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ITeptAnym

O TIPOYPOHHATIOHOG TJAEKTPOVIK®Y DTIOAOYLOTMV EIVOL APKETA TIO STIHOPIAT|G GT{HEPX, HE OAOEVX
KO TIEPLOGOTEPN KTOHA VO XOXOAOLVTOL [E AUTOV. 'ADOCEG TPOYPAHHATIOHOV LYMAOD emIESOUL e
TIAVIGYVPEG YEVIKEVEVEG EVVOLEG KAVOUV EDKOAO Y10 TOV OTIOLOVST|TIOTE VO YPAYEL TTPOYPAHHaTa. ATIO
™V GAAN peEPLd, To va Seiel Kavelg OTL éva pOypappa €Xel TNV €MBLUNTH CLUTEPLPOPK gival pia
apkeTta SuokoAdtepn Sadikaoia. O €Aeyxog TOM@Y givon N MO PACKT| TIPOTEYYIOT YIX VO TO €MITL-
XOUHE. Xg QUTHV T SUTA®MPOTIKT], TAPOVGIA(OVE VO OTATIKO GUOTNHN TOTI®V, IOV TIEPLEXEL TOTIOVG
TOUNG KA1 APVNONG KAL LI GXECT LIIOTUTI®V, MOTE VA aVOBECOVE PKETA TIEPLYPAPIKOVG TUTIOVG OE
TIPOYPAHHATA Hio KITATIG CUVOPTNOLAKTG YADOOCGAG HE TAipLXo X TIPOTON®V. Agiyvoupe 6Tt o 000TNHX
TOMOV pag avabéTtel TOMOLG HOVO GE TIPOYPAUPATH [E KaBoplopévn onpactoAoyia, SnAadn, OTL €xel
mv 1810TNTa NG A0PEAELAG TOTI®V.

A€&erg KA1

IM\@hooeg MPOYPAPHATIONOD, ZuoTHOTH TON®V, Ac@dAsia TONwY, TOMot Toprg, TOmol &pvnong,
Ymnotonot.






Abstract

Computer programming is a lot more popular nowadays, with more and more individuals involved
with it. High-level programming languages with powerful abstractions make writing programs an easy
task for anyone. On the other hand, proving that a program has the intended behavior is a much harder
task. Type checking is the most basic approach to achieve this. In this thesis, we present a static type
system, that includes intersection and negation types and subtyping, to assign very descriptive types
to programs of a simple functional language with pattern matching. We prove that our type system
assigns types only to programs with defined semantics, that is, it has the safety property.

Key words

Programming languages, Type systems, Type safety, Intersection types, Negation types, Subtyp-
ing.
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Keoalawo 1
Ewcaynyn

1.1 Xkomog

Ye autnVv ) SIMA®UATIKT epyacia, opi{ouEe éva OTATIKO OUOTNHA TOTI®V, TO OMOI0 CUHTIEPIAC-
Bével TOMOULG TOPTG KO TUTTOLG GPVIOTG KA EVX GUCTI LA LTIOTUTIWV, £T0T MOTE VA avaBETOVE APKETK
TIEPLYPAPIKOVE TOTIOVG GE TPOYPAHHATA PiNG ATATIG CUVAPTNOIXKIG YADOGHG TTPOYPAH HATIGHOD TIOU
EXEL TAIPLOXT A TIPOTVUTIWV. AELXVOLUE OTL TO CUOTNHA TOTIWV HOG AVAOETEL TOTIOLE HOVO GE TIPOYP& |-
poto pe KaBoplopévn onpacioroyia, SnAadT, 0Tt €xel TNV 1610TNTA TG ATPAAELING TUTIWV.

1.2 Kivitpo

O TPOYPOHHATIOHOG DTIOAOYIOTAOV GLVEXICEL Vo YIVETOL IO STHOQPIANG OTIHEPX, HE OAOEVO KOl
TIEPLOCOTEPN KTOHX VX GGYOAOVVTAL [E auTOV. T faoKG epyoAeial TOL TIPOYPAHHATIOHOD, 01 YADOTES
TIPOYPOPHATICHOD, €IV TTAEOV KXPKETH EDKOAEG Y1t TOV OMO1OVONTIOTE Vi TG PaBel. YToAOY10TEG o€
KGBe onpeio xepilovtal Tig MEPIOCOTEPEG QMO TIG KAONUEPIVEG OG EPYATIEG HE KPKETH KMOSOTIKO
tpomo. Iapoia autd, pe Ta emmAéov emimeda aQaipeong, 1| CUAAOYIOTIKT] TIEPL TG CLUTEPLPOPAS
TV TIPOYPUHHAT®V AVASVETAL WG OAOEVH KO OT|HAVTIKOTEPO TIPOPANHA. O TEPLoadTEPOG XPOVOG EVOG
TIPOYPOHHATIOTH| AVOAQVETOL OTNV OMTOCPAALATOOT) KOl 0TOV EAEYXO AEITOLPYING EVOG AOYIGHIKOD E
OKOTIO V& eMPBeBoiyoel OTL TPAYHATL SOLAEVEL e TOV emBLUNTO TPdTO.

O oTaTIKOG €AeyX0G TOM®V €ival 1) O BaoKT] HOpET EMOANBELOG TNG CLUTEPIPOPAG TIPOYPA -
patwv. ‘Exovtag éva obotnpa 1o onoio mpoomnabel va anodaael TOMoVG o€ TPoypappuatTa faaoel g
SOHNG TOLG, EMTPEMETAL O EYKAIPOG EVIOMIOHOG KATIOIOV TIPOYPAPHATIOTIKGOV 0@aApdtav. O tonog
TIOU AVOTIOETOL O€ KATIO0 TIPOYPAIN TIAPEXEL, ETIIONG, XPTIOIHN TTANPOPOPIX OXETIKK HE TN AELTOUp-
yiot TOV, amoTeEA@VTAG pia eyyevr] ene&nynor Tov mov §eATTETON TAVTOYPOVA LLE TOV TINYAIO0 KOOIKK
TOU.

DUVOIKA, 600 o KPP elval AT 1 TANPOPOPIA Y10 VA TIPOYPAUHA, TOCGO To Xprotun eivat. H
unapén evog CLGTIHHATOG TUTIWY TIOL AVABETEL KATAAANAOLG CAAG Kot TIEPLYPAPIKOVG TOTIOLG O€ TIPO-
VPAHHOTA QMALTEL EVAX EDPV GOVOAD ATIO KATROKEVAGTES TOTIMV, Ol OTIOL0L KATAYPAPOUY GUYKEKPLUEVES
oxéoelg HeTa&lh aAAwv TOnwv. BéBoa, Ba mipemnel va e§ao@aAicovpe OTL apKETE EYKLPA TIPOYPAUHOTA
HTIOPOVV OKOUA VO QvTIOTOLXNB0VY G€ KGO0 TOTOo, SNAadT], 01 TUTIOL TV PHEPQOV TTOL TH AMAPTIOLY
elvon Suvatd va toprdéouvy peta&d Toug.

Ye aquthyv TN SIMAGUATIKY €pyaoia, Tapoval&(OVE Vo TETOI0 GUOTNHA TUTIWV. AOVAEDOLE HE
pio MAovo1x GAYESpa MO KATAOKELAOTEG TOTI®V, OTIWE TUTIOL TOUT|G Kl TOToL &pvnong. Emtpénovpe
0€ EKPPATELG VA EXOLV OPKETOVG TOTIOVG IE TN XPNON HIGG CUVTOKTIKG OPIOHEVNG GXECT|G LTTOTOTIMV.
H yA®ooo mpoypappaTiopon, otnyv onoia amodidovjie TOOLE, lval Hia A} CUVXPTNOIOKN YA®COO
TIOU XPT|O1HOTOLEl TAIPIXGHA TIPOTUTIWV GTOV OPIOHO GUVOPTHOE®V HE TMOAAXTIAEG prITPEG. ALTO TO
XOPOKTNPLOTIKO TNG YAOOCONG HOG EMTPENEL TN XPNOT OLVOAODEWPNTIKAOV KATHOKEVAOTAOV TUTIWY,
WOTE VO avaBECOL|IE TOTIOLG OTIG CUVAPTIOELS TG, Ol OTIOI0L TTAPEXOLV Hia TTOAD KOVTIVI] TIEPLYPOQT|
O€ OX€0T HE TNV TPAYHATIKI AEITOLPYIX TOVG,
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Kepalaio 2

Opiwopog I'wooag

INa va oxedidoovpe oOVBETA GLOTAHATA TUTIWV KOl VO AVOAVCOLE TIG 1810TNTEG TOVG, TIPAOTA
Xpeladeton v opiooupe pic KATGAANAT YAQOOO TIPOYPAHHATIOHOV X®pig TUTOVG, oty onoia Ba e1-
OGyoULE TOTOVG KPYOTEPA. AUTH N YADOO Bax TIPEMEL var elval apKeT ammAr] Kot KOpYT, €101 @OTE VA
QTOQVUYOLHE T CLJTNOT] YIX TIG TIEPIOCOTEPEG ATIO TIG TEXVIKEG AEMTOUEPELEG TIEPT TV SOUDV TNG,
OAAG TOVTOXPOVA, XPELACETAL KATIOH EVEIAPEPOVTO KO XPTOHO XAPAKTNPLOTIKEG, TTov Bpiokovton oe
TIPOYHOTIKEG YADOGEG TTPOYPAMPHATIOHOV, OOTE va a&ilel va aoxoAnBovpe pe ToO GUAAOYIOHO TNG Agl-
TOLPYLOG TPOYPAPHATOV GE AUTAV. AVTEG Ol AMOTHOELG PG 0SNYOUV G€ Piot GLVAPTNOINKN YA®CGOQ,
TIAPOLOLN [IE KVTEG TNG OIKOYEVELNG TNG ML, TIOL €XEL WG TTUPTVA TNG TOV YVROOTO ayvo AGUSK AOYIGHO.
AxohovBel n mapovaoiaon g emAeypévng YAOOGNG, §ivovtag Toug 0plopong TG GUVTASNG KOl TG
ONOo10A0YiaG TNG.

2.1 Xovradn

H otvtaén touv Adpda Aoylopoo mepiexel povo tpia €idn eEKPPAOEMV, CUYKEKPIHEVH, HETAPBATTEG,
Aapda agaipéaelg (0plopoDg CLVHPTTE®V) KOl EQAPHOYEG LTTOEKPPAoEwY. OmoloadnmoTe pobnpa-
TIKOG LTTOAOYLIOHOG elvan SuvaTo va avayBel oe avTéG TIg faoikég Asttoupyieg, Kavovtag To Adpda Ao-
YIOHO TOXUTOXPOVA Hia OTTAT] YAQOTO TIPOYPAPHATICHOD KAl £VOl LOBNHOTIKO OVTIKEIIEVO Y10 TO 0TI010
ovvBeta Bewpripata pmopovy va amodetyBouv.

Enexteivoupe autn T oTOKEIOST oOVTAEN, Yl AGYOoUG GVEOTIG KOl THPOVOINGTG, OAAG, ETIOTG,
[LlE OKOTIO VX TIOXPOVLCIACOVHE €V CUOTNHA TOTOV IOV SOVAEVEL KOAX |E OPLIOHEVA XOPAKTIPLOTIKK
YA®GOQV mpoypappatiopol. H yAoooa pag mepthappdavel €va oOVoAo oTabep®v Kal TEAEGTQV, EvVa
TeEAEOTI 0TABEPOV OTHEIOV KO OPIOHO CUVAPTICEDV HE TOAAXTTAEG PITPEG KU1 THIPLAGHN TIPOTUTIMV.

H mAnpng agnpnpévn ovvtagn mg yAoooog eaivetal 0to oxnpa 2.1. Ot oupfaoelg mov xprnoipo-
TIOLOOVTAL G QUTAV TN YPOHHOTIKY (Kot 0TO DITOAOLTO KUTHG TNG EPYAOING) EIVOL TXPOHOLEG HE QUTEG
TV ovppatik®v BNF ypappoatikav. H kOpla Stagopd eivat 0Tt EMTPETOVYE TV AVATAPACTAOT P0G
TIEMEPACHEVT|G AKOAOLBIOG WG vy, . - . , vy YIX ATIAOTNTO.

2.1.1 Mopoég Ekgpacemv

H ypappatikr g agnpnpévng ouvtaéng g yAwooog eivar amAd évag cuUTayT|G GUHBOAIGHOG
YIX VOt OPIOOUE EMAYOYIKE OAEG TIG EYKLPEG GOHEG TIOL UTTOPOVV VX KATOOKELKOTOOV 0TI YAOTOX
pog. Ovopalovpe auTéG TIG SoPEG OPOLE 1) EKPPAOELS (expressions). XprOHOMOO0HE TN HeTABANTH
e (pe Stagpopoug deikteg) yia va avagepBolpie o€ onoladnmote EKQpaoT, eve £ eivat to olvoAo mov
TIEPLEYEL OAEG TIG EKPPATELG,

Acg e€etdiooupie TOPA TIG SUVHTEG CUVTAKTIKEG HOPQEG PG EKPPAOT|G € SIVOTOG TTEPLOTOTEPEG AE-
TITOPEPELEG Y10t aUTEG. [l omoladr|mote €K@paon e akplBOg pia amd TIG MAPAKAT® TIPOTACELG Elvon
aAndng:

e H éxoppoaon e éxel ) popon piag petafBAntng (variable), e = x. Xpno1ponolovpe TG HeTAPANTES
Z KOy Yo va ava@epBolpie o€ peTafAnTég g YAWooag pag. Ot peTaffANTé eival ovopata Tov

HTIOPOVY VO AVOQEPOVTAL GE TTXPAHETPOVE CLUVAPTHTEWDV KOl XPTO1LOTTOI0VVTAL, OTNV 0VOIX, WG
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oUpPoAx Béoewv avTIKATAOTAOTG OO GAAEG EKPPAOELG KATA T SIAPKELX LITOAOYIGHOV €VOG
TIPOYPAHHATOG.

H éxppoaon e el popon piag otabepag (constant), e = ¢ (e, . . . , €,) Y10 KATOLEG EKPPATELG
e;. Ol otabepég eivar mAe1adeg kamolov peyeBoug kot Exouv emiong Eva Ovopa. Xprnolponotope
™ HETAPANT ¢ Yo T0 OVopa oTaBep@v, eve 0 aplBpog n eivar To péyefog e, Ta otoeia piag
otaBepag, ey, . . ., e, 8V XpelaeTan va gival Ta idiax otabBepég, pmopel va eivon onoleadrinote
eKQpaoelg. OvopdlovE QUTAV TN HOPPN EKPPAOEDV oTabepd, KaBOG 1 enTePIKN NG Sopn
(6vopa kon péyeBog) Sev pmopel va aAAGEel kata ) Sidipkela vroAoyiopav. Emiong, ot mpaypo-
TIKEG paBnpatikég otabBepég, 0T 01 aképaiot aplBjiol Ko o1 Aoyikég atabepég, eival o€ autrv
™ Hopon, 0mov n = 0 Ko To Ovopa NG oTabepag avriotoykel oty Tipn me. Ot otabepeg pmo-
POUV Vo XpNOHOTOoNB00V Yl Vo KATAOKEVAGOL|LE OTOLAST|IOTE GVVOETN EPPOAIGHEVT SOUT
WOTE VO OPYAVWOOOVE TA SESOUEVA [LOG HE KATIOI0 GUYKEKPLEVO TPOTIO.

H ékopaon e éxel n popen evog teAeotr| (operator), e = op (e1, . . . , €,) YI& KATIOLEG EKPPATELG
;. Ol TEAEOTEG €XOVV OVOHATA Kot TTANB0G OploPaT®V. XPro1oTol00E TN HETRBANT op yix
OVOHOTN TEAEGT®Y, VM 0 aplBpdg n gival o MANB0G oplopdtav Tov teAeaTr). K&Be teAeotig
Ba Tpémel var GLVOSEVETAL QMO TN GNUACLOAOYIKT TOL CLVAPTNON, [op], N onoia opilel MwG
0 TEAEOTNC EQAPUOLETOL OTO TEAOVHEVA TOU €1, . . . , €, KOl GAAGLEL TNV EKPPACT) TOL TEAECGTN
OTO LUTIOAOYLOEVO amoTEAEOpA TNG. OnoTte, aviiBeta pe Tig otabepeg, T0 CULVOAO TV TEAETTOV
MG YAQOoog 8¢ pnopel va enektabel amd tov TPoypappaTIoTH. ZUHTEPIAGHBAVOLLE TEAEGTEG
0TI YAQOOO UG Y VO €XOVHE HEPIKEG PAOIKEG AE1TOLPYIEG TAV® 0TI HTAOVOTEPEG OTABEPEG
HOG, OTG aplBUNTIKEG KAl AOYIKEG TTPAEELG, aAAG Ba pmopovoape va €xovpe BifAobnkeg pe
S1@opoug TeEAEGTEG, TTOL LAOTIOIOVYV OTOLOST|IOTE OUVOETO LTTOAOYIOPO Ge onolodrmote €i60g
ano dopnpéveg otabepéc.

H éxopaon e €xel  popen piag ovvaptnong (function), e = fundi| ... |d,end. Ot opi-
Opol oLVapTHOE®Y eCOKAgiovTal amo Tig Aé&elg kAedid fun kot end Ko TepLEYOLY pia aKo-
AovBia amod ovvaptnolakég pRTpeg (clauses). Xpnolponotodpe t PeTafANTH d yix prTPES, EVQD
o0 ap1Bpog m eivon to mABog g axoAouvBiag toug. Kabe cuvaptnoilokn pntpa d, €1t Hopen
P — €, OTIOL OVOUA{OVLIE TO p TIPOTLTIO TNG PHTPAG KAL TO €, EKPPAOT| EMOTPOPNS TNG PN-
pag. YTdpyxovv 800 €i6n MPOTUM®WVY, CUYKEKPILEVA, TO TIPOTLTIO HETAPANTAG, p = x, OOV T
etvon pia petafAnt, kot 1o otabepod npotuno, p = ¢ (1, .. ., xy), OMOL KABEVA anod T x; €i-
vat pia petafAnTn kot ¢ givat 1o dvopa piog otabepdg peyeBovg n. OAn aut N obvTaén TV
OLVAPTNOEWV TIEPLYPAPEL TOUG LIIOAOYLOHOVG TIOL XPELACETaL Va TIpayaTomnonfolv og KAmowx
QVOLEVOLEVT] EKQPOCT |LE CLYKEKPLUEVT] HOp®T] (€10060G GUVAPTNOTC) |IE GKOTIO TNV EMOTPOYN
piog GAANG €kppaong wg anotéAecpa (€6080g cuvaptnong). TéAog, emTpénovpe TNV €161KT| OL-
vaptnon funend, SnAadn pia ocuvaptnon xwpic kappia pntpa (m = 0), ®¢ éykupn EKPpaaon
oLVAPTNOTNG, KaBmG, Onwg Ba Sovpe apyoTepa, €xel Evav €161KO pOAO OTNV AMOTIUNGCT] T®V €K-
QPAOE®V.

H ékppaon e éyel ) popen piag epappoyng (application), e = e1 es Yl KATOEG EKPPATELS €1
KOl e3. Ol EQUPHOYEG CLUVEEOLV TO BACIKG SOHIKE HEPT) TRV TIPOYPAPHAT®V, TIG CUVAPTIOELG, e
GAAEG EKQPAOELG G €10080 Tovg. Edv o1 ekppaaelg toupidlovy, Ba mpovpe TEAIKE TNV avVapE-
vopevn €o6o g auvaptnong. [Ipog anmoguyn moAAwv napevBésewv, vioBetove T cOPBaon
OTL Ol EQOPHOYEG EIVAL KPLOTEPG TIPOCETAIPIOTIKEG, ONANST, e1 es ez €ivan N 8l Ekepaon e
(e1 e2) e3.

H éxgppaon e éxel ) popon evog otabepov onpeiov (fix-point), e = fix z.e, yia kanowx k-
epaon e,. Oropiopoi atabepav onpeinv Eekvovy pe n Aé&n kAeldi fix akoAovBovpevo amd to
OVOp piog pETABANTIAG Ko Affyouy e pia GAAN €EK@paaT), TNV EKQEPAOT) EMOTPOPT|G TOL oTabE-
pov onpeiov. Mia ék@poon otabepol onpeiov eMTPENEL 0T PETABANTA NG, T, VX AVOQEPETAL
oW OTNV 0OAGKANPT GpXIKN EKQPOOT] €, KAVOVTAG SUVATO TOV OPIOHO AVOOPOUIKGOV VTTOAOYL-



Op®V. Ba §oVpE apyOTEPR TIWOG QUTH T) KUKAIKT| OCUHTIEPLPOPG EMTUYXAVETOL EEETALOVTOG TNV
QMOTIHNON TV EKQPATEWV.

2.1.2 Tpég

Ovopadoupe pia ekppaon Tov BewpolpE ®G EYKLPO SLUVATO TEAKO VTTOAOYIOHEVO XMOTEAECHA
€vog mpoypappatog T (value). H agnpnuévn odvtagn TV TIH®OV 0T YAQOGH HOG GAIVETRL OTO
oxNua 2.2. XpnolHOoMolo0HE T HETafANT v yia va ava@epBoljie oe omolaxdnmote Tipt, eve V' eivon
T0 06UVOAO TIOL TIG TIEPLEXEL OAeG. H petaffAnTr d xpnoiponoteiton Exva yiax guvapTNOIOKEG PHTPEC, O
omoieg éxouv akplBag v 161 ouvTaén dnwg 666nke ato oxnpa 2.1.

AT auThV TN YPOPPOTIKT Y10 TIG TIHEG, £XOVHE OTL YIX OTTOIXSHTIOTE TN v aKPIPOG Eva amo Ta
TAPAKAT® Elvon aAnBéc:

e H Tyn v éxer m popon piag otabepdg (constant), v = ¢ (vy,...,vy) Y& KATOEG TIHEG V;.
AnAadn, pia ékppaon otabepdg eivot TP HOVO ebv OAX Ta GTOKELN TNG ELVOL EMIOT|G TLHEG.

e H tipn v éxer m popen piag ouvaptnong (function), v = fundy | ... |d,end. AvtifBeta pe Tig
otaBepég, Kabe EKQpaoT CLVAPTNOTG EIvaL EMTON G TIN.

To o0voAo TV TIH®V ev pumopel va oploTel auTOVOpK, eMe1dT] 01 TIHEG eivan oLUVOESEIEVEG |IE TOV
TPOTIO TIOL S1EVEPYODVTAL O1 UTTOAOYIOHOTL 0TI YA®GOX HOG. O TIPEMEL v eAEYEOVHE OTL O1 TIHEG, OTIWG
S00nkav €60, CLUPWVOVV HE TOV OPLOHO TNG KMOTIHNONG TWV EKPPATERVY oL Ba 0bel oe emdpevn
evoTn IO,

2.1.3 Taipracpa IIpotdTOV

EiSape mponyoupévag 0Tl 1| YAQOOK PG EXEL GUVOPTNOELG [E TTOAARTIAEG PTITPEG, TTIOL Opilouvv
TIOAAEG eKQPAOELS EMOTPOYPTIC, OTIOL KaBepia avTioToL el o€ KAmolo mpotuo. Me oKomd va LToAo-
yloovpe v €€080 TNg oLVAPTNONG Yl i Soopévn EKppacn 10660v, Ba mipénel va emAEgovpe pia
QIO AUTEG TIG EKQPATELG EMOTPOPTIG BATEL TNG SOHNG TNG E1GOS0L KA1 TOVL TOIX TIPOTLTIX TAPLALOLY
HE QUTAV TN Sopn. AUTO TO XAPAKTNPLOTIKO TNG YADOOHG Sivel pio 1o}upr) SOpT TIPOYPAUHATITHOD Yia
EKTEAEOT] UTIOAOYIOPGOV LTIG CLVONKT TTIOL OVOPAGLETAN TAIPLAT A TIPOTUTIWV KA GLVAVIATAL GUXVH OE
OUVOPTNOIOKEG YADOTEG TTPOYPUHHLATIOHOV 0Ttw¢ 1 Standard ML.

O ak6AovB0¢ 0p1opdE TEPIYPAPEL TTOTE TO TIPOTLTIO Hing priTPaAG Tonpladel pe pia Sobeica Ekppaon:

Opropog (Taipraopa IIpotdmnov). Taipiaopa peta&d evog mpotodmou p Kot piag Sobeioag ékppaong e.
e 'Eva mpdtumo petafAntmg, p = x, Topladel e onowxdnnote Sobeioa Ekppaon e.

e 'Eva npdtuno otabepdc, p = c(z1,...,Ty,), T0upladel pe pia Sobeioa ékppaon e, HOVO €dv e
€xeL N popen piag otabepdg e To 1610 Ovopa ¢ ko 1o 1610 péyebog n.

2.1.4 EpPéAeieg kon Aéopevory MetafAntaov

Acg e&etdooupe TOPA WG 01 HETABANTEG TNG YADOGHC HAG XPNOHOTOI00VTHL OG OVUPBOAR avVTIKO-
T&oTOONG OO GAAEG EKQPATELG Y1 VO OPLOOLE LTIOAOYLTHOUG HE anpnHévo Tpomo. Kamoteg ekppd-
O€1G, OTIOG Ol OPLOOL GUVHPTIGE®V, ELCAYOLY OVOLOTA HETABANTOV Yo va ava@epBody oTig Tapa-
HETPOUG TIOL AVOHEVOUV KOl XPTOTHOTIOI00V GUTH TX OVOHOTH 0TO CAOHN TOUG Y1 VO EMOT|LAVOUV O€
TIO10 OTMEI0 QUTA XPELGLOVTIAL MOTE VA LTIOAOYLOTEL I emBupN T €€080¢. AULTEG O1 PETABANTEG OVOU G-
(ovton Seapevpéveg petafAntég eneldr| dev pmopovv va avuikataatadovy eAevBepa and onoradrnote
€KQpaOT), KABMS ava@épovtal o oTo 1610 onpeio, atny eloaywmyr] Toug (0plojio Toug). To pépog piag
€KQPaoTG Tov eloayet (opilel) pia véa Seapevpévn HeTaANTH oVopdleTan SEGHEVTNG, EVGD T| EKOPOOT
0TO E0WTEPIKO TNG OMoing prmopel va xprnaotponon el n deapevpévn petafAnt ovopddleton epBereld
TOU.
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O apoKAT® 0PLOPAG KATOYPAPEL OAEG TIG EKPPATELG TIOL EIGAYOLV GG EVHEVEG HETABANTEG 0T
YAQGOO paG:

Opopog (Aeopevpéveg MetafAnTég). Ek@pdaoelg mov e1cdyouy decpevpéveg petafAntég (Seopiev-
TECQ) Ko o1 epPEAELEG TOVG,

e Y& pio pTPA GLVAPTNONG HE TIPOTUTO PETAPANTAG, & — €, N HETABANTA & elvan Seopevpévn
Ko 1) epfederd g eivan n Ekppaon e,

e XY pia prTpo GLVAPTNONG HE TIPOTLTIO OTABEPAS, ¢ (1, .. ., Xy) — €, KABEPIX aTO TIG HETA-
BANTEG x; elvon Seapevpévn Kot N eRPEAEIR TG Elval N EKQPAOT) €.

e X¢ pia ékppaon otabepov onpeiov, fix x. e, N HETAPANTA x elvan Secpevpévn Kot 1 ePPEAeI
MG ivat N €KPpaon e;.

Mia gpeavion petafAntnig eivon deopevpévn (bound) 6tav Ppioketon otnv epféiela evog Oe-
OpeLTH He To 1610 Gvopa. Mia epgavion petafAntg eivar eAevBepn (free) edv Bpioketon oe pia Béon
Omov 8ev deapevETAL OO OTOLOVT|OTE GETPEVTN HE To 1810 Ovopa. Mia ék@paan TG YAOOTOG TIov
Sev miepiéxel eppavioelg eAevBepwv petafAntav ovopaletal kAgiotn (closed).

2.1.5 Avukatdotoaon

Mia ehebBepn ep@dvion petafAntmg oe pia ékppaon eivon pia emtepikr| avagopd mov xpelade-
Tl va emAvBel yix va amodobei to mAnpeg vonpa g ékppaong. H Sadikaoia mov tomobetel GAAeg
ekppdoelg otn Béon petafAntov, divoviag pia mo 181K MEPIMTOOT NG APXIKIG EKYPACTG, OVOLK-
{eTal avTIKATAOTAOT] EKPPACEDV. XPNOHOTIO00HE TO GUPPBOATHO € [z — €] yia TV éK@paoT) TIov
TI{PVOLE DOTEPX OO AVTIKATAOTAOT| K&BE ep@aviong g petaBAnTg z oty ékepaon €’ and mv
€KQpaon e.

Av ko1 1 Stadikaoia TG avTIKATAOTHOTG HOALEL ATTAT], TTAPOVOTIALEL KATIOEG TEXVIKEG GUOKOALEG
otav e&etaoTel AeMTOpEP®C. ZVYKEKPIHEVE, Bar TIPETEL Vo XEIPLOTOVE TIG €&§1G VO TEPITTOTELS TIPO-
OEKTIKA WOTE V& OPIOOVLIE TNV AVTIKATAOTOON EKQPPACE®Y 0woTd. IIpwTtov, Ba mpémel va avtika-
TOOTOVE POVO eAeLBepeg eppavioelg petafAntav, Kabag o1 Seopevpéveg HeTAPANTEG ava@EPOVTaL
OTOV OPLOHO TOUG HECK OTNV apXIKN €K@paoT. AgVtepov, Ba Tpémel va amo@Uyovpe T S€opevon
eAevBepwV peTafANTAOV, OV EPEAVI(OVTAL GTNV EKYPXAOT] JIE TNV OTOL0 AVTIKATAOTOV}E OO KATIO0
SeapevTn] NG apyIkNg Ekepaong. Kat ta 0o autd mpofAnpata emAdovVTal e KATAAANAT HETOVOLQ-
olo Twv SeopeLPEVOV HETABANTAOV OTNV APXIKT EKQPOOT] TPV TNV avVTIKKT&oTaoT. Emnpoobétag,
HTIOPOVYIE TIAVTA VO KAVOULE OUTH TN HETOVOHAOia, KaB)G Bempolpe TIG EKPPATELS IOV SlAPEPOLY
HOVO OTO OVOHOTO SECHEVHEVAOV HETABANTAOV 1006VVAEG.

Mia Siaxdikaoio ao@aA0DE AVTIKATAGTAOT|G EKQPAGEDV [IE TNV EMOBVUNTI CUUTEPLPOPA TIEPTYPQ-
oeton atov opilopo 2.1.3. Ao €8¢ Kot ot1o €&1G, K&Be ava@opd 0g aVTIKATAOTAOT eKPploewv B
VOEITAl G KOQAANG, BE®POVTOG TG EXEL YiVEL KATGAANAT peTOVOpaoio SETUEVPEVOV PHETABANTGV.
TéNog, Ba XpNOHOTIOICOVHE TO YEVIKELHEVO GUUPBOAONO € [x] > €1, ..., Ty — €,] VIO TNV TAUTO-
XPOVI aVTIKATAOTOOT K&Oe HeTafANTAG x; OTo TNV €KQPOOT| €; OTNV EKQPUOT) €.

2.2 InpacioAoyia

"Exovtag S1aTunoel AENTOPEPDOG TN GUVTAST TNG YAOOTKG HOG, TOPA XPEIX(OPNOTE vav &loov
aKp1Pn oplGHO TOL TIWG Ol EKPPATELS TNG YADOGHC AMOTLLOVVTAL, HE GAAG AOYLX TNG OTHAGI0AOYING
™G YAOOOKG HOG.

Ytov ayvo AGpda Aoylapo, o Povog TpOTOG |IE TOV OTI010 01 EKPPATEIG LTIOAoYI{ovTaL Elval 1 EQop-
Hoyn ouvaptioewy o€ opiopata. KabBe fripa vmoloylopod cuviotatal and v avadlatinwaon piog
EQAPHOYNG HIOG CLUVAPTNONG O€ KATOIX GAAT] EKQPOOT], HECT® OVTIKATAOTOOTG TNG OEGUEVHEVNG |LE-
TaBANTIAG MO QLT TNV EKQPACT] OTO CWHA TNG CLVAPTNOTG.
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"Exovtag epmAouTioel tn yYAOOoo pog Pe emmAgov SopEC, OMWG oTabepég Ko TEAEOTEC, Kl Xapa-
KTINPLOTIKA, OTIWE TAIPLACHA TIPOTOTIOV OTOV OPLOUO GUVAPTHOEWY, DTIAPYXOLV GlYyOLPA TIEPIOCOTEPES
TIEPUTTAOCELG VO OKEPTOVHE OTOV OPIOHO TV LITOAOYITHAV, 0AAG 1 Stadikacio NG avTIKATAOTAOT|G
EKQPAOEWY EXEL OKOPA TOV 1610 pOAO NG TOMOBETNONG EKPPACEDY WG OPLOPATWY OE GUVUPTITGELS
OTNV MEPIMTWOT] EPAPHOYAOV.

2.2.1 Asttovpyiki] Znpactoloyia

Yndipyouv pePIKEG S1xQOPETIKEG PAOIKEG TPOCEYYIOELS YK TN S1ATUTIWOT) TNG ONHAC10A0YiNG YAWO-
OOV TIPOYPULHATIOHOV. Mia amod autég Tig peBodoug eivat i Aettoupyikn onpoaocioloyia (operational
semantics). £ Ae1tovpyikn onpacioloyia mpoadiopidoujie T CLUTEPLYOPE PitG YADOTOG IPOYPO-
HOTIOHOD opllovtag pior omAr] a@nprév HNXav YO OUTV, IOV XPTOUOTOLEL TIG EKPPACELG TG
YAQOOOG 0G TOV KOSIKA Pnxavig TG. ['a anmAég yA@Goeg, pio KATdoTaoT TG HNxavig eivat amAd pia
€KQPOOT), KOIL T] CLUUTIEPLPOPA TNG HNXOVIG opileTan amo pia guvaptnon peTaBaong, N omnoia, yix kabe
KOTAOTAOT), EITE SIVEL TNV EMOWEVI KATAOTOOT] EKTEAQVTOG £VA BHA KITAOTIOINGONG GTNV TPEXOLOX EK-
Qpoaon, elte SnAavel 0TL N pnyxavn éxel otapatroel. H tehikn katdotaon mov @tdvel n pnxavn otav
EEKWVA e PO CUYKEKPLUEVT] EKPOPAOT] WG APYIKN TNG KATAOTAOT AVIICTOLXEL O ONUOCia LTS TNG
EKQPOOT|C.

H Aertoupyikn| onpacioloyia givat ovvrBwg n p€Bodog mov MPOTIHATAL Y10 TOV OPLOHO YAWGTQOV
TIPOYPOHHATIOHOV KOl TNG HEAETNG TV 1010THTWV TOVG. OO0 XPT|OLOTOW|C0V|E, EMONG, QLT TN HE-
Bodo yix Tov 0p1op6 NG onpacioloying, KaBmG eivar oAl Kot GUVOTTIKT] GAAR TAVTOXPOVA OPKETA
EKQPOOTIK).

2.2.2 Xyéon AToTipnong

MrnopoUpE TOPA VO 0ploovHE pio SIHEAN GXECT GTO GUVOAOD TRV EKPPACEWY, F, 1| oTola Tepiéxel
oxp1fog 0Aa ta Sratetaypéva {evyn EKQPAOE®DV, Ta OTIold Eivan SUVATEG S1IXSOXIKEG KATAOTAOELS TG
AVTIOTOXNG QENPNHEVING HNXAVIAG, SNAAST, 1] HNXavN HTopEl va dAAGEEL TNV KATAOTAOT TNG OO TNV
TIPOTN €KPPOOT] 0N SEVTEPT|, TTPAYHATOTOLOVTAG Vol HOvo amAo Bripa vmoAoyiopov. Ovopdlovpe
avtn ™ oxéon (HovoPnuatikn) oxéon amotipnong (single-step evaluation relation) kot yp&@ovpe
e — €/ y1a va oNPELMOoLE OTL 1] EKPPAOT) € AMOTIHATAL TNV EKEpaoT € o€ éva Bripa.

H oyéon anotipnong opiletol eNaywylkd HEGK VOG GLVOAOU OO KAVOVEG CUUTIEPAGHOV KO Q-
veTal 010 oynua 2.3. Kabe kavovag ovpmepacpoL éxel éva mAnbog amod nmpoimobéaelg kat éva povo
oupnépaopa. Kavoveg Sixwg optloviia ypappn (Yvootol kot ¢ aSlopata) Sev €xouv Kappia mpoi-
T6OeaT, OMOTE TO CLUTEPATUEG TOVG gival TTavTa aAnBég. TTpoooyn mpémnel va Sobel otny emAoyn TV
HETAPANTOV 0TOVG Kavoveg oupmepaopol. YmevBupifoupe OTL XprOTHOTOO0|E T HETAPANTT € Yl
0TIl SN TIOTE EKPPAOT) 0TO GUVOAO F, 0mwg 608nke oto oxrua 2.1, Kot tn peTaBANT v yix omoladn-
TIOTE TN 0To oUVoAo V' C E, onwg 660nke oto oxnpa 2.2. H emAoyn tov KatdAANAwv petafAntov
BonBd otov éAeyyo g oepdg g amotipnong. Mapatnpodpe 6Tl N YAOOTA PG Xprolomotel
OTPOTNYIKT] AMOTiUNoNG TNG KANong kata ipn (call by value), 6mov Sev emtpéneton | anotipnon oto
EO0MTEPIKO NG CLVAPTNOTIG KA O1 TOAPAHETPOL PG GLVAPTNOTG TTAVTX AMOTLLOVVTOL TIPLV TEPATOVY
0N CLUVAPTNOT], AKOHN KOl &V §EV XPTOHOTOI0VVTAL KXBOAOU.

Ag e&etaooupie TOpa KaBEVAVY amd aLTOVG TOVG KAVOVEG AEMTOHEPADG Y1 VO SOV|IE TIOIEG HOPPEG
EKQPAOEWV XEIPLLOVTOL KO TIWE OpilovV TNV KMOTIHNOT] TOUG.

O nmpatog kavovag, (E-CON), xepideton v anotipnon twv otabepav. H e€wtepikn doun g
oTaBepAg, To OVOpX KO TO [EYEDOG NG, Sev aAAG (el Katd v amotipnon t¢. Ta ototxeio g otabepdg
QTMOTIHAVTAL ATIO aploTeEPG TIPog Ta 6e&1d. Kabéva mpénel va amotipnBet o€ pio ipn mpv KivnBoope
ot1o endpevo. Otav OAa ta ototyeia eivat TIHEG, 1] ebv TO péyeBog TG otabepdg eivan pndév, oAdkAnpn
1N éK@poomn oTabepdc eivat o TIHN KO N AMOTIUNOT TNG €XEL OAOKANPKOEL.

Ot endpevor Vo kavoveg, (E-OP) kot (E-OPE), xelpilovratl Ty amoTipnomn TV TEAEOTOV. ApYIKA,
TO TEAODHEVH TOV TEAEGTH| AMOTIHAVTAL XPT|O1HOTIOIOVTAG TOV Kavova (E-OP). Akpifcg 6mwg ot oTa-
Bepég, Ta TEAOVEVR AMOTIH@VTOL OO aploTEPA TIPOG Tat Se&1& Kol KaBéva Tpeémel va amoTipnBel o€
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pia i mpv kivnBovpe oto endpevo. Otav dAa ta teAoDPEVT elvat TIHEG, T) €dv To TANB0G Toug eivan
unéév, o kavovag (E-OPF) pnopel va ¥pnolpononfel oTe va AMOTIUACOVE TNV EKQPOOT] TEAEGTN
o€ pia PN, HEOW TNG AVTIOTONG OTHACI0AOYIKT|G GUVAPTNOT|C.

O kavoveg (E-APP1), (E-APP2), (E-FUNX), (E-FUNCM) kot (E-FUNCN), 6Aot xeipilovtat tny
QTOTIHTOT] TV EQAPHOYDV. APYIKA, TO APLOTEPO HEPOG TNG EPAPHOYNG OTOTIHATOL O€ pia TIPN HEC®
tov kKavova (E-APP1). Yotepa, o kavovag (E-APP2) xpnolpomnoleital yix v aimoTIHGOVHE Kol TO
6e&10 pépog oe pia Tipn. Xe avto TO onpeio, N anotipnon pnopel va cuvexlotel pdvo gdv €xovpe
pic OLVAPTNOT), HE TOLAGYIOTOV Hia PATPX, TIOL EPAPHOLETAL G piot GAAT TIUT], TNV omoin Bewpoljie
WG OPLOPG TG Méow tou Kavova (E-FUNX), edv ) mpadTn piTpa TNG CUVAPTNONG EXEL EVO TIPOTLTIO
HETABAN TG, HTTOPOVHE VO TEPAGOVIE TO OPLOHA GTI GUVAPTNOT] KAB®DG Tonplddel e To MPATLTIO, OTO-
TIHOVTAG TNV EQAPHOYT OTNV EKGPUOT) EMATPOPNS TNG PTPUC, OTIOV EXOVHE AVTIKATAOTI|OEL TN HETO-
BANTA tov Mpotvmov amd to dpropa NG cvvaptnong. Ilapopoing, o kavovag (E-FUNCM) xepideton
NV TEPUTTWOTN TIOL 1] TPATI PHTPA EXEL EVA TIPOTLTIO OTABEPAG TIOL TaPLALeEL e To Oplopa (oTaBep&
™G 181G popYrG), AMOTIHAOVTAG TNV EQAPHOYT GTO AMOTEAEGHN TG (TALTOXPOVNG) HVTIKATACTAOT|G
KaBepiag and Ti¢ HETABANTEG TOL TPOTVTIOL AMA TNV AVTICTOLYN T TOL GTOLKEIOL TOL OploHATOC
OTNV €EKPPOAT) EMOTPOYPT|G TNG prjTpac. H povn evamopeivouoa mepintwar, 61ov 1 Ip®Tr prTpa €XEL
€va TPATLTIO IOV SEV TAPLALEL [E TO OPIGHQ, XepileTan amo Tov kavova (E-FUNCN), npoonaBovtog
VO TAPLAEEL TO OPLOPA OTO TIPOTUTIO TG EMOHEVNG PNTPAG (aV LIIAPYEL), AMOTIHAOVTOG TNV EQAPHOYN
0€ piat VEa, OTIOL N oLVAPTNOT| SiXWG TNV TIPOTN PHTPA EPAPHALeTon 0TO 1810 Opropa. [Na enave&étaon
TOL TOTE éva TPOTLTIO TALPIALEL pE pio EKQpaaT) 8€g Tov oplopod 2.1.1.

TeAevtaiog aAAd e&ioov onpavtikag, o kavovag (E-FIX) xelpi¢eton v amotipnon twv otabepov
onueiwv. H cupnepipopd evog otabepol onpeiov HOLALEL e QLT PIXG CLUVAPTNONG IOV €XEL pia HOvVo
pNTpa pe poTLTo petaBAnTG. H Stapopd, BéPona, eivar 011, avtiBeta pe TIg suvaptnoelg, To oTaBepd
onpeia dev elvon TiHEG, onoTe Sev XPEIR{ETAL VA EPUPPOOTODY GE KATIOI0 OPIOHA Yl VO EEKIVIOEL
n anotipnor| toug. H onpaoioAoyia evog otaBepot onpeiov pnopet va Bewpnbel i0odvvapun pe my
EQAPHOYN TNG AVTIOTOLXNG CLVAPTNONG OTNV KPP ApXIKN EKEpaoT oTabepol onpEloL WG OPIoUA
NG, T) OTIOLx TTEPVIETAN TIAVTA EPECA G CUVAPTNOT) TIPOG KMOTIHNOT). AUTH T] KUKAIKT] GUHTIEPLPOPK
EMTPETEL TOV OPLOHO KAl TNV AMOTIUNOT avaSpopiK®v voAoylopav. OAn avtn 1 Siedikaoia yia tov
teAeoT) oTaBepov onpeiov emtuyydveton péagw Tov Kavova (E-FIX). Eva otabepo onpeio amotipdton
névta (o€ éva Bria) 0TO AMOTEAEGHA TNG AVTIKATAOTAOTG TNG LETAPANTIG TOU amto TNV akp1PT] apyIkn
EKQPOOT] GTNV EKQPPOOT| EMOTPOPNE TOL.

2.2.3 Nrteteppviopog Amotipnorng kot Kavovikég Mopég

Oa KOTOYPAWOLE TOPA HEPIKEG ISIOTNTEG TNG OXECTG ATOTIHNOTG Kol Ba €10GYOL}IE KATIOIX KOWVT|
OpoAOYIla Y10 VO UTTOPOVE VO ava@EPBOV|IE O€ AUTEG ELKOAOTEPQL.

TMapatnpoOVTOG TPOCEKTIKA TOUG KAVOVEG GUHTIEPATHOD TNG OXECT|G AMOTIHNONG, OMWG KAVOLE
TIPONYOVLHEVMG, EIVHL OXQEG OTL KABEVAC OO XLTOVG XPIOTLOTIOLEITAL O SIAPOPETIKEG EKPPAOELS (KO-
Boplopévn oepd anotipnong). Avtd onpaivel 0Tt Sev LMIAPXEL KAVEVX OTHELD KAt TN SiapKela g
QTOTIHNONG EKPPACEWV OTIOV EXOVHE EMAOYN XPNONG HETAEL Kavovmy (évag To MOAD StabBéaipog Ka-
vovag).

AlTunOVOLE LT TNV 1810TNTH TG OXECTG AMOTIUNONG HE To akoAovBo Bedpnpa:

Oeopnpa (Nteteppiviopog Movopnpatikig Amotipnong). Edve — e’ kat e — €”, t61e €’ = €.

H povofnpoatikn oxéon anotipnong neptypaeel HeTaBaoelg HeTaED eKPPAOE®V KATH T SIpKeln
LTTOAOY1GHOV. Mag evE10QEPOLY GGG EL00V TA TEAIKA QTOTEAEGHATH TV VTTOAOYIOUQV, SNAGST, O
KOTOXOTAOELG OTO TIG OTIOLEG T) QPN PTHEVN HNXavn 8 Propel va Kavel Kavéva Brpa. Autég ol ekppd-
OELG, TIOV £XOUV OAOKAT|POOEL TNV QMOTIHUNOT TOLG, AEE OTL €ival € Kavovikn popor (normal form).
Oa e&eTAOOLIE TIG HOPPEG TOVG TIO AEMTOHEPADG, KABMG UTEG KATNYOPLOTIOIOVV TIG EKQPATELG Fhael
NG ONHACI0G TOVG,.

Opropog (Kavovikég Mop@ég). Mia €K@paaT) e €ival 08 KAVOVIKT] HOPQT] EGV KAVEVAG KAVOVOG OTTO-
Tipnong e pmopel va eQappocTel oe avthy, SNAadK, Sev LTIApyEL EK@paot €' TéTolx MoTe e — €.
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Mepikég QopEg, elvat XPpr)O1HO VX CUOYETIOOVE Hia EKQPAOT] HE OAEG TIG EKQPATELG TIOL PHTTOPOVY
va TapayBo0v amd auTiy KAvovTag HNdEV 1 Topamave omAd frpoata amoTipnong.
O 0oplop06g aVTNG TNG TOAVPBNIATIKNG OXEOTG AMOTIUNOTG, AKOAOULDEL:

Opropog (TToAvBnpatikni xéon Amotipnong). H moAuBnpatikn oxéon anotipnong oTig EKPPAcELS,
e —* €, eival 1o avakAKOTIKO, HETABATIKO KAEIO110 TNG HOVOBNHATIKAG OXE0NG amoTipnong, e — €.
AnAadn, eivon 1) eAGY10TI OX€0T] TETOLH WOTE:

e Edve — €/, t0te e —* €'.

o T k&be ékppoon e, e —* e.

e Edve —* &' kane/ —* €, t0te e —* €.

"Yotepa and autodg TOLG OPIOHOVG PTOPOVHE VO SIATUNIOCOUVHE TO 6KOA0LBO Bewprpa:

A VaSIKOTNT VOVIK®DV ov). Eave e kate e, om 1 EKPPAOEIC €
Oeopnpa (Movadikdtnta Kavovikav Mopowv). Edv e —* e kat e —* €”, émov o1 ekppaoeic €/
kot e” eivan o€ kavovikn popen, 1ote ' = €’

2.2.4 KoAnpéveg EkQpaoceig

To oUVOAO TV TIHOV NG YADTCAG HOG TRPOVOIAGTNKE (G VA LTTOGVVOAO TOV EKPPATEWY, TIOU
TIEPLEYEL OKPIPDC TIG HOPPES TIOL SEXOUAOTE WG EYKLPX TEAIKA VTTOAOYIOHEVA KTOTEAECOTA T®V TIPO-
ypappatey. Topa, €xoviag opioel T onpooloAoyia TG YADCOAG PG HEGK TNG OXECTG AMOTIUNOTG,
Ba mpénel va elpaote og B€on va emPBePAOOOLEE QLT TNV APYIKN EIKOVA TV TIHGOV. Mia TIUn €xel
€€ OpLOPOL OAOKANPOOEL TNV AMOTIHNOT TNG.

To MopOKAT® eival amAG €vag EAEYXOG OTL O OPLOIAG TV TILAV EVOL GUVENTG:

Ocopnpa. Kabe tiun v givat o€ Kavoviki) Hoper.

Aev givon §okoAo va Siamaotdoovpe ATt 1) avtiBetn katevBuvon autg G SAwong dev eivan
aAnong ywa  yAwooo pag. Mia ék@paor Tov 8€ UMOpel va ouvexioel TNV anoTipnon g dev eival
Kot avaykn pia ripn. Do mtapddetypa, eidajie mponyovpévmg oTNV avaALOT] TOV KAVOV®V TNG GXEOT|G
QMOTIUNONG OTL OTNV TEPIMTOON HIOG EQAPHOYNG TO AploTEPO pPéPoC NG Ba mpémel va amoTipunBel
O€ {ia OLUVAPTINOT WOTE VO OLVEXLOTEL 1] amoTipnon ¢. H anotipnon tétolwv eKepaoE®Y OTOHXTA
Eapvikd Yopig va mépovpe pia TP ©¢ anotéAeopa. OVOpPAoLHE UTEG TIG EKPPATELG KOAAHEVES
(stuck).

Opropog (Kohnpéveg Exppaoelg). Mia KA1t EKQpaor e elvat KOANPEVT €AV €IVl 0€ KAVOVIKT|
HopEN OAAG OXL TN,

H Ynapén koAAnpévav ekppdoewmv e onpatodotel KO0 TPOBANHA |E TOV OPIGHO TNG GXEOTG
QMOTIUNONG. L€ KATO10UG LTTOAOYIGHOVG O pmopel va amodobel kappia onpacia, enedn anAd de Bya-
Covv vonpa. Mio koAAnpévn ékepaotn pmopel va vonbel wg avdAoyn piag KHTtdoTaong mov TPpoKaAel
KATIOL0 COAALX KOTA TNV EKTEAEOT] EVOG TIPOYPANHATOG (run-time error). Eva TETO10 TIPOYPOH X EKTE-
Ael pia pn koBopiopévn Aettovpyia, mov mbBavotata dev NTav oy MPdOeoT| TOL TPOYPALHATIOTH,
Katadelkvoovtag kamolo AdBog ot Aoyikn Tov.

Agetvoupe pia oOVOYT TOV SIHQOPETIK®V €8GOV TV (HIKPOTEP®OV) KOAANUEVOV EKQPAOEDV OTN
YAQOOW HOG, TIEPLYPAPOVTHG TN GXETIKT TOLG KOKT] GUHTIEPLPOPA, 0TOV akdAovBo opilapio:

Opiopog (Mn Kabopiopévn Znpacioloyia). EKQpAoelg mouv KAtaAyouv KOAANPEVEG KOl ylaTi auTo
oupPaivet.

e Edv 1 aplotepn amo 800 tipég oe pia epappoyn dev eivon guvaptnon (dnAadr eivan tipr ota-
Bepag), TOTE 1| EKPPACT EPAPHOYNG EIVOL KOAANEVT.
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e Edv o1 TIpEG TEAOLPEVQV V1, . . . , Uy EVOG TEAEGTH] Op 8EV QVIKOLY 0TO TESio OPIGHOD NG ON-
HOG10AOYIKNG TOL cuvaptnong [op], Tote n ékppaon op (v1, . . ., vy,) €ivar KOAANPEVT.

e Edv Kappio prTpa piog ouVAPTNONG SV €XEL EVa TPOTLTIO TTOL TAIPLALEL 0T doBeioa TIUn opi-
OHOTOG NG v, TOTE T] TPOKVMTOLONK EKPpaaoT fun end v eivat KOAANpEVT.

2.2.5 Mn-Teppatiopog

Mia teAevtaion ONUEI®ON Y& TNV GMOTIPNOT EKPPACEDV TOL XPEWACETAL VO KAVOLE gival OTL
UTIAPYOLY EKQPAOELG IOV Gev PTTOPOLV va amoTiUNBolV Oe Pix Kavoviki Hopen. AuTo onpaivel 6t
KATIOLEG EKPPAOELG UTIOPOVV VA EKTEAOVY BHOTA MOTIHNOTG Y TavTa. Duotkd, auto Sev Ba pénel
VO HLOG EKTTAT|OCEL, KaBDG N YADOOX oG TepIEXEL Evav TeAeaT aTtabepo onpeiov. Kabe ékppaon ota-
Bepo0 onpeiov mov ypnolpomnotel  HeTABANT TG XWPIG KATIO GLVBNKT TNV EKYPAOT) EMATPOPTIS
NG, TEPLYPAPEL VAV AVASPOHIKO LTIOAOYIOUO XWPIG pia mepintwon Pdong, ondTe N amotipnon g 6
HTIOPEL VO TEpHATIOEL
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Keoaiowo 3

Yootnpa Tonov

"Exovtag opioel pia ev8lopépovoa YA®Oo®, 0TV 0Tolx PTTopolV va TIEPLypagolV oOVBETOL LTTOAO-
ylopot, B€Aovpie ToOpa va 10GyOLJLE TOTTOLE YO OVTHY. AUTO IOV B TPOOTIBT|TOVLE VO KATAPEPOLLE
€lvo 1) KOTNYop1lomoinaon 1oV EKPPATERDY TG YAOTGAG COHP®OVA HIE T OHOCTN TOVG XWPIG VA TIG OTTO-
Tiunoovpe. AnAadn, BEAovpe va TAPOLE KATIOWX XPHIOIUN TTANPOPOpia Yl TO €160G TV TIHAOV TIOU
UTIOAOYL(OLV OMTAMG TTAPATNPOVTOG TN SOpT] TouG. AKoAoLBEL 0 OplOPOG EVOG OTATIKOU GLOTNHATOG
TOM@V pe pia mAovo1x GAYERpa TUTIWV, TIOV TIEPLEXEL GLVOAOBEWPNTIKOVG KATAOKELAGTEG TOTIOV OTIWG
TOTIOLG TOHTG KOl TUTIOVG (PVIOT|G, TO OTI0I0, HECK HING CUVTAKTIKA OPLOHEVIG OXECTIG VTTOTUTIGV,
OULVOEEL QUTOVG TOVG TUTIOVG E TIG EKPPATELG TNG YADTONAG UG,

3.1 Tomnou

"Exoupe 11én opicel tn onpacioloyia ¢ YA®OGAS Hog HECm piag oxéong amotipnong 2.3 1 onoia
TIEPLYPAPEL AKPPAOG TG o EKPpaaT) TEMK®G amoTtipdton (1) o) o€ pia tipr]. Autd mov BéAovpie TOpa
€1VO VO QTTOKTNOOVE I YEVIKOTEPT AVTIANYT] TNG ONUACTNG TRV EKPPAOERDY TIOL OEV OMATEL KXY pia
amotipnon. Aut v avaykn épxovtal va KaAUyouv ot Turot (types). Mmopolpe va 0KeQTOV|E TOUG
TOTIOVC WG GUYKEKPILEVH DTTOGHVOAN TOL GUVOAOL TGV TIHAV 2.2 TNE YA®CGOOG HOG. ZOHQOVA LIE QU
MV €vvola yla Toug TUToVG, N SNA®GOT OTL o EKQPPAOT| €XEL KATIO10 GLUYKEKPLHEVO TUTIO (Aépie emiong
OTL T €KQPOOT AVIKEL G€ QLTAV TOV TUTIO), OTUAIVEL OTL, OTAV 1] EKQPAOT] AMOTIHNBel TAPKG (av oVTO
elvon €QPIKTO), €XEL WG AMOTEAETHA Pit TIHT] IOV AVIKEL OTO GUVOAO TIOU TIEPLYPAPEL XVLTAG O TUTIOG,.

3.1.1 Mopoég Tonwv

Me okomd v avaBeom TUIWV G€ EKQPAOELS, Bo TIPETEL TIPOTA VO OPIOOLE TTWG HOL&{OLV 01 TUTIOL
TOU CLOTNHOATOG HoG. Elodyoupe kKamoloug facikolg TUTIOUG i VO aVTLOTOLXN B0V 0€ CUYKEKPLHEVX
LITOOVVOAX ATIO TIEG TNG YA®OOOG 0AAX Kot (TTEPLOTOTEPOUG ATO) KPKETONE GLVOAOBE®PNTIKOLG K-
TOHOKELOOTEG TOTIMV TIOL EMITPENOLY SIAPOPOVG GLVSLACHOVEG OMd OTOLOVOONTIOTE GAAOLG TOTIOUG.
Avt n emAoyn pag odnyel o€ éva apkeTtd oOVBETO OVOTNH TOTWV, KAVOVTOG TN GLUAAOYIOTIKI TGOV
5otV ToL eminovn (1 akdpa Kot aduvatn), 0AAG POG TIXPEXEL TNV EKPPAOTIKT SUVAHT] Y1 VO KO-
Taypayrovpe TOAD akpifeig TANPOPOPIEG YO TOVG TUTIOUG TV EKQPPATEWDV.

To emAeypévo obvoro and Tomoug, T', opiletal pécw NG ektetapévng BNF ypappatiking mou
eaiveton 1o oynpa 3.1. Xpnoponolovpe Tig HETHBANTEG T Kl o Yo OTIO0LOSTOTE TOTTOVG.

Acg e€etdooupie TOPA TIG SUVATEG HOPPES TOTIRV, SIVOVTOG pHia TTEPYpaEN TNG EMBVUNTAG ONHACiag
yix kaBévav. T k&Be tOmo 7 akpipig Eva eK TV TOPaKAT® givol aAnBEg:

e O tomog 7 €xel T popoen any, 7 = any. O tOMo¢ any €ival 0 PEYLOTOG TUTIOG GTO CVOTNHA HAG
KL HTIOPOUHE VO TOV OKEPTOVHE MG TO OUVOAD OAWV TV TIHAV, V. AnAadn, kaBe ékppaon
oTnVv onoia pnopel va anmodobel kamolog TOMog Bo TIPETEL Vo €XEL €MiOTG TUTIO any.

e O 10MOG T €YEl TN HOpEN none, 7 = none. O TOTOGg none gival 0 EAGX10TOG TUTIOG GTO CUCTNA
HOG KOl ITIOPOVIE VO TOV OKEPTOVHE MG TO KEVO GUVOAO, &. ANAadT, Kappia (KAE10TH) EKPpaaon
Sev Ba mpémel va €xel TOTO none.
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e O t0mog 7 €xel ) popoen piag otabepdg (constant), 7 = ¢ (71, . . ., T, ). OL TOTOL OTABEPAG, OTIRG

Ol QVTIOTOLYEG EKPPATELS, €XOLV €va Sedopévo dvopa ko péyebog. Me e€aipean OTL EPIEXOLY
eniong v MANPo@opia evAg OVOHNTOG, CUUTIEPIPEPOVTAL WG (LEYEBOLG N) YIVOHEVK TV TEAOD-
HEVQV TOTI®V TOVG. DVOIKA, TIEPLYPAPOLY GUVOAX OO OTABEPEG TIHEG TIOL EXOLV TNV KATAAANAN
HopeN Kot TOnovg ototyeimv. Kot edw, to péyebog n propel va givon pndév, onote, oe autr) v
TEPIMT®ON, 0 TOTMOG oTabepdc eivat To povoaLVoAO (singleton) tng TIUNG otabepdg pe To 1810
ovopa Kot Siywg ototyeia.

O tomog 7 €xel N Hopen| evog BéAoug (arrow), 7 = 71 — 2. Ot tOmotl BéAovg meptypdgouvv
O0UVOAX OTIO TIHEG GUVHPTOE®V. LUYKEKPILEVH, KATINYOPLOTIOIOVY EKEIVEG TIG GLVAPTIHOELG TTOV
Séxovtal oplopaTa TOL APLOTEPOL TUTIOV, T1, KXL EMOTPEPOLY AMOTEAEGHATH TOL Ge&100 TUTIOV,
To. O TOTOG B€A0VG elvan §e§1& TPOTETAPLOTIKOG, SNAXST, 0 TOTOG 71 — To — T3 €lval 0 16106
He TOV 71 — (T2 — T3).

O tomog 7 €xel T popen piag topng (intersection), 7 = 71 A 72. Ot TOTIOL TOPNG TIEPLYPAPOLV
TIG TIHEG TIOV QVIKOLV KOl GTOLG S0 TUTIOVG TOVG, T1 KAl To. H mpooBnkn twv TON®v Topng
givat auTr) TTOL KAVEL TO CVOTNHA HOG TOOO EKPPAOTIKO. Ba §0VE apydTEPR OTLT| XPTOT TUTIWV
TOUNG HOG EMTPETEL Pial XPKETE OXKPIBT TTEPTYPAPT] TOL TUTIOV TWV CLVAPTHOEWV HE TTOAAATIAEG
PTTPEG, OTOL Ol EEXWPLOTOL TOTIOL KABE PrITPOG PTTOPOUV VA CLVESLAGTOVV GE VA HIOVO TUTIO
XWPIG anmdAelax TANPOPOPIAG Y10t TOLG KpYIKOVG TUTTOVG. O TOTIOG TOTG EIVO TIPOCETAIPLOTIKOG
Kot avTipeTaBeTikdg (Onwg propel va SeiyBel Ko amd HETEMEITH OPLOHOVE), OTOTE oLV BwE Ba
XEWPLOPNOTE EPOWOMAOUEVEG TOPEG WG Piot TOPN TTAV®D G€ OAOLG TOVG TUTIOVG, CLHPBoAIloVTOG

Ni (7).

O tonog 7 €xel T popoen piog évaong (union), 7 = 71 V 7o. Ot TOMOL €vedong eivan 1) Suikr 16€x
TOV TOT®V TOPNAG KOl TIEEPIYPAPOLV TIG TIHEG TIOV AVITKOLV O€ OTO0VONTOTE amd toug 600 TV-
TIOUG TOVG, T1 1] T2. Agv B Xpr|O1HOTOUCOV HE TUTIOVG EVWOT|G GTOV OPLOHO TNG avaBeong TOUT®V
apyoTepa, aAAG elval apKeTa xprolpol oo napacknvio. H §obeioa ypappatikni tev tonwv dev
QUIVETO VO TIEPLEXEL KOWVOUE TUTIOLG OTWG int Kot bool, aAA& o1 TeEAEOTEG NG YA®OONG Oi-
YoLpX TIEPIHEVOLY OPIoHATA AVT®V TV TON®Y. Oplopol Pacikaov TNy (primitive types), pe
™ XpNon TNV €vaong (Kot LITOTVLTIWY, OTIWE B SOV|E HETK) € HOVOGVUVOAX 0TAOEPGOV TOTI®V
OTIOG OKEPUIEG KA1 AOYIKEG aTabepéc, fonBolv T0 KAEIOO AVTOV TOV KEVAOV PHETAED amoiTov-
HEVQOV TUTI®V. AKPIB®C OTIOG HE TIG TOUEG, XEWPL(OUNOTE EPPOAIACUEVEG EVOOEIG WG LI TTAVED
o€ TTOAAOVG TUTTOVC,.

O 1t0mog 7T €xel ™ popyn piag apvnong (negation), 7 = —7,. [IiBavotata o Atydtepo cuvidng
KATOOKEVOOTNG TUTI®WV 0TO GUOTNHA HAG, 01 TUTIOL APV OTIG TIEPYPAPOLY TIG TIHEG TIOL SEV OVT)-
KOUV OTOV TOTIO TOVG, 7. Ot TOMOL dpvnong eivan 18aitepa Xprio1HOL O GLUVSLAGHO |IE TOUG
TOTIOVG TOUTG, WOTE VX EKAETTTOVOUIE TUTIOUG [IE VEA TIAT|POQOPIN OXETIKA HE HOPPEG TIHMV TIOV
8EV TEPLEXOLY, CLVETIWG TIPOCBETOVTHG 0€ XVTAV pic TOUT e TNV GPVNOT] TOL TUTIOV TIOL TIEPL-
YPAQEL UTEG TIG HOPPESG TIHGOV. Ba SobpE apyoTepa, aKpIPOG MW XPIOIHOMTOI00HE AUTH TV
TEXVIKT| OTNV avéBeon AeMTOpEP®V TUTIOV O€ CUVOPTNOELG HE TTOAAGTIAEG PTTPEG.

O t0mog 7 €xel n Hopen piog petaBAntmg (variable), 7 = a. Ot petafAnTég TONOV avagépovTal
o€ GAAoug tomoug. TIpog to mapdv, N POV EyKupn Xpromn HETABANT®V TGV €lval 0TO CONA
AVOOPOHIKAOV TUTIOV TIOL TIG SETHEVOLY. XPNOHOTOIOVHE TN HETABANTA v Yo HETABANTEG TO-
TIOV.

O T0mog T €xel TN HopeT| eVOG avadpopiko (recursive) Tomov, T = pa. 7. ‘Evag avadpopikog
TOTOG TIEPLYPAQEL Piat SeVEPIKT SOLT] TIOL PHIMOPET TAVTA V& EMEKTABEL KAVOVTOG VA aKOUN B
avasdimiwong (unfold) péow tov avadpopikon tov oplopov. Me aUTO TOV TPOTIO TIEPTYPAPETOL
€vog Ame1pog TOTIOG TIOV TIEPLEXEL OAEG TIG TAPAYOLEVEG HOPPEG TIH@V. Ol avadpopikoi Tomot dev
Ba epEavioTodY GTOV OpIoPO paG yio TNV avabeon TOMwY, GAAG PTTOpoLY va ¥pnolpomnotnfoldy



Yl Vot 0pigoLpE TOUG TUTTOVG EVOIXPEPOVT®V AVASPOHIKADV SOHDV Se60HEVEDV OTIWG AIOTEG, Y1X
VO 8OVAEDOVE PE RVTOVG 0TI YAOGON O,

3.1.2 TIIepBarrovta ToTwv

Mia kO Xprio1HT €VVOLQ, TIOL HTIOPOVHE VO EIGRYOV|LE GE XVTO TO OT|ElD, eivon Ta TTepIAAAovTa
TOonwv (typing contexts). Eva mepifdAiov TONOV KATAYPAPEL TIG TPEXOVLOEG VMOBETELS G OXETIKK
HE TOLG TUTIOVG TV eAeLBeEpV PeTABANT®OV 08 pia EKEPAOT| TN OTYHN Tov pooTmaBovpe va g
amoSOCOLE KGO0 TOT0. AnAadT, éva mepBdAiov TOnwV givan pia (mbavmg kevr) akoAovBia amod
QVTIOTOIKIOELG, ( : T), PETaED (eAeVBep®V) PETAPANTOV KOl TOTWV TTIOL LIIOBETOVE Y10 AVTEG, TTOV
OULVOUILLEL TN YVOOT] HaG Yo TIG HETABANTEG EVRd WAYKVOLHE TOV TOTIO piog peyaAdtepng ékppaong. H
QAN OVVTAEN TV TEPIBAAAOVTGOV TOTIOV QaiveTal 0To oA 3.2. Xpnolponolovpe Tig petafintég I’
kot A yio tepifaAiovia TOM@v.

Otav CLUVAVTIGHE Pio EKYPOOT) IOV ELOAYEL Pia VEX SeopeLpEVN PeTABANTH, Bo Tpémel va K&voupe
pio vmdBeon yia tov TOMo NG PETAPAN TG, avavedvovTag To Tpéxov eptBdAiov TUNIwV. Mia AemTopE-
PELX OXETIKA |IE TNV TTPOOONKN VEOV aVTIOTOLYIoE®Y O€ €va TIEPIBAAAOV TUTI®V Elval OTL, PLOKE, Oev
€xeLvonpua va mpooBécovpe pia eyypaen ya pia petafAnTr, To Ovopa tng onoiag nén epgavi¢eton og
aLTo. ATTOOE, AoV, OTL TO GVOpX NG HETAPBANTAG eival EEXOPIOTO KAl IKAVOTIOIOVHE QUTH TNV
anaitnon pe tov i810 TpOmo 0N TNV (ACPAAT]) AVTIKATAOTAOT] EKQPPAGEWDV.

3.2 Ymotonot

"Exovtag opioet tn oOvTadn Tev TONmV 6To GUOTNHA Hag, Ba HTopoVCalE TOPA VA TIPOXWPTICOVHE
S10TUTTOVOVTOG TG QUTOL O TUTIOL KATIYOPLOTIO0VY TIG EKQPACELS TNG YADOONG BAOEL TV TIH®V
TOUG. AAAG, LTIAPYEL Eva TPOPANUA HE TOLG TOTOLG oG OV Ba Tpémel v S1evBeToOLE TTPpWTA.
H mhobowa aAyefpa TOMWV pog EMTPEMEL VO amod®TOLE TOAD aKpifeig TOTOVG OE EKPPAOELG KO,
(QUOIKQ, ALTOG AKPIPAG EIVAL O GKOTIOG HOG. L20TO00, TIPEMEL AKOUN VA EEXOPAAITOLIE OTL APKETEC
EKQPAOELG HTIOPOVV TPAYHATL VX KITOKTHOOLY KATO10 TUTO, SnAadt, 0Tl (éykupol) TUTIOL OPIOHAT®V
Ba mpémel va eival kavol va Taplagouy e TOLG TOTOVG TV TIESIOY OPIOHOD TOV CLVAPTHTEDV TIOV
gpappolovtat oe autd. Onwg Kaveig pmopel va paviaoTtel, Mo akpiBeig Tomotl onpaivel 4Tt o1 TomoL
Sev pmopovv (oxedov) TMoTE va Topla&ouy akpifmg HeTadd Toug. ALTd TOL pag AEinel €86 ivat N
KOVOTINTA VO EMTPENOVHE O EKPPACELG EVOG TUTIOL V& XGvouv eAevBepa pépog NG TAT|po@opiag
TOUG KOl VX QTTOKTOVV €TOTIG AAAOVG, TILO YEVIKOUG, TOTIOLG. AUTO OTHAIVEL OTL XpeLlOUAOTE EVA GAAO
enine§o op1op®V, ato onoio Bu facildpaoTte yix va amodidouvjie TOTOLG O EKPPATELG, TTIOL OVOUALETON
oLOTNHA LITOTOTIWY (Subtyping) Kot pLog TANPOPOPET Y& TO TTO101 TUTIOL ivat aAG TIO oK P1PEig eKGOXEC
KATO10V GAAGV SeSOHEVOV TOTGV.

3.2.1 ZXyéon Ynotonwv

Oa 0piCOLHE TOPA, OTIWEG AVOPEPAIE TIAPATIAV®, Pict SIHEAT) ox€om oTo oUVOAO T’ TV TUT®V
Hog 3.1, mov ovopdadeTal ox€omn LIOTLTIWY (subtyping relation). Aépe 4Tt 0 TOTOG T €lva EVOG LTTIOTVTTIOG
(subtype) tov tomov 7/ (i} 7’ eivat évag vreptdTog (supertype) Tov 7) Kot ovpPoAilovpe 7 <: 7. H
SiaxioBnon niow amd ) SnAwon T <: 7/ €lvan OTL 0 LIOTOTOG, T, IAPEXEL TEPLOTATEPT) TANPOPOPIX KTTO
TOV LIEPTOTIO TOV, T/, GUVETIOC PTTOPOVLE VO XPTOIHOTION|COVHE HE ACPAAELX OTIOLSTTIOTE EKPPAOT
TOTIOV T O€ KATO0 OTHEI0 OTIOL aVapEVETAL pia EK@paon Tomov 7.

H oyéon umotinev SIaTum®VETal HET® EVOG TUVOAOL OTIO GUHTIEPATHATIKOVG KAVOVEG KO TTAPOD-
olGietan ota oxnpota 3.3 ko 3.4.

Ba g&eTao0L|E TOPA KABEVAV ATIO ALTOVG TOLG KAVOVEG LE TN OE1Ppd, SIVOVTHG KATIO GOVTOUN
€&Nynon tou Tt TpoaBEToLY 0T OXECT LTOTVUTIWV.

Apykd, o kavovag (S-REFL) petatpénel ) oX€0n LMOTOMWV O AVOKAGOTIKT] KOl 0 KAVOVOG
(S-TRANS) avtiotoya ot petafotikn. Kot o1 600 autég 1816tnteg €noviat dpeca amo ) Siaxiobnorn
OGS Y1 TN OXEOT] LTIOTOTIWY.
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‘Enetta, o kavovag (S-ANY) Bétel kdBe OO ©G évav vmoTvmo tov any, SnAadr, o TOMoOg any
€lvan 0 PHéY10TOG TUTIOG 0TO OVOTNHA pag. [Tapopoiwg, o kavovag (S-NONE) Bétel kGBe OO w¢ Evay
LTEPTOTO TOL None, dNAadT), 0 TOTOG none gival 0 EA&YLI0TOG TUTIOG OTO GUOTNHA HOG.

O kavovag (S-CON) xepieton ) oxéon vnotinwy Hetadd dvo atabepav Tonwv. Evag atabepdg
TOMOG pmopel va eivat LOTOTOG EVAG GAAODL, HOVO €&V TA OVOLOTA KOl TG [EYEON TOLG TOPLALOULV.
Metd, Ba mpénet emionc, 1 ox€om LMOTLTOL pPeTa&y KaBevOg ATd TOUG AVTIOTOLXOVG TUTIOVG TIOV TIEPLE-
XOLV va €yel Vv i8ia katevBuvon (covariant) e QLT OTO CLPTIEPACHA TOL Kavova. Etol emrtuyyd-
VETOL 1] EMBVPNTI] CLUTIEPLPOPE LIIOTOMWV V1A TOLG TOTIOVG YIVOHEVOU.

O kavovag (S-ARROW) xepileton tn oxéom vnmotdnwy Hetadd §Vo Tonwv BéAoug. YnevBupilovpe
OTL 01 TUTIOL BEA0VLG KATIYOPLOTIOI00V GUVHPTITELG Ol OTIOLEG AVAHEVOLY OPIGHATH TOV KXPLATEPOD TOVG
TOTIOL KO EMOTPEPOLY AMOTEAEGHATH TOL 6€100 TOLG TOTOL. TTapatnpovpe GTL 1 KatevBLVON NG
OX€0T|G LITOTUTIOL €ivan aveoTpappévn (contravariant) ylor TOuG TUTIOUG TOV OPLOHATOV EVQD EXEL TNV
161 karevBuvon (covariant) yi TOLG TOTIOLE TWV AMOTEAEGHATMOV OTIMG KA Y10 TOUG TUTIOVG TRV G-
vaptnoemv. H 16éa edw eivar nwg, pia ouvaptnon pnopet, eniong, va Bewpndel, aopaimng, 6t §éxeton
HOVO €VQX LTIOGVVOAO TMV TIPAYHATIKOV OPLOUGKT®V TNG Kol OTL TAPAYEL VA VTTEPGVUVOAO TOV TIPAYHO-
TIKQV OMOTEAEGHAT®V TNG.

On emopevor §vo kavoveg, (S-INTER1) ko (S-INTER2), amotundvouy v avTANYT LG OXETIKA
LLE TOLG TOTIOVG TOHTNG. ZVHPROVA [LE KUTOVG, Ol EKQPATELG TIOL £X0LV TOV TUTIO TOUTG B IPEMEL Vo €XOULV,
emiong, KaBévav amd Toug AVXPEPOHEVOLE TUTTOLG € QRUTOV KOl AVTIOTPOQ®G. TToAAGTAEG XpTioElg
OLTAOV TOV KAVOVOV HTTOPOVUV Vo GUVSLAGTOVV O€ TIAPAYRYES TNG OXEOTG VTTOTUTIWV TIRIPVOVTAG TOVG
QVTIOTOLXOLG TILO YEVIKOUG (0AAG 1008UVAOUG) KAVOVEC YIX TOHES A0 TTOAAOVG TOUTIOUG.

IMapopoing, ot kavoveg (S-UNION1) kat (S-UNION2) amoTun®vouy TNV avTAnyn Hog yix
SUTK™ évvola TV TOTKV éVeoTnG. ZOHEOVA HE auToDE, 01 EKQPATELG IOV €XOLV TOV TUTIO €VwaTG Ba
TIPETEL VO €XOULV, ETIOTG, KATIOL0V QIO TOVG AVAPEPOREVOLS TUTTIOVE TE RVTOV KAl AVTIOTPOPWG,.

O xavovag (S-NEG), 0 YeVIKOG HOG KAVOVAG YA TOLG TUTIOUG GPVIOTG, Opilel OTL 01 TUTIOL APVNOTG
AVOOTPEPOLY TNV KateLBLVOT NG OY€0NG LIIOTUTIWY (contravariant), ON®G Ba TEPIHEVAE ATIO TNV
avTiANYT HOG Yo auTOUG,

Ao emnmAéov Kavoveg, ot (S-NEGCA) kat (S-NEGCC), epumepiéxouy TOTOLEG APVNONG dAAG o€
oLVSLAOO e TUTOVG oTabepdg Kot TOMoVG BEAoug. O Tp@Tog avTipeTOiel K&Be TOMO OTABEPGRG WG
Slokekpipévo and k&be Tomo BéAoug. O Se0TEPOC AVTIHETWTILEL, EMONG, WG SIHKEKPIHEVOLC TOUG TV-
moug otaBepdg Tov €ite 6 GLPPWVOLY OTNV eEMTEPIKT] TOLG SopT] (Ovopa Ko péyeBog) eite mepiExouvv
TOVAGKIOTOV €va (ELYAPT a0 SIOKEKPLHEVOLG TOTTIOLE HETAED TV AVTIOTOX®V TOTI®V TOUG,.

TéAog, o xavovag (S-REC) opilet 611 o1 avadpopiikol TOMol gival 10080VaIOL [E TIG XVTIOTOLXEG
EKTETAEVEG HOPYEG TOLG (equi-recursive).

3.3 Avafeon Tonwv

'Exovtag pio x€oTm LMOTOMWY €ToUN va xpnotponoindei, npbe, emrtéAovg, N Gdpa va SlHTLTIO-
OOUJE TIWG, AKPIBAOG, 01 TUTIOL PG PTIOPOVV VX avaTeBoOV o€ eKQPATELS NG YAOTGOOG HOG, MOTE VX
TIG KOTNYOPLOTIO|O0LY CUHQ®VA HE TIG HOPPEG TIHMV OTIG OTIOLEC NMOTIHMVTAL, XOPIG, QUOIKE, VO
T QMOTIPNOOVHE. Oa foOpe wG 1 avaBeon TOMWV Xpnotponotel TIg TANPOYOpPieG yix TOLG TUTIOUG
TIOU KOTAYPAPNKAY HEC® TNG OXEOTG LIIOTUNIMV £TO1 WOTE VA EKAEMTUVEL TOUG S1KOVG TNG KAVOVEG,
ToL Bt TPOVOTIRGOVHE CUVTOHX, EMTLYXAVOVTOG TO TXIPIXOHA (EYKLUP®OV) TOTIMV OPLOHATWV |E TOVG
TOMOVG TV TESI®V 0PIOHOD TV CUVAPTICEMY TIOL EQapOlovTal o auTd. EmmAéov, TpokelTal va
QTMOKOAOWOLLE, EMTEAOVLC, TIWE O1 TUTIOL TOUNG KO Ol TUTIOL APVIOT|G HOG EMTPEMOLY VO AMOSOGOVHE
OPKETH akP1Peic TOTIOVG G€ CLVAPTHOELG [LE TOAAXTTAEG PIITPEG, XPTOHOTIOIOVTAG TNV TAT|POQOPIX TIOL
TIAPEXETAL PHECR TV TIPOTUTIOV TWV PITPROV TOUG.
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3.3.1 Xyéon AvaBeong Tonwv

INa axopn pia @opd, Ba ypewaotel va opioovpe emaywylkd pio vEéa oX€oTn HEGW EVOG GLVOAOU
KOVOV®V CUPTIEPATHOD Kol aélopatmv. H oxéon avdBeong tonwv (typing relation) eivon pia tpipeAng
OX€0T) IOV CLOYETICEL Tpla SLAPOPETIKA €161 GLVOAWV, CLUYKEKPIHEVE, T TIEPIBAAAOVTH TOTIGV 3.2, TIG
EKQPAOELS TNG YAWOTAG Hag 2.1 Kol Toug TUTTOVG TOL GLOTHHATOC pag 3.1. TupPoAilovpe ' He @ 7
Y& TIG TPOTAROELG TIOL TIXPAYOVTAL AT TOLG KAVOVEG TNG OXEOT|G avaifeong TOTwYV, LTTOSTIAGVOVTAG OTL
0 TOTIOG 7 PTopEl va avateBel oty Ek@paom e LTO TIG LTTOBETELS, Yo TOLG TOTIOLG EAEVBEPV PETA-
BANT@V otV €KPpao e, oL Kataypagovtal and to nepairov tnwv I'. H onpaocia g dnAwong
I' F e : 7 elvon OTL PMOPOVHE VA GUUTIEPAVOLE OTL I} EKPPAAT] €, OTAV (KL 0V) OAOKANPWOEL TNV
QTOTIHUNON TNG, €XE1 WG AMOTEAEOHA HiX TIUT TOL TUTOL T, §eSopEVOL OTL omoleadnmote eAeVBepeg
HETABANTEG TG e avTikaBioTavTal and KAMOoLEg TIHEG TOV TOTIOL TTOL BEMPOVE Y10t AVTEG COUPWVX [IE
10 epfdArov T

To 6UVOAO TV KAVOV®V GUUTIEPAGHOV TIOL opilel T oX€oT avaBeong TUMWV TKPOLCIALETHL OTO
oxnua 3.5.

Ba e&eTdoov e TOPA KABEVAY QIO ALTOVG TOLG KAVOVEG [LE TN GEIPA, AVOADOVTOG OE TIOLEG HOPPEG
eKQphoewv avaBETovy TUTOLG Kl LTI TTo1EG TIPOLTOBETELG,

Apyka, o kavovag (T-VAR) avabétel tomoug o petafAntég. O povog Tpomog |E TOV OToio |To-
poUpE va SdoovpE KAMO10 TOTO o€ pia peTafAnT eivon va éxovpe 1181 vmobEaet évav TOTO Yo ALTHV
vopitepa. AnAadn, pia petafAnTn €Xel Evay TOTIO HOVO EQV LTTAPYEL i EYYPAPT] YLK XUTHV OTO TPEXOV
nepaAAov TOTI®V.

O kavévag (T-CON) avabétel tomoug oe otabepég ekppdoelg. Edv kabeva amd ta otoyeia g
oTaBePAG AMOTIHATAL O€ pio T K&Mo10v TOTOL (VTIO TNV LITOBECT OTL Ol TIHEG TIOL AVATIAPIOTMOVTAL
amo TG eAeVBepeg HETABANTEG TOL €XOLV TOLG TUTOLG TTOL SivovTon Yl avTEG aTo 1), TdTE 1| EKPpaoT
oTaBePAG AMOTIUATAL GE Pin TIUT] TOL TUTIOL OTABEPAG e TO 1610 OVOp K Kol EYEBOG TIOL TIEPLEXEL TOVG
QVTIOTOLX0LG TOTIOLG TV OTOLKEIWY (VTO Tig 161e¢ LOBETELG Y1 TIg peTafAnTtég g, [).

IMapopoiwg, o kavovag (T-OP) avaBétel TONoLG o€ eKPpaoelg TeAeoTv. Eav yvwpilovpe tov Tumo
NG GUVGPTNOTG TOL TEAEDTH, TO AMOTEAECUA TNG EQAPHLOYNG TOL € éva TANBOG TIH®V, OOV 1| KO-
Bepia eivan To AMOTEAETHA TOL AVTIOTOLKOV TOL TEAOLHEVOL, Ba TTpémnel va eivan pio TIUT TOL TOTIOV
TOL TESIOL TIHAOV TOV, GAAG POVO €4V OUTEG Ol TIHEG AVIKOUY OTOV TOTIO TOL TeSiov OpPLGHOL TOU
(ovpmeptiapfavopévou Tov AR Bovg ToLg).

O kavovag (T-FUNQ) opilel amAd tov TOTO IOV AvaBETOL|E GTN CLVAPTNOT TIOL eV €XEL KO-
pia pnTpa. Avti 1 ouvaptnon &g SéxeTal Kappia Tiun omote 0 TOMog opiopatdg g Ba mpémnel va
givat none. O TONOG EMOTPOPNG KHVTT|G TNG CLVEPTNONG e HOG EVEINQEPEL, AN T EMAOYT] TOL TUTIOV
none — any ylo QUTAV T oLVGEPTNOT gival foAlkT, KAB®E elval 0 PéYLoTog TOTOG BEAOLC, OTJHELDOVO-
vtag 6Tt k&Be cuvaptnomn €xel (TOLAGYLOTOV) TN CUUTEPLPOPA AVTHG TNG TUVAPTNONG.

ZuvopTtnoelg mov EeKVOUV e Pia prTpa pIE TTPOTLTIO HETABANTNG TRipvOLY TOTIOVG HECK TOL KO-
vova (T-FUNX). Aivoupe g€ aUTEG TIG GCUVAPTIOELG TUTIOLE BEAOLE OTHELOVOVTAG TOV TOTIO TWV TIHQOV
TIOL GEXOVTAL WG OPICHATA KOL TOV TUTIO TAV TIH®V TIOV EMOTPEPOVY MG NMOTEAECHATA. L€ QUTT| TNV
TEPIMTWOOT], EQV LTTOBETOVTAC KATIOI0V TUTIO TIH®V Y1 TN HETAPBANTI TNG CLVAPTINOTNG KATRQEPOVE VX
Sei&ovpe OTLT) EKQPPOOT| EMOTPOYPT|G TNG UTTOPEL VO amo TN el o€ pia TIHT KATIO10L TUTIOV, TOTE, COPQG,
0 TIPATOG TVUTIOG €lval évag MBKVOG TOTOG OPIGHATOG EV® 0 SEVTEPOG EVag MBAVOC TOTIOG AMOTEAETO-
TOG Y10 T GUVGPTIOT), OTOTE PHTOPOVE va avaBégovpe Tov KataAAnAo tono BEAovg oTtn cuvaptnor.
Emne1ém| 1o mpotuno petafAnTig tng mpatng prTpag o Toplagel e omoladnmote Hoper TIHNG WG Opl-
OHQ, OAEG 01 LITOAOITIEG PTITPEG TNG OLVAPTNOTG Sev eMMpPeGLOLY TN AELTOLPYIN TNG, OTTOTE UTIOPOVE
VO TLG XYVOT|OOVE.

Avrifeta, o kavovag (T-FUNC) avaB€tel TOTOLG G GUVHPTIGELG TTIOL EEKIVOUV HE Pio pTpX E
nPOTLTO otabepdg. AVTdg 0 KavOVaG Yo TOLG TUTIOUG TWV CLUVPTNOEWV EMSEIKVOEL TN BACIKT| HOG
16€0 Y1 T0 WG Vo SOO0LE akplPeig TOTIOVG GE CLVAPTHCELS KAl XPTOOTOLEL TOMOVG TOWNG KOl
TUTIOLG GPVNOTG YIX VO TO EMITUXEL, OTIOTE EXOVHE VX XVOXAVGOVHE KAMOWX TIPAYHOTH €60, APYIKA, T
aplotepn mpolndBeon Tov Kavova ival Pia YEVIKELHEVT] TIEPITTWAOT] TOL MPOTVTIOL HETABANTIG TIOL
eldape mpwv. Eav vmoBétoviag Kamolo guveuaod amod TOMOVE i TIG HETABANTEG TOL TIPOTVTTOL CTA-
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Bepag, N EkPpaom EMOTPOPNIG EXEL KATIOWO TOTIO, TOTE €XOVLHE Evav KATAAANAO TOMO B€Aoug yiax v
npwtn pNTpa. Topa, og Tpooefovpe Ot 1| §e&1d TPOLNOOE0T TOL KAVOVA TEPLYPAPEL T AELTOLPYIX
NG oLVAPTNONG SiXWE TNV TIPWTN PITPA WG Hiot TOUN a6 TOMovg PEAoug. AnAadn, avtn n ouvép-
mon pmnopel va oupmeplpepbel wg 0mo0odNMOTE Ao AVTOLE TOLE TUTIOVS BEAOUG IOV AVTIOTOLKOVY
OTIG GAAEG pTTPEG, SEXOHEVT TIHEG TOV APLOTEPOV TUTIOL KOl EMOTPEPOVTAG TIHEG TOL Se§100 TOMOL. H
GUVGPTNOT] 0TO CUHTIEPACHA TOL KavOva Ba TPETEL VO GUVBLAGEL KUTEG TIG AEITOLPYIEG KATAAA AL,
Yiyoupa, TIPEMEL VO €XEL TN AELTOLPYIN IOV TIEPLYPAPETAL ATIO TOV TUTIO TNG MTPATNG PTTPAG TNG. AAAG,
€MELST] 01 TIHEG TIOV TAPIACOLY OTO TIPOTLTIO AVTHG TNG PITPUCG SEV TTEPVOUV OTIG LITOAOUTEG T, KABE
TOTOG OPIGHATOC TWV GAA®Y PNTPWV TIPETIEL VA EKAETTUVOEL. AUTO EMITLYXAVETAL HECK TNG TOUNG KO-
Bevdg amod TG TOLG TOTIOLG OPICPATMOV HE TNV APVNOT] TOL YEVIKOTEPOL TUTIOV TIOL TIEPLYPAPEL KABE
TN TIOV TOLPLALEL |E TO TIPOTLTIO TN TTPATNG PNTPAG. LULVETIRGE, O TUTIOG TNG OANG CLUVAPTNONG £lval
pic TOpR TOL TOTOL BEAOLG TNG TTPATNG PHTPAG KAl OADV TRV GAA®V TOTI®V BEA0ULG OTTOL 01 TOTOL Op1-
OHATOV AVAVEQVOVTOL OTIOG TIEpLypaPape. Me autd TOV TPOTO, 01 TOTIOL OPIOHAT®Y OAWV TV TOTI®V
[BéAovg oV TopT| KpaTtovvTon TAVTH SIOKEKPLHEVOL HETAED TOVG, OMOTE T OEIPX TV TUTIOV OTNV TOHN
Sev €xel onpaoia, onwg eival emBovpnTo.

H avdBeon tonwv oe ekppdoelg epappoymy yivetol péom tou kavova (T-APP). Eav 1 apiotepn
€KQPOOT] QMOTIHATAL O€ Pl TR €vOog TOTOL BEAoug, dnAadn oe pia ouvvdptnon, tote N Sedl& €k-
OpOoT) TIPEMEL va amoTiN el o€ pia TIPT TOL TUTIOL OPICHATOG TG CLVAPTNOTG, £TC1 WATE T) EKPPAOT
EPAPHOYNG VO SOOEL WG AMOTEAETHA Pit TIHT) TOV TUTIOV EMOTPOYPT|G TG GLVAPTNOTG.

O kavovag (T-FIX) avaBétel TOnMoug e ek@paoelg otabepol onpeiov. BuUNCoL TNV AVaSPOUIKN
OULHTEPLPOPA TV oTaBepdv onpeiwv. Mia TETOI EKQPPAOT| HOPET Vo EMOTPEPEL Pix T KATIO0L
TOTIOL, POVO €&V N EKOPUOT) EMOTPOPTG TNG EMOTPEPEL piar TIUR TOL 810V TOMOL, LMOBETOVTAG OTL
N HetafAnT ¢ aviikabiotatal and kdmowa Tiun tov i61ov, emiong, TUTOL. ENHELOVOVHE OTL OVTOG
0 TUTIOG GeV XPEIALETAL VA AVTIOTOLKEL 0€ OCLVAPTHOELG, GAAK oLVIHBWG AOYIKN XprioT TV oTaBEp®Y
onpeiwv onpaivel 0Tt auTdG 0 TOTOG ivan TUTIOG BEAOLG, SNAAST|, EXOULLE OPLOPO AVASPOHIKGV GUVHP-
moewv. Emiong, 1o yeyovag o1 pia €kgpaor otabepod onpeiov €xel KGO0 TOTO, 6 ONUALVEL OTL T
QMOTiUN 0N TNG TEPHATILEL.

TeAevtaiog, aAAG 100G 0 ONUAVTIKOTEPOG, 0 Kavovag (T-SUB), yvwotog ko wg subsumption, eivon
0 OLVOETIKOG KPIKOG HETAED TNG OXEOTG avaBeaTIC TUTIMV KA TNG GXECTG LIIOTONWV, EKAETTTOVOVTAG TIG
TIPOUTIOBEGEIG OAWV TV TTPOTYOVHEVAOV KAVOVOV avABECT|§ TOTI®V, €101 OOTE Ol TUTIOL VX UMV XPELQ-
Ceton va Toplalovy akpiBog. AVTOg 0 KAVOVOG EMITPETIEL OE OTIOLXSTTIOTE EKPPAGT KATIOL0U TOTIOL VX
€€, €MOTNG, OTOLOVSTIIOTE LIIEPTVIIO AVTOV TOL TUTIOL.
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Kepaiowo 4

Metabempia

"EX0VTOG HOAIG OAOKAT|PGOOEL TOVG OPLOHOVG TOV CLOTHHATOG TOTMV Hag, Ba BEAape va eAéyEoupe
OTL €IVOL OLVETEG KOl EVEEXOUEVAOG XPNIOTHO. AnAadT), 0Tl avaBétel Toug KATGAANAOLG TUTIOUG GTIG
EKQPAOELG KO, GUYKEKPIHEVA, OTL Sev avaBETel Kavévay TOTO o€ eKQPATELG IOV 08NYOUV OE Un KO-
Boplopévn onpacioloyia. Me autd TOV TPOTO, TO OVOTNHA TUTIWV PTOPEL va xprolponomnBel yix
OTOTIKT] OVAQOPE CQOALATOV GE TIPOYPALLATA TIPOTOV TA CUVAVTICOVHE KATX TOV XPOVO EKTEAEOT|G.
[MapokaTw, delyvoupe OTL TO COOTNHA TUTIWV HOG EXEL QLTI TNV 1810TNTA, IOV OVOUG{ETOL XOPAAELX
TOMWV, §1VOVTOG OX0OAAOTIKEG AMOSEIEEIG TV YVOOTOV BempNHATOY NG TTPOOSOL Kot TN S1aTrprong.

4.1 Acoaiela Tomwv

H mo Baoikn 1810tta €VvOg CLOTAHATOC TOTRV, OTIWE KLTO TIOL TTKPOVCIRCALE, EIVAL ] ACPAAEIX
(safety) tonwv (1 opBdTNTa (soundness)). ZOH@®vA pie quTH TV 1810TNTA, opBotunmpéva (well-typed)
TIPOYPAPHATA, SNAXST, EKQPATELG OTIG OTIOIEG TO CLOTNHA TNV PTopel va avabBéael kdmoto ToTO,
Sev obnyovv og cedApata. Exovpe 1én emAEEel TOG VA SIKTUTTOCOVHE TNV KOKT] CUHUTIEPLPOPA T®V
TIPOYPOHHUAT®V, OG QTAVOVTOG Ot pior KoOAANpevn (stuck) katdotaon, pio Ekepaor mov Sev eivan pia
TEAIKT] TN 0AAG OTIOL 01 KAVOVEG amoTipnong dev opilouvv KAmolo endpevo Brpa. Avto mov BéAovjie
va yvopilovpe, Aowmov, eivan 6T1 ot opBotunnpéveg ekppdaoelg Sev KaTaAryouv KoOAANHéveg. Agixvoupe
auTn TV 1810TNTA o€ §VO PHATA, YVOOTH 6¢ Ta Bewprjpata TG poddov (progress) Kat ng Siatnpn-
ong (preservation).

e TIpdodog: Mia opBotunnpevn ékppaon Sev eivar koAAnpévn (eite eivan pia Tipn eite pmopetl va
KAVEL €va o 6OPE®VA HE TOUG KAVOVEG MOTIHNGOTG).

e Awatmpnon: Edv pia opBoturmpeévn ékppaon kavel éva Bripa amotipnong, Tote 1 enakoAovdn

€k@paorn givon emiong opBotumnpévn.

Avutég o1 800 1810TNTEG Pali cuvendyovtal OTL pio opBotunmpévn Ekppaon dev Pmopel mMoté va
@tdoel oe pio KOAANPHEVT] KATAOTROT] KATH TNV GMOTiUN 0T TNG.

IMapakatem akoAovBovy o1 anodei&elg Twv Bewpnpdtoy TG mPoodov Kal g Siatrpnong, Hadl e
KGOl ATJ{LLOTa TIOL XPTOLHOTIOI00VTOL OE XUTEG, YO T YA®OOX® KOl TO CUOTNHA TOTI®V TTOL OplOHE.

4.2 TIpoodog

Ac Eexvnoouyie e 1o Bedpnpa TNG TPOOSOL Kol T AJHHOTA TTOL XPELX{OPNOTE YIX TNV OmoSe1&n
T0V.
4.2.1 Avuotpogr Xyéong Ynotonwv

ApYIK&, KOTayp&QOLE KATOLEG 1810TNTEG OXETIKA HE TO TG OXNHATI(OVTAL Ol TIAPAYWYES TNG
oxéomng vroTLTEY. To ANPHA TNG AVTIOTPOYPTG TNG OXECT|G LIIOTUTI®Y, 60Belcng Piog CUYKEKPIHEVC
OX€0TG LTIOTOTIOL, TIEPLYPAPEL Tl HTTOPOVHE VA TIOVUE GXETIKA HE TIG HOPPEG TWV TUTIWV TIOL TIOPYOLY
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pépog og autnv. H Sopr avtod tov Afjppatog eivat oav évag adydpiBpog pe éva mAnfog nepint®oewv
TIOU EAEYXOVTOL GEIPLOKA Y1 VA S0VE TG Hotalel 1) 6oBeica aX€oT) LIIOTVTIOL KAl VO AMOPAGIOOV|IE
TL HOPYEG TUTIWV elvat SUVATEG O€ QUTH TNV TEPITTWOT).

Anppa (Aviiotpon Zxéong Ymotonwv). Avvatég poppég tonwy Baoet piag Se5opuévng axéong vmoto-
TIov.

2 KaBe nepintwon e€etddouvpe HAVO TOVE GUVSLATLOVE HOPPWYV TUTIWY OTH TXECT LITOTUITOL TTOV GEV
&youv 1on e&etaatel and kdmoia TPONYoVUEVN TEPITTWON.

1. o Edv T <:pa.7,, 01 T <: T [@ — pa. 7).

o Eqvypa.1, <: T, 101 Ty [0 > pav. Ty <iT.

2. o EQv T <:T1 AN To, TOTET <. T1 KAl T <: To.
o Eav TV Ty <:7T,T0Te 71 <: T KAl Ty <:T.
3. e EavTi Ao < 7,T01€ET] <:TNTy <!T
NT=mVTykaiT ATo <:T{ B T1 A\ Ty <! Th.
o EdvT <7 V1o, 0teT <:T1 T <:To
NT=m ATyKkau T <:T1 VT 7h <71V T
4. e Edv T <:any, 10T€ T UMOPEL va ExEL OMOLASHTIOTE HOPPH.
e Edv none <: 7, 101e T pmopel va €yel omoladnmote popen.
e Eavany <: T, 10T T = any.

e Edv 7 <: none, T0TE T = none.

5. e Edv -7, <: 7,101 T = =7 kat 7 < T,
e EdvT <: T, 0Te T = =7 KU 7, <: 7/,
4 — . /
NT=c(Ti,...,Tn) KQUT, <:Tq —> T,
NT=Tg = T KTy <:C(T1,...,Tn),
4 — . / /
NT=ci(T1,..., ™) Kau T, <:co(T],...,Ty,)

Katcp o pn Fm 1 <: —T] yla KAmolo i.
6. o EavT <:c(T1,...,Tn), 0T = (T],...,T)) KAL T, <: T; yla KABE 1.

o EqvT <:T1 — To, TOTET = T{ — Ty Kau 71 <: Ty KL T4 <: To.

Andéeiln. Aeg v anodeién ota ayyhika 4.2.1.

4.2.2 Avayvoplotikég Mopoég

XPNOHOTOI®VTOG TO AHHA TNG AVTIOTPOPTG TNG OXECTG LTTOTVTIWV, HTIOPOVLE TOPA VA KATAYP&-
YOUHE PEPIKA YEYOVOTA OXETIKA HE TIG SUVATEG SOPEG TV AVOYVOPLOTIKGV HopP®V (canonical forms)
KATIOL®WV OLYKEKPIPEVOV TOTIV. To akoAovBo Anppa meplypd@el moteg eivat ol SuVaTEG HOPPEG TRV
opBotunnpévay TIHGV BAoEL TNG HOPPTG TOL TUTIOL TOUG.

Anppa (AvayveploTikég Mop@ég). Mopég KAEloTav kat opBotumnuévey tipay (2 F v : 7).

1. Edv v eivat pia kAo tpn pe no ¢ (11, ..., ) (@ v i c(T1,..., ),
T0TE v €xeL TN popen ¢ (V1. .., Vp).

2. Edv v eivon pia kAgtom] Typn e tomo 7, — 1o (S v i T — 1),
10Te v €xel m poperj fundy | ... |dyend.
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Andéeién. Aeg v anodeién ota ayyhika 4.2.2.
O]

Eva mOPLo o TOL AHHGTOG TV GVAYVOPLOTIKOV HOPP®OV, SNADVEL OTL 0 TOTOG None gival Kevog,
Avt ftav Oviwg N emBLPNTA oNpacia yio Tov TUTTO none, Kol auTtd 10 yeyovog Ba @avel xpriolpo
€101 OOTE VO AMOKAEIOOUL|IE KATIOIEG IEPIMTTAOTELG O GAAN BE@PTIHATA TIOV SEV HTTOPOVY VO TTPOKOYOLV
€MELST] KATIOWX TIUT| TIPETEL VXX €XEL TUTIO None.

Anppa. Aev vdpyovv KAEIOTEG TIHEG e TOTTo none. (& - v : none Sev pmopel va ouufel yior kappia
Ty v)

4.2.3 TIpoodog

Me ) Bonfela auTOV TV ANUHATOV PTOPOVHE TOPX va amodeiovpe to Bedpnpa NG mpoodov.
To Bempnpa g Tpoddov dnAcmver 6Tt pia opBoturmpévn ékppaan Sev eivan (TTpog TO TAPOV) KOAAN-
pévn, dnAadn, eite elvan pio Tipn, eite pmopel va KAvel éva Prjpa anoTipnong. Mio pikpn Aentopépeia
elvon OTL evalaQepOPAOTE HOVAXA Yot KAEIOTEG eKQPAOElS, Sixwg eAevBepeg petafAntég. IMNa avol-
XTEC EKQPAOELG, TO Bedpn A AMOTUYXAVEL, KABAOG o1 peTtafANTEG Sev amoTipodvTal Kat Sev ivat TIHEG.
[MapdAa avtd, aut 1 anotvyia dev AVAMAPIOTA KATO0 TIPOPANpA HE TN YAOGOW, KaBmG ta AT pN
TIPOYPANHATA, TIOV €VaL 01 EKQPPAOELG TIG OTOIEG VOLA(OAOTE VA ATIOTIUGOVLE, EIVOL TAVTX KAELOTA.

Oewpnua (IIpdodog). Edv e eivar kAgiot kat opboturnuévn (& + e : T yla kamolo T), TOTe €ite e
eivan pia T gite vmdpyel k@moto €' tétolo wate e — €',

Andderén. Aeg v anodeién ota ayyhka 4.2.4.

4.3 Awtnpnon

Topa, Ba avripetomicovpe 1o Bedpnpa g Satnpnong, Sivovtag KAmow akOpa AHHATA TToU
elvon amapaitnTa yio v anodelén tou.

4.3.1 Avuotpoon Xyxéong Avabeong Tonwv

Onwg KAVOE KOl [LE TN OXECT) LMOTUTIWV, SEKIVALE S1IVOVTOG éva avaAoyo ATJHHQ, TIOL TTeptypa@el
TG OXNHATIOVTaL Ol TIAPAYWYES TNG oX€oNG avaBeong TOMwv. To AU TNG AVTIOTPOYPTG TNG OXE-
ong avdBeong TOnwv, yvopilovrag n Hopen Hiog EKQpaoTg oL €XEL KATO0 TUTO, HOG TTAT|POPOPEL
OXETIKQ HE TN HOPPT] UTOV TOU TUTIOL KAl TOLE SLVATOVE TUTIOLE TWV LIOEKPPACEDV TNG. AUTd TO
AMHpa Baoileton 0To avTioTolo ANPUA TNG AVTIIOTPOYNG TG OXECTG LITOTUTI®V, MOTE VX KTTAOTION)-
OEL TIG OXEOELG TRV S1POPRV TUTIOV IOV EUTAEKEL Ko TeptAapfaver pia mepinmtwon ywa kdbe Suvotn
HOPYN EKPPACTG.

Anppa (Avuotpooen Zxéong Avabeong Tomwv). Avvatég poppég TOmwv PAoel TG HOPPHS EKPPATNS
Kdmolov Tomouv.

1. Eovl'Fz 71,1016 T9 <: T, 0mov x : 19 € I

2. EavIl'tc(er,...,en) T, 101 T9 <: T, HETH = € (T1,...,Tp), OOV ' - €; : 7; y1at KGOe 1.
3. EavIl'Fop(e1,...,en) : 7,101 79 <: T,0m00 D Fop: (T1,...,7) > 1okt ' -e; : 7; yia
KGO 7.

4. Eqv I F funend : 7, 11 79 <: T, € Tp = NONe — any.

5. Eavl'Ffunx —e.|...|dpend: 7,10te 790 <! T, UET9g = T1 — To,0mov ', x : 7 F e, : To.
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6. EavT' F func(xy,...,2,) = €7|d2]| ... |dpend: T,
0t T9 <: T, P T = (¢ (1, ..., T0) = ) AN, ((me(anyy, ... any,) A1) = 77),
onmovl,xy i 7i,...,2n i Ty e i T ko0 T = fundy| ... [dyend : A\, (1] = 7).

7. EGvl' Fejeg: 7,019 <: T, 0movl e : ™ = mkaal' Feg: 7.

8. Eavl' fixx.e, : 7,101 79 <: T, 0mouv ', x : 79 F e, : 7.

Andderén. Aeg v anodeién ota ayyhka 4.3.1.

4.3.2 Avukatdotaon

Le autd Tto onpeio, SnAdvoupe Kamowx SopkG Afppata yo ) oxéon avéBeong tonwv. Avtd
o ANppata 6ev givan 181aitepa eVAIAQPEPOVTA ATIO PLOVA TOUG, 0AAG Bar pHaG EMTPEYOLV VO EKTEAQVIE
KATO10LG XPT|O1HOVG HETXOXTHATITHOVE O€ IHPAYMYEG TG OXEOTG AvABETT|G TUTIWV OE PETEMEITN KTTO-
Sei&erg. To MpAOTO AUHQ, EMTPEMEL TNV avadldTagn TV OTOKEIWV evOg TEPIBAAAOVTOG TOTIWV, XOPIg
aAAOYT] TV SUVHTAOV TIAPAYOY®V NG oXEong avaBeong tonwv pe xpnon avtov. To edtepo Afpupa,
TaApopoing, emTpénel Ny e§acBévnon twv vnobécewv evog nepiB&AAOVTOG TOTIWY, PE TNV TPoatnkn
Hiog Eyypaong yix pioe Kovoupyla HETABANTH 0€ auTo.

ANppa (Avadiataén). EavI'F e : 7 kat A givan pia petaBeon tov T, 6te A F e @ 7.
Anppa (E€acbévnon). Edv I e : 7 kat Sev vmdpyet eyypagn yia m x oto I', éte ',z : 7' e @ 7.

X PTO1HOTOI®VTOG TO TOPATIAVE TEXVIKA ANIHOTN, HTTOPOVHE Vo amodei&oujie pia Kpiolun 1610t ta
ywx N oxéon avabeong Tonwv. AnAadn Ot1, 01 TUTIOL TV EKPPACEDY S1ATNPOLVTAL OTAV HETAPBANTEG
avukaBiotaviol and GAAEG EKPPATELG IOV EXOLV TOLG KATAAANAOLG TOToVG. To akoAovBo Afppa 6n-
A@veL T Slatrpnon TNV LTO TN SLKSIKACTX TNG AVTIKATAGTAOTG KOl GLXVA OVOUALETOL AKX AT HO
avTIKat&otoong (substitution lemma).

Afppa (Avukatéotaon). Eavl z 7' Fe: 7k THe 7, 0teT Felx— €] : 7.

Andderén. Aeg v anodelén ota ayyAika 4.3.4.

4.3.3 Awtypnon

Me ) Borfeiax Tov AIHHATOG TG AVTIKATAOTAONG, HTOPOVHE TAOPH V& aroSei§OVE TO GAAO 100
G 810N TG TNG ATPAAELNG TOTI®V, SNAGST, OTLT AMOTIUNOT) EKPPAOERDVY S1ATNPETL TOUG TUTTOLG KVTAOV.
YUYKEKPIHEVA, TO Bepnua TNG Slatipnong SNAGVEL OTL, €&V Hia EKPPAOT] KATIO0L TOTIOU KAVEL vV
BApa amotipnong, tote n enaxkdiovdn ekppaon Ba €xel Tov id1o TOTO.

Ozopnpa (Awtpnon). EavlFe:7kate — €, 0te T e’ @ 7.

Anoderén. Aeg my anodeién ota ayyAika 4.3.5.
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KepaAawo 5

MeArovtikn Epyacia ko Avowkta Epotipata

IMapovoidoape t0 oUVOETO CAAG EKPPACTIKO GUOTNHAX TUTIWV HOAG YIX TNV OTAT] GUVOPTOLOK)
YAQGOO HOG HE TAIPLAOHA TIPOTOT®V Kol emiong Seiéajie Tl 01 oplopiol pog ival GuVeneig Kat OTL To
oLOTNHA TUTIWV AVABETEL TOLG KATGAANAOLG TOTIOLG OTIG EKQPATELG, EXOVTAG TNV 1610TNTA TG XOPA-
Aglag TOMOV. OP®E, Y1 VA IV TO GUOTNIA TOTOV XPTO0 OTNV TIPGEN, Ba pEnel va €xoujle, emiong,
€vav amAo TpOTo vo amo@acilovjie molol akpag Tumol avabétovion og pia dobeica Ekppaon.

TTpog T0 ApOV, SV EXOVLIE KAVEVAY TPOTIO Y10 VA KTIOVTICOVHE GTO EPAOTNIN TOL EQV Pl CLYKE-
KPLHEVT] EKQOPOOT] HTTOPEL VXX €XEL KATIO10 TUTIO 0TO CVOTNHA TUTI®V HaG. To faaikdtepo epmddio eivon
EMNAEWN OTIOIWVOTTIOTE EMOTHEIMOEDV TONOV 0T YAQCON PG AVTO onpaivel OTL 1| oxéon avaBeong
TONWV Ba TIPEMEL VA HAVTEPEL TOUG TUTTOVE TOV OPLOHATAOV TV CLUVAPTIOEDV KOl EMEITH VA EAEYEEL
€GV Ol EKPPACELG EMATPOPTG TOLG UTTOPOVLY VXX AMTOKTHGOLY KATOL0 TUTIO LMOBETOVTG ALTOVE TOLG
TOTIOVG V1O T OPLOPATA. MNXAVIGHOT AVOKATROKELIG TUTIWV TTOL SOVAEVOLY XWPIG EMOTHEIDTELG TO-
TV EIVOL EPIKTOL, OTIOG 0 CLUTEPACPAG TOTOV OTIG YADOGEG IPOYPAHHATIOHOD TNG OIKOYEVELQG TNG
ML, aAAQ amattel o auoTnponE TEPLOPLTHONE YK TO TL TUTTOVE £XOLV Ol CLUVAPTHOELG.

To mpdBAN A TOL CLPTEPATHOV TUTIWV 0T YAOOOX HOG, OTIWG EXEL, HOLALEL VX €lva [N EMAVG|O.
Oa mpémnel va BAAOVLYE |E KATIO0V TPOTIO TEPLOPLIOHOVE OTO TL TUTTOVG TA OPICHNTH KOL TX KTTOTEAE-
OHOTX TV OUVOPTHOEMV UIOPOLV va €xouv. Evag 1pomog eivat va BaAovjie eploplopolg 6Tov TOTo
KGBe pRTPOG GLUVAPTNONG CUPPAOVA HE TOLE TOTOVG TV GAAWY pNTpAV. Towg, ol prATpeg piag ov-
vaptnong Sev XpeldeTal va €xouv OAeG Tov 1810 akpimg TOMO (OMWE 0 CLPTEPATHOG OV 0TV ML
amotel), aAAG Ba ipémel va HolpalovTal KATIOLEG YEVIKEG HOPPEG TOTIMV, £TA1 MOTE VU HEIWDEL 0 X®pOg
avadiInong yix Toug TOmovg oplopdtav. Evag dAAog Tpomog eivat va meplopicoujie To xOpo avadnTn-
OTG L€ GPECO TPOTIO HECM EMOTHEIDTERVY TUTI®V. Kdbe ouvdptnon Ba pmopodoe va cuvodeveTat amo
pio memepaopévn akoAovBia amd mbavog TUTIOLE OPLOTHATMV TNG KA1 OTOTE Bt UITOPOVCaLE ATAG Vi
Soxipaoupe kKaBévav amd autolg TOLG TUTIOUG HE TN OEIPA KPATMOVTAG HOVO OG0V EMTUYXAVOLY VX
amod®ooLY KATO10 TOTO OTIG eKPpdaoelg ematpoenc. Kot o1 600 Avoelg odnyolv o€ pia gelpd and
OAAQYEG OTO EKPPACTIKO GUOTNHA TUTIWV HOG KO T av&Avon] Toug Ba rtav eviiapépovoa mpog ava-
{Mnon evog aAyopiBpov avaKATHOKELNG TOTIMV.

To amAovoTtepo MPOPBANHA TNG AMOQAONG TNG GXEONG avaBeong TONWV Sev HOIAEL EDKOAN €T
Aoopo eniong. AnAadn, Ba BéAape va yvwpilovpe Sedopévng piog EKQPaoTG Kot €VOg TUTIOL €AV TO
avtiotoo {evydpt pnopei va mapoyBel amd n oxéon avabeong tonwv. Apyxikd, Ba mpémetl va opya-
VOGOLE SIAQPOPETIKA TOVG KAVOVEG UG £TCL MOTE VA GKOAOLBOVV [1OVO TN GVUVTAEN TV EKPPAOERDY,
SnAadn, va Bpodpe oe mola onpeia akpBdg XPEIRCETOL T GXECT] LIIOTUIWV KAl Vo TIPOaBEToLIE KO-
TAAANAEG TTpoUTOBETELG TNG OXEONG LITIOTUTIWV OTOLG VEOLG Kavovee. Emetta, BéBoa Ba mpénel va
HTIOPOV|LE VO AMOPACICOVHE ALTEG TIG TIPOUITOBETEIG LITOTOTI®Y, SNAAST], TO AVTIGTOLXO TIPOPANHA Y
™ ox€on VMoTLTIWV Hag Ba mpémnel va eivan emiong emAvoIpo. TTapopola opyavwaon TV Kavovev
LMOTVTIWV TIOL 8eV aKoAoLBOVV TN GVVTAEN TEV TUTIEV XpeldleTal, £T01 AOTE VO HTTOPOVHE EVKOAN VO
Bpovpe av vmapyel pia TapAy®yr] LITOTLTIOV yix §V0 Sedopévouy TOTOVG. Brjpata TPog oV TV Ka-
TeEVBLVOT], YIX TNV TPEXOLOA OXECT] LITOTUTIWV, €XOLV T|8T] YIVEL LE TO ANHHA OGVTIOTPOYTG TNG OXECTIG
UTIOTOTI®V.

DLOoKA, N TPEYOLON OXEOT LITOTVUTI®WV TIEPLOPILEL CHAVTIKA TO COOTNHX TUTWV Hag. Movo éva
HIKPO PEPOG TG EMBLUNTAG GLVOAOBEWPNTIKTG OTHACING TV TOTOV EMTLYXAVETHL A0 AUTHV. An-
Aadn, N oxéon LMOTLTIWY POG Eivar 0pBn, AAAG améxel TOAD amd To va givat TANPNG. TTelpapatiopdg
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L€ VEOUG KOVOVEG VTIOTUTIWV, TIOL TIPOoBETOLV o€ auTr| TN onpaoia Tev TVNev Ba ftav xproipog. H
HEYOAADTEPT] EPWTNOT TOL TOLX AKPBMG EIVAL TO OPLX P0G CUVTAKTIKG OPLOUEVIG OXECTG LTTOTOTIOV
givan emiong eviagépovoa yua épevva. ITio cuyKekppéva, xpelaldpaoTe pia oelpa amd vEoug Kavo-
VEG, DOTE VA AITAOTIOLOV|E GOVBETOVG TOTIOVC, OTIWG AVTOVE TTOL ATOSISOVIE O€ GLVAPTHOELG, KAVOVTOG
KAmolx BriHOTa TTPOG TNV OVTIHETMLOT TOL PHEYOAUTEPOL TIPOPATIHATOG TNG 1ooduvapiag TONwY. Mé-
POG ALTAOV TV AMAOTION 0wV 10w¢ Ba Tav Suvatd va mpaypatorondei ano emivtég SMT, mov Ba
S€XOVTaV KAMO10LE KATAAANAOLG HETROYNHATIOHOVE TV TUTI®V HLOG, 01 010101 Ba Tpémet va Statnpovv
MV AN po@opic TUTI®V.

'OAeg aUTEG 01 AAAAYEG KO O1 TIEWPAPATIONOL [IE TO CVOTNHA TUTIWV EXOLV TO KOGTOG TNG EMAVESE-
TaoNG TV anodeiéemv mate va eAéyEoupie OTL o1 emBupnTég 110N TEG GLVEYi(oLV Vo 1aboLY. Onwg
S10MmoTOOUE, SOVAEVOVTAC |IE €va OOVBETO OVOTN N TOTIWV, KOL UTTOPEL VO YIVEL EDKOAX GVTIANTITO O€
onolovénmote Ee@uAAI{ovVTaG TIg oeAideG aLTNG TNG Epynaiag, o1 amodei&elg eivan peydAeg Ko KATIOLES
TIEPITTAGELG APKETA TIEPIMAOKEG. H LAOTIOINOT TV OPLOH®V TNG YADTOAG KAl TOU GLOTHHATOS TOTOV
oe éva mepifaiAov BonBou anodeiewv (proof assistant), av kot §00k0AN Stadikaoia, B HTaV Ko
€MEVELOT XPOVOU, |IE OKOTIO TNV OLTOHATOTOINOT HEPOUG NG SladiKaoiag eAEyX0L TwV amodei&emwy
KoL TNV enaAnfeuon TV 1oXVPLIOHOV HOG.
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Chapter 1

Introduction

1.1 Objective

In this thesis, we define a static type system, that includes intersection and negation types and sub-
typing, to assign very descriptive types to programs of a simple functional language with pattern
matching. We show that our type system assigns types only to programs with defined semantics, that
is, it has the safety property.

1.2 Motivation

Programming continues to rise in popularity today, with more and more people involved with it. The
main tools of programming, programming languages, are quite easy for everyone to learn. Computers
everywhere handle most of our daily tasks efficiently. But, with all these abstractions, reasoning about
programs emerges as an evergrowing problem. Most of a programmer’s time is spent debugging and
testing software in order to get some validation that it actually works.

Static type checking is the most basic form of program behavior verification. Having a system
that is trying to assign types to programs based on their structure allows early detection of some
programming errors. The type given to a program also provides useful information about what the
program actually does, being an implicit documentation that evolves with its source code.

Of course, the more precise the information about a program, the more useful it is. Having a type
system that assigns both accurate and descriptive types to programs requires a wide collection of type
constructors that describe particular relations between types. But, we have to make sure that many
valid programs are still able to be assigned some type, that is, the types of their containing parts are
able to match one another.

In this thesis, we present such a type system. We introduce a rich algebra of type constructors,
like intersection and negation types. We allow expressions to have many types using a syntactically
defined subtyping relation. The object language, we assign types to, is a simple functional language
featuring pattern matching for its multi-clause functions. This feature of the language enables us to
use our set-theoretic type constructors to type functions very closely to their actual behavior.

1.3 Outline

The thesis is organized as follows: First of all, chapter 1 is a short introduction to what we did and why,
and includes this outline you are reading right now. In chapter 2, we introduce a simple functional
programming language, describing its abstract syntax and evaluation semantics. In chapter 3, we
define a type system for this language, that includes a rich type algebra and subtyping. In chapter 4,
we deal with the metatheory of this type system, showing that it has the property of type safety, by
giving rigorous proofs of the progress and preservation theorems. Finally, in chapter 5, we discuss
possible future work and pose some questions for further research.

The style of presentation of definitions and properties used in this work follows the great book
Types and Programming Languages [Pier02].
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Chapter 2

Language Definition

In order to design some complex type systems and analyze their properties, first we need to define an
appropriate untyped language, for which we will introduce types later. This language has to be simple
and elegant enough, so we do not have to discuss most of the technical details about its structure, but
at the same time, it needs some interesting and powerful features, found in real world programming
languages, to make the task of reasoning about programs written in it worthwhile. These requirements
lead us to a functional language similar to those of the ML family, having in its core the well-known
pure lambda-calculus. In this chapter, we present the chosen language, defining its abstract syntax
and evaluation semantics.

2.1 Syntax

The syntax of the lambda-calculus includes only three kinds of terms, that is, variables, abstractions
(function definitions) and applications. All mathematical computations can be reduced to these basic
operations, making lambda-calculus both a simple programming language to describe computations
and a mathematical object about which complex statements can be proved.

We extend this basic syntax, for convenience and presentation reasons, but also in order to intro-
duce a type system that works well with some specific programming language features. Our language
features mathematical constants and operators, a fix-point operator and function clauses with pattern
matching.

The complete abstract syntax of the language is shown in figure 2.1. The conventions used in this
grammar (and throughout this work) are close to those of standard BNF [Aho8€]. The main difference

is that we allow a finite sequence to be represented as a1, . . . , v, for simplicity.

e = (variable)
| cler,... en) (constant)
| op(er,...,en) (operator)
| fundi]|...|dnend (function)
| eren (application)
| fixz.e (fix-point)

d =p—e (function clause)

P = (variable pattern)
| c(x1,...,2p) (constant pattern)

Figure 2.1: Expressions
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2.1.1 Expression Forms

The grammar for the abstract syntax of the language is just a compact notation to define inductively
all valid constructs that can be formed in our language. We call these constructs terms or expressions.
We use the metavariable e (with various subscripts) to stand for any expression, while E is the set that
contains all of them.

Let us now examine the possible syntactic forms of an expression e giving more details about

them. For any expression e exactly one of the following is true:
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e The expression e has the form of a variable, e = x. We use the metavariables = and y to stand

for language variables. Variables are names that can refer to function parameters and they are
used, essentially, as placeholders to be replaced by another expression during the computation
of the program.

The expression e has the form of a constant, e = ¢ (ey, ..., e,) for some expressions e;. Con-
stants are tuples of any size that also have a name. We use the metavariable ¢ to stand for
constant names, while the number n is the size of the constant. The elements of a constant,
e1,...,en, do not need to be constants themselves, they can be any expression. We call this
expression form constant because its outer structure (name and size) cannot change during com-
putation. Also, the actual mathematical constants, like integers and boolean values, are in this
form, where n = 0 and the name of the constant corresponds to its value. Constants can be used
to construct any complex nested structure to organize data in a specific way.

The expression e has the form of an operator, e = op (ey,...,e,) for some expressions e;.
Operators have names and arities. We use the metavariable op to stand for operator names,
while the number 7 is the arity of the operator. Every operator should be accompanied by
its semantic function, [op], that defines how the operator apply to its operands ey, .. ., e, and
transforms the operator expression to its computed result. So unlike constants, the set of built-in
language operators cannot be expanded by the programmer. We include operators to have some
basic operations defined over our simplest constants, like arithmetic and logical operations for
integers and booleans, but we could also have libraries full of operators implementing all sorts
of more complex computations over any kind of structured constants.

The expression e has the form of a function, e = fund; | ... |d,end. Function definitions are
enclosed with keywords fun and end and include a sequence of function clauses. We use the
metavariable d to stand for function clauses, while the number m is the size of their sequence.
Each function clause d, has the form p — ¢,, where we call p the pattern of the clause and e,
the return expression of the clause. There are two kind of possible clause patterns, namely, the
variable pattern, p = x, where z is a variable, and the constant pattern, p = ¢ (x1,...,xy),
where each z; is a variable and c is the name of a constant with size n. This whole syntax of
functions describes the computations that need to be done to some expected expression with a
specific form (function input) in order to return another expression as result (function output).
We allow the specific function fun end, that is a function with no clauses at all (m = 0), as
a valid function expression, because, as we will see later, it has a special role in evaluation of
expressions.

The expression e has the form of an application, e = e e5 for some expressions e; and eo. Ap-
plications tie together the main building blocks of programs, functions, with other expressions
as their inputs. If the expressions match, then we will eventually get the expected function out-
put. To avoid writing too many parentheses, we adopt the convention that application associates
to the left, that is e e e3 is the same expression as (ej e2) es.

The expression e has the form of a fix-point, e = fix x.e, for some expression e,. Fix-point
definitions start with the keyword fix followed by a variable name and end with another ex-
pression, the return expression of the fix-point. A fix-point expression allows its variable name



x to refer back to the whole initial expression e, making possible the definition of recursive
functions. We will see later how this cyclic behavior is achieved by examining the evaluation
of expressions.

2.1.2 Values

We call an expression that we consider as a valid possible final computed result of a program value.
The abstract syntax of values in our language is shown in figure 2.2. We use the metavariable v to
stand for values, while V is the set that contains all of them. The metavariable d is used again for
function clauses, which have exactly the same syntax as given in figure 2.1.

v = c(v,. .., 0p) (constant)
| fundi]|...|dnend (function)

Figure 2.2: Values

From this grammar for values, we have that for any value v exactly one of the following is true:

e The value v has the form of a constant, v = ¢ (vy, . . ., v,,) for some values v;. That is, a constant
expression is a value only if its elements are themselves values.

e The value v has the form of a function, v = fund;| ... |d,,end. Unlike constants, every
function expression is also a value.

The set of values cannot be defined independently, because being a value is tied to the way the
computations work. We should check that values as they are given here agree with the definition of
evaluation of expressions in section 2.2.2.

2.1.3 Pattern Matching

We saw that our language has functions with multiple clauses, defining many return expressions, each
one corresponding to some pattern. In order to compute the output of the function for a given input
expression, we have to choose one of these return expressions based on the structure of the input
and which clause patterns match with this structure. This language feature gives a powerful condi-
tional programming construct called pattern matching that is often found in functional programming
languages such as Standard ML [Miln97].

The following definition describes when a clause pattern matches a given expression:

Definition 2.1.1 (Pattern Match). Matching between a pattern p and a given expression e.

e A variable pattern, p = x, matches with any given expression e.

e A constant pattern, p = ¢ (x1, . .., T, ), matches with a given expression e, only if e has the form
of a constant with the same name c and the same size n.

2.1.4 Scopes and Variable Binding

Let us now examine how language variables are used as placeholders for other expressions to ab-
stractly describe computations. Some expressions, like functions, introduce variable names to refer
to their expected arguments and then use these names in their body to indicate where they are needed
to compute the desired output. These variables are called bound or dummy variables because they
cannot be freely replaced by any expression, as they all refer back to the same place, their introduc-
tion (definition). The part of an expression that introduces (defines) a bound variable is called binder,
while the expression inside which the bound variable can be used is called its scope.
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The following definition lists all possible expressions that introduce bound variables in our lan-
guage:

Definition 2.1.2 (Bound Variables). Expressions that introduce bound variables (binders) and their
scopes.

¢ In a function clause with a variable pattern, x — e, the variable x is bound and its scope is the
expression e,.

e In a function clause with a constant pattern, ¢ (x1,...,2,) — e, each one of the variables z;
is bound and its scope is the expression e,..

e In a fix-point expression, fix x . e,, the variable x is bound and its scope is the expression e,..

A variable occurrence is said to be bound when it occurs in the scope of a binder with the same
name. A variable occurrence is free if it appears in a position where it is not bound by any binder with
the same name. A language term with no free variables is said to be closed.

2.1.5 Substitution

A free occurrence of a variable in an expression behaves as an external reference that needs to be
resolved in order to specify the complete meaning of the expression. The operation that replaces vari-
able occurrences with other expressions, resulting in a more specific instance of the initial expression,
is called expression substitution. We use the notation e’ [z — e] to denote the expression we get after
replacing every occurrence of the variable x in the expression ¢’ by the expression e.

Even though the operation of substitution seems straightforward, it turns out to be quite tricky,
when examined in detail. In particular, we have to handle carefully the following two cases in order
to define substitution correctly. First, we have to replace only free occurrences of variables, as bound
variables refer to some binder inside the expression, being simply placeholders for its use, and their
specific names do not matter. Second, we have to avoid capturing free variables, appearing in the
expression we replace with, by any binder of the initial expression, turning them into bound variables.
Both of these problems can be solved by renaming the bound variables of the initial expression. Fur-
thermore, we can always do that, as we consider terms that differ only in the names of bound variables
interchangeable in all contexts.

The following definition of substitution has the intended behavior and describes exactly which
properties hold after bound variable renaming:

Definition 2.1.3 (Substitution). Capture-avoiding substitution using implicit renaming of bound vari-
ables.

The following statements define the safe substitution of the variable = by the expression e inside
any expression €, ¢’ [z — e]. For any bound variable y in €/, we assume that, after the appropriate
renaming, y 7 « and y is not free in e.

x[x — € =e

ylz el =y ifyFa

clet,...,en) [z €] =c(er[zxre],...,en[x—€])
op(e1,...,en) [z — € =op(erx—e],...,en[x— €]
fundy| ... |dmend [z — € =fundi[z—e€]|...|dn[r— €]end
(y = ep) [z €] =y — e v

(c(z1,y...,xn) =€) [z €] =c(x1,...,xn) = € [T €]

(e1e2) [x — €] =elr e exfx €]

(fixy.e,) [z — €] = fixy.e, [z — €]
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From this point on, when we mention any expression substitution we will always refer to this
capture-avoiding substitution operation as defined here. We will also use the generalized notation
elry — e1,...,x, — ey,] to denote the concurrent substitution of each variable x; by the expression
e; in expression e.

Using the substitution operation is now possible to describe what computations take place in ex-
pressions and reason about their meaning.

2.2 Evaluation Semantics

Having formulated in detail the syntax of our language, we next need a similarly precise definition of
how language terms are evaluated, or in other words the semantics of the language.

In pure lambda-calculus, the only way by which terms compute is the application of functions to
arguments. Each step in the computation consists of rewriting an application of an abstraction to some
other term, by substitution of the bound variable by that term in the abstraction’s body.

Having enriched our language with extra constructs like constants and operators, and features like
pattern matching in function definitions, there are certainly more cases to consider in the definition
of computations, but the operation of substitution still has the same role of replacing expressions as
arguments to functions in applications.

2.2.1 Operational Semantics

There are a couple of different basic approaches to formalizing semantics. One of these methods
is operational semantics [Plot81]. Operational semantics specifies the behavior of a programming
language by defining a simple abstract machine for it, that uses the terms of the language as its machine
code. For simple languages, a state of the machine is just a term, and the machine’s behavior is
defined by a transition function that, for each state, either gives the next state by performing a step
of simplification on the term or declares that the machine has halted. The final state that the machine
reaches when started with a specific term as its initial state corresponds to the meaning of this term.

Operational semantics is often the method of choice for defining programming languages and
studying their properties. We will also use this method for defining semantics as it is simple and
concise but also expressive.

2.2.2 Evaluation Relation

We can now define a binary relation over the set of expressions, F, that contains exactly all ordered
pair of expressions, which are possible consecutive states of the corresponding abstract machine, that
means, the machine can change its state from being the first expression to the second one, by making
a single step of computation. We call this the (single-step) evaluation relation and we write ¢ —> ¢’
to denote that expression e evaluates to expression ¢’ in one step.

The evaluation relation is defined by induction using a set of inference rules and is shown in fig-
ure 2.3. Each inference rule has a number of premises and a single conclusion. Rules without a hori-
zontal line (also known as axioms) have no premises, so their conclusion is always true. Special notice
should be given to the choice of metavariables in the inference rules. We remind that the metavariable
e ranges over the whole set of expressions, E, given in figure 2.1, while the metavariable v ranges
over the set of values, V' C F, given in figure 2.2. The choice of the appropriate metavariables helps
control the order of evaluation. We can see that our language uses a call by value evaluation strategy,
which does not allow any evaluation inside a function and always evaluates function arguments before
passing them to the function, even if they are not used at all.

Let us now examine each of these rules in more detail to see which expression forms they handle
and how their evaluation is defined.

The first rule, (E-CON), handles the evaluation of constants. The outer structure of the constant,
its name and size, does not change during its evaluation. The elements of the constant are evaluated
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e; — €l

: (E-CON)
c(v1,...,0i—1,€i, €541, ... n) —> C(V1,. .., Viz1,€,, Eit1,- .., €n)
e; — €l
: (E-OP)
op (U1, ..., Vi1, €5, €41, ..., €n) —> 0P (V1,...,Vi—1,€}, €i+1,-..,€n)
op (’Ul,...,Un) — [Opﬂ (Ul,...,Un) (E_OPF)
er — €]
, (E-APP1)
€163 —> €1 €2
ey — €}
, (E-APP2)
V1 €3 — V1 €9
funz — el ... |dpendv — e[z — v] (E-FUNX)
func(zy,...,zy) — el ... |dpendc(vi,...,v,) — e[z — V1,..., Ty — vy] (E-FUNCM)
vFc(vi,...,v
7 el ) (E-FUNCN)
func(zy,...,x,) > el|d2| ... |dnendv — fundz| ... |dpendv
fixz.e — e[z — fixx.€] (E-FIX)

Figure 2.3: Evaluation Relation

from left to right. Each one must evaluate to a value before moving to the next. When all elements are
values, or if the constant’s size is zero, the whole constant expression is now a value and its evaluation
is complete.

The next two rules, (E-OP) and (E-OPF), handle the evaluation of operators. First, the operands
of the operator are evaluated using rule (E-OP). Just like constants, the operands are evaluated from
left to right and each one must evaluate to a value before moving to the next. When all operands
are values, or if the operator’s arity is zero, rule (E-OPF) can be used to finally evaluate the operator
expression to a value using the corresponding semantic function.

Rules (E-APP1), (E-APP2), (E-FUNX), (E-FUNCM) and (E-FUNCN), all handle the evaluation
of applications. First, the left component of the application is evaluated to a value using rule (E-APP1).
Next, rule (E-APP2) is used to evaluate the right component to a value too. At this point, the evaluation
can continue only if we have a function, having at least one clause, applied to the other value, which
we consider to be its argument. By rule (E-FUNX), if the first clause of the function has a variable
pattern, we can pass the argument to the function as it matches the pattern, evaluating the application
to the clause’s return value, where the pattern’s variable has been replaced by the argument value using
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the operation of substitution. Similarly, the rule (E-FUNCM) handles a first clause with a constant
pattern that matches the argument (both constants of the same form), evaluating the application to
the result of the (concurrent) substitution of each pattern’s variable by the corresponding argument’s
element value in the clause’s return expression. The remaining case, where the first clause’s pattern
does not match the argument, is handled by the rule (E-FUNCN), trying to match the argument to the
next clause’s pattern (if any), evaluating the application to a new one, where the function with the first
clause missing is applied to the same argument. To review when a pattern matches a given expression
see definition 2.1.1.

Last but not least, rule (E-FIX) handles the evaluation of fix-points. The behavior of a fix-point
resembles that of a function having a single clause with a variable pattern. The difference of cource
is that, unlike functions, fix-points are not values, so they do not need to be applied to some argument
in order to start evaluation. The semantics of fix-points can be viewed as equivalent to the applica-
tion of the corresponding function to the exact initial fix-point expression as its argument, which is
always implicitly passed to the function in order to evaluate. This circular behavior is what enables
the definition and evaluation of recursive computations. All of that semantics for the built-in fix-point
construct is achieved by the seemingly simple rule (E-FIX). The fix-point evaluates (in one step) to
the result of the substitution of the variable it introduces by the exact initial fix-point expression in its
return expression.

2.2.3 Evaluation Determinacy and Normal Forms

We will now record some important properties about the evaluation relation and introduce some com-
mon terminology, so we can refer to them easier.

By inspection of the inference rules (2.3) that define the (single-step) evaluation relation we saw
that each rule handles the evaluation of a different kind of expression, because either its conclusion
requires a specific unique expression form or it mentions metavariables that range over values, mean-
ing that some other rule has to evaluate a particular subexpression first. In other words, there is not
a single point during the evaluation of any expression, where more than one inference rule applies to
the expression. The abstract machine never has to make a choice while changing its current state, so
for any given expression there is a single unique sequence of states the machine passes through.

We formalize this property of the evaluation relation with the following theorem:

Theorem 2.2.1 (Determinacy of Single-step Evaluation). If e — ¢’ and e — €”, then e/ = €”.

Proof. Straightforward induction on a derivation of e — ¢’. At each step of the induction, we assume
the desired result for all smaller derivations, and proceed by case analysis on the last evaluation rule
used in the derivation.
The intuition behind the fact that no more than one evaluation rule can be applied to any given
expression is described in our analysis of the evaluation relation.
O

The single-step evaluation relation describes how the transition between expressions during com-
putation works. We are just as interested in the final results of computations, in other words, the states
from which the abstract machine cannot take a step. These expressions, which have completed their
evaluation, is said to be in normal form. We will consider their forms in more detail, as these forms
classify expressions by their meaning.

Definition 2.2.2 (Normal Forms). An expression e is in normal form if no evaluation rule applies to
it, that is, there is no expression ¢’ such that e — ¢’.

Sometimes, it is useful to be able to relate an expression to all the expressions that can be derived
from it by zero or more single steps of evaluation.
The definition of this multi-step evaluation relation, follows:
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Definition 2.2.3 (Multi-step Evaluation Relation). The multi-step evaluation relation over expres-
sions, e —* ¢/, is the reflexive, transitive closure of the single-step evaluation relation, e — ¢’.
That is, it is the smallest relation such that:

o Ife — ¢/, thene —* €.

e For all expressions e, e —* e.

o Ife —*e ande —* €, thene —* €.

After these definitions we can now state the following theorem:

Theorem 2.2.4 (Uniqueness of Normal Forms). If e —* ¢’ and e —* €, where expressions ¢’ and
e’ are both in normal form, then e’ = ¢”.

Proof. Corollary of the determinacy of single-step evaluation theorem (2.2.1).

2.2.4 Stuck Expressions

The set of values V' was introduced in section 2.1.2 as a subset of expressions, which contains exactly

the syntactic forms that we consider as acceptable final computed results of programs written in our

language. Now, having the semantics of the language defined by the evaluation relation, we should

be able to verify this initial view of values. Being fully evaluated is part of what it is to be a value.
The following is a sanity check to ensure that our definitions of values are consistent:

Theorem 2.2.5. Every value v is in normal form.

Proof. By inspection of the evaluation relation (2.3), we can check that, indeed, there is no evaluation
rule that can be applied to a value of any form, as defined in figure 2.2.
O

It is not that hard to see that the converse of statement 2.2.5 is not true for our language. An
expression that cannot be evaluated any further is not necessarily a value. For example, in our analysis
of the inference rules that define the evaluation relation in section 2.2.2, we saw that, in the case of
evaluating an application expression, after reducing both of its subexpressions to values using rules
(E-APP1) and (E-APP2), it is required, in order for evaluation to continue, that the left subexpression
is a function value. This requirement is obvious, as the other relevant rules, (E-FUNX), (E-FUNCM)
and (E-FUNCN), only define evaluation steps for values passing as arguments to functions. The
evaluation of such an expression stops abruptly without resulting to a value. Expressions with this
behavior are called stuck.

Definition 2.2.6 (Stuck). A closed expression is stuck if it is in normal form but not a value.

The existence of stuck expressions does not mean that there is something wrong with our definition
of evaluation. Some computations cannot have any meaning assigned to them, they simply do not
make sense. A stuck expression can be seen as analogous to a state causing a run-time error during
execution of some program. Such a program performs an undefined operation, probably not matching
the programmer’s intention, demonstrating some mistake in its underlying logic.

We give an overview of the different kinds of (minimal) stuck expressions in our language, de-
scribing their associated bad behavior, in the following definition:

Definition 2.2.7 (Undefined Semantics). Expressions that eventually get stuck and why this happens.

o If the left of two values in an application is not a function (so it is a constant value), the appli-
cation expression is stuck.
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o If the operand values vy, . . ., v, of an operator op are not in the domain of its semantic function
[op], the expression op (v1, ..., v, ) is stuck.

e If no clause of a function has a pattern matching its argument value v, the resulting expression
fun end v is stuck.

2.2.5 Non-Termination

One final remark about the evaluation we need to make is that not every expression can be evaluated
to a normal form. That means, some expressions can take evaluation steps forever. Of course, this is
not suprising, having a built-in fix-point construct in our language. Any fix-point expression using
its variable unconditionally in its return expression describes a recursive computation missing a base
case, so its evaluation cannot terminate.
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Chapter 3

Type System

Having defined an interesting language, in which complex enough computations can be described, we
now want to introduce types for it. What we are trying to achieve is to classify language expressions
according to their semantics without actually evaluating them. That is, gain some useful information
about the kind of values they can compute just by inspecting their structure. In this chapter, we define
a static type system with a rich type algebra, involving set-theoretic type constructors like intersection
and negation, that, using a syntactically defined subtyping relation, associates these types with our
language expressions.

3.1 Types

We already defined the semantics of our language in section 2.2 using an evaluation relation (fig-
ure 2.3) that decribes exactly how a given expression eventually evaluates (or not) to a value. What
we now want is to get a more general notion of the meaning of expressions that does not require
any evaluation to be done. This brings types into the discussion. Types can be thought as describing
particular subsets of the set of our language’s values, V, (see figure 2.2), so an expression having a
specific type (we also say the expression belongs to that type) means that, when fully evaluated (if
that is possible), the expression results to a value in the set described by that type.

3.1.1 Type Forms

In order to assign types to expressions we have to start by defining how types actually look like. We
introduce some basic types matching particular subsets of language values but also (more than) enough
set-theoretic type constructors that allow combining any types together. This choice leads us to a quite
complex type system, making reasoning about it painful (or even impossible), but also granting us the
expressive power to describe very precise information about types.

The chosen set of types, T, is defined by the extended BNF grammar (as we did with expres-
sions 2.1) shown in figure 3.1. We use the metavariables 7 and o to range over types.

T i= any (any)
| none (none)
| c(m1y.. ) (constant)
| 71— 7 (arrow)
| T AT (intersection)
| 1Vm (union)
| -7 (negation)
| « (variable)
| pa.t (recursive)

Figure 3.1: Types
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Let us now analyze the possible type forms and describe our intended semantics for each type.

For any type 7 exactly one of the following is true:

54

e Type 7 has the form any, 7 = any. Type any is the maximal type in our system and can be

thought as the set of all values, V. That is, any expression that can be assigned to a type should
also have type any.

Type 7 has the form none, 7 = none. Type none is the minimal type in our system and can be
thought as the empty set, &. That is, none (closed) expression should have type none.

Type 7 has the form of a constant, 7 = ¢(m,...,7,). Constant types, as their expression
counterparts, have a fixed name and size. Apart from also carrying the name information, they
behave as (n-size) products of their operand types. Of course, they describe sets of constant
values of the appropriate form and element types. Again, the size n is allowed to be zero, so,
in this case, the constant type is the singleton set of the constant value with the same name and
no elements.

Type 7 has the form of an arrow, 7 = 71 — 5. Arrow types describe sets of function values. In
particular, they classify those functions, which expect arguments of the left type, 71, and return
results of the right type, 7. The arrow type constructor is right-associative, that is, the type
T1 — T9 — 73 stands for r; — (TQ — 7'3).

Type 7 has the form of an intersection, 7 = 71 A 7. The inhabitants of an intersection type
[Copp78] are the values belonging to both operand types 71 and 7». The inclusion of intersection
types is what makes our system so expressive. We will see later that the use of intersection
types enables a very descriptive view of multi-clause function typing, where individual clause
types can be combined into a single type without losing any of the initial type information. The
intersection type constructor is both associative and commutative (as shown by later definitions)
so we will sometimes treat nested series of intersections as a flat one that operates over all types,
written /\; (7).

Type 7 has the form of an union, 7 = 71 V 7. Union types are the dual notion of intersection
types and denote the set of values belonging to either operand types 71 or 75. We will not
use unions in our definition of typing later, but they are quite useful behind the scene. Our
given grammar of types does not seem to include commonly used types like int and bool, but
our built-in operators surely expect arguments of these types. Primitive type definitions, using
union types (and subtyping, as we will see later) over singleton types like integer and boolean
constants, help bridge these gaps between required types. Just like intersections, we can treat
nested unions as a flat one over many types.

Type 7 has the form of a negation, 7 = —7,. Most likely the least common type constructor
used in our system, negation types describe the values not belonging to its operand type 7.
Negation is very useful in conjunction with intersection types to refine a particular type with
new information about value forms it cannot contain, thus intersecting it with the negation of
the type describing these value forms. We will see later, exactly how we use this technique to
precisely type multi-clause functions.

Type 7 has the form of a type variable, 7 = a.. Type variables refer to other types. Currently,
the only valid use of type variables is inside the body of a recursive type that bounds it. We use
the metavariable « to range over type variables.

Type 7 has the form of a recursive type, 7 = pa. 7.. A recursive type describes a tree structure
that can always expand itself by performing one more step of unfolding using its recursive
definition. This way an infinite type is defined that contains all generated values. Recursive
types will not appear in our definition of typing, but can be used to define interesting recursive
data types like lists, so we can work with them in our language.



3.1.2 Typing Contexts

One more useful notion, we should probably introduce at this point, is typing contexts. A typing con-
text (also called a type environment) collects our current assumptions about the types of free variables
in an expression while we are trying to match it to a type. That is, a typing context is a (possibly empty)
sequence of bindings, (z : 7), between (free) variables and types we associate with them, that helps
us keep track of what we already know about variables while typing a new expression. The simple
syntax of typing contexts is summarized by the grammar shown in figure 3.2. We use metavariables
I" and A to stand for typing contexts.

r =g (empty)
| Tyx:7 (variable-type binding)

Figure 3.2: Typing Contexts

When we encounter an expression introducing a new bound variable (binder 2.1.4), we need to
make an assumption about this variable’s type, updating the current typing context. A technical detail
about adding a new binding to a typing context is that, obviously, it makes no sense to add a variable
entry whose name already appears in the context. We require that the variable name is distinct and we
can always satisfy this requirement the same way we did with (safe) substitution 2.1.5.

3.2 Subtyping

Having defined the syntax of types in our system, we could go ahead and now define how these types
classify language expressions by their values. But there is an issue with our types we need to address
first. Our rich type algebra enables us to give very precise types to expressions and, of course, that is
exactly what we want to do. But then, we should also make sure that enough expressions can actually
be typed, that means, (valid) argument types should be able to match the domain types of functions
they are being applied to. As one can imagine, more precise types means that types can (almost) never
exactly match one another. What we are missing here is the ability to allow expressions of one type to
freely lose some information about themselves and also have other, more general, types. That is, we
need another layer of definitions, below typing, called subtyping, telling us whether a particular type
is just a more precise version of another given type.

3.2.1 Definition Circularity

So we have to define subtyping. If we follow the interpretation of types, which we have discussed up
to this point, as sets of language values, then we can see that subtyping is a matter of whether a type
is a subset of another. But, we do not know what values belong to each type. In particular, we do not
know what type functions have, and, actually, we have to define how typing expressions works to find
out. And then, we just saw that in order to define a useful typing, that can actually match argument
types to their function domains, subtyping is essential.

We have to somehow break this cyclic dependency of our definitions. The inclusion of arrow types
in our system, that is, having higher-order functions in our language is the main reason subtyping
leads back to typing every expression first. Languages that do not treat functions as first class values
completely avoid the described problem. Functional languages, of course, do not have this option.

A relatively new approach to deal with this circularity of defining subtyping is semantic subtyp-
ing [Fris08]. Subtyping is defined semantically by an interpretation of types into an untyped denota-
tional model and therefore can be dealt set-theoretically. This approach is mostly independent of the
language it is used in, but gives extensional semantics to functions, that is, functions are treated as a
series of input-output pairs.
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Instead, we choose to define subtyping syntactically. We can keep both our language semantics
and type syntax the same, but will achieve only part of our intended semantics for set-theoretic type
constructors.

3.2.2 Subtyping Relation

We will now define, as we discussed above, a binary relation over the set of our types (see 3.1), T,
called the subtyping relation. We say that type 7 is a subtype of type 7’ (or 7’ is a supertype of 7) and
we write 7 <: 7/. The intuition behind the statement 7 <: 7’ is that the subtype, 7, is more informative
than its supertype, 7/, so we can safely use any expression of type 7 in a context where an expression
of type 7’ is expected.

The subtyping relation is formalized as a collection of inference rules (as we did for the evaluation
relation 2.3) and is shown in figures 3.3 and 3.4.

TLT (S-REFL)
r<7 <7 (S-TRANS)
<7
T <:any (S-ANY)
none <: T (S-NONE)
TL<IT] ... Tp <IT) (S-CON)
c(Try.ooym) <te(r],...,7})

T <iT T <iTh

- 2 (S-ARROW)

Figure 3.3: Subtyping Relation (part 1 of 2)

We will now go through each one of these rules, giving some brief explanation of what they add
to the subtyping relation.

First, rule (S-REFL) makes the subtyping relation reflexive and rule (S-TRANS) makes it transi-
tive. Both of these properties follow directly from our intuition of subtyping.

Next, rule (S-ANY) makes every type a subtype of any, that is, any is the maximal type in our
system. Similarly, rule (S-NONE) makes every type a supertype of none, that is, none is the minimal
type in our system.

Rule (S-CON) handles the subtyping between two constant types. A constant type can be subtype
of another, only if their names and sizes match. Then, the subtype relation between each of the cor-
responding operand types should also have the same direction (covariant) as in the rule’s conclusion.
This is the intended subtype behavior for product types.

Rule (S-ARROW) handles the subtyping between two arrow types. Recall that arrow types clas-
sify functions that expect arguments of the left type and return results of the right type. Notice that
the sense of the subtype relation is reversed (contravariant) for argument types, while it runs in the
same direction (covariant) for the result types as for the function types themselves. The intuition here
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1 NTo <! Tp

(S-INTER1)
T1IN\NTo <! T2
T<IT T<:!To
e (S-INTER2)
1 <:T1 VT
P (S-UNION1)
To <: 71V T2
T <:T To <! T
e (S-UNION2)
<7
T S-NEG
-7 <7 ( )
(Tl ., Tn) < (17— 1)
S (S-NEGCA)
T—= 7 <t=e(T,...,Tn)
cprFcoVnFmV I < -7
: = T (S-NEGCC)
1 (T1y .oy Tn) <t oo (7], ..., 7h)
Tla = pa. 7] < po.T (S-REC)

Mo . T <:T[a — pa. 7]

Figure 3.4: Subtyping Relation (part 2 of 2)

is that, a function can be viewed as also accepting only a subset of its arguments, while producing a
superset of its actual results.

The next two rules, (S-INTER1) and (S-INTER?2) capture our intuition of intersection types. That
is, expressions of the intersection type should have both operand types and vice versa. Multiple uses of
these rules can be combined in subtyping derivations to get the corresponding general (but equivalent)
rules for intersection of many types.

Likewise, rules (S-UNION1) and (S-UNION2) capture our intuition of the dual notion of union
types. That is, expressions of the union type should have either operand types and vice versa.

Rule (S-NEG), our general rule for negation, defines that negation types reverse the direction of
subtyping (contravariant), as we would expect from our intuition behind them.

Two more rules, (S-NEGCA) and (S-NEGCC), involve negation types but in conjuction with
constant and arrow types. The first one treats every constant type as disjoint of every arrow type. The
second treats also as disjoint, constant types that either mismatch in their outer structure (name and
size) or have at least one pair of disjoint corresponding operand types.

Finally, rule (S-REC) defines that recursive types are equal to their one-step unfolds, that is, we
treat them as equi-recursive.
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3.3 Typing

Having a subtype relation ready to be used, it is, finally, time to define how, exactly, our types can be
assigned to language expressions, classifying them according to the values they evaluate into, without,
of course, evaluating them. We will see how typing can take advantage of the subtype relation in order
to refine its own rules, that we will define shortly, matching successfully (valid) arguments types to
the domain types of the functions they are being applied to. Also, we are going to, finally, reveal how
intersection and negation types can be used to precisely describe the types of multi-clause functions,
using the information provided by their clause patterns.

3.3.1 Typing Relation

Once more, we will have to define inductively a new relation, using a collection of inference rules (and
axioms). The typing relation is a ternary (three-place) relation that correlates three different kinds of
sets, that is, typing contexts (see 3.2), language expressions (see 2.1) and our system of types (see 3.1).
We write I' - e : 7 for statements derived from the typing rules and we say that, the type 7 can be
assigned to the expression e under the assumptions, for types of free variables in the expression e,
recorded by the typing context I". The meaning of the statement I' - e : 7 is that, we are able to
conclude that expression e, when (if) fully evaluated, results to a value of type 7, given that any free
variable in e is replaced with some value of the type assumed for it by the context I'.

The set of inference rules that define the typing relation is shown in figure 3.5.

We will now go through each one of these typing rules, giving some details about which expression
forms they assign types to and under what premises.

First, rule (T-VAR) handles the typing of variables. The only way to assign a type to a variable is
to have already assumed one type for it earlier. That is, a variable has a type only if there is an entry
for it in the current typing context.

Rule (T-CON) handles the typing of constant expressions. If each one of the constant’s elements
evaluates to a value of some type (under the assumption that the values represented by its free vari-
ables have the types assumed for them in I'), then the constant expression evaluates to a value of the
contant type matching its name and size and having the corresponding element types (under the same
assumptions for variables in it, ).

Similarly, rule (T-OP) handles the typing of operator expressions. Knowing the operator’s signa-
ture type, the result of its application to a number of values, each one resulting from its corresponding
operand, should be a value of its codomain type, but only if these values belong to its domain type
(including their amount matching the operator’s arity).

Rule (T-FUNQO) just defines the type of the function with no clauses at all. This function expects
no argument so its domain type should be none. The return type of the function do not really matter,
but choosing the type none — any for this function might be convenient as it is the maximal arrow
type, denoting that any function has (at least) the behavior of the empty function.

Functions that start with a variable pattern clause are typed by rule (T-FUNX). We type functions
with arrow types denoting the type of values they accept as arguments and the type of values they
return as results. In this case, if by assuming a type of value for the function’s variable we can show
that its return expression can evaluate to a value of some type, then clearly the first type is a possible
argument type while the second a possible return type for the function, so we can assign the appropriate
arrow type to the function. Because, the variable pattern of this clause will match any passed argument
value, all the other clauses never come into play, so we can completely ignore them.

Instead, rule (T-FUNC) types functions that start with a constant pattern clause. This typing rule
for functions demonstrates our key idea of how to precisely type functions and uses intersection and
negation types to achieve this, so there are a couple of things to unpack here. First, the left premise
of the rule is a general case of the variable pattern case we described above. If by assuming any
combination of types for the constant pattern’s variables, the return expression can have some type,
then we have an appropriate arrow type for the first clause. Now notice that the right premise describes
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Figure 3.5: Typing Relation

the functionality of the function having all the clauses except the first one, as an intersection of arrow
types. That is, this function can behave as any of these arrow types corresponding to the other clauses,
accepting values of the left type and returning values of the right type. Now, the function in the
conclusion should combine this functionality. Surely, it should be able to behave as the first clause.
But, because values matched from the first clause do not pass to the others anymore, every argument
type of all the other clauses should be refined. This is achieved by intersecting every argument type
of the other clauses with the negation of the most general type describing every value that can be
matched by the first clause. Thus, the type of the whole function is an intersection of the first clause’s
arrow type and all the other arrow types with the argument types updated as described. This way, the
argument types of all arrow types in the intersection are always kept distinct from one another, so the
order of the types in the intersections do not matter, following the intended behavior.

The typing of application expressions is handled by rule (T-APP). If the left expression evaluates
to a value of an arrow type, that is, a function, then the right expression has to evaluate to a value
matching the function’s argument type, in order for the application to result in a value of the function’s
result type.
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Rule (T-FIX) handles the typing of fix-point expressions. Recall the recursive behavior of fix-
points. Such an expression can be seen as returning a value of some type, only if its body returns a
value of the same type, while we assume its variable is replaced by a value of the same type too. Notice
that, this type do not have to correspond to functions, but usually sensible use of fix-points involves
this type to be an arrow type, that is, defining recursive functions. Also, the fact that a fix-point has
been assigned a type, does not mean that its evaluation has to terminate.

Last, but certainly not least, rule (T-SUB), known as the subsumption rule, is the bridge between
the typing relation and the subtyping relation, refining the premises of all other typing rules, so types
do not have to be an exact match. This rule allows any expression of some type, to be an element of
any supertype of that type too.

This analysis completes the presentation of our type system. Notice that now, knowing how ex-
pressions (so values too) are classified by types, via the typing relation that relies on the subtyping
relation, a new concrete definition of the semantics of our types is possible, as subsets of values that
are classified by a given type, thus closing the dependency circle of the definitions.
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Chapter 4

Metatheory

Having just completed the definitions of our type system, we would like to check that it is consistent
and potentially useful. That is, it assigns the appropriate types to expressions and, in particular, it does
not assign any type to expressions that lead to undefined semantics. This way, the type system can be
used to statically report errors in programs before encountering them in run time. In this chapter, we
show that our type system has this property, called safety, by giving rigorous proofs of the well-known
progress and preservation theorems.

4.1 Safety

The most basic property of a type system, like the one we defined, is (type) safety (also called sound-
ness). According to this property, well-typed programs, that is, expressions the type system can assign
some type to, do not ”go wrong”. We have already chosen how to formalize bad behavior of programs,
as reaching a stuck state 2.2.6, an expression that is not a final value but where the evaluation rules 2.3
do not define what to do next. What we want to know, then, is that well-typed expressions do not get
stuck. We show this in two steps, commonly known as the progress and preservation theorems.

e Progress: A well-typed expression is not stuck (either it is a value or it can take a step according
to the evaluation rules).

e Preservation: If a well-typed expression takes a step of evaluation, then the resulting expression
is also well typed.

These properties together tell us that a well-typed expression can never reach a stuck state during
evaluation.

The next sections list the proofs of the progress and preservation theorems, along with some lem-
mas used in them, for our given language and type system definitions.

4.2 Progress

Let us start with the progress theorem and the lemmas needed for its proof.

4.2.1 Subtyping Inversion

First, we record some properties about how subtyping derivations are built. The inversion of the
subtyping relation lemma, given a particular subtype relation, describes what we can say about the
forms of types involved in it. The structure of this lemma is like an algorithm with a number of cases
that are being checked in sequence to see how the given subtype relation looks like and decide what
type forms are possible in that case.

Lemma 4.2.1 (Subtyping Inversion). Possible type forms based on given subtype relation.
On each case we consider only the type form combinations in the subtype relation not already
considered by any previous cases.
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If T <:pa.7, then T <: 7, [ = pa. 7.

Ifua.r, <:7,then 7, [a — pa. 7| <: 7.

IfT<:m AT, thenT <: 1 and T <: To.

If i V1o <:7,thenT <:7andm <:T.

Ifi Ao <:7,thenTy <:Torm <:T
orT=7{VT1hand Ty Ao <:T] or T A To <i T
IfT<:mVm,thent <:Tmjor7 <:m

orT=1] AThand ] <: 711V T 0r T <171V To.
If 7 <: any, then T can be of any form.

If none <: T, then T can be of any form.

Ifany <: 7, then 7 = any.

If T <: none, then T = none.

If =1, <: 7, then 7 = =7" and 7’ <: 7.
If T <: =1p, then T = =7" and 7, <: 7/,
ort=c(m,..., ) and 7, <: T4 = T),
orT =1, =71, and 7, <: c(T1,...,Tn),

— . / /
ort=ci(11,....,m)and 7, <: ca (7{,...,T),)
and ¢; 7 ca orn F mor 1; <: -, for some .

Ifr <:c(m,...,m), thenT=c(7{,...,7}) and 7} <: 7; for all i.

r'n

IfT <t — 7o, thenT =7 — 75 and 71 <: 71 and 75 <: 7.

Proof. By induction on subtyping derivations.
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By (S-REQ), pa. 7 <: 7 [ = pav. 77]. By (S-TRANS), 7 <: 73 [0 = pav. 7).
By (S-REQ), 7 [ — pa. 7] <: par. 7. By (S-TRANS), 7 [a = pov. 7] <: 7.

By (S-INTER1), 1y A 72 <: 11 and 1 A 72 <: 2. By (S-TRANS), 7 <: 71 and 7 <: To.
By (S-UNION1), 1y <: 711 V1 and 72 <: 71 V 72. By (S-TRANS), 1 <: 7 and 79 <: 7.

By inspection of the subtyping rules 3.3 3.4, excluding type form combinations considered
by previous cases, the final rule in the derivation of 71 A 70 <: 7 must be (S-ANY),
(S-INTER1), (S-UNION1) or (S-TRANS).

If the final rule is (S-ANY), then 7 = any and by (S-ANY), 7y <: 7 and » <: 7.

If the final rule is (S-INTER1), then 7 = 71 or 7 = 79 and by (S-REFL), 71 <: Tormp <: 7.
If the final rule is (S-UNION1), then 7 = 7{ V 75 and 7| = 71 A 72 or 75 = 71 A 72 and by
(S-REFL), 74 A 7o <: 7y Or T4 A To <: T4,

If the final rule is (S-TRANS), then 71 A 75 <: 0 and o <: 7 and we proceed by cases on
the form of o

If 0 = pa. oy, thenby case 1, 71 A 72 <: 0, [ — o] and o, [ — o] <: 7 and we get the
desired result by induction on the form of o, [a — o].

If o = 01 A 09, then by induction hypothesis for o <: 7,01 <: Torog <: Tor7 =17V 75
and o <: 7{ oro <: 74 If 01 <: T or oy <: 7, then by case 2, 71 A 7o <: o7 and
T1 ATy <: 09 and we get the desired result by induction on the form of o; or o5. Otherwise,
if =7/ V7,and o <: 7] or o <: 75, then by (S-TRANS), 7y A7p <: 7] Or 71 Ao <: T4.
If o has any other form, then by induction hypothesis for 71 Ao <: 0,71 <:corm <: o
oro =cyVogsand 1 ATy <: oc10rmp ATy <: o9. If m <! o orm <: o, then



by (S-TRANS), 71 <: 7 or 79 <: 7. Otherwise, if 0 = 01 V 02 and 71 A T2 <: 01 Or
71 A\ T9 <: 09, then by case 2, o1 <: 7 and oo <: 7 and we get the desired result by
induction on the form of o; or .

By inspection of the subtyping rules 3.3 3.4, excluding type form combinations considered
by previous cases, the final rule in the derivation of 7 <: 71 V 70 must be (S-NONE),
(S-UNIONT1), (S-INTER1) or (S-TRANS).

If the final rule is (S-NONE), then 7 = none and by (S-NONE), 7 <: 71 and 7 <: 7.

If the final rule is (S-UNION1), then 7 = 7y or 7 = 7 and by (S-REFL), 7 <: 71 or
T <! T9.

If the final rule is (S-INTER1), then 7 = 7{ A 74 and 7{ = 71 V 72 or 74, = 71 V 72 and by
(S-REFL), 7{ <: 7 V1 0r7) <: 71V To.

If the final rule is (S-TRANS), then 7 <: ¢ and o <: 71 V 7> and we proceed by cases on
the form of o

If 0 = pa.oy, thenby case 1, 7 <: o, [ — o] and 0, [ — o] <: 71 V 72 and we get the
desired result by induction on the form of o, [a — o].

If o = 01 V 09, then by induction hypothesis for 7 <: o, 7 <t gy or 7 <t g 0r 7 = 74 A Té
and 7{ <: oor7y <t o. If 7 <t o1 or 7 <! 09, then by case 2, 01 <: 71 V 72 and
o9 <: 11V 1o and we get the desired result by induction on the form of o1 or o». Otherwise,
if 7 =7{ Atjand 7| <: o ormy <:o,thenby (S-TRANS), 71 <: 71 V1 o0rmy <: 71V To.
If o has any other form, then by induction hypothesis for o <: 71 V19,0 <: 11 or 0 <: 7o
orc =ogyANogando] <: 1 VTmoroy <: | Vm. Ifc <: 7 oroc <: 7, then
by (S-TRANS), 7 <: 71 or 7 <: T9. Otherwise, if 0 = 091 A g2 and 07 <: 71 V 7 Or
09 <: 11V 7o, then by case 2, 7 <: 07 and 7 <: 092 and we get the desired result by
induction on the form of o or os.

Immediate from (S-ANY).
Immediate from (S-NONE).

By inspection of the subtyping rules 3.3 3.4, excluding type form combinations considered
by previous cases, the final rule in the derivation of any <: 7 must be (S-ANY), (S-REFL)
or (S-TRANS).

If the final rule is (S-ANY) or (S-REFL), then 7 = any.

If the final rule is (S-TRANS), then any <: ¢ and o <: 7 and we proceed by cases on the
form of o

If o = pa.o,, then by case 1, any <: o, [a +— o] and o, [ — o] <: 7 and we get the
desired result by induction on the form of o, [a — o].

If o = 01 A 09, then by cases 2 and 3, any <: o1 and any <: o9 and also o1 <: 7T or
o9 <: T, s0 we get the desired result by induction on the form of o or os.

If o = 01 V 09, then by cases 3 and 2, any <: g1 or any <: o9 and also o1 <: 7 and
o9 <: T, s0 we get the desired result by induction on the form of o1 or os.

If o has any other form, then by induction hypothesis for any <: ¢, ¢ = any. By induction
hypothesis for o <: 7, 7 = any.

By inspection of the subtyping rules 3.3 3.4, excluding type form combinations consid-
ered by previous cases, the final rule in the derivation of 7 <: none must be (S-NONE),
(S-REFL) or (S-TRANS).

If the final rule is (S-NONE) or (S-REFL), then 7 = none.

If the final rule is (S-TRANS), then 7 <: ¢ and ¢ <: none and we proceed by cases on
the form of o

If 0 = pa.oy, then by case 1, 7 <: 0, [a — o] and o, [ — o] <: none and we get the
desired result by induction on the form of o, [a — o].
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64

If o = 01 A 09, then by cases 2 and 3, 7 <: o1 and 7 <: 02 and also o1 <: none or
o2 <: none, so we get the desired result by induction on the form of o or o».

If o = 01 V 09, then by cases 3 and 2, 7 <: o1 or 7 <: 09 and also o7 <: none and
o9 <: none, so we get the desired result by induction on the form of o or o».

If o has any other form, then by induction hypothesis for o <: none, ¢ = none. By
induction hypothesis for 7 <: o, 7 = none.

By inspection of the subtyping rules 3.3 3.4, excluding type form combinations considered
by previous cases, the final rule in the derivation of =7, <: 7 must be (S-NEG), (S-REFL)
or (S-TRANS).

If the final rule is (S-NEG), then 7 = =7" and 7/ <: 7).

If the final rule is (S-REFL), then 7 = =7, and by (S-REFL), 7, <: 7).

If the final rule is (S-TRANS), then =7, <: 0 and ¢ <: 7 and we proceed by cases on the
form of o

If 0 = pa.oy,, then by case 1, -7, <: 0, [a +— o] and o, [a — o] <: T and we get the
desired result by induction on the form of o, [a — o].

If o = 01 A 09, then by cases 2 and 3, -7, <: 01 and =7, <: 02 and also o1 <: 7 or
o9 <: T, s0 we get the desired result by induction on the form of o1 or os.

If o = 01 V 09, then by cases 3 and 2, =7, <: 01 or =7, <: 02 and also o1 <: 7 and
o9 <: T, s0 we get the desired result by induction on the form of o1 or os.

By case 4, 0 7 any and o ¥ none.

If o has any other form, then by induction hypothesis for -7, <: 0,0 = =0’ and 0’ <: 7),.
By induction hypothesis for o <: 7, 7 = =7’/ and 7’ <: ¢’, and by (S-TRANS), 7/ <: 7,.

By inspection of the subtyping rules 3.3 3.4, excluding type form combinations considered
by previous cases, the final rule in the derivation of 7 <: —7, must be (S-NEGCA),
(S-NEGCC), (S-NEG), (S-REFL) or (S-TRANS).

If the final rule is (S-NEGCA), then 7 = ¢(m,...,7,) and 7, = 7, — T, so by
(S-REFL), 7, <: 74 — 74, 00 T = 74 — T, and 7, = ¢(71,...,Ty), so by (S-REFL),
Tp <:c(T1,...,Tn).

If the final rule is (S-NEGCC), then 7 = ¢; (71,...,7,) and 7 = ¢2 (74, ..., 7,,), SO by
(S-REFL), 7, <: ¢2 (71,...,7,),and also c1 # c2 or n # m or 7; <: =7/ for some i.

r'm
If the final rule is (S-NEG), then 7 = =7" and 7, <: 7'.
If the final rule is (S-REFL), then 7 = —7;, and by (S-REFL), 7, <: 7).
If the final rule is (S-TRANS), then 7 <: 0 and o <: —7, and we proceed by cases on the
form of o
If 0 = pa.oy, then by case 1, 7 <: o, [a@ — o] and o, [a — 0] <: =7, and we get the
desired result by induction on the form of o, [a — o].
If o = 01 A 09, then by cases 2 and 3, 7 <: 01 and 7 <: 09 and also 01 <: —7, or
o9 <: —Tp, SO we get the desired result by induction on the form of o4 or o2.
If o = 01V 09, then by cases 3 and 2, 7 <: 01 or 7 <: 02 and also o1 <: =7, and
o9 <: —Tp, so we get the desired result by induction on the form of o4 or 0.
By case 4, 0 # any and ¢ ¥ none.

If o has any other form, then by induction hypothesis for o <: —7,, we get the desired
property for o. By induction hypothesis for 7 <: o, we get the desired property for 7.

By inspection of the subtyping rules 3.3 3.4, excluding type form combinations considered
by previous cases, the final rule in the derivation of 7 <: ¢ (71, .. ., 7,,) must be (S-CON),
(S-REFL) or (S-TRANS).

If the final rule is (S-CON), then 7 = ¢ (74, ..., 7;,) and 7; <: 7; for all ¢.
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If the final rule is (S-REFL), then 7 = ¢ (71, ..., 7,,) and by (S-REFL), 7; <: 7; for all i.

If the final rule is (S-TRANS), then 7 <: o and o <: ¢(7y,...,T,) and we proceed by
cases on the form of ¢

If o = pa.oy, then by case 1, 7 <: o, [a +— o] and o, [ — o] <: ¢(71,...,7Ty) and we
get the desired result by induction on the form of o, [« — 0o].

If o = 01 A 09, then by cases 2 and 3, 7 <: 07 and 7 <: 09 and also o1 <: ¢ (71,...,T)
orog <:¢(11,...,7n), S0 we get the desired result by induction on the form of o; or 0.
If 0 = 01 V 09, then by cases 3 and 2, 7 <: 01 or 7 <: 09 and also 01 <: ¢(71,...,7y)
and oy <: ¢(71,...,7n), SO we get the desired result by induction on the form of o; or
9.

By cases 4 and 5, 0 # any, 0 # none and o ¥ —o’.
If o has any other form, then by induction hypothesis foro <: ¢ (71,...,7,),0 =c(o1,...,0,)
and o; <: 7; for all 4. By induction hypothesis for 7 <: o, 7 = ¢(7{,...,7},) and 7/ <: 0;

for all ¢, and by (S-TRANS), 7/ <: 7; for all i.

By inspection of the subtyping rules 3.3 3.4, excluding type form combinations considered
by previous cases, the final rule in the derivation of 7 <: 71 — 79 must be (S-ARROW),
(S-REFL) or (S-TRANS).

If the final rule is (S-ARROW), then 7 = 7{ — 74 and 71 <: 74 and 7% <: To.

If the final rule is (S-REFL), then 7 = 7y — 7» and by (S-REFL), 7 <: 7y and 79 <: To.
If the final rule is (S-TRANS), then 7 <: ¢ and ¢ <: 71 — 72 and we proceed by cases
on the form of o

If 0 = pa.oy, then by case 1, 7 <: 0, [a — o] and o, [a — o] <: 71 — T2 and we get
the desired result by induction on the form of o, [ — o].

If 0 = 01 A 09, then by cases 2 and 3, 7 <: 01 and 7 <: 02 and also o1 <: 7 — T2 Or
o9 <:T1 — To, SO we get the desired result by induction on the form of o or os.

If 0 = 01 V 09, then by cases 3 and 2, 7 <: 01 or 7 <: g9 and also o1 <: 71 — T2 and
o9 <: T — T, SO we get the desired result by induction on the form of oy or 5.

By cases 4 and 5, 0 # any, o0 # none and o ¥ —o’.

If o has any other form, then by induction hypothesis for o <: 7y — 7, 0 = 01 — 02 and
71 <: 01 and oy <: 9. By induction hypothesis for 7 <: o, 7 = 7{ — 75 and 07 <: 7]
and 75 <: 02, and by (S-TRANS), 71 <: 7{ and 75 <: To.

4.2.2 Canonical Forms

Using the subtyping inversion lemma 4.2.1, we can now record a couple of facts about the possible
shapes of the canonical forms of some particular types. The following lemma, describes which are
the possible forms of values that are well-typed, given the specific form of their type.

Lemma 4.2.2 (Canonical Forms). Forms of closed and well-typed values (& - v : 7).

1. Ifvis a closed value of type ¢ (T1,...,Tn) (D v:c(T1,...,T)),
then v has the form ¢ (vy, ..., vy).

2. Ifv is a closed value of type 71 — 1o (F F v : 711 — T9),
then v has the form fundy | ... |dnend.

Proof. By induction on typing derivations.
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1. By inspection of the typing rules 3.5, the final rule in the derivation of @ F v : ¢ (71,...,7)
must be (T-CON) or (T-SUB).
If the final rule is (T-CON), then v has the form ¢ (v1, . .., vy).
If the final rule is (T-SUB), then @ F v : o with o <: ¢ (71, ..., 7).
By subtyping inversion lemma 4.2.1, the only possible form of ¢ that also match some other
typing rule is ¢ (o1, ..., 0p).
By induction hypothesis for & - v : o, v has the form ¢ (v1, .. ., vy).

2. By inspection of the typing rules 3.5, the final rule in the derivation of @ - v : 71 — 75 must
be (I-FUNQ), (T-FUNX) or (I-SUB).
If the final rule is (T-FUNQ) or (T-FUNX), then v has the form fundy| ... |dend.

If the final rule is (T-SUB), then @ F v : o with o <: 71 — 79.
By subtyping inversion lemma 4.2.1, the only possible forms of ¢ that also match some other
typing rule are oy — o9 and A\, (o; — o)) with i > 1.

If o has an arrow form, then by induction hypothesis for & - v : o, v hasthe form fund; | ... |dnend.
Otherwise, if ¢ has an intersection form, then the rule (T-FUNC) is used in the derivation and
v also has the form fundy | ... |dyend.

O

A corollary of the canonical forms lemma 4.2.2, states that type none is empty. That was indeed
our intended semantics of type none, and this fact will be important in order to exclude some cases in
other theorems that cannot occur because some value has to be assigned the type none.

Lemma 4.2.3 (None Values). There are no closed values of type none. (& F v : none cannot occur
for any value v)

Proof. Let us assume that there is a closed value v of type none, @ - v : none.
By (S-NONE) and (T-SUB), we can get & - v : 7 for any type 7.
Sowehave o - v:c(m,...,7m)and &+ v : 7 — To.
By canonical forms lemma 4.2.2, v has both the form ¢ (v1, . .., v,,) and the form fund; | ... |d,end.
However, it is clear from the syntax 2.2 that a value cannot have both the form of a constant and a
function. So our assumption cannot be true, there are no closed values of type none, that means the
type none is indeed empty.

O

4.2.3 Progress

With these lemmas we can now prove the progress theorem. The progress theorem states that a well-
typed expression is not (currently) stuck, that is, either it is a value, or it can take an evaluation step.
One small detail is that we are only interested in closed expressions, with no free variables. For open
expressions, the progress theorem actually fails, as variables cannot evaluate and they are not values.
However, this failure does not represent a defect in the language, since complete programs, which are
the expressions we actually care about evaluating, are always closed.

Theorem 4.2.4 (Progress). If e is closed and well-typed (& + e : T for some 1), then either e is a
value or there is some ¢’ such that e — ¢’

Proof. By induction on a derivation of @ I e : 7. Assuming that the desired property holds for all
subderivations, we proceed by case analysis on the final typing rule in the derivation.

Case (I-VAR):
e=x
In this case, e has the form of a variable and is not closed, so this case cannot occur.
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Case (I-CON):
e=c(er,...,en)
T=c(T1y . yTn)
kel ... ke, T,
By induction hypothesis, for each e;, either e; is a value or e; can take an evaluation step.

e If some ¢; can take a step, e;, — e;, while all e;, j < 1, are values, e; = v;, then rule

(E-CON) applies to e, so e —» €/, where €’ = ¢ (v1,...,vi_1,€}, €41,...,€p).
e If all ¢; are values, e; = v;, then e = ¢ (vy,...,v,) is a value.
Case (I-OP):
e=op(e1,... en)
Glrop:(Ti,...,T) =T

e ... Tke,
By induction hypothesis, for each e;, either e; is a value or e; can take an evaluation step.

e If some e; can take a step, e, — e;, while all e;, j < 1, are values, e; = v;, then rule
(E-OP) applies to e, so e — ¢/, where €’ = op (v1, ..., Vi—1, €}, €i+1,. .., €n).

e Ifall e; are values, e; = v;, thenrule (E-OPF) applies to e, so e — €', where e’ = [op] (v, .. .

Case (T-FUNOQ), (T-FUNX), (T-FUNC):
e=fundi|...|dnend
In all these cases, e has the form of a function, so e is a value.

Case (T-APP):
€ = €169
e T =T
Dhrey:T !
By induction hypothesis, for each of e; and eo, either e; is a value or e; can take an evaluation
step.

e If ¢; can take a step, e; — ¢/, then rule (E-APP1) applies to e, so e —» ¢, where
e = ¢ es.

e If ¢y is a value, e; = v1, and es can take a step, e —> 6’2, then rule (E-APP2) applies to
e, s0 e —» ¢/, where ¢/ = v; €.

e If both e; and e, are values, e; = v1 and es = vo, then by canonical forms lemma 4.2.2,
v1 has the form of a function, v; = fund;| ... |d,end.

— Ifv; hasno clauses (m = 0), v; = fun end, then by (T-FUNO0), & I v; : none — any,
which is the minimal type for v1, so none — any <: 7/ — 7.
By subtyping inversion lemma 4.2.1, 7/ <: none, so by (T-SUB), & I~ v, : none.
But, by none values lemma 4.2.3, there are no closed values of type none, so this case
(@ funendw, : T) cannot occur.

— If the first clause has a variable pattern, d; = z — e, then rule (E-FUNX) applies to
e,s0 e — ¢/, where ¢/ = e, [x > vg].
— If the first clause has a constant pattern, d; = ¢ (x1,...,2,) — €, and vo matches

this pattern, vy = ¢ (v}, .., v],) for some values v/, then rule (E-FUNCM) applies to

rn
e,s0 e — ¢/, where ¢’ = e, [x1 — v}, ..., 2y — V)]
— If the first clause has a constant pattern, d; = ¢(x1,...,2,) — €, and ve does
not match this pattern, vy 7 ¢ (v},...,v),) for any values v/, then rule (E-FUNCN)

applies to e, so e — ¢/, where ¢/ = funds | ... |d,end vo.
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Case (I-FIX):
e=fixz.e,
gx:iThe T
The rule (E-FIX) always applies to e, so e —» €/, where ¢’ = e, [x — fixz.e,].

Case (I-SUB):
ghe:7
<
By induction hypothesis, either e is a value or there is some ¢’ such that e — ¢’.

4.3 Preservation

Next, it is time to tackle the preservation theorem, giving some more lemmas that are essential for its
proof.
4.3.1 Typing Inversion

As we did with the subtyping relation, we start by giving an analogous lemma, describing how typing
derivations are built. The inversion of the typing relation lemma, given a particular typed expression of
some form, informs us about what this expression’s type looks like and what types the subexpressions
of this expression must have. This lemma depends on the subtyping inversion lemma 4.2.1 to fully
break down the relations of the various types involved and has one case for each possible form of
expression.

Lemma 4.3.1 (Typing Inversion). Possible type forms based on given well-typed expression.

1. IfU'Fx:7,then 19 <: 7, where x : 1y € I.
2. IfT'c(e1,...,en) : T, then g <: 7, with g = ¢ (11,...,7n), where I' - ¢; : 7; for all i.

3. IfT'+op(er,...,eq) : 7, then Ty <: 7, where & Fop: (1,...,7) = 1pand ' - ¢; : 7; for
all 1.

4. IfT'+ funend : 7, then 19 <: T, with 79 = none — any.

5 IfT'funx — e.| ... |dynend: 7, then 1y <: 7, withty =71 — T0,where',x : 1 F e, : m.
6. IfT'F func(xy,...,xn) — €r|d2] ... |dpend: T,
then o <: 7, with g = (¢ (71,...,7) = ) AN; ((me(anyy, ... any,) A7) — 7/),
where ', x1 :71,..., 2 i Tp F ey i T and T' - funda| ... |dmend @ \; (1] = 7)").

7. IfT'ereg: T, thenty <: 7,whereI' ey : 7 — 1gand ' Feg : 7.

8. IfT'+ fixx.e, : 7,then 19 <: 7, where ',z : 79 - €, : 70.

Proof. By induction on typing derivations.

The induction proof has the same steps regardless of the form of the given expression e, except of
using the corresponding typing rule that matches that specific form, so we present the general case,
assuming I' F e : 7 for some e.

By inspection of the typing rules 3.5, we see that each rule matches exclusively one specific expres-
sion form, except of rule (T-SUB) that matches any expression form, so the final rule in the derivation
of I' - e : 7 must be the one that exclusively matches e or (T-SUB).
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If the final rule is the exclusive one, then the desired result is immediate from the rule premises
with 79 = 7, so by (S-REFL), 7y <: 7.

If the final rule is (T-SUB), then I' - e : ¢ with ¢ <: 7. By induction hypothesis, there is some
7o such that 79 <: o with the desired property. By (S-TRANS), 79 <: 7, which is the desired result.

We conclude that for any well-typed expression e, I' - e : 7, there is some minimal type g of e,
I' F e : 19, using the conclusion of the exclusive typing rule for e, such that 7y <: 7 for any type 7 of
the expression e.

O

4.3.2 Substitution

Here, we state a couple of ”structural lemmas™ for the typing relation. These are not particularly in-
teresting in themselves, but will permit us to perform some useful manipulations of typing derivations
in later proofs. The first one, tells us that we may permute the elements of a typing context, as conve-
nient, without changing the set of typing statements that can be derived under it. The second, allows
us to weaken our assumptions recorded in a typing context, by adding a new binding in it (recall that
variables names in a context are always kept distinct) about a new unrelated variable.

Lemma 4.3.2 (Permutation). IfI" - e : 7 and A is a permutation of I, then A - e : 7. Moreover, the
latter derivation has the same depth as the former.

Proof. Straightforward induction on typing derivations.
O]

Lemma 4.3.3 (Weakening). If I' + ¢ : 7 and there is no entry for x inT', then T,z : 7/ e : T.
Moreover, the latter derivation has the same depth as the former.

Proof. Straightforward induction on typing derivations.
O

Using these technical lemmas 4.3.2 4.3.3, we can prove a crucial property of the typing relation.
That is, well-typedness is preserved when variables are substituted with expressions of the appropriate
types. The following lemma states that types are preserved under substitution and is often called just
the substitution lemma.

Lemma 4.3.4 (Substitution). If ',z : 7 Fe:7andT ke : 7/, thenT e[z — €] : 7.

Proof. By induction on a derivation of I', z : 7/ I e : 7. Assuming that the desired property holds for
all subderivations, we proceed by case analysis on the final typing rule in the derivation.

Case (T-VAR):
e=y
y:7e (,z:7")
o Ify=xa,thene[z—e]=¢and7=7,s0T Felz—e]:T.

o IfyZua,thene[z—e]=candy:7 eI, sol'Felz—€]:T.

Case (T-CON):
e=c(er,...,en)
T=c(T1,...,Tn)
Dz:tker:m ... x:7Fey,: T,
By induction hypothesis, for each e;, I' b ¢; [z — €] : 7.
By (T-CON),I'Fc(ej [z —€],...,ep [z €]):m,s0T Felx— €] :T.
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Case (I-OP):

e=opler,...,en)

Glrop:(Ti,...,T) =T

Dz:7'bFer:m ... Fe,:m

By induction hypothesis, for each e;, T' b ¢; [x +— €/] : 7;.

By (T-OP),T'Fop(er [z —€],...,en[x—€]):m,s0T Felz— €] :T.
Case (I-FUNO):

e = funend

T = none — any
Itiselx—€e]=esolFelz—el:T.

Case (T-FUNX):
e=funy —e-|...|dypend
T=T1L —> T2

Dox:7y:mbe :m

Variable y is bound in e, so we can assume y 7 x and y is not free in ¢’.
Using permutation lemma 4.3.2, T,y : 71,2 : 7' F e, : 7.

Using weakening lemma 4.3.3, T,y : 7y - ¢  : 7.

By induction hypothesis, I',y : 71 F e, [z > €'] : 7.

By (T-FUNX), I'F funy — e, [z — €] | ... |dn [z — €]end: 7,50 F e[z — €] : 7.
Case (I-FUNC):

e=func(xy,...,z,) — e-|d2]| ... |dnend

7= (c(T1,... ) = ) AN, ((mc(anyy, ... any,) A 1)) = 77)

Dox:7,z1:7,...,Zn T e i Ty

Iyz:7' F fundy| ... |dypend: \; (7] — 7/)

Variables x1, ..., z, are bound in e, so for each x;, we can assume x; 7 = and z; is not free in

€.

Using permutation lemma 4.3.2, T',x1 : 71,...,Zp : T, : T e @ 70

Using weakening lemma 4.3.3, ', z1 : 7q,...,2p : T F €' 1 7.

By induction hypothesis fore,, ',y : 71, ..., 2t Th F ey [x— €] 7.

By induction hypothesis for funda | ... |dmend,I' - fundy| ... |[dyend [z — €] : A, (7] = 7)),

sol' fundy [z €] |...|1dn [z~ €]end: A\, (1] = 1]).

By (T-FUNC), '  func (z1,...,2n) = e [x = €] |da[x— €] | ... |dp[x— €]end : T,

sol'Felz—€]:T.

Case (I-APP):

€ = €169

De:mbFe 7" —71

Dr:7'Fey:71”

By induction hypothesis for eq, I' ey [z — €] : 77 — 7.
By induction hypothesis for eg, ' - eg [z +— €'] : 7.

By (T-APP), ' ej [z — €] ea[x— €] :m,s0T Felx— €] :T.

Case (I-FIX):

70

e=fixy.e,

Dox:7 y:7he.:7

Variable y is bound in e, so we can assume y # z and y is not free in ¢’.
Using permutation lemma 4.3.2, T,y : 7,2 : 7' e, : 7.

Using weakening lemma 4.3.3, T,y : 7 ¢’ : 7.

By induction hypothesis, I',y : 7 F e, [z — €] : 7.

By (T-FIX), ' - fixy.e, [z — €] : 7,50 F e[z — €] : 7.



Case (I-SUB):
Lz:7'tFe:7r”
<r
By induction hypothesis, I" - e [z +— €'] : 7.
By (I-SUB), I' - e[z — €] : 7.

4.3.3 Preservation

Using the substitution lemma 4.3.4, we can now prove the other half of the type safety property, that
evaluation preserves well-typedness. In particular, the preservation theorem, states that, if a well-
typed expression can take an evaluation step, then the resulting expression will also be well-typed
and, actually, has the same type.

Theorem 4.3.5 (Preservation). If ' e:7ande — ¢/, then ' - ¢’ : 7.

Proof. By induction on a derivation of I' - e : 7. Assuming that the desired property holds for all
subderivations, we proceed by case analysis on the final typing rule in the derivation. Then for each
case, we consider the possible evaluation rules by which e — ¢’ can be derived.

Case (I-VAR):
e=x
In this case, e has the form of a variable and there are no possible evaluation rules for variables,
so this case cannot occur.

Case (T-CON):
e=c(er,...,en)
T=c(T1y. yTn)

Fl—el:ﬁ Fl—enZTn
The only possible evaluation rule, that can derive e — ¢’ for some ¢, is (E-CON).

Subcase (E-CON):

! — /
e=c(vr,...,vi—1,€,€1,...,€n)
all ej, j < 1, are values, e; = v;

e — e

By induction hypothesis, I" - €/ : 7.
By (T-CON), ' ¢ : 7.

Case (T-OP):
e=op(er,...,en)
Fhop:(TL,y...,Th) =T

I'ter:m ...TFe,:m,
The only possible evaluation rules, that can derive e — ¢’ for some €', are (E-OP) and (E-OPF).

Subcase (E-OP):

!/ — /

e =op (’Ul, <5 Ui—1, €55 64415 - - - 7en)
all e;, j < i, are values, e; = v;

e — el

By induction hypothesis, I" - €] : 7.
By (T-OP), '+ ¢ : 7.

Subcase (E-OPF):
e’ = [op] (v1,...,v)
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all e; are values, e; = v;
For every operator op of type (1,...,7,) — 7, if its semantic function [op] is applied

over some values vy, . . ., vy, inits domain (74, ..., 7, ), then it returns a value v = [op] (v1, ...

in its codomain 7. In our case, [op] (v1, ..., vy,) is a resulting value of a valid application
of operator’s op semantic function, so I' - ¢’ : 7.

Case (T-FUNO), (T-FUNX), (I-FUNC):

e="fundy|...|dnend
In all these cases, e has the form of a function and there are no possible evaluation rules for
functions, so this case cannot occur.

Case (T-APP):

72

e =e€16e

ke :7—r

'k €y . T d

The only possible evaluation rules, that can derive ¢ — ¢’ for some ¢, are (E-APP1), (E-APP2),
(E-FUNX), (E-FUNCM), and (E-FUNCN).

Subcase (E-APP1):
e =¢ley
e — €]
By induction hypothesis, I" - €} : 7/ — 7.
By (T-APP), ' ¢’ : 7.

Subcase (E-APP2):
e =v €
e1 is avalue, e; = 11
ey — €
By induction hypothesis, I" - €} : 7.
By (T-APP), ' ¢’ : 7.

Subcase (E-FUNX):
e = e, [x — v
e1 =v1 =funx = e.|...|dnend
es is a value, e5 = v9
By typing inversion lemma 4.3.1 for ey, 0’ — o <: 7/ — 7, where ',z : ¢’ F e, : 0.
By subtyping inversion lemma 4.2.1, 7/ <: ¢/ and o <: T.
By (T-SUB), I' - vg : o',
By substitution lemma 4.3.4, T - ¢’ : 0.
By (I-SUB), ' ¢’ : 7.

Subcase (E-FUNCM):

!/ — / /

e =e [z v],..., 0y — V]

e1 =vy = func(zy,...,x,) = e |d2] ... |dnend

ex = vy = ¢ (v],...,v),) for some values v}

By typing inversion lemma 4.3.1 for e, ¢ (71, ..., 7,) <: 7/, where I" - v} : 7; for all 4.

By (S-ARROW) and (T-SUB), ' F ey : ¢ (71, ..., Tp) — T.
By typing inversion lemma 4.3.1 for e,

(c(o1,...,0n) = o) AN, ((me(anyy, ... any,) Aol) = o) <tc(Ti,...,T) = T,
where ', z1 : 01,...,2p t0p F e, toand ' F funds| ... |dyend : A, (o] — o)).

By subtyping inversion lemma 4.2.1, either ¢ (01, ...,0p,) = 0 <:c(T1,...,Tn) = T
or for some i, (—c (anyy,...,any,) Ao.) = of <tc(T1,...,T) = T.

Let us assume that for some 7, (—c (anyy, ..., any,) A o)) — o <:c(T1,...,Tn) = T.
By subtyping inversion lemma 4.2.1, ¢ (71, ..., 7,) <: ~c(anyy,...,any,)and o, <:T.



The first subtype relation can only be true if ; <: none for some ¢, so by (I-SUB),
I' - v} : none for some 4. But, by none values lemma 4.2.3, there are no values of type
none, so this case cannot occur.

Sowe have that ¢ (01,...,0,) = 0 <t c(11,...,Tn) = T.

By subtyping inversion lemma 4.2.1, ¢ (71, ...,7,) <: ¢(01,...,0,) and o <: T.

From the first subtype relation, we have r; <: o; for all 4,

so by (T-SUB), I I- v : o; for all i.

By substitution lemma 4.3.4, T ¢’ : 0.

By (T-SUB), ' - ¢’ : 7.

Subcase (E-FUNCN):

e =funds| ... |dnend vy

e1 =vy = func(zy,...,x,) = e |d2]| ... |dnpend

es is a value, eg = v9

vg Fc(vl,...,v),) for any values v}

By typing inversion lemma 4.3.1 for e,

(c(or,...,on) = ) ANN; (e (anyy, ... any,) Ad}) = o)) <:7' =T,
where ', z1 : 01,...,2p t0p F e, toand ' F funds| ... |dymend : A, (o] — o)).
By subtyping inversion lemma 4.2.1, either ¢ (o1, ...,0,) > 0 <: 7' = T

or for some ¢, (—c (anyy,...,any,) Ao.) = of <17 — 1.

Let us assume that ¢ (01,...,0,) > 0 <: 7 — T.

By subtyping inversion lemma 4.2.1, 7/ <: ¢(01,...,0,) and o <: 7.

By (I-SUB), ' F vg : ¢ (01, ..., 00).

By canonical forms lemma 4.2.2, v9 has the form ¢ (v}, . .., v},) for some values v}.

But we know that v, cannot have this form for any values vg, so this case cannot occur.

So we have that for some 4, (—c (anyy,...,any,) Ao}) = o <7/ — 7.
By subtyping inversion lemma 4.2.1, 7' <: ¢} and o} <: 7.

By (S-INTER1) and (T-SUB), for all ¢, I' - fundz] ... |dmend : o) — o/’
By (T-SUB), I - v, : 0.

By (T-APP), ' ¢’ : o/’

By (I-SUB),I' ¢ : 7.

Case (I-FIX):
e=fixz.e,
rx:tke 7
The only possible evaluation rule, that can derive ¢ — ¢’ for some ¢/, is (E-FIX).

Subcase (E-FIX):
e =e[x— fixz.e,]
The expression that takes the place of z in €’ is e, ' = e, [z — €],
so by substitution lemma 4.3.4, T ¢’ : 7.

Case (T-SUB):
F'ke:7
<
By induction hypothesis, I' - ¢’ : 7/.
By (T-SUB), ' - ¢’ : 7.
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Chapter 5

Future Work and Open Questions

We presented our complex but expressive type system for our simple functional language featuring
pattern matching and we also showed that our definitions are consistent and that our type system
appropriately assigns types to expressions, having the type safety property. But, in order for a type
system to be useful in practice, we should also have a simple way of deciding what types we assign
to each expression.

Currently, we have no way of figuring out if a particular expression can be assigned any type in
our type system. The most important obstacle is the lack of any type annotations in the language.
That is, the typing relation has to guess the types of function arguments and then check if the function
body can be typed assuming these types. Type reconstruction mechanisms that work with no type
annotations are possible, like type inference in ML-family programming languages, but require more
strict constraints on what type functions can have.

The problem of type inference in our language, as is, seems to be undecidable. We have to restrict
in some way what type arguments and results of functions can have. One way is to put constraints
on each function clause based on the types of the other clauses. Maybe, function clauses do not all
need to have the same exact type (as ML type inference requires), but they should share some general
common type forms, known beforehand to reduce the type search space. Another way is to explicitly
reduce the search space with type annotations. Each function could list a finite sequence of possible
argument types and then we can just check the function’s result type assuming each argument type in
turn, keeping only types that lead to a well-typed return expression. Both solutions lead to a series
of changes in our expressive type system and their analysis would be interesting in search for a type
reconstruction algorithm.

The simpler problem of the decision of the typing relation does not seem easily solvable either.
That is, we would like given an expression and a specific type to answer if that pair can be derived
from our typing relation. First, we should reorganize the typing rules to be only syntax oriented,
that is figure out the exact points subsumption needs to be used and change our rules accordingly with
subtype premises and abandon the subsumption rule. Then, of course we should be able to decide these
subtype premises, that is, our subtyping relation should also be decidable. Similar reorganization of
the rules of the subtyping relation is needed, incorporating syntax ambiguous rules, like reflexive and
transitive properties, to all other rules and removing them from the relation. A step to this direction,
for the current subtyping relation, is already done with its inversion lemma.

Of course, the current subtyping relation limits our type system. Only a small part of our intended
set-theoretic semantics for type constructors is achieved by it. That is, our subtyping relation is sound,
but far from complete. Experimenting with new subtype rules, that add on our semantics of type
constructors is needed. The big question of what are the limits of the syntactic approach of defining
subtyping is also interesting to look at. In particular, we need a series of rewriting rules for complex
type expressions, to be able to simplify the types we assign to functions, making the first steps to deal
with the great problem of type equivalence. Part of these type simplifications might be possible using
SMT solvers, taking some appropriate transformation of our type expressions that also retain our type
information.

All these changes and experimentation with the type system is costly, because we have to make
sure our proofs and desired properties still hold. As we learned from dealing with a complex type
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system, and can be quickly obvious to anyone browsing through the pages of this work, proofs tend to
be quite large and specific cases can be very complex. The implementation of the language and type
system definitions in a proof assistant environment, even though far from trivial, would be a great
time investment, in order to automate a lot of the proof checking process and have machine error-free
verification.

76



Bibliography

[Aho86] Alfred V Aho, Ravi Sethi and Jeffrey D Ullman, “Compilers, principles, techniques”,
Addison wesley, vol. 7, no. 8, p. 9, 1986.

[Copp78] Mario Coppo and Mariangiola Dezani-Ciancaglini, “A new type assignment for \-terms”,
Archiv fiir mathematische Logik und Grundlagenforschung, vol. 19, no. 1, pp. 139-156,
1978.

[Fris08] Alain Frisch, Giuseppe Castagna and Véronique Benzaken, “Semantic subtyping: Dealing
set-theoretically with function, union, intersection, and negation types”, Journal of the
ACM (JACM), vol. 55, no. 4, p. 19, 2008.

[Miln97] Robin Milner, Mads Tofte, Robert Harper and David MacQueen, The definition of standard
ML: revised, MIT press, 1997.

[Pier02] Benjamin C Pierce and C Benjamin, Types and programming languages, MIT press, 2002.

[Plot81] Gordon Plotkin, “Structural operational semantics”, Aarhus University, Denmark, 1981.

77






	Περίληψη
	Abstract
	Ευχαριστίες
	Contents
	List of Figures
	Εισαγωγή
	Σκοπός
	Κίνητρο

	Ορισμός Γλώσσας
	Σύνταξη
	Μορφές Εκφράσεων
	Τιμές
	Ταίριασμα Προτύπων
	Εμβέλειες και Δέσμευση Μεταβλητών
	Αντικατάσταση

	Σημασιολογία
	Λειτουργική Σημασιολογία
	Σχέση Αποτίμησης
	Ντετερμινισμός Αποτίμησης και Κανονικές Μορφές
	Κολλημένες Εκφράσεις
	Μη-Τερματισμός


	Σύστημα Τύπων
	Τύποι
	Μορφές Τύπων
	Περιβάλλοντα Τύπων

	Υποτύποι
	Σχέση Υποτύπων

	Ανάθεση Τύπων
	Σχέση Ανάθεσης Τύπων


	Μεταθεωρία
	Ασφάλεια Τύπων
	Πρόοδος
	Αντιστροφή Σχέσης Υποτύπων
	Αναγνωριστικές Μορφές
	Πρόοδος

	Διατήρηση
	Αντιστροφή Σχέσης Ανάθεσης Τύπων
	Αντικατάσταση
	Διατήρηση


	Μελλοντική Εργασία και Ανοικτά Ερωτήματα
	Κείμενο Εργασίας στα Αγγλικά
	Introduction
	Objective
	Motivation
	Outline

	Language Definition
	Syntax
	Expression Forms
	Values
	Pattern Matching
	Scopes and Variable Binding
	Substitution

	Evaluation Semantics
	Operational Semantics
	Evaluation Relation
	Evaluation Determinacy and Normal Forms
	Stuck Expressions
	Non-Termination


	Type System
	Types
	Type Forms
	Typing Contexts

	Subtyping
	Definition Circularity
	Subtyping Relation

	Typing
	Typing Relation


	Metatheory
	Safety
	Progress
	Subtyping Inversion
	Canonical Forms
	Progress

	Preservation
	Typing Inversion
	Substitution
	Preservation


	Future Work and Open Questions
	Bibliography


