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Abstract

This PhD thesis deals with the mathematical formulation, solution, programming and

validation of the unsteady discrete adjoint method, formulated in the time-domain, for

the computation of first-order sensitivity derivatives for objective functions related to

the aerodynamics of turbomachinery and their utilization in optimization algorithms.

The cases that are tackled involve the constrained optimization of industrial, 3D, multi-

row, turbomachinery configurations with transient and periodic flows.

The unsteady adjoint equations are formulated for an objective function in the form

of a time-integral over a selected time-interval. The dual time-stepping technique is

used to solve the unsteady adjoint equations along with an iterative scheme, which is

the adjoint to the 5-stage Runge-Kutta scheme used for the flow equations and which

is derived "by-hand". The scheme is formulated so as to ensure same convergence

rate as the Unsteady Reynolds-Averaged Navier-Stokes (URANS) solver. Algorithmic

Differentiation (AD) is employed in the adjoint solver for the computation of selected

differential terms. Its usage is restricted to low level operations and combined with

hand-differentiation to ensure efficiency.

To enable communication between adjacent row-domains in the adjoint solver, the

adjoint sliding interface is developed to replace the mixing interface technique used

in steady state solvers. Its baseline is the sliding interface of the flow solver where

grids of adjacent rows are generated so that there is a one-cell overlap. AD along with

hand programming ensure that the implementation is consistent with the reverse flow

of information in the adjoint solver.

The solver utilizes the SSD disk space instead of RAM to store and read-in, in a

parallel manner, the per-time-step flow fields during the adjoint execution. Thus, RAM

bottlenecks are avoided while run time is not significantly increased. The temporal

coarsening technique is employed in the adjoint solver to decrease the run time and

the required storage space when this exceeds the available storage capacity.
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Adjoint-based derivatives are computed and used within the optimization work-

flow. If equality constraints are considered, the component of the objective function’s

gradient which is normal to the constraints’ gradients is used along with the projected

gradient descent method to update the design variables and, thus, the geometry. In

unconstrained optimization problems, steepest descent is used.

The developed software is applied to the shape optimization of 3D, multi-row, tur-

bomachinery cases for the first time in the literature. The application cases include

one single row turbine case (transient operation), one stage turbine case (periodic flow

study) and one 3-row compressor case (periodic flow study). The computed deriva-

tives are validated against the derivatives computed via finite differences and, then,

used in optimization setups with and without equality constraints.

Key words: Computational Fluid Dynamics, Unsteady Discrete Adjoint Method, Sen-

sitivity Derivatives, Shape Optimization, Transient Flow, Multi-row Turbomachinery
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1
Introduction

The continuous evolution of high-performance computing empowered the long-lasting,

ongoing transition from steady to unsteady Computational Fluid Dynamics (CFD) sim-

ulations and surely affects adjoint solvers too. The use of CFD-based, rather than

exclusively experiment-based design, is nowadays established. The new demand is

improving CFD optimization results by reducing the number of assumptions made in

CFD which is also the case with adjoint solvers. This is the area which this thesis con-

tributes to by extending the application of the unsteady adjoint method, formulated

in the time-domain, to industrial, 3D, multi-row, turbomachinery applications. Before

expanding the goals of this work, the fundamental background is set and the relevant

literature review is presented. The chapter concludes with the outline of this thesis.

1.1 CFD & Optimization in Turbomachinery

CFD and optimization have played a decisive role in the evolution of turbomachinery

design [1–5]. Over the years, the problems to be solved have increased in size and

complexity. The growth of the available computing power has led to the decreasing

usage of assumptions when modeling turbomachinery flows. Thus, modeling in 1D
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Chapter 1. Introduction

and 2D was replaced by 3D computations, the Euler by the Navier-Stokes equations

[6, 7], steady by unsteady computations and the use of turbulence models by LES

(Large Eddy Simulation) [8–10]. However, in the industrial environment, some of

the aforementioned simplifications are still being made in order to allow obtaining

technical answers or performing designs within an acceptable timeframe.

Optimization [11, 12], more specifically shape optimization in the CFD context,

aims at minimizing or maximizing a certain objective/cost function by iteratively mod-

ifying the initial geometry. Optimization methods can be broadly classified into two

main approaches; stochastic and deterministic. Stochastic methods [13–15], mostly

represented by evolutionary algorithms (EAs), mimic natural evolution operations,

producing generations of designs until a convergence criterion is met. They are able to

locate a global minimum within the design space and are suitable to capture the Pareto

front in multi-objective optimization (MOO). On the other hand, they require a large

number of objective function (CFD) evaluations. Thus, for complex design problems

that involve a high computational cost per evaluation, they become prohibitive, at least

in their standard form. Among the techniques that have been suggested to decrease

this computational cost, contributions have been made by PhD theses completed (or

running) in the Parallel CFD & Optimization Unit of the Laboratory of Thermal Tur-

bomachines of the National Technical University of Athens (LTT/NTUA) [16,17]

Deterministic methods [18–21] rely on the availability of the first- or even higher-

order gradients of the objective function with respect to (w.r.t.) the design variables in

order to perform optimization cycles [22, 23] according to methods such as steepest

descent, conjugate gradients or Newton (exact or approximate) etc. Gradient-based

methods could be trapped into local minima. This could be avoided by re-starting

from a different initial design, which would naturally increase the optimization cost.

Unlike EAs, they usually involve a smaller number of evaluations and addressing MOO

problems requires transforming them to single objective optimization (SOO) problems

using weights.

Each optimization method comes with its own advantages and disadvantages [24].
It is the analysis of the underlying problem and its properties that lead to the selection

of a specific method to be used. In turbomachinery shape optimization, both stochastic

[25, 26] and deterministic methods have extensively been used. When considering

aerodynamic shape optimization of blades, baseline shapes are often considered to

be near optimal and major shape changes are neither expected nor desired. Thus, an

optimization method that searches for a local optimum is sufficient and gradient-based
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approaches are quite popular in the field.

1.2 Gradient Computation via the Adjoint Method

A variety of different approaches may be used to compute the desired first-order gradi-

ent of the objective function w.r.t. the design variable vector. Using the finite differences

method [27], each component of the design variable vector a, which has N elements, is

perturbed individually by an infinitesimally small value ε, defining a perturbed geom-

etry that will be used to evaluate the objective function J . The corresponding element

of the gradient vector, for a second-order scheme, is given by

d J
dan

=
J(a1, a2, . . . , an + ε, . . . , aN−1, aN )− J(a1, a2, . . . , an − ε, . . . , aN−1, aN )

2ε
(1.1)

The process, which for CFD applications might be computationally demanding, needs

to be performed for every element of the design variable vector and hence, the com-

putational cost of the method is proportional to the number of design variables N .

The method is inefficient for a large design vector and, at the same time, derivatives

are sensitive to the size of the selected perturbation. Using a "too" small value for the

perturbation can lead to computer round-off errors. On the other hand, using a large

value for ε introduces a non-negligible truncation error. Practically, in most cases,

more than one values of ε must be tried in order to find the most suitable.

Dependence on the perturbation step can be circumvented when the complex vari-

able method [28,29] is used instead. In this case, the gradient is computed as

d J
dan

=
Im[J(a1, a2, . . . , an + iε, . . . , aN−1, aN )]

ε
(1.2)

where i =
p
−1 and Im is the imaginary part of any complex variable. However,

the computational cost still scales with the number of design variables and the solver

needs to be modified so as to support complex, instead of real variables.

The cost scales with the number of design variables also when using forward/direct

differentiation [30, 31]. According to this, the flow equations are differentiated w.r.t.

a and N linear systems need to be solved. This overcomes the dependency from ε but

requires programming of software.

An alternative for efficiently computing the gradient is the adjoint method. Fol-

lowing this approach, the gradient is computed by solving an adjoint linear system
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of equations just after the solution of the flow equations. Its fundamental property is

that the computational cost is independent of the number of design variables, in con-

trast to all the aforementioned methods. The method is beneficial when the design

variables significantly outnumber the objective functions. A vast majority of (turbo-

machinery) CFD applications share that characteristic. However, the method requires

the development of a separate adjoint solver in accordance with the flow equations

solver.

The adjoint method was introduced in fluid mechanics problems by Pironneau [32]
and extended later by Jameson [33–36]. Over the last 25 years, it has been exten-

sively used for initially external flow problems, such as airfoils and wings [37, 38].
The transition to internal flows and, in specific, turbomachinery came slightly later,

when, for example, Yang et al. [39] applied it in 2D cascades considering an inviscid

flow or Chung et al. [40] considered the shape optimization of the 3D Rotor 37. Ap-

plications of the adjoint method to turbomachinery cases followed by Wu et al. [41]
and Papadimitriou and Giannakoglou [42–45]. The common element of these appli-

cations was that they were considering a single row only. Despite the fact that Den-

ton [46] provided the mixing-plane technique in 1992 for flow prediction problems

in multi-row configurations, adjoint solvers that supported multi-row applications ap-

peared quite later. Prominent first examples are the work of Frey et al. [47], Wang

and He [48,49].

The adjoint method can be devised in two different ways. When the differentiation

of the governing equations comes before the discretization, we refer to the continuous

approach [50,51]. When the flow equations are firstly discretized and then differenti-

ated to produce the adjoint equations system directly in discrete form, we refer to the

discrete approach [52–54]. Both approaches are used extensively in CFD and have

their own advantages and disadvantages; comparisons can be found in [55–59]. In

this work, the discrete adjoint approach is used.

Even if optimization cycles are not performed, the adjoint method can provide the

designer with sensitivity maps over the existing design. Sensitivity maps express the

derivatives of the objective function w.r.t. the normal displacement of all surface nodes.

They are a useful tool for the designer since they highlight the areas of the geometry

that contribute more towards a potential improvement of the objective function.

Apart from undertaking the gradient computation for shape optimization purposes,

the adjoint method has also been used to tackle other CFD problems. Different usages

are for error estimation and grid adaptation [60–62]. Error estimation refers to at-
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tempting to quantify the difference between the discrete solution and the unknown

exact solution. In grid adaptation, the adjoint-based estimation of the localized error

is used as an indicator for the areas of the grid that need to be refined. Another pop-

ular application field of the adjoint method is uncertainty quantification [63–65], in

which the propagation of uncertainties from the inputs (usually operating conditions)

to the outputs (objective functions) is quantified. In order to compute the statisti-

cal moments of a quantity of interest, its derivatives are needed and because of its

efficiency in computing derivatives, the adjoint method is used.

The benefits of using the adjoint method for CFD applications contributed to its

increasing popularity. A clear view of this recognition in the scientific community

over the years can be obtained by extracting data from the online databases/digital

collections of the

• ASME (American Society of Mechanical Engineers) 1 and

• ARC (Aerospace Research Central) of AIAA (American Institute of Aeronautics

and Astronautics) 2.

Published papers that refer to the adjoint method are retrieved. These papers are

classified based on the year of publication and, also, on whether they refer to steady

or unsteady flows (see section 1.3). In fig. 1.1, the per year number of papers that

apply the adjoint method is plotted in a bar chart both for the entire ASME digital

collection and the Journal of Turbomachinery, in specific. The same plot for the AIAA

database can be found in fig. 1.2. The upward trend of the adjoint usage in scientific

papers is apparent.

1.3 Motivation & Recent Advances in Unsteady Adjoint

Solvers

Unsteadiness is an intrinsic characteristic of turbomachinery flows due to the interac-

tion of rotating and stationary components. Other unsteady phenomena such as vor-

tices and flow recirculations also dominate in turbomachinery flows and affect aero-

dynamic behavior. However, the steady state assumption along with the mixing plane

1https://asmedigitalcollection.asme.org
2https://arc.aiaa.org/search
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Figure 1.1: Research papers on the (steady and unsteady) adjoint method that ap-
pear in the ASME paper digital collection. Top: Entire ASME digital collection. Bot-
tom: Journal of Turbomachinery.

technique [46] has been the dominant approach both for flow and adjoint flow com-

putations. Restricted computational power and the large size of 3D turbomachinery
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Figure 1.2: Research papers on the (steady and unsteady) adjoint method that ap-
pear in the AIAA paper digital collection.

cases calls for such a simplification in order to get solutions at a reasonable cost.

Nowadays, in an industrial environment, optimization problems demand modify-

ing designs that are close to optimal and improvements are becoming increasingly

hard to obtain. Improving, for example, the efficiency of a turbine or compressor

stage by 0.1% is satisfactory for industrial applications. This is an indication that cap-

turing flow phenomena more accurately is becoming a necessity that pushes towards

the direction of considering unsteady flow computations for industrial turbomachinery

optimization.

Another issue to face, when making the steady state assumption along with a dis-

crete adjoint solver, is convergence difficulties. When solving an unsteady flow with

a steady solver, the solver may not be able to converge to machine accuracy. If only

the flow solution is needed and the objective function has converged to "engineering

accuracy", the result is usually accepted by the engineer. However, the discrete adjoint

solver is sensitive to the convergence of the flow equations and may diverge when the

flow solver is not fully converged. For example, when a strong vortex shedding ap-

pears at the trailing edge of a blade, then steady flow convergence usually stagnates

and the adjoint may diverge, as seen in fig. 1.3. As a remedy to this problem, the
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GMRES [66] and RPM [67–69] algorithms were used to stabilize the flow solver. An-

other, less mathematical, solution would be to coarsen the grid close to the trailing

edge to average out the vortex effect and, thus, achieve convergence while sacrificing

accuracy.
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Figure 1.3: Flow solver stalling convergence leading to adjoint solver divergence.
Left: Flow solver convergence. Right: Adjoint solver divergence.

The aforementioned, combined with the continuous advances in high-performance

computing, enable the transition to unsteady solvers for the flow and adjoint equations

for the design optimization of turbomachinery cases. Based on figs. 1.1 and 1.2, the

tendency of using unsteady adjoint solvers over the last years is confirmed. The need

for unsteady adjoint, especially for turbomachinery applications, is pronounced by the

fact that, in the last years, the majority of papers on unsteady adjoint presented in the

ASME Conference(s) are also published in the Journal of Turbomachinery.

The first papers on the application of the adjoint method to unsteady flows were

published [70–74] at the beginning of the 2000s. Since then, a significant number of

works has been published on unsteady adjoint. More specifically, it has been applied

to a variety of external flow problems, 2D in the beginning and 3D later, mostly - but

not exclusively - using the time-domain formulation. Applications involve flow past

cylinders [75,76], helicopter rotor blades [77–81], airfoils [82–102], wings [80,103],
full aircraft geometries [104] but also ducts [105, 106]. Most of them are concerned

with fluid mechanics only while some other consider also the interaction with the

structure [78,104]. The computational grid is either static or moving. In the case of a

moving grid, with or without considering overset grids [80], the Geometric Conserva-
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tion Law [107] is incorporated into the equations to account for grid deformation. For

turbomachinery flows, the vast majority of unsteady adjoint applications benefits from

the periodic behavior of the flow in order to reduce the computational cost. The time-

domain Fourier models or frequency domain methods, such as the harmonic balance

method [108–114] are based on the Fourier representation of the unsteady solution,

i.e. the unsteadiness is approximated using a mean value and the harmonics of user-

prescribed frequencies. The space-time gradient [115] replaces the time derivative

of the flow vector in the equations by a space derivative multiplied by the rotating

speed. Such approaches neglect transient flow phenomena, such as the surge margin

prediction, the transient flow behavior in cavities and the flow in the thrust reverser

of a jet engine or periodic phenomena with frequencies different than the prescribed

ones such as the vortex shedding of wakes downstream of trailing edges. Talnikar

et al. [116] applied the adjoint method, formulated in the time-domain, using LES

on a single-row turbine vane configuration. Preliminary work conducted within this

PhD applied the unsteady adjoint method for URANS to a 3D stator blade [117] and a

quasi-2D turbine stage [118]. To the author’s knowledge, the time-domain unsteady

adjoint method, with a time-domain formulation, is applied to 3D, multi-row turboma-

chinery applications for the first time in this thesis and in [119], which is a publication

resulted by this PhD. To do so, the development of an interface that supports multi-

row adjoint computations by coupling the grids of adjacent rows is required. This is a

special variant of the overset grids [80].

It is well known, see also chapter 3, that the unsteady adjoint equations run back-

wards in time. That translates to having the unsteady flow available during the un-

steady adjoint computations. For relatively large CFD cases, the required amount

of RAM to keep the entire unsteady flow may quickly reach numbers that make un-

steady adjoint computations impossible to run. In order to tackle this issue, the check-

pointing technique or approximation models are used. In check-pointing [120–123],
instead of storing the entire unsteady flow, only selected time-steps (checkpoints) are

saved and the rest are recomputed when needed during the unsteady adjoint com-

putation. Thus, run time increases in order to reduce storage requirements. In ap-

proximation models [124,125], again the entire unsteady flow solution does not need

to be stored. During the unsteady adjoint computation, the unsteady flow is recon-

structed or approximated according to techniques such as the POD (Proper Orthogonal

Decomposition). Approximation models reduce storage requirements and are faster

than check-pointing algorithms, though less accurate. In [126], spatial and temporal
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coarsening techniques were used to reduce the storage requirements of unsteady ad-

joint computations, which were also tested in the applications included in this thesis.

1.4 Research Objectives within the Research Framework

of RR and LTT/NTUA

This work was conducted under the AboutFlow [127] Initial Training Network (ITN),

funded by the European Commission, Marie Skłodowska-Curie FP7. The ITN funded

14 research positions focusing on robust adjoint solvers, the seamless integration of ad-

joint gradients into design chains and the application of unsteady adjoint in industrial

design. This thesis evolves around the last axis. The research position combined the

industrial placement in the Design Systems Engineering (DSE) group of Rolls-Royce

Deutschland (RRD) and the academic placement in the LTT/NTUA.

The software used and expanded in this thesis is the Hydra CFD suite [128]. Hy-

dra was originally developed by Prof. M. Giles and his research team in the period

1998-2004 at the Oxford University, using mainly Fortran 77, and was subsequently

transferred to RR while receiving contributions from research groups at Cambridge,

Imperial College, Loughborough, Surrey and Sussex Universities. It is extensively val-

idated [129, 130] and has been used by RR since 2009 in almost every aspect of its

aerodynamic design for turbomachinery components. RR products such as the Trent

1000 engine, fig. 1.4, which powers Boeing 787 airplanes, and the newer Trent XWB,

which powers Airbus A350 aeroplanes, have made extensive use of Hydra’s capabili-

ties. Until the completion of this work, the Hydra suite included a steady and unsteady

(time-domain formulation) flow equations solver and a steady adjoint solver.

LTT/NTUA has been developing and using both flow and adjoint solvers for over 25

years, as indicated by the completed PhD theses over that period. Papadimitriou [131]
developed continuous and discrete adjoint methods for inviscid and viscous compress-

ible flows. Asouti [132] extended the continuous and discrete adjoint methods for use

with preconditioned flow equations for low-Mach number flows. Zymaris [133] for-

mulated the continuous adjoint approach to the Spalart-Allmaras turbulence model

and wall functions. Zervogiannis [134] developed a discrete adjoint approach to

compute first- and second-order derivatives, using "hand differentiation", and per-

formed a posteriori error analysis for the optimal adaptation of hybrid grids. Kon-

toleontos [16] developed the continuous adjoint approach to incompressible, turbu-
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Figure 1.4: Rolls-Royce Trent1000 engine. c© Rolls-Royce.

lent flows with the presence of heat transfer and to topology optimization problems.

Papoutsis-Kiachagias [135] developed the continuous adjoint method to various turbu-

lence models including wall functions, expanded the continuous adjoint for topology

optimization to 3D flows using a truncated Newton algorithm to accelerate conver-

gence and dealt with robust design problems. Finally, Kavvadias [136] developed the

continuous adjoint to the k-ω SST turbulence model and a new approach to account

for grid sensitivities in continuous adjoint, including the extension to unsteady flows.

The work of this thesis aims to contribute to the research activities of both par-

ties, industrial and academic. Regarding the industrial party, in order to account for

transient flow phenomena while computing gradients and complete the set of exist-

ing solvers in Hydra (steady and unsteady flow solvers and steady adjoint solver), an

unsteady adjoint solver, formulated in the time-domain, was developed. The existing

Hydra steady adjoint solver was naturally used as background tool for the unsteady

adjoint solver. Regarding the academic party, this work can be viewed in parallel with

the work presented in [136] and [137] despite the fact that, there, the unsteady ad-

joint solver was developed using the continuous (in contrast to the discrete) approach

and the open source CFD software OpenFOAM [138] (in contrast to Hydra). In addi-

tion, the discrete adjoint developments presented in [131, 132, 134, 135] considered

steady flows, while this work is extended to unsteady problems. There, the differential
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terms were computed using "hand-differentiation" while, in this work, a combination

of Algorithmic Differentiation (AD), Appendix A, and "hand-differentiation" is used to

program the adjoint solver.

Summarizing, this thesis contributes to research efforts on CFD optimization for un-

steady flows, by employing unsteady adjoint solvers. The work conducted within the

thesis aims mainly to explore both the benefits and limits of using a discrete unsteady

adjoint solver, which employs a time-domain formulation, to realistic, industrial, 3D

turbomachinery applications. CFD computations for such cases is a daily routine for

the engineers in the industrial environment.

The following points were considered during the development process of the solver:

• Derivation of equations. The discrete unsteady adjoint equations to be solved

are derived so that the gradient of an objective function, which is defined over

a specified time interval, be computed.

• Iterative solving scheme. In order to solve the unsteady adjoint equations in a

consistent manner and correctly consider the extra unsteady terms, the adjoint

version of the 5-stage Runge-Kutta scheme is derived and used.

• Adjoint sliding interface. An interface that ensures the communication be-

tween stationary and rotating grids is developed for the unsteady adjoint solver

respecting the adjoint/reverse flow of information.

• Handling increased size of data requirements. In order to avoid RAM bot-

tlenecks, a store-all-to-disk approach is selected. The implementation is faster

than check-pointing algorithms and more accurate than approximation models

but requires large disk capacities which, however, are relatively cheap compar-

ing to RAM expansions. In addition, the temporal coarsening technique offers a

reduction in time and storage space needed.

1.5 Thesis Outline

The present thesis consists of 5 chapters, including the introduction and conclusions

chapters, which are summarized below.

In chapter 2, the Navier-Stokes equations with the Spalart-Allmaras turbulence

model are presented as the governing flow equations. The equations are discretized

and boundary conditions are imposed. A dual time-stepping technique which employs
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5-stage Runge-Kutta is employed to solve them and geometric multigrid is used to ac-

celerate convergence. The parameterization and grid generation are briefly described

as the remaining steps of the simulation setup, which starts from the design variables

and ends up with the objective function value.

In chapter 3, the unsteady adjoint equations are formulated starting from an ob-

jective function defined over a specific time interval and the corresponding boundary

conditions are derived. A consistent numerical iterative scheme, adjoint to the 5-stage

Runge Kutta, is derived in order to solve the adjoint equations and Algorithmic Dif-

ferentiation is employed to compute the differential terms that appear in the adjoint

equations. Moreover, the adjoint sliding interface is developed to enable the commu-

nication between rotating and stationary domains and the programming implemen-

tation is discussed. The temporal coarsening method is used to reduce the storage

requirements of the adjoint solver and the specific case of periodic flows is examined

by means of a simplified example. The chapter also presents the integration of the

flow and adjoint flow solvers in the gradient computation process and an optimiza-

tion setup. Lastly, the computational cost of the adjoint solver is discussed.

In chapter 4, two cases are initially used to validate the flow solver. Then, the un-

steady adjoint solver is applied to a turbine vane with transient flow, a turbine stage

and a three-row compressor case with periodic flows. The gradients computed via

unsteady adjoint are compared against those computed by finite differences for the

turbine vane and stage cases. Optimization cycles, with and without considering con-

straints, are performed using the gradients computed via unsteady adjoint to improve

the geometries. Finally, the temporal coarsening technique is used for the multi-row

cases and the gradients are compared with the reference gradients computed without

it.

In Appendix A, the principles of algorithmic differentiation are presented. Two

implementations are introduced and one of them, namely the source code transfor-

mation, which is used in this work, is further discussed using an example.
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2
Governing Flow Equations: Formulation

and Numerical Solution

In this chapter, the unsteady Navier-Stokes equations and the Spalart-Allmaras [139]
turbulence model are presented as the flow governing equations of the CFD computa-

tion. The governing equations are discretized appropriately on the control volumes of

an unstructured grid, according to the vertex-centered finite volume scheme. Bound-

ary conditions are imposed to achieve the closure of the CFD problem. The solution

of the system is reached iteratively by employing dual time-stepping, an outer real

time loop and an inner pseudo-time loop, where the 5-stage Runge-Kutta scheme is

combined with geometric multigrid for convergence acceleration. The pseudo-code

of the flow solver is also given. Finally, the remaining steps of the flow problem set

up are given by presenting how the objective function is computed for an unsteady

flow problem and providing information about shape parameterization and grid gen-

eration.
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Chapter 2. Governing Flow Equations: Formulation and Numerical Solution

2.1 Unsteady 3-D Navier-Stokes Equations

The principles of motion of a viscous compressible fluid through turbomachinery rows

can be mathematically represented by coupling the unsteady 3D momentum conser-

vation equations along with the continuity equation and the energy equation, form-

ing the so-called Navier-Stokes equations’ system [6, 7]. The equations are solved in

the Cartesian coordinate system considering the relative velocity. A convention used

throughout the thesis is that bold small letters indicate vectors while bold capital let-

ters indicate matrices. In conservative vectorial form and using Einstein’s notation

(twice repeated indices imply summation over i = 1, 2,3), the Navier-Stokes equa-

tions are expressed as
∂ u
∂ t
+
∂ f inv

i

∂ x i
−
∂ f visc

i

∂ x i
= s (2.1)

where u denotes the conservative variables vector, f inv
i the inviscid flux vector, f visc

i

the viscous flux vector, t the time, x = [x1, x2, x3]
T the Cartesian coordinates and s

the source terms (if any). The involved vectors are defined as follows

u =

















%

%w1

%w2

%w3

%E

















, f inv
i =

















%wi

%w1wi + pδi1

%w2wi + pδi2

%w3wi + pδi3

%Ewi + pwi

















, f visc
i =

















0

τ1i

τ2i

τ3i

w jτ ji + qi

















(2.2)

where % is the density, w = [w1, w2, w3]
T is the Cartesian relative velocity vector, p is

the pressure, δi j is the Kronecker delta function, E is the relative total energy per unit

mass and τ is the stress tensor.

The absolute Cartesian velocity vector υ= [υ1,υ2,υ3]
T is defined as

υ= w +ω× x (2.3)

where ω= [ω1,ω2,ω3]
T is the angular velocity vector. In a rotating domain, solving

for the relative velocity, the source term s accounts for the Coriolis and centrifugal
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forces

s =

















0

−% (ω2υ3 −ω3υ2)
−% (ω3υ1 −ω1υ3)
−% (ω1υ2 −ω2υ1)

0

















(2.4)

In the present work, the rotor axis coincides with the x1 axis, thus the angular

velocity can be re-written as ω = [ω1, 0, 0]T or simply ω hereafter. The absolute

velocity υ can be expressed in terms of the relative velocity w as

υ=







w1

w2 −ωx3

w3 +ωx2






(2.5)

and the source terms reduce to

s =

















0

0

%ω(w3 +ωx2)
−%ω(w2 −ωx3)

0

















(2.6)

The relative total energy per unit mass is given by

E =
p
%

1
γ− 1

+
1
2

wiwi −
1
2

r2ω2 (2.7)

where r2 = x2
2 + x2

3 .

Assuming an isotropic Newtonian fluid and following Stokes’ hypothesis for the

viscosity [140], the stress tensor τi j is given by

τi j = µ

�

∂ wi

∂ x j
+
∂ w j

∂ x i

�

+λδi j
∂ wk

∂ xk
, λ= −

2
3
µ (2.8)

where µ is the dynamic viscosity. The heat flow qi is modeled using the Fourier law

qi = k
∂ T
∂ x i

(2.9)
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where k =
cpµ

Pr is the coefficient of thermal conductivity, cp is the specific heat capacity

under constant pressure and Pr is the Prandtl number with Pr = 0.72 for air.

The Navier-Stokes equations, along with the turbulence model equation presented

below, are solved in non-dimensional form.

2.2 Turbulence Modeling

Turbulent flows are characterized by chaotic 3D fluctuations of the flow quantities

throughout time and space. Turbulence should be taken into consideration in CFD

computations since it is responsible for energy dissipation, mixing, momentum dif-

fusion, high momentum convection etc., thus affecting the flow quantities to be pre-

dicted. Turbulence involves a wide range of length and time scales. Fully resolv-

ing them using extremely fine grids (Direct Numerical Simulation-DNS [141–145]) is

computationally very expensive and almost prohibitive for complex geometries and

industrial time-scales.

Alternatively, one may construct a model to predict the effects of turbulence with-

out resolving it. Following the Boussinesq hypothesis [146], the averaged equations

take the same form as the Navier-Stokes equations if the definition of viscosity is mod-

ified to incorporate both molecular and turbulent contributions as

µ= µl +µt (2.10)

where µt is the eddy viscosity and thermal conductivity k is transformed to

k = kl + kt = cp

�

µl

Prl
+
µt

Prt

�

(2.11)

with Prt = 0.9 for air. In order to close the problem, extra equation(s) which form

the turbulence model must be solved. The Unsteady Reynolds-Averaged Navier Stokes

equations coupled with the turbulence model equation(s) gives rise to the so-called

URANS system.

Below, the unsteady one-equation Spalart-Allmaras turbulence model [139] used

in this thesis is presented.
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2.2.1 The Spalart-Allmaras Turbulence Model

The Spalart-Allmaras turbulence model [139] introduces one extra transport equa-

tion to solve for a kinematic viscosity like variable ν̃, to be referred to as the Spalart-

Allmaras variable, from which the turbulent eddy viscosity is computed as

µt = µ̃ fv1 (2.12)

where

µ̃= %ν̃, fv1 =
χ3

χ3 + c3
ν1

, χ =
µ̃

µ
(2.13)

The equation of the model is

∂ ν̃

∂ t
+wi

∂ ν̃

∂ x i
=

1
σ

�

∂

∂ x i

�

(ν+ ν̃)
∂ ν̃

∂ x i

�

+ cb2

�

∂ ν̃

∂ x i

�2
�

+cb1S̃ν̃−
�

cw1 fw −
cb1

κ2
ft2

�

�

ν̃

d

�2

+ ft1∆w2

(2.14)

where ν = µ/% is the kinematic viscosity. The last term in eq. 2.14, called trip term,

provides a means for triggering transition at a specified location. However, during

this work, the flow is fully turbulent and the trip term is set to zero. Coefficients are

defined as follows

S̃ = S +
ν̃

κ2d2
fv2, S =

Æ

2Ωi jΩi j, Ωi j =
1
2

�

∂ wi

∂ x j
−
∂ w j

∂ x i

�

,

fv2 = 1−
χ

1+χ fv1
, fw = g

�

1+ c6
w3

g6 + c6
w3

�

, g = r + cw2

�

r6 − r
�

, r =
ν̃

S̃κ2d2

where d denotes the distance to the nearest wall and constants are

cb1 = 0.1355, cb2 = 0.0622, σ =
2
3

, cv1 = 7.1,

cw1 =
cb1

κ2
+

1+ cb2

σ
, cw2 = 0.3, cw3 = 2, κ= 0.41

Wall Functions

One of the challenges when modeling turbulence is how to treat the thin near-wall

sublayer where the viscous effects become important. The most reliable way is to

use a fine grid in the near-wall area which, however, may become expensive for 3D
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geometries and might additionally lead to high aspect ratio cells. On the other side,

the use of a coarser grid may lead to the incorrect computation of the wall shear stress.

As a remedy for coarser grids, such as in the cases presented in this thesis (chapter 4),

where the dimensionless distance y+, defined in eq. 2.17, of the first node off the wall

is high, wall-functions [147] are used. The original definition of the wall shear stress

value, expressed in the discrete form is

τw = µw
∆w

y
(2.15)

where y is the distance from the wall and∆w the velocity difference between the wall

node and the first node off the wall. Since the relative velocity on the wall nodes is

set to zero, section 2.4, ∆w can be replaced simply by w at the first node off the wall.

In this expression (eq. 2.15), considering that w varies linearly between the first node

off the wall and the wall node leads to an incorrect estimation of τw. To avoid this, an

appropriately modified dynamic viscosity µw is used in the momentum equations to

produce the correct wall shear stress values. The equation that models the near-wall

sublayer, firstly presented by Spalding [148], is written as

y+ = w+ + e−κB
�

eκw+ − 1− κw+ −
1
2

�

κw+
�2
−

1
6

�

κw+
�3
�

(2.16)

where κ= 0.41, B = 5.3, the dimensionless distance from the wall y+ and the velocity

w+ are defined as

y+ =
y%wτ
µ

, w+ =
w
wτ

(2.17)

and the friction velocity wτ is defined as

wτ =
√

√τw

%
(2.18)

Initially, Spalding’s equation 2.16 is solved iteratively to obtain the value of w+. Then,

to compute the modified µw value to be used in the momentum equations, equations

2.15, 2.17 and 2.18 are combined to yield

µw =
y+

w+
µ (2.19)

20



Chapter 2. Governing Flow Equations: Formulation and Numerical Solution

2.3 Discretization of the Flow Equations

The discretization of the URANS equations presented here is performed on unstruc-

tured grids. The integration of eq. 2.1 is done for node/vertex-centered median dual

control volumes. Each control volume VP is defined by connecting the middle points

of the edges around the central node P with the centroids of the grid cells this node

belongs to, as in fig. 2.1. Integrating eq. 2.1 over the control volume VP forms the

residual rn,P that corresponds to the control volume associated with node P for the

time-step n,

rn,P =

�
VP

∂ uP

∂ t

�

�

�

�

n
dV

︸ ︷︷ ︸

temporal

+

�
VP

∂ f inv
Pi

∂ x i

�

�

�

�

�

n

dV

︸ ︷︷ ︸

inviscid

−
�

VP

∂ f visc
Pi

∂ x i

�

�

�

�

�

n

dV

︸ ︷︷ ︸

viscous

−
�

VP

sn,P dV

︸ ︷︷ ︸

sources

(2.20)

  

 

P
Qn

L R   
   P

 

wall

Figure 2.1: Vertex-centered control volumes (a 2D example). Left: Internal control
volume. Right: Boundary control volume.

The next subsections describe how fluxes are assembled for internal and boundary

nodes and, then, how the different terms in the residual are computed for each control

volume. Subscript n is omitted for simplicity.

2.3.1 Discretization of Inviscid Fluxes

By applying the Green-Gauss theorem to the inviscid term, it occurs that

r inv
P =

�
VP

∂ f inv
i

∂ x i
dV =

�
∂ VP

f inv
i n̂id (∂ V ) (2.21)
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where n̂ is the outward unit normal vector to the control volume boundary ∂ V .

Fluxes across the (inter)face associated with the edge between the central node P

and its neighbor Q, at 1
2

�

xP + xQ

�

, are computed as shown in the 2D case of fig. 2.1.

There is obviously a one-to-one correspondence between faces and edges.

In the discrete sense, the inviscid nodal (node P) residual is approximated by the

expression

r inv
P '

∑

Q∈EP

φ inv
PQ SPQ (2.22)

where φ inv
PQ = f inv

i,PQ · n̂i is the inviscid flux vector and SPQ represents the area of an

internal face associated with edge (PQ) and Sb is the area of the boundary face if P is

a boundary node with φ inv
P being the corresponding boundary inviscid flux. The set

of the neighboring nodes of node P is denoted by EP and the set of boundary faces by

BP .

Let u L and uR be the flow variable values’ vectors on the left and right side of the

face between volumes of P and Q. Based on the Roe’s scheme [149], the flux from P

to Q can be obtained by

φ inv
PQ =

1
2



φ inv
�

u L
�

+φ inv
�

uR
�

︸ ︷︷ ︸

convect ive term

−
�

�ĀPQ

�

�

�

uR − u L
�

︸ ︷︷ ︸

dissipative term



 (2.23)

where
�

�ĀPQ

�

� is the Jacobian matrix computed by the Roe-averaged flow variables at

the face between nodes P and Q. To obtain the values of u L and uR, a Taylor expansion

is needed

u L = uP +
1
2
(PQ) · ∇uP

uR = uQ −
1
2
(PQ) · ∇uQ (2.24)

where uP and uQ are the flow variable vectors at P and Q respectively and ∇u is the

spatial gradient of the flow variable vector. However, to avoid the computation of u L,
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uR for the convective term, the following approximation is used

φ inv
PQ =

1
2

�

φ inv (uP) +φ
inv
�

uQ

�

−
�

�ĀPQ

�

�

�

uR − u L
��

=
1
2

�

APuP + AQuQ −
�

�ĀPQ

�

�

�

uR − u L
��

(2.25)

To develop the dissipative term, inspiration is drawn from the corresponding approxi-

mation formula for a structured 1D stencil of equidistant consecutive points x j+ , x j, x i

and x i− and the corresponding flow variable vectors u j+ , u j, ui and ui− is considered at

first. A family of four-point schemes [150] can be employed to express the dissipation

term for this stencil which, by ignoring the application of limiters, can be expressed as

�

�Āi j

�

�

�

uR − u L
�

=
1
2
(1−κ)

�

�Āi j

�

�

��

1
2

u j+ − u j +
1
2

ui

�

−
�

1
2

u j − ui +
1
2

ui−

��

(2.26)

where κ ∈ [0,1] represents a one-parameter family of second-order schemes; herein,

κ= 1/2. Using the operator

LP (u) =
1

# (EP)

∑

Q∈EP

�

uQ − uP

�

(2.27)

where # (EP) is the number of faces of the element P and based on eq. 2.26, eq. 2.25

can be rewritten as

φ inv
PQ =

1
2

§

�

φ inv (uP) +φ
inv
�

uQ

��

−
1
2
(1− κ)

�

�ĀPQ

�

�

�

LQ (u)−LP (u)
�

ª

(2.28)

The LP operator, defined in eq. 2.27, was introduced in [151, 152]. However, a

modified formula, proposed in [153] to ensure that the operator retains second order

accuracy on stretched grids, is used here; the modified operator L∗P is given by

L∗P (u) = L̂P (u)−∇uP L̂P (x ) (2.29)

where the gradient ∇uP is approximated by

∇uP =
∑

Q∈EP

1
2

�

uQ + uP

�

n̂PQSPQ +
∑

Qb∈BP

uP n̂bSb (2.30)
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and L̂P (u), L̂P (x ) are computed by, [154],

L̂P

�

ζ
�

=

�

∑

Q∈EP

1
�

�xQ − xP

�

�

�−1
∑

Q∈EP

ζQ − ζP
�

�xQ − xP

�

�

(2.31)

In order to deal with discontinuities such as shock waves and ensure stability, sim-

ilarly to what presented in [151,155], the flux is re-written as

φ inv
PQ =

1
2

�

φ inv (uP) +φ
inv
�

uQ

��

−
1
4

�

�ĀPQ

�

�

�

−
1
3
(1−Ω)

�

L∗P (u)−L∗Q (u)
�

+Ω
�

u L − uR
�

�

(2.32)

where

Ω= min

�

ε′
�

�

�

�

pQ − pP

pP + pQ

�

�

�

�

2

, 1

�

(2.33)

and ε′ is a user-defined constant, here ε′ = 8. The additional term offers stability by

becoming dominant in discontinuities due to the way Ω is defined.

2.3.2 Discretization of Viscous Fluxes

Similarly to the inviscid term, the Green-Gauss theorem is applied to the viscous term

r visc
P =

�
VP

∂ f visc
Pi

∂ x i
dV =

∫∫

∂ VP

f visc
Pi n̂id (∂ V ) (2.34)

or

r visc
P =

∑

Q∈EP

φvisc
PQ SPQ (2.35)

where φvisc
PQ is the viscous flux per unit area vector in the normal to the finite volume

boundary direction

φvisc
PQ =

















0

τPQ
1i n̂i

τPQ
2i n̂i

τPQ
3i n̂i

w jτ
PQ
ji n̂i + qi n̂i

















(2.36)
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where τPQ
1i is the stress tensor as defined by eq. 2.8. The computation of the viscous flux

requires the approximation of ∇u at the midpoint of each edge, which is computed

by the following expression [156]

∇uPQ =
1
2

�

∇uP +∇uQ

�

−

�

1
2

�

∇uP +∇uQ

�

ˆ(PQ)−

�

uQ − uP

�

�

�xQ − xP

�

�

�

ˆ(PQ) (2.37)

where
ˆ(PQ)=

xQ − xP
�

�xQ − xP

�

�

2.3.3 Discretization of the Temporal Term

The time derivative is approximated by the second-order backward difference formula

[157]
∂ u
∂ t

�

�

�

�

n

=
3un − 4un−1 + un−2

2∆t
(2.38)

In the case of a stationary grid, where the control volume is constant, the temporal

term in eq. 2.20 is computed by�
VP

∂ uP

∂ t

�

�

�

�

n

dV =
3un

P − 4un−1
P + un−2

P

2∆t
VP (2.39)

2.4 Boundary Conditions

Walls

Concerning the nodes that lay along solid walls, the components of the flow variable

vector that correspond to the velocity and turbulence are set to zero. At the same

time, the corresponding components of the residual vector are discarded so as not to

update the initial flow variable vector for wall nodes at these components. If a 3D

compressible flow is considered along with a one-equation turbulence mode and B is
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a matrix that extracts the components of velocity and turbulence from wall nodes

B =





















0 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 1





















(2.40)

I the identity matrix and rwall the residual vector of the wall nodes, the expressions

that summarize the aforementioned can be written as follows

(I − B) rwall = 0

Buwall = 0
(2.41)

In the cases studied in this thesis, the solid wall boundaries are considered adiabatic;

so, the wall heat flux is set to zero.

Periodic

The grid is generated so that the nodes are matched in pairs across the periodic bound-

aries. The residual at the periodic nodes is formed by summing contributions from the

finite volume integrals of the matching nodes. By ensuring the residual is identical at

matching nodes along with the flow values and their spatial gradients, periodicity is

enforced.

Inlet/Outlet

For the inlet/outlet, the boundary condition is imposed using the inviscid flux in eq.

2.23

φ inv
b =

1
2

�

φ
�

uin/out

�

+φ (ub)−
�

�Āb

�

�

�

ub − uin/out

��

(2.42)

where subscript b denotes the boundary face and the definition of uin/out depends on

the case. For subsonic inflow and outflow boundary conditions, total pressure and

temperature along with the flow angles are specified at the inlet together with the

static pressure at the outlet.
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2.4.1 Sliding Interface

In turbomachinery flows, CFD simulations often need to simultaneously account for

adjacent rows of blades. Grids are though generated for each single blade row, sep-

arately. Thus, across the interface, flow quantities are exchanged between successive

rotating and stationary rows (rotor-stator interface).

Before elaborating on the sliding interface, a brief overview of the mixing interface

method, which is used in steady computations, is given. In steady computations, the

domain of each row is separately solved in its relative frame of reference. Since the

flow is considered steady, pseudo-time is employed to converge the flow equations

similarly to what is described in section 2.5. At each pseudo-iteration, flow-field data

from adjacent domains are communicated and operate as boundary conditions which

are circumferentially averaged at the mixing interface.

For unsteady simulations, the sliding interface technique [158–160] is used which

is a special type of overset grids [161]. Its parallelization is based on the OPlus library

[162,163], section 2.7. The method requires that in each row an appropriate number

Figure 2.2: Simplified 2D sliding interface at radial and axial cut (thick dashed line:
interior sliding plane (donors), thick line: exterior sliding plane (receivers), arrows:
interpolation direction) Left: Radial cut. Right: Axial cut.

of blade-passages is considered for the simulation so that each row-domain is of equal

circumferential pitch. The grids of two adjacent rows is pre-processed to create a one

cell overlap between the two grids, fig. 2.3, in the sliding interface boundary. In other

words, the exterior sliding plane of one row coincides with the interior plane of the

other row and vice-versa. During the computation of fluxes, the nodes of the interior

sliding plane (donors) are used to update the flow values at the nodes of the opposite
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Figure 2.3: Radial cut of a 3D turbine stage grid. Zoom at the sliding interface area.

exterior sliding plane (receivers). At each time-step, rotor grids are moved relative to

stator grids. It is reminded that, for each row, its relative frame of reference is used

to solve the flow equations. Before updating them, the flow values (velocities) of the

donors are being transformed from the relative Cartesian to the absolute cylindrical

frame of reference3 (u → uabs
don)
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υ1

υr

υθ

p

x2

x3

























=

























1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 cosθ −sinθ 0 −ωsinθ −ωcosθ

0 0 sinθ cosθ 0 ωcosθ −ωsinθ

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1
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w1

w2

w3

p

x2

x3

























(2.43)

where ω is the angular speed and θ is the angular displacement of the row for the

corresponding time-step of the CFD simulation. Then, when moving to the next time-

step, a search is performed in order to locate the face of the exterior sliding plane,

where each node of the opposite interior plane is located at the current time-step.

Then, interpolation takes place using weights mi computed based on the distance

3For stationary rows, where ω = θ = 0, the transformation matrix reduces to the identity matrix
and, thus, no transformation takes place.
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between the receiver node from the donors (uabs
don→ uabs

rec ), fig. 2.2.

u rec =
∑

i

miu
don
i ,

∑

i

mi = 1 (2.44)

The interpolation takes place at every pseudo-time iteration while the search takes

place only once for every real time-step (see section 2.5 for the description of physical

and pseudo-time usage). Finally, the interpolated flow variables are transformed back

from the absolute cylindrical to the relative Cartesian frame of reference3 (uabs
rec →

u rel
rec).

























%

w1

w2

w3

p

x2

x3

























=
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0 1 0 0 0 0 0

0 0 cosθ sinθ 0 0 ω

0 0 −sinθ cosθ 0 −ω 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1
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(2.45)

These values are, then, used to compute the fluxes at the corresponding control vol-

umes. At convergence of the real time-step, these values are consistent between the

zones.

2.5 Iterative Solution Scheme

The system of discrete equations 2.1 is linearized and solved iteratively within each

and every time-step using a dual time-stepping technique for the correction of the

flow variables vector ∆u. To be more precise, the solution at each real time-step

is considered as a steady problem with extra source terms for time variation. The

iterative scheme that is used to converge the discrete residuals to zero is pseudo-time-

stepping using the 5-stage Runge-Kutta method [164]. Let τ denote the pseudo-time

and superscript k the pseudo-time-step counter within a real time step; then, a generic

time marching scheme can be written as

uk+1
n − uk

n

∆τ
Vn = −(1− β)rn

�

uk
�

− β rn

�

uk+1
�

(2.46)
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where β ∈ [0, 1] determines whether a totally explicit or implicit scheme is used.

Note that the residual rn includes the temporal source terms introduced by eq. 2.38.

If the residual at the k+ 1 pseudo-time-step is linearized using the Jacobian at k, it is

obtained

rn

�

uk+1
�

' rn

�

uk
�

+
∂ rn

∂ uk
n

∆uk
n (2.47)

Combining eq. 2.46 and eq. 2.47 yields

�

Vn

σ∆τ
+ β

∂ rn

∂ uk
n

�

∆uk
n = −rn

�

uk
�

(2.48)

whereσ is the CFL (Courant–Friedrichs–Lewy) number determined by the user. When

σ → +∞ and the exact Jacobian matrix is computed, the equation translates to a

Newton step, which gives quadratic convergence.

In practice, however, computing the exact Jacobian matrix comes at a prohibitive

memory overhead and this is approximated instead. During this work, an approxi-

mation to the Jacobian, called block-Jacobi approximation, Pb−J is used in place of

the full Jacobian matrix. The approximation is based on a local linearization of the

Navier-Stokes equations using the central and neighboring control volumes and con-

structed by extracting the terms that correspond to the central node, thus producing a

block-diagonal matrix [165]. The block-Jacobi approximation, augmented by the CFL

weighted pseudo-time-stepping term, forms the solver’s preconditioner P,

P =
Vn

σ∆τ
+ Pb−J (2.49)

transforming eq. 2.48 to

P∆uk
n = −rn

�

uk
�

(2.50)

The system is driven to iterative convergence using a 5-stage Runge-Kutta scheme

[164] which, if the subscript is the real time-step counter, the first superscript is the

pseudo-time-step counter and the second superscript the Runge-Kutta stage counter,

can be expressed as

uk,0
n =uk

n

uk,m
n =uk,m−1

n −αmP−1r k,m−1
n , m= 1, . . . , 5 (2.51)

uk+1
n =uk,5

n
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where

r k,m−1
n =C

�

uk,m−1
n

�

− Bk,m−1

Bk,m−1 =βmD
�

uk,m−1
n

�

+ (1− βm)B
k,m−2

Above, C is the convective operator arising from the discretization of the inviscid fluxes

and D the dissipation, viscous and source term operator. The coefficients αm and βm

are

α1 =
1
4

, α2 =
1
6

, α3 =
3
8

, α4 =
1
2

, α5 = 1

β1 = 1, β2 = 0, β3 =
14
25

, β4 = 0, β5 =
11
25

The scheme has a large stability region and a low computational cost due to the fact

that β2 and β4 are zero, which does not require the computation of the dissipation

and viscous terms Di

�

uk,2
n

�

and Di

�

uk,4
n

�

.

The preconditioning matrix P is inverted by directly inverting each of the diagonal

block matrices before the first Runge-Kutta stage. Then, it is stored in order to be

multiplied with the residual vector r during the Runge-Kutta updates. Neglecting

momentarily the turbulence model, the cost of storing the block-Jacobi preconditioner

is five times that of the flow solution, i.e. a 5x5 matrix vs. the 5x1 flow variable vector

needs to be additionally stored for each grid node.

The usual practice of considering the system as converged is applied when

∑

i∈[1,Nnodes]

ri ≤ ε or k ≥ Ni ter (2.52)

where ε sufficiently small number and Ni ter the maximum number of iterations, both

provided by the user.

2.6 Multigrid

Multigrid [166–168] is a fundamental technique used in the majority of modern grid-

based flow solvers. The concept behind the method is to have a sequence of suc-

cessively coarser grids, which represent the smooth error modes of the finer grid

along with an iterative “smoothing” procedure that eliminates the high frequency error

modes on each grid. Thus, all error modes are eliminated and convergence is reached
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faster.

Two approaches can be distinguished:

• Algebraic multigrid (AMG) [169,170], where the hierarchy of operators is con-

structed directly from the system matrix. The levels of the hierarchy are subsets

of unknowns without any geometric interpretation.

• Geometric multigrid (GMG) [171,172], where the hierarchy of discretization is

formulated on a series of successively coarsened grids based on the initial fine

grid.

AMG methods can be applied as black-box for certain classes of sparse matrices and

are considered advantageous where GMG is too difficult to apply. GMG, on the other

hand, can be more efficient because the features of the flow, such as boundary layers,

can be taken into account when coarsening the fine grid. During this work, GMG was

used. GMG needs a grid coarsening algorithm to create the coarser grids and, also,

needs to be properly constructed and embedded into the solver transfer operations.

These are: restriction (from fine to coarse) and prolongation (from coarse to fine).

The consecutive coarse grids are produced by collapsing the grid edges of the finer

level. The algorithm is sorting the cells of the grid in a list according to their volumes.

Then, the shortest edges are collapsing and new cells are being formulated while trying

to maintain a certain quality for the coarser grid and avoid negative volumes. More

information can be found in [165]. An example of the fine grid and a sequence of

coarser grids can be seen in fig. 2.4.

Once the coarser grids are generated, what remains is the definition of the transfer

operations. During the coarsening procedure every grid node of the coarser grid i is

associated with a set of nodes Ki on the finer grid from which it has been derived.

In addition, for every fine grid point, the index of the coarse grid point which it has

been collapsed to is available. The aforementioned is all the grid-to-grid connectivity

information that is needed and contributes to a small addition to the storage footprint.

Prolongation

The correction∆u is transferred from the coarse to the fine grid. A linear interpolation

is used, taking advantage of the spatial gradients of the corrections. If h denotes the

fine and H the coarse grid values

∆uh
i =∆uH

j +
�

xh
i − xH

j

�

∇
�

∆uH
�

j
, ∀i ∈ K j (2.53)
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(a) Grid on the inlet face of a tur-
bine stator domain. (b) 1st grid level (finest).

(c) 2nd grid level. (d) 3rd grid level (coarsest).

Figure 2.4: Multigrid levels at the inlet face of a turbine stator domain.

The gradient of the correction is computed using eq. 2.30.

Restriction

The residuals and the solution are transferred from the fine to the coarse grid. Volume

weighting is used for the operation.

r H
j =

∑

i∈Kl

V h
i r h

j

∑

i∈Kl

V h
i

and uH
j =

∑

i∈Kl

V h
i uh

j

∑

i∈Kl

V h
i

(2.54)
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Multigrid Algorithm

The multigrid algorithm follows the Full Approximation Scheme (FAS) [163]. If N
�

uk
�

=
f is a non-linear system, whose solution is u, the iterative scheme to solve it can be

expressed as

uk+1← uk +KRK

�

f − N
�

uk
��

(2.55)

where KRK denotes the Runge-Kutta algorithm described in 2.51 and f − N
�

uk
�

=
−r

�

uk
�

needs to be driven to zero. Initially, the solution is smoothed on the fine grid

by performing a selected number of Runge-Kutta iterations.

uh← uh +KRK

�

f h − Nh
�

uh
��

(2.56)

At this point, the solution error, which exists if Nh
�

uh
�

6= f h, is defined as

Eh = ûh − uh (2.57)

where ûh is the unknown exact solution. So by definition,

Nh
�

uh + Eh
�

= f h (2.58)

Subtracting Nh
�

uh
�

from both sides yields

Nh
�

uh + Eh
�

− Nh
�

uh
�

= f h − Nh
�

uh
�

= −r h (2.59)

The residual and the solution are restricted to the next coarser grid and this operation

is denoted by IH
h . Eq. 2.59 can now be written for the coarser grid

NH
�

IH
h uh + EH

�

− NH
�

IH
h uh

�

= −IH
h r h

⇒ f H = −IH
h r h + NH

�

IH
h uh

�

(2.60)

Thus, f H is obtained and the smoother can be used for a selected number of iterations

to converge to the solution on that grid in a way equivalent to eq. 2.56,

uH ← uH +KRK

�

f H − NH
�

uH
��

(2.61)

The procedure continues until the coarsest grid is reached. Then the correction is

prolonged gradually from the coarsest to the finest grid which, if Ih
H stands for the
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prolongation operator, is expressed as

uh← uh + Ih
H

�

uH − Ih
H uh

�

(2.62)

The sequence of operations described can be applied either in a V or W-cycle. A

schematic can be seen in fig. 2.5. In this work, a V-cycle with 4 grid levels is used for

the cases of chapter 4.

grid level 1

grid level 2

grid level 3

grid level 4

Runge-Kutta iterations
restrict solution & residual to coarser grid

prolong correction to finer grid

Figure 2.5: Schematic of V and W cycles of multigrid operations (1:finest, 4:coarsest
grid).

The iterative process used to solve the unsteady flow equations per time-step, inside

the outer physical time loop of the dual time-stepping scheme, can be summarized by

uk
n = uk−1

n −∆τK
�

3uk−1
n − 4un−1 + un−2

2∆t
+ rst

�

(2.63)

where K is the operator incorporating both Runge-Kutta and multigrid.
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2.7 Flow Solver’s Algorithm & Parallelization

The solution method described in this chapter can be summarized in the following

pseudo-code algorithm.

Algorithm 1: Unsteady flow solver.

initialize u;

t → 0;

while t < t f inal do // physical time loop

i ter → 0;

while i ter < i termax and
∑

r > ε do // pseudo-time loop

multigrid(to_fine, to_coarse);

if to_fine then

prolong;

else if to_coarse then

restrict;

end

i termg → 0;

while i termg < i termg
max do // multigrid levels loop

stageRK → 1;

while stageRK ≤ 5 do // 5 stage Runge-Kutta loop

impose BCs;

compute fluxes;

compute redidual r ;

update solution u;

stageRK → stageRK + 1;

end

i termg → i termg + 1;

end

i ter → i ter + 1;

end

t → t +∆t;

end
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The parallelization of the flow solver is based on the OPlus library [162,163], ini-

tially developed at the Oxford University. It enables the parallelization of applications

that involve unstructured grids through the straightforward insertion of simple sub-

routine calls. In other words, it creates an interface between the application code

(i.e. Hydra) and the low level MPI routines. All MPI calls are within OPlus, without

any direct message passing calls in Hydra. It is based on an underlying abstraction

involving sets, pointers between sets and operations performed on sets. The set par-

titioning, computation of halo regions, and the exchange of halo data is performed

automatically by OPlus after the user specifies the sets and pointers by Fortran sub-

routine calls. A single-source OPlus application code can be compiled for execution in

either a parallel or sequential manner.

2.8 Objective Function & Practicalities

The previous sections of this chapter presented the details of the flow solver. This

section attempts to place the flow solver within the process that is needed to set up

the flow simulation and continue with an optimization.

The first step is to select a number of appropriate design parameters a to parame-

terize a given geometry. Modifying the design parameters translates to modifying the

shape of the geometry (section 2.8.1). Then, using a grid generation software, the

computational grid x is generated to discretize the space "close to" the geometry (sec-

tion 2.8.2). The URANS solver that was presented is used to solve the flow problem.

After converging the flow equations at each real time-step, the instantaneous value of

a function of interest jst(u, a, t) is computed. In an unsteady problem, the objective

function J is defined as the time-integral of jst over a time interval starting from time-

step n0, corresponding to time t0, and ending at the last time-step N , corresponding

to the time-instant T . For equal time-steps ∆t, J is given by

J (u, a) =

T
∫

t0

jst (u, a, t) d t =∆t
N
∑

n=n0

jst,n (un, a) (2.64)

Fig. 2.6 provides a schematic of the described process.

The URANS governing equations 2.1 can be rewritten, using eq. 2.38 and the quan-
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a x

u

J
grid generation

URANS

post-processing

Figure 2.6: Simplified schematic of the flow problem’s setup.

tities introduced in this section, in a semi-discrete form as

r (u, a, t) =
∂ u
∂ t
+ rst (u, a) = 0

=
3un − 4un−1 + un−2

2∆t
+ rst (u, a) = 0 (2.65)

where rst is the steady residual, i.e. the URANS residual excluding the temporal term.

2.8.1 Parameterization

Both parameterization and grid generation are performed using PADRAM, which stands

for PArametric Design and RApid Meshing [173,174]. It is a CFD grid generation tool

designed for turbomachinery components as well as a design system providing a rich

set of parameters to alter a given configuration. The different ways to parametrically

modify a geometry include the displacement of blade cut sections, bump functions,

the free form deformation method, splines and NURBS.

For this work, the first method is selected and this is described below. Five sections

are considered uniformly across the blade span. Each section can independently be:

• axially shifted,

• rotated in the circumferential direction and

• rotated around a radial axis.

The blade surface is modified accordingly by a spanwise cubic spline interpolation

of the five sections. In fig. 2.7, the position of the middle out of the five sections is

changed and the effect on the geometry is displayed.
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2.8.2 Grid Generation

Grid generation was performed by PADRAM which is capable of creating 2D, quasi-3D,

3D, single passage, multi-passage, structured, unstructured and hybrid (combination

of structured and unstructured) grids. Grids are based on C-O-H multi-blocks. For the

grids of the 3D blade passages of the applications in this thesis, initially, an O-grid is

generated around the blade. An H-grid is then generated around it to link the O-grid to

the periodic boundaries and for the upstream and downstream regions of the domain,

as shown schematically in fig. 2.8. For a single blade passage, the generation of the

grid is a matter of a single-digit number of seconds. Grid details are specified using an

input file by the user. Options such as the number of O-grid layers, the number of H-

grid layers can be set and this might also include the presence of realistic features such

as fillets, gaps, cavities etc. By adjusting the appropriate parameters, the generated

grid can be coarse, medium or fine.

The so-generated grids are block structured and are preprocessed in order to be

readable from Hydra, which is an unstructured grid solver. The entire computational

domain is assembled by connecting the individual domains that correspond to each

row (row-domains). For steady computations, the mixing plane technique is used for

the exchange of information between different rows. For the unsteady computations,

the sliding interface is needed, so the suitable number of blades to be used to form

each row-domain needs to be found so that all of them are of equal circumferential

pitch. The grid is generated for one of the blade passages belonging to the same

row-domain and repeated for the others. At a post-processing step, a one-cell overlap

between grids of adjacent rows is created (see section 2.4.1).
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(a) Axial shift.

(b) Circumferential rotation.

(c) Rotation around radial axis.

Figure 2.7: Possible position changes of the blade sections (left) along with the mod-
ified blade geometries if the position change is applied only over the middle section
(right).
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Figure 2.8: Single passage grid blocks.
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3
Unsteady Discrete Adjoint Method:

Time-Domain Formulation

In this chapter, the adjoint method is presented as an efficient means of computing

the gradient of an objective function w.r.t. the design variables for unsteady flows.

The adjoint equations corresponding to the URANS flow equations are formulated

in the real time-domain, contrasting with frequency-domain approaches, using the

discrete approach. The adjoint method is applied also to the iterative scheme that

employs Runge-Kutta and is used to solve them so that a consistent iterative scheme,

that ensures the same convergence rate, is generated to solve the adjoint equations.

The computation of some of the differential terms of the adjoint equations is aided

by Algorithmic Differentiation, the usage of which and the combination with hand-

differentiation in the adjoint solver is described. Furthermore, the imposed boundary

conditions of the adjoint system are derived. In order to use the unsteady adjoint solver

for multi-row cases, the communication of adjacent row-domains is needed. This is

achieved by developing the adjoint to the sliding interface technique. In addition, the

temporal coarsening technique is used as a way to reduce the storage space require-

ments and execution time footprint of the adjoint solver. The specific case of periodic
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flows is also examined using an example in order to further reduce the computational

cost of the adjoint solver when applicable.

Apart from solving the unsteady adjoint problem, the algorithm for obtaining the

gradient of the objective function is given. The use of the gradient is described in

a basic optimization loop by considering equality constraints, if needed. Finally, the

time and storage space costs of an adjoint computation are discussed.

3.1 Unsteady Discrete Adjoint Equations

In order to employ gradient-based optimization methods, the gradient of an objective

function w.r.t. the design variables’ vector dJ
da needs to be computed. Applying the

chain rule to eq. 2.64, the gradient of the objective is given by

dJ
da
=∆t

N
∑

n=n0

∂ jst,n

∂ a
+∆t

N
∑

n=n0

∂ jst,n

∂ un

d un

da
︸ ︷︷ ︸

B

(3.1)

To compute d un
da of term B in eq. 3.1, the equation that occurs by differentiating eq.

2.65 w.r.t. a, to be referred as the forward differentiation system hereafter, needs to

be solved

R f orw =
∂
� d un

da

�

∂ t
+
∂ rst,n

∂ un

d un

da
+
∂ rst,n

∂ a
= 0 (3.2)

with the initial condition d u0
da = 0. The cost of solving the forward differentiation equa-

tion is proportional to the number of design variables. To avoid solving it, the adjoint

method is employed to replace term B with a term which is cheaper to compute. The

augmented objective function is formulated as

Jaug =∆t
N
∑

n=n0

jst,n (un, a) +∆t
N
∑

n=0

ψT
n rn (3.3)

whereψ is the adjoint variable vector. The gradient of the augmented objective func-
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tion w.r.t. a is

dJaug

da
=∆t

N
∑

n=n0

�

∂ jst,n

∂ a
+
∂ jst,n

∂ un

d un

da

�

+∆t
N
∑

n=0

ψT
n

�

∂
� d un

da

�

∂ t
+
∂ rst,n

∂ un

d un

da
+
∂ rst,n

∂ a

�

=∆t
N
∑

n=n0

�

∂ jst,n

∂ a
+
∂ jst,n

∂ un

d un

da

�

+∆t
�

ψT
n

d un

da

�N

0
−∆t

N
∑

n=0

∂ψT
n

∂ t
d un

da

+∆t
N
∑

n=0

ψT
n

�

∂ rst,n

∂ a
+
∂ rst,n

∂ un

d un

da

�

=∆t
N
∑

n=n0

∂ jst,n

∂ a
+∆t

N
∑

n=0

ψT
n

∂ rst,n

∂ a
+∆t

�

ψT
n

d un

da

�N

0

+∆t
N
∑

n=n0

�

−
∂ψT

n

∂ t
+ψT

n

∂ rst,n

∂ un
+
∂ jst,n

∂ un

�

d un

da

+∆t
n0−1
∑

n=0

�

−
∂ψT

n

∂ t
+ψT

n

∂ rst,n

∂ un

�

d un

da
(3.4)

To avoid computing d un
da , the unsteady adjoint residual that must be zeroed while

marching backwards in time, after applying the second-order time discretization for-

mula, eq. 2.38, is

rad j,n =
3

2∆t
ψn +

�

∂ rst

∂ u

�T

n
ψn −

2
∆t
ψn+1 +

1
2∆t

ψn+2 + gn = 0 (3.5)

where

gn =











�

∂ jst
∂ u

�T

n
, n ∈ [n0, N]

0, n ∈ [0, n0)
(3.6)

and the initial condition to be used is ψN = 0.

The gradient of J w.r.t. the design variable vector can now be computed by

dJ
da
=∆t

N
∑

n=n0

∂ jst,n

∂ a
+∆t

N
∑

n=0

ψT
n

∂ rst,n

∂ a
(3.7)

Eq. 3.5 implies that the unsteady adjoint system needs to be solved backwards
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in time. The unknowns of the adjoint equations are the adjoint variable fields of the

current time-stepψn, whileψn+1 andψn+2 have already been computed while solving

for the time-steps which are next in terms of real time and previous in terms of order

of solution. The flow solution of the current time-step un is also needed to form the

unsteady adjoint equation. However, since it is obtained by marching forward in time,

as implied by eq. 2.65, the flow and adjoint systems are solved separately. In order

to have the flow solution fields available during the adjoint computation, flow-files

are saved per time-step in the disk during the URANS solver run. They are read in,

whenever needed, during the adjoint run. Even though RAM storage would provide

faster access, it is avoided due to RAM size limitations. Moreover, the I/O operations

from an SSD disk using the parallel library OPlus, is still relatively fast and offers far

larger storage space capacity.

3.2 Solving the Discrete Unsteady Adjoint Equations

This section aims at formulating the iterative schemes that are used to solve the for-

ward differentiation and the adjoint systems starting from the iterative scheme that

is used to solve the flow equations. It is recalled that the flow solver is using a dual

time-stepping scheme. The outer loop is marching forwards in real time and the inner

loop performs pseudo-time-steps which employ the explicit Runge-Kutta scheme, eq.

2.51, and multigrid.

It is required that the iterative schemes have two properties. Firstly, it is desired

that the forward differentiation and the adjoint solver converge with the same rate

as the flow solver. The second requirement is consistency between the forward dif-

ferentiation and the adjoint solver. This ensures that, by using the same number of

convergence iterations for the corresponding real time-steps of the forward differen-

tiation or the adjoint equations, the obtained gradient is the same. Giles [175] has

produced the iterative scheme for steady adjoint problems but the analysis needs to

be expanded to include the extra real time loop and unsteady terms.

For the sake of convenience, the equations are used in continuous form and index

n for the real time-step is omitted. The forward differentiation equation, expressed

for a single entry aλ of the design variables’ vector a becomes

r f orw =
∂

∂ t

�

d u
daλ

�

+
∂ rst

∂ u
d u
daλ

+
∂ rst

∂ aλ
= 0 (3.8)
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The adjoint equation becomes

rad j = −
∂ψ

∂ t
+
�

∂ rst

∂ u

�T

ψ+ g = 0 (3.9)

Differentiating eq. 2.63 w.r.t. aλ yields the iterative scheme to solve eq. 3.8,

r ′f orw =
∂

∂ τ

�

d u
daλ

�

+K

�

∂

∂ t

�

d u
daλ

�

+
∂ rst

∂ u
d u
daλ

+
∂ rst

∂ aλ

�

= 0 (3.10)

where τ ∈ [0,τ∞] and t ∈ [0, T]. τ∞ may be different for each time-step but is

expressed uniformly here to keep the expressions simpler. For the same reason, in

the following equations, the notation d u
daλ

�

�

�

t

τ
= d u

daλ
(t,τ), where superscript is for real-

time and subscript for pseudo-time, is used. The initial conditions for eq. 3.10 are
d u
daλ

�

�

�

τ=0
= d u

daλ

�

�

�

t=0
= 0.

The adjoint method was used to avoid computing d u
da by appropriately replacing term

B in eq. 3.1. In this section, function Bλ which corresponds to aλ is selected to be

computed; this is given by

Bλ =

∫ T

t0

∂ jst

∂ u
d u
daλ

�

�

�

�

τ∞

d t

=

∫ T

t0

∂ jst

∂ u
d u
daλ

�

�

�

�

τ∞

d t +

∫ t0

0

0
d u
daλ

�

�

�

�

τ∞

d t

=

∫ T

0

g T d u
daλ

�

�

�

�

τ∞

d t (3.11)

In eq. 3.11, index τ∞ means that the values of d u
daλ

for the last pseudo-time step of each

and every real-time instant are used. By introducing a Lagrange multiplier w , instead

of Bλ, one may define the augmented function B
aug
λ

which, through integration by

parts, becomes
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B
aug
λ
=

∫ T

0

g T d u
daλ

�

�

�

�

τ∞

d t −
∫ T

0

∫ τ∞

0

w T r ′f orwdτd t

=

∫ T

0

g T d u
daλ

�

�

�

�

τ∞

d t

−
∫ T

0

∫ τ∞

0

w T
§

∂

∂ τ

�

d u
daλ

�

+K

�

∂

∂ t

�

d u
daλ

�

+
∂ rst

∂ u
d u
daλ

+
∂ rst

∂ aλ

�ª

dτd t

=

∫ T

0

g T d u
daλ

�

�

�

�

τ∞

d t −
∫ T

0

�

w T d u
da

�τ∞

0
d t +

∫ T

0

∫ τ∞

0

∂ w T

∂ τ

d u
daλ

dτd t

︸ ︷︷ ︸

A1

−
�∫ τ∞

0

w TK
d u
daλ

dτ

�T

0

+

∫ T

0

∫ τ∞

0

∂

∂ τ

�

w TK
� d u

daλ
dτd t

︸ ︷︷ ︸

A2

−
∫ T

0

∫ τ∞

0

w TK
∂ rst

∂ u
d u
daλ

dτd t

︸ ︷︷ ︸

A3

−
∫ T

0

∫ τ∞

0

w TK
∂ rst

∂ aλ
dτd t (3.12)

Terms A1, A2 and A3 are combined to form

∫ T

0

∫ τ∞

0

�

∂ w T

∂ τ
+
∂ w T

∂ t
K− w TK

∂ rst

∂ u

�

d u
daλ

dτd t

which can be eliminated from eq. 3.12 if w satisfies the equation

∂ w T

∂ τ
+
∂ w T

∂ t
K− w TK

∂ rst

∂ u
= 0

or, if transposed,
∂ w
∂ τ
+KT ∂ w

∂ t
−
�

∂ rst

∂ u

�T

KT w = 0 (3.13)

Eq. 3.12, after using the initial conditions for eq. 3.10, d u
daλ

�

�

�

τ=0
= d u

daλ

�

�

�

t=0
= 0, can be
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rewritten as

B
aug
λ
=

∫ T

0

g T d u
daλ

�

�

�

�

τ∞

d t

︸ ︷︷ ︸

A4

−
∫ T

0

w T
�

�

τ∞

d u
da

�

�

�

�

τ∞

d t

︸ ︷︷ ︸

A5

−
∫ τ∞

0

w TK
d u
daλ

dτ

�

�

�

�

t=T

︸ ︷︷ ︸

A6

−
∫ T

0

∫ τ∞

0

w TK
∂ rst

∂ aλ
dτd t (3.12′)

Terms A4 and A5 are eliminated if

w |τ∞ = g (3.14)

and term A6 is eliminated if

w |T = 0 (3.15)

so that Bλ can be written as

Bλ =B
aug
λ
= −

∫ T

0

∫ τ∞

0

w TK
∂ rst

∂ aλ
dτd t (3.12′′)

By defining

ψ|t
τ∗
=

∫ τ∞

τ∗

KT w dτ (3.16)

where τ∗ ∈ [0,τ∞] is the pseudo-time used in the adjoint problem, Bλ can be com-

puted as

Bλ =

∫ T

0

ψT
�

�

0

∂ rst

∂ aλ
d t (3.17)

Applying the Leibniz theorem to eq. 3.16 gives

∂ψ

∂ τ∗
=K w |τ∗ (3.18)

which because of 3.14 can be written as

∂ψ

∂ τ∗
=K

�

g − w |τ∞ + w |τ∗
�

=K

�

g −
∫ τ∞

τ∗

∂ w
∂ τ

dτ

�

(3.18′)
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Because of eq. 3.13, this modified to

∂ψ

∂ τ∗
=K

�

g −
∫ τ∞

τ∗

�

−KT ∂ w
∂ t
+
�

∂ rst

∂ u

�T

KT w

�

dτ

�

(3.18′′)

which, finally, by using the definition of ψ, eq. 3.16, yields

∂ψ

∂ τ∗
=KT

�

g −
∂ψ

∂ t
+
�

∂ rst

∂ u

�T

ψ

�

(3.18′′′)

Eq. 3.18′′′ provides the iterative scheme that is used to solve the unsteady adjoint

equations subject to the initial conditions

ψ|τ∞ =
∫ τ∞

τ∞

KT w dτ= 0 (3.19)

(because of eq. 3.16) and

ψ|T =
∫ τ∞

τ∗

KT w dτ

�

�

�

�

T

= 0 (3.20)

(because of eq. 3.15). Since K is used to converge the flow and forward differentiation

equations and KT to converge the adjoint equations, all of them are expected to have

the same convergence rate.

For completeness, the equations that summarize the iterative schemes used are

written in semi-discrete form:

Forward differentiation:

d u
da

�

�

�

�

n0

n

=
d u
da

�

�

�

�

k−1

n

−∆τK

 

3 d u
da

�

�

k−1

n − 4 d u
da

�

�

n−1 +
d u
da

�

�

n−2

2∆t
+
∂ rst

∂ u
d u
da

�

�

�

�

k−1

n

+
∂ rst

∂ a

�

�

�

�

n

!

(3.21)

Adjoint:

ψn0
n =ψ

k+1
n −∆τKT

�

3ψk+1
n − 4ψn+1 +ψn+2

2∆t
+
�

∂ rst

∂ u

�T

ψk+1
n + gn

�

(3.22)
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Eq. 3.22 represents the outer loop of the pseudo-time-stepping scheme for the ad-

joint equations. Next step is to go one level deeper and modify the Runge-Kutta scheme

from the flow solver to adjust it for the adjoint solver. For that purpose, it is considered

that K involves only Runge-Kutta and not multigrid for the equations until the end of

this section. Multigrid is addressed in the following section. The flow solver’s explicit

Runge-Kutta scheme introduced by eq. 2.51 is differentiated w.r.t. the design variable

vector to produce the RK algorithm for solving the forward differentiation system

dk,0
n =0

d u
da

�

�

�

�

k,0

n

=
d u
da

�

�

�

�

k

n

dk,m
n =βmD

d u
da

�

�

�

�

k,m−1

n

+ (1− βm)d
k,m−1
n

d u
da

�

�

�

�

k,m

n

=
d u
da

�

�

�

�

k,0

n

+ amP

�

∂ rst

∂ aλ
−C

d u
da

�

�

�

�

k,m−1

n

− dk,m
n − V

3dk,m−1
n − 4 d u

da

�

�

n−1 +
d u
da

�

�

n−2

2∆t

�

d u
da

�

�

�

�

k+1

n

=
d u
da

�

�

�

�

k,5

n

(3.23)

where m= 1,2, · · · , 5. For the 5-stage RK scheme, eq. 2.51, quantities

edk,m
n = dk,m

n − D
d u
da

�

�

�

�

n0

n

,
gd u
da

�

�

�

�

�

k,m

n

=
d u
da

�

�

�

�

k,m

n

−
d u
da

�

�

�

�

k

n

are defined and the scheme can be reformulated for the solution of the forward dif-

ferentiation system as follows
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edk,0
n =− D

d u
da

�

�

�

�

n0

n

gd u
da

�

�

�

�

�

k,0

n

=0

edk,m
n =βmD

gd u
da

�

�

�

�

�

k,m−1

n

+ (1− βm) ed
k,m−1
n

gd u
da

�

�

�

�

�

k,m

n

=amP






R f orw −C

gd u
da

�

�

�

�

�

k,m−1

n

− edk,m
n −

3 fd u
da

�

�

�

k,m−1

n

2∆t







d u
da

�

�

�

�

k+1

n

=
d u
da

�

�

�

�

k

n

+
gd u
da

�

�

�

�

�

k,5

n

(3.24)

where m= 1, 2, · · · , 5. The RK operator K is defined implicitly by the previous system

of equations as

K=
�

0 0 0 · · · 0 I
�

Γ−1
�

a1P 0 a2P · · · 0 a5P
�T

(3.25)

where

Γ =



























I

−β2D I

a2P(C+ 3
2∆t I) a2P I

. . . . . . . . .
. . . . . . . . .

−(1−β5) −β5D I

a5P(C+ 3
2∆t I) a5P I



























For the adjoint system, the transpose operation is needed, as proved by eq. 3.22

KT =
�

a1PT 0 a2PT · · · 0 a5PT
�

�

Γ T
�−1 �

0 0 · · · 0 I
�T

(3.26)

and the adjoint time-marching scheme of eq. 3.22 becomes

ψn0 =ψk+1 +
5
∑

m=1

amPTΓ T
ew k,m

n (3.27)
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where ew k
n are defined by

Γ T
�

ew k,1
n

edk,2
n ew k,2

n · · · edk,5
n ew k,5

n

�T
=
�

0 0 · · · 0 I
�T

rad j (3.28)

Finally, using eψk,m = PT
ew k,m, the RK algorithm for solving the unsteady adjoint system

becomes

eψk,5
n = PT rad j

edk,5
n = − a5

eψk,5
n

eψk,m
n = PT

�

−am+1

�

C T +
3

2∆t
I
�

eψk,m+1
n + βm+1DT

edk,m+1
n

�

edk,m
n = − am

eψk,m
n + (1− βm+1) ed

k,m+1
n

ψk
n =ψ

k+1
n + eψk,1

n

(3.29)

where m= 5,4, · · · , 1.

The important outcome of the analysis is that the unsteady terms referring to other

real time-steps (− 2
∆tψ

n+1, 1
2∆tψ

n+2) need to be added only once in the residual (stage

5 of the Runge-Kutta scheme), whereas the unsteady term that refer to the current

real time-step ( 3
2∆tψ

n) is added at every Runge-Kutta stage since only ψn is being

constantly updated.

3.2.1 Adjoint Multigrid

In eq. 2.51, operator K can be split into the following sub-operators

K=KreKRKKpr (3.30)

where Kre represents the restriction of the residual and the solution to a coarser grid,

KRK the Runge-Kutta scheme and Kpr the prolongation of solution’s correction to a

finer grid. For the adjoint solver, the transpose operation is needed, as shown in eq.

3.22, where

KT =KT
prK

T
RKK

T
re (3.31)

Eq. 3.31 shows that, apart for the adjoint version of the Runge-Kutta scheme that was

derived, in order to use the multigrid technique, the transpose of the prolongation

needs to be used as the adjoint restriction and vice-versa.
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3.3 Algorithmic Differentiation in the Unsteady Adjoint

Solver

Some of the differential terms of the unsteady adjoint equations are computed by

employing algorithmic differentiation (AD) [176]. More specifically, the source code

transformation technique is applied using the AD tool Tapenade [177] developed by

INRIA. More information on the basic principles of AD can be found in Appendix A

while the implementation of Tapenade on a steady CFD code is outlined in [178].

Revisiting fig. 2.6, it can be seen that the flow problem’s setup to obtain the value

of an objective function is a sequence of operations that starts with a number of inputs

and results to a number of outputs similar to the one described in Appendix A. Since

the number of output functions is smaller than the number of input design variables,

one could assume that adjoint AD can be applied to the entire process to obtain the

gradient dJ
da or the entire flow solver. However, this is not the case due to a number

of limitations. Applying AD to the entire chain is not possible because of the non-

differentiability of certain steps such as parameterization and grid generation. For

instance, term dx
da in eq. 3.37 is computed by means of finite differences by perturbing

the design vector a by a small value ε for every element and getting the corresponding

perturbed grid x . Regarding the flow solver, AD tools are not yet very efficient han-

dling iterative schemes, although progress has been made in this direction [179,180],
producing differentiated code with a large RAM footprint. To prevent this, the hand-

differentiated analysis of section 3.2 is needed to solve the unsteady adjoint equations.

Another reason is the fact that certain language features are not supported by the AD

language parser. An example is the parallelization loops implemented by the external

parallelization library OPlus [162, 163], despite the recent advances in the AD of the

MPI (message passing interface) codes [181–183]. Because of the aforementioned,

such a level of AD automation for the full chain is not possible and the analysis of

sections 3.1, 3.2 and 3.2.1 that involves hand-differentiation is necessary in order to

efficiently compute the gradient.

Nevertheless, AD is used selectively in order to aid the computation of two of the

terms in eq. 3.5, namely ∂ rst
∂ u

T
ψ and g . It is assumed that a generic subroutine is given

subroutine res(→ u, ← rst)

where the arrows indicate that u is an input and rst an output. The subroutine takes

the flow vector of the nodes of the computational domain and gives the corresponding
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flow residual (without considering the unsteady terms). If Tapenade is applied to this

subroutine in reverse mode, the result is a subroutine of the form

subroutine res_b(→ u, ← u, ← rst, → rst)

where the computation u =
�

∂ rst
∂ u

�T
rst =

∂ rst
∂ u

T
rst takes place. So, if ψ is given as an

input in place of rst , then the result u will contain the term ∂ rst
∂ u

T
ψ. Similarly, one may

obtain g by applying adjoint mode AD to the subroutine

subroutine obj(→ u, ← jst)

to obtain

subroutine obj_b(→ u, ← u, ← jst, → jst)

So, in practice, the residual rst is computed by assembling contributions of the

various fluxes implemented by different subroutines. Tapenade is transforming, in

reverse mode, only the part of the source code computing the fluxes over a single

edge, i.e. the "leaves" of the "call-tree" in programming terms. The rest is hand-coded

in order to wrap correctly the output code of Tapenade to maximize efficiency and

reduce the memory overhead for the adjoint solver.

3.4 Adjoint Boundary Conditions

The boundary conditions which are implemented using inviscid fluxes can be directly

translated to their adjoint variants of the boundary fluxes in the same fashion as for

interior inviscid fluxes. Thus, AD can be used in a similar manner as for the interior

inviscid flux subroutines.

For the solid walls, where boundary conditions were imposed by equations 2.41,

the adjoint boundary conditions are derived by hand. The wall boundary conditions

for the forward differentiation problem are formed by differentiating eq. 2.41 w.r.t. a

(I − B)
�

∂ r
∂ a
+
∂ r
∂ u

d u
da

�

= 0

B
d u
da
= 0

(3.32)

and adding by parts

�

(I − B)
∂ r
∂ u
+ B

�

d u
da
+ (I − B)

∂ r
∂ a
= 0 (3.33)
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To obtain the solid wall boundary conditions for the adjoint problem, instead of using

the mathematical analysis of the augmented objective function, for simplicity, the so-

called adjoint equivalence is used. Starting from term B in eq. 3.1 and omitting time

indices, we get

∂ jst

∂ u
d u
da
= −

∂ jst

∂ u

�

(I − B)
∂ r
∂ u
+ B

�−1

(I − B)
∂ r
∂ a
=ψT (I − B)

∂ r
∂ a

(3.34)

where the adjoint vector ψ on the solid wall nodes is given by

Bψ= 0, (I − B)

�

−
∂ψ

∂ t
+
�

∂ rst

∂ u

�T

ψ

�

=











−
�

∂ jst
∂ u

�T
, t ∈ [t0, T]

0, t ∈ [0, t0)
(3.35)

Similarly to the flow boundary conditions, the adjoint vector is zeroed at the wall nodes

along with the adjoint equations residual so that the adjoint vector is not updated

during each pseudo-time iteration.

3.4.1 Adjoint Sliding Interface

u uabs
don uabs

rec u rel
rec

rst

transformation:
relative to

the absolute
frame

interpolation:
donors to
receivers

transformation:
absolute to
the relative

frame
computation
of fluxes etc.

Figure 3.1: Sliding interface process for flow solver.

The sliding interface technique, described in section 2.4.1, is summarized schemat-

ically in fig. 3.1. To obtain ∂ rst
∂ u

T
ψ for the sliding interface nodes, the chain rule is

employed

�

∂ rst

∂ u

�T

ψ=

�

∂ rst

∂ u rel
rec

∂ u rel
rec

∂ uabs
rec

∂ uabs
rec

∂ uabs
don

∂ uabs
don

∂ u

�T

ψ

=

�

∂ uabs
don

∂ u

�T �
∂ uabs

rec

∂ uabs
don

�T �
∂ u rel

rec

∂ uabs
rec

�T �
∂ rst

∂ u rel
rec

�T

ψ

(3.36)

In order to compute the final form of eq. 3.36, a combination of AD and "by hand"

56



Chapter 3. Unsteady Discrete Adjoint Method: Time-Domain Formulation

programming is used. AD is used to compute the differential terms that correspond to

low level operations or i.e. the "leaves" of the call-tree, such as the transformation from

the absolute to relative frame of reference on a single node or the interpolation from

the donors to a single receiver. These operations need to be performed in the correct,

reverse order by the programmer. The parallelization of the execution of operations

is implemented, similarly to the unsteady flow solver, by the OPlus library [162,163].
Note that, because of the reverse flow of information, the interior sliding plane is now

becoming the receiver and the exterior one the donor.
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3.5 Adjoint Solver Algorithm

The structure of the code that is used to solve the unsteady adjoint equations can be

summarized by the pseudo-code of algorithm 2.

Algorithm 2: Unsteady adjoint solver.

initialize ψ;
t → t f inal;
while t > 0 do // real time loop

read in u(t);
compute objective_adj g ;
i ter → 0;
while i ter < i termax and

∑

rad j > ε do // pseudo-time loop

multigrid(to_fine, to_coarse);
if to_fine then

restrict_adj;
else if to_coarse then

prolong_adj;
end
i termg → 0;
while i termg < i termg

max do // multigrid levels loop

stageRK → 5;
while stageRK ≥ 1 do // 5 stage Runge-Kutta loop

compute fluxes_adj ∂ rst
∂ u

T
ψ;

impose BCs_adj;
compute residual rad j;
update solution ψ;
stageRK → stageRK − 1;

end
i termg → i termg + 1;

end
i ter → i ter + 1;

end
t → t −∆t;

end
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3.6 Gradient Computation Algorithm

In order to compute the desired final gradient, eq. 3.7 is used which can be further

developed as
dJ
da
=∆t

N
∑

n=n0

∂ jst,n

∂ x
d x
da
+∆t

N
∑

n=0

ψT
n

∂ rst,n

∂ x
d x
da

(3.37)

The computation methods for the different terms are listed below.

• ψT is computed by solving the unsteady adjoint equations,

• ψT ∂ rst,n

∂ x is computed by applying adjoint mode AD to the flux subroutines of the

flow solver, differentiating the steady residual w.r.t. the grid nodes coordinates

x while using ψ as an input,

• ∂ jst,n

∂ x is computed by applying adjoint mode AD to the post-processing step of

computing the objective function, differentiating the objective function inte-

grand jst,n w.r.t. the grid nodes coordinates x and

• d x
da is computed by means of finite differences using a fast parametric meshing

tool [173].

Fig. 3.2 is a flow graph of how the terms in eq. 3.7 are constructed and assembled

in order to compute the total derivative ∂ J
∂ a .

3.7 Unsteady Adjoint for Periodic Flows

The formulation of an unsteady adjoint solver in the time-domain allows applying it to

transient flows. However, it is desired to take advantage of periodicity when the user

knows beforehand that the flow is periodic. Usually, in the case of a periodic flow, the

objective function is defined over the duration of a single period, which is the case for

the periodic applications of chapter 4. As mentioned, the flow solution needs to be

stored on the disk in order to be read in during the adjoint computations. In the case

of a periodic flow, the flow of only a single period is stored on the disk, thus reducing

significantly the storage space requirements of the computation.

Regarding the unsteady adjoint computations, there are two ways to compute the

gradient of the objective function w.r.t. the design variables:
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solve the
unsteady adjoint

equation (ψ)

compute ψT ∂ r
∂ x

compute ψT ∂ r
∂ x

d x
da

compute ∂ J
∂ x

compute ∂ J
∂ x

d x
da

perturb next
element of a

generate per-
turbed mesh

last element of a?

compute d x
da

compute gradient dJ
da

Yes

No

AD reverse mode partially used
finite differences used

Figure 3.2: Unsteady gradient computation.

• The first one involves considering the objective function defined over only the

last period of the flow solution. This means that term
�

∂ Jst
∂ un

�T
in eq. 3.5 is non-

zero only for the first period of the adjoint computations. Zeroing the afore-

mentioned term during the adjoint solution after the first period will eventually

lead the adjoint solution to be zeroed too, as it will be shown below. The gra-

dient is computed considering the adjoint solution from the beginning of the

computations until the adjoint variables’ fields decay to zero.

• The second one involves considering the objective function defined over each

and every single period of the flow solution. The adjoint solution after a number
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of initial periods will also get periodic. In order to compute the gradient, only

one period of the adjoint variables’ fields will be used.

To demonstrate the aforementioned, an 1D simple example is used.

Figure 3.3: A spring-mass system with damping and external forcing.

A sping-mass system, fig. 3.3, is affected by a sinusoidal external force. The differ-

ential equation that governs this motion is

mẍ + c ẋ + kx = F0sin(ωt) (3.38)

where x denotes the position, m the mass, c the damping coefficient, k the spring

constant and F0sin(ωt) the forcing with t denoting time andω the angular frequency.

The system can be rewritten in the following form

Aẋ + Bx = f

⇔ ẋ = A−1 ( f − Bx )

⇔ ẋ = g (x , t) (3.39)

where A=

�

0 m

−1 0

�

, B =

�

k c

0 1

�

, x =

�

x1

x2

�

=

�

x

ẋ

�

and f =

�

F0sin(ωt)
0

�

.

In order to solve eq. (3.39), a backward Euler, first order time discretization scheme

is used

x n+1 − x n

∆t
= g n+1 (x , t)

⇔
�

A
∆t
+ B

�

x n+1 = f n+1 +
A
∆t

x n (3.40)

where n denotes the time-step’s number and∆t the time-step’s duration. S.I. units are

assumed and the following values are set: m = 2.5, c = 75.0, k = 2000.0, F0 = 30.0

and Tp = 0.2. Tp denotes the period and ω = 2π
Tp

. The initial condition for x is set to
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x 1 =

�

1

1

�

. The simulation lasts from T0 = 0 to Ttot = 1 time unit.

Using a sufficiently small time-step, the solution x is obtained for the entire time-

domain plotted in fig. 3.4.
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Figure 3.4: State equation’s solution x plotted over time. Top left: Position x1. Top
right: Position x1, close-up view. Bottom: Velocity x2, close-up view.

The objective function J is defined only for the last period as follows

J =
1
Tp

∫ Ttot

Ttot−Tp

ẋ2d t (3.41)

The value of the objective function is J = 7.6903E − 002.

The gradient of the objective function w.r.t. the design variables
�

dJ
dm

dJ
dc

dJ
dk

�T
is

computed using both of the ways mentioned in this section.

For the first way, the objective function is defined only for the last period (0.8≤ t ≤
1). The adjoint solution is obtained by means of discrete adjoint and can be seen in fig.

3.5. As soon as the objective function in not defined (t = 0.8), the adjoint variables’
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fields decay to zero. This observation can be explained by the following mathematical

analysis. If the governing equation’s residual r is defined as

0 0.2 0.4 0.6 0.8 1

−4

−2

0

2

4

time t (s)

ad
jo

in
t

po
si

ti
on
λ

1
(m

)

0 0.2 0.4 0.6 0.8 1

−5

0

5

time t (s)

ad
jo

in
t

ve
lo

ci
ty
λ

1
(m

)
Figure 3.5: Adjoint solution λ plotted over time. Left: Adjoint position λ1. Right:
Adjoint velocity λ2.

r = Aẋ + Bx − f = 0 (3.42)

then the adjoint equation becomes

�

∂ r
∂ x

�T

λ=
�

∂ J
∂ x

�T

(3.43)

where λ=

�

λ1

λ2

�

is the adjoint vector.

Using a backward-Euler scheme and by denoting the time-step where we start com-

puting the objective function with n0 (i.e. tn0
= t tot − Tp), eq. (3.43) is expanded as

follows
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(3.44)
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The right hand side of eq. 3.44 is zero ∀n ∈ [1, n0) and the adjoint equation per time-

step is transforming from

�

A
d t
+ B

�

λn =
∂ J n

∂ λn
+

A
d t
λn+1 (3.45)

to
�

A
d t
+ B

�

λn =
A
d t
λn+1, ∀n ∈ [1, k) (3.46)

Eq. 3.46 can also be written as

A
dλ
d t
= −Bλ4, ∀n ∈ [1, k)

⇔ A
1
λ

dλ= −Bd t, ∀n ∈ [1, k)

⇔ λ(t) = λn0 e−A−1B(tn0
−t), ∀n ∈ [1, k) (3.47)

Eq. 3.47 shows that the adjoint solution exponentially decays to zero if the eigenvalues

of the
�

A−1B
�

matrix are located in the right half of the complex plane, i.e. if the real

part of the eigenvalues is positive. In the spring-mass example, the two eigenvalues

confirm that observation, as shown in fig. 3.6.
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Figure 3.6: Plot of the eigenvalues of "A−1B".

This can be generalized for CFD adjoint computations like the ones developed in

this chapter with the equivalent expression

ψ(t) =ψn0 e−[
∂ r
∂ u ]

T
(tn0
−t) (3.48)
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The matrix
�

∂ r
∂ u

�T
has eigenvalues with positive real parts for strongly stable numerical

schemes and, thus, the adjoint solution will decay to zero after the objective function

is not defined.

The second way of computing the gradient involves considering the objective func-

tion defined at each period of the governing problem. Thus, the adjoint solution has

a periodic form as in fig. 3.7. In order to obtain the gradient of the objective function,

the adjoint solution of the last (backwards) period is used (0≤ t ≤ 0.2).
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(b) Adjoint velocity λ2.

Figure 3.7: Adjoint solution λ plotted over time.

Table 3.1 compares the derivatives obtained by:

• finite differences,

• the objective function being defined over a single period and using the entire

adjoint solution trajectory (way A) and

• the objective function being defined over all periods and using the adjoint solu-

tion of a single period (way B) which are in total agreement.

dJ/dm dJ/dc dJ/dk

Finite Differences −1.2400746E − 002 −1.9687041E − 003 1.2399984E − 005
Way A −1.2400087E − 002 −1.9683723E − 003 1.2398832E − 005
Way B −1.2400398E − 002 −1.9684860E − 003 1.2393586E − 005

Table 3.1: Comparison of derivatives calculated by discrete adjoint.
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3.8 Temporal Coarsening

In order to reduce the overall run time of the adjoint computations and lower the disk

storage footprint of the flow solution, temporal and spatial coarsening techniques were

tested in [126]. It was found that the gradients’ accuracy is significantly compromised

when coarsening is applied to both the flow and adjoint solvers. However, if the coars-

ening is applied only to the adjoint solver, the gradients’ accuracy is retained to the

desired extent and the cost is remarkably reduced.

In this work, the temporal coarsening technique is optionally used to reduce the

disk space requirements for storing the flow solution time-series. In order to apply the

method, the unsteady flow solver runs using the baseline time-discretization. How-

ever, the unsteady adjoint solver is marching backwards in time considering every ncth

time-step, thus increasing the time-step from ∆t to nc∆t. So, the flow solution needs

to be stored only every nc time-steps. A schematic of the technique is seen in fig. 3.8.

The required storage space for the flow solution and the running time of the adjoint

solver are therefore reduced by a factor of nc.

t = 0 t = T

t = 0 t = T

Unsteady flow solution un

Unsteady adjoint solution ψn

Figure 3.8: Schematic of temporal coarsening for unsteady adjoint solver.

A comparison of gradients after using different temporal coarsening set-ups and

no temporal coarsening can be viewed in section 4.5.

3.9 Optimization Algorithm

In chapter 4, the gradients computed via the unsteady adjoint method are used for var-

ious optimization scenarios. In this section, the fundamental optimization algorithm
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which is used is presented.

Initially, the baseline geometry is given and an appropriate parameterization is

chosen in order to define the design space and the possible ways that the geometry

can be modified. Then, the spatial domain is discretized by generating the compu-

tational grid. The flow equations are solved and the required objective functions are

computed. If equality constraints are imposed, then their values are also obtained.

The unsteady adjoint equations are solved to compute the gradients of each objective

function and constraint. In the presence of equality constraints, then the perpendicu-

lar component of the gradient of the objective w.r.t. the gradients of the constraints,

fig. 3.9, is computed as follows [184]

dJ
da

�

�

�

�

⊥
=
�

I −M T
�

MM T
�−1

M
�

·
dJ
da

(3.49)

where M is a matrix, formed by the gradients of the constraints as rows.

Figure 3.9: Schematic of perpendicular component of gradient of the objective func-
tion to the gradient of the constraint.

Finally, the design variables are modified using the gradient descent method [185]
if no constraints are considered or the projected gradient descent, in the case of equal-

ity constraints,

anew = aold − s
�

dJ
daold

�T

(3.50)

where s is the user-defined value of the step size. Thus, a new geometry is created

before continuing to the next optimization loop.
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Figure 3.10: Optimization algorithm.
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3.10 Cost of Unsteady Adjoint

3.10.1 Time Cost

The running time required for one pseudo-time iteration of the adjoint solver comes

at a cost which is roughly three times the cost of one pseudo-time iteration of the flow

solver. This observation is independent of whether the steady or unsteady variants

are used and can be explained by a number of factors. As seen in Appendix A, AD

in adjoint mode needs to have access to the flow solver code variables and a balance

between the “recompute all” or “store all” approaches needs to be found. Both of

these approaches add a cost overhead to the adjoint solver. The recomputation of

intermediate variables is obviously adding calls to the flow solver subroutines during

the adjoint computation, thus adding running time. Moreover, storing values in the

memory also adds a (relatively smaller) time cost. That is partly because of the time

needed for storage and retrieval of values in the memory stack by the “push” and

“pop” commands. Another reason is that the additional memory needed for storing

both the adjoint and intermediate variables makes the access to memory less efficient,

increasing the overall time.

3.10.2 Storage Space Cost

The unsteady adjoint solver needs to have access to the corresponding unsteady flow

solution. That increases the storage space cost linearly with the number of time-steps

used. The use of temporal coarsening has been shown to reduce significantly the stor-

age cost while maintaining a certain level of gradient accuracy. On the other hand,

storing the unsteady adjoint solution is not necessary. During the adjoint computa-

tions, the per-time-step gradient (ψT
n
∂ rn
∂ x

d x
da ) is obtained and stored using the adjoint

variables’ fields of the corresponding time-step and then, the “old” adjoint variables’

fields are disposed while marching backwards in time.
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4
Applications

The main focus of this chapter is to present the application of the unsteady adjoint

solver, formulated in the time-domain to 3D, multi-row, turbomachinery cases for the

first time in the literature. The flow solver is additionally validated against two bench-

mark cases with available experimental data, namely a turbine vane and a compressor

stator. Then, three cases with unsteady flows, namely the transient flow in a turbine

vane and periodic flows in a turbine stage and a three-row compressor setup are stud-

ied. The gradients obtained by the unsteady adjoint method are compared with those

obtained by finite-differences for the turbine vane and turbine stage cases. An un-

constrained optimization process is performed for the turbine vane and turbine stage

cases, while a constrained optimization setup is used for the compressor case. More-

over, for the turbine stage and the compressor case, the flow and adjoint variables’

fields along with the sensitivity maps are compared with the corresponding steady flow

results to shed light into the advantages of using unsteady flow and adjoint solvers. Fi-

nally, the temporal coarsening technique is used as a means of reducing storage space

requirements and the gradients obtained via this method are compared with those of

the standard method.
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4.1 Flow Solver Validation

Hydra is a CFD solver that has been extensively used for over 10 years for the flow

prediction in industrial turbomachinery cases. However, for completeness, two bench-

mark test cases are used to compare CFD and experimental data.

4.1.1 VKI LS89 Turbine Vane

The VKI LS89 test-case [186] has been frequently used to benchmark the aero-thermal

predictive capabilities of CFD codes. The 2D LS89 blade profile is a high-pressure tur-

bine nozzle guide vane developed by the von Karman Institute for Fluid Dynamics, and

the case is representative of aero-engines. The geometry and geometric parameters of

the LS89 blade airfoil can be viewed in fig. 4.1 and table 4.1.

Figure 4.1: VKI LS89 turbine vane: Definition
of the geometric parameters.

Parameter Value

Chord c 67.6 mm

Pitch g 57.5 mm

Throat o 14.9 mm

LE radius rle 4.1 mm

TE radius rte 0.7 mm

Axial chord cax 36.9 mm

Inlet length ∆x inl 55.0 mm

Outlet length ∆xout 64.0 mm

Stagger angle γ 55 ◦

Table 4.1: VKI LS89 turbine vane:
Value of geometric parameters de-
fined in fig. 4.1.

Hydra is a 3D CFD solver, so a quasi-3D grid is created out of the 2D geometry con-

sisting of 57359 nodes per 2D slice, as seen in fig. 4.2. The maximum y+ of the first

nodes off the wall is 10 and wall functions are used. Flow conditions correspond to

the transonic test number MUR47 as described in [187]. Uniform flow conditions are

imposed at the inlet and outlet as listed in table 4.2. Zero velocity is imposed at the

vane’s surface nodes whereas only the normal component of the velocity is zeroed

along the lateral boundaries of the domain. For the remaining two boundaries, peri-
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Figure 4.2: VKI LS89 turbine vane. Grid and computational domain.

Inlet total temperature Tt,in 420K
Inlet total pressure Pt,in 1.596 · 105Pa
Inlet flow angle ain 0.0o

Inlet turbulence intensity Tu,in 3%
Outlet static pressure Pout 0.8235 · 105Pa

Table 4.2: VKI LS89 turbine vane. Boundary conditions at the inlet and outlet.

odicity is enforced. The convergence history of the flow equations is plotted in fig. 4.3,

using the sum of the root mean square (RMS) of the residuals of all flow equations,

defined as

rRMS =
1

NPDEsNnodes

�NPDEs
∑

i=1

Nnodes
∑

j=1

r2
i j

�1/2

(4.1)

where NPDEs is the size of the flow vector (= 6 when using a one-equation turbulence

model) and Nnodes is the total number of nodes. The resulting Mach number field is

shown in fig. 4.4 where the presence of a shock wave over the suction side close to

the trailing edge can be seen.

To validate the CFD solver, the isentropic Mach number distribution is compared with
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the available experimental data. By definition, for a perfect gas,

Mis =

√

√

√

√

2
γ− 1

�

�Pt,in

P

�

γ−1
γ

− 1

�

(4.2)
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Figure 4.3: VKI LS89 turbine vane. Convergence history of the RMS of the flow
equations’ residuals.

Figure 4.4: VKI LS89 turbine vane. Mach number iso-areas.
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where P is the static pressure and γ the ratio of specific heats. The comparison between

experimental measurements and CFD results is shown in fig. 4.5. The CFD results are

in satisfactory agreement with the experimental data, despite the small differences

observed on the pressure side close to the trailing edge, due to the challenging task of

accurately capturing the shock wave by a RANS solver. Better results can be obtained

using LES as shown in [188,189].
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Figure 4.5: VKI LS89 turbine vane. Isentropic Mach number distribution along the
x-coordinate of suction and pressure sides.
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4.1.2 TurboLab Stator Blade

The TurboLab stator blade is used as a second validation case. This is a 3D compres-

sor stator blade in a measurement rig, fig. 4.6, of the TU Berlin which was used for

benchmarking different flow solvers and comparing optimization results [190, 191].
The basic geometric parameters are listed in table 4.3 and the boundary condition

profiles are plotted in fig. 4.10.

Parameter Value
Hub radius 147.5 mm
Tip radius 297.5 mm
Throat 14.9 mm
LE radius 1.9 mm
TE radius 1.3 mm
Axial chord 182.2 mm

Table 4.3: TurboLab stator. Geometric data.

Figure 4.8 shows the geometry, the CFD domain and a cut of the grid at midspan.

The grid has 1975380 nodes and is a combination of an O-type grid in the area close

and around the blade along with an H-type grid for the rest of the computational

domain. The convergence history of the flow equations is shown in fig. 4.9. Figure

4.10 shows a radial cut of the Mach number iso-areas and the streamlines formed on

the suction side of the stator blade, where flow separation occurs.

Figure 4.6: TurboLab stator. Photo of the rig. Image from: http://aboutflow.
sems.qmul.ac.uk/events/munich2016/benchmark/testcase3/.
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Figure 4.7: TurboLab stator. Inlet and outlet flow profiles.

Using the flow field, the total pressure and whirl angle at the outlet and the total

pressure difference between the outlet and the inlet are circumferentially averaged

and plotted span-wise versus the experimental data in fig. 4.11. For this configuration,

the measurements were taken at different time instants for the inlet and outlet and, so,

the measured ambient pressures at the inlet and the outlet were different. In order

to compare the measurements with the CFD results, a correction is applied for the

experimental total pressure at the outlet of the following form

P cor r
t = Pt

P in
amb

Pout
amb

(4.3)

where the index amb stands for ambient values. The CFD results match the experi-

mental data with adequate accuracy.
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Figure 4.8: TurboLab stator. Geometry and radial grid cut at midspan.
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Figure 4.9: TurboLab stator. Convergence history of the flow equations residual.
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Figure 4.10: TurboLab stator. Top: 3D radial cut of the Mach number iso-areas at
midspan. Bottom: Streamlines on the suction side, flow direction from left to right.
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Figure 4.11: TurboLab stator. Comparison of circumferentially averaged values at
the CFD domain’s outlet between CFD results and experimental measurements. Top
left: Total pressure at the outlet. Top right: Total pressure difference between outlet
and inlet. Bottom: Whirl angle at the outlet.
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4.2 High-Pressure Turbine Vane

As a first industrial case, where the unsteady adjoint solver is applied, the transient

flow in an annular 3D High-Pressure Turbine (HPT) vane is studied. The basic geo-

metric parameters of the vane are defined in fig. 4.12. For the section at the vane’s

midspan, the chord is c = 59mm, the stagger angle is γ = −68◦ and the throat

is o = 9.5mm. The geometry along with a blade-to-blade radial cut of the grid at

midspan and details of the surface grid are shown in fig. 4.13. The grid has 955290

nodes and comprises an O-type grid close and around the vane and an H-type grid for

the rest of the domain.

Figure 4.12: HPT vane. Definition of basic geometric parameters.
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Figure 4.13: HPT vane. Top: Vane geometry and blade-to-blade grid at midspan.
Bottom left: Close-up view of the hub and the leading edge surface grids. Bottom
right: Close-up view of the hub and the trailing edge surface grids.
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At the inlet, the total pressure (Pt = 1.9·105Pa) and total temperature (T = 565K)

are imposed along with a span-wise profile for the whirl and pitch flow angles5, fig.

4.14, and a uniform eddy viscosity (1.76 · 10−4 m2

s ). At the outlet, a prescribed static

pressure span-wise profile is given, as plotted in fig. 4.14.
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Figure 4.14: HPT vane. Inlet and outlet flow condition profiles.

The unsteady flow solver is initialized by the solution of the steady flow equa-

tions computed by imposing the aforementioned boundary conditions with a time-step

5The inlet flow angles are given in the cylindrical coordinate system (x − r − θ) for annular cases
and, then, converted to the cartesian (x − y − z) that is used by Hydra (x is the axial direction). The
whirl and pitch angles are given by

aw = tan−1(Vθ/Vx), ap = tan−1(Vr/Vx)

while the velocity magnitude is

|V |= Vx

q

1+ tan2aw + tan2ap

and the direction cosines for the cylindrical coordinates are

cx =
1

Æ

1+ tan2aw + tan2ap

, cθ =
tanaw

Æ

1+ tan2aw + tan2ap

, cr =
tanap

Æ

1+ tan2aw + tan2ap

which are converted to the Cartesian system by

cy =
ycr + zcθ

r
, cz =

ycθ + zcr

r
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equal to ∆t = 2 · 10−5s. A transient flow is caused by gradually decreasing the inlet

whirl angle profile by 3o and this change takes place within a 50 time-step window,

using the following sigmoid function

aw = aw−ini t − 3o e(n−25)/5

e(n−25)/5 + 1
, (4.4)

where n is the time-step counter, starting after the sigmoid function is activated. As

soon as the change in the whirl angle starts, the solver is run for 50 time-steps and,

then, stopped. The inlet whirl angle profiles are plotted in fig. 4.15, both before acti-

vating the sigmoid function and, also, 50 time-steps after the activation.

The total pressure ratio Pout
t /P in

t is considered as the function of interest. The

unsteady objective function is defined by integrating the quantity of interest only over

the time interval where the sigmoid function is active. The values of the total pressure

ratio per time-step and the time interval over which the unsteady objective function

is defined are shown in fig. 4.17. In total, the flow solution of 800 time-steps that

requires 46.5GB is stored on the disk.

The convergence of the flow and adjoint equations at an arbitrary real time-step

is plotted in fig. 4.16 and shows that the two computations practically converge with

the same rate. To visualize the adjoint variables’ fields in a line plot, the L2 norm is

used; this is defined as the square root of the sum of all the volume-averaged squared

adjoint values for all grid points

E(t) =

�NPDEs
∑

i=1

Nnodes
∑

j=1

ψ2
i j

Vj

Vtot

�1/2

(4.5)

where Vj is the volume of the control volume and Vtot is the total volume of the com-

putational domain. The L2 norm is plotted using logarithmic scale in the y-axis, fig.

4.17, and its value decays exponentially to zero within the time interval for which the

unsteady objective function is not defined, as shown in eq. 3.48.

The vane is parameterized using the setup of section 2.8.1; thus, 15 design vari-

ables are defined. Before using the gradients of the objective function w.r.t. the design

variables for an optimization process, they are compared against finite differences,

eq. 1.1. Each design variable is perturbed for ε = ±0.05. The comparison of the

gradients obtained using the unsteady adjoint and finite differences are shown in fig.

4.18. The outcome of finite differences is in agreement with the unsteady adjoint
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Figure 4.15: HPT vane. Whirl angle at the inlet before activating the sigmoid func-
tion (top) and 50 time-steps after the activation (bottom).

gradients. Small differences are due to the fact that a discrete adjoint of the entire

chain (parameterization-grid generation-flow solver) is not available. The gradient is

obtained by using the adjoint method to compute d J
dxxx and finite differences to obtain

d xxx
daaa before computing the full gradient d J

daaa by the chain rule. Another reason is the use

of finite differences to compute the reference d J
daaa values.

Furthermore, optimization cycles are performed to increase the total pressure ra-

tio using the adjoint-based gradients and steepest ascent; the change in the objective

function value is plotted in fig. 4.19. Since no constraints are imposed, the run is
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Figure 4.16: HPT vane. Convergence plot of the flow and adjoint equations in
pseudo-time at an arbitrarily selected real time-step.
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Figure 4.17: HPT vane. Instantaneous pressure ratio values and L2 norm of all the
adjoint variables’ fields. The dotted lines define the time interval over which the un-
steady objective function is defined (from the 750th to the 800th time-step).

terminated after the first 30 optimization cycles. The improved vane is compared to

the baseline geometry in fig. 4.20. The new geometry increases the time-integrated

total pressure ratio by 0.61%. The main areas of the blade that are modified by the

optimization process are the leading and trailing edges. It is only the outlet total pres-

sure that can be changed in order to increase the objective function because the inlet
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Figure 4.18: HPT vane. Comparison of gradients computed using the unsteady ad-
joint method and finite differences.

total pressure is imposed by the boundary conditions. In fig. 4.21, the time-averaged

outlet total pressure is plotted for the 50 time-step window used in the definition of the

objective function, for both the baseline and improved geometries. The optimization

process manages to increase the outlet total pressure by minimizing the areas of the

outlet plane that correspond to low total pressure; these areas are marked in white.
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Figure 4.19: HPT vane. Progress of the optimization aiming at maximum total pres-
sure ratio.
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Figure 4.20: HPT vane. Baseline (gray) vs. improved (green) vane geometries. Left:
Pressure side. Right: Suction side.
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Figure 4.21: HPT vane. Time-averaged total pressure for the baseline (left) and im-
proved (right) geometries at the outlet boundary.
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4.3 High-Pressure Turbine Stage

The first stage (S1-R1) of a high-pressure turbine is formed by considering a rotor

blade after the vane of the previous section, 4.2. The meridional view of the config-

uration is shown in fig. 4.22. For the section at the rotor blade’s midspan, the chord

is c = 23mm, the stagger angle is γ = −39o, the throat is o = 8mm. The size of the

tip clearance is 0,9% of the total rotor span. For the steady computations, a grid of

Figure 4.22: HPT stage. Meridional view and boundaries.
Plain line: stationary wall. Dashed line: rotating wall. Dotted line: inflow/out-
flow/mixing/sliding.

1965430 nodes is generated. Similarly to the vane’s grid, the grid of the rotor blades

is a combination of an O-type grid around the blade along with an H-type grid for the

remaining domain. To form the computational domain for the unsteady computations,

it is considered that the number of stator blades per row is 34 and that of the rotor

blades 68. Thus, a convenient 1:2 ratio exists, where one stator blade and two rotor

blades are needed to form two domains of equal circumferential angular width. The

final grid size is 2979630 nodes. The geometry used for the unsteady computations is

shown in fig. 4.23 along with details of the rotor blade’s surface grid. Wall functions

are used and the maximum y+ at the first nodes off the wall is 70; higher y+ values

appear at the rotors’ tip clearance area.
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Figure 4.23: HPT stage. Top: Geometry and grid at midspan. Middle left: Close-up
view of the rotor blade’s hub, fillet and leading edge. Middle right: Close-up view
of the rotor blade’s hub, fillet and trailing edge. Bottom left: Close-up view of the
rotor blade’s leading edge and tip. Bottom right: Close-up view of the rotor blade’s
suction side, blade tip and tip clearance.
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Unlike the transient flow in the HPT vane case, the flow in this case is periodic and

the time interval over which the objective function is defined coincides with the period

of the flow. Results for just a single period of the flow solution are stored on the disk.
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Figure 4.24: HPT stage. Radial districution of the static pressure profile at the rotor
blade’s outlet.

The same boundary conditions (apart from the mixing and sliding interfaces) are

used both for steady and unsteady computations and applied as described in section

2.4. The domain outlet is close to the rotor blade trailing edge since the case is taken

from a multi-stage turbine setup, where the rotor blade is followed by another stator

blade. Using non-uniform profiles for some quantities as boundary conditions was

found to reduce unwanted reflections from the boundaries. The inlet boundary con-

ditions are identical (type and values) to those of the HPT vane case, fig. 4.14. A

prescribed static pressure span-wise profile is given at the rotor’s outlet, fig. 4.24.

The rotating speed is 1023.53rad/s and, based on the number of blades per row for

the unsteady computation, the simulation period is equal to 1.92 · 10−4s. This period

is discretized using 40 equidistant time-steps. The number of time-steps is smaller

compared to the next case and is used to keep the computational cost of the initial

application of the unsteady adjoint solver low. The unsteady primal solver runs until

a periodic solution is obtained for the physical time of 12 periods. The convergence

of the flow equations for an arbitrarily selected real time-step is shown in fig. 4.27.

Only the last period is stored on the disk, i.e. 40 files x 137 MB per file = 5.48

91



Chapter 4. Applications

GB. Obviously, for the steady flow solver6, only a single file needs to be stored, with

a 90 MB footprint. The size is smaller than that of the file of a single instant of the

unsteady simulation since the grid for the steady run is also smaller. Figure 4.25 shows

a comparison between the steady and different snapshots of the unsteady flow fields.

The most apparent difference is in the wakes from the stator blade’s trailing edge that

are passing through the interface between the two rows and shows how the use of the

sliding interface technique affects the resulting flow-fields.

Two quantities of interest are considered:

• the axial force on the rotor blade and

• the capacity of the inlet boundary of the stator blade domain defined as ṁ
p

Tt/Pt ,

where ṁ is mass flow.

The corresponding unsteady objective functions are formed by integrating the instan-

taneous values over one period. The axial force is selected because its value is sensitive

to the accurate prediction of the unsteady wakes coming from the vanes to the rotor

blades. The wakes are passing through the sliding interface, where these are averaged

out when using the mixing interface technique. A comparison between the steady and

unsteady values of the axial force objective function is shown in fig. 4.26. Unlike the

next compressor case, the steady solver gives a result very close to the time-averaged

axial force.

Moving to the unsteady adjoint computations, the convergence history of the ad-

joint equations for an arbitrarily selected real time-step is shown in fig. 4.27. The rate

of convergence is practically equal to that of the flow solver. The unsteady adjoint

computation runs until the adjoint solution becomes absolutely periodic. An indicator

of this is the L2 norm of all the adjoint variables’ fields per time-step, plotted in fig.

4.28.

The cost of a single adjoint pseudo-time iteration is roughly three times more than

that of the flow solver. Section 3.10 gives more information on the cost overhead of

the adjoint solver.

In fig. 4.29, a radial cut at the blade’s midspan of the converged steady and un-

steady adjoint variables’ fields for the inlet capacity objective function is shown.

Similarly to what was observed in the flow solution, the backward propagating

wakes from the rotor blades are passing through only if the sliding interface is used.

6The steady-state solution is obtained using the mixing interface technique (and not the frozen-
rotor assumption).
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Figure 4.25: HPT stage. Steady and unsteady flow fields at midspan.
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Figure 4.26: HPT stage. Axial force on the rotor blade for steady and unsteady flow
computations.
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Figure 4.27: HPT stage. Convergence plot of the flow and adjoint equations in
pseudo-time at an arbitrarily selected, real time-step.

The unsteady adjoint variables’ fields have a more "wavy" form comparing to the steady

adjoint variables’ fields and the averaging-out logic of the adjoint mixing plane.

A very useful tool for the designers is sensitivity maps which can be obtained us-

ing the adjoint method. These correspond to the iso-areas of the objective function

derivative w.r.t. to the normal displacement of each point (node), plotted on the sur-

face of the shape to be optimized. Practically, they reveal which areas of the geometry

could potentially affect the value of the objective function and what are the changes

these should undergo. According to the notation of this thesis, in order to increase the
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Figure 4.28: HPT stage. Objective function: Inlet capacity. L2 norm of all the un-
steady adjoint variables’ fields per real time-step.

value of the objective function one needs to push inwards the blue areas and/or pull

outwards the red areas. During an optimization loop, the modified geometry is given

based on the gradient of the value of interest w.r.t. the design variables.

In fig. 4.30, the sensitivity maps of the stator blade are given for the axial force

on the rotor as the objective function. The sensitivity maps are generated using the

steady and unsteady adjoint solutions at a post-processing step. In the case of the un-

steady adjoint solver, both the time-averaged and four instantaneous sensitivity maps

are given. The information that can be extracted by these sensitivity maps is that, in

order to improve the axial force on the rotor blade, two areas on the stator blade are

important. The first one is the trailing edge which affects the wakes moving down-

stream towards the rotor blade. The second area is on the suction side close to the

leading edge. Modifying the blade in this area has an impact on the available space

between two neighboring vanes. The comparison is more straightforward between

steady and time-averaged sensitivity maps. The gradient of the unsteady objective

function is computed by integrating, over a single period, the product of the instanta-

neous sensitivities ( d J
dxxx =

∂ J
∂ xxx +ψψψT

∂ rrr
∂ xxx ) with d xxx

daaa .
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Figure 4.29: HPT stage. Objective function: inlet capacity. Steady and unsteady ad-
joint variables’ fields at midspan.
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Figure 4.30: HPT stage. Objective function: axial force on rotor blade. Steady, time-
averaged and instantaneous snapshots of the sensitivity maps on the stator blade.
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4.3.1 Comparing Adjoint Gradients with Finite Differences

Using the unsteady adjoint variables’ fields ψ, the gradient of the objective function

can be computed w.r.t. the design variables’ vector according to section 3.6 and fig.

3.2.

Before using the gradients within an optimization loop, these are compared with

the gradients computed by finite differences. For this comparison, the vane is parame-

terized in a less rich manner than the one described in section 2.8.1, in order to reduce

the cost required by finite differences, which scales with to the number of design vari-

ables. More specifically, instead of considering 5 sections across the vane’s span, the

perturbed geometries for the finite differences are created by:

• skewing (rotating) the entire stator blade for ε1 = ±0.05o (name: skew) and

• shifting the entire blade for ε2 = ±0.5mm in the axial direction (name: x-shift).

Thus, two parameters are solely used.

The gradients of the two objective functions are compared in table 4.4. The results

are in close agreement.

function
design

variable
finite

differences
unsteady
adjoint

relative
difference (%)

axial force
[Ns]

skew -1.418 -1.439 1.45
x-shift 6.988e-03 6.923e-03 0.93

capacity
�

kgK1/2Pa−1
�

skew -2.273e-07 -2.283e-07 0.43
x-shift 2.557e-09 2.539e-09 0.72

Table 4.4: HPT stage. Comparison between objective function gradients obtained by
unsteady adjoint and finite differences.

4.3.2 Reduction of the Axial Force

The unconstrained reduction of the axial force exerted on the rotor blade is considered

as an optimization example. The parameterization of the stator blade is performed

according to section 2.8.1, using 5 spanwise sections which can be displaced in 3 ways,

resulting to 15 design variables. The new design is found using the steepest descent

method with a step-size equal to s = 4. Figure 4.31 shows the improved geometry of

the stator blade compared to the initial one and fig. 4.32 the 2D profiles of the blade

at cuts near the hub and tip. The new geometry reduces the objective function value
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Figure 4.31: HPT stage. Objective function: axial force on rotor blade. Baseline
(gray) compared to improved (green) stator blade geometry. Left: Pressure side.
Right: Trailing edge close-up view.
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Figure 4.32: HPT stage. Baseline vs. improved vane’s profiles near the hub, at 5%
blade’s span (left) and close to the tip, at 95% blade’s span (right).

from 5.488Ns to 5.005Ns, i.e. by 8.81%, by modifying the shape of blade areas that

are important for the objective function as seen in the sensitivity maps of fig. 4.30.

In fig. 4.33, the axial force on the rotor blade is plotted as a function of time, for the

initial and the improved stator blade setup.

The total force on a blade is the sum of the pressure and viscous forces. However,

the viscous forces contribute to a very small percentage of the overall force. This is

apparent in fig. 4.34 where the total force is plotted against the force only due to

pressure forces, by ignoring the viscous forces. Thus, improvements to the total axial

force objective function can be spotted by looking at the pressure distribution at the

midspan of the rotor blade.
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Figure 4.33: HPT stage. Instantaneous axial force on rotor blade for the baseline
and improved stator blade geometry. Left: Total running time. Right: Last period.
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Figure 4.34: HPT stage. Total axial force and axial force only due to pressure forces
on the rotor blade with the improved vane geometry.
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Figure 4.35 shows the time-averaged pressure contours on the rotor blade before

and after the optimization. A sound difference is the decrease in pressure on the

pressure side close to the tip and leading edge areas. The pressure distribution at

midspan is plotted for the baseline and improved geometries in fig. 4.36.
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Figure 4.35: HPT stage. Time-averaged pressure contours on rotor blade. Top: Pres-
sure side. Bottom: Suction side. Left: Baseline geometry. Right: Improved geometry.
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Figure 4.36: HPT stage. Pressure distribution at midspan of the rotor for the base-
line and improved vane geometries.

4.4 Three-Row Compressor

Figure 4.37: Three-row compressor. Cross section of the compressor and selected
three row configuration; from [192].

The next case is a three row compressor configuration; a stator blade row fol-

lowed by a stage. The setup is based on the Rig250 compressor, shown in fig. 4.37,

a four stage axial compressor with inlet guide vane (total pressure ratio 5:1 at the

design point) of the German Aerospace Center (DLR) Institute of Propulsion Technol-
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ogy [192–194]. The stator of the second stage and the entire third stage are con-

sidered, by changing slightly the blade-count to reduce the size of the grid for the

unsteady computations. Below, the abbreviation S2-R3-S3, with evident interpreta-

tion, is used. The blade-count used in this setup is 48:36:72 respectively and, thus,

the computational domain for the unsteady runs consists of four S2 stator blades, three

R3 rotor blades and six S3 stator blades. The computational grid is generated using

Padram similarly to for the turbine case. The grid for the steady runs has 2849966

nodes while that for the unsteady runs has 12369648 nodes in total. Wall functions

are used with the maximum y+ of the first nodes off the wall being 15. The bound-

ary surfaces are indicated in the meridional view in fig. 4.39 and the profiles of the

boundary conditions for the inlet and outlet are given in fig. 4.40.

The rotating speed is 1357.17rad/s which, along with the number of blades used

per row for the computational domain, gives the simulation period, which is 3.86 ·
10−4s. 100 equidistant time-steps per period are used; thus, in order to store the flow

fields during a full period to the disk, 100 x 570 MB = 57 GB are required. The solver

runs for 8 periods until periodicity is established. The convergence history of the flow

equations for an arbitrarily selected real time-step is shown in fig. 4.41. A comparison

between the steady and unsteady flow fields is shown in fig. 4.42.

For this case, three functions of interest are considered:

• the axial force on the rotor blade R3,

• the exit capacity (= ṁ
p

Tt/Pt) at the outlet of S3 and

• the total pressure coefficient between the inlet and outlet of the stage defined

as
Pt,in−Pt,out

Pt,in−Pin
(where the inlet is the interface between S2 and R3 and the exit is

the outlet plane of S3).

The objective function for the unsteady run is computed by integrating the axial force

on R3 over one period while the remaining two functions are also integrated over

one period and used as constraints. The plot of the total pressure coefficient in fig.

4.43 shows differences between the steady and unsteady flow solvers. Three adjoint

computations are needed to compute the gradients for the objective function and the

constraints. Figure 4.44 shows the L2 norm of all the instantaneous adjoint variables’

fields (computed by the time-dependent run) for the total pressure coefficient con-

straint. Figure 4.45 shows a comparison between the steady and unsteady adjoint
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Figure 4.38: Three-row compressor. Top: Geometry and grid at midspan. Middle
left: Stator blade S2 tip and leading edge. Middle right: Rotor blade R3 hub and
leading edge. Bottom left: Rotor blade R3 trailing edge, tip and tip clearance. Bot-
tom right: Stator blade S3 leading edge, hub and hub clearance.
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Figure 4.39: Three-row compressor. Meridional view and boundaries.
Plain line: stationary wall. Dashed line: rotating wall. Dotted line: inflow/out-
flow/mixing/sliding.
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Figure 4.40: Three-row compressor. Inlet and outlet boundary condition profiles.

variables’ fields when the axial force on the rotor blade is the objective function. Sim-

ilarly to the previous case, an important difference that is apparent is the fact that the

backward propagating wakes are passing through the sliding interface, unlike the ad-
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Figure 4.41: Three-row compressor. Convergence plot of the flow and adjoint equa-
tions in pseudo-time at an arbitrarily selected, real time-step.

joint mixing interface method. Using the adjoint variables’ fields, sensitivity maps can

be extracted for the objective function and constraints. Figure 4.46 shows the sensitiv-

ity map on the S2 blade for the axial force objective function while fig. 4.47 shows the

sensitivity map on the R3 blade for the exit capacity constraint. Figure 4.46 confirms

the importance of the trailing edge area of the upstream stator when the force on the

downstream rotor is considered. In the case of a strip-like sensitivity map as in fig.

4.47, the selected parameterization behaves as an implicit smoother when translat-

ing the surface sensitivities to gradients w.r.t. the design variables. As a consequence,

smooth improved blades are obtained at each optimization cycle.
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Figure 4.42: Three-row compressor. Steady and unsteady flow fields at midspan.
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Figure 4.43: Three-row compressor. Total pressure coefficient of the stage formed by
R3-S3 using the unsteady and steady solver.
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Figure 4.44: Three-row compressor. Objective function: Total pressure coefficient.
L2 norm of all the unsteady adjoint variables’ fields per real time-step.
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Figure 4.45: Three-row compressor. Objective function: Axial force on R3. Steady
and unsteady adjoint variables’ fields at midspan.
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Figure 4.46: Three-row compressor. Objective function: Axial force on the R3 blade.
Comparison of steady, time-averaged and instantaneous snapshots of sensitivity
maps on the pressure side of the S2 blade.

Pull out

-0.0002

-0.0001

0

0.0001

0.0002

adjoint djdxn

Push in

(a) Steady.

Pull out

-0.0002

-0.0001

0

0.0001

0.0002

adjoint djdxn

Push in

(b) Time-averaged.

Push in

Pull out

-0.0002

-0.0001

0

0.0001

0.0002

adjoint djdxn

(c-1) t = t0

Push in

Pull out

-0.0002

-0.0001

0

0.0001

0.0002

adjoint djdxn

(c-2) t = t0 +
T
4

Push in

Pull out

-0.0002

-0.0001

0

0.0001

0.0002

adjoint djdxn

(c-3) t = t0 +
T
2

Push in

Pull out

-0.0002

-0.0001

0

0.0001

0.0002

adjoint djdxn

(c-4) t = t0 +
3T
4

(c) Instantaneous.

Figure 4.47: Three-row compressor. Steady, time-averaged and instantaneous snap-
shots of sensitivity maps on the suction side of the R3 blade. Constraint: Exit capac-
ity.
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4.4.1 Minimization of Axial Force, Constrained by Exit Capacity &

Total Pressure Coefficient

Using the parameterization setup of section 2.8.1, the S2 and R3 blades are parame-

terized. This gives rise to 30 design variables in total.

To avoid violating the constraints, a smaller step-size (s = 0.1) than in the previous

case (same objective function for both cases) is used at each step for the projected gra-

dient descent method, section 3.9, and after four optimization cycles, new geometries

are obtained for the S2 and R3 blades. Changes in the S2 and R3 blades are shown in

fig. 4.48, in 3D, and their profiles are compared at 5% and 95% of the blade span in

fig. 4.49.

(a) Stator blade (S2) (view from
tip/leading edge side).

(b) Stator blade (S2) (view from trailing
edge side).

(c) Rotor blade (R3) (view from leading
edge side).

(d) Rotor blade (R3) (view from trailing
edge side).

Figure 4.48: Three-row compressor. Objective function: axial force on the R3 blade.
Constraints: Exit capacity and total pressure coefficient. Baseline (gray) vs. im-
proved (green) S2 and R3 blades’ geometries.

The new geometry of the configuration reduces the time-integrated objective func-
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Figure 4.49: Three-row compressor. Baseline vs. improved blade profiles near hub
(5% blade’s span) and tip (95% blade’s span).

tion by 0.76% (from 5.604 · 10−1Ns to 5.562 · 10−1Ns), while violating the time-

integrated outlet capacity constraint by 0.06% (from 7.916·10−7 kgK1/2Pa−1 to 7.912·
10−7 kgK1/2Pa−1) and the time-integrated total pressure coefficient constraint by 0.04%

(from 6.318 · 10−4s to 6.316 · 10−4s), fig. 4.50. The static pressure distribution at the

midspan of the R3 blade for the baseline and improved designs are given in fig. 4.51

while the instantaneous values of the axial force for the baseline and improved ge-

ometries in fig. 4.52.

Since a small step-size is used for 4 optimization cycles, the new geometry does

not significantly differ from the baseline. Thus, the spotted differences in fig. 4.52 are

marginal. However, the reduction in the objective function is apparent, see fig. 4.52.
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Figure 4.50: Three-row compressor. Objective function: axial force on the R3 blade.
Constraints: Exit capacity and total pressure coefficient. Change (%) of the objective
function and constraints after four optimization cycles.
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Figure 4.52: Three-row compressor. Instantaneous axial force on the R3 blade for
the baseline and improved configuration geometries.

4.5 Temporal Coarsening

Using both the turbine stage and the three-row compressor cases, two alternative

coarsening setups will be used for the adjoint solver considering the axial force as

the (time-integrated) objective function, the gradient of which needs to be computed.

On the first one, the real time-step is considered to be twice as high as that of the ref-

erence case and, on the second one, quadruple. The treatment leads to a reduction in

both the storage space needed for the primal flow and the running time of the adjoint

to half and a quarter of the initial setup, respectively. The comparison of the obtained

gradients is plotted using a line graph for the turbine stage in fig. 4.53 and a bar graph

for the three-row compressor in fig. 4.54.

The gradients obtained after the temporal coarsening technique are relatively close

to the reference values, especially when using a double time-step. In large cases, in

which the storage of the entire flow solution time-series becomes impossible due to

hardware limitations, the method can be used to keep the cost at affordable levels,

without though significantly compromising accuracy.
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Figure 4.53: HPT stage. Objective function: Axial force on the rotor. Original gradi-
ents compared with gradients obtained via the temporal coarsening method.
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Figure 4.54: Three-row compressor. Objective function: Axial force on the R3 blade.
Original gradients compared with gradients obtained via the temporal coarsening
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5
Closure - Conclusions

This PhD thesis aimed at the development, programming, application and assess-

ment of the unsteady discrete adjoint method, formulated in the time-domain, for

the exact computation of sensitivity derivatives to be used in shape optimization of

3D, multi-row turbomachines. The development was carried out in the CFD suite

Hydra, the standard CFD tool in RR, written in Fortran 77, using a combination of

hand-differentiation and algorithmic differentiation by implementing Tapenade, IN-

RIA. The method was applied to periodic and transient compressible flows governed

by the URANS equations. The computed derivatives were validated against finite dif-

ferences and used in an optimization loop to improve turbine and compressor blades

while considering equality constraints. In the following paragraphs, some remarks are

made and conclusions are drawn concerning the work conducted in this thesis.

The unsteady adjoint solver made use of parallel storage to SSD disks instead of

the RAM to retrieve the flow fields during the reverse time integration of the adjoint

computations. Thus, RAM limitations regarding the storage of flow fields can be elim-

inated without creating a significant time overhead. To quantify it, reading in the flow

fields comes at a cost of less than 5% compared to the cost of solving the adjoint equa-

tions. The size of available SSD capacity may pose a limitation for running very large
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cases (larger than the ones considered in this thesis). Nevertheless, the cost-capacity

ratio is considerably lower for SSD disks compared to RAM. In addition, in order to re-

duce the disk storage space and time cost of the adjoint solver for such large cases, the

temporal coarsening method was used, which proved to be able to provide gradients

with adequate accuracy.

The solution scheme of the flow equations was differentiated by hand to derive an

adjoint to the Runge-Kutta method used to solve the unsteady discrete adjoint equa-

tions. The implementation of algorithmic differentiation (Appendix A) in the adjoint

solver was employed for the computation of selected differential terms in the adjoint

equations. Thus, a combination of hand and algorithmic differentiation was used and

proved to take advantage of the strengths of both methods. Algorithmic differentia-

tion allowed the quick differentiation of subroutines of the flow solver, avoiding pro-

gramming errors while eliminating the need to reprogram by hand the adjoint code

to incorporate changes made in certain parts of the flow solver. On the other hand,

hand differentiation helped to reduce the RAM footprint of the adjoint solver while

maintaining solving efficiency.

Formulating an unsteady adjoint solver in the time-domain appears to be the only

way to solve optimization problems which involve non-periodic (transient) phenom-

ena. In such cases, the use of existing adjoint solvers formulated in the frequency-

domain is not possible. For the specific case of periodic flows, adjoint solvers in both

the time-domain and frequency-domain can be used to compute gradients. The cost of

frequency-domain solvers is proportional to the number of frequencies used. Quan-

tifying the cost difference between time- and frequency-domain computations (for

periodic flows) is case specific and depends on the number of used frequencies for the

frequency-domain solver, the number of time-steps for the time-domain solver etc. In

summary, the availability of an adjoint time-domain solver is the only possible option

for transient flows, which can also deal with periodic flows, at a higher cost though

than frequency-domain methods.

The developed unsteady adjoint solver was applied to three turbomachinery cases,

successfully optimizing the selected objective function while, in one case, considering

equality constraints. The turbine vane case was used as a demonstration of a transient

flow case and the time-integrated total pressure ratio was increased by 0.6% after 30

optimization loops. In the turbine stage case, the time-integrated axial force on the

rotor was reduced by 8.81% after a single optimization loop; this is a relatively large

value justified by the lack of constraints. In the three-row compressor case, the time-
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integrated axial force is reduced by 0.76% while violating the constraints by 0.04%

and 0.06% after 4 optimization loops; the reduction is smaller in this case because of

the smaller optimization step size used to avoid violating the constraints. Since the

focus of the thesis is the development of the unsteady adjoint solver, emphasis is given

to the validation of the computed gradients of the objective function w.r.t. the design

variables using the adjoint method against finite differences.

5.1 Novelties in this Thesis

The novel contributions of this PhD thesis are summarized below:

• The unsteady adjoint method, formulated in the time-domain was applied for

the first time in the literature to 3D, multi-row turbomachinery cases. This al-

lows the use of the developed method and software in turbomachinery shape

optimization with transient flow phenomena.

• The iterative scheme adjoint to the 5-stage Runge-Kutta method was derived

and used to solve the time-accurate adjoint equations so as to ensure the same

convergence rate with the URANS solver and obtain the same gradient value

whether solving the equations that occur from forward differentiation or using

the adjoint method.

• An adjoint sliding interface method was developed to achieve the coupling of the

domains of adjacent rows during the adjoint computations by combining hand

and algorithmic differentiation.

Publications

The publications that resulted from the research carried out in this thesis are listed

below:

Journal publication:

• Ntanakas, G., Meyer, M., and Giannakoglou, K.C. Employing the time domain

unsteady discrete adjoint method for shape optimization of 3D multi-row turbo-

machinery configurations. Journal of Turbomachinery, 140(8):081006, 2018

Conference publications (with full paper):
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• Ntanakas, G. and Meyer, M. Towards unsteady adjoint analysis for turbomachin-

ery applications. Paper No. IS14-S8-3, 6th European Conference on Computa-

tional Fluid Dynamics-ECFD VI, Barcelona, Spain, 2014.

• Ntanakas, G. and Meyer, M. The unsteady discrete adjoint method for turboma-

chinery applications. 14th International Symposium on Unsteady Aerodynam-

ics, Aeroacoustics and Aeroelasticity of Turbomachines, Stockholm, Sweden, pp.

5071-5081, 2015.

5.2 Future Work

A brief overview of the points that could be the continuation and expansion of this

work follows:

• In the flow solver, OPlus is employed for the parallel execution of the sliding

plane implementation. Flow variables are transferred (interpolated) from the

internal sliding plane nodes to the corresponding external sliding plane nodes.

For the adjoint solver, the process is reversed; data are transferred from the ex-

ternal sliding plane to the corresponding internal. This new operation that needs

to be performed is not yet supported by OPlus for multiple partitions. As a rem-

edy, when splitting the grid into different partitions, the user needs to manually

assign the nodes of each single sliding interface (internal and external planes)

to the same partition for the operation to be performed. This restriction may

pose an upper bound to the scalability of the parallel execution of the unsteady

adjoint solver for (very) big cases on a large number of computer nodes. It is,

thus, essential for future versions of OPlus to fulfill this reversal of data transfers

for sliding interface nodes that lay on different partitions.

• For the reduction of the cost of the adjoint computations the temporal coars-

ening technique was used. Cost reduction is obvious but this might reduce the

accuracy of the computed gradients. To maintain the accuracy of the reference

gradients, while reducing the storage space cost, a check-pointing scheme can

be used. However, this will increase the running time of the flow solver due

to recomputation of the flow of intermediate time-steps. A compromise that,

if implemented, maintains an acceptable level of gradients’ accuracy while not

adding an execution time overhead, as big as check-pointing does, is reduced-

order modeling methods, such as POD, which will allow the unsteady adjoint
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solver to be applied to big cases where storing the flow for every time-step ex-

ceeds the available disk’s storage limits.

• The unsteady adjoint solver can be extended for problems that involve grid de-

formation [80, 88], e.g. to account for blade vibration. In this case, the Ge-

ometric Conservation Law needs to be incorporated into the flow and adjoint

equations to consider the displacement of grid nodes per time-step.
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Appendix A

Algorithmic Differentiation Principles

The unsteady adjoint solver is using partially algorithmic differentiation (AD) [176]
in order to compute some of the differential terms that appear in the unsteady adjoint

equations. In this appendix, the basic principles of AD are given in order to provide

the required background that is needed before going into the details of the AD imple-

mentation in the unsteady adjoint solver of this work.

It is assumed that there is a computer program P that takes a vector of inputs

x =
�

x1 · · · xn

�

and produces a vector of outputs y =
�

y1 · · · ym

�

. There is

a wide number of ways to compute the derivative of the outputs w.r.t. the inputs.

A natural way is to differentiate by hand the mathematics that led to the computer

program and write another program that computes the derivative. This, for large

and complex programs that involve solving differential equations, is not an efficient

and viable option because it is error-prone and implies discretizing new equations,

recoding etc. Another way is to use the original program and finite differences or the

complex variable method, as described in section 1.2, after carefully considering their

disadvantages.

Using AD software tools, one is able to compute the exact analytical derivatives,

and not an approximation to them, by constructing a new augmented program P ′,

called the differentiated program.

Initially, a simple example is set up [195–197]. A computer program is used to

compute the following function

y1 = cos(x1) + lnx2
2 (A.1)

In order to compute the gradient d y
dx =

�

∂ y1
∂ x1

∂ y1
∂ x2

�T
the following fundamental steps
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are performed:

• the original function is decomposed into intrinsic functions,

• the intrinsic functions are differentiated and

• the differentiated terms are appropriately multiplied according to the chain rule.

If the input vector is x =
�

2 3
�T

, the program implements the following intrinsic

functions by using the intermediate variables wi

Original program

x1 = 2
x2 = 3
w1 = cos(x1) = −0.416
w2 = x2

2 = 9
w3 = lnw2 = 2.197
w4 = w1 +w3 = 1.781
y1 = w4 = 1.781

Table A.1: Implementation of the function calculation by a program.

Two distinct modes of AD are presented; forward mode and reverse/adjoint mode.

Applying AD in forward mode is the conceptually most simple type. Every interme-

diate variable is associated with a derivative

ẇi =
∂ wi

∂ x j
, j = 1, 2 (A.2)

and the chain rule is applied following the forward trace of the original program.

Forward Differentiation
1st Pass

↓ ẋ1 = 1
↓ ẋ2 = 0
↓ ẇ1 = − ẋ1sin(x1) = −0.909
↓ ẇ2 = 2x2 ẋ2 = 0
↓ ẇ3 = ẇ2/w2 = 0
↓ ẇ4 = ẇ1 + ẇ2 = −0.909
↓ ẏ1 = ẇ4 = −0.909

Forward Differentiation
2nd Pass

↓ ẋ1 = 0
↓ ẋ2 = 1
↓ ẇ1 = − ẋ1sin(x1) = 0
↓ ẇ2 = 2x2 ẋ2 = 6
↓ ẇ3 = ẇ2/w2 = 0.667
↓ ẇ4 = ẇ1 + ẇ2 = 0.667
↓ ẏ1 = ẇ4 = 0.667

Table A.2: Operations performed from the forward differentiated program.
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Using the reverse/adjoint mode, every intermediate variable is associated with

an adjoint variable

w̄i =
∂ y1

∂ wi
(A.3)

and derivatives are computed by propagating the adjoint variables backwards from

the outputs to the inputs in Table A.3

Reverse/Adjoint Differentiation

↑ x̄1 = w̄1
∂ w1
∂ x1

= −w̄1sin(x1) = −0.909

↑ x̄2 = w̄2
∂ w2
∂ x2

= w̄22x2 = 0.667
↑
↑ w̄2 = w̄3

∂ w3
∂ w2

= w̄3
1

w2
= 0.111

↑ w̄1 = w̄4
∂ w4
∂ w3

= w̄4 = 1

↑ w̄3 = w̄4
∂ w4
∂ w3

= w̄4 = 1
↑ w̄4 = ȳ1 = 1

Table A.3: Operations performed from the reverse differentiated program.

Often, to compute an adjoint intermediate variable, an intermediate variable from

the original program is needed. For example, to compute w̄2, w2 is required. Thus,

the reverse mode often has two phases. The first one is a forward sweep of the orig-

inal program to compute any needed intermediate variables, which is omitted in this

example. The second phase involves the reverse sweep of the differentiated code.

It is observed that in order to compute the full gradient using forward differentia-

tion, two passes using a different initial seed are needed while using reverse differen-

tiation only one. I.e. the cost of forward differentiation is proportional to the size of

the input vector whereas reverse differentiation to the size of the output vector.

In the general case of a function f : Rn → Rm so that y = f (x ), the Jacobian is

given by

∂ y1
∂ x1

· · · · · · ∂ y1
∂ xn

...
...

...
...

∂ ym
∂ x1

· · · · · · ∂ ym
∂ xn
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If a single-entry input vector of the form

ẋ =
�

ẋ1 · · · ẋ i · · · ẋn

�T
=
�

0 · · ·1 · · ·0
�T

(A.4)

(zeros everywhere except the entry ẋ i) is given, a forward pass yields the ith column

of the Jacobian, indicated by the plain border-line. In the general case, where ẋ is not

simply a single-entry vector, the forward pass offers a matrix free way of computing







∂ y1
∂ x1

· · · ∂ y1
∂ xn

...
...

∂ ym
∂ x1

· · · ∂ ym
∂ xn













ẋ1
...

ẋn






(A.5)

On the other hand, if a transposed single-entry input vector of the form

ȳ =
�

ȳ1 · · · ȳi · · · ȳm

�T
=
�

0 · · ·1 · · ·0
�T

(A.6)

is given, a reverse pass yields the ith row of the Jacobian, indicated by the dashed

border-line. In the general case, where ȳ is not simply a single-entry vector, the reverse

pass offers a matrix free way of computing

�

ȳ1 · · · ȳm

�T







∂ y1
∂ x1

· · · ∂ y1
∂ xn

...
...

∂ ym
∂ x1

· · · ∂ ym
∂ xn






(A.7)

If the Jacobian needs to be computed, choosing the forward or reverse mode translates

to whether the columns are more than the rows or equivalently whether the inputs n

are more than the outputs m.

Usually, a computer program implements a composition of functions and not a

single function. To examine this case, it is assumed that a computer program reads in

an input vector ζ0 ∈ Rn and produces an output vector ζN ∈ Rn through a series of

operations of the form

ζn = fn(ζn−1) (A.8)

so that

ζN = fN ◦ fN−1 ◦ . . . ◦ f2 ◦ f1(ζ0) = F(ζ0) (A.9)

Since F is a composition of functions, the first-order derivative is given by the chain
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rule as

F ′(ζ0) = f ′N (ζN−1) · f ′N−1(ζN−2) · . . . · f ′1(ζ0) (A.10)

Similarly to the application of AD to a single function program, the differentiated code

computes the products

F ′(ζ0) · ζ̇0 or ζN · F
′(ζ0)

where ζ̇0 ∈ Rn and ζN ∈ R
m, when using the forward or the reverse mode, respectively.

Forward Mode Reverse Mode

ζ1 = f1(ζ0)

ζ̇1 = f ′1(ζ0) · ζ̇0

ζ2 = f2(ζ1)

ζ̇2 = f ′2(ζ1) · ζ̇1

...

ζN = fN (ζN−1)

ζ̇N = f ′N (ζN−1) · ζ̇N−1

ζ1 = f1(ζ0)
ζ2 = f2(ζ1)

...

ζN = fN (ζN−1)

ζN−1 =ζN · f
′
N (ζN−1)

ζN−2 =ζN−1 · f
′
N−1(ζN−2)

...

ζ0 =ζ1 · f
′

1(ζ0)

Table A.4: Forward and reverse mode for program of composite functions.

The resulting vector from the forward mode is

ζ̇N = f ′N (ζN−1) · f ′N−1(ζN−2) · . . . · f ′1(ζ0) · ζ̇0 (A.11)

and from the reverse mode

ζ0 = ζN · f
′
N(ζN−1) · f ′N−1(ζN−2) · . . . · f ′1(ζ0) (A.12)

The Jacobian of the outputs w.r.t. the inputs can be computed by running either the

program that resulted by applying tangent mode on the original program m times or

the program that resulted by applying reverse mode to the original program n times,

using the appropriate input vectors.

Forward or reverse differentiation are two extreme ways of traversing the chain

rule. The problem of computing a full Jacobian with the minimum number of opera-

tions is known as the Optimal Jacobian Accumulation Problem, which is NP-complete

[198] and is beyond the scope of this appendix. Simplifying, it can be said that forward

127



Appendix A. Algorithmic Differentiation Principles

mode is best suited when n< m while reverse mode is best suited when n> m.

AD is implemented using two strategies: source code transformation and operation

overloading.

Source code transformation [177, 199, 200]: The original source code that imple-

ments the function composition of which the derivative needs to be computed is re-

placed by an automatically generated augmented source code, fig. A.1. An AD tool

takes over the transformation of the original source code. The AD tool parses the

original source code similarly to a compiler but instead of producing objective files

and executables, produces new source code. Source code transformation is possible

in most programming languages including legacy Fortran or C codes. Moreover, it al-

lows compile-time optimizations that reduce running time. On the other side, creating

a source code transformation AD tool is more development-intensive than operation

overloading.

Operation overloading [201–204]: If the programming language permits it, one can

replace the types of floating-point variables with a new type that contains additional

derivative information and overload the arithmetic operations for this new type to

propagate the derivative information. This is performed by a library that defines the

overloaded type and arithmetic operations, fig. A.2. There are no substantial changes

that need to be done in the original code and coding the AD tool is easier comparing

to source code transformation. However, operation overloading is limited to selected

programming languages that support it. In addition, current compilers lag behind in

optimizing code that uses operation overloading libraries.

function.f

AD tool

function_diff.f

fortran
compiler

function_diff.o

Figure A.1: Simplified schematic of source code transformation.

An exhaustive list of AD tools, on-going research and applications can be found

in [205].
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function.c++

c++
compiler

oper_overl.h

function.o

Figure A.2: Simplified schematic of operation overloading.

A.1 Source Code Transformation using Tapenade

Tapenade, INRIA, is the source code transformation AD tool that was used to compute

some of the differential terms during the unsteady adjoint computations of this work.

In this section, the functionality of Tapenade is demonstrated in the simple function

example that was introduced in the previous section. The programming language is

Fortran 90.

Initially, the code that mimics the operations that were performed in table A.1 is

written as follows

subroutine function(x1,x2,y1)

!----------------------------

implicit none

real*8 :: x1,x2,y1

real*8 :: w1,w2,w3,w4

!----------------------------

w1=cos(x1)

w2=x2**2

w3=log(w2)

w4=w1+w3

y1=w4

end subroutine

This source code is given as an input to Tapenade along with the arguments that flag

forward differentiation and identify x1 and x2 as inputs and y1 as output. Tapenade

produces the following source code.

! Generated by TAPENADE (INRIA, Tropics team)

! Tapenade 3.4 (r3375) - 10 Feb 2010 15:08

!

! Differentiation of function in forward (tangent) mode:
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! variations of useful results: y1

! with respect to varying inputs: x1 x2

! RW status of diff variables: y1:out x1:in x2:in

!----------------------------

SUBROUTINE FUNCTION_D(x1, x1d, x2, x2d, y1, y1d)

IMPLICIT NONE

REAL*8 :: x1, x2, y1

REAL*8 :: x1d, x2d, y1d

REAL*8 :: w1, w2, w3, w4

REAL*8 :: w1d, w2d, w3d, w4d

INTRINSIC COS

INTRINSIC LOG

!----------------------------

w1d = -(x1d*SIN(x1))

w1 = COS(x1)

w2d = 2*x2*x2d

w2 = x2**2

w3d = w2d/w2

w3 = LOG(w2)

w4d = w1d + w3d

w4 = w1 + w3

y1d = w4d

y1 = w4

END SUBROUTINE FUNCTION_D

It is observed that along with the original operations there are additional program

lines that compute derivatives. The variables that end with a "d" correspond to the

variables with an overdot of table A.2.

Simply by changing the flag that indicates the differentiation mode from "forward"

to "reverse", Tapenade provides the adjoint code.

! Generated by TAPENADE (INRIA, Tropics team)

! Tapenade 3.4 (r3375) - 10 Feb 2010 15:08

!

! Differentiation of function in reverse (adjoint) mode:

! gradient of useful results: y1

! with respect to varying inputs: y1 x1 x2

! RW status of diff variables: y1:in-zero x1:out x2:out

!----------------------------

SUBROUTINE FUNCTION_B(x1, x1b, x2, x2b, y1, y1b)

IMPLICIT NONE

REAL*8 :: x1, x2, y1
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REAL*8 :: x1b, x2b, y1b

REAL*8 :: w1, w2, w3, w4

REAL*8 :: w1b, w2b, w3b, w4b

INTRINSIC COS

INTRINSIC LOG

!----------------------------

w2 = x2**2

w4b = y1b

w1b = w4b

w3b = w4b

w2b = w3b/w2

x2b = 2*x2*w2b

x1b = -(SIN(x1)*w1b)

y1b = 0.0_8

END SUBROUTINE FUNCTION_B

In this case, variables that end with a "b" correspond to the overbar variables of table

A.3. The resulting code can be divided into two sub-parts. In the first part, a forward

sweep computes the intermediate w variables needed for the reverse differentiation.

For the current example, that translates only to w2 and only to one line (the first

line after the variable declaration) of the reverse differentiated source code. Then, a

reversal of the trace of operations of the original source code takes place.

In the case of a subroutine where some of the intermediate w values are overwritten

during the execution of the original code, a problem arises because of the data-flow

reversal of the adjoint code. There are two extreme options:

• Recompute-all: The part of the code that is needed to retrieve an overwritten

value is re-executed every time an overwritten value is needed. This option adds

execution time.

• Store-all: During the forward sweep of the original code, whenever an inter-

mediate value that will be needed during the backward sweep is overwritten,

its old value is stored on a stack with a "push" command. During the backward

sweep, when the intermediate value is needed, this is retrieved using a "pop"

command. This option increases the memory requirements and, indirectly, the

running time by slowing down the memory access.

Often, a trade-off between the two methods is used. This translates to storing some

of the overwritten intermediate values in the stack and using them as a starting point

to recompute the remaining needed intermediate values.
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ΕΘΝΙΚΟ ΜΕΤΣΟΒΙΟ ΠΟΛΥΤΕΧΝΕΙΟ
Σχολή Μηχανολόγων Μηχανικών
Τοµέας Ρευστών
Εργαστήριο Θερµικών Στροβιλοµηχανών
Μονάδα Παράλληλης Υπολογιστικής Ρευστοδυναµικής
& Βελτιστοποίησης

Η Χρονικά Μη-Μόνιµη ∆ιακριτή Συζυγής Μέθοδος

µε ∆ιατύπωση στο Πεδίο του Χρόνου για τη

Βελτιστοποίηση Μορφής στις Στροβιλοµηχανές

∆ιδακτορική ∆ιατριβή - Εκτενής Περίληψη

Γεώργιος ∆. Ντανάκας

Ακαδηµαϊκός Επιβλέπων: Κυριάκος Χ. Γιαννάκογλου, Καθηγητής ΕΜΠ

Βιοµηχανικός Επιβλέπων: Marcus Meyer, Ph.D., CFD Methods,
Rolls-Royce Deutschland

Αθήνα, 2018





ΕΘΝΙΚΟ ΜΕΤΣΟΒΙΟ ΠΟΛΥΤΕΧΝΕΙΟ
Σχολή Μηχανολόγων Μηχανικών
Τοµέας Ρευστών
Εργαστήριο Θερµικών Στροβιλοµηχανών
Μονάδα Παράλληλης Υπολογιστικής Ρευστοδυναµικής
& Βελτιστοποίησης

Η Χρονικά Μη-Μόνιµη ∆ιακριτή Συζυγής Μέθοδος µε

∆ιατύπωση στο Πεδίο του Χρόνου για τη Βελτιστοποίηση

Μορφής στις Στροβιλοµηχανές

∆ιδακτορική ∆ιατριβή - Εκτενής Περίληψη

Γεώργιος ∆. Ντανάκας

Εξεταστική Επιστροπή:

1. Κυριάκος Γιαννάκογλου (Επιβλέπων)*
Καθηγητής, ΕΜΠ, Σχολή Μηχανολόγων Μηχανικών

2. Νικόλαος Αρετάκης*
Επίκουρος Καθηγητής, ΕΜΠ, Σχολή Μηχανολόγων Μηχανικών

3. Σπυρίδων Βουτσινάς*
Καθηγητής, ΕΜΠ, Σχολή Μηχανολόγων Μηχανικών

4. Κωνσταντίνος Μαθιουδάκης
Καθηγητής, ΕΜΠ, Σχολή Μηχανολόγων Μηχανικών

5. Ιωάννης Νικολός
Καθηγητής, Πολυτεχνείο Κρήτης, Σχολή Μηχανικών
Παραγωγής & ∆ιοίκησης

6. Λάµπρος Καϊκτσής
Καθηγητής, ΕΜΠ, Σχολή Ναυπηγών Μηχανολόγων Μηχανικών

7. Ιωάννης Ρουµελιώτης
Επίκουρος Καθηγητής, Σχολή Ναυτικών ∆οκίµων
Λέκτορας, Cranfield University, School of Aerospace, Transport and Manu-
facturing

* Μέλος της Συµβουλευτικής Επιτροπής.

Αθήνα, 2018





Η διδακτορική διατριβή εκπονήθηκε στο πλαίσιο του ΙΤΝ AboutFlow:
“Adjoint-based optimization of industrial and unsteady flows”.

http://aboutflow.sems.qmul.ac.uk

Το AboutFlow χρηµατοδοτήθηκε από το Seventh Framework Programme της
Ευρωπαϊκής ΄Ενωσης στο πλαίσιο της Συµφωνίας Επιχορήγησης Νο. 317006.

http://aboutflow.sems.qmul.ac.uk




Περιεχόµενα

1 Εισαγωγή 1

2 Εξισώσεις Ροής: ∆ιατύπωση και Αριθµητική Επίλυση 3

2.1 Εξισώσεις Ροής και Οριακές Συνθήκες . . . . . . . . . . . . . . . . . . . . 3
2.2 Επαναληπτικό Σχήµα Επίλυσης . . . . . . . . . . . . . . . . . . . . . . . . 5
2.3 Συνάρτηση-Στόχος και Πρακτικές Λεπτοµέρειες . . . . . . . . . . . . . . 6

2.3.1 Παραµετροποίηση - Πλεγµατοποίηση . . . . . . . . . . . . . . . . 7

3 Η Χρονικά Μη-Μόνιµη ∆ιακριτή Συζυγής Μέθοδος: ∆ιατύπωση στο Χρο-

νικό Πεδίο 9

3.1 Χρονικά Μη-Μόνιµες ∆ιακριτές Συζυγείς Εξισώσεις . . . . . . . . . . . . 9
3.2 Επίλυση των Χρονικά Μη-Μόνιµων Συζυγών Εξισώσεων . . . . . . . . . 11
3.3 Η Αυτόµατη ∆ιαφόριση στο Χρονικά Μη-Μόνιµο Συζυγή Επιλύτη . . . 16
3.4 Συζυγείς Οριακές Συνθήκες . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.4.1 ∆ιεπιφάνεια Ολίσθησης στο Συζυγή Επιλύτη . . . . . . . . . . . . 18
3.5 Η Τεχνική της Χρονικής Αραίωσης . . . . . . . . . . . . . . . . . . . . . . 18
3.6 Αλγόριθµος Βελτιστοποίησης . . . . . . . . . . . . . . . . . . . . . . . . . . 18

4 Εφαρµογές 20

4.1 Σταθερή Πτερύγωση Στροβίλου Υψηλής Πίεσης . . . . . . . . . . . . . . . 20
4.2 Βαθµίδα Στροβίλου Υψηλής Πίεσης . . . . . . . . . . . . . . . . . . . . . . 25
4.3 Συµπιεστής 1,5 Βαθµίδας . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.4 Εφαρµογή Χρονικής Αραίωσης . . . . . . . . . . . . . . . . . . . . . . . . 35

5 Συµπεράσµατα 37

Βιβλιογραφία 39

v





∆ιδακτορική ∆ιατριβή - Εκτενής Περίληψη

1. Εισαγωγή
Η συνεχής εξέλιξη των υπολογιστών ευνόησε τη σταδιακή µετάβαση από µεθόδους
και λογισµικό αριθµητικής επίλυσης χρονικά µόνιµων ϱοών σε αυτά των µη-µόνιµων
ϱοών. Η αλλαγή αυτή δεν µπορούσε παρά να επηρεάσει και τους συζυγείς επιλύτες
που υποστηρίζουν την αεροδυναµική ϐελτιστοποίηση µειώνοντας την απόσταση µε-
ταξύ πραγµατικότητας και προσοµοίωσης. Αυτός είναι και ο τοµέας συνεισφοράς της
διδακτορικής αυτής διατριβής, η οποία επεκτείνει τη χρήση της χρονικά µη-µόνιµης
διακριτής συζυγούς µεθόδου, διατυπωµένης στο πεδίο του χρόνου, σε περιπτώσεις
τριδιάστατων ϱοών σε πολυβάθµιες στροβιλοµηχανές.

Η ϐελτιστοποίηση µορφής, άρρηκτα συνδεδεµένη µε το σχεδιασµό στροβιλοµηχα-
νών, µπορεί να χωριστεί σε δύο ϐασικές κατηγορίες µεθόδων: τις στοχαστικές [1–3]
και τις αιτοκρατικές [4–7]. Η πρώτη κατηγορία εκπροσωπείται κυρίως από τους
εξελικτικούς αλγόριθµους, οι οποίοι µιµούνται τη ϕυσική εξέλιξη για την εύρεση
του ϐέλτιστου ως αποτέλεσµα της εξέλιξης γενεών. Η δεύτερη κατηγορία ϐασίζεται
στον υπολογισµό της πρώτης ή/και µεγαλύτερης τάξης παραγώγων της συνάρτησης-
στόχου ως προς τις µεταβλητές σχεδιασµού, µε σκοπό την πραγµατοποίηση ϐηµάτων
ϐελτιστοποίησης σύµφωνα µε µεθόδους όπως η απότοµη κάθοδος ή άνοδος, η µέθο-
δος Newton, η µέθοδος BFGS κλπ.

Για τον υπολογισµό της παραγώγου πρώτης τάξης, έχουν δοκιµαστεί διάφορες
µέθοδοι στη ϐιβλιογραφία. Οι µέθοδοι των πεπερασµένων διαφορών [8], των µι-
γαδικών µεταβλητών [9, 10] και της ευθείας διαφόρισης [11, 12] υπολογίζουν την
παράγωγο της συνάρτησης-στόχου ως προς τις µεταβλητές σχεδιασµού µε κόστος
ανάλογο του αριθµού των µεταβλητών σχεδιασµού. Από την άλλη, η συζυγής µέθο-
δος µπορεί να χρησιµοποιηθεί για τον υπολογισµό παραγώγων µε κόστος πρακτικά
ανεξάρτητο του αριθµού των µεταβλητών σχεδιασµού και ανάλογο του αριθµού των
συναρτήσεων-στόχων. Στις εφαρµογές υπολογιστικής ϱευστοδυναµικής, ο αριθµός
των συναρτήσεων-στόχων είναι συνήθως σηµαντικά µικρότερος από τον αριθµό των
µεταβλητών σχεδιασµού και αυτός είναι ο λόγος για την επικράτηση της µεθόδου.
Η ϐιβλιογραφία για τη µέθοδο (για χρονικά µόνιµες ϱοές), είτε στη διακριτή είτε στη
συνεχή εκδοχή της, είναι εκτενής [13–19].

΄Ενα σύνολο παραγόντων οδήγησε στην εφαρµογή της µεθόδου και σε χρονικά
µη-µόνιµα προβλήµατα. Η χρονική µη-µονιµότητα είναι εγγενής ιδιότητα κάποιων
ϱοών κυρίως στις στροβιλοµηχανές. Η υπόθεση της χρονικής µονιµότητας και η
µέθοδος της διεπιφάνειας ανάµιξης [20] µεταξύ σταθερών και περιστρεφόµενων πτε-
ϱυγώσεων, η οποία κυριαρχεί τα τελευταία χρόνια, έχει αρχίσει να ϕτάνει στα όρια του
πόσο µπορεί να ϐελτιώσει τις νέες γεωµετρίες. Ταυτόχρονα, η επίλυση χρονικά µη-
µόνιµων ϱοών µε επιλύτες χρονικά µόνιµων ϱοών µπορεί να προκαλέσει αστάθειες
στη σύγκλιση του συζυγούς προβλήµατος που ακολουθεί, παρά τις προσπάθειες στα-
ϑεροποίησης που έχουν εµφανιστεί [21–23]. Τα παραπάνω, σε συνδυασµό µε την
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αύξηση της διαθέσιµης υπολογιστικής ισχύος, έφεραν τους χρονικά µη-µόνιµους
συζυγείς επιλύτες στο προσκήνιο.

Τα πρώτα άρθρα για την εφαρµογή της µεθόδου δηµοσιεύτηκαν στις αρχές της
δεκαετίας του 2000 [24–28]. ΄Εκτοτε, έχει δηµοσιευτεί ένας σηµαντικός αριθµός
εργασιών. Η µέθοδος έχει εφαρµοστεί σε χρονικά µη-µόνιµες εξωτερικές ϱοές µέσα
σε κυλίνδρους [29, 30], γύρω από έλικες ελικοπτέρων [31–35], αεροτοµές [36–56],
πτέρυγες αεροσκαφών [34, 57] και ολόκληρα αεροσκάφη [58]. Στις στροβιλοµη-
χανές, η συντριπτική πλειονότητα των εφαρµογών επωφελείται από την περιοδική
συµπεριφορά της ϱοής για τη µείωση του κόστους. Η µέθοδος της ισορροπίας αρµο-
νικών [59–65] ϐασίζεται στην αναπαράσταση κατά Fourier της χρονικά µη-µόνιµης
λύσης, η οποία προσεγγίζεται από τη µέση τιµή και τις αρµονικές γνωστών συ-
χνοτήτων (διατύπωση στο πεδίο συχνοτήτων). Η µέθοδος της χωρο-χρονικής παρα-
γώγου [66] αντικαθιστά τη χρονική παράγωγο στις εξισώσεις ϱοής µε µια χωρική
παράγωγο πολλαπλασιασµένη µε την ταχύτητα περιστροφής. Τέτοιες προσεγγίσεις
αµελούν µη-περιοδικά ή/και µεταβατικά ϕαινόµενα, όπως τα προβλήµατα πρόβλε-
ψης του περιθωρίου πάλµωσης ή προβλήµατα όπως το ϕαινόµενο εκφυγής στροβίλου
που σχηµατίζεται µετά την ακµή εκφυγής ενός πτερυγίου. Στο [67], η µέθοδος εφαρ-
µόστηκε σε LES σε σταθερή πτερύγωση στροβίλου. Σε πρώιµη ϕάση της διδακτορι-
κής διατριβής, η χρονικά µη-µόνιµη συζυγής µέθοδος εφαρµόστηκε σε τριδιάστατη
σταθερή πτερύγωση στροβίλου [68] και σε ψευδο-διδιάστατη ϐαθµίδα στροβίλου [69].
Εξ όσων γνωρίζει ο συγγραφέας, η χρονικά µη-µόνιµη συζυγής µέθοδος, διατυπω-
µένη στο πεδίο του χρόνου, εφαρµόστηκε για πρώτη ϕορά σε τριδιάστατες, πολυβάθ-
µιες διατάξεις στροβιλοµηχανών σε αυτήν τη διατριβή και στο [70], δηµοσίευση που
προέκυψε στο πλαίσιο της διατριβής.

Η διδακτορική αυτή διατριβή εκπονήθηκε στο πλαίσιο του Initial Training Net-
work (ITN) AboutFlow, χρηµατοδοτούµενου από την Ευρωπαϊκή ΄Ενωση, Marie
Skłodowska-Curie FP7. Το ΙΤΝ χρηµατοδότησε 14 παράλληλα διδακτορικά προ-
γράµµατα µε ϑέµα τους χρονικά µη-µόνιµους/µόνιµους συζυγείς επιλύτες και την
ενσωµάτωσή τους στο ϐιοµηχανικό σχεδιασµό. Η ερευνητική ϑέση συνδύασε την το-
ποθέτηση του υποψήφιου διδάκτορα στην εταιρία Rolls-Royce Deutschland (RRD)
µε εκπόνηση διδακτορικής διατριβής στο Εργαστήριο Θερµικών Στροβιλοµηχανών
του ΕΜΠ (ΕΘΣ/ΕΜΠ), στο οποίο έχουν εκπονηθεί ή ϐρίσκονται σε εξέλιξη διδα-
κτορικές διατριβές για τη χρονικά µη-µόνιµη, συνεχή συζυγή µέθοδο [71, 72]. Το
λογισµικό Υπολογιστικής Ρευστοδυναµικής που χρησιµοποιήθηκε και επεκτάθηκε
είναι το Hydra (Fortran 77) [73–75]. Η δηµιουργία του ξεκίνησε από τον Μ. Giles και
την οµάδα του στο Oxford University την περίοδο 1998-2004. Στη συνέχεια, πέρασε
στη RR µε συνεισφορά στην περαιτέρω ανάπτυξη του από διάφορα πανεπιστήµια και
από το 2009 χρησιµοποιείται συστηµατικά στον αεροδυναµικό σχεδιασµό συνιστω-
σών στροβιλοµηχανών. Κατά την έναρξη της διατριβής, το λογισµικό περιλάµβανε
ένα χρονικά µόνιµο και µη-µόνιµο (µε διατύπωση στο πεδίο του χρόνου) επιλύτη
ϱοής και ένα χρονικά µόνιµο διακριτό συζυγή επιλύτη.

Συνοψίζοντας, η διδακτορική διατριβή στοχεύει στην ανάπτυξη ενός διακριτού
συζυγούς επιλύτη, για χρονικά µη-µόνιµες ϱοές, διατυπωµένου στο πεδίο του χρόνου
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µε εφαρµογή σε πολυβάθµιες 3∆ διατάξεις στροβιλοµηχανών. Τα σηµεία στα οποία
επικεντρώνεται είναι :

• ∆ιατύπωση των εξισώσεων. Οι διακριτές συζυγείς εξισώσεις διατυπώνο-
νται για τον υπολογισµό της παραγώγου της συνάρτησης-στόχου χρονικά µη-
µόνιµου προβλήµατος, γραµµένης στη µορφή ολοκληρώµατος σε ένα προσ-
διορισµένο χρονικό διάστηµα.

• Επαναληπτικό σχήµα επίλυσης. Για την επίλυση των χρονικά µη-µόνιµων
συζυγών εξισώσεων, τροποποιείται κατάλληλα το σχήµα Runge-Kutta 5 ϐη-
µάτων µε στόχο τον ίδιο ϱυθµό σύγκλισης µε την επίλυση της ϱοής και ίδιες
υπολογιζόµενες παραγώγους µε τη µέθοδο της ευθείας διαφόρισης.

• Συζυγής διατύπωση της µεθόδου της διεπιφάνειας ολίσθησης. Η διε-
πιφάνεια µεταξύ σταθερών και περιστρεφόµενων πτερυγώσεων αναπτύσσεται
ειδικά για το συζυγή επιλύτη µε στόχο την επικοινωνία µεταξύ των διαδοχικών
υπολογιστικών χωρίων.

• Χειρισµός υψηλού όγκου δεδοµένων. Λόγω περιορισµών ως προς τη µνήµη
RAM, τα δεδοµένα αποθηκεύονται µε παράλληλο τρόπο σε SSD δίσκους.
Για τη µείωση των απαιτήσεων χώρου στο δίσκο και του χρόνου εκτέλεσης,
χρησιµοποιείται η µέθοδος της χρονικής αραίωσης.

2. Εξισώσεις Ροής: ∆ιατύπωση και
Αριθµητική Επίλυση
2.1 Εξισώσεις Ροής και Οριακές Συνθήκες

Για τη ϱοή συµπιεστού ϱευστού που περιγράφεται από τις Unsteady Reynolds-
Averaged Navier-Stokes (URANS) εξισώσεις [76, 77] και το µοντέλο τύρβης µίας
εξίσωσης Spalart-Allmaras [78], το χρονικά µη-µόνιµο υπόλοιπο µπορεί να γρα-
ϕεί σε ηµι-διακριτή µορφή ως

r (u, a, t) =
∂ u
∂ t
+ rst (u, a) =

3un − 4un−1 + un−2

2∆t
+ rst (u, a) = 0 (1)

όπου rst είναι το χρονικά µόνιµο υπόλοιπο, a το διάνυσµα των µεταβλητών σχεδιασµού,
u είναι το διάνυσµα ϱοής, t ο πραγµατικός χρόνος µε t ∈ [0, T] και n ο µετρητής
πραγµατικών χρονικών ϐηµάτων µε n ∈ [1, N]. Το χρονικά µόνιµο υπόλοιπο rst προ-
κύπτει από ένα δεύτερης τάξης σχήµα διακριτοποίησης στο χώρο σε κεντροκοµβικούς
πεπερασµένους όγκους σε µη-δοµηµένο πλέγµα. Η διακριτοποίηση της χρονικής
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παραγώγου ϐασίζεται σε ανάντι σχήµα δεύτερης τάξης. Οι εξισώσεις λύνονται ως
προς τη σχετική ταχύτητα.

Για τους κόµβους στα στερεά τοιχώµατα, οι συνιστώσες του διανύσµατος ϱοής
που αντιστοιχούν σε ταχύτητα και τύρβη τίθενται ίσες µε το µηδέν. Ταυτόχρονα, δεν
λαµβάνονται υπόψη τα υπόλοιπα των αντίστοιχων χρονικά µη-µόνιµων εξισώσεων για
τους συγκεκριµένους κόµβους ώστε να µην ανανεώσουν το διάνυσµα ϱοής. Αν το B6x6

είναι ένα διαγώνιο µητρώο µε µη-µηδενικά και ίσα µε τη µονάδα µόνο τα στοιχεία
στη διαγώνιο που αντιστοιχούν στις συνιστώσες ταχύτητας και τύρβης, προκύπτει ότι

(I − B) rwall = 0

Buwall = 0
(2)

Για τα περιοδικά όρια, το πλέγµα διαµορφώνεται έτσι ώστε οι περιοδικοί κόµ-
ϐοι να αντιστοιχίζονται ανά Ϲεύγη µεταξύ δύο περιοδικών ορίων. Το υπόλοιπο σε
αυτούς τους κόµβους υπολογίζεται λαµβάνοντας υπόψη και τις συνεισφορές από την
ολοκλήρωση σε πεπερασµένους όγκους των «απέναντι» αντίστοιχων κόµβων.

Για τα όρια εισόδου/εξόδου, οι οριακές συνθήκες επιβάλλονται χρησιµοποιώντας
τα αριθµητικά διανύσµατα µη-συνεκτικής ϱοής. Για υποηχητική είσοδο και έξοδο,
επιβάλλονται η ολική πίεση και ϑερµοκρασία µαζί µε τις γωνίες της ϱοής στην είσοδο
και η στατική πίεση στην έξοδο. Για υπερηχητική είσοδο και έξοδο, δίνεται η στατική
πίεση ως επιπρόσθετη συνθήκη εισόδου ενώ προεκβάλλεται από το υπολογιστικό
χωρίο στην έξοδο.

Για τη σύζευξη διαδοχικών πτερυγώσεων στους χρονικά µόνιµους υπολογισµούς,
χρησιµοποιείται η µέθοδος της διεπιφάνειας ανάµιξης, σύµφωνα µε την οποία ανταλ-
λάσσονται µεταξύ των χωρίων των δύο πτερυγώσεων οι περιφερειακά µέσες τιµές των
µεγεθών ϱοής. Για χρονικά µη-µόνιµους υπολογισµούς, χρησιµοποιείται η µέθο-
δος της διεπιφάνειας ολίσθησης [79–81]. Η παραλληλοποίησή της επιτυγχάνεται µε
ειδικές υπορουτίνες της ϐιβλιοθήκης OPlus [82, 83], η οποία χρησιµοποιείται για
την παραλληλοποίηση όλου του κώδικα. Για κάθε σειρά, χρησιµοποιείται ο κατάλ-
ληλος αριθµός πτερυγίων ώστε όλα τα χωρία να έχουν ίσο γωνιακό ϐήµα. Για την
εφαρµογή της, χρειάζεται τα δύο διαδοχικά πλέγµατα να κατασκευαστούν έτσι ώστε
να υπάρχει αλληλοκάλυψη ενός κελιού, σχ. 2. ∆ηµιουργούνται έτσι δύο επιφάνειες
επικοινωνίας όπου η εξωτερική επιφάνεια ολίσθησης της µίας πλευράς συµπίπτει
µε την εσωτερική επιφάνεια ολίσθησης της άλλης και αντίστροφα. Σε κάθε χρονικό
ϐήµα, µεταβάλλεται η σχετική ϑέση µεταξύ των διαδοχικών πλεγµάτων. Πραγµα-
τοποιείται τότε µια αναζήτηση για να προσδιοριστεί σε ποια επιφανειακά κελιά της
εσωτερικής επιφάνειας ϐρίσκονται οι κόµβοι της απέναντι εξωτερικής επιφάνειας. Οι
κόµβοι της εξωτερικής επιφάνειας είναι οι λήπτες και αυτοί της εσωτερικής οι δότες.
΄Ετσι, αρχικά, οι µεταβλητές ϱοής στους δότες µετατρέπονται από το σχετικό στο α-
πόλυτο σύστηµα συντεταγµένων (u → uabs

don). Στη συνέχεια, υπολογίζονται οι τιµές
στους λήπτες µέσω παρεµβολής µε ϐάση τα ϐάρη mi που υπολογίζονται µε ϐάση την

4
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Σχήµα 2: Απλοποιηµένη 2∆ διεπιφάνεια ολίσθησης σε ακτινική και αξονική το-
µή. (έντονη διακεκοµµένη γραµµή: εσωτερική επιφάνεια ολίσθησης (δότες), έντονη
γραµµή: εξωτερική επιφάνεια ολίσθησης (λήπτες), ϐέλη: κατεύθυνση παρεµβο-
λής). Αριστερά: Ακτινική τοµή. ∆εξιά : Αξονική τοµή.

απόσταση του λήπτη από τους δότες,

u rec =
∑

i

miu
don
i ,

∑

i

mi = 1 (3)

Τέλος, οι µεταβλητές ϱοής στους λήπτες µετατρέπονται από το απόλυτο, πίσω στο
σχετικό σύστηµα συντεταγµένων (uabs

rec → u rel
rec).

2.2 Επαναληπτικό Σχήµα Επίλυσης

Οι χρονικά µη-µόνιµες εξισώσεις ϱοής επιλύονται µε τη ϐοήθεια της τεχνικής του
διπλού χρονικού ϐήµατος. ∆ηµιουργούνται, έτσι, δύο ϐρόχοι : ένας εξωτερικός για
τον πραγµατικό χρόνο και ένας εσωτερικός για τον ψευδοχρόνο που χρησιµοποιείται
για να συγκλίνει επαναληπτικά τις εξισώσεις ανά πραγµατικό χρονικό ϐήµα. Ο
εσωτερικός ϐρόχος περιλαµβάνει ένα σχήµα Runge-Kutta 5 ϐηµάτων [84], το οποίο,
αν ο πρώτος πάνω δείκτης συµβολίζει τον µετρητή του ψευδοχρόνου και ο δεύτερος
πάνω δείκτης το ϐήµα της Runge-Kutta, εκφράζεται ως

uk,0
n =uk

n

uk,m
n =uk,m−1

n −αmP−1r k,m−1
n , m= 1, . . . , 5 (4)

uk+1
n =uk,5

n

όπου

r k,m−1
n =C

�

uk,m−1
n

�

− Bk,m−1

Bk,m−1 =βmD
�

uk,m−1
n

�

+ (1− βm)B
k,m−2
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Εδώ, C είναι ο τελεστής που προκύπτει από τη διακριτοποίηση των µη-συνεκτικών
διανυσµάτων ϱοής και D είναι τελεστής συνεκτικών διανυσµάτων και όρων πηγής.
Οι συντελεστές αm και βm είναι

α1 =
1
4

, α2 =
1
6

, α3 =
3
8

, α4 =
1
2

, α5 = 1

β1 = 1, β2 = 0, β3 =
14
25

, β4 = 0, β5 =
11
25

Το σχήµα έχει µειωµένο κόστος υπολογισµού καθώς αποφεύγει τον υπολογισµό των
όρων Di

�

uk,2
n

�

και Di

�

uk,4
n

�

. Το µητρώο προσταθεροποίησης P είναι µια block-Jacobi
προσέγγιση της Ιακωβιανής και ϐασίζεται στην τοπική γραµµικοποίηση των εξι-
σώσεων Navier-Stokes χρησιµοποιώντας τον κεντρικό και τους πρώτους γειτονικούς
όγκους ελέγχου. Η αντιστροφή του επιτυγχάνεται αντιστρέφοντας καθένα από τα
διαγώνια υποµητρώα πριν από το πρώτο ϐήµα της Runge-Kutta.

Η επαναληπτική διαδικασία για την επίλυση των εξισώσεων ϱοής ανά πραγµατικό
χρονικό ϐήµα, µέσα στον εξωτερικό ϐρόχο πραγµατικού χρόνου µπορεί να συνοψι-
στεί στην έκφραση

uk
n = uk−1

n −∆τK
�

3uk−1
n − 4un−1 + un−2

2∆t
+ rst

�

(5)

όπου K είναι το τελεστής που εκφράζει τη Runge-Kutta.

2.3 Συνάρτηση-Στόχος και Πρακτικές Λεπτοµέρειες

Εκτός από τον επιλύτη ϱοής αυτόν-καθαυτόν, χρειάζεται ένα σύνολο ϐηµάτων για
το «στήσιµο» µιας επίλυσης. Αρχικά, ορίζεται ένας αριθµός µεταβλητών σχεδιασµού
a για την παραµετροποίηση της µορφής της προς ϐελτιστοποίηση γεωµετρίας και
δηµιουργείται το υπολογιστικό πλέγµα x για τη διακριτοποίηση του χωρίου, ενότητα
2.3.1. Στη συνέχεια, αναλαµβάνει ο επιλύτης ϱοής.

Σε ένα πρόβληµα ϐελτιστοποίησης, σκοπός είναι η µείωση/αύξηση της τιµής της
συνάρτησης-στόχου J . Για τον υπολογισµό της, µετά τη σύγκλιση των εξισώσεων
σε κάθε χρονικό ϐήµα, υπολογίζεται για καθένα από αυτά η στιγµιαία τιµή µιας
συνάρτησης jst(u, a, t), εξ. 6. Σε ένα χρονικά µη-µόνιµο πρόβληµα, η συνάρτηση-
στόχος J ορίζεται ως το ολοκλήρωµα του jst για ένα χρονικό διάστηµα που αρχίζει
από το χρονικό ϐήµα n0, που αντιστοιχεί στη χρονική στιγµή t0 και τελειώνει στο
τελευταίο χρονικό ϐήµα, που αντιστοιχεί στη χρονική στιγµή T . Για ίσα χρονικά
ϐήµατα ∆t, η J δίνεται από

J (u, a) =

T
∫

t0

jst (u, a, t) d t =∆t
N
∑

n=n0

jst,n (un, a) (6)
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2.3.1 Παραµετροποίηση - Πλεγµατοποίηση

Η παραµετροποίηση και πλεγµατοποίηση πραγµατοποιούνται µε το λογισµικό
PADRAM (PArametric Design and RApid Meshing) [85,86].

Για την παραµετροποίηση ενός πτερυγίου, ϑεωρούνται πέντε τοµές οµοιόµορφα
τοποθετηµένες καθ΄ ύψος. Κάθε τοµή µπορεί ανεξάρτητα να µετατοπιστεί αξονικά,
να περιστραφεί στην περιφερειακή κατεύθυνση και να περιστραφεί γύρω από µια
ακτίνα. Η επιφάνεια του πτερυγίου τροποποιείται παρεµβάλλοντας κατά την ακτι-
νική κατεύθυνση τις τοµές µε χρήση των radial cubic splines. Στο σχ. 4, ϕαίνεται
πως µεταβάλλεται η γεωµετρία χρησιµοποιώντας κάθε ϕορά µία από τις παραπάνω
µετατοπίσεις στη µεσαία τοµή.

Για τη γένεση του πλέγµατος, δηµιουργείται αρχικά ένα πλέγµα τύπου Ο γύρω
από το πτερύγιο. Στη συνέχεια, δηµιουργείται ένα πλέγµα τύπου Η γύρω από το
προηγούµενο για να το συνδέσει µε το περιοδικά όρια και τα όρια εισόδου και εξόδου,
σχ. 3. Τα πλέγµατα που κατασκευάζονται µε αυτό τον τρόπο είναι δοµηµένα και
υφίστανται κατάλληλη προ-επεξεργασία πριν τρέξουν στο Hydra που είναι επιλύτης
για µη-δοµηµένα πλέγµατα.

Σχήµα 3: Τµήµατα πλέγµατος πτερυγίου.

7



(αʹ) Αξονική µετατόπιση.

(ϐʹ) Περιφερειακή περιστροφή.

(γʹ) Ακτινική περιστροφή.

Σχήµα 4: ∆υνατές αλλαγές ϑέσης τοµής πτερυγίου (αριστερά) και µεταβολή γεωµε-
τρίας όταν η αντίστοιχη αλλαγή ϑέσης εφαρµοστεί στη µεσαία καθ΄ ύψος τοµή του
πτερυγίου (δεξιά).
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3. Η Χρονικά Μη-Μόνιµη ∆ιακριτή
Συζυγής Μέθοδος: ∆ιατύπωση στο
Χρονικό Πεδίο

3.1 Χρονικά Μη-Μόνιµες ∆ιακριτές Συζυγείς Εξισώσεις

Για τη χρήση µεθόδων ϐελτιστοποίησης που ϐασίζονται στον υπολογισµό παραγώγων,
είναι αναγκαίος ο υπολογισµός των παραγώγων της συνάρτησης-στόχου ως προς τις
µεταβλητές σχεδιασµού dJ

da . Εφαρµόζοντας τον κανόνα της αλυσίδας στην εξ. 6,
προκύπτει η κλίση της συνάρτησης

dJ
da
=∆t

N
∑

n=n0

∂ jst,n

∂ a
+∆t

N
∑

n=n0

∂ jst,n

∂ un

d un

da
︸ ︷︷ ︸

B

(7)

Για τον υπολογισµό του d un
da από τον όρο B στην εξ. 7, πρέπει να λυθεί η εξίσωση

που προκύπτει διαφορίζοντας την εξ. 1 ως προς a, η οποία ϑα αναφέρεται στο εξής
ως εξίσωση ευθείας διαφόρισης

R f orw =
∂
� d un

da

�

∂ t
+
∂ rst,n

∂ un

d un

da
+
∂ rst,n

∂ a
= 0 (8)

µε αρχική συνθήκη d u0
da = 0. Το κόστος επίλυσης της εξίσωσης ευθείας διαφόρισης

είναι ανάλογο του αριθµού των µεταβλητών σχεδιασµού. Για την αποφυγή επίλυσής
της, χρησιµοποιείται η συζυγής µέθοδος για την αντικατάσταση του όρου B µε έναν
όρο που µπορεί να υπολογιστεί µε λιγότερο κόστος. Η επαυξηµένη συνάρτηση-
στόχος γράφεται ως

Jaug =∆t
N
∑

n=n0

jst,n (un, a) +∆t
N
∑

n=0

ψT
n rn (9)

όπου ψ είναι το διάνυσµα των συζυγών µεταβλητών. Η παράγωγος της επαυξηµένης
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συνάρτησης-στόχου ως προς a είναι

dJaug

da
=∆t

N
∑

n=n0

∂ jst,n

∂ a
+∆t

N
∑

n=0

ψT
n

∂ rst,n

∂ a
+∆t

�

ψT
n

d un

da

�N

0

+∆t
N
∑

n=n0

�

−
∂ψT

n

∂ t
+ψT

n

∂ rst,n

∂ un
+
∂ jst,n

∂ un

�

d un

da

+∆t
n0−1
∑

n=0

�

−
∂ψT

n

∂ t
+ψT

n

∂ rst,n

∂ un

�

d un

da

(10)

Το υπόλοιπο των συζυγών εξισώσεων, το οποίο πρέπει να µηδενιστεί ολοκληρώνοντας
αντίστροφα στο χρόνο, είναι

rad j,n =
3

2∆t
ψn +

�

∂ rst

∂ u

�T

n
ψn −

2
∆t
ψn+1 +

1
2∆t

ψn+2 + gn = 0 (11)

όπου

gn =







�

∂ jst
∂ u

�T

n
, n ∈ [n0, N]

0, n ∈ [0, n0)
(12)

µε αρχική συνθήκη ψN = 0.

Η παράγωγος της J ως προς τις µεταβλητές σχεδιασµού µπορεί τώρα να υπολογιστεί
από τη σχέση

dJ
da
=∆t

N
∑

n=n0

∂ jst,n

∂ a
+∆t

N
∑

n=0

ψT
n

∂ rst,n

∂ a
(13)

Η εξ. 11 υποδηλώνει πως το συζυγές σύστηµα πρέπει να λυθεί αντίστροφα στο
χρόνο. Ο άγνωστος της εξίσωσης είναι το συζυγές πεδίο του παρόντος ϐήµατος ψn,
ενώ τα ψn+1 και ψn+2 έχουν υπολογιστεί κατά την επίλυση των χρονικών ϐηµάτων
που είναι επόµενα µε όρους πραγµατικού χρόνου αλλά προηγούµενα µε ϐάση τη σει-
ϱά επίλυσης. Το πεδίο της ϱοής un χρειάζεται επίσης κατά την επίλυση της συζυγούς
εξίσωσης. Ωστόσο, επειδή η λύση του προβλήµατος ϱοής προκύπτει µε πρόσω προ-
έλαση στο χρόνο, ο επιλύτης ϱοής και ο συζυγής επιλύτης τρέχουν ξεχωριστά. Για
να είναι διαθέσιµο το πεδίο ϱοής, κατά την επίλυση του συζυγούς προβλήµατος, τα
πεδία της ϱοής αποθηκεύονται στο δίσκο, σε αρχεία ανά χρονικό ϐήµα, κατά την
εκτέλεση του URANS επιλύτη. Κατά την εκτέλεση του συζυγούς επιλύτη, διαβάζο-
νται όταν χρειάζεται. Η χρήση της RAM µνήµης, αν και γρηγορότερη, αποφεύγεται
λόγω της µικρής χωρητικότητάς της. Εξάλλου, η ανάγνωση και εγγραφή δεδοµένων
σε έναν SSD δίσκο παραµένει σχετικά γρήγορη χρησιµοποιώντας την παράλληλη
ϐιβλιοθήκη OPLus και παρέχει σαφώς µεγαλύτερη χωρητικότητα.
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3.2 Επίλυση των Χρονικά Μη-Μόνιµων Συζυγών Εξι-
σώσεων

Η διατύπωση των σχηµάτων για την επίλυση του του συζυγούς συστήµατος γίνε-
ται µε αφετηρία το σχήµα επίλυσης των εξισώσεων ϱοής. Υπενθυµίζεται ότι ο ε-
πιλύτης ϱοής χρησιµοποιεί ένα σχήµα διπλού χρονικού ϐήµατος, έναν εξωτερικό
ϐρόχο πραγµατικού χρόνου και έναν εσωτερικό ψευδοχρόνου, ο οποίος χρησιµο-
ποιεί τη µέθοδο Runge-Kutta, εξ. 4, και την τεχνική του πολυπλέγµατος.

Τίθεται ως Ϲητούµενο ο συζυγής επιλύτης να συγκλίνει µε το ϱυθµό σύγκλισης του
επιλύτη ϱοής και να καταλήγει στην ίδια τιµή για την υπολογιζόµενη παράγωγο µε
αυτή που υπολογίζεται µε τον επιλύτη ευθείας διαφόρισης. Ο Giles [87] παρήγαγε
το αντίστοιχο σχήµα για το χρονικά µόνιµο συζυγές πρόβληµα αλλά η ανάπτυξη
χρειάζεται να ξαναγίνει για το µη-µόνιµο, ώστε να συµπεριληφθεί ο ϐρόχος του
πραγµατικού χρόνου και οι επιπλέον χρονικοί όροι πηγής στις εξισώσεις.

Για λόγους ευκολίας, χρησιµοποιούνται οι εξισώσεις στη συνεχή (αναφορικά µε
τη διακριτοποίηση του χρόνου) µορφή τους και παραλείπεται ο µετρητής n για το
πραγµατικό χρονικό ϐήµα. Η εξίσωση της ευθείας διαφόρισης, για ένα στοιχείο aλ
του διανύσµατος µεταβλητών σχεδιασµού a, γράφεται

r f orw =
∂

∂ t

�

d u
daλ

�

+
∂ rst

∂ u
d u
daλ

+
∂ rst

∂ aλ
= 0 (14)

Η συζυγής εξίσωση γίνεται

rad j = −
∂ψ

∂ t
+
�

∂ rst

∂ u

�T

ψ+ g = 0 (15)

∆ιαφορίζοντας την εξ. 5 ως προς aλ προκύπτει το επαναληπτικό σχήµα για την ε-
πίλυση της εξ. 14,

r ′f orw =
∂

∂ τ

�

d u
daλ

�

+K

�

∂

∂ t

�

d u
daλ

�

+
∂ rst

∂ u
d u
daλ

+
∂ rst

∂ aλ

�

= 0 (16)

όπου τ ∈ [0,τ∞] είναι ο ψευδοχρόνος που χρησιµοποιείται για να συγκλίνει τις
εξισώσεις σε κάθε χρονικό ϐήµα του πραγµατικού χρόνου t ∈ [0, T]. Το τ∞, αν
και µπορεί να είναι διαφορετικό για κάθε πραγµατικά χρονικό ϐήµα, ϑεωρείται
οµοιόµορφο για να διατηρηθούν απλές οι εκφράσεις. Για τον ίδιο λόγο, υιοθετείται

ο συµβολισµός d u
daλ

�

�

�

t

τ
= d u

daλ
(t,τ), όπου ο άνω δείκτης συµβολίζει τον πραγµατικό

χρόνο και ο κάτω δείκτης τον ψευδοχρόνο. Οι αρχικές συνθήκες για την εξ. 16 είναι
d u
daλ

�

�

�

τ=0
= d u

daλ

�

�

�

t=0
= 0.

Η συζυγής µέθοδος χρησιµοποιείται για την αποφυγή υπολογισµού του όρου d u
da

αντικαθιστώντας κατάλληλα τον όρο B στην εξ. 7. Η συνάρτηση Bλ που αντιστοιχεί

11
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στο aλ ορίζεται ως

Bλ =

∫ T

t0

∂ jst

∂ u
d u
daλ

�

�

�

�

τ∞

d t

=

∫ T

t0

∂ jst

∂ u
d u
daλ

�

�

�

�

τ∞

d t +

∫ t0

0

0
d u
daλ

�

�

�

�

τ∞

d t

=

∫ T

0

g T d u
daλ

�

�

�

�

τ∞

d t (17)

Στην εξ. 17, ο δείκτης τ∞ δείχνει ότι χρησιµοποιούνται οι τιµές της παραγώγου d u
daλ

για το τελευταίο ψευδοχρονικό ϐήµα κάθε πραγµατικού ϐήµατος. Χρησιµοποιώντας
τον πολλαπλασιαστή Lagrange w ,, αντί της Bλ, ορίζεται η επαυξηµένη συνάρτηση
B

aug
λ

, η οποία µέσω ολοκλήρωσης κατά µέρη γίνεται

B
aug
λ
=

∫ T

0

g T d u
daλ

�

�

�

�

τ∞

d t −
∫ T

0

∫ τ∞

0

w T r ′f orwdτd t

=

∫ T

0

g T d u
daλ

�

�

�

�

τ∞

d t −
∫ T

0

�

w T d u
da

�τ∞

0
d t +

∫ T

0

∫ τ∞

0

∂ w T

∂ τ

d u
daλ

dτd t

︸ ︷︷ ︸

A1

−
�∫ τ∞

0

w TK
d u
daλ

dτ

�T

0

+

∫ T

0

∫ τ∞

0

∂

∂ τ

�

w TK
� d u

daλ
dτd t

︸ ︷︷ ︸

A2

−
∫ T

0

∫ τ∞

0

w TK
∂ rst

∂ u
d u
daλ

dτd t

︸ ︷︷ ︸

A3

−
∫ T

0

∫ τ∞

0

w TK
∂ rst

∂ aλ
dτd t (18)

Οι όροι A1, A2 και A3 συνδυάζονται για να σχηµατίσουν το ολοκλήρωµα
∫ T

0

∫ τ∞

0

�

∂ w T

∂ τ
+
∂ w T

∂ t
K− w TK

∂ rst

∂ u

�

d u
daλ

dτd t

το οποίο µπορεί να απαλειφθεί από την εξ. 18 αν το w ικανοποιεί την εξίσωση

∂ w
∂ τ
+KT ∂ w

∂ t
−
�

∂ rst

∂ u

�T

KT w = 0 (19)

Η Εξ. 18, χρησιµοποιώντας τις αρχικές συνθήκες της εξ. 16, d u
daλ

�

�

�

τ=0
= d u

daλ

�

�

�

t=0
= 0,

12
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µπορεί να γράφει ως

B
aug
λ
=

∫ T

0

g T d u
daλ

�

�

�

�

τ∞

d t

︸ ︷︷ ︸

A4

−
∫ T

0

w T
�

�

τ∞

d u
da

�

�

�

�

τ∞

d t

︸ ︷︷ ︸

A5

−
∫ τ∞

0

w TK
d u
daλ

dτ

�

�

�

�

t=T

︸ ︷︷ ︸

A6

−
∫ T

0

∫ τ∞

0

w TK
∂ rst

∂ aλ
dτd t (18′)

Οι όροι A4 και A5 µπορούν να απαλειφθούν αν

w |τ∞ = g (20)

και ο όρος A6 απαλείφεται αν
w |T = 0 (21)

έτσι ώστε η Bλ να γραφτεί ως

Bλ =B
aug
λ
= −

∫ T

0

∫ τ∞

0

w TK
∂ rst

∂ aλ
dτd t (18′′)

Ορίζοντας

ψ|t
τ∗
=

∫ τ∞

τ∗

KT w dτ (22)

όπου τ∗ ∈ [0,τ∞] είναι ο ψευδοχρόνος στο συζυγές πρόβληµα, η Bλ υπολογίζεται
ως

Bλ =

∫ T

0

ψT
�

�

0

∂ rst

∂ aλ
d t (23)

Εφαρµόζοντας το ϑεώρηµα του Leibniz στην εξ. 22 προκύπτει

∂ψ

∂ τ∗
=K w |τ∗ (24)

η οποία, εξαιτίας της 20, γράφεται ως

∂ψ

∂ τ∗
=K

�

g − w |τ∞ + w |τ∗
�

=K

�

g −
∫ τ∞

τ∗

∂ w
∂ τ

dτ

�

(24′)

Αυτή, µε τη σειρά της, λόγω της εξ. 19, γράφεται ως

∂ψ

∂ τ∗
=K

�

g −
∫ τ∞

τ∗

�

−KT ∂ w
∂ t
+
�

∂ rst

∂ u

�T

KT w

�

dτ

�

(24′′)

13
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η οποία, τέλος, χρησιµοποιώντας τον όρισµο του ψ, εξ. 22, γίνεται

∂ψ

∂ τ∗
=KT

�

g −
∂ψ

∂ t
+
�

∂ rst

∂ u

�T

ψ

�

(24′′′)

Η εξ. 24′′′ δίνει το σχήµα επίλυσης των χρονικά µη-µόνιµων συζυγών εξισώσεων µε
αρχικές συνθήκες

ψ|τ∞ =
∫ τ∞

τ∞

KT w dτ= 0 (25)

(λόγω της εξ. 22) και

ψ|T =
∫ τ∞

τ∗

KT w dτ

�

�

�

�

T

= 0 (26)

(λόγω της εξ. 21). Επειδή το K χρησιµοποιείται για τη σύγκλιση των εξισώσεων
ϱοής και ευθείας διαφόρισης και το KT για τη σύγκλιση των συζυγών εξισώσεων,
αναµένεται όλες να συγκλίνουν µε τον ίδιο ϱυθµό.

Για λόγους πληρότητας, γράφονται σε ηµι-διακριτή µορφή οι εξισώσεις που συ-
νοψίζουν τα επαναληπτικά σχήµατα:
Σχήµα ευθείας διαφόρισης :

d u
da

�

�

�

�

n0

n

=
d u
da

�

�

�

�

k−1

n

−∆τK

 

3 d u
da

�

�

k−1

n − 4 d u
da

�

�

n−1 +
d u
da

�

�

n−2

2∆t
+
∂ rst

∂ u
d u
da

�

�

�

�

k−1

n

+
∂ rst

∂ a

�

�

�

�

n

!

(27)
Συζυγές σχήµα:

ψn0
n =ψ

k+1
n −∆τKT

�

3ψk+1
n − 4ψn+1 +ψn+2

2∆t
+
�

∂ rst

∂ u

�T

ψk+1
n + gn

�

(28)

Η εξ. 28 αντιπροσωπεύει το ψευδοχρονικό σχήµα για την επίλυση των συζυγών
εξισώσεων. Το επόµενο ϐήµα είναι να προσδιοριστεί πως αυτό αντικατοπτρίζεται
στο σχήµα Runge-Kutta που χρησιµοποιείται. Το σχήµα Runge-Kutta της εξ. 4
διαφορίζεται ως προς τις µεταβλητές σχεδιασµού και ορίζοντας τις ποσότητες

edk,m
n = dk,m

n − D
d u
da

�

�

�

�

n0

n

,
gd u
da

�

�

�

�

�

k,m

n

=
d u
da

�

�

�

�

k,m

n

−
d u
da

�

�

�

�

k

n

το σχήµα επίλυσης του συστήµατος ευθείας διαφόρισης µπορεί να γραφτεί ως
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edk,0
n =− D

d u
da

�

�

�

�

n0

n

gd u
da

�

�

�

�

�

k,0

n

=0

edk,m
n =βmD

gd u
da

�

�

�

�

�

k,m−1

n

+ (1− βm) ed
k,m−1
n

gd u
da

�

�

�

�

�

k,m

n

=amP






R f orw −C

gd u
da

�

�

�

�

�

k,m−1

n

− edk,m
n −

3 fd u
da

�

�

�

k,m−1

n

2∆t







d u
da

�

�

�

�

k+1

n

=
d u
da

�

�

�

�

k

n

+
gd u
da

�

�

�

�

�

k,5

n

(29)

όπου m= 1,2, · · · , 5. Ο τελεστήςK ορίζεται από το προηγούµενο σύστηµα εξισώσεων
ως

K=
�

0 0 0 · · · 0 I
�

Γ−1
�

a1P 0 a2P · · · 0 a5P
�T

(30)

όπου

Γ =





















I
−β2D I

a2P(C+ 3
2∆t I) a2P I

. . . . . . . . .
. . . . . . . . .

−(1−β5) −β5D I
a5P(C+ 3

2∆t I) a5P I





















Για το συζυγές σύστηµα, χρειάζεται ο ανάστροφος τελεστής όπως δείχνει η εξ. 28

KT =
�

a1PT 0 a2PT · · · 0 a5PT
� �

Γ T
�−1 �

0 0 · · · 0 I
�T

(31)

και το συζυγές σχήµα χρονο-προέλασης της εξ. 28 γίνεται

ψn0 =ψk+1 +
5
∑

m=1

amPTΓ T
ew k,m

n (32)

όπου τα ew k
n ορίζονται από

Γ T
�

ew k,1
n

edk,2
n ew k,2

n · · · edk,5
n ew k,5

n

�T
=
�

0 0 · · · 0 I
�T

rad j (33)
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Τέλος, χρησιµοποιώντας eψk,m = PT
ew k,m, προκύπτει ο αλγόριθµος επίλυσης του

συζυγούς συστήµατος

eψk,5
n = PT rad j

edk,5
n = − a5

eψk,5
n

eψk,m
n = PT

�

−am+1

�

C T +
3

2∆t
I
�

eψk,m+1
n + βm+1DT

edk,m+1
n

�

edk,m
n = − am

eψk,m
n + (1− βm+1) ed

k,m+1
n

ψk
n =ψ

k+1
n + eψk,1

n

(34)

όπου m= 5, 4, · · · , 1.
Αξίζει να σηµειωθεί ότι οι όροι πηγής που αφορούν άλλα χρονικά ϐήµατα (− 2

∆tψ
n+1,

1
2∆tψ

n+2) χρειάζεται να προστεθούν µόνο µία ϕορά στο υπόλοιπο (5ο ϐήµα του
σχήµατος Runge-Kutta), σε αντίθεση µε τον όρο του παρόντος χρονικού ϐήµατος
( 3

2∆tψ
n) που προστίθεται σε κάθε ϐήµα καθώς η µεταβλητήψn ανανεώνεται συνεχώς.

3.3 Η Αυτόµατη ∆ιαφόριση στο Χρονικά Μη-Μόνιµο
Συζυγή Επιλύτη

Κάποιες από τις παραγώγους της συζυγούς εξίσωσης υπολογίζονται µε τη χρήση
Αυτόµατης ∆ιαφόρισης (Α∆) [88]. Πιο συγκεκριµένα, η τεχνική της µετατροπής πη-
γαίου κώδικα (source code transformation) εφαρµόζεται στο Hydra µε τη ϐοήθεια
του λογισµικού Α∆ Tapenade [89] που αναπτύχθηκε από την INRIA.

Η χρήση της Α∆ γίνεται επιλεκτικά σε κάποια τµήµατα του επιλύτη και όχι στο
σύνολό του εξαιτίας ενός αριθµού περιορισµών. Αρχικά, τα λογισµικά Α∆, παρά την
πρόοδο προς αυτή την κατεύθυνση [90,91], δεν είναι ιδιαίτερα αποδοτικά στο χειρι-
σµό επαναληπτικών σχηµάτων, παράγοντας πηγαίο κώδικα που οδηγεί σε αυξηµένη
χρήση της RAM. Γι΄ αυτό, για το συγκεκριµένο τµήµα, προτιµάται η διαφόριση «µε
το χέρι» και χρειάζεται η ανάλυση της παραγράφου 3.2. ΄Ενας άλλος λόγος είναι η
αδυναµία χειρισµού κάποιων δοµών της γλώσσας προγραµµατισµού όπως, για πα-
ϱάδειγµα, οι παράλληλοι ϐρόχοι που υλοποιούνται από την παράλληλη ϐιβλιοθήκη
OPlus.

΄Ετσι, η Α∆ χρησιµοποιείται επιλεκτικά σε περιορισµένα, επιλεγµένα τµήµατα
του κώδικα, πιο συγκεκριµένα για τον υπολογισµό δύο όρων της εξ. 11, των ∂ rst

∂ u

T
ψ

και g . Αναφορικά µε τον πρώτο όρο, ας υποθέσουµε απλουστευτικά ότι έχουµε το
υποπρόγραµµα που υπολογίζει το χρονικά µόνιµο υπόλοιπο των εξισώσεων ϱοής µε
ϐάση το τρέχον διάνυσµα µεταβλητών ϱοής

subroutine res(→ u, ← rst)

όπου η ϕορά των ϐελών υποδηλώνει ότι το u είναι µεταβλητή εισόδου και το rst

µεταβλητή εξόδου. Το Tapenade στο παραπάνω υποπρόγραµµα (reverse mode) ϑα
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παράξει ένα νέο υποπρόγραµµα της µορφής

subroutine res_b(→ u, ← u, ← rst, → rst)

όπου υπολογίζεται ο όρος u =
�

∂ rst
∂ u

�T
rst =

∂ rst
∂ u

T
rst . Αν, λοιπόν, δοθεί το ψ ως

είσοδος στη ϑέση του rst , τότε το αποτέλεσµα είναι ο αρχικά Ϲητούµενος όρος ∂ rst
∂ u

T
ψ.

Αντίστοιχα υπολογίζεται και ο όρος g .

3.4 Συζυγείς Οριακές Συνθήκες

Οι οριακές συνθήκες της ϱοής που υλοποιούνται µε τη ϐοήθεια των οριακών αριθµη-
τικών διανυσµάτων µη-συνεκτικής ϱοής µπορούν να µετατραπούν στις αντίστοιχες
συζυγείς οριακές συνθήκες χρησιµοποιώντας Α∆ µε τον ίδιο τρόπου που χρησιµο-
ποιείται στα τµήµατα του κώδικα που υπολογίζουν συνεισφορές στο υπόλοιπο των
εξισώσεων ϱοής µέσω των εσωτερικών διανυσµάτων µη-συνεκτικής ϱοής.

Για τα στερεά τοιχώµατα, όπου η οριακή συνθήκη για τις εξισώσεις ϱοής επι-
ϐάλλεται µέσω της εξ. 2, οι αντίστοιχες συζυγείς οριακές συνθήκες παραγωγίζονται
«µε το χέρι». Αρχικά, οι οριακές συνθήκες για την ευθεία διαφόριση προκύπτουν
παραγωγίζοντας την εξ. 2 ως προς a

(I − B)
�

∂ r
∂ a
+
∂ r
∂ u

d u
da

�

= 0

B
d u
da
= 0

(35)

και, προσθέτοντας κατά µέλη,
�

(I − B)
∂ r
∂ u
+ B

�

d u
da
+ (I − B)

∂ r
∂ a
= 0 (36)

Για τις συζυγείς οριακές συνθήκες, για συντοµία, χρησιµοποιείται η λεγόµενη ¨συ-
Ϲυγής ισοδυναµία¨ αντί της ανάλυσης µε την επαυξηµένη συνάρτηση-στόχο. Αρχίζο-
ντας από τον όρο B στην εξ. 7 και παραλείποντας τους δείκτες, προκύπτει

∂ jst

∂ u
d u
da
= −

∂ jst

∂ u

�

(I − B)
∂ r
∂ u
+ B

�−1

(I − B)
∂ r
∂ a
=ψT (I − B)

∂ r
∂ a

(37)

όπου το συζυγές διάνυσµα ψ στα στερεά τοιχώµατα δίνεται από

Bψ= 0, (I − B)

�

−
∂ψ

∂ t
+
�

∂ rst

∂ u

�T

ψ

�

=







−
�

∂ jst
∂ u

�T
, t ∈ [t0, T]

0, t ∈ [0, t0)
(38)
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u uabs
don uabs

rec u rel
rec

rst

µετατροπή:
σχετικές σε
απόλυτες
ταχύτητες

παρεµβολή:
δότες σε
λήπτες

µετατροπή:
απόλυτες

σε σχετικές
ταχύτητες

υπολογισµός
διανυσµάτων
ϱοής κλπ.

Σχήµα 5: ∆ιεπιφάνεια ολίσθησης για επιλύτη ϱοής.

3.4.1 ∆ιεπιφάνεια Ολίσθησης στο Συζυγή Επιλύτη

Η εφαρµογής της µεθόδου της διεπιφάνειας ολίσθησης για τον επιλύτη ϱοής δίνε-
ται σχηµατικά στο σχ. 5. Για τον υπολογισµό του όρου ∂ rst

∂ u

T
ψ στους κόµβους της

διεπιφάνειας ολίσθησης, χρησιµοποιείται ο κανόνας της αλυσίδας

�

∂ rst

∂ u

�T

ψ=

�

∂ uabs
don

∂ u

�T �
∂ uabs

rec

∂ uabs
don

�T �
∂ u rel

rec

∂ uabs
rec

�T �
∂ rst

∂ u rel
rec

�T

ψ (39)

Για τον υπολογισµό της τελικής µορφής της εξ. 39, χρησιµοποιείται ένας συνδυασµός
Α∆ και προγραµµατισµού «µε το χέρι» . Αξίζει να σηµειωθεί ότι λόγω της αντίστροφης
ϱοής της πληροφορίας στο συζυγή κώδικα, η εσωτερική επιφάνεια ολίσθησης γίνεται
τώρα ο λήπτης και η εξωτερική ο δότης.

3.5 Η Τεχνική της Χρονικής Αραίωσης

Η τεχνική της χρονικής αραίωσης [92] χρησιµοποιείται για τη µείωση του χρονικού
και αποθηκευτικού κόστους του συζυγούς επιλύτη, χωρίς σηµαντική επιρροή στις
τιµές των υπολογιζόµενων παραγώγων. Για την εφαρµογή της, ενώ ο επιλύτης ϱοής
τρέχει χωρίς αλλαγή, ο συζυγής επιλύτης ϐαδίζει αντίστροφα στο χρόνο ϑεωρώντας
κάθε nc-ιοστό χρονικό ϐήµα, αυξάνοντας το χρονικό του ϐήµα από ∆t σε nc∆t.
΄Ετσι, η ϱοή αποθηκεύεται ανά nc χρονικά ϐήµατα. Η τεχνική δίνεται σχηµατικά στο
σχ. 6. Ο απαιτούµενος χώρος αποθήκευσης της ϱοής και ο χρόνος εκτέλεσης του
συζυγούς επιλύτη µειώνονται κατά nc ϕορές.

3.6 Αλγόριθµος Βελτιστοποίησης

Για τη ϐελτιστοποίηση των διατάξεων του κεφ. 4, χρησιµοποιείται ο παρακάτω αλ-
γόριθµος ϐελτιστοποίησης. Ως πρώτο ϐήµα, δίνεται η αρχική γεωµετρία και επι-
λέγεται κατάλληλη παραµετροποίηση που προσδιορίζει τις µεταβλητές σχεδιασµού
και πως αυτές επιδρούν στη µεταβολή της γεωµετρίας. Στη συνέχεια, επιλύονται οι
εξισώσεις ϱοής και υπολογίζονται οι τιµές της συνάρτησης-στόχου και των περιορι-
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t = 0 t = T

t = 0 t = T

Μη-µόνιµη επίλυση ϱοής un

Μη-µόνιµη συζυγής επίλυση ψn

Σχήµα 6: Η τεχνική της χρονικής αραίωσης.

σµών ισότητας αν υπάρχουν. Ο συζυγής επιλύτης τρέχει για τον υπολογισµό της
παραγώγου τόσο της συνάρτησης-στόχου όσο και των περιορισµών ως προς τις µε-
ταβλητές σχεδιασµού. Στην περίπτωση ύπαρξης περιορισµών ισότητας, υπολογίζεται
η κάθετη συνιστώσα της παραγώγου της συνάρτησης-στόχου στις παραγώγους των
περιορισµών, σχ. 7, από τη σχέση [93]

dJ
da

�

�

�

�

⊥
=
�

I −M T
�

MM T
�−1

M
�

·
dJ
da

(40)

όπου M είναι το µητρώο που σχηµατίζεται διατάσσοντας τις παραγώγους κάθε συ-
νάρτησης περιορισµού ανά γραµµή του µητρώου. Τέλος, οι µεταβλητές σχεδιασµού

Σχήµα 7: Κάθετη συνιστώσα του διανύσµατος της παραγώγου της συνάρτησης-
στόχου στην παράγωγο του περιορισµού.

µεταβάλλονται χρησιµοποιώντας τη µέθοδο της απότοµης καθόδου, στην περίπτωση
που δεν υπάρχουν περιορισµοί, ή της καθόδου προβεβληµένης παραγώγου, στην
περίπτωση περιορισµών,

anew = aold − s
�

dJ
daold

�T

(41)
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όπου s είναι το µέγεθος του ϐήµατος. ΄Ετσι, προκύπτει µια νέα γεωµετρία και ακο-
λουθεί ο επόµενος κύκλος ϐελτιστοποίησης.

4. Εφαρµογές
4.1 Σταθερή Πτερύγωση Στροβίλου Υψηλής Πίεσης

Μελετάται η χρονικά µη-περιοδική/µεταβατική ϱοή σε µία 3∆ σταθερή πτερύγωση
υψηλής πίεσης. Το πλέγµα αποτελείται από 955290 κόµβους, σχ. 8.

Σχήµα 8: Σταθερή πτερύγωση στροβίλου. Πάνω: Γεωµετρία και πλέγµα σε τοµή
στη µέση της πτερύγωσης. Κάτω αριστερά: Επιφανειακό πλέγµα στην ακµή προ-
σβολής. Κάτω δεξιά : Επιφανειακό πλέγµα στην ακµή εκφυγής.
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Επιβάλλεται η ολική πίεση (Pt = 1.9·105Pa), ολική ϑερµοκρασία (T = 565K ) µαζί
µε τις γωνίες εισόδου της ϱοής και την τυρβώδη συνεκτικότητα (1.76 · 10−4 m2

s ) στην
είσοδο ενώ στην έξοδο η κατανοµή της στατικής πίεσης.

Ο χρονικά µη-µόνιµος επιλύτης ϱοής αρχικοποιείται από τη χρονικά µόνιµη λύση
της ϱοής και το χρονικό ϐήµα είναι ∆t = 2 · 10−5s. Η χρονικά µη-µόνιµη ϱοή προ-
καλείται µειώνοντας σταδιακά την κατανοµή της περιφερειακής γωνίας εισόδου κατά
3o, στη διάρκεια 50 χρονικών ϐηµάτων µε τη χρήση της σιγµοειδούς συνάρτησης

aw = aw−ini t − 3o e(n−25)/5

e(n−25)/5 + 1
, (42)

όπου n ο µετρητής χρονικού ϐήµατος αρχίζοντας την καταµέτρηση αφού ενεργοποι-
ηθεί η σιγµοειδής. Μετά την ενεργοποίηση της σιγµοειδούς, ο επιλύτης ϱοής τρέχει
για 50 χρονικά ϐήµατα και σταµατά.
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Σχήµα 9: Σταθερή πτερύγωση στροβίλου. Περιφερειακή γωνία εισόδου πριν (α-
ϱιστερά) και 50 χρονικά ϐήµατα µετά (δεξιά) την ενεργοποίηση της σιγµοειδούς
συνάρτησης.

Ως συνάρτηση-στόχος ορίζεται ο λόγος ολικών πιέσεων Pout
t /P in

t , ολοκληρωµένος
στο χρονικό διάστηµα των 50 ϐηµάτων όπου είναι ενεργοποιηµένη η σιγµοειδής. Συ-
νολικά, τα 800 χρονικά ϐήµατα που χρειάζονται 46.5GB αποθηκεύονται στο δίσκο.

Η σύγκλιση του επιλύτη ϱοής και του συζυγούς επιλύτη σε κάποιο χρονικό ϐήµα,
χρησιµοποιώντας τη ϱίζα της µέσης τετραγωνικής τιµής όλων των εξισώσεων ϱοής,

rRMS =
1

NPDEsNnodes

�NPDEs
∑

i=1

Nnodes
∑

j=1

r2
i j

�1/2

(43)

όπου NPDEs είναι το µέγεθος του διανύσµατος ϱοής (= 6 όταν χρησιµοποιείται µοντέλο
τύρβης µίας εξίσωσης) και Nnodes ο αριθµός των κόµβων, παρουσιάζεται στο σχ. 10
και επιβεβαιώνει ότι οι δύο επιλύτες συγκλίνουν πρακτικά µε τον ίδιο ϱυθµό.
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Σχήµα 10: Σταθερή πτερύγωση στροβίλου. ∆ιάγραµµα σύγκλισης επιλύτη ϱοής και
συζυγούς επιλύτη για κάποιο πραγµατικό χρονικό ϐήµα.

Για την οπτικοποίηση των συζυγών πεδίων σε διάγραµµα χρησιµοποιείται η L2
νόρµα, ορισµένη ως

E(t) =

�NPDEs
∑

i=1

Nnodes
∑

j=1

ψ2
i j

Vj

Vtot

�1/2

(44)

όπου Vj είναι ο όγκος του όγκου ελέγχου και Vtot ο συνολικός όγκος του υπολογι-
στικού χωρίου. Στο σχ. 11 ϕαίνεται ο λόγος των πιέσεων ανά χρονικό ϐήµα και η L2
νόρµα σε λογαριθµικό άξονα σε σχέση µε το χρονικό ϐήµα.

Η παραµετροποίηση γίνεται µε ϐάση την ενότητα 2.3.1 και έτσι προκύπτουν
15 µεταβλητές σχεδιασµού. Αρχικά, οι παράγωγοι που υπολογίζονται µε τη συζυγή
µέθοδο συγκρίνονται µε αυτές που υπολογίζονται µε τις πεπερασµένες διαφορές στο
σχ. 12, όπου ϕαίνεται η συµφωνία µεταξύ των δύο µεθόδων. Για την αύξηση του
χρονικά ολοκληρωµένου λόγου πιέσεων, πραγµατοποιούνται 30 κύκλοι ϐελτιστοπο-
ίησης και η µεταβολή της συνάρτησης-στόχου ϕαίνεται στο σχ. 13 ενώ η σύγκριση
αρχικής και τελικής γεωµετρίας στο σχ. 14.
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Σχήµα 11: Σταθερή πτερύγωση στροβίλου. Λόγος ολικών πιέσεων και L2 νόρµα
του συζυγούς πεδίου. Η διακεκοµµένη γραµµή ορίζει το χρονικό διάστηµα στο ο-
ποίο ορίζεται η συνάρτηση-στόχος (από το 750ο ως το 800ο χρονικό ϐήµα).
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Σχήµα 12: Σταθερή πτερύγωση στροβίλου. Σύγκριση των παραγώγων που υπολο-
γίζονται µε τη συζυγή µέθοδο και τις πεπερασµένες διαφορές.
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Σχήµα 13: Σταθερή πτερύγωση στροβίλου. Βελτιστοποίηση του χρονικά ολοκληρω-
µένου λόγου ολικών πιέσεων.

Σχήµα 14: Σταθερή πτερύγωση στροβίλου. Αρχική (γκρι) και τελική (πράσινη) γεω-
µετρία. Αριστερά: Πλευρά υπερπίεσης. ∆εξιά : Πλευρά υποπίεσης.
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4.2 Βαθµίδα Στροβίλου Υψηλής Πίεσης

Επιλέγεται η πρώτη ϐαθµίδα (S1-R1) ενός στροβίλου, σχ. 15. Για το χρονικά µόνιµο

Σχήµα 15: Βαθµίδα στροβίλου. Μεσηµβρινή όψη και οριακές επιφάνειες.
Απλή γραµµή: στατικός τοίχος. ∆ιακεκοµµένη γραµµή: περιστρεφόµενος τοίχος.
Γραµµή µε τελείες : είσοδος/έξοδος/όρια ολίσθησης.

επιλύτη χρησιµοποιείται ένα πλέγµα µε 1965430 κόµβους ενώ για το µη-µόνιµο,
λόγω του λόγου των αριθµών πτερυγίων µεταξύ σταθερής και περιστρεφόµενης πτε-
ϱύγωσης που είναι 1:2, χρησιµοποιούνται ένα κανάλι µεταξύ δύο διαδοχικών πτε-
ϱυγίων της σταθερής πτερύγωσης και δύο συνεχόµενα κανάλια της περιστρεφόµενης
πτερύγωσης για να δηµιουργηθεί το συνολικό υπολογιστικό πεδίο και 2979630 κόµ-
ϐοι για το πλέγµα, σχ. 16.

Επιβάλλονται όµοιες µε την προηγούµενη παράγραφο οριακές συνθήκες για το
χρονικά µόνιµο και το µη-µόνιµο πρόβληµα µε εξαίρεση την εφαρµογή της µεθόδου
της διεπιφάνειας ανάµιξης (για το µόνιµο πρόβληµα) και της διεπιφάνειας ολίσθησης
(για το µη-µόνιµο πρόβληµα). Για το χρονικά µη-µόνιµο, η ϱοή είναι περιοδική και
η συνάρτηση-στόχος ορίζεται για το χρονικό διάστηµα µίας περιόδου. Η ταχύτητα
περιστροφής είναι 1023.53rad/s και η διάρκεια της περιόδου που προσδιορίζεται
στον επιλύτη, δηλαδή του χρόνου που χρειάζεται η περιστρεφόµενη πτερύγωση για
να διανύσει την περιφερειακή γωνία που αντιστοιχεί σε ένα κανάλι της σταθερής πτε-
ϱύγωσης, είναι 1.9184 · 10−4s, η οποία διακριτοποιείται µε 40 ισαπέχοντα χρονικά
ϐήµατα. Λόγω της περιοδικότητας, η οποία καθιερώνεται µετά από τρέξιµο του κώδι-
κα που αντιστοιχεί σε 12 περιόδους, αποθηκεύεται στο δίσκο η τελευταία περίοδος
της ϱοής, 40 αρχεία x 137 ΜΒ ανά αρχείο = 5.48 GB. Προφανώς, για το χρονικά
µόνιµο, αποθηκεύεται στο δίσκο ένα µόνο αρχείο (90 ΜΒ).

Υπολογίζονται δύο συναρτήσεις-στόχοι ολοκληρώνοντας σε χρονικό διάστηµα µιας
περιόδου:

• η αξονική δύναµη στην περιστρεφόµενη πτερύγωση και
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Σχήµα 16: Βαθµίδα στροβίλου. Πάνω: Γεωµετρία και τοµή του πλέγµατος. Μέση
αριστερά: Ακµή προσβολής περιστρεφόµενης πτερύγωσης. Μέση δεξιά : Ακµή εκ-
ϕυγής περιστρεφόµενης πτερύγωσης. Κάτω αριστερά: Ακµή προσβολής περιστρε-
ϕόµενης πτερύγωσης και διάκενο. Κάτω δεξιά : Πλευρά υποπίεσης περιστρεφόµε-
νης πτερύγωσης και διάκενο.
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• η ανηγµένη παροχή µάζας στην είσοδο, ορισµένη ως ṁ
p

Tt/Pt , όπου ṁ είναι
η παροχή µάζας.

Η L2 νόρµα του συζυγούς πεδίου παρουσιάζεται στο σχ. 17 ενώ η σύγκριση µε-
ταξύ χρονικά µόνιµων και µη-µόνιµων συζυγών πεδίων σε τοµή στο σχ. 18 όπου
γίνεται εµφανής η διαφορά µεταξύ χρήσης της µεθόδου της διεπιφάνειας ανάµιξης
και της διεπιφάνειας ολίσθησης. Στην πρώτη περίπτωση, ανταλλάσσονται περιφε-
ϱειακά µέσες τιµές του συζυγούς πεδίου µεταξύ των χωρίων των δύο πτερυγώσεων
ενώ, στη δεύτερη, υπάρχει συνέχεια του συζυγούς πεδίου µεταξύ των δύο χωρίων.

10
0

20
0

30
0

40
0

101

102

103

104

105

106

Χρονικό ϐήµα

L2
νό

ρµ
α

συ
ζυ

γο
ύς

πε
δί
ου

(l
og

10
)

Σχήµα 17: Βαθµίδα στροβίλου. Συνάρτηση-στόχος : Ανηγµένη παροχή µάζας ει-
σόδου. L2 νόρµα συζυγούς πεδίου ανά χρονικό ϐήµα.

Αρχικά, ϑεωρούνται δύο µόνο µεταβλητές σχεδιασµού για τη σύγκριση των παρα-
γώγων µέσω της συζυγούς µεθόδου µε αυτές που προκύπτουν από τις πεπερασµένες
διαφορές :

• η περιστροφή ολόκληρης της σταθερής πτερύγωσης γύρω από µία ακτίνα, µε
ϐήµα ε1 = ±0.05o (όνοµα: skew) και

• η αξονική µετατόπιση ολόκληρης της σταθερής πτερύγωσης, µε ϐήµα ε2 =
±0.5mm (όνοµα: x-shift).

Τα αποτελέσµατα καταγράφονται στον πίνακα 1 και οι αντίστοιχες τιµές των παρα-
γώγων είναι σε συµφωνία.

Η µείωση της αξονικής δύναµης στην περιστρεφόµενη πτερύγωση αποτελεί το
στόχο ενός παραδείγµατος ϐελτιστοποίησης. Η σταθερή πτερύγωση παραµετροποιείται
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Σχήµα 18: Βαθµίδα στροβίλου. Συνάρτηση-στόχος : Ανηγµένη παροχή µάζας στην
είσοδο. Χρονικά µόνιµα και µη-µόνιµα συζυγή πεδία σε τοµή.
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συνάρτηση
µεταβλητή
σχεδιασµού

πεπερασµένες
διαφορές

συζυγής
µέθοδος

απόλυτη
διαφορά (%)

αξονική δύναµη
[Ns]

skew -1.418 -1.439 1.45
x-shift 6.988e-03 6.923e-03 0.93

αν. παροχή
�

kgK1/2Pa−1
�

skew -2.273e-07 -2.283e-07 0.43
x-shift 2.557e-09 2.539e-09 0.72

Πίνακας 1: Βαθµίδα στροβίλου. Σύγκριση µεταξύ παραγώγων υπολογισµένων
µέσω της συζυγούς µεθόδου και πεπερασµένων διαφορών.

τώρα σύµφωνα µε την ενότητα 2.3.1 και, έτσι, προκύπτουν 15 µεταβλητές σχεδια-
σµού. Μετά από ένα κύκλο ϐελτιστοποίησης, η συνάρτηση-στόχος µειώνεται κατά
8.81% και η σύγκριση της τελικής µε την αρχική γεωµετρία της σταθερής πτερύγω-
σης ϕαίνεται στο σχ. 19.

Σχήµα 19: Βαθµίδα στροβίλου. Συνάρτηση-στόχος : Αξονική δύναµη στην περι-
στρεφόµενη πτερύγωση. Σύγκριση αρχικής (γκρι) και ϐελτιωµένης (πράσινης) γεω-
µετρίας σταθερής πτερύγωσης. Αριστερά: Πλευρά υπερπίεσης. ∆εξιά : Ακµή εκφυ-
γής.

4.3 Συµπιεστής 1,5 Βαθµίδας

Σε αυτήν την περίπτωση, αποµονώνεται από το συµπιεστή Rig250, σχ. 20, του Γερµα-
νικού Αεροδιαστηµικού Κέντρου (DLR) [94–96] 1,5 ϐαθµίδα, µε τη συντοµογραφία
S2-R3-S3. Ο αριθµός πτερυγίων ανά πτερύγωση είναι αντίστοιχα 48:36:72 και, έτσι,
για το υπολογιστικό χωρίο των χρονικά µη-µόνιµων υπολογισµών χρησιµοποιούνται
4 πτερύγια της σταθερής πτερύγωσης S2, 3 πτερύγια της περιστρεφόµενης πτερύγω-
σης R3 και 6 πτερύγια της σταθερής πτερύγωσης S3. Το πλέγµα αποτελείται από
2849966 κόµβους για τους χρονικά µόνιµους υπολογισµούς και 12369648 για τους
µη-µόνιµους.
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Σχήµα 20: Συµπιεστής 1,5 ϐαθµίδας. Αξονική τοµή του συµπιεστή και επιλεγµένη
διάταξη 1,5 ϐαδµίδας· από [94].

Οι οριακές συνθήκες επιβάλλονται οµοίως µε την προηγούµενη περίπτωση. Η
ταχύτητα περιστροφής είναι 1357.17rad/s και η διάρκεια της περιόδου που προσ-
διορίζεται στον επιλύτη 3.8580 · 10−4s, η οποία διακριτοποιείται µε 100 ισαπέχοντα
χρονικά ϐήµατα. Για την αποθήκευση των πεδίων της ϱοής απαιτούνται 100 x 570
ΜΒ = 57 GB. Ο κώδικας τρέχει για χρονικό διάστηµα που αντιστοιχεί σε 8 περιόδους
µέχρι να αποκατασταθεί η περιοδικότητα.

Εδώ, υπολογίζονται τρεις συναρτήσεις ολοκληρώνοντας σε χρονικό διάστηµα µιας
περιόδου:

• η αξονική δύναµη στην περιστρεφόµενη πτερύγωση R3,

• η ανηγµένη παροχή µάζας στην έξοδο της S3 και

• ο συντελεστής ολικών πιέσεων µεταξύ εισόδου και εξόδου της ϐαθµίδας, ορι-
σµένος ως Pt,in−Pt,out

Pt,in−Pin
(όπου in είναι η διεπιφάνεια µεταξύ της S2 και της R3 και

out η έξοδος της S3).

Η πρώτη αποτελέι την προς ελαχιστοποίηση συνάρτηση-στόχο και οι άλλες δύο τους
περιορισµούς ισότητας. Ο συζυγής επιλύτης αναλαµβάνει τον υπολογισµό παρα-
γώγων και για τις τρεις συναρτήσεις. Στο σχ. 22 ϕαίνονται τα συζυγή πεδία για το
χρονικά µόνιµο και το µη-µόνιµο επιλύτη για την αξονική δύναµη στον R3, κα-
ϑώς και τα ¨κύµατα¨ που διαδίδονται κατάντι της ϱοής µέσα από την διεπιφάνεια
ολίσθησης.

Χρησιµοποιώντας το συζυγές πεδίο µπορούν να εξαχθούν οι επιθυµητοί χάρτες
ευαισθησίας που οπτικοποιούν την παράγωγο της συνάρτησης-στόχου ως προς τις
κοµβικές συντεταγµένες του επιφανειακού πλέγµατος, σχ. 23.
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Σχήµα 21: Συµπιεστής 1,5 ϐαθµίδας. Πάνω: Γεωµετρία και πλέγµα σε τοµή.
Μέση αριστερά: Ακµή προσβολής της S2. Μέση δεξιά : Ακµή προσβολής της R3.
Κάτω αριστερά: ∆ιάκενο και ακµή εκφυγής της R3. Κάτω δεξιά : ∆ιάκενο και ακµή
προσβολής της S3.
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Σχήµα 22: Συµπιεστής 1,5 ϐαθµίδας. Συνάρτηση-στόχος : Αξονική δύναµη στη
R3. Χρονικά µόνιµα και µη-µόνιµα συζυγή πεδία σε τοµή.
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Σχήµα 23: Συµπιεστής 1,5 ϐαθµίδας. Συνάρτηση-στόχος : Αξονική δύναµη στη
R3. Σύγκριση χρονικά µόνιµου, µέσης τιµής µη-µόνιµου και µη-µόνιµου χάρτη
ευαισθησίας στην πλευρά υπερπίεσης της S2.

Με ϐάση την ενότητα 2.3.1, παραµετροποιούνται η S2 και η R3 και έτσι προ-
κύπτουν 30 µεταβλητές σχεδιασµού. Μετά από 4 κύκλους ϐελτιστοποίησης, οι γε-
ωµετρίες που προκύπτουν, σχ. 24, επιφέρουν µείωση της συνάρτησης-στόχου κατά
(από 5.604 · 10−1Ns σε 5.562 · 10−1Ns) και παραβιάζουν τους περιορισµούς κατά
0.06% (από 7.916 · 10−7 kgK1/2Pa−1 σε 7.912 · 10−7 kgK1/2Pa−1) και 0.04% (από
6.318 · 10−4s σε 6.316 · 10−4s) αντίστοιχα, σχ. 25.
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(αʹ) S2, όψη από ακµή προσβολής. (ϐʹ) S2, όψη από ακµή εκφυγής.

(γʹ) R3, όψη από ακµή προσβολής. (δʹ) R3, όψη από ακµή εκφυγής.

Σχήµα 24: Συµπιεστής 1,5 ϐαθµίδας. Συνάρτηση-στόχος : Αξονική δύναµη στη
R3. Περιορισµοί ισότητας : Ανηγµένη παροχή µάζας στην έξοδο και συντελεστής
ολικών πιέσεων. Σύγκριση αρχικών (γκρι) και τελικών (πράσινων) γεωµετριών της
S2 και της R3.
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Σχήµα 25: Συµπιεστής 1,5 ϐαθµίδας. Συνάρτηση-στόχος : Αξονική δύναµη στη
R3. Περιορισµοί ισότητας : Ανηγµένη παροχή µάζας στην έξοδο και συντελεστής
ολικών πιέσεων. Μεταβολή (%) της συνάρτησης-στόχου και των περιορισµών ανά
κύκλο ϐελτιστοποίησης.
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4.4 Εφαρµογή Χρονικής Αραίωσης

Ηπεριπτώσεις της ϐαθµίδας στροβίλου και 1,5 ϐαθµίδας συµπιεστή χρησιµοποιούνται
για την εφαρµογή της χρονικής αραίωσης στην εκτέλεση του συζυγούς επιλύτη. Και
στις δύο περιπτώσεις, χρησιµοποιούνται χρονικά ϐήµατα που είναι 2 και 4 ϕορές
µεγαλύτερα από το αρχικό χρονικό ϐήµα. Η σύγκριση των παραγώγων, για κάθε πε-
ϱίπτωση, γίνεται στα σχ. 26 και 27 αντιπαραβάλλοντας το αρχικό χρονικό ϐήµα που
χρησιµοποιήθηκε και τα δύο µεγαλύτερα χρονικά ϐήµατα. Οι παράγωγοι που υπο-
λογίζονται µε την χρονική αραίωση είναι επαρκώς κοντά στις αρχικές παραγώγους.
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Σχήµα 26: Βαθµίδα στροβίλου. Συνάρτηση-στόχος : Αξονική δύναµη στην περι-
στρεφόµενη πτερύγωση. Αρχικές παράγωγοι σε σύγκριση µε παραγώγους που υ-
πολογίζονται µε χρήση χρονικής αραίωσης.
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Σχήµα 27: Συµπιεστής 1,5 ϐαθµίδας. Συνάρτηση-στόχος : Αξονική δύναµη στη
R3. Αρχικές παράγωγοι σε σύγκριση µε παραγώγους που υπολογίζονται µε χρήση
χρονικής αραίωσης. Αριστερά: Παράγωγοι που αντιστοιχούν στη S2. ∆εξιά : Πα-
ϱάγωγοι που αντιστοιχούν στη R3.
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5. Συµπεράσµατα
Η διδακτορική διατριβή πραγµατεύτηκε την ανάπτυξη ενός χρονικά µη-µόνιµου συ-
Ϲυγούς επιλύτη, διατυπωµένου στο πεδίο του χρόνου µε στόχο την εφαρµογή σε
τριδιάστατες, πολυβάθµιες πτερυγώσεις στροβιλοµηχανών. Η µέθοδος εφαρµόστη-
κε σε περιοδικές και µη-περιοδικές/µεταβατικές ϱοές που περιγράφονται από τις
εξισώσεις URANS. Η ανάπτυξη του επιλύτη έγινε στο λογισµικό υπολογιστικής ϱευ-
στοδυναµικής Hydra της εταιρίας RR, σε Fortran 77, χρησιµοποιώντας έναν συν-
δυασµό Αυτόµατης ∆ιαφόρισης και διαφόρισης «µε το χέρι». Οι υπολογιζόµενες
παράγωγοι πιστοποιήθηκαν µε τη σύγκριση µε τις παραγώγους που προκύπτουν
από τις πεπερασµένες διαφορές. Στη συνέχεια, χρησιµοποιήθηκαν για τη ϐελτιστο-
ποίηση πτερυγίων στροβίλου και συµπιεστή για επιλεγµένες συναρτήσεις-στόχους
µε την ταυτόχρονη επιβολή περιορισµών ισότητας.

Ο συζυγής επιλύτης έκανε χρήση της παράλληλης αποθήκευσης σε SSD δίσκους,
αντί της µνήµης RAM, για την αποθήκευση των πεδίων ϱοής και την ανάγνωσή τους
κατά την εκτέλεση του συζυγούς επιλύτη. ΄Ετσι, εξαλείφονται οι στενοί περιορισµοί
της RAM χωρίς σηµαντική χρονική επιβάρυνση. Χαρακτηριστικά αναφέρεται πως
ο χρόνος για την ανάγνωση των αποθηκευµένων πεδίων της ϱοής κατά τη συζυγή
επίλυση είναι µικρότερος από το 5 % του χρόνου που απαιτείται για την επίλυση
των εξισώσεων. Ο διαθέσιµος χώρος αποθήκευσης σε SSD µπορεί να αποτελέσει
περιορισµό για σηµαντικά µεγαλύτερες (µε ϐάση τον αριθµό κόµβων) διατάξεις από
αυτές που παρουσιάστηκαν σε αυτήν τη διατριβή. Παρόλα αυτά, ο λόγος κόστους-
χωρητικότητας είναι σαφώς µικρότερος για SSD δίσκους σε σύγκριση µε τις µνήµες
RAM. Επιπρόσθετα, για τη µείωση του κόστους αποθήκευσης, εφαρµόστηκε η µέθο-
δος της χρονικής αραίωσης, µε την οποία υπολογίστηκαν παράγωγοι µε ικανοποιη-
τική ακρίβεια.

Το σχήµα επίλυσης των εξισώσεων ϱοής διαφορίστηκε «µε το χέρι» για την ανάπτυ-
ξη του σχήµατος επίλυσης των συζυγών εξισώσεων. Η υλοποίηση της Αυτόµατης ∆ια-
ϕόρισης πραγµατοποιήθηκε για τον υπολογισµό επιλεγµένων όρων από τις συζυγείς
εξισώσεις. ΄Ετσι, χρησιµοποιείται ένας συνδυασµός Α∆ και διαφόρισης «µε το χέρι»
µε στόχο να ενώσει τα πλεονεκτήµατα των δύο προσεγγίσεων. Η Α∆ επέτρεψε τη
γρήγορη διαφόριση κώδικα που προέρχεται από τον επιλύτη ϱοής, αποφεύγοντας
προγραµµατιστικά λάθη και αίροντας την ανάγκη επαναπρογραµµατισµού εξαιτίας
µελλοντικών αλλαγών στον κώδικα ϱοής. Η διαφόριση «µε το χέρι» ϐοήθησε στη
µειωµένη χρήση της RAM συµβάλλοντας στην αποδοτικότητα του επαναληπτικού
σχήµατος επίλυσης.

Η διατύπωση του συζυγούς επιλύτη στο πεδίο του χρόνου αναδείχθηκε ως ο
µοναδικός τρόπος για την επίλυση προβληµάτων ϐελτιστοποίησης που αφορούν
µη-περιοδικές/µεταβατικές ϱοές. Σε τέτοιες περιπτώσεις, είναι αδύνατη η χρήση
συζυγών επιλυτών διατυπωµένων στο πεδίο των συχνοτήτων. Για περιοδικές ϱοές,
µπορούν να χρησιµοποιηθούν συζυγείς επιλύτες τόσο διατυπωµένοι στο πεδίο του
χρόνου όσο και στο πεδίο συχνοτήτων για τον υπολογισµό παραγώγων. Το κόστος
των επιλυτών στο πεδίο συχνοτήτων είναι ανάλογο του αριθµού των συχνοτήτων που
χρησιµοποιούνται για την προσέγγιση της χρονικά µη-µόνιµης ϱοής και µικρότερο
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από αυτό των επιλυτών στο πεδίο του χρόνου. Η διαφορά κόστους µεταβάλλεται κατά
περίπτωση και εξαρτάται από τον αριθµό των συχνοτήτων, τον αριθµό των χρονικών
ϐηµάτων για τον επιλύτη χρονικού πεδίο κλπ.

Το αναπτυχθέν λογισµικό εφαρµόστηκε σε τρεις περιπτώσεις στροβιλοµηχανών,
ϐελτιώνοντας επιτυχώς τις επιλεγµένες συναρτήσεις-στόχους ενώ, σε µία περίπτω-
ση, τήρησε ταυτόχρονα τους περιορισµούς ισότητας. Η περίπτωση σταθερής πτε-
ϱύγωσης στροβίλου παρουσιάστηκε ως παράδειγµα µεταβατικής ϱοής και ο χρονικά
ολοκληρωµένος λόγος ολικών πιέσεων αυξήθηκε κατά 0.6% σε 30 κύκλους ϐελτιστο-
ποίησης. Στην περίπτωση ϐαθµίδας στροβίλου, η χρονικά ολοκληρωµένη αξονική
δύναµη στην περιστρεφόµενη πτερύγωση µειώθηκε κατά 8.81% µετά από ένα κύκλο
ϐελτιστοποίησης· µία σχετικά µεγάλη τιµή λόγω της µη ύπαρξης περιορισµών. Στην
περίπτωση της 1,5 ϐαθµίδας συµπιεστή η µείωση της χρονικά ολοκληρωµένης α-
ξονικής δύναµης στην περιστρεφόµενη πτερύγωση ήταν 0.76%, παραβιάζοντας τους
περιορισµούς κατά 0.04% και 0.06% µετά από 4 κύκλους ϐελτιστοποίησης· η µείω-
ση είναι µικρότερη σε αυτήν την περίπτωση λόγω του µικρού µεγέθους των ϐηµάτων
για να αποφευχθεί παραβίαση των περιορισµών. Μιας και η διατριβή επικεντρώνε-
ται στην ανάπτυξη του χρονικά µη-µόνιµου συζυγούς επιλύτη, δόθηκε έµφαση στην
πιστοποίηση των υπολογιζόµενων παραγώγων συγκρίνοντάς τις µε τα αποτελέσµατα
από τις πεπερασµένες διαφορές.
Καινοτοµίες διατριβής :

• Η χρονικά µη-µόνιµη συζυγής µέθοδος, διατυπωµένη στο πεδίο του χρόνου,
εφαρµόστηκε για πρώτη ϕορά στη ϐιβλιογραφία σε τριδιάστατες, πολυβάθµιες
διατάξεις στροβιλοµηχανών. Αυτό επιτρέπει τη χρήση του αναπτυγµένου λογι-
σµικού στην αεροδυναµική ϐελτιστοποίηση σχήµατος πτερυγώσεων στροβιλο-
µηχανών σε µη-περιοδικές/µεταβατικές ϱοές.

• Αναπτύχθηκε και χρησιµοποιήθηκε ένα επαναληπτικό σχήµα, συζυγές της
Runge-Kutta 5 ϐηµάτων, για την επίλυση των χρονικά µη-µόνιµων συζυγών
εξισώσεων µε στόχο να συγκλίνει µε τον ίδιο ϱυθµό που συγκλίνουν οι εξι-
σώσεις ϱοής και να οδηγεί στον υπολογισµό παραγώγων ίσων µε αυτές που
προκύπτουν µε τη µέθοδο της ευθείας διαφόρισης.

• Η µέθοδος της διεπιφάνειας ολίσθησης τροποποιήθηκε κατάλληλα για να επι-
τύχει τη σύζευξη µεταξύ χωρίων διαδοχικών πτερυγώσεων κατά την εκτέλεση
του συζυγούς επιλύτη συνδυάζοντας τη χρήση Αυτόµατης ∆ιαφόρισης και δια-
ϕόρισης «µε το χέρι».
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