¥

X &
1- ﬂ.‘ ’\’
)
P
NPOMHOEVS -
N[
N VP$OPO

EONIKO METOBIO I[TOATYTTEXNEIO
YXOAH HAEKTPOAOT'ON MHXANIKON KAT MHXANIKON TIOAOTISTON

TOMEAY TEXNOAOTTAY, IAHPO®OPIKHY. KAI TIIOAOT'TETON
EPTAY.THPIO AOTTKHY KAI ENMIIXTHMHY. TYTIOAOTTIEMON (Co.Re.Lab.)

Avvauixeg Awopoppwong ‘Arnodrng pe Ilepropiopeévn
ITAnpopopia

AITTAQOMATIKH EPTAYIA

TOV

‘AvOipouv-Boedn A. Kavérpou

AdAva, OxtdBerog 2018






EOGNIKO METXOBIO ITOAYTEXNEIO
YXOAH HAEKTPOAOT'QN MHXANIKOQN KAI
MHXANIKON TIIOAOT'IXTOQN

§‘e

i)
Bl

U = \‘
] "i‘_
7 NPOMHOEY S
N
NVPPOPOS

{

EPTAYXTHPIO AOI'TKHY. KAI EIIIXTHMHY YIIOAOI'TXMOQN

TOMEAY TEXNOAOI'TAY ITAHPO®OPIKHY. KAI TIIOAOI'TXTON

Avvopixeg Alopnoppwong ‘Arodng pe Ilepropiopeévn

ITAnpopopia

AIITAQMATIKH EPTAYXTA

TOL

‘AvOipouv Bapdr A.
Koavdreou

EmBrenwv Kadnyntig: Anurteog Pwtdnng
Enixovpog Kadnyntic EMII

Evyxpldnxe and v teehy| e€etactiny emitpony) Ty 17" OxtwPelouv 2018.

Anuftploc Potdnme Apoteldne Moyouptlhc Evdyyehoc Mopxdxne
Er. Kadnyntic EMIL Avar. Kadnynthc EMIT Er. Kadnynthic OITIA

Adhva, Oxtofelog 2018.



‘AvOipoc -Bapdric A. Kavdreog
Awmhwpotovyoc Hiextpohdyoc Mnyoavixdc xou Mnyavixde YTrohoyotodv E.M.IL

© 2018, Avbpoc Bapdric A. Kavdripoc (Anthimos-Vardis A. Kandiros).
Me empOhadn mavtde dixandpartog. All rights reserved.

Anayopebeton 1 aviiypapr, anodixevon xo dovoun tne moapodoog cpyastas, €€ oAoxApou 1| TURUATOC
auTNg, Yo eunopxd oxond. Emtpénetar n avatdnwor), anodixeuor xou SLotvouy] Yo oxond un xepdooxomnixd,
EXTOUOELTIXNC 1) EPELYNTIXAE PUOTNE, LTS TNV TEoUNEVeTT) VoL avapépeTan 1) Ty TROEAEUSTC X var Blartnpe(ton
10 mopdy privuua. BEpwthuata mou agopolv TN yenon tng epyaolug Yo xepBooXOTIXG OXOTO TMEETEL Vol
aneLdOVOVTOL OTOV CUYYPEUPEA.

Ot amoelc xou T CUPTEPAGHOTA TTOU TEPLEYOVTAL OE AUTO TO EYYEAUPO EXPEAOUY TOV GUYYRUPEN Xou DEV
npénel vo epunvevdel 6Tl avtinpocwnebouy tig entonuec Yéoeic tou Edvixol Metodpiou Ilohuteyvelou.



MepiAndn

X1 HEAETN TV XOWWVIXOY OXTOWY, €va Bacixd ep®TNUa apopd Tov TeoTo UE TOV omoio
Olaop@VOVTAL oL andPelc TV TouxToy. Evo and ta mo onuavTixd HOVTEAA YLoL TNV TERLYEAUPY)
TV AAANAETORACEWY PETAED TWVY ATOU®Y Tou BixTlou elvon To povtélo Friedkin-Johnsen.

‘Evo petovéxtnua autol tou povtéhou efvan 6Tl unovétel twg xdie malxtng AopBdver v’ oy
Tou TIC anodelc dAwr TV PIhwY TOU Lol Vo BLIUop(POCEL TN dxr) Tou. Xta oY Yeova TepdoTLo
XOWOVIXA OixTLA, AUTY 1 Vedenom elvan un pEaMoTiXY. XN TnV gpyaoio auTYH TEOTEVOUUE ULal TOEOA-
hayy) Tou FJ yovtéhou, émou xde nalxtng AouBdver neplopiopévn mAnpogoplo oe xdide yipo yio
Tic anoelg TwV YEITOVWY tou. Actyvouue 4tL 0 alyoprduog Tou véou yovtéhou €xel Ty WLt
no regret, to onolo onuolvel 6Tl ot TalxTeS €Youv xivnTeo Vo cuuTEplpep YoV YE aUTO TOV TEOTO.
Eniong, anodewxviouye 1 clyxAon tou vEéou Uovtéhou GTo (Blo GNUELD LGOPEOTUG UE TO dpYLXO
FJ. Emniéov, delyvouue 6Tl T0 UOVTERO YaC €xEL TO YENY0eOTERO PLUUG GUYXAONG HETOED OAWY
TV TEWTOXOAWY Ue TNV WoTNTa no regret. Télog, divoupe mapadelyyota alyopiduwy mou dev
elvon no regret xou EMITUYYAVOLY YENYOROTERO PLUUUG GUYXALOTC.

AgZeig -KAewdid: Friedkin-Johnsen, Ilepiopiouévn IIAnpogopia, Kdtw ®pdyupa, Extiunon
Bernoulli



Abstract

In the study of social networks, a fundamental question concerns the way players in a network
form their opinions. One of the most important models that describes the interactions between
the players is the Friedkin-Johnsen model.

A drawback of this model is the assumption that each player considers the opinions of
all of his friends before forming his own. In today’s huge social networks, this assumption is
unrealistic. In this thesis, we propose a variant of the FJ model, where each player receives
limited information about his friends’ opinions in each round. We show that the algorithm of
the new model has the no regret property, which means that it is a natural choice for the players
to adopt. Moreover, we prove the convergence of the new model to the same stable point as
that of the original FJ model. Also, we show that our model is among the ones with the fastest
convergence rate in the family of no regret protocols. Finally, we provide examples of algorithms
that are not no regret and achieve faster convergence rates.

Key words: Friedkin-Johnsen, limited information, lower bound, Bernoulli estimation



Evxapioticg

Oa Hela va evyaploThow VYepud toug xonyntéc tou Epyaotnelov Aoyuic xow Emotiung
YTroloyiotdyv, x. Zdyo, x. IHayouptlh xou x. Pwtdun yio 1 cuyfouréc xon v xadodnynoy
TOUG XATA T1) OLAPXELN TWV TROTTUYLAXWY OV CTOUDMY.

ISwaitepa, Yo Hdelo var euyoplo THow Ttov xVeto Pwtdxnm yia T Bordeia xou Ty uTocTAREYN Tou
pou mopelye xaTd TN SdpxEld TNS EXTOVNONE TNG TapoLcas Simhwuatixic epyaoioc. H evidppuvon
XL 1) EUTLOTOCUVYN Tou Uou €8elle ,TO00 OE axadNUUiXG OGO %O O TPOCWTIXO EMINEdo, HToy
xDOpIO TIXES YO TNV ELOAYWYT| HOU OTNY epeuvNTIXY Sladixacior xou yiot Tol EmOPEVOL BALUTE HoU
GTOV aXodNUAEXS YDpoO.

O fieha enlong va evyaploTHOW OAa Tar u€An Tou Epyactnplou Aoywrg xou Tokoylotodv yia
70 euydpioTo TepBdhhoy cuvepyaciag Tou €youy dnuiovpynoet. Idwitepa Yo Hieha vo euyaplo THoW
Toug Ltpotr) Lxovhdxn xou Bacihn Kovtov yia tnv tepdotiog onuaciog cuvepyasia toug oto
EPEUVNTIXO XOPUATL TNS ToeoVouS SITAWUATIXNS, TNG OToldG TO AMOTEAECUATA ONUOCLEVCOUE GTO
Conference on Web and Internet Economics [A®318] mou Yo yiver 1o Aexéufero tou 2018. Xwpic
N oupPolr Toug N TpooTdiela auth de Va elye olhoxinpwiel.

Oa fieha TEAOC VoL ELYAPLOTHCL TOUEC AVIPWTOUE TOL HTAY XOVTE LoV AL AUTA ToL YPOVLOL YLdL
TNV CLUTOEAC TAGT ToU povL Tpoaégepay. Idaitepa Vo ko Vo ELYAUPLO THOL TOUC YOVE(C LoU, TOU
TNV GTO TAEUPO UOU GE OhaL Tal GTAOLYL TNG EXTOUBEUONE OV %o UTOC TARIEAY TIC EMAOYEG
Hou.

Bapdnc Avihpoc Kavdrpog
Adva, Oxtdferog 2018



Extetopévn mtepiAndmn ot EAAvIkA

Ye autd 1o Kegdhaio moapouoidlouye pior tepthndn twv amotekeoudtonv auThc TNe Bimhwuati-
xhc. Apynd, yivetar yia ovopopd cTov Tedno pe tov onolo ol dvipwrol aAANAeTdpoly oE €val
xoWeVIX6 dixtuo. Eva yvenoto podnuatind LovtéNo Tou Teplypdpel auTh TNV ahAnAenidpoor elvon
to povtélo Friedkin-Johnsen , 6mou 1 Slaudppwon TV anddewy TEOCOUOLELEL EVay ETAVAUAOY-
Boavouevo alyoprduo Tou extelelton amd Toug avip®roug 6To dixtuo. XN cuvéyew, egetdlouue
ddpopoug meplopiopols tou FJ poviéhou doov agopd TNV MERLYRU(T TEOYHUATIXDY XOVWVIXEDY
OTOLY. Luyxexpwéva, vrtootneilouvye 6Tl Bev elvan pEAMOTIXG €vaL dTOUO VO pWTE TiC anodelg
OV TV PIAY Tou xdVE Popd Tou HAAGLEL TN B TOU. X TN GUVEYELN, TEOTEVOUUE ULol TTUPOAAOL-
Y7} TOU UOVTEAOU UE TEQLORIOUEVT] TANEOROPIN, G TE VoL OVATURLC TA XOADTERO TNV TEOYUATIXOTH T
xau mopovotdlovye anoteléopata cUYxAone yio avth. Téhog, oty tehevtalar Evétnto emyet-
ENUATOAOYOVUE Yla TO OTL BEV UTHPYEL YENYOROTEROS AYOELIUOS TIOU Vo ADVEL TO TROBANUL TNG
OlouopPwong amddemy.

Awopdppnon ATtédewv ko to povtélo FJ

H perétn tne Awpdppwons Andpewr éxer mholota wotopla(n.y. [Oouc08]) . H Awpdppwon
Anbdenv eivon wa dvvapnkn Swdibaoia, e Ty €vvola OTL XOWKVIXE cUVIESEUEVOL dvipwrol(T.).
owoyévela, gihol, cuvddehpot) avtalhdocouy Thnpogopla xou autéd odnyel ot ahhayéc oTiC amd-
eig mou Batumdvouy. Xtic pépec pag, N éheuon tou Awdixtiou xon Twv Kowwvixdy péowy
xao Té TN UEAETN TNG SLoOPPwONC amoOPeEVe O UEYSAA XOWVOVIXA BXTUN OXOUN TLO CNUAVTIXT.
Peoaliotixd povtéha tng ouumeplpopds TV avip®Temy €Y0UV UEYOAT TEUXTIXY YXENOWOTNTA YLo
TEOPBAEY CUUTERLPOEWY, GTOXELUEVY dlapnuion Xx.A.T. XNV TEooTddeid Toug VoL TUTOTOLNCOLY
T Sodixacion TG SLodePKONG AmOPEWY, Ol XOWVWVIOAGYOL £X0UV TEOTE(VEL BLdpopa HOVTENL. e
oUTA TOL LOVTENQ, TOL dTOUA TOU dixTUOL ovopdlovTal TalkTes.

H xown Bdomn 6hwv autdv twy wovtélny, 1 otola npotdinxe and tov De Groot [DeG74] , etvan
ot oL andeig e€ehiocovton Péow piog dladixactiog enavahoauBavoueveny HECKY GpwY TV ATOPEwY
ToU oL TalxTeC CUAAEYOUV amd TN “yelTovid’ Toug. Xto povtého tou De Groot , 1 dmodm evog
Tt avamaploTatal w¢ Evag Tpayatixds aptdudc oto ddotnua [0, 1]. O taixteg entxowvwvoiy
ue toug @lhoug Toug, To omolo odnyel otV adlayr Twv anddewy Toug. e xde YOpo, xdde
maixtne ahhdler Ty dmody) toug matpvovtog éva o Taduouévo uEco 6po TV andPEwY TV QLAWY
tou. Tumxd, to Bden mou TonoYetoly oL maixTee oTIC AmdPELC TWV YELTOVWY TOUC avamaplo TavTo
ue éva mivaxa eumotoovvns T, 6mou T elvon to Bdpog mou o naixtng @ Bdler otny dnodn tou
naixtn 7. Puownd, o T' elvon ooy 00 TG Tivoxag, To omolo onualvel 6Tt To ddpoloua TwV o TolyElwY
%8 yoauurc elvon 1. Av cupPBolicouvue ye z(t) to Sidvuoua twv andewy v Teplodo t, Téte TNV
nepiodo t+41 10 VEo BLavLoU ATOPEWY TTOU SLUOPPWOVETAL POl £Y0UV YiVEL OAEC OL IAANAETLORACELS
glvon z2(t + 1) = T2(t). Iapdho mou autd T0 LOVTERO BEV TIEPLYPAPEL PE aXEIBELX TIC TEAYUATIXES
XOWOVIXES AAANAETUOPAOELS, 1) AMAOTNTA XU QPUOLXOTNTA TOU ToEEYOLY Wia SlodoUnoT Yiot Toug
ToEAYOVTES IOV ETNEEALOUY TN SLOEPWOT) ATOPEMY.

M xdmee SpopeTiny| mpocéyyion divetar oe éva ovtého mou mpotddnxe and toug Hegsel-
mann xou Krause(HK model)oto [HK02]. ¥e auté o povtéro, ol andelc Twv naxtody eivon it
nparypotixol apwduol oto [0,1]. Emniéov, xdlde maixtne i éxel éva mapdyovta eumotoolvng €;.
Ye xde yUpo, 0 TalxTNg i avave®VEL TNV dmodn Tou WS To YEGO 6p0 TWV ATOPEWY TWV TOUXTHOV
mou PBploxovian o€ €; andotaon and TN duxr} Tou drodr. Autd onuolveL OTL OL XOWWVIXES TYECELS



evog mabxtn umopel vor adAdlouv xadog mepvd 0 yedvoc. AuTo elvol TEOQAVAOC Ylal TO PEAALC TIXY
AVATORBC TAOY) TWV XOWVWVIXWY OYECEWY, Xa®OS oL dvipwol Telvouv vo ennpedloviol TepLocOTERO
and TG AmOPELS TWV OUOBEATV TOUG.

"Eva dhho eviiagpépov povtéro npotddnxe oto [ANAQOO]. e autd to yoviého, oe xdde yipo
dVo malxTeC emMAéyovVTUL TUYOLA UE OUOLOUOPPO TEOTO amd To GUVORO OV TwV (EUYDV GTOV
manduopd. Avtol ou 800 maixteg ahldlouy Tig anddelc Toug, und TNy tpobndieon dti 1 Sopopd
ot anoelg Toug dev elvon peyolltepn and éva xatwehl d. H Aoy mlow amd tn cuvirnm
xate@hiov elvon 6TL oL makxteg emneedlouy o €voc Tov dAAO p6vo 6Tay oL andel; Toug elvon Mo
AATWS TUPOUOLES, OLOPORETIXG BEV UTAlVOUY %oV GTOV X6To Vo culNTrooLy. AUTY 1 GUUTERLYPORA.
unopet va ogeileton o EAAeuhn apolBalag xotavonong , cUYXEOUCT] GUUPEROVTLY ) XOWWVIXT| TeaT.

O epyaotec petd tov DeGroot eotiaoay o1 Slatinwon YEVIXOY cuvinx®y, xdtw and Tic
omoleg Tétoleg Bladxasieg dlapdppnaong andewy Yo cLYXAIVOLY GE Uiol TEAXT] XATAC TUOT CUUPW-
viag, oty omola 6hot oL malxteg €youv TNy Bl drodm. Qotdéco, auth N éupaon oy eniteuln
ouppwvias Teplopllel To pdopo TNy dladixaciog LovieAoTonoNe e €val GUYXEXPIUEVO TUTO BUVO-
WXV Blodppwone drodng, émou 6keg ol anddelc Tou cuvolou cuyxiivouv. ‘Onwe napatrhenoce o
xowvwviohéyoc David Krackhardt

Ag Yo TEETEL VAL 0Ly VOTIGOUUE TO YEYOVOG OTL GTOV TRAYHATIXO XOCUO 1) CUUPW-
vioe cuvdwe Bev emtuyydveton. Ot TEPLOCOTEPOL ETUCTAUOVES XOLVWVIXWY OLXTOMY
ovory vop(Couv auTtd To YEYOVOS X0 BEV ETUXEVTRPOVOVTOL GE Lo XUTAC TAOY) LoOPEOTIHAC
6mou emxpatel cuppwvia. Avt'autov, elvor o Thavd va tpoonodoouy vo eEnyHoouy
™y EMewn ovugwviog (tn petoPintétnta) ot anddelc xar oTdoelc tov eppavilovtol
o€ TpAYHATIXG XoWnvXd tepBdihovta. [Kpa09)]

Y10 povtého mou pag evilapépel, To onolo mpotdinxe and Ttoug Friedkin xawJohnsen oo
[2O90], 1 cupguvia twv anddewv cuvidwe dev emtuyydvetan. Xto poviého FJ, éyoupe éva un
xateuduvouevo yedgnua ywelc Bden G(V, E), to onolo avanaplotd éva xovwvixd dixtuvo. To ypd-
pnua €yel n xopPouc. Kdabe xoufog oo dixtuo avamaplotd évay malxtr. H Onopdn axunc yetagd
600 mouxtwy ouuBoiilel 6TL oyetilovto e xdmoo teomo. Kdde malxtng €xer wo drnodr, n onola
elvan évag mpaypatxde apriude oto [0,1]. To povtého xadopilel wa ouyxexpyévr dadixaoia,
wéow tne omolag xdde malxtNng avave®yvel TNy dmodr) Tou. Auth 7 dwddactio extelelton ot YOhpoug.
Kélde naixtne i € V' éyer wa wph s; € [0,1], n onola avamaptotd tnv ecwtepin| tou dnodn xou
uével atadepy| ue to mépaoua Tou yedvou. Emniéov, oto yipo t xdlde malxtng ¢ mapdyel cov €080
évay aprdud x;(t) € [0, 1], mou eivou 1 drodr tou ooV TEéYOY Yipo. H Biadixaocia tpéyel we eZhc.
Apyixd, to x;(0) unopel va éxel onowadinote T oo [0, 1]. 1o yipo t, xdde taixtne i avavedvel
™V oy} Tou ;(t) YenotwonoudvTag Tov axéhoudo xavéva:

Z- N,wi-azl(t—l)—kwiisi
JEN; 77

ri(t) =
i) Y jen; Wij + Wi

: (1)

, 6mou N; elvon 0 oOVONO TwV YEITOVKDV Tou Taixtn @ xou To ddvuopa z(t) Twv andPewy Twy
TouxTV oo yopo t. Eniong, to Bdpoc w;; mou avtiotouyel oty oyl (i,5) € E petpdel ndon
enidpaom €xel 0 j oty dnodn Tou @ xou To BApoC Wi TOCOTIXOTOLEL TOCO EMPEETAC EVOL O & G TNV
vo¥étnomn anddewyv Tou BlaPépouy amd TNV ECKLTEEXY TOL drodm.

Yuvenoe, xdde naixtng vtohoyllel To oTadUIOUEVO UECO OGP0 TWY ATOPEWY TV YELTOVWY TOU
otov TponyolUevo YOpo xou oynuotiCel T véa tou drodm. Autéd 1o eldog dadixaciog avavénwaong
xoketton Wiar duvapukr), pio amAr Sodixaaior tou dev oadhdlel amd yUpo ot YUpo xou exTEAElTOL UE TOV
B0 tpbéTo and bhoug touc maixtec. ‘AMho mapadelypota duvauxdy divovtor ot [Ael'74, POI0,
HK02, ANAQOO).

AZ{Cel va mapatneriooupe 6TL Adyw tTNng otoepdc s; o€ xdde emavdAndr, o enavahauBovouevog
UTOAOYLOUOG TOU UE€GOL Opou de Vo 0dnyHioel anapaitnTta ot cupwvio Toug Taixteg. Me autd tov
TEOTO, TO HOVTEAD Blaywpllel TNV eYYEVH TpoowTixY| dnodr s; xou TNV GUVOAXT| drodn x; Vo
naixtn. H televtaio expedlet éva ouufBifacud yetald tng enluovne TWAC ot TV andewy mou



expdlouv ot ¢gihol Tou TalxTn 7. AuTy 1 Slapoponoino UeTag) Xl CUVOYTATAUL XU OE EUTELPIXES
HEAETES TTOL TTPOOTIOVY VoL GUVIEGOLY LoYURES ATOYELS OTIWE O TOMTIXOS TEOCAVATOMOUOS UE OLo-
popéc otny exnaldevom xar 6To LTOBoteo TwY avipdrwy. Mdlota, opiopéves yehéteg e€etdlouy
xou YEVETIX0UG Tapdyoviee ou ennpedlouy tétolec andelc. [APHT05]

To povtéro FJ elvou éva and tar mo emdpootnd ot uerétn e Aloudppwon Anodewy. Eyxel
€vat TOAD amhd XavOvVaL AVAVEWOTNE, TOU TO XAMo TE XATIAANAO Yo TNV TEQLYQUPT] (PUOLXTG CUUTERL-
popds. Eniong, ol Pacinéc untodéoelc Tou GUUPHVOUY UE TA EUTELPLXA ATOTEAECUITA CYETIXE UE TOV
TpéTO pe Tov onolo dapoppmvovton ot andderc [APHT05, Kpo09]. 'Eyet yehetndel enlone uvnd to
mplopa e Oewplag IMayviwy. Xto [BKO11] ¥étouv t0 gpdtnua Tou nwe Ya tocotixononiel to
%00 T0¢ TNE OLdo Taon andewy, o€ TEP(MTWOT ToL oL TakxTeS Bev XATOAREOUV TEMXE OE GUUPKVA.
TN vor amaytiocouy auth TNV €pdTNoT, YeDpenoay TOV XavOVa avavEWONS EVOG TOUXTH GOV ohyYO-
erduo ehayloTonoINoNG UG TETPAYWVIXNS CLUVAETNONG OV eXPEALEL TO XOTTOS TNG ACUUPWVIAS.
Baolouévol oe autd 10 €66 T0¢ pLoay To axdolovdo maiyvio dapdppwons andpewr. Kdade woufog
i elvou €vag wpeo TS TalxTNg Tou omolou 1 oTeaTNYWY elvon 1) dnuocia drodn x; mou expedlet.
T xdde mabxtn oplleton plat cuvdpTNoTn x6cTOUE, N ool €YEL WG oplopaTa TIC ATOPELS OAWY TWV
TaXTOV 0To dixtuo. o tov malxTn 4, 1 ouvdptnon x6cTouE Elvon

C,-(aci, x_i) = Z wij(aci — Z‘j)Q + wu(xl — Si>2 (2)

JEN;

omou e x_; oupPBoiiloupe To dldvuoua TV amdPEWY OAWY TWV GANWY TOUXTWV €XTOS TOU i.
Mo eviapépel vor UEAETHOOULUE ToLaL lva 1) XhOTERY] ETULAOYT| TTOU UTOEEL VoL XAvEL Evag TalXTNg
yioo TNV dmoyy Tov, dedopévou OTL o anddelc TwY FAAWY TaXTOY elvor oTadepés. Xe auTh TNV
nepinTtwor, €youue ouvdptnon ulag PeTaBAnTAC, N onola elvon wlor Yynolwe xupTh cuVaETNoT), TO
omolo cuveENdyeToL 6TL UTAEYEL LovadLxd onpeio eharyioTou To onolo undevilel Ty nopdywyo. 'Eotw
ooy OtL o malxtng Yvwellel Tic andelg v muxtodv e yeovx otypr. Tote, undevilovtag
TNV TUEAYWYO Xl XEVOVTAS AMAES TEAEELS, TEOXVTTEL OTL O TOUXTNG YLoL VOl EAVLYLO TOTOLOEL TO
%66 TOC TOL OTOV ENOUEVO YVPO, TEETEL Vo eTLAEEEL

2jen; Wiz (t — 1) + wiisi
2 jen, Wij + Wi

[Mopoatneodue 6t auTog elvar 0 xovdvos avavéwons Tou povtéhou 1. Autd onualvel 6Tl To LOVTELO
FJ avixel oe wa xotnyopta alyoplduwy tou ovoudlovton duvapixéc best response , 6mou xdie mai-
XTNG EMAEYEL W OTEATNYXY TOU GT0 YUPO ¢ AUTY TOU EAAYLOTOTOLEL TO XOGTOC TOU, UTOAOYLOUEVO
ue Bdon T OTEATNYIXES TWV GAAGY TUXTOV 6ToV TEonyoluevo YUpo t — 1. O alydpripog autdg
070 dwb poc Tadyvio ebvan 0 Ahybdprduoc 1, 6mov x_;(t — 1) npogavde cuuBoiilet To didvuoua Temv
amOPEWY OAWY TWV TOUXTWV EXTOC TOUL ¢ TN Ypovixh) oTiyu t — 1. Autr n ontier ywvio elvon ToAD

ZT; (t) =

Algorithm 1 Auvouuxr Best response

Apyxd, o modxtng 4 €xel dmodm z;(0).
1: ¥e xd&de ylpo t
2: O nalxtng @ avovewvel wg &g

z;i(t) = argmin C; (z,z_;(t — 1))
xz€[0,1]

o TATeNG, xad®g unopoly va ueheTnlolyv ToANES SLapopéc TTUYES TNE Bladixaciog BlaudePwong
anoewyv opllovtag xatdhinia talyvia. Ilepantépw epyaoice Yewpoly mopodhayés Tou TapATEvVE
mawyviou xan HEAETOOY WLOTNTEG CUYXMONG OLPOPWY BUVOULXMY TOLU UTOREL Vo axoAoLIHCOUY oL
TafxTeS.

I vo xatavoricouye xahlTepa Yot ol moixteg unopel va 9€Aouy va oxolovdcouy pio duva-
N, TEEMEL TEWTOL Vo 0ploOUPE Uiat TOAD onuavTixy évvola TN Oewplac Iowyviwy, v Iooppornia
Nash evog mowyviov.



Definition 1 ([NT50]). Ag vrodéoouue du x € R™ efvar to didvvoua twv otpatnyikdy Awv
twv taiktwy. Tote, to efvar pia Ioopponio Nash av yia kdUe naiktn ka1 yia kdOe otpatnyixn tov
naixktn, W0xvel

Ci(y,xz—i) > Ci(xs, x—;)

Ovotaotixd, wa wopponior Nash eivar éva cOvoro and oTpatnyinés TETOIEC WOTE XAVEVOC
TalxTNg Vo Un UTopEl VoL HEWWOEL TO x00TOC TOL oAAGLOVTOG TN OTEUTNYLXY TOU, oV oL GAAOL
TOUXTNG XEATHOOLY TIC OTEATNYIXEG Toug otaepés. I't autd to Adyo, av ol maixTeg Tou monyviou
(PTACOLY XATOl GTLYUY) OE AUTH TNV XATAG TooT, efvan amldovo xdmolog malxtng vor Féhel vor ahhdEel
TN OTEATNYIXT TOU, YL auTo xaheltan 1wopporia. H évvowr tng wooppomioc Nash etvon depeiinddng
otig Owovouxég emotiueg, xong mapéyel évay TeoTo TEOBAEYNS TNG TEMXAC CUUTERLPORAS TWY
TUXTOV og éva tadyvio. Oa aoyokniolue ye To TEOBANUA TOU UTOAOYLOUOV QUTAHS TNS LOOEEOTIOG
Nash and touc maixtec.

H évvoia tne durapixrs hapfdver mhéov dhho éva vonuo: elvon €vag XavOvag avavEWoNg TOU
umopel var 0dnyHoel Toug malxteC aTov unoloyloud tne loopponiac Nash tou mouwyviou. Amnodel-
xvOeTaL OTL To Ty vio €xel povadixy| Ioopponio. Oo del€ouye 6Tl oV GAOL OL TAUXTEG EXTEAOVY TOV
Alyopduo 1, o anddelc v Touxt®dy cuyxhivouv o T*.

Wi

Theorem 1. Av z* elvar o povadiké onueio Ioopporiag tov maryviov kar a = min ) DIeET—
%) (%)

JEN;
Ve
TOTe!

l2(t) = 2% [loe < (1 = a)*[|2(0) — 2"l

Avtd guouxd anoteel mAcovéxtnua yio To povtého FIJ | xodde delyvel 6TL oL malxteg 0dnyoLvTon
OE Ulol XUTACTAOY) WooppoTiag 660V agopd To x6cTo¢ Toug. To gpwtnua mou TideTon Tpa elvon
XOTE TOCO oUTO To PovTELO elvan peahioTixd. T va vhomondel o xavovag avavéwone 1, meénel
xdde malxtng va podolvel Tic anddelc Ghwv Twv GlAwy tou oe xdde yUpo. ‘Ouws, o mporyUotixd
xoWwVIXE dixtua, éva dtouo elvon mo mdavo vo emneeacTel GTO oYNUATIOUS drodmng amd Alyoug
avip®noug, HE Toug omoloug Uihdel cuyvd. Autd poc odnyel 6To vo aAAGEOUUE TO HOVTERD, WO TE
VOU AVTOVOXAS QUTY) TNV TRy HATIXOTNTOL.

Meproplopévn NMAnpopopio

I v xahOhoupe Ty aduvaio Tou povtélou va teplypddel TNV Teory Hortixr) Sladixaciar SlaopPwong
TAneogoplag, mapolhdooouye to povtého oto [BKO11]. Epunveboupe 1o Bépoc w;j we uétpo tou
1600 cLY VA cuvavtdel o ¢ Tov j. Iapatneolue 6TL To C; dev elvon TAEOV VIETERUIVIO TLXY| CLVAETNOT)
TWV TEONYOUUEVGY ATOPEMY.

Definition 2. I'a éva Sidvvoua andpewr x € [0, 1]", to Kdotog aovugwrias tov Taiktn i elvar
pa tuyaia petapAnery Ci(x;, x—;) mov opiletar wg €&rjs:

e O maixtng i owvavtd évav and tovs yeftoves j pe mbavéTnea pij = wij/ 3 e N, Wij-
o O maixtng déyetar kéotos Ci(xi,x—;) = (1 — a;)(w; — x5)? + ai(x; — s8i)?, drov a; =

wii /(3 jen, Wij + Wii)-

Definition 3. Yuupodilovue pe I = (P, s,a) éva maiyvio duapdppwons anéipewr, dnov P elvar
’ /. 7 7 . n Lt / / n
évagnxn wivakag pe un apvnuikd otoyeta p;j, pe pii = 0 kar Y5y pij elvar efre 0 efre 1, s € [0, 1]
etvar To Sidvvoua twv eowtepikdy andpewr, o € (0,1]" to didvvoua avto-eumotoodvng.



[Topatneolue 6t 1 weon Tywr Tou x6cToLG ot xdde YOO Yo xde madx Tty elvar To x6GTOC TOL
o710 xavovixd povtého. I'v autd, 1 Ioopporia we mpog To avauevouevo x0GTOC aouUPLViag etvor
Eavd x*.

Avuté 1o malyvio pog mapéyet évar apy€Tunto Yo OReC TIC duvaIXES Tou Vo UEAETHOOUME O TNV
napovoa epyacio. 3to YOpo ¢, xdle moixtng ¢ emhéyel wa drodn () xou uploToton éva x66TOg
acuppwviog pe Bdon to yeltova Tou cuvdvtnoe Tuyaio. XTo TEAOS TOL YOEOU t, TANEOPOREITIL HOVO
Yia TV dmodn auToY TOU YEITOVO TOU CUVAVTNOE Xk UTOREL VO Y PNOULOTIOLACEL AUTY) TNV TAnpopopla
Y10 VoL VOVEDTEL TNV dohr} Tou oTov enduevo Yipo. Tlpogavde, dlapopeTinol xavoveg avavéwong
0dNYOoLV OE BLAPORETIXES BUVAUIKES, TIOL OUWS OAESC £YOUV TOV XOWVO TEQLOPLOUO TNG TEPLOPLOUEVNS
mhneogoplog. To epdtnua T elvon oy LUTEEYEL XATOLOG XAVOVIS AVAVEWCNE TOU VO ETULTUY Y AVEL
oLYXAon TV andPewy aTo , Bedopévne TG TeploploUévng Thnpogoploc. Enlong, elvan eviiagpépoyv
vo e€eTdoouye o enneedletar 0 puUOS CUYXMONG amd oUTH TNV omalTno.

Mia 18€a yia Tov xavovo avovémaone Tpogpyetal and tn oteatnyixy) Follow the Leader. Auth
N oTeaTNYX, Tou elvon amd TIC TE@TES oL UeAeTHUNXay 0T Vewplo mowyviey, Adel pe amhd
Aoy «maie to Béltioto pe Bdon autd mou éyeic mapatneroely. H otpatnyh meplypdpeton
avohutxd otov Adydprduo 2. ‘Onwe pnopolue va 8oVue, 0 ahyopldUog OUCLUCTIXG EXTEREL

Algorithm 2 Auvouuxr Follow the Leader

1: Apywd z;(0) = s; yioe houg Toug maixTES .
2: Mto yOpo t > 0 xde nolxtng @
3: Tuvavtd to yeltova pe delxn Wi, P (W) = j] =
4: YTolotatou xé6otog (1 — az)(azl(t) — e (1)) + ai(xi(t) — 55)? o podadver v drodn
zyye (2). l
5: Avavewvel Ty drodi] Tou z;(t+1) = argmingcpg g th:o(l—az’)(ff—xW[ (7)) +ai(z—s;)

(3)

2

enavolopBavopevn Mdn péowy dpwv pe Tig Tiég mou hauPdvel. H 18éa elvon 6TL petd and pepixég
enavohfelc, oL anddelc TwV YEITOVWY €Y0LV QPTACEL OEXETE XOVTE 6To Z*, OMOTE 0 UEcog HpPOg
TV andewyv oe xde yUPo elvol XOVTE OTO UECO TWV YELTOVWYV EXEVY TN YEOViXYH OTiyUr|, TO
ornolo xdvel to apyd FJ. Autd pag odnyel telxd 010 axdhoudo amotéheoya yio Th oUYXALON
Tou ahyoplduou cto onuelo woppoTiog.

Theorem 2. Eotw I = (P,s,«) éva maiyrio diaudpewons andpewy pe onueio wopponias x* €
[0,1]™. To udvvoua andpewr x(t) € [0, 1] nov rapdyetar and tov kavdva avavéwons (3) uetd and

t yUpoug ikavomorel
(logt) 3/2
E [[lz(t) — 2lloc] < CVlogn_tiiq 5y
omov p = miney a; ka1 C efvar a otadepd.

H anédeiln tou Oewpnpatoc 2 unopel va ywplotel oe 800 uéern. 110 np®to uépog npoonadolue
var Bpolue plar avadpopxy| oyéon yia To opdiua ||z(t) — 2¥||s. Puowd, auth 1 TocbTNTY Elvon
wor Tuyodar LETUBANTA, CUVETDC 1 avadpouixy| oxéorn Yo ixavoroleiton pe peydn mavétnto. H
axplPric Slatinwon diveton 6To oxdAoudo Vewpnua.

Theorem 3. Eotw e(t) n Adon tng akéloving avadpopikris oxéons,

oft) = 50 + (1 — p) == (7
6mov e(0) = |2(0) — 2*||oo xar
Sit) — 1n(7r27;t2/6p)
. Tdre,

Plyudatat>1, ||[2(t) — 2o <e(t)] >1—p



To debtepo pépoc tng anddellng cuvicTtatar 6To Vo pediouue TNy axoloudia e(t), Baciopévol
TNV Topandwy avadpouxr. Autd euneptéyel xuplwe teVxn doukeid. Ewbidtepa, Yo anodellouue
T0 axéiouvdo.

Theorem 4. FEotw e(t) pa akodovdia nov ikavoroiel tny avadpopikiy oxéon

le(r
e(t)=0(t) + (1 — a)ZT;)() kat e(0) = ||z(0) — 2|00,

In(Dt2-5)

2, 6(0) =0, ka1 D > > efvar pa evixrj oradepd. Tére

———— (Int)3/?

To Oewpnua 4 divel xatéudeiov Eva dve PedyUa Yo To Xpovo cUYXAONG TNG dBuVoXS, AOY L
Tou Oewphuatog 3.

Yty enopevn evétnta, Yo dodue 6Tl exTOC and TNV amAdTNTA Tou, o Alyderduog 2 elvon pio
«hoywh) EMAOYHY» YL TOUG TaxXTeG £VOG mawyviou. Autd onualvel 6Tl elvon 6T0 CLUPEPOY EVOC
nalxTn va Ypenowonolfoel autod Tov alyoprduo, B1oTL Tou e€ac@aiilel younid cuvokixd xdcTOC.
Me diha Aoy, dtav €xouv mepdoel mohhol ylpol, ol malxteg de Vo €youv ueTaridoer Yo TG
emhoyég Toug. Anhady|, T0 GUVOAIXS xOGTOC ACLUPWVIAS EVOS Tadx TN Tou axohoudel Evay TEToLo
xavovaL elval XoVTd 6To GUVOAMXS xbGTo¢ aocuuprviog Tou Ya elye utooTel av émoule wo oTodept
otpatnyixh. Auth 1 BoTNTA TEENEL Vo Loy Vel aveEETNTOL OO TO TG AVAVEDVOUY TIC AOPELS TOUG
oL GANOL TIOUXTES XOU TOLOUG YEITOVES EMAEYEL VO GUVAVTAOEL €vag TalxTng o xde yUpo. Auth 1
oY LR WOLOTNTA, Tou xoheltan WOTNTA 1o Tegret, xaho T war duvouLxy| dladixactio Quoxy emAoYY
YO TV TEPLYPUPY| TNG CUUTEQLPORES TWY TOUXTWY XAl TEQLYPAPETAUL GTNY EXOUEVY) EVOTNTOL.

émov §(t) =

To povtélo OCO

[N va oploouye L onuatvel va etvon €vag ahyoprduog no regret, Yo Tp€net TEMTA Vo TepLypdhoupe
To mepPBdhiov yéoa oto onolo o ahyoprduog Aettovpyel. Kadwe ov maixtee Aoufdvouv oe xdde
YUpo cav €lcodo W yeltovixy| dnodr, @aiveton 6Tl TO O XATIAANAO UOVTEAO YLOL TNV TEELYRPT|
e xotdotaons eivan autd e Apeons Kuptig Bedtiotoroinong(Online Convex Optimization 1
0CO).

Y10 poviého OCO , évag alyopriuog elvon évag maixtng mou AauPdvel emavalopuBavoueveg
anogdoelc.  Agod mdpel plor amodPacy), 0 ToXTNG Vo TUTUL XOGTOG, AVAAOYO UE TNV AmOPACY
tou. H ouvdptnon xéctoug dev elvar Yo T 6TOV TakxTr xou Umopel oxoun xou vo e€apTdTon
ané TNV amoégact, mou Talpvel o malxtne. Autd elvan éva dueoo mepBdhhoy, BLOTL 0 TAXTNS OEV
Eépel midg Yo e€ehiyBolv ol cuvapToelc x6oTouc. Puoixd, yio vor €yel vonua vo uehetndel éva
t€t0l0 MEOPBANUA, TEénel va emBAANOVUE Oplouévoug Teploplolols oto poviého. Katdpyryv, ol
CUVOPTHOELS XOGTOUG TEETEL VoL EVOL PEUYUEVES, AAAWS ot xdie YOpo Yo UTopoUcE TO XOGTOS VAl
audvetal, Pe amoTERECUA 1) amddoan Tou alyoplduou va uny eivon moté xahy. Erniong, to olvoho
ATOPICEWY TRETEL VoL €Y EL xdmotou eldoug dour, Omws Yo BolUE O TN CUVEYELX.

Topa Vo oploovye tumixd ohec avtég Tic €vvolec. To clvoho amogdoewy elvar €va xupTo
unoocUvolo K tou R™ xou ol cuvopthoelc x6otoug elvan xuptée ouvapthoelc oto K. Eotw 6T
F elvan o ouxoyévela and xUpTEG QEayUEVES GUVORTAHOELS Tou elvol Bladéoiues oTov avtinaho.
Avtéc etvon oL mdavég ouvapthioeic x6aTtoug. O alydprduog Teéyet yio évay oprdud enavahipewy
T. Ytnv enovéAndn t, o naixtne emhéyel 2 € K. Agol o maixtng decpeutel o€ ot TNV ETAOYT),
n ouvdptnon fi € F amoxahinteton xou upiotatar x60to¢ fi(zy). Eyouue tov axdroudo opioud.



Definition 4. Evag aAydpifos A ya to npéfAnua OCO pe advolo ovvaptioewy Fy o kar odvolo
aropdoewv K = [0,1] efvar na akolovdia arnd anopdoeg (A;)2, dmov Ay : Ft s K.

O ypdvoc extéleanc evoc OCO ahyopidpou oplleton ¢ 0 CLYOAXOS YEOVOC TOL YpEeldleTon Yia
va apory o0V oL anogdoels Yo 6houg Toug YUpous. Autd cuvidng e€aptdtal and T SLEC TUCT) TOU
K, tov apudud yOpwv T xou Ti¢ TopaéTeoug TV cuVapTHoEwY x6otoug. Topa Yo tpooradricouue
va Beolue éval 6woTd 0ploUd Yia TO TL EVOL VO XOAOS ahYopLIUog o8 auTO T UoVTEAD. AgoU
70 povtého OCO é€yel v agetneio Tou ot Yewpla manyviwy, N €vvola Tng amodoTixdTnTag Vot
npoxOel amd awtd Tov xAddo. Opilouue To regret evoc olyoplduou we T Slapopd TOL GUVOALXOU
%xOGTOUG GE GAOUC TOUC YUPOUC X0 TOUG XOOTOUS TNG XAAUTEPNS O TIEPHC OTRATNYLXAC.

Tumxd, éotw évac ahyopripos A mou SeSOUEVKV TWV TEONYOUUEVWY ATOQACEWY TOU TalXTY
madpvel pla amdgoon yia tov Teéyovia yipo. Tote, opllouye o regrettou A uyetd and T yipoug
o

T T
regretp(A) = - sup {Z fi(we) —min ) ft(a?)} (4)
{f1.ofr}CF G121 ek

ArouoInuxd, évag alyoprdpog o elvor amodoTixds av To regrettou lvol UTOYEOUUIXO WG TEOS TOV
aptdud Twv Yopwy, dnhadh av regrety(A) = o (7). Autd onpaiver 6t 0 alybprduog emtuyydvel
xatd péoo 6po e&icou xahd xb6oT0¢ 600 N XAAUTERT duvaTh oTadepr| oTeaTNYWXY, Tou Ya ATay To
%xaAUTEPO Tou Yo umopoloe va TETUYEL €vag oLUPaTinog oahyopriuog. Me dhhor Aoyia, axouo xou
av 0 avTiTOAOC ETUAEYEL TIC CUVOPTHCELS XOO TOUG XUXOTPOXPETA, TO GUVOAXO XOCTOG TOU TOUX TG
Yo mapoéver xotd plo évvola ehdyloto. Autd xoho Td TouC Vo peYEET alYopiluous GUUPEPOVTES
ETWAOYEC VLo TOUC TAEXTEC oE €val Ty VLo.

Twpa mou oploope v onualvel yio évay odydpriuo va ebvan regret, Yo mpoonadricouue vo
BLITUTIOOOVPE TO TREOBANU TNE BLAUORPWOTE amdPewY UTO TEQLOPLOUEVT TANPOOopla cary TEOBAN U
0CO. Autd 10 pdBinua Yo potdlet ye Evar «maty vidy, to omolo Yo naileton petold Tou malxtn xou
evoc avtindhou. Xto ylUeo t > O:

1. O maiktng dwAéyer pa tun z; € [0, 1].

2. O avtinalog napatnpel o x4 avd oeregts a by € [0, 1]

3. O maiktng veiotatar kéotos f (x4, b)) = (1 — a)(zs — b)? + a(zs — 5)2.
omou T s, a elvan otodepéc. O oxomde tou madxtyn elvan va Blohégel z; Boociopévoc oTiC TEoN-
yolpevee emhoyéc (Do, . . ., bi—1) OO TE VoL ENAYLO TOTOLAGEL TO GUVOAXO XOGTOC TOU. TNV TEPITTWOT
Hoc, To 6UVOho oTpatnyxdv Tou TpoPifuatoc OCO elvar to K = [0, 1] xou 10 cOvolo twv cu-
vopthoewy eivar Fsq = {2 — (1 —a)(z —b)2 + a(z — s)? : b € [0,1]}. Qc anotéheopa, xéde
emhoyy) and otadepéc s, a odnyel oe éva dlapopeTnd mEdBANua OCO . Aol ol cuvapTtioeic 6To
Fis,o 0pilovtan govadixd amd tov aprdud b € [0, 1], o optopde moalpvel tnv axdhouvdn Lopn.

Definition 5. Evag adydpiduos A ya to OCO mpdfAnua pe Foo kar K = [0,1] evar pa
axolovdia cuvapticewr (Ar)2, dnov Ay : [0,1]F — [0,1].

[Mogatneolue 6tL eved ato nepiBddrov OCO o avtinarog emAéyel To by yio Vo TEOoXOAETEL UYNAG
%607T0¢ oTov TN, oTo poviého FJ 1o by elvan m dmodm tou maixtn mou emhéyinxe tuyaio.
YUVETME, av 0 ohYOptdHog EYYUdTAL NO regretotov modx Ty, TOTE 0 madxTNg Yo EMTUYEL YoUNAO
%00 TOC oXOUN XU GTNV axpold TERITTWOT Tou oL amdPels TV YELTOVKDY TUYEL Vo efval ol (Bleg ue
autéc mou Vo eméheye évac avtinohog. XUVET®E, €lvar Aoyixd Vo UTOVEGOLUE OTL €Vog ToUXTNG
emhéyel o obupwva pe o ohydprduo A; yio to nedPinua OCO pe Fi, o, Ymdutéd to mploya,
av pnopolooue va anodeiloupe 6Tt o Alydprduog 2 elvan no regret, tote Yo Yoy QUOLONOYIXY
CUUTERLPOEE. YLt TOUC TakxTeS xau dpo Yo elye vonua ooy enéxtoacy tou povtéhou FJ. pdypartt,
Yo amodelgouye To axdlovdo Ocdenuo.



Theorem 5. Eotw n ovvdptnon f : [0,1]2 — [0,1] pe f(z,b) = (1 — a)(x — b)? + a(z — 5)?
yia kdnoes otaldepés s, € [0,1]. FEotw (b)52, pa tuyaia axolovdia pe by € [0,1]. Ip z =
argming o 1] P24 f(2.by) wote yia Aa wat, Lo f(xr,br) < mingejo 1] Yob—o f (2, br)+0 (logt) .

Méypr otiyurc €xoupe dellel 6T o Ahydprduog 2 cuyxAivel ye uoypauixd puidud oTny LWoop-
pomiot xan 6Tl elvon Aoyuxr) emAOYY Yio TalxTeC TOU TEOOTAYOUY VoL ENOYLO TOTOLACOLY TO XOGTOG
Toug Lo cuvixeg ofefondtntag. Tu Yo cuvéEBouve duwe av LTHEYE €vag YeNYoROTEROS ahYOELIUOg
TOU ETUTUYYAVEL aUTONE Toug 6ToY0LS; ‘Onwe TpoxinTel, autd elvor adLVTO Vo TpayatoTolnvet.

‘Evol k&Ttw @paypo

Oo Féhape va del€oupe GTL dev LTdEYEL TPWTOXOANO 1) ol Y bpLdog ToU Vo GUYXAIVEL YE eExVeTInd
eLdud TNy LWopponio Tou Taryviou xan emituyydvel no regret. Kodddc oto povtéro n uévn elcodog
Tou alyopidpou elval Ol CUVAPTACELS TOU TUEEYOVTAL ATO TOV AVTITOAO, €V TETOLO TEWTOXOANO
0 Yo €mpeme va O€yeTan xaplar GAAN elcodo mépa and tnv dnodn evdg yeltova oe xdde yOpo.
Avuté onuaiver 6t xapio emimhéov mAnpogopia yior T Sour| Tou Bixthou de Vo elvon YVOOTH G TOV
ahyopriuo. Autéd pog xwvnromolel vo oplooupe TETOLL TEWTOXOANA WS TEWTOXOMAA TOU €YOLV
dyvoia ywa T0 YRAPNUA GTO O0Tolo AELTOURYOUV.

Definition 6. Eva Ilpwtdéxohho ‘Ayvowag A elvar pia akodovdia and ovvaptrioes (Ag)i2, dmou
Ay 1 [0,1]572 [0, 1].

‘Evag tpwntoxolho dyvoiag pall ye évo cuYxexplévo Talyvio dlaudppwaong andewy yag divouy
pLae duvauikn dyvoiag.

Definition 7. Eotw éva npwtékoddo dyvoiag A. Ta éva dedouévo matyvio iapudppwons andpewy

I = (P,s,a) o akydpios A mapdyer pia dvvauxny dyvoas x4(t) mov opiletar wg €€ng:
e Apxixd kdOe natktng i emAéyer tny droyn x{(0) = Ao(si, a;)

e Xt0 ylpo t > 1, kdOe maiktng i duAéyer ty dnopn z(t) = Ay(zyo(0), ... Ty -1 (t —

1), 8i, ), émov W} efvar o yefrovag mov o i owvarvtd oo yipo t.

And Tov mopandve oplopd TapatNEolUE 6T 1 drodn Tou xdde malxTn e€aptdtan Wovo and T
nponyolueveg anddelc mou €xel Bel xou and tg otadepés aj, 5. Oa Féhope v deiloupe oTL Bev
UTAPYEL TEWTOXOMNO Ay VoLog pe exdeTind pulud cUYXAONG Yo TO TEOBANUA pac, Tou Yo GHUALVE
7o (B0 xou yior duvopxéc. Tiot var To TETUYOLUE aUTO, YENOWOTOOVUE Lol XAAOLXT| TEYVLXY| TOU
Aeyeton avaywyn). Anhadn, Yo deilouye oL av éva T€Tol0 TPWTOXOANO LUTEYE, ToTE Yo unopoloe
vo yenowonowmdel yio va Aboel €var TpofBinua, Yo To onolo E€poupe TS BEV UTEEYOUY dEXETA
«yphyopes » Aoelg. Mével va Bpolue éva xatdhhnio Tétolo TeoBANUL.

H éa épyeton amd tov xhddo tng Ltatiotxhc Extiunong. e éva npdfinua otatio txhg
extiunong, éyovue npdoPact ot delyuota ToU axOAOLYOUV ULl CUYXEXQLIEVT] XATOVOUT| Xl OXOTOG
Ko vl vor UTOAOYICOUUE UL CUYXEXELIEVT] TOGOTNTA TTOU APORE. TNV XATAUVOUT|, YL TTUEAOELY UL TN
uéon tur. Ewidtepa, Yo yog gavel ypriowwo to npdfinua tng Extiunons Bernoulli, 6tou npénet
VoL EXTWACOLUE TNV T Tne mavotntac p pa Tuyoalog petofBAnthc Bactouévol o évay opriud
BELYUATOV oL 0xOAOLTOVY UTYH TNV XATUVOUT.

INo vo Aooouye to poBAnua tng extiunong, xataoxeLdloVUe ULt GUVEETNOY| Tou ovoudleTon
extiunjtpia. Aol 1 tuyoda petaBinth naipver Twwée oto {0, 1}, tpoxintel o axéhoudoc oplopdie
HLOG EXTLUNTELOG.

Definition 8. M exupnzpia 6 = (6;)5°, efvar pua axolovdia cuvaptioewy, 0y : {0,1}F — [0, 1].



Yuvidwe, to t elvon 0 apriudg deryudtwy Tng xatavourc mou AauBdvouue. Tote, 1 extiuftewa
diver cac €000 éva npaypatixd apdubd(otny nepintwon pog oo [0, 1]), o onoloc avanaplotd Ty
EXTULOUEVT TOCOTNTA TNG AKATAVOUTHG, ONAadY) TN péomn T, Lo vo yetpricouue tnv amotehecpo-
TIXOTNTO YOG EXTWUNTELOG, 0plloVUE TO PIoKo , TOU E(VAL OUCLIG TIXE TO UVUUEVOUEVO GHIAUOL LIS
EXTIUNTELOC OO TNV TEAYUATLXY TI ToU TEooTadOUUE Vo UTOAOYICOUE.

Definition 9. Eotw P yia katavour) Bernoulli e péon tiun p ka1 Pt n avtiotoryn t-Gidotatn ka-
tavoun ywdpevo. Toploxo as exnpntpas = (0;)2) evar Eix, . x,)~pt [[0:(X1, ..., X¢) — pl],
o omoto Oa ouvpporicovpe pe By [|0,(Xq, ..., Xe) — pl] 5 Ep (|6 — p|] y1a ovvrouta.

To risk nocotixonotel 1o opdhya tne extpmdpevne Twhc p = 0:(Y1, ..., Y:) wc npog v npory-
HoTen ToEdueTeo p xode augdveTton o aprduog derypdtwy. Kodde to p elvon dyvewoto, xdde
oyu extiprto 6 = (0)52; npénetl va eyyudton 6t limy o0 By [|0r — p|] = 0 yia 6Aat o p. ‘Oco
O YehYopa oLYXAVEL auTA 1 TocdTnTa 6To 0, 1660 xaAlTERT Yewpelton 1 EXTUATELA.

Twpa Yo mpoonadficouue var xatahdBouvue Yol o meolAnua tne extiunong Bernoulli elvon
16060 onuavTixd Y eudc. ‘Omwe Yo doldue, to TpoAnua Tou utohoylouod Tou ornueiov LWwopponiog
0TO UOVTENO TNG Teploplopévng mAnpogopiag efvon TOAD ToEOUOL0 UE AUTO TOU UTOAOYIOUOU TNG
moavotnTag p wa Tuyaiog petoaBintic Bernoulli. Aiwcdntind, avtd cupBaivel S16TL 1 TR NG
looppotiag cuvdEeTon GTEVA PE TIC TWHAVOTNTEG EMAOYHAC Pij. LUVETKGE, O UTOAOYLOUOS TOU T*
odnyel oTOV LUTOAOYLOUS AVTWY TV TWAVOTATWY, To onolo Potdlel Y TO TEOBANUA TNS EXTIUNONG
Bernoulli.

ITio ouyxexpwéva, €0tw OTL €youue pa Tomtohoylo Ye éva xoufo 6To *€vTpo xal dhhoug 800
x6pPoug cuvdedeuévous pe autév. Eotw ot p elvon n mdoavdtnta 0 xeEVTEIXOSC XOUBOC VoL ETLXOL-
vovioel pe tov aplotepd. Ouolaotixd, n emhoyy| yeltova xadoplleton and o Tuyola ueTaBANTH
Bernoulli , n onolo madpvel T 1 pe mbavotnta p. Me anhol¢ unohoylopols mpoxdnTeL 6Tl To
onueto woopponiog ¥ autod Tou duxTloUL elvon YpaUULXY CLUVAETNOT TOU P, TOU ONUALVEL OTL oV UTTO-
polue va unoloyioouye yeryopa to z*, Ho unopolue va Bpolue yeryopa xou 1o p. To axdroudo
Oehpnua TEPLYPAPEL axEYBOC TO AMOTEAECU.

Theorem 6. Eoww A évag kavivas avavéwong dyvoias tétoiog wote yia dda ta matyvia I =
(P? 87 a)?

lim ¢ °E [||z.4(t) — 2%]|0o] = 0.

t—o0

Térte vrdpyer pua extiuitpa 04 = (0152, éror dave ya kddep € [0, 1], limy_o t'T°E,, {\9;4 - p[} =
0.

Apa, o uévo medBinua etvon va detouue OTL dev undpyel exTiur|Telor Bernoulli mou va emi-
TUYYAvEL «YeRYOoRTY oUYXhoN Yo bha T p € [0, 1]. Oo meplueve xaveic 6Tt avtd To TEdBinua Yo
elye Audel mpo MOANOY amd TNV xowdTnTa TG LTtatloTxrc. 26T600, Yt QUTO TO EpWTNUA, OEV
UTIERYEL LXAVOTIONTIXT OmAVTNOY. LT oLVEYELL TNE epyaciag Yo eENyHOOLYE To TLO ONUUVTIXE Ep-
yohelor TG BTaToTIXAC VLol TNV omodELEN xTw PparypdTmy xou yiatl dev Toupldlouy o TNy nepintwot)
wog. Qotéo0, e éva anhod xon xoudo entyelpnuo unopolyue vo amodeloupe To axdrovdo Oewpenua.

Theorem 7. Eotw § = (0;)22, pa ekuprjtpia Bernoulli pe pvud opdApatos Ey, [|0; — p|]. Tére,
yia kdde ¢ > 0, to avvolo dlwv Twy p € [0,1] Tov efvar téroa dote limyoo t1T°E, [|6; — p|] = 0
éxel pétpo Lebesgue 0.

To Oehpnuo poc Met ovolaoTixd 6Tl «oyeddy yio Ghoy ta p € [0, 1], n extiphtela dev emLtuy-
XaveL Yeryoern oUyxAor. Autd eivon apxetod yio va amodei&ouue 6T xoplor duvoxr Sadixacion ue
dryvola Tou ypapruatog dev oLyxhivel yenyopdtepa and O (1/¢1F¢).
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Chapter 1

Introduction

This Chapter serves as an overview to the various results presented in this thesis. It begins
with a discussion of the way people interact in a social network. A popular model for this
behavior is the Friedkin-Johnsen model, where opinion formation takes the form of a repeated
algorithm that run by the people in the network. We then proceed to discuss various limitations
of the FJ-model in describing real social networks. In particular, we argue that a person cannot
possibly ask all his friends about their opinions every time he changes his. We propose a limited
information variant of the model that renders it more realistic and present some convergence
results for it. Finally, in the last Section we argue that there is no faster algorithm that could
solve the problem of opinion formation.

1.1 Opinion Dynamics and the FJ-model

The study of Opinion Formation has a long history (see e.g. [Jac08]). Opinion Formation is
a dynamic process in the sense that socially connected people (e.g. family, friends, colleagues)
exchange information and this leads to changes in their expressed opinions over time. Today,
the advent of the internet and social media makes the study of opinion formation in large social
networks even more important; realistic models of how people form their opinions by interacting
with each other are of great practical interest for prediction, advertisement etc. In an attempt
to formalize the process of opinion formation, several models have been proposed over the years.
The people in the network are called agents.

The common assumption underlying all these models, which dates back to DeGroot [DeG74],
is that opinions evolve through a form of repeated averaging of information collected from the
agents’ social neighborhoods. In DeGroot’s model, the opinion of each agent is represented as a
real number is [0, 1]. The agents are able to communicate with their friends, which results in
a change in their opinion. In each round, an agent changes his opinion by taking a weighted
average of the opinions of their friends. Formally, the weight they put on each other’s opinions
is represented by a trust matrix 7', where 7T;; is the weight that agent ¢ puts in j’s opinion. Of
course, T' is stochastic, meaning that the sum of the elements in each row equals 1. If z(¢) is
the vector of opinions during period ¢, then in period ¢ 4 1 the new opinion vector formed after
all the interactions take place is z(t + 1) = Tz(t). Despite the fact that this model doesn’t
accurately describe real social interactions, it is simple and natural enough to provide us with
an intuition about the various factors that influence opinion formation.

A quite different was provided in a model proposed by Hegselmann and Krause(HK) in
[HKO02]. In this model, the opinions of the agents are again real numbers in [0, 1]. Additionally,
each agent i has a confidence factor €;. In each round, agent i updates his opinion as the average
of the opinions of the other agents that are within ¢; distance from his opinion. This means that
the social connections of an agent might change as time passes. This is clearly a more realistic
representation of social interactions, as people tend to be influence the most by others with

13



similar opinions.

Another interesting model was proposed in [DNAWO00]. In this model, in each round two
agents are selected uniformly at random from the population. These two agents readjust their
opinions provided that their current difference in opinion is not greater than a threshold d. The
rationale for the threshold condition is that agents only interact when their opinion are already
close enough; otherwise they do not even bother to discuss. The reason for such behaviour might
be for instance lack of understanding, conflicts of interest or social pressure.

The body of work following DeGroot has developed a set of general conditions under which
such processes will converge to a state of consensus, in which all nodes hold the same opinion.
This emphasis on consensus, however, restricts the focus of the modeling activity to a specific
type of opinion dynamics, where the opinions of the group all come together. As the sociologist
David Krackhardt has observed

We should not ignore the fact that in the real world consensus is usually not
reached. Recognizing this, most traditional social network scientists do not focus
on an equilibrium of consensus. They are instead more likely to be concerned with
explaining the lack of consensus (the variance) in beliefs and attitudes that appears
in actual social influence contexts.[Kra09]

In the model we are interested in, which was proposed by Friedkin and Johnsen in[FJ90],
consensus is not generally reached. In the F'J model, we have an unweighted undirected graph
G(V, E) representing a social network. The network has n nodes. Each node in the network is
called an agent. An edge between two agents exists if and ony if they know each other in some
way. Each agent has an opinion, which is a real number in [0, 1]. The model specifies a certain
procedure, by which each agent changes his opinion. This procedure runs in rounds. Each agent
i € V has a value s; € [0, 1], which represents his internal opinion and remains constant over
time. Furthermore, in round ¢ each agent i outputs a number z;(t) € [0, 1], which is his opinion
at the current round. The procedure runs as follows. Initially , z;(0) can have an arbitrary value
in [0, 1]. At round ¢, each agent ¢ updates his opinion z;(t) using the following rule

Z- N,wia:-(t—l)—kwiisi
JEN; 1]

x;(t) =
i) >_jen,; Wij + wi;

; (1.1)

where N; is the set of neighbors of agent ¢ and x(t) the vector of the opinions of the agents at
round t. Also, the weight w;; associated with the edge (,j) € E measures the extent of the
influence that j poses on ¢ and the weight w;; > 0 quantifies how susceptible ¢ is in adopting
opinions that differ from her internal opinion s;.

Hence, each agent takes a weighted sum of the mean of his neighbors values at the previous
round and of his internal opinion and forms the new opinion. This kind of update rule is
called a dynamic, a simple procedure that doesn’t change in each round and is executed
in the same way by all the agents. Examples of other dynamic procedures are given in
[DeG74, FJ90, HK02, DNAWOO].

Note that because of the presence of s; as a constant in each iteration, repeated averaging
will not in general bring all nodes to the same opinion. In this way, the model distinguishes
between an individual’s intrinsic belief s; and her overall opinion z; ; the latter represents a
compromise between the persistent value of s; and the expressed opinions of others to whom ¢ is
connected. This distinction between s; and x; also has parallels in empirical work that seeks to
trace deeply held opinions such as political orientations back to differences in education and
background, and even to explore genetic bases for such patterns of variation [AFH"05].

The FJ model is one of most influential models for opinion formation. It has a very simple
update rule, making it plausible for modeling natural behavior and its basic assumptions are
aligned with empirical findings on the way opinions are formed [AFHT05, Kra09]. It has also
been studied under a game theoretic viewpoint. Bindel et al. posed the question of how one



would quantify the cost of the lack of consensus, in case consensus is not reached. To answer the
question, they considered a player’s update rule as the minimizer of a quadratic disagreement
cost function and based on it they defined the following opinion formation game [BKO11]. Each
node 7 is a selfish agent whose strategy is the public opinion x; that she expresses. For each agent,
there is a cost function, which takes as arguments all the opinions in the network. Intuitively,
this function models the disagreement cost between an agent and her neighbors. For agent i,
this cost function is

Ci(CCZ', l‘,i) = Z U)Z](CCZ — I‘j)2 + w”(@ — Si)2 (12)
JEN;

where z_; denotes the vector of the opinions of all the other agents except i. We notice that C;
is a strongly convex function on x, so it has a unique minimum point which is also a zero of the
derivative of the function. After some straightforward calculations, we get that

x(t) B ZjeNi wija;j(t — 1) -+ Wi; 8
’ 2ojen,; Wij + wi

which is the same update rule that was discribed by the FJ model 1.1. Thus, the best response
dynamics in game 1.2 is the update rule of the F.J model. This means that the FJ model belongs
to the class of algorithms called best response dynamics, where each player chooses as his strategy
at round t the one that minimizes his cost, evaluated using the strategies of other players at
round ¢ — 1. In our game, the best response dynamics is the Algorithm 3 , where z_;(t — 1)

Algorithm 3 Best response dynamics

Initially, agent ¢ has opinion z;(0).
1: In each round t
2:  Agent ¢ updates as follows

zi(t) = argmin C; (x, x_;(t — 1))
z€]0,1]

obviously denotes the vector of opinions of all the other agents except i at time ¢ — 1. This
framework is much more comprehensive since different aspects of the opinion formation process
can be easily captured by defining suitable games. Subsequent works considered variants of the
above game and studied the convergence properties of various dynamics that the players could
follow. In [BGM13] they study convergence of dynamics in coevolutionary opinion formation
games, where nodes form their opinions by maximizing agreements with friends weighted by the
strength of the relationships, which in turn depend on difference in opinion with the respective
friends. In [BFM16] they study opinion formation games with dynamic social influences and
provide algorithms for computing all Pure Nash Equilibria of them. In [EFHS17] they define
a similar game to ours, where players are influenced not only by neighboring opinions, but
also by "global trends" of the opinions in the network. They prove the existence of a unique
Nash equilibrium in this setting and study best response dynamics. In order to understand why
players would want to follow a best response dynamic, we first have to define a very important
concept in game theory, the Nash Fquilibrium of a game.

Definition 10 ([N750]). Suppose x € R" is the vector of strategies of all the players. Then,
is a Nash Equilibrium if for every player i and for every strategy y of player i, it holds

Ci(y,z—;) > Ci(xi, ;)

Essentially, a Nash Equilibrium is a set of strategies such that no player can reduce his cost
by deviating from his strategy, if all the other players maintain their strategy. Thus, if the game



ever reaches this state x, it is unlikely that any of the players will want to change their strategy,
hence the word equilibrium. Therefore, the computation of all the possible Nash equilibria(there
can be more than one) is arguably a useful task in order to understand the behavior of the
players. The Nash equilibrium is a fundamental concept in the study of games and has found
numerous applications in Economic Theory, which are beyond the scope of this thesis. Its wide
use and applicability stems from the fact that it is considered a realistic modelling of the limiting
behavior of the agents in a game. In this thesis, we will be interested in how fast the agents can
compute the Nash equilibrium of the game we just defined.

Now, the concept of dynamics has an additional meaning: it is an update rule that the agents
follow in order to compute the Nash Equilibrium of the game.

As a result, the process of opinion formation of the agents can also be viewed as a search for
the equilibrium point of the game. An interesting question is to study the convergence of such
dynamics. For example, in [YOA"13] they study the convergence in distribution of opinions in
a binary opinion dynamics setting where some agents are "stubborn", meaning that they don’t
change their opinion but only influence others. Also, in [FGV16] they study the convergence
properties of a "noisy" best response dynamics, where the uncertainty is due to the fact that
people are not fully rational. In Section 2.1 we are going to prove that game 1.2 has a unique
Nash equilibrium z*. The proof is follows naturally from the definition.

Theorem 8. The game where players have costs given by 1.2 has a unique Nash Equilibrium
x* € [0,1]" , which satisfies
= YjeN, Wi + wiis; (13)
2 jen, Wij + Wi

for each agenti e V.

We are also going to prove that if the agents run Algorithm 3 , their opinions converge to x*.
This is also proven in [GS14], where they bound the convergence time of the FJ model in various
graph topologies. The proof consists of showing that the distance of x(¢) from the equilibrium
x* shrinks by at least 1 — a in each round.

Theorem 9. If x* is the unique convergence point of the game and a = min ——%%——  then:
Z]-ENZ, Wi +Wi;

lz(t) = 2" [loo < (1 = a)*[|2(0) — 2"l

A natural question that arises now is whether the dynamics of the FJ model is a realistic
representation of how agents form their opinion in today’s world. It is clear that in order to
implement rule 1.1, each agent should learn all of his neighbors’ opinions in each round. But, in
real social networks, a person could have hundreds or thousands of friends and only be influence
by a few close ones in order to form an opinion. This prompts us to modify the model in order
to be consistent with real behavior. This will be done in the next section.

1.2 Limited Information

Many recent works study the Nash equilibrium x* of the opinion formation game defined in
[BKO11] under various perspectives. For example, in [GTT13], they consider the sum of all
the opinions to be a sign of the positive opinion of the network on a particular product. For
a fixed T', they consider the problem of finding T" nodes, such that if these nodes have fixed
opinion 1, the resulting Nash equilibrium maximizes the sum of opinions. Also, in [AKPT18]
they again want to maximize the sum of opinions in the network. However, this time we are
given a constant k and should find k£ nodes and parameters [l;,r;] where the a; will vary in
these nodes. Finally ,in [MMT17] they define the Disagreement and Polirization quantities as a



function of the Equilibrium z* of a given network and try to minimize their sum over all graph
topologies that have the same total sum of edge weights.

The reason for this scientific interest is evident: the equilibrium z* is considered as an
appropriate way to model the final opinions formed in a social network, since the well established
FJ model converges to it.

Our work is motivated by the fact that there are notable cases in which the FJ model is not
an appropriate model for the dynamic of the opinions, due to the large amount of information
exchange that it implies. More precisely, at each round its update rule (1.1) requires that every
agent learns all the opinions of her social neighbors. In today’s large social networks where
users usually have several hundreds of friends it is highly unlikely that, each day, they learn
the opinions of all their social neighbors. In such environments it is far more reasonable to
assume that individuals randomly meet a small subset of their acquaintances and these are
the only opinions that they learn. Such information exchange constraints render the FJ model
unsuitable for modeling the opinion formation process in such large networks and therefore, it
is not clear whether x* captures the limiting behavior of the opinions. Similar work is done
in [FPS16], where they provide convergence results for limited information variants of the
Heglesmann-Krause model and the FJ model. Although the considered limited information
variant of the FJ model is very similar to ours, their convergence results are much weaker, since
they concern the expected value of the opinion vector. Also, in [HCM17] they examine the
equilibrium convergence properties of no-regret learning with exponential weights in potential
games in a framework where players have access to a noisy estimate of their payoff vectors.
Moreover, in [MS17] they study dynamics’ long-run behavior when players have either noiseless
or noisy information on their payoff gradients. In this work we ask:

Question. Is the equilibrium z* an adequate way to model the final formed opinions in large social
networks? Namely, are there simple variants of the F.J model that require limited information
exchange and converge fast to x*¢ Can they be justified as natural behavior for selfish agents
under a game-theoretic solution concept?

To address these questions, one could define precise dynamical processes whose update rules
require limited information exchange between the agents and study their convergence properties.
Instead of doing so, we describe the opinion formation process in such large networks as dynamics
of a suitable opinion formation game that captures these information exchange constraints.
This way we can study general classes of dynamics (e.g. no regret dynamics) without explicitly
defining their update rule. The opinion formation game that we consider is a variant of the
game in [BKO11] based on interpreting the weight w;; as a measure of how frequently i meets j.
Notice how C; is no longer a deterministic function of the previous opinions.

Definition 11. For a given opinion vector x € [0,1]", the disagreement cost of agent i is the
random variable Ci(x;, x_;) defined as follows:

e Agent i meets one of her neighbors j with probability p;; = w;j/ 2 jeN,; Wij-

o Agenti suffers cost Ci(x;, x—;) = (1—a;)(z;—x;)?+ai(z;—s;)?, where a; = wii/(ZjeNi Wi+
w“)
Definition 12. We denote an instance of the opinion formation game of Definition 11 as
I = (P,s,a), where P is a n x n matriz with non-negative elements p;j, with p; = 0 and
> i—1pij is either 0 or 1, s € [0,1]" is the internal opinion vector, o € (0,1]" the self confidence
vector.

If 4, j are not neighbors, then the corresponding entry in the matrix P is 0. Note that the
expected disagreement cost of each agent in the above game is the same as the disagreement
cost in [BKO11] (scaled by > ¢, wij + wj;). Hence, its Nash equilibrium with respect to the
expected disagreement cost is again z*.



Definition 13. For a given instance I = (P, s,«) the equilibrium x* € [0,1]" is the unique
solution of the following linear system, for everyi eV, xf = (1 — o) 2_jeN, PijT; + aisi.

We denote as W} the neighbor that agent ¢ met at round ¢, which is a random variable whose
probability distribution is determined by the instance I = (P, s, @) of the game, P [W} = j| = p;;.
Another parameter of an instance I that we often use is p = min;cy ;.

This game provides us with a general template of all the dynamics examined in this paper.
At round ¢, each agent i selects an opinion z;(t) and suffers a disagreement cost based on the
opinion of the neighbor that she randomly met. At the end of round ¢, she is informed only
about the opinion and the index of this neighbor and may use this information to update her
opinion in the next round. Obviously different update rules lead to different dynamics, however
all of these respect the information exchange constraints: at every round each agent learns the
opinion of just one of her neighbors. Question 1.2 now takes the following more concrete form.

Question. Can the agents update their opinions according to the limited information that they
receive such that the produced opinion vector x(t) converges to the equilibrium x*? How is the
convergence rate affected by the limited information exchange? Are there dynamics that ensure
that the cost that the agents experience is minimal?

To answer Question 1.2, we examine an algorithm in which all agents update their opinions
according to the Follow the Leader principle. Since each agent ¢ must select x;(t), before knowing
which of her neighbors she will meet and what opinion her neighbor will express, this update
rule says «play the best according to what you have observedy. For a given instance (P, s, a) of
the game the Follow the Leader dynamics x(t) is defined in Dynamics 4.

Algorithm 4 Follow the Leader dynamics

1: Initially z;(0) = s; for all agents 1.
2: At round ¢ > 0 each agent i:
3: Meets neighbor with index W}, P [W} = j] = p;;.
4: Suffers cost (1 — a;)(x;(t) — Tyt ())? + a;(z;(t) — s;)? and learns the opinion Tyt (t).
5: Updates her opinion z;(t 4+ 1) = argmin,¢[o 1 St (1 — i)z — Twr (7))? + ai(x — s)?
(1.4)

As we can see, the algorithm essentially performs a repeated averaging over the values it
receives. The idea is that after some iterations, the opinions of the neighbors will have converged
close enough to x*, so the averaging of the opinions in each round is close to the average of the
neighbors, which is what the original FJ model did. Of course, this is just an intuition, which
we will make precise in Chapter 2. More specifically, in continuous optimization, one usually
measures the performance of an algorithm by establishing some upper bound on the quantity
|x(t) — z*||, where z(t) is the output of the algorithm and z* is the point we would like to
compute. Obviously, this bound will depend on the number of rounds ¢. If the bound is of the
form pt, where p € (0,1), then the convergence rate is said to be linear. Linear convergence is
usually the best rate one could hope for in an optimization algorithm. On the other hand, a
bound of the form 1/t¢ for some ¢ > 0 is called sublinear. The main theorem of this section
states that the dynamic procedure 4 converges to equilibrium with sublinear rate. Since we are
dealing with uncertainty, the convergence metric used in Theorem 10 is E [||z(t) — 2*|| o] where
the expectation is taken over the random meeting of the agents.

Theorem 10. Let I = (P, s,«) be an instance of the opinion formation game of Definition 11
with equilibrium x* € [0,1]". The opinion vector z(t) € [0,1]" produced by update rule (1.4)
after t rounds satisfies

(logt) 3/2
$min(1/2,p)

E [|z(t) — 2*||oo] < CVlogn———r2n—



where p = min;cy a; and C is a universal constant.

The proof of Theorem 10 can be divided into two parts. The first part consists of finding
a suitable recurrence relation for ||z(t) — 2*||s. Of course, this quantity is a random variable,
hence the recurrence will be satisfied with high probability. The precise formulation is given in
the following theorem.

Theorem 11. Let e(t) the solution of the following recursion,

e(t) =6(t)+ (1 —p)

where €(0) = ||x(0) — 2*||sc and
20,42
5(t) = In(m 7;25 /6p)

. Then,
Plforallt > 1, ||z(t) —2"||ec <e(t)] >1—p

The second part of the proof consists of bounding the sequence e(t), based on this recurrence,
which is mainly a technical task. Specifically, we are going to prove the following theorem.

Theorem 12. Let e(t) be a function satisfying the recursion

_ e T
e(t)=0(t) + (1 — ) ” and e(0) = ||z(0) — 2|00,

where 6(t) = ln(th‘E)), §(0) =0, and D > €% is a positive constant. Then

(Int)3/2
e(t) < \/251n(D) ;e

Theorem 12 automatically gives an upper bound on the convergence time of the dynamic,
because of Theorem 11. As a final step, we translate this result to one involving the expectation
of the error, so Theorem 10 follows.

In the next section we argue that, apart from its simplicity, update rule 4 is also a "natural"
choice of algorithm for the players to follow. This means that the selfish players actually have
an incentive to use Algorithm 4 because it ensures low total cost for them. In other words, after
many rounds have passed, the agents will have not regretted their choices so far. Namely, the
total disagreement cost of an agent that follows such a rule is close to the total disagreement cost
that she would experience by selecting the best fixed opinion in hindsight. The latter must hold
regardless of the way the other agents update their opinions and of the neighbors that the agent
gets to meet. This powerful property, called the no regret property, renders no regret dynamics
natural dynamics for describing the behavior of agents and is described in the next Section.

1.3 The OCO framework

In order to define what it means for an algorithm to be no-regret, we first have to describe
the setting in which this algorithm works. Since the agent receives in each round as input a
neighboring opinion, it seems that the most appropriate framework to model this situation is
that of Online Convex Optimization(OCO).

In the OCO model, an algorithm is identified as a player who iteratively makes decisions.
After making a decision, the player suffers a loss, depending on his decision. The loss is unknown
to the decision maker beforehand and can even be chosen by an adversary depending on the
decision just made. This is an online setting, because the player doens’t know how the loss



functions are going to go. Some restrictions are necessary in order for this model to be meaningful.
Firstly, the loss functions in each round should be bounded, otherwise an adversary could always
increase the loss so that the performance of the algorithm is never good. Also, the decision set
of the player should be "structured" in some way.

We now formally define all these concepts. The presentation is similar to the one given in
[Haz16].The decision set is a convex subset K of R™ and the loss functions are convex functions
over K. Suppose that F is a family of convex bounded functions available to the adversary.
These are the potential cost functions. The algorithm runs for a number of iterations. At
iteration ¢, the player chooses x; € K. After the player commits to this choice, a function f; € F
is revealed and he receives cost fi(x¢). Let T be the total number of iterations of the algorithm.
The following definition clarifies the concepts.

Definition 14. An algorithm A for the OCO problem with function space Fs o and decision
space K = [0,1] is a sequence of functions (A;)°, where Ay : F' — K.

The running time of an OCO algorithm is defined as the total time to produce the decisions
for all rounds. This time typically depends of the dimensionality of K, on the number of rounds
T and on the parameters of the cost functions. We now try to find a suitable definition for a
"good" OCO algorithm. Since the model is game-theoretic in nature, our notion of efficiency
comes from game theory. We define the regret of an algorithm as the difference between the
total cost suffered in all rounds and the cost of the best fixed decision in hindsight.

Formally, let A be an algorithm that given a certain decision history of the player makes a
decision for the current round. Then, we define the regret of A after T' rounds as:

T T
regretp(A) = sup {Z fr(xy) — 2%1%2 ft(x)} (1.5)
t=1

{flv"’fT}g]: t=1

Intuitively, an algorithm performs well if its regret is sublinear in the number of rounds 7,
i.e. regrety(A) = o(T'). This means that the algorithm performs on average as well as the best
fixed decision in hindsight, which would be the performance of an ordinary algorithm. In other
words, even if the other agents selected their opinions maliciously, the player’s total experienced
cost would still be in a sense minimal. This makes a no-regret algorithm a sound and logical
choice for selfish agents in a game.

This is highlighted in many recent works. In [CBLO03], the authors offer a unified way to
prove that a variety of game theoretic algorithms have low regret, which means that they
consider the regret to be the crucial property that such algorithms should satisfy. Moreover, in
[EMNO9] they consider a specific sub-class of socially conave games and prove that any no-regret
algorithm converges to the Nash Equilibrium of such games. Furthermore, in [KPT11] they
study the performance of protocols for load balancing in distributed computing. In their analysis,
they assume that all players follow no regret strategies. Finally, in [SALS15] they state that
no-regret algorithms are a strong match for playing games because their regret bounds hold
even in adversarial environments. These are just a few examples of the growing interest of the
community about no-regret algorithms as a model for natural behaviour.

Perhaps one might ponder about how easy it is for an algorithm to satisfy the no regret
property, if it is at all possible. Online Gradient Descent is an influential no regret algorithm
proposed by Zinkevic in [Zin03] for the general OCO problem, where the adversary can select
any convex function with bounded gradient. It is essentially a form of gradient descent, adapted
in order to function in the online setting. Thus, in most OCO problems at least one no regret
algorithm exists.

We now present some examples of problems where the OCO framework could be a useful
model.



Prediction from expert advice. One of the most important problems in prediction theory
is the so-called Ezpert problem. The decision maker has to choose advice among one of n experts.
This procedure is executed for several rounds, and each time the cost of choosing the opinion of
an expert is arbitrary. The goal of the decision maker is to make decisions that have similar cost
to the best expert in hindsight.

This problem has an elegant formulation as an OCO problem. One can think of a decision
in each round as a probability distribution on the n experts. Therefore, the set of decisions K is
the n-dimensional simplex, that is

n
K—{xeR”:Zwi—l,xiZOforalli}
i=1

which is a convex set. Suppose that g; is the cost vector at round ¢, which means that g.(4) is the
cost of expert ¢ in round ¢. Then, the cost function of round ¢ is the expected cost of choosing
an expert according to the distribution of =, so fi(x) = g/, which is linear and thus convex.

Online spam filtering. A spam filtering system takes emails as input and should decide
whether each one is spam or valid. If d is the number of words in the dictionary, then we
represent an email by a vector x € R?, where x has value 1 in the entries that correspond to
words that appear in the email and 0 to the rest. To decide whether an email is spam or valid,
we learn a filter 2 € R?%. Specifically, an email ¢ € R? is classified by the filter z € R? as
9 = sgn(x, a)(1 is for spam, -1 is for valid).

In the OCO model, the set of decisions is the set of all filters in R? that have bounded
Euclidean norm, i.e. that lie in some ball of fixed radius. The cost functions are determined
according to a stream of emails coming to the system. At round ¢ the player chooses a filter ;.
Then a pair (y;, a;) arrives. The cost incurred is then [(y;, a;), where ¢ is the classification of a;
according to the filter x; and [ is a convex loss function.

Now that we have defined what it means for an algorithm to be no regret, we shall try to
formulate our problem of limited information exchange in the language of the OCO framework.
Based on the cost 11 that the agents experience in the new setting, we consider an appropriate
Online Convexr Optimization problem. This problem can be viewed as a «game» played between
an adversary and a player. At round t > 0,

1. the player selects a value x¢ € [0, 1].
2. the adversary observes the x; and selects a by € [0, 1]
3. the player receives cost f(x4, b)) = (1 — )(zy — by)? + a(zy — 5)%.

where s, are constants in [0,1]. The goal of the player is to pick z; based on the history
(bo,...,bi—1) in a way that minimizes her total cost. In our case the feasibility set of the OCO
problem is K = [0, 1] and the set of functions is Fs o = {z — (1—a)(z—b)*+a(x—s)? : b€ [0,1]}.
As a result, each selection of the constants s, leads to a different OCO problem. Since the
functions in Fs, are uniquely determined by the number b € [0, 1], Definition 15 takes the
following form

Definition 15. An algorithm A for the OCO problem with Fso and K = [0,1] is a sequence of
functions (A4)$2, where Az : [0,1]F — [0,1].

Notice that while in the OCO setting the adversary chooses b; in order to incur high cost to
the player, in the FJJ model b; is the opinion of the player that was selected randomly. Thus, if
the algorithm ensures no regret to the player, then the player achieves small cost even in the



extreme case that the neighbors’ opinions happen to be the same as the "adversarially" picked
ones. Hence, it is reasonable to assume that each agent i selects z;(¢) according to no regret
algorithm A; for the OCO problem with Fj, o, Under this perspective, if we could prove that
Algorithm 4 is a no regret algorithm, then it follows that it is a rational choice for selfish agents
and thus a natural limited information variant of the FJ model.

Other works concern the convergence properties of dynamics based on no regret learning
algorithms. In [FV97] they use the term calibrated learning rule, which is essentially a no regret
rule. They prove that in two player games such rules lead to coarse correlated equilibrium in
the limit. In [FS99] they present a simple algorithm that uses the multiplicative-weight methods
of Littlestone and Warmuth[LW94] and prove that it is no-regret. Also, in [SA00] they propose
a new and simple adaptive procedure for playing a game: regret-matching. In this procedure,
players may depart from their current play with probabilities that are proportional to measures
of regret for not having used other strategies in the past. It is shown that this adaptive procedure
guarantees that, with probability one, the empirical distributions of play converge to the set of
correlated equilibria of the game. In addition, in [CHM17] they show that, in n-person finite
generic games that admit unique Nash equilibrium, the strategy vector converges locally and
fast to it. They also provide conditions for global convergence. Our results fit in this line of
research since we show that for a game with infinite strategy space, the strategy vector (and not
the time-averaged) converges to the Nash equilibrium z*.

We now present the key steps for proving the no regret property for our algorithm. The
full proof is given in Section 2.2. This can be derived by the more general results in [HAKO07].
Specifically, Hazan et al. present algorithms that that achieve regret O (InT) for an arbitrary
sequence of strictly convex functions with bounded first and second derivatives. However, we
give a short and simple proof that may be of interest. We first prove that a similar strategy that
also takes into account the value b; admits no regret (Lemma 1). Obviously, knowing the value
b, before selecting z; is in direct contrast with the OCO framework, however proving the no
regret property for this algorithm easily extends to establishing the no regret property of Follow
the Leader.

Lemma 1. Let (b)) be an arbitrary sequence with by € [0, 1]. Let y = argming¢q 1 St o flxby)
then for all t,
t

t
> flyr,br) < xgl[énu ;::Of(aa br).

7=0

Now we can understand why Follow the Leader admits no regret. Since the cost incurred
by the sequence y; is at most that of the best fixed value, we can compare the cost incurred
by z; with that of y;. Since the functions in F; , are quadratic, the extra term f(z,b;) that y;
takes into account doesn’t change dramatically the minimum of the total sum. Namely, xy, y;
are relatively close.

(1—)?
(t+1)2 -

Lemma 2. For allt >0, f(x,b) < f(ys, b) + 211—? +
These lemmas are enough to prove that our algorithm is no-regret.

Theorem 13. Consider the function f : [0,1)% — [0, 1] with f(x,b) = (1 —a)(x —b)? + a(z — 5)?
for some constants s, € [0,1]. Let (bt)i2 be an arbitrary sequence with by € [0,1]. If z; =
argming o 1) L5 f(xby) then for allt, St f(zr,br) < mingeo 1] Yoveo f (2, br) + O (logt).

So far, we have established that Algorithm 4 converges with sublinear rate to the equilibrium
and that it is a natural choice for selfish players. What if there was a faster algorithm that
achieved all these things? As it turns out, this is impossible to accomplish. The next section
discusses this issue.



1.4 A lower bound

We would like to show that there exists no protocol that converges exponentially fast to the
equilibrium of the game and also achieves no regret. Since in the OCO framework the only input
of an algorithm are the functions provided by the opponent, such a protocol would have no
other input apart from the neighboring opinions in each round. This means that no additional
information about the structure of the graph is known to the algorithm. This motivates us to
define these protocols that are oblivious to the structure in which they operate.

Definition 16. A graph oblivious update rule A is a sequence of functions (A¢);2, where
Ay 2 [0,1)42 [0, 1].

A graph-oblivious update rule together with an instance of the opinion formation game define
an graph-oblivious dynamic.

Definition 17. Let a graph oblivious update rule A. For a given instance I = (P, s,«) the rule
A produces a graph oblivious dynamics x 4(t) defined as follows:

e Initially each agent i selects her opinion x{(0) = Ao(si, ;)

o Atroundt > 1, each agent i selects her opinion x(t) = Ay(zyo(0), ...,y (t—1), 85, @),

where W} is the neighbors that i meets at round t.

As can be seen from definition 17, the opinion of each agent only depends on the previous
opinions he has received and on internal constants a;, s;.

We would like to show that no graph oblivious dynamics with linear convergence rate exist
for our problem, which would also imply the same for no regret dynamics. To do this, we use a
standard techinique called reduction. Thus, we will show that if such a protocol existed, then it
would also solve a problem, for which we know that no efficient solution exists. It remains to
find such a suitable problem.

The idea comes from Statistical Estimation. The field of Statistics and, in particular,
Inferential Statistics, deals with sample data drawn from a population. The goal is to use
patterns in the sample data to draw inferences about the population represented, accounting
for randomness. A very important subfield of Inferential Statistics is Estimation, where the
inferences take the form of estimating numerical characteristics of the data, such as the mean
or the variance of the distribution. An interesting example that is relevant to our problem of
computing the equilibrium is that of Bernoulli Estimation, where we have to estimate the value
of the probability p of a Bernoulli random variable based on a number of samples that follow
the same distribution.

In order to solve the problem of estimation, we construct a function called an estimator.
Since the random variable takes values in {0, 1}, we get the following definition of an estimator.

Definition 18. An estimator 6 = (0;)32, is a sequence of functions, 6; : {0, 1} — [0, 1].

Usually, ¢ is the number of samples taken according to the distribution. Then, the estimator
outputs a real value(in our case in [0, 1]), which represents an estimated quantity of the
distribution, i.e. its expectation. To measure the efficiency of an estimator, we define the risk,
which corresponds to the expected error of an estimator from the real value of the quantity to
be computed.

Definition 19. Let P be a Bernoulli distribution with mean p and P be the corresponding t-fold
product distribution. The risk of an estimator 0 = (0;)§2; is E(x, .. x,)~pt [|0:(X1, ..., X¢) — pl],
which we will denote by E, [|0:(X1,...,X¢) — p|] or Ey, [0 — p|] for brevity.



The risk E, [|6; — p|] quantifies the error rate of the estimated value p = 6;(Y7,...,Y}) to
the real parameter p as the number of samples ¢ grows. Since p is unknown, any meaningful
estimator § = (6;);2, must guarantee that lim; ,., E, [|0; — p|] = 0 for all p. The faster the
quantity E, [|6; — p|] converges to 0, the better the estimator is considered to be. For example,
sample mean has error rate E, [|6; — p|] < 2%/2 and this rate is typical for a lot of estimation
problems in Statistics. Our goal will be to prove that the best rate one can achieve for the
Bernoulli Estimation problem is O (1 / \/i)

Question. But why is the Bernoulli Estimation problem so important to us?

As it turns out, the problem of estimating the equilibrium point in this limited information
exchange model is very similar to that of computing the probability of a Bernoulli random
variable. Intuitively, this is because the value of the equilibrium is closely related with the
selection probabilities p;;. Thus, computing #* amounts to computing these probabilities, which
is very similar to Bernoulli estimation.

More specifically, suppose that we have a graph topology with a node in the center and
two other nodes connected to it. Suppose p is the probability that the central node talks with
the left node. This is similar to having a Bernoulli random variable that takes value 1 with
probability p, which means it is 1 when the center picks the left node and 0 if it picks the right.
By straightforward calculations, the equilibrium point z* of this network is a linear function of
p, which means that if we could find z* fast, we could also find p fast. The following Theorem
summarises the reduction and is proven in Chapter 4.

Theorem 14. Let A a graph oblivious update rule such that for all instances I = (P, s, «),

: 1+c K _
Jim 1B [l a(t) — 27lo] = 0.

Then there exists an estimator 04 = (0{)3%, such that for allp € [0, 1], limy_o0 t'T°E,, {\9;4 — p@ =
0.

Hence, it now remains to prove that there is no fast Bernoulli estimator for all p € [0, 1]. It
appears that this problem would long have been resolved by the Statistics community. However,
for this particular question, no definitive answer seems to have been given. In Chapter 4 we
review important tools in Statistics for proving lower bounds on the risk that an estimator can
achieve with ¢t samples. We then explain why these approaches don’t work for our problem. In
Chapter 5 we prove by a simple argument a slightly stronger claim: for every Bernoulli estimator,
for "almost all" p € [0, 1] the estimator does not achieve fast estimation.

Theorem 15. Let § = (6;)72, be a Bernoulli estimator with error rate E, [|6; — p|]. For any
c> 0, the set of all p € [0,1] such that limy_,oo t'T°E,, [|0; — p|] = 0 has Lebesgue measure 0.

This implies that no graph oblivious dynamic procedure converges faster that O (1/ t1+c).

To illustrate the necessity of the graph oblivious property in order for the lower bound to
hold, in Chapter 3 we present two algorithms that achieve linear convergence rate by utilizing
some additional information about the graph or the probability matrix P. The row dependent
dynamics assumes that each player ¢ knows the probabilities p;; of selecting each of his neighbors.
The protocol then uses them to simulate the original FJ model, by using "outdated" versions of
the neighbors opinions. This strategy of course is not a natural behavior for the players, which is
why it does not have the no regret property, as we show with a simple example. In addition, we
present the FREQS algorithm, which works under the assumption that all neighbors are picked
uniformly at random. The protocol then dictates that all players stop updating their opinions
for some time and instead learn the values of all their neighbors enough times to reconstruct the
true frequencies with good accuracy after a rounding step. The rounding is a crucial part in
the proof of convergence, since it ensures that with nonzero probability the weighted average is
known ezxactly.



Chapter 2

Convergence in the FJ model

In this Chapter, we provide proofs for some convergence Theorems mentioned in Chapter 1
about the FJ model. We begin by proving the uniqueness of Nash Equilibrium in the game with
payoffs 1.2. and the convergence result for the simple FJ model. We then proceed to provide
full proof of the no regret property of 4 discussed in Section 1.3, which renders it natural for
players to adopt. Finally, we are going to prove that the dynamic procedure 4 converges to the
Nash equilibrium of Game 11. Our general strategy will be to express the error from equilibrium
in the form of a recurrence relation and then solve it. We are also interested in the rate of
convergence of this procedure. As we will see, the convergence rate is not as fast as that of the
original FJ model of Section 1.1. Chapters 4 and 5 offer some explanations for this behavior.

2.1 Convergence of the classical FJ model

We remind the reader that in the classical FJ model, the costs of the game are defined as follows:
Ci({L‘Z', l'_i) = Z wij(xi — iL'j)2 + w“(ac, — 81)2 (2.1)
JEN;

We will first prove that this game has a unique Nash Equilibrium, which is denoted by x*. The
high level approach is the following: we will prove that every x* that is a Nash Equilibrium must
be the solution of a linear system of the form Az* = b. Then, using a lemma from linear algebra,
we prove that the matrix A is invertible and thus there is a unique solution to the system and
consequently a unique equilibrium.

We start by proving a sufficient condition for invertibility of a matrix, which is a special case
of Gershgorin’s Theorem|[Var10)].

Lemma 3. Let A € R™" be a matriz such that
a;; =1

Jorallie {1,...,n} and

n

Z \aij\ <1
j=1

i

forallie {1,...,n}. Then A is invertible.

Proof. Suppose that A is not invertible. Then, A has an eigenvalue equal to 0, which means
there exists a nonzero z € R™ such that

Az =0
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We choose ¢ such that |z;| = ||z]|cc. By expanding the above equality at the i-th line, we obtain

n
Zy = — Z aiij
j=1
J#

Taking absolute values we obtain

n n n n
il = D aiizg| < D laigz <D laijlllloe = [l2lloo D lasj] < ll2lloo
j=1 j=1 j=1

j=1

J#i J#i J#i J#i
which is a contradiction due to the definition of z;. In the derivation we have used the hypothesis
about the sum of elements in each row. Hence, A doesn’t have a zero eigenvalue and thus is
invertible. O

Now we prove the existence and uniqueness of Nash Equilibrium in our setting.

Theorem 8. The game where players have costs given by 1.2 has a unique Nash Equilibrium
x* € 10,1]" , which satisfies
= Y jeN, Wig; + wiis; (13)
2 jen, Wij + Wi

for each agenti € V.

Proof. We are first going to prove that a Nash Equilibrium of the game should necassarily satisfy
equation 1.3. If z* is a Nash Equilibrium, then by definition 10

Ci(x7,z*;) < Ci(y,x5)

for every player i and y € [0,1]. This means that z} is a minimum point of the function
fi(z) = C(x,x* ;). Since the function f; is continuous in [0, 1], for each ¢ we get

fila) =0

which is equation 1.3.
We are now going to prove that there is a unique vector z* € R" that satisfies equation 1.3 for
each i. We define the n x n matrix A = {a;;} as follows

1 Jf 1 =j
,if i and j aren’t connected

———2<—— ifiand j are connected
ZjENi Wij+wi;

aij =

We also define vector b € R"™ where b; = Lot . Clearly, equation 1.3 can be rewritten as
ZjeN,- Wij+wWis
Az*=b (2.2)

It suffices to show that equation 2.2 has a unique vector solution z*. This is equivalent to
showing that matrix A is invertible. It is easy to observe that for every row i

n
Dyl = ¥ g e
j=1

— jEN, ng]vi Wij + W5 ZjeNi Wij + W5
JFi

,since wy; > 0 for all 4. Thus, Lemma 3 implies that A is invertible and the linear system has a
unique solution. O



We now prove that the best response dynamics converge to the Nash equilibrium z*. In the
proof, we take advantage of Equation 2.2, which is satisfied by the z*, in order to prove a simple
recurrence property.

Theorem 9. If x* is the unique convergence point of the game and a = min —~—%%——  then:
ZjeNi Wij+Wi;

l2(t) = 2% [loe < (1 = a)"[|2(0) — 2"l

Proof. Let i be an agent and ¢t > 1 a round. Then by Equations 1.1 and 1.3 we get

() — 2t| = 2jen; wijrj(t —1) Wi . _ 2jeN; WiZ; Wi
l ' 2 jeN; Wij + Wii D jen; Wij + Wi ' 2jeN, Wij + Wi Yjen, Wij + Wi

_ | Xjen, wig(z(t — 1) — x3)

2jen; Wij + wii
2 jen; wij |zt —=1) = wﬂ

B 2 jeN; Wij + Wi
onr Wi

< Iy ) )

T Xjen; Wij + wii
< (I -a)fz(t—1) — 2%

Thus
[2(t) —2%[lo < (1 —a)llz(t — 1) — 27|

Continuing in the same way we get
lz(t) = 27]loo < (1 = @)fJa(t = 1) = 2"oo < ... < (1= @)"[[2(0) — 2"[l0
O

This proof highlights the importance of the interal opinions of the agents in this model.
If the agents didn’t have internal opinions, then a; = 0 and we wouldn’t have convergence to
equilibrium.

Thus far, we have shown that the FJ model is a rational dynamics procedure for the agents
to adopt and leads to exponential convergence to the equilibrium z* of the game. There is yet
another interpretation of this result. That is, it can be viewed as a gradient descent algorithm
performed simultaneously on all agents. Specifically, each coordinate of the vector of gradient
descent corresponds to the opinion of one of the agents. Hence, at each time step, each agent
updates the corresponding coordinate using the rule of gradient descent and the previous opinions.
The cost function that this rule tries to minimize is a quadratic form. The details of how to
write the FJ model as a gradient descent step are given in [Epl4].

2.2 Follow the Leader is no-regret

In this Section we will provide the full proof that Algorithm 4 is no regret. We first prove that a
similar strategy that also takes into account the value b; admits no regret (Lemma 1). Obviously,
knowing the value b; before selecting z; is in direct contrast with the OCO framework, however
proving the no regret property for this algorithm easily extends to establishing the no regret
property of Follow the Leader.

)



Lemma 1. Let (bt);2, be an arbitrary sequence with by € [0,1]. Let y, = argming¢jo 1) Sty f(zby)

then for all t,
t

t
> flyr,br) < xgl[énu ;}f(a; br)

7=0
Proof. By definition of y;, >t f(ys, br) = mingeo 1 St o f(x,br), s0

t

t t
Zf(y’7'7 7' — min me b Zf(yTJbT)_Zf(ytabT
7=0

7=0 €0, 1]
t—1

= yTaT nytv
7=0

7=0

t—1 t—1
<> flysb Zf Yi—1,b
7=0

The last inequality follows by the fact that y;—1 = argming¢o 1) Zt;:lo f(z br). Inductively, we
prove that Zf—:o f(yr,br) < minxe[o,l] Zfr:(] f(z,br). O

Now we can understand why Follow the Leader admits no regret. Since the cost incurred
by the sequence 1 is at most that of the best fixed value, we can compare the cost incurred
by z; with that of y;. Since the functions in F; , are quadratic, the extra term f(z,b;) that y:
takes into account doesn’t change dramatically the minimum of the total sum. Namely, x¢, y:
are relatively close.

Lemma 2. For allt >0, f(xy, b)) < f(ye, br) + 21+‘11 + ((L(I)‘))Q .

Proof. We first prove that for all ¢,
11—«
t+1°

e — | <

t—1 t
By definition z; = as + (1 — oz)@ and yy = as+ (1 — a) 2 b

t+1
t—1 t
b —ob
_ — (1= T=0"7T _ T=0"T
o2~ w1l = ( a)‘ 0r _ =0
_ Z
t—l—l
l-«o
T t+1

The last inequality follows from the fact that b, € [0,1]. We now use inequality (2.3) to bound
the difference f(x¢,be) — f(yt, by).

f@,be) = alze — ) + (1 — o) (zr — p)?
< oy — ) + 20|y — s| |z — yel + ooy — g
+ (1= a)(ye —ve)® + 201 — @) lye — vel loe — wel + (1 — @) |2y — el
< F ey br) + 2| =yl + lye — 2l
l—a (1-a)?

< b 2
< f(yt, br) + | + t+1)2




Now we are ready to prove that the algorithm is no regret.

Theorem 13. Consider the function f : [0,1]* — [0, 1] with f(x,b) = (1 —a)(x —b)? + a(z — 5)?
for some constants s, € [0,1]. Let (bt)i2 be an arbitrary sequence with by € [0,1]. If z; =
argming o 1] SEZL f(2by) then for all t, St fzr,br) < mingeo1] v f (2, b-) + O (logt) .

Proof. Theorem 13 easily follows by Lemma 1

¢ ) < : ,l-a L (1—a)?
Tgof(l‘m T)_Tgof(yn +TZO T+1+;0m
t 2
< xren[(ljnl]z:f z,yr) +2(1 —a)(logt—i—l)—i—(l—a)%

<
Jél[énl] Z f(@,y7) + O(log t)

O]

Hence, the Follow the Leader dynamics is a natural behavior for the agents in this limited
information setting. In the next sections, we will show that it also converges to x* quite fast.
This reveals that the equilibrium x* is a robust choice for modeling the limiting behavior of the
opinions of agents since, even in our limited information setting, there exist simple and natural
dynamics that converge to it.

2.3 Convergence of Follow the Leader

2.3.1 Results

We will first state formally what we would like to prove.

Theorem 10. Let I = (P, s,«) be an instance of the opinion formation game of Definition 11
with equilibrium x* € [0,1]". The opinion vector z(t) € [0,1]" produced by update rule (1.4)

after t rounds satisfies
(logt) 3/2
E[||z(t) — ") < CVlogn—>-——

$min(1/2,p)°

where p = mingey a; and C is a universal constant.

The proof of Theorem 10 can be divided into two parts. The first part consists of finding
a suitable recurrence relation for ||z(t) — 2*||s. Of course, this quantity is a random variable,
hence the recurrence will be satisfied with high probability. The idea is the following. Suppose
W} is the random choice that agent i makes at time ¢. Then, as we have shown, the update rule
for agent ¢ can be written in the form:
Zthl LW (r-1)

xz(t) = (1 — ai)—t t + ;85

We will rewrite the above rule using indicator functions. The quantity 1[W; = j] is equal to 1 if
agent i selects neighbor j at time 7 and 0 otherwise. We now deduce the following:

> Twr (r—1)

J}Z(t) = (1—0@) : + ;85
13 T — il (1 —
_ (l—ai)zzj#l[wi ;J] 5( 1) ¥ ous;
T=1
- (1-a) ZET 1 W, ]$1(7—1)+ai8i

JFi



For a fixed j # i, the term YX_; 1[W7 = j]/t is the empirical frequency with which i selected j
until time ¢. We now proceed to bound the difference |z;(t) — x}|. Using Theorem 8 we obtain:

* s'—]'WiT:‘x‘T_l *
|2i(t) — x| = (1—041')22 =1 1] ; i )+aisi—(1—ai)2piﬂj—ai$i
j#i JFi
LW = jlai(r—1 .
— (1_(11')2( =1 [ - ] J( >_pijmj
JFi

r=1 1WT = jla(r - 1)
t

<1 -a))]

J#

*
— Dijx;

Ideally, the empirical frequencies of selecting the neighbors would be the probabilities p;;. In
other words, ideally we would have

tr:l l[WiT - j] = i
t Y
and the error e(t) would satisfy a recurrence of the form
fie(t—1
eft) = (1~ p) == U= (2.4

which would give a rate O (tlp) But this situation is not likely to happen, because there is
always some difference between the empirical frequencies and the actual probabilities. This
difference can easily be quantified by the Hoeffding inequality(see Appendix A), which shows
that with high probability the empirical frequencies converge to the actual probabilities relatively
fast. This will result in a modified recurrence relation. The precise formulation is given in the
following theorem.

Theorem 11. Let e(t) the solution of the following recursion,
t—1
eft) = (1) + (1 - p) =r=0 )
where e(0) = ||z(0) — 2*||oc and
In(72nt2/6
5(t) = n(m?nt?/6p)
t
. Then,
Pforallt > 1, ||z(t) — 2" ||ec <e(t)] >1—p
The second part of the proof consists of bounding the sequence e(t), base on this recurrence,
which is mainly a technical task. Specifically, we are going to prove the following theorem.

Theorem 12. Let e(t) be a function satisfying the recursion

t—1
e(0) = 5(0) + (1 = ) =00 and e(0) = [o(0) - "
where §(t) = ln(DttM), §(0) =0, and D > e*° is a positive constant. Then

——— (Int)3/?

Lemma 12 automatically gives an upper bound on the convergence time of the dynamic,
because of Theorem 11. As a final step, we translate this result to one involving the expectation
of the error, so Theorem 10 follows. In the remainder of this chapter, we focus on the proofs of
these two Theorems.



2.3.2 Formulation of Recurrence

We first prove Theorem 11. We remind that W denotes the agent j that ¢ met at round 7 and
that this happens with probability p;; and z* is the unique equilibrium point of the instance
I = (P,s,a). At first we prove that with probability at least 1 — p, for all ¢ > 1 and all agents i:

t
1 CC T
ST W prx <4(t (2.5)
J#i
where §(t) = M We notice that the quantity SF_; xWT depends on the random

choices of the nelghbors Thus, this result means that the true frequenmes of the neighbors are
not very far from the probabilities of selection. The reason we chose this particular expression
for §(t) is to fit with the Hoeffding inequality and the union bound that we are going to use in
the following.

Since W are independent random variables with P [W] = j] = p;; and E {x*WT} = 3£ PijT]
We now apply Hoeffding’s inequality 14 to the independent variables W, and éet

t
>r—1 xWT
=D _piiT;
J#i

To bound the probability of error for all rounds t = 1 to oo and all agents i, we apply the union
bound

P

> 0(t ] < 6p/(m*nt?).

b
T=1"W] "
5 = 2P

ZP >6<t>]§222§:p=p
/ Tt —~'n
JF#i
As a result with probability 1 — p we have that for all ¢ > 1 and all agents i,

=1 Tiyr N
— > pije
J#i
We have proven that with the outcome will be close to the ideal, where the frequencies of the
neighbors are exactly the p;;. Thus, we can expect the recurrence relation that will arise to be
d(t) "close" to the one we formulated in 2.4. As it turns out, this is exactly the case. Assume
that |27 — 2*||cc < e(7) for all 7 < ¢ — 1. Then

S xW[(T —1)

max

<4(t) (2.6)

.’L‘Z(t) = (1 — ai) : + «;8;
t . te(r—1
< (1 _ai) T=1"W, +tz:7—1 ( ) ¥ oys; (27)
t i 1
S(l—ai)( Tixw + ig())‘f'aisi
t—1
(1— ) (Z pmx +0(t Zte(T)) + ;8; (2.8)
JEN;
<2 46+ (1—a) (W)

We get (2.7) from the induction step and (2.8) from inequality (2.6). Similarly, we can prove
t
that x;(t) > of —o(t) — (1 — a)M. As a result ||z(t) — || < e(t) and the induction

is complete. Therefore, we have that with probability at least 1 — p, ||z(t) — 2*||cc < e(t) for
all t > 1. Now we just have to solve this recurrence relation of e(¢), which is done in the next

Section.



2.3.3 Solution of Recurrence

We now present the proof of Lemma 12, which provide a bound for the solution of the recursion
of the previous Section. We first try to express the term e(t+ 1) as a function of just the previous
value e(t). To do this, observe that for all ¢ > 0 the function e(¢) satisfies the following recursive
relation

e(t +1) = e(t) (1 - Hp1> FO(t+1)—0(t) + :f)l (2.9)
For t = 0 we have that
e(l) =(1—p)e(0) + (1) = (1 —p)e(0) + VIn D (2.10)

Observe that for D > e*? §(t) is decreasing for all ¢+ > 1. Therefore, §(t + 1) — 6(t) + ﬁ <7
and from equations (2.9) and (2.10) we get that for all t > 0

P In(D(t + 1)2) P 2In(D(t +1))
e(t+1) <e(t) <1— t+1) LTI < e(®) (1_ t+1> MTESEE

Now let g(t) = ¥ thn/QDt By a standard inductive argument we obtain for all ¢ > 1

e(t) < (1= Be(t = 1) +g(t)

<(=-D0- Lo)et -2+ 1 - Dyt -1 +g0)
<=5 =peO+ X g [ -5
=1 i=7+1

< 74_2 PZE:TH%

| /\

74_29 _PHt Hr)

( + 7th Z g epH‘r

| /\

e(O ! ,VIn

= tP Z 73/2
¢

< () \/21n Z lnT
tp ~

It remains to bound the sum on the right side by some logarithmic function. We observe that

\/lnT \/11’17'
73/“ / S (2.11)

VinTt

since, 7 — Y737 is a decreasing function of 7 for all p € [0,1].

o If p<1/2 then

t V1 1
/ Tr anT <+VInt —dr = (lnt)3/2

T3/2 =1T



o If p>1/2 then

/t \/IHT /t Tp_l/ZvlanT
=1 T

2 4
=2 [ ) yar
= 2 (e (p-1/2) / t:l 232 (0 7)3/2dr
% P1/2(1n )3/
Hence, in any case,
e(t) < 2.51n(D)%

Finally, we would like to translate this result into one that involves the quantity E [||z(t) — 2%/ ].
Hence, we now present a proof of Theorem 10.

Theorem 10. Let I = (P, s,«) be an instance of the opinion formation game of Definition 11
with equilibrium x* € [0,1]". The opinion vector z(t) € [0,1]" produced by update rule (1.4)
after t rounds satisfies

)3/2

E [l2(t) — 2" |oe] < Cv/Togn 0281

tmln 4min(1/2,p)

where p = mingey a; and C is a universal constant.

Proof. By Theorem 11 setting p = 5 \[ we have that

P (a(t) — 2o < e(t)] 21— ——

12v/t

. . . . Zi 10 ep(T) . _/log(2m2nt2-5)
where e(t) is the solution of the recursion e(t) = 6(¢)+ (1 p)i with 6(t) =/ —=——.

Since 272 > €25, Lemma 12 applies and e(t) < C+y/logn logt®? 4 some universal constant C.

¢min(p, 1/2)
Finally,
. 1 (logt) 3/2 1, ——(log t)3/2
E [”1’(t) - HOO] < T\/{ ( 12\/ CV tmm 4min(p,1/2) < (C + E) 1Ogntmin(p,l/Z)

O

Although the protocol converges to the equilibrium x*, the convergence rate is not so fast as
that of original FJ model. In the next Chapter, we present other algorithms that take advantage
of some additional knowledge about the graph and converge exponentially fast. This doesn’t
mean that our protocol is suboptimal. In Chapters 4 and 5 we will show that without additional
information no protocol can do better than Follow the Leader.






Chapter 3

Graph awareness

In this chapter, we are going to investigate possible ways to achieve exponential convergence, if
we allow the protocol to know some more details about the graph. In doing so, we underline
some of the limitations of the model and so we discover the fundamental difficulties of computing
the equilibrium. The first protocol is a Row dependent dynamics, meaning that each agent knows
the probabilities of choice of his neighbors. The second protocol assumes rational probabilities
of choice, which enables rounding schemes that yield faster algorithms.

3.1 Row dependent dynamics

3.1.1 Algorithm

As we will see in the following Chapters, the lower bound crucially depends on the fact that
A is no-regret. At this point, a natural question is whether this exponential gap is a generic
restriction of our imperfect information model. We answer this question in the negative. More
precisely the reason that no-regret dynamics suffer slow convergence is that the update rule
depends only on the expressed opinions. In this section we exhibit an update rule that depends
on the graph G and achieves exponentially fast convergence.

In [BT97] they study the convergence of various optimization algorithms in a distributed
setting, where each node at a specific time does not have completely updated information about
the values of the other nodes. One of these algorithms involves finding the fixed point of a
contraction map when every node has some outdated information. Also, in [CC16] they study the
convergence properties of gradient descent under the assumption that every node has "bounded
outdateness", which means that no node has information that is very old. Based on these works
for asynchronous distributed minimization algorithms , we provide an update rule showing that
information about the graph G combined with agents that do not act selfishly can restore the fast
convergence rate. Our update rule depends not only on the expressed opinions of the neighbors
that an agent ¢ meets, but also on the i-th row of matrix P. The latter is interesting because
information about the graph G combined with agents that do not act selfishly, can restore the
exponential convergence rate. However, agents that choose to update their opinions according
to Dynamics 5 may experience regret if some other agents play adversarially.

In update rule (3.1), each agent stores the most recent opinions of the random neighbors
that she meets in an array and then updates her opinion according to their weighted sum (each
agent knows row i of P). For a given instance I = (P, s, ) we call the produced dynamics Row
Dependent dynamics (Dynamics 5).

The problem with this approach is that the opinions of the neighbors that she keeps in
her array are outdated, i.e. the opinion of a neighbor of agent ¢ has changed since their last
meeting. The good news is that as long as this outdatedness is bounded we can still achieve fast
convergence to the equilibrium. By bounded outdatedness we mean that there exists a number
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of rounds B such that all agents have met all their neighbors at least once from ¢t — B to t.

Remark 1. Update rule (5.1), apart from the opinions and the indices of the neighbors that
an agent meets, also depends on the the exact values of the weights p;; and that is why Row
Dependent dynamics converge fast. We mention that the reduction of Section 4.1 still holds
even if the agents also use the indices of the neighbors that they meet to update their opinion.
The latter implies that any update rule that ensures fast convergence would require from each
agent i to be aware of the i-th row of matriz P. This also showcases the fundamental difficulty
of our setting, which is to compute the weights p;; and more generally the frequency of an event.
In chapter / we use this observation to construct lower bounds by reducing the equilibrium
computation to bernoulli estimation.

Algorithm 5 Row Dependent dynamics

1 Initially z;(0) = s; for all agent i.
2: Each agent i keeps an array M; of length |N;|, randomly initialized.
3: At round t > 0 each agent i:
4: Meets neighbor with index W}, P [W} = j] = p;;.
5: Suffers cost (1 — o) (x;(t) — Tyt ()% + a;(z(t) — s;)? and learns (."L‘Wlp (t), Wh).
6: Updates her array M; and opinion: M;[W}] <+ Ty t), xzt+1) = (1 -
@i) X jen, PijMilj] + isi (3.1)

Notice that the protocol essentially consists of the simple FJ-model calculation, the only
difference being that in each round the agent learns only one opinion instead of all of them.
We now provide an example that shows that Dynamics 5 doesn’t have the no regret property.

Example 1. The purpose of this example is to illustrate that the update rule (3.1) does not
ensure the no regret property. If some agents for various reasons exhibit irrational or adversarial
behavior, agents that adopt update rule (3.1) may experience regret. That is the reason that Row
Dependent dynamics converge exponetially faster that any no regret dynamics including the
FTL dynamics.

Consider the instance of the game of Definition 11 consisting of two agents. Agent 1 adopts
update rule (3.1) and has s; = 0,1 = 1/2,p12 = 1 and agent 2 plays adversarially. Thus,
s2,a2,p21 don’t need to be specified. By update rule (3.1), z1(t) = x2(t — 1)/2 and thus total
disagreement cost that agent 1 experiences until round t is

3 Sm B+ G @a(t) — w2 = 3 gt~ 17+ S (Gmalt — 1) — wa(0))

7=0 7=0 2

Since agent 2 plays adversarially, she selects xa(t) = 0 if t is even and 1 otherwise. As a result,
the total cost that agent 1 experiences is 3L _q 321(t)* + 3 (21(t) — z2(t))? ~ 3t/8. Now agent 1
regrets for no adopting the fized opinion 1/3 during the whole game play. Selecting x1(t) =1/3
for all t, would incur him total disagreement cost Y°t_q 5(1/3)% + 5(1/3 — z(t))? =~ Tt/36 which
is less than 3t/8.

3.1.2 Convergence Analysis

First of all, we shall investigate what would happen if there was a window length B such that
all agents have met all their neighbors at least once during that time. Intuitively, this means
that it takes B rounds to complete a single iteration of the FJ-model. This is exactly what the
next lemma says.



Lemma 4. Let p = min; a;, and m;;(t) be the most recent round before round t, that agent i met
her neighbor j. If there exists B > 0 such that for allt > B, t — B < m;;(t) then, for allt > kB,

2(t) — 2*[|loo < (1 —p)*.

Proof. To prove our claim we use induction on k. For the induction base k =1,

zi(t) — 27| = (1 — i) > pij(j(mig(t) —af)| < (L= ) > pijla(mig(t) — 5] < (1—p)
JEN; JEN;

since all the opinions lie in [0, 1]. Assume that for all ¢ > (k — 1) B we have that ||z(t) — 2*||cc <
(1 —p)k=L. For k > 2, we again have that

i(t) — xf| < (1—p) Y pijlaj(mis(t)) — ]
JEN;

Since t — B < m;;(t) and t > kB we obtain that m;;(t) > (k — 1)B. As a result, the inductive
hypothesis applies,

|2 (mij () — 25| < (1= p)*~!
for all j € N; and |x;(t) — zf| < (1 — p)*. O

In Row Dependent dynamics there does not exist a fixed length window B that satisfies the
requirements of Lemma 4. However we can select a length value such that the requirements
hold with high probability. To do this observe that agent ¢ simply needs to wait to meet the
neighbor j with the smallest weight p;;. Therefore, after log(1/6)/ min; p;; rounds we have that
with probability at least 1 — § agent ¢ met all her neighbors at least once. Since we want this to
be true for all agents, we shall roughly take B = 1/ miny, > p;;. In the following we give the
detailed argument that leads to Theorem 16, showing that the convergence rate of update rule
(3.1) is fast. First, we turn our attention to the problem of calculating the size of window B,
such that with high probability all agents have outdatedness at most B. We begin by stating a
useful fact concerning the coupons collector problem.

Lemma 5. Suppose that a collector picks coupons with different probabilities, where n is the
number of distinct coupons. Let w be the minimum of these probabilities. If he selects Inn/w+c/w
coupons, then:
1
P [collector hasn’t seen all coupons] < —
e
Proof. Suppose p; is the probability of picking coupon ¢ in a round. We are going to bound the
probability that the collector hasn’t seen all the distinct coupons after picking ¢ coupons. For a

single coupon ¢, the probability of not picking that coupon after ¢ rounds is
(1—p)' < (1 —w)

By a simple union bound argument, we get

NE

P [collector hasn’t seen all coupons] < » P [collector hasn’t seen coupon i

<.
Il

VARVA
s 3

Thus, by picking ¢ = Inn/w + ¢/w coupons, the probability of not seeing all the distinct ones is:

Inn/w+c/w) _ l

P [collector hasn’t seen all coupons] < ne ™™ p
e



We will use Lemma 5 with the agents as collectors to show that with high probability there
is a window B that satisfies the requirements we want.

Lemma 6. Let m;;(t) be the most recent round before round t that agent i met agent j and
B =2In(%)/ ming; p;j. Then with probability at least 1 — &, for all T > B and for alli,j € N;

T—B <m(r) <7 -1

Proof. For simplicity we denote w = min;; p;;. Consider an agent ¢ at round 7 > B where
B =2In("%)/w and assume that there exists an agent j € N; such that m;;(7) < 7 — B. Agent i
can be viewed as a coupon collector that has buyed B coupons but has not found the coupon
corresponding to agent j. Since N; < n and minjecy, p;; > w by Lemma 5 we have that

0

P [there exists j € N; s.t. m;(7) <7 —B] < po
n

The proof follows by a union bound for all agent ¢ and all round B < 7 < t.

O

By direct application of Lemma 4 and Lemma 6, we obtain the following corollary, which
implies the exponential convergence of our update rule with high probability.

Corollary 1. Let x(t) the opinion vector produced by update rule (3.1) for the instance I =
(P, s, ), then with probability at least 1 —

pt ming; p;;
[2(t) = %o < exp (—
> 2In(%)
where p = min;cy «;.

Proof. Let B = 2In("4)/min;; p;;. By Lemma 6 we have that with probability at least 1 — 4,
for all 7,5 € N; and for all 7 > B,
T—B < g (7’)

As a result, with probability at least 1 — § the requirements of Lemma 4 are satisfied, meaning
that
x + pt ming; p;;
x(t) —x <(1—-p)B<e —
O

We can now state and prove the exponential convergence result, in a form involving only
expectations.

Theorem 16. Let I = (P, s,«) be an instance of the opinion formation game of Definition 11
with equilibrium x* € [0,1]™ and let p = min;ey a;. The opinion vector z(t) € [0,1]™ produced by
update rule (3.1) after t rounds satisfies

B [[a(t) ~ 2"l < 2exp(~pminpi;vE/(41n(nt)))

Proof. Let u(t) = ||z(t) — 2*||cc and w = min;; p;j. From Corollary 1 we obtain:

P lu(t) > exp (—2{;112}%)” <4

for every probability § € [0,1]. Also, since all the parameters of the problem lie in [0, 1], we have

E [u(t)|u(t) >r] <1



We use a standard method for converting results involving high probability to ones stated with
expectation. By the conditional expectations identity, we get:

E [u(®)] = E [u()[u(t) > r] P [u(t) > r] + E [u®)[ut) < 7] P [u(t) <]
<d+r

where r = exp <2l/r)1(w7tlt)) If we set 6 = exp (— 2'011‘;1‘1/5), then:
&

E [u(t)] < exp (— gﬁﬁ) + exp (—21[;:(0%)>

We now evaluate r for our choice of probability 4:

t
- _W)

pwt

(o)

pwt
=exp | —
2lnnt + 244Vt

<ex _7pwt

= o 41n(nt)Vt

—exp (-2 wyi

— P\ T 4 m(nt)
Using the previous calculation, we obtain:

pwv/t pwvt
E < — —
[u(®)] < exp ( 21n(nt)> Texp < 4ln(nt)>

pw/t )

~ 41n(nt)

= exp

< 2exp<

) : Vi
= 2exp | —pmin p;;
PP p”4ln(nt)
O

A small detail is that the convergence rate is not exactly linear, but O (e*‘/%). However, this
is a lot faster than what we achieved with protocol 4. This shows the power of knowing matrix
P.

3.2 A protocol for rational weights

3.2.1 Algorithm

In this Section, we provide another protocol that uses additional information about the graph
to achieve fast convergence. Precisely, our update rule depends on the expressed opinions, the



number of neighbors of each agent, and the number of agents n. It also makes the assumption
that the neighbors are picked uniformly at random from each agent. We could say that the
algorithm knows the "structure" of matrix P but not the specific weights.

The main idea of the protocol is straightforward: to counterbalance the imperfect information,
the agents can spend some rounds to simulate one round of the original FJ-model, much like the
row dependent dynamics of Section 3.1. To do this, they agree to stop updating their expressed
opinion for a large enough window of rounds so that everybody learns, with high probability,
exactly the average of the opinions of their neighbors. Following the ideas of Section 1.2 an
agent could just average the opinions that she gets in this window. Unfortunately this would
again result in a poly(1/e)-round protocol. However this can be fixed by using the additional
knowledge of the number of agents and the number of neighbors. Precisely, each agent i keeps
an array with the frequencies of the different opinions that she observes. The catch is that
at the end of the window, she rounds each frequency to the closest multiple of 1/d;, where d;
is the number of neighbors of agent i. Obviously, since all the probabilities are multiples of
1/d;, the true frequencies are also multiples of 1/d;. This rounding step is crucial to ensure the
exponential convergence rate. To see that this works, first notice that if all agents stop updating
their opinions for a number of rounds, each agents just needs to specify exactly how many of her
neighbors share a specific observed opinion. If the length of the window is large the frequency of
a specific opinion at the end of the window will be sufficiently close to the true frequency. Since
the frequencies of the opinions that agent ¢ observes can only be multiples of 1/d;, we can round
the estimated frequencies to the closest multiple of 1/d; to recover the true frequencies and use
them to get the exact average of the opinions of the neighbors. This means that there is positive
probability that we have the exact average at the end of this process. We can then amplify this
probability with standard methods. We now present the algorithm.

Algorithm 6 FREQS algorithm

1: xz(()) — S;.

2: My = O(In(n/¢)), My = O(d?In(d))

3: forl=1,...,In(1/¢)) do

4:  Keep a set A of tuples (z,freq(x)) of and an array B of length M.
5. forj=1,...,M; do

6 for k=1,...,M5 do

e Get the opinion X} of a random neighbor.

8 if X; is not in A then

9 Insert (X, 1) to A.

10: else

11: (Xk,freq(Xk)) — (Xk,freq(Xk) + 1).

12: end if

13: end for

14: Divide all frequencies of A by Ms.

15: Round all frequencies of A to the closest multiple of 1/d;.
16: B(j) ¢+ i Y peafreq(z) + (1 — ay)s;.

17: end for
18:  x4(t) < majority,; B(j).
19: end for

Essentially, we compute the frequencies of the opinions of the neighbors. Notice that the
algorithm consists of three nested for loops. The innermost loop is for sampling in order to learn
the frequencies within error 1/d;. The middle loop is to amplify the probability of guessing the
frequencies correctly after the rounding. The outermost loop is for performing enough steps to
come e-close to the equilibrium. There is a subtle difference between FREQS and the previous



ones. This algorithm needs the desired error ¢ from the solution as input in order to run. This
is because it is needed in the amplification phase of the procedure. We can of course choose
gradually smaller € in order to converge to the equilibrium.

3.2.2 Analysis

The first question we should answer is how many rounds should we wait in order to find the
frequencies of the opinions precisely. Essentially what we want is to find the probability density
function of the random variable that is the opinion that comes in each round. To bound the
length of this window we use a standard argument from density estimation theory and show
that with n?logn rounds each agent knows the frequencies within error smaller than 1/n with
constant probability, which then can be trivially amplified by repeating the procedure.

We next state a version of the standard VC-Inequality that we will use in our argument.
Let P be a discrete distribution over [n], and let Si,...,S; be t i.i.d samples drawn from P, i.e.
(S1,...,8¢) ~ Pt. The empirical distribution P, is the following estimator of the density of P.

A l?_lSiGA
Pt(A): =1 L ]7

(3.2)
where A C [n]. In words, P, is simply a frequency diagram, since it counts how many times the
value ¢ appeared in the samples S1,...S;. The goal of P, is to find the density of the distribution
P. We will use the following version of the classical result of Vapnik and Chervonenkis.

Lemma 7 (VC-inequality [DL12, Vapl3]). Let A be a collection of subsets of {1,...,n} and
let SA(t) be the Vapnik-Chervonenkis shatter coefficient, defined by

Sap) = max ]|{{x1,...,xt}ﬂA:A€A}\.

Z1,...,TtEM

Ep: {rf??i( ’Pt(A) — P(A)H < 2\/@

This result bounds the expected error of the estimator B using the so called shatter coefficient,
which is a measure of how "many" subsets of [n| we want to estimate the probability of. In our
case, n is the number of different opinions of the neighbors, hence it is upper bounded by n.
Also, we are only interested on the probability of the specific opinions, hence A consists only of
singletons. These ideas are made precise in the following Lemma.

Then

Lemma 8. If My = 100n?log(2n), then at the end of each rounding step, the frequencies are
exactly correct with probability at least 3/5.

Proof. According to the update rule 6 all agents fix their opinions x;(t) for M; x M rounds. To
estimate the sum of the opinions each agent estimates the frequencies k;/d;. Since the neighbors
have at most d; different opinions we can map the opinions to natural numbers in [d;]. At each
round the agent gets the opinion of a random neighbor and therefore the samples X; that she
observes are drawn from a discrete distribution P supported on [d;]. If k; be the (absolute)
frequency of the opinion j namely the number of neighbors that express j as their opinion, then
the probability P(j) of opinion j is k;/d;. To learn the probabilities P(j) using samples from P,
we let A= {{1},{2},...,{d;}} and use Lemma 7 to get that

A . log 2d;
Pmu)—P(a)\]sz B

m

Epmn |max
JEdi]

since S4 < n. Therefore, an agent can draw m = 100n?log(2n) to learn the frequencies k;/d;
within expected error 1/(5d). Notice now that the array A after line 14 corresponds to the



empirical distribution of equation (3.2). Notice that if the agents have estimations of the
frequencies k;/d; with error smaller than 1/d, then by rounding them to the closest multiple
of 1/2d; they learn the frequencies exactly. Thus, we need to bound the probability that the
agents learn the frequencies with error greater than 1/2d;. By Markov’s inequality we have that

. 1 N 2
P P.(7)—P(j)] > —| <2d.Epm P,(j)— Pl < =
s | - P> | < 208 [P - P3| <
Hence, with probability at least 3/5 the rounded frequencies are exactly correct. O

We now present the probability amplification argument based on taking the majority. The
technique is similar to proving the equivalence of various definitions of the complexity class BPP,
see[Doulb].

Lemma 9. If we run the rounding schema O (In1/0) times, then with probability at least 1 — 9,
the majority of the values we obtain will be the correct average.

Proof. For each rounding that we perform we define a Bernoulli random variable X; which is
one if and only if the rounding yields the correct average. We know that all X; have the same
probability, which is greater than 3/5, as we showed in Lemma 8. By applying the Chernoff
Bound 14 we get:

t

t

P lz X; < 5
=1

3 1
0 1 <2—t/50
>5 2]_6

Hence, if we run the rounding ¢ = 501n % times, the majority will be correct with probability at
least 1 — 9. O

We now state the final Theorem about the convergence of FREQS.

Theorem 17. Let I = (G(V, E), s,a) be an instance of the opinion formation game of Defini-
tion 11 with a > 1/2. Let d be the mazimum degree of the graph G and n = |V|. There exists an
update rule that after O(d?log® nlog®(1/¢)) rounds achieves expected error B [||x; — 2*||o] < €.

Proof. We know that, having computed the exact average of the opinions of the neighbors,
O(log(1/¢)) rounds are enough to achieve error . Since we need all nodes to succeed at computing
g

the exact averages for O(log(1/¢)) rounds, from the union bound we get that for § < TEL

with probability at least 1 — € the error is at most €. This means that My = O (ln% +Inln %)

Finally, from the law of total expectation, after T = O(d?log dlog(¢)(log(n/e) + loglog(1/¢))
rounds the expected error is E [||zr — 2*||s] = (1 —€)e + & < 2e. O

It is now evident that the main obstacle towards exponential convergence is the lack of
knowledge of the p;;. In the next Section, we will make this precise by introducing a related
estimation problem in Statistics.



Chapter 4

A Statistical Lower bound for no
regret processes

According to the convergence rate established in Section 2.3, we need O (1/ 62) rounds in order
to be ¢ close to the equilibrium. This is a sublinear rate of convergence. A natural question is
whether we could find an algorithm that achieves linear rate of convergence, which is the best one
could hope for in an optimizaiton problem. In this Chapter, we prove that this is not possible, if
the algorithm has no knowledge of the probabilities p;; and only takes as input the previously
seen opinions. In order to construct a lower bound on the running time of any such algorithm, we
first have to identify the hardest task that this algorithm has to solve. In our case, the difficulty
lies in estimating the probabilities p;; of selecting the neighbours. Thus, by establishing some
sort of Statistical lower bound about the estimation of a Bernoulli random variable, we have also
bounded the running time of any such algorithm. In this Section, we first formulate precisely the
reduction from distributed protocols to Bernoulli estimators. Then, we use a standard technique
from Asymptotic Statistics to provide a lower bound for this estimation problem. Unfortunately,
as we will discuss extensively, this lower bound is weak. For our purposes we developed a simple
and novel lower bound for this estimation problem, which is presented in the next Section.
Also, in Chapter 3 we show how we can obtain linear rate of convergence if the algorithm has
additional knowledge about the graph of the matrix P.

4.1 Reducing FJ to Bernoulli estimation

In order to demonstrate the reduction form the computation of x* to that of Bernoulli estimation,
we must first precisely define the set of protocols that solve the distributed problem. These are
the so-called Graph Oblivious rules, which receive no additional information for the graph apart
from a neighboring opinion in each round. We repeat the definitions from Section 1.4.

Definition 16. A graph oblivious update rule A is a sequence of functions (A:)i2, where
Ay 1 [0,1]82 [0, 1].

A graph-oblivious update rule together with an instance of the opinion formation game define
an graph-oblivious dynamic.

Definition 17. Let a graph oblivious update rule A. For a given instance I = (P, s,«a) the rule
A produces a graph oblivious dynamics x4 (t) defined as follows:

e Initially each agent i selects her opinion x{(0) = Ag(s;, a;)

e At roundt > 1, each agent i selects her opinion x{(t) = At(xwio 0), .. @y (t—1), 8, ),

where W} is the neighbors that i meets at round t.
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As can be seen from definition 17, the opinion of each agent only depends on the previous
opinions he has received and on internal constants a;, s;. This is the minimum requirement that
a protocol should satisfy, in order to prevent it from "cheating". In Chapter 3 we saw that even
a small amount of additional information is enough to get past the "estimation difficulty" of the
problem and achieve exponential rate. With these minimal assumptions about the protocols, we
will show that O (1 / \/Z) is the best rate achievable.

To show the relationship between the limited information setting and Bernoulli estimation, we
will show how we can use a Graph-oblivious protocol to solve the estimation problem. Essentially,
we are reducing the estimation problem to the computation of the equilibrium point z* of a
certain instance of the opinion formation game. The following Theorem clarifies these thoughts.

Theorem 14. Let A a graph oblivious update rule such that for all instances I = (P, s, «),

: 14c K —
Jim B [[a(t) — *]loc] = 0.

Then there exists an estimator 04 = (0{*)§2, such that for all p € [0, 1], lim;_,o. t'T°E,, {|9{1 - p|} =
0.

Proof. We construct an estimator 84 = (6/1)22, using the update rule A. Consider the instance
I,, described in Figure 4.1. By straightforward computation, we get that the equilibrium point
of the graph is 2} = p/3,27 = p/6 + 1/2,z§ = p/6. Now consider the opinion vector x (t)
produced by the update rule A for the instance I,,. Note that for ¢t > 1,

o 2i(t) = Ap(2(0),. .., ze(t —1),1,1/2)

o 25 (t) = Ap(x(0), ..., x(t —1),0,1/2)

¢ ch(t) = At(xWP(O)7 R (t—1),0,1/2)
The key observation is that the opinion vector z 4(t) is a deterministic function of the index
sequence W2, ..., W!=! and does not depend on p. Thus, we can construct the estimator 64
with A (W0, ..., Wi~1) = 324(t). Essentially, we are simulating the execution of the protocol by
giving to the central node ¢ the value of one of its two neighbors, depending on the value of the
Bernoulli random variable at a given time. That is, for a given instance I, the choice of neighbor
W/ is given by the value of the Bernoulli random variable with parameter p (P [W} = 1] = p).

Since the random variables W¢, which the estimator takes as input, follow B(p), we know that
the simulated protocol runs in the same way as it would in the instance I,,. As a result,

E, (167 — pl] = 3E [|o2(t) — p/3]] <3E [lwa(t) — 2"]
Since for any instance I, we have that
: 1+c Lk —
Jim 4 [fa(0) — 2] =0
, it follows that lim;_, t'*°E, [|0{‘ - p|} =0 for all p € [0, 1]. O

Theorem 14 says that the problem of computing the equilibrium point z* is "harder" that
estimating a Bernoulli probability p. In the next Sections, we will show some lower bounds
about the estimation problem, which will also hold for our problem.
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Figure 4.1

4.2 Statistical Lower Bounds

4.2.1 Minimax Risk

A very natural question in the field of estimation is how many samples one needs in order to
estimate a quantity of a distribution. Using the definitions that we introduced in Section 1.4,
the question can be restated as follows.

Question. What is the smallest risk that can be obtained by an estimator of a quantity of a
distribution, given t samples?

The simplest quantity to compute is the expected value of the distribution. A good part
of the Statistics literature during the 20th century is dedicated to answering this question by
presenting various estimators that converge to the expected value as fast as possible. However,
there seemed to be a barrier in how fast these estimators computed p. Specifically, in many
cases no method could achieve risk lower that O (1 / ﬂ) This led researchers to conclude that
no faster reasonable estimator exists and to instead try and establish lower bounds in the risk of
any estimator.

A special case of this computation is when the distribution is a Bernoulli with probability
p. All the presented results will be stated for Bernoulli random variables, but can be easily
generalized to more complex distributions.

The oldest sample complexity lower bound for estimation problems is the well-known Cramer-
Rao inequality[Cra46, Rao92]. Let the function 6, : {0,1}' — [0,1] such that E, [6;] = p for all
p € [0,1], then
p(1—p)

ra
Since E, [|0; — p|] can be lower bounded by E, [(6; — p)?] , we can apply the Cramer-Rao
inequality and prove our claim in the case of unbiased estimators, E, [6;] = p for all t. However,
this hypothesis is considered a rather restrictive one. Indeed, the proof of the inequality is merely
a computation of the variance , which heavily relies on this property for differentiation with
respect to p. A proof can be found in [MMOS].

Sample complexity lower bounds without assumptions about the estimator are usually given
as lower bounds for the minimaz risk, which was defined ! by Wald in [Wal39] as

E, [(6: - p)?] > (4.1)

in max E, [|0; —p|].
min max By [|6; = pl]

Minimax risk captures the idea that after we pick the best possible algorithm, an adversary
inspects it and picks the worst possible p € [0, 1] to generate the samples that our algorithm will

1 Although the minimax risk is defined for any estimation problem and loss function, for simplicity, we write
the minimax risk for estimating the mean of a Bernoulli random variable.



get as input. For simplicity, we denote the minimax risk for ¢ samples as M;. The methods of
Le’Cam, Fano, and Assouad are well-known information-theoretic methods to establish lower
bounds for the minimax risk. For more on these methods see [Yu97, Tsy08]. In the following
sections, we will establish a lower bound of €(1/v/%) for the minimax risk for the case of
estimating the mean of a Bernoulli. The exposition of LeCam’s method in the following Sections
is the same as in [Ducl6].

4.2.2 From estimation to testing

In order to prove minimax lower bounds, a common method is to reduce the estimation problem
to a testing problem. The idea is to show that the minimax risk can be lower bounded by the
probability of failure of an estimator at a testing problem. Then, we can develop tools for lower
bounding this probability. As a start, we give a precise definition of a testing problem. The
discussion only involves Bernoulli distributions, but can easily be extended to arbitrary families
of distributions.

Given an index set V of finite cardinality, consider a family of Bernoulli distributions { P, },cv -
We denote by p, the probability of distribution P,. We conduct the following experiment. First,
nature chooses uniformly an index v € V. Then, ¢t samples are drawn independently from
distribution P,, where v is the index that was chosen in the first step. The samples are given to
an estimator, whose job is to decide what is the index v € V that was chosen is the first place.
Since a Bernoulli random variable only takes the values 0 and 1, a tester is thus a function
¥ 1 [0,1]t — V that takes the samples as input and outputs the 'id" of the Bernoulli distribution.
In the simplest case, V' consists of only two elements, thus the problem is to test, or distinguish,
which of the two distributions produces the samples.

Next, suppose that the family of Bernoulli distributions P, is a 20 packing, meaning that for
all v,v" € V with v # v/, it holds:

[Py — P | 2 26

This hypothesis is a way to express that the distributions are "d-far" from each other. The idea
for the reduction from estimation to testing is simple: If we could estimate the probability of a
Bernoulli distribution to within error J, then we could also take the closest from the family P,
as the answer for our testing problem. Thus, the testing problem is in a sense "easier" than the
estimation one. These ideas are made precise in the following lemma.

Lemma 10. Suppose we have a family of Bernoulli distributions P, that is a 20 packing, for
some § > 0. Then, the minimaz risk My for Bernoulli distributions is lower bounded as follows:

M > 5iﬁfP W (Xq,...,Xy) #V] = 5iﬁfP [ fails the testing problem for the family P,]

Proof. First, we fix an estimator #; that takes ¢ samples. Suppose that the samples come from a
Bernoulli B(p). Then:

Ep [10; — pl] = 6B, [1{[0; — p| > 0}]
= 0P [|6; — p| > J]
In the latter probability is is implies that the samples come from B(p). We now define a function

1 that attempts to solve the testing problem for this family of distributions. Specifically, ¥
takes as input the output of estimator #; and outputs

Y(0;) = argmin [0y — py|
veV

Thus, the function v tries to "guess" the value of p using estimator 6; and then finds the Bernoulli
with the closest p to the computed one. Now comes the important part of the reduction: if the



samples come from one of the Bernoullis of family P, and if estimator #; manages to compute the
probability with error at most d, then by the triangle inequality, all the other distributions will
be at least § far from the computed value. In other words, the closest Bernoulli to the computed
one will be the correct one. Thus, if |#; — p| < J, then 1) guesses the correct distribution. As a
consequence of that, we get:

P [|0; — py| > 6] > P [t guesses wrongly|V = v]
for all v € V.. Thus,
E,, [|6: — py|] > 0P [¢) guesses wrongly|V = v]

for all v € V. Hence, for a fixed estimator 6,

1

max E, [|0; — p|| > — E, [|6: — py
i B 10912 157 57 By 0ol
1
>4 v Z P [¢) guesses wrongly|V = v]
veV

= 0P [¢ fails the testing problem for the family P,]
0

The remaining challenge is to lower bound the probability of error in the underlying multi-way
hypothesis testing problem by selecting a suitable class of Bernoulli distributions. To do this,
there is a trade off in the choice of the separation §. While a large ¢ increases the lower bound,
as can be seen by Lemma 10, a smaller 6 means the distributions are close to each other and
hence it is harder to distinguish between them. Thus, smaller § increases the probability of
error of the tester. Usually, one attempts to choose the largest separation § that guarantees a
constant probability of error. In LeCam’s method, the class consists of just two distributions, as
we will see in the following.

4.2.3 LeCam’s method

Le Cam’s method, in its simplest form, provides lower bounds on the error in simple binary
hypothesis testing testing problems. A very useful quantity when one studies these settings is
the total variation distance between two distributions, which, roughly speaking, measures how
"different" two distributions are.

Definition 20. The total variation distance between probability distributions P and Q) defined
on a set X is defined as the maximum difference between probabilities they assign on subsets of
X.

|P — Qllrv = sup |P(A) — Q(A)]
ACX

The above definition is understood under the assumption that the set of values X is finite.
If the set X is more complicated, the supremum may involve only sets whose preimage is a
measurable set of our measurable space.

The total variation distance, as we shall see later in the course, is very important for verifying
the optimality of different tests, and appears in the measurement of difficulty of solving hypothesis
testing problems. This can already be seen by the way it is defined: it is the maximum difference
between the two distributions. For example, if in a testing problem the total variation distance
between all the distributions is small, then one expects that it will be hard to distinguish between
the two. This is the idea on which LeCam’s method is based.

LeCam’s method uses a special case of the hypothesis testing problem, which is the binary
testing problem. This means that there are two Bernoulli distributions P; and P> and our goal



is to make a decision on whether P, or P» is the distribution generating the data we observe.
Concretely, suppose that nature chooses one of the distributions P, or P, at random, and let
V € {1,2} index this choice. Conditional on V' = v, we then observe a sample X drawn from
P,. A tester is a function ¢ : X — {1,2}. For every such function, by the law of conditional
expectation, it holds:

PU(X) £ V] =PV =1]P[p(X) # VIV = 1] + P[V = 2] P [6(X) £ V|V =2
= SPIS(X) # 1]+ JP[U(X) £ 2

Thus, if we manage to lower bound the right side of the equation, we have a lower bound for the
probability of error of the binary testing problem. This is done in the following lemma.

Lemma 11. Let X be an arbitrary set. For any distributions P; and P> on X, we have
inf (P [(X) # 1 +P[(X) #2]) 21— |Pr = Poflrv

where the infimum is taken over all testers ¢ : X — {1,2}.

Proof. Any test v : X — {1,2} has an acceptance region, call it A C X |, where it outputs 1
and a region A° where it outputs 2. We have

Py(X) #1+P[Y(X) #2] = Pi(A°) + P2(A) =1 - Pi(A) + P (A)
Taking an infimum over such acceptance regions, we have

inf{P [6(X) £ 1)+ P [H(X) £2} = uf {1- Pi(4) + Po(A)} = 1 = sup {PL(4) ~ Pa(4)}
C ACX

which yields the total variation distance as desired. O

Obviously, the smaller the total variation distance between Pi, P», the better the lower
bound. Returning to the setting in which we receive t i.i.d. observations X; , when V' =1 with
probability % and 2 with probability %, we have by Lemma 11

. 1 1
inf P [0(X1,.., X0) # V] = 5 = 5P = Pl

where Pf, P} are the t-fold product distributions of P;, P, respectively. In this setting, X is
equal to {0,1}!. Hence, by applying Theorem 14 we get

1 1
My > 5(2 - 2HP1t—P2tHTv>

if |[p1 — p2| > 26. Now our only task is to select a suitable value for 6 and compute the total
variation distance of the two t-fold distributions. Obviously, the resulting lower bound will be a
function of the number of samples ¢. Thus, it makes sense to set § as some function of ¢. The
following lemma provides the details.

Lemma 12. For Bernoulli estimation, it holds
1
M, > ——
' 82t

Proof. First, we define Bernoulli distributions P; and P» with p; = % — 6, po = % + 6. The
quantity ¢ will be defined later. We have that |p; — p2| = 24, thus

1 1
M2 6 (5 - 5IP - Py ) (42)



By Pinsker’s inequality we have
1 t
1Pt = P3ll7v < 5Dwr(PL, P) = 5 Dcr(Pr, Po)

It remains to upper bound the KL divergence of two bernoullis. By definition, we have that

1—
Dici(Pi, Py) = prlog 2 + (1= py) log 2
b2 — P2
We now define the function
T 11—z
x)=xlog— + (1 —2x)lo
f@) = 2log =+ (1= o) log | —
which is defined on [p;, p2]. This function is twice continuously differentiable, with derivatives:
1—2z
() = log = —lo
fi(x) =log L, sy
1 1
1 _ =+
flla)=—+1—

Thus, we can apply Taylor’s Theorem, which states that there exists { € [p1, p2] such that:

(2= po)® e

f(p1) = fp2) + (p1 — p2) f'(p2) + 5

‘We now notice that
f(p2) = f'(p2) =0
and f(p1) = Dxr(P1, P2). Thus

Y
Dicp (P, Pa) = PP priey — o527

2
Without loss of generality, we can assume that § < 1/4, which means that
f(z) <8
for all z € [p1, po]. This means that
Drr, < 1652
We end up with the inequality
t
|Pf = Billzv < /51602 = 2v/at6
] -1
By setting ¢ = TV We have that
1
1= [P = Plllrv > 5
Hence 1
M, > ——
oY
which is what we wanted to prove. ]

Obviously, this technique could be generalised for more complicated families of distributions
and estimation problems. The simple application for Bernoulli estimation showcases the typical
way to apply LeCam’s method. One begins by bounding the total variation distance and
then setting the value of § in order to achieve constant probability of error, i.e. the quantity
1 — ||P} — Pi||rv should be lower bounded by a constant. For more inequalities involving
the total variation distance and the KL divergence, see [PDSS16]. Other methods, like Fano,
generalize this technique by using a multiple hypothesis testing problem with more than two
distributions[Yu97].



4.3 Limitations of LeCam

After proving this lower bound for the minimax risk, we should take a while and think about
how it helps our problem. We remind the reader that the minimax risk was defined as

M, = mi E, (|6, —
t = min max p [0 — pl]

By proving that M; > 8%/%, we show that for every estimator 6 we can find a p € [0, 1] such

that the expected error after ¢ rounds will be greater that ——. The key observation here is

8v/2t
that for different values of ¢, the p € [0, 1] that has large risk isn’t necessarily the same. Ideally,

we would like to prove a statement of the form

For every estimator 0 there exists p € [0,1] such that for all times t it holds

Ep [16: — pl] =

8

3

Instead, we have managed to prove the following

For every estimator 0 and for every time t there exists p € [0,1] such that it holds

1
E,[|0; —p|] > —
ol 9l) > o
The difference in the order of quantifiers might seem like a technical detail, but it has important
consequences. The former statement is weaker than the latter. Notice how in the former claim,
the probability p only depends on the estimator and not on the specific time ¢. If we had proved
the former statement, then by the reduction of Theorem 14 it would follow that for every protocol

we could define an instance where the risk would be at all times greater that ——. A sketch

of the idea is the following: we define an estimator based on this protocol, as i%l@heorem 14.
Then, we would find the p € [0,1] that has high risk for the specific estimator and we would run
the protocol in the instance of Figure 4.1 with this p. Then, the error of the protocol would be
high at all times. This is a convincing lower bound. On the contrary, if we were to apply the
latter claim, then for every estimator and for every time ¢ we would have to define a different
instance of the opinion formation problem. This would result in a weird statement about the
protocols, namely that for every protocol and for every time t we could find an instance where
this protocol has high risk at that specific time ¢. This is not a satisfactory lower bound.

The bottom line of the conversation is that we want for every protocol(or estimator) to fix
an instance(or a p € [0, 1]) and prove that the error(risk) for all times is high. This type of result
seems almost impossible with the tools provided by LeCam or Fano, because the minimax risk
is computed by "fixing" ¢. Surprisingly, there is a very simple and elegant argument not related
to these methods that proves our claim. This will be presented in Section 5.2.



Chapter 5

Measure Theoretic Lower bounds

In Chapter 4 we investigated possible ways for obtaining lower bounds for estimation problems.
An important observation was that the standard lower bounds on the number of samples could
not be transferred to our problem, due to the dependence of the "difficult" instance of the
problem from the number of samples. We are interested in showing stronger lower bounds,
namely that for each estimator there is an instance where at all times it performs badly. In this
Chapter we are going to prove something significantly stronger: for every estimator, almost all
instances are hard, meaning that the convergence rate cannot be o (1/t). The concept of almost
all can be precisely defined be using tools from measure theory. Hence, we begin this chapter
with a quick overview of the properties of measures and outer measures, which will be helpful in
the proof.

5.1 Intro to Measure Theory

5.1.1 The problem of measure

For centuries, mathematicians were interested in the computation of the length, area and volume
of various objects. All of these quantities are in fact "functions" defined on suitable spaces. For
example, length is a function that assigns a number to each interval of the real line and area is a
function defined on shapes of the 2d plane. Let’s focus on the notion of length. For an interval
of the form (a,b), it is intuitively obvious that the lenth is b — a.

An interesting question is whether we can generalize this notion of length to more complicated
subsets of the real line. For example, the set

A= (a,b) U (c,d)

could be assigned quite intuitively a length of b — a + d — ¢, if b < ¢, since it is the union of two
disjoint intervals. In a similar way, we could assign lenths to more complicated subsets of the
real line. What is the most general class of subsets that could be assigned a length? What kind
of properties should a function satisfy in order to be considered an appropriate generalization of
length? The following sections answer these questions in detail.

5.1.2 o¢-algebras

The first question we have to answer is what would be the domain of a function that assigns
length. A possible solution is to consider all subsets of R as the domain. Unfortunately, there is
no function that that is defined on all subsets of R and that can be considered a generalization
of length. For details, see [Fol13]. However, it is possible to define length in very large collections
of subsets, as we will see in the following Sections. Mathematicians came up with a very elegant
way of defining collections of subsets where length can be defined. Such collections are called o-
algebras.

o1



Definition 21. A collection F of subsets of R is said to be a o-albegra, if it satisfies the
following properties:

e Re F
o If A€ F, then A¢ € F.

o Let {Ai}2, be a sequence of sets belonging to F. Then

UAZ‘E./—"

=1

all of these properties are quite intuitive for a collection of sets that have a length. For
example, R should obviously be assigned a length of co. Also, if a set has a length, then it’s
complement could very easily be assigned a measure. Also, if we have a length for a family of
sets, then obviously we can define the length of their union.

A direct consequence of the definition and DeMorgan’s law is that o-algebras are also closed
under countable intersections. Simple examples of o-albegras are {0, R} and P(R), the collection
of all subsets of R. We now present nother interesting way to construct o-algebras from arbitrary
collections of sets.

Suppose we have a collection B of subsets of R, not necessarily a o-albegra. Let £ be the
set of all o-algebras that contain B. We define

F=[)A
Ael

which is the intersection of all these o-algebras. Note the o- algebra P(R) contains B, hence the
set L is nonempty and the set F is well defined. Then, we have the following simple result.

Lemma 13. The collection F is a o-algebra. It is also the smallest o-algebra that contains B,
in the sense that if a o-algebra F' contains B, then F C F'.

Proof. The proof consists of checking the three properties that a o-algebra should satisfy.
e R belongs in all A € L because they are o-algebras, so it also belongs to their intersection.
e If De F,then D € Afor all Aec L. Hence, D¢ € A for all A € £, thus D¢ € F.
e The closure under countable unions can be checked in the same way.

Thus, F is a o-algebra. If B C F’ for some o-algebra F', then 7' € L , thus F C F'. O]

We say that B generates the o-algebra F. Lemma 13 gives us another way to construct a
o -algebra. That is, we begin with an arbitrary collection B of subsets of R and and take the
o-algebra generated by B. A notable example is when we take B to be the set of all open subsets
of R. The generated o-algebra is called the Borel o-algebra of R. It forms a rich class of subsets
and plays an important role in the definition of the Lebesgue integral, which is beyond the scope
of this thesis to discuss.

5.1.3 The Lebesgue Measure

As we previously discussed, it is important to understand what we aim at when we try to define
a function generalizing the notion of length to arbitrary subsets. The length of a subset should
be a measure of how "big" that subset is. Hence, from now on we will refer to this goal function
as a measure. But what properties should a function satisfy in order to be sensibly considered a
measure?



First of all, it makes sense that the domain of a measure is a o-algebra, since it should be
closed under some obvious operations like the union. It is also obvious that such a function
should only take non-negative values, because it wouldn’t make much sense to have a subset
with "negative" length. Note that the function could also take the value +o0o. Here, we adopt the
usual conventions about the extended real numbers for +o00. Moreover, if we take the union of
some sets that are all disjoint from one another, then the measure of the union should obviously
be the sum of the measures of these sets. Hence, we give the following definition of a measure.

Definition 22. Let M be a o-algebra of R. Then, a function p : M — [0,00] is called a
measure, if it satisfies the following properties:

e u(® =0

o Let {A;}2, be a sequence of sets belonging to M that are pairwise disjoint. Then,
(0.0 o
p(lJ A) = n(A)
i=1 i=1

Now, our goal has been made precise. We want to find a o-algebra M that contains all
the intevals and a function pu: M +— [0, 00| that satisfies the properties of measure. We also
want the values of p in simple intervals to coincide with the usual definition of length, that is
w((a,b)) =b—a for all a < b. We would obviously want M to be as large as possible.

Ideally, we would like the measure to be defined on P(R). However, it can be proved
that no function satisfying Definition 22 can be defined on P(R). Some proofs can be found
in [Foll3, Wag93, BT24]. The moral of these proofs is that R contains subsets which are so
strangely put together that it is impossible to define a geometrically reasonable notion of measure
for them, and the remedy for the situation is to discard the requirement that y should be defined
on all subsets of R.

Indeed, it is possible to define a measure satisfying the preceding properties in the o-algebra
of Lebesgue Measurable sets. This measure is called the Lebesgue measure on the real line. The
details of how this function is created are quite technical and thus cannot be presented here.
Complete expositions about the Lebesgue measure are contained in [Fol13, RF88, Rud06]

We will instead list some important consequences of this construction. First, Borel sets
are Lebesgue measurable. Also, it is possible for a set to have Lebesgue measure 0 but not be
empty. For example, all countable subsets have Lebesgue measure 0. The point is that sets with
measure 0 are "small" compared to other sets such as intervals. For example, if we prove that a
property holds for all = € [0, 1] except for a set of measure 0, then we can be assured that the x
that do not satisfy this property are very "rare" to find. In the following Section we are going
to prove that every Bernoulli estimator will not be "fast" enough for almost all p € [0,1]. This
means that the Bernoullis where it performs well are very few.

5.2 Counting the points of superefficiency

As we discussed in Section 4.3, the problem with the statistical lower bounds is that for every
different time ¢t we must find a different Bernoulli that has high risk for the specific estimator.
We would like to show that for each estimator, there exists a Bernoulli, such that the estimator
will have high risk at all times when it takes samples from this distribution. In the following
Lemma, we will show something stronger. In particular, we prove that every estimator for almost
all p € [0, 1] fails to achieve risk that is o (1/¢1¢). The technique relies on a simple observation
about where a p should lie in order for the estimator to converge fast. Essentially, we prove that
the regions of superefficiency points shrink as the number of samples increases. Throughout the
proof we use various properties of the Lebesgue measure. For proofs of these properties, see
[RF88].



Theorem 15. Let § = (6;)72, be a Bernoulli estimator with error rate E, [|6; — p|]. For any
c> 0, the set of all p € [0,1] such that lim;_,o0 t'7°E,, [|0; — p|] = 0 has Lebesgue measure 0.

Proof. Since 6 is a function from {0, 1}! to [0, 1], §; can have at most 2! different values. Without
loss of generality, we assume that 6; takes the same value 6;(z) for all x € {0,1}" with the same
number of 1’s. For example, 63({1,0,0}) = 65({0,1,0}) = 65({0,0,1}). This is due to the fact
that for any p € [0, 1],

>3 1ad@) —plpi >Z<t>’m()9<>_p

0<i<t |||y =i 0<i<t

p'(1—p)

For any estimator § with error rate E, [|0; — pl|| there exists another estimator 6 that satisfies
the above property and E, [|0; — p|] < E, [|6: — pl|] for all p € [0,1]. Thus, we can assume that
0, takes at most ¢t + 1 different values. Let

A={pel0.1] : lim t"* Ex_p: [|6,(X) — pl] = 0}.

We are going to prove that A has measure 0 and is thus measurable. Notice that,

oo 0
cUN 4
t=1 k=t

where Ay = {p € [0,1] : Rp(p) < 1/2}, and Ry(p) = k'¢ Ex_pr [|0x(X) — p|]. We have that
Ry : [0,1] — [0, +00) is polynomial of degree k in p and therefore it is a measurable function.
Thus, Aj is measurable. We now show that

C = : kYTC mi 1) — .
A, C By ={pe€l0,1] : k Olélilélk |0k (7)) — p| < 1}

We prove this by contradiction. Suppose that p € Ay but p ¢ By. Since p € Ay we have that
k

Ry(p) = k'Y (f) 10(2) — p|p' (1 = p)*~" > k' min [6;(i) - p| Z < ) P> 1,

<i<
20 0 k

Since the functions p — k17¢|0,(i) — p| are measurable, their pointwise minimum is measurable
and therefore the sets By, are also measurable. We next proceed to bound u(By). Since 0 can
only take k + 1 different values we have that there exist k + 1 intervals (ag,, bg,) of length at
most 2/k't¢ such that By = U, (ax,, bx,) . In particular:

) 1
ar, = () — i

. 1
bki = Hk(z) + kl+c

as shown in Figure 5.1 Since p is subadditive we have

2 2k+1)
1(Br) < Z Elte —  plte
i=0

Now observe that
<M(U ﬂAk><u<U ﬂBk><Zu<ﬂBk><thuBk )= 0
t=1 k=t t=1 k=t t=1

Hence, p(A) = 0 and thus A is measurable. !
O

! A careful reader should notice that we wrote u(A) without proving that A is Lebesgue measurable. A rigorous
argument uses the completeness property of the Lebesgue measure, which says that if A is a subset of a set with
Lebesgue measure 0, then A is Lebesgue measurable and has measure 0.
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Appendix A

Hoeffding’s Inequality

Suppose {X;}?°, is a family of independent random variables with common mean value
u € R. For each n, we define the random variable

We notice that E [S,,/n] = p. An early question posed in Probability Theory was to find the
limiting behavior of the quantity S, /n as n becomes large. Intuitively, one could guess that as n
tends to infinity, this quantity would get closer and closer to the mean value u. This observation
is made mathematically precise in one of the fundamental results of modern Probability Theory,
the Law of large numbers.

Theorem 18 (Kolmogorov’s law of large numbers). Suppose {X;}32, is a family of independent
random variables that have the same distribution as a generic random variable X. If up = E [X]
exists(infinite values are allowed) then

P [ lim & = u} =1
n—oo n

The proof of this important theorem can be found in standard textbooks of measure theoretic
probability[Bil08, Cinl1, Shi96]. This theorem roughly tells us that as n becomes larger, the
distribution of S,,/n becomes more and more concentrated around it’s mean value . In computer
science, sums of independent random variables frequently arise in the analysis of randomized
algorithms. Sometimes, the performance of a randomized algorithm crucially depends on how
fast the quantity S, /n concentrates around it’s mean. Thus, we need to quantify how fast the
convergence is in the law of large numbers. The answer is provided by an elegant inequality,
which also holds with minimal assumptions.

Lemma 14 (Hoeffding’s Inequality[Hoe63, C"52]). Let Xi,...,X; be independent random
variables such that 0 < X; <1 and let X = (X1 + ...+ Xy)/t. Then for allt > 0,

P[X —E[X]| >\ <22

The proof of this important result can be found in[MUO05]. It says that the convergence for
bounded random variables is fast. As we explained, this inequality is especially useful when
we would like to know how much a sum of random variables deviates from the mean value. A
particular setting where it can be used is if all the X; follow the distribution B(p)(bernoulli with
probability p). Then, Hoeffding inequality quantifies what is the probability that the mean of
the values is close to p. In our problem, this will be useful with p replaced by the frequencies p;;
of meeting one’s neighbors.
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