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PerÐlhyh

Sth metaptuqiak  aut  ergasÐa tropopoieÐtai to  dh up�rqon logismikì thc Mon�dac Pa-

r�llhlhc Upologistik c Reustodunamik c & BeltistopoÐhshc (MPUR&B/EMP), gia bel-

tistopoÐhshc morf c se memonwmènh aerotom , me skopì na ekmetalleÔetai poluepexerga-

stik� sust mata. Sto en lìgw logismikì epilÔetai to prwteÔon kai to suzugèc prìblhma

gia atrib  ro  sumpiestoÔ reustoÔ, mìnimh sto qrìno. Gia thn parametropoÐhsh thc morf c

thc aerotom c qrhsimopoioÔntai kampÔlec Bézier kai stìqoc thc beltistopoÐhshc eÐnai h

megistopoÐhsh thc dÔnamhc �nwshc.

Oi exis¸seic Euler diakritopoioÔntai se oriìdeto mh-domhmèno plègma, qrhsimopoi¸ntac th

mèjodo twn peperasmènwn ìgkwn. Sthn parallhlopoÐhsh tou logismikoÔ, to sunolikì qw-

rÐo diasp�tai se upoqwrÐa allhlokaluptìmenwn zwn¸n kai se k�je nèa morf  thc aerotom c

pou prokÔptei kat� th beltistopoÐhsh, prosarmìzetai ek nèou to Ðdio plègma apofeÔgontac

thn epanadhmiourgÐa tou.

Ta anwtèrw programmatÐsthkan me th qr sh tou prwtìkollou MPI, b�sh tou opoÐou a-

nalÔontai oi apaitoÔmenec domèc epikoinwnÐac thc poluepexergasÐac. Oi tropopoi seic pou

efarmìsthkan sto anaptuqjèn logismikì pistopoi jhkan me seir� dokim¸n epÐlushc tou

prwteÔontoc kai tou suzugoÔc probl matoc gia atribeÐc roèc sumpiestoÔ reustoÔ, mìnimec

sto qrìno, se beltistopoÐhsh morf c memonwmènhc aerotom c. AkoloujoÔn k�poiec epi-

prìsjetec peript¸seic beltistopoÐhshc morf c memonwmènwn aerotom¸n, ìpou analÔetai h

epit�qunsh tou logismikoÔ lìgw par�llhlhc ektèleshc tou.
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Abstract

This master’s thesis describes the parallelization of an existing solver of the flow equations

and its adjoint for the invicid flow of compressible fluids. The adjoint equations correspond

to the shape optimization of an isolated airfoil. The shape of the airfoil is parameterized

through Bézier polynomial curves and the optimization target is to maximize the lift force.

The discretization of the flow and adjoint equations takes place on an unstructured body-

fitted mesh using the Finite Volume Method. The Software parallelization is based on the

partitioning of the initial domain into subdomains with overlapping zones. In addition, a

Laplacian mesh morphing method is used to adjust the existing mesh on the optimized

airfoil shape, to avoid remeshing. The mesh morphing method is also parallelized.

Parallel programming and the communication structures are achieved using the MPI pro-

tocol. Any new software modifications are validated through a series of optimization test

cases for isolated airfoils. Finally, airfoil shape optimization cases are presented in order

to evaluate the efficiency and speedup of the parallel software.
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0. PERIEQOMENA



Kef�laio 1

Eisagwg 

H montelopoÐhsh fusik¸n problhm�twn kai h an�ptuxh axiìpistwn teqnik¸n

epÐlushc twn M.D.E. pou ta dièpoun èftasan se ¸rimo epÐpedo kat� thn

teleutaÐa eikosaetÐa tou eikostoÔ ai¸na. ExaitÐac thc Ôparxhc plèon axiìpistou

logismikoÔ prosomoÐwshc periorÐsthkan oi peiramatikèc pistopoi seic ènanti twn

teqnik¸n sqediasmoÔ basismènwn stic upologistikèc mejìdouc. Wc ek toÔtou, oi

efarmogèc sqediasmoÔ-beltistopoÐhshc antimetwpÐzontai stic sÔgqronec epist mec

qrhsimopoi¸ntac logismik� CAD gia thn parametropoÐhsh, apeikìnish kai epopteÐa

touc, logismik� upologistik c mhqanik c gia thn epÐlush twn majhmatik¸n montèlwn

kai logismik� beltistopoÐhshc gia thn anaz thsh bèltistwn lÔsewn. Sthn anwtèrw

exèlixh twn upologistik¸n teqnik¸n, sunèbale h an�ptuxh exÐsou apodotik¸n

logismik¸n proepexergasÐac (logismikì gèneshc upologistik¸n plegm�twn), kaj¸c

kai h poluepexergasÐa (ulopoÐhsh upologism¸n meg�lhc klÐmakac), ta opoÐa plèon,

apoteloÔn anapìspasto tm ma thc Upologistik c Reustodunamik c (URD).

Epikentr¸nontac sto pedÐo thc URD, h Ôparxh logismikoÔ prìlexhc ro¸n

apoteleÐ aparaÐthth proôpìjesh gia ton sqediasmì thc morf c enìc s¸matoc pou

diarrèetai apì reustì. 'Ena tètoio logismikì ofeÐlei na eÐnai axiìpisto ¸ste ta

apotelèsmata na eÐnai apodekt� se akrÐbeia, all� tautìqrona na oloklhr¸netai

me to el�qisto dunatì kìstoc se efiktoÔc qrìnouc. Sth sÔgqronh biomhqanÐa  

epist mh, h prìlexh pedÐwn ro c ulopoieÐtai eÐte me emporikì eÐte me oikeÐo logismikì.

Afenìc men to pr¸to prosfèrei euqrhstÐa kai filikìthta proc to qr sth, afetèrou

de to teleutaÐo antistajmÐzei ta anwtèrw me thn �mesh prìsbash ston phgaÐo

k¸dika dÐnontac dunatìthta allag¸n, rujmÐsewn kai gn¸shc twn qrhsimopoioÔmenwn

1



2 1. Eisagwg 

montèlwn ro c kai arijmhtik¸n sqhm�twn. Akolouj¸ntac paradosiak� th gramm 

thc MPUR&B/EMP h ergasÐa basÐsthke se  dh up�rqon logismikì to opoÐo

tropopoieÐtai ìpwc analÔetai parak�tw.

H aerodunamik  beltistopoÐhsh kai sqediasmìc epitugq�netai se genikèc grammèc

mèsw dÔo mejìdwn. Stoqastikèc mèjodoi [1][2](ExeliktikoÐ Algìrijmoi (EA}, pou

qrhsimopoioÔn to logismikì URD gia thn axiolìghsh mÐac seir�c tuqaÐwn lÔsewn,

me skopì thn anaz thsh thc bèltisthc aut¸n. Epiplèon, qrhsimopoioÔntai kai

aitiokratikèc mèjodoi [3] stic opoÐec upologÐzetai h klÐsh mÐac sun�rthshc kìstouc

pou odhgeÐ sto akrìtato, upì ton periorismì thc ikanopoÐhshc twn exis¸sewn

ro c. Ta pleonekt mata thc pr¸thc ex aut¸n mejìdou eÐnai ìti den egklwbÐzetai se

topik� akrìtata kai mporeÐ eÔkola na prosarmosteÐ se nèa probl mata. AntÐjeta,

h teleutaÐa, den eggu�tai thn eÔresh tou kajolikoÔ akrìtatou kai apaiteÐ ek nèou

prosarmog  gia k�je diaforetikì prìblhma. Apì thn �llh p�li, mÐa stoqastik 

mèjodoc apaiteÐ auxhmèno upologistikì kìstoc gia ton entopismì mÐac bèltisthc

lÔshc exaitÐac twn poll¸n axiolog sewn tuqaÐwn lÔsewn, en¸ sthn aitiokratik 

autì den isqÔei. Sth beltistopoÐhsh mporoÔn na qrhsimopoihjoÔn kai oi dÔo mèjodoi

sunergatik� dhmiourg¸ntac èna ubridikì sq ma[4][5]. Sto plaÐsio thc ergasÐac

akoloujeÐtai o aitiokratikìc trìpoc beltistopoÐhshc.

EpÐshc ta prob mata aerodunamik c beltistopoÐhshc dÔnatai na kathgoriopoihjoÔn

kai an�loga me to stìqo pou tÐjetai. Analutikìtera h diadikasÐa sqediasmoÔ

mporeÐ na apoblèpei eÐte sthn eÔresh enìc kajolikoÔ akrìtatou miac sun�rthshc

pou perigr�fei thn apìdosh enìc sust matoc, eÐte sthn epÐteuxh miac dedomènhc

aerodunamik c sumperifor�c. H teleutaÐa kathgorÐa eÐnai aut  twn problhm�twn

antÐstrofou sqediasmoÔ, ìpwc l.q. h eÔresh thc morf c miac aerotom c pou

epitugq�nei mia epijumht  tim  suntelest  �nwshc (  epijumht  katanom  tou

megèjouc thc pÐeshc) kai par�llhla elaqistopoieÐ thn opisjèlkousa.

'Opwc proanafèrjhke, èna logismikì sqediasmoÔ-beltistopoÐhshc epib�lletai

na parèqei lÔseic uyhl c akrÐbeiac-an�lushc, se apodektì upologistikì kìstoc,

gia meg�lhc klÐmakac probl mata. Me thn p�rodo twn qrìnwn, to mègejoc twn

problhm�twn aux�nei. Epiplèon, h antagwnistikìthta enìc proðìntoc aux�netai

me th meÐwsh tou sunolikoÔ qrìnou sqediasmoÔ tou. Kat� sunèpeia, h leitourgÐa

se poluepexergastikì perib�llon apoteleÐ anapìspasto tm ma twn logismik¸n

sqediasmoÔ-beltistopoÐhshc.
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H poluepexergasÐa apoteleÐ to kÔrio stoiqeÐo thc ergasÐac kai ulopoieÐtai me thn

teqnik  thc di�spashc tou sunolikoÔ upologistikoÔ qwrÐou se upoqwrÐa. SÔmfwna

me autì, to arqikì plègma sto opoÐo diakritopoioÔntai oi exis¸seic, diamerÐzetai se

mikrìtera tm mata ta opoÐa anatÐjentai proc epÐlush se diaforetikoÔc epexergastèc.

Autì, sugqrìnwc, proôpojètei thn epikoinwnÐa metaxÔ twn epexergast¸n gia thn

epÐlush tou sunolikoÔ probl matoc. H teqnik  parallhlopoÐhshc pou akoloujeÐtai

sthn ergasÐa ulopoieÐtai se sustoiqÐec diasundedemènwn epexergast¸n oi opoÐoi

diajètoun katanemhmènh mn mh kai epikoinwnoÔn axiopoi¸ntac to prwtìkollo MPI.

1.1 Perieqìmena kai Dom  thc ErgasÐac

To anaptuqjèn logismikì thc ergasÐac basÐzetai se proôp�rqon logismikì thc

MPUR&B/EMP, to opoÐo beltistopoieÐ th morf  memonwmènhc aerotom c se

sunj kec 2D atriboÔc ro c, sumpiestoÔ reustoÔ, mìnimhc sto qrìno. Gia th

beltistopoÐhsh qrhsimopoieÐtai h suneq c suzug c mèjodoc (continuous adjoint me-

thod)[6][7][8][9], mèsw thc opoÐac upologÐzontai oi timèc parag¸gwn pou axiopoioÔntai

apì th mèjodo thc apìtomhc kajìdou gia thn eÔresh tou akrìtatou.

Oi exis¸seic pou dièpoun to anwtèrw prìblhma diakritopoioÔntai se oriìdeto

mh-domhmèno plègma en¸ se k�je allag  thc morf c thc aerotom c apì th mèjodo

beltistopoÐhshc, to oikeÐo logismikì dÐnei th dunatìthta prosarmog c tou  dh

up�rqontoc plègmatoc   thn ek nèou gènesh plègmatoc.

AxÐzei na shmeiwjeÐ ìti sth MPUR&B/EMP proôp rqe h dunatìthta par�llhlhc

ektèleshc tou logismikoÔ se poluepexergastikì perib�llon CPUs me th qr sh

prwtokìllou PVM, all� kai antÐstoiqo logismikì to opoÐo leitourgeÐ se par�llhlo

upologistikì perib�llon GPUs. Dedomènou ìti to prwtìkollo PVM den

uposthrÐzetai apì ìlec tic efarmogèc, epib�lletai h prosarmog  tou proôp�rqontoc

logismikoÔ sto prwtìkollo epikoinwnÐac MPI.

Skopìc thc ergasÐac  tan h parallhlopoÐhsh twn tmhm�twn tou logismikoÔ thc

MPUR&B/EMP, pou epilÔoun to prwteÔon kai suzugèc prìblhma, all� kai autoÔ

pou prosarmìzei to  dh up�rqon plègma. H parallhlopoÐhsh basÐsthke stic domèc

pou oriojeteÐ èna poluepexergastikì sÔsthma katanemhmènhc mn mhc kai axiopoieÐ

amig¸c to prwtìkollo MPI gia th diepexergastik  epikoinwnÐa (communication ove-

rhead).

Sto Kef�laio 2 diatup¸nontai oi exis¸seic Euler kai oi idiìthtec pou tic

qarakthrÐzoun. Epiprìsjeta, kajorÐzontai oi oriakèc sunj kec pou epib�llontai gia
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thn epÐlush twn exis¸sewn, se sunj kec ro c pou proanafèrjhkan gia memonwnmènh

aerotom .

To Kef�laio 3 eis�gei tic basikèc ènnoiec enìc mh-domhmènou plègmatoc pou

kajorÐzoun touc ìgkouc elègqou, stouc opoÐouc diakritopoioÔntai oi exis¸seic ro c.

Sth sunèqeia analÔetai h mèjodoc twn peperasmènwn ìgkwn ston upologismì twn

arijmhtik¸n dianusm�twn thc ro c kai o upologismìc twn parag¸gwn gia thn aÔxhsh

akrÐbeiac tou sq matoc upologismoÔ. To kef�laio ft�nei sto tèloc tou me thn

arijmhtik  olokl rwsh twn exis¸sewn mèsw tou yeudo-qronikoÔ b matoc.

Sto Kef�laio 4 analÔontai ekten¸c oi arqèc stic opoÐec basÐsthke h

parallhlopoÐhsh. 'Epeita epexhgeÐtai o trìpoc diamerismoÔ tou upologistikoÔ

qwrÐou, analÔontai oi ènnoiec tou ìgkou kai thc suqnìthtac epikoinwnÐac, kaj¸c

kai h epÐdrash thc aÔxhshc akrÐbeiac tou sq matoc upologismoÔ se aut .

To jewrhtikì tm ma thc ergasÐac oloklhr¸netai sto Kef�laio 5 me thn an�lush

thc suneqoÔc suzugoÔc mejìdou, thc prosarmog c tou plègmatoc kai tic apaitoÔmenec

tropopoi seic tou logismikoÔ gia thn parallhlopoÐhsh aut¸n.

Sto Kef�laio 6 parousi�zontai h pistopoÐhsh tou anaptuqjèntoc logismikoÔ kai

di�forec peript¸seic beltistopoÐhshc morf c memonwmènwn aerotom¸n stic opoÐec

analÔetai kai h epit�qunsh tou logismikoÔ lìgw thc par�llhlhc ektèleshc tou.

Tèloc sto Kef�laio 7 sunoyÐzontai ta sumper�smata twn apotelesm�twn kaj¸c

kai prot�seic gia mellontikèc prosj kec sto anaptuqjèn logismikì.



Kef�laio 2

Exis¸seic Ro c

Sto kef�laio autì parousi�zontai oi exis¸seic ro c gia mh-sunektikèc roèc

(enallaktik� anafèrontai kai wc exis¸seic Euler) [10][11][12]. Oi exis¸seic

diatup¸nontai tìso sth sunthrhtik  ìso kai th mh-sunthrhtik  graf  touc en¸, sth

sunèqeia, anafèretai to prìblhma idiotim¸n kai idiodianusm�twn se tètoiou eÐdouc ro .

Tèloc to kef�laio oloklhr¸netai me thn an�lush epibol c twn oriak¸n sunjhk¸n.

2.1 Oi Exis¸seic thc Ro c

2.1.1 DiatÔpwsh twn 2D Exis¸sewn Euler

Oi qronik� mh-mìnimec exis¸seic Euler sumpiestoÔ reustoÔ eÐnai èna sÔsthma

uperbolikoÔ tÔpou sto qwroqrìno, merik¸n diaforik¸n exis¸sewn pou perigr�foun

thn atrib  ro . Oi merikèc diaforikèc exis¸seic perigr�foun touc nìmouc diat rhshc

thc m�zac, orm c kai enèrgeiac enìc reustoÔ sto q¸ro. An�loga me tic diast�seic

pou melet¸ntai, to sÔsthma mporeÐ na perilamb�nei apì treic (1𝐷) ewc pènte (3𝐷)

exis¸seic. Gia 2D ro  sumpiestoÔ reustoÔ, oi exis¸seic eÐnai tèsseric kai se

sunthrhtik  dianusmatik  morf  gr�fontai wc:

𝜕
−→
𝑈

𝜕𝑡
+

𝜕
−→
𝑓𝑖

𝜕𝑥𝑖

=
−→
0 (2.1)

5
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me to deÐkth i =1,2 gia 2D roèc. AnalÔontac thn anwtèrw exÐswsh o ìroc (t)

eÐnai o qrìnoc en¸ to di�nusma 𝑥𝑖 = (𝑥1, 𝑥2) = (𝑥, 𝑦) eÐnai oi kartesianèc qwrikèc

suntetagmènec. To di�nusma twn sunthrhtik¸n metablht¸n
−→
𝑈 sthn exÐswsh (2.1)

orÐzetai wc:

−→
𝑈 =

⎡⎢⎢⎢⎣
𝜚

𝜚𝑢

𝜚𝑣

𝐸𝑡

⎤⎥⎥⎥⎦ (2.2)

en¸, antÐstoiqa, to di�nusma atriboÔc ro c
−→
𝐹 =

−→
𝑓𝑖 = (

−→
𝑓1 ,
−→
𝑓2) = (

−→
𝑓 ,−→𝑔 ) stic dÔo

dieujÔnseic (x kai y) upologÐzetai wc:

−→
𝑓 =

⎡⎢⎢⎢⎣
𝜚𝑢

𝜚𝑢2 + 𝑝

𝜚𝑢𝑣

𝑢(𝐸𝑡 + 𝑝)

⎤⎥⎥⎥⎦ , −→𝑔 =

⎡⎢⎢⎢⎣
𝜚𝑣

𝜚𝑢𝑣

𝜚𝑣2 + 𝑝

𝑣(𝐸𝑡 + 𝑝)

⎤⎥⎥⎥⎦ (2.3)

ìpou 𝜚 h puknìthta tou reustoÔ, 𝑢 kai 𝑣 oi sunist¸sec thc taqÔthtac kat� touc

�xonec (x kai y) antÐstoiqa, 𝑝 h statik  pÐesh kai 𝐸𝑡 h olik  enèrgeia an� mon�da

ìgkou tou reustoÔ.

Sthn perÐptwsh thc qronik� mìnimhc ro c, o ìroc t sumbolÐzei ton yeudoqrìno

kajìti oi exis¸seic epilÔontai arijmhtik� me thn teqnik  thc qronoepèlashc

ekmetalleuìmenec tic idiìthtec twn uperbolik¸n exis¸sewn ston qwroqrìno.

Gia th sÔndesh twn jermodunamik¸n megej¸n pou emfanÐzontai stic exis¸seic Eu-

ler to reustì jewreÐtai tèleio aèrio kai, ètsi, me afethrÐa thn katastatik  exÐswsh

prokÔptoun oi akìloujec bohjhtikèc sqèseic:

𝑝 = 𝜚𝑅𝑔𝑇 (2.4)

𝐸𝑡 = 𝜚𝐸 =
𝑝

𝛾 − 1
+

1

2
𝜚(𝑢2 + 𝑣2) (2.5)

𝐸 = 𝑒 +
1

2
𝜚(𝑢2 + 𝑣2) (2.6)

𝑒 =
1

𝛾 − 1

𝑝

𝜚
(2.7)

ℎ𝑡 =
𝑐2

𝛾 − 1
+

1

2
(𝑢2 + 𝑣2) (2.8)

𝑐2 =
𝛾𝑝

𝜚
(2.9)
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ìpou

𝑅𝑔 h stajer� teleÐwn aerÐwn,
𝑇 h statik  jermokrasÐa,
𝑇𝑡 h olik  jermokrasÐa,
ℎ𝑡 h olik  enjalpÐa (ℎ𝑡 = 𝑐𝑝𝑇𝑡),
𝑒 h eswterik  enèrgeia an� mon�da m�zac tou reustoÔ (𝑒 = 𝑐𝑣𝑇 ),
𝛾 o ekjèthc thc isentropik c metabol c teleÐwn aerÐwn,
𝑐 h taqÔthta tou  qou

AnalÔontac peraitèrw tic exis¸seic thc sqèshc (2.1), dÐnetai h dunatìthta na

ekfrastoÔn wc:

𝜕
−→
𝑈

𝜕𝑡
+

𝜕
−→
𝑓𝑖

𝜕
−→
𝑈

𝜕
−→
𝑈

𝜕𝑥𝑖

=
−→
0 ⇒ 𝜕

−→
𝑈

𝜕𝑡
+ 𝐴𝑖

𝜕
−→
𝑈

𝜕𝑥𝑖

=
−→
0 (2.10)

ìpou 𝐴𝑖 = 𝜕
−→
𝑓𝑖

𝜕
−→
𝑈
, eÐnai ta Iakwbian� mhtr¸a twn atrib¸n ro¸n gia tic sunthrhtikèc

metablhtèc.

Enallaktikìc trìpoc graf c twn exis¸sewn Euler eÐnai h qr sh metablht¸n sth

mh-sunthrhtik  morf  touc, h opoÐa odhgeÐ se aploÔsterh èkfrash twn Iakwbian¸n

mhtr¸wn. H en lìgw morf  eÐnai qr simh sth metèpeita eÔresh idiotim¸n kai

idiodianusm�twn. Qrhsimopoi¸ntac to di�nusma mh-sunthrhtik¸n metablht¸n:

−→
𝑉 =

⎡⎢⎢⎢⎣
𝜚

𝑢

𝑣

𝑝

⎤⎥⎥⎥⎦ (2.11)

H exÐswsh (2.10), gr�fetai wc:

𝜕
−→
𝑉

𝜕𝑡
+ 𝐴𝑖

𝜕
−→
𝑉

𝜕𝑥𝑖

=
−→
0 (2.12)

ìpou 𝐴𝑖, eÐnai ta Iakwbian� mhtr¸a twn atrib¸n ro¸n gia tic mh-sunthrhtikèc

metablhtèc. Aut� ta mhtr¸a sundèontai me ta antÐstoiqa twn sunthrik¸n metablht¸n

me thn akìloujh sqèsh:

𝐴𝑖 = 𝑀−1𝐴𝑖𝑀 (2.13)
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ìpou 𝑀 = 𝜕
−→
𝑈

𝜕
−→
𝑉
, to opoÐo apoteleÐ to mhtr¸o metasqhmatismoÔ apì tic sunthrhtikèc

stic mh-sunthrhtikèc metablhtèc. Ta mhtr¸a 𝑀 kai 𝑀−1 gia 2D roèc eÐnai:

𝑀 =
𝜕
−→
𝑈

𝜕
−→
𝑉

=

⎡⎢⎢⎢⎢⎣
1 0 0 0

𝑢 𝜚 0 0

𝑣 0 𝜚 0

1
2

⃒⃒⃒−→
𝑈
⃒⃒⃒2

𝜚𝑢 𝜚𝑣 1
𝛾−1

⎤⎥⎥⎥⎥⎦ (2.14)

kai

𝑀−1 =
𝜕
−→
𝑉

𝜕
−→
𝑈

=

⎡⎢⎢⎢⎢⎣
1 0 0 0

−𝑢/𝜚 1/𝜚 0 0

−𝑣/𝜚 0 1/𝜚 0

1
2
(𝛾 − 1)

⃒⃒⃒−→
𝑈
⃒⃒⃒2
−(𝛾 − 1)𝑢 −(𝛾 − 1)𝑣 𝛾 − 1

⎤⎥⎥⎥⎥⎦ (2.15)

2.1.2 Idiotimèc kai IdiodianÔsmata

O skopìc pou anafèrjhkan oi mh-sunthrhtikèc metablhtèc kai ta mhtr¸a aut¸n,

den eÐnai �lloc apì thn eukolÐa pou prosfèretai sthn eÔresh twn idiotim¸n kai

idiodianusm�twn thc orÐzousac 𝐴 ìpwc anafèretai sth sunèqeia. H gn¸sh twn

idiotim¸n kai idiodianusm�twn se uperbolik� probl mata epitrèpei th diakritopoÐhsh

se sq mata sumbat� me th fusik  thc ro c.

To mhtr¸o A sundèei ta kat� kateÔjunsh Iakwbian� mhtr¸a 𝐴𝑖 = 𝜕𝑓𝑖
𝜕�⃗�

mèsw twn

sunistws¸n enìc monadiaÐou dianÔsmatoc ˆ⃗𝑛 k�jetou se k�je epimèrouc tm ma thc

perib�llousac enìc ìgkou anafor�c, to opoÐo diasqÐzetai apì thn atrib  ro ,

sÔmfwna me th sqèsh:

𝐴 = 𝐴𝑖𝑛𝑖 (2.16)

'Opwc aporrèei apì th sqèsh (2.13), ta mhtr¸a 𝐴 kai 𝐴 èqoun tic Ðdiec idiotimèc kai

antÐstoiqa idiodianÔsmata, gia to lìgo autì arkeÐ na upologistoÔn ta proanaferjènta

gia to mhtr¸o 𝐴 twn mh-sunthrhtik¸n metablht¸n. Oi idiotimèc upologÐzontai apì

th sqèsh:

𝑑𝑒𝑡
⃒⃒
𝜆𝑖𝐼 − 𝐴

⃒⃒
(2.17)

ìpou 𝐴 to topikì Iakwbianì mhtr¸o gia k�je kìmbo. Apì th sqèsh (2.17) prokÔptoun

oi akìloujec idiotimèc:
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𝜆1,2 = �⃗� · ˆ⃗𝑛

𝜆3,4 = �⃗� · ˆ⃗𝑛± 𝑐
⃒⃒⃒
ˆ⃗𝑛
⃒⃒⃒ (2.18)

ìpou ˆ⃗𝑛 to proanaferjèn k�jeto monadiaÐo di�nusma, to opoÐo analÔetai ekten¸c sto

kef�laio 3.

AntÐstoiqa, ta idiodianÔsmata prokÔptoun apì th sqèsh:

�⃗� 𝑖𝐴 = 𝜆𝑖𝑙
𝑖

𝐴�⃗� 𝑖 = 𝜆𝑖�⃗�
𝑖, 𝑖 = 1, 4

(2.19)

Sth sunèqeia, mporoÔn na paraqjoÔn ta mhtr¸a 𝐿−1 kai 𝐿, ta opoÐa apoteloÔntai

apì ta arister� idiodianÔsmata gramm c (
−→
𝑙𝑖 ) kai ta dexi� idiodianÔsmata st lhc

−→
𝑟𝑖

tou 𝐴, antÐstoiqa. Ta en lìgw mhtr¸a diagwnopoioÔn ton 𝐴 twn mh-sunthrhtik¸n

metablht¸n, wc:

𝐴 = 𝐿Λ𝐿−1 (2.20)

ìpou

Λ = 𝑑𝑖𝑎𝑔(𝜆1, 𝜆2, 𝜆3, 𝜆4) (2.21)

Ta mhtr¸a 𝑃 kai 𝑃−1 diagwnopoioÔn to mhtr¸o 𝐴 twn sunthrhtik¸n metablht¸n,

wc:

𝐴 = 𝑃Λ𝑃−1 (2.22)

Epeid  ta mhtr¸a 𝐿−1 kai 𝐿 eÐnai pio apl� ston upologismì, ìpwc proanafèrjhke,

den apaiteÐtai na upologistoÔn ta mhtr¸a 𝑃 kai 𝑃−1 �mesa, all� mporoÔn na

upologistoÔn mèsw twn mhtr¸wn 𝑀 kai 𝑀−1 wc ex c:

𝑃 = 𝑀𝐿

𝑃−1 = 𝐿−1𝑀−1
(2.23)

2.1.3 Idiìthtec twn 2D Exis¸sewn Euler

Prin gÐnei anafor� sth diakritopoÐhsh twn exis¸sewn prèpei na anaferjeÐ mÐa

shmantik  idiìthta pou qarakthrÐzei to di�nusma thc atriboÔc ro c
−→
𝐹 , dedomènou

ìti eÐnai omogen c exÐswsh 1ou bajmoÔ wc proc to di�nusma twn sunthrhtik¸n
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metablht¸n
−→
𝑈 . Aut  h idiìthta isqÔei gia idanikì aèrio  , se genikèc grammèc, gia

reust� ta opoÐa ikanopoioÔn th sqèsh:

𝑝 = 𝜚𝑓(𝑒) (2.24)

kai katal gei sto ex c:
−→
𝐹 (𝜆𝑈) = 𝜆

−→
𝐹 (𝑈) (2.25)

gia k�je l. ParagwgÐzontac prokÔptei to ex c:

−→
𝐹 (
−→
𝑈 ) =

𝜕
−→
𝐹

𝜕
−→
𝑈

−→
𝑈 = 𝐴

−→
𝑈 (2.26)

Antikajist¸ntac t¸ra th sqèsh (2.26) sth sqèsh (2.1) prokÔptei to ex c:

𝜕
−→
𝑈

𝜕𝑡
+

𝜕(𝐴𝑖
−→
𝑈 )

𝜕𝑥𝑖

=
−→
0 (2.27)

EÐnai eunìhto loipìn, ìti stic exis¸seic Euler den diafèrei an oi iakwbianoÐ pÐnakec

brÐskontai ektìc   entìc thc merik c parag¸gou.

2.1.4 Oriakèc Sunj kec twn 2D Exis¸sewn Euler

Sthn perÐptwsh atrib¸n ro¸n sta stere� toiq¸mata efarmìzetai h sunj kh

mh-eisq¸rhshc kata thn opoÐa mhdenÐzetai h k�jeth taqÔthta sto toÐqwma. Gia

memonwmènh aerotom  tÐjetai ep��peiro sunj kh adiat�rakthc ro c dedomènou ìti

to upologistikì qwrÐo ekteÐnetai kat� polÔ makri� apì thn aerotom .

AxÐzei na shmeiwjeÐ ìti sÔmfwna me th sqèsh (2.18), se mÐa upohqhtik  ro  to

sÔsthma diajètei dÔo (2) jetikèc idiotimèc kai mÐa (1) arnhtik , en¸ antÐstoiqa

se uperhqhtik  ro  ìlec oi idiotimèc eÐnai jetikèc, e�n upojèsoume ìti h ro  èqei

kateÔjunsh proc ta jetik� x. Autì sqetÐzetai �mesa me th ro  thc plhroforÐac kai

gia to lìgo autì èqei wc fusik  sunèpeia ton kajorismì tou pl jouc twn oriak¸n

sunjhk¸n pou ja efarmostoÔn sthn eÐsodo kai thn èxodo tou reustoÔ. 'Etsi gia roèc

upohqhtik c taqÔthtac, epib�llontai sthn eÐsodo h olik  pÐesh, h olik  jermokrasÐa

kai h gwnÐa eisìdou en¸ sthn èxodo h statik  pÐesh. AntÐjeta, se uperhqhtikèc roèc,

ìlec oi roðkèc posìthtec orÐzontai sthn eÐsodo tou reustoÔ, kajìti kamÐa plhroforÐa

den taxideÔei antÐjeta sth ro  lìgw twn tri¸n (3) jetik¸n (+) idiotim¸n.



Kef�laio 3

Arijmhtik  EpÐlush twn

Exis¸sewn

Sto kef�laio autì parousi�zetai o trìpoc diakritopoÐhshc kai h arijmhtik  epÐlush

twn exis¸sewn ro c se mh-domhmèno, oriìdeto plègma trigwnik¸n stoiqeÐwn me th

mèjodo twn peperasmènwn ìgkwn [11][12][13]. PrwtÐstwc, analÔetai h diakritopoÐhsh

tou qwrÐou olokl rwshc twn exis¸sewn kai orÐzontai oi peperasmènoi ìgkoi stouc

opoÐouc oloklhr¸nontai oi exis¸seic ro c.

Sth sunèqeia, analÔetai h diakritopoÐhsh twn exis¸sewn, o trìpoc upologismoÔ

twn dianusm�twn ro c kai h arijmhtik  epibol  twn oriak¸n sunjhk¸n. Tèloc,

parousi�zontai oi mèjodoi arijmhtik c epÐlushc gia qronik� mìnimec roèc sto plaÐsio

mÐac mejìdou qronoepèlashc (time-marching).

3.1 DiakritopoÐhsh tou QwrÐou Ro c

3.1.1 Gènesh Plègmatoc

H epÐlush twn exis¸sewn pou parousi�sthkan sto kef�laio 2 basÐzetai sth mèjodo

twn peperasmènwn ìgkwn. To qwrÐo olokl rwshc 𝛺 kai to sÔnoro tou Γ = 𝜕𝛺

diakritopoioÔntai mèsw plègmatoc. To plègma dÔnatai na apoteleÐtai: (a) mìno apì

tetr�pleura twn opoÐwn oi korufèc tautopoioÔntai pl rwc mèsw dÔo tim¸n (𝑖, 𝑗)

11
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kai apokaleÐtai domhmèno, (b) mìno apì trigwnik� stoiqeÐa, to opoÐo apokaleÐtai

mh-domhmèno kai (g) apì stoiqeÐa kai twn dÔo anwtèrw, ìpou plèon antistoiqeÐ se

èna ubridikì mh-domhmèno plègma.

Endeiktik� sto sq ma 3.1, faÐnontai oi treic parapap�nw peript¸seic.

(aþ) (bþ)

(gþ)

Sq ma 3.1: (aþ) Domhmèno plègma tetragwnik¸n stoiqeÐwn. (bþ) Mh-Domhmèno plèg-
ma trigwnik¸n stoiqeÐwn. (gþ) Ubridikì plègma meikt¸n stoiqeÐwn.

Ta basikìtera pleonekt mata twn mh-domhmènwn plegm�twn ènanti twn domhmènwn,

eÐnai h diakritopoÐhsh qwrÐwn polÔplokhc gewmetrÐac, all� kai h dunatìthta topik c

prosarmog c tou plègmatoc sth lÔsh kat� thn exèlixh aut c. Me autì ton trìpo

dÐnetai h dunatìthta na xekin sei h epÐlush apì èna arqik� araiì plègma kai na

katal xei se èna kat� tìpouc pio puknì, ìpou autì apaiteÐtai apì ta roðk� megèjh

gia thn kalÔterh prossèggish touc.

Apì thn �llh meri�, sta domhmèna plègmata, o trìpoc gèneshc touc epitrèpei pio

eÔkola thn prosarmog  touc sto ìrio tou qwrÐou. Autì bèbaia antimetwpÐzetai kai

sta mh-domhmèna me mhqanismoÔc elègqou thc puknìthtac touc kai thc di�taxhc twn
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kìmbwn sta ìria tou qwrÐou.

'Enac elkustikìc trìpoc na sundiastoÔn ta pleonekt mata twn domhmènwn kai

mh-domhmènwn plegm�twn, eÐnai ta ubridik� plègmata. Aut� apaitoÔn genikeumèno

logismikì epÐlushc to opoÐo na diaqeirÐzetai diaforetikoÔ tÔpou stoiqeÐa.

Sth sunèqeia thc ergasÐac gÐnetai anafor� mìno se plègmata ta opoÐa apoteloÔntai

kajar� apì trigwnik� stoiqeÐa. Oi pio gnwstèc mèjodoi gèneshc plègmatoc eÐnai:

(a) thc trigwnopoÐhshc Delaunay [14] kai (b) h mèjodoc tou proelaÔnontoc met¸pou

(advancing front) [15]. H teleutaÐa eÐnai kai aut  h opoÐa qrhsimopoi jhke gia na

paraqjoÔn ta plègmata sta opoÐa efarmìsthke to anaptuqjèn par�llhlo logismikì

epÐlushc twn exis¸sewn Euler kai twn antÐstoiqwn suzug¸n. Epiplèon, anafèretai

ìti sthn ergasÐa, den enswmat¸jhke h prosarmog  thc puknìthtac tou plègmatoc

sth exèlixh thc lÔshc, to opoÐo shmaÐnei ìti se k�je epÐlush twn exis¸sewn to

plègma paramènei amet�blhto mèqri th eÔresh thc lÔshc. Mìno sthn perÐptwsh

thc beltistopoÐhshc to plègma prosarmìzetai sto nèo sq ma thc aerotom c, qwrÐc

ìmwc na metab�lletai h puknìthta twn stoiqeÐwn tou plègmatoc par� mìno oi

suntetagmènec twn kìmbwn tou.

3.1.2 Orismìc thc Kuyèlhc Elègqou

Apì ed¸ kai sto ex c, oi ìroi �ìgkoc anafor�c�, �kuyèlh elègqou�  �peperasmènoc

ìgkoc�ja qrhsimopoioÔntai dÐqwc di�krish. Oi kuyèlec elègqou stic opoÐec

oloklhr¸nontai oi exis¸seic ro c orÐzontai sto plègma twn trigwnik¸n stoiqeÐwn,

me tètoio trìpo pou na kalÔptoun to sÔnolo tou upologistikoÔ qwrÐou, qwrÐc ìmwc

na allhlokalÔptontai (sq ma 3.2).

x

y

-0.2 0 0.2 0.4 0.6

2.4

2.6

2.8

3

3.2

Sq ma 3.2: Kuyèlec elègqou twn geitonik¸n kìmbwn P (kìkkino qr¸ma) kai Q
(kuanì qr¸ma) stic opoÐec faÐnetai h epaf  touc dÐqwc thn allhlok�luyh aut¸n.
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Stic mejìdouc peperasmènwn ìgkwn akoloujeÐtai eÐte h kentrokuyelik  (cell-centered

approach), eÐte h kentrokombik  (vertex-centered approach) prosèggish. Sthn

pr¸th, oi metablhtèc thc ro c apojhkeÔontai sta barÔkentra twn trig¸nwn tou

plègmatoc ta opoÐa apoteloÔn kai tic kuyèlec elègqou en¸ sth deÔterh perÐptwsh oi

upologizìmenec metablhtèc apojhkeÔontai stouc kìmbouc tou plègmatoc, gÔrw apì

touc opoÐouc orÐzontai oi kuyèlec elègqou.

Sthn ergasÐa aut  qrhsimopoieÐtai apokleistik� h kentrokombik  prosèggish. Gia

ton orismì thc kuyèlhc elègqou, sundèontai ta mèsa twn akm¸n tou plègmatoc pou

xekinoÔn apì autìn me èna eswterikì shmeÐo twn trig¸nwn pou ton peristoiqÐzoun,

to opoÐo mporeÐ na eÐnai: a) to barÔkentro touc   b) to kèntro tou perigegrammènou

kÔklou (KPK) tou trig¸nou.

Sthn perÐptwsh thc ergasÐac, wc eswterikì shmeÐo epilègetai to barÔkentro tou

trig¸nou kai h kuyèlh h opoÐa par�getai apì èna sÔnolo trig¸nwn faÐnetai sto

sq ma 3.3. Autìc eÐnai o (a) trìpoc sqhmatismoÔ thc kuyèlhc elègqou.

x

y

-3.5 -3 -2.5

4

4.5

5

5.5
Q1

Q2

Q3

Q4

Q5

Q6

Q7

Triangle1

Triangle2

Triangle4

Triangle5

Triangl

Triangle7

Sq ma 3.3: Kuyèlh elègqou tou kìmbou P (kìkkinh hmidiafan c perioq ) pou pa-
r�getai apì trÐgwna pou sqhmatÐzontai apì autìn kai touc geitonikoÔc tou kìmbouc 𝑄𝑖,
en¸nontac ta mèsa twn akm¸n kai ta barÔkentra twn trig¸nwn.

H apeujeÐac qr sh twn barÔkentrwn twn trig¸nwn kai h ènwsh metaxÔ touc,

amel¸ntac sto endi�meso ta kèntra twn akm¸n tou plègmatoc, dÔnatai na apotelèsei

ènan enallaktikì trìpo paragwg c thc kuyèlhc elègqou. Autì ìmwc mporeÐ na

odhg sei se anepijÔmhtec katast�seic ìpou to ìrio thc kuyèlhc elègqou (mwb gramm 

sto sq ma 3.4), dièrqetai apì q¸ro ektìc tou upologistikoÔ qwrÐou kai gia to lìgo

autì apofeÔgetai.
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Cen

mputational

Sq ma 3.4: 'Orio kuyèlhc elègqou, to opoÐo tèmnei q¸ro exwterikì tou upologisti-
koÔ qwrÐou lìgw thc qr shc mìno twn barÔkentrwn twn trig¸nwn.

Enallaktik� ston (b) trìpo sqhmatismoÔ thc kuyèlhc elègqou, wc bohjhtikì shmeÐo

gia to sqhmatismì thc kuyèlhc elègqou qrhsimopoieÐtai to KPK tou trig¸nou. En¸

se èna oxug¸nio trÐgwno autì eÐnai arketì, se èna amblug¸nio epeid  to KPK keÐtai

ektìc tou trig¸nou to bohjhtikì shmeÐo lamb�netai wc to mèso thc megalÔterhc

pleur�c apènanti apì thn ambleÐa gwnÐa. Sto orjog¸nio trÐgwno, to KPK sumpÐptei

me to mèso thc upoteÐnousac, opìte qrhsimopoieÐtai wc to bohjhtikì shmeÐo. Ta

anwtèrw anaparÐstantai sto sq ma 3.5.

Q1

Q2

Q3

Q4

Q5

ΚΠΚ

ΚΠΚ
ΚΠΚ

Sq ma 3.5: Kuyèlh elègqou sthn opoÐa qrhsimopoieÐtai to KPK twn trig¸nwn.
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Se genikèc grammèc h qr sh tou barÔkentrou twn trig¸nwn protim�tai ènanti thc

qr shc tou KPK, diìti eÐnai pio eÔkolo na genikeujeÐ se tetr�pleura stoiqeÐa

me skopì th dhmiourgÐa logismikoÔ pou na diaqeirÐzetai ubridik� plègmata. Sto

plaÐsio thc ergasÐac qrhsimopoieÐtai apokleistik� o (a) trìpoc pou perigr�fhke

prohgoumènwc.

Met� th dhmiourgÐa tou plègmatoc, par�getai èna pl joc plhrofori¸n ierarqik c

di�taxhc (sq ma 3.6) pou perilamb�nei ta gewmetrik� qarakthristik� kai thn

topologÐa tou plègmatoc. Autì dÐnei th dunatìthta thc kÐnhshc metaxÔ twn stoiqeÐwn

tou plègmatoc ìpote autì apaiteÐtai mèsw pin�kwn dieujÔnsewn. H qr sh thc èmmeshc

diaqeÐrishc mn mhc apoteleÐ basikì qarakthristikì twn mh-domhmènwn plegm�twn,

dedomènou ìti h prìsbash sta topologik� stoiqeÐa aut¸n gÐnetai èmmesa, se antÐjesh

me ta domhmèna plègmata sta opoÐa ulopoieÐtai mìno me th qr sh dÔo sunistws¸n

(i,j).

Element

(triangle)

Edge

Node

Sq ma 3.6: Ierarqik  dom  sthn kataq¸rish twn stoiqeÐwn tou plègmatoc sthn
topologik  dom -dedomènwn.

3.2 DiakritopoÐhsh twn Exis¸sewn Ro c

3.2.1 Mèjodoc twn Peperasmènwn 'Ogkwn

SÔmfwna me th mèjodo twn peperasmènwn ìgkwn, oi exis¸seic pou dièpoun to proc

epÐlush prìblhma thc ro c oloklhr¸nontai se k�je kuyèlh elègqou. Sth sunèqeia,

ja analujeÐ o trìpoc kat� ton opoÐo diakritopoioÔntai kai epilÔontai oi exis¸seic

Euler, oloklhrwmènec ston PEP ìgko k�je kìmbou tou plègmatoc. AnalÔontac th

sqèsh (2.1), h dianusmatik  morf  touc eÐnai h k�twji:

𝜕�⃗�

𝜕𝑡
+

𝜕𝑓

𝜕𝑥
+

𝜕�⃗�

𝜕𝑦
= 0⃗ (3.1)
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H di�stash twn parap�nw dianusm�twn isoÔtai me ton arijmì twn �gnwstwn

metablht¸n, kat� sunèpeia me ton arijmì twn exis¸sewn proc epÐlush.

x

y

-3.2 -3 -2.8 -2.6 -2.4 -2.2

1.8

2

2.2

2.4

2.6
Q1

Q2

Q3

Q4

Q5

Q6

Q7 G1

G2

G3

G4
G5

G6

triangle1

(T1)

(T2)

(T4)

(T5)

(T6)

(T7)

(T3)

Barycenter

Sq ma 3.7: Kuyèlh elègqou olokl rwshc tou kìmbou (R) twn exis¸sewn ro c, pou
prokÔptei apì thn ènwsh twn barÔkentrwn twn trig¸nwn me ta mèsa twn akm¸n, pou
orÐzontai metaxÔ autoÔ kai twn geitonik¸n tou kìmbwn Q.

Sto sq ma 3.7 parousi�zetai mÐa kuyèlh elègqou 𝐶𝑝 tou kìmbou P, ìpwc aut 

prokÔptei apì ta trÐgwna T, pou sqhmatÐzontai metaxÔ twn geitonik¸n kìmbwn

Q kai tou kìmbou P. DiakrÐnetai to ìrio thc kuyèlhc 𝜕𝐶𝑝 kaj¸c epÐshc kai ta

k�jeta mh-monadiaÐa dianÔsmata −→𝑛𝑖 sto ìrio thc kuyèlhc. Se autì to shmeÐo,

prèpei na anaferjeÐ ìti sto sÔnolo tou logismikoÔ ta k�jeta dianÔsmata metaxÔ

twn eswterik¸n kìmbwn èqoun kateÔjunsh apì ton kìmbo P proc ton kìmbo Q kai,

me aut n th sÔmbash ja oristoÔn kai oi antÐstoiqec suneisforèc sta mhtr¸a epÐlushc,

apì kìmbo se kìmbo.

Se k�je kuyèlh elègqou 𝐶𝑝 tou tuqaÐou kìmbou P tou upologistikoÔ qwrÐou me
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peperasmèno embadì 𝑑𝛺 = 𝑑𝑥𝑑𝑦, oloklhr¸nontai oi exis¸seic (3.1):

∫︁∫︁
𝛺

𝜕�⃗�

𝜕𝑡
𝑑𝛺 +

∫︁∫︁
𝛺

(︃
𝜕𝑓

𝜕𝑥
+

𝜕�⃗�

𝜕𝑦

)︃
𝑑𝛺 = 0⃗ (3.2)

Efarmìzontac to je¸rhma tou Green-Gauss, to qwrikì olokl rwma metatrèpetai se

epikampÔlio olokl rwma to opoÐo efarmìzetai sta ìria thc kuyèlhc. H for� kat�

thn opoÐa efarmìzetai eÐnai tètoia ¸ste na jewreÐtai majhmatik� jetik  (+), dhlad 

tètoia ¸ste to ìrio thc kuyèlhc na diagr�fetai me for� antÐjeth me aut  twn deikt¸n

tou rologioÔ. Se sunèqeia tou anwtèrw jewr matoc, h sqèsh (3.2) gr�fetai wc ex c:∫︁∫︁
𝛺

𝜕�⃗�

𝜕𝑡
𝑑𝛺 +

∮︁
𝜕𝐶𝑃∩Γ

ˆ⃗
𝐹 𝑑𝛾⏟  ⏞  

inv1

+

∮︁
𝜕𝐶𝑃∩Γ

ˆ⃗
𝐹 𝑑𝛾⏟  ⏞  

inv2

= 0⃗ (3.3)

Sthn anwtèrw exÐswsh se k�je stoiqei¸dec tm ma tou sunìrou 𝑑𝛾 antistoiqÐzetai

to k�jeto di�nusma �⃗� = (𝑛𝑥, 𝑛𝑦) to opoÐo èqei for� ìpwc analÔjhke parap�nw kai

mètro Ðso me 𝑑𝛾. Kat� sunèpeia, gia to di�nusma ro c an� mon�da m kouc
ˆ⃗
𝐹 sthn

kateÔjunsh tou monadiaÐou dianÔsmatoc ˆ⃗𝑛 isqÔei:

⃗̂
𝐹 = �̂�𝑥𝑓 + �̂�𝑦�⃗� (3.4)

ìpou
⃗̂𝑛 =

�⃗�

|�⃗�|
= (�̂�𝑥, �̂�𝑦) (3.5)

Se ì,ti afor� ta sÔnora twn kuyel¸n elègqou, aut� qwrÐzontai sta ìria metaxÔ twn

kuyel¸n eswterik¸n kìmbwn tou upologistikoÔ qwrÐou ta opoÐa sumbolÐzontai me

𝜕𝐶𝑃 ∩ Γ, en¸ ta ìria sta opoÐa h kuyèlh èrqetai se epaf  me to exwterikì perib�llon

  to toÐqwma thc aerotom c sumbolÐzontai me 𝜕𝐶𝑃 ∩ Γ. Apì autì prokÔptoun ta

oloklhr¸mata 𝑖𝑛𝑣1 kai 𝑖𝑛𝑣2 sqèsh (3.3).

Gia tic qronik� mìnimec roèc pou epilÔontai sthn ergasÐa aut , h metabol  thc

tim c twn metablht¸n epÐlushc jewreÐtai omoiìmorfh ston peperasmèno ìgko 𝛺𝑝

thc kuyèlhc elègqou 𝐶𝑝 kai, gi> autì, isqÔei to akìloujo gia to qronikì ìro thc

exÐswshc (3.3), o opoÐoc apoteleÐ ton yeudoqronikì ìro.

∫︁∫︁
𝛺𝑃

𝜕�⃗�

𝜕𝑡
𝑑𝛺 =

∆�⃗�𝑃

∆𝑡𝑃

∫︁∫︁
𝛺𝑃

𝑑𝛺 =
∆�⃗�𝑃

∆𝑡𝑃
𝛺𝑃 (3.6)
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Sth sunèqeia, akoloujeÐ h diakritopoihmènh morf  thc sqèshc (3.3):

𝛺𝑃

∆𝑡𝑃
∆�⃗�𝑃 +

∑︁
𝑄𝜖𝑛𝑒𝑖(𝑃 )

ˆ⃗
𝐹𝑃𝑄 |�⃗�𝑃𝑄|⏟  ⏞  

fluxes

= 0 (3.7)

ìpou 𝛺𝑃 to embadì thc kuyèlhc gia ton kìmbo P, 𝑛𝑒𝑖(𝑃 ) oi geÐtonec tou kìmbou

P, |�⃗�𝑃𝑄| to kat� tm mata ìrio thc kuyèlhc kai
ˆ⃗
𝐹𝑃𝑄 to di�nusma ro c an� mon�da

m kouc.

ProtoÔ anaferjeÐ o upologismìc twn oloklhrwm�twn 𝑖𝑛𝑣1 kai 𝑖𝑛𝑣2 thc sqèshc (3.3),

dhlad  tou ìrou fluxes thc sqèshc (3.7) kai me skopì thn kalÔterh katanìhsh aut¸n

pou akoloujoÔn, parousi�zetai h dianusmatik  idiìthta pou isqÔei se mÐa kleist 

kampÔlh.

A

�

Bn�

Sq ma 3.8: Kleist  polugwnik  kampÔlh, se k�je pleur� thc opoÐac antistoiqÐzetai
to monadiaÐo k�jeto di�nusma aut c.

Se k�je kleist  polugwnik  gramm  ìpwc aut  tou sq matoc 3.8, isqÔoun ta

akìlouja:

�⃗�𝐴 + �⃗�𝐵 + �⃗�Γ = 0 (3.8)

|�⃗�𝐴| = (BG) (3.9)

Aut  h idiìthta qrhsimopoieÐtai gia to di�nusma �⃗�𝑃𝑄 kai aplopoieÐ ton upologismì

twn dianusm�twn ro c kat� thn paragwg  touc, to opoÐo gÐnetai kalÔtera antilhptì

apì to sq ma 3.9.
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G2

G1 Q

P

nPQ = n1 +n2

n2

n1

Sq ma 3.9: Gewmetrik� qarakthristik� mÐac akm c PQ tou plègmatoc gia ton upo-
logismì twn arijmhtik¸n dianusm�twn thc mh-sunektik c ro c.

Sth sunèqeia, analÔetai o trìpoc upologismoÔ tou oloklhr¸matoc 𝑖𝑛𝑣1 thc sqèshc

(3.3) gia to opoÐo isqÔei:

𝐹𝑃𝑄 =

∮︁
𝜕𝐶𝑃𝑄

𝐹 𝑑𝛾 = 𝑓𝑖(�⃗�
𝐿
𝑃𝑄, �⃗�

𝑅
𝑃𝑄, �⃗�

𝑖
𝑃𝑄) (3.10)

ìpou

�⃗�𝑃𝑄 =

∮︁
𝜕𝐶𝑃𝑄

ˆ⃗𝑛 𝑑𝛾 (3.11)

eÐnai to k�jeto di�nusma sto eujÔgrammo tm ma G1G2, me for� (ìpwc

proanafèrjhke) apì ton kìmbo P ston kìmbo Q kai m koc Ðso me autì tou

eujÔgrammou tm matoc.

3.2.2 Upologismìc twn Arijmhtik¸n Dianusm�twn thc

Ro c

Apì ta prohgoÔmena, eÐnai eunìhto ìti gia ton upologismì twn mh-sunektik¸n

dianusm�twn ro c prèpei na pragmatopoihjeÐ s�rwsh tou plègmatoc kat� to sÔnolo

twn akm¸n. Se k�je akm  PQ tou upologistikoÔ qwrÐou upologÐzetai to di�nusma

𝐹𝑃𝑄 kai suneisfèrei me jetikì (+) prìshmo ston isologismì tou upoloÐpou (Resi-

dual) ston kìmbo P kai me arnhtikì (−) sto antÐstoiqo tou kìmbou Q, lìgw thc

sÔmbashc kateÔjunshc tou k�jetou dianÔsmatoc apì ton kìmbo P ston Q. To en

lìgw di�nusma upologÐzetai an� akm  plègmatoc apì th sqèsh (3.10).

Gia ton isologismì tou anwtèrw dianÔsmatoc an� akm  tou plègmatoc, jewreÐtai èna

1D prìblhma Riemann metaxÔ dÔo katast�sewn, thc arister c L kai thc dexi�c R

(sq ma 3.10). Autèc antistoiqÐzontai ekatèrwjen tou mèsou M thc akm c PQ, kai ta

antÐstoiqa dianÔsmata twn katast�sewn aut¸n eÐnai ta �⃗�𝐿
𝑃𝑄 kai �⃗�𝑅

𝑃𝑄.
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i-1 i i+1 i+2

i+1/2

(R)(L)

x

Sq ma 3.10: 1D prìblhma Riemann metaxÔ dÔo kìmbwn.

SÔmfwna me autì, to di�nusma ro c upologÐzetai me b�sh to sq ma di�spashc twn

diafor¸n ro c (Flux Difference Splitting Scheme) tou Roe [16], wc:

ˆ⃗
𝐹𝑃𝑄 =

1

2

(︁
ˆ⃗
𝐹 (�⃗�𝐿

𝑃𝑄,
ˆ⃗𝑛𝑃𝑄) +

ˆ⃗
𝐹 (�⃗�𝑅

𝑃𝑄,
ˆ⃗𝑛𝑃𝑄)

)︁
− 1

2

⃒⃒⃒
𝐴𝑃𝑄

⃒⃒⃒
(�⃗�𝑅

𝑃𝑄 − �⃗�𝐿
𝑃𝑄)ˆ⃗𝑛𝑃𝑄 (3.12)

Sthn parap�nw sqèsh o pÐnakac 𝐴 eÐnai to Iakwbianì mhtr¸o tou dianÔsmatoc 𝐹 ,

upologizìmeno apì tic mèsec kat� Roe timèc twn mh-sunthrhtik¸n metablht¸n
˜⃗
𝑉

ekfrasmènec sto kèntro M thc akm c PQ, wc:

˜⃗
𝑉𝑃𝑄 = (𝜚, �̃�, 𝑣, 𝑝)𝑇 (3.13)

oi opoÐec upologÐzontai apì tic antÐstoiqec sunthrhtikèc metablhtèc stouc kìmbouc

𝑃 kai 𝑄. Oi mèsec kat� Roe timèc upologÐzontai wc ex c:

˜⃗
𝑉𝑃𝑄 =

√
𝜚𝐿�⃗�𝐿 +

√
𝜚𝑅�⃗�𝑅√

𝜚𝐿 +
√
𝜚𝑅

(3.14)

H exÐswsh (3.14) efarmìzetai �mesa gia treic pr¸tec sunist¸sec twn mh-sunthrik¸n

metablht¸n, en¸ h mèsh tim  thc pÐeshc p kat� Roe upologÐzetai mèsw thc sqèshc

(2.8).

Gia tic timèc twn mh-sunthrhtik¸n metablht¸n thc arister c kai dexi�c kat�stashc

orÐzontai me antistoÐqish aut¸n stic timèc twn kìmbwn P kai Q, wc akoloÔjwc:

�⃗� 𝐿
𝑃𝑄 = �⃗�𝑃 , �⃗� 𝑅

𝑃𝑄 = �⃗�𝑄 (3.15)

Sthn perÐptwsh aut  to sq ma upologismoÔ thc sqèshc (3.12) antistoiqeÐ se akrÐbeia

pr¸thc t�xhc.
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3.2.3 AÔxhsh thc AkrÐbeiac tou Sq matoc Upologi-

smoÔ

H epÐlush me akrÐbeia pr¸thc t�xhc sth diakritopoÐhsh twn mh-sunektik¸n ìrwn,

mporeÐ na odhg sei se apotelèsmata qamhl c poiìthtac. Gia to lìgo autì eÐnai

anagkaÐo na auxhjeÐ h t�xh akrÐbeiac sto sq ma diakritopoÐhshc pou akoloujeÐtai.

Autì epitugq�netai mèsw thc proekbol c twn tim¸n twn metablht¸n apì touc

kìmbouc P kai Q sto mèso M thc akm c PQ, sto opoÐo upologÐzontai oi mèsec timèc

kat� Roe kai to opoÐo gÐnetai mèsw twn sqèsewn:

�⃗� 𝐿 = �⃗�𝑃 +
1

2

−→
𝑃𝑄 · (∇�⃗� )𝑃 (3.16)

�⃗� 𝑅 = �⃗�𝑄 −
1

2

−→
𝑃𝑄 · (∇�⃗� )𝑄 (3.17)

Me thn efarmog  tou anwtèrw sq matoc to monodi�stato prìblhma Riemann lÔnetai

gia k�je akm  tou plègmatoc.

3.2.4 Upologismìc twn Parag¸gwn

Apì thn prohgoÔmenh enìthta eÐnai eunìhto ìti eÐnai aparaÐthtoc o upologismìc

twn parag¸gwn stouc kìmbouc tou plègmatoc. Gia na upologistoÔn oi zhtoÔmenec

par�gwgoi jewreÐtai ìti oi mh-sunthrhtikèc metablhtèc
−→
𝑉 katanèmontai grammik� se

k�je trigwnikì stoiqeÐo tou plègmatoc sto epÐpedo (𝑥, 𝑦), dhlad  ìti h par�gwgoc

eÐnai stajer  se opoiod pote eswterikì shmeÐo tou trig¸nou [17] ìpwc faÐnetai sto

sq ma 3.11aþ.

'Eqontac upologÐsei to ginìmeno thc par�gwgou Φ gia k�je dieÔjunsh 𝑥𝑖 tou kìmbou

P me to embadìn tou antÐstoiqou trig¸nou, pou sqhmatÐzei autìc o kìmboc me touc

antÐstoiqouc geitonikoÔc Q kìmbouc, dÐnetai plèon h dunatìthta na upologisteÐ h

sunolik  par�gwgoc Φ an� dieÔjunsh tou kìmbou P me ton akìloujo tÔpo:

∇Φ⃗𝑃 =

∑︀𝑚𝑎𝑥𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒𝑠
1 (∇Φ⃗ 𝛺𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒)∑︀𝑚𝑎𝑥𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒𝑠

1 (𝛺𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒)
(3.18)

ìpou (max triangles) eÐnai o arijmìc twn trig¸nwn sta opoÐa an kei o kìmboc P

(sq ma 3.11bþ).
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Triangle 1
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Sq ma 3.11: (aþ) Grammik  katanom  twn tim¸n twn mh-sunthrhtik¸n metablht¸n sto
eswterikì enìc trigwnikoÔ stoiqeÐou. (bþ) Trigwnik� stoiqeÐa ta opoÐa suneisfèroun
kat� tm mata sto sqhmatismì thc kuyèlhc tou kìmbou P.

3.2.5 Yeudo-Qronikì B ma Olokl rwshc

Gia ton upologismì tou yeudo-qronikoÔ b matoc qrhsimopoioÔntai dÔo enallaktikoÐ

trìpoi, eÐte kat� stoiqeÐo eÐte kat� akm . O pr¸toc dÔnatai na qrhsimopoihjeÐ

se plègmata me trigwnik�   tetrapleurik� stoiqeÐa en¸ o deÔteroc mporeÐ na

qrhsimopoihjeÐ se plègmata me sundiasmì stoiqeÐwn. Sthn ergasÐa ja anaferjeÐ

mìno o deÔteroc trìpoc o opoÐoc kai ulopoieÐtai sto sqetikì logismikì. SÔmfwna me

autìn, h sqèsh pou qrhsimopoieÐtai gia ton topikì upologismì tou ∆𝑡 eÐnai h k�twji:

∆𝑡𝑃 =
𝐶𝐹𝐿 Ω𝑃∑︀

𝑖 𝑇𝑖

, i = 2 gia 2D (3.19)

ìpou 𝛺𝑃 to embadì thc kuyèlhc tou kìmbou P. O par�gontac 𝑇𝑖 upologÐzetai apì th

sqèsh:

𝑇𝑖 = (|𝑢𝑖|+ 𝑐)𝛺𝑃𝑖 (3.20)

ìpou 𝛺𝑃𝑖 oi probolèc tou ìgkou elègqou tou kìmbou 𝑃 kat� thn kateÔjunsh 𝑖.

O ìroc sthn parènjesh antistoiqeÐ sth mègisth taqÔthta di�doshc thc plhroforÐac

an� kateÔjunsh. O par�gontac CFL eÐnai o arijmìc twn Courant-Friedrichs-Lewy, o

opoÐoc epilègetai ètsi ¸ste na exasfalÐzetai o taqÔteroc dunatìc rujmìc sÔgklishc

qwrÐc na diatar�ssetai h eust�jeia tou sq matoc epÐlushc. Epiprìsjeta anafèretai

ìti o arijmìc autìc periorÐzetai sthn arq  thc epÐlushc, aux�netai grammik� kat� th
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di�rkeia thc epÐlushc kai, telik�, met� apì k�poio yeudo-qronikì b ma stajeropoieÐtai

se mÐa tim  thn opoÐa diathreÐ mèqri th sÔgklish thc epÐlushc, ìpwc faÐnetai sto

sq ma 3.12.

CFLmin

CFLmax

Ktmin Ktmax

C
F

L

kt

CFL graph

Sq ma 3.12: Prosdiorismìc tou CFL an�loga me to yeudo-qronikì b ma olokl rw-
shc.

Sto di�gramma tou sq matoc 3.12 den parousi�zontai timèc, kajìti autèc mporeÐ na

diafèroun apì perÐptwsh se perÐptwsh kai �ptontai sthn euqèreia thc epilog c tou

qr sth periorizìmenec apì th fusik  tou probl matoc.

3.2.6 Arijmhtik  Epibol  Oriak¸n Sunjhk¸n

'Opwc proanafèrjhke, stic atribeÐc roèc, h sunj kh mh-eisq¸rhshc sto stereì

toÐqwma epib�lletai mhdenÐzontac thn k�jeth taqÔthta sto toÐqwma mèsw thc sqèshc:

�⃗� · �⃗� = 0 (3.21)

Kat� sunèpeia, to di�nusma thc atriboÔc ro c gia touc kìmbouc tou stereoÔ

toiq¸matoc diamorf¸netai wc ex c:

𝐹𝑤𝑎𝑙𝑙 =

⎡⎢⎢⎢⎣
0

𝑝𝑛𝑥

𝑝𝑛𝑦

0

⎤⎥⎥⎥⎦ (3.22)
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Sto ep> �peiro ìrio, orÐzontai oi timèc twn metablht¸n thc adiat�rakthc ro c apì

to qr sth kai me thn efarmog  tou sq matoc di�spashc twn diafor¸n ro c tou Roe

upologÐzetai to di�nusma thc atriboÔc ro c gia touc kìmbouc autoÔc.

3.2.7 Arijmhtik  Olokl rwsh twn Exis¸sewn - Sh-

meiak� Peplegmèno Sq ma

Gia thn epÐlush twn exis¸sewn ro c ston yeudo-qrìno qrhsimopoieÐtai h

Dèlta-diatÔpwsh (Delta Formulation) qrhsimopoi¸ntac to shmeiak� peplegmèno

sq ma epÐlushc. Ta upìloipa twn exis¸sewn sto yeudo-qronikì b ma 𝑛 + 1

upologÐzontai sunart sei twn upoloÐpwn sto prohgoÔmeno b ma 𝑛 wc akoloÔjwc:

�⃗�𝑛+1 = �⃗�𝑛 +
𝜕�⃗�

𝜕�⃗�
∆�⃗�𝑛+1 (3.23)

∆�⃗�𝑛+1 = �⃗�𝑛+1 − �⃗�𝑛 (3.24)

H diìrjwsh ∆�⃗�𝑃 an� yeudo-qronikì b ma gia ton kìmbo P, perigr�fetai apì th

sqèsh:
Ω𝑃

∆𝑡𝑃
∆�⃗�𝑛+1

𝑃 = −�⃗�𝑛+1
𝑃 (3.25)

Kat� sunèpeia, oi diakritopoihmènec exis¸seic gia ton kìmbo P apì th sqèsh (3.23)

kai (3.25), eÐnai oi ex c:

(︃
Ω𝑃

∆𝑡𝑃
𝐼𝑃 +

[︃
𝜕�⃗�

𝜕�⃗�

]︃
𝑃

)︃
⏟  ⏞  

LHS

∆�⃗�𝑛+1
𝑃 = −�⃗�𝑛

𝑃⏟  ⏞  
RHS

(3.26)

ìpou 𝐼𝑃 to monadiaòo mhtr¸o. Oi exis¸seic (3.26), qwrÐzontac autèc se ginìmeno

diag¸niwn ìrwn pou aforoÔn ton kìmbo P kai mh-diag¸niwn gia touc geitonikoÔc tou

kìmbouc Q, lamb�noun thn akìloujh morf :

𝐷𝑛
𝑃∆�⃗�𝑛+1

𝑃 +
∑︁

𝑄𝜖𝑛𝑒𝑖(𝑃 )

𝑍𝑛
𝑃∆�⃗�𝑛+1

𝑄 = −�⃗�𝑛 (3.27)

ParagwgÐzontac t¸ra ta upìloipa twn exis¸sewn 𝑅𝑛 wc proc �⃗�𝑃 par�gontai oi

ìroi pou ja d¸soun suneisfor� sta diag¸nia stoiqeÐa 𝐷𝑃 tou kìmbou 𝑃 sta opoÐa
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prostÐjetai kai h diìrjwsh tou yeudo-qronikoÔ b matoc thc sqèshc.

ParagwgÐzontac xan�, ta upìloipa twn exis¸sewn 𝑅𝑛 wc proc �⃗�𝑄, ìpou 𝑄 𝜖 𝑛𝑒𝑖(𝑃 ) o

k�je geitonikìc kìmboc tou kìmbou 𝑃 , par�gontai oi ìroi pou ja d¸soun suneisfor�

sta mh-diag¸nia stoiqeÐa 𝑍𝑃 tou kìmbou 𝑃 .

Shmei¸netai ìti, sthn perÐptwsh deÔterhc t�xhc akrÐbeiac tou sq matoc upologismoÔ,

h sqèsh (3.26) exart�tai kai apì touc geitonikoÔc kìmbouc twn kìmbwn Q. Epilègetai

sthn parag¸gish na lhfjoÔn upìyh mìno oi geitonikoÐ kìmboi Q tou P kai gia to lìgo

autì, sto LHS akoloujeÐtai prosèggish pr¸thc t�xhc akrÐbeiac. Autì den ephre�zei

th fusik  tou probl matoc proc epÐlush h opoÐa perilamb�netai sto RHS, dedomènou

ìti to apotèlesma thc parag¸gishc ja suneisfèrei mìno sto LHS, to opoÐo ephre�zei

mìno th sÔgklish twn exis¸sewn proc epÐlush.

Tèloc gia thn epÐlush twn exis¸sewn (3.27), qrhsimopoieÐtai h mèjodoc Jacobi, me

eswterikèc epanal yeic 𝑗𝑚𝑎𝑥 an� yeudo-qronikì b ma, katal gontac sthn akìloujh

morf :

∆�⃗�𝑛+1,𝑗+1
𝑃 = −(𝐷𝑛

𝑃 )−1

⎛⎝�⃗�𝑛 +
∑︁

𝑄𝜖𝑛𝑒𝑖(𝑃 )

𝑍𝑛
𝑃∆�⃗�𝑛+1,𝑗

𝑄

⎞⎠ , 𝑗 = 1, ..., 𝑗𝑚𝑎𝑥 (3.28)

Met� apì k�je Jacobi epan�lhyh ta nèa roðk� megèjh anane¸nontai wc ex c:

�⃗�𝑛+1
𝑃 = �⃗�𝑛

𝑃 + ∆�⃗�𝑛+1
𝑃 (3.29)
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UpologismoÐ se

Poluepexergastikì Perib�llon

Katanemhmènhc Mn mhc

Parak�tw parousi�zetai o trìpoc kat� ton opoÐo h arijmhtik  epÐlush twn exis¸sewn

ro c prosarmìzetai, ¸ste na mporeÐ na epiteuqjeÐ se poluepexergastikì perib�llon.

Oi lìgoi pou epib�lloun autì, kurÐwc gia meg�lhc klÐmakac probl mata, eÐnai o

periorismìc mn mhc sthn perÐptwsh seiriak c epÐlushc se ènan epexergast  all� kai

h meÐwsh tou qrìnou anamon c. Gia th metafor� enìc tètoiou k¸dika apì seiriakì

se par�llhlo trìpo leitourgÐac, apaitoÔntai se k�poia shmeÐa aplèc tropopoi seic

all� kai pl rh anadìmhsh tou se �lla.

H parallhlopoÐhsh tou k¸dika basÐsthke sto diamerismì tou sunolikoÔ

upologistikoÔ fortÐou se mikrìtera, ek twn opoÐwn to kajèna anatÐjetai se

ènan pur na sÔgqronou polupÔrhnou epexergast  gia na epilujeÐ. Ston algìrijmo

epÐlushc, pèran twn bhm�twn pou akoloujeÐ wc seiriakìc, apaiteÐtai epiplèon na

enswmatwjoÔn oi endi�mesec f�seic epikoinwnÐac.

Sth sunèqeia tou kefalaÐou kai akolouj¸ntac thn par�dosh thc MPUR&B/EMP

[12][13] anafèrontai ta qarakthristik� kai h dom  sthn opoÐa sthrÐqjhke h

parallhlopoÐhsh , o trìpoc diamerismoÔ tou upologistikoÔ qwrÐou, oi prosj kec

sto seiriakì k¸dika pou epibl jhkan apì thn par�llhlopoÐhsh kaj¸c kai to eÐdoc

twn epikoinwni¸n pou ulopoi jhkan.

27
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4.1 Qarakthristik� Par�llhlou Programma-

tismoÔ

Prin thn an�lush thc parallhlopoÐhshc tou logismikoÔ, anafèrontai k�poiec

basikèc ènnoiec perÐ twn par�llhlwn upologistik¸n susthm�twn (cluster) [18] me

skopì thn kalÔterh katanìhsh ìswn akoloujoÔn.

Arqitektonik  Mn mhc: 'Ena cluster diajètei k�poiouc upologistikoÔc kìmbouc

sundedemènouc metaxÔ touc. K�je kìmboc me th seir� tou exoplÐzetai me èna pl joc

polupÔrhnwn epexergast¸n kai o k�je pur nac mporeÐ na diaqeiristeÐ mÐa diergasÐa

(process) (sth sunèqeia h lèxh epexergast c ja qrhsimopoieÐtai gia na dhl¸sei

èna pur na). Epiplèon, o k�je upologistikìc kìmboc diajètei mÐa posìthta

mn mhc, h opoÐa eÐnai koin  gia ìlouc touc epexergastèc tou. Tètoio sÔsthma pou

diajètei katanemhmènh mn mh se k�je upologistikì kìmbo, h opoÐa ìmwc eÐnai koin 

stouc topikoÔc epexergastèc tou k�je kìmbou, diajètei h MPUR&B/EMP kai

qrhsimopoi jhke sto plaÐsio thc ergasÐac.

Q¸roc DieujÔnsewn Mn mhc: 'Amesa sqetizìmenoc me ton tÔpo mn mhc

tou cluster eÐnai o q¸roc dieujÔnsewn thc mn mhc pou dÔnatai na eÐnai koinìc,

katanemhmènoc   ubridikìc. Sthn ergasÐa to upologistikì fortÐo diamoir�zetai

se epimèrouc diergasÐec, oi opoÐec prèpei na diajètoun to el�qisto dunatì pl joc

plhrofori¸n gia thn epÐlush twn exis¸sewn topik�. Wc epakìloujo, o tÔpoc

dieujÔnsewn pou qrhsimopoieÐtai eÐnai katanemhmènoc, apagoreÔontac thn Ôparxh

koin¸n metablht¸n. To pleonèkthma autoÔ eÐnai ìti h k�je diergasÐa diaqeirÐzetai

tic topikèc tic plhroforÐec, qwrÐc na up�rqei kÐndunoc thc prìsbashc-allag c aut¸n

apì �llec diergasÐec. AntÐjeta, to meionèkthma eÐnai ìti gia k�je prìsbash se

plhroforÐa pou diatÐjetai apì �llh diergasÐa, apaiteÐtai na oristeÐ rht� mÐa dom 

epikoinwnÐac metaxÔ twn diergasi¸n. To programmatistikì montèlo mèsw tou opoÐou

ulopoioÔntai oi epikoinwnÐec sto anaptuqjèn logismikì eÐnai to Message Passing

Interface (MPI)[19].

Programmatistik  Dom : Me thn ènarxh enìc logismikoÔ pou

programmatÐsthke me domèc tou MPI, anatÐjetai stic diergasÐec tou èna

anagnwristikì pou tic sunodeÔei mèqri th l xh tou. Epiplèon k�je diergasÐa diajètei

to dikì thc sÔnolo dedomènwn kai q¸ro dieujÔnsewn mn mhc. Sto programmatistikì

montèlo pou èqei uiojethjeÐ apì to MPI, ìlec oi diergasÐec ekteloÔn ton Ðdio k¸dika

kai diaforopoioÔn thn ektèlesh touc an�loga me to anagnwristikì touc. Autì to

montèlo apoteleÐ mÐa eurÔtata diadedomènh programmatistik  teqnik , gia efarmogèc

ìpou ekteloÔntai ìmoiec leitourgÐec me diaforetik� dedomèna kai onom�zetai Sin-
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gle Program Multiple Data (SPMD). Sto montèlo SPMD apaitoÔntai sq mata

sugqronismoÔ kai antallag c dedomènwn (epikoinwnÐa) metaxÔ twn diergasi¸n,

diìti ìpwc proanafèrjhke ta dedomèna mÐac diergasÐac den eÐnai prospel�sima apì

�llh. An kai k�ti tètoio aux�nei thn poluplokìthta dhmiourgÐac tou logismikou,

tautìqrona mporeÐ na odhg sei se uyhlèc epidìseic, akrib¸c gia to lìgo tou ìti o

programmatist c èqei ton pl rh èlegqo thc ulopoÐhshc.

TÔpoc Epikoinwni¸n: Oi epikoinwnÐec pou qrhsimopoioÔntai sto prwtìkollo

MPI, eÐnai dunatìn na eÐnai blocking   non-blocking. Sthn pr¸th perÐptwsh

h diergasÐa pou emplèketai se mÐa epikoinwnÐa me mÐa �llh, den dÔnatai na

qrhsimopoi sei to Ðdio proswrinì q¸ro apoj keushc gia �llh epikoinwnÐa, to opoÐo

afenìc diasfalÐzei thn akeraiìthta tou plhroforÐac, all� afetèrou dÔnatai na

odhg sei se endeqìmenh anamon  twn diergasi¸n. AntÐjeta sth deÔterh perÐptwsh,

de diasfalÐzetai h akeraiìthta thc plhroforÐac all� mporeÐ na mei¸sei touc qrìnouc

anamon c an� diergasÐa exaitÐac twn epikoinwni¸n. Sto plaÐsio thc ergasÐac

epilègontai epikoinwnÐec thc morf c blocking   non-blocking me dèsmeush mèsw enìc

barrier gia na sugqronistoÔn ìlec oi diergasÐec, kajìti h epÐlush twn exis¸sewn

prèpei na exelÐsetai tautìqrona sto sÔnolo tou upologistikoÔ qwrÐou.

Metrikèc Axiolìghshc Par�llhlou LogismikoÔ: Gia thn axiolìghsh

tou par�llhlou logismikoÔ orÐzontai oi akìloujec metrikèc:

(𝛼) H Epit�qunsh (speedup) pou deÐqnei pìsec forèc pio gr goro eÐnai to logismikì

se par�llhlh ektèlesh apì th seiriak  kai orÐzetai wc 𝑆 = 𝑇𝑠/𝑇𝑝, ìpou 𝑇𝑠

kai 𝑇𝑝 o qrìnoc seiriak c kai par�llhlhc ektèleshc antÐstoiqa. H idanik 

epit�qunsh isoÔtai me to pl joc 𝑝 twn epexergast¸n pou qrhsimopoioÔntai kai

isqÔei 𝑆 < 𝑝.

(𝛽) H Apodotikìthta (efficiency) pou deÐqnei pìso epituqhmènh eÐnai h

parallhlopoÐhsh kai orÐzetai wc 𝐸 = 𝑆/𝑝. Analutikìtera isoÔtai me to

posostì tou qrìnou pou k�je epexergast c apasqoleÐtai kai isqÔei 𝐸 < 1.

(𝛾) H Klimakwsimìthta (scalability) pou ekfr�zei poiotik� thn ikanìthta enìc

logismikoÔ na belti¸nei thn epÐdosh tou me thn prosj kh epiplèon

epexergast¸n.

Apì to nìmo tou Amdahl [20] perigr�fetai ìti to jewrhtikì speedup (𝑆𝑙𝑎𝑡𝑒𝑛𝑐𝑦) se èna

par�llhlo logismikì dÔnatai na aux�nei ìso aux�nontai oi qrhsimopoioÔmenoi pìroi,

all� periorÐzetai p�nta apì to tm ma tou logismikoÔ to opoÐo den epwfeleÐtai apì



30 4. UpologismoÐ se Poluepexergastikì Perib�llon Katanemhmènhc Mn mhc

thn parallhlopoÐhsh kai orÐzetai apì th sqèsh:

𝑆𝑙𝑎𝑡𝑒𝑛𝑐𝑦(𝑠) =
1

(1− 𝑝𝑎𝑟) + 𝑝𝑎𝑟
𝑠

(4.1)

ìpou 𝑝𝑎𝑟 to posostì tou logismikoÔ pou epwfeleÐtai thc parallhlopoÐhshc kai 𝑠 to

speedup tou antÐstoiqou tm matoc tou logismikoÔ, to opoÐo diamorf¸netai apì tic

epikoinwnÐec.

SunoyÐzontac sthn perÐptwsh thc par�llhlhc epexergasÐac ja èprepe na

epitugq�netai mÐa ideat  epit�qunsh (meÐwsh tou qrìnou kat� n forèc me qr sh

n epexergast¸n). Autì ìmwc den dÔnatai na epiteuqjeÐ lìgw thc adunamÐac

parallhlopoÐhshc tou sunìlou tou logismikoÔ kai twn apaitoÔmenwn epikoinwni¸n

pou proanafèrjhkan, to legìmeno kai wc kìstoc epikoinwnÐac (communication ove-

rhead). Se genikèc grammèc gia na eÐnai apodotikì èna par�llhlo logismikì epÐlushc

prèpei: (a) na exasfalÐzetai h isokatanom  tou fortÐou (load balancing), (b) na

elaqistopoieÐtai o ìgkoc epikoinwnÐac kai (g) na elaqistopoieÐtai h suqnìthta thc

epikoinwnÐac. Ta dÔo pr¸ta qarakthristik� exart¸ntai apì to logismikì kai ton

trìpo diamerismoÔ tou upologistikoÔ qwrÐou en¸ to teleutaÐo exart�tai apì ton

programmatismì tou logismikoÔ epÐlushc.

4.2 Dom  Par�llhlou LogismikoÔ

H parallhlopoÐhsh tou logismikoÔ epÐlushc twn exis¸sewn thc ro c, basÐsthke se

èna montèlo Suntonist -Ergazìmenou (Master-Worker). SÔmfwna me to prwtìkollo

epikoinwnÐac MPI, anafèretai ìti ìtan to logismikì ekteleÐtai seiriak�, desmeÔetai

ènac (1) epexergast c (CPU) kai, kat� sunèpeia, h diergasÐa eÐnai mÐa (1) me

tautìthta 𝐼𝐷 = 0. AntÐjeta ìtan akoloujeÐtai par�llhlh ektèlesh desmeÔontai

𝑛 epexergastèc me arijmì diergasi¸n pou anèrqetai stic 𝑛 kai 𝐼𝐷 = 0, ..., 𝑛 − 1,

dedomènou ìti h pr¸th diergasÐa exakoloujeÐ na eÐnai h (0). Kat� ton programmatismì

tou logismikoÔ sÔmfwna me to montèlo Suntonist -Ergazìmenou, h diergasÐa me

tautìthta 𝐼𝐷 = 0 eÐnai o suntonist c.

Analutikìtera, ìtan to logismikì epÐlushc ektelesteÐ seiriak�, tìte o suntonist c

analamb�nei to sunolikì fìrto ergasÐac. Sthn perÐptwsh pou klhjeÐ to logismikì

epÐlushc na ektelesteÐ par�llhla, apaitoÔntai treic (3) toul�qiston diajèsimec

diergasÐec. H diergasÐa me 𝐼𝐷 = 0 wc suntonist c, analamb�nei to diaqeiristikì

tm ma thc epÐlushc, en¸ oi diergasÐec me me 𝐼𝐷 = 1, 2 wc ergazìmenoi, analamb�noun
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to fìrto epÐlushc.

Gia ton epimerismì tou upologistikoÔ fortÐou stouc ergazomènouc epib�lletai

prwtÐstwc o k�je ergazìmenoc na gnwrÐzei to tm ma tou upologistikoÔ qwrÐou sto

opoÐo epilÔei tic exis¸seic ro c. Apì autì prokÔptei ìti, an qrhsimopoihjoÔn 𝑛 CPUs

me 𝑛 ≥ 3, tìte to upologistikì qwrÐo prèpei na diamoirasteÐ se (𝑛− 1) upoqwrÐa.

4.2.1 Di�spash-Diamerismìc UpologistikoÔ QwrÐou

O diamerismìc tou upologistikoÔ qwrÐou pragmatopoi jhke me to logismikì Metis

[21][22], to opoÐo axiopoieÐ to gr�fo tou upologistikoÔ qwrÐou pou par�getai apì

oikeÐo logismikì thc MPUR&B/EMP. To upologistikì qwrÐo dÔnatai na diaspasteÐ

se upoqwrÐa ta opoÐa eÐnai mh-allhlokaluptìmena kai moir�zontai koinèc akmèc kai

kìmbouc,   upoqwrÐa allhlokaluptìmena ta opoÐa moir�zontai mÐa koin  z¸nh pou

apoteleÐtai apì trÐgwna kai kìmbouc (overlapping zone), ìpwc faÐnontai sto sq ma

4.1.

(aþ) (bþ)

Sq ma 4.1: (aþ) Mh-allhlokaluptìmena upoqwrÐa me koinèc akmèc-kìmbouc. (bþ)
Allhlokaluptìmena upoqwrÐa me koin  z¸nh trig¸nwn-kìmbwn metaxÔ touc.

Sthn ergasÐa epilèqjhke o diamoirasmìc se allhlokaluptìmena upoqwrÐa me koin�

trigwnik� stoiqeÐa kai kìmbouc, eÔrouc mÐac akm c metaxÔ touc ìpwc faÐnetai sto

sq ma 4.1bþ. Se autì to shmeÐo prèpei na anaferjeÐ ìti oi upologismoÐ se k�je kìmbo
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gÐnontai mìno apì ènan epexergast . Apì ed¸ kai sto ex c, ènac kìmboc ja

onom�zetai {energìc} gia to upoqwrÐo sto opoÐo upologÐzetai, en¸ eÐnai {anenergìc}

gia ìla ta upìloipa upoqwrÐa pou ton moir�zontai. EÐnai eunìhto, loipìn, ìti to k�je

plegmatikì trigwnikì stoiqeÐo mporeÐ na an kei to polÔ se trÐa upoqwrÐa kai, kat�

sunèpeia, oi korufèc autoÔ na apoteloÔn topikoÔc kìmbouc sta antÐstoiqa upoqwrÐa.

Gia na gÐnoun katanohtèc oi ènnoiec tou energoÔ kai anergoÔ kìmbou, sto sq ma 4.2

parousi�zetai mÐa leptomèreia sto �nw shmeÐo sumbol c twn tri¸n upoqwrÐwn tou

sq matoc 4.1bþ.

Sq ma 4.2: Leptomèreia tou sq matoc 4.1bþ sthn �nw perioq  sumbol c twn tri¸n
upoqwrÐwn.

Analutikìtera sto sq ma 4.2 k�tw dexi� faÐnetai to kìkkino upoqwrÐo to opoÐo

moir�zetai kìmbouc me to pr�sino kai to mple upoqwrÐo. H èntonh kìkkinh gramm 

apoteleÐ to ìrio tou antÐstoiqou upoqwrÐou, h opoÐa brÐsketai entìc twn �llwn dÔo
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upoqwrÐwn.

Oi plegmatikèc grammèc pou en¸noun kìmbouc metaxÔ orÐwn dÔo geitonik¸n upoqwrÐwn

mazÐ me ta ìria touc, sunistoÔn thn allhlokaluptìmenh z¸nh en¸ oi antÐstoiqoi

kìmboi eÐnai koinoÐ metaxÔ twn dÔo upoqwrÐwn kai apartÐzoun touc kìmbouc

epikoinwnÐac metaxÔ touc.

Oi kìmboi pou an koun sto kìkkino ìrio eÐnai ìloi anenergoÐ sto kìkkino upoqwrÐo

kai energoÐ se k�poio apì ta dÔo �lla. Gia to lìgo autì, h plhroforÐa gia touc

kìmbouc autoÔc ja upologisteÐ apì to geitonikì upoqwrÐo sto opoÐo eÐnai energoÐ kai

ja apostaleÐ sto kìkkino upoqwrÐo. 'Ara, h plhroforÐa twn kìmbwn aut¸n apoteleÐ

thn eiserqìmenh epikoinwnÐa tou kìkkinou upoqwrÐou kai, antÐstoiqa, thn exerqìmenh

epikoinwnÐa sto upoqwrÐo pou upologÐzetai.

Oi energoÐ kìmboi tou kìkkinou upoqwrÐou eÐnai ìloi ekeÐnoi oi opoÐoi perikleÐontai

apì to kìkkino ìrio qwrÐc autoÔc pou an koun sto ìrio autì. Oi energoÐ t¸ra kìmboi

tou kìkkinou upoqwrÐou oi opoÐoi ìmwc an koun kai sthn allhlokaluptìmenh z¸nh

upologÐzontai sto kìkkino upoqwrÐo all� an koun kai sto ìrio k�poiou geitonikoÔ

upoqwrÐou. Gia to lìgo autì h plhroforÐa pou perièqetai se autoÔc prèpei na

apostaleÐ apì to kìkkino upoqwrÐo proc to geitonikì upoqwrÐo sto opoÐo eÐnai

energoÐ. H plhroforÐa aut¸n twn kìmbwn apoteleÐ thn exerqìmenh plhroforÐa tou

kìkkinou upoqwrÐou kai, antÐstoiqa, thn eiserqìmenh sto upoqwrÐo sto opoÐo oi

kìmboi autoÐ eÐnai anenergoÐ.

Oloklhr¸nonac thn enìthta aut , wc krit rio tou diamerismoÔ tou sunolikoÔ qwrÐou

tÐjetai o isokatamerismìc twn kìmbwn kai, kat� sunèpeia, tou upologistikoÔ fortÐou

twn ergazìmenwn. Epiprìsjeta, h elaqistopoÐhsh twn allhlokaluptìmenwn zwn¸n

eÐnai autì pou kajorÐzei ton ìgko thc epikoinwnÐac kai eÐnai k�ti to opoÐo epÐshc

kalÔptetai apì to logismikì diamerismoÔ.

4.2.2 'Ogkoc EpikoinwnÐac MetaxÔ twn UpoqwrÐwn

'Opwc proanafèrjhke, ta upoqwrÐa moir�zontai stouc ergazìmenouc me skopì thn

epÐlush twn exis¸sewn se aut� kai mìno shmeÐo sugqronismoÔ metaxÔ touc th stigm 

thc epikoinwnÐac. Gia na mporeÐ na epiteuqjeÐ autì, prèpei oi ergazìmenoi na diajètoun

ìla ekeÐna ta stoiqeÐa-dedomèna ta opoÐa eÐnai ikan� na diakritopoi soun topik� tic

exÐswseic proc epÐlush, ìpwc autèc prokÔptoun apì th sqèsh (3.26).

Apì thn exÐswsh (3.26), epib�lletai o upologismìc tou IakwbianoÔ Mhtr¸ou (𝐴),

tìso gia to dexiì mèloc thc exÐswshc RHS, ìso kai gia to aristerì LHS.

'Opwc analÔjhke sto kef�laio 2, gia na upologisteÐ to en lìgw mhtr¸o apaitoÔntai
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oi timèc twn sunthrhtik¸n metablht¸n
−→
𝑈 . Apì th sqèsh (3.26) kajorÐzetai ìti gia

thn paragwg  tou IakwbianoÔ mhtr¸ou gia ton kìmbo 𝑃 , oi timèc twn sunthrhtik¸n

metablht¸n prèpei na eÐnai gnwstèc kai gia k�je geitonikì kìmbo 𝑄 𝜖 𝑛𝑒𝑖(𝑃 ).

Epiprìsjeta gÐnetai eÔkola katanohtì, apì tic sqèseic (3.16) kai (3.17), ìti ìtan

aux�netai h akrÐbeia tou sq matoc upologismoÔ, eÐnai aparaÐthth h gn¸sh twn

parag¸gwn tou kìmbou 𝑃 all� kai twn parag¸gwn kajenìc apì touc geitonikoÔc

tou kìmbouc 𝑄 𝜖 𝑛𝑒𝑖(𝑃 ).

Sq ma 4.3: EnergoÐ kai AnenergoÐ kìmboi upoqwrÐou gia th diakritopoÐhsh twn exi-
s¸sewn ro c.

To k�je upoqwrÐo dÔnatai na upologÐsei ìla ta anwtèrw gia k�je kìmbo o opoÐoc

den an kei sthn allhlokaluptìmenh z¸nh me èna geitonikì upoqwrÐo ìpwc faÐnetai

sto sq ma 4.3. Analutikìtera, to anwtèrw isqÔei gia k�je {energì} kìmbo 𝑃 tou

upoqwrÊou, gia ton opoÐo ìloi oi geitonikoÐ kìmboi 𝑄 𝜖 𝑛𝑒𝑖(𝑃 ) eÐnai epÐshc {energoÐ}

sto Ðdio upoqwrÐo. Tètoiou eÐdouc kìmboi eÐnai eÐte o 𝑃1 eÐte o 𝑃2 tou sq matoc 4.3.

AntÐjeta kìmboi ìpwc o 𝑃3 tou sq matoc 4.3, oi opoÐoi an koun sthn
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allhlokaluptìmenh z¸nh tou upoqwrÐou kai eÐnai {energoÐ} ston en lìgw upoqwrÐo,

usteroÔn sth diajèsimh plhroforÐa. Autì sumbaÐnei diìti k�poioi geitonikoÐ touc

kìmboi 𝑄 𝜖 𝑛𝑒𝑖(𝑃 ), oi opoÐoi an koun sto en lìgw upoqwrÐo, eÐnai {anenergoÐ} se

autì kai upologÐzontai apì to geitonikì upoqwrÐo, metaxÔ tou opoÐou sqhmatÐzetai

kai h allhlokaluptìmenh z¸nh. Sthn perÐptwsh tou kìmbou 𝑃3, autoÐ oi kìmboi

eÐnai oi 𝑄3
2 kai 𝑄

3
3 tou sq matoc 4.3.

Sto sq ma 4.3, faÐnontai me kìkkinh skÐash ta trÐgwna twn opoÐwn oi korufèc eÐnai

ìlec energèc sto kìkkino upoqwrÐo en¸ me pr�sinh skÐash faÐnontai ta trÐgwna

twn opoÐwn mÐa toul�qiston koruf  eÐnai anenerg  sto kìkkino upoqwrÐo. ExaitÐac

aut¸n twn kìmbwn, epib�lletai h epikoinwnÐa metaxÔ twn upoqwrÐwn. 'Ena apì

ta qarakthristik� thc epikoinwnÐac ìpwc proanafèrjhke eÐnai o ìgkoc aut c.

Autìc loipìn kajorÐzetai apì ton arijmì twn kìmbwn pou an koun sto sÔnolo

twn allhlokaluptìmenwn zwn¸n kai ton arijmì twn metablht¸n pou prèpei na

antallagoÔn metaxÔ twn upoqwrÐwn kat� thn epÐlush twn exis¸sewn.

Sthn enìthta 4.2.1 analÔjhkan oi ìroi thc exerqìmenhc kai thc eiserqìmenhc

epikoinwnÐac metaxÔ geitonik¸n upoqwrÐwn. Me b�sh touc orismoÔc autoÔc kai epeid 

ènac kìmboc mporeÐ na an kei to polÔ se trÐa (3) upoqwrÐa, h exerqìmenh plhroforÐa

mporeÐ na kateujÔnetai to mègisto se �lla dÔo (2) upoqwrÐa. EÐnai eunìhto loipìn

ìti ìso megalÔtero eÐnai to posostì twn kìmbwn epikoinwnÐac (overlap zone nodes),

tìso megalÔteroc eÐnai o ìgkoc epikoinwnÐac pou apaiteÐtai na antallageÐ gia na

epiteuqjeÐ h epÐlush twn exis¸sewn.

Epiprìsjeta, se ìti afor� thn posìthta thc exerqìmenhc plhroforÐac, epeid 

anaferìmaste se 2D ro , h plhroforÐa pou apojhkeÔetai se k�je kìmbo kai prèpei

na antallageÐ, apoteleÐtai apì tic tèsseric (4) sunthrhtikèc timèc twn metablht¸n,

sÔmfwna me th sqèsh (2.2).

4.2.3 AÔxhsh AkrÐbeiac kai 'Ogkoc EpikoinwnÐac

Se sunèqeia ìswn proanafèrjhkan, h aÔxhsh akrÐbeiac sto sq ma upologismoÔ

suneisfèrei epiplèon kai sthn aÔxhsh tou ìgkou epikoinwnÐac. Autì gÐnetai eÔkola

katanohtì apì th sqèsh (3.12) se sundiasmì me tic sqâseic (3.16) kai (3.17). Apì

autèc tic sqâseic prokÔptei ìti gia ton upologismì twn posot twn thc puknìthtac

ro c 𝐹𝑃𝑄, sÔmfwna me th sqèsh (3.12), stic akmèc (𝑃𝑄), oi opoÐec orÐzontai apì ènan

anenergì kai ènan energì kìmbo sto Ðdio upoqwrÐo, apaitoÔntai epiplèon oi timèc twn

parag¸gwn se autoÔc touc kìmbouc. Epeid  melet�tai h 2D ro , oi antallassìmenec
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posìthtec plèon anèrqontai stic d¸deka (12), an� kìmbo epikoinwnÐac, tèsseric (4)

timèc sunthrhtik¸n metablht¸n kai okt¸ (8) timèc twn antÐstoiqwn parag¸gwn touc

proc tic dÔo (2) kateujÔnseic.

Me thn aÔxhsh tou sq matoc upologismoÔ loipìn, apì 1hc se 2hc akrÐbeiac, gÐnetai

katanohtì ìti o ìgkoc epikoinwnÐac se Ðdio plègma diamerismèno se Ðdio arijmì

upoqwrÐwn, triplasi�zetai.

4.2.4 Suqnìthta EpikoinwnÐac

Ektìc apì ton ìgko epikoinwnÐac èqoume kai th suqnìthta epikoinwnÐac, h opoÐa

ephre�zei exÐsou to qrìno kai to kìstoc epÐlushc. H epikoinwnÐa mporeÐ na qwristeÐ

eÐte se ef�pax epikoinwnÐa h opoÐa pragmatopoieÐtai mÐa (1) for� kajìlh th di�rkeia

tou k¸dika, eÐte se epanalambanìmenec epikoinwnÐec kat� thn epÐlush twn exis¸sewn.

Sthn ef�pax epikoinwnÐa anafèrontai ìlec ekeÐnec oi plhroforÐec oi opoÐec

eÐnai aparaÐthto na upologistoÔn apì to suntonist  kai na dianemhjoÔn stouc

ergazìmenouc. Dia mèsou aut¸n twn epikoinwni¸n gnwstopoieÐtai stouc

ergazìmenouc to upoqwrÐo ergasÐac touc, oi kìmboi epikoinwnÐac touc, ta geitonik�

upoqwrÐa sta opoia ofeÐloun na d¸soun kai na l�boun plhroforÐec. Epiplèon

diamoir�zontai di�forec timèc pou oi ergazìmenoi prèpei na èqoun gia na arqikopoi jeÐ

kat�llhla to upologistikì qwrÐo, na dromologhjeÐ h epÐlush kat�llhla an�

perÐptwsh (eleÔjerh aerotom , agwgìc, periodikìthta ro c) all� kai na epiblhjoÔn

kat�llhla oi oriakèc sunj kec, topik� plèon sto k�je upoqwrÐo. EpÐshc, sthn

ef�pax epikoinwnÐa an kei kai aut  tou suntonist  sto tèloc thc epÐlushc kat� thn

opoÐa ìla ta apotelèsmata twn upoqwrÐwn dioqeteÔontai apì touc ergazìmenouc sto

suntonist .

Apì thn �llh pleur� up�rqoun kai epikoinwnÐec oi opoÐec prèpei na epanalamb�nontai

kat� th di�rkeia exèlixhc tou k¸dika me skopì h epÐlush na exelÐsetai omal� kai

tautìqrona sto sÔnolo tou upologistikoÔ qwrÐou parìti exelÐsetai tautìqrona se

ìla ta upoqwrÐa.

Kat> arq�c, gia na exelÐssetai tautìqrona h sunolik  epÐlush sto sÔnolo

tou upoqwrÐou, ìloi oi ergazomènoi k�je stigm  prèpei na brÐskontai sto Ðdio

yeudo-qronikì b ma epan�lhyhc, me skopì na upologÐzoun kat� ton Ðdio trìpo kai me

ton Ðdio arijmì CFL ton yeudoqronikì ìro thc exÐswshc (3.26) ìpwc analÔjhke

sthn par�grafo 3.2.5. Ektìc ìmwc apì to yeudo-qronikì b ma, oi ergazìmenoi

desmeÔontai na sumbadÐzoun kai wc proc tic endi�mesec epanal yeic thc mejìdou

Jacobi pou apaitoÔntai gia k�je yeudoqronikì b ma (par�grafoc 3.2.7).
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Apì ta anwtèrw kajorÐzetai ìti ìsec forèc ekteleÐtai mÐa epan�lhyh Jacobi tìsec

forèc prèpei na epikoinwn soun oi ergazìmenoi metaxÔ touc me skopì na antall�xoun

o kajènac me touc geitonikoÔc proc autìn, tic posìthtec ∆
−→
𝑈 𝑛+1,𝑗

𝑃 , tic opoÐec

upolìgise o kajènac gia touc energoÔc kìmbouc thc allhlokaluptìmenhc z¸nhc.

Epiprìsjeta, ìpwc proanafèrjhke, epeid  ìlec oi diergasÐec prèpei na brÐskontai

sto Ðdio stigmiìtupo, autì ofeÐlei na diasfalisteÐ apì ton suntonist  o opoÐoc

mèsw mÐac entol c proc touc ergazìmenouc se k�je epan�lhyh yeudo-qronikoÔ

b matoc, termatÐzei to sÔnolo twn diergasi¸n th stigm  pou exasfalÐzetai to krit rio

sÔgklishc.

4.2.5 AÔxhsh AkrÐbeiac kai Suqnìthta EpikoinwnÐac

'Ola ta anwtèrw isqÔoun ìtan to sq ma upologismoÔ eÐnai 1hc t�xhc. 'Otan to sq ma

akrÐbeiac aux�netai se 2hc t�xhc, tìte sto Ðdio yeudo-qronikì b ma oi ergazìmenoi

prèpei na epikoinwn soun mÐa (1) epiplèon for�, me skopì plèon na antall�xoun tic

timèc twn parag¸gwn gia touc kìmbouc pou proanafèrjhkan.

'Ara gÐnetai antilhptì ìti, aux�nontac thn akrÐbeia tou sq matoc upologismoÔ apì

1hc se 2hc t�xhc, h suqnìthta thc epikoinwnÐac diplasi�zetai.

4.2.6 SÔnoyh

Anakefalai¸nontac, ìtan o k¸dikac ekteleÐtai par�llhla, ekteloÔntai dÔo (2)

tm mat� tou autì tou suntonist  kai autì tou ergazìmenou, wc ex c:

1. Suntonist c : EkteleÐ to tm ma k¸dika, to opoÐo ja ekteloÔntan kai

seiriak� apodesmeumèno ìmwc apì opoiod pote fìrto upologismoÔ. Dhlad 

eujÔnetai gia to diaqeiristikì tm ma kat� thn ektèlesh thc epÐlushc. Diajètei

plhroforÐa gia to sunolikì upologistikì qwrÐo, qwrÐc ìmwc na upologÐzei

thn pl rh topologik  dom  (Datastructure). Diajètei th sunolik  arÐjmhsh

kìmbwn, trig¸nwn kai tic suntetagmènec aut¸n. 'Opwc prokÔptei apì aut�

pou proanafèrjhkan, epeid  ekteleÐtai tautìqrona me to antÐstoiqo tm ma

pou ekteloÔn oi ergazìmenoi se k�je qronik  stigm , basikì mèlhma ston

programmatismì eÐnai na ekteleÐ tic lÐgoterec dunatèc ergasÐec ¸ste na mhn

ephre�zei th sunolik  exèlixh thc epÐlushc. Sunoptik�, oi ergasÐec pou

ekteloÔntai eÐnai:
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(𝛼) Arqik� diab�zei to sunolikì upologistikì qwrÐo, to diasp� se upoqwrÐa

kai upologÐzei aut� pou ja apaithjoÔn apì touc ergazìmenouc, prin ton

upologismì thc topologik c dom c apì autoÔc.

(𝛽) Diamoir�zei ta stoiqeÐa stouc ergazìmenouc mèsw twn ef�pax

epikoinwni¸n pou analÔjhkan anwtèrw, dhmiourg¸ntac me autìn ton trìpo

ta upoqwrÐa me thn topik  touc arÐjmhsh kai tic lÐstec antistoÐqishc aut c

proc th sunolik  arÐjmhsh twn kìmbwn. Epiplèon, se autì to shmeÐo,

par�gontai oi lÐstec me touc kìmbouc epikoinwnÐac tou k�je upoqwrÐou.

(𝛾) Me to pèrac k�je yeudo-qronikoÔ b matoc, sullègei ta upìloipa (Resi-

duals) twn ergazomènwn, upologÐzei to sunolikì upìloipo kai apofasÐzei

gia ton termatismì   ìqi thc epÐlushc.

(𝛿) Met� ton termatismì thc epÐlushc sullègei tic timèc twn metablht¸n apì

touc ergazìmenouc, tic antistoiqÐzei sto sunolikì upoqwrÐo kai tup¸nei

ta arqeÐa apotelesm�twn.

2. Ergazìmenoc : EkteleÐ èna tm ma tou k¸dika to opoÐo se seiriak  ektèlesh

eÐnai autì pou sundèetai �mesa me to upologistikì fortÐo. Dedomènhc thc

di�spashc me allhlokaluptìmenec z¸nec, ston k�je ergazìmeno ekteloÔntai oi

ergasÐec wc k�twji:

(𝛼) Anamènei apì to suntonist  ta dedomèna tou upoqwrÐou kai �lla dedomèna

ro c.

(𝛽) EpikoinwneÐ me touc loipoÔc geitonikoÔc ergazìmenouc tou, mÐa for�, me

skopì na sunt�xei tic lÐstec twn kìmbwn epikoinÐac (eiserqìmenhc kai

exerqìmenhc).

(𝛾) UpologÐzei thn topologik  dom  dedomènwn gia to upologistikì qwrÐo pou

tou analogeÐ.

(𝛿) EpikoinwneÐ me touc loipoÔc geitonikoÔc ergazìmenouc tou, mÐa for�, prin

thn pr¸th epan�lhyh Jacobi, gia na apod¸sei kai na l�bei tic metabolèc

pou upologÐzei gia touc {energoÔc} kai {anenergoÔc} se autìn kìmbouc

antÐstoiqa, me skopì na arqikopoihjeÐ to sq ma epÐlushc wc proc ta

arqik� ∆
−→
𝑈 𝑛=1,𝑗=0

𝑃 gia k�je topikì kìmbo 𝑃 tou upoqwrÐou.

(𝜖) EkkineÐ autìnoma thn epÐlush twn exis¸sewn topik� kai anex�rthta apì

touc �llouc.
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(𝜎𝜏) EpikoinwneÐ me touc geitonikoÔc ergazìmenouc tou, se k�je epan�lhyh

Jacobi tic metabolèc pou upologÐzei gia touc {energoÔc} se autìn

kìmbouc kai tautìqrona lamb�nei apì touc Ðdiouc tic metabolèc gia touc

{anenergoÔc} kìmbouc tou upoqwrÐou tou.

(𝜁) Sthn perÐptwsh 2hc t�xhc akrÐbeiac, epikoinwneÐ me touc geitonikoÔc

ergazìmenouc tou, se k�je yeudo-qronikì b ma, tic parag¸gouc pou èqei

upologÐsei gia touc kìmbouc epikoinwnÐac.

(𝜂) EpikoinwneÐ me ton suntonist , se k�je yeudo-qronikì b ma stèlnontac

ta upìloipa twn exis¸sewn kai lamb�nontac thn apìfash sunèqishc   ìqi

thc epÐlushc.

(𝜃) Met� to tèloc thc epÐlushc twn exis¸sewn, epikoinwneÐ me ton suntonist 

gia na apod¸sei tic timèc twn upologizìmenwn metablht¸n gia k�je kìmbo

tou upoqwrÐou tou.

'Ola ta anwtèrw sunoyÐzontai sqhmatik� sto akìloujo di�gramma.
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Sq ma 4.4: Di�gramma ro c ergasi¸n tou anaptuqjèntoc logismikoÔ se par�llhlo
epexergast , gia thn epÐlush twn exis¸sewn Euler.
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Apì to sq ma 4.4 mporeÐ na exaqjeÐ to di�gramma ro c tou tm matoc tou

anaptuqjèntoc logismikoÔ to opoÐo epilÔei tic exis¸seic Euler kai parousi�zetai

sto sq ma 4.5.
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Compute
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Termi-
nation
signal

rcv

send

Termination
signal

Broadcast

local domain
solution send

True

False

False

True

False
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True
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Sq ma 4.5: Di�gramma ro c ergasi¸n tou tm matoc tou anaptuqjèntoc logismikoÔ
pou epilÔei tic exis¸seic euler.

Tèloc, prèpei na anaferjeÐ ìti ìtan to logismikì ekteleÐtai se morf  kÔklwn

beltistopoÐhshc ìpou epiplèon epilÔetai kai to suzugèc prìblhma, apaitoÔntai

k�poiec epiprìsjetec epikoinwnÐec, oi opoÐec analÔontai se metèpeita kef�laio.
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Kef�laio 5

BeltistopoÐhsh me th Suzug 

Teqnik 

Sthn enìthta aut , parousi�zetai h suneq c suzug c diatÔpwsh (continuous adjoint

method) twn mìnimwn 2D exis¸sewn Euler mh-sunektikhc ro c. H suzug c mèjodoc

efarmìzetai sth beltistopoÐhsh morf c miac aerotom c parametropoihmènhc me

kampÔlec Bézier, me skopì eÐte th megistopoÐhsh thc �nwshc, eÐte thn elaqistopoÐhsh

thc opisjèlkousac me thn epÐteuxh sugkekrimènhc tim c �nwshc. To basikì

pleonèkthma pou prosfèrei h qr sh thc suzugoÔc mejìdou eÐnai ìti to kìstoc

upologismoÔ twn parag¸gwn euaisjhsÐac thc sun�rthshc kìstouc (l.q. thc dÔnamhc

�nwshc) wc proc tic metablhtèc sqediasmoÔ (suntetagmènec twn shmeÐwn elègqou

thc kampÔlhc Bézier) eÐnai anex�rthto tou pl jouc touc.

To meionèkthma pou sunodeÔei ìmwc ta anwtèrw, ègkeitai sthn an�gkh

epanadiatÔpwshc twn suzug¸n exis¸sewn an�loga me to prìblhma kai th sun�rthsh

kìstouc.

Met� ton upologismì twn parag¸gwn euaisjhsÐac, qrhsimopoieÐtai h mèjodoc

apìtomhc kajìdou me skopì thn eÔresh twn metablht¸n sqediasmoÔ pou

beltistopoioÔn th sun�rthsh kìstouc.

Sth sunèqeia tou kefalaÐou parousi�zetai h majhmatik  di�tupwsh thc sun�rthshc

kìstouc, anaptÔsetai majhmatik� h suneq c suzug c mèjodoc gia tic 2D exis¸seic

Euler, apì thn opoÐa prokÔptoun oi suzugeÐc exis¸seic (Field Adjoint-Equations

(FAE)), oi suzugeÐc oriakèc sunj kec (Adjoint Boundary Conditions (ABC)) kai oi

par�gwgoi euaisjhsÐac (Sensitivity Derivatives (SD)).

43
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Sto tèloc, akoloujeÐ mÐa anafor� sth morfopoÐhsh tou plègmatoc (Mesh Morphing)

met� th metabol  tou sq matoc thc aerotom c, kajìti to plègma pou qrhsimopoieÐtai

eÐnai oriìdeto kai ofeÐlei na akoloujeÐ thc metabolèc thc morf c thc aerotom c.

Tèloc ja analujeÐ h tropopoÐhsh tou logismikoÔ me skopì na epilÔei ta anwtèrw se

par�llhlo epexergastikì perib�llon, tìso gia tic suzugeÐc exis¸seic all� kai gia

to tm ma anaprosarmog c tou plègmatoc.

5.1 Suneq c kai Diakrit  Suzug c Mèjodoc

Up�rqei h suneq c kai h diakrit  diatÔpwsh twn suzug¸n exis¸sewn.[23][24] H

diafor� ègkeitai ston trìpo me ton opoÐo prokÔptoun oi suzugeÐc exis¸seic sth

diakritopoimènh morf  touc. Sth suneq  mèjodo (continuous adjoint method)

[6][7][8][9], prokÔptoun oi suzugeÐc diaforikèc suzugeÐc exis¸seic apì tic diaforikèc

exis¸seic ro c kai, sth sunèqeia, diakritopoioÔntai stic diakritèc suzugeÐc exis¸seic.

AntÐjeta, sth diakrit  mèjodo (discrete adjoint method) [25][26] h suzug c

diatÔpwsh efarmìzetai stic diakritopoihmènec exis¸seic thc ro c kai prokÔptoun oi

diakritèc suzugeÐc exis¸seic. Sunoptik� faÐnontai sto sq ma 5.1.

Suneq c Suzug c
Mejodoc

Diakrit  Suzug c
Mejodoc

Diaforikèc Exis¸seic Ro c Diaforikèc Exis¸seic Ro c

Suzug c
DiatÔpwsh

DiakritopoÐhsh

Diaforikèc
SuzugeÐc Exis¸seic

Diakritèc Exis¸seic Ro c

DiakritopoÐhsh
Suzug c

DiatÔpwsh

Diakritèc SuzugeÐc
Exis¸seic

Diakritèc SuzugeÐc
Exis¸seic

Sq ma 5.1: Di�gramma paragwg c twn Diakrit¸n Suzug¸n Exis¸sewn.

Ta pleonekt mata-meionekt mata thc ek�stote mejìdou kajorÐzontai apì thn
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anwtèrw diatÔpwsh. Analutikìtera, sth suneq  suzug  mèjodo apaiteÐtai arket 

proergasÐa gia thn jemelÐwsh thc kai thn eÔresh thc parag¸gou thc sun�rthshc

kìstouc. Epiplèon, k�je allag  thc sun�rthshc kìstouc apaiteÐ epanadiatÔpwsh thc

mejìdou. Se ìti afor� th diakrit  mèjodo, eÐnai pio �mesh all� apaiteÐ megalÔterh

diajèsimh mn mh gia thn apoj keush twn dedomènwn pou upologÐsthkan kat� thn

epÐlush thc ro c.

Epiprìsjeta, pleonèkthma thc suneq c suzug c mejìdou eÐnai ìti o algìrijmoc

epÐlushc twn suzug¸n m.d.e dhmiourgeÐtai exarq c, prosfèrontac th dunatìthta

epilog c tou sq matoc diakritopoÐhshc, to opoÐo dÔnatai na eÐnai kai diaforetikì

apì autì twn exis¸sewn ro c. AntÐjeta, sth diakrit  mèjodo o algìrijmoc epÐlushc

axiopoieÐ mìno tic idiìthtec pou efarmìsthkan sthn epÐlush twn exis¸sewn ro c.

Sthn ergasÐa aut  ja analujeÐ mìno h suneq c suzug c mèjodoc.

5.2 Suneq c Suzug c Mèjodoc sth Beltisto-

poÐhsh Morf c

5.2.1 Sun�rthsh Kìstouc

Sthn enìthta aut  analÔetai h beltistopoÐhsh tou sq matoc mÐac aerotom c se

eleÔjerh ro  me b�sh èna krit rio, to opoÐo wc majhmatik  èkfrash exart�tai apì

thn tim  mÐac sun�rthshc kìstouc (𝐹𝑜𝑏𝑗) kai orÐzetai wc ex c:

𝐹𝑜𝑏𝑗 = 𝑤𝑐𝐿(𝐶𝐿 − 𝐶𝐿𝑡)
2 + 𝑤𝑐𝐷𝐶𝐷

2 (5.1)

ìpou 𝐶𝐿 o suntelest c thc dÔnamhc �nwshc pou askeÐtai sthn aerotom , 𝐶𝐿𝑡 h

epijumht  tim  tou suntelest  �nwshc pou tÐjetai apì to qr sth, 𝐶𝐷 o suntelest c

thc dÔnamhc opisjèlkousac epÐ thc aerotom c kai 𝑤𝑐𝐿 , 𝑤𝑐𝐷 oi suntelestèc barÔthtac

thc �nwshc kai thc opisjèlkousac wc proc th suneisfor� touc sthn tim  thc

sun�rthshc kìstouc, antÐstoiqa.

O lìgoc pou lamb�netai upìyh h opisjèlkousa eÐnai ìti h ro  pou epilÔetai afor�

sumpiestì reustì kai par� th mh-Ôparxh sunektikìthtac, emfanÐzetai opisjèlkousa

lìgw thc emf�nishc kroustikoÔ kÔmatoc se dihqhtik  ro .

Ta krit ria thc beltistopoÐhshc eÐnai:
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(𝛼) h megistopoÐhsh thc tim c tou suntelest  �nwshc, jètontac 𝑤𝐶𝐿
= 1,𝑤𝐶𝐷

= 0

kai 𝐶𝐿𝑡 = 0

(𝛽) h elaqistopoÐhsh thc tim c tou suntelest  opisjèlkousac, me tautìqrono

periorismì sthn tim  tou suntelest  �nwshc to 𝐶𝐿𝑡 = 𝑐𝑡, jètontac 𝑤𝑐𝐿 ̸= 0

kai 𝑤𝑐𝐷 ̸= 0

H �nwsh-opisjèlkousa eÐnai dianÔsmata dÔnamhc ekfrasmèna se mÐa kateÔjunsh

k�jeth   par�llhlh sth ro  antÐstoiqa, kai upologÐzontai wc ex c:

𝐹𝑜𝑟𝑐𝑒(𝑘) =

∫︁
𝑆𝑤𝑎𝑙𝑙

𝑝 ˆ⃗𝑛𝑙 · ˆ⃗𝑟 𝑘
𝑙 𝑑𝑆 𝑘𝜖[1, 2] (5.2)

𝐷𝑟𝑎𝑔 = 𝐹𝑜𝑟𝑐𝑒(1) (5.3)

𝐿𝑖𝑓𝑡 = 𝐹𝑜𝑟𝑐𝑒(2) (5.4)

ìpou 𝑝 h statik  pÐesh, ˆ⃗𝑛𝑙 to monadiaÐo k�jeto di�nusma se k�je shmeÐo thc epif�neiac

thc aerotom c kai ˆ⃗𝑟 𝑘
𝑙 to monadiaÐo di�nusma kateÔjunshc tou dianÔsmatoc thc

dÔnamhc.

Oi antÐstoiqoi suntelestèc twn dun�mewn �nwshc kai opisjèlkousac upologÐzontai

wc ex c:

𝐶𝐷 = 𝐹𝑜𝑟𝑐𝑒(1)
2

𝜌∞ 𝑆 𝑉 2
∞

= 𝐹𝑜𝑟𝑐𝑒(1) 𝐾𝐶𝐿𝐷
(5.5)

𝐶𝐿 = 𝐹𝑜𝑟𝑐𝑒(2)
2

𝜌∞ 𝑆 𝑉 2
∞

= 𝐹𝑜𝑟𝑐𝑒(2) 𝐾𝐶𝐿𝐷
(5.6)

ìpou 𝜌∞ h puknìthta thc ep> �peiro ro c, 𝑆 to m koc thc aerotom c lìgw 2D ro c

kai 𝑉 2 to tetr�gwno tou mètrou thc taqÔthtac thc ep> �peiro ro c.

Gia na mporeÐ na efarmosteÐ opoioud pote eÐdouc beltistopoÐhsh apaiteÐtai na

oristoÔn oi metablhtèc sqediasmoÔ, twn opoÐwn h allag  epifèrei metabol  sth

sun�rthsh kìstouc. Sthn perÐptwsh thc aerotom c pou exet�zetai, orÐzetai mÐa

parametropoÐhsh aut c mèsw poluwnÔmwn Bézier. Apì thn parametropoÐhsh aut ,

oi suntetagmènec (𝑥, 𝑦) twn shmeÐwn elègqou twn poluwnÔmwn Bézier apoteloÔn tic

metablhtèc sqediasmoÔ kai kajorÐzoun to di�nusma �⃗� = [𝑏1, 𝑏2, ..., 𝑏𝑁 ]𝑇 aut¸n. K�je

sundiasmìc aut¸n, dhlad  k�je sugkekrimèno di�nusma �⃗�, kajorÐzei monos manta to

sq ma thc aerotom c, �ra kai thn katanom  pÐeshc epÐ aut c, gia dedomènec sunj kec

ro c. H diaforetik  katanom  pÐeshc sÔmfwna me th sqèsh (5.2) metab�llei tic

dun�meic �nwshc-opisjèlkousac, oi opoÐec me th seir� touc ephre�zoun thn tim  thc

sun�rthshc kìstouc.
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Tèloc oi ananewmènec timèc twn metablht¸n sqediasmoÔ upologÐzontai b�sei thc

metabol c thc sun�rthshc kìstouc wc proc tic metablhtèc sqediasmoÔ, efarmìzontac

eÐte th mèjodo thc apìtomhc anìdou (+) sthn perÐptwsh megistopoÐhshc thc �nwshc,

eÐte thc apìtomhc kajìdou (−) sthn perÐptwsh elaqistopoÐhshc thc opisjèlkousac,

wc ex c:

𝑏𝑛𝑒𝑤𝑛 = 𝑏𝑜𝑙𝑑𝑛 ± 𝜂
𝛿𝐹

𝛿𝑏𝑛
, 𝑛𝜖[1, 𝑁 ] 𝜂 > 0 (5.7)

ìpou h tim  (𝜂) rujmÐzei to mègejoc thc metabol c thc metablht c sqediasmoÔ.

5.2.2 Suneq c Suzug c Mèjodoc

Kat� th qr sh aitiokratik c mejìdou beltistopoÐhshc, apaiteÐtai o prosdiorismìc

thc olik c parag¸gou thc sun�rthshc kìstouc wc proc tic metablhtèc sqediasmoÔ,

ìpwc proanafèrjhke. H aerodunamik  dÔnamh, ìmwc exart�tai apì to roðkì mègejoc

thc pÐeshc 𝑝 (sqèsh (5.2)), tou opoÐou to pedÐo tim¸n thc parag¸gou wc proc tic

metablhtèc sqediasmoÔ eÐnai kostobìra ston upologismì.

Mesw tou suzugoÔc probl matoc epitugq�netai o upologismìc thc olik c parag¸gou

thc sun�rthshc kìstouc wc proc tic metablhtèc sqediasmoÔ, apofeÔgontac

opoiod pote kostobìro upologismì twn parag¸gwn k�je roðkoÔ megèjouc wc proc

tic metablhtèc sqediasmoÔ
(︁

𝛿𝑈
𝛿𝑏𝑛

)︁
. Sth sunèqeia, gia thn an�ptuxh twn exis¸sewn

tou suzugoÔc probl matoc orÐzetai h epauxhmènh sun�rthsh kìstouc, wc k�twji:

𝐹𝑎𝑢𝑔 = 𝐹 +

∫︁∫︁
Ω

𝛹𝑛𝑅𝑛 𝑑Ω (5.8)

ìpou
−→
𝛹 to di�nusma twn suzug¸n metablht¸n. H 𝐹𝑎𝑢𝑔 tautÐzetai me thn 𝐹 , dedomènou

ìti oi exis¸seic ro c èqoun epilujeÐ �ra kai to upìloipo touc
−→
𝑅 isoÔtai me mhdèn

(0). H metabol  thc epauxhmènhc sun�rthshc wc proc tic metablhtèc sqediasmoÔ 𝑏𝑖

gia (𝑖 = 1, ...𝑁), me b�sh to je¸rhma Leibnitz, prokÔptei wc:

𝛿𝐹𝑎𝑢𝑔

𝛿𝑏𝑖
=

𝛿𝐹

𝛿𝑏𝑖
+

𝛿

𝛿𝑏𝑖

∫︁∫︁
𝛺

𝛹𝑛𝑅𝑛 𝑑𝛺

=
𝛿𝐹

𝛿𝑏𝑖
+

∫︁∫︁
𝛺

𝜕 (𝛹𝑛𝑅𝑛)

𝜕𝑏𝑖
𝑑𝛺 +

∫︁
𝜕𝛺

𝛹𝑛𝑅𝑛
𝛿𝑥𝑙

𝛿𝑏𝑖
�̂�𝑙 𝑑𝑆 (5.9)
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Efìson oi exis¸seic ro c ikanopoioÔntai sto qwrÐo olokl rwshc touc (Ω) (dhlad 
−→
𝑅 |𝛺 = 0), h sqèsh (5.9) mporeÐ na anadiatupwjeÐ wc:

𝛿𝐹𝑎𝑢𝑔

𝛿𝑏𝑖
=

𝛿𝐹

𝛿𝑏𝑖⏟ ⏞ 
T1

+

∫︁∫︁
𝛺

𝛹𝑛
𝜕𝑅𝑛

𝜕𝑏𝑖
𝑑𝛺⏟  ⏞  

T2

+

∫︁
𝑆∞∪𝑆𝑤𝑎𝑙𝑙

𝛹𝑛𝑅𝑛
𝛿𝑥𝑙

𝛿𝑏𝑖
�̂�𝑙 𝑑𝑆⏟  ⏞  

Leibnitz

(5.10)

ìpou 𝜕𝛺 = 𝑆∞ ∪ 𝑆𝑤𝑎𝑙𝑙, 𝑆∞ to ep> �peiro ìrio tou upologistikoÔ qwrÐou kai 𝑆𝑤𝑎𝑙𝑙 to

stereì toÐqwma thc aerotom c.

To epifaneiakì olokl rwma thc sqèshc (5.10) perilamb�nei th metabol  twn

suntetagmènwn twn kìmbwn thc sqediazìmenhc gewmetrÐac wc proc tic metablhtèc

sqediasmoÔ sta ìria 𝑆 = 𝑆∞∪𝑆𝑤𝑎𝑙𝑙. Oi ìroi T1 kai T2 anaptÔssontai sth sunèqeia.

An�lush 'Orou T1

O ìroc T1 thc exÐswshc (5.10) lamb�nontac upìyh tic sqèseic (5.1) kai (5.2),

isoÔtai me:

𝑇1 :=
𝛿𝐹

𝛿𝑏𝑖
= 2𝑤𝐶𝐿

𝐾𝐶𝐿𝐷
(𝐶𝐿 − 𝐶𝐿𝑡)⏟  ⏞  

𝐾𝐿

𝛿

𝛿𝑏𝑖

∫︁
𝑆𝑤𝑎𝑙𝑙

𝑝 �̂�𝑙 𝑟
2

𝑙 𝑑𝑆

+ 2𝑤𝐶𝐷
𝐾𝐶𝐿𝐷

𝐶𝐷⏟  ⏞  
𝐾𝐷

𝛿

𝛿𝑏𝑖

∫︁
𝑆𝑤𝑎𝑙𝑙

𝑝 �̂�𝑙 𝑟
1

𝑙 𝑑𝑆

=𝐾𝐿

⎛⎜⎝∫︁
𝑆𝑤𝑎𝑙𝑙

𝛿𝑝

𝛿𝑏𝑖
�̂�𝑙 𝑟

2
𝑙 𝑑𝑆 +

∫︁
𝑆𝑤𝑎𝑙𝑙

𝑝𝑟 2
𝑙

𝛿(�̂�𝑙𝑑𝑆)

𝛿𝑏𝑖
+

∫︁
𝑆𝑤𝑎𝑙𝑙

𝑝�̂�𝑙

�
�
��7

0
𝛿𝑟 2

𝑙

𝛿𝑏𝑖
𝑑𝑆

⎞⎟⎠
+ 𝐾𝐷

⎛⎜⎝∫︁
𝑆𝑤𝑎𝑙𝑙

𝛿𝑝

𝛿𝑏𝑖
�̂�𝑙 𝑟

1
𝑙 𝑑𝑆 +

∫︁
𝑆𝑤𝑎𝑙𝑙

𝑝𝑟 1
𝑙

𝛿(�̂�𝑙𝑑𝑆)

𝛿𝑏𝑖
+

∫︁
𝑆𝑤𝑎𝑙𝑙

𝑝�̂�𝑙

�
�
��7

0
𝛿𝑟 1

𝑙

𝛿𝑏𝑖
𝑑𝑆

⎞⎟⎠
=

∫︁
𝑆𝑤𝑎𝑙𝑙

(︀
𝐾𝐿�̂�𝑙 𝑟

2
𝑙 + 𝐾𝐷�̂�𝑙 𝑟

1
𝑙

)︀ 𝛿𝑝

𝛿𝑏𝑖
𝑑𝑆⏟  ⏞  

ABC𝑤𝑎𝑙𝑙

+

∫︁
𝑆𝑤𝑎𝑙𝑙

𝑝
(︀
𝐾𝐿𝑟

2
𝑙 + 𝐾𝐷𝑟

1
𝑙

)︀ 𝛿(�̂�𝑙𝑑𝑆)

𝛿𝑏𝑖⏟  ⏞  
SD

(5.11)

To pr¸to epifaneiakì olokl rwma pou perilamb�nei ton kostobìro ìro metabol c

twn roðk¸n megej¸n (pÐeshc) wc proc tic metablhtèc sqediasmoÔ, sto stereì ìrio

thc aerotom c, epib�lletai na apaleifjeÐ kai gia to lìgo autì lamb�netai upìyh sth

diatÔpwsh twn suzug¸n oriak¸n sunjhk¸n epÐ thc aerotom c. AntÐjeta, to deÔtero
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epifaneiakì olokl rwma pou afor� th metabol  twn gewmetrik¸n qarakthristik¸n

tou s¸matoc wc proc th metabol  twn metablht¸n sqediasmoÔ, suneisfèrei sthn

èkfrash twn parag¸gwn euaisjhsÐac.

An�lush 'Orou T2

Efarmìzontac to je¸rhma Green-Gauss o ìroc T2 analÔetai wc ex c:

𝑇2 :=

∫︁∫︁
𝛺

𝛹𝑛
𝜕𝑅𝑛

𝜕𝑏𝑖
𝑑𝛺 =

∫︁∫︁
𝛺

𝛹𝑛
𝜕

𝜕𝑏𝑖

(︂
𝜕𝑓𝑛𝑚
𝜕𝑥𝑚

)︂
𝑑𝛺

=

∫︁∫︁
𝛺

𝛹𝑛
𝜕

𝜕𝑥𝑚

(︂
𝜕𝑓𝑛𝑚
𝜕𝑏𝑖

)︂
𝑑𝛺

=

∫︁∫︁
𝛺

𝜕

𝜕𝑥𝑚

(︂
𝛹𝑛

𝜕𝑓𝑛𝑚
𝜕𝑏𝑖

)︂
𝑑𝛺 −

∫︁∫︁
𝛺

𝜕𝛹𝑛

𝜕𝑥𝑚

𝜕𝑓𝑛𝑚
𝜕𝑏𝑖

𝑑𝛺

=

∫︁
𝑆

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑏𝑖

�̂�𝑚𝑑𝑆 −
∫︁∫︁

𝛺

𝜕𝛹𝑛

𝜕𝑥𝑚

(︂
𝜕𝑓𝑛𝑚
𝜕𝑈𝑘

𝜕𝑈𝑘

𝜕𝑏𝑖

)︂
𝑑𝛺

=

∫︁
𝑆

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑏𝑖

�̂�𝑚𝑑𝑆⏟  ⏞  
T3

+

∫︁∫︁
𝛺

(︂
− 𝜕𝛹𝑛

𝜕𝑥𝑚

A𝑛𝑚𝑘

)︂
⏟  ⏞  

FAE

𝜕𝑈𝑘

𝜕𝑏𝑖
𝑑𝛺

(5.12)

MhdenÐzontac to olokl rwma pou perilamb�nei ton ìro
(︁

𝜕𝑈𝑘

𝜕𝑏𝑖

)︁
, prokÔptoun oi

exis¸seic tou suzugoÔc problhmatoc FAE, apofeÔgontac ètsi ton kostobìro

upologismì twn parag¸gwn twn roðk¸n megej¸n wc proc tic metablhtec sqediasmoÔ.

O ìroc T3 anaptÔssetai sth sunèqeia xeqwrist�.
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An�lush 'Orou T3

Epeid  h epif�neia 𝑆 apoteleÐtai apì ta stere� kai ta ep> �peiro ìria tou

upologistikoÔ qwrÐou, isqÔei ìti 𝑆 = 𝑆∞ ∪ 𝑆𝑤𝑎𝑙𝑙. AnalÔontac ton ìro T3 thc

exÐswshc (5.12), lamb�netai xeqwrist� h sumbol  k�je orÐou kai prokÔptoun ta

akìlouja:

𝑇3 :=

∫︁
𝑆

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑏𝑖

�̂�𝑚𝑑𝑆 =

∫︁
𝑆∞∪𝑆𝑤𝑎𝑙𝑙

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑏𝑖

�̂�𝑚𝑑𝑆

=

∫︁
𝑆∞

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑏𝑖

�̂�𝑚𝑑𝑆 +

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑏𝑖

�̂�𝑚𝑑𝑆

=

∫︁
𝑆∞

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑈𝑘

𝜕𝑈𝑘

𝜕𝑏𝑖
�̂�𝑚𝑑𝑆 +

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑏𝑖

�̂�𝑚𝑑𝑆

=

∫︁
𝑆∞

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑈𝑘

⎛⎜⎝𝛿𝑈𝑘

𝛿𝑏𝑖
− 𝜕𝑈𝑘

𝜕𝑥𝑙�
�
��7

0
𝛿𝑥𝑙

𝛿𝑏𝑖

⎞⎟⎠ �̂�𝑚𝑑𝑆 +

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑏𝑖

�̂�𝑚𝑑𝑆

=

∫︁
𝑆∞

𝛹𝑛 𝐴𝑛𝑚𝑘
𝛿𝑈𝑘

𝛿𝑏𝑖
�̂�𝑚𝑑𝑆⏟  ⏞  

ABC∞

+

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑏𝑖

�̂�𝑚𝑑𝑆⏟  ⏞  
T4

(5.13)

O pr¸toc ìroc ja kajorÐsei tic suzugeÐc oriakèc sunj kec sto ep> �peiro ìrio tou

upologistikoÔ qwrÐou, en¸ o ìroc T4 analÔetai parak�tw.

An�lush 'Orou T4

Sth sunèqeia, analÔetai peraitèrw o ìroc T4, me skopì na apodesmeutoÔn ìla ta

upìloipa oloklhr¸mata pou ja suneisfèroun stic parag¸gouc euaisjhsÐac kai na

parameÐnoun mìno oi ìroi pou sqetÐzontai me thn epibol  twn oriak¸n sunjhk¸n sto

suzugèc prìblhma. O en lìgw ìroc analÔetai wc ex c:

𝑇4 :=

∫︁
𝑆

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑏𝑖

�̂�𝑚𝑑𝑆

=

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑛
𝛿𝑓𝑛𝑚
𝛿𝑏𝑖

�̂�𝑚𝑑𝑆−
∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑥𝑙

�̂�𝑚
𝛿𝑥𝑙

𝛿𝑏𝑖
𝑑𝑆⏟  ⏞  

SD

=

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑛
𝛿 (𝑓𝑛𝑚�̂�𝑚)

𝛿𝑏𝑖
𝑑𝑆⏟  ⏞  

T5

−
∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑛 𝑓𝑛𝑚
𝛿�̂�𝑚

𝛿𝑏𝑖
𝑑𝑆⏟  ⏞  

SD

−
∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑥𝑙

�̂�𝑚
𝛿𝑥𝑙

𝛿𝑏𝑖
𝑑𝑆⏟  ⏞  

SD

(5.14)
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An�lush 'Orou T5

O ìroc autìc epib�lletai na analujeÐ peraitèrw diìti emperikleÐei suneisfor� stic

parag¸gouc euaisjhsÐac (SD), all� sumb�llei kai ston kajorismì twn suzug¸n

oriak¸n sunjhk¸n epÐ thc aerotom c.

Prin thn an�lush upenjumÐzetai ìti oi oriakèc sunj kec epÐlushc twn exis¸sewn ro c

eÐnai oi ex c:

Primal Wall Boundary Conditions (PBC𝑤𝑎𝑙𝑙) = −→𝑢 · −→𝑛 = 0 (5.15)

EpÐshc o ìroc tou oloklhr¸matoc T5 pou diaforÐzetai me to di�nusma metablht¸n

𝑏𝑖, eÐnai o ex c:

𝑓𝑛𝑚𝑛𝑚 =

⎡⎢⎣ 𝜚𝑢𝑚

𝜚𝑢𝑚𝑢𝑙 + 𝑝𝛿𝑙𝑚
𝜚𝑢𝑚𝐸

⎤⎥⎦𝑛𝑚 (5.16)

Me th qr sh twn sqèsewn (5.15) kai (5.16), o ìroc T5, analÔetai wc ex c:

𝑇5 :=

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑛
𝛿 (𝑓𝑛𝑚�̂�𝑚)

𝛿𝑏𝑖
𝑑𝑆 =

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑚+1
𝛿 (𝑝 �̂�𝑚)

𝛿𝑏𝑖
𝑑𝑆

=

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑚+1
𝛿𝑝

𝛿𝑏𝑖
�̂�𝑚𝑑𝑆⏟  ⏞  

ABC𝑤𝑎𝑙𝑙

+

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑚+1 𝑝
𝛿�̂�𝑚

𝛿𝑏𝑖
𝑑𝑆⏟  ⏞  

SD

, 𝑚[1, 2] (5.17)

Sto shmeÐo autì oloklhr¸netai h majhmatik  an�lush kai k�je olokl rwma

kathgoriopeÐtai se mÐa ek twn tri¸n om�dwn FAE, ABC kai SD. AkoloujeÐ h an�lush

thc k�je om�dac xeqwrist�.
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SuzugeÐc Pediakèc Exis¸seic (FAE)

Apì thn an�lush pou prohg jhke, oi pediakèc suzugeÐc exis¸seic (FAE) twn mìnimwn

exis¸sewn Euler (kef�laio 2), prokÔptoun apì ton teleutaÐo ìro thc exÐswshc (5.12)

prosjètontac se autìn ton yeudoqronikì ìro metabol c twn suzug¸n metablht¸n.

Autì to opoÐo prèpei na apofeuqjeÐ mèsw tou suzugoÔc probl matoc, eÐnai h apofug 

upologismoÔ twn pedÐwn
(︁

𝜕𝑈𝑘

𝜕𝑏𝑖

)︁
, o opoÐoc eÐnai kostobìroc. Dhlad  prèpei na

upologisteÐ èna kat�llhlo suzugèc pedÐo, apì tic akìloujec suzugeÐc exis¸seic:

𝜕𝛹𝑛

𝜕𝑡
− 𝜕𝛹𝑛

𝜕𝑥𝑚

A𝑛𝑚𝑘 = 0⇔ 𝜕𝛹𝑛

𝜕𝑡
−A𝑚𝑛𝑘

𝜕𝛹𝑛

𝜕𝑥𝑚

= 0

⇔ 𝜕𝛹𝑛

𝜕𝑡
−A𝑇

𝑛𝑚𝑘

𝜕𝛹𝑛

𝜕𝑥𝑚

= 0 (5.18)

SugkrÐnontac t¸ra tic suzugeÐc exis¸seic me tic exis¸seic tou eujèoc probl matoc

(primal) parathreÐtai h omoiìthta metaxÔ touc, me thn kÔria diafor� ìti oi suzugeÐc

exis¸seic den eÐnai sunthrhtikèc.

SuzugeÐc Oriakèc Sunj kec (ABC)

Gia na kajoristoÔn oi suzugeÐc oriakèc sunj kec ja prèpei h �jroish ìlwn twn

upoloÐpwn ìrwn (ABC) na eÐnai Ðsh me mhdèn. Sugkentr¸nontac touc ìrouc pou

aforoÔn ta ìria tou qwrÐou epÐlushc, prokÔptoun oi oriakèc sunj kec gia to suzugèc

prìblhma.

𝐴𝐵𝐶 :=

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛿𝑝

𝛿𝑏𝑖
�̂�𝑙𝑟𝑙𝑑𝑆 +

∫︁
𝑆∞

𝛹𝑛 𝐴𝑛𝑚𝑘
𝜕𝑈𝑘

𝜕𝑏𝑖
�̂�𝑚𝑑𝑆 +

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑚+1
𝛿𝑝

𝛿𝑏𝑖
�̂�𝑚𝑑𝑆

=

∫︁
𝑆∞

𝛹𝑛 𝐴𝑛𝑚𝑘
𝜕𝑈𝑘

𝜕𝑏𝑖
�̂�𝑚𝑑𝑆⏟  ⏞  

ABC∞

+

∫︁
𝑆𝑤𝑎𝑙𝑙

(︀
𝛹𝑚+1�̂�𝑚 +

(︀
𝐾𝐿�̂�𝑙 𝑟

2
𝑙 + 𝐾𝐷�̂�𝑙 𝑟

1
𝑙

)︀)︀ 𝛿𝑝

𝛿𝑏𝑖
𝑑𝑆⏟  ⏞  

ABC𝑤𝑎𝑙𝑙

(5.19)

Oi oriakèc sunj kec epib�llontai kat�llhla ¸ste na apofeuqjeÐ o kostobìroc

upologismìc thc metabol c twn roðk¸n megej¸n wc proc tic metablhtèc sqediasmoÔ(︁
𝜕𝑈𝑘

𝜕𝑏𝑖
, 𝛿𝑝

𝛿𝑏𝑖

)︁
.
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Gia ta ep> �peiro ìria (𝑆∞) prokÔptei h akìloujh oriak  sunj kh:

𝐴𝐵𝐶|𝑆∞ := �⃗� |𝑆∞ = 0⃗ (5.20)

en¸ gia ta stere� ìria (𝑆𝑤𝑎𝑙𝑙) prokÔptei ìti:

𝐴𝐵𝐶|𝑆𝑤𝑎𝑙𝑙
:= 𝛹𝑚+1|𝑆𝑤𝑎𝑙𝑙

�̂�𝑚 +
(︀
𝐾𝐿�̂�𝑙 𝑟

2
𝑙 + 𝐾𝐷�̂�𝑙 𝑟

1
𝑙

)︀
= 0 (5.21)

Par�gwgoi EuaisjhsÐac (SD)

H metabol  thc sun�rthshc kìstouc wc proc th metabol  twn metablht¸n sqediasmoÔ

prokÔptei apì thn �jroish ìlwn twn mh-mhdenik¸n ìrwn (SD) pou faÐnontai sthn

anwtèrw an�lush. Analutikìtera èqoume ta ex c:

𝛿𝐹𝑎𝑢𝑔

𝛿𝑏𝑖
=−

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑛 𝑓𝑛𝑚
𝛿�̂�𝑚

𝛿𝑏𝑖
𝑑𝑆 −

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑥𝑙

�̂�𝑚
𝛿𝑥𝑙

𝛿𝑏𝑖
𝑑𝑆

+

∫︁
𝑆𝑤𝑎𝑙𝑙

𝑝
(︀
𝐾𝐿𝑟

2
𝑙 + 𝐾𝐷𝑟

1
𝑙

)︀ 𝛿(�̂�𝑙𝑑𝑆)

𝛿𝑏𝑖
+

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑚+1 𝑝
𝛿�̂�𝑚

𝛿𝑏𝑖
𝑑𝑆

= +

∫︁
𝑆𝑤𝑎𝑙𝑙

(−𝛹𝑛 𝑓𝑛𝑚 + 𝛹𝑚+1 𝑝)
𝛿�̂�𝑚

𝛿𝑏𝑖
𝑑𝑆 −

∫︁
𝑆𝑤𝑎𝑙𝑙

𝛹𝑛
𝜕𝑓𝑛𝑚
𝜕𝑥𝑙

�̂�𝑚
𝛿𝑥𝑙

𝛿𝑏𝑖
𝑑𝑆

+

∫︁
𝑆𝑤𝑎𝑙𝑙

𝑝
(︀
𝐾𝐿𝑟

2
𝑙 + 𝐾𝐷𝑟

1
𝑙

)︀ 𝛿(�̂�𝑙𝑑𝑆)

𝛿𝑏𝑖
(5.22)

5.3 Prosarmog  Plègmatoc sth Nèa Morf 

Aerotom c

'Opwc anafèrjhke kai sthn eisagwg  tou kefalaÐou autoÔ, met� ton upologismì

twn parag¸gwn euaisjhsÐac (SD), upologÐzetai to nèo di�nusma metablht¸n 𝑏𝑛𝑒𝑤𝑛 .

Dedomènou ìti k�je sundiasmìc paramètrwn 𝑏𝑛𝑒𝑤𝑛 orÐzei monos manta mÐa aerotom ,

eÐnai eunìhto ìti par�getai mÐa nèa aerotom  sthn opoÐa den antistoiqeÐ to up�rqon

plègma (upologistikì qwrÐo).

Se autì to shmeÐo tou logismikoÔ, dÐnetai h dunatìthta na xanaparaqjeÐ to plègma

perib�llontac th nèa aerotom , kajìti qrhsimopoieÐtai oriìdeto plègma. H en lìgw

lÔsh den eÐnai p�ntote efikt , lìgw pijan c poluplokìthtac gewmetrÐac kai kat�



54 5. BeltistopoÐhsh me th Suzug  Teqnik 

sunèpeia lìgw auxhmènou kìstouc.

K�ti pio aplì eÐnai h qr sh enìc logismikoÔ to opoÐo analamb�nei na anaprosarmìsei

to  dh up�rqon plègma, sta stere� ìria 𝑆𝑤𝑎𝑙𝑙 thc nèac aerotom c. Autì den ja

all�xei th dom  tou plègmatoc, par� mìno tic suntetagmènec. Ta pleonekt mata

aut c thc mejìdou eÐnai ìti apofeÔgetai h kostobìra paragwg  nèou plègmatoc

kai, epiplèon, sthn perÐptwsh tou par�llhlou epexergast , apofeÔgetai h ek

nèou diamoÐrash tou upologistikoÔ qwrÐou. Ston antÐpoda, to meionèkthma thc

mejìdou eÐnai ìti se akraÐec metabolèc tou sq matoc, endèqetai h anaprosarmog 

tou plègmatoc na mhn eÐnai efikt , prokal¸ntac mh-apodekt� trigwnik� stoiqeÐa.

Analutikìtera, h diadikasÐa anaprosarmog c prospajeÐ na moir�sei tic meg�lec

metabolèc twn kìmbwn oi opoÐoi an koun sto stereì ìrio 𝑆𝑤𝑎𝑙𝑙, omoiìmorfa se ìlo

to upìloipo upoqwrÐo. Mìlic epimeristoÔn oi en lìgw metabolèc se ìlo to upìloipo

qwrÐo, oi up�rqontec kìmboi anane¸nontai wc proc tic suntetagmènec touc kai mporeÐ

na paraqjeÐ ek nèou h dom  dedomènwn tou upoqwrÐou.

Gia na gÐnei pio katanohtì, sta sq mata 5.2 faÐnetai h allag  sto sq ma thc

aerotom c met� apì k�poiouc kÔklouc beltistopoÐhshc kai to pwc h nèa aerotom 

den sèbetai to up�rqon plègma.

X

Y

0 0.2

(aþ)

X

Y

0 0.2 0.4 0.6 0.8 1

-0.4

-0.2

0

0.2

0.4

(bþ)

Sq ma 5.2: (aþ) Nèo sq ma aerotom c (kìkkino qr¸ma) se antiparabol  me to arqikì
sq ma (kuanì qr¸ma). (bþ) Mh epaf  tou oriìdetou plègmatoc me th nèa paragìmenh
aerotom .

Apì to sq ma 5.2aþ, eÐnai emfan c h metakÐnhsh twn kìmbwn tou toiq¸matoc 𝑆𝑤𝑎𝑙𝑙. Gia

ton omoiìmorfo epimerismì aut¸n twn metabol¸n suntetagmènwn gia touc kìmbouc

autoÔc tìso kat� ton (𝑥), ìso kai ta ton (𝑦) �xona, ja qrhsimopoihjeÐ mÐa exÐswsh



5.3. Prosarmog  Plègmatoc sth Nèa Morf  Aerotom c 55

Laplace gia k�je �xona. H idiìthta twn exis¸sewn aut¸n eÐnai na omalopoi soun

tuqìn èntonec anwmalÐec apì ta ìria tou qwrÐou sta opoÐa efarmìzontai, mèsw thc

metafor�c aut¸n proc to eswterikì tou qwrÐou.

Oi exis¸seic oi opoÐec epilÔontai, se dianusmatik  morf , eÐnai oi ex c:∫︁∫︁
𝛺

∇2−→𝑀 𝑑𝛺 = 0 (5.23)

ìpou
−→
𝑀 eÐnai to mhtr¸o metakin sewn twn kìmbwn kat� ton (𝑥, 𝑦) �xona. Me thn

efarmog  tou jewr matoc Green-Gauss, oi anwtèrw exis¸seic katal goun stic ex c:∮︁
𝑆𝛺

∇
−→
𝑀 · ⃗̂𝑛 𝑑𝑆 = 0 (5.24)

Sto shmeÐo autì shmei¸netai ìti h epÐlush twn exis¸sewn, pragmatopoieÐtai sto

up�rqon plègma, diathr¸ntac to amet�blhto kat� th di�rkeia thc lÔshc.

Gia thn epÐlush tou anwtèrw sust matoc exis¸sewn qrhsimopoieÐtai h Dèlta

DiatÔpwsh (Delta Formulation). Oi oriakèc sunj kec pou efarmìzontai gia thn

epÐlush eÐnai oi ex c:

𝐵𝐶|𝑆∞ → 𝐿𝐻𝑆𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 =
−→
𝐼

𝐿𝐻𝑆𝑁𝑂𝑁𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 =
−→
0

𝑅𝐻𝑆 =
−→
0

𝐵𝐶|𝑆𝑤𝑎𝑙𝑙
→ 𝐿𝐻𝑆𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 =

−→
𝐼

𝐿𝐻𝑆𝑁𝑂𝑁𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 =
−→
0

𝑅𝐻𝑆 =
−→
𝑀 (5.25)

ìpou to mhtr¸o metakin sewn
−→
𝑀 isoÔtai me:

−−−−→
𝑀 |𝑆𝑤𝑎𝑙𝑙

=
−→
𝑋 𝑖|𝑏𝑒𝑓 −

−→
𝑋 𝑖|𝑎𝑓𝑡𝑒𝑟 (5.26)

ìpou
−→
𝑋 𝑖|𝑏𝑒𝑓 oi suntetagmènec twn kìmbwn thc aerotom c prin thn ananèwsh thc

morf c thc en¸
−→
𝑋 𝑖|𝑎𝑓𝑡𝑒𝑟 oi suntetagmènec twn kìmbwn thc morf c pou proèkuye

lìgw twn nèwn tim¸n twn metablht¸n sqediasmoÔ. Met� thn epÐlush twn exis¸sewn

anane¸nontai oi suntetagmènec twn kìmbwn tou upologistikoÔ qwrÐou
−→
𝑋 𝑖|𝑀𝑜𝑟ℎ𝑒𝑑, wc
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k�twji:
−→
𝑋 𝑖|𝑀𝑜𝑟ℎ𝑒𝑑 =

−→
𝑋 𝑖|𝑏𝑒𝑓 +

−→
𝑀 (5.27)

Sta sq mata 5.3 faÐnetai pwc h arqik  metakÐnhsh twn kìmbwn pou an koun sto

sÔnoro 𝑆|𝑤𝑎𝑙𝑙, diamoir�zetai sto sunolikì upoqwrÐo.
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Y

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8 0.00075
0.0007
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0.0005
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0.0004
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0.00025
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0.00015
0.0001
5E-05

(aþ)

X

Y
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1
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2
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0.0007
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0.0002
0.00015
0.0001
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(bþ)

Sq ma 5.3: (aþ) Metakin seic kìmbwn toiq¸matoc lìgw allag c thc aerotom c. (bþ)
Metakin seic kìmbwn sunolikoÔ upologistikoÔ qwrÐou met� thn efarmog  thc prosar-
mog c plègmatoc.

5.4 DiadikasÐa SqediasmoÔ me th Suneq  Su-

zug  Teqnik 

Kat� th diadikasÐa sqediasmoÔ thc beltistopoÐhshc epÐ thc memonwmènhc aerotom c,

arqik� kajorÐzetai h sun�rthsh kìstouc F, ìpwc analÔjhke sthn enìthta 5.2.1.

Epilègetai to gewmetrikì montèlo parametropoÐhshc thc aerotom c, mèsw twn

poluwnÔmwn Bézier kai, sth sunèqeia, h mèjodoc beltistopoÐhshc (apìtomhc

anìdou-kajìdou), en¸ gia ton upologismì thc parag¸gou thc sun�rthshc kìstouc

wc proc tic metablhtèc sqediasmoÔ, qrhsimopoieÐtai h suneq c suzug c mèjodoc.

Se sunèqeia twn anwtèrw, o algìrijmoc sqediasmoÔ-beltistopoÐhshc o opoÐoc

programmatÐzetai, eÐnai o ex c:

(𝛼) Epilog  twn arqik¸n suntelest¸n
−→
𝑏𝑛 gia to b ma 𝑛 = 0.
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(𝛽) B�sh twn anwtèrw suntlest¸n kai qrhsimopoi¸ntac to montèlo

parametropoÐhshc, par�getai to perÐgramma mÐac arqik c aerotom c proc

beltistopoÐhsh.

(𝛾) Par�getai to arqikì plègma gÔrw apì aut  thn aerotom .

(𝛿) EpilÔontai oi exis¸seic ro c kai upologÐzontai oi timèc twn metablht¸n thc

ro c
−→
𝑈𝑛 kai h tim  thc 𝐹 𝑛

𝑜𝑏𝑗.

(𝜖) EpÐlush twn suzug¸n exis¸sewn kai upologismìc twn suzug¸n metablht¸n

𝛹𝑛.

(𝜎𝜏) Upologismìc twn parag¸gwn euaisjhsÐac ( 𝛿𝐹
𝛿𝑏𝑖

).

(𝜁) Ananèwsh twn metablht¸n sqediasmoÔ me th mèjodo thc apìtomhc

anìdou/kajìdou.

(𝜂) Metabol  tou sq matoc thc aerotom c kai upologismìc thc metakÐnhshc twn

kìmbwn tou toiq¸matoc thc.

(𝜃) Anaprosarmog  tou plègmatoc sto nèo sq ma thc aerotom c   epanaparagwg 

tou plègmatoc gÔrw apì autì.

(𝜂) Epistrof  sto b ma (a) me 𝑛← 𝑛 + 1

5.5 Upologismìc se Par�llhlo Upologistikì

Perib�llon

5.5.1 Algìrijmoi ParallhlopoÐhshc SuzugoÔc Pro-

bl matoc - Prosarmog c Plègmatoc

Prokeimènou ta tm mata tou logismikoÔ pou epilÔoun to suzugèc prìblhma

kai prosarmìzoun to plègma, na mporoÔn na ektelestoÔn se par�llhlo

upologistikì perib�llon, to logismikì tropopoi jhke kat� trìpo ìmoio me autì pou

qrhsimopoi jhke gia thn parallhlopoÐhsh tou tm matoc epÐlushc tou prwteÔontoc

prol matoc. Kat� sunèpeia, to upologistikì fortÐo tou suzugoÔc prol matoc all�

kai thc prosarmog c tou plègmatoc, diamoir�zetai stouc an�logouc ergazìmenouc

sÔmfwna me th diamèrish pou anafèrjhke sto kef�laio 4.
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Oi suzugeÐc exis¸seic epilÔontai me ton Ðdio algìrijmo tou yeudo-qronikoÔ b matoc

olokl rwshc (upoenìthta 3.2.7 kai 4.2.6) kai gia to lìgo autì den ja anaptuqjeÐ

analutik� o algìrijmoc gia to suzugèc prìblhma. Sunoptik� anafèretai ìti

epib�lletai ìloi oi ergazìmenoi na brÐskontai sto Ðdio yeudo-qronikì shmeÐo thc

epÐlushc. Sthn epÐlush tou suzugoÔc probl matoc, omoÐwc me thn epÐlush twn

exis¸sewn ro c, autì epitugq�netai mèsw tou suntonist . Epiprìsjeta, kai kat>

antistoiqÐa me thn epÐlush twn exis¸sewn ro c orÐzetai h l xh thc epÐlushc sÔmfwna

me ta krit ria sÔgklishc apì to suntonist . Sto shmeÐo autì shmei¸netai ìti to

suzugèc prìblhma epilÔetai me sq ma diakritopoÐhshc pr¸thc t�xhc kai den apaiteÐtai

upologismìc kai epikoinwnÐa twn parag¸gwn twn suzug¸n metablht¸n.

Se ìti afor�, thn parallhlopoÐhsh thc prosarmog c tou plègmatoc, epÐshc

akoloujeÐtai to montèlo suntonist -ergazìmenou. Se antÐjesh me thn epÐlush twn

exis¸sewn ro c, oi exis¸seic thc anaprosarmog c tou plègmatoc (5.24) den apaitoÔn

yeudo-qronikì b ma olokl rwshc, all� epilÔontai me thn epanalhptik  mèjodo Ja-

cobi. Kat� sunèpeia, o suntonist c diasfalÐzei ìloi oi ergazìmenoi na brÐskontai

sto Ðdio b ma thc epanalhptik c mejìdou Jacobi, elègqontac k�je for� to upìloipo

twn exis¸sewn. Sthn perÐptwsh pou ikanopoihjeÐ to krit rio sÔgklishc gia tic

exis¸seic prosarmog c tou plègmatoc, termatÐzei th diadikasÐa anaprosarmog c,

sugkentr¸nei tic nèec suntetagmènec twn kìmbwn tou upologistikoÔ qwrÐou kai

tup¸nei ta apaitoÔmena arqeÐa apotelesm�twn.

Epeid  o suntonist c diajètei ìlh thn apaitoÔmenh plhroforÐa gia thn olokl rwsh

tou upologismoÔ twn parag¸gwn eaisjhsÐac kai thn paragwg  tou nèou sq matoc

aerotom c, o algìrijmoc anaprosarmog c tou plègmatoc diamorf¸netai wc ex c:

(𝛼) Sto suntonist  sugkentr¸nontai ìla ta stoiqeÐa twn parag¸gwn euaisjhsÐac

pou èqoun upologisteÐ apì touc ergazìmenouc kat� thn epÐlush tou suzugoÔc

probl matoc.

(𝛽) O suntonist c upologÐzei to nèo di�nusma metablht¸n 𝑏𝑛𝑒𝑤𝑛 kai me b�sh autì

par�gei mÐa nèa aerotom .

(𝛾) O suntonist c upologÐzei tic metabolèc twn kìmbwn twn toiqwm�twn thc

aerotom c kai sunt�sei to di�nusma
−→
𝑀 |𝑆𝑤𝑎𝑙𝑙

.

(𝛿) Apostèlletai to di�nusma
−→
𝑀 |𝑆𝑤𝑎𝑙𝑙

, se ìlouc touc ergazomènouc gia na

qrhsimopoi soun me th seir� touc ta stoiqeÐa pou anafèrontai sto topikì touc

upoqwrÐo.

(𝜖) EkkineÐtai h diadikasÐa anaprosarmog c tou plègmatoc se k�je ergazìmeno.
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(𝜎𝜏) Se k�je epan�lhyh Jacobi antall�ssontai metaxÔ twn ergazomènwn:

(aþ) Oi upologizìmenec par�gwgoi ∇
−→
𝑀 gia touc kìmbouc epikoinwnÐac.

(bþ) Oi upologizìmenec posìthtec
−→
𝛿𝑀 |𝑆𝑤𝑎𝑙𝑙

twn kìmbwn epikoinwnÐac.

(𝜁) Se k�je epan�lhyh Jacobi antall�ssontai metaxÔ tou suntonist  kai twn

ergazomènwn:

(aþ) Ta upìloipa twn exis¸sewn upologismoÔ.

(bþ) H apìfash sunèqishc   ìqi thc epÐlushc.

(𝜂) Met� th sÔgklish twn exis¸sewn sugkentr¸nontai oi nèec suntetagmènec

twn kìmbwn kai par�gontai ta arqeÐa apotelesm�twn thc anaprosarmog c

plègmatoc.

5.5.2 EpikoinwnÐec

Se sunèqeia twn ìswn anafèrjhkan prohgoumènwc, eÐnai epakìloujo na apaitoÔntai

epiplèon epikoinwnÐec lìgw tìso tou suzugoÔc probl matoc ìso kai thc prosarmog c

tou plègmatoc.

EpikoinwnÐec SuzugoÔc Probl matoc

Epeid  to suzugèc prìblhma epilÔetai panomoiìtupa me to eujÔ prìblhma,

qrhsimopoioÔntai oi Ðdiec domèc epikoinwnÐac, oi opoÐec parousi�zontai parak�tw:

(𝛼) MetaxÔ geitonik¸n ergazìmenwn, mÐa for�, prin thn pr¸th epan�lhyh Jacobi,

gia na apodojoÔn kai na lhfjoÔn oi metabolèc pou upologÐzontai gia touc

{energoÔc} kai {anenergoÔc} kìmbouc antÐstoiqa, me skopì na arqikopoihjeÐ

to sq ma epÐlushc gia k�je topikì kìmbo (𝑃 ) tou upoqwrÐou.

(𝛽) MetaxÔ geitonik¸n ergazìmenwn, se k�je epan�lhyh Jacobi gia thn apostol 

twn metabol¸n pou upologÐzontai gia touc {energoÔc} kìmbouc kai tautìqrona,

l yh twn metabol¸n gia touc {anenergoÔc} kìmbouc tou upoqwrÐou.

(𝛾) MetaxÔ suntonist  kai ergazomènwn, se k�je yeudo-qronikì b ma gia thn

apostol  twn upìloipwn twn exis¸sewn apì touc ergazìmenouc kai thn

apostol  thc apìfashc sunèqishc   ìqi thc epÐlushc apì to suntonist .
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(𝛿) Met� to tèloc thc epÐlushc twn exis¸sewn, metaxÔ suntonist  kai

ergazomènwn, gia na apodojoÔn oi timèc twn upologizìmenwn metablht¸n tou

suzugoÔc probl matoc gia k�je kìmbo tou upologistikoÔ qwrÐou.

EpikoinwnÐec Prosarmog c Plègmatoc

SÔmfwna me ton algìrijmo anaprosarmog c tou plègmatoc pou anaptÔqjhke

parap�nw, oi apaitoÔmenec epikoinwnÐec eÐnai oi ex c:

(𝛼) Arqik� metaxÔ ergazomènwn-suntonist  gia thn apostol  twn tim¸n twn

parag¸gwn euaisjhsÐac.

(𝛽) MetaxÔ suntonist -ergazomènwn gia thn apostol  tou dianÔsmatoc
−→
𝑀 |𝑆𝑤𝑎𝑙𝑙

.

(𝛾) MetaxÔ ergazomènwn gia thn antallag  twn upologizìmenwn tim¸n twn

parag¸gwn ∇
−→
𝑀 .

(𝛿) MetaxÔ ergazomènwn gia thn antallag  twn upologizìmenwn posot twn
−→
𝛿𝑀 |𝑆𝑤𝑎𝑙𝑙

twn kìmbwn epikoinwnÐac.

(𝜖) MetaxÔ ergazomènwn-suntonist  gia thn apostol  twn upoloÐpwn twn

exis¸sewn thc anaprosarmog c tou plègmatoc.

(𝜎𝜏) MetaxÔ suntonist -ergazomènwn gia thn apostol  thc apìfashc sunèqishc  

ìqi thc epÐlushc.

(𝜁) MetaxÔ ergazomènwn-suntonist  gia thn apostol  twn telik¸n suntetagmènwn

twn kìmbwn tou upologistikoÔ qwrÐou.

Tèloc, anafèretai ìti up�rqoun kai epikoinwnÐec oi opoÐec pragmatopoioÔntai mÐa for�

se k�je kÔklo beltistopoÐhshc kai faÐnontai sto di�gramma ro c 5.5 pou analÔetai

parak�tw.

5.5.3 Di�gramma Ro c LogismikoÔ BeltistopoÐhshc

Epeid  o algìrijmoc pou epilÔei tic exis¸seic tou suzugoÔc probl matoc eÐnai

panomoiìtupoc me autìn pou epilueÐ tic exis¸seic tou prwteÔontoc probl matoc, to

di�gramma ro c ergasi¸n tou eÐnai to Ðdio me autì tou sq matoc 4.5 afair¸ntac to

tm ma tou upologismoÔ kai epikoinwnÐac twn parag¸gwn.
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To di�gramma ro c thc prosarmog c tou plègmatoc se par�llhlo epexergast ,

parousi�zetai sto sq ma 5.4:

Suntonist c ErgazìmenocEpikoinwnÐec
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Compute M
Wall Vector
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Build Global
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inter-process

commu-
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Build LHS
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inter-process
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for ∆M

Update
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Compute
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send
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Coordinates
vector send

True
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True

False

Sq ma 5.4: Di�gramma ro c ergasi¸n prosarmog c tou ufist�menou plègmatoc sto
nèo sq ma thc aerotom c.

Sto di�gramma ro c ergasi¸n tou sunolikoÔ logismikoÔ, ta tm mata autoÔ pou

epilÔoun to prwteÔon, to suzugèc prìblhma kai prosarmìzoun to plègma ja

parousiastoÔn apl� me èna kìmbo an�logou onìmatoc, kajìti oi ergasÐec pou

ekteloÔntai se aut� parousi�sthkan ekten¸c sta sq mata 4.5 kai 5.4.

Apì ta anwtèrw prokÔptei to di�gramma ro c ergasi¸n, tou anaptuqjènoc logismikoÔ

ìtan autì ekteleÐtai se kÔklouc beltistopoÐhshc se par�llhlo epexergast  kai

parousi�zetai sto sq ma 5.5.
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Sq ma 5.5: Di�gramma ro c ergasi¸n tou anaptuqjèntoc logismikoÔ se par�llhlo
epexergast , kat� thn ektèlesh kÔklwn beltistopoÐhshc.



Kef�laio 6

Prìlexh PedÐwn Ro c kai Qrìnoi

SÔgklishc

To kef�laio xekin� me thn pistopoÐhsh tou anaptuqjèntoc logismikoÔ sthn ergasÐa.

'Epeita parousi�zetai h apotÐmhsh tou kèrdouc sthn perÐptwsh efarmog c tou k¸dika

se par�llhlo epexergast  en antijèsei me th seiriak  tou ektèlesh. Autì ja

epiteuqjeÐ eÐte enall�ssontac to mègejoc thc upologistik c isqÔoc eÐte ton ìgko

upologism¸n se efarmogèc prìlexhc 2D mìnimwn atrib¸n ro¸n, uyhl¸n arijm¸n

Mach, se memonwmènec aerotomèc .

To kef�laio oloklhr¸netai me thn parousÐash apotelesm�twn prìlexhc tou pedÐou

ro c kai tou suzugoÔc pedÐou se k�poia eÐdh aerotom¸n.

Stic peript¸seic pou akoloujoÔn, h an�lush pragmatopoieÐtai me to anaptuqjèn

logismikì, en¸ oi rujmoÐ sÔgklishc pou parousi�zontai, dÐnontai sth morf  tou

dekadikoÔ logarÐjmou thc nìrmac tou upoloÐpou twn epiluìmenwn exis¸sewn.

6.1 PistopoÐhsh LogismikoÔ

Prin th sÔgkrish opoioud pote �llou apotelèsmatoc proèqei h epal jeush tou

anaptuqjèntoc logismikoÔ. To logismikì pou qrhsimopoÐhjhke sthn ergasÐa wc b�sh,

apotèlese antikeÐmeno diatrib¸n tou ergasthrÐou MPUR&B/EMP, ìpou up rxe

epark c pistopoÐhsh tou se eÔroc efarmog¸n.

Dedomènwn twn anwtèrw, h epal jeush tou anaptuqjèntoc logismikoÔ, met� thn

63
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efarmog  tou prwtìkollou epikonwnÐac MPI, pragmatopoieÐtai mèsw tou logismikoÔ

b�shc pou qrhsimopoi jhke. Gia arq  sugkrÐnetai o rujmìc sÔgklishc twn

epiluìmenwn exis¸sewn tou seiriakoÔ logismikoÔ tou ergasthrÐou MPUR&B/EMP,

me ton antÐstoiqo tou anaptuqjèntoc logismikoÔ se seiriak  ektèlesh. Sth sunèqeia

kai dedomènhc thc taÔtishc twn dÔo anwtèrw rujm¸n sÔgklishc, sugkrÐnetai o

antÐstoiqoc rujmìc sÔgklishc thc seiriak c ektèleshc me autìn thc par�llhlhc

ektèleshc tou anaptuqjèntoc logismikoÔ.

H efarmog  h opoÐa qrhsimopoi jhke gia thn epal jeush tou logismikoÔ thc

ergasÐac, eÐnai h prìlexh 2D mìnimhc atriboÔc ro c, me 𝑀∞ = 0.5, gwnÐa ep> �peiro

ro c 𝛼∞ = 3o, se memonwmènh aerotom  NACA 0012 kai plègma perÐpou 4700 kìmbwn.

Endeiktik� sta sq mata 6.1 kai 6.2, paratÐjetai h poreÐa sÔgklishc tou upoloÐpou

gia thn exÐswsh thc sunèqeiac kai th suzug  aut c antÐstoiqa, gia to logismikì thc

MPUR&B/EMP kai to anaptuqjèn logismikì se seiriak  kai par�llhlh leitourgÐa.

-22
-20
-18
-16
-14
-12
-10
-8
-6
-4
-2

 0  200  400  600  800  1000  1200

R
es

id
ua

l L
og

10

Iterations

Euler PCopt
Euler sequential

Euler parallel

Sq ma 6.1: Di�gramma sÔgklishc thc exÐswshc thc puknìthtac tou prwteÔontoc
probl matoc.



6.2. Epit�qunsh LogismikoÔ se Par�llhlo Epexergast  65

-22
-20
-18
-16
-14
-12
-10
-8
-6
-4
-2
 0

 0  100 200 300 400 500 600 700 800 900 1000

R
es

id
ua

l L
og

10

Iterations

Adjoint PCopt
Adjoint sequential

Adjoint parallel

Sq ma 6.2: Di�gramma sÔgklishc thc exÐswshc thc suzugoÔc puknìthtac.

'Opwc faÐnetai sta sq mata 6.1 kai 6.2, h poreÐa sÔgklishc twn dÔo logismik¸n

tautÐzetai tìso gia tic exis¸seic ro c ìso kai gia tic suzugeÐc exis¸seic. Apì ed¸

kai sto ex c to anaptuqjèn logismikì jewreÐtai pistopoihmèno kai kata sunèpeia

dÔnatai na qrhsimopoihjeÐ gia na melethjoÔn oi peript¸seic stic opoÐec efarmìsthke

kai parousi�zontai parak�tw.

6.2 Epit�qunsh LogismikoÔ se Par�llhlo E-

pexergast 

Parak�tw parousi�zetai h epit�qunsh tou anaptuqjèntoc logismikoÔ sto plaÐsio

thc ergasÐac, se par�llhlo poluepexergastikì sÔsthma tou ergasthrÐou

MPUR&B/EMP.

Gia thn an�lush thc epit�qunshc epilèqjhke atrib c ro , qronik� mìnimh, h opoÐa

prospÐptei se aerotom  NACA 0012 me gwnÐa 𝛼∞ = 3o kai 𝑀∞ = 0.5.

Gia na eleqjeÐ h epit�qunsh tou logismikoÔ, h anwtèrw perÐptwsh efarmìsthke se

trÐa plègmata, araiì, mesaÐo kai puknì, ta opoÐa apoteloÔntai apì 3469, 6734 kai

11149 kìmbouc antÐstoiqa.
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Sq ma 6.3: Posostì aÔxhshc twn kìmbwn epikoinwnÐac se sun�rthsh me ta upoqwrÐa
epÐlushc.

Sto di�gramma 6.3 parousi�zetai h aÔxhsh tou posostoÔ twn kìmbwn epikoinwnÐac

wc proc touc sunolikoÔc kìmbouc tou plègmatoc, kaj¸c aux�netai o arijmìc twn

upoqwrÐwn, gia kajemÐa apì tic treic peript¸seic pou proanafèrjhkan.
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Sq ma 6.4: (aþ) Epit�qunsh logismikoÔ epÐlushc exis¸sewn prwteÔontoc probl ma-
toc me akrÐbeia sq matoc upologismoÔ 1hc t�xhc. (bþ) Epit�qunsh logismikoÔ epÐlushc
exis¸sewn prwteÔontoc probl matoc me akrÐbeia sq matoc upologismoÔ 2hc t�xhc.

Sta sq mata 6.4 parousi�zetai h epit�qunsh tou anaptuqjèntoc logismikoÔ se

par�llhlo epexergast , tìso gia 1hc t�xhc akrÐbeiac tou sq matoc upologismoÔ, ìso

kai gia 2hc t�xhc akrÐbeiac. ParathreÐtai ìti mèqri ton arijmì twn pènte upoqwrÐwn,
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akoloujeÐtai sqetik� h ideat  epit�qunsh, h opoÐa anaparÐstatai me th diag¸nio maÔrh

eujeÐa sta sq mata. Pèran autoÔ tou arijmoÔ upoqwrÐwn parousi�zetai mÐa emfan c

apìklish apì thn ideat  klÐsh epit�qunshc to opoÐo ofeÐletai sthn auxhmènh apaÐthsh

epikoinwnÐac lìgw aÔxhshc twn kìmbwn epikoinwnÐac, ìpwc autì faÐnetai apì to

sq ma 6.3.

Epiprìsjeta parathreÐtai ìti ìso pukn¸nei to plègma h epit�qunsh keÐtetai pio kont�

sthn ideat . Autì eÐnai logikì me b�sh to sq ma 6.3, efìson sto pio puknì plègma

to posostì twn kìmbwn epikoinwnÐac eÐnai mikrìtero se sqèsh me enìc pio araioÔ

plègmatoc.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1
 1.1

 0  1  2  3  4  5  6  7
 0

 5

 10

 15

 20

 25

T
im

e 
in

cr
ea

se
 p

er
ce

nt
an

ge

C
om

m
un

ic
at

io
n 

no
de

s 
in

cr
ea

se
 r

at
io

CPUs

comm nodes increase ratio
1st vs 2nd order

Sq ma 6.5: Pr�sinh kampÔlh: Posostì thc aÔxhshc tou apaitoÔmenou qrìnou epÐlu-
shc gia 2hc t�xhc akrÐbeia wc proc to qrìno epÐlushc 1hc t�xhc akrÐbeiac se sun�rthsh
me ton arijmì twn upoqwrÐwn epÐlushc. Mwb kampÔlh: Lìgoc thc aÔxhshc tou arijmoÔ
twn kìmbwn epikoinwnÐac se sqèsh me touc sunolikoÔc kìmbouc se sun�rthsh me ton
arijmì twn upoqwrÐwn epÐlushc.

Sto sq ma 6.5 parathreÐtai ìti sto araiì plègma, ìso aux�nontai oi kìmboi

epikoinwnÐac me shmeÐo anafor�c to mhdèn sta dÔo (2) upoqwrÐa epÐlushc, tìso

mikrìteroc epiprìsjetoc qrìnoc epÐlushc apaiteÐtai gia thn aÔxhsh thc t�xhc

akrÐbeiac tou sq matoc upologismoÔ.
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Sq ma 6.6: 'Omoia apotelèsmata parathroÔntai kai sto plègma mesaÐou megèjouc
ìpwc sto araiì tou sq matoc 6.5.
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Sq ma 6.7: OmoÐwc me to sq ma 6.5.

Se antÐjesh me ta sqìlia twn sqhm�twn 6.5 kai 6.6, sto puknì plègma sÔmfwna me to

sq ma 6.7, parathreÐtai ìti qrìnoc epÐlushc gia diaforetik  t�xhc akrÐbeia paramènei

sqetik� stajerìc. Autì shmaÐnei ìti to kèrdoc lìgw thc par�llhlhc ektèleshc

apomei¸netai apì tic epikoinwnÐec. Autì apoteleÐ akìma mÐa èndeixh ìti to en lìgw

plègma den eÐnai arket� puknì se sqèsh me ta �lla dÔo.
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6.3 Kèrdoc epÐ thc BeltistopoÐhshc se Par�l-

lhlo Epexergast 

Sthn enìthta aut  parousi�zetai h epit�qunsh tou anaptuqjèntoc logismikoÔ kat�

th leitourgÐa 5 kÔklwn beltistopoÐhshc epÐ tou sq matoc mÐac aerotom c, me stìqo

thn aÔxhsh tou suntelest  �nwshc.

Gia to sqediasmì thc aerotom c qrhsimopoi jhkan 30 shmeÐa Bézier, 15 gia thn

perioq  pÐeshc kai 15 gia thn perioq  upopÐeshc. To plègma  tan mh-domhmèno me

12504 kìmbouc sunolik�. H ro   tan atrib c, qronik� mìnimh, h opoÐa prospÐptei sthn

aerotom  me 𝛼∞ = 3o kai 𝑀∞ = 0.5. Tèloc h sÔgkrish pragmatopoieÐtai ston Ðdio

arijmì epanal yewn tìso gia thn epÐlush tou prwteÔontoc, ìso kai gia tou suzugoÔc

probl matoc, en¸ qrhsimopoi jhke sq ma upologismoÔ 2hc t�xhc akrÐbeiac.
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Sq ma 6.8: Di�gramma epit�qunshc tou logismikoÔ se leitourgÐa 5 kÔklwn belti-
stopoÐhshc tou sq matoc aerotom c (12504 kìmboi).

Sto sq ma 6.8 apotup¸netai h epit�qunsh thc beltistopoÐhshc wc sun�rthsh tou

arijmoÔ twn upoqwrÐwn pou qrhsimopoioÔntai. ParathreÐtai ìti èwc kai ta trÐa

upoqwrÐa h epit�qunsh prosseggÐzei thn idanik  kampÔlh en¸ met� apì autìn ton

arijmì apoklÐnei lìgw thc aÔxhshc twn epikoinwni¸n.

Sth sunèqeia, gia thn Ðdia perÐptwsh (aerotom  kai sunj kec ro c), oi kìmboi tou

plègmatoc aux�nontai stouc 49572 kai qrhsimopoioÔntai èwc 60 epexergastèc.
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Sq ma 6.9: Di�gramma epit�qunshc tou logismikoÔ se leitourgÐa 5 kÔklwn belti-
stopoÐhshc tou sq matoc aerotom c (49572 kìmboi).

Sto sq ma 6.9 parathreÐtai ìti h epit�qunsh tou logismikoÔ sqedìn sumpÐptei me

thn idanik  kampÔlh èwc kai touc 10 epexergastèc, en¸ pèra apì autì to shmeÐo

parathreÐtai ìti to kìstoc epikoinwni¸n ephre�zei arnhtik�, mei¸nontac thn klÐsh

thc epit�qunshc. Apì autì faÐnetai ìti se probl mata megalÔterhc klÐmakac sthn

perioq  ìpou h epit�qunsh teÐnei na eÐnai sqedìn grammik  wc proc th qr sh twn

epexergast¸n gia èna arijmì aut¸n, to logismikì èqei ton kalÔtero bajmì apìdoshc.

6.4 Prìlexh PedÐou Ro c kai SuzugoÔc Pe-

dÐou

Endeiktik� gia thn aerotom  thc enìthtac 6.3, paratÐjentai sq mata pou

parousi�zoun poiotik� to pedÐo ro c all� kai to suzugèc pedÐo.

Sto sq ma 6.10 parousi�zetai sta arister� h metabol  tou sq matoc thc aerotom c

apì ton pr¸to ston pèmpto kÔklo beltistopoÐhshc kai dexi� h katanom  tou arijmoÔ

Mach sto telikì sq ma thc aerotom c.

Sto sq ma 6.11 antiparab�llontai to pedÐo ro c thc puknìthtac arister�, me to

pedÐo thc suzugoÔc puknìthtac. ParathreÐtai ìti to suzugèc pedÐo eÐnai an�strofo

se sqèsh me to antÐstoiqo tou prwteÔontoc probl matoc.
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Sq ma 6.10: (aþ) Sq ma aerotom c ston pr¸to kÔklo beltistopoÐhshc (kuanì qr¸ma)
kai ston pèmpto (kìkkino qr¸ma), me stìqo th megistopoÐhsh thc �nwshc. (bþ) Katanom 
tou arijmoÔ Mach sto beltistopoihmèno sq ma aerotom c.
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Sq ma 6.11: (aþ) PedÐo ro c thc exÐswshc sunèqeiac. (bþ) PedÐo Ro c gia th suzug 
puknìthta.
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6.5 BeltistopoÐhsh Morf c Aerotom c NA-

CA 4415

Parak�tw analÔetai h beltistopoÐhsh thc morf c thc aerotom c NACA 4415 me

skopì thn aÔxhsh tou suntelest  �nwshc, efarmìzontac to anaptuqjèn logismikì

gia 5 kÔklouc beltistopoÐhshc.

Gia to sqediasmì thc aerotom c qrhsimopoi jhkan 30 shmeÐa Bézier, 15 gia thn

pleur� uperpÐeshc kai 15 gia thn pleur� upopÐeshc. To oriìdeto mh-domhmèno plègma

apoteloÔntan apì 20243 kìmbouc sunolik�. H ro   tan atrib c, qronik� mìnimh,

h opoÐa prospÐptei sthn aerotom  me 𝛼∞ = 3o kai 𝑀∞ = 0.5. Oi upologismoÐ

pragmatopoi jhkan me sq ma upologismoÔ 2hc t�xhc akrÐbeiac.
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Sq ma 6.12: (aþ) Epit�qunsh logismikoÔ. (bþ) Exèlixh thc tim c tou suntelest 
�nwshc kat� touc kÔklouc beltistopoÐhshc me stìqo th megistopoÐhsh thc �nwshc.

Sto sq ma 6.12 parousi�zetai, arister� h epit�qunsh tou logismikoÔ en¸ dexi� h

exèlixh thc tim c tou suntelest  �nwshc en sunart sei twn kÔklwn beltistopoÐhshc.

Sta parak�tw sq mata paratÐjentai endeiktik� h exèlixh tou sq matoc thc aerotom c

(sq ma 6.13aþ), h katanom  tou arijmoÔ Mach (sq ma 6.13bþ), kaj¸c kai ta pedÐa ro c

gia thn exÐswsh thc sunèqeiac kai thc antÐstoiqhc gia to suzugèc prìblhma sto telikì

sq ma thc aerotom c (sq ma 6.14).
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Sq ma 6.13: (aþ) Sq ma aerotom c ston pr¸to kÔklo beltistopoÐhshc (kuanì qr¸ma)
kai ston pèmpto (kìkkino qr¸ma). (bþ) Katanom  tou arijmoÔ Mach sto beltistopoih-
mèno sq ma aerotom c.

X

Y

0 0.5 1 1.5

-0.5

0

0.5

1

1.12
1.1
1.08
1.06
1.04
1.02
1
0.98
0.96
0.94
0.92
0.9
0.88
0.86
0.84
0.82
0.8

(aþ)

X

Y

0 0.5 1 1.5

-0.5

0

0.5

1

20
15
10
5
0

-5
-10
-15
-20

(bþ)

Sq ma 6.14: (aþ) PedÐo ro c thc exÐswshc sunèqeiac. (bþ) PedÐo Ro c gia th suzug 
puknìthta.
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6.6 BeltistopoÐhsh Morf c Aerotom c RAE

2822

Sthn enìthta aut  parousi�zetai h beltistopoÐhsh morf c thc aerotom c RAE 2822

se dihqhtik  ro .

ExaitÐac thc emf�nishc tou kroustikoÔ kÔmatoc, �ra kai thc anamenìmenhc

opisjèlkousac, qrhsimopoieÐtai wc krit rio thc beltistopoÐhshc h meÐwsh tou

suntelest  opisjèlkousac, jètontac wc periorismì ènan el�qisto suntelest 

�nwshc.

Gia to sqediasmì thc aerotom c qrhsimopoi jhkan 16 shmeÐa Bézier, 8 gia thn perioq 

pÐeshc kai 8 gia thn perioq  upopÐeshc. To plègma  tan oriìdeto mh-domhmèno, me

5744 kìmbouc sunolik�. H ro   tan atrib c, qronik� mìnimh, me 𝛼∞ = 2.72o kai

𝑀∞ = 0.725, en¸ oi upologismoÐ pragmatopoi jhkan me sq ma upologismoÔ 2hc t�xhc

akrÐbeiac.
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Sq ma 6.15: (aþ) Epit�qunsh logismikoÔ. (bþ) Exèlixh twn tim¸n tou suntelest 
�nwshc, opisjèlkousac kai sun�rthshc kìstouc kat� touc kÔklouc beltistopoÐhshc me
stìqo thn elaqistopoÐhsh thc opisjèlkousac kai tautìqrono periorismì thc �nwshc se
sugkekrimènh tim .

Sto sq ma 6.15 arister� parousi�zetai h epit�qunsh tou logismikoÔ, gia thn opoÐa

diapist¸netai ìti lìgw tou mikroÔ plègmatoc, eÐnai ikanopoihtik  èwc touc 10

epexergastèc. Met� apì autìn ton arijmì faÐnetai ìti den up�rqei peraitèrw ìfeloc,

kajìti oi epikoinwnÐec eÐnai kat� polÔ perissìterec.

Sta dexi� tou sq matoc 6.15 apotup¸netai h meÐwsh thc sun�rthshc kìstouc
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kat� thn exèlixh thc beltistopoÐhshc me thn tautìqronh meÐwsh tou suntelest 

opisjèlkousac. EpÐshc parathreÐtai kai mÐa meÐwsh thc tim c tou suntelest  �nwshc,

mikrìterhc klÐshc, kajìti to en lìgw mègejoc qrhsimopoieÐtai wc periorismìc kai ìqi

wc basikìc stìqoc thc beltistopoÐhshc.
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Sq ma 6.16: Sq ma aerotom c ston pr¸to kÔklo beltistopoÐhshc (kuanì qr¸ma)
kai ston pèmpto (kìkkino qr¸ma), me stìqo thn elaqistopoÐhsh thc opisjèlkousac kai
tautìqrono periorismì thc �nwshc se sugkekrimènh tim .

Sto sq ma 6.16 parathreÐtai h metabol  tou sq matoc thc aerotom c apì kuanì,

pou antistoiqeÐ sto arqikì sq ma, se kìkkino pou antistoiqeÐ ston pèmpto kÔklo

beltistopoÐhshc.
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Sq ma 6.17: (aþ) Katanom  tou arijmoÔ Mach sto arqikì sq ma aerotom c. (bþ)
Katanom  tou arijmoÔ Mach sto beltistopoihmèno sq ma aerotom c.

Sta sq mata 6.17 parousi�zontai h katanom  tou arijmoÔ Mach sto arqikì sq ma

thc aerotom c (arister�) kai sto telikì sq ma (dexi�).

ParathreÐtai plèon kai poiotik� sta anwtèrw sq mata, ìti to mègejoc tou kroustikoÔ

kÔmatoc mei¸netai, to opoÐo kat� sunèpeia epifèrei meÐwsh thc opisjèlkousac, dhlad 

thc sun�rthshc kìstouc ìpwc parousi�sthke sto sq ma 6.15bþ.
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Kef�laio 7

EpÐlogoc - Sumper�smata

H ergasÐa epikentr¸jhke sthn exèlixh tou proôp�rqontoc logismikoÔ tou

ergasthrÐou MPUR&B/EMP, to opoÐo beltistopoieÐ th morf  thc aerotom c gia

thn epÐteuxh megalÔterhc �nwshc-mikrìterhc opisjèlkousac se sunj kec eleÔjerhc

atriboÔc ro c, uyhl¸n taqut twn Mach, mìnimhc sto qrìno. Pio sugkekrimèna, to en

lìgw logismikì emploutÐsthke me tic aparaÐthtec domèc se gl¸ssa programmatismoÔ

Fortran 90, oi opoÐec dÐnoun th dunatìthta se autì na ekteleÐtai eÐte seiriak�,

eÐte par�llhla se poluepexergastikì perib�llon. Se antÐjesh me to proôp�rqon

logismikì to opoÐo  tan dunatì na ekteleÐtai par�llhla me th qr sh tou prwtìkollou

PVM, sthn ergasÐa qrhsimopoi jhke mìno to prwtìkollo MPI gia tic apaitoÔmenec

diepexergastikèc epikoinwnÐec.

Pio sugkekrimèna to anaptuqjèn logismikì dÔnatai na par�xei to sq ma

thc memonwmènhc aerotom c qrhsimopoi¸ntac mia parametropoÐhsh aut c mèsw

poluwnÔmwn Bézier, twn opoÐwn ta shmeÐa qrhsimopoioÔntai wc metablhtèc

sqediasmoÔ sth diadikasÐa thc beltistopoÐhshc. 'Epeita apì autì kai me th qr sh thc

mejìdou tou proelaÔnontoc met¸pou (advancing front), par�getai èna mh-domhmèno,

oriìdeto sthn epif�neia thc aerotom c plègma, to opoÐo apoteleÐtai amig¸c apì

trigwnik� stoiqeÐa.

'Otan to logismikì qrhsimopoieÐtai gia thn epÐlush tou prwteÔontoc probl matoc kai

kat� th diakritopoÐhsh twn exis¸sewn Euler, o upologismìc twn dianusm�twn ro c

pragmatopoieÐtai me th qr sh tou sq matoc di�spashc twn diafor¸n ro c (Flux Dif-

ference Splitting Scheme) tou Roe .

Epiprìsjeta to logismikì gia th beltistopoÐhsh morf c thc aerotom c, qrhsimopoieÐ

th suneq  suzug  mèjodo, h opoÐa se k�je kÔklo beltistopoÐhshc par�gei tic

77
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parag¸gouc euaisjhsÐac twn shmeÐwn twn poluwnÔmwn Bézier ta opoÐa diaqeirÐzontai

monos manta to sq ma thc aerotom c. Mèsw thc qr shc thc mejìdou thc apìtomhc

anìdou par�gontai ta nèa shmeÐa twn poluwnÔmwn Bézier, metab�llontac to sq ma

thc aerotom c.

Sto tèloc k�je kÔklou beltistopoÐhshc, to logismikì diajètei th dunatìthta eÐte

na par�xei èna nèo plègma perib�llontac to nèo sq ma aerotom c pou upologÐsthke,

eÐte na anaprosarmìsei to  dh up�rqon plègma sto nèo sq ma aerotom c. AxÐzei na

shmeiwjeÐ ìti kai autì to tm ma tou logismikoÔ dÔnatai na ektelesteÐ se par�llhlo

epexergast .

Gia touc upologismoÔc pou parousi�sthkan sthn ergasÐa qrhsimopoi jhkan oi

upologistikèc platfìrmec tou ergasthrÐou MPUR&B/EMP [27]. Oi dÔo pr¸tec

platfìrmec apoteloÔn to CPU cluster thc MPUR&B/EMP diajètontac perÐpou

100 upologistikoÔc kìmbouc pou fèroun apì 2 epexergastèc (Quad/six/eight or ten

core Xeon) èkastoc, me sÔnolo pur nwn na anèrqetai perÐpou stouc 850 kai mn mh

RAM sta 3,1TB. H �llh platfìrma tou ergasthrÐou apoteleÐtai sunolik� apì okt¸

(8) upologistikoÔc kìmbouc. Tèsseric (4) apì autoÔc fèroun apì dÔo epexergastèc

Quad core Xeon èkastoc, en¸ oi upìloipoi tèsseric (4) fèroun apì dÔo Six core Xe-

on. H mn mh RAM tou k�je upologistikoÔ kìmbou kumènetai apì 16 èwc 32 GB. H

en lìgw platfìrma apoteleÐ to GPU cluster thc MPUR&B/EMP fèrontac 12 Tesla

M2050, 4 K20 kai 4 K40 Nvidia GPUs. Oi anwtèrw sustoiqÐec fèroun leitourgikì

Linux CentOS 7.1. H epikoinwnÐa metaxÔ touc epitugq�netai me prwtìkollo TCP/IP

en¸ h par�llhlh epexergasÐa uposthrÐzetai apì to prwtìkollo MPI.

7.1 Sumper�smata kai Sqìlia

Met� thn pistopoÐhsh tou anaptuqjèntoc logismikoÔ, par�qjhkan ta dedomèna

epit�qunshc kat� thn ektèlesh se poluepexergastikì perib�llon. Apì aut�

parathr jhke h grammik  epit�qunsh tou logismikoÔ sunart sei tou arijmoÔ twn

qrhsimopoioÔmenwn epexergast¸n, h opoÐa plhsi�zei th bèltisth klÐsh en¸ sth

sunèqeia apoklÐnei apì aut n ìso to qronikì kìstoc epikoinwnÐac aux�nei. O arijmìc

twn epexergast¸n ston opoÐo parathroÔntai ta anwtèrw, diafèrei kat� perÐptwsh

ephreazìmenoc kurÐwc apì tic sunj kec thc ro c all� kai apì to mègejoc tou

plègmatoc.

Se ìti afor� thn aÔxhsh thc t�xhc akrÐbeiac twn upologism¸n, sugkrÐjhke

to posostì aÔxhshc twn kìmbwn epikoinwnÐac kai o epiprìsjetoc qrìnoc pou



apaiteÐtai gia thn aÔxhsh thc t�xhc akrÐbeiac se sun�rthsh me ton arijmì twn

qrhsimopoioÔmenwn epexergast¸n. Parathr jhke ìti ìtan to logismikì epÐlushc

ekteleÐtai par�llhla, o epiprìsjetoc qrìnoc pou apaiteÐtai gia thn aÔxhsh thc t�xhc

akrÐbeiac mei¸netai.

Tèloc anafèrjhke endeiktik� to apotimoÔmeno kèrdoc se sugkekrimèno arijmì kÔklwn

beltistopoÐhshc ìtan to logismikì ekteleÐtai se poluepexergastikì perib�llon.

SunoyÐzontac h parallhlopoÐhsh tou logismikoÔ apofèrei ter�stia ofèlh wc proc

to qrìno epÐlushc kai idiaÐtera ìso ta probl mata eÐnai megalÔtera se klÐmaka,

kajìti to kìstoc epikoinwnÐac epidr� kat� polÔ ligìtero arnhtik� sthn epit�qunsh

tou logismikoÔ.

7.2 Prot�seic gia Mellontikèc Prosj kec

AkoloujeÐ mÐa sÔntomh par�jesh me mellontikèc tropopoi seic tou prwteÔontoc kai

tou suzugoÔc probl matoc, pou dÔnantai na apotelèsoun th fusik  sunèqeia tou

anaptuqjèntoc logismikoÔ beltistopoÐhshc:

(𝛼) H MPI parallhlopoÐhsh thc diadikasÐac epÐlushc ¸ste na diaqeirÐzetai ubridik�

plègmata.

(𝛽) H prosarmog  tou logismikoÔ mèsw MPI parallhlopoÐhshc gia thn epÐlush

qronik� mh-mìnimwn ro¸n.

(𝛾) H enswm�twsh twn kat�llhlwn dom¸n me skopì th melèth diaforetik¸n

peript¸sewn,  toi pterug¸seic strobilomhqan¸n pou dièpontai apì periodikèc

oriakèc sunj kec   roèc entìc agwg¸n.

(𝛿) H eisagwg  kat�llhlwn prosjhk¸n gia thn epÐlush ro¸n qamhl¸n arijm¸n

Mach, oi opoÐec mporoÔn na jewrhjoÔn asumpÐestec.

(𝜖) H peraitèrw MPI parallhlopoÐhsh me skopì thn epÐlush turbwd¸n ro¸n.

(𝜎𝜏) Wc akìloujo twn anwtèrw, h epèktash tou logismikoÔ gia na epilÔei 3D roèc.
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