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Eisagwg 
Gia touc skopoÔc thc paroÔsac aut c diplwmatik c ergasÐac, to basikì majhmatikì ergaleÐo pou ja mac apasqo-

l sei eÐnai autì twn pollaplot twn kai eidikìtera autì twn leÐwn pollaplot twn. (polloÐ suggrafeÐc qrhsimopoiooÔn
ton ìro diaforÐsimec   C∞ pollaplìthtec). E�n den up�rqei kÐndunoc sÔgqushc ja paraleÐpoume ton pr¸to ìro kai
ìtan ja mil�me gia pollaplìthtec ja ennooÔme apokleistik� kai mìno leÐec pollaplìthtec. O lìgoc gia ton opoÐo
sumbaÐnei autì eÐnai epeid  sta majhmatik� up�rqoun poll� eÐdh pollaplot twn ìpwc algebrikèc, topologikèc, ana-
lutikèc pollaplìthtec, oi opoÐec wstìso den apoteloÔn antikeÐmeno endiafèrontoc sto en lìgw keÐmeno.

H JewrÐa Pollaplot twn an kei ston kl�do thc GewmetrÐac kai to ènausma gia thn an�ptux  thc dìjhke apì
ton Bernhard Riemann perÐ to 19o ai¸na Ôstera apo protrop  tou dask�lou tou Carl F. Gauss gia thn epèktash
twn apotelesm�twn pou eÐqan prokÔyei gia thn klassik  JewrÐa Epifanei¸n tou R3, se an¸terec diast�seic. EÐnai
èna safèc par�deigma mh EukleÐdiac GewmetrÐac. Asfal¸c eÐqan anakalufjeÐ sto pareljìn di�forec mh EukleÐdiec
GewmtrÐec oi opoÐec proèkuyan apì thn prosp�jeia melèthc q¸rwn ìpou to aÐthma thc parallhlÐac tou EukleÐdh apo-
tugq�nei. Mia �llh shmantik  phg  pollaplot twn sta majhmatik� tou 19ou ai¸na,  tan h analutik  mhqanik , ìpwc
anaptÔqjhke apì touc Simeon Poisson, Jacobi, William Rowan Hamilton. To apotèlesma aut c thc prosp�jeiac
tou Riemann eÐnai autì pou o perissìteroc kìsmoc s mera gnwrÐzei wc Diaforik  GewmetrÐa, an kai o ìroc eÐnai
arket� dieurumènoc kai perièqei polloÔc kl�douc. Kentrikì rìlo sth melèth pou pragmatopoÐhse o Riemann eÐnai
oi pollaplìthtec Riemann pou ousiastik� eÐnai leÐec pollaplìthtec efodiasmènec me mia metrik  Riemann dhlad 
efodiasmènec me mia jetik� orismènh, summetrik , digrammik  morf  h opoÐa antistoiqÐzei èna eswterikì ginìmeno se
k�je zeÔgoc efaptìmenwn dianusm�twn (ja to doÔme autì parak�tw).

Qrei�sthkan poll� qrìnia na parèljoun ¸ste h jewrÐa na p�rei th sÔgqronh morf  thc, kaj¸c kai h sumbol 
poll¸n spoudaÐwn Majhmatik¸n tou 19ou kai 20ou ai¸na ìpwc o Henri Poincare, Tulio Levi-Civita, Felix Klein,
Ellie Cartan kai poll¸n �llwn. H jewrÐa aut  br ke thn tèleia efarmog  thc sth Genik  JewrÐa Sqetikìthtac tou
Einstein kai fusik� se jèmata Mhqanik c SuneqoÔc Mèsou ìpwc filodoxoÔme na deÐxoume sthn paroÔsa ergasÐa.

Sugqrìnwc, perÐ ta tèlh tou 19ou ai¸na melet jhke mia eidik  kathgorÐa leÐwn pollaplot twn oi opoÐec eÐnai
gnwstèc s mera wc om�dec Lie apì prosp�jeia tou NorbhgoÔ majhmatikoÔ Sophus Lie perÐ to 1870 na anaptÔxei mia
jewrÐa summetri¸n gia thn epÐlush susthm�twn diaforik¸n exis¸sewn. H arqik  onomasÐa pou èdwse o Lie stic om�dec
autèc  tan suneqeÐc om�dec. O stìqoc tou Lie  tan h an�ptuxh miac jewrÐac an�loghc thc jewrÐac tou Evariste Galois
sÔmfwna me thn opoÐa th jèsh thc lÔshc miac poluwnumik c exÐswshc me rizik�, ja èpairne mia peperasmènh om�da
summetri¸n miac diaforik c exÐswshc. 'Etsi se aut n thn kathgorÐa pollaplot twn upeisèrqetai kai h algebrik  dom 
(dom  om�dac) kai h ènnoia thc �lgberac Lie miac om�dac Lie h opoÐa dÐnei èna ploÔsio algebrikì qarakt ra se k�ti pou
wc t¸ra jewroÔntan amig¸c gewmetrikì/analutikì. Oi om�dec kai oi �lgebrec Lie èqoun èna ter�stio pedÐo efarmog¸n
ìpwc h kbantomhqanik  mèsw thc �lgebrac tou Heisenberg all� kai se jèmata Mhqanik c Suneq¸n Mèswn ìpou ja
qrhsimopoi soume arket� tic legìmenec klassikèc om�dec Lie kai tic �lgebrec aut¸n, ìpwc oi GLnR, SO(n) kai �llec.

Stìqoc aut c thc ergasÐac eÐnai na deÐxoume pwc ta majhmatik� sunistoÔn ta aparaÐthta ta ergaleÐa gia thn
an�ptuxh miac jewrÐac dokoÔ se pedeÐa meg�lwn strof¸n kai metakin sewn, me mikrèc paramorf¸seic. Gia to lìgo autì
jewr jhke skìpimo na afierwjeÐ èna arket� meg�lo tm ma thc ergasÐac gia th melèth kai thn katanìhsh twn ennoi¸n
pou ja mac apasqol soun. Ta dÔo pr¸ta kef�laia ja afierwjoÔn gia thn eisagwg  se stic leÐec pollaplìthtec kai tic
om�dec Lie. To kef�laio 3 apoteleÐ h sÔndesh twn majhmatik¸n kai thc jewrÐac tou stoiqeÐou pou analÔetai ekten¸c
sto kef�laio 4. Praktik� to antikeÐmeno autoÔ eÐnai h mh grammikìthta gewmetrÐac pou sunant�tai sth mhqanik 
suneqoÔc mèsou, h opoÐa ìmwc diatup¸netai se gl¸ssa diaforik c gwmetrÐac. To kef�laio 4 ja prospaj soume
na exeidikeÔsoume th jewrÐa tou kefalaÐou 3 sto plaÐsio thc exagwg c enìc stoiqeÐou dokoÔ pou èqei epijumhtèc
idiìthtec, autèc pou ja suzht soume tìte. Sto kef�laio 5, gÐnetai h efarmog  thc jewrÐac tou stoiqeÐou se di�fora
paradeÐgmata an� th bibliografÐa, me stìqo na elegjeÐ h jewrÐa aut  mèsw thc sÔgkrishc me antÐstoiqa dokimasmèna
paradeÐgmata.
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1 Pollaplìthtec

1.1 O EukleÐdeioc Q¸roc

O EukleÐdeioc q¸roc Rn apoteleÐ to basikì par�deigma miac pollaplìthtac, sunep¸c apaiteÐtai mia kal  katanìhsh
thc ènnoiac thc diaforisimìthtac miac sun�rthshc ston Rn, kaj¸c kai aut c tou efaptìmenou dianÔsmatoc. Oi ènnoiec
autèc ja epektajoÔn argìtera stic pollaplìthtec.
JewroÔme epomènwc ton EukleÐdeio q¸ro Rn kai gr�foume tic suntetagmènec tou wc x1, ..., xn. 'Estw p = (p1, ..., pn)
èna shmeÐo se èna anoiqtì uposÔnolo U tou Rn.

Orismìc 1.1. 'Estw k ènac mh arnhntikìc akèraioc. Mia pragmatik  sun�rthsh f onom�zetai kl�shc Ck sto
p ∈ U , an oi merikèc par�gwgoi

∂jf

∂xi1 · · · ∂xij
ìlwn twn t�xewn j ≤ k up�rqoun kai eÐnai suneqeÐc sto p. H sun�rthsh Rn onom�zetai kl�shc C∞ (  leÐa) sto p ∈ U
an eÐnai kl�shc Ck gia k�je k ≥ 0. Mia dianusmatik  sun�rthsh f : U → Rm onom�zetai kl�shc Ck sto p ∈ U an
ìlec oi sunist¸sec sunart seic f1, ..., fm (dhlad  oi sunart seic f i = πi ◦ f , ìpou πi : Rm → R eÐnai h i-probol )
thc f eÐnai kl�shc Ck sto p. H f : U → Rm onom�zetai kl�shc Ck sto U an eÐnai kl�shc Ck se k�je shmeÐo p ∈ u.
Parìmoia orÐzetai mia sun�rthsh f : U → Rm na eÐnai C∞ sto U .

Mia perioq  enìc shmeÐou p ∈ Rn eÐnai èna anoiqtì uposÔnolo tou Rn to opoÐo perièqei to shmeÐo p. Sthn klasik 
an�lush sunant�me thn ènnoia thc analutik  sun�rthshc se èna shmeÐo p, wc thn pragmatik  sun�rthsh h opoÐa se
mia perioq  tou p isoÔtai me to an�ptugma Taylor aut c. Shmei¸netai ìti mia analutik  sun�rthsh eÐnai kl�shc C∞

all� to antÐstrofo den isqÔei genik�.
Ja qreiastoÔme to akìloujo je¸rhma Taylor.

Prìtash 1.1. 'Estw U èna anoiqtì uposÔnolo tou Rn to opoÐo eÐnai asteroeidèc wc proc to shmeÐo p =
(p1, ..., pn) (dhlad  gia k�je x ∈ U to eujÔgrammo tm ma apì to p sto x brÐsketai exìlokl rou mèsa sto U) Kai èstw
f : U → R mia leÐa sun�rthsh. Tìte up�rqoun sunart seic g1(x), ..., gn(x) leÐec sunart seic orismènec sto U ¸ste
na isqÔei:

f(x) = f(p) +

n∑
i=1

(xi − pi)gi(x), gi(p) =
∂f

∂xi

H epìmenh ènnoia pou ja mac apasqol sei eÐnai aut  tou efaptìmenou dianÔsmatoc. Sth stoiqei¸dh diaforik 
gewmetrÐa orÐzoume èna efaptìmeno di�nusma se èna shmeÐo p miac epif�neiac M ston R3 wc èna shmeÐo tou efaptìme-
nou epipèdou thc M sto p. To efaptìmeno epÐpedo mporeÐ diaisjhtik� na oristeÐ wc ex c: JewroÔme ìla ta epÐpeda
pou dièrqontai apo 3 shmeÐa thc epif�neiac. Kaj¸c ta 3 aut� shmeÐa plhsi�zon to shmeÐo p, an ta antÐstoiqa epÐpeda
sta opoÐa brÐskontai plhsi�zoun se èna oriakì epÐpedo èstw P, tìte to epÐpedo P onom�zetai efaptìmeno epÐpedo
thc M sto p. O orismìc ìmwc autìc proôpojètei ìti h epif�neia brÐsketai emfuteumènh se ènan EukleÐdeio q¸ro,
sunep¸c den eÐnai tìso genik  ìso ja èprepe. Qreiazìmaste loipìn mia �llh optik  gia ta efaptìmena dianÔsmata
tou Rn, prokeimènou aut� na genikeujoÔn se pollaplìthtec. H optik  aut  brÐsketai sthn ènnoia thc parag¸gou wc
proc kateÔjunsh. Shmei¸netai ìti o klasikìc/aplìc orismìc gia touc skopoÔc thc paroÔsac ergasÐac eÐnai arketìc,
wstìso h an�ptuxh pou akoloujeÐ eÐnai h plèon genik .

JewroÔme ton efaptìmeno q¸ro TpRn se èna shmeÐo p ∈ Rn, wc to dianusmatikì q¸ro ìlwn twn dianusm�twn ta
opoÐa èqoun arq  to shmeio p. Lìgw thc antistoiqÐac metaxÔ dianusm�twn kai sthl¸n enìc n × 1   1 × n pÐnaka, o
dianusmatikìc q¸roc Rn mporeÐ na tautisteÐ me ton efaptìmeno q¸ro TpRn. Gia na diakrÐnoume metaxÔ shmeÐwn kai
dianusm�twn, ja sumbolÐzoume èna shmeÐo tou Rn wc p = (p1, ..., pn) kai èna di�nusma ston efaptìmeno q¸ro TpRn wc

v =

v
1

...
vn

 η, v =
(
v1, . . . , vn

)

An e1, . . . , en eÐnai h kanonik  b�sh tou Rn   tou TpRn, tìte v =
n∑
i=1

viei. Ta stoiqeÐa tou efaptìmenou q¸rou

TpRn ja onom�zontai efaptìmena dianÔsmata   apl¸c dianÔsmata.
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JewroÔme thn eujeÐa ston Rn h opÐa dièrqetai apì to shmeÐo p = (p1, . . . , pn) kai eÐnai par�llhlh sto di�nusma
v = (v1, . . . , vn). H eujeÐa aut  èqei paramètrhsh

c(t) = (c1(t), . . . , cn(t)) = (p1 + tv1, . . . , pn + tvn)

'Estw f mia leÐa pragmatik  sun�rthsh se mia perioq  tou shmeÐou p kai èstw v èna efaptìmeno di�nusma sto p. Tìte
h p�ragwgoc kat� kateÔjunsh thc f sto p wc proc th dieÔjunsh tou dianÔsmatoc v, eÐnai o arijmìc (an up�rqei)

Dvf = lim
t→0

f(c(t))− f(p)

t
=

d

dt

∣∣∣∣
t=0

f(c(t))

Qrhsimopoi¸ntac ton kanìna thc alusÐdac prokÔptei ìti

Dvf =

n∑
i=1

dci

dt
(0)

∂f

∂xi
(p) =

n∑
i=1

vi
∂f

∂xi
(p)

Me autìn ton trìpo orÐzetai h apeikìnish

Dv =
∑

vi
∂

∂xi

∣∣∣∣
p

pou stèlnei mia leÐa sun�rthsh f ston arijmì Dvf . 'Etsi orÐzetai h apeikìnish v → Dv, h opoÐa stèlnei k�je
efaptìmeno di�nusma v sthn par�gwgo kat� kateÔjunsh Dv. Autìc ja eÐnai o trìpoc me ton opoÐo ja qarakthrÐzou-
me/anagnwrÐzoume ta efaptìmena dianÔsmata, dhlad  wc sugkekrimènouc telestèc se q¸ro sunart sewn.

E�n 2 sunart seic paÐrnoun tic Ðdiec timèc se mia perioq  enìc shmeÐou p, tìte ja èqoun kai thn Ðdia par�gwgo
wc proc kateÔjunsh sto p. Autì mac odhgeÐ sto na orÐsoume mia sqèsh isodunamÐac sto sÔnolo ìlwn twn leÐwn
sunart sewn pou orÐzontai se mia perioq  tou p. Sugkekrimèna, èstw to sÔnolo ìlwn twn zeug¸n (f, U) ìpou U mia
perioq  tou p kai f : U → R mia leÐa sun�rthsh. OrÐzoume th sqèsh (f, U) ∼ (g, V ), �n up�rqei anoiqtìW ⊂ U∩V to
opoÐo na perièqei to p ¸ste f |W = g|W . EÔkola prokÔptei ìti h ∼ eÐnai mia sqèsh isodunamÐac. H kl�sh isodunamÐac
(U, f) onom�zetai spìroc thc f sto p. SumbolÐzoume me C∞p to sÔnolo ìlwn twn spìrwn twn leÐwn sunart sewn sto p.

H par�gwgoc wc proc kateÔjunsh, ìpwc eÐdame, orÐzei mia apeikìnish Dv : C∞p → R, f → Dvf metaxÔ pragmatik¸n
dianusmatik¸n q¸rwn , opoÐa eÐnai grammik  kai lìgw thc basik c sqèshc

Dvf =

n∑
i=1

dci

dt
(0)

∂f

∂xi
(p) =

n∑
i=1

vi
∂f

∂xi
(p)

ikanopoieÐ ton kanìna tou Leibniz
Dv(fg) = (Dvf)g(p) + f(p)(Dvg)

Genik� mia grammik  apeikìnish h opoÐa eÐnai grammik  kai ikanopoieÐ ton kanìna tou Leibniz onom�zetai parag¸gish
(derivation) sto p. SumbolÐzoume me DpRn to sÔnolo ìlwn twn paragwgÐsewn sto p. To sÔnolo autì apoteleÐ ènan
dianusmatikì q¸ro (Autì eÐnai arket� �meso kaj¸c to �jroisma 2 paragwgÐsewn profan¸c eÐnai parag¸gish, kai to
Ðdio Ðsquei kai gia to bajmwtì pollaplasiasmì).

'Eqoume loipìn orÐsei mia apeikìnish

φ : TpRn → DpRn, v → Dv =
∑

vi
∂

∂xi

∣∣∣∣
p

h opoÐa eÐnai profan¸c grammik .

IsqÔei èna basikì apotèlesma to opoÐo aposafhnÐzei thn enallaktik  graf  gia ta efaptìmena dianÔsmata pou
apant�tai se poll� biblÐa (Phg  [1])

Je¸rhma 1.1. H grammik  apeikìnish φ : TpRn → DpRn, ìpwc orÐsthke parap�nw eÐnai isomorfismìc dianu-
smatik¸n q¸rwn.
(Gia thn apìdeixh pou den eÐnai idiaÐtera dÔskolh parapèmpoume sthn phg  [2]).
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Lìgw tou parap�nw jewr matoc mporoÔme na tautÐzoume ta efaptìmena dianÔsmata se èna shmeÐo p me tic pa-
ragwgÐseic kat� shmeÐo. Mèsw tou isomorfismoÔ TpRn ∼= DpRn, h kanonik  b�sh e1, . . . en tou TpRn antistoiqeÐ

sto sÔnolo twn merik¸n parag¸gwn
∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xn

∣∣∣∣
p

. Sunep¸c mporoÔme na gr�foume èna efaptìmeno di�nusma

v =
∑
viei wc

v =
∑

vi
∂

∂xi

∣∣∣∣
p

.

Se klasik� keÐmena diaforik c gewmetrÐac all� kai se biblÐa mhqanik¸n (parapèmpoume sthn phg  [1]) aut  eÐnai
h sunhjismènh graf  gia ta efaptìmena dianÔsmata.

To epìmeno pou ja mac apasqol sei eÐnai h ènnoia thc parag¸gou wc proc kateÔjunsh enìc dianusmatikoÔ pedÐou.
Gia to lìgo autì ac jumhjoÔme ton orismì tou.
'Ena dianusmatikì pedÐo X se èna anoiqtì uposÔnolo U to Rn eÐnai mia sneq c sun�rthsh h opoÐa antistoiqeÐ se k�je
shmeÐo p ∈ U èna efaptìmeno di�nusma Xp ∈ TpRn. Lìgw thc parap�nw sqèshc to di�nusma autì gr�fetai wc

Xp =
∑

αi(p)
∂

∂xi

∣∣∣∣
p

, p ∈ U,αi(p) ∈ R

An agno soume to shmeÐo p, to pedÐo X gr�fetai wc

X =
∑

αi
∂

∂xi

ìpou αi : U → R leÐec sunart seic. To dianusmatikì pedÐo X onom�zetai leÐo an oi sunart seic αi eÐnai leÐec.
SumbolÐzoume me X (U) to sÔnolo ìlwn twn leÐwn dianusmatik¸n pedÐwn sto U .

Sthn an�ptux  mac emfanÐzetai poll�kic h dr�sh enìc dianusmatikoÔ pedÐou p�nw se mia sun�rthsh all� kai to
antÐstrofo.
'Estw f mia leÐa sun�rthsh sto U kai X èna leÐo dianusmatikì pedÐo. OrÐzoume to leÐo dianusmatikì pedÐo fX me tim 

(fX)p = f(p)Xp

gia k�je p ∈ U . Sunep¸c an X =
∑

αi
∂

∂xi
, tìte fX =

∑
(fαi)

∂

∂xi
.

AntÐstoiqa, orÐzoume th sun�rthsh Xf : UR me tÔpo

(Xf)p = Xpf

gia p ∈ U . Epiplèon an X =
∑

αi
∂

∂xi
tìte

(Xf)(p) =
∑

αi(p)
∂f

∂xi
(p)

sunep¸c Xf =
∑

αi
∂f

∂xi
, �ra h Xf eÐnai leÐa. EÐnai profanèc ìti h dr�sh enìc leÐou dianusmatikoÔ pedÐou se mia

sun�rthsh eÐnai praktik� h par�gwgoc thc sun�rthshc wc proc th kateÔjunsh pou orÐzei to efaptìmeno di�nusma Xp

pou antistoiqeÐ sto shmeio p tou dianusmatikoÔ pediou Q SunoyÐzontac, dojèntoc enìc leÐou dianusmatikoÔ pedÐou X,
orÐzetai h grammik  apeikìnish f → Xf sto sÔnolo twn leÐwn apeikonÐsewn pou orÐzontai sto U kai m�lista isqÔei
ènac kanìnac tou Leibniz gia dianusmatik� pedÐa:

X(fg) = (Xf)g + f(Xg)

gia k�je f, g leÐec pou orÐzontai sto U . Apì ton parap�nw tÔpo pou jumÐzei èntona ton kanìna parag¸gishc ginomènou
sunart sewn sthn klasik  An�lush, mporoÔme (se endeqomènwc pio eleÔjero Ôfoc) na poÔme ìti h dr�sh enìc dianu-
smatikoÔ pedÐou se mia sun�rthsh eÐnai upì mia ènnoia parag¸gish. Ja d¸soume kai �llec polÔ shmantikèc idiìthtec
thc parag¸gou wc proc kateÔjunsh, pr¸ta ìmwc prèpei na orÐsoume mia nèa pr�xh sta efaptìmena dianÔsmata miac
pollaplìthtac, pou eÐnai to ginìmeno Lie (Lie bracket). Autì ja to k�noume sthn Par�grafo 1.4 .
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1.2 LeÐec Pollaplìthtec

Mia leÐa pollaplìthta eÐnai èna gewmetrikì antikeÐmeno me thn idiìthta se k�je shmeÐo tou na up�rqei mia perioq 
(pou ja onom�zetai q�rthc) omoiomorfik  me èna anoiqtì uposÔnolo tou Rn. 'Opwc anafèrjhke sthn eisagwg  oi
pollaplìthtec apoteloÔn genÐkeush twn kampul¸n kai twn epifanei¸n se megalÔterec diast�seic.

Orismìc 1.2 'Estw M ènac topologikìc q¸roc Hausdorff me arijm simh b�sh (dhlad  isqÔei to deÔtero axÐwma
thc arijmhsimìthtac). O M onom�zetai topologik  pollaplìthta di�stashc n, an gia k�je shmeÐo p ston M up�rqei
mia anoiqt  perioq  U tou shmeÐou p kai ènac omoiomorfismìc φ : U → φ(U) ⊂ Rn, tètoioc ¸ste to φ(U) na eÐnai
anoiqtì uposÔnolo tou Rn. (H teleutaÐa aut  sunj kh onom�zetai topik� EukleÐdia dom )

To zeÔgoc (U, φ) onom�zetai topikìc q�rthc   topikì sÔsthma suntetagmènwn.

Sq ma 1.1: Topikìc q�rthc (U, φ) thc pollaplìthtac M sto shmeÐo p ∈M

H sunj kh thc topik� EukleÐdiac dom c eÐnai aparaÐthth prokeimènou na orÐsoume th diaforisimìthta sunart sewn
orismènwn se mia pollaplìthta. Autì ja gÐnei qrhsimopoi¸ntac th diaforisimìtha sunart swn metaxÔ anoiqt¸n upo-
sunìlwn tou Rn (akrib¸c ìpwc thn gnwrÐzoume apì ton apeirostikì logismì)

Orismìc 1.3 'Estw M mia topologik  pollaplìthta kai A = {(Ua, φa) : a ∈ I} mia sullog  qart¸n.
H A lègetai leÐoc �tlac, e�n isqÔoun ta parak�tw:

1. H ènwsh ìlwn twn anoiqt¸n sunìlwn Ua kalÔptoun thn M, dhlad  M =
⋃
a∈I

Ua

2. Gia k�je α, β ∈ I, h apeikìnish φβ ◦ φ−1
α : φα(Uα ∩ Uβ)→ φβ(Uα ∩ Uβ), kaj¸c kai h antÐstrof  thc φα ◦ φ−1

β :
φβ(Uα ∩ Uβ)→ φα(Uα ∩ Uβ) eÐnai leÐec apeikonÐseic metaxÔ anoiqt¸n uposunìlwn tou Rn.
Oi parap�nw apeikonÐseic onom�zontai apeikonÐseic met�bashc.

H idiìthta 2. anafèretai kai wc leÐa sumbatìthta twn qart¸n (Ua, φα), (Uβ , φβ).
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Sq ma 1.2: Sunart seic allag c suntetagmènwn φα ◦ φβ−1 twn qart¸n (Uα, φα) kai (Uβ , φβ).

H sqèsh sumbatìthtac metaxÔ 2 qart¸n profan¸c eÐnai anaklastik  kai summetrik , den eÐnai ìmwc metabatik .
Parìla aut�, an orÐsoume ènac q�rthc (Uφ) na eÐnai sumbatìc me ènan �tlanta {(Ua, φa) : a ∈ I}, e�n eÐnai sumbatìc
me ìlouc touc q�rtec tou �tlanta, tìte h sumbatìthta eÐnai metabatik .

'Enac �tlantac A se ènan topik� EukleÐdio q¸ro onom�zetai megistikìc �tlac, an den perièqetai se k�poion mega-
lÔtero �tlanta. Me �lla lìgia, an B ènac �lloc �tlac pou perièqei ton A tìte A = B.

Orismìc 1.4 Mia leÐa   diaforik  pollaplìthta eÐnai mia topologik  pollaplìthta M efodiasmènh me ènan
megistikì leÐo �tlanta A. O megistikìc �tlantac onom�zetai diaforik  dom  thc M.

Gia na apodeÐxoume ìti mia topologik  pollaplìthta M eÐnai mia leÐa pollaplìthta, arkeÐ na kataskeu�soume ènan
leÐo �tlanta aut c, ìqi anagkastik� k�poion megistikì, kaj¸c gnwrÐzoume apì sqetikì apotèlesma ìti k�je �tlantac
perièqetai se ènan monadikì megistikì �tlanta.

1.3 LeÐec apeikonÐseic

'Oson afor� tic sunart seic suntatagmènwn autèc èqoun k�poiec polÔ shmantikèc kai qr simec idiìthtec. Gia to lìgo
autì qrei�zìmaste ton orismì miac leÐac apeikìnishc metaxÔ pollaplot twn.
Genik�, h ènnoia thc diaforisimìthtac miac apeikìnish metaxÔ EukleÐdiwn q¸rwn mporeÐ na epektajeÐ se pollaplìthtec.
Sunep¸c o parak�tw orismìc eÐnai polÔ fusiologikìc.

Orismìc 1.5 'Estw M mia leÐa pollaplìthta, kai sun�rthsh f : M → R kai p ∈M .

1. H f onom�zetai leÐa   C∞ sto p, an up�rqei q�rthc (U, φ) ¸ste h sun�rthsh f ◦ φ−1 : φ(U) ⊂ Rn → R na eÐnai
leÐa sto φ(p) (wc apeikìnish metaxÔ EukleÐdiwn q¸rwn)

2. H f onom�zetai leÐa, an eÐnai leÐa se k�je shmeÐo p ∈M .

Parat rhsh: O parap�nw orismìc den exart�tai apì thn epilog  tou q�rth (U, φ). Pr�gmati, an (V, ψ) eÐnai ènac
�lloc q�rthc sto p ∈M tìte sto sÔnolo ψ(U ∩ V ) ja èqoume ìti f ◦ ψ−1 = (f ◦ φ−1) ◦ (φ ◦ ψ−1) h opoÐa eÐnai
diaforÐsimh sto ψ(p).
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Erqìmaste t¸ra ston orismì miac leÐac sun�rthshc metaxÔ pollaplot twn, ìpou ìpwc ja doÔme sunist� mia apl 
genÐkeush tou prohgoÔmenou.

Orismìc 1.6 'Estw M kai N pollaplìthtec di�stashc m kai n antÐstoiqa, f : M → N suneq c apeikìnish kai
p ∈M .

1. H f onom�zetai leÐa sto p, an up�rqoun q�rtec (U, φ) sto p kai (V, ψ) sto f(p) ¸ste h topik  anapar�stash
thc

ψ ◦ f ◦ φ−1 : φ(f−1(V ) ∩ U) ⊂ Rm → Rn

na eÐnai diaforÐsimh sto φ(p) (wc apeikìnish metaxÔ EukleÐdiwn q¸rwn)

2. h f onom�zetai leÐa an eÐnai leÐa se k�je shmeÐo p ∈M .

Sq ma 1.3: Topik  anapar�stash ψ ◦ f ◦ φ−1 thc apeikìnishc f : M → N metaxÔ pollaplìt twn.

'Opwc kai sthn perÐptwsh miac pragmatik c sun�rthshc orismènhc se mia pollaplìthta M, o parap�nw orismìc
den exart�tai apo thn epilog  tou q�rth. Anaforik� me ton qarakthrismì leÐwn sunart sewn ja lème ìti mia suneq c
sun�rthsh f : M → N eÐnai leÐa an kai mìnon an gia k�je q�rth (U, φ) thc M kai (V, ψ) h sun�rthsh

ψ ◦ f ◦ φ−1 : φ(f−1(V ) ∩ U) ⊂ Rm → Rn

eÐnai leÐa,   isodÔnama an kai mìnon an oi pollaplìthtec M kai N èqoun �tlantec A kai B ¸ste gia k�je q�rth (U, φ)
ston A kai gia k�je q�rth (V, ψ) ston B h apeikìnish

ψ ◦ f ◦ φ−1 : φ(f−1(V ) ∩ U) ⊂ Rm → Rn

eÐnai leÐa.

Prin proqwr soume se mia polÔ qr simh idiìthta twn sunart sewn suntetagmènwn dÐnoume ènan basikì orismì pou
ja mac aposqol sei sta epìmena.
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Orismìc 1.7. Mia leÐa apeikìnish f : M → N metaxÔ pollaplot twn onom�zetai amfidiafìrish an eÐnai 1-1, epÐ
kai h antÐstrof  thc f−1 eÐnai leÐa. Sthn perÐptwsh aut  lème ìti oi pollaplìthtec eÐnai amdifiaforikèc.

IsqÔoun ta ex c shmantik� (gia thn apìdeixh twn opoÐwn parapèmpoume sthn phg  [8])

Prìtash 1.2. 'Estw M mia pollaplìthta di�stashc n kai (U, φ) ènac q�rthc thc. Tìte h sun�rthsh suntetag-
mènwn φ : U → φ(U) ⊂ Rn eÐnai mia amfidiafìrish.

IsqÔei kai to antÐstrofo autoÔ:

Prìtash 1.3. 'Estw U èna anoiqtì uposÔnolo miac pollaplìthtac M di�stashc n. An φ : U → φ(U) ⊂ Rn
eÐnai mia amfidiafìrish kai to f(U) eÐnai anoiqtì uposÔnolo tou Rn, tìte to zeÔgoc (U, f) eÐnai ènac q�rthc pou an kei
sth diaforik  dom  thc M, dhlad  ston megistikì leÐo �tlanta.

AkoloujoÔn k�poia paradeÐgmata me èmfash stic klassikèc om�dec Lie pin�kwn pou ja mac qreiastoÔn sthn a-
n�ptux  mac.

ParadeÐgmata.

1. O EukleÐdioc q¸roc Rn kalÔptetai me ènan q�rth U = Rn,φ = IdRn , �ra eÐnai mia pollaplìthta di�stashc n.

2. 'Estw M mia pollaplìthta di�stashc n me �tlanta {(Ua, φa)} kai èstw V èna anoiqtì uposÔnolo thc M. Tìte
kai to V eÐnai leÐa pollaplìthta di�stashc n afoÔ mporoÔme na orÐsoume sto V ènan �tlanta me periorismì twn
qart¸n (Ua, φa) sto V dhlad  {(V ∩ Ua, φa|V ∩Ua)}

3. To klassikì par�deigma miac leÐac pollaplìthtac di�stashc n eÐnai h sfaÐra

Sn = {(x1, ..., xn+1) ∈ Rn+1 :

n+1∑
i=1

x2
i = 1}

Ac doÔme gia eukolÐa th sfaÐra S2. 'Estw N = {(0, 0, 1)} kai S = {(0, 0,−1)} o bìreioc kai o nìtioc pìloc
antÐstoiqa. OrÐzoume dÔo q�rtec (U, φ) kai (V, ψ) thc S2 wc ex c: U = S2 \ {N},V = S2 \ {S} kai

φ : U → R2, φ(x1, x2, x3) = (
x1

1− x3
,

x2

1− x3
)

ψ : V → R2, ψ(x1, x2, x3) = (
x1

1 + x3
,

x2

1 + x3
)

oi stereografikèc probolèc. Oi apeikonÐseic φ, ψ eÐnai 1-1 me antÐstrofec tic

φ−1(u1, u2) =

(
2u1

u2
1 + u2

2 + 1
,

2u2

u2
1 + u2

2 + 1
,
u2

1 + u2
2 − 1

u2
1 + u2

2 + 1

)
,

ψ−1(v1, v2) =

(
2v1

v2
1 + v2

2 + 1
,

2v2

v2
1 + v2

2 + 1
,

1− v2
1 − v2

2

v2
1 + v2

2 + 1

)
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Sq ma 1.4: Stereografik  probol 

EÐnai S2 = U ∪ V kai h S2 èqei thn epagìmenh topologÐa tou R3. EÐnai profanèc apì ta parap�nw ìti tìso
oi φ, ψ eÐnai suneqeÐc stouc q�rtec touc kai èqoun suneqeÐc antÐstrofec, �ra eÐnai omoiomorfismoÐ. Epiplèon h
sÔnjesh

ψ ◦ φ−1(u1, u2) =

(
u1

u2
1 + u2

2

,
u2

u2
1 + u2

2

)
eÐnai diaforÐsimh sto anoiqtì φ(U ∩ V ) = {(u1, u2) ∈ R2 : (u1, u2) 6= (0, 0)}. AntÐstoiqa

φ ◦ ψ−1(v1, v2) =

(
v1

v2
1 + v2

2

,
v2

v2
1 + v2

2

)
'Ara o A = {(U, φ), (V, ψ)} eÐnai ènac leÐoc �tlantac thc S2, sunep¸c h sfaÐra S2 eÐnai mia leÐa pollaplìthta
di�stashc 2.

4. To sÔnolo Rm×n   Mm×n(R) ìlwn twn (m× n) pragmatik¸n pin�kwn eÐnai ènac dianusmatikìc q¸roc di�sta-
shc mn. Wc topologikìc q¸roc eÐnai omoiomorfikìc me ton Rmn kai sÔmfwna me to par�deigma 1 eÐnai mia
pollaplìthta di�stashc mn.

5. To sÔnolo GLn(R) = {A ∈ Rn×n : det(A) 6= 0} = det−1(R \ {0}) eÐnai èna anoiqtì uposÔnolo tou Rn×n �ra
sÔmfwna me to par�deigma 2 eÐnai pollaplìthta di�stashc n2. To sÔnolo GLn(R) eÐnai epiplèon mia om�da me
pr�xh ton pollaplasiasmì pin�kwn kai onom�zetai genik  grammik  om�da. EÐnai to basikìtero Ðswc par�deigma
om�dac Lie pin�kwn kai ja asqolhjoÔme arket� mazÐ thc kaj¸c kai me tic upoom�dec thc sto epìmeno kef�laio.

6. To sÔnolo SO(n) = {A ∈ Rn×n : AAT = I, detA = 1} onom�zetai eidik  orjog¸nia om�da. Ja deÐxoume sta

epìmena ìti eÐnai mia leÐa pollaplìthta di�stashc
n(n− 1)

2
qwrÐc ìmwc thn analutikh perigraf  qart¸n, all�

ekmetalleuìmenoi thn algebrik  fÔsh thc. MporoÔme na doÔme k�poiec peript¸seic pou ja qrhsimopoi soume:

(aþ) n = 1. To sÔnolo SO(1) = {1} eÐnai pollaplìthta di�stashc 0

(bþ) n = 2. Me aplì upologismì prokÔptei ìti

SO(2) =

{
A =

(
a b
c d

)
: a = d, b = −c, ad− bc = 1

}
=

{
A =

(
a b
c d

)
: a2 + b2 = 1

}
=

{(
cos θ sin θ
− sin θ cos θ

)
: θ ∈ [0, 2π]

}
sunep¸c h om�da SO(2) eÐnai omoiomorfik  me ton kÔklo S1, �ra eÐnai pollaplìthta di�stashc 1.
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(gþ) n = 3. H om�da SO(3) eÐnai pio perÐplokh sthn perigraf . Gewmetrik� k�je stoiqeÐo thc SO(3) parist� mia
strof  ston R3 kat� gwnÐa θ perÐ mia eujeÐa pou dièrqetai apì thn arq . Epeidh h eujeÐa aut  kajorÐzetai
apì 2 gwnÐec φ kai ψ, mporoÔme diaisjhtik� na poÔme ìti einai mia pollaplìthta di�stashc 3. Oi parap�nw
gwnÐec eÐnai gnwstèc wc gwnÐec tou Euler.

1.4 To je¸rhma antÐstrofhc apeikìnishc

Ja metafèroume thn ènnoia thc merik c parag¸gou apì ènan EukleÐdeio q¸ro se èna topikì sÔsthma suntetagmènwn
mia pollaplìthtac, ¸ste na genikèusoume to klasikì je¸rhma antÐstrofhc apeikìnishc. Qrhsimopoi¸ntac to je¸rhma
autì mporoÔme na diatup¸soume èna aplì krit rio gia to pìte èna sÔnolo leÐwn (pragmatik¸n) apeikonÐsewn apoteleÐ
èna sÔsthma suntetagmènwn sthn perioq  enìc shmeÐou thc pollaplìthtac. Epiplèon, se merikèc peript¸seic, ja
mporoÔme na apodeiknÔoume eukolìtera ìti èna sÔnolo eÐnai mia leÐa pollaplìthta.

'Estw f mia leÐa (pragmatik ) sun�rthsh orismènh se èna q�rth (U, φ = (x1, ..., xn)) miac pollaplìthtac M kai èstw
p ∈ U . Sto ex c ja sumbolÐzoume me u1, ..., un tic suntetagmènec tou Rn. Tìte h sun�rthsh f ◦ φ−1 : (u1, ..., un)→
f(φ−1(u1, ..., un)) orÐzetai sto antoiqtì φ(U) pou perièqei to φ(p) �ra orÐzontai oi sun jeic merikèc par�gwgoi

∂

∂un
(f ◦ φ−1)

∣∣∣∣
φ(p)

, ...,
∂

∂u1
(f ◦ φ−1)

∣∣∣∣
φ(p)

tic opoÐec sumbolÐzoume me
∂f

∂x1

∣∣∣∣
p

, ...,
∂f

∂xn

∣∣∣∣
p

.
Autèc onom�zontai merikèc par�gwgoi thc f wc proc xi sto shmeÐo p ìpou xi = ui ◦ φ. Oi sunart seic autèc eÐnai

leiec sto U epeid  oi sunart seic
∂f

∂xi
◦ φ−1 eÐnai leÐec sto φ(U).

Oi merikèc par�gwgoi se mia pollaplìthta ikanopoioÔn thn ex c idiìthta, antÐstoiqh twn merik¸n parag¸gwn twn
sunart sewn tou Rn.

Prìtash 1.4 'Estw (U, x1, ..., xn) ènac topikìc q�rthc miac pollaplìthtac. Tìte isqÔei
∂xi

∂xj
= δij

Apìdeixh H apìdeixh eÐnai polÔ apl  kai basÐzetai sthn idèa ìti h parag¸gish gÐnetai ston Rn. Pr�gmati èstw
p ∈ U . Tìte exìrismoÔ thc merik c parag¸gou èqoume ìti

∂xi

∂xj
(p) =

∂(xi ◦ φ−1)

∂uj
(φ(p)) =

∂(ui ◦ φ ◦ φ−1)

∂uj
(φ(p)) =

∂ui

∂uj
(φ(p)) = δij

Orismìc 1.8 'Estw f : M → N mia leÐa apeikìnish kai èstw (U, φ = (x1, ..., xn)), (V, ψ = (y1, ..., yn))
duo q�rtec stic pollaplìthtec M kai N antÐstoiqa tètoioi ¸ste f(U) ⊂ V . SumbolÐzoume me f i thn apeikìnish

yi ◦ f = ui ◦ ψ ◦ F : U → R dhlad  thn i-suntetagmènh thc f sto q�rth (V, ψ). O pÐnakac

(
∂f i

∂xj

)
onom�zetai

Iakwbianìc pÐnakac thc f wc proc touc q�rtec (U, φ), (V ψ). E�n oi pollaplìthtec èqoun thn Ðdia di�stash, tìte h

orÐzousa tou IakwbianoÔ pÐnaka onom�zetai Iakwbian  orÐzousa kai sumbolÐzetai wc
∂(f1, ..., fn)

∂(x1, ..., xn)
.

Mia leÐa apeikìnish f : M → N onom�zetai topik� antistrèyimh h topik  amfidiafìrish se èna shmeÐo p ∈M , e�n
up�rqei mia perioq  tou p sthn opoÐa h apeikìnish f |U : U → f(U) na eÐnai amfidiafìrish.

UpenjumÐzetai to klasikì je¸rhma antÐstrofhc apeikìnishc.

Je¸rhma 1.2 (Je¸rhma antÐstrofhc apeikìnishc ston Rn). 'Estw f : A → Rn mia leÐa apeikìnish orismènh
se èna anoiqtì uposÔnolo A tou Rn kai èstw p ∈ A. Tìte h f eÐnai topik� antistrèyimh sto p an kai mìnon an h

Iakwbian  orÐzousa
∂(f1, ..., fn)

∂(x1, ..., xn)
eÐnai mh mhdenik .
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Lìgw tou topikoÔ qarakt ra tou, to je¸rhma genikeÔetai eÔkola se pollaplìthtec.

Je¸rhma 1.3 (Je¸rhma antÐstrofhc apeikìnishc gia pollaplìthtec). 'Estw f : M → N mia leÐa apeikìnish
metaxÔ pollaplot twn Ðdiac di�stashc kai èstw p ∈ M . Upojètoume ìti up�rqoun q�rtec (U, φ = (x1, ..., xn)) sto p
kai(V, ψ = (y1, ..., yn)) sto f(p) ¸ste f(U) ⊂ V . 'Estw f i = yi ◦ f . Tìte h f eÐnai topik� antistrèyimh sto p an kai

mìnon an h Iakwbian  orÐzousa
∂(f1, ..., fn)

∂(x1, ..., xn)
eÐnai mh mhdenik .

Apìdeixh. O Iakwbianìc pÐnakac thc f wc proc touc q�rtec (U, φ), (V, ψ) eÐnai:(
∂f i

∂xj
(p)

)
=

(
∂(ui ◦ ψ ◦ f)

∂xj
(p)

)
=

(
∂(ui ◦ ψ ◦ f ◦ φ−1)

∂uj
(φ(p))

)
,

o opoÐoc eÐnai o Iakwbianìc pÐnakac sto shmeÐo φ(p) thc apeikìnishc ψ ◦ f ◦ φ−1 : Rn ⊃ φ(U) → ψ(V ) ⊂ Rn, metaxÔ
anoiqt¸n uposunìlwn tou Rn. Lìgw tou jewr matoc antÐstrofhc apeikìnishc ston Rn ja isqÔei:

det

(
∂f i

∂xj
(p)

)
= det

(
∂(ui ◦ ψ ◦ f ◦ φ−1)

∂xj
φ((p))

)
6= 0

an kai mìnon an h ψ ◦ fφ−1 eÐnai topik� antistrèyimh sto φ(p). Epeid  oi sunart seic φ kai ψ eÐnai amfidiaforÐseic,
to teleutaÐo sumpèrasma isodunameÐ me to ìti h f eÐnai topik� antistrèyimh sto p.

H basik  efarmog  tou parap�nw jewr matoc sthn perÐptwsh twn pollaplot twn eÐnai sto na apofasÐsoume kat�
pìson èna sÔnolo pou perièqei n leÐec sunart seic f1, ..., fn se mia perioq  enìc shmeÐou p mia pollaplìthtac M, apo-
teloÔn èna topikì sÔsthma suntetagmènwn sto p endeqomènwc se mia mikrìterh perioq . Autì akrib¸c diatup¸noume
parak�tw wc pìrisma.

Pìrisma 1.1 'Estw M mia pollaplìthta di�stashc n. 'Ena sÔnolo apì leÐec sunart seic f1, ..., fn orismènec
se mia perioq  suntetagmènwn (U, x1, ..., xn) enìc shmeÐou p ∈ M apoteleÐ èna sÔsthma suntetagmèwn sto p an kai
mìnon an h Iakwbian  orÐzousa eÐnai mh mhdenik .

Apìdeixh. JewroÔme th sun�rthsh f = (f1, ..., fn) : U → Rn. Apì to je¸rhma antÐstrofhc apeikìnishc gia

pollaplìthtec h Iakwbian  orÐzousa det

(
∂f i

∂xj
(p)

)
eÐnai mh mhdenik  an kai mìnon an h f : U → Rn eÐnai topik�

antistrèyimh sto p. Autì isodunameÐ me to ìti up�rqei mia perioq  W sthn M, ¸ste h f : W → f(W ) na eÐnai mia am-
fidiafìrish (apì ton orismì thc topik c antistreyimìthtac). Qrhsimopoi¸ntac thn prìtash 2.2 h teleutaÐa diatÔpwsh
isodunameÐ me to ìti to sÔnolo (W, f1, ..., fn) apoteleÐ ènan topikì q�rth sto p, o opoÐoc an kei sth diaforik  dom 
thc M.

Par�deigma. JewroÔme th sun�rthsh f : R2 → R2, f(x, y) = (x2+y2−1, x). Lìgw tou jewr matoc antÐstrofhc
apeikìnishc, h f eÐnai mia topik  amfidiafìrish sto p = (x, y) an kai mìnon an

∂(f1, f2)

∂(x, y)
= det

(
2x 2y
1 0

)
= −2y 6= 0

Sunep¸c oi sunart seic f1 = x2 + y2 − 1 kai f2 = x eÐnai dunatì na apotelèsoun èna sÔsthma suntetagmèwn gia
opoiod pote shmeÐo p ∈ R2, ektìc twn shmeÐwn pou brÐskontai ston �xona twn x.

1.5 O efaptìmenoc q¸roc

H basik  duskolÐa me th jewrÐa pollaplot twn eÐnai ìti aut  anaptÔssetai qwrÐc na lamb�netai upìyh k�poia pijan 
emfÔteush thc leÐac pollaplìthtac se ènan EukleÐdeio q¸ro. Sunep¸c ènnoiec pou antimetwpÐsthkan me sqetik 
eukolÐa sth jewrÐa epifanei¸n (ìpwc efaptìmenoc q¸roc, kampulìthta) qrei�zontai diaforetikì qeirismì.

'Eqontac orÐsei thn ènnoia thc leÐac apeikìnishc metaxÔ dÔo pollaplot twn, ja proqwr soume ston orismì tou
diaforikoÔ miac leÐac apeikìnishc. Gia to skopì autì ja orÐsoume ton efaptìmeno q¸ro TpM miac pollaplìthtac M
se èna shmeÐo p. Ta efaptìmena dianÔsmata ja ta anagnwrÐzoume wc paragwgÐseic sto shmeÐo p. H genik  arq  eÐnai
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ìti o efaptìmenoc q¸roc apoteleÐ th bèltisth prosèggish miac pollaplìthtac se èna shmeÐo thc, kai to diaforikì th
bèltisth prosèggish miac leÐac sun�rthshc se èna shmeÐo.

JewroÔme loipìn to sÔnolo C∞p (M) ìlwn twn spìrwn twn pragmatik¸n sunart sewn se mia perioq  tou shmeÐo p.
H shmeiak  prìsjesh kai pollaplasiasmìc efodi�zoun to parap�nw sÔnolo me dom  daktulÐou. Epiplèon, me pr�xh to
bajmwtì pollaplasiasmì apì to sÔnolo twn pragmatik¸n arijm¸n, to sÔnolo autì efodi�zetai me dom  pragmatik c
�lgebrac.

Orismìc 1.9. 'Estw M mia leÐa pollapl'lothta kai èstw p ∈ M . 'Ena efaptìmeno di�nusma thc M sto p eÐnai
mia apeikìnishc:

v : C∞p (M)→ R

tètoia ¸ste na isqÔoun oi sqèseic:

1. v(λf + µg) = λv(f) + µv(g) (grammikìthta)

2. v(fg) = v(f)g(p) + f(p)v(g) (kanìnac Leibniz)

gia k�je f, g ∈ C∞p (M) kai λ, µ ∈ R.

Me �lla lìgia èna efaptìmeno di�nusma eÐnai mia parag¸gish kat� shmeÐo sto sÔnolo C∞p (M). SumbolÐzoume me
TpM to sÔnolo ìlwn twn efaptìmenwn dianusm�twn thc M sto p. Autì to sÔnolo ja onom�zoume wc efaptìmeno q¸ro
thc pollaplìthtac M sto shmeÐo p. EÔkola prokÔptei ìti to sÔnolo autì èqei dom  pragmatikoÔ dianusmatikoÔ q¸rou.

Sthn parap�nw je¸rhsh ta efaptìmena dianÔsmata droun p�nw se leÐec sunart seic kai to apotèlesma aut c thc
dr�shc eÐnai pragmatikìc arijmìc. Autì kai mìno sunist� mia ousiastik  diafor� se o,ti wc t¸ra gnwrÐzame gia ta
efaptìmena dianÔsmata. Prokeimènou na up�rxei mia sqetik  exikoÐwsh dÐnoume ta 2 parak�tw paradeÐgmata.

ParadeÐgmata

1. 'Estw M = Rn efodiasmènoc me ton kanonikì �tlanta {(Rn, IdRn)}. Tìte oi sunart seic

ei : f → ∂f

∂ui
(p), 1 ≤ i ≤ n

eÐnai efaptìmena dianÔsmata sto shmeÐo p = (p1, . . . , pn). Ta dianÔsmata
∂

∂u1

∣∣∣∣
p

, . . . ,
∂

∂un

∣∣∣∣
p

, apoteloÔn mia b�sh

tou TpRn, �ra

TpRn = {λ1
∂

∂u1

∣∣∣∣
p

+ . . .+ λn
∂

∂un

∣∣∣∣
p

: λ1, . . . , λn ∈ R}

. Shmei¸netai xan� autì pou anafèrame prin to par�deigma, ìti dhlad  h parap�nw perigraf  ewn efaptìmenwn
dianusm�twn eÐnai k�pwc diaforetik  apì th diaisjhtik  mac �poyh ìti èna efaptìmeno di�nusma èqei th morf 
(λ1, . . . , λn) ∈ Rn.

2. 'Estw (U, φ) = (U ;x1, . . . , xn) ènac topikìc q�rthc sto p mia pollaplìthtac M, ìpou xi = ui ◦φ : U ⊂M → R.
Gia k�je f ∈ C∞p (M) orÐzoume

∂

∂xi

∣∣∣∣
p

f =
∂

∂ui
(f ◦ φ−1)

∣∣∣∣
φ(p)

Oi posìthtec
∂

∂xi

∣∣∣∣
p

eÐnai paragwgÐseic sto p, �ra efaptìmena dianÔsmata thc pollaplìthtac M sto p.

'Eqontac orÐsei ton efaptìemno q¸ro miac leÐac pollaplìthtac se èna shmeÐo thc mporoÔme na orÐsoume to diaforikì
miac leÐac apeikìnishc metaxÔ pollaplot twn.

Orismìc 1.10. 'Estw M kai N leÐec pollaplìthtec, F : M → N mia leÐa apeikìnish kai p ∈ M . To diaforikì
(  par�gwgoc) thc F sto p eÐnai h apeikìnish dFp : TpM → Tf(p)N me tim 

dFp(vp)(f) = vp(f ◦ F )

gia k�je vp ∈ TpM,f ∈ C∞p (M)
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Sq ma 1.5: To diaforikì dFp miac apeikìnishc F : N →M sto shmeÐo p ∈M .
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Par�deigma. 'Estw M = Rn, N = Rm me suntetagmènec x1, . . . , xn,y1, . . . , ym antÐstoiqa. JewroÔme mia

leÐa sun�rthsh F : Rn → Rm sto shmeÐo p ∈ Rn. JumÐzoume ìti to sÔnolo { ∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xn

∣∣∣∣
p

} apoteleÐ mia

b�sh tou TpRn kai to sÔnolo { ∂

∂y1

∣∣∣∣
F (p)

, . . . ,
∂

∂ym

∣∣∣∣
F (p)

} apoteleÐ mia b�sh tou TF (p)Rm. H grammik  apeikìnish

dFp : TpM → Tf(p)N kajorÐzetai apì ton pÐnaka (aij) pou orÐzetai wc ex c

dFp

(
∂

∂xj

∣∣∣∣
p

)
=
∑
k

αkj
∂

∂yk

∣∣∣∣
F (p)

, αkj ∈ R

'Estw F i = yi ◦ f h i-sunist¸sa thc F . Efarmìzontac kai ta dÔo mèlh thc parap�nw sqèshc stic sunart seic
yi(i = 1, . . . ,m), prokÔptei ìti to dexÐ mèloc isoÔtai me(∑

k

αkj
∂

∂yk

∣∣∣∣
F (p)

)
yi =

∑
αkj δ

i
k = αij

kai to aristerì mèloc isoÔtai me

dFp

(
∂

∂xj

)
yi =

∂

∂xj

∣∣∣∣
p

(yi ◦ F ) =
∂F i

∂xj
(p)

'Ara o pÐnakac tou diaforikoÔ wc proc tic parap�nw b�seic eÐnai o Iakwbianìc pÐnakac(
∂F i

∂xj
(p)

)
Sunep¸c, to diaforikì miac leÐac apeikìnishc metaxÔ pollaplot twn genikeÔei th gnwst  mac par�gwgo miac apeikìni-
shc metaxÔ EukleÐdeiwn q¸rwn.

To parap�nw apotèlesma genikeÔetai kai ìtan oi pollaplìthtec eÐnai tuqoÔsec (lìgw thc apaÐthshc thc topik�
EukleÐdeiac dom c), kai prokeimènou na to diatup¸soume qreiazìmaste mia seir� apì apotèlesmata.

Prìtash 1.5. (Kanìnac thc alusÐdac) 'Estw F : M → N kai G : N → P leÐec sunart seic metaxÔ pollaplo-
t twn kai èstw p ∈M . Tìte isqÔei d(G ◦ F )p = dGF (p) ◦ dFp.

Apìdeixh. 'Estw Xp ∈ TpN leÐa sun�rthsh sto G(F (p)). An doÔme wc apeikìnish to G ◦ F : M → P to
diaforikì thc ja eÐnai kat� ton orismì:

d(G ◦ F )(Xp)(f) = Xp(f ◦G ◦ F )

ArkeÐ na deÐxoume ìti dGF (p) ◦ dFp = f ◦G ◦ F .

EÐnai: (dGF (p) ◦ dFp)(Xp)(f) = (dGF (p))(dFp(Xp)))(f) = dFp(Xp)(f ◦G) = Xp(f ◦G ◦ F )
ìpou sthn pr¸th isìthta ekmetalleut kame ìti to (dFp(Xp)) eÐnai efaptìmeno di�nusma sthn N kai sth deÔterh kai
trÐth isìthta qrhsimopoi same ton orismì tou diaforikoÔ.

To diaforikì thc tautotik c apeikìnishc IdM : M →M se k�je shmeÐo p ∈M eÐnai h tautotik  apeikìnish. Autì
prokÔptei polÔ eÔkola me ènan aplì upologismì:
Pr�gmati, gia k�je vp ∈ TpM kai f leÐa eÐnai:

(dIdM (vp))f = vp(f ◦ IdM ) = vpf

.

Pìrisma 1.2. 'Estw F : M → N mia amfidiafìrish metaxÔ pollaplot twn kai èstw p ∈M . Tìte to diaforikì
dFp : TpM → TF (p)N eÐnai isomorfismìc dianusmatik¸n q¸rwn.

Apìdeixh. AfoÔ h F eÐnai amfidiafìrish ja èqei mia leÐa antÐstrofh G : N →M tètoia ¸ste G ◦ F = IdM kai
g ◦ F = IdN . Apì ton kanìna thc alusÐdac prokÔptoun oi sqèseic d(G ◦ F )p = IdTpM kai d(F ◦G)F (p) = IdTF (p)N ,
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�ra oi apeikonÐseic dFp kai dGF (p) eÐnai isomorfismoÐ.

Ja broÔme t¸ra mia b�sh tou efaptìmeno q¸rou TpM . UpenjumÐzoume ìti an (U, phi) ènac q�rthc suntetagmènwn
se èna shmeÐo p miac pollaplìthtac M tìte h apeikìnish φ : U → Rn eÐnai amfidiafìrish epÐ tou φ(U), kai ètsi apì to
pìrisma 5.1 to diaforikì dφ : TpM → Tφ(p)Rn eÐnai isomorfismìc dianusmatik¸n q¸rwn. Gia to lìgo ìti orÐzoume wc
di�stash miac pollaplìthtac th di�stash tou efapìmenou q¸rou thc, to parap�nw sumpèrasma deÐqnei me saf neia
ìti h di�stash miac pollaplìthtac eÐnai kal� orismènh.

Prìtash 1.6. 'Estw (U, φ) = (U ;x1, . . . , xn) ènac q�rthc se èna shmeÐo p miac pollaplìthtac M. Tìte

dφp

(
∂

∂xi

∣∣∣∣
p

)
=

∂

∂ui

∣∣∣∣
φ(p)

ìpou xi = ui ◦ φ kai u1, . . . , un oi kanonikèc suntetagmènec tou Rn.

Apìdeixh. 'Estw f ∈ C∞p (N). Tìte apì ton orismì tou diaforikoÔ

dφp

(
∂

∂xi

∣∣∣∣
p

)
f =

∂

∂xi

∣∣∣∣
p

(f ◦ φ) =
∂

∂ui

∣∣∣∣
φ(p)

(f ◦ φ ◦ φ−1) =
∂

∂ui

∣∣∣∣
φ(p)

f

pou eÐnai to zhtoÔmeno.

FaÐnetai apì thn parap�nw prìtash ìti to diaforikì thc apeikìnishc thc sun�rthshc suntetagmènwn (lìgw tou ìti
eÐnai isomorfismìc) apeikonÐzei th b�sh tou Rn sth b�sh tou TpM . Autì eÐnai to perieqìmeno thc epìmenhc prìtashc.

Prìtash 1.7 'Estw (U, φ) = (U ;x1, . . . , xn) ènac q�rthc se èna shmeÐo p miac pollaplìthtac M. Tìte to sÔnolo

{ ∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xn

∣∣∣∣
p

}

apoteleÐ mia b�sh tou efaptìmenou q¸rou TpM .

Apìdeixh. GnwrÐzoume ìti ènac isomorfismìc apeikonÐzei b�seic se b�seic. Lìgw thc prìtashc 5.2 o isomor-

fismìc dφ : TpM → Tφ(p)Rn stèlnei to sÔnolo
∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xn

∣∣∣∣
p

sto sÔnolo
∂

∂u1

∣∣∣∣
φ(p)

, . . . ,
∂

∂un

∣∣∣∣
φ(p)

to opoÐo

apoteleÐ b�sh tou Tφ(p)Rn, ap'ìpou prokÔptei to apotèlesma.

Ja kleÐsoume to tm ma autì me mia topik  èkfrash tou diaforikoÔ, h opoÐa genikeÔei th gnwst  èkfrash tou
diaforikoÔ miac diaforÐsimhc sun�rthshc metaxÔ EukleÐdeiwn q¸rwn.

Prìtash 1.8 'Estw F : M → N mia leÐa apeikìnish metaxÔ pollaplot twn, p ∈M kai èstw (U, x1 . . . , xn), (V, y1, . . . , ym)

topikoÐ q�rtec sta shmeÐa p ∈M kai F (p) ∈ N . Tìte wc proc tic b�seic { ∂

∂xj

∣∣∣∣
p

} tou TpM kai { ∂

∂yi

∣∣∣∣
F (p)

} tou TF (p)N ,

to diaforikì dFp : TpM → TF (p)N parÐstatai apì ton pÐnaka

(
∂F i

∂xj
(p)

)
, ìpou F i = yi ◦ F h i−sunist¸sa thc F .

'Opwc eip¸jhke sthn eisagwg , kurÐarqo rìlo sthn an�ptux  mac ja apotelèsoun oi om�dec Lie. 'Otan jel soume
na perigr�youme ton efaptìmeno q¸ro miac tètoiac om�dac o orismìc tou diaforikoÔ ìpwc dìjhke parap�nw den eÐnai
idiaÐtera qrhstikìc   bolikìc. Gia autìn ton lìgo, sto teleutaÐo autì tm ma thc paragr�fou ja epiqeir soume na
d¸soume ènan enallaktikì all� isodÔnamo orismì tou diaforikoÔ miac leÐac apeikìnishc, kai sugqrìnwc ja epitÔqoume
mia pio "fusik � ermhneÐa tou efaptìmenou dianÔsmatoc. To mèson gia to skopì autì eÐnai oi kampÔlec se pollaplìth-
tec.

Mia leÐa kampÔlh se mia pollaplìthta M eÐnai mia leÐa apeikìnish γ : (a, b) → M ìpou (a, b) eÐnai èna anoiqtì
di�sthma gia to opoÐo upojètoume taktik� ìti perièqei to mhdèn. Mia kampÔlh γ èqei arq  to p an γ′(0) = p. To
di�nusma taqÔthtac γ′(t0) thc kampÔlhc γ th qronik  stigm  t0 ∈ (a, b) (  sto shmeÐo γ(t0)) orÐzetai wc

γ′(t0) = dγγ(t0)

(
d

dt

∣∣∣∣
t=t0

)
∈ Tγt0)

M
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An sumbolÐsoume me γ̇(t0) th sunhjismènh par�gwgo sto shmeÐo t0 (ìpwc th gnwrÐzoume apì thn stoiqei¸dh an�lu-
sh)tìte eÐnai jèma apl¸n pr�xewn na dei kaneÐc ìti oi 2 par�gwgoi sundèontai metaxÔ touc me th sqèsh

γ′(t) = γ̇(t)
d

dx

∣∣∣∣
γ(t)

Se epÐpedo pollaplìthtac h genÐkeush eÐnai arket� apl . An γ : (a, b)→M mia leÐa pollaplìthta kai (U, x1, . . . , xn)
ènac topikìc q�rthc sto shmeÐo γ(t) tìte to efaptìmeno di�nusma γ′(t) ekfr�zetai wc

γ′(t) =

n∑
i=1

γ̇i(t)
∂

∂xi

∣∣∣∣
γ(t)

ìpou γi = xi ◦ γ eÐnai h i−suntetagmènh thc kampÔlhc γ ston q�rth U . Sunep¸c h taqÔthta γ′(t) wc proc th b�sh{
∂

∂xi

∣∣∣∣
p

}
tou efaptìmenou q¸rou Tγ(t)M , parÐstatai apì to di�nusma (γ̇1(t), . . . , γ̇n(t)).

H apìdeixh autoÔ eÐnai arket� apl  kaj¸c efìson to sÔnolo

{
∂

∂xi

∣∣∣∣
p

}
eÐnai b�sh tou efaptìmenou q¸rou Tγ(t)M

arkeÐ mìnon na broÔme suntelestèc αi ¸ste na isqÔei h isìthta γ′(t) =

n∑
i=1

αi
∂

∂xi
.

'Opwc èqoume xanak�nei kai sta prohgoÔmena, efarmìzontac kai sta duo mèlh thc parap�nw exÐswshc th suntetagmènh
xj ja èqoume:

αj =

(∑
αi

∂

∂xi

)
xj = γ′(t)xj = dγγ(t)

(
d

dt

)
=

d

dt
(xj ◦ γ) =

d

dt
γj = γ̇j(t)

K�je leÐa kampÔlh γ pou dièrqetai apì èna shmeÐo p miac pollaplìthtac M orÐzei èna efaptìmeno di�nusma γ′(0)
ston efaptìmeno q¸ro TpM . IsqÔei kai to antÐstrofo autoÔ, dhlad  gia k�je shmeÐo p ∈M kai gia k�je efaptìmeno
di�nusma vp ∈ TpM up�rqei kampÔlh γ ¸ste γ(0) = p kai γ′(0) = vp.

Qrhsimopoi¸ntac kampÔlec se mia pollaplìthta mporoÔme na d¸soume mia emhneÐa enìc efaptìmenou dianÔsmatoc,
gnwst  wc fusik  ermhneÐa twn efaptìmenwn dianusm�twn.

Prìtash 1.9. 'Estw vp èna efaptìmeno di�nusma sto shmeÐo p miac pollaplìthtac M kai èstw f ∈ C∞p (M).
An γ : (−ε, ε)→M mia leÐa kampÔlh pou dièrqetai apì to shmeÐo p tètoia ¸ste γ′(0) = vp tìte

vpf =
d

dt

∣∣∣∣
t=0

(f ◦ γ)

To parap�nw mporoÔme na to deÐxoume polÔ eÔkola lamb�nontac mìnon upìyh touc orismoÔc. Pr�gmati èqoume

vpf = γ′(0)f = dγγ(0)

(
d

dt

∣∣∣∣
t=0

)
f =

d

dt

∣∣∣∣
t=0

(f ◦ γ)

H teleutaÐa prìtash gia thn par�grafo aut  dÐnei ènan exairetik� qr simo trìpo upologismoÔ tou diaforikoÔ miac
leÐac sun�rthshc metaxÔ pollaplot twn, h opoÐa ja qrhsimopoihjeÐ me epìmena jewr mata gia na deÐxoume ìti mia
upoom�da thc genik c grammik c om�dac GLnR eÐnai leÐa pollaplìthta kai om�da Lie.

Prìtash 1.10. 'Estw F : M → N mia leÐa sun�rthsh metaxÔ pollaplot twn, p ∈M kai vp ∈ TpM . An γ mia
leÐa kampÔlh me arq  to shmeÐo p kai me di�nusma taqÔthtac vp, tìte isqÔei

dFp(vp) =
d

dt

∣∣∣∣
t=0

(F ◦ γ)(t)

.
Apìdeixh. Apì thn upìjesh èqoume ìti γ(0) = p kai γ′(0) = vp. Tìte qrhsimopoi¸ntac touc orismoÔc kai ton

kanìna thc alusÐdac prokÔptei ìti

dFp(vp) = dFp(γ
′(0)) = (dFp ◦ dγ0)

(
d

dt

∣∣∣∣
t=0

)
= d(F ◦ γ)0

(
d

dt

∣∣∣∣
t=0

)
=

d

dt

∣∣∣∣
t=0

(F ◦ γ)(t)
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Sq ma 1.6 : Fusik  ermhneÐa tou diaforikoÔ apeikìnishc F : M → N sto shmeÐo p

1.6 Dianusmatik� PedÐa

H ènnoia tou leÐou (diaforÐsimou) dianusmatikoÔ pedÐou se mia pollaplìthta apaiteÐ mia sqolastikìterh proetoimasÐa
apì aut n enoc dianusmatikoÔ pedÐou se k�poion EukleÐdeio q¸ro. To pr¸to pr�gma pou prèpei na orÐsoume eÐnai autì
thc efaptìmenhc dèsmhc.

'Estw M mia leÐa pollaplìthta. H efaptìmenh dèsmh thc M eÐnai h ènwsh ìlwn twn efaptìmenwn q¸rwn thc M:

TM =
⋃
p∈M

TpM

Shmei¸noume ìti h parap�nw ènwsh eÐnai diakekrimmènh, epeid  gia dÔo diaforetik� shmeÐa p, q sthn M oi efaptìmenoi
q¸roi TpM kai TqM eÐnai diaforetikoÐ. 'Ena shmeÐo sthn efaptìmenh dèsmh èqei th morf  (p, vp), ìpou p ∈ M kai
vp ∈ TpM .

H apeikìnish π : TM → M me tim  π(p, vp) = p onom�zetai fusik  probol  (upì thn ènnoia ìti eÐnai anex�rthth
apì opoiad pote epilog , ìpwc �tlantac, topikèc suntetagmènec k.l.p.)

'Oson afor� thn efaptìmenh dèsmh mac endiafèroun dÔo pr�gmata. To pr¸to eÐnai h TopologÐa kai to deÔtero
eÐnai h Diaforik  dom .

TopologÐa. 'Estw (U, φ) = (U ;x1, . . . , xn) ènac topikìc q�rthc thc M. JewroÔme to sÔnolo

TU =
⋃
p∈U

TpU =
⋃
p∈U

TpM

kai èstw vp ∈ TpM . Tìte gnwrÐzoume ìti wc proc th b�sh { ∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xn

∣∣∣∣
p

} tou efaptìmenou q¸rou TpM ja

èqoume ìti

vp =

n∑
i=1

ci
∂

∂xi

∣∣∣∣
p

Oi suntelestèc ci exart¸ntai apì to vp, �ra eÐnai sunart seic orismènec sto TU . Jètoume x̄i = xi ◦ π kai orÐzoume
thn apeikìnish

φ̄ : TU → φ(U)× Rn

me tim 
(p, vp) 7−→ (x1(p), . . . , xn(p), c1(vp), . . . , c

n(vp)) = (x̄1, . . . , x̄n, c1, . . . , cn)(vp)

H apeikìnish φ̄ èqei wc antÐstrofh thn apeikìnish

(φ(p), c1, . . . , cn) 7−→ (p,
∑

ci
∂

∂xi

∣∣∣∣
p

)

18



sunep¸c eÐnai 1-1 kai epÐ.

'Enac enallaktikìc trìpoc graf c thc apeikìnishc φ̄ eÐnai φ̄ = (φ◦π, dφp). Pr�gmati an dφp : TpU → Tφ(p)Rn ∼= Rn

eÐnai to diaforikì thc φ sto p, tìte dφp(vp) =
∑

ci
∂

∂ui

∣∣∣∣
φ(p)

, �ra mporoÔme na tautÐsoume to dφp(vp) me to di�nusma-

gramm  (c1, . . . , cn).

Sth sunèqeia, qrhsimopoioÔme thn apeikìnish φ̄ gia na metafèroume thn topologÐa tou φ(U)×Rn sto sÔnolo TU
wc ex c: 'Ena sÔnolo A sto TU ja onom�zetai anoiqtì an kai mìnon an to sÔnolo φ̄(A) eÐnai anoiqtì sto φ(U)×Rn.
To sÔnolo φ(U)× Rn èqei thn kanonik  topologÐa wc anoiqtì uposÔnolo tou R2n.

Diaforik  dom . 'Estw {(Ua, φa)} ènac leÐoc �tlantac thc pollaplìthtac M. Ja apodeÐxoume ìti o {(TUa, φ̄a)}
eÐnai leÐoc �tlantac thc efaptìmenhc dèsmhc TM . Profan¸c isqÔei ìti TM =

⋃
a
TUa �ra arkeÐ na deÐxoume th leÐa

sumbatìthta twn φ̄a kai φ̄β sthn tom  (TUa) ∩ (TUβ).

JumÐzoume ìti an (U ;x1, . . . , xn), (V ; y1, . . . , yn) eÐnai 2 q�rtec sthn M, tìte gia k�je p ∈ U ∩V up�rqoun 2 b�seic{
∂

∂xj

∣∣∣∣
p

}n
j=1

kai

{
∂

∂yi

∣∣∣∣
p

}n
i=1

tou efaptìmenou q¸rou TpM , ¸ste k�je di�nusma vp ∈ TpM na ekfr�zetai me dÔo

trìpouc wc

vp =
∑
j

αj
∂

∂xj

∣∣∣∣
p

=
∑
i

bi
∂

∂yi

∣∣∣∣
p

Efarmìzontac kai ta duo mèlh stic sunart seic yk prokÔptei ìti

bk =
∑
j

aj
∂yk

∂xj
, k = 1, . . . , n

Epistrèfoume t¸ra ston �tlanta {(Ua, φa)} kai èstw ìti φa = (x1, . . . , xn) kai φβ = (y1, . . . , yn)
Qrhsimopoi¸ntac thn parap�nw èkfrash gia to vp blèpoume ìti h apeikìnish

φ̄β ◦ φ̄−1
a : φa(Ua ∩ Uβ)× Rn → φβ(Ua ∩ Uβ)× Rn

èqei th morf 

(φa(p), a1, . . . , an) 7−→

p,∑
j

aj
∂

∂xj

∣∣∣∣
p

 7−→ ((φβ ◦ φ−1
a (φa(p)), b1. . . . , bn)

Epiplèon lìgw thc parap�nw èkfrashc gia ta bk ja èqoume

bk =
∑
j

aj
∂yk

∂xj
(p) =

∑
j

aj
∂(φβ ◦ φ−1)k

∂uj
(φa(p)), k = 1, . . . , n

ExìrismoÔ tou leÐou �tlanta, h apeikìnish φβ ◦φ−1
a eÐnai leÐa, sunep¸c lìgw twn parap�nw ekfr�sewn h apeikìnish

φ̄β ◦ φ̄−1
a ja eÐnai kai aut  leÐa. Katal xame loipìn sto ìti h efaptìmenh dèsmh eÐnai mia leÐa pollaplìthta di�stashc

2n me leÐo �tlanta ton {(TUa, φ̄a)}.

Orismìc 1.11. 'Ena dianusmatikì pedÐo X se mia pollaplìthta M eÐnai mia apeikìnish h opoÐa se k�je p ∈ M
antistoiqeÐ èna efaptìmeno di�nusma Xp ∈ TpM .

SumbolÐzoume me X (M) to sÔnolo ìlwn twn leÐwn dianusmatik¸n pedÐwn sthn M.
'Estw (U ;x1, . . . , xn) ènac topikìc q�rthc sthn M. Tìte h tim  enìc dianusmatikoÔ pedÐou Q se èna shmeÐo p ∈ U
dÐnetai wc

Xp =
∑

ai(p)
∂

∂xi

∣∣∣∣
p

, ai(p) ∈ R

Kaj¸c to shmeÐo p metab�lletai sto U , oi suntelestèc ai orÐzoun pragmatikèc sunart seic sto U . Sunep¸c sto U
to pedÐo Q ekfr�zetai wc

X =
∑

ai
∂

∂xi
, ai : U → R
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Sq ma 1.7: To dianusmatikì pedÐo X(x,y) = −−y ∂
∂x

+ x
∂

∂y
ston R2.

Qrhsimopoi¸ntac th diaforik  dom  thc efaptìmenhc dèsmhc TM prokÔptei ìti to dianusmatikì pedÐo eÐnai leio an
kai mìnon an oi sunart seic ai eÐnai leÐec sto U .

'Estw F(M)to sÔnolo ìlwn twn leÐwn dianusmatik¸n pedÐwn sthn M. Gia f ∈ F(M) kai X ∈ X (M) orÐzetai h
sun�rthsh Xf : M → R me tim 

(Xf)p = Xpf

Qrhsimopoi¸ntac th sun�rthsh aut  mporoÔme na d¸soume ton parak�tw qarakthrismì enìc leÐou dianusmatikoÔ pe-
dÐou.

Prìtash 1.10. 'Ena dianusmatikì pedÐo Q se mia pollaplìthta M eÐnai leÐo, an kai mìnon an gia k�je leÐa
sun�rthsh f sthn M, h sun�rthsh Xf eÐnai leÐa.

Apìdeixh. Gia to eujÔ upojètoume X ∈ X (M) kai f ∈ F(M) kai (U ;x1, . . . , xn) ènac topikìc q�rthc sthn

M. Tìte to dianusmatikì pedÐo Q ekfr�zetai wc X =
∑

ai
∂

∂xi
, ìpou oi sunart seic ai eÐnai leÐec, �ra h sun�rthsh

Xf =
∑

ai
∂f

∂xi
eÐnai leÐa sto U . Epeid  h pollaplìthta M kalÔptetai me mia sullog  qart¸n, h sun�rthsh Xf

eÐnai leÐa sthn M.
To antÐstrofo eÐnai lÐgo pio teqnikì, kai apaiteÐ qr sh apotelesm�twn pou den èqoun anaferjeÐ kai xefeÔgei apì touc
stìqouc thc paroÔsac egrasÐac. H apìdeixh mporeÐ na brejeÐ se opoiod pote biblÐo gia pollaplìthtec.

'Ena leÐo dianusmatikì pedÐo Q sthn M mporeÐ na jewrhjeÐ kai wc ènac grammikìc telest c X : F(M) → F(M),
o opoÐoc na eÐnai mia parag¸gish, dhlad  isqÔei:

X(fg) = (Xf)g + f(Xg)

gia k�je f, g ∈ F(M).
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To ginìmeno Lie

'Estw Q,U dÔo leÐa dianusmatik� pedÐa orismèna se èna anoiqtì uposÔnolo U miac pollaplìthtac M, ta opoÐa ta
jewroÔme wc paragwgÐseic sthn �lgebra F(M). Apì thn Prìtash 1.10 gnwrÐzoume ìti an f eÐnai mia leÐa sun�rthsh
sto U , tìte h sun�rthsh Y f eÐnai epÐshc leÐa sun�rthsh sto U , kai to Ðdio isqÔei kai gia to X(Y f). Epiplèon epeid  oi
Q,U eÐnai grammikèc sunart seic F(M)→ F(M) (tic jewroÔme wc paragwgÐseic, �ra eÐnai grammikèc kai ikanopoioÔn
ton kanìna tou Leibniz) h sÔnjesh XY eÐnai epÐshc grammik  apeikìnish. ParathroÔme ìmwc ìti o kanìnac tou Leibniz
den ikanopoeÐtai afoÔ an f, g ∈ F(M) tìte

XY (fg) = X((Y f)g + f(Y g)) = (XY f)g + (Y f)(Xg) + (Xf)(Y g) + f(XY g)

ìpou se k�je isìthta qrhsimopoi same to gegonìc ìti oi Q,U eÐnai paragwgÐseic.

An to QU  tan parag¸gish, ja èprepe (Y f)(Xg) + (Xf)(Y g) = 0 gia k�je f, g ∈ F(M), to opoÐo fusik� den
isqÔei aparaÐthta.

'Ara to QU den eÐnai parag¸gish kai wc ek toÔtou den eÐnai leÐo dianusmatikì pedÐo. ParathroÔme ìmwc ìti oi pa-
rap�nw perittoÐ ìroi eÐnai summetrikoÐ wc proc Q kai U. 'Ara an upologÐzame to (Y X)(fg) kai to afairoÔsame apo thn
parap�nw èkfrash, oi epiplèon ìroi ja exafanÐzontan, kai to XY − Y X ja  tan mia parag¸gish sto F(M) kai sÔm-
fwna me ta ìsa eÐpame parap�nw ja  tan èna leÐo dianusmatikì pedÐo. O akìloujoc orismìc eÐnai entel¸c fusiologikìc.

Orismìc 1.12. 'Estw Q,U dÔo leÐa dianusmatik� pedÐa orismèna se èna anoiqtì uposÔnolo U miac pollaplìthtac
M kai èstw p ∈ U . To ginìmeno Lie twn Q kai U eÐnai to dianusmatikì pedÐo [Q,U] tou opoÐou h tim  sto shmeÐo p
orÐzetai wc ex c: Gia k�je leÐa sun�rthsh f sto shmeÐo p eÐnai

[X,Y ]pf = Xp(Y f)− Yp(Xf)

H posìthta [X,Y ]p eÐnai mia parag¸gish sto p, �ra orÐzei èna efaptìmeno di�nusma sto shmeÐo p. Kaj¸c to p meta-
b�lletai sto U to [X,Y ] orÐzei èna dianusmatikì pedÐo sto U .

Parat rhsh. Se poll� biblÐa kammi� for� to ginìmeno Lie onom�zetai kai Lie par�gwgoc, kai sumbolÐzetai me

LXY = [X,Y ]

Up�rqei mia poreÐa pou akoloujeÐtai kai odhgeÐ se autìn ton orismì, ìti dhlad  h Lie par�gwgoc tou dianusmatikoÔ
pedÐou Y wc proc to dianusmatikì pedÐo X isoÔtai me to ginìmeno Lie twn pedÐwn X,Y . H parousÐash aut c thc
poreÐac xefeÔgei apì toc stìqouc thc paroÔsac ergasÐac.

Efìson ta Q,U eÐnai leÐa dianusmatik� pedÐa sto U tìte kai to ginìmeno Lie [Q,U] eÐnai èna leÐo diannusmatikì
pedÐo sto U . Autì eÐnai �mesh apìroia thc prìtashc 6.1 diìti oi Xf kai Y f eÐnai leÐec (sÔmfwna me thn parap�nw
an�lush), �ra h sun�rthsh

[X,Y ]f = X(Y f)− Y (Xf)

eÐnai leÐa wc diafor� leÐwn sunart sewn.

Apì ta parap�nw prokÔptei ìti to ginìmeno Lie orÐzei ènan telest 

[, ] : X (M)×X (M)→ X (M)

sto dianusmatikì q¸ro twn leÐwn dianusmatik¸n pedÐwn. O telest c autìc profan¸c ikanopoieÐ th sqèsh

[X,Y ] = −[Y,X]

all� kai thn tautìthta Jacobi
[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0

Oi idiìthtec autèc tou ginomènou Lie ikanopoioÔn mia shmantik  dom  se ènan dianusmatikì q¸ro, th dom  �lgebrac Lie.

Orismìc 1.11. Mia �lgebra Lie epÐ tou R eÐnai ènac dianusmatikìc q¸roc V epÐ tou R efodiasmèno me èna
ginìmeno [, ] : V × V → V (ginìmeno Lie-Lie bracket), to opoÐo ikanopoieÐ tic ex c idiìthtec: gia a, b ∈ R kai
X,Y, Z ∈ V , tìte
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1. [aX + bY, Z] = a[X,Z] + b[Y,Z]
[X, aY + bZ] = a[X,Y ] + b[X,Z] (digrammikìthta)

2. [Y,X] = −[X,Y ] (antisummetrÐa)

3. [X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0 (tautìthta Jacobi)

ParadeÐgmata.

1. To basikì par�deigma efarmog c tou Lie bracket pou ènac Mhqanikìc èqei sunant sei eÐnai sth Dunamik , sthn
èkfrash thc stroform c. Pio sugkekrimèna o R3 efodiasmènoc me to exwterikì ginìmeno × : R3 × R3 → R3

eÐnai mia �lgbera Lie. Oi 3 apait seic tou parap�nw orismoÔ ikanopoioÔntai, afoÔ isqÔoun wc idiìthtec tou
exwterikoÔ ginomènou ston R3.

2. O dianusmatikìc q¸roc X (M) ìlwn twn leÐwn dianusmatik¸n pedÐwn se mia pollaplìthta M apoteleÐ mia
pragmatik  �lgebra Lie, me ginìmeno Lie to ginìmeno Lie twn leÐwn dianusmatik¸n pedÐwn akrib¸c ìpwc autì
orÐsthke sta parap�nw.

3. 'Estw Rn×n o dianusmatikìc q¸roc ìlwn twn n×n pin�kwn me stoiqeÐa apì to s¸ma twn pragmatik¸n arijm¸n.
Gia k�je X,Y ∈ Rn×n h pr�xh

[X,Y ] = XY − Y X

orÐzei èna ginìmeno Lie ston Rn×n (eÐnai jèma apl c epal jeushc twn 3 apait sewn tou orismoÔ) kai k�nei ton
(Rn×n, [, ]) mia �lgebra Lie.

Sto kef�laio 2 ja parousi�soume analutikìtera k�poia qr sima algebrik� apotelèsmata pou aforoÔn om�dec kai
�lgebrec Lie.

1.7 Pollaplìthtec Riemann

Stic prohgoÔmenec paragr�fouc antikeÐmeno melèthc  tan h Diaforik  TopologÐa twn pollaplot twn. Ja kleÐsou-
me to Kef�laio 1 me mia sÔntomh anaskìphsh thc Diaforik c GewmetrÐac twn pollaplot twn   me lÐga lìgia twn
pollaplot twn Riemann. Epeid  to f�sma twn ennoi¸n pou pragmateÔetai h jewrÐa eÐnai idiaÐtera eurÔ, ja periori-
stoÔme mìno se ekeÐnec tic ènnoiec oi opoÐec eÐnai aparaÐthtec gia thn swst  majhmatik  jemelÐwsh tou peperasmènou
stoiqeÐou, ìpwc anafèrontai sthn eisagwg . 'Ennoiec epomènwc ìpwc kampulìthta, gewdaisiakèc k.�, den ja parou-
siasjoÔn (ìpwc den parousi�sthkan kai gia tic aplèc epif�neiec tou R3). O anagn¸sthc mporeÐ na anatrèxei stic
phgèc [2],[3],[4],[5],[8] gia peraitèrw melèth.

KurÐarqo rìlo sth GewmetrÐa Riemann katèqei h ènnoia thc metrik c Riemann. Up�rqoun di�foroi trìpoi na
thn orÐsei kaneÐc. Diadedomènoc eÐnai o trìpoc orismoÔ thc sÔmfwna me thn tanustik  fÔsh aut c. Den eÐnai o
trìpoc pou epijumoÔme na thn orÐsoume, kaj¸c sta majhmatik� o tanustikìc logismìc èqei baji� kai idiaÐtera teqnik 
fÔsh, kai se lÐga pr�gmata moi�zei me autì pou oi mhqanikoÐ orÐzoun wc tanust . Ja  tan adìkimo na prosqwr sou-
me sthn paroÔsa ergasÐa se mia tètoia baji� kai teqnik  ènnoia. ProkrÐnetai epomènwc ènac kajìla isodÔnamoc orismìc

Orismìc 1.12 Mia metrik  Riemann se mia pollaplìthta M eÐnai h an�jesh/antistoÐqish se k�je shmeÐo
p ∈ M enìc eswterikoÔ ginomènou gp =<,>p ston efaptìmeno q¸ro TpM(dhlad  mia summetrik , digrammik  kai
jetik� orismènh digrammik  morf ). Epipleìn h antistoÐqish p 7−→<,>p apaiteÐtai na eÐnai leÐa upì thn akìloujh
ènnoia: An X,Y eÐnai leÐa dianusmatik� pedÐa sthn M, tìte h sun�rthsh

< X,Y >: M → R, p 7−→< X,Y >p=< Xp, Yp >

eÐnai leÐa sun�rthsh sthn M. Mia pollaplìthta Riemann eÐnai èna zeÔgoc (M, g =<,>), dhlad  eÐnai mia leÐa polla-
plìthta, ìpwc thn orÐsame sta prohgoÔmena, efodiasmènh me mia metrik  Riemann.

To m koc enìc efaptìmenou dianÔsmatoc vp ∈ TpM kai h gwnÐa pou sqhmatÐzoun 2 efaptìmena dianÔsmata
up, vp ∈ TpM dÐnetai mèsw thc metrik c Riemann apì touc Ðdiouc tÔpouc pou dÐnei to EukleÐdeio eswterikì ginìmeno.
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Qrhsimopoi¸ntac th metrik  Riemann mporoÔme na orÐsoume to m koc miac leÐac kampÔlhc se mia pollaplìthta
Pr�gmati, èstw γ : I → R mia leÐa kampÔlh se mia pollaplìthta (M, g). Tìte to m koc L(γ) thc γ eÐnai to olokl rwma

L(γ) =

∫
I

√
g(γ̇(t), γ̇(t))dt

Ja doÔme t¸ra thn topik  èkfrash miac metrik c Riemann. 'Estw (M, g) mia pollaplìthta Riemann kai (U ;x1 . . . , xn)
èna topikì sÔsthma suntetagmèwn se èna shmeÐo p ∈M . 'Estw u, v ∈ TpM me

u =

n∑
i=1

ui(p)
∂

∂xi

∣∣∣∣
p

, v =

n∑
j=1

vj(p)
∂

∂xj

∣∣∣∣
p

Tìte èqoume ìti

gp(u, v) = gp

 n∑
i=1

ui(p)
∂

∂xi

∣∣∣∣
p

,

n∑
j=1

vj(p)
∂

∂xj

∣∣∣∣
p

 =
∑
i,j

ui(p)vj(p)

(
∂

∂xi

∣∣∣∣
p

,
∂

∂xj

∣∣∣∣
p

)

SumbolÐzoume me

gij = gij(p) = gp

(
∂

∂xi

∣∣∣∣
p

,
∂

∂xj

∣∣∣∣
p

)
Akrib¸c ìpwc sto EukleÐdeio eswterikì ginìmeno, eÐnai gij = gji, �ra orÐzetai o summetrikìc pÐnakac (gij), o o-
poÐoc onom�zetai pÐnakac thc metrik c g sto shmeÐo p. EpekteÐnontac ta efaptìmena dianÔsmata u, v se antÐstoiqa
dianusmatik� pedÐa

X =
∑

ui
∂

∂xi
, Y =

∑
vj

∂

∂xj

(dhlad  Xp = u, Yp = v), tìte prokÔptei h parak�tw èkfrash thc sun�rthshc g(X,Y ):

g(X,Y ) = g

 n∑
i=1

ui
∂

∂xi
,

n∑
j=1

vj
∂

∂xj

 =
∑

g

(
∂

∂xi
,
∂

∂xj

)
uivj =

∑
i,j

giju
ivj

Sunep¸c h apeikìnish p 7−→<,>p eÐnai leÐa an kai mìnon an oi sunart seic gij : U → R eÐnai leÐec. Lìgw thc isìthtac
dxi ⊗ dxj(X,Y ) = dxi(X)dxj(Y ) = uivj , suqn� h parap�nw sqèsh parousi�zetai me thn klassik  graf 

g =
∑
i,j

gijdx
i ⊗ dxj

Wc par�deigma dÐnoume to sunhjismèno EukleÐdeio eswterikì ginìmeno

< u, v >Rn=
∑

ukvk

. Sto dianusmatikì q¸ro Rn orÐzei mia metrik  Riemann. H pollaplìthta Riemann En = (Rn, <,>Rn) onom�zetai
n−di�statoc EukleÐdeioc q¸roc.

Mèqri stigm c, mèsw thc topik c perigraf c, èqoume eis�gei mia metrik  Riemann se k�je topikì sÔsthma su-
ntetagmènwn (U ;x1 . . . , xn) miac leÐac pollaplìthtac M. Up�rqei je¸rhma pou exasfalÐzei thn Ôparxh miac metrik c
Riemann se olìklhrh thn pollaplìthta, h opoÐa mporeÐ na epiteuqjeÐ me 'sugkìlhsh' metrik¸n Riemann apì k�je
anoiqtì uposÔnolo enìc �tlanta thc M.

Orismìc 1.13 'Estw f : (M, g)→ (N,h) mia leÐa sun�rthsh pollaplot twn Riemann. Ja lème ìti h f diathreÐ
th metrik  (metric preserving function) an gia k�je p ∈M kai dianusmatik� pedÐa X,Y ∈ X (M) isqÔei

gp(Xp, Yp) = hf(p)(dfp(Xp), dfP (Yp))

An epiplèon h f eÐnai amfidiafìrish, tìte ja lègetai isometrÐa. Oi isometrÐec paÐzoun exèqonta rìlo sth GewmetrÐa
Riemann.
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Efìson èqoume sta qèria mac mia metrik , to pr¸to pr�gma pou ja jèlame na melet soume eÐnai parag¸gouc
stouc efaptìmenouc q¸rouc twn pollaplot twn akrib¸c ìpwc k�name kai sthn klasik  jewrÐa epifanei¸n tou R3.
Dustuq¸c ìmwc h met�bash apì ton Logismì tou Rn stic pollaplìthtec den eÐnai �mesh kai apaiteÐtai diaforetikìc
qeirismìc. Ja prèpei na broÔme ekeÐnec tic ènnoiec oi opoÐec mporoÔn eÔkola na epektajoÔn se pollaplìthtec.

To kentrikì ergaleÐo prokeimènou na oristoÔn di�fora gewmetrik� antikeÐmena se mia pollaplìthta Riemann M
eÐnai autì thc sunoq c. EpijumoÔme na orÐsoume par�gwgo kat� kateÔjunsh enìc leÐou dianusmatikoÔ pedÐou Y sthn
kateÔjunsh enìc dianÔsmatocXp ∈ TpM . Gia to skopì autì ja qreiasteÐ na sugkrÐnoume tic timèc tou Y se mia perioq 
tou shmeÐou p. An q eÐnai èna �llo shmeÐo kont� sto p tìte genik� den eÐnai dunatìn na sugkrÐnoume ta dianÔsmmata Yp
kai Yq mèsw thc diaforac Yp − Yq, epeid  ta antÐstoiqa dianÔsmata an koun se diaforetikoÔc efaptìmenouc q¸rouc.
Ac jumhjoÔme pwc orÐzetai h par�gwgoc wc proc kateÔjunsh sthn perÐptwsh ìpou M = Rn.
'Estw p ∈ Rn,Xp ∈ TpRn kai Y èna leÐo dianusmatikì pedÐo ston Rn. Tìte h par�gwgoc wc proc kateÔjunsh tou Y
sth dieÔjunsh Xp eÐnai o arijmìc

DXpY = lim
t→0

Y (p+ tXp)− Yp
t

IsodÔnama an Y =
∑

bi
∂

∂xi
tìte

DXpY =
∑

(Xbi)
∂

∂xi

∣∣∣∣
p

Kaj¸c to shmeÐo p metab�lletai ston Rn, tìte gia k�je zeÔgoc leÐwn dianusmatik¸n pedÐwn X,Y ston Rn orÐzetai
to dianusmatikì pedÐo DXY me tim 

(DXY )p = DXpY, p ∈M

Sthn perÐptwsh pou to pedÐo Y eÐnai mia leÐa sun�rthsh ston Rn, tìte h par�gwgoc wc proc kateÔjunsh eÐnai apl¸c

DXpf = Xpf,Xp ∈ TpRn

kai aut  eÐnai mia idiìthta pou mporeÐ na epektajeÐ kai se mia pollaplìthta Riemann. H apeikìnish

D : X (Rn)×X (Rn)→ X (Rn), (X,Y ) 7−→ DXY

ikanopoieÐ tic parak�nw idiìthtec me meg�lhc shmasÐac thn idiìthta 4.

1. DX(λY + µZ) = λDXY + µDXY , R-grammik  wc proc Y

2. DX(fY ) = fDXY +DX(f)Y , kanìnac tou Leibniz

3. DfX+gY Z = fDXZ + gDY Z, C
∞(Rn)-grammik  wc proc X

4. Efìson h par�gwgoc wc proc kateÔjunsh D ston Rn eÐnai mia R−digrammik  apeikìnish D : X (Rn)×X (Rn)→
X (Rn) mporeÐ kaneÐc na anarwthjeÐ an eÐnai summetrik , dhladh gia k�je X,Y X (Rn isqÔei DXY = DYX.
'Enac aplìc upologismìc deÐqnei ìti h ap�nthsh eÐnai oqi. Sthn pr�xh, an [X,Y ] eÐnai to ginìmeno Lie [X,Y ] =
XY − Y X ìpou gia p ∈ Rn kai f ∈ C∞(Rn),[X,Y ]pf = Xp(Y f)− Yp(Xf) tìte [X,Y ] = DXY −DYX
H posìthta

T (X,Y ) = DXY −DYX − [X,Y ]

katal gei na eÐnai jemeli¸dhc gia th diaforik  gewmetrÐa kai onom�zetai strèyh thc parag¸gou wc proc kate-
Ôjunsh D.

5. O kanìnac tou ginomènou isqÔei gia to EukleÐdeio eswterikì ginìmeno, dhlad 

DX < Y,Z >=< DXY, Z > + < Y,DXZ >

Epeid  t¸ra stouc EukleÐdeiouc q¸rouc to eswterikì ginìmeno par�gei th metrik , h shmantik  aut  idiìthta
lègetai kai sumbatìthta me th metrik .

Oi idiìthtec 1 èwc 4 kajorÐzoun thn apeikìnish D wc mia omoparallhlik  sunoq  (affine connection) ston Rn. En
prokeimènw, (mazÐ me thn idiìthta 5) onom�zetai EukleÐdeia sunoq  ston Rn.

Ja genikeÔsoume t¸ra thn omoparallhlik  sunoq  ston Rn sth sunoq  Levi-Civita se mia pollaplìthta Riemann.
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Orismìc 1.14. Mia omomparallhlik  sunoq  se mia pollaplìthta M eÐnai mia R−digrammik  apeikìnish

∇ : X (M)×X (M)→ X (M)

ìpou sumbolÐzoume thn tim  ∇(X,Y ) me ∇XY , h opoÐa ikanopoieÐ thc ex c idiìthtec: gia k�je f ∈ C∞(M) kai gia
k�je X,Y ∈ X (M) isqÔoun

1. ∇fXY = f∇XY , C∞(M)−grammik  wc proc X

2. ∇X(fY ) = X(f)Y + f∇XY (kanìnac tou Leibniz)

'Ena dianusmatikì pedÐo Y ∈ X (M) onom�zetai par�llhlo wc proc th sunoq  ∇ an isqÔei ∇XY = 0 gia k�je
X ∈ X (M).

Parat rhsh H sunoq  ∇XY eÐnai tanust c wc proc X all� den eÐnai tanust c wc proc Y .

DojeÐshc miac omoparallhlik c sunoq c ∇ se mia pollaplìthta M, tÐjetai to er¸thma kat� pìson aut  ikanopoieÐ
k�poiec apì tic idiìthtec 1-5 thc EukleÐdeiac sunoq c.

H idiìthta 1 eÐnai h grammikìthta, opìte ikanopoieÐtai apì ton orismì. EpÐshc to Ðdio isqÔei kai gia thn idiìthta
2, afoÔ apaitoÔme na ikanopoieÐtai o kanìnac tou Leibniz gia thn omoparallhlik  sunoq . 'Omoia kai gia thn idiìthta
3. 'Oson afor� tic idiìthtec 4 kai 5, den mporoÔme na poÔme k�ti perissìtero, ektìc an k�noume epiplèon upojèseic.
Pr�gmati autì eÐnai to epìmeno pr�gma pou ja k�noume.

Orismìc 1.15. 'Estw M mia leÐa pollapllìthta kai ∇ mia sunoq  sthn M. H strèyh thc sunoq c ∇ eÐnai h
apeikìnish

T : X (M)×X (M)→ X (M)

me tim 
T (X,Y ) = ∇XY −∇YX − [X,Y ]

E�n h strèyh mhdenÐzetai gia k�je X,Y ∈ X (M) tìte h sunoq  onom�zetai mhdenik c strèyhc (torsion free).

Lìgw tou kanìna tou Leibniz h sunoq  ∇XY den eÐnai C∞(M)−grammik  wc proc Y (gia na  tan ja èprepe
∇X(fY ) = f∇XY ), entoÔtoic h strèyh eÐnai C∞(M)−grammik  wc proc X kai Y , dhlad  isqÔei

T (fX, Y ) = fT (X,Y ) = T (X, fY )

Mac endiafèrei t¸ra na periorÐsoume ton dunatì arijmì omoparallhlik¸n sunoq¸n se mia pollaplìthta Riemann

Orismìc 1.16 'Estw (M, g) mia pollaplìthta Riemann. Mia sunoq  ∇ onom�zetai sumbat  me th metrik  g  
metrik  sunoq  an gia k�je X,Y, Z ∈ X (M) isqÔei h sqèsh

Zg(X,Y ) = g(∇ZX,Y ) + g(X,∇ZY )

. H parap�nw isìthta afor� isìthta sunart sewn ErmhneÔetai wc tÔpoc parag¸gishc (jumÐzei kanìna ginomènou),
genÐkeush thc idiìthtac 5 thc EukleÐdeiac sunoq c.
FaÐnetai ìti oi 2 epiplèon periorismoÐ sthn omoparallhlik  sunoq  eÐnai ikanoÐ na kajorÐsoun mia monadik  sunoq  se
mia pollaplìthta Riemann

Orismìc 1.16 Mia omoparallhlik  sunoq  se mia pollaplìthta Riemann onom�zetai sunoq  Levi-Civita, an
èqei mhdenik  strèyh kai eÐnai sumbat  me th metrik .

Shmei¸noume ìti h sunoq  Levi-Civita apoteleÐ eswterik  posìthta thc pollaplìthtac (M, g), dhlad  exart�tai
mìno apì th diaforik  dom  thc kai th metrik  g.
Erqìmaste t¸ra sto kentrikì apotèlesma thc gewmetrÐac Riemann to opoÐo anafèrei oti k�je pollaplìthta Riemann
epidèqetai mia kai monadik  sunoq  Levi-Civita. Ja qreiastoÔme pr¸ta to ex c:

L mma 1.1. 'Ena leÐo dianusmatikì pedÐo X se mia pollaplìthta Riemann (M, g) kajorÐzetai pl rwc apì tic
timèc thc sun�rthshc g(X,Z) gia k�je Z ∈ X (M).
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Apìdeixh. ArkeÐ na deiqjeÐ ìti an X ′ ∈ X (M) tètoio ¸ste g(X,Z) = g(X ′, Z) gia k�je Z ∈ X (M) tìte
X = X ′. Jètontac Y = X−X ′, arkeÐ na deÐxoume ìti an g(Y,Z) = 0 gia k�je Z ∈ X (M), tìte Y = 0. 'Estw Z = Y .
Tìte g(Y, Y ) = 0, �ra g(Yp, Yp) = 0 gia k�je p ∈ M . Epeid  h metrik  eÐnai jetik� orismènh, prokÔptei ìti Yp = 0
gia k�je p ∈M , sunep¸c Y = 0.

Je¸rhma 1.4 (Jemeli¸dec Je¸rhma thc gewmetrÐac Riemann). Se k�je pollaplìthta Riemann (M, g) up�rqei
mÐa kai monadik  sunoq  Levi-Civita.

Apìdeixh. Arqik� ja apodeÐxoume ìti an mia tètoia metrik  up�rqei, tìte aut  eÐnai monadik . 'Estw∇ mia sunoq 
Levi-Civita sthn M. Tìte lìgw tou l mmatoc 1.1, prokeimènou na kajoristeÐ to pedÐo ∇XY , arkeÐ na gnwrÐzoume th
sun�rthsh g(∇XY,Z), gia k�je dianusmatikì pedÐo Z ∈ X (M). 'Ara ja prospaj soume na broÔme ènan tÔpo gia th
sun�rthsh g(∇XY,Z) o opoÐoc ja exart�tai mìno apì th metrik  kai apì pr�xeic metaxÔ dianusmamtik¸n pedÐwn, ìpwc
eÐnai to ginìmeno Lie
JumÐzoume ìti h sunoq  Levi-Civita ikanopoieÐ tic sqèseic

∇XY −∇YX − [X,Y ] = 0 (7.1)

Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ) (7.2)

Me kuklik  enallag  twn X,Y, Z sthn (7.2) prokÔptoun oi sqèseic

Y g(Z,X) = g(∇Y Z,X) + g(Z,∇YX) (7.3)

Zg(X,Y ) = g(∇ZX, y) + g(X,∇YX) (7.4)

Qrhsimopoi¸ntac th sqèsh (7.1) ekfr�zoume to pedÐo ∇YX sth sqèsh (7.3) wc proc ∇XY :

Y g(Z,X) = g(∇Y Z,X) + g(Z,∇XY )− g(Z, [X,Y ]) (7.5)

Afair¸ntac thn (7.4) apì thn (7.2) kai prosjètontac to apotèlesma sthn (7.5), ja prokÔyoun oi ìroi ∇XZ −∇ZX
kai ∇Y Z −∇ZY , oi opoÐoi lìgw tou ìti h strèyh eÐnai mhdenik  isoÔtai me [X,Z] kai [Y, Z] ìpwc faÐnetai pio k�tw:

Xg(Y,Z)+Y g(Z,X)− Zg(X,Y ) =

= 2g(∇XY,Z) + g(Y,∇XZ −∇ZX) + g(X,∇Y Z −∇ZY )− g(Z, [X,Y ])

= 2g(∇XY,Z) + g(Y, [X,Z]) + g(X, [Y, Z])− g(Z, [X,Y ])

LÔnontac wc proc g(∇XY,Z) prokÔptei h sqèsh

2g(∇XY, Z) =Xg(Y,Z) + Y g(Z,X)− Zg(X,Y )

−g(X, [Y, Z]) + g(Y, [Z,X]) + g(Z, [X,Y ]) (7.6)

O tÔpoc (7.6) eÐnai gnwstìc wc tÔpoc tou Koszul kai deÐqnei ìti an h sunoq  Levi-Civita up�rqei, tìte eÐnai
monadik . T¸ra, gia na deÐxoume thn Ôparxh, jewroÔme mia sunoq  apì th sqèsh (7.6). EÐnai mia apl  �skhsh na
dei k�poioc ìti h sunoq  aut  eÐnai mia mhdenik c strèyhc, sumbat  me th metrik . Autì apodeiknÔei thn Ôparxh thc
sunoq c Levi-Civita sthn pollaplìthta Riemann (M, g).

Par�deigma. H sunoq  Levi-Civita ston Rn efodiasmènou me thn EukleÐdeia metrik , eÐnai h par�gwgoc wc
proc kateÔjunsh, dhlad  isqÔei ∇XY = DXY .

'Estw (M, g) mia pollaplìthta Riemann di�stashc n. Ac doÔme k�poiec sunèpeiec, ìtan ekfr�soume th metri-
k  g kai th sunoq  Levi-Civita ∇ se èna topikì sÔsthma suntetagmènwn (U, φ = (x1, . . . , xn)) thc M. Jètoume

Xi =
∂

∂xi
∈ X (U). To sÔnolo {X1, . . . , Xn} apoteleÐ èna plaÐsio thc M, upì thn ènnoia ìti gia k�je shmeÐo p ∈ U to

sÔnolo {X1(p) . . . , Xn(p)} apoteleÐ mia b�sh tou efaptìmenou q¸rou TpM . An orÐsoume th metrik  ḡ sto uposÔnolo
φ(U) tou Rn wc

ḡ(ei, ej) = gij = g(Xi, Xj)

tìte lamb�noume thn klasik  èkfrash

g =
∑
i,j

gijdx
i ⊗ dxj
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Ac ekfr�soume ta dianusmatik� pedÐa ∇XiXj sunart sei twn pedÐwn Xk, k = 1, . . . , n. Tìte up�rqoun n3 to
pl joc sunart seic Γkij : U → R (sÔmbola tou Christoffel) wc proc th sunoq  ∇, ètsi ¸ste

∇XiXj =

n∑
i=1

ΓkijXk

Ta sÔmbola tou Christoffel kajorÐzontai pl rwc apì th metrik  g kai tic pr¸tec parag¸gouc aut c, ìpwc faÐnetai
apì ton parak�tw upologismì.

n∑
k=1

Γkijgkl =<

n∑
k=1

ΓkijXk, Xl >=< ∇XiXj , Xl >

=
1

2
{Xi < Xj , Xl > +Xj < Xl, Xi > −Xl < Xi, Xj >}

=
1

2
{∂gjl
∂xi

+
∂gli
∂xj
− ∂gij
∂xl
}

Jètontac gkl = (g−1)kl (ta stoiqeÐa tou antÐstrofou tou pÐnaka (gij), prokÔptei ìti

Γkij =
1

2

n∑
l=1

gkl{∂gjl
∂xi

+
∂gli
∂xj
− ∂gij
∂xl
} (7.7)

Epeid  [Xi, Xj ] = 0, tìte lìgw thc ∇XY −∇YX − [X,Y ] = 0, prokÔptei ìti ∇XiXj = ∇XjXi, sunep¸c eÐnai

Γkij = Γjik

dhlad  ta sÔmbola Christoffel emfanÐzoun summetrÐa stouc k�tw deÐktec, akrib¸c ìpwc sthn perÐptwsh twn epifanei¸n
tou R3 ìpou ta sunant same gia pr¸th for�. UpenjumÐzetai akìma ìti o trìpoc exagwg c touc eÐnai akrib¸c Ðdioc me
autìn sthn klasik  jewrÐa epifanei¸n.

Tèloc lamb�ntac upìyh thn idiìthta 2 tou orismoÔ 1.14 eÐnai dunatìn na p�roume èkfrash gia to pedÐo
∇XiY, Y =

∑
Y jXj . Ta parap�nw sunoyÐzontai sthn ex c prìtash.

Prìtash 1.11. 'Estw (U ;x1, . . . , xn) èna topikì sÔsthma suntetagmènwn se mia pollaplìthta Riemann kai

èstw Xi =
∂

∂xi
. Tìte ta akìlouja isqÔoun:

1. ∇Xi
n∑
j=1

Y jXj =

n∑
k=1

{∂Y
k

∂xi
+

n∑
j=1

ΓkijY
j}Xk

2. Γkij =
1

2

n∑
l=1

gkl{∂gjl
∂xi

+
∂gli
∂xj
− ∂gij
∂xl
}

ParadeÐgmata.

1. JewroÔme ton Rn efodiasmèno me thn EukleÐdeia metrik  gij = δij . Apì thn Prìtash 1.7.1 (2) prokÔptei ìti
Γkij = 0 gia k�je 1 ≤ i, j, k ≤ n.

2. Mia kanonik  epif�neia ston R3 efodiasmènh me thn epagìmenh EukleÐdeia metrik  g =<,>, eÐnai mia polla-
plìthta Riemann di�stashc 2. SumbolÐzontac tic suntetagmènec thc M me u, v, tìte oi sunist¸sec thc metrik c
sumbolÐzontai me ton klassikì trìpo wc

E = g11 =<
∂

∂u
,
∂

∂u
> , F = g12 = g21 =<

∂

∂u
,
∂

∂v
> ,G = g22 =<

∂

∂v
,
∂

∂v
>

kai èqoume thn paradosiak  graf 

g = ds2 = Edu2 + 2Fdudv +Gdv2
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gnwst  wc pr¸th jemeli¸dhc morf . O pÐnakac thc metrik c aut c eÐnai

(gij) =

(
E F
F G

)
Qrhsimopoi¸ntac thn Prìtash 1.11 (2) eÐnai dunatìn na upologistoÔn ta sÔmbola Christoffel. To apotèlesma
pou ja p�roume eÐnai akrib¸c to Ðdio me autì pou p rame apo th klasik  jewrÐa epifanei¸n.

KleÐnoume thn par�grafo aut  me mia ènnoia pou ja mac apasqol sei sthn an�ptuxh. EÐnai h ènnoia thc sunalloÐwthc
parag¸gou. Xekin�me me ènan orismì.

Orismìc 1.17 'Estw M mia pollaplìthtaa kai c : I → M mia leÐa kampÔlh. 'Ena dianusmatikì pedÐo X kat�
m koc thc kampÔlhc c eÐnai mia apeikìnish

X : I →
⋃
t∈I

Tc(t)M

tètoia ¸ste X(t) ∈ Tc(t)M . H parap�nw ènwsh eÐnai ènwsh uposunìlwn xènwn metaxÔ touc. 'Ena tètoio diausmatikì
pedÐo eÐnai leÐo, an gia k�je sun�rthsh f , h sun�rthsh X(t)f eÐnai mia leÐa sun�rthsh tou t.

Sq ma 1.8 : Dianusmatikì pedÐo X kat� m koc thc kampÔlhc g

SumbolÐzoume me X (c) to sÔnolo ìlwn twn leÐwn dianusmatik¸n pedÐwn kat� m koc thc kampÔlhc c.

Par�deigma. An c : I →M eÐnai mia kampÔlh se mia pollaplìthta, tìte to pedÐo taqut twn X(t) = c′(t) eÐnai
èna dinausmatikì pedÐo kat� m koc thc c.

Jèloume na orÐsoume t¸ra mia ènnoia parag¸gishc enìc dianusmatikoÔ pedÐou kat� m koc miac kampÔlhc se mia pol-
laplìthta. O lìgoc eÐnai ìti ètsi ja orÐsoume èna dinausmatikì pedÐo wc par�llhlo an h par�gwgoc aut  eÐnai mhdèn.
Wc sun jwc ja qrhsimopoi soume idèec pou efarmìsthkan ston Rn kai ja tic efarmìsoume se epÐpedo pollaplot twn.

'Estw X(t) =

n∑
i=1

Xi(t)
∂

∂ui
èna leÐo dianusmatikì pedÐo kat� m koc miac leÐac kampÔlhc c(t) ston Rn. Tìte h

par�gwgoc
dX

dt
tou X eÐnai to pedÐo

dX

dt
=

n∑
i=1

Ẋi ∂

∂ui

h opoÐa ikanopoieÐ tic idiìthtec

1.
d(λX + µY )

dt
= λ

dX

dt
+ µ

dY

dt
, λ, µ ∈ R (R-grammikìthta)

2.
d(fX)

dt
=
df

dt
X + f

dX

dt
gia k�je f leÐa pou orÐzetai sto pedÐo orismoÔ I thc kampÔlhc. (kanìnac Leibniz).
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3. E�n to pedÐo X ep�getai apì èna leÐo dianusmatikì pedÐo X̄ ∈ X (Rn), upì thn ènnoia ìti X(t) = X̄c(t) kai èan
D eÐnai h par�gwgoc kat� kateÔjunsh ston Rn, tìte

dX

dt
= Dc′(t)X̄

To epìmeno apotèlesma exasfalÐzei thn Ôparxh enìc an�logou telest  parag¸gishc se mia pollaplìthta efodia-
smènh me mia omoparallhlik  sunoq  (kai �ra se mia pollaplìthta Riemann).

Je¸rhma 1.5 'Estw M mia leÐa pollaplìthta efodiasmènh me mia omoparallhlik  sunoq  ∇ kai èstw c : I →M
mia leÐa kampÔlh sthn M. Tìte up�rqei monadik  apeikìnish (telest c)

D

dt
: X (c)→ X (c)

tètoia ¸ste gia k�je X ∈ X (c) na isqÔoun ta ex c:

1.
d(λX + µY )

dt
= λ

dX

dt
+ µ

dY

dt
, λ, µ ∈ R (R-grammikìthta)

2.
d(fX)

dt
=
df

dt
X + f

dX

dt
gia k�je f leÐa pou orÐzetai sto pedÐo orismoÔ I thc kampÔlhc. (kanìnac Leibniz)

3. E�n to dianusmatikì pedÐo X ep�getai apì èna leÐo dianusmamtikì pedÐo X̄ ∈ X (M), upì thn ènnoia ìti X(t) =
X̄c(t) tìte

Dx

dt
(t) = ∇c′(t)X̄(= (∇c′X̄)c(t)

sumbatìthta me th sunoq  ∇

To dianusmastikì pedÐo
Dx

dt
onom�zetai sunalloÐwth par�gwgoc (wc proc th sunoq  ∇ tou dianusmatikoÔ pedÐou X

kat� m koc thc kampÔlhc c(t) sthn M   pio sÔntoma, epag¸menh sunalloÐwth par�gwgoc kai pollèc forèc sumbolÐze-
tai me X ′.

Orismìc 1.18 'Estw (M, g) mia leÐa pollaplìthta Riemann kai c : I →M mia leÐa kampÔlh. 'Ena dianusmatikì
pedÐo X kat� m koc thc c lègetai par�llhlo an isqÔei

DX

dt
= 0

Parat rhsh. Lìgw thc idiìthtac ∇fZX = f∇ZX thc sunoq c, kaj¸c kai thc idiìthtac 3. tou Jewr matoc
1.5, h tim  (∇fZX)p tou pedÐou ∇fZX sto shmeÐo p exart�tai mìno apì tic timèc Zp tou pedÐou Z sto shmeÐo p kai
tou pedÐou X kat� m koc k�poiac kampÔlhc c, tètoia ¸ste c(0) = p kai c′(0) = Zp. Sunep¸c mporoÔme na qrhsimopoi-

 soume to sumbolismì ∇c′X antÐ tou
DX

dt
.

Ja apodeÐxoume to parak�tw idiaÐtera qr simo je¸rhma.

Je¸rhma 1.6 'Estw (M, g) mia pollaplìthta Riemann kai ∇ mia omoparallhlik  sunoq  sthn M sumbat  me
th metrik  (ìqi aparaÐthta mhdenik c strèyhc). An c : I → M eÐnai mia leÐa kampÔlh sthn M, tìte gia poiad pote
dianusmatik� pedÐa V,W kat� m koc thc c isqÔei ìti

d

dt
g(V,W ) = g(

DV

dt
,W ) + g(V,

DW

dt
)

Dhlad  me lìgia, h sunalloÐwth par�gwgoc sèbetai ton kanìna tou ginomènou ìtan efarmìzetai sth metrik .

Apìdeixh. ArkeÐ na apodeÐxoume thtn isìthta topik�. 'Estw (U ;x1, . . . , xn) ènac topikìc q�rthc o opoÐoc perièqei

thn kampÔlh c kai èstw {X1, . . . , xn},(Xi
∂

∂xi
èna topikì plaÐso kat� m koc thc c. Tìte sto c(t) (dhlad  kat� m koc

thc c) èqoume ìti

V (t) =

n∑
i=1

V i(t)Xi , W (t) =

n∑
j=1

W j(t)Xj
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gia k�poiec leÐec sunart seic V i,W j sto di�sthma I. 'Ara eÐnai

d

dt
g(V,W ) =

d

dt

n∑
i=1

V iW i =

n∑
i=1

dV i

dt
W i +

n∑
i=1

V i
dW i

dt

Lìgw twn idiot twn 1. kai 2. thc sunalloÐwthc parag¸gou èqoume ìti

DV

dt
=

n∑
i=1

(
dV i

dt
xi + V i

DXi

dt
) =

n∑
i=1

(
dV i

dt
+ V i∇c′(t)Xi)

ìpou gr�yame Xi antÐ gia to akribèc Xi|c(t). Parìmoia eÐnai

DW

dt
=

n∑
i=1

(
dW i

dt
+W i∇c′(t)Xi)

Sunepwc prokÔptei ìti

g(
DV

dt
,W ) + g(V,

DW

dt
) =

n∑
i=1

dV i

dt
W i +

n∑
i,j=1

V iW jg(∇c′(t)Xi, X
j)

+

n∑
i=1

V i
dW i

dt
+

n∑
i,j=1

V iW jg(Xi,∇c′(t)Xi)

Epeid  ta dianusmatik� pedÐa X1, . . . , Xn eÐnai an� duo k�jeta sto U kai h sunoq  ∇ eÐnai sumbat  me th metrik  g
ja èqoume ìti

g(∇c′(t)Xi, Xj) + g(Xi,∇c′(t)Xj) = c′(t)g(Xi, Xj) = c′(t)δij = 0

sunep¸c prokÔptei ìti

g(
DV

dt
,W ) + g(V,

DW

dt
) =

n∑
i=1

dV i

dt
W i + V i

dW i

dt
=

d

dt
g(V,W )

pou eÐnai to zhtoÔmeno.

Par�deigma. 'Estw ∇ h sunalloÐwth par�gwgoc ston Rn kai V (t) =

n∑
i=1

V i
∂

∂ui
èna dianusmatikì pedÐo kat�

m koc mia leÐac kampÔlhc c(t) ston Rn. Tìte h sunalloÐwth par�gwgoc eÐnai

DV

dt
=

n∑
i=1

dV i

dt

∂

∂ui
+

n∑
i=1

V iDc′(t)
∂

∂ui
=

n∑
i=1

dV i

dt

∂

∂ui
=
dV

dt

epeid  isqÔei Dc′(t)
∂

∂ui
= 0 ston Rn.
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2 Om�dec kai 'Algebrec Lie

To parìn deÔtero kef�laio ja afierwjeÐ me stìqo na gÐnei mia pr¸th gnwrimÐa me tic Om�dec kai 'Algebrec Lie.
Autìc o kl�doc twn majhmatik¸n suninst� 'p�ntrema' �lgebrac kai an�lushc, me b�sh th gewmetrÐa. Dhlad  èqoume
sun parxh algebrik c dom c (dom  om�dac) kai analutik c dom c (topologikèc idiìthtec), kai to apotèlesma autì eÐnai
gewmetrik c fÔshc. Eidikìtera, orÐzoume mia om�da Lie na eÐnai mia leÐa pollaplìthta kai tautìqrona om�da, ¸ste oi
pr�xeic thc om�dac na eÐnai leÐec apeikonÐseic. ApoteloÔn ènan exairetik� ploÔsio kl�do twn sÔgqronwn majhmatik¸n
kai asfal¸c, lìgw thc proanaferjeÐsac sunÔparxhc, èna pedÐo me ter�stio arijmì efarmog¸n. Den filodoxoÔme na
d¸soume ta akrib  qarakthristik� thc jewrÐac. Autì pou ja epiqeir soume sta epìmena, eÐnai mia sqetik  exikoÐwsh
me mia idiaÐtera shmantik  kl�sh om�dwn Lie pou eÐnai oi om�dec Lie pin�kwn. K�je om�da Lie pin�kwn eÐnai om�da Lie
(autì to polÔ spoudaÐo apotèlesma eÐnai gnwstì wc Jewr ma tou John von Neumann), den isqÔei ìmwc to antÐstrofo
(klasikì tètoio par�deigma eÐnai h �lgebra Lie tou Heisnberg me thn opoÐa den ja asqolhjoÔme). 'Opwc martur� to
ìnoma touc èqoun mia kajar� algebrik  dom  (wc om�dec pin�kwn) all� kai analutik -gewmetrik  (wc om�dec Lie) .
Arqik� Ðswc na eÐnai lÐgo dusnìthto to pwc k�ti pou eÐnai kajar� algebrikì, na apokt� mia gewmetrik  dom . Autì ja
faneÐ mèsw enìc isomorfismoÔ dianusmatik¸n q¸rwn pou ja anfèroume parak�tw. KatalabaÐnei kaneÐc epomènwc, ìti o
trìpoc me ton opoÐo mporoÔme na melet soume tic om�dec Lie pin�kwn diakrÐnetai ston amig¸c algebrikì trìpo, kai ston
gewmetrikì. O deÔteroc trìpoc eÐnai kajolikìc, kai efarmìzetai se k�je om�da Lie. EntoÔtoic eÐnai arket� dÔskolo
sthn pr�xh na deÐxoume pìte èna sÔnolo ikanopoieÐ tic idiìthtec tou orismoÔ miac om�dac Lie kai epÐshc qrhsimopoieÐ
k�poia 'bari�' jewr mata thc an�lushc, grammèna se gl¸ssa pollaplot twn (ìpwc to je¸rhma kanonikoÔ sunìlou
st�jmhc, je¸rhma stajer c-t�xhc sunìlou st�jmhc) gia na orÐsoume pìte èna uposÔnolo thc genik c grammik c
om�dac eÐnai upopollaplìthta aut c, kai �ra om�da Lie. To Ðdio prìblhma apant�tai sthn melèth thc �lgebrac Lie
miac om�dac Lie pou ìpwc ja doÔme eÐnai o efaptìmenoc q¸roc sto tautotikì stoiqeÐo: o gewmetrikìc-analutikìc
trìpoc prosèggishc eÐnai arket� pio perÐplokoc sthn ulopoÐhsh. Wc ek toÔtou, kai me dedomèno ìti endiaferìmaste
apokleistik� gia om�dec Lie pin�kwn prokrÐnetai o pr¸toc trìpoc, dhlad  o kajar� algebrikìc.

2.1 Om�dec Lie

Orismìc 2.1 'Estw G mia leÐa pollaplìthta. H G ja onom�zetai om�da Lie an

1. H G eÐnai om�da

2. Oi apeikonÐseic µ : G×G→ G, (x, y) 7−→ xy kai i : G→ G, x 7−→ x−1 eÐnai leÐec.

Epeid  se k�je om�da Lie oi pr�xeic thc om�dac eÐnai leÐec apeikonÐseic, tìte ja eÐnai kai suneqeÐc, opìte oi om�dec Lie
eÐnai kai topologikèc om�dec.
H di�stash miac om�dac Lie G eÐnai h di�stash thc G wc leÐa pollaplìthta.

H Ôparxh topologÐac se mia om�da G mac epitrèpei na mil�me gia sÔgklish, sump�geia sunèqeia kai sunektikìthta.
Sthn perÐptwsh pou h topologÐa thc om�daac G perigr�fetai me akoloujÐec, p.q stouc metrikoÔc q¸rouc, h sunèqeia
twn apeikonÐsewn (x, y) 7−→ xy kai x 7−→ x−1 sunep�getai ìti an (xn) kai (yn) eÐnai akoloujÐec thc G tètoiec ¸ste,
kaj¸c n → ∞,xn → x ∈ G kai yn → y ∈ G tìte xnyn → xy kai x−1

n → x−1. T¸ra efìson èqoume om�dec Lie
oi parp�nw sunart seic ja eÐnai leÐec, opìte mporoÔme na orÐsoume ènnoiec kai na qrhsimopoi soume teqnikèc tou
diaforikoÔ logismoÔ.

Oi omoiomorfismoÐ metaxÔ q¸rwn diathroÔn tic topologikèc idiìthtec (ekeÐnec dhlad  tic idiìthtec pou dÔnantai
na perigrafoÔn me qr sh anoiqt¸n sunìlwn) ìpwc h sump�geia, h sunektikìthta, h diaqwrisimìthta. Apì thn optik 
gwnÐa thc topologÐac oi omoiomorfikoÐ q¸roi tautÐzontai. 'Ara mia om�da Lie tautÐzetai topik� me ton q¸ro Rn ton
opoÐo fantazìmaste na kalÔptei topik� (sto k�je shmeÐo) thn om�da Lie. Oi idiìthtec thc diaforÐsimhc pollaplìthta
exasfalÐzoun ìti oi EukleÐdeioi q¸roi sta di�fora shmeÐa anamignÔontai me omalì trìpo.

To basikì mac par�deigma miac tètoiac om�dac ja eÐnai h genik  grammik  om�da GLnR. To sÔnolo GLnR apote-
leÐtai apì ìlouc toc n× n antistrèyimouc pÐnakec, dhlad 

GLnR = {A ∈ Rn×n : det(A) 6= 0}

kai apoteleÐ om�da me pr�xh ton pollaplasiasmì pin�kwn: (pr�gmati to ginìmeno dÔo antistrèyimwn pin�kwn eÐnai
antistrèyimoc pÐnakac, o tautotikìc pÐnakac eÐnai to tautotikì stoiqeÐo thc om�dac kai ènac antistrèyimoc pÐnakac èqei
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(ex orismoÔ) ènan antÐstrofo, kai o pollaplasiasmìc pin�kwn eÐnai prosetairistikìc). GnwrÐzoume apì to par�deigma
thc paragr�fou 1.2 ìti to sÔnolo GLnR eÐnai mia pollaplìthta di�stashc n2 (UpenjumÐzetai o lìgoc pou sumbaÐnei

autì. Oi dianusmatikoÐ q¸roi Rn×n kai Rn2

eÐnai isìmorfoi, epomènwc mporoÔme k�je stoiqeÐo tou pÐnaka A ∈ Rn×n

na to anagnwrÐsoume wc tic suntetagmènec enìc shmeÐou tou Rn2

pou wc gnwstìn eÐnai leÐa pollaplìthta. T¸ra, to
sÔnolo GLnR eÐnai anoiqtì uposÔnolo tou Rn×n kai �ra eÐnai leÐa pollaplìthta). Ja deÐxoume t¸ra ìti oi pr�xeic
tou ginomènou pin�kwn kai tou antistrìfou enìc pÐnaka eÐnai leÐec apeikonÐseic. Pr�gmati, to ginìmeno dÔo pin�kwn

A = (aij) kai B = (bij) thc genik c grammik c om�dac dÐnetai wc AB =
n∑
k=1

aikbkj , dhlad  ta stoiqeÐa tou ginomènou

eÐnai polu¸numa. Sunep¸c o pollaplasiasmìc pin�kwn

GLnR×GLnR→ GLnR, (A,B) 7−→ AB

eÐnai leÐa sun�rthsh. EpÐshc gnwrÐzoume apì th grammik  �lgebra ìti o antÐstrofoc pÐnakac tou pÐnaka A dÐnetai apì
th sqèsh

A−1 =
1

detA
adjA

, ìpou adjA o prosarthmènoc pÐnakac tou A, �ra ta stoiqeÐa tou A−1 ja eÐnai polu¸numa, opìte h apeikìnish

GLnR→ GLnR, A 7−→ A−1

ja eÐnai leÐa, epomènwc h GLnR eÐnai mia om�da Lie.

Prin proqwr soume ston orismì thc om�dac Lie pin�kwn, qreiazìmaste to akìloujo.

Orismìc 2.2 'Estw An mia akoloujÐa pragmatik¸n pin�kwn sto sÔnolo Rn×n. Lème ìti h An sugklÐnei se ènan
pÐnaka A an k�je stoiqeÐo thc An sugklÐnei sto antÐstoiqo stoiqeÐo tou A (dhlad , an (An)kl sugklÐnei sto Akl gia
k�je 1 ≤ k, l ≤ n).

Orismìc 2.3 Mia om�da Lie pin�kwn eÐnai opoiad pote upoom�da G thc GLnR me thn akìloujh idiìthta: An An
eÐnai opoiad pote akoloujÐa pin�kwn sthn G, kai h An sugklÐnei se k�poion pÐnaka A tìte eÐte A ∈ G eÐte A den eÐnai
antistrèyimoc.

Parathr seic epÐ tou orismoÔ

1. To ìti eÐnai upoom�da apl� shmaÐnei ta ex c 2 pr�gmata

(aþ) A,B ∈ G⇒ AB ∈ G
(bþ) A ∈ G⇒ A−1 ∈ G

'Ara mia om�da Lie pin�kwn einai mia kleist  upoom�da thc GLnR (p.q me th sun jh topologÐa ginìmeno

pou orÐzetai jewr¸ntac thn GLnR wc uposÔnolo tou Rn2

).

2. H idiìthta pou prèpei na ikanopoieÐtai enallaktik� diatup¸netai wc ex c: An An ∈ G kai limAn = A me A
antistrèyimo, tìte A ∈ G onom�zetai sunj kh mh idi�zousac sÔgklishc, pou isodunameÐ me thn kleistìthta thc
G wc uposÔnolo thc GLnR, exasfalÐzei ìti h om�da Lie pin�kwn G eÐnai diaforÐsimh pollaplìthta.

Anafèrame parap�nw ìti mia om�da pin�kwn den eÐnai angkastik� om�da Lie. Ac p�roume thn upoom�da

GL2Q = {
(
a b
c d

)
: a, b, c, d ∈ Q, ad− bc 6= 0}

thc GLnR. Aut  den eÐnai om�da Lie pin�kwn giatÐ den eÐnai kleist  upoom�da. EÔkola mporeÐ na brei kaneÐc mia
akoloujÐa antistrèyimwn pin�kwn me stoiqeÐa rhtoÔc arijmoÔc h opoÐa na sugklÐnei se ènan antistrèyimo pÐnaka me
stoiqeÐa �rrhtouc arijmoÔc. Par�deigma eÐnai h akoloujÐa

An =

(
(1 + 1

n )n 0
0 1

)
∈ GL2Q

pou sugklÐnei ston antistrèyimo pÐnaka

A =

(
e 0
0 1

)
/∈ GL2Q

Oi om�dec Lie pin�kwn sugkatalègontai stic legìmenec klasikèc om�dec. Ac doÔme k�poiec apì autèc. 'Olec oi om�dec
pou akoloujoÔn eÐnai upoom�dec Lie thc genik c grammik c om�dac.
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1. H eidik  grammik  om�da (special linear group)

H eidik  grammik  om�da p�nw sto R eÐnai h om�da twn n× n antistrèyimwn pin�kwn pou èqoun orÐzousa 1. Ja
sumbolÐzetai wc

SLnR = {A ∈ Rn×n : detA = 1}

. H eidik  grammik  om�da mporeÐ na qarakthrisjei wc h om�da twn grammik¸n metasqhmatism¸n Rn → Rn pou
diathroÔn ìgko kai prosanatolismì.
EÐnai upoom�da thc GLnR. Epiplèon, an An eÐnai mia akoloujÐa pin�kwn me orÐzousa 1 pou sugklÐnei ston
pÐnaka A, tìte kai o A èqei orÐzousa 1, epeid  h orÐzousa eÐnai suneq c sun�rthsh. 'Ara h SLnR eÐnai om�da
Lie pin�kwn (kai apì to je¸rhma tou von Neumann eÐnai om�da Lie).

2. H orjog¸nia om�da (orthogonal group)

'Enac n× n pragmatikìc pÐnakac A lègetai ìti eÐnai orjog¸nioc an ta dianÔsmata-st lec pou sunjètoun ton A
eÐnai orjokanonik� dhlad  an

n∑
i=1

AijAik = δjk

IsodÔnama, o A eÐnai orjog¸nioc an diathreÐ to eswterikì ginìmeno, an dhlad  < Ax,Ay >=< x, y > gia ìla
ta dianÔsmata x, y ∈ Rn (ìpou to <,> sumbolÐzei to sÔnhjec eswterikì ginìmeno tou Rn. 'Enac akìma isodÔnamoc
orismìc eÐnai ìti o A eÐnai orjog¸nioc an ATA = I   kalÔtera an AT = A−1

Efìson detAT = detA blèpoume ìti an o A eÐnai orjog¸nioc tìte det(ATA) = det I = 1. 'Ara detA = ±1
gia ìlouc tou orjog¸niouc pÐnakec an�loga me to an diathroÔn ton prosanatolismì (an dhlad  apeikonÐzei
dexiìstrofa sust mata suntetagmèwn se dexiìstrofa sust mata kai aristerìstrofa se aristerìstrofa   ìqi.
Autìc o tÔpoc mac lèei ìti k�je orjog¸nioc pÐnakac prèpei na eÐnai antistrèyimoc. 'Omwc, an o A eÐnai ènac
orjog¸nioc pÐnakac tìte

< A−1x,A−1y >=< A(A−1x), A(A−1y) >=< x, y >

'Etsi, o antÐstrofoc enìc orjog¸niou pÐnaka eÐnai orjog¸nioc pÐnakac. Epiplèon, to ginìmeno duo orjog¸niwn
pin�kwn eÐnai orjog¸nio ,efìson an oi A kai B diathroÔn ta eswterik� ginìmena, to Ðdio ja k�nei kai to ginìmenì
tou AB. Epomènwc, to sÔnolo ìlwn twn orjog¸niwn pin�kwn sqhmatÐzei mia om�da. Thn om�da aut  ja th
sumbolÐzoume wc

O(n) = {A ∈ Rn×n : ATA = I}

Gewmetrik�, ta stoiqeÐa thc orjog¸niac om�dac eÐnai grammikoÐ metasqhmatismoÐ A : Rn → Rn pou diathroÔn
to m koc, dhlad  eÐnai isometrÐec, kai th gwnÐa dianusm�twn, dhlad  eÐnai sÔmmorfec apeikonÐseic. 'Ara eÐnai
strofèc (an h orÐzousa eÐnai +1)   anakl�seic (an h orÐzousa eÐnai -1)   sunduasmìc strof¸n kai anakl�sewn.
DeÐxame parap�nw ìti h O(n) eÐnai upoom�da thc GLnR. Epiplèon to ìrio miac akoloujÐac orjog¸niwn pin�kwn
eÐnai orjog¸nioc pÐnakac, epeid  h sqèsh ATA = I diathreÐtai ìtan paÐrnoume ìria. 'Etsi h O(n) eÐnai om�da Lie
pin�kwn.

3. H eidik  orjog¸nia om�da (special othogonal group). To sÔnolo twn n × n orjog¸niwn pin�kwn me orÐzousa
1 eÐnai h eidik  orjog¸nia om�da SO(n). Profan¸c eÐnai upoom�da thc O(n) kai �ra upoom�da thc GLnR.
Dhlad  apoteleÐtai apì ekeÐna ta stoiqeÐa A ∈ O(n) pou diathroÔn ton prosanatolismì (pou èqoun orÐzousa
+1). Dhlad  k�je A ∈ SO(n) antistoiqeÐ se èna grammikì metasqhmatismì A : Rn → Rn (�ra diathreÐ thn
arq  twn axìnwn) o opoÐoc diathreÐ to m koc kai ton prosanatolismì. MetasqhmatismoÐ me autèc tic idiìthtec
antistoiqoÔn se strof  gÔrw apì �xona pou dièrqetai apì to mhdèn. Epiplèon h orjogwniìthta kai h idiìthta
tou na eÐnai h orÐzousa +1 diathroÔntai ìtan paÐrnoume ìria. Ac to doÔme autì lÐgo pio analutik� miac kai h
om�da aut  ja èqei kentrikì rìlo sta epìmena.

SumbolÐzoume

Sn−1 = SO(n) = {A ∈ O(n) : detA = 1} = {A ∈ Rn×n : AAT = I, detA = 1}

EÐdame sto Par�deigma 6. tou kefalaÐou 1.3 ìti an

A =

(
a b
c d

)
∈ SO(2)
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tìte

A =

cos θ − sin θ

sinθ cos θ

 ∈ SO(2)

pou eÐnai o pÐnakac tou grammikìu metasqhmatismoÔ thc strof c kat� gwnÐa θ ston R2. Epiplèon, an A,B ∈
SO(2) tìte (AB)T (AB) = BTATAB = BTB = I kai epÐshc det(AB) = detAdetB = 1 (pou deÐqnoun ìti eÐnai
upoom�da thc GLnR).

'Estw t¸ra

An =

(
an bn
cn dn

)
∈ SO(2)→ A =

(
a b
c d

)
,detA 6= 0

wc proc opoiad pote apì tic isodÔnamec nìrmec pin�kwn, tìte an → a, bn → b, cn → c, dn → d �ra

AAT =

(
a2 + b2 ac+ bd
ac+ bd c2 + d2

)
= lim
n→∞

(
a2
n + b2 ancn + bndn

ancn + bndn c2n + d2
n

)
= lim
n→∞

AnA
T
n = lim

n→∞
I = I

kai apì th sunèqeia thc apeikìnishc A 7−→ detA,detA = lim
n→∞

detAn = det( lim
n→∞

An) = 1 prokÔptei ìti h SO(2)

eÐnai om�da Lie pin�kwn. ParathroÔme ìti h strof  ston R2 tou dianÔsmatoc (x, y) sto x cos θ−y sin θ, x sin θ+
y cos θ) antistoiqeÐ ston pollaplasiasmì tou dianÔsmatoc (x, y) tautismèno me to migadikì'arijmì'x + iy, me to
migadikì arijmì eiθ. 'Ara h SO(2) tautÐzetai me to monadiaÐo kÔklo tou migadikoÔ epipèdou (kai autì m�lista
ston orismì thc sumperil�bame th sfaÐra Sn−1 gia na upodhl¸sei autì akrib¸c).

2.2 To ekjetikì enìc pÐnaka

To ekjetikì enìc pÐnaka paÐzei ènan polÔ shmantikì rìlo sthn jewrÐa twn om�dwn Lie. To ekjetikì upeisèrqetai ston

orismì thc Lie �lgebrac miac om�dac Lie pin�kwn kai eÐnai o mhqanismìc na pern�me plhroforÐec apì thn �lgbera Lie
sthn om�da Lie. Efìson polloÐ upologismoÐ gÐnontai me arket� megalÔterh eukolÐa sto epÐpedo miac Lie �lgebrac, to
ekjetikì eÐnai aparaÐthto sth melèth om�dwn Lie pin�kwn (kai ìqi mìno pin�kwn).

'Estw X ènac n× n pragmatikìc pÐnakac. EpijumoÔme na orÐsoume to ekjetikì tou X, to opoÐo sumbolÐzoume me
eX   expX, mèsw thc sunhjismènhc dunamoseir�c

eX =

∞∑
n=1

Xn

n!

Apì th grammik  �lgebra gnwrÐzoume to ex c.

Prìtash 2.1. Gia k�je n × n pragmatikì pÐnaka X, h parap�nw seir� sugklÐnei (wc proc opoiad pote nìrma
pin�kwn). To ekjetikì enìc pÐnaka eÐnai mia suneq c sun�rthsh tou X.
UpenjumÐzoume ìti h nìrma enìc dianÔsmatoc x = (x1, . . . , xn) ston Rn orÐzetai na eÐnai

‖x‖ =
√
< x, x > =

(
n∑
k=1

|xk|2
)1/2

T¸ra orÐzoume th nìrma enìc pÐnakac jewr¸ntac to q¸ro Rn×n ìlwn twn n × n pragmatik¸n pin�kwn wc to dianu-

smatikì q¸ro Rn2

. Autì shmaÐnei ìti

‖X‖ =

 n∑
k,l=1

|Xkl|2
1/2

H nìrma ikanopoeÐ (metaxÔ �llwn) tic idiìthtec

1. ‖X + Y ‖ ≤ ‖X‖+ ‖Y ‖ (trigwnik  anisìthta)
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2. ‖XY ‖ ≤ ‖X‖‖Y ‖ (prokÔptei apì thn anisìthta Schwarz

EÐnai eÔkolo na doÔme ìti mia kaoloujÐa pin�kwn Xn sugklÐnei ston pÐnaka X upì thn ènnoia tou OrismoÔ 2.1.2 an
kai mìnon an ‖Xn −X‖ → 0 kaj¸c n→∞.

H ekjetik  apeikìnish eÐnai mia polÔ shmantik  apeikìnish, diìti mèsw aut c mporoÔme na p�roume kampÔlec sthn
GLnR oi opoÐec na dièrqontai apì dedomèno shmeÐo kai na èqoun sugkekrimènh arqik  taqÔthta. Me ta ìsa èqoume
pei wc t¸ra autì den eÐnai profanèc pwc gÐnetai kai gia to lìgo autì h epìmenh prìtash eÐnai idiaÐtera shmantik .

Prìtash 2.2 Gia thn ekjetikì pÐnaka isqÔoun ta akìlouja:

1. e0 = I

2. eX
T

= (eX)T

3. eX eÐnai antistrèyimoc me antÐstrofo e−X = (eX)−1

4. e(α+β)X = eαXeβX gia k�je pragmatikoÔc a,b.

5. An ta X,Y metatÐjentai, dhlad  an XY = Y X tìte eX+Y = eXeY = eY eX

6. An o C eÐnai antistrèyimoc tìte eCXC
−1

= CeXC−1

7. ‖eX‖ ≤ e‖X‖

Parat rhsh. Genik� den eÐnai al jeia ìti eX+Y = eXeY par� mìno an ta X,Y metatÐjentai. Autì eÐnai èna
krÐsimo shmeÐo sto opoÐo efist�me thn prosoq . IsqÔei k�ti genikìtero pou eÐnai gnwstì wc tÔpoc twn Campbell-
Baker-Haussdorff

Apìdeixh. To 1. eÐnai entel¸c profanèc, to 2. èpetai paÐrnontac ìro proc ìro touc an�strofouc thc seir�c
tou eX . Ta 3. kai 4. eÐnai eidikèc peript¸seic thc 5. thn opoÐa ja apodeÐxoume. Prèpei apl� na pollaplasi�soume tic
dunamoseirèc ìro proc ìro (autì epitrèptai diìti oi seirèc sugklÐnoun). Pr�gmati eÐnai

eXeY =

∞∑
m=0

Xm

m!

∞∑
k=0

Xk

k!
=

∞∑
m,k=0

XmXk

m!k!
=

∞∑
n=0

n∑
k=0

Xk

k!

Y n−k

(n− k)!

=

∞∑
n=0

1

n!

n∑
k=0

n!

k!(n− k)!
XkY n−k

T¸ra epeid  (kai mìno gia autì to lìgo) ta X,Y metatÐjentai èqoume

(X + Y )n =

n∑
k=0

n!

k!(n− k)!
XkY n−k

kai �ra h prohgoÔmenh sqèsh gÐnetai

eXeY = (X + Y )n =

n∑
k=0

n!

k!(n− k)!
XkY n−k = eX+Y

EÔkola t¸ra, paÐrnontac Y = −X kai qrhsimopoi¸ntac th sqèsh

eO = 1 +

∞∑
n=1

On

n!
= 1

èqoume ìti e−X = (eX)−1.

'Omoia to 4. b�zontac sth jèsh tou X to αX kai sth jèsh tou Y to βX.

Gia to 6. apl� parathroÔme ìti
(CXC−1)n = CXnC−1
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kai �ra ta 2 mèlh tou 6. eÐnai Ðsa ìro proc ìro.

To epìmeno eÐnai polÔ qr simo, kaj¸c dÐnei tn ènnoia thc taqÔhtac kampÔlhc se om�da Lie

Prìtash 2.3 'Estw X ènac n× n pragmatikìc pÐnakac. Tìte etX eÐnai mia leÐa kampÔlh sto Rn×n kai m�lista
isqÔei

d

dt
etX = XetX

Pio sugkekrimèna isqÔei,
d

dt
etX
∣∣∣∣
t=0

= X

Apìdeixh. Gia thn apìdeikh arkeÐ na paragwgÐsoume th dunamoseir� tou etX ìro proc ìro. Aut  h enallag 
�jroishc kai parag¸gishc epitrèpetai apì thn omoiìmorfh sÔgklish thc seir�c. 'Eqoume dhlad 

d

dt
etX =

d

dt

( ∞∑
n=0

tnXn

n!

)
=

∞∑
n=0

Xn

n!

d

dt
(tn) =

∞∑
n=1

tn−1Xn

(n− 1)!
= X

∞∑
n=1

tn−1Xn−1

(n− 1)!
= XetX

Apì th grammik  �lgebra gnwrÐzoume ìti gia k�je X ∈ Rn isqÔei ìti det eX = etr(X) ìpou trX eÐnai to Ðqnoc tou
pÐnaka X, to opoÐo isoÔtai me to �jroisma twn idiotim¸n tou pÐnaka X. Up�rqoun 2 trìpoi na to apodeÐxei kaneÐc
autì. O pr¸toc eÐnai na diakrÐnei peript¸seic gia to an o X eÐnai �nw trigwnikìc, opìte to ekjetikì tou pÐnaka ja
eÐnai kai autì �nw trigwnikìc pÐnakac kai ta diag¸nia stoiqeÐa tou eX ja eÐnai ta ekjetik� twn diagwnÐwn stoiqeÐwn
tou X. 'Ara

det eX =

n∏
i=1

exii = e

n∑
i=1

xii
= etrX

An t¸ra o X eÐnai tuqaÐoc, tìte an�getai sthn prohgoÔmenh perÐptwsh mèsw thc an�lushc Jordan ìpou mporoÔme
na broÔme ènan �nw trigwnikì pÐnaka G me diag¸nia stoiqeÐa tic idiotimèc tou X kai ènan mh idiìmorfo pÐnaka A ¸ste
X = AGA−1. Tìte ja isqÔei

det eX = det(AeGA−1) = detA det eG detA−1 = det eG = etrG = etrX

Gia pio analutik  apìdeixh parapèmpoume ston TU

'O deÔteroc trìpoc eÐnai na diakrÐnei kaneÐc an oX eÐnai diagwnopoi simoc,   an eÐnai mhdenodÔnamoc   tuqaÐoc. Sthn
teleutaÐa perÐptwsh gÐnetai qr sh enìc jewr matoc thc grammik c �lgebrac pou mac lèei ìti k�je pÐnakac gr�fetai wc
to �jroisma enìc diagwnopoi simou kai enìc mhdenodÔnamou pÐnaka, opìte h anagwg  sta prohgoÔmena 2 eÐnai �mesh.
Gia perissìterec leptomèreiec se aut n thn an�lush parapèmpoume sto biblÐo tou Brian C. Hall.

2.3 O efaptìmenoc q¸roc miac om�dac Lie pin�kwn - �lgebrec Lie pin�kwn

Oi om�dec Lie wc mh grammik� antikeÐmena, eÐnai arket� dÔskola sth melèth. 'Opwc kai gia mia opoiad pote pollaplìth-
ta o efaptìmenoc q¸roc se k�je shmeÐo touc apoteleÐ th bèltisth grammik  prosèggish sto shmeÐo autì. Wstìso
to shmantikì me th jewrÐa om�dwn Lie eÐnai ìti qrhsimopoi¸ntac apeikonÐseic metafor�c, (ed¸ h dom  om�dac paÐzei
shmantikì rìlo) arkeÐ na melet soume ton efaptìmeno q¸ro sto oudètero stoiqeÐo thc om�dac. Ek pr¸thc ìyeoc
autì faÐnetai k�pwc perÐergo kaj¸c den ja melet soume ton efaptìmeno q¸ro se �llo stoiqeÐo plhn tou oudetèrou,
kai an qreiasteÐ na to k�noume, lìgw tou isomorfismoÔ metaxÔ efaptìmenwn q¸rwn pou ja eis�goume sta epìmena, h
èkfrash aut  ja eÐnai apokleistik� sun�rthsh tou efaptìmenou q¸rou sto oudètero stoiqeÐo.
Epiplèon, o efaptìmenoc q¸roc sto oudètero stoiqeÐo apokt� dom  miac �lgebrac Lie (èna kajar� algebtikì antike-
Ðmeno ìpwc to èqoume orÐsei sto prohgoÔmeno kef�laio) kai to pio sunarpastikì shmeÐo thc jewrÐac eÐnai ìti k�je
om�da Lie kajorÐzetaia topik� apì thn antÐsoiqh �lgebra Lie. O trìpoc pou ja gÐnei autì eÐnai mèsw thc ekjetik c
apeikìnishc om�dac Lie, h opoÐa sthn perÐptwsh twn om�dwn pin�kwn eÐnai h sunhjismènh ekjetik  apeikìnish pin�kwn.
Xekin�me me to na exhg soume giatÐ o efaptìmenoc q¸roc sto oudètero stoiqeÐo eÐnai to mìno pou qreiazìmaste.

'Estw G mia om�da Lie kai a ∈ G. Oi apeikonÐseic

La, Ra : G→ G, La(g) = ag, Ra(g) = ga
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onom�zontai arister  metafor� kai dexi� metafor� antÐstoiqa. ApodeiknÔetai ìti eÐnai amfiadiaforÐseic me antistrìfouc
(La)−1 = La−1 kai (Ra)−1 = Ra−1 . H amfidiafìrish La ep�gei ton isomorfismì dianusmatik¸n q¸rwn

(dLa)e : TeG→ TaG

sunep¸c an perigr�youme ton efaptìmeno q¸ro TeG sto oudètero stoiqeÐo e ∈ G tìte h eikìna (dLa)e(TeG) peri-
gr�fei ton efaptìmeno q¸ro TaG se opoiod pote shmeÐo a thc om�dac Lie G. Pio genik�, orÐzetai o isomorfismìc
(dLa)g : Tg → TagG

H genik  jewrÐa om�dwn Lie problèpei ìti gia to sqhmatismì tou efaptìmenou q¸rou TeG sto oudètero stoiqeÐo
miac om�dac Lie G gÐnetai qr sh twn arister� analloÐwtwn dianusmatik¸n pedÐwn sthn pollaplìthta G. Aut  h optik 
eÐnai arket� dÔskolh sthn ulopoÐhsh, plhn ìmwc parèqei ènan kajolikì trìpo eÔreshc tou TeG. Den ja asqolhjoÔme
me thn prosèggish aut . 'Enac deÔteroc trìpoc orismoÔ tou efaptìmenou q¸rou mia om�dac Lie G eÐnai mèsw twn
monoparametrik¸n upoom�dwn thc. Ac to doÔme autì ligo pio analutik�.

Orismìc 2.4 'Estw G mia om�da Lie. Mia sun�rthsh φ : (R,+) → G, apì thn prosjetik  om�da R,+) sthn
om�da Lie G, kaleÐtai monoparametrik  upoom�da thc G an eÐnai leÐoc omomorfismìc.
Blèpoume ìti h monoparametrik  upoom�da φ eÐnai mia leÐa kampÔlh thc G h opoÐa wc omomorfismìc ja ikanopoeÐ tic
sqèseic φ(s+ t) = φ(s)φ(t), φ(0) = e, φ(−t) = −φ(t).

Je¸rhma 2.1 An φ eÐnai mia monoparametrik  upoom�da miac om�dac Lie pin�kwn G, tìte up�rqei monadikìc
pÐnakac X tètoioc ¸ste

φ(t) = etX

OrÐzoume wc efaptìmeno q¸ro sto tautotikì stoiqeÐo miac om�dac Lie pin�kwn to sÔnolo twn monoparametrik¸n
upoom�dwn thc. Kai p�li ìmwc aut  h je¸rhsh mac odhgeÐ sthn pio gewmetrik  skopi� twn om�dwn Lie kaj¸c gÐnetai
susthmatik  qr sh twn aristera analloÐwtwn dianusmatik¸n pedÐwn, pr�gma me to opoÐo den ja asqolhjoÔme.

'Opwc poll�kic èqoume anafèrei, sthn paroÔsa ergasÐa endiaferìmaste gia om�dec Lie pin�kwn. En prokeimènw,
h an�ptuxh aut  ja mporoÔse na gÐnei agno¸ntac pl rwc to gegonìc ìti sugqrìnwc eÐnai leÐec pollaplìthtec. Tìte
ìmwc, den ja up rqe kan h upoyÐa na orÐsoume ton efaptìmeno q¸ro sto tautotikì stoiqeÐo, afoÔ prìkeitai gia mia
topologik  ènnoia, pou aporrèei apì to gegonìc ìti autèc oi om�dec eÐnai leÐec pollaplìthtec. Upì autì to prÐsma,
autì pou ja orÐsoume eÐnai h �lgebra Lie pin�kwn (den faÐnetai na eÐnai autì pou èqoume orÐsei genik� wc �lgebra Lie
sto prohgoÔmeno kef�laio, ìmwc apodeiknÔetai ìti einai)

H �lgebra Lie eÐnai èna aparaÐthto ergaleÐo sth melèth om�dwn Lie pin�kwn (kai ìqi mìno pin�kwn). Apì th mia
pleur�, oi �lgebrec Lie eÐnai aploÔsterec apì tic om�dec Lie, diìti mia Lie �lgebra eÐnai ènac dianusmatikìc q¸roc.
'Etsi mporoÔme na katal�boume poll� pr�gmata gia tic Lie �lgebrec, apl� k�nontac grammik  �lgebra. EpÐshc, h Lie
�lgebra miac om�dac Lie perièqei arket  plhroforÐa gia thn om�da. 'Etsi poll� erwt mata pou aforoÔn om�dec Lie
pin�kwn mporoÔn na apanthjoÔn jewr¸ntac èna ìmoio all� eukolìtero prìblhma gia thn �lgebra Lie.

Orismìc 2.5 'Estw G mia om�da Lie pin�kwn. H �lgebra Lie thc G, thn opoÐa sumbolÐzoume me g eÐnai to sÔnolo
ìlwn twn pin�kwn X ¸ste to etX eÐnai sthn G gia ìlouc touc pragmatikoÔc arijmoÔc t.

Autì shmaÐnei ìti to X an kei sthn g an kai mìnon an h monoparametrik  upoom�da pou par�getai apì to X keÐtai
sthn G.

'Eqoume d¸sei ènan pio afhrhmèno orismì Lie �lgebrac (pou den qrei�zetai kan na proèrqetai apì mia om�da).
ApodeiknÔetai ìmwc oti h g eÐnai �lgebra Lie kai me aut n thn ènnoia. 'Eqoume epÐshc anafèrei ìti k�je om�da Lie
pin�kwn eÐnai upoom�dec (me thn algebrik  ènnoia) kai emfuteumènec upopollaplìthtec (me thn topologik  ènnoia)
thc GLnR (gia suntomÐa tic onom�zoume upoom�dec Lie). ApodeiknÔetai ìti h g mporeÐ enallaktik� na oristeÐ wc to
sÔnolo ìlwn twn parag¸gwn twn leÐwn kampÔlwn pou dièrqontai apì to tautotikì stoiqeÐo thc G. 'Ara katalabaÐnei
kaneÐc ìti h taÔtish tou efaptìmenou q¸rou sto tautotikì stoiqeÐo thc om�dac Lie G kai thc �lgebrac Lie g eÐnai
entel¸c fusiologik .
Gia lìgouc plhrìthtac, xekin same me ton orismì thc �lgebrac Lie pin�kwn ¸ste na epiteuqjeÐ h kat� to dunatìn
kalÔterh katanìhsh. H an�ptuxh pou ja akolouj sei ja xekin sei apì ton efaptìmeno q¸ro (sunep¸c epanafèroume
tic 'kalèc' topologikèc idiìthtec pou fèroun oi om�dec) kai ja deÐxoume ìti autìc tautÐzetai me thn �lgebra Lie g. (h
antÐstrofh diadikasÐa eÐnai pio apaithtik  gia autì den akoloujeÐtai. O anagn¸sthc mporeÐ na anatrèxei sto Brian C.
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Hall)

Orismìc 2.6 O efaptìmenoc q¸roc TIG sto tautotikì stoiqeÐo I miac om�dac Lie pin�kwn G eÐnai to sÔnolo
twn efaptìmenwn dianusm�twn

A′(0) = lim
t→0

A(t+ 0)−A(0)

t

ìpou A(t) = (aij(t)) mia leÐa kampÔlh sthn G me A(0) = I.
Dhlad , o efaptìmenoc q¸roc TIG sto tautotikì stoiqeÐo miac om�dac Lie pin�kwn eÐnai to sÔnolo twn pin�kwn

X thc morf c X = A′(0) ìpou A(t) ∈ G leÐa kampÔlh sthn G me A(0) = I.

Ac doÔme k�poiec idiìthtec thc Lie �lgebrac.

Prìtash 2.4 An G mia om�da Lie pin�kwn, kai X èna stoiqeÐo thc Lie �lgebrac, tìte to eX eÐnai èna stoiqeÐo
thc tautotik c sunist¸sac thc G.

Apìdeixh. Apì ton orismì thc Lie �lgebrac, to etX keÐtai sthn G gia ìla ta t. 'Omwc kaj¸c to t metab�lletai
apì to mhdèn sto 1, to etX eÐnai ènac suneq c drìmoc pou sundèei to tautotikì stoiqeÐo me to eX .

Prìtash 2.5 'Estw G mia om�da Lie pin�kwn, me �lgebra Lie g. 'Estw X èna stoiqeÐo thc g kai A èna stoiqeÐo
thc G. Tìte AXA−1 ∈ g

Apìdeixh. Autì eÐnai entel¸c �meso diìti apì thn Prìtash 2.1 isqÔei

et(AXA
−1) = AetXA−1

kai ètsi AetXA−1 ∈ G gia k�je t.

Je¸rhma 2.2 'Estw G mia om�da Lie pin�kwn, g h Lie �lgebra thc kai X,Y ∈ g. Tìte ta epìmena isqÔoun.

1. sX ∈ g gia ìlouc touc pragmatikoÔc arijmoÔc S.

2. X + Y ∈ g

3. XY − Y X ∈ g

H prìtash aut  mac lèei ìti h �lgebra Lie pin�kwn eÐnai ènac dianusmatikìc q¸roc pin�kwn, pou epiplèon isqÔei h sun-
j kh 3. EfistoÔme ìmwc meg�lh prosoq  sto shmeÐo autì. Den anafèroume ìti h èkfrash aut  eÐnai to Lie bracket twn
X kai Y , parìlo pou sta prohgoÔmena aut   tan h sunjismènh morf  gia autì. JumÐzoume ìti Lie �lgebra eÐnai ènac
dianusmatikìc q¸roc (ìqi anagkastik� dianusmatikìc q¸roc pin�kwn) pou epiplèon eÐnai efodiasmènoc me mia pr�xh
pou eÐnai digrammik , antisummetrik  kai ikanopoieÐ thn tautìthta tou Jacobi. Den up�rqei kamÐa apolÔtwc an�gkh gia
to Lie bracket na èqei thn parap�nw morf . Eidikìtera to [X,Y ] den eÐnai an�gkh na eÐnai Ðso me XY −Y X. Pr�gmati,
h teleutaÐa sqèsh den èqei kan nìhma, epeid  h g den eÐnai upoqrewtikì (wc dianusmatikìc q¸roc) na èqei mia pr�xh
ginomènou gia ta stoiqeÐa thc. Gia par�deigma, d¸same sta prohgoÔmena wc klasikì par�deigma �lgebrac Lie ton R3

kai orÐzoume wc Lie bracket [x, y] na eÐnai to x×y. Profan¸c to teleutaÐo eÐnai mia digrammik , antisummetrik  morf ,
pou eÔkola elègqei kaneÐc ìti ikanopoieÐ thn tautìthta tou Jacobi. EntoÔtoic, den up�rqei kamÐa pr�xh ginomènou ston
R3 'xy' ¸ste x× y = xy − yx.

O prosektikìc anagn¸sthc Ðswc diapist¸sei mia mikr  �sumfwnÐa' sta ìsa èqoume anafèrei wc t¸ra gia tic �l-
gebrec Lie pin�kwn kai gia touc efaptìmenouc q¸rouc all� kai gia tic �lgebrec Lie genik�. Autì pou diatup¸noume
t¸ra wc je¸rhma, to eÐqame diatup¸sei sta prohgoÔmena wc orismì. H diafor� ègkeitai kajar� sthn prosèggish tou
antikeimènou apì th skopi� twn pollaplot twn, kai apì thn amig¸c algebrik . AfethrÐa gia thn apìdeixh mac ja eÐnai
o Orismìc 2.6, o opoÐoc sthn prosèggish apì th skopi� twn pollaplot twn apodeiknÔetai, me qr sh thc ekjetik c
apeikìnishc om�dac, jèma me to opoÐo den ja asqolhjoÔme. Blèpoume epomènwc ìti o algebrikìc kai topologikìc
duðsmìc kajist� th jewrÐa exairetik� ploÔsia, all� sugqrìnwc mac exasfalÐzei polloÔc trìpouc na apodeiknÔoume
di�fora apotelèsmata.

Apìdeixh. To 1. eÐnai �meso, efìson es(tX) = e(ts)X , to opoÐo ofeÐlei na an kei sthn G afoÔ to X an kei sthn
g. To 2. eÐnai epÐshc �meso an ta X,Y metatÐjentai apì thn prìtash 2.3. An den metatÐjentai, tìte ja qreiastoÔme
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k�ti pou onom�zetai tÔpoc ginomènou tou Lie to opoÐo isqurÐzetai ìti

et(X+Y ) = lim
n→∞

(
etX/netY/n

)n
Efìson ta X,Y eÐnai sthn g, ta etX/n, etY/n an koun sthn G, kai epeid  h G eÐnai om�da to

(
etX/netY/n

)
an kei epÐshc

sthn G. Gia to lìgo ìti h G eÐnai om�da Lie pin�kwn, to ìrio prèpei na an kei sthn G, arkeÐ na eÐnai antistrèyimo.
Apì th stigm  pou to et(X+Y ) eÐnai autom�twc antistrèyimo, sumperaÐnoume ìti prèpei na an kei sthn G. Autì deÐqnei
ìti to X + Y an kei sthn G.

Gia to 3. jumìmaste ìti
d

dt
etX
∣∣∣∣
t=0

= X. 'Epetai ìti
d

dt
etXY

∣∣∣∣
t=0

= XY , kai �ra apì ton kanìna ginomènou

d

dt

(
etXY e−tX

)∣∣∣∣
t=0

= (XY )e0 − (e0Y )(−X) = XY − Y X

T¸ra apì thn Prìtash 2.6 to
(
etXY e−tX

)
eÐnai sthn g gia ìla ta t. Akìmh lìgw twn 1. kai 2. èqoume exasfalÐsei

ìti to g eÐnai dianusmatikìc upìqwroc tou Rn×n. Autì eidikìtera shmaÐnei ìti to g eÐnai topologik� kleistì uposÔnolo
tou Rn×n. Dhlad  perièqei ìla ta oriak� tou shmeÐa. Autì ìmwc eÐnai to zhtoÔmeno afoÔ

XY − Y X = lim
h→0

ehXY e−hX − Y
h

an kei sto g.
Ac doÔme k�poia paradeÐgmata gia tic klasikèc om�dec pin�kwn, sÔmfwna me touc parap�nw orismoÔc.

ParadeÐgmata.

1. Apì thn Prìtash 2.3 èqoume ìti an X opoiosd pote n × n pragmatikìc pÐnakac, tìte o etX ja eÐnai epÐshc
antistrèyimoc kai pragmatikìc. Apì thn �llh, an o etX eÐnai pragmatikìc gia ìlouc touc pragmatikoÔc arijmomÔc

t, tìte X =
d

dt
etX
∣∣∣∣
t=0

ja eÐnai epÐshc pragmatikìc.'Ara h �lgebra Lie thc GLnR eÐnai o grammikìc q¸roc Rn×n

ìlwn twn n× n pin�kwn, kai sumbolÐzetai me glnR.
To parap�nw  tan me ton Orismì 2.5. To Ðdio mporoÔme na deÐxoume me ton orismì 2.6. Dojèntoc opoioud pote
pÐnaka X ∈ Rn×n, h kampÔlh c(t) = etX eÐnai sthn GLnR efìson det etX 6= 0. 'Ara deÐxame ton egkleismì
TIGLnR ⊆ Rn×n. Epiplèon c(0) = I. Ex orismoÔ c′(0) ∈ TIGLnR. All� c′(0) = X �ra X ∈ TIGLnR kai
deÐxame ton egkleismì Rn×n ⊆ TIGLnR.
AxÐzei na sqoli�soume ìti h poreÐa gia thn eÔresh tou efaptìmenou q¸rou sto tautotikì stoiqeÐo miac om�dac
Lie pin�kwn eÐnai akrib¸c Ðdia me th diadikasÐa eÔreshc thc �lgebrac Lie pin�kwn. Epomènwc taÔtish pou k�name
sta parap�nw eÐnai apolÔtwc fusiologik . (Den thn èqoume ìmwc apodeÐxei me austhrìthta).

2. Ja broÔme ton efaptìmeno q¸ro thc O(n). Ja deÐxoume ìti

o(n) = TIO(n) = {X ∈ GLnR : X +XT = 0}

Ja to deÐxoume me ton diplo egkleismì. (⊆) 'Estw X ∈ TIG kai A(t) ∈ O(n) mia leÐa kampÔlh me A(0) = I
kai A′(0) = X. AfoÔ A ∈ O(n) isqÔei A(t)A(t)T = I kaj¸c kai A(0) = I kai A′(0) = X. ParagwgÐzontac th
sqèsh aut  paÐrnoume ìti A′(t)A(t)T + A(t)A′(t)T = 0. Epeid  A(0) = I = A(0)T , jètontac t = 0 paÐrnoume
A′(0) +A′(0)T = 0 dhlad  X +XT = 0.
An t¸ra o pÐnakac X ikanopoieÐ thn X +XT = 0 tìte h leÐa kampÔlh A(t) = etX ikanopoieÐ

A(t)A(t)T = etXe(tX)T = etXe−tX = e0 = I

Dhlad , kat� ton orismì, A(t) = etX ∈ O(n)

3. Ja deÐxoume ìti o efaptìmenoc q¸roc thc eidik c orjog¸niac om�dac eÐnai o efaptìmenoc q¸roc thc orjog¸niac
om�dac. Dhlad 

so(n) = {X ∈ Rn×n : X +XT = 0}

O pr¸toc egkleismìc deÐqnetai akrib¸c ìpwc kai prin. Gia ton deÔtero egkleismì ja ikanoopoi soume p�li ton
orismì thc Lie �lgebrac pin�kwn. Pr�gmati an o pÐnakac X ikanopoieÐ X+XT = 0 tìte o drìmoc etX ikanopoieÐ

etXe(tX)T = etXe−tX = e0 = I
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Epiplèon
det(etXe(tX)T ) = det I = 1

kai epÐshc

det(etXetX
T

) = det etX det etX
T

= (det etX)2

Sunep¸c
(det etX)2 = 1

'Ara det etX = ±1 gia k�je t ∈ [0, 1]. Epeid  gia t = 0, det e0X = 1 kai h sun�rthsh orÐzousa eÐnai suneq c,
ja isqÔei det etX = 1 gia k�je t ∈ [0, 1]. An ìqi, dhlad  an up�rqoun t1, t2 ∈ [0, 1] ¸ste det et1X = 1 kai
det et2X = −1, tìte apì to je¸rhma endi�meswn tim¸n ja up�rqei èna t0 ¸ste det et0X = 0 to opoÐo asfal¸c
kai eÐnai �topo, diìti èrqetai se antÐfash me to gegonìc ìti o et0X eÐnai antistrèyimoc. 'Ara det etX = 1 gia k�je
t ∈ [0, 1] pou shmaÐnei ìti o pÐnakac A(t) = etX ∈ SO(n) kai A′(0) = X. 'Ara o X eÐnai efaptìmeno di�nusma
sto tautotikì stoiqeÐo to opoÐo oloklhr¸nei ton deÔtero egkleismì.
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3 Gewmetrik  mh grammikìthta sth Mhqanik  SuneqoÔc Mèsou

Sto kef�laio autì ja sunoyÐsoume to basikì sumbolismì kai k�poiec jemeli¸deic idèec sth mhqanik  suneq¸n mèswn,
periorÐzontac ìmwc th suz thsh mìno se ekeÐnec tic idèec pou eÐnai aparaÐthtec gia thn an�ptuxh miac jewrÐac dokoÔ.
Eidikìtera, ja suzht soume ènnoiec suneqoÔc s¸matoc kai thn parametropoÐhs  tou, kÐnhsh s¸matoc sto qrìno kai
mia convective suntetagmènwn morf  twn exis¸sewn isorropoÐac rop c.

3.1 S¸mata, sqhmatismoÐ, topojet seic

Xekin�me me k�poiouc basikoÔc orismoÔc.
'Ena suneqèc s¸ma P eÐnai mia pollaplìthta ulik¸n shmeÐwn p ∈ P . 'Enac topikìc sqhmatismìc eÐnai ènac q�rthc
(U, κ) tètoioc ¸ste

κ : U ⊂ P → κ(U) ⊂ R3 (3.1)

ìpou to κ(U) eÐnai anoiqtì. Genik�, sth mhqanik  suneqoÔc mèsou deqìmaste ìti ènac aplìc q�rthc arkeÐ gia na
kalÔyei to P.

Sq ma 3.1: Aplì montèlo s¸matoc. Mia topojèthsh S ⊂ R3 se ènan sqhmatismì κ : P → S ⊂ R3 eÐnai èna anoiqtì
sÔnolo S = κ(P) ⊂ R3.

KaleÐ k�poioc to S = κ(P ) ⊂ R3 wc th topojèthsh tou P upì ton (kajolikì) sqhmatismì κ : P → S
Mia kÐnhsh tou P eÐnai mia monoparametrik  oikogèneia sqhmatism¸n pou èqei wc deÐkth to qrìno, dhlad 

κt : P → R3 (3.2)

KaloÔme

St = κt(P ) ⊂ R3 (3.3)

thn topojèthsh (  jèsh) tou P sto qrìno t. Se ìsa akoloujoÔn, upojètoume ìti ènac sqhmatismìc anafor�c pou
kajorÐzei mia topojèthsh (  jèsh) anafor�c èqei epilegeÐ mia kai kal , kai jètoume

κ0 : P → R3, και o%ιζoυµεB = κ0(P ) (3.4)

41



QrhsimopoioÔme to sumbolismì

φt := κt ◦ κ−1
0 : B ⊂ R3 → S ⊂ R3 (3.5)

kai gr�foume

x = φt(X), X ∈ S0 (3.5)

Apì upìjesh B = St|t=0. Aut  h kat�stash perigr�fetai sto sq ma

Sq ma 3.2: Klassik  je¸rhsh sth Mhqanik  SuneqoÔc Mèsou. JewroÔme to B = κ0(P) (th jèsh anafor�c) kai to
St = κt(P) (twrin  jèsh) wc pollaplìthtec.

3.2 ParametropoÐhsh tou q¸rou tou sqhmatismoÔ

Se ìsa akoloujoÔn, jewroÔme to B = κ0(p) ,th jèsh anafor�c, wc mia dojeÐsa leÐa pollaplìthta tou R3, kai
jewroÔme apeikonÐseic thc morf c (3.5) kai (3.6)
Orismìc 3.1. 'Estw ϑB to sÔnoro thc jèshc anafor�c B = κ0(P ). Upojètoume ìti oi paramorf¸seic eÐnai thc
morf c (3.5) kai (3.6) kai èqoun oristeÐ se èna tm ma tou sunìrou ϑφB ⊂ ϑB wc

φ̄ : ϑφB → R3 (3.7)

Gia k�je φ : B → R3 orÐzoume thn klÐsh paramìrfwshc wc thn efaptìmenh apeikìnish

F (X) := Tφ(X) : TXB → Tφ(X)R3 (3.8)

ApaitoÔme, gia k�je φ : B → R3 na isqÔei det(Dφ(X)) > 0 gia k�je X ∈ B. SunoyÐzontac, orÐzoume to q¸ro twn
sqhmatism¸n twn apodekt¸n paramorf¸sewn wc

C = {φ : B → R3 : φϑφB = φ̄ καιdet(Dφ) > 0} (3.9)

Genik�, to B ⊂ R3 eÐnai mia leÐa pollaplìthta, ìqi anagkastik� èna anoiqtì uposÔnolo. 'Etsi eis�goume tic topikèc
suntetagmènec se ìrouc topik¸n qart¸n wc akoloÔjwc.
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Orismìc 3.2. 'Estw B ⊂ R3 kai S ⊂ R3 na eÐnai h jèsh anafor�c kai h twrin  jèsh antÐstoiqa kai φ : B → S
h paramìrfwsh (φ ∈ C). JewroÔme X ∈ B kai x ∈ φ(B)
OrÐzoume topikoÔc q�rtec (χ0,Ω0) kai (χ,Ω) sta X ∈ B kai x ∈ φ(B) ètsi ¸ste

X = χ0(ξ) , ξ = (ξ1, ξ2, ξ3) ∈ Ω0 (3.10)

x = χ(η) , η = (η1, η2, η3) ∈ Ω (3.11)

Asfal¸c ta χ0 : Ω0 → B kai χ : Ω→ S upìkeintai stouc sunhjismènouc periorismoÔc. Wc sun jwc

φχχ0
:= χ−1 ◦ φ ◦ χ0 : Ω0 → Ω (3.12)

eÐnai h anapar�stash tou φ stouc q�rtec (χ0,Ω0) kai (χ,Ω).
Oi prohgoÔmenoi orismoÔ deÐqnoun ìti h mhqanik  suneqoÔc mèsou, se èna arket� genikì plaÐsio, tairi�zei me fusikì
trìpo sthn an�lush se pollaplìthtec. Sth melèth mac gia dokoÔc ìmwc, mia idiaÐterh parametropoÐhsh pou anafèretai
wc convective suntetagmènec eÐnai polÔ qr simh.

Sq ma 3.3: Gewmetrik  je¸rhsh. ApeikonÐseic metaxÔ leÐwn pollaplot twn

Orismìc 3.3. 'Estw φ ∈ C kai (χ0,Ω0) ènac q�rthc sto X ∈ B. To convective sÔsthma suntetagmènwn prokÔptei
jètontac

Ω = Ω0 και χ=φ ◦ χ0 : Ω→ S (3.13)

Eikonik�, èqoume thn kat�stash sthn eikìna
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Sq ma 3.4: To convective sÔsthma suntetagmènwn X = χ0(ξ1, ξ2, ξ3) kai x = χ(ξ1, ξ2, ξ3) gia to Ðdio
ξ = (ξ1, ξ2, ξ3) ∈ Ω

SuneqÐzoume me ton orismì twn qwrik¸n kai ulik¸n dianusmatik¸n pedÐwn prin eis�goume ta dianÔsmata b�shc sunte-
tagmènwn.

Orismìc 3.4. 'Ena ulikì dianusmatikì pedÐo eÐnai mia apeikìnish

X ∈ B 7−→W (X) ∈ Tφ(X)S (3.14)

en¸ èna qwrikì dianusmatikì pedÐo eÐnai mia apeikìnish

x ∈ S 7−→ w(x) ∈ TxS (3.15)

H ulik  kai qwrik  anapar�stash enìc dianausmatikoÔ pedÐou kataskeu�zetai jètontac

W (X) = w(φ(X))⇔W = w ◦ φ (3.16)

Eidik� gia thn convective anapar�stash èqoume to parak�tw qr sima dianusmatik� pedÐa.

Orismìc 3.5. 'Estw (χ0,Ω) ènac q�rthc sto B me X ∈ Ω. 'Estw φ ∈ C kai orÐzoume ton convective q�rth thc
S = φ(B) jètontac χ=φ ◦ χ0. Tìte èqoume

1. Paramìrfwsh

φ = χ◦χ
−1
0 (3.17)

2. Efaptìmenh apeikìnish kai klÐsh paramìrfwshc

Tφ(X) = (φ(X), F (X)) = (φ(X), Dχ(χ−1
0 ) ◦Dχ−1

0 (X)) (3.18)
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3. Dianusmatik� pedÐa suntetagmènwn X 7−→ Gi(X) ∈ TXB kai x 7−→ gi(x) ∈ TxS

Gi ◦ χ0(ξ) = Dχ0(ξ)Ei =
∂

∂ξi
χ0(ξ)

gi ◦ χ(ξ) = Dχ(ξ)Ei =
∂

∂ξi
χ(ξ) (3.19)

ìpou {EI} oi kanonik  b�sh tou R3. ParathroÔme sugqrìnwc ìti

gI(x) = Dφ(X)GI (3.20)

4. Iakwbianèc orÐzousec twn qart¸n

j0(ξ) = det(Dχ0(ξ)) , j(ξ) = det(Dχ(ξ)) (3.21)

5. H Iakwbian  thc φ : B → S

J(X) =
j(χ−1

0 (X))

j0(χ−1
0 (X))

> 0 (3.22)

6. H duðk  b�sh orÐzetai apì tic sunjhsimènec sqèseic

< gi, g
j >= δji , < Gi, G

j >= δji (3.23)

Ta epìmena apl� apotelèsmata eÐnai qr sima sthn an�ptux  mac.
Prìtash 3.1. Ta akìlouja isqÔoun.

j(ξ) = < g1 × g2, g3 >|x=χ(ξ)

gi × gj = jεijkg
k (3.24)

gi = (Dφ)−TGi

ìpou ε to sÔmbolo Levi Civita

'Ustera eis�goume mia idiaÐterh ènnoia sunalloÐwthc parag¸gishc, sÔmfwna me thn sun jh sunoq  ston R3. KÐnh-
tro gia ton orismì mac eÐnai h genik  ènnoia sunalloÐwthc parag¸gishc, ìpwc gr�foume parak�tw.

'Estw c : [a, b] → S ⊂ R3 mia leÐa kampÔlh ¸ste c(0) = x. Ac jewr soume akìma èna dianusmatikì pedÐo
v : S → TS. Autì to dianusmatikì pedÐo orÐzei èna dinausmatikì pedÐo kat� m koc thn c, to opoÐo paÐrnoume an apl�
sunjèsoume to V me thn kampÔlh c, dhlad 

t ∈ [a, b] 7−→ V (c(t)) ∈ Tc(t)S (3.25)

Tìte èqoume to akìloujo:

Orismìc 3.6. H sunalloÐwth par�gwgoc tou V : S → TS kat� m koc thc kampÔlhc c : [a, b]→ S eÐnai o rujmìc
metabol c tou V kat� m koc thc kampÔlhc c, kai sumbolÐzetai me ∇c′(t)V (c(t)). 'Etsi èqoume

∇c′(t)V (c(t)) :=
d

dt
V (c(t)) (3.26)

Ac jewr soume t¸ra k�poiec idiaÐterec kampÔlec, pou anafèrontai wc kampÔlec suntetagmènwn kai orÐzontai wc

t ∈ R 7−→ c1(t) = χ(t, ξ2, ξ3) ∈ S (3.27)

kai ìmoia orÐzontai ta c2(t) kai c3(t). Shmei¸noume ìti

ci(t)|t=ξi = χ(ξ) = x ∈ S (3.28)

Ta efaptìmena dianÔsmata stic kampÔlec suntetagmènwn tou q�rth (χ,Ω) sto x = χ(ξ), ξ ∈ Ω eÐnai

d

dt
ci(t)

∣∣∣∣
t=ξi

=
∂

∂ξi
χ(ξ) = gi(χ(ξ)) (3.29)

Autì shmaÐnei oti ta efaptìmena dianÔsmata stic kampÔlec suntetagmènwn eÐnai ta dianÔsmata b�shc tou q�rth. Autì
deÐqnoume sthn eikìna
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Sq ma 3.5: KampÔlec suntetagmènwn kai dianÔsmata b�shc se ènan q�rth (χ,Ω)

Apì ton orismì pou d¸same gia th sunalloÐwth par�gwgo sthn par�grafo 1.7, h sunalloÐwth par�gwgoc enìc
dianusmatikìu pedÐou V : S → TS kat� m koc twn kampÔlwn suntetgmènwn tou q�rth, upologismènh sto shmeÐo
x = χ(ξ) eÐnai

∇c′(t)V (ci(t))
∣∣
t=ξi

=
d

dt

∣∣∣∣
t=ξi

V (ci(t)) (3.30)

Apì tic (3.30) kai (3.29) paÐrnoume

∇gi(χ(ξ))V (χ(ξ)) =
∂

∂ξi
V (χ(ξ)) (3.31)

Tèloc, anafèroume ìti o orismìc pou d¸same gia th sunalloÐwth par�gwgo prèpei na eÐnai sunep c me th genik  ènnoia
thc sunalloÐwthc parag¸gou. Aplèc pr�xeic epibebai¸noun ìti autì isqÔei.
Ja prèpei dhlad  na èqoume ìti ∇aY V = a∇Y V gia ìla ta a. Kat� sunèpeia orÐzoume W =< W, gi > gi. 'Eqoume

∇WV = ∇<W i,gi>V = W i∇giV

= (
∂

∂ξi
(V ◦ χ) ◦ χ−1)W i

= (
∂

∂ξi
(V ◦ χ) ◦ χ−1) < W, gi > (3.32)

= [(
∂

∂ξi
(V ◦ χ) ◦ χ−1)⊗ gi]W

Dhlad , to ∇WV eÐnai grammikì wc proc W . H parap�nw èkfrash kai o prohgoÔmenoc orismìc dÐnoun kÐnhtro ston
parak�tw orismì.

Orismìc 3.7. H sunalloÐwth par�gwgoc enìc diannusmatikoÔ pedÐou V : S → TS se ènan q�rth (χ,Ω) se èna
shmeÐo x ∈ Ω sumbolÐzetai me ∇V (x) kai orÐzetai wc

∇V (x) =

(
∂

∂ξi
(V ◦ χ)

)
◦ χ−1(x)⊗ gi(x) (3.33)

Afal¸c,o orismìc autìc eÐnai anex�rthtoc apì thn epilog  tou q�rth (χ,Ω).
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Parathr seic.

1. Shmei¸noume ìti sÔmfwna me thn kanonik  b�sh o Orismìc 3.7 ekfulÐzetai sthn sunhjismènh morf  thc para-
g¸gou Frechet dhlad 

∇V (x) =
∂vi
∂xj

(x)ei ⊗ ej (3.34)

2. MporoÔme na jewr soume sthn (3.30) thn idiaÐterh perÐptwsh ìpou V = gi, i = 1, 2, 3. Tìte h (3.31) gr�fetai

∇gigj(x) =
∂

∂ξi
gj(χ(ξ))

∣∣∣∣
ξ=χ−1(x)

=
∂2

∂ξi∂ξj
χ(ξ)

∣∣∣∣
ξ=χ−1(x)

(3.35)

Apì ton orismì

Γkij(ξ) :=

〈
∂2χ(ξ)

∂ξ∂ξj
, gk(χ(ξ))

〉
(3.36)

onom�zontai ìpwc èqoume  dh anafèrei sÔmbola Christoffel sÔmfwna me ton q�rth (χ,Ω). Apì tic 2 teleutaÐec
sqèseic paÐrnoume ìti

∇gigj = ∇gjgi = (Γkij ◦ χ−1)gk (3.37)

3. Ac upojèsoume ìti gij =< gi, gj > h metrik  (  alli¸c o jemeli¸dhc metrikìc tanust c) sto q�rth (χ,Ω). H
sqèsh pou apodeÐxame sthn par�grafo 1.7 isqÔei kai t¸ra dhlad 

Γkijgkl =
1

2

(
∂gil
∂ξj

+
∂gil
∂ξi
− gij
∂ξl

)
(3.38)

paÐzei jemeli¸dh rìlo sth gewmetrÐa Riemann

Stic exis¸seic orm c pou ja diatup¸soume sto epìmeno kef�laio ja qrhsimopoi soume ton telest  thc apìklishc
dianusmatikoÔ pedÐou. Ja prèpei na ton orÐsoume se epÐpedo qart¸n se mia pollaplìthta kai eÐnai akrib¸c autì pou
ja k�noume t¸ra.

Orismìc 3.8. 'Estw V → TS èna dianusmatikì pedÐo. O telest c thc apìklishc orÐzetai wc

divV := tr(∇V ) (3.39)

Sunep¸c apì thn (3.33) wc proc opoiod pote q�rth (χ,Ω) èqoume

divV =

〈(
∂

∂ξi
(V ◦ χ)

)
◦ χ−1, gi

〉
(3.40)

Anafèroume mia qr simh idiìthta tou telest .
Prìtash 3.2. Wc proc opoiod pote q�rth (χ,Ω) èqoume thn èfrash

divV =
1

j

∂

∂ξi
(jV i(ξ))χ−1 (3.41)

ìpou V i(ξ) =< V ◦ χ, gi ◦ χ > kai j =< g1 × g2, g3 > ◦χ

Apìdeixh. Apì thn (3.40) paÐrnei kaneÐc

(divV ) ◦ χ =
∂

∂ξi
〈
V ◦ χ, gi ◦ χ

〉
−
〈
V ◦ χ, ∂

∂ξi
(gi ◦ χ

〉
(3.42)
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Efìson t¸ra, V =
〈
V, gi

〉
gi, èqoume

(divV ) ◦ χ =
∂V i

∂ξj
− V j

〈
gj ◦ χ,

∂

∂ξj
(gi ◦ χ)

〉
=
∂vi

∂ξi
+ V j

〈
∂

∂ξi
(gj ◦ χ), gi ◦ χ

〉
(3.43)

=
∂vi

∂ξi
+ V jΓiji

Pio k�tw ja deÐxoume ìti Γiji = 1
j
∂j
∂ξi . Antikat�stash sthn (3.43) dÐnei to apotèlesma.

L mma 3.1. 'Estw (χ,Ω) ènac q�rthc, kai èstw j = detDχ. Tìte

∂j

∂ξi
= j

〈
∂

∂ξi
(gj ◦ χ), gj ◦ χ

〉
= jΓkik (3.44)

Apìdeixh. ParagwgÐzontac thn pr¸th apì tic sqèseic thc Prìtashc 3.1 sto q�rth (χ,Ω) kai qrhsimopoi¸ntac
th deÔterh paÐrnoume

∂j

∂ξi
=

〈
∂

∂ξi
(g1 ◦ χ), (g2 × g3) ◦ χ

〉
+

〈
∂

∂ξi
(g2 ◦ χ), (g3 × g1) ◦ χ

〉
+

〈
∂

∂ξi
(g3 ◦ χ), (g1 × g2) ◦ χ

〉
= j

〈
∂

∂ξi
(gk ◦ χ), gk ◦ χ

〉
= j

〈
gk ◦ χ, ∂2χ

∂ξi∂ξk

〉
= jΓkik

'Ustera, epekteÐnoume th melèth mac se tanustik� pedÐa. Eidikìtera, endiaferìmaste gia tanustik� pedÐa deutèrac
t�xhc.(O tanust c thc t�shc eÐnai èna tètoio pedÐo, kai emplèketai mèsw tou telest  apìklishc sthn exÐswsh orm c).

Orismìc 3.9. 'Estw L(R3,R3 o dianusmatikìc q¸roc twn grammik¸n metasqhmatism¸n σ : R3 → R3. OrÐzoume
ton tanust  t�shc Cauchy wc to tanustikì pedÐo thc morf c

x ∈ S 7−→ σ(x) ∈ L(R3,R3) (3.45)

'Estw χ,Ω) ènac q�rthc sto shmeÐo x ∈ χ(Ω), me dianÔsmata b�shc {gi(x)} kai duðk� ta {gi(x)} oÔtwc ¸ste <
gi, g

j >= δji . Jètoume

ti := σgi → σ = ti ⊗ gi (3.46)

Sto plaÐsio thc mhqanik c, to x ∈ S 7−→ ti(x) anafèretai wc di�nusma elkust c pou dra se epif�neiec me k�jeto

dianusmatikì pedÐo to ni =
gi

‖gi‖
.

H sunalloÐwth par�gwgoc tou tanustikoÔ pedÐou σ(x) mporeÐ na prokÔyei akrib¸c ìpwc proèkuye gia èna dianu-
smatikì pedÐo V . Q�rin suntomÐac parak�mptoume touc upologismoÔc kai dÐnoume to telikì apotèlesma wc orismì.

Orismìc 3.10. 'Estw γ : S → TS mia kampÔlh kai x ∈ S 7−→ σ(x) ∈ L(R3,R3) èna tanustikì pedÐo. H
sunalloÐwth par�gwgoc tou σ kat� m koc thc kampÔlhc γ eÐnai o rujmìc metabol c tou σ kat� m koc thc γ, dhlad 

∇γ′(t)σ(γ(t)) =
d

dt
σ(γ(t)) (3.47)

'Ena �meso apotèlesma eÐnai

∇γ′(t)σ(γ(t)) = ∇σ(γ(t))γ′(t) (3.48)

48



ìpou

∇σ = { ∂
∂ξi

(σ ◦ χ)} ◦ χ−1 ⊗ gi (3.49)

Prìtash 3.3. 'Estw

σ = ti ⊗ gi = σjigi ⊗ gj (3.50)

'Opou σji h anapar�stash tou tanust  wc pÐnaka, akribwc ìpwc th gnwrÐzoume apì thn klasik  mhqanik  suneqoÔc
mèsou.
IsqÔei tìte

∇σ = σji
∣∣
k
gi ⊗ gj ⊗ gk (3.51)

ìpou apì ton orismì

σij
∣∣
k

=
∂σij

∂ξk
+ σljΓilk + σilΓjlk (3.52)

OrÐzoume t¸ra ton telest  apìklishc gia tanustik� pedÐa deutèrac t�xhc.

Orismìc 3.11. Wc proc opoiod pote q�rth (χ,Ω) o telest c apìklishc tou σ(x) ìpwc orÐzetai sta parap�nw
eÐnai

divσ =

[{
∂

∂ξi
(σ ◦ χ)

}
◦ χ−1

]
gi (3.53)

'Opwc kai sthn perÐptwsh twn dianusmatik¸n pedÐwn to akìloujo apotèlesma eÐnai arket� qr simo.

Prìtash 3.4. H apìklish tou dianusmatikoÔ pedÐou σ(x) = ti(x)⊗ gi(x) dÐnetai wc

divσ =

{
1

j

∂

∂ξi
(jti ◦ χ)

}
◦ χ−1 (3.54)

Apìdeixh. Apì thn (3.53) kai ton kanìna thc alusÐdac paÐrnoume

divσ ◦ χ =
∂

∂ξi
[
(σgi) ◦ χ

]
− (σ ◦ χ)

∂

∂ξi
(gi ◦ χ)

=
∂

∂ξi
(ti ◦ χ)− (tj ◦ χ)

〈
gj ◦ χ,

∂(gi ◦ χ)

∂ξi

〉
=

∂

∂ξi
(ti ◦ χ) + (ti ◦ χ)

〈
∂

∂ξi
(gj ◦ χ), gi

〉
(3.55)

Apì to L mma 3.3 paÐrnoume,

divσ =
∂

∂ξi
(ti ◦ χ) +

1

j
(tj ◦ χ)

∂j

∂ξj

=
1

j

∂

∂ξi
(jti ◦ χ)

Autì oloklhr¸nei th suz thsh mac gia ta basik� apotelèsmata pou aforoÔn touc sqhmatismoÔc thc klassik c jewrÐac
twn tridi�statwn suneq¸n mèswn kai thc convective parametropoÐhshc. Sthn epìmenh par�grafo ja anakefalai¸sou-
me k�poiec idèec pou sqetÐzontai me kin seic suneq¸n mèswn.
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3.3 KÐnhsh: PedÐa taqÔthtac kai epit�qunshc

UpenjumÐzoume ìti mia kÐnhsh enìc s¸matoc P eÐnai mia monoparametrik  oikogèneia sqhmatism¸n κt : P → R3, pou
orÐzei mia monoparametrik  oikogèneia jèsewn/topojet sewn St = κt(P ) ⊂ R3. Jètoume B = S|t=0 kai

φt = κt ◦ κ−1
0 : B → St ⊂ R3 (3.56)

¸ste φt ∈ C gia k�je t > 0. Se ìsa akoloujoÔn, ja jewroÔme thn kÐnhsh wc mia kampÔlh

t ∈ R+ 7−→ φt ∈ C , St = φt(B) ⊂ R3 (3.57)

kai φt|t=0 = I

Orismìc 3.12. DojeÐsac miac kÐnhshc t 7−→ φt ∈ C, orÐzei kaneÐc thn ulik  taqÔthta wc

Vt =
∂φt
∂t
⇒ V (X) ∈ Tφt(X)St (3.58)

H qwrik  taqÔthta eÐnai to dianusmatikì pedÐo

vt : St × R+ → TSt (3.59)

¸ste

vt ◦ φt = Vt ⇔ v(φ(X, t), t) = V (X, t) (3.59)

'Etsi, ta Vt kai vt eÐnai ulik� kai qwrik� pedÐa, upì thn ènnoia pou perigr�fhke sthn par�grafo 3.3. 'Omoia orÐzei
kaneÐc tic epitaqÔnseic wc akoloÔjwc:

Orismìc 3.13. H ulik  epit�qunsh eÐnai to ulikì dianusmatikì pedÐo At : B → TSt pou orÐzetai wc

At =
∂Vt
∂t

=
∂2φt
∂t2

⇒ At(X) ∈ Tφt(X)St (3.60)

H qwrik  epit�qunsh ja eÐnai tìte

at ◦ φt = At ⇔ a(φ(X, t), t) = A(X, t) (3.61)

Prosoq  ìmwc. H qwrik  epit�qunsh den eÐnai h qronik  par�gwgoc thc qwrik c taqÔthtac. Apì th mhqanik  suneq¸n
mèswn gnwrÐzoume ìti eÐnai h ulik  par�gwgoc thc qwrik c taqÔthtac. Dhlad  autì pou isqÔei eÐnai

at =
∂vt
∂t

+∇vtvt =
∂vt
∂t

+ (∇vt)vt (3.62)
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3.4 Tanustèc t�shc: Exis¸seic orm c

Xekin�me orÐzontac ton pr¸to tanust  Piola-Krichhoff. H idèa anaparÐstatai sto parak�tw sq ma

Sq ma 3.6: Tanustèc t�seic kai dianusm�ta elkustèc

Orismìc 3.14. 'Estw x ∈ S 7−→ σ(x) ∈ L(R3,R3) o tanust c t�shc Cauchy. OrÐzoume ton pr¸to tanunst 
Piola-Krichhoff wc to pedÐo

X ∈ B 7−→ P (X) ∈ L(R3,R3) (3.63)

me tÔpo

P = Jtσ ◦ φtF−T (3.64)

ìpou F h klÐsh paramìrfwshc. Se poll� biblÐa anafèretai wc tanust c 2 shmeÐwn. O lìgoc eÐnai epeid  dra se 2
shmeÐa, èna ston sqhmatismì anafor�c kai èna ston twrinì sqhmatismì.

OrÐzoume touc elkustèc wc proc ènan q�rth.

Orismìc 3.15. 'Estw (χ0,Ω0) kai (χ,Ω) duo q�rtec pou perièqoun ta X ∈ B kai x = φt(X) ∈ St antÐstoiqa,
me dianÔsmata b�shc {Gi(X)} kai {gi(xt)} antÐstoiqa. Tìte

T it := PtG
i , tit := σtg

i

eÐnai oi elkustèc kat� Piola-Kirchhoff kai Cauchy antÐstoiqa. Sthn convective anapar�stash χt = φt ◦χ0 kai Ω = Ω0.
Tìte oi parap�nw sqèseic gr�fontai

Pt = T it ⊗Gi , σt = tit ⊗ gi

H epìmenh prìtash sundèei touc elkustèc gia touc 2 tanustèc.

Prìtash 3.5. Oi elkustèc Piola-Krichhoff kai Cauchy sundèontai wc

T it = Jtt
i
t ◦ φt, ∀ i = 1, 2, 3 (3.64)

Apìdeixh. Apì touc orismoÔc èqoume

Pt = T it ⊗Gi = Jt(t
i
t ⊗ gi) ◦ φtF−Tt

= (Jtt
i
t ◦ φt)⊗ F−Tt (gi ◦ φt)

= (Jtt
i
t ◦ φt)⊗Gi (3.65)

To apotèlesma prokÔptei efarmìzontac kai ta 2 mèlh thc (3.64) sto Gj

To epìmeno apotèlesma eÐnai gnwstì wc metasqhmatismìc Piola
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Prìtash 3.6. Wc proc touc q�rtec (χ0,Ω0) kai (χt,Ω) èqoume tic ekfr�seic

divPt =
1

j0

∂

∂ξi
(
j0T

i
t ◦ χ0

)
◦ χ−1

0

divσt =
1

jt

∂

∂ηi
(
jtt

i
t ◦ χt

)
◦ χ−1

t (3.65)

ìpou x = χt(η
1, η2, η3) kai X = χ0(ξ1, ξ2, ξ3). O metasqhmatismìc Piola dÐnetai wc

divPt = Jt(divσt ◦ φt) (3.66)

Apìdeixh. Gia na apodeÐxoume ìti o metasqhmatismìc dÐnetai apì autìn ton tÔpo epilègoum convective sunte-
tagmènec dhlad  ξ1 = η1, ξ2 = η2, ξ3 = η3 kai parathroÔme ìti

divPt =
1

j0

∂

∂ξi
(j0T

i
t ◦ χ0) ◦ χ−1

0

=
jt
j0

1

jt

∂

∂ξi
(j0Jtt

i
t ◦ φt ◦ χ0) ◦ χ−1

t ◦ χt ◦ χ−1
0

= Jt[
1

jt

∂

∂ξi
(jtt

i
t ◦ χt) ◦ χ−1

t ] ◦ φt

= Jt(divσt ◦ φt) (3.67)

KleÐnoume to kef�laio autì me tic klassikèc exis¸seic orm c thc mhqanik c suneqoÔc mèsou.

1. IsorropÐa rop¸n (ulik  perigraf )

divPt + ρ0B = ρ0At

PtF
T
t = FtP

T
t , ∀X ∈ B (3.68)

ìpou ρ0 : B → R+ eÐnai h puknìthta sthn kat�stash anafor�c kai B : B → R3 eÐnai oi kajolikèc dun�meic. At
eÐnai h ulik  epit�qunsh. ParathroÔme ìti stic convective suntetagmènec

At =
∂2φt
∂t2

=
∂2χt
∂t2

◦ χ−1
0 (3.69)

'Etsi, wc proc tic convective suntetagmènec gr�foume thn (3.68) wc

1

j0

∂

∂ξi
(
j0T

i
t ◦ χ0

)
+ (ρ0B) ◦ χ0 = (ρ0 ◦ χ0)

∂2χt
∂t2

(gi ◦ φt)× T it = 0 (3.70)

H deÔterh apì tic exis¸seic (3.70) prokÔptei apì to gegonìc ìti σt = σTt kai apì th sqèsh twn elkust¸n afoÔ

gi × T i ◦ φ−1
t = Jtgi × tit = Jtgi × gjσji = 0

afoÔ o tanust c twn t�sewn Cauchy eÐnai summetrikìc.

2. IsorropÐa rop¸n (qwrik  perigraf )

divσt + ρtb = ρtat

σt = σTt , ∀ x ∈ St (3.71)

Ed¸ ρt : St × R+ → R+ eÐnai h twrin  puknìthta, kai b = B ◦ φ−1
t : St → R3 eÐnai oi kajolikèc dun�meic sthn

ulik  perigraf . Apì thn (3.70) sthn convective perigraf , h ulik  epit�qunsh dÐnetai wc

at = At ◦ φ−1
t =

∂2χt
∂t2

◦ χ−1
0 ◦

(
χt ◦ χ−1

0

)−1
=
∂2χt
∂t2

◦ χ−1
0 (3.72)

'Etsi, qrhsimopoi¸ntac thn (3.65)2 mporoÔme na gr�youme tic 2 teleutaÐec exis¸seic wc

1

jt

∂

∂ξi
(jtt

i
t ◦ χt) + (ρtb) ◦ χt = (ρt ◦ χt)

∂2χt
∂t2

gi × ti = 0 (3.73)

Shmei¸noume ìti oi (3.70) kai (3.72) eÐnai sthn ousÐa oi Ðdiec exis¸seic wc proc ton par�gonta
jt
j0
.
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3. H diat rhsh thc m�zac ekfr�zetai wc

ρ0 = Jtρt ◦ φt (3.73)

Stouc convective q�rtec, afoÔ φt = χt◦χ−1
0 qrhsimopoi¸ntac th sÔndesh twn iakwbian¸n ìpwc èqoume anafèrei,

paÐrnoume

j0(ρ0 ◦ χ0) = jt(ρt ◦ χt) (3.74)

Oi parap�nw sqèseic, sto convective sÔsthma suntetagmènwn pou èqoun diatupwjeÐ eÐnai kat�llhlec gia efarmog 
sth dokì.
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4 Akribèc stoiqeÐo dokoÔ mh grammik c gewmetrÐac

Sto kef�laio autì ja jewr soume th b�sh gia èna gewmetrik� akribec stoiqeÐo dokoÔ pou eÐnai kat�lhlo gia upo-
logistik  epÐlush. PolloÐ mhqanikoÐ èqoun kat� kairoÔc asqolhjeÐ me to jèma autì ìpwc oi Simo kai Vu-Quoc.
To pedÐo melèthc aut¸n eÐnai h exagwg  enìc tètoiou stoiqeÐou se pedÐa mikr¸n   meg�lwn paramorf¸sewn. Sthn
paroÔsa ergasÐa ja periorÐsoume to endiafèron mac sta pedÐa meg�lwn metakin sewn (dhlad  meg�lwn metatopÐsewn
kai meg�lwn strof¸n) kai mikr¸n paramorf¸sewn. Autì to kef�laio stoqeÔei eidik� sthn diatÔpwsh enoc stoiqeÐou
dokoÔ mh grammik c an�lushc kai parousi�zei to montèlo me trìpo pou eÐnai kat�llhloc gia arijmhtik  ermhneÐa twn
apotelesm�twn.

Mia sÔnoyh tou kefalaÐou eÐnai aut  pou akoloujeÐ. AfoÔ perigr�youme th basik  kinhmatik  pou afor� to
kinoÔmeno plaÐsio, ja k�noume mia anaskìphsh twn ekfr�sewn gia thn grammik  kai thn strofik  rop . To pr¸to
sqetÐzetai me thn epit�qunsh tou kentroeidoÔc, to deÔtero me thn epit�qunsh tou kinonÔmenou plaisÐou. Aut  h prosèg-
gish odhgeÐ se mia bolik  parametropoÐhsh twn exis¸sewn isorrpÐac me jewrhtik� kai upologistik� pleonekt mata.
Shmei¸noume ìti to kinoÔmeno plaÐsio den sumpÐptei me thn convected b�sh ektìc kai an h diatmhtik  paramìrfw-
sh thc dokoÔ agnohjeÐ. Tìte ja parousi�soume touc basikoÔc nìmouc thc kÐnhshc se ìrouc eswterik¸n dun�mewn
kai rop¸n. Oi eswterikèc dun�meic kai ropèc pou droÔn se mia tupik  diatom  analÔontai wc proc to kinoÔmeno plaÐsio.

Tèloc, mia asjen c (  metabolik ) diatÔpwsh twn exis¸sewn isrropÐac thc dokoÔ parousi�zetai. Autì eÐnai èna
jemeli¸dec b ma gia thn arijmhtik  epÐlush thc exÐswshc rop¸n me th mèjodo twn peperasmènwn stoiqeÐwn. H asjen c
diatÔpwsh twn exis¸sewn isorropÐac rop¸n emperièqei arket� shmantik� stoiqeÐa. Pr¸ton, h diat rhsh thc rop c kai
thc grammik c rop c (orm c) exakoloujeÐ na isqÔei. DeÔteron, h sunep c grammikopoÐhsh pragmatopoieÐtai ekeÐ pou
o enapomeÐnwn efaptìmenoc telest c den eÐnai summetrikìc, dhlad  ìqi se isorropÐa. Aut  h sunj kh summetrÐac ja
mac apasqol sei kai ja thn ereun soume leptomer¸c.

4.1 Periorismèno montèlo dokoÔ: Basik  kinhmatik 

Ja asqolhjoÔme me th basik  kinhmatik  pou kajorÐzei èna periorismèno montèlo dokoÔ. To montèlo autì eÐnai pijanìn
to idanikìtero montèlo dokoÔ.

Ja xekin soume apì tic akìloujec fusikèc idiìthtec thc dokoÔ. Mia dokìc eÐnai èna makrÔ, leptì moonodi�stato
s¸ma. Autèc oi fusikèc idiìthtec dÐnoun to kÐnhtro gia thn majhmatik  montelopoÐhsh pou ja akolouj sei.

JewroÔme thn parak�tw perigraf  thc jèshc S ⊂ R3 miac dokoÔ P ston EukleÐdeio q¸ro. 'Estw

1. P mia pollaplìthta shmeÐwn

2. κ : P → R3 ènac kajolikìc q�rthc

3. S = κ(P) ⊂ R3 h jèsh tou P upì to q�rth κ

'Estw Ω ⊂ R2 sumpagèc, kai è'stw I ⊂ R èna di�sthma. Perigr�foume th jèsh S = κ(P) upì ton kajolikì q�rth κ
eis�gontac tic parak�tw posìthtec.

1. Mia kampÔlh C ⊂ R3 parametropoieÐtai wc

φ : I ⊂ R→ κ(P) ⊂ R3 (4.1)

Gr�foume

x0 = φ(ξ), ξ ∈ I (4.2)

Anaferìmaste sto C wc th gramm  twn kentroeid¸n.
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Sq ma 4.1: Basik� gewmetrik� antikeÐmena

2. Mia monoparametrik  oikogèneia epipèdwn, pou onom�zoume diatomèc, oriÐzontai apì èna monadiaÐo dianusmatikì
pedÐo

ξ ∈ I 7−→ t3(ξ) ∈ S2 (4.3)

ìpou S2 eÐnai h monadiaÐa sfaÐra.

3. Mia Ðna endi�mesa k�je diatom c orÐzetai apì to monadiaÐo dianusmatikì pedÐo

ξ ∈ I 7−→ t1(ξ) ∈ S2 (4.4)

ìpou S2 h monadiaÐa sfaÐra tou R2 'Etsi se k�je shmeÐo φ(ξ) ∈ R3 èqoume èna kinoÔmeno plaÐsio {ti(ξ)}i=1,2,3

me

t3(ξ) := t1(ξ)× t2(ξ) 6= 0 (4.5)

kai

‖ti(ξ)‖ = 1, i = 1, 2, 3, 〈t1(ξ), t2(ξ)〉 = 0 (4.6)

K�noume thn epiplèon upìjesh ìti

〈t3(ξ), φ′(ξ)〉 > 0 (4.7)

Me to sumbolismì autì an� qeÐrac, h basik  upìjesh pou qarakthrÐzei th jewrÐa dokoÔ eÐnai h akìloujh.

Kinhmatik  upìjesh.

K�je jèsh κ(P) = S ⊂ R3 thc dokoÔ ston EukleÐdeio q¸ro orÐzetai wc

S =

{
x ∈ R3 : x = φ(ξ) +

2∑
i=1

ξiti(ξ), ξ ∈ I, (ξ1, ξ2) ∈ Ω

}
(4.8)

ìpou φ : I → R3 eÐnai mia kampÔlh pou anafèretai wc gramm  kentroeid¸n, kai {t1, t2, t3} eÐnai èna kinoÔmeno plaÐsio
kat� m koc thc φ.

Parathr seic.
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1. Blèpontac th sqèsh (4.8), efodi�zoume to P Me suntetagmènec (ξ1, ξ2, ξ) ∈ Ω× I gia èna dojèn φ : I → R3 kai
me èna kinoÔmeno plaÐsio {t1(ξ), t2(ξ), t3(ξ)}.

2. MporoÔme na sugkekrimenopoi soume to kinoÔmeno plaÐsio {t1(ξ), t2(ξ), t3(ξ)} dÐnontac mia monoparametrik 
oikogèneia orjog¸niwn sqhmatism¸n

Λ : I → SO(3) (4.9)

tètoia ¸ste

ti(ξ) = Λ(ξ)ei, i = 1, 2, 3 (4.10)

ìpou {ei} h sun jhc b�sh tou R3.

3. Ac orÐsoume

C =
{

Φ = (φ,Λ) : I ⊂ R→ R3 × SO(3)
}

(4.11)

Dojèntoc opoioud pote Φ = (φ,Λ) autì orÐzei mia monadik  oikogèneia kentroeid¸n, kai èna monadikì kinoÔmeno
plaÐsio mèsw twn sqèsewn (4.9) kai (4.10) antÐstoiqa. 'Omoia, sÔmfwna me thn (4.8) èna dojèn Φ ∈ C kajorÐzei
mia monadik  jèsh S tou P. 'Etsi anaferìmaste sto C wc o afhrhmènoc sqhmatismìc pollaplìthtac. Oi
parathr seic sunoyÐzontai sto sq ma

Sq ma 4.2: DÔo sqhmatismoÐ thc dokoÔ se ènan EukleÐdeio q¸ro

4.1.1 KÐnhsh: Basikèc kinhmatikèc sqèseic

Mia kÐnhsh eÐnai ìpwc èqoume anafèrei mia monoparametrik  oikogèneia sqhmatism¸n me deÐkth to qrìno, t ∈ [0, T ]→
R+ gia k�poio T > 0. 'Etsi, to P katalamb�nei jèseic St = κt(P) ⊂ R3 gia qronoexarthmènouc sqhmatismoÔc t→ κt
ìpou

κt : P → R3 (4.12)

Prokeimènou na up�rqei sumbatìthta me thn kinhmaitk  upìjesh (4.8), upojètoume ìti St = κ(P) eÐnai thc morf c

St =

{
x ∈ R3 : x = χ(ξ1, ξ2, ξ3, t) = φ(ξ, t) +

2∑
i=1

ξiti(ξ, t) :, (ξ1, ξ2) ∈ Ω, (ξ, t) ∈ I × [0, T ]

}
(4.13)

ìpou φ : I × [0, T ] → R3 Kai ti : I × [0, T ] → S2 orÐzoun th gramm  twn kentroeid¸n kai to kinoÔmeno plaÐsio se
k�je qronik  stigm  t ∈ [0, T ]. Ac shmei¸soume ìti h kÐnhsh kajorÐzei mia kampÔlh

t ∈ [0, T ] 7−→ Φt = (φt,Λt) ∈ C (4.14)
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ston q¸ro sqhmatism¸n C, oÔtwc ¸ste φt(ξ) = φ(ξ, t) kai Λt(ξ) = Λ(ξ, t) gia k�je t kai

ti(ξ, t) = Λ(ξ, t)ei, i = 1, 2, 3 (4.15)

4.2 PedÐa taqÔthtac kai epit�qunshc

Prin orÐsoume ta pedÐa taqÔthtac kai epit�qunshc, rÐzoume wc sqhmatismì anafor�c wc to

Φ0 = Φt|t=0 = (φ0,Λ0) (4.16)

me jèsh anafor�c to S0 ∈ R3.

H ulik  taqÔthta kai epit�qunsh shmeÐwn thc gramm c tou kentroeidoÔc dÐnontai wc

φ̇(ξ, t) =
∂φ(ξ, t)

∂t
, φ̈(ξ, t) =

∂2φ

∂t2
(ξ, t) (4.17)

Shmei¸noume ìti ta φ̇t(ξ), φ̈t(ξ) : I × [0, T ] → R3 eÐnai dianusmatik� pedÐa kat� m koc thc φt : I → R3, to opoÐo
shmaÐnei ìti

φ̇t(ξ), φ̈t(ξ) ∈ Tφt(ξ)R
3 (4.18)

Entel¸c ìmoia, orÐzoume thn ulik  taqÔthta kai thn ulik  epit�qunsh tou kinoÔmenou plaisÐou wc

Λ̇(ξ, t) =
∂Λ(ξ, t)

∂t
, Λ̈(ξ, t) =

∂2Λ(ξ, t)

∂t2
(4.19)

Enallaktik�, mporoÔme na ekfr�ssoume thn (4.19) wc akoloÔjwc. Efìson Λ(ξ, t) ∈ SO(3) gia ìla ta (ξ, t) ∈ I×[0, T ]
èqoume

ŵ(ξ, t) :=
∂Λ(ξ, t)

∂t
ΛT (ξ, t) = −ŵT (ξ, t) (4.20)

gia ìla ta (ξ, t) ∈ I × [0, T ]. Sunep¸c, ŵ : I × [0, T ]→ so(3) eÐnai èna antisummetrikì tanustikì pedÐo, pou anafèretai
wc ulikì spin tou metakinoÔmenou plaisÐou. GnwrÐzoume ìti se k�je antisummetrikì tanust  (kai pÐnaka asfal¸c), ìti
antistoiqeÐ èna axonikì di�nusma w : I × [0, T ]→ R3 h ulik  gwniak  taqÔthta. 'Omoia

Ŵ (ξ, t) = ΛT (ξ, t)
∂Λ(ξ, t)

∂t
= −Ŵ (ξ, t) (4.21)

gia k�je (ξ, t) ∈ I × [0, T ]. To Ŵ (ξ, t) : [0, L] × [0, T ] → so(3) anafèretai wc to convected spin tou kinoÔmenou
plaisÐou, kai to axonikì tou di�nusma eÐnai h convected gwniak  taqÔthta. KrÐsimec eÐnai oi sqèseic

ŵ = ΛŴΛT ⇔ w = ΛW (4.22)

H kat�lhxh stic parap�nw sqèseic eÐnai apotèlesma thc parak�tw prìtashc.

Prìtash 4.1. Ta akìlouja isqÔoun:

1. To w : I × [0, T ]→ R3 eÐnai h gwniak  taqÔthta tou kinoÔmenou plaisÐou upì thn ènnoia ìti

ṫi = w × ti, i = 1, 2, 3 (4.23)

2. W : I × [0, T ]→ R3 eÐnai h gwniak  taqÔthta tou s¸matoc, upì thn ènnoia ìti oi suntetagmènec tou w wc proc
to kinoÔmeno plaÐsio {ti} sumpÐptoun me tic suntetagmènec tou W wc proc to kanonikì plaÐsio {ei}:

〈W, ei〉 = 〈w, ti〉 , i = 1, 2, 3 (4.24)
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Apìdeixh. EFìson ti = Λei èqoume me parag¸gish wc proc to qrìno

ṫi = Λ̇ei = Λ̇ΛTΛei = ŵti = w × ti (4.25)

Gia th deÔterh sqèsh èqoume: Efìson w = ΛW tìte

〈w, ti〉 = 〈ΛW,Λei〉 =
〈
W,ΛTΛei

〉
(4.26)

AfoÔ ΛTΛ = I to apotèlesma eÐnai �meso.

Plèon efìson èqoume eis�gei ta basik� mac megèjh gia thn exagwg  tou stoiqeÐou, ja jèlame na orÐsoume para-
g¸gouc sta basik� aut� megèjh. 'Estw St = κt(P) h jèsh tou P sto qrìno t ∈ [0, T ], ìpou to St orÐzetai ìpwc sthn
(4.13). OrÐzoume

χt : Ω× [0, T ]→ St ⊂ R3 (4.27)

thn apeikìnish

x = χt(ξ
1, ξ2, ξ) = φt(ξ) +

n∑
i=1

ξiti(ξ, t) (4.28)

Me ton prohgoÔmeno sumbolismì, to pedÐo taqÔthtac t 7−→ ∂

∂t
χt sÔmfwna me thn (4.28) dÐnetai wc

∂

∂t
χt = φ̇t(ξ) + wt(ξ)×

2∑
i=1

ξiti(ξ, t) (4.29)

Apì tic (4.28),(4.29) paÐrnoume

∂

∂t
χt = φ̇(ξ) + wt(ξ)× (χt − φt) (4.30)

Sto epìmeno ja d¸soume mia arket� apl  morf  thc klÐshc paramìrfwshc pou sundèetai me tic (4.28) kai (4.29).

Frechet par�gwgoc enìc q�rth. UpenjumÐzoume ìti ex orismoÔ mporoÔme na gr�youme

Dχt =

2∑
i=1

∂χt
∂ξi
⊗ ei +

∂χt
∂ξ
⊗ e3 (4.31)

Apì thn (4.28) èqoume

∂χt
∂ξi

= ti,
∂χt
∂ξ

= φ′t(ξ) +

2∑
i=1

ξit′i (4.32)

ìpou o tìnoc upodhl¸nei par�gwgo wc proc ξ. Efìson ti = Λtei paÐrnoume

t′i = ω̂tti = ωt × ti (4.33)

ìpou ω̂t(ξ) = ω̂(ξ, t) kai ω̂ : I × [0, T ]→ so(3) eÐnai ènac antisummetrikìc tanust c pou orÐzetai wc

∂Λ

∂ξ
= ω̂Λ = ΛΩ̂ (4.34)

Anaferìmaste sto ω̂ = −ω̂T wc thn ulik  kampulìthta thc gramm c twn kentroeid¸n. O antisummetrikìc tanust c
Ω̂ : I × [0, T ]→ so(3) ìpwc orÐzetai apì thn (4.34) kai ikanopoieÐ thn

Ω̂ = ΛT ω̂Λ⇔ Ω = ΛTω (4.35)

anafèretai wc h convected kampulìthta. Sundu�zontac tic (4.32),(4.33),(4.35) èqoume

Dχt =

2∑
i=1

ti ⊗ ei + (φ′t + ωt × ξiti)⊗ e3 (4.36)
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Shmei¸noume ìti afoÔ ti = Λtei mia isodÔnamh èkfrash gia to Λt eÐnai

Λt =

2∑
i=1

ti ⊗ ei + t3 ⊗ e3 (4.37)

Tìte h (4.36) gÐnetai

Dχt = Λt − t3 ⊗ e3 + φ′t ⊗ e3 + ωt × (χt − φt)⊗ e3 (4.38)

Eis�gontac tou orismoÔc

γt := φ′t − t3, Γt = ΛTt γt (4.39)

paÐrnoume

Dχt = Λt + γt ⊗ e3 + ωt × (χt − φt)⊗ e3

= Λt[1 + Γt ⊗ e3 + Ωt × ΛTt (χt − φt)⊗ e3 (4.40)

H exÐswsh (4.40) paÐzei shmantikì rìlo sta epìmena.

Parat rhsh Anaferìmaste sta (γt, ωt) kai sta (Γt,Ωt) wc h ulik  kai convected eswterik  trop  antÐsqtoiqa.
'Opwc sthn Prìtash 4.1, èqoume tic sqèseic

〈γt, ti〉 = 〈Γt, ei〉 , 〈ωt, ti〉 = 〈Ωt, ei〉 (4.41)

H gewmetrik  ermhneÐa tou γt = φ′t − t3 ja gÐnei pio katanoht  sto sq ma

Sq ma 4.3: ErmhneÐa tou tropikoÔ megèjouc γt.

H shmasÐa twn megej¸n trop c ja anadeiqjeÐ ìtan mil soume gia tropik  enèrgeia.

4.3 H akrib c exÐswsh rop c se eswterikèc t�seic

Pr¸ta ja mil soume gia thn parametropoÐhsh tou paramorfwmènou s¸matoc. Ja melet soume diaforik� stoiqeÐa
ìgkou, ja orÐsoume diatomèc, kai ja anaptÔxoume mia genik  èkfrash gia to k�jeto pedÐo. Gia thn kinhmatik  upìjesh
pou anaptÔxame sta prohgoÔmena, ja d¸soume thn èkfrash gia thn tropik  enèrgeia apì thn tridi�stath elastikìth-
ta. Apì thn tropik  enèrgeia, ja eÐmaste se jèsh na anagnwrÐsoume ta suzug  megèjh twn tropik¸n megej¸n pou
qrhsimopoioÔme. Sth sunèqeia ja par�xoume tic akribeÐc exis¸seic isorropÐac rop¸n se ìrouc eswterik¸n t�sewn
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(stress resultants) kai zeug¸n t�sewn (stress couples). DÐnoume idiaÐterh èmfash ìti autèc oi exis¸seic rop c eÐnai
anex�rthtec apì thn morf  thc kinhmatik c upìjeshc.

Se arqik  f�sh, ja suzht soume thn parametropoÐhsh thc dokoÔ qwrÐc k�poia kinhmaitk  upìjesh, kai Ôstera ja
exeidikeÔsoume ta apotelèsmata gia th basik  kinhmatik  upìjesh.

4.3.1 ParametropoÐhsh: Diatomèc kai k�jeta pedÐa

Xekin�me apì ton kajolikì q�rth. 'Estw B = Ω× I ⊂ R3 ìpou Ω ⊂ R2 sumpagèc. Akìmh, èstw St ⊂ R3 h jèsh thc
dokoÔ κ(P) se èna qrìno t > 0. DÐqwc bl�bh thc genikìthtac, upojètoume ìti o

χt : B → St ⊂ R3, ∀t ∈ R+ (4.42)

eÐnai ènac kajolikìc q�rthc pou dÐnei suntetagmènec stic jèseic x = χt(ξ) twn shmeÐwn ξ ∈ B mèsw thc 1-1 apeikìnishc

ξ = (ξ1, ξ2, ξ3) ∈ Ω× I 7−→ x = χt(ξ
1, ξ2, ξ3) ∈ St (4.43)

Epanafèroume to sumbolismì ξ3 = ξ kai to x : B × R+ 7−→ St ⊂ R3 orÐzetai

x = χ(ξ1, ξ2, ξ, t) = χt(ξ
1, ξ2ξ) (4.44)

Epiprosjètwc orÐzoume

φ : I × R+ → S̄t ⊂ R3 (4.45)

ìpou S̄t eÐnai h jèsh thc gramm c twn kentroeid¸n pou dÐnetai wc

φ(ξ, t) = χ(ξ1, ξ2, ξ, t)
∣∣
ξ1=ξ2=0

(4.46)

Shmei¸noume ìti h jèsh anafor�c S0 ⊂ R3 thc dokoÔ orÐzetai wc

χ0 : B → S0 ⊂ R3 (4.47)

kai thn paÐrnoume jètontac t = 0. 'Omoia h gramm  anafor�c twn kentroeid¸n S̄0 ⊂ R3 apokt�tai jètontac t = 0 kai

φ0(ξ) = φ(ξ, t)|t=0 (4.48)

OrÐzoume wc mia diatom  thc dokoÔ sto qrìno t ∈ R+ pou dièrqetai apì to shmeÐo p = φ(ξ, t), wc to uposÔnolo
tou R3 pou paÐrnoume an krat soume to ξ3 = ξ ∈ I stajerì sto q�rth χt : B → St. Eidikìtera

At =
{
x ∈ R3 : x = χt(ξ

1, ξ2, ξ)
∣∣
ξ=cons

, ξ ∈ I
}

(4.49)

EÐnai emfanèc ìti to At eÐnai mia didi�stath upopollaplìthta thc St me suntetagmènec

(ξ1, ξ2) ∈ Ω 7−→ x = χt(ξ
1, ξ2, ξ3)

∣∣
ξ3=ξ

∈ At (4.50)

Gia thn perÐptwsh thc basik c kinhmatik c upìjeshc, k�je diatom  At eÐnai epÐpedh me eikìna panomoiìtuph me to Ω.

'Ena stoiqeÐo ìgkou sthn twrin  jèsh orÐzetai wc

dVt = jtdξ
1dξ2dξ (4.51)

ìpou jt eÐnai h Iakwbian  orÐzousa pou dÐnetai wc

jt = det(Dχt) =

〈
∂χt
∂ξ1
× ∂χt
∂ξ2

, χ′t

〉
(4.52)

To k�jeto pedÐo se k�je diatom  At ⊂ St eÐnai mia 1-morf  pou ekfr�zetai wc

(ξ1, ξ2) ∈ Ω 7−→ dAt := (
∂χ

∂ξ1
× ∂χ

∂ξ2
)dξ1dξ2 (4.53)
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Ac sumbolÐsoume me {ei}i=1,2,3 thn kanonik  b�sh tou R3 (èqoume dei ìti aut  h tri�da eÐnai kai dianusmatikì pedÐo).
SÔmfwna me ta ìsa èqoume pei, h convected b�sh eÐnai to dianusmatikì pedÐo

gi(ξ
1, ξ2, ξ, t) = Dχtei, i = 1, 2, 3 (4.54)

Tìte h par�gwgoc Frechet gr�fetai isodÔnama sth morf 

Dχt =
∂χ

∂ξi
⊗ ei = gi ⊗ ei (4.55)

ìpou gi = ∂χ
∂ξi . H duðk  b�sh {gi(ξ1, ξ2, ξ, t)} orÐzetai wc

gi(ξ1, ξ2, ξ, t) = Dχ−Tt ei (4.56)

Efìson ìmwc ta ei kai ei tautÐzontai ston R3 paÐrnoume thn klasik  sunj kh〈
gi, gj

〉
=
〈
Dχ−Tt ei, Dχtej

〉
= 〈ei, ej〉 (4.57)

UpenjumÐzoume thn tautìthta ìti gia k�je grammikì metasqhmatismì L : V → V , ìpou V eÐnai ènac dianusmatikìc
q¸roc mporoÔme na gr�youme

LU × LW = det(L)L−T (U ×W ), ∀ U,W ∈ V

Sunep¸c, sundu�zontac tic parap�nw sqèseic to diaforikì tou embadoÔ thc diatom c mporeÐ na grafeÐ ek nèou wc

dAt = (g1 × g2)dξ1dξ2

= jtDχ
−T
t (e1 × e2)dξ1dξ2

= jtg
3(ξi, t)dξ1dξ2 (4.58)

Sth gramm  twn kentroeid¸n pou parametropoieÐtai wc φ : I × R+ → S̄t orÐzoume thn convected b�sh

ai(ξ, t) =
∂χ

∂ξi

∣∣∣∣
ξ1,ξ2=0

(4.59)

Efìson φ = χ|ξ1=ξ2=0, to a3 èqei thn enallaktik  anapar�stash

a3(ξ, t) = φ′t(ξ, t) (4.60)

'Eqoume poll�kic qrhsimopoi sei thn èkfrash φt = χt ◦ χ−1
0 . EÐnai mia apeikìnish apì thn aparamìrfwth jèsh ( 

alli¸c jèsh 0) sthn twrin  jèsh pou antistoiqeÐ sto qrìno t. Autì ja onomazoume sto ex c wc sqetik  paramìrfwsh.
Fusiologik�, paragwgÐzontac wc proc to qrìn, paÐrnoume th sqetik  klÐsh paramìrfwshc pou eÐnai apl� to

Ft = Dφt = DχtDχ
−1
0 : TS0 → TSt (4.61)

Par�deigma. Akolouj¸ntac th basik  kinhmatik  upìjesh pou eÐnai

χt(ξ
1, ξ2, ξ) = φ(ξ, t) +

2∑
i=1

ξiti(ξ, t) (4.62)

sta ìsa anafèrame sta prohgoÔmena ja p�roume

gi = ai = ti, a3 = φ′ (4.63)

kai

g3 = a3 +

2∑
i=1

ξiω × ti (4.64)

H duðk  b�sh dÐnetai wc

gi = ai = ti, a3 =
1

〈t3, φ′〉
t3 (4.65)
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kai

g3 =
1

jt
(g1 × g2) =

1

jt
t3 (4.66)

ìpou h Iakwbian  orÐzousa dÐnetai wc

jt = 〈(g1 × g2), g3〉 =
〈
t3(φ′ +

∑
ξiω × ti)

〉
= 〈t3, φ′〉 −

〈
ξ1t2, ω

〉
+
〈
ξ2t1, ω

〉
(4.66)

Shmei¸noume ìti h Iakwbian  sth gramm  twn kentroeid¸n dÐnetai wc

j̄t = jt|ξ1=ξ2=0 = 〈t3, φ′〉 (4.67)

'Eqontac sto qèri mac touc prohgoÔmenouc sumbolismoÔc, orÐzoume tic eswterikèc t�seic kai ta zeÔgh t�sewn.

4.3.2 Eswterikèc t�seic kai zeÔgh t�sewn

Ja xekin soume me upejumÐseic apì thn trisdi�stath elastikìthta. 'Estw P (ξ1, ξ2, ξ3, t) o pr¸toc tanust c Pi-
ola=Kirchhoff wc proc ta S0 kai St. H dÔnamh pou dra se mia èna epifaneiakì stoiqeÐo dAt miac diatom c At sthn
twrin  jèsh St eÐnai h 1-morf 

(ξ1, ξ2) ∈ Ω 7−→ DFt = P |ξ3=ξ dA0 (4.68)

ìpou dA0 = dAt|t=0 Ac jumhjoÔme ìti

P = JtσF
−T
t , Jt =

jt
j0

= detFt (4.69)

ìpou σ = σT o tanust c thc t�shc Cauchy. Apì ta parap�nw mporoÔme na epitÔqoume mia akrib  èkfrash gia th
stoiqe¸dh dÔnamh dFt. Pr�gmati eÐnai

dFt = j0 P |ξ3=ξDχ
−T
0 e3dξ1dξ2

= j0Jt σ|ξ3=ξ

(
DχtDχ

−1
0

)−T
Dχ−T0 e3dξ1dξ2

= jt σ|ξ3=ξDχ
−T
t e3dξ1dξ2 (4.70)

Up�rqei kai mia enallaktik  èkfrash gia thn dFt

dFt = j0 P |ξ3=ξ g
3
0dξ

1dξ2 = jt σ|ξ3=ξ g
3dξ1dξ2 (4.71)

Mia fusik  ermhneÐa thc stoiqei¸douc dÔnamhc dFt perilamb�netai sto epìmeno sq ma.
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Sq ma 4.4: StoiqeÐo dokoÔ se mia diatom  At

OrÐzoume t¸ra thn eswterik  dÔnamh se mia diatom  At thc twrin c jèshc St wc to dianusmatikì pedÐo kat� m koc
thc gramm c twn kentroeid¸n, to opoÐo ja sumbolÐzoume me

n : I × R+ → R3 (4.72)

ìpou n(ξ, t) ∈ Tφ(ξ,t)R3, ∀ (ξ, t) ∈ I × R+ kai

n(ξ, t) =
1

j̄t

∫
A0

P |ξ3=ξ dA0 (4.73)

Shmei¸noume ìti h olokl rwsh gÐnetai p�nw shn epif�neia anafor�c kai ìqi p�nw sthn twrin  epif�neia.

Qrhsimopoi¸ntac thn (4.70) kai jètontac

J̄(ξ, t) = det Ft|ξ1=ξ2=0 =
j̄t
j̄0

(4.74)

èqoume thn parak�tw isodÔnamh èkfrash

n(ξ, t) =
1

j̄t

∫
Ω

Pg3
0j0dξ

1dξ2

=
1

j̄t

∫
Ω

σg3
t jtdξ

1dξ2 (4.75)

ìpou èqoume qrhsimopoi sei tic sqèseic

g3
0 = Dχ−T0 e3, g3

t = Dχ−Tt , j0PDχ0 = jtσχt (4.76)

Ja orÐsoume t¸ra to eswterikì zeÔgoc se mia diatom  At sthn twrin  jèsh St wc to dianusmatikì pedÐo kat� m koc
thc gramm c twn kentroeid¸n, to opoÐo ja sumbolÐzoume me

m : I × R+ → R3 (4.77)

ìpou m(ξ, t) ∈ Tφ(ξ,t)R3, ∀ (ξ, t) ∈ I × R+, me tÔpo

m(ξ, t) =
1

j̄t

∫
A0

(χt − φt)× P |ξ3=ξ dA0 (4.77)

'Opwc kai prin, k�nontac qr sh thc sqèshc (4.71) paÐrnoume thn isodÔnamh èkfrash

m(ξ, t) =
1

j̄t

∫
Ω

(χt − φt)× Pg0j0dξ
1dξ2

=
1

j̄t

∫
Ω

(χt − φt)× σgtjtdξ1dξ2 (4.78)

KleÐnoume thn upopar�grafo aut  me 2 parathr seic.

1. UpenjumÐzetai ìti

φ0 = φt|t=0 , φt = χt|ξ1=ξ2=0 (4.79)

Kat� sunèpeia, h gramm  twn kentroeid¸n sth jèsh anafor�c ξ 7−→ φ0(ξ) apeikìnÐzetai apì th sqetik  para-
mìrfwsh φt sth gramm  twn kentroeid¸n sthn twrin  jèsh.

2. DÐnoume idiaÐterh èmfash sto gegonìc ìti oi prohgoÔmenoi orismoÐ eÐnai akribeÐc kai anex�rthtoi apì opoiad pote
kinhmatik  upìjesh èqei gÐnei.
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4.4 Tropik  enèrgeia kai suzug  tropik� megèjh.

Ja epanèljoume sth basik  kinhmatik  upìjesh pou suzht same prohgoumènwc. Ekfr�zontac thn tropik  enèrgeia
apì thn tridi�stath elastikìthta se ìrouc eswterik¸n t�sewn kai zeug¸n t�sewn, mporoÔme na anagnwrÐsoume su-
zug  tropik� megèjh.

UpenjumÐzetai ìti h tropik  enèrgeia paramìrfwshc eÐnai

W =

∫
V0

P : ḞtdV0 (4.80)

ìpou P : Ḟt = tr(PT Ḟt) kai h olokl rwsh gÐnetai p�nw ston ìgko anafor�c V0.

Prìtash 4.2. Eis�gontac th basik  kinhmatik  upìjesh (4.8) sthn tropik  enèrgeia thc tridi�stathc elasti-
kìthtac isqÔei h parak�tw isodunamÐa

W =

∫
v0

P : ḞtdV0

=

∫
I

(nγ∇ +mω∇)j̄tdξ (4.81)

ìpou n,m eÐnai h eswterik  t�sh kai zeÔgoc antÐstoiqa, ìpwc orÐzontai stic sqèseic (4.75) kai (4.78) antÐstoiqa,

kai (·)∇ = ˙(·) − wt × (·) h convected qronik  par�gwgoc, kai j̄t = jt|ξ1=ξ2=0 h orÐzousa tou Dχt upologismènh sto

ξ1 = ξ2 = 0.
H apìdeixh thc prìtashc aut c k�nei qr sh twn orism¸n kai twn parathr sewn pou èqoume d¸sei, kai wc ek toÔtou
den èqei k�ti na prosfèrei sta plaÐsia aut c thc ergasÐac. O endiaferìmenoc mporeÐ na anatrèxei sto biblÐo tou Taylor
selÐda 482.

Parathr seic.

1. Apì ton orismì thc convected qronik c parag¸gou, t∇i = ṫi − wt × ti = 0. H convected qronik  par�gwgoc
ermhneÔetai wc o rujmìc allag c wc proc to kinoÔmeno plaÐsio {ti}i=1,2,3. IsodÔnama to γ∇ mporeÐ na grafeÐ
wc

γ∇ = φ′∇t − t∇3 ≡ φ′∇t (4.82)

2. Ta megèjh γt (  isodÔnama φ
′
t) kai ωt kaloÔnai tropik� megèjh suzug  proc thn eswterik  t�sh n, kai to zeÔgoc

t�shc m antÐstoiqa.

3. O par�gontac kanonikopoÐhshc j̄t eÐnai aparaÐthtoc prokeimènou oi ekfr�seic pou ton perilamb�noun na eÐnai
anex�rthtec apì thn parametropoÐhsh kat� m koc thc paramètrou tou m kouc ξ.

4.5 Nìmoi isorropÐac kai katastatikèc exis¸seic.

Ja ex�goume akribeÐc exis¸seic isorropÐac gia eswterikèc t�seic kai zeÔgh t�sewn apì touc nìmouc isorrpÐac gia thn
trisdi�stath elastikìthta. Se aut n thn exagwg  kammÐa kinhmatik  upìjesh den ja pragmatopoihjeÐ. UpenjumÐzoume
ìsa megèjh eÐnai aparaÐthta gia na pragmatopoihjeÐ aut  h exagwg .

1. H twrin  kai h jèsh anafor�c miac dokoÔ sumbolÐzetai me St ⊂ R3 kai B ⊂ R3 antÐstoiqa.

2. SumbolÐzoume me (χ0,Ω × I) kai (χt,Ω × I) touc convected q�rtec gia ta shmeÐa X ∈ B kai x = φt(X) ¸ste
χt = φt ◦ χ0. Q�rin aplìthtac, upojètoume ìti (χ0,Ω× I) kai (χt,Ω× I) eÐnai kajolikoÐ q�rtec.

3. OrÐzoume 2 kampÔlec φ0 : I → B kai φt : I → St sth jèsh anafor�c kai th twrin  jèsh antÐstoiqa me thn
parak�tw idiìthta

φ0(I) ⊂ χ0(Ω), φt(I) ⊂ χt(Ω) (4.83)

Ta φ0(I) kai φt(I) orÐzoun duo jèseic miac ulik c kampÔlhc C ⊂ P. 'Enac akrib c orismìc aut¸n twn duo
kampÔlwn ja gÐnei sta epìmena.
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H mejodologÐa pou akoloujeÐtai thn exagwg  twn exis¸sewn pedÐou eÐnai arket� �mesh. Eidikìtera, ja kataskeu-
�soume ekfr�seic gia di�fora megèjh fusikoÔ endiafèrontoc ìpwc eÐnai puknìthta, rop , orm , kai ja qrhsimopoi-
 soume tic exis¸seic isorropÐac thc trisdi�stathc elastikìthtac gia na p�roume tic kat�llhlec exis¸seic isorropÐac
wc proc ta eswterik� megèjh. Xekin�me me thn isorropÐa m�zac.

4.5.1 Diat rhsh m�zac.

'Estw ρ0 : B → R kai ρt : St ×R+ → R oi sunart seic pou perigr�foun thn puknìthta m�zac sth jèsh anafor�c kai
thn twrin  jèsh antÐstoiqa. OrÐzoume th mèsh puknìthta wc

ρ̄0(φ0(ξ)) =
1

j̄0(ξ)

∫
Ω

ρ0(χ0(ξ1, ξ2, ξ))j0(ξ1, ξ2, ξ)dξ1dξ2 (4.84)

Sumbolik� èqoume

ρ̄0 ◦ φ0 =
1

j̄0

∫
Ω

(ρ0 ◦ χ0)j0dξ
1dξ2 (4.85)

Shmei¸noume ìti h kampÔlh φ0 paramènei �gnwsth wc t¸ra. 'Omoia, gia k�je t mporoÔme na orÐsoume th mèsh puknìthta
sthn twrin  jèsh St wc

ρ̄t ◦ φt =
1

j̄t

∫
Ω

(ρt ◦ χt)jtdξ1dξ2 (4.86)

Fusiologik�, endiaferìmaste na susqetÐsoume ta ρ̄0 kai ρ̄t. Gia na to petÔqoume autì k�noume qr sh thc diat rhshc
m�zac apì thn trisdi�stath elastikìthta h opoÐa mac lèei ìti

detFt(ρt ◦ χt) = ρ0 ◦ χ0 ⇔ (ρt ◦ χt)jt = (ρ0 ◦ χ0)j0 (4.87)

Olokl rwsh thc (4.87) sthn epif�neia Ω dÐnei thn exÐswsh diat rhshc thc m�zac

(ρ̄t ◦ φt)j̄t = (ρ̄0 ◦ φ0)j̄0 (4.88)

H parap�nw exÐswsh gr�fetai akìma pio apl� wc

ρ̄tJ̄t = ρ̄0 (4.89)

4.5.2 Diat rhsh Orm c.

'Estw ρ0 : I → R h mèsh sun�rthsh puknìthtac m�zac wc proc thn jèsh anafor�c. OrÐzoume th gramm  twn
kentroeid¸n φt(ξ) jètontac

φt(ξ) =
1

j̄0ρ̄0

∫
Ω

ρ0χtj0dξ
1dξ2 (4.90)

'Ustera, orÐzoume thn eswterik  grammik  rop  (eswterik  orm ) se mia diatom  At, thn opoÐa sumbolÐzoume me pt,
kai orÐzetai kat� fusikì trìpo jètontac

pt =
1

j̄t

∫
Ω

ρ0χ̇tj0dξ
1dξ2 (4.91)

Apì tic (4.90),(4.91) kai th diat rhsh thc m�zac èpetai ìti

pt = ρ̄tφ̇t (4.92)
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Gia na par�xoume thn eswterik  morf  thc exÐswshc thc orm c, paragwgÐzoume thn èkfrash gia thn eswterik  t�sh
gia na p�roume

∂

∂ξ
(j̄tnt(ξ)) =

∫
Ω

(
jtσg

3
)
,3
dξ1dξ2 (4.93)

Qrhsimopoi¸ntac thn exÐswsh isorropÐac orm¸n thc trisdi�stathc elastikìthtac paÐrnoume

1

jt

(
jtσg

i
)
,i

+ ρtb = ρtχ̈t (4.94)

ìpou to (·),i shmaÐnei ìpwc p�nta parag¸gish wc proc thn i−suntetagmènh.
Oloklhr¸nontac sto qwrÐo Ω kai qrhsimopoi¸ntac thn exÐswsh (4.93) h exÐswsh (4.94) gÐnetai gia i = 1, 2

(jtnt)
′

= −
∫

Ω

(jtσg
i),idξ

1dξ2 −
∫

Ω

jtρtbdξ
1dξ2 + j̄tρ̄tφ̈ (4.95)

To pr¸to olokl rwma sthn (4.95) mporeÐ na aplopoihjeÐ me qr sh tou jewr matoc thc apìklishc. An sumbolÐsoume
to k�jeto pedÐo sthn epif�neia Ω me νie

i, i = 1, 2 mporoÔme na gr�youme∫
Ω

(jtσg
i),idξ

1dξ2 =

∫
∂Ω

jtσg
iνidΓ (4.96)

H telik  morf  thc isorropÐac thc orm c plèon gÐnetai

1

j̄t
(j̄tnt)

′ + n̄ = ρ̄tφ̈ (4.97)

ìpou ta exwterik� fortÐa n̄ dÐnontai wc

n̄ =
1

j̄t

(∫
Ω

jtρtbdξ
1dξ2 +

∫
∂Ω

jtσg
iνidΓ

)
(4.98)

4.5.3 Diat rhsh stroform c

Sth gramm  twn kentroeid¸n φt orÐzoume thn eswterik  rop  se mia diatom  At apì th sqèsh

πt =
1

j̄t

∫
Ω

ρ0(χt − φt)× χ̇tj0dξ1dξ2 (4.99)

'Epetai apì apì thn (4.99) kai thn (4.90) ìti

1

j̄t

∂

∂t
(j̄tπt) =

1

j̄t

∫
Ω

ρ0(χt − φt)× χ̈tj0dξ1dξ2 (4.100)

Gia na prokÔyei o nìmoc isorropÐac gia thn eswterik  rop , paragwgÐzoume thn èkfrash gia ta zeÔgh t�sewn wc proc
ξ gia na p�roume

∂

∂ξ
(j̄tmt) =

∫
Ω

(χ′t − φ′t)× σg3jtdξ
1dξ2 +

∫
Ω

(χt − φt)× (jtσg
3),3dξ

1dξ2 (4.101)

'Epeita, k�noume qr sh thc isorropÐac orm c kai ton orismì twn eswterik¸n t�sewn gia na gr�youme thn (4.101) wc

(j̄tmt)
′ + φ′t × j̄tnt =

∫
Ω

χ′t × σg3jtdξ
1dξ2 + (j̄tπt)

+

∫
Ω

(χt − φt)× [−(jtσg
i),i − jtρtb]dξ1dξ2 (4.102)

66



To deÔtero olokl rwma aplopoieÐtai eis�gontac to k�jeto pedÐo sto qwrÐo Ω to νie
i, kai oloklhr¸nontac kat� mèrh

qrhsimopoi¸ntac to je¸rhma thc apìklishc gia na p�roume thn parak�tw èkfrash∫
Ω

(χt − φt)× (jtσg
i),idξ

1dξ2 =

∫
∂Ω

(χt − φt)× jtσgiνidΓ−
∫

Ω

χt,i × jtσgidξ1dξ2 (4.103)

Shmei¸noume ìti èqoume k�nei qr sh tou gegonìtoc ìti φt,i = 0. Xrhsimopoi¸ntac thn exÐswsh diat rhshc thc
stroform c apì thn trisdi�stath elastikìthta kai k�nontac k�poiec pr�xeic paÐrnoume thn telik  sqèsh

1

j̄t
(j̄tmt)

′
+ φ′t × nt + m̄ =

1

j̄t
(j̄tπt) (4.104)

ìpou to efarmozìmeno zeÔgoc m̄ orÐzetai wc

m̄ =
1

j̄t

[∫
Ω

(χt − φt)× jtρtbdξ1dξ2 +

∫
∂Ω

(χt − φt)× jtσgiνidΓ

]
(4.105)

An t¸ra k�poioc efarmìsei th basik  kinhmatik  upìjesh, k�nontac qr sh tou orismoÔ thc gramm c twn kentroeid¸n
h opoÐa eÐnai isodÔnamh me th sqèsh ∫

Ω

ξijtρtdξ
1dξ2 = 0, i = 1, 2 (4.106)

kai thn rop  πt ìpwc aut  orÐzetai sth sqèsh (4.99), tìte to dexÐ mèloc thc (4.104) gÐnetai

1

j̄t

∂

∂t
(jtπt) =

1

j̄t

∫
Ω

(χtφt)× jtρtχ̈tdξ1dξ2

=
1

j̄t

∫
Ω

ξiti × [φ̈t + ξjẇt × tj + ξjwt × (wt × tj)]dξ1dξ2

=

(
1

j̄t

∫
Ω

ξiξjjtρtdξ
1dξ2

)
[ti × (ẇt × tj) + ti × (wt × (wt × tj))] (4.107)

H èkfrash aut  mac deÐqnei ìti oi suntelestèc tou tanust  adraneÐac J dÐnontai apì th sqèsh

J ij =
1

j̄0

∫
Ω

ξ1ξ2jtρtdξ
1dξ2

k�nontac qr sh twn sqèsewn

ti × (ẇt × tj = 〈ti, tj〉 ẇt − 〈ti, ẇt〉 tj = (δij − tj ⊗ ti)ẇt

kai
ti × [wt × (wt × tj)] = 〈ti, wt × tj〉wt − 〈ti, wt〉 (wt × tj) = 〈tj × ti, wt〉 − wt × (tj ⊗ ti)wt

mazÐ me to gegonìc ìti o tanust c adraneÐac eÐnai summetrikìc, tìte o ìroc adraneÐac thc sqèshc (4.107) gÐnetai

1

j̄t

∂

∂t
(j̄tπt) =

1

j̄t

[
J ij(δij − ti ⊗ tjẇt − wt × (ti ⊗ tj)wt

]
(4.108)

OrÐzontac ton tanust  adraneÐac wc

J = J ij(δij − ti ⊗ tj) (4.109)

h isorropÐa rop¸n mporeÐ na aplopoihjeÐ ston tÔpo

1

j̄t
(j̄tmt)

′ + φ′tnt + m̄ =
1

J̄t
[J ẇt + wt × Jwt] (4.110)

Autìc o tÔpoc ja mac qreiasteÐ ìtan sqhmatÐsoume to mhtr¸o duskamyÐac tou stoiqeÐou.
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4.5.4 Par�deigma aplopoihmènwn katastatik¸n exis¸sewn

Ja suzht soume gia katastatikèc exis¸seic pou eÐnai analloÐwtec, se ìrouc eswterik¸n t�sewn kai zeug¸n t�sewn
J̄tNt kai J̄tMt antÐstoiqa. Autèc oi katastatikèc exis¸seic apoteloÔn mia epèktash twn apotelesm�twn thc jewrÐac
apeirost¸n paramorf¸sewn sto eÔroc peperasmènwn paramorf¸sewn. Parìlo pou autèc oi sqèseic mporoÔn na pro-
kÔyoun kai diaforetik�, h dom  kataskeu c touc upokineÐtai apì to parak�tw epiqeÐrhma.

UpenjumÐzetai ìti h par�gwgoc Frechet tou twrinoÔ sqhmatismoÔ χt (me th basik  kinhmatik  sunjn kh) eÐnai

Dχt = Λt
[
I + Γt ⊗ e3 +

(
Ωt × ξiei

)
⊗ e3

]
(4.111)

OrÐzoume ton parak�tw tanust  deutèrac t�xhc

Ht := ΛTt Dχt − I = Γt ⊗ e3 +
(
Ωt × ξiei

)
⊗ e3 (4.112)

'Etsi apì thn (4.111) mporoÔme na gr�youme

Dχt = Λt (I +Ht) , Dχ0 = Λ0 (I +H0) (4.113)

Prosjètontac kai afairìntac to H0 apì to Dχt paÐrnoume

Dχt = Λt [I + (Ht −H0) +H0]

= Λt
[
(Ht −H0) + ΛT0 Dχ0

]
(4.114)

'Etsi to Dχt gÐnetai

Dχt = Λt (Ht −H0) + ΛtΛ
T
0 Dχ0 (4.115)

Parathr seic.

1. H exÐswsh (4.115) eÐnai mia akrib c lÔsh (sÔmfwnh me thn kinhmatik  upìjesh). KammÐa upìjesh apolÔtwc den
èqei gÐnei gia to mègejoc twn trop¸n.

2. H posìthta Ht − H0 anaparist� èna sqetikì mègejoc trop c. An h kÐnhsh t 7−→ χt eÐnai mia kÐnhsh stereoÔ
s¸matoc tou sqhmatismoÔ anafor�c, tìte Ht − H0 = 0 tautotik� kai to Dχt diafèrei apì to Dχ0 kat� mia
strof  stereoÔ s¸matoc dhlad 

Dχt = ΛtΛ
T
0 Dχ0 (4.116)

Gia na proqwr soume akìma perissìtero, upenjumÐzoume ìti o tanust c trop c Lagrange orÐzetai mèsw thc sqèshc

Et :=
1

2

(
FTt Ft − I

)
(4.117)

ìpou Ft eÐnai h klÐsh paramìrfwshc. 'Eqoume dei ìti to Ft mporoÔme na to gr�youme wc

Ft = DχtDχ
−1
0

= Λt(Ht −H0)Dχ−1
0 + ΛtΛ

T
0

= Λt
[
I + (Ht −H0)Dχ−1

0 Λ0

]
ΛT0 (4.117)

Kat� sunèpeia, o tanust c trop c Lagrange gÐnetai

Et =
1

2

[
Λ0[I + (Ht −H0)Dχ−1

0 Λ0]T [I + (Ht −H0)Dχ−1
0 Λ0]ΛT0 − I

]
=

1

2

[
Dχ−T0 (Ht −H0)TΛT0 + Λ0(Ht −H0)Dχ−1

0

]
+

1

2
Dχ−T0 (Ht −H0)T (Ht −H0)Dχ−1

0 (4.118)

An epomènwc orÐsoume ton tanust 

Kt := Λ0(Ht −H0)Dχ−1
0 (4.119)
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o tanust c trop c Lagrange paÐrnei thn telik  morf 

Et = KS
t +

1

2
KT
t Kt (4.120)

ìpou KS
t = 1

2 (Kt +KT
t ) to summetrikì komm�ti tou Kt. JewroÔme t¸ra thn perÐptwsh apeirost¸n trop¸n. Sunep¸c

h upìjesh pou prèpei na k�noume eÐnai

‖Ht −H0‖ = Ø(ε) (4.121)

gia k�poio 0 < ε << 1, ìpou to lim
ε→0

O(ε)

ε
→ c , ìpou c mia stajer�. 'Epetai ìti

Et = KS
t +O(ε2) (4.122)

Epiplèon, gia thn an�ptux  tou katastatikoÔ montèlou mac, upojètoume mia arqik¸c eujeÐa, prismatik  dokì me
omoiìmorfh katanom  puknìthtac p�nw sth diatom .

H parap�nw eiplèon upìjesh odhgeÐ sthn akìloujh morf  tou tanust  trop c Lagrange

Et = HS
t +

1

2
HT
t Ht = HS

t +O(ε2) (4.123)

'Ara h upìjesh thc apeirost c paramìrfwshc gÐnetai ‖Ht‖ = O(ε). Epiprosjètwc, upojètoume ìti

‖σt‖ = O(ε) (4.124)

H parap�nw upìjesh den eÐnai k�ti kainoÔrgio sth mhqanik  suneqoÔc mèsou, eÐnai apl� h t�xh thc prosèggishc pou
pragmatopoieÐtai.

Parat rhsh. Kanènac periorismìc den gÐnetai sto mègejoc tou pedÐou metatopÐsewn φ(ξ, t)   sto pedÐo strof¸n
Λ(ξ, t). Apl� upojètoume mikrèc tropèc gia na p�roume katastatikèc exis¸seic me sf�lma O(ε) pr¸thc t�xhc.

UpenjumÐzoume ton deÔtero tanust  t�shc Piola-Kirchhoff pou orÐzetaia wc

St = JtF
−1
t σtF

−T
t (4.125)

ìpou, sÔmfwna me tic parap�nw upojèseic

Jt =
jt
j0

= jt = det[Λt(I +Ht)] = 1 +O(ε)tag4.126

T¸ra, efìson Ft = Λt(I +Ht), o deÔteroc tanust c Piola-Kirchhoff gr�fetai wc

St = ΛTt σtΛt +O(ε2) (4.127)

JewroÔme t¸ra axiwmatik� mia grammik  isìtroph sqèsh metaxÔ twn St kai Et me dom  Ðdia me aut  thc grammik c
jewrÐac. Autì odhgeÐ se mia katastatik  sqèsh tÔpou St. Vennant-Kirchhoff. Mèqri t�xh ε h sqèsh aut  eÐnai

Σαβ = [λδαβδγρ + 2Gδαγδβρ]H
S
γρ

Σα3 = 2GHS
α3, Σ33 = HS

33 (4.128)

'Opou Σ = ΛTσΛ, (a,b,g,r=1,2), kai λ h stajer� tou Lame, G to mètro di�tmhshc, E to mètro elastikìthtac.

Gia na ekfr�soume tic eswterikèc t�seic kai ta zeÔgh t�sewn se ìrouc megej¸n trop c k�noume thn parak�tw
parat rhsh:

ΛTt Pt = JtΛ
T
t σtF

−T
t = JtΛ

T
t σtΛt(I +Ht)

−T = Σt +O(ε2) (4.129)

Efarmìzontac thn (4.129) sto g3
0 ≡ e3 paÐrnoume

ΛTt Ptg
3
0 = ΛTt Pte

3 = Σe3 +O(ε2) = Σi3ei +O(ε2) (4.130)
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Qrhsimopoi¸ntac tic katastatikèc sqèseic h teleutaÐa sqèsh gÐnetai

ΛTt Ptg
3
0 = 2GHS

i3ei + EH33e3 (4.131)

ìpou oi sunist¸sec HS
i3 eÐnai

2HS
i3 = 〈ei, Hte3〉+ 〈e3, Htei〉 (4.132)

'Omwc apì ton orismì isqÔei ìti Htei = 0. Tìte paÐrnoume akribeÐc sqèseic

2HS
13 = Γ1 − ξ2Ω3, 2HS

23 = Γ2 + ξ1Ω3, H33 = Γ3 − ξ1Ω2 + ξ2Ω1 (4.133)

Ja aplopoi soume t¸ra tic morfèc twn eswterik¸n t�sewn kai zeug¸n t�sewn. Apì touc orismoÔc touc èqoume

j̄tNt = ΛTt

∫
Ω

Ptg
3
0j0dξ

1dξ2

=

∫
Ω

(2GHS
i3ei + EH33e3)dξ1dξ2

=

∫
Ω

(G(Γ1 − ξ2Ω3)e1 +G(Γ2 + ξ1Ω3)e2 + E(Γ3 − ξ1Ω2 + ξ2Ω1)dξ1dξ2 (4.134)

Lìgw thc upìjeshc thc omoiìmorfhc puknìthtac, o orismìc thc gramm c twn kentroeid¸n aplopoieÐtai se∫
Ω

ξidξ1dξ2 = 0, i = 1, 2 (4.135)

AfoÔ ta Γi,Ωi den exart¸ntai apì ta ξ1, ξ2 gia k�nena i = 1, 2, 3, h teleutaÐa sunj kh dÐnei

j̄tNt = GAΓiei + EAΓ3e3 (4.136)

ìpou A =
∫

Ω
dξ1dξ2 eÐnai to embadìn thc diatom c.

'Omoia ja k�noume kai gia ta zeÔgh t�sewn. EÐnai

j̄tMt = ΛTt

∫
Ω

(χt − φt)× Ptg3
0dξ

1dξ2

=

∫
Ω

ξiei × (2GHS
i3ei + EH33e3)dξ1dξ2

=

∫
Ω

[
Gξi(Γ1 − ξ2Ω3)ei × e1 +Gξi(Γ2 + ξ1Ω3)ei × e2 + Eξi(Γ3 − ξ1Ω2 + ξ2Ω1)ei × e3

]
dξ1dξ2

=

∫
Ω

[
G(ξ2)2Ω3e3 +G(ξ1)2Ω3e3 + Eξ1(ξ1Ω2 − ξ2Ω1) + Eξ2(−ξ1Ω2 + ξ2Ω1)e1

]
dξ1dξ2 (4.137)

Apì ton orismì gia tic sunist¸sec tou tanust  adraneÐac paÐrnoume

J ij =
1

j̄0

∫
Ω

ξiξjj0ρ0dξ
1dξ2 = ρ̄0

∫
Ω

ξiξjdξ1dξ2 (4.138)

OrÐzoume thn polik  rop  adraneÐac wc

J 0 =
1

j̄0

∫
Ω

[
(ξ1)2 + (ξ2)2

]
j0ρ0dξ

1dξ2 (4.139)

'Ara h exÐswsh gia ta zeÔgh t�sewn gÐnetai

j̄tMt =
1

ρ̄0

[
GΩ3J 0e3 + E(−J 12Ω2 + J 22Ω1)e1 + E(J 11 − J 12Ω1)e2

]
(4.140)

'Eqontac sto qèri tic exis¸seic (4.136) kai (4.140) eÐmaste na kataskeu�soume to mhtr¸o duskamyÐac tou stoiqeÐou.

ρ̄0J̄0


N1

N2

N3

M1

M2

M3

 =


ρ̄0GA 0 0 0 0 0

0 ρ̄0GA 0 0 0 0
0 0 ρ̄0EA 0 0 0
0 0 0 EJ 22 −EJ 12 0
0 0 0 −EJ 12 EJ 11 0
0 0 0 0 0 GJ 0




Γ1

Γ2

Γ3

Ω1

Ω2

Ω3

 (4.141)
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4.6 Metabolik  diatÔpwsh kai sunep c grammikopoÐhsh

Sthn par�grafo aut  ja anaptÔxoume thn metabolik  (asjen ) morf  twn exis¸sewn pou èqoume diatup¸sei sta
prohgoÔmena. Aut  h an�lush asfal¸c kai ja lamb�nei upìyin thn basik  kinhmatik  upìjesh. Kaj¸c anamènoume
epanalhptik  diadikasÐa gia thn epÐlush, h sunep c grammikopoÐhsh thc metabolik c morf c twn exis¸sewn isorropÐac
ja parousiasteÐ ekten¸c.

4.6.1 Q¸roc twn kinhmatik� apodekt¸n metabol¸n

Ac upenjumÐsoume thn sqèsh pou dÐnei to q¸ro twn afhrhmènwn sqhmatism¸n thc dokoÔ

C =
{

Φ = (φ,Λ) : I ⊂ R→ R3 × SO(3)
}

(4.142)

Sto ex c, ja sumbolÐzoume me TφC ton efaptìmeno q¸ro tou. O TφC ìpwc to upodeiknÔoun to ìnoma kai o sumbolismìc,
orÐzetai na eÐnai o efaptìmenoc q¸roc sto Φ thc aujaÐrethc pollaplìthtac sqhmatism¸n C. Akolouj¸ntac tic
sunhjismènec praktikèc, o TφC orÐzetai wc akoloÔjwc.
Kataskeu�zoume mia kampÔlh sqhmatism¸n Φε = (φε,Λε), tètoia ¸ste

Φε|ε=0 = Φ

d

dε

∣∣∣∣
ε=0

Φε = δΦ ∈ TφC (4.143)

ìpou to δΦ eÐnai ènas toiqeÐo tou efaptìmenou q¸rou TφC. Aut  h kampÔlh twn sqhmatism¸n kataskeu�zetai
apì thn ekjetik  apeikìnish ston R3 kai sthn SO(3). Arqik�, epeid  o R3 eÐnai dianusmatikìc q¸roc, h ekjetik 
apeikìnish paÐrnei th morf 

φε = φ+ εδφ (4.144)

ìpou δφ ∈ TφR3 ∼= R3. GnwrÐzoume apì to kef�laio 2 ìti h ekjetik  apeikìnish se mia om�da pin�kwn, ìpwc eÐnai h
SO(3), eÐnai h sun jhc ekjetik  apeikìnish pÐnaka. Opìte h ekjetik  apeikìnish sthn SO(3) eÐnai

Λε = eεδθ̂Λ (4.145)

ìpou kat� ta gnwst� δθ̂ ∈ TISO(3) = so(3). H apaÐthsh 1 apì tic exis¸seic (4.143) mporeÐ polÔ eÔkla na epalhjeuteÐ
apì tic sqèseic (4.144) kai (4.145). PaÐrnontac par�gwgo kat� Frechet thc deÔterhc apaÐthshc thc sqèshc (4.143)
èqoume ìti

δΦ =
d

dε

∣∣∣∣
ε=0

(φε,Λε) = (δφ, δθ̂Λ) (4.146)

H teleutaÐa sqèsh anaparist� stoiqeÐa tou efaptìmenou q¸rou thc aujaÐrethc pollaplìthtac sqhmatism¸n C. Ed¸

to δθ̂Λ anaparist� èna stoiqeÐo tou efaptìmenou q¸rou tou SO(3) sto stoiqeÐo L. Tìte, to δθ̂ logÐzetai wc mia
apeirost  strof , epiprìsjeth thc peperasmènhc strof c L. Gia touc skopoÔc orismoÔ tou q¸rou twn kinhmatik�
apodekt¸n metabol¸n, upenjumÐzoume ton isomorfismì ·̂ : R3 → so(3). 'Etsi, to ·̂ antistoiqÐzei se k�je stoiqeÐo tou
R3 mia apeirost  strof , pou eÐnai stoiqeÐo tou so(3).

Epistrèfontac sto perieqìmeno thc dokoÔ, to δθ̂ ∈ so(3)   isodÔnama to δθ logÐzetai wc mia apeirost  strof  tou
twrinoÔ sqhmatismoÔ (φ,Λ). 'Omoia, to δφ logÐzetai wc mia apeirost  metakÐnhsh thc gramm c twn kentroeid¸n tou
twrinoÔ sqhmatismoÔ. 'Etsi, o q¸roc twn kinhmatik� apodekt¸n metabol¸n orÐzetai wc

V =
{

(δφ, δθ) ∈ R3 × R3 : δφ = 0 στo ∂φI, δθ = 0 στo ∂θI
}

(4.147)

ìpou ∂θI kai ∂φI eÐnai ta tm mata tou sunìrou ìpou oi strofèc kai oi metakin seic antÐstoiqa orÐzontai.
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4.6.2 Metabolik  morf  twn exis¸sewn isorropÐac rop¸n

T¸ra ja kataskeu�soume thn metabolik    asjen  morf  twn exis¸sewn isorropÐac rop¸n pollaplasi�zontac tic
(4.97) kai (4.110) me mia aujaÐreth metabol  (δφ, δθ) ∈ V kai oloklhr¸nontac sto twrinì m koc. Gia lìgouc aplìthtac,
orÐzoume δΦ = (δφ, δθ). Shmei¸noume ìti h qr sh tou δΦ den ja prèpei na mperdeÔetai me th qr sh tou δΦ wc stoiqeÐo
tou efaptìmenou q¸rou TΦC.
H metabolik  diatÔpwsh twn exis¸sewn isorrpÐac tìte eÐnai

Gdyn(Φ, δΦ) = G(Φ, δΦ) +

∫
I

[ρ̄0

〈
φ̈t, δφ

〉
+ 〈(J ẇt + wt × Jwt), δθ〉]j̄0dξ (4.148)

To G(Φ, δΦ) eÐnai h statik  asjen c morf  twn exis¸sewn isorrpÐac kai anaptÔssetai wc akoloÔjwc

G(Φ, δΦ) =

∫
I

[
−
〈

1

j̄t
(j̄tnt)

′, δφ

〉
〈n̄, δφ〉 −

〈
1

j̄t
(j̄tmt)

′, δθ

〉
− 〈φ′t × nt, δθ〉 − 〈m̄, δθ〉

]
j̄tdξ

=

∫
I

[
〈j̄tnt, δφ′t〉+ 〈j̄tmt, δθ

′
t〉+ 〈nt, φ′t × δθ〉 − 〈j̄tnt, δφt〉

′ − 〈j̄tmt, δθ〉
′ − 〈j̄tn̄, δφ〉 − 〈j̄tm̄, δθ〉

]
dξ

(4.149)

'Etsi h statik  asjen c morf  gr�fetai

G(Φ, δΦ) =

∫
I

[〈nt, (δφ′ + φ′t × δθ)〉+ 〈mt, δθ
′〉] j̄tdξ −Gext(δΦ) (4.150)

ìpou Gext(δΦ) eÐnai h suneisfor� twn exwterik¸n fortÐwn pou dÐnetai wc

Gext(δΦ) =

∫
I

[〈n̄t, δφ〉+ 〈m̄, δθ〉] j̄tdξ + (〈j̄tnt, δφ〉+ 〈j̄tmt, δθ〉)|
I+
I− (4.151)

ìpou ìpwc p�nta (·)|I+I− eÐnai to I upologismèno sto I+ kai sto I− antÐstoiqa. ApodeiknÔetai ìti eÐnai bolikì sto shmeÐo
autì na orÐsoume ènan telest  gia thn èkfrash thc statik c asjenoÔc morf c. Gia to skopì autì, xanagr�foume thn
(4.150) se ìrouc convected megej¸n wc ex c

G(Φ, δΦ) =

∫
I

[〈
J̄tNt,Λ

T (δφ′ + φ′t × δθ)
〉

+
〈
J̄tMt,Λ

T δθ′
〉]
j̄0dξ −Gext(δΦ) (4.151)

OrÐzoume to di�nusma upoloÐpou (resulatant vector) R wc

R = J̄t

(
Nt
Mt

)
(4.152)

Tìte h statik  asjen c morf  mporeÐ na grafeÐ

G(Φ, δΦ) =

∫
I

〈
B
(
δφ
δθ

)
, R

〉
j̄0dξ −Gext(δΦ) (4.153)

ìpou

B = ΠTY =

(
ΛT 0
0 ΛT

)( d
dξ I φ̂′t
0 d

dξ1

)
(4.154)

Oi ekfr�seic (4.151) kai (4.153) eÐnai polÔ shmantikèc gia th sunep  grammikopoÐhsh pou ja parousi�soume pio k�tw.

4.6.3 Sunep c grammikopoÐhsh: Efaptìmenoc telest c

Ja melet soume t¸ra th sunep  grammikopoÐhsh thc statik c asjenoÔc morf c. Grammikopoi¸ntac thn (4.151)  
isodÔnama thn (4.153) gÔrw apì to sqhmatismì Φ = (φ,Λ) odhgeÐ se 2 suneisforèc tou efaptìmenou telest : To
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ulikì kai to gewmetrikì mèroc. Apì ton orismì, h grammikopoihmènh statik  morf  upologÐzetai me thn par�gwgo wc
proc kateÔjunsh wc

DG(Φ, δΦ) ·∆Φ =
d

dε

∣∣∣∣
ε=0

G(Φε, δΦ) (4.155)

ìpou ∆Φ := (∆φ,∆θ) ∈ V eÐnai mia aujaÐreth metabol  pou qrhsimopoieÐtai gia na kataske�soume thn kampÔlh twn
sqhmatism¸n Φε upì to pneÔma twn exis¸sewn (4.143). Sto plaÐsio autì thc ergasÐac mac afor� wc epÐ to pleÐston
to gewmetrikì mèroc, kaj¸c to ulikì to opoÐo upojètoume eÐnai grammik� elastikì. Opìte to gewmetrikì mèroc eÐnai
autì pou ja anaptÔxoume.

To gewmetrikì mèroc To gewmetrikì mèroc tou efaptìmenou telest  prokÔptei krat¸ntac tic idiìthtec tou
ulikoÔ stajerèc, en¸ metab�lloume th gewmetrÐa. Apì thn (4.151), autì eÐnai entel¸c isodÔnamo me to na krat soume
ta J̄tNt kai J̄tMt stajer�, kai na p�roume thn par�gwgo wc proc kateÔjunsh twn upìloipwn ekfr�sewn. Apì thn
(4.151), to gewmetrikì mèroc tou efaptìmenou telest  eÐnai

DGG(Φ, δΦ) ·∆Φ =

∫
I

[〈
J̄tNt,

d

dε

∣∣∣∣
ε=0

ΛTε (δφ′ + φ′ε × δθ)
〉

+

〈
J̄tMt,

d

dε

∣∣∣∣
ε=0

ΛTε δθ
′
〉]

j̄0dξ (4.156)

'Omwc, gia thn ekjetik  apeikìnish èqoume ìti afoÔ Λε = eε∆θ̂Λ kai e(ε∆θ̂)
T

= e(−ε∆θ̂) tìte

d

dε

∣∣∣∣
ε=0

ΛTε = ΛT
d

dε

∣∣∣∣
ε=0

e−ε∆θ̂ = −ΛT∆θ̂ (4.157)

'Ara h (4.156) mèsw thc (4.157), kai me ton orismì twn convected megej¸n Nt,Mt, all� kai th sqèsh J̄tj̄0 = j̄t
gr�fetai

DGG(Φ, δΦ) ·∆Φ =

∫
I

[−〈nt,∆θ × (δφ′ + φ′t × δθ) > + 〈nt,∆φ′ × δθ〉 − 〈mt,∆θ × δθ′〉] j̄tdξ (4.158)

Met� apì k�poiec pr�xeic, h teleutaÐa exÐswsh gr�fetai

DGG(Φ, δΦ) ·∆Φ =

∫
I

〈
Ξ

(
δφ
δθ

)
, kGΞ

(
∆φ
∆θ

)〉
j̄tdξ (4.159)

ìpou Ξ eÐnai o pÐnakac

Ξ =

 d
dξ1 0

0 d
dξ1

0 1

 (4.160)

kai kG eÐnai to mhtr¸o gewmetrik c duskamyÐac (geometric stiffness matrix) pou dÐnetai apì thn èkfrash

kG =

 0 0 −n̂t
0 0 −m̂t

n̂t 0 [nt ⊗ φ′t− < nt, φ
′
t >]

 (4.161)

4.6.4 SummetrÐa tou efaptìmenou telest  sthn isorropÐa

Ja kleÐsoume thn par�grafo aut  me mia shmantik  idiìthta pou afor� th summetrÐa tou efaptìmenou telest  sthn
isorropÐa. H telik  morf  tou efaptìmenou telest  dÐnetai wc

DG(Φ, δΦ) ·∆Φ = DMG(Φ, δΦ) ·∆Φ +DGG(Φ, δΦ) ·∆Φ (4.162)

Apì tic sqèseic (4.159) kai (4.161) blèpoume ìti o efaptìmenoc telest c en gènei den eÐnai summetrikìc, dhlad  isqÔei

DG(Φ, δΦ) ·∆Φ 6= DG(Φ,∆Φ) · δΦ (4.163)
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EntoÔtoic, parousi�zei endiafèron h melèth tou antisummetrikoÔ mèrouc tou DG(Φ, δΦ) ·∆Φ to opoÐo ja sumbolÐzou-
me me DGA(Φ, δΦ) · ∆Φ. GnwrÐzoume ìmwc ìti to mèrouc tou efaptìmenou telest  pou afor� to ulikì, to opoÐo
sumbolÐsame pio p�nw wc DMG, proèrqetai apì ton tanust  elastikìthtac, o opoÐoc eÐnai summetrikìc. 'Ara to a-
ntisummetrikì mèroc tou efaptìmenou telest  ofeÐletai apokleistik� kai mìno sth gewmetrÐa. Pr�gmati, autì dÐnetai
wc

DGA(Φ, δΦ) ·∆Φ =
1

2
[DGG(Φ, δΦ) ·∆Φ−DGG(Φ,∆Φ) · δΦ] (4.164)

Lìgw thc (4.158) to antisummetrikì mèroc aplopoieÐtai se

DGA(Φ, δΦ) ·∆Φ =
1

2

∫
I

[−〈nt,∆θ × (φ′t × δθ)〉+ 〈nt, δθ × (φ′t ×∆θ)〉 − 〈mt,∆θ × δθ′〉+ 〈mt, δθ ×∆θ′〉] j̄tdξ

=
1

2

∫
I

[〈mt, (δθ ×∆θ)′〉+ 〈nt × φ′t, δθ ×∆θ〉] j̄tdξ (4.165)

An oloklhr¸soume kat� mèrh ja p�roume thn èkfrash

DGA(Φ, δΦ) ·∆Φ =
1

2

∫
I

〈
1

j̄t
(j̄tmt)

′ + φ′t × nt + m̄, δθ ×∆θ

〉
j̄tdξ

+
1

2

(∫
I

〈m̄, δθ ×∆θ〉 j̄tdξ + 〈j̄tmt, δθ ×∆θ〉|I+I−

)
(4.166)

DÔo shmantikèc parathr seic pou aforoÔn thn (4.166) eÐnai oi ex c. Arqik� h sunj kh∫
I

〈m̄, δθ ×∆θ〉 j̄tdξ + 〈j̄tmt, δθ ×∆θ〉|I+I− = 0 (4.167)

antistoiqeÐ sth sunj kh gia sunthrhtik  fìrtish sta exwterik� efarmozìmena fortÐa.
DeÔteron, sthn isorropÐa isqÔei ìti

1

j̄t
(j̄tmt)

′ + φ′t × nt + m̄ = 0 (4.168)

'Ara gia sunthrhtik  fìrtish, sthn kat�stash isorropÐac isqÔei

DGA(Φ, δΦ) ·∆Φ = 0 (4.169)

kai �ra o efaptìmenoc telest c eÐnai summetrikìc. Genik� ìmwc, se mh isorropoÔntec sqhmatismoÔc, o efaptìmenoc
telest c den eÐnai summetrikìc.

4.7 DiatÔpwsh me peperasmèna stoiqeÐa

Sthn teleutaÐa aut  par�grafo tou kefalaÐou, ja jewr soume th diatÔpwsh me peperasmèna stoiqeÐa twn metabolik¸n
exis¸sewn, kai ja efarmìsoume ìsa suzht same sthn prohgoÔmenh par�grafo. O èlegqoc aut c thc diatÔpwshc ja
pragmatopoihjeÐ me k�poia paradeÐgmata mèsw tou progr�mmatoc FEAP. Ousiastik� ja gÐnei mia anaskìphsh tou al-
gìrijmou pou ulopoieÐ ìla ìsa problèpei h jewrÐa, kai Ôstera ja ektelestoÔn k�poia epilegmèna montèla gia lìgouc
elègqou kai plhrìthtac.
H en lìgw diatÔpwsh qrhsimopoieÐ peperasmèna stoiqeÐa pr¸thc t�xhc, 2 kìmbwn, me meiwmènh olokl rwsh gia na
apofeuqjeÐ to shear locking. H diatÔpwsh akoloujeÐ pist� thn prosèggish twn Simo kai Vu-Quoc, pou eÐnai èna stoi-
qeÐo pou brÐsketai stic biblioj kec tou parap�nw progr�mmatoc. Arqik� ja melet soume to jèma thc diakritopoÐhshc
tou plègmatoc twn peperasmènwn stoiqeÐwn. 'Epeita, h diadikasÐa ananèwshc, pou paÐzei polÔ shmantikì rìlo sthn
diatÔpwsh, ja melethjeÐ arket�.

DiakritopoÐhsh. Ac jewr soume mia kanonik  diakritopoÐhsh se peperesmèna stoiqeÐa [0, L] =
N⋃
e=1

Ihe , ìpou

Ihe ⊂ [0, L] dhl¸nei èna tupikì stoiqeÐo me mh-mhdenikì m koc, kai N eÐnai o sunolikìc arijmìc twn stoiqeÐwn. O
q¸roc twn apodekt¸n metabol¸nV proseggÐzetai apì ènan peperasmènhc di�stashc upìqwro Vh. Wc sun jwc, ìloi oi
upologismoÐ gÐnontai se epÐpedo stoiqeÐou. 'Estw ∆Φhe na eÐnai o periorismìc se èna tupikì stoiqeÐo I

h
e twn epauxhtik¸n

74



pedÐwn metakin sewn kai strof¸n ∆Φh = (∆φh,∆θh) ∈ TΦCh pou upìkeintai ston sqhmatismì Φh = (φh, θh) ∈ Ch.
Tìte to epauxhtikì pedÐo metakin sewn kai strof¸n ∆Φh paremb�lletai se ìrouc sunar sewn sq matoc sÔmfwna me
tic sqèseic

∆φhe =

ne∑
i=1

N i(ξ)∆φei , ∆θhe =

ne∑
i=1

N i(ξ)∆θei (4.170)

Ed¸, ne dhl¸nei ton arijmì twn kìmbwn tou stoiqeÐou dokoÔ Ihe , N
i(ξ) eÐnai h sun�rthsh sq matoc pou sundèetai me

ton kìmbo i, kai ∆φei ,∆θ
e
i eÐnai h epikìmbia epauxhtik  metakÐnhsh kai strof  tou stoiqeÐou Ihe ston kìmbo i.

H suneisfor� tou stoiqeÐou sto upìloipo tou dianÔsmatoc dÔnamhc apokt�tai apì thn diakrit  prosèggish thc
asjenoÔc morf c thc isorropÐac rop¸n. Se epÐpedo stoiqeÐou, eis�gontac thn (4.170) sthn parap�nw idèa to G(Φ, δΦ)
mporeÐ na grafeÐ wc

G(Φh, δΦh) =

Nelm∑
e=1

Ge(Φhe δΦ
h
e ) (4.171)

ìpou

Ge(Φhe , δΦ
h
e ) = δΦhe · Phe (Φh) ≡

Nelm∑
e=1

δΦhie · Phie (4.172)

Ed¸ to Phe sumbolÐzei to di�nusma thc mh isorropoÔsac dÔnamhc. 'Estw Bhi h anapar�stash tou diakritoÔ diaforikoÔ
telest  pou sundèetai me ton kìmbo i. Tìte, mèsw thc (4.170) èqoume

Bhi =

(
ΛT 0
0 ΛT

)(
N i
,ξ1 N iφ̂′t
0 N i

,ξ1

)
(4.173)

Sthn èkfrash aut , N i
,ξ sumbolÐzei thn par�gwgo thc sun�rthshc sq matoc N i(ξ) wc proc ξ ∈ Ihe , kai 1 =

Diag[1, 1, 1] eÐnai o monadiaÐoc pÐnakac, kai φ̂′t eÐnai ènac antisummetrikìc pÐnakac tou opoÐou to axonikì di�nusma eÐnai
to φ′t. H mh isorropoÔsa epikìmbia dÔnamh sto stoiqeÐo Ihe pou sundèetai me ton kìmbo i eÐnai h

Phie(Φ
h) =

∫
Ih3

(
Bhi (R)−

(
Ni1 0

0 Ni1

)(
n̄
m̄

))
j̄0dξ (4.174)

Autì oloklhr¸nei ton upologismì tou topikoÔ dianÔsmatoc upoloÐpou.

Upologismìc tou efaptìmenou mhtr¸ou duskamyÐac. JewroÔme t¸ra thn grammikopoihmènh asjen 
morf . H grammikopoÐhsh thc asjenoÔc morf c (4.171) wc proc to stoiqeÐo Ihe sto sqhmatismì Φh mporeÐ na ekfrasteÐ
wc

DGhe (Φh, δΦh) ·∆Φh = DMG
h
e (Φh, δΦh) +DGG

h
e (Φh, δΦh) (4.175)

ìpou M kai G upodeiknÔoun to ulikì kai gewmetrikì antÐstoiqa mhtr¸o duskamyÐac. To ulikì mhtr¸o duskamyÐac den
parousi�zei endiafèron kaj¸c ìpwc anafèrame kai sth sqetik  par�grafo to ulikì eÐnai grammik� elastikì, me stajerì
mètro elastikìthtac. 'Oson afor� to gewmetrikì mhtr¸o duskamyÐac, auto lamb�netai upologÐzontac tic gewmetrikèc
suneisforèc sthn efaptìmenh akamyÐa, ìpwc faÐnetai apì th sqèsh (4.159). Gia to skopì autì, parat roÔme pr¸ta
ìti apì thn (4.170) kai thn (4.160) h diakrit  prosèggish gia ton telest  Ξ dÐnetai wc

Ξhi =

N i
,ξ1 0

0 N i
,ξ1

0 N i1

 (4.176)

ìpou 1 kai 0 eÐnai monadiaÐoc kai o mhdenikìc pÐnakac antÐstoiqa. Sundu�zontac aut� ta apotelèsmata paÐrnoume ìti
to mwtr¸o gewmetrik c akamyÐac eÐnai thc morf c

DGG
h
e (Φh, δΦh) ·∆Φh =

2∑
a=1

2∑
b=1

(
δφa
δθa

)T
Kab
G

(
∆φb
∆θb

)
(4.177)
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ìpou

Kab
G =

∫
Ihe

(
0 −Na

,ξN
bn̂t

NaN b
,ξn̂t −Na

,ξN
bm̂t + [nt ⊗ φ′t − 〈nt, φ′t〉 1]NaN b

)
j̄0dξ (4.178)

DÐnoume èmfash sto gegonìc ìti h exÐswsh (4.177) odhgeÐ se èna mh summetrikì mhtr¸o gewmetrik c duskamyÐac an
o sqhmatismìc Φh den eÐnai se isorropÐa. Sto sqhmatismì isorropÐac, to mhtr¸o gewmetrik c duskamyÐac gÐnetai
summetrikì, kai èrqetai se sumfwnÐa me ta ìsa eÐpame sthn par�grafo (4.5.4).

SqhmatismoÐ kai algìrijmoc ananèwshc t�sewn. Ac upojèsoume ìti o sqhmatismìc Φk = (φk,Λk) ∈ C
eÐnai gnwstìc. Se mia tupik  epanalhptik  mèjodo, grammikopoioÔme thn asjen  morf  gÔrw apì to sqhmatismì'Φk

kai lÔnoume thn grammikopoihmènh asjen  morf  gia mia epauxhtik  paramìrfwsh ∆Φk = (∆φk,∆θk) ∈ C, ìpou to

∆θ eÐnai to axonikì di�nusma (epauxhtik  strof ) tou antisummetrikoÔ tanust  ∆̂θ. Mia ananewtik  diadikasÐa, pou
eÐnai sunep c me th gewmetrik  dom  tou probl matoc dÐnetai apì touc tÔpouc

φk+1(ξ) = φk(ξ) + ∆φk(ξ), Λk+1(ξ) = e∆̂θ
k

Λk(ξ) (4.179)

Shmei¸noume ìti aut  h ananèwsh eÐnai h mình dunat  pou dÐnei ènan ananewmèno sqhmatismì Φk+1 = (φk+1,Λk+1)
pou an kei sto q¸ro C. ParathroÔme epiplèon ìti h ekjetik  apeikìnish thc (antisummetrik c) epauxhtik c strof c

e∆̂θ
k

dÐnetai se kleist  morf  ìpwc ja deÐxoume amèswc t¸ra.

Parat rhsh. Oi apodektoÐ sqhmatismoÐ sumbolÐzontai me shmeÐa sthn epif�neia C. To ∆̂θ
k
sumbolÐzei thn

epauxhtik  strof , dhlad  èna stoiqeÐo ston efaptìmeno q¸ro tou Λk. O ananewmènoc sqhmatismìc Λk+1 lamb�netai

prob�llontac to ∆̂θ
k
sto C se ìrouc ekjetik c apeikìnishc.

Mènei na upologÐsoume tic ananewmènec kampulìthtec kai tropèc. AutoÐ oi upologismoÐ perilamb�noun thn par�gwgo
thc ekjetikoÔ enìc antisummetrikoÔ pÐnaka. Parajètoume ta apotelèsmata.

1. Upologismìc axonik¸n dianusm�twn

e =
∆θk

‖∆θk‖
, θ̄ = tan

1

2
‖∆θk‖e

θ̄′ =
1

2

tan 1
2‖∆θ

k‖
1
2‖∆θk‖

[
(∆θk)′ −

(
1− ‖∆θk‖

sin ‖∆θk‖

)
(e · (∆θk)′)e

]
(4.180)

2. Upologismìc tou ekjetikoÔ kai thc parag¸gou.

e∆̂θ
k
(ξ) = 1 +

2

1 + ‖θ̄‖2
(ˆ̄θ + ˆ̄θ2)(

de∆̂θ
k

dξ

)
e−∆̂θ

k

=
2

1 + ‖θ̄‖2
(ˆ̄θ′ + ˆ̄θ′ ˆ̄θ − ˆ̄θ ˆ̄θ′) (4.181)

3. Ananèwsh tou sqhmatismoÔ

φk+1 = φk + ∆φk

Λk+1 = e∆̂θ
k

Λk (4.182)

4. Upologismìc kampulìthtac kai trop¸n

Γk+1 = Λ(k+1)Tφ(k+1)′ − E3

Ω̂k+1 =

(
de∆̂θ

k

dξ

)
e−∆̂θ

k

+ e∆̂θ
k

Ω̂ke−∆̂θ
k

(4.183)

5. Upologismìc twn eswterik¸n t�sewn kai zeug¸n t�sewn

J̄k+1N
k+1 = ρ̄0

∂ψ(Γk+1,Ωk+1)

∂Γ
, J̄k+1M

k+1 = ρ̄0
∂ψ(Γk+1,Ωk+1)

∂Ω
(4.184)
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5 ParadeÐgmata me qr sh tou logismikoÔ FEAP

Sto teleutaÐo autì kef�laio ja analujoÔn 3 paradeÐgmata, kai ja sqoliastoÔn ta apotelèsmata aut¸n. Ta basik�
qarakthristik� thc an�lushc èqoun anaferjeÐ sthn par�grafo 4.6. Se k�poia paradeÐgmata qrhsimopoeÐtai h pl rhc
epanalhptik  diadikasÐa Newton-Rapshon, ìtan jèloume h an�lush na pragmatopoieÐtai me èlegqo thc epiballìmenhc
fìrtishc (load-control). 'Omwc, se k�poia paradeÐgmata ìpou sto di�gramma fortÐou-metakÐnhshc up�rqei katiìntac
kl�doc, h parap�nw mèjodoc den eÐnai kat�llhlh, kai wc ek toÔtou qrhsimopoieÐtai h mèjodoc m kouc tìxou arc-length
method[16] , ìpou se k�je qronikì b ma (step) gÐnetai mia pl rhc diadikasÐa Newton-Rapshon me mikrì arijmì e-
panal yewn. Leptomèreiec gia tic timèc twn diafìrwn paramètrwn pou qrhsimopoioÔntai dÐnontai se k�je par�deima
xeqwrist�. Se k�je perÐptwsh ìmwc, h sÔgklish thc mejìdou twn peperasmènwn stoiqeÐwn exasfalÐzetai ìtan h nìrma
tou upoloÐpou twn dun�mewn gÐnetai mikrìterh apì mia mikr  tim  (anoq ). Sto FEAP h anoq  aut  kajorÐzetai apì
to Ðdio to prìgramma.

ProtoÔ ìmwc xekin soume thn parousÐash twn paradeigm�twn, ofeÐloume na k�noume mia shmeÐwsh ìson afor� sto
analloÐwto to montèlou.

1. Antikeimenikìthta (objectivity). Lème genik� ìti èna stoiqeÐo   montèlo eÐnai antikeimenikì (objective), ìtan
oi timèc twn entatik¸n kai paramorfwsiak¸n megej¸n paramènoun analloÐwtec se mia kÐnhsh stereoÔ s¸matoc
(metafor� kai strof ).

2. AnexarthsÐa apì to drìmo fìrtishc. (path independence). 'Otan ta fortÐa sta opoÐa upìkeitai to montèlo eÐnai
sunthrhtik�, dhlad  den all�zei to dianusmatikì mègejoc thc fìrtishc, tìte h telik  gewmetrik  kai entatik 
kat�stash paramènei amet�blhth anex�rthta apì thn allhlouqÐa epibol c twn fortÐwn. Akìmh, genik� o Ðdioc
ìroc qrhsimopoiheÐtai kai gia amig¸c arijmhtik c fÔsewc diaforetikì drìmo. (gia par�deigma se mia epauxhtik 
fìrtish, o rujmìc me ton opoÐo epib�lloume th fìrtish sto montèlo mac, autìmata orÐzei kai diaforetikoÔc
�arijmhtikoÔc' drìmouc fìrtishc, kai qarakthrÐzoun to path independence tou montèlou).

H diereÔnhsh twn parap�nw qarakthristik¸n tou stoiqeÐou pou qrhsimopoioÔme èqei pragmatopoihjeÐ stic [10],[11]
kai èqei apodeiqjeÐ ìti to en lìgw stoiqeÐo den eÐnai oÔte objective oÔte path independent.

Par�deigma 1

Sq ma 5.1: Lugismìc amfiarjrwt c gwniak c dokoÔ
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Sth bibliografÐa to prìblhma autì eÐnai gnwstì wc Lee frame [12],[13],[14]. To epÐpedo autì prìblhma, afor� to
lugismì miac gwniak c amfiarjrwt c dokoÔ, h opoÐa sumperifèretai elastik� se ìlh th di�rkeia thc fìrtishc. To
plaÐsio autì upìkeitai se èna egk�rsio fortÐo, efarmozìmeno sto 1/5 tou m kouc tou zug¸matoc, tou opoÐou h
dieÔjunsh se ìlh th di�rkeia thc fìrtishc eÐnai katakìrufh. Gia lìgouc sÔgkrishc me apotelèsmata thc bibliografÐac
h montelopoÐhsh gÐnetai me 20 peperasmèna stoiqeÐa tou tÔpou pou anaptÔxame sth jewrÐa tou KefalaÐou 4. Oi
diast�seic kai ta di�fora mhqanik� qarakthristik� anagr�fontai sto Sq ma 5.1. H epÐlush gÐnetai me th mèjodo
arc-length. Eidik� gia to en lìgw prìgramma, o qr sthc epilègei ton arijmì twn eswterik¸n epanal yewn pou ja
gÐnetai se k�je b ma thc arc length (ja gÐnontai 20 epanal yeic thc diadikasÐac Newton-Rapshon) kai to 'qrìno'
pou ja ekteleÐtai h arc length. To teleutaÐo apl� shmaÐnei ìti h mèjodoc ja ekteleÐtai ìsec forèc zht soume
apì to prìgramma, kai to k�je step 'qronik�' ja apèqei apì to �llo 'qrìno' dt. Kai oi 2 parap�nw par�metroi
kajorÐzontai apì to qr sth. Sun jwc epÐlègoume mikr  tim  gia thn par�metro dt oÔtwc ¸ste na eÐmaste pio kont�
ston pragmatikì drìmo isorropÐac, kai apl� aux�noume ton arijmì twn steps gia na kalÔyoume megalÔtero eÔroc thc
kampÔlhc. Shmei¸netai ìti o qr sthc den epilègei thn aktÐna thc kampÔlhc, ìpwc sumbaÐnei genik�, kai to prìgramma
thn kajorÐzei, kai endeqomènwc, gia lìgouc eukolÐac   duskolÐac thc sÔgklishc, thn metab�llei apì step se step.

Sq ma 5.2: Arqik  kai paramorfwmènh gewmetrÐa gia di�forec jèseic p�nw sthn kampÔlh fortÐou metakÐnhshc.

Sq ma 5.3: Diagr�mmata fortÐou orizìntiac kai katakìrufhc metakÐnhshc gia to shmeÐo C.
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Sto Sq ma 5.3 blèpoume to drìmo isorropÐac thc gwniak c dokoÔ. H paramìrfwsh eÐnai entìc epipèdou kai, lìgw
thc montelopoÐshc me to en lìgw stoiqeÐo, logÐzetai wc mikr . EpishmaÐnoume ìti oi di�forec paramorfwmènec kata-
st�seic sto Sq ma 5.2 antistoiqoÔn sta shmeÐa p�nw stouc drìmouc isorropÐac tou Sq matoc 5.3.

ProtoÔ proqwr soume se paradeÐgmata se 3 diast�seic axÐzei na k�noume mia poiotik  parat rhsh. Sto epÐpedo,
o qeirismìc twn mhtr¸wn twn strof¸n eÐnai shmantik� eukolìteroc apì ìti stic 3 diast�seic. Apì to Kef�laio 2,
èqoume dei ìti h �lgebra Lie thc eidik c orjogwniac om�dac SO(2) eÐnai di�stashc 1, en¸ gia tic 3 diast�seic eÐnai
di�stashc 3. Autì kai mìno tou periplèkei shmantik� touc upologismoÔc, ìpwc ja faneÐ eidikìtera kai sto par�deigma
3.

Par�deigma 2

To epìmeno par�deigma pou ja melet soume eÐnai ènac kampÔloc prìboloc, tou opoÐou to sq ma eÐnai to 1/4 enìc
hmikuklÐou, paktwmèno sto èna �kro, kai fortÐzetai me mia katakìrufh dÔnamh sto eleÔjero �kro tou. To par�deigma
autì eÐqe eisaqjeÐ apì touc Bathe kai Bolourchi [15], kai èktote sunist� èna par�deigma gia ereunhtèc gia na elegqjeÐ
kat� pìso ta di�fora montèla dokoÔ pou dhmiourgoÔntai èqoun kal  apìdosh. H montelopoÐhsh ja gÐnei me 8 isom kh
peperasmèna stoiqeÐa, kai oi gewmetrikèc kai mhqanikèc idiìthtec faÐnontai sto Sq ma 5.4.

Sq ma 5.4: KampÔloc gwniakìc prìboloc me katakìrufo fortÐo sto eleÔjero �kro tou.

'Opwc ja doÔme parak�tw, o drìmoc isorropÐac eÐnai monÐmwc anodikìc, kai �ra h epÐlush den eÐnai aparaÐthto na
gÐnei me thn arc length. Opìte h analogik  efarmog  tou fortÐou  tan efikt . Anafèroume ton tÔpo thc analogik c
fìrtishc pou qrhsimopoi jhke. H genik  analogik  fìrtish pou proteÐnei to FEAP eÐnai thc morf c

Prop(t) = a1 + a2(t− tmin) + a3(sin(a4(t− tmin)))k

H shmasÐa thc k�je miac paramètrou analÔetai sto egqeirÐdio tou FEAP. EpijumoÔme mia apl  grammik  aÔxhsh tou
fortÐou, opìte jètoume a3 = 0. MporoÔme akìma na jewr soume ìti tmin = 0 kai ìti sthn arq  thc epÐlushc to fortÐo
pou exaskeÐtai èqei th dieÔjunsh tou sq matoc, all� mhdenik  tim . Sunep¸c h mình par�metroc pou de mhdenÐzetai
eÐnai h a2 kai mporoÔme na thc b�loume ìpoia (jetik ) tim  jèloume, an�loga fusik� kai se pìsa b mata jèloume na
ulopoihjeÐ h telik  tim  tou fortÐou. Se k�je tètoio b ma gÐnontai mèqri 20 epanal yeic thc Newton-Rapshon,ìpwc
kai sto par�deigma 1. Basizìmenoi sto [12] epib�lame th sunolik  tim  tou fortÐou 600 se 6 tm mata, aut n tou 300
se 13 b mata (kajar� gia lìgouc sÔgkrishc) kai ta apotelèsmata twn metatopÐsewn sto eleÔjero �kro paratÐjentai
ston pÐnaka 1. SugkrÐnontac ta apotelèsmata me aut� thc anafor�c, parathroÔme ìti oi timèc eÐnai polÔ kont� metaxÔ
touc se apìluth tim . Oi metakin seic sto epÐpedo xy eÐnai me antÐjeto prìshmo, kai o lìgoc gia ton opoÐo sumbaÐnei
autì eÐnai apl� epeid  dialèxame diaforetik  dieÔjunsh gia touc �xonec. Me �lla lìgia, an up rqe sumfwnÐa axìnwn,
ja eÐqame kai sumfwnÐa sta prìshma.
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PÐnakac 1: KampÔloc prìboloc: Telikèc metakin seic �krou.

FortÐo u(mm) v(mm) w(mm)
300 −22.38 −58.89 40.02
600 −15.76 −47.23 53.47

Sq ma 5.5: Arqik  kai paramorfwmènh gewmetrÐa tou kampÔlou probìlou

Sto parap�nw sq ma dÐnoume thn paramorfwmènh eikìna tou kampÔlou probìlou gia thn tim  600N. H paramorfwmènh
gewmetrÐa gia thn tim  twn 300N eÐnai an�logh kai paraleÐpetai.

Sq ma 5.6: Di�gramma fortÐou-metakÐnhshc gia to �kro.
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Apì to di�gramma autì mporeÐ na epibebai¸sei kaneÐc ìti oi timèc thc katakìrufhc metakÐnhshc sto �kro eÐnai sqedìn
Ðdiec me autèc th bibliografÐa.

Kaj¸c to exwterikì fortÐo aux�netai, h diatom  thc dokoÔ ìpou exaskeÐtai to fortÐo upob�lletai se meg�lh
strof , kai ètsi to fortÐo, pou èqei stajer  katakìrufh dieÔjunsh, arqÐzei na apokt� sunist¸sa ston diam kh �xona
thc dokoÔ, pou èqei wc apotèlesma na èqoume mia morf  'proèntashc' to opoÐo sunep�getai auxhmènh stibarìthta sthn
egk�rsia dieÔjunsh. Autì ermhneÔetai sto sq ma 5.6, apì to shmeÐo kai Ôstera ìpou h klÐsh thc efaptomènhc thc
kampÔlhc aux�netai.

Sq ma 5.7: Eswterikèc dun�meic

Sto Ðdio sumpèrasma me parap�nw, mporeÐ na katal xei kaneÐc parathr¸ntac to Sq ma 5.7, ìpou h axonik  dÔnamh Fξ
apì mhdenik  katal gei na gÐnetai 600N perÐpou, ìso kai to exwterikì fortÐo.
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Par�deigma 3.

To teleutaÐo par�deigma pou ja melet soume eÐnai èna exairetik� endiafèron, all� kai arket� dÔskolo par�deigma.
Prìkeitai gia èna daktÔlio pou fèrei mia dipl� summetrik  diatom , kai to sÔsthma suntetagmènwn dièrqetai apì to
kèntro k�poiac diatom c. O daktÔlioc sthrÐzetai se 2 antidiametrik� shmeÐa tou. Sto èna apì aut� èqoume pl rh
p�ktwsh, kai sto antidiametrikì tou epitrèpoume mìno th strof  kat� th di�metro (pou jewroÔme ìti eÐnai o �xonac
twn x), kai thn metakÐnhsh wc proc ton Ðdio �xona. JewroÔme ìti to ulikì sumperifèretai elastik� se ìlh th di�rkei
thc fìrtishc kai gia k�je tim  thc metakÐnhshc. FortÐzoume ton daktÔlio me mia rop  strèyhc Mx. Mèsa apì to
FEAP epiqeir same thn eÔresh thc kampÔlhc fortÐou metakÐnhshc. To par�deigma autì eis qjhke apì touc Goto et
al. [17], gia th diereÔnhsh twn meg�lwn strof¸n sto q¸ro.

Sq ma 5.8: Jewrhtik  met�bash tou daktulÐou stadiak� mèqri mia pl rh peristrof  sthn antidiametrik  jèsh thc
st rixhc, gia lìgo h/b = 3 kai R/h = 20

Lìgw thc summetrÐac pou parousi�zei to prìblhma, h arijmhtik  epÐlush ja mporoÔse na gÐnei qrhsimopoi¸ntac to
1/2   to 1/4 tou daktulÐou. Me aut n thn aplopoÐhsh tou probl matoc, to prìblhma ekfulÐzetai se èna prìblhma
sunoriak¸n tim¸n 2 shmeÐwn. Me aut  th lÔsh ja sugkrÐnoume ta apotelèsmat� mac. Sto prìgramma eis�game to
pl rec montèlo.
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Sq ma 5.9: Anhgmèno di�gramma rop c-strof c gia di�forec timèc tou lìgou h/b.

ParathroÔme sto Sq ma 5.9 ìti h tim  tou lìgou autoÔ paÐzei polÔ spoudaÐo rìlo gia to drìmo isorropoÐac tou daktu-
lÐou. Pr�gmati, gia lìgouc h/b > 1.5 ìtan efarmosteÐ mia pl rhc strof  2p sto antidiametrikì shmeÐo thc st rixhc
tìte èqoume thn kat�stash pou perigr�fetai sto Sq ma 5.8. To telikì sq ma dhlad  eÐnai ènac daktÔlioc me aktÐna
Ðsh me to 1/3 thc arqik c diamètrou. To endiafèron ed¸ m�lista eÐnai ìti h isorropÐa epitugq�netai qwrÐc thn epibol 
k�poiac exwterik c rop c. Wstìso, mia tètoia montelopoÐhsh me to stoiqeÐo tou FEAP kat� p�sa pijanìthta den ja
 tan efikt , miac kai ìpwc èqoume anafèrei, to stoiqeÐo den eÐnai oÔte objective oÔte path-independent. Pr�gmati, mia
tètoia an�lush ègine, kai den mporoÔsame na p�roume sÔgklish ston dedomèno drìmo. AntÐjeta, gia timèc tou lìgou
mikrìterec apì 1.5, parathroÔme ìti perÐpou mèqri thn tim  j=3, ìpou o daktÔlioc èqei gÐnei èna 8�ri, èqoume aniìnta
kl�do, Ôstera katiìnta kl�do kai tèloc ènan gn sio aniìnta kl�do. Kai stic 2 peript¸seic lìgw tou katiìnta kl�dou,
eÐnai fanerì ìti mia mèjodoc Newton-Raphson me epauxhtik  epibol  thc rop c den ja èdine èna swstì apotèlesma.
Opìte, h an�lush pragmatopoi jhke me thn mèjodo arc length. EpÐlexame mia dipl� summetrik  diatom  me diast�seic
1.0× 1.0 me mètro elastitkìthtac 2.1e07 kai lìgo Poisson 0.3.

O drìmoc isorropÐac pou mac èdwse to FEAP eÐnai o parak�tw.
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Sq ma 5.10: Anhgmènoc drìmoc isorropÐac gia h/b = 1

Kat� thn an�lush sto prìgramma, efarmìsame th mèjodo m kouc tìxou. Parathr jhke ìti en¸ proqwroÔsame p�nw
sthn kampÔlh, mèqri perÐpou h gwnÐa j na p�rei thn tim  p/2, eÐqame ènan fusiologikì anodikì kl�do. Kaj¸c ìmwc
proqwroÔsame qronik� sth mèjodo, diapist¸jhke ìti eÐqame pt¸sh tìso sthn tim  thc rop c, ìso kai sth tim  thc
strof c, to opoÐo apèqei polÔ apì thn pragmatik  sumperifor� tou montèlou (Sq ma 5.10). O lìgoc gia ton opoÐo
eik�zoume ìti to stoiqeÐo tou progr�mmatoc adunateÐ na montelopoi sei to prìblhma eÐnai pijanìn epeid  h mèjodoc
m kouc tìxou pou qrhsimopoieÐtai, adunateÐ na qeiristeÐ me swstì trìpo tic meg�lec strofèc. Gia lìgouc sÔgkrishc,
parousi�zetai to antÐstoiqo di�gramma, to opoÐo proèkuye apì thn qr sh tou analloi¸tou montèlou mh grammikìthtac
gewmetrÐac [11], to opoÐo èqei ulopoihjeÐ sto Ergast rio Statik c kai Antiseismik¸n Ereun¸n apì thn Up. Did�ktwr
EMP AnjoÔla Pantel .
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Sq ma 5.11: Anhgmèno di�gramma rop c strof c gia lìgo h/b = 1
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