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Περίληψη

Στην παρακάτω διπλωματική μελετάμε το Πρόβλημα Ελέγχου Μοντέλου υπό
Παραμετρικές Συνθήκες. Ο κύριος στόχος είναι να προσδιορισθεί η επίδραση μιας
αύξησης στις λογικές δυνατότητες διατύπωσης στην πολυπλοκότητα του ελέγχου
τους πάνω σε γραφήματα. Στον τομέα αυτόν υπάρχουν ήδη κάποια ανεξάρτητα απο-
τελέσματα που φαίνεται να επιδεικνύουν μια αντιστρόφως ανάλογη σχέση αλλά
μόνο σε μια διαισθητική μορφή και χωρίς παραπάνω ανάλυση. Αυτή η σχέση προ-
κύπτει από τις διαφορετικές παραμέτρους που είναι απαραίτητες για να κατηγο-
ριοποιήσουν μια Λογική σαν FPT(= Υπολογίσιμη υπό σταθερή παράμετρο ). Από
την μεριά των γραφημάτων επιδιώκουμε να εκφράσουμε το όριο μεταξύ των στιγ-
μιοτύπων στα οποία ο έλεγχος κλάσεων ιδιοτήτων είναι γρήγορος και εκείνων στα
οποία δεν είναι. Για αυτό το στόχο χρησιμοποιούνται αποσυνθέσεις των γραφη-
μάτων και ιδιότητες των διαφορετικών παραμέτρων ώστε να καθιερωθεί είτε μια
ιεραρχία μεταξύ τους είτε για να εξαχθούν πληροφορίες για το πλήθος των παραμε-
τρικά φραγμένων στιγμιοτύπων. Από την θεωρητική μεριά της υπολογισιμοτητας
θα χρησιμοποιηθούν παραμετρικά κυκλώματα για να προβλεφθούν τέτοιου είδους
σχέσεις μεταξύ Λογικών κλάσεων διαφορετικής περιγραφικής ικανότητας.
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Abstract

In this Thesis we are studying the Model Checking Problem in a Parameterized
Framework. The main objective is to determine the impact of an increment in our
descriptive capabilities to the complexity of theModel Checking Problem overGraphs.
There are some results in the field pointing to an inversely proportional relation
but only as an intuitive notion not properly analyzed. This relation is presented
through the different parameters that must be utilized to classify theModel Checking
Problem for a logic as FPT. From a graph theoretic approach we aim to express the
boundary between instances that can be checked quickly for a property in contrast
with the ones cannot. To prove this relation we are using graph decompositions and
properties of parameters to establish either a hierarchy between them or to derive a
measurement of the cardinality of the bounded instances. From the Computability
side, parameterized circuits are used to predict such relations between logics of
different expressive power.
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Κεφάλαιο 1

Εισαγωγή

Σε αυτό το κεφάλαιο θα προσπαθήσω να παρουσιάσω περιληπτικά που με οδή-
γησαν σε αυτή την προσέγγιση καθώς και μερικά επιχειρήματα για τους στόχους
αυτού τους εγχειρήματος.

1.1 Παρουσίαση Ιδεών
Ο κύριος στόχος της περιγραφής και μελέτης του προβλήματος ελέγχου μοντέ-

λου δεν είναι να παραχθεί ένας αλγόριθμος που το λύνει αποτελεσματικά ούτε να
περιγραφτεί μια τεχνική για την παραγωγή τέτοιων αλγορίθμων. Τουλάχιστον όχι
στην παρούσα δουλειά. Το πρόβλημα ελέγχου μοντέλων μας δίνει ένα τρόπο να εκ-
φράζουμε ομαδοποιήσεις προβλημάτων (ή ιδιοτήτων) και να συμπεραίνουμε μέσα
από τη μελέτη του πληροφορίες για τη δομή τους. Πρόσφατα η μελέτη του πήρε
μεγαλύτερη κλίμακα λόγο των εφαρμογών του σε formal verifications.

Απο τήν άλλη μεριά η θεωρητική επιστήμη υπολογιστών έχει αναπτύξει ένα πολύ
μεγάλο ενδιαφέρον προς περιγραφικές αλγοριθμικές θεωρίες. Μέσω αυτών νέα άνω
όρια για την πολυπλοκότητα του ελέγχου ιδιοτήτων διατυπώνονται με χρήση την
λογικής γλώσσας που είναι απαραίτητη για την διατύπωση της. Ένα μεγάλο βήμα
σε αυτή την κατεύθυνση έγινε απο τον R.Fagin το 1973 ο οποίος απέδειξε πως κάθε
ιδιότητα σε ∃ SO είναι ελέγξιμη σε NP-time.

Το πρόβλημα ελέγχου μοντέλου σαν διατύπωση είναι πολύ απλό και δεν απαιτεί
κάποια εξειδικευμένη γνώση. Στο κλασικό πλαίσιο ορίζεται ως:

φ-Model Checking
Input: A Model G and a Property φ.
Output: ”Yes” iff G |= φ, ”No” otherwise.

Διαισθητικά περιμένουμε την υπολογιστική πολυπλοκότητά του προβλήματος
αυτού να αυξάνεται καθώς αυξάνεται η πολυπλοκότητα μια ιδιότητας (δηλαδή τα
σύμβολα και οι κανόνες απαραίτητα για την διατύπωσή της). Αυτό φυσικά δεν ση-
μαίνει πως αλλάζοντας την διατύπωση μια ιδιότητας ή κάνοντάς την σκόπιμα ποιο
περίπλοκη θα αλλάξει την πολυπλοκότητα ελέγχου της. Το ενδιαφέρων έγκειται
στην πολυπλοκότητα ελέγχου μιας ιδιότητας όταν αυτή εκφράζεται στο ελάχιστο δυ-
νατό πλαίσιο. Ένας τρόπος να εκφρασθεί αυτό είναι μέσο του προβλήματος ελέγχου
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μοντέλου.
Όπως φαίνεται εδώ το παραπάνω έχει δύο εισόδους και συνεπώς η πολυπλοκό-

τητά του θα πρέπει να εκφραστεί με κάποιο τρόπο συναρτήσει και των δύο. Προ-
φανώς καθώς κάποιο τμήμα της εισόδου μεγαλώνει η συνάρτηση πολυπλοκότητας
θα είναι αύξουσα. Εστιάζουμε εδώ στο να κρατήσουμε την πολυπλοκότητα χαμηλή
καθώς θα αυξάνουμε την μία παράμετρο ενώ κρατάμε την άλλη φραγμένη. Η πο-
λυπλοκότητα λοιπόν θα εξαρτάτε και από το μέγεθος του μοντέλου αλλά και τα
χαρακτηριστικά της ιδιότητας εισόδου. Σε μια ποιο κοντινή ματιά άλλα χαρακτη-
ριστικά πέρα από το μέγεθος του μοντέλου ίσως να είναι ποιο κατάλληλα για τον
προσδιορισμό της αλγοριθμικής συμπεριφοράς του. Αυτό θα εξηγηθεί περαιτέρω
παρακάτω καθώς είναι ο κύριος λόγος που η παραμετρική προσέγγιση είναι τόσο
κατάλληλη για αυτή την δουλειά.

Οι παραμετρικοί αλγόριθμοι και η Παραμετρική Πολυπλοκότητα δεν είναι και-
νούριοι στην κοινότητα της Πληροφορικής. Οι πρώτες δουλειές ξεκίνησαν από τους
Downey κάι Fellows στις αρχές του 90. Αυτοί αρχικά πρότειναν πως η μελέτη της
πολυπλοκότητας προβλημάτων συχνά δεν έχει νόημα να μετριέται με βάση το μέ-
γεθος της εισόδου. Από αυτή την ιδέα ξεκίνησε ένα τεράστιο κύμα έρευνας στο
παραμετρικό πλαίσιο που αυτοί πρότειναν το οποίο απέδωσε πολύ χρήσιμα αποτε-
λέσματα τόσο σε αλγορίθμους όσο και σε θεωρητικά αποτελέσματα. Το πρόβλημα
ελέγχου μοντέλων στο οποίο εγώ θα εστιάσω με βάση τα παραπάνω ορίζεται ως:

Parameterized φ-Model Checking
Input: A Model G and a Property φ.
Parameter: l=|φ|
Output: ”Yes” iff G |= φ, ”No” otherwise.

Καλό θα ήταν να σημειωθεί εδώ πως τα χαρακτηριστικά της ιδιότητας ή του
μοντέλου αφήνονται ασαφή επίτηδες. Θα εξηγηθούν όλα ποιο αναλυτικά όταν έχει
καθιερωθεί το κατάλληλο γνωστικό επίπεδο.

Για να διατυπωθεί το άνωθεν σωστά θα χρησιμοποιηθούν γνώση από πολλούς
τομείς. για την κατηγοριοποίηση ιδιοτήτων στα αντίστοιχα επίπεδα εκφραστικής
δύναμης θα αξιοποιήσουμε μαθηματική λογική και θεωρία Μοντέλων. Οι αλγοριθ-
μικές περιγραφές και αναγωγές θα δίνονται σε παραμετρικό πλαίσιο και συνεπώς
ένα πρόβλημα για να χαρακτηρισθεί υπολογίσιμο θα πρέπει να ανήκει στην κλάση
FPT(Fixed Parameter Tractable - Υπολογίσιμο υπό σταθερή Παράμετρο) η οποία
είναι το παραμετρικό ανάλογο των εύκολων προβλημάτων. Ακόμα σαν επιπλέον
επιχείρημα θα αφομοιωθούν υπάρχοντα αποτελέσματα από την παραμετρική θεω-
ρία υπολογισμού..
Ο απώτερος σκοπός εδώ είναι να προκύψει ένα σύνολο κανόνων που να περιγρά-
φουν την παραπάνω συμπεριφορά με τέτοιο τρόπο ώστε να είναι εφικτό να αξιοποι-
ηθεί στο σχεδιασμό αλγορίθμων. Η μελέτη αυτή θα προσπαθήσει να συσχετίσει την
παράμετρο που κατηγοριοποιεί μια λογική σε FPT με την Λογική κλάση που είναι
απαραίτητη για να εκφράσει την αντίστοιχη ιδιότητα. Ένα παράδειγμα διατύπωσης
ενός τέτοιου αποτελέσματος θα μπορούσε να είναι της μορφής:

Αν μια ιδιότητα ϕ αδυνατεί να εκφραστεί στην λογική κλάση A τότε η
παράμετρος που είναι απαραίτητη ώστε η ϕ να είναι FPT είναι ένα άνω
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όριο για κάθε παράμετρο που κατηγοριοποιεί σαν FPT κάθε ιδιότητα
εκφράσιμη στην Α.

Φυσικά υπάρχει κάποια μεμονομένα υπάρχοντα αποτελέσματα πάνω στην πα-
ραμετρική πολυπλοκότητα του Προβλήματος Ελέγχου Μοντέλων τα οποία υπονο-
όυν την ύπαρξη μια τέτοιας συσχέτισης αλλά όχι με έναν ενιαίο τρόπο. Τέτοιες
έιναι οι δουλειές των Brunno Courcelle για το Model Checking σε MSO και Seesse
στην δυνατότητα έκφρασης FPT αποφασίσημων ιδιοτήτων. [22],[28]. Μέχρι και
την πρωτοβάθμια λογική δεν υπάρχει έντονη ανάγκη για τον φραγμό του μεγέθους
του μοντέλου καθώς όλη η κλάση μπορεί να χαρακτηρισθεί ως FPT με χρήση μόνο
φραγμών πάνω στο μήκος των ιδιοτήτων. Καθώς θα προχωράμε σε ποιό περίπλο-
κες κλάσεις ως η Monadic Second Order, ∃ Second Order, ∀ Second Order ή και η
Second Order γίνεται αναγκαίο να εφαρμοσθούν φράγματα και στις δύο εισόδους
για να επιτευχθεί η επιθυμητή πολυπλοκότητα. Όλα αυτά θα αφομοιωθούν με το
πλαίσιο που παρουσιάζεται εδώ. Για να ορισθούν καλύτερα τα παραπάνω θα πε-
ριγραφούν σε ένα αλγοριθμικό πλαίσιο. . Οποιοσδήποτε με έστω και την ελάχιστη
εξοικείωση με την Πληροφορική θα έχει κάποια χαρακτηριστικά προβλήματα και
τους αντίστοιχους αλγορίθμους κατά νου. Πώς εκφράζονται λοιπόν αυτά τα δύο
μέσα απο τυπικές ιδιότητες?

Μια ιδιότητα είναι μια μαθηματική φόρμουλα που χρησιμοποιεί μαθηματικά
(λογικά) σύμβολα και κανόνες για την έκφραση μιας ιδέας. Όταν αυτά τα σύμβολα
ερμηνεύονται μέσα σε μοντέλα τότε η αναζήτηση της ιδιότητας γίνεται ο ορισμός
ενός προβλήματος.

Για παράδειγμα δεδομένου ενός συνόλου αριθμών α και της σχέσης ≤ η ιδιό-
τητα Ρ:

x ∈ A : ∀y ∈ A, x ≤ y

Θα ερμηνευόταν ως η ιδιότητα πως το στοιχείο x είναι το μικρότερο του διανύσμα-
τος. Το αντίστοιχο πρόβλημα θα ήταν βρείτε το ελάχιστο στοιχείο του Α.

Το παραπάνω είναι ένα πολύ απλό παράδειγμα. Καθώς οι ιδιότητες γίνονται ποιο
περίπλοκες η προσπάθεια να τις εκφράσουμε χωρίς ”χέρια” και φυσική γλώσσα γί-
νεται ποιο απαιτητική. Μερικές φορές η λογική γλώσσα δεν φαίνεται να είναι αρ-
κετή. Και πως θα ξέρουμε αν όντος μια ιδιότητα είναι αδύνατο να εκφραστεί σε μια
λογική γλώσσα με αυτά τα σύμβολα και κανόνες? Σε αυτό το σημείο είναι που θα
χρησιμοποιούμε Ehrenfeucht-Fraı̈ssé Παίγνια για να απαντήσουμε αυτή την ερώ-
τηση για πρωτοβάθμια λογική ή παραλλαγές τους για ποιο περίπλοκες. Οι λεπτομέ-
ρειες αυτών θα γίνουν ποιο ξεκάθαρες στο αντίστοιχο κεφάλαιο.

Υποθέτοντας τώρα πως καταφέραμε να κατηγοριοποιήσουμε τις ιδιότητες που
μας ενδιαφέρουν για μοντέλα όπως Σύνολα αριθμών, Γραφήματα, Συναρτήσεις,
Πίνακες, Matroids ,Latices και άλλα, μπορούμε να συμπεράνουμε από αυτή την
κατηγοριοποίηση κάποιον κανόνα για το χρόνο που μια μηχανή θα χρειαστεί για
να τις αναγνωρίσει? Διαισθητικά θα πιστεύαμε ότι όσο ποιο δύσκολο είναι να εκ-
φρασθεί μια ιδιότητα τόσο ποιο χρονικά απαιτητική θα είναι η αναγνώρισή της σε
μοντέλα. Πράγματι όλα τα αποτελέσματα μέχρι τώρα φαίνονται να συμφωνούν με
αυτή την ιδέα αλλά χωρίς να εκφράζουν την μεγαλύτερη και ολική συμπεριφορά
που επιθυμούμε. Η δουλειά λοιπόν αυτή θα εστιάσει στην απόδειξη πως μια τέτοια
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Class Grammar Languages Automaton
Type -0 Unresticted Recursive Enumerable Turing Machine
Type -1 Context Sencitive Context Sencitive Linear Bound
Type -2 Context Free Context Free Pushdownd
Type -3 Regular Regular Finite

Πίνακας 1.1: Η Ιεραρχία Chomsky

συμπεριφορά υπάρχει και πως πως υπάρχουν και τα κατάλληλα εργαλεία ώστε να
γίνει αξιοποιήσιμη.

1.2 Γιατί Παραμετρικά?
Για να δοθεί ένα πλήρες επιχείρημα πάνω στα παραπάνω θα πρέπει φυσικά να

προηγηθεί μια αρκετά ποιο αναλυτική εισαγωγή στις βασικές αρχές της παραμε-
τρικής πολυπλοκότητας. Παρόλα αυτά ιστορικά υπάρχουν κάποια σημεία που θα
πρέπει να αναφερθούν προτού ξεκινήσουμε.

Η χρονική πολυπλοκότητα για την αναγνώριση συνόλων ιδιοτήτων έχει μελετη-
θεί και στο κλασικό αλλά και στο παραμετρικό πλαίσιο. Νωρίς ακόμα στην ιστο-
ρία της πληροφορικής η γλωσσο-θεωρητική προσέγγιση για τον χαρακτηρισμό μιας
ιδιότητας σαν υπολογίσιμη ήταν από τις ποιο πολλά υποσχόμενες. Εδώ υπάρχει
όμως ένα πολύ μεγάλο κενό μεταξύ της χρήσης Λογικής γλώσσας και Γραμματικών
σαν μέσο έκφρασης. Με τις γραμματικές και τον διαχωρισμό γλωσσών σε Context
Free, Context Sensitive, Regular και τα λοιπά ήρθε ένα σύνολο αποτελεσμάτων που
συνέδεε τις αντίστοιχες γλώσσες σε κάποιο υπολογιστικό μοντέλο ικανό να αναγνω-
ρίσει ολόκληρη την ομάδα. Η Ιεραρχία Chomsky συνοψίζει αυτά τα αποτελέσματα.
Απο τη μεριά της λογικής η αναζήτηση για τα όρια της υπολογιστικής δύναμης είχε
ένα ποιο δύσκολο δρόμο. Η αντιστοιχία μεταξύ των επιπέδων της πολυωνυμικής Ιε-
ραρχίας και της Σ ιεραρχίας πάνω σε ιδιότητες εκφρασμένες μέσο συγκεκριμένων
εναλλαγών ποσοδεικτών είναι ένας από τους ποιο σημαντικούς λόγους να ισχυρι-
στεί κανείς μια αυστηρή συσχέτιση των πεδίων. Το αποτέλεσμα αυτό ουσιαστικά
σημαίνει ότι με βάση τις απαραίτητες εναλλαγές ποσοδεικτών για την τυπική δια-
τύπωση μιας ιδιότητας μπορούμε να συμπεράνουμε ένα άνω όριο στον απαράιτητο
χρόνο για τον έλεγχό της πάνω σε κάποιο μοντέλο. Το αντίστροφο θα ήταν ότι η
γνώση ενός άνω ορίου για τον έλεγχο μιας ιδιότητας φέρνει επίσης και ένα επι-
χείρημα για την δυνατότητα έκφρασής της σε κάποιο επίπεδο της Σ και συνεπώς
της πολυωνυμικής Ιεραρχίας. Η απόδειξη για το παραπάνω όμως δεν είναι κατα-
σκευαστική και συνεπώς δεν δίνει αλγορίθμους για κάθε περίπτωση. Συνεπώς πα-
ρότι τρομερά ενδιαφέροντα τα παραπάνω έχουν περισσότερο θεωρητική αξία. Στην
πραγματικότητα τέτοιου είδους αποτελέσματα είναι δύσκολο να αξιοποιηθούν. Για
παράδειγμα:

Ένας προγραμματιστής, ο Τάκης, προσπαθεί αν σχεδιάσεις έναν απο-
τελεσματικό αλγόριθμο που να αναγνωρίζει μια νέα ιδιότητα πάνω σε
γραφήματα. Στα χέρια του έχει ένα σχεδιάγραμμα ενός αλγορίθμου
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και με βοήθεια από κάποιον επιστήμονα της θεωρητικής πληροφορι-
κής έχει διατυπώσει την ιδιότητα σε Λογική γλώσσα. Μπορεί να χρη-
σιμοποιήσει τα παραπάνω για να δει αν ο αλγόριθμός του είναι κάτω
από το άνω όριο που παρέχει η θεωρία. Αντίστροφα μπορεί να δει αν
η διατύπωσή μας είναι βέλτιστη ως προς την εναλλαγή ποσοδεικτών.
Σε καμία όμως από τις δύο περιπτώσεις η υπάρχουσα θεωρία δεν του
δίνει κάποιο εργαλείο να σχεδιάσει έναν αλγόριθμο που να είναι όντος
γρήγορος. Ούτε σε περίπτωση που έχει κάνει κάποιο λάθος του δίνουμε
κάποιο τρόπο να συνεχίσει.

Ποιο είναι το πρόβλημα στο παραπάνω παράδειγμα? Η απάντηση έγκειται στο
ότι και οι δύο μεριές της ισοδυναμίας παράγουν άνω φράγματα. Και μάλιστα τα
παράγουν με μη κατασκευαστικό τρόπο. Αυτό που θα ήθελε ο Τάκης από την άλλη
είναι μια εγγύηση ότι ο αλγόριθμος δεν μπορεί να γίνει καλύτερος ή μια εγγύηση
ότι μπορεί να γίνει. Ουσιαστικά θέλει κάτω φράγματα. Προσπάθειες για την πα-
ραγωγή ποιο αυστηρών αποτελεσμάτων έχουν γίνει. Όπως αναφέρεται παραπάνω
το θεώρημα του Fagin πως η ∃SO καλύπτει την NP ,σημαίνει πως κάθε ιδιότητα
εκφράσιμη σε ∃SO θα είναι ελέγξιμη σε NP-time και πως κάθε ιδιότητα ελέγξιμη
σε NP time θα είναι εκφράσιμη σε ∃SO. Είναι αυτό βελτίωση για τον Τάκη? Κατά
κάποιο τρόπο ναι αλλά δυστυχώς είμαστε ακόμα έξω απο τα πλαίσια του γρήγορου
υπολογισμού. Όχι μόνο αυτό, αλλά και πάλι είμαστε σε άνω φράγματα και συνε-
πώς δεν θα μπορούσαμε να έχουμε κάποια εγγύηση για την μη ύπαρξη καλύτερου
αλγορίθμου.

Φυσικά ένας πραγματικός προγραμματιστής που διαβάζει τα παραπάνω, πιθα-
νότατα θα πίστευε ότι οποιαδήποτε απόδειξη και να παρέχει η θεωρία για τα πα-
ραπάνω θα είναι πολύ μακρυά από την πραγματική αλγοριθμική κατάσταση. Από
πολλές οπτικές γωνίες θα είχε δίκιο. Ένας καλός προγραμματιστής όταν αντιμε-
τωπίζει ένα νέο πρόβλημα θα προσπαθήσει να το λύσει παίρνοντας υπ όψη του
πολλές μεταβλητές. Μπορεί να προσπαθήσει να ελαχιστοποιήσει μεταβλητές που η
υπάρχουσα θεωρία δεν μπορεί καν να εκφράσει όπως πλήθος επεξεργαστών, χώρο,
συγκεκριμένες δομές δεδομένων και πολλά άλλα. Πώς μπορεί μια θεωριτική προ-
σέγκυση βασισμένη στο μήκος της εισόδου να προβλέψει τόσο λεπτομερή δουλειά
ειδικά όταν η μελέτες μαλβάνουν χώρα πάνω σε ομάδες προβλημάτων?

Μην βιαστείτε να φωνάξετε ΔΕΝ ΜΠΟΡΕΙ.
Αλλά εάν το κάνατε ήδη δεν είστε απόλυτα λανθασμένοι. Με στόχο την πα-

ραγωγή ρεαλιστικών κάτω φραγμάτων πρέπει να γίνει προσπάθεια να αφομοιωθεί
όλη αυτή η εξτρά πληροφορία. Από τέτοιες ιδέες έχουν προκύψει πολλές προσεγ-
γίσεις. Πιθανοκρατικοί αλγόριθμοι εξερευνούν τις δυνατότητες του παραδοσιακού
μοντέλου της μηχανής Turing αν της επιτραπεί να δίνει απαντήσεις που δεν είναι
πάντα σωστές. Οι προσεγγιστικοί αλγόριθμοι από την άλλη προσφέρουν μεγαλύτε-
ρες ταχύτητες αλλά θυσιάζοντας την ακρίβεια μιας λύσης. Οι παραμετρική θεωρία
προσπαθεί να σχεδιάσει αλγορίθμους που θα ”τρέχουν” γρήγορα και με ακρίβεια σε
μια πλειοψηφία των περιπτώσεων. Αυτό υλοποιείτε με την αξιοποίηση συγκεκριμέ-
νων χαρακτηριστικών της εισόδου σε ένα πρόβλημα. Υπό την υπόθεση ότι αυτά τα
χαρακτηριστικά είναι φραγμένα από κάποια μικρή σταθερά(ασυσχέτιστη από το μέ-
γεθος της εισόδου), είμαστε σε θέση να περιγράψουμε διαδικασίες που παραμένουν
γρήγορες ακόμα και για NP-hard προβλήματα. Η επίσημη περιγραφή αυτής της με-
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λέτης στοχεύει να φέρει ποιο κοντά τον σχεδιασμό αλγορίθμων με την ανάλυση των
παραμέτρων που μπορεί να επηρεάζουν την πολυπλοκότητά τους.

Ένας πολύ καλός τρόπος να εξοικειωθεί κανείς με την παραμετρική προσέγγιση
είναι να φαντάζεται τα πάντα μέσω των μοντέλων τους. Το ποιο οικείο μοντέλο
φυσικά είναι τα γραφήματα. Υπάρχουν πολλά άλλα είδη μοντέλων αλλά στην Πλη-
ροφορική σχεδόν τα πάντα μπορούν να εκφραστούν μέσο γραφημάτων. Σε πολλές
περιπτώσεις τα αποτελέσματα θα είναι για γραφήματα αλλά χάρη σε μελέτες της θε-
ωρίας μοντέλων αυτά τα αποτελέσματα γενικεύονται. Παρόλα αυτά το πρόβλημα
της αναζήτησης μια ιδιότητας σε ένα γράφημα είναι πάντα ποιο εύκολο να κατα-
νοηθεί. Ακόμα ο ορισμός οικογενειών μοντέλων είναι επίσης ποιο προφανής όταν
γίνεται πάνω σε γραφήματα καθώς μπορούμε να αντιστοιχήσουμε αυτές τις σε μια
συγκεκριμένη οπτική μορφή. Ο ορισμός οικογενειών γραφημάτων με τυπικά εργα-
λεία θα γίνει ποιο αναλυτικός παρακάτω.

Μέσα απο αυτές τις παρατηρήσεις η αναζήτηση κάτω γραφημάτων για τον Τάκη
παίρνει μια άλλη στροφή. Πλέον οι θεωρητικές αποδείξεις δυσκολίας σε αυτό το
πλαίσιο μπορούν να αλληλεπιδρούν με άλλα χαρακτηριστικά του προβλήματος πέρα
από την τυπική διατύπωσή του. Υπάρχουν πολλά πολύ ενδιαφέροντα αποτελέσματα
που επιβεβαιώνουν αυτή την δυνατότητα όπως αυτά των Seese, Courcelle, Oum,
Demain, Grohe και πολλών άλλων. Αυτά τα αποτελέσματα οι μόνο ενθαρρύνουν
την διαισθητική αντίληψη αυτής της θεωρίας αλλά και δίνουν εφαρμόσιμα συμπε-
ράσματα για την κατασκευή αλγορίθμων. Για να γίνει αυτό ποιο αντιληπτό θα χρεια-
στούμε μια εισαγωγή στην υπάρχουσα θεωρία.

Κατά την ανάγνωση από εδώ και πέρα λοιπόν ας κρατήσουμε κατά νου να πέντε
βασικά ερωτήματα της Πληροφορικής

1. Ποιος είναι ο στόχος μας?

2. Είναι κατάλληλα τα εργαλεία μας?

3. Τι υποθέσεις έχουμε κάνει?

4. Είναι αυτές ρεαλιστικές?

5. Μπορούμε να τα πάμε καλύτερα?

Τα παραπάνω όχι μόνο βοηθούν κάποιον να μείνει σε καλύτερη επαφή με αυτά
που θα διαβάζει αλλά και κατά τη γνώμη μου βοηθάν σε οποιαδήποτε ερευνητική
αναζήτηση σε αυτόν τον τομέα.

Τέλος είναι σωστό να αναφέρουμε εδώ ότι στην παραπάνω λίστα ερωτημάτων
κάποιος θα μπορούσε να ισχυριστεί ότι ίσως είτε το προσεγγιστικό είτε το πιθα-
νοκτατικό πλαίσιο είναι επίσης κατάλληλα για την μελέτη μας. Ισχύει ότι πρόοδος
σε αυτούς τους τομείς είναι χρήσιμος για την ερευνητική κοινότητα της πληροφο-
ρικής και όντος προσφέρουν πολύ χρήσιμα εργαλεία για την αντιμετώπιση της μη
υπολογισημότητας. Όμως τουλάχιστον απο την δικιά μου οπτική τους λείπεται το
χαρακτηριστικό του να είναι πολύ κοντά στον διαισθητικό τρόπο που αντιλαμβα-
νόμαστε δομές και γραφήματα. Αυτά τα πλαίσια σαφώς υστερούν στην απόδοση
τέτοιων χαρακτηριστικών .

Υπάρχει τρόπος όμως να αλληλεπιδράσουν άλλες προσεγγίσεις με την δουλειά
που θα ακολουθήσει? Στο τελευταίο κεφάλαιο αυτής της εργασίας θα εξηγήσω τον
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τρόπο που μπορούν είτε να ερμηνευθούν είτε να επεκταθούν τα αποτελέσματά μας
με άλλα πλαίσια.

1.3 Ιστορικές Παρατηρήσεις

Νωρίς στην δεκαετία του 80 η έρευνα άρχισε να υποδεικνύει πως η παραδοσιακή
πολυπλοκότητα ίσως να μήν είναι ο ιδανικός τρόπος να αντιμετωπιστούν πολλά
προβλήματα και οι αντίστοιχοι αλγόριθμοι. Συγκεκριμένα, ο Vardi παρατήρησε πως
η είσοδος για το πρόβλημα database-query evaluation αποτελείτε από δύο συνιστώ-
σες, το query και τηνβάση δεδομένων. Για πρωτοβάθμια queriy, το query evaluation
είναι P-SPACE-complete, και για fix-point query είναι EXPTIME-complete, αλλά,
για σταθερό query, η πολυπλοκότητα πέφτει σε LOGSPACE και PTIME αντίστοιχα.
Συγκεκριμένα, το μέγεθος της βάσης δεν ήταν το σωστό μέτρο για τον προσδιο-
ρισμό της πολυπλοκότητας του database-query evaluation και πως το μέγεθος της
παραμέτρου μετρούσε.[41]

Απο αυτές τις δουλειές ξεκίνησε η ιδέα πώς ο απαραίτητος χρόνος για
NP- πλήρη προβλήματα αν και εκθετικός ίσωςν αδέχεται βελτιώσεις
στον τρόπο που θα παρουσιάζεται το εκθετικό [40].

Η παραμετρική πολυπλοκότητα και αλγόριθμοι έχουν ανατπυχθεί ραγδαία μέσα
στις τελευταίες τρείς δεκαετίες. Αφαιτηρία ήταν η θεμελιωτική δουλειά τωνDowney
και Fellows το[36, 37, 38] με μια σειρά από δημοσιεύσεις με σκοπό να καθιερώ-
σουν ένα ενιαίο πλαίσιο και να παρουσιάσουν την προηγούμενη δουλειά τους. Εκεί
πρωτοεμφανίστηκαν πολλές καινοτόμες ιδέες για τον σχεδιασμό αλγορίθμων και
προέκυψαν πολλά επεξηγηματικά αποτελέσματα σχεδόν για όλες τις πρακτικές της
πληροφορικής.

Το πρότο εγχειρίδιο στον τομέα ήταν το βιβλίο:[R.G.Downey andM.R. Fellows.
Parameterized complexity.Monographs in Computer Science. Springer-Verlag, New
York,1999.] Τα επόμενα δύο εγχειρίδια εμφανήστηκαν το 2006. Ένα ήταν το βιβλίο:
[Rolf Niedermeier. Invitation to fixed-parameter algorithms, volume 31 of Oxford
Lecture Series inMathematics and its Applications. OxfordUniversity Press, Oxford,
2006] και το άλλο το βιβλίο: [J. Flum and M. Grohe. Parameterized complexity
theory. Texts in Theoretical Computer Science. An EATCS Series. Springer-Verlag,
Berlin,2006]

Ταυτόχρονα και ίσως λίγο νωρίτερα εντελώς διαφορετικοί ανρθωποι εξερευνου-
σαν ανεξάρτητα την χρονική πολυπλοκότητα της αναγνώρησης ιδιοτήτων σε γρα-
φήματα. Η παλαιότερη σχετική δουλειά ειναι για το δενδροπλάτος για το οποίο το
νωρίτερο αποτέλεσμα το οποίο θα αξιοποιηθείσ ε αυτή την εργασίας είναι εκείνο
του Bodlaender το 1996 [35]. Το πρόβλημα του να αποφασιστεί αν ένα γράφημα
έχει δενδροπλάτος k είναι NP-complete if k όταν το k είναι ελεύθερο να μεταβάλ-
λεται και είχε συζιτήθηκε μια δεκαετία αργότερα απο τους Arnborg, Corneil,and
Proskurowski το 1987 [29]. Αυτοί ακόμα έδειξαν πως υπάρχει ένας O(nk+2 ) αλ-
γόριθμος γιατ ο δενδρολάτος k προβλημα. Οι Robertson και Seymour [13] έδωσαν
τον πρώτο FPT (σε O(n2 )) αλγόριθμο το 1995. Ο αλγόριθμός τους βασιζόταν στο
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θεώρημα well-quasi-ordering για ελάσσονα γραφήματα και συνεπώς ήταν μη κατα-
σκευαστικός , μη προφανής και περιείχε τεράστιες σταθερές.

Τέτοιεες δουλειές έδωσαν έναυσμα σε ένα πολύ μεγάλο κύμα ερευνητών να στρα-
φούν στην παραμετρική προσέγκυση. Η αναζίτηση για αποτελέσματα αποφασιση-
μότητας για monadic second-order θεωρίες σε κλάσεις απο συνδιαστικά αντικέι-
μενα και τις συσχετίσεις τής σε αυτόματα έχει μια μεγλάλη και ενδιαφέρουσα ιστο-
ρία όπως μπορεί να αναζιτήσει κανείς στον Büchi [1]. Πιθαν´οτατα το πρώτο απο-
τλετεσμά είναι δικό του και που αποδυκνείει πως μια γλώσσα είναι κανονική αν και
μόνο αν είναι ορίσιμη σε monadic second-order Λογική (για πεπερασμένες συμβο-
λοσειρές). Το αποτέλεσμα ορόσημο εδώ είναι φυσικά εκέι του Rabin [14].

Ο Detleff Seese ήταν ο πρώτος που υπέθεσε πως κλάσεις γραφημάτων με απο-
φασίσημες θεωρίες θα είναι ”παρόμοιες” με δένδρα. [27]. Ο Seese κατάφερε να
αποδείξει πως αν μια κλάση επίπεδων γραφημάτων με μέγιστο βαθμό ≤ 3 δεν πε-
ριείχε συγκεκριμένα υπό-γραφήματα τότε θα είχε ένα ορθό διατρέχον δένδρο. Από
τη στιγμή που ο Rabin απέδειξε την αποφασισιμότητα την monadic second-order
λογικής σε δένδρα, ο Seese κατάφερε να συμπεράνει πως αυτές οι θεωρίες ήταν
αποφασίσιμες. Φυσικά η μέθοδος του Rabin δεν ήταν πολύ υλοποιήσιμη. Ο Seese
συνέχισε να προσπαθεί να αποδείξει πως tree-like γραφήματα είναι το όριο της απο-
φασισιμότητας.
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Κεφάλαιο 2

Η Συνάρτηση Ανταλλαγής

Αναλυτικά η απαιτούμενη θεωρία θα βρεθεί στο αγγλόφωνο κομμάτι της εργα-
σίας.

Σε αυτό το κεφάλαιο θα ορισθεί και θα μελετηθεί η ανταλλακτική σχέση μεταξύ
παραμέτρων μοντέλου και παραμέτρων ιδιοτήτων όπως αυτές έχουν τεκμηριωθεί
νωρίτερα.

2.1 Αρχική Περιγραφή
Μέχρι τώρα έχουμε παραμετροποιήσει το Πρόβλημα ελέγχουΜοντέλων ως προς

το μήκος της ιδιότητας και ως προς κάποια δομική παράμετρο του μοντέλου που
περιμένουμε σαν στιγμιότυπου εισόδου.

Είμαστε εδώ έτοιμοι να δώσουμε το πρώτο από τα αποτελέσματα για να ξεκι-
νήσουμε τη βάση των συλλογισμών που επιθυμούμε να αποδείξουμε.

Θεώρημα 2.1.1. Έστω λογική A με εκφραστική δύναμη x, η οποία παραμετροποιη-
μένη με k0 είναι FPT. Για κάθε αύξηση στην εκφραστική δύναμη της Α υπάρχει μία
δομική παράμετρος k η οποία κατηγοριοποιεί κάθε ιδιότητα εκφράσημη στην επεκτε-
ταμένη Α σαν FPT πάνω σε στιγμιότυπα φραγμένου k.

Το παραπάνω θεώρημα έχει μια πολύ απλή απόδειξη παρόμοια με εκείνη του
θεωρήματος 4.2.1 καθώς μπορούμε πάντα να θεωρήσουμε σαν παράμετρο ένα νού-
μερο που ράσει το μέγεθος της εισόδου.

Απόδειξη. Θα παρουσιάσουμε δύο αποδείξεις:

• χωρίς καν να χρησιμοποιήσουμε την παράμετρο k0 μπορούμε κατ ευθείαν
να ορίσουμε μια παράμετρο k = g(n) οπού n είναι το μέγεθος του Μοντέλου
εισόδου. αναγκαστικά πλέον k classifies A’ as FPT.

• ΤοModel Checking Problem τηςA θα είναι κάποια πολυπλοκότηταςO∗(F (k0))
όπου η γραφήO∗ όρους πατρωνυμικούς ως προς n. Η άυξηση στην δύναμη έκ-
φρασης της Α είναι μια επέκταση που μπορεί να εφαρμοσθεί σε όλες τις ιδιό-
τητες εκφράσιμες στην Α. Συνεπώς υπάρχει FPT αλγόριθμος που χρειάζεται
O∗(F (k0)) και μπορεί να επικαλείται έναν αριθμό h(k) φορών για τον έλεγχο
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μοντέλων της Α’ αρκεί το h(k) να παραμένει ανεξάρτητο του n. Κάθε αύ-
ξηση λοιπόν στην εκφραστική δύναμη θα εφαρμοσθεί αναγκαστικά σε έναν
h(k) αριθμό ιδιοτήτων της Α. τρέχοντας διαδοχικά τον FPT αλγόριθμο της
Α για κάθε μία παο αυτές επιβεβαιώνουμε έναν χρόνο εκτέλεσης το πολύ
O∗(h(k)(k0)) το οποίο παραμένει FPT.

Για να παράγουμε κάποιο αποτέλεσμα καλύτερο από το παραπάνω θα πρέπει να
μελετήσουμε τη σχέση παραπάνω λαμβάνοντας υο όψη μας και τις συγκεκριμένες
άλλες στις παραμέτρους και στην εκφραστική δύναμη.

Μια πρώτη ερώτηση είναι: μπορούμε να έχουμε πληροφορία για την κατηγο-
ριοποίηση παραμέτρων που αντιστοιχούν σε κλάσεις γνωστής συγκρίσιμης εκφρα-
στικής δύναμης?

Ορισμός 2.1.1 (Ισχυρότερη). Θα λέμε ότι η παράμετρος x είναι ισχυρότερη από την
y αν για δεδομένη μια τιμή k το ποσοστό στιγμιοτύπων που αντιστοιχούν σε φραγ-
μένο x από k ως προς n είναι μικρότερο από εκείνο που αντιστοιχεί σε φραγμένο
y.

Με ποιο απλά λόγια η x είναι ισχυρότερη της y αν είναι ποιο πιθανό όταν μας
δοθεί ένα τυχαίο στιγμιότυπο αυτό να έχει φραγμένο y από ότι x.

Από εδώ και πέρα όταν αναφέρουμε την παράμετρο μιας λογικής κλά-
σης Α θα θεωρούμε πως αυτή είναι η λιγότερο ισχυρή που υπάρχει για
αυτή τηΛογικήΚλάση. Αυτό σημαίνει ότι η παράμετρος θα αντιστοιχεί
στο μεγαλύτερο πλήθος στιγμιοτύπων φραγμένης παραμέτρου (χωρίς
φυσικά να καλυφθεί όλο το σύμπαν στιγμιοτύπων).

Θεώρημα 2.1.2. Δεδομένων δύο λογικών κλάσεων Α & Β με την Α να έχει ποιο
μεγάλη εκφραστική δύναμη από την Β τότε η παράμετρος που καθιστά την α FPT
είναι ισχυρότερη από εκείνη που καθιστά την Β.

Μια πρώτη ματιά στην απόδειξη του θεωρήματος είναι:

Απόδειξη. Η Α είναι υψηλότερης εκφραστικής δύναμης απο την Β. Συνεπως κάθε
ιδιότητα εκφράσιμη σε Β είναι επίσης εκφράσιμη και σε Α. Χωρις βλάβη της γενι-
κότητας θα λέμε πως η παράμετρος x κάνει την Α FPT και η y την Β.
∀ ιδιότητες p ∈ B, το MCP της (p,x) ∈ FPT αφού p ∈ B → p ∈ A → , και
∀p ∈ AMCP (p, x) ∈ FPT. Συνεπώς αν η p είναι εκφράσιμη σε B, τότε μπορούμε
απλά να την εκφράσουμε σε Α και να χρησιμοποιήσουμε την αντίστοιχη παράμετρο
για έναν αλγόριθμο FPT. Συνεπώς όλες οι ιδιότητες της Β μπορούν να αναγνωρι-
σθούν σε FPT όχρνο με χρήση της παραμέτρου της Α.

Έστω τώρα πως η παράμετρος της Β είναι ισχυρότερη από της Α. Τότε για κάθε
ιδιότητα της Β το ποσοστό στιγμιοτύπων όπου το MCP(p,y) λύνεται γρήγορα από
έναν FPT αλγόριθμο είναι μικρότερο από εκείνο λύνεται γρήγορα για το MCP(p,x)
της A. ⊥
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Σχήμα 2.1: Ποσοστό από φραγμένα κατά k στιγμιότυπα κάτω από αυστηρές λογικές
σχέσεις

Το παραπάνω αν και δικαιώνει τις προσπάθειες μας σε ένα βαθμό ακόμα δνε
δίνει κάποια πληροφορία για τις συγκεκριμένες αυξομειώσεις. Παρόλα αυτά πλέον
έχουμε μια βάση για να ισχυριστούμε μια ποιο μεγάλης κλίμακας συσχέτιση πέρα
απο την τετριμμένη. Το καλό είναι ότι ακόμα βρισκόμαστε σε πολύ εισαγωγικό στά-
διο και συνεπώς δεν έχουμε ακόμα χρησιμοποιήσει υπάρχουσα γνώση πάνω σε έν-
νοιες που μας αφορούν.

To παραπάνω σημαίνει μόνο πως όταν χρησιμοποιούμε αυστηρά όρια στης γλώσσα
που είναι απαραίτητη για την διατύπωση ιδιοτήτων τότε όταν αυξάνεται η ελάχιστη
δυνατή εκφραστική δύναμη αναγκαστικά πρέπει να ”θυσιαστούν” κάποια στιγμιό-
τυπα για να παραμείνουμε FPT.

Η νέα παράμετρος όμως (αυτή της ισχυρότερης Λογικής Κλάσης) αν και είναι
ισχυρότερη δεν αντιστοιχεί απαραίτητα τα ίδια στιγμιότυπα με την αρχική. Πά-
ντα έχουμε το κενό γράφημα φυσικά φραγμένο και κοινό για κάθε παράμετρο και
συνεπώς υπάρχει λόγος να πιστεύουμε πως υπάρχει τμήμα των στιγμιοτύπων που
αντιστοιχεί και στις δύο παραμέτρους k1, k2 φραγμένες.Στην γενική περίπτωση πα-
ρόλα αυτά ενδιαφερόμαστε καθαρά για cardinality του συνόλου που έχει την κάθε
παράμετρο φραγμένη.

Για μια Λογική κλάση Α και μια παράμετρο k που την καθιστά FPT, το
σύνολο των στιγμιοτύπων που έχουν την k φραγμένη για κάποιο n θα
συμβολίζεται SA

Εδώ κάποιος μπορεί να μαντέψει πως για πολλές παραμέτρους μπορούμε να
προσδιορίσουμε ή έστω να προσεγγίσουμε το πληθυκό μέγεθος (cardinality) του
SA. Αυτό πέρα από πολύ ενδιαφέρον είναι και πολύ χρήσιμο όπως θα δούμε παρα-
κάτω. Υπάρχουν ήδη κάποια αποτελέσματα για FPT checkable logics που μπορούν
να ερμηνευθούν σε αυτό το πλαίσιο μέσο τέτοιων συγκρίσεων. Για παράδειγμα κά-
ποιος θα μπορούσε να αρχίζει να σκέφτεται της σχέση που θα έρπεπε να ειχαν οι
παράμετροι που κάνουν FPT τις λογικέςMSO1&MSO2. Πρωτού βέβαια κάνουμε
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Σχήμα 2.2: Η σχέση μεταξύ των παραμέτρων των λογικών κλάσεων A και B όταν
η A είναι ποιο εκφραστική από τη B

αυτό το βήμα πρέπει να ζητήσουμε κάποια εγγύηση για την ύπαρξη και την μο-
ναδικότητα της λιγότερο ισχυρής παραμέτρου για μια λογική. Ένα παράδειγμα θα
ήταν:

Για Λογική κλάση Α και ιδιότητα p ∈ A και ένα στιγμιότυπο I, αν το
I έχει φραγμένη την k then p is checkable in FPT time. Το σύνολο όλν
των στιγμιοτύπων που μπορούν να ελεγχθούν για την Α σε FPT χρόνο
έχουν την k φραγμένη.

Αν ένα τέτοιο αποτέλεσμα δεν υπάρχει για μια λογική κλάση τότε αυτή η δου-
λειά δεν μπορεί μέχρι τώρα να εφαρμοσθεί με έναν ευθύ τρόπο. Ευτυχώς υπάρχουν
περιπτώσεις που υπάρχουν τέτοια αποτελέσματα και με βάση αυτά μπορούμε να
επεκταθούμε σε κλάσεις οι οποίες έχουν ελλείψεις. Σε μερικές περιπτώσεις το να
συσχετίσουμε δομικές παραμέτρους γραφημάτων είναι ένα βήμα προς την κατανό-
ηση την φύση των ιδιοτήτων που ανήκουν στην κλάση που θέλουμε να ελέγξουμε.
Σε άλλες περιπτώσεις η σχέση μεταξύ παραμέτρων είναι ένα στοιχείο για την σχέση
μεταξύ των λογικών κλάσεων αν και αυτή η πλευρά δεν θα μελετηθεί εκτεταμένα
σε αυτή την εργασία. Η ταξινόμηση των παραμέτρων είναι ένα πολύ μεγάλο project
στο οποίο η αφετηρία γίνετε παρακάτω. Μετά από κάποια βασικά πρώτα αποτελέ-
σματα θα έχουμε την δυνατότητα να ερμηνεύσουμε υπάρχουσες δουλείες πάνω σε
λογικές.

Ορισμός 2.1.2. Απο εδώ και πέρα όταν απευθυνόμαστε στη συνάρτηση ανταλλαγής
ισχύουν τα παρακάτω:

• Θα της συμβολίζουμε σαν 𝟋

• in agreementwith the above note for a logic class A the parameter that classifies
A as FPT will be noted kA
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• the above parameter will be considered to be the weaker (= least strong )
known one.

• The straightforward relation will be considered to be the one refering to a
parameter that classifies a Logic class as FPT ( i.e. the MCP of A is FPT
parameterized by kA )

• The converse relation will be considered to be the one associating a family of
graphs and a checkable logic with a bounded parameter ( i.e. if family F has
a checkable logic A then it has bounded kA

Some of the results that i will be quoting later on might not be the optimal known
ones. However they might be the most appropriate to cite in this framework. This
doesn’t mean that later ones cannot be also interpreted and utilized. Of course to
ensure optimality there must also exist some short of converse theorem. In the cases
there isn’t there are some extra steps that need to take place in order to return to a
point where we can produce useful results.

PROBLEM: There might exist a case where a converse theorem is not known
for a Logic class. For reference lets say that for class A all properties can be checked
n FPT time with parameter kA. Now we can discriminate two scenarios:

1. A converse does not exist

2. A converse exists but for a parameter k′B
In both cases and for completeness purposes we can temporarily accept the

converse parameter to be the one of the right higher Complete for our intent Logic
class. Also there might be a case where only some short of converse is known. Each
one of these cases needs a very small explanation as to how it is going to be treated
in the future.

A small representation of all above cases is represented in the following table

Logic Related parameter Converse
A kA kA
B kB -
C kC k′C
D - kD
E kE kE

Πίνακας 2.1: Possible Discontinuities

In the above table logic A is considered less expressive than B, B than C and so
on. Lets begin with the second row of the table.

What we know is that the MCP for Logic class B is FPT for kB. What we need
is at least some parameter for witch the Converse holds

Θεώρημα 2.1.3. For Logic B the Converse holds for parameter kA
Απόδειξη. B is more expressive than A → ∀p ∈ A, p ∈ B. From the converse
theorem of A: If a family of graphs F has a checkable A then it is of bounded
kA.Suppose F has a checkable B.A ⊆ B → F has a checkable A→ F has a bounded
kA
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For the fourth row of table 5.1 we know that for a family of graphs F if D has a
checkable Logic D then F is of bounded kD

What we want is a parameter k that for witch the relation in question holds. I.e.
The MCP of D is FPT parameterized by k.

Θεώρημα 2.1.4. The MCP of D is FPT parameterized by kE

Απόδειξη. The MCP of E is FPT parameterized by kE . D is less expressive than E
→ ∀p ∈ D, p ∈ E. Therefore the MCP of D is FPT parameterized by kE

Regarding the third row the situation gets more complicated in case that the
exact relation between kC & k′C is not known. Here it is not enough to know witch
parameter is stronger ( is some cases we do not know even that). We need to be able
to decide for each instance I the bound on both parameters if such a value exists.
Again this can only be done by analysis on specific parameters and therefore this is
a part of chapter 6.

Ορισμός 2.1.3. In the above context we can distinguish three scenarios.

1. ∀I instances of bounded kC , I is of bounded k′C

2. ∀I instances of bounded k′C , I is of bounded kC

3. The exact relation between kC & k′C is not known.

for the above we can define asKC = stronger(kC , k′C , kC + k′C)
the definition of stronger here is enough to cover all scenarios. If for instance

SC ⊆ S ′
C thenKC = k′C . The rest of the cases can be tested similarly.

Through this trick we can summarize table 5.1 as:

Logic Related parameter Converse
A kA kA
B kB kA
C KC KC

D kE kD
E kE kE

Πίνακας 2.2: Διορθωμένες Ασυνέχειες

Θα δούμε παρακάτω πως για συγκεκριμένες λογικές και παραμέτρους ο παρα-
πάνω πίνακας δεν έιανι καθόλου μακρυά απο την πραγματικότητα. Φυσικά ο πί-
νακας μόνο παρουσιάζει σχέσεις μεταξύ λογιών για τις οποίες ξέρουμε αυστηρές
σχέσεις μεταξύ τους.

2.2 Εξειδίκευση
Μέχρι τώρα έχει δοθεί απόδειξη για μια ώς ένα βαθμό αντιστρόφως ανάλογη

σχέση μεταξύ δυνατοτήτων λογικής και εύρος παραμέτρου. Για να καταφέρουμε
να δώσουμε μια ποιο αυστηρή περιγραφή χρειαζόμαστε μόνο μια βασική υπόθεση.
Αυτή η υπόθεση σχετίζετε με την απάντηση στην ερώτηση:
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Τι είσοδο θα μπορούσε να έχει αυτή η συνάρτηση?

Θα μπορούσε να έχει έναν ντετερμινιστικό τύπο?

Τι μαθηματικές ιδιότητες θα είχε?

Κάθε μία απο τις παραπάνω ερωτήσεις για να απαντηθεί χρειάζεται να καταλά-
βουμε ένα διαφορετικό κομμάτι της φύσης του προβλήματος.

So lets start at the beginning. Suppose that a strict relation exists. How can
we measure such a thing? Reminder here that we are trying to describe the way
expression power in logics interacts with parameters of input instances.

Imagine an F function that as an input there is a variable describing in a way
how expressive a Logic is and as an output we have a quantity that gives some short
of information toward what kind of parameter would correspond to that language.

Its quite obvious early on that F would not be of the short

F (x) = x2 + 4

or any other continuous function over the real numbers for example.
There are quite a lot of reasons why such a thing wouldn’t work and the first one

i am going to focus on is the fact that in any case the relation i am looking for will
be in any way continuous. Even if we end up with a number as a input the values
this number can be assigned will not be continuous since they have to correspond
to expression power. Lets focus then to the kinds of logics that exist and what kind
of increments are applied form one Expression Power to the other. The way we can
prove if a property is expressible in a Logic has been covered in Chapter 4

1. Προτασιακός Λογισμός

2. FO Λογική

3. MSO1

4. MSO2

5. SO

In each one of these the difference is some operator, a part of the vocabulary, the
use of Predicates or limitations on them.

One could of course try to associate some number with each one of these.
It is widely known and easily proven that all of the above have countable infinitely

many properties defined in each one. So any measure regarding the cardinality of
the set of properties expressed in each one is irrelevant.

There are some studies on how can someone measure the expressive power of
a language but none relevant enough. Some interesting measure would be to take
into account th length of the expression of a specific properties in each Logic. But
this becomes less useful when the optimal length is reached because even Logics of
higher complexity require the same number of symbols.
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For now then lets keep the idea of an increment in expressive power happening
through its grammar or it vocabulary. Thankfully for the purpose of this thesis only
strict inclusions are studied and therefore the idea of increment has a one-way interpretation.
In order though for someone to repeat such a process for logics of not strict inclusion
a more detailed study will be needed on this area.

So as proved already the relation exists but it is yet to be determined how tight it
is. We could also try to define it in the opposite direction. Results in this case would
look something like this:

Αν μια οικογένεια γραφημάτων (άπειρη) είναι ελέγξιμη για κάθε ιδιό-
τητα της λογικής Α τότε αυτή η οικογένεια έχει φραγμένη την παράμε-
τρο k.

Now for a finite family of graphs one can argue that all parameters are bounded.
But thankfully i have here a proof that this does not interfere with my work

Θεώρημα 2.2.1. On finite families of graphs a finite set of Logics is always FPT-
checkable.

The trick here is not to actually check all properties in a Logic rather than label
the models that satisfy the property.

Απόδειξη. Select a random enumeration of the graphs in the family F. For a all these
graphs we can select an upper bound for each possible parameter that would be of
use in th MC of a Logic. Out parameters would be kL1, kL2, ...., kL for our N logics
respectively.

So we define k = max(kL1)+....+max(kLN)where the individual parameters
are parsing through all of our models.

k is an upper bound for all individual parameters in all of the graphs of F and
therefore for all Logics in our set the MCP is FPT parameterized by k.

so we can focus on infinite families of graphs where the bounding of a specific
parameter would come from structural properties and by looking at the definition of
the class.

Couldwe after producing a bounded parameter result derive on the set of properties
that are checkable on those graphs?

Of course we could! Some results already exist but in a very local scale. In fact
based on the work already presented one can derive such results after giving a closer
look to the existing knowledge over parameters. We will study such paradigms later
on.

The above results are not necessarily the most recent in this area but for the
purpose of parameters of graphs they are more appropriate.

So now if someone finds a infinite family of graphs with bounded treewidth he
can immediately know that there must exist a property expressible in SO Logic but
not inMSO2 that is not checkable in FPT time for this family.

The above actually is not trivially a necessity but it can be proven. As always
when mentioning the parameter of a Logic class we refer to a relationship of the
form shown in definition 7.1.2
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Θεώρημα 2.2.2. Assume logic classes A and B with B having a higher expressive
power than A. If a family of graphs F has parameter kA of Logic Class A bounded
but kB of Logic Class B unbounded then there exist a property p expressible in B
but not in A that is not checkable in FPT time on F with parameter kB.

Απόδειξη. Suppose no such property exists i.e. all properties of B are FPT checkable
for F with parameter kB. Therefore Logic B is FPT-checkable for F. But as in the
converse of Courcelle’s theorem given by Seese which is or the form i am assuming
then if a family of graphs has an FPT checkable A Logic then it must have bounded
the corresponding parameter. ⊥

Σιγά σιγά έχουμε αρχήσει να έχουμε ποιό συμπαγή αποτελέσματα. Για να συ-
νοψίσουμε:

1. Όσο αυξάνουμε την πολυπλοκότητα έκφρασης θα πρέπει να θυσιάζουμε πλή-
θος στιγμιοτύπων.

2. Δομικά χαρακτηριστικά γραφημάτων μπορούν να χρησιμοποιηθούν για να
συμπεράνουμε τι είδους ιδιότητες θα είναι ελέγξιμες πάνω σε αυτά.

3. Με λίγη παραπανίσια δουλειά μπορούμε να συσχετίσουμε το χρόνο εκτέλε-
σης ενός αλγορίθμου με την απαραίτητη λογική για να εκφράσουμε την ιδιό-
τητα που ελέγχει !!!!!!!

4. Ίσως να μπορέσουμε στο μέλλον να συσχετίσουμε με συγκεκριμένο ντετερ-
μινιστικό τρόπο την αναμενόμενη μείωση στα στιγμιότυπα με την αντίστοιχη
αύξηση σε λογική δύναμη.

Finally i will focus on one of the listed questions from further up. Lets just
suppose that we have agreed on ameasure that expresses howmassive is the expressive
power of logic A. From now this measure will be denoted as χ.

What can we say about 𝟋(χ) ? Technically χ is a mapping from all
possible Logics to the real numberswith respect to the following properties:

• ∀ Logic A ∃ χ(A) ∈ ℜ
• iff A is more expressive than B then χ(A) ≥ χ(B)

Remember that our output is a measure concerning the number of instances that
correspond to a bounded value of kA

Θεώρημα 2.2.3. 𝟋(χ) είναι φθίνουσα.

Απόδειξη. Φυσικά το παραπάνω θα χρειαστεί απόδειξη

∀x, y : x ≥ y → 𝟋(x) ≤ 𝟋(y)

.
x ≥ y means that logic Ax is more expressive than Ay ⇒ ∀p ∈ Ay, p ∈ Ax
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Suppose now that 𝟋 is not decreasing⇒

∃x, y x ≥ y : 𝟋(x) ≥ 𝟋(y)

Αυτό θα σήμαινε πως υπάρχουν ιδιότητες εκφράσιμες σε Ay που μπορούν να ελεγ-
χθούν σε FPT χρόνο σε λιγότερα στιγμιότυπα ( Sy ) όταν η ιδιότητα εκφράζεται με
τα ίδια σύμβολα σε Ay αντί για Ax. Αυτό φυσικά θα σήμαινε πως η ky είναι ισχυ-
ρότερη της kx το οποίο είανι αντίφαση σύμφωνα με τον ορισμός της παραμέτρου
λογικής

2.3 Παραμετρική Προσέγγιση

Η δουλειά που έχει γίνει μέχρι εδώ είναι πράγματι πολύ χρήσιμη αλλά καθώς όλες
οι αποδείξεις γίνονται με χρήση λογικής δεν έχουμε κατασκευάσει τα αντίστοιχα κυ-
κλώματα. Θα προσπαθήσαμε εδώ να το διορθώσουμε αυτό προσφέροντας μερικές
αναγωγές μέσο του υπολογιστικού μοντέλου της παραμετρικής πολυπλοκότητας.

As you see above all reductions and proofs take place in a more mathematical
framework. In order to be positively sure that not only the correlation 𝟋 exists
but all mentioned properties are true i have to translate them in the parameterized
framework.

Για να ξεκινήσουμε …

The first result of section 5.1 is theorem 5.5.1. regarding the certainty of an
existent parameter that classifies the MCP of a Logic as FPT.

According to the phrasing of 7.1.1 we have to describe the transformation of a
weft 0 circuit for logic A to a weft 0 circuit for the logic A’.

Of course without knowing the increment it is very difficult to design a specific
circuit the following can be done:

The incrementwill be of some form of extra symbols, Predicates or rules.Without
anymassive assumptions i will use a primitive form of enumeration of these changes.

Απόδειξη. Note C the family of circuits that recognizes property p ∈ A. The Logic
A’ will be the set of all properties expressible in A repeated an enumerable infinity
number of times, each time with another aspect of the new rules being applied.
Therefore each property p’ ∈ A’ will be a combination of a property p ∈ A and
expansion from A’ (even if the property in A is an empty string).

Only thing remaining is to describe a parameterized reduction between the circuit
recognizing p to a circuit recognizing p’ where p is the part of p’ in A.

Each one of the changes in A will be represented on a gate of C’. Since C is of
weft 0 each of the gates in C will have an in-degree at most k0 ⇒ in C each level
contains at most a

g(k) ∗ poly(n) (2.1)

gates.
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Σχήμα 2.3: Ένα κύκλωμα που αναγνωρίζει την ιδιότητα p ∈ A for k0 = 2

* ο παραπάνω αριθμός προκύπτει από το γεγονός πως κάθε επίπεδο εί-
ναι ένας k συνδυασμός απο το προηγούμενο. Αυτή η διαδικασία λαμ-
βάνει μέρος για πεπερασμένο πολυονυμικό αριθμό φορών και συνεπώς
κάθε πύλη ενο επιπέδου δεν μπορεί να είχε πανω απο 7.1 εισόδους από
πύλες του προηγούμενου επιπέδου.

A gate in C’ will always be a rule being applied on a property p ( which has its own
weft 0 circuit) or on gates of C’.
We can recursively solve the case where it is applied on gates of C’ by explaining
what happens in gates of C. Similarly with theorem 4.2.1 we assign A’ the parameter
k′A = g(k) ∗ poly(n).

Now no gate in C ′ is of unbounded in-degree⇒ C is of weft 0.

Θα θέλαμε να συνεχίσουμε ερμηνεύοντας το θεώρημα 7.1.2. Δυστυχώς αυτό
είναι αρκετά ποιο δύσκολο να γίνει μέσο κυκλωμάτων καθώς δεν είναι εύκολο να
περιγράψουμε κυκλώματα που δεν θεωρούν την παράμετρο φραγμένη.

Τα αποτελέσματα του πίνακα 7.2 μπορούν όλα ανα ερμηνευθούν μέσο παρό-
μοιων διαδικασιών
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Σχήμα 2.4: Μια πύλη του νέου κυκλώματος που αναγνωρίζει την ιδιότητα p′ ∈ A′
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Κεφάλαιο 3

Introduction

In this Chapter i will try to summarize the reasons that lead me to this approach
among with some basic arguments on the purposes of this attempt.

3.1 Idea Overview
The main objective of defining and studying the Model Checking problem is not

to derive a ”fast” algorithm that solves or describe a technique of generating such
algorithms.At least not in this work.The Model Checking Problem gives us a way
of formulating groups of problems ( or properties ) and deriving through its study
information about their structure. Recently it has been studied excessively due to the
applications it finds in formal verifications.

On the other end Theoretical Computer Science has developed a very big interest
on descriptive frameworks. Upper bounds on the time an algorithm requires to check
a property are derived from the logic required to define the property. A millstone in
this direction was given by R.Fagin in 1973 proving that each property expressible
in ∃ SO is checkable in NP-time.

The Model Checking as a formulation is very simple and does not require any
particular effort towards that end. In the Classical Framework it is defined as:

φ-Model Checking
Input: A Model G and a Property φ.
Output: ”Yes” iff G |= φ, ”No” otherwise.

In a intuitive manner we expect the computational complexity of the Model
Checking of a property to increase as the logical symbols required to express the
property, become more complex. Of course that doesn’t mean that expressing a
property usingmore complex tools will increase the corresponding complexity.What
i am interested in here is the computational cost of properties when they are expressed
in the least complex logical framework. A way to express this is through the Model
Checking Problem (from now on refereed as MCP).

As you can see the MCP has two inputs and therefore its complexity will be
somehow depending on both.It is obvious that the complexity as as function will be
increasing as some part of the input does.My focus is to try and keep the complexity
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low as i increase one parameter and keep the other one bounded. The resulting
complexity will depend on both the size of the model and the characteristics of the
input property. In a closer look other characteristics of the Model might also be
better for determining behavior towards complexity. This is why a parameterized
framework would be more suitable for our study.

Parameterized Algorithms and Complexity are not new in the Computer Science
community either. The initial work begun by Downey and Fellows in the early 90’s.
They initially proposed that the study of the complexity of various problems is often
not realistic to happen in only terms of size of the input.From that begun a huge
wave of research in the parameterized framework they proposed that resulted in very
usefully results in both Algorithmic and Theoretical directions. The MC problem
which i will be studding in this framework is defined as

Parameterized φ-Model Checking
Input: A Model G and a Property φ.
Parameter: l=|φ|
Output: ”Yes” iff G |= φ, ”No” otherwise.

Note here that the characteristics of the property or the model are left vague on
purpose.Wewill expand on that when the theoretical background has been established.

To formulate the above correctly i am going to utilize knowledge from various
fields.Mathematical Logic andModel Theory are used to categorize properties in the
corresponding levels of expression power. Algorithmic schemes and Reductions will
be given in a parameterized framework.For a problem to be characterized computable
it will need to belong in the class FPT(Fixed Parameter Tractable) which is the
parameterized equivalent of easy problems. Additionally i will try to assimilate all
results with existing knowledge from Computability Theory.
The ultimate purpose is to derive a set of rules describing the above behavior in
a way that could be utilized for the design of algorithms. My approach will try to
mathematically relativize the parameter that classifies a problem as FTP with the
class of logic required to express the corresponding property. An example of such
an accomplishment could be of the form ;

If a propertyϕ cannot be expressed in the Logic ClassA then the parameter
that classifies ϕ as FPT is an upper bound for each parameter classifying
to FPT a property expressible in A.

Of course there is some amount or pre-existingwork on the ParameterizedComplexity
of the MC Problem supporting the notion of a such correlation but not in a universal
manner. Such are the work of Brunno Courcelle on the Model Checking for MSO
and of Seesse on the expressibility of FPT decidable properties. [22],[28]. Up until
First Order Logic there is no need for bounds on the Size of the model since the
whole Class can be classified as FPT parameterized by the length of the formula of
the Properties. As we advance in classes such as Monadic Second Order, ∃ Second
Order, ∀ Second Order or Second Order there is need for bounds to be applied in
both parameters in order to remain FPT. I will try to interpret these works in the
framework i am presenting. In order tomake all the abovemorewell defined i will try
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to put them in an algorithmic context.Anyone with even the slightest familiarity with
Computer Science will have some characteristic problems and the corresponding
algorithm tat solves it. How is though the problem and the solution associated with
formal properties?

A Property is a mathematical expression that uses logical symbols to express an
idea. When those symbols are interpreted in some model the search for the property
becomes the definition of the problem.

For instance given a Set α of numbers and the relation ≤ the property of P:

x ∈ A : ∀y ∈ A, x ≤ y

would be interpreted as the property of x being the smallest number in A. The
corresponding problem would be find the minimum element of A.

This is a very simple example though. As properties become more complex the
notion of expressing them without ”hand-waving” and physical language becomes
more demanding. Sometimes the logical language doesn’t seem enough to express
o property. But how do we know that we have reached the edge of expressibility
for the current set of symbols? This is where the Ehrenfeucht-Fraı̈ssé Games games
begun to answer this question for First order logic and triggered a similar movement
for higher level logics. These will be explained appropriately in the corresponding
section.

Assuming now we have managed to categorize all properties we can think for
Models such as Sets of Numbers, Graphs, Functions, Matrices, Matroids ,Latices
etcetera can we derive from this characterization some sort of the Time a Machine
will need to recognize given property? Intuition would push us to say that the harder
it is to express e property the more time demanding would be its recognition. In deed
all results this far have ton contradicted this statement but each one independent
of the others without a notion of larger scale behavior. My work will focus on
convincing that such a behavior exists and that there are tools that can give s some
information about it.

3.2 Why Parameterized?
To give a full argument of that we will need of course a much more detailed

introduction to the basic notions of classical and parameterized Complexity Theory.
Nevertheless historically there is some valuable knowledge that can be utilized here.

The Complexity required to recognize sets of properties has been studied this
far in both Frameworks. Early on in the history of computer Science the language
theoretic approach for Computable properties was one of the most promising ones.
Of course here there is a very large gap between the use of Logics or Grammars
as the tool for expression. With Grammars and the separation of Languages into
Context Free, Context Sensitive, Regular etcetera brought results that connected
the corresponding language to the computational model able to recognize the hole
group. The Chomsky hierarchy summaries such relations. From the side of Logic
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Class Grammar Languages Automaton
Type -0 Unresticted Recursive Enumerable Turing Machine
Type -1 Context Sencitive Context Sencitive Linear Bound
Type -2 Context Free Context Free Pushdownd
Type -3 Regular Regular Finite

Πίνακας 3.1: The Chomsky hierarchy

though the search for the limits of computation has had a more difficult road. The
correspondence between the levels of the Polynomial Hierarchy and theΣ hierarchy
over properties expressed with specific quantifier alterations is one of the most
important reasons to pursue the notion of a strict correlation of the fields. The main
meaning of this correspondence is that based of the alterations of quantifiers needed
to express a property we can acquire an upper bound for the Checking Complexity.
The converse would be that a known complexity for the checking of a property also
provides an argument for its expressibility in one of the levels of the Σ hierarchy.
The proof of this is not constructive and therefore does not provide algorithms for
each case. Therefore, although extremely interesting the above are more of theoretic
value. In reality those results are very difficult to utilize. For instance:

A Programmer, Joe is trying to design an effective algorithm to recognize
a new property in graphs. On his hands he has a rough drought of the
algorithm and with the help of a Theoretical Computer Scientist he
has also defined the property in a Logical Framework.He can use our
theory and understand form the formulation of the property and check
his algorithm is under the upper bound we provide. Or in the converse
direction he can use the algorithm to check if the formulation is using
minimal quantifier alterations ( in the case is algorithm is optimal ). In
both cases he cannot know if his algorithm is indeed fast

What was the problem in the above example then? The secret lies in the notion
that both directions of the equivalence produce upper bounds. And in addition the
produce those upper bound in a non constructive way.What Joe would want is a way
to know that his algorithm cannot become more efficient. He wants a lower bound.

Attempts to produce more tight results have been made. As mentioned above by
Fagin ∃SO captures NPwhich means that every property expressible in ∃SOwill be
checkable in NP-time and every property checkable in NP time will be expressible
in ∃SO. Is that an improvement for Joe? We are still not providing him with any
lower bounds. In deed the given upper bound is more tight and more elegant but it
would have warned him that a competitor is able to improve the result significantly.

Of course a programmer reading all the above would probably think that in
any case the proof that theory can provide for the existence of an algorithm is
in no way close to the actual discovery. And in many ways he would be right.
A good programmer when facing a problem is going to solve it by taking into
consideration many variables. He can event try to minimize variables that the above
theory can’t even recognize such as number or processors, space, a specific data
structure andmanymore. How can a theoretic approach based on input length predict
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such detailed work on a specific problemwhen the studies are taking place on groups
of problems?

Don’t rush to shout IT CAN’T!
But if you already did then you are not entirely mistaken. In order to provide

Realistic Lower Bounds one must try to capture all this extra information. Many
approaches have come form such ideas. Probabilistic frameworks explore the Computational
power of Traditional Models if allowed to give answers that will not always be
correct. Approximation algorithms also provide fastest results but sacrifice the optimal
solution. The parameterized approach tries to construct algorithms that will be fast
in a majority of the cases. This happens by utilizing specific structural characteristics
of a problem. By considering these characteristics bound by a constant irrelevant of
the size of the input we are able to construct procedures that remain efficient even
for NP-hard problems. The formal definition of this study aims to bring closer the
design of algorithms and the exploration of structural parameters that have an impact
on their complexity.

A very good way for someone to get familiar with the parameterized approach
is to imagine everything through models. In the most intimate form one can imagine
models as graphs. There are many other kinds of models but especially in Computer
Science almost everything is expressible in a graph framework. In many cases our
results will be specifically for graphs but this in not a general rule. Nevertheless
the problem of searching a graph to see if it has a property is always way easier
to comprehend. In addition, defining families is also more intuitive since we can
correspond a group in a specific image. The defining of families of graphs with
formal tools will be analyzed later.

Under this notion our search for ensurement for Joe takes another turn. Now
theoretical proofs over this framework can actually interfere with other aspects of
a problem rather than its formal definition. There are many extremely interesting
results to support this such as Seese, Courcelle, Oum, Demain, Grohe and many
more. These results not only encourage the intuitive notion of this theory but give
applicable examples for algorithm construction. To expand i will need a background
on some theoretic consents.

While reading from now on keep in mind the 5 important questions of Computer
Science Theory.

1. What is the purpose of this approach?

2. Is this tool appropriate for the study of this subject?

3. What kind of assumptions are needed?

4. Are these assumptions realistic?

5. Can we do better?

Those will not only help someone understand the this work but in my opinion
help in the general scientific procedure in this field.

Finlay it is appropriate to mention here that in the above list of questions one
could maybe argue that maybe the approximation framework or the probabilistic
one are more appropriate for such a study. Now of course advances in both of those
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areas are very helpful for the society of computer science and also provide powerful
tools to confront intractability. However at least from my perspective they lack the
characteristic of being very close to the intuition of the way we understand structures
and graphs. These intuitive notions are much harder to be transmitted trough said
frameworks.

This doesn’t mean however that no interest exists there. In the final chapter
of this thesis i will describe ways to both interpret results in those framework or
reproduce some of the procedures described later but on classes described through
other frameworks and not logic.

3.3 Historical Notes
Early in the 80’s research pointed out that classical complexity might not be

the ideal framework for some specific problems and corresponding algorithms. In
particular, Vardi pointed out that the input for database-query evaluation consists of
two components, query and database. For first-order queries, query evaluation is P-
SPACE-complete, and for fix-point query it is EXPTIME-complete, but, if you fix
the query, the complexity goes down to LOGSPACE and PTIME correspondingly.
In particular, the size of the database was not the right complexity for database-query
complexity and the size of parameter counted.[41]

Thoseworks initiated the notion the time needed forNP-Complete problems
although exponential might accept improvements in theway the exponential
will present itself.[40]

Parameterized complexity and algorithms have developed rapidly during the last
three decades. Since the fundamental work of Downey and Fellows in[36, 37, 38]
with a series of papers aiming to establish a global framework and present their
previous work, parameterized complexity theory introduced numerous innovative
ideas in algorithmic design and offered insightful results in almost all disciplines of
theoretical computer science.

The first monograph in this fieldwas the book:[R.G.Downey andM.R. Fellows.Parameterized
complexity. Monographs in Computer Science. Springer-Verlag, New York,1999.]
The next twomonographs in the field appeared during 2006. Onewas the book: [Rolf
Niedermeier.Invitation to fixed-parameter algorithms, volume 31 of Oxford Lecture
Series in Mathematics and its Applications. Oxford University Press, Oxford, 2006]
and the other was the book: [J. Flum andM.Grohe.Parameterized complexity theory.
Texts in Theoretical Computer Science. AnEATCSSeries. Springer-Verlag, Berlin,2006]

In the same time and ever earlier completely different people studied independently
the time complexity of recognizing parameters in graphs. The oldest relevant is
of course treewidth for which the very first result that this thesis will utilize was
presented by Bodlaender in a 1996 paper [35]. The problem of deciding if a graph
has treewidth k is NP-complete if k is allowed to vary, was discussed a decade later
in Arnborg, Corneil,and Proskurowski and in 1987 [29], those authors also showed
that there was an O(nk+2 ) for treewidth-k graphs. Robertson and Seymour [13] gave
the first FPT (it was O(n2 )) algorithm in 1995. Their algorithm was based upon the
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minor well-quasi-ordering theorem, and thus was highly nonconstructive and non-
elementary and had huge constants.

Such works initiated a very large wave of researchers to turn to the parameterized
approach.The study of decidability results for monadic second-order theories of
classes of combinatorial objects and their connections with automata has a long and
interesting history, as can be found in Büchi [1]. Probably the first result is the one
of Büchi who proved that a language is regular iff it is definable by some formula
in monadic second-order logic (of strings). The famous hallmark result here is the
decidability result of Rabin [14].

Detleff Seese was the first to conjecture that classes of graphs with decidable
theories were “similar to trees” [27]. Seese was able to prove that if a class of
planar graphs with maximal degree≤ 3 avoids certain graphs as induced subgraphs,
then it has a very nice parse tree. Since Rabin had proven the decidability of the
monadic second-order logic of trees, Seese was able to deduce that these theories
were decidable. Of course, Rabin’s method is not very feasible. Seese continued to
pursue his conjecture that tree-like graphs were the boundary of decidability.
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Κεφάλαιο 4

Parameterized Complexity

This chapter is dedicated to present all of the tools i will be using and explain the
most important notions of each theory.

4.1 Definitions
To beginwewill present the notions of ParameterizedComplexity in corespondance

with Classical Complexity theory.
We are from now on concerned with problems(languages) of two inputs. One is

the instance and one the parameter. When given a representation of an instance we
count on our understanding of the idea it represents to understand it. Similarly when
given a number that represents a parameter and its relation to the instance we are
able to interpret it as a part of the problem. And above all the parameter is considered
bounded and small.

Ορισμός 4.1.1 (Parameterized Problem). A parameterization of Σ∗ is a recursive
function k : Σ∗ → Σ∗. A parameterized problem is a tuple (L, k), where L ⊆ Σ∗

and k is a parameterization of Σ∗.

Our parameter k is defined by this recursive function in order to demonstrate its
relationwith each instance. For readability purposes andwithought loss of generality
wewill consider it to be and integer and therefore our Languages become of the form,
k : Σ∗ → N

The above definition is very close to the classical complexity definition of what
we call a Language or Problem. Following that we have to define what is considered
a parameterized fast algorithm.

Ορισμός 4.1.2 (The Class FPT). The class of parameterized problems that can be
solved in time

O(f(k) ∗ nc)

, where f(k) is computable.

Σημείωση. The above definition might alert someone in the sense that it allows
extremely large growth functions regarding the parameter.
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That is true but in the sense that the parameter is small these increments will
remain bounded by a constant. Another thing the reader might notice is that we
are using the algorithm in a Turing-Machine sense although we haven’t been very
specific on th definition of it. To design algorithms that are in agreement within the
current standards of programing we will be using Turing machines in the classes that
have to do with algorithms.

Now is a good time to give some examples of parameterized problems. In this
framework a problem always comes pared with a parameter. Paired with another
parameter a problem might display a completely different complexity behavior. For
example, consider VERTEX COVER parameterized by k, defined as follows.

k- VERTEX COVER
Input: A Graph G=(V,E)
Parameter: An integer k
Output: ”Yes” if G has a VC of size k, ”No” otherwise.

As you can see we have used here the size of the solution to define our parameter.
Here are some other examples for graph problems that can also be parameterized
similarly.

Σχήμα 4.1: Other problems parameterized by the size of the solution

In figure 2.1 the problem of graph genus is defined as:

k- GRAPH GENUS
Input: A Graph G=(V,E)
Parameter: An integer k
Output: ”Yes” if G has a genus of size k (that is if it can be embedded in a

surface with k handles, with no edges crossing), ”No” otherwise.
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For a survery of existing algorithms on the above problems the reader can refer
to the book Fundamentals of parameterized complexity by Downey & Fellows [39]
If we consider the classical versions of the above problems where k is not fixed, they
are all NP-Hard. However each one exhibits some form of parameterized tractability.
Note here that there are two versions of Parameterized Tractability. Uniform and
non-Uniform. The difference is that in the uniform case there exists an algorithm of
the appropriate running time that solves the problem for each k. In the non- uniform
case for each k there exists an FPT algorithm of the appropriate running time but
there is no way to describe the procedure for all k. This is a discrimination that
arises from the attempt to solve specific NP-hard problems. In this approach the
discrimination is not of great importance.

4.2 Parameters
It is already obvious that parameters can be of different power. An easy example

is the minimum and maximum edge degree of a graph. Since always

Maxd ≥Mind

we can assume that if a problems is FPT parameterized by Mind it will be FPT
parameterized by Maxd. Of course the relationship between parameters will be
described way more explicitly later on but this already gives an image of how can
someone approach a Problem from a parameterized point of view. If say it seems
completely impossible to find an FPT algorithm for a problem one can start thinking
of more strong parameters.

By doing so, someone must be careful not to end up with a solution only because
he choose an extremely strong parameterization. Although the formal definition does
not forbid parameters that are comparable with the input something like this can be
very easily proved to have no scientific interest. Say for instance that someone picks
a parameter that can bound the total input. This is not hard to imagine but lets say
that someone parameterizes a problem by n-1 where n is the size of the input.

Θεώρημα 4.2.1. If for a parameter k ∃ an increasing recursive function g(k) such
that n ≤ g(k) then all problems of classical complexityO(f(n)) , f:computable are
FPT parameterized by k.

Απόδειξη. Pick a problem P of classical complexity O(f(n)). We know that f(n)
is increasing since it is a complexity function.Also n ≤ g(k) → f(n) ≤ f(g(k))
therefore the Complexity of P is upper bound by O(f(g(k))) and hence in can be
solved in such time.

Since f,g are computable and increasing→ f ◦ g is computable and increasing.
The above complexity is of the form

O(f(k) ∗ nc)

and therefore P is FPT.
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The correct usage of parameters for each problem is at at all trivial and has
presented a very wide area for research.

There is a very large amount of work focusing on new algorithmic techniques
and tools that utilize all of the above notions and have been very fruitful this far.
Advances in parameterized algorithms have produced a great amount of results that
all are extremely interesting. However my interest is less problem and therefore are
not presented here.

4.3 Hierarchy

Returning to the familiar for us examples we could attempt to parameterize the
Graph Genus problem by the vertex cover of the input graph. Would that result in a
fixed parameter problem? For specific parameters and some specific problems this
question can be answered easily. For problems in P by default all parameterizations
result in FPT algorithms. But in the general case this question is a very complex and
interesting one. The base of course for all arguments towards answering start from
the definition of parameterized reductions.

Ορισμός 4.3.1 (Parameterized Reduction). For two parameterized problems (L, k)
, (L′, k′). We say that (L, k) reduces to (L′, k′) through an FPT -reduction (noted
.L ≤FPT L

′) if there exists an algorithm R such that

1. For eatch x ∈ Σ∗, x ∈ L⇔ R(x) ∈ L′

2. R is computed by an FPT -algorithm.

3. k′ = g(k), where g : N → N is computable.

If A ≤FPT B and B ≤FPT A, we say that A,B are FPT -equivalent (noted.
A ≡FPT B).

Using the above definitionwe can start building a complexity theory. Parameterized
problems in FPT are grouped together on the notion that you can decide the yes-
instances of each one independentlywithout exceeding the time limits of the definition.
Of course for each problem in FPT the algorithm might be of completely different
complexity. And the parameters that reduce each one to FPT are not necessarily
computably bound by each other. The Turing machine model is not able to provide
easily a hardness theory. This will be explained later.

Our complexity theory begins by defining classes of hard problems and describing
relations between them. Of course as mentioned before one problem can be FPT on
one parameterization and not FPT on another. Our parameterized reduction captures
this by requesting the parameter of the new parameterized problem to be at least
computably bound by the old one.
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Looking at the classical complexity theory we will try to define the TURING
MACHINEACCEPTANCE in a parameterized framework in order to build up from
there equivalences between problems

SHORT TURING MACHINE ACCEPTANCE
Input: A nondeterministic Turing machine M and a string x.
Parameter: An integer k
Output: ”Yes” if M has a computation path accepting x in ≤ k steps,

”No” otherwise

It seems to us that if one accepts the philosophical argument that TURING
MACHINE ACCEPTANCE is intractable, then the same reasoning would suggest
that SHORT TURING MACHINE ACCEPTANCE is fixed-parameter intractable.
We will soon establish that there are a large number of problems of the same fixed-
parameter complexity as SHORTTURINGMACHINEACCEPTANCE.We believe
that the existence of such a large number of problems of the same fixed-parameter
complexity as SHORT TURING MACHINE ACCEPTANCE gives further weight
to the thesis that SHORTTURINGMACHINEACCEPTANCE is not fixed-parameter
tractable.

The main theorem is an analog of Cook’s theorem. We will first establish some
preliminary results. We will need some definitions. It is convenient to consider a
3CNF formula as a (boolean) circuit. Thus, a 3CNF formula is considered as a circuit
consisting of one input (of unbounded fanout) for each variable, possibly inverters
below the variable, and structurally a large and of small or’s (of size 3) with a single
output line.

Σχήμα 4.2: A 3CNF fornula is a large AND of small ORs

The reader should refer to Fig. 4.3. We can similarly consider a 4CNF formula
to be a large and of small or’s, where small is defined to be 4. More generally, it is
convenient to consider the model of a decision circuit. This is a circuit consisting
of large and small gates with a single output line, and no restriction on the fanout
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of gates. For such a circuit, the depth is the maximum number of gates on any path
from the input variables to the output line, and the weft is the large gate depth. More
formally, the weft of a circuit is defined as follows:

Ορισμός 4.3.2. Let C be a decision circuit. The weft of C is defined to be the
maximum number of large gates on any path from the input variables to the output
line. (A gate is called large if its fan-in exceeds some prearranged bound. The reader
should note that none of our results depend upon what the bound actually is.)

Let F = {C1, . . . , Cn, . . .} be a family of decision circuits. Associated with F is
a basic parameterized language:

LF = {⟨Ci, k⟩ : C1 has a weight k satisfying assignment }

Σχήμα 4.3: A weft 2 depth 5 decision circuit.

For instance, if F is the family of boolean circuits corresponding to propositional
formulas in 3CNF form, then L F corresponds toWEIGHTED3CNFSATISFIABILITY.
A generalization of the class of circuits corresponding to 3CNF4.3formulas is provided
by the following:

WEIGHTED WEFT t DEPTH h CIRCUIT SATISFIABILITY (WCS(t, h))
Input: A weft t depth h decision circuit C
Parameter: A positive integer k
Output: ”Yes” if Does C have a weight k satisfying assignment, ”No”

otherwise

Ορισμός 4.3.3. Notation will be as follows:

• We will denote by LF (t, h) the parameterized language associated with the
family of weft t depth h decision circuits.
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• (Basic hardness class)We define a language L to be in the classW [t] iff L is
fixed-parameter reducible to LF (t, h) for some h

With the reduction matching the one given in definition 4.3.1 The final theorem

Σχήμα 4.4: A circuit correspontding to a 3SAT problem.

of ths section will be an analog of cooks theorem that the readen can find the proof
of in [39]. The theorem is given nevertheless because most of the proofs of chapter
5 are given in a circuit framework and thus it is important for the reader to know the
relation between circuits and Turing machines.

Θεώρημα 4.3.1. (Analog of Cook’s Theorem (I))
The following are complete forW [1]:

• WEIGHTED n-SATISFIABILITY for any fixed n ≥ 2.

• SHORT TURING MACHINE ACCEPTANCE.

So to summarize the class FPT is associated with circuits of 0 weft and a a
constant k to bound the fan-in of the gates. W [1] would be of weft 1 and so on.
The current state of the parameterized hierarchy is given in the following schema:

4.4 Parameterized Model Checking
One of themain themes in descriptive complexity theory is to study the complexity

of problems of the following type:

Given a finite structure A and a sentence ϕ of some logic L, decide if A
satisfies ϕ

This problem,whichwill be called themodel-checking problem for L, has several
variants. For example, given a structure A and a formula ϕ(−→χ ) we may want to
compute the set of all tuples −→α ∈ A such that A satisfies ϕ(−→α ), or we may just
want to count the number of such tuples. Often, we fix the sentence ϕ in advance
and consider the problem :

Given a structure A decide if A satisfies ϕ
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Σχήμα 4.5: Parameterized Hierarchy

Model-checking problems and their variants show up very naturally in various
of applications in computer science such as Database Query Evaluation, Model-
checking in Computer-Aided verification and Constraint Satisfaction Problems.

It is obvious already that proving that the Model-checking problems is FPT
or FLP (= Fixed-Parameter Linear) seems to be a very meaningful statement in
comparison to the notion that the Model-checking problem being in PTIME.

Now as one might predict there are two possible parameters in this quest. The
sentenceϕ and the structureA. Depending onwhich of these are considered parameters
of the problems and which are fixed we get tree different versions of the MCP of
logic L.

Complexity theory defines its main concepts via acceptance of string languages
by computational devices such as Tuuring Machines. To talk about complexity of
logics on finite structures, we need to encode finite structures and logical formulae as
strings. For formulae we shall assume some natural encoding: for example enc(ϕ),
the encoding of a formula could be its syntactic tree ( represented as a string).

As for structures there are several different ways to encode them. They are all
of course equivalent but given a specific one will make some proofs easier and will
some times provide useful information on the running time of a procedure. Suppose
we have a structure A over a vocabulary σ.

Let A ={a1, . . . , an}. For encoding a structure we always assume an ordering on
the universe. In some cases the ordering relation is part of the vocabulary and thus
we use it. In others we just choose and arbitrary one. The order in this case will have
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no effect on the result of algorithms and properties but we need it to be able to talk
of computability and complexity.

We choose for now an order of the universe say a1 ≤ a2 . . . ≤ an. Each k-ary
relation RA will be encoded by a nk − bit string = enc(RA) as follows:

• Consider an enumeration of all k-tuples over A in the lexicographic order.

• Let −→aj be the jth tuple in this enumeration.

• the jth bit of enc(RA) is 1 if −→aj ∈ RA and 0 if −→aj /∈ RA

• σ contains only relations symbols since a constant can be encoded as a unary
relation containing one element.

If σ = {R1, . . . Rp} then the basic encoding of a structure is the concatenation of
then encodings of said relations. In the circuits computational model the the length
of the input is a parameter of the model and thus the |A| can be easily calculated from
the basic encoding but for Turing machines the size of the input must be known by
the device. For this reason we include in the encoding of A the size of the model as
follows:

enc(A) = 0n ∗ 1 ∗ enc(RA
1 ) ∗ . . . ∗ enc(RpA). (4.1)

The length of the above string is denoted by ∥ A ∥ and is

∥ A ∥= (n+ 1) +

p∑
i=1

narrity(Ri)

Now that we have an encoding of A we can talk about the complexity of the
model checking problem.

Ορισμός 4.4.1. Let K be a complexity class and L a logic.

1. The data complexity of L is K if for every sentence ϕ in L, the language

{enc(A)|A |= ϕ}

belongs to K.

2. The expression complexity of L is K if for every finite structureA the language

{enc(ϕ)|A |= ϕ}

belongs to K.

3. The combined complexity of L is K if the language

{enc(ϕ), enc(A)|A |= ϕ}

belongs to K.
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Note here that data complexity refers to the complexity of finding all the properties
that hold for a specific structure ( size of structured is considered constant and
ignored) while the expression complexity is the problem of recognizing the models
that satisfy a specific property( this is the more common algorithm design notion
that the reader is probably familiar with). The combined complexity represents the
general model problem with which i am focusing on.

The formalization i will follow from now on is :
k -ϕMODEL CHECKING FOR ϕ
Input: A Graph G=(V,E) and ϕ
Parameter: Parameter k + |ϕ|
Output: ”Yes” if G |= ϕ, ”No” otherwise

As you see here the general term of structure changes to Graph. Our size N here
denotes the number of nodes and the edge relation is the one and only member of σ

From now on all result are given for graphs sine i will be taking into account
specific graph parameters. However through easy transformation processes that can
be fount in [42] all structures and relations can be transformed to graphs with only
the edge relation. What i will be looking for is to derive some rules that correlate the
parameter k with the logic L as to end up with the above problem being in FPT.

A more detailed introduction in pamameterized complexity in Greek can be
found in [48].

4.5 Graph Metrics
In this section i will give the basic definition and results one the graph metrics that

will be necessary for later on. Mainly i will present only metrics that correspond to
specific problems and theorems presented later. The same study can be done for a
variety of others though if they appear to give promises towards descriptive results.

4.5.1 Treewidth
Treewidth is themost popular and old of our different parameters. It was introduced

in the early 70’s from independent researchers but it took the form that we study
today in 1984 by Neil Robertson and Paul Seymour [10] in a series of papers on
graphminors. After that it has been excessively used both in the design of algorithms
and in the theoretical computability theory.

Treewidth is tightly bound to the notion of a tree decomposition. So:

Ορισμός 4.5.1. (Tree Decomposition - Treewidth)

1. ATree decomposition of a graphG=(V,E) is a tree T togetherwith a collection
of subsets Tx (called bags) of V labeled with the vertices x of T such that
∪Tx = V and the following hold

• For every edge uv of G there is a some x such that u,v ∈ Tx

• If y is a vertex of on the unique path in T from x to z then Tx ∩Tz ⊆ Ty.
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2. The width of a tree decomposition is the maximum value of |Tx| -1 over all
the vertices of the tree T of the decomposition.

3. The treewidth of Graph G is the minimum width of all thee decompositions
of G.

Σχήμα 4.6: A Tree Decomposition of treewith 2

There is a very large amount of results that were produced in the attempt to make
the construction of tree decompositions easier. Here are some that would appear
useful to be considered by the reader in order to understand better the rest of this
thesis. For e graph G = (V,E) and treewith k we know:

1. k ≥maximum clique size of G

2. In every graph G, there exists a vertex of degree at most tw(G).

Both of these proofs are quite easy and will be given in the appendix. Computing
treewith is NP-complete in the classical framework as shown in 1987 from Arnborg,
Corneil & Proskurowski [29]. It was proved to be FPT on the clasical parameterization
on size of the solution by Bodlaender and Kloks [31]in 1996.

Determining if a problem is FPT is usually done by excluding a specific set
of minors as mentioned before in section 2.4.In the case of families of bounded
treewidth it is quite difficult ti give a specific selection of graphs but there are some
results.

For every finite value of k, the graphs of treewidth at most kmay be characterized
by a finite set of forbidden minors. (That is, any graph of treewidth >k includes one
of the graphs in the set as a minor.) Each of these sets of forbidden minors includes
at least one planar graph.

• For k = 1, the unique forbidden minor is a 3-vertex cycle graph.
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• For k = 2, the unique forbidden minor is the 4-vertex complete graphK4.

• For k = 3, there are four forbidden minors: K5, the graph of the octahedron,
the pentagonal prism graph, and theWagner graph. Of these, the two polyhedral
graphs are planar.

For larger values of k, the number of forbidden minors grows at least as quickly
as the exponential of the square root of k. However, known upper bounds on the size
and number of forbidden minors are much higher than this lower bound.

Σχήμα 4.7: Forbidden minors for k = 3

At the beginning of the 1970s, it was observed that a large class of combinatorial
optimization problems defined on graphs could be efficiently solved by non serial
dynamic programming as long as the graph had a bounded dimension, a parameter
shown to be equivalent to treewidth by Bodlaender (1998). Later, several authors
independently observed at the end of the 1980s that many algorithmic problems
that are NP-complete for arbitrary graphs may be solved efficiently by dynamic
programming for graphs of bounded treewidth, using the tree-decompositions of
these graphs.

As an example, the problem of coloring graph of treewidth k may be solved
by using a dynamic programming algorithm on a tree decomposition of the graph.
For each set Xi of the tree decomposition, and each partition of the vertices of
Xi into color classes, the algorithm determines whether that coloring is valid and
can be extended to all descendant nodes in the tree decomposition, by combining
information of a similar type computed and stored at those nodes. The resulting
algorithm finds an optimal coloring of an n-vertex graph in time O(kk+O(1) ∗ n), a
time bound that makes this problem fixed-parameter tractable.
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4.5.2 Cliquewidth
In graph theory, the clique-width of a graph G is a parameter that describes the

structural complexity of the graph. it is closely related to treewidth, but unlike treewidth
it can be bounded even for dense graphs.This is quite useful since it appears there
are specific problems that are easy for graphs of bounded treewidth and for dense
graphs. It is defined as the minimum number of labels needed to construct G by
means of the following 4 operations :

• Creation of a new vertex v with color i (noted i(v))

• Disjoint union of two colored graphs G and H (denoted G⊕H)

• Joining by an edge every vertex labeled i to every vertex labeled j (denoted
join(i, j)), where i ̸= j

• (i→ j ): recolor all vertices i to color j

Ορισμός 4.5.2. The smallest number of colors needed to construct G through the
above operations (i.e. as a colored graph classically isomorphic to G) is called the
cliquewidth of G, cw(G).

Graphs of bounded clique-width include the cordgraphs and distance-hereditary
graphs. Although it is NP-hard to compute the clique-width when it is unbounded,
and unknown whether it can be computed in polynomial time when it is bounded,
efficient approximation algorithms for the clique-width are known. Based on these
algorithms and on Courcelle’s theorem, many graph optimization problems that are
NP-hard for arbitrary graphs can be solved or approximated quickly on the graphs
of bounded clique-width.

Σχήμα 4.8: All possible graphs of cliquewidth 3 involving vetrices A,B,C

The construction sequences underlying the concept of clique-widthwere formulated
by Courcelle, Engelfriet, and Rozenberg in 1990 [32] and by Wanke (1994). The
name ”clique-width” was used for a different concept by Chlebíková (1992). By
1993, the term already had its present meaning.

Easy results about cliquewidth that may be utilized later are:

1. Cliques have cliquewidth 2.
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2. If G has bounded treewidth then it has bounded cliquewidth.

3. The complement graph of a graph of clique-width k has clique-width at most
2k

In classical complexity cliquewidth is NP-complete to compute but

4.5.3 Branchwidth
In graph theory, a branch-decomposition of an undirected graphG is a hierarchical

clustering of the edges of G, represented by an unrooted binary tree T with the edges
of G as its leaves. Removing any edge from T partitions the edges of G into two
subgraphs, and the width of the decomposition is the maximum number of shared
vertices of any pair of subgraphs formed in this way. The branchwidth of G is the
minimum width of any branch-decomposition of G.

Officially then:

Ορισμός 4.5.3. Let G be a graph on n vertices.

• A branch decomposition of G is a pair (T, τ), where T is a tree with vertices
of degree 1 or 3 and τ is a bijection from the set of leaves of T to the edges of
G. If e is any edge of the tree T, then removing e from T partitions it into two
subtrees T1 and T2.

• This partition of T into subtrees induces a partition of the edges associated
with the leaves of T into two subgraphs G1 and G2 of G. This partition of G
into two subgraphs is called an e-separation.

• The width of an e-separation is the number of vertices of G that are incident
both to an edge of E1 and to an edge of E2; that is, it is the number of vertices
that are shared by the two subgraphs G1 and G2.

• The width of the branch-decomposition is the maximum width of any of its e-
separations. The branchwidth ofG is theminimumwidth of a branch-decomposition
of G.

It is NP-complete to determine whether a graph G has a branch-decomposition
of width at most k, when G and k are both considered as inputs to the problem.[15]
However, the graphs with branchwidth at most k form a minor-closed family of
graphs,[12] fromwhich it follows that computing the branchwidth is fixed-parameter
tractable: there is an algorithm for computing optimal branch-decompositionswhose
running time, on graphs of branchwidth k for any fixed constant k, is linear in the
size of the input graph.[33]

For planar graphs, the branchwidth can be computed exactly in polynomial time.
This in contrast to treewidth for which the complexity on planar graphs is a well
known open problem. The original algorithm for planar branchwidth, by Paul Seymour
and Robin Thomas, took time O(n2) on graphs with n vertices, and their algorithm
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Σχήμα 4.9: A branch decomposition showing an e-separation. The separation, the
decomposition, and the graph all have width three

for constructing a branch decomposition of this width took time O(n4).This was
later sped up to O(n3)

Aswith treewidth, branchwidth can be used as the basis of dynamic programming
algorithms for many NP-hard optimization problems, using an amount of time that is
exponential in thewidth of the input graph ormatroid.For instance, Cook&Seymour
(2003) apply branchwidth-based dynamic programming to a problem of merging
multiple partial solutions to the traveling salesman problem into a single global
solution, by forming a sparse graph from the union of the partial solutions, using
a spectral clustering heuristic to find a good branch-decomposition of this graph,
and applying dynamic programming to the decomposition.

Fomin & Thilikos (2006) argue that branchwidth works better than treewidth
in the development of fixed-parameter-tractable algorithms on planar graphs, for
multiple reasons: branchwidth may be more tightly bounded by a function of the
parameter of interest than the bounds on treewidth, it can be computed exactly in
polynomial time rather than merely approximated, and the algorithm for computing
it has no large hidden constants.

ForbiddenMinors By theRobertson–Seymour theorem, the graphs of branchwidth
k can be characterized by a finite set of forbidden minors.

1. graphs of branchwidth 0 are the matchings. The minimal forbidden minors
are a two-edge path graph and a triangle graph.

2. The graphs of branchwidth 1 are the graphs inwhich each connected component
is a star. The minimal forbidden minors for branchwidth 1 are the triangle
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graph and the three-edge path graph.

3. The graphs of branchwidth 2 are the graphs inwhich each biconnected component
is a series-parallel graph. The only minimal forbidden minor is the complete
graph K4 on four vertices.

4. The graphs of branchwidth 2 are the graphs that don’t have as minors the
graph of the octahedron, the complete graph K5, the Wagner graph and the
cube graph

4.5.4 Pathwidth
In the first of their famous series of papers on graph minors, Neil Robertson and

Paul Seymour (1983) define a path-decomposition of a graph G to be a sequence of
subsets Xi of vertices of G, with two properties:

• For each edge of G, there exists an i such that both endpoints of the edge
belong to subset Xi

• For every three indices i ≤ j ≤ k,Xi ∩Xk�Xj

The second of these two properties is equivalent to requiring that the subsets
containing any particular vertex form a contiguous subsequence of thewhole sequence.
In the language of the later papers in Robertson and Seymour’s graph minor series,
a path-decomposition is a tree decomposition (X,T ) in which the underlying tree T
of the decomposition is a path graph.

Ορισμός 4.5.4. The width of a path-decomposition is defined in the same way as
for tree-decompositions, as max(i)|Xi|−1, and the pathwidth of G is the minimum
width of any path-decomposition of G.

The subtraction of one from the size ofXi in this definitionmakes little difference
in most applications of pathwidth, but is used to make the pathwidth of a path graph
be equal to one.

Although very similar to treewidth note here that only path graphs and not trees
have a pathwidth of 1.

It is NP-hard to find the pathwidth of arbitrary graphs, or even to approximate it
accurately.[34] However, the problem is fixed-parameter tractable: testing whether
a graph has pathwidth k can be solved in an amount of time that depends linearly
on the size of the graph. Additionally, for several special classes of graphs, such as
trees, the pathwidth may be computed in polynomial time without dependence on k.
Many problems in graph algorithms may be solved efficiently on graphs of bounded
pathwidth, by using dynamic programming on a path-decomposition of the graph[2].

Forbidden Minors The property of having pathwidth at most p is, itself, closed
under taking minors: if G has a path-decomposition with width at most p, then the
same path-decomposition remains valid if any edge is removed from G, and any
vertex can be removed from G and from its path-decomposition without increasing
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Σχήμα 4.10: A path decomposition of Pathwidth 3

Σχήμα 4.11: Forbidden Minors of Pathwidth 1

the width. Contraction of an edge, also, can be accomplished without increasing

the width of the decomposition, by merging the sub-paths representing the two
endpoints of the contracted edge. Therefore, the graphs of pathwidth at most p can
be characterized by a set Xp of excluded minors.

AlthoughXp necessarily includes at least one forest, it is not true that all graphs
in Xp are forests: for instance in figure 4.5.4, X1 consists of two graphs, a seven-
vertex tree and the triangle K3.

However, the set of trees in Xp may be precisely characterized: these trees are
exactly the trees that can be formed from three trees inXp−1 by connecting a new
root vertex by an edge to an arbitrarily chosen vertex in each of the three smaller
trees. For instance, the seven-vertex tree in X1 is formed in this way from the two-
vertex tree (a single edge) inX0. Based on this construction, the number of forbidden
minors in Xp can be shown to be at least (p!)2.The complete setX2 of forbidden
minors for pathwidth-2 graphs has been computed and it contains 110 different
graphs.
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Κεφάλαιο 5

Graph minors

5.1 Definitions
In this course, a graph is given by a set V, whose elements are called vertices,

and a set E whose elements, called edges of the graphs, are distinct subsets of size
2 of V. According to the usual vocabulary, this means that our graph will always be
simple and without loops. Unless specified, V will always be a finite set. For a graph
G, V(G) will always denote its set of vertices, E(G) its set of edges. Very often we
will write xy instead of x, y for an edge of G.

A vertex v is a neighbor of a vertex u if uv � E(G). The neighborhood of u,
denoted N(u) is the set of neighbors of u. Its degree, denoted d(u) is the cardinality
of its neighborhood. The maximum degree of a graph is usually denoted ∆. A graph
with no edges will be called a stable set, or independent set, and a graph will all
possible edges between its vertices a clique, or complete graph. The complete graph
on n vertices is usually denotedKn. The pathPk is a graphwithV (Pk) = x1, x2, . . . , xk,
with edges E = xi, xi + 1, 1 ≤ i ≤ k − 1 .

The vertices x1 and xk are called the endpoints of the path. If we add the edge
xk x1 to P k then the resulting graph is the circle on k vertices, denoted Ck.

5.2 Tree Algorithmic Problems
Consider the following problem of connectivity.

k-DISJOINT PATH
Input: A graph G, an integer k and two subsets of vertices A and B of size

k
Output: TRUE if there exists k vertex disjoint paths from A to B

This problem is a very classical one, and Ford-Fulkerson Algorithm tells us that
this is solvable in time O((k|E(G)|) (classical Ford-Fulkerson Algorithm is for edge
disjoint path in the directed case, but it is easy to reduce our case to this one). The
maximum value k corresponds to a minimum vertex cut separating A and B and is
a classical result of Menger.

Θεώρημα 5.2.1. Let x and y be distinct vertices of a graph G. Then the minimum
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number of vertices whose deletion separates x from y is equal to the maximum
number of internally disjoint paths between x and y.

Now consider the smilingly similar problem.

k-DISJOINT ROOTED PATH PROBLEM
Input: A graph G, an integer k, and two subsets of vertices X =

{x1, x2, . . . , xk} and Y = {y1, y2, . . . , yk}
Output: TRUE if there exists disjoint paths P1, P2, . . . , Pk , such that Pi is

a path from xi to yi

This kind of problem in amore general form is know as commodity flow problem
and has many applications. With k part of the input, this problem is NP-complete,
even restricted to the class of planar graphs. Nevertheless, in the Graph Minor series
of papers, Robertson and Seymour proved a polynomial algorithm for fixed k. This
result is extremely difficult and relies and techniques and notions that will be illustrated
in this course.

Θεώρημα 5.2.2. The k-disjoint path problem can be solved in time O ( f (k).n 3

(Robertson-Seymour, [19])
The result has been improved to quadratic time by Kawabayarashi, Kobashi and

Reed ([]). Let us see an algorithmic consequence of this result related to topological
minor detection.

Ορισμός 5.2.1. AgraphH is topological minor of a graphG if there exists a injective
mapping f from V(H) to V(G) such that for each edge uv of H, there exists in G a
path P uv connecting f (u) and f (v) in G with the property that all these path are
internally disjoint.

Example. Describe the graphs that do not contain the following graphs as topological
minors :K3, K1,3, K1,4. A natural algorithmic problem is then the following.

TOPOLOGICAL H-MINOR DETECTION
Input: A graph G and a graph H
Output: TRUE if H is a topological minor of G, FALSE otherwise

The problem is NP-complete if H is part of the input, but if H but if H is fixed,
then this problem was proven to be polynomial by Robertson and Seymour.

Θεώρημα 5.2.3. Let H be a fixed graph. There exists a polynomial time algorithm
to decide whether H is a topological minor of a given graph G.

Απόδειξη. Let f : V(H) → V(G) be an injection (note there are polynomially many
such objects), we want to decide if there exists disjoint paths in G between the f (v)
corresponding to edges of H. To do that, we replace each vertex f (v) by d H (v)
copies of f (v) (having the same neighbours). Now, for k = |E(H)|, solving the k-
Rooted Disjoint Path Problem for these sources clearly solves the desired question.

28



The complexity of this algorithm is hence O(f(k) ∗ nk), where k is the size
of H, and n the size of G. It is therefore polynomial for every fixed k. In 2010,
Grohe, Kawabarayashi, Marx, and Wollan proved a stronger result, that this can be
done inO(f(k) ∗ n3) which is FPT. In particular, the previous theorem implies that
any family of graphs that is defined with forbidding a FINITE family of graphs as
topological minors is polynomially testable. One such family is very well known, it
is the family of planar graphs, as was proven by Kuratowski in 1930.

Θεώρημα 5.2.4. (Kuratowski,1930) A graph G is planar if and only if it does not
containK5 or K3,3 as a topological minor.

The crucial fact here is not that planar graphs are defined by a certain list of
forbidden topological minors, this is easy (why?), it is the finiteness of this list that is
non trivial. The central result of Robertson and Seymour theory is thatmany different
graph properties can be characterized by a finite list of forbidden substructures, and
hence get polynomial time recognition algorithm. Of course, one does not need the
difficult of Robertson and Seymour to prove that planar graphs are polynomially
recognizable, there even exists linear time algorithm to do that. Nevertheless, we
will see later that there are instances of such recognition problem for which the only
proof of polyniomiality was obtained through their results.

5.3 Minors
Minors are defined through three operations on a graph G (at the end of each line

the notation for the resulting graph).

1. Remove a vertex v (and all its incident edges) : G v

2. Remove an edge e (but not its end vertices) :G e

3. Contract an edge e = xy, which means remove x and y, add a new vertex z
whose neighborhood is the union of the neighborhoods of x and y (without
putting any loop on z) : G/e.

A contraction G/e is topological if one of the endpoints of e has degree 2. Its
inverse is the subdivision operation which consists in removing an edge xy, adding
a new vertex z, and adding the edges xz and zy.

Ορισμός 5.3.1. Let G and H be two graphs.

• H is an induced subgraph of G if H is obtained from G by the repeated use of
rule 1.

• H is a subgraph of G if H is obtained from G by the repeated use of rule 1 and
2.

• H is a spanning subgraph of G if H is obtained from G by the repeated use of
rule 2.
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• H is a minor of G if H is obtained from G by the repeated use of rule 1,2 and
3.

• H is a topological minor of G is H is a minor of G and every contraction used
was topological.

Recall that the largest integer k such that G has a complete graph (resp. independent
set) on k vertices as an (induced) subgraph, is called the clique number (resp. independence
number) of G, denoted c.n(G) (resp. i.n(G)). Due to a classical result of Karp ([15]),
deciding if a graph has c.n(G) ≥ k or not (similarly for i.n(G)) is an NP-hard problem.
The following definition gives an alternate form of minors that is often useful.

Ορισμός 5.3.2. Let G and H be two graphs, and denote V (H) = {v1, . . . , vp}.
Then H is a minor of G if and only if there exists p connected and disjoint subgraphs
G1, . . . , Gp of G such that for every edge (vivj) of H, there exists an edge between
Gi and Gj .

Let us mention here that high density implies the existence of a large minor.
There exist theorems with better bounds, but we are only interested here in the fact
that such a bounds exists.

Θεώρημα 5.3.1. Every graph with average degree at least 2r−2contains Kr as a
minor.,

Απόδειξη. By induction on r. Let G be a graph of average degree at least 2r−2. There-
fore |E(G)|/|V (G)| ≥ 2r−3. Let H be minimal amongst all minors of G such that
|E(H)|/|V (H)| ≥ 2r−3. It implies that when one contracts an edge in H, one must
loose at least 2r−3 edges (otherwise the inequality would still be satisfied, and H
would not be minor minimal). Hence, for any xy edge of H, x and y have at least
2r−3 common neighbors. In other words, if x is a vertex in H, then the minimum
degree in its neighborhood is at least 2r−3 , so by induction it contains aKr−1 minor,
which yields with x the desired K r minor.

Let us discuss now the difference betweenminors and topologicalminors. Topological
minors are special kind of minors but of course the converse is not true : a graph G
can contain H as a minor, but not as a topological minor. However When H is of
small maximum degree, this is true.

Another very useful result is of course the following by Robertson and Seymour
[11]

5.4 Wagner’s Conjecture

Ορισμός 5.4.1. A class of graphs C is said to be minor closed if for every graph
G ∈ C and every minor H of G,H ∈ C.

Ορισμός 5.4.2. If C is a minor closed class of graphs, a graph G is a bound for C if
G is not in C but every strict minor of G is.
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Θεώρημα 5.4.1. Let C be a minor closed class, and X be its (possibly infinite) set
of bounds. Then, G ∈ C ⇔ G does not contain any graph of X as a minor

We are now ready to state the celebrated conjecture formulated by Wagner in
1937:

Θεώρημα 5.4.2. Aminor closed class of graph is defined by a finite list of forbidden
minors.

The above means that for a minor closed class you can easily check if a graph
is in it by checking all of the graphsminors for one of the given finite list of forbidden
ones. Now this is extremely important formost of the theorems that will bementioned
in chapter 7.

Let us mention here that high density implies the existence of a large minor;
there exists theorems with better bounds, but we are only interested here in the fact
that such a bounds exists.

Ορισμός 5.4.3. The set of forbiddenminors(FC) for a class of graphsCwill be called
obstructions. A graph belongs to C if and only if it does not contain (as a minor)
any graph in FC

Let us discuss here what can these obstructions be. For a given minor closed
class C, a graph H is said to be a bound if G is not in C but every strict minor of G
is. Note that if H is a bound, since it is not in C it must contain any obstruction so
it must be itself an obstruction. The following easy theorem tells us that the set of
bounds is in fact a sufficient set of obstructions.

Θεώρημα 5.4.3. Let C be a minor closed class, and B be its (possibly infinite) set
of bounds. Then G ∈ C if and only if G does not contain any graph of X as a minor.

Απόδειξη. If H not in the class then either it is minimal or it contains H0 not in
the class.We can repeat the argument, and since there exists no infinitely decreasing
sequence of graphs, every graph not in the class admits one of the bound as a minor.

(This uses the fact that there exists no infinite decreasing sequence of graphs for
the minor order - such partial orders are called well founded.)

As said before, it implies that testing if a certain graph G belongs to C is exactly
testing if G contains one of the minor-minimal graphs with respect to C.

Therefore, testing if a certain graphG belongs to C is exactly testing if G contains
one of the minor-minimal graphs with respect to C.

Here is a table describing the set of minor-minimal graphs for certain classes.

Graph Class Minor Minimal Graphs
Forests Triangle

Union of paths Triangle, Claw
Planar K5 & K3,3

Toric ≥ 16629 (but finite)
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So another way of stating Wagner conjecture would be to say : Every minor
closed class of graphs has a finite set of bounds. Note that by definition one bound
cannot be the minor of another. Using the terminology of partially ordered sets, they
form an anti-chain : a set of pairwise not comparable elements. So a way to prove
Wagner conjecture would be to prove that there exists no infinite anti-chain for the
minor relation on graphs. In fact this equivalent as we will show now.

Ορισμός 5.4.4. A partial order 4 defined on a set X is a well quasi order (WQO)
if there is no infinite decreasing sequence and no any infinite anti-chain.

A infinite sequence that is either decreasing or an anti-chain will always be called
a bad sequence. A wqo is hence defined as a partial order with no bad sequences.
Note that in the case of graphs, there cannot be an infinite decreasing sequence, so
the only possible bad sequence would be an infinite anti-chain.

Θεώρημα 5.4.4. Wagner’s conjecture is equivalent to say that the class of all graphs
with the minor relation is a wqo.

Απόδειξη. Assume that the minor relation is a wqo. consider a class C that is minor
closed. Let FC be the class of graphs minimally (for the minor relation) not in C.
Then FC is an anti-chain, so it is finite, and it is easy to see that G is in C if and
only if G does not contain any graph in FC as a minor. Now assume that Wagner’s
conjecture is true. Assume there exists a bad sequence of graphs Gn. Let C be the
class that do not contain any of the G n as a minor. It is minor closed, hence there
exists a finite list (Hi) such that G is in C iff it does not contain any of the H i as
a minor. So every Gi must contain one of these graphs as a minor. By pigeonhole
principle, there existsGi andGj that contain the sameHk. But conversely,Hk is not
in C so by definition it must contain one of the Gn as a minor. by transitivity, this
contradicts the fact that the Gn form an anti-chain.

32



Κεφάλαιο 6

Logics over Graphs

The most important classical time and space complexity classes, such as PTIME,
NP, or PSPACE, have clean definitions in terms of resource-bounded Turingmachines.
It is well-known (though still surprising) that most natural decision problems are
complete for one of these classes; the consequence is a clear and simple complexity
theoretic classification of these problems. However, if more refined complexity
issues such as approximability, limited nondeterminism, or parameterizations are
taken into account, the landscape of complexity classes becomesmuchmore unwieldy.
This means that the natural problems tend to fall into a large number of apparently
different classes. Furthermore, these classes usually do not have straightforward
machine characterizations, but can only be identified through their complete problems.

Logic can serve as a tool to get a more systematic understanding of such classes.
The basic results of descriptive complexity theory [43] show that all of the standard
classical complexity classes have natural logical characterizations. For example,
Fagin’s Theorem characterizes NP as the class of all problems that can be defined in
the fragmentΣ1

1 of second-order logic. One advantage that such logical characterizations
have over machine characterizations is that they allow for more fine tuning. For
instance, one may ask which problems can be defined by a Σ1

1 -formula whose first-
order part only contains universal quantifiers. While for decision problems in NP
such restrictions do not lead to any remarkable new classes, there are interesting
classes of NP- optimization problems obtained by restricting syntactic definitions
this way. The best-known of these classes is Papadimitriou andYannakakis’MAXSNP.

This approach seems to open the door to an endless variety of syntactically
defined complexity classes, but fortunately it turns out that a fairly limited number of
syntactic forms suffices to define those classes that have natural complete problems.
Remarkably, these syntactic forms tend to be similar even in different application
domains.

In this chapter, we provide the necessary prerequisites from mathematical logic
and review some basic facts about the complexity of propositional, first-order, and
second-order logic.
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6.1 Propositional Logic
Formulas of propositional logic are built up from a countable infinite set of propositional

variables by taking conjunctions, disjunctions, and negations. The negation of a
formulaα is denoted by¬α. Besides the normal binary conjunctions and disjunctions,
it will be useful to explicitly include conjunctions and disjunctions over arbitrary
finite sequences of formulas in our language (instead of just treating them as abbreviations).
The normal binary conjunctions of two formulas α, β are called small conjunctions
and are denoted by (α∧β). Similarly, binary disjunctions are called small disjunctions
and are denoted by ∨.

Conjunctions over finite sequences (i)i ∈ I of formulas are called big conjunctions
and are denoted by

∧
i�I i. Here I may be an arbitrary finite nonempty index set.

Disjunctions over finite sequences of formulas are called big disjunctions and are
denoted by

∨
. A formula is small if it neither contains big conjunctions nor big

disjunctions. Of course, every formula is equivalent to a small formula, but the
precise syntactic form of formulas is important. For example, the formulas∧

i�[5]

i and 1 ∧ 2 ∧ 3 ∧ 4 ∧ 5

Propositional variables are usually denoted by the uppercase letters X, Y, Z,
and propositional formulas by the Greek letters α, β, γ, δ, λ(λis specifically used
for literals). A literal is a variable or a negated variable.

The class of all propositional formulas is denoted by PROP. For t ≥ 0, d ≥ 1,
we inductively define the following classes Γt,d and ∆t,d of formulas:

Γ0,d = {λ1∧. . .∧λc|c ∈ [d], λ1, . . . , λc : literals }∆0,d = {λ1∨. . .∨λc|c ∈ [d], λ1, . . . , λc : literals }

And:

Γt+1,d = {
∧

δi| I finite nonempty index set, and δi ∈ ∆t,d∀i ∈ I}∆t+1,d = {
∨

γi| I finite nonempty index set, and γi ∈ Γt,d∀i ∈ I}

2,1 is the class of all formulas in conjunctive normal form, which we usually
denote by CNF. For d ≥ 1, 1,d is the class of all formulas in d-conjunctive normal
form, which we often denote by d-CNF. Similarly, 2, 1 is the class of all formulas
in disjunctive normal form (DNF), and 1,d the class of all formulas in d-disjunctive
normal form (d-DNF). Ifα =

∧
i∈I

∨
j∈Ji λij is a formula in CNF, then the disjunctions∨

j�Ji ij
are the clauses

A formula α is in negation normal form if negation symbols occur only in front
of variables. A formula α is positive if it contains no negation symbols, and it is
negative if it is in negation normal form and there is a negation symbol in front of
every variable. Each formula of propositional logic has a parse tree, which may
formally be defined as a ”derivation tree” in the grammar underlying the formula
formation rules. For example, the parse tree of the Γ2,3 -formula∧

i∈2[]

∨
j∈[3]

((Xij∧ ̸ Yi) ∧ Zj)

is displayed in Fig. 6.1
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Σχήμα 6.1: Parse tree of the example formula

6.1.1 Satisfiability Problems

For each class A of propositional formulas or (Boolean) circuits, we let Sat(A)
denote the satisfiability problem for formulas or circuits in A. For example, Sat(3-
CNF), that is, Sat(1, 3), is the familiar 3-satisfiability problem, and Sat(CIRC) is the
satisfiability problem for circuits, which we denoted by Circuit-Sat in the previous
chapter. p-Sat(A) is the parameterization by the number of variables of the input
formula, a problem which we considered in the introductory chapter for the class of
all propositional formulas. It is well known that Sat(A) is NP-hard for every class
A ⊇ Γ1, 3 and that Sat(∆2,2) is in polynomial time. p-Sat(A) is fixed-parameter
tractable for every classA of formulaswhosemembership problem is fixed-parameter
tractable. So for now, the parameterized problems p-Sat(A) are not particularly interesting.

However, for now the following version of the satisfiability problem is much
more important; it is the decision problem associated with the optimization problem
that tries to maximize (or minimize) the number of variables set to true in a satisfying
assignment. The weight of an assignment V is the number of variables set to true.
A formula α is k-satisfiable, for some nonnegative integer k if there is a satisfying
assignment V : var(α) → { true, false} for α of weight k. We often identify an
assignment V : var(α) → {true, false} with the set {X|V (X) = true}. For any
class A of propositional formulas, the weighted 3 satisfiability problem for A is
defined as follows:

p-WSat(A)
Input: α ∈ A and k ∈ N.
Output: Decision whether α is k-satisfiable

We consider the parameterized weighted satisfiability problem for A:
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p-WSat(A)
Input: α ∈ A and k ∈ N.
Parameter: an integer k
Output: Decision whether α is k-satisfiable

It is known that WSat(2-CNF) and WSat(CIRC) and hence WSat(A) for all
polynomial time decidable classes A of formulas or circuits containing 2-CNF are
NP-complete; thus all these problems are equivalent under polynomial time reductions.
This equivalence does not seem to carry over to the parameterized problems and fpt-
reductions.

Θεώρημα 6.1.1. For d ≥ 1, the problem p−WSat(Γ1,d) for formulas in A that are
positive, that is, that contain no negation symbols, is fixed-parameter tractable.

From which with trivial work found in [45] we can derive.

Θεώρημα 6.1.2. For every d ≥ 1, the problem p−WSat(∆+
2,d) is fixed-parameter

tractable.

6.2 First-Order Logic

6.2.1 Relational Structures
A (relational) vocabulary τ is a set of relation symbols. Each relation symbol R

has an arity (noted arity(R)) ≥ 1. A structure A of vocabulary τ , or τ -structure
(or simply structure), consists of a set A called the universe and an interpretation
RA ⊆ Aarity(R) of each relation symbol R ∈ τ . We synonymously write ā�RA or
RAbara to denote that the tuple bara ∈ Aarity(R) belongs to the relation RA.

We only consider nonempty finite vocabularies and finite structures,
that is, structures with a finite universe. The arity of τ is the maximum
of the arities of the symbols in τ .

Παράδειγμα 6.2.1. (Graphs). Let τGraph be the vocabulary that consists of the binary
relation symbol E. A directed graph may be represented by a τGraph structure G =
(G,EG). An undirected graph, or just graph,may be represented by a τGraph-structure
G in which the edge relation EG) is symmetric. We always assume graphs and
directed graphs to be loop-free, that is, we assume the edge relation to be irreflexive.

Unless we want to emphasize in some situations that we view a graph G as an
{E}-structure, we continue to denote the vertex set of a graph G by V and the edge
set by E (instead of G and E(G) ). We usually denote undirected edges in set notation
(as in {v, w}).

Παράδειγμα 6.2.2. (Circuits). Let τCirc be the vocabulary consisting of the binary
relation symbol E and unary relation symbols OUT, AND, OR, NEG, IN, TRUE,
FALSE. A (Boolean) circuit may be represented by a τCirc-structure C, where:
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• (C,EC)) is a directed acyclic graph.

• OUTC contains exactly one node, and this node has out-degree 0 (the output
node)

The sets ANDC , ORC , NEGC form a partition of the set of all nodes of in-
degree at least 1 (the and-nodes, or-nodes, and negation nodes, respectively). Nodes
in NEGC have in-degree 1. The sets INC , TRUEC ,FALSEC form a partition
of the set of all nodes of in-degree 0 (the input nodes and the nodes computing the
Boolean constants true and false, respectively).

6.2.2 First Order Syntax and Semantics
We fix a countably infinite set of (individual) variables. Henceforth, we use the

letters x, y, . . . with or without indices for variables. Let τ be a vocabulary. Atomic
formulas of vocabulary τ are of the form x = y or R(x1 . . . xr), where R� is r-ary
and x1, . . . , xr, x, y are variables.

First-order formulas of vocabulary τ are built from the atomic formulas using:

• the Boolean connectives ¬,∧,∨

• existential and universal quantifiers ∃, ∀

.
The connectives → and ↔ are not part of the language, but we use them as

abbreviations:

ϕ→ ϕ for ¬ϕ ∨ ψ and ϕ↔ ψ for (ϕ→ ϕ) ∧ (ϕ→ ϕ)

.
By free(φ) we denote the set of free variables of φ, that is, the set of variables

x with an occurrence in φ that is not in the scope of a quantifier binding x. A
sentence is a formula without free variables. We write φ(x1, . . . , xk) to indicate
that φ is a first-order formula with free( φ) ⊆ {x1, . . . , xk}. We also use the notation
φ(x1, . . . , xk) to conveniently indicate substitutions. For example, ifφ(x) is a formula,
then φ(y) denotes the formula obtained from φ(x) by replacing all free occurrences
of x by y, renaming bound variables if necessary.

To define the semantics, for each first-order formulaφ(x1, . . . , xk) of vocabulary
τ and each τ -structure A we define a relation φ(A) ⊆ A k inductively as follows:

• if φ(x1, . . . , xk) = Rxi1 . . . xir with i1, . . . ir ∈ [k] then

φ(A) := {(a1, . . . , ak) ∈ Ak|(ai1, . . . , air) ∈ RA}

Equalities are treated similarly

• If
φ(x1, . . . , xk) = ψ(xi1 , . . . , xil)∧χ(xj1, . . . , xjm) with i1, . . . , il, j1, . . . , jm ∈
[k], then

φ(A) := (a1, . . . , ak) ∈ Ak|(ai1, . . . , ail) ∈ ψ(A), and (aj1, . . . , ajm) ∈ (A).

The other connectives are treated similarly.
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• If

φ(x1, . . . , xk) = ∃xk+1ψ(xi1 , . . . , xil) with i1, . . . , il ∈ [k + 1], then

φ(x1, . . . , xk) ∈ Ak there exists an ak+1 ∈ A such that (ai1, . . . , ail) ∈ ψ(A)

Universal quantifiers are treated similarly.

The definition also applies for k = 0; in this case,φ(A) is either the empty set
or the set consisting of the empty tuple. If φ(x1, . . . , xk) is a formula and A a
structure of a vocabulary τ that does not contain all relation symbols occurring
in φ(x1, . . . , xk), then we let φ(A) := ∅ We usually write A ⊨ φ(x1, . . . , xk)
instead of (a1, . . . , ak) ∈ φ(A). If φ is a sentence, we simply writeA ⊨ φ instead of
φ(A) ̸= ∅ and say that A satisfies φ or A is a model of φ. Note that for a sentence
φ the condition φ (A) ̸= ∅ just means that φ(A) contains the empty tuple.

Παράδειγμα 6.2.3. Recall that τGraph = {E} and that we represent directed graphs
and graphs as τGraph -structures G = (G,EG)

Letk ≥ 1 and consider the following formula:

vc′(x1, . . . , xk) := ∀y∀z(Exy →
∨
i∈[k]

(xi = y ∨ xi = z)).

Then for every graph G and every tuple (a1, . . . , ak) ∈ Gk ⇔ {a1, . . . ak}, is a
vertex cover of G. A bit sloppily, we will say that the above formula defines the set
of all vertex covers of at most k elements of a graph.” Let

vck := ∃x1 . . . ∃xk(
∧

1≤i≤j≤k

xi ̸= xj ∧ vc′k(x1, . . . , xk))

Then a graph G satisfies the sentence vc k if and only if G has a vertex cover of
k elements.

6.3 Monadic Second Order Logic of Graphs (MSO)
One of the most important milestones of the arrea of algorithmic meta-theorems

that will be revised later was Courcelle’s theorem appearing in [23, 22] for the first
time. It will later be a very important part of the paradigms of this thesis.

The syntax of the second-ordermonadic logic of graphs includes the logical connectives
∧,∨,¬, variables for vertices, edges, sets of vertices, and sets of edges, the quantifiers
∀,∃ that can be applied to these variables, and the five binary relations:

1. u ∈ U , where u is a vertex variable and U is a vertex set variable.

2. d ∈ D, where d is an edge variable and D is an edge-set variable.

3. inc(d, u), where d is an edge variable, u is a vertex variable, and the interpretation
is that the edge d is incident on the vertex u.
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4. adj(u, v), where u and v are vertex variables and the interpretation is that u
and v are adjacent vertices.

5. Equality for vertices, edges, sets of vertices and sets of edges.

We will use lowercase letters for vertices or edge variables and uppercase letters
for variables representing sets of edges or sets of vertices.

Παράδειγμα 6.3.1. (Hamiltonicity) A graph G is Hamiltonian if and only if it has
a spanning cycle. the edges of G can be partitioned into two sets red and blue such
that:

• Each vertex has exactly two incident red edges, and

• The subgraph induced by the red edges is a connected spanning subgraph of
G.

In developing theMS2 formula that expresses the property of Hamiltonicity, we
will represent the set of red edges by the variable R and the set of blue edges by the
variable B. The exact formula is given in example 10.1.1

Actually, this language is sometimes referred to in the literature as the extended
monadic second-order language, and the logic the extended monadic second-order
logic orMS2 logic (e.g. Arnborg [2], Seese [28], and Arnborg, Lagergren, and Seese
[8]). This is because we are looking at a two-sorted structure with predicates for
edges and vertices plus an incidence relation. Another natural language has only
vertex symbols and one must use binary relations for edges. Following Courcelle,we
call this one-sorted logic theMS1 logic. Naturally, themonadic second-order theories
are different. MS2 also allows for multiple edges whereas MS1 does not. Clearly
there are properties definable inMSO2 that are not expressible inMSO1

Further on in chapter 7 we will see another version of MSO the Matroid MSO.
The analytic definitions of that are not given here since they are a bit out of the scope
of the current section. One can find more details in appendix .2.
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Κεφάλαιο 7

The trade-off function

In this chapter the trade-off relation is defined and studied with respect to the
fields that have been explained already.

7.1 Elementary Description
This far we have parameterized the model checking problem with respect to the

length of the property to be checked and the k as a parameter regarding the structural
properties of the input instance.

Without further ado here follows a rough shape of the desired result.

Θεώρημα 7.1.1. Assume a logic class A of expressive power x that parameterized by
k0 is FPT. For every increment on the expressive power of A there exist a structural
parameter k, that classifies theModel Checking Problem of all properties expressible
in A as FPT on instances of bounded k.

The above theorem has a very trivial proof similar to theorem 4.2.1 and as always
by accepting that parameterizing by a number that can bind the size or the input is
on the table.

Απόδειξη. There are two ways to derive a proof:

• Without the use of parameter k0 we can immediately define k = g(n) where n
is the size of the input model for the Model-Checking of A’. k classifies A’ as
FPT.

• The Model Checking Problem of A will be of some complexity O∗(F (k0))
where the notation O∗ is ignoring any polynomial terms of measure n. The
increment of the expressive power is an expansion that can be applied to all
the properties expressible in A. So there is an FPT algorithm that requires
O∗(F (k0)) and can me called an h(k) number of times for the model checking
of A’ as long as h(k) remains irrelevant of n. We can pick for h(k) a function
for which

h(kn) ≥ n is true ∀n
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By doing so we ensure that the running time of the Model-Checking problem
of A’ will be bound by O∗(h(k)(k0)) which is still FPT.

In order to produce some better result we must study the above relation with
respect both to the generality of the parameters and the relationships between them.

So the first question of interest would be : Can we extract information towards
the relationship of the parameters by looking at the relationship between expressibility
classes?

Ορισμός 7.1.1 (Stronger). Wewill say that a parameter x is stronger than a parameter
y if given a fixed k the percentage of instances that have x bounded by k is smaller
than the percentage of instances that have y bounded by k.

In simple words x is stronger than y if it is more likely given a random input to
end up with an instance of bounded y than a bounded x.

From now on whenmentioning a parameter of a Logic Class we assume
that this parameter is the the weakest we can find for this class. Meaning
that it is the one corresponding to the largest amount of instanceswithout
covering the hole universe.

Θεώρημα 7.1.2. Given two logic classes A and B and if A has a higher expressive
power than B then the parameter that classifies A as FPT is stronger than the
parameter that classifies B as FPT.

Σχήμα 7.1: Percentage of bounded k instances over strict Logic inclusions

a trivial first look into the above theorems proof could be:

Απόδειξη. If A is of higher expressive power than B then all properties definable
in B are also definable in A. Without loss of generality we can say that parameter x
classifies A as FPT and y classifies B.
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∀ properties p ∈ B, the MCP for (p,x) ∈ FPT since p ∈ B → p ∈ A → , and
∀p ∈ AMCP (p, x) ∈ FPT. Therefore if p is expressible in B, we can simply express
it using A and use the corresponding parameter for an FPT algorithm. So if A is of
higher expressive power than B then all properties in B can be solved in FPT time
using the parameter of A. Our definition of stronger requires to assume a smaller
percentage of instances to have bounded the stronger parameter.

Suppose now that the parameter y of B is stronger than x of A. That means
that for each property of B the amount of instances of the MCP(p,y) that we can
solve efficiently with an FPT algorithm with parameter y is smaller than the amount
we would solve if we expressed p in A and used the FPT algorithm that solves the
MCP(p,x) in A. ⊥

Now of course although the above is a start it doesn’t really give any information
rather than just supporting the argument that there might be a larger scale correlation
besides the trivial one. I have not presented yet any information towards how can
someone either utilize existing knowledge on this field or at least use some process
to produce results.

The above only means that while using strict bounds on language needed to
express a property, when a property needs more expression power you need to
sacrifice an amount on instances to maintain the MCP in FPT.

The new parameter though (of the more expressive complexity class) even if
it requires a stronger parameter does not necessarily associate the parameter with
the same instances. Of course the empty graph as a input will always be part of all
graphs bounded by a random parameter k and therefore there is reason to believe
that in most cases there is a part of the universe of instances that given two different
parameters k1, k2 will have them both bounded. But in the general case we are just
interested on the cardinality of the set that has each parameter bounded.

For a logic class A and the parameter k that classifies A as FPT the set
of instances that have the parameter bounded by k on an input of size n
will be called SA

One heremight guess that depending on the parameter we can actually determine
or approximate the cardinality of SA. This is not only very interesting but also
quite useful. There are some results regarding FPT checkable logics that can be
interpreted in this framework and start relativizing the results.For instance one could
start arguing on the relationship of the parameters that classify as FPTMSO1&MSO2.
Another thing one must keep in mind is that in order to properly relativize the
parameters we must know that each one of them is tightly bound to the Logic class.
An example would be

If A is a logic class then for p ∈ A and an instance I, if I has bounded
k then p is checkable in FPT time. And all the set or instances that can
be checked in FPT time for a property in A all have the parameter k
bounded.
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Σχήμα 7.2: The relation between the parameters of logic classes A and B when A is
of higher expressive power than B

If no such result exists for a logic class then the above cannot be applied in a
straightforward way. Thankfully there are cases where such results exist and in the
absence of such we can think of workarounds. In some cases correlating structural
parameters of graphs is a step towards understanding the nature of the properties that
led to them. In other cases the relationship between the parameters is the only clue
towards the relationship of the Logics although that is a topic not studied extensively
here. The parameter classification is a very large project and i have started an attempt
on it in chapter 6. After some basic results are presented, there is space for interpreting
affected existing works.

Ορισμός 7.1.2. From now on when referring to this function the following apply:

• The trade-off function will be noted as 𝟋

• in agreementwith the above note for a logic class A the parameter that classifies
A as FPT will be noted kA

• the above parameter will be considered to be the weaker (= least strong )
known one.

• The straightforward relation will be considered to be the one refering to a
parameter that classifies a Logic class as FPT ( i.e. the MCP of A is FPT
parameterized by kA )

• The converse relation will be considered to be the one associating a family of
graphs and a checkable logic with a bounded parameter ( i.e. if family F has
a checkable logic A then it has bounded kA

Some of the results that i will be quoting later on might not be the optimal known
ones. However they might be the most appropriate to cite in this framework. This
doesn’t mean that later ones cannot be also interpreted and utilized. Of course to
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ensure optimality there must also exist some short of converse theorem. In the cases
there isn’t there are some extra steps that need to take place in order to return to a
point where we can produce useful results.

PROBLEM: There might exist a case where a converse theorem is not known
for a Logic class. For reference lets say that for class A all properties can be checked
n FPT time with parameter kA. Now we can discriminate two scenarios:

1. A converse does not exist

2. A converse exists but for a parameter k′B

In both cases and for completeness purposes we can temporarily accept the
converse parameter to be the one of the right higher Complete for our intent Logic
class. Also there might be a case where only some short of converse is known. Each
one of these cases needs a very small explanation as to how it is going to be treated
in the future.

A small representation of all above cases is represented in the following table

Logic Related parameter Converse
A kA kA
B kB -
C kC k′C
D - kD
E kE kE

Πίνακας 7.1: Possible Discontinuities

In the above table logic A is considered less expressive than B, B than C and so
on. Lets begin with the second row of the table.

What we know is that the MCP for Logic class B is FPT for kB. What we need
is at least some parameter for witch the Converse holds

Θεώρημα 7.1.3. For Logic B the Converse holds for parameter kA

Απόδειξη. B is more expressive than A → ∀p ∈ A, p ∈ B. From the converse
theorem of A: If a family of graphs F has a checkable A then it is of bounded
kA.Suppose F has a checkable B.A ⊆ B → F has a checkable A→ F has a bounded
kA

For the fourth row of table 5.1 we know that for a family of graphs F if D has a
checkable Logic D then F is of bounded kD

What we want is a parameter k that for witch the relation in question holds. I.e.
The MCP of D is FPT parameterized by k.

Θεώρημα 7.1.4. The MCP of D is FPT parameterized by kE

Απόδειξη. The MCP of E is FPT parameterized by kE . D is less expressive than E
→ ∀p ∈ D, p ∈ E. Therefore the MCP of D is FPT parameterized by kE
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Regarding the third row the situation gets more complicated in case that the
exact relation between kC & k′C is not known. Here it is not enough to know witch
parameter is stronger ( is some cases we do not know even that). We need to be able
to decide for each instance I the bound on both parameters if such a value exists.
Again this can only be done by analysis on specific parameters and therefore this is
a part of chapter 6.

Ορισμός 7.1.3. In the above context we can distinguish three scenarios.

1. ∀I instances of bounded kC , I is of bounded k′C

2. ∀I instances of bounded k′C , I is of bounded kC

3. The exact relation between kC & k′C is not known.

for the above we can define asKC = stronger(kC , k′C , kC + k′C)
the definition of stronger here is enough to cover all scenarios. If for instance

SC ⊆ S ′
C thenKC = k′C . The rest of the cases can be tested similarly.

Through this trick we can summarize table 5.1 as:

Logic Related parameter Converse
A kA kA
B kB kA
C KC KC

D kE kD
E kE kE

Πίνακας 7.2: Corrected Discontinuities

Wewill see further on that the above table is not actually very far from the reality.
Of course this table only summarizes relations between logics for which we know
strict inclusion properties.

7.2 Refinements

This far i have only given proof on the existence of a somewhat inversely function
between parameters and Logics. Lets assume though for the sake of argument that
this function could be further determined.

What kind of input and output would it have?

Could it be some deterministic description?

What kind of mathematical properties would it have?
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Each of the above is accompanied with understanding an aspect of the nature of
the problem.

So lets start at the beginning. Suppose that a strict relation exists. How can
we measure such a thing? Reminder here that we are trying to describe the way
expression power in logics interacts with parameters of input instances.

Imagine an F function that as an input there is a variable describing in a way
how expressive a Logic is and as an output we have a quantity that gives some short
of information toward what kind of parameter would correspond to that language.

Its quite obvious early on that F would not be of the short

F (x) = x2 + 4

or any other continuous function over the real numbers for example.
There are quite a lot of reasons why such a thing wouldn’t work and the first one

i am going to focus on is the fact that in any case the relation i am looking for will
be in any way continuous. Even if we end up with a number as a input the values
this number can be assigned will not be continuous since they have to correspond
to expression power. Lets focus then to the kinds of logics that exist and what kind
of increments are applied form one Expression Power to the other. The way we can
prove if a property is expressible in a Logic has been covered in Chapter 4

1. propositional logic

2. FO logic

3. MSO1

4. MSO2

5. SO

In each one of these the difference is some operator, a part of the vocabulary, the
use of Predicates or limitations on them.

One could of course try to associate some number with each one of these.
It is widely known and easily proven that all of the above have countable infinitely

many properties defined in each one. So any measure regarding the cardinality of
the set of properties expressed in each one is irrelevant.

There are some studies on how can someone measure the expressive power of
a language but none relevant enough. Some interesting measure would be to take
into account th length of the expression of a specific properties in each Logic. But
this becomes less useful when the optimal length is reached because even Logics of
higher complexity require the same number of symbols.

For now then lets keep the idea of an increment in expressive power happening
through its grammar or it vocabulary. Thankfully for the purpose of this thesis only
strict inclusions are studied and therefore the idea of increment has a one-way interpretation.
In order though for someone to repeat such a process for logics of not strict inclusion
a more detailed study will be needed on this area.

So as proved already the relation exists but it is yet to be determined how tight it
is. We could also try to define it in the opposite direction. Results in this case would
look something like this:
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If a family of graphs is checkable for all properties in Logic A then the
family of graphs has a bounded parameter k.

Now for a finite family of graphs one can argue that all parameters are bounded.
But thankfully i have here a proof that this does not interfere with my work

Θεώρημα 7.2.1. On finite families of graphs a finite set of Logics is always FPT-
checkable.

The trick here is not to actually check all properties in a Logic rather than label
the models that satisfy the property.

Απόδειξη. Select a random enumeration of the graphs in the family F. For a all these
graphs we can select an upper bound for each possible parameter that would be of
use in th MC of a Logic. Out parameters would be kL1, kL2, ...., kL for our N logics
respectively.

So we define k = max(kL1)+....+max(kLN)where the individual parameters
are parsing through all of our models.

k is an upper bound for all individual parameters in all of the graphs of F and
therefore for all Logics in our set the MCP is FPT parameterized by k.

so we can focus on infinite families of graphs where the bounding of a specific
parameter would come from structural properties and by looking at the definition of
the class.

Couldwe after producing a bounded parameter result derive on the set of properties
that are checkable on those graphs?

Of course we could! Some results already exist but in a very local scale. In fact
based on the work already presented one can derive such results after giving a closer
look to the existing knowledge over parameters. We will study such paradigms later
on.

The above results are not necessarily the most recent in this area but for the
purpose of parameters of graphs they are more appropriate.

So now if someone finds a infinite family of graphs with bounded treewidth he
can immediately know that there must exist a property expressible in SO Logic but
not inMSO2 that is not checkable in FPT time for this family.

The above actually is not trivially a necessity but it can be proven. As always
when mentioning the parameter of a Logic class we refer to a relationship of the
form shown in definition 7.1.2

Θεώρημα 7.2.2. Assume logic classes A and B with B having a higher expressive
power than A. If a family of graphs F has parameter kA of Logic Class A bounded
but kB of Logic Class B unbounded then there exist a property p expressible in B
but not in A that is not checkable in FPT time on F with parameter kB.

Απόδειξη. Suppose no such property exists i.e. all properties of B are FPT checkable
for F with parameter kB. Therefore Logic B is FPT-checkable for F. But as in the
converse of Courcelle’s theorem given by Seese which is or the form i am assuming
then if a family of graphs has an FPT checkable A Logic then it must have bounded
the corresponding parameter. ⊥
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As we are slowly getting somewhere let me summarize progress made this far.

1. While increasing expression power one must sacrifice an amount of instances.

2. Structural Characteristics of graphs can be used to determine what kind of
properties are checkable form them.

3. With a little bit of further study we can correlate the times an algorithm runs
fast with the logic required to define a property !!!!!!!

4. Τhere might be a way to relativize the increment in expression power with the
decreasing of number of instances.

Finally i will focus on one of the listed questions from further up. Lets just
suppose that we have agreed on ameasure that expresses howmassive is the expressive
power of logic A. From now this measure will be denoted as χ.

What can we say about 𝟋(χ) ? Technically χ is a mapping from all
possible Logics to the real numberswith respect to the following properties:

• ∀ Logic A ∃ χ(A) ∈ ℜ
• iff A is more expressive than B then χ(A) ≥ χ(B)

Remember that our output is a measure concerning the number of instances that
correspond to a bounded value of kA

Θεώρημα 7.2.3. 𝟋(χ) is decreasing.

Απόδειξη. We need to prove that

∀x, y : x ≥ y → 𝟋(x) ≤ 𝟋(y)

.
x ≥ y means that logic Ax is more expressive than Ay ⇒ ∀p ∈ Ay, p ∈ Ax

Suppose now that 𝟋 is not decreasing⇒

∃x, y x ≥ y : 𝟋(x) ≥ 𝟋(y)

That would mean that there are properties p expressible inAy that can be checked in
FPT time in less instances ( Sy ) when p is expressed in Ay than when expressed in
Ax. That would mean that ky is stronger than kx which is a contradiction according
to definition 5.1.2

7.3 Parameterized Framework
Although the work done this far is quite enlightening it lacks a certain amount of

specific definitions and results. To continue further without worry for results being
not definite enough there is some work to be done.

As you see above all reductions and proofs take place in a more mathematical
framework. In order to be positively sure that not only the correlation 𝟋 exists
but all mentioned properties are true i have to translate them in the parameterized
framework.
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To begin…

The first result of section 5.1 is theorem 5.5.1. regarding the certainty of an
existent parameter that classifies the MCP of a Logic as FPT.

According to the phrasing of 7.1.1 we have to describe the transformation of a
weft 0 circuit for logic A to a weft 0 circuit for the logic A’.

Of course without knowing the increment it is very difficult to design a specific
circuit the following can be done:

The incrementwill be of some form of extra symbols, Predicates or rules.Without
anymassive assumptions i will use a primitive form of enumeration of these changes.

Απόδειξη. Note C the family of circuits that recognizes property p ∈ A. The Logic
A’ will be the set of all properties expressible in A repeated an enumerable infinity
number of times, each time with another aspect of the new rules being applied.
Therefore each property p’ ∈ A’ will be a combination of a property p ∈ A and
expansion from A’ (even if the property in A is an empty string).

Only thing remaining is to describe a parameterized reduction between the circuit
recognizing p to a circuit recognizing p’ where p is the part of p’ in A.

Σχήμα 7.3: A circuit recognizing a property p ∈ A for k0 = 2

Each one of the changes in A will be represented on a gate of C’. Since C is of
weft 0 each of the gates in C will have an in-degree at most k0 ⇒ in C each level
contains at most a

g(k) ∗ poly(n) (7.1)

gates.

* the above number is a result of each level being composed of k combinations
of the previous one. This process only happens for finite polynomial
over n steps and therefore each gate of a level cannot have more than
7.1 inputs from gates of the previous one.
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A gate in C’ will always be a rule being applied on a property p ( which has its own
weft 0 circuit) or on gates of C’.
We can recursively solve the case where it is applied on gates of C’ by explaining
what happens in gates of C. Similarly with theorem 4.2.1 we assign A’ the parameter
k′A = g(k) ∗ poly(n).

Σχήμα 7.4: The gate of the circuit recognizing property p′ ∈ A′

Now no gate in C ′ is of unbounded in-degree⇒ C is of weft 0.

The immediate next thing we need to interpret is theorem 7.1.2. But this is not
something that could be described through circuits due to the fact that circuits do
not take into account instances that do no have the parameter bounded.

However the results of table 7.2 can all be interpreted through similar procedures.
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Κεφάλαιο 8

Parameter Analysis

In this chapter the graphmetricswe defined in section 4.5will be studied autonomously
at first and later in contrast with each other. Here i will try to start the needed work
in order for the previous chapter’s results to be interpreted in specific structures.

8.1 Treewidth
As follows from the definition what is the most important thing to determine

treewidth ( noted form now on as tw) is the tree decomposition. This will be also the
base of the following calculations.Since tree decompositions are heavily counting on
labels our graphs will also be labeled, undirected ones. Our purpose is to determine
at least approximately how massively bounding tw by k will affect the number of
instances is size n. Si

For starters we will use the following which are considered trivial.

• The complete graph of size n has
(
n
2

)
= n ∗ (n− 1)/2 edges

• In total there exist 2n∗(n−1)/2 possible subsets of these edges and each one
corresponds to a different labeled graph.

Ορισμός 8.1.1. For handiness purposes i will use form now on the term Tk to
describe the number of graphs of size n and treewidth equal to k.

Note here that even if Tk is deterministically described it will not mean that we
have a way to give an upper bound on n depending only on k. This study is focusing
on number of instances and not specific ones.

If a graph is of bounded tw k then there exists a tree decomposition where the
maximum number of nodes in labels is k + 1.

in order to produce a first result we will need the following:

Ορισμός 8.1.2. A smooth tree decomposition is one for which each bag has k+1
nodes and all the neighboring bags have k common nodes.

Θεώρημα 8.1.1. For all tree decomposition of tw k there exist a smooth one of tw
k.
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Απόδειξη. Given a tree decomposition of size k a smooth one can be constructed by
applieng the following in each edge(p.q) of the tree decomposition.

1. if Xp ∈ Xq then contract pq and let the bag be Xq. Similarly if Xq ∈ Xp

2. if Xp ⊈ Xq but |Xq| < k + 1 take any node from Xp and add it to Xq

3. if |Xp| = |Xq|+ k+1 and |Xp −Xq| > 1 then interpolate new bags between
them.

So! using the above we say that when having a graph of size we are now looking
for the ones that have a smooth tree decomposition of tw k. This means that we need
to determine how many different tree decompositions of tw k exist over a set of n
nodes.

We can also use the following theorem by Bodlaender[?] :

Θεώρημα 8.1.2. If T is a smooth decomposition of G then T contains exactly |V (G)−
k| nodes.

The proof of this will be gives through the following procedure.
Each bag here is a set of k+1 nodes since T is smooth. And each node can pick

from a pool of n nodes
So as a first result we know that the graphs of tw k are at most(

n

k + 1

)|V (G)−k|

(8.1)

Now of course when considering bounded by k tw we are not focusing on the
tree decompositions of tw exactly k. But b using the above even a graph without
edges will be mapped to a tree decomposition of tw k we are safe this far.

Now we need to make sure that on the number of (1) we are taking into account
valid tree decompositions. That means we need to subtract from (1) a number of all
the trees that are not actually tree decompositions of their labels.

We have |V (G)−k| bags and we want all of them to have k common label nodes
with their neighbors. So Lets construct one X0 at random by inserting k nodes on
the label. In equation (1) we where construction the other by inserting at random k1
on the next one etcetera. Now for each one of its adjacent ones we have to choose(
k+1
k

)
that will be duplicated and can only replace one of the X0 node with one of

the |V (G)− k− 1| remaining. So far the construction of each one of the new nodes
we are always picking

(
k+1
k

)
from the existing neighbor and adding one more label

that must not be already in use.
In the above figure for each new bag k labels must remain same. When choosing

the k labels that would be reused we are safe since we are only expanding on the
existing tree and therefore the new labels since they existed on a valid bag will not
have to be the reason for any new edges besides the one with the parent node.

When choosing the new label that will be added to the bag we must be very
careful. If the new label is in use somewhere in the tree adding it on the new node
would cause a circle 8.1.
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Σχήμα 8.1: Constructing the new nodes

Suppose we are construction node i. If we are construction node i there are i− 1
nodes already in the tree decomposition and we have to choose one of them as the
parent of our current node This however will not contribute to the total number since
we are not actually interested in what order each bag node will be added to the tree
decomposition. We can pick at random the k labels that will be reused from the
previous node and we have to also pick the new label from the ones that have not
been used. Note here that Since we are adding the i − th node in the tree we have
used so far i− 1 extra labels. So right now in our tree there are used

k + i, i = 1, . . . , |V (G)| − k − 1

which means there are left |V (G)| − k − i to choose from.
The product for all i would give us the number of all possible smooth tree decompositions

of tw k = T ′
k.

Now since all tree decompositions of tw k have a smooth one the number here
will be an upper bound for Tk

T ′
k =

(
V (G)

k + 1

)
∗

|V (G)|−k−1∏
i=1

i ∗
(
k + 1

k

)
∗ (|V (G)| − k − i) =

(
V (G)

k + 1

)
∗
(
k + 1

k

)|V (G)|−k−1

∗
|V (G)|−k−1∏

i=1

i ∗ (|V (G)| − k − i) =
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Σχήμα 8.2: Reusing labels would cause a circle

[

(
|V (G)|
k + 1

)
∗ (k + 1)(|V (G)|−k−1) ∗ (|V (G)| − k − 1)2! (8.2)

As you will see the above seems to be very accurate since we can test it on easy
cases. For instance:

On cliques were k=n-1 we have :

(6.2) =

(
|V (G)|
|V (G)|

)
∗ |V (G)|0 ∗ (0)! =

1 ∗ 1 ∗ 1 = 1

Which is exactly the number of graphs of size |V (G)| with tw |V (G)| − 1 (K|V (G)|)
So right now we have the following:

Tk ≤ T ′
k =

(
V (G)

k + 1

)
∗ (k + 1)(|V (G)|−k−1) ∗ (|V (G)| − k − 1)2!

The above then can be translated into an upper bound for graphs of bounded k by
calculating the sum over all k.

k∑
j=1

(
V (G)

j + 1

)
∗ (j + 1)(|V (G)|−j−1) ∗ (|V (G)| − k − 1)2! (8.3)
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Our first approximation about the number of size n graphs with bounded by k tw
was : (

n

k + 1

)|V (G)−k|

8.1

Result 8.3 is obviously much better witch can be shown through trivial calculations.
To summarize then about treewidth we have that form all possible graphs of size

n only 8.2 are of tw bounded by k hence the quantity:

k∑
j=1

(
V (G)

j + 1

)
∗ (j + 1)(|V (G)|−j−1) ∗ (|V (G)| − j − 1)2!

2(
|V (G)|

2 )
(8.4)

As shown in the following diagram for some usual cases of real world input and in
order to be able to relativize with other graph metrics later on.

8.2 Cliquewidth
In the search for cliquewidth one will notice from the definition that there in no

such thing as a clique decomposition or something similar as to the one existing with
treewidth. Cliquewidth originates from a constructive process focused on generating
the original graph. This means that we cannot use the same teqnique or a similar one
to find an upper bound to the quantity of instances of cliquewidth bounded by k.

The same trivial equations apply for the whole of graphs of V (G) = n nodes.
As shown in section 4.5 cliques are of cliquewidth 2 as are very few other graphs.
Now the reader must keep in mind intuitively that the more we deviate from a

clique of size n the larger the cliquewidth of the graph gets.
Now as per the definition there are four kinds of operations one can use to

produce a graph. We are comparing for a graph of V (G) nodes and therefore we
can derive the following:

• There will be exactly V (G) in total node creations ( easily since we end up
with this much nodes in the graph )

• There will be exactly V (G)− 1 disjoint union operations ( a very short proof
of this is given in the appendix )

• There will be at most n− 1 recoloring operations ( worst case = every recolor
operation causes the change of color of exactly one node ).

• There will be at most k ∗ (k − 1)/2 connection operations

Now of the create operations the first two must necessarily happen first since
none of the rest can can take place when less than 2 nodes exist in the graph.

What i am going to do is i am going to try to produce an upper bound for the
total number of possible graphs of cliquewidth k by counting how many sequences
of the above operations can take place.
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Now as i said we have cliquewidth k and therefore can utilize k colors in the
creation of the graph. However i do not want to discriminate between lets say a pink
and a blue clique of size n. Therefore since i am demanding V (G) − 1 recoloring
operations in means that in the end i will be left with a graph of a unique color. In
the flowing relations this will be translated to the mathematical property that when
choosing a color for a new vertex we can pick from k colors. This is not of course
the case. What actually matters is that each time we select the color of eyther an
existin or a not existing one. So:

Ορισμός 8.2.1. From now on:

• The number of graphs of cliquewidth at most k will be noted as Ck

• The percentage of graphs of cliquewidth at most k will be noted as pk

To begin giving some upper bounds :
There will be n vertex creations in the construction. When in a new number of

vetrices we have to take into account the graphs concerning this many edges. There
are (

|V (G)|
i

)
, i = 1 . . . n

ways to pick i vetrices from the final |V (G)| that will exist in the graph.
For each one of them nowwe can perform a number of the other operations given

in the definition. Since i am counting possible graphs per number of nodes involved
disjoint union are not counted as will be resulting in a change of the number of
vetrices studied. For the rest though we can say:

1. Each create operation correspond to an initial choice of color for the vertex
created. the number of colors is k but as explained above this results in 2
possible choices (existing or not existing color)

2. Each connect operation has at most
(
k
2

)
possible inputs.

3. each recolor operation has at most k − 1 possible inputs.

Now we are close to a first result.
Before a final solution is given i will explain a final point. The above operations

have been left free to have as possible input any number of the colors and such.
However the reader will probably notice that in many cases there are not yet k
colors in the graph yet. A closer look though will reveal that by not determining the
sequence in which the disjoint union operations took place we can at least assume
for the purposes of an upper bound that all above combinations are allowed and the
way they will be arranged is given by their input.

For a number of nodes n0 There are

c′k =

(
|V (G)|
n0

)(2

∗ (n0 − 1)k−2 ∗ [
(
k

2

)
](

k
2)

=

(
|V (G)|
n0

)(2)

∗ (n0 − 1)2 ∗
(
k

2

)(k2)
(8.5)
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Σχήμα 8.3: First steps of the sequence describing graphs of cliquewidth k

The numbers (n0 − 1)2 ∗
(
k
2

)(k2) correspond to the possible choices on can make
when using the recolor or the connect operations. Summing for all n0 up to k we
will have a first result:

ck ≤
n∑

i=0

(
|V (G)|
i

)(2)

∗ (|V (G| − 1)

2

∗
(
k

2

)(k2)
(8.6)

The above result seems very reasonable since for k = 2 it count all cliques with
size up to n plus some extra graphs of small cliquewidth per vertex number

k = 2 ⇒ c2 ≤
|V (G)|∑
i=0

(
|V (G)|
i

)
∗ (|V (G)| − 1)2

Notice that in the above numbers while computing the sum for all i, i replaced
iwith n in term corresponding to choices over recoloring and connection operations.
This is because in the total number for ck even smaller cliques and graphs are considered
as part of a graph of n vetrices in total depending on the disjoint union operations.
This means that a recolor or connect operation can indeed have as an input any of
these vetrices.

Note here that the uper bound for small |V (G)| is very loose because of the
generalizations made in order to construct a unified result. However after not much
increment in n ( which is after all the case we are interested in the bounds become
way more realistic ) Much to our luck result 8.6 can now be further analyzed as
follows:

8.6 = (|V (G)| − 1)2 ∗
(
k

2

)(k2)
∗

|V (G)|∑
i=0

(
|V (G)|
i

)(2)

(n− 1)2 ∗ 2n

Now as a final result we can describe the number pk defined in the beginning of
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this section:

pk ≤
(|V (G)| − 1)2 ∗

(
k
2

)(k2) ∗ |V (G)|∑
i=0

(
|V (G)|
i

)2

2(
|V (G)|

2 )
(8.7)

8.3 Branchwidth
We have seen this far how one can derive upper bounds on the number of graphs

that have some specific parameter bounded. In this attempt i tried to utilize some
part of the definition to construct an somewhat loose numeration of possible cases.
In the case of Branchwidth unfortunately such techniques will not do. As seen in
the definition the branch decomposition all of the decompositions have the same
structure ( a tree with |E(G)| leaves ). The only thing that changes over this structure
is which edge of the original graphwill bematched to each leave. Then the branchwidth
is calculated by checking on each one of the branch decompositions for a specific
quantity.

Facing this problem i will try to approach this matter from a different angle.
Suppose that we are in possession of a graph G of branchwidth k. This means

that on all of its branch decompositions all of its possible separators are of size at
most k. In is branch decompositions that would mean that one each on every one of
them for every inner edge of the decomposition at most k vertex labels will exist in
both sides of the cut. Now in order to be able to produce specific numbers we define:

Ορισμός 8.3.1. For a graph G=(V,E)

• The number of graphs with size n of a branchwidth k will be denoted Bk

• The percentage over all possible graphs will be denoted as pk
Now some easy first useful facts are:

Θεώρημα 8.3.1. If T is the branch decomposition of graph G=(V,E) then the branch
decomposition has exactly E(G) leaves and exactly 2 ∗ |E(G)| − 3 edges

Απόδειξη. We will first construct a binary tree from the decomposition:

1. Choose arbitrarily a vertex u

2. Hang the hole tree from vertex u

3. Delete vertex u from T

Now we have a tree T’ that is binary ( for each inner node of the decomposition one
node has assumed the role of the father for the other 2) with |E(G)| − 1 leaves.

For T’ we know tat the number of inner nodes is (|E(G)−1)−1 = |E(G)|−2 ⇒
T ′ currently has

2 ∗ (|E(G)|)− 3 nodes.⇒ T ′ has2 ∗ (|E(G)|)− 4

edges (this is an elementary result)
As a final step we re-add vertex u to T’ and the number of edges changes only

by one giving a total of 2 ∗ (|E(G)|)− 3 edges.
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So now we know that given a Branch decomposition there are 2 ∗ (|E(G)|)− 3
possible places we can cut the tree.

Since our initial graph G is of Branchwidth k no matter where we cut we will
end up with two subgraphs that share ≤ labels.

I will to inversely construct from these facts a way to derive possibilities of
origination.

So for a graph that we have the information that its branchwidth is kwe know that
there is optimal branch decomposition (e.i the one resulting in a max e-separation of
size k). Lets try to count then all the graphs of n vetrices that would result in a such.

Lets for starters see what happens if there is only one edge of the decomposition
T that reaches the number of k common label nodes for each side.

By cutting there we end up with two trees T1&T2 for that contain in n1&n2 labels
respectively. For the labels of T2 we know that k+1 must be shared with the labels
of T1.

So in such a case we have (
labels(|V (T1)|)

k + 1

)
possible different graphs that such a could have originated from.

To intuitively understand the above i am mostly trying to the graphs that have
exactly one e-separation of branchwidth k+1 and counting all the different vetrices
that could be a part of it. Since i am looking for an upper bound the largest quantity
that labels(|V (T1)|) could have is |V (G)| − k − 1. If it contained more labels then
it couldn’t possibly share k + 1 with the other side T2 So: for a graph containing
exactly one e-saparation of branchwidth k1 we have the upper bound:(

|V (G)| − k − 1

k + 1

)
(8.8)

How many such e-separations can we have? Well as proved earlier we can cut
the decomposition in 2 ∗ (|E(G)|)− 3 many places. But! quite a lot of them would
not be eligible. We know that even branchwidth 1 separations did not originate form
cuts made to edges that had leaves as one endpoint. Since the labels that correspond
to such a cut are 2 the separation number would be 1 in all cases. Since branchwidth
is computed as the maximum number of all such cuts these cases should not be
counted. The leaves are of course |E(G)| and therefore we are left with |E(G)| − 3
meaningful cuts.

And of course trivialy E(G) is bound by
(|V (G)|

2

)
. So when choosing an eligible

graph that could result in a branch decomposition of branchwidth k we are also
making a choice on which of the inner nodes of T the large e-separation took place.

We could have each one of those positions to actually be a large e-separation and
for each one we have 8.8 choices for the possible shared labels.

(

(
|V (G)|

2

)
− 3) ∗

(
|V (G)| − k − 1

k + 1

)
(8.9)

Now there is one extra bound we can derive. If a Graph G has branchwidth k and
n vetrices then we can derive an upper bound for E(G). This is very important since
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Σχήμα 8.4: There are |E(G)| − 3 meaningful cuts

our current result is growing very fast exactly becase of all the possible edges in G.
So i am looking for the largest number of edges ( because i want an upper bound )
that if only one more edge is added the graph cannot have a branchwidth k.

It is very easy to prove as a first step that all graphs that have a minimum degree
of k + 2 cannot have a branchwidth of k. Therefore i am looking for the number of
edges in the most complete graph of minimum degree k + 1. Now it very easy to
say that this graph since is it the more complete would only have one vertex of k+1
degree. All the other vetrices would have maximal allowed degree.

So the lonely edge u has k+1 neighbors. Those are the only vetrises that are
allowed to connect with all the others in the graph.

The |V (G)| − k − 2 remaining can form a clique innerly and will be connected
with the neighborhood of u but not u. So in total we have

α =
(|V (G)| − k − 2) ∗ (|V (G)| − k − 3)

2
+ (k + 1) ∗ (n− 1)− (k + 1) ∗ k

2

The last term is due to the edges between the vetrices of N(u) being counted twice
in the previous term.

Now we can count the common labels in both size of the cuts for every possible
combination of cuts and for every possible number of cuts. We can now summarize
all that up to :

Bk ≤
(
|V (G)| − k − 1

k + 1

)
∗

α−3∑
i=0

(
α− 3

i

)
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and

pk ≤

(|V (G)|−k−1
k+1

)
∗

α−3∑
i=0

(
α− 3

i

)
2(

|V (G)|
2 )

=

(|V (G)|−k−1
k+1

)
∗ 2α−3

2(
|V (G)|

2 )
(8.10)

Te above is a very accurate result since it can be verified for small values of n
and k.

8.4 Pathwidth
Pathwidth is another metric on graphs tightly associated with a decomposition. In

this case its a Path decomposition as presented in 2.5. Following from the definition
we can produce easily a trivial result.

If the graph is of pathwidth k then the largest of its nodes will contain k + 1
labels. To make things easier on a first attempt we can assume that all nodes contain
this much labels. We can even do that deterministically using the following steps:

1. Decide a start and an end for the path decomposition and enumerate the nodes
accordingly

2. starting from node 0 follow the decomposition until a node with k + 1 labels
is reached.

3. pick a label and add it to all neighbor ( as far as the next k+1 node or the end
of the path ) nodes that contain less than k + 1 nodes.

4. repeat until all nodes in the path contain k + 1 labels

The above procedure is efficient and will produce a valid path decomposition.
A specific label will only appear in a connected subpath of the decomposition. In
figure 8.4 we see how on can reuse labels of nodes. Here we do not have the property
of smooth tree decompositions as we had in treewidth but we can still produce some
results.

Ορισμός 8.4.1. The number of graphs G with |V (G)| nodes and k pathwidth will
be denoted as Pk

The above seems very similar to the treewidth case sincewe again could construct
bags of size k + 1

Before we start applying tighter bounds on the number of decompositions we can
have a first estimation of Pk Without knowing yet how many nodes are in the path
decomposition that an upper bound of the number of possible path decompositions.
There can be (

|V (G)|
k + 1

)
(8.11)
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Σχήμα 8.5: Filling up nodes with adjacent labels

many nodes on the path decomposition.

In no case of course all of the above are acceptable path decompositions.By
choosing k + 1 vetrices of the original graph ( with an arbitrary enumeration of its
vetrices ) we will positively end up with a situation where:

• There exists a bag B1 which contains labels ui, uj, uk.

• There exist a bag B2, which contain labels ui, uj but not uk

• There exist a bag B3 which contain labels uj, uk but not ui

This can be easily shown if one considers that for the number of nodes in the
path decomposition we requested all possible unique combinations of k + 1 labels.
So for a short proof:

Απόδειξη. Say that all bags that contain label u1 have been connected through a path
graph. We can pick two different labels from two non consecutive bags of this path
graph. Such labels will always exist since on each new node of the graph at least
one new label will appear. Focusing on those two labels no say (uk, u′k) there will
be a case in the later on bags to be added to the path graph were they will appear in
the same set of labels ( i.e. a new bag) since all sets that contain labels u1 have been
used already the above holds

In the above case all of these bags must be connected but there is no way that
this is done through a path graph.
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Σχήμα 8.6: We cannot have all combinations of k+1 labels

So even though the above is not tight we do know that no more than(
|V (G)|
k + 1

)(|V (G)|
k+1 )

exist.
We can however produce better results. The first thingwewill use is the following:

Θεώρημα 8.4.1. For a path decomposition graph P over a graph G of |V (G)| nodes
there will be at most |V (G)| − k bags in T.

The proof of this follows from the similar result about treewidth in section 6.1.
Only difference here is that although there is no proof that the bags will have k
common labels we can accept this numbers as an upper bound since for the construction
of a new bag at least one label changes and the old one can never be used again.

Now we can summarize a similar result only for a slightly smaller percentage of
graphs:

T ′
k =

(
V (G)

k + 1

)
∗

|V (G)|−k−1∏
i=1

(
k + 1

k

)
∗ (|V (G)| − k − i) = (8.12)

Notice how the only difference with the similar treewidth result is that in the
treewidth case there was for each new bag i a multiplicative i to express the number
of choices for a parent bag of the current one. In our case no such term exists since
the resulting graph must be a path one.

We can head forward now and calculate the final result which is

k∑
j=1

(
V (G)

j + 1

)
∗ (j + 1)(|V (G)|−j−1) ∗ (|V (G)| − k − 1)!

This clearly not only results in less graphs of bounded pathwidth than bounded
treewidth k but also maintains the good properties of 8.3 over low k.

To calculate the final percentage we have the similar case of

pk ≤

k∑
j=1

(
V (G)

j + 1

)
∗ (j + 1)(|V (G)|−j−1) ∗ (|V (G)| − j − 1)!

2(
|V (G)|

2 )
(8.13)
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Κεφάλαιο 9

Parameterized Algorithmic
Meta-Theorems

In this chapter all thework done abovewill be brought together in order to describe
independent results as part of this larger framework. There are some Logic classes
that have been studied and associated with a parameter already. For these logics with
or without strict inclusion relationships between them i will be explaining how the
trade-of function described in chapter 5 works.

9.1 Logics and families of Graphs
Note here that the existence of such theorems is the reason for the initiation of

this hole approach. Existing results regard the following classes:

9.1.1 FO
In this section, we investigate the complexity of the problems Eval(FO) and the

MC(FO)which are respectively:

Ορισμός 9.1.1. Let Φ be a class of formulas.

• The evaluation problem for Φ is the following problem:

EVAL( Φ)
Input: A structure A and a formulaϕ ∈ Φ.
Output: φ(A)

• And the Model Checking would be the above but restricted to the decision
version:

MC( Φ)
Input: A structure A and a formulaϕ ∈ Φ.
Output: Decide whether φ(A) holds.

A crucial parameter is the width of a first-oder formula ϕ, which we define to be
the maximum number of free variables of a subformula of ϕ. The width is trivially
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bounded by the total number of variables appearing in ϕ, and, of course, by the
length of ϕ.

Θεώρημα 9.1.1. Eval(FO) and MC(FO) can be solved in time O(|ϕ| ∗ |A|w·w),
where w denotes the width of the input formula φ.

Απόδειξη. The recursive definition of ϕ(A) immediately gives rise to a recursive
algorithm.Observe that for a formulaϕ(x1, . . . , xk), computingϕ(A) from the immediate
subformulas ofϕ requires timeO(w∗|A|w). For example, suppose thatϕ(x1, . . . , xk) :=
ψ(xi1, . . . , xir)∧χ(xj1, . . . , xjs), where {i1, . . . , ir}∪{j1, . . . , js} = [k]. Suppose
that {i1, . . . , ir} cap{j1, . . . , js} = l1, . . . , lt.We sort the tuples in the relationsψ(A)
and χ(A) lexicographically by the components l1, . . . , lt(based on an arbitrary order
of the underlying universe A). Then we ’join’ the two sorted lists to obtain ϕ(A).
If we use bucket sort, the sorting requires time O(t ∗ |A|max{r,s}k). Joining the two
lists requires time O(w ∗ |A|k). Since the number of sub-formulas of a formula ϕ is
bounded by |ϕ|, this algorithm achieves the claimed time bound.

Πόρισμα. Let k ≥ 1, and let FOk denote the fragment of FO consisting of all
formulas with at most k variables. Then Eval(FOk) and MC(FOk) can be solved in
polynomial time.

To be absolutely precise here, we have to add O(|enc(A)
|) to the running time.This is because the whole input has to be read to extract

the relevant parts and build the appropriate data structures used by the algorithm
described above.

Actually, it can be proved thatMC(FO2 ) is complete for PTIMEunder logarithmic
space reductions. Occasionally, we are interested in the restrictions of the problem
to a fixed formula ϕ.

Πόρισμα. For every first-order formula φ, the eval(ϕ) and MC(ϕ) problems can be
solved in polynomial time:

This result can be strengthened. It is not hard to see that the problem MC(ϕ)
belongs to the circuit complexity class uniform-AC0.

Let us turn to the complexity of the model-checking problem.

Θεώρημα 9.1.2. The following hold:

• For every t ≥ 1, the problem MC(Σt ) is complete for the t-th level Σt
P of the

polynomial hierarchy.

• MC(FO) is complete for PSPACE

The proof for the above is not in the spectrum of this analysis. However we can
see how the above are not very useful in the case that one is building an algorithm
that check a FO logic property. To that end we know:

Θεώρημα 9.1.3. Fix l > 0. Then the model-checking problem for FO on structures
of bounded by k degree is fixed-parameter linear.
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The proof of the above can be found in [42]. An effective algorithm is presented
where all structures up until a bounded by l integer are evaluated over the property
in FPT time.

Can one prove a similar result for FO queries on arbitrary structures?

The answer is most likely no, assuming some separation results in complexity
theory. In fact, these results show that even fixed-parameter tractability is very
unlikely for arbitrary structures. Nevertheless, fixed-parameter tractability can be
shown for some interesting classes of structures.

Θεώρημα 9.1.4. [26] If C is a minor-closed class of graphs which does not include
all the graphs, then model-checking for FO on C is fixed-parameter tractable.

The proof of the above is derived from the following facts. H is an excluded
minor of a class of graphs C if no G � C has H as a minor. If such an H exists, then
C is called a class of graphs with an excluded minor.

• If C is a minor-closed class of graphs, membership in C can be verified in
Ptime [13]

• If C is a Ptime-decidable class of graphswith an excludedminor, then checking
Boolean FO queries on C is fixed-parameter tractable ([46]).

Πόρισμα. Model-checking for FO on the class of planar graphs is fixed-parameter
tractable.

Απόδειξη. Planarity is a propertywith the finite set of obstructions being= {K5, K3,3}
so 9.1.4 holds.

So finally we are in possession of a parameter (vertex degree) that defines the
instances that the Model-Checking Problem of FO is tractable over.

The corresponding percentage for |V (G)| = n and k the bound of the vertex
degree is: The most full graph of degree bound by k is a k-canonical graph of n
vetrices. Therefore all the possible graphs of degree bound by k are:

2

n ∗ k
2 (9.1)

9.1.2 MSO2 - Courcelle’s Theorem
Courcelle’s Theorem is a logic-based meta-theorem for establishing that various

graph-theoretic properties are decidable in linear FPT time, when the parameter is
input graph treewidth. Similar results were obtained independently by Borie, Parker
and Tovey [9].

Courcelle’s Theorem has the form:

If the property of interest is expressible inMS 2 logic, then, parameterizing
by the treewidth of the input, it can be determined in linear FPT time
whether the graph has the property.

69



More formally:

Θεώρημα 9.1.5. If F is a family of graphs described by a sentence in second-
order monadic logic, then � F has finite index in the large universe of t-boundaried
graphs.

In the language of logic, we consider structures that satisfy the relevant formulae.
Here the structures are graphs and we say that G ⊨ ϕ for a formula phi if the
interpretation of ϕ in G is true.

TW φ-Model Checking for ϕ
Input: A graph G = (V,E), and Property φ.
Parameter: tw(G) = t + |φ|
Output: ”Yes” iff G |= φ , ”No” otherwise.

The main theorem means that this problem is linear time FPT. Later, we will
look at a theorem of Seese which is something of a converse.

Απόδειξη. We outline the idea of the proof.

1. Given a graph G, compute, in linear time, its tree decomposition, consisting of
a tree T and a setBt for each node t of T This can be done thanks to Bodlaender
[35]. Since the treewidth is fixed, say k, each Bt is of size at most k + 1, and
thus all the graphs generated by Bt ’s can be explicitly enumerated.

2. This allows us to express MSO quantification over the original graph G in
terms of MSO quantification over T. Thus, we are now in the setting where
MSO sentences have to be evaluated over trees.

3. The above can be done in linear FPT time: Suppose we have a sentenceΦ and
a structure A (string or tree). We convert Φ into a deterministic automaton.
This can be done thanks to the theorems of Buchi [1] A language is definable
in MSO iff it is regular. and : A set of trees is definable in MSO iff it is regular.
due to Thatcher and Wright [44]

4. Evaluate the formula over the constructed automaton.

Following the above steps one can evaluate in linear FPT time anyMSO2 formula.

Anothem more detail proof of this that describes an aglorithm for doing the
above can be found in the book of Downey and Fellows [39]

Detlef Seese proved a converse to Courcelle’s Theorem.Note that this is extremely
important as it fullfils a situation as the one described in the first row of table 7.1

Θεώρημα 9.1.6. (Seese [28]) Suppose that F is any family of graphs with a decidable
monadic second-order (MSO2) logic. Then, there is a number n such that for allG ∈
F , the treewidth of G is less than n.

Notice the very interesting dichotomy from linear time decidability: the monadic
second-order logic of bounded treewidth graphs to the undecidability of the monadic
second-order logic for families of graphs failing to have a bound on the treewidth.
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9.1.3 MSO1

The material on Courcelle’s Theorem and Seese’s Theorem both looked at the
MS2 logic based on the two-sorted language with predicate symbols for edges,
vertices, and incidence. As we mentioned earlier, there is a long history concerning
the basicmonadic second-order logic where we have no predicate for edges but need
binary relations for these objects. Now, the expressive power changes.

Naturally, the methods we have used for Courcelle’sMS2 Theorem still work.
Seese [28] was able to prove the following theorem

Θεώρημα 9.1.7. If a class of planar graphs has a decidable MSO1 theory, then
that class has uniformly bounded treewidth.

This is somewhat of an analogous of theorem 7.1.3.
The decisive lemma is the following.

Λήμμα 9.1.8. Let K be any class of graphs such that for every planar graph H there
is a planar G � K with H ≤ minor G. Then, the monadic second order (MSO1)
theory of K is undecidable.

The principle difficulty in the proof is then to prove thatMSO1 interpretability
occurs. This is quite intricate and heavily relies on planarity to be able to interpret
the class of grids of size n into the class as minors. We refer the reader to [28] for
details. Subsequently, Courcelle and others have extended Theorem 9.1.7 to much
wider classes of graphs. In particular, Courcelle andOumhave Seese’sMS2 theorem
extended toMS1 via the notion of cliquewidth, a width metric with a similar parse
language to treewidth, as we saw in chapter 6. That is, Courcelle and Oum prove the
following.

Θεώρημα 9.1.9. (Courcelle and Oum [24]) If a set of directed or undirected graphs
has a decidable MSO1 theory (even with the addition of the ”even cardinality”
predicate), then it has bounded cliquewidth.

9.1.4 Matroid MSO
The analytical definition of Matroid MSO is given in the appendix .2. It is quite

similar with the definition of simple MSO but it allows of elements of countably
infinite cardinality in a Structure.

The idea that a graph is tree-like if it can be decomposed entirely across small
separations can be extended to algebraic structures, and, in particular, matroids using
algebraic independence instead of topological separation as the central decomposition
criteria. This programme was initiated by Hliněný and Whittle [17, 18], and is part
of a long-term program to generalize the Graph Minors Project of Robertson and
Seymour (the originators) to an analogous matroid structure theory (and associated
FPT algorithmic methods). In the setting of matroid theory, matroid branchwidth
is easier and more natural to define than the matroid analog of treewidth. In the
definition of branchwidth for graphs, the key idea in the representation of the separation
properties is to make a data-structure for the graph, where the edges of the graph (the
essential elements of topological connectivity), are in one-to-one correspondence
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with the leaves of a ternary tree.In the setting of matroids, we need an analog of the
notion of topological separation, and this is provided by the rank of a set of vectors,
a measure of algebraic linear independence of the set of vectors. The connectivity
or width function is

λ(A) = r(A) + r(E\A)−r(E) + 1

, where r is the rank function of the matroid. A separation can be defined in the
sameway as for graphs, and this results in a partition of the set E of matroid elements
into two subsets A and B = E\A. The branchwidth of a graph and the branchwidth
of the corresponding graphic matroid may differ. For instance, the three-edge path
graph and the three-edge star have different branchwidths, 2 and 1, respectively,
but they both induce the same graphic matroid with branchwidth 1. Mazoit and
Thomassé showed also that for graphs that are not forests, the branchwidth of the
graph is equal to the branchwidth of its associated graphic matroid.

Robertson and Seymour conjecture that the matroids representable over any
finite field are well-quasi-ordered by matroid minors, analogously to the Robertson-
Seymour theorem for graphs. So far, this conjecture has been proven only for the
matroids of bounded branchwidth. It is possible to prove a version of Courcelle’s
Theorem for matroids of bounded branchwidth. The syntax consists of variables for
matroid elements and predicates e ∈ F where F is a variable for sets of elements, and
indep(F ) which is true if and only if F is an independent set. The above description
is clearly more expressive than that of MSO.

Θεώρημα 9.1.10. (Hliněný [19]) Let F be a finite field and φ a sentence of MMS,
matroid monadic second order logic as described above. Suppose that the n element
matroidM is given a vector representation over F together with a branch decomposition
of width k. Then there is a linear FPT algorithm (in F, φ, k) deciding whetherM ⊨ .

9.2 Parameter Correlations
For the parameters studied in Chapter 6 and utilized in the section there are some

results that instead of describing how strong they are as parameter describe a set of
bounds between them. These bounds are more suitable for expressing the impact of
changes in one parameter to the others. Such relations contain very useful info that
can be utilized in the parametric algorithm design but they are less important in the
comparison of expressive power.

We can say for the following:

Pathwidth Since path-decompositions are a special case of tree decompositions,
the pathwidth of any graph is greater than or equal to its treewidth. We can deduce
easily therefore that for a graph G:

tw(G) ≤ pw(G)

There is not yet an upper bound for pathwidth in measurement of treewidth.
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Cliquewidth The graphs of treewidth w have clique-width at most 3 ∗ 2w−1. The
exponential dependence in this bound is necessary: there exist graphs whose clique-
width is exponentially larger than their treewidth.[21] In the other direction, graphs
of bounded clique-width can have unbounded treewidth; for instance, n-vertex complete
graphs have clique-width 2 but treewidth n − 1. However, graphs of clique-width k
that have no complete bipartite graph Kt,t as a subgraph have treewidth at most
3 ∗ k ∗ (t−1)−1. Therefore, for every family of sparse graphs, having bounded
treewidth is equivalent to having bounded clique-width.

Branchwidth Having bounded branchwidth imposes strong structure on a graph.
As we will see branchwidth imposes a 1/3 -approximation over treewidth.

Θεώρημα 9.2.1. (Robertson and Seymour ) Suppose that bw(G) > 1. Then

bw(G) ≤ tw(G) + 1 ≤ [3/2 ∗ bw(G)]

. the proof is thanks to Hliněný, Oum, Seese, and Gottlob [20]

In conclusion we can say that according to the above the most strict parameters
are treewidth and branchwidth. The relationship between them is not definitive though.
The following diagram describes our known relations:

Σχήμα 9.1: The parameters studied in chapter 6

An exactly inverse situation holds over how strong each parameter is. As seen in
chapter 6 each one has been tied with an upper bound. This situation is reproducing
the fact that the more strong a parameter is and the more aspects of graphs structural
properties it bounds the less instances are expected to correspond to a specific value
of it.
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9.3 Combining the Results
A summary on results in this sector are presented on the following table. Each

row corresponds to a Logic among with the paired parameter that classifies is as
FPT. Each row consecutively corresponds to two theorems. In some cases both are
known while in others only one is. The expressive power grows as we continue
to lower rows. Each one of those increments therefore according to theorem 7.1.2
should lead to a stronger parameter i.e a parameter that when for an input of size
n coresponds to a smaller percentage of instances of bounded k. The above claim
holds for the bounds that are given i chapter 6 for the parameters appearing here.

FPT Checkable Logic Parameter Proof Converse
FO degree Seese [26] -
MSO1 cliquewidth - Courcelle & Oum [24]
MSO2 treewidth Courcelle [22] Seese [28]
MMSO branchwidth Hliněný [19] -

Πίνακας 9.1: A summary of the existing works over this framework.

The percentages of each parameter for input size n and the parameter bounded by
k are given in summary bellow in table NEW. The it is obvious to notice from those
the impact of the inversely proportional between expression power and parameter
power described in section 5.1.
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Κεφάλαιο 10

Conclusion

10.1 Explaining the results

In full scope now one can use table ?? to utilize meta-knowledge of a problem to
help him choose the correct parameter for solving the problem efficiently.

For instance while checking a property p one could be absolutely sure that there
exists a parametrized algorithm that runs in FPT time and recognizes property p.
Now the programmer has an extra tool that he can take advantage of while designing
algorithms. Now his resources can be spend in finding the optimal solution or a fast
one instead of searching blindly for an existing one. An example of such use could
be:

Παράδειγμα 10.1.1. For the property of Hamiltonicity: In developing the MS2

formula that expresses the property of Hamiltonicity, we will represent the set of
red edges by the variable R and the set of blue edges by the variable B.

∃R∃B∀u∀v{part(R,B)∧deg(u,R) = 2 ∧span(u, v, R)∧∀x∀y∃W (con(u, v,W,R)}

where span, deg and part are described in the appendix .1.
The above logic isMSO2 and therefore Hamiltonicity is FPT parameterized by

treewidth. However the above expression is minimal( there is noMSO1 equivalent)
and therefore Hamiltonicity is at least W[1]-hard parameterized by cliquewidth -
even if no such reductions or algorithms exist yet.

In addition the results can be used in reverse. An unknown relationship between
logicswill have an impact on the relevant running time of each onesModel-checking.
Therefore some short of comparison between them can arise just by looking at the
running times of algorithms that recognize the properties of each one. This might
seem trivial but in the world of formal verifications where there is need for a minimal
usage of expansions over a specific logic such results can be utilized massively. For
instance by checking what kind of processes over inputs run in a machine one could
derive what kind of parameter bounds all of them. Consecutively they could request
a machine that is designed to be compatible with the respectable logic.
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10.2 Further Research
Besides the obvious expansion of such research that is to analyze more Logic

Classes in a way as done in this thesis there are many other ways this framework
could be expanded.

10.2.1 Fine grained approach

For starters the existing( and further) work in parameters could be explored in a
fine grained manner. We could try checking changes in the complexity of a problem
while remaining FPT.Whatwould happen for instance to a problemwhen parameterized
bymany parameters each one stronger than the last while even the weakest is enough
for an FPT time. Through such search we could learn even more about the nature of
parameters and the limits of computation over bounded universes.

This of course requires a solid framework of parameterized fine grained reductions
that would be able to capture discrimination of complexity inside the FPT class
amongwith a reduction that would not allow to the changing of parameters to ”jump”
between said discriminations. This is a third way of regarding the model checking
problem, this time by requesting a FPT running time and toggling the parameterization
between known efficient ones.

10.2.2 Complexity

The reason that this whole work took place over clases defined through logic is no
other that the fact that they are the most proximate to the tools needed to relate with
a computational model. Language-theoretic approaches to complexity are one of the
most popular and effective areas of computer science. That said this is no reason to
study the parameterised time requirements of classes of problems defined by other
means.

Those could be classes appearing in the approximations framework or the probabilistic
one. There is no one forbiding for isntace all efficient approximable problems to also
be FPT parameterized through lets say degree( this is just an example, it is not true).
It is way harder of course to categorize the structural properties of approximable
problems but an interesting point could be made in defense of such a thought (
interesting results in this direction are those of C. Bazgan [16], L. Cai [30] and L.
Cai, J. Chen [25] )

Furtherer the results of chapter 6 could be utilized to produce probabilistic schemes
for the recognizing themembership in a family of graphs. Such a thought is exremely
young and one can find some interesting works from M. M̈uller [47].

10.2.3 Logic Metrics

A very interesting work could be done in continuation of chapter 5 regarding the
way of measuring the expression power of a logic. For the above work to make
valid points it is important to be able to compare such power. Of course in the strict
inclusion case this is not of the same importance but as seen already from existing
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work and even more noticeable when considering extensions that is not always the
case. Serious theoretical and applied work could take place in search for a proper
way to express how ”massive” is a class of properties.

10.2.4 Counting Complexity
We plan to explore the parameterized complexity of various counting problems,

focusing to hard problems with easy decision (in the parameterized sense), such as
the problem of counting cycles and paths of length k in both directed and undirected
graphs, which parameterized by k, is #W [1]-complete, while the decision version is
FPT [3]. We will try to draw analogies to similar studies in the classical complexity
setting [4]; to this end we aim to employ recent logical descriptions of such counting
problems [5]. Another related directionwould be to study the parameterized complexity
of counting problems that have easy decision in the classical setting, such as those
contained in the complexity class TotP [4] and other related complexity classes [7];
to this end one may use recent completeness results for TotP [6].
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Appendix

.1 Property Descriptions
The descriptions of conn, span, deg and part are given here :

• part(R, B) : ∀e(e ∈ R ∨ e ∈ B) ∧ ¬(e ∈ R ∧ e ∈ B),

• deg(u, R) = 2 : ∃e1, e2¬(e1 = e2)∧ inc(e1, u)∧ inc(e2, u)∧e1�R∧e2�R∧
¬(∃e1, e2, e3,¬(e1 = e3)∧¬(e2 = e3)∧inc(ei, u)∧ei ∈ R for i ∈ 1, 2, 3),

• span(u, v, R) : ∃V,Wpart(V,W ) ∧ u ∈ V ∧ v ∈ W → ∃(e, x, yinc(e, x) ∧
inc(e, y) ∧ x ∈ V ∧ y ∈ W ∧ e ∈ R,

• conn(x, y, W, R) :∃V 1, V 2 ⊆ V [V 1∪V 2 = V ∧V 1∩V 2 = ∅∧x ∈ V 1∧y ∈
V 2] → ∃r ∈ R∃p∃qp ∈ V 1 ∧ q ∈ V 2 ∧ inc(r, p) ∧ inc(r, q)

.2 Matroid MSO
Definition of matroid MSO logic: First, we present basic definition concerning

monadic second-order logic.

Ορισμός .2.1. We assume two countably infinite set of variables: element variables
and set variables. Element variables are denoted by lower-case letters, set variables
are denoted by upper-case letters. Matroid monadic second order formulas are
defined inductively as follows:

• If x and y are element variables, then x = y is a formula.

• If x is an element variable and X is a set variable, then x ∈ X and x ∈ cl(X)
are formulas.

• If ϕ is a formula, then ¬ϕ is a formula.

• If ϕ and ψ are formulas, then ϕ ∧ ψ is a formula.

• If ϕ is a formula and x is an element variable, then ∃xϕ is a formula.

• If ϕ is a formula and X is an element variable, then �X is a formula.
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