l�\�` �d�m�^�r�x�r�f �b�h�` �s�f�l �`�l�`�o�`�p�[�r�s�`�r�f �s�n�tX �r�d �k�^�` �c�h�[�r�s�`�r�f



�=�W�h�N�]�S�[�a �� ����

�g�` �d�^�l�`�h��

X red = UT
redX =

h
uT

1

i
X =

h
uT

1 X
i

�	�������
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�!��� ���� �� �$�B�O�P�O�J�D�B�M �$�P�S�S�F�M�B�U�J�P�O �"�O�B�M�Z�T�J�T �	�$�$�"�


�G �$�$�" �d�^�l�`�h �k�h�` �r�s�`�s�h�r�s�h�i�] �k�\�g�n�c�n�q �o�n�t �`�l�`�o�s�|�v�g�f�i�d �`�o�{ �s�n�l �)�P�U�F�M�M�J�O�H �<�����> �i�`�h
�v�p�f�r�h�k�n�o�n�h�d�^�s�`�h �b�h�` �s�f�l �`�l�[�j�t�r�f �c�n�k�}�l �c�d�c�n�k�\�l�x�l�
 �i�`�h �r�t�b�i�d�i�p�h�k�\�l�` �b�h�` �s�f�l �`�l�^��
�v�l�d�t�r�f �s�f�q �n�k�n�h�{�s�f�s�`�q �k�d�s�`�m�| �c�|�n �r�t�l�{�j�x�l �k�d�s�`�a�j�f�s�}�l�� �A�t�s�{ �d�o�h�s�t�b�v�[�l�d�s�`�h �k�\�r�x
�s�f�q �d�|�p�d�r�f�q �c�|�n �l�\�x�l �r�t�l�{�j�x�l �k�d�s�`�a�j�f�s�}�l�
 �{�o�n�t �s�n �i�`�g�\�l�` �d�^�l�`�h �b�p�`�k�k�h�i�{�q �r�t�l��
�c�t�`�r�k�{�q �d�l�{�q �`�o�{ �s�` �`�p�v�h�i�[ �r�|�l�n�j�`�
 �\�s�r�h �}�r�s�d �l�` �k�d�b�h�r�s�n�o�n�h�d�^�s�`�h �n �r�t�l�s�d�j�d�r�s�]�q
�r�t�r�v�\�s�h�r�f�q �s�n�t�q��

�J�[�l�n�l�s�`�q �v�p�]�r�f �k�`�g�f�k�`�s�h�i�n�| �u�n�p�k�`�j�h�r�k�n�|�
 �\�r�s�x �c�|�n �o�n�j�t�c�h�[�r�s�`�s�d�q �i�`�h �s�t�v�`�^�d�q
�k�d�s�`�a�j�f�s�\�qX �i�`�hY�
 �i�`�h �n�h �b�p�`�k�k�h�i�n�^ �r�t�l�c�t�`�r�k�n�^ �s�n�t�qx = X T a �i�`�hy = Y T b�

�`�l�s�^�r�s�n�h�v�`�� �C�h�` �s�n�l �r�t�l�s�d�j�d�r�s�] �r�t�r�v�\�s�h�r�f�q �k�d�s�`�m�| �s�x�lx �i�`�hy �\�v�n�t�k�d��

p(x; y) =
Cov(x; y)

p
Cov(x; x)Cov(y; y)

=
E[(x � E[x])(y � E[y])]

p
E[(x � E[x])2]E [(y � E[y])2]

=
E[aT (X � E[X ])(Y � E[Y])T b]

p
E[(aT (X � E[X ]))2]E [((Y � E[Y])T b)2]

=
aT Cov(X; Y )b

p
aT Cov(X; X )abT Cov(Y; Y)b

�	�������


�) �$�$�" �o�p�n�r�o�`�g�d�^ �l�` �t�o�n�j�n�b�^�r�d�h �s�`a; b �\�s�r�h �}�r�s�d �l�` �k�d�b�h�r�s�n�o�n�h�f�g�d�^ �n �o�`�p�`�o�[�l�x
�r�t�l�s�d�j�d�r�s�]�q �r�t�r�v�\�s�h�r�f�q�
 �j�|�l�n�l�s�`�q �s�n �`�i�{�j�n�t�g�n �o�p�{�a�j�f�k�`��

�N�B�Y
a;b

p(x; y) =
aT Cov(X; Y )b

p
aT Cov(X; X )abT Cov(Y; Y)b

�	�������


�	���������


�:�r�s�xx = x1; y = y1�� �S�n �e�d�|�b�n�q �s�x�l �k�d�s�`�a�j�f�s�}�l(x1; y1) �n�l�n�k�[�e�d�s�`�h �o�p�}�s�n �e�d�|�b�n�q
�i�`�l�n�l�h�i�}�l �k�d�s�`�a�j�f�s�}�l�
 �i�`�h �n �`�l�s�^�r�s�n�h�v�n�q �r�t�l�s�d�j�d�r�s�]�qp1�
 �o�p�}�s�f �i�`�l�n�l�h�i�] �r�t�r�v�\��
�s�h�r�f�� �=�k�n�h�` �n�p�^�e�n�t�k�d �i�`�h �{�j�` �s�` �e�d�|�b�f �i�`�l�n�l�h�i�}�l �k�d�s�`�a�j�f�s�}�l�
(x1; y1); (x2; y2); :::; (xk ; yk)�

�s�` �n�o�n�^�` �n�o�n�^�` �`�l�s�h�r�s�n�h�v�n�|�l �r�s�h�q �i�`�l�n�l�h�i�\�q �r�t�r�v�d�s�^�r�d�h�qp1; p2; :::pk �s�\�s�n�h�d�q �}�r�s�d
1 � p1 � p2 � ::: � pk

�ý�������)�!���!���� �$�$�" ������ �1�$�"



�=�W�h�N�]�S�[�a �� ����

�=�o�x�q �d�^�o�`�k�d �f �$�$�" �o�p�n�r�o�`�g�d�^ �l�` �a�p�d�h �s�f�l �n�k�n�h�{�s�f�s�` �k�d�s�`�m�| �s�x�lX; Y �t�o�n�j�n�b�^�e�n�l��
�s�`�q �s�` �i�`�l�n�l�h�i�[ �e�d�|�b�f �k�d�s�`�a�j�f�s�}�l�
 �i�`�h �n�p�g�n�b�}�l�h�` �k�d�s�`�m�| �s�n�t�q�
(xk ; yk)�� �S�n �o�p�}�s�n
�i�`�l�n�l�h�i�{ �e�d�|�b�n�q �k�d�s�`�a�j�f�s�}�l(x1; y1) �`�o�n�s�t�o�}�l�d�h �s�n �k�d�b�`�j�|�s�d�p�n �k�\�p�n�q �`�t�s�]�q �s�f�q
�n�k�n�h�{�s�f�s�`�q�
 �`�j�j�[ �{�v�h �n�j�{�i�j�f�p�n�� �=�r�n �o�d�p�h�r�r�{�s�d�p�` �e�d�|�b�f �r�t�k�o�d�p�h�j�`�k�a�[�l�n�l�s�`�h�
 �s�{�r�n
�k�d�b�`�j�|�s�d�p�n �o�n�r�n�r�s�{ �`�o�n�s�t�o�}�l�d�s�`�h�� �A�o�{ �`�t�s�] �s�f�l �o�d�p�h�b�p�`�u�] �o�p�n�i�|�o�s�d�h �f �`�l�`�j�n��
�b�^�` �k�d �s�f�l �k�\�g�n�c�n �1�$�"�� �R�s�f�l �1�$�"�
 �o�p�n�r�o�`�g�n�|�k�d �l�` �t�o�n�j�n�b�^�r�n�t�k�d �n�p�g�n�b�}�l�h�d�q �k�d�s�`�m�|
�s�n�t�q �i�|�p�h�d�q �r�t�l�h�r�s�}�r�d�q���i�`�s�d�t�g�|�l�r�d�h�q �k�\�r�` �r�s�n�l �o�n�j�t�c�h�[�r�s�`�s�n �v�}�p�n �k�h�`�q �k�{�l�n �k�d��
�s�`�a�j�f�s�]�q�� �G �o�p�}�s�f �i�|�p�h�` �r�t�l�h�r�s�}�r�` �`�o�n�s�t�o�}�l�d�h �s�n �k�d�b�`�j�|�s�d�p�n �o�n�r�n�r�s�{ �k�d�s�`�a�j�f��
�s�{�s�f�s�`�q���c�h�`�r�o�n�p�[�q�
 �s�n �n�o�n�^�n �`�t�m�[�l�d�s�`�h�
 �k�d �s�f�l �`�|�m�f�r�f �s�x�l �d�l�`�o�n�k�d�h�l�[�l�s�x�l �i�t�p�^�x�l
�r�t�l�h�r�s�x�r�}�l�� �8�p�` �r�t�l�n�j�h�i�[ �k�o�n�p�n�|�k�d �l�` �o�n�|�k�d �o�x�q �k�d �s�f�l �$�$�" �o�p�n�r�o�`�g�n�|�k�d �l�`
�a�p�n�|�k�d �s�f�l �n�k�n�h�{�s�f�s�` �k�d�s�`�m�| �c�|�n �c�h�`�u�n�p�d�s�h�i�}�l �o�n�j�t�c�h�[�r�s�`�s�x�l �k�d�s�`�a�j�f�s�}�l�
 �d�l�x �k�d
�s�f�l �1�$�"�
 �s�f�l �c�h�`�u�n�p�d�s�h�i�{�s�f�s�` �k�\�r�` �r�s�f�l �^�c�h�` �k�d�s�`�a�j�f�s�]��

���������� �����ø�����!�����)�!�������� �ñ�����!�������� �� �L���/�F�B�S�F�T�U �/�F�J�H�I�C�P�S�T �	�L���/�/�


�O �L���/�/�
 �d�^�l�`�h �\�l�`�q �`�o�{ �s�n�t�q �`�o�j�n�|�r�s�d�p�n�t�q �`�j�b�n�p�^�g�k�n�t�q �d�o�h�a�j�d�o�{�k�d�l�f�q �k�f�v�`�l�h�i�]�q
�k�[�g�f�r�f�q�
 �i�`�h �a�`�r�^�e�d�s�`�h �r�s�f�l �v�p�]�r�f �k�\�s�p�x�l �`�o�{�r�s�`�r�f�q �k�d�s�`�m�| �s�n�t �c�d�^�b�k�`�s�n�q �o�p�n�q
�s�`�m�h�l�{�k�f�r�f �i�`�h �s�x�l �c�d�h�b�k�[�s�x�l �o�n�t �`�o�n�s�d�j�n�|�l �s�n �r�|�l�n�j�n �d�i�o�`�^�c�d�t�r�f�q�� �O �L���/�/�
 �r�d
�`�l�s�^�g�d�r�f �k�d �[�j�j�n�t�q �`�j�b�n�p�^�g�k�n�t�q �k�f�v�`�l�h�i�]�q �k�[�g�f�r�f�q�
 �c�d�l �a�`�r�^�e�d�s�`�h �r�d �i�[�o�n�h�n �r�s�`��
�s�h�r�s�h�i�{ �k�n�l�s�\�j�n �s�n �n�o�n�^�n �l�` �t�o�n�g�\�s�d�h �i�[�o�n�h�` �i�`�s�`�l�n�k�] �r�s�f�l �n�o�n�^�` �t�o�`�i�n�|�l �s�` �v�`��
�p�`�i�s�f�p�h�r�s�h�i�[ �s�n�t �c�d�^�b�k�`�s�n�q�� �A�l�s�h�g�\�s�x�q�
 �s�n �k�n�l�s�\�j�n �d�^�l�`�h �s�` �^�c�h�` �s�` �c�d�^�b�k�`�s�` �`�o�n��
�g�f�i�d�t�k�\�l�` �k�`�e�^ �k�d �s�h�q �d�s�h�i�\�s�d�q �s�n�t�q �b�h�` �s�f�l �i�j�[�r�f �r�s�f�l �n�o�n�^�` �`�l�]�i�n�t�l��

�:�r�s�x �s�` �c�d�^�b�k�`�s�`X 1; X 2; :::; X m �
 �{�o�n�tn�
 �n �`�p�h�g�k�{�q �s�x�l �v�`�p�`�i�s�f�p�h�r�s�h�i�}�l �s�n�t �i�`�g�d��
�l�{�q�� �O �L���/�/ �t�o�n�g�\�s�d�h �o�x�q �s�`X i �d�^�l�`�h �r�f�k�d�^�` �s�n�t �O���c�h�[�r�s�`�s�n�t �v�}�p�n�t�
 �c�f�j�`�c�]X i �R n ��
�S�n �r�|�l�n�j�n �d�i�o�`�^�c�d�t�r�f�q �g�` �`�o�n�s�d�j�d�^�s�`�h �`�o�{ �c�d�^�b�k�`�s�` �s�f�q �k�n�p�u�]�qX i ; ci �
 �{�o�n�t �s�nci

�d�^�l�`�h �f �d�s�h�i�\�s�` �	�M�B�C�F�M�
 �o�n�t �c�f�j�}�l�d�h �s�f�l �i�j�[�r�f �r�s�f�l �n�o�n�^�` �`�l�]�i�d�h �s�n �i�[�g�d �c�d�^�b�k�` �d�i��
�o�`�^�c�d�t�r�f�q�� �R�s�n �d�o�{�k�d�l�n �r�s�[�c�h�n�
 �\�l�` �l�\�n �c�d�^�b�k�`Yi �R n �
 �s�n�t �n�o�n�^�n�t �c�d�l �b�l�x�p�h�^�e�n�t�k�d
�s�f�l �d�s�h�i�\�s�` �	�V�O�M�B�C�F�M�F�E�
�
 �s�`�m�h�l�n�k�d�^�s�`�h �k�d �s�n�l �d�m�]�q �s�p�{�o�n�� �P�p�}�s�` �t�o�n�j�n�b�^�e�d�s�`�h �f �`�o�{��
�r�s�`�r�f �s�n�t �x�q �o�p�n�q �i�`�g�\�l�` �`�o�{ �s�` �c�d�^�b�k�`�s�` �d�i�o�`�^�c�d�t�r�f�q�� �R�t�l�]�g�x�q �v�p�f�r�h�k�n�o�n�h�d�^�s�`�h
�f �d�t�i�j�d�^�c�d�h�` �`�o�{�r�s�`�r�f�
 �`�j�j�[ �r�t�v�l�[ �b�^�l�d�s�`�h �v�p�]�r�f �i�`�h �[�j�j�x�l �{�o�x�q �.�B�I�B�M�B�O�P�C�J�T�

�.�B�O�I�B	R�B�O�
 �D�P�T�J�O�F �T�J�N�J�M�B�S�J�U�Z�
 �E�Z�O�B�N�J�D �U�J�N�F �X�S�B�Q�Q�J�O�H �i���`�� �R�s�f�l �r�t�l�\�v�d�h�` �d�o�h�j�\�b�n�l�s�`�h
�n�h �L �i�n�l�s�h�l�{�s�d�p�n�h �b�d�^�s�n�l�d�q�
 �c�f�j�`�c�] �s�` �c�d�^�b�k�`�s�` �d�i�o�`�^�c�d�t�r�f�q �k�d �s�f�l �k�h�i�p�{�s�d�p�f �`�o�{��
�r�s�`�r�f �`�o�{ �s�n �l�\�n �c�d�^�b�k�`�
 �i�`�h �r�s�n �n�o�n�^�n �`�l�`�g�\�s�n�t�k�d �s�f�l �d�s�h�i�\�s�` �s�f�q �o�j�d�h�n�w�f�u�^�`�q
�s�x�l �L �b�d�h�s�{�l�x�l �s�n�t��



�=�W�h�N�]�S�[�a �� ����

�R�v�]�k�` ���������C�p�`�u�h�i�] �`�l�`�o�`�p�[�r�s�`�r�f �s�n�t �`�j�b�n�p�^�g�k�n�t �L���/�/�� �S�n �k�o�j�d �`�r�s�\�p�h �c�f�j�}�l�d�h �s�n �c�d�^�b�k�`
�o�p�n�q �s�`�m�h�l�{�k�f�r�f�� �R�s�f�l �o�d�p�^�o�s�x�r�f �{�o�n�t �,�����
 �s�{�s�d �s�n �c�d�^�b�k�` �s�`�m�h�l�n�k�d�^�s�`�h �r�s�f�l �i�j�[�r�f ���

�i�`�g�}�q �\�v�n�t�k�d �c�|�n �i�|�i�j�n�t�q �i�`�h �\�l�` �s�p�^�b�x�l�n�� �R�s�f�l �o�d�p�^�o�s�x�r�f �{�o�n�t �,�����
 �s�{�s�d �s�`�m�h�l�n�k�d�^�s�`�h

�r�s�f�l �i�j�[�r�f ���
 �i�`�g�}�q �`�t�s�] �d�^�l�`�h �f �i�j�[�r�f �s�f�q �o�j�d�h�n�w�f�u�^�`�q �s�x�l �b�d�h�s�{�l�x�l��

���������� �þ�����"�����!���������!�� �ñ�������������� �þ�������������)����� �� �� �.�V�M�U�J�W�B�S�J�B�U�F �-�J�O�F�B�S �3�F�H�S�F�T��
�T�J�P�O �	�.�-�3�


�G �.�-�3 �	�o�n�j�t�k�d�s�`�a�j�f�s�] �b�p�`�k�k�h�i�] �o�`�j�h�l�c�p�{�k�f�r�f�
�
 �d�^�l�`�h �k�h�` �o�n�j�| �i�`�j�[ �k�d�j�d�s�f�k�\�l�f
�k�\�g�n�c�n�q �b�p�`�k�k�h�i�]�q �o�`�j�h�l�c�p�{�k�f�r�f�q�� �G �o�`�j�h�l�c�p�{�k�f�r�f �d�^�l�`�h �n �s�n�k�\�`�q �s�f�q �r�s�`�s�h�r�s�h�i�]�q
�o�n�t �k�d�j�d�s�[�d�h �s�f�l �|�o�`�p�m�f �r�v�\�r�f�q �k�d�s�`�m�| �`�l�d�m�[�p�s�f�s�x�l �	�d�p�k�f�l�d�t�s�h�i�}�l�
 �i�`�h �d�m�`�p�s�f�k�\��
�l�x�l �	�d�p�k�f�l�d�t�n�k�\�l�x�l�
 �k�d�s�`�a�j�f�s�}�l�� �A�l�[�j�n�b�` �k�d �s�f�l �o�n�r�{�s�f�s�` �s�x�l �`�l�d�m�[�p�s�f�s�x�l �i�`�h
�d�m�`�p�s�f�k�\�l�x�l �k�d�s�`�a�j�f�s�}�l �n�l�n�k�[�e�n�t�k�d �i�`�h �c�h�`�u�n�p�d�s�h�i�[ �s�n �k�n�l�s�\�j�n �s�f�q �o�`�j�h�l�c�p�{�k�f��
�r�f�q�� �) �.�-�3 �`�l�`�u�\�p�d�s�`�h �r�s�f�l �o�d�p�^�o�s�x�r�f �o�n�t �\�v�n�t�k�d �o�`�p�`�o�[�l�x �`�o�{ �k�^�` �`�l�d�m�[�p�s�f�s�d�q
�i�`�h �d�o�^�r�f�q �o�`�p�`�o�[�l�x �`�o�{ �k�^�` �d�m�`�p�s�f�k�\�l�d�q �k�d�s�`�a�j�f�s�\�q�
 �i�`�h �c�d�l �o�p�\�o�d�h �l�` �r�t�b�v�\�d�s�`�h
�k�d �s�f�l �o�n�j�j�`�o�j�] �b�p�`�k�k�h�i�] �o�`�j�h�l�c�p�{�k�f�r�f�
 �i�`�g�}�q �`�t�s�] �`�l�`�u�\�p�d�s�`�h �r�s�f�l �o�d�p�^�o�s�x�r�f
�o�n�j�j�`�o�j�}�l �k�d�l �`�l�d�m�[�p�s�f�s�x�l �k�d�s�`�a�j�f�s�}�l�
 �`�j�j�[ �k�{�l�n �k�^�`�q �d�m�`�p�s�f�k�\�l�f�q��

�G �.�-�3 �k�o�n�p�d�^ �l�` �v�p�f�r�h�k�n�o�n�h�f�g�d�^ �i�`�h �b�h�` �o�p�n�a�]�k�`�s�` �s�`�m�h�l�{�k�f�r�f�q�
 �`�l �}�q �`�l�d�m�[�p��
�s�f�s�f �k�d�s�`�a�j�f�s�] �g�\�r�n�t�k�d �s�` �c�d�c�n�k�\�l�` �d�i�o�`�^�c�d�t�r�f�q�
 �i�`�h �x�q �d�m�`�p�s�f�k�\�l�f�
 �\�l�`�l �o�^�l�`�i�`
�d�s�h�i�d�s�}�l �	�M�B�C�F�M �N�B�U�S�J�Y�
 �n �n�o�n�^�n�q �o�d�p�h�\�v�d�h �s�f�l �o�j�f�p�n�u�n�p�^�` �b�h�` �s�f�l �i�j�[�r�f �i�[�g�d �c�d�^�b��
�k�`�s�n�q �d�i�o�`�^�c�d�t�r�f�q�� �A�p�v�h�i�[ �`�q �g�d�x�p�]�r�n�t�k�d �s�` �c�d�c�n�k�\�l�` �d�i�o�`�^�c�d�t�r�f�q �	�`�l�d�m�[�p�s�f�s�d�q
�k�d�s�`�a�j�f�s�\�q�


X = [ x1; x2:::; xN ]� RP xN �	���������


�
 �{�o�n�tN �n �`�p�h�g�k�{�q �s�x�l �c�d�h�b�k�[�s�x�l �i�`�hP �n �`�p�h�g�k�{�q �s�x�l �v�`�p�`�i�s�f�p�h�r�s�h�i�}�l �i�[�g�d �c�d�^�b��
�k�`�s�n�q�� �C�h�` �\�l�` �o�p�{�a�j�f�k�` �s�`�m�h�l�{�k�f�r�f�qM �i�j�[�r�d�x�l�
 �n �o�^�l�`�i�`�q �k�d �s�h�q �d�s�h�i�\�s�d�q �i�`�s�`��
�r�i�d�t�[�e�d�s�`�h �g�\�s�n�l�s�`�q �x�q �r�s�]�j�d�q �s�h�q �d�s�h�i�\�s�d�qyi �i�[�g�d �c�d�^�b�k�`�s�n�qx i �
 �o�n�t �`�l�]�i�d�h �r�s�f�l
�i�j�[�r�f m�
 �s�{�s�d

yi = [ y1
i ; :::; yM

i ]T ; yi =

(
0; �J�Gj 6= m
1; �J�Gj = m

�	���������




�=�W�h�N�]�S�[�a �� ����

�R�t�l�d�o�}�q�


Y = [ y1; y2; :::; yN ]� RMxN �	���������


�C�h�` �s�n �o�p�{�a�j�f�k�` �s�f�q �s�`�m�h�l�{�k�f�r�f�q �j�n�h�o�{�l�
 �n �.�-�3 �o�p�n�r�o�`�g�d�^ �l�` �t�o�n�j�n�b�^�r�d�h �\�l�`�l
�o�^�l�`�i�Ẁ �RMxN �
 �n �n�o�n�^�n�q �o�n�j�j�`�o�j�`�r�h�`�e�{�k�d�l�n�q �k�d �i�`�g�\�l�` �c�d�^�b�k�`x i �
 �g�` �c�^�l�d�h �`�o�n��
�s�\�j�d�r�k�`yi �s�n �n�o�n�^�n �g�` �o�p�n�r�d�b�b�^�e�d�h �s�nyi �k�d �s�n �k�h�i�p�{�s�d�p�n �c�t�l�`�s�{ �r�u�[�j�k�`�� �D�f�j�`�c�]

�N�J�O
1
2

NX

i =1

kyi � yi k2
2

=
1
2

NX

i =1

kyi � (W T x i + b)k2
2

�	���������


�=�o�n�tb �n �r�s�`�g�d�p�{�q �{�p�n�q �	�J�O�U�F�S�D�F�Q�U�
 �o�n�t �k�o�n�p�d�^ �l�` �`�o�`�j�d�h�u�g�d�^�
 �`�l �i�d�l�s�p�[�p�h�r�s�n�|�l �s�`
X �i�`�hY �b�|�p�x �`�o�{ �s�n ���� �R�t�l�d�o�}�q �b�h�` �s�nW �g�` �\�v�n�t�k�d �s�f�l �`�o�j�n�t�r�s�d�t�k�\�l�f �r�v�\�r�f

W = �B�S�H�N�J�O
W

1
2

NX

i =1

kyi � yi k2
2

= �B�S�H�N�J�O
W

1
2

NX

i =1

kyi � W T x i k2
2

= �B�S�H�N�J�O
W

1
2

kY � W T X k2
F

�	���������


�) �j�|�r�f �c�^�l�d�s�`�h �`�o�{ �s�f�l �r�v�\�r�f

W = ( XX T )yXY T �	���������


�=�o�n�t �k�dk:kF �r�t�k�a�n�j�^�e�d�s�`�h �f �l�{�p�k�` �'�S�P�C�F�O�J�V�T�
 �i�`�h �k�d(:)y �n �.�P�P�S�F���1�F�O�S�P�T�F �w�d�t�c�n��
�`�l�s�^�r�s�p�n�u�n�q �o�^�l�`�i�`�q�� �C�h�` �i�[�g�d �\�l�` �i�`�h�l�n�|�p�h�n �U�F�T�U �c�d�^�b�k�` �f �r�|�l�n�j�n �c�d�h�b�k�[�s�x�lX test

�s�{�s�d �n �`�l�s�^�r�s�n�h�v�n�q �M�B�C�F�M �o�^�l�`�i�`�q �g�` �o�p�n�i�|�o�s�d�h �x�qYtest = W T X test = [] �� �O �o�^�l�`�i�`�q
�`�t�s�{�q �c�d�l �g�` �o�d�p�h�\�v�d�h �� �i�`�h �� �{�o�x�q �nY�
 �`�j�j�[ �r�t�l�d�v�]�q �s�h�k�\�q�
 �r�t�l�d�o�}�q �c�d�l �g�` �k�o�n�p�d�^
�l�` �o�p�n�i�|�w�d�h �[�k�d�r�` �f �`�o�[�l�s�f�r�f �b�h�` �s�f�l �i�j�[�r�f �r�s�f�l �n�o�n�^�` �`�l�]�i�d�h �i�[�g�d �c�d�^�b�k�`�� �E�o�n��
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�	�D�


�R�v�]�k�` ���������B�
 �J�`�h�l�n�|�p�h�n �f�j�d�i�s�p�{�c�h�n �v�x�p�^�q �r�f�k�[�c�h�` �n�m�d�^�c�x�r�f�q�� �C�
 �G�j�d�i�s�p�{�c�h�` �i�`�s�d�r�s�p�`�k��
�k�\�l�` �`�o�{ �s�f�l �n�m�d�^�c�x�r�f�
 �{�o�n�t �o�j�\�n�l �c�d�l �u�`�^�l�d�s�`�h �r�v�d�c�{�l �i�`�g�{�j�n�t �f �v�p�t�r�] �d�o�h�i�[�j�t�w�f �i�`�h

�D�
 �G�j�d�i�s�p�{�c�h�` �k�d �r�o�`�r�k�\�l�n �o�d�p�^�a�j�f�k�` �\�o�d�h�s�` �`�o�{ �r�t�v�l�] �v�p�]�r�f�
 �d�h�i�{�l�` �`�o�{ �<�����>��
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�������������� �ù������� �������)

�&�N�P�U�J�W �4�P�G�X�B�S�F

�L�`�e�^ �k�d �s�n�l �d�b�i�d�u�`�j�n�b�p�[�u�n �&�Q�P�D�
 �f �&�N�P�U�J�W �o�`�p�\�v�d�h �k�h�` �r�n�t�^�s�` �j�n�b�h�r�k�h�i�n�| �o�n�t �o�p�n��
�r�u�\�p�d�h �r�s�n�l �v�p�]�r�s�f �k�h�` �o�j�f�g�}�p�` �t�o�f�p�d�r�h�}�l�
 �[�j�j�d�q �c�x�p�d�[�l �i�`�h �[�j�j�d�q �d�o�^ �o�j�f�p�x�k�]��
�G �a�`�r�h�i�] �i�`�h �c�x�p�d�[�l �d�u�`�p�k�n�b�]�
 �d�^�l�`�h �f �&�.�0�5�*�7 �9�B�W�J�F�S �$�P�O�U�S�P�M �1�B�O�F�M�
 �f �n�o�n�^�` �a�n��
�f�g�[�d�h �s�n�l �v�p�]�r�s�f �l�` �i�[�l�d�h �s�f�l �d�b�i�`�s�[�r�s�`�r�f �s�n�t �&�Q�P�D�
 �i�`�h �l�` �k�[�g�d�h �l�` �s�n �v�p�f�r�h�k�n��
�o�n�h�d�^ �D�^�l�d�s�`�h �f �c�t�l�`�s�{�s�f�s�` �r�s�n�l �v�p�]�r�s�f �l�` �o�`�p�`�i�n�j�n�t�g�d�^ �s�f�l �o�n�h�{�s�f�s�` �d�o�`�u�]�q �s�x�l
�f�j�d�i�s�p�n�c�^�x�l �k�d �s�n �c�\�p�k�` �`�l�`�o�`�p�h�r�s�}�l�s�`�q �k�d �o�p�[�r�h�l�n �v�p�}�k�` �s�f�l �i�`�j�] �o�n�h�{�s�f�s�`�

�s�h�q �d�l�c�h�[�k�d�r�d�q �i�`�s�`�r�s�[�r�d�h�q �k�d �i�^�s�p�h�l�n �i�`�h �i�{�i�i�h�l�n�
 �d�l�} �k�`�|�p�n �v�p�f�r�h�k�n�o�n�h�d�^�s�`�h �{�s�`�l
�o�p�`�i�s�h�i�[ �j�`�k�a�[�l�d�s�`�h �k�{�l�n �g�{�p�t�a�n�q��

�L�h�` �[�j�j�f �j�d�h�s�n�t�p�b�^�` �o�n�t �o�`�p�\�v�d�s�`�h�
 �d�^�l�`�h �n �t�o�n�j�n�b�h�r�k�{�q �o�\�l�s�d �k�d�s�p�h�i�}�l �d�b�i�d�u�`�j�h��
�i�]�q �j�d�h�s�n�t�p�b�^�`�q �r�d �o�p�`�b�k�`�s�h�i�{ �v�p�{�l�n �r�v�d�s�h�i�[ �k�d �s�f�l �r�t�k�k�d�s�n�v�]�
 �s�f�l �r�t�b�i�\�l�s�p�x�r�f�

�s�n �d�l�c�h�`�u�\�p�n�l�
 �s�f �v�`�j�[�p�x�r�f�
 �i�`�h �s�n �[�b�v�n�q�
 �o�n�t �a�h�}�l�d�h �n �v�p�]�r�s�f�q����

�S�\�j�n�q �o�`�p�\�v�d�s�`�h �\�l�` �r�|�r�s�f�k�` �s�n �n�o�n�^�n �d�^�l�`�h �h�i�`�l�{ �l�` �d�i�o�`�h�c�d�t�g�d�^ �`�o�{ �s�n�l �i�[�g�d
�v�p�]�r�s�f �m�d�v�x�p�h�r�s�[�
 �\�s�r�h �}�r�s�d �l�` �m�d�v�x�p�^�e�d�h �r�t�b�i�d�i�p�h�k�\�l�d�q �r�i�\�w�d�h�q �i�`�h �l�` �s�h�q �`�l�s�h��
�r�s�n�h�v�^�e�d�h �r�d �m�d�v�x�p�h�r�s�\�q �j�d�h�s�n�t�p�b�^�d�q �o�n�t �g�` �d�o�h�j�\�m�d�h �n �v�p�]�r�s�f�q�
 �{�o�x�q �f �k�d�s�`�i�^�l�f�r�f
�i�`�h �o�d�p�h�r�s�p�n�u�] �d�l�{�q �d�h�i�n�l�h�i�n�| �`�l�s�h�i�d�h�k�\�l�n�t �] �n �\�j�d�b�v�n�q �s�n�t �c�d�^�i�s�f �s�n�t �o�n�l�s�h�i�h�n�|��
�G �d�o�h�s�t�v�^�` �`�t�s�n�| �s�n�t �r�t�r�s�]�k�`�s�n�q �d�m�`�p�s�[�s�`�h �r�d �k�d�b�[�j�n �a�`�g�k�{ �`�o�{ �s�n�l �v�p�{�l�n �o�n�t
�g�` �d�o�d�l�c�|�r�d�h �i�[�o�n�h�n�q �r�s�f�l �d�i�o�`�^�c�d�t�r�f �s�n�t�
 �i�`�g�}�q �i�`�h �`�o�{ �s�f�l �h�i�`�l�{�s�f�s�` �s�n�t �l�`
�r�t�b�i�d�l�s�p�}�l�d�s�`�h �i�`�h �l�` �c�h�`�v�x�p�^�e�d�h �s�h�q �r�i�\�w�d�h�q �s�n�t�� �E�l�c�d�h�i�s�h�i�[ �k�d�s�[ �`�o�{ �\�l�` �v�p�n��
�l�h�i�{ �c�h�[�r�s�f�k�` ���� �j�d�o�s�}�l�
 �d�o�h�s�d�|�v�g�f�i�d �f �k�d�s�`�i�^�l�f�r�f �d�l�{�q �d�h�i�n�l�h�i�n�| �s�p�h�r�c�h�[�r�s�`�s�n�t
�i�|�a�n�t �k�o�p�n�r�s�[ �i�`�h �o�^�r�x �i�`�s�[ �a�n�|�j�f�r�f�
 �x�r�s�{�r�n �{�s�`�l �r�t�k�o�d�p�h�j�]�u�g�f�i�`�l �o�`�p�`�o�[�l�x
�d�l�s�n�j�\�q �	�o�d�p�h�r�s�p�n�u�] �c�d�m�h�{�r�s�p�n�u�f �i�`�h �`�p�h�r�s�d�p�{�r�s�p�n�u�f�
�
 �s�{�s�d �]�s�`�l �r�v�d�c�{�l �`�c�|�l�`�s�f
�f �k�d�s�`�i�^�l�f�r�f �i�|�a�n�t��
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�R�v�]�k�` ���������S�n �j�n�b�h�r�k�h�i�{ �d�j�\�b�v�n�t �o�n�t �r�t�l�n�c�d�|�d�h �s�n �&�Q�P�D�
 �o�`�p�\�v�d�h �d�l�c�d�^�m�d�h�q �b�h�` �s�f�l �o�n�h�{�s�f�s�`
�d�o�`�u�]�q �i�[�g�d �f�j�d�i�s�p�n�c�^�n�t�
 �s�f�l �r�s�[�g�k�f �s�f�q �k�o�`�s�`�p�^�`�q �i�`�g�}�q �i�`�h �s�f�l �o�n�h�{�s�f�s�` �s�f�q �C�M�V�F�U�P�P�U�I
�r�|�l�c�d�r�f�q �	�B�
�� �O �d�h�i�n�l�h�i�{�q �i�|�a�n�q �o�n�t �n �v�p�]�r�s�f�q �k�`�g�`�^�l�d�h �l�` �d�j�\�b�v�d�h �k�d �s�f�l �r�i�\�w�f �s�n�t �	�C�
��

�&�N�P�L�J�U

�P�p�n�i�d�h�k�\�l�n�t �{�k�x�q �\�l�`�q �v�p�]�r�s�f�q �l�` �`�o�n�i�s�]�r�d�h �o�p�{�r�a�`�r�f �r�s�h�q �k�d�s�p�]�r�d�h�q �i�[�g�d �`�h�r�g�f��
�s�]�p�` �m�d�v�x�p�h�r�s�[�
 �c�f�j�`�c�] �r�s�n �d�b�i�d�u�`�j�n�b�p�[�u�f�k�` �`�t�s�{ �i�`�g�Ý �`�t�s�{�
 �g�` �o�p�\�o�d�h �`�b�n�p�[�r�d�h
�s�f�l �d�p�d�t�l�f�s�h�i�] �\�i�c�n�r�f �s�n�t �&�1�0�$ �	�S�F�T�F�B�S�D�I �&�E�J�U�J�P�O�
�� �L�d �`�t�s�] �s�f�l �\�i�c�n�r�f�
 �f �&�N�P�U�J�W
�o�`�p�\�v�d�h �s�n �d�p�d�t�l�f�s�h�i�{ �i�h�s �`�l�[�o�s�t�m�f�q �j�n�b�h�r�k�h�i�n�| �	�S�F�T�F�B�S�D�I �4�%�,�
 �s�n �n�o�n�^�n �k�o�n�p�d�^ �l�`
�v�p�f�r�h�k�n�o�n�h�f�g�d�^ �k�d �k�h�` �o�j�f�g�}�p�` �o�p�n�b�p�`�k�k�`�s�h�r�s�h�i�}�l �b�j�x�r�r�}�l �	�$�����
 �1�Z�U�I�P�O�
 �.�B�U��
�M�B�C�
 �+�B�W�B�
 �$���
 �b�h�` �s�f�l �d�o�d�m�d�p�b�`�r�^�` �s�x�l �d�b�i�d�u�`�j�h�i�}�l �r�f�k�[�s�x�l�� �S�n �b�d�b�n�l�{�q �{�k�x�q �o�x�q
�n �d�b�i�d�u�`�j�n�b�p�[�u�n�q �o�n�t �t�o�]�p�v�d �r�s�n �d�p�b�`�r�s�]�p�h�n �c�d�l �]�s�`�l �f �d�p�d�t�l�f�s�h�i�] �\�i�c�n�r�f�
 �k�`�q
�n�c�]�b�f�r�d �r�s�f�l �d�|�p�d�r�f �j�|�r�f�q �r�d �d�j�d�|�g�d�p�n �j�n�b�h�r�k�h�i�{ �s�n �n�o�n�^�n �l�` �o�`�p�\�v�d�h �c�t�l�`�s�{�s�f�s�d�q
�o�`�p�{�k�n�h�d�q �k�d �`�t�s�\�q �s�n�t �S�F�T�F�B�S�D�I �4�%�, �`�o�n �s�f�l �&�N�P�U�J�W�� �L�h�` �s�\�s�n�h�` �a�h�a�j�h�n�g�]�i�f �d�^�l�`�h
�f �&�N�P�L�J�U �i�`�h �c�f�k�h�n�t�p�b�]�g�f�i�d �`�o�{ �s�f�l �n�k�[�c�` �o�p�n�b�p�`�k�k�`�s�h�r�s�}�l �r�s�f�l �0�Q�F�O�:�P�V�
 �i�`�h
�c�^�l�d�h �o�p�{�r�a�`�r�f �r�s�h�q �k�d�s�p�]�r�d�h�q �s�x�l �`�h�r�g�f�s�]�p�x�l�
 �s�f�l �o�n�h�{�s�f�s�` �s�f�q �d�o�`�u�]�q �i�`�h �s�f�l
�r�s�[�g�k�f �s�f�q �k�o�`�s�`�p�^�`�q �s�f�q �r�t�r�i�d�t�]�q�� �E�o�h�o�j�\�n�l�
 �c�^�l�d�s�`�h �f �c�t�l�`�s�{�s�f�s�` �d�m�`�b�x�b�]�q �s�x�l
�`�o�n�s�d�j�d�r�k�[�s�x�l �r�d �k�n�p�u�] �D�T�W�
 �i�`�g�}�q �i�`�h �f �`�l�s�^�r�s�p�n�u�f �c�h�`�c�h�i�`�r�^�`�
 �i�`�s�[ �s�f�l �n�o�n�^�`
�\�l�` �D�T�W �`�p�v�d�^�n �à�c�h�`�a�[�e�d�s�`�h�á �r�d �o�p�`�b�k�`�s�h�i�{ �v�p�{�l�n�
 �o�p�n�r�n�k�n�h�}�l�n�l�s�`�q �s�n�l �o�p�`�b�k�`��
�s�h�i�{ �d�b�i�d�u�`�j�n�b�p�[�u�n��

�R�s�f�l �a�h�a�j�h�n�g�]�i�f �r�t�k�o�d�p�h�j�`�k�a�[�l�n�l�s�`�h �i�`�h �i�[�o�n�h�` �T�D�S�J�Q�U �o�n�t �t�o�n�c�d�h�i�l�|�n�t�l �s�n�t�q �a�`��
�r�h�i�n�|�q �s�p�{�o�n�t�q �v�p�]�r�f�q�� �A�p�v�h�i�[ �s�p�\�v�n�l�s�`�q �s�n �F�Y�B�N�Q�M�F���Q�Z �d�k�u�`�l�^�e�d�s�`�h �\�l�`�q �o�^�l�`�i�`�q
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�k�d �s�f�l �s�h�k�]�
 �i�`�h �s�f�l �o�n�h�{�s�f�s�` �b�h�` �i�[�g�d �f�j�d�i�s�p�{�c�h�n�
 �s�h�q �s�h�k�\�q �b�h�` �s�n�l �b�t�p�n�r�i�n�o�h�i�{
�`�h�r�g�f�s�]�p�` �i�`�g�}�q �i�`�h �s�f�l �r�s�[�g�k�f �s�f�q �k�o�`�s�`�p�^�`�q��

�A�t�s�n�| �s�n�t �d�^�c�n�t�q �f �`�o�d�h�i�{�l�h�r�f �d�^�l�`�h �k�[�j�j�n�l �[�a�n�j�f �b�h�` �k�d�j�\�s�f �s�x�l �d�b�i�d�u�`�j�h�i�}�l �r�f��
�k�[�s�x�l �i�`�h �o�h�n �o�n�j�| �v�p�f�r�h�k�d�|�d�h �x�q �\�l�`�q �b�p�]�b�n�p�n�q �\�j�d�b�v�n�q �s�f�q �o�n�h�{�s�f�s�`�q �r�|�l�c�d�r�f�q
�s�n�t �&�1�0�$ �k�d �s�n�l �t�o�n�j�n�b�h�r�s�]�� �:�l�`�q �o�n�j�| �c�h�`�u�n�p�d�s�h�i�{ �s�p�{�o�n�q �`�o�d�h�i�{�l�h�r�f�q �t�j�n�o�n�h�d�^��
�s�`�h �r�s�n �`�p�v�d�^�n �S�F�O�E�F�S���Q�Z �{�o�n�t �i�[�l�n�l�s�`�q �v�p�]�r�f �s�f�q �a�h�a�j�h�n�g�]�i�f�q �Q�Z�H�B�N�F �`�o�d�h�i�n�l�^��
�e�n�l�s�`�h �r�d �o�p�`�b�k�`�s�h�i�{ �v�p�{�l�n �s�` �c�h�`�b�p�[�k�k�`�s�` �s�h�k�}�l �b�h�` �i�[�g�d �f�j�d�i�s�p�{�c�h�n �m�d�v�x�p�h�r�s�[��
�E�o�^�r�f�q �s�n �v�p�}�k�` �s�f�q �b�p�`�u�h�i�]�q �o�`�p�[�r�s�`�r�f�q �d�m�`�p�s�[�s�`�h �`�o�{ �s�f�l �o�n�h�{�s�f�s�` �s�f�q �d�o�`��
�u�]�q �s�n�t �f�j�d�i�s�p�n�c�^�n�t �k�d �s�n �c�\�p�k�`��
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�R�v�]�k�` ���������O �o�^�l�`�i�`�q �s�h�k�}�l �i�`�h �o�n�h�{�s�f�s�`�q �b�h�` �i�[�g�d �`�h�r�g�f�s�]�p�` �	�B�
 �i�`�h �f �b�p�`�u�h�i�] �c�h�d�o�`�u�]
�n�o�s�h�i�n�o�n�^�f�r�f�q �s�x�l �d�b�i�d�u�`�j�h�i�}�l �r�f�k�[�s�x�l �	�C�
 �o�n�t �o�`�p�\�v�n�l�s�`�h �`�o�{ �s�f�l �a�h�a�j�h�n�g�]�i�f �&�N�P�L�J�U��
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