
 

 

 

 

                              
ɳɸɿɹɼʁ ɾɳʆʅʁɰɹʁ ʃʁɽʇʆɳʋɿɳɹʁ 

ʅʋʁɽɶ ɾɶʋɮɿɹɼʍɿ ɾɳʆɮɽɽɳɹʍɿ-ɾɳʆɮɽɽʁʇʄɱʍɿ 

ʆʁɾɳɮʅ ɾɳʆɮɽɽɳʇʆɹɼɶʅ 

 

 

ɲɹɲɮɼʆʁʄɹɼɶ ɲɹɮʆʄɹɰɶ 

 

ɮɿɮɽʇʆɹɼɳʅ ʅʋɳʅɳɹʅ ɼɮɹ ɮʄɹɸɾɶʆɹɼʁʅ ɼʍɲɹɼɮʅ ɱɹɮ ʆʁɿ ʇʃʁɽʁɱɹʅɾʁ ʆɮʅɹɼʁʇ ʃɳɲɹʁʇ ʃɳʄɹʀ 

ʅɶʄɮɱɱʍɿ ɲɹɮʊʁʄʍɿ ʅʋɶɾɮʆʍɿ ʇʃʁ ʅɳɹʅɾɹɼɶ ʊʁʄʆɹʅɶ ɼʇɾɮʆʍɿ S 

 

 

 

 

 

 

 

 

 

 

 

 

ɮɸɶɿɮ нлму 

ɳʃɹɰɽɳʃʍɿ ɼɮɸɶɱɶʆɶʅ :                                         

ɮɽɳʀɮɿɲʄʁʅ ɹΦ ʅʁʊɹɮɿʁʅΣ ɼɮɸɶɱɶʆɶʅ ɳɾʃ                                                                                  

 

 

ɳʇɮɱɱɳɽɹɮ-ɽɹɿʆɮ ʃɳɽɽɶ ʃʁɽɹʆɹɼʁʅ ɾɶʋɮɿɹɼʁʅ ɳɾʃ                                   
MScΥ ζʅʋɳɲɹɮʅɾʁʅ ϧ ɼɮʆɮʅɼɳʇɶ ʇʃʁɱɳɹʍɿ ɳʄɱʍɿη 

 



 

 

 

ɲɹɲɮɼʆʁʄɹɼɶ ɲɹɮʆʄɹɰɶ 

 

ɮɿɮɽʇʆɹɼɳʅ ʅʋɳʅɳɹʅ ɼɮɹ ɮʄɹɸɾɶʆɹɼʁʅ ɼʍɲɹɼɮʅ ɱɹɮ ʆʁɿ ʇʃʁɽʁɱɹʅɾʁ ʆɮʅɹɼʁʇ ʃɳɲɹʁʇ ʃɳʄɹʀ 

ʅɶʄɮɱɱʍɿ ɲɹɮʊʁʄʍɿ ʅʋɶɾɮʆʍɿ ʇʃʁ ʅɳɹʅɾɹɼɶ ʊʁʄʆɹʅɶ ɼʇɾɮʆʍɿ S 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ɳʃʆɮɾɳɽɶʅ  ɳʃɹʆʄʁʃɶ ʃɮʄɮɼʁɽʁʇɸɶʅɶʅΥ             

1.ɮɽɳʀɮɿɲʄʁʅ ɹΦ ʅʁʊɹɮɿʁʅΣ ɼɮɸɶɱɶʆɶʅ ɳɾʃ                                                                              

2.ʃɮʇɽʁʅ ɿʁɾɹɼʁʅΣ ɮɿɮʃɽΦɼɮɸɶɱɶʆɶʅ ɳɾʃ                                          

3.ɳʇɸʇɾɶʅ ɽɳɼɼɮʅΣ ɼɮɸɶɱɶʆɶʅ ɳɼʃɮ                           

4.ɸɳʁɲʍʄɮ ʄʁɿʆʁɱɹɮɿɿɶ, ɼɮɸɶɱɶʆʄɹɮ ɳɾʃ             

5.ɮɿɲʄɳɮʅ ɾʃɳɿɮʄɲʁʅ, ɳʃɹɼ.ɼɮɸɶɱɶʆɶʅ ɳɾʃ                                 

6. ɱɹʍʄɱʁʅ ɮʃʁʅʆʁɽʁʃʁʇɽʁʅ, ɮɿɮʃɽ.ɼɮɸɶɱɶʆɶʅ ɳɾʃ                                                                                                                         

7.ɼʍɿ/ɿʁʅ ɽʁʇʃɮʅɮɼɶʅ, ɳʃɹɼ.ɼɮɸɶɱɶʆɶʅ ɳɾʃ 

 

ʆʄɹɾɳɽɶʅ ɳʃɹʆʄʁʃɶ ʃɮʄɮɼʁɽʁʇɸɶʅɶʅΥ  

ɮɽɳʀɮɿɲʄʁʅ ɹΦ ʅʁʊɹɮɿʁʅΣ  Kɮɸɶɱɶʆɶʅ ɳɾʃ                                                                           

ʃɮʇɽʁʅ ɿʁɾɹɼʁʅΣ ɮɿɮʃɽΦɼɮɸɶɱɶʆɶʅ ɳɾʃ                       

ɳʇɸʇɾɶʅ ɽɳɼɼɮʅΣ ɼɮɸɶɱɶʆɶʅ ɳɼʃɮ 
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éȺɡɢŬɟɘůŰɩ ˊɞɚɨ, Űɞɜ ȺˊɘɓɚŮˊɞɜŰŬ Űɖɠ ȹɘŬŰɟɘɓɐɠ ɛɞɡ ȾŬɗ.ȷɚɏɝŬɜŭɟɞ ɆɞűɘŬɜɧ, Űɞɜ ɄɟɧŮŭɟɞ Űɞɡ 

Ƀ.ȷ.Ɇ.Ʉ. & Űɞɡ Ⱥ.Ⱦ.Ʉ.Ʉ.Ɇ. ȾŬɗ. Ⱥɡɗɨɛɖ ȿɏəəŬ əŬɘ Űɖɜ ȹɟ.ɀɖɢ/əɞ ȸɘɓɐ ũɘɞɨŰŬ ɔɘŬ Űɖɜ əŬɗɞŭɐɔɖůɖ 

əŬɘ Űɖɜ ˊɞɚɨŰɘɛɖ ɓɞɐɗŮɘɎ Űɞɡɠ é 
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ȹȽȹȷȾɇɃɅȽȾȼ ȹȽȷɇɅȽȸȼ 

ɇȲɇȿɃɆ : çȷɁȷȿɈɇȽȾȺɆ ɆɉȺɆȺȽɆ ȾȷȽ ȷɅȽŪɀȼɇȽȾɃɆ ȾɋȹȽȾȷɆ ũȽȷ ɇɃɁ 

ɈɄɃȿɃũȽɆɀɃ ɇȷɆȽȾɃɈ ɄȺȹȽɃɈ ɄȺɅȽɂ ɆȼɅȷũũɋɁ ȹȽȷūɃɅɋɁ ɆɉȼɀȷɇɋɁ ɈɄɃ 

ɆȺȽɆɀȽȾȼ ūɃɅɇȽɆȼ ȾɈɀȷɇɋɁ Sè 

ɡˊɧ  

ȺɡŬɔɔŮɚɑŬ-ȿɑɜŰŬ Ʉɏɚɚɖ 

Ⱥˊɘɓɚɏˊɤɜ   : ȷ.Ƚ.ɆɞűɘŬɜɧɠ , ȾŬɗɖɔɖŰɐɠ ȺɀɄ,  

                       Ɇɢɞɚɐ ɀɖɢŬɜɘəɩɜ ɀŮŰŬɚɚŮɑɤɜ ɀŮŰŬɚɚɞɡɟɔɩɜ 

                      ɇɞɛɏŬɠ  ɀŮŰŬɚɚŮɡŰɘəɐɠ ȺɀɄ                       

                               

 ȷȾȷȹȼɀȷȽȾɃ ȺɇɃɆ : 2018 

 

ȺȾɇȺɁȼɆ ɄȺɅȽȿȼɊȼ 

ȼ ˊŬɟɞɨůŬ ɛŮɚɏŰɖ ɏɢŮɘ ɤɠ ŬɜŰɘəŮɑɛŮɜɞ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ ŰŬůɘəɞɨ ˊŮŭɑɞɡ ˊɏɟɘɝ ůɖɟɎɔɔɤɜ, 

ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ əɡɛɎŰɤɜ S ɛŮ ȷɜŬɚɡŰɘəɏɠ ɆɢɏůŮɘɠ əŬɘ ȷɟɘɗɛɖŰɘəɧ 

ȾɩŭɘəŬ ɄŮˊŮɟŬůɛɏɜɤɜ ȹɘŬűɞɟɩɜ Űɟɘɩɜ ŭɘŬůŰɎůŮɤɜ. ȺɝŮŰɎɕŮŰŬɘ ɛɧɜɞ  ɖ ŮˊɑŭɟŬůɖ Űɖɠ 

ůŮɘůɛɘəɐɠ űɧɟŰɘůɖɠ əŬɘ ŭŮɜ ɚŬɛɓɎɜɞɜŰŬɘ  ɡˊȭ ɧɣɘɜ  ɎɚɚŮɠ űɞɟŰɑůŮɘɠ. 

ɇŬ ŭɘŬŰɛɖŰɘəɎ əɨɛŬŰŬ S, ŭɘŬəɟɑɜɞɜŰŬɘ ŬɜɎɚɞɔŬ ɛŮ Űɞ ŮˊɑˊŮŭɞ ŰŬɚɎɜŰɤůɖɠ Űɤɜ ɡɚɘəɩɜ 

ůɖɛŮɑɤɜ ůŮ SH, ɧŰŬɜ ŰŬ ɡɚɘəɎ ŰŬɚŬɜŰɩɜɞɜŰŬɘ ůŮ ŮˊɑˊŮŭɞ əɎɗŮŰɞ ůŰɞ ŭɘɎɜɡůɛŬ Űɖɠ ȹ/ɜůɖɠ 

ŭɘɎŭɞůɖɠ Űɞɡ əɨɛŬŰɞɠ əŬɘ ůŮ SV, ɧŰŬɜ ŰŬ ɡɚɘəɎ ůɖɛŮɑŬ ŰŬɚŬɜŰɩɜɞɜŰŬɘ ŮɜŰɧɠ Űɞɡ Ůˊɘˊɏŭɞɡ 

ůŰɞ ɞˊɞɑɞ ŬɜɐəŮɘ Űɞ ŭɘɎɜɡůɛŬ Űɖɠ ȹ/ɜůɖɠ ŭɘɎŭɞůɖɠ Űɞɡ əɨɛŬŰɞɠ. 

ȼ Ŭˊɧəɟɘůɖ Űɤɜ ɈˊɞɔŮɑɤɜ Ȱɟɔɤɜ ŭɘŬűɞɟɞˊɞɘŮɑŰŬɘ ŬɜɎɚɞɔŬ ɛŮ Űɖɜ ɆŮɘůɛɘəɐ ˊɟɧůˊŰɤůɖ 

əɡɛɎŰɤɜ SH  ɐ SV ɚɧɔɤ Űɤɜ ŭɘŬűɞɟŮŰɘəɩɜ ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ. 

ȼ ȾɡɛŬŰɘəɐ Ⱥɝɑůɤůɖ ŮˊɘɚɨŮŰŬɘ ɛŮ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ w, ůŮ 

ˊŮɟɑˊŰɤůɖ SH əɡɛɎŰɤɜ əŬɘ ū & Ɋ ŬɜŰɑůŰɞɘɢŬ ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɤɜ SV əɡɛɎŰɤɜ, ŰŬ ɞˊɞɑŬ 

ŮəűɟɎɕɞɡɜ ˊɞůɧŰɖŰŮɠ ůŮ ɧɟɞɡɠ ɛŮŰŬəɘɜɐůŮɤɜ əŬɘ ɏɢɞɡɜ Űɖɜ ɘŭɘɧŰɖŰŬ ŬɡŰɎ ɐ ɞɘ ˊŬɟɎɔɤɔɞɑ 

Űɞɡɠ ɜŬ ŮˊŬɚɖɗŮɨɞɡɜ Űɖɜ ȾɡɛŬŰɘəɐ Ⱥɝɑůɤůɖ. ȰŰůɘ ɔɘŬ ɛŮɜ ŰŬ əɨɛŬŰŬ SH Űɞ əɡɛŬŰɘəɧ 

ŭɡɜŬɛɘəɧ w  ŮəűɟɎɕŮɘ Űɖ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ ,  Ůɜɩ ŬɜŰɑɗŮŰŬ ɔɘŬ ŰŬ əɨɛŬŰŬ SV ɖ ůɡɜɞɚɘəɐ 

ɛŮŰŬəɑɜɖůɖ ɞɟɑɕŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: ό  ɳ ᶯ    ȿɧɔɤ Űɤɜ ɘŭɘɞŰɐŰɤɜ Űɤɜ əɡɛɎŰɤɜ SH, 

ɖ çŮəŰɧɠ Ůˊɘˊɏŭɞɡè ɛŮŰŬəɑɜɖůɖ ŭŮɜ ŮɑɜŬɘ ůɡɜɎɟŰɖůɖ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ˊɎɜɤ ůŰɞɜ ɎɝɞɜŬ Űɖɠ 
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ŭɘŬŰɞɛɐɠ, ŬɜŰɑɗŮŰŬ ɛŮ ŰŬ əɨɛŬŰŬ SV ɧˊɞɡ ɖ ɛŮŰŬəɑɜɖůɖ ŮɑɜŬɘ ůɡɜɎɟŰɖůɖ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ 

ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ. 

ɆŰɖɜ ˊŬɟɞɨůŬ ɛŮɚɏŰɖ ɗŮɤɟɞɨɛŮ ɧŰɘ Űɞ ɈˊɧɔŮɘɞ Ȱɟɔɞ ɓɟɑůəŮŰŬɘ ůŮ ȺɚŬůŰɘəɧ, ũɟŬɛɛɘəɧ 

ȰŭŬűɞɠ. ɆŰɞ ɈˊɧɔŮɘɞ Ȱɟɔɞ  ˊɟɞůˊɑˊŰŮɘ Ŭɟɛɞɜɘəɧ ůŮɘůɛɘəɧ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ S, SH ɐ SV, 

əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ. 

ɆŰŬ ˊɚŬɑůɘŬ Űɖɠ ȷɜŬɚɡŰɘəɐɠ ȿɨůɖɠ əŬɘ ɔɘŬ Űɘɠ ŭɨɞ ˊŮɟɘˊŰɩůŮɘɠ SH ɐ SV əɡɛɎŰɤɜ, 

ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŰŬ ȾɡɛŬŰɘəɎ ȹɡɜŬɛɘəɎ ŬɜŰɑůŰɞɘɢŬ, ɛŮ ŬɜɎˊŰɡɝɖ ůŮ ɆŮɘɟɏɠ ȷˊŮɑɟɤɜ ɧɟɤɜ 

Bessel-Fourrier ɐ Hankel Fourrier, ůŮ ůɡɜŭɡŬůɛɧ əŬɘ ɛŮ Űɖɜ ŮűŬɟɛɞɔɐ əŬŰɎɚɚɖɚɤɜ 

ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ. Ⱥˊɑůɖɠ, ůŮ ůɡɜŭɡŬůɛɧ ɛŮ Űɖ ɗŮɤɟɑŬ Űɤɜ 

ɀɘɔŬŭɘəɩɜ ɀŮŰŬɓɚɖŰɩɜ əŬɘ ůɡɔəŮəɟɘɛɏɜŬ ɛŮ Űɘɠ ůɨɛɛɞɟűŮɠ ŬˊŮɘəɞɜɑůŮɘɠ  ɖ ɚɨůɖ ɔɘŬ Űɖɜ 

əɡəɚɘəɐ ɞˊɐ, ŮˊŮəŰŮɑɜŮŰŬɘ əŬɘ ůŮ ŭɘŬŰɞɛɏɠ Ɏɚɚɤɜ ůɢɖɛɎŰɤɜ, (ɏɚɚŮɘɣɖ, ŰŮŰɟɎɔɤɜɞ, 

ˊŮŰŬɚɞŮɘŭɏɠ),  ŬɜŮˊɏɜŭɡŰɤɜ ɐ ŮˊŮɜŭŮŭɡɛɏɜɤɜ. ȷˊŬɟŬɑŰɖŰɖ ˊɟɞɦˊɧɗŮůɖ ɖ əŬɛˊɨɚɖ Űɞɡ əɎɗŮ 

ůɢɐɛŬŰɞɠ ɗŬ ́ɟɏˊŮɘ  ɜŬ ŭɘŬɗɏŰŮɘ ˊŬɟŬɛŮŰɟɘəɏɠ ŮɝɘůɩůŮɘɠ.  ũɘŬ Űɖɜ ˊɟɞůɞɛɞɑɤůɖ Űɞɡ ɓɎɗɞɡɠ 

ˊɞɡ ɓɟɑůəŮŰŬɘ Űɞ ɈˊɧɔŮɘɞ Ȱɟɔɞ (ɛŮɔɎɚɞ ɓɎɗɞɠ ï ˊɚɐɟɖɠ ɢɩɟɞɠ (full  space) , ɛɘəɟɧ ɓɎɗɞɠ ï 

ɖɛɑɢɤɟɞɠ (half space)) ˊɟɞŰŮɑɜɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŮɠ ůɢɏůŮɘɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ əŬɘ ŬɜɎɚɞɔŮɠ 

ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ɔɘŬ əɎɗŮ ˊŮɟɑˊŰɤůɖ ˊɟɧůˊŰɤůɖɠ  SH ɐ SV əɡɛɎŰɤɜ. 

ȼ ůɨɜŰŬɝɖ ɧɚɤɜ Űɤɜ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ ɔɘŬ Űɘɠ ŭɘɎűɞɟŮɠ ˊŮɟɘˊŰɩůŮɘɠ ůɢɖɛɎŰɤɜ əŬɘ 

ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ, əŬɗɩɠ əŬɘ ɞɘ ŮˊɘɚɨůŮɘɠ Űɤɜ ůɡůŰɖɛɎŰɤɜ ŮɝɘůɩůŮɤɜ ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɤɜ ȾɡɛŬŰɘəɩɜ ȹɡɜŬɛɘəɩɜ əŬɘ əŬŰɎ ůɡɜɏˊŮɘŬ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ,  

ˊɟŬɔɛŬŰɞˊɞɘɞɨɜŰŬɘ ɛŮ Űɖ ŭɖɛɘɞɡɟɔɑŬ ŬɜŰɑůŰɞɘɢɤɜ əɤŭɑəɤɜ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ ůŰɞ   

ɀŬɗɖɛŬŰɘəɧ ɚɞɔɘůɛɘəɧ ˊŬəɏŰɞ MATLAB . 

ȷɟɢɘəɎ ɔɑɜɞɜŰŬɘ ŬɜŬɚɨůŮɘɠ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ɆŮɘůɛɘəɐɠ ˊɟɧůˊŰɤůɖɠ əɡɛɎŰɤɜ SH 

əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɤɜ,  ůŮ ŭɘŬŰɞɛɏɠ  ɈˊɞɔŮɑɤɜ Ȱɟɔɤɜ ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ 

ŬɜŮˊɏɜŭɡŰɤɜ ɐ ŮˊŮɜŭŮŭɡɛɏɜɤɜ, ůŰɞɜ ˊɚɐɟɖ ɢɩɟɞ. ɀŮ Űɖɜ ŮűŬɟɛɞɔɐ Űɤɜ ůɨɛɛɞɟűɤɜ 

ŬˊŮɘəɞɜɑůŮɤɜ ŰŬ ŭɘɎűɞɟŬ ůɢɐɛŬŰŬ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕɞɜŰŬɘ ůŮ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ. ȿɧɔɤ Űɤɜ ɘŭɘɞŰɐŰɤɜ Űɤɜ SH əɡɛɎŰɤɜ ɡˊɎɟɢŮɘ ɛɧɜɞ ɖ ɛŮŰŬəɑɜɖůɖ əŬŰɎ Űɞɜ ɎɝɞɜŬ 

Űɖɠ ůɐɟŬɔɔŬɠ z ŭɖɚŬŭɐ çŮəŰɧɠ Ůˊɘˊɏŭɞɡ Űɖɠ ŭɘŬŰɞɛɐɠè. ȼ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ˊɞɡ ŭɘɏˊŮɘ ŰŬ 

SH əɨɛŬŰŬ ŮˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ, ůŰɞ ŮˊɑˊŮŭɞ ɕ  ŮɑɜŬɘ trz=0. Ƀ  

ɡˊɞɚɞɔɘůɛɧɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ , (Űɞ ˊɟɞůˊɑˊŰɞɜ & Űɞ ůəŮŭŬɕɧɛŮɜɞ Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ) 

əŬɘ ůɡɜŮˊɩɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ, ˊɟŬɔɛŬŰɞˊɞɘŮɑŰŬɘ ɛŮ Űɖ ůɨɜŰŬɝɖ ŬɜŰɑůŰɞɘɢɤɜ əɤŭɑəɤɜ 

ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ ůŰɞ   ɀŬɗɖɛŬŰɘəɧ ɚɞɔɘůɛɘəɧ ˊŬəɏŰɞ MATLAB . 
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ɆŰɖ ůɡɜɏɢŮɘŬ ɔɑɜɞɜŰŬɘ ŬɜŬɚɨůŮɘɠ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ɆŮɘůɛɘəɐɠ ˊɟɧůˊŰɤůɖɠ əɡɛɎŰɤɜ SH 

əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɤɜ,  ůŮ ŭɘŬŰɞɛɏɠ  ɈˊɞɔŮɑɤɜ Ȱɟɔɤɜ ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ 

ŬɜŮˊɏɜŭɡŰɤɜ ɐ ŮˊŮɜŭŮŭɡɛɏɜɤɜ, ůŰɞɜ ɖɛɑɢɤɟɞ . ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ŬɡŰɐ  Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ 

ɖɛɑɢɤɟɞɡ ŬɜɎɔŮŰŬɘ ůŮ ˊɟɧɓɚɖɛŬ ˊɚɐɟɞɡɠ ɢɩɟɞɡ, ɛŮ Űɖ ɗŮɩɟɖůɖ   Űɖɠ ůɡɛɛŮŰɟɘəɐɠ ŭɘŬŰɞɛɐɠ, 

ɤɠ ˊɟɞɠ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ȰŰůɘ ɞ ɢɩɟɞɠ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɖɠ 

ŭɘŬŰɞɛɐɠ ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞɠ ɛŮ Űɞɜ ŮɝɤŰŮɟɘəɧ ɢɩɟɞ ŭɨɞ əɡəɚɘəɩɜ ůɡɛɛŮŰɟɘəɩɜ  ŭɘŬŰɞɛɩɜ 

ɛɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ , ɛŮ ɎɝɞɜŬ ůɡɛɛŮŰɟɑŬɠ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ.   ɇŬ ŬɜŰɑůŰɞɘɢŬ ŮɜŰŬŰɘəɎ 

ɛŮɔɏɗɖ ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ Űɖ ůɡɜɞɚɘəɐ Ůˊɑɚɡůɖ Űɞɡ ɛɞɜŰɏɚɞɡ əŬɘ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ,(Űɞ 

ˊɟɞůˊɑˊŰɞɜ, Űɞ ŬɜŬəɚɩɛŮɜɞ əŬɗɩɠ əŬɘ əɎɗŮ ɏɜŬ Ŭˊɧ  ŰŬ ůəŮŭŬɕɧɛŮɜŬ Ŭˊɧ Űɘɠ ůɡɛɛŮŰɟɘəɏɠ 

ŭɘŬŰɞɛɏɠ), Ŭűɞɨ ɚɖűɗɞɨɜ ɡˊô ɧɣɖ əŬɘ ɞɘ əŬŰɎɚɚɖɚŮɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ. 

ɄɟŬɔɛŬŰɞˊɞɘɞɨɜŰŬɘ ŬɜŬɚɨůŮɘɠ əŬɘ ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ɆŮɘůɛɘəɐɠ ˊɟɧůˊŰɤůɖɠ əɡɛɎŰɤɜ SV 

əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɤɜ,  ůŮ ŭɘŬŰɞɛɏɠ  ɈˊɞɔŮɑɤɜ Ȱɟɔɤɜ ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ 

ŬɜŮˊɏɜŭɡŰɤɜ ɐ ŮˊŮɜŭŮŭɡɛɏɜɤɜ, ůŰɞɜ ˊɚɐɟɖ ɢɩɟɞ. ɀŮ Űɖɜ ŮűŬɟɛɞɔɐ Űɤɜ ůɨɛɛɞɟűɤɜ 

ŬˊŮɘəɞɜɑůŮɤɜ ŰŬ ŭɘɎűɞɟŬ ůɢɐɛŬŰŬ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕɞɜŰŬɘ ůŮ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ. ȿɧɔɤ Űɤɜ ɘŭɘɞŰɐŰɤɜ Űɤɜ SV əɡɛɎŰɤɜ ɡˊɎɟɢoɡɜ  ɞɘ ɛŮŰŬəɘɜɐůŮɘɠ əŬŰɎ Űɞɡɠ  ɎɝɞɜŮɠ 

ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ.  Ƀɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɞɡ ŭɘɏˊɞɡɜ  ŰŬ SV əɨɛŬŰŬ ŮˊɎɜɤ ůŰɖɜ 

ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ, ůŰɞ ŮˊɑˊŮŭɞ ɕ  ŮɑɜŬɘ trr= trɗ =0. Ƀ ɡˊɞɚɞɔɘůɛɧɠ Űɤɜ 

əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ , (Űɞ ˊɟɞůˊɑˊŰɞɜ & ŰŬ ŭɨɞ ůəŮŭŬɕɧɛŮɜŬ Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ) əŬɘ ůɡɜŮˊɩɠ 

Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ˊɟŬɔɛŬŰɞˊɞɘŮɑŰŬɘ, ɛŮ Űɖ ůɨɜŰŬɝɖ ŬɜŰɑůŰɞɘɢɤɜ əɤŭɑəɤɜ 

ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ ůŰɞ   ɀŬɗɖɛŬŰɘəɧ ɚɞɔɘůɛɘəɧ ˊŬəɏŰɞ MATLAB . 

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ Űɞɡ ɖɛɑɢɤɟɞɡ, ɛŮ Űɖɜ  ˊŬɟɞɡůɑŬ  ůɐɟŬɔɔŬɠ  ŮɡɟɘůəɧɛŮɜɖɠ ůŮ ɓɎɗɞɠ H  Ŭˊɧ 

Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ,  ɡˊɧ ůŮɘůɛɘəɐ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ Űɨˊɞɡ SV, ŰŬ əɡɛŬŰɘəɎ 

ŭɡɜŬɛɘəɎ ˊɞɡ ŭɘɏˊɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ ŮɑɜŬɘ ŰŬ Ůɝɐɠ: Űɞ ˊɟɞůˊɑˊŰɞɜ, Űɞ ŬɜŬəɚɩɛŮɜɞ Ŭˊɧ Űɖɜ 

ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ , ŭɨɞ ůəŮŭŬɕɧɛŮɜŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ əŬɗɩɠ əŬɘ ŭɨɞ 

ůəŮŭŬɕɧɛŮɜŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ. ȼ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛŮɗɞŭɞɚɞɔɑŬ 

ɔɘŬ Űɖɜ  Ůˊɑɚɡůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŬɡŰɞɨ ˊɟŬɔɛŬŰɞˊɞɘŮɑŰŬɘ ůŮ ŭɨɞ ůŰɎŭɘŬ. ɇɞ ˊɟɩŰɞ ůŰɎŭɘɞ 

ŬűɞɟɎ ůŰɞɜ ɛŮŰŬůɢɖɛŬŰɘůɛɧ Űɞɡ ɢɩɟɞɡ ɛŮŰŬɝɨ Űɖɠ ŭɘŬŰɞɛɐɠ Űɖɠ ůɐɟŬɔɔŬɠ ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ 

ɓɎɗɞɠ H əŬɘ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞɜ ŬɜŰɑůŰɞɘɢɞ ɢɩɟɞ ɛŮŰŬɝɨ Űɞɡ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞɜ ɞˊɞɑɞ  ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ɖ ŭɘŬŰɞɛɐ əŬɘ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ     ɞ ɞˊɞɑɞɠ    ɓɟɑůəŮŰŬɘ ůŰɞ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ h è .     ũɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ  
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çɘůɞŭɨɜŬɛɞɡ ɓɎɗɞɡɠ h è,  ˊɟɞŰŮɑɜɞɜŰŬɘ əŬɘ ɞɘ ŬɜŰɑůŰɞɘɢŮɠ ůɢɏůŮɘɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ əŬŰɎ 

ˊŮɟɑˊŰɤůɖ. ɇɞ ŭŮɨŰŮɟɞ ůŰɎŭɘɞ ŬűɞɟɎ ůŰɖɜ ůɨɜŰŬɝɖ əŬŰɎɚɚɖɚɤɜ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ, 

ˊɟɞəŮɘɛɏɜɞɡ ɜŬ ŮűŬɟɛɞůŰɞɨɜ ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ. Ƀɘ ůɡɜɞɟɘŬəɏɠ 

ůɡɜɗɐəŮɠ ˊɞɡ ŭɘɏˊɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ ŮɑɜŬɘ ɞɘ əɎŰɤɗɘ:  

- ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ, ůŰɞ ŮˊɑˊŮŭɞ ɕ  ɞɘ ŰɎůŮɘɠ tr1r1= tr1ɗ1 =0  

-ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɞɘ ŰɎůŮɘɠ  tr2r2=tr2ɗ2=0 

ȼ ŮűŬɟɛɞɔɐ Űɖɠ ŭŮɨŰŮɟɖɠ  ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ  ˊɎɜɤ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ɗŮɤɟŮɑŰŬɘ 

ɏɜŬ Ŭˊɧ ŰŬ ˊɘɞ ŭɨůəɞɚŬ ˊɟɞɓɚɐɛŬŰŬ Űɖɠ űɡůɘəɐɠ, (Lin et al., 2010). ȼ Ůˊɑɚɡůɖ Űɞɡ 

ˊɟɞɓɚɐɛŬŰɞɠ  ɛɏɢɟɘ ůŰɘɔɛɐɠ ɏɢŮɘ ŬɜŰɘɛŮŰɤˊɘůŰŮɑ  ˊɟɞůŮɔɔɘůŰɘəɎ. ɆŰɖɜ ˊŬɟɞɨůŬ ɛŮɚɏŰɖ 

ˊɟɞŰŮɑɜɞɜŰŬɘ ŬɜŬɚɡŰɘəɏɠ ůɢɏůŮɘɠ, ŬɝɘɞˊɞɘɩɜŰŬɠ Űɘɠ ɘŭɘɧŰɖŰŮɠ Űɤɜ ůɨɛɛɞɟűɤɜ ŬˊŮɘəɞɜɑůŮɤɜ, 

ɞɘ ɞˊɞɑŮɠ Ůˊɘɚɨɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ Ŭəɟɘɓɩɠ əŬɘ ɧɢɘ ˊɟɞůŮɔɔɘůŰɘəɎ. Ƀ ˊɟɞŰŮɘɜɧɛŮɜɞɠ 

ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ, ɞ  ɞˊɞɑɞɠ ŰɟɞˊɞˊɞɘŮɑŰŬɘ əŬŰɎ ˊŮɟɑˊŰɤůɖ ŬɜɎɚɞɔŬ ɛŮ Űɞ ŮɝŮŰŬɕɧɛŮɜɞ  ůɢɐɛŬ 

Űɖɠ ŭɘŬŰɞɛɐɠ, ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞɜ ɢɩɟɞ ŮəŰɧɠ Űɖɠ ŭɘŬŰɞɛɐɠ Űɖɠ ůɐɟŬɔɔŬɠ ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ 

ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞɜ 

ŬɜŰɑůŰɞɘɢɞ ɢɩɟɞ ŮəŰɧɠ ŭɨɞ ɛɞɜŬŭɘŬɑɤɜ əɨəɚɤɜ ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ 

əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ b, ůŰɞ ŮˊɑˊŮŭɞ ɕ.  ɀŮ ɓɎůɖ Űɘɠ ŬɜɤŰɏɟɤ ˊɟɞŰŮɘɜɧɛŮɜŮɠ ŬɜŬɚɡŰɘəɏɠ 

ůɢɏůŮɘɠ, ˊɟŬɔɛŬŰɞˊɞɘɞɨɜŰŬɘ  ŬɜŬɚɨůŮɘɠ ůŮ ŭɘŬŰɞɛɏɠ  ɈˊɞɔŮɑɤɜ Ȱɟɔɤɜ ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ 

ŬɜŮˊɏɜŭɡŰɤɜ , ˊɞɡ ɓɟɑůəɞɜŰŬɘ ůŮ ɓɎɗɞɠ H. Ƀ ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ çɘůɞŭɨɜŬɛɞɡ ɓɎɗɞɡɠ hè, əŬɗɩɠ 

əŬɘ Űɤɜ ˊɟɞŰŮɘɜɧɛŮɜɤɜ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ ɔɘŬ əɎɗŮ ůɢɐɛŬ,  Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ , (Űɞ 

ˊɟɞůˊɑˊŰɞɜ, Űɞ ŬɜŬəɚɩɛŮɜɞ, ŰŬ ŭɨɞ ůəŮŭŬɕɧɛŮɜŬ Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ & ŰŬ ŭɨɞ ůəŮŭŬɕɧɛŮɜŬ Ŭˊɧ 

Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ) əŬɘ ůɡɜŮˊɩɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ˊɟŬɔɛŬŰɞˊɞɘŮɑŰŬɘ, ɛŮ Űɖ 

ůɨɜŰŬɝɖ ŬɜŰɑůŰɞɘɢɤɜ əɤŭɑəɤɜ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ ůŰɞ   ɀŬɗɖɛŬŰɘəɧ ɚɞɔɘůɛɘəɧ ˊŬəɏŰɞ 

MATLAB . 

ũɘŬ Űɖɜ Ŭɝɘɞɚɧɔɖůɖ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɞŭɞɚɞɔɑŬɠ ůɡɔəɟɑɗɖəŬɜ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ 

ˊɟɞɏəɡɣŬɜ Ŭˊɧ Űɘɠ ŬɜɤŰɏɟɤ ŬɜŬɚɨůŮɘɠ ɔɘŬ Űɞɜ ɖɛɑɢɤɟɞ, ɛŮ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ˊɟɞɏəɡɣŬɜ 

Ŭˊɧ Űɖ ɗŮɩɟɖůɖ ɛɘŬɠ Ŭˊɚɞˊɞɘɖɛɏɜɖɠ ɛŮɗɧŭɞɡ, ůɨɛűɤɜŬ ɛŮ Űɖɜ ɞˊɞɑŬ , ŰŬ ůəŮŭŬɕɧɛŮɜŬ Ŭˊɧ 

Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ŮɑɜŬɘ 0.(ɀɏɗɞŭɞɠ ɉŬɚŬɟɞɨ Ɇɡɜɧɟɞɡ-Relaxed 

Boundaries). ȼ ɗŮɩɟɖůɖ ŬɡŰɐ ŮɑɜŬɘ ɟŮŬɚɘůŰɘəɐ ŭɘɧŰɘ ɞɘ Űɘɛɏɠ Űɤɜ ůəŮŭŬɕɧɛŮɜɤɜ əɡɛŬŰɘəɩɜ 

ŭɡɜŬɛɘəɩɜ Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ŮɑɜŬɘ ɛɘəɟɏɠ. ȰŰůɘ Űɞ  ˊɟɧɓɚɖɛŬ Űɞɡ ɖɛɑɢɤɟɞɡ ůŮ 

ŬɡŰɐɜ Űɖɜ ˊŮɟɑˊŰɤůɖ ŬɜɎɔŮŰŬɘ ůŮ ˊɟɧɓɚɖɛŬ ˊɚɐɟɞɡɠ ɢɩɟɞɡ, ŭɘɧŰɘ ɖ ɛɧɜɖ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ 

ˊɞɡ ŭɘɏˊŮɘ Űɞ ˊɟɧɓɚɖɛŬ,  ŮɑɜŬɘ ɖ ɗŮɩɟɖůɖ Űɤɜ ɛɖŭŮɜɘəɩɜ ŰɎůŮɤɜ tr1r1= tr1ɗ1 =0 ůŰɞ ŮˊɑˊŮŭɞ ɕ, 

ɛŮ ˊɟɞůˊɑˊŰɞɜ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ  Űɞ ɎɗɟɞɘůɛŬ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əŬɘ ŬɜŬəɚɩɛŮɜɞɡ 
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əɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ. ȼ ůɨɔəɟɘůɖ Űɤɜ ŬˊɞŰŮɚŮůɛɎŰɤɜ ˊɞɡ ˊɟɞɏəɡɣŬɜ Ŭˊɧ Űɘɠ ŭɨɞ ɗŮɤɟɐůŮɘɠ 

ɐŰŬɜ ˊɞɚɨ ɘəŬɜɞˊɞɘɖŰɘəɐ. ɆɡɜŮˊɩɠ,  ɖ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛŮɗɞŭɞɚɞɔɑŬ ɏɚɡůŮ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ 

ɡˊɞɚɞɔɘůɛɞɨ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ ŭɘŬŰɞɛɐ ɡˊɧɔŮɘɞɡ ɏɟɔɞɡ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ(ɛŮ 

ˊŬɟŬɛŮŰɟɘəɐ əŬɛˊɨɚɖ) ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, ɡˊɧ 

ůŮɘůɛɘəɐ űɧɟŰɘůɖ əɡɛɎŰɤɜ SV . Ⱥˊɑůɖɠ ɞ ˊɟɞŰŮɘɜɧɛŮɜɞɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ɛˊɞɟŮɑ ɜŬ 

ŮűŬɟɛɞůŰŮɑ əŬɘ ůŮ ɎɚɚŮɠ ˊŮɟɘˊŰɩůŮɘɠ Ůˊɑɚɡůɖɠ űɡůɘəɩɜ ˊɟɞɓɚɖɛɎŰɤɜ  ůɡɜɞɟɘŬəɩɜ Űɘɛɩɜ, 

ɛɖŭŮɜɘəɩɜ ŰɎůŮɤɜ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ tr2r2=tr2ɗ2=0.    

ɀŮ Űɖɜ Ŭˊɚɞˊɞɘɖɛɏɜɖ ɛŮɗɞŭɞɚɞɔɑŬ Űɞɡ ɢŬɚŬɟɞɨ ůɡɜɧɟɞɡ, ˊɟŬɔɛŬŰɞˊɞɘɞɨɜŰŬɘ ŬɜŬɚɨůŮɘɠ 

ůŰɖɜ ˊŮɟɑˊŰɤůɖ ŮˊŮɜŭŮŭɡɛɏɜɤɜ ŭɘŬŰɞɛɩɜ ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ ůŰɞɜ ɖɛɑɢɤɟɞ ɡˊɧ ůŮɘůɛɘəɐ 

ŭɘɏɔŮɟůɖ əɡɛɎŰɤɜ SV. 

ũɘŬ Űɖɜ ȷɟɘɗɛɖŰɘəɐ ȿɨůɖ ŮűŬɟɛɧůŰɖəŮ ɞ ȾɩŭɘəŬɠ ɄŮˊŮɟŬůɛɏɜɤɜ ȹɘŬűɞɟɩɜ Űɟɘɩɜ 

ŭɘŬůŰɎůŮɤɜ,  FLAC 3D. ɇɞ ɚɞɔɘůɛɘəɧ ŬɡŰɧ ŮűŬɟɛɧɕŮŰŬɘ ůŮ ˊɟɞɓɚɐɛŬŰŬ ũŮɤŰŮɢɜɘəɐɠ 

ɀɖɢŬɜɘəɐɠ ɔɘŬ Űɖɜ Ŭəɟɘɓɐ Ůˊɑɚɡůɖ Űɖɠ ŭɘŬűɞɟɘəɐɠ Ůɝɑůɤůɖɠ Űɖɠ əɑɜɖůɖɠ. ɇɞ ɛɞɜŰɏɚɞ 

ŮŭɎűɞɡɠ-ůɐɟŬɔɔŬɠ ɗŮɤɟŮɑŰŬɘ ŮɚŬůŰɘəɧ əŬɘ ɡˊɞɓɎɚɚŮŰŬɘ ůŮ ůŮɘůɛɘəɐ ŭɘɏɔŮɟůɖ Ŭˊɧ Ŭɟɛɞɜɘəɧ  

ŭɘŬŰɛɖŰɘəɧ  əɨɛŬ S əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ, Űɨˊɞɡ SH ɐ SV. ȰɜŬ Ůˊɘˊɚɏɞɜ ˊɚŮɞɜɏəŰɖɛŬ  

ŮɑɜŬɘ ɧŰɘ Űɞ FLAC 3D ŭɘŬɗɏŰŮɘ ɛɘŬ ŮɜůɤɛŬŰɤɛɏɜɖ ɔɚɩůůŬ Űɖɜ FISH, ɧˊɞɡ ɞ ɢɟɐůŰɖɠ ɛˊɞɟŮɑ 

ɜŬ ŭɖɛɘɞɡɟɔɐůŮɘ ɡˊɞɟɞɡŰɑɜŮɠ əŬɘ əɩŭɘəŮɠ ɔɘŬ Űɖɜ əŬɚɨŰŮɟɖ ˊɟɞůɞɛɞɑɤůɖ Űɞɡ ɛɞɜŰɏɚɞɡ.   ȼ 

ŭɘŬɛɧɟűɤůɖ Űɞɡ əŬɜɜɎɓɞɡ ɔɘŬ ŰŬ ŭɘɎűɞɟŬ ůɢɐɛŬŰŬ Űɤɜ ŭɘŬŰɞɛɩɜ Űɖɠ ůɐɟŬɔɔŬɠ(əɡəɚɘəɐ, 

ŰŮŰɟŬɔɤɜɘəɐ, ŮɚɚŮɘˊŰɘəɐ əŬɘ ˊŮŰŬɚɞŮɘŭɐɠ) ůɢŮŭɘɎůŰɖəŮ  ɔɘŬ ɛŮɜ Űɖɜ əɡəɚɘəɐ əŬɘ ŰŮŰɟŬɔɤɜɘəɐ 

ŭɘŬŰɞɛɐ, ɛŮ ŰŬ ŰɡˊɞˊɞɘɖɛɏɜŬ ůŰɞɘɢŮɑŬ Űɞɡ FLAC 3D, ɔɘŬ ŭŮ Űɘɠ ŭɘŬŰɞɛɏɠ ɛŮ ˊŮɟɘˊɚɞəɧŰŮɟŬ 

ůɢɐɛŬŰŬ, ɧˊɤɠ ɖ ŮɚɚŮɘˊŰɘəɐ əŬɘ ɖ ˊŮŰŬɚɞŮɘŭɐɠ ŭɘŬŰɞɛɐ, ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɖ ɔɚɩůůŬ FISH ůŮ 

ůɡɜŭɡŬůɛɧ ɛŮ Űɖɜ ɗŮɤɟɑŬ Űɤɜ ůɨɛɛɞɟűɤɜ ŬˊŮɘəɞɜɑůŮɤɜ,  ɧˊɞɡ ɛŮ Űɘɠ  əŬŰɎɚɚɖɚŮɠ 

ůɡɜŬɟŰɐůŮɘɠ  ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ ůɨɜɞɟɞ Űɖɠ ŭɘŬŰɞɛɐɠ ůŮ ŭɘŬŰɞɛɐ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ. ȼ ŮɝɤŰŮɟɘəɐ ŭɘɏɔŮɟůɖ,  ˊɞɡ ˊɟɞůɞɛɞɘɩɜŮɘ Űɖɜ ůŮɘůɛɘəɐ űɧɟŰɘůɖ, 

ŮˊɘɓɚɐɗɖəŮ ůŰɞ ůɨɜɞɟɞ Űɞɡ əŬɜɜɎɓɞɡ ɤɠ ɢɟɞɜɞɥůŰɞɟɑŬ ŰɎůŮɤɜ ŭɘŬűɞɟŮŰɘəɐ ɔɘŬ əɎɗŮ ɛɑŬ Ŭˊɧ 

Űɘɠ ˊŮɟɘˊŰɩůŮɘɠ ŭɘŬŰɛɖŰɘəɩɜ əɡɛɎŰɤɜ SH ɐ SV. ȼ ŬɚɚɖɚŮˊɑŭɟŬůɖ ŮŭɎűɞɡɠ əŬɘ əŬŰŬůəŮɡɐɠ 

ˊɟɞůɞɛɞɘɩɜŮŰŬɘ ɛŮ Űɞ ůɡɜŰŮɚŮůŰɐ ŮɡəŬɛɣɑŬɠ (flexibility  ratio) F, ɞ ɞˊɞɑɞɠ ˊɞůɞŰɘəɞˊɞɘŮɑ Űɖ 

ŭɡɜŬŰɧŰɖŰŬ Űɖɠ ŭɘŬŰɞɛɐɠ ɜŬ ŬɜɗɑůŰŬŰŬɘ ůŰɘɠ ŮˊɘɓŬɚɚɧɛŮɜŮɠ Ŭˊɧ Űɞ ˊŮɟɘɓɎɚɚɞɜ ɏŭŬűɞɠ 

ɛŮŰŬŰɞˊɑůŮɘɠ . ũɘŬ ɛŮɜ Űɘɠ ˊŮɟɘˊŰɩůŮɘɠ  Űɖɠ əɡəɚɘəɐɠ əŬɘ Űɖɠ ŰŮŰɟŬɔɤɜɘəɐɠ ŭɘŬŰɞɛɐɠ ɞ 

ůɡɜŰŮɚŮůŰɐɠ ŮɡəŬɛɣɑŬɠ ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ ůɡɔəŮəɟɘɛɏɜɞɡɠ Űɨˊɞɡɠ,  ɔɘŬ ŭŮ Űɘɠ ˊŮɟɘˊŰɩůŮɘɠ Űɖɠ 

ŮɚɚŮɘˊŰɘəɐɠ əŬɘ Űɖɠ ˊŮŰŬɚɞŮɘŭɞɨɠ ŭɘŬŰɞɛɐɠ ˊɟɞŰŮɑɜɞɜŰŬɘ ůŰɖ ˊŬɟɞɨůŬ ɛŮɚɏŰɖ  ůɢɏůŮɘɠ ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɞɡ. 
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ɄɟŬɔɛŬŰɞˊɞɘɞɨɜŰŬɘ ŭɡɜŬɛɘəɏɠ ŬɜŬɚɨůŮɘɠ ůŰɖɜ ŮɚŬůŰɘəɐ ˊŮɟɘɞɢɐ, ůŰɘɠ ɞˊɞɑŮɠ 

ŭɘŬűɞɟɞˊɞɘɞɨɜŰŬɘ ɞɘ əɎŰɤɗɘ ˊŬɟɎɔɞɜŰŮɠ : 

-ɇɞ Ůɑŭɞɠ Űɞɡ ŭɘŬŰɛɖŰɘəɞɨ əɨɛŬŰɞɠ S, (SH ɐ SV) 

-ɇɞ ɓɎɗɞɠ  H ˊɞɡ ɓɟɑůəŮŰŬɘ ɖ ůɐɟŬɔɔŬ. ɆŮ ˊŮɟɑˊŰɤůɖ ɛŮɔɎɚɞɡ ɓɎɗɞɡɠ  ɘůɢɨɞɡɜ ůɡɜɗɐəŮɠ 

ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space ).ȷɜŰɑɗŮŰŬ  ůŰɖɜ ˊŮɟɑˊŰɤůɖ  ˊɞɡ ɖ ůɐɟŬɔɔŬ ɓɟɑůəŮŰŬɘ ůŮ ɛɘəɟɧ 

ɓɎɗɞɠ (ŬɓŬɗɐɠ ůɐɟŬɔɔŬ) ɘůɢɨɞɡɜ ůɡɜɗɐəŮɠ ɖɛɑɢɤɟɞɡ (half space). ɆŰɖɜ ˊŬɟɞɨůŬ ɛŮɚɏŰɖ 

ŮɝŮŰɎɕŮŰŬɘ Űɞ  ɓɎɗɞɠ   ɛŮŰɟɞɨɛŮɜɞ Ŭˊɧ Űɞ əɏɜŰɟɞ Űɖɠ ŭɘŬŰɞɛɐɠ ɏɤɠ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, 

Űɞ ɞˊɞɑɞ  ŮɑɜŬɘ 2 ŬəŰɑɜŮɠ ůŮ ˊŮɟɑˊŰɤůɖ əɡəɚɘəɐɠ ŭɘŬŰɞɛɐɠ, Ůɜɩ ɔɘŬ ŰŬ ɡˊɧɚɞɘˊŬ ůɢɐɛŬŰŬ 2 

çɘůɞŭɨɜŬɛŮɠ ŬəŰɑɜŮɠè  

-ɇɞ ůɢɐɛŬ Űɖɠ ŭɘŬŰɞɛɐɠ (əɡəɚɘəɧ, ŮɚɚŮɘˊŰɘəɧ, ŰŮŰɟŬɔɤɜɘəɧ, ˊŮŰŬɚɞŮɘŭɏɠ) 

 -ȼ ůɢŮŰɘəɐ ŬəŬɛɣɑŬ ɛŮŰŬɝɨ Űɞɡ ɡˊɞɔŮɑɞɡ ɏɟɔɞɡ əŬɘ Űɞɡ ˊŮɟɘɓɎɚɚɞɜŰɞɠ ŮŭɎűɞɡɠ, ɖ ɞˊɞɑŬ 

ˊɟɞůɞɛɞɘɎɕŮŰŬɘ ɛŮ Űɞɜ ůɡɜŰŮɚŮůŰɐ ŮɡəŬɛɣɑŬɠ F (ŬɜŮˊɏɜŭɡŰɖ ɐ ŮˊŮɜŭŮŭɡɛɏɜɖ, ɎəŬɛˊŰɖ ɐ 

ŮɨəŬɛˊŰɖ, əŬŰŬůəŮɡɐ).  

-ȼ ɡůŰŮɟɖŰɘəɐ ŬˊɧůɓŮůɖ (ŬɜŮɝɎɟŰɖŰɖ Űɖɠ ůɡɢɜɧŰɖŰŬɠ), Űɨˊɞɡ   Rayleigh .ɆŰɖɜ ŬɜɎɚɡůɖ ŬɡŰɐ  

ɗŮɤɟɞɨɛŮ ŬˊɧůɓŮůɖ  ɝ= 2%. 

Ƀɘ ŬɜɤŰɏɟɤ ˊŬɟɎɔɞɜŰŮɠ ˊŬɑɕɞɡɜ əŬɗɞɟɘůŰɘəɧ ɟɧɚɞ  ůŰɘɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ. Ƀɘ 

ȷɜŬɚɨůŮɘɠ ŮˊŬɚɐɗŮɡůŬɜ Űɘɠ ɘŭɘɧŰɖŰŮɠ Űɧůɞ Űɤɜ əɡɛɎŰɤɜ SH ɧůɞ əŬɘ Űɤɜ əɡɛɎŰɤɜ  SV. 

ɆɡɔəɟɑɜɞɜŰŬɠ Űɖɜ ȷɜŬɚɡŰɘəɐ ɛŮ Űɖɜ ȷɟɘɗɛɖŰɘəɐ ɀɏɗɞŭɞ ˊŬɟŬŰɖɟɞɨɛŮ ɧŰɘ əŬɘ ɞɘ ŭɨɞ 

ŮˊŬɚɖɗŮɨɞɡɜ Űɘɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ɔɘŬ ŰŬ SH & ŰŬ SV əɨɛŬŰŬ. ȼ ȷɜŬɚɡŰɘəɐ ɀɏɗɞŭɞɠ ŭŮɜ 

ɚŬɛɓɎɜŮɘ ɡˊȭɧɣɘɜ Űɖɠ ůŬɜ ŮɜɘŬɑɞ Űɞ ɛɞɜŰɏɚɞ  ȺŭɎűɞɡɠ-ȾŬŰŬůəŮɡɐɠ, ɞˊɧŰŮ ŰŬ ˊɟɞəɨˊŰɞɜŰŬ 

ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ɔɘŬ ɛŮɜ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɤɜ ɛŮŰŬŰɞˊɑůŮɤɜ ŮɑɜŬɘ Űɖɠ ɑŭɘŬɠ ŰɎɝɖɠ ɛŮɔɏɗɞɡɠ, ɔɘŬ 

ŭŮɜ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɤɜ ŰɎůŮɤɜ ɡˊɎɟɢŮɘ ůɖɛŬɜŰɘəɐ Ŭˊɧəɚɘůɖ ɛŮ Űɘɠ ɛŮɔŬɚɨŰŮɟŮɠ Űɘɛɏɠ  ɜŬ 

ŮɛűŬɜɑɕɞɜŰŬɘ ůŰɖɜ ȷɜŬɚɡŰɘəɐ ɀɏɗɞŭɞ.   ȷɜŬűɞɟɘəɎ ɛŮ Űɖɜ əŬŰŬˊɧɜɖůɖ ˊɞɡ ɡűɑůŰŬŰŬɘ ɖ ɑŭɘŬ 

ɖ ůɐɟŬɔɔŬ ˊŬɟŬŰɖɟɐɗɖəŮ ůɖɛŬɜŰɘəɐ ŮˊɘɓɎɟɡɜůɖ ɚɧɔɤ Űɖɠ ůŮɘůɛɘəɐɠ ŭɘɏɔŮɟůɖɠ. 
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The present study  aims  to calculate  the stress  field around tunnels, of  various shapes under 

seismic loading of  S waves by the use of  Analytical Relations and the three dimension 

Numerical Code of Finite Differences .  In this Case  only the seismic loading is taken into 

account.        

The shear waves S are composed of two subtypes according to the plane of oscillation of the 

particle motion .In case of SH waves the particles    oscillate in a plane perpendicular to the 

vector of the wave propagation direction and in case of SV waves  the particles  oscillate within 

the plane to which the vector of the wave propagation belongs. 

The response of the underground structures  alters  according to the seismic excitation, SH or 

SV waves, due to the different boundary conditions on the cross section.       

The Wave Equation is solved by calculating the wave potentials, w in the case of SH waves 

and ū & Ɋ respectively in the case of SV waves, which express quantities in terms of 

displacements and    having  the property that   these or their derivatives   verify the Wave 

Equation. Thus, in case of SH  waves  the wave potential w expresses the total displacement, 

whereas   in case of  SV waves, the total displacement , is defined by the relation: 

 ό  ɳ ᶯ     

 The Underground Structure  is considered to be founded on linear elastic ground. The 

Underground Structure is subjected to seismic excitation, simulated by an harmonic seismic 

shear wave S, SH or  SV vertically propagating. 
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In the framework of the Analytical Solution and in case of SH or  SV Waves respectively, the 

calculation of the Wave Potentials is achieved by the expansion in finite number of terms, of 

Bessel-Hankel Fourrier Series, in combination with the implementation of the proper boundary 

conditions on the section. Additionally taking into account the Complex Variable Theory and 

especially the conformal mapping transformations  the solution concerning the cyclic hole can 

be expanded to cross sections of other shapes as: ellipse, square, hoop shape, lined or unlined. 

For the curve depicting   each shape, it is essential to have parametric equations. In order to 

simulate the depth where the Underground Structures are founded (deep foundation ï full 

space, shallow foundation-half space), relevant transformation relationships in combination 

with the implementation of proper  boundary conditions are proposed in each case of SH or SV 

waves. 

The compilation of all transformations for each different shape  and boundary conditions as 

well as the solutions of the system of the  equations  for the calculation of the Wave Potentials, 

are made by composing the relevant  computing codes in the language of technical computing 

MATLAB . 

Initially the case of cavities of various shapes, unlined or lined, in full space under seismic 

loading of SH waves were examined and the relevant analyses were performed. The various 

shapes  in the plane w  are transformed onto the unit circle in the plane ɕ center to center , with 

the implementation of proper Mapping Functions. Due to the characteristics of SH waves the 

only existing displacement is that in direction  z,  along  the axis of the tunnel  and it is an çout 

of plane displacementè. The traction free unit circle surface in plane ɕ, requires the boundary 

condition trz=0.  Relevant  computing codes in the language of technical computing MATLAB 

are composed for the calculation of the wave potentials( the incident and the scattered from the 

cavity). 

Consequently the case of cavities of various shapes, unlined or lined, in half space under 

seismic loading of SH waves were examined and the relevant analyses were performed. In this 

case the problem of the half-space becomes  a problem of full space, when consider the 

symmetrical cross-section, in relation to the surface of the ground. Thus the region  between 

the free surface and the cross-section is equivalent to the outer space of two symmetrical cross-

sections, with the axis of symmetry the free surface. The stress field around the cross section 

result, from the total solution of the model and from the calculation of  the wave potentials         
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( the incident the reflected and the two scattered each from one  cavity), taking into account the 

proper boundary conditions. 

The case of cavities of various shapes, unlined or lined, in full space under seismic loading of 

SV waves were examined and the relevant analyses were performed. The various shapes  in 

the plane w  are transformed onto the unit circle in the plane ɕ center to center , with the 

implementation of proper Mapping Functions. Due to the characteristics of SV waves,  

displacements exist in the two  directions of  the cross section of the cavity.  The traction free 

unit circle surface in plane ɕ, requires the boundary conditions trr= trɗ =0.   Relevant  computing 

codes in the language of technical computing MATLAB are composed for the calculation of 

the wave potentials( the incident and the two  scattered from the cavity). 

The wave potentials, in  case of a tunnel at depth H below the free surface under seismic loading 

of SV waves are: the incident , the reflected , two scattered wave potentials from the cavity and 

two scattered wave potentials from the free surface. In the framework of the proposed 

methodology the closed form solution is developed in two stages.  In the first ,  by applying  

the  Complex Mapping Theory,  a mapping is proposed so as the region in the plane w 

consisting of  the half space with a cavity of various shapes (circular, ellipsis,  square, hoop) is 

mapped conformally onto the region consisting of the half space with a unit circle  in the  plane 

ɕ, founded  at çan equivalent depth hè . In the second stage proper transformations are proposed 

for the implementation of the boundary conditions. The boundary conditions are:  

-The stress-free boundary conditions at the cavity surface in plane ɕ,  tr1r1= tr1ɗ1 =0 

-The stress-free boundary conditions at the free  surface in plane ɕ,  tr2r2= tr2ɗ2 =0 

The stress-free boundary conditions at the free surface are among the most complicated 

boundary conditions to be satisfied in physics, (Lin et al., 2010).  Up to now the problem has 

been solved approximately. Taking into account the properties of conformal mapping,  

analytical relationships are proposed in this study that solve exactly the problem. Thus the 

proposed transformation, that alters according to the shape of the cross-section, transforms the 

region in the plane w, consisting of the half space with a cavity of various shapes, founded at 

depth H, onto two vertical circles in the plane ɕ, with distance of their centers b. Analyses are 

performed according to the above proposed Analytical Relationships in case of underground 

structures with several unlined cross sections, founded at depth H. Relevant computing codes 

in the language of technical computing MATLAB are composed for the calculation of the 
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above quantities : çthe equivalent depth hè, the transformations of the half space and the hole, 

the wave potentials (incident, reflected, two scattered from the cavity and two scattered from 

the free space), the stress field around the cross section displacements and stresses. 

In order to validate the proposed methodology an analysis without taken into account the 

scattered wave potentials from the free surface (relaxed boundaries) has been developed,  for 

various cavity shapes and the results of the two methodologies were compared. This 

assumption is realistic because the values of these potentials are small. In this case the problem 

becomes a full space case under incident and reflected SV waves, as the only existing boundary 

condition is that of the  traction- free unit circle surface in plane ɕ, tr1r1= tr1ɗ1 =0 .   

The comparison of the two methods entails to satisfactory results. Thus, the proposed analytical 

methodology solved the problem of the calculation of the stress field around cavities, founded 

at depth H, in case of half space under seismic loading of SV waves. Additionally the proposed 

transformation for the stress free boundary conditions at the free surface,  tr2r2= tr2ɗ2 =0, can be 

expanded also in other cases with similar boundary conditions. 

In the framework of the numerical solution and in order to simulate the dynamic response of 

the underground structures, the  3D Numerical Code of finite differences FLAC 3D, is used. 

This software has a large application in Geotechnical Engineering for the  solution of the 

differential equation of motion. The soil-structure model is considered elastic and is subjected 

to seismic excitation, simulated by an harmonic vertically propagating shear wave S, of  SH  

or SV  type. In addition the FLAC 3D code incorporates the language FISH, for further 

programming and for the amelioration of the model. 

The generation of the grids for the several different shapes of the cross sections of the Tunnels 

(cyclic, elliptic, square, hoop) is conducted as follows: in case of cyclic and square cavity 

shapes the grids are composed according to the standard FLAC 3D elements, while for the 

more complicated cavity shapes as elliptical and hoop, the grids are composed with  the FISH 

language routines based on conformal Mapping Theory. The seismic excitation is induced in 

terms of stress history, according to the type of S Wave, SH or SV. 

The soil-structure interaction effect is expressed by the flexibility ratio F, a measure of soil 

stiffness relative to the flexural stiffness of the liner. In case of a cyclic or square cavity shape, 

the value of the  flexibility ratio F is given according to formulas from the bibliography, while 
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in case of an elliptic or hoop cavity shape, relevant relations are proposed, in the framework of 

this study. 

A series of dynamic parametric analyses were performed, in the elastic region taking into 

account: 

-The type of S Wave, SH or SV 

-The thickness  of the soil layer H  above the structure. When the foundation is deep it is a full 

space case, in the opposite it is a half space case. In this study, the structure depth H is the 

distance between the structure and the free surface measured centreline, considered two radius 

in case of a cyclic cavity or two çequivalent radiusè in all other cases. 

-The shape of the cavity (cyclic, elliptic, square, hoop) 

-The relative stiffness between the soil and the cavity, simulated by the flexibility ratio 

F(unlined or lined cavity rigid or flexible) 

-The hysteretic damping of Rayleigh type, independent of the frequency. In this study damping 

is considered ɝ=2%. 

The aforementioned factors play a crucial role in the calculation of the stress field. All the 

analyses verified the properties and the boundary conditions both of SH & SV waves. 

Comparing the Analytical methodology with the Numerical the former calculated 

displacements are within the same order of magnitude while the former calculated stresses 

differ significantly and are larger than those derived from the Numerical methodology. 

Seismic excitation causes significant deformations and stresses to the underground  Structure. 
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Ƀ́ ɐ , ŬɜŰɑůŰɞɘɢɖɠ ŬˊɧůŰŬůɖɠ D  

3.5.4. çȽůɞŭɨɜŬɛɖ ɞɟɘɕɧɜŰɘŬ ŬˊɧůŰŬůɖ d è Űɞɡ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ɔɘŬ   Ƀ́ ɐ 

ɄŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ , ŬɜŰɑůŰɞɘɢɖɠ ŬˊɧůŰŬůɖɠ D  
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4.ȷɜŬɚɡŰɘəɏɠ ɆɢɏůŮɘɠ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɖɠ ȺɜŰŬŰɘəɐɠ ȾŬŰɎůŰŬůɖɠ ŭɘŬŰɞɛɩɜ 

ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ ɡˊɞ əŬŰŬəɧɟɡűɖ ůŮɘůɛɘəɐ ˊɟɧůˊŰɤůɖ ȹɘŬŰɛɖŰɘəɩɜ ȾɡɛɎŰɤɜ 

Űɨˊɞɡ SH ɛŮ ŮűŬɟɛɞɔɐ Űɖɠ ɗŮɤɟɑŬɠ Űɤɜ Ɇɨɛɛɞɟűɤɜ ȷˊŮɘəɞɜɑůŮɤɜ 

4.1.ȷɜŮˊɏɜŭɡŰɖ Ƀˊɐ ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ                                                                                   132 

4.1.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ 

4.1.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R 

4.1.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ  

4.1.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ 

4.1.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ 

4.2.ȷɜŮˊɏɜŭɡŰɖ Ƀˊɐ ůŰɞɜ  ȼɛɑɢɤɟɞ                                                                                           148 

4.2.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ůŮ ɓɎɗɞɠ h 

4.2.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ůŮ ɓɎɗɞɠ ȼ 

4.2.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ 

4.2.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ 

4.2.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ůŮ ɓɎɗɞɠ ȼ 

 

4.3.ȺˊŮɜŭŮŭɡɛɏɜɖ  Ƀˊɐ  ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ                                                                            168 

4.3.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ˊɎɢɞɡɠ tc 

4.3.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ˊɎɢɞɡɠ t 

4.3.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ˊɎɢɞɡɠ t 

4.3.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ˊɎɢɞɡɠ t 

4.3.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ˊɎɢɞɡɠ t 

 

4.4. ȺˊŮɜŭŮŭɡɛɏɜɖ  Ƀˊɐ ůŰɞɜ  ȼɛɑɢɤɟɞ                                                                                 185 

4.4.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɛɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ ˊɎɢɞɡɠ tc, ůŮ ɓɎɗɞɠ h 

4.4.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R  ́ Ɏɢɞɡɠ t, ůŮ ɓɎɗɞɠ ȼ 

4.4.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ ˊɎɢɞɡɠ t, ůŮ ɓɎɗɞɠ ȼ 
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4.4.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ ˊɎɢɞɡɠ t, ůŮ ɓɎɗɞɠ ȼ 

4.4.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ ˊɎɢɞɡɠ t , ůŮ ɓɎɗɞɠ ȼ 
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5.ȷɜŬɚɡŰɘəɏɠ ɆɢɏůŮɘɠ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɖɠ ȺɜŰŬŰɘəɐɠ ȾŬŰɎůŰŬůɖɠ ŭɘŬŰɞɛɩɜ 

ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ ɡˊɞ əŬŰŬəɧɟɡűɖ ůŮɘůɛɘəɐ ˊɟɧůˊŰɤůɖ ȹɘŬŰɛɖŰɘəɩɜ ȾɡɛɎŰɤɜ 

Űɨˊɞɡ SV ɛŮ ŮűŬɟɛɞɔɐ Űɖɠ ɗŮɤɟɑŬɠ Űɤɜ Ɇɨɛɛɞɟűɤɜ ȷˊŮɘəɞɜɑůŮɤɜ 

5.1.ȷɜŮˊɏɜŭɡŰɖ Ƀˊɐ ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ                                                                               207 

5.1.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ 

5.1.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R 

5.1.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ  

5.1.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ 

5.1.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ 

5.2.ȷɜŮˊɏɜŭɡŰɖ Ƀˊɐ ůŰɞɜ  ȼɛɑɢɤɟɞ-ɄŮɟɑˊŰɤůɖ çɉŬɚŬɟɞɨ Ɇɡɜɧɟɞɡè                             225 

5.2.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ůŮ ɓɎɗɞɠ h 

5.2.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ůŮ ɓɎɗɞɠ ȼ 

5.2.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ 

5.2.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ 

5.2.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ůŮ ɓɎɗɞɠ ȼ 

5.3.ɄɟɞŰŮɘɜɧɛŮɜɖ ȷɜŬɚɡŰɘəɐ ȿɨůɖ ɔɘŬ Űɞɜ ȷəɟɘɓɐ Ɉˊɞɚɞɔɘůɛɧ Űɤɜ ȺɜŰŬŰɘəɩɜ ɀŮɔŮɗɩɜ , 

ȷɜŮˊɏɜŭɡŰɤɜ  ŭɘŬŰɞɛɩɜ ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ,  ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ ȹɘŬŰɛɖŰɘəɩɜ ȾɡɛɎŰɤɜ 

SV, ůŮ ɓɎɗɞɠ H, Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ                                                               244 

5.3.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ůŮ ɓɎɗɞɠ h 

5.3.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ůŮ ɓɎɗɞɠ ȼ 

5.3.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ 

5.3.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ 

5.3.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ůŮ ɓɎɗɞɠ ȼ 

5.4.ȺˊŮɜŭŮŭɡɛɏɜɖ  Ƀˊɐ  ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ                                                                      269 

5.4.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ˊɎɢɞɡɠ tc 

5.4.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ˊɎɢɞɡɠ t 

5.4.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ˊɎɢɞɡɠ t 
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5.4.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ˊɎɢɞɡɠ t 

5.4.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ˊɎɢɞɡɠ t 

5.5. ȺˊŮɜŭŮŭɡɛɏɜɖ  Ƀˊɐ ůŰɞɜ  ȼɛɑɢɤɟɞ ɛŮ ɗŮɩɟɖůɖ çɉŬɚŬɟɞɨ Ɇɡɜɧɟɞɡè                  287 

5.5.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ ˊɎɢɞɡɠ tc, ůŮ ɓɎɗɞɠ h 

5.5.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R  ́ Ɏɢɞɡɠ t, ůŮ ɓɎɗɞɠ ȼ 

5.5.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ ˊɎɢɞɡɠ t, ůŮ ɓɎɗɞɠ ȼ 

5.5.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ ˊɎɢɞɡɠ t, ůŮ ɓɎɗɞɠ ȼ 

5.5.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ ˊɎɢɞɡɠ t , ůŮ ɓɎɗɞɠ ȼ 

ȾŮűɎɚŬɘɞ 6 

6. ȷɟɘɗɛɖŰɘəɐ Ⱥˊɑɚɡůɖ ɛŮ Űɞɜ ȾɩŭɘəŬ ɄŮˊŮɟŬůɛɏɜɤɜ ȹɘŬűɞɟɩɜ FLAC  3D v4.0 

(ITASCA  2009)                                                                                                       306 

6.1. ȷɚɚɖɚŮˊɑŭɟŬůɖ ȺŭɎűɞɡɠ-ȾŬŰŬůəŮɡɐɠ-ɆɡɜŰŮɚŮůŰɐɠ ȺɡəŬɛɣɑŬɠ  

6.1.1.Ⱦɡəɚɘəɐ ŭɘŬŰɞɛɐ 

6.1.2.ȺɚɚŮɘˊŰɘəɐ ŭɘŬŰɞɛɐ 

6.1.3.ɄŮŰŬɚɞŮɘŭɐɠ ŭɘŬŰɞɛɐ 

6.1.4.ɇŮŰɟŬɔɤɜɘəɐ ŭɘŬŰɞɛɐ 

6.2.ȹɡɜŬɛɘəɏɠ ȷɜŬɚɨůŮɘɠ 

6.2.1.Ʉɚɐɟɖɠ ɉɩɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  Ⱦɡəɚɘəɐ ŭɘŬŰɞɛɐ ŬəŰɑɜŬɠ   r=1ɛ , ɢɤɟɑɠ ŬˊɧůɓŮůɖ, 

ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ.  

6.2.2.Ʉɚɐɟɖɠ ɉɩɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  Ⱦɡəɚɘəɐ ŭɘŬŰɞɛɐ ŬəŰɑɜŬɠ   r=1ɛ , ɛŮ  ŬˊɧůɓŮůɖ Űɨˊɞɡ 

Rayleigh  2%,  ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ.  

6.2.3.Ʉɚɐɟɖɠ ɉɩɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  ɇŮŰɟŬɔɤɜɘəɐ  ŭɘŬŰɞɛɐ ˊɚŮɡɟɎɠ 10ɛ.,ɡˊɧ ůŮɘůɛɘəɐ 

űɧɟŰɘůɖ SH əɡɛɎŰɤɜ.  

6.2.4.Ʉɚɐɟɖɠ  ɉɩɟɞɠ , ŮɨəŬɛˊŰɖ  Ⱥ́ ŮɜŭŮŭɡɛɏɜɖ   Ⱦɡəɚɘəɐ ŭɘŬŰɞɛɐ ŬəŰɑɜŬɠ   1m , ɢɤɟɑɠ 

ŬˊɧůɓŮůɖ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ.  

6.2.5. ȼɛɑɢɤɟɞɠ  , ȷɜŮˊɏɜŭɡŰɖ  Ⱦɡəɚɘəɐ ŭɘŬŰɞɛɐ ŬəŰɑɜŬɠ   r=1m , ůŮ ɓɎɗɞɠ 2r ɢɤɟɑɠ 

ŬˊɧůɓŮůɖ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ.  

6.2.6. ȼɛɑɢɤɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  Ⱦɡəɚɘəɐ ŭɘŬŰɞɛɐ ŬəŰɑɜŬɠ   r=1ɛ , ůŮ ɓɎɗɞɠ 4r ɢɤɟɑɠ 

ŬˊɧůɓŮůɖ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ 

6.2.7. ȼɛɑɢɤɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  ɇŮŰɟŬɔɤɜɘəɐ ŭɘŬŰɞɛɐ ˊɚŮɡɟɎɠ   5ɛ , ůŮ ɓɎɗɞɠ 10ɛ ɢɤɟɑɠ 

ŬˊɧůɓŮůɖ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ.  

6.2.8.Ʉɚɐɟɖɠ ɉɩɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  Ⱦɡəɚɘəɐ ŭɘŬŰɞɛɐ ŬəŰɑɜŬɠ r=1ɛ  , ɢɤɟɑɠ ŬˊɧůɓŮůɖ ɡˊɧ 

ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ 
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6.2.9.Ʉɚɐɟɖɠ  ɉɩɟɞɠ  , ȷɜŮˊɏɜŭɡŰɖ  Ⱦɡəɚɘəɐ ŭɘŬŰɞɛɐ ŬəŰɑɜŬɠ   r=1ɛ , ɛŮ  ŬˊɧůɓŮůɖ 

Űɨˊɞɡ Rayleigh  2%,  ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ.  

6.2.10.Ʉɚɐɟɖɠ  ɉɩɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  ɇŮŰɟŬɔɤɜɘəɐ  ŭɘŬŰɞɛɐ ˊɚŮɡɟɎɠ 10ɛ.,ɡˊɧ ůŮɘůɛɘəɐ 

űɧɟŰɘůɖ SV əɡɛɎŰɤɜ.  

6.2.11.Ʉɚɐɟɖɠ  ɉɩɟɞɠ , ŮɨəŬɛˊŰɖ  Ⱥ́ ŮɜŭŮŭɡɛɏɜɖ   Ⱦɡəɚɘəɐ ŭɘŬŰɞɛɐ ŬəŰɑɜŬɠ   r=1ɛ , 

ɢɤɟɑɠ ŬˊɧůɓŮůɖ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ.  

6.2.12. Ʉɚɐɟɖɠ  ɉɩɟɞɠ ,  ɎəŬɛˊŰɖ  Ⱥ́ ŮɜŭŮŭɡɛɏɜɖ   Ⱦɡəɚɘəɐ ŭɘŬŰɞɛɐ ŬəŰɑɜŬɠ  r=1ɛ, ɢɤɟɑɠ 

ŬˊɧůɓŮůɖ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ.  

6.2.13. ȼɛɑɢɤɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  Ⱦɡəɚɘəɐ ŭɘŬŰɞɛɐ ŬəŰɑɜŬɠ   r=1ɛ , ůŮ ɓɎɗɞɠ 2r ɢɤɟɑɠ 

ŬˊɧůɓŮůɖ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ.  

6.2.14. ȼɛɑɢɤɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  ɇŮŰɟŬɔɤɜɘəɐ ŭɘŬŰɞɛɐ ˊɚŮɡɟɎɠ   5ɛ , ůŮ ɓɎɗɞɠ 10ɛ ɢɤɟɑɠ 

ŬˊɧůɓŮůɖ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ.  

6.2.15.Ʉɚɐɟɖɠ ɉɩɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  ȺɚɚŮɘˊŰɘəɐ   ŭɘŬŰɞɛɐ ɛŮ ɖɛɘɎɝɞɜŮɠ 6ɛ &  5ɛ.,ɡˊɧ 

ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ.  

6.2.16. ȼɛɑɢɤɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ   ȺɚɚŮɘˊŰɘəɐ   ŭɘŬŰɞɛɐ ɛŮ ɖɛɘɎɝɞɜŮɠ 6ɛ &  5ɛ., ůŮ ɓɎɗɞɠ 

10ɛ ɢɤɟɑɠ ŬˊɧůɓŮůɖ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ.  

6.2.17.Ʉɚɐɟɖɠ ɉɩɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  ȺɚɚŮɘˊŰɘəɐ   ŭɘŬŰɞɛɐ ɛŮ ɖɛɘɎɝɞɜŮɠ 6ɛ &  5ɛ.,ɡˊɧ 

ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ.  

6.2.18. ȼɛɑɢɤɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ   ȺɚɚŮɘˊŰɘəɐ   ŭɘŬŰɞɛɐ ɛŮ ɖɛɘɎɝɞɜŮɠ 6ɛ &  5ɛ., ůŮ ɓɎɗɞɠ 

10ɛ ɢɤɟɑɠ ŬˊɧůɓŮůɖ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ.  

6.2.19.Ʉɚɐɟɖɠ  ɉɩɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ 7.72ɛ əŬɘ ˊɚɎŰɞɡɠ 

9.5ɛ,ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ.  

6.2.20.Ʉɚɐɟɖɠ ɉɩɟɞɠ , ŮɨəŬɛˊŰɖ Ⱥ́ ŮɜŭŮŭɡɛɏɜɖ   ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ 7.72ɛ əŬɘ 

ˊɚɎŰɞɡɠ 9.5ɛ,ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ, ɛŮ ˊɎɢɞɠ t=0.45ɛ.  

6.2.21.Ʉɚɐɟɖɠ  ɉɩɟɞɠ , ɎəŬɛˊŰɖ Ⱥ́ ŮɜŭŮŭɡɛɏɜɖ   ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ 7.72ɛ əŬɘ 

ˊɚɎŰɞɡɠ 9.5ɛ,ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ, ɛŮ ˊɎɢɞɠ t=0.85ɛ.  

6.2.22.ȼɛɑɢɤɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ 7.72ɛ əŬɘ ˊɚɎŰɞɡɠ 9.5ɛ, ůŮ 

ɓɎɗɞɠ 8.93ɛ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ.  

6.2.23.ȼɛɑɢɤɟɞɠ , ŮɨəŬɛˊŰɖ Ⱥ́ ŮɜŭŮŭɡɛɏɜɖ    ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ 7.72ɛ əŬɘ 

ˊɚɎŰɞɡɠ 9.5ɛ, ůŮ ɓɎɗɞɠ 8.93ɛ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ ɛŮ ˊɎɢɞɠ 0.45ɛ.  

6.2.24.ȼɛɑɢɤɟɞɠ , ɎəŬɛˊŰɖ Ⱥ́ ŮɜŭŮŭɡɛɏɜɖ    ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ 7.72ɛ əŬɘ 

ˊɚɎŰɞɡɠ 9.5ɛ, ůŮ ɓɎɗɞɠ 8.93ɛ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ, ˊɎɢɞɡɠ t=0.85ɛ 

6.2.25.Ʉɚɐɟɖɠ ɉɩɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ 7.72ɛ əŬɘ ˊɚɎŰɞɡɠ 

9.5ɛ,ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ.  

6.2.26.Ʉɚɐɟɖɠ ɉɩɟɞɠ , ŮɨəŬɛˊŰɖ Ⱥ́ ŮɜŭŮŭɡɛɏɜɖ   ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ 7.72ɛ əŬɘ 

ˊɚɎŰɞɡɠ 9.5ɛ,ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ, ɛŮ ˊɎɢɞɠ t=0.45ɛ.  

6.2.27.Ʉɚɐɟɖɠ ɉɩɟɞɠ , ɎəŬɛˊŰɖ Ⱥ́ ŮɜŭŮŭɡɛɏɜɖ   ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ 7.72ɛ əŬɘ 

ˊɚɎŰɞɡɠ 9.5ɛ,ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ, ɛŮ ˊɎɢɞɠ t=0.85ɛ.  

6.2.28.ȼɛɑɢɤɟɞɠ , ȷɜŮˊɏɜŭɡŰɖ  ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ 7.72ɛ əŬɘ ˊɚɎŰɞɡɠ 9.5ɛ, ůŮ 

ɓɎɗɞɠ 8.93ɛ ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ.  
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6.2.29.ȼɛɑɢɤɟɞɠ , ŮɨəŬɛˊŰɖ Ⱥ́ ŮɜŭŮŭɡɛɏɜɖ  ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ 7.72ɛ əŬɘ 

ˊɚɎŰɞɡɠ 9.5ɛ, ůŮ ɓɎɗɞɠ 8.93ɛ, ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ, ɛŮ ˊɎɢɞɠ t=0.45ɛ. 

6.2.30.ȼɛɑɢɤɟɞɠ , ɎəŬɛˊŰɖ Ⱥ́ ŮɜŭŮŭɡɛɏɜɖ  ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ 7.72ɛ əŬɘ 

ˊɚɎŰɞɡɠ 9.5ɛ, ůŮ ɓɎɗɞɠ 8.93ɛ, ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ, ɛŮ ˊɎɢɞɠ t=0.85ɛ. 
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ȾŮűɎɚŬɘɞ 1 

1.ȺɘůŬɔɤɔɐ 

1.1.ȷɜŰɘəŮɑɛŮɜɞ-ɆŰɧɢɞɠ 

Ƀɘ ůɐɟŬɔɔŮɠ ŮɑɜŬɘ ůɖɛŬɜŰɘəɎ ŰŮɢɜɘəɎ ɏɟɔŬ, ŬˊɞŰŮɚɞɨɜ ŰɛɐɛŬŰŬ ůɡɔəɞɘɜɤɜɘŬəɩɜ Ŭɝɧɜɤɜ, 

ˊɟɞůɓɎůŮɤɜ ůŮ ɞɟŮɘɜɏɠ ˊŮɟɘɞɢɏɠ, ɕɤŰɘəɩɜ ɔɟŬɛɛɩɜ Űɤɜ ɃɟɔŬɜɘůɛɩɜ Ⱦɞɘɜɐɠ ɋűɏɚŮɘŬɠ əɚˊ. 

ȷˊɞŰŮɚɞɨɜ   ŭɨůəɞɚŬ ɏɟɔŬ ɚɧɔɤ Űɖɠ ŮŰŮɟɞɔɏɜŮɘŬɠ əŬɘ Űɖɠ ŬˊɟɧɓɚŮˊŰɖɠ ůɡɛˊŮɟɘűɞɟɎɠ Űɖɠ 

ɔŮɩɛŬɕŬɠ, Űɤɜ ɡɣɖɚɩɜ ˊɘɏůŮɤɜ əŬɘ Űɞɡ ɛŮɔɎɚɞɡ əɧůŰɞɡɠ ˊɞɡ ɞűŮɑɚŮŰŬɘ əɡɟɑɤɠ ůŰɞɜ 

ŬˊŬɘŰɞɨɛŮɜɞ ŮɝŮɘŭɘəŮɡɛɏɜɞ Ůɝɞˊɚɘůɛɧ ɔɘŬ Űɖ ŭɘɎɜɞɘɝɖ. ȼ ŮŭŬűɘəɐ əɑɜɖůɖ ˊɞɡ ˊɟɞəŬɚŮɑ ɏɜŬɠ 

ůŮɘůɛɧɠ ŮɑɜŬɘ ɛɘŬ ŰɡɢɖɛŬŰɘəɐ ŭɟɎůɖ. ȰŰůɘ,  ɖ ɛŮɚɏŰɖ Űɤɜ ɡˊɧɔŮɘɤɜ əŬŰŬůəŮɡɩɜ  ˊŬɟɞɡůɘɎɕŮɘ 

ɘŭɘŬɑŰŮɟɞ ŮɜŭɘŬűɏɟɞɜ əŬɗɩɠ ɞɘ ůɢŮŰɘəɏɠ ȾŬɜɞɜɘůŰɘəɏɠ ŭɘŬŰɎɝŮɘɠ əŬɘ ɞɘ  ɓɘɓɚɘɞɔɟŬűɘəɏɠ 

ŬɜŬűɞɟɏɠ ŮɑɜŬɘ ˊŮɟɘɞɟɘůɛɏɜŮɠ Ŭɜ ɧɢɘ ŬɜɨˊŬɟəŰŮɠ. 

Ƀ ůɢŮŭɘŬůÕɧɠ Űɤɜ ɏɟɔɤɜ ŬɡŰɩɜ ɏɜŬɜŰɘ ŰɡɢɖÕŬŰɘəɩɜ ŭɟɎůŮɤɜ,ɧˊɤɠ ŮɑɜŬɘ ɞ ůŮɘůÕɧɠ ŮɑɜŬɘ 

əɞÕɓɘəɐɠ ůˊɞɡŭŬɘɧŰɖŰŬɠ, ŭŮŭɞÕɏɜɞɡ ɧŰɘ ŬəɧÕɖ əŬɘ ŬůɐÕŬɜŰŮɠ ɓɚɎɓŮɠ, ɧˊɤɠ ŮˊɘůəŮɡɎůɘÕŮɠ 

ŮűŮɚəɡůŰɘəɏɠ ɟɤɔÕɏɠ ˊɞɡ ŭŮ ɗŬ ŭɘŬəɧɣɞɡɜ Űɖ ɚŮɘŰɞɡɟɔɑŬ ÕɘŬɠ ɞŭɘəɐɠ ůɐɟŬɔɔŬɠ, ŭɨɜŬŰŬɘ ɜŬ 

ˊɟɞəŬɚɏůɞɡɜ ůɖÕŬɜŰɘəɏɠ ůŮ ɏəŰŬůɖ əŬɘ ůˊɞɡŭŬɘɧŰɖŰŬ ˊŮɟɘɓŬɚɚɞɜŰɘəɏɠ əŬŰŬůŰɟɞűɏɠ. Ƀɘ 

ůɡɜɖɗɏůŰŮɟŮɠ Ŭˊɧ ŬɡŰɏɠ ŮɑɜŬɘ ɖ ŭɘɎɢɡůɖ ɚɡÕɎŰɤɜ, ɢɖÕɘəɩɜ, ˊŮŰɟŮɚŬɘɞŮɘŭɩɜ əɚˊ ůŰɞ ɏŭŬűɞɠ 

əŬɘ ɖ  ŮˊŬəɧɚɞɡɗɖ ˊɟɞůɓɞɚɐ Űɞɡ ɡŭɟɞűɧɟɞɡ ɞɟɑɕɞɜŰŬ, əŬɗɩɠ əŬɘ ɖ ŮəɟɖəŰɘəɐ ŬˊŮɚŮɡɗɏɟɤůɖ 

ůŰɖɜ ŬŰÕɧůűŬɘɟŬ űɡůɘəɞɨ ŬŮɟɑɞɡ ɡˊɧ ɡɣɖɚɐ ˊɑŮůɖ (ˊ.ɢ 8 bars ɐ 800 kPa) əŬɘ ɖ ŮˊŬəɧɚɞɡɗɖ 

ŬɜɎűɚŮɝɖ, ÕŮ ŬˊɞŰɏɚŮůÕŬ Űɖ ˊɟɧəɚɖůɖ ˊɡɟəŬɔɘɩɜ ůŮ ÕŮɔɎɚŮɠ ŭɞÕɖÕɏɜŮɠ ŬɚɚɎ əŬɘ ŭŬůɘəɏɠ 

ŮəŰɎůŮɘɠ. ȷɜŬűɏɟŮŰŬɘ ɢŬɟŬəŰɖɟɘůŰɘəɎ ɧŰɘ ŰɏůůŮɟŮɘɠ   Ŭˊɧ Űɞɡɠ ÕŮɔŬɚɨŰŮɟɞɡɠ ˊɟɧůűŬŰɞɡɠ 

ůŮɘůÕɞɨɠ, Űɖɠ Loma Prieta (USA, 1989),  Űɞɡ Kobe (Japan, 1995), Űɞɡ Chi Chi (Taiwan, 1999)  

əŬɘ Űɞɡ  Duzce(Turkey, 1999) ůɡɜɞŭŮɨŰɖəŬɜ Ŭˊɧ ŰɏŰɞɘɞɡ Ůɑŭɞɡɠ ˊŮɟɘɓŬɚɚɞɜŰɘəɏɠ 

əŬŰŬůŰɟɞűɏɠ, ɞɘ ɞˊɞɑŮɠ ŮɡɗɨɜɞɜŰŬɘ ɔɘŬ Űɖɜ ɞɚɞůɢŮɟɐ əŬŰŬůŰɟɞűɐ Űɖɠ ˊŬɟŬɚɘŬəɐɠ ɕɩɜɖɠ 

Marina District ůŰɖ ˊɟɩŰɖ ˊŮɟɑˊŰɤůɖ əŬɘ Űɖɠ ůɡɜɞɘəɑŬɠ Nishinomiya ůŰɖ ŭŮɨŰŮɟɖ. Ⱥˊɑůɖɠ ɖ  

ŬɜŬűɞɟɎ  Ɏɜɤ Űɤɜ ˊŮɜɐɜŰŬ(50) ˊŮɟɘˊŰɩůŮɤɜ ŭɞɛɘəɐɠ ŬůŰɞɢɑŬɠ ɡˊɞɔŮɑɤɜ Ŭɔɤɔɩɜ əŬɘ 

ůɖɟɎɔɔɤɜ ůŮ ŬɡŰɞɨɠ Űɞɡɠ ůŮɘůɛɞɨɠ əŬŰŬŭŮɘəɜɨŮɘ Űɖɜ ŬɜɎɔəɖ ŮˊŬɜŮɝɏŰŬůɖɠ  Űɤɜ əŬɜɞɜɘůŰɘəɩɜ 

ŭɘŬŰɎɝŮɤɜ. ɆŰɞɜ ȺɚɚŬŭɘəɧ ɢɩɟɞ əŬŰŬɔɟɎűɖəŬɜ ŬůŰɞɢɑŮɠ ůŰŬ ŭɑəŰɡŬ ɡˊɞŭɞɛɐɠ,  ɛŮŰɎ Ŭˊɧ Űɞɡɠ 

ůŮɘůɛɞɨɠ Űɖɠ ȿŮɡəɎŭŬɠ (2003) & (2015). 

ũŮɜɘəɎ ɖ  ůŮɘůɛɘəɐ Ŭˊɧəɟɘůɖ ɛɘŬɠ  ɡˊɧɔŮɘŬɠ əŬŰŬůəŮɡɐɠ ŭɘŬűɏɟŮɘ ůɖɛŬɜŰɘəɎ Ŭˊɧ Űɖɜ 

Ŭˊɧəɟɘůɖ ɛɘŬɠ ŮˊɘűŬɜŮɘŬəɐɠ  əŬŰŬůəŮɡɐɠ əŬɘ ŮɑɜŬɘ ˊɘɞ ŬůűŬɚɐɠ, ɚɧɔɤ Űɖɠ ŬɜŰɑůŰŬůɖɠ Űɞɡ 

ˊŮɟɘɓɎɚɚɞɜŰɞɠ ŮŭɎűɞɡɠ ɐ ɓɟɎɢɞɡ. ȼ ɓɟŬɢɩŭɖɠ ɛɎɕŬ ŮɑɜŬɘ ɔŮɜɘəɎ ˊɘɞ ɘůɢɡɟɐ ůŮ əɎˊɞɘɞ ɓɎɗɞɠ, 

ůɡɔəɟɘɜɧɛŮɜɖ ɛŮ Űɖɜ ŬɜŰɑůŰɞɘɢɖ əɞɜŰɎ ůŰɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ˊɞɡ ɡˊɞůŰɖɟɑɕŮɘ Űɘɠ 
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əŰɘɟɘŬəɏɠ ɗŮɛŮɚɘɩůŮɘɠ.  Ƀɘ ɡˊɧɔŮɘŮɠ əŬŰŬůəŮɡɏɠ ŮɑɜŬɘ ɘůɢɡɟɎ ůɡɕŮɡɔɛɏɜŮɠ ɛŮ Űɞ ɓɟɎɢɞ əŬɘ ɔɘô 

ŬɡŰɧ ɏɢɞɡɜ ɛɘəɟɧŰŮɟɖ ˊɘɗŬɜɧŰɖŰŬ ɜŬ  ůɡɜŰɞɜɘůŰɞɨɜ ɛŮ Űɖ ůɡɢɜɧŰɖŰŬ ŭɘɏɔŮɟůɖɠ.  

ɇŬ ŮɔəɎɟůɘŬ ŮˊɘűŬɜŮɘŬəɎ əɨɛŬŰŬ, ˊɞɡ ŮɑɜŬɘ ɖ ɓŬůɘəɐ ŬɘŰɑŬ ɓɚŬɓɩɜ ůŰɖɜ ŮˊɘűɎɜŮɘŬ, ŭŮɜ 

ŮˊɖɟŮɎɕɞɡɜ ůɢŮŭɧɜ əŬɗɧɚɞɡ əŬŰŬůəŮɡɏɠ ˊɞɡ ɓɟɑůəɞɜŰŬɘ əɎŰɤ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ 

ŮŭɎűɞɡɠ. ȼ ŮŭŬűɘəɐ ŮˊɘŰɎɢɡɜůɖ ŮɝŬůɗŮɜŮɑ ɛŮ Űɖɜ ŬˊɧůŰŬůɖ əŬɘ Űɖɜ ŬɚɚŬɔɐ Űɞɡ ůɡɢɜɞŰɘəɞɨ 

ˊŮɟɘŮɢɞɛɏɜɞɡ. ȺɑɜŬɘ Ůˊɑůɖɠ ɔɜɤůŰɧ ɧŰɘ ɖ ˊɟŬɔɛŬŰɘəɐ ŮŭŬűɘəɐ əɑɜɖůɖ ŬˊɞɛŮɘɩɜŮŰŬɘ ɛŮ Űɞ 

ɓɎɗɞɠ. Ƀɘ ɓɚɎɓŮɠ ůŰɖɜ ŮˊɘűɎɜŮɘŬ ůɢŮŰɑɕɞɜŰŬɘ ˊɞɚɨ ɛŮ ŰŬ ŮˊɘűŬɜŮɘŬəɎ əɨɛŬŰŬ Rayleigh əŬɘ 

Love. ɇɞ ˊɚɎŰɞɠ Űɤɜ əɡɛɎŰɤɜ ˊɞɡ ŰŬɝɘŭŮɨɞɡɜ ŮɜŰɧɠ ůŰɟɤɛɎŰɤɜ ɢŬɛɖɚɐɠ ŰŬɢɨŰɖŰŬɠ ɛˊɞɟŮɑ 

ɜŬ ˊɟɞɓɚŮűɗŮɑ Ŭˊɧ űɡůɘəɏɠ Ŭɟɢɏɠ.  ȺɝŬɑɟŮůɖ ŬˊɞŰŮɚɞɨɜ ůɐɟŬɔɔŮɠ ˊɞɡ ŭɘŬůɢɑɕɞɡɜ ŮɜŮɟɔɎ 

ɟɐɔÕŬŰŬ ɐ ˊŮɟɘˊŰɩůŮɘɠ ɧˊɞɡ Űɞ ˊŮɟɘɓɎɚɚɞɜ ɏŭŬűɞɠ ɢɎɜŮɘ ůɖÕŬɜŰɘəɧ ɛɏɟɞɠ Űɖɠ ŬɜŰɞɢɐɠ Űɞɡ 

əŬŰɎ Űɖ ŭɘɎɟəŮɘŬ Űɖɠ ůŮɘůÕɘəɐɠ ŭɘɏɔŮɟůɖɠ(ˊ.ɢ. ɚɧɔɤ ɟŮɡůŰɞˊɞɑɖůɖɠ). 

ȷɜŰɑɗŮŰŬ ɞɘ ŮˊɘűŬɜŮɘŬəɏɠ əŬŰŬůəŮɡɏɠ əŬŰŬˊɞɜɞɨɜŰŬɘ Ŭˊɧ ɞɟɘɕɧɜŰɘŮɠ ŬŭɟŬɜŮɘŬəɏɠ ŭɡɜɎɛŮɘɠ, 

ɞɘ ɞˊɞɑŮɠ ˊɟɞəŬɚɞɨɜŰŬɘ Ŭˊɧ Űɘɠ ůŮɘůɛɘəɏɠ ŮˊɘŰŬɢɨɜůŮɘɠ ɧˊɤɠ űɗɎɜɞɡɜ ůŰɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ 

ŮŭɎűɞɡɠ, ɗŮɤɟɩɜŰŬɠ ɧŰɘ ɖ ɗŮɛŮɚɑɤůɖ Űɖɠ əŬŰŬůəŮɡɐɠ ŬəɞɚɞɡɗŮɑ Űɖɜ əɑɜɖůɖ Űɞɡ ŮŭɎűɞɡɠ. 

ɆɡɜŮˊɩɠ Űɞ əɟɑůɘɛɞ ɛɏɔŮɗɞɠ əŬŰɎ Űɞɜ ȷɜŰɘůŮɘůɛɘəɧ ɆɢŮŭɘŬůɛɧ Űɤɜ ɈˊɞɔŮɑɤɜ Ȱɟɔɤɜ 

ŬˊɞŰŮɚɞɨɜ ɞɘ ŮˊɘɓŬɚɚɧɛŮɜŮɠ ɛŮŰŬəɘɜɐůŮɘɠ - ˊŬɟŬɛɞɟűɩůŮɘɠ Űɞɡ ŮŭɎűɞɡɠ, ůŮ ŬɜŰɑɗŮůɖ ɛŮ Űɘɠ 

ɡˊɏɟɔŮɘŮɠ əŬŰŬůəŮɡɏɠ ɧˊɞɡ  əɡɟɘŬɟɢɞɨɜ   ŰŬ ɞɟɘɕɧɜŰɘŬ  ŬŭɟŬɜŮɘŬəɎ űɞɟŰɑŬ. 

ɇŬ ůŮɘůɛɘəɎ űɞɟŰɑŬ ɡˊɞɚɞɔɘůɛɞɨ ˊɞɡ ŮɘůɏɟɢɞɜŰŬɘ ůŰɞ ɡˊɧɔŮɘɞ ɏɟɔɞ, Ůɜɏɢɞɡɜ ɏɜŬ ɛŮɔɎɚɞ 

ˊɞůɞůŰɧ ŬɓŮɓŬɘɧŰɖŰŬɠ ůŮ ůɢɏůɖ ɛŮ ŰŬ ɎɚɚŬ űɞɟŰɑŬ (ɛɧɜɘɛŬ, əɘɜɖŰɎ, ɗŮɟɛɞəɟŬůɘŬəɏɠ 

ɛŮŰŬɓɞɚɏɠ) ɛŮ ŬˊɞŰɏɚŮůɛŬ Űɞɜ əɑɜŭɡɜɞ ɡˊɏɟɓŬůɐɠ Űɞɡɠ. 

ȼ ůŮɘůɛɘəɐ əɑɜɖůɖ ŮɑɜŬɘ ŬɜŬəɡəɚɘɕɧɛŮɜɖ ɛŮ ůɡɢɜɧŰɖŰŬ ɔŮɜɘəɎ ˊɞɚɨ ɡɣɖɚɐ, ˊɞɡ əɡɛŬɑɜŮŰŬɘ 

Ŭˊɧ 1Hz ɏɤɠ 10Hz. ɇŬ űɞɟŰɑŬ, ˊɞɡ ˊɟɞɏɟɢɞɜŰŬɘ Ŭˊɧ ůŮɘůɛɘəɐ ŭɟɎůɖ, ɡˊŮɟŰɑɗŮɜŰŬɘ Ɏɚɚɤɜ 

ɛɞɜɑɛɤɜ əŬɘ əɘɜɖŰɩɜ űɞɟŰɑɤɜ əŬɘ ˊŬɟɧɚɞ ˊɞɡ ŮɑɜŬɘ ˊɟɞůɤɟɘɜɎ ˊɟɏˊŮɘ ɜŬ ɡˊɞɚɞɔɘůɗɞɨɜ ɛŮ 

Űɖɜ ˊŬɟɞɡůɑŬ əŬɘ Űɤɜ ɡˊɞɚɞɑˊɤɜ űɞɟŰɑɤɜ. 

ȼ ȺŭŬűɘəɐ Ⱦɑɜɖůɖ ɔŮɜɘəɎ ɚŬɛɓɎɜŮŰŬɘ ůŰŬɗŮɟɐ ůŰɘɠ ŮˊɘűŬɜŮɘŬəɏɠ əŬŰŬůəŮɡɏɠ, ůŮ ŬɜŰɑɗŮůɖ ɛŮ 

ŰŬ ɈˊɧɔŮɘŬ ȰɟɔŬ ɧˊɞɡ ɚɧɔɤ Űɖɠ ŮˊɑŭɟŬůɖɠ Űɖɠ ŬɜɞɛɞɘɞɔɏɜŮɘŬɠ Űɞɡ ŮŭɎűɞɡɠ, ɡˊɎɟɢŮɘ ŭɘŬűɞɟɎ 

űɎůɖɠ ůŰɖɜ əɑɜɖůɖ ɛŮŰŬɝɨ ŭɨɞ ůɖɛŮɑɤɜ Űɖɠ əŬŰŬůəŮɡɐɠ. 

Ƀɘ ɓɚɎɓŮɠ ˊɞɡ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰɘɠ ŮˊɘűŬɜŮɘŬəɏɠ əŬŰŬůəŮɡɏɠ ŭŮɜ ŮˊɖɟŮɎɕɞɡɜ ɎɚɚŮɠ. ɆŮ 

ˊŮɟɑˊŰɤůɖ ˊɞɡ ɏɜŬ ɡˊɧɔŮɘɞ ɏɟɔɞ ŮɑɜŬɘ əɎˊɞɘɞ ŭɑəŰɡɞ ůɤɚɖɜɩůŮɤɜ, ɛɘŬ ŬůŰɞɢɑŬ ůô ɏɜŬ ɛɘəɟɧ 

ŰɛɐɛŬ ŬɡŰɐɠ, ɗŬ ˊɟɞəŬɚɏůŮɘ ˊɟɞɓɚɐɛŬŰŬ ůŮ ŮɡɟɨŰŮɟɞ ŰɛɐɛŬ Űɞɡ ȹɘəŰɨɞɡ. 
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Ƀ ɓŬɗɛɧɠ Űɖɠ ɏɜŰŬůɖɠ ˊɞɡ ˊɟɞəŬɚŮɑŰŬɘ  ůŰɖɜ  Ůˊɏɜŭɡůɖ Űɖɠ ůɐɟŬɔɔŬɠ,  ɚɧɔɤ Űɖɠ ŭɘɎŭɞůɖɠ 

Űɤɜ  ůŮɘůÕɘəɩɜ əɡÕɎŰɤɜ,  ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ Űɖɠ ŭɘŬÕɏŰɟɞɡ Űɖɠ ůɐɟŬɔɔŬɠ ˊɟɞɠ Űɞ Õɐəɞɠ 

Űɞɡ ůŮɘůÕɘəɞɨ əɨÕŬŰɞɠ. ɆŰɘɠ ůɡɜɐɗŮɘɠ ˊŮɟɘˊŰɩůŮɘɠ, Űɞ Űɡˊɘəɧ ɎɜɞɘɔÕŬ Űɖɠ ůɐɟŬɔɔŬɠ (10-15 

ÕɏŰɟŬ) ŮɑɜŬɘ ˊɞɚɨ ÕɘəɟɧŰŮɟɞ Ŭˊɧ ŰŬ ɢŬɟŬəŰɖɟɘůŰɘəɎ Õɐəɖ əɨÕŬŰɞɠ Űɤɜ ůŮɘůÕɘəɩɜ əɘɜɐůŮɤɜ 

(100-500 ÕɏŰɟŬ) əŬɘ ůɡɜŮˊɩɠ ɞɘ ŭɘŬűɞɟɘəɏɠ ÕŮŰŬəɘɜɐůŮɘɠ Űɤɜ ŮəŬŰɏɟɤɗŮɜ ˊŬɟŮɘɩɜ Űɖɠ 

ůɐɟŬɔɔŬɠ ŮɑɜŬɘ Õɘəɟɏɠ Ůˊɞɛɏɜɤɠ əŬɘ  ɖ ŬɜŬˊŰɡůůɧÕŮɜɖ ˊɟɧůɗŮŰɖ ɏɜŰŬůɖ Űɖɠ Ůˊɏɜŭɡůɖɠ ŮɑɜŬɘ 

Ůˊɑůɖɠ Õɘəɟɐ. ȺɝŬɑɟŮůɖ ůŰɞɜ ŬɜɤŰɏɟɤ əŬɜɧɜŬ ŬˊɞŰŮɚɞɨɜ ɞɘ əɎŰɤɗɘ ˊŮɟɘˊŰɩůŮɘɠ: 

1.ȳŰŬɜ ɖ ŮŭŬűɘəɐ ŮˊɘŰɎɢɡɜůɖ Ŭɘɢɛɐɠ ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɖ Ŭˊɧ 0.5g 

2.ȳŰŬɜ Űɞ ɛɏɔŮɗɞɠ Űɞɡ ůŮɘůɛɞɨ  ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɞ Ŭˊɧ 7 Richter 

3.ȳŰŬɜ ɖ ŮˊɘəŮɜŰɟɘəɐ ŬˊɧůŰŬůɖ ŮɑɜŬɘ ɛɘəɟɧŰŮɟɖ Ŭˊɧ 25 ɢɘɚɘɧɛŮŰɟŬ 

4. ȳŰŬɜ ɖ ŭɘɎɟəŮɘŬ Űɖɠ  ůŮɘůɛɘəɐɠ əɑɜɖůɖɠ ŮɑɜŬɘ ɛŮɔɎɚɖ, ŬɡŰɐ  ɛˊɞɟŮɑ ɜŬ ɞŭɖɔɐůŮɘ ůŮ ŬůŰɞɢɑŬ 

ɚɧɔɤ çəɧˊɤůɖɠ Űɖɠ ůɐɟŬɔɔŬɠè əŬɘ ɛŮɔɎɚɤɜ ŬɜŬˊŰɡůůɧɛŮɜɤɜ  ˊŬɟŬɛɞɟűɩůŮɤɜ. 

5. ɆɐɟŬɔɔŮɠ ůŮ ˊɞɚɨ ÕŬɚŬəɎ ŮŭɎűɖ ɧˊɞɡ ŰŬ ɢŬɟŬəŰɖɟɘůŰɘəɎ Õɐəɖ Űɤɜ ůŮɘůÕɘəɩɜ əɡÕɎŰɤɜ 

ŮɑɜŬɘ ŬɟəŮŰɎ ÕɘəɟɧŰŮɟŬ (30-100 ÕɏŰɟŬ) əŬɘ ůɡɜŮˊɩɠ ůɡɔəɟɑůɘÕŬ ÕŮ Űɞ ɎɜɞɘɔÕŬ Űɖɠ ůɐɟŬɔɔŬɠ. 

6. ɆɐɟŬɔɔŮɠ ˊɞɡ ŭɘŬůɢɑɕɞɡɜ ŭɘŮˊɘűɎɜŮɘŮɠ ÕŮŰŬɝɨ ŮŭŬűɘəɩɜ ůɢɖÕŬŰɘůÕɩɜ ÕŮ ůɖÕŬɜŰɘəɐ 

ŭɘŬűɞɟɎ Űɤɜ  ÕɏŰɟɤɜ ŮɚŬůŰɘəɧŰɖŰŬɠ. ɆŰɘɠ ˊŮɟɘɞɢɏɠ ŬɡŰɏɠ, ˊŬɟŬŰɖɟŮɑŰŬɘ ÕŮɔɏɗɡɜůɖ əŬɘ 

ŮɜŰɞˊɘůÕɧɠ Űɤɜ ůŮɘůÕɘəɩɜ ˊŬɟŬÕɞɟűɩůŮɤɜ (Õɏůɤ ŬɜŬəɚɎůŮɤɜ Űɤɜ ůŮɘůɛɘəɩɜ əɡÕɎŰɤɜ) ŰŬ 

ɞˊɞɑŬ ɏɢɞɡɜ ůŬɜ  ŬˊɞŰɏɚŮůÕŬ Űɖɜ Ŭɡɝɖɛɏɜɖ əŬŰŬˊɧɜɖůɖ Űɖɠ Ůˊɏɜŭɡůɖɠ Űɖɠ ůɐɟŬɔɔŬɠ. 

7. ɆɐɟŬɔɔŮɠ ˊɞɡ ŭɘŬůɢɑɕɞɡɜ ůŮɘůÕɘəɩɠ ŮɜŮɟɔɎ ɟɐɔÕŬŰŬ ɡˊɧ ŬɟəŮŰɎ ɞɝŮɑŬ ɔɤɜɑŬ,ɞˊɧŰŮ Űɞ 

Õɐəɞɠ Űɖɠ ůɐɟŬɔɔŬɠ ůŰɞ ɞˊɞɑɞ ɡűɑůŰŬŰŬɘ ŬɚɚɖɚŮˊɑŭɟŬůɖ ÕŮ Űɞ ɟɐɔÕŬ ŮɑɜŬɘ ÕŮɔɎɚɞ əŬɘ 

Ůˊɘˊɚɏɞɜ ŭŮɜ ŮɑɜŬɘ ˊɞɚɨ ŬˊɞŭɞŰɘəɐ ɖ əŬŰŬůəŮɡɐ ŮɔəɎɟůɘɤɜ ŬɟÕɩɜ ůŰɖɜ Ůˊɏɜŭɡůɖ Űɖɠ 

ůɐɟŬɔɔŬɠ. ɆŰɘɠ ˊŮɟɘˊŰɩůŮɘɠ ŬɡŰɏɠ, ŮɎɜ ŭŮɜ ŮɑɜŬɘ ŭɡɜŬŰɧɜ ɜŬ ŬˊɞűŮɡɢɗŮɑ ɖ ŭɘŬůŰŬɨɟɤůɖ Űɖɠ 

ůɐɟŬɔɔŬɠ ÕŮ Űɞ ɟɐɔÕŬ (Õɏůɤ ŬɚɚŬɔɐɠ Űɖɠ ɢɎɟŬɝɖɠ), Űɞ ˊɟɧɓɚɖɛŬ ŬɜŰɘɛŮŰɤˊɑɕŮŰŬɘ ɤɠ Ůɝɐɠ : 

ü ȷɨɝɖůɖ Űɖɠ ŭɘŬɛɏŰɟɞɡ Űɖɠ ŭɘɎŰɟɖůɖɠ, ɔɘŬ çɘəŬɜɧè ɛɐəɞɠ ɏɜɗŮɜ əŬɘ ŮəŮɑɗŮɜ Űɞɡ 

ɟɐɔɛŬŰɞɠ, ɏŰůɘ ɩůŰŮ ɜŬ ɔɑɜŮɘ ŭɡɜŬŰɐ ɖ ŮɚŮɨɗŮɟɖ ˊŬɟŬɛɧɟűɤůɖ Űɞɡ ɏɟɔɞɡ əŬɗɩɠ əŬɘ 

ɖ Ůɨəɞɚɖ ŮˊɘůəŮɡɐ Űɞɡ. 

ü ɉɟɐůɖ ɢŬɚŬɟɞɨ ɡɚɘəɞɨ ŮˊɘɢɩůŮɤɠ (ůŰɖɜ ˊŮɟɑˊŰɤůɖ cut-and-cover). 

ü ȷɨɝɖůɖ Űɖɠ ŮɡəŬɛɣɑŬɠ Űɖɠ əŬŰŬůəŮɡɐɠ ɛŮ Ůɘŭɘəɞɨɠ ůɡɜŭɏůɛɞɡɠ ɞɘ ɞˊɞɑɞɘ ɜŬ ɛˊɞɟɞɨɜ 

ɜŬ ŬɜŬɚŬɛɓɎɜɞɡɜ əŬɛˊŰɘəɏɠ ɟɞˊɏɠ əŬɘ ŭɘɎŰɛɖůɖ ɢɤɟɑɠ ŬůŰɞɢɑŬ (flexible joints, steel 

ribs).   
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ü ȾŬŰŬůəŮɡɐ əŬŰɎɚɚɖɚɤɜ ŬɟÕɩɜ ˊɞɡ ɜŬ ŮˊɘŰɟɏˊɞɡɜ Űɘɠ ŬɜŬÕŮɜɧÕŮɜŮɠ ůŮɘůÕɘəɏɠ 

ÕŮŰŬəɘɜɐůŮɘɠ ɢɤɟɑɠ ůɖÕŬɜŰɘəɏɠ ɓɚɎɓŮɠ ůŰɖɜ Ůˊɏɜŭɡůɖ Űɖɠ ůɐɟŬɔɔŬɠ. 

8. Ƀɘ ɓŬɗɘɏɠ ůɐɟŬɔɔŮɠ ŮɑɜŬɘ ŬůűŬɚɏůŰŮɟŮɠ Ŭˊɧ Űɘɠ ŬɓŬɗŮɑɠ, əŬɗɩɠ  ɞɘ ɓɚɎɓŮɠ ɏɜŬɜŰɘ ůŮɘůɛɘəɩɜ 

ŭɟɎůŮɤɜ ɛŮɘɩɜɞɜŰŬɘ ɛŮ Űɖɜ Ŭɨɝɖůɖ Űɞɡ ɓɎɗɞɡɠ. ũɘŬ ɛɘəɟɎ ɓɎɗɖ ŰŬ əɨɛŬŰŬ çˊŬɔɘŭŮɨɞɜŰŬɘè 

ŬɜɎɛŮůŬ ůŰɖ ůɐɟŬɔɔŬ əŬɘ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, ɛŮ ůɡɜɏˊŮɘŬ ɜŬ ɔɑɜŮŰŬɘ ˊɞɚɡˊɚɞəɧŰŮɟɖ ɖ 

Ŭˊɧəɟɘůɖ ůŰɖɜ ŮˊɘűɎɜŮɘŬ əŬɘ ŮɜŰɞɜɧŰŮɟɖ ɖ Ŭˊɧəɟɘůɖ Űɖɠ əŬŰŬůəŮɡɐɠ. 

9.Ƀɘ ůɐɟŬɔɔŮɠ ɛŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ŮɑɜŬɘ ŬůűŬɚɏůŰŮɟŮɠ Ŭˊɧ Űɘɠ ŬɜŰɑůŰɞɘɢŮɠ ɛŮ 

ŬɜŮˊɏɜŭɡŰɖ ŭɘŬŰɞɛɐ . ɄŬɟɧɚŬ ŬɡŰɎ ɏɢŮɘ ůɖɛŬůɑŬ ɞ ɞˊɚɘůɛɧɠ əŬɘ ɖ ŭɘŮɨɗɡɜůɖ Űɖɠ ůŮɘůɛɘəɐɠ 

űɧɟŰɘůɖɠ  ˊɞɡ ɗŬ ŭŮɢɗŮɑ (ůɡɛɛŮŰɟɘəɐ ɐ ɧɢɘ). 

10.ɆɖɛŬɜŰɘəɏɠ ɓɚɎɓŮɠ ɛŮŰɎ Ŭˊɧ ůŮɘůɛɧ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰŬ ůŰɧɛɘŬ Űɖɠ ůɐɟŬɔɔŬɠ  

ȾŬŰɎ Űɞ ůɢŮŭɘŬůÕɧ ɡˊɞɔŮɑɤɜ ɏɟɔɤɜ ɏɜŬɜŰɘ ůŮɘůÕɘəɩɜ ŭɟɎůŮɤɜ, ůɡɜɐɗɤɠ ɗŮɤɟŮɑŰŬɘ ɧŰɘ Űɞ 

ɏŭŬűɞɠ ˊɞɡ ˊŮɟɘɓɎɚɚŮɘ Űɞ ɏɟɔɞ ŮɑɜŬɘ ˊɞɚɨ "ɎəŬÕˊŰɞ" ůŮ ůɢɏůɖ ÕŮ Űɖɜ Ůˊɏɜŭɡůɖ Űɖɠ ůɐɟŬɔɔŬɠ 

əŬɘ ůɡɜŮˊɩɠ ɞɘ ˊŬɟŬÕɞɟűɩůŮɘɠ Űɞɡ, ɚɧɔɤ Űɖɠ ŭɘɏɚŮɡůɖɠ Űɤɜ ůŮɘůÕɘəɩɜ əɡÕɎŰɤɜ, 

ŮˊɘɓɎɚɚɞɜŰŬɘ ŬɡŰɞɨůɘŮɠ ůŰɞ ɏɟɔɞ ɢɤɟɑɠ Ŭɝɘɧɚɞɔɖ Űɟɞˊɞˊɞɑɖůɖ Õɏůɤ ŬɚɚɖɚŮˊɑŭɟŬůɖɠ ÕŮ Űɞ 

ˊŮɟɘɓɎɚɚɞɜ ɏŭŬűɞɠ. ȺɝŬɑɟŮůɖ ůŰɞɜ əŬɜɧɜŬ ŬɡŰɧɜ ŬˊɞŰŮɚɞɨɜ ůɐɟŬɔɔŮɠ ůŮ ˊɞɚɨ ÕŬɚŬəɞɨɠ 

ůɢɖÕŬŰɘůÕɞɨɠ əŬɗɩɠ əŬɘ ˊŮɟɘˊŰɩůŮɘɠ ɧˊɞɡ Űɞ ɏŭŬűɞɠ ɢɎɜŮɘ ůɖÕŬɜŰɘəɧ ˊɞůɞůŰɧ Űɖɠ ŬɜŰɞɢɐɠ 

Űɞɡ (ˊ.ɢ. ɚɧɔɤ ɟŮɡůŰɞˊɞɑɖůɖɠ). ɀŮ ŮɝŬɑɟŮůɖ Űɘɠ ŬɜɤŰɏɟɤ ˊŮɟɘˊŰɩůŮɘɠ, əŬŰɎ Űɞ ȷɜŰɘůŮɘůÕɘəɧ 

ůɢŮŭɘŬůÕɧ Űɤɜ ɡˊɞɔŮɑɤɜ ɏɟɔɤɜ ɖ ŬɚɚɖɚŮˊɑŭɟŬůɖ ÕŮŰŬɝɨ ůɐɟŬɔɔŬɠ əŬɘ ˊŮɟɘɓɎɚɚɞɜŰɞɠ 

ŮŭɎűɞɡɠ ÕˊɞɟŮɑ ɜŬ ŬÕŮɚɖɗŮɑ əŬɘ Űɞ ɏɟɔɞ ɜŬ ůɢŮŭɘŬůɗŮɑ ɩůŰŮ ɜŬ ŭɨɜŬŰŬɘ ɜŬ ŬɜŬɚɎɓŮɘ Űɞ 

ůɨɜɞɚɞ Űɖɠ ůŮɘůÕɘəɐɠ ˊŬɟŬÕɧɟűɤůɖɠ Űɞɡ ˊŮɟɘɓɎɚɚɞɜŰɞɠ ŮŭɎűɞɡɠ. 

ȼ ˊŬɟŬɛɧɟűɤůɖ Űɖɠ Ůˊɏɜŭɡůɖɠ Űɖɠ ůɐɟŬɔɔŬɠ əŬŰɎ Űɖ ŭɘɏɚŮɡůɖ  ůŮɘůɛɘəɩɜ əɡÕɎŰɤɜ ŮɑɜŬɘ 

ŭɡɞ Űɨˊɤɜ:  

ȷɝɞɜɘəɐ əŬɘ əŬÕˊŰɘəɐ ˊŬɟŬÕɧɟűɤůɖ əŬŰɎ Űɞɜ ŭɘŬÕɐəɖ ɎɝɞɜŬ Űɖɠ ůɐɟŬɔɔŬɠ (ŭɖɚŬŭɐ əɎÕɣɖ 

ÕŮ ŭɘɎɜɡůÕŬ Űɖɠ əŬÕˊŰɘəɐɠ ɟɞˊɐɠ əɎɗŮŰɞ ɤɠ ˊɟɞɠ Űɞɜ ɎɝɞɜŬ Űɖɠ ůɐɟŬɔɔŬɠ) ɚɧɔɤ Űɖɠ 

ŭɘɎŭɞůɖɠ əɡɟɑɤɠ ŭɘŬŰÕɖŰɘəɩɜ (S) əɡÕɎŰɤɜ ÕŮ ŭɧɜɖůɖ ŮəŰɧɠ Űɞɡ Ůˊɘˊɏŭɞɡ Űɖɠ ŭɘŬŰɞÕɐɠ Űɖɠ 

ůɐɟŬɔɔŬɠ. 

ȾŬÕˊŰɘəɐ ˊŬɟŬÕɧɟűɤůɖ ŮɜŰɧɠ Űɖɠ ŭɘŬŰɞÕɐɠ Űɖɠ ůɐɟŬɔɔŬɠ (ŭɖɚŬŭɐ əɎÕɣɖ ÕŮ ŭɘɎɜɡůÕŬ Űɖɠ 

əŬÕˊŰɘəɐɠ ɟɞˊɐɠ ˊŬɟɎɚɚɖɚɞ ˊɟɞɠ Űɞɜ ɎɝɞɜŬ Űɖɠ ůɐɟŬɔɔŬɠ) ɚɧɔɤ Űɖɠ ŭɘɎŭɞůɖɠ əɡɟɑɤɠ 

ŭɘŬŰÕɖŰɘəɩɜ (S) əɡÕɎŰɤɜ ÕŮ ŭɧɜɖůɖ ŮɜŰɧɠ Űɞɡ Ůˊɘˊɏŭɞɡ Űɖɠ ŭɘŬŰɞÕɐɠ Űɖɠ ůɐɟŬɔɔŬɠ 
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ȷɜŮɝŬɟŰɐŰɤɠ Űɞɡ Űɨˊɞɡ Űɖɠ ŮˊɘɓŬɚɚɧÕŮɜɖɠ ˊŬɟŬÕɧɟűɤůɖɠ, ɞ ůɢŮŭɘŬůÕɧɠ Űɖɠ Ůˊɏɜŭɡůɖɠ Űɖɠ 

ůɐɟŬɔɔŬɠ ɗŬ ˊɟɏˊŮɘ ɜŬ ɔɑɜŮɘ Õɏůɤ Űɖɠ ˊɟɧɓɚŮɣɖɠ ŮˊŬɟəɞɨɠ ˊɚŬůŰɘÕɧŰɖŰŬɠ ɩůŰŮ ɜŬ 

Ŭˊɞɟɟɞűɖɗɞɨɜ ɞɘ ŮˊɘɓŬɚɚɧÕŮɜŮɠ ůŮɘůÕɘəɏɠ ˊŬɟŬÕɞɟűɩůŮɘɠ (əɘɜɖÕŬŰɘəɐ űɧɟŰɘůɖ) ɢɤɟɑɠ 

ŬˊɩɚŮɘŬ Űɖɠ ɘəŬɜɧŰɖŰŬɠ Űɖɠ Ůˊɏɜŭɡůɖɠ ɜŬ űɏɟŮɘ ŰŬ ůŰŬŰɘəɩɠ ŮˊɘɓŬɚɚɧÕŮɜŬ űɞɟŰɑŬ Ůə Űɞɡ 

ˊŮɟɘɓɎɚɚɞɜŰɞɠ ŮŭɎűɞɡɠ, ŭŮŭɞÕɏɜɞɡ ɧŰɘ ŮɑɜŬɘ ˊɟŬəŰɘəɩɠ ŬŭɨɜŬŰɞɠ ɞ ůɢŮŭɘŬůÕɧɠ Űɖɠ 

Ůˊɏɜŭɡůɖɠ ɩůŰŮ ɜŬ űɏɟŮɘ ŰŬ ŬŭɟŬɜŮɘŬəɎ ůŮɘůÕɘəɎ űɞɟŰɑŬ Űɞɡ ˊŮɟɘɓɎɚɚɞɜŰɞɠ ŮŭɎűɞɡɠ 

(ŬŭɟŬɜŮɘŬəɐ űɧɟŰɘůɖ). ȼ ŮÕˊŮɘɟɑŬ ɏɢŮɘ ŭŮɑɝŮɘ ɧŰɘ, ůŰɘɠ ˊŮɟɘůůɧŰŮɟŮɠ ˊŮɟɘˊŰɩůŮɘɠ, ɖ 

ŭɘŬůŰŬůɘɞɚɧɔɖůɖ Űɤɜ ɡˊɞɔŮɑɤɜ ɏɟɔɤɜ ÕŮ ɓɎůɖ Űɘɠ ůŰŬŰɘəɏɠ űɞɟŰɑůŮɘɠ əŬɘ Űɘɠ 

əŬŰŬůəŮɡŬůŰɘəɏɠ ŬˊŬɘŰɐůŮɘɠ (ˊ.ɢ. ŭɘŬÕɧɟűɤůɖ ŮɔəŬɟůɑɤɜ ŬɟÕɩɜ ŬɜɎ 10-15 ÕɏŰɟŬ Õɐəɞɡɠ) 

ŮɑɜŬɘ ŮˊŬɟəɐɠ ɔɘŬ Űɖɜ ŬɜɎɚɖɣɖ Űɤɜ ůŮɘůÕɘəɩɜ ŭɟɎůŮɤɜ. ȾŬŰɎ ůɡɜɏˊŮɘŬ, ɞ ůɢŮŭɘŬůÕɧɠ Űɤɜ 

ɡˊɞɔŮɑɤɜ ɏɟɔɤɜ ůɡɜɐɗɤɠ ɔɑɜŮŰŬɘ ɏɜŬɜŰɘ Űɤɜ ůŰŬŰɘəɩɜ ŭɟɎůŮɤɜ əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ŮɚɏɔɢŮŰŬɘ 

ɏɜŬɜŰɘ Űɤɜ ůŮɘůÕɘəɩɜ ŭɟɎůŮɤɜ.  

ȼ ŬˊɚɞɨůŰŮɟɖ ɛɏɗɞŭɞɠ ŭɘŬ Űɖɠ ɢɟɐůŮɤɠ Űɤɜ ŬɜŬˊŰɡůůɧɛŮɜɤɜ ŮŭŬűɘəɩɜ ˊŬɟŬɛɞɟűɩůŮɤɜ, 

ˊɞɡ ɡˊɞɚɞɔɑɕɞɜŰŬɘ ůɡɜɐɗɤɠ ŬɜŮɝɎɟŰɖŰŬ ɛŮ ɛɘŬ əɚŬůůɘəɐ ɛɞɜɞŭɘɎůŰŬŰɖ ɛŮɚɏŰɖ Űɖɠ ŮŭŬűɘəɐɠ 

Ŭˊɧəɟɘůɖɠ Űɞɡ űɡůɘəɞɨ ŮŭɎűɞɡɠ ɢɤɟɑɠ əŬɛɑŬ əŬŰŬůəŮɡɐ, ŮɑɜŬɘ ɖ ŬˊŮɡɗŮɑŬɠ ŮűŬɟɛɞɔɐ Űɞɡɠ 

ůŰɖɜ ɡˊɧɔŮɘŬ əŬŰŬůəŮɡɐ. ȼ ɛɏɗɞŭɞɠ ŬɡŰɐ ˊɟɞűŬɜɩɠ ŭŮɜ ɚŬɛɓɎɜŮɘ ɡˊɧɣɖ Űɖɜ ŬɚɚɖɚŮˊɑŭɟŬůɖ 

ɛŮŰŬɝɨ ŮŭɎűɞɡɠ-əŬŰŬůəŮɡɐɠ əŬɘ Űɖɜ ɧˊɞɘŬ Űɟɞˊɞˊɞɑɖůɖ ŬɡŰɐ ŮˊɘűɏɟŮɘ ůŰɞ ˊɟɞűɑɚ Űɤɜ 

ŮŭŬűɘəɩɜ ɛŮŰŬəɘɜɐůŮɤɜ. ɆɡɢɜɎ ɖ ɛɏɗɞŭɞɠ ŬɡŰɐ ɞŭɖɔŮɑ ůŮ ɡˊŮɟŭɘŬůŰŬůɘɞɚɧɔɖůɖ Űɖɠ 

əŬŰŬůəŮɡɐɠ, ɘŭɘŬɑŰŮɟŬ ůŮ ɛŬɚŬəɎ ŮŭɎűɖ ɧˊɞɡ ɞɘ ˊŬɟŬɛɞɟűɩůŮɘɠ ŮɚŮɡɗɏɟɞɡ ˊŮŭɑɞɡ 

ɚŬɛɓɎɜɞɡɜ ɔŮɜɘəɎ ɛŮɔɎɚŮɠ Űɘɛɏɠ, Ůɜɩ ɖ ŬɚɚɖɚŮˊɑŭɟŬůɖ ŮɑɜŬɘ ɏɜŰɞɜɖ ɛŮ ŬˊɞŰɏɚŮůɛŬ ɖ Ŭˊô 

ŮɡɗŮɑŬɠ ŮűŬɟɛɞɔɐ Űɤɜ ŮŭŬűɘəɩɜ ˊŬɟŬɛɞɟűɩůŮɤɜ ůŰɖɜ əŬŰŬůəŮɡɐ ɜŬ ɛɖɜ ŮɑɜŬɘ ɟŮŬɚɘůŰɘəɐ 

(Wang, 1993). ɆɡɜŮˊɩɠ ŬɡŰɐ ɖ ˊɟɞůɏɔɔɘůɖ ŮɜŭŮɑəɜɡŰŬɘ ɛɧɜɞ ůŮ ɗɏůŮɘɠ ɧˊɞɡ ŬɜŬɛɏɜɞɜŰŬɘ 

ɢŬɛɖɚɎ ŮˊɑˊŮŭŬ ůŮɘůɛɘəɩɜ ŭɘŮɔɏɟůŮɤɜ. ũɘŬ Űɞɜ ůɡɜɡˊɞɚɞɔɘůɛɧ Ŭəɟɘɓɩɠ Űɖɠ ŬɚɚɖɚŮˊɑŭɟŬůɖɠ 

ɏɢɞɡɜ ˊɟɞŰŬɗŮɑ ɞɟɘůɛɏɜŮɠ ŬˊɚɞˊɞɘɖŰɘəɏɠ ɛɏɗɞŭɞɘ, ɧˊɤɠ ɖ ɢɟɐůɖ Ůɜɧɠ ŭŮɑəŰɖ ŮɡəŬɛɣɑŬɠ (F), 

ˊɞɡ ůɡůɢŮŰɑɕŮɘ Űɖɜ ŭɡůəŬɛɣɑŬ Űɖɠ əŬŰŬůəŮɡɐɠ ɛŮ ŬɡŰɐ Űɞɡ ŮŭɎűɞɡɠ.  
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1.2.ȹɞɛɐ Űɖɠ ȹɘŬŰɟɘɓɐɠ 

ɀŮŰɎ Űɖɜ ŮɘůŬɔɤɔɐ, ŬəɞɚɞɡɗŮɑ Űɞ ȾŮűɎɚŬɘɞ 2 ůŰɞ ɞˊɞɑɞ ůɡɜɞɣɑɕɞɜŰŬɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ɛɘŬɠ 

ˊɚɐɟɞɡɠ ɓɘɓɚɘɞɔɟŬűɘəɐɠ ɏɟŮɡɜŬɠ ɔɘŬ Űɘɠ ɛŮɗɧŭɞɡɠ ˊɞɡ ɏɢɞɡɜ ˊɟɞŰŬɗŮɑ əŬɘ ɢɟɖůɘɛɞˊɞɘɖɗŮɑ 

əŬŰɎ əŬɘɟɞɨɠ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɖɠ ŮɜŰŬŰɘəɐɠ űɧɟŰɘůɖɠ ůŮ ɡˊɧɔŮɘŬ  ɏɟɔŬ ɚɧɔɤ ůŮɘůɛɞɨ. Ⱥɜɩ 

ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ ˊɟɧůˊŰɤůɖɠ ŭɘŬŰɛɖŰɘəɩɜ əɡɛɎŰɤɜ Űɨˊɞɡ SH  Űɞ ˊɟɧɓɚɖɛŬ Űɖɠ ŮűŬɟɛɞɔɐɠ 

Űɤɜ ůɡɜɞɟɘŬəɩɜ Űɘɛɩɜ ůŰɞɜ ɖɛɑɢɤɟɞ ɏɢŮɘ ŮˊɘɚɡɗŮɑ, ɚɧɔɤ Űɖɠ űɨůɖɠ Űɤɜ əɡɛɎŰɤɜ SH, ŭŮɜ 

ůɡɛɓŬɑɜŮɘ ɧɛɤɠ Űɞ ɑŭɘɞ ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɤɜ əɡɛɎŰɤɜ SV, ɧˊɞɡ ɖ ŮűŬɟɛɞɔɐ Űɤɜ ůɡɜɞɟɘŬəɩɜ 

ůɡɜɗɖəɩɜ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ŭŮɜ ɏɢŮɘ ŮˊɘɚɡɗŮɑ ɛŮ Ŭəɟɘɓɐ ɚɨůɖ. ũɘŬ Űɞɡɠ ŬɜɤŰɏɟɤ 

ɚɧɔɞɡɠ ɔɑɜŮŰŬɘ ˊɟɞůˊɎɗŮɘŬ ɜŬ ŮˊɘɚɡɗŮɑ Űɞ ˊɟɧɓɚɖɛŬ ɛŮ Űɖ ɓɞɐɗŮɘŬ ůɨɛɛɞɟűɤɜ ŬˊŮɘəɞɜɑůŮɤɜ 

Ŭˊɧ Űɖ ɀɘɔŬŭɘəɐ ȷɜɎɚɡůɖ, ɧˊɞɡ ɛŮ ɓɎůɖ Űɘɠ ˊɟɞŰŮɘɜɧɛŮɜŮɠ ůɢɏůŮɘɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ 

əŬɗɑůŰŬŰŬɘ ŭɡɜŬŰɐ ɖ ˊɟɞůɞɛɞɑɤůɖ Űɤɜ ˊɟŬɔɛŬŰɘəɩɜ ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ Űɞɡ ɖɛɑɢɤɟɞɡ.  

ɆŰɞ ȾŮűɎɚŬɘɞ 3, ˊŬɟɞɡůɘɎɕɞɜŰŬɘ  ɞɘ əŬŰɎɚɚɖɚɞɘ ɛŮŰŬůɢɖɛŬŰɘůɛɞɑ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɞɡ 

ˊɚɐɟɞɡɠ ɢɩɟɞɡ əŬɘ ɔɘŬ ŰŬ Ůɝɐɠ ůɢɐɛŬŰŬ: əɨəɚɞɠ, ɏɚɚŮɘɣɖ, ŰŮŰɟɎɔɤɜɞ əŬɘ ˊŮŰŬɚɞŮɘŭɏɠ. ɆŰɖ 

ůɡɜɏɢŮɘŬ ˊɟɞŰŮɑɜɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŮɠ ůɢɏůŮɘɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɞɡ 

ɖɛɑɢɤɟɞɡ.  ȷˊŬɟŬɑŰɖŰɖ ˊɟɞɦˊɧɗŮůɖ ɔɘŬ Űɖɜ ŮűŬɟɛɞɔɐ Űɤɜ ˊɟɞŰŮɘɜɧɛŮɜɤɜ ůɢɏůŮɤɜ, ŮɑɜŬɘ ɜŬ 

ŭɘŬɗɏŰŮɘ ɖ əŬɛˊɨɚɖ Űɞɡ əɎɗŮ ůɢɐɛŬŰɞɠ ˊŬɟŬɛŮŰɟɘəɏɠ ŮɝɘůɩůŮɘɠ. 

ɇɞ ȾŮűɎɚŬɘɞ 4 ŬűɞɟɎ Űɖɜ Ŭˊɧəɟɘůɖ əŬɘ Űɞɜ ŬɜŬɚɡŰɘəɧ ɡˊɞɚɞɔɘůɛɧ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ 

ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ ɡˊɞɔŮɑɤɜ ɏɟɔɤɜ ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ, ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH əɡɛɎŰɤɜ. 

Ƀɘ (Mao & Pao, 1971), ɏɢɞɡɜ ŮˊɘɚɨůŮɘ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ɡˊɞɚɞɔɘůɛɞɨ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ 

ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɞɡ ˊɚɐɟɞɡɠ ɢɩɟɞɡ ɔɘŬ Űɖɜ əɡəɚɘəɐ ɞˊɐ, ɧˊɞɡ ŮɨəɞɚŬ ŮűŬɟɛɧɕɞɜŰŬɘ ɞɘ 

ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ trz=0 ŮˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ  əɨəɚɞɡ.  ɇŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ Űɧůɞ 

Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ ɧůɞ əŬɘ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ əɨɛŬŰɞɠ, ŬɜŬˊŰɨůůɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ  ůŮ ůŮɘɟɏɠ 

ŬˊŮɑɟɤɜ ɧɟɤɜ Bessel-Fourier əŬɘ Hankel-Fourier. ȿɧɔɤ Űɤɜ ɘŭɘɞŰɐŰɤɜ Űɤɜ SH əɡɛɎŰɤɜ 

ɡˊɎɟɢŮɘ ɛɧɜɞ ɖ ɛŮŰŬəɑɜɖůɖ əŬŰɎ Űɞɜ ɎɝɞɜŬ Űɖɠ ůɐɟŬɔɔŬɠ, ŭɖɚŬŭɐ ŮəŰɧɠ Ůˊɘˊɏŭɞɡ Űɖɠ 

ŭɘŬŰɞɛɐɠ. 

ȼ  ŮˊŮəŰŬůɖ  Űɖɠ ŬɜɤŰɏɟɤ ɚɨůɖɠ əŬɘ ůŮ ŭɘŬŰɞɛɏɠ Ɏɚɚɤɜ ůɢɖɛɎŰɤɜ ŮˊɘŰɡɔɢɎɜŮŰŬɘ ɛŮ Űɖɜ 

ŮűŬɟɛɞɔɐ Űɤɜ ůɨɛɛɞɟűɤɜ ŬˊŮɘəɞɜɑůŮɤɜ. ȰůŰɤ ɤ(ɕ), ɖ ůɡɜɎɟŰɖůɖ ˊɞɡ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ ɏɜŬ 

ůɢɐɛŬ (əɨəɚɞɠ, ɏɚɚŮɘɣɖ, ŰŮŰɟɎɔɤɜɞ əŬɘ ˊŮŰŬɚɞŮɘŭɏɠ) ˊɞɡ ɓɟɑůəŮŰŬɘ  ůŮ ɏɜŬ ŮˊɑˊŮŭɞ w, ůŮ 

ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ. ɀŮ Űɖ ɓɞɐɗŮɘŬ ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, 

ˊɞɚɨˊɚɞəŬ ůɢɐɛŬŰŬ ˊɞɡ ɗŬ ɐŰŬɜ ŬŭɨɜŬŰɞɜ ɜŬ ɛŮɚŮŰɖɗɞɨɜ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕɞɜŰŬɘ 

ůŮ ɛɘŬ ŬˊɚɞɨůŰŮɟɖ ɔŮɤɛŮŰɟɑŬ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɧˊɞɡ ŮɑɜŬɘ ŭɡɜŬŰɐ ɖ ɛŮɚɏŰɖ əŬɘ ɖ Ůˊɑɚɡůɐ Űɞɡɠ. 

Ɇɡɜɐɗɤɠ ɛŮŰŬůɢɖɛŬŰɑɕɞɜŰŬɘ ůŰɞ ŮɝɤŰŮɟɘəɧ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ Űɞɡ ɞˊɞɑɞɡ ɖ ɔŮɤɛŮŰɟɑŬ ŮɑɜŬɘ 
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Ŭˊɚɐ əŬɘ ɔɜɤůŰɐ əŬɘ ɛˊɞɟɞɨɜ ɜŬ ŮűŬɟɛɞůŰɞɨɜ ŮɨəɞɚŬ ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ. ȰŰůɘ ɞɘ 

ůɨɛɛɞɟűŮɠ ŬˊŮɘəɞɜɑůŮɘɠ ŭɑɜɞɡɜ Űɖɜ ŭɡɜŬŰɧŰɖŰŬ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗɞɨɜ ɞɘ ɓŬůɘəɏɠ ŮɝɘůɩůŮɘɠ Űɖɠ 

ɛɘɔŬŭɘəɐɠ ŬɜɎɚɡůɖɠ,  ůŮ ɏɜŬ Ŭˊɚɞˊɞɘɖɛɏɜɞ ˊɟɧɓɚɖɛŬ ɔɜɤůŰɐɠ ɔŮɤɛŮŰɟɑŬɠ. 

ũŮɜɘəŮɨɞɜŰŬɠ, ɛŮ Űɖ ɓɞɐɗŮɘŬ ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ ŬˊŮɘəɧɜɘůɖɠ ɛŮŰŬůɢɖɛŬŰɑɕɞɡɛŮ Űɞ ˊɟɧɓɚɖɛŬ 

ůɡɜɞɟɘŬəɩɜ Űɘɛɩɜ ůŰɞ ŮˊɑˊŮŭɞ w, ůŮ ɏɜŬ ˊɟɧɓɚɖɛŬ ůɡɜɞɟɘŬəɩɜ Űɘɛɩɜ ɔɘŬ Űɞ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ 

ɐ Űɞ ŬɜŰɑůŰɞɘɢɞ ɖɛɘŮˊɑˊŮŭɞ ůŰɞɜ ŮˊɑˊŮŭɞ ɕ, Űɞ ɞˊɞɑɞ əŬɘ ŮˊɘɚɨɞɡɛŮ. 

ȼ ɛŮɗɞŭɞɚɞɔɑŬ ˊɞɡ ŬəɞɚɞɡɗŮɑŰŬɘ ůŰɞ ȾŮűɎɚŬɘɞ ŬɡŰɧ ŮɑɜŬɘ ɖ Ůɝɐɠ: 

1. ɀŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɤ(ɕ), ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ ŰɡɢŬɑɞ ůɢɐɛŬ ůŰɞ 

ŮˊɑˊŮŭɞ w, ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ. 

2. ɆŰɖ ůɡɜɏɢŮɘŬ, ŮəűɟɎɕɞɡɛŮ Űɞ ˊɟɞůˊɑˊŰɞɜ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wi, Űɞ ůəŮŭŬɕɧɛŮɜɞ 

əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ws, Űɞ ůɡɜɞɚɘəɧ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wtot, Űɖɜ ŰɎůɖ ὸ  əŬɗɩɠ əŬɘ 

Űɖɜ ŰɎůɖ ὸ, ůɡɜŬɟŰɐůŮɘ Űɖɠ ɤ(ɕ), ɤɠ Ůɝɐɠ:  

ύ ȿύȿὩ
Ȣ ȿ ȿ

ȿ ȿ ȿ ȿ   

ύ ȿύȿВ ‐ὭὐὯȿȿ‒‫
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ , 

             ȳˊɞɡ |w0| =1 əŬɘ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SH 
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3. ɇɏɚɞɠ ŮűŬɟɛɧɕɞɡɛŮ Űɖɜ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ὸ=0, əŬɘ Ŭˊɧ Űɞ ˊɟɞəɨˊŰɞɜ ůɨůŰɖɛŬ 

ŮɝɘůɩůŮɤɜ ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞɡɠ ɎɔɜɤůŰɞɡɠ ůɡɜŰŮɚŮůŰɏɠ əŬɘ ůɡɜŮˊɩɠ ŰŬ ŮɜŰŬŰɘəɎ 

ɛŮɔɏɗɖ (ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ wtot əŬɘ Űɖɜ ŰɎůɖ  ὸ). ȹŮŭɞɛɏɜɞɡ ɧŰɘ ɏɢɞɡɛŮ ɛŮŰŬűɏɟŮɘ 

ɧɚŬ ŰŬ ŭŮŭɞɛɏɜŬ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ůŰɞɜ ɢɩɟɞ ɕ, ŰŬ ˊɟɞəɨˊŰɞɜŰŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ 

Ŭűɞɟɞɨɜ ůŰɞ Ŭɟɢɘəɧ ůɢɐɛŬ. 
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ɆŰɖ ůɡɜɏɢŮɘŬ ɔɑɜɞɜŰŬɘ ŬɜŬɚɨůŮɘɠ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ɆŮɘůɛɘəɐɠ ˊɟɧůˊŰɤůɖɠ əɡɛɎŰɤɜ SH 

əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɤɜ, ůŮ ŭɘŬŰɞɛɏɠ ɈˊɞɔŮɑɤɜ Ȱɟɔɤɜ Űɤɜ ɘŭɑɤɜ ůɢɖɛɎŰɤɜ, ɔɘŬ Űɖɜ 

ˊŮɟɑˊŰɤůɖ  Űɞɡ ɖɛɑɢɤɟɞɡ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ŬɡŰɐ  Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ɖɛɑɢɤɟɞɡ ŬɜɎɔŮŰŬɘ ůŮ 

ˊɟɧɓɚɖɛŬ ˊɚɐɟɞɡɠ ɢɩɟɞɡ, ɛŮ Űɖ ɗŮɩɟɖůɖ   Űɖɠ ůɡɛɛŮŰɟɘəɐɠ ŭɘŬŰɞɛɐɠ , ɤɠ ˊɟɞɠ Űɖɜ ŮˊɘűɎɜŮɘŬ 

Űɞɡ ŮŭɎűɞɡɠ. ȰŰůɘ ɞ ɢɩɟɞɠ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɖɠ ŭɘŬŰɞɛɐɠ ŮɑɜŬɘ 

ɘůɞŭɨɜŬɛɞɠ ɛŮ Űɞɜ ŮɝɤŰŮɟɘəɧ ɢɩɟɞ ŭɨɞ ůɡɛɛŮŰɟɘəɩɜ  ŭɘŬŰɞɛɩɜ, ɛŮ ɎɝɞɜŬ ůɡɛɛŮŰɟɑŬɠ Űɖɜ 

ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ.  ɇŬ ŬɜŰɑůŰɞɘɢŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ Űɖ ůɡɜɞɚɘəɐ Ůˊɑɚɡůɖ 

Űɞɡ ɛɞɜŰɏɚɞɡ əŬɘ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ, (Űɞ ˊɟɞůˊɑˊŰɞɜ, Űɞ ŬɜŬəɚɩɛŮɜɞ əŬɗɩɠ əŬɘ əɎɗŮ 

ɏɜŬ Ŭˊɧ ŰŬ ůəŮŭŬɕɧɛŮɜŬ Ŭˊɧ Űɘɠ ůɡɛɛŮŰɟɘəɏɠ ŭɘŬŰɞɛɏɠ), Ŭűɞɨ ɚɖűɗɞɨɜ ɡˊô ɧɣɖ əŬɘ ɞɘ 

əŬŰɎɚɚɖɚŮɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ. 

ɇɞ ȾŮűɎɚŬɘɞ 5 ŬűɞɟɎ Űɖɜ Ŭˊɧəɟɘůɖ əŬɘ Űɞɜ ŬɜŬɚɡŰɘəɧ ɡˊɞɚɞɔɘůɛɧ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ 

ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ ɡˊɞɔŮɑɤɜ ɏɟɔɤɜ ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ, ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SV əɡɛɎŰɤɜ. 

Ƀɘ (Mao & Pao, 1971), ɏɢɞɡɜ ŮˊɘɚɨůŮɘ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ɡˊɞɚɞɔɘůɛɞɨ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ 

ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɞɡ ˊɚɐɟɞɡɠ ɢɩɟɞɡ ɔɘŬ Űɖɜ əɡəɚɘəɐ ɞˊɐ ɧˊɞɡ ŮɨəɞɚŬ ŮűŬɟɛɧɕɞɜŰŬɘ ɞɘ 

ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ὸ ὸ π  , ŮˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ  əɨəɚɞɡ.  ɇŬ əɡɛŬŰɘəɎ 

ŭɡɜŬɛɘəɎ Űɧůɞ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ ɧůɞ əŬɘ Űɤɜ ůəŮŭŬɕɧɛŮɜɤɜ əɡɛɎŰɤɜ, ŬɜŬˊŰɨůůɞɜŰŬɘ 

ŬɜŰɑůŰɞɘɢŬ  ůŮ ůŮɘɟɏɠ ŬˊŮɑɟɤɜ ɧɟɤɜ Bessel-Fourier  əŬɘ Hankel-Fourier.  

ȼ ɛŮɗɞŭɞɚɞɔɑŬ ˊɞɡ ŬəɞɚɞɡɗŮɑŰŬɘ ůŰɞ ȾŮűɎɚŬɘɞ ŬɡŰɧ ŮɑɜŬɘ ɖ Ůɝɐɠ:  

1. ɀŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɤ(ɕ), ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ ŰɡɢŬɑɞ ůɢɐɛŬ ůŰɞ 

ŮˊɑˊŮŭɞ w, ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ. 

2. ɆŰɖ ůɡɜɏɢŮɘŬ, ŮəűɟɎɕɞɡɛŮ  Űɞ ˊɟɞůˊɑˊŰɞɜ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi, ŰŬ ůəŮŭŬɕɧɛŮɜŬ  

əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ɣs əŬɘ űs , ŰŬ ůɡɜɞɚɘəɎ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ űtot & ɣtot, əŬɗɩɠ əŬɘ 

Űɘɠ ŰɎůŮɘɠ ὸ  , ὸ    əŬɘ  ὸ , ůɡɜŬɟŰɐůŮɘ Űɖɠ ɤ(ɕ) ɤɠ Ůɝɐɠ:  

                          ‪ ȿ‪ȿВ ‐ὭὐὯȿύ‒ȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ                                                  

                      ȳˊɞɡ |y0| =1 əŬɘ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV 

 

‪
ρ

ς
ὄὌ Ὧȿύ‒ȿ

ύ‒

ȿύ‒ȿ

ὲ

Ὥὲ
ύ‒

ȿύ‒ȿ

ὲ

Ὥὲ  
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•
ρ

ςὭ
ὃ Ὄ Ὧȿύ‒ȿ

ύ‒

ȿύ‒ȿ

ὲ

Ὥὲ
ύ‒

ȿύ‒ȿ

ὲ

Ὥὲ  

 

ɇŬ ůɡɜɞɚɘəɎ ȾɡɛŬŰɘəɎ ȹɡɜŬɛɘəɎ űtot &ɣtot, ŭɑɜɞɜŰŬɘ  Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ: 

• •                                                                                                                                                  

‪ ‪ ‪         

ὸ Ὧ ‗ ‘•   , 

ὸ
ρ

Ὥὶ

ς‘‒

ύ ‒

‬

‬‒

ρ

ύ ‒

‬• Ὥ‪

‬‒
  

ρ

Ὥὶ

ς‘‒Ӷ

ύ ‒

‬

‬‒Ӷ

ρ

ύ ‒

‬• Ὥ‪

‬‒Ӷ
 

ὸ Ὧ ‗ ‘•  , 

ό
‒

ὶ

ρ

ȿύ ‒ȿ

‬  Ὥ 

‬‒

‒֞

ὶ

ρ

ȿύ ‒ȿ

‬  Ὥ 

‬‒Ӷ
 

ό
‒

Ὥὶ

ρ

ȿύ ‒ȿ

‬  Ὥ 

‬‒

‒֞

Ὥὶ

ρ

ȿύ ‒ȿ

‬  Ὥ 

‬‒Ӷ
 

ɇɞ ɛɏŰɟɞ Űɞɡ ŭɘŬɜɨůɛŬŰɞɠ  Űɖɠ ɛŮŰŬŰɧˊɘůɖɠ u,  ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ yi, 

ŮɑɜŬɘ | y0kb| 

 

3. ɇɏɚɞɠ ŮűŬɟɛɧɕɞɡɛŮ Űɘɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ   ὸ ὸ π  , əŬɘ Ŭˊɧ Űɞ ˊɟɞəɨˊŰɞɜ 

ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞɡɠ ɎɔɜɤůŰɞɡɠ ůɡɜŰŮɚŮůŰɏɠ əŬɘ ůɡɜŮˊɩɠ ŰŬ 

ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ (ɛŮŰŬəɘɜɐůŮɘɠ ur & uɗ əŬɗɩɠ əŬɘ Űɖɜ ŰɎůɖ  ὸ ). ȹŮŭɞɛɏɜɞɡ ɧŰɘ ɏɢɞɡɛŮ 

ɛŮŰŬűɏɟŮɘ ɧɚŬ ŰŬ ŭŮŭɞɛɏɜŬ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ůŰɞɜ ɢɩɟɞ ɕ, ŰŬ ˊɟɞəɨˊŰɞɜŰŬ ŮɜŰŬŰɘəɎ 

ɛŮɔɏɗɖ Ŭűɞɟɞɨɜ ůŰɞ Ŭɟɢɘəɧ ůɢɐɛŬ.  

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ Űɞɡ ɖɛɑɢɤɟɞɡ, ɛŮ Űɖɜ  ˊŬɟɞɡůɑŬ  ůɐɟŬɔɔŬɠ  ˊɞɡ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ H  Ŭˊɧ 

Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ,  ɡˊɧ ůŮɘůɛɘəɐ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ Űɨˊɞɡ SV, ŰŬ əɡɛŬŰɘəɎ 

ŭɡɜŬɛɘəɎ ˊɞɡ ŭɘɏˊɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ ŮɑɜŬɘ ŰŬ Ůɝɐɠ: Űɞ ˊɟɞůˊɑˊŰɞɜ, Űɞ ŬɜŬəɚɩɛŮɜɞ Ŭˊɧ Űɖɜ 

ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, ŰŬ ŭɨɞ ůəŮŭŬɕɧɛŮɜŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ əŬɗɩɠ əŬɘ ŰŬ 

ŭɨɞ ůəŮŭŬɕɧɛŮɜŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ. ȼ ˊɟɞŰŮɘɜɧɛŮɜɖ 
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ɛŮɗɞŭɞɚɞɔɑŬ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŬɡŰɞɨ ˊɟŬɔɛŬŰɞˊɞɘŮɑŰŬɘ ůŮ ŭɨɞ ůŰɎŭɘŬ. ɇɞ 

ˊɟɩŰɞ ůŰɎŭɘɞ ŬűɞɟɎ ůŰɞɜ ɛŮŰŬůɢɖɛŬŰɘůɛɧ Űɞɡ ɢɩɟɞɡ ŮəŰɧɠ Űɖɠ ŭɘŬŰɞɛɐɠ Űɖɠ ůɐɟŬɔɔŬɠ ˊɞɡ 

ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H əŬɘ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞɜ ŬɜŰɑůŰɞɘɢɞ ɢɩɟɞ 

ŮəŰɧɠ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ɞ ɞˊɞɑɞɠ ɓɟɑůəŮŰŬɘ ůŰɞ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè əŬɘ Űɖɠ ŮɚŮɨɗŮɟɖɠ 

ŮˊɘűɎɜŮɘŬɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ .  ũɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ çɘůɞŭɨɜŬɛɞɡ ɓɎɗɞɡɠ h è, ˊɟɞŰŮɑɜɞɜŰŬɘ 

əŬŰɎ ˊŮɟɑˊŰɤůɖ ɞɘ ŬɜŰɑůŰɞɘɢŮɠ ůɢɏůŮɘɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ. ɇɞ ŭŮɨŰŮɟɞ ůŰɎŭɘɞ ŬűɞɟɎ ůŰɖɜ 

ůɨɜŰŬɝɖ əŬŰɎɚɚɖɚɤɜ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ, ˊɟɞəŮɘɛɏɜɞɡ ɜŬ ŮűŬɟɛɞůŰɞɨɜ ɞɘ ůɡɜɞɟɘŬəɏɠ 

ůɡɜɗɐəŮɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ˊɞɡ ŮɑɜŬɘ:  

- ɞɘ ŰɎůŮɘɠ tr1r1= tr1ɗ1 =0, ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ, 

- ɞɘ ŰɎůŮɘɠ  tr2r2=tr2ɗ2=0, ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ 

ȼ ŮűŬɟɛɞɔɐ Űɖɠ ŭŮɨŰŮɟɖɠ ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ ˊɎɜɤ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, ɛɏɢɟɘ 

ůŰɘɔɛɐɠ ɏɢŮɘ ŬɜŰɘɛŮŰɤˊɘůŰŮɑ  ˊɟɞůŮɔɔɘůŰɘəɎ.  ɆŰɖɜ ˊŬɟɞɨůŬ ɛŮɚɏŰɖ ˊɟɞŰŮɑɜɞɜŰŬɘ ŬɜŬɚɡŰɘəɏɠ 

ůɢɏůŮɘɠ, ŬɝɘɞˊɞɘɩɜŰŬɠ Űɘɠ ɘŭɘɧŰɖŰŮɠ Űɤɜ ůɨɛɛɞɟűɤɜ ŬˊŮɘəɞɜɑůŮɤɜ, ɞɘ ɞˊɞɑŮɠ Ůˊɘɚɨɞɡɜ Űɞ 

ˊɟɧɓɚɖɛŬ Ŭəɟɘɓɩɠ əŬɘ ɧɢɘ ˊɟɞůŮɔɔɘůŰɘəɎ. Ƀ ˊɟɞŰŮɘɜɧɛŮɜɞɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ, ɞ ɞˊɞɑɞɠ 

ŰɟɞˊɞˊɞɘŮɑŰŬɘ əŬŰɎ ˊŮɟɑˊŰɤůɖ ŬɜɎɚɞɔŬ ɛŮ Űɞ ŮɝŮŰŬɕɧɛŮɜɞ ůɢɐɛŬ Űɖɠ ŭɘŬŰɞɛɐɠ, 

ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞɜ ɢɩɟɞ ŮəŰɧɠ Űɖɠ ŭɘŬŰɞɛɐɠ Űɖɠ ůɐɟŬɔɔŬɠ ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ 

ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞɜ ŬɜŰɑůŰɞɘɢɞ ɢɩɟɞ 

ŮəŰɧɠ ŭɨɞ ɛɞɜŬŭɘŬɑɤɜ əɨəɚɤɜ ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ 

Ŭˊɏɢɞɡɜ b, ůŰɞ ŮˊɑˊŮŭɞ ɕ. ɀŮ ɓɎůɖ Űɘɠ ŬɜɤŰɏɟɤ ˊɟɞŰŮɘɜɧɛŮɜŮɠ ŬɜŬɚɡŰɘəɏɠ ůɢɏůŮɘɠ, 

ˊɟŬɔɛŬŰɞˊɞɘɞɨɜŰŬɘ  ŬɜŬɚɨůŮɘɠ ůŮ ŭɘŬŰɞɛɏɠ  ɈˊɞɔŮɑɤɜ Ȱɟɔɤɜ ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ, ˊɞɡ 

ɓɟɑůəɞɜŰŬɘ  ůŮ ɓɎɗɞɠ H.  

ũɘŬ Űɖɜ Ŭɝɘɞɚɧɔɖůɖ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɞŭɞɚɞɔɑŬɠ ůɡɔəɟɑɗɖəŬɜ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ 

ˊɟɞɏəɡɣŬɜ Ŭˊɧ Űɘɠ ŬɜɤŰɏɟɤ ŬɜŬɚɨůŮɘɠ ɔɘŬ Űɞɜ ɖɛɑɢɤɟɞ, ɛŮ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ˊɟɞɏəɡɣŬɜ 

Ŭˊɧ Űɖ ɗŮɩɟɖůɖ ɛɘŬɠ Ŭˊɚɞˊɞɘɖɛɏɜɖɠ ɛŮɗɧŭɞɡ, ůɨɛűɤɜŬ ɛŮ Űɖɜ ɞˊɞɑŬ , ŰŬ ůəŮŭŬɕɧɛŮɜŬ Ŭˊɧ 

Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ŮɑɜŬɘ 0. (ɀɏɗɞŭɞɠ ɉŬɚŬɟɞɨ Ɇɡɜɧɟɞɡ-Relaxed 

Boundaries). ȼ ɗŮɩɟɖůɖ ŬɡŰɐ ŮɑɜŬɘ ɟŮŬɚɘůŰɘəɐ ŭɘɧŰɘ ɞɘ Űɘɛɏɠ Űɤɜ ůəŮŭŬɕɧɛŮɜɤɜ əɡɛŬŰɘəɩɜ 

ŭɡɜŬɛɘəɩɜ Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ŮɑɜŬɘ ɛɘəɟɏɠ. ȰŰůɘ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ɖɛɑɢɤɟɞɡ ůŮ 

ŬɡŰɐɜ Űɖɜ ˊŮɟɑˊŰɤůɖ ŬɜɎɔŮŰŬɘ ůŮ ˊɟɧɓɚɖɛŬ ˊɚɐɟɞɡɠ ɢɩɟɞɡ, ŭɘɧŰɘ ɖ ɛɧɜɖ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ 

ˊɞɡ ŭɘɏˊŮɘ Űɞ ˊɟɧɓɚɖɛŬ,  ŮɑɜŬɘ ɖ ɗŮɩɟɖůɖ Űɤɜ ɛɖŭŮɜɘəɩɜ ŰɎůŮɤɜ tr1r1= tr1ɗ1 =0 ůŰɞ ŮˊɑˊŮŭɞ ɕ, 

ɛŮ ˊɟɞůˊɑˊŰɞɜ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ, Űɞ ɎɗɟɞɘůɛŬ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əŬɘ Űɞɡ ŬɜŬəɚɩɛŮɜɞɡ 

əɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ. ȼ ůɨɔəɟɘůɖ Űɤɜ ŬˊɞŰŮɚŮůɛɎŰɤɜ ˊɞɡ ˊɟɞɏəɡɣŬɜ Ŭˊɧ Űɘɠ ŭɨɞ ɗŮɤɟɐůŮɘɠ 

ɐŰŬɜ ˊɞɚɨ ɘəŬɜɞˊɞɘɖŰɘəɐ. ɆɡɜŮˊɩɠ, ɖ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛŮɗɞŭɞɚɞɔɑŬ ɚɨɜŮɘ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ 



30 

 

ɡˊɞɚɞɔɘůɛɞɨ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ ŭɘŬŰɞɛɐ ɡˊɧɔŮɘɞɡ ɏɟɔɞɡ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ (ɛŮ 

ˊŬɟŬɛŮŰɟɘəɐ əŬɛˊɨɚɖ) ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, ɡˊɧ 

ůŮɘůɛɘəɐ űɧɟŰɘůɖ əɡɛɎŰɤɜ SV. Ⱥˊɑůɖɠ ɞ ˊɟɞŰŮɘɜɧɛŮɜɞɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ɛˊɞɟŮɑ ɜŬ 

ŮűŬɟɛɞůŰŮɑ əŬɘ ůŮ ɎɚɚŮɠ ˊŮɟɘˊŰɩůŮɘɠ Ůˊɑɚɡůɖɠ űɡůɘəɩɜ ˊɟɞɓɚɖɛɎŰɤɜ ůɡɜɞɟɘŬəɩɜ Űɘɛɩɜ, 

ɛɖŭŮɜɘəɩɜ ŰɎůŮɤɜ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ tr2r2=tr2ɗ2=0. 

ɇɞ ȾŮűɎɚŬɘɞ 6 ŬűɞɟɎ Űɖɜ Ŭˊɧəɟɘůɖ əŬɘ Űɞɜ ŬɟɘɗɛɖŰɘəɧ ɡˊɞɚɞɔɘůɛɧ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ 

ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ ɡˊɞɔŮɑɤɜ ɏɟɔɤɜ ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ, ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ SH & SV 

əɡɛɎŰɤɜ.  ũɘŬ Űɖɜ ȷɟɘɗɛɖŰɘəɐ ȿɨůɖ ŮűŬɟɛɧůŰɖəŮ ɞ ȾɩŭɘəŬɠ ɄŮˊŮɟŬůɛɏɜɤɜ ȹɘŬűɞɟɩɜ 

Űɟɘɩɜ ŭɘŬůŰɎůŮɤɜ, FLAC 3D. 

ɇɏɚɞɠ ůŰɞ ȾŮűɎɚŬɘɞ 7, ˊŬɟɞɡůɘɎɕɞɜŰŬɘ əŬɘ ůɢɞɚɘɎɕɞɜŰŬɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ Űɖɠ ȹɘŬŰɟɘɓɐɠ. 
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ȾŮűɎɚŬɘɞ 2 

2. ɄɟɞɡˊɎɟɢɞɡůŬ ũɜɩůɖ  

2.1.ɀŮŰŬůɢɖɛŬŰɘůɛɞɑ-ȷˊŮɘəɞɜɑůŮɘɠ  

Ƀɘ ɛŮŰŬůɢɖɛŬŰɘůɛɞɑ əŬɘ ɘŭɘŬɑŰŮɟŬ ɞɘ ůɨɛɛɞɟűŮɠ ŬˊŮɘəɞɜɑůŮɘɠ, ŭɘŬŭɟŬɛŬŰɑɕɞɡɜ ůɖɛŬɜŰɘəɧ  

ɟɧɚɞ ůŰɖɜ Ůˊɑɚɡůɖ ˊɟɞɓɚɖɛɎŰɤɜ Űɖɠ ɗŮɤɟɑŬɠ Űɖɠ ŮɚŬůŰɘəɧŰɖŰŬɠ. ɀŮ Űɖ ɓɞɐɗŮɘŬ ɛɑŬɠ 

ůɡɜɎɟŰɖůɖɠ ŬˊŮɘəɧɜɘůɖɠ w=f(ɕ) , ˊɞɚɨˊɚɞəŬ ůɢɐɛŬŰŬ ˊɞɡ ɗŬ ɐŰŬɜ ŬŭɨɜŬŰɞɜ ɜŬ ɛŮɚŮŰɖɗɞɨɜ 

ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕɞɜŰŬɘ   ůŮ ɛɘŬ ŬˊɚɞɨůŰŮɟɖ ɔŮɤɛŮŰɟɑŬ ůŰɞ ŮˊɑˊŮŭɞ ɕ ɧˊɞɡ ŮɑɜŬɘ 

ŭɡɜŬŰɐ  ɖ ɛŮɚɏŰɖ əŬɘ ɖ Ůˊɑɚɡůɐ Űɞɡɠ. Ɇɡɜɐɗɤɠ ɛŮŰŬůɢɖɛŬŰɑɕɞɜŰŬɘ ůŰɞ ŮɝɤŰŮɟɘəɧ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ Űɞɡ ɞˊɞɑɞɡ ɖ ɔŮɤɛŮŰɟɑŬ ŮɑɜŬɘ Ŭˊɚɐ əŬɘ ɔɜɤůŰɐ. ȰŰůɘ ɞɘ ůɨɛɛɞɟűŮɠ ŬˊŮɘəɞɜɑůŮɘɠ 

ŭɑɜɞɡɜ Űɖɜ ŭɡɜŬŰɧŰɖŰŬ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗɞɨɜ ɞɘ ɓŬůɘəɏɠ ŮɝɘůɩůŮɘɠ Űɖɠ ɛɘɔŬŭɘəɐɠ ŬɜɎɚɡůɖɠ,  ůŮ 

ɏɜŬ Ŭˊɚɞˊɞɘɖɛɏɜɞ ˊɟɧɓɚɖɛŬ ɔɜɤůŰɐɠ ɔŮɤɛŮŰɟɑŬɠ.  

ɆŰɖɜ ˊŬɟɞɨůŬ ŮɟɔŬůɑŬ  əŬɘ ɛŮ Űɖɜ ɓɞɐɗŮɘŬ Űɤɜ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ ŰŬůɘəɧ 

ˊŮŭɑɞ ɔɨɟɤ Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ ůɐɟŬɔɔŬɠ ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ ɡˊɧ ůŮɘůɛɘəɐ ɏɜŰŬůɖ əɡɛɎŰɤɜ S, 

ɡˊɧ Űɖɜ ɛɞɟűɐ ȾɡɛŬŰɘəɩɜ ȹɡɜŬɛɘəɩɜ.   ȺˊɘɚɨɞɜŰŬɘ ŭɘŬűɞɟɘəɏɠ ŮɝɘůɩůŮɘɠ ɛŮ ɛŮɟɘəɏɠ 

ˊŬɟŬɔɩɔɞɡɠ ˊɞɡ ŬɜŬˊŬɟɘůŰɞɨɜ ŰŬ ȾɡɛŬŰɘəɎ ȹɡɜŬɛɘəɎ, ɔɘŬ ŭɘɎűɞɟŮɠ ˊŮɟɘˊŰɩůŮɘɠ 

ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ ɛŮ ɏɛűŬůɖ ůŰɞɜ ȼɛɑɢɤɟɞ (Half Space). Ƀɘ Űɘɛɏɠ Űɤɜ ŭɘŬűɞɟɘəɩɜ 

ŮɝɘůɩůŮɤɜ ŮɑɜŬɘ ɔɜɤůŰɏɠ ůŰɞ ůɨɜɞɟɞ Űɞɡ əɨəɚɞɡ. 

ȰŰůɘ, ɛŮ Űɖ ɓɞɐɗŮɘŬ  Űɖɠ ůɡɜɎɟŰɖůɖɠ ŬˊŮɘəɧɜɘůɖɠ  ɛŮŰŬůɢɖɛŬŰɑɕɞɡɛŮ Űɞ ˊɟɧɓɚɖɛŬ 

ůɡɜɞɟɘŬəɩɜ Űɘɛɩɜ ɔɘŬ Űɞɜ Űɧˊɞ R ůŮ ɏɜŬ ˊɟɧɓɚɖɛŬ ůɡɜɞɟɘŬəɩɜ Űɘɛɩɜ ɔɘŬ Űɞɜ ɛɞɜŬŭɘŬɑɞ 

əɨəɚɞ ɐ Űɞ ŬɜŰɑůŰɞɘɢɞ ɖɛɘŮˊɑˊŮŭɞ Űɞ ɞˊɞɑɞ əŬɘ ŮˊɘɚɨɞɡɛŮ .            

2.1.1.ȽŭɘɧŰɖŰŮɠ  Űɤɜ  Ɇɨɛɛɞɟűɤɜ  ȷˊŮɘəɞɜɑůŮɤɜ 

 

ȷɅɉȼ ȹȽȷɇȼɅȼɆȼɆ ɇɋɁ ũɋɁȽɋɁ 

ɀɘŬ ůɨɛɛɞɟűɖ ŬˊŮɘəɧɜɘůɖ ŭɘŬŰɖɟŮɑ Űɖɜ ɔɤɜɑŬ Űɞɛɐɠ ɛŮŰŬɝɨ ŭɨɞ əŬɛˊɡɚɩɜ əŬŰɎ ɛɏŰɟɞ əŬɘ 

ˊɟɞůŬɜŬŰɞɚɘůɛɧ. ȾɎŰɤ Ŭˊɧ ŭŮŭɞɛɏɜɞ ɛŮŰŬůɢɖɛŬŰɘůɛɧ Űɞ ůɖɛŮɑɞ ØȟÙ , Űɞɡ Ůˊɘˊɏŭɞɡ xy 

ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ůɖɛŮɑɞ ÕȟÖ  Űɞɡ Ůˊɘˊɏŭɞɡ uv, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  ( Ɇɢ.2-1), Ůɜɩ ɞɘ 

əŬɛˊɨɚŮɠ # Ǫ #  (ˊɞɡ ŰɏɛɜɞɜŰŬɘ ůŰɞ ØȟÙ ), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ůŰɘɠ əŬɛˊɨɚŮɠ  #ǋ Ǫ #ǋ( ˊɞɡ 

ŰɏɛɜɞɜŰŬɘ ůŰɞ ÕȟÖ  ). ȼ ɔɤɜɑŬ ˊɞɡ ůɢɖɛŬŰɑɕɞɡɜ ɞɘ   # Ǫ #  ůŰɞ ØȟÙ , ɘůɞɨŰŬɘ ɛŮ Űɖ 

ɔɤɜɑŬ əŬŰɎ ɛɏɔŮɗɞɠ əŬɘ űɞɟɎ ɛŮ Űɖ ɔɤɜɑŬ ˊɞɡ ůɢɖɛŬŰɑɕɞɡɜ ɞɘ #ǋ Ǫ #ǋ  ůŰɞ ÕȟÖ . ȼ ɔɤɜɑŬ 

ɛŮ Űɖɜ ɞˊɞɑŬ ŰɏɛɜɞɜŰŬɘ ŭɨɞ əŬɛˊɨɚŮɠ ŮɑɜŬɘ ɑůɖ ɛŮ Űɖɜ ɔɤɜɑŬ ˊɞɡ ůɢɖɛŬŰɑɕɞɡɜ ɞɘ ŮɘəɧɜŮɠ Űɞɡɠ. 
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    Ɇɢ.2-1:ȷɟɢɐ ŭɘŬŰɐɟɖůɖɠ Űɤɜ ɔɤɜɘɩɜ, ˊɟɘɜ Űɖɜ ŬˊŮɘəɧɜɘůɖ (Ŭ), ɛŮŰɎ Űɖɜ ŬˊŮɘəɧɜɘůɖ (ɓ)          

ɀȺɇȷūɃɅȷ 

ȰůŰɤ ɛɘŬ ůŰŬɗŮɟɎ c . Ƀ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ w =f (ɕ)= ɕ+ c  ŬˊŮɘəɞɜɑɕŮɘ ɏɜŬ   ŰɡɢŬɑɞ ůɖɛŮɑɞ ɕ 

Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, ůŰɞ ůɖɛŮɑɞ w= ɕ +c  Űɞɡ Ůˊɘˊɏŭɞɡ w. ȼ ŬˊŮɘəɧɜɘůɖ      ŬɡŰɐ   ŮɑɜŬɘ 

ŬɛűɘɛɞɜɞůɐɛŬɜŰɖ.      ȰŰůɘ      ɖ ŮɘəɧɜŬ w= ɕ +c     ŮɑɜŬɘ ɛŮŰŬŰɞˊɘůɛɏɜɖ    ɤɠ     ˊɟɞɠ      Űɞ 

ŬɟɢɏŰɡˊɞ ɕ əŬŰɎ Űɞ ŭɘɎɜɡůɛŬ c . ɇɞ ɑŭɘɞ ɘůɢɨŮɘ əŬɘ ɔɘŬ ɧɚŬ ŰŬ  ůɖɛŮɑŬ  Ůɜɧɠ  ůɢɐɛŬŰɞɠ, ɞˊɧŰŮ 

ɛɏůɞɡ ŬɡŰɞɨ Űɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɛˊɞɟŮɑ ɜŬ ɛŮŰŬűŮɟɗŮɑ    ɞɚɧəɚɖɟɞ     Űɞ ůɢɐɛŬ    əŬŰɎ Űɞ 

ŭɘɎɜɡůɛŬ c . ȺˊŮɘŭɐ  ɧɚŬ ŰŬ ůɖɛŮɑŬ ɛŮŰŬŰɞˊɑɕɞɜŰŬɘ    əŬŰɎ     Űɞ     ɑŭɘɞ     ŭɘɎɜɡůɛŬ,   ɞɘ 

ŭɘŬůŰɎůŮɘɠ Űɞɡ ůɢɐɛŬŰɞɠ ŭŮɜ ŬɚɚɎɕɞɡɜ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-2).

                                  

Ɇɢ.2-2: ɀŮŰŬŰɧˊɘůɖ əɎŰɤ Ŭˊɧ Űɞɜ ɛŮŰŬůɢɖɛŬŰɘůɛɧ w=ɕ+c 
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ȺɘŭɘəɎ , Ŭɜ ɞ c ŮɑɜŬɘ ˊɟŬɔɛŬŰɘəɧɠ ɖ ɛŮŰŬŰɧˊɘůɖ ɔɑɜŮŰŬɘ ˊŬɟɎɚɚɖɚŬ ůŰɞɜ ɎɝɞɜŬ x, Ůɜɩ Ŭɜ ɞ c 

ŮɑɜŬɘ űŬɜŰŬůŰɘəɧɠ ɖ ɛŮŰŬŰɧˊɘůɖ ɔɑɜŮŰŬɘ ˊŬɟɎɚɚɖɚŬ ůŰɞɜ ɎɝɞɜŬ y . ȼ ŬɜŰɑůŰɟɞűɖ ŬˊŮɘəɧɜɘůɖ 

ŮɑɜŬɘ ɖ ɕ=w-c 

 ȹȽũɅȷɀɀȽȾɃɆ ɀȺɇȷɆɉȼɀȷɇȽɆɀɃɆ 

Ƀ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ŭɘɔɟŬɛɛɘəɧɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ɐ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ  Moebius, ŮɑɜŬɘ Űɖɠ 

ɛɞɟűɐɠ: 

 ×   

                                                                                                                                              (2-1)  

Ƀ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ŬɡŰɧɠ ŬˊɞŰŮɚŮɑ ůɨɜɗŮůɖ ɛŮŰŬűɞɟɎɠ, ůŰɟɞűɐɠ, ɛŮɔŮɗɨɜůŮɤɠ əŬɘ 

ŬɜŰɘůŰɟɞűɐɠ. Ƀ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ŬɡŰɧɠ ɏɢŮɘ Űɖɜ ɘŭɘɧŰɖŰŬ ɜŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ ˊŮɟɘűɏɟŮɘŮɠ 

əɨəɚɤɜ Űɞɡ Ůˊɘˊɏŭɞɡ z ůŮ ˊŮɟɘűɏɟŮɘŮɠ  əɨəɚɤɜ Űɞɡ Ůˊɘˊɏŭɞɡ w, ɧˊɞɡ ůŰɞɜ ɧɟɞ çˊŮɟɘűɏɟŮɘŮɠè 

ˊŮɟɘɚŬɛɓɎɜɞɜŰŬɘ əŬɘ ˊŮɟɘűɏɟŮɘŮɠ ɛŮ ɎˊŮɘɟɖ ŬəŰɑɜŬ ŭɖɚŬŭɐ ŮɡɗŮɑŮɠ ɔɟŬɛɛɏɠ. ȷˊɧ Űɖ ůɨɜɗŮůɖ 

ŭɨɞ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ Moebius, ˊɟɞəɨˊŰɞɡɜ ɛŮŰŬůɢɖɛŬŰɘůɛɞɑ  Moebius. ȼ ŬɜŰɑůŰɟɞűɖ 

ůɡɜɎɟŰɖůɖ Ůɜɧɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ  Moebius, ŮɑɜŬɘ Ůˊɑůɖɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ Moebius.  

ɀȺɇȷɆɉȼɀȷɇȽɆɀɃȽ ɆɈɁɃɅɋɁ ɆȺ ɄȷɅȷɀȺɇɅȽȾȼ ɀɃɅūȼ 

ȰůŰɤ ɧŰɘ ůŰɞ ŮˊɑˊŮŭɞ ɕ ɛɘŬ əŬɛˊɨɚɖ C, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-3Ŭ),  ˊɞɡ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ 

əɚŮɘůŰɐ ɐ ŬɜɞɘəŰɐ ɏɢŮɘ ˊŬɟŬɛŮŰɟɘəɏɠ ŮɝɘůɩůŮɘɠ x=F(t), y=G(t) ɧˊɞɡ ŭŮɢɧɛŬůŰŮ ɧŰɘ ɞɘ F & G 

ɏɢɞɡɜ ůɡɜŮɢŮɑɠ ˊŬɟŬɔɩɔɞɡɠ . ɀŮ Űɘɠ ˊɟɞɦˊɞɗɏůŮɘɠ ŬɡŰɏɠ ɞ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ɕ=F(w)+iG(w)  

ŬˊŮɘəɞɜɑɕŮɘ Űɖɜ əŬɛˊɨɚɖ C ˊɎɜɤ ůŰɞɜ ˊɟŬɔɛŬŰɘəɧ ɎɝɞɜŬ Cȭ Űɞɡ Ůˊɘˊɏŭɞɡ w, ɧˊɤɠ űŬɑɜŮŰŬɘ 

ůŰɞ(Ɇɢ.2-3Ŭ). ȼ ɘŭɘɧŰɖŰŬ ŬɡŰɐ ŮűŬɟɛɧɕŮŰŬɘ ɔɘŬ Űɖ ɚɨůɖ ˊɟɞɓɚɖɛɎŰɤɜ ůŰɞɜ ɖɛɑɢɤɟɞ. 

 

Ɇɢ.2-3: ɀŮŰŬůɢɖɛŬŰɘůɛɧɠ əŬɛˊɨɚɖɠ ɛŮ ˊŬɟŬɛŮŰɟɘəɏɠ ŮɝɘůɩůŮɘɠ (Ŭ)  ůŰɞɜ ɎɝɞɜŬ Űɤɜ u (ɓ)                                                                                               
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ɆɈɀɀȺɇɅȽȾȷ ɆȼɀȺȽȷ 

ȰůŰɤ ɖ ŮɡɗŮɑŬ ὥᾀὥᾀὯ π. ȹɨɞ ůɖɛŮɑŬ z1, z2 ŮɑɜŬɘ ůɡɛɛŮŰɟɘəɎ ɤɠ ˊɟɞɠ Űɖɜ ŮɡɗŮɑŬ Ŭɜ 

əŬɘ ɛɧɜɞ Ŭɜ ɘůɢɨŮɘ ὥᾀ ὥᾀ Ὧ π . 

ȰůŰɤ ɞ əɨəɚɞɠ C:|z-z0|=r. ȹɨɞ ůɖɛŮɑŬ z1, z2 ŮɑɜŬɘ ůɡɛɛŮŰɟɘəɎ ɤɠ ˊɟɞɠ Űɞɜ əɨəɚɞ C Ŭɜ əŬɘ 

ɛɧɜɞɜ Ŭɜ ɘůɢɨɞɡɜ ɞɘ ůɢɏůŮɘɠ 

 arg(z1-z0)=arg(z2-z0) 

                                                                                                                                              (2-2)   

|z1-z0||z2-z0|=r2
 

                                                                                                                                                                                                                     (2-3) 

ɇɞ əɏɜŰɟɞ z0 Űɞɡ əɨəɚɞɡ əŬɘ Űɞ Ð ɗŮɤɟɞɨɜŰŬɘ ůɡɛɛŮŰɟɘəɎ ɤɠ ˊɟɞɠ Űɞɜ C. Ƀɘ (ůɢɏůŮɘɠ 2-2 & 

2-3) ɔɟɎűɞɜŰŬɘ ůŰɖɜ ɛɞɟűɐ 

 ᾀ ᾀ ᾀ ᾀ ὶ                                                                                                                                                                                                                                                                                                                                                                                                                             

                                                                                                                                              (2-4)           

ȷˊɧ Űɖ (ůɢɏůɖ 2-3) ˊɟɞəɨˊŰŮɘ ɧŰɘ ŰŬ ůɖɛŮɑŬ z0,z1,z2 ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ ɖɛɘŮɡɗŮɑŬ, Ůɜɩ Ŭˊɧ 

Űɖɜ (ůɢɏůɖ 2-4), ɧŰɘ Űɞ ɔɘɜɧɛŮɜɞ Űɤɜ ŬˊɞůŰɎůŮɤɜ Űɤɜ ŭɨɞ ůɡɛɛŮŰɟɘəɩɜ ůɖɛŮɑɤɜ Ŭˊɧ Űɞ 

əɏɜŰɟɞ Űɞɡ əɨəɚɞɡ ɘůɞɨŰŬɘ ɛŮ Űɞ ŰŮŰɟɎɔɤɜɞ Űɖɠ ŬəŰɑɜŬɠ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.  2-4). ȷɜ Űɞ 

ůɖɛŮɑɞ z1 ɓɟɑůəŮŰŬɘ ˊɎɜɤ ůŰɞɜ əɨəɚɞ C, ŰɧŰŮ Űɞ ůɡɛɛŮŰɟɘəɧ Űɞɡ ŰŬɡŰɑɕŮŰŬɘ ɛŮ Űɞ z1. ȼ 

ɞɘəɞɔɏɜŮɘŬ Űɤɜ əɨəɚɤɜ ˊɞɡ ɏɢɞɡɜ ŰŬ ɑŭɘŬ ůɡɛɛŮŰɟɘəɎ ůɖɛŮɑŬ ɞɜɞɛɎɕŮŰŬɘ ɞɘəɞɔɏɜŮɘŬ əɨəɚɤɜ 

Űɞɡ ȷˊɞɚɚɩɜɘɞɡ. ȰɜŬɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ Moebius ŬˊŮɘəɞɜɑɕŮɘ ůɡɛɛŮŰɟɘəɎ ůɖɛŮɑŬ ɤɠ ˊɟɞɠ 

ɏɜŬ əɨəɚɞ ůŮ ůɡɛɛŮŰɟɘəɎ ůɖɛŮɑŬ ɤɠ ˊɟɞɠ Űɖɜ ŮɘəɧɜŬ Űɞɡ əɨəɚɞɡ. ɀŮ ɓɎůɖ Űɖɜ ɘŭɘɧŰɖŰŬ Űɤɜ 

ůɡɛɛŮŰɟɘəɩɜ ůɖɛŮɑɤɜ əŬɘ Űɤɜ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ  Moebius, ɛŮŰŬůɢɖɛŬŰɑɕɞɜŰŬɘ ɏəəŮɜŰɟɞɘ 

əɨəɚɞɘ ůŮ ɞɛɧəŮɜŰɟɞɡɠ əŬɘ ŬɜŰɑůŰɟɞűŬ.   

ȷɜ k=0 ŰɧŰŮ ɖ ŬəŰɑɜŬ ɔɑɜŮŰŬɘ ɛɖŭɏɜ əŬɘ ɞ əɨəɚɞɠ ŮəűɡɚɑɕŮŰŬɘ ůŮ ůɖɛŮɑɞ. 

ȷɜ k=1 , ŰɧŰŮ ɖ ŬəŰɑɜŬ ɔɑɜŮŰŬɘ ɎˊŮɘɟɖ, ɞ əɨəɚɞɠ ŮəűɡɚɑɕŮŰŬɘ ůŮ ɛɘŬ  ŮɡɗŮɑŬ əŬɘ ŰŬ ůɖɛŮɑŬ ŬɡŰɎ 

əŬɚɞɨɜŰŬɘ ůɡɛɛŮŰɟɘəɎ ůɖɛŮɑŬ ɤɠ ˊɟɞɠ Űɖɜ ŮɡɗŮɑŬ. ɆŮ ŬɡŰɐ Űɖɜ ˊŮɟɑˊŰɤůɖ ɖ Ůɝɑůɤůɖ                

|z-z1|=|z-z2| ŮɑɜŬɘ ɖ ɛŮůɞəɎɗŮŰɞɠ Űɞɡ ŮɡɗɨɔɟŬɛɛɞɡ ŰɛɐɛŬŰɞɠ ˊɞɡ ŮɜɩɜŮɘ ŰŬ ůɖɛŮɑŬ z1 əŬɘ z2.  
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Ɇɢ.2-4: ɆɡɛɛŮŰɟɘəɎ ůɖɛŮɑŬ  z1,z2 ɤɠ ˊɟɞɠ əɨəɚɞ  

 

 ȹȽȷȹɃɉȽȾɃȽ ɀȺɇȷɆɉȼɀȷɇȽɆɀɃȽ 

 

ȺɎɜ ɖ w=f1(ɕ) ŬˊŮɘəɞɜɑɕŮɘ Űɞɜ Űɧˊɞ Ὑ Űɞɡ Ůˊɘˊɏŭɞɡ ɕ ůŰɞɜ Űɧˊɞ Ὑ   Űɞɡ Ůˊɘˊɏŭɞɡ w, Ůɜɩ ɖ 

ɕ=f2(ɕ) ŬˊŮɘəɞɜɑɕŮɘ Űɞɜ Űɧˊɞ Ὑ Űɞɡ Ůˊɘˊɏŭɞɡ z ůŰɞɜ Űɧˊɞ Ὑ ŰɧŰŮ ɖ ůɢɏůɖ: 

 w=f1[f2(ɕ)]  

                                                                                                                                            (2-5)  

ŬˊŮɘəɞɜɑɕŮɘ Űɞɜ Ὑ ůŰɞɜ Ὑ. Ƀɘ ůɡɜŬɟŰɐůŮɘɠ f1 & f2 ɞɟɑɕɞɡɜ ŭɘŬŭɞɢɘəɞɨɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨɠ 

Ŭˊɧ Űɞ ɏɜŬ ŮˊɑˊŮŭɞ ůŰɞ Ɏɚɚɞ əŬɘ ɛˊɞɟɞɨɜ ɜŬ ůɡɜŭɡŬůŰɞɨɜ ůŮ ɏɜŬ ɛɧɜɞ ɛŮŰŬůɢɖɛŬŰɘůɛɧ. ɇŬ 

ˊŬɟŬˊɎɜɤ ɛˊɞɟɞɨɜ ɜŬ ɔŮɜɘəŮɡŰɞɨɜ. 

ȷɅɉȼ ȷɁɇȽɆɇɃȽɉȽȷɆ ɇɋɁ ɆɈɁɃɅɋɁ 

 

ŪŮɤɟɞɨɛŮ ɧŰɘ ɖ ůɡɜɎɟŰɖůɖ  w=f(ɕ)=u+iv, ɛŮŰŬůɢɖɛŬŰɑɕŮɘ ůɖɛŮɑŬ Űɞɡ ɢɩɟɞɡ D Űɞɡ Ůˊɘˊɏŭɞɡ 

ɕ ůŮ ůɖɛŮɑŬ Űɞɡ ɢɩɟɞɡ R ůŰɞ ŮˊɑˊŮŭɞ w.  

ȰůŰɤ ɧŰɘ ɞ Űɧˊɞɠ A ŬˊɞŰŮɚŮɑ ɡˊɞůɨɜɞɚɞ Űɞɡ Űɧˊɞɡ D  əŬɘ ɔɘŬ Űɞɜ ɞˊɞɑɞ  ɘůɢɨŮɘ w=f(ɕ), ŰɧŰŮ 

ůɨɛűɤɜŬ ɛŮ Űɖɜ Ŭɟɢɐ ŬɜŰɘůŰɞɘɢɑŬɠ Űɤɜ ůɡɜɧɟɤɜ əŬɘ  ɞ Űɧˊɞɠ B=(w=f(ɕ):ɕ ⱦ A)  ŮɑɜŬɘ ɖ ŮɘəɧɜŬ 

Űɞɡ Űɧˊɞɡ  ȷ ɛŮ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ Űɞɡ ɢɩɟɞɡ A ůŰɞɜ ɢɩɟɞ B, Űɖɜ f(ɕ),  ɧˊɤɠ 

űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-5). 
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Ɇɢ.2-5: w=f(z) ŬˊŮɘəɞɜɑɕŮɘ Űɞ ˊŮŭɑɞ  ȷ Űɞɡ Ůˊɘˊɏŭɞɡ Ȼ (Ŭ) ůŰɞ ˊŮŭɑɞ B Űɞɡ Ůˊɘˊɏŭɞɡ w (ɓ) əŬɘ 

ŬɜŰɑůŰɞɘɢŬ  Űɞɜ Űɧˊɞ D (Ŭ) ůŰɞɜ Űɧˊɞ R (ɓ) 

ũɋɁȽȷ ȷɄȺȽȾɃɁȽɆȼɆ  

 

ȾŬŰɎ ɛɐəɞɠ Űɞɡ ůɡɜɧɟɞɡ ɞˊɐɠ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ x+iy, ɖ ɔɤɜɑŬ Ŭ , ɖ ɞˊɞɑŬ 

ůɢɖɛŬŰɑɕŮŰŬɘ ɛŮŰŬɝɨ Űɞɡ ɎɝɞɜŬ ɟ Űɞɡ əŬɛˊɡɚɧɔɟŬɛɛɞɡ ůɡůŰɐɛŬŰɞɠ ůɡɜŰŮŰŬɔɛɏɜɤɜ əŬɘ Űɞɡ 

ɎɝɞɜŬ Ƀx ,ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-6), ɛŮŰɟɞɨɛŮɜɖ ŬɟɘůŰŮɟɧůŰɟɞűŬ Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x, 

ŭɑŭŮŰŬɘ Ŭˊɧ Űɖɜ əɎŰɤɗɘ (ůɢɏůɖ 2-6), ɧˊɤɠ ˊɟɞŰɎɗɖəŮ Ŭˊɧ Űɞɜ (Muskelishvili, 1963).  

 

Ὡ      
ȿ ȿ

Ὡ
ȿ ȿ

   Ą     ‌ ÁÒÇ Ὡ
ȿ ȿ

   

                                                                                                                                              (2-6) 

ȳˊɞɡ ɟ=1 əŬɘ ‒ ὶὩ  ůŰɞ ŬɜŰɑůŰɞɘɢɞ ɎɜɞɘɔɛŬ ɔ ůŰɞ ŮˊɑˊŮŭɞ (ɝ,ɖ).  

 

 
 

Ɇɢ.2-6: ũɤɜɑŬ Ŭ ɛŮŰŬɝɨ Űɞɡ ɎɝɞɜŬ Ƀx əŬɘ ɟ ɛŮŰɟɞɨɛŮɜɖ ŬɟɘůŰŮɟɧůŰɟɞűŬ   
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2.1.2.Ⱥˊɑɚɡůɖ ɄɟɞɓɚɖɛɎŰɤɜ ůɡɜɞɟɘŬəɩɜ Űɘɛɩɜ ɛŮ ŮűŬɟɛɞɔɐ Űɤɜ Ɇɨɛɛɞɟűɤɜ  

ȷˊŮɘəɞɜɑůŮɤɜ 

 

ɀŬɗɖÕŬŰɘəɧ ŮɟɔŬɚŮɑɞ ɔɘŬ Űɞɡɠ ɡˊɞɚɞɔɘůÕɞɨɠ ŮɑɜŬɘ ɖ ůɨÕÕɞɟűɖ ŬˊŮɘəɧɜɘůɖ ɤɠ ŰŮɢɜɘəɐ Űɖɠ 

ɗŮɤɟɑŬɠ Űɤɜ ÕɘɔŬŭɘəɩɜ ůɡɜŬɟŰɐůŮɤɜ. ɀŮ Űɖɜ ŬɜŬɚɡŰɘəɐ ůɡɜɎɟŰɖůɖ ůɨÕÕɞɟűɖɠ ŬˊŮɘəɧɜɘůɖɠ 

f(ɕ) ŬˊŮɘəɞɜɑɕɞɡɛŮ Űɞ ˊŮŭɑɞ  D ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ |ɕ|=1. ȰŰůɘ, ɚɨɜɞɡɛŮ Űɞ ˊɟɧɓɚɖɛŬ ɔɘŬ 

Űɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ, ɚɧɔɤ Űɖɠ Ŭˊɚɐɠ əŬɘ ɔɜɤůŰɐɠ Űɞɡ ɔŮɤÕŮŰɟɑŬɠ. ȷɡŰɐ Ŭəɟɘɓɩɠ ŮɑɜŬɘ əŬɘ ɖ 

ɢɟɖůɘÕɧŰɖŰŬ Űɖɠ ůɨÕÕɞɟűɖɠ ŬˊŮɘəɧɜɘůɖɠ Ůűɧůɞɜ ŭɑɜŮɘ Űɖ ŭɡɜŬŰɧŰɖŰŬ ɜŬ ŮűŬɟɛɞůŰɞɨɜ ɞɘ 

ɓŬůɘəɏɠ ŮɝɘůɩůŮɘɠ Űɖɠ ÕɘɔŬŭɘəɐɠ ŬɜɎɚɡůɖɠ ůŮ ɏɜŬ ÕŮŰŬůɢɖÕŬŰɘůÕɏɜɞ ï ŬˊɚɞˊɞɘɖÕɏɜɞ 

ˊɟɧɓɚɖÕŬ ɔɜɤůŰɐɠ ɔŮɤÕŮŰɟɑŬɠ. ɉɟɖůɘɛɞˊɞɘɞɨɛŮ Űɞɜ ŬɜŰɑůŰɟɞűɞ ɛŮŰŬůɢɖɛŬŰɘůɛɧ əŬɘ 

ɓɟɑůəɞɡɛŮ Űɖ ɚɨůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ.      

Ʉɚɐɟɖɠ ɉɩɟɞɠ  

 ȰŰůɘ ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ w ɛŮŰŬůɢɖɛŬŰɑɕɞɜŰŬɘ ůŮ 

ŬɜŰɑůŰɞɘɢŮɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ,  (Muskelishvili, 1963, Gercek, 1993 & 1997). ȾŬŰɎ Űɖ ůɨɛɛɞɟűɖ 

ŬˊŮɘəɧɜɘůɖ, Űɞ ůɨɜɞɟɞ Űɞɡ ŬɜɞɑɔɛŬŰɞɠ əŬɘ Űɞ ˊŮɟɑɔɟŬɛɛŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůɢŮŰɑɕɞɜŰŬɘ 

ɛŮ ɛɞɜŬŭɘəɧ Űɟɧˊɞ, ɧˊɞɡ  Űɞ ůɨɜɞɟɞ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ  ůŮ ɛɘŬ ɚŮɑŬ əŬɛˊɨɚɖ ɖ ŮűŬˊŰɞɛɏɜɖ 

Űɖɠ ɞˊɞɑŬɠ ɛŮŰŬɓɎɚɚŮŰŬɘ ůɡɜŮɢɩɠ. ȺɎɜ Űɞ ůɨɜɞɟɞ Űɞɡ ŬɜɞɑɔɛŬŰɞɠ ŮɑɜŬɘ ɏɜŬ ˊɞɚɨɔɤɜɞ ŰɧŰŮ ɖ 

ŬɚɚŬɔɐ Űɖɠ    ŮűŬˊŰɞɛɏɜɖɠ ŮɑɜŬɘ ŬůɡɜŮɢɐɠ ůŰɘɠ ɔɤɜɑŮɠ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ŬɡŰɐ ɞɘ ŮɝɘůɩůŮɘɠ Űɞɡ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɏɢɞɡɜ Űɖ ɛɞɟűɐ ůŮɘɟɎɠ ɎˊŮɘɟɤɜ ɧɟɤɜ. ȷɜ ŬɜŰɑ ɔɘŬ ɎˊŮɘɟɞɡɠ ɧɟɞɡɠ ɚɖűɗŮɑ 

ɏɜŬɠ ˊŮˊŮɟŬůɛɏɜɞɠ Ŭɟɘɗɛɧɠ ɧɟɤɜ, ŰɧŰŮ Űɞ ůɢɐɛŬ Űɖɠ ɞˊɐɠ ŭŮɜ ŮɑɜŬɘ ɏɜŬ Ŭəɟɘɓɏɠ ˊɞɚɨɔɤɜɞ 

ŬɚɚɎ ɏɜŬ ůɢɐɛŬ ɛŮ əŬɛˊɡɚɧɔɟŬɛɛŮɠ ˊɚŮɡɟɏɠ əŬɘ ůŰɟɞɔɔɡɚŮɛɏɜŮɠ ɔɤɜɑŮɠ . ȳůɞ ɛŮɔŬɚɨŰŮɟɞɠ 

ŮɑɜŬɘ ɞ Ŭɟɘɗɛɧɠ Űɤɜ ɧɟɤɜ ˊɞɡ ɚŬɛɓɎɜɞɜŰŬɘ ɡˊɧɣɖ Űɧůɞ ɛɘəɟɧŰŮɟɖ ŮɑɜŬɘ ɖ ŬəŰɑɜŬ 

əŬɛˊɡɚɧŰɖŰŬɠ Űɤɜ ɔɤɜɘɩɜ əŬɘ Űɧůɞ ɛɘəɟɧŰŮɟɖ ŮɑɜŬɘ ɖ Ŭˊɧəɚɘůɖ Űɤɜ ˊɚŮɡɟɩɜ Ŭˊɧ ŮɡɗŮɑŮɠ. Ƀ  

(Gercek, 1993), ɢɟɖůɘɛɞˊɞɘŮɑ ɔɘŬ Űɖɜ ŬˊŮɘəɧɜɘůɖ Űɖɠ ˊŮɟɘɞɢɐɠ ɔɨɟɤ Ŭˊɧ Űɞ ɎɜɞɘɔɛŬ Űɖɜ 

ˊŬɟŬəɎŰɤ ɛɘɔŬŭɘəɐ ůɡɜɎɟŰɖůɖ: 

ύ‒ Ὑ
ρ

‒
ὧ‒ Ὑ

ρ

‒
ὧ ὧ‒ ὧ‒ Ễ ὧ‒                         

                                                                                                                                                                 (2-7) 

ȳˊɞɡ R ŮɑɜŬɘ ɛɘŬ ůŰŬɗŮɟɎ ɖ ɞˊɞɑŬ əŬɗɞɟɑɕŮɘ Űɖɜ əɚɑɛŬəŬ əŬɘ Űɞɜ ˊɟɞůŬɜŬŰɞɚɘůɛɧ Űɞɡ 

ŬɜɞɑɔɛŬŰɞɠ. ɆŰɖɜ ˊɟɎɝɖ ɖ ɗŮɩɟɖůɖ 3 ɧɟɤɜ ŬˊɞŰŮɚŮɑ ɛɑŬ ɘəŬɜɞˊɞɘɖŰɘəɐ ˊɟɞůɏɔɔɘůɖ ůŰɞ 

ˊɟɧɓɚɖɛŬ. Ƀɘ ůŰŬɗŮɟɏɠ c1, c3, c5, c7 ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 2-8),( Ɂɞɛɘəɧɠ,  2004): 
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ὧ ÃÏÓ ς‗“  

ὧ   

ὧ   

ὧ   

                                                                                                                                              (2-8) 

ȳˊɞɡ Űɞ  ɚ ŮɑɜŬɘ ɛɘŬ ˊŬɟɎɛŮŰɟɞɠ, ɖ ɞˊɞɑŬ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ ŬɜŬɚɞɔɑŬ Űɤɜ ŭɘŬůŰɎůŮɤɜ Űɞɡ 

ɞɟɗɞɔɤɜɑɞɡ. ũɘŬ Űɘɛɏɠ Űɞɡ ɚ<0.25 ɖ ɛŮɔŬɚɨŰŮɟɖ ŭɘɎůŰŬůɖ Űɖɠ ɞˊɐɠ ŰŬɡŰɑɕŮŰŬɘ ɛŮ Űɖɜ 

ŭɘŮɨɗɡɜůɖ Űɞɡ ɎɝɞɜŬ x, ɔɘŬ ɚ> 0.25 ɛŮ Űɖ ŭɘŮɨɗɡɜůɖ Űɞɡ ɎɝɞɜŬ y, Ůɜɩ ˊɟɞəŮɘɛɏɜɞɡ ɔɘŬ 

ŰŮŰɟɎɔɤɜɞ ɚ=0.25. 

ȼ ůɡɜɎɟŰɖůɖ Űɖɠ ŬˊŮɘəɧɜɘůɖɠ ˊɞɡ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖɜ (ůɢɏůɖ 2-7) ɛŮŰŬůɢɖɛŬŰɑɕŮɘ ůɡɜŮɢɩɠ 

ůɖɛŮɑŬ Ŭˊɧ Űɞ ŮˊɑˊŮŭɞ ɕ (‒ ”Ὡ ) ůŮ ŬɜŰɑůŰɞɘɢŬ ůɖɛŮɑŬ ůŰɞ ŮˊɑˊŮŭɞ z(x,y).ȹɘŬŰɖɟɩɜŰŬɠ Űɞ 

ɟ ůŰŬɗŮɟɧ əŬɘ ɛŮŰŬɓɎɚɚɞɜŰŬɠ Űɞ ɗ ˊŬɟɎɔŮŰŬɘ ɏɜŬɠ əɨəɚɞɠ ɛŮ ŬəŰɑɜŬ ɟ ůŰɞ ŮˊɑˊŮŭɞ ɕ ɞ ɞˊɞɑɞɠ 

ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ əɚŮɘůŰɐ əŬɛˊɨɚɖ ůŰɞ ŮˊɑˊŮŭɞ z. ȷɜɎɚɞɔŬ ŭɘŬŰɖɟɩɜŰŬɠ ůŰŬɗŮɟɧ Űɞ ɗ əŬɘ 

ŭɑɜɞɜŰŬɠ ŭɘɎűɞɟŮɠ Űɘɛɏɠ ůŰɞ ɟ, ˊŬɟɎɔŮŰŬɘ ɛɘŬ ŬəŰɘɜɘəɐ ɔɟŬɛɛɐ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɖ ɞˊɞɑŬ 

ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŰɞ ŮˊɑˊŮŭɞ z ůŮ ɛɑŬ əŬɛˊɨɚɖ ɞɟɗɞɔɤɜɘəɐ ůŰɘɠ əɚŮɘůŰɏɠ əŬɛˊɨɚŮɠ ˊɞɡ 

ɞɟɑɕɞɜŰŬɘ ɔɘŬ ɟ=ůŰŬɗŮɟɧ. ɀŮ ɎɚɚŬ ɚɧɔɘŬ ɖ ůɡɜɎɟŰɖůɖ z=ɤ(ɕ) ɛŮŰŬůɢɖɛŬŰɑɕŮɘ ɞɛɧəŮɜŰɟɞɡɠ 

əɨəɚɞɡɠ əŬɘ ŬəŰɘɜɘəɏɠ ŮɡɗŮɑŮɠ Ŭˊɧ Űɞ ŮˊɑˊŮŭɞ ɕ ůŮ ɏɜŬ ɞɟɗɞɔɤɜɘəɧ əŬɛˊɡɚɧɔɟŬɛɛɞ ŭɑəŰɡɞ 

ůŰɞ ŮˊɑˊŮŭɞ z. 

Ƀɘ ůɡɜŰŮŰŬɔɛɏɜŮɠ Űɤɜ ůɖɛŮɑɤɜ ůŰɖɜ ˊŮɟɘɞɢɐ ɔɨɟɤ Ŭˊɧ Űɞ ɎɜɞɘɔɛŬ ůŰɞ ŮˊɑˊŮŭɞ z ŭɑɜɞɜŰŬɘ Ŭˊɧ 

Űɘɠ ˊŬɟŬɛŮŰɟɘəɏɠ ŮɝɘůɩůŮɘɠ : 

ὼ Ὑ ὧ”ὧέί— ὧ”ὧέίσ— ὧ”ὧέίυ— ὧ”ὧέίχ—  

                                                                                                                                           (2-9Ŭ) 

ώ Ὑ ὧ”ίὭὲ— ὧ”ίὭὲσ— ὧ”ίὭὲυ— ὧ”ίὭὲχ—                                                                         

                                                                                                                                           (2-9ɓ) 
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Ⱥűôɧůɞɜ ɞ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ Űɖɠ Ůɝɑůɤůɖɠ (2-7) ˊɟŬɔɛŬŰɞˊɞɘŮɑŰŬɘ ůŰɞ ŮůɤŰŮɟɘəɧ Űɞɡ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ, ɖ ˊŮɟɘůŰɟɞűɐ Ůɜɧɠ ůɖɛŮɑɞɡ ɛɏůŬ ůŰɞ   ɛɞɜŬŭɘŬɑɞ əɨəɚɞ (ɟÒ1) ŬɜŰɑɗŮŰŬ 

ɛŮ Űɖ űɞɟɎ Űɤɜ ŭŮɘəŰɩɜ Űɞɡ ɟɞɚɞɔɘɞɨ ŬɜŰɘůŰɞɘɢŮɑ ůŮ ŬɜŰɑůŰɟɞűɖɠ űɞɟɎɠ ˊŮɟɘůŰɟɞűɐ Űɞɡ 

ůɖɛŮɑɞɡ ɔɨɟɤ Ŭˊɧ Űɖɜ ɞˊɐ ůŰɞ ŮˊɑˊŮŭɞ z. 

Ƀ ɚɧɔɞɠ Űɞɡ ˊɚɎŰɞɡɠ ˊɟɞɠ Űɞ ɨɣɞɠ Űɞɡ ůɡɔəŮəɟɘɛɏɜɞɡ ɞɟɗɞɔɤɜɑɞɡ, ɚŬɛɓɎɜŮŰŬɘ ɗɏŰɞɜŰŬɠ ɟ=1 

əŬɘ ɛŮŰŬɓɎɚɚɞɜŰŬɠ Űɖɜ Űɘɛɐ Űɖɠ ɔɤɜɑŬɠ Ŭˊɧ 0 ɏɤɠ 2ˊ ůŰɘɠ ˊŬɟŬˊɎɜɤ ˊŬɟŬɛŮŰɟɘəɏɠ ŮɝɘůɩůŮɘɠ 

(2-9). Ƀ ɚɧɔɞɠ ŬɡŰɧɠ ŮɑɜŬɘ : 

ὡ

Ὄ

ρ ὧ ὧ ὧ ὧ

ρ ὧ ὧ ὧ ὧ
 

                                                                                                                                          (2-10) 

ɉɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɘɠ ŮɝɘůɩůŮɘɠ (2-8) əŬɘ (2-10), ɖ Űɘɛɐ Űɞɡ ɚ ɛˊɞɟŮɑ ɜŬ ˊɟɞůŭɘɞɟɘůŰŮɑ ɔɘŬ 

ůɡɔəŮəɟɘɛɏɜɖ Űɘɛɐ Űɞɡ ὡ
Ὄ. 

ɆŮ ˊŮɟɑˊŰɤůɖ ɞˊɐɠ ɛŮ ŰŮŰɟŬɔɤɜɘəɧ ɎɜɞɘɔɛŬ , ɖ ůɡɜɎɟŰɖůɖ ŬˊŮɘəɧɜɘůɖɠ ˊŬɑɟɜŮɘ Űɖɜ ɛɞɟűɐ    

(2-11): 

ύ‒ Ὑ
ρ

‒

ρ

φ
‒

ρ

υφ
‒                                                                                               

                                                                                                                                            (2-11) 

Ƀɘ ůɡɜŰŮŰŬɔɛɏɜŮɠ Űɤɜ ůɖɛŮɑɤɜ ůŰɖɜ ˊŮɟɘɞɢɐ ɔɨɟɤ Ŭˊɧ Űɞ ɎɜɞɘɔɛŬ ůŰɞ ŮˊɑˊŮŭɞ z ŭɑɜɞɜŰŬɘ Ŭˊɧ 

Űɘɠ ˊŬɟŬɛŮŰɟɘəɏɠ ŮɝɘůɩůŮɘɠ : 

ὼ Ὑ ὧέί— ὧέίσ— ὧέίχ—ȟ‪ Ὑ ίὭὲ— ίὭὲσ— ίὭὲχ—         

 ὧ πȢρφφφχȟὧ πȢπρχψυχȟ  Ὑ
Ȣ

                                                                                                                                                                             

                                                                                                                                           (2-12) 

ȼ ŬˊŮɘəɧɜɘůɖ ŬɜɞɑɔɛŬŰɞɠ ɛŮ ˊŮŰŬɚɞŮɘŭɏɠ ůɢɐɛŬ,  ŮɛˊɜŮɨůŰɖəŮ Ŭˊɧ Űɞ ůɢɐɛŬ cardeloid, Űɤɜ 

(Bjorkman & Richards, 1979). ɀŮ ɓɎůɖ Űɞ ůɢɐɛŬ ŬɡŰɧ, ɞ (Ger­ek, 1997), ˊɟɧŰŮɘɜŮ Űɖ 

ůɡɜɎɟŰɖůɖ ŬˊŮɘəɧɜɘůɖɠ ɓɎůŮɘ Űɖɠ (ůɢɏůɖɠ 2-13) ɔɘŬ ŬɜɞɑɔɛŬŰŬ ɛŮ ŰɞɝɞŮɘŭɐ ɞɟɞűɐ. ȼ ŭɘŬŰɞɛɐ 

ŬɡŰɐ,  ˊɟɞůɞɛɞɘɩɜŮŰŬɘ ɛŮ Űɖɜ ɞˊɐ Űɖɠ ɗŮɤɟɑŬɠ əŬɘ ɞ ɎˊŮɘɟɞɠ ɢɩɟɞɠ ɔɨɟɤ Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ 

ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ,    ɗŬ ŬˊŮɘəɞɜɘůŰŮɑ ůɨɛɛɞɟűŬ ůŰɞ ŮɝɤŰŮɟɘəɧ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ. 



40 

 

ύ Ὢ‒ Ὑ‒ В ‌   

                                                                                                                                            (2-13) 

ɧˊɞɡ R ŮɑɜŬɘ ɏɜŬɠ ˊɟŬɔɛŬŰɘəɧɠ Ŭɟɘɗɛɧɠ ˊɞɡ ŬűɞɟɎ ůŰɖɜ əɚɑɛŬəŬ Űɞɡ ůɢɐɛŬŰɞɠ əŬɘ ɞɘ 

ɛɘɔŬŭɘəɏɠ ůɡɜɘůŰɩůŮɠ Űɖɠ ˊŬɟŬˊɎɜɤ Ůɝɑůɤůɖɠ ŮɑɜŬɘ ‌ ὥ Ὥὦ ɔɘŬ k=1,2,3. 

Ƀɘ Űɘɛɏɠ Űɞɡ ˊɟŬɔɛŬŰɘəɞɨ əŬɘ Űɞɡ űŬɜŰŬůŰɘəɞɨ ɛɏɟɞɡɠ Űɤɜ ˊŬɟŬˊɎɜɤ ůɡɜŰŮɚŮůŰɩɜ 

əŬɗɞɟɑɕɞɡɜ Űɞ ůɢɐɛŬ Űɖɠ ɞˊɐɠ. Ƀɘ ůɡɜŰŮɚŮůŰɏɠ Ŭ1,b3,Ŭ2,b2 ŭŮůɛŮɨɞɜŰŬɘ ɛŮ Űɞɜ Ůɝɐɠ Űɟɧˊɞ: 

Ŭ1=b3=0 əŬɘ Ŭ2=b2=0. 

ȷˊɧ Űɖ ůɡɜɎɟŰɖůɖ ŬˊŮɘəɧɜɘůɖɠ ˊɟɞəɨˊŰɞɡɜ ɞɘ Ůɝɐɠ ˊŬɟŬɛŮŰɟɘəɏɠ ŮɝɘůɩůŮɘɠ, Ŭˊɧ Űɘɠ ɞˊɞɑŮɠ 

ɡˊɞɚɞɔɑɕɞɜŰŬɘ əŬɘ  ɞɘ ɕɖŰɞɨɛŮɜɞɘ ůɡɜŰŮɚŮůŰɏɠ: 

ὼ Ὑ ”ὦ
ρ

”
ὧέί— ίὭὲ— ςὥ”ὧέίς— ὥ” ίὭὲσ— ὧέίσ—                    

                                                                                                                                        (2-14Ŭ) 

ώ Ὑ ”ὦ
ρ

”
ὧέί— ίὭὲ— ςὥ”ίὭὲς— ὥ” ίὭὲσ— ὧέίσ—                

                                                                                                                                                                        (2-14ɓ) 

Ʉɞɚɚɞɑ ȺɟŮɡɜɖŰɏɠ Ůˊɑůɖɠ, ˊɟɧŰŮɘɜŬɜ ŭɘɎűɞɟŮɠ ůɡɜŬɟŰɐůŮɘɠ ŬˊŮɘəɧɜɘůɖɠ. Ƀ (Rowland, 2001), 

ˊɟɧŰŮɘɜŮ Űɖɜ əɎŰɤɗɘ ůɡɜɎɟŰɖůɖ ŬˊŮɘəɧɜɘůɖɠ ɔɘŬ Űɞ çŭŮɚŰɞŮɘŭɏɠ,  deloidè , ʎʞʈʒʖʉɻ ʈʀ ʐʂ 

(ůɢɏůɖ 2-15), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-7) :  

ύ„ Ὑ „
‌

„

‌

„
Ễ ὦ„ ὦ„ Ễ                                                     

 ὥ ὥ ὥ πȟὦ ὦ ὦ Ễ πȟὥ ὦ  

                                                                                                                                                         (2-15) 

ȳˊɞɡ R ŮɑɜŬɘ ɛɘŬ ůŰŬɗŮɟɎ ɖ ɞˊɞɑŬ əŬɗɞɟɑɕŮɘ Űɖɜ əɚɑɛŬəŬ Űɞɡ ŬɜɞɑɔɛŬŰɞɠ, G ñ ɞ ŰŮɚŮůŰɐɠ 

ŬɜŰɞɢɐɠ ˊŮŭɑɞɡ ò ɀŮŰɎ Ŭˊɧ ŬɜŰɘəŬŰɎůŰŬůɖ ˊɟɞəɨˊŰŮɘ ɖ əɎŰɤɗɘ Ůɝɑůɤůɖ:   

ύ„ Ὑὼ Ὑ ὧέί—
Ὃ

ψ
ίὭὲς—ȟώ ὙίὭὲ—Ὃ

ςὃὙ

ςῲ  
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Ɇɢ.2-7: ɆɨɛɛɞɟűŮɠ ŬˊŮɘəɞɜɑůŮɘɠ ɔɘŬ Űɞ ȺɿʀʇʐʋʀʅɿʘʏȻ 

 

ȼɛɑɢɤɟɞɠ ɛŮ əɡəɚɘəɐ ɞˊɐ 

ɀŮ Űɖɜ ɗŮɩɟɖůɖ Ůɜɧɠ əŬŰɎɚɚɖɚɞɡ ůɡůŰɐɛŬŰɞɠ əŬɛˊɡɚɧɔɟŬɛɛɤɜ ůɡɜŰŮŰŬɔɛɏɜɤɜ(a,b), ɧˊɤɠ 

űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-8), ɞɘ (Massinas & Sakellariou, 2009), ˊɟɧŰŮɘɜŬɜ ɛɘŬ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɛŮ ɓɎůɖ Űɖɜ ɞˊɞɑŬ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ɞ ɢɩɟɞɠ ɛŮŰŬɝɨ Űɖɠ ŮˊɘűɎɜŮɘŬɠ Űɞɡ 

ŮŭɎűɞɡɠ əŬɘ Űɖɠ əɡəɚɘəɐɠ ɞˊɐɠ. ȼ ɔŮɤɛŮŰɟɑŬ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŬˊŮɘəɞɜɑɕŮŰŬɘ  ůŰɞ  (Ɇɢ.2-9) .   

ὼ ὭώὭὯὧέὸὬ
ὥ Ὥὦ

ς
 

ɧ́ ɞɡ k, ɖ ŬˊɧůŰŬůɖ Űɖɠ Ŭɟɢɐɠ Űɤɜ Ŭɝɧɜɤɜ Ŭˊɧ ɏɜŬ ˊɧɚɞ. 

 

Ɇɢ.2-8: ȾŬɛˊɡɚɧɔɟŬɛɛɞ ůɨůŰɖɛŬ ůɡɜŰŮŰŬɔɛɏɜɤɜ, ( ˊɖɔɐ : Massinas & Sakellariou) 
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Ɇɢ.2-9: ũŮɤɛŮŰɟɑŬ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ 

 

Ƀ (Verruijt, 2003), Ŭűɞɨ ɛŮɚɏŰɖůŮ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ŮɚŬůŰɘəɞɨ ɖɛɑɢɤɟɞɡ ɛŮ əɡəɚɘəɐ ɞˊɐ 

ˊɟɧŰŮɘɜŮ Űɖɜ əɎŰɤɗɘ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ:  

ύ‒ Ὥ‌
ρ ‒

ρ ‒
          

                                                                                                                                                            (2-16) 

ɀŮ Űɞɜ ˊŬɟŬˊɎɜɤ  ɛŮŰŬůɢɖɛŬŰɘůɛɧ , ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ɞ ɢɩɟɞɠ ɛŮŰŬɝɨ Űɖɠ əɡəɚɘəɐɠ ɞˊɐɠ 

əŬɘ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ˊŮɟɘɞɢɐ ɛŮŰŬɝɨ ŭɨɞ ɞɛɧəŮɜŰɟɤɜ əɨəɚɤɜ,   

ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.2-10) .  Ƀɘ ŰɎůŮɘɠ  ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ŮɑɜŬɘ ɛɖŭɏɜ 

. 

 

Ɇɢ.2-10: Ɇɨɛɛɞɟűɞɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ 
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ɆŰɞ (Ɇɢ. 2-11), ˊŬɟɞɡůɘɎɕŮŰŬɘ ɞ ůɨɛɛɞɟűɞɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ˊɞɡ ˊɟɞŰŮɑɜŮŰŬɘ Ŭˊɧ Űɞɡɠ  

(Churchill et al., 1976) ůɨɛűɤɜŬ ɛŮ Űɞɜ ɞˊɞɑɞ ɖ ˊŮɟɘɞɢɐ ɛŮŰŬɝɨ ŭɨɞ ɏəəŮɜŰɟɤɜ əɨəɚɤɜ ůŰɞ 

ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŰɖɜ ˊŮɟɘɞɢɐ ɛŮŰŬɝɨ ŭɨɞ ɞɛɧəŮɜŰɟɤɜ əɨəɚɤɜ ůŰɞ ŮˊɑˊŮŭɞ ɕ.  

 

Ɇɢ.2-11: Ɇɨɛɛɞɟűɞɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ 

ύ ȟ    ὥ
 

ȟ    Ὑ
 

  

                                                                                                                                                                        (2-17) 
 

ὼ ὥ ὼ ‖‌―  π Ὑ ρ ʝ“‛‡ ρ ὼ ὼ 
 

 

2.2.ɆŰɞɘɢŮɑŬ Ŭˊɧ Űɖɜ ɗŮɤɟɑŬ ȺɚŬůŰɘəɩɜ ȾɡɛɎŰɤɜ 

2.2.1. ɆŮɘůɛɘəɎ ȾɨɛŬŰŬ 

ɇŬ ůŮɘůɛɘəɎ əɨɛŬŰŬ, ˊŬɟɎɔɞɜŰŬɘ ůŰɖɜ ŮůŰɑŬ Űɞɡ ůŮɘůɛɞɨ ŭɘŬŭɑŭɞɜŰŬɘ ɛɏůŬ ůŰɖ ɔɖ əŬɘ 

əŬŰŬɔɟɎűɞɜŰŬɘ Ŭˊɧ Űɞ ŭɑəŰɡɞ Űɤɜ ůŮɘůɛɞɚɞɔɘəɩɜ ůŰŬɗɛɩɜ. ɆŰɖ ůŮɘůɛɞɚɞɔɑŬ ɛŮɚŮŰɎɛŮ 

ůŮɘůɛɘəɎ əɨɛŬŰŬ ɔɘŬ ɏɜŬ Ůɡɟɨ ůɡɢɜɞŰɘəɧ ˊŮɟɘŮɢɧɛŮɜɞ. ũɘŬ Űɖ ɛŮɚɏŰɖ Űɤɜ ůŮɘůɛɩɜ 

ɢɟɖůɘɛɞˊɞɘɞɨɛŮ əɨɛŬŰŬ ɛŮ ˊŮɟɘɧŭɞɡɠ ˊɞɡ əɡɛŬɑɜɞɜŰŬɘ Ŭˊɧ 0.01s  ɏɤɠ 3000s (əŬɛɘɎ űɞɟɎ əŬɘ 

ɛŮɔŬɚɨŰŮɟŮɠ). 

ɀŮ Űɘɠ ŬəɧɚɞɡɗŮɠ ˊŬɟŬŭɞɢɏɠ ɛˊɞɟɞɨɛŮ ɜŬ ɗŮɤɟɐůɞɡɛŮ ɧŰɘ ŰŬ ɆŮɘůɛɘəɎ ȾɨɛŬŰŬ ŮɑɜŬɘ 

ŮɚŬůŰɘəɎ ɧŰŬɜ : 

V ɇŬ ˊŮŰɟɩɛŬŰŬ, ŭɖɚŬŭɐ ŰŬ ɡɚɘəɎ ŭɘɎŭɞůɖɠ,  ŮɑɜŬɘ  ŬˊɧɚɡŰŬ ŮɚŬůŰɘəɎ əŬɘ ɘůɧŰɟɞˊŬ 

ɛɏůŬ. 

V Ƀɘ ŬůəɞɨɛŮɜŮɠ ŰɎůŮɘɠ ŮɑɜŬɘ ɛɘəɟɏɠ əŬɘ ɏɢɞɡɜ ůɨɜŰɞɛɖ ŭɘɎɟəŮɘŬ 

V Ƀɘ ˊɟɞəɨˊŰɞɡůŮɠ ˊŬɟŬɛɞɟűɩůŮɘɠ Űɤɜ ˊŮŰɟɤɛɎŰɤɜ ŮɑɜŬɘ Ůˊɑůɖɠ ɛɘəɟɏɠ  
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 ȼ ŪŮɤɟɑŬ Űɖɠ  ȺɚŬůŰɘəɧŰɖŰŬɠ ŮɑɜŬɘ ŮˊŬɟəɐɠ  ɔɘŬ Űɖɜ ɛŮɚɏŰɖ Űɤɜ ɆŮɘůɛɘəɩɜ ȾɡɛɎŰɤɜ Ŭűɞɨ 

ɞɘ ˊŮɟɑɞŭɞɘ Űɤɜ ɆŮɘůɛɘəɩɜ ȾɡɛɎŰɤɜ ŮɑɜŬɘ ůɢŮŰɘəɎ ɛɘəɟɏɠ əŬɘ ɖ ŭɘɎɟəŮɘŬ Űɤɜ ˊŬɟŬɛɞɟűɩůŮɤɜ 

Űɤɜ ˊŮŰɟɤɛɎŰɤɜ əŬŰɎ Űɖ ŭɘɏɚŮɡůɖ Űɤɜ ɆŮɘůɛɘəɩɜ ȾɡɛɎŰɤɜ ɛɏůŬ Ŭˊɧ ŬɡŰɎ Ůˊɑůɖɠ ůɢŮŰɘəɎ 

ɛɘəɟɐ . 

ȼ ɔŮɜɘəɐ  ɛɞɟűɐ Ůɝɑůɤůɖɠ  Űɖɠ əɑɜɖůɖɠ  Ůɜɧɠ  əɨɛŬŰɞɠ  ˊɞɡ ŭɘŬŭɑŭŮŰŬɘ ůŮ ŰɡɢŬɑŬ ŭɘŮɨɗɡɜůɖ 

ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ : 

ὧ ᶯ  ό ὧ   

                                                                                                                                            (2-18) 

ɧˊɞɡ ὧ , ɤ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ, k əɡɛŬŰɘəɧɠ Ŭɟɘɗɛɧɠ 

ɇɞ ˊɟɧɓɚɖɛŬ Űɖɠ ŭɘɎŭɞůɖɠ Űɤɜ əɡɛɎŰɤɜ ˊɞɡ ˊŮɟɘɔɟɎűɞɜŰŬɘ Ŭˊɧ Űɖɜ Ůɝɑůɤůɖ (2-18) ŬˊɞŰŮɚŮɑ 

ɛɞɜɞŭɘɎůŰŬŰɞ ˊɟɧɓɚɖɛŬ ˊŬɟɎ Űɞ ɔŮɔɞɜɧɠ ɧŰɘ ɖ Ůɝɑůɤůɖ ŬɡŰɐ ˊŮɟɘɏɢŮɘ əŬɘ Űɘɠ ŰɟŮɘɠ ɢɤɟɘəɏɠ 

ůɡɜŰŮŰŬɔɛɏɜŮɠ ůŬɜ ɛŮŰŬɓɚɖŰɏɠ. ȹɖɚŬŭɐ ɖ ŭɘɎŭɞůɖ ɔɑɜŮŰŬɘ ɛɧɜɞ ˊɟɞɠ ɛɘŬ əŬŰŮɨɗɡɜůɖ əŬɘ ɖ 

əɑɜɖůɖ Űɞɡ ɛɏůɞɡ ŮɑɜŬɘ ˊŮɟɘɞɟɘůɛɏɜɖ , ŮˊɎɜɤ ůŮ ŮˊɑˊŮŭŬ əɎɗŮŰŬ ˊɟɞɠ Űɖɜ ŭɘŮɨɗɡɜůɖ ŭɘɎŭɞůɖɠ, 

ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-12). 

 

 

Ɇɢ.2-12: ȺˊɑˊŮŭŬ əɨɛŬŰŬ 

ȼ ɔŮɜɘəɐ ɚɨůɖ Űɖɠ (2-18) ŮɑɜŬɘ Űɖɠ ɛɞɟűɐɠ : 

ό Ὢὼ ὧὸ Ὂὼ ὧὸ, ɧˊɞɡ f əŬɘ F ŮɑɜŬɘ ůɡɜŬɟŰɐůŮɘɠ ˊɞɡ ɘəŬɜɞˊɞɘɞɨɜ  Űɘɠ Ŭɟɢɘəɏɠ 

ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ əŬɘ ˊŬɟɘůŰɎɜɞɡɜ əɨɛŬŰŬ ˊɞɡ ŭɘŬŭɑŭɞɜŰŬɘ əŬŰɎ Űɞɜ ɎɝɞɜŬ Űɤɜ x. 

H Ὢὼ ὧὸ ˊŬɟɘůŰɎɜŮɘ əɨɛŬ ˊɞɡ ŭɘŬŭɑŭŮŰŬɘ əŬŰɎ Űɖ ɗŮŰɘəɐ űɞɟɎ Űɞɡ ɎɝɞɜŬ x Ůɜɩ ɖ  

Ὂὼ ὧὸ ˊŬɟɘůŰɎɜŮɘ əɨɛŬ ˊɞɡ ŭɘŬŭɑŭŮŰŬɘ əŬŰɎ Űɖ ŬɟɜɖŰɘəɐ  űɞɟɎ Űɞɡ ɎɝɞɜŬ x 

z 

y 

x 



45 

 

Ⱥɘŭɘəɐ ˊŮɟɑˊŰɤůɖ Űɖɠ Ůɝɑůɤůɖɠ(2-18) Űɞɡ əɨɛŬŰɞɠ ŬˊɞŰŮɚŮɑ ɖ: 

ό ὃὧέίὯὼ ὧὸ • 

ȷɡŰɐ ˊŬɟɘůŰɎɜŮɘ Ŭˊɚɧ Ŭɟɛɞɜɘəɧ ŮˊɑˊŮŭɞ əɨɛŬ. Ƀɘ ůŰŬɗŮɟɏɠ ȷ əŬɘ ű ŮɑɜŬɘ Űɞ ˊɚɎŰɞɠ əŬɘ ɖ 

űɎůɖ Űɞɡ əɨɛŬŰɞɠ, ŬɜŰɑůŰɞɘɢŬ, Ůɜɩ ɖ ůŰŬɗŮɟɎ k ŮɑɜŬɘ ɞ əɡɛŬŰɘəɧɠ Ŭɟɘɗɛɧɠ . 

ȺȿȷɆɇȽȾȷ ȾɈɀȷɇȷ ɉɋɅɃɈ 

ȼ Ůɝɑůɤůɖ     ” ‗ ‘ ‘ɳ ό 

ˊŮɟɘɔɟɎűŮɘ ˊɚɐɟɤɠ Űɖ ŭɘɎŭɞůɖ ŭɘŬŰɎɟŬɝɖɠ əŬŰɎ ɞɟɘůɛɏɜɖ ŭɘŮɨɗɡɜůɖ x ɛɏůŬ ůŮ ŬˊŮɟɘɧɟɘůŰɞ 

ŮɚŬůŰɘəɧ əŬɘ ɘůɧŰɟɞˊɞ ɛɏůɞ. 

ɇɞ ŭŮɨŰŮɟɞ ɛɏɚɞɠ Űɖɠ ůɢɏůɖɠ ŬɡŰɐɠ ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ ŭɨɞ ɧɟɞɡɠ. ȷɡŰɧ ŭŮɑɢɜŮɘ ɧŰɘ ɖ Ůɝɑůɤůɖ 

ŬɡŰɐ ˊŮɟɘɔɟɎűŮɘ Űɖ ŭɘɎŭɞůɖ ůɨɜɗŮŰɖɠ ŭɘŬŰɎɟŬɝɖɠ, ˊɞɡ ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ ŭɨɞ Ůɑŭɖ ŭɘŬŭɘŭɧɛŮɜɤɜ 

ŭɘŬŰŬɟɎɝŮɤɜ ɐ Ŭˊɧ ŭɨɞ Ůɑŭɖ əɡɛɎŰɤɜ ˊɞɡ ɚɏɔɞɜŰŬɘ ŮɚŬůŰɘəɎ əɨɛŬŰŬ ɢɩɟɞɡ.ɇŬ ŮɚŬůŰɘəɎ 

əɨɛŬŰŬ Űɞɡ ˊɟɩŰɞɡ Ůɑŭɞɡɠ Ŭűɞɟɞɨɜ Űɖ ŭɘɎŭɞůɖ Űɖɠ ɛŮŰŬɓɞɚɐɠ Űɞɡ ɧɔəɞɡ ɐ Űɖɠ ˊɡəɜɧŰɖŰŬɠ 

Űɞɡ ɛɏůɞɡ ŭɘɎŭɞůɖɠ əŬɘ ɚɏɔɞɜŰŬɘ Ůˊɘɛɐəɖ ŮɚŬůŰɘəɎ əɨɛŬŰŬ ɢɩɟɞɡ.  

ɇŬ ŮɚŬůŰɘəɎ əɨɛŬŰŬ Űɞɡ ŭŮɨŰŮɟɞɡ Ůɑŭɞɡɠ Ŭűɞɟɞɨɜ Űɖ ŭɘɎŭɞůɖ Űɖɠ ŮɔəɎɟůɘŬɠ ˊŬɟŬɛɧɟűɤůɖɠ 

əŬɘ ɚɏɔɞɜŰŬɘ ŮɔəɎɟůɘŬ ŮɚŬůŰɘəɎ əɨɛŬŰŬ. 

ȺɄȽɀȼȾȼ ȾɈɀȷɇȷ  

ȼ ŭɘŬűɞɟɘəɐ Ůɝɑůɤůɖ Űɤɜ Ůˊɘɛɐəɤɜ əɡɛɎŰɤɜ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: ᶯ— 

Ⱥɜɩ ŬɜŰɑůŰɞɘɢŬ ɖ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ Űɤɜ Ůˊɘɛɐəɤɜ əɡɛɎŰɤɜ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: 

ὥ
‗ ς‘

”
 

ɆŰɖ ɆŮɘůɛɞɚɞɔɑŬ, ŰŬ əɨɛŬŰŬ ŬɡŰɎ ˊŬɟɘůŰɎɜɞɜŰŬɘ ɛŮ Űɞ ůɨɛɓɞɚɞ P(Primus) ŮˊŮɘŭɐ ŰŬ Ůˊɘɛɐəɖ 

əɨɛŬŰŬ ˊɞɡ ˊŬɟɎɔɞɜŰŬɘ ůŰɖɜ ŮůŰɑŬ ɛɘŬɠ ŭɧɜɖůɖɠ, űɗɎɜɞɡɜ ůŮ ɞɟɘůɛɏɜɞ ůŮɘůɛɞɚɞɔɘəɧ ůŰŬɗɛɧ 

əŬɘ ŬɜŬɔɟɎűɞɜŰŬɘ ˊɟɩŰŬ Ŭˊɧ Űɞɡɠ ůŮɘůɛɞɔɟɎűɞɡɠ, ɔɘŬŰɑ ɖ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɐɠ Űɞɡɠ ŮɑɜŬɘ 

ɛŮɔŬɚɨŰŮɟɖ Ŭˊɧ Űɖɜ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ Űɤɜ ŮɔəŬɟůɑɤɜ əɡɛɎŰɤɜ ˊɞɡ ˊŬɟɎɔɞɜŰŬɘ ůɡɔɢɟɧɜɤɠ 

ɛŮ ŰŬ Ůˊɘɛɐəɖ əɨɛŬŰŬ ůŰɖɜ ɑŭɘŬ  ŮůŰɑŬ. 

ȾŬŰɎ Űɖ ŭɘɎŭɞůɖ Űɤɜ Ůˊɘɛɐəɤɜ əɡɛɎŰɤɜ ɛɏůŬ ůŮ ŮɚŬůŰɘəɧ ɛɏůɞ, ŰŬ ɡɚɘəɎ ůɖɛŮɑŬ Űɞɡ ɛɏůɞɡ 

ŰŬɚŬɜŰɩɜɞɜŰŬɘ əŬŰɎ ŭɘŮɨɗɡɜůɖ ˊŬɟɎɚɚɖɚɖ ˊɟɞɠ Űɖ ŭɘŮɨɗɡɜůɖ ŭɘɎŭɞůɖɠ Űɞɡ əɨɛŬŰɞɠ ŭɖɚŬŭɐ 

ˊɟɞɠ Űɖ ŭɘŮɨɗɡɜůɖ Űɖɠ ůŮɘůɛɘəɐɠ ŬəŰɑɜŬɠ əŬɘ ɛɎɚɘůŰŬ əŬŰɎ ŰɏŰɞɘɞ Űɟɧˊɞ, ɩůŰŮ ɜŬ 
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ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ ŭɘŬŭɞɢɘəɎ ˊɡəɜɩɛŬŰŬ əŬɘ ŬɟŬɘɩɛŬŰŬ. ȼ ŭɘɎŭɞůɖ ɛɏůŬ ůŰɖ ũɖ Űɤɜ 

ˊɡəɜɤɛɎŰɤɜ əŬɘ ŬɟŬɘɤɛɎŰɤɜ, ŭɖɚŬŭɐ Űɖɠ ɛŮŰŬɓɞɚɐɠ Űɖɠ ˊɡəɜɧŰɖŰŬɠ əŬŰɎ Űɖ ŭɘŮɨɗɡɜůɖ 

ŭɘɎŭɞůɖɠ Űɖɠ ůŮɘůɛɘəɐɠ ŮɜɏɟɔŮɘŬɠ ŬˊɞŰŮɚŮɑ ŰŬ Ůˊɘɛɐəɖ ůŮɘůɛɘəɎ əɨɛŬŰŬ. ȼ űɞɟɎ ŰŬɚɎɜŰɤůɖɠ 

Űɤɜ ɡɚɘəɩɜ ůɖɛŮɑɤɜ əŬŰɎ Űɖ ŭɘɎŭɞůɖ Űɤɜ Ůˊɘɛɐəɤɜ ůŮɘůɛɘəɩɜ əɡɛɎŰɤɜ ɚɏɔŮŰŬɘ 

ůɡɛˊɑŮůɖ(C)ɧŰŬɜ ŬɡŰɐ ůɡɛˊɑˊŰŮɘ ɛŮ Űɖ űɞɟɎ ŭɘɎŭɞůɖɠ Űɞɡ əɨɛŬŰɞɠ, Ůɜɩ ŬɡŰɐ ɚɏɔŮŰŬɘ 

ŬɟŬɑɤůɖ (D)ɧŰŬɜ ŮɑɜŬɘ ŬɜŰɑɗŮŰɖ Űɖɠ űɞɟɎɠ ŭɘɎŭɞůɖɠ Űɞɡ əɨɛŬŰɞɠ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ        

(Ɇɢ.2-13). 

 

Ɇɢ.2-13: Ⱥˊɘɛɐəɖ əɨɛŬŰŬ 

ȺũȾȷɅɆȽȷ ȹȽȷɇɀȼɇȽȾȷ ȾɈɀȷɇȷ 

ȼ ŭɘŬűɞɟɘəɐ Ůɝɑůɤůɖ Űɤɜ ŮɔəŬɟůɑɤɜ  əɡɛɎŰɤɜ ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-14), ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ 

ůɢɏůɖ: 

 ᶯύ  , ɧˊɞɡ : ύ ᶯ ό 

Ⱥɜɩ ŬɜŰɑůŰɞɘɢŬ ɖ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ Űɤɜ ŮɔəŬɟůɑɤɜ əɡɛɎŰɤɜ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: 

‍
‘

”
 

 

Ɇɢ.2-14: ȺɔəɎɟůɘŬ əɨɛŬŰŬ 
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 ȽȹȽɃɇȼɇȺɆ 

1)ɆŰŬ ɟŮɡůŰɎ ŭŮɜ ŭɘŬŭɑŭɞɜŰŬɘ ŰŬ  ŮɔəɎɟůɘŬ əɨɛŬŰŬ ŭɘɧŰɘ Űɞ ɛɏŰɟɞ ŬəŬɛɣɑŬɠ Űɞɡɠ ŮɑɜŬɘ 0. 

2) ɇŬ ɡɚɘəɎ ůɖɛŮɑŬ ŰŬɚŬɜŰɩɜɞɜŰŬɘ əɎɗŮŰŬ ˊɟɞɠ Űɖ ŭɘŮɨɗɡɜůɖ ŭɘɎŭɞůɖɠ Űɞɡ əɨɛŬŰɞɠ əŬɘ 

ůɡɜŮˊɩɠ  Űɞ ɛɏůɞ  ɛŮŰɎŭɞůɖɠ əŬŰɎ Űɖ ŭɘɎŭɞůɖ Űɤɜ S-ȾɡɛɎŰɤɜ,  ɡűɑůŰŬŰŬɘ ɛɧɜɞ ŭɘŬŰɛɖŰɘəɐ 

ˊŬɟŬɛɧɟűɤůɖ. 

3) ɇɞ ŭɘɎɜɡůɛŬ ɛŮŰɎɗŮůɖɠ Űɤɜ S-ȾɡɛɎŰɤɜ  ŬɜŬɚɨŮŰŬɘ ůŮ ŭɨɞ ůɡɜɘůŰɩůŮɠ ˊɞɡ ɞɟɑɕɞɜŰŬɘ: 

Ŭ) Ŭˊɧ Űɖɜ Űɞɛɐ Űɞɡ ŮˊɑˊŮŭɞɡ (Ⱥ) (əɎɗŮŰɞ  ůŰɖɜ əŬŰŮɨɗɡɜůɖ ŭɘɎŭɞůɖɠ) ɛŮ Űɞ ɞɟɘɕɧɜŰɘɞ 

ŮˊɑˊŮŭɞ, (Ƀ), (ɞɟɘɕɧɜŰɘŬ ůɡɜɘůŰɩůŬ, SH) 

ɓ) Ŭˊɧ Űɖɜ Űɞɛɐ Űɞɡ ŮˊɑˊŮŭɞɡ (Ⱥ) (əɎɗŮŰɞ ůŰɖɜ əŬŰŮɨɗɡɜůɖ ŭɘɎŭɞůɖɠ) ɛŮ Űɞ əŬŰŬəɧɟɡűɞ 

ŮˊɑˊŮŭɞ, (Ⱦ), ˊɞɡ ˊŮɟɘɏɢŮɘ Űɞ ŭɘɎɜɡůɛŬ ŭɘɎŭɞůɖɠ (əŬŰŬəɧɟɡűɖ ůɡɜɘůŰɩůŬ, SV) , ɧˊɤɠ 

űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.2-15). 

 

Ɇɢ.2-15: ȷɜɎɚɡůɖ Űɞɡ ŭɘŬɜɨůɛŬŰɞɠ S ůŮ ůɡɜɘůŰɩůŮɠ SH əŬɘ SV 

ɆŰɞ (Ɇɢ.2-16), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ȹɘŬŰɛɖŰɘəɎ əɨɛŬŰŬ ˊɞɡ ŭɘŬŭɑŭɞɜŰŬɘ əŬŰɎ Űɞɜ ɎɝɞɜŬ Űɤɜ y.ɆŰɖɜ 

ˊŮɟɑˊŰɤůɖ əɨɛŬŰɞɠ SV ɖ ŰŬɚɎɜŰɤůɖ Űɤɜ ɡɚɘəɩɜ ůɖɛŮɑɤɜ ˊɟŬɔɛŬŰɞˊɞɘŮɑŰŬɘ ůŰɞ ŮˊɑˊŮŭɞ xy 

ˊɟɞəŬɚɩɜŰŬɠ ɛŮŰŬŰɞˊɑůŮɘɠ ux əŬŰɎ Űɞɜ ɎɝɞɜŬ Űɤɜ x,  Ůɜɩ ůŰɖɜ ˊŮɟɑˊŰɤůɖ əɨɛŬŰɞɠ SH ɖ 

ŰŬɚɎɜŰɤůɖ Űɤɜ ɡɚɘəɩɜ ůɖɛŮɑɤɜ ˊɟŬɔɛŬŰɞˊɞɘŮɑŰŬɘ ůŰɞ ŮˊɑˊŮŭɞ xz ˊɟɞəŬɚɩɜŰŬɠ ɛŮŰŬŰɞˊɑůŮɘɠ 

uz əŬŰɎ Űɞɜ ɎɝɞɜŬ Űɤɜ z. 
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Ɇɢ.2-16: ȹɘŬŰɛɖŰɘəɎ əɨɛŬŰŬ SV & SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜŬ( ˊɖɔɐ :ɆˊɡɟɎəɞɠ) 

ȺɄȽūȷɁȺȽȷȾȷ ȾɈɀȷɇȷ 

 

ɇŬ əɨɛŬŰŬ ŬɡŰɎ ɞɜɞɛɎɕɞɜŰŬɘ ŮˊɘűŬɜŮɘŬəɎ əŬɘ  ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ ŭɘɧŰɘ ɖ ũɖ ɏɢŮɘ ˊŮɟɘɞɟɘůɛɏɜŮɠ 

ŭɘŬůŰɎůŮɘɠ əŬɘ ɖ  ŮˊɘűɎɜŮɘŬ Űɖɠ  ŬˊɞŰŮɚŮɑ ɛɘŬ ŬůɡɜɏɢŮɘŬ ˊɞɡ Űɖ ɢɤɟɑɕŮɘ Ŭˊɧ Űɖɜ ŬŰɛɧůűŬɘɟŬ, 

ˊɞɡ ɗŮɤɟŮɑŰŬɘ ŮɚŬůŰɘəɧ ůŰɟɩɛŬ ɛŮ ŭɘŬűɞɟŮŰɘəɏɠ ŮɚŬůŰɘəɏɠ ɘŭɘɧŰɖŰŮɠ Ŭˊɧ Űɖ ũɖ əŬɘ Ůˊɘˊɚɏɞɜ 

ŰŬ ŮˊɘűŬɜŮɘŬəɎ ůŰɟɩɛŬŰŬ Űɖɠ ũɖɠ ŭŮɜ ŮɑɜŬɘ ŬˊɞɚɨŰɤɠ ɘůɧŰɟɞˊŬ. 

ɉŬɟŬəŰɖɟɘůŰɘəɧ Űɤɜ ȺˊɘűŬɜŮɘŬəɩɜ  ȾɡɛɎŰɤɜ ŮɑɜŬɘ ɞɘ ɛŮɔɎɚŮɠ ˊŮɟɑɞŭɞɘ əŬɘ ŰŬ ɛŮɔɎɚŬ ˊɚɎŰɖ. 

ɇŬ ˊɚɎŰɖ Űɤɜ ŮˊɘűŬɜŮɘŬəɩɜ əɡɛɎŰɤɜ ɛŮɘɩɜɞɜŰŬɘ ɛŮ Űɞ ɓɎɗɞɠ əŬɘ ŮɑɜŬɘ ŬɜŰɘůŰɟɧűɤɠ ŬɜɎɚɞɔŬ 

ɛŮ Űɖɜ ŰŮŰɟŬɔɤɜɘəɐ ɟɑɕŬ Űɖɠ ŬˊɧůŰŬůɖɠ.  ȿɧɔɤ Űɖɠ ɛɘəɟɐɠ Űɞɡɠ ůɡɢɜɧŰɖŰŬɠ, Űɞɡ Ŭɡɝɖɛɏɜɞɡ 

ˊɚɎŰɞɡɠ əŬɘ Űɖɠ ɛŮɔɎɚɖɠ Űɞɡɠ ŭɘɎɟəŮɘŬɠ ŮɑɜŬɘ ɘŭɘŬɘŰɏɟɤɠ əŬŰŬůŰɟɞűɘəɎ. ɇŬ əɨɛŬŰŬ ŬɡŰɎ 

ɏɢɞɡɜ Űɖɜ ɛɘəɟɧŰŮɟɖ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ Ŭˊɧ ɧɚŬ ŰŬ Ůɑŭɖ ůŮɘůɛɘəɩɜ əɡɛɎŰɤɜ əŬɘ ŭɘŬəɟɑɜɞɜŰŬɘ 

ůŮ ŭɨɞ Űɨˊɞɡɠ, ůŰŬ əɨɛŬŰŬ Rayleigh əŬɘ ŰŬ əɨɛŬŰŬ Love. 

 

ȾɈɀȷɇȷ RAYLEIGH 

 
ȾŬŰɎ Űɖɜ ŭɘɎŭɞůɖ Űɤɜ əɡɛɎŰɤɜ ŬɡŰɩɜ ŰŬ ɡɚɘəɎ ůɖɛŮɑŬ Űɞɡ ɛɏůɞɡ ɛŮŰɎŭɞůɖɠ ŭɘŬɔɟɎűɞɡɜ 

ŮɚɚŮɘˊŰɘəɏɠ Űɟɞɢɘɏɠ Űɤɜ ɞˊɞɑɤɜ ɞɘ ɛŮɔɎɚɞɘ ɎɝɞɜŮɠ ŮɑɜŬɘ əɎɗŮŰɞɘ ́ ɟɞɠ Űɖɜ ŭɘŮɨɗɡɜůɖ ɛŮŰɎŭɞůɖɠ 

Űɞɡ əɨɛŬŰɞɠ, ɞɘ ŭŮ ɛɘəɟɞɑ ˊŬɟɎɚɚɖɚɞɘ ˊɟɞɠ ŬɡŰɐɜ. ɇɞ ˊɚɎŰɞɠ ŰŬɚɎɜŰɤůɖɠ ɛŮɘɩɜŮŰŬɘ ŮəɗŮŰɘəɎ 

ɛŮ Űɞ ɓɎɗɞɠ, ɚɧɔɤ ŭŮ ɛɘəɟɧŰŮɟɖɠ ŰŬɢɨŰɖŰŬɠ əŬŰŬɔɟɎűɞɜŰŬɘ Ŭˊɧ ŰŬ ɞɟɘɕɧɜŰɘŬ əŬɘ əŬŰŬəɧɟɡűŬ 

ůŮɘůɛɧɛŮŰɟŬ ˊɎɜŰŬ ŰŮɚŮɡŰŬɑŬ. ɄɟɞɏɟɢɞɜŰŬɘ Ŭˊɧ Űɖ ůɡɛɓɞɚɐ P & SV əɡɛɎŰɤɜ,ɧˊɤɠ űŬɑɜŮŰŬɘ 

ůŰɞ  (Ɇɢ.2-17) 
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Ɇɢ.2-17: ȾɨɛŬŰŬ Rayleigh 

ȾɈɀȷɇȷ LOVE 

 

ȾɨɛŬŰŬ Love: ɔɘŬ Űɖɜ ŭɖɛɘɞɡɟɔɑŬ Űɞɡɠ ŮɑɜŬɘ ŬˊŬɟŬɑŰɖŰɖ ɖ ɨˊŬɟɝɖ ůŰɟɩɛŬŰɞɠ ɞɟɘůɛɏɜɞɡ 

ˊɎɢɞɡɠ ˊɎɜɤ ůŮ ɖɛɘɢɩɟɞ. ȾŬŰɎ Űɖɜ ŭɘɎŭɞůɐ Űɞɡɠ ŰŬ ɡɚɘəɎ ůɖɛŮɑŬ Űɞɡ ɛɏůɞɡ əɘɜɞɨɜŰŬɘ ɛŮ 

ɞɟɘɕɧɜŰɘŮɠ ŰŬɚŬɜŰɩůŮɘɠ əɎɗŮŰŮɠ ůŰɖ ŭɘŮɨɗɡɜůɖ ŭɘɎŭɞůɖɠ, ˊɟɧəŮɘŰŬɘ ŭɖɚŬŭɐ ɔɘŬ əɨɛŬŰŬ 

ɞɟɘɕɞɜŰɑɤɠ ˊɞɚɤɛɏɜŬ. ȺˊŮɘŭɐ Ŭəɟɘɓɩɠ ŭŮɜ ŭɘŬɗɏŰɞɡɜ əŬŰŬəɧɟɡűɖ ůɡɜɘůŰɩůŬ, ŬɜŬɔɟɎűɞɜŰŬɘ 

ɛɧɜɞ Ŭˊɧ Űɞɡɠ ɞɟɘɕɧɜŰɘɞɡɠ ůŮɘůɛɞɔɟɎűɞɡɠ. ɄɟɞɏɟɢɞɜŰŬɘ Ŭˊɧ Űɖ ůɡɛɓɞɚɐ əɡɛɎŰɤɜ SH, ˊɞɡ 

ŬɜŬəɚɩɜŰŬɘ ŭɘŬŭɞɢɘəɎ ůŰɘɠ ɞɟɘŬəɏɠ ŮˊɘűɎɜŮɘŮɠ Űɞɡ ůŰɟɩɛŬŰɞɠ,   ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.2-18). 

ȺˊɘűŬɜŮɘŬəɎ əɨɛŬŰŬ ŮɑɜŬɘ Ůˊɑůɖɠ əŬɘ ŰŬ əɨɛŬŰŬ Stonley, ŰŬ ɞˊɞɑŬ Ŭəɞɚɞɡɗɞɨɜ ŮˊɘűɎɜŮɘŮɠ 

ŬůɡɜɏɢŮɘŬɠ ɛɏůŬ ůŰɖ ɔɖ əŬɘ ŭɨůəɞɚŬ ŭɘŬəɟɑɜɞɜŰŬɘ ůŰŬ ůŮɘůɛɞɔɟɎɛɛŬŰŬ.ɈˊɎɟɢɞɡɜ Ůˊɑůɖɠ əŬɘ 

ɎɚɚŬ Ůɑŭɖ əɡɛɎŰɤɜ, ˊɞɡ ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ ůɡɜŭɡŬůɛɞɨɠ Űɤɜ  ˊɟɞŬɜŬűŮɟɗɏɜŰɤɜ. ɇɏŰɞɘŬ ŮɑɜŬɘ 

ŰŬ ŭɘŬɡɚɘəɎ, ŰŬ əɨɛŬŰŬ ɞɡɟɎɠ əŬɘ ŰŬ ůŰɎůɘɛŬ əɨɛŬŰŬ.

 

Ɇɢ.2-18: ȾɨɛŬŰŬ Love 
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2.2.2.ȽŭɘɧŰɖŰŮɠ Űɤɜ ɆŮɘůɛɘəɩɜ ȾɡɛɎŰɤɜ 

ȷɁȷȾȿȷɆȼ  

ũŮɜɘəŮɡɛɏɜɞɠ Ɂɧɛɞɠ Űɞɡ Snell : ɇɞ ˊɖɚɑəɞ Űɞɡ ɖɛɘŰɧɜɞɡ Űɖɠ ɔɤɜɑŬɠ ˊɞɡ ůɢɖɛŬŰɑɕŮɘ ɖ ůŮɘůɛɘəɐ 

ŬəŰɑɜŬ ɛŮ Űɖɜ əɎɗŮŰɞ ůŰɖɜ ŭɘŬɢɤɟɘůŰɘəɐ ŮˊɘűɎɜŮɘŬ, ˊɟɞɠ Űɖɜ ŬɜŰɑůŰɞɘɢɖ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ 

Űɞɡ ɛɏůɞɡ Ŭˊɧ Űɞ ɞˊɞɑɞ ˊɟɞɏɟɢŮŰŬɘ ɖ ůŮɘůɛɘəɐ ŬəŰɑɜŬ, ŮɑɜŬɘ ůŰŬɗŮɟɧ, (ɇůŮɚɏɜŰɖɠ, 1997), ɧˊɤɠ 

űŬɑɜŮŰŬɘ əŬɘ ůŰɞ (Ɇɢ.2-19).  

  

Ɇɢ.2-19:ũŮɜɘəŮɡɛɏɜɞɠ Ɂɧɛɞɠ Űɞɡ Snell 

ὥ

ÃÏÓ Ὡ

ὥ

ÃÏÓ Ὡ

‍

ÃÏÓ Ὢ

‌

ÃÏÓ Ὡᴂ

‍

ÃÏÓ Ὢᴂ
ὅ 

ȳŰŬɜ ɏɜŬ əɨɛŬ ɢɩɟɞɡ (P, SV, SH) ˊɟɞůˊɑˊŰŮɘ ɛŮ ŰŬɢɨŰɖŰŬ Ŭ ɐ ɓ , ŬɜŰɑůŰɞɘɢŬ əŬɘ ɡˊɧ ɔɤɜɑŬ ɗ 

ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ Űɞɡ ɖɛɑɢɤɟɞɡ ŭɘŬəɟɑɜɞɜŰŬɘ ɞɘ əɎŰɤɗɘ ˊŮɟɘˊŰɩůŮɘɠ: 

1.ɆŮɘůɛɘəɧ əɨɛŬ Űɨˊɞɡ P ˊɟɞůˊɑˊŰŮɘ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ  ɛŮ ŰŬɢɨŰɖŰŬ Ŭ əŬɘ ɡˊɧ ɔɤɜɑŬ 

ɗ. Ⱥűɧůɞɜ ɖ ɔɤɜɑŬ ˊɟɧůˊŰɤůɖɠ  ɗ ŮɑɜŬɘ ɛɘəɟɧŰŮɟɖ Űɖɠ əɟɑůɘɛɖɠ ɖ ɞˊɞɑŬ ɞɟɑɕŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: 

— ίὭὲ , ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ ŭɨɞ ŬɜŬəɚɩɛŮɜŬ əɨɛŬŰŬ, ɏɜŬ əɨɛŬ  P ɡˊɧ ɔɤɜɑŬ ɗŬ əŬɘ ɏɜŬ 

əɨɛŬ SV ɡˊɧ ɔɤɜɑŬ ɗɓ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-20). 

ɆŮ ˊŮɟɑˊŰɤůɖ ɧˊɞɡ ɖ ɔɤɜɑŬ ˊɟɧůˊŰɤůɖɠ  ɗ ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɖ  Űɖɠ əɟɑůɘɛɖɠ ŰɧŰŮ 

ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ ŮˊɘűŬɜŮɘŬəɎ əɨɛŬŰŬ 
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Ɇɢ.2-20:ȷɜɎəɚŬůɖ P əɡɛɎŰɤɜ Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ P ĄP, SV 

 

2.ɆŮɘůɛɘəɧ əɨɛŬ Űɨˊɞɡ SV ́ ɟɞůˊɑˊŰŮɘ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ  ɛŮ ŰŬɢɨŰɖŰŬ ɓ əŬɘ ɡˊɧ ɔɤɜɑŬ 

ɗ. Ⱥű ɧůɞɜ ɖ ɔɤɜɑŬ ˊɟɧůˊŰɤůɖɠ  ɗ ŮɑɜŬɘ ɛɘəɟɧŰŮɟɖ Űɖɠ əɟɑůɘɛɖɠ ɖ ɞˊɞɑŬ ɞɟɑɕŮŰŬɘ Ŭˊɧ Űɖ 

ůɢɏůɖ: 

— ίὭὲ ,  

ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ ŭɨɞ ŬɜŬəɚɩɛŮɜŬ əɨɛŬŰŬ, ɏɜŬ əɨɛŬ  SV ɡˊɧ ɔɤɜɑŬ ɗɓ əŬɘ ɏɜŬ əɨɛŬ P ɡˊɧ 

ɔɤɜɑŬ ɗŬ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-21). ȰůŰɤ  ȸ0 Űɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV 

əŬɘ ȸ1, ȷ1 ŰŬ ˊɚɎŰɖ  Űɤɜ ŬɜŬəɚɩɛŮɜɤɜ əɡɛɎŰɤɜ SV əŬɘ P   ŬɜŰɑůŰɞɘɢŬ, ŰŬ ɞˊɞɑŬ əŬɘ  

ɡˊɞɚɞɔɑɕɞɜŰŬɘ Ŭˊɧ Űɞ ɜɧɛɞ Űɞɡ Snell, ɛŮ ɓɎůɖ Űɘɠ ůɢɏůŮɘɠ : 

— ίὭὲ
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Ɇɢ.2-21: ȷɜɎəɚŬůɖ SV əɡɛɎŰɤɜ Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ SV Ą SV,P 

 

3. ɆŮɘůɛɘəɧ əɨɛŬ Űɨˊɞɡ SH ́ ɟɞůˊɑˊŰŮɘ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ  ɛŮ ŰŬɢɨŰɖŰŬ ɓ əŬɘ ɡˊɧ ɔɤɜɑŬ 

ɗ. Ⱥű ɧůɞɜ ɖ ɔɤɜɑŬ ˊɟɧůˊŰɤůɖɠ  ɗ ŮɑɜŬɘ ɛɘəɟɧŰŮɟɖ Űɖɠ əɟɑůɘɛɖɠ ɖ ɞˊɞɑŬ ɞɟɑɕŮŰŬɘ Ŭˊɧ Űɖ 

ůɢɏůɖ:— ίὭὲ , ŭɖɛɘɞɡɟɔŮɑŰŬɘ ɏɜŬ ŬɜŬəɚɩɛŮɜɞ əɨɛŬ,   SH ɡˊɧ ɔɤɜɑŬ ɗ, ɧˊɤɠ űŬɑɜŮŰŬɘ 

ůŰɞ  (Ɇɢ.2-22). 

 

Ɇɢ.2-22: ȷɜɎəɚŬůɖ SH əɡɛɎŰɤɜ Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ SH Ą SH 

ȰɜŬ əɨɛŬ əŬɗɩɠ ŭɘŬŭɑŭŮŰŬɘ ŭɘŬ ɛɏůɞɡ ŭɘŬŭɞɢɘəɩɜ ŮŭŬűɘəɩɜ ůŰɟɤɛɎŰɤɜ, ɡűɑůŰŬŰŬɘ ɛŮɑɤůɖ 

Űɖɠ ŰŬɢɨŰɖŰŬɠ  ŭɘɎŭɞůɖɠ, ŭɘɧŰɘ ɞɘ ŮŭŬűɘəɞɑ ůɢɖɛŬŰɘůɛɞɑ ɔɑɜɞɜŰŬɘ ɛŬɚŬəɧŰŮɟɞɘ ˊɟɞɠ Űɖɜ 

ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ɆɨɛűɤɜŬ ɛŮ Űɞɜ ɔŮɜɘəŮɡɛɏɜɞ ɜɧɛɞ Űɞɡ Snell ɞɘ ɔɤɜɑŮɠ ˊɟɧůˊŰɤůɖɠ 

ůŰɘɠ ŭɘŮˊɘűɎɜŮɘŮɠ Űɤɜ ůɢɖɛŬŰɘůɛɩɜ ŬɡɝɎɜɞɜŰŬɘ űɗɎɜɞɜŰŬɠ ɛɏɢɟɘ ˊŮɟɑˊɞɡ 90ɞ ,ɧˊɤɠ 

ŬɜŬűɏɟŮŰŬɘ ůŰɞɜ (Kramer, 1996). ɆɡɜŮˊɩɠ ɖ ŭɘɎŭɞůɖ əɡɛɎŰɤɜ ˊɟɞɠ Űɖɜ ŮˊɘűɎɜŮɘŬ ɛˊɞɟŮɑ ɜŬ 

ɗŮɤɟɖɗŮɑ  ɛŮ ŬəɟɑɓŮɘŬ ˊɟŬəŰɘəɎ əŬŰŬəɧɟɡűɖ , ɚɧɔɤ Űɖɠ ɛŮɔɎɚɖɠ ŭɘŬűɞɟɎɠ Űɤɜ ŰŬɢɡŰɐŰɤɜ 

ŬɜɎɛŮůŬ ůŰɞ ůŮɘůɛɘəɧ ɡˊɧɓŬɗɟɞ əŬɘ Űɞ ɛŬɚŬəɧ ɏŭŬűɞɠ,  ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-23). 
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Ɇɢ.2-23: ȾɨɛŬ Űɨˊɞɡ SH ŬɜŮɟɢɧɛŮɜɞ ůŮ ɛŬɚŬəɧŰŮɟŬ ŮŭɎűɖ ˊɟɞɠ  Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ , 

ŭɘŬŭɑŭŮŰŬɘ ůɢŮŭɧɜ əŬŰŬəɧɟɡűŬ  

ɆȾȺȹȷɆȼ ȾɈɀȷɇɋɁ 

ȳŰŬɜ ɏɜŬ ŭɘŬŭɘŭɧɛŮɜɞ ůŮɘůɛɘəɧ əɨɛŬ ůɡɜŬɜŰɐůŮɘ ɏɜŬ Ůɛˊɧŭɘɞ, ɗŬ ˊŬɟɎɔŮɘ ŮəŰɧɠ Ŭˊɧ ŰŬ 

əɨɛŬŰŬ, ˊɞɡ ˊŮɟɘɔɟɎűɞɜŰŬɘ Ŭˊɧ Űɞɜ  ɜɧɛɞ Űɞɡ Snell əŬɘ ɏɜŬ əɨɛŬ Űɞ ɞˊɞɑɞ ɗŬ ůəŮŭŬůŰŮɑ Ŭˊɧ 

Űɞ Ůɛˊɧŭɘɞ ˊɟɞɠ ɧɚŮɠ Űɘɠ əŬŰŮɡɗɨɜůŮɘɠ, əŬɗɘůŰɎɛŮɜɞ ůŰɖɜ ˊɟŬɔɛŬŰɘəɧŰɖŰŬ  ˊɖɔɐ ɜɏɞɡ 

əɨɛŬŰɞɠ. 

ɀɑŬ Ŭˊɧ Űɘɠ ŬˊɚɞɨůŰŮɟŮɠ ˊŮɟɘˊŰɩůŮɘɠ ˊɟɞɓɚɐɛŬŰɞɠ ŮɚŬůŰɘəɐɠ ůəɏŭŬůɖɠ əɡɛɎŰɤɜ ˊɞɡ 

ˊɟɞůˊɑˊŰɞɡɜ ůŮ əɡəɚɘəɐ ɞˊɐ, ŮɑɜŬɘ əɨɛŬŰŬ SH ŭɘŬŭɘŭɧɛŮɜŬ ɞɟɘɕɧɜŰɘŬ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ 

(Ɇɢ.2-24)  . 

 

 

Ɇɢ.2-24: ȾɨɛŬ Űɨˊɞɡ SH (ˊɟɞůˊɑˊŰɞɜ əŬɘ ůəŮŭŬɕɧɛŮɜɞ ) 

ɆŰɞɜ (ɄɑɜŬəŬ 2-1), űŬɑɜɞɜŰŬɘ ɞɘ ŰŬɢɨŰɖŰŮɠ Űɤɜ  Ůˊɘɛɐəɤɜ əŬɘ Űɤɜ  ŭɘŬŰɛɖŰɘəɩɜ əɡɛɎŰɤɜ ɔɘŬ 

ŭɘɎűɞɟŬ ˊŮŰɟɩɛŬŰŬ 

 

 

 



54 

 

ɄɑɜŬəŬɠ 2-1: ɇŬɢɨŰɖŰŮɠ Ůˊɘɛɐəɤɜ əŬɘ ŭɘŬŰɛɖŰɘəɩɜ əɡɛɎŰɤɜ ɔɘŬ ŭɘɎűɞɟŬ ˊŮŰɟɩɛŬŰŬ 

ɄȺɇɅɋɀȷ ɇȷɉɈɇȼɇȷ ȾɈɀȷɇɋɁ P       

(m/sec) 

ɇȷɉɈɇȼɇȷ ȾɈɀȷɇɋɁ S 

                (m/sec) 

ũɟŬɜɑŰɖɠ 5500-5900  2800-3000 

BŬůɎɚŰɖɠ  6400 3200 

ɊŬɛɛɑŰɖɠ  1400-4300 700-2800 

ȷůɓŮůŰɧɚɘɗɞɠ  5900-6000 2800-3000 

ȯɛɛɞɠ(ŬəɧɟŮůŰɖ) 200-1000 80-500 

ȯɛɛɞɠ (əɞɟŮůɛɏɜɖ) 800-2200 400-1100 

ȯɟɔɘɚɞɠ 800-2000 400-1000 

ɄɚŮɘůŰɞəŬɘɜɘəŮɠ ŬˊɞɗɏůŮɘɠ 

(əɞɟŮůɛɏɜŮɠ) 

1500-2500 750-1250 

ɁŮɟɧ 1400-1500       ȹŮɜ ŭɘŬŭɑŭɞɜŰŬɘ 

ȷɟɔɘɚɘəɧɠ ůɢɘůŰɧɚɘɗɞɠ 1600-4500 800-1250 

ȹɞɚɞɛɑŰɖɠ 6500-7000 3250-3500 

ɀɎɟɛŬɟɞ  6000 3000 

ũɜŮɨůɘɞɠ  3000 1500 
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2.3. Ɉˊɞɚɞɔɘůɛɧɠ ȺɜŰŬŰɘəɩɜ ɀŮɔŮɗɩɜ 

2.3.1. Ʉɚɐɟɖɠ ɉɩɟɞɠ-Full  Space 

ȼ ɔŮɜɘəɐ ɛɞɟűɐ Űɖɠ əɡɛŬŰɘəɐɠ Ůɝɑůɤůɖɠ əɑɜɖůɖɠ , ŬɔɜɞɩɜŰŬɠ Űɘɠ ŭɡɜɎɛŮɘɠ ɓŬɟɨŰɖŰŬɠ 

ˊŮɟɘɔɟɎűŮŰŬɘ Ŭˊɧ Űɖɜ Ŭəɧɚɞɡɗɖ ůɢɏůɖ : 

‗ ς‘ᶯ όɳ ‘ɳ ᶯ ό ”   

                                                                                                                                            (2-19) 

H Ůɝɑůɤůɖ (2-19) ŮɑɜŬɘ ɛɘŬ Ŭˊɧ Űɘɠ ˊɞɚɡˊɚɞəɧŰŮɟŮɠ ɛŮɟɘəɏɠ ŭɘŬűɞɟɘəɏɠ ŮɝɘůɩůŮɘɠ ůŰɘɠ 

ūɡůɘəɏɠ ȺˊɘůŰɐɛŮɠ. (ɇůŮɚɏɜŰɖɠ, 1997 ).  

ɀɑŬ ɚɨůɖ ɔɘŬ Űɞɜ  ɡˊɞɚɞɔɘůɛɧ Űɤɜ ȺɜŰŬŰɘəɩɜ ɀŮɔŮɗɩɜ ůŰɘɠ ŭɘŬŰɞɛɏɠ Űɤɜ ɡˊɞɔŮɑɤɜ ɏɟɔɤɜ 

ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ ŭɘŬŰɛɖŰɘəɩɜ S ȾɡɛɎŰɤɜ ɐ ȾɡɛɎŰɤɜ P, ɡɚɞˊɞɘŮɑŰŬɘ Ŭˊɧ Űɞɡɠ 

(Achenbach 1973, əŬɘ ɇůŮɚɏɜŰɖ, 1997), ɞɘ ɞˊɞɑɞɘ Ůˊɘɚɨɞɡɜ  Űɖɜ əɡɛŬŰɘəɐ Ůɝɑůɤůɖ (2-19), ɛŮ 

Űɞ ŰɏɢɜŬůɛŬ  Helmoltz, ŭɖɚŬŭɐ ɛŮ Űɖɜ ŮɘůŬɔɤɔɐ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ū & Ɋ Űɞɡ Lame, 

ɔɘŬ ŰŬ P əŬɘ S əɨɛŬŰŬ ŬɜŰɑůŰɞɘɢŬ, ŰŬ ɞˊɞɑŬ ŮəűɟɎɕɞɡɜ ˊɞůɧŰɖŰŮɠ ůŮ ɧɟɞɡɠ ɛŮŰŬəɘɜɐůŮɤɜ əŬɘ 

ɏɢɞɡɜ Űɖɜ ɘŭɘɧŰɖŰŬ, ŬɡŰɎ ɐ ɞɘ ˊŬɟɎɔɤɔɞɑ Űɞɡɠ ɜŬ ŮˊŬɚɖɗŮɨɞɡɜ Űɖɜ ȾɡɛŬŰɘəɐ Ⱥɝɑůɤůɖ. ȰŰůɘ, 

Űɞ ɎɜɡůɛŬ Űɖɠ ɛŮŰŬŰɧˊɘůɖɠ u ɛˊɞɟŮɑ ɜŬ ŮəűɟŬůŰŮɑ ůŬɜ Űɞ ɎɗɟɞɘůɛŬ Űɖɠ Ŭˊɧəɚɘůɖɠ Ůɜɧɠ 

ɓŬɗɛɤŰɞɨ ŭɡɜŬɛɘəɞɨ ū əŬɘ Űɖɠ ˊŮɟɘůŰɟɞűɐɠ Ůɜɧɠ ŭɘŬɜɡůɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ Ɋ. 

ό  ɳ ᶯ    ɧˊɞɡ  ɳ π.  

ȷɜ up & us  ŮɑɜŬɘ ɞɘ ŬɜŰɑůŰɞɘɢŮɠ ɛŮŰŬŰɞˊɑůŮɘɠ Űɤɜ əɡɛɎŰɤɜ P, S ŰɧŰŮ ɔɘŬ Űɖɜ  ůɡɜɞɚɘəɐ 

ɛŮŰŬəɑɜɖůɖ  utot ɘůɢɨŮɘ : 

up=ÐĿū,  us=ÐXɊ,   utot=up+us  

                                                                                                                                           (2-20) 

ɇŬ ŭɘŬŰɛɖŰɘəɎ əɨɛŬŰŬ S ŭŮɜ ˊɟɞəŬɚɞɨɜ ɛŮŰŬɓɞɚɐ Űɞɡ ɧɔəɞɡ Ůɜɩ ŰŬ ŭɘŬɛɐəɖ P ŭŮɜ ˊɟɞəŬɚɞɨɜ 

ˊŮɟɘůŰɟɞűɐ.  ȷɜŬɚɡŰɘəɎ ɖ (ůɢɏůɖ 2-20) ɛˊɞɟŮɑ ɜŬ ɔɟŬűŮɑ : 

ό  ɳ ᶯ  ɳ ᶯ ᶯ     ȟɳϽ  π  

                                                                                                                                           (2-21) 

ȼ ŭɘŬűɞɟɘəɐ Ůɝɑůɤůɖ (2-21)ɛˊɞɟŮɑ ɜŬ ŮˊɘɚɡɗŮɑ ɛŮ Űɖɜ ɛɏɗɞŭɞ Űɤɜ ɢɤɟɘɕɧɛŮɜɤɜ ɛŮŰŬɓɚɖŰɩɜ 

ɞˊɧŰŮ ŮɑɜŬɘ Űɖɠ ɛɞɟűɐɠ : 
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όὼȟώȟᾀȟὸ ὢὼὣώὤᾀὝὸ 

H T(t) ɏɢŮɘ ɔŮɜɘəɐ ɚɨůɖ Űɖɠ ɛɞɟűɐɠ Ὕ ὅὩ , ɖ ɞˊɞɑŬ ŬɜŬˊŬɟɘůŰɎ ŭɘŬűɞɟɎ űɎůɖɠ,  ɧˊɞɡ 

C ůŰŬɗŮɟɎ ɞˊɧŰŮ  ɧ ɧɟɞɠ    Ὡ  Ŭˊɧ Ůŭɩ əŬɘ ůŰɞ Ůɝɐɠ ˊŬɟŬɚŮɑˊŮŰŬɘ.  

ɄɅɃɆɄɇɋɆȼ ȾɈɀȷɇɋɁ ɇɈɄɃɈ SH 

ɆŮ ˊŮɟɑˊŰɤůɖ ˊɟɧůˊŰɤůɖɠ ɛɧɜɞ ŭɘŬŰɛɖŰɘəɩɜ əɡɛɎŰɤɜ Űɨˊɞɡ SH , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ        

(Ɇɢ.2-25) , ůŰɞ ŮˊɑˊŮŭɞ x,y , ɞɘ ɛŮŰŬŰɞˊɑůŮɘɠ əŬŰɎ Űɞɡɠ ɎɝɞɜŮɠ x , y ŮɑɜŬɘ : 

 ux=uy=0,  Ůɜɩ əŬŰɎ Űɞɜ ɎɝɞɜŬ Űɤɜ z ŮɑɜŬɘ : 

 uz=uz(x,y,t)=w ,  

ɧˊɞɡ w Űɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɔɘŬ ŰŬ SH əɨɛŬŰŬ. ȰŰůɘ,  ŰŬ əɨɛŬŰŬ P &SV ŭŮɜ ɏɢɞɡɜ əŬɛɘɎ 

ŮˊɑŭɟŬůɖ ŮˊɎɜɤ ůŰŬ əɨɛŬŰŬ Űɨˊɞɡ SH, ŭɖɚŬŭɐ ŭŮɜ ɡˊɎɟɢŮɘ ůɨɕŮɡɝɖ ɛŮŰŬɝɨ Űɞɡɠ, əɎŰɘ Űɞ 

ɞˊɞɑɞ ŭŮɜ ůɡɛɓŬɑɜŮɘ ɔɘŬ Űɞ ɕŮɨɔɞɠ P,SV. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ Űɤɜ ŭɘŬŰɛɖŰɘəɩɜ  əɡɛɎŰɤɜ Űɨˊɞɡ  

SH ,Űɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ w, ɘůɞɨŰŬɘ ɛŮ Űɖɜ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ ˊɞɡ ˊɟɞəŬɚɞɨɜ ŰŬ SH 

əɨɛŬŰŬ, ŭŮŭɞɛɏɜɞɡ ɧŰɘ ɚɧɔɤ Űɤɜ ɘŭɘɞŰɐŰɤɜ Űɞɡɠ, ŮˊŬɚɖɗŮɨŮŰŬɘ  Ŭˊô ŮɡɗŮɑŬɠ ɖ əɡɛŬŰɘəɐ 

Ůɝɑůɤůɖ.   

 

Ɇɢ.2-25: ȹɘɎŭɞůɖ ŭɘŬŰɛɖŰɘəɞɨ  əɨɛŬŰɞɠ SH , ˊɎɜɤ ůŰɞ ŮˊɑˊŮŭɞ xy 

ȸɎůŮɘ Űɤɜ ŬɜɤŰɏɟɤ ɖ (ůɢɏůɖ 2-19) ŭɘŬɛɞɟűɩɜŮŰŬɘ ɤɠ əɎŰɤɗɘ: 

‬ό
    

‬ὼ

‬ό
    

‬ώ
Ὧ  ό π 

                                                                                                                                                           

                                                                                                                                         (2-22) 
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ɧˊɞɡ : Ὧ , ɞ əɡɛŬŰɘəɧɠ Ŭɟɘɗɛɧɠ, ɤ ɖ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ əŬɘ cs ɖ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ Űɤɜ 

S əɡɛɎŰɤɜ. ȷˊɧ Űɞ Ɂɧɛɞ Űɞɡ Hooke,  ůŮ əŬɟŰŮůɘŬɜɏɠ ůɡɜŰŮŰŬɔɛɏɜŮɠ ɞɘ ůɢɏůŮɘɠ ŰɎůŮɤɜ- 

ˊŬɟŬɛɞɟűɩůŮɤɜ ŮɑɜŬɘ ɞɘ əɎŰɤɗɘ : 

ὸ ‘
‬ύ

‬ὼ
 

                                                                                                                                        (2-23Ŭ) 

ὸ ‘
‬ύ

‬ώ
 

                                                                                                                                                                     

                                                                                                                                        (2-23ɓ) 

ɧˊɞɡ ɛ ɖ ůŰŬɗŮɟɎ Űɞɡ Lame.Ⱥɜɩ ŬɜŰɑůŰɞɘɢŬ, ůŮ ˊɞɚɘəɏɠ ůɡɜŰŮŰŬɔɛɏɜŮɠ , ɞɘ (2-23Ŭ)      əŬɘ       

(2-23ɓ) ɔɑɜɞɜŰŬɘ : 

ὸ ‘
‬ύ

‬ὶ
 

                                                                                                                                                            

                                                                                                                                       (2-24Ŭ) 

ὸ
‘

ὶ

‬ύ

‬—
 

                                                                                                                                                                                                                                                                                                              

                                                                                                                                      (2-24ɓ) 

Ⱥˊɑůɖɠ ɛŮ ɓɎůɖ Űɖ ɔŮɜɜɐŰɟɘŬ ůɡɜɎɟŰɖůɖ Űɖɠ ůɡɜɎɟŰɖůɖɠ Bessel ˊɟɩŰɞɡ Ůɑŭɞɡɠ  

Ὡ ὐὼὸ 

ˊɟɞəɨˊŰŮɘ ɞ  Ɂɧɛɞɠ Űɞɡ ůɡɜɖɛɑŰɞɜɞɡ ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɖ ůɢɏůɖ (2-25), ɛŮ ŮɡɟŮɑŬ ŮűŬɟɛɞɔɐ 

ůŰɖɜ  ˊɟɞŰŮɘɜɧɛŮɜɖ ɀŮɗɞŭɞɚɞɔɑŬ, ɖ ɞˊɞɑŬ ŬɜŬˊŰɨůůŮŰŬɘ ůŰɖɜ ůɡɜɏɢŮɘŬ  ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ 

ˊɟɞůˊɑˊŰɞɜŰɞɠ, ŬɜŬəɚɩɛŮɜɞɡ əŬɘ ůəŮŭŬɕɧɛŮɜɞɡ əɨɛŬŰɞɠ.   

Ὡ В ‐ Ὥ ὐὯὶὧέίὲ—                                                                      (2-25) 
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ȳˊɞɡ Ůn ŮɑɜŬɘ ŭŮɑəŰɖɠ ɞ ɞˊɞɑɞɠ  ˊŬɑɟɜŮɘ Űɘɠ  Űɘɛɏɠ  ɔɘŬ   n=0 Ůn=1, Ůɜɩ ɔɘŬ  n>0 Ůn=2. 

ɆŮ ˊŮɟɑˊŰɤůɖ  Ŭɟɛɞɜɘəɞɨ əɨɛŬŰɞɠ  SH, Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ ůŮ ŮɚŬůŰɘəɧ ɘůɧŰɟɞˊɞ ɢɩɟɞ, 

ɞɟɘɕɧɜŰɘŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ əɡəɚɘəɐ ɞˊɐ ŬəŰɑɜŬɠ r=a, ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ,  

ɞˊɧŰŮ ɏɢɞɡɛŮ  ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space) , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-26), ɞɘ  (Mow 

& Pao, 1971), ˊɟɞŰŮɑɜɞɡɜ ɛɑŬ ɚɨůɖ ɛŮ  Űɖ ɛɏɗɞŭɞ ŬɜɎˊŰɡɝɖɠ ůŮ ůŮɘɟɏɠ Bessel & Hankel ɔɘŬ 

Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɧůɞ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ ɧůɞ əŬɘ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ əɨɛŬŰɞɠ, ɗŮɤɟɩɜŰŬɠ   Űɘɠ  

əŬŰɎɚɚɖɚŮɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ. 

      

Ɇɢ.2-26:ȾɨɛŬ SH ́ ɞɡ ˊɟɞůˊɑˊŰŮɘ ɞɟɘɕɧɜŰɘŬ ůŮ əɡəɚɘəɐ ɞˊɐ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ(ˊɖɔɐ Mow & Pao) 

                       

ȿɧɔɤ Űɤɜ ɘŭɘɞŰɐŰɤɜ Űɤɜ SH əɡɛɎŰɤɜ ɡˊɎɟɢɞɡɜ ɛɧɜɞ ɛŮŰŬəɘɜɐůŮɘɠ əŬŰɎ Űɞɜ ɎɝɞɜŬ z əŬɘ  

ɘůɢɨŮɘ: 

ux=0, uy=0,  uz=wi(x,y,t) 

                                                                                                                                           (2-26) 

 

ɇɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wi Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰɎ Űɞɜ ɎɝɞɜŬ x , ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ, 

əɡɛŬŰɘəɧ Ŭɟɘɗɛɧ k, ɛɐəɞɠ əɨɛŬŰɞɠ 2pi/k, ůŰŬɗŮɟɧ ˊɚɎŰɞɠ Űɖɠ ŰŬɚɎɜŰɤůɖɠ w0  əŬɘ   ŰŬɢɨŰɖŰŬ 

ŭɘɎŭɞůɖɠ ŭɘŬŰɛɖŰɘəɩɜ əɡɛɎŰɤɜ cs,  ŭɑŭŮŰŬɘ Ŭˊɧ Űɖɜ Ůɝɑůɤůɖ : 

ύ  ύὩ Ὡ   

                                                                                                                                            (2-27) 

ɇɞ ůəŮŭŬɕɧɛŮɜɞ   əɨɛŬ ws  ́ ɞɡ ˊŬɟɎɔŮŰŬɘ ɛŮ Űɖɜ ˊɟɧůˊŰɤůɖ Űɞɡ Ŭɟɛɞɜɘəɞɨ əɨɛŬŰɞɠ SH ůŰɖɜ 

əɡəɚɘəɐ ɞˊɐ  , ŮɑɜŬɘ əŬɘ ŬɡŰɧ Űɨˊɞɡ SH .      
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ȾŬɘ ůŮ ŬɡŰɐ Űɖɜ ˊŮɟɑˊŰɤůɖ ux=0, uy=0,  uz=ws(x,y,t) 

 Ƀɘ ŰɎůŮɘɠ trz, tɗz ɡˊɞɚɞɔɑɕɞɜŰŬɘ Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 2-24Ŭ & 2-24ɓ) ůŮ ɧɟɞɡɠ əɡɛŬŰɘəɩɜ 

ŭɡɜŬɛɘəɩɜ.  

ᶯύ ύ  ,  

ὸ ‘                                                                                                                              

                                                                                                                                         (2-28Ŭ) 

ὸ    

                                                                                                                                         (2-28ɓ) 

ȼ ůɡɜɞɟɘŬəɐ  ůɡɜɗɐəɖ ŮűŬɟɛɧɕŮŰŬɘ ɗɏŰɞɜŰŬɠ ůŰɖɜ (ůɢɏůɖ  2-28Ŭ), ɧˊɞɡ   r=a  : 

ὸ ‘ π, ɔɘŬ r=a 

ũɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ əɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ ws ɗŮɤɟɞɨɛŮ əŬŰŬɟɢɐɜ Űɖɜ əɡɛŬŰɘəɐ 

ůɡɜɎɟŰɖůɖ Űɨˊɞɡ Hankel. 

Ὄ ȟ Ὧὶ
ὧέί
ίὭὲ

 nɗ ,kb=ɤ/cs  n=0,1,2,é                 

                                                                                                                                            (2-29) 

ɖ ɞˊɞɑŬ ŮˊŬɚɖɗŮɨŮɘ Űɖɜ Ůɝɑůɤůɖ Helmoltz ůŮ ˊɞɚɘəɏɠ ůɡɜŰŮŰŬɔɛɏɜŮɠ  

Ὧ ύ π  

                                                                                                                                            (2-30) 

Ƀɘ əɡɛŬŰɘəɏɠ ůɡɜŬɟŰɐůŮɘɠ Űɞɡ  Űɨˊɞɡ ɛŮ ɓɎůɖ Űɖ (ůɢɏůɖ 2-29) ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɛŮ Űɖ ɛɏɗɞŭɞ 

Ůˊɑɚɡůɖɠ ŭɘŬűɞɟɘəɩɜ ŮɝɘůɩůŮɤɜ ɢɤɟɘɕɧɛŮɜɤɜ ɛŮŰŬɓɚɖŰɩɜ,  Űɖɠ ɛɞɟűɐɠ Űɖɠ  (ůɢɏůɖɠ 2-31). 

ȳˊɤɠ ŬɜŬűɏɟɗɖəŮ əŬɘ ˊɟɞɖɔɞɨɛŮɜŬ ɧ ɧɟɞɠ    Ὡ  ɛˊɞɟŮɑ ɜŬ  ˊŬɟŬɚɖűɗŮɑ. 

w(r,ɗ)=R(r)Ū(ɗ) 

                                                                                                                                           (2-31)  



60 

 

ɧˊɞɡ R,Ū ŮɑɜŬɘ ůɡɜŬɟŰɐůŮɘɠ Űɤɜ r əŬɘ ɗ ŬɜŰɑůŰɞɘɢŬ ɞˊɧŰŮ ɖ Ůɝɑůɤůɖ (2-30 ) ɛˊɞɟŮɑ  ɜŬ 

ŭɘŬɢɤɟɘůŰŮɑ ůŮ ŭɨɞ ŬɜŮɝɎɟŰɖŰŮɠ ŭɘŬűɞɟɘəɏɠ ŮɝɘůɩůŮɘɠ : 

ὶὙ ὶὙ Ὧὶ ὲ Ὑ π  

                                                                                                                                        (2-32Ŭ) 

ɖ ɞˊɞɑŬ ŮɑɜŬɘ Ůɝɑůɤůɖ Űɨˊɞɡ Bessel 

Ὸ ὲῸ π  

                                                                                                                                       (2-32ɓ) 

Ƀɘ ɚɨůŮɘɠ Űɤɜ (ůɢɏůŮɤɜ 2-32Ŭ, 2-32ɓ ) ŮɑɜŬɘ Űɖɠ ɛɞɟűɐɠ Ὄ ȟ Ὧὶ əŬɘ cos nɗ,  sin nɗ, 

(Hankel-Fourrier). ɄŬɑɟɜɞɜŰŬɠ ɡˊôɧɣɘɜ Űɖɜ ŬůɡɛˊŰɤŰɘəɐ ɛɞɟűɐ Űɤɜ ůɡɜŬɟŰɐůŮɤɜ Hankel, 

ɔɘŬ  

ὶ Њ, əɟŬŰɎɛŮ ɛɧɜɞ Űɖɜ ůɡɜɎɟŰɖůɖ Hankel ˊɟɩŰɞɡ Ůɑŭɞɡɠ. 

Ὄ ȟ ᾀ
ᴼ
ự = Ὡ  

H (ůɢɏůɖ 2-27) ɛŮ ɓɎůŮɘ Űɖɜ (ůɢɏůɖ  2-25) ɛˊɞɟŮɑ ɜŬ ŬɜŬˊŰɡɢŰŮɑ ůŮ ɎɗɟɞɘůɛŬ ůŮɘɟɩɜ Bessel 

ɞˊɧŰŮ ůɡɜŭɡɎɕɞɜŰŬɠ Űɘɠ ɚɨůŮɘɠ Ŭˊɧ Űɘɠ  (ůɢɏůŮɘɠ 2-32Ŭ, 2-32ɓ)Űɞ ˊɟɞůˊɑˊŰɞɜ əɨɛŬ ˊŬɑɟɜŮɘ Űɖɜ 

ɛɞɟűɐ:   

Ὡ ὭὐὯὶὩ ‐ὭὐὯὶὧέί ὲ— 

 ȾɟŬŰɎɛŮ ɛɧɜɞ Űɞɡɠ ůɡɜɖɛɘŰɞɜɞŮɘŭŮɑɠ ɧɟɞɡɠ ůŰɘɠ ŬɜɤŰɏɟɤ ŮəűɟɎůŮɘɠ ɚɧɔɤ Űɖɠ ŬůɡɛˊŰɤŰɘəɐɠ       

ůɡɛˊŮɟɘűɞɟɎɠ  Űɤɜ ůɡɜŬɟŰɐůŮɤɜ  Hankel & Bessel  ɧŰŬɜ Űɞ r  ŰŮɑɜŮɘ ůŰɞ ɎˊŮɘɟɞ.  

          

ύ ύ В ‐ὭὐὯὶὧέί ὲ—  

                                                                                                                                           (2-33)     

ɔɘŬ n=0 Ůn=1, Ůɜɩ ɔɘŬ  n>0 Ůn=2. 

Ⱥɜɩ ŬɜŰɑůŰɞɘɢŬ Űɞ ůəŮŭŬɕɧɛŮɜɞ əɨɛŬ ˊŬɑɟɜŮɘ Űɖɜ ɛɞɟűɐ : 

  ύ ύ В ὃὌ ὯὶÃÏÓὲ—                                                  

                                                                                                                                          (2-34) 
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H   ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ ŮɑɜŬɘ ɑůɖ ɛŮ Űɞ ɎɗɟɞɘůɛŬ Űɤɜ ŭɨɞ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ Űɞɡ 

ˊɟɞůˊɑˊŰɞɜŰɞɠ əŬɘ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ əɨɛŬŰɞɠ: 

  w=wi+ws  

                                                                                                                                         (2-35)                                                                                

ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɖɜ (ůɢɏůɖ 2-35) Űɘɠ (ůɢɏůŮɘɠ 2-33 &2-34) ́ ɟɞəɨˊŰŮɘ ɖ (ůɢɏůɖ 2-36): 

ύ ύ ‐ὭὐὯὶÃÏÓὲ— ύ ὃὌ ὯὶÃÏÓὲ— 

                                                                                                                                         (2-36) 

Ƀɘ ŬɜŰɑůŰɞɘɢŮɠ ŰɎůŮɘɠ ɚŬɛɓɎɜɞɡɜ Űɖ ɛɞɟűɐ : 

ὸ ‘ В ‐ὭὲὐὯὶ Ὧὶὐ Ὧὶ ὃ ὲὌ Ὧὶ ὯὶὌ Ὧὶ ὧέὲ ὲ—  

                                                                                                                                                                   (2-37) 

ὸ ‘ В ὲ‐ὭὐὯὶ ὃὌ ὯὶÓÉÎ  ὲ—  

                                                                                                                                                                   (2-38) 

ȼ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ˊɞɡ ŭɘɏˊŮɘ ŰŬ əɨɛŬŰŬ SH  ŮˊɎɜɤ ůŰɖɜ  ˊŮɟɘűɏɟŮɘŬ Űɖɠ əɡəɚɘəɐɠ ɞˊɐɠ 

ɔɘŬ r=a  ŮɑɜŬɘ :   trz=0ȿɧɔɤ Űɖɠ ɞɟɗɞɔɤɜɘɧŰɖŰŬɠ  Űɞɡ  cos nɗ ůŰɞ ŭɘɎůŰɖɛŬ (0,2)́ ɔɘŬ əɎɗŮ ΅  

ɘůɢɨŮɘ:  

΅ ‐Ὥ = ‐Ὥ                                                                                                                                                      

                                                                                                                                                     

                                                                                                                                       (2-39) 

ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ŭɘŬŭɞɢɘəɎ Űɖɜ (ůɢɏůɖ 2-39) ůŰɘɠ  (ůɢɏůŮɘɠ  2-36 & 2-38), ɡˊɞɚɞɔɑɕɞɜŰŬɘ 

ŬɜŰɑůŰɞɘɢŬ  ɞɘ Űɘɛɏɠ  Űɖɠ ůɡɜɞɚɘəɐɠ ɛŮŰŬəɑɜɖůɖɠ w əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ  tɗz.Ƀ (Graff, 1991), 

ŮˊŮəŰŮɑɜŮɘ ɛŮ ɛɘŬ ɛɘəɟɐ ŭɘŬűɞɟɞˊɞɑɖůɖ Űɖɜ ŬɜɤŰɏɟɤ ˊŮɟɘɔɟŬűŮɑůŬ ɛɏɗɞŭɞ Űɤɜ (Mow & Pao, 

1971), ŬɝɘɞˊɞɘɩɜŰŬɠ Űɘɠ ɘŭɘɧŰɖŰŮɠ   Űɤɜ ŬůɡɛˊŰɤŰɘəɩɜ Űɨˊɤɜ Űɤɜ ůɡɜŬɟŰɐůŮɤɜ Bessel & 

Hankel.  
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ɄɅɃɆɄɇɋɆȼ ȾɈɀȷɇɋɁ ɇɈɄɃɈ SV 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ ůŰɞ ŮˊɑˊŮŭɞ x,y ůŮ ŮɚŬůŰɘəɧ ɘůɧŰɟɞˊɞ ɢɩɟɞ , 

ɞɟɘɕɧɜŰɘŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ əɡəɚɘəɐ ɞˊɐ ŬəŰɑɜŬɠ r=a, ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, 

ɞˊɧŰŮ ɏɢɞɡɛŮ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-27). 

   

Ɇɢ.2-27: ȾɨɛŬ SV ˊɞɡ ˊɟɞůˊɑˊŰŮɘ ɞɟɘɕɧɜŰɘŬ ůŮ əɡəɚɘəɐ ɞˊɐ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ 

ȷɜŰɑůŰɞɘɢŬ ɛŮ Űɖɜ ˊŮɟɑˊŰɤůɖ ˊɟɧůˊŰɤůɖɠ əɡɛɎŰɤɜ Űɨˊɞɡ SH, ɞɘ   (Mow  & Pao, 1971), 

Ůˊɘɚɨɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ ɛŮ Űɖ ɛɏɗɞŭɞ ŬɜɎˊŰɡɝɖɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əŬɘ ůəŮŭŬɕɧɛŮɜɞɡ əɨɛŬŰɞɠ 

ůŮ ůŮɘɟɏɠ Bessel & Hankel, Fourrier.  ɀŮ Űɖɜ ŮűŬɟɛɞɔɐ Űɤɜ əŬŰɎɚɚɖɚɤɜ ůɡɜɞɟɘŬəɩɜ 

ůɡɜɗɖəɩɜ ɡˊɞɚɞɔɑɕɞɜŰŬɘ ˊɎɜɤ ůŰɖɜ əɡəɚɘəɐ ŭɘŬŰɞɛɐ ɖ ŰɎůɖ əŬɘ ɖ ɛŮŰŬəɑɜɖůɖ  ɚɧɔɤ Űɖɠ  

ůŮɘůɛɘəɐɠ űɧɟŰɘůɖɠ. 

ȿɧɔɤ Űɤɜ ɘŭɘɞŰɐŰɤɜ Űɤɜ SV əɡɛɎŰɤɜ ɡˊɎɟɢɞɡɜ ɛɧɜɞ ɛŮŰŬəɘɜɐůŮɘɠ əŬŰɎ Űɞɡɠ ɎɝɞɜŮɠ x & y , 

Ůɜɩ Űɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: 

ώ  ώὩ Ὡ  

                                                                                                                                           

ɀŮ ɓɎůɖ ŰŬ ŬɜɤŰɏɟɤ, ɞ ɛŮɜ ɧɟɞɠ Ὡ    ɛˊɞɟŮɑ ɜŬ ˊŬɟŬɚɖűɗŮɑ Ůɜɩ ɘůɢɨŮɘ :                      

Ὡ ὭὐὯὶὩ ‐ὭὐὯὶÃÏÓὲ— 

                                                                                                                                                         (2-40) 

ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ɏɢɞɡɛŮ : 
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ώ ‐ὭὐὯὶὧέί ὲ—   

                                                                                                                                          (2-41) 

ȷɜŰɑůŰɞɘɢŬ ŰŬ ůəŮŭŬɕɧɛŮɜŬ Ŭˊɧ Űɖɜ ɞˊɐ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ŮɑɜŬɘ ŰŬ ys & űs 

ώ ὄὌ ὯὶÃÏÓὲ— 

                                                                                                                                         (2-42) 

• ὃὌ ὯὶÓÉÎὲ— 

                                                                                                                                                        (2-43) 

ɇŬ ůɡɜɞɚɘəɎ ȾɡɛŬŰɘəɎ ȹɡɜŬɛɘəɎ ű &ɣ,  ŭɑɜŮŰŬɘ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ: 

• •      

                                                                                                                                          (2-44)                                                                                                                                           

‪ ‪ ‪       

                                                                                                                                          (2-45)  

Ƀɘ ɛŮŰŬŰɞˊɑůŮɘɠ əŬɘ ɞɘ ŰɎůŮɘɠ ůŮ ɧɟɞɡɠ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ű & ɣ, ůŮ ˊɞɚɘəɏɠ 

ůɡɜŰŮŰŬɔɛɏɜŮɠ ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ əŬŰɤŰɏɟɤ ůɢɏůŮɘɠ,  (Achenbach, 1993).  

ό   

                                                                                                                                          (2-46Ŭ) 

ό
ρ

ὶ

‬•

‬—

‬‪

‬ὶ
 

                                                                                                                                          (2-46ɓ) 

Ô ‗ɳ • ς‘                                                                                                                                                                       

                                                                                                                                         (2-47Ŭ) 
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                                                                                                                                         (2-47ɔ) 

Ƀɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɞɡ ŭɘɏˊɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ  Űɖɠ əɡəɚɘəɐɠ ɞˊɐɠ  

ŮɑɜŬɘ : 

ὸ ὸ π             ɔɘŬ r=a  

                                                                                                                                         (2-48) 

ɄŬɟŬɔɤɔɑɕɞɜŰŬɠ Űɘɠ (ůɢɏůŮɘɠ 2-44& 2-45) ŭɨɞ űɞɟɏɠ əŬɘ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɘɠ (ůɢɏůŮɘɠ 2-47Ŭ 

& 2-47ɔ), ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ ɎɔɜɤůŰɞɘ ůɡɜŰŮɚŮůŰɏɠ An əŬɘ Bn əŬɘ ɞɘ ŬɜŰɑůŰɞɘɢŮɠ ɛŮŰŬŰɞˊɑůŮɘɠ 

əŬɘ ŰɎůŮɘɠ.Ƀɘ (Liu et al., 1982), ůɡɜŭɡɎɕɞɡɜ Űɖ ɛɏɗɞŭɞ ŬɜɎˊŰɡɝɖɠ ůŮ ůŮɘɟɏɠ ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əŬɘ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ əɨɛŬŰɞɠ ɛŮ Űɖɜ ɛɏɗɞŭɞ Űɤɜ ɛɘɔŬŭɘəɩɜ 

ůɡɜŬɟŰɐůŮɤɜ ˊɞɡ ˊɟɞŰŮɑɜŮŰŬɘ Ŭˊɧ Űɞɜ (Muskelishvili, 1963), əŬɘ ɏŰůɘ Űɖɜ ŮˊŮəŰŮɑɜɞɡɜ əŬɘ ůŮ 

ŭɘŬŰɞɛɏɠ ɡˊɞɔŮɑɤɜ ɏɟɔɤɜ Ɏɚɚɤɜ ůɢɖɛɎŰɤɜ ŮəŰɧɠ Ŭˊɧ Űɖɜ əɡəɚɘəɐ ŭɘŬŰɞɛɐ.  Ƀɘ (Uemishi et 

al., 1996) ŬɜŬűɏɟɞɜŰŬɘ ůŮ əɨɛŬŰŬ P əŬɘ  ˊŬɟŬɗɏŰɞɡɜ Űɘɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ əŬɘ Űɘɠ 

ŬɜŰɑůŰɞɘɢŮɠ ŮɝɘůɩůŮɘɠ ˊɞɡ Ŭűɞɟɞɨɜ ůŮ ŮˊŮɜŭɡɛɏɜɖ ůɐɟŬɔɔŬ əɡəɚɘəɐɠ ŭɘŬŰɞɛɐɠ.  Ƀɘ 

ŮˊɘˊɟɧůɗŮŰŮɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ɔɘŬ Űɖɜ ŮˊŮɜŭɡɛɏɜɖ ŭɘŬŰɞɛɐ Ŭűɞɟɞɨɜ Űɖ ůɡɜɏɢŮɘŬ Űɤɜ 

ŰɎůŮɤɜ əŬɘ Űɖɜ ůɡɜɏɢŮɘŬ Űɤɜ ɛŮŰŬŰɞˊɑůŮɤɜ ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-Ůˊɏɜŭɡůɖɠ. 

2.3.2. ȼɛɑɢɤɟɞɠ-Half  Space 

Ƀɘ ŮɟŮɡɜɖŰɏɠ ˊɞɡ ɏɢɞɡɜ ŬůɢɞɚɖɗŮɑ əŬŰɎ əŬɜɧɜŬ ɛŮ ˊŮɟɘˊŰɩůŮɘɠ ɈˊɞɔŮɑɤɜ ɏɟɔɤɜ ˊɞɡ 

ɓɟɑůəɞɜŰŬɘ ůŮ ŮɚŬůŰɘəɧ, ɘůɧŰɟɞˊɞ əŬɘ ɞɛɞɘɞɔŮɜɐ ɖɛɑɢɤɟɞ ɏɢɞɡɜ ˊɟɞŰŮɑɜŮɘ ŭɘɎűɞɟŮɠ ɛŮɗɧŭɞɡɠ 

ɔɘŬ Űɖɜ ˊɟɞůɏɔɔɘůɖ Űɞɡ.  ȼ Ůˊɑɚɡůɖ ˊɟɞɓɚɖɛɎŰɤɜ ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ ɛŮ Űɖɜ ɗŮɩɟɖůɖ 

ɛɖŭŮɜɘəɩɜ ŰɎůŮɤɜ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, ŬˊɞŰŮɚŮɑ ɏɜŬ Ŭˊɧ ŰŬ ŭɡůəɞɚɧŰŮɟŬ ˊɟɞɓɚɐɛŬŰŬ 

Űɧůɞ Űɖɠ ŮŭŬűɞŭɡɜŬɛɘəɐɠ, ɧůɞ əŬɘ Űɖɠ űɡůɘəɐɠ ɔŮɜɘəɧŰŮɟŬ. 

ɆɡɔəŮəɟɘɛɏɜŬ ɞɘ (Liu  & Han, 1991), ŮűŬɟɛɧɕɞɡɜ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ Ŭˊɧ Űɞɡɠ (Liu et al., 1982), 

ɛŮɗɞŭɞɚɞɔɑŬ ůŮ ɧɟɡɔɛŬ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ, ŮˊɘɚɨɞɜŰŬɠ Űɘɠ ŮɝɘůɩůŮɘɠ ˊɞɡ ŭɘɏˊɞɡɜ Űɞ 

ˊɟɧɓɚɖɛŬ, ůŮ ůɡɜŭɡŬůɛɧ ɛŮ Űɖ ɗŮɩɟɖůɖ  əŬɘ Űɤɜ əŬŰɎɚɚɖɚɤɜ ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ.  ɆŰɞ 

Ɏɟɗɟɞ ŬɡŰɧ ɞɘ ɎɝɞɜŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɞɡ ɡˊɧɔŮɘɞɡ ɏɟɔɞɡ ůɡɛˊɑˊŰɞɡɜ, ɛŮ ŬˊɞŰɏɚŮůɛŬ Űɖɜ 

ŬɜŬɔɤɔɐ  Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ůŮ ˊɟɧɓɚɖɛŬ Ůˊɑɚɡůɖɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ. 

 Ƀɘ (Lee & Trifunac, 1979) əŬɘ ɞ (Manoogian, 2000), Ŭɝɘɞˊɞɘɞɨɜ Űɖɜ ɘŭɘɧŰɖŰŬ Űɤɜ əɡɛɎŰɤɜ 

SH, ůɨɛűɤɜŬ ɛŮ Űɖɜ ɞˊɞɑŬ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ɡˊɞɚɞɔɘůɛɞɨ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ůŮ 
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ˊŮɟɑˊŰɤůɖ ɡˊɞɔŮɑɞɡ ɏɟɔɞɡ əɡəɚɘəɐɠ ŭɘŬŰɞɛɐɠ ůŮ ɖɛɑɢɤɟɞ ŬɜɎɔŮŰŬɘ ůŮ ˊɟɧɓɚɖɛŬ ˊɚɐɟɞɡɠ 

ɢɩɟɞɡ, ɛŮ Űɖ ɗŮɩɟɖůɖ əŬɘ  Űɖɠ ůɡɛɛŮŰɟɘəɐɠ ,ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ                       (Ɇɢ.2-28),  ɤɠ 

ˊɟɞɠ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ŭɘŬŰɞɛɐɠ.  ɇŬ ŬɜŰɑůŰɞɘɢŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ 

Űɖ ůɡɜɞɚɘəɐ Ůˊɑɚɡůɖ Űɞɡ ɛɞɜŰɏɚɞɡ əŬɘ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ, Ŭűɞɨ ɚɖűɗɞɨɜ ɡˊô ɧɣɖ əŬɘ 

ɞɘ əŬŰɎɚɚɖɚŮɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ. 

 

Ɇɢ.2-28: Ʉɟɞůɞɛɞɑɤůɖ Űɞɡ ɖɛɑɢɤɟɞɡ ůŮ ˊŮɟɑˊŰɤůɖ SH əɡɛɎŰɤɜ  

Ƀɘ (Wang & Dianku, 2002), ůɡɜŭɡɎɕɞɡɜ Űɖɜ ŬɜɤŰɏɟɤ ɘŭɘɧŰɖŰŬ Űɤɜ SH əɡɛɎŰɤɜ, ɛŮ Űɖ ɛɏɗɞŭɞ 

Űɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ Űɤɜ ůɡɜŰŮŰŬɔɛɏɜɤɜ ůŮ ɛŮŰŬűɞɟɎ (Method of Moving Coordinates) 

ɛŮŰŬŰɟɏˊɞɜŰŬɠ əŬɘ ŬɡŰɞɑ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ɖɛɑɢɤɟɞɡ ůŮ ˊɟɧɓɚɖɛŬ ˊɚɐɟɞɡɠ ɢɩɟɞɡ.  Ƀɘ 

ŮɝɘůɩůŮɘɠ ŬɡŰɏɠ ŮűŬɟɛɧɕɞɜŰŬɘ ůŮ ˊŮɟɘůůɧŰŮɟŮɠ Ŭˊɧ ɛɑŬ əɡəɚɘəɏɠ ŭɘŬŰɞɛɏɠ.  ȳɛɞɘŬ əŬɘ ɞɘ 

(Thambirajah et al., 1984), ŮűŬɟɛɧɕɞɡɜ Űɖɜ ɘŭɘɧŰɖŰŬ Űɤɜ SH əɡɛɎŰɤɜ ɧˊɤɠ ŬɜŬˊŰɨɢɗɖəŮ Ŭˊɧ 

Űɞɡɠ (Lee & Trifunac, 1979 əŬɘ Manoogian, 2000) əŬɘ ɡˊɞɚɞɔɑɕɞɡɜ Űɞ ŮɜŰŬŰɘəɧ ˊŮŭɑɞ ůŮ 

ˊŮɟɘůůɧŰŮɟŮɠ Ŭˊɧ ɛɑŬ əɡəɚɘəɏɠ ŭɘŬŰɞɛɏɠ ɡˊɞɔŮɑɤɜ ɏɟɔɤɜ. 

Ƀɘ (Cao & Lee, 1989), ˊɟɞůɞɛɞɘɩɜɞɡɜ Űɞɜ ɖɛɑɢɤɟɞ, ɗŮɤɟɩɜŰŬɠ ɧŰɘ ɖ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ Űɞɡ 

ŮŭɎűɞɡɠ, ɛˊɞɟŮɑ ɜŬ ˊɟɞůɞɛɞɘɤɗŮɑ ůŬɜ əɨəɚɞɠ ɎˊŮɘɟɖɠ ŬəŰɑɜŬɠ b, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ          

(Ɇɢ.2-29Ŭ).  ȷɜ a ŮɑɜŬɘ ɖ ŬəŰɑɜŬ Űɖɠ əɡəɚɘəɐɠ ŭɘŬŰɞɛɐɠ Űɞɡ ɈˊɞɔŮɑɞɡ ɏɟɔɞɡ, ɖ ŬəŰɑɜŬ b ɔɘŬ 

Űɞɜ ɖɛɑɢɤɟɞ əɡɛŬɑɜŮŰŬɘ ůŰŬ ɧɟɘŬ: 50a<b<100a.  ȼ Ůˊɘɚɞɔɐ  Űɖɠ ŬəŰɑɜŬɠ b ŮɝŬɟŰɎŰŬɘ əŬɘ Ŭˊɧ 

Űɞ ɛɐəɞɠ əɨɛŬŰɞɠ Űɖɠ ůŮɘůɛɘəɐɠ ŭɘɏɔŮɟůɖɠ.  ȼ ˊɟɞůɏɔɔɘůɖ ŬɡŰɐ, Ŭɜ əŬɘ ŭŮɜ ŭɑɜŮɘ 

ɘəŬɜɞˊɞɘɖŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ, ɓɟɑůəŮɘ ŮűŬɟɛɞɔɐ ůŮ ˊŮɟɘˊŰɩůŮɘɠ əɡɛɎŰɤɜ P & SV ɧˊɞɡ ŭŮɜ 

ɘůɢɨŮɘ ɖ ɘŭɘɧŰɖŰŬ Űɤɜ SH əɡɛɎŰɤɜ ˊɞɡ ŬɜŬˊŰɨɢɗɖəŮ Ŭˊɧ Űɞɡɠ (Lee & Trifunac, 1979 əŬɘ 

Manoogian, 2000). 
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ɀɏɢɟɘ ůɐɛŮɟŬ ɖ Ůˊɑɚɡůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɞɡ ɖɛɑɢɤɟɞɡ ɛŮ Űɖɜ ˊŬɟɞɡůɑŬ  

ůɐɟŬɔɔŬɠ   ůŮ ɓɎɗɞɠ h Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ  ɡˊɧ ůŮɘůɛɘəɐ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ 

Űɨˊɞɡ SV, ɚɧɔɤ ˊɞɚɡˊɚɞəɧŰɖŰŬɠ Űɖɠ ŮűŬɟɛɞɔɐɠ Űɤɜ ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ ůŰɖɜ ŮɚŮɨɗŮɟɖ 

ŮˊɘűɎɜŮɘŬ ɏɢŮɘ ŬɜŰɘɛŮŰɤˊɘůŰŮɑ ˊɟɞůŮɔɔɘůŰɘəɎ. ȳŰŬɜ ɏɜŬ əɨɛŬ Űɨˊɞɡ SV ˊɟɞůˊɑˊŰŮɘ ůŰɖɜ 

ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, ɛŮ  ɔɤɜɑŬ ˊɟɧůˊŰɤůɖɠ  ɗ  ɛɘəɟɧŰŮɟɖ Űɖɠ əɟɑůɘɛɖɠ ɗcr, ɧˊɤɠ ŬɜŬɚɨɗɖəŮ 

ˊɟɞɖɔɞɡɛɏɜɤɠ ˊŬɟɎɔɞɜŰŬɘ  ŭɨɞ ŬɜŬəɚɩɛŮɜŬ əɨɛŬŰŬ, ɏɜŬ əɨɛŬ  SV əŬɘ ɏɜŬ əɨɛŬ P . 

Ƀɘ (Lee & Karl, 1992), ˊɟɞůɏɔɔɘůŬɜ Űɞ ˊɟɧɓɚɖɛŬ Űɖɠ ŮűŬɟɛɞɔɐɠ Űɖɠ ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ 

ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ Űɞɡ ɖɛɑɢɤɟɞɡ ɛŮ Űɖɜ ˊŬɟɞɡůɑŬ əɡəɚɘəɐɠ ůɐɟŬɔɔŬɠ  ŬəŰɑɜŬɠ a ůŮ 

ɓɎɗɞɠ h Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ,  ɗŮɤɟɩɜŰŬɠ  ɧŰɘ ɖ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ, 

ɛˊɞɟŮɑ ɜŬ ˊɟɞůɞɛɞɘɤɗŮɑ ůŬɜ əɨəɚɞɠ ɎˊŮɘɟɖɠ ŬəŰɑɜŬɠ b>>a, Űɞɡ ɞˊɞɑɞɡ Űɞ əɏɜŰɟɞ Ƀ2 ɓɟɑůəŮŰŬɘ 

ůŮ ŬˊɧůŰŬůɖ D>>a əɎŰɤɗŮɜ Űɞɡ əɏɜŰɟɞɡ Ƀ1 Űɖɠ əɡəɚɘəɐɠ ɞˊɐɠ. ȼ ˊɟɞůɏɔɔɘůɖ ŬɡŰɐ ŭŮɜ ɞŭɖɔŮɑ 

ůŮ ɘəŬɜɞˊɞɘɖŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ.           

 Ƀɘ (Davis et al., 2000), ˊɟɞůɏɔɔɘůŬɜ Űɞ ˊɟɧɓɚɖɛŬ Űɖɠ ŮűŬɟɛɞɔɐɠ Űɖɠ ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ 

ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ Űɞɡ  ɖɛɑɢɤɟɞɡ ɛŮ Űɖɜ ˊŬɟɞɡůɑŬ əɡəɚɘəɐɠ ůɐɟŬɔɔŬɠ  ŬəŰɑɜŬɠ a ůŮ 

ɓɎɗɞɠ h Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ,  ɗŮɤɟɩɜŰŬɠ  ɧŰɘ ɖ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ, 

ɛˊɞɟŮɑ ɜŬ ˊɟɞůɞɛɞɘɤɗŮɑ ůŬɜ əɨəɚɞɠ ɎˊŮɘɟɖɠ ŬəŰɑɜŬɠ b>>a, ɛŮ əɞɑɚɖ ŮˊɘűɎɜŮɘŬ ůŮ ŬɜŰɑɗŮůɖ 

ɛŮ Űɞɡɠ ˊɟɞɖɔɞɨɛŮɜɞɡɠ ŮɟŮɡɜɖŰɏɠ (Lee and Karl, 1992), ɞɘ ɞˊɞɑɞɘ ɗŮɩɟɖůŬɜ əɡɟŰɐ ŮˊɘűɎɜŮɘŬ.  

ɇɞ əɏɜŰɟɞ Űɞɡ əɨəɚɞɡ Ƀ2 ɓɟɑůəŮŰŬɘ ůŮ ŬˊɧůŰŬůɖ D>>a ́ Ɏɜɤ Ŭˊɧ  Űɞ əɏɜŰɟɞɡ Ƀ1 Űɖɠ əɡəɚɘəɐɠ 

ɞˊɐɠ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-29ɓ) .ȼ ˊɟɞůɏɔɔɘůɖ ŬɡŰɐ Ůˊɑůɖɠ ŭŮɜ ɞŭɖɔŮɑ ůŮ ɘəŬɜɞˊɞɘɖŰɘəɎ 

ŬˊɞŰŮɚɏůɛŬŰŬ.                

                                                                          

Ɇɢ.2-29: ŪŮɩɟɖůɖ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŬɜ əɨəɚɞɠ ɎˊŮɘɟɖɠ ŬəŰɑɜŬɠ əɡɟŰɐ(Ŭ),əɞɑɚɖ(ɓ) 
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Ƀɘ (Lin et al., 2010), Ŭűɞɨ ŮˊɘůɐɛŬɜŬɜ ɧŰɘ ɖ ɗŮɩɟɖůɖ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŬɜ əɨəɚɞɡ 

ɎˊŮɘɟɖɠ ŬəŰɑɜŬɠ ŭŮɜ ŮɑɜŬɘ ůɤůŰɐ, ŭɘɧŰɘ ɞɘ ůɡɜŬɟŰɐůŮɘɠ Bessel ŰŮɑɜɞɡɜ ůŰɞ  ɛɖŭɏɜ, ɧŰŬɜ ɖ 

ŬəŰɑɜŬ Űɞɡ əɨəɚɞɡ  ɔɑɜŮŰŬɘ ˊɞɚɨ ɛŮɔɎɚɖ,  ˊɟɞŰŮɑɜɞɡɜ Űɖɜ ɗŮɩɟɖůɖ Űɤɜ ɢŬɚŬɟɩɜ ůɡɜɞɟɘŬəɩɜ 

ůɡɜɗɖəɩɜ (relaxed boundary conditions), ɓɎůŮɘ Űɖɠ ɞˊɞɑŬɠ ŭŮɜ ɚŬɛɓɎɜɞɡɜ ɡˊɧɣɖ ŰŬ 

ůəŮŭŬɕɧɛŮɜŬ əɨɛŬŰŬ Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.2-30).  ȼ ˊŬɟŬŭɞɢɐ 

ŬɡŰɐ ŭŮɜ ŭɘŬűɞɟɞˊɞɘŮɑ ˊɞɚɨ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ.  ũɘŬ  ˊɘɞ Ŭəɟɘɓɐ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɟɞŰŮɑɜɞɡɜ Űɖɜ 

Ůˊɑɚɡůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ɛŮ ɞɚɞəɚɖɟɤŰɘəɧ ɚɞɔɘůɛɧ, ŮəűɟɎɕɞɜŰŬɠ Űɘɠ ůɡɜŬɟŰɐůŮɘɠ Bessel & 

Hankel ůŮ əŬɟŰŮůɘŬɜɏɠ ůɡɜŰŮŰŬɔɛɏɜŮɠ. 

 

Ɇɢ.2-30: ŪŮɩɟɖůɖ ɢŬɚŬɟɞɨ ůɡɜɧɟɞɡ 
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ȾŮűɎɚŬɘɞ 3 

3. ɆɨɛɛɞɟűŮɠ ȷˊŮɘəɞɜɑůŮɘɠ-ɀŮŰŬůɢɖɛŬŰɘůɛɞɑ  

3.1.ɆɡɜŬɟŰɐůŮɘɠ ɀŮŰŬůɢɖɛŬŰɘůɛɞɨ ɔɘŬ Űɞɜ Ʉɚɐɟɖ ɉɩɟɞ- Full  Space 

 

ȼ ŮɨɟŮůɖ ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ ŬˊŮɘəɧɜɘůɖɠ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ ˊɞɚɡˊɚɞəɧŰɖŰŬ Űɖɠ ɔŮɤɛŮŰɟɑŬɠ 

Űɖɠ ɞˊɐɠ. ɆŰɖɜ ˊŬɟɞɨůŬ ŮɟɔŬůɑŬ ɗŮɤɟɞɨɛŮ ɛɘŬ ůɡɜɎɟŰɖůɖ ůɨɛɛɞɟűɖɠ ŬˊŮɘəɧɜɘůɖɠ,  ɤ(ɕ), ɖ 

ɞˊɞɑŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞɜ ɎˊŮɘɟɞ ɢɩɟɞ ɔɨɟɤ Ŭˊɧ ɛɘŬ ɞˊɐ Ŭˊɧ ɏɜŬ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ w 

(w=x+iy) ůŰɞ ŮɝɤŰŮɟɘəɧ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ Ůɜɧɠ Ɏɚɚɞɡ ɛɘɔŬŭɘəɞɨ Ůˊɘˊɏŭɞɡ , ɕ                  

(‒ ὶὩ ). ȼ ɔŮɤɛŮŰɟɑŬ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ űŬɑɜŮŰŬɘ ůŰɞ   (Ɇɢ.3-1). 

 

 
Ɇɢ.3-1:  Ɇɨɛɛɞɟűɖ ŬˊŮɘəɧɜɘůɖ ɎˊŮɘɟɞɡ ɢɩɟɞɡ ɔɨɟɤ Ŭˊɧ ɞˊɐ (Ŭ), ůŮ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ (ɓ) 

 

ȼ ůɡɜɎɟŰɖůɖ ˊɞɡ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ əŮɜŰɟɞɓŬɟɘəɎ əŬɘ ůɡɜŮˊɩɠ ŮɑɜŬɘ əŬŰɎɚɚɖɚɖ ɔɘŬ 

ˊŮɟɘˊŰɩůŮɘɠ ɓŬɗɏɤɠ Ůɡɟɘůəɞɛɏɜɤɜ  ɡˊɞɔŮɑɤɜ ɏɟɔɤɜ,  (Full Space),  Űɞɜ ɎˊŮɘɟɞ ɢɩɟɞ ɔɨɟɤ 

Ŭˊɧ Űɖɜ ɞˊɐ Űɖɠ ůɐɟŬɔɔŬɠ ůŰɞ ŮɝɤŰŮɟɘəɧ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ, ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ 

(ȾŮű.2, ůɢɏůɖ 2-13) ŮɑɜŬɘ Űɖɠ ɛɞɟűɐɠ : 

ύ Ὢ‒ Ὑ‒ ‌
ρ

‒
 

                                                                                                                                             (3-1) 
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ɧˊɞɡ R ŮɑɜŬɘ ɏɜŬɠ ˊɟŬɔɛŬŰɘəɧɠ Ŭɟɘɗɛɧɠ ˊɞɡ ŬűɞɟɎ ůŰɖɜ əɚɑɛŬəŬ Űɞɡ ůɢɐɛŬŰɞɠ Ůɜɩ  ɞɘ 

ɛɘɔŬŭɘəɏɠ ůɡɜɘůŰɩůŮɠ Űɖɠ ˊŬɟŬˊɎɜɤ Ůɝɑůɤůɖɠ ŮɑɜŬɘ ‌ ὥ Ὥὦ ɔɘŬ k=1,2,3. ȿŬɛɓɎɜɞɜŰŬɘ 

ɛɧɜɞ ɞɘ ŰɟŮɑɠ ˊɟɩŰɞɘ ɧɟɞɘ Űɖɠ ůŮɘɟɎɠ. ɇɞ ɔŮɔɞɜɧɠ ŬɡŰɧ ŭŮɜ ŮˊɖɟŮɎɕŮɘ Űɖɜ ŬəɟɑɓŮɘŬ Űɖɠ ɚɨůɖɠ. 

Ƀɘ ɧɟɞɘ ŬɡɝɎɜɞɜŰŬɘ ůŮ ůɢɐɛŬŰŬ ˊɞɡ ɏɢɞɡɜ ˊɘɞ ɏɜŰɞɜŮɠ ɔɤɜɑŮɠ, ɞɘ ɞˊɞɑŮɠ ŭŮɜ ŮɑɜŬɘ 

ůŰɟɞɔɔɡɚɞˊɞɘɖɛɏɜŮɠ. 

Ƀɘ Űɘɛɏɠ Űɞɡ ˊɟŬɔɛŬŰɘəɞɨ əŬɘ Űɞɡ űŬɜŰŬůŰɘəɞɨ ɛɏɟɞɡɠ Űɤɜ ˊŬɟŬˊɎɜɤ ůɡɜŰŮɚŮůŰɩɜ 

əŬɗɞɟɑɕɞɡɜ Űɞ ůɢɐɛŬ Űɖɠ ɞˊɐɠ əŬɘ ůɡɜŮˊɩɠ ˊɟɏˊŮɘ ɜŬ ɡˊɞɚɞɔɘůŰɞɨɜ əŬŰɎɚɚɖɚŬ ɩůŰŮ ɜŬ 

ɡˊɞɚɞɔɘůŰŮɑ ɛŮ ɧůɞ Űɞ ŭɡɜŬŰɧɜ ɛŮɔŬɚɨŰŮɟɖ ŬəɟɑɓŮɘŬ ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ. 

 

 

 

 

3.1.1. ȺůɤŰŮɟɘəɧ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ůŰɞ ȺɝɤŰŮɟɘəɧ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ 

 

Ƀ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ˊɞɡ ɞɟɑɕŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ:  

  ύ Ὢ‒   

                                                                                                                                           (3-2) 

ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ˊɞɡ ɓɟɑůəŮŰŬɘ ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), ůŰɞ 

ŮůɤŰŮɟɘəɧ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ  əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ  əŬɘ ŬɜŰɑůŰɟɞűŬ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ         

(Ɇɢ.3-2). ȾɟŬŰɩɜŰŬɠ Űɞ R ůŰŬɗŮɟɧ əŬɘ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ ɧˊɞɡ ɕ Űɞ ɟɕ,      ɛŮ        ɟ>1, ɖ              

(ůɢɏůɖ   3-2), ɚŬɛɓɎɜŮɘ Űɖɜ ɛɞɟűɐ  

 ύ Ὢ‒    

                                                                                                                                             (3-3)  

əŬɘ ŬˊŮɘəɞɜɑɕŮɘ Űɞɡɠ ɞɛɧəŮɜŰɟɞɡɠ əɨəɚɞɡɠ Űɞɡ Ůˊɘˊɏŭɞɡ w ůŰɞɡɠ ɞɛɧəŮɜŰɟɞɡɠ əɨəɚɞɡɠ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ ɔɘŬ ŭɘɎűɞɟŮɠ Űɘɛɏɠ Űɞɡ ɟ. 
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ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ  ůŰɞ ŮˊɑˊŮŭɞ w=x+iy. ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ 

MATLAB  əŬɘ ɛŮ ɓɎůɖ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɓŬůɖ Űɖɠ (ůɢɏůɖɠ 3-2), 

ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ əŮɜŰɟɞɓŬɟɘəɎ  Űɞ űɡůɘəɧ  ŮˊɑˊŮŭɞ w ůŰɖɜ ˊŮɟɘɞɢɐ |ɕ|>1 Űɞɡ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ  ‒ ὶὩ.Ƀ əɨəɚɞɠ |ɕ|=1 ŬɜŰɘůŰɞɘɢŮɑ ůŰɞɜ əɨəɚɞ ŬəŰɑɜŬɠ R   ɛŮ əɏɜŰɟɞ Űɖɜ Ŭɟɢɐ Űɤɜ 

Ŭɝɧɜɤɜ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-2). 

 

 

 

 

 

                                      

                                       

Ɇɢ.3-2:Ƀ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ  Ὢ‒  
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3.1.2. ȺɝɤŰŮɟɘəɧ Ⱦɨəɚɞɡ ŬəŰɑɜŬɠ R, ůŰɞ ȺɝɤŰŮɟɘəɧ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ 

 

 Ƀ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ˊɞɡ ɞɟɑɕŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ:  

w=f(ɕ)=Rɕ  

                                                                                                                                             (3-4) 

ɧˊɞɡ R ɗŮŰɘəɐ ůŰŬɗŮɟɎ, ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ əɨəɚɞɡ ŬəŰɑɜŬɠ R ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), 

ůŰɞ ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ. ȾɟŬŰɩɜŰŬɠ Űɞ R ůŰŬɗŮɟɧ əŬɘ 

ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ ɧˊɞɡ ɕ Űɞ ɟɕ, ɛŮ ɟ>1, ɖ (ůɢɏůɖ 3-4), ɚŬɛɓɎɜŮɘ Űɖɜ ɛɞɟűɐ: 

w=f(ɕ)=Rɟɕ  

                                                                                                                                             (3-5) 

əŬɘ ŬˊŮɘəɞɜɑɕŮɘ Űɞɡɠ ɞɛɧəŮɜŰɟɞɡɠ əɨəɚɞɡɠ Űɞɡ Ůˊɘˊɏŭɞɡ w ůŰɞɡɠ ɞɛɧəŮɜŰɟɞɡɠ əɨəɚɞɡɠ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ ɔɘŬ ŭɘɎűɞɟŮɠ Űɘɛɏɠ Űɞɡ ɟ. 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ əɨəɚɞ  ŬəŰɑɜŬɠ 5ɛ. ůŰɞ ŮˊɑˊŮŭɞ w=x+iy. ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ 

MATLAB  əŬɘ ɛŮ ɓɎůɖ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɧˊɤɠ ŭɑŭŮŰŬɘ ůŰɖɜ (ůɢɏůɖ 3-5), 

ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ əŮɜŰɟɞɓŬɟɘəɎ  Űɞ űɡůɘəɧ  ŮˊɑˊŮŭɞ w ůŰɖɜ ˊŮɟɘɞɢɐ |ɕ|>1 Űɞɡ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ  ‒ ὶὩ  .Ƀ əɨəɚɞɠ |ɕ|=1 ŬɜŰɘůŰɞɘɢŮɑ ůŰɞɜ əɨəɚɞ ŬəŰɑɜŬɠ R   ɛŮ əɏɜŰɟɞ Űɖɜ Ŭɟɢɐ Űɤɜ 

Ŭɝɧɜɤɜ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-3). 

 

         

                                όʰύ                                                                              όʲύ 

Ɇɢ.3-3: ȺɝɤŰŮɟɘəɧ əɨəɚɞɡ ŬəŰɑɜŬɠ R =5ɛ (Ŭ), ůŮ ŮɝɤŰŮɟɘəɧ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ (ɓ) 
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3.1.3. ȺɝɤŰŮɟɘəɧ ȰɚɚŮɘɣɖɠ , ůŰɞ ȺɝɤŰŮɟɘəɧ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ 

ȼ  ŬˊŮɘəɧɜɘůɖ Űɖɠ ˊŮɟɘɞɢɐɠ ŮɝɤŰŮɟɘəɎ   Űɖɠ ŮɚɚŮɘˊŰɘəɐɠ  ɞˊɐɠ  ůŰɞ ŮɝɤŰŮɟɘəɧ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ əŮɜŰɟɞɓŬɟɘəɎ ŭɑɜŮŰŬɘ Ŭˊɧ  Űɖɜ ˊŬɟŬəɎŰɤ  ůɡɜɎɟŰɖůɖ, ɧˊɤɠ ˊɟɞŰɎɗɖəŮ Ŭˊɧ Űɞɜ 

(Muskelishvili, 1963) : 

 

ύ Ὢ‒ Ὑ‒     

                                                                                                                                           (3-6) 

ɧˊɞɡ a & b ɞ ɛŮɔɎɚɞɠ əŬɘ ɞ ɛɘəɟɧɠ ɎɝɞɜŬɠ Űɖɠ ɏɚɚŮɘɣɖɠ ŬɜŰɑůŰɞɘɢŬ, ‒ ὶὩ  , Ὑ   ,  

ά  

ȾɟŬŰɩɜŰŬɠ Űɞ R ůŰŬɗŮɟɧ əŬɘ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ ɧˊɞɡ ɕ Űɞ ɟɕ, ɛŮ ɟ>1, ɖ (ůɢɏůɖ 3-6), ɚŬɛɓɎɜŮɘ 

Űɖɜ ɛɞɟűɐ: 

 ύ Ὢ‒ Ὑ”‒    

                                                                                                                                              (3-7)  

əŬɘ ŬˊŮɘəɞɜɑɕŮɘ ɞɛɧəŮɜŰɟŮɠ ŮɚɚŮɑɣŮɘɠ  ɔɨɟɤ Ŭˊɧ Űɖɜ ŮɚɚŮɘˊŰɘəɐ ɞˊɐ  Űɞɡ Ůˊɘˊɏŭɞɡ w ůŰɞɡɠ 

ɞɛɧəŮɜŰɟɞɡɠ əɨəɚɞɡɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɔɘŬ ŭɘɎűɞɟŮɠ Űɘɛɏɠ Űɞɡ ɟ. 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ȰůŰɤ ɏɚɚŮɘɣɖ ɛŮ ɖɛɘɎɝɞɜŮɠ a=6ɛ & b=5ɛ. ȷˊɧ Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ ŭɘŬŰɞɛɐɠ ˊɟɞəɨˊŰŮɘ : 

R=5.5, m= 0.090 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   əŬɘ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɧˊɤɠ 

ŭɑɜŮŰŬɘ Ŭˊɧ Űɖɜ (ůɢɏůɖ 3-6) ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ űɡůɘəɧ  ŮˊɑˊŮŭɞ ůŰɖɜ ˊŮɟɘɞɢɐ |ɕ|>1 Űɞɡ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ‒ ὶὩ  , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.3-4). Ƀ əɨəɚɞɠ |ɕ|=1 ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ 

ɏɚɚŮɘɣɖ L ɛŮ əɏɜŰɟɞ Űɖɜ Ŭɟɢɐ Űɤɜ Ŭɝɧɜɤɜ.  
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                                (Ŭ)                                                                 (ɓ) 

 

 Ɇɢ.3-4:  ȺɝɤŰŮɟɘəɧ ɏɚɚŮɘɣɖɠ ůŮ ŮɝɤŰŮɟɘəɧ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  

 

3.1.4. ȺɝɤŰŮɟɘəɧ ɇŮŰɟŬɔɩɜɞɡ  , ůŰɞ ȺɝɤŰŮɟɘəɧ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ 

3.1.4.Ŭ. ȸɎůŮɘ Űɖɠ ŬˊŮɘəɧɜɘůɖɠ Űɞɡ Muskelishvili (1963) 

ȰůŰɤ ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ: 

 ύ Ὢ‒ άὙ‒  

                                                                                                                                      (3-8) 

 ɧˊɞɡ ά Ὡ   R>0  ůɡɜŰŮɚŮůŰɐɠ ůɢɐɛŬŰɞɠ ,    0ÒmÒ , n ɗŮŰɘəɧɠ Ŭɟɘɗɛɧɠ 

ȼ ŭɘŬɔɟŬűɧɛŮɜɖ əŬɛˊɨɚɖ  L, ɔɟɎűŮŰŬɘ Ŭˊɧ ɏɜŬ ůɖɛŮɑɞ ɀ Ůɜɧɠ əɨəɚɞɡ ŬəŰɑɜŬɠ ὶ  , ɧŰŬɜ 

ɞ əɨəɚɞɠ ŬɡŰɧɠ əɡɚɑŮŰŬɘ  ůŰɞ ŮůɤŰŮɟɘəɧ Ůɜɧɠ Ɏɚɚɞɡ əɨəɚɞɡ ŬəŰɑɜŬɠ ὶ Ὑ  ,  l=mR. 

ȼ (ůɢɏůɖ 3-8) ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ Űɖɠ əŬɛˊɨɚɖɠ L ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞ ŮɝɤŰŮɟɘəɧ 

Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ. Ⱥˊɑůɖɠ əɨəɚɞɘ ɛŮ |ɕ|=ɟ=ůŰŬɗ.>1 ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ 

ɡˊɞəɡəɚɞŮɘŭŮɑɠ ůŰɞ ŮˊɑˊŮŭɞ w. ȰŰůɘ, əɟŬŰɩɜŰŬɠ Űɞ R ůŰŬɗŮɟɧ əŬɘ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ ɧˊɞɡ ɕ Űɞ 

ɟɕ,ɖ (ůɢɏůɖ 3-8), ɚŬɛɓɎɜŮɘ Űɖɜ ɛɞɟűɐ: 

 ύ Ὢ‒ άὙɟ‒  

                                                                                                                                             (3-9) 

ũɘŬ m=1/n, ɖ əŬɛˊɨɚɖ L ŮɑɜŬɘ ɛɘŬ ɡˊɞəɡəɚɞŮɘŭɐɠ ɛŮ n+1 əɞɟɡűɏɠ. ȳŰŬɜ n=1/m=2, ɖ əŬɛˊɨɚɖ 

ɔɑɜŮŰŬɘ  ɡˊɞəɡəɚɞŮɘŭɐɠ ɛŮ ŰɟŮɑɠ  əɞɟɡűɏɠ ɖ ɞˊɞɑŬ ŮɑɜŬɘ ɏɜŬ Űɟɑɔɤɜɞ  ɛŮ ůŰɟɞɔɔɡɚŮɛɏɜŮɠ 

ɔɤɜɑŮɠ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ ůɢɐɛŬ  (Ɇɢ.3-5Ŭ).  ȳŰŬɜ n=1/m=3 , ɖ əŬɛˊɨɚɖ ɔɑɜŮŰŬɘ  

ɡ́ ɞəɡəɚɞŮɘŭɐɠ ɛŮ ŰɏůůŮɟŮɘɠ əɞɟɡűɏɠ ɖ ɞˊɞɑŬ ŮɑɜŬɘ ɏɜŬ ŰŮŰɟɎɔɤɜɞ ɛŮ ůŰɟɞɔɔɡɚŮɛɏɜŮɠ ɔɤɜɑŮɠ, 
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ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ ůɢɐɛŬ (Ɇɢ.3-5ɓ). ȰŰůɘ əɨəɚɞɘ ɛŮ ŬəŰɑɜŬ ɟ>1 ůŰɞ ŮˊɑˊŮŭɞ ɕ ŬɜŰɘůŰɞɘɢɞɨɜ 

ůŮ ŰɟɑɔɤɜŬ ɐ  ŰŮŰɟɎɔɤɜŬ  ŬɜŰɑůŰɞɘɢŬ, ɛŮ ůŰɟɞɔɔɡɚŮɛɏɜŮɠ ɔɤɜɑŮɠ ůŰɞ ŮˊɑˊŮŭɞ w, əŮɜŰɟɞɓŬɟɘəɎ. 

 

Ɇɢ.3-5:  ɈˊɞəɡəɚɞŮɘŭɐɠ ɛŮ 3 (Ŭ) əŬɘ 4 (ɓ) əɞɟɡűɏɠ,ŬɜŰɘůŰɞɘɢŬ,  ˊɖɔɐ: Muskelishvili, (1963) 

 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ ŰŮŰɟɎɔɤɜɞ ˊɚŮɡɟɎɠ 10ɛ.ůŰɞ ŮˊɑˊŮŭɞ w=x+iy. Ƀ ůɡɜŰŮɚŮůŰɐɠ ůɢɐɛŬŰɞɠ R=7.5, 

ˊɟɞəɨˊŰŮɘ ɛŮ əŬŰɎɚɚɖɚŮɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ Űɤɜ Űɘɛɩɜ x & y. ɀŮ Űɞɜ əɩŭɘəŬ 

ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  əŬɘ ɛŮ ɓɎůɖ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ  (ůɢɏůɖ 3-8) əŬɘ 

n=3,   ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ əŮɜŰɟɞɓŬɟɘəɎ  Űɞ űɡůɘəɧ  ŮˊɑˊŮŭɞ w ůŰɖɜ ˊŮɟɘɞɢɐ |ɕ|>1 Űɞɡ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ‒ ὶὩ . Ƀ əɨəɚɞɠ |ɕ|=1 ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ əŬɛˊɨɚɖ L,ŰŮŰɟɎɔɤɜɞ ɛŮ 

ůŰɟɞɔɔɡɚŮɛɏɜŮɠ ɔɤɜɑŮɠ  ɛŮ əɏɜŰɟɞ Űɖɜ Ŭɟɢɐ Űɤɜ Ŭɝɧɜɤɜ,ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ ůɢɐɛŬ (Ɇɢ.3-6). 

  

Ɇɢ.3-6:  ὲ σ 
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3.1.4.ɓ. ȸɎůŮɘ Űɖɠ ˊɟɧŰŬůɖɠ Űɞɡ Gercek(1997) 

 

ȼ ŬˊŮɘəɧɜɘůɖ ˊɞɡ ˊɟɞŰɎɗɖəŮ Ŭˊɧ Űɞɜ (Gercek, 1997) əŬɘ  ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.2,ůɢɏůɖ 2-12),  

ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɖɜ ˊŮɟɘɞɢɐ ɔɨɟɤ Ŭˊɧ ɏɜŬ ŰŮŰɟŬɔɤɜɘəɧ  ɎɜɞɘɔɛŬ ůŰɞ ŮˊɑˊŮŭɞ w=x+iy ůŰɞ 

ŮůɤŰŮɟɘəɧ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ, əŮɜŰɟɞɓŬɟɘəɎ.    

ȰŰůɘ, ɗŮɤɟɞɨɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ: 

 ύ Ὢ‒ Ὑ ‒                                                                                                                                                                              

                                                                                                                                            (3-10)     

ɧˊɞɡ:        ὧ πȢρφφφχȟὧ πȢπρχψυχȟ       ‒ ὶὩ ȟὶ ρ  

ȼ ůɡɜɎɟŰɖůɖ ˊɞɡ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 3-10), ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɖɜ ˊŮɟɘɞɢɐ ɔɨɟɤ Ŭˊɧ Űɞ 

ŰŮŰɟŬɔɤɜɘəɧ  ɎɜɞɘɔɛŬ ůŰɞ ŮˊɑˊŮŭɞ w=x+iy ůŰɞ ŮɝɤŰŮɟɘəɧ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ 

ɕ, əŮɜŰɟɞɓŬɟɘəɎ. ȼ ɛŮŰŬɓɚɖŰɐ  R ŮɑɜŬɘ ɛɑŬ ˊŬɟɎɛŮŰɟɞɠ ˊɞɡ əŬɗɞɟɑɕŮɘ Űɞ ɛɏɔŮɗɞɠ Űɞɡ 

ŬɜɞɑɔɛŬŰɞɠ əŬɘ ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ əŬŰɎɚɚɖɚŮɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ Űɤɜ Űɘɛɩɜ x & y. 

ȹɘŬɢɤɟɑɕɞɜŰŬɠ Űɞ ˊɟŬɔɛŬŰɘəɧ əŬɘ Űɞ űŬɜŰŬůŰɘəɧ ɛɏɟɞɠ Űɖɠ (ůɢɏůɖɠ 3-10), ˊɟɞəɨˊŰɞɡɜ ɞɘ 

əɎŰɤɗɘ ˊŬɟŬɛŮŰɟɘəɏɠ ŮɝɘůɩůŮɘɠ :     

ὼ Ὑὧέί—ὧὧέίσ— ὧὧέίχ—                                                                                                                                                                                     

                                                                                                                                                      (3-11Ŭ) 

ώ ὙίὭὲ—ὧίὭὲσ— ὧίὭὲχ—  

                                                                                                                                                       (3-11ɓ) 

 

ȺɎɜ  ὥ  ɖ ˊɚŮɡɟɎ Űɞɡ ŰŮŰɟŬɔɩɜɞɡ  ŰɧŰŮ ɖ ɛŮŰŬɓɚɖŰɐ R ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ : 

Ὑ
Ȣ

    

                                                                                                                                                       (3-11ɔ) 

ȾɟŬŰɩɜŰŬɠ Űɞ R ůŰŬɗŮɟɧ əŬɘ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ ɧˊɞɡ ɕ Űɞ ɟɕ, ɧˊɞɡ ɟ>1, ɖ (ůɢɏůɖ 3-10), 

ɚŬɛɓɎɜŮɘ Űɖɜ ɛɞɟűɐ: 

 ύ Ὢ‒ Ὑ ”‒    

                                                                                                                                     (3-12)  
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əŬɘ ŬˊŮɘəɞɜɑɕŮɘ Űɞɜ ɢɩɟɞ ɔɨɟɤ Ŭˊɧ Űɖɜ ŰŮŰɟŬɔɤɜɘəɐ  ɞˊɐ  Űɞɡ Ůˊɘˊɏŭɞɡ w ůŰɞɡɠ ɞɛɧəŮɜŰɟɞɡɠ 

əɨəɚɞɡɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɔɘŬ ŭɘɎűɞɟŮɠ Űɘɛɏɠ Űɞɡ ɟ. 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ ůɐɟŬɔɔŬ ŰŮŰɟŬɔɤɜɘəɐɠ ŭɘŬŰɞɛɐɠ ɛŮ  ˊɚŮɡɟɎ 10ɛ.ůŰɞ ŮˊɑˊŮŭɞ w=x+iy. ɀŮ Űɞɜ 

ůɢŮŰɘəɧ  əɩŭɘəŬ, ɞ ɞˊɞɑɞɠ ůɡɜŰɎůůŮŰŬɘ ɛŮ ɓɎůɖ  Űɖ ɔɚɩůůŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ  MATLAB  ɔɘŬ 

Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɖɠ ůɡɜɎɟŰɖůɖɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɛŮ ɓɎůɖ Űɖ (ůɢɏůɖ 3-10),   

ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ əŮɜŰɟɞɓŬɟɘəɎ  Űɞ űɡůɘəɧ  ŮˊɑˊŮŭɞ w ůŰɖɜ ˊŮɟɘɞɢɐ |ɕ|>1 Űɞɡ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ  ‒ ὶὩ  , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.3-7). Ƀ ůɡɜŰŮɚŮůŰɐɠ ůɢɐɛŬŰɞɠ R=5.874149, 

ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ ɓɎůɖ Űɖɜ (ůɢɏůɖ 3-11ɔ) . 

 

 
                              (Ŭ)                                                    (ɓ) 

 

Ɇɢ.3-7:  Ɇɨɛɛɞɟűɖ ŬˊŮɘəɧɜɘůɖ Űɖɠ ˊŮɟɘɞɢɐɠ ɔɨɟɤ Ŭˊɧ Űɞ ŰŮŰɟŬɔɤɜɘəɧ ɡˊɧɔŮɘɞ ɎɜɞɘɔɛŬ (Ŭ) ůŰɞ  

ŮɝɤŰŮɟɘəɧ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ (ɓ) 

 

3.1.5. ȺɝɤŰŮɟɘəɧ ɄŮŰŬɚɞŮɘŭɞɨɠ Ƀˊɐɠ  , ůŰɞ ȺɝɤŰŮɟɘəɧ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ 

 

ɀɘŬ ůɡɜɎɟŰɖůɖ Űɖɠ ɛɞɟűɐɠ Űɖɠ (ůɢɏůɖɠ 3-1), ɧˊɤɠ ŬɜŬˊŰɨɢɗɖəŮ ˊɟɞɖɔɞɡɛɏɜɤɠ, 

ɛŮŰŬůɢɖɛŬŰɑɕŮɘ ůɨɛɛɞɟűŬ Űɞɜ ɎˊŮɘɟɞ ɢɩɟɞ ɔɨɟɤ Ŭˊɧ ɛɑŬ ɞˊɐ ůŰɞ ŮɝɤŰŮɟɘəɧ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ. 

ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ɓɟŮɗŮɑ ɛɘŬ  ůɡɜɎɟŰɖůɖ ŬˊŮɘəɧɜɘůɖɠ ɔɘŬ ɛɘŬ Űɡˊɘəɐ ŭɘŬŰɞɛɐ Ɂȷɇɀ, ɧˊɤɠ 

űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-8), ɗŮɤɟɞɨɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ŬˊŮɘəɧɜɘůɖɠ ˊɞɡ ˊɟɞŰŮɑɜŮɘ ɞ (Gercek, 1997) 

əŬɘ ˊɞɡ ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.2, ůɢɏůɖ 2-14), ɔɘŬ ŬɜɞɑɔɛŬŰŬ ɛŮ ŰɞɝɞŮɘŭɐ ɞɟɞűɐ. ȼ ŭɘŬŰɞɛɐ 

Űɨˊɞɡ Ɂȷɇɀ, ɖ ɞˊɞɑŬ ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ ŭɘŬŭɞɢɘəɎ əɡəɚɘəɎ ŰɧɝŬ ůɡɜŬɟɛɞɔɐɠ ɛŮ ɏɜŬ ɎɝɞɜŬ 

ůɡɛɛŮŰɟɑŬɠ ɗŮɤɟŮɑŰŬɘ ŭɘˊɚɎ ŰɞɝɞŮɘŭɐɠ. ɇɟɞˊɞˊɞɘɩɜŰŬɠ əŬŰɎɚɚɖɚŬ Űɖɜ (ůɢɏůɖ   2-13) Űɞɡ 

ȾŮű. 2,  ɗŮɤɟɞɨɛŮ Űɖɜ əɎŰɤɗɘ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ :   
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ύ Ὢ‒
ς

Ѝς
ὙὩ ‒

Ὥὦ

‒

ὥ ρ Ὥ

‒

ὥ

‒
 

                                                                                                                                            (3-13) 

ɧˊɞɡ: ‒ ὶὩ ȟὶ ρ 

Ƀɘ ůɡɜŰŮɚŮůŰɏɠ  a3,b1,a2 ŮˊɘɚɏɔɞɜŰŬɘ ɛŮ ɓɎůɖ ɚɞɔɘəɎ əɟɘŰɐɟɘŬ ɚŬɛɓɎɜɞɜŰŬɠ ɡˊôɧɣɘɜ ɧŰɘ : ɖ 

Űɘɛɐ Űɞɡ ůɡɜŰŮɚŮůŰɐ b1,ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɞɜ ɚɧɔɞ Űɞɡ ˊɚɎŰɞɡɠ ˊɟɞɠ Űɞ ɨɣɞɠ Űɖɠ ŭɘŬŰɞɛɐɠ (W/H) 

(ˊ.ɢ. ɔɘŬ b1>0, W>H , ɔɘŬ b1<0, W< H Ůɜɩ ɔɘŬ b1=0, W~H). Ƀɘ ůɡɜŰŮɚŮůŰɏɠ Ŭ1,b3,Ŭ2,b2 

ůɢŮŰɑɕɞɜŰŬɘ ɛŮŰŬɝɨ Űɞɡɠ ɤɠ   Ůɝɐɠ: Ŭ1=b3=0 əŬɘ Ŭ2=b2=0. 

ȼ Űɘɛɐ Űɞɡ ůɡɜŰŮɚŮůŰɐ a2 əŬɗɞɟɑɕŮɘ Űɖɜ ŰɟɘɔɤɜɘəɧŰɖŰŬ Űɞɡ ůɢɐɛŬŰɞɠ (ˊ.ɢ. ɔɘŬ a2<0, ɖ ɞɟɞűɐ 

ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɖ Ŭˊɧ Űɞ ŭɎˊŮŭɞ Űɖɠ ŭɘŬŰɞɛɐɠ, ɔɘŬ a2>0, Űɞ ŭɎˊŮŭɞ ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɞ Ŭˊɧ Űɖɜ 

ɞɟɞűɐ Űɖɠ ŭɘŬŰɞɛɐɠ, Ůɜɩ ɔɘŬ a2=0, ɖ ŭɘŬŰɞɛɐ ɔɑɜŮŰŬɘ  ůɡɛɛŮŰɟɘəɐ ɤɠ ˊɟɞɠ Űɞɜ ɞɟɘɕɧɜŰɘɞ ɎɝɞɜŬ. 

Ƀ ůɡɜŰŮɚŮůŰɐɠ  əɚɑɛŬəŬɠ R ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ ˊŮŰŬɚɞŮɘŭɞɨɠ ŭɘŬŰɞɛɐɠ. 

ȾɟŬŰɩɜŰŬɠ Űɞ R ůŰŬɗŮɟɧ əŬɘ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ ɧˊɞɡ ɕ Űɞ ɟɕ, ɧˊɞɡ ɟ>1, ɖ (ůɢɏůɖ 3-13), 

ɚŬɛɓɎɜŮɘ Űɖɜ ɛɞɟűɐ:  

ύ Ὢ‒
ς

Ѝς
ὙὩ ”‒

Ὥὦ

”‒

ὥ ρ Ὥ

”‒

ὥ

”‒
 

                                                                                                                                           (3-14) 

ɧˊɞɡ: ‒ ὶὩ ȟὶ ρ 

ɖ ɞˊɞɑŬ  ŬˊŮɘəɞɜɑɕŮɘ Űɞɜ ɢɩɟɞ ɔɨɟɤ Ŭˊɧ Űɖɜ   ɞˊɐ  ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ Űɞɡ Ůˊɘˊɏŭɞɡ w, 

ůŰɞɡɠ ɞɛɧəŮɜŰɟɞɡɠ əɨəɚɞɡɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɔɘŬ ŭɘɎűɞɟŮɠ Űɘɛɏɠ Űɞɡ ɟ.ɀŮ Űɞɜ ůɢŮŰɘəɧ  əɩŭɘəŬ, 

ɞ ɞˊɞɑɞɠ ůɡɜŰɎůůŮŰŬɘ ɛŮ ɓɎůɖ  Űɖ ɔɚɩůůŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ  MATLAB  ,ɡˊɞɚɞɔɑɕŮŰŬɘ 

Ŭəɟɘɓɩɠ Űɞ ˊɟŬɔɛŬŰɘəɧ ůɢɐɛŬ Űɖɠ ŭɘŬŰɞɛɐɠ. ɆŰɖ ůɡɜɏɢŮɘŬ Ůˊɑůɖɠ ɛŮ Űɞɜ  əɩŭɘəŬ ˊɞɡ 

ůɡɜŰɎůůŮŰŬɘ ɛŮ Űɞ ɛŬɗɖɛŬŰɘəɧ ɚɞɔɘůɛɘəɧ ˊŬəɏŰɞ MATLAB  ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɛŮ ɛɘŬ ůŮɘɟɎ Ŭˊɧ 

ŭɞəɘɛɏɠ ɞɘ ůɡɜŰŮɚŮůŰɏɠ a3,b1,a2 , ˊɟɞəŮɘɛɏɜɞɡ ɜŬ ˊɟɞůŮɔɔɘůŰŮɑ əŬɚɨŰŮɟŬ ɖ (ůɢɏůɖ 3-13). ȼ 

Ůˊɑɚɡůɖ Űɞɡ ɔɟŬɛɛɘəɞɨ ůɡůŰɐɛŬŰɞɠ ɛŮ Űɖ ɛɏɗɞŭɞ ŮɚŬɢɑůŰɤɜ ŰŮŰɟŬɔɩɜɤɜ ŭɑɜŮɘ Űɖɜ ůɡɜɎɟŰɖůɖ 

Ŭ́ Ůɘəɧɜɘůɖɠ ˊɞɡ ˊɟɞůŮɔɔɑɕŮɘ əŬŰɎ Űɞɜ ɓɏɚŰɘůŰɞ Űɟɧˊɞ Űɖɜ Űɡˊɘəɐ ŭɘŬŰɞɛɐ Ɂ.ȷ.ɇ.ɀ.    

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ ɛɘŬ ˊŮŰŬɚɞŮɘŭɐ  ŭɘŬŰɞɛɐ ůɐɟŬɔɔŬɠ ɨɣɞɡɠ H=7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ W=9.5ɛ  ůŰɞ 

ŮˊɑˊŮŭɞ w=x+iy. ȷɟɢɘəɎ ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ ˊɟŬɔɛŬŰɘəɧ ůɢɐɛŬ Űɖɠ ŭɘŬŰɞɛɐɠ Ɂȷɇɀ, ɛŮ ɓɎůɖ Űɞ 

(Ɇɢ.3-8.), Űɞ ɞˊɞɑɞ ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ əɡəɚɘəɎ ŰɧɝŬ ůɡɜŬɟɛɞɔɐɠ. ɆŰɖ ůɡɜɏɢŮɘŬ, ˊɟɞəŮɘɛɏɜɞɡ ɜŬ 
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ɡˊɞɚɞɔɘůŰŮɑ ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɛŮ ɓŬůɖ Űɖɜ  (ůɢɏůɖ 3-13), ŭɑŭɞɜŰŬɘ ɞɘ Ŭɟɢɘəɏɠ 

Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ a3,b1,a2 əŬɘ əŬŰɧˊɘɜ  ɛŮ Űɖɜ ɟɞɡŰɑɜŬ ŮɚŬɢɑůŰɤɜ ŰŮŰɟŬɔɩɜɤɜ Űɞɡ 

ɛŬɗɖɛŬŰɘəɞɨ ɚɞɔɘůɛɘəɞɨ ˊŬəɏŰɞɡ  MATLAB  ɓŮɚŰɘůŰɞˊɞɘɞɨɜŰŬɘ, ɩůŰŮ ɜŬ ˊɟɞůɞɛɞɘɎůɞɡɜ Űɞ 

ˊɟŬɔɛŬŰɘəɧ ůɢɐɛŬ. ɀŮ ɔɜɤůŰɞɨɠ ˊɚɏɞɜ  Űɞɡɠ ɎɔɜɤůŰɞɡɠ ůɡɜŰŮɚŮůŰɏɠ,   ɡˊɞɚɞɔɑɕŮŰŬɘ ɖ 

ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɓɎůŮɘ Űɖɠ (ůɢɏůɖɠ 3-13),   ɖ ɞˊɞɑŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ əŮɜŰɟɞɓŬɟɘəɎ  

Űɞ űɡůɘəɧ  ŮˊɑˊŮŭɞ w ůŰɖɜ ˊŮɟɘɞɢɐ |ɕ|>1 Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ‒ ὶὩ. Ƀɘ Űɘɛɏɠ Űɤɜ 

ůɡɜŰŮɚŮůŰɩɜ , ɞɘ ɞˊɞɑɞɘ ˊɟɞůŮɔɔɑɕɞɡɜ əŬɚɨŰŮɟŬ Űɞ ˊɟŬɔɛŬŰɘəɧ ůɢɐɛŬ, ɛŮ ɓŬůɖ Űɖɜ 

ˊɟɞŰŮɘɜɧɛŮɜɖ ŬˊŮɘəɧɜɘůɖ ˊɟɞəɨˊŰɞɡɜ : b1=0.104, a2=0.047, a3=0.029, R=3.148133997  əŬɘ ɖ 

ŰŮɚɘəɐ əŬɛˊɨɚɖ ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ  (Ɇɢ.3-9), ůŮ ɛŬɨɟɞ ɢɟɩɛŬ. ɆɡɔəɟɑɜɞɜŰŬɠ Űɞ ˊɟŬɔɛŬŰɘəɧ 

ůɢɐɛŬ Űɖɠ ŭɘŬŰɞɛɐɠ Űɞ ɞˊɞɑɞ ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŮ ɛɩɓ ɢɟɩɛŬ, Ůˊɑůɖɠ ůŰɞ (Ɇɢ.3-9),   ɛŮ Űɖɜ 

ˊɟɞəɨˊŰɞɡůŬ ɛŮ ɓɎůɖ Űɖɜ ŬˊŮɘəɧɜɘůɖ  ŭɘŬŰɞɛɐ, ˊŬɟŬŰɖɟɞɨɛŮ ɧŰɘ  ŰŬ ŭɡɞ ůɢɐɛŬŰŬ ɏɢɞɡɜ 

ɘəŬɜɞˊɞɘɖŰɘəɐ ŰŬɨŰɘůɖ.   

                 
Ɇɢ.3-8:  ɇɡˊɘəɐ ŭɘŬŰɞɛɐ Ɂȷɇɀ                      

         
   Ɇɢ.3-9:Ɇɨɔəɟɘůɖ Űɞɡ ˊɟŬɔɛŬŰɘəɞɨ ůɢɐɛŬŰɞɠ Űɖɠ ŭɘŬŰɞɛɐɠ(ůŮ ɛɤɓ), ɛŮ Űɖɜ ˊɟɞəɨˊŰɞɡůŬ 

ŭɘŬŰɞɛɐ ɛŮ ɓɎůɖ Űɖɜ ůɡɜɎɟŰɖůɖ ŬˊŮɘəɧɜɘůɖɠ(ůŮ ɛŬɨɟɞ)  

ɆŰɞ (Ɇɢ.3-10), ŬˊŮɘəɞɜɑɕŮŰŬɘ Űɞ ŮɝɤŰŮɟɘəɧ Űɖɠ ˊŮŰŬɚɞŮɘŭɞɨɠ ŭɘŬŰɞɛɐɠ ůŰɞ ŮɝɤŰŮɟɘəɧ Űɞɡ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůɨɛűɤɜŬ ɛŮ Űɖɜ (ůɢɏůɖ 3-13).    
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                                (Ŭ)                                                                   (ɓ) 

                               

Ɇɢ.3-10:  Ɇɨɛɛɞɟűɖ ŬˊŮɘəɧɜɘůɖ Űɖɠ ˊŮɟɘɞɢɐɠ ɔɨɟɤ Ŭˊɧ Űɞ ɡˊɧɔŮɘɞ ɎɜɞɘɔɛŬ (Ŭ) ůŰɞ               

ŮɝɤŰŮɟɘəɧ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ (ɓ)                                   

3.2.ɆɢɏůŮɘɠ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ çŰɞɡ ɘůɞŭɨɜŬɛɞɡ ɓɎɗɞɡɠ hè 

 

Ƀɘ ůɡɜŬɟŰɐůŮɘɠ ɀŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬɜŬűɏɟɗɖəŬɜ ŬɜɤŰɏɟɤ ɏɢɞɡɜ ŮűŬɟɛɞɔɐ ůŮ  

ˊŮɟɘˊŰɩůŮɘɠ ɈˊɞɔŮɑɤɜ Ȱɟɔɤɜ ˊɞɡ ɓɟɑůəɞɜŰŬɘ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ɧˊɞɡ ŮˊɘəɟŬŰɞɨɜ ůɡɜɗɐəŮɠ   

ˊɚɐɟɞɡɠ ɢɩɟɞɡ-full  space. Ƀɘ ůɡɜŬɟŰɐůŮɘɠ ŬɡŰɏɠ, ɞɘ ɞˊɞɑŮɠ ɏɢɞɡɜ ˊŬɟŬɛŮŰɟɘəɏɠ ŮɝɘůɩůŮɘɠ, 

ŬˊŮɘəɞɜɑɕɞɡɜ əŮɜŰɟɞɓŬɟɘəɎ Űɞɜ  ɢɩɟɞ ŮɝɤŰŮɟɘəɎ Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ Űɞɡ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ůŰɞ 

ŮɝɤŰŮɟɘəɧ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ. ȹŮɜ ŮɑɜŬɘ ɧɛɤɠ əŬŰɎɚɚɖɚŮɠ ɔɘŬ Űɖɜ ŬˊŮɘəɧɜɘůɖ ŭɘŬŰɞɛɩɜ 

ůŮ ˊŮɟɘˊŰɩůŮɘɠ ŬɓŬɗɩɜ ɡˊɞɔŮɑɤɜ ɏɟɔɤɜ ɧˊɞɡ ŮˊɘəɟŬŰɞɨɜ ůɡɜɗɐəŮɠ  ɖɛɑɢɤɟɞɡ -half space. 

ȰůŰɤ H Űɞ ɓɎɗɞɠ ˊɞɡ ɓɟɑůəŮŰŬɘ Űɞ  əɏɜŰɟɞ ɓɎɟɞɡɠ Űɖɠ ŭɘŬŰɞɛɐɠ  Űɞɡ ɈˊɞɔŮɑɞɡ  Ȱɟɔɞɡ Ŭˊɧ 

Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ əŬɘ h Űɞ ɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ɓɎɗɞɠ ˊɞɡ ɓɟɑůəŮŰŬɘ 

ŬɜŰɑůŰɞɘɢŬ Űɞ əŮɜŰɟɞ ɓɎɟɞɡɠ Űɖɠ ŭɘŬŰɞɛɐɠ ůɢɐɛŬŰɞɠ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ 

(Ɇɢ.3-11). ȿŬɛɓɎɜɞɜŰŬɠ ɡˊɧɣɖ Űɘɠ ɘŭɘɧŰɖŰŮɠ Űɤɜ ůɨɛɛɞɟűɤɜ ŬˊŮɘəɞɜɑůŮɤɜ ɧˊɤɠ ŬɜŬɚɨɗɖəŬɜ 

ůŰɞ  (ȾŮű. 2) əŬɘ ůɡɔəŮəɟɘɛɏɜŬ: Űɖɜ ɛŮŰŬűɞɟɎ (ȾŮű.2, Ɇɢ.2-2), Űɖɜ ɘŭɘɧŰɖŰŬ ˊɞɡ ŬűɞɟɎ ůŰɞɡɠ  

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨɠ  ůɡɜɧɟɤɜ ůŮ ˊŬɟŬɛŮŰɟɘəɐ ɛɞɟűɐ, (ȾŮű. 2,Ɇɢ.2-3),   əŬɗɩɠ əŬɘ Űɖɜ ɘŭɘɧŰɖŰŬ 

ˊɞɡ ŬűɞɟɎ ůŰɞɡɠ  ŭɘŬŭɞɢɘəɞɨɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨɠ (ȾŮű. 2, ůɢɏůɖ 2-5),  ɖ  ˊɟɞəɨˊŰɞɡůŬ 

ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ Űɖɠ ɛɞɟűɐɠ:        

           w(ɕ+ih)-iH                                                                                                                                 

                                                                                                                                     (3-15)                
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                           (Ŭ)                                                           (ɓ) 

Ɇɢ.3-11:  ȹɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ, ɛŮ ˊŬɟŬɛŮŰɟɘəɏɠ ŮɝɘůɩůŮɘɠ, ůŮ ɓɎɗɞɠ H,(Ŭ) ɛŮ çɘůɞŭɨɜŬɛɞ 

ɓɎɗɞɠè h ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ (ɓ) 

 

3.2.1. çȽůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè Űɞɡ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ɔɘŬ Ⱦɡəɚɘəɐ Ƀˊɐ ŬəŰɑɜŬɠ R, ůŮ 

ɓɎɗɞɠ H 

 

ŪŮɤɟɞɨɛŮ  əɡəɚɘəɐ  ŭɘŬŰɞɛɐ   ŬəŰɑɜŬɠ R, ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ 

Űɞɡ ŮŭɎűɞɡɠ ɛŮŰɟɞɨɛŮɜɖ Ŭˊɧ Űɞ əɏɜŰɟɞ Űɖɠ ŭɘŬŰɞɛɐɠ. ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ŭɘŬɛɞɟűɤɗŮɑ  ɖ 

ůɡɜɎɟŰɖůɖ Űɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɖɜ əɡəɚɘəɐ  ŭɘŬŰɞɛɐ, ŬəŰɑɜŬɠ R ˊɞɡ 

ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ H, Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŮ çɘůɞŭɨɜŬɛɞ 

ɓɎɗɞɠ h è, ŬˊŬɘŰŮɑŰŬɘ əŬŰô Ŭɟɢɐɜ ɞ ɡˊɞɚɞɔɘůɛɧɠ  Űɞɡ çɘůɞŭɨɜŬɛɞɡ ɓɎɗɞɡɠ hè. ȿŬɛɓɎɜɞɜŰŬɠ 

ɡˊôɧɣɘɜ Űɖ  (ůɢɏůɖ 3-4),  ɧˊɞɡ Űɞ ůɖɛŮɑɞ (0,-iH)  ůŰɞ ŮˊɑˊŮŭɞ w, ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ůɖɛŮɑɞ  

(0,-ih)  ůŰɞ ŮˊɑˊŮŭɞ ɕ, ˊɟɞəɨˊŰŮɘ ɖ ˊŬɟŬəɎŰɤ Ůɝɑůɤůɖ S=0, ɖ ɚɨůɖ Űɖɠ ɞˊɞɑŬɠ ŮɑɜŬɘ Űɞ 

ɕɖŰɞɨɛŮɜɞ  h. 

 

Ὓ ὙὭὬ ὭὌ π  

                                                                                                                                                           (3-16) 

ɀŮŰɎ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ h, ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, ɖ ɧˊɞɘŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ 

ŮɝɤŰŮɟɘəɧ ŭɘŬŰɞɛɐɠ əɡəɚɘəɞɨ  ůɢɐɛŬŰɞɠ ŬəŰɑɜŬɠ R  ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ 

ŮŭɎűɞɡɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞ ŮɝɤŰŮɟɘəɧ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ůŮ ɓɎɗɞɠ h Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ 

ŮŭɎűɞɡɠ  ůŰɞ ŮˊɑˊŮŭɞ ɕ , ɓɎůŮɘ Űɖɠ (ůɢɏůɖɠ 3-16)  , ˊŬɑɟɜŮɘ Űɖɜ ɛɞɟűɐ : 
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× Ὢ‒ 2ʁ ÉÈ ὭὌ                

                                                                                                                                            (3-17)                                                                                                                                                                                             

   ɧˊɞɡ : ‒ ὶὩ ȟ        r=1                                                                                                                                                                     

                                                                                                                      

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ  əɡəɚɘəɐ   ŭɘŬŰɞɛɐ   ɛŮ ŬəŰɑɜŬ R=5ɛ  ůŰɞ ŮˊɑˊŮŭɞ w=x+iy, ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ  ůŮ 

ɓɎɗɞɠ H=10ɛ  Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ.  

ȷˊɧ  Űɖɜ (ůɢɏůɖ 3-16) ˊɟɞəɨˊŰŮɘ h=H/R.  ɆŰɖ ůɡɜɏɢŮɘŬ ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɛŮ ɓŬůɖ Űɖ (ůɢɏůɖ 3-17), ɛŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB ,   ɖ 

ɞˊɞɑŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ əɡəɚɘəɐɠ  ŭɘŬŰɞɛɐɠ ŬəŰɑɜŬɠ R=5ɛ   ůŮ ɓɎɗɞɠ H=10ɛ , ůŰɞ 

ŮˊɑˊŮŭɞ w=x+iy ůŰɖɜ ˊŮɟɘɞɢɐ |ɕ|>1 Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ‒ ὶὩ  , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ 

(Ɇɢ.3-12). 

ȼ Ůˊɑɚɡůɖ Űɖɠ  Ůɝɑůɤůɖɠ (3-16), S=0, ŭɑɜŮɘ h= 2ɛ   

 

 

 
 

                             (Ŭ)                                                              (ɓ)   

 

Ɇɢ.3-12:  ȺɝɤŰŮɟɘəɧ əɨəɚɞɡ ŬəŰɑɜŬɠ R=5ɛ  ůŮ ɓɎɗɞɠ  H=10ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ 

ŮŭɎűɞɡɠ(Ŭ), ůŰɞ ŮɝɤŰŮɟɘəɧ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŮ ŬɜŰɑůŰɞɘɢɞ ɓɎɗɞɠ h =2ɛ (ɓ) 
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3.2.2. çȽůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè Űɞɡ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ɔɘŬ ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ H 

ŪŮɤɟɞɨɛŮ  ŮɚɚŮɘˊŰɘəɐ ŭɘŬŰɞɛɐ  ɛŮ ɖɛɘɎɝɞɜŮɠ a & b ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ 

ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ɛŮŰɟɞɨɛŮɜɖ Ŭˊɧ Űɞ əɏɜŰɟɞ Űɖɠ ŭɘŬŰɞɛɐɠ. ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ŭɘŬɛɞɟűɤɗŮɑ  

ɖ ůɡɜɎɟŰɖůɖ Űɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɖɜ ŮɚɚŮɘˊŰɘəɐ  ŭɘŬŰɞɛɐ   ůŮ ɓɎɗɞɠ H, Ŭˊɧ 

Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŮ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè, ŬˊŬɘŰŮɑŰŬɘ əŬŰô 

Ŭɟɢɐɜ ɞ ɡˊɞɚɞɔɘůɛɧɠ  Űɞɡ çɘůɞŭɨɜŬɛɞɡ ɓɎɗɞɡɠ hè. ȿŬɛɓɎɜɞɜŰŬɠ ɡˊôɧɣɘɜ Űɖ  (ůɢɏůɖ 3-6),  

ɧˊɞɡ  Űɞ ůɖɛŮɑɞ (0,-iH)  ůŰɞ ŮˊɑˊŮŭɞ w, ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ůɖɛŮɑɞ (0,-ih)  ůŰɞ ŮˊɑˊŮŭɞ ɕ, 

ˊɟɞəɨˊŰŮɘ ɖ ˊŬɟŬəɎŰɤ Ůɝɑůɤůɖ S=0, ɖ ɚɨůɖ Űɖɠ ɞˊɞɑŬɠ ŮɑɜŬɘ Űɞ ɕɖŰɞɨɛŮɜɞ  h. 

Ὓ Ὑ ὭὬ ὭὌ0  

                                                                                                                                                             (3-18) 

ɧˊɞɡ : Ὑ  Ǫ ά   

ɀŮŰɎ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ h, ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, ɖ ɧˊɞɘŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ 

ŮɝɤŰŮɟɘəɧ ŭɘŬŰɞɛɐɠ ŮɚɚŮɘˊŰɘəɞɨ ůɢɐɛŬŰɞɠ  ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ůŰɞ 

ŮˊɑˊŮŭɞ w, ůŰɞ ŮɝɤŰŮɟɘəɧ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ůŮ ɓɎɗɞɠ h Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ  ůŰɞ 

ŮˊɑˊŮŭɞ ɕ ɓɎůŮɘ Űɖɠ (3-18)  , ˊŬɑɟɜŮɘ Űɖɜ ɛɞɟűɐ :  

ύ Ὢ‒  Ὑ ‒ ὭὬ
ά

‒ ὭὬ
ὭὌ 

                                                                                                                                        (3-19) 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ  ŮɚɚŮɘˊŰɘəɐ  ŭɘŬŰɞɛɐ   ɛŮ ɖɛɘɎɝɞɜŮɠ a=6ɛ & b=5ɛ. ůŰɞ ŮˊɑˊŮŭɞ w=x+iy, ɖ ɞˊɞɑŬ 

ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ H=10ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ȷˊɧ Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ ŭɘŬŰɞɛɐɠ 

ɓɎůŮɘ Űɖɠ (ůɢɏůɖɠ 3-6), ˊɟɞəɨˊŰɞɡɜ ɞɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ:  

   R=5.50, m= 0.0909 

ɀŮ Űɖɜ ɓɞɐɗŮɘŬ Űɖɠ MATLAB  ŮˊɘɚɨɞɡɛŮ ŬűŮɜɧɠ Űɖɜ (ůɢɏůɖ 3-18) ɤɠ ˊɟɞɠ h əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ 

ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɛŮ ɓɎůɖ Űɖ (ůɢɏůɖ 3-19),  ɖ ɞˊɞɑŬ 

ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ ŮɚɚŮɘˊŰɘəɐɠ ŭɘŬŰɞɛɐɠ ůŮ ɓɎɗɞɠ H, ůŰɞ ŮˊɑˊŮŭɞ w=x+iy ůŰɖɜ 

ˊŮɟɘɞɢɐ |ɕ|>1 Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ‒ ὶὩ  , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.3-13). 

ȼ Ůˊɑɚɡůɖ Űɖɠ  ŭŮɡŰŮɟɞɓɎɗɛɘŬɠ Ůɝɑůɤůɖɠ S=0, ŭɑɜŮɘ h= 1.86ɛ   
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                                  (Ŭ)                                                               (ɓ) 

 

Ɇɢ.3-13: ȺɝɤŰŮɟɘəɧ ɏɚɚŮɘɣɖɠ ůŮ ɓɎɗɞɠ  H=10ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ (Ŭ), ůŰɞ 

ŮɝɤŰŮɟɘəɧ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŮ ŬɜŰɑůŰɞɘɢɞ ɓɎɗɞɠ h =1.86ɛ (ɓ) 

 

 

   

3.2.3. çȽůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè Űɞɡ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ɔɘŬ ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ H 

 

ŪŮɤɟɞɨɛŮ  ŰŮŰɟŬɔɤɜɘəɐ ŭɘŬŰɞɛɐ ɛŮ ˊɚŮɡɟɎ ɛɐəɞɡɠ  ὥ , ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ 

Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ɛŮŰɟɞɨɛŮɜɖ Ŭˊɧ Űɞ əɏɜŰɟɞ Űɖɠ ŭɘŬŰɞɛɐɠ. ɄɟɞəŮɘɛɏɜɞɡ ɜŬ 

ŭɘŬɛɞɟűɤɗŮɑ  ɖ ůɡɜɎɟŰɖůɖ Űɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɖɜ ŰŮŰɟŬɔɤɜɘəɐ ŭɘŬŰɞɛɐ 

ůŮ ɓɎɗɞɠ H, Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŮ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè, 

ŬˊŬɘŰŮɑŰŬɘ əŬŰô Ŭɟɢɐɜ ɞ ɡˊɞɚɞɔɘůɛɧɠ  Űɞɡ çɘůɞŭɨɜŬɛɞɡ ɓɎɗɞɡɠ hè. ȿŬɛɓɎɜɞɜŰŬɠ ɡˊôɧɣɘɜ Űɖ  

(ůɢɏůɖ 3-10),   ɧˊɞɡ  Űɞ ůɖɛŮɑɞ (0,-iH)  ůŰɞ ŮˊɑˊŮŭɞ w, ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ůɖɛŮɑɞ (0,-ih)  ůŰɞ 

ŮˊɑˊŮŭɞ ɕ, ˊɟɞəɨˊŰŮɘ ɖ ˊŬɟŬəɎŰɤ Ůɝɑůɤůɖ S=0, ɖ ɚɨůɖ Űɖɠ ɞˊɞɑŬɠ ŮɑɜŬɘ Űɞ ɕɖŰɞɨɛŮɜɞ  h. 

Ὓ Ὑ ὭὬ ὭὌ=0  

                                                                                                                                                          (3-20) 

ʝʌʋʑ ȡ c3 = -0.16667, c7 = 0.017857, Ὑ
Ȣ

  

ɀŮŰɎ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ h, ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, ɖ ɧˊɞɘŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ 

ŮɝɤŰŮɟɘəɧ ŰŮŰɟŬɔɩɜɞɡ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞ 

ŮɝɤŰŮɟɘəɧ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ůŮ ɓɎɗɞɠ h Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ  ůŰɞ ŮˊɑˊŮŭɞ ɕ ɓɎůŮɘ 

Űɖɠ (ůɢɏůɖɠ 3-20)  , ˊŬɑɟɜŮɘ Űɖɜ ɛɞɟűɐ : 
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w Ὢ‒ Ὑ‒ ὭὬ ὭὌ 

                                                                                                                                       (3-21) 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ  ŰŮŰɟŬɔɤɜɘəɐ ŭɘŬŰɞɛɐ ɛŮ  ˊɚŮɡɟɎ ὥ =10ɛ ůŰɞ ŮˊɑˊŮŭɞ w=x+iy, ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ 

ůŮ ɓɎɗɞɠ H=10ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ȷˊɧ Űɖ ɔŮɤɛŮŰɟɑŬ Űɖɠ ŭɘŬŰɞɛɐɠ ɓŬůŮɘ Űɤɜ 

(ůɢɏůŮɤɜ 3-10 əŬɘ 3-11ɔ), ˊɟɞəɨˊŰɞɡɜ ɞɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ:  

   c3 = -0.16667, c7 = 0.017857, R=5.874149 

ɀŮ Űɖɜ ɓɞɐɗŮɘŬ Űɖɠ MATLAB  ŮˊɘɚɨɞɡɛŮ ŬűŮɜɧɠ Űɖɜ (ůɢɏůɖ 3-20) ɤɠ ˊɟɞɠ h əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ 

ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɛŮ ɓŬůɖ Űɖ  (ůɢɏůɖ 3-21),  ɖ ɞˊɞɑŬ 

ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ ŰŮŰɟŬɔɤɜɘəɐɠ ŭɘŬŰɞɛɐɠ ůŮ ɓɎɗɞɠ H, ůŰɞ ŮˊɑˊŮŭɞ w=x+iy ůŰɖɜ 

ˊŮɟɘɞɢɐ |ɕ|>1 Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ‒ ὶὩ  , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.3-14). 

ȼ Ůˊɑɚɡůɖ Űɖɠ  Ůɝɑůɤůɖɠ (3-20) S=0, ŭɑɜŮɘ h=1.733964ɛ   

 
 

 
                                 (Ŭ)                                                              (ɓ) 

Ɇɢ.3-14:  ȺɝɤŰŮɟɘəɧ ŰŮŰɟŬɔɩɜɞɡ ůŮ ɓɎɗɞɠ  H=10ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ (Ŭ) ůŰɞ 

ŮɝɤŰŮɟɘəɧ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŮ ŬɜŰɑůŰɞɘɢɞ ɓɎɗɞɠ h=1.73ɛ (ɓ) 

3.2.4. çȽůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè Űɞɡ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ɔɘŬ ɄŮŰŬɚɞŮɘŭɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ H 

 

ŪŮɤɟɞɨɛŮ ˊŮŰŬɚɞŮɘŭɐ  ŭɘŬŰɞɛɐ , ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ 

ɛŮŰɟɞɨɛŮɜɖ Ŭˊɧ Űɞ əɏɜŰɟɞ Űɖɠ ŭɘŬŰɞɛɐɠ. ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ŭɘŬɛɞɟűɤɗŮɑ  ɖ ůɡɜɎɟŰɖůɖ Űɞɡ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɖɜ ˊŮŰŬɚɞŮɘŭɐ ŭɘŬŰɞɛɐ  ůŮ ɓɎɗɞɠ H, Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ 

Űɞɡ ŮŭɎűɞɡɠ ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŮ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè, ŬˊŬɘŰŮɑŰŬɘ əŬŰô Ŭɟɢɐɜ ɞ 

ɡˊɞɚɞɔɘůɛɧɠ  Űɞɡ çɘůɞŭɨɜŬɛɞɡ ɓɎɗɞɡɠ hè . ȿŬɛɓɎɜɞɜŰŬɠ ɡˊôɧɣɘɜ Űɖ  (ůɢɏůɖ 3-13),  ɧˊɞɡ  Űɞ 
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ůɖɛŮɑɞ (0,-iH)  ůŰɞ ŮˊɑˊŮŭɞ w, ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ůɖɛŮɑɞ (0,-ih)  ůŰɞ ŮˊɑˊŮŭɞ ɕ, ˊɟɞəɨˊŰŮɘ ɖ 

ˊŬɟŬəɎŰɤ Ůɝɑůɤůɖ S=0, ɖ ɚɨůɖ Űɖɠ ɞˊɞɑŬɠ ŮɑɜŬɘ Űɞ ɕɖŰɞɨɛŮɜɞ  h. 

Ὓ
Ѝ
ὙὩ (ὬὭὩ

   

ὭὌ π  

                                                                                                                                          (3-22) 

 

ɀŮŰɎ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ h, ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, ɖ ɧˊɞɘŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ 

ŮɝɤŰŮɟɘəɧ Űɖɠ ˊŮŰŬɚɞŮɘŭɞɨɠ ŭɘŬŰɞɛɐɠ ˊɞɡ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ 

ŮŭɎűɞɡɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞ ŮɝɤŰŮɟɘəɧ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ůŮ ɓɎɗɞɠ h Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ 

Űɞɡ ŮŭɎűɞɡɠ  ůŰɞ ŮˊɑˊŮŭɞ ɕ,  ɓɎůŮɘ Űɖɠ (ůɢɏůɖɠ 3-22)  , ˊŬɑɟɜŮɘ Űɖɜ ɛɞɟűɐ : 

ύ
Ѝ
ὙὩ ‒ ὬὭὩ

 ɕ  

ὭὌ  

                                                                                                                                        (3-23) 

 ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ  ˊŮŰŬɚɞŮɘŭɐ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ  ȼtot=7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ W=9.5ɛ  ůŰɞ ŮˊɑˊŮŭɞ w=x+iy,  

H=8.311848ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ȷˊɧ Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ ŭɘŬŰɞɛɐɠ, ɧˊɤɠ 

ŬɜŬɚɨɗɖəŮ ůŰɖɜ (Ä3.1.5.),  ˊɟɞəɨˊŰɞɡɜ ɞɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ :  

  Â=0.104, ὥ πȢπτχȟὥ=0.029, R=3.148133997  

ɀŮ Űɖɜ ɓɞɐɗŮɘŬ Űɖɠ MATLAB  ŮˊɘɚɨɞɡɛŮ ŬűŮɜɧɠ Űɖɜ (ůɢɏůɖ 3-22) ɤɠ ˊɟɞɠ h əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ 

ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɛŮ ɓɎůɖ Űɖ (ůɢɏůɖ 3-23),  ɖ ɞˊɞɑŬ 

ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ Űɖɠ ˊŮŰŬɚɞŮɘŭɞɨɠ ŭɘŬŰɞɛɐɠ ůŮ ɓɎɗɞɠ H, ůŰɞ ŮˊɑˊŮŭɞ w=x+iy 

ůŰɖɜ ˊŮɟɘɞɢɐ |ɕ|>1 Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ‒ ὶὩ  , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-15). 

ȼ Ůˊɑɚɡůɖ Űɖɠ  Ůɝɑůɤůɖɠ S=0, ŭɑɜŮɘ h=1.907370ɛ   
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                                      (Ŭ)                                                                (ɓ) 

Ɇɢ.3-15:  ȺɝɤŰŮɟɘəɧ ˊŮŰŬɚɞŮɘŭɞɨɠ ɞˊɐɠ ůŮ ɓɎɗɞɠ  H=8.31ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ (Ŭ), 

ůŰɞ ŮɝɤŰŮɟɘəɧ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŮ ŬɜŰɑůŰɞɘɢɞ ɓɎɗɞɠ h=1.90ɛ (ɓ) 

 

3.3. ɄɟɞŰŮɘɜɧɛŮɜŮɠ ɆɨɛɛɞɟűŮɠ ȷˊŮɘəɞɜɑůŮɘɠ ɔɘŬ Űɞɜ  ȼɛɑɢɤɟɞ- Half  Space 

3.3.1. Ⱦɡəɚɘəɐ Ƀˊɐ ŬəŰɑɜŬɠ r=1, ůŮ ȼɛɑɢɤɟɞ 

ŪŮɤɟɞɨɛŮ  əɡəɚɘəɐ ɞˊɐ  ɛŮ ŬəŰɑɜŬ r=1ɛ,  ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ h  Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ 

ŮŭɎűɞɡɠ ɛŮŰɟɞɨɛŮɜɖ Ŭˊɧ Űɞ əɏɜŰɟɞ Űɖɠ ɞˊɐɠ. 

ɇɞ ˊɟɧɓɚɖɛŬ ŬɡŰɧ ŬɜŬűɏɟŮŰŬɘ ůŰɖɜ ŮɨɟŮůɖ ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɖ ɞˊɞɑŬ 

ŬˊŮɘəɞɜɑɕŮɘ Űɞɜ Űɧˊɞ  ɛŮŰŬɝɨ Űɖɠ  əɡəɚɘəɐɠ ɞˊɐɠ ŬəŰɑɜŬɠ r=1ɛ, ůŮ  ɓɎɗɞɠ h Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ 

ŮˊɘűɎɜŮɘŬ ( Ɏɝɤɜ  x) ůŰɞ ŮˊɑˊŮŭɞ w,  ůŰɞɜ ŬɜŰɑůŰɞɘɢɞ ɢɩɟɞ ŮəŰɧɠ ŭɨɞ ɛɞɜŬŭɘŬɑɤɜ əɨəɚɤɜ ŰŬ 

əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ b, ůŰɞ ŮˊɑˊŮŭɞ ɕ.  

ȼ ˊɟɞŰŮɘɜɧɛŮɜɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ŮɑɜŬɘ ɖ Ůɝɐɠ : 

ύ Ὢ‒ ὭὯ

ρ
ὩȢ ‒ ὥ
ὩȢ ‒‌ ρ

ρ
ὩȢ ‒ ὥ
ὩȢ ‒‌ ρ

 

ȳˊɞɡ : ‒, i=1,2,    ‒ ὶὩ Ὥὦȟ‒ ὶὩ                                                               (3-24) 

ȼ ůɡɜɎɟŰɖůɖ ˊɞɡ ɞɟɑɕŮŰŬɘ Ŭˊɧ Űɖɜ (ůɢɏůɖ  3-24) ŮɑɜŬɘ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ Űɨˊɞɡ Mobius, ɧˊɤɠ 

ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.2, ůɢɏůɖ 2.1),  ́ ɞɡ ŬˊŮɘəɞɜɑɕŮɘ ˊŮɟɘűɏɟŮɘŮɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŮ ˊŮɟɘűɏɟŮɘŮɠ 

ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɧˊɞɡ ɡˊɧ Űɞɜ ɧɟɞ çˊŮɟɘűɏɟŮɘŮɠè ŮɜɜɞɞɨɛŮ əŬɘ ˊŮɟɘűɏɟŮɘŮɠ ɛŮ ɎˊŮɘɟɖ ŬəŰɑɜŬ 

ŭɖɚŬŭɐ ŮɡɗŮɑŮɠ ɔɟŬɛɛɏɠ. ɀŮ ɓɎůɖ Űɖɜ ɘŭɘɧŰɖŰŬ  ˊɞɡ ŬűɞɟɎ ůŰɞɡɠ ŭɘŬŭɞɢɘəɞɨɠ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨɠ, ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.2, ůɢɏůɖ 2.5), ɖ (ůɢɏůɖ 3-24) ŬˊɞŰŮɚŮɑ 

ůɨɜɗŮůɖ ŭɨɞ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ, Ůˊɑůɖɠ Mobius əŬɘ ůɡɔəŮəɟɘɛɏɜŬ, Űɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ 
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 ύύ
Ȣ

Ȣ   əŬɘ Űɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ 

  ύ ὭὯ   , ɧˊɤɠ  űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-16). 

ɆŰɖ ůɡɜɏɢŮɘŬ ɗŬ ŬɜŬˊŰɨɝɞɡɛŮ ŰŬ 2 ɆɇȷȹȽȷ ˊɞɡ ůɡɜɗɏŰɞɡɜ Űɞɜ  ɛŮŰŬůɢɖɛŬŰɘůɛɧ ˊɞɡ ɞɟɑɕŮŰŬɘ 

Ŭˊɧ Űɖ (ůɢɏůɖ  3-24) əŬɘ ůɡɔəŮəɟɘɛɏɜŬ Űɖɜ ŬˊŮɘəɧɜɘůɖ Űɞɡ ŮɚŬůŰɘəɞɨ ɖɛɑɢɤɟɞɡ ɛŮ əɡəɚɘəɐ 

ɞˊɐ ŬəŰɑɜŬɠ   r=1 ɛ, ˊɞɡ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ h, ůŰɞ ŮˊɑˊŮŭɞ w ůŮ ŭŬəŰɨɚɘɞ ɞɛɧəŮɜŰɟɤɜ 

əɨəɚɤɜ, ůŰɞ ŮˊɑˊŮŭɞ ww (ɆɇȷȹȽɃ 1) ŬəɞɚɞɡɗɞɨɛŮɜɖ Ŭˊɧ Űɖɜ ŬˊŮɘəɧɜɘůɖ Űɞɡ ŭŬəŰɡɚɑɞɡ Űɤɜ 

ɞɛɧəŮɜŰɟɤɜ əɨəɚɤɜ ůŰɞ ŮˊɑˊŮŭɞ ww, ůŰɞɜ ŬɜŰɑůŰɞɘɢɞ ɢɩɟɞ ŮəŰɧɠ ŭɨɞ ɛɞɜŬŭɘŬɑɤɜ əɨəɚɤɜ ŰŬ 

əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ b, ůŰɞ ŮˊɑˊŮŭɞ ɕ  (ɆɇȷȹȽɃ 

2). 
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     Ɇɢ.3-16:   Ƀ ůɨɜɗŮŰɞɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ    ύ ὭὯ
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 ȾɈȾȿȽȾȼ ɃɄȼ ɆȺ ȼɀȽɉɋɅɃ ɆȺ ȹɈɃ ɃɀɃȾȺɁɇɅɃɈɆ ȾɈȾȿɃɈɆ ɀȺ ȾȺɁɇɅɃ ɇɃ 

0- ɆɇȷȹȽɃ 1 

ɄɟɏˊŮɘ ɜŬ ɓɟŮɗɞɨɜ ŭɨɞ ůɖɛŮɑŬ ˊɞɡ ŮɑɜŬɘ ŰŬɡŰɧɢɟɞɜŬ ůɡɛɛŮŰɟɘəɎ ɤɠ ˊɟɞɠ Űɖɜ ŮɡɗŮɑŬ Imw=0 

əŬɘ ɤɠ ˊɟɞɠ Űɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ  Űɞ əɏɜŰɟɞ Űɞɡ ɞˊɞɑɞɡ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ h Ŭˊɧ Űɖɜ 

ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ. ɇŬ ůɖɛŮɑŬ ŬɡŰɎ ɓɟɑůəɞɜŰŬɘ ˊɎɜɤ ůŰɞɜ ɎɝɞɜŬ Űɤɜ űŬɜŰŬůŰɘəɩɜ əŬɘ ŮɑɜŬɘ 

Űɖɠ ɛɞɟűɐɠ ik əŬɘ ïik, k>0 ɚɧɔɤ Űɖɠ ůɡɛɛŮŰɟɑŬɠ ɛŮ Űɖɜ ŮɡɗŮɑŬ. ȿɧɔɤ Űɖɠ ůɡɛɛŮŰɟɑŬɠ ɤɠ ˊɟɞɠ 

Űɞɜ əɨəɚɞ ɘůɢɨŮɘ : 

 (h+k)(h-k)=12  , ɞˊɧŰŮ  Ὧ ЍὬ ρ  

                                                                                                                                          (3-25) 

Ƀ ɕɖŰɞɨɛŮɜɞɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ŮɑɜŬɘ o 

 ύύ   

                                                                                                                                          (3-26) 

ɞ ɞˊɞɑɞɠ ŬˊŮɘəɞɜɑɕŮɘ əɨəɚɞɡɠ Űɞɡ Ůˊɘˊɏŭɞɡ w ůŮ ɞɛɧəŮɜŰɟɞɡɠ əɨəɚɞɡɠ əɨəɚɞɡɠ ůŰɞ ŮˊɑˊŮŭɞ 

ww. ɇɞ ůɖɛŮɑɞ  w=ik=k1 ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ Ð, Ůɜɩ Űɞ w=-ik=k2 ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŮ ůɖɛŮɑɞ ˊɞɡ 

ŮɑɜŬɘ ůɡɛɛŮŰɟɘəɧ Űɞɡ ůɖɛŮɑɞɡ k1 ůŰɞ ŮˊɑˊŮŭɞ ww . ɆɡɛɛŮŰɟɘəɧ ůɖɛŮɑɞ ɧɛɤɠ ŮɑɜŬɘ  Űɞ əɏɜŰɟɞ 

Űɞɡ əɨəɚɞɡ, ɞˊɧŰŮ ɞ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ˊɞɨ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 3-26) ŮɑɜŬɘ ɖ ɕɖŰɞɨɛŮɜɖ 

ŬˊŮɘəɧɜɘůɖ Ŭűɞɨ ŬˊŮɘəɞɜɑɕŮɘ Űɞ ůɖɛŮɑɞ k2 ůŰɞ əɞɘɜɧ əɏɜŰɟɤɜ Űɤɜ əɨəɚɤɜ ůŰɞ ŮˊɑˊŮŭɞ ww, 

ŭɖɚŬŭɐ ůŰɞ ůɖɛŮɑɞ (0,0).  

 ȼ ŮɘəɧɜŬ Űɖɠ ŮɡɗŮɑŬɠ Imw=0 ůŰɞ ŮˊɑˊŮŭɞ ww ŮɑɜŬɘ ɞ əɨəɚɞɠ C ɛŮ ŬəŰɑɜŬ r2=1. Ƀɛɞɑɤɠ 

ŬˊɞŭŮɘəɜɨŮŰŬɘ ɧŰɘ ɞ ɛɞɜŬŭɘŬɑɞɠ əɨəɚɞɠ ɓɎɗɞɡɠ h ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŮ ɏɜŬ əɨəɚɞ ɛŮ ŬəŰɑɜŬ:                    

ὶ  

                                                                                                                                           (3-27) 

ɆɨɛűɤɜŬ ɛŮ  Űɖɜ Ŭɟɢɐ Űɖɠ ŬɜŰɘůŰɞɘɢɑŬɠ Űɤɜ ůɡɜɧɟɤɜ, ɞ ůɨɛɛɞɟűɞɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ˊɞɡ 

ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 3-26): 

 ύύ                                                                                                                                                 

ŬˊŮɘəɞɜɑɕŮɘ Űɞ ɢɤɟɑɞ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ Űɞɡ Ůˊɘˊɏŭɞɡ w ůŰɞɜ ŭŬəŰɨɚɘɞ   

r1<|ww|<1 Űɞɡ Ůˊɘˊɏŭɞɡ ww. ũɘŬ Űɖɜ ŬˊɧŭŮɘɝɖ ɓɚɏˊŮ ɄȷɅȷɅɇȼɀȷ ȷÄ1. 
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ȿɨɜɞɜŰŬɠ Űɖɜ (ůɢɏůɖ 3-26) ɤɠ ˊɟɞɠ w ɚŬɛɓɎɜɞɡɛŮ Űɞɜ ŬɜŰɑůŰɟɞűɞ ɛŮŰŬůɢɖɛŬŰɘůɛɧ, 

ύ ὭὯ
ρ ύύ

ρ ύύ
    

                                                                                                                                           (3-28) 

ɞ ɞˊɞɑɞɠ ŬˊŮɘəɞɜɑɕŮɘ ɞɛɧəŮɜŰɟɞɡɠ əɨəɚɞɡɠ Űɞɡ Ůˊɘˊɏŭɞɡ ww ůŮ əɡəɚɘəɐ ɞˊɐ ɛŮ ɖɛɑɢɤɟɞ ůŰɞ 

ŮˊɑˊŮŭɞ w. 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ 

ŪŮɤɟɞɨɛŮ  əɡəɚɘəɐ  ɞˊɐ   ŬəŰɑɜŬɠ r=1ɛ  ůŰɞ ŮˊɑˊŮŭɞ w=x+iy, ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ h=2ɛ 

Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ɀŮ Űɖɜ ɓɞɐɗŮɘŬ Űɖɠ MATLAB  əŬɘ Űɖ ůɨɜŰŬɝɖ Űɞɡ ůɢŮŰɘəɞɨ 

əɩŭɘəŬ, ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɛŮ ɓŬůɖ Űɖ (ůɢɏůɖ 3-28),  ɖ ɞˊɞɑŬ 

ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ  Imw=0 ůŰɞ ŮˊɑˊŮŭɞ w,  ůŰɞɜ  əɨəɚɞ K ɛŮ ŬəŰɑɜŬ 

r2=1ɛ ůŰɞ ŮˊɑˊŮŭɞ ww.  ɆɨɛűɤɜŬ ɛŮ Űɖɜ Ŭɟɢɐ Űɖɠ ŬɜŰɘůŰɞɘɢɑŬɠ Űɤɜ ůɡɜɧɟɤɜ, ɧˊɤɠ ŬɜŬɚɨɗɖəŮ 

ůŰɞ (ȾŮű.2, Ɇɢ. 2.5),  ɞ ŮůɤŰŮɟɘəɧɠ əɨəɚɞɠ Űɞɡ ŭŬəŰɡɚɑɞɡ  ɛŮ ŬəŰɑɜŬ r1  ůŰɞ ŮˊɑˊŮŭɞ ww,  

ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ əɡəɚɘəɐ ɞˊɐ   ɛŮ əɏɜŰɟɞ (0,h) əŬɘ ŬəŰɑɜŬ r=1ɛ ůŰɞ ŮˊɑˊŮŭɞ w, ɧˊɤɠ űŬɑɜŮŰŬɘ 

ůŰɞ (Ɇɢ.3-17). ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɘɠ (ůɢɏůŮɘɠ 3-25 əŬɘ 3-27) ɓɟɑůəɞɡɛŮ  ŬɜŰɑůŰɞɘɢŬ:   

k1= k= 1.73205, r1=0.26795      
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                                                (Ŭ) 

 

                                                 (ɓ) 

Ɇɢ.3-17 :   Ƀ  ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ    ύ ὭὯ  , ŮɚŬůŰɘəɧɠ ɖɛɑɢɤɟɞɠ ɛŮ əɡəɚɘəɐ ɞˊɐ(Ŭ)ȟ ůŮ 

ŭɨɞ ɞɛɧəŮɜŰɟɞɡɠ əɨəɚɞɡɠ (ɓ) 

ȹɈɃ ɃɀɃȾȺɁɇɅɃȽ  ȾɈȾȿɃȽ ɆɇɃ ȺɄȽɄȺȹɃ ww ɀȺ ȾȺɁɇɅɃ ɇɃ 0 ɆȺ  ȹɈɃ 

ȺȾȾȺɁɇɅɃɈɆ  ȾɈȾȿɃɈɆ ɆɇɃ ȺɄȽɄȺȹɃ ɕɕ  -ɆɇȷȹȽɃ 2 

ȰůŰɤ əɨəɚɞɠ C ɛŮ əɏɜŰɟɞ Űɞ ůɖɛŮɑɞ 0,0 əŬɘ ŬəŰɑɜŬ r02=1ɛ əŬɘ əɨəɚɞɠ Cȭ ɛŮ ŬəŰɑɜŬ r01=1ɛ əŬɘ 

əɏɜŰɟɞ ůŰɞ ůɖɛŮɑɞ (b,0), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.3-18). ȰůŰɤ P1(a1,0)  əŬɘ P2(a2,0) ŰŬ 

ůɡɛɛŮŰɟɘəɎ ůɖɛŮɑŬ ɤɠ ˊɟɞɠ Űɞɡɠ ŭɨɞ əɨəɚɞɡɠ. ũɘŬ Űɖɜ ŬˊɧŭŮɘɝɖ ɓɚɏˊŮ ɄȷɅȷɅɇȼɀȷ ȷÄ2. 

ȿɧɔɤ Űɖɠ ůɡɛɛŮŰɟɑŬɠ ɘůɢɨɞɡɜ ɞɘ ůɢɏůŮɘɠ :                                                  



92 

 

(ὦ ὥ ὦ ὥ ὶ                                                                                                                (3-29)                                                                                                                                                               

  ὥὥ ὶ                                                                                                                                     (3-30)                                                                                                                                                                                  

                                                                                                                                                                                                                                                                                     

 

             

                                                              (Ŭ) 

       

             
                                                              (ɓ) 

            

     Ɇɢ.3-18 :   Ƀ  ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ    ύύ  , ŭɨɞ ɞɛɧəŮɜŰɟɞɘ əɨəɚɞɘ (Ŭ) ůŮ ŭɡɞ 

ɞɟɘɕɧɜŰɘɞɡɠ ɏəəŮɜŰɟɞɡɠ əɨəɚɞɡɠ (ɓ) 
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ȷˊɧ Űɖɜ (ůɢɏůɖ 3-30) ˊɟɞəɨˊŰŮɘ:  

 ὥ                                                                                                                                                                   əŬɘ 

ɛŮŰɎ Ŭˊɧ ŬɜŰɘəŬŰɎůŰŬůɖ ɖ (ůɢɏůɖ  3-29) ɔɑɜŮŰŬɘ : 

ὥὦ ὥ ὦ ὶ ρ ὦ π  

                                                                                                                                   (3-31) 

ŪŮɤɟɞɨɛŮ Űɘɠ ˊɞůɧŰɖŰŮɠ: 

ὼ=b-ὶ  ȟ ὼ=b+ὶ  , ὶ  , ὦ                                       

                                                                                                                                (3-32)     

ɀŮŰɎ Ŭˊɧ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (ůɢɏůŮɤɜ 3-32) ůŰɖɜ  ŭŮɡŰŮɟɞɓɎɗɛɘŬ Ůɝɑůɤůɖ ˊɞɨ ŭɑŭŮŰŬɘ Ŭˊɧ 

Űɖɜ (ůɢɏůɖ 3-31) ɏɢɞɡɛŮ : 

ὦ ὶ ρ ὼὼ ρ 

ὦ
ὼ ὼ

ς
 

Ƀɘ  ɚɨůŮɘɠ  Űɖɠ (3-31 ) ŮɑɜŬɘ ɞɘ Ůɝɐɠ:  

‌ ,       ‌    

                                                                                                                                     (3-33) 

ũɘŬ Űɞɜ ɛŮŰŬůɢɖɛŬŰɘůɛɧ Mobius  ɘůɢɨŮɘ : 

‒‒ ‒‒

‒‒ ‒‒

‒‒ ‒‒

‒‒ ‒‒

ύύ ύύ

ύύ ύύ

ύύ ύύ

ύύ ύύ

ύύ ύύ

ύύ ύύ

ύύ ύύ

ύύ ύύ
 

                                                                                                                                      (3-34) 

əŬɘ ŮˊŮɘŭɐ  ww4=Ð  əŬɘ  

 ρ  

                                                                                                                                       (3-35) 
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ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ Űɖɜ (ůɢɏůɖ 3-35) ůŰɖɜ (ůɢɏůɖ 3-34) ˊɟɞəɨˊŰŮɘ: 

ρ
ὥ ὼ

ὼ ὼ

ὼ ὥ

ρ
ὥ ὥ

ρ

ς
 

ɞ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ: 

 ύ ‗  

                                                                                                                                    (3-36) 

ŬˊŮɘəɞɜɑɕŮɘ Űɞɡɠ əɨəɚɞɡɠ  C, CȭŰɞɡ Ůˊɘˊɏŭɞɡ ɕɕ, ůŮ ŭɨɞ əɨəɚɞɡɠ  Ⱦ ȾȭŰɞɡ Ůˊɘˊɏŭɞɡ ww. 

ɇɞ ůɖɛŮɑɞ ɕɕ=1 ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ww=-1, ɞˊɧŰŮ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɖɜ (3-36), 

 ρ ‗ ȟ ́ɟɞəɨˊŰŮɘ ɖ Űɘɛɐ Űɞɡ  ɚ=1/Ŭ1 əŬɘ ůɡɜŮˊɩɠ: 

  ύύ                                                                                                                                                                      

                                                                                                                                       (3-37) 

ˊɞɡ ŮɑɜŬɘ əŬɘ ɞ ɕɖŰɞɨɛŮɜɞɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ. 

ȷˊɧ Űɞɜ ɛɘəɟɧ əɨəɚɞ ɏɢɞɡɛŮ ɧŰɘ Űɞ ůɖɛŮɑɞ ɕɕ1= x1, ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ww1=-r1 əŬɗɩɠ əŬɘ ɧŰɘ  

Űɞ ůɖɛŮɑɞ ɕɕ2= x2 ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ww2= r1. ȷˊɧ Űɘɠ ŬɜɤŰɏɟɤ ˊɟɞəɨˊŰŮɘ  : 

 ὶ  ,  ὶ    

əŬɘ ůɡɜŮˊɩɠ: 

  ὶ    

                                                                                                                                         (3-38) 

ȷˊɧ Űɖɜ (ůɢɏůɖ 3-37) ˊŬɟŬŰɖɟɞɨɛŮ ɧŰɘ Űɞ ɕɕ3=Ŭ1 ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ww3=0 əŬɘ Űɞ ɕɕ4=1/ Ŭ1 

ˊɞɡ ŮɑɜŬɘ Űɞ ůɡɛɛŮŰɟɘəɧ Űɞɡ ůɖɛŮɑɞ ɤɠ ˊɟɞɠ Űɞɡɠ əɨəɚɞɡɠ C Cȭ Űɞɡ Ůˊɘˊɏŭɞɡ ɕɕ, ŬˊŮɘəɞɜɑɕŮŰŬɘ 

ůŰɞ ww4=Ð ˊɞɡ ŮɑɜŬɘ Űɞ ůɡɛɛŮŰɟɘəɧ Űɞɡ  ww3=0 ɤɠ ˊɟɞɠ Űɞɡɠ əɨəɚɞɡɠ          Ⱦ ȾȭŰɞɡ Ůˊɘˊɏŭɞɡ 
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ww. ȰɜŬɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ Mobius ŭɘŬŰɖɟŮɑ Űɖɜ ɘŭɘɧŰɖŰŬ Űɤɜ ůɡɛɛŮŰɟɘəɩɜ ůɖɛŮɑɤɜ əŬɘ ůŰɞ 

ŬˊŮɘəɞɜɘůɛɏɜɞ ůɢɐɛŬ.  ȷˊŮɘəɞɜɑɕŮɘ ŭɖɚŬŭɐ ŰŬ  ůɡɛɛŮŰɟɘəɎ ůɖɛŮɑŬ ɤɠ ˊɟɞɠ ɏɜŬ əɨəɚɞ, Ůˊɑůɖɠ  

ůŮ ůɡɛɛŮŰɟɘəɎ ůɖɛŮɑŬ ɤɠ ˊɟɞɠ Űɖɜ ŮɘəɧɜŬ Űɞɡ əɨəɚɞɡ. 

 ɆɡɜŮˊɩɠ ɞ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ˊɞɡ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ(ůɢɏůɖ 3-37) ŮɑɜŬɘ ɖ ɕɖŰɞɨɛŮɜɖ ŬˊŮɘəɧɜɘůɖ 

Ŭűɞɨ ŬˊŮɘəɞɜɑɕŮɘ Űɞ Ŭ1=Ŭ ůŰɞ əɞɘɜɧ əɏɜŰɟɞ Űɤɜ əɨəɚɤɜ Ⱦ Ⱦȭ. 

 

ȿɨɜɞɜŰŬɠ Űɖɜ (ůɢɏůɖ 3-37) ɤɠ ˊɟɞɠ ɕɕ ɚŬɛɓɎɜɞɡɛŮ Űɞɜ ŬɜŰɑůŰɟɞűɞ ɛŮŰŬůɢɖɛŬŰɘůɛɧ: 

   ‒‒   

                                                                                                                                           (3-39) 

ɞ ɞˊɞɑɞɠ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞɜ ŭŬəŰɨɚɘɞ Űɤɜ ɞɛɧəŮɜŰɟɤɜ əɨəɚɤɜ Űɞɡ Ůˊɘˊɏŭɞɡ ww ůŮ 

ɏəəŮɜŰɟɞɡɠ əɨəɚɞɡɠ ůŰɞ ŮˊɑˊŮŭɞ ɕɕ. 

Ƀ əɨəɚɞɠ ɛŮ ŬəŰɑɜŬ r1, ůŰɞ ŮˊɑˊŮŭɞ ww ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ əɡəɚɘəɐ ɞˊɐ ɛŮ əɏɜŰɟɞ (b,0) əŬɘ 

ŬəŰɑɜŬ r01=1ɛ ůŰɞ ŮˊɑˊŮŭɞ ɕɕ əŬɘ ůɨɛűɤɜŬ ɛŮ Űɖɜ Ŭɟɢɐ Űɖɠ ŬɜŰɘůŰɞɘɢɑŬɠ Űɤɜ ůɡɜɧɟɤɜ, ɧˊɤɠ 

ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.2, Ɇɢ. 2.5),  ɞ əɨəɚɞɠ ɛŮ ŬəŰɑɜŬ r2=1ɛ, ůŰɞ ŮˊɑˊŮŭɞ ww ŬɜŰɘůŰɞɘɢŮɑ ůŮ 

əɨəɚɞ ɛŮ əɏɜŰɟɞ (b,0) əŬɘ ŬəŰɑɜŬ r02=1ɛ ůŰɞ ŮˊɑˊŮŭɞ ɕɕ. ȼ ɞɘəɞɔɏɜŮɘŬ Űɤɜ əɨəɚɤɜ ˊɞɡ ɏɢɞɡɜ 

ŰŬ ɑŭɘŬ ůɡɛɛŮŰɟɘəɎ ůɖɛŮɑŬ ɞɜɞɛɎɕɞɜŰŬɘ əɨəɚɞɘ Űɞɡ ȷˊɞɚɚɤɜɑɞɡ. 

 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ 

 

ȷˊɧ Űɞ ˊɟɞɖɔɞɨɛŮɜɞ ůŰɎŭɘɞ A  ɔɜɤɟɑɕɞɡɛŮ ɧŰɘ r1=0.26795 ɓɎůŮɘ Űɖɠ (ůɢɏůɖɠ 3-27) əŬɘ 

ŬɜŬɕɖŰɞɨɛŮ Űɘɠ Űɘɛɏɠ Űɤɜ ˊɞůɞŰɐŰɤɜ Ŭ1, b.ȷˊɧ Űɘɠ ɘŭɘɧŰɖŰŮɠ Űɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ Űɖɠ   

(ůɢɏůɖɠ   3-39), ɘůɢɨɞɡɜ ŰŬ əɎŰɤɗɘ : 

Ŭ. ɇɞ ůɖɛŮɑɞ x2=b+r01 ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ r1 ɞˊɧŰŮ əŬɘ ɚŬɛɓɎɜɞɡɛŮ Űɖɜ Ůɝɑůɤůɖ : 

 ὼ   

                                                                                                                                                          (3-40) 

ɓ.ɇɞ ůɖɛŮɑɞ x1=b-r01 ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ -r1 ɞˊɧŰŮ  əŬɘ ɚŬɛɓɎɜɞɡɛŮ Űɖɜ Ůɝɑůɤůɖ : 

ὼ                                                                                                        (3-41)                                                                                                                                                                 
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ȷˊɧ Űɘɠ (ůɢɏůŮɘɠ  3-32 əŬɘ 3-38) ɛŮŰɎ Ŭˊɧ  ŬɜŰɘəŬŰɎůŰŬůɖ ɚŬɛɓɎɜɞɡɛŮ  : 

ὶ
ὶὥ ὶ

ὶὥ ρ
 

                                                                                                                                          (3-42)   

ȿɨɜɞɜŰŬɠ Űɖɜ (ůɢɏůɖ 3-42) ɤɠ ˊɟɞɠ Ŭ1 əŬɘ ɔɘŬ ὶ ρ ɚŬɛɓɎɜɞɡɛŮ Űɘɠ   ŮɝɘůɩůŮɘɠ: 

ὥ   

                                                                                                                                         (3-43) 

 

ὦ
ὥὶ ὥ

ὶὥ ρ
 

                                                                                                                                        (3-44) 

ȷˊɧ ɧˊɞɡ ˊɟɞəɨˊŰŮɘ:  Ŭ=Ŭ1= 1.93185, b= 2.449489 ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-18). 

ɄɞɚɚŬˊɚŬůɘɎɕɞɜŰŬɠ  Űɖɜ 

 ‒‒                                                                                                                    (3-45) 

 ɛŮ Űɖɜ ˊɞůɧŰɖŰŬ Ὡ Ȣ əŬɘ ɚɨɜɞɜŰŬɠ ɤɠ ˊɟɞɠ ww ˊŬɑɟɜɞɡɛŮ :  

 ύύ
Ȣ

Ȣ
  

                                                                                                                                         (3-46) 

ȳˊɞɡ : ‒, i=1,2,     ‒ ὶὩ Ὥὦȟ‒ ὶὩ  ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-19). 

                                                   



97 

 

                          
                                                                          (Ŭ) 

                                                                                             
                                                                 (ɓ) 

 

Ɇɢ.3-19 : Ƀ  ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ    ύύ
Ȣ

Ȣ , ŭɨɞ ɞɛɧəŮɜŰɟɞɘ əɨəɚɞɘ (Ŭ) ůŮ ŭɨɞ 

ɛɞɜŬŭɘŬɑɞɡɠ   əɨəɚɞɡɠ ɧˊɞɡ  ŰŬ əɏɜŰɟŬ Űɞɡɠ ŬˊŮɢɞɡɜ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ  əŬŰɎ b     

 

ɆɨɛűɤɜŬ ɛŮ Űɖɜ ɘŭɘɧŰɖŰŮɠ Űɤɜ ŭɘŬŭɞɢɘəɩɜ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ,  ŭɖɚŬŭɐ ɛŮ Űɖɜ Ŭɟɢɐ Űɖɠ 

ŬɜŰɘůŰɞɘɢɑŬɠ Űɤɜ ůɡɜɧɟɤɜ, ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.2, Ɇɢ. 2-5) əŬɘ  Űɤɜ ɀŮŰŬůɢɖɛŬŰɘůɛɩɜ 

Mobius, ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ  (ȾŮű.2,ůɢɏůɖ 2-1),  ɧˊɞɡ  Ŭˊɧ  Űɖɜ ůɨɜɗŮůɖ ŭɨɞ 

ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ Mobius  ˊɟɞəɨˊŰŮɘ Ůˊɑůɖɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ Mobius, ůɡɜɗɏŰɞɡɛŮ ŰŬ   

ŬɜɤŰɏɟɤ  ŭɡɞ  ɆŰɎŭɘŬ  ȷ & ȸ əŬɘ ɏŰůɘ ˊɟɞəɨˊŰŮɘ ɞ ůɡɜɞɚɘəɧɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ, ɞ ɞˊɞɑɞɠ 

ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞɜ ɢɩɟɞ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɖɠ əɡəɚɘəɐɠ ɞˊɐɠ ŬəŰɑɜŬɠ 

r=1ɛ, ůŮ ɓɎɗɞɠ h=2ɛ Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ůŰɞ ŮˊɑˊŮŭɞ w ůŮ ŭɨɞ  ɛɞɜŬŭɘŬɑɞɡɠ   əɨəɚɞɡɠ 
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ɧˊɞɡ ŰŬ əŮɜŰɟŬ Űɞɡɠ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ  əŬɘ  Ŭˊɏɢɞɡɜ ɛŮŰŬɝɨ Űɞɡɠ əŬŰɎ 

b=2.44ɛ, ůŰɞ ŮˊɑˊŮŭɞ ɕ. Ƀ əɨəɚɞɠ ŬəŰɑɜŬɠ r01=1ɛ ɛŮ əɏɜŰɟɞ Űɞ (0,-ib), ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ 

əɡəɚɘəɐ ɞˊɐ əŬɘ ůɨɛűɤɜŬ ɛŮ Űɖɜ Ŭɟɢɐ ŬɜŰɘůŰɞɘɢɑŬɠ Űɤɜ ůɡɜɧɟɤɜ ɞ əɨəɚɞɠ ŬəŰɑɜŬɠ r02=1ɛ ɛŮ 

əɏɜŰɟɞ Űɞ (0,0), ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ. 

ŪɏŰɞɜŰŬɠ Űɖɜ  (ůɢɏůɖ 3-46) ůŰɖɜ (ůɢɏůɖ 3-28), ɞ ŰŮɚɘəɧɠ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ˊŬɑɟɜŮɘ Űɖɜ ɛɞɟűɐ  

 

  

ύ Ὢ‒ ὭὯ

ρ
ὩȢ ‒ ὥ
ὩȢ ‒‌ ρ

ρ
ὩȢ ‒ ὥ
ὩȢ ‒‌ ρ

 

ȳˊɞɡ : ‒, i=1,2,  ‒ ὶὩ Ὥὦȟ‒ ὶὩ                                                                (3-47) 

 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞɜ ŰŮɚɘəɧ          ɛŮŰŬůɢɖɛŬŰɘůɛɧ    

(3-47), ɛŮ k=1.73205, b= 2.449489, Ŭ=1.93185 . ɆŰɞ (Ɇɢ.3-16) űŬɑɜŮŰŬɘ ɖ ůɨɜɗŮůɖ Űɤɜ 

Ůˊɘɛɏɟɞɡɠ ůŰŬŭɑɤɜ . 

3.3.2. Ⱦɡəɚɘəɐ Ƀˊɐ ŬəŰɑɜŬɠ R, ůŮ ȼɛɑɢɤɟɞ  

ŪŮɤɟɞɨɛŮ ůɐɟŬɔɔŬ əɡəɚɘəɐɠ   ŭɘŬŰɞɛɐɠ  ɛŮ ŬəŰɑɜŬ R,  ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ 

ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ɛŮŰɟɞɨɛŮɜɖ Ŭˊɧ Űɞ əɏɜŰɟɞ Űɖɠ ŭɘŬŰɞɛɐɠ. ɇɞ ˊɟɧɓɚɖɛŬ ŬɡŰɧ 

ŬɜŬűɏɟŮŰŬɘ ůŰɖɜ ŮɨɟŮůɖ ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɖ ɞˊɞɑŬ ŬˊŮɘəɞɜɑɕŮɘ Űɞɜ Űɧˊɞ  

ɛŮŰŬɝɨ Űɖɠ  əɡəɚɘəɐɠ ɞˊɐɠ ŬəŰɑɜŬɠ R, ůŮ  ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ( Ɏɝɤɜ  x) ůŰɞ 

ŮˊɑˊŮŭɞ w, ůŮ ŭɨɞ  ɛɞɜŬŭɘŬɑɞɡɠ   əɨəɚɞɡɠ ɧˊɞɡ ŰŬ əŮɜŰɟŬ Űɞɡɠ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ 

əŬŰŬəɧɟɡűɞ, ůŰɞ ŮˊɑˊŮŭɞ ɕ. ȼ ůɡɜɎɟŰɖůɖ Űɞɡ ŰŮɚɘəɞɨ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊŮɟɘɚŬɛɓɎɜŮɘ ɏɜŬ 

Ŭəɧɛɖ ɆŰɎŭɘɞ ũ, ŮəŰɧɠ Ŭˊɧ ŰŬ ɆŰɎŭɘŬ ȷ & ȸ ˊɞɡ ŬɜŬˊŰɨɢɗɖəŬɜ ůŰɖɜ (Ä3.3.1.)  ɆɡɔəŮəɟɘɛɏɜŬ  

ˊŮɟɘɚŬɛɓɎɜŮɘ Ůˊɑ ˊɚɏɞɜ Űɖɜ ŬˊŮɘəɧɜɘůɖ  Űɞɡ ɢɩɟɞɡ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɖɠ 

əɡəɚɘəɐɠ ɞˊɐɠ ŬəŰɑɜŬɠ R Űɞɡ  Ůˊɘˊɏŭɞɡ  w,  ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɖɜ (Ä3.2.1.) , ůŰɞɜ ɢɩɟɞ ɛŮŰŬɝɨ 

Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ůŰɞ ŮˊɑˊŮŭɞ ɕ.  ȰŰůɘ, ɗɏŰɞɜŰŬɠ ůŰɖɜ 

(ůɢɏůɖ 3-17) ɧˊɞɡ ɕ , Űɖɜ (ůɢɏůɖ   3-47) əŬɘ ůɡɔəŮəɟɘɛɏɜŬ Űɖɜ w(ɕi)=w1(ɕi), ɚŬɛɓɎɜɞɡɛŮ Űɖɜ 

(ůɢɏůɖ 3-48) ůɨɛűɤɜŬ ɛŮ Űɖɜ ɘŭɘɧŰɖŰŬ Űɤɜ ŭɘŬŭɞɢɘəɩɜ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ: 

w Ὢ‒ Ὑύρ‒ ὭὬ ὭὌ                                                                            (3-48) 
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ɧˊɞɡ:  

ύρ‒ ὭὯ

Ȣ

Ȣ

Ȣ

Ȣ

 ,  ‒, i=1,2,  ‒ ὶὩ Ὥὦȟ‒ ὶὩ  

 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ 

ŪŮɤɟɞɨɛŮ ůɐɟŬɔɔŬ əɡəɚɘəɐɠ   ŭɘŬŰɞɛɐɠ   ɛŮ ŬəŰɑɜŬ R=5ɛ  ůŰɞ ŮˊɑˊŮŭɞ w=x+iy, ɖ ɞˊɞɑŬ 

ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H=10ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ.  

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞɜ ŰŮɚɘəɧ ɛŮŰŬůɢɖɛŬŰɘůɛɧ ˊɞɡ 

ˊɟɞəɨˊŰŮɘ Ŭˊɧ Űɖ (ůɢɏůɖ 3-48). ɇɞ ɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ h ɡˊɞɚɞɔɑɕŮŰŬɘ  

ůɨɛűɤɜŬ ɛŮ  Űɖɜ  (ůɢɏůɖ 3-16),  Ůɜɩ ɞɘ ˊɞůɧŰɖŰŮɠ k, b, a, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɛŮ ɓɎůŮɘ 

Űɘɠ (ůɢɏůŮɘɠ 3-25, 3-43, 3-44). ɀŮŰɎ Ŭˊɧ ŬɜŰɘəŬŰɎůŰŬůɖ ɓɟɑůəɞɡɛŮ : h=2ɛ , k=1.73205,            

b= 2.449489ɛ,  Ŭ=1.93185. ȼ ůɨɜɗŮůɖ Űɤɜ Űɟɘɩɜ ɆŰŬŭɑɤɜ ˊɞɡ ŬˊŬɟŰɑɕɞɡɜ Űɞɜ 

ɛŮŰŬůɢɖɛŬŰɘůɛɧ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-20.) 
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Ɇɢ.3-20:ɇŬ Ůˊɘɛɏɟɞɡɠ ɆŰɎŭɘŬ Űɞɡ  ůɨɜɗŮŰɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ: 

    ύ‒ Ὑύρ‒ ὭὬ ὭὌ, ɧˊɞɡ : ύρ‒ ὭὯ
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3.3.3. ȺɚɚŮɘˊŰɘəɐ  Ƀˊɐ , ɛŮ ȼɛɘɎɝɞɜŮɠ a & b ůŮ ȼɛɑɢɤɟɞ  

ŪŮɤɟɞɨɛŮ ůɐɟŬɔɔŬ ŮɚɚŮɘˊŰɘəɐɠ  ŭɘŬŰɞɛɐɠ, ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ 

Űɞɡ ŮŭɎűɞɡɠ ɛŮŰɟɞɨɛŮɜɖ Ŭˊɧ Űɞ əɏɜŰɟɞ Űɖɠ ŭɘŬŰɞɛɐɠ. ɇɞ ˊɟɧɓɚɖɛŬ ŬɡŰɧ ŬɜŬűɏɟŮŰŬɘ ůŰɖɜ 

ŮɨɟŮůɖ ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɖ ɞˊɞɑŬ ŬˊŮɘəɞɜɑɕŮɘ Űɞɜ Űɧˊɞ  ɛŮŰŬɝɨ ɛɘŬɠ 

ŮɚɚŮɘˊŰɘəɐɠ ɞˊɐɠ ɛŮ ɖɛɘɎɝɞɜŮɠ a & b, ůŮ  ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ  ( Ɏɝɤɜ  x) ůŰɞ 

ŮˊɑˊŮŭɞ w,  ůŮ ŭɨɞ  ɛɞɜŬŭɘŬɑɞɡɠ əɨəɚɞɡɠ ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ 

əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ b, ůŰɞ ŮˊɑˊŮŭɞ ɕ.  

ȼ ůɡɜɎɟŰɖůɖ Űɞɡ ŰŮɚɘəɞɨ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊŮɟɘɚŬɛɓɎɜŮɘ ɏɜŬ Ŭəɧɛɖ ɆŰɎŭɘɞ ũ ŮəŰɧɠ Ŭˊɧ ŰŬ 

ɆŰɎŭɘŬ ȷ & ȸ  ˊɞɡ  ŬɜŬˊŰɨɢɗɖəŬɜ ůŰɖɜ (Ä3.3.1.)   ɆɡɔəŮəɟɘɛɏɜŬ ˊŮɟɘɚŬɛɓɎɜŮɘ Ůˊɑ ˊɚɏɞɜ Űɖɜ 

ŬˊŮɘəɧɜɘůɖ  Űɞɡ ɢɩɟɞɡ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɖɠ ŮɚɚŮɘˊŰɘəɐɠ  ɞˊɐɠ  Űɞɡ 

Ůˊɘˊɏŭɞɡ w,  ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɖɜ (Ä3.2.2.) , ůŰɞɜ ɢɩɟɞ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ 

Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ. ȰŰůɘ  ɗɏŰɞɜŰŬɠ ůŰɖɜ (ůɢɏůɖ  3-19) ɧˊɞɡ ɕ , Űɖɜ (ůɢɏůɖ 3-47) əŬɘ 

ůɡɔəŮəɟɘɛɏɜŬ Űɖɜ w(ɕi)=w1(ɕi),  ɚŬɛɓɎɜɞɡɛŮ Űɖɜ (ůɢɏůɖ 3-49) ůɨɛűɤɜŬ ɛŮ Űɖɜ ɘŭɘɧŰɖŰŬ Űɤɜ 

ŭɘŬŭɞɢɘəɩɜ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ: 

w ‒ Ὑ ύρ‒ ὭὬ ὭὌ  

                                                                                                                                       (3-49) 

ɧˊɞɡ:  

R  Ǫ ά   

 ύρ‒ ὭὯ

Ȣ

Ȣ

Ȣ

Ȣ

 ,  ‒, i=1,2,  ‒ ὶὩ Ὥὦȟ‒ ὶὩ  

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ 

ŪŮɤɟɞɨɛŮ ůɐɟŬɔɔŬ ŮɚɚŮɘˊŰɘəɐɠ  ŭɘŬŰɞɛɐɠ   ɛŮ ɖɛɘɎɝɞɜŮɠ a=6ɛ & b=5ɛ. ůŰɞ ŮˊɑˊŮŭɞ w=x+iy, 

ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H=10ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ȷˊɧ Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ 

ŭɘŬŰɞɛɐɠ ɓɎůŮɘ Űɖɠ (ůɢɏůɖɠ 3-6 ),  ˊɟɞəɨˊŰɞɡɜ ɞɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ:  

   R=5.50, m= 0.0909 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞɜ ŰŮɚɘəɧ ɛŮŰŬůɢɖɛŬŰɘůɛɧ ˊɞɡ 

ˊɟɞəɨˊŰŮɘ Ŭˊɧ Űɖ (ůɢɏůɖ  3-49). ɇɞ ɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ h ɡˊɞɚɞɔɑɕŮŰŬɘ  

Ŭˊɧ Űɖɜ  (ůɢɏůɖ 3-18),  Ůɜɩ ɞɘ ˊɞůɧŰɖŰŮɠ k, b, a, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɛŮ ɓɎůŮɘ Űɘɠ 
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(ůɢɏůŮɘɠ 3-25, 3-43, 3-44). ɀŮŰɎ Ŭˊɧ ŬɜŰɘəŬŰɎůŰŬůɖ ɓɟɑůəɞɡɛŮ :h=1.86ɛ ,  k=1.57, b=2.39ɛ, 

Ŭ=1.85 . ȼ ůɨɜɗŮůɖ Űɤɜ Űɟɘɩɜ ɆŰŬŭɑɤɜ ˊɞɡ ŬˊŬɟŰɑɕɞɡɜ Űɞɜ ɛŮŰŬůɢɖɛŬŰɘůɛɧ űŬɑɜŮŰŬɘ ůŰɞ 

(Ɇɢ.3-21). 

                        

               

-15 -10 -5 0 5 10 15

-15

-10

-5

0

x

y

plane w

H=10m

be=5m

ae=6m

-5 0 5

-4

-3

-2

-1

0

1

2

3

xx

y
y

plane ww

r=1m

k1=1.57

k2=-1.57

h=1.86m

w ‒ Ὑ ύ ‒ ὭὬ ὭὌ 



104 

 

               

 

 

 

                

Ɇɢ.3-21:ɇŬ Ůˊɘɛɏɟɞɡɠ  ɆŰɎŭɘŬ Űɞɡ  ůɨɜɗŮŰɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ  

w ‒ Ὑ ύ ‒ ὭὬ ὭὌ,  ύρ‒ ὭὯ
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3.3.4.ɇŮŰɟŬɔɤɜɘəɐ  Ƀˊɐ ɛŮ ˊɚŮɡɟɎ asq , ůŮ ȼɛɑɢɤɟɞ   

 

ŪŮɤɟɞɨɛŮ ůɐɟŬɔɔŬ ŰŮŰɟŬɔɤɜɘəɐɠ  ŭɘŬŰɞɛɐɠ , ˊɞɡ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ 

Űɞɡ ŮŭɎűɞɡɠ ɛŮŰɟɞɨɛŮɜɖ Ŭˊɧ Űɞ əɏɜŰɟɞ Űɖɠ ŭɘŬŰɞɛɐɠ. ɇɞ ˊɟɧɓɚɖɛŬ ŬɡŰɧ ŬɜŬűɏɟŮŰŬɘ ůŰɖɜ 

ŮɨɟŮůɖ ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɖ ɞˊɞɑŬ ŬˊŮɘəɞɜɑɕŮɘ Űɞɜ Űɧˊɞ  ɛŮŰŬɝɨ ɛɘŬɠ 

ŰŮŰɟŬɔɤɜɘəɐɠ  ɞˊɐɠ ɛŮ ˊɚŮɡɟɎ asq, ůŮ ɓɎɗɞɠ  H Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ  ( Ɏɝɤɜ  x) ůŰɞ 

ŮˊɑˊŮŭɞ w,  ůŮ ŭɨɞ  ɛɞɜŬŭɘŬɑɞɡɠ əɨəɚɞɡɠ ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ 

əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ b, ůŰɞ ŮˊɑˊŮŭɞ ɕ.  

ȼ ůɡɜɎɟŰɖůɖ  Űɞɡ ŰŮɚɘəɞɨ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊŮɟɘɚŬɛɓɎɜŮɘ ɏɜŬ Ŭəɧɛɖ ɆŰɎŭɘɞ ũ ŮəŰɧɠ Ŭˊɧ ŰŬ 

ɆŰɎŭɘŬ ȷ & ȸ  ˊɞɡ  ŬɜŬˊŰɨɢɗɖəŬɜ ůŰɖɜ (Ä3.3.1.)    ɆɡɔəŮəɟɘɛɏɜŬ ˊŮɟɘɚŬɛɓɎɜŮɘ Ůˊɑ ˊɚɏɞɜ Űɖɜ 

ŬˊŮɘəɧɜɘůɖ  Űɞɡ ɢɩɟɞɡ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɖɠ ŰŮŰɟŬɔɤɜɘəɐɠ  ɞˊɐɠ Űɞɡ 

Ůˊɘˊɏŭɞɡ  w,  ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɖɜ (Ä3.2.3.) , ůŰɞɜ ɢɩɟɞ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ 

əŬɘ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ. ȰŰůɘ  ɗɏŰɞɜŰŬɠ ůŰɖɜ ůɢɏůɖ  (3-21) ɧˊɞɡ ɕ , Űɖɜ ůɢɏůɖ (3-47) əŬɘ 

ůɡɔəŮəɟɘɛɏɜŬ Űɖɜ w(ɕi)=w1(ɕi), ɚŬɛɓɎɜɞɡɛŮ Űɖɜ ůɢɏůɖ (3-50)  ůɨɛűɤɜŬ ɛŮ  Űɖɜ ɘŭɘɧŰɖŰŬ Űɤɜ 

ŭɘŬŭɞɢɘəɩɜ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ : 

w Ὢ‒ Ὑ ύρ‒Ὥ ὭὬ
ύρ‒Ὥ ύρ‒Ὥ ͮ

ὭὌ 

                                                                                                                                                            (3-50)  

ʝʌʋʑ : c3 = -0.16667, c7 = 0.017857, Ὑ
Ȣ

 

  

ύρ‒ ὭὯ

Ȣ

Ȣ

Ȣ

Ȣ

 ,  ‒, i=1,2,  ‒ ὶὩ Ὥὦȟ‒ ὶὩ  

 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ 

ŪŮɤɟɞɨɛŮ ůɐɟŬɔɔŬ ŰŮŰɟŬɔɤɜɘəɐɠ   ŭɘŬŰɞɛɐɠ ˊɚŮɡɟɎɠ asq=10ɛ ůŰɞ ŮˊɑˊŮŭɞ w=x+iy, ɖ ɞˊɞɑŬ 

ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H=10ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ȷˊɧ Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ ŭɘŬŰɞɛɐɠ, 

ɛŮ ɓɎůɖ Űɘɠ (ůɢɏůŮɘɠ  3-10  & 3-11ɔ) ˊɟɞəɨˊŰɞɡɜ ɞɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ:  

c3 = -0.16667, c7 = 0.017857, R=5.8741 
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ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞɜ ŰŮɚɘəɧ ɛŮŰŬůɢɖɛŬŰɘůɛɧ ˊɞɡ 

ˊɟɞəɨˊŰŮɘ Ŭˊɧ Űɖ (ůɢɏůɖ 3-50). ɇɞ ɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ h ɡˊɞɚɞɔɑɕŮŰŬɘ  

ůɨɛűɤɜŬ ɛŮ  Űɖɜ  (ůɢɏůɖ 3-20),  Ůɜɩ ɞɘ ˊɞůɧŰɖŰŮɠ k, b, a, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɛŮ ɓɎůŮɘ 

Űɘɠ (ůɢɏůŮɘɠ 3-25, 3-43, 3-44). ɀŮŰɎ Ŭˊɧ ŬɜŰɘəŬŰɎůŰŬůɖ ɓɟɑůəɞɡɛŮ :h=1.73ɛ ,  k=1.41, 

b=2.33ɛ, Ŭ=1.77 . ȼ ůɨɜɗŮůɖ Űɤɜ Űɟɘɩɜ ɆŰŬŭɑɤɜ ˊɞɡ ŬˊŬɟŰɑɕɞɡɜ Űɞɜ ɛŮŰŬůɢɖɛŬŰɘůɛɧ 

űŬɑɜŮŰŬɘ ůŰɞ   (Ɇɢ.3-22.) 
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Ɇɢ.3-22: ɇŬ Ůˊɘɛɏɟɞɡɠ ɆŰɎŭɘŬ Űɞɡ  ůɨɜɗŮŰɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ 

  w Ὢ‒ Ὑ ύρ‒Ὥ ὭὬ
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ὭὌ,  
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3.3.5.ɄŮŰŬɚɞŮɘŭɐɠ  Ƀˊɐ , ˊɚɎŰɞɡɠ W & ɨɣɞɡɠ ȼtot , ůŮ ȼɛɑɢɤɟɞ  

ŪŮɤɟɞɨɛŮ ůɐɟŬɔɔŬ ˊŮŰŬɚɞŮɘŭɞɨɠ  ŭɘŬŰɞɛɐɠ , ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ 

Űɞɡ ŮŭɎűɞɡɠ ɛŮŰɟɞɨɛŮɜɖ Ŭˊɧ Űɞ əɏɜŰɟɞ Űɖɠ ŭɘŬŰɞɛɐɠ. ɇɞ ˊɟɧɓɚɖɛŬ ŬɡŰɧ ŬɜŬűɏɟŮŰŬɘ ůŰɖɜ 

ŮɨɟŮůɖ ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɖ ɞˊɞɑŬ ŬˊŮɘəɞɜɑɕŮɘ Űɞɜ Űɧˊɞ  ɛŮŰŬɝɨ ɛɘŬɠ ɞˊɐɠ 

ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ ˊɚɎŰɞɡɠ  W əŬɘ ɨɣɞɡɠ  ȼtot,  ůŮ  ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ  

( Ɏɝɤɜ  x) ůŰɞ ŮˊɑˊŮŭɞ w,  ůŮ ŭɨɞ  ɛɞɜŬŭɘŬɑɞɡɠ əɨəɚɞɡɠ ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ 

ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ b, ůŰɞ ŮˊɑˊŮŭɞ ɕ.  

ȼ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊŮɟɘɚŬɛɓɎɜŮɘ ɏɜŬ Ŭəɧɛɖ ɆŰɎŭɘɞ ũ ŮəŰɧɠ Ŭˊɧ ŰŬ ɆŰɎŭɘŬ ȷ & 

ȸ ˊɞɡ  ŬɜŬˊŰɨɢɗɖəŬɜ ůŰɖɜ (Ä3.3.1.)   ɆɡɔəŮəɟɘɛɏɜŬ ˊŮɟɘɚŬɛɓɎɜŮɘ Ůˊɑ ˊɚɏɞɜ Űɖɜ ŬˊŮɘəɧɜɘůɖ  

Űɞɡ ɢɩɟɞɡ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɖɠ   ɞˊɐɠ ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ  Űɞɡ 

Ůˊɘˊɏŭɞɡ  w,  ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɖɜ (Ä3.2.4.) , ůŰɞɜ ɢɩɟɞ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ 

əŬɘ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ. ȰŰůɘ  ɗɏŰɞɜŰŬɠ ůŰɖ (ůɢɏůɖ  3-23) ɧˊɞɡ ɕ , Űɖɜ (ůɢɏůɖ 3-47) əŬɘ 

ůɡɔəŮəɟɘɛɏɜŬ Űɖɜ w(ɕi)=w1(ɕi) ɚŬɛɓɎɜɞɡɛŮ Űɖɜ (ůɢɏůɖ 3-51) ůɨɛűɤɜŬ ɛŮ  Űɖɜ ɘŭɘɧŰɖŰŬ Űɤɜ 

ŭɘŬŭɞɢɘəɩɜ ɛŮŰŬůɢɖɛŬŰɘůɛɩɜ,: 

ύ‒ άρ

ở

ờάςύρ‒ ὭὬ
Ὥὦ

ύρ‒ ὭὬ άς

Ὥ ρὥ

άςύρ‒ ὭὬ

ὥ

άςύρ‒ ὭὬ
Ợ

Ỡ ὭὌ   

                                                                                                                                                            (3-51) 

ɧˊɞɡ : άς Ὡ Ⱦ άρ
Ѝ
Ὡ Ⱦ  

ύρ‒ ὭὯ

Ȣ

Ȣ

Ȣ

Ȣ

, ‒, i=1,2,  ‒ ὶρὩ Ὥὦȟ‒ ὶςὩ     

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ 

ŪŮɤɟɞɨɛŮ ůɐɟŬɔɔŬ ˊŮŰŬɚɞŮɘŭɞɨɠ  ŭɘŬŰɞɛɐɠ ˊɚɎŰɞɡɠ  W=9.5ɛ əŬɘ ɨɣɞɡɠ  ȼtot=7.72ɛ  ůŰɞ 

ŮˊɑˊŮŭɞ w=x+iy, ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H=8.31ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ȷˊɧ 

Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ ŭɘŬŰɞɛɐɠ, ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɖɜ (Ä3.1.5.), ˊɟɞəɨˊŰɞɡɜ ɞɘ Űɘɛɏɠ Űɤɜ 

ůɡɜŰŮɚŮůŰɩɜ:   Â=0.104, ὥ =0.047, ὥ=0.029, R=3.148133997,  άς Ὡ ȟ  
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 άρ
Ѝ
Ὡ Ⱦ  . ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞɜ ŰŮɚɘəɧ 

ɛŮŰŬůɢɖɛŬŰɘůɛɧ ˊɞɡ ˊɟɞəɨˊŰŮɘ Ŭˊɧ Űɖ (ůɢɏůɖ  3-51). ɇɞ ɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ h ɡˊɞɚɞɔɑɕŮŰŬɘ  Ŭˊɧ Űɖɜ  (ůɢɏůɖ 3-22),  Ůɜɩ ɞɘ ˊɞůɧŰɖŰŮɠ k, b, a, ɡˊɞɚɞɔɑɕɞɜŰŬɘ 

ŬɜŰɑůŰɞɘɢŬ ɛŮ ɓɎůŮɘ Űɘɠ (ůɢɏůŮɘɠ 3-25, 3-43 & 3-44). ɀŮŰɎ Ŭˊɧ ŬɜŰɘəŬŰɎůŰŬůɖ ɓɟɑůəɞɡɛŮ : 

h= 1.90ɛ ,  k= 1.62, b=2.41ɛ, Ŭ= 1.87 . ȼ ůɨɜɗŮůɖ Űɤɜ Űɟɘɩɜ ɆŰŬŭɑɤɜ ˊɞɡ ŬˊŬɟŰɑɕɞɡɜ Űɞɜ 

ɛŮŰŬůɢɖɛŬŰɘůɛɧ űŬɑɜŮŰŬɘ ůŰɞ   (Ɇɢ.3-23).  

 

 

 

 

 

 

 

 

 

 



111 

 

 

 

 

 

-10 -5 0 5 10

-12

-10

-8

-6

-4

-2

0

x

y

plane w

H=8.31m

-5 0 5

-4

-3

-2

-1

0

1

2

3

xx

y
y

plane ww

k1=1.62

h-1.0m

k2=-1.62

r=1m

h=1.90m 

ύ‒ άρ άςύρ‒ ὭὬ
ͮ ͮ

ὭὌ    

 

 



112 

 

 
 

 

 

Ɇɢ.3-23: ɇŬ Ůˊɘɛɏɟɞɡɠ ɆŰɎŭɘŬ Űɞɡ  ůɨɜɗŮŰɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ 

 ύ‒ άρ άςύρ‒ ὭὬ
ͮ

ͮ
ὭὌ   , ɧˊɞɡ : 
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3.4. ɆɢɏůŮɘɠ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ çŰɞɡ ɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ  tcè ȺˊŮɜŭŮŭɡɛɏɜɖɠ ȹɘŬŰɞɛɐɠ 

Ƀɘ əɎŰɤɗɘ ɛŮŰŬůɢɖɛŬŰɘůɛɞɑ ŮűŬɟɛɧɕɞɜŰŬɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜŮɠ ɆɐɟŬɔɔŮɠ  ɛŮ ˊɎɢɞɠ Ůˊɏɜŭɡůɖɠ 

t. ȼ ůɡɜɎɟŰɖůɖ ŬɡŰɐ,  ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞɜ ɢɩɟɞ ɔɨɟɤ Ŭˊɧ ɛɘŬ ɞˊɐ ˊɎɢɞɡɠ t Ŭˊɧ ɏɜŬ ɛɘɔŬŭɘəɧ 

ŮˊɑˊŮŭɞ w (w=x+iy) ůŰɞ ŮɝɤŰŮɟɘəɧ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ  ɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ tc  Ůɜɧɠ Ɏɚɚɞɡ 

ɛɘɔŬŭɘəɞɨ Ůˊɘˊɏŭɞɡ , ɕ (‒ ὶὩ ),  ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ   (Ɇɢ. 3-24). 

 

        

 

 

Ɇɢ.3-24:  Ɇɨɛɛɞɟűɖ ŬˊŮɘəɧɜɘůɖ ɢɩɟɞɡ ɔɨɟɤ Ŭˊɧ ɞˊɐ ˊɎɢɞɡɠ t ůŮ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ 

ɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ tc 

3.4.1. ȺˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ Ⱦɡəɚɘəɞɨ ůɢɐɛŬŰɞɠ ŬəŰɑɜŬɠ r=1 əŬɘ   ́ Ɏɢɞɡɠ t 

ȰůŰɤ əɡəɚɘəɧɠ ŭŬəŰɨɚɘɞɠ ˊɎɢɞɡɠ t=0.20ɛ. ȼ ŬəŰɑɜŬ Űɞɡ ŮůɤŰŮɟɘəɞɨ əɨəɚɞɡ ŮɑɜŬɘ  r1=1ɛ əŬɘ 

Űɞɡ ŮɝɤŰŮɟɘəɞɨ r2=1.2ɛ , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-25). 

‒ ὶὩ ȟ‒ ὶὩ        

                                                                                                                                      (3-53) 
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Ɇɢ.3-25: Ⱦɡəɚɘəɧɠ ŭŬəŰɨɚɘɞɠ ˊɎɢɞɡɠ t=0.20ɛ  

3.4.2. çȽůɞŭɨɜŬɛɞ ˊɎɢɞɠ  tc è ŮˊŮɜŭŮŭɡɛɏɜɖɠ ŭɘŬŰɞɛɐɠ  ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ɔɘŬ 

Ⱥ́ ŮɜŭŮŭɡɛɏɜɖ Ⱦɡəɚɘəɐ Ƀˊɐ ŬəŰɑɜŬɠ R əŬɘ ˊɎɢɞɡɠ t 

ŪŮɤɟɞɨɛŮ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ˊɎɢɞɡɠ t ɛŮ ŬəŰɑɜŬ Űɞɡ  ŮůɤŰŮɟɘəɞɨ əɨəɚɞɡ  R  əŬɘ Űɞɡ 

ŮɝɤŰŮɟɘəɞɨ əɨəɚɞɡ R2.   

ȷɜŬɕɖŰɞɨɛŮ ɛɘŬ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, ɖ ɞˊɞɑŬ ɜŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ  Űɞɜ ɢɩɟɞ ɔɨɟɤ 

Ŭˊɧ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ˊɎɢɞɡɠ t ɛŮ ŬəŰɑɜŬ  ŮůɤŰŮɟɘəɞɨ əɨəɚɞɡ   R  əŬɘ  ŮɝɤŰŮɟɘəɞɨ əɨəɚɞɡ R2 

Ŭˊɧ ɏɜŬ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ w (w=x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ŬəŰɑɜŬ  

ŮůɤŰŮɟɘəɞɨ əɨəɚɞɡ  ὶ ρ‘   əŬɘ  ŮɝɤŰŮɟɘəɞɨ əɨəɚɞɡ ὶ  ŬɜŰɑůŰɞɘɢŬ ɛŮ  çɘůɞŭɨɜŬɛɞ ˊɎɢɞɠ 

tc è,  ůŰɞ ɛɘɔŬŭɘəɧ Ůˊɑ́Ůŭɞ  ɕ,    

 ‒ ὶὩ , ὶ ρ‘    . 

Ƀ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ˊɞɡ ɞɟɑɕŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ:  

w=f(ɕ)=Rɟɕ  

                                                                                                                                         (3-5)  

ɧˊɞɡ R ɗŮŰɘəɐ ůŰŬɗŮɟɎ, ɟ>1, ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ əɨəɚɞɡ ŬəŰɑɜŬɠ R ůŰɞ ŮˊɑˊŮŭɞ 

w=(x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ,   ‒ ὶὩ , ὶ ρ‘    

ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ŭɘŬɛɞɟűɤɗŮɑ ɖ ůɢŮŰɘəɐ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ŬˊŬɘŰŮɑŰŬɘ ɞ 

ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ çɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ tcè , Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ 

ὶ ρ‘  . ũɘŬ ɗ=0 ,  ɖ Űɘɛɐ Űɖɠ w=w1 ŮɑɜŬɘ R, ɧŰŬɜ  ὶ ρ‘  əŬɘ ŬɜŰɑůŰɞɘɢŬ w=w2= R+t, 
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ɧŰŬɜ    ” ὶ ὶ ὸ  . ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɖɜ ůɢɏůɖ                 S=w2-w1-t=0,  Űɘɠ Űɘɛɏɠ 

Űɤɜ w1 & w2 , əɟŬŰɩɜŰŬɠ Űɞ R ůŰŬɗŮɟɧ əŬɘ ɚɨɜɞɜŰŬɠ ɤɠ ˊɟɞɠ ὶ  ,  ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ 

çɘůɞŭɨɜŬɛɞ ˊɎɢɞɠ tcè Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ɓŬůɖ Űɖɜ əɎŰɤɗɘ ůɢɏůɖ : 

Ὓ Ὑὶ‒ Ὑ‒ ὸ π  

                                                                                                                                        (3-54) 

ȺɨəɞɚŬ ˊɟɞəɨˊŰŮɘ ɧŰɘ:  ὸ ὸ ὶ ὶ   

                                                                                                                                        (3-55) 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ɛŮ ŮůɤŰŮɟɘəɐ   ŬəŰɑɜŬ  R=5ɛ. əŬɘ ŮɝɤŰŮɟɘəɐ ŬəŰɑɜŬ R2=5.5ɛ  ůŰɞ 

ŮˊɑˊŮŭɞ w=x+iy. ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ŮˊɘɚɨɞɡɛŮ ŬűôŮɜɧɠ Űɖɜ (ůɢɏůɖ 

3-54) ɤɠ ˊɟɞɠ ὶ  əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, Űɞɡ 

ɢɤɟɑɞɡ ŮɝɤŰŮɟɘəɎ Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ˊɎɢɞɡɠ t=0.5ɛ, ůŰɞ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ w (w=x+iy), 

ůŰɞ ŮɝɤŰŮɟɘəɧ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ  ɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ tc  ůŰɞ  ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ  ɕ,              

   ‒ ὶὩ , ὶ ρ‘ȟ  ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-26). 

 ȼ Ůˊɑɚɡůɖ Űɖɠ  Ůɝɑůɤůɖɠ S=0, ŭɑɜŮɘ ὶ ρȢρ‘ Ůɜɩ  Ŭˊɧ Űɖɜ (ůɢɏůɖ  3-54) ɚŬɛɓɎɜɞɡɛŮ 

 ὸ πȢρ‘ȢɃɘ ŬɜŰɑůŰɞɘɢŮɠ ůɡɜŬɟŰɐůŮɘɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ŮɑɜŬɘ : 

  w1=Rɕ  

                                                                                                                                 (3-56)      

  w2=Rὶɕ  

                                                                                                                                 (3-57) 

 

Ɇɢ.3-26: çȽůɞŭɨɜŬɛɞ ˊɎɢɞɠè əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ , ὸ πȢρ‘ 
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3.4.3. çȽůɞŭɨɜŬɛɞ ˊɎɢɞɠ  tc è ŮˊŮɜŭŮŭɡɛɏɜɖɠ ŭɘŬŰɞɛɐɠ  ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ɔɘŬ 

ȺˊŮɜŭŮŭɡɛɏɜɖ ȺɚɚŮɘˊŰɘəɐ  Ƀˊɐ  ˊɎɢɞɡɠ t 

ŪŮɤɟɞɨɛŮ ŮɚɚŮɘˊŰɘəɧ  ŭŬəŰɨɚɘɞ ˊɎɢɞɡɠ t ɛŮ ɖɛɘɎɝɞɜŮɠ   ŮůɤŰŮɟɘəɞɨ əŬɘ ŮɝɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ 

ŬɜŰɑůŰɞɘɢŬ a1, b1 əŬɘ a2, b2.   

ȷɜŬɕɖŰɞɨɛŮ ɛɘŬ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, ɖ ɞˊɞɑŬ ɜŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ  Űɞɜ ɢɩɟɞ ɔɨɟɤ 

Ŭˊɧ Űɞɜ ŮɚɚŮɘˊŰɘəɧ   ŭŬəŰɨɚɘɞ ˊɎɢɞɡɠ t  Ŭˊɧ ɏɜŬ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ w (w=x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ 

əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ŬəŰɑɜŬ  ŮůɤŰŮɟɘəɞɨ əɨəɚɞɡ  ὶ ρ‘   əŬɘ  ŮɝɤŰŮɟɘəɞɨ əɨəɚɞɡ ὶ  

ŬɜŰɑůŰɞɘɢŬ ɛŮ çɘůɞŭɨɜŬɛɞ ˊɎɢɞɠ tc è ůŰɞ  ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ  ɕ,   

  ‒ ὶὩ , ὶ ρ‘    . 

Ƀ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ˊɞɡ ɞɟɑɕŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ:  

ύ Ὢ‒ Ὑ”‒   

                                                                                                                                            (3-7)  

ɧˊɞɡ       Ὑ   , ά ,  ɟ>1, ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ ɏɚɚŮɘɣɖɠ ɛŮ ɖɛɘɎɝɞɜŮɠ a əŬɘ  b 

ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ Űɞɡ Ůˊɘˊɏŭɞɡ ɕ,   

 ‒ ὶὩ , ὶ ρ‘.  ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ŭɘŬɛɞɟűɤɗŮɑ ɖ ůɢŮŰɘəɐ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ 

ŬˊŬɘŰŮɑŰŬɘ ɞ ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ çɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ tcè , Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ŮůɤŰŮɟɘəɐ 

ŬəŰɑɜŬ ὶ ρ‘  . ũɘŬ ɗ=0 ,  ɖ Űɘɛɐ Űɖɠ w=w1 ŮɑɜŬɘ a1 ɧŰŬɜ  ὶ ρ‘  əŬɘ ŬɜŰɑůŰɞɘɢŬ w=w2=a2= 

a1+t, ɧŰŬɜ  ” ὶ ὶ ὸ  . ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɖɜ ůɢɏůɖ       S=w2-w1-t=0 ,  Űɘɠ Űɘɛɏɠ Űɤɜ 

w1 & w2 , əɟŬŰɩɜŰŬɠ Űɞ R ůŰŬɗŮɟɧ əŬɘ ɚɨɜɞɜŰŬɠ ɤɠ ˊɟɞɠ ὶ  ,  ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ çɘůɞŭɨɜŬɛɞ 

ˊɎɢɞɠ tcè Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ɓŬůɖ Űɖɜ əŬŰɤŰɏɟɤ ůɢɏůɖ :  

Ὓ Ὑ ὶ‒ ὥ ὸ π  

                                                                                                                                         (3-58) 

ȺɨəɞɚŬ ˊɟɞəɨˊŰŮɘ ὸ ὶ ὶ   

                                                                                                                                          (3-59) 
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ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ ŮɚɚŮɘˊŰɘəɧ  ŭŬəŰɨɚɘɞ ˊɎɢɞɡɠ t=0.5ɛ ɛŮ ɖɛɘɎɝɞɜŮɠ   ŮůɤŰŮɟɘəɞɨ əŬɘ ŮɝɤŰŮɟɘəɞɨ 

ůɢɐɛŬŰɞɠ ŬɜŰɑůŰɞɘɢŬ a1=6ɛ, b1=5ɛ əŬɘ a2=6.5ɛ, b2=5.5ɛ,  ůŰɞ ŮˊɑˊŮŭɞ w=x+iy. ȷˊɧ Űɖɜ 

ɔŮɤɛŮŰɟɑŬ Űɖɠ ŭɘŬŰɞɛɐɠ ˊɟɞəɨˊŰŮɘ : R=5.5, m= 0.090 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ŮˊɘɚɨɞɡɛŮ ŬűŮɜɧɠ Űɖɜ (ůɢɏůɖ  3-58) ɤɠ ˊɟɞɠ ὶ  

əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɛŮ ɓɎůɖ  (Űɖ ůɢɏůɖ 3-9),Űɞɡ 

ɢɤɟɑɞɡ ŮɝɤŰŮɟɘəɎ Űɞɡ ŮɚɚŮɘˊŰɘəɞɨ ŭŬəŰɡɚɑɞɡ ˊɎɢɞɡɠ t=0.5ɛ, ůŰɞ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ w 

(w=x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ  ɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ tc  Ůɜɧɠ Ɏɚɚɞɡ ɛɘɔŬŭɘəɞɨ 

Ůˊɘˊɏŭɞɡ , ɕ    

 ‒ ὶὩ , ὶ ρ‘  ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.3-27). 

 ȼ Ůˊɑɚɡůɖ Űɖɠ  Ůɝɑůɤůɖɠ ˊɞɡ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ  3-58) S=0, ŭɑɜŮɘ ὶ ρȢπωω‘ əŬɘ Ŭˊɧ 

Űɖɜ (ůɢɏůɖ 3-59) ɚŬɛɓɎɜɞɡɛŮ  ὸ πȢπωω‘  

Ƀɘ ŬɜŰɑůŰɞɘɢŮɠ ůɡɜŬɟŰɐůŮɘɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ŮɑɜŬɘ : 

ύ Ὑ ‒
ά

‒
  

                                                                                                                                                                                                                                                                                                                                                                                             

                                                                                                                                        (3-60) 

 ύ Ὑ ὶ‒                                                                                                                                                                                                                                            

                                                                                                                                       (3-61) 

 

Ɇɢ.3-27: çȽůɞŭɨɜŬɛɞ ˊɎɢɞɠè əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ , ὸ πȢπωω‘ 
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3.4.4. çȽůɞŭɨɜŬɛɞ ˊɎɢɞɠ  tc è ŮˊŮɜŭŮŭɡɛɏɜɖɠ ŭɘŬŰɞɛɐɠ  ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ɔɘŬ 

ȺˊŮɜŭŮŭɡɛɏɜɖ ɇŮŰɟŬɔɤɜɘəɐ  Ƀˊɐ  ˊɎɢɞɡɠ t 

ŪŮɤɟɞɨɛŮ ŭɘŬŰɞɛɐ ŬˊɞŰŮɚɞɨɛŮɜɖ Ŭˊɧ ŭɨɞ ŰŮŰɟɎɔɤɜŬ ɛŮ əɞɘɜɧ əɏɜŰɟɞ Űɖɜ Ŭɟɢɐ Űɤɜ Ŭɝɧɜɤɜ,   

ɛŮ ˊɚŮɡɟɏɠ ŮůɤŰŮɟɘəɞɨ əŬɘ ŮɝɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ ŬɜŰɑůŰɞɘɢŬ asq1/2 əŬɘ asq2/2 əŬɘ ˊɎɢɞɡɠ 

t=(asq2/2- asq1/2),  ůŰɞ ŮˊɑˊŮŭɞ w=x+iy.  

ȷɜŬɕɖŰɞɨɛŮ ɛɘŬ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, ɖ ɞˊɞɑŬ ɜŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ  Űɞɜ ɢɩɟɞ ɔɨɟɤ 

Ŭˊɧ ŰŬ ŭɨɞ ŰŮŰɟɎɔɤɜŬ  ˊɎɢɞɡɠ t  Ŭˊɧ ɏɜŬ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ w (w=x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ 

əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ŬəŰɑɜŬ  ŮůɤŰŮɟɘəɞɨ əɨəɚɞɡ  ὶ ρ‘   əŬɘ  ŮɝɤŰŮɟɘəɞɨ əɨəɚɞɡ ὶ  

ŬɜŰɑůŰɞɘɢŬ  çɘůɞŭɨɜŬɛɞ ˊɎɢɞɡ tc è ůŰɞ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ  ɕ,    ‒ ὶὩ , ὶ ρ‘   . ȳˊɤɠ 

ŬɜŬɚɨɗɖəŮ ůŰɖɜ (Ä3.1.4.Ŭ.) ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 3-9): 

ύ Ὢ‒ άὙ ɟ‒                                                                                       (3-9)                                                                                                                                                    

ɧ́ ɞɡ ά Ὡ  R>0  ůɡɜŰŮɚŮůŰɐɠ ůɢɐɛŬŰɞɠ ,  n=1/m=3   ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ 

ŰŮŰɟŬɔɩɜɤɜ ɛŮ ůŰɟɞɔɔɡɚŮɛɏɜŮɠ ɔɤɜɑŮɠ  ůŰɞ ŮˊɑˊŮŭɞ w, ůŮ ɞɛɧəŮɜŰɟɞɡɠ əɨəɚɞɡɠ ɔɘŬ ŭɘɎűɞɟŮɠ 

Űɘɛɏɠ Űɞɡ |ɕ|=ɟ=ůŰŬɗ.>1 ‒ ὶὩ ,  ɛŮ ŬəŰɑɜŬ  ŮůɤŰŮɟɘəɞɨ əɨəɚɞɡ  ὶ ρ‘ əŬɘ R ůŰŬɗŮɟɧ. 

ȷɜŬɕɖŰɞɨɛŮ Űɖɜ ŬəŰɑɜŬ  Űɞɡ   ŮɝɤŰŮɟɘəɞɨ əɨəɚɞɡ ὶ   əŬɗɩɠ əŬɘ Űɞ çɘůɞŭɨɜŬɛɞ ˊɎɢɞɡɠ tc è 

Űɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ŮɝɤŰŮɟɘəɧ ŰŮŰɟŬɔɩɜɞɡ  ɛŮ ˊɚŮɡɟɎ  asq2/2   . 

ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ŭɘŬɛɞɟűɤɗŮɑ ɖ ůɢŮŰɘəɐ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ŬˊŬɘŰŮɑŰŬɘ ɞ 

ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ çɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ tcè , Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ 

ὶ ρ‘  . ũɘŬ ɗ=pi/4 ,  ɖ Űɘɛɐ Űɖɠ w=w1 ŮɑɜŬɘ  asq1/2  ɧŰŬɜ  ὶ ρ‘  əŬɘ ŬɜŰɑůŰɞɘɢŬ 

w=w2=asq2/2= asq1/2 +t, ɧŰŬɜ  ” ὶ ὶ ὸ  . ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɖɜ ůɢɏůɖ     

S=w2-w1-t=0,  Űɘɠ Űɘɛɏɠ Űɤɜ w1 & w2 , əɟŬŰɩɜŰŬɠ Űɞ R ůŰŬɗŮɟɧ əŬɘ ɚɨɜɞɜŰŬɠ ɤɠ ˊɟɞɠ ὶ  ,  

ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ çɘůɞŭɨɜŬɛɞ ˊɎɢɞɠ tcè Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ    

Ὓ Ὑάς ὶ‒άςς
ͮ

πȢυὥ πȟ   άςς Ὡ Ⱦȟά Ὡ ȟÍ       

                                                                                                                                            (3-62) 

ȺɨəɞɚŬ ˊɟɞəɨˊŰŮɘ:  

 ὸ ὶ ὶ   

                                                                                                                                          (3-63) 
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ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ ŭɘŬŰɞɛɐ ŬˊɞŰŮɚɞɨɛŮɜɖ Ŭˊɧ ŭɨɞ ŰŮŰɟɎɔɤɜŬ ɛŮ əɞɘɜɧ əɏɜŰɟɞ Űɖɜ Ŭɟɢɐ Űɤɜ Ŭɝɧɜɤɜ 

ɛŮ ˊɚŮɡɟɏɠ ŮůɤŰŮɟɘəɞɨ əŬɘ ŮɝɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ ŬɜŰɑůŰɞɘɢŬ asq1/2=5.5ɛ  əŬɘ asq2/2=6ɛ əŬɘ 

ˊɎɢɞɡɠ t=(asq2/2-asq1/2)=0.5ɛ,ůŰɞ ŮˊɑˊŮŭɞ w=x+iy. Ƀ ůɡɜŰŮɚŮůŰɐɠ ůɢɐɛŬŰɞɠ R=7.5, ˊɟɞəɨˊŰŮɘ 

Ŭˊɧ Űɖ ɔŮɤɛŮŰɟɑŬ Űɖɠ ŭɘŬŰɞɛɐɠ ɛŮ əŬŰɎɚɚɖɚŮɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ Űɤɜ Űɘɛɩɜ x & y.      

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ŮˊɘɚɨɞɡɛŮ ŬűŮɜɧɠ Űɖɜ (ůɢɏůɖ  3-62) ɤɠ ˊɟɞɠ ὶ  

əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɓɎůŮɘ Űɖɠ ůɢɏůɖɠ      (3-9), 

Űɞɡ ɢɤɟɑɞɡ ŮɝɤŰŮɟɘəɎ Űɖɠ ŭɘŬŰɞɛɐɠ Űɤɜ ŭɨɞ ŰŮŰɟŬɔɩɜɤɜ ˊɎɢɞɡɠ t=0.5ɛ, ůŰɞ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ 

w (w=x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ  ɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ tc  ůŰɞ  ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ 

ɕ,    ‒ ὶὩ , ὶ ρ‘ȟ  ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-28). ȼ Ůˊɑɚɡůɖ Űɖɠ  Ůɝɑůɤůɖɠ (3-62)S=0, 

ŭɑɜŮɘ ά Ὡ ȟÍ   ,  ὶ ρȢπστ‘ Ůɜɩ ɛŮ ɓɎůŮɘ Űɖ ůɢɏůɖ  (3-63), ˊɟɞəɨˊŰŮɘ  

  ὸ πȢπστ‘Ȣ Ƀɘ ŬɜŰɑůŰɞɘɢŮɠ ůɡɜŬɟŰɐůŮɘɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ŮɑɜŬɘ : 

ύ Ὑά ‒                                                                                                                                                                                                                                                           

                                                                                                                                     (3-64) 

ύ Ὑά ὶ‒
ά

ὶ‒ σͮ
 

                                                                                                                                     (3-65) 

  

Ɇɢ.3-28: çȽůɞŭɨɜŬɛɞ ˊɎɢɞɠè əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ , ὸ πȢπστ‘ 
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3.4.5. çȽůɞŭɨɜŬɛɞ ˊɎɢɞɠ  tc è ŮˊŮɜŭŮŭɡɛɏɜɖɠ ŭɘŬŰɞɛɐɠ  ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ɔɘŬ 

ȺˊŮɜŭŮŭɡɛɏɜɖ Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ   ˊɎɢɞɡɠ t 

ŪŮɤɟɞɨɛŮ  ŭɨɞ ŭɘŬŰɞɛɏɠ ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ, ɛŮ əɞɘɜɧ əɏɜŰɟɞ Űɖɜ Ŭɟɢɐ Űɤɜ Ŭɝɧɜɤɜ  , ɛŮ 

ɨɣɞɠ  ŮůɤŰŮɟɘəɞɨ əŬɘ ŮɝɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ ŬɜŰɑůŰɞɘɢŬ ȼ1 əŬɘ ȼ2 əŬɘ ˊɎɢɞɡɠ t=(ȼ2-ȼ1)/2,  ůŰɞ 

ŮˊɑˊŮŭɞ w=x+iy.  

ȷɜŬɕɖŰɞɨɛŮ ɛɘŬ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, ɖ ɞˊɞɑŬ ɜŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ  Űɞɜ ɢɩɟɞ ɔɨɟɤ 

Ŭˊɧ Űɘɠ ŭɨɞ ŭɘŬŰɞɛɏɠ ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ əŬɘ  ˊɎɢɞɡɠ t  Ŭˊɧ ɏɜŬ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ w 

(w=x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ŬəŰɑɜŬ  ŮůɤŰŮɟɘəɞɨ əɨəɚɞɡ  ὶ ρ‘   əŬɘ  

ŮɝɤŰŮɟɘəɞɨ əɨəɚɞɡ ὶ  ŬɜŰɑůŰɞɘɢŬ  çɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ tc è ůŰɞ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ  ɕ,   

  ‒ ὶὩ , ὶ ρ‘    .ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɖɜ (Ä3.1.5.) ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ 

ŭɑŭŮŰŬɘ Ŭˊɧ Űɖɜ əŬŰɤŰɏɟɤ  (ůɢɏůɖ 3-14): 

ύ Ὢ‒
ς

Ѝς
ὙὩ ”‒

Ὥὦ

”‒

ὥ ρ Ὥ

”‒

ὥ

”‒
 

                                                                                                                                                        (3-14)  

ɧˊɞɡ: ‒ ὶὩ ȟ   ὶ ρ ˁ ʰʽ  R>0  ŮɑɜŬɘ ɞ ůɡɜŰŮɚŮůŰɐɠ ůɢɐɛŬŰɞɠ,  ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ 

ŭɘŬŰɞɛɐɠ ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ   ůŰɞ ŮˊɑˊŮŭɞ w, ůŮ ɞɛɧəŮɜŰɟɞɡɠ əɨəɚɞɡɠ ɔɘŬ ŭɘɎűɞɟŮɠ Űɘɛɏɠ 

Űɞɡ |ɕ|=ɟ=ůŰŬɗ.>1 ‒ ὶὩ ,  ɛŮ ŬəŰɑɜŬ  ŮůɤŰŮɟɘəɞɨ əɨəɚɞɡ  ὶ ρ‘ əŬɘ R ůŰŬɗŮɟɧ. 

ȷɜŬɕɖŰɞɨɛŮ Űɖɜ ŬəŰɑɜŬ  Űɞɡ   ŮɝɤŰŮɟɘəɞɨ əɨəɚɞɡ ὶ   əŬɗɩɠ əŬɘ Űɞ çɘůɞŭɨɜŬɛɞ ˊɎɢɞɠ tc è Űɞɡ 

əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ŮɝɤŰŮɟɘəɧ Űɖɠ ˊŮŰŬɚɞŮɘŭɞɨɠ ŭɘŬŰɞɛɐɠ  ɛŮ ɨɣɞɠ   ȼ2.    

ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ŭɘŬɛɞɟűɤɗŮɑ ɖ ůɢŮŰɘəɐ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ŬˊŬɘŰŮɑŰŬɘ ɞ 

ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ çɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ tcè , Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ 

ὶ ρ‘  . ũɘŬ ɗ=2.35 rad  ,  ɖ Űɘɛɐ Űɖɠ w=w1 ŮɑɜŬɘ  h1  ɧŰŬɜ  ὶ ρ‘  əŬɘ ŬɜŰɑůŰɞɘɢŬ 

w=w2=h2= h1 +t, ɧŰŬɜ  ” ὶ ὶ ὸ  . ɇŬ h1 əŬɘ h2 ŬɜŰɑůŰɞɘɢŬ ŮɑɜŬɘ Űɞ ɛɐəɞɠ Ŭˊɧ Űɖɜ 

Ŭɟɢɐ Űɤɜ Ŭɝɧɜɤɜ ɏɤɠ Űɘɠ çůŰɏɣŮɘɠè Űɤɜ ŭɘŬŰɞɛɩɜ ŬɜŰɑůŰɞɘɢŬ. ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɖɜ ůɢɏůɖ    

S=w2-w1-t=0     (3-66)                                                                                                                           Űɘɠ 

Űɘɛɏɠ Űɤɜ w1 & w2 , əɟŬŰɩɜŰŬɠ Űɞ R ůŰŬɗŮɟɧ əŬɘ ɚɨɜɞɜŰŬɠ ɤɠ ˊɟɞɠ ὶ  ,  ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ 

çɘůɞŭɨɜŬɛɞ ˊɎɢɞɠ tcè Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ . 

ȺɨəɞɚŬ ˊɟɞəɨˊŰŮɘ ɧŰɘ:  ὸ ὶ ὶ   

                                                                                                                                            (3-67) 
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ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ ŭɨɞ ŭɘŬŰɞɛɏɠ ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ ɛŮ əɞɘɜɧ əɏɜŰɟɞ Űɖɜ Ŭɟɢɐ Űɤɜ Ŭɝɧɜɤɜ  , ɛŮ 

ɨɣɞɠ  ŮůɤŰŮɟɘəɞɨ əŬɘ ŮɝɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ ŬɜŰɑůŰɞɘɢŬ ȼ1=7.72ɛ, ȼ2=8.72ɛ əŬɘ ˊɎɢɞɡɠ 

t=(ȼ2-ȼ1)/2=0.5ɛ, h1=4.155ɛ, h2=4,655ɛ ůŰɞ ŮˊɑˊŮŭɞ w=x+iy.  

ȳˊɤɠ ŬɜŬɚɨɗɖəŮ əŬɘ ůŰɖɜ (Ä3.1.5.), ɞɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ  a3,b1,a2 ɓŮɚŰɘůŰɞˊɞɘɞɨɜŰŬɘ ůŮ 

ůɢɏůɖ ɛŮ Űɘɠ Ŭɟɢɘəɏɠ Űɘɛɏɠ Űɞɡɠ  ɛŮ ɛɑŬ ɟɞɡŰɑɜŬ ŮɚŬɢɑůŰɤɜ ŰŮŰɟŬɔɩɜɤɜ Űɞɡ ɛŬɗɖɛŬŰɘəɞɨ 

ɚɞɔɘůɛɘəɞɨ ˊŬəɏŰɞɡ  MATLAB   . ȰŰůɘ  ɡˊɞɚɞɔɑɕŮŰŬɘ ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɛŮ ɓɎůŮɘ 

Űɖ (ůɢɏůɖ  3-14) ,   ɖ ɞˊɞɑŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ əŮɜŰɟɞɓŬɟɘəɎ  Űɞ űɡůɘəɧ  ŮˊɑˊŮŭɞ w ůŰɖɜ ˊŮɟɘɞɢɐ 

|ɕ|>1 Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ‒ ὶὩ  . Ƀɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ, ɞɘ ɞˊɞɑɞɘ ˊɟɞůŮɔɔɑɕɞɡɜ 

əŬɚɨŰŮɟŬ Űɞ ˊɟŬɔɛŬŰɘəɧ ůɢɐɛŬ, ˊɟɞəɨˊŰɞɡɜ : b1=0.104, a2 =0.047, a3=0.029. Ƀ ůɡɜŰŮɚŮůŰɐɠ 

ůɢɐɛŬŰɞɠ R=3.148133, ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖ ɔŮɤɛŮŰɟɑŬ Űɖɠ ŭɘŬŰɞɛɐɠ ɛŮ əŬŰɎɚɚɖɚŮɠ 

ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ Űɤɜ Űɘɛɩɜ x & y.      

ɆŰɖ ůɡɜɏɢŮɘŬ, ɛŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ŮˊɘɚɨɞɡɛŮ ŬűŮɜɧɠ Űɖɜ (ůɢɏůɖ         

3-66) ɤɠ ˊɟɞɠ ὶ  əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ,Űɞɡ 

ɢɤɟɑɞɡ ŮɝɤŰŮɟɘəɎ Űɖɠ ŭɘŬŰɞɛɐɠ ˊɞɡ ŮɝŮŰɎɕɞɡɛŮ ˊɎɢɞɡɠ t=0.5ɛ, ůŰɞ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ w 

(w=x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ  ɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ tc  ůŰɞ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ  ɕ,    

‒ ὶὩ , ὶ ρ‘ȟ  ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-29). 

ȷˊɧ Űɖɜ  Ůˊɑɚɡůɖ Űɖɠ  Ůɝɑůɤůɖɠ Űɖɠ ůɢɏůɖɠ  (3-66) ˊɟɞəɨˊŰŮɘ ɧŰɘ  , ὶ ρȢρπχ‘ Ůɜɩ Ŭˊɧ Űɖɜ 

(ůɢɏůɖ 3-67) ˊɟɞəɨˊŰŮɘ  ὸ πȢρπχ‘  

Ƀɘ ŬɜŰɑůŰɞɘɢŮɠ ůɡɜŬɟŰɐůŮɘɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɟɞəɨˊŰɞɡɜ ɤɠ Ůɝɐɠ  : 
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                                                                                                                                                     (3-68) 
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                                                                                                                                        (3-69) 
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Ɇɢ.3-29: çȽůɞŭɨɜŬɛɞ ˊɎɢɞɠè əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ , ὸ πȢρπχ‘ 

3.5.ɆɢɏůŮɘɠ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ çŰɖɠ ɘůɞŭɨɜŬɛɖɠ  ɞɟɘɕɧɜŰɘŬɠ ŬˊɧůŰŬůɖɠ  d è 

ȰůŰɤ D ɖ ɞɟɘɕɧɜŰɘŬ ŬˊɧůŰŬůɖ Űɞɡ əɏɜŰɟɞɡ  Űɖɠ ŭɘŬŰɞɛɐɠ Űɞɡ ɈˊɞɔŮɑɞɡ  Ȱɟɔɞɡ Ŭˊɧ Űɞɜ ɎɝɞɜŬ 

Űɤɜ x, ůŰɞ ŮˊɑˊŮŭɞ w əŬɘ d ɖ ɘůɞŭɨɜŬɛɖ ŬɜŰɑůŰɞɘɢɖ ɞɟɘɕɧɜŰɘŬ ɛŮŰŬŰɧˊɘůɖ  ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ 

ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ, ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-30). ȿŬɛɓɎɜɞɜŰŬɠ ɡˊɧɣɖ Űɘɠ 

ɘŭɘɧŰɖŰŮɠ Űɤɜ ůɨɛɛɞɟűɤɜ ŬˊŮɘəɞɜɑůŮɤɜ ɧˊɤɠ ŬɜŬɚɨɗɖəŬɜ ůŰɞ (ȾŮű.2) əŬɘ ůɡɔəŮəɟɘɛɏɜŬ: Űɖɜ 

ɛŮŰŬűɞɟɎ (ȾŮű.2, Ɇɢ.2-2),  Űɖɜ ɘŭɘɧŰɖŰŬ  ˊɞɡ ŬűɞɟɎ ůŰɞɡɠ  ɛŮŰŬůɢɖɛŬŰɘůɛɞɨɠ  ůɡɜɧɟɤɜ ůŮ 

ˊŬɟŬɛŮŰɟɘəɐ ɛɞɟűɐ, (ȾŮű.2. Ɇɢ.2-3), əŬɗɩɠ əŬɘ Űɖɜ ɘŭɘɧŰɖŰŬ  ˊɞɡ ŬűɞɟɎ ůŰɞɡɠ  ŭɘŬŭɞɢɘəɞɨɠ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨɠ (ȾŮű.2, Ɇɢ.2-5) ,  ɖ  ˊɟɞəɨˊŰɞɡůŬ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɟɏˊŮɘ ɜŬ 

ŮɑɜŬɘ Űɖɠ ɛɞɟűɐɠ :  

 w(ɕ-d)+D 

                                                                                                                                          (3-70) 

           

 

Ɇɢ.3-30:ȷˊŮɘəɧɜɘůɖ ŭɘŬŰɞɛɐɠ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ɛŮ ˊŬɟŬɛŮŰɟɘəɏɠ ŮɝɘůɩůŮɘɠ ůŮ ŬˊɧůŰŬůɖ D Ŭˊɧ 

Űɞɜ ɎɝɞɜŬ y, ůŰɞ ŮˊɑˊŮŭɞ  w (Ŭ) ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ɛŮ çɘůɞŭɨɜŬɛɖ ŬˊɧůŰŬůɖ è d , ůŰɞ ŮˊɑˊŮŭɞ 
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3.5.1. çȽůɞŭɨɜŬɛɖ ɞɟɘɕɧɜŰɘŬ ŬˊɧůŰŬůɖ d è Űɞɡ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ɔɘŬ Ⱦɡəɚɘəɐ Ƀˊɐ 

ŬəŰɑɜŬɠ R, ŬɜŰɑůŰɞɘɢɖɠ ŬˊɧůŰŬůɖɠ D  

ŪŮɤɟɞɨɛŮ  əɡəɚɘəɐ   ŭɘŬŰɞɛɐ  ɛŮ ŬəŰɑɜŬ R , Űɖɠ ɞˊɞɑŬɠ Űɞ əɏɜŰɟɞ  ŬˊɏɢŮɘ ɞɟɘɕɧɜŰɘŬ əŬŰɎ  D  

Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x, ůŰɞ ŮˊɑˊŮŭɞ w əŬɘ ɏůŰɤ  d çɖ ɘůɞŭɨɜŬɛɖ ŬɜŰɑůŰɞɘɢɖ ɞɟɘɕɧɜŰɘŬ 

ɛŮŰŬŰɧˊɘůɖè,  ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ, ůŰɞ ŮˊɑˊŮŭɞ ɕ. ɄɟɞəŮɘɛɏɜɞɡ ɜŬ 

ŭɘŬɛɞɟűɤɗŮɑ  ɖ ůɡɜɎɟŰɖůɖ Űɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɖɜ əɡəɚɘəɐ  ŭɘŬŰɞɛɐ, 

ŬəŰɑɜŬɠ R Űɖɠ ɞˊɞɑŬɠ Űɞ əɏɜŰɟɞ ŬˊɏɢŮɘ  ɞɟɘɕɧɜŰɘŬ ŬˊɧůŰŬůɖ D, Ŭˊɧ Űɞɜ ɎɝɞɜŬ x  ůŰɞɜ 

ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ɛŮ çɘůɞŭɨɜŬɛɖ ŬˊɧůŰŬůɖ d  è, ŬˊŬɘŰŮɑŰŬɘ əŬŰô Ŭɟɢɐɜ ɞ ɡˊɞɚɞɔɘůɛɧɠ Űɖɠ  

çɘůɞŭɨɜŬɛɖɠ ŬˊɧůŰŬůɖɠ d  è. ȿŬɛɓɎɜɞɜŰŬɠ ɡˊôɧɣɘɜ Űɖ (ůɢɏůɖ  3-4),  ɧˊɞɡ  Űɞ ůɖɛŮɑɞ (D,0)  

ůŰɞ ŮˊɑˊŮŭɞ w, ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ůɖɛŮɑɞ (d,0)  ůŰɞ ŮˊɑˊŮŭɞ ɕ, ˊɟɞəɨˊŰŮɘ ɖ ˊŬɟŬəɎŰɤ Ůɝɑůɤůɖ 

S=0, ɖ ɚɨůɖ Űɖɠ ɞˊɞɑŬɠ ŮɑɜŬɘ Űɞ ɕɖŰɞɨɛŮɜɞ  d. 

 

Ὓ Ὑ Ὠ Ὀ π  

                                                                                                                                                            (3-71) 

ɀŮŰɎ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ d, ɖ ɕɖŰɞɨɛŮɜɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, ɛŮ ɓɎůɖ Űɖ (ůɢɏůɖ   

3-71), ́ ŬɑɟɜŮɘ Űɖɜ ɛɞɟűɐ : 

w Ὢ‒ Ὑ‒ Ὠ Ὀ     

                                                                                                                                                              (3-72) 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

ŪŮɤɟɞɨɛŮ  əɡəɚɘəɐ   ŭɘŬŰɞɛɐ   ɛŮ ŬəŰɑɜŬ R=5ɛ  ůŰɞ ŮˊɑˊŮŭɞ w=x+iy, Űɖɠ ɞˊɞɑŬɠ Űɞ əɏɜŰɟɞ  

ŬˊɏɢŮɘ ɞɟɘɕɧɜŰɘŬ əŬŰɎ  D=10ɛ  ŭŮɝɘɎ Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x.  

ɀŮ Űɖɜ ɓɞɐɗŮɘŬ Űɖɠ MATLAB  ŮˊɘɚɨɞɡɛŮ ŬűŮɜɧɠ Űɖɜ Ůɝɑůɤůɖ  ˊɞɡ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖɜ (ůɢɏůɖ 3-

71) ɤɠ ˊɟɞɠ d əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɓɎůŮɘ Űɖɠ 

(ůɢɏůɖɠ  3-72),  ɖ ɞˊɞɑŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ əɡəɚɘəɐɠ  ŭɘŬŰɞɛɐɠ ŬəŰɑɜŬɠ R=5ɛ  Űɖɠ 

ɞˊɞɑŬɠ Űɞ əɏɜŰɟɞ ŬˊɏɢŮɘ  ŬˊɧůŰŬůɖ D=10ɛ , ŭŮɝɘɎ  Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x, ůŰɞ ŮˊɑˊŮŭɞ w=x+iy 

ůŰɖɜ ˊŮɟɘɞɢɐ |ɕ|>1 Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ‒ ὶὩ  , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ          (Ɇɢ.3-31Ŭ), 

Ůɜɩ ůŮ ˊŮɟɑˊŰɤůɖ ɧˊɞɡ ɖ əɡəɚɘəɐ ŭɘŬŰɞɛɐ ŬˊɏɢŮɘ ɞɟɘɕɧɜŰɘŬ əŬŰɎ  D=10ɛ ŬɟɘůŰŮɟɎ Ŭˊɧ Űɞɜ 

ɎɝɞɜŬ Űɤɜ x, ɖ ŮɘəɧɜŬ ˊɞɡ ˊŬɑɟɜɞɡɛŮ ŮɑɜŬɘ ŬɡŰɐ Űɞɡ  (Ɇɢ.3-31ɓ). 

ȼ Ůˊɑɚɡůɖ Űɖɠ  Ůɝɑůɤůɖɠ S=0, ŭɑɜŮɘ d= 2ɛ   
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                                                                   (Ŭ) 

 

                                                                (ɓ) 

Ɇɢ.3-31:ȷˊŮɘəɧɜɘůɖ əɡəɚɘəɐɠ ŭɘŬŰɞɛɐɠ ɛŮ ŬəŰɑɜŬ R=5  ůŮ ŬˊɧůŰŬůɖ D=10ɛ ŭŮɝɘɎ əŬɘ ŬɟɘůŰŮɟɎ 

ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɞɜ ɎɝɞɜŬ x, ůŰɞ ŮˊɑˊŮŭɞ  w,  ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ɛŮ çɘůɞŭɨɜŬɛɖ ŬˊɧůŰŬůɖ è 

d=2 , ŭŮɝɘɎ əŬɘ ŬɟɘůŰŮɟɎ ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɞɜ ɎɝɞɜŬ u,ůŰɞ ŮˊɑˊŮŭɞ ɕ 

3.5.2. çȽůɞŭɨɜŬɛɖ ɞɟɘɕɧɜŰɘŬ ŬˊɧůŰŬůɖ d è Űɞɡ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ɔɘŬ ȺɚɚŮɘˊŰɘəɐ  

Ƀˊɐ , ŬɜŰɑůŰɞɘɢɖɠ ŬˊɧůŰŬůɖɠ D  

ŪŮɤɟɞɨɛŮ  ŮɚɚŮɘˊŰɘəɐ   ŭɘŬŰɞɛɐ   ɛŮ  ɖɛɘɎɝɞɜŮɠ a & b , Űɖɠ ɞˊɞɑŬɠ Űɞ əɏɜŰɟɞ  ŬˊɏɢŮɘ ɞɟɘɕɧɜŰɘŬ 

əŬŰɎ  D  Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x, ůŰɞ ŮˊɑˊŮŭɞ w əŬɘ ɏůŰɤ  d çɖ ɘůɞŭɨɜŬɛɖ ŬɜŰɑůŰɞɘɢɖ ɞɟɘɕɧɜŰɘŬ 

ɛŮŰŬŰɧˊɘůɖè,  ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ, ůŰɞ ŮˊɑˊŮŭɞ ɕ. ɄɟɞəŮɘɛɏɜɞɡ ɜŬ 

ŭɘŬɛɞɟűɤɗŮɑ  ɖ ůɡɜɎɟŰɖůɖ Űɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɖɜ ŮɚɚŮɘˊŰɘəɐ   ŭɘŬŰɞɛɐ   

ɛŮ  ɖɛɘɎɝɞɜŮɠ a & b  Űɖɠ ɞˊɞɑŬɠ Űɞ əɏɜŰɟɞ ŬˊɏɢŮɘ ɞɟɘɕɧɜŰɘŬ ŬˊɧůŰŬůɖ D, Ŭˊɧ Űɞɜ ɎɝɞɜŬ x  

ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ɛŮ çɘůɞŭɨɜŬɛɖ ŬˊɧůŰŬůɖ d  è, ŬˊŬɘŰŮɑŰŬɘ əŬŰô Ŭɟɢɐɜ ɞ ɡˊɞɚɞɔɘůɛɧɠ 

Űɖɠ  çɘůɞŭɨɜŬɛɖɠ ŬˊɧůŰŬůɖɠ d  è. ȿŬɛɓɎɜɞɜŰŬɠ ɡˊôɧɣɘɜ Űɖ (ůɢɏůɖ  3-6), ɧˊɞɡ  Űɞ ůɖɛŮɑɞ 

(D,0)  ůŰɞ ŮˊɑˊŮŭɞ w, ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ůɖɛŮɑɞ (d,0)  ůŰɞ ŮˊɑˊŮŭɞ ɕ, ˊɟɞəɨˊŰŮɘ ɖ ˊŬɟŬəɎŰɤ 

Ůɝɑůɤůɖ S=0, ɖ ɚɨůɖ Űɖɠ ɞˊɞɑŬɠ ŮɑɜŬɘ Űɞ ɕɖŰɞɨɛŮɜɞ  d. 
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 Ὓ Ὑ Ὠ Ὀ 0 

                                                                                                                                                             (3-73) 

ɧˊɞɡ : Ὑ  Ǫ ά   

ɀŮŰɎ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ d, ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, ɛŮ ɓɎůŮɘ Űɖ ůɢɏůɖ  (3-73)  , 

ˊŬɑɟɜŮɘ Űɖɜ ɛɞɟűɐ : 

w Ὢ‒ Ὑ ‒ Ὠ Ὀ    

                                                                                                                                           (3-74) 

 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

 

ŪŮɤɟɞɨɛŮ ŮɚɚŮɘˊŰɘəɐ   ŭɘŬŰɞɛɐ   ɛŮ  ɖɛɘɎɝɞɜŮɠ a=6ɛ & b=5ɛ ůŰɞ ŮˊɑˊŮŭɞ w=x+iy, Űɖɠ ɞˊɞɑŬɠ 

Űɞ əɏɜŰɟɞ  ŬˊɏɢŮɘ ɞɟɘɕɧɜŰɘŬ əŬŰɎ  D=12ɛ  ŭŮɝɘɎ Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x. ȷˊɧ Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ 

ŭɘŬŰɞɛɐɠ ˊɟɞəɨˊŰɞɡɜ: R=5.50, m=0.0909 

ɀŮ Űɖɜ ɓɞɐɗŮɘŬ Űɖɠ MATLAB  ŮˊɘɚɨɞɡɛŮ ŬűŮɜɧɠ Űɖɜ (ůɢɏůɖ 3-73) ɤɠ ˊɟɞɠ d əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ 

ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ůɨɛűɤɜŬ ɛŮ Űɖ (ůɢɏůɖ  3-74),  ɖ ɞˊɞɑŬ 

ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ ŮɚɚŮɘˊŰɘəɐɠ   ŭɘŬŰɞɛɐɠ   ɛŮ  ɖɛɘɎɝɞɜŮɠ a=6ɛ & b=5ɛ   Űɖɠ ɞˊɞɑŬɠ 

Űɞ əɏɜŰɟɞ ŬˊɏɢŮɘ   ŬˊɧůŰŬůɖ D=12ɛ , ŭŮɝɘɎ  Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x, ůŰɞ ŮˊɑˊŮŭɞ w=x+iy ůŰɖɜ 

ˊŮɟɘɞɢɐ |ɕ|>1 Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ‒ ὶὩ  , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ           (Ɇɢ.3-32Ŭ), Ůɜɩ ůŮ 

ˊŮɟɑˊŰɤůɖ ɧˊɞɡ ɖ ŮɚɚŮɘˊŰɘəɐ  ŭɘŬŰɞɛɐ ŬˊɏɢŮɘ ɞɟɘɕɧɜŰɘŬ əŬŰɎ  D=10ɛ ŬɟɘůŰŮɟɎ Ŭˊɧ Űɞɜ ɎɝɞɜŬ 

Űɤɜ x, ɖ ŮɘəɧɜŬ ˊɞɡ ˊŬɑɟɜɞɡɛŮ ŮɑɜŬɘ ŬɡŰɐ Űɞɡ  (Ɇɢ.3-32ɓ). 

ȼ Ůˊɑɚɡůɖ Űɖɠ  Ůɝɑůɤůɖɠ S=0, ŭɑɜŮɘ d= 2ɛ   
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                                                                 (Ŭ) 

 

                                                               (ɓ) 

Ɇɢ.3-32:ȷˊŮɘəɧɜɘůɖ ŮɚɚŮɘˊŰɘəɐɠ  ŭɘŬŰɞɛɐɠ   ɛŮ  ɖɛɘɎɝɞɜŮɠ a=6ɛ & b=5ɛ    ůŮ ŬˊɧůŰŬůɖ D=12 

ɛ ŭŮɝɘɎ əŬɘ ŬɟɘůŰŮɟɎ ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɞɜ ɎɝɞɜŬ x, ůŰɞ ŮˊɑˊŮŭɞ  w,  ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ɛŮ 

çɘůɞŭɨɜŬɛɖ ŬˊɧůŰŬůɖ è d=2ɛ , ŭŮɝɘɎ əŬɘ ŬɟɘůŰŮɟɎ ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɞɜ ɎɝɞɜŬ u,ůŰɞ ŮˊɑˊŮŭɞ ɕ 

3.5.3. çȽůɞŭɨɜŬɛɖ ɞɟɘɕɧɜŰɘŬ ŬˊɧůŰŬůɖ d è Űɞɡ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ɔɘŬ ɇŮŰɟŬɔɤɜɘəɐ   

Ƀˊɐ , ŬɜŰɑůŰɞɘɢɖɠ ŬˊɧůŰŬůɖɠ D  

ŪŮɤɟɞɨɛŮ  ŰŮŰɟŬɔɤɜɘəɐ    ŭɘŬŰɞɛɐ   ɛŮ  ˊɚŮɡɟɎ asq , Űɖɠ ɞˊɞɑŬɠ Űɞ əɏɜŰɟɞ  ŬˊɏɢŮɘ ɞɟɘɕɧɜŰɘŬ 

əŬŰɎ  D  Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x, ůŰɞ ŮˊɑˊŮŭɞ w əŬɘ ɏůŰɤ  d çɖ ɘůɞŭɨɜŬɛɖ ŬɜŰɑůŰɞɘɢɖ ɞɟɘɕɧɜŰɘŬ 

ɛŮŰŬŰɧˊɘůɖè,  ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ, ůŰɞ ŮˊɑˊŮŭɞ ɕ. ɄɟɞəŮɘɛɏɜɞɡ ɜŬ 

ŭɘŬɛɞɟűɤɗŮɑ  ɖ ůɡɜɎɟŰɖůɖ Űɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɖɜ ŰŮŰɟŬɔɤɜɘəɐ    ŭɘŬŰɞɛɐ  

ˊɚŮɡɟɎɠ asq ,Űɖɠ ɞˊɞɑŬɠ Űɞ əɏɜŰɟɞ ŬˊɏɢŮɘ    ɞɟɘɕɧɜŰɘŬ ŬˊɧůŰŬůɖ D, Ŭˊɧ Űɞɜ ɎɝɞɜŬ x  ůŰɞɜ 

ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ɛŮ çɘůɞŭɨɜŬɛɖ ŬˊɧůŰŬůɖ d  è, ŬˊŬɘŰŮɑŰŬɘ əŬŰô Ŭɟɢɐɜ ɞ ɡˊɞɚɞɔɘůɛɧɠ Űɖɠ  

çɘůɞŭɨɜŬɛɖɠ ŬˊɧůŰŬůɖɠ d  è. ȿŬɛɓɎɜɞɜŰŬɠ ɡˊɧɣɘɜ Űɖ (ůɢɏůɖ   3-10), ɧˊɞɡ  Űɞ ůɖɛŮɑɞ (D,0)  

ůŰɞ ŮˊɑˊŮŭɞ w, ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ůɖɛŮɑɞ (d,0)  ůŰɞ ŮˊɑˊŮŭɞ ɕ, ˊɟɞəɨˊŰŮɘ ɖ ˊŬɟŬəɎŰɤ Ůɝɑůɤůɖ 

S=0, ɖ ɚɨůɖ Űɖɠ ɞˊɞɑŬɠ ŮɑɜŬɘ Űɞ ɕɖŰɞɨɛŮɜɞ  d. 
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 Ὓ Ὑ Ὠ Ὀ=0  

                                                                                                                                                              (3-75) 

ʝʌʋʑ ȡ c3 = -0.16667, c7 = 0.017857, Ὑ
Ȣ

  

ɀŮŰɎ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ d, ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, ɓɎůŮɘ Űɖɠ   (ůɢɏůɖɠ3-75),  

ˊŬɑɟɜŮɘ Űɖɜ ɛɞɟűɐ : 

w Ὢ‒ Ὑ ‒ Ὠ Ὀ    

                                                                                                                                          (3-76) 

 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

 

ŪŮɤɟɞɨɛŮ ŰŮŰɟŬɔɤɜɘəɐ    ŭɘŬŰɞɛɐ   ɛŮ  ˊɚŮɡɟɎ asq=10ɛ  ůŰɞ ŮˊɑˊŮŭɞ w=x+iy, Űɖɠ ɞˊɞɑŬɠ Űɞ 

əɏɜŰɟɞ  ŬˊɏɢŮɘ ɞɟɘɕɧɜŰɘŬ əŬŰɎ  D=10ɛ  ŭŮɝɘɎ Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x. ȷˊɧ Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ 

ŭɘŬŰɞɛɐɠ ˊɟɞəɨˊŰɞɡɜ:  c3=-0.16667, c7=0.017857, R=5.874149 

ɀŮ Űɖɜ ɓɞɐɗŮɘŬ Űɖɠ MATLAB  ŮˊɘɚɨɞɡɛŮ ŬűŮɜɧɠ Űɖ (ůɢɏůɖ 3-75) ɤɠ ˊɟɞɠ d əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ 

ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɓɎůŮɘ Űɖɠ (ůɢɏůɖɠ  3-76),  ɖ ɞˊɞɑŬ 

ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ ŰŮŰɟŬɔɤɜɘəɐɠ  ŭɘŬŰɞɛɐɠ ɛŮ  ˊɚŮɡɟɎ asq=10ɛ Űɖɠ ɞˊɞɑŬɠ Űɞ əɏɜŰɟɞ 

ŬˊɏɢŮɘ  ŬˊɧůŰŬůɖ D=10ɛ , ŭŮɝɘɎ  Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x, ůŰɞ ŮˊɑˊŮŭɞ w=x+iy ůŰɖɜ ˊŮɟɘɞɢɐ |ɕ|>1 

Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ‒ ὶὩ  , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-33Ŭ), Ůɜɩ ůŮ ˊŮɟɑˊŰɤůɖ ɧˊɞɡ ɖ 

ŰŮŰɟŬɔɤɜɘəɐ  ŭɘŬŰɞɛɐ ŬˊɏɢŮɘ ɞɟɘɕɧɜŰɘŬ əŬŰɎ  D=10ɛ ŬɟɘůŰŮɟɎ Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x, ɖ ŮɘəɧɜŬ 

ˊɞɡ ˊŬɑɟɜɞɡɛŮ ŮɑɜŬɘ  ŬɡŰɐ Űɞɡ (Ɇɢ.3-33ɓ). 

ȼ Ůˊɑɚɡůɖ Űɖɠ  Ůɝɑůɤůɖɠ S=0, ŭɑɜŮɘ d= 1.7339ɛ  
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                                                                (Ŭ) 

 

 

                                                                 (ɓ) 

Ɇɢ.3-33:ȷˊŮɘəɧɜɘůɖ ŰŮŰɟŬɔɤɜɘəɐɠ  ŭɘŬŰɞɛɐɠ ɛŮ  ˊɚŮɡɟɎ asq=10ɛ    ůŮ ŬˊɧůŰŬůɖ D=10 ɛ ŭŮɝɘɎ 

əŬɘ ŬɟɘůŰŮɟɎ ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɞɜ ɎɝɞɜŬ x, ůŰɞ ŮˊɑˊŮŭɞ  w,  ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ɛŮ çɘůɞŭɨɜŬɛɖ 

ŬˊɧůŰŬůɖ è d=1.73ɛ , ŭŮɝɘɎ əŬɘ ŬɟɘůŰŮɟɎ ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɞɜ ɎɝɞɜŬ u,ůŰɞ ŮˊɑˊŮŭɞ ɕ 

3.5.4. çȽůɞŭɨɜŬɛɖ ɞɟɘɕɧɜŰɘŬ ŬˊɧůŰŬůɖ d è Űɞɡ ɀɞɜŬŭɘŬɑɞɡ Ⱦɨəɚɞɡ ɔɘŬ   Ƀˊɐ 

ɄŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ , ŬɜŰɑůŰɞɘɢɖɠ ŬˊɧůŰŬůɖɠ D  

ŪŮɤɟɞɨɛŮ  ˊŮŰŬɚɞŮɘŭɐ    ŭɘŬŰɞɛɐ  ɨɣɞɡɠ H əŬɘ ˊɚɎŰɞɡɠ  W, Űɖɠ ɞˊɞɑŬɠ Űɞ əɏɜŰɟɞ  ŬˊɏɢŮɘ 

ɞɟɘɕɧɜŰɘŬ əŬŰɎ  D  Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x, ůŰɞ ŮˊɑˊŮŭɞ w əŬɘ ɏůŰɤ  d çɖ ɘůɞŭɨɜŬɛɖ ŬɜŰɑůŰɞɘɢɖ 

ɞɟɘɕɧɜŰɘŬ ɛŮŰŬŰɧˊɘůɖè,  ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ, ůŰɞ ŮˊɑˊŮŭɞ ɕ. ɄɟɞəŮɘɛɏɜɞɡ 

ɜŬ ŭɘŬɛɞɟűɤɗŮɑ  ɖ ůɡɜɎɟŰɖůɖ Űɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɖɜ ˊŮŰŬɚɞŮɘŭɐ  ŭɘŬŰɞɛɐ, 

Űɖɠ ɞˊɞɑŬɠ Űɞ əɏɜŰɟɞ ŬˊɏɢŮɘ    ɞɟɘɕɧɜŰɘŬ ŬˊɧůŰŬůɖ D, Ŭˊɧ Űɞɜ ɎɝɞɜŬ x  ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ 

ɛŮ çɘůɞŭɨɜŬɛɖ ŬˊɧůŰŬůɖ d  è, ŬˊŬɘŰŮɑŰŬɘ əŬŰô Ŭɟɢɐɜ ɞ ɡˊɞɚɞɔɘůɛɧɠ Űɖɠ  çɘůɞŭɨɜŬɛɖɠ 

ŬˊɧůŰŬůɖɠ d  è. ȿŬɛɓɎɜɞɜŰŬɠ ɡˊɧɣɘɜ Űɖ (ůɢɏůɖ   3-13), ɧˊɞɡ  Űɞ ůɖɛŮɑɞ (D,0)  ůŰɞ ŮˊɑˊŮŭɞ 

w, ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ůɖɛŮɑɞ (d,0)  ůŰɞ ŮˊɑˊŮŭɞ ɕ, ˊɟɞəɨˊŰŮɘ ɖ ˊŬɟŬəɎŰɤ Ůɝɑůɤůɖ S=0, ɖ ɚɨůɖ 

Űɖɠ ɞˊɞɑŬɠ ŮɑɜŬɘ Űɞ ɕɖŰɞɨɛŮɜɞ  d. 
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                                                                                                                                         (3-77) 

ɀŮŰɎ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ d, ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, ɓɎůŮɘ Űɖɠ (ůɢɏůɖɠ 3-77)  , 

ˊŬɑɟɜŮɘ Űɖɜ ɛɞɟűɐ : 

 

 ύ
Ѝ
ὙὩ ‒ Ὠ Ὡ

 

Ὀ   

                                                                                                                                         (3-78) 

 

ȷɅȽŪɀȼɇȽȾȼ ȺūȷɅɀɃũȼ  

 

ŪŮɤɟɞɨɛŮ  ˊŮŰŬɚɞŮɘŭɐ  ŭɘŬŰɞɛɐ ɨɣɞɡɠ  ȼ=7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ W=9.5ɛ  ůŰɞ ŮˊɑˊŮŭɞ w=x+iy, 

Űɖɠ ɞˊɞɑŬɠ Űɞ əɏɜŰɟɞ  ŬˊɏɢŮɘ əŬŰɎ D=9.5ɛ  Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x. ȷˊɧ Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ 

ŭɘŬŰɞɛɐɠ, ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɖɜ  (Ä3.1.5.),  ˊɟɞəɨˊŰɞɡɜ ɞɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ :  

  Â=0.104, ὥ=0.047, ὥ=0.029, R=3.148133997  

ɀŮ Űɖɜ ɓɞɐɗŮɘŬ Űɖɠ MATLAB  ŮˊɘɚɨɞɡɛŮ ŬűŮɜɧɠ Űɖ   (ůɢɏůɖ 3-77) ɤɠ ˊɟɞɠ d əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ 

ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɛŮ ɓɎůŮɘ Űɖ (ůɢɏůɖ  3-78),  ɖ ɞˊɞɑŬ 

ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ Űɖɠ ˊŮŰŬɚɞŮɘŭɞɨɠ   ŭɘŬŰɞɛɐɠ,  Űɖɠ ɞˊɞɑŬɠ Űɞ əɏɜŰɟɞ ŬˊɏɢŮɘ  

ŬˊɧůŰŬůɖ D=9.5ɛ , ŭŮɝɘɎ  Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x, ůŰɞ ŮˊɑˊŮŭɞ w=x+iy ůŰɖɜ ˊŮɟɘɞɢɐ |ɕ|>1 Űɞɡ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ‒ ὶὩ  ,  ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.3-34Ŭ), Ůɜɩ  ůŮ ˊŮɟɑˊŰɤůɖ ɧˊɞɡ ɖ 

ˊŮŰŬɚɞŮɘŭɐɠ   ŭɘŬŰɞɛɐ ŬˊɏɢŮɘ ɞɟɘɕɧɜŰɘŬ əŬŰɎ  D=9.5ɛ ŬɟɘůŰŮɟɎ Ŭˊɧ Űɞɜ ɎɝɞɜŬ Űɤɜ x, ɖ ŮɘəɧɜŬ 

ˊɞɡ ˊŬɑɟɜɞɡɛŮ ŮɑɜŬɘ ŬɡŰɐ Űɞɡ  (Ɇɢ.3-34ɓ). 

ȼ Ůˊɑɚɡůɖ Űɖɠ  Ůɝɑůɤůɖɠ S=0, ŭɑɜŮɘ d= 2.11ɛ  
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                                                                  (Ŭ) 

 

                                                                 (ɓ) 

Ɇɢ.3-34:ȷˊŮɘəɧɜɘůɖ ˊŮŰŬɚɞŮɘŭɞɨɠ  ŭɘŬŰɞɛɐɠ ɨɣɞɡɠ  ȼ=7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ W=9.5ɛ  ůŮ 

ŬˊɧůŰŬůɖ D=9.5 ɛ ŭŮɝɘɎ əŬɘ ŬɟɘůŰŮɟɎ ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɞɜ ɎɝɞɜŬ x, ůŰɞ ŮˊɑˊŮŭɞ  w,  ůŰɞɜ 

ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ɛŮ çɘůɞŭɨɜŬɛɖ ŬˊɧůŰŬůɖ è d=2.11ɛ , ŭŮɝɘɎ əŬɘ ŬɟɘůŰŮɟɎ ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɞɜ 

ɎɝɞɜŬ u,ůŰɞ ŮˊɑˊŮŭɞ ɕ 
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ȾŮűɎɚŬɘɞ 4 

4.ȷɜŬɚɡŰɘəɏɠ ɆɢɏůŮɘɠ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɖɠ ȺɜŰŬŰɘəɐɠ ȾŬŰɎůŰŬůɖɠ ŭɘŬŰɞɛɩɜ 

ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ ɡˊɞ əŬŰŬəɧɟɡűɖ ůŮɘůɛɘəɐ ˊɟɧůˊŰɤůɖ ȹɘŬŰɛɖŰɘəɩɜ ȾɡɛɎŰɤɜ 

Űɨˊɞɡ SH ɛŮ ŮűŬɟɛɞɔɐ Űɖɠ ɗŮɤɟɑŬɠ Űɤɜ Ɇɨɛɛɞɟűɤɜ ȷˊŮɘəɞɜɑůŮɤɜ 

ȺűŬɟɛɞɔɐ ɔɘŬ əŬŰŬəɧɟɡűɖ ŭɘɎŭɞůɖ ȹɘŬŰɛɖŰɘəɩɜ ȾɡɛɎŰɤɜ SH  

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ ůŮ ŮɚŬůŰɘəɧ ɘůɧŰɟɞˊɞ ɢɩɟɞ  ˊɞɡ 

ˊɟɞůˊɑˊŰŮɘ ůŮ əɡəɚɘəɐ ɞˊɐ ɛɞɜŬŭɘŬɑŬɠ  ŬəŰɑɜŬɠ r=1ɛ, ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ 

ɞˊɧŰŮ ɛˊɞɟɞɨɜ  ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (Full Space),ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  

(Ɇɢ.4-1).ȿɧɔɤ Űɖɠ űɨůɖɠ Űɤɜ SH əɡɛɎŰɤɜ ɡˊɎɟɢɞɡɜ ɛŮŰŬŰɞˊɑůŮɘɠ ɛɧɜɞ ůŰɞɜ ɎɝɞɜŬ Űɤɜ z, 

ɧˊɤɠ ŬɜŬɚɡɗɖəŮ ŭɘŮɝɞŭɘəɎ ůŰɞ ȾŮű2., (ůɢɏůɖ 2-26). Ƀɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɞɡ ŭɘɏˊɞɡɜ Űɞ 

ˊɟɧɓɚɖɛŬ ɔɘŬ r=1, Ŭűɞɟɞɨɜ ůŰɖɜ trz=0. 

ὸ ‘ π, ɔɘŬ r=1  

                                                                                                                                         (4-1) 

ɇɞ ˊɟɞůˊɑˊŰɞɜ əɨɛŬ ŭɑŭŮŰŬɘ Ŭˊɧ Űɞɜ Űɨˊɞ: 

ύ  ύὩ ύὩ Ⱦ   

                                                                                                                                          (4-2) 

ɀŮ ɓɎůɖ Űɖɜ (ůɢɏůɖ 2-33) Űɞɡ  ȾŮű2. ɖ ŬɜɤŰɏɟɤ  (ůɢɏůɖ  4-2) ɔɘŬ Űɞ ˊɟɞůˊɑˊŰɞɜ əɨɛŬ 

ɔɑɜŮŰŬɘ: 

ύ ύ ‐ὭὐὯὶÃÏÓὲ— 

                                                                                                                                           (4-3) 

Ůɜɩ ŬɜŰɑůŰɞɘɢŬ ɔɘŬ Űɞ ůəŮŭŬɕɧɛŮɜɞ əŬɘ Űɞ ůɡɜɞɚɘəɧ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɏɢɞɡɛŮ:  

ύ В ὃὌ Ὧὶὧέί ὲ—  

                                                                                                                                            (4-4) 

ύ ύ ύ   

                                                                                                                                            (4-5) 



132 

 

ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɖɜ (ůɢɏůɖ 2-39) Űɞɡ ȾŮű.2,  Űɘɠ Űɘɛɏɠ ˊɞɡ ˊɟɞəɨˊŰɞɡɜŬˊɧ Űɘɠ      (ůɢɏůŮɘɠ 

4-1, 4-3, 4-4) ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ Űɘɛɏɠ Űɤɜ An.  ɆŰɖ ůɡɜɏɢŮɘŬ ɛŮ ɓɎůɖ Űɘɠ (ůɢɏůŮɘɠ     2-35 & 2-

38) Űɞɡ ȾŮű.2, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ Űɘɛɏɠ Űɤɜ wtot əŬɘ ὸ, ŬɜŰɑůŰɞɘɢŬ. 

 

Ɇɢ.4-1: ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ əɡəɚɘəɐ ɞˊɐ r=1ɛ, ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ         

4.1.ȷɜŮˊɏɜŭɡŰɖ Ƀˊɐ ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ                              

ŪŮɤɟɞɨɛŮ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ, ůŰɖɜ 

ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH, ůŰɞ ŮˊɑˊŮŭɞ w, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ    (Ɇɢ.4-2Ŭ) 

 

 

 

 

 

 

 

 

Ɇɢ.4-2: ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, 

ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ȰůŰɤ w(ɕ), ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɖɜ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ 

ůɢɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ. ɀŮ Űɖɜ w(ɕ), 

ɛŮŰŬůɢɖɛŬŰɑɕɞɡɛŮ ŰŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ˊɞɡ ŭɑɜɞɜŰŬɘ Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 4-3, 4-4, 4-5), əŬɗɩɠ 

əŬɘ Űɘɠ ŬɜŰɑůŰɞɘɢŮɠ ŰɎůŮɘɠ ɞɘ ɞˊɞɑŮɠ ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɛŮ ɓɎůɖ Űɘɠ  (ůɢɏůŮɘɠ 2-37 & 2-38) Űɞɡ 

ȾŮű.2. 

z 

x 

a 

r ʻҐʻмҌpi/2 

y 

SH 

y 

SH 

ʻм 

ʻҐʻмҌpi/2 
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ȰŰůɘ ɏɢɞɡɛŮ : 

ȺˊɑˊŮŭɞ w 

ȾŬɟŰŮůɘŬɜɏɠ ɆɡɜŰŮŰŬɔɛɏɜŮɠ (x,y,z) 

ȰůŰɤ ᾀ ὼ Ὥώ    əŬɘ       ᾀӶὼ Ὥώ,  

ȷˊɧ Űɖ ɗŮɤɟɑŬ Űɤɜ ɛɘɔŬŭɘəɩɜ Ŭɟɘɗɛɩɜ ɘůɢɨɞɡɜ ɞɘ ůɢɏůŮɘɠ : 

Ӷ
   

                                                                                                                                           (4-6Ŭ) 

əŬɘ Ὥ
Ӷ
  

                                                                                                                                          (4-6ɓ) 

ὧέίὥ      ίὭὲὥ  

ÃÏÓὲ‌
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ) 

ÓÉÎὲ‌
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ) 

 

 

ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ Űɘɠ (ůɢɏůŮɘɠ 4-6Ŭ, 4-6ɓ) ůŰɘɠ (ůɢɏůŮɘɠ 2-23Ŭ & 2-23ɓ) Űɞɡ ȾŮű.2,   

ˊɟɞəɨˊŰɞɡɜ ɞɘ ɛɘɔŬŭɘəɏɠ ŮəűɟɎůŮɘɠ Űɤɜ ŰɎůŮɤɜ   

ȼ əɡɛŬŰɘəɐ Ůɝɑůɤůɖ ɔɟɎűŮŰŬɘ : 

τ
Ӷ
Ὧύ 0 

ὸ ‘
‬ύ

‬ᾀ

‬ύ

‬ᾀӶ
    

                                                                                                                                        (4-7Ŭ) 

    ὸ ‘Ὥ
‬ύ

‬ᾀ

‬ύ

‬ᾀӶ
   

                                                                                                                                        (4-7ɓ) 

əŬɘ ůŮ  Ʉɞɚɘəɏɠ ɆɡɜŰŮŰŬɔɛɏɜŮɠ (R,Ŭ,z) ŬɜŰɑůŰɞɘɢŬ:  
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ὸ ὸὧέί‌ ὸίὭὲ‌  

                                                                                                                                       (4-8Ŭ) 

ὸ ὸίὭὲ‌ ὸὧέί‌  

                                                                                                                                       (4-8ɓ) 

ɀŮŰɎ Ŭˊɧ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ (ůɢɏůŮɤɜ  4-7Ŭ & 4-7ɓ) ůŰɘɠ (ůɢɏůŮɘɠ 4-8Ŭ & 4-8ɓ) ˊɟɞəɨˊŰŮɘ 

: 

ὸ ‘ Ὡ
Ӷ
 Ὡ    

                                                                                                                                        (4-9) 

ὸ ‘Ὥ Ὡ
Ӷ
 Ὡ    

                                                                                                                                        (4-10) 

ɀŮŰŬůɢɖɛŬŰɑɕɞɡɛŮ ŬɜŰɑůŰɞɘɢŬ ůŰɞ ȺˊɑˊŮŭɞ ɕ: 

ὧέί—      ίὭὲ—  

ÃÏÓὲ—
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ) 

ÓÉÎὲ—
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ) 

ɆŮ ȾŬɟŰŮůɘŬɜɏɠ ůɡɜŰŮŰŬɔɛɏɜŮɠ (u,v,ɕ) 

ȼ əɡɛŬŰɘəɐ Ůɝɑůɤůɖ ɔɟɎűŮŰŬɘ : 

τ
˃

Ὧύ 0 

Ⱥɜɩ ɞɘ  ŰɎůŮɘɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɞɡɠ Űɨˊɞɡs: 

ὸ ‘
‬ύ

‬‒

‬‒

‬ᾀ

‬ύ

‬‒Ӷ
 
ЋʁӶ

ЋᾀӶ
    ‖‌―   ὸ ‘Ὥ

‬ύ

‬‒

‬‒

‬ᾀ

‬ύ

‬‒Ӷ
 
ЋʁӶ

ЋÚ
  

 

ȾŬɘ ɛŮŰɎ Ŭˊɧ ŬɜŰɘəŬŰɎůŰŬůɖ ˊɟɞəɨˊŰɞɡɜ ɞɘ Űɨˊɞɘ ɔɘŬ Űɘɠ ŰɎůŮɘɠ ůɡɜŬɟŰɐůŮɘ Űɖɠ ůɡɜɎɟŰɖůɖɠ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɤɠ əɎŰɤɗɘ :  
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ὸ ‘
‬ύ

‬‒

ρ

‫ ‒

‬ύ

‬‒Ӷ
 
ρ

ʖ ʁ
  

                                                                                                                                       (4-11Ŭ) 

ὸ ‘Ὥ
‬ύ

‬‒

ρ

‫ ‒

‬ύ

‬‒Ӷ
 
ρ

ʖ ʁ
  

                                                                                                                                        (4-11ɓ) 

 

ȷɜŰɑůŰɞɘɢŬ ůŮ Ʉɞɚɘəɏɠ ɆɡɜŰŮŰŬɔɛɏɜŮɠ (r,ɗ,ɕ) 

Ƀɘ ɔɤɜɑŮɠ Ŭ əŬɘ ɗ ůŰŬ ŮˊɑˊŮŭŬ w əŬɘ ɕ ŬɜŰɑůŰɞɘɢŬ ůɡɜŭɏɞɜŰŬɘ ɛŮ Űɖ ůɢɏůɖ : 

Ὡ Ὡ
ȿ ȿ

  əŬɘ   Ὡ Ὡ
ȿ ȿ

  

                                                                                                                                         (4-12) 

 

ɀŮŰɎ Ŭˊɧ ŬɜŰɘəŬŰɎůŰŬůɖ Űɖɠ (ůɢɏůɖɠ 4-12) ůŰɘɠ (ůɢɏůŮɘɠ 4-9, 4-10) ɚŬɛɓɎɜɞɡɛŮ Űɞɡɠ Űɨˊɞɡɠ 

Űɤɜ ŰɎůŮɤɜ ůŰɞ ŮˊɑˊŮŭɞ ɕ. 

ὸ
‘

ȿ‫ ‒ȿ

‬ύ

‬‒
Ὡ

‬ύ

‬‒Ӷ
Ὡ   

ὸ
‘

ȿ‫ ‒ȿ

‬ύ

‬‒

‒

ὶ

‬ύ

‬‒Ӷ

‒Ӷ

ὶ
 

                                                                                                                                         (4-13) 

ὸ
Ὥ‘

ȿ‫ ‒ȿ

‬ύ

‬‒
Ὡ

‬ύ

‬‒Ӷ
Ὡ  

ὸ
Ὥ‘

ȿ‫ ‒ȿ

‬ύ

‬‒

‒

ὶ

‬ύ

‬‒Ӷ

‒Ӷ

ὶ
  

 

                                                                                                                                         (4-14) 
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ɇɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ  wi ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɟɞůˊɑˊŰɞɜ əɨɛŬ ůŰɖɜ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ 

ůɢɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ɖ ɞˊɞɑŬ ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɛŮ Űɖɜ 

ůɡɜɎɟŰɖůɖ ŬˊŮɘəɧɜɘůɖɠ ɤ(ɕ), ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-15Ŭ) ɛŮŰɎ Ŭˊɧ ŬɜŰɘəŬŰɎůŰŬůɖ. 

ύ ȿύ ȿὩ
Ȣ ȿ ȿ

ȿ ȿ ȿ ȿ    

                                                                                                                                      (4-15Ŭ) 

ɆŰɖ ůɡɜɏɢŮɘŬ ŬɜŬˊŰɨůůɞɜŰŬɠ Űɖɜ (ůɢɏůɖ 4-15Ŭ) ůŮ ɎɗɟɞɘůɛŬ ůŮɘɟɩɜ Bessel-Fourrier,  

ɚŬɛɓɎɜɞɡɛŮ Űɖɜ ŰŮɚɘəɐ Ůɝɑůɤůɖ (4-15ɓ) ɔɘŬ Űɞ ˊɟɞůˊɑˊŰɞɜ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ: 

ύ ȿύ  ȿ
ρ

ς
‐ὭὐὯȿȿ‒‫

‒‫

ȿȿ‒‫
Ὥ

‒‫

ȿȿ‒‫
Ὥ                              

                                                                                                                                        (4-15ɓ) 

ȳˊɞɡ |w0| =1 əŬɘ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SH 

 

ȷɜŰɑůŰɞɘɢŬ, Űɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ws ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ůəŮŭŬɕɧɛŮɜɞ Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ əɨɛŬ 

ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: 

ύ
ρ

ς
ὃὌ Ὧȿȿ‒‫

‒‫

ȿȿ‒‫
Ὥ

‒‫

ȿȿ‒‫
Ὥ  

                                                                                                                                         (4-16) 

ɇɞ ůɡɜɞɚɘəɧ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ˊɞɡ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-17) , ɘůɞɨŰŬɘ ɛŮ Űɖɜ ůɡɜɞɚɘəɐ 

ɛŮŰŬəɑɜɖůɖ. 

 wtot=wi+ws  

                                                                                                                                        (4-17)  

ɀŮ ɓɎůɖ Űɖɜ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ˊɎɜɤ ůŰɞɜ ɛɞɜŬŭɘŬɑɞ  əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ,  ὸ π   əŬɘ 

ɛŮŰɎ Ŭˊɧ ˊŬɟŬɔɩɔɖůɖ  Űɤɜ  (ůɢɏůŮɤɜ 4-15ɓ  əŬɘ 4-16) ɤɠ ˊɟɞɠ ɕ əŬɘ ‒Ӷ ŬɜŰɑůŰɞɘɢŬ, 

ɡˊɞɚɞɔɑɕɞɜŰŬɘ  ɞɘ Űɘɛɏɠ Űɤɜ An. ɆŰɖ ůɡɜɏɢŮɘŬ ɛŮŰɎ Ŭˊɧ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ An  ůŰɘɠ (ůɢɏůŮɘɠ 

4-16 ,4-17 əŬɘ 4-14) ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ Űɘɛɏɠ Űɤɜ wtot əŬɘ ὸ, ŬɜŰɑůŰɞɘɢŬ. ɇŬ 
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ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ Űɘɠ ŬɜŬɚɨůŮɘɠ ŮɑɜŬɘ əŬɜɞɜɘəɞˊɞɘɖɛɏɜŬ ɤɠ ˊɟɞɠ Űɞ ˊɚɎŰɞɠ  

|w0| ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SH 

 

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ˊŬɟɞɨůŬ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ 

(ɄɑɜŬəŬ 4-1). 

ɄɑɜŬəŬɠ 4-1: ȽŭɘɧŰɖŰŮɠ Űɞɡ ȺŭɎűɞɡɠ 

ȽŭɘɧŰɖŰŮɠ Űɞɡ ȺŭɎűɞɡɠ 

ɟ: ˊɡəɜɧŰɖŰŬ 1800kg/m3 

Cs: ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ 

ȹɘŬŰɛɖŰɘəɩɜ ȾɡɛɎŰɤɜ  

400 m/sec 

ɜ: 

ȿɧɔɞɠ  Poisson 

0.33 

G: ɛɏŰɟɞ ŭɘɎŰɛɖůɖɠ 

 

2.88 108Pa 

kb= ɤ/Cs: 

ȾɡɛŬŰɘəɧɠ ȷɟɘɗɛɧɠ 

0.6283 

ɚ(ůŰŬɗŮɟɎ lame) 5.76 108Pa 

ɛ (ůŰŬɗŮɟɎ lame) 2.88 108Pa 

 

4.1.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ 

 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ əɡəɚɘəɐ ɞˊɐ 

ŬəŰɑɜŬɠ r=1ɛ ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟɞɨɜ ɜŬ ɗŮɤɟɖɗɞɨɜ 

ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-3Ŭ&ɓ). ȼ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ əɨəɚɞɡ ŬəŰɑɜŬɠ R ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), ůŰɞ 

ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ3-4) Űɞɡ ȾŮű.3:  

w=f(ɕ)=rɕ, ɧˊɞɡ r=1ɛ ,ȾŮű.3,(ůɢɏůɖ 3-4).  
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Ɇɢ.4-3: ȾɨɛŬ SH ́ ɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ əɡəɚɘəɞɨ ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, 

ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ əɡəɚɘəɐ ɞˊɐ ŬəŰɑɜŬɠ r=1ɛ, ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ 

əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ, ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec. Ƀɘ 

ɘŭɘɧŰɖŰŮɠ Űɞɡ ȺŭɎűɞɡɠ, ɞɘ ɞɘɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɞɜ    (ɄɑɜŬəŬ 

4-1). 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uz=w əŬɘ Űɖɠ ŰɎůɖɠ tɗz ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ, ŮűŬɟɛɧɕɞɜŰŬɠ Űɖɜ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ὸ π , ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ. ɈˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ ůɡɜŰŮɚŮůŰɏɠ An əŬɘ ůŰɖɜ ůɡɜɏɢŮɘŬ Űɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ws ˊɞɡ 

ŬɜŰɘůŰɞɘɢŮɑ ůŰɖ ɛŮŰŬəɑɜɖůɖ Ŭˊɧ Űɞ ůəŮŭŬɕɧɛŮɜɞ əɨɛŬ əŬɗɩɠ əŬɘ Űɞ  ůɡɜɞɚɘəɧ əɡɛŬŰɘəɧ 

ŭɡɜŬɛɘəɧ w. ŪŮɤɟɞɨɛŮ |w0|=1. 

ɆŰɖ ůɡɜɏɢŮɘŬ ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ Űɞ ůɡɜɞɚɘəɧ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɛŮ ɓɎůŮɘ  Űɖ ( ůɢɏůɖ 

4-5) , ˊɞɡ  ŬɜŰɘůŰɞɘɢŮɑ ůŰɖ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ uz əŬŰɎ Űɖ ŭɘŮɨɗɡɜůɖ Űɞɡ ɎɝɞɜŬ Űɞɡ ɡˊɞɔŮɑɞɡ 

ɏɟɔɞɡ ˊɞɡ ˊɟɞəŬɚɞɨɜ ŰŬ ůŮɘůɛɘəɎ əɨɛŬŰŬ SH,  əŬɗɩɠ əŬɘ ɖ ŰɎůɖ ὸ  

ɆŰɞ (Ɇɢ.4-4) ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ɞɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ wi, ws, 

wtot əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗz . 
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Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                                                          

 

 
ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

ws Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ    əɨɛŬŰɞɠ SH                                                                 

 

 
ɔ: Ɇɡɜɞɚɘəɧ ȾɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wtot. ɑůɞ 

ɛŮ Űɖɜ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ əŬŰɎ Űɖɜ 

ȹ/ɜůɖ z  

 

 
ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗz    
 

Ɇɢ.4-4: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ , ůŰɞɜ ˊɚɐɟɖ 

ɢɩɟɞ,    ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

 

4.1.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ əɡəɚɘəɐ ɞˊɐ 

ŬəŰɑɜŬɠ R ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟɞɨɜ ɜŬ ɗŮɤɟɖɗɞɨɜ 

ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space) . ȼ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɞ 

ŮɝɤŰŮɟɘəɧ əɨəɚɞɡ ŬəŰɑɜŬɠ R ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  

Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, əŮɜŰɟɞɓŬɟɘəɎ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ  (ůɢɏůɖ3-4) Űɞɡ ȾŮű.3: 
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 w=f(ɕ)=Rɕ , ȾŮű.3,(ůɢɏůɖ 3-4), ɧˊɞɡ R ɗŮŰɘəɐ ůŰŬɗŮɟɎ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-5). 

 

Ɇɢ.4-5: ȾɨɛŬ SH ́ ɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ əɡəɚɘəɞɨ ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, 

ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɖ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ trz=0 

əŬɘ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ  (ůɢɏůɖ 4-13). ɇɞ ˊɟɞůˊɑˊŰɞɜ əŬɘ Űɞ ůəŮŭŬɕɧɛŮɜɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wi, 

ws ŭɑŭŮŰŬɘ ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 4-15ɓ  & 4-16). 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ əɡəɚɘəɐ ɞˊɐ ŬəŰɑɜŬɠ R=5ɛ, ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ 

ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 

rad/sec .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ   (ɄɑɜŬəŬ 

4-1). 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ɡˊɞɚɞɔɑɕŮŰŬɘ ŬɟɢɘəɎ ɖ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ȾŮű.3 (ůɢɏůɖ 3-4).ɆŰɖ ůɡɜɏɢŮɘŬ ˊŬɟŬɔɤɔɑɕɞɜŰŬɘ ɞɘ (ůɢɏůŮɘɠ 4-15ɓ &      4-

16) ɤɠ ˊɟɞɠ ɕ əŬɘ ‒Ӷ əŬɘ  ɛŮ Űɖɜ ŮűŬɟɛɞɔɐ Űɖɠ ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ ˊɞɡ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 

4-13), ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ Űɘɛɏɠ Űɤɜ An. 

Ƀɘ Űɘɛɏɠ Űɤɜ An ŬɜŰɘəŬɗɑůŰŬɜŰŬɘ ůŰɘɠ  (ůɢɏůŮɘɠ 4-16,4-17 & əŬɘ 4-14) əŬɘ ɡˊɞɚɞɔɑɕɞɜŰŬɘ 

ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ws, w(ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ ) əŬɗɩɠ əŬɘ ɖ ŰɎůɖ  ὸ . 

ɆŰɞ (Ɇɢ.4-6),  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ wi, ws, 

wtot əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗz . 



141 

 

 

 
Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                         

 

 

 
Ɇɢ.ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ 

ŭɡɜŬɛɘəɞɨ ws Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                                        

əɨɛŬŰɞɠ SH                                                               

 
ɔ: Ɇɡɜɞɚɘəɧ ȾɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wtot  ɑůɞ ɛŮ 

Űɖɜ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ əŬŰɎ Űɖɜ ȹ/ɜůɖ z  

 
 

 
ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗz    
 

 

Ɇɢ.4-6: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ   Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ůŰɞɜ ˊɚɐɟɖ ɢɩɟɞ,   

ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

4.1.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ  

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮɚɚŮɘˊŰɘəɐ  ɞˊɐ 

ɛŮ ɖɛɘɎɝɞɜŮɠ a,b  ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟɞɨɜ ɜŬ 

ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space) . ȼ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ 

ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ Űɖɠ ŮɚɚŮɘˊŰɘəɐɠ ɞˊɐɠ  ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ  Űɞɡ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, əŮɜŰɟɞɓŬɟɘəɎ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 3-6) Űɞɡ ȾŮű.3 : 
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 ύ Ὢ‒ Ὑ‒   , ɧˊɞɡ ‒ ὶὩ  , Ὑ   , ά , ȾŮű.3,(ůɢɏůɖ 3-6),  ɧˊɞɡ a&b 

ɞ ɛŮɔɎɚɞɠ əŬɘ ɞ ɛɘəɟɧɠ ɎɝɞɜŬɠ ŬɜŰɑůŰɞɘɢŬ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-7). 

 

 Ɇɢ.4-7: ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ ŮɚɚŮɘˊŰɘəɞɨ ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ 

ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɖ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ trz=0 

əŬɘ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-13). ɇɞ ˊɟɞůˊɑˊŰɞɜ əŬɘ Űɞ ůəŮŭŬɕɧɛŮɜɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wi, 

ws ŭɑŭŮŰŬɘ ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 4-15ɓ & 4-16). 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ ŮɚɚŮɘˊŰɘəɐ ɞˊɐ  ɛŮ ɖɛɘɎɝɞɜŮɠ a=6ɛ & b=5ɛ. ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ 

ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 

rad/sec . Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ             

(ɄɑɜŬəŬ 4-1).  

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ɡˊɞɚɞɔɑɕŮŰŬɘ ŬɟɢɘəɎ ɖ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ȾŮű.3,(ůɢɏůɖ 3-6) . ȷˊɧ Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ ŭɘŬŰɞɛɐɠ ˊɟɞəɨˊŰŮɘ :    

R=5.5, m= 0.090 

ɆŰɖ ůɡɜɏɢŮɘŬ ˊŬɟŬɔɤɔɑɕɞɜŰŬɘ ɞɘ (ůɢɏůŮɘɠ 4-15ɓ &4-16) ɤɠ ˊɟɞɠ ɕ əŬɘ ‒Ӷ əŬɘ  ɛŮ Űɖɜ ŮűŬɟɛɞɔɐ 

Űɖɠ ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ ɛŮ ɓɎůɖ Űɖ (ůɢɏůɖ 4-13), ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ Űɘɛɏɠ Űɤɜ An.Ƀɘ Űɘɛɏɠ 

Űɤɜ An ŬɜŰɘəŬɗɘůŰɩɜŰŬɘ ůŰɘɠ  (ůɢɏůŮɘɠ 4-16, 4-17 & 4-14) əŬɘ ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ 

ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ws, w(ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ ) əŬɗɩɠ əŬɘ ɖ ŰɎůɖ  ὸ . 

ɆŰɞ (Ɇɢ.4-8), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ wi, ws, 

wtot əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗz . 
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Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                         

 

ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

ws Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ  əɨɛŬŰɞɠ SH                                                                                                  

ɔ: Ɇɡɜɞɚɘəɧ ȾɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wtot  ɑůɞ ɛŮ 

Űɖɜ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ əŬŰɎ Űɖɜ ȹ/ɜůɖ z  
 

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗz    
 

Ɇɢ.4-8: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ůŰɞɜ ˊɚɐɟɖ ɢɩɟɞ, ɡˊɧ 

ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

 

 

 

4.1.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŰŮŰɟŬɔɤɜɘəɐ 

ŭɘŬŰɞɛɐ ˊɚŮɡɟɎɠ asq ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟɞɨɜ ɜŬ 

ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.4-9). ȼ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ Űɖɠ ŰŮŰɟŬɔɤɜɘəɐɠ  ɞˊɐɠ  ůŰɞ ŮˊɑˊŮŭɞ 
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w=(x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, əŮɜŰɟɞɓŬɟɘəɎ ŭɑŭŮŰŬɘ Ŭˊɧ 

Űɖ (ůɢɏůɖ 3-10) Űɞɡ  ȾŮű.3: 

ύ Ὢ‒ Ὑ ‒  ,  ȾŮű.3 (ůɢɏůɖ 3-10),                   

ɧˊɞɡ:  ὧ πȢρφφφχȟὧ πȢπρχψυχȟ       ‒ ὶὩ ȟὶ ρ ȟὙ
Ȣ

 

 

Ɇɢ.4-9: ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ ŰŮŰɟŬɔɤɜɘəɞɨ ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ 

ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɖ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ trz=0 

əŬɘ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-13). ɇɞ ˊɟɞůˊɑˊŰɞɜ əŬɘ Űɞ ůəŮŭŬɕɧɛŮɜɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wi, 

ws ŭɑŭŮŰŬɘ ŬɜŰɑůŰɞɘɢŬ  Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 4-15ɓ &4-16). 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ ŰŮŰɟŬɔɤɜɘəɐ ŭɘŬŰɞɛɐ ˊɚŮɡɟɎɠ 10ɛ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ 

ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ, ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 

rad/sec  .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ    (ɄɑɜŬəŬ 

4-1).ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ɡˊɞɚɞɔɑɕŮŰŬɘ ŬɟɢɘəɎ ɖ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ȾŮű.3, (ůɢɏůɖ 3-10). ȷˊɧ Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ ŭɘŬŰɞɛɐɠ ˊɟɞəɨˊŰŮɘ :     

R=5.874149 

ɆŰɖ ůɡɜɏɢŮɘŬ ˊŬɟŬɔɤɔɑɕɞɜŰŬɘ ɞɘ (ůɢɏůŮɘɠ 4-15ɓ &4-16) ɤɠ ˊɟɞɠ ɕ əŬɘ ‒Ӷ əŬɘ  ɛŮ Űɖɜ ŮűŬɟɛɞɔɐ 

Űɖɠ ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ ˊɞɡ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ  (ůɢɏůɖ 4-13), ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ Űɘɛɏɠ Űɤɜ An.Ƀɘ  



145 

 

Űɘɛɏɠ Űɤɜ An ŬɜŰɘəŬɗɑůŰŬɜŰŬɘ ůŰɘɠ  (ůɢɏůŮɘɠ 4-16, 4-17 & 4-14) əŬɘ ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ 

ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ws, w(ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ ) əŬɗɩɠ əŬɘ ɖ ŰɎůɖ  ὸ .ɆŰɞ (Ɇɢ.4-10), 

ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ, ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ wi, ws, wtot əŬɗɩɠ 

əŬɘ ɖ ŰɎůɖ tɗz .  

Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                         

 

 

ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

ws Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ  əɨɛŬŰɞɠ SH                                                                                                  

ɔ: Ɇɡɜɞɚɘəɧ ȾɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wtot  ɑůɞ ɛŮ 

Űɖɜ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ əŬŰɎ Űɖɜ ȹ/ɜůɖ z  
 

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗz    

 
 

Ɇɢ.4-10: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ   ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ  , ůŰɞɜ ˊɚɐɟɖ ɢɩɟɞ,  ɡˊɧ 

ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

 

4.1.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ  ŭɘŬŰɞɛɐ 

ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ ɨɣɞɡɠ H əŬɘ ˊɚɎŰɞɡɠ W  ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ  ůŮ ɛŮɔɎɚɞ 

ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟɞɨɜ ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space) . ȼ ůɡɜɎɟŰɖůɖ 
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ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ Űɖɠ ˊŮŰŬɚɞŮɘŭɞɨɠ  ɞˊɐɠ  ůŰɞ ŮˊɑˊŮŭɞ 

w=(x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, əŮɜŰɟɞɓŬɟɘəɎ ŭɑŭŮŰŬɘ Ŭˊɧ 

Űɖ (ůɢɏůɖ 3-13) Űɞɡ ȾŮű.3 : 

ύ Ὢ‒
Ѝ
ὙὩ ‒ , ȾŮű.3,(ůɢɏůɖ 3-13)  

ɧˊɞɡ: ‒ ὶὩ ȟὶ ρ əŬɘ ɞɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ R, a3,b1,a2 ɓŮɚŰɘůŰɞˊɞɘɞɨɜŰŬɘ Ŭˊɧ Űɘɠ 

Ŭɟɢɘəɏɠ,  ɛŮ Űɖɜ ɟɞɡŰɑɜŬ ŮɚŬɢɑůŰɤɜ ŰŮŰɟŬɔɩɜɤɜ Űɞɡ ɛŬɗɖɛŬŰɘəɞɨ ɚɞɔɘůɛɘəɞɨ ˊŬəɏŰɞɡ  

MATLAB , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-11). 

 

Ɇɢ.4-11: ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ 

ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɖ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ trz=0 

əŬɘ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-13). ɇɞ ˊɟɞůˊɑˊŰɞɜ əŬɘ Űɞ ůəŮŭŬɕɧɛŮɜɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wi, 

ws ŭɑŭŮŰŬɘ Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 4-15ɓ &4-16). 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ  ɛɘŬ ˊŮŰŬɚɞŮɘŭɐ  ŭɘŬŰɞɛɐ  ɨɣɞɡɠ H=7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ W=9.5ɛ  ůŰɞ ŮˊɑˊŮŭɞ w, 

ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ, ɛŮ əɡəɚɘəɐ 

ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec . Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ 

ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ    (ɄɑɜŬəŬ 4-1). 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ɡˊɞɚɞɔɑɕŮŰŬɘ ŬɟɢɘəɎ ɖ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ȾŮű.3,(ůɢɏůɖ 3-13). Ƀɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ , ɞɘ ɞˊɞɑɞɘ ˊɟɞůŮɔɔɑɕɞɡɜ 

əŬɚɨŰŮɟŬ Űɞ ˊɟŬɔɛŬŰɘəɧ ůɢɐɛŬ, ˊɟɞəɨˊŰɞɡɜ ɛŮŰɎ Ŭˊɧ ɓŮɚŰɘůŰɞˊɞɑɖůɖ ɛŮ Űɖ ɟɞɡŰɑɜŬ 

ŮɚŬɢɑůŰɤɜ ŰŮŰɟŬɔɩɜɤɜ Űɞɡ MATLAB  : b1=0.104, a2, =0.047, a3=0.029, R=3.148133997. 
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ɆŰɖ ůɡɜɏɢŮɘŬ ˊŬɟŬɔɤɔɑɕɞɜŰŬɘ ɞɘ (ůɢɏůŮɘɠ 4-15ɓ &4-16) ɤɠ ˊɟɞɠ ɕ əŬɘ ‒Ӷ əŬɘ  ɛŮ Űɖɜ ŮűŬɟɛɞɔɐ 

Űɖɠ ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ ˊɞɡ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-13), ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ Űɘɛɏɠ Űɤɜ An.Ƀɘ 

Űɘɛɏɠ Űɤɜ An ŬɜŰɘəŬɗɑůŰŬɜŰŬɘ ůŰɘɠ  (ůɢɏůŮɘɠ 4-16, 4-17 &4-14) əŬɘ ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ 

ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ws, w(ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ ) əŬɗɩɠ əŬɘ ɖ ŰɎůɖ  ὸ . 

ɆŰɞ (Ɇɢ.4-12), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ wi, ws, 

wtot əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗz.       

Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                         

 

ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

ws Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ    əɨɛŬŰɞɠ SH                                                                                                   

 

ɔ: Ɇɡɜɞɚɘəɧ ȾɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wtot  ɑůɞ ɛŮ 

Űɖɜ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ əŬŰɎ Űɖɜ ȹ/ɜůɖ z  
 

 

Ɇɢ.ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗz    

 
 

   

Ɇɢ.4-12: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ůŰɞɜ ˊɚɐɟɖ 

ɢɩɟɞ,  ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 
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4.2.ȷɜŮˊɏɜŭɡŰɖ Ƀˊɐ ůŰɞɜ  ȼɛɑɢɤɟɞ 

 

ŪŮɤɟɞɨɛŮ ŭɘŬŰɞɛɐ ɡˊɞɔŮɑɞɡ ɏɟɔɞɡ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ  ɓɎɗɞɠ H Ŭˊɧ Űɖɜ 

ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ , ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH, ɛŮ əŬŰŬəɧɟɡűɖ 

ŭɘɎŭɞůɖ, ůŰɞ ŮˊɑˊŮŭɞ w, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-13Ŭ). ȰůŰɤ w(ɕ), ɖ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɖɜ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞɜ 

ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ əŮɜŰɟɞɓŬɟɘəɎ. 

 

 

 Ɇɢ.4-13: ȾɨɛŬ SH ́ ɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ  ůŮ  ɓɎɗɞɠ H, ůŰɞ 

ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  ůŮ ɓɎɗɞɠ h ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ȳˊɤɠ ŬɜŬűɏɟɗɖəŮ əŬɘ ůŰɞ ȾŮű.2,(Ɇɢ.2-28),   ɖ ɚɨůɖ  Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ Űɞɡ ɖɛɑɢɤɟɞɡ (Half 

Space)  ɔɘŬ  ŭɘŬŰɞɛɐ ɡˊɞɔŮɑɞɡ ɏɟɔɞɡ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ,  ˊɞɡ  ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ 

ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ, ŮˊɘŰɡɔɢɎɜŮŰŬɘ ɛŮ Űɖɜ çɛɏɗɞŭɞ Űɤɜ əŬŰɞˊŰɟɘəɩɜ Ůɘəɧɜɤɜè, çmethod 

of mirror imagesè,  ɛŮ ɎɝɞɜŬ ůɡɛɛŮŰɟɑŬɠ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, (Lee & Trifunac, 1979),  

(Manoogian, 2000), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-14). ȼ ɛɏɗɞŭɞɠ ŬɡŰɐ ɛˊɞɟŮɑ ɜŬ ŮűŬɟɛɞůŰŮɑ ůŰɖɜ 

ˊŮɟɑˊŰɤůɖ Űɤɜ əɡɛɎŰɤɜ SH ɚɧɔɤ Űɤɜ ɘŭɘɞŰɐŰɤɜ Űɞɡɠ, ŰŬ ɞˊɞɑŬ ˊɟɞəŬɚɞɨɜ ɛŮŰŬəɘɜɐůŮɘɠ 

çŮəŰɧɠ Ůˊɘˊɏŭɞɡ ŭɘŬŰɞɛɐɠè, ůŮ ŬɜŰɑɗŮůɖ ɛŮ ŰŬ əɨɛŬŰŬ P & SV. ɆɡɜŮˊɩɠ, ɛŮ Űɖ ɗŮɩɟɖůɖ ŬɡŰɐ,  

Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ɖɛɑɢɤɟɞɡ ŬɜɎɔŮŰŬɘ  ůŮ ˊɟɧɓɚɖɛŬ ˊɚɐɟɞɡɠ ɢɩɟɞɡ . ȰŰůɘ ɞ ɢɩɟɞɠ ɛŮŰŬɝɨ Űɖɠ 

ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɖɠ ŭɘŬŰɞɛɐɠ ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞ ɛŮ ŭɨɞ ůɡɛɛŮŰɟɘəɏɠ ŭɘŬŰɞɛɏɠ, ɛŮ 

ɎɝɞɜŬ ůɡɛɛŮŰɟɑŬɠ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ.   
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Ɇɢ.4-14: Ʉɟɞůɞɛɞɑɤůɖ Űɞɡ ɖɛɑɢɤɟɞɡ ůŮ ˊŮɟɑˊŰɤůɖ ˊɟɧůˊŰɤůɖɠ əɡɛɎŰɤɜ SH  

ɇɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ  wi ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɟɞůˊɑˊŰɞɜ əɨɛŬ ůŰɖɜ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ 

ůɢɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ɖ ɞˊɞɑŬ ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɛŮ Űɖɜ 

ůɡɜɎɟŰɖůɖ ŬˊŮɘəɧɜɘůɖɠ ɤ(ɕ), ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ əɎŰɤɗɘ ůɢɏůɖ :  

ύ ȿύ ȿὩ
ρ

ς
‐ὭὐὯȿȿ‒‫

‒‫

ȿȿ‒‫
Ὥ

‒‫

ȿȿ‒‫
Ὥ  

                                                                                                                                      (4-18) 

ȷɜŰɑůŰɞɘɢŬ Űɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wr ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ŬɜŬəɚɩɛŮɜɞ əɨɛŬ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ 

ůɢɏůɖ : 

ύ ȿύ ȿὩ
ρ

ς
‐ ὭὐὯȿȿ‒‫

‒‫

ȿȿ‒‫
Ὥ

‒‫

ȿȿ‒‫
Ὥ  

                                                                                                                                     (4-19) 

ȳˊɞɡ |w0| =1 əŬɘ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SH 

ɇɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ws1
 ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ůəŮŭŬɕɧɛŮɜɞ əɨɛŬ Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ, ŭɑŭŮŰŬɘ 

Ŭˊɧ Űɖ ůɢɏůɖ: 

 ύίρ
ρ
ς

ὃὲὌὲὯὦȿȿ‒‫
‒‫
ȿȿ‒‫

ὲ

Ὥὲ
‒‫
ȿȿ‒‫

ὲ

Ὥὲ
Њ

ὲ π

                                                               

                                                                                                                                       (4-20)                                                                                                                                
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ɇɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ws2
 ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ůəŮŭŬɕɧɛŮɜɞ əɨɛŬ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ 

ŮŭɎűɞɡɠ,  ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ:                                   

ύ
ρ

ς
ὃὌ Ὧȿ‒‫ ςὭὌȿ

‒‫ ςὭὌ

ȿ‒‫ ςὭὌȿ
Ὥ
‒‫ ςὭὌ

ȿ‒‫ ςὭὌȿ
Ὥ                                    

                                                                                                                                            (4-21) 

ɇɞ ůɡɜɞɚɘəɧ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ (4-22) 

w=wi+ wr+ws1 +ws2  

                                                                                                                                          (4-22)  

əŬɘ ɘůɞɨŰŬɘ ɛŮ Űɖɜ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ əŬŰɎ Űɖɜ ŭɘŮɨɗɡɜůɖ z. 

ɀŮ ɓɎůɖ Űɖɜ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ˊɎɜɤ ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ,  ὸ π əŬɘ ɛŮŰɎ 

Ŭˊɧ ˊŬɟŬɔɩɔɖůɖ  Űɤɜ (ůɢɏůŮɤɜ 4-18, 4-19, 4-20, 4-21) ɤɠ ˊɟɞɠ ɕ əŬɘ ‒Ӷ ɡˊɞɚɞɔɑɕɞɜŰŬɘ  ɞɘ 

Űɘɛɏɠ Űɤɜ An  . ɆŰɖ ůɡɜɏɢŮɘŬ ɛŮŰɎ Ŭˊɧ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ An  ůŰɘɠ (ůɢɏůŮɘɠ 4-19,4-22,    4-14) 

ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ Űɘɛɏɠ Űɤɜ w əŬɘ ὸ, ŬɜŰɑůŰɞɘɢŬ. ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ 

ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ Űɘɠ ŬɜŬɚɨůŮɘɠ ŮɑɜŬɘ əŬɜɞɜɘəɞˊɞɘɖɛɏɜŬ ɤɠ ˊɟɞɠ Űɞ ˊɚɎŰɞɠ  |w0| ́ ɞɡ ŬɜŰɘůŰɞɘɢŮɑ 

ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SH 

Ƀɘ Űɨˊɞɘ  Űɤɜ ŰɎůŮɤɜ ůŰɞ ŮˊɑˊŮŭɞ ɕ ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ : (ůɢɏůŮɘɠ 4-13 &4-14) 

ὸ
‘

ȿ‫ ‒ȿ

‬ύ

‬‒
Ὡ

‬ύ

‬‒Ӷ
Ὡ  

                                                                                                                                                             (4-13) 

ὸ
Ὥ‘

ȿ‫ ‒ȿ

‬ύ

‬‒
Ὡ

‬ύ

‬‒Ӷ
Ὡ  

                                                                                                                                        (4-14) 

4.2.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ůŮ ɓɎɗɞɠ h 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ əɡəɚɘəɐ ɞˊɐ 

ŬəŰɑɜŬɠ r=1ɛ ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛɘəɟɧ ɓɎɗɞɠ  h, ɞˊɧŰŮ ɛˊɞɟɞɨɜ ɜŬ 

ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ  ɖɛɑɢɤɟɞɡ (half space). ȼ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ 

ŮűŬɟɛɧɕŮŰŬɘ əŮɜŰɟɞɓŬɟɘəɎ ŮɑɜŬɘ ɖ  : w=ɕ=reiɗ , ɧˊɞɡ r=1ɛ , ȾŮű.3,(ůɢɏůɖ 3-4), Ůɜɩ ɞ ɢɩɟɞɠ 
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ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɖɠ əɡəɚɘəɐɠ ɞˊɐɠ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.4-15Ŭ), ŮɑɜŬɘ 

ɘůɞŭɨɜŬɛɞɠ ɛŮ Űɞɜ ɢɩɟɞ ɛŮŰŬɝɨ ŭɨɞ ůɡɛɛŮŰɟɘəɩɜ əɡəɚɘəɩɜ ɞˊɩɜ ɛŮ ɎɝɞɜŬ ůɡɛɛŮŰɟɑŬɠ Űɖɜ 

ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.4-15ɓ). ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɖ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ 

ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ trz=0 əŬɘ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-13). ɇɞ 

ˊɟɞůˊɑˊŰɞɜ, Űɞ ŬɜŬəɚɩɛŮɜɞ əŬɗɩɠ  əŬɘ ŰŬ ůəŮŭŬɕɧɛŮɜŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ Ŭˊɧ Űɖɜ əɡəɚɘəɐ 

ɞˊɐ əŬɘ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ  wi, wr ws1, ws2 ŭɑŭɞɜŰŬɘ ŭɘŬŭɞɢɘəɎ  Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ  4-18,    

4-19, 4-20 & 4-21).ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ ŪŮɤɟɞɨɛŮ əɡəɚɘəɐ ɞˊɐ ŬəŰɑɜŬɠ r=1ɛ, ůŮ ɓɎɗɞɠ 

h=2ɛ  , ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ 

əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec . Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ 

ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ    (ɄɑɜŬəŬ 4-1). 

 

Ɇɢ.4-15: ɄɟɞůˊɑˊŰɞɜ ȾɨɛŬ SH ɛŮ  əŬŰŬəɧɟɡűɖ ŭɘŮɨɗɡɜůɖ ŭɘɎŭɞůɖɠ ˊɎɜɤ  ůŮ əɡəɚɘəɐ ŭɘŬŰɞɛɐ 

ɛɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ r=1ɛ  ůŮ  ɓɎɗɞɠ  h,(ˊɟɧɓɚɖɛŬ ɖɛɑɢɤɟɞɡ) (Ŭ) ˊɟɞůɞɛɞɑɤůɖ Űɞɡ 

ˊɟɞɓɚɐɛŬŰɞɠ  (ɓ). 

ȳˊɤɠ ŬɜŬɚɨůŬɛŮ əŬɘ ˊɟɞɖɔɞɨɛŮɜŬ Űɞ ˊɟɧɓɚɖɛŬ Űɖɠ ɞˊɐɠ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ˊɞɡ ɓɟɑůəŮŰŬɘ 

ůŮ ɓɎɗɞɠ h Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH  

ɛŮ əŬŰŬəɧɟɡűɖ ŭɘɎŭɞůɖ, ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞ ɛŮ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ˊɚɐɟɞɡɠ ɢɩɟɞɡ .   ɀŮ Űɞɜ 

əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ɡˊɞɚɞɔɑɕŮŰŬɘ ŬɟɢɘəɎ ɖ ůɡɜɎɟŰɖůɖ ɕ=reiɗ ȾŮű.3,  (ůɢɏůɖ 

3-4). ɆŰɖ ůɡɜɏɢŮɘŬ ˊŬɟŬɔɤɔɑɕɞɜŰŬɘ ɞɘ (ůɢɏůŮɘɠ 4-18, 4-19 ,4-20, 4-21) ɤɠ ˊɟɞɠ ɕ əŬɘ ‒Ӷ əŬɘ  ɛŮ 

Űɖɜ ŮűŬɟɛɞɔɐ Űɖɠ ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ ˊɞɡ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-13), ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ 

Űɘɛɏɠ Űɤɜ An. 
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Ƀɘ Űɘɛɏɠ Űɤɜ An ŬɜŰɘəŬɗɑůŰŬɜŰŬɘ ůŰɘɠ  (ůɢɏůŮɘɠ 4-19, 4-20, 4-21, 4-22, 4-14) əŬɘ ɡˊɞɚɞɔɑɕɞɜŰŬɘ 

ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ws1, ws2, wtot əŬɗɩɠ əŬɘ ɖ ŰɎůɖ  ὸ . 

ɆŰɞ (Ɇɢ.4-16), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ wi, 

ws1,ws2,wtot əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗz  

 

 

Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi+r Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                     

əɨɛŬŰɞɠ SH                                                          

 

ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ   ŭɡɜŬɛɘəɞɨ 

ws1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ  Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ 

əɨɛŬŰɞɠ SH                                                       

ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ ws2 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                     

əɨɛŬŰɞɠ SH    

 

ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ Ɇɡɜɞɚɘəɞɨ   

ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ wtot                       
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Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗz    

 

 

Ɇɢ.4-16: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ůŮ ɓɎɗɞɠ 

h ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

 

4.2.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ůŮ ɓɎɗɞɠ ȼ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ əɡəɚɘəɐ ɞˊɐ 

ŬəŰɑɜŬɠ R ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛɘəɟɧ ɓɎɗɞɠ ȼ, ɞˊɧŰŮ ɛˊɞɟɞɨɜ ɜŬ ɗŮɤɟɖɗɞɨɜ 

ůɡɜɗɐəŮɠ ɖɛɑɢɤɟɞɡ  (half space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-17Ŭ). ȼ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ əɨəɚɞɡ ŬəŰɑɜŬɠ R ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), ůŰɞ 

ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, əŮɜŰɟɞɓŬɟɘəɎ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ : 

w=f(ɕ)=Rɕ, ȾŮű.3,(ůɢɏůɖ  3-4), Ůɜɩ ɞ ɢɩɟɞɠ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɖɠ 

əɡəɚɘəɐɠ ɞˊɐɠ ,  ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞɠ ɛŮ Űɞɜ ɢɩɟɞ ɛŮŰŬɝɨ ŭɨɞ ůɡɛɛŮŰɟɘəɩɜ əɡəɚɘəɩɜ ɞˊɩɜ ɛŮ 

ɎɝɞɜŬ ůɡɛɛŮŰɟɑŬɠ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.4-17ɓ).    

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɖ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ trz=0 

əŬɘ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-13). ɇɞ ˊɟɞůˊɑˊŰɞɜ, Űɞ ŬɜŬəɚɩɛŮɜɞ əŬɗɩɠ  əŬɘ ŰŬ ůəŮŭŬɕɧɛŮɜŬ 

əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ Ŭˊɧ Űɖɜ əɡəɚɘəɐ ɞˊɐ əŬɘ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ  wi, wr ws1, ws2 ŭɑŭɞɜŰŬɘ 

ŭɘŬŭɞɢɘəɎ  Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 4-18, 4-19, 4-20, 4-21). 
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Ɇɢ.4-17:ɄɟɞůˊɑˊŰɞɜ ȾɨɛŬ SH ɛŮ  əŬŰŬəɧɟɡűɖ ŭɘŮɨɗɡɜůɖ ŭɘɎŭɞůɖɠ ˊɎɜɤ  ůŮ əɡəɚɘəɐ ŭɘŬŰɞɛɐ  

ŬəŰɑɜŬɠ R  ůŮ  ɓɎɗɞɠ  H,(ˊɟɧɓɚɖɛŬ ɖɛɑɢɤɟɞɡ) (Ŭ) ˊɟɞůɞɛɞɑɤůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ  (ɓ). 
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ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ əɡəɚɘəɐ ɞˊɐ ŬəŰɑɜŬɠ R=5ɛ, ůŮ ɓɎɗɞɠ H=10ɛ  , ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ 

əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec.  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ   (ɄɑɜŬəŬ 

4-1).ȳˊɤɠ ŬɜŬɚɨůŬɛŮ əŬɘ ˊɟɞɖɔɞɨɛŮɜŬ Űɞ ˊɟɧɓɚɖɛŬ Űɖɠ ɞˊɐɠ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ˊɞɡ 

ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ 

Űɨˊɞɡ SH  ɛŮ əŬŰŬəɧɟɡűɖ ŭɘɎŭɞůɖ, ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞ ɛŮ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ˊɚɐɟɞɡɠ ɢɩɟɞɡ .   

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ɡˊɞɚɞɔɑɕŮŰŬɘ ŬɟɢɘəɎ ɖ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ ȾŮű.3, (ůɢɏůɖ 3-4). ɆŰɖ ůɡɜɏɢŮɘŬ ˊŬɟŬɔɤɔɑɕɞɜŰŬɘ ɞɘ 

(ůɢɏůŮɘɠ 4-18, 4-19, 4-20 &4-21) ɤɠ ˊɟɞɠ ɕ əŬɘ ‒Ӷ əŬɘ  ɛŮ Űɖɜ ŮűŬɟɛɞɔɐ Űɖɠ ůɡɜɞɟɘŬəɐɠ 

ůɡɜɗɐəɖɠ Űɖɠ (ůɢɏůɖɠ 4-13), ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ Űɘɛɏɠ Űɤɜ An. 

Ƀɘ Űɘɛɏɠ Űɤɜ An ŬɜŰɘəŬɗɑůŰŬɜŰŬɘ ůŰɘɠ  (ůɢɏůŮɘɠ 4-19, 4-20, 4-21, 4-22 & 4-14) əŬɘ 

ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ws1, ws2, w(ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ ) əŬɗɩɠ əŬɘ 

ɖ ŰɎůɖ  ὸ . 

ɆŰɞ (Ɇɢ.4-18), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ wi, 

ws1,ws2,wtot əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗz 

                                                       

Ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi+r Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                     

əɨɛŬŰɞɠ SH                                                          

 

  
ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

ws1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ   Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ 

əɨɛŬŰɞɠ SH                                                                                                            
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ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ ws2 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                     

əɨɛŬŰɞɠ SH    

 

 

 
ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ Ɇɡɜɞɚɘəɞɨ ȾɡɛŬŰɘəɞɨ 

ŭɡɜŬɛɘəɞɨ wtot                                            

    

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗz    

 

 

Ɇɢ.4-18: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ  Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ůŮ ɓɎɗɞɠ ȼ, ɡˊɧ 

ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

 

4.2.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮɚɚŮɘˊŰɘəɐ ɞˊɐ 

ɛŮ ɖɛɘɎɝɞɜŮɠ a & b ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛɘəɟɧ ɓɎɗɞɠ ȼ, ɞˊɧŰŮ ɛˊɞɟɞɨɜ  ɜŬ 

ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ɖɛɑɢɤɟɞɡ  (half space) . ȼ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ 

Űɞ ŮɝɤŰŮɟɘəɧ ŮɚɚŮɘˊŰɘəɐɠ ɞˊɐɠ ɛŮ ɖɛɘɎɝɞɜŮɠ a & b  ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ Űɞɡ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, əŮɜŰɟɞɓŬɟɘəɎ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ      3-6), Űɞɡ ȾŮű.3,  

Ůɜɩ ɞ ɢɩɟɞɠ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɖɠ ŮɚɚŮɘˊŰɘəɐɠ ɞˊɐɠ ,  ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞɠ ɛŮ 
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Űɞɜ ɢɩɟɞ ɛŮŰŬɝɨ ŭɨɞ ůɡɛɛŮŰɟɘəɩɜ ŮɚɚŮɘˊŰɘəɩɜ  ɞˊɩɜ ɛŮ ɎɝɞɜŬ ůɡɛɛŮŰɟɑŬɠ Űɖɜ ŮɚŮɨɗŮɟɖ 

ŮˊɘűɎɜŮɘŬ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.4-19): 

 ύ Ὢ‒ Ὑ‒   , ɧˊɞɡ ‒ ὶὩ  , Ὑ   , ά , ȾŮű.3,(ůɢɏůɖ 3-6)  

 ɧˊɞɡ a & b ɞ ɛŮɔɎɚɞɠ əŬɘ ɞ ɛɘəɟɧɠ ɎɝɞɜŬɠ ŬɜŰɑůŰɞɘɢŬ. 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɖ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ trz=0 

əŬɘ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-13). ɇɞ ˊɟɞůˊɑˊŰɞɜ, Űɞ ŬɜŬəɚɩɛŮɜɞ əŬɗɩɠ  əŬɘ ŰŬ ůəŮŭŬɕɧɛŮɜŬ 

əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ Ŭˊɧ Űɖɜ əɡəɚɘəɐ ɞˊɐ əŬɘ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ  wi, wr ws1, ws2 ŭɑŭɞɜŰŬɘ 

ŭɘŬŭɞɢɘəɎ  Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 4-18, 4-19, 4-20 & 4-21). 

 

 

 

 h
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Ɇɢ.4-19:ɄɟɞůˊɑˊŰɞɜ ȾɨɛŬ SH ɛŮ  əŬŰŬəɧɟɡűɖ ŭɘŮɨɗɡɜůɖ ŭɘɎŭɞůɖɠ ˊɎɜɤ  ůŮ ŮɚɚŮɘˊŰɘəɐ  

ŭɘŬŰɞɛɐ ɛŮ ɖɛɘɎɝɞɜŮɠ a & b  ůŮ  ɓɎɗɞɠ  H,(ˊɟɧɓɚɖɛŬ ɖɛɑɢɤɟɞɡ) (Ŭ) ˊɟɞůɞɛɞɑɤůɖ Űɞɡ 

ˊɟɞɓɚɐɛŬŰɞɠ  (ɓ). 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ ŮɚɚŮɘˊŰɘəɐ ɞˊɐ ɛŮ ɖɛɘɎɝɞɜŮɠ a=6ɛ & b=5ɛ, ůŮ ɓɎɗɞɠ H=10ɛ  , ůŰɖɜ ɞˊɞɑŬ 

ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ 

ɤ=251.32 rad/sec .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ    (ɄɑɜŬəŬ 

4-1). 

ȳˊɤɠ ŬɜŬɚɨůŬɛŮ əŬɘ ˊɟɞɖɔɞɨɛŮɜŬ Űɞ ˊɟɧɓɚɖɛŬ Űɖɠ ɞˊɐɠ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ˊɞɡ ɓɟɑůəŮŰŬɘ 

ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH  

ɛŮ əŬŰŬəɧɟɡűɖ ŭɘɎŭɞůɖ, ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞ ɛŮ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ˊɚɐɟɞɡɠ ɢɩɟɞɡ .   ɀŮ Űɞɜ 

əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ɡˊɞɚɞɔɑɕŮŰŬɘ ŬɟɢɘəɎ ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ, 

ˊɞɡ  ŬɜŬűɏɟŮŰŬɘ ůŰɞ ȾŮű.3 (ůɢɏůɖ 3-6). ɆŰɖ ůɡɜɏɢŮɘŬ ˊŬɟŬɔɤɔɑɕɞɜŰŬɘ ɞɘ (ůɢɏůŮɘɠ 4-18,            

4-19, 4-20, 4-21) ɤɠ ˊɟɞɠ ɕ əŬɘ ‒Ӷ əŬɘ  ɛŮ Űɖɜ ŮűŬɟɛɞɔɐ Űɖɠ ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ Űɖɠ  (ůɢɏůɖɠ 

4-13), ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ Űɘɛɏɠ Űɤɜ An. 
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Ƀɘ Űɘɛɏɠ Űɤɜ An ŬɜŰɘəŬɗɑůŰŬɜŰŬɘ ůŰɘɠ  (ůɢɏůŮɘɠ 4-19, 4-20, 4-21, 4-22 &4-14) əŬɘ 

ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ws1, ws2, w(ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ ) əŬɗɩɠ əŬɘ 

ɖ ŰɎůɖ  ὸ . 

ɆŰɞ (Ɇɢ.4-20)  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ wi, 

ws1,ws2,wtot əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗz 

 

 

 

 

 

 

 

                                                         

Ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi+r Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                     

əɨɛŬŰɞɠ SH                                                          

 

  

 
ɓ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

ws1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ  Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ 

əɨɛŬŰɞɠ SH                                                                                                             
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ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ ws2 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                     

əɨɛŬŰɞɠ SH    

 

 

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ Ɇɡɜɞɚɘəɞɨ ȾɡɛŬŰɘəɞɨ 

ŭɡɜŬɛɘəɞɨ wtot                                          

    

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗz    

 

 

Ɇɢ.4-20: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ,  ɡˊɧ 

ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

 

4.2.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŰŮŰɟŬɔɤɜɘəɐ 

ŭɘŬŰɞɛɐ ˊɚŮɡɟɎɠ asq  ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛɘəɟɧ ɓɎɗɞɠ ȼ, ɞˊɧŰŮ ɛˊɞɟɞɨɜ  ɜŬ 

ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ɖɛɑɢɤɟɞɡ  (half space). ȼ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ 

Űɞ ŮɝɤŰŮɟɘəɧ Űɖɠ ŰŮŰɟŬɔɤɜɘəɐɠ  ɞˊɐɠ   ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, əŮɜŰɟɞɓŬɟɘəɎ  ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 3-10) Űɞɡ  ȾŮű.3, Ůɜɩ ɞ ɢɩɟɞɠ 

ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɖɠ ŰŮŰɟŬɔɤɜɘəɐɠ ɞˊɐɠ,  ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞɠ ɛŮ Űɞɜ ɢɩɟɞ 

1 2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Theta in radians

 

 

w s2

1 2 3 4 5 6 7 8
0

0.5

1

1.5

2

2.5

3

3.5

4

Theta in radians

 

 

w total

1 2 3 4 5 6 7 8
0

1

2

3

4

5

6

7

8
x 10

8

Theta in radians

 

 

S8Z



161 

 

ɛŮŰŬɝɨ ŭɨɞ ůɡɛɛŮŰɟɘəɩɜ ŰŮŰɟŬɔɤɜɘəɩɜ  ɞˊɩɜ ɛŮ ɎɝɞɜŬ ůɡɛɛŮŰɟɑŬɠ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, 

ɧˊɤɠ ůŰɞ (Ɇɢ.4-21) : 

 ύ Ὢ‒ Ὑ ‒  ,     ɧˊɞɡ:                

  ὧ πȢρφφφχȟὧ πȢπρχψυχȟ       ‒ ὶὩ ȟὶ ρ ȟὙ
Ȣ

  

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɖ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ trz=0 

əŬɘ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-13). ɇɞ ˊɟɞůˊɑˊŰɞɜ, Űɞ ŬɜŬəɚɩɛŮɜɞ əŬɗɩɠ  əŬɘ ŰŬ ůəŮŭŬɕɧɛŮɜŬ 

əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ Ŭˊɧ Űɖɜ əɡəɚɘəɐ ɞˊɐ əŬɘ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ  wi, wr ws1, ws2 ŭɑŭɞɜŰŬɘ 

ŭɘŬŭɞɢɘəɎ  Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ  4-18, 4-19, 4-20 &4-21). 

 

 

 

 h
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Ɇɢ.4-21:ɄɟɞůˊɑˊŰɞɜ ȾɨɛŬ SH ɛŮ  əŬŰŬəɧɟɡűɖ ŭɘŮɨɗɡɜůɖ ŭɘɎŭɞůɖɠ ˊɎɜɤ  ůŮ ŰŮŰɟŬɔɤɜɘəɐ 

ŭɘŬŰɞɛɐ ˊɚŮɡɟɎɠ asq    ůŮ  ɓɎɗɞɠ  H,(ˊɟɧɓɚɖɛŬ ɖɛɑɢɤɟɞɡ) (Ŭ) ˊɟɞůɞɛɞɑɤůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ  

(ɓ). 

                  

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ ŰŮŰɟŬɔɤɜɘəɐ ŭɘŬŰɞɛɐ ˊɚŮɡɟɎɠ 10ɛ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ 

ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ, ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 

rad/sec.  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ      (ɄɑɜŬəŬ 

4-1). 

ȳˊɤɠ ŬɜŬɚɨůŬɛŮ əŬɘ ˊɟɞɖɔɞɨɛŮɜŬ Űɞ ˊɟɧɓɚɖɛŬ Űɖɠ ɞˊɐɠ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ˊɞɡ ɓɟɑůəŮŰŬɘ 

ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ əŬɘ ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ 

SH  ɛŮ əŬŰŬəɧɟɡűɖ ŭɘɎŭɞůɖ, ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞ ɛŮ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ˊɚɐɟɞɡɠ ɢɩɟɞɡ . ɀŮ Űɞɜ 

əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ɡˊɞɚɞɔɑɕŮŰŬɘ ŬɟɢɘəɎ ɖ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ,ȾŮű.3(ůɢɏůɖ 3-10) . ȷˊɧ Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ ŭɘŬŰɞɛɐɠ ˊɟɞəɨˊŰŮɘ :     

R=5.874149 
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ɆŰɖ ůɡɜɏɢŮɘŬ ˊŬɟŬɔɤɔɑɕɞɜŰŬɘ ɞɘ (ůɢɏůŮɘɠ 4-18, 4-19, 4-20 & 4-21) ɤɠ ˊɟɞɠ ɕ əŬɘ ‒Ӷ əŬɘ  ɛŮ Űɖɜ 

ŮűŬɟɛɞɔɐ Űɖɠ ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ Űɖɠ (ůɢɏůɖɠ 4-13), ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ Űɘɛɏɠ Űɤɜ An. 

Ƀɘ Űɘɛɏɠ Űɤɜ An ŬɜŰɘəŬɗɑůŰŬɜŰŬɘ ůŰɘɠ  (ůɢɏůŮɘɠ 4-19, 4-20, 4-21, 4-22 & 4-14) əŬɘ 

ɡˊɞɚɞɔɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ws1, ws2, wtot əŬɗɩɠ əŬɘ ɖ ŰɎůɖ  ὸ . 

ɆŰɞ (Ɇɢ.4-22) ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ wi, 

ws1,ws2,wtot əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗz 

 

 

 

 

 

 

 

                                                         

Ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi+r Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                                                            

əɨɛŬŰɞɠ SH                                                                        

 

 

ɓ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                       

ŭɡɜŬɛɘəɞɨ ws1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                                                                                          

Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ əɨɛŬŰɞɠ SH               
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ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ ws2 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                     

əɨɛŬŰɞɠ SH    

 

  

 
ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ Ɇɡɜɞɚɘəɞɨ ȾɡɛŬŰɘəɞɨ 

ŭɡɜŬɛɘəɞɨ wtot                                        

    

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗz    

 

 

Ɇɢ.4-22: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ   ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ   ɡˊɧ 

ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

 

 

4.2.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ůŮ ɓɎɗɞɠ ȼ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŭɘŬŰɞɛɐ 

ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ ɨɣɞɡɠ H əŬɘ ˊɚɎŰɞɡɠ W   ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛɘəɟɧ 

ɓɎɗɞɠ ȼ, ɞˊɧŰŮ ɛˊɞɟɞɨɜ ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ɖɛɑɢɤɟɞɡ  (half space). ȼ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ ˊŮŰŬɚɞŮɘŭɞɨɠ  ɞˊɐɠ ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), 

ůŰɞ ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, əŮɜŰɟɞɓŬɟɘəɎ  ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ  (ůɢɏůɖ 

3-13) Űɞɡ   ȾŮű.3, Ůɜɩ ɞ ɢɩɟɞɠ ɛŮŰŬɝɨ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ əŬɘ Űɖɠ  ɞˊɐɠ ˊŮŰŬɚɞŮɘŭɞɨɠ 
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ůɢɐɛŬŰɞɠ,  ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞɠ ɛŮ Űɞɜ ɢɩɟɞ ɛŮŰŬɝɨ ŭɨɞ ůɡɛɛŮŰɟɘəɩɜ  ɞˊɩɜ ˊŮŰŬɚɞŮɘŭɞɨɠ 

ůɢɐɛŬŰɞɠ ɛŮ ɎɝɞɜŬ ůɡɛɛŮŰɟɑŬɠ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-23): 

ύ Ὢ‒
Ѝ
ὙὩ ‒ , 

ɧˊɞɡ: ‒ ὶὩ ȟὶ ρ əŬɘ ɞɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ R, a3,b1,a2 ɓŮɚŰɘůŰɞˊɞɘɞɨɜŰŬɘ Ŭˊɧ Űɘɠ 

Ŭɟɢɘəɏɠ,  ɛŮ Űɖɜ ɟɞɡŰɑɜŬ ŮɚŬɢɑůŰɤɜ ŰŮŰɟŬɔɩɜɤɜ Űɞɡ ɛŬɗɖɛŬŰɘəɞɨ ɚɞɔɘůɛɘəɞɨ ˊŬəɏŰɞɡ  

MATLAB . 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɖ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ trz=0 

əŬɘ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-13). ɇɞ ˊɟɞůˊɑˊŰɞɜ, Űɞ ŬɜŬəɚɩɛŮɜɞ  əŬɘ ŰŬ ůəŮŭŬɕɧɛŮɜŬ 

əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɎ wi, wr, ws1, ws2 ŭɑŭɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ  Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 4-18, 4-19, 4-20 &   

4-21). 

 

 

 h



166 

 

 

 

 

Ɇɢ.4-23: ɄɟɞůˊɑˊŰɞɜ ȾɨɛŬ SH ɛŮ  əŬŰŬəɧɟɡűɖ ŭɘŮɨɗɡɜůɖ ŭɘɎŭɞůɖɠ ˊɎɜɤ  ůŮ ˊŮŰŬɚɞŮɘŭɐ 

ŭɘŬŰɞɛɐ     ůŮ  ɓɎɗɞɠ  H,(ˊɟɧɓɚɖɛŬ ɖɛɑɢɤɟɞɡ) (Ŭ) ˊɟɞůɞɛɞɑɤůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ  (ɓ). 

 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ  ɛɘŬ ˊŮŰŬɚɞŮɘŭɐ  ŭɘŬŰɞɛɐ  ɨɣɞɡɠ H=7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ W=9.5ɛ  ůŰɞ ŮˊɑˊŮŭɞ w, 

ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ, ɛŮ əɡəɚɘəɐ 

ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ   (ɄɑɜŬəŬ 

4-1). ȳˊɤɠ ŬɜŬɚɨůŬɛŮ əŬɘ ˊɟɞɖɔɞɨɛŮɜŬ Űɞ ˊɟɧɓɚɖɛŬ Űɖɠ ɞˊɐɠ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ˊɞɡ 

ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ 

Űɨˊɞɡ SH  ɛŮ əŬŰŬəɧɟɡűɖ ŭɘɎŭɞůɖ, ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞ ɛŮ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ˊɚɐɟɞɡɠ ɢɩɟɞɡ. ɀŮ 

Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ɡˊɞɚɞɔɑɕŮŰŬɘ ŬɟɢɘəɎ ɖ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ ȾŮű.3,(ůɢɏůɖ 3-13) . Ƀɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ , ɞɘ 

ɞˊɞɑɞɘ ˊɟɞůŮɔɔɑɕɞɡɜ əŬɚɨŰŮɟŬ Űɞ ˊɟŬɔɛŬŰɘəɧ ůɢɐɛŬ, ˊɟɞəɨˊŰɞɡɜ ɛŮŰɎ Ŭˊɧ ɓŮɚŰɘůŰɞˊɞɑɖůɖ 

ɛŮ Űɖ ɟɞɡŰɑɜŬ ŮɚŬɢɑůŰɤɜ ŰŮŰɟŬɔɩɜɤɜ Űɞɡ MATLAB  əŬɘ ŮɑɜŬɘ : b1=0.104, a2, =0.047, a3=0.029, 

R=3.148133997. 
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ɆŰɖ ůɡɜɏɢŮɘŬ ˊŬɟŬɔɤɔɑɕɞɜŰŬɘ ɞɘ (ůɢɏůŮɘɠ 4-18, 4-19, 4-20 &4-21) ɤɠ ˊɟɞɠ ɕ əŬɘ ‒Ӷ əŬɘ  ɛŮ Űɖɜ 

ŮűŬɟɛɞɔɐ Űɖɠ ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ Űɖɠ (ůɢɏůɖɠ 4-13), ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ Űɘɛɏɠ Űɤɜ An. 

Ƀɘ Űɘɛɏɠ Űɤɜ An ŬɜŰɘəŬɗɘůŰɩɜŰŬɘ ůŰɘɠ  (ůɢɏůŮɘɠ 4-19, 4-20, 4-21, 4-22, 4-14) əŬɘ ɡˊɞɚɞɔɑɕɞɜŰŬɘ 

ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ws1, ws2, w(ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ ) əŬɗɩɠ əŬɘ ɖ ŰɎůɖ  ὸ . 

ɆŰɞ (Ɇɢ.4-24), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ wi+r, 

ws1,ws2,wtot əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗz 

 

 

 

 

 

                                                         

Ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi+r Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                     

əɨɛŬŰɞɠ SH                                                          

 

  

ɓ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ  ŭɡɜŬɛɘəɞɨ 

ws1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ Ŭˊɧ Űɖɜ ŭɘŬŰɞɛɐ 

əɨɛŬŰɞɠ SH                                                                                                             
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ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ ws2 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                     

əɨɛŬŰɞɠ SH    

 

  

ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ Ɇɡɜɞɚɘəɞɨ  ȾɡɛŬŰɘəɞɨ 

ŭɡɜŬɛɘəɞɨ wtot                                         

    

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗz    

 

 

Ɇɢ.4-24: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ůŮ ɓɎɗɞɠ ȼ    

ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

 

4.3.ȺˊŮɜŭŮŭɡɛɏɜɖ  Ƀˊɐ  ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ 

ŪŮɤɟɞɨɛŮ ŭɘŬŰɞɛɐ ɡˊɞɔŮɑɞɡ ɏɟɔɞɡ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ˊɎɢɞɡɠ t ůŰɞɜ ˊɚɐɟɖ ɢɩɟɞ , ůŰɖɜ ɞˊɞɑŬ 

ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH, ɛŮ əŬŰŬəɧɟɡűɖ ŭɘɎŭɞůɖ, ůŰɞ ŮˊɑˊŮŭɞ w ɧˊɤɠ űŬɑɜŮŰŬɘ 

ůŰɞ (Ɇɢ.4-25Ŭ). ɇɞ ŰɡɢŬɑɞ ůɢɐɛŬ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ çɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ 

tc è, ɛŮ ŬəŰɑɜŬ Űɞɡ  ŮůɤŰŮɟɘəɞɨ əɨəɚɞɡ  r1=1 əŬɘ ŬəŰɑɜŬ ŮɝɤŰŮɟɘəɞɨ əɨəɚɞɡ r2, ɛŮ ɓɎůɖ 

əŬŰɎɚɚɖɚɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ w(ɕ) ˊɞɡ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɖɜ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ 

ůɢɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ əŮɜŰɟɞɓŬɟɘəɎ.   Ƀɘ əɡɛŬŰɘəɞɑ 

Ŭɟɘɗɛɞɑ ŬɜŰɑůŰɞɘɢŬ ůŰɞ ɏŭŬűɞɠ əŬɘ Űɖɜ Ůˊɏɜŭɡůɖ ŮɑɜŬɘ ɞɘ kbm əŬɘ kbl  ŬɜŰɑůŰɞɘɢŬ. 
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Ƀ ŮɝɤŰŮɟɘəɧɠ əɨəɚɞɠ ŮɑɜŬɘ ‒ ὶὩ  əŬɘ ɞ ŮůɤŰŮɟɘəɧɠ ŮɑɜŬɘ ‒ ὶὩ  

ɆŰɖ ŭɘŬŰɞɛɐ Űɖɠ ůɐɟŬɔɔŬɠ ˊɟɞůˊɑˊŰŮɘ ůŮɘůɛɘəɧ əɨɛŬ Űɨˊɞɡ  SH  ɛŮ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wi, . 

ɇɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ  wi ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɟɞůˊɑˊŰɞɜ əɨɛŬ ůŰɖɜ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ 

ůɢɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ɖ ɞˊɞɑŬ ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ɛɞɜŬŭɘŬɑɞ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ůŰɞ ŮˊɑˊŮŭɞ 

ɕ, ɛŮ  ůɡɜɎɟŰɖůɖ ŬˊŮɘəɧɜɘůɖɠ ɤ(ɕ), ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ :  

ύ ȿύ ȿ
ρ

ς
‐ὭὐὯ ȿȿ‒‫

‒‫

ȿȿ‒‫
Ὥ

‒‫

ȿȿ‒‫
Ὥ  

                                                                                                                                       (4-23) 

ȳˊɞɡ |w0| =1 əŬɘ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SH 

ɇŬ SH əɨɛŬŰŬ ŬɚɚɖɚŮˊɘŭɟɞɨɜ ůŰɖɜ Ŭɟɢɐ ɛŮ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ɛŮ Űɖɜ 

ŭɘŮˊɘűɎɜŮɘŬ Űɞɡ ɛɏůɞɡ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ ɏɜŬ ɛŮɟɞɠ Űɞɡ ɞˊɞɑɞɡ ůəŮŭɎɕŮŰŬɘ  əŬɘ ɏɜŬ ɛɏɟɞɠ 

ŮɘůɏɟɢŮŰŬɘ ůŰɖɜ ŭɘŬŰɞɛɐ  

ɇŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ˊɞɡ ŭɘɏˊɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ ŮɑɜŬɘ : 

ɆŰɞ ɏŭŬűɞɠ : 

ɇɞ ůəŮŭŬɕɧɛŮɜɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ůŰɞ ɏŭŬűɞɠ ws
m ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ əɎŰɤɗɘ (ůɢɏůɖ 4-24) 

ύ В ὃὌ Ὧ ȿȿ‒‫
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ                           

                                                                                                                                     (4-24) 

ɆŰɖɜ Ůˊɏɜŭɡůɖ: 

ɇɞ ůəŮŭŬɕɧɛŮɜɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ůŰɖɜ Ůˊɏɜŭɡůɖ  ws
l ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-25) 

ύ В ὄὌ Ὧȿȿ‒‫
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ                           

                                                                                                                                    (4-25) 

ɇɞ ŭɘŮɟɢɧɛŮɜɞ əɡɛŬŰɘəɞ ŭɡɜŬɛɘəɧ ůŰɖɜ Ůˊɏɜŭɡůɖ  wtr
l ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-26) 

ύ В ὅὌ Ὧȿȿ‒‫
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ                           

                                                                                                                                  (4-26) 



170 

 

 

 

Ɇɢ.4-25:ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ˊɎɢɞɡɠ t ŰɡɢŬɑɞɡ 

ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ˊɎɢɞɡɠ tc (ɓ). 

 

Ƚůɢɨɞɡɜ ɞɘ əɎŰɤɗɘ  3 ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ :     

ɆɡɜɞɟɘŬəɐ Ɇɡɜɗɐəɖ 1 

 

1.ɆŰɖɜ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r1=1 Űɖɠ Ůˊɏɜŭɡůɖɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ, Űɞ ɎɗɟɞɘůɛŬ Űɤɜ ŰɎůŮɤɜ 

 trz  =0   

                                                                                                                                     (4-27) 

ɆɡɜɞɟɘŬəɐ Ɇɡɜɗɐəɖ 2 
 

2.ɆɡɜɏɢŮɘŬ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ɛŮŰŬɝɨ Űɞɡ  ŮŭɎűɞɡɠ əŬɘ Űɖɜ Ůˊɏɜŭɡůɖɠ ˊɎɜɤ ůŰɖɜ 

ŭɘŮˊɘűɎɜŮɘŬ 

 ύ ύ ʘ‏‌•‛‟ύ ύ ‐“ʘ’‏‡„–  

                                                                                                                                      (4-28) 

ɆɡɜɞɟɘŬəɐ Ɇɡɜɗɐəɖ 3 

 

3.ɆɡɜɏɢŮɘŬ Űɤɜ ŰɎůŮɤɜ ɛŮŰŬɝɨ Űɞɡ  ŮŭɎűɞɡɠ əŬɘ Űɖɜ Ůˊɏɜŭɡůɖɠ ˊɎɜɤ ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ 

ὸ ʘ ὸ ʘ                       

                                                                                                                                      (4-29) 
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Ƀɘ ɎɔɜɤůŰɞɘ ůɡɜŰŮɚŮůŰɏɠ An, Bn, Cn ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɛŮ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ ɧˊɤɠ 

ˊɟɞəɨˊŰŮɘ Ŭˊɧ Űɘɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ. ɇɞ ůɨůŰɖɛŬ ŭɑɜŮɘ əŬɚɨŰŮɟŬ  ŬˊɞŰŮɚɏůɛŬŰŬ ɧůɞ  ɖ 

ŬəŬɛɣɑŬ Űɞɡ ŮŭɎűɞɡɠ ˊɚɖůɘɎɕŮɘ Űɖɜ Űɘɛɐ Űɖɠ ŬəŬɛɣɑŬɠ Űɖɠ Ůˊɏɜŭɡůɖɠ. ȹɖɚŬŭɐ ά  ͯά . ɆŮ 

ŬɜŰɑɗŮŰɖ ˊŮɟɑˊŰɤůɖ ˊɟɏˊŮɘ ɜŬ ɚɖűɗŮɑ ɡˊôɧɣɘɜ ɖ ŬɚɚɖɚŮˊɑŭɟŬůɖ ŮŭɎűɞɡɠ-əŬŰŬůəŮɡɐɠ. ɇŬ 

ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ Űɘɠ ŬɜŬɚɨůŮɘɠ ŮɑɜŬɘ əŬɜɞɜɘəɞˊɞɘɖɛɏɜŬ ɤɠ ˊɟɞɠ Űɞ ˊɚɎŰɞɠ  

|w0| ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SH 

 

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ˊŬɟɞɨůŬ 

ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 4-2). 

 

 ɄɑɜŬəŬɠ 4-2: ȽŭɘɧŰɖŰŮɠ Űɞɡ ȺŭɎűɞɡɠ & Űɖɠ Ⱥˊɏɜŭɡůɖɠ 

                                              |ȽŭɘɧŰɖŰŮɠ Űɞɡ ȺŭɎűɞɡɠ ȽŭɘɧŰɖŰŮɠ Űɖɠ Ⱥˊɏɜŭɡůɖɠ 

ɄɡəɜɧŰɖŰŬ ɟs =1800kg/m3            ɟl =2200kg/m3 

ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ 

ȹɘŬŰɛɖŰɘəɩɜ ȾɡɛɎŰɤɜ  

400 m/sec 2383.65m/sec 

ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ 

Ⱥˊɘɛɖəɩɜ  ȾɡɛɎŰɤɜ  

800 m/sec 4767.31 

ȿɞɔɞɠ  Poisson 0.33 0.2 

ɛɏŰɟɞ ŭɘɎŰɛɖůɖɠ 

 

    Gs=2.88Ŀ108Pa        Gl= ρȢςυɇρπ10Pa 

ȾɡɛŬŰɘəɧɠ ȷɟɘɗɛɧɠ ˊɞɡ 

ŬɜŰɘůŰɞɘɢŮɑ ůŰŬ S əɨɛŬŰŬ 

kbs =0.6283 kbl =0.1054 

Ka= ɤ/Cp: 

ȾɡɛŬŰɘəɧɠ ȷɟɘɗɛɧɠ ˊɞɡ 

ŬɜŰɘůŰɞɘɢŮɑ ůŰŬ P əɨɛŬŰŬ 

kas=0.3141 kal=0.0527 

ɚ(ůŰŬɗŮɟɎ lame) 5.76ɇ108Pa  2.5ɇρπ10Pa 

ɛ (ůŰŬɗŮɟɎ lame) 2.88 ɇ108Pa ρȢςυɇρπ10Pa 
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4.3.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ˊɎɢɞɡɠ tc 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ 

əɡəɚɘəɐ ɞˊɐ ŮɝɤŰŮɟɘəɐɠ  ŬəŰɑɜŬɠ r1=1.2ɛ əŬɘ ŮůɤŰŮɟɘəɐɠ ŬəŰɑɜŬɠ r=1ɛ ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ 

ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟŮɑ ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space), 

ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-26). 

 

Ɇɢ.4-26: ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɡəɚɘəɞɨ 

ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ 

ŬɡŰɏɠ ˊɞɡ ˊŮɟɘɔɟɎűɖəŬɜ ŬɜɤŰɏɟɤ ɓɎůŮɘ Űɤɜ (ůɢɏůŮɤɜ 4-27, 4-28, 4-29). ɀŮ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ 

ůɡůŰɐɛŬŰɞɠ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ, ɖ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ  əŬŰɎ Űɖɜ ŭɘŮɨɗɡɜůɖ Űɞɡ ɎɝɞɜŬ Űɞɡ 

ɡˊɞɔŮɑɞɡ Ůɟɔɞɡ uz , ˊɞɡ ŮɑɜŬɘ ɖ w=wi+ws əŬɗɩɠ əŬɘ ɞɘ ŰɎůŮɘɠ trz, & tɗz,ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ 

əŬɘ   ɖ  ŰɎůɖ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ Űɞɡ ɈˊɞɔŮɑɞɡ Ⱥɟɔɞɡ. 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ ɞˊɐ ůŮ ůɢɐɛŬ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ŮůɤŰŮɟɘəɐ  ŬəŰɑɜŬ r=1ɛ, ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ 

ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ 

ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ , ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ 

ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 4-2). 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɖɠ  ɛŮŰŬəɑɜɖůɖɠ uz , Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ  əŬɘ Űɖɠ  ŰɎůɖɠ   

tɗz. ŪŮɤɟɞɨɛŮ |w0|=|1.ɆŰɞ (Ɇɢ.4-27), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ 
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əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ wi, wtot,   Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɘ Űɖɠ  ŰɎůɖɠ   tɗz, 

ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. 

 

                                                        
Ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                                                                                                                

   

 
ɓ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

wtot ɑůɞ ɛŮ Űɖɜ ůɡɜɞɚɘəɐ   ɛŮŰŬəɑɜɖůɖ  əŬŰɎ 

Űɖɜ ȹ/ɜůɖ z 

                                                                                                                                                                      

    

ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  trz                         

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ                                            

ŭɘŬŰɞɛɐɠ          

 

  

 
ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  tɗz ˊɎɜɤ ůŰɖ 

ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ                                                                                                                                                                
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Ů:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ tɗz                                                                             

ˊɎɜɤ ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ        

 

 

 Ɇɢ.4-27: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ  ȺˊŮɜŭŮŭɡɛɏɜɖ Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ 

ŬəŰɑɜŬɠ, ˊɎɢɞɡɠ tc, ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ,  ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

                                                                                             

4.3.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ˊɎɢɞɡɠ t 

                                                                         

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ  

ɞˊɐ  ůŮ ůɢɐɛŬ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ŮɝɤŰŮɟɘəɐɠ  ŬəŰɑɜŬɠ R1=5.5ɛ əŬɘ ŮůɤŰŮɟɘəɐɠ ŬəŰɑɜŬɠ    

R=5 ɛ ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟŮɑ ɜŬ ɗŮɤɟɖɗɞɨɜ 

ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space),ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-28). ȳˊɤɠ ŬɜŬɚɨŮŰŬɘ ůŰɞ    

(ȾŮű 3.Ä3.4.2.), ɞ əɡəɚɘəɧɠ ŭŬəŰɨɚɘɞɠ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ŬɜŰɑůŰɞɘɢɞ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ɛŮ 

ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r=1ɛ əŬɘ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ tc. 

 

Ɇɢ.4-28: ȾɨɛŬ SH ́ ɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ əɡəɚɘəɞɨ ůɢɐɛŬŰɞɠ  ůŮ 

ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ 

ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 
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ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ 

ŬɡŰɏɠ ˊɞɡ ˊŮɟɘɔɟɎűɖəŬɜ ŬɜɤŰɏɟɤ ůŰɘɠ (ůɢɏůŮɘɠ 4-27,4-28,4-29). ɀŮ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ 

ůɡůŰɐɛŬŰɞɠ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ, ɖ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ  əŬŰɎ Űɖɜ ŭɘŮɨɗɡɜůɖ Űɞɡ ɎɝɞɜŬ Űɞɡ 

ɡˊɞɔŮɑɞɡ Ůɟɔɞɡ uz , ˊɞɡ ŮɑɜŬɘ ɖ w=wi+ws əŬɗɩɠ əŬɘ ɞɘ ŰɎůŮɘɠ trz, & tɗz,ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ 

əŬɘ   ɖ  ŰɎůɖ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ Űɞɡ ɈˊɞɔŮɑɞɡ Ⱥɟɔɞɡ. 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ  ɞˊɐ ůŮ ůɢɐɛŬ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ŮůɤŰŮɟɘəɐɠ  ŬəŰɑɜŬɠ R=5ɛ, ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ 

ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ 

ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ 

ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 4-2). ɇɞ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ɞˊɞɑɞ 

ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ Ŭɟɢɘəɧ ůɢɐɛŬ ŮɑɜŬɘ tc=1.1ɛ.əŬɘ ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ Űɞɜ əɩŭɘəŬ 

ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB . 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɖɠ  ɛŮŰŬəɑɜɖůɖɠ uz , Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ  əŬɘ Űɖɠ  ŰɎůɖɠ   

tɗz. ŪŮɤɟɞɨɛŮ |w0 |=1. 

ɆŰɞ (Ɇɢ.4-29) ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ wi, 

wtot,   Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɘ Űɖɠ  ŰɎůɖɠ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. 
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Ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                                                           

 

 
ɓ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

wtot ɑůɞ ɛŮ Űɖɜ ůɡɜɞɚɘəɐ  ɛŮŰŬəɑɜɖůɖ  əŬŰɎ 

Űɖɜ ȹ/ɜůɖ z 

                                                                                                                

    

ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  trz                         

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ                                            

ŭɘŬŰɞɛɐɠ           

 

 

ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  tɗz    ˊɎɜɤ ůŰɖ 

ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ                                                                                                                                                               
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Ů:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ tɗz                                                                             

ˊɎɜɤ ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ     

 

 

Ɇɢ.4-29: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ ȺˊŮɜŭŮŭɡɛɏɜɖ Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, 

ˊɎɢɞɡɠ t ,ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ,  ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

                                                                                                     

4.3.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ˊɎɢɞɡɠ t                                                               

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ  

ɞˊɐ  ůŮ ůɢɐɛŬ ŮɚɚŮɘˊŰɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ɖɛɘɎɝɞɜŮɠ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ ŭŬəŰɡɚɑɞɡ a1, 

b1,a2, b2 ŬɜŰɑůŰɞɘɢŬ ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟŮɑ ɜŬ 

ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-30). ȳˊɤɠ 

ŬɜŬɚɨŮŰŬɘ ůŰɞ (ȾŮű3.Ä3.4.3.), ɞ ŮɚɚŮɘˊŰɘəɧɠ ŭŬəŰɨɚɘɞɠ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ŬɜŰɑůŰɞɘɢɞ 

əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ɛŮ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r=1ɛ əŬɘ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ tc.  

 

Ɇɢ.4-30: ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ŮɚɚŮɘˊŰɘəɞɨ ůɢɐɛŬŰɞɠ  

ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ 

ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 
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ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ 

ŬɡŰɏɠ ˊɞɡ ˊŮɟɘɔɟɎűɖəŬɜ ŬɜɤŰɏɟɤ Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 4-27,4-28,4-29). ɀŮ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ 

ůɡůŰɐɛŬŰɞɠ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ, ɖ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ  əŬŰɎ Űɖɜ ŭɘŮɨɗɡɜůɖ Űɞɡ ɎɝɞɜŬ Űɞɡ 

ɡˊɞɔŮɑɞɡ Ůɟɔɞɡ uz , ˊɞɡ ŮɑɜŬɘ ɖ w=wi+ws əŬɗɩɠ əŬɘ ɞɘ ŰɎůŮɘɠ trz, & tɗz,ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ 

əŬɘ   ɖ  ŰɎůɖ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ Űɞɡ ɈˊɞɔŮɑɞɡ Ⱥɟɔɞɡ. 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ  ɞˊɐ ůŮ ůɢɐɛŬ ŮɚɚŮɘˊŰɘəɞɨ  ŭŬəŰɡɚɑɞɡ ɛŮ ɖɛɘɎɝɞɜŮɠ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ 

ŭŬəŰɡɚɑɞɡ a1=6.5ɛ b1=5.5ɛ a2=6ɛ b2=5ɛ. ŬɜŰɑůŰɞɘɢŬ,  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ 

ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ 

ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec.  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ , ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ 

ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 4-2). 

ɇɞ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ɞˊɞɑɞ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ Ŭɟɢɘəɧ ůɢɐɛŬ 

ŮɑɜŬɘ tc=0.099ɛ. ȾŮű.3, (ůɢɏůɖ 3-59) əŬɘ ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ 

MATLAB . 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɖɠ  ɛŮŰŬəɑɜɖůɖɠ uz , Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ  əŬɘ Űɖɠ  ŰɎůɖɠ   

tɗz. ŪŮɤɟɞɨɛŮ |w0|=1. 

ɆŰɞ (Ɇɢ.4-31), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ wi, 

wtot,   Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɘ Űɖɠ  ŰɎůɖɠ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. 
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Ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                                                                               

əɨɛŬŰɞɠ SH                                                           

                                                      

 

  

 
ɓ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

wtot ɑůɞ ɛŮ Űɖɜ ůɡɜɞɚɘəɐ  ɛŮŰŬəɑɜɖůɖ  əŬŰɎ 

Űɖɜ ȹ/ɜůɖ z                                                                                                                

    

ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  trz                         

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ                                                                                                             

 

  
ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  tɗz                                           

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ     ŭɘŬŰɞɛɐɠ                                                           

   

Ů:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ tɗz                                                                             

ˊɎɜɤ ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ        

 

 

Ɇɢ.4-31: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ  ȺˊŮɜŭŮŭɡɛɏɜɖ ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ˊɎɢɞɡɠ 

t,ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ,  ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH                                                                                   
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4.3.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ˊɎɢɞɡɠ t                                                                         

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ 

ŰŮŰɟŬɔɤɜɘəɐ  ɞˊɐ ɛŮ ˊɚŮɡɟɎ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ asq2 &asq1,  ŬɜŰɑůŰɞɘɢŬ ůŰɞ 

ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟŮɑ ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ 

ɢɩɟɞɡ (full  space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-32). ȳˊɤɠ ŬɜŬɚɨŮŰŬɘ ůŰɞ                          

(ȾŮű.3Ä3.4.4.), ɖ ŮˊŮɜŭŮŭɡɛɏɜɖ ŰŮŰɟŬɔɤɜɘəɐ ŭɘŬŰɞɛɐ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ŬɜŰɑůŰɞɘɢɞ 

əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ɛŮ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r=1ɛ əŬɘ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ tc.  

 

Ɇɢ.4-32: ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ŰŮŰɟŬɔɤɜɘəɞɨ 

ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ 

ŬɡŰɏɠ ˊɞɡ ˊŮɟɘɔɟɎűɖəŬɜ ŬɜɤŰɏɟɤ ůŰɘɠ (ůɢɏůŮɘɠ 4-27,4-28,4-29). ɀŮ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ 

ůɡůŰɐɛŬŰɞɠ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ, ɖ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ  əŬŰɎ Űɖɜ ŭɘŮɨɗɡɜůɖ Űɞɡ ɎɝɞɜŬ Űɞɡ 

ɡˊɞɔŮɑɞɡ Ůɟɔɞɡ uz , ˊɞɡ ŮɑɜŬɘ ɖ w=wi+ws əŬɗɩɠ əŬɘ ɞɘ ŰɎůŮɘɠ trz, & tɗz,ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ 

əŬɘ   ɖ  ŰɎůɖ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ Űɞɡ ɈˊɞɔŮɑɞɡ Ⱥɟɔɞɡ. 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŰŮŰɟŬɔɤɜɘəɐ  ɞˊɐ ɛŮ ˊɚŮɡɟɎ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ 

asq2=11ɛ. &asq1=10ɛ  ŬɜŰɑůŰɞɘɢŬ,  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ 

ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 

rad/sec .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ 

ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 4-2).ɇɞ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ɞˊɞɑɞ 
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ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ Ŭɟɢɘəɧ ůɢɐɛŬ ŮɑɜŬɘ tc=0.099ɛ. ȾŮű.3(ůɢɏůɖ 3-63) əŬɘ ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ 

Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB . 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɖɠ  ɛŮŰŬəɑɜɖůɖɠ uz , Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ  əŬɘ Űɖɠ  ŰɎůɖɠ   

tɗz. ŪŮɤɟɞɨɛŮ |w0|=1. 

ɆŰɞ (Ɇɢ.4-33),  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ wi, 

wtot,   Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɘ Űɖɠ  ŰɎůɖɠ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ 

 

 

 

 

 

 

 

 

 

                                                         

Ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                      

ŭɡɜŬɛɘəɞɨ wi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                                                           

 

  

ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

wtot ɑůɞ ɛŮ Űɖɜ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ  əŬŰɎ 

Űɖɜ ȹ/ɜůɖ z 
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ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  trz                         

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ                                                                                                   

     

 
ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  tɗz                                           

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ   ŭɘŬŰɞɛɐɠ           

                                                          

    

Ů:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ tɗz                                                                             

ˊɎɜɤ ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ     

 

 

Ɇɢ.4-33: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ  ȺˊŮɜŭŮŭɡɛɏɜɖ ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ˊɎɢɞɡɠ 

t,ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ,  ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

                                                                                                        

4.3.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ˊɎɢɞɡɠ t 

                                                                         

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ 

ˊŮŰŬɚɞŮɘŭɐ   ɞˊɐ ɛŮ ɨɣɞɠ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ H2 &H1,  ŬɜŰɑůŰɞɘɢŬ ůŰɞ 

ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟŮɑ ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ 

ɢɩɟɞɡ (full  space), ɧ́ ɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-34). ȳˊɤɠ ŬɜŬɚɨŮŰŬɘ ůŰɞ (ȾŮű.3.Ä3.4.5.), ɖ 

ŮˊŮɜŭŮŭɡɛɏɜɖ ˊŮŰŬɚɞŮɘŭɐɠ ŭɘŬŰɞɛɐ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ŬɜŰɑůŰɞɘɢɞ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ɛŮ 

ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r=1ɛ əŬɘ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ tc. 
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Ɇɢ.4-34: ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ˊŮŰŬɚɞŮɘŭɞɨɠ 

ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ 

ŬɡŰɏɠ ˊɞɡ ˊŮɟɘɔɟɎűɖəŬɜ ɤɠ ŬɜɤŰɏɟɤ ůŰɘɠ (ůɢɏůŮɘɠ 4-27,4-28, 4-29). ɀŮ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ 

ůɡůŰɐɛŬŰɞɠ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ, ɖ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ  əŬŰɎ Űɖɜ ŭɘŮɨɗɡɜůɖ Űɞɡ ɎɝɞɜŬ Űɞɡ 

ɡˊɞɔŮɑɞɡ Ůɟɔɞɡ uz , ˊɞɡ ŮɑɜŬɘ ɖ w=wi+ws əŬɗɩɠ əŬɘ ɞɘ ŰɎůŮɘɠ trz, & tɗz,ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ 

əŬɘ   ɖ  ŰɎůɖ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ Űɞɡ ɈˊɞɔŮɑɞɡ Ⱥɟɔɞɡ. 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ˊŮŰŬɚɞŮɘŭɐ   ɞˊɐ ɛŮ ɨɣɞɠ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ 

ȼ2=8.72ɛ. &ȼ1=7.72ɛ  ŬɜŰɑůŰɞɘɢŬ,  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ 

ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 

rad/sec .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ , ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ 

ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 4-2). 

ɇɞ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ɞˊɞɑɞ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ Ŭɟɢɘəɧ ůɢɐɛŬ 

ŮɑɜŬɘ tc=0.107ɛ., ȾŮű.3,(ůɢɏůɖ 3-67)əŬɘ ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ 

MATLAB  

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɖɠ  ɛŮŰŬəɑɜɖůɖɠ uz , Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ  əŬɘ Űɖɠ  ŰɎůɖɠ   

tɗz. ŪŮɤɟɞɨɛŮ |w0|=1. 
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ɆŰɞ (Ɇɢ.4-35),  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ wi, 

wtot,   Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɘ Űɖɠ  ŰɎůɖɠ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ 

 

 

 

 

                                                         

Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                                                           

  

 
ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ 

ŭɡɜŬɛɘəɞɨ wtot ɑůɞ ɛŮ Űɖɜ ůɡɜɞɚɘəɐ   

ɛŮŰŬəɑɜɖůɖ  əŬŰɎ Űɖɜ ȹ/ɜůɖ z 

                                                                                                              

    

ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  trz                         

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ                                                                                                  

ŭɘŬŰɞɛɐɠ           

 

    

  
ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  tɗz                                           

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ                                                             
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Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ tɗz                                                                             

ˊɎɜɤ ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ               

 

 

Ɇɢ.4-35: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ ȺˊŮɜŭŮŭɡɛɏɜɖ Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, 

ˊɎɢɞɡɠ t,ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ,  ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

   

 

                                                                                                   

4.4. ȺˊŮɜŭŮŭɡɛɏɜɖ  Ƀˊɐ ůŰɞɜ  ȼɛɑɢɤɟɞ 

ŪŮɤɟɞɨɛŮ ŭɘŬŰɞɛɐ ɡˊɞɔŮɑɞɡ ɏɟɔɞɡ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ˊɎɢɞɡɠ t ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ  ɓɎɗɞɠ H, 

ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH, ɛŮ əŬŰŬəɧɟɡűɖ ŭɘɎŭɞůɖ, ůŰɞ ŮˊɑˊŮŭɞ w 

ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-36). ɇɞ ŰɡɢŬɑɞ ůɢɐɛŬ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ 

çɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ tc è, ɛŮ ŬəŰɑɜŬ Űɞɡ  ŮůɤŰŮɟɘəɞɨ əɨəɚɞɡ  r1=1 əŬɘ ŬəŰɑɜŬ ŮɝɤŰŮɟɘəɞɨ 

əɨəɚɞɡ r2,  ɛŮ ɓɎůɖ əŬŰɎɚɚɖɚɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ w(ɕ) ˊɞɡ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɖɜ 

ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ əŮɜŰɟɞɓŬɟɘəɎ.   

Ƀɘ əɡɛŬŰɘəɞɑ Ŭɟɘɗɛɞɑ ŬɜŰɑůŰɞɘɢŬ ůŰɞ ɏŭŬűɞɠ əŬɘ Űɖɜ Ůˊɏɜŭɡůɖ ŮɑɜŬɘ ɞɘ kbm əŬɘ kbl  ŬɜŰɑůŰɞɘɢŬ. 

Ƀ ŮɝɤŰŮɟɘəɧɠ əɨəɚɞɠ ŮɑɜŬɘ ‒ ὶὩ  əŬɘ ɞ ŮůɤŰŮɟɘəɧɠ ŮɑɜŬɘ ‒ ὶὩ  
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Ɇɢ.4-36: ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ˊɎɢɞɡɠ t ŰɡɢŬɑɞɡ 

ůɢɐɛŬŰɞɠ  ůŮ  ɓɎɗɞɠ H, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ŬɜŰɑůŰɞɘɢɞɡ  ˊɎɢɞɡɠ tc  əŬɘ ɓɎɗɞɠ h (ɓ). 

ɆŰɖ ŭɘŬŰɞɛɐ Űɖɠ ůɐɟŬɔɔŬɠ ˊɟɞůˊɑˊŰŮɘ ůŮɘůɛɘəɧ əɨɛŬ Űɨˊɞɡ  SH  ɛŮ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ wi, . 

ɇɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ  wi ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɟɞůˊɑˊŰɞɜ əŬɘ Űɞ ŬɜŬəɚɩɛŮɜɞ əɨɛŬ wr ůŰɖɜ 

ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ɖ ɞˊɞɑŬ ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ɛɞɜŬŭɘŬɑɞ əɡəɚɘəɧ 

ŭŬəŰɨɚɘɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɛŮ ůɡɜɎɟŰɖůɖ ŬˊŮɘəɧɜɘůɖɠ ɤ(ɕ), ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ əɎŰɤɗɘ(ůɢɏůɖ 4-30):  

 

ύ ȿύ ȿὩ
ρ

ς
‐ὭὐὯ ȿȿ‒‫

‒‫

ȿȿ‒‫
Ὥ

‒‫

ȿȿ‒‫
Ὥ

ȿύȿὩ
ρ

ς
‐ ὭὐὯ ȿȿ‒‫

‒‫

ȿȿ‒‫
Ὥ

‒‫

ȿȿ‒‫
Ὥ  

                                                                                                                                         (4-30)                                                                                                                                                                   

ȳˊɞɡ |w0| =1 əŬɘ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SH. 

Ƀ ɡˊɞɚɞɔɘůɛɧɠ Űɤɜ ůəŮŭŬɕɞɛɏɜɤɜ əŬɘ Űɤɜ ŮɘůŮɟɢɞɛɏɜɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ɔɘŬ ŰŬ SH 

əɨɛŬŰŬ, ŮˊɘŰɡɔɢɎɜŮŰŬɘ ɛŮ Űɖɜ çɛɏɗɞŭɞ Űɤɜ əŬŰɞˊŰɟɘəɩɜ Ůɘəɧɜɤɜè, ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ əŮű. 

ȰŰůɘ ɛŮ Űɖ ɗŮɩɟɖůɖ ŬɡŰɐ ɛˊɞɟŮɑ ɜŬ ɡˊɞɚɞɔɘůŰŮɑ Űɞ ůəŮŭŬɕɧɛŮɜɞ əɨɛŬ Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ 

ŮˊɘűɎɜŮɘŬ, Ŭűɞɨ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ɖɛɑɢɤɟɞɡ ŬɜɎɔŮŰŬɘ  ůŮ ˊɟɧɓɚɖɛŬ ˊɚɐɟɞɡɠ ɢɩɟɞɡ . 

ɇŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ˊɞɡ ŭɘɏˊɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ ŮɑɜŬɘ : 

ɆŰɞ ɏŭŬűɞɠ : 

ɇɞ ůəŮŭŬɕɧɛŮɜɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ůŰɞ ɏŭŬűɞɠ  ws
mŭɑɜŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-31) 
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ύ
ρ

ς
ὃὌ Ὧ ȿȿ‒‫

‒‫

ȿȿ‒‫
Ὥ

‒‫

ȿȿ‒‫
Ὥ  

В ὃὌ Ὧ ȿ‒‫ ςὭὌȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ                                           

                                                                                                                             (4-31) 

ɇɞ ůəŮŭŬɕɧɛŮɜɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ůŰɖɜ Ůˊɏɜŭɡůɖ   ws
l ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-32) 

ύ
ρ

ς
ὄὌ Ὧȿȿ‒‫

‒‫

ȿȿ‒‫
Ὥ

‒‫

ȿȿ‒‫
Ὥ  

В ὄὌ Ὧȿ‒‫ ςὭὌȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ                         

                                                                                                                               (4-32) 

 ɇɞ ŭɘŮɟɢɧɛŮɜɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ůŰɖɜ Ůˊɏɜŭɡůɖ   wtr
l ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 4-33) 

ύ
ρ

ς
ὅὌ Ὧȿȿ‒‫

‒‫

ȿȿ‒‫
Ὥ

‒‫

ȿȿ‒‫
Ὥ  

В ὅὌ Ὧȿ‒‫ ςὭὌȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ                         

                                                                                                                               (4-33) 

Ƚůɢɨɞɡɜ ɞɘ əɎŰɤɗɘ  3 ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ :     

 

ɆɡɜɞɟɘŬəɐ Ɇɡɜɗɐəɖ 1 

 

1.ɆŰɖɜ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r1=1 Űɖɠ Ůˊɏɜŭɡůɖɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ, Űɞ ɎɗɟɞɘůɛŬ Űɤɜ ŰɎůŮɤɜ 

 trz  =0  

                                                                                                                               (4-34) 

ɆɡɜɞɟɘŬəɐ Ɇɡɜɗɐəɖ 2 
 

2.ɆɡɜɏɢŮɘŬ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ɛŮŰŬɝɨ Űɞɡ  ŮŭɎűɞɡɠ əŬɘ Űɖɜ Ůˊɏɜŭɡůɖɠ ˊɎɜɤ ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ 

 ύ ύ ʘ‏‌•‛‟ύ ύ ‐“ʘ’‏‡„–  

                                                                                                                                (4-35) 
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ɆɡɜɞɟɘŬəɐ Ɇɡɜɗɐəɖ 3 

 

3.ɆɡɜɏɢŮɘŬ Űɤɜ ŰɎůŮɤɜ ɛŮŰŬɝɨ Űɞɡ  ŮŭɎűɞɡɠ əŬɘ Űɖɜ Ůˊɏɜŭɡůɖɠ ˊɎɜɤ ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ 

ὸ ʘ ὸ ʘ        

                                                                                                                                    (4-36) 

ȳˊɤɠ əŬɘ ůŰɞɜ ˊɚɐɟɖ ɢɩɟɞ, ɞɘ ɎɔɜɤůŰɞɘ ůɡɜŰŮɚŮůŰɏɠ An, Bn, Cn ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɛŮ Űɖɜ 

Ůˊɑɚɡůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ ɧˊɤɠ ˊɟɞəɨˊŰŮɘ Ŭˊɧ Űɘɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ. ɇɞ ůɨůŰɖɛŬ ŭɑɜŮɘ 

əŬɚɨŰŮɟŬ  ŬˊɞŰŮɚɏůɛŬŰŬ ɧůɞ  ɖ ŬəŬɛɣɑŬ Űɞɡ ŮŭɎűɞɡɠ ˊɚɖůɘɎɕŮɘ Űɖɜ Űɘɛɐ Űɖɠ ŬəŬɛɣɑŬɠ Űɖɠ 

Ůˊɏɜŭɡůɖɠ. ȹɖɚŬŭɐ ά  ͯά . ɆŮ ŬɜŰɑɗŮŰɖ ˊŮɟɑˊŰɤůɖ ˊɟɏˊŮɘ ɜŬ ɚɖűɗŮɑ ɡˊôɧɣɘɜ ɖ 

ŬɚɚɖɚŮˊɑŭɟŬůɖ ŮŭɎűɞɡɠ-əŬŰŬůəŮɡɐɠ. ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ Űɘɠ ŬɜŬɚɨůŮɘɠ 

ŮɑɜŬɘ əŬɜɞɜɘəɞˊɞɘɖɛɏɜŬ ɤɠ ˊɟɞɠ Űɞ ˊɚɎŰɞɠ  |w0| ́ ɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ 

əɨɛŬŰɞɠ SH 

 

4.4.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɛɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ ˊɎɢɞɡɠ tc, ůŮ ɓɎɗɞɠ h 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ 

əɡəɚɘəɐ ɞˊɐ ŮɝɤŰŮɟɘəɐɠ  ŬəŰɑɜŬɠ r1=1.2ɛ əŬɘ ŮůɤŰŮɟɘəɐɠ ŬəŰɑɜŬɠ r=1m ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ 

ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ  h ɞˊɧŰŮ ɛˊɞɟŮɑ ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ɖɛɑɢɤɟɞɡ (half space) .   

ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɖɜ (Ä4.2.), ɚɧɔɤ Űɤɜ ɘŭɘɞŰɐŰɤɜ Űɤɜ  əɡɛɎŰɤɜ SH Űɞ Ŭɟɢɘəɧ ůɢɐɛŬ ɧˊɤɠ 

űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-37Ŭ) ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞ ɛŮ Űɞ ůɢɐɛŬ (Ɇɢ.4-37ɓ), ɞˊɧŰŮ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ 

ɖɛɑɢɤɟɞɡ ŬɜɎɔŮŰŬɘ ůŮ ˊɟɧɓɚɖɛŬ ˊɚɐɟɞɡɠ ɢɩɟɞɡ. 
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Ɇɢ.4-37: ȾɨɛŬ SH ́ ɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ əɡəɚɘəɞɨ ůɢɐɛŬŰɞɠ  ůŮ  

ɓɎɗɞɠ h , ůŰɞ ŮˊɑˊŮŭɞ ɕ (Ŭ) əŬɘ ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞ ɛŮ ŭɨɞ ŮˊŮɜŭŮŭɡɛɏɜŮɠ əɡəɚɘəɏɠ ůɡɛɛŮŰɟɘəɏɠ  

ŭɘŬŰɞɛɏɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ 

ŬɡŰɏɠ ˊɞɡ ˊŮɟɘɔɟɎűɖəŬɜ  ŬɜɤŰɏɟɤ Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 4-34,4-35 & 4-36). ȺˊɘɚɨɞɜŰŬɠ Űɞ ůɢŮŰɘəɧ 

ůɨůŰɖɛŬ ɡˊɞɚɞɔɑɕɞɜŰŬɘ, ɖ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ  əŬŰɎ Űɖɜ ŭɘŮɨɗɡɜůɖ Űɞɡ ɎɝɞɜŬ Űɞɡ ɡˊɞɔŮɑɞɡ 

Ůɟɔɞɡ uz , ˊɞɡ ŮɑɜŬɘ ɖ wtot=wi+r+ws1+ws2 əŬɗɩɠ əŬɘ ɞɘ ŰɎůŮɘɠ trz, & tɗz,ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ 

əŬɘ   ɖ  ŰɎůɖ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ Űɖɠ ůɐɟŬɔɔŬɠ.  

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ŮůɤŰŮɟɘəɐɠ ŬəŰɑɜŬɠ r=1ɛ, ůŮ ɓɎɗɞɠ h=2ɛ. ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ 

ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ 

ůɡɢɜɧŰɖŰŬ ɤ=251.32  rad/sec.  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ 

ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 4-2). 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɖɠ  ɛŮŰŬəɑɜɖůɖɠ uz , Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ  əŬɘ Űɖɠ  ŰɎůɖɠ   

tɗz. ŪŮɤɟɞɨɛŮ |w0|=1. 
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ɆŰɞ (Ɇɢ.4-38),ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ wi+r,  

wtot,   Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɘ Űɖɠ  ŰɎůɖɠ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   

                                                         

Ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi+r Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                                                           

 

 

ɓ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ  ŭɡɜŬɛɘəɞɨ 

wtot ɑůɞ ɛŮ Űɖɜ ůɡɜɞɚɘəɐ   ɛŮŰŬəɑɜɖůɖ  əŬŰɎ 

Űɖɜ ȹ/ɜůɖ z                                                                                                               
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ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  trz                         

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ                                                                                                                                          

 

  

    

   
ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  tɗz                                           

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ     ŭɘŬŰɞɛɐɠ                                                           

  

 
Ů:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ tɗz                                                                             

ˊɎɜɤ ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ                      

 

 

Ɇɢ.4-38: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ ȺˊŮɜŭŮŭɡɛɏɜɖ Ⱦɡəɚɘəɐ Ƀˊɐ ɛɞɜŬŭɘŬɑŬɠ 

ŬəŰɑɜŬɠ ˊɎɢɞɡɠ tc, ůŮ ɓɎɗɞɠ h,   ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

                                                                                                    

4.4.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R  ́ Ɏɢɞɡɠ t, ůŮ ɓɎɗɞɠ ȼ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ  

ɞˊɐ  ůŮ ůɢɐɛŬ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ŮɝɤŰŮɟɘəɐɠ  ŬəŰɑɜŬɠ R1=5.5ɛ əŬɘ ŮůɤŰŮɟɘəɐɠ ŬəŰɑɜŬɠ R=5 

ɛ ůŰɞ ŮˊɑˊŮŭɞ w , ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ  ȼ ɞˊɧŰŮ  ɛˊɞɟŮɑ ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ 

ɖɛɑɢɤɟɞɡ (half space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-39).  ȳˊɤɠ ŬɜŬɚɨŮŰŬɘ ůŰɞ (ȾŮű.3Ä 3.4.2.), ɞ 

əɡəɚɘəɧɠ ŭŬəŰɨɚɘɞɠ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ŬɜŰɑůŰɞɘɢɞ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ɛŮ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ 

r=1ɛ əŬɘ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ tc.  
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Ɇɢ.4-39: ȾɨɛŬ SH ́ ɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ əɡəɚɘəɞɨ ůɢɐɛŬŰɞɠ  ůŮ  

ɓɎɗɞɠ H , ůŰɞ ŮˊɑˊŮŭɞ w əŬɘ Űɞ ɘůɞŭɨɜŬɛɧ Űɞɡ  (Ŭ) Űɞ ŬɜŰɑůŰɞɘɢɞ   ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ 

ŬɡŰɏɠ ˊɞɡ ˊŮɟɘɔɟɎűɖəŬɜ ŬɜɤŰɏɟɤ ůŰɘɠ (ůɢɏůŮɘɠ 4-34,4-35 & 4-36). ȺˊɘɚɨɞɜŰŬɠ Űɞ ůɢŮŰɘəɧ 

ůɨůŰɖɛŬ ɡˊɞɚɞɔɑɕɞɜŰŬɘ, ɖ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ  əŬŰɎ Űɖɜ ŭɘŮɨɗɡɜůɖ Űɞɡ ɎɝɞɜŬ Űɞɡ ɡˊɞɔŮɑɞɡ 

Ůɟɔɞɡ uz , ˊɞɡ ŮɑɜŬɘ ɖ wtot=wi+r+ws1+ws2 əŬɗɩɠ əŬɘ ɞɘ ŰɎůŮɘɠ trz, & tɗz,ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ 

əŬɘ   ɖ  ŰɎůɖ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ Űɖɠ ůɐɟŬɔɔŬɠ.  
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ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ  ɞˊɐ ůŮ ůɢɐɛŬ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ŮůɤŰŮɟɘəɐɠ  ŬəŰɑɜŬɠ R=5ɛ, ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ 

ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ 

ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ 

ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 4-2). 

ɇɞ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ɞˊɞɑɞ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ Ŭɟɢɘəɧ ůɢɐɛŬ 

ŮɑɜŬɘ tc=1.1ɛ.əŬɘ ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB . 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɖɠ  ɛŮŰŬəɑɜɖůɖɠ uz , Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ  əŬɘ Űɖɠ  ŰɎůɖɠ   

tɗz. ŪŮɤɟɞɨɛŮ |w0|=1. 

ɆŰɞ (Ɇɢ.4-40),  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ wi+r, 

wtot,   Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɘ Űɖɠ  ŰɎůɖɠ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. 
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Ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ wi+r Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                                                           

 

 
ɓ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

wtot ɑůɞ ɛŮ Űɖɜ ůɡɜɞɚɘəɐ  ɛŮŰŬəɑɜɖůɖ  əŬŰɎ 

Űɖɜ ȹ/ɜůɖ z 

 

                                                                                                                

    

ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  trz                         

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ                                                                                                                                            

 

    

  
ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  tɗz                                           

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ      ŭɘŬŰɞɛɐɠ                                                         

    

Ů:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ tɗz                                                                             

ˊɎɜɤ ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ                                                                                                                  

 

 

Ɇɢ.4-40: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ ȺˊŮɜŭŮŭɡɛɏɜɖ Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R  

ˊɎɢɞɡɠ t, ůŮ ɓɎɗɞɠ ȼ,  ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 
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4.4.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ ˊɎɢɞɡɠ t, ůŮ ɓɎɗɞɠ ȼ                                                                        

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ  

ɞˊɐ  ůŮ ůɢɐɛŬ ŮɚɚŮɘˊŰɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ɖɛɘɎɝɞɜŮɠ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ ŭŬəŰɡɚɑɞɡ a1, 

b1,a2, b2 ŬɜŰɑůŰɞɘɢŬ ůŰɞ ŮˊɑˊŮŭɞ w , ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ  ȼ ɞˊɧŰŮ  ɛˊɞɟŮɑ ɜŬ ɗŮɤɟɖɗɞɨɜ 

ůɡɜɗɐəŮɠ ɖɛɑɢɤɟɞɡ (half space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-41). ȳˊɤɠ ŬɜŬɚɨŮŰŬɘ ůŰɞ 

(ȾŮű.3.Ä3.4.3.), ɞ ŮɚɚŮɘˊŰɘəɧɠ ŭŬəŰɨɚɘɞɠ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ŬɜŰɑůŰɞɘɢɞ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ 

ɛŮ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r=1ɛ əŬɘ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ tc.  

 

 

Ɇɢ.4-41: ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ŮɚɚŮɘˊŰɘəɞɨ ůɢɐɛŬŰɞɠ  

ůŮ  ɓɎɗɞɠ H , ůŰɞ ŮˊɑˊŮŭɞ w əŬɘ Űɞ ɘůɞŭɨɜŬɛɧ Űɞɡ  (Ŭ) Űɞ ŬɜŰɑůŰɞɘɢɞ   ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 
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ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ 

ŬɡŰɏɠ ˊɞɡ ˊŮɟɘɔɟɎűɖəŬɜ ŬɜɤŰɏɟɤ ůŰɘɠ (ůɢɏůŮɘɠ 4-34,4-35 &4-36). ȺˊɘɚɨɞɜŰŬɠ Űɞ ůɢŮŰɘəɧ 

ůɨůŰɖɛŬ ɡˊɞɚɞɔɑɕɞɜŰŬɘ, ɖ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ  əŬŰɎ Űɖɜ ŭɘŮɨɗɡɜůɖ Űɞɡ ɎɝɞɜŬ Űɞɡ ɡˊɞɔŮɑɞɡ 

Ůɟɔɞɡ uz , ˊɞɡ ŮɑɜŬɘ ɖ wtot=wi+r+ws1+ws2 əŬɗɩɠ əŬɘ ɞɘ ŰɎůŮɘɠ trz, & tɗz,ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ 

əŬɘ   ɖ  ŰɎůɖ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ Űɖɠ ůɐɟŬɔɔŬɠ.  

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ  ɞˊɐ ůŮ ůɢɐɛŬ ŮɚɚŮɘˊŰɘəɞɨ  ŭŬəŰɡɚɑɞɡ ɛŮ ɖɛɘɎɝɞɜŮɠ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ 

ŭŬəŰɡɚɑɞɡ a1=6.5ɛ b1=5.5ɛ a2=6ɛ b2=5ɛ. ŬɜŰɑůŰɞɘɢŬ,  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ 

ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ 

ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ 

ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 4-2). 

ɇɞ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ɞˊɞɑɞ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ Ŭɟɢɘəɧ ůɢɐɛŬ 

ŮɑɜŬɘ tc=0.099ɛ.,ȾŮű.3,(ůɢɏůɖ 3-59) əŬɘ ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ 

MATLAB . 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡɞ́ɚɞɔɘůɛɧ Űɖɠ  ɛŮŰŬəɑɜɖůɖɠ uz , Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ  əŬɘ Űɖɠ  ŰɎůɖɠ   

tɗz. ŪŮɤɟɞɨɛŮ |w0|=1. 

ɆŰɞ (Ɇɢ.4-42), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ wi+r, 

wtot,   Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɘ Űɖɠ  ŰɎůɖɠ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. 
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Ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ               

ŭɡɜŬɛɘəɞɨ wi+r Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                                                           

 

  

ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

wtot ɑůɞ ɛŮ Űɖɜ ůɡɜɞɚɘəɐ   ɛŮŰŬəɑɜɖůɖ  əŬŰɎ 

Űɖɜ ȹ/ɜůɖ z                                                                                                                

    

ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  trz                    ́ Ɏɜɤ 

ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ                                            

ŭɘŬŰɞɛɐɠ                                            

 

 

 
ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  tɗz  ˊɎɜɤ ůŰɖ 

ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ                                                                                                                                                                
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Ů:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ tɗz                                                                             

ˊɎɜɤ ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ                                                                                                         

 

 

Ɇɢ.4-42: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ  ȺˊŮɜŭŮŭɡɛɏɜɖ ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ ˊɎɢɞɡɠ t, ůŮ 

ɓɎɗɞɠ ȼ,   ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

 

                                                                                            

4.4.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ ˊɎɢɞɡɠ t, ůŮ ɓɎɗɞɠ ȼ 

                                                                          

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ 

ŰŮŰɟŬɔɤɜɘəɐ  ɞˊɐ ɛŮ ˊɚŮɡɟɎ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ asq2 &asq1,  ŬɜŰɑůŰɞɘɢŬ ůŰɞ 

ŮˊɑˊŮŭɞ w ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ  ȼ, ɞˊɧŰŮ  ɛˊɞɟŮɑ ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ɖɛɑɢɤɟɞɡ 

(half space),ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-43). ȳˊɤɠ ŬɜŬɚɨŮŰŬɘ ůŰɞ (ȾŮű.3.Ä3.4.4.), ɖ 

ŮˊŮɜŭŮŭɡɛɏɜɖ ŰŮŰɟŬɔɤɜɘəɐ ŭɘŬŰɞɛɐ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ŬɜŰɑůŰɞɘɢɞ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ɛŮ 

ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r=1ɛ əŬɘ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ tc. 
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Ɇɢ.4-43: ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ŰŮŰɟŬɔɤɜɘəɞɨ 

ůɢɐɛŬŰɞɠ  ůŮ  ɓɎɗɞɠ H , ůŰɞ ŮˊɑˊŮŭɞ w əŬɘ Űɞ ɘůɞŭɨɜŬɛɧ Űɞɡ  (Ŭ) Űɞ ŬɜŰɑůŰɞɘɢɞ   ůŰɞ ŮˊɑˊŮŭɞ 

ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ 

ŬɡŰɏɠ ˊɞɡ ˊŮɟɘɔɟɎűɖəŬɜ ŬɜɤŰɏɟɤ Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 4-34,4-35 &4-36). ȺˊɘɚɨɞɜŰŬɠ Űɞ ůɢŮŰɘəɧ 

ůɨůŰɖɛŬ ɡˊɞɚɞɔɑɕɞɜŰŬɘ, ɖ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ  əŬŰɎ Űɖɜ ŭɘŮɨɗɡɜůɖ Űɞɡ ɎɝɞɜŬ Űɞɡ ɡˊɞɔŮɑɞɡ 

Ůɟɔɞɡ uz , ˊɞɡ ŮɑɜŬɘ ɖ wtot=wi+r+ws1+ws2 əŬɗɩɠ əŬɘ ɞɘ ŰɎůŮɘɠ trz, & tɗz,ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ 

əŬɘ   ɖ  ŰɎůɖ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ Űɖɠ ůɐɟŬɔɔŬɠ.  
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ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŰŮŰɟŬɔɤɜɘəɐ  ɞˊɐ ɛŮ ˊɚŮɡɟɎ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ 

asq2=11ɛ. &asq1=10ɛ  ŬɜŰɑůŰɞɘɢŬ,  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ 

ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 

rad/sec .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ 

ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 4-2). 

ɇɞ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ɞˊɞɑɞ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ Ŭɟɢɘəɧ ůɢɐɛŬ 

ŮɑɜŬɘ tc=0.099ɛ., ȾŮű.3,(ůɢɏůɖ 3-63) əŬɘ ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ 

MATLAB  

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɖɠ  ɛŮŰŬəɑɜɖůɖɠ uz , Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ  əŬɘ Űɖɠ  ŰɎůɖɠ   

tɗz. ŪŮɤɟɞɨɛŮ |w0|=1. 

ɆŰɞ (Ɇɢ.4-44), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ wi+r, 

wtot,   Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɘ Űɖɠ  ŰɎůɖɠ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. 

 

 

 

 

 

 

 

 

 

 

 



201 

 

 

                                                         

Ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ             

ŭɡɜŬɛɘəɞɨ wi+r Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                                                           

    

ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

wtot ɑůɞ ɛŮ Űɖɜ ůɡɜɞɚɘəɐ   ɛŮŰŬəɑɜɖůɖ  əŬŰɎ 

Űɖɜ ȹ/ɜůɖ z 

                                                                                                              

    

ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  trz                     ́ Ɏɜɤ 

ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ                                                                                                                                              

 

     

 
ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  tɗz                                           

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ    ŭɘŬŰɞɛɐɠ                                                         
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Ů:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ tɗz                                                                             

ˊɎɜɤ ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ                                                                                                                  

 

Ɇɢ.4-44: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ   ȺˊŮɜŭŮŭɡɛɏɜɖ ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ ˊɎɢɞɡɠ t, 

ůŮ ɓɎɗɞɠ ȼ,   ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 

 

                                                                                                        

4.4.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ ˊɎɢɞɡɠ t , ůŮ ɓɎɗɞɠ ȼ 

                                                                         

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SH Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ 

ˊŮŰŬɚɞŮɘŭɐ   ɞˊɐ ɛŮ ɨɣɞɠ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ H2 &H1,  ŬɜŰɑůŰɞɘɢŬ ůŰɞ 

ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ  ɓɎɗɞɠ ȼ ɞˊɧŰŮ ɛˊɞɟŮɑ ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ 

ɢɩɟɞɡ (half space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.4-45). ȳˊɤɠ ŬɜŬɚɨŮŰŬɘ ůŰɞ (ȾŮű.3Ä3.4.5.), ɖ 

ŮˊŮɜŭŮŭɡɛɏɜɖ ˊŮŰŬɚɞŮɘŭɐɠ ŭɘŬŰɞɛɐ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ŬɜŰɑůŰɞɘɢɞ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ɛŮ 

ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r=1ɛ əŬɘ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ tc. 
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Ɇɢ.4-45: ȾɨɛŬ SH ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ˊŮŰŬɚɞŮɘŭɞɨɠ 

ůɢɐɛŬŰɞɠ  ůŮ  ɓɎɗɞɠ H , ůŰɞ ŮˊɑˊŮŭɞ w əŬɘ Űɞ ɘůɞŭɨɜŬɛɧ Űɞɡ  (Ŭ) Űɞ ŬɜŰɑůŰɞɘɢɞ   ůŰɞ ŮˊɑˊŮŭɞ 

ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ 

ŬɡŰɏɠ ˊɞɡ ˊŮɟɘɔɟɎűɖəŬɜ ŬɜɤŰɏɟɤ ůŰɘɠ (ůɢɏůŮɘɠ 4-34,4-35 & 4-36). ȺˊɘɚɨɞɜŰŬɠ Űɞ ůɢŮŰɘəɧ 

ůɨůŰɖɛŬ ɡˊɞɚɞɔɑɕɞɜŰŬɘ, ɖ ůɡɜɞɚɘəɐ ɛŮŰŬəɑɜɖůɖ  əŬŰɎ Űɖɜ ŭɘŮɨɗɡɜůɖ Űɞɡ ɎɝɞɜŬ Űɞɡ ɡˊɞɔŮɑɞɡ 

Ůɟɔɞɡ uz , ˊɞɡ ŮɑɜŬɘ ɖ wtot=wi+r+ws1+ws2 əŬɗɩɠ əŬɘ ɞɘ ŰɎůŮɘɠ trz, & tɗz,ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ 

əŬɘ   ɖ  ŰɎůɖ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ Űɖɠ ůɐɟŬɔɔŬɠ.  
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ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ˊŮŰŬɚɞŮɘŭɐ   ɞˊɐ ɛŮ ɨɣɞɠ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ 

ȼ2=8.72ɛ. &ȼ1=7.72ɛ  ŬɜŰɑůŰɞɘɢŬ,  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ 

ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SH əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 

rad/sec .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ 

ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 4-2). 

ɇɞ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ɞˊɞɑɞ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ Ŭɟɢɘəɧ ůɢɐɛŬ 

ŮɑɜŬɘ tc=0.107ɛ., ȾŮű.3, (ůɢɏůɖ 3-63) əŬɘ ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ 

MATLAB  

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɖɠ  ɛŮŰŬəɑɜɖůɖɠ uz , Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ  əŬɘ Űɖɠ  ŰɎůɖɠ   

tɗz. ŪŮɤɟɞɨɛŮ |w0|=1. 

ɆŰɞ (Ɇɢ.4-46) ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ wi+r, 

wtot,   Űɤɜ  ŰɎůŮɤɜ trz, tɗz, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɘ Űɖɠ  ŰɎůɖɠ   tɗz, ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. 
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Ŭ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ              

ŭɡɜŬɛɘəɞɨ wi+r Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SH                                                           

 

  

 
ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

wtot ɑůɞ ɛŮ Űɖɜ ůɡɜɞɚɘəɐ  ɛŮŰŬəɑɜɖůɖ  əŬŰɎ 

Űɖɜ ȹ/ɜůɖ z                                                                                                                

    

ɔ:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  trz                   ́ Ɏɜɤ 

ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ                                            

ŭɘŬŰɞɛɐɠ                                            

 

  

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ  tɗz    ́ Ɏɜɤ ůŰɖ 

ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ                                                                                                                                                              
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Ů:ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ŰɎůɖɠ tɗz                                                                             

ˊɎɜɤ ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ                                                                                                                  

 

 

Ɇɢ.4-46: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ   ȺˊŮɜŭŮŭɡɛɏɜɖ Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ 

ˊɎɢɞɡɠ t , ůŮ ɓɎɗɞɠ ȼ,  ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SH 
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ȾŮűɎɚŬɘɞ 5 

5.ȷɜŬɚɡŰɘəɏɠ ɆɢɏůŮɘɠ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɖɠ ȺɜŰŬŰɘəɐɠ ȾŬŰɎůŰŬůɖɠ ŭɘŬŰɞɛɩɜ 

ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ ɡˊɞ əŬŰŬəɧɟɡűɖ ůŮɘůɛɘəɐ ˊɟɧůˊŰɤůɖ ȹɘŬŰɛɖŰɘəɩɜ ȾɡɛɎŰɤɜ 

Űɨˊɞɡ SV ɛŮ ŮűŬɟɛɞɔɐ Űɖɠ ɗŮɤɟɑŬɠ Űɤɜ Ɇɨɛɛɞɟűɤɜ ȷˊŮɘəɞɜɑůŮɤɜ 

5.1.ȷɜŮˊɏɜŭɡŰɖ Ƀˊɐ ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ 

ŪŮɤɟɞɨɛŮ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ , ůŰɖɜ 

ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV, ůŰɞ ŮˊɑˊŮŭɞ w, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ   (Ɇɢ.5-1Ŭ). 

 

 

 

 

Ɇɢ.5-1: ȾɨɛŬ SV ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, 

ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ȰůŰɤ w(ɕ), ɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɖɜ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ 

ůɢɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ.  

ɇɞ ˊɟɞůˊɑˊŰɞɜ  əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi ŭɑŭŮŰŬɘ Ŭˊɧ Űɖɜ ůɢɏůɖ:  

‪ ȿ‪ȿ
ρ

ς
‐ὭὐὯȿύ‒ȿ

ύ‒

ȿύ‒ȿ
Ὥ

ύ‒

ȿύ‒ȿ
Ὥ  

                                                                                                                                              (5-1) 

ȳˊɞɡ |y0| =1 əŬɘ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV 

 

ȷɜŰɑůŰɞɘɢŬ ŰŬ ůəŮŭŬɕɧɛŮɜŬ Ŭˊɧ Űɖɜ ɞˊɐ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ŮɑɜŬɘ ŰŬ ɣs & űs 
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‪
ρ

ς
ὄὌ Ὧȿύ‒ȿ

ύ‒

ȿύ‒ȿ

ὲ

Ὥὲ
ύ‒

ȿύ‒ȿ

ὲ

Ὥὲ  

                                                                                                                                                                        (5-2) 

•
ρ

ςὭ
ὃ Ὄ Ὧȿύ‒ȿ

ύ‒

ȿύ‒ȿ

ὲ

Ὥὲ
ύ‒

ȿύ‒ȿ

ὲ

Ὥὲ  

                                                                                                                                                                         (5-3) 

 

ɇŬ ůɡɜɞɚɘəɎ ȾɡɛŬŰɘəɎ ȹɡɜŬɛɘəɎ ű &ɣ,  ŭɑɜɞɜŰŬɘ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ: 

• •                                                                                                                                                                                 

                                                                                                                                        (5-4)                                                                                                                                             

‪ ‪ ‪        

                                                                                                                                                          (5-5) 

Ƀɘ ŰɎůŮɘɠ əŬɘ ɞɘ ɛŮŰŬŰɞˊɑůŮɘɠ ůɡɜŬɟŰɐůŮɘ Űɖɠ ɤ(ɕ), ŭɑɜɞɜŰŬɘ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ: 

ὸ Ὧ ‗ ‘•
ρ

ὶ

ς‘‒

ύ ‒

‬

‬‒

ρ

ύ ‒

‬• Ὥ‪

‬‒
  

ρ

ὶ

ς‘‒Ӷ

ύ ‒

‬

‬‒Ӷ

ρ

ύ ‒

‬• Ὥ‪

‬‒Ӷ
 

                                                                                                                                                                                  

                                                                                                                                       (5-6Ŭ) 

ὸ
ρ

Ὥὶ

ς‘‒

ύ ‒

‬

‬‒

ρ

ύ ‒

‬• Ὥ‪

‬‒
  

ρ

Ὥὶ

ς‘‒Ӷ

ύ ‒

‬

‬‒Ӷ

ρ

ύ ‒

‬• Ὥ‪

‬‒Ӷ
 

                                                                                                                                                           (5-6ɓ) 

 

ὸ Ὧ ‗ ‘•
ρ

ὶ

ς‘‒

ύ ‒

‬

‬‒

ρ

ύ ‒

‬• Ὥ‪

‬‒
 
ρ

ὶ

ς‘‒Ӷ

ύ ‒

‬

‬‒Ӷ

ρ

ύ ‒

‬• Ὥ‪

‬‒Ӷ
 

                                                                                                                                                           (5-6ɔ)  

ό
‒

ὶ

ρ

ȿύ ‒ȿ

‬  Ὥ 

‬‒

‒֞

ὶ

ρ

ȿύ ‒ȿ

‬  Ὥ 

‬‒Ӷ
                                                                                      

                                                                                                                                        (5-7Ŭ)                           
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ό
‒

Ὥὶ

ρ

ȿύ ‒ȿ

‬  Ὥ 

‬‒

‒֞

Ὥὶ

ρ

ȿύ ‒ȿ

‬  Ὥ 

‬‒Ӷ
 

                                                                                                                                     (5-7ɓ)    

ɇɞ ɛɏŰɟɞ Űɞɡ ŭɘŬɜɨůɛŬŰɞɠ  Űɖɠ ɛŮŰŬŰɧˊɘůɖɠ u,  ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ yi, 

ŮɑɜŬɘ | y0kb|, (Lee & Karl, 1992).Ƀɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɞɡ ŭɘɏˊɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ ˊɎɜɤ ůŰɖɜ 

ŮˊɘűɎɜŮɘŬ Űɖɠ əɡəɚɘəɐɠ ɞˊɐɠ  ŮɑɜŬɘ : 

ὸ ὸ π                                                                                                                                (5-8)                                                                                                                                 

ɆŰɖ ůɡɜɏɢŮɘŬ ˊŬɟŬɔɤɔɑɕɞɜŰŬɘ ŭɨɞ űɞɟɏɠ ɞɘ (ůɢɏůŮɘɠ 5-4, 5-5), ˊɞɡ Ŭűɞɟɞɨɜ ŰŬ ůɡɜɞɚɘəɎ 

əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ű & ɣ ɔɘŬ Űɖɜ ŭɘŬŰɞɛɐ  əŬɘ Űɞ ŬˊɞŰɏɚŮůɛŬ ŮɘůɎɔŮŰŬɘ ůŰɘɠ (ůɢɏůŮɘɠ 5-6Ŭ & 

5-6ɓ) ˊɞɡ ɡˊɞɚɞɔɑɕɞɡɜ Űɘɠ ŰɎůŮɘɠ trr & trɗ. ɀŮŰɎ Űɖɜ ŮűŬɟɛɞɔɐ Űɤɜ ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ, ɛŮ 

ɓɎůɖ Űɘɠ  (ůɢɏůŮɘɠ 5-8 ) ˊɟɞəɨˊŰŮɘ ɏɜŬ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ, Ŭˊɧ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ɞˊɞɑɞɡ 

ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ ɎɔɜɤůŰɞɘ ůɡɜŰŮɚŮůŰɏɠ  ὃȟὄ, ɞɘ   ŬɜŰɑůŰɞɘɢŮɠ ɛŮŰŬŰɞˊɑůŮɘɠ  ur & uɗ ɛŮ ɓɎůɖ 

Űɘɠ (ůɢɏůŮɘɠ 5-7Ŭ, 5-7ɓ) əŬɗɩɠ əŬɘ  ɖ ŰɎůɖ  tɗɗ ɛŮ ɓŬůɖ Űɖ (ůɢɏůɖ 5-6ɔ ).  ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ 

ˊɞɡ ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ Űɘɠ ŬɜŬɚɨůŮɘɠ ŮɑɜŬɘ əŬɜɞɜɘəɞˊɞɘɖɛɏɜŬ ɤɠ ˊɟɞɠ Űɞ ˊɚɎŰɞɠ  |y0| ˊɞɡ 

ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV                                                                                             

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ˊŬɟɞɨůŬ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ 

(ɄɑɜŬəŬ 5-1).                                                                                                        

ɄɑɜŬəŬɠ 5-1: ȽŭɘɧŰɖŰŮɠ Űɞɡ ȺŭɎűɞɡɠ 

ȽŭɘɧŰɖŰŮɠ Űɞɡ ȺŭɎűɞɡɠ 

ɟ: ˊɡəɜɧŰɖŰŬ 1800kg/m3 

Cs: ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ 

ȹɘŬŰɛɖŰɘəɩɜ ȾɡɛɎŰɤɜ  

400 m/sec 

CP: ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ 

ȹɘŬŰɛɖŰɘəɩɜ ȾɡɛɎŰɤɜ  

800 m/sec 

ɜ: 

ȿɧɔɞɠ  Poisson 

0.33 

G: ɛɏŰɟɞ ŭɘɎŰɛɖůɖɠ 

 

2.88Ŀ108Pa 

kb= ɤ/Cs: 

ȾɡɛŬŰɘəɧɠ ȷɟɘɗɛɧɠ ˊɞɡ 

ŬɜŰɘůŰɞɘɢŮɑ ůŰŬ S əɨɛŬŰŬ 

0.6283 

Ka= ɤ/Cp: 

ȾɡɛŬŰɘəɧɠ ȷɟɘɗɛɧɠ ˊɞɡ 

ŬɜŰɘůŰɞɘɢŮɑ ůŰŬ P əɨɛŬŰŬ 

0.3141 

ɚ(ůŰŬɗŮɟɎ lame) 5.76Ŀ108Pa  

ɛ (ůŰŬɗŮɟɎ lame) 2.88Ŀ108Pa  
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5.1.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ əɡəɚɘəɐ ɞˊɐ 

ŬəŰɑɜŬɠ r=1ɛ ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟɞɨɜ ɜŬ ɗŮɤɟɖɗɞɨɜ 

ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.5-2). ȼ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ əɨəɚɞɡ ŬəŰɑɜŬɠ R ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), ůŰɞ 

ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 3-4) Űɞɡ ȾŮű.3:  

w=f(ɕ)=rɕ, ɧˊɞɡ r=1ɛ,  ȾŮű.3, (ůɢɏůɖ 3-4) .  

 

 

 

Ɇɢ.5-2: ȾɨɛŬ SV ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ əɡəɚɘəɞɨ ůɢɐɛŬŰɞɠ ɛŮ əɡɛŬŰɘəɧ 

ŭɡɜŬɛɘəɧ ɣi ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ 

ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ɓɎůŮɘ 

Űɖɠ (ůɢɏůɖɠ 5-8) ŮɑɜŬɘ trr=trɗ=0. Ƀɘ ɛŮŰŬəɘɜɐůŮɘɠ ur &uɗ əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗɗ, ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ 

(ůɢɏůŮɘɠ 5-7Ŭ, 5-7ɓ & 5-6ɔ). 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ əɡəɚɘəɐ ɞˊɐ ŬəŰɑɜŬɠ r=1ɛ, ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ 

əɨɛŬ Űɨˊɞɡ SV əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ, ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec.  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ   (ɄɑɜŬəŬ 

5-1). 

 

  

i̞ 
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ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ əŬɘ Űɖɠ ŰɎůɖɠ tɗɗ ́ Ɏɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ, ŮűŬɟɛɧɕɞɜŰŬɠ Űɘɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ὸ ὸ π , ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ Űɞɡ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ. ȰŰůɘ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ ɎɔɜɤůŰɞɘ ůɡɜŰŮɚŮůŰɏɠ An əŬɘ Bn əŬɘ ůŰɖɜ 

ůɡɜɏɢŮɘŬ Űɞ ŰŬůɘəɧ ˊŮŭɑɞ. ŪŮɤɟɞɨɛŮ |ɣ0|=1. 

ɆŰɞ (Ɇɢ.5-3), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ɣi,ɣs, 

ɣtot, űs, ɞɘ ɛŮŰŬəɘɜɐůŮɘɠ ur, uɗ əŬɗɩɠ əŬɘ  ɖ ŰɎůɖ tɗɗ . 

   

                                                         

Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ ɣi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SV                         

 

  

 
ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ 

ŭɡɜŬɛɘəɞɨ ɣs Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                                        

əɨɛŬŰɞɠ SV                                                                                                                  

    

ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ Ɇɡɜɞɚɘəɞɨ              

ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ ytot Űɞɡ              

ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV                                          

 

 

  

 
ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ 

ȾɡɛŬŰɘəɞɨ  ŭɡɜŬɛɘəɞɨ űs Űɞɡ  əɨɛŬŰɞɠ 

SV                                                                                            
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Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

 

ɕ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ 

ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ  

 

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,  ́ Ɏɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ  

 

 

Ɇɢ.5-3: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ  Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ůŰɞɜ  

Ʉɚɐɟɖ ɉɩɟɞ,  ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 

 

 

5.1.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ əɡəɚɘəɐ ɞˊɐ 

ŬəŰɑɜŬɠ R ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟɞɨɜ ɜŬ ɗŮɤɟɖɗɞɨɜ 

ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.5-4). ȼ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ əɨəɚɞɡ ŬəŰɑɜŬɠ R ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), ůŰɞ 

ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, əŮɜŰɟɞɓŬɟɘəɎ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 3-4), 

Űɞɡ ȾŮű.3:  
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w=f(ɕ)=Rɕ , ȾŮű.3(ůɢɏůɖ 3-4), ɧˊɞɡ R ɗŮŰɘəɐ ůŰŬɗŮɟɎ. 

 

 

Ɇɢ.5-4: ȾɨɛŬ SV ɛŮ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ əɡəɚɘəɞɨ 

ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ɓɎůŮɘ 

Űɖɠ (ůɢɏůɖɠ 5-8) ŮɑɜŬɘ trr=trɗ=0 . Ƀɘ ɛŮŰŬəɘɜɐůŮɘɠ ur &uɗ əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗɗ, ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ 

(ůɢɏůŮɘɠ 5-7Ŭ, 5-7ɓ & 5-6ɔ). 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ əɡəɚɘəɐ ɞˊɐ ŬəŰɑɜŬɠ R=5ɛ, ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ 

ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 

rad/sec.  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ   (ɄɑɜŬəŬ 

5-1). 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ əŬɘ Űɖɠ ŰɎůɖɠ tɗɗ ́ Ɏɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ, ŮűŬɟɛɧɕɞɜŰŬɠ Űɘɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ὸ ὸ π , ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ Űɞɡ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ. ȰŰůɘ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ ɎɔɜɤůŰɞɘ ůɡɜŰŮɚŮůŰɏɠ An əŬɘ Bn əŬɘ ůŰɖɜ 

ůɡɜɏɢŮɘŬ Űɞ ŰŬůɘəɧ ˊŮŭɑɞ. ŪŮɤɟɞɨɛŮ |ɣ0=|1. ɆŰo (Ɇɢ.5-5), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ 

ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ɣi,ɣs, ɣtot, űs, ɞɘ ɛŮŰŬəɘɜɐůŮɘɠ ur, uɗ əŬɗɩɠ əŬɘ  ɖ 

ŰɎůɖ tɗɗ ˊɎɜɤ ůŰɖɜ ŭɘŬŰɞɛɐ.      
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Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                      

ŭɡɜŬɛɘəɞɨ ɣi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SV                         

 

  

ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                          

ŭɡɜŬɛɘəɞɨ ɣs Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                                        

əɨɛŬŰɞɠ SV                                                                                  

                                                     

    

ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ Ɇɡɜɞɚɘəɞɨ                          

ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ ytot Űɞɡ                                                   

ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV                                                            

 

  

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ  ȾɡɛŬŰɘəɞɨ  

ŭɡɜŬɛɘəɞɨ űs Űɞɡ əɨɛŬŰɞɠ SV 

                                                         

    

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

 

ɕ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ 

ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ  
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ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,  ́ Ɏɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ  

 

 

Ɇɢ.5-5: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ 

ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 

 

 

 

 

 

5.1.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ  

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮɚɚŮɘˊŰɘəɐ  ɞˊɐ 

ɛŮ ɖɛɘɎɝɞɜŮɠ a,b  ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟɞɨɜ ɜŬ 

ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.5-6) . ȼ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ Űɖɠ ŮɚɚŮɘˊŰɘəɐɠ ɞˊɐɠ  ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), 

ůŰɞ ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, əŮɜŰɟɞɓŬɟɘəɎ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ   (ůɢɏůɖ 

3-6) Űɞɡ ȾŮű.3 .  

 ύ Ὢ‒ Ὑ‒   , ɧˊɞɡ ‒ ὶὩ  , Ὑ   , ά , ȾŮű.3(ůɢɏůɖ 3-6)  

 ɧˊɞɡ a & b ɞ ɛŮɔɎɚɞɠ əŬɘ ɞ ɛɘəɟɧɠ ɎɝɞɜŬɠ ŬɜŰɑůŰɞɘɢŬ 
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Ɇɢ.5-6: ȾɨɛŬ SV ɛŮ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ ŮɚɚŮɘˊŰɘəɞɨ 

ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ɓɎůŮɘ 

Űɖɠ (ůɢɏůɖɠ 5-8) ŮɑɜŬɘ trr=trɗ=0. Ƀɘ ɛŮŰŬəɘɜɐůŮɘɠ ur &ɜuɗ əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗɗ, ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ 

(ůɢɏůŮɘɠ 5-7Ŭ, 5-7ɓ & 5-6ɔ). 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ ŮɚɚŮɘˊŰɘəɐ ɞˊɐ  ɛŮ ɖɛɘɎɝɞɜŮɠ a=6ɛ & b=5ɛ. ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ 

ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 

rad/sec .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ    (ɄɑɜŬəŬ 

5-1). 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ əŬɘ Űɖɠ ŰɎůɖɠ tɗɗ ́ Ɏɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ, ŮűŬɟɛɧɕɞɜŰŬɠ Űɘɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ὸ ὸ π , ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ Űɞɡ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ. ȰŰůɘ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ ɎɔɜɤůŰɞɘ ůɡɜŰŮɚŮůŰɏɠ An əŬɘ Bn əŬɘ ůŰɖɜ 

ůɡɜɏɢŮɘŬ Űɞ ŰŬůɘəɧ ˊŮŭɑɞ. ŪŮɤɟɞɨɛŮ |ɣ0|=1. 

ɆŰo (Ɇɢ.5-7), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ɣi,ɣs, 

ɣtot, űs, ɞɘ ɛŮŰŬəɘɜɐůŮɘɠ ur, uɗ əŬɗɩɠ əŬɘ  ɖ ŰɎůɖ tɗɗ ˊɎɜɤ ůŰɖɜ ŭɘŬŰɞɛɐ.      
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Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                     

ŭɡɜŬɛɘəɞɨ ɣi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                                                                                                                     

əɨɛŬŰɞɠ SV                         

 

 

 
ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                            

ŭɡɜŬɛɘəɞɨ ɣs Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                                        

əɨɛŬŰɞɠ SV                                                                                 

                                                      

   

ɔ:     ȷˊɧɚɡŰɖ    Űɘɛɐ   Űɞɡ   Ɇɡɜɞɚɘəɞɨ                       

ȾɡɛŬŰɘəɞɨ     ȹɡɜŬɛɘəɞɨ ytot        Űɞɡ                                                    

ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV                                                

 

 

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ                          

ȾɡɛŬŰɘəɞɨ  ŭɡɜŬɛɘəɞɨ űs Űɞɡ                                                                                   

əɨɛŬŰɞɠ SV        

                   

    

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

 

ɕ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ 

ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ  

 

1 2 3 4 5 6 7 8
0.92

0.94

0.96

0.98

1

1.02

1.04

Theta in radians

 

 

Psi
i

1 2 3 4 5 6 7 8
0

0.5

1

1.5

2

2.5

3

Theta in radians

 

 

Psi
s

1 2 3 4 5 6 7 8
0

0.5

1

1.5

2

2.5

3

Theta in radians

 

 

psi total

1 2 3 4 5 6 7 8
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Theta in radians

 

 

phi
s

1 2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Theta in radians

 

 

UR

1 2 3 4 5 6 7 8
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Theta in radians

 

 

UT



218 

 

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,  ́ Ɏɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ  

 

 

Ɇɢ.5-7: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ  ɡˊɧ 

ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 

 

5.1.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŰŮŰɟŬɔɤɜɘəɐ 

ŭɘŬŰɞɛɐ ˊɚŮɡɟɎɠ asq ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟɞɨɜ ɜŬ 

ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.5-8) . ȼ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ Űɖɠ ŰŮŰɟŬɔɤɜɘəɐɠ  ɞˊɐɠ  ůŰɞ ŮˊɑˊŮŭɞ 

w=(x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, əŮɜŰɟɞɓŬɟɘəɎ ŭɑŭŮŰŬɘ Ŭˊɧ 

Űɖ (ůɢɏůɖ 3-10) Űɞɡ ȾŮű.3 

ύ Ὢ‒ Ὑ ‒  ,     ɧˊɞɡ:                

  ὧ πȢρφφφχȟὧ πȢπρχψυχȟ       ‒ ὶὩ ȟὶ ρ ȟὙ
Ȣ

 , ȾŮű.3 (ůɢɏůɖ 3-10)   
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Ɇɢ.5-8: ȾɨɛŬ SV ɛŮ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi ́ ɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ ŰŮŰɟŬɔɤɜɘəɞɨ 

ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ɓɎůŮɘ 

Űɖɠ (ůɢɏůɖɠ 5-8) ŮɑɜŬɘ trr=trɗ=0 . Ƀɘ ɛŮŰŬəɘɜɐůŮɘɠ ur &uɗ əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗɗ, ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ 

(ůɢɏůŮɘɠ 5-7Ŭ ,5-7ɓ & 5-6ɔ). 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ ŰŮŰɟŬɔɤɜɘəɐ ŭɘŬŰɞɛɐ ˊɚŮɡɟɎɠ 10ɛ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ 

ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ, ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 

rad/sec .  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ   (ɄɑɜŬəŬ 

5-1). 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ɡˊɞɚɞɔɑɕŮŰŬɘ ŬɟɢɘəɎ ɖ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ Ŭˊɧ Űɖ  (ůɢɏůɖ 3-10) Űɞɡ ȾŮű.3. ȷˊɧ Űɖɜ ɔŮɤɛŮŰɟɑŬ Űɖɠ ŭɘŬŰɞɛɐɠ ˊɟɞəɨˊŰŮɘ    

R=5.874149 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ əŬɘ Űɖɠ ŰɎůɖɠ tɗɗ ́ Ɏɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ, ŮűŬɟɛɧɕɞɜŰŬɠ Űɘɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ὸ ὸ π , ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ Űɞɡ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ. ȰŰůɘ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ ɎɔɜɤůŰɞɘ ůɡɜŰŮɚŮůŰɏɠ An əŬɘ Bn əŬɘ ůŰɖɜ 

ůɡɜɏɢŮɘŬ Űɞ ŰŬůɘəɧ ˊŮŭɑɞ. ŪŮɤɟɞɨɛŮ |ɣ0|=1. 

ɆŰɞ (Ɇɢ.5-9),  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ɣi,ɣs, 

ɣtot, űs, ɞɘ ɛŮŰŬəɘɜɐůŮɘɠ ur, uɗ əŬɗɩɠ əŬɘ  ɖ ŰɎůɖ tɗɗ ˊɎɜɤ ůŰɖɜ ŭɘŬŰɞɛɐ. 
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Ŭ: ȷˊɧɚɡŰɖ    Űɘɛɐ    Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ    ɣi   Űɞɡ  ˊɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SV                    

 

 

 
ɓ: ȷˊɧɚɡŰɖ    Űɘɛɐ    Űɞɡ ȾɡɛŬŰɘəɞɨ                            

ŭɡɜŬɛɘəɞɨ ɣs    Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                                        

əɨɛŬŰɞɠ SV                                                                            

                                                 

    

ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ Ɇɡɜɞɚɘəɞɨ              

ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ ytot Űɞɡ              

ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV                                          

 

 

 
ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ 

ȾɡɛŬŰɘəɞɨ  ŭɡɜŬɛɘəɞɨ űs Űɞɡ əɨɛŬŰɞɠ SV                                                                                
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Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

 

ɕ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ 

ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ  

 

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,  ́ Ɏɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ  

 

 

Ɇɢ.5-9: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ  ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ,   ɡˊɧ 

ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 

 

5.1.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ  ŭɘŬŰɞɛɐ 

ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ ɨɣɞɡɠ H əŬɘ ˊɚɎŰɞɡɠ W  ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ 

ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟɞɨɜ ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ 

(Ɇɢ.5-10).  ȼ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ Űɞ ŮɝɤŰŮɟɘəɧ Űɖɠ ˊŮŰŬɚɞŮɘŭɞɨɠ  

ɞˊɐɠ  ůŰɞ ŮˊɑˊŮŭɞ w=(x+iy), ůŰɞ ŮɝɤŰŮɟɘəɧ  Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ  Űɞɡ Ůˊɘˊɏŭɞɡ ɕ, 

əŮɜŰɟɞɓŬɟɘəɎ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ (ůɢɏůɖ 3-13) Űɞɡ ȾŮű.3: 
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ύ Ὢ‒
Ѝ
ὙὩ ‒ , (3-13) ɧˊɞɡ: ‒ ὶὩ ȟὶ ρ           əŬɘ 

ɞɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ R, a3,b1,a2 ɓŮɚŰɘůŰɞˊɞɘɞɨɜŰŬɘ Ŭˊɧ Űɘɠ Ŭɟɢɘəɏɠ,  ɛŮ Űɖɜ ɟɞɡŰɑɜŬ 

ŮɚŬɢɑůŰɤɜ ŰŮŰɟŬɔɩɜɤɜ Űɞɡ ɛŬɗɖɛŬŰɘəɞɨ ɚɞɔɘůɛɘəɞɨ ˊŬəɏŰɞɡ  MATLAB . 

 

 

Ɇɢ.5-10: ȾɨɛŬ SV ɛŮ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi  ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ 

ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ 

ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 

ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ɛŮ ɓɎůɖ 

Űɖ (ůɢɏůɖ 8), ŮɑɜŬɘ trr=trɗ=0 . Ƀɘ ɛŮŰŬəɘɜɐůŮɘɠ ur &uɗ əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗɗ, ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ 

(ůɢɏůŮɘɠ 5-7Ŭ, 5-7ɓ & 5-6ɔ). 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ  ɛɘŬ ˊŮŰŬɚɞŮɘŭɐ  ŭɘŬŰɞɛɐ  ɨɣɞɡɠ H=7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ W=9.5ɛ  ůŰɞ ŮˊɑˊŮŭɞ w, 

ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ, ɛŮ əɡəɚɘəɐ 

ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec.  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ   (ɄɑɜŬəŬ 

5-1).ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ɡˊɞɚɞɔɑɕŮŰŬɘ ŬɟɢɘəɎ ɖ ůɡɜɎɟŰɖůɖ 

ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ (ůɢɏůɖ 3-13) Űɞɡ ȾŮű.3. Ƀɘ Űɘɛɏɠ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ , ɞɘ ɞˊɞɑɞɘ ˊɟɞůŮɔɔɑɕɞɡɜ 

əŬɚɨŰŮɟŬ Űɞ ˊɟŬɔɛŬŰɘəɧ ůɢɐɛŬ, ˊɟɞəɨˊŰɞɡɜ ɛŮŰɎ Ŭˊɧ ɓŮɚŰɘůŰɞˊɞɑɖůɖ ɛŮ Űɖ ɟɞɡŰɑɜŬ 

ŮɚŬɢɑůŰɤɜ ŰŮŰɟŬɔɩɜɤɜ Űɞɡ MATLAB  : b1=0.104, a2, =0.047, a3=0.029, R=3.148133997. 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ əŬɘ Űɖɠ ŰɎůɖɠ tɗɗ ́ Ɏɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ 

əɨəɚɞɡ, ŮűŬɟɛɧɕɞɜŰŬɠ Űɘɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ὸ ὸ π , ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ Űɞɡ 
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ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ. ȰŰůɘ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ ɎɔɜɤůŰɞɘ ůɡɜŰŮɚŮůŰɏɠ An əŬɘ Bn əŬɘ ůŰɖɜ 

ůɡɜɏɢŮɘŬ Űɞ ŰŬůɘəɧ ˊŮŭɑɞ. ŪŮɤɟɞɨɛŮ |ɣ0|=1. 

ɆŰɞ (Ɇɢ.5-11) ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ɣi,ɣs, 

ɣtot, űs, ɞɘ ɛŮŰŬəɘɜɐůŮɘɠ ur, uɗ əŬɗɩɠ əŬɘ  ɖ ŰɎůɖ tɗɗ ˊɎɜɤ ůŰɖɜ ŭɘŬŰɞɛɐ. 

 

          

     

   

 

 

 

 

 

                                                         

Ŭ: ȷˊɧɚɡŰɖ    Űɘɛɐ Űɞɡ    ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ ɣi    Űɞɡ    ́ ɟɞůˊɑˊŰɞɜŰɞɠ                        

əɨɛŬŰɞɠ SV                    

 

  

ɓ: ȷˊɧɚɡŰɖ    Űɘɛɐ    Űɞɡ   ȾɡɛŬŰɘəɞɨ 

ŭɡɜŬɛɘəɞɨ ɣs    Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                                        

əɨɛŬŰɞɠ SV                                                                                                                  
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ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ Ɇɡɜɞɚɘəɞɨ              

ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ ytot Űɞɡ              

ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV                                          

 

 

 

 
ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ 

ȾɡɛŬŰɘəɞɨ  ŭɡɜŬɛɘəɞɨ űs Űɞɡ əɨɛŬŰɞɠ SV                                                                                

    

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

 

ɕ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ 

ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ  

 

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,  ́ Ɏɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ  

 

 

Ɇɢ.5-11: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ   Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ůŰɞɜ  Ʉɚɐɟɖ 

ɉɩɟɞ,  ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 
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5.2.ȷɜŮˊɏɜŭɡŰɖ Ƀˊɐ ůŰɞɜ  ȼɛɑɢɤɟɞ-ɄŮɟɑˊŰɤůɖ çɉŬɚŬɟɞɨ Ɇɡɜɧɟɞɡè 

ŪŮɤɟɞɨɛŮ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ůŮ ɓɎɗɞɠ  H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ , ůŰɖɜ ɞˊɞɑŬ 

ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV, ɛŮ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ  ɣi ůŰɞ ŮˊɑˊŮŭɞ w, 

ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.5-12). ɇɞ ŬɜŬəɚɩɛŮɜɞ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ŮɑɜŬɘ Űɞ  

ɣr. ɆŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ Űɞɡ ȺŭɎűɞɡɠ əŬɘ  Űɖɠ ŭɘŬŰɞɛɐɠ Űɞɡ ɈˊɞɔŮɑɞɡ Ȱɟɔɞɡ,  ŰŬ ůəŮŭŬɕɧɛŮɜŬ 

əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ŮɑɜŬɘ ŬɜŰɑůŰɞɘɢŬ ŰŬ ɣs1 əŬɘ űs1. ȷɜŬɚɞɔɘəɎ  ŰŬ ůəŮŭŬɕɧɛŮɜŬ əɡɛŬŰɘəɎ 

ŭɡɜŬɛɘəɎ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ŮɑɜŬɘ ŬɜŰɑůŰɞɘɢŬ ŰŬ ɣs2 əŬɘ űs2.ɇŬ ůɡɜɞɚɘəɎ 

əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ɣ & ű, ˊɞɡ ŭɘɏˊɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ əɎŰɤɗɘ ůɢɏůŮɘɠ :  

 

Ɇɢ.5-12: ȾɨɛŬ SV ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ůŮ ɓɎɗɞɠ H, Ŭˊɧ 

Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ůŰɞ ŮˊɑˊŮŭɞ w əŬɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ ȾɡɛŬŰɘəɎ ȹɡɜŬɛɘəɎ 

• • •  

                                                                                                                               (5-9) 

‪ ‪ ‪ ‪          

                                                                                                                               (5-10) 

ȺˊŮɘŭɐ ɖ ŭɘɎŭɞůɖ Űɤɜ əɡɛɎŰɤɜ ŮɑɜŬɘ əŬŰŬəɧɟɡűɖ Űɞ ŬɜŬəɚɩɛŮɜɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ  űr=0 

Ƀɘ ɛŮŰŬŰɞˊɑůŮɘɠ əŬɘ ɞɘ ŰɎůŮɘɠ ůŮ ɧɟɞɡɠ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ɣ & ű, ůŮ ˊɞɚɘəɏɠ 

ůɡɜŰŮŰŬɔɛɏɜŮɠ ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ , (Achenbach, 1993), 

ό   

                                                                                                                          (5-11Ŭ)                                                                                                                                    

ό                                                                                                                    (5-11ɓ) 
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                                                                                                                          (5-12ɓ) 

ὸ ‗ɳ • ]  

                                                                                                          (5-12ɔ)                                                                                                                                  

Ƀɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɞɡ ŭɘɏˊɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ ŮɑɜŬɘ ɞɘ əɎŰɤɗɘ: 

1. ɆŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ Űɞɡ ȺŭɎűɞɡɠ əŬɘ  Űɖɠ ŭɘŬŰɞɛɐɠ Űɞɡ ɈˊɞɔŮɑɞɡ Ȱɟɔɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ, 

ɘůɢɨŮɘ: 

ὸ ὸ π 

                                                                                                                                (5-13) 

2. ɆŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɘůɢɨŮɘ: 

ὸ ὸ π 

                                                                                                                                (5-14) 

ȼ ŮűŬɟɛɞɔɐ Űɖɠ ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ (5-14) ˊɎɜɤ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ɗŮɤɟŮɑŰŬɘ ɏɜŬ 

Ŭˊɧ ŰŬ ˊɘɞ ŭɨůəɞɚŬ ˊɟɞɓɚɐɛŬŰŬ Űɖɠ űɡůɘəɐɠ, (Lin et al., 2010). ȼ ɛɏɢɟɘ ŰɩɟŬ ɏɟŮɡɜŬ ɏɢŮɘ 

ŬɜŰɘɛŮŰɤˊɑůŮɘ Űɞ ˊɟɧɓɚɖɛŬ ˊɟɞůŮɔɔɘůŰɘəɎ.  ȼ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛŮɗɞŭɞɚɞɔɑŬ  ŬɝɘɞˊɞɘŮɑ  Űɘɠ 

ůɨɛɛɞɟűŮɠ ŬˊŮɘəɞɜɑůŮɘɠ ˊɟɞəŮɘɛɏɜɞɡ ɜŬ ŮˊɘɚɡɗŮɑ Űɞ ˊɟɧɓɚɖɛŬ Űɖɠ ŮűŬɟɛɞɔɐɠ  Űɤɜ 

ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ  ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, (ůɢɏůɖ 5-14),  Ŭəɟɘɓɩɠ əŬɘ ɧɢɘ 

ˊɟɞůŮɔɔɘůŰɘəɎ. Ʉɟɘɜ ŬɜŬˊŰɨɝɞɡɛŮ Űɖɜ ɛŮɗɞŭɞɚɞɔɑŬ,  ˊŬɟŬɗɏŰɞɡɛŮ ɛɘŬ Ŭˊɚɞˊɞɘɖɛɏɜɖ 

ˊŬɟŬŭɞɢɐ ŬɡŰɐ Űɞɡ ɉŬɚŬɟɞɨ Ɇɡɜɧɟɞɡ, ɧˊɤɠ ŬɜŬɚɨŮŰŬɘ ůŰɖ ůɡɜɏɢŮɘŬ:    

ŪŮɤɟɞɨɛŮ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ůŮ  ɓɎɗɞɠ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ H, ůŰɖɜ ɞˊɞɑŬ 

ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV, ůŰɞ ŮˊɑˊŮŭɞ w, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.5-12).  

ũɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ ȾɡɛŬŰɘəɩɜ ȹɡɜŬɛɘəɩɜ, ɗŮɤɟɞɨɛŮ Űɖɜ Ŭˊɚɞˊɞɘɖɛɏɜɖ ˊŬɟŬŭɞɢɐ, ɧŰɘ 

ŰŬ ůəŮŭŬɕɧɛŮɜŬ əɨɛŬŰŬ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ  

‪ • =0  

                                                                                                                                  (5-15) 
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ȰŰůɘ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ȼɛɑɢɤɟɞɡ ŬɜɎɔŮŰŬɘ ůŮ ˊɟɧɓɚɖɛŬ Ʉɚɐɟɞɡɠ ɢɩɟɞɡ, ŭɘɧŰɘ ɖ ɛɧɜɖ 

ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ  ˊɞɡ ŭɘɏˊŮɘ Űɞ ˊɟɧɓɚɖɛŬ ŮɑɜŬɘ ɖ (5-13) əŬɘ ůɡɔəŮəɟɘɛɏɜŬ ɘůɢɨŮɘ: 

ὸ ὸ π ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ Űɞɡ ȺŭɎűɞɡɠ əŬɘ  Űɖɠ ŭɘŬŰɞɛɐɠ Űɞɡ ɈˊɞɔŮɑɞɡ Ȱɟɔɞɡ, ůŰɞ 

ŮˊɑˊŮŭɞ ɕ.ɇŬ ůɡɜɞɚɘəɎ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ɣ & ű, ˊɞɡ ŭɘɏˊɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ 

əɎŰɤɗɘ ůɢɏůŮɘɠ :  

• •  

                                                                                                                                         (5-16) 

‪ ‪ ‪  

                                                                                                                                         (5-17) 

ȰůŰɤ ɤ(ɕ), ɖ ůɡɜɎɟŰɖůɖ ŬˊŮɘəɧɜɘůɖɠ ɖ ɞˊɞɑŬ ŬˊŮɘəɞɜɑɕŮɘ Űɖɜ ŭɘŬŰɞɛɐ Űɞɡ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ 

ůŰɞ ŮˊɑˊŮŭɞ w,  ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ, əŮɜŰɟɞɓŬɟɘəɎ , ůɨɛűɤɜŬ ɛŮ Űɘɠ ůɢɏůŮɘɠ 

ˊɞɡ ŬɜŬɚɨɗɖəŬɜ ŭɘŮɝɞŭɘəɎ  ůŰɞ ȾŮű.3.1.Ƀɘ ůɢɏůŮɘɠ ˊɞɡ ɡˊɞɚɞɔɑɕɞɡɜ Űɘɠ ɛŮŰŬŰɞˊɑůŮɘɠ əŬɘ Űɘɠ 

ŰɎůŮɘɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ůɡɜŬɟŰɐůŮɘ Űɖɠ ɤ(ɕ), ŭɑɜɞɜŰŬɘ Ŭˊɧ Űɘɠ əɎŰɤɗɘ ůɢɏůŮɘɠ  ɛŮŰɎ Ŭˊɧ 

ŬɜŰɘəŬŰɎůŰŬůɖ: 

ό
‒

ὶ

ρ

ȿύ ‒ȿ

‬  Ὥ 

‬‒

‒֞

ὶ

ρ

ȿύ ‒ȿ

‬  Ὥ 

‬‒Ӷ
 

                                                                                                                                       (5-18Ŭ) 

ό
‒

Ὥὶ

ρ

ȿύ ‒ȿ

‬  Ὥ 

‬‒

‒֞

Ὥὶ

ρ

ȿύ ‒ȿ

‬  Ὥ 

‬‒Ӷ
 

                                                                                                                                       (5-18ɓ) 

ὸ Ὧ ‗ ‘•     

                                                                                                                                                                                       (5-19Ŭ) 

ὸ     

                                                                                                                                      (5-19ɓ)  

ὸ Ὧ ‗ ‘•
ρ

ὶ

ς‘‒

ύ ‒

‬

‬‒

ρ

ύ ‒

‬• Ὥ‪

‬‒
 
ρ

ὶ

ς‘‒Ӷ

ύ ‒

‬

‬‒Ӷ

ρ

ύ ‒

‬• Ὥ‪

‬‒Ӷ
 

                                                                                                                                     (5-19ɔ) 

ȳˊɞɡ ɚ əŬɘ ɛ ɞɘ ůŰŬɗŮɟɏɠ Űɞɡ Lame əŬɘ  kŬ ɞ əɡɛŬŰɘəɧɠ Ŭɟɘɗɛɧɠ ɔɘŬ ŰŬ əɨɛŬŰŬ P. 
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ɇŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ɛŮŰɎ Ŭˊɧ   ŬɜɎˊŰɡɝɖ ůŮ ůŮɘɟɏɠ Bessel-Fourier əŬɘ Hankel-Fourier 

ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ : 

ɇɞ ˊɟɞůˊɑˊŰɞɜ əŬɘ Űɞ ŬɜŬəɚɩɛŮɜɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi+r, ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: 

‪    ȿ‪ȿὩ В ‐ὭὐὯ ȿύ‒ȿ
ύ‒

ȿύ‒ȿ

ὲ
Ὥὲ

ύ‒

ȿύ‒ȿ

ὲ
Ὥὲ+ 

ȿ‪ȿὩ В ‐ Ὥ ὐὯ ȿύ‒ȿ
ύ‒

ȿύ‒ȿ

ὲ
Ὥὲ

ύ‒

ȿύ‒ȿ

ὲ
Ὥὲ   

                                                                                                                                          (5-20) 

ȳˊɞɡ |y0| =1 əŬɘ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV 

 

ȷɜŰɑůŰɞɘɢŬ, ŰŬ  ůəŮŭŬɕɧɛŮɜŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ Űɞɡ ȺŭɎűɞɡɠ əŬɘ  ůŰɖ 

ŭɘŬŰɞɛɐ Űɞɡ ɈˊɞɔŮɑɞɡ Ȱɟɔɞɡ, ɣs1 əŬɘ űs1, ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ ůɢɏůŮɘɠ:    

‪ В ὄὌ Ὧȿύ‒ȿ
ύ‒

ȿύ‒ȿ

ὲ

Ὥὲ
ύ‒

ȿύ‒ȿ

ὲ

Ὥὲ   

                                                                                                                                          (5-21) 

                                                                                                                                                                      

• В ὃ Ὄ Ὧȿύ‒ȿ
ύ‒

ȿύ‒ȿ

ὲ

Ὥὲ
ύ‒

ȿύ‒ȿ

ὲ

Ὥὲ   

                                                                                                                                         (5-22) 

ȺűŬɟɛɧɕɞɜŰŬɠ Űɘɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ tr1r1=tr1ɗ1=0,  ůŰɘɠ (ůɢɏůŮɘɠ 5-19Ŭ  & 5-19ɓ), ˊɟɞəɨˊŰŮɘ 

ɏɜŬ ɆɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ ɛŮŰɎ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ɞˊɞɑɞɡ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ ɎɔɜɤůŰɞɘ 

ůɡɜŰŮɚŮůŰɏɠ An  & Bn əŬɘ ůɡɜŮˊɩɠ ŰŬ ŬɜŰɑůŰɞɘɢŬ  ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ (ur, uɗ əŬɘ ɖ ŰɎůɖ tɗɗ),  

ɓɎůŮɘ Űɤɜ (ůɢɏůŮɤɜ 5-18Ŭ, 5-18ɓ & 5-19ɔ). ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ Űɘɠ 

ŬɜŬɚɨůŮɘɠ ŮɑɜŬɘ əŬɜɞɜɘəɞˊɞɘɖɛɏɜŬ ɤɠ ˊɟɞɠ Űɞ ˊɚɎŰɞɠ  |y0| ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ 

ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV 
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5.2.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ůŮ ɓɎɗɞɠ h 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ əɡəɚɘəɐ ɞˊɐ 

ŬəŰɑɜŬɠ r, ůŮ ɓɎɗɞɠ h Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ŪŮɤɟɞɨɛŮ ůɡɜɗɐəŮɠ ɖɛɑɢɤɟɞɡ (half 

space), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ  (Ɇɢ.5-13).  

 

Ɇɢ.5-13: ȾɨɛŬ SV  ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ əɡəɚɘəɞɨ  ůɢɐɛŬŰɞɠ ɛɞɜŬŭɘŬɑŬɠ 

ŬəŰɑɜŬɠ  ůŮ ɓɎɗɞɠ h, Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ əŬɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ ȾɡɛŬŰɘəɎ 

ȹɡɜŬɛɘəɎ 

ɀŮ Űɖɜ Ŭˊɚɞˊɞɘɖɛɏɜɖ ˊŬɟŬŭɞɢɐ Űɖɠ  (ůɢɏůɖɠ 5-15), ɧˊɞɡ   ŰŬ ůəŮŭŬɕɧɛŮɜŬ əɨɛŬŰŬ Ŭˊɧ Űɖɜ 

ŮˊɘűɎɜŮɘŬ Űɞɡ  ŮŭɎűɞɡɠ  ‪ • =0, Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ɖɛɑɢɤɟɞɡ ŬɜɎɔŮŰŬɘ ůŮ ˊɟɧɓɚɖɛŬ 

ˊɚɐɟɞɡɠ ɢɩɟɞɡ, ɡˊɧ   ůŮɘůɛɘəɐ űɧɟŰɘůɖ əɡɛɎŰɤɜ SV əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɤɜ  ɛŮ 

əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi+r. 

ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ŬɜɤŰɏɟɤ,  ɛŮŰɎ Ŭˊɧ Űɖɜ  Ůˊɑɚɡůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ 

ɛŮŰŬəɘɜɐůŮɘɠ ur & uɗ əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ.   

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ əɡəɚɘəɐ ɞˊɐ ɛŮ ŬəŰɑɜŬ r=1ɛ., ˊɞɡ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ h=2ɛ. Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ 

Űɞɡ ŮŭɎűɞɡɠ , ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV , ɛŮ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi+r 

əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec 

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ  ˊŮɟɘɔɟɎűɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 5-1).   
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ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi+r, ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur &uɗ əŬɗɩɠ əŬɘ 

Űɖɠ ŰɎůɖɠ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ. ŪŮɤɟɞɨɛŮ |ɣ0|=1. 

ɆŰɞ (Ɇɢ.5-14), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi+r, 

ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur &uɗ əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ. 

 

    

 

                                                         

Ŭ: ȷˊɧɚɡŰɖ    Űɘɛɐ     Űɞɡ   ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ ɣi+r    Űɞɡ   ́ ɟɞůˊɑˊŰɞɜŰɞɠ                     

əɨɛŬŰɞɠ SV       

 

 

ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

ɣs1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                                        

əɨɛŬŰɞɠ SV                                                                                                                 

    

ɔ: ȷˊɧɚɡŰɖ     Űɘɛɐ Űɞɡ     ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ ɣtot     Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                       

əɨɛŬŰɞɠ SV             

 

 

 

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

űs1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ                                        

əɨɛŬŰɞɠ SV                                                                                   
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Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

ɕ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,  ́ Ɏɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ  

 

 

Ɇɢ.5-14: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ  Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ůŮ ɓɎɗɞɠ 

h,    ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 

 

 

5.2.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ůŮ ɓɎɗɞɠ ȼ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ əɡəɚɘəɐ ɞˊɐ 

ŬəŰɑɜŬɠ R, ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ŪŮɤɟɞɨɛŮ ůɡɜɗɐəŮɠ ɖɛɑɢɤɟɞɡ (half 

space), ɓɚɏˊŮ (Ɇɢ.5-15). ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.3., Ä3.2.1.) Űɞ ůɡɔəŮəɟɘɛɏɜɞ ůɢɐɛŬ ůŰɞ 

ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɞ ɞˊɞɑɞɠ ɓɟɑůəŮŰŬɘ  ůŮ 

çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè. ɇɞ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè ˊɟɞəɨˊŰŮɘ ɛŮŰɎ Ŭˊɧ Űɖɜ Ůˊɑɚɡůɖ Űɖɠ 

(Ůɝɑůɤůɖɠ 3-16) Űɞɡ ȾŮű.3.            
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Ɇɢ.5-15: ȾɨɛŬ SV   ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ əɡəɚɘəɞɨ ůɢɐɛŬŰɞɠ  ůŮ  ɓɎɗɞɠ H, 

ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŮ  çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè ůŰɞ 

ŮˊɑˊŮŭɞ ɕ(ɓ) əŬɗɩɠ əŬɘ ŰŬ  ȾɡɛŬŰɘəɎ ȹɡɜŬɛɘəɎ. 

ɀŮ Űɖɜ Ŭˊɚɞˊɞɘɖɛɏɜɖ ˊŬɟŬŭɞɢɐ Űɖɠ  (ůɢɏůɖɠ 5-15), ɧˊɞɡ   ŰŬ ůəŮŭŬɕɧɛŮɜŬ əɨɛŬŰŬ Ŭˊɧ Űɖɜ 

ŮˊɘűɎɜŮɘŬ Űɞɡ  ŮŭɎűɞɡɠ  ‪ • =0, Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ɖɛɑɢɤɟɞɡ ŬɜɎɔŮŰŬɘ ůŮ ˊɟɧɓɚɖɛŬ 

ˊɚɐɟɞɡɠ ɢɩɟɞɡ, ɡˊɧ   ůŮɘůɛɘəɐ űɧɟŰɘůɖ əɡɛɎŰɤɜ SV əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɤɜ  ɛŮ 

əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi+r. 

ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ŬɜɤŰɏɟɤ, ɛŮŰɎ Ŭˊɧ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ 

ɛŮŰŬəɘɜɐůŮɘɠ ur & uɗ əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ.   

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ əɡəɚɘəɐ ɞˊɐ ɛŮ ŬəŰɑɜŬ R=5ɛ., ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ H=10ɛ. ůŰɞ ŮˊɑˊŮŭɞ w 

əŬɘ  ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV, ɛŮ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi+r əŬŰŬəɞɟɨűɤɠ 

ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec. ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ    (ȾŮű.3., 

Ä3.2.1.),  Űɞ ůɡɔəŮəɟɘɛɏɜɞ ůɢɐɛŬ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ, ɞ ɞˊɞɑɞɠ ɓɟɑůəŮŰŬɘ ůŮ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè. 

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ  ˊŮɟɘɔɟɎűɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 5-1). 

 ɀŮ Űɖɜ ɓɞɐɗŮɘŬ Űɞɡ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ɡˊɞɚɞɔɑɕɞɡɛŮ əŬŰŬɟɢɐɜ Űɞ 

çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ h è, Űɞ ɞˊɞɑɞ ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ əɡəɚɘəɐɠ ɞˊɐɠ ɛŮ ŬəŰɑɜŬ R=5ɛ.,  ŮɑɜŬɘ 

2ɛ. 
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ɆŰɖ ůɡɜɏɢŮɘŬ Ůˊɑůɖɠ ɛŮ  Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ 

ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi+r, ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ 

ur &uɗ  əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ. ŪŮɤɟɞɨɛŮ |ɣ0|=1. 

ɆŰɞ (Ɇɢ.5-16), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi+r, 

ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur &uɗ əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ. 

 

 

 

  

 

Ŭ: ȷˊɧɚɡŰɖ     Űɘɛɐ     Űɞɡ     ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ    ɣi+r    Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                      

əɨɛŬŰɞɠ SV       

 

                                                        

 

 

 
ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ  ŭɡɜŬɛɘəɞɨ 

ɣs1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ  əɨɛŬŰɞɠ SV                                                                                                                                                     
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ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ                 

ɣtot Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV                                   

 

  

 
ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

űs1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ əɨɛŬŰɞɠ SV                                                                                                                         

  

 
Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

  

 

 

ɕ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,  ́ Ɏɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ  

 

 

Ɇɢ.5-16: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ    Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ůŮ ɓɎɗɞɠ ȼ,ɡˊɧ 

ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 
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5.2.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮɚɚŮɘˊŰɘəɐ  ɞˊɐ,  

ɛŮ ɖɛɘɎɝɞɜŮɠ a əŬɘ b ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ŪŮɤɟɞɨɛŮ ůɡɜɗɐəŮɠ 

ɖɛɑɢɤɟɞɡ (half space), ɓɚɏˊŮ  (Ɇɢ.5-17). ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.3.,Ä3.2.2.), Űɞ 

ůɡɔəŮəɟɘɛɏɜɞ ůɢɐɛŬ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɞ 

ɞˊɞɑɞɠ ɓɟɑůəŮŰŬɘ ůŮ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè . ɇɞ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè ˊɟɞəɨˊŰŮɘ ɛŮŰɎ Ŭˊɧ Űɖɜ 

Ůˊɑɚɡůɖ Űɖɠ (Ůɝɑůɤůɖɠ 3-18) Űɞɡ ȾŮű.3. 

 

Ɇɢ.5-17: ȾɨɛŬ SV  ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ ŮɚɚŮɘˊŰɘəɞɨ ůɢɐɛŬŰɞɠ  ůŮ  ɓɎɗɞɠ H, 

ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŮ  çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè ůŰɞ 

ŮˊɑˊŮŭɞ ɕ(ɓ) əŬɗɩɠ əŬɘ ŰŬ  ȾɡɛŬŰɘəɎ ȹɡɜŬɛɘəɎ. 

ɀŮ Űɖɜ Ŭˊɚɞˊɞɘɖɛɏɜɖ ˊŬɟŬŭɞɢɐ Űɖɠ  (ůɢɏůɖɠ 5-15), ɧˊɞɡ   ŰŬ ůəŮŭŬɕɧɛŮɜŬ əɨɛŬŰŬ Ŭˊɧ Űɖɜ 

ŮˊɘűɎɜŮɘŬ Űɞɡ  ŮŭɎűɞɡɠ  ‪ • =0, Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ɖɛɑɢɤɟɞɡ ŬɜɎɔŮŰŬɘ ůŮ ˊɟɧɓɚɖɛŬ 

ˊɚɐɟɞɡɠ ɢɩɟɞɡ, ɡˊɧ   ůŮɘůɛɘəɐ űɧɟŰɘůɖ əɡɛɎŰɤɜ SV əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɤɜ  ɛŮ 

əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi+r. 

ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ŬɜɤŰɏɟɤ, ɛŮŰɎ Ŭˊɧ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ 

ɛŮŰŬəɘɜɐůŮɘɠ ur & uɗ əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ.   

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ  ɞˊɐ ŮɚɚŮɘˊŰɘəɞɨ ůɢɐɛŬŰɞɠ ɛŮ ɖɛɘɎɝɞɜŮɠ a=6ɛ & b=5ɛ., ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ  ůŮ 

ɓɎɗɞɠ H=10ɛ. ůŰɞ ŮˊɑˊŮŭɞ w əŬɘ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV, ɛŮ əɡɛŬŰɘəɧ 

ŭɡɜŬɛɘəɧ ɣi+r əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec. ȳˊɤɠ 

ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.3.,Ä3.2.2.), Űɞ ůɡɔəŮəɟɘɛɏɜɞ ůɢɐɛŬ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ 
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ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɞ ɞˊɞɑɞɠ ɓɟɑůəŮŰŬɘ ůŮ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè . Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ 

ŮŭɎűɞɡɠ  ˊŮɟɘɔɟɎűɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 5-1). 

 ɀŮ Űɖɜ ɓɞɐɗŮɘŬ Űɞɡ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ɡˊɞɚɞɔɑɕɞɡɛŮ əŬŰŬɟɢɐɜ Űɞ 

çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ h è, Űɞ ɞˊɞɑɞ ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ŮɚɚŮɘˊŰɘəɐɠ ŭɘŬŰɞɛɐɠ, ŮɑɜŬɘ 1.86ɛ. 

ɆŰɖ ůɡɜɏɢŮɘŬ Ůˊɑůɖɠ ɛŮ  Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ 

ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi+r, ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ 

ur &uɗ  əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ. ŪŮɤɟɞɨɛŮ |ɣ0|=1. 

ɆŰɞ (Ɇɢ.5-18), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi+r, 

ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur &uɗ əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ.  

 

 

 

 

                                                         

Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ                 

ɣi+r Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ   əɨɛŬŰɞɠ SV                                                          

                    

  

 
ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

ɣs1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ     əɨɛŬŰɞɠ SV                                                                                                 
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ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ                  

ɣtot Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ   əɨɛŬŰɞɠ SV                               

 

 

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

űs1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ  əɨɛŬŰɞɠ SV                                                                                                                         

    

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

 

ɕ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,  ́ Ɏɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ  

 

 

Ɇɢ.5-18: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ  ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ,    ɡˊɧ 

ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 

1 2 3 4 5 6 7 8
0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

theta in radians

 

 

psi total

1 2 3 4 5 6 7 8
0

0.5

1

1.5

2

2.5

3

3.5

theta in radians

 

 

phi
s

1 2 3 4 5 6 7 8
0

0.2

0.4

0.6

0.8

1

1.2

1.4

theta in radians

 

 

UR

1 2 3 4 5 6 7 8
0

0.2

0.4

0.6

0.8

1

1.2

1.4

theta in radians

 

 

UT

1 2 3 4 5 6 7 8
0

1

2

3

4

5

6
x 10

8

theta in radians

 

 

sigma theta theta



238 

 

5.2.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŰŮŰɟŬɔɤɜɘəɐ   

ɞˊɐ  ɛŮ ˊɚŮɡɟɎ asq ,  ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ŪŮɤɟɞɨɛŮ ůɡɜɗɐəŮɠ 

ɖɛɑɢɤɟɞɡ (half space), ɓɚɏˊŮ (Ɇɢ.5-19). ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.3.,Ä3.2.3.) Űɞ 

ůɡɔəŮəɟɘɛɏɜɞ ůɢɐɛŬ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɞ 

ɞˊɞɑɞɠ ɓɟɑůəŮŰŬɘ ůŮ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè. ɇɞ  çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè, ˊɟɞəɨˊŰŮɘ Ŭˊɧ Ůˊɑɚɡůɖ 

Űɖɠ (Ůɝɑůɤůɖɠ 3-20), Űɞɡ ȾŮű.3. 

 

 

Ɇɢ.5-19: ȾɨɛŬ SV ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ ŰŮŰɟŬɔɤɜɘəɞɨ ůɢɐɛŬŰɞɠ  ůŮ  ɓɎɗɞɠ 

H, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŮ  çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè 

ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ) əŬɗɩɠ əŬɘ ŰŬ  ȾɡɛŬŰɘəɎ ȹɡɜŬɛɘəɎ. 

ɀŮ Űɖɜ Ŭˊɚɞˊɞɘɖɛɏɜɖ ˊŬɟŬŭɞɢɐ Űɖɠ  (ůɢɏůɖɠ 5-15), ɧˊɞɡ   ŰŬ ůəŮŭŬɕɧɛŮɜŬ əɨɛŬŰŬ Ŭˊɧ Űɖɜ 

ŮˊɘűɎɜŮɘŬ Űɞɡ  ŮŭɎűɞɡɠ  ‪ • =0, Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ɖɛɑɢɤɟɞɡ ŬɜɎɔŮŰŬɘ ůŮ ˊɟɧɓɚɖɛŬ 

ˊɚɐɟɞɡɠ ɢɩɟɞɡ, ɡˊɧ   ůŮɘůɛɘəɐ űɧɟŰɘůɖ əɡɛɎŰɤɜ SV əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɤɜ  ɛŮ 

əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi+r. 

ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ŬɜɤŰɏɟɤ, ɛŮŰɎ Ŭˊɧ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ 

ɛŮŰŬəɘɜɐůŮɘɠ ur & uɗ əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ.   

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ  ɞˊɐ ŰŮŰɟŬɔɤɜɘəɞɨ  ůɢɐɛŬŰɞɠ ɛŮ ˊɚŮɡɟɎ asq=10ɛ., ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ 

H=10ɛ. ůŰɞ ŮˊɑˊŮŭɞ w əŬɘ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV, ɛŮ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi+r 

əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec. ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ 
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(ȾŮű.3.Ä3.2.3.), Űɞ ůɡɔəŮəɟɘɛɏɜɞ ůɢɐɛŬ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ 

ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɞ ɞˊɞɑɞɠ ɓɟɑůəŮŰŬɘ ůŮ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè. 

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ  ˊŮɟɘɔɟɎűɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 5-1). ɀŮ Űɖɜ ɓɞɐɗŮɘŬ Űɞɡ əɩŭɘəŬ 

ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ɡˊɞɚɞɔɑɕɞɡɛŮ əŬŰŬɟɢɐɜ Űɞ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ h è, Űɞ ɞˊɞɑɞ ůŰɖɜ 

ˊŮɟɑˊŰɤůɖ Űɖɠ ŰŮŰɟŬɔɤɜɘəɐɠ ɞˊɐɠ , ŮɑɜŬɘ 1.73ɛ. 

ɆŰɖ ůɡɜɏɢŮɘŬ Ůˊɑůɖɠ ɛŮ  Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ 

ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi+r, ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ 

ur &uɗ  əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ. ŪŮɤɟɞɨɛŮ |ɣ0|=1. 

ɆŰɞ (Ɇɢ.5-20), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi+r, 

ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur &uɗ əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ. 

       

 

 

 

                                                         

Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ ɣi+r Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                      

əɨɛŬŰɞɠ SV       

 

  

 
ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

ɣs1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ   əɨɛŬŰɞɠ SV                                                                                                                                                       
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ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ ɣtot Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                       

əɨɛŬŰɞɠ SV   

 

    

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

űs1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ əɨɛŬŰɞɠ SV                                                                                                                       

əɨɛŬŰɞɠ SV                                                                                

    

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

 

ɕ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,  ́ Ɏɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ  

 

 

 

Ɇɢ.5-20: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ   ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ,   ɡˊɧ 

ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 
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5.2.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ůŮ ɓɎɗɞɠ ȼ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ   ɞˊɐ  

ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ  ,  ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ŪŮɤɟɞɨɛŮ ůɡɜɗɐəŮɠ 

ɖɛɑɢɤɟɞɡ (half space), ɓɚɏˊŮ (Ɇɢ.5-21). ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.3.Ä3.2.4.), Űɞ 

ůɡɔəŮəɟɘɛɏɜɞ ůɢɐɛŬ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɞ 

ɞˊɞɑɞɠ ɓɟɑůəŮŰŬɘ ůŮ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè . ɇɞ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè ˊɟɞəɨˊŰŮɘ ɛŮŰɎ Ŭˊɧ 

Ůˊɑɚɡůɖ  Űɖɠ  (Ůɝɑůɤůɖɠ 3-22) Űɞɡ ȾŮű.3 .  

 

Ɇɢ.5-21: ȾɨɛŬ SV ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŭɘŬŰɞɛɐ ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ  ůŮ  ɓɎɗɞɠ 

H, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŮ  çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè 

ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ) əŬɗɩɠ əŬɘ ŰŬ  ȾɡɛŬŰɘəɎ ȹɡɜŬɛɘəɎ. 

ɀŮ Űɖɜ Ŭˊɚɞˊɞɘɖɛɏɜɖ ˊŬɟŬŭɞɢɐ Űɖɠ  (ůɢɏůɖɠ 5-15), ɧˊɞɡ   ŰŬ ůəŮŭŬɕɧɛŮɜŬ əɨɛŬŰŬ Ŭˊɧ Űɖɜ 

ŮˊɘűɎɜŮɘŬ Űɞɡ  ŮŭɎűɞɡɠ  ‪ • =0, Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ɖɛɑɢɤɟɞɡ ŬɜɎɔŮŰŬɘ ůŮ ˊɟɧɓɚɖɛŬ 

ˊɚɐɟɞɡɠ ɢɩɟɞɡ, ɡˊɧ   ůŮɘůɛɘəɐ űɧɟŰɘůɖ əɡɛɎŰɤɜ SV əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɤɜ  ɛŮ 

əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi+r. 

ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ŬɜɤŰɏɟɤ, ɛŮŰɎ Ŭˊɧ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ 

ɛŮŰŬəɘɜɐůŮɘɠ ur & uɗ əŬɗɩɠ əŬɘ ɖ ŰɎůɖ tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ.   

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ  ɞˊɐ ˊŮŰŬɚɞŮɘŭɞɨɠ   ůɢɐɛŬŰɞɠ ɛŮ ɨɣɞɠ  7.72ɛ.  & ˊɚɎŰɞɠ  9.5ɛ. ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ  

ůŮ ɓɎɗɞɠ  H=8.31ɛ  ůŰɞ ŮˊɑˊŮŭɞ w əŬɘ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV, ɛŮ əɡɛŬŰɘəɧ 

ŭɡɜŬɛɘəɧ ɣi+r əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec. ȳˊɤɠ 

ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.3.Ä3.2.4.),  Űɞ ůɡɔəŮəɟɘɛɏɜɞ ůɢɐɛŬ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ 
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ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɞ ɞˊɞɑɞɠ ɓɟɑůəŮŰŬɘ ůŮ çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ hè.Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ 

ŮŭɎűɞɡɠ  ˊŮɟɘɔɟɎűɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 5-1). 

 ɀŮ Űɖɜ ɓɞɐɗŮɘŬ Űɞɡ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ɡˊɞɚɞɔɑɕɞɡɛŮ əŬŰŬɟɢɐɜ Űɞ 

çɘůɞŭɨɜŬɛɞ ɓɎɗɞɠ h è, Űɞ ɞˊɞɑɞ ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ˊŮŰŬɚɞŮɘŭɞɨɠ ŭɘŬŰɞɛɐɠ, ŮɑɜŬɘ 1.90ɛ. 

ɆŰɖ ůɡɜɏɢŮɘŬ Ůˊɑůɖɠ ɛŮ  Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ 

ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi+r, ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ 

ur &uɗ  əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ. ŪŮɤɟɞɨɛŮ |ɣ0|=1. 

ɆŰɞ (Ɇɢ.5-22), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi+r, 

ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur &uɗ əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ. 

 

 

 

 

 

 

                                                         

Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ ɣi+r Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                      

əɨɛŬŰɞɠ SV       

 

 

  
ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

ɣs1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ  əɨɛŬŰɞɠ SV                                                                                                                                                        
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ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ                 

ŭɡɜŬɛɘəɞɨ ɣtot Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ                       

əɨɛŬŰɞɠ SV   

 

 

 

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ 

űs1 Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ   əɨɛŬŰɞɠ SV                                                                                                                    

    

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

 

ɕ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,  ́ Ɏɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ  

 

 

Ɇɢ.5-22: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ   Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ůŮ ɓɎɗɞɠ ȼ,   

ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 
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5.3.ɄɟɞŰŮɘɜɧɛŮɜɖ ȷɜŬɚɡŰɘəɐ ȿɨůɖ ɔɘŬ Űɞɜ ȷəɟɘɓɐ Ɉˊɞɚɞɔɘůɛɧ Űɤɜ ȺɜŰŬŰɘəɩɜ 

ɀŮɔŮɗɩɜ,  ȷɜŮˊɏɜŭɡŰɤɜ  ŭɘŬŰɞɛɩɜ ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ,  ɡˊɧ ůŮɘůɛɘəɐ űɧɟŰɘůɖ 

ȹɘŬŰɛɖŰɘəɩɜ ȾɡɛɎŰɤɜ SV, ůŮ ɓɎɗɞɠ H, Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ   

ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ŮűŬɟɛɞůŰɞɨɜ ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ, ɛŮ ɓɎůɖ Űɘɠ  (ůɢɏůŮɘɠ 5-13 & 5-14) 

ˊɞɡ ŭɘɏˊɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ, ɗŮɤɟɞɨɛŮ Űɞɜ ɛŮŰŬůɢɖɛŬŰɘůɛɧ ˊɞɡ ˊɟɞŰŬɗɖəŮ əŬɘ  ŬɜŬɚɨɗɖəŮ ůŰɞ 

(ȾŮű.3,Ä3.3.), ɞ ɞˊɞɑɞɠ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞɜ ɢɩɟɞ ŮəŰɧɠ Űɖɠ ŭɘŬŰɞɛɐɠ Űɖɠ ůɐɟŬɔɔŬɠ ˊɞɡ 

ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŰɞ 

ŮˊɑˊŮŭɞ w, ůŰɞɜ ŬɜŰɑůŰɞɘɢɞ ɢɩɟɞ ŮəŰɧɠ ŭɨɞ ɛɞɜŬŭɘŬɑɤɜ əɨəɚɤɜ ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ 

ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ b, ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.5-23).  

ȺˊɘůɖɛŬɑɜŮŰŬɘ ɧŰɘ ɔɘŬ ɜŬ ŮűŬɟɛɞůŰɞɨɜ ɞɘ ɛŮŰŬůɢɖɛŬŰɘůɛɞɑ ŬɡŰɞɑ, ɞɘ əŬɛˊɨɚŮɠ ˊɟɏˊŮɘ ɜŬ 

ɏɢɞɡɜ ˊŬɟŬɛŮŰɟɘəɐ Ůɝɑůɤůɖ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰŬ (Ɇɢ. 2-3Ŭ & 2-3ɓ) Űɞɡ ȾŮű.2. 

 

 

Ɇɢ.5-23: ȼɛɘŮˊɑˊŮŭɞ ɛŮ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ  ůŰɞ ŮˊɑˊŮŭɞ w, ůŮ ɓɎɗɞɠ H (Ŭ), ůŮ ŭɡɞ 

ɛɞɜŬŭɘŬɑɞɡɠ əɨəɚɞɡɠ ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ əŬŰɎ 

b (ɓ) əŬɗɩɠ əŬɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ˊɞɡ ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ ȾɨɛŬ SV, ́ ɞɡ ˊɟɞůˊɑˊŰŮɘ 

əŬŰŬəɧɟɡűŬ 

Ƀɘ ɆɡɜɞɟɘŬəɏɠ ɆɡɜɗɐəŮɠ ˊɞɡ ŭɘɏˊɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ ŮɑɜŬɘ ɞɘ Ůɝɐɠ: 

ɆɡɜɞɟɘŬəɐ Ɇɡɜɗɐəɖ 1 

Ƀɘ ŰɎůŮɘɠ ὸ ὸ π ́Ɏɜɤ ůŰɖɜ ŭɘŮˊɘűŬɜŮɘŬ Űɞɡ ȺŭɎűɞɡɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ əŬɘ  Űɖɠ 

ŭɘŬŰɞɛɐɠ Űɞɡ ɈˊɞɔŮɑɞɡ Ȱɟɔɞɡ ŮɑɜŬɘ 0 .   

ὸ ὸ π                                                                                                              (5-23)                                                                                                                                 
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ȳˊɞɡ r1,r2 ɞɘ ŬəŰɑɜŮɠ Űɤɜ ɛɞɜŬŭɘŬɑɤɜ əɨəɚɤɜ ůŰɞ ŮˊɑˊŮŭɞ ɕ,  ɞɘ ɞˊɞɑŮɠ ŬɜŰɘůŰɞɘɢɞɨɜ ůŰɖɜ 

ŭɘŬŰɞɛɐ Űɞɡ ɈˊɞɔŮɑɞɡ Ȱɟɔɞɡ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ŬɜŰɑůŰɞɘɢŬ. 

ȼ ŮűŬɟɛɞɔɐ Űɖɠ ˊɟɩŰɖɠ ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ ůŰɖ ŭɘŬŰɞɛɐ əŬŰŬɚɐɔŮɘ ůŰɘɠ əɎŰɤɗɘ ŮɝɘůɩůŮɘɠ: 

‪ ȿ‪ȿὩ
ρ

ς
‐ὭὐὯȿύ‒ȿ

ύ‒

ȿύ‒ȿ
Ὥ

ύ‒

ȿύ‒ȿ
Ὥ   

                                                                                                                                   (5-24)                                                                                                                                                  

‪ ȿ‪ȿὩ В ‐ Ὥ ὐὯȿύ‒ȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ   

                                                                                                                                    (5-25) 

ȳˊɞɡ |y0| =1 əŬɘ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV 

 

‪ В ὄὌ Ὧȿύ‒ȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ   

                                                                                                                                    (5-26) 

                                                                                                                                                  

• В ὃ Ὄ Ὧȿύ‒ȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ   

                                                                                                                                    (5-27) 

                                                                                                                                                  

‪
ρ

ς
Ὀ ὐὯ ύ‒Ὢ‒

ύ‒ Ὢ‒

ύ‒Ὢ‒
Ὥ

ύ‒Ὢ‒

ύ‒Ὢ‒
Ὥ  

                                                                                                                                     (5-28) 

                                                                                                                                                   

• В ὅὐὯ ύ‒Ὢ‒  Ὥ
ȿ ȿ

Ὥ   

                                                                                                                                       (5-29) 

                                                                                                                                                 

ȳ́ ɞɡ  

‒ ὶὩ ȟ      ʁÆʁ ‒ Ὥὦ ,   ‐ ρ  ‐ ς for n ςȢ 
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• • •                       

                                                                                                                                                           (5-30)                                                                                                                          

‪ ‪ ‪ ‪ ‪        

                                                                                                                                                           (5-31) 

 ɆɡɜɞɟɘŬəɐ Ɇɡɜɗɐəɖ 2 

Ƀɘ ŰɎůŮɘɠ ὸ ὸ π   ́ Ɏɜɤ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠůŰɞ ŮˊɑˊŮŭɞ ɕ, ŮɑɜŬɘ 

0    

 ὸ ὸ π    

                                                                                                                                        (5-32) 

ȳˊɞɡ r1,r2 ɞɘ ŬəŰɑɜŮɠ Űɤɜ ɛɞɜŬŭɘŬɑɤɜ əɨəɚɤɜ ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɞɘ ɞˊɞɑŮɠ ŬɜŰɘůŰɞɘɢɞɨɜ ůŰɖɜ 

ŭɘŬŰɞɛɐ Űɞɡ ɈˊɞɔŮɑɞɡ Ȱɟɔɞɡ əŬɘ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ŬɜŰɑůŰɞɘɢŬ. 

ȼ ŮűŬɟɛɞɔɐ Űɖɠ ŭŮɨŰŮɟɖɠ  ůɡɜɞɟɘŬəɐɠ ůɡɜɗɐəɖɠ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűŬɜŮɘŬ əŬŰŬɚɐɔŮɘ ůŰɘɠ 

əɎŰɤɗɘ ŮɝɘůɩůŮɘɠ: 

  

‪
ρ

ς
ὃ ὐὯ ύ‒Ὢ‒

ύ‒Ὢ‒

ύ‒Ὢ‒
Ὥ

ύ‒Ὢ‒

ύ‒Ὢ‒
Ὥ    

                                                                                                                                          (5-33) 

•
ρ

ςὭ
ὄὐὯ ύ‒Ὢ‒

ύ‒Ὢ‒

ύ‒Ὢ‒
Ὥ

ύ‒Ὢ‒

ύ‒Ὢ‒
Ὥ  

                                                                                                                                                                           (5-34) 

‪ В Ὀ Ὄ Ὧȿύ‒ȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ   

                                                                                                                                          (5-35) 

• В ὅὌ Ὧȿύ‒ȿ 
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ   

                                                                                                                                          (5-36) 

‒ ὶὩ ȟ ʁÆʁ ‒ Ὥὦ  ‐ ρ & ‐ ς ɾʅʗ n ςȢ 

                                                                                                                                      

• • •                                                                                                                            (5-37) 
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 ‪ ‪ ‪                                                                                                              (5-38)                                                                                                                                        

                                                

ɇŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ɣi,ɣr ˊɞɡ Ŭűɞɟɞɨɜ Űɞ ˊɟɞůˊɑˊŰɞɜ əŬɘ Űɞ ŬɜŬəɚɩɛŮɜɞ əɨɛŬ,ŭŮɜ 

ˊŮɟɘɚŬɛɓɎɜɞɜŰŬɘ ůŰɘɠ (ůɢɏůŮɘɠ 5-37 & 5-38), ŭɘɧŰɘ   ɐŭɖ ɘəŬɜɞˊɞɘɞɨɜ  Űɖɜ ůɡɜɞɟɘŬəɐ ůɡɜɗɐəɖ 

ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ.       

ɆŰɖ ůɡɜɏɢŮɘŬ ˊŬɟŬɔɤɔɑɕɞɜŰŬɘ ŭɨɞ űɞɟɏɠ ɞɘ (ůɢɏůŮɘɠ 5-30, 5-31, 5-37 & 5-38), ́ ɞɡ Ŭűɞɟɞɨɜ 

ŰŬ ůɡɜɞɚɘəɎ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ űtot & ɣtot ɔɘŬ Űɖɜ ŭɘŬŰɞɛɐ əŬɘ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ 

ŬɜŰɑůŰɞɘɢŬ əŬɘ Űɞ ŬˊɞŰɏɚŮůɛŬ ŮɘůɎɔŮŰŬɘ ůŰɘɠ (ůɢɏůŮɘɠ 5-19Ŭ & 5-19ɓ) ˊɞɡ ɡˊɞɚɞɔɑɕɞɡɜ Űɘɠ 

ŰɎůŮɘɠ trr & trɗ. ɀŮ Űɖɜ ŮűŬɟɛɞɔɐ Űɤɜ ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ, ɛŮ ɓɎůɖ Űɘɠ  (ůɢɏůŮɘɠ 5-23 &   

5-32) ˊɟɞəɨˊŰŮɘ ɏɜŬ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ, Ŭˊɧ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ɞˊɞɑɞɡ ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ 

ɎɔɜɤůŰɞɘ ůɡɜŰŮɚŮůŰɏɠ  ὃȟὄȟὅȟὈ  .   ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ Űɘɠ ŬɜŬɚɨůŮɘɠ 

ŮɑɜŬɘ əŬɜɞɜɘəɞˊɞɘɖɛɏɜŬ ɤɠ ˊɟɞɠ Űɞ ˊɚɎŰɞɠ  |y0| ́ ɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ 

əɨɛŬŰɞɠ SV 

                                                                                                                                     

5.3.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ůŮ ɓɎɗɞɠ h 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ əɡəɚɘəɐ ɞˊɐ 

ŬəŰɑɜŬɠ r=1, ůŮ ɓɎɗɞɠ h=2ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. Ƀ ɢɩɟɞɠ  ŮəŰɧɠ Űɖɠ əɡəɚɘəɐɠ 

ɞˊɐɠ  Űɖɠ ůɐɟŬɔɔŬɠ ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ h Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ 

ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ɛŮ ɓɎůɖ Űɞɜ ɛŮŰŬůɢɖɛŬŰɘůɛɧ ɧˊɤɠ 

ŬɜŬɚɨɗɖəŮ ůŰɞ  (ȾŮű.3.,Ä3.3.1.),  ůŰɞɜ ŬɜŰɑůŰɞɘɢɞ ɢɩɟɞ ŮəŰɧɠ ŭɨɞ ɛɞɜŬŭɘŬɑɤɜ əɨəɚɤɜ ŰŬ 

əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ b, ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɧˊɤɠ 

űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.5-24). Ƀ ɛɞɜŬŭɘŬɑɞɠ əɨəɚɞɠ Űɞɡ ɞˊɞɑɞɡ Űɞ əɏɜŰɟɞ ɓɟɑůəŮŰŬɘ ůŰɞ (0,0) 

ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, Ůɜɩ ɞ əɨəɚɞɠ ɛŮ əɏɜŰɟɞ (0,-b) ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ əɡəɚɘəɐ 

ɞˊɐ. 

ύ‒ ὭὯ

ở

ờ
ρ

ὩȢ ‒ ὥ
ὩȢ ‒‌ ρ

ρ
ὩȢ ‒ ὥ
ὩȢ ‒‌ ρỢ

Ỡ                                         
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    ‒
Ὥ
, i=1,2,‒ ὶὩ  ɀὭὦȟ‒ ὶὩ ȟ              ʁÆʁ ‒ Ὥὦȟ   ʁÆʁ ‒ Ὥὦ 

                                                                                                                                                      (5-39) 

ɷʌʋʑ : k=1.732050807568877, a=1.931851652578135, b=2.449489742783177, 

r1=r2=1 

 

 

Ɇɢ5-24.:ȼɛɘŮˊɑˊŮŭɞ ɛŮ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ w, ůŮ ɓɎɗɞɠ h (Ŭ), ůŮ ŭɡɞ ɛɞɜŬŭɘŬɑɞɡɠ 

əɨəɚɞɡɠ ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ əŬŰɎ b (ɓ) əŬɘ ŰŬ 

ŬɜŰɑůŰɞɘɢŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ˊɞɡ ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ ȾɨɛŬ SV, ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ 

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ  ˊŮɟɘɔɟɎűɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 5-1). 

ɀŮ Űɖ ɓɞɐɗŮɘŬ Űɞɡ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞɡɠ ůɡɜŰŮɚŮůŰɏɠ Űɞɡ 

ůɡůŰɐɛŬŰɞɠ ŮɝɘůɩůŮɤɜ  ὃȟὄȟὅȟὈ  ˊɞɡ ˊɟɞəɨˊŰŮɘ ɛŮŰŬ Ŭˊɧ Űɖɜ ŮűŬɟɛɞɔɐ Űɤɜ 

ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ (ůɢɏůŮɘɠ 5-23 & 5-32) əŬɘ ůŰɖɜ ůɡɜɏɢŮɘŬ ŰŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ 

 ‪  ȟ•  ȟ‪  ȟ•  ɛŮ ɓɎůɖ Űɘɠ (ůɢɏůŮɘɠ 5-30, 5-31, 5-37 & 5-38). ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɘɠ  

(ůɢɏůŮɘɠ 5-18Ŭ,  5-18ɓ  & 5-19ɔ) ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ ŰŬůɘəɧ ˊŮŭɑɞ. 

ɆŰɞ (Ɇɢ.5-25)  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ʕ , 

‪  ȟ‪ ȟ‪ ȟ•  ȟ• ȟ•  Űɖɠ ŰɎůɖɠ tʃʃȟ  əŬɗɩɠ əŬɘ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uʃ.                                                                                                                                                                                                                                                                                                                                                                                                                                                            
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Ŭ : ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ  ˊɟɞůˊɑˊŰɞɜŰɞɠ                          

əŬɘ ŬɜŬəɚɩɛŮɜɞɡ    ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ    

ɣi+r    

 

 

ɓ:   ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ    

ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ ɣs1 Ŭˊɧ  Űɖɜ ɞˊɐ                                                              

    

ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ       

ȾɡɛŬŰɘəɞɨ  ȹɡɜŬɛɘəɞɨ  ɣs2  Ŭˊɧ Űɖɜ              

ŮɚŮɨɗŮɟɖ  ŮˊɘűŬɜŮɘŬ                                                          

 

    

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůɡɜɞɚɘəɞɨ ȾɡɛŬŰɘəɞɨ 

ȹɡɜŬɛɘəɞɨ ɣtot                                        

    

Ů:    ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ                                                                       

ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ űs1 Ŭˊɧ Űɖɜ ɞˊɐ                                                                                                                                                                                                                                                                                                                                                                                                 

 

 

ɕ : ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ      ůəŮŭŬɕɧɛŮɜɞɡ 

ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ      űs2 Ŭˊɧ Űɖɜ 

ŮɚŮɨɗŮɟɖ   ŮˊɘűɎɜŮɘŬ 
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ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůɡɜɞɚɘəɞɨ ȾɡɛŬŰɘəɞɨ            

ȹɡɜŬɛɘəɞɨ űtot                                  

ɗ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,  ́ Ɏɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ                    

ɘ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

ə: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  
 

 

Ɇɢ.5-25: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ   Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ůŮ 

ɓɎɗɞɠ h,   ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 
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5.3.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ůŮ ɓɎɗɞɠ ȼ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ əɡəɚɘəɐ ɞˊɐ 

ŬəŰɑɜŬɠ R=5, ůŮ ɓɎɗɞɠ H=10ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. Ƀ ɢɩɟɞɠ  ŮəŰɧɠ Űɖɠ əɡəɚɘəɐɠ 

ɞˊɐɠ  Űɖɠ ůɐɟŬɔɔŬɠ ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ 

ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ɛŮ ɓɎůɖ Űɞɜ ɛŮŰŬůɢɖɛŬŰɘůɛɧ ɧˊɤɠ 

ŬɜŬɚɨɗɖəŮ ůŰɞ  (ȾŮű.3.,Ä3.3.2.),  ůŰɞɜ ŬɜŰɑůŰɞɘɢɞ ɢɩɟɞ ŮəŰɧɠ ŭɨɞ ɛɞɜŬŭɘŬɑɤɜ əɨəɚɤɜ ŰŬ 

əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ b, ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɧˊɤɠ 

űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.5-26). Ƀ ɛɞɜŬŭɘŬɑɞɠ əɨəɚɞɠ Űɞɡ ɞˊɞɑɞɡ Űɞ əɏɜŰɟɞ ɓɟɑůəŮŰŬɘ ůŰɞ (0,0) 

ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, Ůɜɩ ɞ əɨəɚɞɠ ɛŮ əɏɜŰɟɞ (0,-b) ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ əɡəɚɘəɐ 

ɞˊɐ. 

w ‒ Ὑύρ‒ ὭὬ ὭὌ  

                                                                                                                                          (5-40) 

ɧˊɞɡ:  

ύρ‒ ὭὯ

Ȣ

Ȣ

Ȣ

Ȣ

 ,  ‒, i=1,2,  ‒ ὶὩ Ὥὦȟ‒ ὶὩ  

h=2ɛ , k=1.73205, b= 2.449489ɛ,  Ŭ=1.93185  

Ɇɢ.5-26: ȼɛɘŮˊɑˊŮŭɞ ɛŮ  əɨəɚɞ ůŰɞ ŮˊɑˊŮŭɞ w, ůŮ ɓɎɗɞɠ H (Ŭ), ůŮ ŭɡɞ ɛɞɜŬŭɘŬɑɞɡɠ əɨəɚɞɡɠ ŰŬ 

əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ əŬŰɎ b (ɓ) əŬɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ 

əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ˊɞɡ ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ ȾɨɛŬ SV, ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ 
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Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ  ˊŮɟɘɔɟɎűɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 5-1). 

ɀŮ Űɖ ɓɞɐɗŮɘŬ Űɞɡ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞɡɠ ůɡɜŰŮɚŮůŰɏɠ Űɞɡ 

ůɡůŰɐɛŬŰɞɠ ŮɝɘůɩůŮɤɜ  ὃȟὄȟὅȟὈ  ˊɞɡ ˊɟɞəɨˊŰŮɘ ɛŮŰŬ Ŭˊɧ Űɖɜ ŮűŬɟɛɞɔɐ Űɤɜ 

ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ (ůɢɏůŮɘɠ 5-23 & 5-32) əŬɘ ůŰɖɜ ůɡɜɏɢŮɘŬ ŰŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ 

 ‪  ȟ•  ȟ‪  ȟ•  ɛŮ ɓɎůɖ Űɘɠ (ůɢɏůŮɘɠ 5-30, 5-31, 5-37 & 5-38). ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɘɠ  

(ůɢɏůŮɘɠ 5-18Ŭ,  5-18ɓ  & 5-19ɔ) ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ ŰŬůɘəɧ ˊŮŭɑɞ. 

ɆŰɞ (Ɇɢ.5-27)  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ʕ , 

‪  ȟ‪ ȟ‪ ȟ•  ȟ• ȟ•  Űɖɠ ŰɎůɖɠ tʃʃȟ  əŬɗɩɠ əŬɘ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uʃ.                        

                                                    

  

 

 

 

 

 

 

 

                                                         

Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ  ˊɟɞůˊɑˊŰɞɜŰɞɠ                          

əŬɘ ŬɜŬəɚɩɛŮɜɞɡ    ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ    

ɣi+r    

 

 

 
ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ   

ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ ɣs1 Ŭˊɧ  Űɖɜ ɞˊɐ                                                                   
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ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ       

ȾɡɛŬŰɘəɞɨ  ȹɡɜŬɛɘəɞɨ  ɣs2  Ŭˊɧ Űɖɜ              

ŮɚŮɨɗŮɟɖ  ŮˊɘűŬɜŮɘŬ       

 

  

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůɡɜɞɚɘəɞɨ ȾɡɛŬŰɘəɞɨ   

ȹɡɜŬɛɘəɞɨ ɣtot                                        

    

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ     

ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ űs1 Ŭˊɧ Űɖɜ ɞˊɐ                                                                                                                                                                                                                                                                                                                                                                                                                                                                   

 

ɕ: ȷˊɧɚɡŰɖ    Űɘɛɐ    Űɞɡ    ůəŮŭŬɕɧɛŮɜɞɡ 

ȾɡɛŬŰɘəɞɨ    ŭɡɜŬɛɘəɞɨ űs2    Ŭˊɧ Űɖɜ 

ŮɚŮɨɗŮɟɖ   ŮˊɘűɎɜŮɘŬ 

 

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůɡɜɞɚɘəɞɨ ȾɡɛŬŰɘəɞɨ            

ȹɡɜŬɛɘəɞɨ űtot                                    

ɗ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,    ́ Ɏɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ  
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ɘ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  
 

 

ə: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

 

Ɇɢ.5-27: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ   Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ůŮ ɓɎɗɞɠ ȼ,   ɡˊɧ 

ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 

 

 

5.3.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮɚɚŮɘˊŰɘəɐ 

ŭɘŬŰɞɛɐ  ɛŮ ɖɛɘɎɝɞɜŮɠ a=6ɛ b=5ɛ., ůŮ ɓɎɗɞɠ H=10ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ.  Ƀ ɢɩɟɞɠ  

ŮəŰɧɠ Űɖɠ ŮɚɚŮɘˊŰɘəɐɠ ɞˊɐɠ  Űɖɠ ůɐɟŬɔɔŬɠ ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ 

ŮŭɎűɞɡɠ əŬɘ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ɛŮ ɓɎůɖ Űɞɜ 

ɛŮŰŬůɢɖɛŬŰɘůɛɧ ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ  (ȾŮű.3.,Ä3.3.3.),  ůŰɞɜ ŬɜŰɑůŰɞɘɢɞ ɢɩɟɞ ŮəŰɧɠ ŭɨɞ 

ɛɞɜŬŭɘŬɑɤɜ əɨəɚɤɜ ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ b, 

ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.5-28). Ƀ ɛɞɜŬŭɘŬɑɞɠ əɨəɚɞɠ Űɞɡ ɞˊɞɑɞɡ Űɞ əɏɜŰɟɞ 

ɓɟɑůəŮŰŬɘ ůŰɞ (0,0) ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, Ůɜɩ ɞ əɨəɚɞɠ ɛŮ əɏɜŰɟɞ (0,-b) 

ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ ŮɚɚŮɘˊŰɘəɐ  ɞˊɐ. 

w ‒ Ὑ ύρ‒ ὭὬ ὭὌȟ   

                                                                                                                                    (5-41) 

ɧˊɞɡ:  

R υȢυ Ǫ ά πȢπωπω ,h=1.86ɛ, H=10ɛ 
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 ύρ‒ ὭὯ

Ȣ

Ȣ

Ȣ

Ȣ

 ,  ‒, i=1,2,  ‒ ὶὩ Ὥὦȟ‒ ὶὩ  

Ɇɢ.5-28: ȼɛɘŮˊɑˊŮŭɞ ɛŮ  ɏɚɚŮɘɣɖ ůŰɞ ŮˊɑˊŮŭɞ w, ůŮ ɓɎɗɞɠ H (Ŭ), ůŮ ŭɡɞ ɛɞɜŬŭɘŬɑɞɡɠ əɨəɚɞɡɠ 

ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ əŬŰɎ b (ɓ) əŬɘ ŰŬ 

ŬɜŰɑůŰɞɘɢŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ˊɞɡ ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ ȾɨɛŬ SV, ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ 

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ  ˊŮɟɘɔɟɎűɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 5-1). 

ɀŮ Űɖ ɓɞɐɗŮɘŬ Űɞɡ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞɡɠ ůɡɜŰŮɚŮůŰɏɠ Űɞɡ 

ůɡůŰɐɛŬŰɞɠ ŮɝɘůɩůŮɤɜ  ὃȟὄȟὅȟὈ  ˊɞɡ ˊɟɞəɨˊŰŮɘ ɛŮŰŬ Ŭˊɧ Űɖɜ ŮűŬɟɛɞɔɐ Űɤɜ 

ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ (ůɢɏůŮɘɠ 5-23 & 5-32) əŬɘ ůŰɖɜ ůɡɜɏɢŮɘŬ ŰŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ 

 ‪  ȟ•  ȟ‪  ȟ•  ɛŮ ɓɎůɖ Űɘɠ (ůɢɏůŮɘɠ 5-30, 5-31, 5-37 & 5-38). ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɘɠ  

(ůɢɏůŮɘɠ 5-18Ŭ,  5-18ɓ  & 5-19ɔ) ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ ŰŬůɘəɧ ˊŮŭɑɞ. 

ɆŰɞ (Ɇɢ.5-29) ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ʕ , 

‪  ȟ‪ ȟ‪ ȟ•  ȟ• ȟ•  Űɖɠ ŰɎůɖɠ tʃʃȟ  əŬɗɩɠ əŬɘ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uʃ. 
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Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ  ˊɟɞůˊɑˊŰɞɜŰɞɠ                          

əŬɘ ŬɜŬəɚɩɛŮɜɞɡ    ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ    

ɣi+r    

 

 

ɓ: ȷˊɧɚɡŰɖ     Űɘɛɐ   Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ  

ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ ɣs1 Ŭˊɧ  Űɖɜ ɞˊɐ                                                            

    

ɔ:  ȷˊɧɚɡŰɖ     Űɘɛɐ    Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ  

ȾɡɛŬŰɘəɞɨ   ȹɡɜŬɛɘəɞɨ  ɣs2  Ŭˊɧ Űɖɜ  

ŮɚŮɨɗŮɟɖ  ŮˊɘűɎɜŮɘŬ 

 

 

 

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůɡɜɞɚɘəɞɨ ȾɡɛŬŰɘəɞɨ 

ȹɡɜŬɛɘəɞɨ ɣtot                                 

    

Ů: ȷˊɧɚɡŰɖ     Űɘɛɐ     Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ 

ȾɡɛŬŰɘəɞɨ    ŭɡɜŬɛɘəɞɨ   űs1 Ŭˊɧ Űɖɜ ɞˊɐ                                                                                                                                                                                                                                                                                                                                                                                                                                             

 

 

 
ɕ: ȷˊɧɚɡŰɖ    Űɘɛɐ    Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ 

ȾɡɛŬŰɘəɞɨ    ŭɡɜŬɛɘəɞɨ űs2    Ŭˊɧ Űɖɜ 

ŮɚŮɨɗŮɟɖ   ŮˊɘűɎɜŮɘŬ 
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ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůɡɜɞɚɘəɞɨ  ȾɡɛŬŰɘəɞɨ        

ȹɡɜŬɛɘəɞɨ űtot                                  

ɗ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ, ˊɎɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ  

                     

ɘ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

ə: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

 

Ɇɢ.5-29: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ  ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ,    ɡˊɧ 

ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 

 

5.3.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ˊɟɞůˊɑˊŰŮɘ ůŮ 

ɞˊɐ ŰŮŰɟŬɔɤɜɘəɐɠ ŭɘŬŰɞɛɐɠ ɛŮ ˊɚŮɡɟɎ asq=10ɛ , ůŮ ɓɎɗɞɠ H=10ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ 

ŮŭɎűɞɡɠ. Ƀ ɢɩɟɞɠ  ŮəŰɧɠ Űɖɠ ŰŮŰɟŬɔɤɜɘəɐɠ ɞˊɐɠ  Űɖɠ ůɐɟŬɔɔŬɠ ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ 

Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŰɞ ŮˊɑˊŮŭɞ w, ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ɛŮ 

ɓɎůɖ Űɞɜ ɛŮŰŬůɢɖɛŬŰɘůɛɧ ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ  (ȾŮű.3.,Ä3.3.4.),  ůŰɞɜ ŬɜŰɑůŰɞɘɢɞ ɢɩɟɞ ŮəŰɧɠ 

ŭɨɞ ɛɞɜŬŭɘŬɑɤɜ əɨəɚɤɜ ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ 
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b, ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.5-30). Ƀ ɛɞɜŬŭɘŬɑɞɠ əɨəɚɞɠ Űɞɡ ɞˊɞɑɞɡ Űɞ əɏɜŰɟɞ 

ɓɟɑůəŮŰŬɘ ůŰɞ (0,0) ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, Ůɜɩ ɞ əɨəɚɞɠ ɛŮ əɏɜŰɟɞ (0,-b) 

ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ ŰŮŰɟŬɔɤɜɘəɐ ɞˊɐ. 

ύ‒ Ὑ ύρ‒ ὭὬ ὭὌ                                                                                                                                                                                              

                                                                                                                                       (5-42) 

                                                                                                                                                               

ύρ‒ ὭὯ

ρ
ὩȢ ‒ ὥ
ὩȢ ‒‌ ρ

ρ
ὩȢ ‒ ὥ
ὩȢ ‒‌ ρ

 

‒, i=1,2, ‒ ὶὩ Ὥὦȟ‒ ὶὩ  

c3 = -0.16667, c7 = 0.017857, 
Ȣ

υȢψχτρ , h=1.73ɛ ,  k=1.41, b=2.33ɛ, Ŭ=1.77  Ƀɘ 

ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ  ˊŮɟɘɔɟɎűɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 5-1). 

ɀŮ Űɖ ɓɞɐɗŮɘŬ Űɞɡ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞɡɠ ůɡɜŰŮɚŮůŰɏɠ Űɞɡ 

ůɡůŰɐɛŬŰɞɠ ŮɝɘůɩůŮɤɜ  ὃȟὄȟὅȟὈ  ˊɞɡ ˊɟɞəɨˊŰŮɘ ɛŮŰŬ Ŭˊɧ Űɖɜ ŮűŬɟɛɞɔɐ Űɤɜ 

ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ (ůɢɏůŮɘɠ 5-23 & 5-32) əŬɘ ůŰɖɜ ůɡɜɏɢŮɘŬ ŰŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ 

 ‪  ȟ•  ȟ‪  ȟ•  ɛŮ ɓɎůɖ Űɘɠ (ůɢɏůŮɘɠ 5-30, 5-31, 5-37 & 5-38). ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɘɠ  

(ůɢɏůŮɘɠ 5-18Ŭ,  5-18ɓ  & 5-19ɔ) ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ ŰŬůɘəɧ ˊŮŭɑɞ. 

ɆŰɞ (Ɇɢ.5-31)  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ʕ , 

‪  ȟ‪ ȟ‪ ȟ•  ȟ• ȟ•  Űɖɠ ŰɎůɖɠ tʃʃȟ  əŬɗɩɠ əŬɘ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uʃ. 
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Ɇɢ.5-30: ȼɛɘŮˊɑˊŮŭɞ ɛŮ  ŰŮŰɟɎɔɤɜɞ ůŰɞ ŮˊɑˊŮŭɞ w, ůŮ ɓɎɗɞɠ H (Ŭ), ůŮ ŭɡɞ ɛɞɜŬŭɘŬɑɞɡɠ əɨəɚɞɡɠ 

ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ əŬŰɎ b (ɓ) əŬɘ ŰŬ 

ŬɜŰɑůŰɞɘɢŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ˊɞɡ ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ ȾɨɛŬ SV, ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ 

 

 

 

                                                         

 
Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ  ˊɟɞůˊɑˊŰɞɜŰɞɠ                          

əŬɘ ŬɜŬəɚɩɛŮɜɞɡ    ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ    

ɣi+r    

 

  

ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ  ůəŮŭŬɕɧɛŮɜɞɡ                         

ȾɡɛŬŰɘəɞɨ   ȹɡɜŬɛɘəɞɨ ɣs1 Ŭˊɧ  Űɖɜ ɞˊɐ              
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ɔ : ȷˊɧɚɡŰɖ   Űɘɛɐ Űɞɡ   ůəŮŭŬɕɧɛŮɜɞɡ 

ȾɡɛŬŰɘəɞɨ    ȹɡɜŬɛɘəɞɨ  ɣs2  Ŭˊɧ Űɖɜ                        

ŮɚŮɨɗŮɟɖ  ŮˊɘűɎɜŮɘŬ 

 

 

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůɡɜɞɚɘəɞɨ ȾɡɛŬŰɘəɞɨ         

ȹɡɜŬɛɘəɞɨ     ɣtot                    

 

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ     

ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ    űs1 Ŭˊɧ Űɖɜ ɞˊɐ                                                                   

 

ɕ: ȷˊɧɚɡŰɖ    Űɘɛɐ Űɞɡ     ůəŮŭŬɕɧɛŮɜɞɡ 

ȾɡɛŬŰɘəɞɨ    ŭɡɜŬɛɘəɞɨ űs2   Ŭˊɧ Űɖɜ 

ŮɚŮɨɗŮɟɖ   ŮˊɘűɎɜŮɘŬ 
 

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůɡɜɞɚɘəɞɨ ȾɡɛŬŰɘəɞɨ          

ȹɡɜŬɛɘəɞɨ űtot                                  

 

ɗ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,  ́ Ɏɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ                    
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ɘ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

ə: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

Ɇɢ.5-31: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ   ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ůŮ ɓɎɗɞɠ ȼ,   ɡˊɧ 

ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 

5.3.5. Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ůŮ ɓɎɗɞɠ ȼ 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ɞˊɐ ˊŮŰŬɚɞŮɘŭɞɨɠ  

ůɢɐɛŬŰɞɠ ɨɣɞɡɠ 7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ 9.5ɛ.  , ůŮ ɓɎɗɞɠ H=8.31ɛ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. 

Ƀ ɢɩɟɞɠ  ŮəŰɧɠ Űɖɠ ɞˊɐɠ ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ    Űɖɠ ůɐɟŬɔɔŬɠ ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H 

Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ůŰɞ ŮˊɑˊŮŭɞ w, 

ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ɛŮ ɓɎůɖ Űɞɜ ɛŮŰŬůɢɖɛŬŰɘůɛɧ ɧˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ  (ȾŮű.3.,Ä3.3.5.),  ůŰɞɜ 

ŬɜŰɑůŰɞɘɢɞ ɢɩɟɞ ŮəŰɧɠ ŭɨɞ ɛɞɜŬŭɘŬɑɤɜ əɨəɚɤɜ ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ 

əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ b, ůŰɞ ŮˊɑˊŮŭɞ ɕ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ        (Ɇɢ.5-32). Ƀ ɛɞɜŬŭɘŬɑɞɠ 

əɨəɚɞɠ Űɞɡ ɞˊɞɑɞɡ Űɞ əɏɜŰɟɞ ɓɟɑůəŮŰŬɘ ůŰɞ (0,0) ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, Ůɜɩ ɞ 

əɨəɚɞɠ ɛŮ əɏɜŰɟɞ (0,-b) ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ ɞˊɐ ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ. 

ύ‒ ά ά ύρ‒ ὭὬ
Ὥὦ

ύρ‒ ὭὬ ά

Ὥ ρὥ

ά ύρ‒ ὭὬ ςͮ

ὥ

ά ύρ‒ ὭὬ σͮ
 ὭὌ 

 

ύρ‒ ὭὯ

Ȣ

Ȣ

Ȣ

Ȣ

 , ‒, i=1,2,ά Ὡ Ⱦά
Ѝ
Ὡ Ⱦ , 

 

‒ ὶὩ Ὥὦȟ‒ ὶὩ ȟ          ‒Ὢ‒ ‒ Ὥὦȟ    ‒Ὢ‒ ‒ Ὥὦ 
r1=r2=1                                                                                                                                  (5-43) 
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əŬɘ  Â=0.104, ὥ =0.047, ὥ=0.029, R=3.148133997,  ά Ὡ Ⱦȟά
Ѝ
Ὡ Ⱦ  

h= 1.90ɛ ,  k= 1.62, b=2.41ɛ, Ŭ= 1.87  

 

Ɇɢ.5-32: ȼɛɘŮˊɑˊŮŭɞ ɛŮ  ɞˊɐ ˊŮŰŬɚɞŮɘŭɞɨɠ ůɢɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŮ ɓɎɗɞɠ H (Ŭ), ůŮ ŭɡɞ 

ɛɞɜŬŭɘŬɑɞɡɠ əɨəɚɞɡɠ ŰŬ əɏɜŰɟŬ Űɤɜ ɞˊɞɑɤɜ ɓɟɑůəɞɜŰŬɘ ůŰɖɜ ɑŭɘŬ əŬŰŬəɧɟɡűɞ əŬɘ Ŭˊɏɢɞɡɜ əŬŰɎ 

b (ɓ) əŬɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ˊɞɡ ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ ȾɨɛŬ SV, ˊɞɡ ˊɟɞůˊɑˊŰŮɘ 

əŬŰŬəɧɟɡűŬ 

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ  ˊŮɟɘɔɟɎűɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 5-1). 

ɀŮ Űɖ ɓɞɐɗŮɘŬ Űɞɡ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞɡɠ ůɡɜŰŮɚŮůŰɏɠ Űɞɡ 

ůɡůŰɐɛŬŰɞɠ ŮɝɘůɩůŮɤɜ  ὃȟὄȟὅȟὈ  ˊɞɡ ˊɟɞəɨˊŰŮɘ ɛŮŰŬ Ŭˊɧ Űɖɜ ŮűŬɟɛɞɔɐ Űɤɜ 

ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ (ůɢɏůŮɘɠ 5-23 & 5-32) əŬɘ ůŰɖɜ ůɡɜɏɢŮɘŬ ŰŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ 

 ‪  ȟ•  ȟ‪  ȟ•  ɛŮ ɓɎůɖ Űɘɠ (ůɢɏůŮɘɠ 5-30, 5-31, 5-37 & 5-38). ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɘɠ  

(ůɢɏůŮɘɠ 5-18Ŭ,  5-18ɓ  & 5-19ɔ) ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ ŰŬůɘəɧ ˊŮŭɑɞ. 

ɆŰɞ (Ɇɢ.5-33) ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ʕ , 

‪  ȟ‪ ȟ‪ ȟ•  ȟ• ȟ•  Űɖɠ ŰɎůɖɠ tʃʃȟ  əŬɗɩɠ əŬɘ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uʃ. 
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Ŭ: ȷˊɧɚɡŰɖ    Űɘɛɐ Űɞɡ       ́ ɟɞůˊɑˊŰɞɜŰɞɠ                          

əŬɘ ŬɜŬəɚɩɛŮɜɞɡ    ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ    

ɣi+r    

 

 

ɓ: ȷˊɧɚɡŰɖ    Űɘɛɐ Űɞɡ    ůəŮŭŬɕɧɛŮɜɞɡ    

ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ ɣs1 Ŭˊɧ  Űɖɜ ɞˊɐ                                                                

    

ɔ: ȷˊɧɚɡŰɖ      Űɘɛɐ Űɞɡ    ůəŮŭŬɕɧɛŮɜɞɡ  

ȾɡɛŬŰɘəɞɨ ȹɡɜŬɛɘəɞɨ      ɣs2  Ŭˊɧ   Űɖɜ  

ŮɚŮɨɗŮɟɖ  ŮˊɘűɎɜŮɘŬ 

 

  

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ     Űɞɡ      ůɡɜɞɚɘəɞɨ        

ȾɡɛŬŰɘəɞɨ  ȹɡɜŬɛɘəɞɨ      ɣtot                  

    

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůəŮŭŬɕɧɛŮɜɞɡ  

ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ   űs1 Ŭˊɧ                                                                  

Űɖɜ ɞˊɐ 

 

ɕ: ȷˊɧɚɡŰɖ     Űɘɛɐ Űɞɡ     ůəŮŭŬɕɧɛŮɜɞɡ 

ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ űs2    Ŭˊɧ    Űɖɜ 

ŮɚŮɨɗŮɟɖ   ŮˊɘűɎɜŮɘŬ 
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ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ůɡɜɞɚɘəɞɨ ȾɡɛŬŰɘəɞɨ           

ȹɡɜŬɛɘəɞɨ űtot                                  

 

ɗ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ, ˊɎɜɤ ůŰɖ 

ŭɘŬŰɞɛɐ  

   

ɘ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

ə: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ ˊɎɜɤ 

ůŰɖ ŭɘŬŰɞɛɐ  

 

 

Ɇɢ.5-33: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ  Ƀˊɐ ɄŮŰŬɚɞŮɘŭɞɨɠ ɆɢɐɛŬŰɞɠ, ůŮ ɓɎɗɞɠ ȼ,    

ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 

 

ȷɜŬəŮűŬɚŬɘɩɜɞɜŰŬɠ, ŰŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ˊɞɡ ˊɟɞɏəɡɣŬɜ Ŭˊɧ Űɖɜ Ŭˊɚɞˊɞɘɖɛɏɜɖ ɛŮɗɞŭɞɚɞɔɑŬ 

Űɞɡ çɢŬɚŬɟɞɨ ůɡɜɧɟɞɡè ɔɘŬ Űɞɜ ɖɛɑɢɤɟɞ ɔɘŬ ŰŬ ŭɘɎűɞɟŬ ůɢɐɛŬŰŬ ɏɢɞɡɜ ɤɠ Ůɝɐɠ: 

 Ⱦɡəɚɘəɐ ȹɘŬŰɞɛɐ ɛŮ ŬəŰɑɜŬ r=1ɛ ůŮ ɓɎɗɞɠ h=2ɛ.  

ɆŰo (Ɇɢ.5-14: Ŭ, ɓ, ɔ, ŭ, Ů, ɕ, ɖ)  Űɞɡ (ȾŮű.5.Ä5.2.1.),   ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  

Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi, ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   

tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ, ɾʅɻ ʐʂʉ ʌʀʍʚʌʐʖʎʂ ʐʋʑ  ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ. 
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Ⱦɡəɚɘəɐ ȹɘŬŰɞɛɐ ɛŮ ŬəŰɑɜŬ R=5ɛ ůŮ ɓɎɗɞɠ ȼ=10ɛ. 

ɆŰo (Ɇɢ.5-16: Ŭ, ɓ, ɔ, ŭ, Ů, ɕ, ɖ), Űɞɡ (ȾŮű.5.Ä5.2.2.),  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  

Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi, ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   

tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ, ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ əɡəɚɘəɐɠ ŭɘŬŰɞɛɐɠ ɛŮ ŬəŰɑɜŬ R=5ɛ  . 

ɞɚɚŮɘˊŰɘəɐ ŭɘŬŰɞɛɐ  ɛŮ ɖɛɘɎɝɞɜŮɠ a=6ɛ b=5ɛ.  , ůŮ ɓɎɗɞɠ H=10ɛ. 

ɆŰo (Ɇɢ.5-18: Ŭ, ɓ, ɔ, ŭ, Ů, ɕ, ɖ), Űɞɡ (ȾŮű.5.Ä5.2.3.), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  

Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi, ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   

tɗɗ ́ Ɏɜɤ ůŰɖ ŭɘŬŰɞɛɐ, ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ɞɚɚŮɘˊŰɘəɐɠ ŭɘŬŰɞɛɐɠ  ɛŮ ɖɛɘɎɝɞɜŮɠ a=6ɛ. b=5ɛ. 

ɇŮŰɟŬɔɤɜɘəɐ ŭɘŬŰɞɛɐ ɛŮ ˊɚŮɡɟɎ asq=10ɛ , ůŮ ɓɎɗɞɠ H=10ɛ  

ɆŰo (Ɇɢ.5-20: Ŭ, ɓ, ɔ, ŭ, Ů, ɕ, ɖ), Űɞɡ (ȾŮű.5.Ä5.2.4.),  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  

Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi, ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   

tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ,ɾʅɻ ʐʂʉ ʌʀʍʚʌʐʖʎʂ ʐʂʏ ɇŮŰɟŬɔɤɜɘəɐɠ ŭɘŬŰɞɛɐɠ ɛŮ ˊɚŮɡɟɎ asq=10ɛ. 

ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ,  ɨɣɞɡɠ 7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ 9.5ɛ.  , ůŮ ɓɎɗɞɠ H=8.31ɛ 

ɆŰo (Ɇɢ.5-22: Ŭ, ɓ, ɔ, ŭ, Ů, ɕ, ɖ), Űɞɡ (ȾŮű.5.Ä5.2.5.), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  

Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ  ŭɡɜŬɛɘəɩɜ ɣi, ɣs1,ɣtot,űs1, Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ əŬɗɩɠ əŬɘ Űɖɠ ŰɎůɖɠ   

tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ, ɾʅɻ ʐʂʉ ʌʀʍʚʌʐʖʎʂ ʐʂʏ ɄŮŰŬɚɞŮɘŭɞɨɠ   ŭɘŬŰɞɛɐɠ,  ɨɣɞɡɠ 7.72ɛ. əŬɘ 

ˊɚɎŰɞɡɠ 9.5ɛ.   

ȷɜŰɑůŰɞɘɢŬ,  ŰŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ˊɞɡ ˊɟɞɏəɡɣŬɜ Ŭˊɧ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ  ɛŮɗɞŭɞɚɞɔɑŬ ɛŮ ɓɎůɖ 

Űɞɡɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨɠ, ˊɞɡ ŬɜŬɚɨɗɖəŬɜ ůŰɞ (ȾŮű.3Ä3.3), ɔɘŬ Űɞɜ ɖɛɑɢɤɟɞ ɔɘŬ ŰŬ ŭɘɎűɞɟŬ 

ůɢɐɛŬŰŬ ɏɢɞɡɜ ɤɠ Ůɝɐɠ: 

 

Ⱦɡəɚɘəɐ ȹɘŬŰɞɛɐ ɛŮ ŬəŰɑɜŬ r=1ɛ ůŮ ɓɎɗɞɠ h=2ɛ.  

ɆŰɞ (Ɇɢ.5-25: Ŭ, ɓ, ɔ, ŭ, Ů, ɕ, ɖ, ɗ, ɘ, ə)  Űɞɡ (ȾŮű.5.Ä 5.3.1.),  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ 

ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ʕ , ‪  ȟ‪ ȟ‪ ȟ•  ȟ• ȟ•  Űɖɠ ŰɎůɖɠ tʃʃȟ  

əŬɗɩɠ əŬɘ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uʃ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɞɡ  ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ. 
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Ⱦɡəɚɘəɐ ȹɘŬŰɞɛɐ ɛŮ ŬəŰɑɜŬ R=5ɛ ůŮ ɓɎɗɞɠ ȼ=10ɛ. 

ɆŰɞ (Ɇɢ.5-27: Ŭ, ɓ, ɔ, ŭ, Ů, ɕ, ɖ, ɗ, ɘ, ə)  Űɞɡ (ȾŮű.5.Ä 5.3.2.),  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ 

ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ʕ , ‪  ȟ‪ ȟ‪ ȟ•  ȟ• ȟ•  Űɖɠ ŰɎůɖɠ tʃʃȟ  

əŬɗɩɠ əŬɘ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uʃ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ  Űɖɠ əɡəɚɘəɐɠ ŭɘŬŰɞɛɐɠ ɛŮ ŬəŰɑɜŬ 

R=5ɛ  . 

ȺɚɚŮɘˊŰɘəɐ ŭɘŬŰɞɛɐ  ɛŮ ɖɛɘɎɝɞɜŮɠ a=6ɛ b=5ɛ.  , ůŮ ɓɎɗɞɠ H=10ɛ. 

ɆŰɞ (Ɇɢ.5-29: Ŭ, ɓ, ɔ, ŭ, Ů, ɕ, ɖ, ɗ, ɘ, ə)  Űɞɡ (ȾŮű.5.Ä 5.3.3.),  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ 

ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ʕ , ‪  ȟ‪ ȟ‪ ȟ•  ȟ• ȟ•  Űɖɠ ŰɎůɖɠ tʃʃȟ  

əŬɗɩɠ əŬɘ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uʃ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ɞɚɚŮɘˊŰɘəɐɠ ŭɘŬŰɞɛɐɠ  ɛŮ 

ɖɛɘɎɝɞɜŮɠ a=6ɛ. b=5ɛ.  

ɇŮŰɟŬɔɤɜɘəɐ ŭɘŬŰɞɛɐ ɛŮ ˊɚŮɡɟɎ asq=10ɛ , ůŮ ɓɎɗɞɠ H=10ɛ 

ɆŰɞ (Ɇɢ.5-31: Ŭ, ɓ, ɔ, ŭ, Ů, ɕ, ɖ, ɗ, ɘ, ə)  Űɞɡ (ȾŮű.5.Ä 5.3.4.),  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ 

ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ʕ , ‪  ȟ‪ ȟ‪ ȟ•  ȟ• ȟ•  Űɖɠ ŰɎůɖɠ tʃʃȟ  

əŬɗɩɠ əŬɘ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uʃ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ɇŮŰɟŬɔɤɜɘəɐɠ ŭɘŬŰɞɛɐɠ ɛŮ ˊɚŮɡɟɎ 

asq=10ɛ. 

ɄŮŰŬɚɞŮɘŭɐɠ  ŭɘŬŰɞɛɐ,  ɨɣɞɡɠ 7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ 9.5ɛ.  , ůŮ ɓɎɗɞɠ H=8.31ɛ 

ɆŰɞ (Ɇɢ.5-33: Ŭ, ɓ, ɔ, ŭ, Ů, ɕ, ɖ, ɗ, ɘ, ə)  Űɞɡ (ȾŮű.5.Ä 5.3.5.),  ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ 

ŬˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ ʕ , ‪  ȟ‪ ȟ‪ ȟ•  ȟ• ȟ•  Űɖɠ ŰɎůɖɠ tʃʃȟ  

əŬɗɩɠ əŬɘ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uʃ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ɄŮŰŬɚɞŮɘŭɞɨɠ   ŭɘŬŰɞɛɐɠ,  ɨɣɞɡɠ 

7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ 9.5ɛ.   

ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ˊɟɞəɨˊŰɞɡɜ ɛŮ Űɖɜ ŬɜɤŰɏɟɤ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛŮɗɞŭɞɚɞɔɑŬ ŮˊŬɚɖɗŮɨɞɡɜ 

Űɖɜ ɗŮɤɟɑŬ ɔɘŬ ŰŬ ůəŮŭŬɕɧɛŮɜŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, ‪ ȟ•  ŭɘɧŰɘ 

ɞɘ Űɘɛɏɠ Űɞɡɠ ŮɑɜŬɘ ɛɘəɟɏɠ ůŮ ɧɚŬ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ɔɘŬ ŭɘŬŰɞɛɏɠ  ŭɘŬűɧɟɤɜ ůɢɖɛɎŰɤɜ  ɧˊɤɠ  

űŬɑɜŮŰŬɘ ůŰŬ: (Ɇɢ. 5.25ɔ&ɕ, 5.27ɔ&ɕ,  5.29ɔ&ɕ,  5.31ɔ&ɕ, 5.33ɔ&ɕ)    əŬɘ űɡůɘəɎ ˊɞɚɨ 

ɛɘəɟɧŰŮɟŮɠ Ŭˊɧ Űɘɠ ŬɜŰɑůŰɞɘɢŮɠ Űɘɛɏɠ Űɤɜ ůəŮŭŬɕɧɛŮɜɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ Ŭˊɧ Űɖɜ 

ŭɘŬŰɞɛɐ ‪ ȟ•  ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰŬ: (Ɇɢ. 5.25ɓ&Ů, 5.27ɓ&Ů,  5.29ɓ&Ů,  5.31ɓ&Ů, 5.33ɓ&Ů. 

ɄŬɟôɧɚŬ ŬɡŰɎ ɖ ůɡɜŮɘůűɞɟɎ Űɤɜ ‪ ȟ•  ůŰɞ ůɡɜɞɚɘəɧ ŮɜŰŬŰɘəɧ ˊŮŭɑɞ ŭŮɜ ɛˊɞɟɞɨɜ ɜŬ 

ŬɔɜɞɖɗŮɑ. 
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 ȼ ůɨɔəɟɘůɖ Űɤɜ ŬˊɞŰŮɚŮůɛɎŰɤɜ ˊɞɡ ˊɟɞɏəɡɣŬɜ Ŭˊɧ Űɘɠ ŭɨɞ ɗŮɤɟɐůŮɘɠ ɔɘŬ Űɞɜ ɖɛɑɢɤɟɞ,  

ɐŰŬɜ ˊɞɚɨ ɘəŬɜɞˊɞɘɖŰɘəɐ. ɆɡɜŮˊɩɠ,  ɖ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛŮɗɞŭɞɚɞɔɑŬ ɏɚɡůŮ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ 

ɡˊɞɚɞɔɘůɛɞɨ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ ŭɘŬŰɞɛɐ ɡˊɧɔŮɘɞɡ ɏɟɔɞɡ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ(ɛŮ 

ˊŬɟŬɛŮŰɟɘəɐ əŬɛˊɨɚɖ) ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ, ɡˊɧ 

ůŮɘůɛɘəɐ űɧɟŰɘůɖ əɡɛɎŰɤɜ SV .  

ɆŰɖ ůɡɜɏɢŮɘŬ ɔɑɜŮŰŬɘ ůɨɔəɟɘůɖ Űɤɜ ŬˊɞŰŮɚŮůɛɎŰɤɜ ˊɞɡ ˊɟɞɏəɡɣŬɜ Ŭˊɧ Űɘɠ ŬɜŬɚɨůŮɘɠ ɔɘŬ Űɞɜ 

ˊɚɐɟɖ ɢɩɟɞ ɛŮ Űɘɠ ŭɨɞ ɛŮɗɞŭɞɚɞɔɑŮɠ ɤɠ Ůɝɐɠ: 

ɇɞ (Ɇɢ. 5-3 Ů,ɕ,ɖ) ůŰɞ (ȾŮű.5.Ä5.1.1.), ŬˊŮɘəɞɜɑɕŮɘ ŰŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ur & uɗ əŬɗɩɠ əŬɘ Űɖ 

ŰɎůɖ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ, ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ  əɡəɚɘəɐɠ ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ ɛŮ r=1ɛ. 

ůŰɞɜ ˊɚɐɟɖ ɢɩɟɞ ɡˊɧ ůŮɘůɛɘəɐ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV.  ɇɞ (Ɇɢ.5-14 Ů,ɕ,ɖ) ůŰɞ 

(ȾŮű.5.Ä5.2.1.), ŬˊŮɘəɞɜɑɕŮɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ɛɞɜŬŭɘŬɑŬɠ 

əɡəɚɘəɐɠ ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ, ˊɞɡ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ h=2r Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ 

ŮŭɎűɞɡɠ, ɛŮ Űɖɜ Ŭˊɚɞˊɞɘɖɛɏɜɖ ɛɏɗɞŭɞ Űɖɠ ɗŮɩɟɖůɖɠ Űɞɡ ɢŬɚŬɟɞɨ ůɡɜɧɟɞɡ, Ůɜɩ Űɞ (Ɇɢ.5-25 

ɘ,ə,ɗ) ůŰɞ (ȾŮű.5.Ä5.3.1.), ŬˊŮɘəɞɜɑɕŮɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ 

ɛɞɜŬŭɘŬɑŬɠ əɡəɚɘəɐɠ ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ, ˊɞɡ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ h=2r Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ 

Űɞɡ ŮŭɎűɞɡɠ, ɛŮ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛŮɗɞŭɞɚɞɔɑŬ.  

 

ɇɞ (Ɇɢ. 5-5 Ů,ɕ,ɖ) ůŰɞ (ȾŮű.5.Ä5.1.2.), ŬˊŮɘəɞɜɑɕŮɘ ŰŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ur & uɗ əŬɗɩɠ əŬɘ Űɖ 

ŰɎůɖ  tɗɗ ́ Ɏɜɤ ůŰɖ ŭɘŬŰɞɛɐ, ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ  əɡəɚɘəɐɠ ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ, ɛŮ ŬəŰɑɜŬ 

R=5ɛ.  ůŰɞɜ ˊɚɐɟɖ ɢɩɟɞ ɡˊɧ ůŮɘůɛɘəɐ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV. ɇɞ (Ɇɢ.5-16 Ů,ɕ,ɖ) ůŰɞ 

(ȾŮű.5.Ä5.2.2.), ŬˊŮɘəɞɜɑɕŮɘ  ŰŬ ŬɜŰɑůŰɞɘɢŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ əɡəɚɘəɐɠ 

ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ ɛŮ ŬəŰɑɜŬ R=5ɛ,   ́ ɞɡ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ ȼ=2*R  Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ 

Űɞɡ ŮŭɎűɞɡɠ, ɛŮ Űɖɜ Ŭˊɚɞˊɞɘɖɛɏɜɖ ɛɏɗɞŭɞ Űɖɠ ɗŮɩɟɖůɖɠ Űɞɡ ɢŬɚŬɟɞɨ ůɡɜɧɟɞɡ, Ůɜɩ Űɞ (Ɇɢ.5-

27 ɘ,ə,ɗ) ůŰɞ (ȾŮű.5.Ä5.3.2.), ŬˊŮɘəɞɜɑɕŮɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ 

Űɖɠ əɡəɚɘəɐɠ ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ ɛŮ ŬəŰɑɜŬ R=5ɛ,   ˊɞɡ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ ȼ=2*R  Ŭˊɧ 

Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ, ɛŮ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛŮɗɞŭɞɚɞɔɑŬ.  

 

ɇɞ (Ɇɢ. 5-7 Ů,ɕ,ɖ) ůŰɞ (ȾŮű.5.Ä5.1.3.), ŬˊŮɘəɞɜɑɕŮɘ ŰŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ur & uɗ  əŬɗɩɠ əŬɘ Űɖ 

ŰɎůɖ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ, ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ɞɚɚŮɘˊŰɘəɐɠ ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ  ɛŮ 

ɖɛɘɎɝɞɜŮɠ a=6ɛ. b=5ɛ.,  ůŰɞɜ ˊɚɐɟɖ ɢɩɟɞ ɡˊɧ ůŮɘůɛɘəɐ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV.  ɇɞ   (Ɇɢ.5-

18 Ů,ɕ,ɖ) ůŰɞ (ȾŮű.5.Ä5.2.3.), ŬˊŮɘəɞɜɑɕŮɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ 

Űɖɠ  ɞɚɚŮɘˊŰɘəɐɠ ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ  ɛŮ ɖɛɘɎɝɞɜŮɠ a=6ɛ. b=5ɛ.,  ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ 

H=2*b Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ, ɛŮ Űɖɜ Ŭˊɚɞˊɞɘɖɛɏɜɖ ɛɏɗɞŭɞ Űɖɠ ɗŮɩɟɖůɖɠ Űɞɡ 



268 

 

ɢŬɚŬɟɞɨ ůɡɜɧɟɞɡ, Ůɜɩ Űɞ (Ɇɢ.5-29 ɘ,ə,ɗ) ůŰɞ (ȾŮű.5.Ä5.3.3.), ŬˊŮɘəɞɜɑɕŮɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ 

ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ  ɞɚɚŮɘˊŰɘəɐɠ ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ  ɛŮ ɖɛɘɎɝɞɜŮɠ 

a=6ɛ. b=5ɛ.,  ˊɞɡ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ H=2*b  Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ, ɛŮ Űɖɜ 

ˊɟɞŰŮɘɜɧɛŮɜɖ ɛŮɗɞŭɞɚɞɔɑŬ.  

 

ɇɞ (Ɇɢ. 5-9 Ů,ɕ,ɖ) ůŰɞ (ȾŮű.5.Ä5.1.4.), ŬˊŮɘəɞɜɑɕŮɘ ŰŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ur & uɗ əŬɗɩɠ əŬɘ Űɖ 

ŰɎůɖ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ, ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ  Űɖɠ ɇŮŰɟŬɔɤɜɘəɐɠ ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ ɛŮ 

ˊɚŮɡɟɎ asq=10ɛ. , ůŰɞɜ ˊɚɐɟɖ ɢɩɟɞ  ɡˊɧ ůŮɘůɛɘəɐ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV. ɇɞ              (Ɇɢ.5-

20 Ů,ɕ,ɖ) ůŰɞ (ȾŮű.5.Ä5.2.4.), ŬˊŮɘəɞɜɑɕŮɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ 

Űɖɠ  ɇŮŰɟŬɔɤɜɘəɐɠ ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ ɛŮ ˊɚŮɡɟɎ asq=10ɛ., ˊɞɡ ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H=10ɛ.  

Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ, ɛŮ Űɖɜ Ŭˊɚɞˊɞɘɖɛɏɜɖ ɛɏɗɞŭɞ Űɖɠ ɗŮɩɟɖůɖɠ Űɞɡ ɢŬɚŬɟɞɨ 

ůɡɜɧɟɞɡ, Ůɜɩ Űɞ (Ɇɢ.5-31 ɘ,ə,ɗ) ůŰɞ (ȾŮű.5.Ä5.3.4.),  ŬˊŮɘəɞɜɑɕŮɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ ŮɜŰŬŰɘəɎ 

ɛŮɔɏɗɖ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ  ɇŮŰɟŬɔɤɜɘəɐɠ ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ ɛŮ ˊɚŮɡɟɎ asq=10ɛ., ˊɞɡ 

ɓɟɑůəŮŰŬɘ ůŮ ɓɎɗɞɠ H=10ɛ.  Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ, ɛŮ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ 

ɛŮɗɞŭɞɚɞɔɑŬ.  

ɇɞ (Ɇɢ. 5-11 Ů,ɕ,ɖ) ůŰɞ (ȾŮű.5.Ä5.1.5.), ŬˊŮɘəɞɜɑɕŮɘ ŰŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ur &  uɗ əŬɗɩɠ əŬɘ Űɖ 

ŰɎůɖ   tɗɗ ˊɎɜɤ ůŰɖ ŭɘŬŰɞɛɐ, ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ  ɄŮŰŬɚɞŮɘŭɞɨɠ  ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ 

ɨɣɞɡɠ 7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ 9.5ɛ. , ůŰɞɜ ˊɚɐɟɖ ɢɩɟɞ  ɡˊɧ ůŮɘůɛɘəɐ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV.  

ɇɞ    (Ɇɢ.5-22 Ů,ɕ,ɖ) ůŰɞ (ȾŮű.5.Ä5.2.5.),  ŬˊŮɘəɞɜɑɕŮɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ɔɘŬ Űɖɜ 

ˊŮɟɑˊŰɤůɖ Űɖɠ  ɄŮŰŬɚɞŮɘŭɞɨɠ  ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ ɨɣɞɡɠ 7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ 9.5ɛ. , ˊɞɡ 

ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ H=8.31ɛ., Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ, ɛŮ Űɖɜ Ŭˊɚɞˊɞɘɖɛɏɜɖ ɛɏɗɞŭɞ 

Űɖɠ ɗŮɩɟɖůɖɠ Űɞɡ ɢŬɚŬɟɞɨ ůɡɜɧɟɞɡ, Ůɜɩ Űɞ (Ɇɢ.5-33 ɘ,ə,ɗ) ůŰɞ (ȾŮű.5.Ä5.3.5.),    ŬˊŮɘəɞɜɑɕŮɘ 

ŰŬ ŬɜŰɑůŰɞɘɢŬ ŮɜŰŬŰɘəɎ ɛŮɔɏɗɖ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ɄŮŰŬɚɞŮɘŭɞɨɠ  ŬɜŮˊɏɜŭɡŰɖɠ ŭɘŬŰɞɛɐɠ 

ɨɣɞɡɠ 7.72ɛ. əŬɘ ˊɚɎŰɞɡɠ 9.5ɛ. , ˊɞɡ ɓɟɑůəŮŰŬɘ  ůŮ ɓɎɗɞɠ H=8.31ɛ., Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ 

ŮŭɎűɞɡɠ, ɛŮ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛŮɗɞŭɞɚɞɔɑŬ.  

ɄŬɟŬŰɖɟɞɨɛŮ ɧŰɘ ɔɘŬ ɧɚŬ ŰŬ ůɢɐɛŬŰŬ Űɤɜ ŭɘŬŰɞɛɩɜ, ɞɘ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ɔɘŬ Űɞɜ 

ɖɛɑɢɤɟɞ, Űɧůɞ ɛŮ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛŮɗɞŭɞɚɞɔɑŬ ɧůɞ əŬɘ ɛŮ Űɖ ɗŮɩɟɖůɖ Űɞɡ ɢŬɚŬɟɞɨ 

ůɡɜɧɟɞɡ, ŮɑɜŬɘ əŬŰɎ 50% ɛŮɔŬɚɨŰŮɟŮɠ Ŭˊɧ Űɘɠ ŬɜŰɑůŰɞɘɢŮɠ ɔɘŬ Űɞɜ ˊɚɐɟɖ ɢɩɟɞ , ɛŮ 

ɛŮɔŬɚɨŰŮɟŮɠ Űɘɠ Űɘɛɏɠ ɓɎůŮɘ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɞŭɞɚɞɔɑŬɠ. ɇɞ ɔŮɔɞɜɧɠ ŬɡŰɧ ŮɑɜŬɘ 

ŬɜŬɛŮɜɧɛŮɜɞ əŬɘ əŬŰŬŭŮɘəɜɨŮɘ ɧŰɘ ɖ ůɡɜŮɘůűɞɟɎ Űɤɜ ůəŮŭŬɕɧɛŮɜɤɜ əɡɛŬŰɘəɩɜ ŭɡɜŬɛɘəɩɜ 

Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ‪ ȟ•  ŭŮɜ ɛˊɞɟŮɑ ɜŬ ŬɔɜɞɖɗŮɑ. Ⱥˊɑůɖɠ ɔɑɜŮŰŬɘ űŬɜŮɟɧ ɧŰɘ  ɞɘ 

ŬɓŬɗŮɑɠ ɡˊɧɔŮɘŮɠ  əŬŰŬůəŮɡɏɠ ɡűɑůŰŬɜŰŬɘ ůɖɛŬɜŰɘəɐ əŬŰŬˊɧɜɖůɖ ůŮ ˊŮɟɑˊŰɤůɖ ůŮɘůɛɘəɐɠ 

űɧɟŰɘůɖɠ.  
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5.4.ȺˊŮɜŭŮŭɡɛɏɜɖ  Ƀˊɐ  ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ 

ŪŮɤɟɞɨɛŮ ŭɘŬŰɞɛɐ ɡˊɞɔŮɑɞɡ ɏɟɔɞɡ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ˊɎɢɞɡɠ t ůŰɞɜ ˊɚɐɟɖ ɢɩɟɞ, ůŰɖɜ ɞˊɞɑŬ 

ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV, ɛŮ əŬŰŬəɧɟɡűɖ ŭɘɎŭɞůɖ, ůŰɞ ŮˊɑˊŮŭɞ w ɧˊɤɠ űŬɑɜŮŰŬɘ 

ůŰɞ (Ɇɢ.5-34). ɇɞ ŰɡɢŬɑɞ ůɢɐɛŬ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ çɘůɞŭɨɜŬɛɞɡ ˊɎɢɞɡɠ 

tc è, ɛŮ ŬəŰɑɜŬ Űɞɡ  ŮůɤŰŮɟɘəɞɨ əɨəɚɞɡ  r1=1  əŬɘ ŬəŰɑɜŬ ŮɝɤŰŮɟɘəɞɨ əɨəɚɞɡ r2,  ɧˊɤɠ 

ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.3.Ä3.4.), ɛŮ ɓɎůɖ Űɖɜ əŬŰɎɚɚɖɚɖ ůɡɜɎɟŰɖůɖ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ w(ɕ) ˊɞɡ 

ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɖɜ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ ůɢɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɞɜ ɛɞɜŬŭɘŬɑɞ əɨəɚɞ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ əŮɜŰɟɞɓŬɟɘəɎ.   Ƀɘ əɡɛŬŰɘəɞɑ Ŭɟɘɗɛɞɑ ŬɜŰɑůŰɞɘɢŬ ůŰɞ ɏŭŬűɞɠ əŬɘ Űɖɜ Ůˊɏɜŭɡůɖ ŮɑɜŬɘ 

ɞɘ kam, kbm əŬɘ kal, kbl    ŬɜŰɑůŰɞɘɢŬ. 

Ƀ ŮɝɤŰŮɟɘəɧɠ əɨəɚɞɠ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ  ‒ ὶὩ  əŬɘ ɞ ŮůɤŰŮɟɘəɧɠ ŬɜŰɑůŰɞɘɢŬ Ŭˊɧ Űɖɜ  

‒ ὶὩ (5-44) 

ɆŰɖ ŭɘŬŰɞɛɐ Űɖɠ ůɐɟŬɔɔŬɠ ˊɟɞůˊɑˊŰŮɘ ůŮɘůɛɘəɧ əɨɛŬ Űɨˊɞɡ  SV  ɛŮ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ ɣi, . 

ɇɞ əɡɛŬŰɘəɧ ŭɡɜŬɛɘəɧ  ɣi ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɟɞůˊɑˊŰɞɜ əɨɛŬ ůŰɖɜ ŭɘŬŰɞɛɐ ŰɡɢŬɑɞɡ 

ůɢɐɛŬŰɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ɖ ɞˊɞɑŬ ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ ɛɞɜŬŭɘŬɑɞ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ůŰɞ ŮˊɑˊŮŭɞ 

ɕ, ɛŮ  ůɡɜɎɟŰɖůɖ ŬˊŮɘəɧɜɘůɖɠ ɤ(ɕ), ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ :  

‪ ȿ‪ȿ
ρ

ς
‐ὭὐὯ ȿύ‒ȿ

ύ‒

ȿύ‒ȿ
Ὥ

ύ‒

ȿύ‒ȿ
Ὥ  

                                                                                                                                        (5-45) 

ȳˊɞɡ |y0| =1 əŬɘ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ əɨɛŬŰɞɠ SV 

 

Ɇɢ.5-34: ȾɨɛŬ SV ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ˊɎɢɞɡɠ t ŰɡɢŬɑɞɡ 

ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ, ˊɎɢɞɡɠ tc (ɓ). 
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ɇŬ SV əɨɛŬŰŬ ŬɚɚɖɚŮˊɘŭɟɞɨɜ ůŰɖɜ Ŭɟɢɐ ɛŮ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ɛŮ Űɖɜ 

ŭɘŮˊɘűɎɜŮɘŬ Űɞɡ ɛɏůɞɡ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ ɏɜŬ ɛŮɟɞɠ Űɞɡ ɞˊɞɑɞɡ ůəŮŭɎɕŮŰŬɘ  əŬɘ ɏɜŬ ɛɏɟɞɠ 

ŮɘůɏɟɢŮŰŬɘ ůŰɖɜ ŭɘŬŰɞɛɐ ɇŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ˊɞɡ ŭɘɏˊɞɡɜ Űɞ ˊɟɧɓɚɖɛŬ ŮɑɜŬɘ : 

ɆŰɞ ɏŭŬűɞɠ : 

ɇŬ ɆəŮŭŬɕɧɛŮɜŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ůŰɞ ɏŭŬűɞɠ, ‪  •   ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 5-46 &  

5-47) 

‪ В ὄὌ Ὧ ȿύ‒ȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ   

                                                                                                                                           (5-46) 

 

• В ὃ Ὄ Ὧ ȿύ‒ȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ   

                                                                                                                                          (5-47) 

ɆŰɖɜ Ůˊɏɜŭɡůɖ: 

ɇŬ ɆəŮŭŬɕɧɛŮɜŬ əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ůŰɖɜ Ůˊɏɜŭɡůɖ, ‪ •  ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ                ( ůɢɏůŮɘɠ 

5-48  & 5-49) 

‪ В Ὀ Ὄ Ὧȿύ‒ȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ   

                                                                                                                                                     (5-48) 

 

• В ὅὌ Ὧ ȿύ‒ȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ   

                                                                                                                                                    (5-49) 

ɇŬ ŭɘŮɟɢɧɛŮɜŬ  əɡɛŬŰɘəɎ ŭɡɜŬɛɘəɎ ůŰɖɜ Ůˊɏɜŭɡůɖ, ‪ •  ŭɑŭɞɜŰŬɘ Ŭˊɧ Űɘɠ (ůɢɏůŮɘɠ 5-50 & 

5-51) 

‪ В ὑὌ Ὧȿύ‒ȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ   

                                                                                                                                      (5-50) 

• В ὊὌ Ὧ ȿύ‒ȿ
ȿ ȿ

Ὥ
ȿ ȿ

Ὥ                                          (5-51) 



271 

 

 

                                                                                                                                           

Ƚůɢɨɞɡɜ ɞɘ əɎŰɤɗɘ  3 ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ :     

ɆɡɜɞɟɘŬəɐ Ɇɡɜɗɐəɖ 1 

 

1.ɆŰɖɜ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r1=1 Űɖɠ Ůˊɏɜŭɡůɖɠ ůŰɞ ŮˊɑˊŮŭɞ ɕ, Űɞ ɎɗɟɞɘůɛŬ Űɤɜ ŰɎůŮɤɜ  

 trr  =0 &   trɗ  =0                                                                                                                                   

                                                                                                                                    (5-52) 

ɆɡɜɞɟɘŬəɐ Ɇɡɜɗɐəɖ 2 
 

2.ɆɡɜɏɢŮɘŬ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ ɛŮŰŬɝɨ Űɞɡ  ŮŭɎűɞɡɠ əŬɘ Űɖɜ Ůˊɏɜŭɡůɖɠ ˊɎɜɤ ůŰɖɜ 

ŭɘŮˊɘűɎɜŮɘŬ 

 ό ό ʘ‏‌•‛‟ό ό ‐“ʘ’‏‡„–                                                                  (5-53Ŭ) 

όͺ όͺ ʘ‏‌•‛‟όͺ όͺ ‐“ʘ’‏‡„–                                                     (5-53ɓ) 

 

ɆɡɜɞɟɘŬəɐ Ɇɡɜɗɐəɖ 3 

 

3.ɆɡɜɏɢŮɘŬ Űɤɜ ŰɎůŮɤɜ  trr & trɗ ɛŮŰŬɝɨ Űɞɡ  ŮŭɎűɞɡɠ əŬɘ Űɖɜ Ůˊɏɜŭɡůɖɠ ˊɎɜɤ ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ 

ὸ ʘ ὸ ʘ                                                                                           (5-54Ŭ) 

ὸ ʘ ὸ ʘ                                                                                          (5-54ɓ)                               

 

Ƀɘ ɎɔɜɤůŰɞɘ ůɡɜŰŮɚŮůŰɏɠ An, Bn, Cn, Dn, Fn, Kn,   ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɛŮ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ 

ůɡůŰɐɛŬŰɞɠ ɧˊɤɠ ˊɟɞəɨˊŰŮɘ ɛŮŰɎ Ŭˊɧ ŮűŬɟɛɞɔɐ Űɤɜ ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ. ɇɞ ůɨůŰɖɛŬ 

ŭɑɜŮɘ əŬɚɨŰŮɟŬ  ŬˊɞŰŮɚɏůɛŬŰŬ ɧůɞ  ɖ ŬəŬɛɣɑŬ Űɞɡ ŮŭɎűɞɡɠ ˊɚɖůɘɎɕŮɘ Űɖɜ Űɘɛɐ Űɖɠ ŬəŬɛɣɑŬɠ 

Űɖɠ Ůˊɏɜŭɡůɖɠ. ȹɖɚŬŭɐ ά  ͯά . ɆŮ ŬɜŰɑɗŮŰɖ ˊŮɟɑˊŰɤůɖ ˊɟɏˊŮɘ ɜŬ ɚɖűɗŮɑ ɡˊôɧɣɘɜ ɖ 

ŬɚɚɖɚŮˊɑŭɟŬůɖ ŮŭɎűɞɡɠ-əŬŰŬůəŮɡɐɠ. ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ Űɘɠ ŬɜŬɚɨůŮɘɠ 

ŮɑɜŬɘ əŬɜɞɜɘəɞˊɞɘɖɛɏɜŬ ɤɠ ˊɟɞɠ Űɞ ˊɚɎŰɞɠ  |y0| ́ ɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊɚɎŰɞɠ Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ 

əɨɛŬŰɞɠ SV 
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Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ˊŬɟɞɨůŬ 

ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 5-2).                                                                  

 ɄɑɜŬəŬɠ 5-2: ȽŭɘɧŰɖŰŮɠ Űɞɡ ȺŭɎűɞɡɠ & Űɖɠ Ⱥˊɏɜŭɡůɖɠ 

                                              |ȽŭɘɧŰɖŰŮɠ Űɞɡ ȺŭɎűɞɡɠ ȽŭɘɧŰɖŰŮɠ Űɖɠ Ⱥˊɏɜŭɡůɖɠ 

ɄɡəɜɧŰɖŰŬ ɟs =1800kg/m3 ɟl =2200kg/m3 

ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ 

ȹɘŬŰɛɖŰɘəɩɜ ȾɡɛɎŰɤɜ  

400 m/sec 2383.65m/sec 

ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ 

Ⱥˊɘɛɖəɩɜ  ȾɡɛɎŰɤɜ  

800 m/sec 4767.31 

ȿɧɔɞɠ  Poisson 0.33 0.2 

ɛɏŰɟɞ ŭɘɎŰɛɖůɖɠ 

 

Gs=2.88Ŀ108Pa         Gl= ρȢςυɇρπ10Pa 

ȾɡɛŬŰɘəɧɠ ȷɟɘɗɛɧɠ ˊɞɡ 

ŬɜŰɘůŰɞɘɢŮɑ ůŰŬ S əɨɛŬŰŬ 

kbs =0.6283 kbl =0.1054 

Ka= ɤ/Cp: 

ȾɡɛŬŰɘəɧɠ ȷɟɘɗɛɧɠ ˊɞɡ 

ŬɜŰɘůŰɞɘɢŮɑ ůŰŬ P əɨɛŬŰŬ 

kas=0.3141 kal=0.0527 

ɚ(ůŰŬɗŮɟɎ lame) 5.76ɇ108Pa  2.5ɇρπ10Pa 

ɛ (ůŰŬɗŮɟɎ lame) 2.88 ɇ108Pa ρȢςυɇρπ10Pa 

5.4.1. Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ ŬəŰɑɜŬɠ, ˊɎɢɞɡɠ tc 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ 

əɡəɚɘəɐ ɞˊɐ ŮɝɤŰŮɟɘəɐɠ  ŬəŰɑɜŬɠ r1=1.2ɛ əŬɘ ŮůɤŰŮɟɘəɐɠ ŬəŰɑɜŬɠ r=1m ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ 

ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟŮɑ ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space), 

ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ (Ɇɢ.5-35) .  

 

Ɇɢ.5-35: ȾɨɛŬ SV ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ  ɛɞɜŬŭɘŬɑɞɡ əɡəɚɘəɞɨ 

ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ(ɓ). 
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ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ 

ŬɡŰɏɠ ˊɞɡ ˊŮɟɘŮɔɟɎűɖəŬɜ ŬɜɤŰɏɟɤ ůŰɘɠ (ůɢɏůŮɘɠ 5-52, 5-53Ŭ, 5-53ɓ, 5-54Ŭ, 5-54ɓ). Ƀɘ 

ɛŮŰŬəɘɜɐůŮɘɠ ur &uɗ əŬɗɩɠ əŬɘ ɞɘ  ŰɎůŮɘɠ trr, trɗ, tɗɗ, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ əŬɘ ɞɘ  ɛŮŰŬəɘɜɐůŮɘɠ 

ur &uɗ  əŬɘ ɖ  ŰɎůɖ   tɗɗ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɛŮŰɎ Ŭˊɧ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ Űɤɜ ɎɔɜɤůŰɤɜ 

ůɡɜŰŮɚŮůŰɩɜ An, Bn, Cn, Dn, Fn, Kn . 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ ɞˊɐ ůŮ ůɢɐɛŬ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ   ɞˊɐ ɛŮ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r=1ɛ əŬɘ ˊɎɢɞɠ 

tc=0.2ɛ , ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV 

əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec.  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ , ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ 

ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 5-2). 

ɀŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur &uɗ əŬɗɩɠ Űɤɜ  ŰɎůŮɤɜ trr, trɗ, tɗɗ, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɗɩɠ   

əŬɘ Űɤɜ  ɛŮŰŬəɘɜɐůŮɤɜ ur &uɗ  əŬɘ Űɖɠ  ŰɎůɖɠ   tɗɗ, ŬɜŰɑůŰɞɘɢŬ ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. 

ŪŮɤɟɞɨɛŮ |ɣ0|=1. 

ɆŰɞ (Ɇɢ.5-36), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɞɡ əɡɛŬŰɘəɞɨ  ŭɡɜŬɛɘəɞɨ ɣi, Űɤɜ 

ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ  Űɤɜ  ŰɎůŮɤɜ tɗɗ,  trr, trɗ , ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɘ Űɖɠ  ŰɎůɖɠ   tɗɗ, ůŰɖɜ 

ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. 
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Ŭ: ȷˊɧɚɡŰɖ    Űɘɛɐ      Űɞɡ ȾɡɛŬŰɘəɞɨ                                                                  

ŭɡɜŬɛɘəɞɨ ɣi Űɞɡ      ˊɟɞůˊɑˊŰɞɜŰɞɠ  

əɨɛŬŰɞɠ SV      

 

                                                       

    

ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur     

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-                                                                                                                                                           

ŭɘŬŰɞɛɐɠ      

  

ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ     

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ                     

    

ŭ:  ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,   ́ Ɏɜɤ        

ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ       

 

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ trr,   ́ Ɏɜɤ ůŰɖ 

ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ- ŭɘŬŰɞɛɐɠ        
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ɕ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ trɗ,  ́ Ɏɜɤ        

ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ- ŭɘŬŰɞɛɐɠ        

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,   ́ Ɏɜɤ 

ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ  

                                                                       

Ɇɢ.5-36: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ  ȺˊŮɜŭŮŭɡɛɏɜɖ Ⱦɡəɚɘəɐ Ƀˊɐ ɀɞɜŬŭɘŬɑŬɠ 

ŬəŰɑɜŬɠ, ˊɎɢɞɡɠ tc , ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ,  ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 

 

5.4.2. Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, ˊɎɢɞɡɠ t 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ  

ɞˊɐ  ůŮ ůɢɐɛŬ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ŮɝɤŰŮɟɘəɐɠ  ŬəŰɑɜŬɠ R1=5.5ɛ əŬɘ ŮůɤŰŮɟɘəɐɠ ŬəŰɑɜŬɠ R=5 

ɛ ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟŮɑ ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ 

ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full space), ɓɚɏˊŮ (Ɇɢ.5-37). ȳˊɤɠ ŬɜŬɚɨŮŰŬɘ ůŰɞ (ȾŮű.3.,Ä3.4.2.), ɞ əɡəɚɘəɧɠ 

ŭŬəŰɨɚɘɞɠ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ŬɜŰɑůŰɞɘɢɞ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ɛŮ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r=1ɛ əŬɘ 

ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ tc..  

 

Ɇɢ.5-37: ȾɨɛŬ SV ́ ɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ əɡəɚɘəɞɨ ůɢɐɛŬŰɞɠ  ůŮ 

ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ ɕ(ɓ). 
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ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ 

ŬɡŰɏɠ ˊɞɡ ˊŮɟɘŮɔɟɎűɖəŬɜ ŬɜɤŰɏɟɤ ůŰɘɠ (ůɢɏůŮɘɠ 5-52, 5-53Ŭ, 5-53ɓ, 5-54Ŭ, 5-54ɓ). Ƀɘ 

ɛŮŰŬəɘɜɐůŮɘɠ ur &uɗ əŬɗɩɠ əŬɘ ɞɘ  ŰɎůŮɘɠ trr, trɗ, tɗɗ, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ əŬɘ ɞɘ  ɛŮŰŬəɘɜɐůŮɘɠ 

ur &uɗ  əŬɘ ɖ  ŰɎůɖ   tɗɗ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɛŮŰɎ Ŭˊɧ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ Űɤɜ ɎɔɜɤůŰɤɜ 

ůɡɜŰŮɚŮůŰɩɜ An, Bn, Cn, Dn, Fn, Kn . 

 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ  ɞˊɐ ůŮ ůɢɐɛŬ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ŮůɤŰŮɟɘəɐɠ  ŬəŰɑɜŬɠ R=5ɛ, əŬɘ ŮɝɤŰŮɟɘəɐɠ 

R1=5.5ɛ., ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV 

əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec.  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ əŬɘ Űɖɠ Ůˊɏɜŭɡůɖɠ , ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ 

ŭɑŭɞɜŰŬɘ ůŰɞɜ (ɄɑɜŬəŬ 5-2). 

ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.3.Ä3.4.2.) Űɞ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ɞˊɞɑɞ 

ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ Ŭɟɢɘəɧ ůɢɐɛŬ ŮɑɜŬɘ tc=0.1ɛ. əŬɘ ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ Űɞɜ əɩŭɘəŬ 

ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB  

ɆŰɖ ůɡɜɏɢŮɘŬ, ɛŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ  

ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur &uɗ  əŬɗɩɠ Űɤɜ  ŰɎůŮɤɜ trr, trɗ, tɗɗ, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ 

əŬɗɩɠ   əŬɘ Űɤɜ  ɛŮŰŬəɘɜɐůŮɤɜ ur &uɗ  əŬɘ Űɖɠ  ŰɎůɖɠ   tɗɗ, ŬɜŰɑůŰɞɘɢŬ ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. 

ŪŮɤɟɞɨɛŮ |ɣ0|=1. 

ɆŰɞ (Ɇɢ.5-38), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɞɡ əɡɛŬŰɘəɞɨ  ŭɡɜŬɛɘəɞɨ ɣi, Űɤɜ 

ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ  Űɤɜ  ŰɎůŮɤɜ tɗɗ,  trr, trɗ , ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɘ Űɖɠ  ŰɎůɖɠ   tɗɗ, ůŰɖɜ 

ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. 

 

 

     

 



277 

 

                                                         

Ŭ: ȷˊɧɚɡŰɖ    Űɘɛɐ Űɞɡ      ȾɡɛŬŰɘəɞɨ                                                                  

ŭɡɜŬɛɘəɞɨ ɣi     Űɞɡ    ́ ɟɞůˊɑˊŰɞɜŰɞɠ  

əɨɛŬŰɞɠ SV    

 

                                                       

    

ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur  

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ        

 

 

ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ   

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-                                                                                                                                                               

ŭɘŬŰɞɛɐɠ                        

    

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ, ˊɎɜɤ           

ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ- ŭɘŬŰɞɛɐɠ        

 

 

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ trr,   ́ Ɏɜɤ ůŰɖ 

ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ      
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ɕ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ trɗ,  ́ Ɏɜɤ            

ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ- ŭɘŬŰɞɛɐɠ         

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ, ˊɎɜɤ 

ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ  

                                                                       

Ɇɢ.5-38: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ   ȺˊŮɜŭŮŭɡɛɏɜɖ Ⱦɡəɚɘəɐ Ƀˊɐ  ŬəŰɑɜŬɠ R, 

ˊɎɢɞɡɠ t, ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ,  ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 

 

5.4.3.ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ˊɎɢɞɡɠ t                                                                       

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ  

ɞˊɐ  ůŮ ůɢɐɛŬ ŮɚɚŮɘˊŰɘəɞɨ ŭŬəŰɡɚɑɞɡ ɛŮ ɖɛɘɎɝɞɜŮɠ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ ŭŬəŰɡɚɑɞɡ a1, 

b1,a2, b2 ŬɜŰɑůŰɞɘɢŬ ůŰɞ ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟŮɑ ɜŬ 

ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ ɢɩɟɞɡ (full  space), ɓɚɏˊŮ (Ɇɢ.5-39). ȳˊɤɠ ŬɜŬɚɨŮŰŬɘ ůŰɞ 

(ȾŮű.3.,Ä3.4.3.),ɞ ŮɚɚŮɘˊŰɘəɧɠ ŭŬəŰɨɚɘɞɠ ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ŬɜŰɑůŰɞɘɢɞ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ 

ɛŮ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r=1ɛ əŬɘ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ tc.  

 

Ɇɢ.5-39: ȾɨɛŬ SV ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ŮɚɚŮɘˊŰɘəɞɨ ůɢɐɛŬŰɞɠ  

ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ ŮˊɑˊŮŭɞ 

ɕ(ɓ). 
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ɆŰɞ ŮˊɑˊŮŭɞ ɕ , ɞɘ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ˊɎɜɤ ůŰɖɜ ˊŮɟɘűɏɟŮɘŬ Űɞɡ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ŮɑɜŬɘ 

ŬɡŰɏɠ ˊɞɡ ˊŮɟɘŮɔɟɎűɖəŬɜ ŬɜɤŰɏɟɤ ůŰɘɠ (ůɢɏůŮɘɠ 5-52, 5-53Ŭ, 5-53ɓ, 5-54Ŭ, 5-54ɓ). Ƀɘ 

ɛŮŰŬəɘɜɐůŮɘɠ ur &uɗ əŬɗɩɠ əŬɘ ɞɘ  ŰɎůŮɘɠ trr, trɗ, tɗɗ, ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ ɧˊɤɠ əŬɘ ɞɘ  ɛŮŰŬəɘɜɐůŮɘɠ 

ur &uɗ  əŬɘ ɖ  ŰɎůɖ   tɗɗ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɛŮŰɎ Ŭˊɧ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ Űɤɜ ɎɔɜɤůŰɤɜ 

ůɡɜŰŮɚŮůŰɩɜ An, Bn, Cn, Dn, Fn, Kn . 

ȷɟɘɗɛɖŰɘəɐ ȺűŬɟɛɞɔɐ 

ŪŮɤɟɞɨɛŮ  ɞˊɐ ůŮ ůɢɐɛŬ ŮɚɚŮɘˊŰɘəɞɨ  ŭŬəŰɡɚɑɞɡ ɛŮ ɖɛɘɎɝɞɜŮɠ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ 

ŭŬəŰɡɚɑɞɡ a1=6.5ɛ b1=5.5ɛ a2=6ɛ b2=5ɛ. ŬɜŰɑůŰɞɘɢŬ,  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ůŰɞ ŮˊɑˊŮŭɞ w, ůŰɖɜ 

ɞˊɞɑŬ ˊɟɞůˊɑˊŰŮɘ ŭɘŬŰɛɖŰɘəɧ əɨɛŬ Űɨˊɞɡ SV əŬŰŬəɞɟɨűɤɠ ŭɘŬŭɘŭɧɛŮɜɞ ɛŮ əɡəɚɘəɐ 

ůɡɢɜɧŰɖŰŬ ɤ=251.32 rad/sec.  

Ƀɘ ɘŭɘɧŰɖŰŮɠ Űɞɡ ŮŭɎűɞɡɠ, ɞɘ ɞˊɞɑŮɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ȷɜɎɚɡůɖ ŭɑŭɞɜŰŬɘ ůŰɞɜ    (ɄɑɜŬəŬ 

5-2). 

ȳˊɤɠ ŬɜŬɚɨɗɖəŮ ůŰɞ (ȾŮű.3.,Ä3.4.3.), Űɞ ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ Űɞɡ əɡəɚɘəɞɨ ŭŬəŰɡɚɑɞɡ ůŰɞ ɞˊɞɑɞ 

ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ Űɞ Ŭɟɢɘəɧ ůɢɐɛŬ ŮɑɜŬɘ tc=0.099ɛ. əŬɘ ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ Űɞɜ əɩŭɘəŬ 

ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB . 

ɆŰɖ ůɡɜɏɢŮɘŬ, Ůˊɑůɖɠ ɛŮ Űɞɜ əɩŭɘəŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ MATLAB   ŮˊɘɚɨɞɡɛŮ Űɞ ůɨůŰɖɛŬ 

ŮɝɘůɩůŮɤɜ  ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur &uɗ əŬɗɩɠ Űɤɜ  ŰɎůŮɤɜ trr, trɗ, tɗɗ, ůŰɖɜ 

ŭɘŮˊɘűɎɜŮɘŬ əŬɗɩɠ   əŬɘ Űɤɜ  ɛŮŰŬəɘɜɐůŮɤɜ ur & uɗ  əŬɘ Űɖɠ  ŰɎůɖɠ   tɗɗ, ŬɜŰɑůŰɞɘɢŬ ůŰɖɜ 

ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. ŪŮɤɟɞɨɛŮ |ɣ0|=1. 

ɆŰɞ (Ɇɢ. 5-40), ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ŬɜŰɑůŰɞɘɢŬ ɞɘ ŬˊɧɚɡŰŮɠ  Űɘɛɏɠ Űɞɡ əɡɛŬŰɘəɞɨ  ŭɡɜŬɛɘəɞɨ ɣi, 

Űɤɜ ɛŮŰŬəɘɜɐůŮɤɜ ur &  uɗ  Űɤɜ  ŰɎůŮɤɜ tɗɗ,  trr, trɗ , ůŰɖɜ ŭɘŮˊɘűɎɜŮɘŬ əŬɘ Űɖɠ  ŰɎůɖɠ   tɗɗ, ůŰɖɜ 

ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ. 
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Ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɞɡ ȾɡɛŬŰɘəɞɨ ŭɡɜŬɛɘəɞɨ                                                                 

ɣi Űɞɡ ˊɟɞůˊɑˊŰɞɜŰɞɠ  əɨɛŬŰɞɠ SV    

 

                                                       

    

ɓ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ ur     

ˊɎɜɤ ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ        

 

  

ɔ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɛŮŰŬəɑɜɖůɖɠ uɗ    ́ Ɏɜɤ 

ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-                                                                                                                                                                  

ŭɘŬŰɞɛɐɠ                      

    

ŭ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ,   ́ Ɏɜɤ           

ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ- ŭɘŬŰɞɛɐɠ       

 

 

Ů: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ trr,   ́ Ɏɜɤ ůŰɖ 

ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ-ŭɘŬŰɞɛɐɠ    
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ɕ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ trɗ,   ́ Ɏɜɤ            

ůŰɖ ŭɘŮˊɘűɎɜŮɘŬ ŮŭɎűɞɡɠ- ŭɘŬŰɞɛɐɠ         

ɖ: ȷˊɧɚɡŰɖ Űɘɛɐ Űɖɠ ɇɎůɖɠ tɗɗ    ́ Ɏɜɤ 

ůŰɖɜ ŮůɤŰŮɟɘəɐ ŭɘŬŰɞɛɐ 

 

                                                                    

Ɇɢ.5-40: ȷˊɧɚɡŰŮɠ Űɘɛɏɠ Űɤɜ ŮɜŰŬŰɘəɩɜ ɛŮɔŮɗɩɜ ůŮ  ȺˊŮɜŭŮŭɡɛɏɜɖ ȺɚɚŮɘˊŰɘəɐ Ƀˊɐ, ˊɎɢɞɡɠ t, 

ůŰɞɜ  Ʉɚɐɟɖ ɉɩɟɞ,  ɡˊɧ ˊɟɧůˊŰɤůɖ əɡɛɎŰɤɜ SV 

 

5.4.4. ɇŮŰɟŬɔɤɜɘəɐ Ƀˊɐ, ˊɎɢɞɡɠ t 

ȰůŰɤ Ŭɟɛɞɜɘəɧ əɨɛŬ SV Űɞ ɞˊɞɑɞ ŭɘŬŭɑŭŮŰŬɘ əŬŰŬəɧɟɡűŬ əŬɘ ˊɟɞůˊɑˊŰŮɘ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ 

ŰŮŰɟŬɔɤɜɘəɐ  ɞˊɐ ɛŮ ˊɚŮɡɟɎ ŮɝɤŰŮɟɘəɞɨ əŬɘ ŮůɤŰŮɟɘəɞɨ ůɢɐɛŬŰɞɠ asq2 &asq1,  ŬɜŰɑůŰɞɘɢŬ ůŰɞ 

ŮˊɑˊŮŭɞ w ,ɖ ɞˊɞɑŬ ɓɟɑůəŮŰŬɘ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ ɞˊɧŰŮ ɛˊɞɟŮɑ ɜŬ ɗŮɤɟɖɗɞɨɜ ůɡɜɗɐəŮɠ ˊɚɐɟɞɡɠ 

ɢɩɟɞɡ (full  space), ɓɚɏˊŮ (Ɇɢ.5-41).  ȳˊɤɠ ŬɜŬɚɨŮŰŬɘ ůŰɞ (ȾŮű.3.Ä3.4.4.), ɖ ŰŮŰɟŬɔɤɜɘəɐ ɞˊɐ 

ˊɎɢɞɡɠ t   ɛŮŰŬůɢɖɛŬŰɑɕŮŰŬɘ ůŮ ŬɜŰɑůŰɞɘɢɞ əɡəɚɘəɧ ŭŬəŰɨɚɘɞ ɛŮ ŮůɤŰŮɟɘəɐ ŬəŰɑɜŬ r=1ɛ əŬɘ 

ŬɜŰɑůŰɞɘɢɞ ˊɎɢɞɠ tc.  

 

Ɇɢ.5-41: ȾɨɛŬ SV ˊɞɡ ˊɟɞůˊɑˊŰŮɘ əŬŰŬəɧɟɡűŬ ůŮ ŮˊŮɜŭŮŭɡɛɏɜɖ ŭɘŬŰɞɛɐ ŰŮŰɟŬɔɤɜɘəɞɨ  

ůɢɐɛŬŰɞɠ  ůŮ ɛŮɔɎɚɞ ɓɎɗɞɠ, ůŰɞ ŮˊɑˊŮŭɞ w (Ŭ) əŬɘ ŬɜŰɑůŰɞɘɢŬ ůŮ ŭɘŬŰɞɛɐ ɛɞɜŬŭɘŬɑɞɡ əɨəɚɞɡ ůŰɞ 

ŮˊɑˊŮŭɞ ɕ(ɓ). 
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