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Abstract 
 

The present master thesis is about the variation of the eigenvalues and the eigenfunctions of 

regular Sturm-Liouville (S-L) boundary value problems (BVPs). In the first Chapter we 

present some basic results about S-L BVPs which will be needed in the sequel (see Zettl 2005, 

Haberman 2004, Ch.5, Walter, 1998, pp.268-281 and Coodington& Carlson, 1997, pp.255-

262). In the Chapter 2, firstly we study the dependence of the eigenvalues of a regular S-L 

problem on the boundary points and we obtain the formulas of the derivatives of the 

eigenvalues with respect to the boundary. The arguments of the proof are based on those of 

Kong Q. & Zettl A. (1999) in Theorems 3.2,3.3,3.4. Subsequently, we assume that the 

boundary points remain unchanged and we prove the formulas of the variation of the 

eigenvalues with respect to the coefficient-functions (see also Kong Q., Zettl A., 1996).Then, 

we solve a constant-coefficient S-L BVP and we calculate the variations of its eigenvalues 

with respect to the boundary points by using Implicit Function’s Theorem. We also apply the 

formulas proved in Sec.2.1 to the constant-coefficient problem and as we expected they are 

identical to the variations we found by straightforward differentiation. The last content of the 

2
nd

Chapter, is an introduction to the problem of the variation of the eigenfunctions with 

respect to the coefficient-functions. The formulation of this problem shows the emergence of 

using the theory of the non-homogeneous BVPs (NHBVPs). 

In Chapter 3, Green’s Function is exploited in order to express the solution of the non-

homogeneous BVP. At first, we construct Green’s Function when the parameter   is not an 

eigenvalue, n   and we prove the expression and the uniqueness of the solution (see Stone 

&Goldbart 2009, Sec.5.2, Butkov, 1973, pp.508-514). When n  , Green’s Function which 

is referred as Generalized Green’s Function (GGF) or Modified Green’s Function satisfies a 

certain non-homogeneous problem, which is solved by the method of variation of the 

parameters(see Stakgolt, 2011, Sec.3.5, Haberman,2004, Sec.9.4.3, Stone &Goldbart,2009, 

Sec. 5.2.3 ).The expression of Green’s Function in this case, is not symmetric but it is possible 

to be, according to the instructions of Haberman, in Haberman R., Green’s Function, Lecture 

7, about the construction of GGF in a general case and the way to make it symmetric. In 

Sec.3.4, we prove the expression and the existence of the solution of the NHBVP and we 

conclude that the solution is not unique (see also Haberman, 2004, pp.409-411). In the last 

Section of Chapter 3 we present the basic theory which is needed to solve a fully non-

homogeneous BVP since the variation of the eigenfunctions satisfies a BVP of this type. The 

technique we follow is to reduce the latter problem to an equivalent non-homogeneous BVP. 

In Section 4.1, since we presented the appropriate theory in Chapter 3, we are ready to solve 

the fully non-homogeneous BVP which is satisfied by the variation of the eigenfunctions. As 

we mentioned in Chapter 3, the solution of the problem is not unique, which is expected since 

the eigenfunctions are not unique. Hence, we assume that the eigenfunctions of the initial and 

the perturbed BVP are normalized and this fact renders the variation of the eigenfunctions 

uniquely defined as well. As far as the last Section of the present thesis is concerned, which is 

about the variation of the eigenfunctions with respect to the endpoints, there are no related 

sources. In order to solve this problem we applied a transformation to the perturbed problem 
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in order to reduce the problem of the variation of the domain to the problem of the variation of 

the coefficients which is already solved in the previous section. 
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Περίληψη 

Η παξνύζα δηπιωκαηηθή εξγαζία αζρνιείηαη κε ηηο ζπλαξηεζηαθέο παξαγώγνπο ηδηνηηκώλ θαη 

ηδηνζπλαξηήζεωλ νκαιώλ πξνβιεκάηωλ ζπλνξηαθώλ ηηκώλ, ηύπνπ Sturm-Liouville (S-L). 

Σην πξώην θεθάιαην, παξνπζηάδνπκε θάπνηα βαζηθά απνηειέζκαηα γηα ηα πξνβιήκαηα S-

Lηα νπνία ζα ρξεηαζηνύλ ζηελ ζπλέρεηα (βι. Zettl 2005, Haberman 2004, Ch.5, Walter, 1998, 

pp.268-281 θαη Coodington & Carlson, 1997, pp. 255-262). Σην δεύηεξν θεθάιαην, αξρηθά 

εμεηάδνπκε ηελ εμάξηεζε ηωλ ηδηνηηκώλ ηνπ πξνβιήκαηνο από ηα άθξα ηνπ δηαζηήκαηνο ζην 

νπνίν νξίδεηαη ην πξόβιεκα θαη εμάγνπκε ηηο ζρέζεηο γηα ηηο παξαγώγνπο ηωλ ηδηνηηκώλ ωο 

πξνο απηά. Τα επηρεηξήκαηα ηεο απόδεημεο απηήο, ζηεξίδνληαη ζε απηά ηωλ Kong Q. & Zettl 

A. (1999) ζηα Θεωξήκαηα 3.2,3.3,3.4. Σηε ζπλέρεηα, ζεωξνύκε όηη ηα άθξα ηνπ δηαζηήκαηνο 

παξακέλνπλ ζηαζεξά θαη απνδεηθλύνπκε ηηο ζρέζεηο ηωλ κεηαβνιώλ ηωλ ηδηνηηκώλ ωο πξνο 

ηηο ζπλαξηήζεηο-δεδνκέλα (βι. επίζεο Kong Q., Zettl A., 1996).  

Έπεηηα, ιύλνπκε έλα πξόβιεκα S-L κε ζηαζεξνύο ζπληειεζηέο θαη ππνινγίδνπκε ηηο 

παξαγώγνπο ηωλ ηδηνηηκώλ ωο πξνο ηα άθξα ηνπ ζπλόξνπ ρξεζηκνπνηώληαο ην Θεώξεκα 

Πεπιεγκέλεο Σπλάξηεζεο. Εθαξκόδνπκε επίζεο ηνπο ηύπνπο ηωλ κεηαβνιώλ ηωλ ηδηνηηκώλ 

ζην πξόβιεκα ζηαζεξώλ ζπληειεζηώλ θαη όπωο ήηαλ αλακελόκελν ηαπηίδνληαη κε ηηο 

κεηαβνιέο πνπ βξήθακε κε απεπζείαο παξαγώγεζε. Τν ηειεπηαίν πεξηερόκελν ηνπ 2
νπ

 

θεθαιαίνπ είλαη κία εηζαγωγή ζην πξόβιεκα ηεο κεηαβνιήο ηωλ ηδηνζπλαξηήζεωλ ωο πξνο 

ηηο ζπλαξηήζεηο-δεδνκέλα. Η δηαηύπωζε απηνύ ηνπ πξνβιήκαηνο αλαδεηθλύεη ηελ 

ρξεζηκόηεηα ηεο ζεωξίαο ζρεηηθά κε ηα κε-νκνγελή πξνβιήκαηα. 

Σην Κεθάιαην 3, ρξεζηκνπνηείηαη ε ζπλάξηεζε Green ώζηε λα εθθξάζνπκε ηελ ιύζε ηνπ κε 

νκνγελνύο πξνβιήκαηνο. Αξρηθά, θαηαζθεπάδνπκε ηελ ζπλάξηεζε Green όηαλ ε παξάκεηξνο 

  δελ είλαη ηδηνηηκή, n   θαη απνδεηθλύνπκε ηελ έθθξαζε ηεο ιύζεο θαη ηελ 

κνλαδηθόηεηα ηεο (βι. Stone & Goldbart 2009, Sec.5.2, Butkov, 1973, pp.508-514).Όηαλ

n  , ε ζπλάξηεζε Green όπνπ αλαθέξεηαη ωο Generalized Green’s Function (GGF) ή 

Modified Green’s Function ηθαλνπνηεί έλα ζπγθεθξηκέλν κε νκνγελέο πξόβιεκα ην νπνίν 

ιύλνπκε κε ηελ κέζνδν κεηαβνιήο ηωλ παξακέηξωλ (βι. Stakgolt, 2011, Sec.3.5, Haberman, 

2004, Sec.9.4.3, Stone & Goldbart, 2009, Sec. 5.2.3 ). H έθθξαζε ηεο ζπλάξηεζεο Green ζε 

απηήλ ηελ πεξίπηωζε δελ είλαη ζπκκεηξηθή αιιά είλαη δπλαηόλ λα γίλεη ζύκθωλα κε ηηο 

ππνδείμεηο ηνπ Haberman ζην Haberman R.,Green’s Function, Lecture 7, ζρεηηθά κε ηελ 

θαηαζθεπή ηεο GGF θαη ηνλ ηξόπν λα γίλεη ζπκκεηξηθή. Σηελ Ελόηεηα 3.4 απνδεηθλύνπκε 

ηελ ύπαξμε θαη ηελ έθθξαζε ηεο ιύζεο ηνπ κε-νκνγελνύο πξνβιήκαηνο θαη ζπκπεξαίλνπκε 

όηη ε ιύζε δελ είλαη κνλαδηθή (βι. Haberman, 2004, pp. 409-411). Σηελ ηειεπηαία ελόηεηα 

ηνπ θεθαιαίνπ 3, παξνπζηάδνπκε ηελ βαζηθή ζεωξία πνπ ρξεηάδεηαη γηα λα ιπζεί έλα πιήξωο 

κε-νκνγελέο πξόβιεκα, αθνύ ε κεηαβνιή ηωλ ηδηνζπλαξηήζεωλ ηθαλνπνηεί έλα πξόβιεκα 

ηέηνηνπ ηύπνπ. Η κέζνδνο πνπ αθνινπζνύκε είλαη λα αλάγνπκε ην πξναλαθεξζέλ πξόβιεκα 

ζε έλα ηζνδύλακν κε-νκνγελέο. 

Σηελ Ελόηεηα 4.1, αθνύ παξνπζηάζακε ηελ θαηάιιειε ζεωξία ζην Κεθάιαην 3, κπνξνύκε λα 

ιύζνπκε ην πιήξωο κε-νκνγελέο πξόβιεκα πνπ ηθαλνπνηείηαη από ηελ κεηαβνιή ηωλ 

ηδηνζπλαξηήζεωλ. Όπωο αλαθέξακε ζην Κεθάιαην 3, ε ιύζε ηνπ πξνβιήκαηνο δελ είλαη 

κνλαδηθή, θάηη πνπ είλαη αλακελόκελν αθνύ νη ηδηνζπλαξηήζεηο δελ είλαη κνλαδηθέο. Έηζη, 

ππνζέηνπκε όηη νη ηδηνζπλαξηήζεηο ηνπ αξρηθνύ θαη ηνπ δηαηαξαγκέλνπ πξνβιήκαηνο 

ζπλνξηαθώλ ηηκώλ είλαη θαλνληθνπνηεκέλεο ζηελ κνλάδα θαη απηή ε ππόζεζε θαζηζηά ηελ 
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κεηαβνιή ηωλ ηδηνζπλαξηήζεωλ κνλνζήκαληα νξηζκέλε. Όζνλ αθνξά ηελ ηειεπηαία ελόηεηα 

ηεο παξνύζαο εξγαζίαο, πνπ αζρνιείηαη κε ηελ κεηαβνιή ηωλ ηδηνζπλαξηήζεωλ ωο πξνο ηα 

άθξα ηνπ δηαζηήκαηνο, δελ ππάξρνπλ βηβιηνγξαθηθά ζηνηρεία. Γηα λα ιύζνπκε απηό ην 

πξόβιεκα εθαξκόδνπκε έλαλ κεηαζρεκαηηζκό ζην δηαηαξαγκέλν πξόβιεκα θαη κε απηόλ ηνλ 

ηξόπν αλάγνπκε ην πξόβιεκα κεηαβνιήο ηωλ ηδηνζπλαξηήζεωλ ωο πξνο ην ζύλνξν ζην 

πξόβιεκα ηεο κεηαβνιήο ηωλ ηδηνζπλαξηήζεωλ ωο πξνο ηηο ζπλαξηήζεηο-δεδνκέλα ην νπνίν 

έρεη ήδε ιπζεί ζηελ πξνεγνύκελε ελόηεηα. 
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Introduction 

Jacques Charles Francois Sturm (1803-1855) and Joseph Liouville (1809-1882), in 1836-1837 

published a series of articles and created a subject in Mathematical Analysis. The theory 

which is known as Sturm-Liouville (S-L) Theory deals with the second order differential 

equation 

 ( ) ( ) ( ) ( ) ( ) ( )p z u z q z u z w z u z   , in ( , )a b , a b   ,  (1) 

with the imposed boundary conditions (BCs) 
 

0( )( ) ( ) 0pu a u a   ,         (2a) 

0( )( ) ( ) 0pu b u b           (2b) 
 

The differential equation (1) accompanied by the boundary conditions (2), consist a S-L 

boundary value problem (BVP).Many historical notes about the development of S-L Theory 

can be found in Lutzen’s book (Lutzen, 1982).The selection of the function space which each 

function-data belongs, it depends on the purpose we have in each case. An obvious choice is 

the following  

 1( ) ,p z C a b ,  ( ), ( ) ,q z w z C a b  and  (in the particular work, we will be restricted 

to self adjoint problems, thus,  in our case). An important fact, which makes S-L Theory 

widely applied is that every second order differential equation can be reduced to a S-L 

equation (see Walter, 1998, pp.245-246).The BVP (1)-(2) only allows non trivial solutions, 

called eigenfunctions for certain values of  , the eigenvalues. 

In the Chapter 1 of this Thesis, we state and prove some basic theorems which will be utilized 

in the next Chapters. In the following Chapter, our purpose is to find the functional derivatives 

of the eigenvalues of the BVP(1). This work is already done by Kong & Zettl (1996, 1999). 

The case of Neumann BVP is studied by Dauge&Helffer(1993). As we can notice, an 

eigenvalue   of the above BVP depends on the data-functions ( ), ( ), ( )p x q x w x , the constants 

0 0,   and the boundary points ,a b . Hence, it makes sense to use the notation  

 0 0( ), ( ), ( ), , , ,p q w a b       .      (3) 

As we can see from Eq.(3),   is a function of 0 0, , ,a b   and a functional on 

( ), ( ), ( )p z q z w z .Firstly, we assume that all the arguments of   remain unchanged except 

from the endpoints a  and b , and we prove the formulas of the variation of the eigenvalues 

with respect to a  and b  respectively. We also state some remarks which include special cases 

of the BCs. The arguments we used for the proof are based on those of Kong and Zettl in 

Kong & A. Zettl , (1999) in Theorems 3.2, 3.3, 3.4 (see also Dauge&Helffer, 1993, for the 

Neumann case). Next, we assume that the boundary points are not perturbed and we prove the 

formulas of the variation of the eigenvalues with respect to 0 0( ), ( ), ( ), ,p q w     . (See also 

KongQ., Zettl A., 1996 ) A different approach which leads to the same variation formulas is 

given by Farshad M. (1973).We also solve a constant-coefficient S-L BVP and we calculate 

the variations of its eigenvalues with respect to the boundary points by using the Implicit 

Function’s Theorem. Then, we apply the formulas proved in Sec.2.1 for the constant-
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coefficient problem and as we expected they are identical to the variations we found by 

straightforward differentiation. The last content of the 2
nd 

Chapter, is a preamble about the 

problem of the variation of the eigenfunctions with respect to the coefficient-functions. In 

particular, consider the following S-L problem 

 2 ( ) ( ) ( ) 0,z n n nZ z Q z Z z a z b      ,     (4) 

0( ) ( ) 0b
n z n nB Z Z b Z b    ,      (5a) 

0( ) ( ) 0a n z n nB Z Z a Z a    .      (5b) 

By assuming that 0 0( ), ,Q z   are perturbed, the eigenvalues and the eigenfunctions are also 

changed. In order to determine the variation of the eigenfunctions with respect to the 

coefficients it is necessary to solve a fully non homogeneous BVP which in the non-

homogeneous part of the differential equation contains the variation of the eigenvalues with 

respect to the coefficients. Hence, the variation of eigenvalues is necessary to precede the 

solution of the  variational problem of the eigenfunctions. The non-homogeneous problem, 

which is satisfied by the variation of the eigenvalues, is the motivation for recalling the basic 

theory for the solution of non-homogeneous BVPs. Green’s Function is exploited in order to 

express the solution of the non-homogeneous BVP. At first, we construct Green’s Function 

when the parameter   is not an eigenvalue, n  . (See Stone &Goldbart, 2009 Sec.5.2, 

Butkov, 1973pp.508-514, I. Stackgolt, M. Holst 2011 pp.193-196 and E.L. Ince, 1956,pp.255-

256). Then, we prove the expression and the existence of the solution, in the same case, and at 

last, we prove that the solution is unique. When n  , at first we present two negative 

results about the construction of Green’s Function, which in this case is called Generalized 

Green’s Function (GGF) or Modified Green’s Function. (see Stackgolt ,2011, Sec. 3.5, 

Haberman ,2004, Sec.9.4.3, Stone & Goldbart,2009, Sec. 5.2.3 ). However, Green’s Function 

satisfies a certain non-homogeneous problem, which is solved by the method of variation of 

the parameters. The expression of Green’s Function, is not symmetric but it is possible to be, 

according to the instructions ofHaberman R., Green’s Function, Lecture 7, about the 

construction of GGF in a general case and the way to make it symmetric. In this Section, we 

prove the expression and the existence of the solution of the NHBVP but the solution is not 

unique ( see also Stakgolt,2011, pp.193-196, Haberman, 2004, pp. 409-411). In the last 

Section of Chapter 4 we present the basic theory needed to solve a fully non-homogeneous 

BVP. The technique we follow is to reduce the latter problem to an equivalent non-

homogeneous BVP and when   is an eigenvalue, ( )n   we prove that the compatibility 

condition of the initial and of the reduced problem is the same, as we expected, since the 

problems are equivalent. In Section 4.1, we apply the appropriate theory from Chapter 3 and 

we solve the fully non-homogeneous BVP which is satisfied by the variation of the 

eigenfunctions. As we mentioned in the previous Chapter, the solution of the problem is not 

unique, which is expected since the eigenfunctions are not unique. Hence, by assuming that 

the eigenfunctions of the initial and the perturbed BVP are normalized, the constant which the 

variation of the eigenfunction contains can be uniquely determined. The variation of the 

eigenfunctions with respect to the coefficients can also be found in Farshad M., (1973). As far 

as the last Section of the present thesis is concerned, it is about the variation of the 
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eigenfunctions with respect to the endpoints, there are no related sources. In order to solve this 

problem we applied a transformation to the perturbed problem and we managed to be defined 

in the same interval as the unperturbed problem. Thus, we reduced the problem of the 

variation of the domain to the already solved problem of the variation of the coefficients. 
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1. Sturm-Liouville problems 
 

This Chapter contains some basic results about the specific category of the problems, called 

Sturm-Liouville problems, which will be utilized next. 

 

Definition 1 

A Sturm-Liouville (S-L) equation is a second order homogeneous linear differential 

equation of the form 

( ( ) ( )) ( ) ( ) ( ) ( )p x u x q x u x w x u x    ,      (1) 

where 
( )

( )
d u x

u x
dx

  ,  is a parameter , , ,p q w  are real-valued functions of x . 

The functions q  and w  are assumed to be continuous and p  continuously differentiable. 

 

A Sturm-Liouville equation can be categorized according to the properties of the data-

functions ( ), ( ), ( )p x q x w x . Thus, we present the definition of a regular S-L equation. 

 

Definition 2 

The S-L equation is called regular in a closed interval  ,a b  when the functions ( )p x , and 

( )w x  are strictly positive for  ,x a b . 

 

Since the functions ( ), ( ), ( )p x q x w x are continuous, they are bounded in the interval  ,a b . 

 

At the majority of the physical problems, the differential equation is accompanied by a 

number of boundary conditions. Hence, we give the following definition 
 

Definition 3 

A regular Sturm-Liouville system/problem is a S-L equation in a finite closed interval  ,a b  

together with two separated boundary conditions (BCs) of the form 

0( )( ) ( ) 0pu a u a   ,        (2a) 

0( )( ) ( ) 0pu b u b   .        (2b) 

Where 0 0,    are given real numbers. 

 

An important question is when a second order differential equation can be reduced to a S-L 

equation. The answer is that every second order differential equation, and this fact points out 

the importance of S-L problems ( see also W. Walter, 1998, pp.245-246, G. Birkhoff, G.-C. 

Rota, 1989, pp. 320-322). 

The general form of a second order differential equation is the following 

1 0( ) ( ) ( ) ( ) ( ) 0u x a x u x a x u x    .      (3) 

Equation (3) can always transformed into the S-L form, Eq.(1), by multiplying by the factor 

1( )

( )
a x dx

p x e 
. 
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Indeed, Eq.(3) takes the form 
 

  0( ) ( ) ( ) ( ) ( ) 0p x u x p x a x u x   .       (4) 

By choosing 0( ) ( ) ( )p x a x q x , Eq.(4) becomes identical to Eq.(1). 

 

The most usual problem is to search for non-trivial solutions of a S-L BVP. Especially, we 

search for a function ( )nu x  which satisfies Eq.(1) and the BCs (2) and also for a 

corresponding value of the parameter n   which also satisfies Eq.(1). 

 

Definition 3 

A non-trivial solution of a S-L system is called an eigenfunction and the corresponding   is 

called its eigenvalue. The set of all eigenvalues of a regular S-L system is called the 

spectrum of the system. 

 

1.1 Important Identities and implications 

 

Let u  and   be both twice differentiable functions, satisfying the following equations  
 

 ( ) ( ) ( )Lu p x u x q x           (1) 

 

 ( ) ( ) ( )L p x x q x     .       (2) 

By multiplying Eqs.(1),(2) by   and u  respectively and subtracting Eq.(2) from (1), we 

obtain 

   ( ) ( ) ( ) ( ) ( ) ( )Lu u L x p x u x u x p x x            (3) 

 

Where, the last is known as Lagrange’s Identity. 

Now, by integrating Eq.(3) over the interval  ,a b  we obtain 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
b b

aa
x Lu x u x L x dx p x x u x p x u x x       ,   (4) 

which is Green’s Identity. 

 

If the functions ,u   satisfy also the BCs (2a,b) of the previous section, then 

 ( ) ( ) ( ) ( ) ( ) ( ) 0
b

a
p x x u x p x u x x    . 

Proof. 

Firstly, we write the bracket in the following form, in order to utilize the BCs. 
 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).
b

a
p x x u x p x u x x p b b u b p b u b b p a a u a p a u a a              

 

Assume that the BCs at the endpoint b  are Neumann, (
0 0  ).This, yields to 

 

( ) ( ) ( ) ( ) ( ) ( ) 0p b b u b p b u b b    .       (5) 
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Note that in the case of Dirichlet BCs, ( ( ) 0, ( ) 0u b b  ), Eq.(5) is valid. 

In case of general BCs at the endpoint b  we have 
 

0( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )p b b u b p b u b b u b b p b u b b         ,   (6) 

 

sinceu satisfies the BC (2b) of the previous section. 

By factorizing the right hand side of Eq.(6), he derive 
 

 0( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0.p b b u b p b u b b u b b p b b              (7) 

Where, for the last equation we utilized the fact that ( )x  also satisfies the BCs. 

Hence, in every case ( ) ( ) ( ) ( ) ( ) ( )p x x u x p x u x x    is zero at x b . 

By using the same arguments, ( ) ( ) ( ) ( ) ( ) ( )p x x u x p x u x x    is also zero at x a . 

Therefore, we conclude that  ( ) ( ) ( ) ( ) ( ) ( ) 0
b

a
p x x u x p x u x x    . 

 

Using the result of the previous proof, Green’s Identity for ,u   satisfying the S-L problem 

(1)-(2) has the form 

( ) ( ) ( ) ( ) 0
b

a
x Lu x u x L x dx   .       (8) 

The above equation, allow us to conclude that the operator L  is self-adjoint, which implies 

the characterization of the BVP as a S-L regular, self-adjoint problem (see Ince, 1956 

Chapters 9.31, 9.4) 

 

 

1.2 Properties of eigenvalues and eigenfunctions. 
 

Theorem 1(E. Coddington, R. Carlson, 1977, Theorem 8.3 p.257) 

If L  is self-adjoint, then 

(i) each eigenvalue of L ,   is real, 

(ii) eigenfunctions corresponding to distinct eigenvalues are orthogonal.  ■  
 

Proof. 

(i) Let   be a non-zero eigenvalue of the operator L .Then, 

L x x , 0x  .         (1) 

Because of the self-adjointness of the operator L  we have 

       0 , , , ,L x x x Lx x x x x           (2) 

     
2

, ,x x x x x       . 

Thus,   , since 0x  . 

 

(ii) If ,x y  are eigenfunctions of L corresponding to the eigenvalues ,   ,   

respectively, then Eq.(2) gives us 

       0 , , , ,y Lx x Ly y x x y       

      , , ,y x x y x y       . 
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 , 0x y  , 

which implies the orthogonality of , .x y  

 

Theorem 2 (E.Coddington, R.Carlson 1977) 

Each eigenvalue,  , of the operator L  is simple.      ■  
 

Proof: 

Assume that ,u   are eigenfunctions corresponding to . Since ,u  satisfying the BC (2a), the 

vectors  ( ), ( )u a u a ,  ( ), ( )a a  2 are both orthogonal to the non-zero vector  0 ,1 .

Hence, they lie in a one-dimensional subspace of 2  

If  ,u X , then the WronskianW
X

 at a  is 

( ) ( )
( ) det

( ) ( )

u a a
W a

u a a





 
    

X
        (3) 

Since the columns are linearly dependent, ( ) 0W a 
X

.  

Consequently,(see Coodington Carlson 1997, Th.2.10,p.37) 

 ( ) 0, ,W t t a b  
X .        (4) 

so ,u   are linearly dependent.  

This implies that  dim 1Ker L    , which is equivalent to the fact that the eigenvalue   

is simple. 

 

 

Let P and P  be the following BVPs 
 

P   0

0

( ( ) ( )) ( ) ( ) ( ) ( ),

( ) ( ) ( ) 0

( ) ( ) ( ) 0

p x u x q x u x w x u x a x b

pu a u a

pu b u b







     

  

  

 

( ( ) ( )) ( ) ( ) ( ) ( ),p x u x q x u x w x u x a x b            

 P   
0( )( ) ( ) 0pu a u a        

  0( ) ( ) ( ) 0pu b u b        

 

Theorem 3 (Continuity of the eigenvalues) 

For the above BVPs P  and P  we have 

0  , 0   such that, if  

0 0 0 0 ( ) ( ) ( ) ( ) ( ) ( )
b

a

a a b b p x p x q x q x w x w x dx                        

then, 

 

    .         ■  
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Proof: 

See Theorem 3.1 of Q.Kong, A. Zettl , (1996). 

 

 

By a normalized eigenfunction u of a S-L problem we mean an eigenfunction u that satisfies 

2 ( ) ( ) 1
b

a

u x w x  .         (5) 

 

Theorem 4 

Assume that the eigenvalue   of the BVP P  is simple and let u  denote a normalized 

eigenfunction of  . Then there exist normalized eigenfunction u  corresponding to the 

eigenvalue  of the BVP P such that  

u u  and pu pu  , as P P .       ■  

Proof: 

See Theorem 3.2 of Q. Kong, A. Zettl , (1996). 
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2. Variation of eigenvalues of regular Sturm-Liouville problems 
 

Consider the regular, self-adjoint Sturm-Liouville (S-L) problem  
 

 ( ) ( ) ( ) ( ) ( ) ( )p z u z q z u z w z u z   , in ( , )a b , a b   ,  (1) 

0( )( ) ( ) 0pu a u a   ,         (2a) 

0( )( ) ( ) 0pu b u b           (2b) 

 

where 1( ) [ , ], ( ) 0p z C a b p z  , ( ), ( ) [ , ], ( ) 0q z w z C a b w z   and 0 0,   are given real 

numbers. 

Assume that the parameter   is an eigenvalue of the problem. As we have noticed, each 

eigenvalue   depends on the data of the problem, that is, the functions ( ), ( ), ( )p z q z w z , the 

constants 0 0,   and on the domain  ,a b . Since, in this work, we are interested in studying 

this dependence, it is expedient to use the following notation for the eigenvalue 

 0 0, , , , ( ) , ( ), ( )a b p q w       .      (3) 

That means that  is a usual function of 0 0, , ,a b   , and a functional on the functions ( )p z , 

( ), ( )q z w z . 

 

 

2.1 Variation of eigenvalues with respect to the boundary points 
 

At first, we assume that all coefficients of the BVP (1)-(2) of Section 2, remain unchanged, 

except of the endpoints a and b . Thus, we state and prove the following theorem 

 

Theorem 1 [Q. Kong, A. Zettl , (1999)].Τhe variation (shape derivative) of the eigenvalue  , 

of the BVP (1), (2) of Sec. 2, considered as a function of the endpoints a and b , respectively, 

is given by 
 

(i)  2 2( ) 1
( ) ( ) ( ) ( ) ( ) ( )

( )

d a
pu a u a q a a w a

da p a


   ,     (1a) 

(ii)  2 2( ) 1
( ) ( ) ( ) ( ) ( ) ( )

( )

d b
pu b u b q b b w b

db p b


    ,   (1b) 

 

whereu  is the corresponding normalized (  2 1
L w d x

u  ) eigenfunction of ι.  ■  

 

Proof: 

The arguments of the proof are based on those of Kong’s and Zettl’s(Theorems 3.2 and 3.3) in 

Q. Kong, A. Zettl , (1999) 
 

(i)  Denoting by ( , )u a  the normalized eigenfunction belonging to the eigenvalue ( )a , we 

have  
 

 ( ) ( , ) ( ) ( , ) ( ) ( ) ( , )p z u z a q z u z a a w z u z a   .    (2) 
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Multiplying Eq.(2) by ( , )u a h , the eigenfunction corresponding to ( )a h  , where 0h

and significantly small, we obtain 
 

 ( ) ( , ) ( , ) ( ) ( , ) ( , ) ( ) ( ) ( , ) ( , )p z u z a u z a h q z u z a u z a h a w z u z a u z a h      .  (3) 

 

In terms of the notation ( , )u a  for the eigenfunction, the BCs (2a,b) take the form  
 

0( )( , ) ( , ) 0pu a a u a a   ,        (4a) 

0( )( , ) ( , ) 0pu b a u b a           (4b) 

 

Similarly, for ( )a h  and ( , )u a h  we obtain 
 

 ( ) ( , ) ( , ) ( ) ( , ) ( , ) ( ) ( ) ( , ) ( , )p z u z a h u z a q z u z a h u z a a h w z u z a h u z a       ,  (5) 

0( )( , ) ( , ) 0pu a h a h u a h a h       ,      (6a) 

0( )( , ) ( , ) 0pu b a h u b a h           (6b) 

 

By subtracting Eq. (3) from Eq. (5), and integrating over the interval [ , ]a b , we find  
 

 

   

( ) ( ) ( , ) ( , ) ( )

( , ) ( , ) ( , ) ( , ) .

b

a

b b

a a

a h a u s a u s a h w s ds

pu s a h u s a d s pu s a u s a h ds

    

      



 
  (7)  

Performing an integration by parts in each integral of the right-hand side of Eq.(7), we obtain 
 

 ( ) ( ) ( , ) ( , ) ( )

( )( , ) ( , ) ( )( , ) ( , )

b

a

b

a

a h a u s a u s a h w s ds

pu s a h u s a pu s a u s a h

    

       


  (8) 

 

At the unperturbed endpoint z b , we have that the difference

( )( , ) ( , ) ( )( , ) ( , )pu b a h u b a pu b a u b a h     vanishes. Indeed, if 0 0  (Neumann 

boundary conditions), BCs (4b) and (6b) become ( , ) 0u b a  and ( , ) 0u b a h   , thus,

( )( , ) ( , ) ( )( , ) ( , ) 0pu b a h u b a pu b a u b a h      trivially. Also, if the BC at the endpoint 

b  is Dirichlet, means that ( , ) 0u b a  and ( , ) 0u b a h  . This results again in 

( )( , ) ( , ) ( )( , ) ( , ) 0pu b a h u b a pu b a u b a h     .On the other hand, if 0 0  , by using 

BC (4b), we find  

0

(4 )

( )( , ) ( , ) ( )( , ) ( , )

( )( , ) ( , ) ( , ) ( , )

b

pu b a h u b a pu b a u b a h

pu b a h u b a u b a u b a h

     

    
 

  0

(6 )

( , ) ( )( , ) ( , ) 0
b

u b a pu b a h u b a h         .  (9) 

 

Thus, Eq.(8) becomes  
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 ( ) ( ) ( , ) ( , ) ( )

( , ) ( )( , ) ( , ) ( )( , ).

b

a

a h a u s a u s a h w s ds

u a a pu a a h u a a h pu a a

    

    

   (10) 

 

In this step we will work separately for each term of the right hand side of Eq.(10).We start 

from ( )( , )pu a a h   of the first term. 

If the BC at the endpoint a  is Dirichlet, ( , ) 0u a a  , thus the term  ( , ) ( )( , )u a a pu a a h   

vanishes. 

In any other case, we subtract BC (6a) from ( )( , )pu a a h   in order to replace the derivative 

of the perturbed eigenfunction ( )( , )pu a a h   by proper integrals and we have 
 

0( )( , ) ( )( , ) ( )( , ) ( , )pu a a h pu a a h pu a h a h u a h a h           . (11) 

 

By applying the fundamental theorem of calculus to the first two terms of the right hand side 

of the above equation and using Eq.(1) of Section 3 we derive 

0( )( , ) ( ) ( , ) ( , )
a h

a

pu a a h pu s a h ds u a h a h


          

  0( )( , ) ( ) ( , ) ( ) ( , ) ( ) ( , )
a h

a

pu a a h q s u s a h a h u s a h w s ds u a h a h 


          
 

By adding and subtracting the terms ( ) ( , )q s u s a and ( ) ( , ) ( )a h u s a w s   into the integrant we 

have 

 ( )( , ) ( ) ( , ) ( ) ( , ) ( , )
a h a h

a a

pu a a h q s u s a ds q s u s a u s a h ds
 

         

 ( ) ( , ) ( ) ( ) ( , ) ( , ) ( )
a h a h

a a

a h u s a w s ds a h u s a u s a h w s ds 
 

         

0 ( , )u a h a h            (12) 

 

Now we study ( , )u a a h  from the second term of the right hand side of Eq.(10).Notice that 

if 0 0   the term  ( , ) ( , )u a a h pu a a  vanishes. 

For 0 0  , we subtract from ( , )u a a h  the B.C (6a), in order to create the difference 

( , ) ( , )u a a h u a h a h     and  

0

1
( , ) ( , ) ( , ) ( )( , ).u a a h u a a h u a h a h pu a h a h


          

In this case we cannot create the second derivative in order to utilize Eq.(1), so we have to 

work differently. By applying the fundamental theorem of calculus to the first two terms of 

the above equation and also multiplying and dividing ( , )u s a h  by ( )p s we obtain 

0

1 1
( , ) ( )( , ) ( )( , ).

( )

a h

a

u a a h pu s a h ds pu a h a h
p s 



        
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By adding and subtracting the term 
1

( )( , )
( )

pu s a
p s

  into the integrant, in order to eliminate 

the term ( )( , )pu s a h   we have  

1 1
( , ) ( )( , ) ( )( , ) ( )( , )

( ) ( )

a h a h

a a

u a a h pu s a ds pu s a pu s a h ds
p s p s

 

             

0

1
( )( , )pu a h a h


   .       (13) 

 

By substituting Eqs. (12) and (13) into the right hand side of Eq. (10) and dividing both sides 

of the resulting equation by h  we obtain 
 

( ) ( ) 1
( , ) ( , ) ( ) ( , ) ( ) ( , )

b a h

a a

A

a h a
u s a u s a h w s ds u a a q s u s a ds

h h

   
    


 

 1 1
( , ) ( ) ( , ) ( , ) ( ) ( , ) ( , ) ( )

a h a h

a a

B C

u a a q s u s a u s a h ds a h u a a u s a w s ds
h h


 

      
 

 

  0

1 1
( ) ( , ) ( , ) ( , ) ( ) ( , ) ( , )

a h

a

D

a h u a a u s a u s a h w s ds u a h a h u a a
h h

 


       


 

 
1 1 1 1

( )( , ) ( )( , ) ( )( , ) ( )( , ) ( )( , )
( ) ( )

a h a h

a a

E F

pu a a pu s a ds pu a a pu s a pu s a h ds
h p s h p s

 

         
 

0

1 1
( )( , ) ( )( , )pu a h a h pu a a

h 
           (14) 

The sum of the boundary terms of the above equation is equal to zero, as we confirm below, 

by using the BCs (4a) and (6a). 
 

0

0

1
( , ) ( , ) ( )( , ) ( )( , )u a h a h u a a pu a h a h pu a a


        

0
(6 )

( , ) ( , ) ( , ) ( )( , )
a

u a h a h u a a u a h a h pu a a         

 0
(4 )

( , ) ( , ) ( )( , ) 0.
a

u a h a h u a a pu a a         (15) 

 

By using Lebesque’s Differentiation Theorem to calculate the terms , , , , ,A B C D E F  

we obtain  

0

1
( , ) lim ( ) ( , )

a h

h a

A u a a q s u s a ds
h





 
    
 
  

  2( , ) ( ) ( , ) ( , ) ( ).u a a q a u a a u a a q a       (16) 
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 
0

1
( , ) lim ( ) ( , ) ( , )

a h

h a

B u a a q s u s a u s a h ds
h





 
     
 
   

 
0

( , ) ( )[ ( , ) lim ( , )]
h

u a a q a u a a u a a h


     

 ( , ) ( )[ ( , ) ( , )] 0,u a a q a u a a u a a        (17) 

 

since ( , ) ( , )u s a h u s a  , as h  tends to zero. 
 

0

1
lim ( ) ( , ) ( , ) ( )

a h

h a

C a h u a a u s a w s ds
h






 
    
 

  

  2( ) ( , ) ( , ) ( ) ( ) ( , ) ( ).a u a a u a a w a a u a a w a       (18) 

 
0

1
lim ( ) ( , ) ( , ) ( , )

a h

h a

D a h u a a u s a u s a h ds
h






 
      
 

  

 
0

1
lim ( ) ( , ) ( , ) ( , )

a h

h a

a h u a a u s a u s a h ds
h






 
      
 

   

   
0

( ) ( , ) ( , ) lim ( , ) ( ) ( , ) ( , ) ( , ) 0
h

a u a a u a a u a a h a u a a u a a u a a 


      ,  (19) 

 

since  is continuous at a . 
 

0

1 1
lim ( )( , ) ( )( , )

( )

a h

h a

E pu a a pu s a ds
h p s





 
    
 

  

21 1
( )( , ) ( )( , ) ( ) ( , ).

( ) ( )
pu a a pu a a pu a a

p a p a
        (20) 

 

0

1 1
( )( , ) lim ( )( , ) ( )( , )

( )

a h

h a

F pu a a pu s a pu s a h ds
h p s





 
         
 
  

0

1 1
( )( , ) ( )( , ) lim( )( , )

( ) ( ) h
pu a a pu a a pu a a h

p a p a 

 
      
  

 

1 1
( )( , ) ( )( , ) ( )( , ) 0.

( ) ( )
pu a a pu a a pu a a

p a p a

 
     
  

   (21) 

 

By taking the limit as h  tends to zero, the left-hand side of Eq.(14) becomes 
 

0

( ) ( ) ( )
lim ( , ) ( , ) ( ) .

b

h a

a h a d a
u s a u s a h w s ds

h da

  



     
 

    (22) 

Because ( , ) ( , )u a h u a    , as h  tends to zero and because of the normalization condition  
 

2( , ) ( ) 1
b

a

u s a w s ds  . 

 

Taking into account Eqs. (15)-(22), we obtain the wanted formula  
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(ii)  The proof is similar to (i). 

 

Remark 1 Since we used Lebesque’s Differentiation Theorem a choice of function spaces 

which is demanding by the theorem is the following 
1( ), ( ) [ , ]w z q z L a b , 1( ) [ , ]u z L a b   

 

Remark 2 Notice that in case of Dirichlet BCs, the proof is the same until Eq.(9). In the right-

hand side of Eq.(10) there is only one term since the other satisfies the BC  ( , ) 0u a a 

.Hence, are implied the following corollaries 
 

Corollary 1.If the boundary conditions of the BVP (1)-(2) are Dirichlet at the endpoint a  and 

either Dirichet or Neumann at the endpoint b , the variation of the eigenvalue   with respect 

to a  takes the form 

 2( )
( ) ( ) .

d a
p a u a

da

          (23) 

If the boundary conditions are Neumann at the endpoint a and either Dirichlet or Neumann at 

the endpoint b , the variation of the eigenvalue   as a function of the endpoint a  is given by 

 2( )
( )[ ( ) ( ) ( )].

d a
u a q a a w a

da


         (24) 

Corollary 2.If the boundary conditions of the BVP (1)-(2) are either Dirichlet or Neumann at 

the endpoint a  and Dirichletat b , the variation of the eigenvalue   with respect to b  takes 

the form 

2( ) 1
( ) ( ).

( )

d b
pu b

db p b

           (25) 

If the boundary conditions are either Neumann or Dirichlet at the endpoint a  and Neumann at 

the endpoint b , the variation of the eigenvalue   as a function of the endpoint b  is given by 

 2( )
( ) ( ) ( ) ( )

d b
u b q b b w b

db


  .      (26) 

 

Application of the variation formulas to the problem with the differential equation in the 

standard Liouville normal form  
 

Our purpose is to apply the formulas which proved above, to the following problem 

 2 ( ) ( ) ( ) 0,z n n nZ z Q z Z z a z b      ,     (27) 

 0( ) ( ) 0b
n z n nB Z Z b Z b    ,                (28a) 



23 
 

0( ) ( ) 0a n z n nB Z Z a Z a    .               (28b) 

 

We observe that Eq.(1), becomes identical to Eq.(27) under the choice of 

( ) 1p z  , ( ) ( )q z Q z and ( ) 1w z  . Moreover, the BCs (2a,b) are identified with BCs 

(28a,b) under the choice of ( ) 1p z  . 

Recall also that the formulas are proved for normalized eigenfunctions, hence ( )u z  will be 

replaced by 
( )n

n

Z z

Z
. 

Thus, the variation of the eigenvalues of the problem with respect to the endpoint a  is given 

by 

   
2 2

2

( ) ( ) ( ) ( )( ) n n nn

n

Z a Z a Q a ad a

da Z

   
 .      (29) 

Similarly, the variation of the eigenvalues n , with respect to the endpoint b  has the form 

   
2 2

2

( ) ( ) ( ) ( )( ) n n nn

n

Z b Z b Q b bd b

db Z

   
 .      (30) 

 

 

2.2.Variation of eigenvalues with respect to the coefficients. 
 

Consider the regular, self-adjoint Sturm-Liouville problem  
 

 ( ) ( ) ( ) ( ) ( )pu z q z u z w z u z   , on ( , )a b , a b   ,  (1) 

0( )( ) ( ) 0pu a u a   ,        (2a)

0( )( ) ( ) 0pu b u b   ,        (2b) 

 

Assume now that the domain remains unchanged and the data ( ), ( ), ( )p z q z w z 0 0,   are 

perturbed. To start with, we consider the following BVP, which is a perturbed version of BVP 

(1)-(2) 

 ( ) ( ) ( ) ( ) ( )pu z q z u z w z u z         , on ( , )a b , a b   ,  (3) 

0( )( ) ( ) 0pu a u a     ,        (4a) 

0( )( ) ( ) 0pu b u b      .         (4b) 

 

We shall now derive some identities connecting the eigenvalues and the eigenfunctions of the 

two problems (1)-(2) and (3)-(4), which will be repeatedly used in the sequel.  
 

By multiplying Eq.(1) by ( )u z  and Eq. (2) by ( )u z  we obtain, respectively,  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )pu z u z q z u z u z w z u z u z     ,     (5) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )pu z u z q z u z u z w z u z u z         .    (6) 
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Subtracting Eq.(5) from (6), results in  
 

     ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )pu z u z pu z u z q z q z u z u z w z u z u z w z u z u z               
 

By integrating the above equation over the interval  ,a b ,we take the following identity:  

     

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

b b b

a a a

b

a

w z u z u z w z u z u z dz pu z u z dz pu z u z dz

q z q z u z u z dz

       

 

  



      

 

 

Performing an integration by parts in the first two integrals of the right-hand side of the above 

equation, we obtain 
 

 

   

( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .

b

b

a

a

b b

a a

w z u z u z w z u z u z dz pu z u z pu z u z

p z p z u z u z dz q z q z u z u z dz

         

    



 

      

   

  (7) 

If the eigenfunctions ( )u z  and ( )u z satisfy the same boundary conditions (2a,b),which means 

that the constants 0 0,   remain unchanged, the bracket ( )( ) ( ) ( )( ) ( )
b

a
pu z u z pu z u z       , 

vanishes and Eq.(7) takes the form 
 

     ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .

b b b

a a a

w z u z u z w z u z u z dz p z p z u z u z dz q z q z u z u z dz                

 

(8) 
 

If the constants 0 0,  are also perturbed, then, taking into account that ( )u z  satisfies the BCs 

(2a,b) and ( )u z  satisfies the BCs (4a,b), the bracket expands as follows  

   
0 0 0 0

0 0 0 0

( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) .

b

a
pu z u z pu z u z pu b u b pu b u b pu a u a pu a u a

u b u b u b u b u a u a u a u a

u b u b u a u a

   

   

             

     

   

        

    

  
 

By utilizing the above equation, Eq.(7) is written as  
 

     

   

0 0 0 0( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .

b

a

b b

a a

w z u z u z w z u z u z dz u b u b u a u a

p z p z u z u z dz q z q z u z u z dz

          

    



 

      

   

 (9) 
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Theorem 1 [Q.Kong, A. Zettl , (1996)]. Τhe Fréchet derivative of the eigenvalue   of the 

BVP (1)-(2), considered as a functional acting on
1

( )p z
, ( )p z , ( )q z , ( )w z ,and as a function of 

0 and 0 ,respectively, is given by 

(i) 
21

( )( ) ( ) ,
b

a

d h pu s h s ds
p


               (10) 

(ii) 
2

( ) ( ) ( ) ,
b

a

d p h u s h s ds          (11) 

(iii) 
2

( ) ( ) ( ) ,
b

a

d q h u s h s ds          (12) 

(iv) 
2

( ) ( ) ( ) ,
b

a

d w h u s h s ds          (13) 

(v) 
0 2

0

( )
( ),

d
u a

d

 


         (14) 

(vi) 
0 2

0

( )
( ),

d
u b

d

 


          (15) 

where u  is the corresponding  normalized eigenfunction belonging to  .   ■ 
 

Proof: The arguments of the proof presented below are based on the proof of Theorem 4.2 of 

Q. Kong, A. Zettl, (1996) 
 

(i) Applying Eq.(8) for the eigenvalues,  

 1/ ( )p   and  1/ ( ) ( )p h     , with 0h   but sufficiently small, we have  

 

1 1
( ) ( ) ( ) ( )( ) ( ) ( )( ) ( )

b b

h
a a

h u s u z w s ds p u s u s pu s u s ds
p p

 
                       

    , (16) 

 

where  
1 1

h

h
p p

  .         (17) 

Taking into account that h hp p p p h  , we obtain 
 

1 1
( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ,

b b

h
a a

h u s u s w s ds pu s p u s h s ds
p p

 
                     

    (18) 

 

Recalling that u u  and
1 1

hp p
 as 0h  , and because of the normalization of the 

eigenfunctions, we finally obtain 
 

21
( )( ) ( ) .

b

a

d h pu s h s ds
p


          
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(ii) Applying Eq.(8) for the eigenvalues  ( )p    and  ( ) ( )p h     , with 

0h  , we obtain  

     ( ) ( ) ( ) ( ) ( ) ( )
b b

a a

p h p u s u s w s ds h s u s u s ds        .  (19) 

 

Taking into account that u u   as h  tends to zero and the normalization condition, the 

Fréchet derivative of  with respect to the coefficient ( )p z  takes the form 

2
( ) ( ) ( ) .

b

a

d p h u s h s ds    

 

(iii) The proof is similar to (ii) 
 

(iv) By applying Eq.(8) for the eigenvalues  ( )w    and  ( ) ( )w h     ,we 

take 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0

b

a

w h w s h s u s u s w w s u s u s ds         .   (20) 

In order to create the difference ( ) ( )w h w    we make the following calculations  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0

b b

a a

w h w s h s u s u s ds w w s u s u s ds         (21) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

b b

a a

w h w w s u s u s ds w h h s u s u s ds         .  (22) 

By using the continuity of eigenvalues and eigenfunctions and the normalization condition, 

we obtain  

2
( ) ( ) ( )

b

a

d w h u s h s ds    . 

(v) Since the constant 0  is perturbed, use is made of Eq.(9). By applying it to the 

eigenvalues 0( )   and 0( )h    , with 0h ,we derive 

   0 0 ( ) ( ) ( ) ( ) ( ) ( ).
b

a

h u s u s w s ds h s u a u a              (23) 

Dividing both sides of Eq.(23) by h , taking the limit as h  tends to zero, and because of the 

continuity and the normalization of the eigenfunctions, Eq.(23) leads to the desired formula 
 

 
 

0 2

0

( )
d

u a
d

 


 . 

 

(vi) The proof is similar to (v). 
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Application of the variation formulas to the problem with the differential equation in the 

standard Liouville normal form  
 

Our purpose is to apply the formulas which proved above, to the following problem 
 

 2 ( ) ( ) ( ) 0,z n n nZ z Q z Z z a z b      ,     (24) 

 0( ) ( ) 0b
n z n nB Z Z b Z b    ,                (25a) 

 0( ) ( ) 0a n z n nB Z Z a Z a    .               (25b) 

 

We notice that Eq.(1) can be identified with Eq.(24) under the choice of 

( ) 1p z   , ( ) ( )q z Q z , and ( ) 1w z  . Moreover, the BCs (2a,b) are identified with BCs 

(25a,b) if ( ) 1.p z   

According to the Theorem 1 of Section 2.2, the eigenfunctions are assumed normalized, hence 

we replace ( )u z by 
( )n

n

Z z

Z
. 

 

The above identification, implies that the variation of the eigenvalues of the problem with 

respect to the function ( )Q z  is given by 

 
2

2

( )
( )

b
n

a
n

Z s
d Q h h s ds

Z
   ,       (26) 

Moreover, the variation of the eigenvalues n , with respect to 0  is the following 

  2
0

2
0

( )n

n

d Z b

d Z

 


 .        (27) 

 

Last, the variation of the eigenvalues with respect to 0  has the form 

 

  2
0

2
0

( )n

n

d Z a

d Z

 


 .         (28) 

 

 

2.3  Solution of the constant-coefficient, Sturm-Liouville problems  
 

Our goal herein is to solve the constant-coefficient S-L problem and find the variation of the 

eigenvalues with respect to the boundary points, by straightforward differentiation in order to 

compare them to the formulas proved in Section 2.1.We proceed now to derive the analytical 

solution to the constant-coefficient, SLP: 
 

Find the (complex) constants nk  for which the following homogeneous boundary value 

problem admits of nontrivial solutions ( ) 0n nZ Z z  :  
 

 2 2( ) ( ) 0,z n n nZ z k Q Z z h z        ,      (1)  
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0[( ) ] 0n z n zB Z Z
     ,        (2a)  

 

0[( ) ] 0h n z n z hB Z Z     .       (2b)  
 

To simplify the algebraic manipulations, we set  
 

def
2 2
n nk Q    2

n nk Q   .       (3)  

 

There are two possible cases n    and n i    

The general solution of Eq. (1) is given by  
 

   ( ) cos ( ) sin ( )n n nZ z A z h B z h     ,     (4a)  

 

from which we obtain the following expressions for the boundary values at z   and 

z h :  
 

   ( ) cos sinn n nZ z A H B H     ,      (4b)  

( )nZ z h A  ,          (4c)  
 

where H h  . The derivative z nZ of nZ , and its boundary values, are easily 

calculated, as follows:  
 

    ( ) sin ( ) cos ( )z n n n n nZ z A z h B z h         ,   (5a)  

    ( ) sin cosz n n n n nZ z A H B H         ,    (5b)  

 ( )z n nZ z h B    .         (5c)  
 

Using Eqs. (4c) and (5c), the boundary condition (2b) takes the form  
 

0 0[( ) ] 0h n z n z h nB Z Z B A        .     (6)  
 

Assuming (tentatively) that 0A  , we conclude that 0nB    and, thus, using also Eq. 

(5a), we find ( ) 0 ( ) .z n nZ z Z z const     Then, invoking Eq. (4c), we see that 

( ) 0nZ z  . This conclusion is unacceptable, since we are looking for nontrivial solutions. 

Thus, the assumption 0A   should be rejected, obtaining 0A  . Accordingly, Eq. (6) can 

be written as  
 

 
0

n

B

A




 .           (7)  

 

Similarly, using Eqs. (4b) and (5b), the boundary condition (2a) takes the form  
 

       
0

0 0

[ ( ) ]

sin cos cos sin

n z n z

n n n n n n

B Z Z

A H B H A H B H




       

   

    
 

       0 0sin cos 0n n n nA B H A B H             

    0 0sin cos 0n n n n

B B
H H

A A
     
                

.  
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Substituting /B A , from Eq. (7), into the above equation, we obtain the following general 

condition (dispersion relation) for the determination of n ’s:  
 

   0 0

0 0sin cos 0n n n n

n n

H H
 

     
 

                    
,  

or 

   0 0

0 0tan 0n n

n

H
 

   


         
.      (7a) 

 

Alternative equivalent forms of the dispersion relation (7) are also given below:  
 

  
 0 00 0

2
0 0 0 0

tan
n

n

n
n

n

H
   


   





   




,     (7b)  

 

  
2

0 0 0 0

2
0 0

tan n

n n

H
   


   





.        (7c)  

 

At this point, we have to distinguish two cases 
 

(i)  If n   , 
 

The nontrivial solutions of the SLP (1), (2) are the eigenfunctions  
 

   0
( ) cos ( ) sin ( )n n n

n

Z z M z h z h


 


         
    (8) 

where, 0M   is an arbitrary constant (to be specified by appropriate normalization) and n  

are the roots of the (local) dispersion relation (7a) 
 

(ii) If 
2 2 0, , 0n n n n ni          ,  

 

The dispersion relation (7b) takes the form  
 

 
 0 0

2
0 0

tanh
n

n

n

H
  


  




 
.       (9) 

Or, in terms of n  

 
 0 0

2
0 0

tan
n

n

n

H
  


  





.       (10) 

 

The non-trivial solutions in this case, are the following eigenfunctions 

   0
( ) cosh ( ) sinh ( )n n n

n

Z z C z h z h


 


         
   (11) 

where 0C   is an arbitrary constant and n  are the roots of the (local) dispersion relation (9). 
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2.3a The 2L norm of the eigenfunctions. 
 

In this subsection, since our aim is to compare the formulas of the Section 2.1 with those 

which will be derived by straightforward differentiation for the constant coefficient problem, 

we have to compute the 2L norm of the eigenfunctions of the problem. 
 

We will work separately with the two different cases of n . 

a). Setting tentatively 0 / na   , and assuming that a  and n are real quantities, we obtain  

 

   2

( ) 22

( )

ˆ ( ) cos ( ) sin ( )
x

n n n
L

h x

Z z z h a z h dz


 


          (1) 

The right hand side of Eq.(1) can be written as the sum of the following integrals: 
 

(i)  
   ( )

2

( ) 0 0

1 cos 2 ( ) 1 cos 2
cos ( )

2 2

x H H
n n

n
h x

z h u
z h dz dz du

  




  
    

 
 

 
0

0

sin 21 1

2 2 2

u H
u H

n

u n
u

u
u











              

 

 

1 1
sin(2 ).

2 4
n

n

H H


         (2) 

 

(ii)        
( )

( ) 0

2 cos ( ) sin ( ) 2 cos sin
x H

n n n n
h x

a z h z h dz a u u du


   


    

 
 

 
0 0

cos 2
sin 2 1 cos(2 ) .

2 2

u HH
n

n n

n nu

u a
a u du a H


 

 





       
  (3) 

 

(iii)    
( )

2 2 2 2

( ) 0

sin 2 ( ) sin 2
x H

n n
h x

a z h dz a u du


 


     

 

 
 

2
2

0 0

1 cos 2
1 cos 2

2 2

H H
n

n

u a
a du u du





      

 2 2 2 2

0

sin 2
sin(2 ).

2 2 2 2 4

u H

n

n

n n
u

ua a a a
H H H




 





 
     
  

   (4) 

Substituting Eqs.(2),(3),(4) into (1) we obtain 

 2

2 22 1 1ˆ ( ) sin(2 ) 1 cos(2 ) .
2 4 2

n n n
L

n n

a a a
Z z H H H 

 

         
  (5) 
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The above equation can be expressed in a form free of transcendental functions, by exploiting 

the dispersion relation and the following trigonometric identities  

 

 
 
 2

2 tan
sin 2

1 tan

n

n

n

H
H

H








,       (6) 

 
 
 

2

2

1 tan
cos 2

1 tan

n

n

n

H
H

H










,       (7) 

 
 
 

 
 

2 2

2 2

1 tan 2 tan
1 cos 2 1

1 tan 1 tan

n n

n

n n

H H
H

H H

 


 


   

 
.  (8) 

Thus, by substituting the dispersion relation into Eqs.(6) and (8), we obtain, respectively, 

 

 

0 0
0 0

22
0 00 0

2 2
0 0

2
2

0 0

( )( ) 22

sin 2
( )

1

n
n

nn

n

n

n

H

    

    


  

  




 





 
 

2
2 2 2

0 0 0 0

2 2
0 0

( )n n

n

     

  

  



  

   
   

   
 

2 2
0 0 0 00 0 0 0

2 2 2 2 2 24 222
0 0 0 00 00 0

2 2n nn n

n nnn

          

        

   
 

    
 

 

 

 
 
 
 

 
 

   
 

2 22 2
0 0 0 0

2 2
2 2

0 0 0 0

2 2 22 22
0 0 0 00 0

2 2
2 2

0 0 0 0

2 2

1 cos 2

1

n n

n n

n

n nn

n n

H

     

    


       

    

 

 
   

   


 

 

 
   

2 2
0 0

2 2 22
0 00 0

2 n

nn

  

    




  
 

Taking also into account that 
0

n

a



  we find the following formula 

       
  2

2 2 2 2 2
2 0 00 0 0 0

2 2 2 2 2 24 2
0 0 0 0

ˆ ( )
2 2

n n n

n
L

n n n n

H
Z z

       

      

   
  

  
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 
  

2

0 0 0

2 2 2 24 2
0 0 0 0n n

  

    




  
     (9) 

 

Notice that the factorization of the following expression is 

 

 
      

4 2 2 2 4 2 2 2 2 2 2
0 0 0 0 0 0 0 0

2 2 2 2 2 2 2 2 2 2
0 0 0 0 0

n n n n n

n n n n n

            

         

       

      
 

 

so the 2L norm of the eigenfunctions can be simplified as below 

 

           
  2

2 22 2 2 2 2 2 22
2 0 0 0 0 0 00 0 0 0

2 2 2 2 2
0 0

2
ˆ ( ) .

2

n n n nn

n
L

n n n

H
Z z

             

    

       


 

            (10) 

 

(b) Now, in case of n ni   we will construct again the 2L norm of the eigenfunctions 

 

   0ˆ ( ) cosh ( ) sinh ( )n n n

n

Z z z h z h


 


         
. 

 

By setting 0 / na   , we obtain  

 

   2

( ) 22

( )

ˆ ( ) cosh ( ) sinh ( )
x

n n n
L

h x

Z z z h a z h dz


 


         (11) 

 

The right hand side of Eq.(11) can be written as the sum of the following integrals: 

 

(i)  
   ( )

2

( ) 0 0

1 cosh 2 ( ) 1 cosh 2
cosh ( )

2 2

x H H
n n

n
h x

z h u
z h dz dz du

  




  
    

 
 

 
0

0

sinh 21 1

2 2 2

u H
u H

n

u n
u

u
u











              

 

 

1 1
sinh(2 ).

2 4
n

n

H H


         (12) 
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(ii)        
( )

( ) 0

2 cosh ( ) sinh ( ) 2 cosh sinh
x H

n n n n
h x

a z h z h dz a u u du


   


    

 
 

 
0 0

cosh 2
sinh 2 cosh(2 ) 1 .

2 2

u HH
n

n n

n nu

u a
a u du a H


 

 





 
     
 

  (13) 

 

(iii)    
( )

2 2 2 2

( ) 0

sinh 2 ( ) sinh 2
x H

n n
h x

a z h dz a u du


 


     

 

 
 

2
2

0 0

cosh 2 1
cos 2 1

2 2

H H
n

n

u a
a du u du





      

 2 2 2 2

0

sinh 2
sinh(2 ) .

2 2 2 4 2

u H

n

n

n n
u

ua a a a
H H H




 





 
     
  

   (14) 

Substituting Eqs.(12),(13),(14) into (11) we obtain 

 
2

2 22 1 1ˆ ( ) sinh(2 ) cosh(2 ) 1 .
2 4 2

n n n
L

n n

a a a
Z z H H H 

 

                 
 (15) 

The above equation can be expressed in a form free of transcendental functions, by exploiting 

the dispersion relation and the trigonometric identities  

 

 
 

 2

2 tanh
sinh 2

1 tanh

n
n

n

H
H

H








,       (16) 

 
 
 

2

2

1 tanh
cosh 2

1 tanh

n

n

n

H
H

H










,        (17) 

 
 
 

 
 

22

2 2

2 tanh1 tanh
cosh 2 1 1

1 tanh 1 tanh

nn

n

n n

HH
H

H H




 


   

 
  (18) 

By substituting the dispersion relation, which in this case is Eq.(9), into Eqs.(16) and (18), 

respectively, we obtain 

 

 

 

 

 0 0
0 0

22
0 00 0

2
2

0 0

2
2

0 0

22

sinh 2

1

n
n

nn

n

n

n

H

    

    


  

  



  
 




 

   

 

2 2
2 2

0 0 0 0

2
2

0 0

n n

n

     

  

   

 
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 
  

   

2
0 0 0 0

2 22 2
0 0 0 0

2
sinh 2

n n

n

n n

H
     


     

  


   

 

 

 

 

 

 

 

22
0 0

2
2

0 0

2

cosh 2 1

n

n

n H

  

  




 
 

   

 

2 22 2
0 0 0 0

2
2

0 0

n n

n

     

  

   

 

 
   

22
0 0

2 22 2
0 0 0 0

2
.

n

n n

  

     




   

 

 

Taking also into account that 
0

n

a



  we find the following formula 

   
   

 

   

2

2 2 22 2
2 0 0 0 0 00

2 2 22 2 2
0 0 0 0

22
0 0 0

2 22 2 2
0 0 0 0

ˆ ( )
2 2

2
.

2

n nn

n
L

n
n n n

n

n n n

Z z H
       

       

   

      

                     




 
      

 

 

The following factorization  

      
2 22 2 2 2 2 2 2 2

0 0 0 0 0 02 2n n n n n n           
 
         

, 

leads to 

 

        
  2

2 22 2 2 2 2 2 2 2
2 0 0 0 0 0 0 0 0 0 0

2 2 2 2 2
0 0

2
ˆ ( )

2

n n n n n

n
L

n n n

H
Z z

              

    

         


 
 

            (19) 

 

 

2.3b. Derivatives of the eigenvalues with respect to the endpoints  

Setting 
 0 0

2
0 0

( , ) tan( )
n

n n n

n

G H H
  

 
 


 


, the dispersion relation (7b), implicitly 

defining the function ( )n n H   is written in the form ( , ) 0.n nG H   The implicit 

function theorem implies that the derivative of n  with respect to H  has the following form  
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n

H n

H n

n

G

G



 


,          (1) 

where, 2sec ( )H n n nG H           (2) 
 

 
 

2
0 00 02

2 2
2

0 0
0 0

2
sec ( )

n

n

n n

n
n

H HG

   


     


   

 
.    (3) 

By substituting (10) into (9) we have 
 

 
 

2

2
0 00 02

2 2
2

0 0
0 0

sec ( )
.

2
sec ( )

n

H n n n

H n

n n

n

n
n

G H

G
H H



 


   


     


   

 
 

 

  (4) 

Recalling that  2 2sec ( ) 1 tann nH H    and using the dispersion relation (7b), we 

obtain  

 

   
 

2

2
0 00 02

2 2
2

0 0
0 0

1 tan ( )

2
1 tan ( )

n n

H n

n

n

n
n

H

H H

 


   


     


 


  

 

 

 

 
 

 
 

 
 

2 2
0 0

2
2

0 0

2 2 2
0 0 0 00 0

2 2 2
2 2

0 0
0 0 0 0

1

2
1

n

n

n

H n

n n

n
n n

H

  


  


      

       

           
  

            

 

 

In order to simplify the expression, we make the following algebraic manipulations 

 
 

 
 

 
 

 
 

  
 

 
 

2 22 2
0 0 0 0

2 2
2 2

0 0 0 0

2 22 22 2
0 0 0 0 0 00 0 0 0

2 2 2 2
2 2 2 2

0 0 0 0 0 0 0 0

2

n n

n

n n

H n

n nn n

n n n n

H

     


     


            

           

             
  

                
 

   

 

2 22 3
0 0 0 0

2
2

0 0

n n n

n

H n

      

  


  


  

        

 

2 22 2 2 2
0 0 0 0 0 0 0 0 0 0

2
2

0 0

2n n n n

n

H H             

  

       


 

Thus, we result in  
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   
        

2 2 32
0 00 0

2 2 2 2 22
0 0 0 0 0 0 0 00 0

.

2

n nn

H n

n n nn
H H

     


            

  
 

       
 (5) 

 

The derivatives of n  with respect to   and h  are trivially obtained from H n , since 

n H n H nH          and similarly h n H n h H nH        . 

 

We present the derivative of n with respect to h , since the derivative of n with respect to 

  is also given by Eq.(5) 

   
        

2 2 32
0 00 0

2 2 2 2 22
0 0 0 0 0 0 0 00 0

.

2

n nn

h n

n n nn
H H

     


            


  
 

       
 (6) 

 

 

2.4 Comparison of the general variation formula for the eigenvalues with respect to the  

boundary points with the corresponding analytical solution in the case of constant- 

coefficient problem  

 

Now we are going to apply the formulas of the variation of the eigenfunctions with respect to 

the endpoints, which is proved in Section 2.1 to the special constant-coefficient problem. 

Next, we will compare them to the formulas of Section 2.3b which were derived by 

straightforward differentiation.  

 

2.4a The derivative of the eigenvalues with respect to the endpoint -h  
 

In order to compare the formulas we are going to distinguish two different cases 

1) Case 0n  . 

Recall that the Sturm-Liouville problem is the following 
 

2 2( ) ( ) 0,z n n nZ z Z z h z             (1) 
 

0[ ( ) ] 0n z n zB Z Z
            (2a) 

 

0[( ) ] 0h n z n z hB Z Z            (2b) 

 

Recall also that the eigenfunctions nZ  take the form 

   0
( ) cos ( ) sin ( )n n n

n

Z z M z h z h


 


         
     (3a) 

or 

   0ˆ ( ) cos ( ) sin ( )n n n

n

Z z z h z h


 


         (3b) 

As we proved in Section 2.1, when we applied the variation formulas to the problem with the 

differential equation in the standard Liouville normal form, the variation of the eigenvalues 

n , with respect to the endpoint a  has the form 
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   
2 2

2

( ) ( ) ( ) ( )( ) n n nn

n

Z a Z a Q a ad a

da Z

   
 .      (4) 

Therefore, in terms of the BVP (1)-(2), Eq.(4) becomes 
 

2

2 2 2
( )

( ) ( ) ( )
( )

n

n n n

d h
Z h Z h

d h





   


  ,       (5) 

where

2

ˆ ( )
( )

ˆ ( )

n

n

n
L

Z z
Z z

Z z



 
Taking into account the above expression for nZ , Eq.(5) takes the form 

2 2 2 2

2 2 2 2 2
02

2 2 2 2

ˆ ˆ( ) ( ) ( ) ( )

( ) ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

n n n n

n

n n n n
L L L L

d h Z h Z h

d h Z z Z z Z z Z z

  


  
   


.  (6) 

Substituting the 2L  norm of the eigenfunctions, which is given in Section 2.3a, into Eq.(6) 

we have 

   
           

2
2 2 2 2 22

0 0

2 22 2 2 2 2 2 22
0 0 0 0 0 00 0 0 0

2( )

( ) 2

n n nn

n n n nn

d h

d h H

    

             

 
 

        

 

Our next step is to simplify the above complicated fraction. For this purpose we work 

separately with the denominator, denoted by D , of the above fraction in order to simplify the 

expression for the derivative. Consider first the following part of the denominator:  

       
22 2 22

2 0 0 0 0 00 0 0
2n nn

D                . 

Extracting  0 0   as common factor, performing simple algebraic manipulations, and 

factorizing once again, we find  

      

 
 

     
   

2 2 22
2 0 0 0 0 00 0 0

2

2 3
00 0 0

2 2
00

3 2 2 24 2 2
0 0 00 0 0 0 0 0 0

0 0

0 0

2

24

0 0 0

2
0

2 22
0

2 2
0

0

0

2

2 2

.

n nn

n nn n n

n n

nn

n

n

n n

D          

             

 

 

    

    

 

 

 

  

         
          
       
    

 

 





 




 

Thus, the denominator takes the form  
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       
       

2
2 2 2

1 2 0 0 0 0 0

2 2 2 2
00

2 2 2 2
0 0

2 2 2
0 0 0 0 0

.

n n

n n

n n

n n

D D D H

H

        





        

        

       
 

 (7)

 

 

and the expression of the derivative takes the form 
 

   
       

2
2 2 2 2 22

0 0

2 2 2 2 2 2 2
0 0 0 00 0 0

2( )

( )

n n nn

n n n n

d h

d h H

    

         

 


         

   (8) 

 

We need the first derivative of n in order to compare the formula to this we calculated in the 

previous Section. Hence, we use the following derivation rule 
 

2 ( ) ( )
2

( ) ( )

n n

n

d h d h

d h d h

 


 


 
 

and we have 

 

   
     

2 2 2 2
0 0

2 2 2 2 2
0 0 00 0 0

( )

( )

n n nn

n n n

d h

d h H

    

       

 


     
   (9) 

 

By using the equation 

      
2 2 2 2 2 2 22

0 0 0 00 0 n n nn
               , Eq.(9) yields 

 

   
      

2 2 32
0 00 0

2 2 22 2
0 0 0 00 0 0 0

( )

( )

n nnn

nn n

d h

d h H H

     

         

  


      
  (10) 

 

Eq.(10) should be equal to the following formula which was calculated in Section 2.3b 

 

   
        

2 2 32
0 00 0

2 2 2 2 22
0 0 0 0 0 0 0 00 0

.

2

n nn

h n

n n nn
H H

     


            


  
 

       
 (11) 

 

In order to prove that the two derivatives are equal we work separately with the term 

    2 2
0 0 0 0 0 02n n           of the denominator of the right hand side of Eq.(11) 

    2 2 2 2 2 2 2 2
0 0 0 0 0 0 0 0 0 0 0 0 0 02 2 2n n n n n n                               

   2 2 2 2 2
0 0 0 0 0 0 0 0 0 0 0 0n n n                        
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  2
0 0 0 0

.
n

        

Thus, we conclude that expressions (10) and (11) are identical, which was the desired result. 

 

2) Case 2 2 0n n     

, 0.n n ni   
 

In this case, the BVP takes the form 

2 2( ) ( ) 0,z n n nZ z Z z h z             (1) 

0[ ( ) ] 0n z n zB Z Z
            (2a) 

0[( ) ] 0h n z n z hB Z Z            (2b) 

The general solution of Eq. (1) is given by  

 

   0ˆ ( ) cosh ( ) sinh ( )n n n

n

Z z z h z h


 


         (3) 

By utilizing Eq.(4) from the previous case, the formula for the derivative, in terms of the 

certain BVP takes the form 
 

2

2 2 2
( )

( ) ( ) ( )
( )

n

n n n

d h
Z h Z h

d h


 

    


      (4) 

where

2

ˆ ( )
( )

ˆ ( )

n

n

n
L

Z z
Z z

Z z

  

By substituting nZ , Eq.(7) takes the form 
 

2 2

2 2 2

2

2 2

ˆ ˆ( ) ( ) ( ) ( )

( ) ˆ ˆ( ) ( )

n n n

n

n n
L L

d h Z h Z h

d h Z z Z z




  
   


 

 

        

2 2

2

0
2

0 2

2 2

cosh sinh
sinh cosh

ˆ ˆ( ) ( )

n n
n n n n

n

n n
L L

H H
H H

Z z Z z


 

    


        
     

 

       

2

2 2 2 2 2 2 2 2
0 0

2

sinh cosh cosh sinh

ˆ ( )

n n n n n n

n
L

H H H H

Z z

          
  

 



40 
 

         
2

2 2 2 2 2 2
0

2

cosh sinh cosh sinh
.

ˆ ( )

n n n n n

n
L

H H H H

Z z

        
   (5) 

The trigonometric identity    2 2cosh sinh 1n nH H    implies 

 

2

2 22
0

2

( )
.

( ) ˆ ( )

nn

n
L

d h

d h Z z

   



        (6) 

 

The 2L  norm of the eigenfunctions is given by 

 

           
  2

2 22 2 2 2 2 2 2 2
2 0 0 0 0 0 00 0 0 0

2 2 2 2 2
0 0

2
ˆ ( ) .

2

n n n n n

n
L

n n n

H
Z z

             

    

        


 

 

Hence, Eq.(6) becomes 

   
           

2
2 2 2 2 22

0 0

2 22 2 2 2 2 2 2 2
0 0 0 0 0 00 0 0 0

2( )
.

( ) 2

n n nn

n n n n n

d h

d h H

    

             

 
 

         
 

            (7) 

The factorized expression of the denominator of the above fraction, denoted by D, is the 

following which is attempted in the same way as in the first case 

        2 2 2 2 2 2 2
0 0 00 0 0 0

.n n n nD H         
 

          
  (8) 

By substituting Eq.(8), into Eq.(7), we have 

   
        

2
2 2 2 2 22

0 0

2 2 2 2 2 2 2
0 0 00 0 0 0

2( )
.

( )

n n nn

n n n n

d h

d h H

    

         

 


          

   (9) 

 

As in the previous case, we use the following derivation rule, in order to find the formula for 

the first derivative of n  with respect to h  

2 ( ) ( )
2

( ) ( )

n n

n

d h d h

d h d h

 


 


 
 

and we obtain 
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   
        

2
2 2 2 2
0 0

2 2 2 2 2 2 2
0 0 00 0 0 0

( )
.

( )

n n nn

n n n n

d h

d h H

    

         

 


          

 (10) 

Notice that the Eq. (10) can be reduced to 

  
      

2 2 2 2
0 0

2 2 2 2 2
0 0 00 0 0

( )
.

( )

n n nn

n n n

d h

d h H

    

       

 


     
   (11) 

Recall that n ni   

  
      

2 2 2 2
0 0

2 2 2 2 2
0 0 00 0 0

( )
.

( )

n n nn

n n n

d h

d h H

    

       

 
 

     
   (12) 

The above derivative should be the same with the following formula which was derived in 

Section 2.3b 

   
        

2 2 32
0 00 0

2 2 2 2 22
0 0 0 0 0 0 0 00 0

( )
.

( ) 2

n nnn

n n nn

d h

d h H H

     

            

  


        
 (13)  

Notice that the factorization of the two following expressions is 

      
2 2 2 2 2 2 22

0 0 0 00 0 n n nn
                

          2 2 2 2
0 0 0 0 0 0 0 0 0 00 0 0 0

2n n n n
                           

which allow as to conclude that the Eqs. (12) and (13) are equal. 

 

 

2.4b The derivative of the eigenvalues with respect to the endpoint η  

As in the previous Section we are going to distinguish two different cases 
 

 (1)  Case 2 0n   
 

Recall that the eigenfunctions nZ  of the BVP (1)-(2) of the previous section take the form 

   0
( ) cos ( ) sin ( )n n n

n

Z z M z h z h


 


         
     (1a) 

or 

   0ˆ ( ) cos ( ) sin ( )n n n

n

Z z z h z h


 


         (1b) 
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As we proved in Sec.2.1, in Application of the variation formulas to the problem with the 

differential equation in the standard Liouville normal form, the variation of the eigenvalue n

, with respect to the endpoint b  has the form 

   
2 2

2

( ) ( ) ( ) ( )( ) n n nn

n

Z b Z b Q b bd b

db Z

   
 .     (2) 

Which in terms of the BVP (1)-(2) of Sec. 2.4a is given by 
 

 
2

2 2 2
( )

( ) ( ) ( )
n

n n n

d
Z Z

d

 
  


    ,      (3) 

where

2

ˆ ( )
( )

ˆ ( )

n

n

n
L

Z z
Z z

Z z

 . 

 

By substituting nZ , Eq.(3) takes the form 
 

2 2

2 2 2

2

2 2

ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ( ) ( )

n n n

n

n n
L L

d Z Z

d Z z Z z

   




            

 

 

        

2 2

2

0 22

0

2 2

cos sin
sin cos

ˆ ˆ( ) ( )

n n n
n n n n

n n
L L

H H

Z z Z z


  

    
 

                              

 

 

        

2

2
2

0 2
0

2

sin cos cos sin

.
ˆ ( )

n n n n n n

n

n
L

H H

Z z


      


 

         
   

 

The first and the second terms of the numerator are expanded as  

 

         
         

2 2 2 2 2
0 0

2 2 2 2 2 2
0 0

sin cos 2 sin cos ,

cos sin 2 sin cos ,

n n n n n n

n n n n n n n

H H H H

H H H H

       

        

  

  




 

 

leading to  

 

2

2 2 2
0

2

( )

( )

n n

n L

d

d Z z

   




 .        (4) 
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Recall that, the 2L  norm of the eigenfunctions is given by 
 

           
  

2

2

2 22 2 2 2 2 2 22
0 0 0 0 0 00 0 0 0

2 2 2 2 2

0 0

ˆ ( )

2
.

2

n L

n n n nn

n n n

Z z

H              

    



       


 

 

Using the above equation, the derivative of 2
n with respect to the endpoint   is expressed by 

the following complicated fraction: 

   
           

2
2 2 2 2 22

0 0

2 22 2 2 2 2 2 22
0 0 0 0 0 00 0 0 0

2( )
.

2

n n nn

n n n nn

d

d H

     

              

 


       
   (5) 

 

The denominator of the above fraction, denoted by D, can be equivalently written as  

       2 2 2 2 2 2 2
0 0 0 00 0 0n n n n

D H                  
.     (6) 

 

Combining now Eqs. (5) and (6), we obtain  

  
     

2 2 2 2 22
0 0

2 2 2 2 2
0 0 00 0 0

2( ) n n nn

n n n

d

d H

     

        

 
 

    
.   (7) 

To compare this formula of the derivative to this was calculated in previous Sec.2.3b, we need 

to find the first derivative of n  with respect to  , ( ) /nd d   . For this purpose, we use the 

formula  

2 ( ) ( )
2

n n

n

d d

d d

   


 
 , 

from which we obtain 

  
     

2 2 2 2
0 0

2 2 2 2 2
0 0 00 0 0

( ) n n nn

n n n

d

d H

     

        

 
 

    
.    (8) 

Using the following equation 

      
2 2 2 2 2 2 22

0 0 0 00 0 n n nn
               , Eq. (8) becomes 

   
      

2 2 22
0 00

2
0 0 0

2 2 32
0 00

00

0( ) n nn

n

n

nnHd H

d

 

 

   

     

    


  

  

 
 (9) 
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The above derivative should be the same with the following formula which was calculated in 

Sec.2.3b 

   
        

2 2 2

2 2 32
0 00 0

2 2
0 0

2
0 00 0 00 0 0

( )
.

2nn

n

n n

n nnd

Hd H

 

    

  

    

  

   


   

 

 


 (10) 

By using the equation 
 

       2 2 2
0 0 0 0 0 0 0 0 0 0

2 ,n n n
                    

 

We conclude that Eqs.(9) and (10) are the same, which was the desired result. 

 

 (2)  Case 2 2 0 , 0n n n n ni          

Recall that in this case, the BVP takes the form 

2 2( ) ( ) 0,z n n nZ z Z z h z             (1) 

0[ ( ) ] 0n z n zB Z Z
            (2a) 

0[( ) ] 0h n z n z hB Z Z            (2b) 

The eigenfunctions are given by 

 

   0ˆ ( ) cosh ( ) sinh ( )n n n

n

Z z z h z h


 


         (3) 

By recalling Eq.(3) of the first case, the expression of the derivative of 2
n  has the form 

 

2

2 2 2
( )

( ) ( ) ( )
n

n n n

d
Z Z

d

 
  


           (4) 

where

2

ˆ ( )
( )

ˆ ( )

n

n

n
L

Z z
Z z

Z z

  

 

By substituting nZ , Eq.(4) takes the form 

 

2 2

2 2 2

2

2 2

ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ( ) ( )

n n n

n

n n
L L

d Z Z

d Z z Z z

   





    
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        

2 2

2

0
2

0 2

2 2

cosh sinh
sinh cosh

ˆ ˆ( ) ( )

n n
n n n n

n

n n
L L

H H
H H

Z z Z z


 

    


        
    

 

       

2

2 2 2 2 2 2 2 2
0 0

2

sinh cosh cosh sinh

ˆ ( )

n n n n n n

n
L

H H H H

Z z

         
  

 

         
2

2 2 2 2 2 2
0

2

cosh sinh cosh sinh
.

ˆ ( )

n n n n n

n
L

H H H H

Z z

       
  

 

From the trigonometric identity    2 2cosh sinh 1n nH H    we derive 

2

2 2 2
0

2

( )
.

ˆ ( )

n n

n
L

d

d Z z

   




          (5) 

 

The 2L  norm of the eigenfunctions is given by 

 

           
  2

2 22 2 2 2 2 2 2 2
2 0 0 0 0 0 00 0 0 0

2 2 2 2 2
0 0

2
ˆ ( ) .

2

n n n n n

n
L

n n n

H
Z z

             

    

        


 

 

Hence, Eq.(5) becomes 

   
           

2
2 2 2 2 22

0 0

2 22 2 2 2 2 2 2 2
0 0 0 0 0 00 0 0 0

2( )
.

2

n n nn

n n n n n

d

d H

     

              

 


        
(6) 

The factorized form of the denominator of the above fraction, denoted by D , is the following, 

        2 2 2 2 2 2 2
0 0 00 0 0 0n n n nD H         

 
          

.  (7) 

Combining Eqs. (6) and (7) we obtain  

   
        

2
2 2 2 2 22

0 0

2 2 2 2 2 2 2
0 0 00 0 0 0

2( )
.

n n nn

n n n n

d

d H

     

          

 


 
         

 (8) 

We use the following derivation rule, in order to find the formula for the first derivative of 

n  with respect to   
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2 ( ) ( )
2 .

n n

n

d d

d d

   


 
  

Hence, Eq.(8) becomes 

   
        

2
2 2 2 2
0 0

2 2 2 2 2 2 2
0 0 00 0 0 0

( )
.

n n nn

n n n n

d

d H

     

          

 


 
         

 (9) 

Notice that  2 2
0 n  is common factor of the numerator and the denominator of the above 

fraction. Therefore, Eq.(9) can be reduced to 

  
      

2 2 2 2
0 0

2 2 2 2 2
0 0 00 0 0

( )
.

n n nn

n n n

d

d H

     

        

 
 

    
   (10) 

Recall that n ni  and Eq.(10) takes the form 

  
      

2 2 2 2
0 0

2 2 2 2 2
0 0 00 0 0

( )
.

n n nn

n n n

d

d H

     

        

 
 

    
   (11) 

The above derivative should be the same with the following formula of Sec.2.3b 

   
        

2 2 32
0 00 0

2 2 2 2 22
0 0 0 0 0 0 0 00 0

( )
.

2

n nnn

n n nn

d

d H H

      

             

  


       
 (12)  

 

Notice the factorization of the two following expressions  

      
2 2 2 2 2 2 22

0 0 0 00 0 n n nn
                

          2 2 2 2
0 0 0 0 0 0 0 0 0 00 0 0 0

2n n n n
                           

which yields to the fact that Eqs. (11) and (12) are equivalent. 

 

 

2.5 Preamble about the problem of variation of eigenfunctions 
 

Consider the regular Sturm-Liouville BVP in the standard Liouville normal form 

 2 ( ) ( ) ( ) 0,z n n nZ z Q z Z z a z b      ,     (1) 

0( ) ( ) 0b
n z n nB Z Z b Z b    ,      (2a) 
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0( ) ( ) 0a n z n nB Z Z a Z a    .      (2b) 

 

Assume that the eigenvalues and the eigenfunctions,  
 

0 0[ ( ), , ]n n Q             (3a) 

 0 0( ) [ ( ), , ]( )n nZ z Z Q z   ,        (3b) 

of the problem are known. Assume further that each datum of the problem is perturbed as 

follows 
 

( ) ( ) ( ) ( )Q z Q z Q z Q z   , 

0 0 0 0      , 

0 0 0 0      ,  

 

where 0 0( ), ,Q z    are small quantities, formally considered as first-order infinitesimals. 

Note that the smallness of the function ( )Q z  should be eventually measured by an 

appropriate norm. Under the above perturbation of the data of the problem, the eigenvalues 

and the eigenfunctions are also changed,  
 

n n n n       ,         (4a) 

( ) ( ) ( ) ( )n n n nZ z Z z Z z Z z   .       (4b) 
 

According to the Continuity Theorem of the eigensystem , ( )n nZ   with respect to the 

data  0 0( ), ,Q    (see Q. Kong & A. Zettl , 1996, Theorem 3.1, Lemma 3.1), we can 

consider that the variations n  , ( )nZ z  are small, since the variations of the data 

0 0( ), ,Q z    were assumed small. Recall further, that the variation of each eigenvalue,

n  , has been explicitly expressed in terms of the variation of the data; see Section 2.2 (see 

also Q.Kong& A. Zettl , 1996, Theorem 4.2.).  

 

The variation of eigenvalues n  , has the following form: 

2
2 2

0 0
ˆ ˆ ˆ( ) ( ) ( ) ( )

b

n n n n

a

Z z Q z dz Z a Z b           (5) 

where 
( )

ˆ ( )
( )

n

n

n

Z z
Z z

Z z
 . 

 

Our goal herein (in Chapter 4) is to quantify the variation of each eigenfunction, ( )nZ z , by 

relating it explicitly with the variations of the data. That is, to calculate the functional 

derivative of 0 0[ ( ), , ]( )nZ Q z   with respect to 0 0( ), ,Q   . For this purpose, we 

formulate the perturbed problem,  
 

 2 ( ) ( ) ( ) 0,z n n nZ z Q z Z z a z b        ,    (5) 
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0( ) ( ) 0b
n z n nB Z Z b Z b      ,       (6a) 

0( ) ( ) 0a n z n nB Z Z a Z a      ,       (6b) 
 

from which we obtain a non-homogeneous BVP for the variation ( )nZ z .Using Eqs. (4a,b), 

Eq. (5) becomes 
 

    2 ( ) ( ) ( ) ( ) ( ) ( ) 0z n n n n n nZ z Z z Q z Q z Z z Z z              

   
   

22 ( ) ( ) ( )

( ) ( ) 0.

( ) ( ) ( )

( ) ( )

z n nz n n

nn n

n

n

nZ z Q z ZZ z Q z

Q z Z z Q z

z

Z

Z

z

z



  

   

      

  




 

 

The sum of the red terms is zero, because they satisfy Eq.(1); the blue term can be neglected, 

since it is of second order. Thus, we obtain the following differential equation for ( )nZ z : 

 

   2 ( ) ( ) ( ) ( ) ( )z n n n n nZ z Q z Z z Q z Z z          .   (7) 

 

By substituting ( ) ( )n n nZ Z z Z z  and 0 0 0     into Eq.(6a), we obtain 

 

    0 0( ) ( ) ( ) ( ) 0z n n n nZ b Z b Z b Z b           

00 00( ) ( )( ) ( ) ( 0)) (z z nn nn nnZ ZZ b Z b bb Z b Z b          . 

 

Again, the sum of the red terms is zero because of the boundary condition (2a), and the blue 

term is omitted as a second order term. Hence, we obtain 
 

0 0( ) ( ( )) ( ( )) ( )b
n z n n nB Z Z b Z b Z b        .    (8a) 

 

Working similarly with the boundary condition (6b), we obtain 
 

0 0( ) ( ( )) ( ( )) ( )a n z n n nB Z Z a Z a Z a        .    (8b) 

 

Therefore, ( )Z z satisfies the inhomogeneous problem (7)-(8). 

In order to solve the BVP (7)-(8) we need to apply the theory for non-homogeneous BVPs. 

Hence, the following chapter presents the theory we need to find the variation of the 

eigenfunctions with respect to the coefficients. 

 

3. Green’s Function and the non-homogeneous boundary-value problem (
1
) 

 

This Chapter includes the presentation of the developed theory which is widely used to solve 

non homogeneous BVPs. At first we are going to construct Green’s Function and then to 

express the solution of the NHBVP. The later theory will be applied in Chapter 4 in order to 

solve the variational problem of the eigenfunctions. 
 

Consider the boundary value problem (BVP)  
 

                                                           
(

1
)  Main references used in writing this chapter include Stakgolt I., M. Holst 2011 pp.193-196 ,. Ince E.L, 1956, 

pp.255-256 and Stone &Goldbart, 2009, Sec.5.2 . 
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 [ ] ( ) ( ) ( ) ( ) ( ) ( ) ( ),u x p x u x q x u x u x x a x b         L , (1) 

0[ ] ( )( ) ( ) 0a u pu a u a  B ,       (2a) 

0[ ] ( )( ) ( ) 0b u pu b u b  B ,       (2b) 
 

under the standard assumptions on the coefficient functions ( ), ( )p q  and the constants 0 ,

0 . In Eq. (1), ( )x   is the Dirac (generalized) function, which requires the differential 

equation (1) to be considered in the sense of generalized functions. Nevertheless, a classical 

treatment, based only on the following two formal properties of the Dirac function,  
 

 ( ) 0, forx x     and ( ) 1

x d

x d

x dx





 





 

 

     (3a,b) 

 

is possible, as we shall see in the sequel. In Eq. (3b), d  and d   are positive numbers. 

 

The solution of the BVP (1), (2), if it exists, is denoted by ( , ; )G x    and is called the Green 

Function of the problem (1), (2).  
 

According to Eq. (3a), the differential equation (1) implies  
 

 
,

( ) ( , ; ) ( ) ( , ; ) ( , ; ) 0, for and

.

a x

p x G x q x G x G x

x b



      



         

  (4)  

 

Thus, if 1 1 2 2( ) ( ; ), ( ) ( ; )u x u x u x u x    are two linearly independent solutions of the 

homogeneous version of Eq. (1), Green’s function ( , ; )G x   , should it exists, will be given 

by the expression  
 

1 1 2 2

1 1 2 2

( , ; ) ( ) ( ) ( ) ( ), ,
( , ; )

( , ; ) ( ) ( ) ( ) ( ), .

G x a u x a u x a x
G x

G x b u x b u x x b

    
 

    





         
 (5) 

 

Note that, all functions , ,i i ia b u  are also dependent on  . The construction of the Green 

function will be accomplished if we are able to calculate the four quantities ( ), ( )i ia b  , 

1, 2i  , in a way ensuring that Eqs. (1) – (2) are satisfied.  

 

Equation (4) is identical to Eq. (1) for x  . To complete the treatment of Eq. (1), we have 

to capture the effect of ( )x   when x  lies in the vicinity of  .In order to avoid 

considerations of generalized functions theory, we integrate Eq. (1) from x     to 

x    , where 0   (and sufficiently small), taking into account the property (3b). This 

yields 
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( , ; )
( ) ( ( )) ( , ; ) 1

dG x
p x q x G x dx

dx

 
 

 
 

 
  






 
    
    .   (6) 

 

Recalling that ( )q x  is continuous in [ , ]a b  (and thus at x  ), and assuming that ( , )G x   

is continuous, 
 

 ( 0, ; ) ( 0, ; )G G        ,       (7)  
 

we conclude that  
 

 
0

lim ( ( )) ( , ; ) 0q x G x dx

 



 

  






  .  

 

Then, Eq. (6) implies  
 

 
0

( , ; )
lim ( ) 1

dG x
p x

d x

 


 

 





 
    

,  

 

which, on the basis of the continuity of ( )p x , is equivalent to 
 

( 0, ; ) ( 0, ; ) 1

( )

dG dG

dx dx p

     



 
  .     (8) 

 

Eq. (8) shows that, if ( , ; )G x    exists, its first derivative at x  must have a jump 

discontinuity of magnitude 1/ ( )p  .Of course, if the Green function exists, it has to satisfy 

the boundary conditions (2), which, according to Eq. (5), implies  
 

0( ) ( , ; ) ( , ; ) 0p a G a G a        ,      (9) 

 

0( ) ( , ; ) ( , ; ) 0p b G b G b        .      (10) 
 

Now, we have at our disposal four equations, namely, Eqs. (7) - (10), for the determination of 

the four quantities ( ), ( )i ia b  , 1, 2i  , which, hopefully, can provide the values of the 

latter. Let us write these equations in explicit form. Eqs. (7) and (8), in conjunction with Eq. 

(5), lead to  
 

1 1 2 2 1 1 2 2( ) ( ) ( ) ( ) 0a u a u b u b u       ,  

 

1 1 2 2 1 1 2 2

1
( ) ( ) ( ) ( )

( )
a u a u b u b u

p
   


        ,   

or 

    1 1 1 2 2 2( ) ( ) 0a b u a b u     ,      (11a)  

 

   1 1 1 2 2 2

1
( ) ( )

( )
a b u a b u

p
 


      .    (11b)  
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The determinant 
1 2

1 2

( ) ( )

( ) ( )

u u

u u

 

  
 is the Wronskian  1 2,W u u . Since 1 2,u u  are two linearly 

independent solutions of Eq. (1),  1 2, 0W u u   for any [ , ]a b   and, thus, the system 

(11) is uniquely solvable with respect to 1 1a b and 2 2a b :  
 

 
 

2

1 1

1 2

( ) / ( )

,

u p
a b

W u u

 
  ,  

 
1

2 2

1 2

( ) / ( )

,

u p
a b

W u u

 
   .         (12a,b)  

 

Consider now the couple of Eqs. (9) and (10). Using Eq. (5), these two equations can be 

written in the form  
 

   
   

1 1 0 1 2 2 0 2

1 1 0 1 2 2 0 2

( ) ( ) ( ) ( ) ( ) ( ) 0,

( ) ( ) ( ) ( ) ( ) ( ) 0,

a p a u a u a a p a u a u a

b p b u b u b b p b u b u b

 

 

    

    
 

or 

 1 1 2 2[ ] [ ] 0a aa u a u B B ,                 (13a)  

 1 1 2 2[ ] [ ] 0b bb u b u B B .                 (13b)  
 

Note that these two equations do not form a system, since each one of them contains two 

different unknowns. However, combining Eqs. (13) withEqs. (12), we are able to find all 

coefficients and, thus, the Green function. To proceed with we have to consider two distinct 

cases. 
 

3.1. Construction of Green’s Function when λ  is not an eigenvalue ( )n   

Assume first that   is not an eigenvalue ( n  ). Then, neither of solutions 1u 

1 ( ; ) ,u x  2 2 ( ; )u u x   can satisfy both BCs (2a,b). On the other hand, we always 

consider that a solution (either 1u or 2u ) satisfies one of the BCs (2a,b) (2). Accordingly, 

without loss of generality, we can assume  
 

 
1 1

2 2

[ ] 0 , [ ] 0,

[ ] 0 , [ ] 0.

a b

a b

u u

u u

 

 

B B

B B
       (1)  

 

In this case, Eq. (13a) of Section 3implies 2 0a   and Eq. (13b) implies 1 0b  . Then, Eqs. 

(12) of Section 3 result in  
 

 
   

2 1

1 2

1 2 1 2

( ) / ( ) ( ) / ( )
,

, ,

u p u p
a b

W u u W u u

   
  .      (2)  

 

Substituting the values of the coefficients 1 2 1 2, , ,a a b b , found above to Eq. (5) of the 

previous Section, we obtain  

                                                           
(2

)  Since each solution of Eq. (1) is identified by specifying initial values for the function its derivative, we can 

always chose a solution, say 
1
( )u x , such that 

1
( )u a  and 

1
( )u a  satisfy 1 0 1( ) ( ) ( ) 0p a u a u a   .  
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 

 

1 2

1 2

1 2

1 2

( ; ) ( ; )
( , ; ) , ,

( ) , ;
( , ; )

( ; ) ( ; )
( , ; ) , .

( ) , ;

u x u
G x a x

p W u u
G x

u u x
G x x b

p W u u

  
  

 
 

  
  

 





       

  (3)  

 

Notice that Green’s function in this case, is symmetric with respect to its arguments. Thus, 
 

( , ; ) ( , ; )G x G x    .        (4) 

 

 

3.2 Solution of non-homogeneous problem when   is not an eigenvalue ( n  ) 

 

Consider now the non-homogeneous BVP with general excitation [ , ]g C a b in the 

differential equation, under the assumption that   is not an eigenvalue: 
 

 [ ] ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,

,

u x Lu x u x p x u x q x u x u x g x

a x b

       

 

L
,  (1) 

0[ ] ( ) ( ) ( ) 0a u p a u a u a  B ,       (2a) 

0[ ] ( ) ( ) ( ) 0b u p b u b u b  B .       (2b) 

 

In this case, Green’s function is well and uniquely defined, see Eq. (3) of Section 3.1, and it 

will be exploited to construct the solution of the above problem. For this purpose, we first 

recall Green’s Identity for the operator [ ]uL : 

 

 

 

( ) [ ] ( ) ( ) [ ] ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

b

a

b

b

a

a

x u x u x x d x

x Lu x u x L x d x x pu x u x p x

  

   

 

      





L L

. (3) 

 

Assume now that there exists a 2C  function ( )u x satisfyingEqs. (1) and (2), that is a 

classical solution of our BVP, and apply Green’s identity (3) to the functions 

( ) ( ; )u x u x  and ( , ; )G x   . Since both functions satisfy the boundary conditions, the 

right-hand side of Eq. (3) becomes zero, and thus we have  

 ( , ; ) [ ] ( ) ( ) [ ( , ; ) ] ( ) 0

b

a

G x u x u x G x d x      L L .  (4) 

Taking into account that ( )u x satisfies the equation [ ] ( ) ( )u x g x L , and ( , ; )G x    

satisfies the equation [ ( , ; ) ] ( ) ( )G x x     L , Eq.(4) results in 
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 ( , ; ) ( ) ( ; ) ( ) 0

b

a

G x g x u x x d x       .    (5) 

The linearity of the definite integral and the reproducing property of the   function,  

( ) ( ) ( )

b

a

f x x d x f    , 

imply ( , ; ) ( ) ( ; ) 0
b

a
G x g x dx u     , from which we obtain  

 

( ; ) ( , ; ) ( ) ( , ; ) ( )
b b

a a

u x G x g d G x g d           .  (6) 

 

The substitution of ( , ; )G x  by ( , ; )G x   , in the rightmost equation above is justified by 

the symmetry of Green function with respect to its arguments; see Eq. (4) of Section 3.1.  

 

The solution given by Eq. (6) has been based on the assumption that such a solution exists 

(the analysis part of the proof of existence). Now we proceed to the justification of the 

assumption of the existence, by proving that the function ( ; )u x  , as defined by Eq. (6), is 

indeed a solution. 

 

Theorem 1.When   is not an eigenvalue, the function ( ; )u x  , as defined by Eq. (6), is a 

solution to the nonhomogeneous BVP (1), (2), for any given excitation [ , ]g C a b .  ■  
 

Remark. Before proving the above Theorem 1, we note that the whole procedure (including 

the derivation of Eq. (6)) can be considered as an existence theorem, constructed by the 

scheme [analysisconstructionproof/justification]. Theorem 1 refers to the last step.  
 

Proof: Observe first that the Green function ( , ) ( , ; )x G x   , as defined by Eq. (3) of 

Section 3.1, is continuous on [ , ] [ , ]a b a b , and it has continuous first and second 

derivatives in the domain  [ , ] [ , ] ( , ) , [ , ]a b a b a b     . At x  , there exist the 

unilateral limits  
2 2

2 2

( , ; ) ( , ; ) ( , ; ) ( , ; )
lim , lim , lim , lim

x x x x

G x G x G x G x

x x x x   

       

       

   
   

.  

Thus, for any [ , ]x a b , the integrals  

( , ; ) ( ) , ( , ; ) ( )
x b

a x

G x g d G x g d
 

 

       
 

 
   

can be differentiated with respect to x , at least two times. Taking these facts into account, we 

proceed with the calculation of the first and second derivatives of the function ( ; )u x  , as 

defined by Eq. (6).  
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( ; )
( , ; ) ( )

( , ; ) ( ) ( , ; ) ( )

b

a

x b

a x

d u x
G x g d

d x x

G x g d G x g d
x





 

 


   

       





 

 


 



           



 
 

( , ; ) ( ) ( , ; ) ( )
x b

a x

G x g d G x g d
x x

 

 

       
 

 

 
 

   .  

 

Since ( ; )u x  has two branches, see Eq. (3), Section 3.1, we substitute the appropriate branch 

into each integral, and then we apply Leibnitz’s rule of differentiation of integrals:  
 

( ; )
( , ; ) ( ) ( , ; ) ( )

x b

a x

d u x
G x g d G x g d

d x x x

 

 


       

 

 
 

 
  

    

( , ; )
( , 0 ; ) ( ) ( )

( , ; )
( , 0 ; ) ( ) ( ) .

x

a

b

x

G x
G x x g x g d

x

G x
G x x g x g d

x









 
  

 
  

 









 


  




  






 

 

The continuity of ( , ; )G x    at x   implies that ( , 0; ) ( , 0 ; ) 0G x x G x x     

,and thus, the first derivative of ( ; )u x  is given by  
 

( , ; ) ( , ; )( ; )
( ) ( ) .

x b

a x

G x G xd u x
g d g d

dx x x

 

 

   
   

 
 

 

 
 

     (7) 

 

We proceed now to the calculation of the second derivative of ( ; )u x  , by differentiating 

Eq.(7):  
 

2

2

( , ; ) ( , ; )( ; )
( ) ( ) .

x b

a x

G x G xd u x
g d g d

x x x xd x

 

 

   
   

 
 

 

  
 

      

 

Note that, even though ( , ; ) /G x x    has a jump discontinuity at x  , it is continuous 

and has a continues derivative in the intervals [ , )a   and ( , ]b .This fact is confirmed by 

the expression of Green’s function, Eq. (3) of Section 3, since the xdependence of 

( , ; )G x    comes only from the xdependence of solutions 1 2( ; ), ( ; )u x u x  , which are 

2C  functions. By using again Leibnitz’s rule, we obtain 
 

2

2

2 2

2 2

( , 0 ; ) ( , 0 ; )( ; )
( ) ( )

( , ; ) ( , ; )
( ) ( ) .

x b

a x

G x x G x xd u x
g x g x

x xd x

G x G x
g d g d

x x

 

 

 

   
   

 

 
 

 

   
  

 

 
 

  
 

 

Taking into account the jump discontinuity of the first derivative of ( , ; )G x   , Eq. (8) of 

Section 3, and its symmetry with respect to the arguments ,x  , Eq. (4)of Section 3.1, we 

conclude  
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( , 0 ; ) ( , 0 ; ) 1

( )

G x x G x x

x x p x

     
 

 
. 

 

Thus, we obtain the following expression for the second derivative of ( ; )u x   
 

2 22

2 2 2

( , ; ) ( , ; )( ; ) ( )
( ) ( )

( )

x b

a x

G x G xd u x g x
g d g d

p xd x x x

 

 

   
   

 
 

 

 
  

   . (8) 

 

Now we are ready to prove that the function ( ; )u x  , as defined by Eq. (6), solves the 

nonhomogeneous BVP (1), (2). Substituting the expressions for the function ( ; ) ( )u x u x  , 

Eq. (6), and its derivatives, as calculated by Eqs. (7) and (8) above, into Eq.(1), we get  
 

   
2 2

2 2

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( , ; ) ( , ; ) ( )
( ) ( ) ( )

( )

( , ; ) ( , ; )
( ) ( ) ( )

x b

a x

x b

a x

p x u x q x u x u x p x u x p x u x q x u x

G x G x g x
p x g d g d

p xx x

G x G x
p x g d g d

x x

 

 

 

 

 

   
   

   
   

 
 

 

 
 

 

         

          
     

 

 
 ( ) ( , ; ) ( ) ( , ; ) ( )

x b

a x

q x G x g d G x g d
 

 

        
 

 
 


 


 
     
 
 

 

 

2

2

2

2

( , ; ) ( , ; )
( ) ( ) ( ) ( , ; ) ( )

( , ; ) ( , ; )
( ) ( ) ( ) ( , ; ) ( )

( )
( )

( )

x

a

b

x

G x G x
p x p x q x G x g d

xx

G x G x
p x p x q x G x g d

xx

g x
p x

p x









   
    

   
    


 





 




             

             

 





( )g x , 
 

Since each branch of Green’s function satisfy the homogeneous differential equation. This 

completes the proof of the claim that ( ; )u x  , as defined by Eq. (6), satisfies Eq. (1).  

 

Besides, we have to show that this function ( ; )u x  satisfies the boundary conditions as well. 

At the endpoint x a , we have  
 

0

0

0

[ ] ( ) ( ) ( )

( , ; )
( ) ( ) ( , ; ) ( )

( , ; )
( ) ( , ; ) ( ) 0 ,

a

b b

a a

b

a

u p a u a u a

G a
p a g d G a g d

x

G a
p a G a g d

x

 

 







 
      

 
    

 



 







  


  



         

 



B

 

 

since ( , ; )G x    satisfies the BC at x a . The satisfaction of the BC at x b  is proved 

similarly. The proof of Theorem 1 is now completed.  
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In this case, the solution is unique. An easy proof is provided by the following  
 

Theorem 2.The solution to the non-homogeneous BVP, Eqs, (1), (2), provided by Eq. (6), is 

unique.           ■  
 

Proof:Indeed, let ,u   two different classical solutions of this problem. Applying Green’s 

identity for these two functions, we obtain  

 ( ) [ ] ( ) ( ) [ ] ( ) ( ) ( ) ( ) ( )

b

b

a

a

x u x u x x d x x pu x u x p x          L L . 

The right hand side is zero, since both functions satisfy the BCs (2).Using also the fact that 

both ,u   satisfy Eq.(1), Green’s identity becomes 

   ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0

b b

a a

x g x u x g x d x x u x g x d x      .  (9) 

Applying Eq. (9) to the case [ , ]g u C a b    we have  

 2
( ) ( ) 0

b

a

u x x d x  .       (10) 

This implies that ( ) ( ), [ , ]u x x x a b   . The proof of uniqueness is completed.  

 

 

3.3 Construction of Green’s Function when λ  is an eigenvalue ( )n   

 

Green’s functions for compatible differential systems consisting of a single nth-order linear 

differential equation with continuous coefficients together with boundary conditions at two 

points may be traced back to Hilbert. In the bibliography, Green’s function in this case is 

referred as Generalized Green’s function (GGF) or Modified Green’s function. In particular, 

in Stakgolt& Holst (2011) in Sec.3.5, is referred as Modified Green’s function and there is 

presented the basic obstacle which is a solvability issue. The expression of Green’s function in 

this case is not given for the general case, but there is a specific example. There is also a 

discussion about symmetry, which in this case does not always satisfied, but even though a 

Modified Green’s function may be not symmetric, it is possible to become.In Stone 

&Goldbart (2009), where is also referred as Modified Green’s function is given an example 

where someone can understand conceptual details. Moreover, in Haberman (2004), in 

Sec.9.4.3 there is a more detailed a general presentation of Generalized Green’s function, 

which describes and proves its properties such as symmetry and there is also an example. 

Moreover, in Haberman R., Green’s Function, Lecture 7, there are detailed steps about the 

construction of GGF, in the general case. There is also a general way of making symmetric a 

GGF. 

The construction of Green’s function in Section 3.1 (for the case n  ) was based on the 

assumption that each of two linearly independent solutions, 1( ; )u x  , 2( ; )u x  , of the 

homogeneous DE satisfies one of the two BCs and does not satisfy the other BC. This 

assumption is not valid in the present case, where  is an eigenvalue. Also, the non-

homogeneous BVP may have not a solution in this case. These two negative results make 
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questionable the construction of Green’s Function, for the case n  . Before proceeding to 

examine this question, we shall deal with the two afore-mentioned negative results in detail, in 

order to clarify the constraints we have to face in this case.  
 

3.3a Two negative results 
 

Let us consider, once again, the BVP 

   ( )( ) ( ) ( ) 0,pu x q x u x a x b          (1) 

0[ ] ( ) ( ) ( ) 0a u p a u a u a  B ,       (2a) 

0[ ] ( ) ( ) ( ) 0b u p b u b u b  B .       (2b) 

 

Lemma 1:Let 1( ; )u x  , 2( ; )u x   be two linearly independent solutions of the homogeneous 

DE (1). Then, the following identity holds true:  
 

1 2 1 2

1 2 1 2

( ) ( ; ) ( ; ) ( ) ( ; ) ( ; )

( ) ( ; ) ( ; ) ( ) ( ; ) ( ; ).

p a u a u a p a u a u a

p b u b u b p b u b u b

   

   

  

  
   (3)  

 

Proof: We start by examining some properties of the Wronskian of the two solutions 1( ; )u x 

and 2( ; )u x  , which is defined by  

    1 2

1 2 1 2

1 2

1 2 1 2

( ; ) ( ; )
, ; ( ) , ;

( ; ) ( ; )

( ; ) ( ; ) ( ; ) ( ; ).

u x u x
W u u x W u u

u x u x

u x u x u x u x

 
 

 

   

 
 

  

   (a) 

The derivative of the Wronskian with respect to x , denoted by  1 2, ; ( )W u u x , can be 

expressed as follows:  

   1 2 1 2 1 2

1 2 1 2

, ; ( ) ( ; ) ( ; ) ( ; ) ( ; )

( ; ) ( ; ) ( ; ) ( ; )

W u u x u x u x u x u x

u x u x u x u x

    

   

    

  
  (b) 

From the DE we obtain  

 
( ) ( )

( ) ( ) ( )
( ) ( )

p x q x
u x u x u x

p x p x

          (c) 

By substituting Eq.(c) into Eq.(b), we find  
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 

 

1 2 1 2 1 2

1 2 2

1 1 2

1 2 1 2

, ; ( ; ) ( ; ) ( ; ) ( ; )

( ) ( )
( ; ) ( ; ) ( ; )

( ) ( )

( ) ( )
( ; ) ( ; ) ( ; )

( ) ( )

( )
( ; ) ( ; ) ( ; ) ( ; )

( )

W u u u x u x u x u x

p x q x
u x u x u x

p x p x

p x q x
u x u x u x

p x p x

p x
u x u x u x u x

p x

    


  


  

   

    

           

           


     1 2

( )
, ; .

( )

p x
W u u

p x



 

 

From the above expression we obtain  

   1 2 1 2

( )
, ; ( ) , ; ( ) exp

( )

x

s

p s
W u u x W u u s ds

p s
 

         .  

But, since  

( ) ( ) ( )
exp exp exp log

( ) ( ) ( )

x x

s s

p s d p p s p s
d s

p s p p x p x

                                        ,  

the following equation is implied 

   1 2 1 2( ) , ; ( ) ( ) , ; ( )p x W u u x p s W u u s  .     (4) 

Applying the above equation to the case ,x a s b  , we find  

   1 2 1 2( ) , ; ( ) ( ) , ; ( )p a W u u a p b W u u b  .     (5) 

Expanding the Wronskians in Eq. (5), we obtain Eq. (3). This completes the proof of the 

lemma.  

 

Assume now that 1( ; )u x   is identified by the choice  

1 given( ; )u a   ,   and
0 1

1

( ; )
( ; )

( )

u a
u a

p a

 
  1[ ] 0a u B ,  (6a)  

while 2( ; )u x   is identified by the choice  

 2 given( ; )u b   ,   and
0 2

2

( ; )
( ; )

( )

u b
u b

p b

 
  2[ ] 0b u B .  (6b)  

Then,  

 2

2 0 2 1 0 1

1

( ; )
( ) ( ; ) ( ; ) ( ; ) ( ) ( ; )

( ; )

u b
p a u a u a u b p b u b

u a


     


     

which is equivalently written as  
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2

2 1

1

( ; )
[ ] [ ]

( ; )
a b

u b
u u

u a




B B .        (7)  

Now, we distinguish the two cases n  and n  .  

Assume first that n  . Then, the additional assumption that 2[ ] 0a u B would mean 

that 2( ; )u x   is an eigenfunction, since it satisfies the differential equation and the BCs. 

However, this is impossible, since, in the present case, the homogeneous problem has only the 

trivial solution. That is, in this case, we have 2[ ] 0a u B  and, according to Eq.(7), 

1[ ] 0b u B , as well.  

Corollary 1:When n  , it is always possible to choose the two linearly independent 

solutions of the homogeneous DE, 1( ; )u x  , 2( ; )u x  , so that  
 

1 1[ ] 0 [ ] 0a bu u B B ,     and       (8a)  

2 2[ ] 0 [ ] 0a bu u B B .        (8b)  

 

Assume now that n  . In this case there is an eigenfunction, say ( )nu x . This can be 

expressed as a linear combination of the two linearly independent solutions 1( ; )u x  and 

2( ; )u x  , that is 1 1 2 2( ) ( ; ) ( ; )nu x C u x C u x   . Then, we have  

1 1 2 2[ ] [ ] [ ] 0a n a au C u C u  B B B ,     (9a)  

1 1 2 2[ ] [ ] [ ] 0b n b bu C u C u  B B B .     (9b)  

Assume now that it is possible to choose 1( ; )u x  , 2( ; )u x   so that to satisfy Eqs. (8a,b). 

This leads to a contradiction, since 1[ ] 0a u B  and Eq. (9a) imply 2[ ] 0a u B  and, 

similarly, we also find 1[ ] 0b u B .  

Corollary 2:When n  , it is not possible to choose the two linearly independent solutions 

of the homogeneous DE, 1( ; )u x  , 2( ; )u x  , so that to satisfy Eqs. (8a,b). 

 

Remark. In the case n  , it is possible to choose the two linearly independent solutions 

of DE (1), 1( ; )u x  , 2( ; )u x  , as follows:  

 Either   1 1[ ] [ ] 0a bu u B B    and   2 2[ ] 0 [ ] 0a bu u B B ,  

 Or         1 2[ ] [ ] 0a au u B B    and   1 2[ ] 0 [ ] 0b bu u B B , 

 Or         1 2[ ] 0 [ ] 0a au u B B and 1 2[ ] 0 [ ] 0b bu u B B .  
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Another negative result is that, in the case of n  , the non-homogeneous BVP is not 

always solvable. Indeed, let the following NHBVP 

 [ ] ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,

,

n n nu x Lu x u x p x u x q x u x u x g x

a x b

       

 

L
,(10) 

0[ ] ( ) ( ) ( ) 0a u p a u a u a  B ,      (11a) 

0[ ] ( ) ( ) ( ) 0b u p b u b u b  B .      (11b) 

 

In this case, the eigenfunction ( )nu x , belonging to the eigenvalue n , satisfies the 

homogeneous problem, that is the problem (10)-(11), with ( ) 0g x  . In the context of the 

analysis part of our investigation, we start by assuming that there exists a solution to this 

problem, denoted by ( ) ( ; )nu x u x  . Then, both functions ( ; )nu x   and ( )nu x  satisfy 

the BCs (11a,b) and thus Green’s identity applied to ( ; )nu x  and ( )nu x , yields  
 

 ( ) [ ( ; ) ] ( ) ( ; ) [ ] ( ) 0
n n

b

n n n n

a

u x u x u x u x d x    L L .   (12) 

 

Since [ ] ( ) 0
n nu x L and [ ( ; ) ] ( ) ( )

n nu x g x  L , the above equation leads to the 

necessary condition 
 

( ) ( ) 0

b

n

a

u x g x d x  .        (13) 

 

This necessary condition will (sometimes) be referred to as compatibility condition (for the 

BVP (10)-(11)). We can summarize the above finding in the form of the following  
 

Theorem 1. In order that the non-homogeneous BVP (10), (11) has a solution, when n   

is an eigenvalue, it is necessary the excitation term ( )g x  to be orthogonal to the 

corresponding eigenfunction ( )nu x .        ■  

 

 

3.3b Construction of a generalized Green’s Function in the case n   

 

However tempting may be to use the Green’s function method (in this case as well), in order 

to construct the solution to the non-homogeneous BVP (10)-(11) of the previous section, 

Theorem 1 poses a serious obstacle. The difficulty arises from the fact that Green’s function is 

a solution of a specific non-homogeneous problem, with excitation ( )x  . In the present 

case, we have the necessary condition (13) of Sec. 3.3a, which, when applied to the excitation 

( ) ( )g x x   , leads to the requirement  
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( ) ( ) ( ) 0

b

n n

a

u x x d x u     ,         (1)  

which is not valid. A way out of this controversy is to try to define the Green's function in a 

different way, so that the compatibility condition to be valid. To motivate such a new 

definition of Green's function, we shall come back to the general non-homogeneous BVP 

(10)-(11) of Sec. 3.3a, and modify the excitation so that to satisfy the compatibility condition.  

 

From Eq. (13) of the previous section, we understand that the source of the problem is the 

non-vanishing of the projection of the excitation function ( )g x  on the subspace generated by 

the eigenfunction ( )nu x . Let us subtract this projection from the excitation, and replace the 

latter by  

 
2

2

( ) ( )

( ) ( ) ( )

( )

,
( ) ( ) .

b

n
a

n b

n
a

n

n

n

u g d

g x g x u x

u d

u g
g x u x

u

  

 

  

 
 






       (2)  

 

Then, the right hand side of Eq.(13) of Sec. 3.3a, becomes 
 

2

2

2

( ) ( )

( ) ( ) ( )

( )

( ) ( )

( ) ( ) ( ) 0 ,

( )

b

b
n

a
n n b

a n
a

b

b b
n

a
n n b

a a n
a

u g d

u x g x u x d x

u d

u g d

u x g x d x u x d x

u d

  

 

  

 

            

  







 



 

 

that is, the compatibility condition is now satisfied! If there is a specific solution ( ; )nu x   to 

the new problem, having excitation ( )g x  (this remains to be proved), then, any function of 

the form ( ; ) ( )n nu x C u x   will also satisfy the same problem, for any value of C  or 

C   . Thus, in this case the solution is not unique.  

 

The same ideas will be now applied to formulate the problem, Eqs. (3) – (4) below, defining 

the sought-for (new) Green's function, which will be called the generalized Green's function 

(GGF) of the non-homogeneous BVP in the case of n  : 
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 

( ) ( ) ( )

( ) ( ) ( ) 2

[ ( , ) ] ( ) ( , ) ( , )

( ) ( )
( ) ( , ) ( ) ( , ) ( , ) ( ) ,

(3)

n n n n

n n n

n

n n

n

n

G x LG x G x

u x u
p x G x q x G x G x x

u

   

  

   


     

  

     

  

  

L

 

 ( ) ( ) 0 ( )[ ] ( ) ( , ) ( , ) 0
n n na G p a G a G a        B ,     (4a)  

( ) ( ) 0 ( )[ ] ( ) ( , ) ( , ) 0
n n nb G p b G b G b        B .     (4b)  

 

As in Sec.3 we are going to derive the basic properties of GGF’s although we have not its 

analytic expression. Recall the following two properties of delta function  

( ) 0, forx x     and ( ) 1

x d

x d

x dx





 





 

 

  ,  (5a,b) 

where d  and d   are positive numbers. According to the property (5a), the differential 

equation (3) can be written, separately in each subinterval ( , )a  and ( , )b , as follows:   

 ( ) ( ) ( ) 2

( ) ( )
( ) ( , ) ( ) ( , ) ( , ) ,

n n n

n n

n

n

u x u
p x G x q x G x G x

u
  


   

        (6) 

for

,

and

.

a x

x b





    

 

 

Since Eq. (6) does not apply to the point x  , we need interface (matching) conditions for 

the sought-for function ( ) ( , )
n

G x   at x  . First, we impose continuity of ( ) ( , )
n

G x  , 

by assuming that  
 

( ) ( )( 0, ) ( 0, )
n n

G G        .      (7) 

 

In order to find a matching condition for the first derivative of the GGF, use will be made of 

the property (5b).Integrating both members of Eq. (3) from x    to x    , where 

0   (and sufficiently small), we obtain  
 

 ( )

( ) 2

( , ) ( )
( ) ( ) ( , ) 1 ( )

n

n

n

n n

n

d G x u
p x q x G x dx u x dx

dx u

     





     

 
 

  

  

 
      
  

 


  

 

Recalling that ( )q x  and ( )nu x  are continuous in [ , ]a b  (and thus at x  ), and having 

assumed that ( ) ( , )
n

G x   is also continuous in [ , ]a b , we conclude that  



63 
 

  ( )
0

lim ( ) ( , ) 0
nn q x G x dx

 




 

 






   and
0

lim ( ) 0nu x dx

 



 






 . 

Hence, we obtain  

( )

0

( , )
lim ( ) 1

n
d G x

p x
dx

 





 







 
   
  


,       (8) 

as in the case n  . Taking into account the continuity of ( )p x , we finally derive the 

condition  
 

( ) ( )( 0, ) ( 0, ) 1

( )

n n
dG dG

dx dx p

    



 
 

 
.     (9) 

 

Eq. (9) means that the first derivative of GGF must have a jump discontinuity of magnitude 

1/ ( )p  at the point x  .  
 

To find the GGF we have to find solution(s) of the following two problems  
 

( ) 2

( ) ( )
[ ( , ) ] ( ) , ,

n n

n n

n

u x u
G x a x

u
 


      L    (10) 

0( ) ( ) ( )[ ] ( ) ( , ) ( , ) 0
n n na G p a G a G a          B     (11) 

and 

( ) 2

( ) ( )
[ ( , ) ] ( ) , ,

n n

n n

n

u x u
G x x b

u
 


      L    (12) 

0( ) ( ) ( )[ ] ( ) ( , ) ( , ) 0
n n nb G p b G b G b          B     (13) 

 

and then to construct a function ( ) ( , )
n

G x  . 

Each one of Eqs (10) and (12) can be solved as follows. 

The general solution of a second order non-homogeneous DE is given by 

1 1 2 2( ) ( ) ( ) pu x C u x C u x u   ,       (14) 

Where 1 1 2 2( )C u C u x  is the general solution of the corresponding homogeneous DE, and 

pu  is a particular solution of a non-homogeneous DE, defined on the interval  ,a b .The 

particular solution is given in the form (see Appendix A for a detailed derivation)  

1 2

2 1

1 2 1 2

( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( , )( ) ( ) ( , )( )
p

x x

u x u x
u x u s g s ds u s g s ds

p x W u u x p x W u u x

 

   , (15) 
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where
2

( ) ( ) ( ) /n n ng x u x u u  is the non-homogeneous part of the DE. Note that, as 

proved in Lemma 1, 1 2 constant( ) ( , ) ( )p x W u u x  ; thus, in the sequel we shall simplify the 

notation writing pW  instead of 1 2( ) ( , )( )p x W u u x .  

Applying Eqs. (14) and (15) to DEs (10) and (12) (which are defined in different domains), 

we obtain  

1 2

1 1 2 2 2 1( )

( ) ( )
( , ) ( ) ( ) ( ) ( ) ( ) ( )

n

x x

u x u x
G x C u x C u x u s g s ds u s g s ds

pW pW

 

          (16) 

and 

1 2

3 1 4 2 2 1( )

( ) ( )
( , ) ( ) ( ) ( ) ( ) ( ) ( ) .

n

x x

u x u x
G x C u x C u x u s g s ds u s g s ds

pW pW

 

          (17) 

In order to determine the constants 1 2 3 4, , ,C C C C  use is made of Eqs. (7),(9),(11),(13). 

At first, the first derivative of the function 
( )

( , )
n

G x  with respect to x  is 

( ) 1 2 1

1 1 2 2 2

( , ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

n

x

dG x u x u x u x g x
C u x C u x u x g x dx

dx p W p W



   
    

2 2 1

1

( ) ( ) ( ) ( )
( ) ( )

x

u x u x u x g x
u x g x dx

p W p W






  .

 

Hence, the above expression is reduced to

 
( ) 1 2

1 1 2 2 2 1

( , ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) .

n

x x

dG x u x u x
C u x C u x u x g x dx u x g x dx

dx pW pW

 

    
       

            (18) 

Since 
( )

( , )
n

G x  satisfies the BC at the endpoint x a , Eq.(11), we use Eqs.(16) and (18) and 

we have 

0( ) ( )( ) ( , ) ( , ) 0
n n

p a G a G a        . 

Using the fact that the one term of the right hand side of Eq.(18) vanishes when we set ,x a

we have 
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1 2

1 1 2 2 2 1

1 2

0 1 1 2 2 2 1

( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) 0

a a

a a

u a u a
p a C u a C u a u x g x dx u x g x dx

pW pW

u a u a
C u a C u a u x g x dx u x g x dx

pW pW

 

 



            

          

 

 
 

The above equation is reduced to 

    1 0 1

1 1 0 1 2 2 0 2 2

2 0 2

1

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
( ) ( ) .

a

a

p a u a u a
C p a u a u a C p a u a u a u x g x dx

pW

p a u a u a
u x g x dx

pW






 



 
     

 





 

(19) 

Working in the same way for the function
( )

( , )
n

G x   we result in 

    1 0 1

3 1 0 1 4 2 0 2 2

2 0 2

1

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
( ) ( ) .

b

b

p b u b u b
C p b u b u b C p b u b u b u x g x dx

p W

p b u b u b
u x g x dx

p W






 



 
     

 





(20) 

At this point, we are going to use Eqs.(7) and (9). 

The continuity of Green’s Function at the point x  , which is Eq.(7), implies 

   3 1 1 4 2 2( ) ( ) 0C C u C C u           (21) 

The jump discontinuity of the first derivative with respect to x  of Green’s Function, at the 

point x   which is particularly Eq.(9) gives us 

   3 1 1 4 2 2

1
( ) ( )

( )
C C u C C u

p
 


          (22) 

From now on, we shall omit the arguments in the integrals in order to simplify the 

expressions; for example,  

1 1( ) ( )

a a

u x g x dx u g

 

  . 
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By solving the system of Eqs.(21)-(22), we obtain 

2

3 1

( )u
C C

pW


           (23) 

and 

1

4 2

( )u
C C

pW


  .         (24) 

Assume now that 1( ) ( )nu x u x  is the eigenfunction belonging to the eigenvalue n and 

2 ( ) ( )nu x x  is the second (linearly independent from ( )nu x ) solution of the homogeneous 

problem. Recall that ( )n x can be expressed in terms of nu  (see Appendix B). Taking into 

account the above clarifications, Eq.(19) takes the form 

2

n

a

u g

C
p W






,         (25) 

since ( )nu x ,as an eigenfunction, satisfies both BCs and ( )n x  cannot satisfy neither of the 

BCs, according to Corollary 2, of the previous section, 3.3a. 

Using the same arguments as above, Eq.(20) becomes 

4

n

b

u g

C
p W






.         (26) 

We also write Eqs.(23) and (24) taking into account the choice 1( ) ( )nu x u x , 2 ( ) ( )nu x x  

and we have  

3 1

( )n
C C

pW

 
  ,         (27) 

4 2

( )nu
C C

pW


  ,         (28) 

Notice that Eqs.(25).(26) and (28) give us two expressions for the constants 2C  and 4C . 

Although these two expressions cannot be identical for arbitrary ( )g x , in the present case, 

where 
2

( ) ( ) ( ) /n n ng x u x u u they are equivalent. This is proved as follows. 

Substituting ( )g x  by its specific form in the right-hand side of Eq. (25), we obtain  
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2

2 2

( )n n

a

n

u u

C
p W u





 


                  (29a) 

Doing the same with Eq. (26), we find  

4

2

2

( )

b

n n

n

u

C
p W

u

u





 


.                (29b)  

Substituting the above equations into the left hand-side of Eq.(28), we take 

2 22 2

4 2 2 2 2 2

( ) ( )( ) ( )

.

b

b

n n n nn n n n

a a

n nn n

u u

p W p W

u uu u u u

C C
u upW u pW u





 

  

    

  
 

Taking into account the equation  

2 2 2 2

b b

n n n n

a a

u u u u





     ,  

we conclude that Eq.(28) is satisfied for the specific values of the constants 2C  and 4C . 

Therefore, the constants are defined as below 

1 2

( )n

n

C C
u pW

 
  ,                  (30a) 

2

2 2

( )n n

a

n

u u

C
p W u





 


,                  (30b) 

3C C ,arbitrary constant                   (30c) 

2
4 2

( ) ( )n n

n

n a

u u
C u

pW pW u



 
                   (30d) 

Hence, Eqs.(16) and (17) for 1( ) ( )nu x u x , 2 ( ) ( )nu x x  become 
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2 2

( ) 2 2 2

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( , ) ( ) ,

n

n n n n n n n n

n n n n n

n n na x x

u x x u u x u x u
G x Cu x u u u

pW pW u pW u pW u

  



      
         

            (31) 

 

2 2

( ) 2 2 2

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( , ) ( ) .

n

n n n n n n n n

n n n n n

n n na x x

u x u x u x u x u
G x Cu x u u u

pW pW u pW u pW u

  



      
         

            (32) 
 

At this point we are going to work separately with 2 2

2 2

( ) ( ) ( ) ( )n n n n

n n

n na x

x u x u
u u

pW u pW u

 

   
  

which is included in both Eqs. 

2 2 2 2 2

2 2 2 2 2

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
a a

n n n n n n n n n n

n n n n n

n n n n na x x x

x u x u x u x u x u
u u u u u

pW u pW u pW u pW u pW u

  



         
        
            (33) 

Hence, taking into account Eq.(33), Eqs.(31) and (32) which are the branches of GGF, 

become 

2

( ) 2 2

( ) ( ) ( ) ( ) ( ) ( )
( , ) ( ) ,

n

a

n n n n n n

n n n n

n nx x

u x x u u x u
G x Cu x u u

pW pW u pW u





    
                 (34a) 

2

( ) 2 2

( ) ( ) ( ) ( ) ( ) ( )
( , ) ( )

n

a

n n n n n n

n n n n

n nx x

u x u x u x u
G x Cu x u u

pW pW u pW u





    
        .            (34b) 

Thus, the Generalized Green’s Function (GGF), is given by 

2
( ) 2 2

( ) ( )
,

( ) ( ) ( ) ( )
( , ) ( )

( ) ( )
,

n

n n
a

n n n n

n n n n

n n
n nx x

u x
a x

u x u x u pW
G x Cu x u u

x upW u pW u x b
pW





 


  
 

 




        

 

            (35) 

Note that, the GGF, as given by Eq. (35), is not symmetric. Nevertheless, it is possible to 

obtain a symmetric form of GGF, by adding to the right-hand side of Eq. (35) an appropriate 

term of the form ( ) ( )nc u x , which is always permissible. See also Haberman R., Green’s 

Function, Lecture 7. One convenient choice of the extra term ( ) ( )nc u x is the following 
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2

2 2

( ) ( ) ( ) ( )
( ) ( ) ( ) 2

a a

n n n n

n n n n n

n n

u x u x u
c u x C u x u u

pW u pW u
 

  
      .  (36) 

Adding the right-hand side of Eq. (36) to the right-hand side of Eq. (35) has the following 

effects: First, the term ( )nCu x  cancels out. Second, the term 2

2

( ) ( )
a

n n

n

n

u x
u

pW u


 

  provides the 

symmetric of the similar term in Eq. (38). Third, one of the two 
2

( ) ( )
a

n n

n n

n

u x u
u

pW u



  combines 

with 
2

( ) ( )
n n

n n

n x

u x u
u

pW u




  providing the new term 

2

( ) ( )
n n

n n

n

a

x

u x u
u

pW u


 , and the other one remains 

as it is, providing the symmetric term to the previous one. The resulting symmetric form of 

GGF, is as follows:  

2 2
( ) 2 2 2

2

( ) ( ) ( ) ( ) ( ) ( )
( , )

( ) ( )
, ,

( ) ( )

( ) ( )
, .

n

a a a

n n n n n n

n n n n

n n nx x

n n
a

n n

n n

n n
n

x u u x u x u
G x u u u

pW u pW u pW u

u x
a x

u x u pW
u

x upW u x b
pW







    
 

 





 


    

      

  


 (37) 

 

 

3.4 Solution of non-homogeneous problem when   is an eigenvalue ( )n   

 

By utilizing the above expression of GGF we are going to find the solution of the following 

NHBVP, when   is an eigenvalue  n  ,  

 [ ] ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,

,

n n nu x Lu x u x p x u x q x u x u x g x

a x b

       

 

L
   (1) 

0[ ] ( ) ( ) ( ) 0a u p a u a u a  B ,       (2a) 

0[ ] ( ) ( ) ( ) 0b u p b u b u b  B ,      (2b) 

 

assuming that the compatibility condition  

( ) ( ) 0

b

n

a

u x g x d x  ,        (3) 

is satisfied. 
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In conformity with Eq.(3),the necessary condition for the NHBVP (1)-(2) to be compatible 

(that is, to have a solution) holds true. We shall show subsequently that this condition is also 

sufficient. 

Let us denote, for simplicity, the solution ( , )nu x  of the BVP (1)-(2)by ( )u x . By using 

Green’s Identity for ( )u x and ( ) ( , )
n

G x   we have 

 ( ) ( )( , ) [ ] ( ) ( ) ( , ) 0
n n n n

b

a

G x u x u x G x d x       L L , 

Since both Green’s Function and the solution ( )u x  satisfy the BCs. Using also the fact that 

[ ] ( ) ( )
n

u x g x L and
2

( ) ( , ) ( ) ( ) ( ) / || ||
n n n n nG x x u x u u           

L  , we obtain 

(see also Haberman, 2004, pp.409-410) 
 

( ) 2

( ) ( )
( , ) ( ) ( ) ( ) 0

|| ||n

b

n n

n
a

u x u
G x g x u x x d x

u



  

            
  .  (4) 

( ) 2

( ) ( ) ( )
( , ) ( ) ( ) ( )

|| ||n

b b b

n n

n
a a a

u x u x u
G x g x dx u x x dx d x

u



        (5) 

 

Recalling the property ( ) ( ) ( )

b

a

u x x dx u    , Eq.(5) becomes 

( ) 2

( ) ( ) ( )
( , ) ( ) ( )

n

b b

n n

na a

u x u x u
G x g x dx u d x

u



    .   (6) 

 

solving Eq.(6) with respect to ( )u   and replacing argument   by x  we obtain  

( )2

( ) ( ) ( )
( ) ( , ) ( )

n

b b

n n

na a

u u u x
u x d G x g d

u


 
          (7) 

( )2

( ) ( )
( ) ( ) ( , ) ( )

n

b b

n

n

na a

u u
u x u x d G x g d

u


 
          (8) 

( )2

( ) ( )
( ) ( ) ( , ) ( )

n

b b

n

n

na a

u u
u x u x d G x g d

u


 
       ,   (9) 

where in the last step use is made of the symmetry of GGF. Since the first term of the right 

hand-side of the above equation is a multiple of the corresponding homogeneous BVP (1)-(2), 

a particular solution of it has the following form 

( )( ) ( , ) ( )
n

b

a

u x G x g d             (10) 
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By substituting the expression of GGF (see Sec.3.3, Eq.(37)) into Eq. (10) we obtain  

 

2

2

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

b a x b

n n n

n n n n

na a x

g x u x
u x u x u s ds d u g d g d

pW pWpW u


   
       

         
   

 

where we have utilized the compatibility condition. Therefore, the final expression of the 

solution is 

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

x b

n n

n n n

a x

x u x
u x C u x u g d g d

pW pW


          .  (11) 

 

Theorem 1When   is an eigenvalue the function ( ) ( , )nu x u x   as defined by Eq.(11) is a 

solution of the NHBVP (1)-(2) when the compatibility condition, Eq.(3), is satisfied. ■  
 

Proof: 

By differentiating Eq.(11) twice, and substituting the first and the second derivative of ( )u x  

into the non-homogeneous DE (1) we conclude that ( )u x  satisfies it. The function ( )u x  also 

satisfies the BCs (2). Therefore, ( )u x is a solution of the NHBVP (1)-(2). 

 

Remark 1: The solution in this case is not unique, which is obvious from the C -dependence 

of it, as we see in Eq.(11). 

 

 

3.5 The Solution of the fully non-homogeneous BVP 
 

Since the variation of the eigenfunctions with respect to the coefficients satisfies a fully-non-

homogeneous BVP we are interested to express the solution of a BVP of this type. The fully 

non-homogeneous BVP contains a non-homogeneous differential equation which is 

accompanied by two non-homogeneous BCs. As in the previous sections we distinguish two 

different cases. At the first case we present the method which is used to solve this type of 

BVPs which is the same for both cases but when the parameter   is an eigenvalue, also a 

compatibility condition has to be satisfied. 

 

3.5a  The case n   

The most general non-homogeneous BVP is  

[ ] ( ) ( ) ( ) ( ) ( ) ( ),u x u x q x u x u x g x a x b      L    (1) 

 

0 1[ ] ( ) ( )a u u a u a r  B ,       (2a) 

0 2[ ] ( ) ( )b u u b u b r  B .       (2b) 

In order to solve the BVP (1)-(2) we follow the steps below  

We are looking for a solution ( )u x  of the following form 



72 
 

1 2( ) ( ) ( ) ( )u x x u x u x          (3) 

Where 1 2( ), ( )u x u x  are specific, as simple as possible and they satisfy 

 

1 1[ ]a u rB ,          (4a) 

1[ ] 0b u B ,          (4b) 

2[ ] 0a u B ,          (4c) 

2 2[ ]b u rB .          (4d) 

1 2,u u could be linear functions of x of the form 

 1( )u x Ax B  ,         (5) 

2( )u x C x D  .         (6) 

Since 1( )u x  satisfies the BC (4a) we have  

1 0 1 1( ) ( )u a u a r    

 0 1A Aa B r    

 0 0 11A a B r    .       (7a) 

Similarly, substituting the expression of 1( )u x  into Eq.(4b) we obtain  

 0 01 0A b B    .       (7b) 

The solutions of the system (7a)-(7b) are  

   
0 1

0 0 0 01 1

r
A

a b



   


  
,       (8a) 

 

 
   

0 1

0 0 0 0

1

1 1

b r
B

a b



   




  
.       (8b) 

 

Thus, taking into account Eqs.(8), Eq.(5) takes the form 

 
   

1 0 0

1

0 0 0 0

1
( )

1 1

r x b
u x

a b

 

   

 


  
.      (9a) 

Working in the same way for the function 2( )u x  we obtain  

 

 
   

2 0 0

2

0 0 0 0

1
( )

1 1

r x a
u x

a b

 

   

  


  
.      (9b) 

 

Hence, the sum of the above functions is  

   
   

1 0 0 2 0 0

1 2

0 0 0 0

1 1
( ) ( )

1 1

r x b r x a
u x u x

a b

   

   

    
 

  
.   (10) 

 

It remains to determine, which satisfies the following problem of the form 



73 
 

1 2[ ] ( ) [ ] ( ) [ ] ( )x u x u u x     L L L      (11) 

Using the fact that [ ] ( ) ( )u x g x L , Eq.(11) becomes 

1 2[ ] ( ) ( ) [ ] ( )x g x u u x    L L .      (12) 

The function ( )x  also satisfies the BCs 

[ ] 0a  B                     (13a) 

[ ] 0b  B                    (13b) 

The solution of the BVP (12)-(13), according to Section 3.2 is given by  

 

 1 2( ) ( , , ) ( ) [ ] ( )

b

a

x G x g u u d        L     (14) 

where the expression of Green’s Function, in the case of n   is given by Eq.(3) of Sec.3.1 

By setting 

 
   

   
1 0 0 2 0 0

1 2

0 0 0 0

1 1
( ) [ ] ( ) ( )

1 1

r b r a
k u u q

a b


     
   

   

    
   

  
L .  (15) 

Substituting Eqs.(10) (14) and (15) into Eq.(3) we obtain the expression of the solution of the 

fully non-homogeneous BVP (1)-(2) 

 
   

   
1 0 0 2 0 0

0 0 0 0

1 1
( ) ( , , ) ( ) ( ) .

1 1

b

a

r x b r x a
u x G x g k d

a b

   
    

   

    
  

    (16) 

Hence, we managed to reduce the fully non-homogeneous problem to a non-homogeneous 

problem which has a non-homogeneous term only in the DE. 

 

3.5b  The case n   

In order to examine in the case of n  the solvability of the fully non-homogeneous 

BVP(1)-(2) of the previous section we will use Green’s Formula. Assume that ( ; )nu x   is the 

solution of the latter BVP. Assume further that ( )nu x  is an eigenfunction belonging to the 

eigenvalue n . As in the previous cases, we will use Green’s identity for ( ; )u x   and ( )nu x  

as follows 

 ( ) [ ] ( ) ( ) [ ] ( ) ( ) ( ) ( ) ( )
n n

b

b

n n n a

a

u x u x u x u x dx u x u x u x u x 
       L L .  (1) 

By working separately with the right hand side of Eq.(1) we have 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).
b

n n n n n na
u x u x u x u x u b u b u b u b u a u a u a u a              
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The fact that ( ; )u x   satisfies the BCs (2) of Section 3.5a and ( )nu x  the corresponding 

homogeneous implies 

 

 
2 0 0

1 0 0

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ).

b

n n n na

n n

u x u x u x u x u b r u b u b u b

u a r u a u a u a

 

 

        

  
 

Combining the like terms of the right hand side of the above equation, we have  

2 1( ) ( ) ( ) ( ) ( ) ( )
b

n n n na
u x u x u x u x r u b r u a       .      (2) 

Taking into account Eq.(2),  we return in Eq.(1), and we have 

  2 1( ) [ ] ( ) ( ) [ ] ( ) ( ) ( )
n n

b

n n n

a

u x u x u x u x dx r u b r u a    L L . 

Recall that [ ] ( ) ( )
n

u x g x L and [ ] ( ) 0
n nu x L . Thus, we derive 

2 1( ) ( ) ( ) ( )

b

n n n

a

u x g x dx r u b r u a  .      (3) 

The above is the compatibility condition for the fully non-homogeneous BVP (1)-(2), of 

Section 3.5a, when   is an eigenvalue. 
 

At this point we are going to examine when the reduced BVP (12)-(13) of Section 3.5a in the 

case of n   is compatible. 

The solvability condition, will once again arise by using Green’s identity and assuming that 

( ; )nx   is a solution of the reduced BVP and ( )nu x  is an eigenfunction. 

Hence, Green’s Identity implies 

 ( ) ]( ) ( ) [ ]( ) ( )( )( ) ( )( )( ) .[
n n

b

b

n n n n a

a

u x x x u x d x u x x x u x           L L

 

 1 2( ) ( ) ]( ) [ ]( ) 0.[
n n

b

n

a

u x g x u x u x d x    L L  

The right hand side of the above equation is zero, since ( )nu x  and ( )x  satisfying the BCs 

(2) of Section 3.5a. As far as the left hand side is concerned, we used the fact that 

( ) 0
n nu x
    L  and also that ( )x  satisfies Eq.(12) of the previous section. 

1 2( ) ( ) ( ) ( ) ( ) ( )
n n

b b

n n n

a a

u x g x d x u x u x u x u x dx    L L .   (4) 

In order to use Green’s Identity we write the right hand side of Eq.(4) in the form 
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   1 2 1 2( ) ( ) ( ) ( ) ( ) ( ) ( ) ]( )[
n n

b

n n n

a

u x g x d x u x u x u x u x u x u x     L L

b

a

dx  (5) 

   1 2 1 2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

b b

n n n

a
a

u x g x d x u x u x u x u x u x u x
     
      (6) 

 

Working only with the right hand side of Eq.(6), gives us 

   1 2 1 2( ) ( ) ( ) ( ) ( ) ( )

b

n n

a

u x u x u x u x u x u x
     
  

 

 

   

   

1 2 1 2

1 2 1 2

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

n n

n n

u b u b u b u b u b u b

u a u a u a u a u a u a

     

     
 

 

   
   

0 1 2 0 2 1 2 0

1 0 1 0 2 1 2 0

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ),

n n

n n

u b u b r u b u b u b u b

u a r u a u a u a u a u a

  

  

     

    
 

where in the last step we used the fact that 1 2( ), ( )u x u x  satisfy the BCs (4) of the Section 4.6a 

and ( )nu x  the homogeneous BCs. 

Combining the like terms, we result in 

   1 2 1 2 2 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).

b

n n n n

a

u x u x u x u x u x u x r u b r u a
      
  

 

 

Therefore, Eq.(6) becomes 

2 1( ) ( ) ( ) ( )

b

n n n

a

u x g x d x r u b r u a  .      (7) 

As we expected, the above condition is equivalent to  

( ) ( ) 0

b

n

a

u x h x d x  .        (8) 

 

Thus, Eq.(7) is the compatibility condition for the reduced problem which is the same with 

Eq.(3).The latter is the expected result, because the fully non homogeneous BVP and the 

reduced BVP are equivalent. 
 

The method we follow to solve this problem is the same as in the previous case, but the 

solution of the reduced BVP (12)-(13) of the previous section when   is an eigenvalue is 

different. As we proved in Sec. 3.4 the solution ( )x , for ( ) 1p x   is given by 
 

 
( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

x b

n n

n n n

a x

x u x
x C u x u s h s ds s h s ds

W W


     , (9) 
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where, ( )nu x is the eigenfunction corresponding to the eigenvalue 
n  and ( )n x  is another 

solution of the corresponding homogeneous DE, linearly independent from ( )nu x  which can 

be expressed in terms of ( )nu x (see also Appendix B) 

and

 
   

   
1 0 0 2 0 0

1 2

0 0 0 0

1 1
( ) ( ) [ ] ( ) ( ) ( ) .

1 1n n

r s b r s a
h s g s u u s g s q s

a b


   


   

    
     

  
L

Thus, taking into account Eq.(8), the solution of the fully non-homogeneous BVP, in the case 

of n   has the form 

   
   

1 0 0 2 0 0

0 0 0 0

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

1 1
.

1 1

x b

n n

n n n

a x

x u x
u x C u x u s h s ds s h s ds

W W

r x b r x a

a b




   

   

   

    


  

 
  (10) 
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4. Variation of the Eigenfunctions with respect to the coefficients 
 

As we saw in the Section 2.5, the variation of the eigenfunctions, 
n   satisfies the following 

non-homogeneous BVP 

 

   2[ ] ( ) ( ) ( ) ( ) ( ) ( )
n n z n n n n nZ z Z z Q z Z z Q z Z z            L .

            (1) 
 

0 0( ) ( ( )) ( ( )) ( )b n z n n nZ Z b Z b Z b       B ,    (2a) 

 

0 0( ) ( ( )) ( ( )) ( )a n z n n nZ Z a Z a Z a       B .    (2b) 

 

As we notice from the non-homogeneous part of Eq.(1), it is necessary to know the variation 

of the eigenvalues in order to solve the above BVP. We present again the formula of n  (see 

also Section 2.2) 

2 2 2
0 02

1
( ) ( ) ( ) ( )

b

n n n n

n a

Z z Q z dz Z a Z b
Z

    

         
 .  (3) 

We have to check the solvability of the fully non-homogeneous BVP (1)-(2). As we saw in 

Eq.(3) of the Section 3.5b,the following equation should be satisfied 

2 1( ) ( ) ( ) ( ) ( ) ( )

b

n n n

a

u x g x dx r p b u b r p a u a  . 

This equation, in terms of our problem, becomes  

  2 2
0 0( ) ( ) ( ) ( ) ( )

b

n n n n n

a

Z z Q z Z z dz Z b Z a      .   (4) 

We start from the left-hand side of Eq.(4) in order to prove its validity 

  2 2( ) ( ) ( ) ( ) ( ) ( )

b b b

n n n n n n

a a a

Z z Q z Z z dz Q z Z z dz Z z dz        . (5) 

By substituting the variation of the eigenvalues, Eq.(3), into Eq.(5), we have

  2

2 2 2 2
0 02

( ) ( ) ( ) ( ) ( )

1
( ) ( ) ( ) ( )

b b

n n n n

a a

b b

n n n n

na a

Z z Q z Z z dz Q z Z z dz

Z z Q dz Z a Z b Z z dz
Z

  

   

  

               

 

 
22 2

2

1
( ) ( ) ( ) ( ) ( )

b b b

n n n

na a a

Q z Z z dz Z z Q z dz Z z dz
Z

       
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  2 2 2 2
0 02 2

1 1
( ) ( ) ( ) ( )

b b

n n n n

n na a

Z a Z z dz Z b Z z dz
Z Z

      

2

2

1
( ) ( )

b

n

na

Q z Z z dz
Z

 
2 2( ) ( ) ( )

b b

n n

a a

Z z Q z dz Z z dz    

  2 2
0 2

1
( ) ( )

b

n n

n a

Z a Z z dz
Z

  2 2
0 2

1
( ) ( )

b

n n

n a

Z b Z z dz
Z

    

22 2 2
0 0( ) ( ) ( ) ( ) ( ) ( )

b b

n n n n

a a

Q z Z z dz Z z Q z dz Z a Z b        .  

 

Hence, we finally obtain 

  2 2
0 0( ) ( ) ( ) ( ) ( )

b

n n n n n

a

Z z Q z Z z dx Z b Z a      , 

which is the desired result. Thus, we conclude that it makes sense to search for a solution of 

the BVP (1)-(2). 

 

4.1 Solution of the Variational Problem of the Eigenfunctions 
 

As we have already proved in the Sec.3.5b, when the solvability condition is satisfied, the 

solution of the fully non homogeneous BVP in the case of n   has the form 

 

   
   

1 0 0 2 0 0

0 0 0 0

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

1 1
.

1 1

x b

n n

n n n

a x

x u x
u x C u x u s h s ds s h s ds

W W

r x b r x a

a b




   

   

   

    


  

 
  (1) 

 

where 

 
   

   
1 0 0 2 0 0

0 0 0 0

1 1
( ) ( ) ( ) .

1 1
n

r s b r s a
h s g s q s

a b

   


   

    
  

  
 

The terms of Eq.(1) are identified with  the terms of our problem by the following choices  
 

( ) ( )n nu z Z z  

( ) ( )n nz U z  ,  

which is the second linearly independent solution of the corresponding homogeneous DE, 

expressed in terms of ( )nZ z  by using an order-reduction and solving the obtained first-order 

equation; see Appendix B,  
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C C ,since it is expected to be a sufficiently small term 

 ( ) ( ) ( )n ng z Q z Z z   , 

 

1 0 ( )nr Z a , 2 0 ( )nr Z b ,  

and 

( ) ( )( ) ( )
nn n Q z Z zh z Z z      

 
   

   
0 0 0 0 0 0

0 0 0 0

( ) 1 ( ) 1
( ) .

1 1

n n

n

Z a z b Z b z a
Q z

a b

      


   

    
 

  
   (2) 

Since ( )h z  is proportional to the variation of each data, the most appropriate notation is  
 

 
   

   
0 0 0 0 0 0

0 0 0 0

( ) ( )

( ) 1 ( ) 1
( )

1 1

( ) ( )

.

n

n n

n

n n Q z Z z

Z a z b Z b z a
Q z

a b

h z Z z 

      


   

   

    
 

  

 

 (3) 

 

Taking into account the above equations,the solution of the fully non-homogeneous BVP(1)-

(2) of the Sec.4 is given by 

 

   
   

0 0 0 0 0 0

0 0 0 0

( ) 1 ( ) 1

1 1

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

n n

z b

n n

n n n n

a z

Z a z b Z b z a

a b

U z Z z
Z z C Z z Z s h s ds U s h s ds

W W

      

   

   

    

  

   



 
 (4) 

 

As we notice from Eq.(4) the solution of the problem is not unique, which is an expected 

result since the eigenfunction ( )nZ z  is not unique.  

Assume now that the eigenfunctions are both normalized, that is  
 

( ) 1nZ z  ,           ( ) ( ) ( ) 1n n nZ z Z z Z z    .        (5a,b) 

 

Then, both ( )nZ z and the perturbed eigenfunction ( ) ( ) ( )n n nZ z Z z Z z   are uniquely 

defined. This fact renders the variation ( )nZ z  uniquely defined as well. The condition 

ensuring the uniqueness of ( )nZ z  (that is, the determination of the value of the constant C  

in Eq. (4)), is easily obtained as follows:  
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2 2

2

2

( ) ( ) ( )

( ) ( ) ( )

1 ( ) ( )

( ) ( ) , ( ) ( ) 1

( ) , ( ) ( ) , ( ) ( ) , ( )

( ) , ( ) 1

( ) , ( ) ( ) , ( ) ( ) 0 .

n n n

n n n

n n

n n n n

n n n n n n

n n

n n n n n

Z z Z z Z z

Z z Z z Z z

Z z Z z

Z z Z z Z z Z z

Z z Z z Z z Z z Z z Z z

Z z Z z

Z z Z z Z z Z z Z z







 

 

 

  

  

   

   

    

   

  

   





 

 

Omitting the 2nd-order term 
2

( )nZ z , we obtain  

 

 ( ) , ( ) ( ) , ( ) 2 Re ( ) , ( ) 0n n n n n nZ z Z z Z z Z z Z z Z z     ,  

 

that is,  

 

 Re ( ) , ( ) 0n nZ z Z z  .       (6) 

 

The introduction of the expression of ( )nZ z , where also ( )h z  and the normalization 

condition (5a) have been considered, will determine the constant C . 

 

 

4.2. Variation of the eigenfunctions with respect to the boundary points 
 

Now are going to find the variation of the eigenfunctions when the domain changes and the 

coefficients remain unchanged. 

Recall that the BVP is 

 

 2 ( ) ( ) ( ) 0,z n n nZ z Q z Z z a z b      ,     (1) 

0( ) ( ) 0b
n z n nB Z Z b Z b    ,      (2a) 

0( ) ( ) 0a n z n nB Z Z a Z a    .      (2b) 

 

Assume that the domain  ,a b  is extended to  ,a b  . Assume further that the function 

( )Q z  can be extended up to z b    and the new BVP is given by 

 2 ( ) ( ) ( ) 0,z n n nZ z Q z Z z a z b          ,     (3) 

0( ) ( ) 0b
n z n nB Z Z b Z b            ,     (4a) 
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0( ) ( ) 0a n z n nB Z Z a Z a      .      (4b) 

The question is to estimate/calculate the first-order variation ( ) ( ) ( )n n nZ z Z z Z z    of the 

eigenfunctions ( )nZ z , due to an variation of the end point b , in terms of the eigensystem

 ,n nZ . 

Our purpose is to reduce the problem of the variation of the domain to the already solved 

problem of the variation of the coefficients. 

 

1
st
 step:  Consider the BVP (3)-(4), defined on a z b    , and introduce the following 

transformation (of independent and dependent variables) 

 

 
def

of transf.
that is , when[ ], a zb ba

b a
z a z a

b a
z 


   


 





  , (5a) 

def

of transf.
( ) ( ( ) )n n nZ Z z Z z z       .       (5b) 

 

Setting H b a  , we have 
 

     1 /
b a

z a z a H z a
b a




 
    


  and

( )
1 /

z z
H

z



 






.            (6a,b) 

 

2
nd

step:Applying this transformation, we obtain the transformed BVP problem, which is 

defined in the interval a z b  . We have to find out the exact form of the transformed 

problem. We start by calculating the derivatives 2,z n z nZ Z   
   in terms of derivatives 

2,z n z nZ Z   : 

 
( ) ( ( ) ) ( ( ) ) ( )

1 /
n n n

z n z n

Z z Z z z Z z z z z
Z Z H

z z z z

  

  
   

      
   

    
  

, (7a) 

 22 2 1 /z n z nZ Z H     
        (7b) 

 

Defining, further the function ( ) ( ( ) )Q z Q z z   , we obtain the following formulation for the 

problem, by introducing the transformed quantities in the BVP(3)-(4) 
 

   22 1 / ( ) 0, ,z n n nZ H Q z Z a z b   


      
      (8) 

  1

0( ) 1 / ( ) 0,b
n z n nB Z Z b H Z b   


    

        (9a) 

  1

0( ) 1 / ( ) 0,a n z n nB Z Z a H Z a   


    
        (9b) 

or 

    2 22 1 / ( ) 1 / 0, ,z n n nZ H Q z H Z a z b           
    (10) 
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 0( ) 1 / ( ) 0,b
n z n nB Z Z b H Z b       

                  (11a)

 0( ) 1 / ( ) 0.a n z n nB Z Z a H Z a       
                 (11b) 

Comparing the BVP (10)-(11) to the initial BVP (1)-(2),  

 2 ( ) ( ) ( ) 0,z n n nZ z Q z Z z a z b      ,

0( ) ( ) 0b
n z n nB Z Z b Z b    ,       

0( ) ( ) 0a n z n nB Z Z a Z a    ,       

we observe that the problems are now defined in the same interval and they differ in the 

function ( )Q z  and the constants 0 0,  . Hence, we managed to reduce the problem of the 

variation of the eigenfunctions with respect to the domain to the already solved problem of the 

variation of the eigenvalues with respect to the coefficients. Since the two problems are 

defined in the same interval, we can use the notation z  for the independent variable z , but we 

have to change it in the end. At this point, we assume that the eigenfunctions of the initial and 

the perturbed problem are normalized. Let us expand the perturbed quantities as follows 

( ) ( ) ( )n n nZ z Z z Z z    ,                  (12a) 

 2
( ) 1 / ( ) ( ) 2 ( ) ( ) ( )Q z H Q z Q z Q z Q z Q z

H


         ,           (12b) 

2n n n n
H

 
        ,                (12c) 

where the variation of the eigenvalues is given by 

2 2 2
0 0( ) ( ) ( ) ( )

b

n n n n

a

Z z Q z dz Z a Z b        ,             (12d) 

 0 0 0 0 01 / H
H


           ,             (12e) 

 0 0 01 / H      ,                 (12f) 

 

By substituting Eqs. (12a,b,c,d) into the DE (10) we have 

 

        2 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0z n n n n n n n nZ z Z z Z z Z z Q z Q z Z z Z z                   

 

Expanding further the above equation and neglecting second order terms 

 ( ), ( ) ( )n n nZ z Q z Z z       we result in  
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22 ( ) ( ) ( )

( ) (

(

) ( ) ( ) 0,

) ( )

( ) ( )

z n n n n nz n n

nn n

nZ z Z z

Q z Z

Z z Z z Z z

Q z Z z Q z Z zz

  



   

 

     

  





 

 

 where, since ( )nZ z satisfies the DE (1) the sum of the red terms is equal to zero. 

Therefore, the variation ( )nZ z    satisfies the following DE 

2 ( ) ( ) ( ) ( ) ( ) ( ) ( )z n n n n n n nZ z Z z Q z Z z Z z Q z Z z                 .   (13) 

 

By substituting also ( )nZ z  and Eq.(12e) into the BCs (11), we obtain 

 

   0 0( ) ( ) ( ) ( ) 0,z n z n n nZ b Z b Z b Z b             

00 0 0( ) ( ) ( )( ) )) ((z n n nz nn nZ b Z bZ b Z b Z b Z b               0
 

where the sum of the red terms is zero since ( )nZ z  satisfies the BC (2a) and the other is 

neglected as a second order term. 

Hence, the variation ( )nZ z    satisfies the following BC at the endpoint b  

0 0( ) ( ) ( )b
n z n n nB Z Z b Z b Z b         

    .               (14a) 

Using the same arguments, the BC which satisfies ( )nZ z    at the endpoint a  is  

0 0( ) ( ) ( ).a n z n n nB Z Z a Z a Z a         
                 (14b) 

 

The BVP (13)-(14) has a solution since the compatibility condition is satisfied, as we can 

confirm below 
 

2 2 2

( ) ( ) ( ) ( ) ( ) ( )

b b b

n n n n n n

a a a

Z z g z dz Z z Q z Z z dz Z z dz           2

2 2
2 2

0 0

2 2

0 0

( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

b

n

a

b b b

n n n n n

a a a

b

n n n

a

Q z Z z dz

Z z g z dz Q z Z z dz Q z Z z dz Z a Z b

Z z g z dz Z a Z b



    

  



   

  



  





 

where, use is made of the variation formula of the eigenvalues, Eq.(12d). 
 

In the previous Section, we derived the solution of the general problem of the variation of the 

eigenfunctions with respect to the coefficients. Hence, Eq.(4) of Sec.4.1, which is the solution 

of the latter problem, in terms of our problem has the form 
 

   
   

0 0 0 0 0 0

0 0 0 0

( ) 1 ( ) 1

1 1

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

.
n n

z b

n n

n n n n

a z

Z a z b Z b z a

a b

U z Z z
Z z C Z z Z s h s d s U s h s ds

W W



      

   

   

    

  

   



 




 

 
       

(16)  
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Substituting the variations 0 0, , ,n Q      into Eq.(16) and also replacing the transformed 

quantities by the initial, we obtain the desired variation of the eigenfunctions with respect to 

the endpoint b , ( )nZ z . 
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Appendix A. Particular solution of a non-homogeneous DE using the method  

of the variation of parameters  
 

Consider the following second order non homogeneous differential equation with non-

constant coefficients 
 

   ( ) ( ) ( ) ( ) ( )np x u x q x u x g x    ,      a x b      (1a) 

or equivalently 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )np x u x p x u x q x u x g x      .    (1b) 

Our purpose is to find a particular solution of the above equation. According to the method of 

the variation of the parameters, we are going to search this solution in the following form 

(see also Haberman, 2004, Sec.9.3.2) 

1 1 2 2( ) ( ) ( ) ( ) ( )pu x v x u x v x u x  ,       (2) 

where 1( )u x , 2( )u x  are two linearly independent solutions of the corresponding 

homogeneous DE. 

In order to plague our purposed solution into DE (1b) we need its derivatives. Thus, the first 

derivative is  

1 1 1 1 2 2 2 2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )pu x v x u x v x u x v x u x v x u x        .   (3a) 

In order to simplify the form of the above derivative we make the following assumption 

1 1 2 2( ) ( ) ( ) ( ) 0v x u x v x u x   .       (3b) 

Hence, the simplified version of Eq.(3a) is  

1 1 2 2( ) ( ) ( ) ( ) ( )pu x v x u x v x u x    .       (4) 

By differentiating both members of Eq.(4) we derive the second derivative which is 

1 1 1 1 2 2 2 2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )pu x v x u x v x u x v x u x v x u x          .   (5) 

Substituting Eqs.(2),(4),(5) into (1) we have 

   
  

1 1 2 2 1 1 1 1 2 2 2 2

1 1 2 2

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )n

p x v x u x v x u x p x v x u x v x u x v x u x v x u x

q x v x u x v x u x g x

             

   

Taking into account that 1( )u x  and 2( )u x  satisfy the corresponding homogeneous DE, we 

obtain 

 1 1 2 2( ) ( ) ( ) ( ) ( ) ( )p x v x u x v x u x g x     ,      (6) 

or 

1 1 2 2

( )
( ) ( ) ( ) ( )

( )

g x
v x u x v x u x

p x
     .       (7) 

Equations (3b) and (7) constitute a system and its solutions are 

 
2 2

1

1 21 2 1 2

( ) ( ) ( ) ( )
( )

( ) ( , )( )( ) ( ) ( ) ( ) ( )

u x g x u x g x
v x

p x W u u xp x u x u x u x u x
   

 
,   (9a) 

 
1 1

2

1 21 2 1 2

( ) ( ) ( ) ( )
( )

( ) ( , )( )( ) ( ) ( ) ( ) ( )

u x g x u x g x
v x

p x W u u xp x u x u x u x u x
  

 
.    (9b) 
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By integrating both parts of Eq.(9a) in the interval  ,x b  we obtain 

2

1

1 2

( ) ( )
( )

( ) ( , )( )

b b

x x

u s g s
v s ds ds

p s W u u s
    , 

2

1 1

1 2

( ) ( )
( ) ( )

( ) ( , )( )

b

x

u s g s
v b v x ds

p s W u u s
    

2

1 1

1 2

( ) ( )
( ) ( )

( ) ( , )( )

b

x

u s g s
v x ds v b

p s W u u s
  .               (10a) 

Similarly, by integrating both parts of Eq.(9b) in the interval ( , )a x we have 

1

2 2

1 2

( ) ( )
( ) ( )

( ) ( , )( )

x

a

u s g s
v x ds v a

p s W u u s
  .               (10b) 

Notice that  

   

 

1 2 1 2 2 1

1 2 1 2 2 1 2 1

( ) ( , )( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

d
p x W u u x p x u x u x u x u x

dx

p x u x u x u x u x u x u x u x u x

    

        
. (11) 

Recall that 1( )u x , 2( )u x  satisfy the corresponding homogeneous differential equation and 

particularly the following equations hold 

 1 1 1( ) ( ) ( ) ( ) ( ) ( )np x u x p x u x q x u x     ,               (12a) 

 2 2 2( ) ( ) ( ) ( ) ( ) ( )np x u x p x u x q x u x     .              (12b) 

Substituting Eqs.(12) into (11) we obtain 

 1 2( ) ( , )( ) 0
d

p x W u u x
dx

 .        (13) 

which means that the term 1 2( ) ( , )p x W u u  is independent of x , hence it does not participate 

in the integration with respect to x . Therefore, taking into account Eq.(13) and substituting 

Eqs.(10) into Eq.(2) we have 

2 1

1 1 2 2

1 2 1 2

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( , )( ) ( ) ( , )( )

b x

p

x a

u s g s u s g s
u x ds v b u x ds v a u x

p s W u u s p s W u u s

                      
 

            (14) 

By rearranging the terms of the right hand-side of Eq.(14) we take 

2 1

1 2 2 2 1 1

1 2 1 2

( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( , )( ) ( ) ( , )( )

x b

p

a x

u x u x
u x u s g s ds u s g s ds v a u x v b u x

p x W u u x p x W u u x
    

Since the two final terms are solutions of the homogeneous DE, they are already contained in 

the expression of the solution of the non-homogeneous DE. Thus, the final form of the 

particular solution of the non-homogeneous DE (1) is given by  
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2 1

1 2

1 2 1 2

( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( , )( ) ( ) ( , )( )

x b

p

a x

u x u x
u x u s g s ds u s g s ds

p x W u u x p x W u u x
   . (15) 

 

 

Appendix B. Construction of the second solution of a homogeneous 2nd-order DE 

by means of reduction of the order 
 

Consider the following DE 
 

 2 ( ) ( ) 0z n n nZ z Q z Z    .       (1) 

 

Assume that ( )nZ z  is a known solution. Our purpose is to find another solution of Eq. (1), 

linearly independent from ( )nZ z . To start with, we assume that the second solution, say 

( )nW z , can be written in the form 

( ) ( ) ( )n nW z v z Z z .         (2) 

At this point, we calculate nW ’s first and second derivatives  

( ) ( ) ( ) ( ) ( )n n nW z v z Z z v z Z z    ,  

( ) ( ) ( ) 2 ( ) ( ) ( ) ( )n n n nW z v z Z z v z Z z v z Z z       , 

we plug them into Eq.(1), and obtain 
 

 ( ) ( ) 2 ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0n n n n nv z Z z v z Z z v z Z z Q z v z Z z        . 

Since ( )nZ z  satisfies Eq.(1) the above equation is reduced to 

( ) ( ) 2 ( ) ( ) 0n nv z Z z v z Z z    .       (3) 

In order to solve the above DE, we make the following change of variable 

( ) ( )u z v z ,          (4) 

and we have 

( ) ( ) 2 ( ) ( ) 0n nu z Z z u z Z z   .       (5) 

The solution of the above DE is  

(4)
0 0

0 12 2 2
( ) ( ) ( )

( ) ( ) ( )n n n

C C dz
u z v z v z C C

Z z Z z Z z
      .  (6) 

Taking into account the above expression, Eq.(2) becomes 
 

0 12
( ) ( ) ( )

( )
n n n

n

dz
W z C Z z C Z z

Z z
  .      (7) 

Without loss of generality, we can assume that 0 1C  and 1 0C  , taking as second solution 

the function  
 

2
( ) ( )

( )
n n

n

dz
W z Z z

Z z
  .         (8) 
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Example. Let us consider the case ( )Q z Q . 

In this case, the solution has the following form. 

   ( ) cos sinn n nY z A Q z B Q z     . 

Hence, the one solution of the DE in the case of ( )Q z Q is  ( ) cosn nZ z Q z  . 

Let us use Eq.(8) to determine the other solution 

 
 

 
   

2 2
( ) ( ) cos

( ) cos

tan sin
( ) cos

z z

n n n

n n

n n

n n

n n

d s d s
W z Z z Q z

Z s Q s

Q z Q z
W z Q z

Q Q




 


 

  


 
  

 

 
 

The denominator can be neglected as a constant, hence the solution ( )nW z  is 

 ( ) sinn nW z Q z  ,as we expected. 
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