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Εισαγωγή

Η ϐαρυτική αλληλεπίδραση στις τρεις και τέσσερις διαστάσεις περιγράφεται επιτυχώς από τη Γενική
Θεωρία της Σχετικότητας του Einstein στις οποίες η ϐαρύτητα ϑεωρείται ως µία ιδιότητα του χω-
ϱόχρονου. Παρόλα αυτά, η περιγραφή της ϐαρυτικής αλληλεπίδρασης επιδέχεται µία εναλλακτική
προσέγγιση, αυτήν της ϑεωρίας ϐαθµίδας των οµάδων συµµετριών των ϑεωρούµενων χωρόχρονων,
στις οποίες τα πεδία ϐαθµίδας ταυτοποιούνται µε το vielbein και το spin connection. Η ϐαρύτη-
τα στις τρεις διαστάσεις ειναι ακριβώς ισοδύναµη µε µία ϑεωρία ϐαθµίδας τύπου Chern Simons
της οµάδας ISO(1,2), ενώ αν περιλαµβάνεται η κοσµολογική σταθερά τότε οι αντίστοιχες οµάδες
είναι οι SO(1,3) και SO(2,2), ανάλογα µε το πρόσηµό της. Η τετραδιάστατη περίπτωση είναι
λίγο πιο περίπλοκη, µιας και αν ϑεωρήσουµε µία ϑεωρία ϐαθµίδας ISO(1,3), παρά το γεγονός
ότι οι µετασχηµατισµοί των πεδίων και οι εκφράσεις των τανυστών καµπυλότητας προκύπτουν ως
αναµένεται, υπάρχει ένα κώλυµα στο δυναµικό κοµµάτι της ϑεωρίας, διότι δεν µπορεί να οριστεί
µε αυτό τον τρόπο κάποια δράση, η µορφή της οποίας να συµπίπτει µε την Einstein-Hilbert.
Ωστόσο, το παραπάνω πρόβληµα ξεπερνιέται ϑεωρώντας µία SO(1,4) αναλλοίωτη δράση µε την
ταυτόχρονη συµπερίληψη ενός ϐαθµωτού πεδίου στη ϑεµλιώδη αναπαράσταση. Το πεδίο αυτό
επάγει την αυθόρµητη παραβίαση της συµµετρίας και οδηγεί στη Ϲητούµενη Einstein-Hilbert
δράση. Επιπλέον, υπάρχει ένα παρόµοιο πρόγραµµα στο οποίο η ϐαρύτητα Weyl µεταφράζεται
επιτυχώς ως µία ϑεωρία ϐαθµίδας της τετραδιάστατης σύµµορφης οµάδας, SO(2,4). Παροµοίως,
στην περίπτωση αυτή, κάποιος ξεκινάει µε µια δράση τύπου Yang-Mills και µε την επιβολή συ-
γκεκριµένων συνδέσµων, σπάει την επιπλέον συµµετρία, καταλήγωντας µε µία ϑεωρία ταυτόσηµη
µε αυτήν της ϐαρύτητας Weyl.

Οι παραπάνω κατασκευές µπορούν να µεταφερθούν στο πλαίσιο της µη µεταθετικής γεωµε-
τρίας. Πιο συγκεκριµένα, στην περιοχή υψηλών ενεργειών (κλίµακα Planck) η µεταθετικότητα των
συντεταγµένων του χώρου µπορεί να ϑεωρηθεί ότι αίρεται, εποµένως οι ϕυσικές ϑεωρίες στην πε-
ϱιοχή αυτήν πρέπει να τροποποιηθούν κατάλληλα. Αυτή είναι η ουσία των εργασιών που συνθέτουν
την παρούσα διατριβή, δηλαδή η διερεύνηση της ϐαρυτικής αλληλεπίδρασης στο µη µεταθετικό
πλαίσιο εργασίας.

Αυτό επιτυγχάνεται συνδυάζοντας την πετυχηµένη περιγραφή της ϐαρύτητας ως ϑεωρίας ϐαθ-
µίδας στις τρεις και τέσσερις διαστάσεις µε την καλώς ορισµένη κατασκευή ϑεωριών ϐαθµίδας σε µη
µεταθετικούς χώρους, µε αποτέλεσµα την κατασκευή ϐαρυτικών µοντέλων ως ϑεωριών ϐαθµίδας σε
µη µεταθετικούς (ασαφείς) χώρους. Αρχικά, δουλέψαµε στην τρισδιάστατη περίπτωση, τόσο στην
Lorentzian, όσο και στην Ευκλείδεια περίπτωση, χρησιµοποιώντας δύο ασαφείς χώρους, οι οποίοι
ορίζονται ως ϕυλλοποιήσεις των τρισδιάστατων Minkowski και Ευκλείδειου χώρων από ασαφή
υπερβολοειδή και ασαφείς σφαίρες, αντίστοιχα. Η κατασκευή των ϑεωριών ϐαθµίδας οδήγησε στην
εξεύρεση των µετασχηµατισµών των πεδίων ϐαθµίδας (vielbein και spin connection) και των εκ-
ϕράσεων των τανυστών καµπυλότητας καθώς επίσης και στην δράση τύπου Chern-Simons, από
την οποία εξάχθηκαν οι εξισώσεις κίνησης. Είναι αξιοσηµείωτο ότι όλα τα αποτελέσµατα ανάγονται
σε αυτά της τρισδιάστατης ϑεωρίας της ϐαρύτητας του Einstein κατά την ϑεώρηση του µεταθετι-
κού ορίου. ΄Επειτα, επικεντρωθήκαµε στην τετραδιάστατη περίπτωση στην οποία ο µη µεταθετικός
χώρος που ϑεωρήσαµε ήταν η ασαφής εκδοχή του τετραδιάστατου χώρου de Sitter. Παροµοίως
µε την τρισδιάστατη περίπτωση, ακολουθώντας την καθιερωµένη διαδικασία κατασκευής ϑεωριών
ϐαθµίδας σε µη µεταθετικούς χώρους, υπολογίζονται οι µετασχηµατισµοί των πεδίων ϐαθµίδας και
οι εκφράσεις των τανυστών καµπυλότητας καθώς και ορίζεται αρχικά µία δράση τύπου Yang-Mills,
η συµµετρία της οποίας παραβιάζεται από την επιβολή κατάλληλων συνδέσµων. Τα αποτελέσµατα
και στην περίπτωση αυτή συνάδουν µε αυτά της σύµµορφης ϐαρύτητας στο µεταθετικό όριο.
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Abstract

Gravitational interaction in three and four dimensions is successfully described by Einstein’s
theory of General Relativity (GR) in which gravity is considered as a geometric property of space
and time. However, its description admits an alternative description, that of a gauge theory
of the groups of symmetries of the spacetimes considered, in which the gauge fields of the
theory are identified as the vielbein and the spin connection. Gravity in three-dimensions is
exactly equivalent to a Chern-Simons gauge theory of ISO(1,2), while if cosmological constant
is included, the corresponding gauge groups are the SO(1,3) and SO(2,2) (dS3 and AdS3 groups)
depending on its sign. In the four-dimensional case, things are more complicated, since con-
sidering a gauge theory of ISO(1,3), despite yielding correct expressions for the transformations
of the fields and the curvature tensors, there is a drawback in the dynamic part, that is there
is no option for an action to recover the Einstein-Hilbert one. Nevertheless, this issue in nicely
addressed by considering an SO(1,4) gauge invariant action of Yang-Mills type and include a
scalar field in the fundamental representation. Inclusion of the scalar field induces a sponta-
neous symmetry breaking which leads to the desired Einstein-Hilbert action. Moreover, there
is also a similar programme in which Weyl gravity is successfully translated as a gauge theory
of the four-dimensional conformal group, SO(2,4). In this case, too, one begins with an action
of Yang-Mills type and breaks the redundant symmetry by imposing certain constraints (e.g.
the torsionless condition), resulting with a final action which is identical to the one of the Weyl
gravity.

The above constructions can be nicely translated in the framework of noncommutative ge-
ometry. Specifically, in the large-energy regime (Planck scale), commutativity of the coordinates
of the space is naturally assumed to be lifted, therefore, physical theories have to be modified
along these lines. This is the essence of the projects that compose this thesis, that is giving
insight in the gravitational interaction in this noncommutative regime.

This is achieved by combining the successful description of gravity as gauge theories, in
three and four dimensions, with the well-defined construction of gauge theories on noncom-
mutative spaces leading to constructions of gravitational models as gauge theories on noncom-
mutative (fuzzy) spaces. First, we worked in the three-dimensional case, in both Lorentzian
and Euclidean signature, employing two fuzzy spaces for each case which are defined as fo-
liations of the three-dimensional Minkowski and Euclidean space by fuzzy hyperboloids and
fuzzy spheres, respectively. The construction of the gauge theory led to the transformations of
the gauge fields, the curvature tensor expressions and an action of Chern-Simons type, which
after variation, produced the equations of motion. It is remarkable that all results reduce to
the ones of the Einstein’s three-dimensional theory of gravity when the commutative limit is
considered. Afterwards, we focused on the four-dimensional case, in which the noncommu-
tative space considered was the four-dimensional fuzzy de Sitter space. Again, following the
procedure for constructing the noncommutative gauge theory of gravity, transformations of the
fields, curvature tensors and an action of Yang-Mills type were obtained. The results in this
case are related to the ones of the gauging of the conformal group, in the commutative limit.
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Introduction

In 1915, Einstein coined the description of gravitational interaction as being mediated by the
curvature of the spacetime itself in his theory of General Relativity. General Relativity is an
extremely successful theory, passing all tests since then, such us the so-called classical tests
of General Relativity (the perihelion precession of Mercury’s orbit, the deflection of light by
the Sun and the gravitational redshift of light), the recent detection of gravitational waves or
the more recent direct observation of a black hole. However, gravity, through the geometric
description of General Relativity, is formulated in a completely different way compared to the
description of the rest of the interactions (electromagnetic, weak and strong), which is based
on the principle of gauge invariance. Therefore, towards the direction of the unification of all
interactions, although unification of the three interactions described as gauge theories is, at
least, easier to conceive and formulate, gravity is left outside from this picture. Thus, in order
to include the gravitational interaction in a unified scheme along with the rest, an alternative
approach of gravity, which would also recover the successful results of General Relativity, as
a gauge theory seemed like a first step to the direction of unification of all interactions. In
middle 1950’s, Utiyama pioneered in this field of gauge-theoretic approach of gravity [1], in
which he showed that gravity can be regarded as a gauge theory of the Lorentz group, SO(1,3),
but the formulation was far from perfect because of the ad hoc introduction of the vierbein. This
problem was, at least partly, solved by Kibble [2] taking into consideration the inhomogeneous
Lorentz group (Poincaré group ISO(1,3)) as gauge group, identifying both the vierbein and the
spin connection as gauge fields of the theory. Still, the whole undertaking of the description
of gravity as a gauge theory was no convincing, because there was no action originating from
a gauge theory of the Poincaré group that could take the form of Einstein-Hilbert action and
therefore dynamics of the General Relativity in four dimensions could not be retrieved. However,
in 1980, Stelle and West [3] (see also [4–6]) addressed the above problem, considering an SO(1,4)
gauge invariant action of Yang-Mills type along with the introduction of a scalar field in the
fundamental representation of the group. By the inclusion of an appropriate potential term,
the scalar field induces a spontaneous symmetry breaking leading to an action which is of the
desired Einstein-Hilbert form. Therefore, although there is a fundamental difference between
gravity as a gauge theory and the rest due to the mixing of the gauge transformations with the
spacetime coordinates through the identification of the gauge fields, eventually gravity can fall
into a common class with the other interactions.

Also, in the late 1970’s, another contribution in the approach of four-dimensional gravity
as a gauge theory was made, this time concerning conformal gravity and supergravity [7, 8]1.
Specifically, a gauge theory of the four-dimensional conformal group, SO(2,4) was constructed,
with the vierbein and spin connection being identified again as some of the gauge fields. There-
fore, it is understood that, in this case, too, the translational part of the internal symmetry has
to be be related with the general coordinate transformations. The transformations of all gauge
fields and the component curvature tensors were obtained following the standard procedure
and the action proposed was of Yang-Mills type making use of the square of the curvature
tensor. The SO(2,4) gauge symmetry of this action was broken with the imposition of certain
constraints, such as the torsionless condition, leading to the scale invariant Weyl action. There-
fore, it was shown that Weyl gravity can be also described as a gauge theory of the conformal
group.

1For a textbook we propose [9].
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Furthermore, another contribution supporting the relation between gravity and gauge the-
ories was the formulation of Einstein’s three-dimensional gravity as a gauge theory of the
three-dimensional Poincaré group, ISO(1,2) or of the three-dimensional de Sitter and Anti de
Sitter groups, SO(1,3) and SO(2,2), respectively, when a cosmological constant is included [10].
The equivalence of the three-dimensional Einstein’s gravity to the ISO(1,2) gauge theory was
achieved by considering a pure Chern-Simons interaction, instead of the ordinary Yang-Mills in-
teraction. Moreover, in ref. [10] it is claimed that the quantized version of the three-dimensional
gravity is a renormalizable theory, a fact that is not evident when gravity is formulated in the
standard metric-depended formalism. Also, it is commented that for the four-dimensional grav-
ity that is not the case. Therefore, three-dimensional gravity is equivalent to a Chern-Simons
gauge theory.

At this point the discussion about the equivalence between gravity and gauge theories is
concluded. Now, since our purpose is to translate the above programme to the noncommutative
framework, let us move on with a short introduction on noncommutative geometry [11]. The
first implication of spacetime noncommutativity was made in the early days of quantum field
theories by the pioneers in the field of quantum mechanics, most notably Heisenberg. The whole
idea was based on the postulation that a noncommutative structure for spacetime coordinates
at very small scales could lead to the introduction of an effective ultraviolet cutoff [12, 13]. It
was claimed that this cutoff, originating from noncommutativity, would regulate the ultraviolet
divergences of the quantum field theories such as quantum electrodynamics. However, at
the same time, the renormalization programme proved to be successful, therefore, the bad
timing made noncommutativity to be set aside for a while. The whole idea of noncommutativity
became interesting again in 1980’s, when the generalized notion of a differential structure in
the noncommutative framework was achieved [14], along with the definition of a generalized
integration [15].

In quantum mechanics, a quantum phase space is defined by replacing the variables of
the canonical position, xi, and momentum, pi, with Hermitian operators x̂i, p̂i, respectively,
which obey the Heisenberg commutation relations [x̂i, p̂j ] = i~δij . The notion of a point of a
phase space is no longer meaningful, with the notion of the Planck cell replacing it, recovering
the ordinary phase space in the ~ → 0 limit. In analogy to the above quantization of phase
space, a noncommutative spacetime is defined by replacing the spacetime coordinates xi by
Hermitian generators x̂i of a noncommutative C∗-algebra of functions [16–32], which obey the
commutation relation [x̂i, x̂j ] = iθij , in complete analogy to the Heisenberg’s commutation
relation. Since the coordinates do not commute, they cannot be diagonalized at the same time,
therefore the place of the manifold is taken by a Hilbert space of states. In analogy to quantum
mechanics, a spacetime uncertainty relation is induced, ∆xi∆xj ≥ 1

2 |θ
ij |. The noncommutative

framework described so far is particularly interesting because it admits the description of both
particle physics and gravity models in conditions in which the commutativity of coordinates can
be naturally relaxed (e.g. at the Planck scale).

First let us comment on the gravity case. Taking into consideration the relation of gravity
and gauge theories as discussed earlier and motivated at the same time by the existence of
noncommutative gauge theories [33], it is natural to apply them for the construction of non-
commutative gravity models. Such an approach is followed in Refs. [34–38]. Similarly, this
has been studied also in three dimensions, making use of the relation to Chern-Simons gauge
theory mentioned earlier [39–41]. The above works share a common feature, that is the non-
commutative deformation is constant (Moyal-Weyl) and the construction of the theories is made
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using the corresponding ?-product and the Seiberg-Witten map [42]. Alternatively, one can use
another type of noncommutative geometries, the matrix geometries, in order to work on quan-
tum gravity [43, 44]. Several approaches have been suggested in recent years, mainly based
on Yang-Mills matrix models [45–55], pointing once more at direct relations among noncom-
mutative gauge theories and gravity. For another approach see Refs. [56–58], where a solid
indication that the degrees of freedom or basic modes of the resulting theory of gravity can be
put in correspondence with those of the noncommutative structure has been presented. In this
case, the usual symmetries such as coordinate invariance are built-in, and the commutator of
coordinates can have arbitrary dependence on them. In general, attempting to formulate gravity
in the noncommutative setup, the price one has to pay is that noncommutative deformations
generically break Lorentz invariance. For certain types of noncommutative spaces, it is possible
to define deformed symmetries which are preserved, as for example in the case of κ-Minkowski
spacetime [59,60], which appears as a solution of the Lorentzian IIB matrix model in Ref. [61].
However, there are special types of deformations, in fact some of the very first noncommuta-
tive geometries ever considered, that constitute covariant noncommutative spacetimes [12,13].
This spirit was recently revived in Ref. [62], where the authors discuss a realization of this idea
and construct a noncommutative deformation of a general conformal field theory defined on
four-dimensional dS or AdS spacetime. Another four-dimensional constructions were pursued
in Refs. [63–66]2.

Now, let us say a few words about the particle physics models which can be accommo-
dated in the framework of noncommutative geometry, specifically in the noncommutative gauge-
theoretic approach [23] (see also [18,25,26]). A very interesting development in the framework
of the non-commutative geometry is the programme in which the extra dimensions of higher-
dimensional theories are considered to be non-commutative (fuzzy) [67–77]. This programme
overcomes the ultraviolet/infrared problematic behaviours of theories defined in noncommuta-
tive spaces. A very welcome feature of such theories is that they are renormalizable, versus all
known higher-dimensional theories.

The outline of the present thesis is as follows. In chapter one, we write down the necessary
preliminaries, that is the non-coordinate basis of the tangent space at a point of a manifold and
the vierbein formalism of the theory of general relativity, in which its results are reproduced
making use of the vierbein and the spin connection instead of the metric. Then, employing the
vierbein formalism, the description of specific gravity theories as gauge theories is reviewed.
More specifically, first we recall the three-dimensional Einstein’s gravity case, in which the
results are exactly reproduced through the construction of a Chern-Simons gauge theory of
ISO(1,2) for vanishing cosmological constant and SO(1,3) and SO(2,2) for positive or negative
cosmological constant, respectively. The key point in this approach is that the gauge fields of the
theory are identified to the dreibein and the spin connection. Then, we recall the corresponding
works in the four-dimensional case. Despite the fact that the form of the Einstein-Hilbert action
does not admit an ISO(1,3) gauge-theoretic interpretation generalizing the three-dimensional
case, alternative ways have been employed. A convincing and straightforward way is to consider
the SO(1,4) as the gauge group, in which the gauge fields are again identified as the vierbein and
the spin connection. Moreover, a scalar field in the fundamental representation of SO(1,4) has to
be introduced in order to induce a spontaneous symmetry breaking, resulting with the Einstein-
Hilbert action if the initial action is SO(1,4) gauge invariant of Yang-Mills type. Concluding this

2See also [56,57].
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chapter, we review the corresponding case of the Weyl gravity, which is described as a gauge
theory of the four-dimensional conformal group, SO(2,4). The transformations of the fields and
the curvature tensors are obtained following the standard procedure, but the action is initially
defined to be SO(2,4) gauge invariant of Yang-Mills type. In this case too, the symmetry has
to be broken and it is induced by the imposition of certain constraints (such as the torsionless
condition) rather than spontaneously. The final action is the scale invariant Weyl action.

In chapter two, the framework of noncommutative geometry is studied in the two descrip-
tions, that is the one with functions and the ?-product and the other with matrices and the
ordinary matrix product, which is the one we use in the construction of our models later. Then,
we focus on the very important covariant noncommutative space that is the fuzzy sphere and
introduce it in a comparative way to the ordinary sphere. We conclude this chapter with a
very important and useful section for our purposes, in which we recall the formulation of gauge
theories on noncommutative spaces.

In chapter three, we give some information about the specific noncommutative (fuzzy) spaces
we employ in our works, on which we construct our gravitational models. More specifically,
we review the definition of the R3

λ (and its Lorentzian analogue) and also we define a four-
dimensional fuzzy de Sitter space [78] and comment on its properties compared to other fuzzy
spaces.

In chapter four, we write down the main body of the thesis that is based on our corresponding
publications. First, we build a gravitational model in the three-dimensional case [79]3, making
use the three-dimensional covariant fuzzy spaces defined in chapter 3. For the construction of
the model, we follow the standard procedure of the gauge-theoretic approach, as it is explained
in chapter one, obviously translated in the noncommutative framework. The expressions of
the transformations of the gauge fields (noncommutative versions of the dreibein and the spin
connection) and their corresponding component curvature tensors are obtained and then the
action is given along the lines of a Chern-Simons functional. In the four-dimensional case,
after the definition of the fuzzy de Sitter space in chapter 3, we went on following the standard
procedure generalizing the one of the three-dimensional case [78]. In this case, a symmetry
breaking mechanism had to be employed for breaking the symmetry of the Yang-Mills action
we considered in the beginning and result with an action with Lorentz symmetry.

The next chapter is devoted to the conclusions of our works. In the appendix, except for
appendix A, the rest are calculations and technical (mathematical) details, which were useful
for building our models. Appendix A is related to some previous works that we reviewed re-
cently [75–77]4. More specifically, it consists of works in which the noncommutative geometry
framework is employed for the construction of particle physics models. Specifically, a four-
dimensional N = 4 supersymmetric Yang-Mills theory is initially considered, consisting of a
specific particle spectrum. The particle content is filtered out by an orbifold projection and the
resulting theory is a gauge theory with reduced, N = 1 supersymmetry with a particle content
consisting only of the fields that survived the projection. From the resulting superpotential,
along with the introduction of soft supersymmetry breaking terms, the scalar potential is ob-
tained, which, when minimized, produces a vacuum of the theory that can interpreted as three
fuzzy spheres. In other words, after the breaking, the resulting theory mimics the results of a
dimensional reduction of a higher-dimensional gauge theory with fuzzy extra dimensions. As
for the final gauge group, the most favoured one is the trinification group, that is an SU(3)3

3See also [80,81].
4For the original papers see [73,74].
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unified theory that is also chiral.
To sum up, the main part of the thesis is the translation of the programme of describing

gravitational theories as gauge theories to the noncommutative framework. Also, for complete-
ness, the reviewed work of a particle physics model using fuzzy spaces as extra dimensions is
also included.

x
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Κεφάλαιο 1

Περίληψη

1.1 Εισαγωγή

Το 1915 ο Einstein κατοχύρωσε την περιγραφή της ϐαρυτικής αλληλεπίδρασης ως να οφείλεται
στην καµπυλότητα του χωρόχρονου καθάυτού στην Γενική Θεωρία της Σχετικότητας. Η ϑεωρία της
Σχετικότητας αποτελεί µία από τις πλέον επιτυχηµένες ϑεωρίες, περνώντας όλους τους ελέγχους
από την γέννηση της, όπως τα λεγόµενα ¨κλασικά τεστ της Γενικής Θεωρίας της Σχετικότητας¨
(την προπόρευση του περιηλίου του Ερµή, την εκτροπή του ϕωτός από τον ήλιο και τη ϐαρυτική
µετατόπιση προς στο ερυθρό), η πρόσφατη ανίχνευση των ϐαρυτικών κυµάτων και η ακόµα πιο
πρόσφατη παρατήρηση µελανής οπής. Ωστόσο, η ϐαρύτητα, µέσω της γεωµετρικής περιγραφής
από τη Γενική Θεωρία της Σχετικότητας, διατυπώνεται µε έναν εντελώς διαφορετικό τρόπο συγκρι-
τικά µε την περιγραφή των υπόλοιπων αλληλεπιδράσεων (ηλεκτροµαγνητική, ασθενής και ισχυρή)
η οποία ϐασίζεται στην αναλλοιώτητα ϐαθµίδας. Εποµένως, στην κατεύθυνση του στόχου πολλών
επιστηµόνων να ενοποιήσουν όλες τις αλληλεπιδράσεις, παρόλο που η ενοποίηση για τις τρεις αλ-
ληλεπιδράσεις οι οποίες περιγράφονται ως ϑεωρίες ϐαθµίδας είναι ευκολότερο να κατανοηθεί και
να διατυπωθεί, η ϐαρυτική µένει εκτός αυτής της εικόνας. Εποµένως, για να συµπεριληφθεί η
ϐαρυτική αλληλεπίδραση σε ένα πρόγραµµα ενοποίησης µαζί µε τις υπόλοιπες αλληλεπιδράσεις,
το πρώτο ϐήµα είναι να αποτυπωθεί µία εναλλακτική προσέγγιση για την περιγραφή της ϐαρύτητας
ως ϑεωρίας ϐαθµίδας, η οποία πρέπει να αναπαραγάγει τα αποτελέσµατα της Γενικής Θεωρίας της
Σχετιότητας. Περί τα µέσα του πρηγούµενου αιώνα, ο Utiyama πρωτοπόρησε στο πεδίο της περι-
γραφής της ϐαρύτητας ως ϑεωρίας ϐαθµίδας [1] υποστηρίζοντας ότι η ϐαρύτητα µπορεί να ιδωθεί
ως µία ϑεωρία ϐαθµίδας της οµάδας Lorentz, SO(1,3). ΄Οµως, η συνολική διατύπωση ϑεωρήθηκε
ως ατελής λόγω της αυθαίρετης εισαγωγής των vierbein. Το πρόβληµα αυτό λύθηκε, τουλάχι-
στον µερικώς, από τον Kibble, [2] ο οποίος ϑεώρησε ως οµάδα ϐαθµίδας την ανοµοιογενή οµάδα
Lorentz, δηλαδή την οµάδα Poincaré (ISO(1,3)), ταυτοποιώντας τα vierbein και spin connection ως
τα πεδία ϐαθµίδας της ϑεωρίας. ΄Οµως, ακόµη και µετά από αυτήν την τροποποίηση το συνολικό
εγχείρηµα δεν κατάφερε να πείσει την κοινότητα ότι η ϐαρύτητα µπορεί να περιγραφεί ως ϑεωρία
ϐαθµίδας διότι δεν µπορούσε να παραχθεί η κατάλληλη δράση (Einstein-Hilbert) µε έναν συνεπή
και µη κατευθυνόµενο τρόπο. Παρόλα αυτά, το 1980 οι Stelle και West αντιµετώπισαν το παρα-
πάνω πρόβληµα ϑεωρώντας µία SO(1,4) αναλλοίωτη δράση τύπου Yang-Mills µε την παράλληλη
εισαγωγή ενός ϐαθµωτού πεδίου στη ϑεµελιώδη αναπαράσταση της οµάδας [3] (ϐλέπε επίσης [4–6]).
Το ϐαθµωτό πεδίο επάγει αυθόρµητη παραβίαση της συµµετρίας οδηγώντας σε µία δράση, η µορ-
ϕή της οποίας είναι η επιθυµητή της Einstein-Hilbert. Εποµένως, παρόλο που η περιγραφή της
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ϐαρυτικής αλληλεπίδρασης διαφοροποιείται από τις υπόλοιπες υπό την έννοια ότι στην πρώτη ανα-
µιγνύονται ουσιαστικά οι εσωτερικές συµµετρίες µε τις χωροχρονικές, εν τέλει η ϐαρύτητα µπορεί
να ϑεωρηθεί ότι εµπίπτει σε µία κοινή ϑεώρηση µε τις υπόλοιπες αλληλεπιδράσεις.

Επίσης, στα τελη της δεκαετίας του 1970, επετεύχθη ακόµα µία συνεισφορά στην γενικότερη
ϑεώρηση ϐαρυτικών ϑεωριών ως ϑεωριών ϐαθµίδας, αυτή τη ϕορά αναφορικά µε την σύµµορφη
ϐαρύτητα [7–9]. Πιο συγκεκριµένα, η οµάδα ϐαθµίδας που χρησιµοποιείται είναι η SO(2,4), µε
τα vierbein και το spin connection να ταυτοποιούνται, εκτός άλλων, ως διανυσµατικά πεδία ϐαθ-
µίδας. Εποµένως, είναι κατανοητό ότι και σε αυτήν την περίπτωση το κοµµάτι που σχετίζεται
µε τους γεννήτορες των µεταθέσεων ϑα πρέπει να συσχετιστεί µε τους γενικούς µετασχηµατισούς
συντεταγµένων. Οι µετασχηµατισµοί των πεδίων και οι εκφράσεις των τανυστών καµπυλότητας
αποκτώνται σύµφωνα µε την καθιερωµένη διαδικασία ενώ η αρχική δράση που υιοθετείται είναι
τύπου Yang-Mills. Η αρχική συµµετρία SO(2,4) παραβιάζεται µέσω της επιβολής συγκεκριµένων
συνδέσµων, όπως η συνθήκη µηδενικής στρέψης, µε αποτέλεσµα την απόκτηση µίας δράσης η
έκφραση της οποίας συµπίπτει µε αυτή της δράσης Weyl. Εποµένως, αποδείχθηκε ότι η ϐαρύτη-
τα Weyl µπορεί να περιγραφεί ισοδύναµα ως ϑεωρία ϐαθµίδας της τετραδιάστατης σύµµορφης
οµάδας.

Επιπλέον, ακόµα µία συνεισφορά προς την κατεύθυνση της συσχέτισης ϐαρυτικών ϑεωριών
µε ϑεωρίες ϐαθµίδας αποτελεί η διατύπωση της τρισδιάστατης Einstein ϐαρύτητας ως ϑεωρίας
ϐαθµίδας της τρισδιάστατης οµάδας Poincaré, ISO(1,2) ή των τρισδιάστατων οµάδων de Sitter και
Anti de Sitter, SO(1,3) και SO(2,2), αντίστοιχα, όταν περιλαµβάνεται κοσµολογική σταθερά [10].
Η αντιστοίχιση ανάµεσα στην τρισδιάστατη ϐαρύτητα και την ISO(1,2) ϑεωρία ϐαθµίδας επετεύχθη
µε τη ϑεώρηση µίας Chern-Simons αλληλεπίδρασης, αντί µίας τύπου Yang-Mills. Εποµένως, η
τρισδιάστατη ϐαρύτητα µπορεί να περιγραφεί επακριβώς ως µία αµιγής Chern-Simons ϑεωρία.

∆εδοµένου ότι ο σκοπός µας είναι να µεταφράσουµε την παραπάνω συζήτηση για την αντιστο-
ίχιση ϐαρυτικών ϑεωριών µε ϑεωρίες ϐαθµίδας στο µη µεταθετικό πλάισιο εργασίας, ας προχω-
ϱήσουµε µε την εισαγωγή της έννοιας της µη µεταθετικότητας των συντεταγµένων [11]. Η πρώτη
νίξη της µη µεταθετικότητας των συντεταγµένων πραγµατοποιήθηκε κατά τη διάρκεια της ϑεµε-
λίωσης των κβαντικών ϑεωριών πεδίου από τους πρωτοπόρους της κβαντικής ϕυσικής µε απώτερο
σκοπό τη διαχείριση των αναδυόµενων υπεριωδών αποκλίσεων. Υποστηρίχθηκε ότι η εισαγωγή
της µη µεταθετικότητας των συντεταγµένων ϑα µπορούσε να επαγάγει την εισαγωγή ενός ενεργού
υπεριώδους ορίου [12,13]. Ωστόσο, την ίδια περίοδο, το πρόγραµµα της επανακανονικοποίησης
έδωσε λύσεις στο παραπάνω πρόβληµα και για το λόγο αυτό η ιδέα της µη µεταθετικότητας πέρασε
στην αφάνεια. Η όλη ιδέα επανήλθε στο προσκήνιο κατά τη δεκαετία του 1980 όταν η γενικευ-
µένη έννοια διαφορικού [14] και ολοκληρωτικού λογισµού [15] ϑεµελιώθηκε για µη µεταθετικούς
χώρους.

Ανακαλώντας την περίπτωση της κβαντικής ϕυσικής, η οποία λειτούργησε σαν πηγή έµπνευσης
για τη ϑεµελίωση του µη µεταθετικού πλαίσιου εργασίας, οι κανονικές συντεταγµένες του χώρου
των ϕάσεων, xi και pj αντικαθίστανται από τους ερµιτιανούς πίνακες x̂i και p̂j , οι οποίοι υπακούουν
την περίφηµη µεταθετική σχέση του Heisenberg, [x̂i, p̂j ] = i~δij . Η έννοια του σηµείου στο χώρο
των ϕάσεων παύει να έχει σηµασία µε την έννοια της κυψελίδας Planck να την αντικαθιστά, µε την
ανάκτηση του συνηθισµένου χώρου να συµβαίνει στο όριο ~ → 0. Σε αναλογία µε την παραπάνω
κβάντωση του χώρου των ϕάσεων, ένας µη µεταθετικός χώρος ορίζεται µέσω της αντικατάστασης
των χωροχρονικών συντεταγµένων, xi, από ερµιτιανούς γεννήτορες x̂i µίας µη µεταθετικής C? άλ-
γεβρας συναρτήσεων [16–32], οι οποίοι ικανοποιούν τη µεταθετική σχέση [x̂i, x̂j ] = iθij , σε πλήρη
αναλογία µε τη µεταθετική σχέση του Heisenberg. Εφόσον οι συντεταγµένες δε µετατίθενται, δεν
µπορούν να διαγωνοποιηθούν ταυτόχρονα, εποµένως η έννοια της πολλαπλότητας αντικαθίσταται
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από αυτήν ενός χώρου καταστάσεων Hilbert. Σε αναλογία µε την κβαντική ϕυσική, εµφανίζεται µία
χωροχρονική σχέση απροσδιοριστίας, ∆xi∆xj ≥ 1

2 |θij |. Σε ό,τι αφορά τους δικούς µας σκοπούς, οι
µη µεταθετικοί χώροι είναι ιδιαίτερα ενδιαφέροντες και χρήσιµοι καθώς µπορούν να ϕιλοξενήσουν
την κατασκευή τόσο σωµατιδιακών όσο και ϐαρυτικών µοντέλων.

Πρώτα, ας ασχοληθούµε µε την περίπτωση της ϐαρύτητας. Λαµβάνοντας υπόψη τη σχέση α-
νάµεσα στις ϐαρυτικές ϑεωρίες και τις ϑεωρίες ϐαθµίδας, όπως αυτή συζητήθηκε παραπάνω, µε την
ταυτόχρονη ύπαρξη καλώς ϑεµελιωµένων ϑεωριών ϐαθµίδας σε µη µεταθετικούς χώρους [33], ε-
ίναι ϕυσικό να τις χρησιµοποιήσουµε µε σκοπό την κατασευή µη µεταθετικών ϐαρυτικών µοντέλων.
Μία τέτοια προσέγγιση ακολουθήθηκε στις αναφορές [34–38]. Παροµοίως, µελέτες έχουν γίνει και
για την τρισδιάστατη περίπτωση συµπεριλαµβάνοντας τη σχέση µε τις Chern-Simons ϑεωρίες ϐαθ-
µίδας [39–41] στις οποίες αναφερθήκαµε παραπάνω. ΄Ολες οι παραπάνω δουλειές µοιράζονται δύο
κοινά χαρακτηριστικά, ότι η µη µεταθετική παραµόρφωση είναι σταθερή (Moyal-Weyl) καθώς και
ότι γίνεται χρήση του αντίστοιχου ?−γινοµένου και η απεικόνιση Seiberg-Witten [42]. Εναλλακτι-
κά, είναι δυνατόν κάποιος να χρησιµοποιήσει έναν διαφορετικό τύπο µη µεταθετικών γεωµετριών,
τις γεωµετρίες πινάκων, έτσι ώστε να δουλέψει πάνω στην κβαντική ϐαρύτητα [43, 44]. Επίσης,
αρκετές προσεγγίσεις έχουν προταθεί τα τελευταία χρόνια, κυρίως ϐασισµένες σε Yang-Mills µο-
ντέλα πινάκων [45–55]. Για µια ακόµα προσέγγιση επί του ϑέµατος ϐλέπε αναφορές [56–58], στις
οποίες παρουσιάζεται µία στέρεη ένδειξη ότι οι ϐαθµοί ελευθερίας της τελικής ϑεωρίας ϐαρύτητας
µπορούν να συσχετιστούν µε αυτούς µίας µη µεταθετικής κατασκευής. Σε αρκετές περιπτώσεις,
οι προσπάθειες να διατυπωθεί η ϐαρύτητα σε µη µεταθετικούς χώρους εµφανίζουν την παθογένεια
ότι οι µη µεταθετικές παραµορφώσεις παραβιάζουν τη συµµετρία Lorentz. Για συγκεκριµένους
τύπους µη µεταθετικών χώρων, είναι δυνατόν να οριστούν παραµορφωµένες συµµετρίες οι οπο-
ίες διατηρούνται, όπως για παράδειγµα στην περίπτωση του χωρόχρονου κ−Minkowski [59,60].
Ωστόσο, υπάρχουν συγκεκριµένα είδη παραµορφώσεων τα οποία αποτελούν συναλλοίωτους µη
µεταθετικούς χώρους, µάλιστα τέτοιοι είναι κάποιοι από τους πρώτους που ϑεµελιώθηκαν [12,13].
Σε αυτην τη ϐάση, στην αναφορά [62], οι συγγραφείς συζητούν µία πραγµάτωση της ιδέας αυτής
και κατασκευάζουν µία µη µεταθετική παραµόρφωση µίας σύµµορφης ϑεωρίας πεδίου, ορισµένη
στον τετραδιάστατο de Sitter (ή Anti de Sitter) χώρο. Τέλος, για περισσότερες κατασκευές στις
τέσσερις διαστάσεις ϐλέπε αναφορές [63–66]1.

Τώρα, ας περάσουµε στις κατασκευές µοντέλων σωµατιδιακής ϕυσικής οι οποίες ϕιλοξενούνται
στο πλαίσιο εργασίας της µη µεταθετικής γεωµετρίας, συγκεκριµένα ως ϑεωρίες ϐαθµίδας [23]
(επίσης ϐλέπε [18, 25, 26]). Μία πολύ ενδιαφέρουσα εξέλιξη στην κατεύθυνση αυτή αποτελεί το
πρόγραµµα κατά το οποίο οι έξτρα διαστάσεις µεγαλοδιάστατων ϑεωριών ϑεωρούνται µη µετα-
ϑετικές (ασαφείς) [67–77] καθώς ξεπερνούν τις προβληµατικές συµπεριφορές της ανάµιξης υπε-
ϱιώδους/υπέρυθρου οι οποίες εµφανίζονται σε ϑεωρίες σε µη µεταθετικούς χώρους. Επίσης, ένα
πολύ ευχάριστο χαρακτηριστικό είναι ότι τέτοιες ϑεωρίες είναι επανακανονικοποίησιµες, σε αντίθε-
ση µε όλες τις υπόλοιπες µεγαλοδιάστατες ϑεωρίες.

Ο σκελετός της περίληψης στα ελληνικά έχει ως εξής : Αρχικά αναφέρουµε λίγες ϐασικές πλη-
ϱοφορίες για την περιγραφή ϐαρυτικών ϑεωριών ως ϑεωριών ϐαθµίδας. ΄Επειτα, δίνονται γενικές
πληροφορίες για τη µη µεταθετική γεωµετρία και πως αυτή διατυπώνεται και µετά εξειδικεύουµε
σε συγκεκριµένους συναλλοίωτους ασαφείς χώρους οι οποίοι είναι απαραίτητοι για την κατασκευή
των µοντέλων µας. Αυτά είναι δύο, το πρώτο αφορά µία εκδοχή τρισδιάστατης ϐαρύτητας ως ϑεωρία
ϐαθµίδας πάνω τον συναλλοίωτο ασαφή χώρο R3

λ [79]2 ενώ το δεύτερο αναφέρεται στην τετραδι-
άστατη ϐαρυτήτα χτισµένη πάνω σε έναν τετραδιάστατο συναλλοίωτο ασαφή χώρο [78], fuzzy dS,

1Επίσης ϐλέπε [56,57].
2Επίσης ϐλέπε [80,81].
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τον οποίον κατασκευάσαµε για τον σκοπό αυτό.
Κλείνοντας, η εργασία αφορά στην κατασκευή ϐαρυτικών µοντέλων σε µη µεταθετικούς χώρους

µε σκοπό τη διερεύνηση της ϐαρυτικής αλληλεπίδρασης στις τρεις και τέσσερις διαστάσεις, σε
συνθήκες κατά τις οποίες η µη µεταθετικότητα των συντεταγµένων τίθεται σε ισχύ.

1.2 Η ϐαρύτητα ως ϑεωρία ϐαθµίδας στις τρεις και τέσσερις δια-
στάσεις

Ας µελετήσουµε πρώτα την τρισδιάστατη Einstein ϐαρύτητα και τη σχέση της µε ϑεωρία ϐαθ-
µίδας [10]. Για να αναδειχθεί η σχέση αυτή, πρέπει να χρησιµοποιηθεί ο (τρισδιάστατος) vielbein
ϕορµαλισµός της Γενικής Θεωρίας της Σχετικότητας, στον οποίο αντί για τη µετρική χρησιµο-
ποιούνται τα vierbein και spin connection ως δυναµικές µετεβλητές. Στις τρεις διαστάσεις, για
µία πολλαπλότητα, M , η Einstein-Hilbert δράση, απουσία ύλης και κοσµολογικής σταθεράς, σε
όρους vielbein και spin connection είναι :

SEH3 =
1

16πG

∫
M
εµνρe aµ (∂νωρa − ∂ρωνa + εabcω

b
ν ω

c
ρ ) . (1.1)

Μεταβολή στην παραπάνω δράση ως προς το πεδίο e οδηγεί στις πεδιακές εξισώσεις του Einstein
στο κενό :

Rµνa = ∂νωρa − ∂ρωνa + εabcω
b
ν ω

c
ρ = 0 , (1.2)

ενώ µεταβολή ως προς το πεδίο ω οδηγεί στη συνθήκη µηδενικής στρέψης:

T a
µν = ∂µe

a
ν − ∂νe aµ + εabcωµbeνc − εabcωνbeµc = Dµe

a
ν −Dνe

a
µ = 0 , (1.3)

όπου η Dµe
a
ν ορίζεται ως :

Dµe
a
ν = ∂µe

a
ν + εabcωµbeνc . (1.4)

Παραπάνω έχει γίνει χρήση του επαναορισµού ω a
µ = 1

2ε
abcωµbc.

Αν στην παραπάνω δράση, (1.1), ϑεωρήσουµε ότι τα vielbein και spin connection συµβολίζονται
συλλογικά από ένα πεδίο A, τότε η δράση γράφεται σαν AdA+A3, µία µορφή η οποία παραπέµπει
στη γενική µορφή ενός συναρτησοειδούς Chern-Simons στις τρεις διαστάσεις. Αυτό δείχνει προς
την κατεύθυνση συσχετισµού της τρισδιάστατης ϐαρύτητας µε µία Chern-Simons ϑεωρία ϐαθµίδας.
Αποµένει να ϐρεθεί η κατάλληλη οµάδα ϐαθµίδας, έτσι ώστε να γραφτεί η αντίστοιχη Chern-
Simons δράση και να επιβεβαιωθεί ότι συµπίπτει µε την τρισδιάστατη Einstein-Hilbert δράση,
(1.1).

΄Εστω ότι η κατάλληλη οµάδα ϐαθµίδας είναι η ISO(1,2). Αξίζει να σηµειωθεί ότι εν γένει το
Chern-Simons συναρτησοειδές ορίζεται για απλές άλγεβρες Lie. Εποµένως, δεν είναι προφανές
ότι µπορεί να κατασκευαστεί µία Chern-Simons ϑεωρία ϐαθµίδας της ISO(1,2), εκτός εάν επιβε-
ϐαιωθεί ότι η Chern-Simons αλληλεπίδραση µπορεί να οριστεί για την υποψήφια οµάδα. Με άλλα
λόγια, αυτό που επιδιώκεται είναι η εξεύρεση µίας αναλλοίωτης τετραγωνικής µορφής της ISO(1,2)
άλγεβρας Lie. Παρόλο που για αυθαίρετη διάσταση, δηλαδή για την οµάδα ISO(1,n-1), κάτι τέτοιο
δεν ισχύει, στη συγκεκριµένη περίπτωση όπου n = 3 υπάρχει µία αναλλοίωτη και µη εκφυλισµένη
µορφή, η οποία είναι η :

tr(JaPb) = δab , tr(PaPb) = 0 , tr(JaJb) = 0 , (1.5)
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όπου Ja = 1
2εabcJ

bc είναι οι τρεις γεννήτορες Lorentz και Pa οι τρεις µεταθέσεις, συναποτελώντας
τους έξι γεννήτορες της οµάδας ISO(1,2). Οι παραπάνω γεννήτορες ικανοποιούν την παρακάτω
άλγεβρα, όπως αυτή δίνεται από τις εξής µεταθετικές σχέσεις :

[Ja, Jb] = εabcJ
c , [Ja, Pb] = εabcP

c , [Pa, Pb] = 0 . (1.6)

Το επόµενο ϐήµα είναι να γραφτεί η συναλλοίωτη παράγωγος :

D̃µ = ∂µ + [Aµ, ·] , (1.7)

όπου Aµ(x) είναι η συνοχή ϐαθµίδας, η οποία αναπτύσσεται πάνω στους γεννήτορες της άλγεβρας
της ISO(1,2), αφού παίρνει τιµές σε αυτή:

Aµ(x) = e aµ (x)Pa + ω a
µ (x)Ja . (1.8)

Στην παραπάνω έκφραση της συνοχής ϐαθµίδας, Aµ, για κάθε γεννήτορα έχει ανατεθεί ένα διανυ-
σµατικό πεδίο. Το vielbein πεδίο έχει επισυναφθεί στις µεταθέσεις, ενώ για το κοµµάτι των στροφών
το αντίστοιχο πεδίο είναι το spin connection.

Εξ΄ ορισµού, η παράγωγος D̃µ µετασχηµατίζεται συναλλοίωτα, δίνοντας τον κανόνα µετασχη-
µατισµού του Aµ:

δAµ = −D̃µε = −∂µ − [Aµ, ε] , (1.9)

όπου ε = ε(x) είναι η παράµετρος µετασχηµατισµού ϐαθµίδας, η οποία, αφού είναι στοιχείο της
ISO(1,2) άλγεβρας, µπορεί να αναπτυχθεί στους γεννήτορες :

ε(x) = ξa(x)Pa + λa(x)Ja , (1.10)

µε ξa(x) και λa(x) να είναι απειροστές παράµετροι. Συνδυάζοντας τις εξισώσεις (1.8), (1.10) µε την
(1.9) και κάνοντας χρήση της άλγεβρας των γεννητόρων, (1.6), οι κανόνες µετασχηµατισµού των
διανυσµατικών πεδίων e και ω ϐρίσκονται :

δe aµ = −∂µξa − εabceµbλc − εabcωµbξc , (1.11)

δω a
µ = −∂µλa − εabcωµbλc . (1.12)

Οι παραπάνω µετασχηµατισµοί ϐαθµίδας δεν συµπίπτουν µε τους συνήθεις µετασχηµατισµούς
συντεταγµένων. Παρόλο που οι µεσαίοι όροι των παραπάνω εξισώσεων µπορούν να ταυτοποιηθούν
ως τοπικοί µετασχηµατισµοί Lorentz, , αφού το λc έχει αντιστοιχηθεί µε τον γεννήτορα Lorentz,
Jc, στον µετασχηµατισµό ϐαθµίδας, οι υπόλοιποι όροι δεν είναι αναγνωρίσιµοι από την πρώτη
µατιά. Αν είναι πιθανό να συσχετιστούν οι παραπάνω εκφράσεις των µετασχηµατισµών των πεδίων
ϐαθµίδας µε τους διαφοροµορφισµούς, τότε ϑα µπορούν να ϑεωρηθούν ισοδύναµοι µε τους µετα-
σχηµατισµούς συντεταγµένων και, την ίδια ώρα, αυτό ϑα αποτελεί επιβεβαίωση ότι η ISO(1,2) είναι
η κατάλληλη οµάδα ϐαθµίδας για την προσέγγιση της τρισδιάστατης Einstein ϐαρύτητας ως ϑεω-
ϱίας ϐαθµίδας. Φυσικά, η δράση που ϑα προσδιοριστεί ϑα πρέπει να είναι αναλλοίωτη κατω από
τους µετασχηµατισµούς ϐαθµίδας σε αντιστοιχία µε την τρισδιάστατη Einstein-Hilbert δράση, η
οποία είναι αναλλοίωτη κάτω από τους µετασχηµατισµούς συντεταγµένων. Η σχέση ανάµεσα στους
διαφοροµορφισµούς και τους µετασχηµατισµούς ϐαθµίδας συζητιέται αµέσως µετά τον καθορισµό
της δράσης και των αντίστοιχων εξισώσεων κίνησης.

Προχωρώντας στην κατασκευή της ϑεωρίας ϐαθµίδας της ISO(1,2), το επόµενο ϐήµα είναι να
υπολογιστούν οι συνιστώντες τανυστές καµπυλότητας των πεδίων ϐαθµίδας, κάνοντας χρήση της
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συνηθισµένης ϕόρµουλας, δηλαδή της χρήσης του µεταθέτη της συναλλοίωτης παραγώγου της
ϑεωρίας ϐαθµίδας, D̃µ:

Rµν = [D̃µ, D̃ν ] = ∂µAν − ∂νAµ + [Aµ, Aν ] , (1.13)

όπου Aµ είναι η συνοχή ϐαθµίδας της εξίσωσης (1.8). Εφόσον ο τανυστής δύναµης πεδίου, Rµν ,
παίρνει τιµές στην άλγεβρα της ISO(1,2), µπορεί να αναπτυχθεί στους γεννήτορές της :

Rµν = T a
µν (x)Pa +R a

µν (x)Ja , (1.14)

όπου οι T a
µν και R a

µν είναι οι συνιστώντες τανυστές καµπυλότητας οι οποίοι σχετίζονται µε τα e και
ω, αντίστοιχα. Συνδυάζοντας τη ϕόρµουλα (1.13), µε το ανάπτυγµα (1.14) και αντικαθιστώντας το
Aµ µε την έκφραση (1.8), αποκτώνται οι εκφράσεις των τανυστών καµπυλότητας :

T a
µν = ∂µe

a
ν − ∂νe aµ + εabcωµbeνc − εabcωνbeµc , (1.15)

R a
µν = ∂µωνa − ∂νωµa + εabcω

b
µ ω

c
ν , (1.16)

οι οποίοι αποτελούν τις τρισδιάστατες εκδοχές των εκφράσεων της στρέψης και καµπυλότητας που
δίνονται στις σχέσεις (1.3) και (1.2).

Τέλος, για την ολοκλήρωση της εικόνας, αποµένει να καθοριστεί η δράση της ϑεωρίας. Κατα-
σκευάζοντας µία ϑεωρία ϐαθµίδας στις τρεις διαστάσεις, η προφανής επιλογή είναι να ϑεωρήσουµε
το συναρτησοειδές Chern-Simons:

SCS =

∫
M

tr(A ∧ dA+A ∧A ∧A) =

∫
M

trAµ(∂νAρ − ∂ρAν + [Aν , Aρ])ε
µνρd3x . (1.17)

Αντικαθιστώντας µε την έκφραση της συνοχής ϐαθµίδας, Aµ, όπως δίνεται στη σχέση (1.8), µερικοί
όροι της παραπάνω δράσης ϕιλτράρονται από την εφαρµογή του ίχνους, (1.5), στους γεννήτορες,
οδηγώντας στην ακόλουθη έκφραση:∫

M
εµνρe aµ

(
(∂νωρa − ∂ρωνa + ω b

ν ω
c
ρ εabc) + (∂νeρa − ∂ρeνa + (ω b

ν e
c
ρ − e bν ω c

ρ )εabc)
)
. (1.18)

Ο πρώτος όρος είναι αναγνωρίσιµος ως ο τανυστής καµπυλότητας και ο δεύτερος ως ο τανυστής
στρέψης, όπως δίνονται στη σχέση (1.16). Λόγω της επιθυµητής SO(1,2) (Lorentz) αναλλοιώτητας
της τελικής δράσης, επιβάλλεται η συνθήκη µηδενικής στρέψης, δηλαδή T a

νρ = 0, κι εποµένως η
παραπάνω έκφραση της δράσης παίρνει την ακόλουθη µορφή3:

SCS =

∫
M
εµνρe aµ

(
∂νωρa − ∂ρωνa + ω b

ν ω
c
ρ εabc

)
, (1.19)

η οποία είναι ίδια µε τη δράση της τρισδιάστατης ϐρύτητας της Γενικής Θεωρίας της Σχετικότητας,
(1.1). Μεταβολή ως προς το πεδίο e δίνει την αναµενόµενη εξίσωση κίνησης, η οποία είναι ο

3Στην αναφορά [10] δίνεται ένας εναλλακτικός και ευρηµατικός τρόπος για να αποκτηθεί η δράση Chern-Simons,
ξεκινώντας από ένα τοπολογικό αναλλοίωτο της µορφής

∫
Y

trR ∧ R σε µία τετραδιάστατη πολλαπλότητα, Y . Ευθείς
υπολογισµοί οδηγούν σε µία ολοκληρώσιµη ποσότητα η οποία γράφεται σαν µία ολική παράγωγος κι εποµένως το
ολοκληρωµα πάνω στη Y ανάγεται σε ολοκλήρωµα πάνω την M , όπου M είναι το τρισδιάστατο όριο της Y . Η έκφραση
του ολοκληρώµατος στην M ταυτοποιείται ως το Chern-Simons συναρτησοειδές το οποίο συµπίπτει µε την Einstein-
Hilbert δράση. Το πλεονέκτηµα της προσέγγισης αυτής είναι ότι η συνθήκη µηδενικής στρέψης δεν χρειάζεται να
επιβληθεί.
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µηδενισµός του τανυστή καµπυλότητας, Rµνa = 0, σε σύµπτωση µε την εξίσωση (1.2). Εποµένως,
µπορεί κάποιος να υποστηρίξει ότι η τρισδιάστατη ϐαρύτητα µπορεί να περιγραφεί ως µία Chern-
Simons ϑεωρία ϐαθµίδας της ISO(1,2). ∆εν είναι περιττό να αναφερθεί ότι η παραπάνω δράση
είναι αναλλοίωτη κάτω από τους µετασχηµατισµούς ϐαθµίδας των διανυσµατικών πεδίων e, ω, της
εξίσωσης (1.12). Στις παρακάτω γραµµές ακολουθεί η συζήτηση για τη σχέση ανάµεσα στους
µετασχηµατισµούς ϐαθµίδας και τους διαφοροµορφισµούς η οποία αναβλήθηκε νωρίτερα.

Αρχικά, έστω οι µετασχηµατισµοί των vielbein και spin connection κάτω από τους διαφορο-
µορφισµούς που παράγονται από ένα διάνυσµα, vν . Η καθιερωµένη παραµετροποίηση των µετα-
σχηµατισµών αυτών, δ̃e aµ και δ̃ω a

µ , γίνεται µέσω των παραγώγων Lie κατά µήκος του διανύσµατος
−vν :

δ̃e aµ = L−ve aµ = −vν∂νe aµ − (∂µv
ν)e aν = −vν(∂νe

a
µ − ∂µe aν )− ∂µ(vνe aν ) , (1.20)

δ̃ω a
µ = L−vω a

µ = −vν∂νω a
µ − (∂µv

ν)ω a
ν = −vν(∂νω

a
µ − ∂µω a

ν )− ∂µ(vνω a
ν ) . (1.21)

΄Εστω η διαφορά δ̃e aµ − δe aµ και ϑέτοντας ξa = e aν v
ν και λa = ω a

ν v
ν υπολογίζεται :

δ̃e aµ − δe aµ = −vν(∂νe
a
µ − ∂µe aν )− ∂(vνe aν ) + ∂µ(e aν v

ν) + εabceµbωνcv
ν + εabcωµbeνcv

ν

= −vν(Dνe
a
µ −Dµe

a
ν ) , (1.22)

όπου χρησιµοποιήθηκε η έκφραση της Dµ, (1.4). Η παραπάνω έκφραση µηδενίζεται από τη συν-
ϑήκη της µηδενικής στρέψης η οποία επιβλήθηκε για λόγους αναλλοιώτητας Lorentz της δράσης.
Παροµοίως, έστω τώρα η διαφορά δ̃ω a

µ − δω a
µ και ϑέτοντας λa = ω a

ν v
ν προκύπτει :

δ̃ω a
µ − δω a

µ = −vν(∂νω
a
µ − ∂µω a

ν )− ∂(vνω a
ν ) + ∂µ(vνω a

ν ) + εabcωµbv
νωνc

= vν(∂µω
a
ν − ∂νω a

µ + εabcωµbωνc) = vνRµν . (1.23)

Η παραπάνω έκφρασει µηδενίζεται από την εξίσωση κίνησης4, δηλαδή από τον µηδενισµό του τανυ-
στή καµπυλότητας. Εποµένως, συµπεραίνεται ότι οι µετασχηµατισµοί ϐαθµίδας είναι ισοδύναµοι
µε τους µετασχηµατισµούς των διαφοροµορφισµών on-shell, που σηµαίνει ότι οι µετασχηµατισµοί
των πεδίων ϐαθµίδας ισοφαρίζουν για τους γενικούς µετασχηµατισµούς συντεταγµένων σε αυτήν
την προσέγγιση µέσω ϑεωριών ϐαθµίδας. Η αναµενόµενη αναλλοιώτητα της δράσης κάτω από τους
µετασχηµατισµούς ϐαθµίδας εξασφαλίζει τη γενική συναλλοιώτητα της ϑεωρίας µε τον ίδιο τρόπο
που οι γενικοί µετασχηµατισµοί συντεταγµένων αφήνουν αναλλοίωτη την SEH3. Επιπλέον, επιβε-
ϐαιώνεται ότι η ISO(1,2) είναι η κατάλληλη οµάδα για την κατασκευή της τρισδιάστατης ϐαρύτητας
ως ϑεωρίας ϐαθµίδας5.

Η παραπάνω ανάλυση πάνω στη σχέση της τρισδιάστατης ϐαρύτητας και της ISO(1,2) Chern-
Simons ϑεωρίας ϐαθµίδας µπορεί να γενικευτεί και στην περίπτωση κατά την οποία περιλαµβάνε-
ται κοσµολογική σταθερά. Η παρουσία της καθιστά τον χωρόχρονο ως καµπυλοµένο, εποµένως
υπάρχουν δύο αντίστοιχοι χωρόχρονοι ανάλογα µε το πρόσηµο της σταθεράς, οι τρισδιάστατοι de
Sitter και Anti de Sitter, µε οµάδες ισοµετριών τις SO(1,3) και SO(2,2), αντίστοιχα. Προκειµένου
να συσχετιστεί η τρισδιάστατη ϐαρύτητα παρουσία κοσµολογικής σταθεράς µε ϑεωρίες ϐαθµίδας,
είναι λογικό να ϑεωρηθούν οι παραπάνω οµάδες ως οµάδες ϐαθµίδας, δεδοµένου ότι η ISO(1,2)
δούλεψε άψογα για την επίπεδη περίπτωση. Η διαδικασία για το χτισίµο των ϑεωριών αυτών είναι

4Στον ϕορµαλισµό Palatini Στον ϕορµαλισµό Palatini αυτή είναι η έκφραση της (1.2)
5Η ISO(1,2) είναι η οµάδα που περιγράφει τις ισοµετρίες του τρισδιάστατου χώρου Minkowski, καθιστώντας την µία

όχι και τόσο τυχαία επιλογή.
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η ίδια µε αυτήν που περιγράφηκε αναλυτικά νωρίτερα για την ISO(1,2). Η κοσµολογική σταθερά
υπεισέρχεται στη ϑεωρία µέσω της µεταθετικής σχέσης των γεννητόρων των µεταθέσεων, η οποία
είναι τώρα µη µηδενική. Επίσης, η τροποποίηση αυτή επιφέρει την εισαγωγή ενός παραπάνω όρου
στην έκφραση του µετασχηµατισµού του πεδίου spin connection της (1.12), δηλαδή:

δe aµ = −∂µξa − εabceµbλc − εabcωµbξc , (1.24)

δω a
µ = −∂µλa − εabcωµbλc − λεabceµbξc , (1.25)

καθώς και έναν επιπλέον όρο στην έκφραση του τανυστή καµπυλότητας της (1.16), δηλαδή:

T a
µν = ∂µe

a
ν − ∂νe aµ + εabcωµbeνc − εabcωνbeµc , (1.26)

R a
µν = ∂µωνa − ∂νωµa + εabc(ω

b
µ ω

c
ν + λe bµ e

c
ν ) . (1.27)

΄Οσον αφορά στη δράση των ϑεωριών αυτών, αυτή αποκτιέται µέσω του Chern-Simons συναρτη-
σοειδούς, πάλι σε σύµπτωση µε την τρισδιάστατη Einstein-Hilbert δράση της Γενικής Θεωρίας της
Σχετικότητας στις τρεις διαστάσεις παρουσία κοσµολογικής σταθεράς.

1.3 Τετραδιάστατη Einstein ϐαρύτητα ως ϑεωρία ϐαθµίδας

Αν η Γενική Θεωρία της Σχετικότητας στις τέεσερις διαστάσεις µπορεί να περιγραφεί ως ϑεωρία
ϐαθµίδας αποτελεί ένα αµφιλεγόµενο Ϲήτηµα. Στην αναφορά [10] αναφέρεται ότι η τετραδιάστατη
ϐαρύτητα δεν µπορεί να περιγραφεί ως ϑεωρία ϐαθµίδας εξ΄ αιτίας της µορφής της δράσης Einstein-
Hilbert, η οποία είναι της µορφής

∫
A∧A∧ (dA+A2) και µία τέτοια δράση δεν µπορεί να εξαχθεί

από µία ϑεωρία ϐαθµίδας. Παρόλο που µία τέτοια δράση δεν προέρχεται από µία ϑεωρία ϐαθµίδας,
υπάρχει ένας µη τετριµµένος τρόπος να αποκτηθεί ξεκινώντας από µία δράση τύπου Yang-Mills.
Στο κεφάλαιο αυτό, ανακαλούµε την κατασκευή αυτή, δηλαδή την περιγραφή της τετραδιάστατης
ϐαρύτητας ως ϑεωρίας ϐαθµίδας.

΄Οπως στην τρισδιάστατη περίπτωση, πρώτα από όλα πρέπει να επισηµανθεί ότι γίνεται χρήση
του ϕορµαλισµού vielbein για την κατασκευή αυτή. Απουσία κοσµολογικής σταθεράς, η οµάδα
των ισοµετριών του χωρόχρονου Minkowski είναι είναι η ISO(1,3) (η οµάδα Poincaré) και είναι
αυτή που ϑα ϑεωρηθεί ως η οµάδα ϐαθµίδας, σε συµφωνία µε την τρισδιάστατη περίπτωση. Η
άλγεβρα Poincaré αποτελείται από δέκα γεννήτορες, τις τέσσερις µεταθέσεις, Pa και τους έξι µετα-
σχηµατισµούς Lorentz, Mab, οι οποίοι ικανοποιούν τις παρακάτω µεταθετικές σχέσεις6:

[Mab,Mcd] = 4η[a[cMd]b] , [Pa,Mbc] = 2ηa[bPc] , [Pa, Pb] = 0 , (1.28)

όπου ηab = diag(−1,+1,+1,+1) είναι η τετραδιάστατη µετρική του χωρόχρονου Minkowski.
Ακολουθώντας την καθιερωµένη διαδικασία, ορίζεται αρχικά η συναλλοίωτη παράγωγος :

Dµ = ∂µ + [Aµ, ·] , (1.29)

όπουAµ(x) είναι η συνοχή ϐαθµίδας. Το ανάπτυγµα της συνοχής ϐαθµίδας πάνω στους γεννήτορες
του ISO(1,3), δίνει την έκφραση:

Aµ(x) = e aµ (x)Pa + ω ab
µ (x)Mab , (1.30)

6Ο συµβολισµός [ ] υποννοεί την αντισυµµετρικότητας των δεικτών που ϐρίσκονται εντός των αγκυλών, για παράδειγµα
ηa[bPc] = 1

2
(ηabPc − ηacPb).
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όπου τα e aµ και ω ab
µ έχουν ταυτοποιηθεί ως τα διανυσµατικά πεδία ϐαθµίδας για τις µεταθέσεις και

τους µετασχηµατισµούς Lorentz, αντίστοιχα. Εξ΄ ορισµού, ο µετασχηµατισµός της παραγώγου Dµ

είναι συναλλοίωτος, εποµένως, ο κανόνας µετασχηµατισµού για τη συνοχή ϐαθµίδας Aµ δίνεται
από τη σχέση:

δAµ = Dµε = ∂µ + [Aµ, ε] , (1.31)

όπου ε = ε(x) είναι η παράµετρος του µετασχηµατισµού ϐαθµίδας, η οποία ως στοιχείο της
άλγεβρας της ISO(1,3), µπορεί να αναπτυχθεί πάνω στους δέκα γεννήτορες :

ε(x) = ξa(x)Pa +
1

2
λab(x)Mab , (1.32)

όπου ξa(x) και λab(x) απειροστές παράµετροι. Συνδυασµός των (1.30), (1.31) και (1.32) οδηγεί
στις εκφράσεις των µετασχηµατισµών των πεδίων :

δe aµ = ∂µξ
a + ω ab

µ ξb − λabe bµ , (1.33)

δω ab
µ = ∂µλ

ab + λacω
bc
µ − λbcω ac

µ . (1.34)

Οι τανυστές καµπυλότητας, T a
µν και R ab

µν , που αντιστοιχούν στα πεδία ϐαθµίδας, e και ω, απο-
κτώνται από τον ορισµό του τανυστή δύναµης πεδίου, Rµν , του Aµ:

Rµν = [Dµ, Dν ] = ∂µAν − ∂νAµ + [Aµ, Aν ] , (1.35)

έπειτα από ανάπτυγµά του πάνω στους γεννήτορες :

Rµν = T a
µν Pa +

1

2
R ab
µν Mab . (1.36)

Εποµένως, συνδυάζοντας τις σχέσεις (1.30), (1.35) και (1.36), οι εκφράσεις των τανυστών καµπυ-
λότητας είναι οι :

T a
µν = ∂µe

a
ν − ∂νe aµ − ω ab

µ eνb + ω ab
ν eµb ,

R ab
µν = ∂µω

ab
ν − ∂νω ab

µ − ω ac
µ ω b

νc + ω ac
ν ω b

µc , (1.37)

οι οποίες συµπίπτουν µε αυτές που αποκτώνται δουλεύοντας µε τον vielbein ϕορµαλισµό της
Γενικής Θεωρίας της Σχετικότητας στις τέσσερις διαστάσεις.

Ως εδώ η περιγραφή της τετραδιάστατης ϐαρύτητας ως ϑεωρίας ϐαθµίδας εκτυλίσσεται µε έναν
ευθύ τρόπο. Προχωρώντας, λοιπόν, στο δυναµικό κοµµάτι της ϑεωρίας, η προφανής επιλογή είναι
µία δράση τύπου Yang-Mills της Poincaré οµάδας. ΄Οµως, µία τέτοια επιλογή δεν οδηγεί, έστω
έµµεσα, στην απόκτηση της Einstein-Hilbert δράσης, εποµένως το εγχείρηµα της περιγραφής
της τετραδιάστατης Einstein ϐαρύτητας ως µίας ϑεωρίας ϐαθµίδας του ISO(1,3), δείχνει να µην
επιτυγχάνεται, όπως υποστηρίζεται στην αναφορά [10]. Από την άλλη µεριά, κάποιος ϑα µπορούσε
να υποστηρίξει ότι η δράση Einstein-Hilbert ϑα µπορούσε να χτιστεί από αναλλοίωτες ποσότητες,
προερχόµενες από τους τανυστές της (1.37). Πιο συγκεκριµένα, το ϐαθµωτό Ricci ϑα µπορούσε
να προκύψει από τον τανυστή καµπυλότητας, R ab

µν και κάνοντας χρήση αυτού του αναλλοίωτου
κάποιος ϑα µπορούσε να κατασκευάσει τελικά την Einstein-Hilbert δράση [84]. Παρόλα αυτά,
υπάρχει ένας εναλλακτικός και λιγότερο καθοδηγούµενος τρόπος να καταλήξει κάποιος µε την
Einstein-Hilbert δράση, µεταχειρίζοντας το µεταθετικό και Lorentz κοµµάτι µε έναν πιο ενιαίο
τρόπο, ϐασισµένος σε πιο διαισθητικά και ϕυσικά επιχειρήµατα.

22



Προτίστως, πρέπει να σηµειωθεί ότι η Ϲητούµενη δράση οφείλει να είναι αναλλοίωτη κάτω από
τους µετασχηµατισµούς Lorentz και όχι από την συνολική αρχική συµµετρία η οποία περιέχει και
τις µεταθέσεις. Εποµένως, προς αυτή την κατεύθυνση, µπορεί να χρησιµοποιηθεί ένας µηχανισµός
αυθόρµητης παραβίασης της αρχικής συµµετρίας µέσω της εισαγωγής ενός ϐαθµωτού πεδίου [3,4].
Με αυτόν τον τρόπο επιτυγχάνεται η ελάττωση των ϐαθµών ελευθερίας και αποµένει να ελεγθεί
εάν µπορεί κάποιος να καταλήξει µε τη δράση Eistein-Hilbert, επειτα από την παραβίαση της
συµµετρίας, ξεκινώντας από µία δράση τύπου Yang-Mills. Για να µπορέσει να συµπεριληφθεί
ο µηχανισµός της αυθόρµητης παραβίασης της συµµετρίας, η αρχική συµµετρία της ϑεωρίας
πρέπει να αλλάξει από την Poincaré στην τετραδιάστατη de Sitter. Η επιλογή της οµάδας αυτής
είναι στρατηγική διότι περιλαµβάνει τον ίδιο αριθµό γεννητόρων µε αυτήν της οµάδας Poincaré,
µε τη διαφορά ότι όλοι οι γεννήτορες της οµάδας µπορούν να γραφτούν επί ίσοις όροις, µε τα
αντίστοιχα πεδία ϐαθµίδας να επιδέχονται έναν ενιαίο συµβολισµό, έστω ωAB, A,B = 1 . . . 5.
΄Ετσι, το ϐαθµωτό πεδίο, φa, ανατίθεται στη ϑεµελιώδη αναπαράσταση της SO(1,4) και επάγει
την αυθόρµητη παραβίαση της συµµετρίας, από το SO(1,4) στο SO(1,3), δηλαδή η συµµετρία
ελαττώνεται στην Lorentz, µε τέσσερις από τους δέκα γεννήτορες (τις µεταθέσεις) να σπάνε.

Συγκεκριµένα, κατασκευάζοντας µία αµιγή SO(1,4) ϑεωρία ϐαθµίδας, η συνοχή ϐαθµίδας
είναι Aµ = ω AB

µ MAB, όπου τα Mab είναι οι δέκα SO(1,4) γεννήτορες και ο αντίστοιχος τανυστής
δύναµης πεδίου δίνεται από την (1.35) ως :

F AB
µν = ∂µω

AB
ν − ∂νω AB

µ + ω A
µ Cω

CB
ν − ω A

ν Cω
CB
µ . (1.38)

Οι αναλλοίωτες ποσότητες οι οποίες συνιστούν την SO(1,4) αναλλοίωτη δράση πρέπει να κατα-
σκευαστούν σε όρους του παραπάνω τανυστή δύναµης πεδίου. Η µόνη αναλλοίωτη ποσότητα που
µπορεί να κατασκευαστεί µε αυτόν τον τρόπο και να είναι επίσης πολυωνυµική ως προς το Fµν
είναι η παρακάτω τοπολογικά αναλλοίωτη ποσότητα, γνωστή ως δείκτης Pontryagin:

S =

∫
d4xεµνρσF AB

µν FρσAB . (1.39)

Για να ϕιλοξενήσει τον τοµέα της αυθόρµητης παραβίασης της συµµετρίας, η παραπάνω δράση
τροποποιείται έτσι ώστε να περιλαµβάνει ένα ϐαθµωτό πεδίο, φa, µαζί µε µία παράµετρο m µε
διαστάσεις αντίστροφου µήκους :

SSO(1,4) =

∫
d4x

(
mφAεABCDER

BC
µν R DE

ρσ εµνρσ + λ(φAφA +m−2)
)
, (1.40)

όπου η µεταβλητή λ = λ(x) εξυπηρετεί το ϱόλο ενός πολλαπλασιαστή Lagrange, επιβάλλοντας τον
σύνδεσµο για το ϐαθµωτό πεδίο :

φAφA = −m−2 . (1.41)

∆ιαλέγοντας µία συγκεκριµένη ϐαθµίδα για το ϐαθµωτό πεδίο :

φ = φ0 = (0, 0, 0, 0,m−1) ⇔ φa(x) = 0 και φ5(x) = m−1 , (1.42)

η µη µηδενική τιµή του φ5(x), επάγει την παραβίαση της SO(1,4) συµµετρίας, στην SO(1,3). Η
δράση, (1.40) ανάγεται στην παρακάτω έκφραση, στην οποία είναι εµφανής η συµµετρία Lorentz:

SSO(1,3) =

∫
d4xεµνρσF ab

µν F cd
ρσ εabcd . (1.43)
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Ορίζοντας τα πεδία ϐαθµίδας e aµ = m−1ω a5
µ και αναπτύσσοντας τον τανυστή δύναµης πεδίου,

Fµν = F AB
µν MAB = F ab

µν Mab + F a5
µν Ma5 της (1.38), αποκτώνται οι παρακάτω εκφράσεις :

F a5
µν = mT a

µν , (1.44)

F ab
µν = R ab

µν −m2(e aµ e
b
ν − e aν e bµ ) , (1.45)

όπου T a
µν και R ab

µν είναι οι ISO(1,3) συνιστώντες τανυστές καµπυλότητας της (1.37). Προφανώς,
ο F a5

µν δεν είναι παρών στη δράση µετά την παραβίαση της συµµετρίας, οπότε τίθεται T a
µν = 0. Ο

µηδενισµός του τανυστή της στρέψης οδηγεί σε µία σχέση ανάµεσα στα πεδία ϐαθµίδας, γράφοντας
το spin connection σαν συνάρτηση του vielbein. Για να καταλήξουµε στη σχέση αυτή, προχωρούµε
πολλαπλασιάζοντας και τα δύο µέλη της εξίσωσης του µηδενισµού της στρέψης µε δύο vielbein:

eµce
ν
dT

a
µν = eµce

ν
d

(
∂µe

a
ν − ∂νe aµ − ω ab

µ eνb + ω ab
ν eµb

)
= 0 , (1.46)

έπειτα ϑεωρώντας κυκλικές µεταθέσεις στους ελεύθερους δείκτες Lorentz, a, c, d και προσθαφαι-
ϱώντας τις τρεις σχέσεις που προκύπτουν, η Ϲητούµενη εκφραση προκύπτει ως :

ωµab =
1

2
(Ωµab − Ωµba − Ωabµ) , (1.47)

όπου ο παρακάτω ορισµός έχει χρησιµοποιηθεί :

Ωabc = 2eµae
ν
b∂[µeν]c . (1.48)

Τώρα, αν η παραπάνω έκφραση του F ab
µν , (1.45), εισαχθεί στη δράση SSO(1,3) της εξίσωσης

(1.43), τότε, η έκφραση στην οποία καταλήγει κάποιος µπορεί να γραφτεί στην παρακάτω οµαδο-
ποιηµένη µορφή:

SSO(1,3) =

∫
d4xεµνρσεabcd

(
R ab
µν +m2(e aµ e

b
ν − e bµ e aν )

)(
R cd
ρσ +m2(e cρ e

d
σ − e dρ e cσ )

)
=

∫
d4xεµνρσεabcd

(
R ab
µν R

cd
ρσ + 2m2R ab

µν (e cρ e
d
σ − e dρ e cσ ) +m4(e aµ e

b
ν − e bµ e aν )(e cρ e

d
σ − e dρ e cσ )

)
=

∫
d4xεµνρσεabcd

(
LRR +m2LeeR +m4Leeee

)
. (1.49)

Ο πρώτος όρος, LRR, δεν συνεισφέρει στις εξισώσεις κίνησης καθώς αποτελεί έναν Gauss-Bonnet
τοπολογικό όρο (ϐλέπε [85]). Ο δεύτερος όρος, LeeR, σχετίζεται µε τη ϐαθµωτή καµπυλότητα Ricci,
ενώ ο τρίτος όρος ταυτοποιείται ως µία κοσµολογική σταθερά τάξης m4. Λόγω της σταθεράς αυτής,
η µέγιστα συµµετρική λύση των πεδιακών εξισώσεων είναι ο χώρος de Sitter:

F ab
µν = 0 ⇒ R ab

µν = m2(e aµ e
b
ν − e aν e bµ ) . (1.50)

Σε περίπτωση που η κοσµολογική σταθερά είναι µηδέν, η λύση ανάγεται στον επίπεδο χώρο
Minkowski.

΄Οσον αφορά στη γενική συναλλοιώτητα, αυτή ανακτάται από τους µετασχηµατισµούς των πε-
δίων ϐαθµίδας (1.31), όπως αυτοί σχετίζονται µε τους διαφοροµορφισµούς. Ακολουθώντας την
ίδια διαδικασία και υπολογισµούς όπως στην τριδιάστατη περίπτωση, καταλήγει κάποιος µε την
τετραδιάστατη εκδοχή των εξισώεων (1.22) και (1.23). Εποµένως, λαµβάνοντας υπόψη τη συνθήκη
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µηδενικής στρέψης και την εξίσωση κίνησης, η τελική δράση είναι αναλλοίωτη κάτω από τους γενι-
κούς µετασχηµατισµούς συντεταγµένων, αφού είναι αναλλοίωτη κάτω από τους µετασχηµατισµούς
των πεδίων ϐαθµίδας.

Συνοψίζοντας, είναι πράγµατι δυνατό να περιγραφεί η τετραδιάστατη ϐαρύτητα σαν µία ϑεωρία
ϐαθµίδας7. Οι µετασχηµατισµοί των πεδίων e και ω µπορούν να προκύψουν αν ξεκινήσει κάποιος
µε µία ISO(1,3) ϑεωρία ϐαθµίδας, όµως προκειµένου να καταλήξει µε τη Ϲητούµενη Einstein-
Hilbert δράση, είναι απαραίτητο να ϑεωρήσει ως οµάδα ϐαθµίδας την de Sitter και να συµπεριλάβει
ένα ϐαθµωτό πεδίο σε µία συγκεκριµένη ϐαθµίδα για την επαγωγή µίας αυθόρµητης παραβίασης
της συµµετρίας, ξεκινώντας από µία πολυωνυµική, ως προς τον τανυστή δύναµης πεδίου δράση,
τύπου Yang-Mills. Πράγµατι, η τελική δράση είναι αναλλοίωτη κάτω από τους µετασχηµατισµούς
Lorentz και ταυτοποιείται επιτυχώς ως η δράση Einstein-Hilbert.

1.4 Τετραδιάστατη Σύµµορφη ϐαρύτητα

Στο κεφάλαιο αυτό, ανακαλούµε την προσέγγιση της τετραδιάστατης σύµµορφης ϐαρύτητας ως ϑε-
ωρίας ϐαθµίδας [7,8,86,87]. Συγκεκριµένα, κατασκευάζεται µία ϑεωρία ϐαθµίδας της σύµµορφης
οµάδας, SO(2,4), και τελικά αποκτιέται η ϐαρύτητα Weyl. Προκειµένου να καταλήξει κάποιος µε
την ϐαρύτητα Weyl, λαµβάνει χώρα µία παραβίαση της αρχικής συµµετρίας ϐαθµίδας, αυτή τη ϕο-
ϱά όχι αυθόρµητα µε την εισαγωγή κάποιο ϐαθµωτού πεδίου, αλλά µε την επιβολή συγκεκριµένων
συνδέσµων. ΄Οπως στις προηγούµενες περιπτώσεις, έτσι και σε αυτή, η οµάδα που ϐαθµώνεται
είναι η οµάδα των χωροχρονικών συµµετριών, περιλαµβάντας τις µεταθέσεις, οι οποίες σχετίζο-
νται µε τους γενικούς µετασχηµατισµούς ϐαθµίδας κάτω από τους οποίους οφείλει να παραµένει
αναλλοίωτη η τελική δράση. Η σχέση ανάµεσα στην ¨εσωτερική¨ συµµετρία των µεταθέσεων και
τους µετασχηµατισµούς συντεταγµένων επιτυγχάνεται µε την εισαγωγή του vielbein ως πεδίου ϐαθ-
µίδας των µεταθέσεων. Η ανάµιξη των εσωτερικών συµµετριών µε τις χωροχρονικές είναι ακριβώς
αυτό που καθιστά την κατασκευή τέτοιων ϑεωριών ξεχωριστή σε σχέση µε τις γραµµικές ϑεωρίες
ϐαθµίδας εσωτερικών οµάδων συµµετρίας.

Στην προσέγγιση της τετραδιάστατης σύµµορφης ϐαρύτητας ως ϑεωρίας ϐαθµίδας, ως οµάδα
ϐαθµίδας ϑεωρείται η SO(2,4), η οποία αποτελείται από δεκαπέντε γεννήτορες, τους έξι µετασχηµα-
τισµούς Lorentz, Mab, τις τέσσερις µεταθέσεις, Pa, τους τέσσερις σύµµορφους µετασχηµατισµούς,
Ka και τον µετασχηµατισµό κλίµακας, D. Οι γεννήτορες αυτοί ικανοποιούν τις παρακάτω µετα-
ϑετικές σχέσεις οι οποίες καθορίζουν την άλγεβρα:

[Mab,Mcd] = ηbcMad + ηadMbc − ηacMbd − ηbdMac ,

[Mab, Pc] = ηbcPa − ηacPb ,
[Mab,Kc] = ηbcKa − ηacKb ,

[Pa, D] = Pa ,

[Ka, D] = −Ka ,

[Ka, Pb] = −2(ηabD +Mab) , (1.51)

όπου ηab είναι η κυρίως ϑετική τετραδιάστατη µετρική του χωρόχρονου Minkowski. Η κατασκευή
της ϑεωρίας ϐαθµίδας ξεκινά µε τον ορισµό της συναλλοίωτης παραγώγου και µε τον προσδιορισµό
της συνοχής ϐαθµίδας, η οποία ως στοιχείο της άλγεβρας SO(2,4), µπορεί να γραφτεί σε όρους των

7Ωστόσο, όχι ως µία αµιγής ISO(1,3) ϑεωρία ϐαθµίδας.

25



γεννητόρων:

Aµ = e aµ Pa +
1

2
ω ab
µ Mab + bµD + f a

µ Ka , (1.52)

όπου ένα πεδίο ϐαθµίδας έχει αντιστοιχηθεί σε κάθε έναν γεννήτορα. Τα πεδία ϐαθµίδας που
σχετίζονται µε τις µεταθέσεις έχουν ταυτοποιηθεί µε το vielbein, ενώ αυτά που σχετίζονται µε
τους µετασχηµατισµούς Lorentz ταυτοποιούνται µε το spin connection, όπως στις προηγούµενες
περιπτώσεις. Η συνοχή ϐαθµίδας, Aµ, υπακούει τον παρακάτω κανόνα µετασχηµατισµού:

δAµ = Dµε = ∂µε+ [Aµ, ε] , (1.53)

όπου ε = ε(x) είναι µία παράµετρος η οποία ανήκει στην άλγεβρα ϐαθµίδας και για αυτόν τον
λόγο µπορεί να γραφτεί ως :

ε = ξ aPa +
1

2
λ abMab + κD + ρ aKa . (1.54)

Συνδυάζοντας τις σχέσεις (1.52), (1.53) και (1.54), οδηγείται κάποιος στους κανόνες µετασχηµατι-
σµού των διάφορων πεδίων ϐαθµίδας :

δe aµ = ∂µξ
a + ω a

µ bξ
b − bµξa − λabe bµ + κe aµ , (1.55)

δω ab
µ = ∂µλ

ab − 2ω ac
µ λbc − 4f [a

µ ξb] − 4e [a
µ ρb] , (1.56)

δbµ = ∂µκ− 2ξafµa + 2ρaeµa , (1.57)

δf a
µ = ∂µρ

a + ω ab
µ ρb + bµρ

a − λabfµb − κf a
µ . (1.58)

Ο τανυστής δύναµης πεδίου της ϑεωρίας δίνεται από την καθιερωµένη ϕόρµουλα:

Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] . (1.59)

Σε συµφωνία µε τη σχέση (1.35), το ανάπτυγµα του τανυστή δύναµης πεδίου πάνω στους γεννήτορες
γράφεται ως :

Fµν = R̃ a
µν Pa +

1

2
R ab
µν Mab +RµνD +R a

µνKa . (1.60)

Οι συνιστώντες τανυστές καµπυλότητας οι οποίοι συνοδεύουν κάθε γεννήτορα της άλγεβρας υπο-
λογίζονται έπειτα από συνδυασµό των σχέσεων (1.59), (1.52) και (1.60). Οι εκφράσεις τους δίνονται
ως εξής :

R̃ a
µν = ∂µe

a
ν − ∂νe aµ + ω ab

µ eνb − ω ab
ν eµb − 2b[µe

a
ν] (1.61)

= T (0)a
µν − 2b[µe

a
ν] , (1.62)

R ab
µν = ∂µω

ab
ν − ∂νω ab

µ − ω ac
µ ω b

ν c + ω ac
ν ω b

µ c − 8e
[a

[µ f
b]
ν] (1.63)

= R(0)ab
µν − 8e

[a
[µ f

b]
ν] , (1.64)

Rµν = ∂µbν − ∂νbµ + 4e a
[µ fν]a , (1.65)

R a
µν = ∂µf

a
ν − ∂νf a

µ + ω ab
µ fνb − ω ab

ν fµb + 2b[µf
a
ν] , (1.66)

όπου T
(0)a
µν και R(0)ab

µν είνα οι τανυστές στρέψης και καµπυλότητας της τετραδιάστατης Poincaré
ϐαρύτητας, όπως δίνονται στην εξίσωση (1.37).
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΄Οπως αναφέρθηκε νωρίτερα, στην περίπτωση που εξετάζεται, η τελική ϑεωρία αποκτιέται ύστε-
ϱα από την επιβολή συγκεκριµένων συνδέσµων, έτσι ώστε να είναι αναλλοίωτη κάτω από τους
γενικούς µετασχηµατισµούς συντεταγµένων. Για να επιτευχθεί αυτό, πρέπει να συµβεί η ¨ανταλ-
λαγή¨ ανάµεσα στους γενικούς µετασχηµατισµούς συντεταγµένων (που συµβολίζονται µε X) και
στις µεταθέσεις, που σηµαίνει ότι η τελική οµάδα πρέπει να είναι η αρχική, G=SO(2,4), πλην
τις µεταθέσεις, δηλαδή H = SO(2, 4) − {P} επί X. Ακολουθώντας την ίδια διαδικασία όπως
στη τριδιάστατη περίπτωση, η διαφορά ανάµεσα στους µετασχηµατισµούς των πεδίων και τους
διαφοροµορφισµούς, δ̃e aµ − δe aµ , υπολογίζεται κάνοντας χρήση των εξισώσεων (1.22) και (1.55):

δ̃e aµ − δe aµ =
(
vν∂νe

a
µ + ∂µ(vνe aν )− vν∂µe aν

)
−
(
∂µξ

a + ω a
µ bξ

b − bµξ a − λa be bµ + κe aµ

)
.

Θέτοντας ξa = vνe aν , λab = vνω a
ν b και κ = vνbν , η παραπάνω διαφορά παίρνει την ακόλουθη

µορφή:

δ̃e aµ − δe aµ = vν
(
∂νe

a
µ − ∂µe aν − ω a

µ be
b
ν + ω a

ν be
b
µ + bµe

a
ν − bνe aµ

)
= −vνR̃ a

µν . (1.67)

Είναι προφανές ότι η συνθήκη που απαιτείται για να απαλλαγεί κάποιος από το µεταθετικό κοµµάτι
της ϑεωρίας, µε τους µετασχηµατισµούς των συντεταγµένων να παίρνουν τη ϑέση τους, είναι ο
µηδενισµός της στρέψης:

R̃ a
µν = 0 . (1.68)

Εποµένως, ϑέτοντας τη στρέψη ίση µε το µηδέν, οι γεννήτορες της αρχικής οµάδας, SO(2,4), σπάνε
και η υποοµάδα H έχει ως γεννήτορες τους M,D και K. Επιπλέον, προκειµένου να επιτευχθεί η
P → X εναλλαγή για όλα τα πεδία, πρέπει να επιβληθεί και ο παρακάτω σύνδεσµος [7]:

R ab
µν e

ν
b = 0 . (1.69)

Προχωράµε τώρα µε τις λύσεις των παραπάνω συνδέσµων, (1.68) και (1.69), σε όρους των ανεξάρ-
τητων πεδίων, e aµ και bµ.

Για τον πρώτο σύνδεσµο, τον µηδενισµό της στρέψης, (1.68), ακολουθείται η ίδια υπολογιστική
πορεία όπως στην τετραδιάστατη Einstein περίπτωση, καταλήγωντας στην παρακάτω σχέση:

ω ab
µ = −1

2

(
Ω̂µab − Ω̂µba − Ω̂abµ

)
= −ω ab

µ (e) + 2b[ae b]µ , (1.70)

όπου Ω̂abc = 2eµaeνb∂̂[µeν]c είναι το σύµµορφο ανάλογο του Ωabc της τετραδιάστατης περίπτωσης,
(1.48), µε τη µερική παράγωγο ∂µe aν να επαναορίζεται ως ∂̂µe aν = (∂µ + bµ)e aν , δηλαδή την Weyl
(D) συναλλοίωτη παράγωγο και ω ab

µ (e) είναι η έκφραση του spin connection σε όρους του vielbein
στην τετραδιάστατη περίπτωση, η οποία δίνεται από τη σχέση (1.47). Επίσης, ορίζεται ο τανυστής
R̂ ab
µν , ο οποίος είναι ο τανυστής R ab

µν µε τη µερική παράγωγο, ∂µ, να έχει αντικατασταθεί από τη
συναλλοίωτη παράγωγο Weyl, ∂̂µ = ∂µ + bµ, µιας και ϑα ϕανεί χρήσιµος παρακάτω.

Για τον δεύτερο σύνδεσµο, (1.69), λόγω της έκφρασης (1.64), στην οποία ο τανυστής καµπυ-
λότητας R ab

µν εκφράζεται σε όρους της καµπυλότητας της ϐαρύτητας Poincaré συν έναν όρο που
περιέχει το πεδίο f a

µ , είναι δυνατό να λυθεί αλγεβρικά ως προς το f a
µ , σε όρους του τανυστή Ricci:

R ab
µν e

ν
b = 0 ⇒ R(0)ab

µν eνb − 8e
[a

[µ f
b]
ν] = 0 . (1.71)

27



Λαµβάνοντας υπόψη το ανάπτυγµα Weyl του τανυστή Riemann8:

Rµνρσ = Cµνρσ +
2

n− 2

(
gµ[ρRσ]ν − gν[ρRσ]µ

)
− 2

(n− 1)(n− 2)
Rgµ[ρgσ]ν , (1.72)

όπου Cµνρσ είναι ο τανυστής Weyl, ο οποίος είναι άιχνος, Rµν είναι ο τανυστής Ricci και R είναι το
ϐαθµωτό Ricci. Αντικαθιστώντας την (1.72) στην (1.71) και πολλαπλασιάζοντας µε το gσν , ϐρίσκεται
ότι :

R(0)ab
µν eνb − 8e

[a
[µ f

b]
ν] = 0 ⇒ 1

(n− 1)(n− 2)
e aµ R−R a

µ = 4f a
µ , (1.73)

όπου R a
µ = R

(0)ab
µν eνb και R = eµaR a

µ είναι ίχνη του τανυστή καµπυλότητας της Poincaré περίπτω-

σης, R(0)ab
µν . Για n = 4, αποκτιέται η λύση του δεύτερου συνδέσµου:

f a
µ = −1

4

(
R a
µ −

1

6
e aµ R

)
. (1.74)

Από τις λύσεις των δύο συνδέσµων, (1.70) και (1.74), προκύπτει ότι ω ab
µ = ω ab

µ (e, b) και f a
µ =

f a
µ (e, b), που σηµαίνει ότι τα πεδία ϐαθµίδας ω και f έχουν εκφραστεί σε όρους των ανεξάρτητων

πεδίων ϐαθµίδας, e και b.
Η αναλλοίωτη δράση κάτω από την υποοµάδα H και τους µετασχηµατισµούς συντεταγµένων,

X, είναι :

SW =
1

8a2

∫
d4xεabcdε

µνρσ
(
R ab
µν R

ab
ρσ

)ω(e,b)

f(e,b)
, (1.75)

στην οποία οι δύο σύνδεσµοι, (1.70) και (1.74), έχουν συµπεριληφθεί. Αξίζει να σηµειωθεί ότι
η λύση του δεύτερου συνδέσµου, (1.74), ϑα µπορούσε να έχει προκύψει από τη µεταβολή της
παραπάνω δράσης, (1.75), αν ήταν γραµµένη σε όρους του πεδίου ϐαθµίδας f (πριν την απαλοιφή
του), ως εξίσωση κίνησης. Η έκφραση του τανυστή R ab

µν , αφού ληφθούν υπόψη οι σχέσεις των
ω ab
µ (e, b) και f a

µ (e, b), προκύπτει ως εξής :[
R ab
µν

]f(e,b)

ω(e,b)
= −

(
R(0)ab
µν − 2e

[a
[µ R

b]
ν] −

1

3
e

[a
[µ e

b]
ν] R

)
= −Cabµν , (1.76)

όπου C ab
µν είναι ο τανυστής Weyl και ταυτόχρονα, στην καµπυλότητα Poincaré, R(0)ab

µν της παρα-
πάνω έκφρασης, έχει συµπεριληφθεί ο αντίστοιχος σύνδεσµος, (1.47). Συγκεκριµένα:

R(0)ab
µν = R(0)ab

µν (ω(e)) = −
[
R̂abµν(ω)

]f a
µ =0

bµ=0
. (1.77)

Στην προτελευταία σχέση, (1.76), είναι προφανές ότι η ο τανυστής καµπυλότητας της ϑεωρίας,
έπειτα από τη συµπερίληψη των συνδέσµων,

[
R ab
µν

]f(e,b)

ω(e,b)
, είναι ανεξάρτητος από το πεδίο bµ και,

µιας και απαλείφεται, µπορεί να τεθεί bµ = 0. ΄Επειτα από την επιλογή bµ = 0 (γνωστή και ως
Κ-ϐαθµίδα), το µόνο ανεξάρτητο πεδίο ϐαθµίδας στη δράση είναι το vielbein, e, εποµένως η δράση
είναι αναλλοίωτη κάτω από τους µετασχηµατισµούς κλίµακας και τους σύµµορφους µετασχηµα-
τισµούς, αφού, σε αντίθεση µε τους µετασχηµατισµούς Lorentz, όλα τα ϕυσικά πεδία µετασχηµα-
τίζονται τετριµµένα κάτω από τους σύµµορφους µετασχηµατισµούς των Ka και αυτό συµβαίνει και
µε το vielbein, δKe = 0, όπως είναι εµφανές στη σχέση (1.55). Επίσης, το πεδίο bµ που σχετίζεται

8Στην αναφορά [9], εξίσωση (15.25), µπορεί κάποιος να ϐρει την απαιτούµενη σχέση, ήδη στην Ϲητούµενη µορφή.
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µε τους µετασχηµατισµούς κλίµακας είναι το µόνο πεδίο της ϑεωρίας το οποίο µετασχηµατίζεται
µε µη τετριµµένο τρόπο κάτω από τους µετασχηµατισµούς των Ka. Εποµένως, µιας και η δράση
είναι πλέον ανεξάρτητη από το bµ, είναι και αναλλοίωτη κάτω από τους K-µετασχηµατισµούς 9.
Λόγω της παρουσίας της K-αναλλοιώτητας, κάποιος ϑα µπορούσε να υποστηρίξει ότι η συµµετρία
της τελικής δράσης είναι X⊗D⊗K. Ωστόσο, έπειτα από την επιλογή bµ = 0, οι µετασχηµατισµοί
των σύµµορφων µετασχηµατισµών δεν είναι πια ανεξάρτητοι. Πράγµατι, αυτό γίνεται κατανοητό
από την έκφραση του µετασχηµατισµού ϐαθµίδας του bµ, (1.57), απουσία του όρου που εµπλέκει
τα ξa, αφού η συµµετρία X των γενικών µετασχηµατισµών συντεταγµένων παίρνουν τη ϑεση τους
στην τελική συµµετρία :

δbµ = ∂µκ+ 2ρaeµa ⇒ ρa = −1

2
eµa∂µκ . (1.78)

Η παραπάνω σχέση, η οποία προκύπτει από τη διατήρηση µίας συνθήκης ϐαθµίδας, ονοµάζεται
κανόνας αναπτύγµατος [9] και εκφράζει µία παράµετρο ϐαθµίδας που έχει καθοριστεί (ρa) σε
όρους µίας άλλης παραµέτρου ϐαθµίδας η οποία παραµένει στη ϑεωρία (κ). Συνοψίζοντας, η
τελική δράση είναι αναλλοίωτη κάτω από τους µετασχηµατισµούς X ⊗ D, οι οποίοι αποτελούν
τους γενικούς µετασχηµατισµούς συντεταγµένων και τους Weyl µετασχηµατισµούς κλίµακας.

Εποµένως, χρησιµοποιώντας τη σχέση ανάµεσα στη µετρική και τα vielbein, η έκφραση της
δράσης, SW , (1.75) µπορεί να γραφτεί σε όρους του τανυστή Weyl και τελικά προκύπτει η γνωστή
δράση Weyl:

SW =
1

2a2

∫
d4x
√
gCλµνρC

λµνρ =
1

a2

∫
d4x
√
g

(
R2
µν −

1

3
R2

)
. (1.79)

Πέρα από την παραπάνω επιλογή της παραβίασης της συµµετρίας, προτείνουµε έναν εναλ-
λακτικό τρόπο παραβίασης της αρχικής συµµετρίας, αυτή τη ϕορά µε κατάληξη τη συµµετρία
Lorentz. Αυτό ϑα µπορούσε να συµβεί µε τη συµπερίληψη δύο ϐαθµωτών πεδίων στη ϑεµελιώδη
αναπαράσταση της SO(2,4) οµάδας ϐαθµίδας [88]. Αυτός ο τρόπος αποτελεί γενίκευση της µε-
ϑοδολογίας που ακολουθήθηκε στην τετραδιάστατη περίπτωση, στην οποία η συµµετρία de Sitter
παραβιάζεται µε κατάληξη τη Lorentz, από ένα ϐαθµωτό πεδίο στη ϑεµελιώδη αναπαράσταση. Ε-
πιλέγοντας συγκεκριµένη ϐαθµίδα για τα δύο αυτά ϐαθµωτά πεδία ϑα µπορούσε να επαγάγει την
αυθόρµητη παραβίαση της συµµετρίας σε µία πιο πλήρη ϑεωρία στην οποία περιλαµβάνονται πα-
ϱαπάνω πεδία, πέρα από αυτά της ϐαθµίδας. Αξίζει να σηµειωθεί ότι η τετραδιάστατη σύµµορφη
ϑεωρία ϐαθµίδας µπορεί να οδηγήσει στη δράση Einstein-Hilbert επιλέγοντας µία άλλη διαδροµή
µε την επιλογή συνδέσµων, όπως αυτή που περιγράφεται στην αναφορά [89]. Πιο συγκεκριµένα,
επιχειρηµατολογείται ότι αν οι δύο τανυστές R(P ) και R(K) τεθούν ταυτόχρονα ίσοι µε το µηδέν,
τότε από τους συνδέσµους της ϑεωρίας προκύπτει ότι τα αντίστοιχα πεδία ϐαθµίδας, f a

µ , e
a
µ είναι

ανάλογα και bµ = 0.
Ανακεφαλαιώνοντας, ξεκινώντας µε τη σύµµορφη οµάδα, SO(2,4), ως ϑεωρία ϐαθµίδας και

ακολουθώντας την καθιερωµένη διαδικασία κατασκευής ϑεωριών ϐαθµίδας χωροχρονικών συµµε-
τριών, ορίστηκε η συναλλοίωτη παράγωγος µέσω της συνοχής ϐαθµίδας κι έπειτα σε κάθε γεννήτορα
της οµάδας αντιστοιχήθηκε ένα πεδίο ϐαθµίδας. Στη συνέχεια, υπολογισµοί οδήγησαν στους µετα-
σχηµατισµούς των πεδίων ϐαθµίδας και στις εκφράσεις των αντίστοιχων τανυστών καµπυλότητας.

9Στην αναφορά [9], το επιχείρηµα για την K-αναλλοιώτητα παρουσιάζεται αντίστροφα. Με λίγα λόγια, η K-
αναλλοιώτητα της e, b-εξαρτηµένης δράσης επιβάλλεται κατ΄ αρχήν, εποµένως, µιας και το vielbein µετασχηµατίζεται
µε τετριµµένο τρόπο κάτω από τους µετασχηµατισµούε τωνK, και το bµ όχι, το τελυταίο πρέπει να τεθεί ίσο µε το µηδέν
ώστε να εξασφαλιστεί η K-αναλλοιώτητα της δράσης.
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Προκειµένου η τελική ϑεωρία να είναι αναλλοίωτη κάτω από το µεταθετικό κοµµάτι, ο πρώτος σύν-
δεσµος που επιβλήθηκε ήταν ο µηδενισµός του τενυστή της στρέψης, δίνοντας έτσι τη δυνατότητα
να εκφραστούν οι µεταθέσεις µέσω των γενικών µετασχηµατισµών των συντεταγµένων. Η λύση του
συνδέσµου αυτού κατέστησε το πεδίο spin connection ως εξαρτηµένο από τα πεδία e και b. ΄Ε-
πειτα, πάλι για λόγους της γενικής συναλλοιώτητας, επιβλήθηκε ένας παραπάνω σύνδεσµος, αυτή
τη ϕορά σχετικός µε τον τανυστή καµπυλότητας του Mab. Από τον σύνδεσµο αυτόν, το πεδίο ϐαθ-
µίδας f , το οποίο σχετίζεται µε τους σύµµορφους µετασχηµατισµούς, Ka, εκφράστηκε σε όρους
του τανυστή και ϐαθµωτού Ricci. Εποµένως, δύο από τις τέσσερις οµάδες των πεδίων ϐαθµίδας
εκφράστηκαν σε όρους των άλλων δύο. ΄Υστερα από τη συµπερίληψη των αποτελεσµάτων των συν-
δέσµων, η αρχική δράση τύπου Yang-Mills παίρνει µία µορφή στην οποία δεν συµπεριλαµβάνεται
το πεδίο ϐαθµίδας bµ και για τον λόγο αυτό τέθηκε ίσο µε το µηδέν. Με αυτόν τον τρόπο, η δράση
παύει να περιέχει το µόνο πεδίο που µετασχηµατίζεται µε µη τετριµµένο τρόπο κάτω από τους
σύµµορφους µετασχηµατισµούς, που σηµαίνει ότι η τελική δράση είναι K-αναλλοίωτη. Ωστόσο,
η K-αναλλοιώτητα δεν αποτελεί ανεξάρτητη συµµετρία έπειτα από την επιλογή ϐαθµίδας του bµ
και, για τον λόγο αυτόν, απορροφιέται από την υπόλοιπη τελική συµµετρία και δεν εµφανίζεται
ϱητά. Εποµένως, η συµµετρία της τελικής δράσης (δράση Weyl) αποτελείται από τους γενικούς
µετασχηµατισµούς συντεταγµένων, X, και τους µετασχηµατισµούς κλίµακας που παράγονται από
τον γεννήτορα D. Τελικά, είναι ϑεµιτό να σηµειώσουµε ότι η σύµµορφη ϐαρύτητα (και µε την
παραβίαση της συµµετρίας η ϐαρύτητα Weyl) µπορεί να περιγραφεί επιτυχώς ως ϑεωρία ϐαθµίδας
της σύµµορφης οµάδας SO(2,4).
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1.5 Οι µη µεταθετικοί χώροι S2
F , R3

λ και dS4
F

1.5.1 Η ασαφής σφαίρα

Στο κεφάλαιο αυτό συζητάµε την πιο τυπική περίπτωση µη µεταθετικού χώρου Lie-τύπου, δηλαδή
της ασαφούς σφάιρας S2

F [93]. Καταρχάς, ένας ασαφής χώρος ορίζεται ως µία διακριτή προσέγγιση
µέσω πινάκων ενός συνεχούς χώρου µε την ιδιότητα ότι διατηρούνται οι ισοµετρίες. Με άλλα
λόγια, είναι ένας µη µεταθετικός χώρος ο οποίος διατηρεί τις ισοµετρίες του µεταθετικού ανάλογού
του. ΄Ενας αρκετά συνεπής τρόπος να ϑεµελιωθεί ο χώρος αυτός είναι µέσω µίας συγκριτικής
προσέγγισης µε τη συνηθισµένη σφαίρα, S2.

Η συνήθης σφαίρα, S2, µπορει να οριστεί σαν µία υποπολλαπλότητα του ευκλείδειου χώρου
µίας διάστασης παραπάνω, δηλαδή του R3, µε τις καρτεσιανές συντεταγµένες xa, a = 1, 2, 3, να
ικανοποιούν την παρακάτω συνθήκη εµβάπτισης :

3∑
a=1

x2
a = x2

1 + x2
2 + x2

3 = R2 , (1.80)

όπου R είναι µία σταθερά η οποία ερµηνεύεται ως η ακτίνα της σφαίρας. Η σφαίρα διέπεται από
µία προφανή περιστροφική συµµετρία η οποία παραµετροποιείται από την οµάδα SO(3) (οµάδα
ισοµετριών). Η οµάδα SO(3) παράγεται από τους τρεις τελεστές στροφορµής οι οποίοι ορίζονται ως
La = −iεabcxb∂c και µπορούν επίσης να γραφτούν σε όρους των σφαιρικών συντεταγµένων, θ, φ,
ως La = −ξia∂i, όπου i = θ, φ και ξia είναι οι συνιστώσες των διανυσµάτων Killing. Ο τελεστής
Laplace για τη σφαίρα ορίζεται από τη σχέση:

L2 = −R2∆S2 = −R2 1
√
g
∂i(g

ij√g∂j) , (1.81)

όπου gij είναι ο µετρικός τανυστής της σφαίρας. Τα ιδιοδιανύσµατα του τελεστή αυτού είναι οι
γνωστές σφαιρικές αρµονικές, Ylm(θ, φ), οι οποίες ορίζονται ως :

Y m
l (θ, φ) = NeimφPml (cos θ) , (1.82)

όπου Pml είναι τα συσχετιζόµενα πολυώνυµα Legendre. Οι σφαιρικές αρµονικές υπακούουν τις
παρακάτω συνθήκες ορθοκανονικότητας :∫

dΩY †lmYl′m′ = δll′δmm′ . (1.83)

Ας ϑεωρήσουµε τώρα µία συνάρτηση, f(θ, φ), πάνω στη σφαίρα, S2. ∆εδοµένου ότι οι σφαιρι-
κές αρµονικές αποτελούν ένα πλήρες και ορθογώνιο σύστηµα συναρτήσεων, η συνάρτηση f(θ, φ)
µπορεί αν γραφτεί σαν ανάπτυγµα πάνω στο σύνολο αυτό :

f(θ, φ) =
∞∑
l=0

l∑
m=−l

clmYlm(θ, φ) , (1.84)

όπου clm είναι µιγαδικοί συντελεστές.
Ας προχωρήσουµε τώρα µε την ασαφή εκδοχή της σφαίρας, S2

F . Η ασαφής σφαίρα είναι ένας
µη µεταθετικός χώρος, που σηµαίνει ότι οι συναρτήσεις που εξαρτώνται από τις συντεταγµένες
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(τελεστές) δεν µετατίθενται κάτω από το σύνηθες γινόµενο. Ας δώσουµε µερικές λεπτοµέρειες στο
πως κατασκευάζεται ο χώρος αυτός, ξεκινώντας από τις ιδιότητες της κανονικής σφαίρας.

Μία διακριτοποιηµένη εκδοχή της σφαίρας µπορεί να προκύψει αντικαθιστώντας την άλγεβρα
των συναρτήσεων Ylm(θ, φ) πάνω στη σφαίρα, µε ένα σύνολο από συντεταγµένες, Ŷlm(θ, φ), οι
οποίες δεν ξεπερνούν µία συγκεκριµένη τιµή για το l, ας τη συµβολίσουµε µε N . Εποµένως, µία
συνάρτηση f̂(θ, φ), πάνω στη σφαίρα γράφεται ως ανάπτυγµα πάνω στο πεπερασµένο σύνολο των
Ŷlm:

f̂ =
N∑
l=0

l∑
m=−l

clmŶlm . (1.85)

Τώρα, αν ϑεωρήσουµε ένα γινόµενο δύο τέτοιων συναρτήσεων, τότε αυτό ϑα συµπεριλαµβάνει όρους
µε το l να ϕτάνει µέχρι κάποια συγκεκριµένη τιµή, j, η οποία είναι j = 2N ,10 η οποία ξεπερνάει
το ανώτερο όριο, N , πράγµα που συµαίνει ότι η ¨κοµµένη¨ άλγεβρα των συναρτήσεων δεν κλείνει
κάτω από την πράξη του πολλαπλασιασµού. ΄Ενας αρκετά κοµψός και αποτελεσµατικός τρόπος να
καταλήξει κάποιος µε µία άλγεβρα τέτοιων συναρτήσεων είναι να ϑεωρήσει ένα διαφορετικό τύπο
γινοµένου, το οποίο είναι µη µεταθετικό, πιο συγκεκριµένα, ένα γινόµενο πινάκων. Εποµένως, σε
αυτήν τη διακριτοποίηση της σφαίρας, η τοποθέτηση άνω ορίου στην τιµή της στροφορµής και άρα
στην πρώην απειροδιάστατη άλγεβρα, αποζηµιώνεται από µία πεπερασµένη (N + 1)-διάστατη µη
µεταθετική άλγεβρα. Αυτός ο διακριτοποιηµένος χώρος ορίζεται ως η ασαφής σφαίρα.

Ο πιο ευθύς τρόπος να διατυπωθεί η ασαφής σφαίρα είναι να ϑεωρηθεί αυτή η ¨κολοβή¨ µη
µεταθετική άλγεβρα ως µία άλγεβρα πινάκων σε κάποιον πεπερασµένο διανυσµατικό χώρο. Για τον
λόγο αυτό, έστω οι τρεις (N + 1)-διάστατοι πίνακες Ja, a = 1, 2, 3 οι οποίοι σχηµατίζουν µία ϐάση
για την (N+1)-διάστατη µη αναγωγίσιµη αναπαράσταση της SU(2). Οι γεννήτορες Ja ικανοποιούν
την παρακάτω µεταθετική σχεση:

[Ja, Jb] = iεabcJc . (1.86)

Επίσης, αφού οι πίνακες που αναπαριστούν τους γεννήτορες Ja ϑεωρούνται ότι ϐρίσκονται σε
µία µη αναγωγίσιµη αναπαράσταση, η τιµή του τελεστή Casimir σε αυτήν την (N + 1)-διάστατη
αναπαράσταση είναι :

J2 = J2
1 + J2

2 + J2
3 =

N

2

(
N

2
+ 1

)
1λN+1 , (1.87)

Εποµένως, η ασαφής σφάιρα, S2
F , στο επίπεδο ασάφειας N , είναι ο µη µεταθετικός χώρος του

οποίου οι συντεταγµένες, X̂a = X̂a, a = 1, 2, 3, ορίζονται ως οι (N + 1) × (N + 1) ερµιτιανοί
πίνακες οι οποίοι είναι ανάλογοι των γεννητόρων, Ja, της (N + 1)-διάστατης µη αναγωγίσιµης
αναπαράστασης της SU(2), δηλαδή:

X̂a = κJa , (1.88)

όπου κ είναι η σταθερά αναλογίας η οποία προσδιορίζεται από το γεγονός ότι οι X̂a είναι συντε-
ταγµένες µίας (ασαφούς) σφαίρας και άρα πρέπει να ικανοποιούν τον σύνδεσµο:

3∑
a=1

X̂aX̂a = X̂2
1 + X̂2

2 + X̂2
3 = r2 , (1.89)

όπου r είναι η ακτίνα της ασαφούς σφαίρας. Λαµβάνοντας υπόψη την έκφραση του τελεστή
Casimir των γεννητόρων Ja της SU(2), όπως αυτή δίνεται στην εξίσωση (1.87) και αντικαθιστώντας

10Η τιµή αυτή προκύπτει από τη σύνθεση των µέγιστων τιµών, N , των δύο στροφορµών.
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τις συντεταγµένες, X̂a, σε όρους των γεννητόρων, όπως δίνονται στην εξίσωση (1.88), αποκτιέται η
έκφραση της παραµέτρου αναλογίας, κ:

κ =
r√

N
2

(
N
2 + 1

) = λNr , (1.90)

όπου λN = 1√
N
2 (N2 +1)

και εποµένως, ξεκινώντας από την εξίσωση (1.88), οι πίνακες-συντεταγµένες,

X̂a γράφονται ως :
X̂a = κJa =

r√
N
2

(
N
2 + 1

)Ja = λNrJa . (1.91)

Επίσης, η συµπεριφορά του γινοµένου δύο τελεστών-συντεταγµένων δίνεται από τη µεταθετική
τους σχέση, η οποία προκύπτει από τη µεταθετική σχέση των γεννητόρων Ja της SU(2), (1.86):

[X̂a, X̂b] = iκεabcX̂c = iλNCabcX̂c , (1.92)

όπου έγινε χρήση της σχέσης (1.90) και Cabc = rεabc.
Τώρα, είναι δυνατόν οι συντεταγµένες X̂a να επαναοριστούν ως οι παρακάτω αντιερµιτιανοί

πίνακες, Xa:

Xa =
1

iκr
X̂a =

1

ir
Ja . (1.93)

Η µεταθετική τους σχέση, (1.92), καθώς και ο σύνδεσµος της ακτίνας, (1.89), επαναορίζονται ως :

[Xa, Xb] = CabcXc and

3∑
a=1

XaXa = −
λ−2
N

r2
, (1.94)

όπου Cabc ορίζεται τώρα ως Cabc = εabc
r . Η άλγεβρα της ασαφούς σφάιρας περιγράφεται ισοδύναµα

και από τις δύο ϐάσεις.
Επίσης, αξίζει να σηµειωθεί ότι οι συναρτήσεις, Ŷlm, του πεπερασµένου συνόλου στο οποίο

αναπτύσσεται µία συνάρτηση f̂ , πάνω στην ασαφή σφαίρα, (1.85), είναι γνωστές ως οι ασαφείς
σφαιρικές αρµονικές και δίνονται από τις εκφράσεις [94]:

Ŷlm = r−l
∑
~a

f (lm)
a1...al

X̂a1 . . . X̂al , (1.95)

οι οποίες είναι οι ασαφείς ανάλογες εκφράσεις που περιγράφουν τις σφαιρικές αρµονικές σε όρους
των καρτεσιανών συντεταγµένων:

Ylm(θ, φ) =
∑
~a

f (lm)
a1...al

xa1 . . . xal . (1.96)

Και στις δύο περιπτώσεις, ο f
(lm)
a1...al είναι ένας άιχνος συµµετρικός τανυστής της SO(3) τάξης l.

Επίσης, οι ασαφείς σφαιρικές αρµονικές υπακούουν σε µία συνθήκη ορθοκανονικότητας η οποία
δίνεται από:

TrN

(
Ŷ †lmŶl′m′

)
= δll′δmm′ , (1.97)

όπου, το TrN συµβολίζει την πράξη της ολοκλήρωσης.
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1.5.2 Ο ασαφής χώρος R3
λ

΄Οπως περιγράφηκε στο προηγούµενο κεφάλαιο, η ασαφής σφαίρα είναι ένας µη µεταθετικός χώρος
ο οποίος αποτελεί µία προσέγγιση της κανονικής σφαίρας σε όρους πινάκων και οι συντεταγµένες
της ικανοποιούν την SU(2) µεταθετική σχέση, (1.92), µαζί µε την συνθήκη Casimir, (1.89), η οποία
ουσιαστικά αποτελεί τον σύνδεσµο για την ακτίνα. Ο χώρος R3

λ είναι ένας µη µεταθετικός χώρος η
περιγραφή του οποίου ϐασίζεται στην ασαφή σφαίρα.

Ας ϑεωρήσουµε την περίπτωση της ασαφούς σφαίρας και ας την τροποποιήσουµε µε τον εξής
τρόπο: έστω ότι για κάθε συγκεκριµένο λ (ϐλέπε (1.92)), αίρεται η συνθήκη Casimir, (1.89), το
οποίο σηµαίνει ότι οι πίνακες των συντεταγµένων, Xa, επιτρέπεται να ϕιλοξενούνται από αναγω-
γίσιµες αναπαραστάσεις της SU(2). Η αναγωγισιµότητα των αναπαραστάσεων επιτρέπει την γραφή
των πινάκων, Xa, σε µπλοκ διαγώνια µορφή από µη αναγωγίσιµες αναπαραστάσεις, στις οποίες η
συνθήκη Casimir ισχύει ακόµα για καθε ξεχωριστό µπλοκ, µε άλλα λόγια, κάθε µπλοκ περιγράφει
µία ασαφή σφάιρα. Εποµένως, ο R3

λ µπορεί να γραφτεί ως ένα ευθύ άθροισµα από ασαφεις σφα-
ίρες όλων των πιθανών ακτίνων, οι οποίες καθορίζονται από N ∈ N (N είναι η τιµή της τροχιακής
στροφορµής, l): [91,95–97]:

R3
λ =

∑
2N∈N

S2
N =

⊕
2N∈N

Mat(N,C) . (1.98)

Εποµένως, ο R3
λ µπορεί να ιδωθεί σαν µία διακριτή ϕυλλοποίηση του τρισδιάστατου ευκλείδειου

χώρου από πολλαπλές ασαφείς σφαίρες, µε κάθε ασαφή σφαίρα να είναι ένα ϕύλλο της ϕυλλο-
ποίησης. Με ανάλογο τρόπο ορίζεται ο ασαφής χώρος R1,2

λ , ο οποίος αποτελεί ϕυλλοποίηση του
τρισδιάστατου χώρου Minkowski από ασαφή υπερβολοειδή [100].

1.5.3 Ο ασαφής de Sitter χώρος

Στο κεφάλαιο αυτό κατασκευάζουµε µία ασαφή εκδοχή του χώρου de Sitter, dS4 [78], ο οποίος
ορίζεται ως υπόχωρος του πενταδιάστατου χώρου Minkowski µε µετρική ηAB = diag(−1, 1, 1, 1, 1).
Συγκεκριµένα, η σχέση εµβάπτισης είναι :

ηABxAxB = R2 , (1.99)

όπου A,B = 0, . . . , 4.
Προκειµένου να ϕτιάξουµε την ασαφή εκδοχή του παραπάνω χώρου, οι συντεταγµένες πρέπει

να αντικατασταθούν από τελεστές µίας άλγεβρας A, η οποία αναπαρίσταται από πίνακες και επο-
µένως υπακούουν µία µεταθετική σχέση γενικής µορφής:

[XA, XB] = iθAB(X) , (1.100)

όπου το θAB ενσωµατώνει τον τύπο της µη µεταθετικότητας. Αν το θAB ϑεωρούνταν ως ένας αντι-
συµµετρικός, σταθερός τανυστής [12], τότε, η αναλλοιώτητα Lorentz ϑα παραβιαζόταν, δεδοµένου
ότι ϑα υπήρχε προτίµηση στην κατεύθυνση. Ανακαλώντας την περίπτωση της ασαφούς σφαίρας,
στην οποία οι συντεταγµένες δεν µετατίθενται σύµφωνα µε την (1.92), το θAB της παραπάνω γε-
νικής σχέσης ϑα ήταν κε C

ABXC . Αυτό σηµαίνει ότι ο µεταθέτης των δύο συντεταγµένων, δηλαδή
δύο τελεστές ανάλογοι των SU(2) γεννητόρων, παράγει ένα πολλαπλάσιο ενός στοιχείου εντός της
SU(2) άλγεβρας, εξασφαλίζοντας την συναλλοιώτητα (οι συντεταγµένες µετασχηµατίζονται σαν δια-
νύσµατα κάτω από τις περιστροφές, δηλαδή την οµάδα ισοµετριών του χώρου). Ακολουθώντας την
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ίδια µεθοδολογία όπως στην ασαφή σφαίρα, για την κατασκευή του παρόντος ασαφούς χώρου de
Sitter, οι µη µετατιθέµενες συντεταγµένες ϑα έπρεπε να ταυτοποιηθούν µε κάποιους γεννήτορες
της οµάδας ισοµετριών, δηλαδή της SO(1,4). Παρόλα αυτά, µία τέτοια επιλογή δεν είναι επιτυχής
επειδή η ταυτοποίηση των συντεταγµένων µε γεννήτορες της SO(1,4) παραβιάζει τη συναλλοιώτη-
τα, αφού η άλγεβρα δεν κλείνει, συγκεκριµένα, το θAB του δεξιού µέλους της σχέσης (1.100) δεν
µπορεί να ανατεθεί σε γεννήτορες της άλγεβρας SO(1,4). Ωστόσο, η διατήρηση της συναλλοιώτη-
τας οφείλει να ληφθεί αξιωµατικά, εποµένως κάποια οµάδα µεγαλύτερης συµµετρίας πρέπει να
χρησιµοποιηθεί, στην οποία ϑα καταστεί δυνατή η συµπερίληψη όλων των γεννητόρων και της
µη µεταθετικότητας εντός αυτής, µε την ιδιότητα οι συντεταγµένες να µετασχηµατίζονται σαν δια-
νύσµατα κάτω από τη δράση της οµάδας Lorentz. Προκειµένου να επιτευχθεί αυτό, η ελάχιστη
επέκταση της συµµετρίας οδηγεί στην υιοθέτηση της οµάδας SO(1,5). Χάριν ευκολίας, για τη δια-
τύπωση της παραπάνω µεθοδολογίας, χρησιµοποιούµε την ευκλείδεια περίπτωση, εννοώντας ότι η
οµάδα συµµετριών επεκτείνεται από την SO(5) στην SO(6).

Ας ϑεωρήσουµε τους δεκαπέντε γεννήτορες της SO(6) και ας τους συµβολίσουµε σαν JAB, µε
A,B = 1, . . . 6, ικανοποιώντας την παρακάτω µεταθετική σχέση:

[JAB, JCD] = i(δACJBD + δBDJAC − δBCJAD − δADJBC) . (1.101)

Αναπτύσσουµε τους παραπάνω γεννήτορες σε έναν SO(4) συµβολισµό και επαναορίζουµε τους
γεννήτορες ως :

Jmn =
1

~
Θmn, Jm5 =

1

λ
Xm, Jm6 =

λ

2~
Pm, J56 =

1

2
h , (1.102)

όπου m,n = 1, . . . , 4. Η παράµετρος λ έχει εισαχθεί για διαστατικούς λόγους και Xm, Pm,Θmn

ταυτοποιούνται ως οι συντεταγµένες, ορµές και τανυστής µη µεταθετικότητας, αντίστοιχα. Οι
συντεταγµένες και οι ορµές ικανοποιούν τις παρακάτω µεταθετικές σχέσεις :

[Xm, Xn] = i
λ2

~
Θmn, [Pm, Pn] = 4i

~
λ2

Θmn (1.103)

[Xm, Pn] = i~δmnh, [Xm,h] = i
λ2

~
Pm (1.104)

[Pm,h] = 4i
~
λ2
Xm , (1.105)

από τις οποίες στην πρώτη, (1.103) γίνεται κατανοητό ότι ο µεταθέτης των συντεταγµένων κλείνει
στο SO(4) κοµµάτι της SO(6) οµάδας. Η άλγεβρα των µετασχηµατισµών των συντεταγµένων είναι η
εξής :

[Xm,Θnp] = i~(δmpXn − δmnXp) (1.106)

[Pm,Θnp] = i~(δmpPn − δmnPp) (1.107)

[Θmn,Θpq] = i~(δmpΘnq + δnqΘmp − δnpΘmq − δmqΘnp) (1.108)

[h,Θmn] = 0 (1.109)

Η πρώτη µεταθετική σχέση, (1.103), δείχνει ότι οι συντεταγµένες µετασχηµατίζονται σαν διανύσµα-
τα κάτω από τη δράση της οµάδας περιστροφών, (1.108), επιβεβαιώνοντας την πλέον σηµαντική
ιδιότητα της συναλλοιώτητας του χώρου. Η παραπάνω άλγεβρα, σε αντίθεση µε την άλγεβρα Heisen-
berg (ϐλέπε αναφορά [102]), επιδέχεται αναπαραστάσεις πεπερασµένης διάστασης για τους Xm,
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Pm και Θmn, εποµένως έχουµε κατασκευάσει έναν χώρο ο οποίος αποτελεί ένα πεπερασµένο κβα-
ντικό σύστηµα. Συµπεριλαµβάνοντας την περίπτωση της ασαφούς σφαίρας και του R3

λ χώροι σαν
και αυτόν ονοµάζονται ασαφείς συναλλοίωτοι χώροι [62, 63, 103]. ΄Οπως ϑα περιγράψουµε αρ-
γότερα µε λεπτοµέρεια, κάνουµε χρήση του χώρου αυτού για την κατασκευή του τετραδιάστατου
ϐαρυτικού µοντέλου ως µη µεταθετικής ϑεωρίας ϐαθµίδας.

Συναλλοίωτος τανυστής δύναµης πεδίου του ασαφούς dS4

Εν γένει, ο τανυστής δύναµης πεδίου γράφεται ως ο µεταθέτης των συναλλοίωτων συντεταγµένων
συν έναν έξτρα όρο που συνεισφέρει στην συναλλοιώτητα. Για τις δύο περιπτώσεις της κανονικής
και Lie-τύπου µη µεταθετικότητας οι εκφράσεις αυτές είναι οι :

Tab = [X̂a, X̂b]− iθab , Fab = [X̂a, X̂b]− iC c
ab X̂c . (1.110)

Ο παραπάνω όρος σχετίζεται µε το δεξί µέλος των µεταθετικών σχέσεων των συντεταγµένων τους :

[Xa, Xb] = iθab , [Xa, Xb] = iC c
ab Xc . (1.111)

Στην κανονική περίπτωση, στην οποία οι συντεταγµένες µετασχηµατίζονται µε µη συναλλοίωτο
τρόπο, ο έξτρα όρος είναι ένας αντισυµµετρικός σταθερός τανυστής, ενώ στη συναλλοίωτη Lie-
τύπου περίπτωση ο έξτρα όρος περιλαµβάνει τις συντεταγµένες µε γραµµικό τρόπο. Η παρουσία
του έξτρα όρου σε καθεµία από τις περιπτώσεις ϕαίνεται να χαλάει την αναλογία µε τη µεταθετική
περίπτωση, ωστόσο είναι απαραίτητος εφόσον σε αυτόν οφείλεται η συναλλοιώτητα του τανυστή.

Εδώ, στην περίπτωση του ασαφούς de Sitter χώρου τον οποίον ϑεµελιώνουµε [78], ο τανυστής
µη µεταθετικότητας είναι ένας σταθερός αντισυµµετρικός τανυστής (γεννήτορας της οµάδας συµ-
µετριών), παραπέµποντας σε µία σχέση µε την κανονική περίπτωση, αλλά επίσης αποτελεί έναν
συναλλοίωτο µη µεταθετικό χώρο (ϕτιάχτηκε κατα αυτόν τον τρόπο), παραπέµποντας στην περίπτω-
ση Lie-τύπου. Εποµένως, είναι αµφιλεγόµενο σε ποια περίπτωση κατατάσσεται η ο ασαφής χώρος
de Sitter. Η απάντηση είναι ότι δεν µπορεί να καταταχθεί σε καµία από τις δύο αυτές περιπτώσεις,
εποµένως πρέπει να εξεταστεί ξεχωριστά. ΄Οπως ϕαίνεται στην πρώτη σχέση της (1.103), ο ασαφής
χώρος de Sitter ορίζεται ως :

[Xa, Xb] = i
λ2

~
Θab ⊗ 1 , (1.112)

όπου 1 είναι ένας p×p µοναδιαίος πίνακας και p είναι η διάσταση της αναπαράστασης της εκάστοτε
οµάδας ϐαθµίδας. Λόγω της ανεξαρτησίας από τις συντεταγµένες του δεξιού µέλους της παραπάνω
εξίσωσης, (1.112), των συντεταγµένων, Xa, ο προφανής ορισµός του τανυστή δύναµης πεδίου ϑα
ήταν :

Fab = [X̂a, X̂b]− i
λ2

~
⊗Θab1 . (1.113)

Αν ϑεωρήσουµε έναν µετασχηµατισµό ϐαθµίδας του τανυστή δύναµης πεδίου, δFab, τότε, ευθείς
υπολογισµοί οδηγούν στο παρακάτω αποτελέσµα:

δFab = [ε, Fab]− i
λ2

~
[ε,Θab ⊗ 1] , (1.114)

όπου ε = ε(X) είναι µία παράµετρος ϐαθµίδας. Επίσης, το γεγονός ότι οι συντεταγµένες, Xa, και
εποµένως ο τανυστής µη µεταθετικότητας, Θab, είναι αναλλοίωτοι κάτω από τους µετασχηµατισµο-
ύς ϐαθµίδας, δXa = δΘab = 0, έχει ληφθεί υπόψη στον υπολογισµό. Ωστόσο, στην παραπάνω
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έκφραση είναι εµφανές ότι ο τανυστή δύναµης πεδίου δεν µετασχηµατίζεται µε συναλλοίωτο τρόπο
(εφόσον δεν υπάρχει κανένας λόγος για τον δεύτερο µεταθέτη του δεξιού µέλους να εξαφανίζεται)
όπως στις κανονική και Lie-τύπου περιπτώσεις. Για να διορθώσουµε το παραπάνω, µη επιθυ-
µητό αποτέλεσµα, ο ορισµός του τανυστή δύναµης πεδίου πρέπει να τροποποιηθεί κατάλληλα,
συγκεκριµένα στην ακόλουθη µορφή:

F̂ab = [X̂a, X̂b]−
iλ2

~
Θ̂ab , (1.115)

όπου Θ̂ab είναι ένας τανυστής που ορίζεται ως :

Θ̂ab = Θab ⊗ 1 + Bab , (1.116)

όπου Bab είναι ένα µη αβελιανό πεδίο 2-µορφής, το οποίο παίρνει επίσης τιµές στην άλγεβρα ϐαθ-
µίδας της εκάστοτε ϑεωρίας ϐαθµίδας. Εποµένως, υπολογισµοί οδηγούν στην ακόλουθη έκφραση
του (απειροστού) µετασχηµατισµού του τανυστή δύναµης πεδίου:

δF̂ab = i[ε, F̂ab] , (1.117)

ο οποίος είναι ένας συναλλοίωτος µετασχηµατισµός. Εδώ κλείνει το κεφάλαιο στο οποίο γίνεται
η περιγραφή των ασαφών χώρων τους οποίους ϑα χρησιµοποιήσουµε για την κατασκευή ϑεωριών
ϐαθµίδας.
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1.6 Τρισδιάστατη ϐαρύτητα ως ϑεωρία ϐαθµίδας σε µη µεταθετικο-
ύς χώρους

Στο κεφάλαιο αυτό κατασκευάζουµε ένα τρισδάστατο ϐαρυτικό µοντέλο ως ϑεωρία ϐαθµίδας στο
µη µεταθετικό πλαίσιο [79] (ϐλέπε επίσης [80,81]) µεταφράζοντας την αντίστοιχη προσέγγιση της
τρισδιάστατης Γενικής Θεωρίας της Σχετικότητας όπως αυτή περιγράφεται σαν ϑεωρία ϐαθµίδας
του ISO(1,2), (κεφάλαιο 1.2), στην οποία οι Poincaré και (A)dS οµάδες ϑεωρήθηκαν ως οµάδες
ϐαθµίδας. Για το εγχείρηµα αυτό, ϑέτουµε σε εφαρµογή τη γενική µεθοδολογία για την κατασκευή
τέτοιων ϑεωριών ϐαθµίδας σε µη µεταθετικούς χώρους [33] και εξειδικεύουµε για την περίπτωση
του συναλλοίωτου χώρου R3

λ και του Lorentzian ανάλογού του, R1,2
λ .

΄Οπως συζητήσαµε στο κεφάλαιο 1.2, τα αποτελέσµατα της τρισδιάστατης ϐαρύτητας Einstein
ανακτώνται επιτυχώς από µία Chern-Simons ϑεωρία ϐαθµίδας της Poincaré οµάδας, ISO(1,2),
µε τη συνοχή ϐαθµίδας να κωδικοποιεί την πληροφορία για τα vielbein και spin connection.
Εδώ, στοχεύουµε σε ένα τρισδιάστατο (µη µεταθετικό) ϐαρυτικό µοντέλο µε ϑετική κοσµολογι-
κή σταθερά, εποµένως η αντίστοιχη οµάδα συµµετρίας η οποία ϐαθµώνεται είναι η SO(1,3) για
τη Lorentzian περίπτωση, ενώ για την ευκλείδεια είναι η SO(4) [104], µε αντίστοιχους χώρους
που ϕιλοξενούν τις ϑεωρίες, τους R3

λ και R1,2
λ . Στις δύο αυτές περιπτώσεις, η πληροφορία για τα

vielbein και spin connection εµπεριέχεται στη συναλλοίωτη συντεταγµένη. ΄Εµπνευση για το όλο
εγχείρηµα αποτέλεσαν οι προηγούµενες δουλειές που περιέχονται στις αναφορές [34–38], στις οπο-
ίες οι συγγραφείς ϑεωρούν οµάδες οι οποίες χρησιµοποιούνται για την κατασκευή τετραδιάστατων
µοντέλων χωρίς κοσµολογική σταθερά. Συγκεκριµένα για την τρισδιάστατη περίπτωση, σχετικές
δουλειές δίνονται στις παρακάτω αναφορές [39–41,105]. Συγκριτικά µε την προσέγγισή µας, στις
παραπάνω δουλειές οι παραµορφώσεις ϐασίζονται στο ?-γινόµενο του κάθε χώρου και χρησιµο-
ποιείται η απεικόνιση Seiberg-Witten [42], ενώ στην δικιά µας περίπτωση χρησιµοποιούνται οι
αναπαραστάσεις των τελεστών µέσω πινάκων.

΄Οπως αναφέραµε παραπάνω, οι οµάδες ϐαθµίδας που χρησιµοποιούµε είναι οι SO(1,3) και
SO(4) ανάλογα µε το αν είναι Lorentzian ή ευκλείδειος ο χώρος. Θεωρούµε λοιπόν ισοδύναµα
τις σπιν οµάδες Spin(1,3) και Spin(4), οι οποίες είναι µε τη σειρά τους ισόµορφες µε τις SL(2,C)
και SU(2)×SU(2), αντίστοιχα. Θα προχωρήσουµε µε την αναλυτική περιγραφή της Lorentzian
περίπτωσης. ΄Επειτα η διαδικασία για την ευκλείδεια είναι η ίδια.

Η Lorentzian περίπτωση

Στις µη αβελιανές µη µεταθετικές ϑεωρίες ϐαθµίδας, το γεγονός ότι οι αντιµεταθέτες των γεν-
νητόρων της οµαδας δεν κλείνουν, δηλαδή παράγουν τελεστές οι οποίοι δεν αποτελούν στοιχεία
της άλγεβρας. Προφανώς, το ίδιο πρόβληµα συναντάται και στην περίπτωη που εξετάζουµε για
τους γεννήτορες της SL(2,C) ϑεωρίας ϐαθµίδας. Εποµένως, για να ξεπεραστεί το πρόβληµα αυτό,
το πρώτο ϐήµα είναι να προσδιορίσουµε την αναπαράσταση στην οποία ϐρίσκονται οι γεννήτορες,
στην περίπτωσή µας είναι η σπινοριακή αναπαράσταση, στην οποία οι έξι γεννήτορες αναπαρίστα-
νται από τους µεταθέτες των Lorentzian γ-πινάκων, συγκεκριµένα:

ΣAB =
1

2
γAB =

1

4
[γA, γB] , A,B = 1, . . . , 4 . (1.118)

Ξεκινώντας από την παρακάτω σχέση [106]:

γABγ
CD = 2δ

[C
[Bδ

D]
A] + 4δ

[C
[BγA]

D] + iεAB
CDγ5 , (1.119)
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προκύπτουν οι παρακάτω µεταθετικές και αντιµεταθετικές σχέσεις των γεννητόρων:

[γAB, γCD] = 8ηA[CγD]B] , (1.120)

{γAB, γCD} = 4ηC[BηA]D1 + 2iεABCDγ5 , (1.121)

όπου γ5 = iγ1γ2γ3γ4. Στην παραπάνω αντιµεταθετική σχέση, (1.121), τα µόνα στοιχεία που
παράγονται από αντιµεταθέτες των γεννητόρων της άλγεβρας σε αυτήν τη συγκεκριµένη αναπα-
ϱάσταση είνα ο τετραδιάστατος µοναδιαίος πίνακας, 1 και ο γ5. Εποµένως, τα δύο αυτά στοιχεία
πρέπει να συµπεριληφθούν στην άλγεβρα, επεκτείνοντάς την σε µία οκταδιάστατη άλγεβρα, η οποία
είναι ακριβώς αυτή της GL(2,C) µε σύνολο γεννητόρων το {γAB, γ5, i1}11.

Τώρα προχωράµε σε ένα SO(3) ανάπτυγµα των παραπάνω γεννητόρων, για λόγους κατάλληλης
ταυτοποίησης των πεδίων ϐαθµίδας που ϑα εισαχθούν σε λίγο. Εποµένως, ορίζουµε τους γεννήτο-
ϱες γ̃a ≡ εabcγbc και γ̄a ≡ γa4, µε a, b, c = 1, 2, 3. Αυτοί οι επαναορισµοί των γεννητόρων µας
επιτρέπουν να ξαναγράψουµε τις µεταθετικές και αντιµεταθετικές σχέσεις των (1.120) και (1.121)
σε όρους των SO(3) αναπτυγµάτων των γεννητόρων:

[γ̃a, γ̃b] = −4εabcγ̃c , [γ̄a, γ̃b] = −4εabcγ̄
c , [γ̄a, γ̄b] = εabcγ̃

c (1.122)

{γ̃a, γ̃b} = −8ηab1 , {γ̄a, γ̃b} = 4iδbaγ5 , {γ̄a, γ̄b} = 2ηab1 , (1.123)

[γ5, γ̃a] = [γ5, γ̄a] = 0 , {γ5, γ̃a} = 4iγ̄a , {γ5, γ̄a} = iγ̃a , (1.124)

όπου στην τελευταία σειρά χρησιµοποιήθηκαν οι σχέσεις [γ5, γAB] = 0 και {γ5, γAB} = iεABCDγCD.
Εποµένως, καταλήγουµε σε µία ϑεωρία µε οµάδα ϐαθµίδας την GL(2,C). Ο τρισδιάστατος

χώρος που χρησιµοποιούµε για την κατασκευή της ϑεωρίας είναι ο R1,2
λ , δηλαδή η ϕυλλοποίη-

ση του τρισδιάστατου χώρου Minkowski από ασαφή υπερβολοειδή, όπου οι τρεις συντεταγµένες,
δηλαδή οι τελεστές Xµ, έχουν ταυτοποιηθεί µε πολλαπλάσια των γεννητόρων της SU(1,1) σε µία
αναγωγίσιµη αναπαράσταση. Προκειµένου να προχωρήσουµε µε την κατασκευή της ϑεωρίας ϐαθ-
µίδας, εισάγουµε τη συναλλοίωτη συντεταγµένη, η οποία είναι :

X̂µ = Xµ +Aµ , (1.125)

όπου µ = 0, 1, 2 είναι οι χωροχρονικοί δείκτες και Aµ είναι η συνοχή ϐαθµίδας. Η τελευταία
είναι συνάρτηση των τελεστών-συντεταγµένων, Xµ, η οποία παίρνει τιµές στην άλγεβρα GL(2,C),
εποµένως, αν για την ώρα συµβολίσουµε τους γεννήτορες συλλογικά ως T ā, όπου ā = 1, . . . , 8,
τότε αναπτύσσεται πάνω σε αυτούς ως :

Aµ(X) = Aāµ(X)⊗ T ā . (1.126)

Πρέπει να σηµειωθεί ότι ανάµεσα στα πεδία ϐαθµίδας, Aāµ(X) και τους γεννήτορες T ā, το σύνηθες
γινόµενο δεν ϑα είχε νόηµα, για αυτό και αντικαθίσταται από το τανυστικό γινόµενο µιας και τα πε-
δία ϐαθµίδας είναι συναρτήσεις των συντεταγµένων, δηλαδήN×N πίνακες και οι γεννήτορες είναι
4 × 4 πίνακες (σπινοριακή αναπαράσταση). Τώρα γράφουµε τη συνοχή ϐαθµίδας ως ανάπτυγµα
πάνω στους γεννήτορες, T ā = {γ̃a, γ̄a, i1, γ5}:

Aµ(X) = e aµ (X)⊗ γ̄a + ω a
µ (X)⊗ γ̃a +Aµ(X)⊗ i1 + Ãµ(X)⊗ γ5 , (1.127)

11Χρησιµοποιούµε το σύνολο των γ-πινάκων όπως στην αναφορά [36]. Συµβολίζουµε τον γ0 πινακα ως γ4 και ϑεωρούµε
το στοιχείο η44 = −1 στην κυρίως ϑετική τετραδιάστατη µετρική Minkowski που χρησιµοποιούµε. Βλέπε επίσης [107]
για περισσότερες λεπτοµέρειες.
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όπου τα πεδία ϐαθµίδας που ανατίθενται στους γ̄a και γ̃a γεννήτορες έχουν ταυτοποιηθεί ως το
vielbein, eaµ(X) και το spin connection, ω a

µ (X), αντίστοιχα, ακολουθώντας την αντίστοιχη ταυτο-
ποίηση µε τη µεταθετική περίπτωση, (1.8). Εδώ, λόγω της µη µεταθετικότητας έχουµε εισαγάγει
δύο παραπάνω U(1)-τύπου πεδία ϐαθµίδας, τα Aµ(X) και Ãµ(X). Επίσης, ϑεωρούµε την πα-
ϱάµετρο ϐαθµίδας, ε(X), η οποία παίρνει τιµές στην οµάδα ϐαθµίδας και εποµένως αναπτύσσεται
στους γεννήτορες σαν :

ε(X) = ξa(X)⊗ γ̄a + λa(X)⊗ γ̃a + ε0(X)⊗ i1 + ε̃0(X)⊗ γ5 . (1.128)

΄Εχοντας πλέον γράψει τις εκφράσεις της συνοχής ϐαθµίδας και της παραµέτρου µετασχηµατι-
σµού ϐαθµίδας, προχωράµε µε τον προσδιορισµό των µετασχηµατισµών των πεδίων ϐαθµίδας,
χρησιµοποιώντας τον κανόνα µετασχηµατισµού της συναλλοίωτης συντεταγµένης, δX̂ = [ε, X̂]:

δe aµ = −i[Xµ +Aµ, ξ
a] + 2{ωµb, ξc}εabc + 2{eµb, λc}εabc + 2i[λa, Ãµ] + 2i[ε̃0, ωµa] + i[ε0, eµa] ,

δω a
µ = −i[Xµ +Aµ, λ

a] + 2{ωµb, λc}εabc −
1

2
{eµb, ξc}εabc +

i

2
[ξa, Ãµ] + i[ε0, ω

a
µ ] +

i

2
[ε̃0, e

a
µ ] ,

δAµ = −i[Xµ +Aµ, ε0]− i[ξa, eµa] + 4i[λa, ωµa]− i[ε̃0, Ãµ] ,

δÃµ = −i[Xµ +Aµ, ε̃0] + 2i[ξa, ωµa] + 2i[λa, eµa] + i[ε0, Ãµ] . (1.129)

Στο σηµείο αυτό, εξετάζουµε δύο σηµαντικά όρια που αφορούν στους παραπάνω κανόνες µετασχη-
µατισµού των πεδίων ϐαθµίδας. Πρώτον, αν είχαµε ξεκινήσει την κατασκευή της ϑεωρίας ϐαθµίδας
στον χώρο R1,2

λ µε µία αβελιανή οµάδα, U(1), τότε η αντίστοιχη συναλλοίωτη συντεταγµένη ϑα ήταν
απλά η X̂µ = Xµ + Aµ και από τον γνωστό κανόνα µετασχηµατισµού, ϑα αποκτούσαµε τον µετα-
σχηµατισµό του πεδίου δAµ = −i[Xµ, ε0] + i[ε0, Aµ], όπου ε0 η αντίστοιχη παράµετρος µετασχη-
µατισµού ϐαθµίδας. Αυτή η αβελιανή ϑεωρία ϐαθµίδας υποβόσκει κάτω από την GL(2,C) ϑεωρία
ϐαθµίδας που χτίζουµε και γίνεται αντιληπτή ϑέτοντας e aµ , ω a

µ , Ãµ = 0 µαζί µε τις αντίστοιχες
παραµέτρους ίσες µε το µηδέν. Εποµένως, ο µόνος µη τετριµµένος µετασχηµατισµός της εξίσωσης
(1.129) ϑα ήταν ο δAµ = −i[Xµ, ε0] + i[ε0, Aµ], ο οποίος είναι ταυτόσηµος µε τον κανόνα µετασχη-
µατισµού ενός πεδίου ϐαθµίδας µίας µη µεταθετικής Maxwell ϑεωρίας ϐαθµίδας, όπως αναφέραµε
παραπάνω. Εποµένως, καταλαβαίνουµε ότι ο τοµέας Maxwell είναι πάντα παρών είτε το vielbein
είναι τετριµµένο, είτε όχι. Το δεύτερο όριο είναι το µεταθετικό, στο οποίο τα επιπρόσθετα πεδία
σε σχέση µε αυτά της ϐαρυτικής ϑεωρίας αποσυζεύγνυνται και εποµένως µπορούµε να ϑέσουµε
Aµ = Ãµ = 0. Επίσης, στο όριο αυτό, η εσωτερική παραγώγιση ανάγεται στη συνηθισµένη σύµ-
ϕωνα µε την απεικόνιση [Xµ, f ] → −i∂µf . Εποµένως, οι εκφράσεις των µετασχηµατισµών των
επιζόντων πεδίων, e aµ , ω a

µ όπως αποκτήθηκαν στην εξίσωση (1.129), γίνονται :

δe aµ = −∂µξa − 4ξbωµcε
abc − 4λbeµcε

abc ,

δω ab
µ = −∂µλa + ξbeµcε

abc − 4λbωµcε
abc . (1.130)

Οι παραπάνω εκφράσεις ϑυµίζουν αυτές της προσέγγισης της τρισδιάστατης ϐαρύτητας ως ϑεωρίας
ϐαθµίδας µε ϑετική κοσµολογική σταθερά, (1.27) και γίνονται ταυτόσηµες µε αυτές έπειτα από την
ϑεώρηση των παρακάτω επαναορισµών των γεννητόρων, παραµέτρου µετασχηµατισµού ϐαθµίδας
και πεδίων ϐαθµίδας :

γ̄a →
2i√
λ
Pa , γ̃a → −4Ja , 4λa → λa , ξ

2i√
λ
→ −ξa , e aµ →

√
λ

2i
e aµ , ω a

µ → −1

4
ω a
µ .

(1.131)
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Εποµένως, στο µεταθετικό όριο, οι µετασχηµατισµοί των πεδίων ϐαθµίδας της τρισδιάσατης ϑεωρίας
ϐαρύτητας ανακτώνται επιτυχώς.

Προχωρώντας µε την κατασκευή της ϑεωρίας ϐαθµίδας, το επόµενο ϐήµα είναι να υπολογιστεί
ο τανυστής δύναµης πεδίου ο οποίος δίνει τις εκφράσεις των τανυστών καµπυλότητας. Ο τανυστής
δύναµης πεδίου έχει την παρακάτω µορφή:

Rµν = [X̂µ, X̂ν ]− iλC ρ
µν X̂ρ . (1.132)

Ο τανυστής Rµν(X) παίρνει τιµές στην άλγεβρα, οπότε µπορεί να γραφτεί ως ανάπτυγµα πάνω
στους γεννήτορες :

Rµν(X) = T a
µν (X)⊗ γ̄a +R a

µν (X)⊗ γ̃a + Fµν(X)⊗ i1 + F̃µν(X)⊗ γ5 . (1.133)

Συνδυάζοντας τις εξισώσεις (1.125), (1.127), (1.132) και (1.133), αποκτούµε τις παρακάτω εκ-
ϕράσεις για τους τανυστές καµπυλότητας :

T a
µν = i[Xµ +Aµ, e

a
ν ]− i[Xν +Aν , e

a
µ ]− 2εabc ({eµb, ωνc}+ {ωµb, eνc})

+ 2i
(

[ω a
µ , Ãν ]− [ω a

ν , Ãµ]
)
− iλC ρ

µν e
a
ρ , (1.134)

R a
µν = i[Xµ +Aµ, ω

a
ν ]− i[Xν +Aν , ω

a
µ ] + εabc

(
1
2{eµb, eνc} − 2{ωµb, ωνc}

)
+ i

2

(
[e aµ , Ãν ]− [e aν , Ãµ]

)
− iλC ρ

µν ω
a
ρ , (1.135)

Fµν = i[Xµ +Aµ, Xν +Aν ]− i[e aµ , eνa] + 4i[ω a
µ , ωνa]− i[Ãµ, Ãν ]− iλC ρ

µν (Xρ +Aρ) , (1.136)

F̃µν = i[Xµ +Aµ, Ãν ]− i[Xν +Aν , Ãµ] + 2i
(
[e aµ , ωνa] + [ω a

µ , eνa]
)
− iλC ρ

µν Ãρ . (1.137)

Αξίζει να σηµειωθεί ότι αν ϑεωρήσουµε το µεταθετικό όριο, οι εκφράσεις των δύο πρώτων σχέσεων
συµπίπτουν µε τις αντίστοιχες της τρισδιάστατης ϐαρύτητας, (1.27), έπειτα από την υιοθέτηση των
επαναορισµών της (1.131).

Η ευκλείδεια περίπτωση

΄Οπως αναφέραµε στην αρχή του κεφαλαίου, η οµάδα ϐαθµίδας για την περίπτωση αυτή είναι
η SU(2) × SU(2). Παροµοίως, λόγω του ότι οι αντιµεταθέτες των γεννητόρων δεν κλείνουν εντός
της άλγεβρας, προσδιορίζουµε την αναπαράσταση και επεκτείνουµε την άλγεβρα µε παραπάνω
στοιχεία τους τελεστές που προκύπτουν από τους αντιµεταθέτες, καταλήγωντας µε τη U(2)× U(2)
ως οµάδα ϐαθµίδας της ϑεωρίας. Κάθε U(2) αναπαρίσταται από τους πίνακες Pauli και τον µο-
ναδιαίο πίνακα, εποµένως η U(2) × U(2) οµάδα ϐαθµίδας ϑα εµπλέκει τους παρακάτω 4 × 4
πίνακες :

JLa =

(
σa 0
0 0

)
, JL0 =

(
1 0
0 0

)
, και JRa =

(
0 0
0 σa

)
, JR0 =

(
0 0
0 1

)
. (1.138)

Παρόλα αυτά, πρέπει να είµαστε προσεκτικοί κατά την ταυτοποίηση των µη µεταθετικών πεδίων
ϐαθµίδας vielbein και spin connection. Για τη σωστή ταυτοποίηση των πεδίων ϐαθµίδας, οι γεν-
νήτορες που ϑεωρούµε είναι οι παρακάτω:

Pa = 1
2(JLa − JRa ) =

1

2

(
σa 0
0 −σa

)
, Ma = 1

2(JLa + JRa ) =
1

2

(
σa 0
0 σa

)
, (1.139)
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καθώς επίσης :
1 = JL0 + JR0 , γ5 = JL0 − JR0 . (1.140)

Η παραπάνω µορφή των γεννητόρων ικανοποιούν τις αναµενόµενες µεταθετικές και αντιµεταθετικές
σχέσεις, οι οποίες αποκτώνται χρησιµοποιώντας τις αντίστοιχες για τους πίνακες Pauli:

[Pa, Pb] = iεabcMc , [Pa,Mb] = iεabcPc , [Ma,Mb] = iεabcMc ,

{Pa, Pb} = 1
2δab1 , {Pa,Mb} = 1

2δabγ5 , {Ma,Mb} = 1
2δab1 ,

[γ5, Pa] = [γ5,Ma] = 0 , {γ5, Pa} = 2Ma , {γ5,Ma} = 2Pa . (1.141)

΄Επειτα, ταυτοποιώντας τον χώρο πάνω στον οποίον χτίζουµε τη ϑεωρία ϐαθµίδας ως τον R3
λ, προ-

χωράµε όπως στην Lorentzian περίπτωση ορίζοντας τη συναλλοίωτη συντεταγµένη:

X̂µ = Xµ ⊗ i1 + e aµ ⊗ Pa + ω a
µ ⊗Ma +Aµ ⊗ i1 + Ãµ ⊗ γ5 , (1.142)

καθώς και την παράµετρο µετασχηµατισµού ϐαθµίδας :

ε = ξa ⊗ Pa + λa ⊗Ma + ε0 ⊗ i1 + ε̃0 ⊗ γ5 . (1.143)

Ο κανόνας µετασχηµατισµού της συναλλοίωτης παραγώγου παράγει τους µετασχηµατισµούς των
πεδίων ϐαθµίδας, όπως στην εξίσωση (1.129) και κάνοντας χρήση του ορισµού του τανυστή δύνα-
µης πεδίου καταλήγουµε µε τους τανυστές καµπυλότητας, παρόµοιους µε αυτούς της Lorentzian
περίπτωσης, (1.137).

Η δράση για την τρισδιάστατη µη µεταθετική ϐαρύτητα

Για να ολοκληρώσουµε την εικόνα, πρέπει να προσδιορίσουµε τη δράση της ϑεωρίας. Εφόσον
οι χώροι στους οποίους δουλεύουµε είναι τρισδιάστατοι, εµπνεόµενοι από την προσέγγιση της ϐα-
ϱύτητας Einstein ως ϑεωρίας ϐαθµίδας, όπως περιγράφηκε στο κεφάλαιο 1.2, η προφανής επιλογή
είναι µία δράση τύπου Chern-Simons. Για την Lorentzian περίπτωση, R1,2

λ , η δράση [108]12 είναι :

S0 =
1

g2
Tr

(
i

3
CµνρXµXνXρ −m2XµX

µ

)
. (1.144)

Μεταβολή της παραπάνω δράσης οδηγεί στις εξισώσεις κίνησης :

[Xµ, Xν ]− 2im2C ρ
µνXρ = 0 , (1.145)

η οποία επιδέχεται ως λύση τον χώρο R1,2
λ , για 2m2 = λ. Επίσης, αν είχαµε ξεκινήσει µε την

ίδια δράση για την ευκλείδεια περίπτωση, R3
λ, η µόνη διαφορά ϑα ήταν ότι το Cµνρ ϑα έπρεπε να

αντικατασταθεί από το εµνρ και η παράµετρος ϑα προέκυπτε 2m2 = −λ.
Για να εισαγάγουµε τα πεδία ϐαθµίδας στην παραπάνω δράση, (1.144), είτε πρέπει να ϑε-

ωρήσουµε διαταραχές στην παραπάνω λύση, (1.145), αντικαθιστώντας τις συντεταγµένες µε τις
συναλλοίωτες εκδοχές τους, είτε να κάνουµε την αντικατάσταση αυτή στο επίπεδο της δράσης και
να καταλήξουµε µε τις εξισώσεις κίνησης έπειτα από µεταβολή της δράσης ως προς τα πεδία. Η
εµφάνιση των πεδίων συνεπάγεται την εµφάνιση του ίχνους πάνω στους γεννήτορες, trG. Τα µη

12Παρόµοια δράση είχε προταθεί και στη δουλειά [54] για την περιγραφή ϐαρύτητας στη fuzzy σφαίρα. Βλέπε
επίσης [109].
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µηδενιζόµενα ίχνη των γεννητόρων αποκτώνται ξεκινώντας από τις εκφράσεις των αντιµεταθετών
στη σχέση (1.124):

trG(γ̄aγ̄b) = 4ηab , trG(γ̃aγ̃b) = −16ηab . (1.146)

Εποµένως, η δράση µπορεί να γραφτεί σε όρους των πεδίων ϐαθµίδας ως :

S =
1

g2
TrtrG

(
i
3C

µνρX̂µX̂νX̂ρ − λ
2 X̂µX̂

µ
)
, (1.147)

όπου το πρώτο ίχνος, Tr αφορά τους N × N πίνακες που αναπαριστούν τις συντεταγµένες και
το δεύτερο ίχνος trG αφορά τους 4 × 4 πίνακες που αναπαριστούν τους γεννήτορες της οµάδας
ϐαθµίδας GL(2,C). Η παραπάνω δράση, (1.147) µπορεί να γραφτεί σε όρους του Rµν της σχέσης
(1.132) σαν :

S = 1
6g2 TrtrG

(
iCµνρX̂µRνρ

)
+ Sλ , (1.148)

όπου Sλ = − λ
6g2 TrtrG(X̂µX̂

µ) και µηδενίζεται στο όριο λ → 0. Κάνοντας χρήση των εκφράσεων
των ιχνών πάνω στους γεννήτορες, (1.146), στην έκφραση της δράσης (1.148), αποκτούµε την
ακόλουθη έκφραση:

S = 2
3g2 TriCµνρ

(
eµaT

a
νρ − 4ωµaR

a
νρ − (Xµ +Aµ)Fνρ + ÃµF̃νρ

)
− 2λ

3g2 Tr
(
e aµ e

µ
a − 4ω a

µ ω
µ
a − (Xµ +Aµ)(Xµ +Aµ) + ÃµÃ

µ
)
. (1.149)

Αξίζει να σηµειωθεί ότι αν ϑεωρήσουµε το µεταθετικό όριο και εφαρµόσουµε τους επαναορισµούς
της (1.131), η παραπάνω έκφραση της δράσης, (1.149), ανάγεται σε αυτήν της τρισδιάστατης
Einstein ϐαρύτητας, η οποία περιγράφεται στο κεφάλαιο 1.2, ειδικά στην (1.19).

Τελειώνοντας την κατασκευή, προχωράµε µε τη µεταβολή της παραπάνω δράσης ως προς τα
διάφορα πεδία. Οι εξισώσεις κίνησης αποκτώνται και είναι οι παρακάτω:

T a
µν = 0 , R a

µν = 0 , Fµν = 0 F̃µν = 0 . (1.150)

Πάλι, όπως είναι αναµενόµενο, στο µεταθετικό όριο, οι δύο πρώτες ανάγονται σε αυτές της τρισδι-
άτατης ϐαρύτητας Einstein.

Συνοψίζοντας, στο κεφάλαιο αυτό κατασκευάσαµε ένα τρισδιάστατο ϐαρυτικό µοντέλο παρουσία
κοσµολογικής σταθεράς ως µία ϑεωρία ϐαθµίδας στο µη µεταθετικό πλαίσιο εργασίας. Ακολου-
ϑώντας την καθιερωµένη διαδικασία, ορίσαµε τη συναλλοίωτη συντεταγµένη και από τον κανόνα
µετασχηµατισµού της καταλήξαµε µε τους µετασχηµατισµούς των πεδίων ϐαθµίδας της ϑεωρίας,
έπειτα από ένα SO(3) ανάπτυγµα. ΄Επειτα ορίσαµε τον τανυστή δύναµης πεδίου και αποκτήσαµε
τις εκφράσεις των τανυστών καµπυλότητας. Τέλος, κάνοντας χρήση του τανυστή δύναµης πεδίου,
προτείναµε µία δράση τύπου Chern-Simons και καταλήξαµε µε τις εξισώσεις κίνησης. Αξίζει να
τονιστεί ότι τα παραπάνω αποτελέσµατα ανάγονται σε αυτά της τρισδιάστατης ϐαρυτικής ϑεωρίας
Einstein κατά τη ϑεώρηση του µεταθετικού ορίου.
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1.7 Τετραδιάστατη ϐαρύτητα ως ϑεωρία ϐαθµίδας σε µη µεταθετι-
κούς χώρους

Στο κεφάλαιο αυτό, επεκτείνουµε το περιεχόµενο του προηγούµενου κεφαλαίου στην τετραδιάστα-
τη περίπτωση [78]. Πιο συγκεκριµένα, ο τετραδιάστατος συναλλοίωτος χώρος που χρησιµοποιούµε
είναι ο τετραδιάστατος ασαφής χώρος de Sitter ο οποίος περιγράφτηκε λεπτοµερώς στο κεφάλαιο
1.5.3. ΄Οπως αναφέρθηκε στο κεφάλαιο αυτό, στην ευκλείδεια εικόνα, η οµάδα των ισοµετριών
πρέπει να επεκταθεί στην SO(6) για λόγους συναλλοιώτητας. Οι διάφοροι γεννήτορες της οµάδας
αυτής ταυτοποιήθηκαν µε τελεστές οι οποίοι αντιστοιχούν σε ϕυσικές ποσότητες, όπως οι συντε-
ταγµένες, οι ορµές και οι στροφορµές. Προκειµένου να διατυπώσουµε την ϐαρύτητα ως ϑεωρία
ϐαθµίδας στον παραπάνω ασαφή χώρο, επιλέγουµε να ϐαθµώσουµε την SO(5) µέγιστη υποοµάδα
της SO(6) οµάδας συµµετρίας. Χρησιµοποιώντας τα ενδεδειγµένα εργαλεία και µεθοδολογία, ξε-
κινάµε να κατασκευάσουµε µία SO(5) ϑεωρία ϐαθµίδας όµως λόγω του ότι οι αντιµεταθέτες των
γεννητόρων δεν κλείνουν µέσα στην άλγεβρα, η οµάδα ϐαθµίδας στην οποία καταλήγουµε τελικά
είναι η SO(6)×U(1) σε µια συγεκριµένη αναπαράσταση. Η οµάδα ϐαθµίδας µε την οποία κατα-
λήξαµε για τη διατύπωση της ϐαρυτικής ϑεωρίας (κυρίως το κοµµάτι SO(6)), ϕαίνεται να σχετίζεται
µε τη σύµµορφη οµάδα στην ευκλείδεια εκδοχή της. Εποµένως, λόγω της σύµπτωσης αυτής, ϑα
µπορέσουµε να ϑωρήσουµε ένα µεταθετικό όριο τη µη µεταθετικής ϑεωρίας ϐαθµίδας που κα-
τασκευάζουµε και στο όριο αυτό ϑα συγκρίνουµε τα αποτελέσµατά µας µε αυτά της σύµµορφης
ϐαρύτητας, όπως περιγράφτηκε στο κεφάλαιο 1.4.

1.7.1 Η οµάδα ϐαθµίδας και η αναπαράστασή της

Σκοπεύουµε να κατασκευάσουµε ένα τετραδιάστατο µη µεταθετικό ϐαρυτικό µοντέλο ως ϑεωρία
ϐαθµίδας της οµάδας των συµµετριών ενός τετραδιάστατου συναλλοίωτου ασαφούς χώρου. Ο
χώρος που επιλέγουµε είναι ο συναλλοίωτος ασαφής dS4 (όπως περιγράφτηκε στο κεφάλαιο 1.5.3),
ο οποίος ϕέρει τη συµµετρία του µεταθετικού ανάλογού του, δηλαδή την SO(1,4), SO(5) στην
ευκλείδεια περίπτωση που χρησιµοποιούµε. ΄Οπως εξηγήσαµε στο 1.5.3, η συµµετρία αυτή πρέπει
να επεκταθεί για τη διατήρηση της συναλλοιώτητας. Εποµένως, η οµαδα η οποία καταλήγει να
ϕιλοξενεί τους τελεστές των συντεταγµένων είναι η SO(6). ΄Ετσι, κατ΄ αντιστοιχία µε τις περιπτώσεις
στις οποίες η ϐαρύτητα περιγράφεται ως ϑεωρία ϐαθµίδας των οµάδων ισοµετριών των χώρων στους
οποίους κατασκευάζεται, στην περίπτωση αυτή ως οµάδα ϐαθµίδας επιλέγεται η SO(5) υποοµάδα
της συνολικής SO(6) στην οποία καταλήξαµε µετά την διεύρυνση της οµάδας ισοµετριών.

Παρόλα αυτά, όπως παρατηρήθηκε και στην τρισδιάστατη περίπτωση, η εµπλοκή των αντι-
µεταθετών στην κατασκευή µη µεταθετικών ϑεωριών ϐαθµίδας είναι αναπόφευκτη. ∆εδοµένου
ότι για τυχαία αναπαράσταση των γεννητόρων οι αντιµεταθέτες δεν κλείνουν, επιλέγουµε µια συ-
γκεκριµένη αναπαράσταση και επεκτείνουµε την άλγεβρα συµπεριλαµβάνοντας τους τελεστές που
προκύπτουν από τους αντιµεταθέτες ως γεννήτορες. Στην περίπτωσή µας αυτό έχει ως αποτέλε-
σµα την επέκταση της αρχικής οµάδας ϐαθµίδας, SO(5) στην SO(6)×U(1), µε τους γεννήτορρες
να αναπαρίστανται από 4 × 4 πίνακες. Συγκεκριµένα, οι πίνακες που αναπαριστούν τους δεκα-
έξι γεννήτορες κατασκευάζονται σαν συνδυασµοί των τεσσάρων ευκλείδειων γ-πινάκων οι οποίοι
ικανοποιούν την παρακάτω γνωστή αντιµεταθετική σχέση:

{Γa,Γb} = 2δab1 , (1.151)

όπου m,n = 1, . . . 4. Επίσης, ο πίνακας Γ5, ο οποίος ορίζεται ως Γ5 = Γ1Γ2Γ3Γ4, πρέπει να
συµπεριληφθεί. Εποµένως, οι γεννήτορες του SO(6) κοµµατιού τη οµάδας ϐαθµίδας είναι :

47



(i) ΄Εξι γεννήτορες των στροφών: Mab = − i
4 [Γa,Γb] = − i

2ΓaΓb , a < b,

(ii) Τέσσερις γεννήτορες των σύµµορφων µετασχηµατισµών: Ka = 1
2Γa,

(iii) Τέσσερις γεννήτορες των µεταθέσεων: Pa = − i
2ΓaΓ5,

(iv) ΄Ενας γεννήτορας των µετασχηµατισµών κλίµακας: D = −1
2Γ5

ενώ για το κοµµάτι U(1):

(v) Ο µοναδιαίος πίνακας, 1.

Οι γ-πίνακες χτίζονται από τους πίνακες Pauli:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (1.152)

ως τανυστικά γινόµενα των σi:

Γ1 = σ1 ⊗ σ1, Γ2 = σ1 ⊗ σ2, Γ3 = σ1 ⊗ σ3 , (1.153)

Γ4 = σ2 ⊗ 1, Γ5 = σ3 ⊗ 1 . (1.154)

Οι ακριβείς εκφράσεις των γεννητόρων που ορίστηκαν παραπάνω σαν συνδυασµοί των Γ-πινάκων
µπορούν τώρα να γραφτούν σε όρους των πινάκων Pauli. Συγκεκριµένα, οι συνιστώσες του Mab

είναι :
Mij = − i

2ΓiΓj = 1
21⊗ σk , M4k = − i

2Γ4Γk = −1
2σ3 ⊗ σk , (1.155)

του Ka είναι :
Ki = 1

2Γi , K4 = 1
2Γ4 , (1.156)

του Pa είναι :
Pi = − i

2ΓiΓ5 , P4 = − i
2Γ4Γ5 , (1.157)

όπου a = i, 4 και i, j, k = 1, 2, 3. ΄Εχοντας εκφράσει τους γεννήτορες σε όρους των πινάκων Pauli,
ϐρίσκουµε τις ακόλουθες µεταθετικές τους σχέσεις :

[Ka,Kb] = iMab , [Pa, Pb] = iMab

[Pa, D] = iKa , [Ka, Pb] = iδabD , [Ka, D] = −iPa
[Ka,Mbc] = i(δacKb − δabKc)

[Pa,Mbc] = i(δacPb − δabPc)
[Mab,Mcd] = i(δacMbd + δbdMac − δbcMad − δadMbc)

[D,Mab] = 0 . (1.158)

Εποµένως, εφόσον η οµάδα ϐαθµίδας, οι γεννήτορες και οι µεταθετικές τους σχέσεις έχουν προσ-
διοριστεί, µπορούµε να συνεχίσουµε µε την καθιερωµένη διαδικασία για την κατασκευή της µη
µεταθετικής ϑεωρίας ϐαθµίδας.
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1.7.2 Κατασκευή της ϑεωρίας ϐαθµίδας

Πρωτίστως, ορίζουµε τη συναλοίωτη συντεταγµένη της ϑεωρίας, η οποία δίνεται από την παρακάτω
έκφραση:

X̂m = Xm ⊗ 1 +Am(X) , (1.159)

όπου m = 1, . . . 4. Εξ΄ ορισµού η συντεταγµένη X̂m µετασχηµατίζεται συναλλοίωτα, δηλαδή:

δX̂m = i[ε, X̂m] , (1.160)

όπου ε = ε(X) είναι η παράµετρος µετασχηµατισµού ϐαθµίδας η οποία είναι συνάρτηση των συ-
ντεταγµένων του dS4, οι οποίες είναι N×N πίνακες, όπου N είναι η διάσταση της αναπαράστασης
στην οποία ϐρίσκονται οι συντεταγµένες. Επίσης, η παράµετρος ε είναι στοιχείο της άλγεβρας
SO(6)×U(1), (1.158), η οποία αναπαρίσταται από 4× 4 πίνακες. Για τον λόγο αυτό, µπορούµε να
τη γράψουµε σαν ανάπτυγµα πάνω στους δεκαέξι γεννήτορες της άλγεβρας, δηλαδή:

ε(X) = ε0(X)⊗ 1 + ξa(X)⊗Ka + ε̃0(X)⊗D + λab(X)⊗Mab + ξ̃a(X)⊗ Pa . (1.161)

Κάθε όρος στην παραπάνω έκφραση είναι ένα τανυστικό γινόµενο των N ×N πινάκων (συντεταγ-
µένων) και των 4 × 4 πινάκων (γεννητόρων), εποµένως, κάθε όρος είναι ένας 4N × 4N πίνακας.
Λαµβάνοντας υπόψη ότι οι συντεταγµένες, Xm, δεν επηρεάζονται από τον µετασχηµατισµό ϐαθ-
µίδας, δηλαδή δXm = 0, ϐρίσκουµε τον κανόνα µετασχηµατισµού της συνοχής ϐαθµίδας, Am,
η οποία εµφανίστηκε στην εξίσωση (1.160). Η συνοχή ϐαθµίδας, Am, είναι µία συνάρτηση των
συντεταγµένων-πινάκων,Xm, του ασαφούς dS4. ΗAm(X) παίρνει τιµές στην άλγεβρα SO(6)×U(1)
και για τον λόγο αυτόν µπορεί να αναπτυχθεί πάνω στο σύνολο των γεννητόρων, κατά παρόµοιο
τρόπο όπως η παράµετρος µετασχηµατισµού ϐαθµίδας, (1.161), δηλαδή:

Am(X) = e am(X)⊗Pa+ω ab
m (X)⊗Mab(X)+b am(X)⊗Ka(X)+ãm(X)⊗D+am(X)⊗1 . (1.162)

Στην παραπάνω έκφραση, γίνεται κατανοητό ότι έχουµε εισαγάγει ένα πεδίο ϐαθµίδας για κάθε
γεννήτορα. Πλέον, έχοντας προσδιορίσει τη συνοχή ϐαθµίδας, (1.162), η συναλλοίωτη συντεταγ-
µένη, (1.160) γράφεται ως εξής :

X̂m = Xm ⊗ 1 + e am(X)⊗ Pa + ω ab
m (X)⊗Mab + b am ⊗Ka + ãm ⊗D + am ⊗ 1 . (1.163)

Επιπλέον, στην SO(6)×U(1) ϑεωρία ϐαθµίδας που κατασκευάζουµε, αποµένει να καθοριστεί ο
τανυστής δύναµης πεδίου. ΄Οπως αναφέραµε στο κεφάλαιο 1.5.3, συγκεκριµένα στην εξίσωση
(1.115), ο τανυστής δύναµης πεδίου για τον ασαφή χώρο dS4, δίνεται από την έκφραση:

Rmn = [X̂m, X̂n]− iλ2

~
Θ̂mn . (1.164)

Ο παραπάνω τανυστής, Rmn, παίρνει τιµές στην άλγεβρα της οµάδας ϐαθµίδας, εποµένως µπορεί
να αναπτυχθεί σε όρους των τανυστών καµπυλότητας :

Rmn(X) = R ab
mn (X)⊗Mab+R̃

a
mn (X)⊗Pa+R a

mn (X)⊗Ka+R̃mn(X)⊗D+Rmn(X)⊗1 . (1.165)

Στην εξίσωση (1.164), υπεισέρχεται το πεδίο 2-µορφή, Bmn, για το οποίο συζητήσαµε στην εξίσωση
(1.115). Εφόσον το Bmn παίρνει τιµές στην άλγεβα SO(6)×U(1), αυτό σηµαίνει ότι µπορεί να
αναπτυχθεί στους γεννήτορές της :

Bmn = Bmn ⊗ 1 + B̃ a
mn ⊗ Pa +B ab

mn ⊗Mab +B a
mn ⊗Ka + B̃mn ⊗D , (1.166)
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το οποίο µετασχηµατίζεται συναλλοίωτα:

δBmn = i[ε, Θ̂mn] (1.167)

και άρα παίρνουµε τον µετασχηµατισµό του Θ̂mn, δηλαδή δΘ̂mn = i[ε, Θ̂mn]. Στο σηµείο αυτό
έχουµε στην κατοχή µας όλα τα στοιχεία που είναι απαραίτητα για τον καθορισµό των µετασχηµατι-
σµών των πεδίων και των εκφράσεων των τανυστών καµπυλότητας. Συνεχίζουµε µε την καταγραφή
των αποτελεσµάτων µας:

Οι κανόνες των µετασχηµατισµών των δεκαέξι πεδίων ϐαθµίδας είναι :

δω ab
m = −i[Xm, λ

ab]− i[am, λab] + i[ε0, ω
ab
m ]− 2{ξa, b bm} −

1

2
{λac, ω bc

m } −
1

2
{ξ̃a, e bm}

+ i[ξc, e dm]εabcd +
i

2
[ε̃0, ω

cd
m ]εabcd +

i

2
[λcd, ãm]εabcd − i[ξ̃c, b dm]εabcd (1.168)

δe am = −i[Xm, ξ̃
a]− i[am, ξ̃a] + i[ε0, e

a
m]− {ξa, ãm}+ {ε̃0, b am}+

1

4
{λab, e bm} −

1

4
{ξ̃b, ω ab

m }

+ i[ξc, ω bd
m ]εabcd − i[λcd, b bm]εabcd (1.169)

δb am = −i[Xm, ξ
a]− i[am, ξa] + i[ε0, b

a
m]− {ξb, ω ab

m } − 2{ε̃0, e am}+
1

2
{λab, b bm}+ {ξ̃a, ãm}

+ i[λbc, e dm]εabcd + i[ξ̃b, ω cd
m ]εabcd (1.170)

δam = −i[Xm, ε0]− i[am, ε0] + i[ξa, b am] + i[ε̃0, ãm] +
i

2
[λab, ω

ab
m ] +

i

2
[ξ̃a, e

a
m] (1.171)

δãm = −i[Xm, ε̃0]− i[am, ε̃0] + i[ε0, ãm] + {ξa, e am} − {ξ̃a, b am}+
i

2
[λad, ω bc

m ]εabcd . (1.172)

Οι κανόνες µετασχηµτισµού των πεδίων ϐαθµίδας 2-µορφή δίνονται ως εξής :

δBmn = −i[Θmn, ε0]− i[Bmn, ε0] + i[ξa, B a
mn ] + i[ε̃0, B̃mn] +

i

2
[λab, B

ab
mn ] +

i

2
[ξ̃a, B̃

a
mn ]

(1.173)

δB̃mn = −i[Θmn, ε̃0]− i[Bmn, ε̃0] + i[ε0, B̃mn] + {ξa, B̃ a
mn } − {ξ̃a, B a

mn }+
i

2
[λab, B bc

mn ]εabcd

(1.174)

δB̃ a
mn = −i[Θmn, ξ̃

a]− i[Bmn, ξ̃a] + i[ε0, B̃
a

mn ]− {ξa, B̃mn}+ {ε̃0, B a
mn }+

1

4
{λab, B̃ b

mn}

− 1

4
{ξ̃b, B ab

mn }+ i[ξc, B cd
mn]εabcd − i[λcd, B b

mn ]εabcd (1.175)

δB a
mn = −i[Θmn, ξ

a]− i[Bmn, ξa] + i[ε0, B
a

mn ]− {ξb, B ab
mn } − 2{ε̃0, B̃ a

mn }+
1

2
{λab, B b

mn}

+ {ξ̃a, B̃mn}+
i

2
[λbc, B̃ d

mn ]εabcd + i[ξ̃b, B cd
mn ]εabcd (1.176)

δB ab
mn = −i[Θmn, λ

ab]− i[Bmn, λab] + i[ε0, B
ab

mn ]− 2{ξa, B a
mn } −

1

2
{λac, B bc

mn } −
1

2
{ξ̃a, B̃ b

mn}

+ i[ξc, B̃ d
mn ]εabcd +

i

2
[ε̃0, B

cd
mn ]εabcd +

i

2
[λcd, B̃mn]− [ξ̃c, B d

mn ]εabcd . (1.177)
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Οι εκφράσεις των τανυστών καµπυλότητας είναι :

Rmn = [Xm, an]− [Xn, am] + [am, an] + [b am, bna] + [ãm, ãn]

+
1

2
[ω ab
m , ωnab] + [ema, e

a
n ]− i~

λ2
Bmn

R̃mn = [Xm, ãn] + [am, ãn]− [Xn, ãm]− [an, ãm]− i{bma, e an }+ i{bna, e am}

+
1

2
εabcd[ω

ab
m , ω cd

n ]− i~
λ2
B̃mn

R a
mn = [Xm, b

a
n ] + [am, b

a
n ]− [Xn, b

a
m]− [an, b

a
m] + i{bmb, ω ab

m } − i{bnb, ω ab
m }

+ i{ãm, e an } − i{ãn, e am}+ εabcd([e
b
m, ω

cd
n ]− [e bn , ω

cd
m ])− i~

λ2
B a
mn

R̃ a
mn = [Xm, e

a
n ] + [am, e

a
n ]− [Xn, e

a
m]− [an, e

a
m] + i{b am, ãn} − i{b an , ãm}

− ([b bm, ω
cd
n ]− [b bn , ω

cd
m ])εabcd − i{ω ab

m , enb}+ i{ω ab
n , emb} −

i~
λ2
B̃ a
mn

R ab
mn = [Xm, ω

ab
n ] + [am, ω

ab
n ]− [Xn, ω

ab
m ]− [an, ω

ab
m ] + 2i{b am, b bn }+ ([b cm, e

d
n ]− [b cn , e

d
m])εabcd

+
1

2
([ãm, ω

cd
n ]− [ãn, ω

cd
m ])εabcd + 2i{ω ac

m , ω b
n c}+ 2i{e am, e bn } −

i~
λ2
B ab
mn (1.178)

Οι παραπάνω εκφράσεις των τανυστών καµπυλότητας στρώνουν τον δρόµο για τον ορισµό της
δράσης της ϑεωρίας. Πριν προχωρήσουµε στο κοµµάτι της δράσης, αξίζει να σηµειώσουµε ότι τα
παραπάνω αποτελέσµατα (1.172) και (1.178) ανάγονται στα αντίστοιχα αποτελέσµατα της σύµµορ-
ϕης ϐαρύτητας ως ϑεωρίας ϐαθµίδας η οποία περιγράφηκε στο κεφάλαιο 1.4, συγκεκριµένα στις
εξισώσεις (1.58) και (1.61)-(1.66), αντίστοιχα, έπειτα από τη ϑεώρηση του µεταθετικού ορίου. Στο
όριο αυτό, το U(1) πεδίο ϐαθµίδας που συνδέεται µε τη µη µεταθετικότητα του χώρου, αποσυζε-
ύγνυται, εποµένως η ϑεωρία ϐαθµίδας στο µεταθετικό όριο είναι η SO(6), δηλαδή η οµάδα που
χρησιµοποιήθηκε για την περιγραφή της σύµµορφης ϐαρύτητας (στην ευκλείδεια εκδοχή της).

1.8 Οι σύνδεσµοι για την παραβίαση της συµµετρίας

Για το δυναµικό κοµµάτι της ϑεωρίας, ϑα ήταν αναµενόµενο να γραφτεί σε όρους των τανυστών κα-
µπυλότητας, οι οποίοι δίνονται στην εξίσωση (1.178). Απευθείας ϑεώρηση µίας Yang-Mills δράσης
ϑα περιέγραφε τη ϑεωρία, αναλλοίωτη κάτω από την SO(6)×U(1) συµµτερία ϐαθµίδας. Ωστόσο,
η συµµετρία ϐαθµίδας της δράσης µε την οποία επιθυµούµε να καταλήξουµε εκφράζεται µέσω
της συµµετρίας Lorentz. (στην ευκλείδεια εκδοχή της), εποµένως, πρέπει να ελαττώσουµε την
πλεονάζουσα συµµετρία. ΄Οπως συζητήθηκε στο κεφάλαιο 1.4 για την περίπτωση της τετραδιάστα-
της σύµµορφης ϐαρύτητας, η συµµετρία ελαττώθηκε µε την επιβολή συγκεκριµένων συνθηκών,
καταλήγωντας σε µία δράση µε συµµετρία Weyl. Επίσης, στο ίδιο κεφάλαιο συζητήσαµε ένα ε-
ναλλακτικό σενάριο παραβίασης της συµµετρίας µε κατάληξη αυτήν τη ϕορά µία δράση η οποία
να σέβεται τη Lorentz συµµετρία, έπειτα από την εισαγωγή δύο ϐαθµωτών πεδίων στη ϑεωρία.
∆εδοµένου ότι εµείς δεν επιθυµούµε να εισαγάγουµε περισσότερα πεδία στη ϑεωρία, προχωράµε
µε την επιβολή συγκεκριµένων συνδέσµων, οι οποίοι ϑέλουµε να µας οδηγήσουν σε µία Lorentz-
αναλλοίωτη τελική δράση.

Ο πιο ευθύς τρόπος είναι να πραγµατοποιήσουµε την παραπάνω παραβίαση της συµµετρίας
είναι να ϑεωρήσουµε µία περιορισµένη ϑεωρία, στην οποία οι συνιστώντες τανυστές καµπυλότητας
είναι όλοι µηδέν, εκτός από αυτούς που σχετίζονται µε την επιθυµητή υπολοιπόµενη συµµετρία.
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Οπότε, µιας και ϑέλουµε να σπάσει η αρχική συµµετρία, SO(6)×U(1) και να καταλήξουµε µε µία
τελική συµµετρία SO(4)×U(1), οι µόνοι µη µηδενικοί τανυστές ϑα έπρεπε να είναι οι R ab

mn (M)
και Rmn(1). Ωστόσο, η προσέγγιση αυτή οδηγεί σε µία υπέρ-περιορισµένη ϑεωρία, πράγµα το
οποίο γίνεται κατανοητό από την καταµέτρηση των ϐαθµών ελευθερίας που επιζούν από την πα-
ϱαβίαση της συµµετρίας. Εποµένως, κρίνεται σωστό να επιβάλουµε µη τετριµµένους συνδέσµους,
εξασφαλίζοντας τον σωστό αριθµό των ϐαθµών ελευθερίας. Η πρώτη συνθήκη είναι :

R̃ a
mn (P ) = 0 , (1.179)

δηλαδή η συνθήκη µηδενικής στρέψης, η οποία είναι αναµενόµενη. Επιπλέον, η πιθανή ερµηνεία
του b am ως δεύτερου vielbein της ϑεωρίας οδηγεί στην πιθανότητα να ερµηνευτεί ως διµετρική, στην
οποία όµως δε στοχεύουµε. Εποµένως, οδηγούµαστε να λύσουµε τον σύνδεσµο (1.179), ϑεωρώντας
e am = b am, καταλήγωντας εν τέλει σε µία έκφραση για το spin connection, ω ab

m συναρτήσει των
πεδίων e am, am, ãm. Για να αποκτήσουµε την ακριβή έκφραση του ω ab

m , από την επίλυση του
συνδέσµου, (1.179), κάνουµε χρήση των παρακάτω ταυτοτήτων :

δabcfgh = εabcdεfghd και
1

3!
δabcfgha

fgh = a[fgh] . (1.180)

Εποµένως, η συνθήκη (1.179) παίρνει την ακόλουθη µορφή:

εabcd[emb, ωncd]− i{ω ab
m , enb} = −[Dm, e

a
n ]− i{e am, ãn} , (1.181)

όπου Dm = Xm + am, δηλαδή, η συναλλοίωτη συντεταγµένη µιας αβελιανής ϑεωρίας ϐαθµίδας.
Η παραπάνω εξίσωση γράφεται ως :

εabcd[e bm, ω
cd
n ] = −[Dm, e

a
n ] και {ω ab

m , enb} = {e am, ãn} . (1.182)

Κάνοντας χρήση των ταυτοτήτων (1.180), οι παραπάνω εξισώσεις οδηγούν στην επιθυµητή σχέση:

ω ac
n = −3

4
emb(−εabcd[Dm, end] + δ[bc{e a]

n , ãm}) . (1.183)

Σύµφωνα µε την αναφορά [110], ο µηδενισµός του τανυστή δύναµης πεδίου µίας ϑεωρίας
ϐαθµίδας ϑα µπορούσε να επαγάγει τον µηδενισµό του αντίστοιχου πεδίου ϐαθµίδας. Αν το επι-
χείρηµα αυτό ήταν εφαρµόσιµο στην περίπτωσή µας, ϑα απλοποιούσε τις εκφράσεις των τανυστών
καµπυλότητας κι εποµένως αυτήν της δράσης. ΄Οµως, αυτό δεν µπορεί να χρησιµοποιηθεί στη
δική µας περίπτωση καθώς η ταυτοποίηση του vielbein ως πεδίου ϐαθµίδας της ϑεωρίας υπονοεί
την ανάµιξη των εσωτερικών συµµετριών µε τις χωροχρονικές. Εποµένως, δεδοµένου ότι το viel-
bein ϑεωρείται ότι είναι αντιστρέψιµο σε όλον τον χώρο, η υιοθέτηση του παραπάνω επιχειρήµατος
(µηδενισµός του vielbein) ϑα οδηγούσε σε εκφυλισµένο πίνακα vielbein και τελικά σε εκφυλισµένο
µετρικό τανυστή [10]. Ωστόσο, ϑα µπορούσαµε να ϑέσουµε ãm = 0, εφόσον δεν επιδέχεται γε-
ωµετρικής ερµηνείας. Ο προσδιορισµός αυτός του πεδίου ϐαθµίδας ãm ϑα τροποποιήσει επίσης
την έκφραση του spin connection σε όρους των υπόλοιπων πεδίων, (1.183), καταλήγοντας σε µία
ακόµα απλούστερη τελική έκφραση για το spin connection ως προς το U(1) πεδίο ϐαθµίδας, am
και το vielbein:

ω ac
n =

3

4
embε

abcd[Dm, end] . (1.184)

΄Ενας εναλλακτικός τρόπος να καταλήξουµε µε την επιθυµητή SO(4) συµµετρία µετά την πα-
ϱαβίαση της SO(6), είναι να προβάλουµε το επιχείρηµα που αναπτύξαµε στην περίπτωση της σύµ-
µορφης ϐαρύτητας, στην παρούσα µη µεταθετική περίπτωση, δηλαδή να συµπεριλάβουµε δύο
ϐαθµωτά πεδία στη ϑεµελιώδη αναπαράσταση της SO(6) επάγοντας µία αυθόρµητη παραβίαση της
συµµετρίας. Είµαστε πεπεισµένοι ότι αυτός ο τρόπος παραβίασης της συµµετρίας ϑα οδηγήσει σε
συνδέσµους ισοδύναµους µε αυτούς που ϑεωρήσαµε.
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1.9 Η δράση

Αφού λοιπόν επιβάλαµε τους συνδέσµους για την παραβίαση της συµµετρίας, είναι σκόπιµο να
γράψουµε τις εκφράσεις των τανυστών καµπυλότητας λαµβάνοντάς τους υπόψη, αφού αυτές ϑα
είναι οι εκφράσεις οι οποίες ϑα χρησιµοποιηθούν στη δράση της ϑεωρίας. Οι ακριβείς εκφράσεις
των επιζώντων τανυστών καµπυλότητας, µετά τις ϑεωρήσεις e aµ = b aµ και ãµ = 0, είναι :

Rmn = [Xm, an]− [Xn, am] + 2[e aµ , eνa] + 1
2 [ω ab

m , ωνab]− i~
λ2Bmn , (1.185)

R̃mn = 1
2εabcd[ω

ab
m , ω cd

ν ]− i~
λ2Bmn , (1.186)

R a
mn = [Xm, e

a
n ] + [am, e

a
n ]− [Xn, e

a
m]− [an, e

a
m] + i{emb, ω ab

m } − i{enb, ω ab
m }

+ εabcd([e
b
m, ω

cd
n ]− [e bn , ω

cd
m ])− i~

λ2B
a

mn , (1.187)

R ab
mn = [Xm, ω

ab
n ] + [am, ω

ab
n ]− [Xn, ω

ab
m ]− [an, ω

ab
m ] + 4i{e am, e bn }+ 2i{ω ac

m , ω b
n c} − i~

λ2B
ab

mn .
(1.188)

Οι παραπάνω εκφράσεις στις οποίες το ω ab
m αντικαθίσταται από την έκφραση (1.184), είναι οι

τελικές εκφράσεις των τανυστών έπειτα από την παραβίαση της συµµετρίας. Πριν προχωρήσουµε
µε τον προσδιορισµό της δράσης της ϐαρυτικής ϑεωρίας, ας σχολιάσουµε εν συντοµία τη δράση
του έξτρα πεδίου 2-µορφής, Bmn, η οποία ϑα συµπεριληφθεί στην τελική δράση.

΄Εστω ο τανυστής δύναµης πεδίου, Ĥmnp, του 2-µορφής πεδίου ϐαθµίδας :

Ĥmnp =
1

3

(
[X̂m, Θ̂np] + [X̂n, Θ̂pm] + [X̂p, Θ̂mn]

)
. (1.189)

Ο παραπάνω τανυστής δύναµης πεδίου µεταχηµατίζεται συναλλοίωτα κάτω από έναν µετασχηµα-
τισµό ϐαθµίδας. Πράγµατι, αυτό µπορεί να αποδειχθεί ξεκινώντας από την έκφραση του µετασχη-
µατισµού του πεδίου:

δĤmnp =
1

3

(
[δX̂m, Θ̂np] + [X̂m, δΘ̂np] + [δX̂n, Θ̂pm] + [X̂n, δΘ̂pm] + [δX̂p, Θ̂mn] + [X̂p, δΘ̂mn]

)
.

(1.190)
Χρησιµοποιώντας τους κανόνες µετασχηµατισµού των X̂m και Θ̂mn, οι οποίοι δίνονται στις εξι-
σώσεις (1.160) και (1.167), αντίστοιχα, µαζί µε την ταυτότητα Jacobi, ϐρίσκουµε τον παρακάτω
κανόνα µετασχηµατισµού:

δĤmnp = i[ε, Ĥm] , (1.191)

ο οποίος είναι συναλλοίωτος. Κατά τα γνωστά, για να ϐρεθούν οι ακριβείς εκφράσεις των τανυστών,
αναπτύσσουµε τον Ĥ στο σύνολο των γεννητόρων της άλγεβρας :

Ĥmnp = Hmnp ⊗ 1 + H̃ a
mnp ⊗ Pa +H ab

mnp ⊗Mab +H a
mnp ⊗Ka + H̃mnp ⊗D , (1.192)

και υπολογίζουµε τον κάθε συνιστώντα τανυστή χρησιµοποιώντας τον ορισµό του τανυστή δύναµης
πεδίου, Ĥmnp. Εποµένως, όσον αφορά στη δράση του πεδίου 2-µορφής, ϑα συµπεριλαµβάνεται
µόνο ο κινητικός όρος, ο οποίος είναι :

SB = Tr tr ĤmnpĤmnp . (1.193)

Ας επιστρέψουµε τώρα στον προσδιορισµό της συνολικής δράσης της ϑεωρίας ϐαθµίδας. Η πιο
λογική επιλογή είναι η δράση να είναι τύπου Yang-Mills, εποµένως ϑα γράφεται ως εξής :

S = Tr tr Γ5

(
RmnRrsεmnrs + ĤmnpĤmnp

)
, (1.194)
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όπου Tr είναι το ίχνος πάνω στους πίνακες που αναπαριστούν τις συντεταγµένες, ενώ tr είναι
το ίχνος πάνω στους γεννήτορες της άλγεβρας. Αξίζει να σηµειωθεί ότι η παραπάνω δράση ε-
ίναι αναλλοίωτη κάτω από τους µετασχηµατισµούς ϐαθµίδας, εφόσον ο τανυστής δύναµης πεδίου
µετασχηµατίζεται µε συναλλοίωτο τρόπο:

δS = TrΓ5(δR̂R̂+ R̂δR̂+ δĤH+HδĤ) = Tr(i[ε,R]R+ iR[ε,R] + i[ε, Ĥ]Ĥ+ iĤ[ε, Ĥ]) = 0 ,
(1.195)

όπου χρησιµοποιήθηκαν οι εξισώσεις (1.117), (1.191) και η ιδιότητα της κυκλικότητας του ίχνους.
Επίσης, ο πρώτος όρος της παραπάνω δράσης, (1.194), συµπεριλαµβάνει τον τανυστή δύναµης
πεδίου της ϑεωρίας ϐαθµίδας, ενώ ο δεύτερος είναι ο (µη τοπολογικός) κινητικός όρος του πεδίου
2-µορφή. Ο τελεστής Γ5 έχει συµπεριληφθεί προκειµένου να ϕιλτραριστούν οι περισσότεροι όροι
και, για το SO(4)×U(1) κοµµάτι, να διατηρηθεί ο όρος που περιλαµβάνει τον τανυστή καµπυλότητας
R ab
mn . Εποµένως, η δράση (1.194) γίνεται :

S = 2Tr(R ab
mn R cd

rs εabcdε
mnrs+4R̃mnRrsε

mnrs+
1

3
H ab
mnp H

mnpcdεabcd+
4

3
H̃mnpH

mnp) . (1.196)

Αντικαθιστώντας τις εκφράσεις των τανυστών καµπυλότητας των εξισώσεων (1.185)-(1.188) και
εκφράζοντας το ω σε όρους των υπόλοιπων πεδίων, (1.184), τότε µεταβολή της δράσης ως προς τα
πεδία ϐαθµίδας ϑα οδηγούσε στις εξισώσεις κίνησης. Αξίζει να σηµειώσουµε ότι το έξτρα πεδίο
2-µορφής αποσυζεύγνυται κατά τη ϑεώρηση του µεταθετικού ορίου, συνεπώς δεν αναµένεται να
παρατηρηθεί στις χαµηλές ενέργειες.
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1.10 Συµπεράσµατα

Η διατριβή αυτή αποτελείται από τις πιο προσφατες δουλειές µας στις οποίες ασχοληθήκαµε µε
τον συνδυασµο δύο διαφορετικών πλαισίων εργασίας. Το πρώτο είναι η περιγραφή διάφορων
ϐαρυτικών ϑεωριών ως ϑεωριών ϐαθµίδας και το δεύτερο είναι η µη µεταθετική γεωµετρία. Ο
συγκερασµός των δύο παραπάνω πλαισίων επιτυγχάνεται µέσω της ύπαρξης καλά ϑεµελιωµένων
ϑεωριών ϐαθµίδας στους µη µεταθετικούς χώρους.

Συγκεκριµένα, κατά τη δική µας άποψη, η δουλειά που αφορά στο τετραδιάστατο ϐαρυτικό
µοντέλο το οποίο κατασκευάσαµε, συνεισφέρει κυρίως σε δύο κατευθύνσεις. Η πρώτη είναι ότι
δίνουµε µία επιτυχή κατασκευή ενός τετραδιάστατου συναλλοίωτου ασαφούς χώρου µε τρόπο ο
οποίος µπορεί να γενικευτεί και σε άλλες περιπτώσεις. ∆εύτερον, δώσαµε µία περιγραφή για την
ϐαρυτική αλληλεπίδραση σε καταστάσεις στις οποίες η µη µεταθετικότητα του χώρου µπορεί να
δικαιολογηθεί (π.χ. κλίµακα Planck) και καταφέραµε να τη συνδέσουµε µε τη σύµµορφη ϐαρύτητα
στο µεταθετικό όριο. Προτεραιότητά µας στο µέλλον είναι να µελετήσουµε την Lorentz αναλλοίωτη
δράση στην οποία καταλήξαµε και να προσπαθήσουµε να την συσχετίσουµε µε την τετραδιάστατη
δράση Einstein-Hilbert.





Chapter 2

Gravity as a gauge theory in three and
four dimensions

In this chapter we briefly review the correspondence of three-dimensional and four-dimensional
gravity theories to gauge theories. We start with recalling the non-coordinate basis and the
vielbein formalism, setting up a framework which is independent of the metric tensor. Consid-
ering the appropriate symmetry groups for each case taking over the role of the gauge groups,
the vielbein and the spin connection are identified as the gauge fields of the theory. Then,
the standard procedure for the construction of gauge theories is followed, but also non-trivial
techniques are used depending on the particularity of each case.

2.1 The non-coordinate basis and vierbein formalism of General
Relativity

2.1.1 The non-coordinate basis and definition of the vierbein field

The theory of General Relativity (GR) can be reformulated employing the vierbein formalism [82].
In the conventional, coordinate-based, formulation of GR, at any point p of a manifold, there
exists a tangent space Tp, on which any four-vector V ∈ Tp can be spanned on a differential
basis given by the partial derivatives of the coordinates of p, êµ = ∂µ. Also, at the point p,
a cotangent space T ∗p (dual space of Tp) is defined and is spanned by the differential forms,
êµ = dxµ. The above two bases satisfy the relation êµ ⊗ êν = 1µν .

The freedom of decomposing a vector V ∈ Tp on any orthonormal basis of Tp leads to the
choice of the unit vectors to be independent of the coordinates (tetrad basis), êa, with inner
product (êa, êb) = ηab, where ηab = diag(−1, 1, 1, 1) is the metric of the Minkowski spacetime.1

Therefore, an arbitrary set of coordinate-depending vectors, êµ(x) of the tangent space, Tp, can
be expressed in terms of the non-coordinate basis, êa, as:

êµ(x) = e aµ (x)êa , (2.1)

where e aµ (x) are the components of a 4×4 invertible matrix incorporating all the coordinate
information. The whole transformation matrix e aµ (x) is called vierbein. Its components, along

1In case the manifold is Riemannian, the inner product of a vector and its dual is (êa, êb) = δab. The case studied
in the current subsection the manifold is considered to be pseudo-Riemannian.
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with the ones of the inverse vierbein field, eµa(x), satisfy the orthonormality conditions:

eµa(x)e aν (x) = δµν , e aµ (x)eµb(x) = δab . (2.2)

The inner product of the vierbein and the inverse vierbein is given employing the metric tensor,
gµν :

gµν(x)eµa(x)eνb(x) = ηab , or gµν(x) = e aµ (x)e bν (x)ηab , (2.3)

where, from the second branch of the above equation, the vierbein field admits the interpretation
of the "square root" of the metric. Therefore, in the same sense that a metric tensor and its
inverse are used for lowering or raising spacetime tensor indices, the vierbein and its inverse are
used for switching manifold (greek) indices to Lorentz (latin) ones and vice versa, respectively.
Also, greek and latin indices of the vierbein itself are raised and lowered using the metric tensor,
gµν , of the manifold and the Minkowski flat metric, ηab, respectively.

2.1.2 The vierbein formalism and Palatini action

It is known that two vectors defined on a flat space are identical if they have the same magnitude
and direction. Therefore, it is understood that if we consider a vector of the space and translate
it to a different position, we end up with a vector that shares the same magnitude and direction
with the initial one. However, when a vector field is considered on a curved (Riemannian) man-
ifold, the presence of curvature will distort the parallel transport and give a vector of different
direction and magnitude. The difference between the initial vector and the one transported is
a vector that includes a multiplicative factor, Γλµν , that is called the affine connection. It can be
easily proven that the above correction to the distortion caused by the curvature of the manifold
is included in the definition of the covariant derivative of a tensor, ∇µT νρ. For example, the
covariant derivative of a vector is:

∇λV µ = ∂λV
µ + ΓµνλV

ν . (2.4)

For a higher rank tensor, there would be terms similar to the last one in the above equation,
for every index of the tensor.

The expression of the covariant derivative, involving the affine connection, both defined
above, is the one that applies in case the tensors carry exclusively manifold indices. When a
tensor bears Lorentz indices (non-coordinate basis), the correction to the partial derivative is
not expressed by the affine connection, but from its non-coordinate analogue, that is the spin
connection. Accordingly, each latin index of the tensor admits a correction term, that is the
tensor contracted with the spin connection, as follows:

∇µT ab = ∂µT
a
b + ω a

µ cT
c
b − ω c

µ bT
a
c . (2.5)

Therefore, depending on the basis (coordinate or non-coordinate) on which the tensor is ex-
pressed, one has to employ the covariant derivative with the appropriate connection.

Now, if one considers a covariant derivative, Dµ, that acts on an object that carries both
spacetime and Lorentz indices (e.g. on the vierbein), one would obtain a mixed expression with
corrections of both kinds of covariant derivatives, including both the affine and spin connec-
tions:

DµTbν = ∂µTbν − ΓλµνTbλ − ω c
µ bTνc . (2.6)
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The relation between the affine and the spin connection is obtained after considering the co-
variant derivative of a vector, V ν , in the coordinate and the non-coordinate bases:

∇V = ∇µV νdxµ ⊗ ∂ν = (∂µV
ν + ΓνµλV

λ)dxµ ⊗ ∂ν , (2.7)

∇V = (∇µV a)dxµ ⊗ êa = (∂µV
a + ω a

µ bV
b)dxµ ⊗ êa . (2.8)

Converting the second equation from the above two into the coordinate basis and equating it
with the first one, one obtains the relation of the connections:

ω a
µ b = e aν e

λ
bΓ
ν
µλ − eλb∂µe aλ = eνa∇µebν . (2.9)

The above expression can be rewritten as:

∂µe
a
ν − e aσ Γσµν + ω a

µ be
b
ν = 0 ⇒ Dµe

a
ν = 0 . (2.10)

The last equation obtained above, Dµe
a
ν = 0, is the well-known tetrad postulate, which is

often considered axiomatically. Also, if the affine connection is considered as metric compatible,
i.e. the covariant derivative of the metric is everywhere vanishing, ∇λgµν = 0, starting from
the relation ∇µηab = 0 and taking into consideration the (2.3) and (2.9), one concludes to
ωµab = −ωµba, that is the antisymmetricity property of the spin connection with respect to the
two Lorentz indices.

It can be easily proved that the affine connection, Γλµν , does not transform as a tensor under
the general coordinate transformations, due to an extra term. Therefore, if the connection Γλνµ
is considered, in which the lower indices of Γ λ

µν have been interchanged, it is found that the
term that renders it as a non-tensor object, coincides with the corresponding one of Γλµν . Thus,
subtracting the above two connections, the part of the transformation that renders each one of
them as non-tensor objects is eliminated and therefore their difference produces a tensor that
is called the torsion tensor. Specifically:

T λµν = Γλµν − Γλνµ . (2.11)

From the above definition, it is obvious that the torsion tensor is antisymmetric in its lower
indices. Therefore, if the connection is symmetric, Γλµν = Γλνµ, the torsion tensor is identically
equal to zero and the connection is called torsion-free.

Now, let a manifold endowed with a metric, on which an affine connection is defined. If
the properties of the metric compatibility and the symmetricity of the connection (torsion-free
connection) are taken into account, then it is proved, in a very straightforward way, both the
existence and uniqueness of the affine connection for the specific manifold by obtaining an
expression of the connection depending on the metric of the manifold [83]. Specifically:

Γλµν =
1

2
gλρ(∂µgνρ + ∂νgρµ − ∂ρgµν) . (2.12)

The above expression of the affine connection is the one used in general relativity and it is
known as the Levi-Civita connection or Christoffel symbols.

Returning to the vierbein formalism, in which the notation of differential forms is adopted,
the expression of the antisymmetric torsion tensor (torsion two-form) can be easily obtained in
terms of the vierbein and spin connection, starting from the tetrad postulate:

Dµe
b
ν = ∂µe

b
ν − Γλµνe

b
λ + ω b

µ ce
c
ν = 0 , (2.13)

Dνe
b
µ = ∂νe

b
µ − Γλνµe

b
λ + ω b

ν ce
c
µ = 0 . (2.14)
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Subtracting the above two equations and making use of the torsion tensor definition, (2.11),
one obtains:

T λµν = eλaT
a

µν = ∂µe
a
ν − ∂νe aµ + ω a

µ be
c
ν − ω a

ν be
c
µ . (2.15)

Including explicitly the form notation:

ea ≡ e aµ dxµ , ωab ≡ ω a
µ bdx

µ , T a ≡ 1

2
T a
µν dx

µ ∧ dxν , (2.16)

one obtains the compact expression of the torsion two-form in terms of the vierbein and spin
connection one-forms:

T a = dea + ωab ∧ eb . (2.17)

The notion of curvature, which, as we mentioned in the beginning of the section, is respon-
sible for the mismatch in the parallel transport and consequently for the introduction of the
affine connection, is parametrized by the Riemann tensor, Rρσµν . Its expression with respect to
the affine connection is obtained after considering the commutator of two covariant derivatives,
which measures the difference between parallel transporting a vector (or a tensor in general)
first one way and then the other, minus the opposite ordering [83]. Calculations lead to the
expression:

[∇µ,∇ν ]V ρ = (∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ)V σ − (Γλµν − Γλνµ)∇λV ρ . (2.18)

Apparently, the last term is the torsion tensor, (2.11), while the first one is identified as the
Riemann tensor:

[∇µ,∇ν ]V ρ = RρσµνV
σ − T λµν∇λV ρ . (2.19)

Therefore, the expression of the Riemann tensor is:

Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ . (2.20)

By definition, the above tensor is antisymmetric in µ↔ ν and depends exclusively on the affine
connection and its derivatives, meaning that it is a general, metric-independent, expression
without any extra properties (metric compatibility) considered yet. The Riemann tensor has
a number of properties (Bianchi identity, antisymmetricity) that reduces the number of its
independent components. Also, consideration of the following trace:

Rµν = Rλµλν , (2.21)

that is the contraction of the upper index with the middle lower one, defines the Ricci tensor.
This tensor is symmetric to the µ ↔ ν interchange, in case the affine connection included is
the Christoffel symbol. Now, the trace of the Ricci tensor defines the Ricci scalar:

R = Rµµ = gµνRµν . (2.22)

In the vierbein formalism, the analogue of the Riemann tensor is the curvature two-form. The
starting point is the same with the above analysis for defining the Riemann tensor, that is the
commutator of the covariant derivative, acting this time (not on a vector but) on the vierbein,
which carries mixed indices:

(∇µ∇ν −∇ν∇µ)edρ = Rρσµνe
σ
d + (Γλµν − Γλνµ)∇λeρd . (2.23)
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Making use of the vierbein for turning two indices of the Riemann tensor from greek to latin:

Rρσµν = e aρ e
b
σRabµν , (2.24)

replacing it to the equation (2.23) and using the relation (2.9), calculations and employment of
the second equation of (2.3) lead to the expression of the curvature two-form in terms of the
vierbein and the spin connection:

Rabµν = ∂µωνab − ∂νωµab + ωµacω
c
ν b − ωνacω c

µ b . (2.25)

Adopting the differential form notation (2.16), along with:

Rab ≡
1

2
Rabµνdx

µ ∧ dxν =
1

2
Rabcde

c ∧ ed , (2.26)

the expression of the curvature two-form, (2.25), takes the following compact form:

Rab = dωab + ωac ∧ ωcb . (2.27)

Obviously, the curvature two-form is antisymmetric under the interchange of its indices.
Now, aiming at the direction of defining the action, the following integral is considered:

I =

∫
1

2
εabcde

a ∧ eb ∧Rcd . (2.28)

The Hodge duality map, that is the "star" operator, in the four-dimensional case, is a map of
n−forms to (4− n)−forms and is defined as:

∗(ea1 ∧ . . . ∧ ean) ≡ 1

(4− n)!
εa1...an

an+1...a4
ean+1 ∧ . . . ∧ ea4 , (2.29)

and, especially for n = 2, it can be written as:

∗(ea1 ∧ ea2) =
1

(4− 2)!
εa1a2

a3a4
ea3 ∧ ea4 . (2.30)

Therefore, applying the above in the 1
2εabcde

a∧eb part of the integrand of (2.28), the correspond-
ing integral can be written as:

I =

∫
Rab ∧ ∗(ea ∧ eb) . (2.31)

Using the (2.26), the above expression of the integral becomes:∫
1

2
Rabcde

c ∧ ed ∧ ∗(ea ∧ eb) , (2.32)

where ec ∧ ed ∧ ∗(ea ∧ eb) is the inner product of (ec ∧ ed) and (ea ∧ eb), explicitly:∫
1

2
Rabcd〈ec ∧ ed, ea ∧ eb〉ε , (2.33)

where ε is the volume form and it is straightforward to show that it is equal to the Jacobian
factor, that is the

√
−gd4x. Therefore, the above integral takes the following form:

I =

∫
Rabcd(δ

c
aδ
d
b − δcbδda)ε =

∫
d4x
√
−gR . (2.34)
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In the above analysis it is shown that starting from the integral (2.28), one can result with the
integral of the Einstein-Hilbert action. Therefore, the complete action could be written as:

S =
1

16πG

∫
1

2
εabcde

a ∧ eb ∧Rcd =
1

16πG

∫
d4x
√
−gR . (2.35)

The initial formulation of general relativity (Einstein gravity), in which the metric tensor is
considered as an independent field, is also known as the second order formulation of gravity.
The action consisting of the curvature two-form that is, as shown, equivalent to the Einstein-
Hilbert action and consists of the frame and spin connection fields, is the tetradic Palatini action,
also known as a first order formulation of gravity. The latter is a formulation of great importance,
especially when fermions are coupled to gravity and have to be added in the Palatini action.
Also, for our purpose, the vierbein formalism of general relativity is fundamental because it is
the one employed when trying to translate the results of general relativity to a gauge-theoretic
language.

2.2 Three-dimensional Einstein gravity as a Chern-Simons gauge
theory

Let us first study the three-dimensional Einstein gravity and its relation to a gauge theory [10].
In order to designate the above relation, one has to employ the (three-dimensional version of
the) vielbein formalism, briefly reviewed in the previous section, in which, instead of the metric
tensor, the vielbein and spin connection are the ones considered as the dynamical variables.
In the following analysis, the vielbein is considered to be invertible, in relation to the fact that
in general relativity the metric tensor (that is related to the vielbein as given in (2.3)) is non-
degenerate and therefore the inverse metric tensor exists. The case in which the vielbein is not
everywhere invertible is considered to be unphysical (singular) in classical general relativity.
Nevertheless, the latter is a key point in the quantization of three-dimensional gravity, making
the renormalizability of the theory apparent, as well2 [10].

In three dimensions, for a manifold M , the Einstein-Hilbert action in the vielbein formalism,
without the inclusion of cosmological constant and matter, is:

SEH3 =
1

16πG

∫
M
εµνρe aµ (∂νωρa − ∂ρωνa + εabcω

b
ν ω

c
ρ ) . (2.36)

Variation of the above action with respect to the ω field, yields the torsionless condition, which,
using (2.15), can be written as:

T a
µν = ∂µe

a
ν − ∂νe aµ + εabcωµbeνc − εabcωνbeµc = Dµe

a
ν −Dνe

a
µ = 0 , (2.37)

where Dµe
a
ν is defined as:

Dµe
a
ν = ∂µe

a
ν + εabcωµbeνc . (2.38)

Also, variation of the same action with respect to the other fundamental variable, e, yields the
vacuum Einstein equations of motion:

Rµνa = ∂νωρa − ∂ρωνa + εabcω
b
ν ω

c
ρ = 0 . (2.39)

2Moreover, it is a theory with vanishing beta function (finite).
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The expressions of the torsion and curvature 2-forms given in (2.37) and (2.39), are the three-
dimensional analogues of the four-dimensional expressions, (2.15) and (2.25), respectively,
that are obtained from the respective analysis of three-dimensional general relativity in the
dreibein formalism. Also, in this three-dimensional case, the redefinition of the spin connection
ω a
µ = 1

2ε
abcωµbc, is admitted and it is also taken into account.

Now, in (2.36), if one denotes collectively the vielbein and spin connection as a gauge field A,
then the action is written as AdA+A3, which is the general form of a Chern-Simons functional
in three dimensions. This is pointing at the direction of the relation of three-dimensional gravity
with a Chern-Simons gauge theory. All one has to do, is to find the appropriate gauge group and
result with an action that is of Chern-Simons form and coincides with the three-dimensional
Einstein-Hilbert action, (2.36).

Let us consider the ISO(1,2) to be the appropriate gauge group. It is crucial to mention
that the Chern-Simons functional is defined on simple Lie groups. Therefore, it is not straight-
forward to develop a Chern-Simons gauge theory of ISO(1,2), unless it is confirmed that the
corresponding Chern-Simons interaction exists for the candidate gauge group. In other words,
what we seek is an invariant quadratic form on the ISO(1,2) Lie algebra. Although for arbitrary
dimensions, i.e. for ISO(1,n-1), this does not hold, for the n = 3, ISO(1,2), group there exists
an invariant and non-degenerate form, which reads:

tr(JaPb) = δab , tr(PaPb) = 0 , tr(JaJb) = 0 , (2.40)

where Ja = 1
2εabcJ

bc are the three Lorentz generators and Pa are the three translations, together
comprising the six generators of the ISO(1,2) group. The above generators satisfy the following
algebra as given by their commutation relations:

[Ja, Jb] = εabcJ
c , [Ja, Pb] = εabcP

c , [Pa, Pb] = 0 . (2.41)

The next step is write down the gauge covariant derivative:

D̃µ = ∂µ + [Aµ, ·] , (2.42)

where, Aµ(x) is the gauge connection, that is expanded on the generators of ISO(1,2), since it
is taking values in it:

Aµ(x) = e aµ (x)Pa + ω a
µ (x)Ja . (2.43)

In the above expression of the gauge connection, Aµ, for every generator, a component gauge
field has been assigned. The vielbein (dreibein) field has been attached to the local translations
while for the rotational part (Lorentz transformations), the attached field is the spin connection.

By definition, D̃µ transforms covariantly giving the transformation rule of Aµ:

δAµ = −D̃µε = −∂µ − [Aµ, ε] , (2.44)

where ε = ε(x) is the gauge transformation parameter, which, being an element of the ISO(1,2)
algebra, can be expanded on its generators:

ε(x) = ξa(x)Pa + λa(x)Ja , (2.45)

with ξa(x) and λa(x) being infinitesimal parameters. Combining equations (2.43), (2.45) with
(2.44) and making use of the algebra of the generators, (2.41), one obtains the transformation
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laws of the gauge fields e and ω:

δe aµ = −∂µξa − εabceµbλc − εabcωµbξc , (2.46)

δω a
µ = −∂µλa − εabcωµbλc . (2.47)

The above gauge transformations do not coincide with the ordinary coordinate transformation
law. Although the middle terms of the above equations can be identified as the local Lorentz
transformations, since λc is corresponded to the Lorentz generator Jc in the gauge transfor-
mation, the rest of the terms are not recognizable at once. If it is possible to associate the
above expressions of the transformations of the gauge fields to diffeomorphisms, then they will
be considered equivalent to the coordinate transformations and, at the same time, it will be
a confirmation that ISO(1,2) is the appropriate gauge group for the gauge-theoretic approach
of three-dimensional Einstein gravity. Of course, after the action of the gauge theory will be
given, it will have to be invariant under the above gauge transformations, in the same spirit the
three-dimensional Einstein-Hilbert action is invariant under diffeomorphism in the coordinate
based formulation of three-dimensional gravity. The relation between diffeomorphisms and
gauge transformations is discussed right after the determination of the action and its equations
of motion.

Advancing in the construction of the gauge theory of ISO(1,2), the next step is to calculate
the component tensors of the gauge fields, using the usual formula, that is the commutator of
the covariant derivative of the gauge theory, D̃µ:

Rµν = [D̃µ, D̃ν ] = ∂µAν − ∂νAµ + [Aµ, Aν ] , (2.48)

where Aµ is the gauge connection given in (2.43). Since Rµν is valued in the algebra of ISO(1,2),
it can be expanded on the generators:

Rµν = T a
µν (x)Pa +R a

µν (x)Ja , (2.49)

where the T a
µν and R a

µν are the component curvature tensors, associated to e and ω, respec-
tively. Combining the formula (2.48), with the expansion (2.49) and replacing the Aµ with its
expression, (2.43), one results with the expressions of the component tensors:

T a
µν = ∂µe

a
ν − ∂νe aµ + εabcωµbeνc − εabcωνbeµc , (2.50)

R a
µν = ∂µωνa − ∂νωµa + εabcω

b
µ ω

c
ν , (2.51)

which are the three-dimensional versions of the expressions of the torsion and curvature two-
forms given in (2.37) and (2.39).

Finally, to complete the picture, the action of the theory has to be determined. Constructing
a gauge theory in three dimensions, the obvious choice is to consider the Chern-Simons action
functional:

SCS =

∫
M

tr(A ∧ dA+A ∧A ∧A) =

∫
M

trAµ(∂νAρ − ∂ρAν + [Aν , Aρ])ε
µνρd3x . (2.52)

After replacing with the expression of the gauge connection, Aµ, given in (2.43), some terms of
the above action are filtered out by the trace, (2.40), acting on the generators, leading to the
following expression:∫

M
εµνρe aµ

(
(∂νωρa − ∂ρωνa + ω b

ν ω
c
ρ εabc) + (∂νeρa − ∂ρeνa + (ω b

ν e
c
ρ − e bν ω c

ρ )εabc)
)
. (2.53)
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The first term is obviously recognizable as the curvature tensor and the second term of the
above relation as the torsion tensor, both given in (2.51). For the sake of the desired SO(1,2)
(Lorentz) invariance of the final action, the torsionless condition is imposed, that is T a

νρ = 0,
therefore the above expression of the action takes the following form3:

SCS =

∫
M
εµνρe aµ

(
∂νωρa − ∂ρωνa + ω b

ν ω
c
ρ εabc

)
, (2.54)

which is identical to the action of three-dimensional gravity of general relativity, (2.36). Variation
with respect to the e field gives the expected equation of motion, which is the vanishing of the
curvature tensor, Rµνa = 0, coinciding with the expression of (2.39). Therefore, one can state
that three-dimensional gravity can be described as a Chern-Simons gauge theory of ISO(1,2).
It is not redundant to mention that the above action is invariant under the gauge transforma-
tions of the component fields e, ω, given in (2.47). In the following lines, the discussion about
diffeomorphisms and gauge transformations that was postponed earlier is given.

First, let us consider the transformations of the vielbein and the spin connection under a
diffeomorphism, which is generated by a vector field, vν . The standard parametrization of these
transformations, denoted as δ̃e aµ and δ̃ω a

µ , are given by the Lie derivatives along the vector −vν :

δ̃e aµ = L−ve aµ = −vν∂νe aµ − (∂µv
ν)e aν = −vν(∂νe

a
µ − ∂µe aν )− ∂µ(vνe aν ) , (2.55)

δ̃ω a
µ = L−vω a

µ = −vν∂νω a
µ − (∂µv

ν)ω a
ν = −vν(∂νω

a
µ − ∂µω a

ν )− ∂µ(vνω a
ν ) . (2.56)

Next, let us consider the difference δ̃e aµ − δe aµ and set ξa = e aν v
ν and λa = ω a

ν v
ν :

δ̃e aµ − δe aµ = −vν(∂νe
a
µ − ∂µe aν )− ∂(vνe aν ) + ∂µ(e aν v

ν) + εabceµbωνcv
ν + εabcωµbeνcv

ν

= −vν(Dνe
a
µ −Dµe

a
ν ) , (2.57)

where the expression, (2.38), of Dµ has been used. The above expression vanishes by the
constraint of vanishing torsion (torsionless condition), which was imposed for reasons of Lorentz
invariance of the action4. Now, in turn, let us consider the difference δ̃ω a

µ − δω a
µ and set again

λa = ω a
ν v

ν :

δ̃ω a
µ − δω a

µ = −vν(∂νω
a
µ − ∂µω a

ν )− ∂(vνω a
ν ) + ∂µ(vνω a

ν ) + εabcωµbv
νωνc

= vν(∂µω
a
ν − ∂νω a

µ + εabcωµbωνc) = vνRµν . (2.58)

The above expression vanishes by equation of motion5, that is the vanishing of the Ricci tensor.
Therefore, one concludes that the gauge transformations are equivalent to the diffeomorphism
transformations on-shell, which means that the gauge transformations of the fields compensate
for the coordinate transformations in this gauge-theoretic approach. The expected invariance of
the action under the gauge transformations ensure the general covariance of the theory, in the

3In Ref. [10] there is an alternative and heuristic way to obtain the Chern-Simons action beginning with a
topological invariant of the form

∫
Y

trR∧R on a four-dimensional manifold, Y . Straightforward calculations lead to
an integrand expressed as a total derivative and therefore the integral on Y reduces to an integral on M , where M
is a three-dimensional boundary of Y . The expression of the integral on M is identified as the Chern-Simons action
functional of three-dimensional gravity. The advantage of this approach is that the torsionless condition does not
have to be imposed.

4In the Palatini formalism, this condition is obtained as an equation of motion, (2.37).
5In the Palatini formalism, this is the expression of (2.39)
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same spirit the invariance of SEH3 does, under the general coordinate transformations. More-
over, it is confirmed that ISO(1,2) is the appropriate group for constructing three-dimensional
gravity as a gauge theory6.

The above analysis of the relation of three-dimensional gravity and ISO(1,2) Chern-Simons
gauge theory can be generalized in case a cosmological constant is included. The presence of
a cosmological constant renders the spacetime curved, therefore there are two corresponding
spacetimes, depending on the sign of the constant, three-dimensional de Sitter and Anti de
Sitter, with isometry groups the SO(1,3) and SO(2,2), respectively. In order to relate the three-
dimensional gravity with cosmological constant to gauge theories, it is reasonable to consider
the above groups as the gauge groups, since ISO(1,2) worked perfectly for the flat case. The
procedure of building these gauge theories is the same as the one described before, for ISO(1,2).
The cosmological constant is introduced in the gauge theory through the commutation relation
of the translations, which is now non-zero. Also, this modification induces the insertion of an
extra term in the expression of the transformation of the spin connection, (2.47), namely:

δe aµ = −∂µξa − εabceµbλc − εabcωµbξc , (2.59)

δω a
µ = −∂µλa − εabcωµbλc − λεabceµbξc , (2.60)

and another extra term in the expression of the curvature tensor of (2.51), that is:

T a
µν = ∂µe

a
ν − ∂νe aµ + εabcωµbeνc − εabcωνbeµc , (2.61)

R a
µν = ∂µωνa − ∂νωµa + εabc(ω

b
µ ω

c
ν + λe bµ e

c
ν ) . (2.62)

As for the action of the gauge theory, it is obtained after consideration of the Chern-Simons
functional, again coinciding with the three-dimensional Einstein-Hilbert action of general rela-
tivity in three dimensions with cosmological constant.

2.3 Four-dimensional Einstein gravity as a gauge theory

Whether or not general relativity in four dimensions can be described as a gauge theory is
a complicated issue. In Ref. [10], it is mentioned that four-dimensional gravity cannot be
described as a gauge theory, because of the expression of the Einstein-Hilbert action, which
has the general form

∫
A ∧ A ∧ (dA + A2) and such an action cannot be retrieved by a gauge

theory. Although such an action functional does not originate from a gauge theory, there exists
a non-trivial way to obtain the Einstein-Hilbert action in a gauge-theoretic approach, starting
from a Yang-Mills-type action functional. In this section, the construction of four-dimensional
gravity as a gauge theory is reviewed, so for the kinematics (transformations of the gauge fields),
as for the dynamics (action and equations of motion).

Like in the three-dimensional case described in the previous section, first of all, the vierbein
formalism has to be employed for the construction of the gauge theory of gravity. In absence of
cosmological constant, the isometry group (symmetries of the metric) of the Minkowski space-
time is ISO(1,3) (the Poincaré group) and it is the one that will be considered as the gauge group,
in accordance with the three-dimensional case, where isometry groups of the Minkowski, dS

6The ISO(1,2) is the group describing the isometries of the three-dimensional Minkowski spacetime, rendering its
choice not a random guess.
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and AdS were considered as the gauge groups. The Poincaré algebra comprises of ten genera-
tors, four local translations, Pa and six Lorentz transformations, Mab, satisfying the following
commutation relations7:

[Mab,Mcd] = 4η[a[cMd]b] , [Pa,Mbc] = 2ηa[bPc] , [Pa, Pb] = 0 , (2.63)

where ηab = diag(−1,+1,+1,+1) is the four-dimensional Minkowski metric. Following the
standard procedure, the gauge covariant derivative is defined as:

Dµ = ∂µ + [Aµ, ·] , (2.64)

where Aµ(x) is the gauge connection. Expansion of the connection on the generators of ISO(1,3)
gives the expression:

Aµ(x) = e aµ (x)Pa + ω ab
µ (x)Mab , (2.65)

where e aµ and ω ab
µ are identified as the component gauge fields for the translations and Lorentz

transformations, respectively. By definition, transformation of the Dµ is covariant, therefore,
the transformation law for the gauge connection Aµ is given by:

δAµ = Dµε = ∂µ + [Aµ, ε] , (2.66)

where ε = ε(x) is a gauge transformation parameter, which, as an element of ISO(1,3) algebra,
it may be written as an expansion on the generators:

ε(x) = ξa(x)Pa +
1

2
λab(x)Mab , (2.67)

with ξa(x) and λab(x) being infinitesimal parameters. Combination of (2.65), (2.66) and (2.67)
leads to the expression of the transformation of the component gauge fields:

δe aµ = ∂µξ
a + ω ab

µ ξb − λabe bµ , (2.68)

δω ab
µ = ∂µλ

ab + λacω
bc
µ − λbcω ac

µ . (2.69)

The corresponding field strength tensors, T a
µν and R ab

µν , of the component fields, e and ω, are
obtained by the definition of the field strength tensor, Rµν , of Aµ:

Rµν = [Dµ, Dν ] = ∂µAν − ∂νAµ + [Aµ, Aν ] , (2.70)

after its expansion on the generators:

Rµν = T a
µν Pa +

1

2
R ab
µν Mab . (2.71)

Therefore, combining (2.65), (2.70) and (2.71), the expressions of the component tensors are:

T a
µν = ∂µe

a
ν − ∂νe aµ − ω ab

µ eνb + ω ab
ν eµb ,

R ab
µν = ∂µω

ab
ν − ∂νω ab

µ − ω ac
µ ω b

νc + ω ac
ν ω b

µc , (2.72)

where the above expressions coincide with the ones found for the torsion and curvature two-
forms in the vierbein formalism description of general relativity in (2.15) and (2.25).

7The [ ] notation implies antisymmetricity of the indices inside the brackets, ηa[bPc] = 1
2
(ηabPc − ηacPb).
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Until this point, the construction of the gauge-theoretic version of four-dimensional gravity
has been unfolding in a straightforward way. Moving on to the dynamical part of the theory,
the obvious choice would be an action of Yang-Mills type of the Poincaré group. Nevertheless,
in order to claim a successful relation of four-dimensional gravity to a gauge theory, it is
necessary to result with the Einstein-Hilbert action, which is, of course, not of Yang-Mills type.
In that sense, the answer to the question whether four-dimensional general relativity could be
related to a gauge theory would be negative and the corresponding argument in ref. [10] would
be confirmed. However, one could claim that the Einstein-Hilbert action could be built out
of invariants including the tensors obtained in (2.72). Specifically, the Ricci scalar invariant
could be built using the curvature tensor, R ab

µν and an action including this invariant could
be constructed recovering the Einstein-Hilbert action [84]. However, there is still another -less
guided- way to result with Einstein’s gravity, treating the Lorentz and translational part in a
more unified way, based on more intuitive and physical arguments.

First, it has to be noted that the desired action has to be invariant under the Lorentz
transformations and not under the total Poincaré symmetry. Therefore, in order to reduce the
symmetry of the action, a spontaneous symmetry breaking mechanism can be employed by the
inclusion of a scalar field [3, 4]. The above is the indicated way to reduce the extra degrees
of freedom and it is left to be seen if, after the symmetry breaking, it is possible to result
with the correct (Einstein-Hilbert) action, from the initial action of Yang-Mills type. For the
present purpose, in order to achieve the incorporation of the spontaneous symmetry breaking
mechanism, the gauge group, i.e. the gauge symmetry of the action of Yang-Mills type, has to
be the de Sitter, SO(1,4), group, instead of the Poincaré8. The choice of the de Sitter group is
strategic, in the sense that it comprises of the same number of generators as the Poincaré, but
carries an extra and useful virtue, that is all generators can be considered on equal footing,
denoting them all with a single gauge field, let us say ω AB

µ , A,B = 1 . . . 5, since it is a semisimple
group. Therefore, the extra scalar field, φa, is assigned to the fundamental representation of
SO(1,4) and induces the spontaneous symmetry breaking, from SO(1,4) to SO(1,3), i.e. the
symmetry is reduced to the Lorentz with four out of ten generators, the translations, to have
been broken.

Specifically, constructing a pure SO(1,4) gauge theory, the gauge connection for the gauge
field, ω AB

µ , would be Aµ = ω AB
µ MAB, where MAB are the ten SO(1,4) generators and the

corresponding field strength tensor would be given by (2.70) as:

F AB
µν = ∂µω

AB
ν − ∂νω AB

µ + ω A
µ Cω

CB
ν − ω A

ν Cω
CB
µ . (2.73)

The invariants which could serve as components for the SO(1,4) action have to be constructed
in terms of the above field strength tensor. The only invariant that can be constructed this way
and also being polynomial with respect to Fµν is the topological invariant, Pontryagin index:

S =

∫
d4xεµνρσF AB

µν FρσAB . (2.74)

It is worth-noting that along these lines, that is building invariants from the field strength
tensor, a non-polynomial action containing square roots of the field strength tensor was pro-
posed in ref. [5], resulting to an expression of an action that was SO(1,3) gauge invariant, after
some appropriate gauge fixing. The presence of the square root and the absence of a scaled

8Also, the Anti-de Sitter group, SO(2,4), could be employed.
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quantity for fixing the vierbein dimensionality [3] was promoted to an alternative and more con-
sistent construction, considering a de Sitter invariant, polynomial action that will eventually
lead to an invariant action under the Lorentz group. As we mentioned earlier, the indicated
way is to begin with a polynomial action and include a scalar field, φa, along with a dimension-
ful parameter, m (inverse length). The action concentrating the above features comes from a
modification of (2.74), specifically:

SSO(1,4) =

∫
d4x

(
mφAεABCDER

BC
µν R DE

ρσ εµνρσ + λ(φAφA +m−2)
)
, (2.75)

where the variable λ = λ(x) serves as a Lagrange multiplier imposing the constraint for the
scalar field9:

φAφA = −m−2 . (2.76)

Picking a specific gauge for the scalar field:

φ = φ0 = (0, 0, 0, 0,m−1) ⇔ φa(x) = 0 and φ5(x) = m−1 , (2.77)

the non-zero value of φ5(x) induces the symmetry breaking of SO(1,4) to the little group, SO(1,3).
The action (2.75) reduces to the following expression, in which only the Lorentz symmetry is
manifest10:

SSO(1,3) =

∫
d4xεµνρσF ab

µν F cd
ρσ εabcd . (2.78)

Defining the scaled gauge fields e aµ = m−1ω a5
µ and decomposing the field strength tensor,

Fµν = F AB
µν MAB = F ab

µν Mab + F a5
µν Ma5 of (2.73), the following expressions are obtained:

F a5
µν = mT a

µν , (2.79)

F ab
µν = R ab

µν −m2(e aµ e
b
ν − e aν e bµ ) , (2.80)

where T a
µν and R ab

µν are the ISO(1,3) component curvature tensors of (2.72). Of course, the
F a5
µν field strength is not present in the action after the symmetry breaking and thus T a

µν = 0
11. The vanishing of the torsion tensor (torsionless condition) leads to a relation of the gauge
fields, writing the spin connection with respect to the vierbein. In order to result with this
relation, first one has to contract the spacetime indices:

eµce
ν
dT

a
µν = eµce

ν
d

(
∂µe

a
ν − ∂νe aµ − ω ab

µ eνb + ω ab
ν eµb

)
= 0 , (2.81)

and then do cyclic permutation of the free Lorentz indices a, c, d and add and subtract the three
resulting equations. Solving with respect to the spin connection, the result is:

ωµab =
1

2
(Ωµab − Ωµba − Ωabµ) , (2.82)

where the following definition:
Ωabc = 2eµae

ν
b∂[µeν]c , (2.83)

9It is worth-noting that the above action is even under parity transformations.
10This is exactly the SO(1,3) action obtained in ref. [5] and originated from the non-polynomial one. The symmetry

breaking version described here [3,4] gives the same expression but in a more natural and physical way.
11It would be present if we were considering a general gauge.

69



has been employed.
Now, if the above expression of F ab

µν , (2.80), is inserted into the action SSO(1,3) of (2.78),
then the resulting expression can be grouped into three terms:

SSO(1,3) =

∫
d4xεµνρσεabcd

(
R ab
µν +m2(e aµ e

b
ν − e bµ e aν )

)(
R cd
ρσ +m2(e cρ e

d
σ − e dρ e cσ )

)
=

∫
d4xεµνρσεabcd

(
R ab
µν R

cd
ρσ + 2m2R ab

µν (e cρ e
d
σ − e dρ e cσ ) +m4(e aµ e

b
ν − e bµ e aν )(e cρ e

d
σ − e dρ e cσ )

)
=

∫
d4xεµνρσεabcd

(
LRR +m2LeeR +m4Leeee

)
. (2.84)

The first term, LRR, does not give any contributions to the field equations because it is the in-
tegrand of the Gauss-Bonnet topological invariant (see [85]). The second term, LeeR is the Ricci
scalar curvature (Einstein-Hilbert) action, (2.35) and the third is identified as a cosmological
constant of order m4. Because of this constant, the maximally symmetric solution of the field
equations is a de Sitter space:

F ab
µν = 0 ⇒ R ab

µν = m2(e aµ e
b
ν − e aν e bµ ) . (2.85)

In case the cosmological constant is zero, the solution is flat, or in other words, the trivial
maximally symmetric space, that is the Minkowski spacetime.

As for the general covariance, it is recovered by the relation of the gauge transformations,
(2.66) and diffeomorphisms. Following the same procedure and calculations as in the three-
dimensional case, one ends up with the four-dimensional versions of (2.57) and (2.58). There-
fore, taking into consideration the torsionless condition and the equation of motion of vanishing
curvature, general covariance is ensured.

Therefore, to conclude, it is possible to describe four-dimensional gravity of general relativity
as a gauge theory12. The transformations of the gauge fields, e and ω, can be obtained starting
with the Poincaré group as the gauge group. However, in order to result with the Einstein-
Hilbert action, it is necessary to consider as a gauge group the de Sitter group and include a
scalar field in a fixed gauge for the induction of a spontaneous symmetry breaking, starting
from a Yang-Mills type, polynomial action with respect to the field strength tensor. Indeed, the
resulting action is invariant only under the Lorentz group and is successfully identified as the
Einstein-Hilbert action.

2.4 Four-dimensional Conformal gravity

In this section, the gauge-theoretic approach of the four-dimensional conformal gravity is briefly
reviewed [7, 8, 86, 87]. Specifically, a gauge theory of the conformal group, SO(2,4), is con-
structed, and eventually, the theory of Weyl gravity is obtained. In order to end up with Weyl
gravity, a breaking of the initial gauge symmetry has to take place, this time not spontaneously
with the inclusion of some extra scalar field, but with the imposition of certain constraints.
Like the two cases of three-dimensional and four-dimensional Einstein gravity, in this case,
too, the group to be localized is a spacetime symmetry group including translations, which
has to be related to the general coordinate transformations, since the resulting gauge theory

12But not as a pure ISO(1,3) gauge theory
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must be generally covariant, being a gravitational theory. The relation between the "internal"
translational symmetry and coordinate transformations is achieved by introducing the vierbein
and identify it as the gauge field associated with the translations. The mixing of internal and
spacetime symmetries is precisely what makes the building of such gauge theories special in
comparison to the linear gauge theories of internal symmetry groups.

At this point, it is given a rather nice opportunity to discuss a little further the two ap-
proaches of the previous cases of three-dimensional and four-dimensional Einstein gravity
theories, so far as the methodology followed for resulting with the correct actions and the way
the translational part was treated [8]. In the four-dimensional case, for the dynamical part of
the theory, the initial gauge group was considered to be the G=SO(1,4). The Lorentz subgroup
H=SO(1,3) of G was gauged by the linear gauge fields, while the part of translations was gauged
by the non-linear gauge fields, identified as the vierbein. The translations were considered to
be a spontaneously broken internal gauge symmetry. As for the invariance under the general
coordinate transformations (let us denote them X), it was assumed externally. The symme-
try of the resulting theory was SO(1,3)⊗X. In the three-dimensional case, another approach
was followed. The initial gauge group G=ISO(1,2) was treated as a linear internal symmetry
group, without making any distinction between the translation and Lorentz parts. General co-
ordinate transformations, X, were externally introduced and the final group was the subgroup
H=SO(1,2) times the X. Requirement of invariance of the resulting action under the transla-
tional part consequently led to imposition of constraints, specifically the torsionless condition.
In other words, as it was shown, the constraints gave the possibility to express the transla-
tions as a combination of the Lorentz transformations and the diffeomorphisms. Therefore,
the translations could be traded with the general coordinate transformations. In the present
construction of conformal gravity as a gauge theory, the same strategy is employed as in the
three-dimensional case, in which the symmetry breaking takes place by imposing constraints
based on physical arguments and not spontaneously with introduction of extra fields.

In the gauge-theoretic approach of the four-dimensional conformal gravity, the gauge group
is considered to be the SO(2,4), which comprises of fifteen generators, six Lorentz transforma-
tions, Mab, four translations, Pa, four special conformal transformations (conformal boosts),
Ka and the dilatation (scale transformation), D. These generators satisfy the following commu-
tation relations which determine the SO(2,4) algebra:

[Mab,Mcd] = ηbcMad + ηadMbc − ηacMbd − ηbdMac ,

[Mab, Pc] = ηbcPa − ηacPb ,
[Mab,Kc] = ηbcKa − ηacKb ,

[Pa, D] = Pa ,

[Ka, D] = −Ka ,

[Ka, Pb] = −2(ηabD +Mab) , (2.86)

where ηab is the mostly positive four-dimensional Minkowski metric. The construction of the
gauge theory begins with defining the covariant derivative and specifying the gauge connection,
which, as an element of the SO(2,4) algebra, can be written in terms of the generators:

Aµ = e aµ Pa +
1

2
ω ab
µ Mab + bµD + f a

µ Ka , (2.87)

where a gauge field has been introduced for each generator. The gauge fields attached to
the translations have been identified as the vierbein, while the ones associated to the Lorentz
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transformations are identified as the spin connection, just like in the previous cases. The gauge
connection, Aµ, obeys the following infinitesimal transformation rule:

δAµ = Dµε = ∂µε+ [Aµ, ε] , (2.88)

where ε = ε(x) is a parameter that belongs to the gauge algebra and for this reason it can be
written as:

ε = ξ aPa +
1

2
λ abMab + κD + ρ aKa . (2.89)

Combining the relations (2.87), (2.88) and (2.89) leads to the transformation rules of the various
component gauge fields:

δe aµ = ∂µξ
a + ω a

µ bξ
b − bµξa − λabe bµ + κe aµ , (2.90)

δω ab
µ = ∂µλ

ab − 2ω ac
µ λbc − 4f [a

µ ξb] − 4e [a
µ ρb] , (2.91)

δbµ = ∂µκ− 2ξafµa + 2ρaeµa , (2.92)

δf a
µ = ∂µρ

a + ω ab
µ ρb + bµρ

a − λabfµb − κf a
µ . (2.93)

The field strength tensor of the theory is given by the standard formula:

Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] . (2.94)

In accordance with equation (2.70), expansion of the field strength tensor on the generators is
written down as:

Fµν = R̃ a
µν Pa +

1

2
R ab
µν Mab +RµνD +R a

µνKa . (2.95)

The component curvature tensors that accompany each generator of the algebra can be cal-
culated after combining the relations (2.94), (2.87) and (2.95). Their expressions are given as
follows:

R̃ a
µν = ∂µe

a
ν − ∂νe aµ + ω ab

µ eνb − ω ab
ν eµb − 2b[µe

a
ν] (2.96)

= T (0)a
µν − 2b[µe

a
ν] , (2.97)

R ab
µν = ∂µω

ab
ν − ∂νω ab

µ − ω ac
µ ω b

ν c + ω ac
ν ω b

µ c − 8e
[a

[µ f
b]
ν] (2.98)

= R(0)ab
µν − 8e

[a
[µ f

b]
ν] , (2.99)

Rµν = ∂µbν − ∂νbµ + 4e a
[µ fν]a , (2.100)

R a
µν = ∂µf

a
ν − ∂νf a

µ + ω ab
µ fνb − ω ab

ν fµb + 2b[µf
a
ν] , (2.101)

where T (0)a
µν andR(0)ab

µν are the torsion and curvature component tensors of the four-dimensional
Poincaré gravity of the previous section, given in (2.72).

As mentioned earlier in this section, in this case the resulting gauge group is found after
imposing certain constraints for the sake of invariance of the final theory under the translations,
too. In order to achieve this, one has to trade the translations with the general coordinate
transformations (denoted by X), which means that the resulting gauge group should be the
initial, G=SO(2,4), minus the translations, i.e. H = SO(2, 4) − {P} times X. Following the
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same procedure as in the three-dimensional case, the difference between a diffeomorphism and
the gauge transformation, δ̃e aµ − δe aµ , is considered using (2.57) and (2.90):

δ̃e aµ − δe aµ =
(
vν∂νe

a
µ + ∂µ(vνe aν )− vν∂µe aν

)
−
(
∂µξ

a + ω a
µ bξ

b − bµξ a − λa be bµ + κe aµ

)
.

Setting ξa = vνe aν , λab = vνω a
ν b and κ = vνbν , the above difference takes the following form:

δ̃e aµ − δe aµ = vν
(
∂νe

a
µ − ∂µe aν − ω a

µ be
b
ν + ω a

ν be
b
µ + bµe

a
ν − bνe aµ

)
= −vνR̃ a

µν . (2.102)

It is obvious that the constraint that is needed for getting rid of the translational part of the
theory, with a coordinate transformation making up for them, is the vanishing of the torsion:

R̃ a
µν = 0 . (2.103)

Therefore, setting the torsion to zero, the generators of the initial group, SO(2,4), break and the
subgroup H is generated by M,D and K. In addition, in order to achieve the P → X exchange
for all fields, the following constraint has to be imposed [7]:

R ab
µν e

ν
b = 0 . (2.104)

Let us now proceed with the solutions of the above constraints, (2.103) and (2.104), in terms of
the independent fields, e aµ and bµ.

For the first constraint, the torsionless condition, (2.103), following the same computational
procedure as in the four-dimensional case, one ends up with the relation:

ω ab
µ = −1

2

(
Ω̂µab − Ω̂µba − Ω̂abµ

)
= −ω ab

µ (e) + 2b[ae b]µ , (2.105)

where Ω̂abc = 2eµaeνb∂̂[µeν]c is the conformal analogue of Ωabc of the four-dimensional Einstein
case, (2.83), with the partial derivative ∂µe aν redefined to ∂̂µe aν = (∂µ + bµ)e aν , that is the Weyl
(D) covariant derivative, and ω ab

µ (e) is the expression of the spin connection in terms of the
vierbein in the four-dimensional Einstein case, given in (2.82). Also, along the same lines, we
can define the tensor R̂ ab

µν , which is the tensor R ab
µν , again with the partial derivative, ∂µ, to

have been replaced with ∂̂µ = ∂µ + bµ, that is the Weyl (D) covariant derivative, since it will be
useful later.

For the second constraint, (2.104), due to the expression of (2.99), in which the curvature
tensor R ab

µν is expressed in terms of the curvature of Poincaré gravity plus an extra term
containing f a

µ , it is possible to solve for f a
µ algebraically, in terms of the Ricci tensor:

R ab
µν e

ν
b = 0 ⇒ R(0)ab

µν eνb − 8e
[a

[µ f
b]
ν] = 0 . (2.106)

Employing the Weyl decomposition of the Riemann tensor13:

Rµνρσ = Cµνρσ +
2

n− 2

(
gµ[ρRσ]ν − gν[ρRσ]µ

)
− 2

(n− 1)(n− 2)
Rgµ[ρgσ]ν , (2.107)

13In [9] eq. (15.25), one may find the relation already in the desired form.
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where Cµνρσ is the Weyl tensor, which is traceless, meaning that a contraction on one of its
indices is equal to zero, Rµν is the Ricci tensor and R is the Ricci scalar. Replacing the (2.107)
in (2.106) and contracting with gσν , one results with:

R(0)ab
µν eνb − 8e

[a
[µ f

b]
ν] = 0 ⇒ 1

(n− 1)(n− 2)
e aµ R−R a

µ = 4f a
µ , (2.108)

where R a
µ = R

(0)ab
µν eνb and R = eµaR a

µ are contractions of the Poincaré curvature tensor, R(0)ab
µν .

For n = 4, one results with the solution of the second constraint:

f a
µ = −1

4

(
R a
µ −

1

6
e aµ R

)
. (2.109)

The solutions of the two constraints, (2.105) and (2.109), show that ω ab
µ = ω ab

µ (e, b) and
f a
µ = f a

µ (e, b), which means that the gauge fields ω and f have been expressed in terms of
the independent gauge fields, e and b. Moreover, the second constraint fixed the gauge field
of special conformal transformations, f , as understood from the resulting expression, (2.109),
rendering it as a non-propagating gauge field.

The invariant action under the subgroup H and the coordinate transformations, X, or the
action with H ⊗X invariance, is:

SW =
1

8a2

∫
d4xεabcdε

µνρσ
(
R ab
µν R

ab
ρσ

)ω(e,b)

f(e,b)
, (2.110)

in which the two constraints, (2.105) and (2.109), have been included. It is worth-noting that
the solution of the second constraint, (2.109), could have been derived from variation of the
above action, (2.110), if it was written also in terms of the f gauge field (before elimination of
f ), as an equation of motion. The expression of the R ab

µν tensor, after taking into consideration
the relations for ω ab

µ (e, b) and f a
µ (e, b), is found to be:[

R ab
µν

]f(e,b)

ω(e,b)
= −

(
R(0)ab
µν − 2e

[a
[µ R

b]
ν] −

1

3
e

[a
[µ e

b]
ν] R

)
= −Cabµν , (2.111)

where C ab
µν is the Weyl tensor and in the Poincaré curvature R(0)ab

µν in the above equation, the
corresponding constraint, (2.82), has been included. Specifically:

R(0)ab
µν = R(0)ab

µν (ω(e)) = −
[
R̂abµν(ω)

]f a
µ =0

bµ=0
. (2.112)

In the penultimate relation, (2.111), it is obvious that the expression of the curvature tensor of
the theory, after the inclusion of the constraints,

[
R ab
µν

]f(e,b)

ω(e,b)
, is independent of the field bµ and,

since it drops out, one may set bµ = 0. After the fixing of bµ = 0 (known as the K-gauge), the
only independent gauge field of the action is the vierbein, e and, therefore the action is scale and
proper conformal invariant, since, in contrast to the Lorentz boosts, all physical fields transform
only trivially under the conformal boosts generated by Ka and so does the vierbein, δKe = 0,
as it is evident in (2.90). Also, the dilatation gauge field, bµ is the only field of the theory which
transforms non-trivially under Ka. Therefore, since the action is no longer dependent of bµ, the
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whole action is K-invariant14. Due to the presence of K-invariance, one could support that the
symmetry of the final theory is X⊗D⊗K. However, after the gauge fixing of bµ = 0, the special
conformal transformations are no longer independent transformations. In fact, this becomes
transparent if the expression of the gauge transformation of bµ, (2.92), is considered, without
the term involving ξa, since the X symmetry of general covariance makes up for it in the final
symmetry:

δbµ = ∂µκ+ 2ρaeµa ⇒ ρa = −1

2
eµa∂µκ . (2.113)

The above relation, originating from the preservation of a gauge condition, is called decomposi-
tion law [9] and expresses a gauge-fixed symmetry parameter (ρa) in terms of gauge parameters
of symmetries that remain in the theory (κ). Concluding, the final action is invariant under the
X ⊗D transformations, which consists of the general coordinate transformations and the Weyl
transformations.

Therefore, employing the relation between the metric and the vierbein, (2.3), the expression
of the action, SW , (2.110), can be written in terms of the Weyl tensor and finally takes the form
of the well-known Weyl action:

SW =
1

2a2

∫
d4x
√
gCλµνρC

λµνρ =
1

a2

∫
d4x
√
g

(
R2
µν −

1

3
R2

)
. (2.114)

Besides the above symmetry breaking, we suggest another possible way of breaking the initial
symmetry, this time to the Lorentz. This could occur with the inclusion of two scalars in the
fundamental representation of the SO(2,4) gauge group [88]. This comes as no surprise, since
it is just an extension of the way the de Sitter group (and not the Poincaré for reasons explained
in the section 2.3) is broken down to the Lorentz by a scalar in the fundamental of SO(1,4),
as described in the previous section for the case of the Einstein gravity. These two scalars
could induce a spontaneous symmetry breaking in a complete theory including matter fields,
giving rise to the constraints that lead to a resulting four-dimensional action respecting Lorentz
symmetry. It is worth-noting that the four-dimensional conformal gauge theory can lead to the
Einstein-Hilbert action by choosing a different route of symmetry breaking, that is by imposing
constraints, as it is explained in Ref. [89]. More specifically, it is argued that if both tensors
R(P ) and R(K) are simultaneously set to zero15, then from the constraints of the theory it is
understood that the corresponding gauge fields, f a

µ , e
a
µ are equal - up to a rescaling factor -

and bµ = 0.
Now, let us recapitulate in order to conclude this section. Starting from the conformal gauge

group, SO(2,4), and following the standard procedure of building gauge theories of spacetime
symmetry groups, a gauge connection was defined and one gauge field was assigned for each
generator. Then, calculations led to the transformation rules of these gauge fields and the
expressions of their corresponding component curvature tensors. For the sake of translational
invariance of the final theory, the first constraint that was imposed was the vanishing of the tor-
sion tensor, giving the opportunity to express the translations as a combination of the general

14In ref. [9], the argument about K-invariance is presented inversely. In other words, K-invariance of the e, b-
dependent action is imposed in principal, therefore, since the vierbein is trivially transforming under K and the
dilatation is not, the latter must be zero in order to result with a K-invariant action.

15The consideration of the vanishing of both tensors at the same time is supported by the fact that, since it is
desired to result with the Lorentz symmetry out of the initial SO(2,4), the vacuum of the theory can be considered
to be directly SO(4) invariant, which means that every other tensor, except for the R(M), has to be vanishing [78].
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coordinate transformation and the residual symmetry, H, in other words, trading the trans-
lations with the general coordinate transformations. The solution of this constraint rendered
the spin connection field to depend on e and b fields (b is the dilatation field). Then, again
for reasons of general covariance, an additional constraint was imposed, this time related to
the curvature tensor of Mab. From this constraint the gauge field f , which is related to the
generators of the conformal boosts, Ka, was expressed in terms of the Ricci tensor and scalar.
Therefore, two out of the four groups of gauge fields were expressed in terms of the other two.
Then, the unique action was written down, in which the dilatation field was cancelled out from
the calculations giving the opportunity to set it equal to zero. This way, the action ceases to
contain the only field that transforms non-trivially under the conformal boosts, which means
that the final action is K-invariant, too. However, K-invariance is not an independent symmetry
after the gauge fixing and, for this reason, it was absorbed by the rest of the residual symmetry
and did not appear in the final, residual symmetry of the theory. Therefore, the invariance
group of the final action (Weyl action) consisted of the general coordinate transformations, X,
and the Weyl transformations generated by D. Eventually, it is legit to remark explicitly that
conformal gravity can be successfully described as a gauge theory of the SO(2,4) gauge group.
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Chapter 3

Noncommutative spaces and gauge
theories

In this section we give some information about the framework of noncommutative geometry and
then we focus on the description of some specific and important noncommutative spaces, some
of which we employ for the building of the models in the next sections. Also, we write down the
methodology that has to be followed in order to construct gauge theories on these fuzzy spaces.

3.1 The noncommutative framework

Noncommutativity of coordinates is a notion that may be regarded to be contradictive to our
perception of space structure. The whole idea that two space coordinates cannot be measured
with precision at the same time may seem to defy our intuition. Nevertheless, in general, the
notion of noncommutativity is not as radical as may sound, since it has been encountered before
in different cases for some other physical quantities. The most common, macroscopic example
is the case of the vector of angular momentum, the components of which do not commute with
each other. Moreover, in quantum mechanics any two conjugate variables are noncommutative,
for example position and momentum, being subjected to an uncertainty relation.

Quantum mechanics is more than just another example in which noncommutativity of
variables of physical quantities is encountered; it is the source of inspiration for the foundation
of the framework of noncommutative geometry1 [11]. Specifically, in quantum mechanics, the
phase space of canonical position, xi, and momentum, pj , gets quantized, replacing them with
their corresponding Hermitian operators x̂i, p̂j , which apparently do not commute. In contrast,
they obey the Heisenberg commutation relation:

[x̂i, p̂
j ] = i~δ ji . (3.1)

Along these lines of quantizing a classical phase space, the quantization of a space would take
place if its coordinates, xi would be replaced by operators, x̂i, of a C∗-algebra2 of functions

1For a more historical and motivation-oriented description of the birth of noncommutativity see the introduction,
Section 1.

2AC∗-algebra is a complex algebraA of continuous linear operators on a complex Hilbert space with two additional
properties:

• A is a topologically closed set in the norm topology of operators.
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on the space, let us call it A, obeying a commutation relation analogous to the Heisenberg
commutation relation, that is:

[x̂i, x̂j ] = iθij(x) , (3.2)

where θij(x) is a quantity, which in general depends on the coordinates, parametrizing the type
of noncommutativity of the space3. More details on the nature of θij are given later in the
current section.

3.1.1 The matrix representation

Let us focus on the C∗-algebra A for a while. This algebra is necessarily associative and
optionally commutative. So, let us first consider a commutative algebra A and an element of
this algebra, which is a configuration of a classical complex scalar field on a space M . The most
typical example of a commutative and associative algebra is that of functions on a manifold M ,
taking complex values, with addition and multiplication given by:

(f + g)(x) = f(x) + g(x) and (f · g)(x) = f(x)g(x) . (3.3)

Now, the most illustrative example of a noncommutative algebra is that of N ×N matrices with
complex entries, that is the algebra Mat(N,C). Generalizations of the Mat(N,C) are the matrix
algebras of N×N matrices, with entries elements of the algebra A, which are called Mat(N,A).
Addition and multiplication for this algebra are defined in accordance to the matrix addition
and multiplication, in terms of those in A. This matrix representation of a noncommutative
algebra, A, with operators as elements, suggests a very smooth way to think of this algebra,
since it is quite familiar to the case in quantum mechanic in which the differential operators
can be represented by matrices acting on the vectors of the Hilbert space [90].

Now, in order to formulate noncommutative field theories, it is necessary to define the oper-
ations of derivation, ei, and integration,

∫
Tr. These two operations must satisfy the following

properties:

• The Leibniz rule: ei(AB) = ei(A)B + Aei(B). This property combined with linearity
means that the derivation of a constant is vanishing.

• The integral of the trace of a total derivative is vanishing:
∫

Trei(A) = 0.

• The integral of the trace of a commutator is vanishing:
∫

Tr[A,B] = 0.

Following from the above properties, a nice candidate for the derivation is ei(A) = [di, A], where
di is an element of the algebra A. Since for general nonommutative algebras using matrices
separation between the notation of the integral and the trace is not possible, we will denote the
integration with the single symbol of the trace.

The above definition of derivations and integrations allows one to study noncommutative
field theories, with the operators of the algebra A to be represented by matrices. Indeed, this
is the representation we adopt, viewing the operators as matrices, in the construction of such
theories in the next sections.

• A is closed under the operation of taking adjoints of operators.

3The i in the right-hand side is involved because the commutator of Hermitian operators is anti-Hermitian.
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Nevertheless, an alternative way to study noncommutative field theories is to associate the
operators of a noncommutative algebra and ordinary multiplication with an algebra of functions
of commuting variables equipped with a deformed product. In the next section we review the
basics around this subject through the cases of the two very common (and interesting) cases of
noncommutative spaces, the canonical and Lie-type.

The canonical case (Moyal space), the Lie-type case and Weyl quantization

In the previous section, θij was introduced in equation (3.2) as the noncommutativity parame-
ter, which, regardless its expression, is an antisymmetric tensor, since the left-hand side of the
same equation is also antisymmetric. Now, depending on its expression, this parameter defines
the kind of noncommutativity of the space.

The canonical case

Let us now introduce the canonical case, which is the simplest example of noncommutativity
and is defined by θij(x) = θij , that is θij is a N ×N constant (complex) antisymmetric tensor,
independent of the coordinates. The commutation relation of the coordinates is written down
as:

[x̂i, x̂j ] = θij , i, j = 1, . . . , N . (3.4)

Noncommutative spaces defined by the above relation are denoted as RNθ and, especially for the
N = 2 case, R2

θ is called the Moyal space (or Moyal plane).

The Lie-type case

Another very interesting case is that of Lie-type noncommutativity, in which the noncommuta-
tivity parameter, θij , is linearly dependent on the coordinates. The corresponding commutation
relation is given by:

[x̂i, x̂j ] = iCijkx̂
k , i, j = 1, . . . N , (3.5)

where Cijk are complex numbers. The resemblance to the Lie-algebra structure is striking and
that is why the noncommutativity is called Lie-type. A very interesting case of this type is for
N = 3, where the above relation is actually the definition of the SU(2) algebra. In general, we
are going to deal with this N = 3 case a lot, since two noncommutative spaces we employ in the
building of our models are based on it, namely the fuzzy sphere, S2

F and R3
λ, which we discuss

later in detail.

Weyl quantization

Previously, we gave some insight on how to work with noncommutative algebras, repre-
senting the operators that are elements of A by matrices. There is also an alternative and
equivalent way of treating this issue, by associating the operators of the noncommutative alge-
bra with classical (commuting) functions that are subjected to a different kind of multiplication,
that is called the Moyal-Weyl ?-product. In other words, one can use a mapping from operators
that do not commute to functions that commute and upgrade the product from the ordinary for
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the operators to the ?-product for the functions. This correspondence of operators to functions
is one-to-one and is called the Weyl correspondence (or Weyl quantization) [33].
Let f(x) be a function, admitting Fourier expansion, depending on the canonical variables xi.
We define an operator W (f) as:

W (f) =
1

(2π)n/2

∫
dnkeikj x̂

j
f̃(k) , (3.6)

where f̃(k) is the Fourier transformation of the function f(x):

f̃(k) =
1

(2π)n/2

∫
dnxe−ikjx

j
f(x) , f(x) =

1

(2π)n/2

∫
dnkeikjx

j
f̃(k) (3.7)

and the operator x̂ replaces the variable x in f in the most straightforward way. Multiplication
of operators defined in (3.6) yields new operators. The crucial point is to examine whether the
product of two such operators, which are associated to classical functions through (3.6), can
be also associated to classical functions. Let us assume that such a correspondence exists, i.e.
there exists a function which is associated to the product of two operators W (f)W (g) and is
denoted as f ? g. Then, multiplication of the two operators must give:

W (f)W (g) = W (f ? g) =
1

(2π)n

∫
dnkdnpeikix̂

i
eipj x̂

j
f̃(k)g̃(p) . (3.8)

If the product of the two exponentials yields a linear combination of x̂, then the function f ? g
will exist. For the calculation, the Baker-Campbell-Hausdorff formula:

eXeY = eX+Y+ 1
2

[X,Y ]+ 1
12

([X,[X,Y ]]+[Y,[Y,X]])− 1
24

[Y,[X,[X,Y ]]]+... (3.9)

has to be employed. Therefore, in the canonical case, (3.4), the above formula gives the following
result:

eikix̂
i
eipj x̂

j
= eikix̂

i+ipj x̂
j+ 1

2
[ikix̂

i,ipj x̂
j ]+0

= ei(ki+pi)x̂
i− 1

2
kipjθij . (3.10)

Therefore, replacing the above result in the expression of the product of the two operators, (3.8),
one is led to the expression:

W (f ? g) =
1

(2π)n

∫
dnkdnpei(kj+pj)x̂

j− i
2
kiθ

ijpj f̃(k)g̃(p) . (3.11)

The expression of the f ? g is obtained from the above relation, if one replaces the operators x̂i

with the variable xi, that is the inverse substitution of the one employed to define W (f) in (3.6):

f ? g =
1

(2π)n

∫
dnkdnpei(kj+pj)x

j− i
2
kiθ

ijpj f̃(k)g̃(p) ⇒

f ? g = e
i
2
∂

∂xi
θij ∂

∂yi f(x)g(x)|y→x . (3.12)

The last equation is the definition of the Moyal-Weyl ?-product.

81



Following the same procedure for the Lie-type case, (3.5), one may result to a similar result.
Specifically, the Baker-Campbell-Hausdorff identity, (3.9), in this case leads to the following
expression for the product of the two exponentials:

eikix̂
i
eipj x̂

j
= ePi(k,p)x̂

i
= eki+pi+

1
2
gi(k,p) . (3.13)

In the above relation, it is implied that every term in the Baker-Campbell-Hausdorff identity
gives a result linear with respect to x̂. Therefore, gi(k, p) concentrates all the information about
the noncommutativity of the group. Therefore, the ?-product for the Lie-type case is found
accordingly:

f ? g =
1

(2π)n

∫
dnkdpeiPi(k,p)x

i
f̃(k)g̃(p) ⇒

f ? g = e
i
2
xigi(i

∂
∂y
,i ∂
∂z

)
f(y)g(z)|z→xy→x . (3.14)

Starting from (3.12), it is straightforward to find xi ? xj for the canonical case4:

xi ? xj =

(
1 +

i

2
θij

∂

∂xi
∂

∂xj

)
xixj = xixj +

i

2
θij . (3.15)

Also, xj ? xi is given by:

xj ? xi = xixj −
i

2
θij . (3.16)

Combining the above equations, (3.15) and (3.16), one obtains the expression of the ?-commutator:

[xi ?, xj ] = iθij , (3.17)

which is the algebra defined in (3.4), where the operators have been replaced by functions and
the ordinary product by the ?-product.

It is worth-noting that the choice of the above Weyl correspondence is not unique. Let us
focus on the ?-product of the canonical case. In equation (3.6), the replacement of canonical
variable xi happened in the most symmetric way, that is with the operator x̂i (Weyl ordering),
or equivalently, eikx = (e?)ikx. However, one may define infinite number of ?-products, all
resulting to the same algebra, (3.4). More explicitly, let us add a constant symmetric matrix Aij

to the θij in (3.12), or equivalently, take the following modification of the relation (3.15):

xi ? xj = xixj +
i

2
θij +Aij . (3.18)

The above expression of the ?-product of two canonical variables is a generalization of (3.15),
which, in the operator language, corresponds to a different way of ordering. Indeed, the choice
Aij = L

2 δ
ij leads to a new ?-product, that is (e?)ikx = eikxe−Lk

2/4, which physically means
that instead of using the ordinary waves for the Fourier expansion of the fields, wave packets
of width

√
L/2 have been used. The above generalization, (3.18) leads to the same algebra,

[xi ?, xj ] = iθij , therefore different versions of a field theory which correspond to different
?-products resulting from different Aij , are all related by a field redefinition [91].

Concluding, in the previous section we mentioned that operators belonging to a noncom-
mutative algebra A can be represented by matrices, with multiplication the ordinary matrix

4For avoiding confusion, xi, xj are elements of the commutative algebra.
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product. However, in the current section, we also studied an alternative way of treating the
operators of such an algebra, that is replace them by ordinary, commutative functions with
multiplication the ?-product. Those two different approaches are related in the sense that for
an action with fields multiplied with a ?-product, it is possible to be viewed as a matrix model.
This is true because, the algebras of function equipped with the ?-product are actually operators
with ordinary multiplication which act on a Hilbert space, therefore they can be represented
by matrices [92]. From now on, we employ the matrix representation for the coordinates of the
noncommutative spaces on which we work5.

3.2 The fuzzy sphere

Construction of the Fuzzy sphere

In this section we discuss the most typical, Lie-type case of noncommutative space, the fuzzy
sphere, S2

F [93], employing the matrix representation of its coordinates. First of all, a fuzzy
space is defined as a discrete matrix approximation of a continuous manifold with the addi-
tional property of preserving the isometries. In other words, it is a noncommutative space that
preserves the isometries of its commutative analogue. A very instructive way to introduce the
fuzzy sphere, which is followed here, too, is to formulate it in a comparative way to the ordinary
sphere, S2.

The ordinary sphere, S2 can be defined as a submanifold of the Euclidean space of one
dimension higher, that is the R3, with its Cartesian coordinates xa, a = 1, 2, 3, satisfying the
constraint:

3∑
a=1

x2
a = x2

1 + x2
2 + x2

3 = R2 , (3.19)

where R is a constant identified as the radius of the sphere. The sphere admits an obvious
rotational symmetry which is parametrized by the SO(3) group (isometry group). The SO(3) is
generated by the three angular momentum operators which are defined as La = −iεabcxb∂c and
can be also written in terms of spherical coordinates θ, φ, as La = −ξia∂i, where i = θ, φ and ξia
are the components of the Killing vectors. The Laplace operator is defined on the sphere by the
relation:

L2 = −R2∆S2 = −R2 1
√
g
∂i(g

ij√g∂j) , (3.20)

where gij is the metric tensor of the sphere. The eigenvectors of the above operators are the
well-known spherical harmonics, Ylm(θ, φ), which are defined as:

Y m
l (θ, φ) = NeimφPml (cos θ) , (3.21)

where Pml are the associated Legendre polynomials. The spherical harmonics obey the following
orthonormality condition: ∫

dΩY †lmYl′m′ = δll′δmm′ . (3.22)

5A methodology to recover the matrix representation starting from the ?− product is given in ref. [92]
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Let us now consider a function, f(θ, φ), on S2. Since the spherical harmonics form a complete
and orthogonal set of functions, the function f(θ, φ) can be expanded on this set:

f(θ, φ) =
∞∑
l=0

l∑
m=−l

clmYlm(θ, φ) , (3.23)

where clm are complex coefficients.
Let us now move on with the fuzzy version of the sphere, S2

F . The fuzzy sphere is a noncom-
mutative space, which means that functions depending on the coordinates (operators) defined
on it do not not commute under the ordinary product. Let us give an explanation on how this
fuzzy space is derived starting from properties of the ordinary sphere.

A discretized version of the sphere can be achieved by replacing the algebra of functions,
Ylm(θ, φ) on the sphere with the set of functions, Ŷlm(θ, φ), which do not exceed a specific value
of l, let us denote it N . Therefore, a function, f̂(θ, φ), on the sphere is written as an expansion
on the finite set of Ŷlm:

f̂ =

N∑
l=0

l∑
m=−l

clmŶlm . (3.24)

Now, if we consider a product of two such functions, then it will involve terms with l up to a
specific value, j, namely j = 2N ,6 exceeding the upper limit,N , which means that the truncated
algebra of functions does not close under multiplication. A very elegant and efficient way to
result with an algebra of those truncated functions is to consider a different type of product
which is noncommutative, more specifically, a matrix product7. Therefore, in the discretization
of the sphere, the truncation replaces an infinite-dimensional commutative algebra of functions
with a finite, (N + 1)-dimensional noncommutative algebra. This discretized space is defined
as the fuzzy sphere8.

The most straightforward way to formulate the fuzzy sphere is to consider this truncated,
noncommutative algebra as a matrix algebra on some finite-dimensional vector space. For this
reason, let us take the three (N + 1)-dimensional matrices Ja, a = 1, 2, 3 that form a basis
for the (N + 1)−dimensional irreducible representation of SU(2). The generators Ja satisfy the
following commutation relation:

[Ja, Jb] = iεabcJc . (3.25)

Also, since the matrices representing the generators Ja are considered to be set in an irreducible
representation, the value of the Casimir operator in this (N + 1)-dimensional representation9

is:

J2 = J2
1 + J2

2 + J2
3 =

N

2

(
N

2
+ 1

)
1N+1 , (3.26)

Therefore, the fuzzy sphere, S2
F , at fuzziness level N is the noncommutative space whose

coordinate functions, X̂a = X̂a, a = 1, 2, 3 are defined as the (N + 1) × (N + 1) Hermitian
6This value is obtained from the addition of the maximum values, N , of the two angular momenta.
7Alternatively, given the equivalence of the matrix realization of the operators of a noncommutative space to

the function realization with a modified product, one could define an appropriate ?-product in order to introduce
noncommutativity.

8That is the reason why the fuzzy spaces, in general, are considered as matrix approximations of ordinary spaces.
9The standard Casimir operator definition for an N-dimensional irreducible representation is J2 = 1

4
(N2 − 1).
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matrices which are proportional to the generators, Ja, of the (N + 1)-dimensional irreducible
representation of SU(2), that is:

X̂a = κJa , (3.27)

where κ is the proportionality constant that is determined by the fact that the X̂a are coordinates
of a (fuzzy) sphere, therefore they have to obey the constraint:

3∑
a=1

X̂aX̂a = X̂2
1 + X̂2

2 + X̂2
3 = r2 , (3.28)

where r is the radius of the fuzzy sphere. Taking into consideration the expression of the
Casimir operator of the generators Ja of the SU(2) given in (3.26) and replacing the expression
of the coordinates, X̂a, in terms of the generators given in (3.27), one results with the expression
of the proportionality constant, κ:

κ =
r√

N
2

(
N
2 + 1

) = λNr , (3.29)

where λN = 1√
N
2 (N2 +1)

and therefore, starting from (3.27), the coordinate matrices, X̂a are

written as:
X̂a = κJa =

r√
N
2

(
N
2 + 1

)Ja = λNrJa . (3.30)

Also, the behaviour of the product of two coordinate operators is given by their commutation
relation, which is calculated using the commutation relation of the Ja generators of SU(2),
(3.25):

[X̂a, X̂b] = iκεabcX̂c = iλNCabcX̂c , (3.31)

where the relation (3.29) has been used and Cabc = rεabc.
Now, one may redefine the coordinate matrices, X̂a, and work with the following, anti-

Hermitian ones, Xa:

Xa =
1

iκr
X̂a =

1

ir
Ja . (3.32)

The commutation relation, (3.31), and the radius constraint, (3.28) are redefined as:

[Xa, Xb] = CabcXc and

3∑
a=1

XaXa = −
λ−2
N

r2
, (3.33)

where Cabc is now defined as Cabc = εabc
r . The algebra of the fuzzy sphere is equivalently

described by both bases.
We should also note that the functions, Ŷlm, of the finite set which spans a function, f̂ ,

on the fuzzy sphere, (3.24), are known as fuzzy spherical harmonics and are given by the
expression [94]:

Ŷlm = r−l
∑
~a

f (lm)
a1...al

X̂a1 . . . X̂al , (3.34)

which is the fuzzy sphere analogue of the expression that gives the classical spherical harmonics
in terms of the Cartesian coordinates:

Ylm(θ, φ) =
∑
~a

f (lm)
a1...al

xa1 . . . xal . (3.35)
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In both cases, f (lm)
a1...al is a traceless symmetric tensor of SO(3) with rank l. Also, the fuzzy

spherical harmonics obey an orthonormality condition, which is given by:

TrN

(
Ŷ †lmŶl′m′

)
= δll′δmm′ , (3.36)

where, as we explain in the following paragraph, TrN stands for the integration operation.

Differential calculus and integration on the fuzzy sphere

Let us now mention some aspects about the differential calculus and the integration on the
fuzzy sphere that will be useful in the following sections.

Along the lines of the general discussion in 3.1.1, integration on the fuzzy sphere is defined
by the following mapping:

1

4π

∫
dΩ → 1

N
TrN . (3.37)

Differential calculus on the fuzzy sphere is three-dimensional and SU(2)-covariant [67].
According to section 3.1.1, the derivation is associated with the commutator of an element of
the algebra on the fuzzy sphere. Therefore, the derivations of a function f̂ , along Xa are given
by:

ea(f̂) = [Xa, f̂ ] . (3.38)

Consequently, the Lie derivative on the function f̂ is given by:

Laf̂ = [Xa, f̂ ] . (3.39)

Now, let θa be an 1-form dual to the vector field, ea, that is:

〈ea, θb〉 = δba . (3.40)

Therefore, the exterior derivative, d acting on a function, f̂ , yields:

df̂ = [Xa, f̂ ]θa . (3.41)

Also the action of Lie derivatives on a vector of fuzzy sphere is obtained:

La(eb)f̂ = La(ebf̂)− eb(Laf̂)
3.39
= [La,Lb]f̂ = CabcLcf̂ = Cabcecf̂ ⇒ Laeb = Cabcec , (3.42)

since the Lie derivative satisfy the Leibniz rule and the SU(2) Lie algebra commutation relation:

[La,Lb] = CabcLc . (3.43)

Moreover, starting from (3.40), one obtains the action of Lie derivative on 1-forms:

La〈eb, θc〉 = 0 ⇒ 〈Laeb, θc〉 = −〈eb,Laθc〉
(3.42)⇒ Laθb = Cabcθ

c . (3.44)

The above definitions and calculations of the differential calculus on the fuzzy sphere are very
important for the construction of our models.
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3.3 Gauge theory on fuzzy spaces

In this section the methodology that is followed in order to build gauge theories on fuzzy spaces
is described. In the beginning general features applicable on fuzzy spaces in general [33] are
presented without specialization, unless necessary.

First, let us consider a scalar field, φ(X), which is an element of the noncommutative
algebra, A and a gauge group, G. An infinitesimal gauge transformation is given by the relation:

δφ(X) = iα(X)φ(X) , (3.45)

which is a covariant transformation rule of the field φ(X) and a(X) is an infinitesimal gauge
parameter depending on the coordinates, being a local gauge transformation. Also, it should be
remarked that the transformation a(X) could be Abelian or non-Abelian, depending on where
the parameter belongs. Specifically, if a(X) belongs to the algebra A, then it is an Abelian
transformation, whereas if it belongs in Mat(A), that is an algebra of matrices with entries
elements of A, then it is non-Abelian. It is worth-noting that a gauge transformation on the
coordinate X does not affect it, meaning that:

δXa = 0 . (3.46)

Recalling the case of the ordinary gauge theories, the transformation of a partial derivative of a
field, (∂µφ(x))′, is not covariant and similarly in the fuzzy case too, the transformation of the
product Xaφ(X):

δ (Xaφ(X)) = iXaa(X)φ(X) , (3.47)

is not covariant10, since iXaa(X)φ(X) 6= ia(X)Xaφ(X), since Xa and a(X) are both elements
of the noncommutative algebra, A. Therefore, just like in the ordinary gauge theories, in which
the next step would be to define a derivative that would transform covariantly, here, too, one
has to define the fuzzy analogue of the covariant derivative, which is called covariant coordinate,
denoted as X̂a

11, which, by definition, fixes the transformation of the product Xaφ(X) to be
covariant:

δ(X̂aφ(X)) = ia(X)X̂aφ(X) . (3.48)

From the above equation, one results with the transformation of the covariant coordinate:

δX̂a = i[a(x), X̂a] . (3.49)

The covariant coordinate, X̂a, is related to the coordinate, Xa, as follows:

X̂a = Xa +Aa(X) , (3.50)

where Aa(X) is an element of the algebra A and is the noncommutative analogue of the gauge
potential of the ordinary gauge theories. The transformation of the gauge field, Aa(X), is

10It is not a covariant transformation in the sense that it does not transform linearly, as the field φ(X) does, as
obtained in (3.45).

11Until now, we had seen that X̂a was denoting the Hermitian operators of the coordinates of the fuzzy sphere,
(3.27). However, throughout the thesis we are using the anti-Hermitian operators, Xa, given in (3.32), to denote
the coordinates of the fuzzy sphere, therefore, from now on, we commit X̂a to denote the covariant coordinate of a
gauge theory.
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obtained in a straightforward way, starting from the transformation property of the covariant
coordinate, given in (3.49):

δAa = i[a(X), Aa(X)]− i[Xa, a(X)] . (3.51)

Until this point, the above analysis has been carried out without having specified the fuzzy
space and it applies for all cases of noncommutative gauge theories. Moving on, for the con-
struction of gauge-theoretic models, the next object that is necessary to be defined is the field
strength tensor. Again, drawing lessons from the ordinary case, the field strength tensor is gen-
erally defined as the commutator of the covariant derivatives. However, in the noncommutative
framework, this definition is not valid and there is no general formula applicable to all cases.
Therefore, one has to define the field strength tensor in different ways, depending on the type of
noncommutativity. Here, the field strength tensors for the canonical and Lie-type cases, (3.4)
and (3.5), are defined and, later on, the definition of the field strength tensor is provided each
time another fuzzy space is introduced.

Field strength tensor of the canonical case

The field strength tensor for the canonical case is defined as:

Tab = [X̂a, X̂b]− iθab . (3.52)

Replacing in the above expression the equation (3.50), in which the covariant coordinate and
the gauge field are related, then one ends up with an alternative expression for Tab12:

Tab = [Xa, Ab]− [Xb, Aa] + [Aa, Ab] , (3.53)

in which the analogy to the ordinary gauge theories is manifest, judging from (let us say) the
(2.70). Moreover, it is important to check the transformation property of the above tensor, Tab:

δTab = [Xa, δAb]− [Xb, δAa] + [δAa, Ab] + [Aa, δAb] . (3.54)

Replacing with the expression of the transformation of the gauge field, (3.51) and making use
of the Jacobi identity, the final expression for the transformation of Tab is obtained:

δTab = i[a, Tab] . (3.55)

The above result of the transformation of the field strength tensor shows that it transforms
covariantly under the gauge transformation.

Field strength tensor of the Lie-type case

In the Lie-type case, the corresponding field strength tensor is defined as:

Fab = [X̂a, X̂b]− iC c
ab X̂c , (3.56)

12From now on we drop the explicit writing of the X-dependence for the sake of notational simplicity and will only
be recovered in case of possible confusion.
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where the C c
ab is related to the totally antisymmetric tensor. Repeating the procedure followed

for the canonical case, first one ends up with the following expression for Fab:

Fab = [Xa, Ab]− [Xb, Aa] + [Aa, Ab]− iC c
ab Ac , (3.57)

and then its gauge transformation rule is obtained:

δFab = i[a, Fab] , (3.58)

which is also covariant.
Instead of working with matrices, one can employ ordinary, commutative functions to con-

struct a gauge theory on a noncommutative space. If so, one has to replace in the above
expressions, such as the transformation of the gauge field and the field strength tensor, the
operators with functions and the ordinary product with a multiplication given by a ?-product
defined for each space. The two ways of building gauge theories are equivalent, but we employ,
as said before, the matrix realization.

A last and important point we would like to stress concerning the non-Abelian noncom-
mutative gauge theories, is the manipulation of the anticommutators and, consequently, the
generic issue regarding the determination of the algebra in which the gauge fields are eventu-
ally valued. Let us consider a non-Abelian gauge group, G, with generators denoted as T a, the
gauge parameter, ε(X) and the gauge fields, Am(X). The commutator [ε, A] is encountered in
the construction of a noncommutative gauge theory, for instance in (3.51) and can be written
more explicitly as:

[ε, A] = [εaT a, AbT b] =
1

2
{εa, Ab}[T a, T b] +

1

2
[εa, Ab]{T a, T b} , (3.59)

where the spacetime indices have been suppressed for simplification of the expression. In the
ordinary gauge theories in the commutative regime, the anticommutator of the first term in
the right-hand side is reduced to a product of the two elements and the last term is trivially
vanishing, since the commutator of two functions, ε, A, is zero. Therefore, one does not have
to deal with the anticommutator {T a, T b} at all in the commutative case. However, in the
noncommutative case, the commutator of the last term is not vanishing, since functions of X
no longer commute and therefore one has to pay attention on the anticommutator {T a, T b}. In
general, the anticommutator of the generators of a Lie algebra in an arbitrary representation,
does not yield generators of the algebra, but instead, elements outside of it, in other words they
do not close. Thus, restriction to the specific initial (matrix) algebra is not achievable and further
considerations have to be taken. The first option is to employ the universal enveloping algebra,
which means that every element (product of generators) produced by the anticommutator has
to be included in the algebra, meaning that one would result with an infinite-dimensional
algebra including every possible outcome of the anticommutators. Although this option is
valid, the fact that the algebra would be infinite is not desirable for our purposes. The second
option to overpass this drawback is to fix the representation of the generators, so that the
anticommutators of the generators will produce only a limited number of operators outside the
algebra and then include them all in the initial algebra as generators. Therefore, the final gauge
group will be enlarged with the outcomes of the anticommutators, all accommodated in a fixed
representation13. The second option is the one we adopt in the next sections in the construction
of our gauge theories on noncommutative spaces.

13This way, the enlargement of the algebra is limited leading to a larger but finite set of generators.
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Chapter 4

The fuzzy spaces R3
λ and R

1,2
λ

4.1 The fuzzy space R3
λ

As we described previously in section 3.2, the fuzzy sphere is a noncommutative space which is a
matrix approximation of the ordinary sphere and its coordinates satisfy the SU(2) commutation
relation, (3.31), along with the Casimir relation, (3.28), which is actually the radius constraint.
The R3

λ space is a noncommutative space, the description of which is based on the fuzzy sphere.
Let us consider the fuzzy sphere case and modify it in the following way: for a fixed λ (see

(3.31)), one relaxes the Casimir condition, (3.28), which means that the matrices of the coordi-
nates, Xa, are allowed to live in reducible representations. The reducibility of the representation
allows one to write the matrix Xa in a block diagonal form of irreducible representations, in
which the Casimir condition still holds for each distinct block, in other words, each block de-
scribes a fuzzy sphere. Therefore, R3

λ can be written as a direct sum of fuzzy spheres with all
possible radii determined by N ∈ N (N is the value of the angular momentum, l) [91,95–97]:

R3
λ =

∑
2N∈N

S2
N =

⊕
2N∈N

Mat(N,C) . (4.1)

Therefore, the R3
λ can be viewed as a discrete foliation of three-dimensional Euclidean space by

multiple fuzzy spheres, with each fuzzy sphere being a leaf of the foliation. Although the above
matrix description would be enough for our purposes, it is instructive to include the description
of R3

λ through the construction of its ?-product.
Let us now pick up the thread from 3.1.1 section, specifically from the Weyl quantization

part, in which the Fourier expansion was used for the function f(x) and then the Weyl ordering
led to the corresponding ?-product of R2

θ. Then it was noted (under (3.17)) that the choice of
the Weyl correspondence is not unique. Indeed, proving the point, one may define:

z =
x1 + ix2

√
2θ

(4.2)

and then, using (3.17) and (4.2), it is straightforward to obtain the ?-commutator [z ?, z̄] as:

[z ?, z̄] = 1 . (4.3)

Then, having the above relation at hand and since any function f(z, z̄) can be expanded as:

f(z, z̄) =
∑
n,m

fmnz̄
mzn , (4.4)

90



it is possible to employ, instead of the Fourier expansion of the functions, the above Laurent
expansion in order to define an operator, like the one in (3.6). Instead of the Weyl correspon-
dence, this time the harmonic oscillator creation and annihilation operators a†, a (see Appendix
B) are used, obtaining an operator which is "normal ordered". This change in the ordering is
the reason why the resulting ?-product of the R2

θ×R2
θ is a different one1 and, as it will be shown

in a while, it is the specific ?-product that leads to the one of R3
λ. In order to get the reduced

?-product for the R3
λ, a noncommutative version of the Hopf fibration2 has to be employed, with

which it will be shown that the algebra of functions of R3
λ is equivalent to a sub-algebra of the

functions defined on R2
θ × R2

θ, which are also invariant under the transformation:

z1 → eiaz1 , z2 → eiaz2 , (4.5)

or equivalently, in the coset space language, R3
λ = (R2

θ × R2
θ)/S

1. In other words, the desired
R3
λ ?-product will be obtained as a reduction from the ?-product of the four-dimensional Moyal

plane, R2
θ × R2

θ, which is obtained by using the normal ordering. Therefore, summing up the
procedure, first the desired ?-product on the four-dimensional Moyal plane is obtained, making
use of the harmonic oscillator basis and the coherent states and then the ?-product of the
R3
λ is obtained as a reduction from the first, employing a noncommutative version of the Hopf

fibration.
In order to result with this noncommutative version of the Hopf fibration, the first step is

to start with setting the four-dimensional coordinates to be noncommutative, that is to employ
the four-dimensional noncommutative space R2

θ × R2
θ (instead of R4 or C2) which is defined by

the following commutation relation of its coordinates:

[za ?, z̄b] = δab , (4.6)

as found in (4.3). As we mentioned before, the C?-algebra, A, is considered to be either a
commutative algebra of functions equipped with a ?-product, or noncommutative algebra of
operators with the ordinary product. Switching to the operator language, the coordinates za, z̄a
are replaced by the creation and annihilation operators, a†a, ab, a, b = 1, 2, of a system of two
uncoupled harmonic oscillators satisfying the commutation relation, [aa, a

†
b] = δab, (B.2), which

is actually an operator version of (4.6). The eigenstates of this two-dimensional harmonic
oscillator system are denoted as |n1n2〉 (see equation (B.6)) and are built by acting successively
with the creation operator on the vacuum state, defined in (B.8).
Now, as a generalization of the definition of the coherent states3 for a z ∈ C, to any vector
~z ∈ C2 a coherent state can be assigned:

|~z〉 ≡ |z1z2〉 = e−
|~z|2

2
ezaa

†
a |00〉 , (4.7)

1Although the ?-commutator was given in (4.3), the z ? z̄ and z̄ ? z are yet to be found.
2The Hopf fibration is a predecessor of the fiber bundle and describes a 3-sphere in terms of a 2-sphere and a

circle (1-sphere). More specifically, it is a map (projection) from a 3-sphere to a 2-sphere such that every point of
the 2-sphere originates from a specific circle of the 3-sphere [98,99]. This means that the 3-sphere is made of fibers
(circles) one on every point of the 2-sphere. This scheme is written as: S1 ↪→ S3 p

↪→ S2, meaning that the S1 (fiber
space) is embedded in S3 (total space) and p : S3 −→ S2 (Hopf’s map) projects the S3 on S2 (base space). For
further (technical) details see Appendix C.

3Necessary information for the present work about the coherent states is given in Appendix D.
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where |~z|2 = z̄z = z̄aza. Also, for this C2 case, for two coherent states ~z, ~η, according to (D.8),
the non-orthogonality relation is:

〈~η|~z〉 = e−
|~η|2

2
− |~z|

2

2
+~̄η~z , (4.8)

and according to (D.7), the (over-)completeness relation is:

1

π2

∫
d2~z|~z〉〈~z| = 1 , (4.9)

where d2~z = d2z1d
2z2.

Now, having at hand the above machinery, let us proceed with obtaining the desired ?-
product on R2

θ × R2
θ. As mentioned earlier, for this purpose, it is necessary to associate the

operators of the noncommutative algebra to commutative functions with the modified product,
in other words, to find a correspondence between them. Let us consider an operator f̂ ∈ Â4,
where Â4 is the algebra noncommutative algebra generated by the creation and annihilation
operators. To this operator a function f ∈ A4 is associated, where A4 is the algebra of functions
on R2

θ × R2
θ, generated by za and z̄a:

〈~z|f̂ |~z〉 = f(~z, ~̄z) . (4.10)

The product of two operators, f̂, ĝ will give the ?-product f ? g:

(f ? g)(~z, ~̄z) = 〈~z|f̂ ĝ|z〉 =
1

π2

∫
d2~η〈~z|f̂ |~η〉〈~ηĝ|~z〉 , (4.11)

where the completeness relation has been employed. The quantities 〈~z|f̂ |~η〉 and 〈~ηĝ|~z〉 are
obtained using the translation, acting twice on the functions f(~z, ~̄z) and g(~z, ~̄z), using (4.10)
and the fact that 〈z|z〉 = 1:

e
−za ∂

∂ηa eηa
∂
∂za
〈~z|f̂ |~z〉
〈z|z〉

= e
−za ∂

∂ηa
〈~z|f̂ |~z + ~η〉
〈~z|~z + ~η〉

=
〈~z|f̂ |~z + ~η − ~z〉
〈~z|~z + ~η − ~z〉

=
〈z|f̂ |~η〉
〈~z|~η〉

, (4.12)

e
−z̄a ∂

∂ηa eη̄a
∂
∂za
〈~z|ĝ|~z〉
〈z|z〉

= e
−z̄a ∂

∂ηa
〈~z + ~η|ĝ|~z〉
〈~z + ~η|~z〉

=
〈~z + ~η − ~z|ĝ|~z〉
〈~z + ~η − ~z|~z〉

=
〈~η|ĝ|~z〉
〈~η|~z〉

. (4.13)

The above double action of the translation operators (on η-independent functions) can be written
in each case as an ordered exponential, as it is shown in the following equations:

: e(ηa−za)
−→
∂
∂za : f(~z, ~̄z) =: e(ηa−za)

−→
∂
∂za :

〈~z|f̂ |~z〉
〈~z|~z〉

=
〈~z|f̂ |~η − ~z + ~z〉
〈~z|~η − ~z + ~z〉

=
〈~z|f̂ |~η〉
〈~z|~η〉

, (4.14)

: e
←−
∂
∂za

(ηa−za) : g(~z, ~̄z) =: e
←−
∂
∂za

(ηa−za) :
〈~z|f̂ |~z〉
〈~z|~z〉

=
〈~z + ~η − ~z|ĝ|~z〉
〈~z + ~η − ~z|~z〉

=
〈~η|ĝ|~z〉
〈~η|~z〉

. (4.15)

In the first relation, the derivatives are ordered to the right in each term in the Taylor expansion
and they act also to the right, while in the second relation, the derivatives are ordered to the left
in the terms of the expansion and they act also to the left. Replacing the above normal ordered
expressions, (4.14) and (4.15), into (4.11), one obtains:

(f ? g)(~z, ~̄z) =
1

π2

∫
d2~ηf(~z, ~̄z) : e

←−
∂
∂za

(ηa−za) : |〈~z|~η〉|2 : e(η̄a−z̄a)
−→
∂
∂z̄a : g(z, ~̄z) . (4.16)
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In order to determine the ?-product, the measure d2~η and the scalar product |〈~z|~η〉|2 are speci-
fied. In analogy to the measure in the z ∈ C case, (D.6), the 1

πd
2~ηmeasure is 1

π2dRe(η1)dIm(η1)dRe(η2)
dIm(η2). The product |〈~z|~η〉|2 is obtained easily, starting from the non-orthogonality relation,
(4.8). Therefore, one obtains:

|〈~z|~η〉|2 =

(
e−
|~η|2

2
− |~z|

2

2
+~̄z~η

)(
e−
|~η|2

2
− |~z|

2

2
+~̄z~η

)
= e−|~z−~η|

2
. (4.17)

Therefore, the integral (4.16) takes the following form:

(f ? g)(~z, ~̄z) =
1

π2

∫
d2~ηf(~z, ~̄z) : e

←−
∂
∂za

(ηa−za) : e−|~η−~z|
2

: e(η̄a−z̄a)
−→
∂
∂z̄a : g(z, ~̄z)

=
1

π2

∫
d2~ηf(~z, ~̄z)e

←−
∂
∂za

ηa−|~η|2+η̄a
−→
∂
∂z̄a g(z, ~̄z) , (4.18)

where in the last line, a change of variables took place and the ordering of the exponential
function was omitted. In the last expression of the above equation, the integrand is Gaussian
and the result after the integration is:

(f ? g)(~z, ~̄z) = f(~z, ~̄z)e
←−
∂
∂za

−→
∂
∂z̄a g(~z, ~̄z) . (4.19)

This is the resulting expression of the ?-product of the four-dimensional Moyal plane, induced
by the normal ordering and it is known as Wick-Voros ?-product [92]. Using the above relation,
the ?-product of the coordinates za, z̄a of R2

θ × R2
θ is found to be:

z ? z̄ = zae
←−
∂
∂za

−→
∂
∂z̄a z̄a = za

(
1 +

←−
∂

∂za

−→
∂

∂z̄a

)
z̄a = zaz̄a + 1 , (4.20)

and similarly, z̄ ? z = z̄aza. The difference of these two results confirms equation (4.3), in which
[z ?, z̄] = 1.

Now that the ?-product of the four-dimensional Moyal plane is obtained, the calculation
of the R3

λ ?-product as a reduction from the Wick-Voros ?-product, (4.19), is possible. For
this purpose, besides the coherent states, attention is turned in the usual two-dimensional
harmonic oscillator basis, |n1n2〉, defined in (B.9). However, it turns out that the most effective
basis for our purpose is the Schwinger basis, in which the general ket, |jm〉, is given by (B.17).
The coherent states can be expanded in the Schwinger basis as:

|z〉 =
∞∑
j=0

e−
|z|2

2√
(2j)!

m=j∑
m=−j

zj+m1 zj−m2

√
(2j)!

(j +m)!(j −m)!
|jm〉 . (4.21)

Next, in order to result with the ?-product of the R3
λ, the noncommutative version of the Hopf

fibration is employed. For this reason, the subalgebra Â3 ⊂ Â4 is considered, generated by

the X̂i =
1

2
a†aσiabab

4 and the corresponding subalgebra of functions of A3 ⊂ A4 is given by the

relation (C.16), xi =
1

2
z̄aσ

i
abzb. Writing X̂i in the angular momentum basis, given in (B.10),

4The relevant discussion is under (4.6).
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expressing X̂0 in terms of the number operator5, (B.12), of Appendix B:

X̂0 =
1

2
a†a1laa =

1

2
N ,

X̂1 =
1

2

(
a†aa2 + a†2a1

)
=

1

2
(J+ + J−) ,

X̂2 = − i
2

(
a†1a2 − a†2a1

)
=

1

2
(J+ − J−) ,

X̂3 =
1

2

(
a†1a1 − a†2a2

)
= Jz , (4.22)

and calculating the
∑3

i=1 X̂
i, one obtains:

X̂1 + X̂2 + X̂3 =
1

4
(J+ + J−)2 − 1

4
(J+ − J−)2 + J2

z

=
1

2
(J+J− + J−J+) + J2

z =
N

2

(
N

2
+ 1

)
= X̂0(X̂0 + 1) , (4.23)

where the expression of the Casimir operator, (B.13) has been used. The Casimir operator
commutes with every generator of the algebra, therefore, one is led to the crucial conclusion that
X̂0 commutes with all X̂i’s and therefore, the subalgebra Â3 can be defined as the subalgebra
of Â4 of all elements commuting with X̂0:

∀f̂(a†, a) ∈ Â4 | [X̂0, f̂ ] = 0 ⇒ f̂ ∈ Â3 . (4.24)

Let us translate the above condition for an operator f̂ ∈ Â3 to the language of functions:

[X̂0, f̂ ] −→ [x0 ?, f(z, z̄)] =
1

2
(z̄aza ? f(z, z̄)− f(z, z̄) ? z̄aza)

(4.19)
=

1

2
z̄aza

(
1 +

←−
∂

∂za

−→
∂

∂z̄a

)
f(z, z̄)− 1

2
f(z, z̄)

(
1 +

←−
∂

∂za

−→
∂

∂z̄a

)
z̄aza

=
1

2

(
z̄a∂̄a − za∂a

)
f(z, z̄) ≡ L0f(z, z̄) . (4.25)

Therefore, the elements of the algebra, A3 are functions of za, z̄a which belong to the algebra
of functions A4 that are also subjected to the constraint L0f(z, z̄) = 0. It is worth-noting that
the operator L0 when acting on a ?-product of functions f(z, z̄), g(z, z̄) is actually an operator
of derivation:

L0(f ? g) = (L0f) ? g + f ? (L0g) , (4.26)

which is easily confirmed by straightforward calculations in both sides. Therefore, if the func-
tions f(z, z̄), g(z, z̄) belong to the subalgebra A3, it is deduced from the above equation, that
L0(f ? g) = 0, since L0f(z, z̄) = L0g(z, z̄) = 0. This is an important result because it implies
that the subalgebra A3 is closed under the Wick-Voros ?-product, i.e. if f, g ∈ A3 ⇒ f ?g ∈ A3.
The property of closure along with the fact that all functions of A3 can be expressed in terms of
xi, x0, allow the redefinition of the Wick-Voros ?-product in terms of the xi’s and their deriva-
tives. To see this, the derivations on functions of A3 are recalled:

∂

∂za
=

1

2
z̄bσ

i
ba

∂

∂xi
,

∂

∂z̄a
=

1

2

∂

∂xi
σiabzb . (4.27)

5The function x0 is given as x0 = 1
2
z̄aza, as given in (C.18)

94



Also, using the relation for the product of two Pauli matrices, σiσj = δij1l + iεijkσk and the
definitions of x0 and xi, which are x0 = 1

2 z̄z and xi = 1
2 z̄aσ

i
abzb, respectively, one obtains

another useful relation, that is:

z̄bσ
i
baσ

j
aczc = 2(δijx0 + iεijkxk) . (4.28)

Now, using the above two relations, (4.27) and (4.28), the expression of the Wick-Voros ?-
product, (4.19), takes the following form in a straightforward way:

(f ? g)(~x) = e
1
2

(δijx0+iεijkxk) ∂

∂ui
∂

∂vj f(~u)g(~v)|u=v=x . (4.29)

The above equation gives the ?-product between any functions of A3 and, considering its Taylor
expansion, produces the following relations:

xi ? xj =

[
1 +

1

2
(δmnx0 + iεmnkxk)

∂

∂xm
∂

∂xn

]
xixj = xixj +

1

2
(δijx0 + iεijkxk) ,

xj ? xi = xjxi +
1

2
(δijx0 − iεijkxk) . (4.30)

The difference of the above two equations produces the ?-commutator of the A3:

[xi ?, xj ] = iεijkxk . (4.31)

Also, from the ?-product of A3, (4.29), one obtains two more interesting relations, specifically:

x0 ? xi = x0xi +
1

2
xi , x0 ? x0 = x0

(
x0 +

1

2

)
, (4.32)

where the expressions x0 =
√
xixi and hence ∂x0

∂xi
= xi

x0 . Also, from the first of the above
equations it is understood that:

[x0 ?, xi] = 0 . (4.33)

The commutator [xi ?, xj ] of (4.31) shows that the subalgebra A3 can be viewed as an algebra
of functions on the R3

λ with the ?-product that of (4.29). The commutator of the corresponding
coordinates in the operator language, recovering the constant θ = λ, would be:

[Xi, Xj ] = iλεijkXk . (4.34)

It should be remarked that if one had chosen the Moyal product instead of the Wick-Voros
product, then the reduction would be indeed achieved but the corresponding three-dimensional
?-product would be expressed in a more complicated way.

4.2 The fuzzy space R1,2
λ

The above construction of the fuzzy space R3
λ based on SU(2), that is the foliation of the three-

dimensional Euclidean space by fuzzy spheres of different radii, has a direct analogue in the case
of the Minkowski signature based on SU(1,1). In this case, the three-dimensional Minkowski
space is foliated by a set of fuzzy hyperboloids of different radii.
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First, in general, the n-dimensional de Sitter space, dSn is a maximally symmetric Lorentzian
non-compact manifold with constant, positive curvature and is the Lorentzian analogue of the
n-sphere. It is defined as an embedding in the (n + 1)-dimensional Minkowski space through
the relation ηabxaxb = r2, where ηab = diag(−1, 1, . . . , 1) is the (n+1)-dim Minkowski metric, in
the same way as the n-sphere is defined as an embedding in the (n+ 1)-dimensional Euclidean
space through the equation δabx

axb = r2, where δab is the metric of Rn+1, δab = diag(1, . . . , 1).
TheAdSn space is also a maximally symmetric Lorentzian non-compact manifold with constant,
negative curvature and is obtained from the same embedding as the dSn space replacing r2 →
−r2, and considering the metric η′ab = diag(−1, 1, . . . , 1,−1). In all above cases, r specifies
the curvature radius. Below, there are the three cases of S4, dS4, AdS4, specified in the four-
dimensional case:

5∑
a,b=1

= δabx
axb = r2 ⇒ x2

1 + x2
2 + x2

3 + x2
4 + x2

5 = r2 (S4) (4.35)

5∑
a,b=1

= ηabx
axb = r2 ⇒ −x2

1 + x2
2 + x2

3 + x2
4 + x2

5 = r2 (dS4) (4.36)

5∑
a,b=1

= η′abx
axb = r2 ⇒ −x2

1 + x2
2 + x2

3 + x2
4 − x2

5 = −r2 (AdS4) (4.37)

Now, let us consider the two-dimensional cases of the non-compact spaces with constant cur-
vature, i.e. the dS2 and AdS2

6. According to the above, the de Sitter and Anti de Sitter defining
relations are:

ηabx
axb = r2 ⇒ −x2

1 + x2
2 + x2

3 = r2 (4.38)

η′abx
axb = −r2 ⇒ −x2

1 + x2
2 − x2

3 = −r2 ⇒ x2
1 − x2

2 + x2
3 = r2 , (4.39)

It is evident that dS2 is obtained from AdS2 by switching x1 and x2 in (4.39) and changing
the overall sign of the metric [100] and vice versa. That is the reason why, in the specific
two-dimensional case, both cases reduce to one, that is known as the one-sheeted hyperboloid.
The isometry group of the hyperboloid is the SO(1,2), or its cover SU(1,1)7. The generators of
SU(1,1), Ja, satisfy the following commutation relations:

[J1, J2] = −iJ3 , [J2, J3] = iJ1 , [J3, J1] = iJ2 , (4.40)

from which it is possible to extract the structure constants, C c
ab , of the algebra, namely C 3

12 =
−C 1

23 = −C 2
31 = −1, with their indices getting lowered or raised by the (mostly positive) three-

dimensional Minkowski metric, ηab = diag(1, 1,−1). Therefore, the structure constants with all
indices lowered, Cabc, are determined by the relation:

[Ja, Jb] = iC c
ab Jc ⇒ [Ja, Jb] = iCabcη

cdJd , (4.41)

and are found to be C123 = C231 = C312 = 1. Also, the Casimir operator is given by the relation:

J2 =

3∑
a,b=1

ηabJaJb = J2
1 + J2

2 − J2
3 . (4.42)

6There is another one, the Lobachevsky plane, H2, which completes the list with all three such spaces.
7The SU(1,1) covers the SO(1,2) group in the same way as the SU(2) double-covers the SO(3).
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As in the SU(2) case, in order to study the irreducible representations of the group, it is conve-
nient to define the ladder operators, J± = J1± iJ2. From this study, it is shown that all unitary
irreducible representations are infinite-dimensional, while all finite-dimensional are not unitary
8.

Now, in analogy to the fuzzy sphere, it is possible to define the fuzzy two-dimensional hy-
perboloid space, dSF2 in terms of three Hermitian operators (matrices), specifically the rescaled
generators of SU(1,1), namely Xa = λJa (in analogy to (3.27)), and identify them as the coordi-
nate operators (matrices) of the fuzzy space. The commutation relation they satisfy is:

[Xa, Xb] = iλC c
ab Xc , (4.43)

where C c
ab are the structure constants of the SU(1,1) algebra. However, in order to result with a

fuzzy version of the hyperboloid, its coordinates must satisfy an operator-analogue of the radius
constraint, given in (4.38). This constraint in the operator language coincides with a modified
Casimir relation of the SU(1,1) generators, that is the relation (4.42) in terms of Xa:

3∑
a,b=1

ηabXaXb = λ2j(j − 1) , (4.44)

where j(j − 1)9 is the eigenvalue of the Casimir operator, J2.
In analogy to the definition of the fuzzy space R3

λ, the fuzzy space R1,2
λ is defined after

relaxing the Casimir constraint of the coordinates, (4.44), allowing the coordinates to live in
(infinite-dimensional) reducible representations, which means that they can be described in
a block diagonal form, with each block being an irreducible representation of SU(1,1), that is
a fuzzy hyperboloid. Therefore, representation reducibility induces the definition of R1,2

λ as a
foliation of fuzzy hyperboloids of all different radii. This concludes the study of the two three-
dimensional fuzzy spaces that will be used for the construction of three-dimensional gravity
models as noncommutative gauge theories.

4.3 Noncommutative covariant spaces and fuzzy dS4

In this section we construct a fuzzy version of the dS4 space [78], which was defined in
(4.36), as a submanifold of the five-dimensional Minkowski spacetime with metric ηAB =
diag(−1, 1, 1, 1, 1). Specifically, the embedding relation reads:

ηABxAxB = R2 , (4.45)

where A,B = 0, . . . , 4 and summation of the indices is implied.
Now, in order to obtain the fuzzy version of the above space, its coordinates must be replaced

by operators of an algebra A, represented by matrices and therefore satisfy a commutation
relation of general form of (3.2), that is:

[XA, XB] = iθAB(X) , (4.46)
8For more information about the classification of the unitary irreducible representations of SU(1,1) see [101].
9The spin value j is associated with the dimension of the matrix representing the operators of the coordinates,

specifically (2j) = N .
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where θAB incorporates the type of noncommutativity. If θAB was considered to be a constant
antisymmetric tensor (canonical case) [12], then Lorentz invariance would break, since there
would be a directional preference. Recalling the fuzzy two-sphere case (Lie-type case), in which
the coordinates do not commute according to (3.31), the θAB of the above, general relation is
κε C
ABXC . This means that the commutator of two coordinates, that is two rescaled SU(2) gener-

ators, produces an (obviously rescaled) element within the SU(2) algebra, ensuring covariance
(coordinates transform as vectors under rotations). Following the same methodology as in the
fuzzy sphere, for the construction of the present fuzzy de Sitter space, its noncommutative
coordinates should be also identified to some generators of its isometry group, that is SO(1,4).
Nevertheless, such a choice is not successful, because identification of the coordinates with
SO(1,4) generators breaks covariance, because the algebra is not closing, specifically, the θAB
of the right-hand side of the (4.46) cannot be assigned to generators of the SO(1,4) algebra.
However, preservation of covariance has to be taken axiomatically, therefore in order to be
preserved in this case, a group of larger symmetry has to be employed, in which we will be
able to include all generators and noncommutativity in it, with an appropriate identification,
that is the coordinates to transform as vectors under the action of the Lorentz transformations.
In order to achieve this, the minimum extension of the symmetry leads to the adoption of the
SO(1,5) group. For convenience, to facilitate the formulation of the above scheme, we employ
the Euclidean signature from now on, meaning that the symmetry group is extended from SO(5)
to SO(6)10.

Let us consider the fifteen generators of SO(6) by JAB, with A,B = 1, . . . 6, satisfying the
following commutation relation:

[JAB, JCD] = i(δACJBD + δBDJAC − δBCJAD − δADJBC) . (4.47)

Now, let us perform a decomposition of the above generators in an SO(4) notation and redefine
the generators as:

Jmn =
1

~
Θmn, Jm5 =

1

λ
Xm, Jm6 =

λ

2~
Pm, J56 =

1

2
h , (4.48)

where m,n = 1, . . . , 4. The parameter λ has been introduced for dimensional reasons and
Xm, Pm,Θmn are identified as the coordinates, momenta and noncommutativity tensor, respec-
tively. Coordinates and momenta satisfy the following commutation relations:

[Xm, Xn] = i
λ2

~
Θmn, [Pm, Pn] = 4i

~
λ2

Θmn (4.49)

[Xm, Pn] = i~δmnh, [Xm,h] = i
λ2

~
Pm (4.50)

[Pm,h] = 4i
~
λ2
Xm , (4.51)

where the first one, (4.49) is of interest, in which it is manifest that the commutator of coor-
dinates close to the SO(4) part of the total SO(6) symmetry group. The algebra of spacetime
transformations is:

[Xm,Θnp] = i~(δmpXn − δmnXp) (4.52)
10In the Euclidean signature, the study that follows could be viewed as it is about the construction of the fuzzy

four-sphere.
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[Pm,Θnp] = i~(δmpPn − δmnPp) (4.53)

[Θmn,Θpq] = i~(δmpΘnq + δnqΘmp − δnpΘmq − δmqΘnp) (4.54)

[h,Θmn] = 0 (4.55)

Again, the first commutation relation, (4.49), shows that coordinates transform as vectors under
the action of the Lorentz group (group of rotations, (4.54)), confirming the important virtue of
covariance of the space. The above algebra, in contrast to the Heisenberg algebra (see ref. [102]),
admits finite dimensional representations for Xm, Pm and Θmn, thus we have obtained a model
of spacetime which is a finite quantum system. Including the fuzzy two-sphere, R3

λ and R1,2
λ

spaces like the one above are called fuzzy covariant noncommutative spaces [62,63,103]. As we
will describe in detail later, this space is employed for the construction of our four-dimensional
gravity model as a noncommutative gauge theory.

Covariant field strength tensor on fuzzy dS4

As we described in section 3.3, the field strength tensors of the canonical and Lie-type nonom-
mutativity, (3.52) and (3.56) respectively, can be written as the commutator of the covariant
coordinates plus an extra term:

Tab = [X̂a, X̂b]− iθab , Fab = [X̂a, X̂b]− iC c
ab X̂c . (4.56)

This extra term is related to the right-hand side of the commutation relations of their coordi-
nates:

[Xa, Xb] = iθab , [Xa, Xb] = iC c
ab Xc . (4.57)

In the canonical case, in which the coordinates commute in a non-covariant way, the extra term
is an antisymmetric fixed tensor, while in the covariant Lie-type case the extra term involves
the coordinates in a linear way. The presence of this second term in each case, although it
seems to spoil the analogy to the commutative case, is a necessary ingredient because it is its
contribution that makes the field strength tensor to transform covariantly, as shown in (3.55)
and (3.58).

Now, in the present fuzzy de Sitter case we are formulating [78], the noncommutativity
tensor is a constant antisymmetric tensor (generator of the symmetry group), pointing at a
relation to the canonical case with constant noncommutativity, but also it consists a covariant
space (it was built this way), pointing at the Lie-type case. Therefore, it is controversial into
which case the fuzzy de Sitter space should fall. The answer is that it cannot be classified into
any of these two cases, therefore, it should be examined explicitly. As shown in the first relation
of (4.49), the fuzzy de Sitter space is defined as:

[Xa, Xb] = i
λ2

~
Θab ⊗ 1 , (4.58)

where 1 is a p×p unit matrix, where p is the dimension of the representation of the gauge
group11. Because of the independence of the right-hand side of the above commutation relation,
(4.58), of the coordinates, Xa, the obvious definition of the field strength tensor would be:

Fab = [X̂a, X̂b]− i
λ2

~
⊗Θab1 . (4.59)

11This will be clear later when we develop a gauge theory on this space.

99



If we consider a gauge transformation of the field strength tensor, δFab, then straightforward
calculations lead to the following result:

δFab = [ε, Fab]− i
λ2

~
[ε,Θab ⊗ 1l] , (4.60)

where ε = ε(X) is a gauge parameter. Also, the fact that the coordinates, Xa, and consequently
the noncommutative tensor, Θab, are invariant under the gauge transformation, δXa = δΘab =
0, has been taken into consideration in the calculation. However, in the above expression it
is evident that the field strength tensor does not transform in a covariant way (since there is
no reason for the second commutator in the right-hand side to vanish) like in the canonical
and Lie-type cases, (3.55) and (3.58). In order to ameliorate the above undesirable result,
the definition of the field strength tensor has to be modified appropriately, specifically in the
following form:

F̂ab = [X̂a, X̂b]−
iλ2

~
Θ̂ab , (4.61)

where Θ̂ab is a tensor defined as:

Θ̂ab = Θab ⊗ 1l + Bab , (4.62)

where Bab is a non-Abelian 2-form gauge field, which also takes values in the considered gauge
group of the theory under construction. Therefore, calculations lead to the following expression
of the (infinitesimal) transformation of the field strength tensor:

δF̂ab = i[ε, F̂ab] , (4.63)

that is a covariant transformation.
This concludes the section for the description of the fuzzy spaces we are going to employ

for constructing gauge theories on them. Also, it includes information about the methodology
and steps to follow for their construction and we are going to follow them, too, in building such
models (particle and gravity) in the next sections.
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Chapter 5

Noncommutative three-dimensional
gravity as a gauge theory

In this section we construct a three-dimensional gravity model as a gauge theory in the non-
commutative framework [79] (see also [80,81]) as a careful translation of the gauge-theoretic ap-
proach of the Einstein’s three-dimensional general relativity (section 2.2), in which the Poincaré
or (A)dS algebras were gauged. For this undertaking, we put into use the general methodology
of the construction of gauge theories on noncommutative spaces (section 3.3) and specialize for
the two three-dimensional covariant fuzzy spaces, R3

λ and R1,2
λ (section 4). With this toolkit at

hand, we follow the standard procedure and move on with the construction of the model.
As we discussed in section 2.2, the results of the three-dimensional Einstein gravity were re-

covered by a Chern-Simons gauge-theoretic approach of the ISO(1,2), Poincaré algebra, with the
covariant derivative (or more precisely the gauge connection (2.43)) encoding the information of
the dreibein and spin connection. Here, we aim at a three-dimensional (noncommutative) grav-
ity model with positive cosmological constant, therefore the symmetry group to be gauged is the
SO(1,3) in the Lorentzian case [104] and the SO(4) in the Euclidean one, with the corresponding
fuzzy spaces accommodating these gauge theories being the R3

λ and R1,2
λ . In these two cases,

the information of the dreibein and spin connection are incorporated into the covariant coordi-
nates. The whole undertaking was initially inspired by the ones considered in refs [34–38] in
which the authors consider group structures that refer to four-dimensional cases without cos-
mological constant. Especially for the three-dimensional case, relevant refs are the [39–41,105].
Compared to our approach, in the above works the deformations are based on the ?-product of
each space considered and the Seiberg-Witten map is employed [42], while in our approach the
matrix representation of the operators of the noncommutative algebra is used.

As we mentioned above, the gauge groups we use in the two signatures are the SO(1,3)
and SO(4). We turn to their double groups, which are the spin groups Spin(1,3) and Spin(4),
which are, in turn, isomorphic to SL(2,C) and SU(2)×SU(2), respectively. Let us now split the
discussion of the two signatures, for better understanding.

The Lorentzian case

In the end of section 3.3, we discussed in detail the generic issue encountered in the non-
Abelian, noncommutative gauge theories, that is the non-closure of the anticommutators of the
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generators of the algebra. Obviously, the same feature appears in this case, too, for the gener-
ators of the SL(2,C) gauge group. Therefore, according to the general treatment, the first step
is to fix the representation, namely the spinor representation, in which the six generators are
represented by commutators of the four-dimensional Lorentzian gamma matrices, specifically:

ΣAB =
1

2
γAB =

1

4
[γA, γB] , A,B = 1, . . . , 4 . (5.1)

The commutation and anticommutation relation of the above generators are obtained starting
from the following product relation [106]:

[γAB, γCD] = 8ηA[CγD]B] , (5.2)

{γAB, γCD} = 4ηC[BηA]D1 + 2iεABCDγ5 , (5.3)

where γ5 = iγ1γ2γ3γ4. In the above anticommutation relation, (5.3), the only two elements
that are produced by the generators of the algebra in the specific representation are the four-
dimensional unit matrix, 1 and the γ5 matrix. Therefore, according to the indicated treatment,
these two elements have to be included in the algebra, extending it to an eight-dimensional one,
that is precisely the GL(2,C) generated by the generators {γAB, γ5, i1}1.

Now, we move on with an SO(3) decomposition on the above generators, for reasons of
appropriate identification of the gauge fields that will be introduced in a while. Therefore, we
define the generators γ̃a ≡ εabcγbc and γ̄a ≡ γa4, with a, b, c = 1, 2, 3. These redefinitions of
the generators allow us to rewrite the commutation and anticommutation relations of (5.2) and
(5.3) in terms of the SO(3) decomposed generators:

[γ̃a, γ̃b] = −4εabcγ̃c , [γ̄a, γ̃b] = −4εabcγ̄
c , [γ̄a, γ̄b] = εabcγ̃

c (5.4)

{γ̃a, γ̃b} = −8ηab1 , {γ̄a, γ̃b} = 4iδbaγ5 , {γ̄a, γ̄b} = 2ηab1 , (5.5)

[γ5, γ̃a] = [γ5, γ̄a] = 0 , {γ5, γ̃a} = 4iγ̄a , {γ5, γ̄a} = iγ̃a , (5.6)

where in the last line the relations [γ5, γAB] = 0 and {γ5, γAB} = iεABCDγCD have been used.
Therefore, we have ended up with a theory with gauge group the GL(2,C). The three-

dimensional space we employ for the construction of this theory is the R1,2
λ , that is the foliation

of the three-dimensional Minkowski spacetime by fuzzy hyperboloids, discussed in 4.2, in which
the three coordinates, namely the operators Xµ, (4.43), have been identified as the rescaled
SU(1,1) generators in a reducible representation. In order to proceed with the construction of
the gauge theory, following the steps discussed in 3.3, we introduce the covariant coordinate,
(3.50), which is given as:

X̂µ = Xµ +Aµ , (5.7)

where µ = 0, 1, 2 is a space index and Aµ is the gauge connection. The gauge connection is
a function of the operator-coordinates, Xµ, which also takes values in the algebra GL(2,C),
therefore, if its generators are denoted collectively as T ā, where ā = 1, . . . , 8, then it can be
expanded on them as:

Aµ(X) = Aāµ(X)⊗ T ā . (5.8)

It should be noted that between the gauge fields, Aāµ(X) and the generators T ā, the ordinary
product would be meaningless and it is replaced by the tensor product because the gauge fields

1We use the set of gamma matrices as in ref. [36]. We denote their γ0 matrix as γ4 and also consider the η44 = −1
in the mostly positive four-dimensional Minkowski metric we employ. See also [107] for more details.
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are now functions of the coordinates which are not mere variables but N×N matrices and the
generators are 4×4 matrices (spinor representation). Now, we write down the explicit expansion
of the gauge connection onto the generators, T ā = {γ̃a, γ̄a, i1, γ5}:

Aµ(X) = e aµ (X)⊗ γ̄a + ω a
µ (X)⊗ γ̃a +Aµ(X)⊗ i1 + Ãµ(X)⊗ γ5 , (5.9)

where the gauge fields attached to the γ̄a and γ̃a generators have been identified as the dreibein,
eaµ(X) and the spin connection, ω a

µ (X), respectively, following the corresponding identification
in the commutative case, (2.43). Here, due to noncommutativity, we have introduced two more
U(1)-type (Maxwell) gauge fields, the Aµ(X) and Ãµ(X). We also consider the gauge parameter,
ε(X), which is also valued in the algebra of the gauge group and therefore, it also expanded on
its generators as:

ε(X) = ξa(X)⊗ γ̄a + λa(X)⊗ γ̃a + ε0(X)⊗ i1 + ε̃0(X)⊗ γ5 . (5.10)

Having written down explicitly the expressions of the gauge connection and the infinitesimal
transformation parameter, we proceed with the determination of the transformations of the
component gauge fields, using the standard transformation rule of the covariant coordinate,
(3.49)2:

δe aµ = −i[Xµ +Aµ, ξ
a] + 2{ωµb, ξc}εabc + 2{eµb, λc}εabc + 2i[λa, Ãµ] + 2i[ε̃0, ωµa] + i[ε0, eµa] ,

δω a
µ = −i[Xµ +Aµ, λ

a] + 2{ωµb, λc}εabc −
1

2
{eµb, ξc}εabc +

i

2
[ξa, Ãµ] + i[ε0, ω

a
µ ] +

i

2
[ε̃0, e

a
µ ] ,

δAµ = −i[Xµ +Aµ, ε0]− i[ξa, eµa] + 4i[λa, ωµa]− i[ε̃0, Ãµ] ,

δÃµ = −i[Xµ +Aµ, ε̃0] + 2i[ξa, ωµa] + 2i[λa, eµa] + i[ε0, Ãµ] . (5.11)

At this point we stress two important comments on the above transformation rules of the gauge
fields, regarding two limits. First, had we started with the construction of a gauge theory on
the R1,2

λ space with an Abelian, U(1), gauge group, its covariant coordinate would be just X̂µ =
Xµ + Aµ and from its standard transformation rule we would obtain the transformation rule
δAµ = −i[Xµ, ε0] + i[ε0, Aµ] for the gauge field, where ε0 is the corresponding gauge parameter.
This Abelian gauge theory lies under the GL(2,C) gauge theory we build and this becomes
manifest if we set e aµ , ω a

µ , Ãµ = 0 and their corresponding parameters equal to zero. Therefore,
the only non-trivial transformation in (5.11) would be the δAµ = −i[Xµ, ε0] + i[ε0, Aµ], which is
identical to the transformation rule of a noncommutative Maxwell gauge field, as we mentioned
above. Thus, we understand that the Maxwell sector is always present whether the dreibein
is trivial or not. The second limit is the commutative one, in which the additional fields to the
ones related to the gravity disentangle, so we can set Aµ = Ãµ = 0. Also, in this limit, for the
inner derivation becomes the ordinary derivative according to the mapping [Xµ, f ] → i∂µf (see
3.1.1). Thus, the expressions of the transformations of the surviving fields, e aµ , ω a

µ obtained in
(5.11), become:

δe aµ = −∂µξa − 4ξbωµcε
abc − 4λbeµcε

abc ,

δω ab
µ = −∂µλa + ξbeµcε

abc − 4λbωµcε
abc . (5.12)

2Here, due to the definitions of the generators of the gauge group, instead of the (3.49) we use the δX̂ = [ε, X̂].
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The above expressions resemble the ones in the gauge-theoretic approach of the Einstein three-
dimensional gravity with positive cosmological constant, (2.62) and become identical to them
after the consideration of the following redefinitions of the generators, gauge parameters and
gauge fields:

γ̄a →
2i√
λ
Pa , γ̃a → −4Ja , 4λa → λa , ξ

2i√
λ
→ −ξa , e aµ →

√
λ

2i
e aµ , ω a

µ → −1

4
ω a
µ .

(5.13)
Therefore, in the commutative limit, the transformations of the fields of the three-dimensional
gravity are successfully recovered.

Moving on with the construction of the gauge theory, the next step is to calculate the field
strength tensor which will yield the expressions of the component curvature tensors. As we
mentioned in section 3.3, since the fuzzy space we work on is of Lie type, according to equation
(3.56), the field strength tensor will have the following form:

Rµν = [X̂µ, X̂ν ]− iλC ρ
µν X̂ρ . (5.14)

The curvature tensor Rµν(X) takes values in the algebra, therefore it may be written as expan-
sion on the generators:

Rµν(X) = T a
µν (X)⊗ γ̄a +R a

µν (X)⊗ γ̃a + Fµν(X)⊗ i1 + F̃µν(X)⊗ γ5 . (5.15)

Combining the equations (5.7), (5.9), (5.14) and (5.15), we obtain the following expressions of
the component curvature tensors:

T a
µν = i[Xµ +Aµ, e

a
ν ]− i[Xν +Aν , e

a
µ ]− 2εabc ({eµb, ωνc}+ {ωµb, eνc})

+ 2i
(

[ω a
µ , Ãν ]− [ω a

ν , Ãµ]
)
− iλC ρ

µν e
a
ρ , (5.16)

R a
µν = i[Xµ +Aµ, ω

a
ν ]− i[Xν +Aν , ω

a
µ ] + εabc

(
1
2{eµb, eνc} − 2{ωµb, ωνc}

)
+ i

2

(
[e aµ , Ãν ]− [e aν , Ãµ]

)
− iλC ρ

µν ω
a
ρ , (5.17)

Fµν = i[Xµ +Aµ, Xν +Aν ]− i[e aµ , eνa] + 4i[ω a
µ , ωνa]− i[Ãµ, Ãν ]− iλC ρ

µν (Xρ +Aρ) , (5.18)

F̃µν = i[Xµ +Aµ, Ãν ]− i[Xν +Aν , Ãµ] + 2i
(
[e aµ , ωνa] + [ω a

µ , eνa]
)
− iλC ρ

µν Ãρ . (5.19)

It is remarkable that, considering the commutative limit, the expressions of the above first two
relations coincide with the ones of the three-dimensional Einstein gravity, (2.62), after employ-
ing the redefinitions of (5.13).

The Euclidean case

As we mentioned in the beginning of the section, the gauge group for this signature is the
SU(2)×SU(2). Again, due to the fact that the anticommutators of the group do not close, we
have to fix the representation and extend the algebra with the extra elements produced by the
anticommutators, resulting with the U(2)×U(2) as the gauge group of the theory. Each U(2) is
represented by the Pauli matrices and the unit matrix, therefore, the U(2)×U(2) gauge group
will involve the following 4×4 matrices:

JLa =

(
σa 0
0 0

)
, JL0 =

(
1 0
0 0

)
, and JRa =

(
0 0
0 σa

)
, JR0 =

(
0 0
0 1

)
. (5.20)
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However, one should be careful in identifying correctly the noncommutative dreibein and spin
connection gauge fields. For the correct interpretation of the gauge fields, the generators we
consider are the following:

Pa = 1
2(JLa − JRa ) =

1

2

(
σa 0
0 −σa

)
, Ma = 1

2(JLa + JRa ) =
1

2

(
σa 0
0 σa

)
, (5.21)

and also:
1 = JL0 + JR0 , γ5 = JL0 − JR0 . (5.22)

The above form of the generators satisfy the expected commutation and anticommutation rela-
tions, which are obtained using the corresponding ones for the Pauli matrices:

[Pa, Pb] = iεabcMc , [Pa,Mb] = iεabcPc , [Ma,Mb] = iεabcMc ,

{Pa, Pb} = 1
2δab1 , {Pa,Mb} = 1

2δabγ5 , {Ma,Mb} = 1
2δab1 ,

[γ5, Pa] = [γ5,Ma] = 0 , {γ5, Pa} = 2Ma , {γ5,Ma} = 2Pa . (5.23)

Then, identifying the underlying space, on which the above gauge theory is constructed, as
the R3

λ (see section 4.1), one proceeds as in the Lorentzian case with defining the covariant
coordinate:

X̂µ = Xµ ⊗ i1 + e aµ ⊗ Pa + ω a
µ ⊗Ma +Aµ ⊗ i1l + Ãµ ⊗ γ5 , (5.24)

and then the gauge parameter as an expansion on the generators, too:

ε = ξa ⊗ Pa + λa ⊗Ma + ε0 ⊗ i1 + ε̃0 ⊗ γ5 . (5.25)

The transformation rule of the covariant coordinate produces the transformations of the com-
ponent gauge fields, in the same spirit as in the (5.11) and employing the definition of the
field strength tensor of Lie-type noncommutativity, one results with the component curvature
tensors, similar to the ones in the Lorentzian case, (5.19).

Action of fuzzy three-dimensional gravity

In order to complete the picture, we have to determine the action of the theory. Since the
fuzzy spaces, on which we construct the gauge theories are three-dimensional, inspired by the
gauge-theoretic approach of Einstein’s three-dimensional gravity described in section 2.2, the
obvious choice is to employ an action of Chern-Simons type. For the Lorentzian case, R1,2

λ the
action [108]3 is:

S0 =
1

g2
Tr

(
i

3
CµνρXµXνXρ −m2XµX

µ

)
. (5.26)

Variation of the above action leads to the field equation:

[Xµ, Xν ]− 2im2C ρ
µνXρ = 0 , (5.27)

which admits as solution the space, R1,2
λ , for 2m2 = λ. Also, had we started with the same

action for the Euclidean case, R3
λ, the only difference would be that the Cµνρ would be replaced

by the εµνρ and the parameter would be 2m2 = −λ (for details see Appendix E).
3A similar action was proposed in Ref. [54] for a gravity theory on the fuzzy sphere. See also [109].
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Now, in order to introduce the gauge fields of the theory into the above action, (5.26),
one could either consider fluctuations of the above solution, (5.27), replacing the coordinates
with the covariant coordinates, or in a less straightforward way, replace the coordinates with
the covariant coordinates in the action and then, after variation, obtain the field equations.
Eventually, the action would be written in terms of the gauge fields and, therefore, a trace
over the gauge indices, trG should be involved. The non-vanishing traces of the generators are
obtained starting from the expressions of the anticommutators in (5.6):

trG(γ̄aγ̄b) = 4ηab , trG(γ̃aγ̃b) = −16ηab , . (5.28)

Therefore, the action written in terms of the gauge fields is:

S =
1

g2
TrtrG

(
i
3C

µνρX̂µX̂νX̂ρ − λ
2 X̂µX̂

µ
)
, (5.29)

where, the first trace, Tr is over the N×N matrices representing the coordinates and the second
trace trG is over the 4×4 matrices representing the generators of the gauge group GL(2,C). The
above action, (5.29) can be written in terms of the curvature tensor Rµν of (5.14) as:

S = 1
6g2 TrtrG

(
iCµνρX̂µRνρ

)
+ Sλ , (5.30)

where Sλ = − λ
6g2 TrtrG(X̂µX̂

µ) and vanishes in the limit λ → 0. Now, using the explicit form
of the trace over the generators, (5.28), in the action given in equation (5.30), we obtain the
following expression:

S = 2
3g2 TriCµνρ

(
eµaT

a
νρ − 4ωµaR

a
νρ − (Xµ +Aµ)Fνρ + ÃµF̃νρ

)
− 2λ

3g2 Tr
(
e aµ e

µ
a − 4ω a

µ ω
µ
a − (Xµ +Aµ)(Xµ +Aµ) + ÃµÃ

µ
)
. (5.31)

It is worth-noting that if we consider the commutative limit and apply the redefinitions in (5.13),
the above action, (5.31), reduces to the one given in the Einstein’s three-dimensional gravity,
described in section 2.2, specifically in (2.54). However, in the present case, noncommutativity
implies the introduction of an additional sector, which cannot be decoupled, unless we consider
the commutative limit.

Concluding the construction, we move on with the variation of the above action with respect
to the various gauge fields. The equations of motion are obtained to be4:

T a
µν = 0 , R a

µν = 0 , Fµν = 0 F̃µν = 0 . (5.32)

Again, as expected, in the commutative limit, the first two reduce to the ones of the three-
dimensional Einstein’s gravity theory (see section 2.2).

To sum up, in this section we constructed a three-dimensional gravitational theory (with
cosmological constant) as a gauge theory in the noncommutative framework. Following the
standard procedure, we defined the covariant coordinate and from its transformation rule we
obtained the transformations of the component gauge fields of the theory attached to the gen-
erators of the (extended due to the non-closure of the anticommutators) algebra, after an SO(3)
decomposition. Then, due to the Lie-type classification of the three-dimensional space we used,

4For a detailed calculation see Appendix E.
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we employed the appropriate expression for the field strength tensor and obtained the expres-
sions of the component curvature tensors of the theory. Then, using the field strength tensor
we proposed an action of Chern-Simons type and eventually, from variation with respect to the
gauge fields, we obtained the equations of motion. It is worth-noting that the above results
reduce to the ones of the three-dimensional Einstein’s gravity theory in the gauge-theoretic
approach, when the commutative limit is considered.
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Chapter 6

Noncommutative four-dimensional
gravity as a gauge theory

In this section we extend the context of the previous section (the construction of a three-
dimensional gravitational model as a noncommutative gauge theory) to the four-dimensional
case [78]. More specifically, the four-dimensional covariant space we employ is the fuzzy de
Sitter space, fuzzy dS4, which was described in detail in section 4.3. As mentioned there, in the
Euclidean signature, the group of isometries must get extended to the SO(6) for reasons of co-
variance. The various generators of this group were identified with operators which correspond
to physical observables, such as the coordinates, momenta and angular momenta. In order to
formulate gravity as a gauge theory on the above fuzzy space, we choose to gauge the SO(5)
maximal subgroup of the SO(6) symmetry group. Using the standard toolkit and procedure,
we begin to construct an SO(5) gauge theory but due to the non-closure property of the anti-
commutators of the generators, (3.59), the gauge group we eventually consider, as we explain
later, is the SO(6)×U(1) in a fixed representation. The gauge group with which we end up for
the formulation of our gravitational theory (specifically the SO(6) part), appears to be related
to the conformal group in the Euclidean signature. Therefore, due to this coincidence, we will
be able to consider a commutative limit of the noncommutative gauge-theory we build and, at
this limit, compare our results with the ones from the gauge-theoretic approach of conformal
gravity, described in section 2.4.

6.1 The gauge group and its representation

We plan to build a noncommutative four-dimensional gravitational model as a gauge theory of
the group of symmetries of a four-dimensional noncommutative covariant space. The space
we choose is the covariant fuzzy dS4 space (described in 4.3), which carries the symmetry of
its commutative analogue, that is the SO(1,4), SO(5) in the Euclidean signature we employ.
As we argued in section 4.3, this symmetry had to be enlarged because the identification of a
subset of the generators with the coordinate operators could not provide a commutation relation
that would respect covariance. The minimally enlarged symmetry that could fix the problem
was the SO(6), which we adopted. Therefore, thinking along the lines of the four-dimensional
commutative case of the Poincaré gravity (section 2.3), in which the isometry group was gauged,
here, we gauge the isometry group of the fuzzy dS4, i.e. the SO(5), as seen as a subgroup of the
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SO(6) group we resulted after the enlargement.
However, as explained in section 3.3, in noncommutative gauge theories, the involvement

of the anticommutators of the generators of the algebra is inevitable. Of course, the anticom-
mutators of the generators (in arbitrary representation) of an algebra do not necessarily yield
operators belonging to the algebra and this is exactly the case for the generators of the cho-
sen gauge group, SO(5). The indicated prescription for this drawback is to choose a specific
representation, in which the generators belong, and include the operators produced by the
anticommutators into the algebra, considering them as generators, too. This will result in the
extension of the initial gauge group to one with larger symmetry. In our case, application of this
recipe leads to the extension of the initial gauge group, SO(5), to the SO(6)×U(1) group1 with
generators being represented by 4x4 matrices, i.e. the representation should be fixed to the 4 of
SO(6). Explicitly, the matrices representing the sixteen generators of the SO(6)×U(1) group are
constructed, as combinations of the four γ-matrices2 (in the Euclidean signature) which satisfy
the following well-known anticommutation relation:

{Γa,Γb} = 2δab1 , (6.1)

where m,n = 1, . . . 4. Also, the Γ5 matrix, defined as Γ5 = Γ1Γ2Γ3Γ4, has to be included.
Therefore, the generators of the SO(6) part of the gauge group are the following:

(i) Six Lorentz rotation generators: Mab = − i
4 [Γa,Γb] = − i

2ΓaΓb , a < b,

(ii) Four generators for conformal boosts: Ka = 1
2Γa,

(iii) Four generators for translations: Pa = − i
2ΓaΓ5,

(iv) One generator for special conformal transformations: D = −1
2Γ5

and for the U(1) part:

(v) The unit matrix, 1, generator.

The Γ-matrices are built out of the Pauli matrices:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (6.2)

as tensor products of σi as:

Γ1 = σ1 ⊗ σ1, Γ2 = σ1 ⊗ σ2, Γ3 = σ1 ⊗ σ3 , (6.3)

Γ4 = σ2 ⊗ 1, Γ5 = σ3 ⊗ 1 . (6.4)

The explicit expressions of the generators defined above as combinations of the γ-matrices can
now be written in terms of the Pauli matrices. In particular, the components of Mab are:

Mij = − i
2ΓiΓj = 1

21⊗ σk , M4k = − i
2Γ4Γk = −1

2σ3 ⊗ σk , (6.5)

1The extension of the gauge group SO(5) to SO(6)×U(1) is a coincidence with the SO(6) symmetry related to the
fuzzy dS4 space and should not be confused.

2Notational caption: as space indices we use the latin letters m,n, . . . while as gauge indices we use the a, b, . . .
latin letters.
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of Ka are:
Ki = 1

2Γi , K4 = 1
2Γ4 , (6.6)

of Pa are:
Pi = − i

2ΓiΓ5 , P4 = − i
2Γ4Γ5 , (6.7)

where a = i, 4 and i, j, k = 1, 2, 3. Having expressed the explicit expressions of the generators
in terms of the Pauli matrices, the following commutation relations are obtained:

[Ka,Kb] = iMab , [Pa, Pb] = iMab

[Pa, D] = iKa , [Ka, Pb] = iδabD , [Ka, D] = −iPa
[Ka,Mbc] = i(δacKb − δabKc)

[Pa,Mbc] = i(δacPb − δabPc)
[Mab,Mcd] = i(δacMbd + δbdMac − δbcMad − δadMbc)

[D,Mab] = 0 . (6.8)

Therefore, since the gauge group and the explicit expressions of the generators and their com-
mutation relations are determined, we can now move on with the standard procedure for the
building of the noncommutative gauge theory.

6.2 Construction of the gauge theory

In order to move on with the construction of the SO(6)×U(1) gauge theory, one has to introduce
the covariant coordinate of the theory, which is defined by the following relation:

X̂m = Xm ⊗ 1 +Am(X) , (6.9)

where m = 1, . . . 4. By definition the coordinate X̂m obeys a covariant gauge transformation
rule, that is:

δX̂m = i[ε, X̂m] , (6.10)

where ε = ε(X) is the infinitesimal gauge parameter which is a function of the coordinates of
dS4, which are N × N matrices, where N is the dimension of the representation in which the
coordinates are described. Also, ε takes values in the algebra of SO(6)×U(1), (6.8), which is
represented by 4×4 matrices. For this reason, it is possible to express it as an expansion on
the sixteen generators of the algebra, that is:

ε(X) = ε0(X)⊗ 1 + ξa(X)⊗Ka + ε̃0(X)⊗D + λab(X)⊗Mab + ξ̃a(X)⊗ Pa . (6.11)

Each term in the above expression is a tensor product of the N ×N matrices (coordinates) and
the 4 × 4 matrices (generators), therefore, each term is a 4N × 4N matrix. Now, taking into
consideration that the coordinate Xm is not affected by the gauge transformation, i.e. δXm = 0,
one can find the transformation property of the Am, introduced in the equation (6.10). In
analogy to the commutative case, the transformation property of Am, (3.51), indicates that it
can be interpreted as the potential, that is the gauge connection of the theory. In our case, Am
is a function of matrices-coordinates, Xm, of the fuzzy dS4. The Am(X) takes values in the
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SO(6)×U(1) algebra, meaning that it can be spanned on its generators, in a similar way to the
gauge parameter, (6.11), that is:

Am(X) = e am(X)⊗Pa+ω ab
m (X)⊗Mab(X)+b am(X)⊗Ka(X)+ ãm(X)⊗D+am(X)⊗1 . (6.12)

In the above expression, it is understood that we have introduced one gauge field for each
generator. The component gauge fields depend on the coordinates of the space, Xm, meaning
that they are N × N matrices. Again, for the same reason as in the expansion of the gauge
parameter, (6.11), each term in the above expansion of the gauge connection, (6.12), is a 4N×4N
matrix. Now, having determined the gauge connection, (6.12), the covariant coordinate, (6.10)
is written explicitly as:

X̂m = Xm ⊗ 1l + e am(X)⊗ Pa + ω ab
m (X)⊗Mab + b am ⊗Ka + ãm ⊗D + am ⊗ 1 . (6.13)

Furthermore, in the SO(6)×U(1) gauge theory we develop, the field strength tensor remains to
be determined. As we argued in section 4.3, equation (4.61), the field strength tensor for the
fuzzy dS4 space, is given by the expression:

Rmn = [X̂m, X̂n]− iλ2

~
Θ̂mn . (6.14)

The above tensor, Rmn, is valued in the algebra of the gauge group, therefore it is expanded in
terms of its component curvatures as:

Rmn(X) = R ab
mn (X)⊗Mab+R̃

a
mn (X)⊗Pa+R a

mn (X)⊗Ka+R̃mn(X)⊗D+Rmn(X)⊗1 . (6.15)

In (6.14), the introduction of the 2-form field Bmn, of which we discussed in (4.61), is taking
place. Since it is also valued in the gauge algebra, SO(6)×U(1), it can be expanded on the
generators as:

Bmn = Bmn ⊗ 1 + B̃ a
mn ⊗ Pa +B ab

mn ⊗Mab +B a
mn ⊗Ka + B̃mn ⊗D , (6.16)

which transforms covariantly as:
δBmn = i[ε, Θ̂mn] (6.17)

and gives the transformation of Θ̂mn, namely δΘ̂mn = i[ε, Θ̂mn]. At this point, all that is neces-
sary for the determination of the transformations of the gauge fields and the expressions of the
component curvatures is written down. Here, we write down only their resulting expressions
and many intermediate steps and explicit calculations are given in Appendix F.
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The gauge transformation rules of the sixteen gauge fields are obtained to be the following:

δω ab
m = −i[Xm, λ

ab]− i[am, λab] + i[ε0, ω
ab
m ]− 2{ξa, b bm} −

1

2
{λac, ω bc

m } −
1

2
{ξ̃a, e bm}

+ i[ξc, e dm]εabcd +
i

2
[ε̃0, ω

cd
m ]εabcd +

i

2
[λcd, ãm]εabcd − i[ξ̃c, b dm]εabcd (6.18)

δe am = −i[Xm, ξ̃
a]− i[am, ξ̃a] + i[ε0, e

a
m]− {ξa, ãm}+ {ε̃0, b am}+

1

4
{λab, e bm} −

1

4
{ξ̃b, ω ab

m }

+ i[ξc, ω bd
m ]εabcd − i[λcd, b bm]εabcd (6.19)

δb am = −i[Xm, ξ
a]− i[am, ξa] + i[ε0, b

a
m]− {ξb, ω ab

m } − 2{ε̃0, e am}+
1

2
{λab, b bm}+ {ξ̃a, ãm}

+ i[λbc, e dm]εabcd + i[ξ̃b, ω cd
m ]εabcd (6.20)

δam = −i[Xm, ε0]− i[am, ε0] + i[ξa, b am] + i[ε̃0, ãm] +
i

2
[λab, ω

ab
m ] +

i

2
[ξ̃a, e

a
m] (6.21)

δãm = −i[Xm, ε̃0]− i[am, ε̃0] + i[ε0, ãm] + {ξa, e am} − {ξ̃a, b am}+
i

2
[λad, ω bc

m ]εabcd . (6.22)

The gauge transformation rules of the 2-form gauge fields are given as:

δBmn = −i[Θmn, ε0]− i[Bmn, ε0] + i[ξa, B a
mn ] + i[ε̃0, B̃mn] +

i

2
[λab, B

ab
mn ] +

i

2
[ξ̃a, B̃

a
mn ]

(6.23)

δB̃mn = −i[Θmn, ε̃0]− i[Bmn, ε̃0] + i[ε0, B̃mn] + {ξa, B̃ a
mn } − {ξ̃a, B a

mn }+
i

2
[λab, B bc

mn ]εabcd

(6.24)

δB̃ a
mn = −i[Θmn, ξ̃

a]− i[Bmn, ξ̃a] + i[ε0, B̃
a

mn ]− {ξa, B̃mn}+ {ε̃0, B a
mn }+

1

4
{λab, B̃ b

mn}

− 1

4
{ξ̃b, B ab

mn }+ i[ξc, B cd
mn]εabcd − i[λcd, B b

mn ]εabcd (6.25)

δB a
mn = −i[Θmn, ξ

a]− i[Bmn, ξa] + i[ε0, B
a

mn ]− {ξb, B ab
mn } − 2{ε̃0, B̃ a

mn }+
1

2
{λab, B b

mn}

+ {ξ̃a, B̃mn}+
i

2
[λbc, B̃ d

mn ]εabcd + i[ξ̃b, B cd
mn ]εabcd (6.26)

δB ab
mn = −i[Θmn, λ

ab]− i[Bmn, λab] + i[ε0, B
ab

mn ]− 2{ξa, B a
mn } −

1

2
{λac, B bc

mn } −
1

2
{ξ̃a, B̃ b

mn}

+ i[ξc, B̃ d
mn ]εabcd +

i

2
[ε̃0, B

cd
mn ]εabcd +

i

2
[λcd, B̃mn]− [ξ̃c, B d

mn ]εabcd . (6.27)
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The expressions of the component tensors of Rmn of (6.14) are found to be the following:

Rmn = [Xm, an]− [Xn, am] + [am, an] + [b am, bna] + [ãm, ãn]

+
1

2
[ω ab
m , ωnab] + [ema, e

a
n ]− i~

λ2
Bmn

R̃mn = [Xm, ãn] + [am, ãn]− [Xn, ãm]− [an, ãm]− i{bma, e an }+ i{bna, e am}

+
1

2
εabcd[ω

ab
m , ω cd

n ]− i~
λ2
B̃mn

R a
mn = [Xm, b

a
n ] + [am, b

a
n ]− [Xn, b

a
m]− [an, b

a
m] + i{bmb, ω ab

m } − i{bnb, ω ab
m }

+ i{ãm, e an } − i{ãn, e am}+ εabcd([e
b
m, ω

cd
n ]− [e bn , ω

cd
m ])− i~

λ2
B a
mn

R̃ a
mn = [Xm, e

a
n ] + [am, e

a
n ]− [Xn, e

a
m]− [an, e

a
m] + i{b am, ãn} − i{b an , ãm}

− ([b bm, ω
cd
n ]− [b bn , ω

cd
m ])εabcd − i{ω ab

m , enb}+ i{ω ab
n , emb} −

i~
λ2
B̃ a
mn

R ab
mn = [Xm, ω

ab
n ] + [am, ω

ab
n ]− [Xn, ω

ab
m ]− [an, ω

ab
m ] + 2i{b am, b bn }+ ([b cm, e

d
n ]− [b cn , e

d
m])εabcd

+
1

2
([ãm, ω

cd
n ]− [ãn, ω

cd
m ])εabcd + 2i{ω ac

m , ω b
n c}+ 2i{e am, e bn } −

i~
λ2
B ab
mn (6.28)

The above expressions of the component curvatures pave the way for the introduction and
explicit expression of the action of the theory. Before we move to the part of the action, we should
note that the above results of the transformations of the fields, (6.22), and their corresponding
curvatures, (6.28) reduce to the respective results of the gauge-theoretic approach of conformal
gravity, described in section 2.4 (modified for the Euclidean curvature), specifically equations
(2.93) and (2.96)-(2.101), respectively -up to some tuning of the numerical coefficients- after
considering the commutative limit. In this limit, the U(1) gauge field, that was introduced due
to noncommutativity, decouples, therefore the gauge theory in the commutative limit is the
SO(6), that is the conformal gravity, in euclidean signature.

6.3 The constraints for the symmetry breaking

For the dynamic part, the action of the noncommutative theory of gravity should be written down
in terms of the curvature tensors, given in (6.28). Straightforward consideration of an action
of Yang-Mills type would result to a theory, invariant under the SO(6)×U(1) gauge symmetry.
However, the gauge symmetry of the action, with which we would like to end up, is expressed
by the Lorentz group (in the Euclidean signature), therefore, we have to reduce the redundant
symmetry. As discussed in section 2.4 in the case of the four-dimensional conformal gravity,
the symmetry was reduced imposing specific constraints resulting to an action respecting Weyl
symmetry. Also, in the same section, we argued that it is possible to result with an action
with Lorentz symmetry, after the introduction of two scalars in the fundamental representation
of the initial, conformal gauge group, inducing a spontaneous symmetry breaking. In the
current noncommutative case, we aim at a Lorentz invariant action, but given that we prefer
not to introduce any matter fields, we proceed with adopting the option of the imposition of
appropriate constraints that would lead to the desired final symmetry.

The most straightforward way to realize the above breaking is to consider a constrained
theory in which the component curvature tensors are all set to zero, except for those related
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to the remnant symmetry. Since we want to break the initial SO(6)×U(1) symmetry and result
with a vacuum with SO(4)×U(1) remnant symmetry, the only non-vanishing tensors would be
the R ab

mn (M) and Rmn(1). However, this approach leads to an over-constrained theory, that is
evident after counting the degrees of freedom that survive the breaking. Therefore, it is rather
wise to impose non-trivial constraints, ensuring the correct number of the degrees of freedom.
The first constraint we impose is the following:

R̃ a
mn (P ) = 0 , (6.29)

that is the torsionless condition, which is rather anticipated, recalling the cases of Einstein
and conformal gravity in previous sections. Furthermore, the possible interpretation of b am as
a second vierbein would give a theory with two metrics or two vierbein, which is not desirable
in our case. Therefore, we are led to solve the constraint (6.29), considering e am = b am, leading
to an expression of the spin connection ω ab

m as a function of the fields, e am, am, ãm. It is worth-
mentioning that the imposition of the torsionless condition along with e am = b am, results in
the correct number of degrees of freedom, leading to the noncommutative theory of the four-
dimensional gravity with (broken) symmetry SO(4)×U(1).

In order to go on with obtaining the explicit expression resulting from solving the constraint
of the torsionless condition, which relates the spin connection field to the rest of the gauge
fields, we employ the following two identities:

δabcfgh = εabcdεfghd and
1

3!
δabcfgha

fgh = a[fgh] . (6.30)

Therefore, the constraint (6.29) takes the following form:

εabcd[emb, ωncd]− i{ω ab
m , enb} = −[Dm, e

a
n ]− i{e am, ãn} , (6.31)

where Dm = Xm + am, that is the covariant coordinate of an Abelian gauge theory. The above
equation is written as follows:

εabcd[e bm, ω
cd
n ] = −[Dm, e

a
n ] and {ω ab

m , enb} = {e am, ãn} . (6.32)

Making use of the identities (6.30), the above two equations lead to the expression of the spin
connection with respect to the rest of the fields:

ω ac
n = −3

4
emb(−εabcd[Dm, end] + δ[bc{e a]

n , ãm}) . (6.33)

According to ref. [110], the vanishing of a field strength tensor in a gauge theory constructed
on a simply connected space means that, locally, its corresponding gauge fields may vanish as
well. Should this argument be applicable in our case, it would simplify the expressions of
the curvature tensors and, thus, that of the action. Nevertheless, it cannot be applied in our
case, because identification of the vierbein as a gauge field of the theory, implies the mixing
of gauge theory (internal symmetries) and geometry (spacetime symmetries). Therefore, given
that the vierbein is considered to be invertible at every point of the space, adoption of the above
argument (setting the vierbein to zero) would lead to degenerate vierbein matrices, inducing a
degenerate metric tensor of the space [10]. However, we could set ãm = 0, since it does not
admit a geometric interpretation. This fixing of the gauge field ãm will also modify the expression
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of the spin connection with respect to the other fields, (6.33), producing an even simpler and
final expression of the spin connection in terms of the vierbein and U(1) gauge field, am, which
reads:

ω ac
n =

3

4
embε

abcd[Dm, end] . (6.34)

At this point, it is useful to punctuate that the U(1) field strength tensor, Rmn(1) is not chosen
to be zero, which means that this U(1) part of the symmetry, which is related to the noncommu-
tativity, remains unbroken in the resulting theory after the breaking, since it is still a theory on
a noncommutative space. Its corresponding field, am, would vanish in the commutative regime
in the broken theory, in which noncommutativity is relaxed and am decouples. Thus, in this
limit, the theory would be just described by the gauge group SO(4).

An alternative way to result with the desired SO(4) as remnant symmetry, after the breaking
of SO(6), is to extrapolate the argument we developed in the conformal gravity case to the present
noncommutative case, that is to include two scalar fields in the fundamental representation of
SO(6) inducing a spontaneous symmetry breaking. We are confident that this kind of symmetry
breaking would lead to constraints equivalent to the ones we considered.

6.4 The action

Now that we have imposed the constraints for breaking the symmetry, it is helpful to write the
expressions of the curvature tensors since it will be them that will be used in the action. The
explicit expressions of the non-vanishing tensors, taking into consideration the fixings e aµ = b aµ
and ãµ = 0 are:

Rmn = [Xm, an]− [Xn, am] + 2[e aµ , eνa] + 1
2 [ω ab

m , ωνab]− i~
λ2Bmn , (6.35)

R̃mn = 1
2εabcd[ω

ab
m , ω cd

ν ]− i~
λ2Bmn , (6.36)

R a
mn = [Xm, e

a
n ] + [am, e

a
n ]− [Xn, e

a
m]− [an, e

a
m] + i{emb, ω ab

m } − i{enb, ω ab
m }

+ εabcd([e
b
m, ω

cd
n ]− [e bn , ω

cd
m ])− i~

λ2B
a

mn , (6.37)

R ab
mn = [Xm, ω

ab
n ] + [am, ω

ab
n ]− [Xn, ω

ab
m ]− [an, ω

ab
m ] + 4i{e am, e bn }+ 2i{ω ac

m , ω b
n c} − i~

λ2B
ab

mn .
(6.38)

The above expressions in which the gauge field ω ab
m is also substituted by the expression (6.34)

obtained by the constraint, are the final expressions of the tensors after the symmetry breaking.
Before we move on with the determination of the action of the gravitational theory, let us briefly
comment on the action of the extra 2-form field, Bmn, which will be included in the total action.

Let us define the field strength tensor, Ĥmnp, of the 2-form gauge field:

Ĥmnp =
1

3

(
[X̂m, Θ̂np] + [X̂n, Θ̂pm] + [X̂p, Θ̂mn]

)
. (6.39)

The above field strength tensor transforms covariantly under a gauge transformation. In fact,
this can be shown starting from the expression of the transformation of the 2-form field:

δĤmnp =
1

3

(
[δX̂m, Θ̂np] + [X̂m, δΘ̂np] + [δX̂n, Θ̂pm] + [X̂n, δΘ̂pm] + [δX̂p, Θ̂mn] + [X̂p, δΘ̂mn]

)
.

(6.40)
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Making use of the transformation properties of X̂m and Θ̂mn, given in equations (6.10) and
(6.17), respectively, along with the Jacobi identity, we find the following transformation rule:

δĤmnp = i[ε, Ĥm] , (6.41)

which is covariant. Next, in order to find the explicit expressions of the tensor, one has to
expand the Ĥ on the generators of the algebra:

Ĥmnp = Hmnp ⊗ 1 + H̃ a
mnp ⊗ Pa +H ab

mnp ⊗Mab +H a
mnp ⊗Ka + H̃mnp ⊗D , (6.42)

and calculate each component using the definition of the field strength tensor Ĥmnp. So, as far
as the action of the 2-form is concerned, it will include only the kinetic term of the gauge field,
which is:

SB = Tr tr ĤmnpĤmnp . (6.43)

Now, we return to the determination of the action of the gauge theory. The most reasonable
choice for the action is that of Yang-Mills type, therefore it is given as:

S = Tr tr Γ5

(
RmnRrsεmnrs + ĤmnpĤmnp

)
, (6.44)

where the Tr is the trace over the matrices representing the coordinates (takes the role of the
integration of the commutative case) whereas the tr is the trace over the generators of the
algebra. It should be noted that the above action is gauge invariant, since the field strength
tensors transform covariantly:

δS = TrΓ5(δR̂R̂+R̂δR̂+δĤH+HδĤ) = Tr(i[ε,R]R+iR[ε,R]+i[ε, Ĥ]Ĥ+iĤ[ε, Ĥ]) = 0 , (6.45)

where the equations (4.63), (6.41) and the cyclicity property of the trace have been used. Also,
the first term of the above action, (6.44), includes the field strength (curvature) tensor of the
gauge theory, while the second one is the (non-topological) kinetic term of the 2-form field. The
Γ5 operator has been included in order to filter out most of the terms and, for the SO(4)×U(1)
part, to keep the term including the curvature tensor R ab

mn . The action (6.44) becomes:

S = 2Tr(R ab
mn R cd

rs εabcdε
mnrs + 4R̃mnRrsε

mnrs +
1

3
H ab
mnp H

mnpcdεabcd +
4

3
H̃mnpH

mnp) , (6.46)

where for the above expression of the action written in the desirable SO(4) notation (a, b, c, d =
1, . . . 4), we began from the action expressed in the SO(5) notation (A,B,C,D = 1, . . . , 5) for the
gauge indices, calculated the trace of the generators filtering out most of the terms and then
decomposed the remaining terms to the SO(4) notation. The commutation and anticommutation
relations for the generators of the algebra are given in (F.4).

Replacing with the expressions of the component tensors given in (6.35)-(6.38) and express-
ing the ω gauge field in terms of the rest of the surviving gauge fields, as given in (6.34), then
variation with respect to the (surviving) gauge fields would lead to the equations of motion. We
should remark that the extra 2-form gauge field, that was introduced for the sake of the covari-
ance of the transformation of the field strength tensor of fuzzy dS4, decouple in the commutative
limit and therefore it should not be expected to be observed.
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Chapter 7

Summary and Conclusions

This thesis consists of our most recent works in which we engaged ourselves with combining two
different frameworks. The first is the description of various gravity theories as gauge theories
and the second is the framework of noncommutative geometry. The matching of the above two
different frameworks is accomplished due to the existence of the well-defined formulation of
gauge theories on noncommutative spaces. Also, after our recent reviews on previous works, it
was advisable to include (in Appendix A) the construction of a particle physics model involving
fuzzy extra dimensions, giving a more complete picture about all interactions of nature and
their relation to the framework of noncommutative geometry. In this section, we sum up the
whole context of the thesis, we write down our conclusions and we comment on the virtues of
our contributions in the subject.

In the beginning we recalled some well-established works in which gravitational theories are
interpreted as gauge theories. In general, the procedure of the construction of ordinary non-
Abelian gauge theories is followed, but with some modifications due to the peculiarity of the
nature of the gravitational interaction. More specifically, the gauge groups that are considered
in each case do not parametrize internal symmetries but spacetime ones. In that sense, the
vielbein, which is strongly related to the metric of the spacetime, has to be considered as gauge
field in all cases that are included in the thesis. Also, diffeomorphism invariance has to be
present, therefore it has to be related with the transformations of the fields. The above general
coordinate invariance is necessarily respected, therefore the latter functions as a motivation
for the imposition of certain constraints in the theories. These constraints break the initial
symmetry of the corresponding action in each case, leading to the appropriate ones if one
begins with the obvious consideration of action of Yang-Mills type. Also, particularly in the
four-dimensional case, the breaking of the symmetry may take place in a spontaneous way,
after the inclusion of an extra scalar field in the theory, leading to the Einstein-Hilbert action.

Then, we proceeded with providing the necessary information about the noncommutative
framework and its realizations, namely the matrix and ?−product ones. Next, we recalled the
most typical example of a covariant fuzzy space, as a matrix approximation of the ordinary
2-sphere, which is of major importance in our models. The coordinates on the fuzzy sphere
are large N-dimensional matrices and are identified as the rescaled SU(2) generators in the N-
dimensional representation while the Casimir operator produces the radius constraint. Then,
we recalled the construction of the fuzzy space R3

λ, which is a foliation of the Euclidean space
by multiple fuzzy spheres of different radii. The coordinates of this space are parametrized
also by the generators of the SU(2), but their representation is considered to be reducible.
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This consideration allows the matrices of the coordinates to be written in a block diagonal
form of irreducible representations of SU(2) or, in other words, as a "block diagonal form of
fuzzy spheres", designating the foliation structure. In this specific space, we describe in detail
the methodology for obtaining the corresponding ?−product, which can be generalized for the
calculation of the ?−product of other fuzzy spaces. Also, in analogy to the R3

λ we included
the description of its Lorentzian analogue, namely the R1,2

λ , which we also employed in the
construction of our models. The latter is a fuzzy space that is a foliation of the three-dimensional
Minkowski spacetime by fuzzy hyperboloids. The last fuzzy space which we described in detail
is a fuzzy version of the four-dimensional de Sitter space. Along the lines of previous attempts of
constructing a four-dimensional covariant spacetime, our construction of fuzzy dS4 was based
on considering its isometry group SO(1,4) and try to identify part of its generators as coordinates
of the space. However, preservation of covariance was violated, therefore, in order to restore it,
we considered a larger group, the SO(1,5) in which such an identification would be possible.
In this case, too, the coordinates are represented by N-dimensional matrices, related to the
generators of the group. Next, we recalled the methodology of constructing gauge theories on
noncommutative spaces, which was crucial for our purposes.

Moving on, we wrote down the construction of our models of noncommutative gravity. First,
a three-dimensional gravity model as a noncommutative gauge theory was constructed. The
background space that was employed is the R3

λ and the corresponding gauge group was the
U(2)×U(2). Then, after the identification of the gauge fields, the procedure of the construction
of gauge theories on noncommutative spaces was followed and the expressions of the trans-
formations of the gauge fields and the component curvature tensors were obtained. Also, an
action of Chern-Simons type was proposed and the equations of motion were obtained. It is
worth-noting that the above expressions and results reduced to the ones of the corresponding
(commutative) three-dimensional Einstein gravity.

Having gained a good amount of experience from the above construction, our next step
was to construct a noncommutative gravity model in four dimensions. For this purpose, we
considered the four-dimensional fuzzy de Sitter space to be the background space of the theory.
The gauge group that was initially considered was the SO(1,4), viewed as a subgroup of the total
symmetry, SO(1,5). However, due to noncommutativity, the gauge group that was eventually
considered was the SO(1,5)×U(1). Again, following the standard procedure, the expressions of
the various gauge fields and the component curvature tensors were obtained. For the dynamic
part of the theory, the action that was proposed was of Yang-Mills type, bearing the initial
gauge symmetry. However, since we wanted to result with an action with Lorentz symmetry,
SO(1,3)×U(1), we imposed specific constraints which broke the gauge symmetry. Again, the
commutative limit of the theory produces results that coincide with the ones of conformal
gravity.

From our perspective, the above work of the four-dimensional noncommutative gravity con-
tributes a lot in two aspects. The first is that we have accomplished a successful construction
of a four-dimensional covariant fuzzy space, in such a way that can be generalized for other
spaces, specifically by enlarging the symmetry and introducing a 2-form gauge field. Second,
we managed to give a description of the gravitational interaction in a regime in which the coordi-
nates can be considered as noncommutative (e.g. Planck scale), and relate it with the conformal
gravity in the commutative, low-energy limit. Our priority in the future is to study the Lorentz
invariant action we obtained and attempt to relate it with the four-dimensional Einstein-Hilbert
action, with aspirations of connecting the large and low-energy regimes for the gravitational
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interaction.
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Appendix A

Fuzzy spaces and particle physics
models

In this first appendix, reviewing less recent works [67–74]1, we present the involvement of
fuzzy spaces, especially the fuzzy sphere, in particle physics models and stress out some of
their important features. First, we describe a dimensional reduction starting from a higher-
dimensional theory, in which the extra dimensions are considered to be fuzzy, as an application
of the gauge theories on noncommutative spaces. Then, we describe a particle physics model,
in which one starts with a four-dimensional gauge theory and the fuzzy extra dimensions are
generated dynamically as interpretations of certain vacua of the theory, that is a theory that
resembles the latter dimensional reduction of a higher-dimensional theory over fuzzy coset
spaces (fuzzy spheres).

A.1 Dimensional reduction on fuzzy spaces

Let us now start with a noncommutative Yang-Mills gauge theory, with gauge group the U(P)
and generators denoted as T I , on a space that consists of the four-dimensional Minkowski
spacetime and a Lie-type fuzzy coset space (like the fuzzy sphere), namely M4 × (S/R)F . The
action of the theory is given as:

S =
1

4g2

∫
d4xkTr trFMNF

MN , (A.1)

where trG is the trace over the generators of the gauge group and kTr (k is related to the radius
of the coset space and the spin value, for details see section 3.1.1) is the integration over the
noncommutative coordinates, which are described by N× N matrices. Also, FMN is the field
strength tensor which consists of both four-dimensional and extra-dimensional components,
written explicitly as FMN = (Fµν , Fµa, Fab). The exclusively extra-dimensional field strength
tensor part is given in (3.56) and (3.57), in terms either of the covariant coordinate, we denote
it φa, or the coordinate, Xa and the gauge connection, Aa:

Fab = [Xa, Ab]− [Xb, Aa] + [Aa, Ab]− C c
ab Ac . (A.2)

1For more recent reviews on these works see [75–77]
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The mixed components of the field strength tensor are:

Fµa = ∂µφa + [Aµ, φa] ≡ Dµφa , (A.3)

where Dµφa is the covariant derivative of the ordinary gauge theory, acting on φa, which is
identified as a scalar field if seen from a four-dimensional point of view. Replacing the above
expressions of Fµa and Fab in the action (A.1), one obtains:

S =

∫
d4xTrtr

(
k

4g2F
2
µν + k

2g2 (Dµφa)
2 − V (φ)

)
, (A.4)

where V (φ) is identified as the potential, coming from the F 2
ab term, explicitly:

V (φ) = − k
4g2 TrtrFabF

ab

= − k

4g2
Trtr

(
[φa, φb][φ

a, φb]− 4Cabcφ
aφbφc + 2R−2φ2

)
. (A.5)

The fact that from a four-dimensional point of view the φa can be understood to behave like a
scalar field, leads to the observation that the action (A.4) can be naturally interpreted, in total,
as an action in the four-dimensional Minkowski spacetime, M4, containing besides the kinetic
term of the four-dimensional gauge field, Aµ, a kinetic term of a scalar field Dµφa plus mass
and interaction terms as understood by the expression of the potential, V (φa). In this four-
dimensional interpretation of the above higher-dimensional theory, a gauge transformation
of the U(P) gauge theory, λ(xµ, Xa), on the total space can be also understood as a gauge
transformation of a gauge theory in four dimensions, specifically:

λ(xµ, Xa) = λI(xµ, Xa)T I = λh,I(xµ)T hT I , (A.6)

where in the first step the gauge transformation is expanded on the generators T I , since it
takes values in the algebra of U(P). In the second step, the infinitesimal gauge transformation,
λ(xµ, Xa), depends on both M4 coordinates, xµ and the extra-dimensional coordinates, Xa,
or even better λ is a function of Xa. However, the coordinates Xa are N×N (anti-)Hermitian
matrices, therefore they can be expanded on the generators of a U(N) group in the fundamental,
N-dimensional representation. Therefore, the λh,I(xµ) can be identified with the Kaluza-Klein
modes of the λI(xµ, Xa). A very important feature of the above construction becomes manifest
after the realization that the λh,I(xµ) field can be considered to be taking values in the Lie
algebra of Lie(U(N))⊗Lie(U(P)), that is the Lie algebra Lie(U(NP)). The above understanding of
the λh,I(xµ) as a field in four dimensions taking values in the Lie(U(NP)) can be adopted for
the rest of the fields (gauge and scalar fields) of the theory. This means that a dimensional
reduction of a gauge theory defined on a M4 × (S/R)F space induces the enhancement of
the starting gauge group. Specifically, one may start with a higher-dimensional Abelian gauge
theory and achieve symmetry enhancement after a dimensional reduction, resulting with a non-
Abelian gauge group in the four-dimensional theory. A rather undesirable feature is that the
scalar fields that appear due to the reduction are set in the adjoint representation, rendering
the triggering of the electroweak symmetry breaking impossible. In order to overcome this
difficulty, one can employ different kinds of dimensional reductions, in which the nice feature
of the enlargement of the symmetry still holds (see for example fuzzy CSDR [67] (see also [111])).
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A.2 Dynamical generation of fuzzy spaces as extra dimensions

In this appendix we review a very interesting project, that is the construction of a particle physics
model involving fuzzy extra dimensions, which carries the important features of renormalizabil-
ity, chirality and phenomenological viability. In order to ensure renormalizability, instead of the
dimensional reduction of a gauge theory on a space which has fuzzy extra dimensions (see previ-
ous subsection A.1) the reverse procedure was considered, that is to start with a renormalizable
theory in four dimensions and reproduce the results of a higher-dimensional theory reduced
over fuzzy coset spaces [69–72]. More specifically, one starts with an N = 4 Supersymmet-
ric Yang-Mills (SYM) theory [112] defined on the four-dimensional Minkowski spacetime, M4,
equipped with an appropriate set of scalar fields and a suitable potential, which leads to certain
vacua that could be identified as -dynamically generated- fuzzy extra dimensions, including also
a finite Kaluza-Klein tower of massive modes. The whole idea of dimensional deconstruction
has been introduced earlier, see [113,114]. Later, an attempt to include fermions took place,
but the best one could achieve (for some time) was a model containing mirror fermions in bifun-
damental representations of the low-energy gauge group [71,72]. Although mirror fermions do
not exclude contact with phenomenology [115], exactly chiral fermions are certainly preferable.

A.2.1 N = 4 SYM field theory and Z3 orbifolds

Let us consider anN = 4 supersymmetric SU(3N) gauge theory defined on Minkowski spacetime
with a particle spectrum (in theN = 1 language) consisting of an SU(3N) gauge supermultiplet
and three adjoint chiral supermultiplets Φi , i = 1, 2, 3. The component fields of the above
supermultiplets are the gauge bosons, Aµ, µ = 1, . . . , 4, six adjoint real (or three complex)
scalars φa, a = 1, . . . , 6 and four adjoint Weyl fermions ψp, p = 1, . . . , 4. The scalars and Weyl
fermions belong to the 6 and 4 irreducible representations of the SU(4)R R-symmetry of the
theory, respectively, while the gauge bosons are singlets. At this point, for reasons of filtering
the particle spectrum, the orbifold projection technique is involved (similar to the one developed
in [116]), specifically making use of the Z3 discrete group. For the introduction of the orbifold
structure, the Z3 has to be viewed as a subgroup of SU(4)R symmetry. The Z3 can be embedded
into SU(4)R in more than one -not equivalent- ways, with the choice of the embedding affecting
the amount of the remnant supersymmetry [116]:

• Maximal embedding of Z3 into SU(4)R leads to non-supersymmetric theories, therefore it
is excluded.

• Embedding Z3 into a subgroup of SU(4)R:

- Embedding into an SU(2) subgroup would lead to N = 2 supersymmetric theories
with SU(2)R remnant R-symmetry.

- Embedding into an SU(3) subgroup would lead to N = 1 supersymmetric theories
with U(1)R remnant R-symmetry.

The desired remnant supersymmetry falls into the last option. Let us consider a generator
g ∈ Z3, labelled by three integers, ~a = (a1, a2, a3) [117], which satisfy the following relation:

a1 + a2 + a3 = 0 mod 3 . (A.7)

123



The above relation implies that Z3 is embedded into the SU(3) subgroup, i.e. the remnant
supersymmetry is the desiredN = 1 [118]. The various fields of the theory transform differently
under SU(4)R, therefore the Z3 will act on them in a non-trivial way. Gauge and gaugino fields
are both singlets under SU(4)R, therefore the geometric action of the Z3 rotation is trivial.
The action of Z3 on the complex scalar fields is represented by the matrix γ(g)ij = δijω

ai ,
where ω = e

2π
3 and the action of Z3 on the fermions is given by γ(g)ij = δijω

bi , where bi =
−1

2(ai+1 + ai+2 − ai), modulo 3. In this case, the three integers describing the generator g
are (1, 1,−2), which means that ai = bi. The matter fields transform non-trivially under a
gauge transformation, therefore Z3 acts on their gauge indices, too. This action is given by the
following matrix:

γ3 =

 1lN 0 0
0 ω1lN 0
0 0 ω21l

 . (A.8)

It is not obligatory that these blocks have the same dimensionality (see e.g. [119–121]), however
they do, offering to the projected theory the property of anomaly freedom.

After the orbifold projection is performed, the particle spectrum of the theory consists of the
fields that rermain invariant under the combined action of Z3 on the “geometric”2 and gauge
indices [117]. Also, concerning the gauge fields, the projection is given by Aµ = γ3Aµγ

−1
3 .

Therefore, taking into consideration the expression of the γ3 matrix, (A.8), the initial gauge
group breaks down to the H = SU(N)× SU(N)× SU(N) in the projected theory.

The complex scalar fields transform in a non-trivial way under a gauge symmetry trans-
formation and the R−symmetry, therefore the projection is given by φiIJ = ωI−J+aiφiIJ , where
I, J are gauge indices. Therefore, J = I + ai, meaning that the scalar fields that survive the
projection have the form φI,J+ai and transform under the gauge group of the projected theory,
H, as:

3 ·
(
(N, N̄, 1) + (N̄, 1, N) + (1, N, N̄)

)
. (A.9)

Similarly for the fermions, both gauge group and R−symmetry transformations are non-trivial,
with the projection being ψiIJ = ωI−J+biψiIJ . Therefore, the fermions that survive the projection
are of the form ψiI,I+bi and are accommodated in the same representation of the scalars, (A.9),
manifesting the N = 1 remnant supersymmetry. It is worth-noting that the representation of
the scalars or fermions, (A.9), of the projected theory are anomaly free. Therefore, fermions
belong to chiral representations of H, divided into three generations, since the initial particle
spectrum, before the orbifold projection, contains three N = 1 chiral supermultiplets.

Now, let us focus on the part of interactions of the theory after the orbifold projection. The
projected theory is an N = 1 supersymmetrc gauge theory, therefore the interactions of the
fields that passed through the orbifold filter are all included in the superpotential. However, to
specify it explicitly, one has to begin with the interactions of the initial N = 4 SYM theory [112],
which are expressed by the following superpotential:

WN=4 = εijkTr(ΦiΦjΦk) , (A.10)

where Φi,Φj ,Φk are the chiral superfields. Therefore, the interactions in the projected theory
2In case of ordinary reduction of a 10-dim N = 1 SYM theory, one obtains an N = 4 SYM Yang-Mills theory in

four dimensions having a global SU(4)R symmetry which is identified with the tangent space SO(6) of the extra
dimensions [122–125].
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N = 1 gauge theory are given by the superpotential:

W
(proj)
N=1 =

∑
I

εijkΦ
i
I,I+aiΦ

j
I+ai,I+ai+aj

Φk
I+ai+aj ,I . (A.11)

In order to obtain the vacuum of the theory, one has to extract the information for the scalar
potential from the above superpotential.

A.2.2 Dynamical generation of twisted fuzzy spheres

As stated, the superpotential W proj
N=1, (A.11), produces the following scalar potential:

V proj
N=1(φ) =

1

4
Tr
(

[φi, φj ]†[φi, φj ]
)
, (A.12)

where, φi is the scalar part of the superfield, Φi. The above scalar potential, V proj
N=1(φ), is mini-

mized by vanishing vacuum expectation values (vevs) of the fields, therefore, in order to result
with non-vanishing solutions admitting interpretation as vacua of a noncommutative geometry,
specific modifications have to be made, that is the introduction of soft N = 1 supersymmetric
terms of the following form3:

VSSB =
1

2

∑
i

m2
iφ

i†φi +
1

2

∑
i,j,k

hijkφ
iφjφk + h.c. , (A.13)

with hijk = 0 unless i+ j + k ≡ 0 mod3. The introduction of SSB terms is not disturbing, since
an SSB sector is necessary for a supersymmetric model to have phenomenological viability, see
e.g. [126]. Also, the D-terms of the theory are introduced:

VD =
1

2
D2 =

1

2
DIDI , (A.14)

where DI = φ†iT
Iφi and T I are the generators of the gauge group, represented by the same

representation as the corresponding chiral multiplets. Putting together all terms consisting the
potential, the expression of the total potential of the theory is:

V = V proj
N=1 + VSSB + VD . (A.15)

One can choose properly the parameters m2
i and hijk of the relation (A.13), specifically m2

i =
1 and hijk = εijk. Thus, the scalar potential, (A.15), takes the following form:

V =
1

4
(F ij)†F ij + VD , (A.16)

where the tensor F ij is defined as:

F ij = [φi, φj ]− iεijk(φk)† . (A.17)

The first term of the scalar potential, (A.16), is positive, therefore, the minimum of the potential
is:

[φi, φj ] = iεijk(φ
k)† , φi(φi)† = R2 , (A.18)

3The SSB terms that will be inserted into V projN=1(φ), are purely scalar. Although this is enough for our purpose,
it is obvious that more SSB terms could be involved in order to obtain complete SSB sector [126].

125



and [R2, φi] = 0. The form of the first relation in (A.18) implies the relation to a fuzzy sphere,
(3.31). This gets even more manifest, after the introduction of untwisted fields, φ̃i, defined as:

φi = Ωφ̃i , (A.19)

where Ω 6= 1 satisfying the relations:

Ω3 = 1 , [Ω, φi] = 0 , Ω† = Ω−1 , (φ̃i)† = φ̃i ⇔ (φi)† = Ωφi . (A.20)

Therefore, from equation (A.18) and making use of the φ̃i, the interpretation of a fuzzy sphere
becomes evident:

[φ̃i, φ̃j ] = iεijkφ̃
k , φ̃iφ̃i = R2 , (A.21)

confirming the fact that the vacuum of the potential generates a (twisted) fuzzy sphere, S̃2
N . Next,

specific configurations of the twisted fields satisfying the relation (A.18), φi, can be obtained.
Such a configuration is:

φi = Ω(13 ⊗ λi(N)) , (A.22)

where λi(N) are three N×N matrices, representing the three SU(2) generators in theN -dimensional
irreducible representation and Ω is the matrix:

Ω = Ω3 ⊗ 1N , Ω3 =

 0 1 0
0 0 1
1 0 0

 , Ω3 = 1 . (A.23)

According to the relation (A.19), which expresses the relation between twisted and untwisted
fields, the “off-diagonal” orbifold sectors, (A.9), take the following block-diagonal form:

φi =

 0 (λi(N))(N,N̄,1) 0

0 0 (λi(N))(1,N,N̄)

(λi(N))(N̄,1,N) 0 0

 = Ω

 λi(N) 0 0

0 λi(N) 0

0 0 λi(N)

 . (A.24)

The untwisted fields generating the ordinary fuzzy sphere, φ̃i, are now in a block-diagonal form.
Seperately, each block is identified as a fuzzy sphere, since each one satisfies the corresponding
defining commutation relation (A.21). Thus, the vacuum of the theory, (A.24), has taken the
form of three fuzzy spheres, with relative angles 2π/3. In other words, in accordance to the
orbifold projection, the solution φi is equivalent to the solution of the three fuzzy spheres. It is
also worth-noting that the tensor F ij of the equation (A.17), is identified as the field strength
tensor of the spontaneously generated fuzzy extra dimensions, that is given in (3.56). The term
VD of the potential causes a change on the radius of the fuzzy sphere (in a similar way to the
case of the ordinary fuzzy sphere [69,72,127]).

A.2.3 Chiral models after the orbifold projection - The SU(3)c× SU(3)L× SU(3)R
model

The gauge group of the initial gauge theory, SU(3N), breaks spontaneously in various ways,
therefore, the resulting gauge group after performing the orbifold projection is not unique. The
minimal, anomaly free unified models4 are found to be the SU(4)×SU(2)×SU(2), SU(4)3 and

4Similar approaches have been studied in the framework of YM matrix models [128]
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SU(3)3 of which the case of interest is the last one, that is the trinification group, SU(3)c ×
SU(3)L × SU(3)R [129, 130] (see also [131–135] and for a string theory approach see [136].).
First, the integerN is decomposed asN = n+3 and then the following embedding is considered:

SU(N) ⊃ SU(n)× SU(3)× U(1) . (A.25)

Thus, the embedding for the gauge group SU(N)3 is the following:

SU(N)3 ⊃ SU(n)× SU(3)× SU(n)× SU(3)× SU(n)× SU(3)× U(1)3 . (A.26)

The threeU(1)s are not taken into account5 and as for the representations, they are decomposed
according to the embedding of (A.26), as:

SU(n)× SU(n)× SU(n)× SU(3)× SU(3)× SU(3) ,

(n, n̄, 1; 1, 1, 1) + (1, n, n̄; 1, 1, 1) + (n̄, 1, n; 1, 1, 1) + (1, 1, 1; 3, 3̄, 1)

+ (1, 1, 1; 1, 3, 3̄) + (1, 1, 1; 3̄, 1, 3) + (n, 1, 1; 1, 3̄, 1) + (1, n, 1; 1, 1, 3̄)

+ (1, 1, n; 3̄, 1, 1) + (n̄, 1, 1; 1, 1, 3) + (1, n̄, 1; 3, 1, 1) + (1, 1, n̄; 1, 3, 1) . (A.27)

Now, taking into consideration the decomposition of (A.25), the gauge group breaks to the
SU(3)3, under which the surviving fields from the projection transform as:

SU(3)× SU(3)× SU(3) , (A.28)
((3, 3̄, 1) + (3̄, 1, 3) + (1, 3, 3̄)) , (A.29)

which correspond to the desired chiral representations of the trinification gauge group, with the
quarks and leptons of the first family transforming as:

q =

 d u h
d u h
d u h

 ∼ (3, 3̄, 1) , qc =

 dc dc dc

uc uc uc

hc hc hc

 ∼ (3̄, 1, 3) , λ =

 N Ec v
E N c e
vc ec S

 ∼ (1, 3, 3̄) ,

(A.30)

respectively. It is remarkable that this theory can be upgraded to a two-loop finite theory (for
reviews see [137–139]) giving phenomenologically testable predictions [131], too.

To summarize this section, application of an orbifold projection on an N = 4 gauge theory
in four dimensions with a specific particle content, leads to another gauge group and different
(less) amount of supersymmetry, depending on the way the discrete symmetry of the orbifolding
is embedded in the R-symmetry group. Then, the form of the superpotential after the projection
leads to a vacuum of the scalar potential which can be interpreted as dynamically generated
fuzzy extra dimensions. Eventually, the above scheme leads to a unified theory, accommodat-
ing chiral fermions. Concluding, fuzzy extra dimensions can be used for constructing chiral,
renormalizable and phenomenologically viable field-theoretical models.

5Because of anomalous gaining mass by the Green-Schwarz mechanism and as a result they decouple at the low
energy sector of the theory [120].
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Appendix B

The Schwinger basis

The algebra of angular momentum can be written as an algebra of two independent harmonic
oscillators, that is the Schwinger construction [140]1. Let us consider two simple harmonic
oscillators, the +-type and the −type. For each oscillator, annihilation and creation operators
are defined, denoted by a+, a

†
+ and a−, a

†
−, respectively, satisfying the following commutation

relations:
[ai, a

†
j ] = δij , (B.1)

where i, j = +,−. The above commutation relations are written more explicitly as:

[a+, a
†
+] = 1 , [a−, a

†
−] = 1 , [a+, a

†
−] = [a−, a

†
+] = 0 . (B.2)

Also, the number operators are defined as:

N+ = a†+a+ , N− = a†−a−. (B.3)

Their commutation relations with the a†i , ai operators are given as:

[Ni, aj ] = −aiδij , [Ni, a
†
j ] = a†iδij (no summation) , (B.4)

or, more explicitly as:

[N+, a+] = −a+ , [N+, a
†
+] = a†+ , [N−, a−] = −a− , [N−, a

†
−] = a†− . (B.5)

Due to the last relation of (B.2), the number operators, N+, N−, of the two oscillators commute.
Therefore, the two operators share a common set of eigenfunctions, denoted by |n+n−〉, with
eigenvalues n+ and n−, respectively. The eigenvalue equations for N± are:

N+|n+n−〉 = n+|n+n−〉 , N−|n+n−〉 = n−|n+n−〉 . (B.6)

The creation and annihilation operators, a†±, a±, act on the above eigenstates as:

a†+|n+n−〉 =
√
n+ + 1|n+ + 1n−〉 , a†−|n+n−〉 =

√
n− + 1|n+n− + 1〉 ,

a+|n+n−〉 =
√
n+|n+ − 1n−〉 , a−|n+n−〉 =

√
n−|n+n− − 1〉 . (B.7)

1See also [141,142]
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The most general eigenstates ofN+, N− are obtained by applying a†± successively on the vacuum
ket, which is defined as:

a+|00〉 = 0 , a−|00〉 = 0 . (B.8)

Therefore, the general eigenstate of N+, N− are obtained :

|n+n−〉 =
(a†+)n+(a†−)n−√

n+!
√
n−!

|00〉 . (B.9)

Next, in order to make contact with the angular momentum algebra, one defines:

J+ = a†+a− , J− = a†−a+ , Jz =
1

2

(
a†+a+ − a†−a−

)
=

1

2
(N+ −N−) . (B.10)

It is straightforward, starting from (B.2), to confirm that the above defined generators satisfy
the SU(2) algebra:

[Jz, J±] = ±J± , [J+, J−] = 2Jz . (B.11)

Also, for the expression of the Casimir operator, it is convenient to define the total number
operator, N , to be:

N = N+ +N− = a†+a+ + a†−a− , (B.12)

with eigenvalues. n+ +n−. Therefore, the Casimir operator is given by the following expression:

J2 = J2
z +

1

2
(J+J− + J−J+) =

N

2

(
N

2
+ 1

)
. (B.13)

The above definitions, besides being motivated by algebraic reasons, admit also a physical
interpretation. More specifically, if the quantum unit of the +-type oscillator is associated
with spin up (particle with m = 1/2), while the −-type oscillator is associated with spin down
(particle with m = −1/2) and the eigenvalues n+, n− are the corresponding number of spins up
and spins down, then the J+ operator, by definition, destroys a spin down unit and creates a
spin up unit. This means that the spin angular momentum is increased by 1. Likewise, the J−
operator acts inversely. The Jz operator counts 1/2 times the difference of n+ and n−, that is
the z−component of the angular momentum. In general it has been set ~ = 1.

Now, the action of the Jz, J± operators on the eigenstates |n+n−〉, is given after taking into
consideration the (B.7):

J+|n+n−〉 = a†+a−|n+n−〉 =
√
n−(n+ + 1)|n+ + 1n− − 1〉 ,

J−|n+n−〉 = a†−a+|n+n−〉 =
√
n+(n− + 1)|n+ − 1n− + 1〉 ,

Jz|n+n−〉 =
1

2
(N+ −N−)|n+n−〉 =

1

2
(n+ − n−)|n+n−〉 . (B.14)

It is worth-noting that in the above relations of the action of the operators on the eigenstates,
the total number of particles, n+ + n− is constant. Also, the above relations reduce to the
familiar action of Jz, J± operators, after the change:

n+ → j +m , n− → j −m , or

j =
n+ + n−

2
, m =

n+ − n−
2

. (B.15)
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Therefore, taking into consideration the (B.13) and (B.14), one obtains:

J+|n+n−〉 =
√

(j −m)(j +m+ 1)|j +m+ 1, j −m− 1〉 ,

J−|n+n−〉 =
√

(j +m)(j −m+ 1)|j +m− 1, j −m+ 1〉 ,
Jz|n+n−〉 = Jz|j +m, j −m〉 = m|j +m〉|j −m〉 ,
J2|n+n−〉 = J2|j +m, j −m〉 = j(j + 1)|j +m, j −m〉 . (B.16)

The general ket written down in (B.9), can be written now in the following form:

|jm〉 =
(a†+)j+m(a†−)j−m√
(j +m)!(j −m)!

|0〉 , (B.17)

where |0〉 is the vacuum ket.
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Appendix C

Quaternions and Hopf fibration

Let us consider first the case of the complex numbers, C. The simplest compact Lie group is
the circle, S1 ∼= SO(2), which can be parametrized by eiθ = cos θ+ i sin θ (Euler’s formula)1 from
which it can be understood as the group of elements absolute value equal to one in the complex
numbers plane, C, that is the unitary group U(1).

Quartenions is a four-dimensional number system which can be viewed as an extension of
the complex numbers and can be understood in analogy to them. Let us consider the compact
Lie group of the 3-sphere, S3 ∼=SU(2). The picture is completely analogous to the circle case
discussed above with the difference that complex numbers have to be upgraded to Hamilton’s
quartenions, H, meaning that SU(2) can be understood as the group elements of norm equal to
one in H, that is the symplectic group Sp(1). A quartenion number is written as:

q = a+ ib+ jc+ kd , a, b, c, d ∈ R , (C.1)

and multiplication between i, j, k is given by the following matrix:

1 i j k
1 1 i j k
i i -1 k -j
j j -k -1 i
k k j -i -1

Table C.1: Multiplication table of i, j, k.

Extending the notion of associating the ordered pair (a, b) to a complex number or a 2×2
real matrix, giving the opportunity to adopt a sum, product and absolute value for (a, b), to the

1An element, Rθ =

(
cos θ − sin θ
sin θ cos θ

)
of SO(2) behaves the same as the complex number of unit absolute value,

zθ = cos θ+i sin θ,. This is manifest whenRθ is written asRθ = cos θ

(
1 0
0 1

)
+sin θ

(
0 −1
1 0

)
, where the basis

matrices 1l =

(
1 0
0 1

)
and i =

(
0 −1
1 0

)
have been used. It is easily checked that 1l2 = 1 , 1li = i1l = i , i2 = 1l,

which means that the matrices, 1l, i behave the same as the complex numbers 1, i. In fact, the matrices of the form(
a −b
b a

)
= a1l + bi , a, b ∈ R behave the same as the complex numbers a+ bi under addition and multiplication.

Therefore, all complex numbers are represented by 2×2 real matrices, with the determinant giving the absolute
value of the complex number [143].
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ordered quadrupes (a, b, c, d) of real values, namely the quaternions, it is possible to write them

down in a 2×2 complex matrix form, q =

(
a+ id −b− ic
b− ic a− id

)
= a1l + bi + cj + dk, where:

1l =

(
1 0
0 1

)
, i =

(
0 −1
1 0

)
, j =

(
0 −i
−i 0

)
, k =

(
i 0
0 −i

)
. (C.2)

Addition and product of two such quaternion matrices produce matrices of the same form. Also,
the squared absolute value of a quaternion, q, is retrieved by the determinant of the matrix form
of quaternion. From the above matrix representation of q, it is understood that, for q 6= 0, the
explicit formula of the inverse quaternion is q−1 = 1

a2+b2+c2+d2 (a − bi − cj − dk). For the
quaternion q, the quaternion conjugate, q̄, is defined as q̄ = x1 − ix2 − jx3 − ix4 and therefore,
it is straightforward to calculate that qq̄ to be:

qq̄ = |q|2 = (x1 + ix2 + jx3 + kx4)(x1 − ix2 − jx3 − kx4) = x2
1 + x2

2 + x2
3 + x2

4 . (C.3)

The quaternions q = a+bi+cj+dk of unit absolute value (unit quaternions) define the 3-sphere
S3 in R4:

S3 = {unit quartenions} =
{
q = a+ ib+ jc+ kd | a2 + b2 + c2 + d2 = 1

}
. (C.4)

Now, let us define the pure imaginary and pure real quaternions, p, r, respectively:

p = bi+ cj + dk , r = a , (C.5)

which, for the imaginary quaternions, a three-dimensional space, that is denoted as Ri+Rj+Rk
(R3 for short), is formed. It is obvious that the sum of two imaginary quaternions is also
imaginary, but this is not true for the product. Let u = (0, u1, u2, u3) and v = (0, v1, v2, v3) be
two imaginary quaternions. Their product, using the Table C.1, gives:

uv = −(u1v1 + u2v2 + u3v3) + (u2v3 − u3v2)i− (u1v3 − u3v1)j + (u1v2 − u2v1)k . (C.6)

In the above expression, it is manifest that the product of two imaginary quaternions can be
expressed in terms of two other products in R3, the scalar, u ·v and the vector, u×v. Therefore,
in terms of these products in R3, the product of two imaginary quaternions, (C.6), can be written
as:

uv = −u · v + u× v . (C.7)

Since the first term (scalar product) is real, it is understood that the product of two imaginary
quaternions is also an imaginary quaternion, if u · v = 0, that is in case u and v are orthogonal.
Also, since the second term, the cross product, is imaginary, shows that the uv is real only if
u× v = 0, that is if u, v are on the same line. In the particular case in which the imaginary u is
a unit quaternion, |u| = 1, the (C.6) becomes:

u2 = −u · u = −|u|2 = 1 . (C.8)

Thus, every unit vector in Ri+ Rj + Rk is a square root of −1.
Now, let us consider a quaternion, s, with |s| = 1. This can be written in a generalized Euler

formula, that reads:
s = cos θ + u sin θ , (C.9)
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where u is an imaginary unit vector (u2 = −1). In analogy to the complex number case in which
a unit complex number, z, corresponds to a rotation in the complex plane, the unit quaternion,
s, corresponds to a rotation of the Ri + Rj + Rk. The difference to the complex numbers case
is that this rotation is not induced by mere multiplication, because the multiplication of the
quaternion s and an imaginary quaternion, let us call it w, is not necessarily an element of
Ri+ Rj + Rk. Instead, the mapping that is employed is the following:

w → s−1ws , (C.10)

which it is shown that it is actually an imaginary quaternion, since s−1 = cos θ − u sin θ. The
above mapping is called a conjugation by s. This is exactly the kind of mapping that is used to
project the 3-sphere to a 2-sphere through the Hopf fibration. Let us call this projection η(s),
that is S3 η−→ S2, which is specifically given by (C.10), for w = k2, that is:

η(s) = sks−1 . (C.11)

It is worth-noting at this point that multiplication of quaternions is not commutative. This is
the reason why the above function does not reduce to η(s) = k. Recalling (C.4):

S3 =
{
s = a+ bi+ cj + dk | |s|2 = a2 + b2 + c2 + d2 = 1

}
, (C.12)

calculations in (C.11), using the Table C.1, lead to:

η(s) = (η0, η1, η2, η3) = (0, 2ac+ 2bd, 2cd− 2ab, a2 − b2 − c2 + d2)

= 2(ac+ bd)i+ 2(cd− ab)j + (a2 − b2 − c2 + d2)k . (C.13)

Since the real part of the quaternion is vanished, the η(s) is an imaginary quaternion in the
subspace R3. Raising the components of η to the square and adding them, the absolute value
is obtained:

|η|2 = (2ac+ 2bd)2 + (2cd− 2ab)2 + (a2 − b2 − c2 + d2)2 = 1 , (C.14)

where |s|2 = 1, since s is a unit quaternion, has been used. Therefore, starting from the unit
S3 space, that is the points of R4 that with distance from the origin equal to the unit, described
by a unit quaternion, one results with the unit S2, through a specific projection mapping, η(s).

The Hopf fibration can be equivalently understood as:

S3 = {~z = (z1, z2) ∈ C2 | z̄aza = 1} → S2 = {~x = (x1, x2, x3) ∈ R3} , (C.15)

with the xi (i = 1, 2, 3) components being related with the za (a = 1, 2) components through
the relation:

xi =
1

2
z̄aσ

i
abzb , (C.16)

where z̄a are the complex conjugates of za and σiab are the matrix elements of the three Pauli
matrices. The above relation leads to the following expressions for the xis:

x1 =
1

2
(z̄1z2 + z̄2z1) , x2 = − i

2
(z̄1z2 − z̄2z1) , x3 =

1

2
(z̄1z1 − z̄2z2) . (C.17)

2The k is one of the three "special numbers" used for defining a quaternion.
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Using the above expressions for the xis, one can calculate the following sum:
3∑
i=1

(xi)2 =
1

4
(z̄aza)

2 = x02
, (C.18)

where x0 = 1
2 z̄aza = 1 due to the radius constraint in S3. The above description of the Hopf

fibration, (C.15), can be derived from the one with the quaternions, (C.12), we described before.
First, the expression of η, second line of (C.13), has to be rewritten in terms of the Pauli

matrices instead of the i, j, k, employing their 2×2 matrix representation, (C.2). It is easy to
find that:

i = −iσ2 , j = −iσ1 , k = iσ3 . (C.19)

Therefore, the quaternion η, (C.13), can be now written as:

η = 2(ab− cd)iσ1 − 2(ac+ bd)iσ2 + (a2 − b2 − c2 + d2)iσ3 , (C.20)

where iσi are the generators of the SU(2) algebra. The components of the imaginary unit
quaternion obtained in (C.20) can be redefined in terms of a vector in C2 with components
z1, z2. Specifically, the definition would be:

z1 =
√

2(a− id) , z2 =
√

2(b− ic) , (C.21)

with a, b, c, d being the real numbers which constitute the quaternion s, defined in (C.12). Using
the above redefinitions, (C.21), one obtains:

1

2
(z̄1z2 + z̄2z1) = 2(ab− cd) ⇒ 2(ab− cd) =

1

2
(z̄1σ

12
1 z2 + z̄2σ

21
1 z1) =

1

2
z̄aσ

ab
1 zb , (C.22)

1

2
(−iz̄1z2 + iz̄2z1) = −2(ac− bd) ⇒ −2(ac− bd) =

1

2
(z̄1σ

12
2 z2 + z̄2σ

21
2 z1) =

1

2
z̄aσ

ab
2 zb ,

(C.23)
1

2
(z̄1z1 − z̄2z2) = a2 − b2 − c2 + d2 ⇒ a2 − b2 − c2 + d2 =

1

2
(z̄1σ

11
3 z1 + z̄2σ

22
3 z2) =

1

2
z̄σab3 zb .

(C.24)

Therefore, the components of the three-dimensional real space coordinates are given by the
above relations, in terms of the two vectors, z1, z2 and the Pauli matrices, (C.16). The constraint
to which they are subjected is obtained if we take the sum of the square of the above coordinates,
let us call them xi, i = 1, 2, 3:

3∑
i

xi
2

=
1

4

(
(z̄1z2 + z̄2z1)2 + (−iz̄1z2 + iz̄2z1)2 + (z̄1z1 − z̄2z2)2

)
=

(
1

2
z̄aza

)2
(C.15)

= 1 (C.25)

Therefore, using the radius relation of the S3, the radius relation of the S2 space is obtained.
We should also note that the obtained expressions of the xi coordinates, (C.16) are invariant

under the following transformation:

z −→ eiaz , z̄ −→ e−iaz̄ , (C.26)

specifically shown in the following relation:

xi −→ (xi)′ =
1

2
z̄′aσ

i
abz
′
b =

1

2
e−iazaσ

i
abe

iazb =
1

2
z̄aσ

i
abzb = xi . (C.27)

Therefore, due to this invariance, the above Hopf fibration can be viewed as coordinates on
S2 = CP 1 = S3/U(1).
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Appendix D

The Coherent states

The canonical coherent states are defined for each complex number z ∈ C by a unitary transfor-
mation1, which, acting on the vacuum state, |0〉, produces a coherent state, that is an eigenstate
of the annihilation operator. Specifically:

|z〉 = eza
†−z̄a|0〉 . (D.1)

Using the Baker-Campbell-Hausdorff formula, (3.9), the above formula becomes:

|z〉 = e
−|z|2

2 eza
†
e−z̄a|0〉 . (D.2)

Expanding the exponential, e−z̄a and recalling the definition of the vacuum, (B.8), that is a|0〉 =
0, the above equation takes the following form:

|z〉 = e−
|z|2

2 eza
† |0〉 . (D.3)

Also, expanding the eza
†

in the above equation:

|z〉 = e
−|z|2

2

∞∑
n=0

zn√
n!

a†
n

√
n!
|0〉 , (D.4)

and introducing the harmonic oscillator eigenstates, |n〉, of the number operator, (B.6), that is
N |n〉 = n|n〉 (N = a†a), which are given by equation (B.9), that is |n〉 = 1√

n!
a†|0〉, one obtains

the following expression of the coherent state:

|z〉 = e
−|z|2

2

∞∑
n=0

zn√
n!
|n〉 . (D.5)

Let us now briefly mention some properties of the coherent states, |z〉. They form an over-
complete basis2 for the Hilbert space, H, meaning that every state can be expressed as a

1Specifically, this operator is called displacement operator, D(z), and is defined as D(z) = eza
†−z̄a

2Instead of the term basis, the tight frame term is technically more accurate [144].
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superposition of the coherent states in a non-unique way, that is a single ket can be decom-
posed in different ways in terms of the same set of vectors3. [Martinazzo] In order to obtain the
(over-)completeness expression, let us start with considering the following integral:

1

π

∫
d2z|z〉〈z| = 1

π

∞∑
n,m

|n〉〈m|√
n!m!

∫
e−|z|

2
znz̄md2z , (D.6)

where d2z ≡ d(Re(z))d(Im(z)). Introducing the polar coordinates, z = |z|eiθ, then d2z =
|z|d|z|dθ4 and the above equation becomes:

1

π

∫
d2z|z〉〈z| = 1

π

∞∑
n,m

|n〉〈m|√
n!m!

∫ ∞
0

e−|z|
2 |z|n+m|z|d|z|

∫ 2π

0
eiθ(n−m)dθ

=
1

π

∞∑
n,m

|n〉〈m|√
n!m!

∫ ∞
0

e−|z|
2 |z|n+md|z|22πδnm

=

∞∑
n

|n〉〈n|
n!

∫ ∞
0

e−|z|
2 |z|2nd|z|2

=
∞∑
n

|n〉〈n|
n!

n! = 1 (D.7)

In turn, the property of overcompleteness is responsible for the non-orthogonality of these
states5. Indeed, definition of the coherent states, (D.5), gives the following non-orthogonality
condition for two of them, z1, z2:

〈z1|z2〉 = 〈n|

(
e−
|z1|

2

2 e
−|z2|

2

2

∞∑
n=0

1

n!
z̄n1 z

n
2

)
|n〉 ⇒ 〈z1|z2〉 = e−

|z1|
2

2
+z̄1z2− |z2|

2

2 . (D.8)

The last property of the coherent states being normalized, 〈z|z〉 = 1, concludes the necessary
information about the canonical coherent states for our purpose.

3This ambiguity, although it seems to be unwieldy, makes the coherent states particularly important and useful
in the field of quantum optics.

4More explicitly: d2z = dRe(|z|eiθ)dIm(|z|eiθ) = dRe(|z|(1 + iθ))dIm(|z|(1 + iθ)) = d|z|d(|z|θ) = |z|d|z|dθ.
5On the contrary, a complete set of states allows to express a function as a superposition in a unique way and

thus to be orthogonal.
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Appendix E

Three-dimensional noncommutative
gravity as a gauge theory: Calculations
of the field transformations, curvature
tensors and equations of motion

Calculations for the expressions of the transformations of the fields, (5.11):

δX̂µ = δe aµ ⊗ γ̄a + δω a
µ ⊗ γ̃a + δAµ ⊗ i1l + δÃµ ⊗ γ5 = [ε, X̂µ]

= [ξa ⊗ γ̄a + λa ⊗ γ̃a + ε0 ⊗ i1l + ε̃0 ⊗ γ5, Xµ ⊗ i1l + e aµ ⊗ γ̄a + ω a
µ ⊗ γ̃a +Aµ ⊗ i1l +Aµ ⊗ γ5]

= [ξa ⊗ γ̄a, Xµ ⊗ i1l] + [λa ⊗ γ̃a, Xµ ⊗ i1l] + [ε0 ⊗ i1l, Xµ ⊗ i1l] + [ε̃0 ⊗ γ5, Xµ ⊗ i1l]
+ [ξa ⊗ γ̄a, e bµ ⊗ γ̄b] + [ξa ⊗ γ̄a, ω b

µ ⊗ γ̃b] + [ξa ⊗ γ̄a, Aµ ⊗ i1l] + [ξa ⊗ γ̄a, Ãµ ⊗ γ5]

+ [λa ⊗ γ̃a, e bµ ⊗ γ̄b] + [λa ⊗ γ̃a, ω b
µ ⊗ γ̃b] + [λa ⊗ γ̃a, Aµ ⊗ i1l] + [λa ⊗ γ̃a, Ãµ ⊗ γ5]

+ [ε0 ⊗ i1l, e aµ ⊗ γ̄a] + [ε0 ⊗ i1l, ω a
µ ⊗ γ̃a] + [ε0 ⊗ i1l, Aµ ⊗ i1l] + [ε0 ⊗ i1l, Ãµ ⊗ γ5]

+ [ε̃0 ⊗ γ5, e
a
µ ⊗ γ̄a] + [ε̃0 ⊗ γ5, ω

a
µ ⊗ γ̃a] + [ε̃0 ⊗ γ5, Aµ ⊗ i1l] + [ε̃0 ⊗ γ5, Ãµ ⊗ γ5]

(3.59)
= −i[Xµ, ξ

a]⊗ γ̄a − i[Xµ, λ
a]⊗ γ̃a − i[Xµ, ε0]⊗ i1l− i[Xµ, ε̃0]⊗ γ5

+ 1
2 [ξa, e bµ ]⊗ {γ̄a, γ̄b}+ 1

2{ξ
a, e bµ } ⊗ [γ̄a, γ̄b] + 1

2 [ξa, ω b
µ ]⊗ {γ̄a, γ̃b}+ 1

2{ξ
a, ω b

µ } ⊗ [γ̄a, γ̃b]

+ i[ξa, Aµ]⊗ γ̄a + 1
2 [ξa, Ãµ]⊗ {γ̄a, γ5}

+ 1
2 [λa, e

b
µ ]⊗ {γ̃a, γ̄b}+ 1

2{λ
a, e bµ } ⊗ [γ̃a, γ̄b] +

1

2
[λa, ω b

µ ]⊗ {γ̃a, γ̃b}+ 1
2{λ

a, ω b
µ } ⊗ [γ̃a, γ̃b]

+ i[λa, Aµ]⊗ γ̃a + 1
2 [λa, Ãµ]⊗ {γ̃a, γ5}

+ i[ε0, e
a
µ ]⊗ γ̄a + i[ε0, ω

a
µ ]⊗ γ̃a + i[ε0, Aµ]⊗ i1l + i[ε0, Ãµ]⊗ γ5

+ 1
2 [ε̃0, e

a
µ ]⊗ {γ5, γ̄a}+ 1

2 [ε̃0, ω
a
µ ]⊗ {γ5, γ̃a}+ i[ε̃0, Aµ]⊗ γ5 − i[ε̃0, Ãµ]⊗ i1l
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(5.4)−(5.6)
= −i[Xµ, ξ

a]⊗ γ̄a − i[Xµ, λ
a]⊗ γ̃a − i[Xµ, ε0]⊗ i1l− i[Xµ, ε̃0]⊗ γ5

+ 1
2 [ξa, e bµ ]⊗ 2ηab1l + 1

2{ξ
a, e bµ } ⊗ εabcγ̃c + 1

2 [ξa, ω b
µ ]⊗ 4iδabγ5 + 1

2{ξ
a, ω b

µ } ⊗ (−4εabcγ̄
c)

+ i[ξa, Aµ]⊗ γ̄a + 1
2 [ξa, Ãµ]⊗ iγ̃a

+ 1
2 [λa, e bµ ]⊗ (4iδabγ5) + 1

2{λ
a, e bµ } ⊗ (−4εabcγ̄

c) + 1
2 [λa, ω b

µ ]⊗ (−8ηab1l) + 1
2{λ

a, ω b
µ } ⊗ (−4εabcγ̃c)

+ i[λa, Aµ]⊗ γ̃a + 1
2 [λa, Ãµ]⊗ 4iγ̄a

+ i[ε0, e
a
µ ]⊗ γ̄a + i[ε0, ω

a
µ ]⊗ γ̃a + i[ε0, Aµ]⊗ i1l + i[ε0, Ãµ]⊗ γ5

+ 1
2 [ε̃0, e

a
µ ]⊗ iγ̃a + 1

2 [ε̃0, ω
a
µ ]⊗ 4iγ̄a + i[ε̃0, Aµ]⊗ γ5 − i[ε̃0, Ãµ]⊗ i1l ⇒

δe aµ = −i[Xµ +Aµ, ξ
a] + 2{ωµb, ξc}εabc + 2{eµb, λc}εabc + 2i[λa, Ãµ] + 2i[ε̃0, ωµa] + i[ε0, eµa] ,

δω a
µ = −i[Xµ +Aµ, λ

a] + 2{ωµb, λc}εabc −
1

2
{eµb, ξc}εabc +

i

2
[ξa, Ãµ] + i[ε0, ω

a
µ ] +

i

2
[ε̃0, e

a
µ ] ,

δAµ = −i[Xµ +Aµ, ε0]− i[ξa, eµa] + 4i[λa, ωµa]− i[ε̃0, Ãµ] ,

δÃµ = −i[Xµ +Aµ, ε̃0] + 2i[ξa, ωµa] + 2i[λa, eµa] + i[ε0, Ãµ] .
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Calculations for the expressions of the component curvature tensors, (5.19):

Rµν = T a
µν (X)⊗ γ̄a +R a

µν (X)⊗ γ̃a + Fµν(X)⊗ i1l + F̃µν(X)⊗ γ5 = [X̂µ, X̂ν ]− iλC ρ
µν X̂ρ

= [Xµ ⊗ i1l + e aµ ⊗ γ̄a + ω a
µ ⊗ γ̃a +Aµ ⊗ i1l + Ãµ ⊗ γ5, Xν ⊗ i1l + e aν ⊗ γ̄a + ω a

ν ⊗ γ̃a
+Aν ⊗ i1l + Ãν ⊗ γ5]− iλC ρ

µν (Xρ ⊗ i1l + e aρ ⊗ γ̄a + ω a
ρ ⊗ γ̃a +Aρ ⊗ i1l + Ãρ ⊗ γ5)

= i[Xµ, Xν ]⊗ i1l + i[Xµ, e
a
ν ]⊗ γ̄a + i[Xµ, ω

a
ν ]⊗ γ̃a + i[Xµ, Aν ]⊗ i1l + i[Xµ, Ãν ]⊗ γ5

+ i[e aµ , Xν ]⊗ γ̄a + 1
2 [e aµ , e

b
ν ]⊗ {γ̄a, γ̄b}+ 1

2{e
a
µ , e

b
ν } ⊗ [γ̄a, γ̄b] + 1

2 [e aµ , ω
b
ν ]⊗ {γ̄a, γ̃b}

+ 1
2{e

a
µ , ω

b
ν } ⊗ [γ̄a, γ̃b] + i[e aµ , Aν ]⊗ γ̄a + 1

2 [e aµ , Ãν ]⊗ {γ̄a, γ5}+ 1
2{e

a
µ , Ãν} ⊗ [γ̄a, γ5]

+ i[ω a
µ , Xν ]⊗ γ̃a + 1

2 [ω a
µ , e

b
ν ]⊗ {γ̃a, γ̄b}+ 1

2{ω
a
µ , e

b
ν } ⊗ [γ̃a, γ̄b] + 1

2 [ω a
µ , ω

b
ν ]⊗ {γ̃a, γ̃b}

+ 1
2{ω

a
µ , ω

b
ν } ⊗ [γ̃a, γ̃b] + i[ω a

µ , Aν ]⊗ γ̃a + 1
2 [ω a

µ , Ãν ]⊗ {γ̃a, γ5}+ 1
2{ω

a
µ , Ãν} ⊗ [γ̃a, γ5]

+ i[Aµ, Xν ]⊗ i1l + [Aµ, e
a
ν ]⊗ γ̄a + i[Aµ, ω

a
ν ]⊗ γ̃a + i[Aµ, Aν ]⊗ i1l + i[Aµ, Ãν ]⊗ γ5

+ i[Ãµ, Xν ]⊗ γ5 + 1
2 [Ãµ, e

a
ν ]⊗ {γ5, γ̄a}+ 1

2{Ãµ, e
a
ν } ⊗ [γ5, γ̄a] + 1

2 [Ãµ, ω
a
ν ]⊗ {γ5, γ̃a}

+ 1
2{Ãµ, ω

a
ν } ⊗ [γ5, γ̃a] + i[Ãµ, Aν ]⊗ γ5 − i[Ãµ, Ãν ]⊗ i1l− iλC ρ

µν

(
Xρ ⊗ i1l + e aρ ⊗ γ̄a+

+ ω a
ρ ⊗ γ̃a +Aρ ⊗ i1l + Ãρ ⊗ γ5 )

= i[Xµ, Xν ]⊗ i1l + i[Xµ, e
a
ν ]⊗ γ̄a + i[Xµ, ω

a
ν ]⊗ γ̃a + i[Xµ, Aν ]⊗ i1l + i[Xµ, Ãν ]⊗ γ5

+ i[e aµ , Xν ]⊗ γ̄a + 1
2 [e aµ , e

b
ν ]⊗ 2ηab1l + 1

2{e
a
µ , e

b
ν } ⊗ εabcγ̃c + 1

2 [e aµ , ω
b
ν ]⊗ 4iδabγ5

+ 1
2{e

a
µ , ω

b
ν } ⊗ (−4εabcγ̄

c) + [e aµ , Aν ]⊗ γ̄a + 1
2 [e aµ , Ãν ]⊗ iγ̃a + i[ω a

µ , Xν ]⊗ γ̃a
+ 1

2 [ω a
µ , e

b
ν ]⊗ 4iδabγ5 + 1

2{ω
a
µ , e

b
ν } ⊗ (−4εabcγ̄

c) + 1
2 [ω a

µ , ω
b
ν ]⊗ (−8ηab1l)

+ 1
2{ω

a
µ , ω

b
ν } ⊗ (−4εabcγ̃

c) + i[ω a
µ , Aν ]⊗ γ̃a + 1

2 [ω a
µ , Ãν ]⊗ 4iγ̄a + i[Aµ, Xν ]⊗ i1l

+ i[Aµ, e
a
ν ]⊗ γ̄a + i[Aµ, ω

a
ν ]⊗ γ̃a + i[Aµ, Aν ]⊗ i1l + i[Aµ, Ãν ]⊗ γ5 + i[Ãµ, Xν ]⊗ γ5

+ 1
2 [Ãµ, e

a
ν ]⊗ iγ̃a + 1

2 [Ãµ, ω
a
ν ]⊗ 4iγ̄a + i[Ãµ, Aν ]⊗ γ5 − i[Ãµ, Ãν ]⊗ i1l

− iλC ρ
µν

(
Xρ ⊗ i1l + e aρ ⊗ γ̄a + ω a

ρ ⊗ γ̃a +Aρ ⊗ i1l + Ãρ ⊗ γ5

)
= i[Xµ, Xν ]⊗ i1l + i[Xµ, e

a
ν ]⊗ γ̄a + i[Xµ, ω

a
ν ]⊗ γ̃a + i[Xµ, Aν ]⊗ i1l + i[Xµ, Ãν ]⊗ γ5

+ i[e aµ , Xν ]⊗ γ̄a + i[e aµ , eνa]⊗ i1l + 1
2{e

b
µ , e

c
ν } ⊗ εabcγ̃a + 2i[e aµ , ωνa]⊗ γ5

− 2{e bµ , ω c
ν }εabc ⊗ γ̄a + i[e aµ , Aν ]⊗ γ̄a + i

2 [e aµ , Ãν ]⊗ γ̃a + i[ω a
µ , Xν ]⊗ γ̃a

+ 2i[ω a
µ , eνa]⊗ γ5 − 2{ω b

µ , e
c
ν }εabc ⊗ γ̄a + 4i[ω a

µ , ωνa]⊗ i1l)
− 2{ω b

µ , ω
c
ν }εabcγ̃a + i[ω a

µ , Aν ]⊗ γ̃a + 2i[ω a
µ , Ãν ]⊗ γ̄a + i[Aµ, Xν ]⊗ i1l

+ i[Aµ, e
a
ν ]⊗ γ̄a + i[Aµ, ω

a
ν ]⊗ γ̃a + i[Aµ, Aν ]⊗ i1l + i[Aµ, Ãν ]⊗ γ5 + i[Ãµ, Xν ]⊗ γ5

+ i
2 [Ãµ, e

a
ν ]⊗ γ̃a + 2i[Ãµ, ω

a
ν ]⊗ γ̄a + i[Ãµ, Aν ]⊗ γ5 − i[Ãµ, Ãν ]⊗ i1l

− iλC ρ
µν

(
Xρ ⊗ i1l + e aρ ⊗ γ̄a + ω a

ρ ⊗ γ̃a +Aρ ⊗ i1l + Ãρ ⊗ γ5

)
⇒
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T a
µν = i[Xµ +Aµ, e

a
ν ]− i[Xν +Aν , e

a
µ ]− 2εabc ({eµb, ωνc}+ {ωµb, eνc})

+ 2i
(

[ω a
µ , Ãν ]− [ω a

ν , Ãµ]
)
− iλC ρ

µν e
a
ρ ,

R a
µν = i[Xµ +Aµ, ω

a
ν ]− i[Xν +Aν , ω

a
µ ] + εabc

(
1
2{eµb, eνc} − 2{ωµb, ωνc}

)
+ i

2

(
[e aµ , Ãν ]− [e aν , Ãµ]

)
− iλC ρ

µν ω
a
ρ ,

Fµν = i[Xµ +Aµ, Xν +Aν ]− i[e aµ , eνa] + 4i[ω a
µ , ωνa]− i[Ãµ, Ãν ]− iλC ρ

µν (Xρ +Aρ) ,

F̃µν = i[Xµ +Aµ, Ãν ]− i[Xν +Aν , Ãµ] + 2i
(
[e aµ , ωνa] + [ω a

µ , eνa]
)
− iλC ρ

µν Ãρ .

Variation of the action (5.27) and determination of the parameter m2 so as the spaces R1,2
λ and

R3
λ are solutions of the field equations derived from the action:

δS0 =
1

g2
δTr

(
i

3
CµνρXµXνXρ −m2XµX

µ

)
=

1

g2
Tr

[
i

3
Cµνρ (δXµXνXρ +XµδXνXρ +XµXνδXρ)−m2(δXµX

µ +XµδX
µ)

]
=

1

g2
Tr

[
i

3
Cµνρ (XνXρδXµ −XρXνδXµ −XρXνδXµ)− 2m2XµδXµ

]
=

1

g2
Tr

[
i

3
Cµνρ[Xν , Xρ]−

i

3
CµνρXρXν − 2m2Xµ

]
δXµ

=
1

g2
Tr

[
i

3
Cµνρ[Xν , Xρ] +

i

6
Cµνρ[Xν , Xρ]− 2m2Xµ

]
δXµ

=
1

g2
Tr

[
i

2
Cµνρ[Xν , Xρ]− 2m2Xµ

]
δXµ = 0 ⇒

i

2
Cµνρ[Xν , Xρ]− 2m2Xµ = 0

i

2
CκλµC

µνρ[Xν , Xρ]− 2m2CκλµX
µ = 0

− i
2

(δνκδ
ρ
λ − δ

ρ
κδ
ν
λ)[Xν , Xρ]− 2m2CκλµX

µ = 0

[Xκ, Xλ]− 2im2C µ
κλ Xµ = 0 (E.1)

Taking into consideration the commutation relation of the coordinates for R1,2
λ , [Xµ, Xν ] =

iλC ρ
µνXρ, one finds m2 = λ. Had we started with the R3

λ action, with the only difference to the
above being the structure constants, εµνρ, one results with m2 = −λ.
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Calculations from the action (5.29) to the form of (5.30):

S =
1

g2
TrtrG

(
i
3C

µνρX̂µX̂νX̂ρ − λ
2 X̂µX̂

µ
)

=
1

g2
TrtrG

(
i
6C

µνρX̂µ[X̂ν , X̂ρ]− λ
2 X̂µX̂

µ
)

(5.14)
=

1

g2
TrtrG

(
i
6C

µνρX̂µ(Rνρ + iλCνρσX̂
σ)− λ

2 X̂µX̂
µ
)

=
1

g2
TrtrG

(
i
6C

µνρX̂µRνρ − λ
6C

µνρCνρσX̂µX̂
σ − λ

2 X̂µX̂
µ
)

=
1

g2
TrtrG

(
i
6C

µνρX̂µRνρ − λ
6 (−2δµσ)X̂µX̂

σ − λ
2 X̂µX̂

µ
)

=
1

g2
TrtrG

(
i
6C

µνρX̂µRνρ − λ
6 X̂µX̂

µ
)

=
1

6g2
TrtrG

(
iCµνρX̂µRνρ

)
− λ

6g2 TrtrG(X̂µX̂
µ)

= 1
6g2 TrtrG

(
iCµνρX̂µRνρ

)
+ Sλ ,

where we set Sλ = − λ
6g2 TrtrG(X̂µX̂

µ).
Calculations from (5.30) to (5.31):

S =
1

6g2
TrtrG

(
iCµνρX̂µRνρ

)
− λ

6g2 TrtrG(X̂µX̂
µ)

(5.9),(5.14)
= i

6g2 TrtrGC
µνρ
(

(Xµ ⊗ i1l + e aµ ⊗ γ̄a + ω a
µ ⊗ γ̃a +Aµ ⊗ i1l + Ãµ ⊗ γ5)·

(T b
νρ ⊗ γ̄b +R b

νρ ⊗ γ̃b + Fνρ ⊗ i1l + F̃νρ ⊗ γ5)
)

− λ
6g2 TrtrG

(
(Xµ ⊗ i1l + e aµ ⊗ γ̄a + ω a

µ ⊗ γ̃a +Aµ ⊗ i1l + Ãµ ⊗ γ5)·

(Xµ ⊗ i1l + eµb ⊗ γ̄a + ωµb ⊗ γ̃a +Aµ ⊗ i1l + Ãµ ⊗ γ5)
)

=
i

6g2
TrCµνρ

(
e aµ T

b
νρ ⊗ trG(γ̄aγ̄b) + ω a

µ R
b

νρ ⊗ trG(γ̃aγ̃b)− (Xµ +Aµ)Fνρ ⊗ trG1l + ÃµF̃νρ ⊗ trG1l
)

− λ
6g2 Tr

(
e aµ e

µb ⊗ trG(γ̄aγ̄b) + ω a
µ ω

µb ⊗ trG(γ̃aγ̃b)− (Xµ +Aµ)(Xµ +Aµ)⊗ trG1l + ÃµÃ
µ ⊗ trG1l

)
(5.28)
=

2i

3g2
TrCµνρ

(
eµaT

a
νρ − 4ωµaR

a
νρ − (Xµ +Aµ)Fνρ + ÃµF̃νρ

)
− 2λ

3g2 Tr
(
e aµ e

µ
a − 4ω a

µ ω
µ
a − (Xµ +Aµ)(Xµ +Aµ) + ÃµÃ

µ
)
.

Variation of the action (5.31) with respect to the gauge fields. We give the detailed calculations
of the variation with respect to the e gauge field and the rest are obtained accordingly.

δeS =
2i

3g2
TrCµνρ(δeµaT

a
νρ + eµaδeT

a
νρ − 4ωµaδeR

a
νρ − (Xµ +Aµ)δeFνρ + ÃµδeF̃νρ)−

2λ

3g2
Tr(2δe aµ e

µ
a) .

141



We break down the above expression and calculate each term separately:

2i

3g2
TrCµνρeµaδeT

a
νρ −

2λ

3g2
Tr(2δe aµ e

µ
a) =

=
2i

3g2
TrCµνρeµa(i[Xν +Aν ], δe aρ ]− i[Xρ +Aρ], δe

a
ν ]− 2εabc({δeνb, ωρc}+ {ωνb, δeρc}

− iλCνρσδeσa)−
2λ

3g2
Tr(2eµaδe

a
µ )

=
2i

3g2
TrCµνρ(i[Xν +Aν , eµaδe

a
ρ ]− i[Xν +Aν , eµa]δe

a
ρ − i[Xρ +Aρ, eµaδe

a
ν ] + i[Xρ +Aρ, eµa]δe

a
ν

− 2εabc(eµaδeνbωρc + eµaωρcδeνb + eµaωνbδeρc + eµaδeρcωνb))

− 2i

3g2
TrCµνρiλCνρσeµaδe

σa − 2i

3g2
Triλ(−2δµσ)eσaδe

a
µ )

=
2i

3g2
TrCµνρ(i[Xν +Aν , eρa]δe

a
µ − i[Xρ +Aρ, eνa]δe

a
µ − 2εabc({eµa, ωρc}δeνb + {eµa, ωνb}δeρc))

− 2i

3g2
TrCσνρiλCνρµeσaδe

µa − 2i

3g2
TriλCµνρCνρσe

σ
aδe

a
µ

=
2i

3g2
TrCµνρ(i[Xν +Aν , eρa]δe

a
µ − i[Xρ +Aρ, eνa]δe

a
µ − 2εabc({eνb, ωρc}δeµa + {eρc, ωνb}δeµa))

− 2i

3g2
TrCµνρC

νρσiλeσaδe
µa − 2i

3g2
TriλCµνρCνρσe

σ
aδe

a
µ

=
2i

3g2
TrCµνρ(i[Xν +Aν , eρa]δe

a
µ − i[Xρ +Aρ, eνa]δe

a
µ − 2εabc({e bν , ω c

ρ }δe aµ + {e cρ , ω b
ν }δe aµ ))

− 2i

3g2
TrCµνρCνρσiλe

σ
aδe

a
µ −

2i

3g2
TriλCµνρCνρσe

σ
aδe

a
µ

=
2i

3g2
TrCµνρ(i[Xν +Aν , eρa]− i[Xρ +Aρ, eνa]− 2εabc({e bν , ω c

ρ }+ {e cρ , ω b
ν })− 2iλCνρσe

σ
a)δe

a
µ

2i

3g2
TrCµνρ

(
−4ωµaδeR

a
νρ

)
=

2i

3g2
TrCµνρ

(
−4ωµa

(
1
2ε
abc({δeνb, eρc}+ {eνb, δeρc}) + i

2([δe aν , Ãρ]− [δe aρ , Ãν ])
))

=
2i

3g2
TrCµνρ

(
−2εabc(ωµaδeνbeρc + ωµaeρcδeνb + ωµaeνbδeρc + ωµaδeρceνb)

−2i(ωµa[δe
a
ν , Ãρ]− ωµa[δe aρ , Ãν ])

)
=

2i

3g2
TrCµνρ

(
−2εabc({eρc, ωµa}δeνb + {eνb, ωµa}δeρc)

−2i([ωµaδe
a
ν , Ãρ]− [ωµa, Ãρ]δe

a
ν − [ωµaδe

a
ρ , Ãν ] + [ωµa, Ãν ]δe aρ )

)
=

2i

3g2
TrCµνρ

(
−2εabc({e cρ , ω b

ν }+ {e bν , ω c
ρ })− 2i([ωνa, Ãρ]− [ωρa, Ãν ])

)
δe aµ
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2i

3g2
TrCµνρ (−(Xµ +Aµ)δeFνρ) =

=
2i

3g2
TrCµνρ (−(Xµ +Aµ)(−i[δe aν , eρa]− i[e aν , δeρa]))

=
2i

3g2
TrCµνρ

(
−i[eρa, (Xµ +Aµ)δe aν ] + i[eρa, Xµ +Aµ]δe aν + i[eνa, (Xµ +Aµ)δeρa]− i[eνa, Xµ +Aµ]δe aρ

)
=

2i

3g2
TrCµνρ (i[Xν +Aν , eρa]− i[Xρ +Aρ, eνa]) δe

a
µ

2i

3g2
TrCµνρ

(
ÃµδeF̃νρ

)
=

=
2i

3g2
TrCµνρÃµ (2i[δe aν , ωρa] + [ω a

ν , δeρa])

=
2i

3g2
TrCµνρ

(
2i[Ãµδe

a
ν , ωρa]− 2i[Ãµ, ωρa]δe

a
ν + 2i[ω a

ν , Ãµδeρa]− 2i[ω a
ν , Ãµ]δe aρ

)
=

2i

3g2
TrCµνρ2i

(
[ωνa, Ãρ]− [ωρa, Ãν ]

)
δe aµ

Combining the above calculations, the δeS becomes:

δeS =
2i

3g2
TrCµνρ

(
Tνρa + i[Xν +Aν , eρa]− i[Xρ +Aρ, eνa]− 2εabc({e bν , ω c

ρ }+ {e cρ , ω b
ν })− 2iλCνρσe

σ
a

− 2εabc({e cρ , ω b
ν }+ {e bν , ω c

ρ })− 2i([ωνa, Ãρ]− [ωρa, Ãν ])

+i[Xν +Aν , eρa]− i[Xρ +Aρ, eνa] + 2i[ωνa, Ãρ]− 2i[ωρa, Ãν ]
)
δe aµ

=
2i

3g2
TrCµνρ

(
Tνρa + 2i[Xν +Aν , eρa]− 2i[Xρ +Aρ, eνa]− 4εabc({e bν , ω c

ρ }+ {e cρ , ω b
ν })− 2iλCνρσe

σ
a

+4i[ωνa, Ãρ]− 4i[ωρa, Ãν ]
)

=
2i

3g2
TrCµνρ (Tνρa + 2Tνρa) = 0 ⇒ Tνρa = 0 .

In the above calculations, among others, the antisymmetricity of the structure constants, the
trace invariance under cyclic permutations, the vanishing of the trace of a commutator (see
section 3.1.1) and the expressions of the component field strength tensors, (5.19), have been
used. Variation with respect to the rest of the gauge fields is carried out in a similar way.
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Appendix F

Four-dimensional noncommutative
gravity as a gauge theory: Calculations
of the field transformations and
curvature tensors

In this appendix, we present steps and calculations for the transformations of the gauge fields
and the component curvature tensors for the four-dimensional gravity as a noncommutative
gauge theory. In the end, we check whether our results are valid, after the consideration of the
commutative limit.

In the main body, in section 6.2, we provided all definitions and necessary information for
the set-up of the gauge theory. For a better flow, all calculations that should lie in the text after
equation (6.15) are moved in this appendix. So, picking the thread from there, we move on with
the calculation of the transformations of the gauge fields and the expressions of the component
curvature tensors.

Instead of proceeding with using the transformation rule of the covariant coordinate, (6.10),
for a straightforward calculation of the transformation of the sixteen gauge fields of the theory,
for calculative reasons, first we employ an SO(5) notation and then, applying a decomposition,
we return to the SO(4) notation we have already adopted. As we explained in section 6.1,
for reasons of anticommutation closure, the generators of the gauge group SO(6)×U(1) are
encountered in a fixed representation given by 4×4 matrices:

1, Mab = − i
4

[Γa,Γb] = − i
2

ΓaΓb,
1

2
Γa, −

1

2
ΓaΓ5, −

1

2
Γ5 . (F.1)

For the upgrade to the SO(5) notation, we introduce the matrices ΓA, which satisfy the following
anticommutation relation:

{ΓA,ΓB} = 2δAB1l , (F.2)

with A,B = 1 . . . 5. Taking this into consideration, the above generators, (F.1) can be rewritten
in the following compact form, in terms of the ΓA matrices of equation (F.2):

1, ΓA, MAB = − i
4

[ΓA,ΓB] . (F.3)
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In this SO(5) notation, the algebra of the generators and their anticommutation relations are
found to be the following [145]:

[MAB,MCD] = i(δACMBD + δBDMAC − δBCMAD − δADMBC) ,

[ΓM ,MNP ] = i(δMPΓN − δMNΓP ) ,

{MAB,ΓC} = εABCDEMDE ,

{MAB,MCD} =
1

2
(δACδBD − δADδBC)1 + εABCDEΓE . (F.4)

Next, we turn all components of the gauge theory into the SO(5) notation, specifically, the
covariant coordinate is written as:

X̂m = Xm ⊗ 1l +Am(X)⊗ 1l +A B
m (X)⊗ ΓB +A AB

m (X)⊗MAB , (F.5)

the gauge parameter as:

ε(X) = ε0(X)⊗ 1l + ξA(X)⊗ ΓA + λAB(X)⊗MAB (F.6)

and, accordingly, the field strength tensor as:

F̂mn = [X̂m, X̂n]− i~
λ2

Θ̂mn ⊗ 1l , (F.7)

which is decomposed on the generators of SO(6)×U(1) in the SO(5) notation:

F̂mn = Fmn(1l)⊗ 1l + F A
mn (ΓA)⊗ ΓA + F AB

mn (MAB)⊗MAB . (F.8)

Now, after rewriting the algebra and the expressions related with the gauge theory, we may
proceed with the calculations. The transformation rule of the covariant coordinate is:

δX̂m = i[ε, X̂m] . (F.9)

Replacing the expressions in (F.5) and (F.6) into the above rule, we obtain the transformations
of the component gauge fields in the SO(5) notation:

δAm ⊗ 1l =

(
−i[Xm, ε0]− i[Am, ε0] + i[ξA, A

A
m ] +

i

2
[λAB, A

AB
m ]

)
⊗ 1l , (F.10)

δA A
m ⊗ ΓA =

(
−i[Xm, ξ

A]− i[Am, ξA] + i[ε0, A
A
m ]− {ξB, A AB

m }+ {λAB, A B
m }

+
i

2
[λBC , A DE

m ]εABCDE

)
⊗ ΓA , (F.11)

δA AB
m ⊗MAB =

(
−i[Xm, λ

AB]− i[Am, λAB] + i[ε0, A
AB
m ]− 2{ξ A, A B

m }+
i

2
[ξ C , A DE

m ]εABCDE

+
i

2
[λCD, A E

m ]εABCDE −
1

2
{λAC , A BC

m }
)
⊗MAB . (F.12)

From the field strength tensor definition, (F.7), its expansion, (F.8) and the definition of the
covariant coordinate in the SO(5) notation, (F.5), we obtain the following expressions of the
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component curvature tensors:

Fmn ⊗ 1l =

(
[Xm, An]− [Xn, Am] + [Am, An] + [A A

m , AnA] +
1

2
[A AB

m , AnAB]− i~
λ2
Bmn

)
⊗ 1l

(F.13)

F A
mn (ΓA)⊗ ΓA =

(
[Xm, A

A
n ] + [Am, A

A
n ]− [Xn, A

A
m ]− [An, A

A
m ] + i{AmB, A AB

n }

−i{A AB
m , AnB} −

1

2
εABCDE [A EB

m , A CD
n ]− i~

λ2
B A
mn

)
⊗ ΓA (F.14)

F AB
mn (MAB)⊗MAB =

(
[Xm, A

AB
n ] + [Am, A

AB
n ]− [Xn, A

AB
m ]− [An, A

AB
m ] + 2i{A A

m , A
B
n }

+
1

2
([A C

m , A
DE
n ]− [A C

n , A
DE
m ])εABCDE + 2i{A AC

m , A B
n C} −

i~
λ2
B AB
mn

)
⊗MAB . (F.15)

Next, in order to go back to the previous notation and express the above results, (F.12) and
(F.15), in the desirable, SO(4) language, we proceed with the following decompositions of the
SO(5) generators:

ΓA → (Γa ≡ 2Ka,Γ5 ≡ −2D) , MAB →
(
Mab = − i

4 [Γa,Γb],Ma5 = − i
2ΓaΓ5 ≡ Pa

)
. (F.16)

Accordingly, we decompose the gauge fields to the SO(4) notation:

A AB
m → (A ab

m ≡ ω ab
m , A a5

m ≡ e am) , A A
m → (A a

m ≡ b am, A 5
m ≡ ãm) , Am → am , (F.17)

and also the 2-form gauge field:

B AB
mn → (B ab

mn , B a5
mn ), B A

mn → (B a
mn , B

5
mn ) , (F.18)

as well as the components of the SO(5) gauge parameter:

λAB → (λab, λa5 ≡ ξ̃a) , ξA → (ξa, ξ5 ≡ ε̃0) ε0 → ε0 . (F.19)

Applying all the above decompositions and identifications on the expressions of the transfor-
mations of the gauge fields in the SO(5) notation, (F.12), we obtain the corresponding transfor-
mations in the desired SO(4) notation:

δω ab
m = −i[Xm, λ

ab]− i[am, λab] + i[ε0, ω
ab
m ]− 2{ξa, b bm} −

1

2
{λac, ω bc

m } −
1

2
{ξ̃a, e bm}

+ i[ξc, e dm]εabcd +
i

2
[ε̃0, ω

cd
m ]εabcd +

i

2
[λcd, ãm]εabcd − i[ξ̃c, b dm]εabcd (F.20)

δe am = −i[Xm, ξ̃
a]− i[am, ξ̃a] + i[ε0, e

a
m]− {ξa, ãm}+ {ε̃0, b am}+

1

4
{λab, e bm} −

1

4
{ξ̃b, ω ab

m }

+ i[ξc, ω bd
m ]εabcd − i[λcd, b bm]εabcd (F.21)

δb am = −i[Xm, ξ
a]− i[am, ξa] + i[ε0, b

a
m]− {ξb, ω ab

m } − 2{ε̃0, e am}+
1

2
{λab, b bm}+ {ξ̃a, ãm}

+ i[λbc, e dm]εabcd + i[ξ̃b, ω cd
m ]εabcd (F.22)

δam = −i[Xm, ε0]− i[am, ε0] + i[ξa, b am] + i[ε̃0, ãm] +
i

2
[λab, ω

ab
m ] +

i

2
[ξ̃a, e

a
m] (F.23)

δãm = −i[Xm, ε̃0]− i[am, ε̃0] + i[ε0, ãm] + {ξa, e am} − {ξ̃a, b am}+
i

2
[λad, ω bc

m ]εabcd . (F.24)
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Similar procedure is followed for the calculation of the transformation rules of the 2-form com-
ponent gauge fields:

δBmn = −i[Θmn, ε0]− i[Bmn, ε0] + i[ξa, B a
mn ] + i[ε̃0, B̃mn] +

i

2
[λab, B

ab
mn ] +

i

2
[ξ̃a, B̃

a
mn ]

(F.25)

δB̃mn = −i[Θmn, ε̃0]− i[Bmn, ε̃0] + i[ε0, B̃mn] + {ξa, B̃ a
mn } − {ξ̃a, B a

mn }+
i

2
[λab, B bc

mn ]εabcd

(F.26)

δB̃ a
mn = −i[Θmn, ξ̃

a]− i[Bmn, ξ̃a] + i[ε0, B̃
a

mn ]− {ξa, B̃mn}+ {ε̃0, B a
mn }+

1

4
{λab, B̃ b

mn}

− 1

4
{ξ̃b, B ab

mn }+ i[ξc, B cd
mn]εabcd − i[λcd, B b

mn ]εabcd (F.27)

δB a
mn = −i[Θmn, ξ

a]− i[Bmn, ξa] + i[ε0, B
a

mn ]− {ξb, B ab
mn } − 2{ε̃0, B̃ a

mn }+
1

2
{λab, B b

mn}

+ {ξ̃a, B̃mn}+
i

2
[λbc, B̃ d

mn ]εabcd + i[ξ̃b, B cd
mn ]εabcd (F.28)

δB ab
mn = −i[Θmn, λ

ab]− i[Bmn, λab] + i[ε0, B
ab

mn ]− 2{ξa, B a
mn } −

1

2
{λac, B bc

mn } −
1

2
{ξ̃a, B̃ b

mn}

+ i[ξc, B̃ d
mn ]εabcd +

i

2
[ε̃0, B

cd
mn ]εabcd +

i

2
[λcd, B̃mn]− [ξ̃c, B d

mn ]εabcd . (F.29)

Also, we do the same for the component curvatures. The SO(4)-notation expressions of the
component tensors of Rmn of (6.14) are obtained starting from (F.15):

Rmn = [Xm, an]− [Xn, am] + [am, an] + [b am, bna] + [ãm, ãn]

+
1

2
[ω ab
m , ωnab] + [ema, e

a
n ]− i~

λ2
Bmn (F.30)

R̃mn = [Xm, ãn] + [am, ãn]− [Xn, ãm]− [an, ãm]− i{bma, e an }+ i{bna, e am}

+
1

2
εabcd[ω

ab
m , ω cd

n ]− i~
λ2
B̃mn (F.31)

R a
mn = [Xm, b

a
n ] + [am, b

a
n ]− [Xn, b

a
m]− [an, b

a
m] + i{bmb, ω ab

m } − i{bnb, ω ab
m }

+ i{ãm, e an } − i{ãn, e am}+ εabcd([e
b
m, ω

cd
n ]− [e bn , ω

cd
m ])− i~

λ2
B a
mn (F.32)

R̃ a
mn = [Xm, e

a
n ] + [am, e

a
n ]− [Xn, e

a
m]− [an, e

a
m] + i{b am, ãn} − i{b an , ãm}

− ([b bm, ω
cd
n ]− [b bn , ω

cd
m ])εabcd − i{ω ab

m , enb}+ i{ω ab
n , emb} −

i~
λ2
B̃ a
mn (F.33)

R ab
mn = [Xm, ω

ab
n ] + [am, ω

ab
n ]− [Xn, ω

ab
m ]− [an, ω

ab
m ] + 2i{b am, b bn }+ ([b cm, e

d
n ]− [b cn , e

d
m])εabcd

+
1

2
([ãm, ω

cd
n ]− [ãn, ω

cd
m ])εabcd + 2i{ω ac

m , ω b
n c}+ 2i{e am, e bn } −

i~
λ2
B ab
mn (F.34)
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