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Abstract

The present master thesis is about the variation of the eigenvalues and the eigenfunctions of
regular Sturm-Liouville (S-L) boundary value problems (BVPs). In the first Chapter we
present some basic results about S-L BVPs which will be needed in the sequel (see Zettl 2005,
Haberman 2004, Ch.5, Walter, 1998, pp.268-281 and Coodington& Carlson, 1997, pp.255-
262). In the Chapter 2, firstly we study the dependence of the eigenvalues of a regular S-L
problem on the boundary points and we obtain the formulas of the derivatives of the
eigenvalues with respect to the boundary. The arguments of the proof are based on those of
Kong Q. & Zettl A. (1999) in Theorems 3.2,3.3,3.4. Subsequently, we assume that the
boundary points remain unchanged and we prove the formulas of the variation of the
eigenvalues with respect to the coefficient-functions (see also Kong Q., Zettl A., 1996).Then,
we solve a constant-coefficient S-L BVP and we calculate the variations of its eigenvalues
with respect to the boundary points by using Implicit Function’s Theorem. We also apply the
formulas proved in Sec.2.1 to the constant-coefficient problem and as we expected they are
identical to the variations we found by straightforward differentiation. The last content of the
2"Chapter, is an introduction to the problem of the variation of the eigenfunctions with
respect to the coefficient-functions. The formulation of this problem shows the emergence of
using the theory of the non-homogeneous BVPs (NHBVPS).

In Chapter 3, Green’s Function is exploited in order to express the solution of the non-
homogeneous BVP. At first, we construct Green’s Function when the parameter A is not an
eigenvalue, 1 = 4, and we prove the expression and the uniqueness of the solution (see Stone

&Goldbart 2009, Sec.5.2, Butkov, 1973, pp.508-514). When 1 = A4,, Green’s Function which

is referred as Generalized Green’s Function (GGF) or Modified Green’s Function satisfies a
certain non-homogeneous problem, which is solved by the method of variation of the
parameters(see Stakgolt, 2011, Sec.3.5, Haberman,2004, Sec.9.4.3, Stone &Goldbart,2009,
Sec. 5.2.3 ).The expression of Green’s Function in this case, is not symmetric but it is possible
to be, according to the instructions of Haberman, in Haberman R., Green’s Function, Lecture
7, about the construction of GGF in a general case and the way to make it symmetric. In
Sec.3.4, we prove the expression and the existence of the solution of the NHBVP and we
conclude that the solution is not unique (see also Haberman, 2004, pp.409-411). In the last
Section of Chapter 3 we present the basic theory which is needed to solve a fully non-
homogeneous BVP since the variation of the eigenfunctions satisfies a BVP of this type. The
technique we follow is to reduce the latter problem to an equivalent non-homogeneous BVP.

In Section 4.1, since we presented the appropriate theory in Chapter 3, we are ready to solve
the fully non-homogeneous BVP which is satisfied by the variation of the eigenfunctions. As
we mentioned in Chapter 3, the solution of the problem is not unique, which is expected since
the eigenfunctions are not unique. Hence, we assume that the eigenfunctions of the initial and
the perturbed BVP are normalized and this fact renders the variation of the eigenfunctions
uniquely defined as well. As far as the last Section of the present thesis is concerned, which is
about the variation of the eigenfunctions with respect to the endpoints, there are no related
sources. In order to solve this problem we applied a transformation to the perturbed problem



in order to reduce the problem of the variation of the domain to the problem of the variation of
the coefficients which is already solved in the previous section.



Hepiinyn

H napodoo Stmhopotikn epyoacio aoyoAEITOL LE TIC GUVAPTNGLUKEG TOPAYDYOVS IOIOTILMOV KOt
1010GVVOPTNCEDY OUOADY TPOPANUATOV cvvoplakdV Tiumy, tomov Sturm-Liouville (S-L).
210 TPAOTO KEPAANLO, TOPOVSIALovUe KAmOol PacIKG amOTEAEGHATO Yo To TpoPAnuata S-
Lto omoia Ba ypetactovv oty cuvéyeto (BA. Zettl 2005, Haberman 2004, Ch.5, Walter, 1998,
pp.268-281 ko Coodington & Carlson, 1997, pp. 255-262). 10 dgbtepo KeAALo, apyLkd.
e€etalovpe Vv €€GPTNON TOV WBIOTILOV TOV TPOPALATOS OO T GKPO TOL SUCTLOTOS GTO
omoio opiletarl to mPOPANUA Kl EAYOVUE TIG OYECELS YO TIG TOPOAYMDYOVS TV WOIOTIUAV O
pog ovtd. Ta emtyelpipata g omddeéng avtg, otnpifovrol og avtd tov Kong Q. & Zettl
A. (1999) ota Osowpnuata 3.2,3.3,3.4. X1 cvvéyela, Oempodue 6Tt Ta GKpo TOV SLOGTHOTOG
Tapopévouy otafepd Kot omodEKVOOVE TIG GYECELS TOV UETAROADV TOV OI0TIHOV MG TPOG
T1g cvvapTnoeg-dedopéva (PA. emiong Kong Q., Zettl A., 1996).

‘Eneita, Advovpe éva mpdfinua S-L pe otabepodc cvvieheotég kot vmoroyilovpe Tig
TAPOYDYOLS TOV WIOTILAOV O TPOG TO. GKPO TOL GLVOPOL YPNCUYLOTOIOVTAS TO Oedpnuo
[Temheypévng Zvvaptmons. Eeappolovpe eniong toug TOMOVG TV HETAROADY TOV 1OIOTILOV
010 TPOPANUE oTAfEP®V GUVTEAECTMOV Kol OM®G MNTAV avapevopevo tavtilovior pe Tig
petaPoréc mov Ppikape pe amevbeiog mopaydynon. To tehevtoio mepieyduevo tov 2%
Kepaiaiov eivon pio l6aymyn 610 TPOPANUA TNG UETAPOANG TOV 1310CVLVUPTNCEDY OC TPOG
TIG ovvoptioeg-oedopéva. H datommon avtod tov wPoPANUATOS avadEIKVOEL TNV
APNOOTNTA TNG BEPlog GYETIKA E TO UN-OLOYEVT TPOPANLLOLTAL.

210 Kepdrawo 3, ypnoponoteitan n cvvaptnon Green mote va eKOPAGOLLE TV ADGT TOV U
opoyevovg mpofAanuartog. Apykd, kataokevdlovpe v cuvdptnon Green dtav n TopaUeETPOg
A dgv glvan wWotyn, A=A, ko amodewvOovpe v Ek@pacn Tng AVONG Kol TNV

povadwomrta g (BA. Stone & Goldbart 2009, Sec.5.2, Butkov, 1973, pp.508-514).Otav
A = A,, n oovépmmon Green omov avaepépetar g Generalized Green’s Function (GGF) 7

Modified Green’s Function wkavomotei évo GUYKEKPIUEVO U OUOYEVEC TPOPANUA TO 0moio
Aovoope pe v pébodo petafornc tov mapapétpov (PA. Stakgolt, 2011, Sec.3.5, Haberman,
2004, Sec.9.4.3, Stone & Goldbart, 2009, Sec. 5.2.3 ). H éxeppacn g cvvaptnong Green oe
QUTIV TNV TEPIMTMOOT OV €IVl GUUUETPIKT 0ALA glvarl duvatdv va yivel cOLPOVO LE TIG
vrodei&elg tov Haberman oto Haberman R.,Green’s Function, Lecture 7, oyetikd pe v
kataokevr] ¢ GGF kot tov 1pdémo va yiver cvppetpikn. Xty Evémra 3.4 amodsikviovpe
™V mapén Kot v EKEPOcT TG AVONG TOV UN-0UOYEVOUS TPOPANLATOS KOl GCUUTEPAIVOVLE
OtL 1 AMon dev givar povadikn (PA. Haberman, 2004, pp. 409-411). Xtnv televtaio evotnto
oV KePaiaiov 3, Ttapovsialovpe Vv Pacikn Bewpia mov yperdleTon yio va Avbet Eva mAnpmg
UN-0LOYEVEG TTPOPANLLO, 0QOV 1 HETAROAY TOV 1O10GLVOPTHCEMY KAVOTOoLEl va TPORANUA
tétoov tomov. H pébodoc mov akorovBolpe givar va avéyovpe 1o tpoavaeepBéy mpdPano
o€ £€v0, 16000VaLO UN-OUOYEVEG.

2mv Evotmra 4.1, apov mapovcidcape v KatdAinin Osmpio oto Kepdrato 3, pmopovpe vo
AMoocovpe T0 TANPOS UN-OUHOYEVEG TPOPANUO 7OV Kovomoleitol omd TV UETOPOAN TOV
wocvvaptioewv. Onmg avapépape oto Kepdiowo 3, 1 Adon tov mpoPfAnquatog oev givor
HOVAOIKY], KATL TOL €ivol avapevOUEVO apov 01 10106LVOPTNGELS Ogv eival povadikés. 'Etot,
vrofétovpe OTL Ol 1O10GVVOPTICELS TOL OPYIKOL KOl TOV OlOTAPUYUEVOL TPOPANUOTOC
GLUVOPLOKDOV TILAOV EIVOL KOVOVIKOTOMUEVEG GTNV HovAada Kot avt) 1 vedbeon Kabiotd v



HETABOAN TOV 1310GVVOPTNGEDV LOVOST VT 0pIopév. Ocov agopd TV Televtaia evotnTa
NG TOPOVCAG EPYACING, TOV OCYOAEITAL e TNV HETAPOAN] TOV 1OOCLVOPTNCEDY MG TPOS TO.
drpa TOv SGTAUATOG, dev VIApPYoLVV PipAtoypaewkd otoryeio. o va Adcovpe avtd T0
TPOPANU paprolovpe Evay PETUCYNUOTIOUO GTO OATOPAYUEVO TPOPANLLOL KOl LLE QVTOV TOV
TPOTO OVAYOLUE TO TPOPANUO HETABOAG T®V 1010GLVOPTHGEMY ®C TPOC TO GUVOPO GTO
TPOPANUA TNG HETOPOANG TOV 1O10GVVAPTHCEDV MG TPOG TIS GLVUPTNOEIG-0EGOUEVA TO OTOT0
€xe1l MO Abel oy Tponyobuevn evotnTaL.
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Introduction

Jacques Charles Francois Sturm (1803-1855) and Joseph Liouville (1809-1882), in 1836-1837
published a series of articles and created a subject in Mathematical Analysis. The theory
which is known as Sturm-Liouville (S-L) Theory deals with the second order differential
equation

— (V@) +a(2)u(2) = Aw(@)u(z), in(ab), —so<a<b<oo, )
with the imposed boundary conditions (BCs)
(pu')(@) —vou(@) = 0, (2a)
(pu)(b) — pou(b) = 0 (2b)

The differential equation (1) accompanied by the boundary conditions (2), consist a S-L
boundary value problem (BVP).Many historical notes about the development of S-L Theory
can be found in Lutzen’s book (Lutzen, 1982).The selection of the function space which each
function-data belongs, it depends on the purpose we have in each case. An obvious choice is
the following

p(z) € Cl[a,b], q(z),w(z) € C[a,b] and AeC(in the particular work, we will be restricted
to self adjoint problems, thus, A€R in our case). An important fact, which makes S-L Theory
widely applied is that every second order differential equation can be reduced to a S-L
equation (see Walter, 1998, pp.245-246).The BVP (1)-(2) only allows non trivial solutions,
called eigenfunctions for certain values of 4, the eigenvalues.

In the Chapter 1 of this Thesis, we state and prove some basic theorems which will be utilized
in the next Chapters. In the following Chapter, our purpose is to find the functional derivatives
of the eigenvalues of the BVP(1). This work is already done by Kong & Zettl (1996, 1999).
The case of Neumann BVP is studied by Dauge&Helffer(1993). As we can notice, an
eigenvalue A of the above BVP depends on the data-functions p(x),q(x),w(x), the constants

Vo, 1o and the boundary points a,b . Hence, it makes sense to use the notation

A= A(P().0(). W) Vo, t10,,D). @)
As we can see from Eq.(3), 4 is a function of v ,u,,a,b and a functional on

p(z),9(z), w(z) .Firstly, we assume that all the arguments of A remain unchanged except

from the endpoints a and b, and we prove the formulas of the variation of the eigenvalues
with respect to a and b respectively. We also state some remarks which include special cases
of the BCs. The arguments we used for the proof are based on those of Kong and Zettl in
Kong & A. Zettl , (1999) in Theorems 3.2, 3.3, 3.4 (see also Dauge&Helffer, 1993, for the
Neumann case). Next, we assume that the boundary points are not perturbed and we prove the
formulas of the variation of the eigenvalues with respect to p(-),q(-),w(-),v,, 1, - (See also

KongQ., Zettl A., 1996 ) A different approach which leads to the same variation formulas is
given by Farshad M. (1973).We also solve a constant-coefficient S-L BVP and we calculate
the variations of its eigenvalues with respect to the boundary points by using the Implicit
Function’s Theorem. Then, we apply the formulas proved in Sec.2.1 for the constant-



coefficient problem and as we expected they are identical to the variations we found by
straightforward differentiation. The last content of the 2" Chapter, is a preamble about the
problem of the variation of the eigenfunctions with respect to the coefficient-functions. In
particular, consider the following S-L problem

07Z,@) + (4, —Q())Z,(2) =0, a<z<b, (4)
Bbzn = 0,2,(b) —uyZ,(b) =0, (5a)
B,Z, = 0,Z,(a)—v,Z,(a) = 0. (5b)

By assuming that Q(z), «,,v,are perturbed, the eigenvalues and the eigenfunctions are also

changed. In order to determine the variation of the eigenfunctions with respect to the
coefficients it is necessary to solve a fully non homogeneous BVP which in the non-
homogeneous part of the differential equation contains the variation of the eigenvalues with
respect to the coefficients. Hence, the variation of eigenvalues is necessary to precede the
solution of the variational problem of the eigenfunctions. The non-homogeneous problem,
which is satisfied by the variation of the eigenvalues, is the motivation for recalling the basic
theory for the solution of non-homogeneous BVPs. Green’s Function is exploited in order to
express the solution of the non-homogeneous BVP. At first, we construct Green’s Function
when the parameter A is not an eigenvalue, 1= A4,. (See Stone &Goldbart, 2009 Sec.5.2,

Butkov, 1973pp.508-514, 1. Stackgolt, M. Holst 2011 pp.193-196 and E.L. Ince, 1956,pp.255-
256). Then, we prove the expression and the existence of the solution, in the same case, and at
last, we prove that the solution is unique. When 2= 4,,, at first we present two negative

results about the construction of Green’s Function, which in this case is called Generalized
Green’s Function (GGF) or Modified Green’s Function. (see Stackgolt ,2011, Sec. 3.5,
Haberman ,2004, Sec.9.4.3, Stone & Goldbart,2009, Sec. 5.2.3 ). However, Green’s Function
satisfies a certain non-homogeneous problem, which is solved by the method of variation of
the parameters. The expression of Green’s Function, is not symmetric but it is possible to be,
according to the instructions ofHaberman R., Green’s Function, Lecture 7, about the
construction of GGF in a general case and the way to make it symmetric. In this Section, we
prove the expression and the existence of the solution of the NHBVP but the solution is not
unique ( see also Stakgolt,2011, pp.193-196, Haberman, 2004, pp. 409-411). In the last
Section of Chapter 4 we present the basic theory needed to solve a fully non-homogeneous
BVP. The technique we follow is to reduce the latter problem to an equivalent non-
homogeneous BVP and when A is an eigenvalue, (4 = A,)) we prove that the compatibility

condition of the initial and of the reduced problem is the same, as we expected, since the
problems are equivalent. In Section 4.1, we apply the appropriate theory from Chapter 3 and
we solve the fully non-homogeneous BVP which is satisfied by the variation of the
eigenfunctions. As we mentioned in the previous Chapter, the solution of the problem is not
unique, which is expected since the eigenfunctions are not unique. Hence, by assuming that
the eigenfunctions of the initial and the perturbed BVP are normalized, the constant which the
variation of the eigenfunction contains can be uniquely determined. The variation of the
eigenfunctions with respect to the coefficients can also be found in Farshad M., (1973). As far
as the last Section of the present thesis is concerned, it is about the variation of the

10



eigenfunctions with respect to the endpoints, there are no related sources. In order to solve this
problem we applied a transformation to the perturbed problem and we managed to be defined
in the same interval as the unperturbed problem. Thus, we reduced the problem of the
variation of the domain to the already solved problem of the variation of the coefficients.

11



1. Sturm-Liouville problems

This Chapter contains some basic results about the specific category of the problems, called
Sturm-Liouville problems, which will be utilized next.

Definition 1
A Sturm-Liouville (S-L) equation is a second order homogeneous linear differential
equation of the form

— (POU'(x))" + a(x)u(x) = AW(X)u(x) , (1)
du(x)

where u’(x) = , Ais aparameter, p,q,w are real-valued functions of x.

The functions g and w are assumed to be continuous and p continuously differentiable.

A Sturm-Liouville equation can be categorized according to the properties of the data-
functions p(x),q(x), w(x) . Thus, we present the definition of a regular S-L equation.

Definition 2
The S-L equation is called regular in a closed interval [a,b] when the functions p(x), and

w(x) are strictly positive for xe[a,b].

Since the functions p(x), g(x), w(x) are continuous, they are bounded in the interval [a,b].

At the majority of the physical problems, the differential equation is accompanied by a
number of boundary conditions. Hence, we give the following definition

Definition 3
A regular Sturm-Liouville system/problem is a S-L equation in a finite closed interval [a,b]

together with two separated boundary conditions (BCs) of the form
(pu’)(a) —veu(a) = 0, (22)
(pu’) (b) — pou(b) = 0. (2b)
Where v, 1, are given real numbers.

An important question is when a second order differential equation can be reduced to a S-L
equation. The answer is that every second order differential equation, and this fact points out
the importance of S-L problems ( see also W. Walter, 1998, pp.245-246, G. Birkhoff, G.-C.
Rota, 1989, pp. 320-322).

The general form of a second order differential equation is the following

u”(x) + a,(x)u’(x) + a,(x)u(x) =0. (3)
Equation (3) can always transformed into the S-L form, Eq.(1), by multiplying by the factor

a,(x) dx
p(x) = ef .

12



Indeed, Eq.(3) takes the form

(POYU'(¥)) + p(x)ag(x)u(x) =0. (4)
By choosing p(x)a,(x) = — q(x), Eq.(4) becomes identical to Eq.(1).

The most usual problem is to search for non-trivial solutions of a S-L BVP. Especially, we
search for a function u,(x) which satisfies Eq.(1) and the BCs (2) and also for a

corresponding value of the parameter 4 = A, which also satisfies Eq.(1).

Definition 3

A non-trivial solution of a S-L system is called an eigenfunction and the corresponding A is
called its eigenvalue. The set of all eigenvalues of a regular S-L system is called the
spectrum of the system.

1.1 Important Identities and implications

Let u and o be both twice differentiable functions, satisfying the following equations
/
Lu = —(p()u'(x)) + q(x) (1)

/
Lo =—(p()v'(x)) +a(x). )
By multiplying Egs.(1),(2) by v and u respectively and subtracting Eq.(2) from (1), we
obtain

vLu—uLo=—o()(peu’(x) +u)(p()v'(x) 3)

Where, the last is known as Lagrange’s ldentity.
Now, by integrating Eq.(3) over the interval [a,b] we obtain

[Zo(Lu() ~uE)Lo(x) dx = [p(u()U'x) — PEUE) V()] (4)

which is Green’s Identity.

If the functions u, o satisfy also the BCs (2a,b) of the previous section, then

[PV () — PO L] = 0.

Proof.
Firstly, we write the bracket in the following form, in order to utilize the BCs.

[PCILEIU'(X) = YU L'(N)]. = pb)ub)u’(b) — p(b)u(b)v'(b) - p(a)u(a)u’(a) + p(a)u(a)v'(a).

Assume that the BCs at the endpoint b are Neumann, (z, = 0).This, yields to
p(b)u(b)u’(b) — p(b)u(b)v'(b) =0. (5)

13



Note that in the case of Dirichlet BCs, (u(b) = 0,v(b) = 0), Eq.(5) is valid.
In case of general BCs at the endpoint b we have

p(b)v(b)u’(b) — p(b)u(b)v'(b) = 1, u(b) (b) — p(b)u(b)v'(b), (6)

since u satisfies the BC (2b) of the previous section.
By factorizing the right hand side of Eq.(6), he derive

p(b)u(b)u'(b) — p(b)u(b)v'(b) = u(b) (u(b) — p(b)v'(b)) =0. (7)
Where, for the last equation we utilized the fact that v(x) also satisfies the BCs.

Hence, in every case p(X)u(x)u’(x) — p(x)u(x)v’(x) iszeroat x =b.
By using the same arguments, p(X)o(x)u’(x) — p(x)u(x)v'(x) is also zero at x = a.

Therefore, we conclude that [ p(x)u(x)u’(x) — p(x)u(x) U'(X)]Z =0.

Using the result of the previous proof, Green’s Identity for u,v satisfying the S-L problem
(1)-(2) has the form

[*oe)Lu) ~u(x)Lo(x) dx = 0. ©)

The above equation, allow us to conclude that the operator L is self-adjoint, which implies
the characterization of the BVP as a S-L regular, self-adjoint problem (see Ince, 1956
Chapters 9.31, 9.4)

1.2 Properties of eigenvalues and eigenfunctions.

Theorem 1(E. Coddington, R. Carlson, 1977, Theorem 8.3 p.257)
If L is self-adjoint, then
(i) each eigenvalue of L, A4 isreal,

(i) eigenfunctions corresponding to distinct eigenvalues are orthogonal. [
Proof.
(i) Let 4 be a non-zero eigenvalue of the operator L.Then,
Lx=Ax, |X|>0. (1)
Because of the self-adjointness of the operator L we have
0=(Lx,x)—(x,Lx)=(Ax,x) — (X,4x) = (2)

= A(x,X) = A(x,X) =(/1 - Z)||x||2.
Thus, 4 =1, since |x|>0.

(i) If x,y are eigenfunctions of L corresponding to the eigenvalues A,v e R,A#v
respectively, then Eq.(2) gives us

0=(y,Lx)=(x,Ly) = (y,Ax)=(x,vy) =
= A(y ) -v(x.y) = (2-v)(xy).

14



=(x,y)=0,
which implies the orthogonality of x,y.

Theorem 2 (E.Coddington, R.Carlson 1977)
Each eigenvalue, A4, of the operator L is simple. |

Proof:

Assume that u,o are eigenfunctions corresponding to A . Since u, v satisfying the BC (2a), the
vectors (u(a),u’(a)), (v(a),v'(a)) e R*are both orthogonal to the non-zero vector (—vo,l).
Hence, they lie in a one-dimensional subspace of R?

If X =(u,v), then the Wronskianw, at a is

W, (a) = det u@ v(@)
T W@ V)

Since the columns are linearly dependent, W, (a) =0.
Consequently,(see Coodington Carlson 1997, Th.2.10,p.37)
W, (t) = 0,Vte[a,b]. (4)

sou,v are linearly dependent.

(3)

This implies that dimKer (L — AI) =1, which is equivalent to the fact that the eigenvalue 1
is simple.

Let Pand P be the following BVPs

— (POOU(X) + q(X)U(X) = AW(X)u(x), a<x<b
P (pu)(a) - v,u(a) = 0

(pu’)(b) — wou(b) = 0

— (P T (X)) + G()A(X) = AW(X)a(x), a&<x<b
(pa’)(@ -v,u@ =0
(pa') (b) — iz, (b) = O

Theorem 3 (Continuity of the eigenvalues)

For the above BVPs P and P we have
Y& >0, 35>0 such that, if

@ = a] +|b = b] + v — ¥o| + 1o — 1| + Lb| P(X) — P(X)| + [q(x) = G| + [w(x) — W(x)|dx < &

then,
‘ﬂ—i‘<g. n

15



Proof:
See Theorem 3.1 of Q.Kong, A. Zettl , (1996).

By a normalized eigenfunction u of a S-L problem we mean an eigenfunction u that satisfies

_f "u20ow(x) =1. 5)

Theorem 4
Assume that the eigenvalue A of the BVP P is simple and let 0 denote a normalized

eigenfunction of A. Then there exist normalized eigenfunction u corresponding to the
eigenvalue A of the BVP P such that

u—Gdand pd’— pu’,as P—>P. "
Proof:
See Theorem 3.2 of Q. Kong, A. Zettl , (1996).
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2. Variation of eigenvalues of regular Sturm-Liouville problems

Consider the regular, self-adjoint Sturm-Liouville (S-L) problem

—(p(z)u’(z))/ + q(z2)u(z) =Aw(z)u(z), in (a,b), —oco<a<b<oo, 1)
(pu’)(@) —vou(@) = 0, (2a)
(pu")(b) — pou(b) = 0 (2b)

where p(z)eC'[a,b], p(z) >0, q(z),w(z)eC[a,b],w(z) > 0 andv,, x, are given real
numbers.

Assume that the parameter A is an eigenvalue of the problem. As we have noticed, each
eigenvalue A depends on the data of the problem, that is, the functions p(z),q(z),w(z), the

constantsv, , #, and on the domain [a,b]. Since, in this work, we are interested in studying
this dependence, it is expedient to use the following notation for the eigenvalue

A =A(a,b,ve, uo,p(),0(),W(-)) (3)
That means that A is a usual function of a,b, x,,v,, and a functional on the functions p(z),
a(z), w(z).

2.1 Variation of eigenvalues with respect to the boundary points

At first, we assume that all coefficients of the BVP (1)-(2) of Section 2, remain unchanged,
except of the endpoints aand b . Thus, we state and prove the following theorem

Theorem 1 [Q. Kong, A. Zettl , (1999)].The variation (shape derivative) of the eigenvalue A4,
of the BVP (1), (2) of Sec. 2, considered as a function of the endpoints aand b, respectively,
IS given by

0 - (@) - ut@ (9@ - 2@ W], (1)
a p(a)
- di) = 1 N2 2 _
(i) el p(b)(pu) (b) 4+ u*(b) [q(b) — A(b) w(b) ], (1b)
whereu is the corresponding normalized (| u | i) = 1) eigenfunction of A. n

Proof:

The arguments of the proof are based on those of Kong’s and Zettl’s(Theorems 3.2 and 3.3) in
Q. Kong, A. Zettl , (1999)

(i) Denoting by u(.,a) the normalized eigenfunction belonging to the eigenvalue A(a), we
have

~(P@)u'(z.2) +q(2) u(z.a) = A(@)W(2)u(za). )
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Multiplying Eq.(2) by u(-,a-h), the eigenfunction corresponding to A(a-+h), whereh=0
and significantly small, we obtain

— (p(z)u/(z,a))/ u(z,a+h) +q(z)u(z,a)u(z,a+h) = A(a) w(z) u(z,a) u(z,a+h). 3)
In terms of the notation u (-, a) for the eigenfunction, the BCs (2a,b) take the form

(pu)(a,a) —vou(a,a) = 0, (42)
(pu’)(b,a) — uou(b,a) = 0 (4b)

Similarly, for A(a+h)and u(.,a-+h) we obtain

_( p(z) u’(z,a+h))/ u(z,a) +q(z)u(z,a+h)u(z,a) = A(a+h)w(z)u(z,a+h)u(z,a), (5)
(pu)(@ + h,a +h) —vyu(@a+h,a+h) = 0, (6a)
(pu’)(b,a + h) — gyu(b,a+h) =0 (6b)

By subtracting Eq. (3) from Eq. (5), and integrating over the interval [a,b], we find
b
(A@+h) — i(a))f u(s,a)u(s,a+hyw(s)ds =
. / . / ()
:f — (pu’(s,a+h)) u(s,a) ds +f (pu’(s,a)) u(s,a+h) ds.

Performing an integration by parts in each integral of the right-hand side of Eq.(7), we obtain

b
(Aa+ h)—/l(a))f u(s,a) u(s,a+h)w(s)ds =

: ®)

= —[(pu’)(s,a + h) u(s,a) — (pu’)(s,a) u(s,a + h)]z

At the unperturbed endpoint z = b, we have that the difference
(pu’)(b,a + h)u(b,a) — (pu’)(b,a)u(b,a + h) vanishes. Indeed, if 1, =0(Neumann
boundary conditions), BCs (4b) and (6b) become u’(b,a) = Oandu’(b,a+h) = 0, thus,
(pu’)(b,a + h)u(b,a) — (pu’)(b,a)u(b,a 4 h) =0 trivially. Also, if the BC at the endpoint
b is Dirichlet, means that u(b,a) = 0and u(b,a-+h) = 0. This results again in
(pu’)(b,a + hyu(b,a) — (pu’)(b,a)u(b,a + h) = 0.0n the other hand, if x, =0, by using

BC (4b), we find
—(pu)(b,a+h) u(b,a) + (PU)b,a) u(b,ath) =

= —(pu’)(b,a+h)u(b,a) + wyu(b,a)uld,a+h) =

= u(b,a) | - (pu’)(b,a+h) + uou(b,a+h)] i 0. 9)

Thus, Eq.(8) becomes
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b

(A(a+h) —i(a))f u(s,a)u(s,a+h)yw(s) ds =

a

(10)
= u(a,a) (pu’)(a,a+h) —u(a,a+h)(pu’)(aa).

In this step we will work separately for each term of the right hand side of Eq.(10).We start
from (pu’)(a,a-+h) of the first term.

If the BC at the endpoint a is Dirichlet,u(a,a) = 0, thus the term u(a,a)((pu’)(a,a+h))

vanishes.
In any other case, we subtract BC (6a) from (pu’)(a,a+h) in order to replace the derivative

of the perturbed eigenfunction (pu’)(a,a + h) by proper integrals and we have
(pu')(@a+h) = (pu')(a,a+h) — (pu’)@+h,a+h) +vou(@a+h,a+h). (11)

By applying the fundamental theorem of calculus to the first two terms of the right hand side

of the above equation and using Eq.(1) of Section 3 we derive
a+h

(pu’)(a,a +h) = —f (pu’)'(s,a + h) ds + v u(a + h,a + h)

a
a+h

(pu)(a,a + h) = —f [a(s)u(s,a + h) — A(a+h)u(s,a + h)yw(s)]ds + vou(a + h,a + h)

a

By adding and subtracting the terms q(s)u(s,a) and A(a+h)u(s,a)w(s) into the integrant we

have
a+h

q(s)u(s,a) ds +f q(s)[u(s,a) — u(s,a+h)] ds +

a

a-+h

(pu)(@.a + h) :—f

a

a+h a+h
+ Ala+ h)f u(s,a)w(s) ds — /1(a+h)f [u(s,a) —u(s,a+h)w(s) ds +
+vou(a+ ha+h) (12)

Now we study u(a,a-+h) from the second term of the right hand side of Eq.(10).Notice that
if vy =0 the term u(a,a-+h)(pu’(a,a)) vanishes.
For v, =0, we subtract from u(a,a+h) the B.C (6a), in order to create the difference
u(a,a+h)—u(a+h,a+h) and
u(a,a+h) = u(@a+h) — u@+h,a+h) + - (pu’)@a+h,a+h).
Vo

In this case we cannot create the second derivative in order to utilize Eqg.(1), so we have to
work differently. By applying the fundamental theorem of calculus to the first two terms of

the above equation and also multiplying and dividing u’(s,a+h) by p(s)we obtain

a+h
u(a,a+h) = —f %(pu’)(s,a%)ds + Vi(pu’)(a+h,a+h).
a 0
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By adding and subtracting the term %(pu’)(s,a) into the integrant, in order to eliminate
p(s

the term (pu’)(s,a+h) we have

a+h 1 ) a+h 1
u(a,a +h) = —fa ﬁ(pu )(s,a)dsjtb/;1 @[

+ i(pu’)(a+ h,a+h). (13)
Vo

(pu’)(s,a) — (pu’)(s,a+h)]ds +

By substituting Egs. (12) and (13) into the right hand side of Eq. (10) and dividing both sides
of the resulting equation by h we obtain

b a+h
Aa + hg — A(@) f u(s,a)u(s,a+h)w(s)ds = — u(a,a) %f g(s) u(s,a)ds +
A

a+h a+h
+ u(a,a) %f q(s)[u(s,a)—u(s,a + h)]ds + A(a + h) u(a,a) %f u(s,a)w(s)ds —

B Cc

— M@+ h)u(a,a) %fa+h[u(s,a)—u(s,a + h)| w(s)ds + % vou(a+h,a+h)u(a,a) +

D

+ (pu’)(a,a)%f;a+ ;525 (pu')(s,a)ds — (pu’)(a,a)%tj:a+ Ei;;[(pu@(s,a)——(puo(s,a +hds +

E F

1 i(pu’)(a + h,a + h) (pu’)(a,a) (14)
h v,

The sum of the boundary terms of the above equation is equal to zero, as we confirm below,
by using the BCs (4a) and (6a).

vou(a + h,a + h)u(a,a) — Vi(pu’)(a +h,a +h) (pu)(a,a) =
0

& vou@+ha+hu@a) — u@+ha+h)(pu)aa) =

= u(a+h,a+h)(vou(aa) — (pu)(aa)) = © (15)

By using Lebesque’s Differentiation Theorem to calculate the terms A, B,C,D,E, F

we obtain
1 a-+h
ﬁf q(s)u(s,a)ds

= —u(a,a)(q(@)u(a a)) = — u?*(a,a)q(a). (16)

A=—u(a,a) Llng
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B= u(a,a)!]ing

a+h
%f q(s)[u(s.2) — u(s,a-+h)] ds|=

— u(a,a) (q(a) [u(a,a) — Lim)u(a, a+ h)]) =
= u(a,a)(q(a)[u(a.a) — u(a,a)]) =

since u(s,a+h) — u(s,a), as h tends to zero.

C = lim|Aa + h)u(a,a)%j;a+hu(s,a)w(s)ds _
= A(a)u(a,a)[u(a,a)w(@)| = A(a)u*(a,a) w(a).
) 1 a+h
D= Mr]) Ala+ h)u(a,a)ﬁ'j:i [u(s,a) —u(s,a+h)| ds|=

:Lm i(a+h)u(a,a)%£a+h[u(s,a) —u(s,a+h)]ds|=

— A(a)u(a, a)(u(a, a)—mu(a,am)) — A(a)u(a,a)(u(a,a) — u(a,a)) =0,

since A is continuous at a.

E—I|m

(pu')(a,a) hf —(pu 'Y(s,a)ds| =

= (DU’)(a,a)ﬁ(DU’)(a,a) = ?(pu) (a,a).

a+h
F = (pu’)(aa)lim %f %[(pu’)(s,a) — (pu)(s,a+h)] ds|=

= ()@.2)| s (@) - %lhm(pu’)(a,am}
—(pu)(aa)ﬁ(pux )—%(pu’)(a,ao -
By taking the limit ash tends to zero, the left-hand side of Eq.(14) becomes
i Ma”‘) (@) f u(s,a)u(s, a+hyw(s) ds| = 343

(17)

(18)

(19)

(20)

(21)

(22)

Because u(,a-+h) —u(,a), as h tends to zero and because of the normalization condition

b
f u?(s,a)w(s) ds =1.
a
Taking into account Egs. (15)-(22), we obtain the wanted formula
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(if) The proof is similar to (i).

Remark 1 Since we used Lebesque’s Differentiation Theorem a choice of function spaces
which is demanding by the theorem is the following

w(z),9(z) eLY[a,b], u’(2) € L[a,b]

Remark 2 Notice that in case of Dirichlet BCs, the proof is the same until Eq.(9). In the right-
hand side of Eq.(10) there is only one term since the other satisfies the BC (u(a,a) = O)

.Hence, are implied the following corollaries

Corollary 1.1f the boundary conditions of the BVP (1)-(2) are Dirichlet at the endpoint a and
either Dirichet or Neumann at the endpoint b, the variation of the eigenvalue A with respect
to a takes the form

dA(a)

= p(a)(u'(@))’. (23)

If the boundary conditions are Neumann at the endpoint aand either Dirichlet or Neumann at
the endpoint b, the variation of the eigenvalue A as a function of the endpoint a is given by

dia)

g — u*(a)[a(a) — A(@w(@)]. (24)
a

Corollary 2.1f the boundary conditions of the BVP (1)-(2) are either Dirichlet or Neumann at
the endpoint a and Dirichletat b, the variation of the eigenvalue A with respect to b takes
the form

dab) 1  n2
b IO(b)(IOU) (b). (25)

If the boundary conditions are either Neumann or Dirichlet at the endpoint a and Neumann at
the endpoint b, the variation of the eigenvalue A4 as a function of the endpoint b is given by

di() _

b u®(b) [a(b) — A(b) w(b) ]. (26)

Application of the variation formulas to the problem with the differential equation in the
standard Liouville normal form

Our purpose is to apply the formulas which proved above, to the following problem
07Z,@) + (4, —Q())Z,(2) =0, a<z<b, (27)

B°Z, = 9,Z,(b) — 1yZ,(b) = 0, (28a)
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B,Z, = 0,Z,(a)—v,Z,(a) = 0. (28b)

We observe that Eq.(1), becomes identical to Eq.(27) under the choice of

p(z) =1,q(z) = Q(z)and w(z) =1. Moreover, the BCs (2a,b) are identified with BCs
(28a,b) under the choice of p(z) =1.

Recall also that the formulas are proved for normalized eigenfunctions, hence u(z) will be

Z
replaced by % :

n

Thus, the variation of the eigenvalues of the problem with respect to the endpoint a is given
by

2
d2,(@) (Zh@) - Z22@(Q(@) — 4,(a))

: 29
- o (29)

n

Similarly, the variation of the eigenvalues A1, with respect to the endpoint b has the form

di,(0)  —(Zy) +Z:O)(QE) — 2,0))

. 30
- vk (30)
2.2.Variation of eigenvalues with respect to the coefficients.
Consider the regular, self-adjoint Sturm-Liouville problem
—(pu’(z))/+q(z)u(z) = Aw(z)u(z), on (a,b), —co<a<b<oo, 1)
(pu)(a) —vou(a) = 0, (22)
(pu’)(b) — o u(b) = 0, (2b)

Assume now that the domain remains unchanged and the data p(z),q(z), w(z) v, u, are
perturbed. To start with, we consider the following BVP, which is a perturbed version of BVP

(1)-(2)

~(pi'(2)) + 4(2)u(z) = IW(2)a(z),  on (a,b), —co<a<b<oo, 3)
(pu’)(a) — v, G(a) = 0, (42)
(Pa’)(b) — 1o G(b) = 0. (4b)

We shall now derive some identities connecting the eigenvalues and the eigenfunctions of the
two problems (1)-(2) and (3)-(4), which will be repeatedly used in the sequel.

By multiplying Eq.(1) by d(z) and Eq. (2) by u(z) we obtain, respectively,
—( pU’(Z))/ 0(z) + a(z)u(2)a(z) = Aw(z)u(z)a(z), (%)

~(PU'(2)) U@+ () A(2u(z) = IW(2)0(2)u(2). (6)
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Subtracting Eq.(5) from (6), results in

~(pU'(2)) u(@) +(pu'@) 0(2) + (6(2) ~9(2))A(Du(2) = AMD)A(2)u(2) — AW(z) 0@ ()

By integrating the above equation over the interval [a,b],we take the following identity:

b b b
f (AW(2)a(2)u(2) — AW@)0(2)u(z)) dz = f —(pU'(2)) u(2) dz + f (pu'(2)) d(z) dz

b

+ [(a@-a@)aeue d

a
Performing an integration by parts in the first two integrals of the right-hand side of the above
equation, we obtain

b

f (AWM2)a(2)u(z) — 2w(@)0(2)u(z)) dz = [~(pa')(2)u(2) + (pu')2)a()]. +

a

7)
b b
4 f (P(2)— p(2)0(2u'(2) dz + f (6(2)—q(2))d(2)u(z) dz.

If the eigenfunctions u(z) and (z) satisfy the same boundary conditions (2a,b),which means
that the constants v,,u, remain unchanged, the bracket[—(fn]")(z)u(z) + (pu’)(z)a(z)]z,

vanishes and Eq.(7) takes the form

b b b
f(iW(z)U(z)u(z) —/lw(z)ﬂ(z)u(z)) dz :f(f)(z)— p(2))0’(z)u’(z) dz +f(q(z)—q(z))a(z)u(z) dz.

(8)
If the constants v, «, are also perturbed, then, taking into account that u(z) satisfies the BCs
(2a,b) and d(z) satisfies the BCs (4a,b), the bracket expands as follows

[~(p1)(@)u(2) + (Pu) (@D U(2)], = — (P (B)u(b) + (pu')(B)E(H) + (PI')(@)u(a) — (pu')(@)d(a) =
= — fig G(O)u(b) + 415 u(0)U(H) + 7o U(@)u(@) — v, u(a)i(a) =
= G (O)u(b) (1o — fio) + T (A)U(@) (7o — vo).

By utilizing the above equation, Eq.(7) is written as

b
f (ZW(z)u(z)u(z) — AW(2)(2)u(z)) dz = d (b)u(o) (1 — itg) + T (@)U(@) (Vo — v ) +

9)
b b
+ f (p(2)— p(2) T (2'(2) dz + f (6(2)— 4(2)) 0@ () dz.
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Theorem 1 [Q.Kong, A. Zettl , (1996)]. The Fréchet derivative of the eigenvalue A of the

BVP (1)-(2), considered as a functional acting onﬁ, p(2),q(z),w(z),and as a function of

voand u respectively, is given by

(1) dl[% h = —Lb|(pu/)(s)|2h(s)ds, (10)
(i)  di(p)h = f b|u’(s)|2h(s)ds, (11)
(i) dA(Q)h = fb|u(s)|2h(s)ds, (12)
b

(iv) di(w)h = —if |u(s)|2h(s)ds, (13)
v) dﬁ(”’) = u?(a), (14)

Vo
vy LU eg) (15)

dug

where u is the corresponding normalized eigenfunction belongingto 4. [

Proof: The arguments of the proof presented below are based on the proof of Theorem 4.2 of
Q. Kong, A. Zettl, (1996)

(i) Applying Eq.(8) for the eigenvalues,
A=Al pE))and 2= A1/ p() + h()), with |h] =0 but sufficiently small, we have

[i[%+h]—/{[%” Lbu(s)ﬁ(z)w(s) ds = Lb(pha)(s)u’(s)—(pu’)(s)ﬂ(s) ds, (16)

where = = l+ h. a7
Ph P

Taking into account that p — p, = p p, h, we obtain

[5-A[3)

Recalling that G —u and—- L |h|— 0, and because of the normalization of the
Pp P

eigenfunctions, we finally obtain

d/l[%]h _ —Lb|(pu’)(s)|2h(s)ds.

b b
f U(8)T(s)W(s) ds = — f (PU)(8) (P O)YSN(S) s, (18)
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(i) Applying Eq.(8) for the eigenvalues A= A(p(-)) and A= A(p(-) + h(:)), with

Ih[| == 0, we obtain
b b
(A(p+h)—2(p)) f u(s)a(s)w(s) ds = f h(s)d’(s)u’(s) ds. (19)

Taking into account that G’ —u’ as ||h| tends to zero and the normalization condition, the
Fréchet derivative of A with respect to the coefficient p(z) takes the form

b
dﬂ(p)h:f|u’(s)|2h(s)ds.

(iii)  The proof is similar to (ii)

(iv) By applying Eq.(8) for the eigenvalues A= A(w(-)) and A = A(w(-) + h(-)),we

take
b
f [A(w+h) (w(s) +h(s))u(s)a(s) — A(w)w(s)u(s)d(s)| ds = 0. (20)
In order to create the difference A(w+h) — A(w) we make the following calculations

b b

A(w+ h)f(w(s) + h(S))U(S)U(S) ds —ﬂ(w)fw(s)u(s)t](s) ds=0 (21)
’ b ' b

(A(w+ h)—/l(w))fw(s)u(s)a(s) ds = — A(w+ h)fh(s)u(s)l](s) ds. (22)

By using the continuity of eigenvalues and eigenfunctions and the normalization condition,
we obtain

dA(w)h = —ﬂfb|u(s)|2h(s)ds.

(v) Since the constant v, is perturbed, use is made of Eq.(9). By applying it to the

eigenvalues A = A(v,)and 1 = A(v,+h), with h=0,we derive

b
[;t(vo +h)— z(vo)] f u(s)t(s)w(s) ds = h(s)u(a)t(a). (23)

Dividing both sides of Eq.(23) byh, taking the limit as h tends to zero, and because of the
continuity and the normalization of the eigenfunctions, Eq.(23) leads to the desired formula

dl(vo)
d{vo)

(vi)  The proof is similar to (v).

=u’(a).
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Application of the variation formulas to the problem with the differential equation in the
standard Liouville normal form

Our purpose is to apply the formulas which proved above, to the following problem

07Z,@) + (4, —Q())Z,(2) =0, a<z<b, (24)
Bbzn = 0,2,(b) —uyZ,(b) =0, (252)
B,Z, = 0,Z,(a)—v,Z,(a) = 0. (25b)

We notice that Eq.(1) can be identified with Eq.(24) under the choice of

p(z) =1 ,q(z) = Q(2), and w(z) =1. Moreover, the BCs (2a,b) are identified with BCs
(25a,b) if p(z) =1.

According to the Theorem 1 of Section 2.2, the eigenfunctions are assumed normalized, hence

Z,(2)
we replace u(z)by ——.

2|

The above identification, implies that the variation of the eigenvalues of the problem with
respect to the function Q(z) is given by

2
2 Z,(s)]
dA(Q)h = ————h(s) ds, (26)
* |z,
Moreover, the variation of the eigenvalues A, with respect to y, is the following

di(uo)  Z2(b)

=— . (27)
d s |z, ’
Last, the variation of the eigenvalues with respect to v, has the form
di(vo)  Z2(a)
) _ 230 -

dv, HZ

2.3 Solution of the constant-coefficient, Sturm-Liouville problems

Our goal herein is to solve the constant-coefficient S-L problem and find the variation of the
eigenvalues with respect to the boundary points, by straightforward differentiation in order to
compare them to the formulas proved in Section 2.1.We proceed now to derive the analytical
solution to the constant-coefficient, SLP:

Find the (complex) constants k, for which the following homogeneous boundary value
problem admits of nontrivial solutions Z, =Z (z) =0:

072,(2) + (ki +Q)Z,(z) =0, —h<z<np, (1)
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B77Zn EI:(az_luo)zn]z:n =0, (28.)
B,Z,=[(0, —vo)Z,],-n =0. (2b)
To simplify the algebraic manipulations, we set

2

def
pl =k +Q = p, =k +Q. (3)

There are two possible cases p, € R and p, €iR
The general solution of Eq. (1) is given by

Z,(z) = Acos(p,(z +h)) + Bsin(p,(z+h)), (4a)

from which we obtain the following expressions for the boundary values at z =# and
z=—h:

Z,(z=n) = Acos(p,H) + Bsin(p,H), (4b)
Z. (z=-h) = A, (4c)

where H = n +h. The derivative 0,7 of Z
calculated, as follows:

and its boundary values, are easily

n?'

0,2,(z2) = —Ap, sin(pn(z + h)) + B p, cos(pn(z +h)), (5a)
0,Z,(z=n) = —-Ap, sin(an)Jr B p, cos(,onH), (5b)
0,Z,(z=-h) = B p,. (5¢)

Using Egs. (4c) and (5c), the boundary condition (2b) takes the form
thnz[(az_vo)zn]z——hE Bpn _AVO = 0. (6)

Assuming (tentatively) that A =0, we conclude that B p, =0 and, thus, using also Eq.
(5a), we find 0,Z,(z)=0 = Z,(z)=const. Then, invoking Eq. (4c), we see that
Z_(z)=0. This conclusion is unacceptable, since we are looking for nontrivial solutions.

Thus, the assumption A = 0 should be rejected, obtaining A = 0. Accordingly, Eqg. (6) can
be written as

B_"

A p, )

Similarly, using Egs. (4b) and (5b), the boundary condition (2a) takes the form
B"Z, = [(9, — 1) Zy],_, =
= —-Ap, sin(,on H) + B p, cos(,on H) — Ap, cos(,on H) — By, sin(,on H)
= —(Ap, + B up)sin(p,H) = (A, — B p,)cos(p,H) =0 =

—[pn +%ﬂo]5in<PnH) - [ﬂo —%pn]COS(an) = 0.
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Substituting B/ A, from Eqg. (7), into the above equation, we obtain the following general
condition (dispersion relation) for the determination of p ’s:

Vo
Pn +_:UO

n

Vo
- Ho — — Phn

n

sin(an> —

or
HoVo

pn+ tan(p, H) + (19— vo) = 0. (7a)

n

Alternative equivalent forms of the dispersion relation (7) are also given below:

—v Uy —Vo)p
tan(p, H) = — 20 _ _l ven, (70)
o + L‘/O Ho VO + pn
n
v ve— HoV
—Otan<an) = —. (7¢)
Phn Pn + Uy Vy
At this point, we have to distinguish two cases
(i) If p, €R,
The nontrivial solutions of the SLP (1), (2) are the eigenfunctions
Vo .
Z,(z) = M |cos(p, (z +h)) + —=sin(p, (z +h)) (8)
Pn

where, M = 0 is an arbitrary constant (to be specified by appropriate normalization) and p,
are the roots of the (local) dispersion relation (7a)

(i) Ifp'=-02<0p, =ic,, o, >0,

The dispersion relation (7b) takes the form

o, \Vyg — U
tanh (o7, H ) = M 9)
— Oy + Volo
Or, interms of p
PnlVo — H
tan(,on H) = M (20)
Pn + Volo
The non-trivial solutions in this case, are the following eigenfunctions
Vo .
Z,(z) = Ccosh(o, (z +h)) + —sinh(o, (2 + h)) (11)
O_n

where C = 0 is an arbitrary constant and o, are the roots of the (local) dispersion relation (9).
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2.3a The L? —norm of the eigenfunctions.

In this subsection, since our aim is to compare the formulas of the Section 2.1 with those
which will be derived by straightforward differentiation for the constant coefficient problem,

we have to compute the L? —norm of the eigenfunctions of the problem.
We will work separately with the two different cases of p,,.
a). Setting tentatively a = v, / p,,, and assuming thata and p, are real quantities, we obtain

7 (2) Lz = fn(X)[cos(pn(Hh)) + asin(pn(z+h)>r dz (1)

h(x)

The right hand side of Eq.(1) can be written as the sum of the following integrals:

(i) fﬂm cos®(p,(z + h)) dz = fH 1+ C°S<2Pn(2+h)) " :'fOH 1+ 003(2,0n u) i

h(x) 0 2 2
. u=H
1 =" 1 SIn(anu)
=|=u e =
2 u=0 2 an
u=0
i1 Lsinep, H). @)
2 4p,

H

N 17(x) ) ]

(i) f_h(X)Zacos(pn(z + h))sm(pn(z + h)) dz :j; 2acos(,on u)sm(,on u) du=
H

:aj; sin(2p,u)du=a

—cos(2p,u)] "

a
20 = 2—(1 — cos(2p, H)). (3)

u=0 Pn

(iii) fn(X)azsinz(an(z+h)) dz :fHazsin2<2pnu> du =

h(x) 0

:aszl—cos<2pnu) du:a—szl—cos(anu)du:
0 2 0

2

) ) u=H
a a
—H - —

2 2

sin(2pn u)
2p,

sin(2p, H). 4)

u=0

Substituting Egs.(2),(3),(4) into (1) we obtain

1—a? a

2
1rat iy, sin(2p, H) +
4p, 2

2

LZZ - (1— cos(2p,H)). ©)

Z,(2)

Pn
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The above equation can be expressed in a form free of transcendental functions, by exploiting
the dispersion relation and the following trigonometric identities

] 2tan(p, H
sin(2p,H) = 1+ tan(2<Pn>H), X

1 — tan?(p. H
cos(2p, H) = 1+ tanZE,O:H;’ ¥

1—tan2(an> B 2tan2(an)
1+ tan?(p,H) 1+ tan?(p,H)

(8)

1 cos(2p,H) =1 -

Thus, by substituting the dispersion relation into Egs.(6) and (8), we obtain, respectively,

2(‘/0 — Ho)Ph 2—(V° ~ Ho)Pn
Sin(2p H) _ Hovo + P _ MoV P _
n 1+ (vo = ﬂO)Zpgz (ﬂovo + Pr?)z + (o — 1)’ pn
(,uovo . pﬁ) (ﬂovo + Pr?)/
_ 2(1/0 _ﬂ0)<ﬂovo+p§>pn . Z(VO _ﬂo)(ﬂoV0+P§)Pn
= 2

(/UOVO+ Pﬁ) + (Vo _ﬂo)zpﬁ - Py + (,ug T vé)pﬁ T ,ugvg

2(‘/0 _ﬂo)zpr? 2(‘/0 _ﬂo)zpr?
1 — cos(2p,H) = oo+ oi) = v+ 22)’ —
O P Rl P Y P
1+ 0 0 n2 HoVo n 0 . 0 n
(ﬂo‘/o+pr?) (ﬂovo+p§>
2(vy — uo) P2

(,Uo Vo T P§>2+(V0 - ,uo)zpr?

14
Taking also into account that a = —2 we find the following formula
Pn

(Pr?‘{'VOZ)H (pr?_‘/g)(vo _ﬂo)(ﬂovo_’_pg)

2p4 207 (P + (u§ + vé) P2 + uivi)

2
A

Z,(z)
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Vo("o - ﬂo)z

2

©)
(P + (ud +v3) P2 + wivs)

_|_

Notice that the factorization of the following expression is

P+ (V8 + 13 )Pt + uove = pa +veph + uipd + uivi =

— pﬁ(p,f +v§)+u§(p,f +v§) = (,05 +V§)<P§ +ﬂ§>

so the L? —norm of the eigenfunctions can be simplified as below

H(p2 +v2) (02 + u3) + (P2 —vZ) (vo — to) (g vo + P2) +2v4(ve — o) p?

2p2 (P2 +vE) (P2 + 1)

2
LZZ

Z,(z)

(10)

(b) Now, in case of p, = io, we will construct again the L2 —norm of the eigenfunctions

Z.(2) = [cosh(an(z +h)> + V—Osinh(an(z +h)) .

On

By setting a = v,/ o, , we obtain

2 (2) LZ - IU(X)[cosh<an(z +h)) + asinh(o, (z + h))]2 dz (11)

h(x)

The right hand side of Eq.(11) can be written as the sum of the following integrals:

() H1+ cosh(20,(z+h H1 + cosh (2o u
() f cosh®(o,(z + h)) dz :f (2 n( )) dz:f 2( n >du
—h(x) 0 .

= 1 H + isinh(2c7n H). (12)
2 4o

n
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B n(x) ) H )
(ii) fh(X)Zacosh(an(z + h))sinh (o, (z + h)) dz :fo 2acosh (o, u)sinh (o, u) du=
CONaY) " 2 (oehoo, H)-1).  (13)

u=0 n

H
:af sinh(20,u) du =a
0

20,

7(X) H
(iii) f azsinhz(Zan(z+h))dz:f a’sinh* (20, u) du =

—h(x) 0

Hcosh(20,u)—1 2 rH

:azf (20,4) du:a—f cos(20,u) —1du =
0 2 2 Jo

U= 2 2 2

2 a
sinh(20,H) = Z-H. (14)

a
2

_a’,_ a
2

sinh(ZJn u)

20

n n

u=0

Substituting Egs.(12),(13),(14) into (11) we obtain

2 [1-a®
A 2

The above equation can be expressed in a form free of transcendental functions, by exploiting
the dispersion relation and the trigonometric identities

1+a’

H + sinh(25, H) + Zi(cosh(zan H)-1).  (i5)
O,

n

Z,(2)

n

2tanh (o, H)

sinh(20, H) = (o, H)’ (16)
1+tanh?(o, H
cosh(20n H) = 1i tz:h ZE:: v ; (17)
B 1+ tanh?(o, H) B 2tanh2<anH)
COSh(ZGnH)_l a 1—tanh2(anH) i 1- tanhz(anH) (49

By substituting the dispersion relation, which in this case is Eq.(9), into Egs.(16) and (18),
respectively, we obtain
Zan(vo —,uo) ZGH(:O _ﬂo)
2
-0, tV — g H
sinh (207, H ) = . n T Yoo — = S .
_Un(Vo_,Uo) (—0'54"/0/10) _O'r?("o_,uo)

(— ol +Voﬂo)2 (— ol +vo,u0)
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COSh(ZO‘nH>—1 = =

v
Taking also into account that a=—2 we find the following formula
O-n
3 2) 2 Jﬁ —vg H 4+ <0§ +v§)(v0 — yo)(— a,f +vo,uo>
e T 262 2 2 2 2 2
n 2O-n (_ Oy +V0:UO) — Oy (VO - :UO)

20'5‘/0(‘/0 - ,Uo)z

+
2

20'5[(_ o, +Vo:“o) _0§<Vo - ﬂo)z}

The following factorization

262~ 02 +voo) — 02 (ve — )| = 202 (s — o )(vi ~ o2),

leads to

7 @) 2 —H(ﬂg _Ur?)(‘/g _0'5>2 +(0§ "’Vg)("o - ﬂo)(_ o +Voﬂo)+ 2Vo(‘/o - ﬂo)zo'g
n L2 -

207 (u5 — o7 )(vs —o7)

(19)

2.3b. Derivatives of the eigenvalues with respect to the endpoints

</Uo _Vo)pn
HoVo + Ph
defining the function p, = p,(H) is written in the form G, (p,,H)=0. The implicit

function theorem implies that the derivative of p, with respectto H has the following form

Setting G, (p,,H) = tan(p, H) + , the dispersion relation (7b), implicitly
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9, G,

0 =— : 1
H pn apnGn ( )
where, 9, G, = p,sec’(p, H) (2)
—v 2pn (1o —V
9,.G, = Hsec?(p, H) + 210 _ (1o 02). (3)
HoVo T P2 (s + £7)
By substituting (10) into (9) we have
94 G, pysec?(p, H)
aH pn = — H = — 2 . (4)
8pnGn Ho — Vo _ an (ﬂo _VO)

Hsec?(p, H) +

Hovo + Py (ﬂovo +P§>2
Recalling that sec?(p, H) =1+ tan®(p, H) and using the dispersion relation (7b), we

obtain
po (14 tan?(p, H))

On P =— Ho =V 2py (o = Vo)
H(1 “(py H e
( + tan“(p, ))+‘u0vo+/0r$ (,Uo‘/0+p”2>2
P 1+(yo—vo)2/’§
n (/UOVO +pﬁ)2
Dy Py =—

(ﬂo_‘/o>zpr$ n Mo —Vo 2,05(/10_‘/0)

H 1+ 2 2 2
(ﬂovo + Pﬁ) HoVo 7 Pn (ﬂo"o + an>

In order to simplify the expression, we make the following algebraic manipulations

(Ho‘/o + p§>2 (:Uo - Vo)zprf
2

n

(ﬂovo + Pﬁ)z (ﬂo‘/o + pﬁ)

aH Pn =" 2 2
Y (ﬂo‘/o + Pnz> (ﬂo - Vo) ph (ﬂo - Vo)(ﬂo‘/o + Pr?) Zpﬁ(ﬂo - Vo>
9 7 T 212 + 212 o 2\ 2
(tvo +22)" (0¥ + £7) (#0vo + £7) (ovo + P7)
polpgvo + p2) + (1o —vo) P}
) MoV pnz)z
HPn =

H(/lo‘/o + Pﬁ)z + H (ﬂo - Vo)zprf + (ﬂo _Vo><ﬂo‘/o + Pr?) - ZPr?(ﬂo _Vo)

B P )
Thus, we result in
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22 2 3
) Palpove + PZ) + (20 —vo) pi
HPn=— 2 2, ) ) . (5)
H(#o Vo T pﬁ) +H(/“o _Vo) Pn +<ﬂo—‘/o)(#o‘/o +Pn)—2,0n <,U0—Vo)

The derivatives of p, with respect to » and —h are trivially obtained from o, p,, since
0, py =0y p,0,H =0y p, andsimilarly 0, p, =9, p, 0 \H==0y p,.

We present the derivative of p, with respect to —h, since the derivative of p, with respect to
n is also given by Eq.(5)

22 2 3
pn(ﬂo Vo t+ pn) +(/u0 _VO) Phn
O Pn = 2 2 2 2 2 - 6
H (/10 Vo T pr?) +H (/10 _Vo) Phn +<,Uo _V0)<,U0V0 + Pn )_an (ﬂo _Vo)

2.4 Comparison of the general variation formula for the eigenvalues with respect to the
boundary points with the corresponding analytical solution in the case of constant-
coefficient problem

Now we are going to apply the formulas of the variation of the eigenfunctions with respect to
the endpoints, which is proved in Section 2.1 to the special constant-coefficient problem.
Next, we will compare them to the formulas of Section 2.3b which were derived by
straightforward differentiation.

2.4a The derivative of the eigenvalues with respect to the endpoint -h

In order to compare the formulas we are going to distinguish two different cases
1) Case p, >0.

Recall that the Sturm-Liouville problem is the following

0;7Z,(2) + prZ,(2) =0, —h<z<p )
B77Zn E[(az_tuo)zn]z:r]:() (23.)
BnZ, =1[(9, —vo)Z,1,-._ =0 (2b)

Recall also that the eigenfunctions Z , take the form

Z. (z) =M cos(pn(z +h)> + ﬁsin(,on(z +h)> (3a)
or n
Z,(2) = cosp, (z +h)) + %sin(pn(z + 1)) (3b)

As we proved in Section 2.1, when we applied the variation formulas to the problem with the
differential equation in the standard Liouville normal form, the variation of the eigenvalues
A, » With respect to the endpoint a has the form
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d2,(a) (Z4(@) ~ 22@(Q@) — 4,(@))

: (4)
2
da Zn
Therefore, in terms of the BVP (1)-(2), Eq.(4) becomes
dplZ(=h) . i
— 1 = (Z)*(=h) +Z,2(h)p?, 5
e CORCURSACULE (5)
5 Z (z
whereZn(z):AnJ
HZ”(Z) L?
Taking into account the above expression for Z o+ E0.(5) takes the form
dp?(—h Z'Y?(~h Z 2(~h vl 2
f(_(h))=(A)(2)+A()zp§=A°2+Ap2- 6
ol (2ol Zell 2ol

Substituting the L% —norm of the eigenfunctions, which is given in Section 2.3a, into Eq.(6)
we have

dp2(-h) 202 (p2 +vE) (2 + )

de-n H(p? +vE) (2 + 1)+ (07 —v2) (Ve — t0) (1o vo + £2) +25(vo — o) P2

Our next step is to simplify the above complicated fraction. For this purpose we work
separately with the denominator, denoted by D, of the above fraction in order to simplify the
expression for the derivative. Consider first the following part of the denominator:

D, :(Pr? _Vé) (Vo _/Uo> (ﬂo Vo + P§)+2V0<Vo _ﬂo)ng-

Extracting (vo — y0> as common factor, performing simple algebraic manipulations, and
factorizing once again, we find

D, = (Vo _/Jo)[(prf —vg)(uo vy T pﬁ)—i— 21/0(1/0 —Iuo)pﬁ] —

( )

= (vo — tto)|~ P ugvo + PE — o v +vipl]|=
(va — st 1o v 2 +vE) + P2 (2 +vE) | =
( J(p2 = movo)(pi+v3)

Thus, the denominator takes the form
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D = D, +D, = H(pZ +vZ) (pZ + i)+ (vo — o)(p2— sy vy )02 +vE) =

= (pr+v)[H (P2 +v3)(pa + )+ (vo — #o)(PZ = 1y vs)| -

and the expression of the derivative takes the form

dpj(-h) _ 202(p2 +vE) (02 + u?)
AN (pr+vE)H(pd +ve )k + 18)+ (Vo — so)(P2 = 1y vo)|

(8)

We need the first derivative of p in order to compare the formula to this we calculated in the
previous Section. Hence, we use the following derivation rule

dpn(=h) 5, 9PN

d-hy  PrTd(h)

and we have
dp,(~h) pa(Ph+ve) (P2 + 13)
- 2 2 2 2 2 (9)
d(_h) H(pn +Vo)(pn +/Jo)+(‘/o _IL[O)(pn_luOVO)
By using the equation
(o ve + P2) + (1o —vo) P2 =(pZ +vE)(p? + u?). EQ.9) yields
dpn(-h) palpove + /’5)2 + (0 — V0>2 pr (10)
d(—h) H (ﬂo Ve + pﬁ)z +H (ﬂo — VO)2 ,Of, + (Vo - ﬂo)(pﬁ — Ho Vo)
Eq.(10) should be equal to the following formula which was calculated in Section 2.3b
9 . po = Phn (/lo vo t Pﬁ)z + (,Uo _Vo)zpi (11)

2 2
H (ﬂo Vo Tt Pﬁ) +H (ﬂo - Vo) ok +<ﬂo - Vo)(ﬂo‘/o + Pﬁ)—zf’ﬁ (#o - Vo)
In order to prove that the two derivatives are equal we work separately with the term
(26 = vo)(#0vo + P2 )—2p% (1 — v, ) Of the denominator of the right hand side of Eq.(11)
<,Uo - Vo)(ﬂo Vo + Pr?)_ZPﬁ (ﬂo - Vo) = Hg Vo + Ho P — HoVs — Vo Pa — 2P0 Ho +2prve =

2 2 2 2 2
=HoVo — HoPn — HoVo T PrVo :Pn(Vo _ﬂo)_#o%(‘/o_ﬂo):
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=(vo = 0)(p3 — v

Thus, we conclude that expressions (10) and (11) are identical, which was the desired result.

2) Case pi=—02<0=>

p,=1o,,0,>0.
In this case, the BVP takes the form

02Z (z) —6%2,(2) =0, —-h<z<np 1)
B"Z, =1[(9, — 1) Z,]1,-, =0 (2a)
BnZ, =1[(9, —vo)Z,1,-._ =0 (2b)

The general solution of Eq. (1) is given by

Z,(2) = cosh(, (2 + h)) + gsinh<an(z ) 3)

By utilizing Eq.(4) from the previous case, the formula for the derivative, in terms of the
certain BVP takes the form

dop(—h) _ (512 5 2 2
_W_(Zn) (-h) —Z,°(=h)oy 4)
whereZn(z)zAZ”i
2,0,

By substituting Z o » EQ.(7) takes the form

don(-h) _ @D | 2.0,
d(—h) = HZ (2) 2 HZ (2) 2 On =
n L2 n LZ
2
Vo .
(ansinh(onH) + v, cosh (o‘n H))Z Cosh(an H) + G:smh(an H) 2
B 2,0, 2, !

—aﬁsinh2<anH> — v COSh2<O'n H) + o2 COShZ(O'n H>+v§sinh2(anH)
Z,(2)

2
L2
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—v¢ (cosh ? (an H )— sinh ? (anH ))+ o (cosh 2 (an H) — sinh 2(anH ))

= - > : (5)
‘ Z,(2) L2
The trigonometric identity cosh?(p,H ) — sinh? (an) =1 implies
do?(-h)  —(vs - of)
Tl > (6)
=h) HZ”(Z) L?

The L?— norm of the eigenfunctions is given by

7 (2) _H( vo — 0§)2<ﬂ5_ _‘75)4-(07? +v§)(vo —ﬂo)(ﬂovo —05)4—21/0(‘/0 —,uo)zo-rf
n .

2
|_2:

207 (vs —on )(ug —o7)

Hence, Eq.(6) becomes

do?(—h) 202(ve—0?) (ué—o?)
d(=h) H(vZ = 02) (1d — o)+ (o +v2) (ve — o) (g v — o) F2vo(ve —ms) 0F
(7)
The factorized expression of the denominator of the above fraction, denoted by D, is the
following which is attempted in the same way as in the first case
D — (v o2 H(vi - o2) (ud — o2) = (vo — to)trg v+ %) ®
By substituting Eq.(8), into Eq.(7), we have
a2 202 (v ~ot) (ué o) ©
AN (v oM (g %) (4~ 02)~ (ve — o)ty vo + o)

As in the previous case, we use the following derivation rule, in order to find the formula for
the first derivative of o, with respect to —h

do?(—h) do,(—h)
=20, ————
d(—h) d(—h)

and we obtain
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do,(-h) oy (ve—o?) (ui-o?)

_ . (10)
d(—h) (Vg — 6§)[H< Vg — Gﬁ) (ﬂg - O'g) - (Vo - ﬂo)(ﬂo Vot O-g)]

Notice that the Eq. (10) can be reduced to

do,(-h) _ Un(Voz—Ur?)(”g“’ﬁ) (11)
AN (- 02) (1~ oF)— (vo — tio) (g ve + o)

Recall that o, = —ip,
dp(-h) polpi 4 v3) i+ 1) (12)
d(=h) H(vg-i—Pﬁ) (ﬂ§+p§)_(vo _ﬂO)(ﬂoVO_pr?)

The above derivative should be the same with the following formula which was derived in
Section 2.3b

2\ 2 3
dpy(-h) Polugvo + P2) + (s —vo) pi @
d=n H(#o Vo T p§)2+H(ﬂ0 - V0>2 P "'(ﬂo - Vo)(ﬂo‘/o + Pﬁ)_zpﬁ (ﬂo _Vo>

Notice that the factorization of the two following expressions is

2

(,Uo Vo + pﬁ)z “‘(ﬂo _Vo) Pi :<Pr? +V§>(P§ +,Ug)

<,Uo _Vo)<ﬂovo +P§) - 20;3(#0 _Vo> = (Vo - ﬂ0><p§ — Ho Vo): - (Vo _/”o)( Ho Vo _pr?)

which allow as to conclude that the Egs. (12) and (13) are equal.

2.4b The derivative of the eigenvalues with respect to the endpoint
As in the previous Section we are going to distinguish two different cases

(1) CasepZ >0

Recall that the eigenfunctions Z , of the BVP (1)-(2) of the previous section take the form

Z. (z) =M cos(pn(z +h)) + Esin(,on(z +h)> (1a)
or n
Z,(2) = cosp, (z +h)) + %sin(pn(z + 1)) (1b)
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As we proved in Sec.2.1, in Application of the variation formulas to the problem with the
differential equation in the standard Liouville normal form, the variation of the eigenvalue A,

, with respect to the endpoint b has the form
2
da,(b)  —(Zh(b) +Z2(b)(Qb) — 2,(b))

: ()
2
db Z.
Which in terms of the BVP (1)-(2) of Sec. 2.4a is given by
dpi(n) ; )
. = — (@02 + 2,2 ph), ©)
5 Z (z
whereZ  (z) = — (2) .
2,(2)| ..

By substituting Z , Eq.(3) takes the form

dpn(n)
dz

7.(2) 2o "

@' . Z,'@) 1

2
L2

2
L2

2
B (—,onsin(pn H) + v, cos(pn H))Z cos(an) + :sm (,OnH> Pa B
2, 2,2,
) 2
(—,onsin(,on H) + v, cos(p, H)) + [cos(p, H) + Y0 sin (oo H)| o2
_ n
2,0,

The first and the second terms of the numerator are expanded as

()% = pfsin2<pn H) - vécosz<pn H) — anvosin<pn H) cos(,on H),
() p2 = pﬁcosz(pn H) + 1/§sin2(,on H) + 2pnvosin(pn H) cos(,on H),
leading to

dpn(n) _ pa v @
4 Z,(2)

2 -
L2
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Recall that, the L? — norm of the eigenfunctions is given by

Z,(2)

2
LZZ

H(ps +vi) (pn + i) + (o2 —vi) (vo — mo) (v + p2) +2v0(v0 — 1) p

2p2 (P2 +ve)(p2 + 1i)

Using the above equation, the derivative of pZwith respect to the endpoint 7 is expressed by
the following complicated fraction:

2
dp(n) 2p2(p2 +v8) (P2 + 1)

_ — ()

dry H(pZ +v2) (2 + ud)+ (2 —v2) Vo — ato) (o vo + PE) +2v4(vo — 15) p?

The denominator of the above fraction, denoted by D, can be equivalently written as
D= (pr+vd)|H (s +ve)(pr + 1)+ (Vo — to)(PZ— povs))- (6)
Combining now Egs. (5) and (6), we obtain

dpitn) 2p7 (P2 +vE)(p2 + )
A7 H(ps +ve)(pa + wd)+ (vo — mo)(PZ— uovy)

(7)

To compare this formula of the derivative to this was calculated in previous Sec.2.3b, we need
to find the first derivative of p, with respect to »,dp,(7)/dn. For this purpose, we use the

formula
do% (1) 5 dpa()
=cpP, )
dn dn

from which we obtain

dpa) polpn +vi)(pt + #) ®
d H(pd +va)(pf + ud)+ (vo — to) (P2 = tove)

Using the following equation

(o ve + P2) + (o —vo) £% = (p2 +vE)(p? + ud), Eq. () becomes

dpn(ﬂ):_ pn(y0v0+p§)2+<ﬂo 7‘/0)2/0?‘ 9)
dr H (ﬂo vy T+ ,05)2 +H (#o - Vo)z pa+ (Vo - ﬂo)(Pﬁ — Ho Vo)
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The above derivative should be the same with the following formula which was calculated in
Sec.2.3b

2 2
dp,(7) Pulttovo + PE) + (10 —vo) o (10
- 2 2 :
dn H (o vo + pZ) +H (1o —vo) ph+(te = vo)(ove + £7)— 205 (11 — v

By using the equation

<,Uo - Vo)(#ovo + P§>_2Pr21 (ﬂo — Vo) = (Vo - ﬂo)(Pﬁ — Ho Vo)*

We conclude that Egs.(9) and (10) are the same, which was the desired result.

(2) Case p, =—02<0 <= p,=ic,, 0,>0

Recall that in this case, the BVP takes the form

02Z . (z) —oc%2,(2) =0, —-h<z<np (1)
B"Z, = [(9, — o) Z,y],_, = 0 (2a)
ByZ, =[(9, =v¢)Z,],- n =0 (2b)
The eigenfunctions are given by

. Vo .

Z,(z) = cosh(o,(z + h)) + —=sinh(o, (z + h)) ?)

O-n
By recalling Eq.(3) of the first case, the expression of the derivative of &2 has the form
dod(m) .
= @) -2, ), 4
n
: Z,(2)
whereZ  (z) = ————
Z,(2)|.

By substituting Z , Eq.(4) takes the form

doi(n)  (Zh)*@) Z.5m)

iz, Lo,

2
L2

2
L2
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2

2 h Vo h
(ansinh(anH) + v, cosh((;n H)) cos (an H) + G—nsm (o‘n H) .
2, 2,2, ”

aﬁsinhz(anH) + ve COShZ(O'n H)—O'icoshz(an H)—vgsinhz(anH)

Z,(2)

2
L2

ve (cosh2 (an H )— sinh 2 (anH)>— o (cosh 2 (an H) — sinh? (anH ))

Z,(z)

2
L2

From the trigonometric identity cosh?(p,H ) —sinh?(p,H) =1 we derive

doi)  vi-o

dry Z,(2)

(5)

2 -
L2

The L?— norm of the eigenfunctions is given by

7 (Z)HZ _ _H( vo — Gr?)2</1§ —a§)+(a§ —l—vé)(vo —yo)(yovo —0§)+2v0(v0 —,uo)zo-rf
" Lo :

207 (vs —op ) us —o7)

Hence, Eq.(5) becomes

dotn) _ 207 (vi —o1) (45 —o?) _®

a1 H(vE - 02) (ud - o)+ (o +vE) (vo — ao) (g vo — 0F) + 24 (Ve — o) o
The factorized form of the denominator of the above fraction, denoted by D, is the following,
D ——(vi-of)|H(ve ~ oF) (1 — oF) = (vo — ti)(ttg o+ %) Q

Combining Eqgs. (6) and (7) we obtain

dod(n) _ 202 (ve-o) (ud-o})

T e I R e |

(8)

We use the following derivation rule, in order to find the formula for the first derivative of
o, With respectto 7
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don() _, 4o, ()

dn n

Hence, Eq.(8) becomes

do, (1) _ o (vi—ol) (ui-ci)

d 2 2 2 2 2 2 2\ ®)
g _<V0_5n)lH( Vo — O'n> (ﬂo _O'n)_(‘/o _ﬂo)(ﬂoV0+O'n)]

Notice that (vg —aﬁ) is common factor of the numerator and the denominator of the above

fraction. Therefore, Eq.(9) can be reduced to

do, () on(ve—or ) ui—o?) (10)
dn H(V§_0§> (,ug—O'r?)—(Vo _:u0><,uovo+o-r?>

Recall that o, = —ip, and Eq.(10) takes the form

dp,) palpt +vE)( P2 + i) )
dry H(ve +p2) (g + p2) = (vo — 1) (1o vo— P2)

The above derivative should be the same with the following formula of Sec.2.3b

dpn(ﬂ):_ pn(ﬂo Vo T p§>2+(ﬂo _Vo)zpi (12
dn H (ﬂo Vo + p§)2 +H (ﬂo - V0>2 pr21 +<:Uo - Vo)(ﬂovo + Pr?)‘zloﬁ (/Uo - Vo)

Notice the factorization of the two following expressions

2

(1o vo + P2) + (10 —vo) P2 = (P2 +v2)(p? + 12)

<,U0 _Vo)(ﬂoVo ‘*’Pr?) -2p; (ﬂo _Vo>:<"o —ﬂo></’§ — Ho Vo):_<"o - ﬂo)(#o Vo —Prf)

which yields to the fact that Egs. (11) and (12) are equivalent.

2.5 Preamble about the problem of variation of eigenfunctions

Consider the regular Sturm-Liouville BVP in the standard Liouville normal form
07Z,@) + (4, —Q()Z,(2) =0, a<z<b, (1)

B’Z. = 0,7 (b) — uyZ,(b) = 0, (2a)
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B,Z, = 0,Z,(a)—v,Z,(a) = 0. (2b)

Assume that the eigenvalues and the eigenfunctions,

Ay = 2,[Q(+), #0. V0] (3a)

Z.(2) = Z,[Q(+), o, vo1(2), (3b)
of the problem are known. Assume further that each datum of the problem is perturbed as
follows

Q(2) = Q(2) = Q(2) +5Q(2),

Ho = Ho = Ho + Olyg,

Vo — Vo = Vg + 0V,
where 5 Q(z), ou,, o v, are small quantities, formally considered as first-order infinitesimals.

Note that the smallness of the function 6Q(z) should be eventually measured by an

appropriate norm. Under the above perturbation of the data of the problem, the eigenvalues
and the eigenfunctions are also changed,

Ay = Ay = A, + 54, (4a)
Z,(2) = Z,(2) =Z,(2) +5Z,(2). (4b)

According to the Continuity Theorem of the eigensystem(ﬂbn 2o (. )) with respect to the
data (Q(+), o,v,) (see Q. Kong & A. Zettl , 1996, Theorem 3.1, Lemma 3.1), we can

consider that the variations 6A4,, 6Z,(z) are small, since the variations of the data
6Q(z),0u,,0v, were assumed small. Recall further, that the variation of each eigenvalue,

o A,, has been explicitly expressed in terms of the variation of the data; see Section 2.2 (see
also Q.Kong& A. Zettl , 1996, Theorem 4.2)).

The variation of eigenvalues 64, has the following form:
b

o2, = [[2,@)] 0@ &z +2i@av, - 2i0)5us ©)
where Z (z) = %ZH

Our goal herein (in Chapter 4) is to quantify the variation of each eigenfunction, 6Z ,(z), by

relating it explicitly with the variations of the data. That is, to calculate the functional
derivative of Z [Q(-), xq,v,](z) with respect to Q(-), xy,v,. For this purpose, we

formulate the perturbed problem,
afzn(z)+(in—é(z))zn(z) =0, a<z<b, (5)
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B°Z, = 0,Z,0) — i1,Z,(b) = 0, (6a)

B.Z, =0,Z,(a —v,Z,(a =0, (6b)
from which we obtain a non-homogeneous BVP for the variation 6Z ,(z).Using Egs. (4a,b),
Eq. (5) becomes

0%(Z,(2)+ 6Z,@) + (2, + O, — Q@) —Q(D))(Z,,(2)+ 6Z,(2)) =0 =

027 ,(2) + 0362 ,(2) + (1, — Q2) )Z,(2)+ (4, — Q2) )5Z,(2) +

+ (82, —8Q(2))Z,,(2) + (64, —Q(2))6Z ,(2) = O.

The sum of the red terms is zero, because they satisfy Eq.(1); the blue term can be neglected,
since it is of second order. Thus, we obtain the following differential equation for 6Z (z):

026Z,(2) + (A, — Q(2) )6Z,,(2) = — (62, —6Q(2))Z,(2). ©)

By substituting Z , = Z,(z) + 6Z,(z) and j1, = u, + S u,into Eq.(6a), we obtain

0,(Z00) +6Z,0)) — (10 +615)(Z,(0) +6Z,(0)) =0 =
0,Z,(0) + 0,6Z,(b) — 167 ,(0) =Sp1oZ o (0) = 1105 Z ,(b) — 5145 Z ,(0) = 0.

Again, the sum of the red terms is zero because of the boundary condition (2a), and the blue
term is omitted as a second order term. Hence, we obtain

B°(6Z,) = 0,(6Z,(b) — 1o (5Z,(B)) = Sy Z,(b). (83)
Working similarly with the boundary condition (6b), we obtain
B,(6Z,) = 0,(5Z,(a)) — v, (6Z,(8)) = 6, Z,(a). (8b)

Therefore, 6Z (z) satisfies the inhomogeneous problem (7)-(8).

In order to solve the BVP (7)-(8) we need to apply the theory for non-homogeneous BVPs.
Hence, the following chapter presents the theory we need to find the variation of the
eigenfunctions with respect to the coefficients.

3. Green’s Function and the non-homogeneous boundary-value problem ()

This Chapter includes the presentation of the developed theory which is widely used to solve
non homogeneous BVPs. At first we are going to construct Green’s Function and then to
express the solution of the NHBVP. The later theory will be applied in Chapter 4 in order to
solve the variational problem of the eigenfunctions.

Consider the boundary value problem (BVP)

() Main references used in writing this chapter include Stakgolt I., M. Holst 2011 pp.193-196 ,. Ince E.L, 1956,
pp.255-256 and Stone &Goldbart, 2009, Sec.5.2 .
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L, u10) = (POOU'00) — aMu(d) + 2u() = 5(x=8), a<x<b, ()
B.[u] = (pu’)(@) — vou(@) = 0, (22)
B, [u] = (pu)(b) — pou(b) = 0, (2b)

under the standard assumptions on the coefficient functions p(-), q( - ) and the constantsv,,,

uy- In Eq. (1), 6(x—¢&) is the Dirac (generalized) function, which requires the differential

equation (1) to be considered in the sense of generalized functions. Nevertheless, a classical
treatment, based only on the following two formal properties of the Dirac function,

x=¢+d,

o(x—¢&) =0, for x=<&and f o(x=<&dx =1 (3a,b)

x=¢&—do

is possible, as we shall see in the sequel. In Eq. (3b), d__ and d , are positive numbers.

The solution of the BVP (1), (2), if it exists, is denoted by G(X,&;4) and is called the Green
Function of the problem (1), (2).

According to Eq. (3a), the differential equation (1) implies

a<x<ié,
(P()G'(6&;2)) —a()G(xE;2) + AG(x&;2) = 0, for {  and 4)
&< x<b.

Thus, if u;(x) =u;(x;4), u,(X) =u,(x;A) are two linearly independent solutions of the
homogeneous version of Eq. (1), Green’s function G (x,&;4), should it exists, will be given
by the expression

G_(%&;2) = 2,() U (x) + a,()u,(x),  a<x<E,

G(x,&:A) = _ ®)
G. (x,&;4) = by(§)uy(x) + by(&)u,(x), §<x<b.

Note that, all functions a;,b;,u; are also dependent on A. The construction of the Green

| ) | )
function will be accomplished if we are able to calculate the four quantities a;(<$),b; (&),

i =1,2,inaway ensuring that Egs. (1) — (2) are satisfied.

Equation (4) is identical to Eq. (1) for x = &. To complete the treatment of Eq. (1), we have
to capture the effect of 5(x—&) when x lies in the vicinity of &£.In order to avoid
considerations of generalized functions theory, we integrate Eq. (1) from x=&—¢ to
x =&+¢, where £ >0 (and sufficiently small), taking into account the property (3b). This
yields
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dG(x g e

[p( ) f (4~ q(¥) G (x,£:4) dx = 1. (6)

Recalling that q(x) is continuous in [a,b] (and thus at x = &), and assuming that G (x,¢)
is continuous,

G(E+0,¢:4) =G -0,8:4), (7)

we conclude that

S+e
Iim0 f (A —=aq(x)G(x,&;4)dx = 0.
E—¢
Then, Eq. (6) implies
E+e¢
£—0 dx fle

which, on the basis of the continuity of p(x), is equivalent to

dG(£+0,&;4)  dG(E-0,&4) 1
dx dx G

Eq. (8) shows that, if G(x,&;A4) exists, its first derivative at x = £must have a jump
discontinuity of magnitude 1/ p (&) .Of course, if the Green function exists, it has to satisfy
the boundary conditions (2), which, according to Eqg. (5), implies

p(a) G;(a,f,ﬂ,) - VOG<(a!§;2') = O’ (9)
p0) GL(b.&:4) — 1o G.(b.&;4) = 0. (10)

Now, we have at our disposal four equations, namely, Egs. (7) - (10), for the determination of
the four quantities a;(<$),b;(&), i =1,2, which, hopefully, can provide the values of the

(8)

latter. Let us write these equations in explicit form. Egs. (7) and (8), in conjunction with Eq.
(5), lead to

alul(g) =+ azuz(g) - blul(é) - bzuz(g) =0,

8,UL(8) + 8, U5(&) — b, ul(&) — byu(E) = — ——,
p(S)
or
(a, —by) uy(&) + (a, —b,)u,(&) = 0, (11a)
(3, = by) U(&) + (a, —b,) Ub(&) = — ﬁ (11b)
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uy (&) u,(8)
uy(&) u3(&)

independent solutions of Eq. (1), W(ul,u2> =0 for any & €[a,b] and, thus, the system

The determinant is the Wronskianw(ul, uz). Since u,,u, are two linearly

(11) is uniquely solvable with respectto a, — b,and a, — b,

u, (&)1 p(&) _ @)/ ple)

b= W(ul,uz) b = W(ul,uz)

(12a,b)

Consider now the couple of Egs. (9) and (10). Using Eq. (5), these two equations can be
written in the form

a, (p(a) uj(a) — vou;(2) ) + a,(p(a)us(a) — vou,(a)) = O,

by (p(b) uj(b) — #us(b) ) + b, (p(b) uh(b) — sl (b) ) = O,
or

a, B,[u;] + a, B,[u,] =0, (13a)

by, By[u;] + by By[u,] = 0. (13b)
Note that these two equations do not form a system, since each one of them contains two
different unknowns. However, combining Egs. (13) withEgs. (12), we are able to find all

coefficients and, thus, the Green function. To proceed with we have to consider two distinct
cases.

3.1. Construction of Green’s Function when 4 is not an eigenvalue (1=4,)
Assume first that A is not an eigenvalue (A= A,). Then, neither of solutions u, =
u,(x;4),u, =u,(x;4) can satisfy both BCs (2a,b). On the other hand, we always
consider that a solution (either u,or u,) satisfies one of the BCs (2a,b) (°). Accordingly,
without loss of generality, we can assume

B.[u;]1=0, Bylu,1=0,

_ 1)
B.[u,]=0, B,[u,]=0.

In this case, Eq. (13a) of Section 3implies a, = 0 and Eq. (13b) implies b; = 0. Then, Egs.
(12) of Section 3 result in

uO/ple) _ wle)/p(&)

R = =27 "~ 77 2
W(ul,uz) ? W(ul,uz) @

l =

Substituting the values of the coefficients a;,a,,b;,b,, found above to Eq. (5) of the
previous Section, we obtain

) Since each solution of Eq. (1) is identified by specifying initial values for the function its derivative, we can
always chose a solution, say u,(x), such that u,(a) and u’(a) satisfy p(a)u;(a) —v,u,(a) =0.
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Uy (X;2) Uy(&5A)
G y ,/1 - y
<boeid) P(E)W (ug,u,i2)
G(x,&;4) = , _ 3)
G (Xfﬂ) — ul(§1/1)u2(x1ﬂ“) §<X<b
S P(E)W (uy,up52) N

a<x<g,

Notice that Green’s function in this case, is symmetric with respect to its arguments. Thus,

G(x,&:4) =G(&, %3 4). 4)

3.2 Solution of non-homogeneous problem when A is not an eigenvalue (1= 4,)

Consider now the non-homogeneous BVP with general excitation g € C[a,b]in the
differential equation, under the assumption that A is not an eigenvalue:

L, [ul(x) = LU(X)+/1U(X)=(D(X)U’(X))/ —gux) +Aulx) =90, (g
a<x<hb,

B,[u] = p(@u’(a) —veu(a) = 0, (22)

B,[u] = p)u’(b) — gou(b) = 0. (2b)

In this case, Green’s function is well and uniquely defined, see Eq. (3) of Section 3.1, and it
will be exploited to construct the solution of the above problem. For this purpose, we first
recall Green’s Identity for the operator L , [u]:

b
JloeaL w16 —ueo L, [0109) dx =
: e

b

- f(u(x) Lu(x) — u(x)Lo(x))dx = [v(x) pu’(x) — u(x) pu’(x)]z

a

Assume now that there exists a C?— function u(x)satisfyingEgs. (1) and (2), that is a

classical solution of our BVP, and apply Green’s identity (3) to the functions
u(x) =u(x;A)and G(x,&;A). Since both functions satisfy the boundary conditions, the

right-hand side of Eq. (3) becomes zero, and thus we have
b

f(e<x,:;z) L, [ul() —u(x) L, [G(-.&:D](x))dx = 0. @)

a

Taking into account that u(x) satisfies the equation L , [u](x) = g(x), and G(x,&;2)
satisfies the equation L , [G(-,&;2)](X) = 5 (x — &), Eq.(4) results in
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b

f(G(x,f;i)g(x) —u(x;4)8(x=¢))dx = 0. (5)

a

The linearity of the definite integral and the reproducing property of the 6 function,
b

ff(X)5(X—§)dX= £(£),

a

imply j;bG(x,éj;ﬂ,)g(x) dx —u(&;4) = 0, from which we obtain

b b
G(x:4) =f G(&,x;4) 9 (&) dé :f G(x.&4) g (&) de (6)

The substitution of G(&,x;A)by G(x,&;4), in the rightmost equation above is justified by
the symmetry of Green function with respect to its arguments; see Eq. (4) of Section 3.1.

The solution given by Eq. (6) has been based on the assumption that such a solution exists
(the analysis part of the proof of existence). Now we proceed to the justification of the
assumption of the existence, by proving that the function u(x; A1), as defined by Eq. (6), is

indeed a solution.

Theorem 1.When A is not an eigenvalue, the functionu (x; 1), as defined by Eq. (6), is a
solution to the nonhomogeneous BVP (1), (2), for any given excitation g € C[a,b]. =

Remark. Before proving the above Theorem 1, we note that the whole procedure (including
the derivation of Eqg. (6)) can be considered as an existence theorem, constructed by the
scheme [analysis — construction — proof/justification]. Theorem 1 refers to the last step.

Proof: Observe first that the Green function (x,&) — G(x,&£;4), as defined by Eq. (3) of
Section 3.1, is continuous on [a,b]x[a,b], and it has continuous first and second
derivatives in the domain [a,b] x[a,b] —{({,¢), ¢ €[a,b]}. At x = &, there exist the
unilateral limits
. . 2 . 2 .
im 08(0EA) o 9G(GEA) o DPG(ED) o 9PG(EiA)

X— &~ X X— &+ X X— &~ ox? X— &+ Ix?
Thus, for any x €[a,b], the integrals

§=x E=b

[ ewsne@es, [ e

¢=a g=x
can be differentiated with respect to X, at least two times. Taking these facts into account, we
proceed with the calculation of the first and second derivatives of the function u(x;A1), as
defined by Eq. (6).
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du0GA) _ 9 G ey (@) de —
dx OX £=a

E=x &=b

:%{L_ G(x,é;ﬂ)g(é)d§+£_ G(x,§;4)9(5) dS
9 £=x P &=b

. G(x,&;1)g(&) d& + o G(x,&;4)g($) dS.

aX fza X fzx

Since u(x;A)has two branches, see Eq. (3), Section 3.1, we substitute the appropriate branch

into each integral, and then we apply Leibnitz’s rule of differentiation of integrals:

du(x;4) _ 9 G (xgﬂ)g(f)dé‘—{——f G_(X,&;4)g(&) d& =
dx O X e=
- _ £ 9G_(X,E; 1)
— G (x,x—0;2) g(x) +La R g (@) e
£b 9G_ (X, &0
—G_(X,x+0;2) g(x) +j; %g(f)dé-

The continuity of G(x,&;4) at x = & implies that G_(x,x—0;4) — G_(x,x+0;1) =0
,and thus, the first derivative of u(x;A)is given by

du(x;A)  [*0G.(x,&;4) TPOG_(x,654)
felen) —L_a e g(f)d§+j;_x e L IGLENNC

We proceed now to the calculation of the second derivative ofu(x;A4), by differentiating
Eq.(7):

d?u(x;4) 9 [r0G.(x.£54) 9 [°POG (X§ A)
R ol e [OL LR L 0(£) d.

Note that, even though 9G(x,&;4)/9x has a jump discontinuity at x = &, it is continuous
and has a continues derivative in the intervals [a, &) and (&, b].This fact is confirmed by
the expression of Green’s function, EqQ. (3) of Section 3, since the x—dependence of
G(x,&;4) comes only from the x—dependence of solutions u,(x;4),u,(x;4), which are

C? functions. By using again Leibnitz’s rule, we obtain

2 : 0G_(x,x—0;4 0G_(x,x+0;4
: LcJ;|(><X2’M = (Xa); gt - (Xa); 900 +
E=X92G_(X,E;2) £ 902G _(X,&34)
+L - 9(5)“'“f,;=x S e@ s

Taking into account the jump discontinuity of the first derivative of G(x,&;4), Eq. (8) of
Section 3, and its symmetry with respect to the arguments x, &, Eq. (4)of Section 3.1, we
conclude
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0G_(x,x=0;2) 0G_(x,x+0;4) 1
X X Copx)

Thus, we obtain the following expression for the second derivative of u(x;A4)

d2u(x;2) _ [5707G.(x.£;4) 296G (x,.&;4) 9%
rued) —L_a - g(§)d§+f_x—ax ©as+ 99, @

Now we are ready to prove that the function u(x;A), as defined by Eq. (6), solves the
nonhomogeneous BVP (1), (2). Substituting the expressions for the function u(x;4) =u(x),
Eqg. (6), and its derivatives, as calculated by Eqgs. (7) and (8) above, into Eq.(1), we get

(POIU'(M) —a()u() + Au(x) = pYU"(X) + P )U'(X) + (A - q())u(x) =

£=x 9°G_(x,&; 1) £ 92G_(x,&;4) 900
L = 9(§)d§+j;:x S e as + 5

f‘fzx 0G_(x,&;4) S 9G_(x,654)
¢

+

= p(X)

g(5) de +

+ p'(x) . x . X g(&) df} -

&=x E=Db
L G.(x,£14) g(§) d¢ +f G<<x,§;mg(e:)d§\=

+ (4 = a(x))

g(s) dg +

S P T (4 4(0) 6L (x,£12)

076G (0EiA) | iy D8=(0E3A) .
S P o (2 - 4(0) B (x.£54)

_f“[ 2 2GR 06 (0E5)
4
b

g(5) dg +

g(x)
+ p(x) —= o)

= 9(x),
Since each branch of Green’s function satisfy the homogeneous differential equation. This

completes the proof of the claim that u(x;2), as defined by Eq. (6), satisfies Eq. (1).

Besides, we have to show that this function u(x;4)satisfies the boundary conditions as well.
At the endpoint x = a, we have

B.[u] = p(a)u’(a) —vyu(a) =
¢=b 0G_(a,&;4 ¢=b
=L p(a)&g(é) dé — voL G_(a,§;4)g(&) dé =

—a OX =a

¢=b 0G_(a,¢&;4)
:f [p(a)a——voGAa,é;ﬁ)]g(é) dé =0,
{=a X

sinceG_ (x,&;A4) satisfies the BC at x=a. The satisfaction of the BC at x=b is proved

similarly. The proof of Theorem 1 is now completed.
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In this case, the solution is unique. An easy proof is provided by the following

Theorem 2.The solution to the non-homogeneous BVP, Egs, (1), (2), provided by Eq. (6), is
unique. [

Proof:Indeed, let u,v two different classical solutions of this problem. Applying Green’s

identity for these two functions, we obtain
b

b
f(u(x)ﬁﬂ[u](x) —u() £, [p]1())dx = [v(x) pu'(x) —u(x) po'(x)]. .
The right hand side is zero, since both functions satisfy the BCs (2).Using also the fact that
both u, v satisfy Eq.(1), Green’s identity becomes

b b
f(u(x)g(x) —u(x)g(x))dx = f(u(x) —u(x))g(x)dx = 0. 9)

Applying Eq. (9) to the case g =u — v € C[a,b] we have
b

f(u(x) —v(x)* dx = 0. (10)

a

This implies that u(x) = v(x), Vx €[a,b]. The proof of uniqueness is completed.

3.3 Construction of Green’s Function when 1 is an eigenvalue (1 = 4,)

Green’s functions for compatible differential systems consisting of a single nth-order linear
differential equation with continuous coefficients together with boundary conditions at two
points may be traced back to Hilbert. In the bibliography, Green’s function in this case is
referred as Generalized Green’s function (GGF) or Modified Green’s function. In particular,
in Stakgolt& Holst (2011) in Sec.3.5, is referred as Modified Green’s function and there is
presented the basic obstacle which is a solvability issue. The expression of Green’s function in
this case is not given for the general case, but there is a specific example. There is also a
discussion about symmetry, which in this case does not always satisfied, but even though a
Modified Green’s function may be not symmetric, it is possible to become.In Stone
&Goldbart (2009), where is also referred as Modified Green’s function is given an example
where someone can understand conceptual details. Moreover, in Haberman (2004), in
Sec.9.4.3 there is a more detailed a general presentation of Generalized Green’s function,
which describes and proves its properties such as symmetry and there is also an example.
Moreover, in Haberman R., Green’s Function, Lecture 7, there are detailed steps about the
construction of GGF, in the general case. There is also a general way of making symmetric a
GGF.

The construction of Green’s function in Section 3.1 (for the case A = 1,) was based on the

assumption that each of two linearly independent solutions, u;(x;4), u,(x;A4), of the

homogeneous DE satisfies one of the two BCs and does not satisfy the other BC. This
assumption is not valid in the present case, where 4 is an eigenvalue. Also, the non-
homogeneous BVP may have not a solution in this case. These two negative results make
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questionable the construction of Green’s Function, for the case 1 = A,. Before proceeding to

examine this question, we shall deal with the two afore-mentioned negative results in detail, in
order to clarify the constraints we have to face in this case.

3.3a Two negative results

Let us consider, once again, the BVP

((u)x)) + (A —q(x))u(x) =0, a<x<b 1)
B.[u] = p(a)u’(a) —vyu(a) =0, (23)
B,[u] = p(b)u’(b) — szou(b) = O. (2b)

Lemma 1:Letu,(x;4), u,(x;A) betwo linearly independent solutions of the homogeneous

DE (1). Then, the following identity holds true:
p(@u,(a;2) uy(a;2) — p@uy(a;A)u,(a;2) = .
= p)u,(b;2) uy(b;2) — ployui(b;2) u,(b;2). ©

Proof: We start by examining some properties of the Wronskian of the two solutions u,(x; A1)
and u,(x;A4), which is defined by

u,(x;4) u,(x;4)
ui(x;A) uh(x;A4)
= U (X;A) uh(x;A) — ul(x;A) u,(x;A4).

W( Uy )(x) = W(ul,uz;ﬂ) =

(@)

The derivative of the Wronskian with respect to X, denoted by W’(u1 U, ;ﬂ,)(x), can be

expressed as follows:

W ug U5 2)(x) = (U (xi2) Up(GA) — uj(xid) uy(x;2)) =
= U (X;2) uy(x;4) — ug(x;4) uy(x;4)

(b)

From the DE we obtain
u//(x) - p/(X) U/(X) + q(X) —A U(X) (C)
p(x) p(x)

By substituting Eq.(c) into Eq.(b), we find
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W’(ul,uz;/l) = u(x;A) uj(x;2) — uf(x;2) u,(x;4) =

= ul(x;}t)[—wu’2 X:A) + q(><)——/‘tu2(x;/1)] —

p(x) p(x)
— [— F;((:(()) ui(x;4A) + —q(:)(x_)lul(x;ﬂ)]uz(x;/l) -
— _—F:((::)) (ul(x;/i) ub(x;4) — ui(x;A2) uz(x;i)> = ——F;/((::))W(ul,uz;i).

From the above expression we obtain

W(ul,uz;;t)(x) — W(ul,uz;;t)(s) = exp[— SX F:)/((SS)) ds].

But, since

“PS) ol el AR p(s) || _ p(s)
exp[_ . ps) ds] - exp[ f p ]_ exp[")g[p(x)” " ()’

the following equation is implied

PO W (Ug, Uy 5 2)(X) = p(s)W (U, uy34)(s). @)
Applying the above equation to the case x=a, s=»b, we find
P@W (u;,u,;2)(a) = pOIW (uy,u,;2)(b). 5)

Expanding the Wronskians in Eq. (5), we obtain Eq. (3). This completes the proof of the
lemma.

Assume now that u,(x;A) is identified by the choice

a; A
u,(a;A) =given, anduj(a;1) = L() B,[u;] =0, (6a)
p(a)
whileu,(x;A) is identified by the choice
b; A
u,(b;A) =given, andul(b;1) = %(b))i B,[u,] = 0. (6b)
Y
Then,
u,(b;2)

pa)uy(a;2) — vo uy(a;d) = (uy(b52) 1y — p(B)U(D;2))

u,(a;A4)

which is equivalently written as
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5 _uy(bsa)
up] = Eos Bl ™
1 1

Now, we distinguish the two cases 4 = A,and 4 = 4.

Assume first that 1 = A,. Then, the additional assumption that B,[u,] = Owould mean

that u,(x;A) is an eigenfunction, since it satisfies the differential equation and the BCs.

However, this is impossible, since, in the present case, the homogeneous problem has only the
trivial solution. That is, in this case, we have B,[u,] = 0 and, according to Eq.(7),

By[u;] = 0, as well.

Corollary 1:When i = A, it is always possible to choose the two linearly independent
solutions of the homogeneous DE, u,(x;4), u,(x;A4), so that
B,[uu]=0 A B,[u;] =0, and (8a)
B.[u,] =0 A By[u,] =0. (8b)

Assume now that A = A,. In this case there is an eigenfunction, say u,(x). This can be

expressed as a linear combination of the two linearly independent solutions u,(x;4)and

u,(x;A),thatis u,(x) = C; u;(x;4) + C, u,(x;4). Then, we have
Ba[un] = Cl Ba[ul] + C2 Ba[UZ] = O’ (93_)
Bylu,]1 = Cy By[u;] + C, By[u,] = 0. (9b)

Assume now that it is possible to choose u,(x;4), u,(x;A) so that to satisfy Egs. (8a,b).
This leads to a contradiction, sinceB,[u;]=0 and Eq. (9a) imply B,[u,]=0 and,

similarly, we also find B,[u,;]=0.

Corollary 2:When A = 4, it is not possible to choose the two linearly independent solutions

of the homogeneous DE,u,(x;4), u,(x;A4), so that to satisfy Egs. (8a,b).

Remark. In the case 4 = A, it is possible to choose the two linearly independent solutions
of DE (1), uy(x;4), u,(x;A4), as follows:

Either B,[u;]=B,[u;]=0 and B,[u,]=0 A B,[u,]=0,

Or B,[u;]=B,[u,]=0 and B,[u;]=0 A By[u,]=0,

Or B,[u]=0 A B,[u,]=0andB,[u;]=0 A B,[u,]=0.
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Another negative result is that, in the case of A = 4,, the non-homogeneous BVP is not

always solvable. Indeed, let the following NHBVP

L, [u100 = Lu(0) + 2,000 = (OO U00) = a0 u(d) + 4,u(0) = 900, 40

a<x<b,
B,[u] = p(a)u’(a) —v,u(a) = 0, (11a)
B,[u]l = p(b)u’(b) — g,u(b) = 0. (11b)

In this case, the eigenfunction u,(x), belonging to the eigenvalue A,, satisfies the

homogeneous problem, that is the problem (10)-(11), with g(x) = 0. In the context of the
analysis part of our investigation, we start by assuming that there exists a solution to this
problem, denoted by u(x) =u(x;A4,). Then, both functions u(x;4,) and u,(x) satisfy

the BCs (11a,b) and thus Green’s identity applied to u(x;A4,)and u, (x), yields

b

Ju 0oL 106320100 —u(xi2) L, Tu,160) dx = . (12)

a

Since L 2. [U,1(x) = Oand L 2 [u(-52,)1(x) = g (x), the above equation leads to the

necessary condition
b

[u009 ax = 0. (13)

a

This necessary condition will (sometimes) be referred to as compatibility condition (for the
BVP (10)-(11)). We can summarize the above finding in the form of the following

Theorem 1. In order that the non-homogeneous BVP (10), (11) has a solution, when 4 = 4,
is an eigenvalue, it is necessary the excitation term g (x) to be orthogonal to the
corresponding eigenfunctionu,, (x). [

3.3b Construction of a generalized Green’s Function in the case 1 = 4,

However tempting may be to use the Green’s function method (in this case as well), in order
to construct the solution to the non-homogeneous BVP (10)-(11) of the previous section,
Theorem 1 poses a serious obstacle. The difficulty arises from the fact that Green’s function is
a solution of a specific non-homogeneous problem, with excitation & (x—¢&). In the present
case, we have the necessary condition (13) of Sec. 3.3a, which, when applied to the excitation
g(x) = (x—¢&), leads to the requirement
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b

Jui s ax —u,@) = o, @

a
which is not valid. A way out of this controversy is to try to define the Green's function in a
different way, so that the compatibility condition to be valid. To motivate such a new
definition of Green's function, we shall come back to the general non-homogeneous BVP
(10)-(11) of Sec. 3.3a, and modify the excitation so that to satisfy the compatibility condition.

From Eq. (13) of the previous section, we understand that the source of the problem is the
non-vanishing of the projection of the excitation function g (x) on the subspace generated by

the eigenfunction u, (x). Let us subtract this projection from the excitation, and replace the

latter by
b
IRCGEBLE
g(x) = g(x) — u,(x) =*— =
up(£) dg ()
<u,,g>
= g(X) — u,(x) ‘—2
un

Then, the right hand side of Eq.(13) of Sec. 3.3a, becomes

b
: [ u@e@ e
[ ua60]800 = u,0 afb dx =
a u2(e) de
) b
: : [ w9 as

:fun(x)g(x)dx —fuﬁ(x)dx - =0,

: : [ e as

a
that is, the compatibility condition is now satisfied! If there is a specific solution a(x;A4,) to
the new problem, having excitation §(x) (this remains to be proved), then, any function of
the form G(x;A4,) + C u, (x) will also satisfy the same problem, for any value of C € Ror
C € C. Thus, in this case the solution is not unique.

The same ideas will be now applied to formulate the problem, Egs. (3) — (4) below, defining
the sought-for (new) Green's function, which will be called the generalized Green's function
(GGF) of the non-homogeneous BVP in the case of 1 = A,
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L Ay [é(/ln) (-.8)1(x) = I—éun) (x,$) + lné(an) (x,¢)=

= (p() G, (x,f))' —qd(X) G,y (X&) + 2,G, ) (x&) = 5(x—¢) —%
un
(3)
B.[G,] = p@G[,,(aé)—v,G,,(aé) =0, (4a)
B,[G.,]1= pb)G(,, (0.&) — 1,G;, (b,€) = 0. (4b)

As in Sec.3 we are going to derive the basic properties of GGF’s although we have not its
analytic expression. Recall the following two properties of delta function
x=&+d,
o(x—¢&) =0, for x=<&and f o(x—=¢&)dx =1, (5a,b)
x=¢&—d

whered _ and d, are positive numbers. According to the property (5a), the differential

equation (3) can be written, separately in each subinterval (a,&)and (£,b), as follows:

(P00 Glsy (68)) — QG (%E) — 4, Gy (%,8) = W (6)
un
a<x<é,
for and
E<x<b.

Since Eq. (6) does not apply to the point x = &, we need interface (matching) conditions for
the sought-for function G, , (x,&) at x = &. First, we impose continuity of G, ; (X&),

by assuming that
Gy (€40,8) =G, ) (£-0,¢). ()

In order to find a matching condition for the first derivative of the GGF, use will be made of
the property (5b).Integrating both members of Eq. (3) from x=&—cto x = £+, where

£ >0 (and sufficiently small), we obtain

~ S+e E+e E+e
A6, . (x&) ) i
P00 — 2=+ [ (2, - 00) G,y (08 bk = 1- ‘“ ) | 0 ox
E—¢ E—¢ Uy E—¢

Recalling thatq(x) and u,(x) are continuous in [a,b] (and thus at x = &), and having

assumed that GM”) (x,¢) isalso continuous in [a, b], we conclude that
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E+e

g
IimOf(An—q(x))éun)(x,f)dx=0andlim u,(x)dx=0.
¢

+¢&

—0
—-&

E—¢
Hence, we obtain

~ Ete
dG,, , (x¢)
lim|p(x) — 22200 g, (8)
e—0 dX
E—¢
as in the case A= A,. Taking into account the continuity of p(x), we finally derive the
condition
dG(,)(E +0,8)  dG(,,(£-0.¢)

dx dx G ©)

Eq. (9) means that the first derivative of GGF must have a jump discontinuity of magnitude
1/ p (&) at the point x = £.

To find the GGF we have to find solution(s) of the following two problems

L, 165, (. &)1(X) = —% a<x<é, (10)
un
B.[G;,)] = @G, (a &) —v,G () =0 (11)
and
L. 160, () = —% ¢<x<b, (12)
un
B,[G(:,)]1 = PBIG(;, (0.&) — G, (b&) =0 (13)

and then to construct a function G, , (x,£).

Each one of Egs (10) and (12) can be solved as follows.

The general solution of a second order non-homogeneous DE is given by
u(x) = Cyuy(x) + Cou,(x) +u,, (14)

WhereC,u, + C,u,(x) is the general solution of the corresponding homogeneous DE, and

u, is a particular solution of a non-homogeneous DE, defined on the interval (a,b).The

particular solution is given in the form (see Appendix A for a detailed derivation)

4 4
0 = ———ul f 0,(8)g(s)ds — —2%) f LO)gE)ds,  (15)

POYW (g, u,)(x) POYW (uy,u,)(x)

63



where g(x) = u, ? Is the non-homogeneous part of the DE. Note that, as

proved in Lemma 1, p(x) W(u,,u,)(X) = constant ; thus, in the sequel we shall simplify the
notation writing pW instead of p(X)W (u,,u,)(x).

Applying Egs. (14) and (15) to DEs (10) and (12) (which are defined in different domains),
we obtain

& '3
C~s(jn) (X,8) =Cuy(X) + C,u,(x) + U;f,)\;) u US(WX) ful(s)g(s)ds (16)
and
NN
6 (08 = e ANCLIOES 17)

In order to determine the constants C,,C,,C,,C, use is made of Egs. (7),(9),(11),(13).

At first, the first derivative of the function G

) (X, &) with respect to x is

dG ;) (x.&) () | ,(x)u,
%:Clu’l(x) + CLuL(x) + upf/)\;)fuz(x)g(x)dx Y (X)lgj\/vx)@“(if _

2(> 0 g0~ A)W

Hence, the above expression is reduced to

dG 5 | (x,&) / i / ¢
—(A:j)x = C,uj(x) + Cu%(x) + u;f;) f u,(X) g(x)dx — u;\(;) f u, (x) g (x) dx.
(18)

Since G°

() (x,&) satisfies the BC at the endpoint x = a, Eq.(11), we use Egs.(16) and (18) and

we have
(a)G(g)(&f)_ (g)(a f) = 0.

Using the fact that the one term of the right hand side of Eq.(18) vanishes when we set x = a,
we have
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ui(a) ’

I3 I3
C.oi(@) + Cahl@ + f uz(x>g<x)dx—”;$) f w(x)g(x)dx]

= p(a)

a

p p

5 £

u,(a) u,(a)
Cyuy(a) +C,uy(a) + W U, (x)g(x)dx — W u;(x)g(x)dx|=0
The above equation is reduced to

C, (p(@)uj(a) — vouy(@)) + C,(P(a)ub(a) — vou,(a)) = —

. £
p(a)U1(a;W VOUl(a)fuz(X)g(X)dX n

. £
+ p(a)UZ(a;W VOUZ(a)ful(x)g(x)dx.

(19)

Working in the same way for the function G(jn)(x,g) we result in

¢
b)u(b) — U, (b
C, (PO (B) — 1 (0)) + C. DY 0) — s, () = — PO (;W” L )fuz(x)g(xwx +
b

’ ¢
N p(b)uy(b) — #OUZ(b)fUl(X)g(X)dX.
b

pwW
(20)

At this point, we are going to use Egs.(7) and (9).
The continuity of Green’s Function at the point x = &, which is Eq.(7), implies

(Cs = Cy)us(&) +(Cy —C,)u () =0 (21)
The jump discontinuity of the first derivative with respect to x of Green’s Function, at the
point x = & which is particularly Eq.(9) gives us

/ / 1
(Cs = C4Jui(&) + (Cy — C,)u5(&) = —— (22)

p(&)

From now on, we shall omit the arguments in the integrals in order to simplify the
expressions; for example,

jul(x)g(x) dx:julg.
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By solving the system of Egs.(21)-(22), we obtain

Cs - C1 = - U;\(/i) (23)
and
c,—c,—u® (24)
pW

Assume now that u,(x) =u,(x) is the eigenfunction belonging to the eigenvalue A, and
u,(x) = v, (x) is the second (linearly independent from u,(x)) solution of the homogeneous
problem. Recall thatv, (x) can be expressed in terms of u, (see Appendix B). Taking into
account the above clarifications, Eq.(19) takes the form

C,=-2 , (25)

sinceu ,(x),as an eigenfunction, satisfies both BCs andv,(x) cannot satisfy neither of the

BCs, according to Corollary 2, of the previous section, 3.3a.

Using the same arguments as above, Eq.(20) becomes

¢
i
b

c, = . 26
4 oW (26)

We also write Egs.(23) and (24) taking into account the choice u,(x) =u,(x),u,(x) = v,(x)

and we have
(&)
Cy - = -, @
un
c,_c, - p\(j), (28)

Notice that Eqgs.(25).(26) and (28) give us two expressions for the constantsC, and C,.

Although these two expressions cannot be identical for arbitrary g(x), in the present case,

2 . . .
they are equivalent. This is proved as follows.

where  g(x) = — u, (x) u, (&)/u,
Substituting g (x) by its specific form in the right-hand side of Eq. (25), we obtain

66



un(é)juﬁ

C, > (29a)
pW |
Doing the same with Eqg. (26), we find
g
1, [ u?
= - ——. (29b)
pW [ u, |
Substituting the above equations into the left hand-side of Eq.(28), we take
£ £ b ¢
0@ fuiw@ fuiu@fui o ue [u
b a 5 a
472 T + 2 7 T 2 -
pW]u, | pW u,|” W]y, pW [u, |
Taking into account the equation
b & b
2 2 2 2
o = fui= fui+ [ur,
a a &
we conclude that Eq.(28) is satisfied for the specific values of the constants C, and C,.
Therefore, the constants are defined as below
v, (&)
1= ——5— +C, (30a)
|ua|” pW
£
1,(@ [ u;
C, = ———""—, (30b)
PW |
C, = C ,arbitrary constant (30c)
0, (8) U |
c, = -1 2fu§ (30d)
PW pw u, |+

Hence, Eqgs.(16) and (17) for u,(x) =u,(x),u,(x) =v,(x) become
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0,00 0n(0UN(E) [0 Un0OUy &) | 0, (YU, () [,

Gy (68 = CU, (9 + == Wl W XU" W
(31)

.. (O () U@ T, U U, | 0,0, () T,

G, (&) = Cu,(x) + - 5 N aUy +————— [ up.
pw pW u, " < pW u, | < pWu, [ <,
(32)

¢ ¢
. . . . 2 (X)u, 2 (U,
At this point we are going to work separately with — L@? u? +L((’:) u?
W[ 5 W] <

which is included in both Egs.

2 n 2 n = 2 n 2 n 2 n
pWlao|* 3 pwlud] S ewu T ewu T ew |
(33)

0008 [, aOUNE) o DO P a0 [, o) [

Hence, taking into account EQ.(33), Egs.(31) and (32) which are the branches of GGF,
become

a S
G(i )(X,g) __ Cun(x) n Un(é)un(x) i Un(x)un(i) Uﬁ _M o, (34&)
| W pwu T o,
a <
é(; )(X,‘f) — CUn(X) + Un(f)Un(X) + un(g)un()z() Ur% _ un(X)un(i) Unun ] (34b)
' pw pW Ju,|” <, pWlu, [+
Thus, the Generalized Green’s Function (GGF), is given by
a £ M a<x<§
Gy (6E) = Cuy () + un(é)un();) uz - Un(X)Un(i) o+ pW
PWlao|" < oW ua [ 08 ey
pw
(35)

Note that, the GGF, as given by Eqg. (35), is not symmetric. Nevertheless, it is possible to
obtain a symmetric form of GGF, by adding to the right-hand side of Eq. (35) an appropriate
term of the form c (&) u,(x), which is always permissible. See also Haberman R., Green’s

Function, Lecture 7. One convenient choice of the extra term c (&) u,(x) is the following
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60,00 = —Cuy(0 + 210z U g
pW Ju,|” < pW un|” <

Adding the right-hand side of Eq. (36) to the right-hand side of Eg. (35) has the following

. U, (00, | .
effects: First, the term Cu,(x) cancels out. Second, the term ———— f u? provides the

pW|un

3

a

u_(X)u
symmetric of the similar term in Eq. (38). Third, one of the two %fu v, combines
pW (lu,

¢
¢ a

with Lun(é?funun providing the new term Lu"(c"?funun , and the other one remains
pWlu, pW |ju,

X

as it is, providing the symmetric term to the previous one. The resulting symmetric form of
GGF, is as follows:

_ 00U (€) o G0 Lo U UE)

2 n > N : u,
pW HU H DWHunH . oW Hun“ X
u () U, (&) | oW a<x<é,
ISR ICON I
P M §<x<bh.
pw

3.4 Solution of non-homogeneous problem when A is an eigenvalue (1 = 4,)

By utilizing the above expression of GGF we are going to find the solution of the following
NHBVP, when 2 is an eigenvalue (1 = 4,),

L, 14100 = Lu(0 + 4,000 = (0O U00) =a(u() + 2,u0) = 900, gy

a<x<b,
B,[u] = p(a)u’(a) —vyu(a) = 0, (22)
B,[ul = p(b)u’(b) — spu(b) = 0, (2b)
assuming that the compatibility condition
b
[u09 ax = o, ©

a

is satisfied.
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In conformity with Eq.(3),the necessary condition for the NHBVP (1)-(2) to be compatible
(that is, to have a solution) holds true. We shall show subsequently that this condition is also
sufficient.

Let us denote, for simplicity, the solution u(x,A,)of the BVP (1)-(2)byu(x). By using
Green’s Identity for u(x) and é(ln) (x,&) we have

b

JX@%H&@LLJMU%—MmLL§MMUf”dx:0,

a

Since both Green’s Function and the solution u(x) satisfy the BCs. Using also the fact that

L, [ul() = g(andL , [G ()] (X&) = 8 (x=£) = u,y () u, (€)/llu,|I?, we obain
(see also Haberman, 2004, pp.409-410)

b
Lféu“wé)mwUWMNXS)E%%%¥£4d40- @)
: | Fuu, () u, (£)
[G(M(x,g) g(x) dx — [u(x)a(x—g) dx—[ ITunIIZ kG
b
Recalling the property fu(x) o(x—¢&) dx = u(&), Eq.(5) becomes
b a PUCU, (0 U, (£)
[eu, s e = u@ - [ HWH dx. ©)
un
solving Eq.(6) with respect to u(&) and replacing argument & by x we obtain
b b
uurzj”@”WTf“”dé+j€mﬂaMg@m§ (7)
u, 4
b b
u(E)U, (€) 3
M@zuAM[—:?rW§+lb%ﬂémg@d§ (®)
b b
u(E)u, (€) 3
M@zudq[—:?rdé+lb%ﬂ&ﬁg®d§ ©)

where in the last step use is made of the symmetry of GGF. Since the first term of the right
hand-side of the above equation is a multiple of the corresponding homogeneous BVP (1)-(2),

a particular solution of it has the following form
b

UU%=jEwHK@9@N§ (10)

a
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By substituting the expression of GGF (see Sec.3.3, Eq.(37)) into Eq. (10) we obtain

X b
u()—u()f (g)g(é)fﬁ ”;V(VX) n ”;x) 0y()g(&) dé

W]

where we have utilized the compatibility condition. Therefore, the final expression of the
solution is

0,09 |
u(x) =Cu,(x) + )

b
0, ()
- fun(f)g(§>d§+ p

- f 0,(&)9(E) dé . (11)

Theorem 1When A is an eigenvalue the function u(x) = u(x,4,) as defined by Eq.(11) is a
solution of the NHBVP (1)-(2) when the compatibility condition, Eq.(3), is satisfied. [

Proof:
By differentiating Eq.(11) twice, and substituting the first and the second derivative of u(x)

into the non-homogeneous DE (1) we conclude that u(x) satisfies it. The function u(x) also
satisfies the BCs (2). Therefore, u(x) is a solution of the NHBVP (1)-(2).

Remark 1: The solution in this case is not unique, which is obvious from the C -dependence
of it, as we see in Eq.(11).

3.5 The Solution of the fully non-homogeneous BVP

Since the variation of the eigenfunctions with respect to the coefficients satisfies a fully-non-
homogeneous BVP we are interested to express the solution of a BVP of this type. The fully
non-homogeneous BVP contains a non-homogeneous differential equation which is
accompanied by two non-homogeneous BCs. As in the previous sections we distinguish two
different cases. At the first case we present the method which is used to solve this type of
BVPs which is the same for both cases but when the parameter A is an eigenvalue, also a
compatibility condition has to be satisfied.

3.5a Thecase 4= 4,
The most general non-homogeneous BVP is

L, [ul(x) =u"(x) —q(¥u(x) + Au(x) = g(x), a<x<bhb (1)
B.[ul=u'(a) —v,u(@) =r, (29)
B,[u]l =u’(b) — pou(b) =r,. (2b)

In order to solve the BVP (1)-(2) we follow the steps below
We are looking for a solution u(x) of the following form

71



U(x) = 0(x) + Uy (x) + u,(x)

Where u,(X),u,(X) are specific, as simple as possible and they satisfy

B,[u]=r
B,[u,;]1=0,
B,[u,1=0,
B,[u,]=r,.
u,,u,could be linear functions of x of the form
u,(x) =Ax+ B,

u,(x)=Cx+D.
Since u,(x) satisfies the BC (4a) we have
ui(@ —vou (@) =rn
A—vy(Aa+B)=r,
A(l— voa) — Bvy=1.
Similarly, substituting the expression of u,(x) into Eq.(4b) we obtain
A(l— pob) = 114B =0.
The solutions of the system (7a)-(7b) are
Ho Ty

A—
yo(l—voa)—v()(l—,uob)

(l—,uob)r1
B= .
yo(l—voa)—v()(l—yob)

Thus, taking into account Egs.(8), Eq.(5) takes the form
rl(:uO X+1- ﬂob)

,uo(l—voa> - vo(l— u0b>'

Working in the same way for the functionu,(x) we obtain

uy(x) =

—rz(vox+1—v0a)
,uo(l—voa)—vo(l—,uob)'

U, (x) =

Hence, the sum of the above functions is
rl(yox +1—y0b>— rz(v0x+1—v0a>

u,(x) +u,(x) = ,uo<1—Voa)_V0<l_'u0b>

It remains to determine, which satisfies the following problem of the form
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(7b)

(3)

(42)
(4b)
(4c)
(4d)

()
(6)

(82)

(8b)

(9a)

(9b)
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L, [010) =L ;[ul(®)—L ;[u;+u,](x) (11)
Using the fact that L , [u](x) = g(x), Eq.(11) becomes

L, [01() =9g() — L , [u;+u,](x). (12)
The function o(x) also satisfies the BCs

B,[v]=0 (13a)

B,[v] =0 (13b)

The solution of the BVP (12)-(13), according to Section 3.2 is given by

b

000 = [G(ED(9E L, [u,+u,1(0) dd (14)

where the expression of Green’s Function, in the case of 4 = A, is given by Eq.(3) of Sec.3.1
By setting

)"1(/‘106E +1—ﬂob) - rz(‘/o§ +1_Voa>
yo(l—v0a>—vo(l—,uob)
Substituting Egs.(10) (14) and (15) into Eq.(3) we obtain the expression of the solution of the

fully non-homogeneous BVP (1)-(2)
b

u(x) =fG(x,§,z)(g(£) k() de +

a

k(&) =L, [u+u,1(5) =(1—a) (15)

rl(,uox+1—yob)—rz(v0x+l—v0a)
,u0<1—voa)—vo(1—,u0b> - (16)

Hence, we managed to reduce the fully non-homogeneous problem to a non-homogeneous
problem which has a non-homogeneous term only in the DE.

3.5b Thecase 1 =4,

In order to examine in the case of A = A, the solvability of the fully non-homogeneous
BVP(1)-(2) of the previous section we will use Green’s Formula. Assume that u(x;A4,) is the
solution of the latter BVP. Assume further that u (x) is an eigenfunction belonging to the

eigenvalue A,. As in the previous cases, we will use Green’s identity for u(x;A) and u(x)

as follows
b

[ lun00L 1010 ~ ueOL , [T 09) = [u, 000’09 — U9, () M

a
By working separately with the right hand side of Eq.(1) we have

b
a

[, OOU () — uEOU,(9)]” = u, (B)U'(B) — u)uf(b) — U, (@)U'(@) + u(@)u(a).
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The fact that u(x;A) satisfies the BCs (2) of Section 3.5a and u (x) the corresponding
homogeneous implies

[, (00U’ (x) — UL ()] =, 0) (1, + 41gu(0)) — Ub)szglt(b)

— U, (@)(r, + vou(a)) + u(@)veu,(a).
Combining the like terms of the right hand side of the above equation, we have
b
[Un COU'(x) = uCU (9] =1, Uy () — 1yu,(a). 2)
Taking into account Eq.(2), we return in Eq.(1), and we have
b

[ (0L 100 — v, 1) b= r,u,0) — v, @).

a

Recall that L , [u](x) = g(x)and L , [u,](x) = 0. Thus, we derive
b

[ ua090 k= r,u,0) ~ ru,@). )

a
The above is the compatibility condition for the fully non-homogeneous BVP (1)-(2), of
Section 3.5a, when A is an eigenvalue.

At this point we are going to examine when the reduced BVP (12)-(13) of Section 3.5a in the
case of A = A, is compatible.

The solvability condition, will once again arise by using Green’s identity and assuming that
v(x;4,) is asolution of the reduced BVP and u,(x) is an eigenfunction.

Hence, Green’s Identity implies
b

[ (w09 L, 1309 = 009 L, [0, dx = 4,000 — (@I
b

Juse0(g09 - L, [u309 - L, [u,J0) dx = o

a

The right hand side of the above equation is zero, since u,(x) and o(x) satisfying the BCs
(2) of Section 3.5a. As far as the left hand side is concerned, we used the fact that
L in[un](x) = 0 and also that v(x) satisfies Eq.(12) of the previous section.

b

b
jlawmmdx:L[L%mww4n+Lﬂyxnwumw @)

a

In order to use Green’s Identity we write the right hand side of Eq.(4) in the form
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b

b
Juaa09 dx= [L, (u,00-+0,09)u,00 — (u00+ A0 ©)

b b
[ 400960 dx=u, 0000 + ;) = (8400 + u,(0)u 00

a

(6)

a

Working only with the right hand side of Eq.(6), gives us
b

U, 00 (U300 + U, (0) = (U0 + U, )ulb ()| =

a

= U, (b) (uy () + u,(B)) — (uy(b) + u,(b))uf(b) -

— U, (@)(u (@) + (@) + (uy(a) + u,(@))uh(@) =

= U (b) (£20 Uy (B) + 15 + 226U (b)) — (Us(b) + U, (b)) o U, (b) —

— U, (@) (1 +voUs(2) + voU,(a)) + (uy(@) + u,(@))veu,(a),
where in the last step we used the fact that u,(x),u,(x) satisfy the BCs (4) of the Section 4.6a
and u,(x) the homogeneous BCs.

Combining the like terms, we result in
b

U, (0 (U () —U,00) — (1,00 U, (K| =1, uy(b) — 1, u,(a).

Therefore, Eq.(6) becomes
b

jhxmmwdx:uuam—nuxm. ™

a

As we expected, the above condition is equivalent to
b

fun(x)h(x)dx=0. (8)

a

Thus, Eq.(7) is the compatibility condition for the reduced problem which is the same with
Eq.(3).The latter is the expected result, because the fully non homogeneous BVP and the
reduced BVP are equivalent.

The method we follow to solve this problem is the same as in the previous case, but the
solution of the reduced BVP (12)-(13) of the previous section when A is an eigenvalue is
different. As we proved in Sec. 3.4 the solution v(x), for p(x) =1 is given by

U, (%) u, ()

f u_(s)h(s)ds + f v, (s)h(s) ds, 9)

a X

v(x) =Cu,(x) +
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where, u, (x)is the eigenfunction corresponding to the eigenvalue A, and v (x) is another
solution of the corresponding homogeneous DE, linearly independent from u (x) which can
be expressed in terms of u  (x) (see also Appendix B)

and

1oS +1— pgb) =1, (ves +1—v,a)

,uo(l—voa) - vo(l— yob)
Thus, taking into account Eq.(8), the solution of the fully non-homogeneous BVP, in the case
of A = A, has the form

r
h(s) = g(s) — L, [us+u,](s) = g(s) — (4, — q(s))

X b
u(x) =Cu,(x) + wa)fun(s)h(s)ds + u;‘/\(/X)fun(s)h(s) ds +

(10)
N r1<y0x+1—y0b)—rz(v0x+1—voa)

,u0<l—voa>—vo(1—,uob>
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4. Variation of the Eigenfunctions with respect to the coefficients

As we saw in the Section 2.5, the variation of the eigenfunctions, 6 Z, satisfies the following
non-homogeneous BVP

L, [62,1(2) =026Z,(2) + (4, — Q(2) )0Z(2) = — (62, —3Q(2))Z,(2)-

(1)
B, (6Z,) = 0,(5Z, (b)) — 41 (5Z,(b) = Sty Z,(b), (22)
B,(6Z,) = 0,(6Z,(@)) — v (6Z,(2)) = 6v,Z,(). (2b)

As we notice from the non-homogeneous part of Eq.(1), it is necessary to know the variation
of the eigenvalues in order to solve the above BVP. We present again the formula of 64, (see

also Section 2.2)
b

J

a

1

S,
\z

We have to check the solvability of the fully non-homogeneous BVP (1)-(2). As we saw in

Eq.(3) of the Section 3.5b,the following equation should be satisfied
b

fw(x)g(x) dx = r, p(b)u,(b) — 1, pa)u,(a).

a

This equation, in terms of our problem, becomes
b

o [ 12, 6Q@) &z +22@)6ve —220)Suo|. ®3)

n

[ 2@ (00 - 61,)2,@) 62 = 3, 230) - 5vo 2i(@). @
We start from the left-hand side of Eq.(4) in order to prove its validity

b b b

on(z)<5Q(z) — 6,)Z,(2) dz = f&Q(z)zﬁ(z) dz — faznznz(z) dz. (5

By substituting the wvariation of the eigenvalues, Eq.(3), into Eq.(5), we have
b b

on(z)(5Q(z) — 64,)Z,(2) dz :faQ(z)z,f(z) dz —

a a

b ]_ b
[ ‘an[

a

Z,(2)| 6Qdz + 22, (a)dvy — Z2,(0)5 o | [Z2(2) dz =

b

f&Q(z)Zf(z) dz ﬁtz‘

a

b

Z,(2)[ 5Q(2) dz f Z2(2) dz —

a
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b b
1 2 2 1 2 2
— > | Zn@0veZ, (2)dz + —— | Z;(b)duyZ(2) dz =
|2 f |2 f
b 1 b b
— [ 50()22(z) 0z — Z,(2 Q@ dz | 2X2) dz ~
/ i) /
— ZZX(a)dv, =
b b
- [o@zi@ d ~ [|z,@)f 6@ & — Zi@sv, + ZEO),.

Hence, we finally obtain
b

[z.@(00@) - 52,)2,@ dx = 54, 2:0) - 6, 2@,

a
which is the desired result. Thus, we conclude that it makes sense to search for a solution of
the BVP (1)-(2).

4.1 Solution of the Variational Problem of the Eigenfunctions

As we have already proved in the Sec.3.5b, when the solvability condition is satisfied, the
solution of the fully non homogeneous BVP in the case of 1 = A, has the form

X b
u(x) =Cu,(x) + wa)fun(s)h(s)ds + u;‘/\(/X)fun(s)h(s) ds +

(1)
r1<y0x+1—y0b)—rz(v0x+1—voa)

,u0<l—voa>—v0(1—,uob>

where
UoS +1— ,uob) — r2<vos —l—l—voa)
,uo(l—voa) —vo(l— ,uob)
The terms of Eq.(1) are identified with the terms of our problem by the following choices
un(z) =2,(2)
v,(2) =U,(2),

which is the second linearly independent solution of the corresponding homogeneous DE,
expressed in terms of Z (z) by using an order-reduction and solving the obtained first-order

®) — ) — (2 — a9

equation; see Appendix B,
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C = 6C ,since it is expected to be a sufficiently small term

9(2) = — (64, —9Q(2))Z,,(2),

rn=ovyZ,(a),r, =0u,2,[b),
and
h(z) = —04,Z,(z) + 8Q(2)Z,(z) —
5v,Z, (@) s,z +1— uob)— 54,2 (0)(v,z +1-v,a)
,uo(l—voa)—vo(l—yob) .
Since h(z) is proportional to the variation of each data, the most appropriate notation is

—(4,-Q@® ) )

oh(z) = —Z,(2)04, + 6Q(2)Z,(z) —
6v,Z,(@) (4,2 +1— )= 5 11,2, (b)(vyz +1—v,a) (3)
yo(l—voa)—i/o(l—yob) -

— (4, - )

Taking into account the above equations,the solution of the fully non-homogeneous BVP(1)-
(2) of the Sec.4 is given by

U
0Z,(z) =0CZ,(z) +

z b
\”/\52) f Z(s)h(s)ds + Z\j\fz) f U, (s)sh(s) ds +

(4)

5voZ,(@) (o2 +1— pob)— 51,2, (0)(voz +1-v,a)
,uo(l—voa>—v0(1—,uob)

As we notice from Eq.(4) the solution of the problem is not unique, which is an expected
result since the eigenfunction Z ,(z) is not unique.

Assume now that the eigenfunctions are both normalized, that is
|z, =1 |Z.@|=]z.@ + 52, =1. (5a,0)

Then, both Z (z)and the perturbed eigenfunction Zn(z) =27Z,(2) + 6Z,(z) are uniquely
defined. This fact renders the variation 6Z,(z) uniquely defined as well. The condition
ensuring the uniqueness of 6Z,(z) (that is, the determination of the value of the constant C

in Eq. (4)), is easily obtained as follows:
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Z,(2) =2,(2)+5Z,(2) =
= HZn(z)H2 :Hzn(z)4r5zn(z)u2 =
= 1= HZn(z)—i—5Zn(z)H2 =
= <Zn(z)+5Zn(z),Zn(z)+5Zn(z)> =1 =
= (2,.2,@) + (62,0 .2,@) + (Z,(2) . 6Z,@) ) +
+(62,(2),0Z,@0)) =1 =

= (62,.2,@) + (2,2),52,0)) + |62,@)| = 0.
Omitting the 2nd-order term | 5Z ,(2) ? we obtain

(62,(2),2,(2)) + (Z,(2) . 62,(2) ) = 2 Re{(Zn(z) , 5zn(z)>} =0,

that is,

Re{(Z,(2),6Z,(»))} = 0| (6)

The introduction of the expression of 6Z (z), where also 6h(z) and the normalization
condition (5a) have been considered, will determine the constant 5C .

4.2. Variation of the eigenfunctions with respect to the boundary points

Now are going to find the variation of the eigenfunctions when the domain changes and the
coefficients remain unchanged.
Recall that the BVP is

927 (2) +<ﬂ,n —Q(z))Zn(z) =0, a<z<b, (1)
Bbzn = 0,2,(b) —uyZ,(b) =0, (2a)
B.Z, = 8,Z,(a) — vyZ,(a) = 0. (2b)

Assume that the domain (a,b) is extended to (a,b + &). Assume further that the function
Q(z) can be extended up to z = b + ¢ and the new BVP is given by

0725 + (45 —Q(@)Zi() =0, a<z<b+e, 3)
B*™Zf = 9,2 +¢&) —u,Z:(b +¢&) =0, (4a)

80



B.Z; = 0,2{(a) —v,Z;(a) = 0. (4b)
The question is to estimate/calculate the first-order variationoZ (z) = Z(z) — Z ,(z) of the
eigenfunctions Z (z), due to an ¢ —variation of the end point b, in terms of the eigensystem

{42, }

Our purpose is to reduce the problem of the variation of the domain to the already solved
problem of the variation of the coefficients.

1% step: Consider the BVP (3)-(4), defined on a <z <b + &, and introduce the following
transformation (of independent and dependent variables)

def

5 b—a -
7— = —(z—a), [thatisa < Z <b,whena<z<b+¢], (5a)
of ransf. b — a + &

o}]

def

Zi(2) = Z:(2(2)). (5b)

of transf.

Z;
Setting H = b — a, we have

b — , ; 0z(2
- bi:g(z—a):(1+5/H)(z—a)and (23(22)

z—a =14¢&/H. (6a,b)

2ndstep:AppIying this transformation, we obtain the transformed BVP problem, which is
defined in the interval a < Z <b. We have to find out the exact form of the transformed

problem. We start by calculating the derivatives 9,Z¢,97Z¢ in terms of derivatives

. 0Z% (2 OZ:(z(2 0Z:(z(2 5
9,70 = ( ) _ n(N( ) _ . (2(2)) 8z(~z) 8,27 (14sIH), (79
017 01 0z 01
O27¢ = 927 (1+&lH)’ (7b)

Defining, further the function Q(Z) = Q(z(Z)), we obtain the following formulation for the
problem, by introducing the transformed quantities in the BVP(3)-(4)

Q7 (1+elH) *+ (2 -Q(2)Z; =0, a<z<b, (8)

B°Z: = 0,Z5(b) (14 &/H) ' —uyZE(b) = 0, (9a)

B,Z: = 8,2 (a)(1+&/H) ' —vyZi(a) = 0, (9b)
or

0{Z; + (214 e/H) Q)1+ e/H)*)Z; =0, a<z<b, (10)
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B°Z: = 0,Zi(b) — puo(1+e/H)Zi(b) =0, (11a)
B.Z: =0,25(a) —vo(l+el/H)Z:(a) = 0. (11b)

Comparing the BVP (10)-(11) to the initial BVP (1)-(2),

07Z,@) + (4, —Q())Z,(2) =0, a<z<b,

Bbzn = azZn(b) _:uOZn(b) = 0,

B.Z, =0,Z,(a)—vy,Z,(a) =0,
we observe that the problems are now defined in the same interval and they differ in the
function Q(z) and the constants v, «,. Hence, we managed to reduce the problem of the
variation of the eigenfunctions with respect to the domain to the already solved problem of the
variation of the eigenvalues with respect to the coefficients. Since the two problems are
defined in the same interval, we can use the notation z for the independent variable 7, but we

have to change it in the end. At this point, we assume that the eigenfunctions of the initial and
the perturbed problem are normalized. Let us expand the perturbed quantities as follows

Zi(2) =2,(2) +6Z;(2), (12a)
Q(2)(1+ e/H)* =Q(2) + 6Q(2) + 2§Q(z) —Q(z2) + 50(2), (12b)
A, + SAE + zﬁ = A, + A7, (12¢)

where the variation of the eigenvalues is given by

b

i = [z, 90 ¢z + 23@6v, — 22O ue (124)
£

ﬂo<1+5/H):ﬂo+ﬂoﬁ:ﬂo+5ﬂ0a (12e)

vo(l+elH)=v, + v, (12f)

By substituting Egs. (12a,b,c,d) into the DE (10) we have
0(2,(2) + 62 (D)) + ((/1 +825))(Z0@) + 6Z5(2) — (Q2) + 5Q(2))(Z,(2) + 6Z5(2)) = ©

Expanding further the above equation and neglecting second order terms
(645 525(2),5@(2)525’(z)>we result in
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0727 (2) + 028Z5(2) + A,Z ,(2) + SASZ (2) + 4,02 5(2) —

~Q(2)Z,(2) = 6Q(2)Z,(2) - QD)L (2) = O,
where, since Z (z) satisfies the DE (1) the sum of the red terms is equal to zero.
Therefore, the variation 5Z £ (Z) satisfies the following DE

076Z5(2) + A,625(2) = Q)L (2) = — 5247Z,(2) + 6Q(2)Z,(2) . (13)
By substituting also Z (z) and Eq.(12€) into the BCs (11), we obtain

0,Z,(b) + 0,62 (b) — (1o + 11, ) (Z,(b) + 62 (b)) = O,

0,2 ,(0)+ 0,62 £(0) — 117 ,(b) — eZ o (0) — ueSZ () — uesZ£ (D) = 0
where the sum of the red terms is zero since Z,(z) satisfies the BC (2a) and the other is
neglected as a second order term.
Hence, the variation 6Z ¢ (Z) satisfies the following BC at the endpoint b

B°6Z: = 09,627 (b) — uydZ:(b) = SuyZ,(b). (14a)
Using the same arguments, the BC which satisfies 6Z £ (Z) at the endpoint a is

B.0Z: = 0,5Z5(a) —v, 627 (a) = 6v,Z,(a). (14b)

The BVP (13)-(14) has a solution since the compatibility condition is satisfied, as we can
confirm below

b b

[2,@9@ dz= [~ 52 2, +6Q(2)[z,@| dz=—52; |z dz + [6Q(2)

a

z,(2)

2, dz+22@)ov, — Z2(0)Su,

[2,@9@ d2=— [50(2)[z,@)| dz+ [5Q(2)

b
= [2,()9(2) dz =2} (@)6v, - 27 (0)Sp,
where, use is made of the variation formula of the eigenvalues, Eq.(12d).

In the previous Section, we derived the solution of the general problem of the variation of the
eigenfunctions with respect to the coefficients. Hence, Eq.(4) of Sec.4.1, which is the solution
of the latter problem, in terms of our problem has the form

U

SZE(2)=8CZ.(2) +

12 b
\”Afz) f Z (5)5h(5)ds + Z\'}\fz) f U, (5)5h(5) ds +

(16)

. SvoZ @) (o2 +1— pob)— 5,2, (0)(voZ +1—v,a)
,uo(l—voa) —vo(l— ,u0b>
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Substituting the variations 51;? ,5@,5v0 , O, into Eq.(16) and also replacing the transformed
quantities by the initial, we obtain the desired variation of the eigenfunctions with respect to
the endpoint b, 6Z(z).
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Appendix A. Particular solution of a non-homogeneous DE using the method
of the variation of parameters

Consider the following second order non homogeneous differential equation with non-
constant coefficients

(POOU' () + (4 —a())u(x) =g(®), a<x<b (1a)
or equivalently
p'()U’(X) + POYU”(X) + (2, — A0 )u(¥) = 9(x) . (1b)

Our purpose is to find a particular solution of the above equation. According to the method of
the variation of the parameters, we are going to search this solution in the following form
(see also Haberman, 2004, Sec.9.3.2)

U, (X) =vi(Quy(X) + v, (X)u,(X), (2)
where u,(x), u,(x) are two linearly independent solutions of the corresponding

homogeneous DE.
In order to plague our purposed solution into DE (1b) we need its derivatives. Thus, the first
derivative is

W (X) = V5 (x) U5 (X) + V3 () U5 () + V5 (X)U,(X) + V() u5(x). (3a)
In order to simplify the form of the above derivative we make the following assumption

V(U3 (%) + V5 (x)u,(x) = 0. (3b)
Hence, the simplified version of Eq.(3a) is

U’y (x) = v, () u3(X) + V,(x)up(x). (4)
By differentiating both members of Eq.(4) we derive the second derivative which is

u’y (x) = Vi) u(x) + v (x)ui(x) + vy(x)us(x) + v(X)us(x). ()

Substituting Egs.(2),(4),(5) into (1) we have
P00 (VA (UL () + v, (00 u5(0)) + PO (V4 UL(X) + V3 () UF(X) + V() U (X) + v, (U5 (X)) —

+ (20 = A00)) (V) U3 () + v, () U, (%)) = 9(x)
Taking into account that u,(x) and u,(x) satisfy the corresponding homogeneous DE, we

obtain

PCO (Vi) UL () + V509 u5()) = 9 (), (6)
or

VI(OUL() + V400U () = % @)
Equations (3b) and (7) constitute a system and its solutions are
V0= u,(x) 9 (x) _ o u0g (98)

PC) (U () UL() —ui()u, () POOW (ug,u)(X)

v, — u; (%) 9 (x) u (%) g(x) (ob)

PO (U, (U5 (X) — U300, (X)) — POOW (up,u)(X)
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By integrating both parts of Eqg.(9a) in the interval (x,b) we obtain
b

b
SN RO 110
f Vifs) s = f PEOW 1))

X X

b
o u,(s)g(s)
V(b)) — vy (x) = f P(S)W (uy,u,)(s)

X

b
O wee)
Vl(x)_[ pOW () & O (109

Similarly, by integrating both parts of Eq.(9b) in the interval (a, x) we have

w990
VZ(X)_fp(s)W(ul,uz)(s) ds + v,(a). (10b)

a

Notice that
9 (POOW (U3, u)()) = P/ (U000 — U, (uL(0) +

dx
+ Y (U (U () + U5 (YU (x) — U5 () — U, ()ul(x))

Recall that u,(x), u,(x) satisfy the corresponding homogeneous differential equation and

(11)

particularly the following equations hold

PCOUT(¥) = — P’ OYUL(X) — (A, — A(¥))u (X)), (12a)

P()US (X) = — p'()u5(¥) — Ay — A0))u,(X). (12b)
Substituting Egs.(12) into (11) we obtain

2 (POOW (y,u,)() = 0. (13)

which means that the term p(x)W(u,,u,) is independent of X, hence it does not participate

in the integration with respect to x. Therefore, taking into account Eq.(13) and substituting
Egs.(10) into Eq.(2) we have

b X
I weee 1,(5)9(6)
6,00 [ PO O J PEW (U, uy)(e)  F V@1

X a

(14)
By rearranging the terms of the right hand-side of Eq.(14) we take
_ U, (x) u;(x)
POIW (uy,uz)(X) POIW (uy,uz)(X)
Since the two final terms are solutions of the homogeneous DE, they are already contained in

the expression of the solution of the non-homogeneous DE. Thus, the final form of the
particular solution of the non-homogeneous DE (1) is given by

U, (x)

X b
ful(S)g(S)dS + fuz(S)g(S)dS + v, (@)u, () — vy (b)uy (X)
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Uy (x)
POIW (U, u,)(X)

U, (x)
POYW (uy,u,)(X)

X b
0,(x) = Ju©aEds+ [u0o0s. a5

Appendix B. Construction of the second solution of a homogeneous 2nd-order DE
by means of reduction of the order

Consider the following DE
05Z,(2) + (4, — Q(®))Z, =0. (1)

Assume that Z (z) is a known solution. Our purpose is to find another solution of Eq. (1),
linearly independent from Z (z). To start with, we assume that the second solution, say
W, (z), can be written in the form

W, (2) =v(2)Z,(2). 2)
At this point, we calculate W, ’s first and second derivatives

W,(2) = V' (2)Z,(2) +V(2)Z),(2),

W/ (2) =V(2)Z,,(2) + 2V (D)Z}(2) +V(DZ1(2) ,
we plug them into Eq.(1), and obtain

V(2)Z,(2) + 2V (D)Z3(2) +V(@DZLE) + (2 — QD)W (D) Z,(2) =0.

Since Z (z) satisfies Eq.(1) the above equation is reduced to

V'(2)Z,,(2) + 2V (2)Z(2) = 0. )
In order to solve the above DE, we make the following change of variable

u(z) =Vv'(2), (4)
and we have

u’(2)Z ,(z) + 2u(z)Z/(z) = 0. (5)
The solution of the above DE is

u(z) = z?é)z) 2 V'(z) = Z(ﬁ:?z) = v(z) =C, Z‘f—zz) + C,. (6)
Taking into account the above expression, Eq.(2) becomes

W, (z)=C,Z,(2) % + C,Z,(2). (7

Z,(z)

Without loss of generality, we can assume thatC, =1and C, = 0, taking as second solution
the function

W,(2) = Z,(2) f Zfzz). @®)
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Example. Let us consider the caseQ(z) = Q.
In this case, the solution has the following form.

Y, (2) = Acos(‘/Q — An z) + Bsin(‘jQ — An z).
Hence, the one solution of the DE in the case of Q(z) =Qis Z,(z) = cos( fQ -, z).

Let us use Eq.(8) to determine the other solution

Z d 7 d
w0 [ ey i
W, (z) = cos( Q-1 z) tan(an - Aq z) B sin(JQ - A, z)

Q-4 Q-4

The denominator can be neglected as a constant, hence the solution W, (z) is

W, (z) =sin(,JQ = 4, z) as we expected.
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